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T <&D�DY¼,FIb�?BQBA <&DxN;<&DxFIH;N;<&D�d-O0A D�l ¼If0QBH5fMK$o5<�L-?&4,{vK$LMDxT <vFIA T A <�O«N;<&D�K$L0L0b�<&DE\�Ê'Â;r½>�¸=DBK5K5>9Kcb�?BbVO0LPN;<&Dxf0QB<�FIA <�QRD
DB>�A <�L-?BA w(d-O0<&D g[D�l A L-?Bb�QB<&DBDY<�Q�g[>�<&D�f0QBH580T X�FI<&D�N;<GDY¼,FIb�?BQBA <GN0K$LMD�T <&D�o5O0AeN;<&D NUl H5LMN;<&D�45Ï fMK$QY?BA Q N;<GTeKv?BW0b�H5QBA <EN;<&D
o5QBH5O0f(<&DUÂMA T�Kkb�?RK$80T A�O0L½C­H5QBFjK$T AeDYFI<~d-O0A�N;b&>�QBA ?v<�LµN;b�?RK$A T"T <&Dv<�º;f0QB<&DBDYA H5LMDE<�?VT <&Dv>�H5LMN;A ?BA H5LMD9J5b�QBA wMb�<&D9fMK$Q9T <&D
>RWMK$FIfMDGFIH;N0K$O;º O z,\9Â�z5q�P³4 �`<&DvDY¼,FIb�?BQBA <&DEH5L-?vb�?Bb~A T T OMD=?BQBb�<&DGL,O0FIb�QBAed-O0<�FI<�L-?9f(H5O0Q9TeKkf0QB<�FIA X�QB<[C­H5AeD9DYO0QvN;<&DÅ�6vr½D g[A LM>�T OMDYA H5LMD`>�A QR>�O0TeK$A QB<&D�<�La]$Ê5Ê03 O z5y�P(f0O0AeD f0T OMD <�LkN;b�?RK$A T(<�La]$Ê5Ê-] O �-Ê�P³4-Å"A L0A O �M3�P�K[QBb&>�<�FIFI<�L-?`b�L0H5L���bO0L0<VK$f0f0QBH;>RW0<9o5b�L0b�QRK$T AeDYb�<9N;<9Tml O;?BA T AeDBK�?BA H5LPN;<&D�DY¼,FIb�?BQBA <&DxN;<&D�Å�6vr½DxN0K$LMDx>�<�QY?RK$A L0<&D`FIb�?BW0H;N;<&DxL,O0FIb�QBAed-O0<&D�4
À <P>�H,<�O0QtNUl O0L0<PÅ�6vr >�TeK5DBDYAed-O0< � gÃ>�H,<�O0Q~f0T <�A L � N;<�J,A <�L-?tTeKhQBb�o5A H5LÌ>�<�L-?BQRK$T <aN;<aF Á�FI<aA LMN;Ae>�<Pd-O0<aTeK½FjK�n
?BQBAe>�<+Â(>�H5FIf0QBAeDY<V<�L-?BQB<cT <&DEA LM>�T OMDYA H5LMD�4M{vK$LMDGT <&DGFIb�?BW0H;N;<&DGL,O0FIb�QBAed-O0<&DUÂ0Tml b�?B<�LMN;O0<~N;<cTeKIFjK�?BQBAe>�<[<&D=?vDYH5O0J5<�L-?
>�H5LMDYAeN;b�QBb�<k>�H5FIFI<aA L;wML0A <PN0K$LMDcT <kf0TeK$L�?BQRK$LMDYJ5<�QRDY<jN;<aTeK«wM80QB<54"{vK$LMDt>�<&D~>�H5LMN;A ?BA H5LMDUÂ�T <&DcFIH;N;<&Dt>�H5L;wML0b&D
N0K$LMDcT <a>�H,<�O0Q~N;<�J,A <�L0L0<�L-?tN;<&DcFIH;N;<&Dcghf(<�QY?B<&DUÂ">$l <&D=?Yn�g�n�N;A QB<jd-O0<kT <�O0QRDcA LMN;Ae>�<&D[<�i�<&>@?BA C'DtDYH5L-?~N;<&DcL0H5F~80QB<&D
>�H5FIf0T <�º;<&D�4(À�KIf0QBA LM>�A fMK$T <~N;A �k>�O0T ?BbtN;<&D9FIb�?BW0H;N;<&DGL,O0FIb�QBAed-O0<&D9>�H5LMDYAeD=?B<cgkN;b&>�QBA QB<~K$OhFIA <�O;º«TeKk>�H5FIf0T <�º;A ?Bb
o5b�H5FIb�?BQBAed-O0<tN;<&DVÅ�6vr½DUÂM?BH5O;?V<�Lµ>�K$Te>�O0TeK$L-?VT <tf0T OMDvf0QBb&>�AeDYb�FI<�L-?vf(H-DBDYA 80T <tTeKkfMK$QY?BA <tA FjK$o5A LMK$A QB<~N;<&DvA LMN;Ae>�<&D
<�i�<&>@?BA C'D�N;<&D"FIH;N;<&D�4-69L~f(<�O;? DY<�f(H-DY<�Q"TeKVd-O0<&D=?BA H5LtN;O~T A <�Lt<�L-?BQB<xTeKvD=?BQBOM>@?BO0QB<xFIH;N;b�T AeDYb�<x<�?�T <&D"wM80QB<&D�H5f;?BAed-O0<&D
FIAe>�QBH-D=?BQBOM>@?BO0QBb�<&D`QBb�<�T T <�FI<�L-?xC'K$80QBAed-O0b�<&D�4,Ò L«<�i�<�?-Â0>�<&D�N;<�QBL0A X�QB<&D�DYH5L-?�80A <�LPb�J,AeN;<�FIFI<�L-?GN;<v?RK$A T T <9wML0A <V<�?ETeK
FjK�?BQBAe>�<9A L;wML0A <v<&D=?xQB<&>�H5O0J5<�QY?B<9NUl O0L0<vo-K$A L0<54-Æ�H5O0Q`80A <�LP>�H5FIf0QB<�LMN;QB<+Â-TeKcf(<�QY?BA L0<�LM>�<vN;OP>RW0H5A ºkN;<vTeK~D=?BQBOM>@?BO0QB<
FIH;N;b�T AeDYb�<+Â5A TMC'K$O;?�DY<9QRK$f0f(<�T <�Q`d-O0<9TeK[o-K$A L0<+Â5O;?BA T AeDYb�<9<�LjQB<�J+Á�?B<�FI<�L-?`<�º,?Bb�QBA <�O0Q-Â5<&D=?x>�H5LMD=?BA ?BO0b�<vNUl O0LkFjK�?Bb�QBAeK$O
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�����	� 354 ] �aÍE<�f0QBb&DY<�L-?RK�?BA H5L«NUl O0L0<cÅ�6vr gI>�H,<�O0QEf0T <�A L

K$8MDYH5QB8MK$L-?E>RW0H5AeDYAUN;<[FjK$L0A X�QB<[gtFIA L0A FIAeDY<�QET <&DEQBb��M<�º;A H5LMD�N;<[TeKtT O0FIA X�QB<[d-O0A�D�l b&>RWMK$f0f(<[N;Oh>�H,<�O0QGN;<VTeKtwM80QB<54
À�Kjf0T O0fMK$QY?vN;<&D9H5O;?BA TeD9L,O0FIb�QBAed-O0<&DEC­H5QBF~O0T <cTeKjf0QBH5fMK$o-K�?BA H5LhNUl O0L½FIH;N;<tN0K$LMDGO0L½o5O0AeN;<tNUl H5LMN;<&D9>�H5FIFI<

O0Lµ>RWMK$FIf½b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<cf0QBH5fMK$o-K�?BA C DY<�T H5L½Tml K�º;<
z
<�LÃTml K$8MDY<�LM>�<tN;<t>RWMK$FIfMDvDYH5O0QR>�<&D�4�{vK$LMDv>�<t>�K5DUÂ(T <&D

b&d-OMK�?BA H5LMDVf0QB<�L0L0<�L-?c<�L�o5b�L0b�QRK$T�TeKaC­H5QBFI<kNUl O0L�f0QBH580T X�FI<jW0H5FIH5o5X�L0<54��GH5OMDVfMK$QBT <�QBH5LMDVK$T H5QRD[N;O �@f0QBH580T X�FI<
FIH;N0K$T �VfMK$QGH5f0f(H-DYA ?BA H5L½K$Ohf0QBH580T X�FI<~N;<~N;A i�QRK5>@?BA H5L � >�TeK5DBDYAed-O0<cH5O½>�H5L0Aed-O0< � 4(À�KT=?>�@�A�B
C,DE=E_	W @HL b�B�W I�LXG�D O z034Â�,] Â��-Ê�PE<&D=?k>�<�QY?RK$A L0<�FI<�L-?IT <«f0QB<�FIA <�QtH5O;?BA TEL,O0FIb�QBAed-O0<P<��k>�K5>�<P<�L >�<«DY<�LMD � DYH5L¶f0QBA LM>�A f(<«<&D=?jN;b&>�QBA ?kN0K$LMD
TeKaDY<&>@?BA H5L½f0QBb&>�b&N;<�L-?B< � 4U^,<&D9f(H5A L-?RD9C­H5QY?RDvDYH5L-?vTeKkWMK$O;?B<~f0QBb&>�AeDYA H5L½N;<&DvQBb&DYO0T ?RK�?RDGL,O0FIb�QBAed-O0<&D9<�?[DBKjQRK$f0AeN;A ?Bb+ÂN;O0<&D~<&DBDY<�L-?BA <�T T <�FI<�L-?Ig½TeK½LMK�?BO0QB<PDY<�FIA n�K$LMK$T ¼-?BAed-O0<aN;<&Dt>�K$Te>�O0TeD � T <&D~FjK�?BQBAe>�<&Dt^ÌN;<&D~A LM>�T OMDYA H5LMDt>�A QR>�O0TeK$A QB<&D
DYH5L-?~N;b�?B<�QBFIA L0b�<&D~K$LMK$T ¼-?BAed-O0<�FI<�L-? � 4�À�K«f0QB<�FIA X�QB<IC­H5QBF~O0TeK�?BA H5L�N;<a>�<�?Y?B<kFIb�?BW0H;N;<aKhb�?Bbkb�?RK$80T A <j<�L�?B<�LMK$L-?
>�H5FIf;?B<EN;<&D DY¼,FIb�?BQBA <&D"o5b�H5FIb�?BQBAed-O0<&D"<�?`N;<&D�FIH;N;<&D�N;b&>�QBA ?RD�fMK$Q r½>�¸=DBK5K5> O z,\9Â$z5q�P³4$Ò T T <GD�l <&D=?�?BQBX&D�J,A ?B<�A FIf(H-DYb�<>�H5FIFI<~O0L0<~FIb�?BW0H;N;<IN;<~QBb�C­b�QB<�LM>�<~N0K$LMDv>�<tN;H5FjK$A L0<54MÒ T T <IKjC'K$A ?vTml H58;:=<�?VN;<tL0H5F~80QB<�OMDY<&DEf0O080T Ae>�K�?BA H5LMD9<�?VK
f(<�QBFIAeDcL0H$?RK$FIFI<�L-?~N;<kFI<�?Y?BQB<k<�L�b�J,AeN;<�LM>�<jTeKhL0H$?BA H5L�N;<a>�H5O0f0O0QB<kN;<kFIH;N;<aN0K$LMD[T <&D~Å�6vr½D O �-zPÂ��5�'Â"z03�P³4�`<�?Y?B<hFIb�?BW0H;N;<ÃKµb�o-K$T <�FI<�L-?kDY<�QBJ,AGg�Tml b�?BOMN;<½N;<hTeK�N;AeDYf(<�QRDYA H5L >RW0QBH5FjK�?BAed-O0<hN;<&DjFIH;N;<&DI<�?PN;<&DIQB<�TeK�?BA H5LMD
<�L-?BQB<ITeKPo5b�H5FIb�?BQBA <IN;<&D[Å�6vr½DV<�?cTeK«N;AeDYf(<�QRDYA H5L O �,Ä
P³4 {9<jL0H5O0J5<�T T <&D[D=?BQBOM>@?BO0QB<&DVN;<kÅ�6vrZg«>�H,<�O0Q[f0T <�A LµH5L-?
K$T H5QRDEb�?Bb~f0QBH5f(H-DYb�<&D O �-��P³4 �`<�f(<�LMN0K$L-?-Â(>�<~f0O0AeDBDBK$L-?9H5O;?BA T�L,O0FIb�QBAed-O0<cQB<&D=?B<cT A FIA ?Bb+ÂUN0K$LMDGT <~>�K5D9N;<tDBKjJ5<�QRDYA H5LN;AeDYf(H5L0A 80T <GK$OITeK$8(H5QRK�?BH5A QB<+ÂSfMK$Q�TeKVDY<&>@?BA H5Lj>�A QR>�O0TeK$A QB<�N;<&D�A LM>�T OMDYA H5LMD�<�?`T <&D�FjK�?Bb�QBAeK$O;ºtDYO0f0f(H-DYb&D�W0H5FIH5o5X�L0<&D�<�?
AeDYH$?BQBH5f(<&D�4�r½K$AeD DBK�C­H5QBF~O0TeK�?BA H5L[K5>@?BO0<�T T < f(<�QBFI<�?"NUl <�L,J,AeDBK$o5<�Q NUl K$O;?BQB<&D�?=¼,f(<&D�N;< FjK�?Bb�QBAeK$O;º>Â�K$A LMDYA-d-O0<`NUl K$O;?BQB<&D
o5b�H5FIb�?BQBA <&DxNUl A LM>�T OMDYA H5LMD`<�LPQB<&DYf(<&>@?RK$L-?xT <&D�>�H5LMN;A ?BA H5LMDxDYO0A J�K$L-?B<&DvÂ;À <&DxA LM>�T OMDYA H5LMD�N;H5A J5<�L-?�Á�?BQB<vA LM>�T OMDY<&D�N0K$LMD
N;<&D�>�¼,T A LMN;QB<&D >�A QR>�O0TeK$A QB<&DUN;AeD­:=H5A L-?RD <�?"TeK�FjK�?BQBAe>�<`N;< TeKEÅ�6vrÑFIH;N;b�T AeDYb�<`N;H5A ?�Á�?BQB< W0H5FIH5o5X�L0<�<�?"AeDYH$?BQBH5f(<54�ÏGA LMDYA2Â
A T <�º;AeD=?B<[K$O�:=H5O0QRNUl W,O0AUO0L0<[J5<�QRDYA H5LPN;<[TeKtFIb�?BW0H;N;<[F~O0T ?BA f(H5TeK$A QB<[H��PT <&D�A LM>�T OMDYA H5LMDGDYH5L-?GN;<[DY<&>@?BA H5L«<�T T A f;?BAed-O0<+Â
o5Q�]5>�<vgtO0L«>�H5O0f0TeK$o5<vKSJ5<&>9TeK~FIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T < � d-O0AUFIH;N;b�T AeDY<Vf0QBb&>�AeDYb�FI<�L-?�TeK~o5b�H5FIb�?BQBA <v<�T T A f;?BAed-O0<[N;<&DA LM>�T OMDYA H5LMD � O �;\ P³4(À�K =?>�@�A�B
C,DQC,D�FQ>�W >�=?D�J�@�F ! J�L F � ��Å"A L0A ?B<cÒ T <�FI<�L-?vrh<�?BW0H;N � � Kj>�H5L0L,O«O0LhQB<�o-K$A L«NUl A L-?Bb�QnÁ�?f(H5O0Q[Tml b�?BOMN;<jN;<&D[Å�6vr½D O �-qPÂU�-yPÂ z03�P³4UÒ T T <jf0QBb&DY<�L-?B<IKPf0QBA H5QBA�d-O0<�Ted-O0<&D[N;A �k>�O0T ?Bb&D[g«N;b�?B<�QBFIA L0<�QVT <&DVfMK$QY?BA <&DA FjK$o5A LMK$A QB<&DxN;<&D�>�H5LMD=?RK$L-?B<&DxN;<Vf0QBH5fMK$o-K�?BA H5LkN;<&DxFIH;N;<&D�g~f(<�QY?B<&D�4;À <&DxÆ`r½ÀvÂ;A L-?BQBH;N;O0A ?B<&D�fMK$Q � b�QB<�L0o5<�Q O z5z�P ÂH$i�QB<�L-?EO0L0<cDYH5T O;?BA H5LPQB<�TeK�?BA J5<�FI<�L-?EDBK�?BAeD=C'K$AeDBK$L-?B<Vgj>�<Vf0QBH580T X�FI<54
¦10m¥20 . � 4��`���=� �9�[�/*p���`�¶�G���=� *74U��6G�E�G���9���/4 �0���`�0�=���Y�=�

À <&D`f0QB<�FIA X�QB<&D`H58MDY<�QBJ�K�?BA H5LMD`DYA FIf0T <&D � FjK$AeD�d-O0A�L l <�LaQB<&D=?B<�L-?xfMK5D`FIH5A LMD�DYf(<&>@?RK5>�O0TeK$A QB<&D � N;<vTeKtN;A i�QRK5>@?BA H5LfMK$Q`N;<&D�H58;:=<�?RD�f(b�QBA H;N;Aed-O0<&D � gV?BQRKSJ5<�QRD"O0LjQBAeN;<&K$O�Â$fMK$Q <�º;<�FIf0T < � H5L-?xN;<�f0O0AeD�T H5L0o$?B<�FIfMD DYOMDB>�A ?BbGO0LIJ,A CUA L-?Bb�QnÁ�?N;<GTeKVfMK$QY?`N;<&D`DB>�A <�L-?BA w(d-O0<&D O Ä$ÊPÂ,Ä;34Â-Ä5]
P³4-{9<�f0O0AeD T H5L0o$?B<�FIfMDUÂ5T <&D DB>�A <�L-?BA w(d-O0<&D DY<GDYH5L-?`A L-?Bb�QB<&DBDYb&D�K$O;º~?BW0b�H5QBA <&DN;<�N;A i�QRK5>@?BA H5LtN;<xTeK9T O0FIA X�QB<xfMK$Q�N;<&D"QBb&DY<&K$O;ºU4&¸�L0A ?BAeK$T <�FI<�L-?�N;b&>�QBA ?RD"<�Lt>�H,H5QRN;H5L0L0b�<&D�>�K$QY?Bb&DYA <�L0L0<&D
(x, y, z)

Â�>�<&D
N;<�QBL0A <�QRD"DYH5L-?�>�H5LMD=?BA ?BO0b&D�fMK$Q�O0L0<�DYO0QYC'K5>�<xd-O0A,fMK$QY?RK$o5<`Tml <&DYfMK5>�<`<�LtN;<�O;ºc<�?�f0QBb&DY<�L-?B<xK$O~FIH5A LMD"O0L0<xf(b�QBA H;N;Ae>�A ?Bb
DYO0f0f(H-DYb�<9A L;wML0A <[DY<�T H5LkTml O0LPN;<&D�K�º;<&DxN;OaQB<�f(X�QB<v>�K$QY?Bb&DYA <�L 4,{vK$LMD�>�<v>�H5L-?B<�º,?B<+Â,Tml AeN;b�<VN;<vTeKcFIb�?BW0H;N;<VN;A i�b�QB<�L;n
?BA <�T T < O �YP`K«b�FI<�QBo5bIN0K$LMD[T <&D[K$L0L0b�<&D[�5Ê«N0K$LMDVT <j80O;?tNUl b�?BOMN;A <�Q[f0QBb&>�AeDYb�FI<�L-?[T <&D[f0QBH5f0QBA b�?Bb&DVN;<k>�<&DVQBb&DY<&K$O;ºU4�GH5OMDGQRK$f0f(<�T H5LMDG80QBA X�J5<�FI<�L-?9T <cf0QBA LM>�A f(<tN;<~TeKjFIb�?BW0H;N;<tN;A i�b�QB<�L-?BA <�T T <~K�wMLÃN;<cFIA <�O;º½>�H5FIf0QB<�LMN;QB<[T <&DvN;A i�b�n
QB<�L-?B<&D�b�?RK$f(<&D"W0AeD=?BH5QBAed-O0<&D"N;<�DYH5L~N;b�J5<�T H5f0f(<�FI<�L-?&4�Á�H5O;?�NUl K$8(H5QRN>ÂSA T;D�l K$o5A ?�NUl O0L0<xFIb�?BW0H;N;<�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<
QBA o5H5O0QB<�OMDY<540^,H5Lh80O;?G<&D=?vN;<[QBb&N;O0A QB<[T <[L0H5F~80QB<cN;<[J�K$QBAeK$80T <&DENUl A L-?Bb�o5QRK�?BA H5L«N;<&DEb&d-OMK�?BA H5LMDGN;<cr½K�º;¾x<�T T <�LhDY<
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f0TeK ��K$L-?[<�L�QBb�o5A FI<IWMK$QBFIH5L0Aed-O0<I<�?c<�L�O;?BA T AeDBK$L-?cT <&D[FIH;N;O0TeK�?BA H5LMDVH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DVN;<jTml H58;:=<�?~>�H5LMDYAeN;b�QBb54
{vK$LMDGT <t>�K5D9N;<&DGQBb&DY<&K$O;º>ÂMH5LhO;?BA T AeDY<~TeKkN;b�f(<�LMN0K$LM>�<~WMK$QBFIH5L0Aed-O0<V?B<�FIf(H5QB<�T T <+Â(T <&DGf(b�QBA H;N;Ae>�A ?Bb&DvDY<�T H5LhTml K�º;<

x<�?��SH5O
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T <&Dt>�H5L-?RK$FIA LMK�?BA H5LMD[L,O0FIb�QBAed-O0<&D~T H5QRDcN;<PTml A L-?Bb�o5QRK�?BA H5L�N;O¶DY¼;D=?BX�FI<aN;A i�b�QB<�L-?BA <�Tm4�À�K½FIb�?BW0H;N;<PÅ�Å�Å�f(<�QBFI<�?
N;<jN;b&>�QBA QB<I>�H5QBQB<&>@?B<�FI<�L-?vT <&DVN;b�J5<�T H5f0f(<�FI<�L-?RDv?BQBH5LMd-O0b&DvN;<&D[>RWMK$FIfMDv<�?cN;<&DVo5QRK$LMN;<�O0QRD9H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&D�4
¸�T�C'K$O;?V>�<�f(<�LMN0K$L-?vL0H$?B<�Qvd-O0<t>�<&D9N;<�O;º«?=¼,f(<&DvN;<~f0QBH580T X�FI<&D9DYH5L-?9A L-?BA FI<�FI<�L-?vT A b&D�4�À l <�i�<�?VN;<~TeKI?BQBH5LM>�K�?BO0QB<
N;<&D~N;b�J5<�T H5f0f(<�FI<�L-?RD � 8(<&DYH5A LÌN;<kTeK«FIb�?BW0H;N;<PÅ�Å�Å � DY<kFjK$L0A C­<&D=?B<aNUl K$O;?RK$L-?~f0T OMD~d-O0<jTml H5QRN;QB<jFjK�º;A FjK$T`N;<&DN;b�J5<�T H5f0f(<�FI<�L-?RD <&D=?xA FIf(H5QY?RK$L-?&4-r½K$AeDUÂ-N0K$LMD`>�<v>�K5DUÂ$A T(QBAeDBd-O0<9NUl K$f0fMK$QRK�Se?BQB<GN;<&D <�º;f(H5L0<�L-?BA <�T T <&D`NUl H5QRN;QB<Gb�T <�J5b+Â
C­H5QY?B<�FI<�L-?xN;A J5<�QBo5<�L-?B<&DUÂ$K$o5o5QRKSJ�K$L-?�K$A LMDYAMT <&D�f0QBH580T X�FI<&D�T A b&D`K$O;ºj>�H5L-?RK$FIA LMK�?BA H5LMD�L,O0FIb�QBAed-O0<&D � 8(<&DYH5A LkN;<GTml K$T no5H5QBA ?BW0FI<PN;<Pf0QBH5fMK$o-K�?BA H5L�N;<PTeKÃFjK�?BQBAe>�<«^ � 4`69L¶>�H5FIf0QB<�LMNÌ>�<�QY?RK$A L0<�FI<�L-?tT <&D~QRK$AeDYH5LMD~N;O¶N;b�J5<�T H5f0f(<�FI<�L-?
N;A �k>�A T <a<�?~?RK$QRN;A C9N;<kTeK½FIb�?BW0H;N;<PN;A i�b�QB<�L-?BA <�T T < � ]$Ê½K$LMDcf(H5O0QtK$8(H5O;?BA Qtg½O0L0<jC­H5QBF~O0TeK�?BA H5L�<��k>�K5>�<aN0K$LMDcTeK
f0T O0fMK$QY?[N;<&DV>�K5DtÂUQBb&DY<&K$O;ºhb�fMK$AeDUÂ�f(H5TeK$QBAeDBK�?BA H5L½ÁEr�Â 4 4 4 � 4"69Lµf(<�O;?c>�H5LMDYAeN;b�QB<�QVK$O�:=H5O0QRNUl W,O0A�d-O l A T�<�º;AeD=?B<IN;<�O;º
J5<�QRDYA H5LMD�W0AeD=?BH5QBAed-O0<&D N;<GTeK[FIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <cÂ-KSJ�K$L-? <�?xK$f0QBX&D K$FIb�T A H5QRK�?BA H5LtfMK$Q`TeKVFIb�?BW0H;N;<vÅ�Å�Åx4-{vK$LMD



3&� ���������	��
	�
�����������������������
TeKPDYO0A ?B<jN;<I>�<IN;H;>�O0FI<�L-?-ÂUL0H5OMDVN;AeD=?BA L0o5O0<�QBH5LMDvN;H5LM>~TeK =?>�@�A�B
C,D�C�L UV>�G�D�J�@HL�D�WXW D$M�W I�F�F�L�
�_�D � r½{[� nGK$LM>�A <�L0L0<
J5<�QRDYA H5L � d-O0AML l O;?BA T AeDY<9fMK5D�T <&D�L0H5O0J5<�T T <&D�QBX�o5T <&D N;<9ÅMK5>@?BH5QBAeDBK�?BA H5L � KSJ5<&>xH5OkDBK$LMD�O;?BA T AeDBK�?BA H5LkN;<ETml K$T o5H5QBA ?BW0FI<GN;<f0QBH5fMK$o-K�?BA H5LIN;<9TeK[FjK�?BQBAe>�<v^ � <�?xDYA FIf0T <�FI<�L-?xTeK?=?>�@�A�B
C,D/C�L UV>�G�D�J�@HL�D�WXW D � r½{Ôn�J5<�QRDYA H5LjK5>@?BO0<�T T < � d-O0A�N;AeDYf(H-DY<gtTeK~C­H5AeDGN;<VTeKIFIb�?BW0H;N;<cÅ�Å�ÅÌ<�?9N;<VTml K$T o5H5QBA ?BW0FI<[N;<Vf0QBH5fMK$o-K�?BA H5LPN;<VTeKIFjK�?BQBAe>�<[^�4

À l <�LMDY<�F~80T <[N;<&D�?BQRKSJ�K$O;ºa>�A ?Bb&DEf0QBb&>�b&N;<�FIFI<�L-?G>�H5LM>�<�QBL0<V<&DBDY<�L-?BA <�T T <�FI<�L-?ETml b�?BOMN;<~N;<VQBb&DY<&K$O;ºaH5O«NUl H58;:=<�?RD
f(b�QBA H;N;Aed-O0<&D�fMK$Q�TeKvFIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <+Â$b&>�QBA ?B<E<�Lj>�H,H5QRN;H5L0L0b�<&D�>�K$QY?Bb&DYA <�L0L0<&D�4$À <&D�8(H5LMD�QBb&DYO0T ?RK�?RDUÂ$H58;?B<�L,OMD
QBb&>�<�FIFI<�L-?jfMK$QjTeK�N;<�QBL0A X�QB<«J5<�QRDYA H5L¶N;<hTeKµFIb�?BW0H;N;<ÃN;A i�b�QB<�L-?BA <�T T < � r½{ � Â`H5L-?k<�LM>�H5O0QRK$o5b«DYH5L K5N0K$f;?RK�?BA H5L
g½NUl K$O;?BQB<&DV?=¼,f(<&D~N;<ko5b�H5FIb�?BQBA <&D � L0H5L�f(b�QBA H;N;Aed-O0<&D � N;b&>�QBA ?B<&D~N0K$LMD~NUl K$O;?BQB<&DcDY¼;D=?BX�FI<&D~N;<a>�H,H5QRN;H5L0L0b�<&D�4 À <
>�K5DEN;<&DEH58;:=<�?RDG>�¼,T A LMN;QBAed-O0<&DxC'K$A ?GTml H58;:=<�?9N;<[FI<&D�?BQRKSJ�K$O;ºPN;<V?BW0X&DY< � J5H5A QGDY<&>@?BA H5L«DYO0A J�K$L-?B< � 40Ò L½>�H,H5QRN;H5L0L0b�<&D>�¼,T A LMN;QBAed-O0<&D

(r, θ, z)
Â&H5L[O;?BA T AeDY< TeKGN;b�f(<�LMN0K$LM>�< WMK$QBFIH5L0Aed-O0<�?B<�FIf(H5QB<�T T <+Â�Tml A L,J�K$QBAeK$LM>�< DY<�T H5L

z
<�?�TeKEf(b�QBA H;N;Ae>�A ?Bb

DY<�T H5L
θ � N;b�J5<�T H5f0f(<�FI<�L-?v<�LÃDYb�QBA <~N;<IÅ0H5O0QBA <�Q � f(H5O0QvQBb�b&>�QBA QB<[T <~f0QBH580T X�FI<~b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<cN0K$LMD9Tml <&DYfMK5>�<N;<cÅ0H5O0QBA <�Q-Â0NUl O0L0<VC'K ��H5L«DYA FIA TeK$A QB<[K$O;ºaQBb&DY<&K$O;ºa<�Lh>�H,H5QRN;H5L0L0b�<&D�>�K$QY?Bb&DYA <�L0L0<&D�4;À <V?BQRK$A ?B<�FI<�L-?GN;<&DEb&d-OMK�?BA H5LMD

K$8(H5O;?BA ?jb�o-K$T <�FI<�L-?jgµO0L DY¼;D=?BX�FI<«N;A i�b�QB<�L-?BA <�TGN;O f0QB<�FIA <�QIH5QRN;QB<+Â"fMK$QIQRK$f0f(H5QY?jgµTeKÃJ�K$QBAeK$80T <PQRK5N;AeK$T <
r
Â g

QBb&DYH5OMN;QB<kN0K$LMD~O0L0<aQBb�o5A H5L�N;<aTml <&DYfMK5>�<a8(H5QBL0b�<54"À�KhFIb�?BW0H;N;<«N;A i�b�QB<�L-?BA <�T T <aK½QBb&>�<�FIFI<�L-?~b�?BbP>�H5O0f0T b�<PghTeK
FIb�?BW0H;N;<«F~O0T ?BA f(H5TeK$A QB< O �;\ P9N0K$LMD~T <«80O;?kNUl b�?BOMN;A <�QjN;<&DIÅ�6vr½DIg½A LM>�T OMDYA H5LMDt<�T T A f;?BAed-O0<&D�4�¸�TxC'K$O;?jL0H$?B<�QId-O0<TeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <c>�TeK5DBDYAed-O0< � r½{[� � KIN;b=:YgIb�?Bb[A FIf0T b�FI<�L-?Bb�<[f(H5O0QGT <c>�K5DEN;<&DGDY¼;D=?BX�FI<&DEgto5b�H5FIb�?BQBA <>�¼,T A LMN;QBAed-O0<+Â�<�LIf(H5TeK$QBAeDBK�?BA H5LtÁEr O \�q�P³45Á�QBX&D�QBb&>�<�FIFI<�L-?-Â�TeKvFIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <EKVb�?BbEb�?B<�LMN;O0<GK$OIDY¼;D=?BX�FI<N;<v>�H,H5QRN;H5L0L0b�<&D`DYf0W0b�QBAed-O0<&D`K�wMLaN;<G?BQRK$A ?B<�Q�N;<&D`H58;:=<�?RDxz5{ O \�yPÂ,q5ÊPÂ;q03�P³4a;5<9FI<9f(<�QBFI<�?RD�NUl A LMDYAeD=?B<�Q�DYO0Q`Tml <�i�H5QY?C­H5O0QBL0A f(H5O0QGTml b&>�QBA ?BO0QB<cN;<[TeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <~N0K$LMDG>�<c>�K5DEN;<~D=?BQBOM>@?BO0QB<[>�K$QGT <&DEb&d-OMK�?BA H5LMDEN;<�J,A <�L0L0<�L-?
>�H5LMDYAeN;b�QRK$80T <�FI<�L-?�f0T OMDG>�H5FIf0T <�º;<&D�4
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rhH5Lk?BQRKSJ�K$A TUN;<v?BW0X&DY<[D�l <&D=?GN;b�QBH5O0T bv<�L«N;<�O;ºaf0QBA LM>�A fMK$T <&D�b�?RK$f(<&D�4;{9O0QRK$L-?ETeKtf0QB<�FIA X�QB<VK$L0L0b�<[N;<v?BW0X&DY<+ÂS:=<
FI<[DYO0AeDENUl K$8(H5QRNkA L-?Bb�QB<&DBDYbVgtTeK~C­H5QBF~O0TeK�?BA H5La<�?GgtTml A FIf0T b�FI<�L-?RK�?BA H5LPL,O0FIb�QBAed-O0<[N;<VTeKtFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <
<�LP>�H,H5QRN;H5L0L0b�<&D >�¼,T A LMN;QBAed-O0<&DUÂ-f(H5O0QxTeKtN;A i�QRK5>@?BA H5LaNUl O0L0<vH5LMN;<9f0TeK$L0<9fMK$Q�N;<&D`H58;:=<�?RDxgtDY¼,FIb�?BQBA <v>�¼,T A LMN;QBAed-O0<54
À <&DvN;<�O;º½K$L0L0b�<&D9N;<c?BW0X&DY<tDYO0A J�K$L-?B<&D9H5L-?v<�L-?BA X�QB<�FI<�L-?9b�?Bbt>�H5LMDBK5>�QBb�<&DGgkTml K5N0K$f;?RK�?BA H5L½N;<~TeKkFIb�?BW0H;N;<~<�?[N;O
>�H;N;<�L,O0FIb�QBAed-O0<Eg9TeKvQB<&>RW0<�QR>RW0<xN;<EFIH;N;<&D�N0K$LMD�T <&D"wM80QB<&D�H5f;?BAed-O0<&DUÂS<�? <�LtfMK$QY?BAe>�O0T A <�Q�N0K$LMD�T <&D"wM80QB<&D"H5f;?BAed-O0<&D
FIAe>�QBH-D=?BQBOM>@?BO0QBb�<&D�4
� ��1,´Ì%'×-��1«.0�"�"+,1½�"1«�&ª"×,®&1 Â

Ï�?BQRKSJ5<�QRDITml b�?BOMN;<µN;<ÃTeKÌN;A i�QRK5>@?BA H5L*fMK$QkTeKÌFIb�?BW0H;N;<ÃN;A i�b�QB<�L-?BA <�T T <+ÂxL0H5OMDaKSJ5H5LMDjDYO0QY?BH5O;?P>RW0<�QR>RW0b½g
DBKSJ5H5A QVDYA T <IC­H5QBFjK$T AeDYFI<kN;<jTml K$T o5H5QBA ?BW0FI<k^µDY<k>�H5LMDY<�QBJ�K$A ?cN0K$LMDVTml K$f0f0T Ae>�K�?BA H5L�L,O0FIb�QBAed-O0<+Â�N;O�fMK5DBDBK$o5<
N;<&Dv>�H,H5QRN;H5L0L0b�<&D9>�K$QY?Bb&DYA <�L0L0<&D � QBb&DY<&K$O;º � K$O;ºÃ>�H,H5QRN;H5L0L0b�<&DG>�¼,T A LMN;QBAed-O0<&D�4�À <&Dv>�H5L-?RK$FIA LMK�?BA H5LMDGL,O0FIb�n
QBAed-O0<&D`DYH5L-?Yn³<�T T <&D`N;<9F Á�FI<vLMK�?BO0QB<��9Ò`D=?Yn�>�<9T <9F Á�FI<v80T H;>9N;<9TeKcFjK�?BQBAe>�<vN;<G?BQRK$LMDYFIAeDBDYA H5Lkd-O0A�N;<�FI<�O0QB<
>�H5LM>�<�QBL0b��VÒ L½>�H5LMDYb&d-O0<�LM>�<+Â;T <&DEQB<�TeK�?BA H5LMDEN;<cN;b�wML0A ?BA H5L½N;<&DE80T H;>�DGN;<[TeKIFjK�?BQBAe>�<~^aQB<&D=?B<�L-?Yn³<�T T <&D�AeN;<�L;n
?BAed-O0<&D �~Æ�K$Qv>�H5L-?BQB<+Â(L0H5OMDvDBKSJ,A H5LMDGN;b=:Ygad-O0<tTeKjFIb�?BW0H;N;<IÅ�Å�Å*DY<�QRK$A ?9A LMN;AeDYf(<�LMDBK$80T <+Â�b�?RK$L-?VN;H5L0L0b�<tDBK
LMK�?BO0QB<Gf0O0QB<�FI<�L-?xFjK�?BW0b�FjK�?BAed-O0< � ?BQBH5LM>�K�?BO0QB<9N;<&DxDYb�QBA <&D � 4 �GH5OMDxKSJ5H5LMD K$T H5QRD f0QBH;>�b&N;b9DY<�T H5LjT <&D`F Á�FI<&D
b�?RK$f(<&DxW0AeD=?BH5QBAed-O0<�FI<�L-?�DYO0A J,A <&Dxf(H5O0Q�Tml b�?BOMN;<[N;<VTeKtN;A i�QRK5>@?BA H5LkfMK$QEN;<&DxQBb&DY<&K$O;ºkKSJ5<&>GTeK~FIb�?BW0H;N;<[N;A i�b�n
QB<�L-?BA <�T T <~Â0{9A i�QRK5>@?BA H5Lk<�LPf(H5TeK$QBAeDBK�?BA H5LkÁEr�Â;f0O0AeDxo5b�L0b�QRK$T AeDBK�?BA H5LkgcTeKtN;A i�QRK5>@?BA H5LP>�H5L0Aed-O0<54;À <&D ?BQRKSJ�K$O;º
N;<v?BW0X&DY<VH5L-?GN;b�80O;?BbVfMK$Q�Tml b&>�QBA ?BO0QB<[>�H5FIf0T X�?B<[N;<&D�b&d-OMK�?BA H5LMD�N;<VTeKtFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <[N0K$LMD�T <[DY¼;D=n
?BX�FI<9N;<v>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&D�<�?xf(H5O0Q`T <&D`>�K5D N;<9TeKcN;A i�QRK5>@?BA H5Lk>�TeK5DBDYAed-O0<E<�?x>�H5L0Aed-O0<54 'GLkf0QB<�FIA <�Q
f0QBH5o5QRK$FIFI<k?BQRK$A ?RK$L-?jN;<hTeKÃf(H5TeK$QBAeDBK�?BA H5L¶ÁEr KÃC­H5O0QBL0AGN;<&DIf0QB<�FIA <�QRDtQBb&DYO0T ?RK�?RDI<�LM>�H5O0QRK$o5<&K$L-?RDUÂ�KSJ5<&>
>�<�f(<�LMN0K$L-?v<�LM>�H5QB<cd-O0<�Ted-O0<&D9<�QBQB<�O0QRDGN;<~f0QBH5o5QRK$FIFjK�?BA H5L 4MÏ�¼-K$L-?vQRK$f0AeN;<�FI<�L-?v>�H5QBQBA o5bc>�<&D9TeK5>�O0L0<&DUÂ$:�l K$A
<�LM>RWMK�S L0bvfMK$QETml A FIf0T b�FI<�L-?RK�?BA H5LhN;Oh>�K5D�o5b�L0b�QRK$TUN;<VTeKjN;A i�QRK5>@?BA H5L«>�H5L0Aed-O0<54

ÕP1,!�Ú %'×,´Ì1«.0�"�"+,1½�"1«�&ª"×,®&1 Â
À�KIC­H5QBFI<~QB<&>RW0<�QR>RW0b�<~N;<&Dv>RWMK$FIfMD9<�L½QBb�o5A FI<cFIH;N0K$T�N0K$LMDGT <&D9wM80QB<&DGH5f;?BAed-O0<&D9QB<&D=?B<c?BH$?RK$T <�FI<�L-?vAeN;<�L;n
?BAed-O0<ÃgÌ>�<�T T <µN;<&Da>RWMK$FIfMDk<�L*QBb�o5A FI<ÃN;<ÃN;A i�QRK5>@?BA H5LÔ>�H5L0Aed-O0<ÃN0K$LMDkTeK�?BW0b�H5QBA <ÃN;A i�b�QB<�L-?BA <�T T <54�ÏGA LMDYA2Â
Tml H58;:=<&>@?BA C�N;<ITeK«DY<&>�H5LMN;<IK$L0L0b�<IN;<t?BW0X&DY<jKPb�?BbjN;<If(H-DY<�QVT <If0QBH580T X�FI<IFIH;N0K$T�f(H5O0Q[TeKPFIb�?BW0H;N;<jN;A i�b�n
QB<�L-?BA <�T T <k<�L¶D�l K$f0f0O0¼-K$L-?tN;A QB<&>@?B<�FI<�L-?IDYO0Q~T <&D~b&d-OMK�?BA H5LMD~H58;?B<�L,O0<&Dcf(H5O0QtTeKÃN;A i�QRK5>@?BA H5L¢>�H5L0Aed-O0<54 'GL0<
L0H5O0J5<�T T <cC­H5LM>@?BA H5L0LMK$T A ?Bb+Â(?BQRK$A ?RK$L-?VN;<tTeKaQB<&>RW0<�QR>RW0<~N;<tFIH;N;<+ÂUKPN;H5LM>~b�?BbIK�:=H5O;?Bb�<tK$Oµ>�H;N;<tL,O0FIb�QBAed-O0<
N;b=:Ygh<�º;AeD=?RK$L-?&4�À <&Dcb&d-OMK�?BA H5LMD~N;<af0QBH5fMK$o-K�?BA H5Lµb&>�QBA ?B<&DtDYf(b&>�A w(d-O0<�FI<�L-?~fMK$Q~TeK½FIb�?BW0H;N;<PN;A i�b�QB<�L-?BA <�T T <
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QB<&D=?B<�L-?vo5T H58MK$T <�FI<�L-?9A LM>RWMK$L0o5b�<&D�4(Ò LÃf0QB<�FIA X�QB<tK$f0f0QBH;>RW0<+Â(DY<�O0T�T <~?BQRK$A ?B<�FI<�L-?VN;<tTeKkFjK�?BQBAe>�<I^½N;A i�X�QB<
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fMK$Q[TeKPFIb�?BW0H;N;<kN;A i�b�QB<�L-?BA <�T T <54�{9<�f0O0AeDUÂ�T <If0QBH5o5QRK$FIFI<IK«<�LM>�H5QB<tb�?BbkK$FIb�T A H5QBb O q5��P`<�L�>�H5FIf0T b�?RK$L-?[TeK
N;<&DB>�QBA f;?BA H5LtN;<&D�DY¼,FIb�?BQBA <&D�o5b�H5FIb�?BQBAed-O0<&D�N;<&D�Å�6vr½D"<�?`N;<&D�FIH;N;<&D�QB<&>RW0<�QR>RW0b&D�4�À�KG?BW0b�H5QBA <EN;A i�b�QB<�L-?BA <�T T <
>�H5FIf0T X�?B<+Â-O;?BA T AeDYb�<V<�LaQBb�o5A FI<9FIH;N0K$T�f(H5O0Qxb�?BOMN;A <�Q�T <&D�Å�6vr½DUÂ-<&D=?�<�LP>�H5O0QRDxN;<VDYH5O0FIAeDBDYA H5Lkf(H5O0Q�f0O080T A n
>�K�?BA H5L O q,\ P³45À l <�º;f0T H5A ?RK�?BA H5LIN;Ojf0QBH5o5QRK$FIFI<�Kvf(<�QBFIAeD N;<G>�H5L;wMQBFI<�Q�TeKvFIAeDY<E<�LIb�J,AeN;<�LM>�<GN;OIf0W0b�L0H5FIX�L0<NUl K$L-?BA n�>�QBH5AeDY<�FI<�L-?�N;<[FIH;N;<&DEgIf(<�QY?B<&DEN0K$LMD�T <&DGÅ�6vr½D�N;<V?=¼,f(<cÏ9ÍGÍG6�� O q5q�P³4Æ�K$QRK$T T X�T <�FI<�L-?xgt>�<&D ?BQRKSJ�K$O;º>Â-T <V>�H;N;<vL,O0FIb�QBAed-O0<vKtDY<�QBJ,A�g~N;b�?B<�QBFIA L0<�Q�T <&DxFIH;N;<&DxNUl O0L0<vwM80QB<9H5f;?BAed-O0<
>�H5L,J5<�L-?BA H5L0L0<�T T < � N;<aDY<&>@?BA H5LÌ>�A QR>�O0TeK$A QB< � g«C­H5QY?B<a>�H5LMN;OM>@?BA J,A ?Bbaf(H5O0Q~Tml b�?BOMN;<PN;<aTeKhT O0FIA X�QB<j?BQRK$LMDYFIAeDY<fMK$Q�O0L0<[f0TeK5d-O0<VFIb�?RK$T T Aed-O0<V?BQBH5O0b�<[>�K$QRK5>@?Bb�QBAeDYb�<9fMK$QEO0L0<[K$O;?BQB<VFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T < O q5y�P³4
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À <V>�H5L-?B<�L,O«DB>�A <�L-?BA w(d-O0<[N;<[>�<VN;H;>�O0FI<�L-?GL0<[DYO0A ?EfMK5DxTeKtf0QBH5o5QB<&DBDYA H5Lk>RW0QBH5L0H5T H5o5Aed-O0<vN;Oa?BQRKSJ�K$A TUN;<v?BW0X&DY<54

;Ml K$A�>RW0H5AeDYA"O0L0<IK$f0f0QBH;>RW0<c?BW0b�FjK�?BAed-O0<t<�?[H5QBA <�L-?Bb�<~f(b&N0K$o5H5o5Aed-O0<�FI<�L-?VN;<�f0O0AeDvTml K5DYf(<&>@?VT <tf0T OMDvo5b�L0b�QRK$T�N;<tTeK
?BW0b�H5QBA <�J5<�QRD"T <G>�K5D�fMK$QY?BAe>�O0T A <�Q&4-�`<�FIb�FIH5A QB<ED�l K$QY?BAe>�O0T <EDY<�T H5LIN;<�O;ºIK�º;<&D�4$À�Kvf0QB<�FIA X�QB<xfMK$QY?BA <�?BQRK$A ?B<EN;<ETml b�?BOMN;<
N;<[TeKjN;A i�QRK5>@?BA H5LPfMK$QGN;<&DEH58;:=<�?RDGgto5b�H5FIb�?BQBA <[>�¼,T A LMN;QBAed-O0<cgtTml K$AeN;<cN;<[TeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <54M{vK$LMDG>�<�?Y?B<
fMK$QY?BA <+Â L0H5OMD[L0H5OMDcK�?Y?RK$QRN;<�QBH5LMDVDYO0QcT <&D[b�T b�FI<�L-?RDV?BW0b�H5QBAed-O0<&DVL0b&>�<&DBDBK$A QB<&D[g«O0L0<j<�L-?BA X�QB<k>�H5FIf0QBb�W0<�LMDYA H5L�N;O
f0QBA LM>�A f(<ko5b�L0b�QRK$T N;<a>�<�?Y?B<kFIb�?BW0H;N;<54�'GLÌDYH5A L�fMK$QY?BAe>�O0T A <�Q~K«b�?Bbkf(H5QY?BbkghTeKhN;<&DB>�QBA f;?BA H5L�<�?~Tml A L-?B<�QBf0QBb�?RK�?BA H5L
N;<&D`<�i�<�?RDxL,O0FIb�QBAed-O0<&D � >�H5L-?RK$FIA LMK�?BA H5LMD L,O0FIb�QBAed-O0<&DUÂ-L0b&>�<&DBDYA ?BbvN;<vTml K$T o5H5QBA ?BW0FI<v^TÂ;N;<vTeKcFIb�?BW0H;N;<VÅ�Å�Å � 40À�KDY<&>�H5LMN;<tfMK$QY?BA <t<&D=?c>�H5LMDBK5>�QBb�<tK$O�DY<&>�H5LMN½H58;:=<&>@?BA C�N;OÃ?BQRKSJ�K$A T�N;<t?BW0X&DY<+Â gPDBKSJ5H5A QvTml b�?BOMN;<jN;<ITeKaf0QBH5fMK$o-K�?BA H5L
N;<vTeKcT O0FIA X�QB<vN0K$LMDxT <&D wM80QB<&D`H5f;?BAed-O0<&DxKSJ5<&>GTeKcFIb�?BW0H;N;<VN;A i�b�QB<�L-?BA <�T T <54,À l K5DYf(<&>@?x?BW0b�H5QBAed-O0<vN;<�J,A <�LMN;QRK[FIH5A LMD
f0QBH5L0H5LM>�b+Â&gGTml KSJ�K$L-?RK$o5<`N;<`Tml <�º;f(H-DYbxN;<&D�QBb&DYO0T ?RK�?RD�L,O0FIb�QBAed-O0<&D�>�H5LM>�<�QBLMK$L-?"N;<&D�H58;:=<�?RD"gGo5b�H5FIb�?BQBA <&D <�?�FIA T A <�O;º
J�K$QBA b&DUÂ;J5H5A QB<vA L0b&N;A ?RD�4

À�KPf0QB<�FIA X�QB<IfMK$QY?BA <j<&D=?~N;A J,AeDYb�<j<�L�d-OMK�?BQB<k>RWMK$f0A ?BQB<&D[NUl A L0b�o-K$T <IT H5L0o5O0<�O0Q[<�?cA FIf(H5QY?RK$LM>�<54�À <jf0QB<�FIA <�QcK
f(H5O0QVJ5H;>�K�?BA H5LÃN;<If(H-DY<�QVO0L0<~C­H5QBF~O0TeK�?BA H5L½?BQBX&Dvo5b�L0b�QRK$T <tN;<ITeKk?BW0b�H5QBA <IN;A i�b�QB<�L-?BA <�T T <t<�L�>�H,H5QRN;H5L0L0b�<&D9>�¼,T A L;n
N;QBAed-O0<&D�4MÏEwML½N;<cL0<cfMK5DETeK$AeDBDY<�QET <cT <&>@?B<�O0Q9DYO080FI<�QBo5b[fMK$QGTml K5DYf(<&>@?9<�º0>�T OMDYA J5<�FI<�L-?E?BW0b�H5QBAed-O0<cN;<c>�<~>RWMK$f0A ?BQB<+Â
T <&Dcb&d-OMK�?BA H5LMDc<�?tT <&Dcf0QBA LM>�A f(<&DcC­H5LMN0K$FI<�L-?RK$O;º�DY<�QBH5L-?cA T T OMD=?BQBb&Dc<�LÌf(H5TeK$QBAeDBK�?BA H5L�ÁEr DYO0QtO0LÌ>�K5D~DYA FIf0T <PN;<
o5b�H5FIb�?BQBA <54�À <tN;<�O;º;A X�FI<I>RWMK$f0A ?BQB<tN;<�FI<�O0QB<tK5DBDYO0QBb�FI<�L-?vT <~f0T OMDvA FIf(H5QY?RK$L-?VN;<~?BH5OMD�4�Ò LµDYO0f0f(H-DBK$L-?vTml H58;:=<�?
NUl b�?BOMN;<vA L,J�K$QBAeK$L-?�DY<�T H5LaTml K�º;<

z
<�?�QB<�FIf0T AUN;<vFjK�?Bb�QBAeK$O;ºjAeDYH$?BQBH5f(<&D`<�?�W0H5FIH5o5X�L0<&DUÂ5T <&DxQBb&DYH5T O;?BA H5LMD`>�H5FIf0T X�?B<&D

N;Ojf0QBH580T X�FI<9N;<9N;A i�QRK5>@?BA H5LIfMK$Q`Tml K$T o5H5QBA ?BW0FI<EÁ%Â-f0O0AeD fMK$Q Tml K$T o5H5QBA ?BW0FI<9^TÂ$C­H5L-?`Tml H58;:=<�?xN;<GTeK[f0QB<�FIA X�QB<EFIH5A ?BA b
N;O¢>RWMK$f0A ?BQB<54"À�K½DYO0A ?B<a<&D=?I>�H5LMDBK5>�QBb�<kghTeKÃN;<&DB>�QBA f;?BA H5LÌN;<aTml K$T o5H5QBA ?BW0FI<kN;OÌf0QBH5o5QRK$FIFI<j<�?Ig½Tml K$LMK$T ¼;DY<kN;<&D
QBb&DYO0T ?RK�?RD f0QBH�J5<�LMK$L-?`N;<G?B<&D=?RD`K$f0f0QBH$C­H5LMN;AeD�4;�`<&D`N;<�QBL0A <�QRD f(<�QBFI<�?Y?BQBH5L-?�N;<GJ�K$T AeN;<�QxT <&D`K5DYf(<&>@?RD ?BW0b�H5QBAed-O0<&D�C­H5L;n
N0K$FI<�L-?RK$O;ºkN;<9TeK~FIb�?BW0H;N;< � Tml K$QY?BAe>�T < O q5z�P�f0QBb&DY<�L-?B<vN;<&D�>�H5FIfMK$QRK$AeDYH5LMD�N;b�?RK$A T T b�<VN;<&D`QBb&DYO0T ?RK�?RDxN;<vTeKcFIb�?BW0H;N;<N;A i�b�QB<�L-?BA <�T T <[KSJ5<&>v>�<�O;º«N;<VTeKtFIb�?BW0H;N;<[F~O0T ?BA f(H5TeK$A QB< � 40À <v?BQBH5AeDYA X�FI<[>RWMK$f0A ?BQB<VN;b&>�QBA ?ET <c>�K5DxfMK$QY?BAe>�O0T A <�QGN;<VTeKN;A i�QRK5>@?BA H5Lj>�TeK5DBDYAed-O0<VÂ$T <&D b&d-OMK�?BA H5LMD�DYH5L-?`N;b&N;O0A ?B<&D N;Ok>RWMK$f0A ?BQB<�f0QBb&>�b&N;<�L-? <�?xd-O0<�Ted-O0<&D�QBb&DYO0T ?RK�?RD�L,O0FIb�QBAed-O0<&D
DYH5L-?9<�º;f(H-DYb&D�40Ò L;wML�Â(T <td-OMK�?BQBA X�FI<c>RWMK$f0A ?BQB<V?BQRK$A ?B<~N;<~Tml K$L0AeDYH$?BQBH5f0A <[N0K$LMDGT <&D9D=?BQBOM>@?BO0QB<&D9>�¼,T A LMN;QBAed-O0<&D�4MÁ�H5O;?
NUl K$8(H5QRN>Â5H5Ljf0QBb&DY<�L-?B<GO0L0<9L0H5O0J5<�T T <�?BW0b�H5QBA <9K$LMK$T ¼-?BAed-O0<9N;<G?=¼,f(< �@FIb�?BW0H;N;<vN;A i�b�QB<�L-?BA <�T T < ��FIAeDY<G<�LkH,<�O0J,QB<GK$O
DY<�A LPN;OaTeK$8(H5QRK�?BH5A QB<545Ò T T <Vf(<�QBFI<�?ENUl b�?BOMN;A <�Q�TeKtN;A i�QRK5>@?BA H5La>�H5L0Aed-O0<vfMK$QxO0LP>�¼,T A LMN;QB<V>�A QR>�O0TeK$A QB<9K$L0AeDYH$?BQBH5f(<vN;<
f(<�QBFIA ?Y?BA J,A ?Bb[K$QB80A ?BQRK$A QB<545Ò LMDYO0A ?B<+Â;L0H5OMDxJ5<�QBQBH5LMD`>�H5FIFI<�L-?�A LM>�T O0QB<V>�<&DxL0H5O0J5<�T T <&D`b&d-OMK�?BA H5LMDxN0K$LMDxTeK~FIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <+Â`N;b&>�QBA ?B<½N0K$LMDIT <&DI?BQBH5AeDIf0QB<�FIA <�QRDj>RWMK$f0A ?BQB<&DUÂ K�wML*N;<hTeK�o5b�L0b�QRK$T AeDY<�QjK$O;º¢H58;:=<�?RDk>�¼,T A LMN;QBAed-O0<&D
K$L0AeDYH$?BQBH5f(<&D�N;<cDY<&>@?BA H5L«K$QB80A ?BQRK$A QB<54
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À�KkDY<&>�H5LMN;<cfMK$QY?BA <t>�H5FIf0QB<�LMNhN;<�O;º½>RWMK$f0A ?BQB<&D�4(À <~f0QB<�FIA <�Qv>�H5LM>�<�QBL0<cTeKkFIAeDY<~<�L½f0TeK5>�<tNUl O0LhC­H5QBFjK$T AeDYFI<

?BW0b�H5QBAed-O0<cN;O½f0QBH580T X�FI<[FIH;N0K$T ?BQRK$A ?BbcfMK$QGTeKjFIb�?BW0H;N;<tN;A i�b�QB<�L-?BA <�T T <54U69O;?BQB<cDBKjQBb&DYH5T O;?BA H5L«<�L«?RK$L-?vd-O0<cf0QBH$n
80T X�FI<�W0H5FIH5o5X�L0<+Â&T <&D"f(H5A L-?RD"A FIf(H5QY?RK$L-?RD"QBb&DYAeN;<�L-?�N0K$LMD�TeK9f0QBAeDY<x<�LI>�H5FIf;?B<�N;<&D�DY¼,FIb�?BQBA <&D"H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&D
N;<[TeKtwM80QB<[H5f;?BAed-O0<[<�?9N;<[T <�O0QRDEA FIf0T Ae>�K�?BA H5LMDEDYO0QGT <&DGDY¼,FIb�?BQBA <&DEN;<&DEFIH;N;<&D�4MÀ <&DEf0QB<�FIA <�QRDx?B<&D=?RDEL,O0FIb�QBAed-O0<&DUÂ
>�H5LM>�<�QBLMK$L-?EN;<&D`wM80QB<&D�H5f;?BAed-O0<&D�gto5b�H5FIb�?BQBA <&D ��DYA FIf0T <&D �hÂ,J,A <�LMN;QBH5L-?�J�K$T AeN;<�Q�TeKtFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <[K5N0K$f;n
?Bb�<«K$OÌf0QBH580T X�FI<kFIH;N0K$Tm4�À <PDY<&>�H5LMNÌ>RWMK$f0A ?BQB<j?BQRK$A ?B<a<�º0>�T OMDYA J5<�FI<�L-?IN;<&DcwM80QB<&D~H5f;?BAed-O0<&D~FIAe>�QBH-D=?BQBOM>@?BO0QBb�<&D
� Å�6vr½D � 4 'GL0<GA FIf(H5QY?RK$L-?B<vK$LMK$T ¼;DY<GN;<&D QBb&DYO0T ?RK�?RD L,O0FIb�QBAed-O0<&D`>�H5LM>�<�QBLMK$L-?`N;<&D`Å�6vr½D`>�TeK5DBDYAed-O0<&D gcA LM>�T OMDYA H5LMD
>�A QR>�O0TeK$A QB<&D9f(<�QBFI<�?cNUl b�J�K$T O0<�QVTeKPf0QBb&>�AeDYA H5LÃfMK$Q[>�H5FIfMK$QRK$AeDYH5L½KSJ5<&>~>�<�O;ºÃH58;?B<�L,OMDvfMK$QVTeK«rhb�?BW0H;N;<jrhO0T ?BA f(H$n
TeK$A QB<jN;AeDYf(H5L0A 80T <kK$O�DY<�A L�N;O�TeK$8(H5QRK�?BH5A QB<54 �GH5OMDVb�?BOMN;A <�QBH5LMD[<�LMDYO0A ?B<kN;<&DcÅ�6vr½D[>�TeK5DBDYAed-O0<&D[d-O0<jTeKhrhb�?BW0H;N;<
rhO0T ?BA f(H5TeK$A QB<jL0<kf(<�O;?~fMK5D[FIH;N;b�T AeDY<�Q-Â�ghDBKSJ5H5A QcN;<&DcÅ�6vr½Dcg«A LM>�T OMDYA H5LMDcDY<&>@?BH5QBA <�T T <&DUÂ N;<j?=¼,f(< �@o5QRK$f(<�C­QBO0A ?��
<�?INUl A LM>�T OMDYA H5LMDtg½o5QRK5N;A <�L-?tNUl A LMN;Ae>�<54"Ò L;wML�Â�>�<aFIb�FIH5A QB<PDY<j?B<�QBFIA L0<PfMK$Q~Tml <�º;f(H-DYbaN;<PQBb&>�<�L-?RD[?BQRKSJ�K$O;º�DYO0Q
N;<&D~Å�6vr½DcN;<j?=¼,f(< ��Ï9ÍGÍG6�� ��4�69L�?B<�L-?B<�QRKhN;<jC­H5O0QBL0A Q~N;<&Dcb�T b�FI<�L-?RDcN;<a>�H5FIf0QBb�W0<�LMDYA H5L�N;O�f0W0b�L0H5FIX�L0<
� ?BH5O�:=H5O0QRD`<�La>�H5O0QRDxNUl A L,J5<&D=?BA o-K�?BA H5L � d-O0<9L0H5OMDxKSJ5H5LMD FIAeD`<�Lab�J,AeN;<�LM>�<vN0K$LMDx>�<9o5<�L0QB<9N;<9wM80QB<&D`H5f;?BAed-O0<&D9Â-T <&DK$L-?BA n�>�QBH5AeDY<�FI<�L-?RD"<�L-?BQB<GN;<&D�FIH;N;<&D N;<9>�H,<�O0Q�<�?xN;<&D�FIH;N;<&D K5DBDYH;>�A b&D�gvO0L0<9DY<�O0T <EA LM>�T OMDYA H5LjN;<EWMK$O;?`A LMN;Ae>�<54$Ò L
>�H5T TeK$8(H5QRK�?BA H5L«KSJ5<&>vT < �@Æ W0TeK$F � � ¸=ÍG�`¸B�xÏ � N;<cTml 'GL0A J5<�QRDYA ?BbcN;<~À A T T <c¸Ed-O0A C'K$80QBAed-O0<[<�?V>�K$QRK5>@?Bb�QBAeDY<V>�<&DEwM80QB<&D
O y5Ê�P ÂML0H5OMDGKSJ5H5LMDE>RW0<�QR>RW0b[gjH58MDY<�QBJ5<�QE>�<cf0W0b�L0H5FIX�L0<cN0K$LMDEO0L0<[wM80QB< ��Ï9ÍGÍG6�� �vgIA LM>�T OMDYA H5LMDEA L0W0H5FIH5o5X�L0<&D
d-O0<cDY<�O0T <[TeKIFIb�?BW0H;N;<~N;A i�b�QB<�L-?BA <�T T <[<&D=?9>�K$fMK$80T <[N;<cFIH;N;b�T AeDY<�QGN0K$LMDEL0H$?BQB<[TeK$8(H5QRK�?BH5A QB<54;À <&DEf0QB<�FIA X�QB<&DE>�H5Ftn
fMK$QRK$AeDYH5LMD�<�LM>�H5O0QRK$o5<&K$L-?B<&DUÂS>�H5L;C­QBH5L-?RK$L-?�T <&D�QBb&DYO0T ?RK�?RD"L,O0FIb�QBAed-O0<&D�<�?�<�º;f(b�QBA FI<�L-?RK$O;º>Â$>�H5LM>�T O0<�L-?�Tml <�º;f(H-DYb�N;<&D
?BQRKSJ�K$O;ºaN;<[QB<&>RW0<�QR>RW0<v<�i�<&>@?BO0b&DEN;O0QRK$L-?EFjKt?BW0X&DY<54
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Y�#
Y� �����$�Q�����V���<�$� ����� � � � ����� ]5Ä
N;<[Tml H5LMN;<VA LM>�AeN;<�L-?B<54��`<[>RWMK$FIfhD�l <�º;f0QBA FI<VK$T H5QRD�DY<�T H5LµÂ

~� (r, θ, z, t) = ℜe
[
~A(r, θ, ω)e−iωt

] KSJ5<&> ~A ∈
{
~E, ~D, ~B, ~H

}
� ];4 3 �

H��
ω
<&D=?ETeKtf0O0TeDBK�?BA H5LhN;<VTml H5LMN;<[f0TeK$L0<VA LM>�AeN;<�L-?B<540Æ�H5O0QGDYA FIf0T A wM<�Q-Â;T <[J5<&>@?B<�O0Q ~A(r, θ, ω)

<&D=?EL0H$?Bb ~A(r, θ)'GL0<IN;<&Dv8MK5DY<&DvN;Oµf0QBA LM>�A f(<IN;<tTeKaFIb�?BW0H;N;<IN;A i�b�QB<�L-?BA <�T T <j>�H5LMDYAeD=?B<tgafMK$QY?RK$o5<�Q9Tml <&DYfMK5>�<~<�L½?BQBH5AeDvQBb�o5A H5LMD
o5Q�]5>�<cgkN;<�O;ºh>�¼,T A LMN;QB<&DG>�A QR>�O0TeK$A QB<&DG>�<�L-?BQBb&DGDYO0Q9Tml H5QBA o5A L0<+Â0T <&D9>�¼,T A LMN;QB<&D

Cmin
N;<~QRKS¼5H5L

b
<�?
Cmax

N;<cQRKS¼5H5L
a
Â-QB<&DYf(<&>@?BA J5<�FI<�L-?xA LMDB>�QBA ?x<�?�>�A QR>�H5LMDB>�QBA ?xg[TeK~DYO0QYC'K5>�<v^ � J5H5A Q wMo5O0QB<v];4 3 � K � � 4,À�K[QBb�o5A H5Lkd-O0AU>�H5L-?BA <�L-?`Tml H5QBA o5A L0<N;OaQB<�f(X�QB< � r < b � Â;K$A LMDYAUd-O0<vTeKcQBb�o5A H5Lk<�º,?Bb�QBA <�O0QB<vgt^k>�H5LMD=?BA ?BO0b�<VN;<vTeK~FjK�?BQBAe>�< � r > a � Â;DYH5L-?�fMK$Q�N;b�wML0A ?BA H5LQB<�FIf0T A <&D[N;<jFIA T A <�O;ºÃW0H5FIH5o5X�L0<&Dv<�?cAeDYH$?BQBH5f(<&Dvf(H5O0Q[T <&DBd-O0<�TeDVT <k>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<~?BH$?RK$T D�l <�º;f0QBA FI<
<�º;f0T Ae>�A ?B<�FI<�L-? <�L~?B<�QBFI<EN;<EDYH5T O;?BA H5LMD�N;<�Tml b&d-OMK�?BA H5LIN;<EßG<�T FIW0H5T ?BÓ545Á�H5O;?B<�C­H5AeDUÂ�H5LID�l A L-?Bb�QB<&DBDY<xf(H5O0Q�T <�FIH5FI<�L-?
gPTeKPQBb�o5A H5L½A L-?B<�QBFIb&N;AeK$A QB<I>�H5L-?B<�LMK$L-?[TeKPDYO0QYC'K5>�<kT̂Â K$f0f(<�T b�< �@Ó�H5L0<tFIH;N;O0T b�< �hÂU<�?V?B<�T T <kd-O0<

b ≤ r ≤ a
4�^,O0Q

O0L«>�¼,T A LMN;QB<VN;<VQRKS¼5H5L
r
N;<VTeK~Ó�H5L0<vFIH;N;O0T b�<+Â;TeKtf(<�QBFIA ?Y?BA J,A ?BbV<�LaC­H5LM>@?BA H5L«N;<

θ
<&D=?GN;b&>�QBA ?B<vfMK$Q�O0L0<vC­H5LM>@?BA H5L

>�QBb�L0<&K$O�L0H$?Bb�<
ǫ(r, θ) � J5H5A QcwMo5O0QB<P];4 3 � 8 � � N;H5L-?~T <&DtK$L0o5T <&DcN;<PN;AeDB>�H5L-?BA L,O0A ?BbPDYH5L-?t>�<�O;ºÌN;<&D~d-OMK�?BQB<kf(H5A L-?RD

NUl A L-?B<�QRDY<&>@?BA H5Lh<�L-?BQB<~T <~>�¼,T A LMN;QB<t>�A QR>�O0TeK$A QB<cN;<~QRKS¼5H5L
r
<�?vTeKaDY<&>@?BA H5Lh<�T T A f;?BAed-O0<tN;<~TeKaDYO0QYC'K5>�<t^�4�À <~f0QB<�FIA <�Q

K$L0o5T <+Â;L0H$?Bb
θ̃(r)

ÂM<&D=?GN;b�wML0A fMK$Q[Â
θ̃(r) = acos

(
a

r

√
b2 − r2

b2 − a2

)
� ];4 ] �

Ò LP?B<�LMK$L-?9>�H5FIf;?B<cN;<&DGN;b�f(<�LMN0K$LM>�<&D�<�º;f0T Ae>�A ?B<&DGN;Oh>RWMK$FIf«b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<VDY<�T H5L«TeKtJ�K$QBAeK$80T <v?B<�FIf(H$n
QB<�T T <

t
<�?�TeK9J�K$QBAeK$80T <xNUl <&DYfMK5>�<

z
NUl K$f0QBX&D�TeK9QB<�TeK�?BA H5L � ];4 3 � ÂSTml b&d-OMK�?BA H5L~N;<�r½K�º;¾x<�T T n�ÅMK$QRK5N0KS¼ ( ~rot ~E + ∂ ~B

∂t
= ~0
)

K5DBDYH;>�A b�<tK$O;º½QB<�TeK�?BA H5LMDv>�H5LMD=?BA ?BO;?BA J5<&DVN;<tTeKaÓ�H5L0<tFIH;N;O0T b�< (~D = ǫ(r, θ) ~E
<�? ~B = µ0

~H
) DY<tQBb&N;O0A ?[N0K$LMDvT <

DY¼;D=?BX�FI<[N;<c>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&D�g«Â
1

r

∂Ez(r, θ)

∂θ
− iωµ0Hr(r, θ) = 0 � ];4 z �

∂Ez(r, θ)

∂r
− iωµ0Hθ(r, θ) = 0 � ];4 � �

1

r

[
Eθ(r, θ) + r

∂Eθ(r, θ)

∂r
− ∂Er(r, θ)

∂θ

]
− iωµ0Hz(r, θ) = 0 � ];4 Ä �

<�?GTml b&d-OMK�?BA H5L«N;<cr½K�º;¾x<�T T n�ÏGFIf(X�QB<VN;<�J,A <�L-?cÂ
1

r

∂Hz(r, θ)

∂θ
+ iωǫ(r, θ)Er(r, θ) = 0 � ];4 � �

−∂Hz(r, θ)

∂r
+ iωǫ(r, θ)Eθ(r, θ) = 0 � ];4 \ �

1

r

[
Hθ(r, θ) + r

∂Hθ(r, θ)

∂r
+
∂Hr(r, θ)

∂θ

]
+ iωǫ(r, θ)Ez(r, θ) = 0 � ];4 q �

�GH5OMDVKSJ5H5LMD9>RW0H5AeDYA�NUl <�º;f0QBA FI<�QV>�<&Dvb&d-OMK�?BA H5LMDvKSJ5<&>cT <I>�H5O0f0T <tN;<j>RWMK$FIfMD9b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D ~E <�? ~H 4UÀ <&D
b&d-OMK�?BA H5LMD � ];4 z � g � ];4 q � DY<vN;b&>�H5O0f0T <�L-?`<�LaN;<�O;ºj<�LMDY<�F~80T <&D`NUl b&d-OMK�?BA H5LMD A LMN;b�f(<�LMN0K$L-?B<&D�4,À <&D b&d-OMK�?BA H5LMD � ];4 z � Â
� ];4 � � <�? � ];4 q � >�H5LMD=?BA ?BO0<�L-? T <E>�K5D�N;<Ef(H5TeK$QBAeDBK�?BA H5L~Á�QRK$LMDYJ5<�QRDY<`Ò T <&>@?BQBAed-O0< � Á�Ò � <�? QB<�T A <�L-?�T <&D�>�H5FIf(H-DBK$L-?B<&D Ez

Â
Hr

<�?
Hθ

4UÀ <&D9b&d-OMK�?BA H5LMD � ];4 Ä � Â � ];4 � � <�? � ];4 \ � >�H5LMD=?BA ?BO0<�L-?VT <I>�K5DvN;<tf(H5TeK$QBAeDBK�?BA H5L½Á�QRK$LMDYJ5<�QRDY<~r½K$o5L0b�?BAed-O0<
� ÁEr � <�?�QB<�T A <�L-?�T <&D�>�H5FIf(H-DBK$L-?B<&D Hz

Â
Er

<�?
Eθ

4 �GH5OMD T A FIA ?B<�QBH5LMD >�<�?Y?B<`f0QB<�FIA X�QB<�b�?BOMN;<xK$Oc>�K5D N;<`f(H5TeK$QBAeDBK�?BA H5L
ÁEr�4
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À l A L,J�K$QBAeK$LM>�<cN;OµDY¼;D=?BX�FI<~H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<cDY<�T H5LhTml K�º;<
z
K$A LMDYA"d-O0<tT <~QBb�o5A FI<cWMK$QBFIH5L0Aed-O0<cH5L-?vf(<�QBFIAeD

N;<cQBb&N;O0A QB<[TeKkN;b�f(<�LMN0K$LM>�<~N;O½>RWMK$FIf«b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<cK$O;ºPJ�K$QBAeK$80T <&DGNUl <&DYfMK5>�<
r
<�?
θ
4(À�Kjf(b�QBA H;N;Ae>�A ?Bb~N;O

DY¼;D=?BX�FI<tDY<�T H5L
θ
J�Kkf(<�QBFI<�?Y?BQB<tN;<~QRK$FI<�L0<�QGT <&D9b&d-OMK�?BA H5LMD9N;<tr½K�º;¾x<�T T�b&>�QBA ?B<&D9f(H5O0Q9TeKkf(H5TeK$QBAeDBK�?BA H5LhÁEr�<�L

O0L�DY¼;D=?BX�FI<tN;A i�b�QB<�L-?BA <�T N;OÃf0QB<�FIA <�QVH5QRN;QB<tDY<�T H5L½TeKPDY<�O0T <tJ�K$QBAeK$80T <
r
4 Ò Lµ<�i�<�?-Â�T <jDY¼;D=?BX�FI<IN;<I>�H,H5QRN;H5L0L0b�<&D
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a�������H��� ��
Y�X�	�����������������������
>�¼,T A LMN;QBAed-O0<&D�A LMN;O0A ?xL0b&>�<&DBDBK$A QB<�FI<�L-? O0L0<Gf(b�QBA H;N;Ae>�A ?Bb+Â-N;<9f(b�QBA H;N;<

2π
Â-DY<�T H5LITeK[J�K$QBAeK$80T <GK$L0o5O0TeK$A QB<

θ
N;<E?BH5O;?B<&D

T <&D o5QRK$LMN;<�O0QRD�H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DUÂ�<�LkfMK$QY?BAe>�O0T A <�QxN;<&D J5<&>@?B<�O0QRD ~E Â ~H <�?�N;<9TeKVC­H5LM>@?BA H5L
ǫ(r, θ)

40�`<&D`N;<�QBL0A X�QB<&D
o5QRK$LMN;<�O0QRDxf(<�O0J5<�L-?GK$T H5QRD�Á�?BQB<[N;b�J5<�T H5f0f(b�<&D�<�LhDYb�QBA <[N;<[Å0H5O0QBA <�QGDY<�T H5LµÂ

U(r, θ) =

+∞∑

n=−∞
Un(r)einθ KSJ5<&>

U ∈ {Hz, Er, Eθ, ǫ} � ];4 y �
Ò LhC'K$A ?-Â�>�<&DvN;b�J5<�T H5f0f(<�FI<�L-?RD9DYH5L-?G?BQBH5LMd-O0b&DGgkTml H5QRN;QB<

N
f0O0AeDBd-O0<~TeKI?BW0b�H5QBA <~N;A i�b�QB<�L-?BA <�T T <tKjf(H5O0Q9J5H;>�K�?BA H5L

NUl Á�?BQB<cA FIf0T b�FI<�L-?Bb�<cL,O0FIb�QBAed-O0<�FI<�L-?&4(À H5QRDBd-O l H5LPA L�:=<&>@?B<t>�<&D9N;b�J5<�T H5f0f(<�FI<�L-?RDE<�Lh<�º;f0T Ae>�A ?RK$L-?9T <�O0QRDGN;b�QBA J5b�<&D
fMK$QY?BA <�T T <&DxDY<�T H5L

r
<�?
θ
N0K$LMD`T <&D`b&d-OMK�?BA H5LMD � ];4 Ä � Â � ];4 � � <�? � ];4 \ � Â-H5LkH58;?BA <�L-?�T <vDY¼;D=?BX�FI<vDYO0A J�K$L-?EN;< 3(2N + 1)b&d-OMK�?BA H5LMDVÂ

1

r

[
Eθ,n(r) + r

dEθ,n(r)

dr
− inEr,n(r)

]
− iωµ0Hz,n(r) = 0 � ];4 3&Ê �

in

r
Hz,n(r) + iω (ǫEr)n (r) = 0 � ];4 353 �

−dHz,n(r)

dr
+ iω (ǫEθ)n (r) = 0 � ];4 3S] �

69LÃK5N;H5f;?B<~O0L0<tL0H$?RK�?BA H5L½FjK�?BQBAe>�A <�T T <~<�LÃA L-?BQBH;N;O0AeDBK$L-?9TeKaFjK�?BQBAe>�<t>�H5T H5L0L0<
[A]

?B<�T T <Id-O0<
([A])n = An(r)

<�?
TeKcFjK�?BQBAe>�<

α
?B<�T T <vd-O0<

(α)n,m = nδn,m � H�� δn,m
<&D=?xT <vDY¼,F~8(H5T <9N;< 
VQ��5L0<&>$#5<�Q � 4$ÏGA LMDYA2Â,T <&D`b&d-OMK�?BA H5LMD � ];4 3&Ê �g � ];4 3S] � DY<VQBb�b&>�QBA J5<�L-?VÂ

1

r

{
[Eθ] + r

d [Eθ]

dr
− iα [Er]

}
− iωµ0 [Hz] = 0 � ];4 3&z �

iα

r
[Hz] + iω [ǫEr] = 0 � ];4 3�� �

−d [Hz ]

dr
+ iω [ǫEθ] = 0 � ];4 3SÄ �

Ï >�<kD=?RK5N;<+ÂUH5L�K�?Y?B<�A L-?cT <If(H5A L-?[?BW0b�H5QBAed-O0<IT <jf0T OMD[A FIf(H5QY?RK$L-?cN;<jTeK«FIb�?BW0H;N;<kN;A i�b�QB<�L-?BA <�T T <kd-O0A >�H5LMDYAeD=?B<jg
<�º;f0QBA FI<�Q~T <&Dt>�H,<��k>�A <�L-?RDtN;<PÅ0H5O0QBA <�QIN;<&D~f0QBH;N;O0A ?RD

ǫEc
KSJ5<&>

c ∈ {r, θ} � >�H5FIf(H-DBK$L-?B<&D~N;O¢J5<&>@?B<�O0Q ~D � <�LC­H5LM>@?BA H5LÃN;<t>�<�O;º½N;<
ǫ
<�?VN;<

Ec
Â(A L-?B<�QBJ5<�LMK$L-?vN0K$LMD9T <&DGb&d-OMK�?BA H5LMD � ];4 3�� � <�? � ];4 3SÄ � 4U�`<�?Y?B<~C'K5>@?BH5QBAeDBK�?BA H5LhN;<&Df0QBH;N;O0A ?RD

ǫEc
D�l <�i�<&>@?BO0<vo5Q�]5>�<9gcO0Lk?BW0b�H5QBX�FI<9FjK�?BW0b�FjK�?BAed-O0<vK$f0f(<�T b �@QBX�o5T <vN;<vÀ�K$O0QB<�L-?��Ed-O0AUD�l b�L0H5LM>�<vN;<9TeK

FjK$L0A X�QB<xDYO0A J�K$L-?B<vÂ
(ǫEc)n (r) =

m=+∞∑
m=−∞

ǫn−m(r)Ec,m(r)
4$Ò L~A L-?BQBH;N;O0AeDBK$L-?�TeKGFjK�?BQBAe>�<�N;<�Á�H,<�f0T A ?BÓ JǫK N;b�wML0A <

fMK$Q
(JǫK)n,m = ǫn−m(r)

Â�>�<t?BW0b�H5QBX�FI<If0QB<�LMNµTeKaC­H5QBFI<IFjK�?BQBAe>�A <�T T <jDYO0A J�K$L-?B<hÂ
[ǫEc] = JǫK [Ec]

4�À H5QRDBd-O l H5L
O;?BA T AeDY<[TeKtQBX�o5T <[N;<[À�K$O0QB<�L-?-Â;Tml b&d-OMK�?BA H5L � ];4 3�� � f(<�QBFI<�?9NUl <�º;f0QBA FI<�Q [Er]

<�LPC­H5LM>@?BA H5L«N;<
[Hz]

Â

[Er] = −JǫK−1 α

rω
[Hz] � ];4 3&� �

ÏGf0QBX&D9KSJ5H5A QGA LMDYb�QBb~>�<�?Y?B<tN;<�QBL0A X�QB<cb&d-OMK�?BA H5L½N0K$LMDGTeKjQB<�TeK�?BA H5L � ];4 3&z � ÂMH5LhH58;?BA <�L-?vO0LÃDY¼;D=?BX�FI<~N;<
2(2N + 1)b&d-OMK�?BA H5LMDEN;A i�b�QB<�L-?BA <�T T <&D�T A L0b&K$A QB<&D�d-O0A QB<�T A <�L-?

[Eθ]
<�?

[Hz]
Â

d [Eθ]

dr
= −1

r
[Eθ] − i

{
ωµ0Id − α

r
JǫK−1 α

rω

}
[Hz ] � ];4 3�\ �

d [Hz]

dr
= iωJǫK [Eθ] � ];4 3&q �

H��
Id

<&D=?9TeKIFjK�?BQBAe>�<[AeN;<�L-?BA ?BbtN;<~N;A FI<�LMDYA H5L
(2N + 1) × (2N + 1)

4��`<&D9N;<�QBL0A X�QB<&DEb&d-OMK�?BA H5LMDUÂ0H58;?B<�L,O0<&DEfMK$Q
K$f0f0T Ae>�K�?BA H5L«N;<[TeKtQBX�o5T <VN;<cÀ�K$O0QB<�L-?-Â0N;H5A J5<�L-?�Á�?BQB<[A L-?Bb�o5QBb�<&D�g~?BQRKSJ5<�QRD`TeKIÓ�H5L0<VFIH;N;O0T b�<[N;<

r = b
g
r = a

4
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r½K$T W0<�O0QB<�OMDY<�FI<�L-?-ÂU>�H5FIFI<IH5LµT <jN;b&>�QBA ?[f0T OMD[<�L�N;b�?RK$A T N0K$LMDVTeK«DY<&>@?BA H5L�];4 z04 3+Â�TeKPQBX�o5T <IN;<kÀ�K$O0QB<�L-?[d-O0A
Kjb�?BbcO;?BA T AeDYb�<~<&D=?9O0Lh?BW0X�H5QBX�FI<cFjK�?BW0b�FjK�?BAed-O0<~d-O0A"K5DBDYO0QB<[TeKk>�H5L,J5<�QBo5<�LM>�<[N;<cTeKIC'K5>@?BH5QBAeDBK�?BA H5LhN;<&DGf0QBH;N;O0A ?RD
ǫ(r, θ)Ea(r, θ)

KSJ5<&>
a ∈ {r, θ} N0K$LMDVTml <&DYfMK5>�<jN;<kÅ0H5O0QBA <�Q[O0L0Aed-O0<�FI<�L-?c<�Lµ?B<�QBFI<jN;<kDYb�QBA <54�^,H5L�K$f0f0T Ae>�K�?BA H5L

N;A QB<&>@?B<vL0<v?BA <�L-?EK$T H5QRD`fMK5D�>�H5FIf;?B<VN;<VTeKc?BQBH5LM>�K�?BO0QB<vN;<&D�N;b�J5<�T H5f0f(<�FI<�L-?RD � g~Tml H5QRN;QB< N � Â;QB<�FI<�?Y?RK$L-?EK$A LMDYA�<�L>�K$OMDY<�DBKGJ�K$T AeN;A ?Bb�f(H5O0Q�N;<&D�K$f0f0T Ae>�K�?BA H5LMD"L,O0FIb�QBAed-O0<&D�4&Ò Lt<�i�<�?-Â$N;X&D"T <&D�f0QB<�FIA X�QB<&D"K$f0f0T Ae>�K�?BA H5LMD"N;<�TeK9FIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <9K$O;ºI>�K5D N;<Gf(H5TeK$QBAeDBK�?BA H5LIÁEr�f(H5O0Q`T <&D�QBb&DY<&K$O;º � <�Lk>�H,H5QRN;H5L0L0b�<&D�>�K$QY?Bb&DYA <�L0L0<&D ��O Ä$z Â,Ä���P Â->�<�QY?RK$A LMDf0QBH580T X�FI<&D`N;<v>�H5L,J5<�QBo5<�LM>�<EDYH5L-?xK$f0fMK$QBOMD�4-ÏEwMLaN;<9T <&D`b�J,A ?B<�Q-Â-À 4,À A O �5��PUKcN;b�FIH5L-?BQBb9d-O0<9TeK[QBX�o5T <9N;<vÀ�K$O0QB<�L-?<&D=?[O0L0Aed-O0<�FI<�L-?E:=OMD=?BA wMb�<kDY<�T H5Lµ>�<�QY?RK$A LMD[>�QBA ?BX�QB<&DVN;<j>�H5L-?BA L,O0A ?BbjN;O�>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<Igk?BQRKSJ5<�QRD9TeK
DYO0QYC'K5>�<9^�4-Æ�H5O0Q T <&D`K$O;?BQB<&D >�K5DUÂ5A T0C'K$O;?xK�:=H5O;?B<�Q O0L0<9L0H5O0J5<�T T <EQBX�o5T <GN;<EC'K5>@?BH5QBAeDBK�?BA H5L�Â5K$f0f(<�T b�< �@QBX�o5T <�¸�L,J5<�QRDY< ��4
À <&Dt>�H5LMN;A ?BA H5LMD~NUl K$f0f0T Ae>�K�?BA H5LÌN;<P>�<&DtN;<�O;º�QBX�o5T <&D~N;<kC'K5>@?BH5QBAeDBK�?BA H5L�b�L0H5LM>�b�<&D~N0K$LMDcTeKÃDY<&>@?BA H5LÔ354 ];4 zhDY<�QBH5L-?
<�º;f0T Aed-O0b�<&D�f0T OMDE<�LhN;b�?RK$A T N0K$LMDETeKIDY<&>@?BA H5Lh];4 z04 3540Ï�fMK$QY?BA QEN;<&DG>�H5LMN;A ?BA H5LMDEN;<[fMK5DBDBK$o5<VN;<&DE>RWMK$FIfMDEg~?BQRKSJ5<�QRD
^TÂ$TeKvQBX�o5T <�N;<GÀ�K$O0QB<�L-?�D�l K$f0f0T Aed-O0<EgvTeKV>�H5FIf(H-DBK$L-?B<x?RK$L0o5<�L-?BA <�T T <�g[^tN;OIJ5<&>@?B<�O0Q ~D Â5K$T H5QRD�d-O0<�TeKvQBX�o5T <�¸�L,J5<�QRDY<
D�l K$f0f0T Aed-O0<Vg~DBKt>�H5FIf(H-DBK$L-?B<9L0H5QBFjK$T < � >�H5L-?BA L,O0<Vg~TeKc?BQRKSJ5<�QRDYb�<GN;<[^ � 4(69LPN;b&>�H5FIf(H-DY<vK$T H5QRD T <VJ5<&>@?B<�O0Q ~D N;<
TeK[FjK$L0A X�QB<9DYO0A J�K$L-?B<cÂ ~D = ǫ

[
ET

~T +EN
~N
] 4,{vK$LMD T <v>�K5D`N;<GTeK~DY<&>@?BA H5Lkg[f0QBH$wMTM<�T T A f;?BAed-O0<+Â-T <&Dx>�H5FIf(H-DBK$L-?B<&D

N;OµJ5<&>@?B<�O0Q[O0L0A ?RK$A QB<t?RK$L0o5<�L-? ~T � Tz = 0 � gPTeK«DYO0QYC'K5>�<j^Ã<�?cDYA ?BO0bjN0K$LMDVT <If0TeK$L�N;<jDY<&>@?BA H5Lµf0QBA LM>�A fMK$T <jDYH5L-?
QB<�f0QBb&DY<�L-?Bb�<&DxfMK$QET <&DxC­H5LM>@?BA H5LMDEN;<

θ
DYO0A J�K$L-?B<&DVÂ

Tr(θ) =
e2 cos(θ) sin(θ)√

[1 − e cos2(θ)]
2
+ e4 cos2(θ) sin2(θ)

� ];4 3&y �

Tθ(θ) =
e cos2(θ) − 1√

[1 − e cos2(θ)]
2

+ e4 cos2(θ) sin2(θ)
� ];4 ]$Ê �

¸�TVD�l K$o5A ?aN;H5LM>ÃN;<hC­H5LM>@?BA H5LMDaf(b�QBA H;N;Aed-O0<&DUÂxN;<½f(b�QBA H;N;<
2π

<�?PfMK$QP>�H5LMDYb&d-O0<�L-?-Â`N;b�J5<�T H5f0fMK$80T <&Dk<�LÔDYb�QBA <ÃN;<
Å0H5O0QBA <�Q&40À <&DE>�H5FIf(H-DBK$L-?B<&D`?RK$L0o5<�L-?BA <�T T <V<�?GL0H5QBFjK$T <Vg ~E D�l b&>�QBA J5<�L-?VÂ

ET = ErTr +EθTθ � ];4 ];3 �

EN = −ErTθ +EθTr � ];4 ]5] �
À l A L,J5<�QRDYA H5LPN;<[>�<&DGN;<�O;ºPN;<�QBL0A X�QB<&D�b&d-OMK�?BA H5LMD�>�H5LMN;O0A ?9gPÂ

Er = ETTr −ENTθ � ];4 ]$z �

Eθ = ETTθ +ENTr � ];4 ]�� �
Æ�H5O0QETeKI>�H5FIf(H-DBK$L-?B<VQRK5N;AeK$T <VN;< ~D Â;H5LP?BQBH5O0J5<VN;A QB<&>@?B<�FI<�L-?Eo5Q�]5>�<Vg � ];4 ]$z � Â

ǫEr = ǫTrET − ǫTθEN � ];4 ]5Ä �
À <IfMK5DBDBK$o5<~N0K$LMDVTml <&DYfMK5>�<IN;<jÅ0H5O0QBA <�QVD�l <�i�<&>@?BO0<IfMK$Q[K$f0f0T Ae>�K�?BA H5L�N;<tTeKPQBX�o5T <IN;<IÀ�K$O0QB<�L-?[K$Oµf0QBH;N;O0A ?[<�L-?BQB<
ǫ
<�?
TrET

Â
[ǫTrET ] = JǫK [TrET ]

<�?cfMK$Q~K$f0f0T Ae>�K�?BA H5L�N;<jTeK«QBX�o5T <j¸�L,J5<�QRDY<jK$O�f0QBH;N;O0A ?c<�L-?BQB<
ǫ
<�?
TθEN

Â
[ǫTθEN ] = J1

ǫ
K−1 [TθEN ]

4MÀ l b&d-OMK�?BA H5L � ];4 ]5Ä � N;<�J,A <�L-?GK$T H5QRDvÂ

[ǫEr] = JǫK [TrET ] −
s

1

ǫ

{−1

[TθEN ]

Ò L�O;?BA T AeDBK$L-? � ];4 ];3 � <�? � ];4 ]5] � ÂUH5LÃ?BQBH5O0J5<
[Er] = JǫK

[
T 2

rEr + TrTθEθ

]
+ J1

ǫ
K−1

[
T 2

θEr − TθTrEθ

] 4UÆ�K$Q[TeK
DYO0A ?B<+Â(O0L0<~L0H5O0J5<�T T <~K$f0f0T Ae>�K�?BA H5L½N;<~TeKjQBX�o5T <~N;<~À�K$O0QB<�L-?vDYO0Q9T <&D9f0QBH;N;O0A ?RD

T 2
rEr

Â
TrTθEθ

Â
T 2

θEr
<�?
TθTrEθ>�H5LMN;O0A ?9gPÂ

[ǫEr] =

(
JǫKJT 2

r K +

s
1

ǫ

{−1

JT 2
θ K
)

[Er] +

(
JǫK −

s
1

ǫ

{−1
)

JTrTθK [Eθ]



]$q 
(����
��	�	�/�,� � ��������������� ���Z���(���a��� �	������� ���V����� � � �,����
	
a�������H��� ��
Y�X�	�����������������������
69LPA L-?BQBH;N;O0A ?GT <&D�FjK�?BQBAe>�<&D

∆
Â A <�? B N;b�wML0A <&DEQB<&DYf(<&>@?BA J5<�FI<�L-?EfMK$Q[Â

∆ = JǫK −
s

1

ǫ

{−1 Â A = ∆JT 2
r K <�? B = ∆JTrTθK

Ò LÃO;?BA T AeDBK$L-?VTeKkQB<�TeK�?BA H5L JT 2
r K + JT 2

θ K = Id
N;b&N;O0A ?B<IN;<

T 2
r + T 2

θ = 1
N0K$LMD9Tml <&DYfMK5>�<tN;<tÅ0H5O0QBA <�Q-Â(H5L½H58;?BA <�L-?

wMLMK$T <�FI<�L-?[Â
[ǫEr] =

(
A +

s
1

ǫ

{−1
)

[Er] +B [Eθ] � ];4 ]$� �
�`<�?Y?B<VQB<�TeK�?BA H5La<&D=?�TeK~L0H5O0J5<�T T <v<�º;f0QB<&DBDYA H5LaN;OPf0QBH;N;O0A ?

[ǫEr]
d-O0A�?BA <�L-?G>�H5FIf;?B<VN;<&Dx?BQBH5LM>�K�?BO0QB<&DxN;<&D�N;b�J5<�T H5f;n

f(<�FI<�L-?RDVfMK$Q[K$f0f0T Ae>�K�?BA H5LµN;<tTeKaQBX�o5T <IN;<jÀ�K$O0QB<�L-?-Â(FjK$AeDvb�o-K$T <�FI<�L-?[N;<ITeKaL0H5O0J5<�T T <tQBX�o5T <tN;<tC'K5>@?BH5QBAeDBK�?BA H5LÌÂ
TeKcQBX�o5T <9¸�L,J5<�QRDY<54-À�KcJ5<�QRDYA H5LkK$L-?Bb�QBA <�O0QB<9N;<9TeKcFIb�?BW0H;N;<VN;A i�b�QB<�L-?BA <�T T <vb�L0H5LM>�b�<9f0QBb&>�b&N;<�FIFI<�L-? O \�q�P DYO0f0f(H-DBK$A ?d-O0< J1

ǫ
K−1 = JǫK Â�>�<~d-O0A"D�l KSJ5X�QB<9C'K$O;º«T H5QRDBd-O0<[T <&D9DYb�QBA <&DEDYH5L-?G?BQBH5LMd-O0b�<&D�4�69L«QB<�FjK$QRd-O0<cK$T H5QRDEd-O0<+Â(N0K$LMDG>�<&D>�H5LMN;A ?BA H5LMDUÂ"H5L¢K$O0QRK$A ?

∆ = A = B = 0
<�?tTml b&d-OMK�?BA H5L � ];4 ]$� � f(<�QBFI<�?Y?BQRK$A ?IN;<PQB<�?BQBH5O0J5<�Q [ǫEr] = JǫK [Er]

� K$f0f0T Ae>�K�?BA H5LPO0L0Aed-O0<�FI<�L-?vN;<[TeKtQBX�o5T <[N;<cÀ�K$O0QB<�L-? � 4 'GLhQRK$AeDYH5L0L0<�FI<�L-?�b&d-O0A J�K$T <�L-?9gI>�<�T O0A�d-O0A L0H5OMDGKIK$FI<�L0bN;<[Tml b&d-OMK�?BA H5L � ];4 ]5Ä � gITml b&d-OMK�?BA H5L � ];4 ]$� � >�H5LMN;O0A ?Gb�o-K$T <�FI<�L-?GgPÂ
[ǫEθ] = B [Er] + (JǫK −A) [Eθ] � ];4 ]-\ �

À l b&d-OMK�?BA H5L � ];4 ]$� � f(<�QBFI<�?9NUl <�º;f0QBA FI<�Q [Er]
DY<�T H5LPTeKtQB<�TeK�?BA H5L

[Er] =
(
A + J1

ǫ
K−1
)−1 {[ǫEr] − B [Eθ]}

ÂMN0K$LMD
TeK5d-O0<�T T <VH5LPA L�:=<&>@?B<[Tml b&d-OMK�?BA H5L � ];4 3�� � 4(69LP?BQBH5O0J5<VK$T H5QRDxTml <�º;f0QB<&DBDYA H5LPN;< [Er]

<�LaC­H5LM>@?BA H5LhN;<
[Hz]

<�?
[Eθ]

Â

[Er] = −
(
A +

s
1

ǫ

{−1
)−1 { α

rω
[Hz] + B [Eθ]

}
� ];4 ]$q �

ÏGf0QBX&DEKSJ5H5A Q�A LMDYb�QBbVTeKIQB<�TeK�?BA H5L � ];4 ]$� � N0K$LMDET <&D�b&d-OMK�?BA H5LMD � ];4 3&z � <�? � ];4 3SÄ � Â;H5L«H58;?BA <�L-?GO0L«L0H5O0J5<&K$OPDY¼;D=?BX�FI<N;<
2(2N + 1)

b&d-OMK�?BA H5LMD�N;A i�b�QB<�L-?BA <�T T <&DET A L0b&K$A QB<&D�DY<�T H5LPTeKtJ�K$QBAeK$80T <
r
d-O0A QB<�T A <

[Eθ]
<�?

[Hz ]
Â

d [Eθ]

dr
= −




iα

r

(
A +

s
1

ǫ

{−1
)−1

B +
1

r
Id



 [Eθ] + i



ωµ0Id − α

r

(
A +

s
1

ǫ

{−1
)−1

α

rω



 [Hz] � ];4 ]$y �

d [Hz]

dr
= −iB

(
A +

s
1

ǫ

{−1
)−1

α

r
[Hz] + iω



JǫK −A− B

(
A +

s
1

ǫ

{−1
)−1

B



 [Eθ] � ];4 z5Ê �

�`<&DVN;<�O;º½QB<�TeK�?BA H5LMD9>�H5LMD=?BA ?BO0<�L-?-Â�f(H5O0QVT <I>�K5DvÁEr�Â�T <tL0H5O0J5<&K$OÃDY¼;D=?BX�FI<tN;A i�b�QB<�L-?BA <�T�gaA L-?Bb�o5QB<�Qvgk?BQRKSJ5<�QRDETeK
Ó�H5L0<VFIH;N;O0T b�<54

�E£�� �[º ��­�¨�µ�ª]´%ª]«A±<µ ¶�¸ "�º»±3¥
½AÀ¼¯²¨ ¶�´<µ�­·¸�µ ©�´<¶�º»¨ ./��µ$��º»´<½
�GH5OMD�K$T T H5LMD"FjK$A L-?B<�LMK$L-?�b�?RK$80T A Q�T <&D"b&d-OMK�?BA H5LMD"o5b�L0b�QRK$T <&D"N;<�TeK9FIb�?BW0H;N;<EN;A i�b�QB<�L-?BA <�T T <�f(H5O0Q�O0L0<ED=?BQBOM>@?BO0QB<

>�¼,T A LMN;QBAed-O0<~f0T OMDV>�H5FIf0T <�º;<54(À <tf0QBA LM>�A f(<tN;<I>�<�?Y?B<tFIb�?BW0H;N;<t>�H5LMDYAeD=?B<tgjC­H5QBF~O0T <�QvT <&D9b&d-OMK�?BA H5LMD9N;<Ir½K�º;¾x<�T T
<�?9T <&DGQB<�TeK�?BA H5LMDG>�H5LMD=?BA ?BO;?BA J5<&DGN;<&DGFIA T A <�O;ºhDYH5OMDETeKtC­H5QBFI<~NUl O0L½DY¼;D=?BX�FI<~N;A i�b�QB<�L-?BA <�T"N;Ohf0QB<�FIA <�QGH5QRN;QB<cDY<�T H5L
O0L0<vDY<�O0T <9J�K$QBAeK$80T <GNUl <&DYfMK5>�<G<�Lk<�º;f0T H5A ?RK$L-?`T <&D`FIH;N;O0TeK�?BA H5LMD H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&D�N;<9Tml H58;:=<�?�N;A i�QRK5>@?RK$L-?&4-{vK$LMD
T <v>�K5D`f0QBb&DY<�L-?-Â,>�<�TeKcQB<�J,A <�L-?�gcb&>�QBA QB<9>�<&D`b&d-OMK�?BA H5LMDxN0K$LMD`Tml <&DYfMK5>�<9N;<VÅ0H5O0QBA <�Q`<�LaO;?BA T AeDBK$L-?xT <&Dxf(b�QBA H;N;Ae>�A ?Bb&DxN;O
DY¼;D=?BX�FI<�H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<�>�H5LMDYAeN;b�QBb54�À�K�o5b�H5FIb�?BQBA < N;OcDY¼;D=?BX�FI<`K$A LMDYA5d-O0< T <&DUf0QBH5f0QBA b�?Bb&DUb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D
N;<&DxFIA T A <�O;º � ?B<�LMDY<�O0Q�f(<�QBFIA ?Y?BA J,A ?Bb+Â;f(<�QBFIb&K$80A T A ?BbvFjK$o5L0b�?BAed-O0<+Â 4 4 4 � N;H5A J5<�L-?xf(H-DBDYb&N;<�QxT <&DxF Á�FI<&Dxf(b�QBA H;N;Ae>�A ?Bb&D�4
¥20m¥20Y¦ �*���,���M�=�G�0�=�`� � 4 ��*74U�;�M�Y¤��G� �G�����­� ��¡-�U�¶�9���c�0���(�;���`�

À�KaJ5<�QRDYA H5LµN;<ITeKaFIb�?BW0H;N;<kN;A i�b�QB<�L-?BA <�T T <Ib&>�QBA ?B<I<�L�>�H,H5QRN;H5L0L0b�<&Dv>�K$QY?Bb&DYA <�L0L0<&Dvf(<�O;?cf0QB<�LMN;QB<t<�L�>�H5FIf;?B<
:=OMDBd-O l g«N;<�O;ºµf(b�QBA H;N;Ae>�A ?Bb&D[DY<�T H5L�N;<�O;º�K�º;<&DVN;<jTml <&DYfMK5>�< � QBb&DY<&K$O;ºµ]${ Â >�QBAeD=?RK$O;ºÃf0W0H$?BH5L0Aed-O0<&DUÂU<�FIf0A T <�FI<�L-?
N;<j?=¼,f(<j?RK5DcN;<k8(H5AeDUÂ 4 4 4 �?O Ä$��P³4��`<�?Y?B<k80A n³f(b�QBA H;N;Ae>�A ?Bbko5b�H5FIb�?BQBAed-O0<I<&D=?~Ae>�AxK5N0K$f;?Bb�<kghO0L�H58;:=<�?~N;<ko5b�H5FIb�?BQBA <
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Y�(���a�,���2������������� ]$y

x

y

z

0

ǫmat

µ0

˜̃ǫcyl(r, θ, z)

˜̃µcyl(r, θ, z)

périodedDirectrice enz = z0:

r = fS(θ, z0)

Génératrice enθ = θ0:

r = fS(θ0, z)

Surface S:

r = fS(θ, z)

~T1

~T2

~N

M

�����	� ];4 ] �hÍE<�f0QBb&DY<�L-?RK�?BA H5L½NUl O0LÃDY¼;D=?BX�FI<t>�¼,T A LMN;QBAed-O0<tN;<tDY<&>@?BA H5LÃN;QBH5A ?B<tK$QB80A ?BQRK$A QB<+Â0f(b�QBA H;N;Aed-O0<tDY<�T H5L½Tml K�º;<
z
<�?GQB<�FIf0T A NUl O0L«FjK�?Bb�QBAeK$O«>�H5LMN;OM>@?B<�O0Q-Â0K$L0AeDYH$?BQBH5f(<v<�?GA L0W0H5FIH5o5X�L0<

>�¼,T A LMN;QBAed-O0<54 69L¢DY<kf0TeK5>�<Pg½TeKhC­H5AeDtN0K$LMDcT <aQB<�f(X�QB<P>�¼,T A LMN;QBAed-O0<aN;<P8MK5DY<kJ5<&>@?BH5QBA <�T T <
(~er, ~eθ, ~ez)

<�?IN0K$LMD~T <
QB<�f(X�QB<I>�K$QY?Bb&DYA <�LµN;<I8MK5DY<tJ5<&>@?BH5QBA <�T T <

(~ex, ~ey, ~ez)
4"69LµL0H$?B<tT <&D[>�H,H5QRN;H5L0L0b�<&Dv>�¼,T A LMN;QBAed-O0<&DVNUl O0Lµf(H5A L-?crZN;<

Tml <&DYfMK5>�<~Â
(r, θ, z)

40�`<�?�H58;:=<�?-Â,A T T OMD=?BQBb9fMK$QxTeK[wMo5O0QB<V];4 ]PÂ-<&D=?�>�H5LMD=?BA ?BO0bVNUl O0L0<VDYO0QYC'K5>�<v>�¼,T A LMN;QBAed-O0<GC­<�QBFIb�< � H5ONUl O0L0<~QBb�O0L0A H5L½N;<~DYO0QYC'K5>�<&DG>�¼,T A LMN;QBAed-O0<&DEC­<�QBFIb�<&D � DYb�fMK$QRK$L-?9N;<�O;º«QBb�o5A H5LMDGN;<~Tml <&DYfMK5>�<jÂ(TeKjQBb�o5A H5L«A L-?Bb�QBA <�O0QB<g«TeKhDYO0QYC'K5>�<j>�¼,T A LMN;QBAed-O0<a^µ<�?cTeK«QBb�o5A H5Lµ<�º,?Bb�QBA <�O0QB<kg½^ÃA L;wML0A <aDYH5O0J5<�L-?cK$f0f(<�T b�< �@FjK�?BQBAe>�< ��4"�`<�?Y?B<aDYO0QYC'K5>�<
<&D=?~L0H$?Bb�<P^�<�?tKhf(H5O0Q~b&d-OMK�?BA H5L

r = fS(θ, z)
4�'GL0<PN;A QB<&>@?BQBAe>�<kKhf(H5O0Q~b&d-OMK�?BA H5L

r = fS(θ, z0)
<�L

z = z0N;b&>�QBA ?B<&DEN0K$LMD�T <Vf0TeK$LhN;<[DY<&>@?BA H5L«N;QBH5A ?B<[N;<[8MK5DY<vJ5<&>@?BH5QBA <�T T <
(~er, ~eθ) �

f0O0AeD�O0L0<[o5b�L0b�QRK�?BQBAe>�<VKtf(H5O0QEb&d-OMK�?BA H5L
r = fS(θ0, z)

<�L
θ = θ0

N;H5L-?tTeK½N;A QB<&>@?BA H5LÌf0QBA LM>�A fMK$T <a<&D=?to5b�L0b�QRK$T <�FI<�L-?~>RW0H5AeDYA <a>�H5FIFI<P>�<�T T <PN;<aTml K�º;<
z

� J5H5A Q�wMo5O0QB<9];4 ] � 4-À�KVf0QB<�FIA X�QB<Ef(b�QBA H;N;Ae>�A ?BbG<&D=?`A L0W0b�QB<�L-?B<9K$OjDY¼;D=?BX�FI<9N;<9>�H,H5QRN;H5L0L0b�<&D�>RW0H5AeDYA0f0O0AeDBd-O l O0LjH58;:=<�?>�¼,T A LMN;QBAed-O0<[<&D=?GL0b&>�<&DBDBK$A QB<�FI<�L-?
2π
n³f(b�QBA H;N;Aed-O0<[DY<�T H5L«TeKj>�H,H5QRN;H5L0L0b�<VK$L0o5O0TeK$A QB<

θ
4MÒ T T <cD�l K$f0f0T Aed-O0<cN;H5LM>[gtTeK

N;A QB<&>@?BQBAe>�<[N;<VTml H58;:=<�?&4�69LPA FIf(H-DY<[O0L0<cDY<&>�H5LMN;<vf(b�QBA H;N;Ae>�A ?BbcN;<[f(b�QBA H;N;<VL0H$?Bb�<
d
DYO0QET <&DEo5b�L0b�QRK�?BQBAe>�<&D�4

Ò LkH5O;?BQB<+Â5H5LIA L-?BQBH;N;O0A ?x<�LjO0Lkf(H5A L-?xr N;<9TeKcDYO0QYC'K5>�<+Â$T <GJ5<&>@?B<�O0Q L0H5QBFjK$T ~N <�?`T <&D J5<&>@?B<�O0QRD ~T1
<�? ~T2

C­H5QBFjK$L-?
O0L0<[8MK5DY<[N;O«f0TeK$La?RK$L0o5<�L-?GgI>�<�?Y?B<cDYO0QYC'K5>�<c^TÂ;?B<�TeDEd-O0<jÂ

~N = ~T2 ∧ ~T1 � ];4 z03 �
À�KÌo5b�H5FIb�?BQBA <Ã>�¼,T A LMN;QBAed-O0<µN;<ÃTml H58;:=<�?hN;A i�QRK5>@?RK$L-?PA FIf0T Aed-O0<�N;b=:YgÌO0L0<�N;A i�b�QB<�LM>�<ÃL0H5L�L0b�o5T A o5<&K$80T <½fMK$Q

QRK$f0f(H5QY?9K$OhDY¼;D=?BX�FI<~>�H5LMDYAeN;b�QBbV<�L½>�H,H5QRN;H5L0L0b�<&DE>�K$QY?Bb&DYA <�L0L0<&D[ÂMTeKjDYO0QYC'K5>�<~^«DYb�fMK$QB<[O0LhFIA T A <�OhA L;wML0A � FIA T A <�O<�º,?Bb�QBA <�O0Q � <�?�O0LtFIA T A <�Ot8(H5QBL0b � FIA T A <�OtA L-?Bb�QBA <�O0Q � K$T H5QRD"d-O l O0L0<EDYO0QYC'K5>�<`f0TeK$L0<�80A n³f(b�QBA H;N;Aed-O0< � >�K5D�N;<&D"QBb&DY<&K$O;º �DYb�fMK$QB<cN;<�O;ºhFIA T A <�O;º«A L;wML0AeD�4�Á�H5O;?B<�C­H5AeDUÂML0H5OMDGb�?RK$80T A QBH5LMDEf0T OMD9T H5A LhO0L0<~b&d-O0A J�K$T <�LM>�<~N0K$LMDGT <&DGb&d-OMK�?BA H5LMDGN;<&D
>RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D`<�L-?BQB<VT <c>�K$QRK5>@?BX�QB<9A L;wML0A"N;OPFIA T A <�OhN;<V?BQRK$LMDYFIAeDBDYA H5LPNUl O0L«QBb&DY<&K$O � T <[FIA T A <�O«L0<>�H5L-?B<�LMK$L-?�fMK5D"TeKVDYH5O0QR>�<�T O0FIA L0<�OMDY< � <�? T <�Q �5T <EN;<�Tml H5QBA o5A L0<EN;OtQB<�f(X�QB<�<�L~?RK$L-?`d-O0<EDYA L0o5O0TeK$QBA ?Bbxf(H5O0Q�T <&D�H58;:=<�?RD
>�¼,T A LMN;QBAed-O0<&D�4
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Á�H5OMD�T <&D FIA T A <�O;ºj>�H5LMDYAeN;b�QBb&D DYH5L-?xDYO0f0f(H-DYb&D�T A L0b&K$A QB<&DUÂ$fMK$QYC'K$A ?RD � QBb�f(H5LMDY<GA LMD=?RK$L-?RK$L0b�<GNUl O0LkFjK�?Bb�QBAeK$Ojg[O0LDYH5T T Ae>�A ?RK�?BA H5LVb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0< � <�?"DBK$LMDU>RWMK$QBo5<&D�T A 80QB<&D�4�À�K�FjK�?BQBAe>�< � QBb�o5A H5LvA L;wML0A < <�º,?Bb�QBA <�O0QB< � <&D=?�>�H5LMD=?BA ?BO0b�<NUl O0LÌFIA T A <�O¢N;A b�T <&>@?BQBAed-O0<aDYO0f0f(H-DYbaW0H5FIH5o5X�L0<+Â AeDYH$?BQBH5f(<aN;<af(<�QBFIA ?Y?BA J,A ?Bb
ǫmat ∈ R

<�?~L0H5LÌFjK$o5L0b�?BAed-O0<aN;<
f(<�QBFIb&K$80A T A ?Bb9b�o-K$T <9g~>�<�T T <vN;OkJ,AeN;< � µ0 = 4π10−7 ßZ�SF � 4-Ò LP>�<vd-O0A�>�H5LM>�<�QBL0<GT <9FIA T A <�OaT H;>�K$T AeDYb9gcTml A L-?Bb�QBA <�O0QN;<9TeKcDYO0QYC'K5>�<v^TÂ-H5Lkf(<�O;?x<�L,J,AeDBK$o5<�Q O0LkFIA T A <�Okf(H-DBDYb&N0K$L-?xN;<&D`f0QBH5f0QBA b�?Bb&D�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�?BQBX&D J�K$QBA b�<&DUÂ->�<
d-O0A >�H5LMD=?BA ?BO0<vTml O0L«N;<&D�f0QBA LM>�A fMK$O;ºkKSJ�K$L-?RK$o5<&DxN;<vTeKtFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <54,Ò LP<�i�<�?-Â0T <vFIA T A <�OPf(<�O;?¼Á�?BQB<vO0L
FjK�?Bb�QBAeK$Oab�T <&>@?BQBAed-O0<v<�?��SH5OaFjK$o5L0b�?BAed-O0<+Â,AeDYH5TeK$L-?x<�?��SH5OP>�H5LMN;OM>@?B<�O0Q-Â,W0H5FIH5o5X�L0<v<�?��SH5OaA L0W0H5FIH5o5X�L0<+Â-AeDYH$?BQBH5f(<
<�?��SH5OtK$L0AeDYH$?BQBH5f(<54 �GH5OMD�>�H5LMDYAeN;b�QBH5LMD"N0K$LMD�>�<�?Y?B<xb�?BOMN;<�T <�>�K5D�o5b�L0b�QRK$T,N;<�FIA T A <�O;ºcb�T <&>@?BQBAed-O0<&D�<�?�FjK$o5L0b�?BAed-O0<&DUÂ
>�H5LMN;OM>@?B<�O0QRDUÂ5A L0W0H5FIH5o5X�L0<&D <�?�K$L0AeDYH$?BQBH5f(<&D�4 �GH5OMD`f0QBb&>�AeDYH5LMD`d-O0<GT <&Dx>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&D�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D N;<
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�����	� ];4 z �kÆ�K$QY?RK$o5<VN;<VTml <&DYfMK5>�<V<�LP?BQBH5AeDxQBb�o5A H5LMDvÂ0N;<�O;ºPQBb�o5A H5LMDxW0H5FIH5o5X�L0<&Dx<�?EAeDYH$?BQBH5f(<&Dx<�LM>�K5N;QRK$L-?ETeKtÓ�H5L0<
FIH;N;O0T b�< � <�L«o5QBAeDYb �
>�<ÃFIA T A <�O�f0QBb&DY<�L-?B<�L-?PTeKÌF Á�FI<µf(b�QBA H;N;Ae>�A ?BbµDY<�T H5L

z
d-O0<µ>�<�T T <�N;<&Dao5b�L0b�QRK�?BQBAe>�<&D�4E69LÔL0H$?B<

¯̄ǫcyl(x, y, z)
T <

?B<�LMDY<�O0Qvf(<�QBFIA ?Y?BA J,A ?BbjN;Oµ>�¼,T A LMN;QB<tN;b&>�QBA ?[N0K$LMD9T <IDY¼;D=?BX�FI<tN;<I>�H,H5QRN;H,H5L0L0b�<&D9>�K$QY?Bb&DYA <�L0L0<&D�4MÒ L�>�H,H5QRN;H5L0L0b�<&D
>�¼,T A LMN;QBAed-O0<&DUÂ;A T�D�l b&>�QBA ?[Â

˜̃ǫcyl(r, θ, z) = ℜ¯̄ǫcyl(x, y, z)ℜT � ];4 z-] �
KSJ5<&>

ℜ =




cos θ sin θ 0
− sin θ cos θ 0

0 0 1


 <�? { x = r cos θ

y = r sin θ

69LjQRK$f0f(<�T T <9d-O0<GTeK[QB<�TeK�?BA H5Lk>�H5LMD=?BA ?BO;?BA J5<9N;<v>�<GFIA T A <�OaK5DBDYH;>�A b�<Gg[TeK[f(<�QBFIA ?Y?BA J,A ?Bb9<�LjO0Lkf(H5A L-?�r N;<9Tml <&DYfMK5>�<
N;<c>�H,H5QRN;H5L0L0b�<&D

(r, θ, z)
<�?G<�L«QBb�o5A FI<vWMK$QBFIH5L0Aed-O0< � gtTeKtf0O0TeDBK�?BA H5L ω � <&D=?cÂ

~D(r, θ, z, ω) = ˜̃ǫcyl(r, θ, z) ~E(r, θ, z, ω) � ];4 z5z �
À <~FjK�?Bb�QBAeK$Ohb�?RK$L-?9fMK$QYC'K$A ?-Â(T <c?B<�LMDY<�O0Q9f(<�QBFIA ?Y?BA J,A ?Bb ˜̃ǫcyl(r, θ, z)

<&D=?vA L,J�K$QBAeK$L-?vDY<�T H5L
ω
4(Ò Lµ>�<~d-O0A�>�H5LM>�<�QBL0<

T <&D9f0QBH5f0QBA b�?Bb&DEFjK$o5L0b�?BAed-O0<&D9N;OÃFIA T A <�O�Â(H5L½L0H$?B<~N;<~TeKkF Á�FI<~FjK$L0A X�QB<
¯̄µcyl(x, y, z)

T <c?B<�LMDY<�O0Q9f(<�QBFIb&K$80A T A ?Bb
<�Lh>�H,H5QRN;H,H5L0L0b�<&Dx>�K$QY?Bb&DYA <�L0L0<&DUÂ0NUl H��PH5L«N;b&N;O0A ?G<�Lh>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&DVÂ

˜̃µcyl(r, θ, z) = ℜ¯̄ǫcyl(x, y, z)ℜT � ];4 z$� �
<�?GTeKtQB<�TeK�?BA H5L«>�H5LMD=?BA ?BO;?BA J5<[K5DBDYH;>�A b�<VgtTeKIf(<�QBFIb&K$80A T A ?Bb[D�l b&>�QBA ?[Â

~B(r, θ, z, ω) = ˜̃µcyl(r, θ, z) ~H(r, θ, z, ω) � ];4 z-Ä �
¸�T A FIf(H5QY?B<[N;<[f0QBb&>�AeDY<�QEd-O0<[T <&Dx?B<�LMDY<�O0QRD ˜̃ǫcyl(r, θ, z)

<�? ˜̃µcyl(r, θ, z)
>�H5L-?BA <�L0L0<�L-?GN;<&D�b�T b�FI<�L-?RDG>�H5FIf0T <�º;<&D�4

¥20m¥20 . �«���;�;� � ���G�����­���-�9�����
^;K5>RWMK$L-?jd-O0<hTeK�DYO0QYC'K5>�<½^¢f(<�O;?�Á�?BQB<«O0L0<hQBb�O0L0A H5L*N;<½DYO0QYC'K5>�<&D~C­<�QBFIb�<&DUÂ H5L N;AeD=?BA L0o5O0<½N;<�O;º¢?=¼,f(<&DkN;<

DY¼;D=?BX�FI<&DVN;<t8MK5DY<PÂU>�<�O;ºÃKS¼-K$L-?vO0L0<IN;A QB<&>@?BQBAe>�<I>�H5FIf(H-DYb�<tNUl O0L0<jDY<�O0T <I>�H5O0QB8(<~C­<�QBFIb�<I>�<�L-?BQBb�<tDYO0QVTml H5QBA o5A L0<
N;O«QB<�f(X�QB< � J5H5A QxwMo5O0QB<[];4 z � K � � <�?9>�<�O;ºPKS¼-K$L-?xO0L0<[N;A QB<&>@?BQBAe>�<[>�H5FIf(H-DYb�<VNUl O0L0<[H5OPf0T OMDYA <�O0QRD�>�H5O0QB8(<&DxC­<�QBFIb�<&D<�º0>�<�L-?BQBb�<&DxfMK$QEQRK$f0f(H5QY?GgtTml H5QBA o5A L0< � J5H5A Q�wMo5O0QB<[];4 z � 8 � � 4
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À l K$f0f0T Ae>�K�?BA H5LÃN;<tTeKkFIb�?BW0H;N;<IÅ�Å�Å*L0b&>�<&DBDYA ?B<~T <tfMK$QY?RK$o5<tN;<tTml <&DYfMK5>�<~<�L½?BQBH5AeD9QBb�o5A H5LMDGo5Q�]5>�<~gPN;<�O;ºÃ>�¼-n

T A LMN;QB<&D`N;<vDY<&>@?BA H5La>�A QR>�O0TeK$A QB<G>�<�L-?BQBb�<9DYO0QxTml H5QBA o5A L0<G<�?�N;<9o5b�L0b�QRK�?BQBAe>�<&D�A L,J�K$QBAeK$L-?B<&D`DY<�T H5L
z � >�¼,T A LMN;QB<&Dx>�H5L,J5<�L;n?BA H5L0L0<�TeD � 4�¸�TED�l K$o5A ?IN;<&DtN;<�O;º¢>�¼,T A LMN;QB<&Dc?RK$L0o5<�L-?RDtg½TeKÃDYO0QYC'K5>�<«^�4�À <«>�¼,T A LMN;QB<aA L-?Bb�QBA <�O0Qt<&D=?IL0H$?Bb

Cmin
<�?

f(H-DBDYX&N;<VT <[QRKS¼5H5L
Rmin

?B<�T�d-O0<jÂ
Rmin = min

θ,z
[fS (θ, z)] � ];4 z5� �

K$T H5QRD�d-O0<VT <c>�¼,T A LMN;QB<V<�º,?Bb�QBA <�O0QE<&D=?EL0H$?Bb
Cmax

<�?Ef(H-DBDYX&N;<VT <[QRKS¼5H5L
Rmax

?B<�T�d-O0<IÂ
Rmax = max

θ,z
[fS (θ, z)] � ];4 z,\ �

¸�T�K$f0fMK$QRK�Se?EK$T H5QRDxT <&Dx?BQBH5AeD�QBb�o5A H5LMD�N;<[Tml <&DYfMK5>�<VDYO0A J�K$L-?B<&DVÂ
�ÔÀ�KaÓ�H5L0<tA L-?Bb�QBA <�O0QB<IK$O�>�¼,T A LMN;QB<

Cmin
ÂUL0H$?Bb�<

(int)
<&D=?[O0L0<IQBb�o5A H5LÃN;b�wML0A <kDYH5A ?[>�H5FIFI<IT <IFIA T A <�O�d-O0A

QB<�FIf0T A ?~Tml H58;:=<�?t>�¼,T A LMN;QBAed-O0<kN0K$LMDcT <a>�K5DcNUl O0L¢DY¼;D=?BX�FI<a>�<�L-?BQBbkDYO0Q~Tml H5QBA o5A L0< � J5H5A Q[wMo5O0QB<a];4 z � K � � DYH5A ?>�H5FIFI<�T <EFIA T A <�OkN;<ETeKVFjK�?BQBAe>�<EN0K$LMD�T <G>�K5D�NUl O0LkDY¼;D=?BX�FI<�<�º0>�<�L-?BQBb � J5H5A Q�wMo5O0QB<G];4 z � 8 � � 4,69LIT O0AMK5DBDYH;>�A <K$T H5QRDxO0La?B<�LMDY<�O0QGf(<�QBFIA ?Y?BA J,A ?Bb ˜̃ǫint(r, θ, z)
N;b�wML0A fMK$Q[Â

˜̃ǫint(r, θ, z) =

{
˜̃ǫcyl(r, θ, z)
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
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(~p1, ~p2)
?B<�T T <Ed-O0<�T <x?BQBA X&N;QB< (

~p1, ~p2, ~k
(inc)
ext

) DYH5A ?�N;A QB<&>@?
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K$f0fMK$QY?BA <�L0L0<tK$O½f0TeK$L (~k(inc)

ext , ~ez
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L0H$?Bb
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A LM>�AeN;<�L-? ~E(inc)
0
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~E
(inc)
0 =




− [cos(ψinc) sin(ϕinc) cos (θinc) + sin(ψinc) sin (θinc)]
∥∥∥ ~E(inc)

∥∥∥
[sin(ψinc) cos (θinc) − cos(ψinc) sin(ϕinc) sin (θinc)]

∥∥∥ ~E(inc)
∥∥∥

cos(ψinc) cos(ϕinc)
∥∥∥ ~E(inc)

∥∥∥


 � ];4 �-y �

~H
(inc)
0 =




− 1
Zext

[cos(ψinc) sin (θinc) − sin(ψinc) sin(ϕinc) cos (θinc)]
∥∥∥ ~E(inc)

∥∥∥
− 1

Zext
[cos(ψinc) cos (θinc) − sin(ψinc) sin(ϕinc) sin (θinc)]

∥∥∥ ~E(inc)
∥∥∥

− 1
Zext

sin(ψinc) cos(ϕinc)
∥∥∥ ~E(inc)

∥∥∥


 � ];4 Ä$Ê �
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Zext
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z
f0O0AeDcDY<�T H5LµTeKPJ�K$QBAeK$80T <

θ
4
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1`1,®j#Sª".0´�Ö�®I+,/'1,#$�����(´Ì.0)(�"+-�&%'°U!"1,®~�".0�"®j/=Ù 1,®�Ö�.0#51h�"1����(!���%'1-� Â

69LVC'K$A ?�?BH5O;?�NUl K$8(H5QRNVTml W,¼,f(H$?BW0X&DY<`N;OcQBb�o5A FI< WMK$QBFIH5L0Aed-O0<54�À <&D�>RWMK$FIfMD b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�?BH$?RK$O;ºVH5L-?
O0L0<EN;b�f(<�LMN0K$LM>�<�?B<�FIf(H5QB<�T T <EN;H5L-? TeKvf0O0TeDBK�?BA H5L

ω
<&D=?`>�<�T T <�A FIf(H-DYb�<EfMK$Q�Tml H5LMN;<�A LM>�AeN;<�L-?B<E<�?`D�l b&>�QBA J5<�L-?�Â

~� (r, θ, z, t) = ℜe
[
~A(r, θ, z, ω)e−iωt

] KSJ5<&>
A ∈ {E,H} � ];4 Ä5] �

H�� ~� (r, θ, z, t)
<&D=?aT <½>RWMK$FIf b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<«QBb�<�TG<�? ~A(r, θ, z, ω)

T <Ã>RWMK$FIf b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<
>�H5FIf0T <�º;<kg«TeKhf0O0TeDBK�?BA H5L

ω
4/�GH5OMDcH5FI<�?Y?BQBH5LMD[fMK$QcTeK½DYO0A ?B<kTeK½N;b�f(<�LMN0K$LM>�<k<�L

ω
N0K$LMDcTml b&>�QBA ?BO0QB<kN;<&D

>RWMK$FIfMD�>�H5FIf0T <�º;<&D�4
À <&D9b&d-OMK�?BA H5LMDvN;<tTml b�T <&>@?BQBH5FjK$o5L0b�?BAeDYFI<~O;?BA T AeDYb�<&D � b&d-OMK�?BA H5LMDvN;<Ir½K�º;¾x<�T T2Â(QB<�TeK�?BA H5LMDv>�H5LMD=?BA ?BO;?BA J5<&DvN;<&DFIA T A <�O;º>Â 4 4 4 � b�?RK$L-?vT A L0b&K$A QB<&DUÂMT <&Dv>RWMK$FIfMDGb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&DE?BH$?RK$O;º«f(<�O0J5<�L-?JÁ�?BQB<~QB<�T A b&D9K$O;º½>RWMK$FIfMDA LM>�AeN;<�L-?RD`fMK$Q`O0LaH5f(b�QRK�?B<�O0Q`T A L0b&K$A QB<GL0H$?Bb �

g
��<�?Ed-O0A�N;b�f(<�LMNkO0L0Aed-O0<�FI<�L-?EN;<9TeK~DYO0QYC'K5>�<9N;<VN;A i�QRK5>@?BA H5L

^�Â ~A(r, θ, z) = g
[
~A(inc)(r, θ, z)

] 4969Q«>�<�?Y?B<�DYO0QYC'K5>�<Ã<&D=?Pf(b�QBA H;N;Aed-O0<�N;<Ãf(b�QBA H;N;<
d
DY<�T H5LÔTml K�º;<

z �H5L¶L0<hf(<�O;?PN;H5LM>PfMK5DjN;AeD=?BA L0o5O0<�QkTml H5f(b�QRK�?B<�O0Q
g
<�L

z
<�?k<�L

z + d
4x^,<�T H5L Tml <�º;f0QB<&DBDYA H5L¶N;<&Dk>RWMK$FIfMD

N;<½Tml H5LMN;<½f0TeK$L0<½A LM>�AeN;<�L-?B< � ];4 �-z � Â`H5LÔN;b&N;O0A ?PK$T H5QRDkd-O0<ÌÂ ~A(r, θ, z + d) = g
[
~A(inc)(r, θ, z + d)

]
=

g
[
eiγ0d ~A(inc)(r, θ, z)

]
= eiγ0dg

[
~A(inc)(r, θ, z)

] 4�69L«>�H5LM>�T O;?9d-O0<IÂ

~A(r, θ, z + d) = eiγ0d ~A(r, θ, z)
KSJ5<&>

A ∈ {E,H} � ];4 Ä$z �
À <aN;b�f0WMK5DBK$o5<

γ0d
d-O0A�K$f0fMK$QRK�Se?~N0K$LMD~>�<�?Y?B<a<�º;f0QB<&DBDYA H5L�L0<kf(<�QBFI<�?tfMK5DtNUl K�?Y?BQBA 80O0<�Q~TeKhf0QBH5f0QBA b�?BbaN;<

f(b�QBA H;N;Ae>�A ?Bb`<�L
z
K$O;ºc>RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&DU?BH$?RK$O;º[FjK$AeD"O0L0<xf0QBH5f0QBA b�?Bb`N;< b<F D�_�C,B � b�>�G�L�B
C�L�M�LX@�>G<�L

z
4�Ò L[C'K$A ?-ÂS>$l <&D=?�TeKEo5QRK$LMN;<�O0Q ~V (r, θ, z) = e−iγ0z ~A(r, θ, z)

d-O0A5<&D=?"f(b�QBA H;N;Aed-O0<`DY<�T H5LVTml K�º;<
z
4&Å"A LMK$T <�FI<�L-?-Â

K$f0QBX&D KSJ5H5A Q`N;b�J5<�T H5f0f(bG<�LaDYb�QBA <9N;<vÅ0H5O0QBA <�Q`DY<�T H5LkTeK[J�K$QBAeK$80T <
z
TeK[o5QRK$LMN;<�O0Q ~V (r, θ, z)

Â-H5LkH58;?BA <�L-?`f(H5O0Q
T <&DEN;b�J5<�T H5f0f(<�FI<�L-?RDEN;<&DE>RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D`?BH$?RK$O;ºÃÂ

~A (r, θ, z) =

+M∑

m=−M

~Am (r, θ) eiγmz KSJ5<&> ~A ∈
{
~E, ~H

}
� ];4 Ä�� �

H�� ~Am (r, θ) = 1
d

d∫
0

~A (r, θ, z) e−iγmzdz
<�?

γm = γ0 +m
2π

d
� ];4 Ä5Ä �

�`<&DEN;b�J5<�T H5f0f(<�FI<�L-?RDEDYH5L-?�?BQBH5LMd-O0b&D�gtTml H5QRN;QB<
M ∈ N

<�L«J,O0<cNUl O0L0<[A FIf0T b�FI<�L-?RK�?BA H5LPL,O0FIb�QBAed-O0<54
Ò L�>�<kd-O0A >�H5LM>�<�QBL0<tTeK«N;b�f(<�LMN0K$LM>�<jK$L0o5O0TeK$A QB<

θ
ÂUTeKPf(b�QBA H;N;Ae>�A ?BbkN;<&D[>RWMK$FIfMDv<&D=?[A L-?BQBA LMDYX&d-O0<jK$O�DY¼;D=n

?BX�FI<jN;<IQB<�f(X�QB<j>RW0H5AeDYA
�
T H5QRDBd-O l O0Lµf(H5A L-?crZN;<jTml <&DYfMK5>�<t<�i�<&>@?BO0<jO0L0<IQBH$?RK�?BA H5LµNUl K$L0o5T <

2π
ÂUA T QB<�J,A <�L-?

<�º0K5>@?B<�FI<�L-?[K$OÃF Á�FI<If(H5A L-?[N;<ITml <&DYfMK5>�<54UÏGA LMDYA2ÂUH5LµN;b�J5<�T H5f0f(<t<�LµDYb�QBA <IN;<jÅ0H5O0QBA <�QVDY<�T H5LÃTeKaJ�K$QBAeK$80T <
θ
?BH5OMD9T <&D9>�H,<��k>�A <�L-?RD ~An (r, θ)

N;<~Tml <�º;f0QB<&DBDYA H5L � ];4 Ä�� � 4(Å"A LMK$T <�FI<�L-?-Â(T <&Dv>RWMK$FIfMDGb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D?BH$?RK$O;ºPD�l <�º;f0QBA FI<�L-?EfMK$QVÂ

~A (r, θ, z) =

+M∑

m=−M

+N∑

n=−N

~An,m (r) ei(nθ+γmz) KSJ5<&> A ∈ {E,H} � ];4 Ä$� �

H�� ~An,m (r) = 1
2πd

2π∫
0

d∫
0

~A (r, θ, z) e−i(nθ+γmz)dzdθ
<�?
N ∈ N

<&D=?9Tml H5QRN;QB<[N;<[?BQBH5LM>�K�?BO0QB<cN;<&DGN;b�J5<�T H5f;n
f(<�FI<�L-?RDEDY<�T H5L

θ
4
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z
4M{9b&DYH5QBFjK$AeDUÂ0L0H5OMDGL0H5OMDEf(<�QBFI<�?Y?BQBH5LMDGO0L
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� �M�&.;�&%'�(� ´Ì.;����%'#5%'1,/'/'1 Â
À l <�LMDY<�F~80T <9N;<9TeK[?BW0b�H5QBA <GJ�K<Á�?BQB<9b&>�QBA ?B<9N0K$LMD`O0LjC­H5QBFjK$T AeDYFI<GFjK�?BQBAe>�A <�Tm4069LkA L-?BQBH;N;O0A ?�K$T H5QRD�TeKcFjK�?BQBAe>�<
>�H5T H5L0L0<½DYO0A J�K$L-?B<+Â�>�H5LMD=?BA ?BO0b�<ÃN;<&D

(2N + 1)(2M + 1)
>�H,<��k>�A <�L-?RDaN;<ÃÅ0H5O0QBA <�Q � ];4 Ä$� � f(H5O0QP>RWMK5d-O0<>�H5FIf(H-DBK$L-?B<

A
N;Oh>RWMK$FIfPb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<tÂ

[A] =




444
An,m (r)444


 � ];4 Ä-\ �

Æ�K$QEDYH5OM>�A N;<cDYA FIf0T A w(>�K�?BA H5L«NUl b&>�QBA ?BO0QB<+Â;L0H5OMDEL0<Vf0QBb&>�AeDYH5LMDxfMK5D�TeKjN;b�f(<�LMN0K$LM>�<V<�L
r
N;<

[A]
4

¸�T <&D=?cO;?BA T <kNUl <�º;f0QBA FI<�QcT <&DcN;b�QBA J5b�<&DvfMK$QY?BA <�T T <&DcN;<jTeK«>�H5FIf(H-DBK$L-?B<
A
DY<�T H5L

z
<�?
θ
NUl K$f0QBX&DVTml b&d-OMK�?BA H5L

� ];4 Ä$� � Â
∂A (r, θ, z)

∂z
= i

+N∑

n=−N

+M∑

m=−M

γmAn,m (r) ei(nθ+γmz) � ];4 Ä$q �

∂A (r, θ, z)

∂θ
= i

+M∑

m=−M

+N∑

n=−N

nAn,m (r) ei(nθ+γmz) � ];4 Ä$y �
>�K$QG<�T T <&DGA L-?B<�QBJ,A <�LMN;QBH5L-?9N0K$LMDGT <&DGb&d-OMK�?BA H5LMDGN;<~r½K�º;¾x<�T Tm4U69LhA L-?BQBH;N;O0A ?9T <&DGFjK�?BQBAe>�<&D9N;AeK$o5H5LMK$T <&D

α
<�?

γ
fMK$Q[Â

α =




4 4 4 %

α′

α′

α′

%
4 4 4




H��
(α′)n,m = nδnm � ];4 �5Ê �

γ =




4 4 4 %

γ′

γ′

γ′

%
4 4 4




H��
(γ′)n,m = γnδnm � ];4 �03 �

H��
δnm

<&D=?xT <vDY¼,F~8(H5T < 
VQ��5L0<&>$#5<�Q&45ÏGA LMDYA2Â-T <&DxN;b�QBA J5b�<&D fMK$QY?BA <�T T <&D � ];4 Ä$q � <�? � ];4 Ä$y � D�l b&>�QBA J5<�L-?xNUl K$f0QBX&D TeKL0H$?RK�?BA H5L � ];4 Ä-\ � Â [
∂A

∂z

]
= iγ [A] � ];4 �-] �

[
∂A

∂θ

]
= iα [A] � ];4 �5z �
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Ò Lµf0QB<�LMK$L-?v<�L�>�H5FIf;?B<tTml <�º;f0QB<&DBDYA H5LÃN;<&DV>RWMK$FIfMDv<�LÃQBb�o5A FI<tWMK$QBFIH5L0Aed-O0< � ];4 Ä5] � <�?VT <�O0QRDVN;b�J5<�T H5f0f(<�nFI<�L-?RD N;< Å0H5O0QBA <�Q�DY<�T H5L

z
<�?
θ � ];4 Ä$� � Â�H5LVQBb�b&>�QBA ? Tml b&d-OMK�?BA H5LVN;<`r½K�º;¾x<�T T n�ÅMK$QRK5N0KS¼ ( ~rot~# (~r, t) + ∂~� (~r,t)

∂t
= ~0
) Â

1

r
α [Ez ] − γ [Eθ] − ω [Br] = 0 � ];4 �$� �

iγ [Er] −
d [Ez]

dr
− iω [Bθ] = 0 � ];4 �-Ä �
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Nθ

N0K$LMD�T <[>�K5DENUl O0L0<cDYO0QYC'K5>�<c^aA L,J�K$QBAeK$L-?B<VDY<�T H5L
z

r − gS(θ, z)
4"^,A H5LµTml A L-?BQBH;N;O0A ?~N0K$LMDVTml b&d-OMK�?BA H5Lµf0QBb&>�b&N;<�L-?B< � ];4 y$� � ÂUT <jJ5<&>@?B<�O0QVL0H5QBFjK$T ~� L0<kN;b�f(<�LMN�K$T H5QRD

f0T OMDGN;<
r
Â(>�<[d-O0A f(H5O0QBQRK~f0QBb&DY<�L-?B<�QE>�<�QY?RK$A LMDEKSJ�K$L-?RK$o5<&Dx>�H5FIFI<[L0H5OMD�T <VJ5<�QBQBH5LMDxf0T OMD�T H5A L 4

� O0<�T T <½d-O0<½DYH5A ?kTeK�FIb�?BW0H;N;<½>RW0H5AeDYA <hf(H5O0QkT <hf0QBH5T H5L0o5<�FI<�L-?kN;<&DjJ5<&>@?B<�O0QRDIL0H5QBFjK$O;º¢<�?k?RK$L0o5<�L-?RDkgµTeK
DYO0QYC'K5>�<c^TÂ0H5L«D�l <�i�H5QR>�<Vd-O l A TeDEQB<&D=?B<�L-?G>�H5L-?BA L,OMD�<�LPT <�O0QRD�f(H5A L-?RDGN;<cN;b�wML0A ?BA H5L«DYO0Q9^�4
�E£�� ���E­>ª]À¼¯²¨ ¶�«�'(��º»¨�µ�ª]«A¨�½¾¶�´<µ�­·½,+p¨�­ "
´<©�¨ ¶�¨ ��±<¸�º»«A¨�º·ª�º»±<µ$! ¸$�

¸�T�L0H5OMDIQB<&D=?B<«N;b&DYH5QBFjK$AeDtgÃA L-?BQBH;N;O0A QB<PT <&DIL0H5O0J5<�T T <&DtQB<�TeK�?BA H5LMD � ];4 q5� � <�? � ];4 q5q � N0K$LMDIT <&Dtb&d-OMK�?BA H5LMDIN;<
r½K�º;¾x<�T T0b&>�QBA ?B<&D N0K$LMD Tml <&DYfMK5>�<GN;<9Å0H5O0QBA <�Q � b&d-OMK�?BA H5LMD � ];4 �$� � g � ];4 �5y � � 4 �vQ�]5>�<GgV?BH5O;?B<&D`>�<&D�b&d-OMK�?BA H5LMD�QB<�T AeK$L-?T <&D"d-OMK�?BQB<`>RWMK$FIfMD b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D ~D Â ~E Â ~B <�? ~H Â&A T,DYO��I?�NUl <�L~>�H5L0LMK�Se?BQB<`N;<�O;º[f(H5O0Q�<�L~N;b&N;O0A QB< T <&D"N;<�O;ºK$O;?BQB<&D�4069LP>RW0H5AeDYA ?EN;<V>�H5LMDY<�QBJ5<�Q`T <V>�H5O0f0T <VN;<vJ5<&>@?B<�O0Q ( ~E, ~H) 4;Ò LaH5O;?BQB<+Â,TeKtN;b�?B<�QBFIA LMK�?BA H5LPN;<&D�>�H,<��k>�A <�L-?RDN;<[Å0H5O0QBA <�Q�N;<&DEDYA ºa>�H5FIf(H-DBK$L-?B<&D � N0K$LMDxT <VQB<�f(X�QB<V>�¼,T A LMN;QBAed-O0< � N;<[>�<V>�H5O0f0T <VN;<[>RWMK$FIfMDxb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&DDY<cQBb&N;O0A ?9<�L½O0L½DY¼;D=?BX�FI<cT A L0b&K$A QB<~NUl b&d-OMK�?BA H5LMDGN;A i�b�QB<�L-?BA <�T T <&DGJ5b�QBA wMb�<&DEfMK$QGT <&Dv>�H,<��k>�A <�L-?RDGN;<td-OMK�?BQB<cN;<~>�<&D
>�H5FIf(H-DBK$L-?B<&D�4;À <&D�b&d-OMK�?BA H5LMD�H58;?B<�L,O0<&DEDY<�QBH5L-?�<�LMDYO0A ?B<[QBb�b&>�QBA ?B<&D�NUl K$f0QBX&D�O0LPC­H5QBFjK$T AeDYFI<VFjK�?BQBAe>�A <�Tm4
¥20��80Y¦ �-�9�-� �;�0�=�`� �G�����G�`� �`���Y�=����� 	 �`�=���©�G� �R���(�;� �M�Y�-�"�0�=�`�Z�G���9���=��� 4�¤��G�"�0�=�`�9���G�

3���

�����Y�
�GH5OMD�K$T T H5LMDUb�?RK$80T A Q"O0LcDY¼;D=?BX�FI<xN;A i�b�QB<�L-?BA <�T5QB<�T AeK$L-?�T <&D�>�H,<��k>�A <�L-?RD�N;<xÅ0H5O0QBA <�Q"N;<`d-OMK�?BQB<`>�H5FIf(H-DBK$L-?B<&D N;<&D

>RWMK$FIfMD"b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D ~E <�? ~H 4-�`<�f(<�LMN0K$L-?-Â�O0L0<xC­H5AeD�>�<�DY¼;D=?BX�FI<�N;A i�b�QB<�L-?BA <�T;A L-?Bb�o5QBb � L,O0FIb�QBAed-O0<�FI<�L-? �ga?BQRKSJ5<�QRDvTeK«Ó�H5L0<IFIH;N;O0T b�<+Â H5L�DBK$A ?cd-O l A T J�KPC'K$T T H5A Q[QRK5>�>�H5QRN;<�QvT <&Dc>RWMK$FIfMDVA L-?Bb�o5QBb&D[KSJ5<&>t>�<�O;º�N;<&D[QBb�o5A H5LMD
W0H5FIH5o5X�L0<&D�4,Ò LaC'K$A ?-Â0H5LPK$f0f0T Aed-O0<VT <&DE>�H5LMN;A ?BA H5LMD�N;<VfMK5DBDBK$o5<vN;<&DE>RWMK$FIfMD�g~?BQRKSJ5<�QRD`T <&DE>�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D
w(>@?BA C'D

Cmin
<�?
Cmax � N;<`QRKS¼5H5LMDUQB<&DYf(<&>@?BA C'D Rmin

<�?
Rmax � Â�>�<xd-O0A-<�º;f0T Aed-O0<`T <x>RW0H5A º[N;<&D"d-OMK�?BQB<x>�H5FIf(H-DBK$L-?B<&D>�H5L-?BA L,O0<&D

Ez
Â
Eθ
Â
Hz

<�?
Hθ

4 Æ T OMDcf0QBb&>�AeDYb�FI<�L-?-ÂUT <&Dc>�H5LMN;A ?BA H5LMD[N;<kfMK5DBDBK$o5< � b&d-OMK�?BA H5LMD � ];4 \�Ê � <�? � ];4 \,3 � � Âd-O0A N;H5A J5<�L-?�QBb�<�T T <�FI<�L-?ED�l K$f0f0T Aed-O0<�Qxf(H5O0QET <&Dxf(H5A L-?RDEN;<vTeKIDYO0QYC'K5>�<[^I?RK$L0o5<�L-?RD�K$O;ºa>�¼,T A LMN;QB<&D
Cmin

<�?
Cmax

Â
>�H5L-?BQRK$A o5L0<�L-?EgI>�<[>RW0H5A ºU4
#9ÚUÖ"��1,®&®&%'�(� �"1,®I#5� 1��Ì#5%'1,���&®I�"1 ���(!���%'1-�a�"1,®I#5�(´�Ö`�(®&.0���&1,®~��.0�"%'.0/'1,®I�"1 ~E

1-� ~H
Â

69LPA L-?BQBH;N;O0A ?GTeKtL0H$?RK�?BA H5L«DYO0A J�K$L-?B<IÂ

Qǫ =




Qǫ,rr Qǫ,rθ Qǫ,rz

Qǫ,θr Qǫ,θθ Qǫ,θz

Qǫ,zr Qǫ,zθ Qǫ,zz


 <�?

Qµ =




Qµ,rr Qµ,rθ Qµ,rz

Qµ,θr Qµ,θθ Qµ,θz

Qµ,zr Qµ,zθ Qµ,zz


 � ];4 y-Ä �

{~l K$f0QBX&DxTeKIQB<�TeK�?BA H5L � ];4 q5� � Â;H5LPf(<�O;?9b&>�QBA QB<Vd-O0<jÂ
[Dr] = Qǫ,rr [Er] +Qǫ,rθ [Eθ] +Qǫ,rz [Ez] � ];4 y5� �
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[Dθ] = Qǫ,θr [Er] +Qǫ,θθ [Eθ] +Qǫ,θz [Ez ] � ];4 y,\ �
[Dz] = Qǫ,zr [Er] +Qǫ,zθ [Eθ] +Qǫ,zz [Ez] � ];4 y5q �{9<[F Á�FI<+Â0DY<�T H5LPTeKIQB<�TeK�?BA H5L � ];4 q5q � Â;H5L«KPÂ
[Br] = Qµ,rr [Hr] +Qµ,rθ [Hθ] +Qµ,rz [Hz] � ];4 y5y �
[Bθ] = Qµ,θr [Hr] +Qµ,θθ [Hθ] +Qµ,θz [Hz ] � ];4 3&Ê5Ê �
[Bz] = Qµ,zr [Hr] +Qµ,zθ [Hθ] +Qµ,zz [Hz] � ];4 3&Ê03 �Ò L«A LMDYb�QRK$L-?ETml b&d-OMK�?BA H5L � ];4 �,\ � N0K$LMDETeKtQB<�TeK�?BA H5L � ];4 y5� � Â;H5L«<�LhN;b&N;O0A ?9T <&DE>�H,<��k>�A <�L-?RDGN;<cÅ0H5O0QBA <�QEN;<[TeK>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <VN;< ~E Â

[Er ] = Q−1
ǫ,rr

( γ
ω

[Hθ] −
α

rω
[Hz] −Qǫ,rθ [Eθ] −Qǫ,rz [Ez ]

)
� ];4 3&Ê-] �

{9<PF Á�FI<+Â�<�L¢A LMDYb�QRK$L-?tTml b&d-OMK�?BA H5L � ];4 �$� � N0K$LMD~TeKÃQB<�TeK�?BA H5L � ];4 y5y � Â"H5L¢<�L¢N;b&N;O0A ?jT <&DI>�H,<��k>�A <�L-?RDtN;<
Å0H5O0QBA <�QEN;<[TeKI>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <[N;< ~H Â

[Hr] = Q−1
µ,rr

( α
rω

[Ez] −
γ

ω
[Eθ] −Qµ,rθ [Hθ] −Qµ,rz [Hz]

)
� ];4 3&Ê5z �

#9ÚUÖ"��1,®&®&%'�(� �"1,®I�"+-��%­Ø(+,1,®I®&1,/'�(�
r
�"1,®I�"+-Ø(1,/'�MÖ"Ö`1,´Ì1,���&®t�"1,®I#5�(´�Ö`�(®&.0���&1,®t�"1 ~E

1-� ~H
Â

Ò L«A L�:=<&>@?RK$L-?GT <&D�QB<�TeK�?BA H5LMD � ];4 3&Ê-] � Â � ];4 3&Ê5z � <�? � ];4 3&Ê5Ê � N0K$LMD�Tml b&d-OMK�?BA H5L � ];4 �-Ä � Â;H5LPH58;?BA <�L-?cÂ
d[Ez]

dr
= i
(
Qµ,θrQ

−1
µ,rrγ − γQ−1

ǫ,rrQǫ,rθ

)
[Eθ] − i

(
γQ−1

ǫ,rrQǫ,rz +Qµ,θrQ
−1
µ,rr

α
r

)
[Ez ]

+i
(

γ
ω
Q−1

ǫ,rrγ + ωQµ,θrQ
−1
µ,rrQµ,rθ − ωQµ,θθ

)
[Hθ] + i

(
ωQµ,θrQ

−1
µ,rrQµ,rz − γQ−1

ǫ,rr
α
rω

− ωQµ,θz

)
[Hz]

� ];4 3&Ê$� �{9<VF Á�FI<+Â0<�LPA L�:=<&>@?RK$L-?GT <&D�QB<�TeK�?BA H5LMD � ];4 3&Ê-] � Â � ];4 3&Ê5z � <�? � ];4 3&Ê03 � N0K$LMD�Tml b&d-OMK�?BA H5L � ];4 �5� � Â;H5LPH58;?BA <�L-?[Â
d[Eθ ]

dr
= i
(

i
r
Id − α

r
Q−1

ǫ,rrQǫ,rθ −Qµ,zrQ
−1
µ,rrγ

)
[Eθ] + i

(
Qµ,zrQ

−1
µ,rr

α
r
− α

r
Q−1

ǫ,rrQǫ,rz

)
[Ez]

+i
(
ωQµ,zθ − ωQµ,zrQ

−1
µ,rrQµ,rθ + α

r
Q−1

ǫ,rr
γ
ω

)
[Hθ] + i

(
ωQµ,zz − ωQµ,zrQ

−1
µ,rrQµ,rz − α

r
Q−1

ǫ,rr
α
rω

)
[Hz]

� ];4 3&Ê-Ä �À <&D�QB<�TeK�?BA H5LMD � ];4 3&Ê-] � Â � ];4 3&Ê5z � <�? � ];4 y,\ � N0K$LMD�Tml b&d-OMK�?BA H5L � ];4 �5q � N;H5L0L0<�L-?cÂ
d[Hz ]

dr
= i
(
Qǫ,θrQ

−1
ǫ,rrγ − γQ−1

µ,rrQµ,rθ

)
[Hθ] − i

(
γQ−1

µ,rrQµ,rz +Qǫ,θrQ
−1
ǫ,rr

α
r

)
[Hz]

+i
(
ωQǫ,θθ − γQ−1

µ,rr
γ
ω
− ωQǫ,θrQ

−1
ǫ,rrQǫ,rθ

)
[Eθ] + i

(
γQ−1

µ,rr
α
rω

− ωQǫ,θrQ
−1
ǫ,rrQǫ,rz + ωQǫ,θz

)
[Ez ]

� ];4 3&Ê5� �À <&D�QB<�TeK�?BA H5LMD � ];4 3&Ê-] � Â � ];4 3&Ê5z � <�? � ];4 y5q � N0K$LMD�Tml b&d-OMK�?BA H5L � ];4 �5y � N;H5L0L0<�L-?cÂ
d[Hθ ]

dr
= i
(

i
r
Id −Qǫ,zrQ

−1
ǫ,rrγ − α

r
Q−1

µ,rrQµ,rθ

)
[Hθ] + i

(
Qǫ,zrQ

−1
ǫ,rr

α
r
− α

r
Q−1

µ,rrQµ,rz

)
[Hz]

+i
(
ωQǫ,zrQ

−1
ǫ,rrQǫ,rθ − ωQǫ,zθ − α

r
Q−1

µ,rr
γ
ω

)
[Eθ] + i

(
ωQǫ,zrQ

−1
ǫ,rrQǫ,rz − ωQǫ,zz + α

r
Q−1

µ,rr
α
rω

)
[Ez]

� ];4 3&Ê,\ �
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r

Â 1
r2

<�?xN;b�f(<�LMN0K$LM>�<GK$QB80A ?BQRK$A QB<
N;<&DcFjK�?BQBAe>�<&D

Qǫ
<�?
Qµ

DY<�T H5L
r � N0K$LMDcTml <&DYfMK5>�<kN;<aÅ0H5O0QBA <�Q[?BQBH5LMd-O0b54"À�K«FjK�?BQBAe>�<a>�H5T H5L0L0<

[F (r)] � H5L�f0QBb�n
>�AeDY<kN0K$LMDc>�<�?Y?B<jL0H$?RK�?BA H5L�TeK«N;b�f(<�LMN0K$LM>�<aDY<�T H5L

r � >�H5L-?B<�LMK$L-?cT <&Dc>�H,<��k>�A <�L-?RD[N;<kÅ0H5O0QBA <�Q~N;<&Dc>�H5FIf(H-DBK$L-?B<&D
?RK$L0o5<�L-?BA <�T T <&D

Eθ
Â
Ez

Â
Hθ

<�?
Ez

<&D=?GN;b�wML0A <[fMK$Q[Â

[F (r)] =




[Eθ]
[Ez ]
[Hθ]
[Hz ]


 � ];4 3&Ê5q �
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69LPf(<�O;?vK$T H5QRDxb&>�QBA QB<vT <&D�b&d-OMK�?BA H5LMD � ];4 3&Ê$� � g � ];4 3&Ê,\ � DYH5OMD�TeK~C­H5QBFI<VFjK�?BQBAe>�A <�T T <[DYO0A J�K$L-?B<IÂ

d [F (r)]

dr
= iM(r) [F (r)] � ];4 3&Ê5y �

H��aTeKtFjK�?BQBAe>�< M(r)
ÂMN;A ?B<Q=?I�@HG�L�M�DEC�_�F���F�@ ��=?DNC�L UV>�G�D�J�@HL�D�W"H5Oa<�LM>�H5QB<E=?I�@HG�L�M�DNC � LXJ�@�>\[YG�I�@HL�B�JHÂMN;b�f(<�LMN«DY<�O0T <�n

FI<�L-?9N;<VTeKIJ�K$QBAeK$80T <
r
Â

M(r) =




M11 M12 M13 M14

M21 M22 M23 M24

M31 M32 M33 M34

M41 M42 M43 M44


 � ];4 353&Ê �

KSJ5<&>~Â
M11 = i

r
Id − α

r
Q−1

ǫ,rrQǫ,rθ −Qµ,zrQ
−1
µ,rrγ M12 = Qµ,zrQ

−1
µ,rr

α
r
− α

r
Q−1

ǫ,rrQǫ,rz

M13 = ωQµ,zθ − ωQµ,zrQ
−1
µ,rrQµ,rθ + α

r
Q−1

ǫ,rr
γ
ω

M14 = ωQµ,zz − ωQµ,zrQ
−1
µ,rrQµ,rz − α

r
Q−1

ǫ,rr
α
rω

M21 = Qµ,θrQ
−1
µ,rrγ − γQ−1

ǫ,rrQǫ,rθ M22 = −γQ−1
ǫ,rrQǫ,rz +Qµ,θrQ

−1
µ,rr

α
r

M23 = γ
ω
Q−1

ǫ,rrγ + ωQµ,θrQ
−1
µ,rrQµ,rθ − ωQµ,θθ M24 = ωQµ,θrQ

−1
µ,rrQµ,rz − γQ−1

ǫ,rr
α
rω

− ωQµ,θz

M31 = ωQǫ,zrQ
−1
ǫ,rrQǫ,rθ − ωQǫ,zθ − α

r
Q−1

µ,rr
γ
ω

M32 = ωQǫ,zrQ
−1
ǫ,rrQǫ,rz − ωQǫ,zz + α

r
Q−1

µ,rr
α
rω

M33 = i
r
Id −Qǫ,zrQ

−1
ǫ,rrγ − α

r
Q−1

µ,rrQµ,rθ M34 = Qǫ,zrQ
−1
ǫ,rr

α
r
− α

r
Q−1

µ,rrQµ,rz

M41 = ωQǫ,θθ − γQ−1
µ,rr

γ
ω
− ωQǫ,θrQ

−1
ǫ,rrQǫ,rθ M42 = γQ−1

µ,rr
α
rω

− ωQǫ,θrQ
−1
ǫ,rrQǫ,rz + ωQǫ,θz

M43 = Qǫ,θrQ
−1
ǫ,rrγ − γQ−1

µ,rrQµ,rθ M44 = −γQ−1
µ,rrQµ,rz −Qǫ,θrQ

−1
ǫ,rr

α
rÀ�K«FjK�?BQBAe>�<IAeN;<�L-?BA ?Bbk<&D=?cL0H$?Bb�<

Id
<�?cTeK«FjK�?BQBAe>�< M(r)

K«f(H5O0Q~N;A FI<�LMDYA H5L
4(2N + 1)(2M + 1) × 4(2N +

1)(2M + 1)
4

{9<[F Á�FI<+ÂM<�LhN;b�wML0AeDBDBK$L-?GTeKIFjK�?BQBAe>�<c>�H5T H5L0L0<
[Fr(r)]

>�H5L-?B<�LMK$L-?GT <&DG>�H,<��k>�A <�L-?RDGN;<cÅ0H5O0QBA <�Q9N;<&DG>�H5FIf(H$n
DBK$L-?B<&D�QRK5N;AeK$T <&D

Er
<�?
Hr

Â
[Fr(r)] =

(
[Er]
[Hr]

)
� ];4 35353 �

T <&D�QB<�TeK�?BA H5LMD � ];4 3&Ê-] � <�? � ];4 3&Ê5z � D�l b&>�QBA J5<�L-?VÂ
[Fr(r)] = Mr(r) [F (r)] � ];4 353S] �

KSJ5<&>
Mr(r) =

(
Mr,11 Mr,12 Mr,13 Mr,14

Mr,21 Mr,22 Mr,23 Mr,24

)
� ];4 353&z �

H��µÂ
Mr,11 = −Q−1

ǫ,rrQǫ,rθ Mr,12 = −Q−1
ǫ,rrQǫ,rz Mr,13 = Q−1

ǫ,rr
γ
ω

Mr,14 = −Q−1
ǫ,rr

α
rω

Mr,21 = −Q−1
µ,rr

γ
ω

Mr,22 = Q−1
µ,rr

α
rω

Mr,23 = −Q−1
µ,rrQµ,rθ Mr,24 = −Q−1

µ,rrQµ,rzÀ�KtFjK�?BQBAe>�< Mr(r)
KIf(H5O0QGN;A FI<�LMDYA H5L

2(2N + 1)(2M + 1) × 4(2N + 1)(2M + 1)
4

Æ�H5O0QGQBb&DYO0FI<�Q-Â0L0H5OMD9KSJ5H5LMD�H58;?B<�L,OhT <~DY¼;D=?BX�FI<cN;A i�b�QB<�L-?BA <�T�T A L0b&K$A QB<~N;Ohf0QB<�FIA <�QGH5QRN;QB< � ];4 3&Ê5y � d-O0A�QBb�o5A ?-ÂfMK$Qc>�H5LMD=?BQBOM>@?BA H5L�ÂUT <j>�H5FIf(H5QY?B<�FI<�L-?[b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<IN;<jTeK«D=?BQBOM>@?BO0QB<jN;A i�QRK5>@?RK$L-?B<IO0L0Aed-O0<�FI<�L-?~N0K$LMDVTeK
Ó�H5L0<GFIH;N;O0T b�<54,À�K[f0QBA LM>�A fMK$T <GN;A i�b�QB<�LM>�<vd-O0<GTml H5Ljf(<�O;?�H58MDY<�QBJ5<�Q�<�L-?BQB<9>�<&D b&d-OMK�?BA H5LMD b&>�QBA ?B<&D�<�La>�H,H5QRN;H5L0L0b�<&D
>�¼,T A LMN;QBAed-O0<&D <�?x>�<�T T <&D`N;b�?B<�QBFIA L0b�<&D A L0A ?RK$T <�FI<�L-?`<�La>�H,H5QRN;H5L0L0b�<&D�>�K$QY?Bb&DYA <�L0L0<&D � J5H5A Q fMK$o5<c3&Ê5�[N;<GTeK[QBb�C­b�QB<�LM>�<
O Ä$��P � Â�<&D=?ITeKÃf0QBb&DY<�LM>�<PN;<a?B<�QBFI<&Dt<�L 1

r

<�? 1
r2

4�Ò L >�H,H5QRN;H5L0L0b�<&D~>�K$QY?Bb&DYA <�L0L0<&DUÂ"TeKµN;b�f(<�LMN0K$LM>�<P<�L
y � DY<�T H5LTml K�º;<kNUl A L-?Bb�o5QRK�?BA H5L�Â b&d-O0A J�K$T <�L-?tg

r
<�LÌ>�H,H5QRN;H5L0L0b�<&D[>�¼,T A LMN;QBAed-O0<&D � N;<kTeKhFjK�?BQBAe>�< M(y)

L l A L-?B<�QBJ,A <�L-?td-O l g
?BQRKSJ5<�QRDET <&DGFjK�?BQBAe>�<&D

Qǫ
<�?
Qµ

4�À <tDY¼;D=?BX�FI<~N;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � N;H5A ?KÁ�?BQB<~A L-?Bb�o5QBb~DY<�T H5LhTeKkJ�K$QBAeK$80T <[QRK5N;AeK$T <
r
Â`N;<�f0O0AeDtT <h>�¼,T A LMN;QB<«>�A QR>�O0TeK$A QB<

Cmin
N;<«QRKS¼5H5L

r = Rmin
:=OMDBd-O l K$O¶>�¼,T A LMN;QB<h>�A QR>�O0TeK$A QB<

Cmax
N;<«QRKS¼5H5L

r = Rmax
4�69LÌDY<jQB<�LMN�K$T H5QRDV80A <�LÌ>�H5FIf;?B<ad-O0<jTeK½DYA L0o5O0TeK$QBA ?BbjK$O�f(H5A L-?~NUl H5QBA o5A L0<kN;<&DV?B<�QBFI<&Dc<�L 1

r

<�? 1
r2

� N0K$LMDGT <&DGFjK�?BQBAe>�<&D M(r)
<�? Mr(r) � Â(L0H5OMD9>�H5L-?BQRK$A L-?9gIL0<cfMK5DGf0QB<�LMN;QB<cN;<&DGJ�K$T <�O0QRDGN;< Rmin

?BQBH5f«f(<�?BA ?B<&D�4
{vK$LMD9T <t>�K5D9>�H5L-?BQRK$A QB<+ÂMH5LhQBAeDBd-O0<tNUl <�L0o5<�LMN;QB<�QvN;<&DE?B<�QBFI<&DvN;A J5<�QBo5<�L-?RD9d-O0A"f(H5O0QBQBH5L-?vN;<�J5<�L0A Q9O0L0<tDYH5O0QR>�<~N;<
>�H5L-?RK$FIA LMK�?BA H5LaL,O0FIb�QBAed-O0<VT H5QRDEN;<[Tml A L-?Bb�o5QRK�?BA H5LPN;OhDY¼;D=?BX�FI<[N;A i�b�QB<�L-?BA <�Tm4
�������	��
	��
�������
���������
���� � {vK$LMDV>�<t>RWMK$f0A ?BQB<+Â(L0H5OMDvKSJ5H5LMDGb�?RK$80T A2ÂUN0K$LMD9T <IDY¼;D=?BX�FI<tN;<I>�H,H5QYn
N;H5L0L0b�<&DI>�¼,T A LMN;QBAed-O0<&DUÂ�T <&DIb&d-OMK�?BA H5LMDIN;<P8MK5DY<«N;<«TeKµFIb�?BW0H;N;<hN;A i�b�QB<�L-?BA <�T T <«N0K$LMDIO0L¢C­H5QBFjK$T AeDYFI<ao5b�L0b�QRK$T2Â
g�DBKSJ5H5A QIf(H5O0QkO0L0<ÃD=?BQBOM>@?BO0QB<½N;A i�QRK5>@?RK$L-?B<h>�¼,T A LMN;QBAed-O0<hQB<�FIf0T A <ÃN;<hFIA T A <�O;º A L0W0H5FIH5o5X�L0<&DI<�?PK$L0AeDYH$?BQBH5f(<&D�4
À <&D[N;b�f(<�LMN0K$LM>�<&D[<�º;f0T Ae>�A ?B<&D[N;O�>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<~?BH$?RK$T � QBb�o5A FI<IWMK$QBFIH5L0Aed-O0<I<�?~N;b�J5<�T H5f0f(<�FI<�L-?RD
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a� �-z
N;<tÅ0H5O0QBA <�Q9NUl K$f0QBX&DET <&D9f(b�QBA H;N;Ae>�A ?Bb&DG<�L

θ
<�?
z � H5L-?9b�?Bb~<�º;f0T H5A ?Bb�<&DEf(H5O0Q9H58;?B<�L0A Q9O0LÃDY¼;D=?BX�FI<~N;A i�b�QB<�L-?BA <�T�N;O

f0QB<�FIA <�Q�H5QRN;QB<xJ5b�QBA wMbxfMK$Q�T <&D�>�H,<��k>�A <�L-?RD�N;<EÅ0H5O0QBA <�Q�N;<E>�<E>RWMK$FIf 4$Á�<�LMK$L-?�>�H5FIf;?B<EN;<&D�K$FIb�T A H5QRK�?BA H5LMD"K$f0f(H5QYn
?Bb�<&D�fMK$Q�TeKtFIb�?BW0H;N;<[Å�Å�Å�ÂM>�<[DY¼;D=?BX�FI<[N;A i�b�QB<�L-?BA <�TU<&D=?Eb&>�QBA ?�f(H5O0QEO0L0<VQBb�o5A H5La8(H5QBL0b�<[N;<VTml <&DYfMK5>�<V>�H5L-?B<�LMK$L-?
TeK«DYO0QYC'K5>�<jN;A i�QRK5>@?RK$L-?B< � Ó�H5L0<jFIH;N;O0T b�< � 4�À�KPQBb&DYH5T O;?BA H5Lµ>�H5FIf0T X�?B<jN;O�f0QBH580T X�FI<jN;<jN;A i�QRK5>@?BA H5LµL0b&>�<&DBDYA ?B<ITeK
>�H5L0LMK$AeDBDBK$LM>�<E<�º;f0T Ae>�A ?B<9N;<&D`>RWMK$FIfMD b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�N0K$LMD T <&DxN;<�O;ºIQBb�o5A H5LMD�W0H5FIH5o5X�L0<&D

(int)
<�?

(ext)
4-¸�T

D�l K$o5A ?9Ae>�A2Â�>�H5FIFI<~N0K$LMDGTeKkf0T O0fMK$QY?vN;<&D9f0QBH580T X�FI<&DGN;<~Tml b�T <&>@?BQBH5FjK$o5L0b�?BAeDYFI<+ÂMNUl O0L½f0QBH580T X�FI<~K$O;º½>�H5LMN;A ?BA H5LMD
K$O;ºkT A FIA ?B<&DvÂ,T <&DxJ�K$T <�O0QRDxN;<&D�>�H5LMD=?RK$L-?B<&DxNUl A L-?Bb�o5QRK�?BA H5L � T <&DxA LM>�H5L0L,O0<&D�N;Oaf0QBH580T X�FI< � N0K$LMD`f0T OMDYA <�O0QRDxQBb�o5A H5LMDN;<jTml <&DYfMK5>�<IDYH5L-?cN;b�?B<�QBFIA L0b�<&DVfMK$QcK$f0f0T Ae>�K�?BA H5L�N;<j>�H5LMN;A ?BA H5LMD � DYH5O0J5<�L-?cN;<&D[>�H5LMN;A ?BA H5LMD[N;<k>�H5L-?BA L,O0A ?Bb � K$O;ºC­QBH5L-?BA X�QB<&D"<�L-?BQB<E>�<&D�QBb�o5A H5LMD�4SÀ <&D�>RWMK$FIfMD�DY<�f0QBH5fMK$o5<&K$L-?�N0K$LMD�TeKvQBb�o5A H5L~<�º,?Bb�QBA <�O0QB<

(ext)
f(<�O0J5<�L-? D�l <�º;f0QBA FI<�Q

<�º;f0T Ae>�A ?B<�FI<�L-? N;X&D�T H5QRD"d-O0<EDYH5L-?�A FIf(H-DYb&D�T <&D�>�K$QRK5>@?BX�QB<&D�W0H5FIH5o5X�L0<`<�?�AeDYH$?BQBH5f(<�N;<&D�FIA T A <�O;ºU4�Æ�K$Q�>�H5L-?BQB<+Â�N0K$LMD
T <c>�K5DENUl O0L0<cDYO0QYC'K5>�<[N;A i�QRK5>@?RK$L-?B<[>�H5L-?B<�LMK$L-?ETml H5QBA o5A L0<VN;O«QB<�f(X�QB< � J5H5A Q�wMo5O0QB<c];4 z � K � � Â;T <[FIA T A <�OhN;<[TeKtQBb�o5A H5LA L-?Bb�QBA <�O0QB<

(int)
<&D=?�>�<�T O0A;N;OtFjK�?Bb�QBAeK$O~N;Ot>�¼,T A LMN;QB<54�ÏGA LMDYA2Â$DYA;>�<xFIA T A <�Ot<&D=?�A L0W0H5FIH5o5X�L0<`<�? K$L0AeDYH$?BQBH5f(<`>�H5FIFI<

L0H5OMDv<�L�KSJ5H5LMDGC'K$A ?[Tml W,¼,f(H$?BW0X&DY<jN0K$LMDV>�<�?Y?B<IfMK$QY?BA <+Â�H5LµL0<If(<�O;?cK$T H5QRD9fMK5D[>�H5L0LMK�Se?BQB<+Â�KPf0QBA H5QBA2Â�Tml <�º;f0QB<&DBDYA H5L
N;<&D�>RWMK$FIfMD�d-O0A D�l ¼jf0QBH5fMK$o5<�L-?&4 �GH5OMD�N;b&>�QBA J5H5LMDxN0K$LMDxT <[>RWMK$f0A ?BQB<[ÄcO0L0<VL0H5O0J5<�T T <G?BW0b�H5QBA <Vd-O0AUf(<�QBFI<�?GN;<vT <&D
>�H5L0LMK�Se?BQB<tf(H5O0Q[N;<&DVFIA T A <�O;ºÃW0H5FIH5o5X�L0<&D9<�?cK$L0AeDYH$?BQBH5f(<&D�4 �GH5OMDVL0H5OMDVDYH5FIFI<&DVNUl K$8(H5QRN½A L-?Bb�QB<&DBDYb&DVK$Oµ>�K5DvT <
f0T OMD9C­QBb&d-O0<�L-?[N;<IDYO0QYC'K5>�<&Dv>�¼,T A LMN;QBAed-O0<&D9QB<�FIf0T A <&DVN;<tFIA T A <�O;º½W0H5FIH5o5X�L0<&DG<�?[AeDYH$?BQBH5f(<&D�4(Ò LMDYO0A ?B<+Â�L0H5OMDvT A FIA n
?B<�QBH5LMD9Tml b�?BOMN;<jgaN;<&DvFIA T A <�O;ºµN;A b�T <&>@?BQBAed-O0<&D9H5Oµ>�H5LMN;OM>@?B<�O0QRD~Â�H5LÃT <&DV>�H5LMDYAeN;X�QB<tK$T H5QRDGL0H5LÃFjK$o5L0b�?BAed-O0<&D�4UÀ�K
QBb&DYH5T O;?BA H5Lk>�H5FIf0T X�?B<9<�?�L,O0FIb�QBAed-O0<9N;Oaf0QBH580T X�FI<vN;<vN;A i�QRK5>@?BA H5Lk<&D=?`?BQRK$A ?Bb�<vN0K$LMD`T <9f0QBH;>RWMK$A Lk>RWMK$f0A ?BQB<54 �GH5OMD
L0<c>�H5LMDYAeN;b�QB<�QBH5LMD`fMK5DUÂ0N0K$LMD�T <VQB<&D=?B<[N;O«FjK$L,OMDB>�QBA ?-Â0NUl H58;:=<�?RDE>�¼,T A LMN;QBAed-O0<&D�f0QBb&DY<�L-?RK$L-?�O0L0<[f(b�QBA H;N;Ae>�A ?BbcDY<�T H5L
Tml K�º;<

z
Â$<�LkQRK$AeDYH5LIN;<9TeKc>�H5FIf0T <�º;A ?BbGo5b�H5FIb�?BQBAed-O0<E<�?`f(<�OjC­QBb&d-O0<�FIFI<�L-?`QB<�LM>�H5L-?BQBb�<GN;<9>�<Go5<�L0QB<GN;<vD=?BQBOM>@?BO0QB<54

À <&DVFIA T A <�O;ºÃ<�?[TeK«DYO0QYC'K5>�<IN;<jN;A i�QRK5>@?BA H5L�DY<�QBH5L-?VDYO0f0f(H-DYb&DVA L,J�K$QBAeK$L-?RDvDY<�T H5L
z � T <&DVo5b�L0b�QRK�?BQBAe>�<&DvN;<�J,A <�L0L0<�L-?N;<&DvN;QBH5A ?B<&D � 4 �`<�f(<�LMN0K$L-?-ÂUDY<�T H5L½N;<tQBb&>�<�L-?RDE?BQRKSJ�K$O;º O y03�P Â(Tml K�:=H5O;?VN;<tÆ`r½À � Æ�<�QYC­<&>@?BT ¼½r½K�?R>RW0<&N½À�KS¼5<�Q �ZO z5z�PDYO0Q�T <&D�fMK$QBH5AeD"f(<�QBf(<�LMN;Ae>�O0TeK$A QB<&D�gvTml K�º;<EN;Oj>�¼,T A LMN;QB<EN;<ETeKV>�<�T T O0T <Ef(b�QBA H;N;Aed-O0<Ed-O0AM>�H5L-?BA <�L-?�Tml H58;:=<�?`>�¼,T A LMN;QBAed-O0<

f(<�QBFI<�?Y?BQRK$A ?cN;<tFIH;N;b�T AeDY<�QVO0LµO0L0Aed-O0<IH58;:=<�?V?BQBAeN;A FI<�LMDYA H5L0L0<�T � fMK$Q[K$8MDYH5QBf;?BA H5LÃN;<&DVH5LMN;<&DvQBb��Mb&>RW0A <&DvDYO0Q[>�<&D
fMK$QBH5AeD � 4(69L«b�?RK$80T A QRK$A ?GK$T H5QRD�O0LhK$O;?BQB<vC­H5QBFjK$T AeDYFI<[N;<cTeKtFIb�?BW0H;N;<~N;A i�b�QB<�L-?BA <�T T <+Â0f(H5O0QETeKIFIH;N;b�T AeDBK�?BA H5LhNUl O0LO0L0Aed-O0<[H58;:=<�?�?BQBAeN;A FI<�LMDYA H5L0L0<�T2Â0d-O0<c>�<�T O0A�?BQRK$A ?Bb[N0K$LMD�T <&DGK$QY?BAe>�T <&D O \�yPÂMq5ÊPÂMq03�P � <�Lh>�H,H5QRN;H5L0L0b�<&D�DYf0W0b�QBAed-O0<&D � 469LPf(H5O0QBQRK$A ?Eb�o-K$T <�FI<�L-?G>�H5LM>�<�J5H5A QxTml b�?BOMN;<cN;<c>�¼,T A LMN;QB<&DEN;<VT H5L0o5O0<�O0Q�wML0A <54
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~A(inc) (r, θ, z) = ~A
(inc)
0 eiγ0ze−ikt,extr[cos(θ) cos(θinc)+sin(θ) sin(θinc)]DYH5A ? ~A(inc) (r, θ, z) = ~A

(inc)
0 eiγ0ze−ikt,extr cos(θ−θinc)Å"A LMK$T <�FI<�L-?-Â;H5LPH58;?BA <�L-?cÂ

~A(inc) (r, θ, z) = ~A
(inc)
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N;A ?`TeK[f0QBAeDY<G<�Lk>�H5FIf;?B<9N;<9TeKV?BQBH5LM>�K�?BO0QB<EN;<&D`N;b�J5<�T H5f0f(<�FI<�L-?RDUÂ$C'K$A ?�K$f0fMK$QRK�Se?BQB<�O0L0<9DYH5QY?B<9NUl K$L0AeDYH$?BQBH5f0A <
N;<&D�QB<�TeK�?BA H5LMD�>�H5LMD=?BA ?BO;?BA J5<&DEN;<&DEFIA T A <�O;º>ÂMN0K$LMD�Tml <&DYfMK5>�<[N;<[Å0H5O0QBA <�Q � O0L0Aed-O0<�FI<�L-? � 4

 ~�(´�Ö�.;��.0%'®&�(�¶.5Ø(1,#½/'.Ã´Ì+-�&ª"� �"1«�"%­¬`+-��1,���&%'1,/'/'1P#5/'.0®&®&%'°U!"1 Â
Ï©>�<cD=?RK5N;<~N;<cTeKt?BW0b�H5QBA <+Â0A T�<&D=?9A L-?Bb�QB<&DBDBK$L-?GNUl <�i�<&>@?BO0<�Q9O0L0<~>�H5FIfMK$QRK$AeDYH5LP<�L-?BQB<[TeKIFIb�?BW0H;N;<~N;A i�b�QB<�L;n
?BA <�T T <kK$L-?Bb�QBA <�O0QB<+ÂUN;A ?B<T=?>�@�A�B
C,D C�L UV>�G�D�J�@HL�D�WXW D M�W I�F�F�L�
�_�DAÂ"d-O0A�L l O;?BA T AeDY<kfMK5DVT <&DVQBX�o5T <&D[N;<IC'K5>@?BH5QBAeDBK�?BA H5L
<�FIf0T H�¼5b�<&DvfMK$QVTeK«FIb�?BW0H;N;<kÅ�Å�Åx4 Ò LµC'K$A ?-Â TeKPFIb�?BW0H;N;<k>�TeK5DBDYAed-O0<jK$f0f0T Aed-O0<I<�Lµ?BH5O;?B<j>�A QR>�H5LMD=?RK$LM>�<tTeK
QBX�o5T <xN;<EÀ�K$O0QB<�L-?�J�K$TeK$80T <�DY<�O0T <�FI<�L-?�f(H5O0Q�T <&D�DYb�QBA <&D�4S{vK$LMD�>�<�>�K5DUÂSTeK9QB<�TeK�?BA H5Lt>�K$QRK5>@?Bb�QBAeD=?BAed-O0<xN;OtFIA T A <�O
N0K$LMDETml <&DYfMK5>�<cN;<~Å0H5O0QBA <�QGD�l b&>�QBA ?Gf(H5O0Qv>RWMK5d-O0<c>�H5FIf(H-DBK$L-?B<[N;O½>RWMK$FIf�Â ∀i ∈ {r, θ, z} , [Di] = JǫK [Ei]DYH5A ?

[
~D
]

=




JǫK 0 0
0 JǫK 0
0 0 JǫK



[
~E
]

� z04 3&� �

{~l K$O;?BQB<kfMK$QY?-Â�H5LÌK ~E = 1
ǫ
~D
Â�NUl H���Â ?BH5O�:=H5O0QRDcfMK$Q~K$f0f0T Ae>�K�?BA H5LÌN;<kTeKhQBX�o5T <aN;<aÀ�K$O0QB<�L-?-Â�H5L�?BQBH5O0J5<hÂ

∀i ∈ {r, θ, z} , [Di] = J1
ǫ
K−1 [Ei]

4"Æ�K$Q~AeN;<�L-?BA w(>�K�?BA H5LÌKSJ5<&>ITeK½f0QB<�FIA X�QB<kQB<�TeK�?BA H5L
([Di] = JǫK [Ei])

Â�TeK
FIb�?BW0H;N;<IN;A i�b�QB<�L-?BA <�T T <j>�TeK5DBDYAed-O0<tDYO0o5o5X�QB<tN;H5LM>td-O0< JǫK = J1

ǫ
K−1 �

>�<Id-O0A�<&D=?x:=OMD=?BA wMbjf(H5O0Q[N;<&DVDYb�QBA <&D
� FjK�?BQBAe>�<&D9N;<tÁ�H,<�f0T A ?BÓtN;<IN;A FI<�LMDYA H5LMDGA L;wML0A <&D�� � FjK$AeDGL0<~Tml <&D=?Vf0T OMD9T H5QRDBd-O0<[T <&DvN;b�J5<�T H5f0f(<�FI<�L-?RDvDYH5L-??BQBH5LMd-O0b&D�4-{~l K$A T T <�O0QRDUÂ,>�<GC'K$A ?�N;H5L0L0<vO0LaDY<�LMDxK$O;ºj80T H;>�D`<�º,?BQRK�n�N;AeK$o5H5LMK$O;ºtN;<9TeKcFjK�?BQBAe>�<

Qǫ
N;H5L0L0b�<9fMK$Q

Tml <�º;f0QB<&DBDYA H5L � z04 3SÄ � f0O0AeDBd-O0<Io5b�L0b�QRK$T <�FI<�L-?VA TeDVL0<jDYH5L-?[fMK5DvL,O0TeD (JǫK − J1
ǫ
K−1 6= 0

) 4"69LµJ5H5A ?cK$T H5QRD9TeK
N;A i�b�QB<�LM>�<vC­H5LMN0K$FI<�L-?RK$T <[d-O0A K$f0fMK$QRK�Se?E<�L-?BQB<[>�<&DEN;<�O;º«K5DYf(<&>@?RDEN;<VTeKIFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <54
Á�H5O;?B<�C­H5AeDUÂ`H5LÔf(<�O;?«H58;?B<�L0A QPTeK�C­H5QBF~O0TeK�?BA H5LÔN;<ÃTeKÌFIb�?BW0H;N;<µN;A i�b�QB<�L-?BA <�T T <µ>�TeK5DBDYAed-O0<ÃgÌfMK$QY?BA QPN;<ÃTeK
FIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <cK5>@?BO0<�T T < � FIb�?BW0H;N;<~Å�Å�Å � 40¸�T�DYO��I?9N;<Vf0QB<�LMN;QB<[N0K$LMD�TeKIFjK�?BQBAe>�< Qǫ

Â

JN2
r K = Id

<�? s
1

ǫ

{−1

= JǫK � z04 3�\ �
f(H5O0QGQB<�?BQBH5O0J5<�QETeKjQB<�TeK�?BA H5L � z04 3&� � 4��`<&>�A"D�l KSJ5X�QB<�QRK~O;?BA T <cf(H5O0Q9FI<�?Y?BQB<c<�LhH,<�O0J,QB<cQRK$f0AeN;<�FI<�L-?GT <&D9>�H5FtnfMK$QRK$AeDYH5LMDvL,O0FIb�QBAed-O0<&DV<�L-?BQB<k>�<&DcN;<�O;ºµJ5<�QRDYA H5LMD[N;<jTeK«FIb�?BW0H;N;<aN;A i�b�QB<�L-?BA <�T T <j<�?~<�L�fMK$QY?BAe>�O0T A <�Q[f(H5O0Q
FIH5L-?BQB<�Q�Tml K$FIb�T A H5QRK�?BA H5LPK$f0f(H5QY?Bb�<VfMK$Q�TeKIFIb�?BW0H;N;<[Å�Å�Åx4

1`.�´Ì.;����%'#51 M(r)
ÂÀ H5QRDBd-O l H5LÃ?BA <�L-?I>�H5FIf;?B<aN;<&D~N;<�QBL0A X�QB<&D[<�º;f0QB<&DBDYA H5LMD[N;<&DcFjK�?BQBAe>�<&D

Qµ
<�?
Qǫ � QB<&DYf(<&>@?BA J5<�FI<�L-? � z04 3�� �<�? � z04 3SÄ � � Â�>$l <&D=?Yn�g�n�N;A QB<IT H5QRDBd-O0<IT <�O0QRD[80T H;>�D[J5b�QBA wM<�L-?jÂ Qµ,rθ = Qµ,rz = Qµ,θz = Qµ,θr = Qµ,zr =
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z
��� � �Q� � ����
 � 
������
� �������V��� �����a����� � ���

Qµ,θz = 0
<�?
Qǫ,rz = Qǫ,θz = Qǫ,zr = Qǫ,zθ = 0

Â;TeKtFjK�?BQBAe>�<[NUl A L-?Bb�o5QRK�?BA H5L M(r) � ];4 3&Ê5y � N;<�J,A <�L-?cÂ

M(r) =











− 1
r
αQ−1

ǫ,rrQǫ,rθ + i
r
Id 0 γ0

ωr
αQ−1

ǫ,rr ωµ0Id − 1
ωr2αQ

−1
ǫ,rrα

−γ0Q
−1
ǫ,rrQǫ,rθ 0

γ2
0

ω
Q−1

ǫ,rr − ωµ0Id − γ0
rω
Q−1

ǫ,rrα
− γ0

µ0ωr
α 1

ωµ0r2α
2 − ωQǫ,zz

i
r
Id 0

ω
(

Qǫ,θθ −Qǫ,θrQ
−1
ǫ,rrQǫ,rθ

)

− γ2
0

µ0ω
Id

γ0
µ0ωr

α Qǫ,θrQ
−1
ǫ,rrγ0 −Qǫ,θrQ

−1
ǫ,rr

1
r
α











� �4f e/���Ò Lh>�<cd-O0A�>�H5LM>�<�QBL0<vTml <�º;f0QB<&DBDYA H5LPN;<[TeKtFjK�?BQBAe>�< Mr(r) � ];4 353&z � Â;H5La?BQBH5O0J5<IÂ

Mr(r) =

( −Q−1
ǫ,rrQǫ,rθ 0 Q−1

ǫ,rr
γ0

ω
−Q−1

ǫ,rr
α
rω

− γ0

µ0ω
Id

α
rµ0ω

0 0

)
� z04 3&y �
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69L�f(<�O;?t<�º;f0QBA FI<�Q~<�º;f0T Ae>�A ?B<�FI<�L-?tT <P>RWMK$FIf�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<kDY<af0QBH5fMK$o5<&K$L-?cN0K$LMDcT <&DtN;<�O;º�QBb�o5A H5LMD

W0H5FIH5o5X�L0<&Dt<�?jAeDYH$?BQBH5f(<&D
(int)

<�?
(ext)

<�LM>�K5N;QRK$L-?tTeKµÓ�H5L0<PFIH;N;O0T b�<54`À <�O0QRDt<�º;f0QB<&DBDYA H5LMDtDY<hN;b&N;O0AeDY<�L-?kN;<
Tml b&d-OMK�?BA H5LjN;<9ßG<�T FIW0H5T ?BÓ9b&>�QBA ?B<Ef(H5O0Qx>RWMK5>�O0LjN;<9>�<&D FIA T A <�O;º>Â-N0K$LMD�T <9DY¼;D=?BX�FI<9N;<9>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&D�4
Á�H5O;?aNUl K$8(H5QRN>Â�<�L O;?BA T AeDBK$L-?kO0L¶C­H5QBFjK$T AeDYFI<«FjK�?BQBAe>�A <�T2Â�H5L¶b�?RK$80T A ?aN0K$LMDjTml <&DYfMK5>�<hN;<½Å0H5O0QBA <�QIT <&DkDYH5T O;?BA H5LMD
o5b�L0b�QRK$T <&DxN;OPDY¼;D=?BX�FI<VNUl b&d-OMK�?BA H5LMD�N;A i�b�QB<�L-?BA <�T T <&D�N;b&>�H5O0f0T b�<&DxN;b&N;O0A ?B<&DEN;<vTml b&d-OMK�?BA H5LPN;<[ßG<�T FIH5T ?BÓ54,Ò LMDYO0A ?B<+Â
H5L K$8(H5O;?BA ?½gÌTml <�º;f0QB<&DBDYA H5L�N;<&D«>RWMK$FIfMDPA LM>�AeN;<�L-?RDP<�?½N;A i�QRK5>@?Bb&DPfMK$Q«K$f0f0T Ae>�K�?BA H5L N;<&D«>�H5LMN;A ?BA H5LMDPNUl H5LMN;<&D
DYH5QY?RK$L-?B<&DU<�?�<�Lcb�J,A ?RK$L-? T <&D�b�J5<�L-?BO0<�T T <&D DYA L0o5O0TeK$QBA ?Bb&D d-O0A5f(H5O0QBQRK$A <�L-?�K$f0fMK$QRK�Se?BQB< N0K$LMDUT <&D <�º;f0QB<&DBDYA H5LMDUo5b�L0b�QRK$T <&D
N;<&DE>RWMK$FIfMDx?BQBH5O0J5b�<&D�4
#v#$��%­�&!���1½)(+,�"+-��.0/'1h�"1,®I#Sª".0´�Ö�® Â

69LPDBK$A ?Ed-O0<VT <&D�QBb�o5A H5LMD`W0H5FIH5o5X�L0<&D
(int)

<�?
(ext)

f(<�O0J5<�L-?�Á�?BQB<VQB<�FIf0T A <&D�DYH5A ?EN;OPF Á�FI<VFIA T A <�O�ÂMN0K$LMD
T <a>�K5DcH��ÌT <aQB<�f(X�QB<k<&D=?tf0TeK5>�bk<�L¢N;<�W0H5QRD~N;<«^ � J5H5A Q[wMo5O0QB<P];4 z � 8 � � Â�DYH5A ?IN;<aFIA T A <�O;ºÌN;A i�b�QB<�L-?RDtN0K$LMD
T <c>�K5DG>�H5L-?BQRK$A QB< � J5H5A Q�wMo5O0QB<~];4 z � K � � 40Æ�K$Q9DYH5OM>�A�N;<cDYA FIf0T A w(>�K�?BA H5L½NUl b&>�QBA ?BO0QB<+Â0H5L«A LMN;Ae>�<cT <&DEo5QRK$LMN;<�O0QRD>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&D~N;<h>�<&DIFIA T A <�O;º � f(<�QBFIA ?Y?BA J,A ?Bb+Â f(<�QBFIb&K$80A T A ?Bb+Â 4 4 4 � fMK$Q j = ext

H5O
int

4x69L DBK$A ?jd-O0<
T <I>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<c?BH$?RK$T�DY<If0QBH5fMK$o5<&K$L-?VN0K$LMDvT <IFIA T A <�O

j
J5b�QBA wM<tTml b&d-OMK�?BA H5LµN;<jßG<�T FIW0H5T ?BÓ

DYO0A J�K$L-?B<IÂ
∆ ~A(r, θ, z) + k2

j
~A(r, θ, z) = ~0 � z04 ]$Ê �H��

A ∈ {E,H} Â j ∈ {int, ext} <�?
k2

j = ω2µ0ǫj � z04 ];3 �Ò Lh>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&DUÂ;>�<�?Y?B<[b&d-OMK�?BA H5L«D�l b&>�QBA ?[Â
1

r

∂

∂r

[
r
∂ ~A(r, θ, z)

∂r

]
+

1

r2
∂2 ~A(r, θ, z)

∂θ2
+
∂2 ~A(r, θ, z)

∂z2
+ k2

j
~A(r, θ, z) = ~0

Ò LjC'K$A ?-Â,>�<�?Y?B<9b&d-OMK�?BA H5LIQB<�o5QBH5O0f(<GDYA ºjb&d-OMK�?BA H5LMD N;A i�b�QB<�L-?BA <�T T <&D � DYA ºIb&d-OMK�?BA H5LMD`N;<9ßG<�T FIW0H5T ?BÓ � QB<�TeK�?BA J5<&DgÃ>RWMK5>�O0L0<PN;<&DI>�H5FIf(H-DBK$L-?B<&D~N;<&DI>RWMK$FIfMD~b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�4 69LÌFIH5L-?BQB<Pd-O l A TEDYO��I?kN;<PQBb&DYH5OMN;QB<
N;<�O;ºµN;<k>�<&D[b&d-OMK�?BA H5LMDvf(H5O0Qc<�L�N;b&N;O0A QB<t?BH5O;?B<&D[T <&Dc>�H5FIf(H-DBK$L-?B<&DVN;O�>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<54 À�K
QBb&DYH5T O;?BA H5LP>�H5FIf0T X�?B<cN;O«f0QBH580T X�FI<[N;<cN;A i�QRK5>@?BA H5L«L0H5OMDE>�H5L-?BQRK$A L-?Ggtf0QBH$:=<�?B<�QETml b&d-OMK�?BA H5L«N;<cßG<�T FIW0H5T ?BÓ
� z04 ]$Ê � DYO0Q�O0L0<[N;<&D�>�H5FIf(H-DBK$L-?B<&DxN;O«>RWMK$FIfk?RK$L0o5<�L-?BA <�T T <VK$O;ºa>�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D Cmin

<�?
Cmax

d-O0A
N;b�T A FIA ?B<�L-?jTeKµÓ�H5L0<PFIH;N;O0T b�<54�Ò L <�i�<�?-Â H5L¢<�i�<&>@?BO0<h<�LMDYO0A ?B<«T <«QRK5>�>�H5QRN;<�FI<�L-?IN;<&Dj>RWMK$FIfMDI>�H5L-?BA L,OMD
N;<&D`?BQBH5AeDxQBb�o5A H5LMDxN;<VTml <&DYfMK5>�< � T <&DEN;<�O;ºaQBb�o5A H5LMD`W0H5FIH5o5X�L0<&Dx<�?EAeDYH$?BQBH5f(<&DUÂ-<�?ETeKtÓ�H5L0<vFIH;N;O0T b�< � DYO0QE>�<&D>�¼,T A LMN;QB<&D�4 �GH$?BQB<�>RW0H5A º~D�l <&D=? K$T H5QRD�f(H5QY?BbEDYO0Q�O0L0<�f0QBH$:=<&>@?BA H5LtDY<�T H5LtTml K�º;<

z
4569LI>RW0<�QR>RW0<�N;H5LM>xgvQBb&DYH5OMN;QB<

Tml b&d-OMK�?BA H5LµÂ
1

r

∂Az

∂r
+
∂2Az

∂r2
+

1

r2
∂2Az

∂θ2
+
∂2Az

∂z2
+ k2

jAz = 0 � z04 ]5] �
KSJ5<&>

Az = Ez
<�?
Hz

4�Ò LMDYO0A ?B<+Â�H5L�<�i�<&>@?BO0<kO0L0<aDY<&>�H5LMN;<jf0QBH$:=<&>@?BA H5L�N;<a>�<�?Y?B<kb&d-OMK�?BA H5L�DYO0QcTeKh8MK5DY<
N;<VC­H5LM>@?BA H5LMD � einθ � O;?BA T AeDYb�<~N0K$LMDET <&DGN;b�J5<�T H5f0f(<�FI<�L-?RDEN;<~Å0H5O0QBA <�Q�?BQBH5LMd-O0b&DEd-O0A�N;b&>�QBA J5<�L-?GT <&DG>RWMK$FIfMDb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D ?BH$?RK$O;º � z04 3&Ê � Â

Az(r, θ, z) = eiγ0z

+N∑

n=−N

Az,n(r)einθ � z04 ]$z �
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NUl H��«H5L½N;b&N;O0A ?9T <&DGN;b�QBA J5b�<&DEfMK$QY?BA <�T T <&DEfMK$QEQRK$f0f(H5QY?9g

θ
<�?
z
d-O0A�A L-?B<�QBJ,A <�L0L0<�L-?9N0K$LMDGTml b&d-OMK�?BA H5LhN;A i�b�n

QB<�L-?BA <�T T < � z04 ]5] � 4"69L�K$8(H5O;?BA ?VwMLMK$T <�FI<�L-?cg
2N + 1

b&d-OMK�?BA H5LMDVN;A i�b�QB<�L-?BA <�T T <&DVA LMN;b�f(<�LMN0K$L-?B<&DVJ5b�QBA wMb�<&D
fMK$Q�T <&DG>�H,<��k>�A <�L-?RDEN;<[Å0H5O0QBA <�Q

Az,n(r)
N;<
Az

Â
d2Az,n

dr2
+

1

r

dAz,n

dr
− n2

r2
Az,n + k2

jAz,n − γ2
0Az,n = 0 � z04 ]�� �

KSJ5<&>
n ∈ [−N,+N ]

4�ÏGf0QBX&D[O0L�f(<�?BA ?~>�K$Te>�O0T`d-O0A`>�H5LMDYAeD=?B<jgPF~O0T ?BA f0T A <�Q~DY<&D[N;<�O;ºµFI<�F~80QB<&DVfMK$Q
r2

Â g
f(H-DY<�Q

k2
t,j = k2

j − γ2
0 � z04 ]5Ä �f0O0AeD�gE<�i�<&>@?BO0<�Q"T <`>RWMK$L0o5<�FI<�L-?"N;< J�K$QBAeK$80T <

Az,n(r) → Az,n (kt,jr)
Â&T <&D

2N+1
b&d-OMK�?BA H5LMD N;A i�b�QB<�L-?BA <�T T <&D

f0QBb&>�b&N;<�L-?B<&D�D�l b&>�QBA J5<�L-?[Â

(kt,jr)
2 d2Az,n

d (kt,jr)
2 + (kt,jr)

dAz,n

d (kt,jr)
+
[
(kt,jr)

2 − n2
]
Az,n = 0 � z04 ]$� �
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n (kt,jr) � z04 ]$q �
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r
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iγ0
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∂r
− iωǫj

r
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∂Ez(r, θ, z)
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Er,n(r) =
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iγ0
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dr
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Hr,n(r) =
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[
iγ0

(
A

(j)
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dJn (kt,jr)

dr
+B

(j)
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dH+
n (kt,jr)
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)
+
ωǫjn
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A(j)

e,nJn (kt,jr) +B(j)
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+
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e,nJn (kt,jr) +B(j)
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+
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(
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dr
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+
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dH+
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� z04 z5� �À <&D[b&d-OMK�?BA H5LMD � z04 ]-\ � Â � z04 ]$q � <�? � z04 z5z � g � z04 z5� � FIH5L-?BQB<�L-?~d-O0<jT <&D~>�H,<��k>�A <�L-?RDcN;<kÅ0H5O0QBA <�Q~N;<&Dc>�H5Ftnf(H-DBK$L-?B<&DtN;O >RWMK$FIf¢b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<Pd-O0AGDY<Pf0QBH5fMK$o5<�L-?IN0K$LMDITeKÃQBb�o5A H5LÌW0H5FIH5o5X�L0<P<�?IAeDYH$?BQBH5f(<
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r �
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=
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n } � C­H5QBF~O0T <t354 y04 ]-\ Â-fMK$o5<z5�03aN;<PTeKÃQBb�C­b�QB<�LM>�< O y-]
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<�?
kt,j ∈ R
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e+iβn,jy <�? e−iβn,jy d-O0A
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>$l <&D=?Yn�g�n�N;A QB<`d-O0<�T <&D�C­QBH5L-?RD�NUl H5LMN;<�DYH5L-?�N;<&D�>�¼,T A LMN;QB<&D">�A QR>�O0TeK$A QB<&D�4&Ò T T <&D�DY<xQBb�fMK$QY?BAeDBDY<�L-?"b�o-K$T <�FI<�L-?�DY<�T H5L
T <&D�N;<�O;º~o5QBH5O0f(<&D�NUl H5LMN;<&D�DYH5QY?RK$L-?B<&D"<�?�<�L-?BQRK$L-?B<&D � F Á�FI<GDYA2Â$f(H5O0Q�T <�FIA T A <�O

(int)
Â�T <�?B<�QBFI< ��DYH5QY?RK$L-?B<&D �

<&D=?�O0LhK$80OMD�N;<VTeK$L0o-K$o5<9f0O0AeDBd-O l <�T T <&DEDY<Vf0QBH5fMK$o5<�L-?x<�L«DY<[>�H5LM>�<�L-?BQRK$L-?xJ5<�QRDxTml H5QBA o5A L0< � 4M69O;?BQB<vT <&D�8MK5DY<&DN;<aC­H5LM>@?BA H5LMDUÂ�T <Pf(H5A L-?tC­H5LMN0K$FI<�L-?RK$TEd-O0AEN;AeD=?BA L0o5O0<PT <&Dt<�º;f0QB<&DBDYA H5LMD~N;<&DI>RWMK$FIfMDtN0K$LMDtT <&DIN;<�O;º¢DY¼;D=n
?BX�FI<&D N;<G>�H,H5QRN;H5L0L0b�<&DUÂ�>�H5LM>�<�QBL0<�T <&D N;b�f(<�LMN0K$LM>�<&D N;<&D�C­H5LM>@?BA H5LMD�N;<E8MK5DY<GDY<�T H5LtTml H5QRN;QB<

n
<�? TeKVJ�K$QBAeK$80T <

NUl <&DYfMK5>�<[NUl A L-?Bb�o5QRK�?BA H5L � y H5O r � 4(Ò Lh<�i�<�?-Â(>�<�?Y?B<cN;H5O080T <cN;b�f(<�LMN0K$LM>�<cA L-?B<�QBJ,A <�L-?GN0K$LMDETml K$QBo5O0FI<�L-?GN;<&DC­H5LM>@?BA H5LMD � ±iβn,jy � N0K$LMD~T <«>�K5D~>�K$QY?Bb&DYA <�L 4�ÏGA LMDYA2Â"H5L¢N;b�wML0A ?IO0L¢A L-?B<�QBJ�K$T T <PNUl H5QRN;QB<kf(H5O0QtT <&d-O0<�TxT <&D
H5LMN;<&Dxf0TeK$L0<&D

e±iβn,jy QB<&D=?B<�L-?GN;<&D�H5LMN;<&Dxf0QBH5fMK$o-K�?BA J5<&D � T H5QRDBd-O0< βn,j ∈ R � K$T H5QRDUÂ;d-O l <�L«N;<�W0H5QRDEN;<[>�<�?A L-?B<�QBJ�K$T T < � T H5QRDBd-O0< βn,j ∈ iR � ÂM<�T T <&D9N;<�J,A <�L0L0<�L-?vDYH5A ?9b�J�K$L0<&DB>�<�L-?B<&DGDYH5A ?vN;A J5<�QBo5<�L-?B<&DEDY<�T H5L«T <tDYA o5L0<cN;<Tml K$QBo5O0FI<�L-?&4(69Q-Â0N0K$LMD�T <c>�K5DG>�¼,T A LMN;QBAed-O0<+Â;Tml K$QBo5O0FI<�L-?GN;<&D�C­H5LM>@?BA H5LMDGN;<cß9K$L�#5<�T
H±

n (kt,jr)
N;b�f(<�LMNhN;<

r
<�?tL0H5L�N;<kTml H5QRN;QB<

n
4"À <&Dc>�H5LMDYb&d-O0<�LM>�<&DcDYH5L-?~N;<j?RK$A T T <kf0O0AeDBd-O0<+Â�f(H5O0Q~O0LÌK$QBo5O0FI<�L-?

kt,jr
w0º;b+Â�T <&D

f0QBH5f0QBA b�?Bb&D`N;<&D C­H5LM>@?BA H5LMD�N;<Vß9K$L�#5<�T(L0<v>RWMK$L0o5<�L-?xfMK5D`<�Lk?B<�QBFI<vN;<vf0QBH5fMK$o-K�?BA H5L � T <&D C­H5LM>@?BA H5LMDxQB<&D=?B<�L-?N;<&D`C­H5LM>@?BA H5LMDEg~J�K$T <�O0QRD�>�H5FIf0T <�º;<&D � 4 � O0<�TUd-O0<[DYH5A ?�Tml H5QRN;QB<
n
Â;T <&DxH5LMN;<&DEK5DBDYH;>�A b�<&Dxgt>�<&DxC­H5LM>@?BA H5LMDxH5L-?

?BH5O�:=H5O0QRD O0La>�H5FIf(H5QY?B<�FI<�L-?xK5DY¼,FIf;?BH$?BAed-O0<�FI<�L-?xf0QBH5fMK$o-K�?BA CUgcTml A L;wML0A � fMK$o5<9z5�$�~N;<9TeK[QBb�C­b�QB<�LM>�< O y-]�P � Â

lim
|ζ|≫|n|

H±
n (ζ) =

√
2

πζ
e±j[ζ−π

4 (2n+1)] � z04 �-� �
H��aN0K$LMDxL0H$?BQB<V>�K5DUÂ

ζ = kt,jr ∈ R �
<�?�f(H-DBDYX&N;<�L-?x?BH5O�:=H5O0QRD`O0L0<[DYA L0o5O0TeK$QBA ?Bbvg~Tml H5QBA o5A L0<~Â

lim
|ζ|→0

H±
n (ζ) =

±∞ 4�69LÔDY<hQB<�LMN*K$T H5QRDI80A <�LÔ>�H5FIf;?B<Ãd-O0<½T <Ã>�H5FIf(H5QY?B<�FI<�L-?aN;<&DjC­H5LM>@?BA H5LMDkN;<½8MK5DY<½O;?BA T AeDYb�<&Djf(H5O0Q
N;b&>�QBA QB<cT <I>RWMK$FIfÃb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<~N0K$LMD9T <&DvQBb�o5A H5LMDGW0H5FIH5o5X�L0<&D9<�?VAeDYH$?BQBH5f(<&D9<&D=?VN;A i�b�QB<�L-?[DYO0A J�K$L-?
T <[DY¼;D=?BX�FI<[N;<[QB<�f(X�QB<[>RW0H5AeDYAm4
Ò L >�<�d-O0AV>�H5LM>�<�QBL0<ÃT <&DaC­H5LM>@?BA H5LMDPN;< � <&DBDY<�T � Jn

<�?
Yn � ÂE<�T T <&Daf(<�O0J5<�L-?
Á�?BQB<Ã<�º;f0QBA FIb�<&DPDY<�T H5LÔT <&D

C­H5LM>@?BA H5LMDxN;<[ß9K$L�#5<�T"Â
Jn(ζ) = 1

2 [H+
n (ζ) +H−

n (ζ)]
<�?
Yn(ζ) = i

2 [H−
n (ζ) −H+

n (ζ)]
4,¸�T DYO��I?EK$T H5QRDxN;<

>�H5LMD=?RK�?B<�Q`d-O0<GT <&D�C­H5LM>@?BA H5LMD
Jn

<�?
Yn

DYH5L-?xN;<&D`>�H5F~80A LMK$AeDYH5LMD�T A L0b&K$A QB<&D NUl H5LMN;<&D`>�¼,T A LMN;QBAed-O0<&D�<�L-?BQRK$L-?B<&D
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<�L

z
N;Oµ>RWMK$FIfhA LM>�AeN;<�L-?&4�69LhL0H$?B<tN;b&DYH5QBFjK$AeD9>�<�?Y?B<~FjK�?BQBAe>�<t>�H5T H5L0L0< [

A(inc)(r)
] 4(Ò LÃ<�º;f0T Ae>�A ?RK$L-?VDY<&D

b�T b�FI<�L-?RDENUl K$f0QBX&D�T <&D�QB<�TeK�?BA H5LMD � z04 q � <�? � z04 y � Â0H5La?BQBH5O0J5<tÂ

[
A(inc)(r)

]
=




444
E

(inc)
0,z e−in(θinc+π)inJn (kt,extr)444

H
(inc)
0,z e−in(θinc+π)inJn (kt,extr)444




� z04 �-y �

{vK$LMDET <[FIA T A <�O
(int)

ÂMTeKjDYA L0o5O0TeK$QBA ?Bb[N;<&DEC­H5LM>@?BA H5LMDGN;<cß9K$L�#5<�T�gITml H5QBA o5A L0<VA LMN;O0A ?vL0<&>�b&DBDBK$A QB<�FI<�L-?ETml K$L;n
L,O0TeK�?BA H5L«N;<&DEK$FIf0T A ?BOMN;<&DGK5DBDYH;>�A b�<&D�gI>�<&DxC­H5LM>@?BA H5LMDVÂ

B
(int)
e,n = B

(int)
h,n = 0

DYH5A ?
[
B(int)(r)

]
= [0] � z04 Ä$Ê �

K�wMLhd-O0<[T <~>RWMK$FIf«b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<9?BH$?RK$T � d-O0A L0<~N;H5A ?GfMK5DGN;A J5<�QBo5<�Q � o-K$QRN;<VO0L½DY<�LMDEf0W,¼;DYAed-O0<540À <&D>�H,<��k>�A <�L-?RD�N;<9Å0H5O0QBA <�Q N;<&D >�H5FIf(H-DBK$L-?B<&D�<�L
z
N;Ok>RWMK$FIfjN;A i�QRK5>@?BbGN0K$LMD�TeKvQBb�o5A H5L

(int)
f0QB<�L0L0<�L-?`K$T H5QRD

TeK~C­H5QBFI<
∀r < Rmin

Â { Ed
z,n(r) = A

(int)
e,n Jn (kt,intr)

Hd
z,n(r) = A

(int)
h,n Jn (kt,intr)

À�K½FjK�?BQBAe>�<«>�H5T H5L0L0< [
A(int)(r)

] N;H5L0L0b�<PfMK$Q � z04 z,\ � >�H5L-?BA <�L-?jT <&DI>�H,<��k>�A <�L-?RDIN;<«Å0H5O0QBA <�QjN;O >RWMK$FIf
N;A i�QRK5>@?Bb � >�H5FIf(H-DBK$L-?B<&Dx<�L z � N0K$LMD�T <[FIA T A <�O«A L-?Bb�QBA <�O0Q&4

�_£�� ��½�.<±3º»«)ª]¿
¯²¨ ¶�¨ "�º»±#"
´/.<´%ª]«A±<µ�¶�¨ ½A´�¯²´%ª�º»«A©�¨��
;5OMDBd-O l gEf0QBb&DY<�L-?-Â�H5L~KGN;b�?B<�QBFIA L0b`Tml <�º;f0QB<&DBDYA H5L[FjK�?BQBAe>�A <�T T < � z04 �-Ê � N;<&D�>RWMK$FIfMD"N0K$LMD T <&D�QBb�o5A H5LMD W0H5FIH5o5X�L0<&D<�?EO0L«DY¼;D=?BX�FI<[NUl b&d-OMK�?BA H5LMD�N;A i�b�QB<�L-?BA <�T T <&D � ];4 3&Ê5y � N;<VFjK�?BQBAe>�<VNUl A L-?Bb�o5QRK�?BA H5L � z04 3&q � g~QBb&DYH5OMN;QB<VN0K$LMDxTeKtÓ�H5L0<FIH;N;O0T b�<54��`<tf0QBH580T X�FI<tN;<IN;A i�QRK5>@?BA H5L½TeK$AeDBDY<tK$f0fMK$QRK�Se?BQB<cf0T OMDYA <�O0QRDG?=¼,f(<&DVNUl A LM>�H5L0L,O0<&D~Â�T <&DvK$FIf0T A ?BOMN;<&DVN;<&D

>RWMK$FIfMDaN;A i�QRK5>@?Bb&DPN0K$LMDaT <&DaQBb�o5A H5LMDjW0H5FIH5o5X�L0<&Dk<�?«AeDYH$?BQBH5f(<&D � [B(ext)(r)
] <�? [

A(int)(r)
] � Â�K$A LMDYAVd-O0<ÃT <&D

>RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�N0K$LMD�TeKVÓ�H5L0<EFIH;N;O0T b�<54 �G<G>�H5L0LMK$AeDBDBK$L-?�fMK5D�T <&D�J�K$T <�O0QRD�f0QBb&>�AeDY<&D�N;<&D >RWMK$FIfMD�<�L
O0LkT A <�OaN;<GTml <&DYfMK5>�<+Â5H5LjA L-?BX�o5QB<GT <vDY¼;D=?BX�FI<9N;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � g[Tml K$AeN;<9NUl O0L0<9FIb�?BW0H;N;<vN;<G?BA Q O Ä$��P³40�`<9>�K$Te>�O0TK$8(H5O;?BA ?[gaTml H58;?B<�L-?BA H5LµNUl O0L0<IFjK�?BQBAe>�<tN;<t?BQRK$LMDYFIAeDBDYA H5L½N;<ITeKkÓ�H5L0<tFIH;N;O0T b�<+ÂUd-O0A�QB<�T A <~T <&DV>RWMK$FIfMDv<�L

Cmin<�?9<�L
Cmax

4MÒ T T <c<&D=?9L0H$?Bb�<[FjK�?BQBAe>�<cÁ%ÂM>�<~d-O0A�>�H5L;C­X�QB<cgITml K$T o5H5QBA ?BW0FI<[T <[L0H5F�NUlXI�W [ B�G�LX@�Aa=?D C,D`b�G�B�b�I [ I�@HL�B�JC,D(W I =?I�@HG�L�M�D � 4�Æ�H5O0QPDYA FIf0T A wM<�QPTml b&>�QBA ?BO0QB<+Â�>�<�?«K$T o5H5QBA ?BW0FI<ÃDY<�QRK�N;b�L0H5FIFIbµDYA FIf0T <�FI<�L-? I�W [ B�G�LX@�Aa=?D � 4



� � � �8� �������H��
����#�	������� � ���	�	�������T�	�V�X� � �	��������� � Ä-\
Æ O0AeDUÂ-H5LIb�?RK$80T A ?xTeK[>�H5L-?BA L,O0A ?Bb9N;<&D`>�H5FIf(H-DBK$L-?B<&D N;<&D >RWMK$FIfMD b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&DUÂ$d-O0AMA L-?B<�QBJ,A <�L0L0<�L-?xN0K$LMD�TeK
FjK�?BQBAe>�<[>�H5T H5L0L0<

[F (r)]
ÂMK$O;ºkA L-?B<�QYC'K5>�<&D � >�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D Cmin

<�?
Cmax � <�L-?BQB<VT <&D�QBb�o5A H5LMDxW0H5FIH5o5X�L0<&D<�?EAeDYH$?BQBH5f(<&Dx<�?ETeKtÓ�H5L0<vFIH;N;O0T b�< � FjK�?BQBAe>�<[Á � 4(69LPH58;?BA <�L-?�wMLMK$T <�FI<�L-?ETeKcC­H5QBFI<[N;<&DE>RWMK$FIfMD�N;A i�QRK5>@?Bb&DEN0K$LMDT <&D�QBb�o5A H5LMD

(int)
<�?

(ext)
4

.20m¥20Y¦ �c���+*p�"�;�M�Y�������G� �;�0���9� *Ñ�Y�,�,�=�`���G���=� �U�`�G� *p�E�9�9�-4 �
{vK$LMDvO0Lµf0QB<�FIA <�Qv?B<�FIfMDUÂUL0H5OMDVb�L0H5LM>�<�QBH5LMD9T <If0QBA LM>�A f(<IN;<ITeKPFIb�?BW0H;N;<jN;<t?BA QVO;?BA T AeDYb�<If(H5O0Q[A L-?Bb�o5QB<�QvT <

DY¼;D=?BX�FI<[N;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � 4,Ò LMDYO0A ?B<+ÂMH5LPJ5<�QBQRKtd-O0<c>�<�?Y?B<[FIb�?BW0H;N;<[f(<�O;?¼Á�?BQB<[K$f0f0T Aed-O0b�<cN;<[N;<�O;ºPFjK$L0A X�QB<&DN;A i�b�QB<�L-?B<&DUÂ&>�<xd-O0A-f(<�QBFI<�?�N;<xN;b�wML0A Q"N;<�O;ºV?=¼,f(<&D�N;<`FjK�?BQBAe>�<&D�N;< ?BQRK$LMDYFIAeDBDYA H5L[K$f0QBX&D A L-?Bb�o5QRK�?BA H5L 4�Ò L;wML�ÂSTml O0L0<
N;<I>�<&DvFjK�?BQBAe>�<&DvDY<�QBJ,A QRKkgkQBb&DYH5OMN;QB<~T <tf0QBH580T X�FI<tN;<IN;A i�QRK5>@?BA H5LÃ>�H5FIf0QB<�LMK$L-?vT <&D

4(2N + 1)
A LM>�H5L0L,O0<&Dvd-O0<

DYH5L-?�T <&DEK$FIf0T A ?BOMN;<&DEN;<&DE>RWMK$FIfMD�N;A i�QRK5>@?Bb&D�f0QBb&DY<�L-?RD�N0K$LMDxT <&D�FjK�?BQBAe>�<&D�>�H5T H5L0L0<&D [
B(ext)(r)

] <�? [
A(int)(r)

] 4
1`.�´Ì+-�&ª"� �"1P�"1 �c%­� 4

Ò LaÆ W,¼;DYAed-O0<+Â,H5La<&D=?Eo5b�L0b�QRK$T <�FI<�L-?x>�H5L;C­QBH5L-?BbvgtN;<�O;ºj?=¼,f(<&DEN;<vf0QBH580T X�FI<~Â0N;<&Dxf0QBH580T X�FI<&DxK$O;ºa>�H5LMN;A n
?BA H5LMD~K$O;ºµT A FIA ?B<&D~H5OÌN;<&Dcf0QBH580T X�FI<&DcK$O;º�>�H5LMN;A ?BA H5LMD[A L0A ?BAeK$T <&D�4�Ò LÌ<�i�<�?-Â"TeKhf0T O0fMK$QY?tN;<&D[?BW0b�H5QBA <&D[<�L
Æ W,¼;DYAed-O0< � b�T <&>@?BQBH5FjK$o5L0b�?BAeDYFI<+Â$FIb&>�K$L0Aed-O0<+Â$?BW0<�QBFIH;N;¼,LMK$FIAed-O0<+Â 4 4 4 � K$8(H5O;?BAeDBDY<�L-?xgcN;<&D b&d-OMK�?BA H5LMD`N;A i�b�nQB<�L-?BA <�T T <&D d-O0AMTeK$AeDBDY<�L-?`K$f0fMK$QRK�Se?BQB<EN;<&D`>�H5LMD=?RK$L-?B<&D NUl A L-?Bb�o5QRK�?BA H5LtA LM>�H5L0L,O0<&D�4-ÏEwMLkN;<GT <&D`N;b�?B<�QBFIA L0<�Q-Â$H5L
O;?BA T AeDY<tDYH5A ?VN;<&Dv>�H5LMN;A ?BA H5LMDvK$O;ºhT A FIA ?B<&DUÂ�DYH5A ?VN;<&DV>�H5LMN;A ?BA H5LMDGA L0A ?BAeK$T <&D�4UÀ <&DGf0QBH580T X�FI<&DvK$O;º½>�H5LMN;A ?BA H5LMD
K$O;ºhT A FIA ?B<&D[>�H5LM>�<�QBL0<�L-?vT <j>�K5DvN;<&D[DY¼;D=?BX�FI<&D9f0QBb&DY<�L-?RK$L-?VO0L0<~C­QBH5L-?BA X�QB<~<�L-?BQB<IK$OÃFIH5A LMDVN;<�O;ºÃQBb�o5A H5LMD
� N;<GTml <&DYfMK5>�<GH5OkN;OI?B<�FIfMD � 4,{vK$LMD`>RWMK5>�O0L0<9N;<9>�<&D QBb�o5A H5LMDUÂ$H5LkKcN;b�?B<�QBFIA L0bGTml <�º;f0QB<&DBDYA H5LjN;<&D o5QRK$LMN;<�O0QRDKSJ5<&>4Â�f(H5O0QIA LM>�H5L0L,O0<&DUÂ�N;<&DI>�H5LMD=?RK$L-?B<&DtNUl A L-?Bb�o5QRK�?BA H5L 4"Ò L¢o5b�L0b�QRK$T2Â"H5L¶>�H5L0LMK�Se?ITeKÃQB<�TeK�?BA H5LÌ<�L-?BQB<aT <&D
o5QRK$LMN;<�O0QRD�g[TeK[C­QBH5L-?BA X�QB< � >�H5L-?BA L,O0A ?Bb+Â 4 4 4 � Â,>�<vd-O0AMf(<�QBFI<�?�NUl <�LaN;b&N;O0A QB<GT <&D`A LM>�H5L0L,O0<&D�4-ÏGOa>�H5L-?BQRK$A QB<+Â�T <&Df0QBH580T X�FI<&DxK$O;ºa>�H5LMN;A ?BA H5LMDxA L0A ?BAeK$T <&D`?BQRK$A ?B<�L-?EN;O«>�K5DxH��aH5LPK~O0L0<VQBb�o5A H5LaN;H5L-?�H5L«>�H5L0LMK�Se?�Tml <�º;f0QB<&DBDYA H5L
N;<&D~o5QRK$LMN;<�O0QRDcKSJ5<&>4Â f(H5O0QtA LM>�H5L0L,O0<&DUÂ�?BH5O�:=H5O0QRD~N;<&Dt>�H5LMD=?RK$L-?B<&D~NUl A L-?Bb�o5QRK�?BA H5L 4"r½K$AeDcAe>�A2Â�H5L¢>�H5L0LMK�Se?
f0QBb&>�AeDYb�FI<�L-?VTeKPJ�K$T <�O0Q[N;<&DVo5QRK$LMN;<�O0QRD9<�Lµf0T OMDYA <�O0QRDVf(H5A L-?RDvf0QBb&>�AeD � N;<ITml <&DYfMK5>�<tH5O�N;OÃ?B<�FIfMD � Â�>�<jd-O0Af(<�QBFI<�?GNUl <�LhN;b&N;O0A QB<[T <&D�A LM>�H5L0L,O0<&D�4
À�KkFIb�?BW0H;N;<jN;A i�b�QB<�L-?BA <�T T <~?B<�T T <jd-O l <�T T <t<&D=?Vf0QBb&DY<�L-?Bb�<~Ae>�A � <&DYfMK5>�<tN;A J,AeDYbt<�LÃ?BQBH5AeD9QBb�o5A H5LMD � Â�>�H5LMN;O0A ?[gO0Laf0QBH580T X�FI<VK$O;ºa>�H5LMN;A ?BA H5LMDxK$O;ºkT A FIA ?B<&DVÂ;>�H5L-?BA L,O0A ?BbVN;<&DE>RWMK$FIfMD ?RK$L0o5<�L-?BA <�TeD�gc?BQRKSJ5<�QRD T <&D�>�¼,T A LMN;QB<&D
>�A QR>�O0TeK$A QB<&D

Cmin
<�?
Cmax

4(69Q�L0H-D`A LM>�H5L0L,O0<&D�DYH5L-?�T <&D�K$FIf0T A ?BOMN;<&DEN;OP>RWMK$FIfPN;A i�QRK5>@?BbVN0K$LMDxTeK~QBb�o5A H5L
(ext) � [B(ext)(r)

] � <�?"TeKEQBb�o5A H5L (int) � [A(int)(r)
] � �

FjK$AeD b�o-K$T <�FI<�L-? T <`>RWMK$FIf[b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0< N0K$LMD
TeKjÓ�H5L0<cFIH;N;O0T b�<~N;H5L-?9H5L½L0<~>�H5L0LMK�Se?9fMK5D9NUl <�º;f0QB<&DBDYA H5L«<�º;f0T Ae>�A ?B<54(¸�T C'K$O;?vA L-?Bb�o5QB<�QGL,O0FIb�QBAed-O0<�FI<�L-?9T <
DY¼;D=?BX�FI<IN;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � 4�69LµL0<jf(<�O;?~N;H5LM>tfMK5DUÂ KPf0QBA H5QBA2ÂUK$f0f0T Aed-O0<�Q[N;A QB<&>@?B<�FI<�L-?cT <&D[>�H5LMN;A ?BA H5LMD
K$O;º�T A FIA ?B<&D~<�L

r = Rmin
<�?
r = Rmax

4"Ò L�C'K$A ?-Â�?BH5O;?B<aTml H5QBA o5A LMK$T A ?BbaN;O¢>�K$Te>�O0Txd-O0A�DYO0A ?I>�H5LMDYAeD=?B<ag
>�H5L,J5<�QY?BA QET <~f0QBH580T X�FI<~K$O;ºh>�H5LMN;A ?BA H5LMDvK$O;º«T A FIA ?B<&D9<�L½O0L½f0QBH580T X�FI<~K$O;ºh>�H5LMN;A ?BA H5LMDGA L0A ?BAeK$T <&DvgjTml K$AeN;<
NUl O0L0<jFIb�?BW0H;N;<kK$f0f(<�T b�<T=?>�@�A�B
C,D$C,D @HLXG@4"À <If0QBA LM>�A f(<j<&D=?~NUl A L-?BO0A ?B<�Q~N;<&D[J�K$T <�O0QRD[K$O;º�>�H,<��k>�A <�L-?RD[N;<
Å0H5O0QBA <�Q�N;<&D�>�H5FIf(H-DBK$L-?B<&D�N;<vTeK~FjK�?BQBAe>�<V>�H5T H5L0L0<

[F (r)]
<�L
r = Rmin � fMK$Q�<�º;<�FIf0T < � Â;d-O0A >�H5LMD=?BA ?BO0<�L-?O0L ��D�M�@�D�_	G8C,DV@HLXG@4-69LtJ�K9C'K$80QBAed-O0<�Q�f0T OMDYA <�O0QRD � 4(2N+1) � J5<&>@?B<�O0QRD�N;<�?BA Q >�H5QBQB<&DYf(H5LMN0K$L-?RD"gvN;A i�b�QB<�L-?B<&D>�H5LMN;A ?BA H5LMDEK$O;ºa8(H5QRN0D�A LMN;b�f(<�LMN0K$L-?B<&D�40¸�TeDEJ5H5L-?�Á�?BQB<VA L�:=<&>@?Bb&DGDYOM>�>�<&DBDYA J5<�FI<�L-?G>�H5FIFI<VJ�K$T <�O0QRD�A L0A ?BAeK$T <&D

<�L
r = Rmin

N0K$LMD�Tml A L-?Bb�o5QRK�?BA H5LjN;OkDY¼;D=?BX�FI<GN;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � 45ÏGf0QBX&D A L-?Bb�o5QRK�?BA H5LtL,O0FIb�QBAed-O0<GN;<9>�<&DDY¼;D=?BX�FI<&D9N;A i�b�QB<�L-?BA <�TeDvgj?BQRKSJ5<�QRD�?BH5O;?B<~TeKkÓ�H5L0<cFIH;N;O0T b�<+Â�H5L½H58;?BA <�L-?VK$T H5QRDET <&Dv>�H,<��k>�A <�L-?RDvN;<tÅ0H5O0QBA <�Q
N;<&D�N;A i�b�QB<�L-?RD�>RWMK$FIfMD�>�H5QBQB<&DYf(H5LMN0K$L-?RD�<�L

r = Rmax
45À <&D�b&d-OMK�?BA H5LMD � b&d-OMK�?BA H5LMD�N;<Gr½K�º;¾x<�T T2ÂSQB<�TeK�?BA H5LMD>�H5LMD=?BA ?BO;?BA J5<&DEN;<&D�FIA T A <�O;º � b�?RK$L-?ET A L0b&K$A QB<&DUÂ;H5L«f(<�O;?GQB<�T A <�QEfMK$QEO0L0<[FjK�?BQBAe>�<[N;A ?B<cN;<V?BQRK$LMDYFIAeDBDYA H5L�Â;>�<&D>RWMK$FIfMDv<�L

r = Rmin
<�?
r = Rmax

4�ÏÑ>�<IL0A J5<&K$O�ÂUA T�<&D=?[A FIf(H5QY?RK$L-?cN;<j>�H5FIf0QB<�LMN;QB<Id-O0<ITeKPFjK�?BQBAe>�<
N;<I?BQRK$LMDYFIAeDBDYA H5LµN;b�f(<�LMNµO0L0Aed-O0<�FI<�L-?tN;O�DY¼;D=?BX�FI<If0W,¼;DYAed-O0< � H58;:=<�?~N;A i�QRK5>@?RK$L-? � <�?cL0H5L�N;<&Dc>RWMK$FIfMD
b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�4;{9H5LM>V>�<�?Y?B<cFjK�?BQBAe>�<V<&D=?GJ�K$TeK$80T <Vf(H5O0QE?BH5O;?9>RWMK$FIfP<�L

r = Rmin � <�? r = Rmax � Â<�L*fMK$QY?BAe>�O0T A <�Qaf(H5O0QPT <&DP>RWMK$FIfMDaN;A i�QRK5>@?Bb&D [
B(ext)(Rmax)

] <�? [
A(int)(Rmin)

] N;O�>RWMK$FIfÔA LM>�AeN;<�L-?
[
A(inc)(Rmax)

] 4�'GL�DYA FIf0T <µ>�K$Te>�O0T9FjK�?BQBAe>�A <�T9f(<�QBFI<�?Y?BQRKÌNUl <�L�N;b&N;O0A QB<½T <&DPK$FIf0T A ?BOMN;<&DaN;<&DP>RWMK$FIfMD
N;A i�QRK5>@?Bb&DxN0K$LMD`T <&D`QBb�o5A H5LMD

(int)
<�?

(ext)
4;¸�T(<�º;AeD=?B<VN;<�O;ºI?=¼,f(<&D�NUl A L-?Bb�o5QRK�?BA H5LkDY<�T H5LkT <&DxJ5<&>@?B<�O0QRD`N;<9?BA Q

>RW0H5AeDYAeD�4
�����&+,)M��.;�&%'�(�*�"!*®�¯ ®��&×,´Ì1«�"%­¬`+-��1,���&%'1,/ 4

À�Kcf0QB<�FIA X�QB<9FIb�?BW0H;N;<VNUl A L-?Bb�o5QRK�?BA H5La>�H5LMDYAeD=?B<vgcf0QB<�LMN;QB<
4(2N + 1)

FjK�?BQBAe>�<&Dx>�H5T H5L0L0<&D`A LMN;b�f(<�LMN0K$L-?B<&D
fMK$QY?BAe>�O0T A X�QB<&D [

V (j)(Rmin)
] N;b�wML0A <&DGfMK$QGTml b&d-OMK�?BA H5L � z04 z5y � <�?9L0H$?Bb�<&D [V̂p

]
(p ∈ [1, 4(2N + 1)])

Â(N;<cTeK



Ä$q 	V� �<���a�
������� ��������
	
a��� ��� �	��� ��� � � �$�����2� � �������X�����������������$��� � �<�
z
��� � �Q� � ����
 � 
������
� �������V��� �����a����� � ���

FjK$L0A X�QB<VDYO0A J�K$L-?B<jÂ
∀i ∈ [4(2N + 1)]

Â ([
V̂p

])
i
= δip � z04 Ä;3 �

69LPT <&DEN;AeDYf(H-DY<[N0K$LMD�O0L0<[FjK�?BQBAe>�<VL0H$?Bb�< [
V

(int)
init (Rmin)

] Â0DY<�T H5L
[
V

(int)
init (Rmin)

]
=
(
. . .
[
V̂p

]
. . .
)

= Id.

�`<&D9FjK�?BQBAe>�<&DV>�H5T H5L0L0<&D9QB<�f0QBb&DY<�L-?B<�L-?9T <&DVK$FIf0T A ?BOMN;<&D � >�H,<��k>�A <�L-?RD A(j)
e,n

Â
B

(j)
e,n

Â
A

(j)
h,n

<�?
B

(j)
h,n

N0K$LMD9T <&D
<�º;f0QB<&DBDYA H5LMD � z04 ]-\ � <�? � z04 ]$q � � N;<&DP>RWMK$FIfMDkA L0A ?BAeK$O;º*<�L

r = Rmin
f(H5O0QaTml A L-?Bb�o5QRK�?BA H5LÔN;O�DY¼;D=?BX�FI<

N;A i�b�QB<�L-?BA <�Tm4"À <&Dc>�H,<��k>�A <�L-?RDcN;<aÅ0H5O0QBA <�Q � Ez,n(r)
<�?
Hz,n(r)

N0K$LMD � z04 ]-\ � <�? � z04 ]$q � � N;<a>�<&D~>RWMK$FIfMDA L0A ?BAeK$O;º>Â;f0QB<�L0L0<�L-?9K$T H5QRDxTeK~C­H5QBFI<[NUl O0L0<[FjK�?BQBAe>�<VL0H$?Bb�<
[Finit(Rmin)]

NUl K$f0QBX&D � z04 �-Ê � Â

[Finit(Rmin)] = Ψ(int)(Rmin)
[
V

(int)
init (Rmin)

]
= Ψ(int)(Rmin)Id = Ψ(int)(Rmin) � z04 Ä5] �

<�? N;H5L-?�T <&D�>�H5T H5L0L0<&D"DYH5L-? >�H5LMDYAeN;b�QBb�<&D">�H5FIFIFI<EN;<&D�J5<&>@?B<�O0QRD�N;<x?BA Q�T A L0b&K$A QB<�FI<�L-?�A LMN;b�f(<�LMN0K$L-?RD�4$À l O;?BA n
T AeDBK�?BA H5L«N;<[TeKtQB<�TeK�?BA H5L � z04 �-Ê � <&D=?�:=OMD=?BA wMb�<[fMK$QETeKI>�H5L-?BA L,O0A ?BbcN;<&DG>�H5FIf(H-DBK$L-?B<&D�N;Oh>RWMK$FIf«N0K$LMD [F (r)]g~Tml A L-?B<�QYC'K5>�<

Cmin
<�L-?BQB<VTeKtQBb�o5A H5L

(int)
<�?GTeKtÓ�H5L0<VFIH;N;O0T b�<540ÏGf0QBX&D�A L-?Bb�o5QRK�?BA H5LaL,O0FIb�QBAed-O0<Vg~?BQRKSJ5<�QRD

TeK[Ó�H5L0<9FIH;N;O0T b�<+Â-H5LkH58;?BA <�L-?�TeK[FjK�?BQBAe>�<+Â-L0H$?Bb�<
[Finteg(Rmax)]

Â,N;H5L-?xT <&Dx>�H5T H5L0L0<&D`>�H5L-?BA <�L0L0<�L-?xT <&Dx>�H$n
<��k>�A <�L-?RDGN;<cÅ0H5O0QBA <�QGN;<&DG>RWMK$FIfMDE<�L

r = Rmax
o5b�L0b�QBb&D�fMK$QG>�<�O;º«N;<&DG>RWMK$FIfMDEA L0A ?BAeK$O;º

[Finit(Rmin)]<�L
r = Rmin

4��`H5FIFI<If(H5O0Q[Tml A L-?B<�QYC'K5>�<
Cmin

ÂUH5L�O;?BA T AeDY<ITeK«>�H5L-?BA L,O0A ?BbkN;<&D[>�H5FIf(H-DBK$L-?B<&DVN;O�>RWMK$FIf
N;<

[F (r)]
gITml A L-?B<�QYC'K5>�<

Cmax
<�L-?BQB<[TeKtÓ�H5L0<[FIH;N;O0T b�<[<�?GTeKIQBb�o5A H5L

(ext)
Â(K�wMLhNUl <�LhN;b&N;O0A QB<[TeKIFjK�?BQBAe>�<

>�H5T H5L0L0< [
V (j)(Rmax)

] >�H5L-?B<�LMK$L-?ET <&DEK$FIf0T A ?BOMN;<&DEL0H$?Bb�< [
V

(ext)
integ (Rmax)

] Â
[
V

(ext)
integ (Rmax)

]
=
{

Ψ(ext)(Rmax)
}−1

[Finteg(Rmax)] . � z04 Ä$z �
Ò L«A L-?BQBH;N;O0AeDBK$L-?ETeKtFjK�?BQBAe>�<VL0H$?Bb�<

TA
<�?9N;b�wML0A <[fMK$Q[Â

[
V

(ext)
integ (Rmax)

]
= TA

[
V

(int)
init (Rmin)

]
� z04 Ä�� �

H5L«N;b&N;O0A ?9N;A QB<&>@?B<�FI<�L-?GN;< � z04 Ä$z � d-O0<

TA =
{

Ψ(ext)(Rmax)
}−1

[Finteg(Rmax)] � z04 Ä5Ä �
f0O0AeDBd-O0< [

V
(int)
init (Rmin)

]
= Id

4�À l b&d-OMK�?BA H5L � z04 Ä�� � b�?RK$80T A ?«K$T H5QRDjO0L0<½QB<�TeK�?BA H5L*FjK�?BQBAe>�A <�T T <h<�L-?BQB<½T <&D
K$FIf0T A ?BOMN;<&DtN;<&DI>RWMK$FIfMD~f(H-DYb�<&DtDY<�T H5LÌTml <�º;f0QB<&DBDYA H5L � z04 Ä;3 � <�L

r = Rmin
Â [
V

(int)
init (Rmin)

] Â�gÃ>�<�T T <&D
N;<&DI>RWMK$FIfMDjN;b&N;O0A ?RDI<�L

r = Rmax
Â [
V

(ext)
integ (Rmax)

] K$f0QBX&DtA L-?Bb�o5QRK�?BA H5L 4�À�KµFjK�?BQBAe>�<
TA

<&D=?kK$T H5QRD
K$f0f(<�T b�<9TeK =?I�@HG�L�M�DNC,DZ@HG�I�J�F�=EL F�F�L�B�J D�J I�=8b�W LX@H_�C,D[N;<9TeK~Ó�H5L0<9FIH;N;O0T b�<54;{9OkC'K$A ?Ed-O0<v>�<�?Y?B<vFjK�?BQBAe>�<9L0<
N;b�f(<�LMN;<jd-O0<jN;O�DY¼;D=?BX�FI<tf0W,¼;DYAed-O0<t<�?[L0H5L�N;<&D[>RWMK$FIfMD � T A L0b&K$QBA ?BbIN;<&DVb&d-OMK�?BA H5LMD � Â�H5Lµf(<�O;?cK �jQBFI<�Q
d-O0<j>�<�?Y?B<kQB<�TeK�?BA H5LµQB<&D=?B<IJ,QRK$A <If(H5O0Q[?BH5O;?~>RWMK$FIf�Â <�L�fMK$QY?BAe>�O0T A <�Q[f(H5O0Q[Tml H5LMN;<jf0TeK$L0<jA LM>�AeN;<�L-?B<j<�?cT <&D
>RWMK$FIfMDxN;A i�QRK5>@?Bb&D�N0K$LMDx>RWMK5d-O0<vQBb�o5A H5L

(int)
<�?

(ext)
4(69Laf(<�O;?GN;b&DYH5QBFjK$AeD QB<�T A <�Q�L l A FIf(H5QY?B<Vd-O0<�T(?=¼,f(<

N;<«>RWMK$FIf¶b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<a<�L
r = Rmin

Â [
V (int)(Rmin)

] <�?k<�L
r = Rmax

Â [
V (ext)(Rmax)

] Â
NUl K$f0QBX&DxTeK~C­H5QBFI<Vo5b�L0b�QRK$T <VN;<[TeKtQB<�TeK�?BA H5L � z04 Ä�� � Â

[
V (ext)(Rmax)

]
= TA

[
V (int)(Rmin)

]
� z04 Ä$� �

À�K�DY<&>�H5LMN;<½FIb�?BW0H;N;<ÃNUl A L-?Bb�o5QRK�?BA H5LÔ>�H5LMDYAeD=?B<½>�<�?Y?B<½C­H5AeD=n�>�A9g�A FIf(H-DY<�QPK$QB80A ?BQRK$A QB<�FI<�L-?-Â�L0H5LÔfMK5DkN;<&D
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{
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wML0<&D � N;H5LM>xNUl b�fMK$AeDBDY<�O0Q�L,O0T T < � ÂSQB<�FIf0T A <&D�N;OtF Á�FI<xFIA T A <�OId-O0<�>�<�T O0A;d-O0A0>�H5LMD=?BA ?BO0<xTeK9QBb�o5A H5L

(ext)
N;OtDY¼;D=?BX�FI<

f0QBb&>�b&N;<�L-?`N;<Ef(<�QBFIA ?Y?BA J,A ?Bb
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N;<aTeKÃ>�H5OM>RW0<kA L;wML0A FI<�L-?twML0<a<�?tT <aFIA T A <�O � ß � N;<aTeKÃ>�H5OM>RW0<kW0H5FIH5o5X�L0<54�Ò LMDYO0A ?B<aTeK
>�H5L-?BA L,O0A ?Bb[N;<[TeKtFjK�?BQBAe>�<[>�H5T H5L0L0<
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[
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=
{
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[
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]
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V (H)(Rmin)
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(H)
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(H)
h,n

Â
B

(H)
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h,n
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W (H)

] DY<�T H5LPTeKIQB<�TeK�?BA H5LÃÂ
[
V (H)(r)

]
= C(H)(r)

[
W (H)

]
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KSJ5<&>9TeKtFjK�?BQBAe>�<[N;AeK$o5H5LMK$T <
C(H)(r)

N;b�wML0A <[fMK$Q[Â

C(H)(r) =




s′ 0 0 0
0 s′ 0 0
0 0 t′ 0
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

H�� { (s′)nm = Jn (kt,Hr) δnm

(t′)nm = H+
n (kt,Hr) δnm

� z04 �5q �



� � � �8� �������H��
����#�	������� � ���	�	�������T�	�V�X� � �	��������� � �03

x

y

z

0

Cmin

Cmax

e = 0
e = 0

Couche homogène
et isotrope

r = Rmin

r = Rmax

ǫext

ǫext

ǫint

ǫH

�����	� z04 z �«ÍE<�f0QBb&DY<�L-?RK�?BA H5L«NUl O0L0<t>�H5OM>RW0<[W0H5FIH5o5X�L0<[<�?9AeDYH$?BQBH5f(<[<�LM>�K5N;QBb�<[fMK$Q9N;<�O;ºhK$O;?BQB<&DG>�H5OM>RW0<&DEA L;wML0A n
FI<�L-?EwML0<&D

Ò L«K$f0f0T Aed-OMK$L-?�TeK~QB<�TeK�?BA H5L � z04 �,\ � K$O;ºaN;<�O;ºkA L-?B<�QYC'K5>�<&D r = Rmin
<�?
r = Rmax

Â,H5LaH58;?BA <�L-?�TeK~QB<�TeK�?BA H5La<�L-?BQB<
[
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] Â
[
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[
V (ext)(Rmax)

]
=
{
Ψ(ext)(Rmax)

}−1

Ψ(H)(Rmax)C(H)(Rmax)
{
C(H)(Rmin)

}−1 [
V (H)(Rmin)

]
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r = Rmax
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r = Rmin

ÂM>�H5LMN;O0A ?9gtTml <�º;f0QB<&DBDYA H5LPN;< [
V (H)(Rmin)

] Â
[
V (H)(Rmin)

]
=
{
Ψ(H)(Rmin)

}−1

Ψ(ext)(Rmin)
[
V (ext)(Rmin)

]
� z04 \�Ê �

d-O0<�Tml H5LVQB<�FIf0TeK5>�< N0K$LMDUTeK�QB<�TeK�?BA H5L � z04 �5y � f(H5O0QUwMLMK$T <�FI<�L-?U?BQBH5O0J5<�QUTeK�QB<�TeK�?BA H5LvQB<&>RW0<�QR>RW0b�<"<�L-?BQB< [V (ext)(Rmax)
]

<�? [
V (ext)(Rmin)

] Â
[
V (ext)(Rmax)

]
=
{
Ψ(ext)(Rmax)

}−1
Ψ(H)(Rmax)C(H)(Rmax)

{
C(H)(Rmin)

}−1

{
Ψ(H)(Rmin)

}−1
Ψ(ext)(Rmin)

[
V (ext)(Rmin)

] � z04 \,3 �
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K$FIf0T A ?BOMN;<

T (H) N;<VTeKI>�H5OM>RW0<VW0H5FIH5o5X�L0<IÂ

T (H) =
{
Ψ(ext)(Rmax)

}−1

Ψ(H)(Rmax)C(H)(Rmax)
{
C(H)(Rmin)

}−1 {
Ψ(H)(Rmin)

}−1

Ψ(ext)(Rmin)
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T <&DGFjK�?BQBAe>�<&D

Ψ(j)(r)
<�?
C(H)(r)

N;<~N;A FI<�LMDYA H5LMDEwML0A <&D
�
<�T T <&D9L0<~>�H5L-?BA <�L0L0<�L-?vN;H5LM>[fMK5DE?BH5OMDGT <&Dv>�H,<��k>�A <�L-?RD
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C(H)(Rmax)

{
C(H)(Rmin)

}−1 J�KaK�?Y?BA QB<�QG?BH5O;?B<~L0H$?BQB<~K�?Y?B<�L-?BA H5L½f0O0AeDBd-O l A T�>�H5QBQB<&DYf(H5LMN«gjTeKj?BQRKSJ5<�QRDYb�<
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� τH,n

�����	� z04 Ä �
τJ,n

<�?
τH,n

<�LaC­H5LM>@?BA H5LhN;<
n
f(H5O0QGN;A i�b�QB<�L-?B<&DEJ�K$T <�O0QRD�N;<

e

N;<vTeKI>�H5OM>RW0<9<�L-?BQB<[DY<&D�N;<�O;ºkA L-?B<�QYC'K5>�<&Dx<�?G>�H5LMN;A ?BA H5L0L0<VK$T H5QRD`TeKtFjK�?BQBAe>�<
T (H) 40{~l K$f0QBX&DxT <&D�N;b�wML0A ?BA H5LMDN;<&DIFjK�?BQBAe>�<&D

C(H)(r) � z04 �5q � Â�H5L DY<«QB<�LMN¢80A <�L*>�H5FIf;?B<hd-O0<h>�<«f0QBH;N;O0A ?kFjK�?BQBAe>�A <�TE<&D=?jO0L0<hFjK�?BQBAe>�<
N;AeK$o5H5LMK$T <v>�H5L-?B<�LMK$L-?ET <&DGN;<�O;ºk?=¼,f(<&DGN;<VQRK$f0f(H5QY?[Â

τJ,n =
Jn (kt,HRmax)

Jn (kt,HRmin)

<�?
τH,n =

H+
n (kt,HRmax)

H+
n (kt,HRmin)

KSJ5<&>
n ∈ [−N,+N ]

45À <&D"wMo5O0QB<&D�z04 Ä � K � <�?`z04 Ä � 8 � FIH5L-?BQB<�L-?�Tml b�J5H5T O;?BA H5LIN;<G>�<&D�QRK$f0f(H5QY?RD�<�L~C­H5LM>@?BA H5LjN;<
n
KSJ5<&>

N = 30
<�?9f(H5O0QvN;A i�b�QB<�L-?B<&DEJ�K$T <�O0QRDGNUl b�fMK$AeDBDY<�O0Q9N;<cTeKj>�H5OM>RW0<[W0H5FIH5o5X�L0<[<�?9AeDYH$?BQBH5f(<cNUl A LMN;Ae>�<

nH = 1.2
g
λ = 1 µm

Â
Rmin = 1 µm

<&D=?�w0º;bv<�?
Rmax = e+Rmin

KSJ5<&>
e = 0.1

Â
0.125

<�?
0.15 µm

4
À <&D"K$O;?BQB<&D�fMK$QRK$FIX�?BQB<&D�DYH5L-?

ϕ = 30o <�? next = 1
4569L~>�H5LMD=?RK�?B<�N;<�O;º[C'K$A ?RDxÂSTeK9>�QBH5AeDBDBK$LM>�< <�º;f(H5L0<�L-?BA <�T T <

N;<&D�QRK$f0f(H5QY?RD
τJ,n

<�LtC­H5LM>@?BA H5L
n
Â$f0O0AeD T <�O0Q`>�QBH5AeDBDBK$LM>�<xT H5QRDBd-O0<

e
K$O0o5FI<�L-?B<54$Ò Lj<�i�<�?-Â5H5LIFIH5L-?BQB<Ed-O0<ET <

N;b�J5<�T H5f0f(<�FI<�L-?GK5DY¼,FIf;?BH$?BAed-O0<cN;<&D�C­H5LM>@?BA H5LMDGN;< � <&DBDY<�T DY<�T H5L
n
N;H5L0L0b[fMK$Q � fMK$o5<[z5�-ÄtN;<[TeKIQBb�C­b�QB<�LM>�<

O y-]
P � >�H5LMN;O0A ?vg τJ,n ∼
(

Rmax

Rmin

)n T H5QRDBd-O0<
n
N;<�J,A <�L-?vo5QRK$LMNU4U69QGT <cC'K$A ?Vd-O0<

Rmax > Rmin
:=OMD=?BA wM<~T <&D

N;A J5<�QBo5<�LM>�<&D�H58MDY<�QBJ5b�<&DEN;<
τJ,n

DY<�T H5L
n
Â(d-O0A�D�l K5>�>�<�L-?BO0<�L-?GT H5QRDBd-O0<[Tml b�fMK$AeDBDY<�O0Q9N;<cTeKk>�H5OM>RW0<~K$O0o5FI<�L-?B<

� T H5QRDBd-O0< Rmax
K$O0o5FI<�L-?B<jKSJ5<&>

Rmin
w0º;b � 4 Æ�K$Qc>�H5L-?BQB<+ÂUT <&D[QRK$f0f(H5QY?RD τH,n

DY<�F~80T <�L-?~>�H5L,J5<�QBo5<�Q9J5<�QRD
0
T H5QRDBd-O0<

n
<�?
e
K$O0o5FI<�L-?B<�L-?&4 �`<aQBb&DYO0T ?RK�?~L l <&D=?tfMK5Dc?BQBA J,AeK$T`f0O0AeDBd-O0<aT <&DcC­H5LM>@?BA H5LMDtN;<Pß9K$L�#5<�T�DYH5L-?

DYA L0o5O0T A X�QB<&D g[Tml H5QBA o5A L0<G<�?xTml A L-?B<�QBJ�K$T T < � <�LM>�K5N;QRK$L-? T <9f(H5A L-?�NUl H5QBA o5A L0<GN;<&DxK$QBo5O0FI<�L-?RD � DYO0Q`T <&d-O0<�T�D�l b�?B<�LMN>�<&DGDYA L0o5O0TeK$QBA ?Bb&DED�l b�TeK$QBo5A ?9KSJ5<&>vTml H5QRN;QB<
n
4(ÏGO;?BQB<�FI<�L-?vN;A ?-ÂMf(H5O0Q9O0L½K$QBo5O0FI<�L-?

kt,Hr
w0º;b+ÂMTeKIJ�K$T <�O0Q9N;<

H+
n (kt,Hr)

?B<�LMN�J5<�QRDcTml A L;wML0AxT H5QRDBd-O0<
n
K$O0o5FI<�L-?B<54"À�KÃ>�H5L,J5<�QBo5<�LM>�<IJ5<�QRD

0
N;<

τH,n
d-OMK$LMN

n
>�QBH�Se?

L l <&D=?9N;H5LM>vfMK5DEb�J,AeN;<�L-?B<54(^,A Tml b�fMK$AeDBDY<�O0QGN;<�J,A <�L-?E?BQBH5fPo5QRK$LMN;<+Â;TeKIJ�K$T <�O0Q
τJ,n

QBAeDBd-O0<[K$T H5QRD�N;<cN;b�fMK5DBDY<�Q
TeKIJ�K$T <�O0QEL,O0FIb�QBAed-O0<cDY<�O0A T

1015 Â(N0K$LMDEL0H$?BQB<V<�º;<�FIf0T <+ÂMT H5QRDBd-O0<
e = 4 µm

H5LhK
τJ,30 ≈ 1015 4({~l K$f0QBX&DTeKÃN;b�wML0A ?BA H5L N;<PTeK½FjK�?BQBAe>�<

T (H) � z04 \$] � Â"H5L¢J5b�QBA wM<aQRK$f0AeN;<�FI<�L-?jd-O0<PT <&Dc?B<�QBFI<&D
τJ,n

A L-?B<�QBJ,A <�L0L0<�L-?
N;A QB<&>@?B<�FI<�L-?GN0K$LMD�T <[80T H;>

T
(H)
11 �

>�<[N;<�QBL0A <�QGN;<�J5<�LMK$L-?GK$T H5QRD�N;A �k>�A T <�FI<�L-?GA L,J5<�QRDYA 80T <vL,O0FIb�QBAed-O0<�FI<�L-?&4
69LIQB<�FjK$QRd-O0<�K$T H5QRD�d-O0<+Â$FjK$T o5QBb�T <G>�H5FIf(H5QY?B<�FI<�L-?`N;A i�b�QB<�L-? � J5H5A Q DY<&>@?BA H5Ljz04 354 z � N;<&D�C­H5LM>@?BA H5LMD�N;<G8MK5DY<<�L«>�H,H5QRN;H5L0L0b�<&Dx>�¼,T A LMN;QBAed-O0<&D � Jn

<�?
H+

n � fMK$Q�QRK$f0f(H5QY?EgI>�<�T O0A N;<&DxC­H5LM>@?BA H5LMD�N;<[8MK5DY<v<�L«>�H,H5QRN;H5L0L0b�<&D>�K$QY?Bb&DYA <�L0L0<&D � T <&DGC­H5LM>@?BA H5LMDG<�º;f(H5L0<�L-?BA <�T T <&D � Â(T <&D9b�T b�FI<�L-?RD9N;<~TeKkFjK�?BQBAe>�< T (H) N;A J5<�QBo5<�L-?9N;<~TeKkF Á�FI<
FjK$L0A X�QB<Vf(H5O0QGT <&D9N;<�O;º«DY¼;D=?BX�FI<&DGN;<~>�H,H5QRN;H5L0L0b�<&D�4;¸�TeDEf(<�O0J5<�L-?v>�QBH�Se?BQB< � <�º;f(H5L0<�L-?BA <�T T <�FI<�L-? � d-OMK$LMN n<�?
e
K$O0o5FI<�L-?B<�L-?&4;69LaK5N;FI<�?Y?BQRKcd-O0<v>�<9QBb&DYO0T ?RK�?xH58;?B<�L,Ojf(H5O0QxO0L0<v>�H5OM>RW0<9W0H5FIH5o5X�L0<E<�?�AeDYH$?BQBH5f(<GQB<&D=?B<

J�K$TeK$80T <Vf(H5O0QETeKtf0T O0fMK$QY?GN;<&DEÓ�H5L0<&D�FIH;N;O0T b�<&DEd-O0<VL0H5OMDGK$T T H5LMD�>�H5LMDYAeN;b�QB<�Q&4
.20 .20m¥ �*���,���M�=�G�0�=�`���G�����­��� � � �M����6�*p�
ÕP+ 3��"%­�&%'�(� �"1h/'.µ´Ì.;����%'#51 
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Æ�H5O0Q~DYA FIf0T A wM<�Q~Tml b&>�QBA ?BO0QB<+Â�Tml K$T o5H5QBA ?BW0FI<kN;<af0QBH5fMK$o-K�?BA H5L�N;<kTeKhFjK�?BQBAe>�<P^�DY<�QRK½N;b&DYH5QBFjK$AeD[N;b�L0H5FIFIb
I�W [ B�G�LX@�Aa=?D��(4�^,H5L�f0QBA LM>�A f(<a<&D=?tNUl b�J,A ?B<�Q~TeK½N;A J5<�QBo5<�LM>�<kN;<&D~b�T b�FI<�L-?RD~N;<kTeK½FjK�?BQBAe>�<

T
T H5QRDcN;OÌf0QBH$n

>�<&DBDYOMDINUl A L-?Bb�o5QRK�?BA H5L�Â >$l <&D=?Yn�g�n�N;A QB<PT H5QRDBd-O0<
r
K$O0o5FI<�L-?B<54�Æ�H5O0Qk>�<�TeK'Â�H5L DYO08�N;A J,AeDY<½K$QB80A ?BQRK$A QB<�FI<�L-?tTeK
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Rayons

Indices
des couches

des couches

Région

Région

intérieure (int)

extérieure (ext)

Couches infiniment fines
de permittivitéǫext

Zone modulée

rL+1 = Rmax

rL
rL−1

rs+2
rs+1
rs

r3
r2

r1 = Rmin

1 2 s s + 1 L − 1L

A
(s+1)
e,n , A

(s+1)
h,n

B
(s+1)
e,n , B

(s+1)
h,n

}

A
(s)
e,n, A

(s)
h,n

B
(s)
e,n, B

(s)
h,n

}

�����	� z04 � �P^,O08�N;A J,AeDYA H5L«N;<[TeKtÓ�H5L0<VFIH;N;O0T b�<[f(H5O0QETml K$T o5H5QBA ?BW0FI<c^

Ó�H5L0<tFIH;N;O0T b�<I<�L
L ∈ N

DYH5OMD=n³Ó�H5L0<&D9FIH;N;O0T b�<&DvL0H$?Bb�<&D
(s)

KSJ5<&>
s ∈ [1, L]

Â d-O0A DYH5L-?[K$f0f(<�T b�<&DvfMK$QVTeK
DYO0A ?B< M�B�_�M�A�D�F �(4 �`WMK5d-O0<~>�H5OM>RW0<t^«<&D=?VK$T H5QRD9>�H5FIf0QBAeDY<c<�L-?BQB<~N;<�O;º½>�¼,T A LMN;QB<&D9>�A QR>�O0TeK$A QB<&D � >�<�L-?BQBb&DvDYO0QTml H5QBA o5A L0< � N;<kQRKS¼5H5LMD rs <�?

rs+1 � KSJ5<&> r1 = Rmin
<�?
rL+1 = Rmax

Â�J5H5A QVwMo5O0QB<kz04 � � 4�69L�A L-?BQBH;N;O0A ?
gj>RWMK5d-O0<[A L-?B<�QYC'K5>�<

rs
O0L0<~>�H5OM>RW0<+Â0W0H5FIH5o5X�L0<V<�?9AeDYH$?BQBH5f(<[A L;wML0A FI<�L-?GwML0<+Â(NUl A LMN;Ae>�<

ǫext
DBK$O;C�f(H5O0QGTeK

f0QB<�FIA X�QB<�A L-?B<�QYC'K5>�<
r1
f(H5O0Q TeK5d-O0<�T T <�H5Ljf0QB<�LMN

ǫint
Â->�<Gd-O0A0f(<�QBFI<�?xN;<GN;b�wML0A Q <�Ljf0T <�A Lk>�H,<�O0Q N;<GTeKVÓ�H5L0<

FIH;N;O0T b�<GT <&D K$FIf0T A ?BOMN;<&DxN;Ok>RWMK$FIfIb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<Eb&>�QBA ?B<&D N0K$LMD T <&D FjK�?BQBAe>�<&D >�H5T H5L0L0<&D [
A(js)(rs)

]
<�? [

B(js)(rs)
] KSJ5<&>

js = int
f(H5O0Q

s = 1
<�?
js = ext

DYA
s > 1 � o5b�L0b�QRK$T AeDBK�?BA H5L½N;<&DvL0H$?RK�?BA H5LMD � z04 z,\ �<�? � z04 z5q � � 4�Æ�H5O0Q[>RWMK5>�O0L0<IN;<&DV>�H5OM>RW0<&DV^TÂUT <IDY¼;D=?BX�FI<IN;A i�b�QB<�L-?BA <�T�<&D=?VA L-?Bb�o5QBbIDYO0A J�K$L-?VTml K$T o5H5QBA ?BW0FI<tÁN;b&>�QBA ?�f0QBb&>�b&N;<�FIFI<�L-? � J5H5A Q�DY<&>@?BA H5L«z04 ] � Â;>�<[d-O0A(C­H5O0QBL0A ?ETeKtFjK�?BQBAe>�<VN;<v?BQRK$LMDYFIAeDBDYA H5L T (s) d-O0AUQB<�T A <vT <&DK$FIf0T A ?BOMN;<&DEN;<&DG>RWMK$FIfMD�<�L

rs+1
gI>�<�O;ºa<�L

rs
Â

( [
A(js+1)(rs+1)

]
[
B(js+1)(rs+1)

]
)

= T (s)

( [
A(js)(rs)

]
[
B(js)(rs)

]
) KSJ5<&>

s ∈ [1, L] � z04 \�z �
À�KÃDYO08�N;A J,AeDYA H5L¢N;<PTeK½Ó�H5L0<aFIH;N;O0T b�<P<&D=?I>RW0H5AeDYA <PN;<k?B<�T T <PFjK$L0A X�QB<Pd-O0<aT <&Dtb�T b�FI<�L-?RDtN;<PTeK½FjK�?BQBAe>�<
T (s) L0<IN;b�fMK5DBDY<�L-?VfMK5DvTeKaJ�K$T <�O0Q[DY<�O0A T ±1015 Â K�wMLµd-O0<tT <&DVf0QBH580T X�FI<&DVN;<I>�H5L-?RK$FIA LMK�?BA H5LÃL,O0FIb�QBAed-O0<
L l K$f0fMK$QRK$AeDBDY<�L-?�fMK5D�4;69LkA L-?BQBH;N;O0A ?`f(H5O0Q�>RWMK5d-O0<EA L-?B<�QYC'K5>�<

rs′ � s′ ∈ [1, L+ 1] � O0L0<9FjK�?BQBAe>�<GL0H$?Bb�< S(s′)N;H5L-?`H5LaD�l K5DBDYO0QB<GN;Ok8(H5La>�H5LMN;A ?BA H5L0L0<�FI<�L-?xL,O0FIb�QBAed-O0<9N;<vDY<&D b�T b�FI<�L-?RD � H5LkK5N;FI<�?Y?BQRKc>�<�?Y?B<VK5DBDY<�QY?BA H5L�ÂJ5H5A Q`TeKcf0QB<�O0J5<Gf(H5O0Q�O0L0<v>�H5OM>RW0<9W0H5FIH5o5X�L0<G<�?�AeDYH$?BQBH5f(<9N0K$LMDxT <vDY¼;D=?BX�FI<vN;<V>�H,H5QRN;H5L0L0b�<&D >�K$QY?Bb&DYA <�L0L0<&D
K$O;ºafMK$o5<&D��$�I<�?9�-Ä~N;<[TeKtQBb�C­b�QB<�LM>�< O Ä$��P � <�?9N;b�wML0A <VfMK$Q[Â

( [
B(js′ )(rs′ )

]
[
A(int)(Rmin)

]
)

= S(s′)

( [
B(int)(Rmin)

]
[
A(js′ )(rs′ )

]
) KSJ5<&>

s′ ∈ [1, L+ 1] � z04 \S� �

69LÃ>�H5LMD=?RK�?B<tK$AeDYb�FI<�L-?Vd-O0<
S(1) = Id

4��`H5FIFI<~f0QBb&>�b&N;<�FIFI<�L-?-Â�H5L½L0H$?B<tT <&D980T H;>�DvN;<&DvFjK�?BQBAe>�<&D
T (s)<�?

S(s′) N;<VTeKtFjK$L0A X�QB<[DYO0A J�K$L-?B<jÂ

T (s) =

(
T

(s)
11 T

(s)
12

T
(s)
21 T

(s)
22

) <�?
S(s′) =

(
S

(s′)
11 S

(s′)
12

S
(s′)
21 S

(s′)
22

)
� z04 \$Ä �

ÏGf0QBX&DG>RWMK5d-O0<[A L-?Bb�o5QRK�?BA H5LhNUl O0L0<t>�H5OM>RW0< � D � ÂMTeKjFjK�?BQBAe>�< S(s+1) N;<cTml A L-?B<�QYC'K5>�< rs+1
<&D=?vN;b&N;O0A ?B<~N;<cTeK

FjK�?BQBAe>�<
S(s) N;<[Tml A L-?B<�QYC'K5>�< rs <�?9N;<[TeKtFjK�?BQBAe>�< T (s) N;<[TeKI>�H5OM>RW0< � D � ÂMDY<�T H5LµÂ

Z(s) =
[
T

(s)
11 + T

(s)
12 S

(s)
12

]−1

� z04 \�� �

S
(s+1)
22 = S

(s)
22 Z

(s) � z04 \5\ �
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S
(s+1)
12 =

[
T

(s)
21 + T

(s)
22 S

(s)
12

]
Z(s) � z04 \�q �

S
(s+1)
21 = S

(s)
21 − S

(s+1)
22 T

(s)
12 S

(s)
11 � z04 \�y �

S
(s+1)
11 = T

(s)
22 S

(s)
11 − S

(s+1)
12 T

(s)
12 S

(s)
11 � z04 q5Ê �

�`<&D"QB<�TeK�?BA H5LMD"DYH5L-?�N;b�FIH5L-?BQBb�<&D�N0K$LMD�Tml K$L0L0<�º;<�Ïc4-69L~f(<�O;?DÁ�?BQB<�>�H5L,J�K$A LM>�OtN;O~8(H5LI>�H5LMN;A ?BA H5L0L0<�FI<�L-?�N;<
TeK~FjK�?BQBAe>�<

S(s+1) d-O0AU<&D=?EK5DBDYO0QBb9fMK$Q�TeK~FjK�?BQBAe>�< Z(s) 4;Ò LP<�i�<�?-Â;T <&Dxb�T b�FI<�L-?RDEN;< Z(s) ?B<�LMN;<�L-?EJ5<�QRDxN;<C'K$A 80T <&DEJ�K$T <�O0QRD�T H5QRDBd-O0<[>�<�O;º«N;Oh80T H;>
T

(s)
11

>�QBH�S­DBDY<�L-?-Â;o5Q�]5>�<[gITml A L,J5<�QRDYA H5L 4M�`<�?Y?B<cA L,J5<�QRDYA H5LPL l <�L0o5<�LMN;QB<
K$OM>�O0L0<V<�QBQB<�O0QEL,O0FIb�QBAed-O0<Vf0O0AeDBd-O0<[TeKjDYO08�N;A J,AeDYA H5L«N;<[TeKIÓ�H5L0<[FIH;N;O0T b�<[<&D=?E?B<�T T <cd-O0<[T <&D�b�T b�FI<�L-?RDGN;<&D
80T H;>�DVN;<

T (s) H5L-?[N;<&DVJ�K$T <�O0QRDvA L;C­b�QBA <�O0QB<&DVgPTeKaJ�K$T <�O0Q[L,O0FIb�QBAed-O0<I>�QBA ?BAed-O0<54 {~l O0L0<IA L-?Bb�o5QRK�?BA H5LµNUl O0L0<
>�H5OM>RW0<cgIO0L0<tK$O;?BQB<+Â0T <cT H5L0oaN;<[?BH5O;?B<cTeKjÓ�H5L0<[FIH;N;O0T b�<+Â(TeKIFjK�?BQBAe>�<

S(s′) � s′ ∈ [1, L+ 1] � QB<&D=?B<cN;H5LM>80A <�L«>�H5LMN;A ?BA H5L0L0b�<54MÅ"A LMK$T <�FI<�L-?-Â;H5L«f(<�O;?GQBb&DYO0FI<�Q�Tml K$T o5H5QBA ?BW0FI<c^afMK$Q�T <V?RK$80T <&K$O«z04 ];4
No �]q-w9��o9s i |Am�ypz �)sKr+s�mpz y z u9z m�|U~ s i |Am�ypz �)s � i |Am�ypz �)s (

92u9z mpz |U~ z tp|Ampz q-u
S(1) = Id

1 Ψ(int)(r1) T
(1)
A =

{

Ψ(ext)(r2)
}−1 [

F
(s)
integ(r2)

]

S(2)
(

S(1), T
(1)
A

)

fff fff fff fff
s− 1 Ψ(ext)(rs−1) T

(s−1)
A =

{

Ψ(ext)(rs)
}−1 [

F
(s−1)
integ (rs)

]

S(s)
(

S(s−1), T
(s−1)
A

)

s Ψ(ext)(rs) T
(s)
A =

{

Ψ(ext)(rs+1)
}−1 [

F
(s)
integ(rs+1)

]

S(s+1)
(

S(s), T
(s)
A

)

fff fff fff fff
L Ψ(ext)(rL) T

(L)
A =

{

Ψ(ext)(rL+1)
}−1 [

F
(L)
integ(rL+1)

]

S(L+1)
(

S(L), T
(L)
A

)
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��� � z04 ]"�kÆ QBA LM>�A f(<~N;<VTml K$T o5H5QBA ?BW0FI<c^
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Ï�TeK½wML N;<PTml A L-?Bb�o5QRK�?BA H5L¢N;<a?BH5O;?B<&DtT <&DI>�H5OM>RW0<&D
(s)

Â�T <«>�K$Te>�O0TEK$8(H5O;?BA ?jgÃTeKÃFjK�?BQBAe>�<
S(L+1) Â�L0H$?Bb�<DYA FIf0T <�FI<�L-?«T̂Âxf0O0AeDBd-O l <�T T <ÃN;<�J,A <�L-?aTeK�FjK�?BQBAe>�<µ^ N;<½?BH5O;?B<½TeK�Ó�H5L0<½FIH;N;O0T b�<Ãd-O0AvQB<�T A <½T <&Da>RWMK$FIfMD

N;A i�QRK5>@?Bb&D�<�L
r = Rmax

<�?
r = Rmin

K$O;ºP>RWMK$FIfMD�A LM>�AeN;<�L-?RDVÂ
( [

B(ext)(Rmax)
]

[
A(int)(Rmin)

]
)

=

(
S11 S12

S21 S22

)(
[0][

A(inc)(Rmax)
]
)

� z04 q03 �
NUl H��PH5L«N;b&N;O0A ?vN;A QB<&>@?B<�FI<�L-?ETml <�º;f0QB<&DBDYA H5LPN;<&DE>RWMK$FIfMDEN;A i�QRK5>@?Bb&DVÂ

[
A(int)(Rmin)

]
= S22

[
A(inc)(Rmax)

]
� z04 q-] �

[
B(ext)(Rmax)

]
= S12

[
A(inc)(Rmax)

]
� z04 q5z �
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À l K$T o5H5QBA ?BW0FI<V^af0QBb&DY<�L-?B<vTml KSJ�K$L-?RK$o5<vN;<cDYO08�N;A J,AeDY<�Q�Tml O0L0Aed-O0<[Ó�H5L0<VFIH;N;O0T b�<VA L0A ?BAeK$T <�FI<�L-?GN;b�wML0A <+Â0<�LPf0T O;n

DYA <�O0QRDI>�H5OM>RW0<&Dj^¶>RWMK5>�O0L0<«NUl <�L-?BQB<«<�T T <&DIb�?RK$L-?I?BQRK$A ?Bb�<h>�H5FIFI<«O0L0<«Ó�H5L0<«FIH;N;O0T b�<54�Ò L¶C'K$A ?-Â T <�O0Qk>�H5L-?B<�L,O
� FIA T A <�O;º>Â`DYO0QYC'K5>�<&D � L l K$T ?BX�QB<«<�L QBA <�L T <«f0QBA LM>�A f(<½N;<½>�<�?aK$T o5H5QBA ?BW0FI<54`69L f(<�O;?PK$T H5QRDtT <«o5b�L0b�QRK$T AeDY<�Qjg�N;<&D
DY¼;D=?BX�FI<&DEN;AeD=?BA L0o5O0b&D�<�LhN;<�O;ºP>�K�?Bb�o5H5QBA <&DvÂ

�*O0L �@<�FIf0A T <�FI<�L-?��vN;<cDY¼;D=?BX�FI<&DE>�¼,T A LMN;QBAed-O0<&D�L0H5L«DYO0f(<�QBf(H-DBK$80T <&DE>�H5FIFI<VA T T OMD=?BQBbVfMK$QETeK~wMo5O0QB<[z04 \ � K � 4�*O0LtDY<�O0T,DY¼;D=?BX�FI< � O0L0<�DYO0QYC'K5>�< � N;H5L-?�TeKGÓ�H5L0<`FIH;N;O0T b�<x<&D=?�DYO08�N;A J,AeDYb�<`<�L~f0T OMDYA <�O0QRD"DYH5OMD=n³Ó�H5L0<&D FIH;N;O0T b�<&D
� J5H5A Q`wMo5O0QB<Vz04 \ � 8 � � Â;f(H5O0QGN;A J5<�QRDY<&D`QRK$AeDYH5LMD � K$FIb�T A H5QB<�Q�TeK~f0QBb&>�AeDYA H5LPN;<[>�K$Te>�O0T�f0QBb�C­b�QB<�L-?BA <�T T <�FI<�L-?GN0K$LMDO0L0<VQBb�o5A H5L«N;<VTeKtÓ�H5L0<[FIH;N;O0T b�<+Â;fMK$QE<�º;<�FIf0T < � 4� A <�LµD��0Q-Â�H5Lµf(<�O;?[<�LMDYO0A ?B<I>�H5LMDYAeN;b�QB<�Q9?BH5O;?B<j>�H5F~80A LMK$AeDYH5LÃN;<I>�<&DVN;<�O;º½?=¼,f(<&DVN;<jDY¼;D=?BX�FI<&D�4U{vK$LMDvT <&DVN;<�O;º

f0QBb&>�b&N;<�L-?RDj>�K5DUÂ�A T9<�º;AeD=?B<
P ∈ N

Ó�H5L0<&DIFIH;N;O0T b�<&DkDYOM>�>�<&DBDYA J5<&DIDYb�fMK$QBb�<&DIfMK$Q
P + 1

A L-?B<�QYC'K5>�<&D � >�¼,T A LMN;QB<&D
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�����	� z04 \"���vb�L0b�QRK$T AeDBK�?BA H5LPN;<[Tml K$T o5H5QBA ?BW0FI<[^PgtO0LhDY¼;D=?BX�FI<VF~O0T ?BAe>�H5OM>RW0<

>�A QR>�O0TeK$A QB<&D9>�<�L-?BQBb&DvDYO0QvTml H5QBA o5A L0< � f(H5O0QVT <&DBd-O0<�T T <&D9H5LÃK$f0f0T Aed-O0<tQBA o5H5O0QB<�OMDY<�FI<�L-?9T <tF Á�FI<IK$T o5H5QBA ?BW0FI<t^½d-O0<
>�<�T O0A O;?BA T AeDYb[f(H5O0QET <&D

L
Ó�H5L0<&D�FIH;N;O0T b�<&D�A L-?BQBH;N;O0A ?B<&DEf0QBb&>�b&N;<�FIFI<�L-? � J5H5A Q�wMo5O0QB<Vz04 � � 4¸�T <&D=?cA L-?Bb�QB<&DBDBK$L-?cN;<kf0QBb&>�AeDY<�Qcd-O0<jTml K$T o5H5QBA ?BW0FI<a^Ãf(<�O;?~fMK$QYC'K$A ?B<�FI<�L-?<Á�?BQB<kK$f0f0T Aed-O0bkg«O0L0<a>�H5OM>RW0<jW0H$n

FIH5o5X�L0<«<�?jAeDYH$?BQBH5f(<hN;H5L-?jT <h>�K$Te>�O0T9N;<«TeKµFjK�?BQBAe>�<hÁ�K�b�?Bb«<�º;f0T Ae>�A ?Bbh<�L z04 ];4 z04�Ò L*<�i�<�?-Â T <«f0QBH580T X�FI<hN;<
>�H5L-?RK$FIA LMK�?BA H5L¢L,O0FIb�QBAed-O0<hKµb�?BbhA T T OMD=?BQBbhDYO0Qk>�<�?k<�º;<�FIf0T <54��`<&>�AGD�l KSJ5X�QB<PO;?BA T <hf(H5O0QkN;<&DjDY¼;D=?BX�FI<&DIF~O0T ?BA n
>�H5OM>RW0<&D`N;H5L-?�>�<�QY?RK$A L0<&D`NUl <�L-?BQB<9<�T T <&D`L0<v>�H5L-?BA <�L0L0<�L-?xfMK5DxN;<vDYO0QYC'K5>�<vN;<vN;A i�QRK5>@?BA H5Lk<�?�DYH5L-?�N;H5LM>GW0H5FIH5o5X�L0<&D
<�?GAeDYH$?BQBH5f(<&D�4

�_£�� �>¯ "
½��¼¯²¨�µ�ª]´%ª]«A±<µ ¶�¨ ½A´�¯ ��ª]¿�±E¶�¨ ¶�«�'(��º»¨�µ�ª]«A¨�½A½A¨
{vK$LMD�O0L«f0QB<�FIA <�Q�?B<�FIfMDUÂ;Tml K$T o5H5QBA ?BW0FI<[N;O«f0QBH5o5QRK$FIFI<9J�KlÁ�?BQB<[QRK$f0AeN;<�FI<�L-?GN;b&>�QBA ?&4;Ò LMDYO0A ?B<+Â0L0H5OMD�<�º;f0T A n

>�A ?B<�QBH5LMD <�LPN;b�?RK$A T(T <&DxN;<�O;ºI?=¼,f(<&DxN;<vN;H5L0L0b�<&D`QB<�L,J5H�¼5b�<&D�fMK$Q`T <vf0QBH5o5QRK$FIFI<Ef(H5O0QxT <&D`>�K$Te>�O0TeDxN;<vN;A i�QRK5>@?BA H5L½Â
T <&D9DY<&>@?BA H5LMDG<��k>�K5>�<&DGN;A i�b�QB<�L-?BA <�T T <&DG<�?9T <&D9>�K$QY?B<&DGN;<t>RWMK$FIfMD�4��GH5OMDGQRK$f0f(<�T <�QBH5LMDETeKkN;b�wML0A ?BA H5L½N;<~TeKkDY<&>@?BA H5L
<��k>�K5>�<jN;A i�b�QB<�L-?BA <�T T <jd-O0A`N;<�FI<�O0QB<ITeKPo5QRK$LMN;<�O0QVTeKPf0T OMDc>�H5O0QRK$FIFI<�L-?[>�K$Te>�O0T b�<jN0K$LMDVT <&D[f0QBH580T X�FI<&DVN;<kN;A C n
C­QRK5>@?BA H5LµfMK$QcN;<&D[D=?BQBOM>@?BO0QB<&D[>�¼,T A LMN;QBAed-O0<&D�4��GH5OMDV<�L�f0QBH$w0?B<�QBH5LMD9f(H5O0Qcb�L0H5LM>�<�QVT <I?BW0b�H5QBX�FI<IH5f;?BAed-O0<IJ5b�QBA wMb
fMK$QvT <I>RWMK$FIfÃN;A i�QRK5>@?Bb~<�LµN;A i�QRK5>@?BA H5LÃ>�H5L0Aed-O0<~<�?[K5N0K$f;?BbtgaTeKkFIb�?BW0H;N;<IN;A i�b�QB<�L-?BA <�T T <54�Ò Lµ>�<td-O0A�>�H5LM>�<�QBL0<
T <&DE>�K$QY?B<&DEN;<[>RWMK$FIfMDUÂ;L0H5OMDEJ5<�QBQBH5LMDx>�H5FIFI<�L-?ET <&DEb�?RK$80T A QGgtfMK$QY?BA QGN;<VTml K$T o5H5QBA ?BW0FI<c^�4
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ÏEN0K$FjD=n�rhH5O;?BH5L«f(H5O0QGT <&D9K$O;?BQB<&D�4;Ò�?RK$L-?VN;H5L0L0bcd-O0<~>�<�?Y?B<cA L-?Bb�o5QRK�?BA H5L«D�l <�i�<&>@?BO0<~DY<�T H5L

r
fMK$Q9N;AeDB>�QBb�?BAeDBK�?BA H5L�Â

H5LkJ5H5A ?xK$f0fMK$QRK�Se?BQB<EO0LkL0H5O0J5<&K$OjfMK$QRK$FIX�?BQB<cÂ-T <9L0H5F~80QB<9N;<9fMK5D`NUl A L-?Bb�o5QRK�?BA H5L 45Ò LMDYO0A ?B<+Â,O0LaDYH5OMD=n³f0QBH5o5QRK$FIFI<
DYf(b&>�AeK$T � O;?BA T AeDBK$L-?~TeKPC'K5>@?BH5QBAeDBK�?BA H5LµÀ/' � f(<�QBFI<�?tN;<k>�K$Te>�O0T <�Q[Tml A L,J5<�QRDY<jNUl O0L0<kFjK�?BQBAe>�<kN;<I?RK$A T T <kA FIf(H5QY?RK$L-?B<+Â>�H5FIFI<v>�<�TeKcf(<�O;?�Á�?BQB<9T <V>�K5DxN0K$LMD`TeKcFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <9T H5QRDBd-O0<9Tml H5QRN;QB<9N;<9?BQBH5LM>�K�?BO0QB<

N
N;<�J,A <�L-?�K5DBDY<�Ó



�5q 	V� �<���a�
������� ��������
	
a��� ��� �	��� ��� � � �$�����2� � �������X�����������������$��� � �<�
z
��� � �Q� � ����
 � 
������
� �������V��� �����a����� � ���

PARAMETRES:
• de l’onde incidente
• optiques (indices)
• d’intégration
• géométriques
• Autres (N ,...)

Matrice de tir initiale:Id

Intégration der = rs à r = rs+1

MatriceT (s)

MatriceS(s)

M(r)

fonction deT (s) etS(s−1)

JǫK et
q

1
ǫ

y JN2
θ
K, JN2

r K
et JNrNθK

Qǫ(r)

[

A(inc)(Rmax)
]

( [

B(ext)(Rmax)
]

[

A(int)(Rmin)
]

)

= S

(

[0]
[

A(inc)(Rmax)
]

)

d[F (r)]
dr

= iM(r) [F (r)]

s = L?

Processus d’intégration associé à l’algorithme S

s
=

1
s
→

s
+

1

EXPLOITATION
DES RESULTATS:
• Section effi cace différentielle
• Cartes de champs

oui non

�����	� z04 q �aÏGT o5H5QBA ?BW0FI<Vo5b�L0b�QRK$TUN;O«f0QBH5o5QRK$FIFI<vÅ�6vÍ�ÁEÍGÏ��

o5QRK$LMNU4"�`<jf0QBH5o5QRK$FIFI<ID�l KSJ5X�QB<tO;?BA T <kf(H5O0Q[Tml A L,J5<�QRDYA H5L�N;<
T11

N0K$LMD � z04 �5z � <�? � z04 �$� � ÂU<�?tN;<jTeK«FjK�?BQBAe>�< J1
ǫ
KN0K$LMD

Qǫ
N;H5L0L0b�<9fMK$Q`Tml b&d-OMK�?BA H5L � z04 3SÄ � 4;�`<�f(<�LMN0K$L-?-Â-H5LaKcJ,Oad-O l A T(<&D=?xL0b&>�<&DBDBK$A QB<9N;<vN;b�?B<�QBFIA L0<�Q`Tml A L,J5<�QRDY<9N;<>�<�QY?RK$A L0<&D"FjK�?BQBAe>�<&D

Ψ(j)(r) � b&d-OMK�?BA H5LMD � z04 �03 � Â � z04 \$] � <�?�T <x?RK$80T <&K$OIz04 ] � 4-69Q�>�<&D�FjK�?BQBAe>�<&D"f(<�O0J5<�L-?�C'K5>�A T <�FI<�L-?Á�?BQB<jA L,J5<�QRDYb�<&DVK$LMK$T ¼-?BAed-O0<�FI<�L-?[f0O0AeDBd-O l <�T T <&DcDYH5L-?cN;<&D[FjK�?BQBAe>�<&D[N;AeK$o5H5LMK$T <&DvfMK$Q[80T H;>�D[d-O0A`DYH5L-?c<�O;º,n³F Á�FI<&D
N;AeK$o5H5LMK$O;º � J5H5A Q�TeKIQB<�TeK�?BA H5L � z04 �M3 � � Â

{
Ψ(j)(r)

}−1

=




0 (qh − qe)
−1
(
qh − α

kt,jr

)
kt,j

iωǫj
(qh − qe)

−1 γ0

iωǫjkt,jr
α(qh − qe)

−1

kt,j

iωµ0
(qe − qh)−1 γ0

iωµ0kt,jr
α(qe − qh)−1 0 (qh − qe)

−1
(
qh − α

kt,jr

)

0 −(qh − qe)
−1
(
qe − α

kt,jr

)
kt,j

iωǫj
(qe − qh)−1 γ0

iωǫjkt,jr
α(qe − qh)−1

kt,j

iωµ0
(qh − qe)

−1 γ0

iωµ0kt,jr
α(qh − qe)

−1 0 −(qh − qe)
−1
(
qe − α

kt,jr

)




� z04 q$� �À <&DvC­H5LM>@?BA H5LMD[N;< � <&DBDY<�T�<�?cN;<kß9K$L�#5<�T�DYH5L-?[b�o-K$T <�FI<�L-?Vb�J�K$T O0b�<&DVo5Q�]5>�<IgPN;<&D[f0QBH;>�b&N;O0QB<&DvDYf(b&>�AeK$T <&D�4UÒ L;wML�Â
DYO0A J�K$L-?kT <ÃDY¼;D=?BX�FI<½>�H5LMDYAeN;b�QBbh<�?kT <½f0QBH5T H5L0o5<�FI<�L-?k>RW0H5AeDYA9N;<&DIC­H5LM>@?BA H5LMD

N2
r

Â
N2

θ

<�?
NrNθ

N0K$LMDjTeK�Ó�H5L0<
FIH;N;O0T b�< � J5H5A QaDY<&>@?BA H5LÔ];4 z04 z � Â A T9<&D=?afMK$QYC­H5AeDjL0b&>�<&DBDBK$A QB<hNUl O;?BA T AeDY<�QaO0LÔK$T o5H5QBA ?BW0FI<hN;<ÃÅ�Å�Á�f(H5O0Qa>�K$Te>�O0T <�Q
>�<�QY?RK$A LMDEDYf(<&>@?BQB<&DEN;<[Å0H5O0QBA <�Q&4

À l K$T o5H5QBA ?BW0FI<Vo5b�L0b�QRK$T�N;Ohf0QBH5o5QRK$FIFI<V<&D=?9QBb&DYO0FIbcN0K$LMDGT <~DB>RW0b�FjKjz04 q04MÀ <cf0QBH5o5QRK$FIFI<Vf(<�O;?JÁ�?BQB<cN;A J,AeDYb
<�L«?BQBH5AeD�fMK$QY?BA <&D�4MÀ�KIf0QB<�FIA X�QB<c>�H5LM>�<�QBL0<VTeKIT <&>@?BO0QB<~N;<&DEfMK$QRK$FIX�?BQB<&D�<�?GT <~>�K$Te>�O0T�N;<cTeKIFjK�?BQBAe>�<

Qǫ(r)
J,AeKIT <&D

FjK�?BQBAe>�<&DGN;<tÁ�H,<�f0T A ?BÓ~N;<&DEC­H5LM>@?BA H5LMD
ǫ
Â 1

ǫ

Â
N2

r

Â
N2

θ

<�?
NrNθ

Â0C­H5LM>@?BA H5LMD9N;<~TeKIJ�K$QBAeK$80T <
r
4UÀ�KjDY<&>�H5LMN;<cfMK$QY?BA <

?BQRK$A ?B<«N;<PTml A L-?Bb�o5QRK�?BA H5L¢N;O DY¼;D=?BX�FI<«N;A i�b�QB<�L-?BA <�TEDY<�T H5LÌTml K$T o5H5QBA ?BW0FI<h^ÌKSJ5<&>4Â�>�H5FIFI<«N;H5L0L0b�<&DtNUl <�L-?BQBb�<+Â�T <&D
FjK�?BQBAe>�<&D�A L0A ?BAeK$T <&D � Tml AeN;<�L-?BA ?Bb � <�?GTeKIFjK�?BQBAe>�<[NUl A L-?Bb�o5QRK�?BA H5L M(r)

N;b&N;O0A ?B<c<�LPfMK$QY?BA <cN;<
Qǫ(r) � z04 3&q � 4;Ò L;wML�ÂTeKj?BQBH5AeDYA X�FI<~fMK$QY?BA <I>�H5LM>�<�QBL0<cT <I>�K$Te>�O0T�N;<&Dv>RWMK$FIfMDvN;A i�QRK5>@?Bb&D � b&d-OMK�?BA H5LMD � z04 q-] � <�? � z04 q5z � � <�L½C­H5LM>@?BA H5LµN;O

>RWMK$FIfaA LM>�AeN;<�L-?-Â,f0O0AeDxTml <�º;f0T H5A ?RK�?BA H5LPN;<V>�<&DxQBb&DYO0T ?RK�?RDUÂ,DYH5A ?�fMK$QxT <[>�K$Te>�O0T�N;<[DY<&>@?BA H5LMD`<��k>�K5>�<&DxN;A i�b�QB<�L-?BA <�T T <&DUÂ
DYH5A ?EfMK$QETeKIN;b�?B<�QBFIA LMK�?BA H5L«N;<c>�K$QY?B<&DEN;<[>RWMK$FIfMD�4
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À�K � D�M�@HL�B�J���� M�I,M�D �/L UV>�G�D�J�@HL�D�WXW D � ^,Ò`{ � <&D=?9O0L0<[C­H5LM>@?BA H5L½N;<cTeKIJ�K$QBAeK$80T <cK$L0o5O0TeK$A QB< θ N;b&N;O0A ?B<~N;<~Tml <�º,nf0QB<&DBDYA H5LPK5DY¼,FIf;?BH$?BAed-O0<[N;<&DG>RWMK$FIfMDEgtTml A L;wML0A � r → +∞ � 4
#v#$��%­�&!���1½�"1,®I#Sª".0´�Ö�®IÛ�/=Ù %'�/3��"% 4

À <V>�K$Te>�O0T�fMK$QY?EN;O«N;b�J5<�T H5f0f(<�FI<�L-?�<�LPDYb�QBA <VN;<VÅ0H5O0QBA <�QYn�ß9K$L�#5<�T � J5H5A QxT <9?RK$80T <&K$OPz04 3 � N;<&DE>�H5FIf(H-DBK$L-?B<&D<�L
z
N;Ot>RWMK$FIfcb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<�?BH$?RK$T,N0K$LMD�TeKGQBb�o5A H5L

(ext)
N0K$LMD�T <&d-O0<�T-H5LcQB<�FIf0TeK5>�< T <&D C­H5LM>@?BA H5LMD"N;<

ß9K$L�#5<�T
H+

n (kt,extr)
<�?
H−

n (kt,extr)
fMK$Q`T <�O0QRD <�º;f0QB<&DBDYA H5LMD K5DY¼,FIf;?BH$?BAed-O0<&D N;H5L0L0b�<&D fMK$Q � z04 �-� � T H5QRDBd-O0<

r
N;<�J,A <�L-?Eo5QRK$LMNPN;<�J�K$L-?ETml K$QBo5O0FI<�L-?[Â

A(r, θ) ∼ u+(θ)
eikt,extr

√
r

+ u−(θ)
e−ikt,extr

√
r

KSJ5<&>
A ∈ {Ez, Hz} � z04 q-Ä �

{~l K$f0QBX&D T <&D <�º;f0QB<&DBDYA H5LMD`N;<&D`>�H,<��k>�A <�L-?RDxN;<vÅ0H5O0QBA <�QxN;Oa>RWMK$FIfkN;A i�QRK5>@?Bb � B(ext)
e,n

<�?
B

(ext)
h,n � <�?xA LM>�AeN;<�L-?

� b&d-OMK�?BA H5LMD � z04 q � <�? � z04 y � � Â;H5L«AeN;<�L-?BA wM<VTeKtC­H5LM>@?BA H5L u−(θ)
gPÂ

u−(θ) = A
(inc)
0

√
2π

kt,ext

ei π
4 � 2π (θ − θinc)

KSJ5<&>
A

(inc)
0 ∈

{
E

(inc)
0,z , H

(inc)
0,z

}
� z04 q5� �

H��tT <Ef(<�A o5L0<EN;<G{9A QRK5>x<&D=?`N;b�wML0A0fMK$Q +∞∑
n=−∞

einζ = 2π � 2π (ζ)
45{9<EF Á�FI<+Â$TeK9C­H5LM>@?BA H5L

u+(θ)
D�l AeN;<�L-?BA wM<

gPÂ

u+(θ) = g(θ) +A
(inc)
0

√
2π

kt,ext

e−i π
4 � 2π (θ − θinc − π)

KSJ5<&>
A

(inc)
0 ∈

{
E

(inc)
0,z , H

(inc)
0,z

}
� z04 q,\ �

H��
g(θ) =

√
2

πkt,ext

e−i π
4

+N∑

n=−N

B(ext)
n ein(θ−π

2 ) KSJ5<&> B(ext)
n ∈

{
B(ext)

e,n , B
(ext)
h,n

}
� z04 q5q �

{vK$LMDE>�<�?Y?B<[<�º;f0QB<&DBDYA H5L�Â
g
<&D=?GL0H$?Bb�<

gE
T H5QRDBd-O0<

B
(ext)
n = B

(ext)
e,n

<�?
gH

T H5QRDBd-O0<
B

(ext)
n = B

(ext)
h,n

4
#9ÚUÖ"��1,®&®&%'�(� �"1h/'. 
�#vÕ 4

À�Kj^,Ò`{�<&D=?GTeK~C­H5LM>@?BA H5LhN;<
θ
N;b�wML0A <[fMK$Q[Â

σ(θ) = lim
r→+∞


2πr

∥∥∥ ~Ed
∥∥∥

2

∥∥∥ ~Einc

∥∥∥
2


 � z04 q5y �

Ò LÃN;A i�QRK5>@?BA H5LÃ>�H5L0Aed-O0<+Â�KSJ5<&> ∥∥∥~Einc
∥∥∥ = 1

<�?[NUl K$f0QBX&DGT <&D9QB<�TeK�?BA H5LMD � z04 q-Ä � g � z04 q5q � ÂMH5L½FIH5L-?BQB< � fMK$o5<3&z5qtN;<VTeKIQBb�C­b�QB<�LM>�< O y�P � d-O0<VTeKj^,Ò`{�D�l <�º;f0QBA FI<VfMK$Q[Â

σ(θ) = 2π
k2

ext

k2
t,ext

(
|gE(θ)|2 + Z2

ext |gH(θ)|2
)

� z04 y5Ê �
69L >�H5LMD=?RK�?B<hd-O0<hT <½>�K$Te>�O0TGN;<hTeKÌ^,Ò`{¿L0b&>�<&DBDYA ?B<«TeK�>�H5L0LMK$AeDBDBK$LM>�<«N;<&DkK$FIf0T A ?BOMN;<&DkN;O*>RWMK$FIf¶A LM>�A n
N;<�L-? � b&d-OMK�?BA H5LMD � ];4 �-y � <�? � ];4 Ä$Ê � � <�?h>�<�T T <&DPN;O�>RWMK$FIf�N;A i�QRK5>@?Bb�N0K$LMDaTeK¢QBb�o5A H5L

(ext)
4v69Q-Â�K$f0QBX&D

A L-?Bb�o5QRK�?BA H5LPfMK$QGTml K$T o5H5QBA ?BW0FI<cT̂ÂMH5L«L0<~N;b�?B<�QBFIA L0<[fMK5DGN;A QB<&>@?B<�FI<�L-?9T <&DGK$FIf0T A ?BOMN;<&DGFjK$AeDET <&DEb�T b�FI<�L-?RD
N;< [

B(ext)(Rmax)
] d-O0A9>�H5L-?BA <�L0L0<�L-?jT <&DjK$FIf0T A ?BOMN;<&DjF~O0T ?BA f0T A b�<&DIfMK$QjT <&DtC­H5LM>@?BA H5LMDjN;< � <&DBDY<�T�<�?aN;<

ß9K$L�#5<�TVb�J�K$T O0b�<&D«<�L
r = Rmax � z04 q5z � 4EÆ�H5O0Q«<�L�N;b&N;O0A QB<�T <&DhK$FIf0T A ?BOMN;<&DhN;AeDYf(H-DYb�<&DhN0K$LMD«TeK¶FjK�n

?BQBAe>�<P>�H5T H5L0L0< [
W (ext)

] Â�A TEDYO��I?jK$T H5QRDtNUl K$f0f0T Aed-O0<�QtTeK½QB<�TeK�?BA H5L � z04 �,\ � o5b�L0b�QRK$T AeDYb�<aK$OÌFIA T A <�O
(ext)

Â
[
W (ext)

]
=
{
C(ext)(r)

}−1 [
V (ext)(r)

] 4
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1`1h�&ª"+,�M��×,´Ì1«�MÖ"�&%'°U!"1 4
À <j?BW0b�H5QBX�FI<jH5f;?BAed-O0<PK«f(H5O0Q~H5QBA o5A L0<jT <k?BW0b�H5QBX�FI<kN;<aÆ�H�¼,L-?BA L0oM4��`<aN;<�QBL0A <�Q~b�L0H5LM>�<ad-O0<kT < �MO;ºÌN;O
J5<&>@?B<�O0QkN;<½Æ�H�¼,L-?BA L0oÌN;OÔ>RWMK$FIf b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<P?BH$?RK$T � >RWMK$FIf*A LM>�AeN;<�L-?a<�?P>RWMK$FIf*N;A i�QRK5>@?Bb � g?BQRKSJ5<�QRD"O0L0<9DYO0QYC'K5>�<�C­<�QBFIb�<E<&D=?`b�o-K$T0K$OkN;b�80A ?xNUl b�L0<�QBo5A <Eb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<Ed-O0A(D�l b&>RWMK$f0f(<GN;OkN;H5FjK$A L0<
>�H5L-?B<�L,O½N0K$LMD9>�<�?Y?B<tDYO0QYC'K5>�<54({vK$LMD9T <t>�K5D9N;<&D9FIA T A <�O;º½DBK$LMDGf(<�QY?B<&D � f(<�QBFIA ?Y?BA J,A ?BbtQBb�<�T T < � Â(T <c?BW0b�H5QBX�FI<N;<jÆ�H�¼,L-?BA L0ohFIH5L-?BQB<kd-O0<jT < �MO;º�N;O�J5<&>@?B<�O0QcN;<kÆ�H�¼,L-?BA L0o½DY<k>�H5LMDY<�QBJ5<jgP?BQRKSJ5<�QRDvTeK½DYO0QYC'K5>�<tC­<�QBFIb�<54
69LÃ>�H5LMDYAeN;X�QB<~O0L�>�¼,T A LMN;QB<t>�A QR>�O0TeK$A QB<j� � DYO0QYC'K5>�<cC­<�QBFIb�< � N;<tJ5<&>@?B<�O0QvO0L0A ?RK$A QB<tL0H5QBFjK$T"<�º,?Bb�QBA <�O0Q ~n <�?
>�H5L-?B<�LMK$L-?"O0L0<EN;<&D�D=?BQBOM>@?BO0QB<&D�>�¼,T A LMN;QBAed-O0<&D�d-O0<xL0H5OMD�f(H5O0J5H5LMD�<�L,J,AeDBK$o5<�Q"N0K$LMD"L0H$?BQB<xb�?BOMN;< � J5H5A Q"wMo5O0QB<];4 ] � 4M69LPDY<Vf0TeK5>�<VN0K$LMDxT <[>�K5D�N;<VFIA T A <�O;ºPDBK$LMDxf(<�QY?B<&Dx<�?EL0H5L«>�H5LMN;OM>@?B<�O0QRD�4;À <9?BW0b�H5QBX�FI<VN;<VÆ�H�¼,L-?BA L0oD�l b&>�QBA ?GK$T H5QRDvÂ

∫

C

(
~E ∧ ~H∗ + ~E∗ ∧ ~H

)
.~nds = 0 � z04 y03 �

H��½Tml K5D=?Bb�QBAeDBd-O0<~N;b&DYA o5L0<~T <I>�H5FIf0T <�º;<~>�H5L�:=O0o5O0b54�Ò L½C'K$AeDBK$L-?9?B<�LMN;QB<~T <I>�¼,T A LMN;QB<t>�A QR>�O0TeK$A QB<
C
J5<�QRDGTml A L;n

wML0A�<�?v<�L½A L�:=<&>@?RK$L-?vT <&D9N;b�J5<�T H5f0f(<�FI<�L-?RD9K5DY¼,FIf;?BH$?BAed-O0<&DGN;<&Dv>RWMK$FIfMD � b&d-OMK�?BA H5LMD � z04 q-Ä � g � z04 q5q � � ÂMH5LK$8(H5O;?BA ?GK$O @�A�>�B�G���=?DEB�b�@HL�
�_�D � fMK$o5<I3&z5yIgP3��-ztN;<[TeKtQBb�C­b�QB<�LM>�< O y�P � Â

ℜe [cos(ψ)GE (θinc + π) − sin(ψ)GH (θinc + π)] +
kext

2πkt,ext

∫ 2π

0

[
|GE(θ)|2 + |GH(θ)|2

]
dθ = 0

� z04 y-] �KSJ5<&>
GE(θ) =

√
πkt,ext

2
ei π

4 gE(θ) � z04 y5z �

GH(θ) = Zext

√
πkt,ext

2
ei π

4 gH(θ) � z04 y$� �
Ò L�A LMDYb�QRK$L-?[T <&D[<�º;f0QB<&DBDYA H5LMD[N;<

gE
<�?
gH

N;H5L0L0b�<&D[fMK$Q[Tml b&d-OMK�?BA H5L � z04 q5q � N0K$LMD � z04 y5z � <�? � z04 y$� � ÂUT <&DC­H5LM>@?BA H5LMD
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V (jL)(rL)
] J5H5L-?[K$T H5QRD9f(<�QBFI<�?Y?BQB<jN;<IN;b&N;O0A QB<IT <IJ5<&>@?B<�O0QVA L0A ?BAeK$T

[Finit(rL)] = Ψ(jL)(rL)
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+N∑
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1GÙ +-Ø(�(/'!��&%'�(� �`Ù !"�"1h)M��.0�"�"1,!��a®&1,/'�(� /=Ù �M������1h�"1«�����(�"#5.;�&!���1µ�"1,®I�"+-Ø(1,/'�MÖ"Ö`1,´Ì1,���&®

N
4

�GH5OMDab�J�K$T O0<�QBH5LMDkTeK¢f0QBb&>�AeDYA H5LÔN;<&DPQBb&DYO0T ?RK�?RDaL,O0FIb�QBAed-O0<&DkH58;?B<�L,OMDP<�LÔA T T OMD=?BQRK$L-?«f0QBb�C­b�QB<�L-?BA <�T T <�FI<�L-?Tml b�J5H5T O;?BA H5LPDY<�T H5L
N

N;<VTeKtJ�K$T <�O0QENUl O0L«f(H5A L-?GN;<[TeKj^,Ò`{~4MÀ�Ktf0QBb&>�AeDYA H5LPN;O«>�K$Te>�O0TUf(<�O;?Gb�o-K$T <�FI<�L-?�Á�?BQB<<&D=?BA FIb�<VfMK$QET <v?BW0b�H5QBX�FI<VH5f;?BAed-O0<540ÏGA LMDYA2Â0H5LPQB<�f0QBb&DY<�L-?B<�QRKcT <[FI<�F~80QB<VN;<cN;QBH5A ?B<[N;<VTeKtQB<�TeK�?BA H5L � z04 y-] � ÂL0H$?Bb T (N)
ÂMN0K$LMDET <&d-O0<�TUH5LPA L�:=<&>@?B<[T <&DEQB<�TeK�?BA H5LMD � z04 y-Ä � Â � z04 y5� � <�? � z04 y,\ � Â

T (N) = ℜe
{

+N
∑

n=−N

[

cos(ψ)B(ext)
e,n − Zext sin(ψ)B

(ext)
h,n

]

ein(θinc+ π
2 )

}

+
kext

kt,ext

+N
∑

n=−N

[

∣

∣

∣B
(ext)
e,n

∣

∣

∣

2

+ Z2
ext

∣

∣

∣B
(ext)
h,n

∣

∣

∣

2
]

� �4f e-e '���`<�?Y?B<Po5QRK$LMN;<�O0QtN;H5A ?t?B<�LMN;QB<PJ5<�QRD
0
4�^;KÃL,O0T T A ?BbP<�L-?BQRK�S L0<aTeKÃJ5b�QBA w(>�K�?BA H5LÌN;O¢?BW0b�H5QBX�FI<aH5f;?BAed-O0< � <�Lf0QBA LM>�A f(<+Â;T H5QRDBd-O0<

N
K$O0o5FI<�L-?B< � 4

1`1,®j®�Ö`1,#$����1,®I�"1 ���(!���%'1-� 4
Á�QBX&D�QBb�o5O0T A X�QB<�FI<�L-?-ÂST <&D�DYf(<&>@?BQB<&D�N;<EÅ0H5O0QBA <�Q � >�H,<��k>�A <�L-?RD�N;<EÅ0H5O0QBA <�Q"<�L~C­H5LM>@?BA H5LIN;<xTml H5QRN;QB< n � N;<EN;A i�b�nQB<�L-?B<&D o5QRK$LMN;<�O0QRD J,A <�LMN;QBH5L-?�>�H5L;wMQBFI<�Q`TeKt>�H5L,J5<�QBo5<�LM>�<EH5OkTeK~N;A J5<�QBo5<�LM>�<9N;<&DxQBb&DYO0T ?RK�?RD�40�`<&D`o5QRK$LMN;<�O0QRD
f(H5O0QBQBH5L-?»Á�?BQB<xT <&D >�H,<��k>�A <�L-?RD"<�LjK$FIf0T A ?BOMN;<&D�N;<&D�>RWMK$FIfMD�N;A i�QRK5>@?Bb&D � B(j)

e,n
<�?
B

(j)
h,n

KSJ5<&>
j ∈ {int, ext} �
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a� �	
������ ��
$����� � � �,���#��� � �

Y�X��� ��� \$Ä
H5O <�LM>�H5QB<«T <&Dk>�H,<��k>�A <�L-?RDkN;<½Å0H5O0QBA <�QaN;<½N;A i�b�QB<�L-?B<&Djo5QRK$LMN;<�O0QRDtH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DI>�H5FIFI<

ǫ(r, θ)
Â

N2
θ (r, θ)

Â
N2

r (r, θ)
<�?
NrNθ(r, θ)

4 69L«QRK$f0f(<�T T <cd-O0<cT <&DG>�H,<��k>�A <�L-?RDGN;<~Å0H5O0QBA <�QGN;<~>�<&DGN;<�QBL0A X�QB<&DxC­H5LM>@n
?BA H5LMD�A L-?B<�QBJ,A <�L0L0<�L-?�N0K$LMD�T <&D�FjK�?BQBAe>�<&D�N;<�Á�H,<�f0T A ?BÓxN;<xTeKGFjK�?BQBAe>�<

Qǫ
NUl K$f0QBX&D�DYH5Lc<�º;f0QB<&DBDYA H5L � z04 3SÄ � 4&À <&DDYf(<&>@?BQB<&DGN;<~Å0H5O0QBA <�QGDY<�QBH5L-?E?BQRK5>�b&DEDYH5OMD�C­H5QBFI<~NUl W0AeD=?BH5o5QRK$FIFI<540{9<cFjK$L0A X�QB<[o5b�L0b�QRK$T <+Â;TeKk>�H5L,J5<�QBo5<�LM>�<

N;<&DGN;b�J5<�T H5f0f(<�FI<�L-?RDEN;<cÅ0H5O0QBA <�QG<&D=?9K5DBDYO0QBb�<VfMK$QETeKjN;b&>�QBH5AeDBDBK$LM>�<VN;<&DG>�H,<��k>�A <�L-?RDGN;<cÅ0H5O0QBA <�QE<�LPC­H5LM>@n
?BA H5L«N;<[Tml H5QRN;QB<

n
40¸�T <&D=?9K$T H5QRDxA L-?Bb�QB<&DBDBK$L-?GN;<[f(H5O0J5H5A Q�b�J�K$T O0<�QETeKITeK$QBo5<�O0QEN;<c>�<&DEDYf(<&>@?BQB<&DUÂM>$l <&D=?Yn�g�n�N;A QB<

Tml K$FIf0T A ?BOMN;<kN;<kTml A L-?B<�QBJ�K$T T <jN;<&D[H5QRN;QB<&D[DYO0QcT <&d-O0<�T T <&Dc>�H,<��k>�A <�L-?RD[N;<aÅ0H5O0QBA <�QcDYH5L-?cL0H5L�L0b�o5T A o5<&K$80T <&D�4
69LaA L-?BQBH;N;O0A ?EO0L0<VL0H5O0J5<�T T <Vo5QRK$LMN;<�O0QxL0H$?Bb�<

∆τ
H��

τ
<&D=?EO0L«f(H5O0QR>�<�L-?RK$o5<54-Ò T T <[QB<�f0QBb&DY<�L-?B<9Tml b&>�K$QY?EN;<&D

H5QRN;QB<&D"gvfMK$QY?BA Q�N;<&DBd-O0<�T T <&D�TeKvJ�K$T <�O0Q�N;<&D >�H,<��k>�A <�L-?RD�N;<GÅ0H5O0QBA <�Q�KVN;b&>�Q �INUl K$OtFIH5A LMD
τ (%)

fMK$Q�QRK$f0f(H5QY?
gtTeKtJ�K$T <�O0QEFjK�º;A FjK$T <[N;OhDYf(<&>@?BQB<54(69LPf0QB<�LMN;QRKto5b�L0b�QRK$T <�FI<�L-?

τ = 99%
4

�GH5OMD�>�H5FIFI<�L���H5LMD"Tml A T T OMD=?BQRK�?BA H5LtN;<Ed-O0<�Ted-O0<&D"QBb&DYO0T ?RK�?RD�N;<�J�K$T AeN0K�?BA H5LtN;Otf0QBH5o5QRK$FIFI<`L,O0FIb�QBAed-O0<xfMK$Q�Tml b�?BOMN;<
N;<kTeK½N;A i�QRK5>@?BA H5L�>�H5L0Aed-O0<kNUl O0L0<PD=?BQBOM>@?BO0QB<k>�¼,T A LMN;QBAed-O0<kDYA FIf0T <½Â�O0LÌ>�¼,T A LMN;QB<aN;<aDY<&>@?BA H5L�>�A QR>�O0TeK$A QB<jL0H$?Bb CN;<PQRKS¼5H5L

R = 1 µm
<�?jQB<�FIf0T AENUl O0L¶FIA T A <�O NUl A LMN;Ae>�<

ncyl = 1.2
4`69L¶>RW0H5AeDYA ?IO0L0<«H5LMN;<Pf0TeK$L0<PA LM>�AeN;<�L-?B<

� J5H5A QVwMo5O0QB<a];4 � � 8 � � ?B<�T T <kd-O0< θinc = 0o Â ϕinc = 30o Â ψinc = 0o Â ∥∥∥ ~E(inc)
∥∥∥ = 1

<�?
λ = 1 µm

4"À <jFIA T A <�O
<�º,?Bb�QBA <�O0Qc<&D=?tT <kJ,AeN;<ÃÂ

nmat = 1
4"{vK$LMDcO0L¢DYH5OM>�A`N;<P>�TeK$QY?Bb+Â L0H5OMDcf0QB<�LMN;QBH5LMD~DYH5A L�N;<a80A <�LÌQRK$f0f(<�T <�Q~DYH5OMD

C­H5QBFI<GN;<�?RK$80T <&K$O;ºtTml <�LMDY<�F~80T <GN;<&D�fMK$QRK$FIX�?BQB<&D"H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&D � QRKS¼5H5L�Â�A LMN;Ae>�<&DUÂ 4 4 4 � <�?`L,O0FIb�QBAed-O0<&D � H5QRN;QB<N;<[?BQBH5LM>�K�?BO0QB<+Â0L0H5F~80QB<cN;<~>�H5OM>RW0<~^TÂ 4 4 4 � Â(f(H5O0Q9>RWMK5d-O0<c>�H5L;wMo5O0QRK�?BA H5Lhd-O0<cL0H5OMDGK$T T H5LMDEb�?BOMN;A <�Q9fMK$QGTeKkDYO0A ?B<54{vK$LMD"T <&D"K$f0f0T Ae>�K�?BA H5LMD�L,O0FIb�QBAed-O0<&D"N;<xTeKGFIb�?BW0H;N;<�N;A i�b�QB<�L-?BA <�T T <�d-O0<xL0H5OMD"K$T T H5LMD�f0QBb&DY<�L-?B<�Q-Â�L0H5OMD�<�L,J,AeDBK$o5<�H5LMD
N;<�O;º½?=¼,f(<&DcN;<j>�H5L;wMo5O0QRK�?BA H5LMD9o5b�H5FIb�?BQBAed-O0<&D�4UÀ�KPf0QB<�FIA X�QB<tL0<jL0b&>�<&DBDYA ?B<IfMK5DVNUl A L-?Bb�o5QRK�?BA H5L � FIb�?BW0H;N;<kÅ�Å�ÅL0H5LIO;?BA T AeDYb�< � 45À <&D�QBb&DYO0T ?RK�?RD�L,O0FIb�QBAed-O0<&D�d-O0A0T O0AMDYH5L-? K5DBDYH;>�A b&D�DYH5L-? K$T H5QRD�NUl O0L0<Eo5QRK$LMN;<xf0QBb&>�AeDYA H5Lt<�?`DY<�QBJ,A QBH5L-?N;<tQBb�C­b�QB<�LM>�<54�À�KaDY<&>�H5LMN;<t>�H5L;wMo5O0QRK�?BA H5L«?BQRK$A ?B<tN;OÃF Á�FI<I>�¼,T A LMN;QB<to5b�H5FIb�?BQBAed-O0<cFjK$AeD9QB<&d-O0A <�QY?vTml O;?BA T AeDBK�?BA H5L
N;<9TeKcFIb�?BW0H;N;<VÅ�Å�Åx4;À�KcJ�K$T AeN0K�?BA H5LaD�l <�i�<&>@?BO0<vK$T H5QRD fMK$Qx>�H5FIfMK$QRK$AeDYH5LI<�L-?BQB<9T <&D`QBb&DYO0T ?RK�?RD`L,O0FIb�QBAed-O0<&D`N;<v>�<&D
N;<�O;º«>�H5L;wMo5O0QRK�?BA H5LMD�4
.20��20m¥ �Ã£G�Y�Y�9�G�0� �U�=�M�U�9�=���=�0�������`�;��4��,�G�*���­� �M� �`�Y�G�
ÕP1,®&#$��%­Ö"�&%'�(� �"!*®�¯ ®��&×,´Ì1 4À�Kµf0QB<�FIA X�QB<«>�H5L;wMo5O0QRK�?BA H5L¢o5b�H5FIb�?BQBAed-O0<P?BQRK$A ?B<hN;O*>�¼,T A LMN;QB<h>�A QR>�O0TeK$A QB< C >�<�L-?BQBbhDYO0QjTml H5QBA o5A L0< � J5H5A QwMo5O0QB<Pz04 353 � 4�À <&D~J�K$T <�O0QRDtN;<&DtfMK$QRK$FIX�?BQB<&D~N;<«>�<�?Y?B<«>�H5L;wMo5O0QRK�?BA H5LÌDYH5L-?tQB<�o5QBH5O0f(b�<&D~N0K$LMDtT <a?RK$80T <&K$ODYO0A J�K$L-?[Â
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R
e
µm
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���
��#"$
��%�#��� �&
��!'

ncyl

e-f g
nmat

e
���������	��
���
��)(��!�	����������
��

N
e¼�3g*'

���������	��
���
��#"$
)�+* ��(,"$
.-/�0��(1
2�3(,4���"$
�(,
5
 ����� 
��!���

λ
e
µm

θinc 0o

ϕinc 30o

ψinc 0o

∥

∥

∥

~E(inc)
∥

∥

∥

e
� A <�LÃb�J,AeN;<�FIFI<�L-?-ÂU>�<�QY?RK$A LMDvN;<j>�<&D9fMK$QRK$FIX�?BQB<&D9f(<�O0J5<�L-?Vb�J5H5T O0<�Q9f(H5O0QVT <&Dv8(<&DYH5A LMDVN;<tTml b�?BOMN;<54UÆ�H5O0Q
FIH;N;b�T AeDY<�QcTeK½N;A i�QRK5>@?BA H5L�fMK$Q~O0L0<j?B<�T T <PD=?BQBOM>@?BO0QB<jo5b�H5FIb�?BQBAed-O0<+Â A T�DYO��I?IN;<kf0QB<�LMN;QB<kO0L0<a>�H5OM>RW0<kW0H$n
FIH5o5X�L0<+Â9>�H5FIFI<¢N;b&>�QBA ?B<¢N0K$LMD½TeKÔDY<&>@?BA H5L�z04 ];4 z'Â9f(H5O0Q½TeK5d-O0<�T T <ÌT <&DÃN;<�O;º�A L-?B<�QYC'K5>�<&D½H5L-?ÃT <ÌF Á�FI<
QRKS¼5H5L

Rmin = Rmax = R � >�H5OM>RW0<PA L;wML0A FI<�L-?IwML0< � 4 {vK$LMDI>�<«>�K5DUÂ�H5L¶K
nint = ncyl =

√
ǫcyl

ǫ0

<�?
next = nmat =

√
ǫmat

ǫ0

4xÀ l A LMN;Ae>�<ÃN;<½TeK�f0QB<�FIA X�QB<½>�H5OM>RW0<hA L;wML0A FI<�L-?kwML0< � <�L r = Rmin
Â`J5H5A QIw0n

o5O0QB<Pz04 z � <&D=?j>�<�T O0AGN;O¢FIA T A <�O¶A L-?Bb�QBA <�O0Q � <�?IL0H5L¢f0T OMDjN;O¢FIA T A <�O¶<�º,?Bb�QBA <�O0Q � 4�À l A LMN;Ae>�<PA L-?B<�QBFIb&N;AeK$A QB<
nH =

√
ǫH

ǫ0

A FIf(H5QY?B<jf(<�O 4�Æ�K$Q~N;b�C'K$O;?-Â�H5L�T <kf0QB<�LMN;QRKPb�o-K$T`gh>�<�T O0AxN;O�FIA T A <�O�<�º,?Bb�QBA <�O0Q&4�{~l K$f0QBX&DVTeK
QB<�TeK�?BA H5L � z04 \$] � Â;TeKIFjK�?BQBAe>�<cN;<V?BQRK$LMDYFIAeDBDYA H5LPL0H$?Bb�< T (c) NUl O0L0<[?B<�T T <~D=?BQBOM>@?BO0QB<[DY<cDYA FIf0T A wM<~K$O«f0QBH;N;O0A ?FjK�?BQBAe>�A <�T DYO0A J�K$L-?[Â

T (c) =
{

Ψ(ext)(R)
}−1

Ψ(int)(R) � z04 35353 �
� +,®&!"/­�&.;�&®I�U!"´Ì+-��%'°U!"1,® 4

À <&D[QBb&DYO0T ?RK�?RD[H58;?B<�L,OMDcf(H5O0Q~>�<�?Y?B<a>�H5L;wMo5O0QRK�?BA H5L�DY<�QBJ,A QBH5L-?cN;<kQBb�C­b�QB<�LM>�<jf0O0AeDBd-O0<kT <a>�K$Te>�O0T`<&D=?~DY<�FIA n
K$LMK$T ¼-?BAed-O0< � K$OM>�O0L0<~A L-?Bb�o5QRK�?BA H5L«L,O0FIb�QBAed-O0<cL l <&D=?vL0b&>�<&DBDBK$A QB<+Â0TeKjFIb�?BW0H;N;<tÅ�Å�Å¶L l <&D=?vfMK5DGO;?BA T AeDYb�< � <�?
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x

y

z0

R

Couche homogène
infi niment fi neC

nmat
ncyl e = 0

�����	� z04 353 �aÍE<�f0QBb&DY<�L-?RK�?BA H5LPN;Oh>�¼,T A LMN;QB<[>�A QR>�O0TeK$A QB<V>�<�L-?BQBb[DYO0QETml H5QBA o5A L0<

f(<�QBFI<�?IK$T H5QRDcNUl H58;?B<�L0A QtN;<k?BQBX&Dco5QRK$LMN;<&D[f0QBb&>�AeDYA H5LMD�4"À <&Dt^,Ò`{�>�K$Te>�O0T b�<&Dcf(H5O0Q~T <P>�¼,T A LMN;QB<P>�A QR>�O0TeK$A QB<
>�<�L-?BQBbcDYH5L-?9N;b&DYH5QBFjK$AeDEL0H$?Bb�<&D

σ(c)(θ)
4�À�KIwMo5O0QB<cz04 3S] � K � QB<�f0QBb&DY<�L-?B<+Â0KSJ5<&>VO0L0<cb&>RW0<�T T <[T H5o-K$QBA ?BW0FIAed-O0<<�L~H5QRN;H5L0L0b�<+Â�TeKGC­H5LM>@?BA H5L

σ(c)(θ)
N;OI>�¼,T A LMN;QB<`b�?BOMN;A bxf(H5O0Q�O0L~H5QRN;QB<xN;< ?BQBH5LM>�K�?BO0QB<xN;<&D�N;b�J5<�T H5f0f(<�FI<�L-?RD

?B<�T�d-O0<
N = 20

40À�KtwMo5O0QB<[z04 3S] � 8 � FIH5L-?BQB<VTeKIF Á�FI<~^,Ò`{�DYH5OMDEDBK~C­H5QBFI<[f(H5TeK$A QB<540À <&DxwMo5O0QB<&DEz04 3&z � K �g�z04 3&z � > � A T T OMD=?BQB<�L-?kT <&Da>�K$QY?B<&DjN;O*FIH;N;O0T <ÃN;OÔ>RWMK$FIf*N;A i�QRK5>@?Bb½H58;?B<�L,O0<&DjQB<&DYf(<&>@?BA J5<�FI<�L-?kf(H5O0QkT <&D
>�H5FIf(H-DBK$L-?B<&D

Ed
z

Â
Hd

z

<�? Pd
z

Â;?BH5O�:=H5O0QRD�KSJ5<&>
N = 20

40À�K~8(H5L0L0<[f0QBb&>�AeDYA H5LPN;<&D�QBb&DYO0T ?RK�?RD�<&D=?G>�H5L;wMQBFIb�<
fMK$QtTeKÃwMo5O0QB<«z04 3�� � K � d-O0AEFIH5L-?BQB<aTeK�>�H5L,J5<�QBo5<�LM>�<aN;<

σ(c)(180o)
<�L¢C­H5LM>@?BA H5L N;<

N
4�¸�TGDYO��I?kNUl O0L0<

J,A L0o$?RK$A L0<µN;<�>�H,<��k>�A <�L-?RDPN;<�Å0H5O0QBA <�Q � N = 10
DYH5A ?

n ∈ [−10, 10] � f(H5O0QPH58;?B<�L0A Q«O0L�f0TeK�?B<&K$O�N;<
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n � J5H5A QEwMo5O0QB<~z04 3�� � 8 � � 4(À�KjTeK$QBo5<�O0Q9N;OÃDYf(<&>@?BQB<

∆99%D�l b�?B<�LMNhN;<
n = −8

gkqj<�?9J�K$O;?VN;H5LM>
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Ñθ(r)

]2
� z04 353&q �

∀n ∈ N
∗ Â (N2

θ

)
n

(r) = 0 � z04 353&y �
� O0<�T d-O0<[DYH5A ?GT <Vf0QBH5T H5L0o5<�FI<�L-?EN;<

N2
θ

ÂM>�<�T O0A N;<
N2

r

D�l <�L«N;b&N;O0A ?9DY<�T H5LµÂ
∀θ ∈ [0, 2π]

Â
N2

r (r, θ) = 1 −N2
θ (r, θ) � z04 3S]$Ê �

<�?GDY<&DE>�H,<��k>�A <�L-?RDGN;<[Å0H5O0QBA <�QGDYH5L-?G>�K$Te>�O0T b&D�gIfMK$QY?BA QEN;<c>�<�O;ºPN;<
N2

θ (r, θ)
Â

(
N2

r

)
0
(r) = 1 −

(
N2

θ

)
0
(r) � z04 3S];3 �

∀n ∈ N
∗ Â (N2

r

)
n

(r) = −
(
N2

θ

)
n

(r) � z04 3S]5] �
{~l K$f0QBX&D`T <9f0QBH5T H5L0o5<�FI<�L-?xN;<

N2
θ

>RW0H5AeDYA � z04 353�\ � Â N2
r (r, θ)

<&D=?�b�o-K$T <�FI<�L-?xO0L0<9C­H5LM>@?BA H5La>�H5LMD=?RK$L-?B< � J5H5A QwMo5O0QB<`z04 3&q � 8 � � 4SÆ�K$Q�>�H5LMDYb&d-O0<�L-?-Â&T <&D�FjK�?BQBAe>�<&D"N;<�Á�H,<�f0T A ?BÓ JN2
θ K <�? JN2

r K DYH5L-?�N;<&D�FjK�?BQBAe>�<&D"N;AeK$o5H5LMK$T <&D�4



� � � � ����� �����	������� ��
���������
	
a� �	
������ ��
$����� � � �,���#��� � �

Y�X��� ��� q03

0 x

y

z

r

θ0

θ̃(r)

−θ̃(r)

~er

~er

~er

~er

~eθ

~eθ ~eθ

~eθ

~N

~N

~N

~N

M1

M2

M3

M4

C

�����	� z04 3�\"� ��<&>@?B<�O0QEL0H5QBFjK$T K$O«>�<�QR>�T < C DYO0QET <c>�¼,T A LMN;QB<[>�A QR>�O0TeK$A QB<VN;<[QRKS¼5H5L
r
>�<�L-?BQBb[DYO0QETml H5QBA o5A L0<

0

1

−π π

Prolongement
Points de défi nition

de ~N surC

θθ0θ0 − θ̃(r) θ0 + θ̃(r)

N2

θ
(r, θ)
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r < rm
4�À <&DVf(H-DYA ?BA H5LMD[N;<jN;<�O;ºµN;AeDB>�H5L-?BA L,O0A ?Bb&DV<�L�K$8MDB>�AeDBDY<IDYH5L-?cKPf0QBA H5QBA�f0O0QB<�FI<�L-?cK$QB80A ?BQRK$A QB<&D�4

ÏEwMLhNUl b�J,A ?B<�QET <[f0W0b�L0H5FIX�L0<cN;< �vA 808MDE<�L0o5<�LMN;QBb[K$O;?BH5O0QEN;<c>�<&DGN;AeDB>�H5L-?BA L,O0A ?Bb&DUÂ;H5LPT <&DGN;AeDYf(H-DY<VT <[f0T OMD
T H5A L½f(H-DBDYA 80T <IN;<&Dvf(H5A L-?RDVN;<IN;b�wML0A ?BA H5LµN;< ~N

DYO0Q C ÂU>$l <&D=?Yn�g�n�N;A QB<~<�L θ0 <�?
θ0 − π

4 À <&Dv>�H,<��k>�A <�L-?RDVN;<
Å0H5O0QBA <�QEN;<c>�<Vf0QBH5T H5L0o5<�FI<�L-?ED�l <�º;f0QBA FI<�L-?EfMK$Q[Â

(NrNθ)0 (r) = 0 � z04 3S]�� �

∀n ∈ N
∗ Â (NrNθ)n (r) =

ie−inθ0

πn
[(−1)n − 1] ÑrNθ(r) � z04 3S]5Ä �KSJ5<&>

ÑrNθ(r) = s̃′

√[
Ñθ(r)

]2{
1 −

[
Ñθ(r)

]2} KSJ5<&>
s̃′ =

{
1
DYA
r ≤ rm

−1
DYA
r > rm

� z04 3S]$� �
{vK$LMDv>�<tf0QBH5T H5L0o5<�FI<�L-? � J5H5A Q9wMo5O0QB<tz04 3&q � > � � Â(A T�<&D=?vA L-?Bb�QB<&DBDBK$L-?VN;<I>�H5LMD=?RK�?B<�Qvd-O0<tT <&DvK$L0o5T <&DvN;<&DvN;AeD=n>�H5L-?BA L,O0A ?Bb&D � <�L θ0 <�? θ0 − π � DYH5L-?v>RW0H5AeDYAeDEA LMN;b�f(<�LMN0K$L-?RDvN;<~TeKjJ�K$QBAeK$80T < r 4�À�KjTeK$QBo5<�O0Q9N;OÃDYf(<&>@?BQB<~N;<
Å0H5O0QBA <�Q9N;<

NrNθ(r, θ)
<&D=?vDY<�O0T <�FI<�L-?v>�H5LMN;A ?BA H5L0L0b�<cfMK$Q9T <tDBK$O;?vN;<~N;AeDB>�H5L-?BA L,O0A ?Bb~N;<~TeKIC­H5LM>@?BA H5L�Â(DYH5A ?

fMK$QvTeKkJ�K$T <�O0QVN;<
ÑrNθ(r)

4U¸�T�<�º;AeD=?B<IN;<�O;º½J�K$T <�O0QRDvN;<
r
N;<tfMK$QY?v<�?[NUl K$O;?BQB<IN;Oµ>�¼,T A LMN;QB<

Crm

Â�L0H$?Bb�<&D
r±

Â0f(H5O0QET <&DBd-O0<�T T <&D
ÑrNθ(r)

<&D=?EFjK�º;A FjK$Tm4(69L«FIH5L-?BQB<Vd-O l <�T T <&DGD�l <�º;f0QBA FI<�L-?GDY<�T H5LµÂ

r± =

√
2

2

(√
2R2

0 −R2 ±R

)

Æ�H5O0QxT <V>�¼,T A LMN;QB<V>�A QR>�O0TeK$A QB<9>�H5LMDYAeN;b�QBb+Â-H5LPK
r− = 1.16372 µm

<�?
r+ = 2.57794 µm

4,Æ�H5O0Q�>�<&DxJ�K$T <�O0QRD
r±

Â,T <VDYf(<&>@?BQB<VN;<VÅ0H5O0QBA <�Q�N;<
NrNθ(r, θ)

D�l b�TeK$QBo5A ?�K$OaFjK�º;A F~O0F«4,À�KcwMo5O0QB<vz04 3&q � N � A T T OMD=?BQB<v>�<VDYf(<&>@?BQB<N;<[Å0H5O0QBA <�QEf(H5O0Q
r = r−

4
� +,®&!"/­�&.;�&®I�U!"´Ì+-��%'°U!"1,® 4

À <&D�^,Ò`{ >�K$Te>�O0T b�<&DUf(H5O0Q�T <`>�¼,T A LMN;QB<`>�A QR>�O0TeK$A QB<�<�º0>�<�L-?BQBb`DYH5L-?�N;b&DYH5QBFjK$AeDUL0H$?Bb�<&D
σ(exc)(θ)

4&Ò�?RK$L-?"N;H5L0L0b�<
TeK�f0QBb&>�AeDYA H5LvH58;?B<�L,O0<+Â&K$OM>�O0L0< NUl <�L-?BQB<�<�T T <&D L0<`DY<�QRKxo5QRK$f0W0Aed-O0<�FI<�L-?UA T T OMD=?BQBb�<+Â�f0O0AeDBd-O l <�T T <&D DY< >�H5L;C­H5LMN;<�L-?
KSJ5<&>V>�<�T T <&DGH58;?B<�L,O0<&DEf(H5O0Q9T <~>�<�QR>�T <c>�<�L-?BQBb~DYO0QGTml H5QBA o5A L0<

σ(c)(θ) � J5H5A QGT <&DEwMo5O0QB<&DGz04 3S] � K � <�?vz04 3S] � 8 � � 4Æ�K$Q9<�º;<�FIf0T <+Â(Tml b&>�K$QY?9QB<�TeK�?BA C�FIH�¼5<�L½N;<&DvN;<�O;º½>�H5O0QB8(<&DGf(H5O0Q
N = 20

N0K$LMDGT <t>�K5D9N;OÃ>�<�QR>�T <t>�<�L-?BQBbc<�?
f(H5O0Q

N = 30
N0K$LMD�T <9>�K5D N;Ok>�<�QR>�T <E<�º0>�<�L-?BQBbEJ�K$O;?

1.18 10−3 <�L,J,A QBH5L 4,69LIH58MDY<�QBJ5<Eb�o-K$T <�FI<�L-?�O0L0<G?BQBX&Do5QRK$LMN;<VDYA FIA T A ?BOMN;<c<�L-?BQB<VT <&DG>�K$QY?B<&DEN;<c>RWMK$FIfMDE>�K$Te>�O0T b�<&D�f(H5O0QGT <c>�<�QR>�T <[>�<�L-?BQBb � J5H5A Q�wMo5O0QB<&DEz04 3&y � K � gz04 3&y � > � � <�?G>�<�T T <&DEf(H5O0QET <[>�<�QR>�T <V<�º0>�<�L-?BQBb � J5H5A QxwMo5O0QB<&DEz04 3&z � K � gIz04 3&z � > � � KSJ5<&> N = 30
4

ÏEwMLhNUl b�J�K$T O0<�QETeKtf0QBb&>�AeDYA H5LPN;<[TeKtFIb�?BW0H;N;<cÅ�Å�Å�Â0H5LPb�?BOMN;A <[TeKI>�H5L,J5<�QBo5<�LM>�<vN;<&DEQBb&DYO0T ?RK�?RD�<�LaC­H5LM>@?BA H5L
N;<ÃTml H5QRN;QB<ÃN;<½?BQBH5LM>�K�?BO0QB<

N
4�À�K�wMo5O0QB<Ãz04 ]$Ê � K � FIH5L-?BQB<ÃTeK¢>�H5FIfMK$QRK$AeDYH5L <�L-?BQB<½TeK¢>�H5L,J5<�QBo5<�LM>�<h<�L

C­H5LM>@?BA H5LPN;<
N

N;<
σ(exc)(180o)

<�?ETeKtJ�K$T <�O0Q�f0QBAeDY<V>�H5FIFI<VQBb�C­b�QB<�LM>�<V>�H5QBQB<&DYf(H5LMN0K$L-?�g
σ(c)(180o)

f(H5O0Q
N = 20 � J5H5A QVwMo5O0QB<jz04 3�� � K � � 4�Ï N = 30

Â Tml b&>�K$QY?[QB<�TeK�?BA C�<�L-?BQB<jT <&DVJ�K$T <�O0QRD[H58;?B<�L,O0<&DVf(H5O0QcT <&DcN;<�O;º
>�H5L;wMo5O0QRK�?BA H5LMD9DY<IQBb&N;O0A ?cg

7.83 10−4 4 À <IfMK$T A <�Q[N;<ITeKP>�H5L,J5<�QBo5<�LM>�<~D�l <�º;f0T Aed-O0<jDYA FIf0T <�FI<�L-?[gPTeKaJ,O0<N;O«DYf(<&>@?BQB<[<�L«K$FIf0T A ?BOMN;<cN;Oh>RWMK$FIf«N;A i�QRK5>@?BbcgtTml <�º,?Bb�QBA <�O0Q � J5H5A QxwMo5O0QB<[z04 ]$Ê � 8 � � 469Laf(<�O;?Gb�o-K$T <�FI<�L-?�>�H5LMD=?RK�?B<�QEd-O0<vT <v?BW0b�H5QBX�FI<vH5f;?BAed-O0<V<&D=?GNUl K$O;?RK$L-?�FIA <�O;ºaJ5b�QBA wMbVd-O0<
N

K$O0o5FI<�L-?B<
f0O0AeDBd-O0<cTeKIwMo5O0QB<~z04 ]$Ê � > � FIH5L-?BQB<~d-O0< T (N)

?B<�LMNhJ5<�QRD
0
T H5QRDBd-O0<

N
>�QBH�Se? � T (30) ≈ −4.9 10−5 � 4UÀ�KN;O0QBb�<9N;<v>�K$Te>�O0T(<&D=?�>�H5LMN;A ?BA H5L0L0b�<9fMK$Q`Tml K$T o5H5QBA ?BW0FI<9NUl A L-?Bb�o5QRK�?BA H5Lj<�?xb�J5H5T O0<9>�H5FIFI<

(2N +1)3 � J5H5A Q`TeKwMo5O0QB<Vz04 ]$Ê � N � � 4MÏ N = 30
Â;T <[>�K$Te>�O0T N;O0QB<[O0L«f(<�O«FIH5A LMDENUl O0L0<[FIA L,O;?B<54
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N

f(H5O0QcT <a>�¼,T A LMN;QB<
>�A QR>�O0TeK$A QB<v<�º0>�<�L-?BQBb[DYO0QETml H5QBA o5A L0<
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�GH5OMD9KSJ5H5LMD�H58;?B<�L,OhT <&DGQBb&DYO0T ?RK�?RDGf0QBb&>�b&N;<�L-?RDE<�L½O;?BA T AeDBK$L-?9fMK$QvN;b�C'K$O;?9Tml K$T o5H5QBA ?BW0FI<~^�4�{vK$LMDGO0L½f0QB<�FIA <�Q

?B<�FIfMDUÂ L0H5OMDkK$T T H5LMDIFIH5L-?BQB<�QITeK�L0b&>�<&DBDYA ?BbhN;<½>�<�?aK$T o5H5QBA ?BW0FI<hDYO0Qk>�<�?Y?B<½F Á�FI<½>�H5L;wMo5O0QRK�?BA H5L¢<�L FI<�?Y?RK$L-?
<�L�b�J,AeN;<�LM>�<jT <&D[f0QBH580T X�FI<&D[T A b&DcK$O;ºµ>�H5L-?RK$FIA LMK�?BA H5LMDVL,O0FIb�QBAed-O0<&D�4/�GH5OMDV?B<&D=?B<�QBH5LMD[N0K$LMD[O0L�DY<&>�H5LMNÃ?B<�FIfMD
DBKPD=?RK$80A T A ?BbjL,O0FIb�QBAed-O0<t<�LµC­H5LM>@?BA H5L�N;OµL0H5F~80QB<IN;<k>�H5OM>RW0<&D[^ÃDYO0Q[O0L0<jD=?BQBOM>@?BO0QB<jgaFIA T A <�O�>�H5LMN;OM>@?B<�O0Q

�
TeK

>�H5LMN;OM>@?BA J,A ?Bb[QB<�L;C­H5Q ��K$L-?�T <&D�A LMD=?RK$80A T A ?Bb&DEL,O0FIb�QBAed-O0<&D�4
¨©%'®&1«1,�*+-Ø %'�"1,�"#51h�"! Ö"����5�/'×,´Ì1«�"1h#5�(���&.0´Ì%'�".;�&%'�(� �U!"´Ì+-��%'°U!"1 4

69L�>�H5LMDYAeN;X�QB<jT <kF Á�FI<a>�¼,T A LMN;QB<a>�A QR>�O0TeK$A QB<I<�º0>�<�L-?BQBbad-O0<k>�<�T O0Axb�?BOMN;A baK$O0fMK$QRKSJ�K$L-?&4"69LÌ>�H5FIfMK$QB<IT <&D
QBb&DYO0T ?RK�?RDvH58;?B<�L,OMD[fMK$QVA L-?Bb�o5QRK�?BA H5L�KSJ5<&>~Tml K$T o5H5QBA ?BW0FI<j^µg«>�<�O;ºÃH58;?B<�L,OMDcKSJ5<&>~Tml K$T o5H5QBA ?BW0FI<IÁV4 Ò L�>�<
d-O0A�>�H5LM>�<�QBL0<9Tml K$T o5H5QBA ?BW0FI<v^TÂ,T <&D`fMK$QRK$FIX�?BQB<&D � L0H5F~80QB<vN;<V>�H5OM>RW0<&Dx^j<�?�L0H5F~80QB<9N;<vfMK5DxNUl A L-?Bb�o5QRK�?BA H5L �DYH5L-?~AeN;<�L-?BAed-O0<&DIK$O;º�f0QBb&>�b&N;<�L-?RD�4�Æ�H5O0QtTml K$T o5H5QBA ?BW0FI<PÁ%Â"H5LÌf0QB<�LMNÌO0LÌL0H5F~80QB<PN;<afMK5DtNUl A L-?Bb�o5QRK�?BA H5L
b�o-K$T�gÃ3&Ê5Êkf(H5O0Q[T <&DVN;<�O;º½f0QB<�FIA X�QB<&DVDYH5OMD=n³Ó�H5L0<&DGFIH;N;O0T b�<&DV<�?[b�o-K$T�g«Ä$Êaf(H5O0QVTeKk?BQBH5AeDYA X�FI<54UÏGA LMDYA2ÂUT <
L0H5F~80QB<I?BH$?RK$TxN;<kfMK5D~NUl A L-?Bb�o5QRK�?BA H5L�N;<aTml K$T o5H5QBA ?BW0FI<kÁ � 100 × 2 + 50 = 250 � QB<&D=?B<jb�o-K$Txg½>�<�T O0AxN;<Tml K$T o5H5QBA ?BW0FI<9^ � (10× 10)× 2+10× 5 = 250 � 4-À <&D`D=?BQBOM>@?BO0QB<&D L0<vN;A i�X�QB<�L-?�K$T H5QRD d-O0<9fMK$Q`TeKcLMK�?BO0QB<9N;<Tml K$T o5H5QBA ?BW0FI<�O;?BA T AeDYb54-À�KVwMo5O0QB<Gz04 ];3�QB<�f0QBb&DY<�L-?B<+Â$f(H5O0Q`>RWMK5>�O0LjN;<&D`K$T o5H5QBA ?BW0FI<&DUÂ�Tml b�J5H5T O;?BA H5LI<�LIC­H5LM>@?BA H5L
N;<

N
N;<cTml b&>�K$QY?9QB<�TeK�?BA C <�L-?BQB<

σ(exc)(180o)
<�?
σ(c)(180o)

>�K$Te>�O0T b�<~KSJ5<&>[g
N = 20

4MÆ�H5O0Q9Tml K$T o5H5QBA ?BW0FI<
Á%Â0<�T T <[TeK$AeDBDY<[>�TeK$A QB<�FI<�L-?GK$f0fMK$QRK�Se?BQB<vO0L0<~N;A J5<�QBo5<�LM>�<VN;<[TeKj>�H5O0QB8(<[gIfMK$QY?BA QGN;<

N = 30
<�L,J,A QBH5L�Â0K$T H5QRD

d-O0<PTeKµ>�H5L,J5<�QBo5<�LM>�<k<&D=?jK5DBDYO0QBb�<af(H5O0QIT <h>�K$Te>�O0T�O;?BA T AeDBK$L-?ITml K$T o5H5QBA ?BW0FI<«^�4x�`<�?Y?B<hN;A J5<�QBo5<�LM>�<aFIH5L-?BQB<
Tml K$f0fMK$QBA ?BA H5LÌN;<&D~A LMD=?RK$80A T A ?Bb&D~L,O0FIb�QBAed-O0<&D�4 �`H5FIFI<a<�º;f0T Aed-O0bPN0K$LMD~TeKÃDY<&>@?BA H5LÌz04 z04 3+Â�<�T T <&DtN;b�f(<�LMN;<�L-?
N;<&D[H5QRN;QB<&DcK$O;º0d-O0<�TeD[T <&DVC­H5LM>@?BA H5LMD~N;< � <&DBDY<�T`DYH5L-?cb�J�K$T O0b�<&D�4�Æ�K$Q~>�H5LMDYb&d-O0<�L-?-Â Tml H5QRN;QB<jN;<j?BQBH5LM>�K�?BO0QB<
N

>�H5LMN;A ?BA H5L0L0<[Tml K$f0fMK$QBA ?BA H5L«N;<&DEA LMD=?RK$80A T A ?Bb&DEL,O0FIb�QBAed-O0<&D�4MÀ�KjDYb�QBA <[N;<&DG>�A LMdkwMo5O0QB<&DEz04 ]5] � K � gjz04 ]5] � < �QB<�f0QB<&DYb�L-?B<[T <&D9FjK�?BQBAe>�<&D9Á�DYH5OMDEC­H5QBFI<tN;<t>�K$QY?B<&DG>�H5T H5QBb�<&DUÂ0f(H5O0QvT <&DGJ�K$T <�O0QRD9N;<
N

DYO0A J�K$L-?B<&DcÂU]5ÄPÂ(z5Ê'Â
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>�K$Te>�O0T bVfMK$Q�TeKjr½{�<�?GTeKIr½{[�KÂ0L0H5QBFjK$T AeDYbvfMK$QGg
σ(c)(180o)

Â

τMD−MDC =

∣∣∣∣∣
σ

(exc)
MD (180o) − σ

(exc)
MDC(180o)

σ(c)(180o)

∣∣∣∣∣ � z04 3S]-\ �
�`<&>�A(f(<�QBFI<�?ENUl b�J�K$T O0<�QxTml b&>�K$QY?x<�L-?BQB<9T <&D`QBb&DYO0T ?RK�?RDxN;<&DxN;<�O;ºkFIb�?BW0H;N;<&Dxf(H5O0Q�>RWMK5>�O0L0<vN;<&D ?BQBH5AeD`J�K$T <�O0QRD
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N = 80
4UÒ L�>�H5FIfMK$QRK$L-?VT <&DVwMo5O0QB<&DVz04 ]5Ä

<�?vz04 ]-\ ÂMH5LhJ5b�QBA wM<~d-O0<cTml b&>�K$QY?9<�L-?BQB<cT <&D9QBb&DYO0T ?RK�?RDGN;<~TeKkr½{p<�?V>�<�O;ºhN;<~TeKkr½{[��<&D=?vf0T OMDGA FIf(H5QY?RK$L-?
d-O l K$O0fMK$QRKSJ�K$L-?&4(¸�T�C'K$O;?~DYO0QY?BH5O;?c>�H5LMD=?RK�?B<�Qcd-O0<ITeK«r½{[�©N;<�J,A <�L-?[A LMDYO��kDBK$L-?B<IT H5QRDBd-O0<

ncyl
K$O0o5FI<�L-?B<

� J5H5A Q"wMo5O0QB<&D�z04 ]$� � 8 � <�?`z04 ]$� � > � � K$T H5QRD�d-O0<�T <&D�QBb&DYO0T ?RK�?RD�N;<�TeKVr½{ÔDY<�F~80T <�L-?�?BH5O�:=H5O0QRD�>�H5L,J5<�QBo5<�Q"J5<�QRD�TeK
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ncyl = 1.2 + i5
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N2

θ
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N2

r

<�?
NrNθ

A L-?B<�QBJ,A <�L0L0<�L-?cN0K$LMDVTml <�º;f0QB<&DBDYA H5LµN;<jTeKPFjK�?BQBAe>�<
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NrNθ � J5H5A Q�wMo5O0QB<Gz04 3&q � > � � d-O0AM<�Ljb�TeK$QBo5AeDBDY<�L-?T <cDYf(<&>@?BQB<[N;<[Å0H5O0QBA <�QGN;<vC'K ��H5LPL0H5L«L0b�o5T A o5<&K$80T < � J5H5A QxwMo5O0QB<[z04 3&q � N � � 4;Ò L«H5O;?BQB<+Â;T <&DG>�H,<��k>�A <�L-?RDEN;<[Å0H5O0QBA <�QN;<&D[f0QBH5T H5L0o5<�FI<�L-?RD[N;<
N2

θ (r, θ)
Â
N2

r (r, θ)
<�?
NrNθ(r, θ)

N;b�f(<�LMN;<�L-?c?BH5OMDcN;<jTeK«J�K$QBAeK$80T <IQRK5N;AeK$T <
r
Â">�<kd-O0A
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�GH5OMDkK$T T H5LMDj>�H5LMDYAeN;b�QB<�QjO0L L0H5O0J5<&K$O f0QBH5T H5L0o5<�FI<�L-?jN;<½TeKµC­H5LM>@?BA H5L
N2

θ (r, θ)
g�fMK$QY?BA QkN;OMd-O0<�T9L0H5OMD
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NrNθ(r, θ)
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θ

N;b�f(<�LMN0K$L-?9DY<�O0T <�FI<�L-?GN;<[TeKtJ�K$QBAeK$80T <
θ
Â

N2
θ (r, θ) =

R2
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R2
sin2 (θ − θ0)
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θ ∈

[
θ0 −

θm
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Æ�H5O0QETml A LMD=?RK$L-?-ÂM>�<[f0QBH5T H5L0o5<�FI<�L-?E<&D=?GJ�K$TeK$80T <[d-O0<�T T <cd-O0<cDYH5A ?GTeKIJ�K$T <�O0QGN;<
r � r ∈ [Rmin, Rmax] � FjK$AeDQB<&D=?B<`T A FIA ?Bb�g9Tml A L-?B<�QBJ�K$T T < [

θ0 − θm

2 , θ0 + θm

2

] N;<xTml K$L0o5T <
θ
4SÒ Lt<�i�<�?-ÂST <�>�<�QR>�T < C L l <&D=?�>�H5L-?B<�L,O~d-O0<�N0K$LMDT <jDY<&>@?B<�O0QcNUl K$L0o5T <

θm
>�<�L-?BQBbjDYO0Q[Tml K$L0o5T <

θ0
4�ÏEwML�NUl H58;?B<�L0A QcO0L0<tC­H5LM>@?BA H5L�N;b�J5<�T H5f0fMK$80T <t<�L�DYb�QBA <jN;<

Å0H5O0QBA <�Q-Â-A TU<&D=?EL0b&>�<&DBDBK$A QB<vNUl b�?B<�LMN;QB<vTeKtN;b�wML0A ?BA H5L«N;< ~N DYO0Q�Tml A L-?B<�QBJ�K$T T <v<�L-?BA <�Q
[−π, π]

4(69Lab�J,A ?B<v?BH5O;?B<
N;AeDB>�H5L-?BA L,O0A ?Bb9N;<9TeKVC­H5LM>@?BA H5L

N2
θ (r, θ)

<�LkTeK[f0QBH5T H5L0o5<&K$L-?`g[TeKcJ�K$T <�O0Qx>�H5LMD=?RK$L-?B<c39DYO0QxT <&D A L-?B<�QBJ�K$T T <&D`N;<
θ
>�H5FIf0T b�FI<�L-?RK$A QB<&D�g [

θ0 − θm

2 , θ0 + θm

2

] DYO0Q
2π � J5H5A QxwMo5O0QB<[z04 ]$q � K � � 4;Å"A LMK$T <�FI<�L-?-Â;T <[f0QBH5T H5L0o5<�FI<�L-?>RW0H5AeDYAUD�l b&>�QBA ?[Â

N2
θ (r, θ) =

{
R2

0

R2 sin2 (θ − θ0)
DYA
θ ∈

[
θ0 − θm

2 , θ0 + θm

2

]

1
DYA
θ ∈

[
−π, θ0 − θm

2

]
∪
[
θ0 + θm

2 , π
] � z04 3S]$q �

�`<xf0QBH5T H5L0o5<�FI<�L-?�N;<
N2

θ

<&D=?�J�K$TeK$80T <�N0K$LMD ?BH5O;?B<&D�T <&D�DYH5OMD=n³Ó�H5L0<&D FIH;N;O0T b�<&D�4�À <&D�>�H,<��k>�A <�L-?RD�N;<�Å0H5O0QBA <�Q
NUl O0L0<t?B<�T T <tC­H5LM>@?BA H5Lµf(b�QBA H;N;Aed-O0<IQB<&D=?B<�L-?[>�K$Te>�O0TeK$80T <&DVK$LMK$T ¼-?BAed-O0<�FI<�L-?&4 À <�O0QRDv<�º;f0QB<&DBDYA H5LMDvN;<�J,A <�L0L0<�L-?
DY<�O0T <�FI<�L-?�O0L[f(<�Ocf0T OMD�>�H5FIf0T <�º;<&D d-O0< T < f0QB<�FIA <�Q�f0QBH5T H5L0o5<�FI<�L-? d-O0A5b�?RK$A ?�QB<�f0QBb&DY<�L-?Bb�fMK$Q"N;<&D�C­H5LM>@?BA H5LMD
>�H5LMD=?RK$L-?B<&DxH5O«>�QBb�L0<&K$O;ºU40À <[>�H,<��k>�A <�L-?GN;<cÅ0H5O0QBA <�QGNUl H5QRN;QB<VÊIN;O«f0QBH5T H5L0o5<�FI<�L-? � z04 3S]$q � D�l b&>�QBA ?[Â

(
N2

θ

)
0

= 1 +
1

π

{
R2

0

4R2
[θm − sin (θm)] − θm

2

}
� z04 3S]$y �

À <&DE>�H,<��k>�A <�L-?RDENUl H5QRN;QB<
n ∈ N

∗ DY<[QBb�fMK$QY?BAeDBDY<�L-?�<�L«N;<�O;º«>�K5DVÂ

∀n ∈ N\ {−2, 0, 2} �

(

N2
θ

)

n
=
e−inθ0

π

{

R2
0

2R2

[

sin
(

n θm

2

)

n
− sin

[

(n− 2) θm

2

]

(n− 2)θm

− sin
[

(n+ 2) θm

2

]

(n+ 2) θm

2

]

− sin
(

n θm

2

)

n

}

� �4f e/��'��<�?9DYA
n = −2

H5Oh]PÂ;H5LP?BQBH5O0J5<tÂ
(
N2

θ

)
±2

=
e∓2iθ0

2π

{
R2

0

2R2

[
sin (θm) − 1

4
sin (2θm) − θm

2

]
− sin (θm)

}
� z04 3&z03 �

À�KvwMo5O0QB<Ez04 ]$yVQB<�f0QBb&DY<�L-?B<E>�<GDYf(<&>@?BQB<9N;<GÅ0H5O0QBA <�Q-Â5d-O0AMK[f(H5O0Q TeK$QBo5<�O0Q
∆99% = 8

4;�`<GDYf(<&>@?BQB<EQB<&D=?B<GN;H5LM>
K5DBDY<�Ó�b�?BQBH5A ?&45À <Gf0QBH5T H5L0o5<�FI<�L-? N;<GTeKvC­H5LM>@?BA H5L

N2
r (r, θ)

DY<9N;b&N;O0A ?xN;<9>�<�T O0AMN;<
N2

θ (r, θ) � z04 3S]$y � Â$NUl K$f0QBX&DTeKPQB<�TeK�?BA H5L � z04 3S]$Ê � 4�^,<&Dc>�H,<��k>�A <�L-?RD[<�L�N;b&>�H5O0T <�L-?cb�o-K$T <�FI<�L-?cDY<�T H5LµT <&D[QB<�TeK�?BA H5LMD � z04 3S];3 � <�? � z04 3S]5] � 4�`<�?Y?B<GC­H5LM>@?BA H5La<&D=?xA T T OMD=?BQBb�<9fMK$QxTeK[wMo5O0QB<9z04 ]$q � 8 � 4;^,H5LaDYf(<&>@?BQB<9f(H-DBDYX&N;<9TeKcF Á�FI<vTeK$QBo5<�O0Q`d-O0<V>�<�T O0A�N;<
N2

θ (r, θ)
4
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θ K <�? JN2
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{vK$LMDtTml K$QY?BAe>�T < O q5z�P9>�H5LMDBK5>�QBbagÃTeKÃN;A i�QRK5>@?BA H5L¶>�H5L0Aed-O0<+Â�L0H5OMDtKSJ5H5LMD~f0QBb&DY<�L-?BbPNUl K$O;?BQB<&Dc?B<&D=?RDIN;<«J�K$T AeN0K�?BA H5L
fMK$Q~>�H5FIfMK$QRK$AeDYH5LÃ<�L-?BQB<kTeK«FIb�?BW0H;N;<aN;A i�b�QB<�L-?BA <�T T <k<�?~TeKhFIb�?BW0H;N;<kF~O0T ?BA f(H5TeK$A QB<kN;AeDYf(H5L0A 80T <aK$O�TeK$8(H5QRK�?BH5A QB<54
À�K~L0b&>�<&DBDYA ?Bb[NUl <�i�<&>@?BO0<�QEO0L0<VA L-?Bb�o5QRK�?BA H5LkL,O0FIb�QBAed-O0<VNUl O0L«DY¼;D=?BX�FI<[N;A i�b�QB<�L-?BA <�TUQB<�LMNkT <&Dx?B<�FIfMDEN;<[>�K$Te>�O0TUN;<
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K$LMK$T ¼;DY<�QEKSJ5<&>vN;<&D�f0QBb&>�AeDYA H5LMDx?BH5O;?GgtC'K$A ?GDBK�?BAeD=C'K$AeDBK$L-?B<&D�4
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À�KkN;A i�QRK5>@?BA H5L½>�TeK5DBDYAed-O0<c<&D=?vT <~>�K5DGfMK$QY?BAe>�O0T A <�QvN;<~TeKaN;A i�QRK5>@?BA H5L½>�H5L0Aed-O0<cf(H5O0QvT <&d-O0<�T�T <~J5<&>@?B<�O0QvNUl H5LMN;<
A LM>�AeN;<�L-?t<&D=?t>�H5L-?B<�L,O�N0K$LMDcT <kf0TeK$LÌN;<PDY<&>@?BA H5L�N;QBH5A ?B<54"{vK$LMD~>�<a>�K5DUÂ�T <aDY¼;D=?BX�FI<kb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<j<�L-?BA <�Q

� D=?BQBOM>@?BO0QB<�o5b�H5FIb�?BQBAed-O0<�<�? >RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D � N;<�J,A <�L-?`>�H5FIf0T X�?B<�FI<�L-?�A LMN;b�f(<�LMN0K$L-?`N;<ETeKvJ�K$QBAeK$80T <Óc<�?9T <cf0QBH580T X�FI<~N;<~N;A i�QRK5>@?BA H5L½DY<cN;b&>�H5O0f0T <c<�L½N;<�O;ºh>�K5D9N;<cf(H5TeK$QBAeDBK�?BA H5LPA LMN;b�f(<�LMN0K$L-?RD�4�{vK$LMDEO0L½f0QB<�FIA <�Q
?B<�FIfMDUÂ T <&D[b&d-OMK�?BA H5LMDVo5b�L0b�QRK$T <&DVDY<�QBH5L-?[80QBA X�J5<�FI<�L-?[QBb�b&>�QBA ?B<&DV<�?~K5N0K$f;?Bb�<&D[g«TeK«N;A i�QRK5>@?BA H5L�>�TeK5DBDYAed-O0<54UÆ O0AeDUÂ
d-O0<�Ted-O0<&D�QBb&DYO0T ?RK�?RD�L,O0FIb�QBAed-O0<&D�J,A <�LMN;QBH5L-?E>�H5L;wMQBFI<�QETeKtJ�K$T AeN0K�?BA H5L«N;<[TeK~?BW0b�H5QBA <54
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{vK$LMDV?BH5O;?~>�<k>RWMK$f0A ?BQB<+Â H5L�O;?BA T AeDY<j<�º0>�<�f;?BA H5L0L0<�T T <�FI<�L-?cTeK«f0QB<�FIA X�QB<jQB<�f0QBb&DY<�L-?RK�?BA H5LµN;O�J5<&>@?B<�O0QcNUl H5LMN;<
A LM>�AeN;<�L-? � J5H5A Q~wMo5O0QB<«];4 � � K � � f0O0AeDBd-O l <�T T <«N;<�FI<�O0QB<PTeK½f0T OMDI>�H5O0QRK$FIFI<�L-?tO;?BA T AeDYb�<«<�L¶N;A i�QRK5>@?BA H5L¢>�TeK5DBDYAed-O0<54
ÏGA LMDYA2Â

θinc
<&D=?GQB<�FIf0TeK5>�bvfMK$Q

θ′inc − π
<�?
ϕinc

fMK$Q −ϕ′
inc

N0K$LMD�T <&D�b&d-OMK�?BA H5LMDEDYO0A J�K$L-?B<&D�4
� ¯UÖ`�M�&ª"×,®&1h1-�tÖ"��1,´Ì%'×-��1,®t#5�(�"®&+,°U!"1,�"#51,® 4

69Lk>�H5LMDYAeN;X�QB<9D=?BQBAe>@?B<�FI<�L-?xT <9F Á�FI<vDY¼;D=?BX�FI<9o5b�H5FIb�?BQBAed-O0<9d-O0<v>�<�T O0A�>�H5LMDYAeN;b�QBbG<�LaN;A i�QRK5>@?BA H5La>�H5L0Aed-O0<54
À l O0L0Aed-O0<VW,¼,f(H$?BW0X&DY<vC­H5QBF~O0T b�<[N0K$LMDE>�<c>RWMK$f0A ?BQB<VD�l b�L0H5LM>�<VfMK$Q[Â

� D ��D�M�@�D�_	G/C � B�J�C,DELXJ�M�L�C,D�J�@`D�F�@2M�B�J�@�D�J�_^C,I�J�F#W D2b�W I�J:C,D#F D�M�@HL�B�J C�G�B�LX@�D��
F B�LX@ ~k(inc)

ext ∈ (~er, ~eθ) .

ÏGO;?BQB<�FI<�L-?~N;A ?-Â Tml K$L0o5T <jNUl A LM>�T A LMK$AeDYH5Lµ<�L-?BQB<IT <jJ5<&>@?B<�O0QcNUl H5LMN;<jA LM>�AeN;<�L-?c<�?cT <jf0TeK$L�N;<kDY<&>@?BA H5L�N;QBH5A ?B<
<&D=?EL,O0T Â

ϕ′
inc = 0

40{~l K$f0QBX&D�TeKtQB<�TeK�?BA H5L � ];4 �-q � Â;H5L«N;b&N;O0A ?9N;A QB<&>@?B<�FI<�L-?9d-O0<IÂ
γ0 = 0 � �M4 3 �
y,\
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<�?-Â0DY<�T H5LPTeKIQB<�TeK�?BA H5L � z04 ]5Ä � Â;H5LPH58;?BA <�L-?Gb�o-K$T <�FI<�L-?[Â

kt,j = kj
KSJ5<&>

j ∈ {int, ext} � �M4 ] �
{vK$LMD">�<&D�>�H5LMN;A ?BA H5LMDUÂ&T <xf0QBH580T X�FI<`b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<`N;<�J,A <�L-?�<�L-?BA X�QB<�FI<�L-?�A LMN;b�f(<�LMN0K$L-?�N;<xTeKGJ�K$QBAeK$80T <
z
45Á�H5OMD�T <&D >RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�DYH5L-?`K$T H5QRD�A LMN;b�f(<�LMN0K$L-?RD`N;<

z
<�?`fMK$Q`DYO0A ?B<+Â5f(b�QBA H;N;Aed-O0<&D DY<�T H5L

TeKIJ�K$QBAeK$80T <[K$L0o5O0TeK$A QB<
θ � H5L«f(<�QRN«TeKIfMDY<�OMN;H$n³f(b�QBA H;N;Ae>�A ?Bb[N;O0<~K$OP?B<�QBFI< eiγ0z N0K$LMDET <&DE<�º;f0QB<&DBDYA H5LMD�N;<&D

>RWMK$FIfMD � 40À <&D�QB<�TeK�?BA H5LMD � z04 q � Â � z04 y � <�? � z04 3&Ê � D�l b&>�QBA J5<�L-?GN;H5LM>tÂ

~E(inc)(r, θ) =

+N∑

n=−N

~E
(inc)
0 e−inθ′

incinJn(kextr)e
inθ � �M4 z �

~H(inc)(r, θ) =
+N∑

n=−N

~H
(inc)
0 e−inθ′

incinJn(kextr)e
inθ � �M4 � �

~A(r, θ) =
+N∑

n=−N

~An (r) einθ KSJ5<&> ~A ∈
{
~E, ~H

}
� �M4 Ä �

À�KGf0QBH5f0QBA b�?Bb � �M4 3 � A LMN;O0A ?�8(<&K$OM>�H5O0f~N;<�>�H5LMDYb&d-O0<�LM>�<&D f0O0AeDBd-O0<`T <`?B<�QBFI< γ0
K$f0fMK$QRK�Se?�N0K$LMD�T <&D�b&d-OMK�?BA H5LMD

N;<vr½K�º;¾x<�T T�N0K$LMDxTeKcÓ�H5L0<9FIH;N;O0T b�<VK$A LMDYA�d-O0<VN0K$LMD`T <&DxQBb�o5A H5LMD W0H5FIH5o5X�L0<&D <�?�AeDYH$?BQBH5f(<&D`<�LkJ5<�QY?BOPN;<9TeK
>�H5LMDY<�QBJ�K�?BA H5LPN;<VTeKI>�H5FIf(H-DBK$L-?B<V<�L

z
N;O«J5<&>@?B<�O0QGNUl H5LMN;<VA LM>�AeN;<�L-?9N0K$LMDx?BH5O;?GTml <&DYfMK5>�< � z04 3&Ê � 4
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69LhKjJ,O½d-O0<cT <&DEb&d-OMK�?BA H5LMDGN;<~r½K�º;¾x<�T T2Â(N0K$LMDET <&DGQBb�o5A H5LMD

(int)
<�?

(ext)
<�?vN0K$LMDGTml <&DYfMK5>�<cN;<~Å0H5O0QBA <�Q

?BQBH5LMd-O0b+ÂMDY<V?BQRK5N;O0AeDY<�L-?9fMK$QGT <&DEQB<�TeK�?BA H5LMDEFjK�?BQBAe>�<�T T <&D � z04 �M3 � <�? � z04 �,Ä � 40Ò T T <&DvD�l b&>�QBA J5<�L-?E<�Lh¼PA L�:=<&>@?RK$L-?TeKtf0QBH5f0QBA b�?Bb � �M4 3 � Â

Ψ(j)(r) =




0 i
ωǫj

[
kjqe − α

r

]
0 i

ωǫj

[
kjqh − α

r

]

Id 0 Id 0
− i

ωµ0

[
kjqe − α

r

]
0 − i

ωµ0

[
kjqh − α

r

]
0

0 Id 0 Id


 � �M4 � �

Ψ(j)
r (r) =

(
0 − α

rωǫj
0 − α

rωǫj
α

rωµ0
0 α

rωµ0
0

)
� �M4 \ �

H��
j ∈ {int, ext} <�? qe <�? qh DYH5L-?GN;H5L0L0b&D�QB<&DYf(<&>@?BA J5<�FI<�L-?EfMK$Q � z04 �,] � <�? � z04 �-z � 4

 ~ª".0´�Ö�®t�".0�"®j/'.��5�(�"1½´Ì� �"!"/'+,1 4
{vK$LMDtTeKµÓ�H5L0<PFIH;N;O0T b�<+Â�<�?I?BH5O�:=H5O0QRDIN0K$LMDtTml <&DYfMK5>�<«N;<hÅ0H5O0QBA <�Qt?BQBH5LMd-O0b+Â�T <&Dtb&d-OMK�?BA H5LMDIN;<hr½K�º;¾x<�T T
f0QB<�L0L0<�L-?ETeKtC­H5QBFI<[N;OhDY¼;D=?BX�FI<cN;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � N;H5L-?GTeKtFjK�?BQBAe>�< M(r) � z04 3&q � <�LhN;A i�QRK5>@?BA H5L«>�TeK5D=nDYAed-O0<[DY<VQBb&N;O0A ?9gPÂ

M(r) =




−α
r
Q−1

ǫ,rrQǫ,rθ + i
r
Id 0 0 ωµ0Id − 1

ωr2αQ
−1
ǫ,rrα

0 0 −ωµ0Id 0
0 1

ωµ0r2α
2 − ωQǫ,zz

i
r
Id 0

ω
(
Qǫ,θθ −Qǫ,θrQ

−1
ǫ,rrQǫ,rθ

)
0 0 −Qǫ,θrQ

−1
ǫ,rr

1
r
α




� �M4 q �À�KjFjK�?BQBAe>�< Mr(r) � z04 3&y � N;<~TeKjQB<�TeK�?BA H5L � ];4 353S] � N;H5L0LMK$L-?9T <&D9>�H5FIf(H-DBK$L-?B<&DEQRK5N;AeK$T <&D9N;O½>RWMK$FIf½b�T <&>@n?BQBH5FjK$o5L0b�?BAed-O0<VN;<�J,A <�L-?[Â

Mr(r) =

( −Q−1
ǫ,rrQǫ,rθ 0 0 −Q−1

ǫ,rr
α
rω

0 α
rµ0ω

0 0

)
� �M4 y �

¸�T�<&D=?jA L-?Bb�QB<&DBDBK$L-?IN;<«f0QBb&>�AeDY<�Qjd-O0<PTeKµFjK�?BQBAe>�<
Qǫ

Â�L0<hN;b�f(<�LMN0K$L-?jfMK5DIN;<
γ0

FjK$AeDtO0L0Aed-O0<�FI<�L-?kN;<&D
fMK$QRK$FIX�?BQB<&D�H5f;?BH5o5b�H5FIb�?BQBAed-O0<&D�N;<�Tml H58;:=<�?`>�¼,T A LMN;QBAed-O0< � ǫ Â ~N Â 4 4 4 � Â$QB<&D=?B<�A LM>RWMK$L0o5b�<x<�?`D�l <�º;f0QBA FI<x?BH5O�:=H5O0QRDNUl K$f0QBX&D � z04 3SÄ � 4
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Ï�TeKIJ,O0<~N;<[Tml <�LMDY<�F~80T <~N;<c>�<&DGFjK�?BQBAe>�<&D�H��½N;<[L0H5F~80QB<�O;ºP80T H;>�DGD�l K$L0L,O0T <�L-?9d-OMK$LMN«H5L«A L-?BQBH;N;O0A ?9Tml b&d-OMK�?BA H5L
� �M4 3 � Â�H5LIJ5H5A ? d-O0<�T <&D�>�H,<��k>�A <�L-?RD�N;<GÅ0H5O0QBA <�Q�N;<&D >�H5FIf(H-DBK$L-?B<&D�N;Oj>RWMK$FIftb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<`?BH$?RK$T0>�H5L-?B<�L,OMDN0K$LMDaT <&DPFjK�?BQBAe>�<&DP>�H5T H5L0L0<&D

[F (r)]
<�?

[Fr(r)]
DY<µN;b&>�H5O0f0T <�L-?«N0K$LMDa?BH5O;?«Tml <&DYfMK5>�<Ã<�L�N;<�O;ºÔf(H5TeK$QBAeDBK�?BA H5LMD

A LMN;b�f(<�LMN0K$L-?B<&D�4;À�Kcf0QB<�FIA X�QB<+Â-K$f0f(<�T b�<vf(H5TeK$QBAeDBK�?BA H5L �	G�I�J�F ��D�G�F D � W D�M�@HG�L�
�_�D � Á�Ò � Â;QB<�T A <9T <&Dx>�H5FIf(H-DBK$L-?B<&D Ez
Â

Hr
<�?
Hθ �

K$T H5QRD�d-O0<�TeK[DY<&>�H5LMN;<+Â$K$f0f(<�T b�<�f(H5TeK$QBAeDBK�?BA H5L �	G�I�J�F ��D�G�F D � I [YJ�>�@HL�
�_�D � ÁEr � Â$QB<�T A <�T <&D >�H5FIf(H-DBK$L-?B<&D
Hz

Â
Er

<�?
Eθ

4
¸�T0<&D=?`O;?BA T <9N;<9N;AeDB>�O;?B<�Q`N;<&D o5QRK$LMN;<�O0QRD�K5DBDYH;>�A b�<&D�g[Tml H5LMN;<Ef0TeK$L0<EA LM>�AeN;<�L-?B<+Â5<�LjfMK$QY?BAe>�O0T A <�Q`DYO0Q T <&D�J5<&>@?B<�O0QRD

K$FIf0T A ?BOMN;<&DxA LM>�AeN;<�L-?RD ~E(inc)
0

<�? ~H(inc)
0

4,Á�H5O�:=H5O0QRDxNUl K$f0QBX&D`TeKcQB<�TeK�?BA H5L � �M4 3 � Â-T <�O0QRDx>�H5FIf(H-DBK$L-?B<&DxN;H5L0L0b�<&D`fMK$Q
� ];4 �-y � <�? � ];4 Ä$Ê � <�LPC­H5LM>@?BA H5LhN;<&D�fMK$QRK$FIX�?BQB<&D�K$QB80A ?BQRK$A QB<&Dx>RW0H5AeDYAeDEN;<�J,A <�L0L0<�L-?[Â

~E
(inc)
0 =




sin(ψinc) sin (θ′inc)
∥∥∥ ~E(inc)

∥∥∥
− sin(ψinc) cos (θ′inc)

∥∥∥ ~E(inc)
∥∥∥

cos(ψinc)
∥∥∥ ~E(inc)

∥∥∥


 � �M4 3&Ê �

~H
(inc)
0 =




1
Zext

cos(ψinc) sin (θ′inc)
∥∥∥ ~E(inc)

∥∥∥
1

Zext
cos(ψinc) cos (θ′inc)

∥∥∥ ~E(inc)
∥∥∥

− 1
Zext

sin(ψinc)
∥∥∥ ~E(inc)

∥∥∥


 � �M4 353 �

Ï�f0QBA H5QBA2Â�QBA <�L¢L0<hD�l H5f0f(H-DY<«gÃf0QB<�LMN;QB<«>�<&DI<�º;f0QB<&DBDYA H5LMD~f(H5O0QjN;b&>�QBA QB<PT <&DIK$FIf0T A ?BOMN;<&DjN;O >RWMK$FIf¶A LM>�AeN;<�L-?&4
�`<�f(<�LMN0K$L-?-Â�Tml K$L0o5T <«K$Ó�A F~O;?RK$T

ψinc � Tml K$L0o5T <«N;<Pf(H5TeK$QBAeDBK�?BA H5LÌN;O >RWMK$FIf¢b�T <&>@?BQBAed-O0<aA LM>�AeN;<�L-? � <�L-?BQB<�?BA <�L-?IT <>�H5O0f0TeK$o5<�<�L-?BQB<ET <&D >�H5FIf(H-DBK$L-?B<&D�N;Ok>RWMK$FIfIA LM>�AeN;<�L-?&45{vK$LMD T <E80O;?xN;<GN;b&>�H5O0f0T <�Q <�L-?BA X�QB<�FI<�L-? T <Ef0QBH580T X�FI<GN;<
N;A i�QRK5>@?BA H5L�Â;H5LP>�H5LMD=?RK�?B<Vd-O l A T DYO��I?9N;<Vf(H-DY<�Q

ψinc = 0 rad
f(H5O0QEQB<�?BQBH5O0J5<�QxTeK~f(H5TeK$QBAeDBK�?BA H5LaÁ�Ò <�?

ψinc = π
2

rad
f(H5O0QcH58;?B<�L0A QcTeK«f(H5TeK$QBAeDBK�?BA H5LµÁEr�4�69Q[T <&Dc>�H5FIf(H-DBK$L-?B<&DV<�L

z
N;< ~E

(inc)
0

<�? ~H(inc)
0

DYH5L-?[T <&DcDY<�O0T <&Dcd-O0A
A L-?B<�QBJ,A <�L0L0<�L-?jN0K$LMD~TeKÃQBb&DYH5T O;?BA H5LÌN;O¶f0QBH580T X�FI<PN;<«N;A i�QRK5>@?BA H5L � N0K$LMDtTeKÃFjK�?BQBAe>�<P>�H5T H5L0L0< [

A(inc)
] N;b�wML0A <

fMK$Q � z04 �-y � � 4�69LhL0<c>RW0H5AeDYA ?9K$T H5QRDEf0T OMDET <&DGo5QRK$LMN;<�O0QRD ψinc
<�? ∥∥E(inc)

∥∥ >�H5FIFI<cfMK$QRK$FIX�?BQB<&D�N;<&D9K$FIf0T A ?BOMN;<&DUÂFjK$AeDkN;A QB<&>@?B<�FI<�L-?
E

(inc)
0,z

f(H5O0QkT <½>�K5DkÁ�Ò <�?
H

(inc)
0,z

f(H5O0QkT <Ã>�K5DjÁEr�4xr½K$A L-?B<�LMK$L-?ad-O0<hT <½f0QBH580T X�FI<½N;<
N;A i�QRK5>@?BA H5L½<&D=?[>�H5FIf0T X�?B<�FI<�L-?[N;b&>�H5O0f0T b+Â�H5LÃJ�Kaf(H5O0J5H5A QvN;AeDBDYH;>�A <�QvT <&DVN;<�O;ºÃ>�K5DvN;<tf(H5TeK$QBAeDBK�?BA H5Lh<�?[<�º,?BQRK$A QB<
T <�O0QRD�b&d-OMK�?BA H5LMDxQB<&DYf(<&>@?BA J5<&D�40ÏGA LMDYA2Â;T <&DGN;A FI<�LMDYA H5LMDEN;<v?BH5O;?B<&D�T <&DEo5QRK$LMN;<�O0QRD`FjK�?BQBAe>�A <�T T <&D�J5H5L-?�Á�?BQB<VQBb&N;O0A ?B<&D
N;<[FIH5A ?BA b54
�80Y¦10m¥ �«�`�=���M�Y�-�"�0�=�`� �t�0���9� �`� �M�-���h�=���(�;�M�Y¤��G�

À <E>�K5D�N;<Ef(H5TeK$QBAeDBK�?BA H5LtÁ�Ò�>�H5O0f0T <ET <&D�>�H5FIf(H-DBK$L-?B<&D
Ez

Â
Hr

<�?
Hθ

<�L-?BQB<E<�T T <&D�4$À�KVFjK�?BQBAe>�<E>�H5T H5L0L0<
[F (r)]N;b�wML0A <VfMK$QxTeK~QB<�TeK�?BA H5L � ];4 3&Ê5q � L0<[>�H5L-?BA <�L-?�f0T OMD�d-O0<vT <&DE>�H,<��k>�A <�L-?RDxN;<[Å0H5O0QBA <�Q�N;< Ez

<�?
Hθ

4,Ò T T <[DY<vQBb&N;O0A ?
gPÂ

[FTE(r)] =

(
[Hθ]
[Ez]

)
� �M4 3S] �

{vK$LMDxT <&DxQBb�o5A H5LMD`W0H5FIH5o5X�L0<&D`<�?EAeDYH$?BQBH5f(<&D
(int)

<�?
(ext)

Â;Tml b&d-OMK�?BA H5L � �M4 � � >�H5LMN;O0A ?Gg~TeK~QB<�TeK�?BA H5L [FTE(r)] =

Ψ
(j)
TE(r)

[
V

(j)
TE(r)

] KSJ5<&>

Ψ
(j)
TE(r) =

( − i
ωµ0

[
kjqe − α

r

]
− i

ωµ0

[
kjqh − α

r

]

Id Id

)
� �M4 3&z �

<�?GTeKtFjK�?BQBAe>�<[>�H5T H5L0L0< [
V

(j)
TE

] >�H5LMD=?BA ?BO0b�<[DY<�O0T <�FI<�L-?GN;<&DG>�H,<��k>�A <�L-?RDEN;<
Ez

Â

[
V

(j)
TE(r)

]
=




444
A

(j)
e,nJn (kjr)444

B
(j)
e,nH+

n (kjr)444




� �M4 3�� �
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a�
À�KI>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <[N;Oh>RWMK$FIfPFjK$o5L0b�?BAed-O0<[N;H5L0L0b�<VfMK$Q � �M4 \ � DY<VQBb&N;O0A ?9gPÂ

[Hr(r)] =
α

rωµ0
[Ez(r)] � �M4 3SÄ �

Ò L;wML�Â;TeK~FjK�?BQBAe>�< MTE(r)
K5DBDYH;>�A b�<vgcTeK~f(H5TeK$QBAeDBK�?BA H5LaÁ�Ò¶N0K$LMDxTeK~Ó�H5L0<9FIH;N;O0T b�<+Â0DY<VN;b&N;O0A ?EN;<VTml <�º;f0QB<&DBDYA H5L

� �M4 q � DY<�T H5LµÂ
MTE(r) =

(
i
r
Id

1
ωµ0r2α

2 − ωQǫ,zz

−ωµ0Id 0

)
� �M4 3&� �

<�?GT <&DG>�H,<��k>�A <�L-?RDGN;<cÅ0H5O0QBA <�Q9N;<
Hr

N0K$LMDETeKIÓ�H5L0<VFIH;N;O0T b�< � �M4 y � H5L-?G<�º0K5>@?B<�FI<�L-?ETeKIF Á�FI<c<�º;f0QB<&DBDYA H5LPd-O0<f(H5O0QcT <&D[QBb�o5A H5LMD
(int)

<�?
(ext) � �M4 3SÄ � 4 Æ�K$Qc>�H5L-?BQB<+Â A T`<&D=?cA L-?Bb�QB<&DBDBK$L-?cNUl <�º;f0T Ae>�A ?B<�QcT <&D[?B<�QBFI<&DcN;O�DY¼;D=?BX�FI<

N;A i�b�QB<�L-?BA <�T�N;<VFjK�?BQBAe>�< MTE(r)
Â

d [Hθ(r)]

dr
= i

(
α2

ωµ0r2
− ωJǫK

)
[Ez(r)] −

1

r
[Hθ(r)] � �M4 3�\ �

N0K$LMD�TeK5d-O0<�T T <VT <[80T H;>
Qǫ,zz

<&D=?GQB<�FIf0TeK5>�bVfMK$Q JǫK Â(NUl K$f0QBX&DxTeKIQB<�TeK�?BA H5L � z04 3SÄ � <�?

[Hθ(r)] =
i

ωµ0

d [Ez(r)]

dr
� �M4 3&q �

À H5QRDBd-O0< >�<�?Y?B<`<�º;f0QB<&DBDYA H5L[N;<
[Hθ(r)]

<&D=?�A L�:=<&>@?Bb�<xN0K$LMD TeKGN;b�QBA J5b�< N;OcFI<�F~80QB<`N;<`o-K$OM>RW0< N;< TeKEQB<�TeK�?BA H5L � �M4 3�\ � ÂH5LjH58;?BA <�L-?`O0Lj<�LMDY<�F~80T <9N;<
2N+1

b&d-OMK�?BA H5LMD N;A i�b�QB<�L-?BA <�T T <&D`>�H5O0f0T b�<&D N;OkN;<�O;º;A X�FI<9H5QRN;QB<Egc>�H,<��k>�A <�L-?RD�L0H5L
>�H5LMD=?RK$L-?RDVÂ

d2 [Ez(r)]

dr2
+

1

r
[Ez(r)] −

(
α2

r2
− ω2µ0JǫK

)
[Ez(r)] = 0 � �M4 3&y �

{9<�O;ºÃK5DYf(<&>@?RDvN;<I>�<�?Y?B<tb&d-OMK�?BA H5LÃDYH5L-?VgPDYA o5LMK$T <�Q&4�^,A�TeKkFjK�?BQBAe>�< JǫK <&D=?vA LMN;b�f(<�LMN0K$L-?B<IN;< r � H5L½J5<�QBQRKjf0T OMDT H5A L*g�d-O0<�T T <ho5b�H5FIb�?BQBA <h>�<�TeK�>�H5QBQB<&DYf(H5LMN � Â�H5L¶?BQBH5O0J5<hO0L <�LMDY<�F~80T <½N;<
2N + 1

b&d-OMK�?BA H5LMDjN;A i�b�QB<�L-?BA <�T T <&D
>�H5O0f0T b�<&DkN;<«?=¼,f(<hb&d-OMK�?BA H5LMDkN;< � <&DBDY<�Tm4`À <½DY¼;D=?BX�FI< � �M4 3&y � f(<�O;?PK$T H5QRD Á�?BQB<hQBb&DYH5T O N;<«C'K ��H5L*K$LMK$T ¼-?BAed-O0<54
Ò LMDYO0A ?B<+Â"T <PDY¼;D=?BX�FI<aN;A i�b�QB<�L-?BA <�TxL0<P>�H5L-?BA <�L-?~fMK5DcT <&D~80T H;>�D~N;<

Qǫ
>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&DcN;<kTeK½FIb�?BW0H;N;<PÅ�Å�ÅpÂ

Qǫ,uv
KSJ5<&>

(u, v) ∈ {r, θ}2 � z04 3SÄ � 4MÒ LhC'K$A ?-Â(H5LÃDBK$A ?vd-O0<~TeKjFIb�?BW0H;N;<tÅ�Å�Å f(<�QBFI<�?VN;<~N;b&>�QBA QB<~K$OhFIA <�O;ºhT <&D
N;AeDB>�H5L-?BA L,O0A ?Bb&D�d-O0A K$f0fMK$QRK$AeDBDY<�L-?�N0K$LMDxTeKtQB<�TeK�?BA H5LP>�H5LMD=?BA ?BO;?BA J5< ~D = ǫ ~E

N0K$LMDxTml <&DYfMK5>�<VN;<[Å0H5O0QBA <�Q�<�?GN0K$LMDxTeK
Ó�H5L0<EFIH;N;O0T b�<54$Ò T T <GQBb&DYAeN;<GN0K$LMD�Tml K$f0f0T Ae>�K�?BA H5LjN;<ETeK[N;<�O;º;A X�FI<GQBX�o5T <EN;<�C'K5>@?BH5QBAeDBK�?BA H5Ltb�L0H5LM>�b�<EfMK$Q À 4-À A � J5H5A QDY<&>@?BA H5L*354 ];4 z � f(H5O0Q~T <&D~>�H5FIf(H-DBK$L-?B<&D[L0H5QBFjK$T <&Dcg½TeK½DYO0QYC'K5>�<P^TÂ"d-O0A�DYH5L-?tN;AeDB>�H5L-?BA L,O0<&D~g½DBK«?BQRKSJ5<�QRDYb�<54"69QT <t>RWMK$FIfhb�T <&>@?BQBAed-O0<c<&D=?VN;b�wML0A"<�Lhf(H5TeK$QBAeDBK�?BA H5LhÁ�ÒÔO0L0Aed-O0<�FI<�L-?vfMK$QvDBKk>�H5FIf(H-DBK$L-?B<c<�L

z
d-O0A"<&D=?V>�H5L-?BA L,O0<

ga?BQRKSJ5<�QRDV^ � >�H5FIf(H-DBK$L-?B<t?BH5O�:=H5O0QRD9?RK$L0o5<�L-?BA <�T T <jgh^½fMK$Q[A L,J�K$QBAeK$LM>�<IDY<�T H5L z � 4UÆ�K$Qc>�H5LMDYb&d-O0<�L-?-Â�T <jDY¼;D=?BX�FI<N;A i�b�QB<�L-?BA <�T � �M4 3&y � f0QBH�J,A <�L-?[DY<�O0T <�FI<�L-?cN;<ITml K$f0f0T Ae>�K�?BA H5LµN;<ITeKaf0QB<�FIA X�QB<tQBX�o5T <IN;<tC'K5>@?BH5QBAeDBK�?BA H5L½AeN;<�L-?BAed-O0<jg
>�<�T T <tO;?BA T AeDYb�<IN0K$LMDvTeKaFIb�?BW0H;N;<IN;A i�b�QB<�L-?BA <�T T <I>�TeK5DBDYAed-O0< � QBX�o5T <tN;<jÀ�K$O0QB<�L-? � 4 69Lµ>�H5FIf0QB<�LMN½f(H5O0QRd-O0H5A"T <I>�K5D
N;<GTeKVf(H5TeK$QBAeDBK�?BA H5LIÁ�ÒÌL0<Ef0QBb&DY<�L-?B<EfMK5D N;<Gf0QBH580T X�FI<GN;<9>�H5L,J5<�QBo5<�LM>�<�N0K$LMD Tml <&DYfMK5>�<GN;<9Å0H5O0QBA <�Q >�<9d-O0AMQB<=:=H5A L-?
Tml H58MDY<�QBJ�K�?BA H5LkC'K$A ?B<[f(H5O0QET <&D�QBb&DY<&K$O;ºPN;<�f0O0AeD�T H5L0o$?B<�FIfMD O Ä$z�P³4
�80Y¦10 . �«�`�=���M�Y�-�"�0�=�`� �t�0���9� �`� �M�-� 3�� �`�84U�0�Y¤��G�

Æ�H5O0QjTeKµf(H5TeK$QBAeDBK�?BA H5L ÁEr�Â H5L¶f0QBH;>�X&N;<«QBA o5H5O0QB<�OMDY<�FI<�L-?jN;<hTeK�F Á�FI<hFjK$L0A X�QB<hd-O0<hf(H5O0QjT <½>�K5DjN;<hTeK
f(H5TeK$QBAeDBK�?BA H5LhÁ�ÒG4�69LhQRK$f0f(<�T T <td-O0<~TeKjf(H5TeK$QBAeDBK�?BA H5L½ÁEr >�H5O0f0T <cT <&Dv>�H5FIf(H-DBK$L-?B<&D

Hz
Â
Er

<�?
Eθ

<�L-?BQB<c<�T T <&D�4
À�KtFjK�?BQBAe>�<[>�H5T H5L0L0<

[F (r)] � ];4 3&Ê5q � L0<c>�H5L-?BA <�L-?Ef0T OMDGd-O0<VT <&DE>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QGN;< Hz
<�?
Eθ

Â

[FTM (r)] =

(
[Eθ]
[Hz]

)
� �M4 ]$Ê �

{vK$LMDUT <&DUQBb�o5A H5LMD�W0H5FIH5o5X�L0<&D�<�?�AeDYH$?BQBH5f(<&DUÂ@Tml b&d-OMK�?BA H5L � �M4 � � >�H5LMN;O0A ?�g�TeK�QB<�TeK�?BA H5L [FTM (r)] = Ψ
(j)
TM (r)

[
V

(j)
TM (r)

]
KSJ5<&>

Ψ
(j)
TM (r) =

( i
ωǫj

[
kjqe − α

r

]
i

ωǫj

[
kjqh − α

r

]

Id Id

)
� �M4 ];3 �
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a��� 3&Ê03
<�?GTeKtFjK�?BQBAe>�<[>�H5T H5L0L0< [

V (j)
] >�H5LMD=?BA ?BO0b�<cDY<�O0T <�FI<�L-?GN;<&DG>�H,<��k>�A <�L-?RDEN;<

Hz
Â

[
V

(j)
TM (r)

]
=




444
A

(j)
h,nJn (kjr)444

B
(j)
h,nH

+
n (kjr)444




� �M4 ]5] �

À�KI>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <[N;Oh>RWMK$FIfPb�T <&>@?BQBAed-O0<[N;H5L0L0b�<VfMK$Q � �M4 \ � DY<VQBb&N;O0A ?9gPÂ

[Er(r)] = − α

rωǫj
[Hz(r)] � �M4 ]$z �

{~l K$f0QBX&D�TeK~QB<�TeK�?BA H5L � �M4 q � Â;H5LPA L-?BQBH;N;O0A ?ETeKtFjK�?BQBAe>�<VNUl A L-?Bb�o5QRK�?BA H5L MTM (r)
N;<VTeKtÓ�H5L0<vFIH;N;O0T b�<[f(H5O0QET <[>�K5D

N;<[f(H5TeK$QBAeDBK�?BA H5LPÁEr�Â

MTM (r) =

(
i
r
Id − α

r
Q−1

ǫ,rrQǫ,rθ ωµ0Id − α
ωr2Q

−1
ǫ,rrα

ω
(
Qǫ,θθ −Qǫ,θrQ

−1
ǫ,rrQǫ,rθ

)
−Qǫ,rθQ

−1
ǫ,rr

α
r

)
� �M4 ]�� �

�`H5L-?BQRK$A QB<�FI<�L-?xK$OP>�K5D�Á�Ò¼Â;T <&D�>�H,<��k>�A <�L-?RD�N;<VÅ0H5O0QBA <�Q�N;<
Er

N0K$LMDxTeK~Ó�H5L0<9FIH;N;O0T b�<[DY<VN;AeD=?BA L0o5O0<�L-?EN;<V>�<�O;º
N;<&D�QBb�o5A H5LMD

(int)
<�?

(ext)
fMK$QETeKtQB<�TeK�?BA H5L«DYO0A J�K$L-?B<IÂ

[Er(r)] = −Q−1
ǫ,rr

(
Qǫ,rθ [Eθ(r)] + α

rω
[Hz(r)]

) � �M4 ]5Ä �
�9AeKad-O0<�Ted-O0<&D9K5N0K$f;?RK�?BA H5LMD9NUl b&>�QBA ?BO0QB<+ÂMH5LhQB<�?BQBH5O0J5<~NUl K$f0QBX&DETeKkFjK�?BQBAe>�<~NUl A L-?Bb�o5QRK�?BA H5L MTM (r)

N;H5L0L0b�<~fMK$Q
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�80m¥20 . �Ô� �(£G�Y�Y�9�G�0� �U�=�M�U�9�=���=�0�Ô��� �(£G�Y�Y�9�G�0�����Y�Y�=�G�0�Y¤��G�
ÕP1,®&#$��%­Ö"�&%'�(� �"!*®�¯ ®��&×,´Ì1 4

�GH5OMDUL0H5OMDUf0TeK ��H5LMD N;b&DYH5QBFjK$AeD�O0L0Aed-O0<�FI<�L-?�<�L[f(H5TeK$QBAeDBK�?BA H5LVÁEr�4 �GH5OMD K$T T H5LMD >�H5LMDYAeN;b�QB<�QUT < F Á�FI< f0QBH$wMT
>�¼,T A LMN;QBAed-O0<cd-O0<~>�<�T O0A"b�?BOMN;A b~N0K$LMDGTeKjfMK$QY?BA <[A L-?BQBH;N;OM>@?BA J5<~N;<cTeKIC­H5QBF~O0TeK�?BA H5L«o5b�L0b�QRK$T <cN;<cTeKjFIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <j];4 354 354M¸�T D�l K$o5A ?VN;H5LM>tNUl O0Lµ>�¼,T A LMN;QB<IgaDY<&>@?BA H5LµN;QBH5A ?B<t<�T T A f;?BAed-O0<I>�<�L-?BQBb�<tDYO0QVTml H5QBA o5A L0<tN;O
QB<�f(X�QB< � J5H5A Q9wMo5O0QB<j];4 3 � K � � 4 69LÃQRK$f0f(<�T T <Id-O0<tTml <�T T A fMDY<t<&D=?c>�K$QRK5>@?Bb�QBAeDYb�<[fMK$Q[DYH5LÃN;<�FIA n³o5QRK$LMN½K�º;<

a
T <

T H5L0o[N;<ETml K�º;<
x
<�?xDYH5LIN;<�FIA n³f(<�?BA ?xK�º;<

b � b < a � T <GT H5L0o[N;<ETml K�º;< y 45À�K9C­H5LM>@?BA H5L gS
N;H5L0LMK$L-? Tml b&d-OMK�?BA H5L

f(H5TeK$A QB<
r = gS(θ)

N;<[>�<�?Y?B<[<�T T A fMDY<cN0K$LMD�T <[f0TeK$L«N;<cDY<&>@?BA H5L«N;QBH5A ?B<[D�l b&>�QBA ?[Â

gS(θ) =
ab√

a2 − (b2 − a2) cos2(θ)
� �M4 ]$q �

¸�T`L0<jC'K$O;?~fMK5Dc>�H5L;C­H5LMN;QB<a>�<�?Y?B<kb&d-OMK�?BA H5L�f(H5TeK$A QB<kN;H5L-?~Tml H5QBA o5A L0<kN;O�QB<�f(X�QB<j<&D=?~f0TeK5>�b�<aK$O�FIA T A <�O¢N;O
f(<�?BA ? K�º;<`<�? N;Oto5QRK$LMN,n�K�º;< � <�T T A fMDY<E>�<�L-?BQBb�< � KSJ5<&> Tml b&d-OMK�?BA H5Lcf(H5TeK$A QB<x80A <�Lt>�H5L0L,O0< r(θ) = p

1+e cos(θ)

KSJ5<&>
p = b2

a

N;H5L-?�Tml H5QBA o5A L0<`<&D=?�f0TeK5>�b�<�DYO0Q�O0LIN;<&D�C­H�¼5<�QRD"N;<�Tml <�T T A fMDY<54�¸�T;<&D=?�b�o-K$T <�FI<�L-?�A L-?Bb�QB<&DBDBK$L-?�N;<xf0QBb&>�AeDY<�Q
d-O0<P>�<«DY¼;D=?BX�FI<aQB<�L-?BQB<PN0K$LMD~TeKÃ>�K�?Bb�o5H5QBA <aN;<&DI>�¼,T A LMN;QB<&Dt>�H5L-?B<�LMK$L-?tTml H5QBA o5A L0<aN;O¢QB<�f(X�QB< � J5H5A Q~wMo5O0QB<];4 z � K � � �

K$T H5QRD9d-O0<tT <t>�¼,T A LMN;QB<t>�A QR>�O0TeK$A QB<c<�º0>�<�L-?BQBb~b�?BOMN;A bIK$O0fMK$QRKSJ�K$L-?9K$f0fMK$QY?BA <�L-?VgkTml K$O;?BQB<t>�K�?Bb�o5H5QBA <
N;<�DY¼;D=?BX�FI< � J5H5A Q"wMo5O0QB<�];4 z � 8 � � 4�{vK$LMD"T <xf0QB<�FIA <�Q�>�K5DUÂ&T <xFIA T A <�O (int)

<&D=?�T <xFIA T A <�OIN;Ot>�¼,T A LMN;QB<�NUl A LMN;Ae>�<
ncyl

K$T H5QRD�d-O0<+ÂMN0K$LMD�T <cDY<&>�H5LMNP>�K5DUÂ;T <[FIA T A <�O
(int)

QB<&D=?B<VT <[F Á�FI<cd-O0<VT <[FIA T A <�O
(ext)

NUl A LMN;Ae>�<
nmat

4
Æ�H5O0Q�TeKtFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <+Â;TeKtf0QBA LM>�A fMK$T <[N;AeD=?BA LM>@?BA H5LPQBb&DYAeN;<[N0K$LMD�Tml b�?B<�LMN;O0<[K$L0o5O0TeK$A QB<VN;OhDY<&>@?B<�O0Q
DYO0Q9T <&d-O0<�T�<&D=?vN;b�wML0A <~TeKkDYO0QYC'K5>�<~N;<cTml H58;:=<�?V>�¼,T A LMN;QBAed-O0<54MÆ�H5O0Q9O0LÃ>�¼,T A LMN;QB<~>�H5L-?B<�LMK$L-?GTml H5QBA o5A L0<+Â(>�<�?Y?B<
DYO0QYC'K5>�<9<�L-?BH5O0QB<vTml H5QBA o5A L0<54,À l A L-?B<�QBJ�K$T T <v<&D=?GN;H5LM>

[−π, π]
4;Æ�H5O0Q�T <[>�¼,T A LMN;QB<vL0<V>�H5L-?B<�LMK$L-?�fMK5DxTml H5QBA o5A L0<+Â

<�T T <k<&D=?IDY<�O0T <�FI<�L-?tN;b�wML0A <PDYO0Q~O0L¢DYH5OMD=n³A L-?B<�QBJ�K$T T <kN;<
[−π, π]

Â [
θ0 − θm

2 , θ0 + θm

2

] f(H5O0Q~T <P>�¼,T A LMN;QB<
>�A QR>�O0TeK$A QB<P<�º0>�<�L-?BQBb«f0QBb&>�b&N;<�L-?-Â fMK$Qj<�º;<�FIf0T <54 Æ�H5O0QkT <½>�¼,T A LMN;QB<«<�T T A f;?BAed-O0< � >�<�L-?BQBb½DYO0QjTml H5QBA o5A L0< � Â�TeKÓ�H5L0<~FIH;N;O0T b�<t<&D=?[N;H5LM>t>�H5FIf0QBAeDY<~<�L-?BQB<tT <&DV>�¼,T A LMN;QB<&Dv>�A QR>�O0TeK$A QB<&D9>�<�L-?BQBb&D

Cmin
?B<�T�d-O0<

Rmin = b
<�?

Cmax
?B<�Txd-O0<

Rmax = a
4�69L�L0<kTeKhDYO08�N;A J,AeDY<jfMK5D[<�LÌDYH5OMD=n³Ó�H5L0<&DvFIH;N;O0T b�<&Dc>�H5FIFI<jf0QBb&>�b&N;<�FIFI<�L-?

� T <&DG?BQBH5AeD9DYH5OMD=n³Ó�H5L0<&DGFIH;N;O0T b�<&DvN;Oµ>�¼,T A LMN;QB<~>�A QR>�O0TeK$A QB<c<�º0>�<�L-?BQBb � 4 69LÃN;b&DYA o5L0<�QRKjfMK$Q
L
T <tL0H5F~80QB<~N;<

>�H5OM>RW0<&DE^a<�?GfMK$Q
P
T <[L0H5F~80QB<VN;<[fMK5DENUl A L-?Bb�o5QRK�?BA H5LPN;<c>RWMK5d-O0<[>�H5OM>RW0<[^�4

À�K[C­H5LM>@?BA H5L
ǫ(r, θ)

N0K$LMDxTeK~Ó�H5L0<vFIH;N;O0T b�<VN;<�J,A <�L-?ETeKcC­H5LM>@?BA H5LP>�QBb�L0<&K$OaDYO0A J�K$L-?B< � J5H5A QxwMo5O0QB<V];4 3 � 8 � � Â

∀θ ∈ [0, 2π]
Â
ǫ(r, θ) =





ǫcyl
DYA
θ ∈

]
−π,−π + θ̃(r)

[
∪
]
−θ̃(r), θ̃(r)

[
∪
]
π, π − θ̃(r)

[

ǫmat
DYA
θ ∈

[
−π + θ̃(r),−θ̃(r)

]
∪
[
θ̃(r), π − θ̃(r)

] � �M4 ]$y �
H��ÃTml K$L0o5T <

θ̃(r)
<&D=?cN;H5L0L0btfMK$QVTeKPQB<�TeK�?BA H5L � ];4 ] � 4"69L�N;b&N;O0A ?[T <&DVb�T b�FI<�L-?RDVN;<ITeKPFjK�?BQBAe>�<IN;<jÁ�H,<�f0T A ?BÓ

JǫK NUl K$f0QBX&DxT <&DG>�H,<��k>�A <�L-?RDEN;<[Å0H5O0QBA <�QGN;<c>�<�?Y?B<VC­H5LM>@?BA H5LµÂ

ǫ0(r) = ǫmat +
2θ̃(r)

π
(ǫcyl − ǫmat) � �M4 z5Ê �

∀n ∈ N
∗ Â ǫn(r) =

1 + (−1)n

πn
sin
[
nθ̃(r)

]
(ǫcyl − ǫmat) � �M4 z03 �

69LP>�H5LMD=?RK�?B<Vd-O0<[DYO0Q�Tml A L-?B<�QBJ�K$T T <
[−N,N ]

Â;TeKtFIH5A ?BA bV<�L,J,A QBH5LaN;<[>�<&DE>�H,<��k>�A <�L-?RD�N;<[Å0H5O0QBA <�QEDYH5L-?�L,O0TeD
� C'K5>@?B<�O0Q 1 + (−1)n � 4"�`<�O;ºµd-O0A�A L-?B<�QBJ,A <�L0L0<�L-?cN0K$LMDvTeKPFjK�?BQBAe>�< q

1
ǫ

y H5L-?VT <&DVF Á�FI<&DV<�º;f0QB<&DBDYA H5LMDvd-O0<
� �M4 z5Ê � <�? � �M4 z03 � FjK$AeD�<�L«QB<�FIf0TeK ��K$L-?

ǫcyl
fMK$Q 1

ǫcyl

<�?
ǫmat

fMK$Q 1
ǫmat

4
Ò L O;?BA T AeDBK$L-?kTeKµQB<�TeK�?BA H5L

fS(r, θ) = r − gS(θ)
<�?k<�L QB<�FIf0TeK ��K$L-?

gS(θ)
fMK$QkDYH5L¶<�º;f0QB<&DBDYA H5L � �M4 ]$q �N0K$LMDvTeKPN;b�wML0A ?BA H5LµfMK$QVT <to5QRK5N;A <�L-? � ];4 y03 � N;OµJ5<&>@?B<�O0QVL0H5QBFjK$T"<�LµO0Lµf(H5A L-?
M(r, θ)

N;<tTeK«DYO0QYC'K5>�<+Â(TeK
>�H5FIf(H-DBK$L-?B<

Nθ
N;< ~N K$OPf(H5A L-?9rÇD�l b&>�QBA ?[Â

Nθ(r, θ) =
(a2 − b2) cos(θ) sin(θ)√

[a2 + (b2 − a2) cos2(θ)]
2
+ (a2 − b2)2 cos2(θ) sin2(θ)

� �M4 z-] �
�`<�?Y?B<cC­H5LM>@?BA H5L½<&D=?V80A <�L½b�J,AeN;<�FIFI<�L-?[>�H5L-?BA L,O0<tDYO0Q9Tml A L-?B<�QBJ�K$T T <

[−π, π]
f0O0AeDBd-O0<~TeKaDYO0QYC'K5>�<t^h<�L-?BH5O0QB<

Tml H5QBA o5A L0<ÃN;OÔQB<�f(X�QB<54xÒ T T <�K5N;FI<�?«d-OMK�?BQB<ÃFIA L0A FjK¢N;<µJ�K$T <�O0QaL,O0T T <�K$O;º*K$L0o5T <&DPK5DBDYH;>�A b&DkK$O;º*f(H5A L-?RD
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Points de défi nition
de ~N sur C

Prolongement NrNθ(r, θ)

1

ÑrNθ(r)

-ÑrNθ(r)

θπ
π − θ̃(r)π/2

θ̃(r)0

-θ̃(r)-π/2

-π − θ̃(r)

-π

�����	� �M4 ] �aÍE<�f0QBb&DY<�L-?RK�?BA H5LPN;<[TeK~C­H5LM>@?BA H5L
NrNθ(r, θ)

NUl A L-?B<�QRDY<&>@?BA H5Lt<�L-?BQB<ETml <�T T A fMDY<E<�?`T <&D K�º;<&D
x
<�?
y
Â
0
Â
π
Â π

2

Â −π
2

4$Ò T T <Gf(H-DBDYX&N;<Eb�o-K$T <�FI<�L-? d-OMK�?BQB<EFjK�º;A FjK
N;<tJ�K$T <�O0QRD a2−b2

a2+b2
K$O;º½K$L0o5T <&D~Â

θ′ = acos
(

a√
a2+b2

) Â −θ′ Â −π + θ′
<�?
π − θ′

4UÀ l K$L0o5T <
θ′
>�H5QBQB<&DYf(H5LMN

g½Tml K$L0o5T <a<�L-?BQB<aTeKÃT H5L0o5O0<�O0QIN;O¢QB<&>@?RK$L0o5T <aN;<«> �$?Bb
a
<�?
b � a > b � <�?kDBKÃN;AeK$o5H5LMK$T <54��`<�?Y?B<aC­H5LM>@?BA H5L

f(H5O0QBQRK$A ?9DY<�QBJ,A QvN;<~f0QBH5T H5L0o5<�FI<�L-? � A L,J�K$QBAeK$L-?vDY<�T H5L r � N;< N2
θ

DYO0Q9O0LÃ>�¼,T A LMN;QB<~>�A QR>�O0TeK$A QB<
Cr � Rmin <

r < Rmax � 4,�`<�f(<�LMN0K$L-?-Â$L0H5OMD KSJ5H5LMD"QB<�L0H5L���bEgV>�<�?Y?B<EAeN;b�<Ef0O0AeDBd-O0<ETeK[>�H5FIf0T <�º;A ?BbEN;<ETeKvC­H5LM>@?BA H5L � �M4 z-] �L0b&>�<&DBDYA ?B<�QRK$A ?�Tml <�FIf0T H5A�NUl O0LhK$T o5H5QBA ?BW0FI<[N;<V?=¼,f(<cÅ�Å�Á�f(H5O0QGT <[>�K$Te>�O0T�N;<&DG>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QGNUl O0L
?B<�T�f0QBH5T H5L0o5<�FI<�L-?&4MÅ"A LMK$T <�FI<�L-?-ÂMH5Lhf0QB<�LMNhDYO0Q9T <~>�¼,T A LMN;QB<

Cr
T <cF Á�FI<[?=¼,f(<tN;<cf0QBH5T H5L0o5<�FI<�L-?9N;<

N2
θd-O0<V>�<�T O0A�f0QBAeDxf(H5O0Q�T <V>�<�QR>�T <9<�º0>�<�L-?BQBb � z04 353�\ � 4-¸�TUD�l K$o5A ?EN;H5LM>vNUl O0L0<9C­H5LM>@?BA H5LP>�H5LMD=?RK$L-?B<54;À�KcJ�K$T <�O0QEN;<>�<�?Y?B<[>�H5LMD=?RK$L-?B< {

Ñθ(r)
}2 <&D=?GN;b&N;O0A ?B<cN;<VTml b&d-OMK�?BA H5L � �M4 z-] � N0K$LMDxTeK5d-O0<�T T <VH5L«K~QB<�FIf0TeK5>�b θ fMK$Q θ̃(r) 4À <&DG>�H,<��k>�A <�L-?RD9N;<~Å0H5O0QBA <�Q9N;<~>�<cf0QBH5T H5L0o5<�FI<�L-?EH5L-?9f(H5O0Q9<�º;f0QB<&DBDYA H5LMD � z04 353&q � gjTml H5QRN;QB< 0

<�? � z04 353&y �gjTml H5QRN;QB<
n � n 6= 0 � 4(À <cf0QBH5T H5L0o5<�FI<�L-?9N;< N2

r

<�?VDY<&DG>�H,<��k>�A <�L-?RD9N;<tÅ0H5O0QBA <�Q9D�l <�L½N;b&N;O0AeDY<�L-?9?BH5O�:=H5O0QRD
NUl K$f0QBX&D � z04 3S]$Ê � Â � z04 3S];3 � <�? � z04 3S]5] � QB<&DYf(<&>@?BA J5<�FI<�L-?&4�À <~f0QBH5T H5L0o5<�FI<�L-?9N;< NrNθ

N;<�J,A <�L-?vTeKjC­H5LM>@?BA H5L
>�QBb�L0<&K$O�A T T OMD=?BQBb�<PDYO0Q~TeKhwMo5O0QB<k�M4 ]hN;H5L-?tH5L�f(<�O;?t?BH5O�:=H5O0QRD~K$AeDYb�FI<�L-?IN;b�?B<�QBFIA L0<�Q~T <&Dt>�H,<��k>�A <�L-?RD~N;<
Å0H5O0QBA <�Q&4;À�KtJ�K$T <�O0QGN;<

ÑrNθ(r)
N;b�f(<�LMN«N;<

Ñθ(r)
DY<�T H5LµÂ

ÑrNθ(r) =

√[
Ñθ(r)

]2{
1 −

[
Ñθ(r)

]2}

� +,®&!"/­�&.;�&®I�U!"´Ì+-��%'°U!"1,® 4&�GH5OMD�fMK$QY?BH5LMDEN;<[TeKjD=?BQBOM>@?BO0QB<[>�¼,T A LMN;QBAed-O0<c>�A QR>�O0TeK$A QB<vf0QBb&>�b&N;<�L-?B< � N;<[QRKS¼5H5L R �d-O0AxJ�K�Á�?BQB<PN;b�C­H5QBFIb�<k<�L¶>�¼,T A LMN;QB<k<�T T A f;?BAed-O0<PfMK$QIK$O0o5FI<�L-?RK�?BA H5LÌN;<aTml <�º0>�<�L-?BQBAe>�A ?Bb54"Æ�H5O0Q~T <«>�¼,T A LMN;QB<
>�A QR>�O0TeK$A QB<+Â,H5LPf0QB<�LMNaTeKj>�H5L;wMo5O0QRK�?BA H5Lad-O0A�N;H5L0L0<VT <&DEQBb&DYO0T ?RK�?RDxT <&DEf0T OMD�f0QBb&>�AeD � TeKIFIb�?BW0H;N;<cÅ�Å�ÅÌL l <&D=?
fMK5D O;?BA T AeDYb�< � Â;g~DBKSJ5H5A Q�T <v>�¼,T A LMN;QB<v>�A QR>�O0TeK$A QB<9>�<�L-?BQBb54;69Lko-K$QRN;<GTeKcF Á�FI<9L0H$?RK�?BA H5LaN;<9TeKt^,Ò`{�d-O l K$O0fMK�n
QRKSJ�K$L-?vÂ

σ(c)(θ)
4MÒ T T <VL0<[DY<�QY?Gd-O0<[NUl b�T b�FI<�L-?GN;<[>�H5FIfMK$QRK$AeDYH5LaKSJ5<&>GT <&DEK$O;?BQB<&DE^,Ò`{©>�K$Te>�O0T b�<&D�f(H5O0Q�T <&D

>�¼,T A LMN;QB<&Dv<�T T A f;?BAed-O0<&D�4 Æ�H5O0Q[>RWMK5d-O0<j>�¼,T A LMN;QB<I<�T T A f;?BAed-O0<j>�H5LMDYAeN;b�QBb+Â�T <&DVfMK$QRK$FIX�?BQB<&D
a
<�?
b
N;<ITml <�T T A fMDY<

DYH5L-?�?B<�TeDEd-O0<[Tml K$A QB<VN;<[Tml <�T T A fMDY<[QB<&D=?B<VTeKtF Á�FI<cd-O0<[>�<�T T <cN;O«>�<�QR>�T <IÂ

ab = R2

�GH5OMD�f0QB<�LMN;QBH5LMD�d-OMK�?BQB<[>�¼,T A LMN;QB<&D�<�T T A f;?BAed-O0<&DEKSJ5<&>vO0LPfMK$QRK$FIX�?BQB<
b
N;b&>�QBH5AeDBDBK$L-?vÂ

a � µm � b � µm � e354 Ê03&Ê03&Ê03 Ê04 y5y Ê04 3&y5q-Ä$Ê$�
354 35353535353 Ê04 y Ê04 Ä$q5�$�-z5Ê
354 ]5Ä Ê04 q Ê04 \��5q5z,\$Ä

354 �,]$q-Ä-\,3 Ê04 \ Ê04 q,\,3�\$]5]
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angleθ (radian)

σ(c)(θ) pour N=30
σ(ell)(θ) pour b=0.7
σ(ell)(θ) pour b=0.8
σ(ell)(θ) pour b=0.9

σ(ell)(θ) pour b=0.99
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�����	� �M4 z �tÍEb&DYO0T ?RK�?RD L,O0FIb�QBAed-O0<&D`>�H5LM>�<�QBLMK$L-? TeKcN;A i�QRK5>@?BA H5LI<�Lkf(H5TeK$QBAeDBK�?BA H5LIÁEr�fMK$Q`O0Lk>�¼,T A LMN;QB<9N;<vDY<&>@?BA H5L
<�T T A f;?BAed-O0<

À <&D�fMK$QRK$FIX�?BQB<&D`O;?BA T AeDYb&DEf(H5O0QET <&DG>�¼,T A LMN;QB<&Dx<�T T A f;?BAed-O0<&DGDYH5L-?EQB<�o5QBH5O0f(b&D�N0K$LMD�T <V?RK$80T <&K$O«DYO0A J�K$L-?[Â
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69LcN;b&DYA o5L0<�fMK$Q
σ(ell)(θ)

TeKG^,Ò`{ÌQB<�TeK�?BA J5< K$O[>�¼,T A LMN;QB<�<�T T A f;?BAed-O0<54�¸�T5<�º;AeD=?B< gEL0H$?BQB< N;AeDYf(H-DYA ?BA H5LVO0L0<`K$O;?BQB<
FIb�?BW0H;N;<vL,O0FIb�QBAed-O0<V>�K$fMK$80T <vNUl <�i�<&>@?BO0<�QE>�<Vo5<�L0QB<vN;<V>�K$Te>�O0T�Â,TeK~FIb�?BW0H;N;<[N;<&D�DYH5O0QR>�<&D�w(>@?BA J5<&D � rÃ^;Å �O \9Â(q'Â(y�P"FIAeDY<~K$Ohf(H5A L-?vK$O½DY<�A L½N;<cTml ¸�LMD=?BA ?BO;?VÅ0QB<&DYL0<�Tm4MÆ�H5O0Q9T <~>�¼,T A LMN;QB<c<�T T A f;?BAed-O0<~KSJ5<&> b = 0.7

Â(>�<�?Y?B<
FIb�?BW0H;N;<~J5b�QBA wM<cTeKa>�H5LMDY<�QBJ�K�?BA H5LhN;<~Tml b�L0<�QBo5A < � ?BW0b�H5QBX�FI<~H5f;?BAed-O0< � g 1.35 10−4 f0QBX&DUÂ�gjO0LÃL0A J5<&K$O½N;<
f0QBb&>�AeDYA H5L«K5DBDY<�Ó[b�T <�J5b[f(H5O0Q9>�<�?Y?B<cFIb�?BW0H;N;<54(À�KtwMo5O0QB<[�M4 z � 8 � FIH5L-?BQB<VTml b�J5H5T O;?BA H5LhN;< T (N) � ?BW0b�H5QBX�FI<H5f;?BAed-O0< � 4E69L*J5H5A ?ad-O0<½TeK�f0QBb&>�AeDYA H5L*D�l K$FIb�T A H5QB<½KSJ5<&>PTml <�º0>�<�L-?BQBAe>�A ?Bb½f0O0AeDBd-O0<½Tml b�fMK$AeDBDY<�O0QaN;<½TeK�Ó�H5L0<
FIH;N;O0T b�<[K$O0o5FI<�L-?B<vb�o-K$T <�FI<�L-?&4;À�KcwMo5O0QB<v�M4 z � K � QB<�f0QBb&DY<�L-?B<9T <&DG^,Ò`{©N;O«>�¼,T A LMN;QB<V<�T T A f;?BAed-O0<[K$A LMDYAUd-O0<
>�<�T T <cN;Oh>�¼,T A LMN;QB<c>�A QR>�O0TeK$A QB< � N;<cQRKS¼5H5L 1 µm � >�K$Te>�O0T b�<&D�f(H5O0Q N = 60

4(69L«H58MDY<�QBJ5<v80A <�LhTeKI>�H5W0b�QB<�LM>�<
N;<&DjN;A i�b�QB<�L-?B<&DI>�H5O0QB8(<&Dt?BQRK5>�b�<&DI>�K$QIT <&DtC­H5LM>@?BA H5LMD

σ(ell)(θ)
DY<�F~80T <�L-?k>�H5L,J5<�QBo5<�QI>�H5L-?BA L,O0<�FI<�L-?IJ5<�QRD

σ(c)(θ)
T H5QRDBd-O0<

b
K$O0o5FI<�L-?B<54 À <&D[QBb&DYO0T ?RK�?RDVH58;?B<�L,OMD[fMK$Q[T <&DcN;<�O;º�FIb�?BW0H;N;<&D � r½{ <�?~rÃ^;Å � DYH5L-?c<�L

K5>�>�H5QRNkf0O0AeDBd-O0<VTml b&>�K$QY?EQB<�TeK�?BA C"FIH�¼5<�LP<�L-?BQB<VT <�O0QRDG^,Ò`{©J�K$O;?
5.9 10−3 <�L,J,A QBH5Laf(H5O0Q b = 0.7

4
�������	��
	��
���� ��
 ��������
���� � {vK$LMD >�<G>RWMK$f0A ?BQB<+ÂSL0H5OMD KSJ5H5LMD"b�?RK$80T A;T <&D�b&d-OMK�?BA H5LMD�N;<�TeKVFIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <GQB<�TeK�?BA J5<&D�K$Ok>�K5D�fMK$QY?BAe>�O0T A <�Q`N;<9TeK[N;A i�QRK5>@?BA H5Lk>�TeK5DBDYAed-O0< � J5<&>@?B<�O0Q`NUl H5LMN;<GA LM>�AeN;<�L-?x>�H5L-?B<�L,OkN0K$LMDT <�f0TeK$LjN;<EDY<&>@?BA H5LIN;QBH5A ?B<EDYH5A ?

ϕinc = 0 � 4�Ò T T <&D�QBb�J5X�T <�L-?�d-O0<ETeKvFIb�?BW0H;N;<EÅ�Å�Å½L l K$f0fMK$QRK�Se?�fMK5D"<�LIf(H5TeK$QBAeDBK�?BA H5LÁ�ÒÃK$T H5QRD d-O l <�T T <xN;<�J,A <�L-?"L0b&>�<&DBDBK$A QB<�<�L[f(H5TeK$QBAeDBK�?BA H5L[ÁEr�4&Æ�K$Q">�H5LMDYb&d-O0<�L-?-Â&>�<`QBb&DYO0T ?RK�? ?BW0b�H5QBAed-O0<+Â�A L0A ?RK$T <�FI<�L-?
N;b�FIH5L-?BQBb~<�Lµ>�H,H5QRN;H5L0L0b�<&DG>�K$QY?Bb&DYA <�L0L0<&DUÂ(QB<&D=?B<~J�K$TeK$80T <~f(H5O0QvT <IDY¼;D=?BX�FI<tN;<I>�H,H5QRN;H5L0L0b�<&D9>�¼,T A LMN;QBAed-O0<&D O Ä$��P³4Ò L«<�i�<�?-ÂM>�<�?Y?B<[H58MDY<�QBJ�K�?BA H5LPN;b&>�H5O0T <cN;A QB<&>@?B<�FI<�L-?GN;O«f0QBA LM>�A f(<[F Á�FI<[N;<[TeKtFIb�?BW0H;N;<cÅ�Å�Åx4MÀ <&DGN;<�O;ºP>�K5DEN;<
f(H5TeK$QBAeDBK�?BA H5L«Á�Ò <�?vÁEr H5L-?Gb�?Bb[?BQRK$A ?Bb&DEL,O0FIb�QBAed-O0<�FI<�L-?GDYO0QGTeKjD=?BQBOM>@?BO0QB<c>�¼,T A LMN;QBAed-O0<c>�A QR>�O0TeK$A QB< � <�º0>�<�L-?BQBb �N;b=:Yg�b�?BOMN;A b�<Ã<�L*f(H5TeK$QBAeDBK�?BA H5L*>�H5L0Aed-O0<54E69L*J5b�QBA wM<hTeK�8(H5L0L0<Ã>�H5L,J5<�QBo5<�LM>�<hN;<&DkQBb&DYO0T ?RK�?RDUÂx>�<Ãd-O0A9J�K$T AeN;<Ãg
L0H5O0J5<&K$O«TeKjFIb�?BW0H;N;<tN;A i�b�QB<�L-?BA <�T T <cf(H5O0Qv>�<~>�K5DGfMK$QY?BAe>�O0T A <�Q9N;<tN;A i�QRK5>@?BA H5L 4MÒ L;wML�Â(L0H5OMD9KSJ5H5LMD�A L-?BQBH;N;O0A ?vO0L
L0H5O0J5<&K$Ojf0QBH$wMTU>�¼,T A LMN;QBAed-O0<~Â-T <V>�¼,T A LMN;QB<9<�T T A f;?BAed-O0<V>�<�L-?BQBbvDYO0Q�Tml H5QBA o5A L0<545Ò LaL0H5OMDxA L-?Bb�QB<&DBDBK$L-?`<�º0>�T OMDYA J5<�FI<�L-?
K$O�>�K5DVN;<If(H5TeK$QBAeDBK�?BA H5LµÁEr�ÂUT <&DVQBb&DYO0T ?RK�?RDvL,O0FIb�QBAed-O0<&DvTeK$AeDBDY<�L-?cK$f0fMK$QRK�Se?BQB<~O0L0<jK5DBDY<�Ót8(H5L0L0<If0QBb&>�AeDYA H5LµN;<&D
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QBb&DYO0T ?RK�?RDGH58;?B<�L,OMDvKSJ5<&>[TeKjFIb�?BW0H;N;<IN;A i�b�QB<�L-?BA <�T T <54(¸�T�C'K$O;?VL0H$?B<�Qvd-O0<~Tml A FIf0T b�FI<�L-?RK�?BA H5LÃN;<tTeKkN;A i�QRK5>@?BA H5L½<�L
f(H5TeK$QBAeDBK�?BA H5L[ÁEr fMK$Q">�<&D"D=?BQBOM>@?BO0QB<&D�>�¼,T A LMN;QBAed-O0<&D�KG>�H5LMD=?BA ?BO0b`T < ?BQRKSJ�K$A T$A L0A ?BAeK$T,N;<`TeKGf0QB<�FIA X�QB<`K$L0L0b�<`N;< ?BW0X&DY<54
À�KV?BW0b�H5QBA <G<�?�T <&D QBb&DYO0T ?RK�?RD <�LM>�H5O0QRK$o5<&K$L-?RD�H5L-?`C'K$A ?xTml H58;:=<�?�NUl O0Lkf0QB<�FIA <�QxK$QY?BAe>�T <9>�H5LM>�<�QBLMK$L-?`Tml K$f0f0T Ae>�K�?BA H5LkN;<
TeKtFIb�?BW0H;N;<cÅ�Å�Å¢N0K$LMD�TeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <V<�Lh>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&D O q-]
P³4
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� ��* *p���=�0�
�'�!��� :H( :H6'=H7P(+BCB (�0a6 @-5�=	B 89,/. 6': ;	(
B 8?;T. \]@A8 *-,/. 6':R;�` =T:H(�6':	;	( XTB 8P:H(
X	89@_=T:¾*�5'^BC.!:	;	@A(�*�. @U*h=	B 8 . @A(�8P:	.C1)6 ,)@A6PX>(_�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�K�J�J�J�J�J�J�J�J� ��7 �

�hf e-f e/&>ypk)t�s)uhm�|Ampz q-uEr+wl}+ypq-�9~ �)x3s�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e '-�
�hf e-f g���u r+s�}9~ |Uu9s�t�s�}+ypq-} |U�-s/|Uuhm�r9|Uu9tvw9ulx3z ~ z s)w r+z k)~ s)�nm�ypz {hw9s�o9q-x3q-���)u9s�snm�|Uu9z t�qUm�ypq-}Ps®e-e-e
�hf e-f ����k)�)q-x3}Pq-t�z mpz q-uEr+w���o |Ux3}lk)~ s)�nm�ypz {hw9s�mpqUm�|U~Hs)ulq-u r+s)tv}9~ |Uu9s)t�f�f�f�f�f�f�f�f�f�f�f°e-e��
�hf e-f � >��+}+yps)t�t�z q-uEr+wl��o |Ux3}�x<|U�-u9knmpz {hw9s�mpqUm�|U~Pf�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e-eA�
�hf e-f ����qUm�|Ampz q-u x<|Am�ypz �)z s)~ ~ s f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e-e/�

�'� M!+3S+1)6PB!=H,/. 6':Z;>=WX	@A6P$TB G95�(�;	(_;T. \]@A8 *-,/. 6':��J�J�J�J�J�J�J�J�J�J�J�K�J�J�J�J�J�J�J�J� � � �
�hf ghf eji |Am�ypz �)sKr+s�m�y�|Uu9t�x3z t�t�z q-uEr6" w9ul� �+~ z u r4yps��)z yp�)w9~ |Uz ypsK|Uu9z t�qUm�ypq-}Ps f�f�f�f�f�f�f�f�f�f°e-e/�
�hf ghf g��»|Utv} |Ay�mpz �)w9~ z sny�r6" w9ulx3z ~ z s)w |Uu9z t�qUm�ypq-}Ps¼w9u9z |��+s�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°eAg*'

�'� ��
�XTXTBC.C*-89,/. 6':¾:H=T5�S4@U.CV	=H( �J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�J�K�J�J�J�J�J�J�J�J� �+M+ 
�'�  ��<S9:HS4@A8 BC.C1)89,/. 6':�;	(lB 8�5�S4,AFH6H;	(l;T. \]S4@A(9:P,/. (+BCB (�YE;	(+1�6P$'&)(4,/1¼*�5	BC.!:	;	@U.CV	=H(+1¼8P:	. ^1)6 ,)@A6PX>(+13(4,%;	(_1)(+*-,/. 6':	1389@U$T. ,)@A8 . @A(+1 �J�J�J�J�J�J�J�J�J�J�J�J�J�K�J�J�J�J�J�J�J�J� �+M �

À�K[?BW0b�H5QBA <9b�L0H5LM>�b�<vN0K$LMD�>�<v>RWMK$f0A ?BQB<9<�?EQBb&>�<�FIFI<�L-?xb�?RK$80T A <VDYH5QY?�N;OP>�H5L-?B<�º,?B<9o5b�L0b�QRK$T�N;<vTeK[C­H5QBF~O0TeK�?BA H5L
N;<vTeK~FIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <vf0QBb&DY<�L-?Bb�< :=OMDBd-O l Ae>�Am4M^;Kcf0QBA LM>�A fMK$T <V>�H5L-?BQBA 80O;?BA H5Lk<&D=?GN;<VN;b�?B<�QBFIA L0<�QEN;<vFjK$L0A X�QB<
?BH$?RK$T <�FI<�L-?9K$LMK$T ¼-?BAed-O0<[Tml <�º;f0QB<&DBDYA H5L«N;<&D9>RWMK$FIfMD�b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&DEN0K$LMDEO0L0<cQBb�o5A H5LPW0H5FIH5o5X�L0<[<�?9K$L0AeDYH$n
?BQBH5f(<54;ÏGf0f0T Aed-O0b[g~O0LP>�¼,T A LMN;QB<V>�A QR>�O0TeK$A QB<vK$L0AeDYH$?BQBH5f(<+Â-T <vf0QBA LM>�A f(<[N;<vQBb&DYH5T O;?BA H5LaN;OPf0QBH580T X�FI<vN;<[N;A i�QRK5>@?BA H5L
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Tml <&DYfMK5>�<xQBb�<�T � N0K$LMD�T <&d-O0<�T0DY<x?BQBH5O0J5<�TeKVD=?BQBOM>@?BO0QB<EN;A i�QRK5>@?RK$L-?B< � N;<G>�<�T O0AMd-O0A0N;b&>�QBA ? Tml <&DYfMK5>�<�N;<&D >RWMK$FIfMDb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D�4$¸=>�AU>�<vDY<�QRK[T <V>�K5D � J5H5A Q`wMo5O0QB<VÄ;4 3 � 4;69LPK5DBDYH;>�A <9gcTml <&DYfMK5>�<9QBb�<�T(TeKc8MK5DY<GJ5<&>@?BH5QBA <�T T <N;OaQB<�f(X�QB<v>�K$QY?Bb&DYA <�L

(~ex, ~ey, ~ez)
<�?E>�<�T T <VN;OaQB<�f(X�QB<v>�¼,T A LMN;QBAed-O0<

(~er, ~eθ, ~ez)
4;Ï�O0LPf(H5A L-?

M
N;<vTml <&DYfMK5>�<

QBb�<�T�>�H5QBQB<&DYf(H5LMNhO0LµJ5<&>@?B<�O0QVf(H-DYA ?BA H5L
~r = ~OM � O b�?RK$L-?[Tml H5QBA o5A L0<tN;OµQB<�f(X�QB<j>�K$QY?Bb&DYA <�L � 4�69LµK5DBDYH;>�A <

gkTml <&DYfMK5>�<tN;<&DV>RWMK$FIfMD9TeKk8MK5DY<tJ5<&>@?BH5QBA <�T T <~N;OÃQB<�f(X�QB<t>�¼,T A LMN;QBAed-O0<
(~eρ, ~eφ, ~ez)

N;<tf(H5A L-?[NUl K$f0f0T Ae>�K�?BA H5L
M(~r)

N0K$LMD�Tml <&DYfMK5>�<xQBb�<�Tm4S¸�T;L0<xC'K$O;? N;H5LM>xfMK5D�>�H5L;C­H5LMN;QB<xTeKVN;b�f(<�LMN0K$LM>�<EN;<&D�>RWMK$FIfMD�DY<�T H5L~T <&D"J�K$QBAeK$80T <&D
N;<xTml <&DYfMK5>�<xQBb�<�T

(x, y, z)
<�?�T <�O0QRD�>�H5FIf(H-DBK$L-?B<&D"N0K$LMD"TeK98MK5DY<xJ5<&>@?BH5QBA <�T T <

(~eρ, ~eφ, ~ez)
4$À <xFIA T A <�OtA L-?Bb�QBA <�O0Q

L0H$?Bb
(int)

<&D=?GL0H5LPFjK$o5L0b�?BAed-O0<jÂ
¯̄µ(r, θ, z) = µ0Id

40¸�T <&D=?Gb�o-K$T <�FI<�L-?GN;A b�T <&>@?BQBAed-O0<[T A L0b&K$A QB<+Â;W0H5FIH5o5X�L0<
<�?cK$L0AeDYH$?BQBH5f(<IN;<I?B<�LMDY<�O0Q[f(<�QBFIA ?Y?BA J,A ?BbjQB<�TeK�?BA J5<tL0H$?Bb�<

¯̄ǫr
<�L�>�H,H5QRN;H5L0L0b�<&Dv>�K$QY?Bb&DYA <�L0L0<&D�4�69L�QRK$f0f(<�T T <

d-O0<k>�<j?B<�LMDY<�O0Q~L l KhN;<aDY<�LMDcf0W,¼;DYAed-O0<kDY<�O0T <�FI<�L-?tDYA ∀i ∈ {x, y, z} , {¯̄ǫr}ii 6= 0
4"{vK$LMDcT <kDY¼;D=?BX�FI<aN;<

>�H,H5QRN;H5L0L0b�<&Dx>�¼,T A LMN;QBAed-O0<&D
(ρ, φ, z)

Â0T <v?B<�LMDY<�O0QGf(<�QBFIA ?Y?BA J,A ?BbcD�l b&>�QBA ?EfMK$QG>RWMK$L0o5<�FI<�L-?EN;<[8MK5DY<IÂ

˜̃ǫr(φ) = ℜ¯̄ǫrℜT KSJ5<&> ℜ =




cosφ sinφ 0
− sinφ cosφ 0

0 0 1


 � Ä;4 3 �

H�� ˜̃ǫr(φ)
<&D=?cT <t?B<�LMDY<�O0Qcf(<�QBFIA ?Y?BA J,A ?Bbkb&>�QBA ?[<�L�>�H,H5QRN;H5L0L0b�<&DV>�¼,T A LMN;QBAed-O0<&D�4"69L�QRK$f0f(<�T T <jd-O l O0L�FIA T A <�O
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∃ (ǫx, ǫz) ∈ C
2 Â ¯̄ǫr =




ǫx 0 0
0 ǫx 0
0 0 ǫz



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À <VFIA T A <�O«<�º,?Bb�QBA <�O0Q�L0H$?Bb

(ext)
<&D=?EL0H5L«FjK$o5L0b�?BAed-O0<+Â;N;A b�T <&>@?BQBAed-O0<+Â;T A L0b&K$A QB<+Â;W0H5FIH5o5X�L0<v<�?GAeDYH$?BQBH5f(<VN;<
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ω
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� ];4 Ä5] � 45{vK$LMD`T <9>�K5D H��jT <&D�?B<�QBFI<&D`N;Oj?B<�LMDY<�O0Q ¯̄ǫr
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∀(i, j) ∈ {x, y, z}2
, {¯̄ǫr}ij = {¯̄ǫr}∗ji � Ä;4 ] �

69L«QRK$f0f(<�T T < � J5H5A QGfMK$o5<c�5ÊjN;<cTeKIQBb�C­b�QB<�LM>�< O y$��P � d-O l <�LhQBb�o5A FI<[WMK$QBFIH5L0Aed-O0<+Â0O0LhFIA T A <�O½<&D=?vN;A ?G?BQRK$LMD=nfMK$QB<�L-?�H5O«L0H5L«K$8MDYH5QB8MK$L-?EDYO0QETeKt8MK$LMN;<[N;<[f0O0TeDBK�?BA H5L
[ω1, ω2]

DYAU<�?9DY<�O0T <�FI<�L-?GDYA Â
∀ω ∈ [ω1, ω2] ,ℑm {¯̄ǫr(ω)} = 0 � Ä;4 z �

Ò LÔfMK$QY?BAe>�O0T A <�Q-Â T H5QRDBd-O0<½T <h?B<�LMDY<�O0QPN;<Ãf(<�QBFIA ?Y?BA J,A ?BbÃQB<�TeK�?BA J5<h<&D=?PQBb�<�T2Â`Tml b&d-OMK�?BA H5L � Ä;4 ] � DY<½QBb&N;O0A ?Pg
∀(i, j) ∈ {x, y, z}2 , {¯̄ǫr}ij = {¯̄ǫr}ji

>$l <&D=?Yn�g�n�N;A QB<9d-O0<
¯̄ǫr
<&D=?�DY¼,FIb�?BQBAed-O0<54,{~l K$f0QBX&D O0Lk?BW0b�H5QBX�FI<GFjK�?BW0b�n

FjK�?BAed-O0<tD=?BA f0O0TeK$L-?[d-O l O0L0<tFjK�?BQBAe>�<~H5O½O0L0<IK$f0f0T Ae>�K�?BA H5L½QB<&D=?B<~W0<�QBFIA ?BA <�L0L0<tfMK$QV>RWMK$L0o5<�FI<�L-?VN;<t8MK5DY<+Â
H5L½<�LµN;b&N;O0A ?cd-O0<~T <~?B<�LMDY<�O0QV<�Lµ>�H,H5QRN;H5L0L0b�<&D9>�¼,T A LMN;QBAed-O0<&D ˜̃ǫr(φ)

N;b&N;O0A ?cN;<
¯̄ǫr

fMK$QvTeKkQB<�TeK�?BA H5L � Ä;4 3 � Â<&D=?Eb�o-K$T <�FI<�L-?EW0<�QBFIA ?BA <�L 4
{vK$LMD�>�<&D�>�H5LMN;A ?BA H5LMDUÂ�Tml b&d-OMK�?BA H5LIN;<�f0QBH5fMK$o-K�?BA H5L~N;OIFIA T A <�OIK$L0AeDYH$?BQBH5f(<x<&D=?�H58;?B<�L,O0<EN;<xC'K ��H5LtAeN;<�L-?BAed-O0<
g~>�<�T T <VN;<&D`FIA T A <�O;ºkW0H5FIH5o5X�L0<&D`<�?�AeDYH$?BQBH5f(<&D � z04 ]$Ê � <�? � z04 ];3 � <�?�L0<VDY<VN;AeD=?BA L0o5O0<9wMLMK$T <�FI<�L-?�d-O0<vfMK$QxT <?B<�LMDY<�O0Q ˜̃ǫr(φ)

Â
~rot
[
~rot ~A(r, θ, z)

]
+ k2

0
˜̃ǫr(φ) ~A(r, θ, z) = ~0 � Ä;4 � �

H��
A ∈ {E,H} <�? k2

0 = ω2µ0ǫ0
4

� 1,#Sª"1-��#Sª"1Ã�"1h®&�(/'!��&%'�(�"®t®&�(!"®I/'.µ²³�M��´Ì1«�`Ù �(�"�"1«Ö�/'.0�"1 4
69La>RW0<�QR>RW0<9N;<&D�DYH5T O;?BA H5LMDxN;<9Tml b&d-OMK�?BA H5LPN;<9f0QBH5fMK$o-K�?BA H5L � Ä;4 � � N;Ok?=¼,f(<vH5LMN;<9f0TeK$L0<VN;<9J5<&>@?B<�O0Q�NUl H5LMN;<K5DBDYH;>�A b ~k Â0>$l <&D=?Yn�g�n�N;A QB<9?B<�T T <&DGd-O0<VT <�O0QRDE>RWMK$FIfMDEK$A <�L-?Ef(H5O0QG<�º;f0QB<&DBDYA H5LPK$OPf(H5A L-? M(~r)

Â
~U~k

(r, θ, z) = ~Aei~k.~r KSJ5<&> ~r = r~er + z~ez � Ä;4 Ä �
H�� ~A

<&D=?[Tml K$FIf0T A ?BOMN;<kN;<ITml H5LMN;<tf0TeK$L0<I<�? ~U~k
∈
(
~E~k
, ~H~k

) 4"69L�>RW0H5AeDYA ?[N;<jN;b&>�QBA QB<tT <IJ5<&>@?B<�O0Q ~k N0K$LMD
TeK�8MK5DY<«J5<&>@?BH5QBA <�T T <

(~eρ, ~eφ, ~ez) � J5H5A QjwMo5O0QB<ÃÄ;4 ] � 4`À <hQBH$?RK�?BA H5L0L0<�TGN;< ~U~k
(r, θ, z)

N0K$LMDjTml b&d-OMK�?BA H5L*N;<
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a�

x

y

z

0

~ez

~ex

~ey

ϕ

φ

~k

kz

~kt

~eφ

~eρ

�����	� Ä;4 ] �aÍE<�f0QBb&DY<�L-?RK�?BA H5L«N;O«J5<&>@?B<�O0QENUl H5LMN;<

f0QBH5fMK$o-K�?BA H5L � Ä;4 � � D�l b&>�QBA ?GK$T H5QRD
~rot
[
~Aei~k.~r

]
= i~k ∧ ~Aei~k.~r

d-O0<[Tml H5LhQB<�f(H5QY?B<[N0K$LMDGTml b&d-OMK�?BA H5LhN;<[f0QBH5fMK$o-K�?BA H5L � Ä;4 � � f(H5O0Q9H58;?B<�L0A QGO0L0<cL0H5O0J5<�T T <Vb&d-OMK�?BA H5LhN;<cf0QBH$nfMK$o-K�?BA H5LaJ5b�QBA wMb�<vfMK$Q ~A <�? ~k Â
~k ∧

(
~k ∧ ~A

)
+ k2

0
˜̃ǫr(φ) ~A = ~0 � Ä;4 � �

�`<�?Y?B<«N;<�QBL0A X�QB<kQB<�TeK�?BA H5LÌJ5<&>@?BH5QBA <�T T <kf(<�O;?EÁ�?BQB<ab&>�QBA ?B<«DYH5OMD~O0L0<kC­H5QBFI<PFjK�?BQBAe>�<�T T <a<�L¢A L-?BQBH;N;O0AeDBK$L-?~TeK
FjK�?BQBAe>�<VL0H$?Bb�< (~k.~k) <�?9N;b�wML0A <[fMK$Q[Â

(
~k.~k
)

=




k2
ρ kρkφ kρkz

kφkρ k2
φ kφkz

kzkρ kzkφ k2
z


 � Ä;4 \ �

d-O0A`f(<�QBFI<�?IN;<aQB<�C­H5QBF~O0T <�Q[T <PN;H5O080T <kf0QBH;N;O0A ?tJ5<&>@?BH5QBA <�Tm4�69L¢N;b&N;O0A ?IN;<aTml b&d-OMK�?BA H5L � Ä;4 � � Â�T <aDY¼;D=?BX�FI<T A L0b&K$A QB<vW0H5FIH5o5X�L0<[DYO0A J�K$L-?[Â
{
H
(
~k
)}

~A = ~0 � Ä;4 q �
H��PTeKtFjK�?BQBAe>�< H(~k) <&D=?9N;b�wML0A <[fMK$Q[Â

H
(
~k
)

= k2Id −
(
~k.~k
)
− k0

˜̃ǫr(φ) � Ä;4 y �
<�?ETeKIL0H5QBFI<VN;O«J5<&>@?B<�O0QGNUl H5LMN;< � L0H5F~80QB<VNUl H5LMN;< � <&D=?GL0H$?Bb�<IÂ

k =
∥∥∥~k
∥∥∥ � Ä;4 3&Ê �

Æ�K$QG>�H5LMDYb&d-O0<�L-?-Â;T <[J5<&>@?B<�O0Q ~A <&D=?GT <[J5<&>@?B<�O0QEf0QBH5f0QB<[N;<[TeKtFjK�?BQBAe>�< H(~k) K5DBDYH;>�A b[gITeKtJ�K$T <�O0QEf0QBH5f0QB<L,O0T T <540À l <�º;AeD=?B<�LM>�<VN;<[DYH5T O;?BA H5LMDxL0H5La?BQBA J,AeK$T <&D�N;<VTml b&d-OMK�?BA H5L � Ä;4 q � L0b&>�<&DBDYA ?B<[d-O0<VT <VJ5<&>@?B<�O0Q ~k J5b�QBA wM<9TeK>�H5LMN;A ?BA H5LµÂ
det
[
H
(
~k
)]

= 0 � Ä;4 353 �
69LÔ<&D=?PQRK$FI<�L0bhf(H5O0QPTml A LMD=?RK$L-?«g�TeKÌN;b�?B<�QBFIA LMK�?BA H5L�N;OÔJ5<&>@?B<�O0QPNUl H5LMN;< ~k 4x¸�TVD�l K$o5A ?PNUl O0LÔJ5<&>@?B<�O0Q
T A 80QB<54(ÏGO;?BQB<�FI<�L-?VN;A ?-Â�N0K$LMDGT <~DY¼;D=?BX�FI<~N;<t>�H,H5QRN;H5L0L0b�<&DE>�¼,T A LMN;QBAed-O0<&DUÂMA T"<&D=?vN;b�wML0A"O0L0Aed-O0<�FI<�L-?VDY<�T H5L
DY<&Dv>�H5FIf(H-DBK$L-?B<&DvDY<�T H5L

~eρ
<�?
~ez
4�Ò L�N;A i�QRK5>@?BA H5LÃ>�H5L0Aed-O0<+Â�L0H5OMDVKSJ5H5LMDGJ,O � J5H5A QVDY<&>@?BA H5LÃz04 354 3 � d-O0<tTeK
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Y�X��� ��� ���������a����� � �S353&z
>�H5FIf(H-DBK$L-?B<G<�L

z
N;OPJ5<&>@?B<�O0Q�NUl H5LMN;<VDY<V>�H5LMDY<�QBJ5<9N0K$LMD ?BH5O;?ETml <&DYfMK5>�<vNUl K$f0QBX&D`Tml A L,J�K$QBAeK$LM>�<vN;OPDY¼;D=?BX�FI<

o5b�H5FIb�?BQBAed-O0<VDY<�T H5L
~ez
Â0>�<cd-O0A�DY<v?BQRK5N;O0A ?EAe>�A fMK$Q[Â

kz = γ0 � Ä;4 3S] �
69LµQRK$f0f(<�T T <kd-O0<

γ0
<&D=?cTeKh>�H5FIf(H-DBK$L-?B<I<�L

z
N;O�J5<&>@?B<�O0QcNUl H5LMN;<jA LM>�AeN;<�L-? � ];4 �,Ä � 4"69Lµw0º;<jTml K$L0o5T <

φ<�L-?BQB<
~ex

<�?xTeKcf0QBH$:=<&>@?BA H5LjJ5<&>@?BH5QBA <�T T <GN;< ~k N0K$LMD T <9f0TeK$L � Oxy � Â,L0H$?Bb�< ~kt
4069LjA L-?BQBH;N;O0A ?xTml K$L0o5T <

ϕ
<�L-?BQB<

T <&D�J5<&>@?B<�O0QRD ~k <�? ~ez
4;¸�T <&D=?9N;A QB<&>@?B<�FI<�L-?ET A bcg

kz
ÂMN;H5LM>Vg

γ0
Â

ϕ =
̂(~k,~ez

)
� Ä;4 3&z �

69LIN;AeD=?BA L0o5O0<�T <&D�N;<�O;ºt>�K5D�N;<�TeKVN;A i�QRK5>@?BA H5LI>�H5L0Aed-O0<�<�? N;<ETeKVN;A i�QRK5>@?BA H5Lt>�TeK5DBDYAed-O0<+Â$>$l <&D=?Yn�g�n�N;A QB<xDYO0A J�K$L-?
TeKtJ�K$T <�O0QGN;<

ϕ
4

354G^,A
γ0 6= 0 � N;A i�QRK5>@?BA H5Lh>�H5L0Aed-O0< � DYH5A ? ϕ 6= π

2

Â0H5LPL0H$?B<[K$T H5QRDvÂ
τ = tan(ϕ) � Ä;4 3�� �

d-O0Ax<&D=?~Tml A LM>�H5L0L,O0<kQB<&>RW0<�QR>RW0b�<54�69L�<�L¢N;b&N;O0A ?Id-O0<
k = γ0

√
1 − τ2

Â
kρ = γ0τ

<�?
kφ = 0

4�Æ�K$Q
DYO0A ?B<+Â0TeKtFjK�?BQBAe>�< (~k.~k) D�l b&>�QBA ?[Â

(
~k.~k
)

=




γ2
0τ

2 0 γ2
0τ

0 0 0
γ2
0τ 0 γ2

0




ÏEwML�NUl K$T T b�o5<�QVTml b&>�QBA ?BO0QB<+Â�H5LµL0H$?B<If0QBH�J,AeDYH5A QB<�FI<�L-?tÂ ∀(i, j) ∈ {ρ, φ, z}2
,
{
˜̃ǫr(φ)

}
ij

≡ (ǫr)ij
4 À <

N;b�?B<�QBFIA LMK$L-?xN;< H(~k) f0QB<�LMNtTeKVC­H5QBFI<GNUl O0Lkf(H5T ¼,L��5FI<GN;<9N;<�o5QBbE�c<�LIC­H5LM>@?BA H5LkN;<GTeKVJ�K$QBAeK$80T < τ Â

det
[
H
(
~k
)]

= h4τ
4 + h3τ

3 + h2τ
2 + h1τ + h0 � Ä;4 3SÄ �

KSJ5<&>
h4 = −(ǫr)ρρχ

4

h3 = −χ4 [(ǫr)ρz + (ǫr)zρ]
h2 = χ2

{
(ǫr)ρρ(ǫr)zz + (ǫr)ρρ(ǫr)φφ − (ǫr)φρ(ǫr)ρφ − (ǫr)zρ(ǫr)ρz − χ2 [(ǫr)ρρ + (ǫr)zz ]

}

h1 = χ2
{
[(ǫr)ρz + (ǫr)zρ]

[
(ǫr)φφ − χ2

]
− (ǫr)φρ(ǫr)zφ − (ǫr)ρφ(ǫr)φz

}

h0 = −χ4(ǫr)zz + χ2 [(ǫr)ρρ(ǫr)zz + (ǫr)φφ(ǫr)zz − (ǫr)zφ(ǫr)φz − (ǫr)zρ(ǫr)ρz ]
(ǫr)ρρ [(ǫr)zφ(ǫr)φz − (ǫr)φφ(ǫr)zz] + (ǫr)φρ [(ǫr)ρφ(ǫr)zz − (ǫr)zφ(ǫr)ρz ]
+(ǫr)zρ [(ǫr)ρz(ǫr)φφ − (ǫr)φz(ǫr)ρφ]

H��
χ = γ0

k0À�K�QBb&DYH5T O;?BA H5L[N;<�Tml b&d-OMK�?BA H5L � Ä;4 353 � QB<�J,A <�L-?�gE>RW0<�QR>RW0<�QUT <&D Ó�b�QBH-DUN;O[f(H5T ¼,L��5FI< N;b�wML0A5fMK$Q Tml b&d-OMK�?BA H5L
� Ä;4 3SÄ � 4"{~l K$f0QBX&DcT <&Dcf0QBH5f0QBA b�?Bb&DcN;O�?B<�LMDY<�O0Q ˜̃ǫr(φ)

Â�T <kf(H5T ¼,L��5FI<k<&D=?tL0b&>�<&DBDBK$A QB<�FI<�L-?~N;<aN;<�o5QBbj�
� T <j>�H,<��k>�A <�L-? h4

<&D=?[L0H5LÃL,O0T � 4 ¸�T�<�º;AeD=?B<jN;H5LM>td-OMK�?BQB<tQRK5>�A L0<&D~Â τi (i ∈ [1, 4])
d-O0A�f(<�O0J5<�L-?%Á�?BQB<

N;b�?B<�QBFIA L0b�<&DkK$LMK$T ¼-?BAed-O0<�FI<�L-? � J5H5A QkDY<&>@?BA H5L � 4 354 3hN;<½Tml K$L0L0<�º;< � � 4`Æ�K$QBFIAG>�<&Dkd-OMK�?BQB<«QRK5>�A L0<&DUÂH5L«FIH5L-?BQB<cd-O0<~DY<�O0T <&DGN;<�O;º«NUl <�L-?BQB<[<�T T <&DGDYH5L-?9DYH5T O;?BA H5LMDGN;Ohf0QBH580T X�FI<[b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<54;Ò T T <&D
N;H5A J5<�L-?tJ5b�QBA wM<�Q

kρ = γ0τi > 0
4 69L�T <&D~L0H$?B<

τ1
<�?
τ2
4�^,A�T <k?B<�LMDY<�O0QtN;<Pf(<�QBFIA ?Y?BA J,A ?Bb

¯̄ǫr � DYH5A ?
˜̃ǫr(φ) � <&D=?c>�H5FIf0T <�º;<+Â K$T H5QRD9T <&D[d-OMK�?BQB<&DvJ5<&>@?B<�O0QRDVNUl H5LMN;<jDYH5T O;?BA H5LMDVN;< � Ä;4 353 � T <kDYH5L-?Vb�o-K$T <�FI<�L-?<�?ETeKt>�H5LMN;A ?BA H5LPf0QBb&>�b&N;<�L-?B<VN;<�J,A <�L-?VÂ ∀i ∈ [1, 2] , kzℜe (τi) > 0

f0O0AeDBd-O0<[DY<�O0T <&DxT <&DxfMK$QY?BA <&DxQBb�<�T T <&D
N;<

τ1
<�?
τ2

f(<�QBFI<�?Y?B<�L-?~N;<kN;b�wML0A QcT <&D[>�H5FIf(H-DBK$L-?B<&DVN;<&D[J5<&>@?B<�O0QRD[NUl H5LMN;<jK5DBDYH;>�A b&D�4 À <&DVfMK$QY?BA <&D
A FjK$o5A LMK$A QB<&D[N;b�wML0AeDBDY<�L-?~Tml K$FIH5QY?BAeDBDY<�FI<�L-?~N;<kTml H5LMN;<jf0TeK$L0<aN0K$LMDcTml <�º;f0QB<&DBDYA H5L � Ä;4 Ä � 4�Æ�K$Q~>�H5L-?BQB<+ÂDYA�T <t?B<�LMDY<�O0QVf(<�QBFIA ?Y?BA J,A ?Bbj<&D=?[QBb�<�T�K$T H5QRD9T <&D[d-OMK�?BQB<&DvQRK5>�A L0<&DvT <IDYH5L-?[b�o-K$T <�FI<�L-?V<�?[TeKP>�H5LMN;A ?BA H5L
f0QBb&>�b&N;<�L-?B<vN;<�J,A <�L-?vÂ ∀i ∈ [1, 2] , kzτi > 0

4,{vK$LMD`T <&DxN;<�O;ºk>�K5DUÂ
τ1
<�?
τ2
f(<�QBFI<�?Y?B<�L-?EN;<vN;b�wML0A QxT <&D

J5<&>@?B<�O0QRDENUl H5LMN;<[K5DBDYH;>�A b&D ~k1
<�? ~k2

QB<&DYf(<&>@?BA J5<�FI<�L-?&4
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a�
];4G^,A

γ0 = 0 � N;A i�QRK5>@?BA H5Lh>�TeK5DBDYAed-O0< � DYH5A ? ϕ = π
2

ÂMH5LhN;b&N;O0A ?vd-O0<
kρ = k

<�?
kφ = 0

4�69L«f0QB<�LMNPf(H5O0Q
A LM>�H5L0L,O0<VT <[L0H5F~80QB<[NUl H5LMN;<

k
40Æ�K$QEDYO0A ?B<+Â0TeKIFjK�?BQBAe>�< (~k.~k) D�l b&>�QBA ?[Â

(
~k.~k
)

=




k2 0 0
0 0 0
0 0 0




Ò LhN;b�wML0AeDBDBK$L-?ET <V?B<�QBFI<
κ
fMK$Q[Â

κ =
k

γ0
� Ä;4 3&� �

T <9N;b�?B<�QBFIA LMK$L-?xN;< H(~k) f0QB<�LMNI<�LM>�H5QB<ETeKVC­H5QBFI<GNUl O0Ljf(H5T ¼,L��5FI<9NUl H5QRN;QB<��~DY<�T H5Lj>�<�?Y?B<9A LM>�H5L0L,O0<
κ
Â

det
{
H
(
~k
)}

= h4κ
4 + h2κ

2 + h0 � Ä;4 3�\ �
KSJ5<&>

h4 = −(ǫr)ρρ

h2 = {(ǫr)ρρ [(ǫr)φφ + (ǫr)zz] − (ǫr)φρ(ǫr)ρφ − (ǫr)zρ(ǫr)ρz}
h0 = −(ǫr)ρρ(ǫr)φφ(ǫr)zz + (ǫr)ρρ(ǫr)zφ(ǫr)φz + (ǫr)φρ(ǫr)ρφ(ǫr)zz

−(ǫr)φρ(ǫr)zφ(ǫr)ρz − (ǫr)zρ(ǫr)ρφ(ǫr)φz + (ǫr)zρ(ǫr)ρz(ǫr)φφ

À l b&d-OMK�?BA H5L � Ä;4 353 � N;<�J,A <�L-? O0L0<9b&d-OMK�?BA H5LI80Ae>�K$QBQBb�<EN;H5L-?`H5Lk>RW0<�QR>RW0<�T <&D QRK5>�A L0<&D�4,69LIf0QBH;>�X&N;<9K$T H5QRDN;<aTeK½F Á�FI<aFjK$L0A X�QB<Pd-O0<kf0QBb&>�b&N;<�FIFI<�L-? � >�K5D~H�� γ0 6= 0 � 4�À <P>�H,<��k>�A <�L-? h4
<&D=?tL0H5LÌL,O0T2Â�>�<

d-O0AUA FIf0T Aed-O0<[d-O l A TU<�º;AeD=?B<[d-OMK�?BQB<vQRK5>�A L0<&D9Â
κi (i ∈ [1, 4])

d-O0AUf(<�O0J5<�L-?�?BH5O�:=H5O0QRD�Á�?BQB<VN;b�?B<�QBFIA L0b�<&D
K$LMK$T ¼-?BAed-O0<�FI<�L-? � J5H5A Q � 4 354 ] � 4 69LÌo-K$QRN;<kT <&DtN;<�O;º¢DYH5T O;?BA H5LMD

κ1
<�?
κ2

?B<�T T <&Dtd-O0<
kρ = k > 0

4
^,A�T <k?B<�LMDY<�O0Qtf(<�QBFIA ?Y?BA J,A ?BbP<&D=?j>�H5FIf0T <�º;<+Â�>�<�?Y?B<P>�H5LMN;A ?BA H5L¢D�l b&>�QBA ?PÂ ∀i ∈ [1, 2] , k0ℜe (κi) > 0

4
^,A T <t?B<�LMDY<�O0QVf(<�QBFIA ?Y?BA J,A ?Bbj<&D=?[QBb�<�T K$T H5QRD9TeK«>�H5LMN;A ?BA H5Lµf0QBb&>�b&N;<�L-?B<IN;<�J,A <�L-?jÂ ∀i ∈ [1, 2] , k0κi >

0
4�{vK$LMDtT <&DtN;<�O;ºÌ>�K5DUÂ

κ1
<�?
κ2

f(<�QBFI<�?Y?B<�L-?jN;<«N;b�wML0A QtT <&D~J5<&>@?B<�O0QRDtNUl H5LMN;<PK5DBDYH;>�A b&D ~k1
<�? ~k2QB<&DYf(<&>@?BA J5<�FI<�L-?&4

� O0<�T T <`d-O0<xDYH5A ?"TeKEJ�K$T <�O0Q�N;<
γ0
Â&H5L[?BQBH5O0J5<`N;H5LM> N;<�O;º[J5<&>@?B<�O0QRD�NUl H5LMN;< ~k1

<�? ~k2
ÂSDYH5T O;?BA H5LMD"N;<`Tml b&d-OMK�?BA H5L

� Ä;4 353 � 4MÀ <&D9N;<�O;º½K$FIf0T A ?BOMN;<&D9K5DBDYH;>�A b�<&DUÂ0L0H$?Bb�<&D ~A1
<�? ~A2

<�?VDBK�?BAeD=C'K$AeDBK$L-?GTml b&d-OMK�?BA H5LhW0H5FIH5o5X�L0< � Ä;4 q � ÂDYH5L-?�T <&D J5<&>@?B<�O0QRD�f0QBH5f0QB<&D�>�H5QBQB<&DYf(H5LMN0K$L-?�gVTeKVJ�K$T <�O0Q f0QBH5f0QB<�L,O0T T <9N;<&D�FjK�?BQBAe>�<&D�QB<&DYf(<&>@?BA J5<&D H(~k1

) <�?
H
(
~k2

) 40À <V>�K$Te>�O0TUf(<�O;?�Á�?BQB<v<�i�<&>@?BO0b[N;<VFjK$L0A X�QB<V>�H5FIf0T X�?B<�FI<�L-?GK$LMK$T ¼-?BAed-O0< � J5<&>@?B<�O0QRDxf0QBH5f0QB<&DxNUl O0L0<FjK�?BQBAe>�<[N;<[N;A FI<�LMDYA H5L
3 × 3

Â;J5H5A QEDY<&>@?BA H5L � 4 ]tN;<[Tml K$L0L0<�º;< � � 4
#v#$��%­�&!���1½�"!*#Sª".0´�Ö*+,/'1,#$�����(´Ì.0)(�"+-�&%'°U!"1«®&�(/'!��&%'�(�¶�"1½/=Ù +,°U!".;�&%'�(� �"1«Ö"���MÖ�.0)(.;�&%'�(� Â

ÍE<�J5<�L0H5LMD~?BH5O;?kNUl K$8(H5QRN¢DYO0QjTml K$L0o5T <«N;<«f(H5TeK$QBAeDBK�?BA H5L
φ
d-O0AGKµb�?BbPw0º;bhN0K$LMDIT <&DI>�K$Te>�O0TeDIf0QBb&>�b&N;<�L-?RD�4

À l b&d-OMK�?BA H5L � Ä;4 q � ÂEN;H5L-?«TeK¢FjK�?BQBAe>�< H
(
~k
) <&D=?½N;H5L0L0b�<µfMK$Q � Ä;4 y � ÂEFI<�?h>�TeK$A QB<�FI<�L-?«<�L�b�J,AeN;<�LM>�<µTeK

N;b�f(<�LMN0K$LM>�<«N;< ~k <�? ~A
DY<�T H5L

φ
J,AeKÃT <P?B<�LMDY<�O0Q ˜̃ǫr(φ)

4�69L¢f0QBb&>�AeDY<«N;b&DYH5QBFjK$AeDt>�<�?Y?B<hN;b�f(<�LMN0K$LM>�<P<�L
b&>�QBA J�K$L-?VÂ ~k1(φ)

<�? ~k2(φ)
40¸�T <�LP<&D=?9N;<VF Á�FI<[f(H5O0QET <&D�J5<&>@?B<�O0QRD�K$FIf0T A ?BOMN;<&D ~A1(φ)

<�? ~A2(φ)
d-O0<VTml H5L

L0H5QBFjK$T AeDY<tÂ
∀i ∈ {1, 2} , ~Γi(φ) =

~Ai(φ)∥∥∥ ~Ai(φ)
∥∥∥

� Ä;4 3&q �
À <E>RWMK$FIftb�T <&>@?BQBAed-O0<+Â5DYH5T O;?BA H5LIN;<ETml b&d-OMK�?BA H5LIN;<Ef0QBH5fMK$o-K�?BA H5L � Ä;4 � � f(H5O0Q�O0LjK$L0o5T < φ N;H5L0L0b+Â�f(<�O;?xK$T H5QRDD�l b&>�QBA QB<V>�H5FIFI<VO0L0<c>�H5F~80A LMK$AeDYH5LaT A L0b&K$A QB<[N;<&DEN;<�O;ºPH5LMN;<&D�f0TeK$L0<&Dx?BQBH5O0J5b�<&Dxf0QBb&>�b&N;<�FIFI<�L-?[Â

~Eφ(r, θ, z) =
2∑

j=1

Ãj(φ)~Γj(φ)ei~kj(φ).~r � Ä;4 3&y �

H��PT <&Dx?B<�QBFI<&D
Ãj(φ)

<�LhDYH5L-?ET <&DE>�H,<��k>�A <�L-?RD�4
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À <�f0QBA LM>�A f(<GN;<E8MK5DY<�N;<ETeKvFIb�?BW0H;N;<E<&D=?`N;<GN;b&>�H5FIf(H-DY<�Q�T <G>RWMK$FIftb�T <&>@?BQBAed-O0<x?BH$?RK$T0DYO0Q�TeKV8MK5DY<E>�H5L-?BA L,O0<
N;<&DaH5LMN;<&Daf0TeK$L0<&Daf(H5O0QP?BH5OMDaT <&D«K$L0o5T <&D

φ
f(H-DBDYA 80T <&D

(φ ∈ [0, 2π])
4�Ò L�NUl K$O;?BQB<&Dj?B<�QBFI<&DUÂ�T <�>RWMK$FIf

b�T <&>@?BQBAed-O0<t?BH$?RK$T�<&D=?~>�H5LMDYAeN;b�QBbI>�H5FIFI<jO0L0<kDYO0f(<�QBf(H-DYA ?BA H5L�>�H5L-?BA L,O0<jNUl H5LMN;<&DVf0TeK$L0<&D � ?BQRK$LMD=C­H5QBFIb�<jN;<Å0H5O0QBA <�Q � 4M{~l K$f0QBX&DETeKjQB<�TeK�?BA H5L � Ä;4 3&y � N;H5L0LMK$L-?GTml <�º;f0QB<&DBDYA H5LhN;O½>RWMK$FIfhb�T <&>@?BQBAed-O0<[f(H5O0Q9O0L½K$L0o5T < φ Â(T <>RWMK$FIfPb�T <&>@?BQBAed-O0<v?BH$?RK$TUf(<�O;?9D�l b&>�QBA QB<[DYH5OMDxTeKtC­H5QBFI<[DYO0A J�K$L-?B<IÂ

~E(r, θ, z) =

∫ 2π

0

2∑

j=1

Ãj(φ)~Γj(φ)ei~kj (φ).~rdφ � Ä;4 ]$Ê �
{vK$LMDP>�<�?Y?B<µ<�º;f0QB<&DBDYA H5L�Â`T <&D«K$FIf0T A ?BOMN;<&D

Ãj(φ) � j ∈ {1, 2} <�?
φ ∈ [0, 2π] � N;<�J,A <�L0L0<�L-?«T <&D«DY<�O0T <&DA LM>�H5L0L,O0<&D�N;O«f0QBH580T X�FI<54(69L«L0H$?B<VTeKI>�H5FIf(H-DBK$L-?B<[DY<�T H5L

ρ
N;O«J5<&>@?B<�O0Q ~kj(φ)

Â
kj,ρ(φ) = ~kj(φ).~eρ � Ä;4 ];3 �

À�KVf0QBH$:=<&>@?BA H5LIN;<&D�J5<&>@?B<�O0QRD ~kj(φ) = kj,ρ(φ)~eρ +γ0~ez
<�?
~r = r~er +z~ez

DYO0Q TeK[8MK5DY<GN;OIQB<�f(X�QB<G>�K$QY?Bb&DYA <�L
>�H5LMN;O0A ?�gGTml <�º;f0QB<&DBDYA H5LcN;O~f0QBH;N;O0A ?�DB>�K$TeK$A QB< ~kj(φ).~r = kj,ρ(φ)r cos(θ−φ)+k

(inc)
z z � θ <&D=?�TeK9>�H,H5QRN;H5L0L0b�<K$L0o5O0TeK$A QB<vN;O«f(H5A L-?

M
N0K$LMD�TeKtwMo5O0QB<[Ä;4 3 � 4�69LPH58;?BA <�L-?GK$T H5QRDvÂ

~E(r, θ, z) = eiγ0z

∫ 2π

0

2∑

j=1

Ãj(φ)~Γj(φ)eikj,ρ(φ)r cos(θ−φ)dφ � Ä;4 ]5] �
Æ�H5O0QGN;<&DEQRK$AeDYH5LMD�NUl K$f0f0T Ae>�K�?BA H5LPL,O0FIb�QBAed-O0<+Â;H5L«<&D=?9>�H5L-?BQRK$A L-?GN;<cN;AeDB>�QBb�?BAeDY<�Q�Tml A L-?Bb�o5QRK$T <54(�`<�?Y?B<cN;AeDB>�QBb�n
?BAeDBK�?BA H5L«D�l <�i�<&>@?BO0<cgtTml K$AeN;<[N;<[TeKIN;b�wML0A ?BA H5LhN;<[Tml A L-?Bb�o5QRK$T <v<�La?B<�QBFI<cN;<cDYb�QBA <VN;<cÍEA <�FjK$L0L�Â
∫ β

α
f(ζ)dζ ≡ lim

P→+∞

[
P∑

i=1

f(ζi)∆ζ

] H��
∆ζ = β−α

P

<�?
ζi = α+ (i− 1)∆ζ

KSJ5<&>
i ∈ [1, P ]

4
{vK$LMD�Tml b&d-OMK�?BA H5L � Ä;4 ]5] � Â;TeKtJ�K$QBAeK$80T <VF~O0<�?Y?B< φ f0QB<�LMNPK$T H5QRD�N;<&D�J�K$T <�O0QRDEN;AeDB>�QBX�?B<&D�L0H$?Bb�<&DVÂ

∀ν ∈ [1, Nφ] , φν = (ν − 1)
2π

Nφ

� Ä;4 ]$z �
H��

Nφ ∈ N∗ <&D=?`T <9L0H5F~80QB<GN;<GfMK5D`N;<GTeKcN;AeDB>�QBb�?BAeDBK�?BA H5LIO;?BA T AeDYb9f(H5O0Q`>�K$Te>�O0T <�Q`Tml A L-?Bb�o5QRK$T <545ÏEwMLkNUl K$T T b�o5<�QTml b&>�QBA ?BO0QB<+Â;H5L«K�:=H5O;?B<Vb�o-K$T <�FI<�L-?�T <&DEL0H$?RK�?BA H5LMD�DYO0A J�K$L-?B<&DVÂ
∀ν ∈ [1, Nφ] , Ãj,ν = Ãj(φν)

2π

Nφ

� Ä;4 ]�� �
∀ν ∈ [1, Nφ] , ~Γj(φν) = ~Γj,ν � Ä;4 ]5Ä �

∀ν ∈ [1, Nφ] , ~kj,ρ(φν) = ~kj,ν,ρ � Ä;4 ]$� �Ò L«A L-?BQBH;N;O0AeDBK$L-?G>�<&D�L0H$?RK�?BA H5LMDUÂ;T <[>RWMK$FIfPb�T <&>@?BQBAed-O0<v?BH$?RK$T�N;H5L0L0bVfMK$Q � Ä;4 ]5] � D�l b&>�QBA ?[Â

~E(r, θ, z) = eiγ0z

Nφ∑

ν=1

2∑

j=1

Ãj,ν
~Γj,νe

ikj,ν,ρr cos(θ−φν) � Ä;4 ]-\ �
69LÌf0QBb&>�AeDY<kb�o-K$T <�FI<�L-?td-O0<aTeKhC'K$FIA T T <«>�H5L-?BA L,O0<aN;<P8MK5DY<&D

(~eρ, ~eφ, ~ez)
N;<�J,A <�L-?tTeKhC'K$FIA T T <PN;AeDB>�QBX�?B<PN;<

8MK5DY<&D
(~eρν

, ~eφν
, ~ez)

4�Ò L;wML�Â�H5LÌf(<�O;?IQBb�b&>�QBA QB<aghL0H5O0J5<&K$OÌ>�<«>RWMK$FIf�<�LÌ?RK$L-?Id-O0<PN;b�J5<�T H5f0f(<�FI<�L-?IN;<
Å0H5O0QBA <�QEDY<�T H5L

θ
<�L«O;?BA T AeDBK$L-?ET <VC­H5QBF~O0T <VFjK�?BW0b�FjK�?BAed-O0< � z04 \ � Â

~E(r, θ, z) = eiγ0z

Nϕ∑

ν=1

2∑

j=1

Ãj,ν
~Γj,ν

+N∑

n=−N

inJn (kj,ν,ρr) e
in(θ−φν) � Ä;4 ]$q �

ÏEwMLÃN;<tN;b�?B<�QBFIA L0<�Q9T <&D9>�H5FIf(H-DBK$L-?B<&D9N;OÃ>RWMK$FIfhb�T <&>@?BQBAed-O0<[?BH$?RK$T�N0K$LMDGTml <&DYfMK5>�<cQBb�<�T2ÂMT <~J5<&>@?B<�O0Q ~Γj,ν
Â

A L0A ?BAeK$T <�FI<�L-?jN;b&>�QBA ?kN0K$LMDtTeKÃ8MK5DY<
(~eρ, ~eφ, ~ez)

N;<«Tml <&DYfMK5>�<«N;<&DI>RWMK$FIfMDUÂ�J�K?Á�?BQB<Pf0QBH$:=<�?Bb«DYO0QITeKÃ8MK5DY<
(~er, ~eθ, ~ez)

4
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69L¶D�l A L-?Bb�QB<&DBDY<P<�L¶f0QB<�FIA <�QIT A <�O*gÃTeK�>�H5FIf(H-DBK$L-?B<PQRK5N;AeK$T <PN;O*>RWMK$FIf¢b�T <&>@?BQBAed-O0<P?BH$?RK$T
Er(r, θ, z) =

~E(r, θ, z).~er
4MÀ�KtL0H$?RK�?BA H5L«DYO0A J�K$L-?B<

Γj,ν,ρ = ~Γj,ν .~eρν
� Ä;4 ]$y �

Γj,ν,φ = ~Γj,ν .~eφν
� Ä;4 z5Ê �>�H5LMN;O0A ?Gg

~Γj,ν .~er = Γj,ν,ρ cos(θ − φν) + Γj,ν,φ sin(θ − φν)<�L <�º;f0T Ae>�A ?RK$L-?P>RWMK5d-O0<«J5<&>@?B<�O0QaN;<½>�<ÃN;<�QBL0A <�Qkf0QBH;N;O0A ?aDB>�K$TeK$A QB<hDYO0QkTeK�8MK5DY<hJ5<&>@?BH5QBA <�T T <h>�K$QY?Bb&DYA <�L0L0<
(~ex, ~ey, ~ez)

4;Ò L«¼kQB<�FIf0TeK ��K$L-?�T <[>�H-DYA L,OMDx<�?GT <[DYA L,OMDxfMK$QET <&DxC­H5QBF~O0T <&D�NUl Ò O0T <�Q-Â0>�<�?Y?B<cN;<�QBL0A X�QB<vQB<�TeK�?BA H5L
QB<�f(H5QY?Bb�<VN0K$LMD � Ä;4 ]$q � f(<�QBFI<�?9NUl b&>�QBA QB<vTeKj>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <VN;Oh>RWMK$FIfPb�T <&>@?BQBAed-O0<v?BH$?RK$T Â

Er(r, θ, z) = eiγ0z
Nφ∑
ν=1

2∑
j=1

Ãj,ν

2

{
+N∑

n=−N

(Γj,ν,ρ − iΓj,ν,φ) in+1

i
Jn (kj,ν,ρr) e

i(n+1)(θ−φν)

+
+N∑

n=−N

(Γj,ν,ρ + iΓj,ν,φ) in−1iJn (kj,ν,ρr) e
i(n−1)(θ−φν)

} � Ä;4 z03 �

69LP<�i�<&>@?BO0<[<�LMDYO0A ?B<[O0Lh>RWMK$L0o5<�FI<�L-?ENUl A LMN;Ae>�<cN0K$LMD�T <&DGN;<�O;ºPDYH5FIFI<&DEDYO0Q
n
4MÀ <Vf0QB<�FIA <�QG>RWMK$L0o5<

n
<�L

n′ = n+ 1
<�?GT <~DY<&>�H5LMN«>RWMK$L0o5<

n
<�L

n′′ = n− 1
40Ò LMDYO0A ?B<+ÂMT <&DEA LMN;Ae>�<&DGb�?RK$L-?GF~O0<�?RDEH5LhT <&DEQB<�L0H5FIFI<

n
4UÒ L;wML�Â�K$f0QBX&D9O0L�N;b�f0TeK5>�<�FI<�L-?[N;<&DV8(H5QBL0<&D[N;<&DVDYH5FIFI<&D[N;< −N g

+N
Â�TeK«>�H5FIf(H-DBK$L-?B<

Er(r, θ, z)N;<�J,A <�L-?[Â

Er(r, θ, z) = eiγ0z
Nφ∑
ν=1

2∑
j=1

Ãj,ν

2

{
+N∑

n=−N

−i
(
Γj,ν,ρi

ne−inφν − iΓj,ν,φi
ne−inφν

)
Jn−1 (kj,ν,ρr) e

inθ

+
+N∑

n=−N

i
(
Γj,ν,ρi

ne−inφν + iΓj,ν,φi
ne−inφν

)
Jn+1 (kj,ν,ρr) e

inθ

}

� Ä;4 z-] �À�KtL0H5O0J5<�T T <vL0H$?RK�?BA H5L
αn,j,ν = Γj,ν,ρi

ne−inφν � Ä;4 z5z �
βn,j,ν = ikj,ν,ρΓj,ν,φi

ne−inφν � Ä;4 z$� �f(<�QBFI<�?GNUl K$T T b�o5<�QETml b&>�QBA ?BO0QB<540À l <�º;f0QB<&DBDYA H5LPN;<VTeKI>�H5FIf(H-DBK$L-?B<
Er(r, θ, z)

D�l b&>�QBA ?GK$T H5QRDvÂ

Er(r, θ, z) = eiγ0z
Nφ∑
ν=1

2∑
j=1

Ãj,ν

2 i
+N∑

n=−N

{αn,j,ν [Jn+1 (kj,ν,ρr) − Jn−1 (kj,ν,ρr)]

+
βn,j,ν

kj,ν,ρ
[Jn+1 (kj,ν,ρr) + Jn−1 (kj,ν,ρr)]

}
einθ

� Ä;4 z-Ä �

ÏEwMLÌN;<k?B<�QBFIA L0<�Q~>�<a>�K$Te>�O0T2Â�H5LÌK$f0f0T Aed-O0<aN0K$LMD~>�<�?Y?B<aN;<�QBL0A X�QB<jb&d-OMK�?BA H5L�T <&DcQB<�TeK�?BA H5LMDcN;<kQBb&>�O0QBQB<�LM>�<
DYO0A J�K$L-?B<&D�J5b�QBA wMb�<&DxfMK$QET <&DxC­H5LM>@?BA H5LMDEN;< � <&DBDY<�T � C­H5QBF~O0T <vC'y04 354 ]-\cN;<[TeKtQBb�C­b�QB<�LM>�< O y-]�P � Â

Jn+1(ζ) + Jn−1(ζ) = 2n
Jn(ζ)

ζ
� Ä;4 z5� �

Jn+1(ζ) − Jn−1(ζ) = −2
dJn(ζ)

dζ
� Ä;4 z,\ �

69LÃQB<�C­H5QBF~O0T <~O0L0<IN;<�QBL0A X�QB<cC­H5AeDvTml <�º;f0QB<&DBDYA H5LÃN;<
Er(r, θ, z) � Ä;4 z-Ä � N;<t?B<�T T <IDYH5QY?B<tgaFI<�?Y?BQB<t<�LµJ�K$T <�O0Q

O0LPfMDY<�OMN;H$n�N;b�J5<�T H5f0f(<�FI<�L-?GN;<[Å0H5O0QBA <�QGN;<[TeKtF Á�FI<VC­H5QBFI<[d-O0<[>�<�T O0A <�L � z04 3&Ê � KSJ5<&>~Â

Er,n(r) = i

Nφ∑

ν=1

2∑

j=1

Ãj,ν

[
βn,j,ν

nJn (kj,ν,ρr)

k2
j,ν,ρr

− αn,j,ν

kj,ν,ρ

dJn (kj,ν,ρr)

dr

]
� Ä;4 z5q �

69L«f0QBH;>�X&N;<V<�º0K5>@?B<�FI<�L-?9N;<cTeKIF Á�FI<[FjK$L0A X�QB<[f(H5O0Q9N;b�?B<�QBFIA L0<�QGTeKj>�H5FIf(H-DBK$L-?B<[K$L0o5O0TeK$A QB<[N;O½>RWMK$FIf
b�T <&>@?BQBAed-O0<v?BH$?RK$T�Â

Eθ(r, θ, z) = ~E(r, θ, z).~eθ
40ÏGA LMDYA2Â0T <&DEL0H$?RK�?BA H5LMD � Ä;4 ]$y � <�? � Ä;4 z5Ê � >�H5LMN;O0AeDY<�L-?GgPÂ

~Γj,ν .~eθ = −Γj,ν,ρ sin(θ − φν) + Γj,ν,φ cos(θ − φν)
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69L�O;?BA T AeDY<�>�<�?Y?B<�N;<�QBL0A X�QB<ÃQB<�TeK�?BA H5L�N0K$LMDPTml <�º;f0QB<&DBDYA H5L�N;O >RWMK$FIf�b�T <&>@?BQBAed-O0<Ã?BH$?RK$T � Ä;4 ]$q � Â�f0QBH$:=<�?Bb�<DYO0Q[Tml K�º;<jK5DBDYH;>�A bIg

~eθ
4�À <jF Á�FI<k>RWMK$L0o5<�FI<�L-?[N;<jJ�K$QBAeK$80T <jd-O0<If0QBb&>�b&N;<�FIFI<�L-?c<&D=?c<�LMDYO0A ?B<j<�i�<&>@?BO0b54

Å"A LMK$T <�FI<�L-?-ÂSK$f0QBX&D"KSJ5H5A Q A LMDYb�QBb`T <&D�L0H$?RK�?BA H5LMD � Ä;4 z5z � <�? � Ä;4 z$� � <�?�K$f0f0T Aed-O0b`T <&D�C­H5QBF~O0T <&D � Ä;4 z5� � <�? � Ä;4 z,\ � ÂT <[>�K$Te>�O0T K$8(H5O;?BA ?9K$OPfMDY<�OMN;H$n�N;b�J5<�T H5f0f(<�FI<�L-?EN;<[Å0H5O0QBA <�QGN;Oa?=¼,f(< � z04 3&Ê � N;<[TeKI>�H5FIf(H-DBK$L-?B< Eθ(r, θ, z)KSJ5<&>~Â
Eθ,n(r) =

Nφ∑

ν=1

2∑

j=1

Ãj,ν

[
αn,j,ν

nJn (kj,ν,ρr)

kj,ν,ρr
− βn,j,ν

k2
j,ν,ρ

dJn (kj,ν,ρr)

dr

]
� Ä;4 z5y �

Ò L¶>�<Pd-O0AE>�H5LM>�<�QBL0<kTeKÃ>�H5FIf(H-DBK$L-?B<k<�L
z
N;O¶>RWMK$FIfÌb�T <&>@?BQBAed-O0<k?BH$?RK$T

Ez(r, θ, z) = ~E(r, θ, z).~ez
Â�T <

>�K$Te>�O0T(<&D=?�f0T OMD�DYA FIf0T <vf0O0AeDBd-O l A T�L0<vQB<&d-O0A <�QY?xL0AU>RWMK$L0o5<�FI<�L-?�N;<vJ�K$QBAeK$80T <9L0A�Tml K$f0f0T Ae>�K�?BA H5LaN;<&D`C­H5QBF~O0T <&D
� Ä;4 z5� � <�? � Ä;4 z,\ � 4;¸�T�DYO��I?9N;<Vf(H-DY<�Q

Γj,ν,z = ~Γj,ν .~ez � Ä;4 �-Ê �<�?
γn,j,ν = Γj,ν,zi

ne−inϕν � Ä;4 �M3 �f(H5O0Q«H58;?B<�L0A QhN;A QB<&>@?B<�FI<�L-?«Tml <�º;f0QB<&DBDYA H5L�N;O fMDY<�OMN;H$n�N;b�J5<�T H5f0f(<�FI<�L-?hN;<�Å0H5O0QBA <�QhN;O�?=¼,f(< � z04 3&Ê � N;<
Ez(r, θ, z)

KSJ5<&>~Â

Ez,n(r) =

Nφ∑

ν=1

2∑

j=1

Ãj,νγn,j,νJn (kj,ν,ρr) � Ä;4 �,] �

�20Y¦10�� � 
E�9�0���,�,�=�`���9� ��6G� *p� *p� �`�84U�0�Y¤��G�Ô�;���;���
À <&DG<�º;f0QB<&DBDYA H5LMDGN;<&D9>�H5FIf(H-DBK$L-?B<&DGN;OÃ>RWMK$FIf½FjK$o5L0b�?BAed-O0<[?BH$?RK$T"DY<tN;b&N;O0AeDY<�L-?vN;<t>�<�T T <&D9N;OÃ>RWMK$FIf½b�T <&>@n

?BQBAed-O0<�b�?RK$80T A <&Dhf0QBb&>�b&N;<�FIFI<�L-?-Â9g fMK$QY?BA Q½N;<ÌTml b&d-OMK�?BA H5L�N;<Ìr½K�º;¾x<�T T n�ÅMK$QRK5N0KS¼ WMK$QBFIH5L0Aed-O0< ~H(r, θ, z) =
1

iωµ0

~rot ~E(r, θ, z)
ÂMN0K$LMD�TeK5d-O0<�T T <VT <[QBH$?RK�?BA H5L0L0<�T�<&D=?Gb&>�QBA ?GN0K$LMD�T <[QB<�f(X�QB<[>�¼,T A LMN;QBAed-O0<[N;<VTml <&DYfMK5>�<VQBb�<�Tm4

ÏGA LMDYA2Â;TeKj>�H5FIf(H-DBK$L-?B<vQRK5N;AeK$T <VN;Oh>RWMK$FIfPFjK$o5L0b�?BAed-O0<v?BH$?RK$T�D�l <�L«N;b&N;O0A ?9NUl K$f0QBX&DVÂ

Hr(r, θ, z) =
1

iωµ0

[
1

r

∂Ez(r, θ, z)

∂θ
− ∂Eθ(r, θ, z)

∂z

]
� Ä;4 �-z �

À <&D~N;b�QBA J5b�<&DcfMK$QY?BA <�T T <&D~DYH5L-?~b&>�QBA ?B<&D~NUl K$f0QBX&DcT <&Dc<�º;f0QB<&DBDYA H5LMDcN;<&DtN;b�J5<�T H5f0f(<�FI<�L-?RD~N;<
Ez(r, θ, z) � Ä;4 �,] � <�?

N;<
Eθ(r, θ, z) � Ä;4 z5y � 4U69Lh?BQBH5O0J5<~K$T H5QRDET <~fMDY<�OMN;H$n�N;b�J5<�T H5f0f(<�FI<�L-?vN;<tÅ0H5O0QBA <�QvN;Oh?=¼,f(< � z04 3&Ê � N;< Hr(r, θ, z)KSJ5<&>~Â

Hr,n(r) =

Nφ∑

ν=1

2∑

j=1

Ãj,ν

ωµ0

[
n

r

(
γn,j,ν − αn,j,ν

γ0

kj,ν,ρ

)
Jn (kj,ν,ρr) + βn,j,ν

γ0

k2
j,ν,ρ

dJn (kj,ν,ρr)

dr

]
� Ä;4 �5� �

{9<�TeKvF Á�FI<�FjK$L0A X�QB<+Â�H5Ltb�?RK$80T A ?�Tml <�º;f0QB<&DBDYA H5LtN;<&D�>�H,<��k>�A <�L-?RD�N;<EÅ0H5O0QBA <�Q�N;<�TeKV>�H5FIf(H-DBK$L-?B<
Hθ(r, θ, z)

o5Q�]5>�<
gtTeKtf0QBH$:=<&>@?BA H5L«N;<[Tml b&d-OMK�?BA H5L«N;<[r½K�º;¾x<�T T n�ÅMK$QRK5N0KS¼jDYO0Q

~eθ

Hθ(r, θ, z) =
1

iωµ0

[
1

r

∂Er(r, θ, z)

∂z
− ∂Ez(r, θ, z)

∂r

]
� Ä;4 �,Ä �

N0K$LMDVTeK5d-O0<�T T <IH5LµA LMDYX�QB<IT <&D[N;b�J5<�T H5f0f(<�FI<�L-?RD[N;<
Er(r, θ, z) � Ä;4 z5q � <�?~N;< Ez(r, θ, z) � Ä;4 �,] � 4UÒ L�<�º;f0T Ae>�A ?RK$L-?

T <&DEN;b�QBA J5b�<&D�fMK$QY?BA <�T T <&DUÂ,H5L«H58;?BA <�L-?[Â

Hθ,n(r) = −
Nφ∑

ν=1

2∑

j=1

Ãj,ν

iωµ0

[(
γn,j,ν − αn,j,ν

γ0

kj,ν,ρ

)
dJn (kj,ν,ρr)

dr
+ βn,j,ν

γ0n

k2
j,ν,ρr

Jn (kj,ν,ρr)

]
� Ä;4 �-� �

À <v>�K$Te>�O0T(N;<9TeK~>�H5FIf(H-DBK$L-?B<G<�L
z
N;Oa>RWMK$FIfkFjK$o5L0b�?BAed-O0<E?BH$?RK$T(<&D=?xO0Lkf(<�Okf0T OMDx>�H5FIf0T <�º;<54,À�K[f0QBH$:=<&>@?BA H5LkN;<

Tml b&d-OMK�?BA H5L«N;<cr½K�º;¾x<�T T n�ÅMK$QRK5N0KS¼IDYO0QETml K�º;<
z
N;H5L0L0<IÂ

Hz(r, θ, z) =
1

iωµ0r

[
Eθ(r, θ, z) + r

∂Eθ(r, θ, z)

∂r
− ∂Er(r, θ, z)

∂θ

]
� Ä;4 �;\ �
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69L�N;b&N;O0A ?tN;<&D[N;b�J5<�T H5f0f(<�FI<�L-?RD[N;<kÅ0H5O0QBA <�QcN;<

Eθ(r, θ, z) � Ä;4 z5y � <�?~N;< Er(r, θ, z) � Ä;4 z5q � Tml <�º;f0QB<&DBDYA H5LµN;<&D
N;b�QBA J5b�<&DVfMK$QY?BA <�T T <&Dcd-O l H5L�QB<�FIf0TeK5>�<kN0K$LMD � Ä;4 �;\ � f(H5O0QcH58;?B<�L0A QcTml <�º;f0QB<&DBDYA H5L�N;<&Dc>�H,<��k>�A <�L-?RD~N;<kÅ0H5O0QBA <�Q~N;<
Ez(r, θ, z)

Â

Hz,n(r) =

Nϕ∑

ν=1

2∑

j=1

Ãj,νβn,j,ν

iωµ0

[
n2

k2
j,ν,ρr

2
Jn (kj,ν,ρr) −

1

kj,ν,ρr

dJn (kj,ν,ρr)

dr
− d2Jn (kj,ν,ρr)

dr2

]

{~l K$f0QBX&DxTml b&d-OMK�?BA H5LPN;< � <&DBDY<�T
Jn(ζ) = n2

ζ2 Jn(ζ)− 1
ζ

dJn(ζ)
ζ

− d2Jn(ζ)
dζ2 O y-]
P Â;T <v?B<�QBFI<V<�L-?BQB<V>�QBH;>RW0<�?RD�DY<vQBb&N;O0A ?DYA FIf0T <�FI<�L-?9g

Jn (kj,ν,ρr)
40Æ�K$QGDYO0A ?B<+Â0Tml <�º;f0QB<&DBDYA H5LPN;<

Hz,n(r)
N;<�J,A <�L-?[Â

Hz,n(r) =

Nφ∑

ν=1

2∑

j=1

Ãj,νβn,j,ν

iωµ0
Jn (kj,ν,ρr) � Ä;4 �-q �

�20Y¦10�� �����;�"�0�=�`� *p�"�;�M�Y�U�=���Y�=�
�GH5OMD~K$T T H5LMD~K5N;H5f;?B<�QtghL0H5O0J5<&K$O�O0L�C­H5QBFjK$T AeDYFI<kFjK�?BQBAe>�A <�T`f(H5O0QtTml b&>�QBA ?BO0QB<aN;<&Dt>�H,<��k>�A <�L-?RD~N;<PÅ0H5O0QBA <�Q

N;H5L0L0b&D fMK$Q � Ä;4 z5q � Â � Ä;4 z5y � Â � Ä;4 �,] � f(H5O0Q`T <9>RWMK$FIfjb�T <&>@?BQBAed-O0<E<�? � Ä;4 �5� � Â � Ä;4 �-� � Â � Ä;4 �-q � f(H5O0Q`T <9>RWMK$FIfjFjK$o5L0b�n?BAed-O0<540Ò Lh<�i�<�?-Â(>�<&D�b&d-OMK�?BA H5LMDEDYH5L-?GT A L0b&K$A QB<&D�fMK$QEQRK$f0f(H5QY?GK$O;º«K$FIf0T A ?BOMN;<&D
Ãj,ν � j ∈ {1, 2} <�? ν ∈ [1, Nφ] � 4�`H5FIFI<[f0QBb&>�b&N;<�FIFI<�L-?-Â0H5LhN;AeD=?BA L0o5O0<[T <&DE>�H5FIf(H-DBK$L-?B<&D�<�L

z
<�?GT <&DG>�H5FIf(H-DBK$L-?B<&DEK$L0o5O0TeK$A QB<&D�NUl O0L0<[fMK$QY?-Â0<�?

T <&DE>�H5FIf(H-DBK$L-?B<&DxQRK5N;AeK$T <&D�NUl K$O;?BQB<[fMK$QY?&4(69L«N;b�wML0A ?GTeKIFjK�?BQBAe>�<V>�H5T H5L0L0< [
Ã
] N;<[N;A FI<�LMDYA H5L

2Nφ
Â

[
Ã
]

=




444
Ã1,ν444
Ã2,ν444




� Ä;4 �-y �

 ~�(´�Ö`�(®&.0���&1,®~1,�
z
1-�j#5�(´�Ö`�(®&.0���&1,®t.0�")(!"/'.0%­��1,® 4

Ï*fMK$QY?BA Q N;<&D b&d-OMK�?BA H5LMD � Ä;4 z5y � Â � Ä;4 �,] � Â � Ä;4 �-� � <�? � Ä;4 �-q � Â$H5LI<�º;f0QBA FI<GTeKVFjK�?BQBAe>�<G>�H5T H5L0L0< [F (r)]
N;H5L0L0b�<

fMK$Q � ];4 3&Ê5q � <�LjC­H5LM>@?BA H5LaN;<9TeK[FjK�?BQBAe>�<v>�H5T H5L0L0< [Ã] Â-J,AeKcTeK[FjK�?BQBAe>�<GL0H$?Bb�< Θ(r)
N;<vN;A FI<�LMDYA H5L

4(2N +

1) × 2Nφ
Â

[F (r)] = Θ(r)
[
Ã
]

� Ä;4 Ä$Ê �
KSJ5<&>9TeKtFjK�?BQBAe>�<

Θ(r)
?B<�T T <cd-O0<jÂ

Θ(r) =




Θ11(r) Θ12(r)
Θ21(r) Θ22(r)
Θ31(r) Θ32(r)
Θ41(r) Θ42(r)


 � Ä;4 Ä;3 �

H��
[Θ11(r)]n,ν = αn,1,ν

nJn (k1,ν,ρr)

k1,ν,ρr
− βn,1,ν

k2
1,ν,ρ

dJn (k1,ν,ρr)

dr
� Ä;4 Ä5] �

[Θ12(r)]n,ν = αn,2,ν

nJn (k2,ν,ρr)

k2,ν,ρr
− βn,2,ν

k2
2,ν,ρ

dJn (k2,ν,ρr)

dr
� Ä;4 Ä$z �

[Θ21(r)]n,ν = γn,1,νJn (k1,ν,ρr) � Ä;4 Ä�� �
[Θ22(r)]n,ν = γn,2,νJn (k2,ν,ρr) � Ä;4 Ä5Ä �

[Θ31(r)]n,ν =
i

ωµ0

[(
γn,1,ν − αn,1,ν

γ0

k1,ν,ρ

)
dJn (k1,ν,ρr)

dr
+ βn,1,ν

γ0n

k2
1,ν,ρr

Jn (k1,ν,ρr)

]
� Ä;4 Ä$� �
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[Θ32(r)]n,ν =
i

ωµ0

[(
γn,2,ν − αn,2,ν

γ0

k2,ν,ρ

)
dJn (k2,ν,ρr)

dr
+ βn,2,ν

γ0n

k2
2,ν,ρr

Jn (k2,ν,ρr)

]
� Ä;4 Ä-\ �

[Θ41(r)]n,ν =
βn,1,ν

iωµ0
Jn (k1,ν,ρr) � Ä;4 Ä$q �

[Θ42(r)]n,ν =
βn,2,ν

iωµ0
Jn (k2,ν,ρr) � Ä;4 Ä$y �

69LÃQRK$f0f(<�T T <tTml <�º;f0QB<&DBDYA H5LÃN;<tTeKPN;b�QBA J5b�< dJn(kj,ν,ρr)
dr

= n
r
Jn(kj,ν,ρr) − kj,ν,ρJn+1(kj,ν,ρr)

H58;?B<�L,O0<t<�L
O;?BA T AeDBK$L-?ETeK~C­H5QBF~O0T < dJn(ζ)

dζ
= n

ζ
Jn(ζ) − Jn+1(ζ) � C­H5QBF~O0T <VC=354 y04 ]-\cN;<VTeKIQBb�C­b�QB<�LM>�< O y-]
P � 4

 ~�(´�Ö`�(®&.0���&1,®c��.0�"%'.0/'1,® 4
Ï�fMK$QY?BA QjN;<&Dtb&d-OMK�?BA H5LMD � Ä;4 z5q � <�? � Ä;4 �5� � Â�T <&DI>�H,<��k>�A <�L-?RDIN;<«Å0H5O0QBA <�QjN;<&DI>�H5FIf(H-DBK$L-?B<&D~QRK5N;AeK$T <&DtN;O>RWMK$FIfcb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0< QB<�o5QBH5O0f(b&D�N0K$LMD"TeK9FjK�?BQBAe>�<x>�H5T H5L0L0<

[Fr(r)] � ];4 35353 � D�l b&>�QBA J5<�L-?�DYH5OMD�TeKGC­H5QBFI<FjK�?BQBAe>�<�T T <[DYO0A J�K$L-?B<IÂ
[Fr(r)] = Θr(r)

[
Ã
]

� Ä;4 �5Ê �
KSJ5<&>9TeKtFjK�?BQBAe>�<

Θr(r)
N;<cN;A FI<�LMDYA H5L

2(2N + 1) × 2Nφ
?B<�T T <cd-O0<IÂ

Θr(r) =

(
Θr,11(r) Θr,12(r)
Θr,21(r) Θr,22(r)

)
� Ä;4 �03 �

H��
[Θr,11(r)]n,ν

= i

[
βn,1,ν

nJn (k1,ν,ρr)

k2
1,ν,ρr

− αn,1,ν

k1,ν,ρ

dJn (k1,ν,ρr)

dr

]
� Ä;4 �-] �

[Θr,12(r)]n,ν
= i

[
βn,2,ν

nJn (k2,ν,ρr)

k2
2,ν,ρr

− αn,2,ν

k1,ν,ρ

dJn (k2,ν,ρr)

dr

]
� Ä;4 �5z �

[Θr,21(r)]n,ν
=

1

ωµ0

[
n

r

(
γn,1,ν − αn,1,ν

γ0

k1,ν,ρ

)
Jn (k1,ν,ρr) + βn,1,ν

γ0

k2
1,ν,ρ

dJn (k1,ν,ρr)

dr

]
� Ä;4 �$� �

[Θr,22(r)]n,ν
=

1

ωµ0

[
n

r

(
γn,2,ν − αn,2,ν

γ0

k2,ν,ρ

)
Jn (k2,ν,ρr) + βn,2,ν

γ0

k2
2,ν,ρ

dJn (k2,ν,ρr)

dr

]
� Ä;4 �-Ä �

¸�T;K$f0fMK$QRK�Se?�O0L0<�DYA FIA T A ?BOMN;<�<�L-?BQB<x>�<&D"N;<�QBL0A X�QB<&D�QB<�TeK�?BA H5LMD � Ä;4 Ä$Ê � <�? � Ä;4 �5Ê � Â&J�K$TeK$80T <&D�f(H5O0Q"O0L~FIA T A <�OtK$L0AeDYH$?BQBH5f(<<�?EW0H5FIH5o5X�L0<+Â,<�?ET <&DxQB<�TeK�?BA H5LMD � z04 �-Ê � <�? � z04 �5� � b�?RK$80T A <&D�f(H5O0Q�O0LPFIA T A <�OPAeDYH$?BQBH5f(<v<�?EW0H5FIH5o5X�L0<54��GH5L0H58MD=?RK$L-?T <&Dxb�T b�FI<�L-?RD�>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&D`N;<VTml AeDYH$?BQBH5f0A <9H5OPN;<VTml K$L0AeDYH$?BQBH5f0A <+Â->�<&DxQB<�TeK�?BA H5LMD�N;A i�X�QB<�L-?�<&DBDY<�L-?BA <�T T <�FI<�L-?�fMK$Q
TeK[LMK�?BO0QB<9N;<&DxK$FIf0T A ?BOMN;<&D`N;<&D FjK�?BQBAe>�<&D`>�H5T H5L0L0<&D [

Ã
] f(H5O0Q`T <GFIA T A <�OaK$L0AeDYH$?BQBH5f(< � Ä;4 �-y � <�? [V (j)(r)

] f(H5O0Q`T <
FIA T A <�OtAeDYH$?BQBH5f(< � z04 z5y � 4SÆ�H5O0Q�T <�f0QB<�FIA <�Q�>�K5DUÂSTml A LMN;Ae>�< ν ∈ [1, Nφ]

N;<&D�b�T b�FI<�L-?RD�N;< [
Ã
] ?BA <�L-? DYH5L~H5QBA o5A L0<�N;<xTeK

N;AeDB>�QBb�?BAeDBK�?BA H5LaN;<vTml A L-?Bb�o5QRK$T <vN0K$LMD`Tml b&d-OMK�?BA H5L � Ä;4 ]$Ê � Â,>$l <&D=?Yn�g�n�N;A QB<9N;<VTeK~N;b&>�H5FIf(H-DYA ?BA H5LPN;OP>RWMK$FIfab�T <&>@?BQBAed-O0<<�LjH5LMN;<&D f0TeK$L0<&D�4-{vK$LMD T <9DY<&>�H5LMNj>�K5DUÂ$Tml A LMN;Ae>�<
n ∈ [−N,+N ]

N;<&D`b�T b�FI<�L-?RD`N;< [
V (j)(r)

] <&D=?�>�<�T O0A(N;<GTml H5QRN;QB<
N;<&D"N;b�J5<�T H5f0f(<�FI<�L-?RD�N;<xÅ0H5O0QBA <�Q&4�69L~>�H5FIf0QB<�LMNcK$T H5QRDUf(H5O0QRd-O0H5A5T <&D C­H5LM>@?BA H5LMD"N;< � <&DBDY<�T5L0<`f(<�O0J5<�L-?"A L-?B<�QBJ5<�L0A Q
N0K$LMDcTeK«FjK�?BQBAe>�<a>�H5T H5L0L0< [

Ã
]
� N;<�J5<�LMK$L-?tN;<a>�<jC'K$A ?tA LMN;b�f(<�LMN0K$L-?B<aN;< r � f0O0AeDBd-O0<aTeK«LMK�?BO0QB<aN;<kTml A LMN;Ae>�< ν<&D=?vN;A i�b�QB<�L-?B<cN;<~>�<�T T <~N;<cTml A LMN;Ae>�<
n
4U69L«L0<cf(<�O;?vN;H5LM>[fMK5DEL0H5QBFjK$T AeDY<�QET <&DEFjK�?BQBAe>�<&D

Θ(r)
<�?

Θr(r)
fMK$QG>�<&D

C­H5LM>@?BA H5LMDUÂ0>�H5L-?BQRK$A QB<�FI<�L-?EK$O;ºaFjK�?BQBAe>�<&D
Ψ(j)(r)

<�?
Ψ

(j)
r (r)
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À�KvFjK�?BQBAe>�<GN;<�?BQRK$LMDYFIAeDBDYA H5L � <�LkK$FIf0T A ?BOMN;< � N;Ok>�¼,T A LMN;QB<E>�A QR>�O0TeK$A QB<EK$L0AeDYH$?BQBH5f(<�A L-?BQBH;N;O0A ?xN0K$LMD�TeK[DY<&>@?BA H5LÄ;4 354 3xQB<�T A <+Â�fMK$Q N;b�wML0A ?BA H5L�Â$T <&D�K$FIf0T A ?BOMN;<&D [
V (ext)(R)

] N;OIFIA T A <�OIAeDYH$?BQBH5f(<x<�º,?Bb�QBA <�O0Q K$O;ºtK$FIf0T A ?BOMN;<&D [
Ã
] N;O
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a�
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[F (R)]
N;OPFIA T A <�OPAeDYH$?BQBH5f(<vN;H5L0L0b�<vfMK$Q�TeK~QB<�TeK�?BA H5L � z04 �-Ê � <�?>�<�T T <V<�º;f0QBA FIb�<[N0K$LMDETeKtQB<�TeK�?BA H5L � Ä;4 Ä$Ê � f(H5O0QET <[FIA T A <�OhK$L0AeDYH$?BQBH5f(<tÂ

Ψ(ext)(R)
[
V (ext)(R)

]
= Θ(R)

[
Ã
]

NUl H��PH5LhN;b&N;O0A ?9N;A QB<&>@?B<�FI<�L-?Gd-O0<
[
V (ext)(R)

]
= T (Ani)

[
Ã
]

� Ä;4 �5� �KSJ5<&>
T (Ani) =

{
Ψ(ext)(R)

}−1

Θ(R) � Ä;4 �,\ �
^;K$LMD�DYO0QBf0QBAeDY<+Â,H5Lk?BQBH5O0J5<vO0L0<V<�º;f0QB<&DBDYA H5La>�H5FIfMK$QRK$80T <vgt>�<�T T <[N;<VTeK~FjK�?BQBAe>�<VN;<v?BQRK$LMDYFIAeDBDYA H5L

T (H) NUl O0Lh>�¼-nT A LMN;QB<G>�<�L-?BQBb�AeDYH$?BQBH5f(< � <�? W0H5FIH5o5X�L0< � N;H5L0L0b�<EfMK$Q � z04 35353 � N0K$LMD�TeK5d-O0<�T T <�TeKVFjK�?BQBAe>�< Ψ(int)(R)
<&D=? QB<�FIf0TeK5>�b�<

fMK$QVTeKaFjK�?BQBAe>�<
Θ(R)

4�69LµQRK$f0f(<�T T <Id-O0<tTml A L,J5<�QRDYA H5LÃN;<ITeKaFjK�?BQBAe>�<
Ψ(ext)(R)

DY<~C'K$A ?cK$LMK$T ¼-?BAed-O0<�FI<�L-?[DY<�T H5L
� z04 q$� � 4À�KÃFjK�?BQBAe>�<

T (Ani) KÃf(H5O0QkN;A FI<�LMDYA H5L
4(2N + 1) × 2Nφ

4 À�KÃQBb&DYH5T O;?BA H5L¶N;O¶f0QBH580T X�FI<hN;<hN;A i�QRK5>@?BA H5L
D�l <�i�<&>@?BO0<«<�L¶QB<�FIf0TeK ��K$L-?-Â�N0K$LMD [

V (ext)(R)
] N;<«TeKÃQB<�TeK�?BA H5L � Ä;4 �5� � Â�DY<&Dtb�T b�FI<�L-?RDIfMK$QIT <&DIK$FIf0T A ?BOMN;<&DjN;<&D>RWMK$FIfMDEN;A i�QRK5>@?Bb&D�<�?GA LM>�AeN;<�L-?RDUÂ;H5L«H58;?BA <�L-?[Â

( [
A(inc)(R)

]
[
B(ext)(R)

]
)

=

(
T

(Ani)
11

T
(Ani)
21

)[
Ã
]

� Ä;4 �5q �
À <&D�A LM>�H5L0L,O0<&DEN;OPf0QBH580T X�FI<[DYH5L-?ET <&DEK$FIf0T A ?BOMN;<&DEN;A i�QRK5>@?Bb�<&DEN0K$LMD�T <[FIA T A <�OPAeDYH$?BQBH5f(<V<�º,?Bb�QBA <�O0Q [

B(ext)(R)
]

<�?�>�<�T T <&D`N0K$LMD�T <9FIA T A <�OaK$L0AeDYH$?BQBH5f(<EA L-?Bb�QBA <�O0Q [
Ã
] Â-K$T H5QRD d-O0<GT <&D`K$FIf0T A ?BOMN;<&DxN;Ok>RWMK$FIfjA LM>�AeN;<�L-? [

A(inc)(R)
]

QB<&D=?B<�L-?xTeKtN;H5L0L0b�<VN;Oaf0QBH580T X�FI<54069LPDY<9QB<�?BQBH5O0J5<vK$T H5QRD`KSJ5<&>EO0L«DY¼;D=?BX�FI<vN;<
4(2N + 1)

b&d-OMK�?BA H5LMD`T A L0b&K$A QB<&D`g
2(2N + 1) + 2Nφ

A LM>�H5L0L,O0<&D�4;À�K~QBb&DYH5T O;?BA H5LaN;<[>�<VDY¼;D=?BX�FI<VNUl b&d-OMK�?BA H5LMD`T A L0b&K$A QB<&D�>�H5L-?BQRK$A L-?xTeK~J�K$T <�O0QEN;<
Nφg

2N + 1 � DY¼;D=?BX�FI<cN;< 
VQRK$FI<�Q � 4(69Lh>�H5LM>�T O0<[fMK$QGT <&DE<�º;f0QB<&DBDYA H5LMD�N;<&D9K$FIf0T A ?BOMN;<&DEQB<&>RW0<�QR>RW0b�<&DEN;<&DG>RWMK$FIfMDN;A i�QRK5>@?Bb&D�<�LPC­H5LM>@?BA H5L«N;<c>�<�T T <&DEN;<[Tml H5LMN;<Vf0TeK$L0<VA LM>�AeN;<�L-?B<jÂ
[
Ã
]

=
{
T

(Ani)
11

}−1 [
A(inc)(R)

]
� Ä;4 �5y �

[
B(ext)(R)

]
= T

(Ani)
21

{
T

(Ani)
11

}−1 [
A(inc)(R)

]
� Ä;4 \�Ê �
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¸�T�<&D=?[A L-?Bb�QB<&DBDBK$L-?VN;<jDY<If(<�LM>RW0<�Q[DYO0Q[T <j>�K5DvfMK$QY?BAe>�O0T A <�Q[N;O�>�¼,T A LMN;QB<j>�A QR>�O0TeK$A QB<~QB<�FIf0T A NUl O0LµFIA T A <�O�K$L0A n

DYH$?BQBH5f(<kO0L0AeK�º;<54 69L¢DYO0f0f(H-DY<Pd-O0<aT <aFIA T A <�O¢O0L0AeK�º;<P>�H5LMDYAeN;b�QBbk<&D=?tH5QBA <�L-?BbaN;<a?B<�T T <PDYH5QY?B<Pd-O0<PDYH5L�?B<�LMDY<�O0Q
f(<�QBFIA ?Y?BA J,A ?Bb[QB<�TeK�?BA J5<[D�l b&>�QBA J5<VDYH5OMD�TeK~C­H5QBFI<IÂ

¯̄ǫr =




ǫx 0 0
0 ǫx 0
0 0 ǫz


 � Ä;4 \,3 �

KSJ5<&>
(ǫx, ǫz) ∈ C2 4�{~l K$f0QBX&D�TeK9QB<�TeK�?BA H5L~N;<�>RWMK$L0o5<�FI<�L-?"N;<x8MK5DY< � Ä;4 3 � Â&H5L~<�LtN;b&N;O0A ?�K$AeDYb�FI<�L-?�d-O0< ˜̃ǫr(φ) = ¯̄ǫr

4
� �"�"1«Ö�/'.0�"1½®&1«Ö"���MÖ�.0)(1,.0���k�".0�"®j!"�*´Ì%'/'%'1,!Ì!"�"%'.;Ú 1 4

{9<jTml A LMN;b�f(<�LMN0K$LM>�<aN;< ˜̃ǫr
DY<�T H5L�Tml K$L0o5T <

φ
Â�H5L�N;b&N;O0A ?~Tml A LMN;b�f(<�LMN0K$LM>�<aN;<kTml b&d-OMK�?BA H5L�N;<jf0QBH5fMK$o-K�?BA H5L

� Ä;4 � � <�?`N;<9DY<&D�DYH5T O;?BA H5LMD�45{vK$LMD�T <9>�K5D�o5b�L0b�QRK$T � γ0 6= 0 � Â5Tml <�º;f0QB<&DBDYA H5L � Ä;4 3SÄ � N;OkN;b�?B<�QBFIA LMK$L-?`N;< H (~k)f0QB<�LMNaTeK~C­H5QBFI<[NUl O0L«f(H5T ¼,L��5FI<V80Ae>�K$QBQBbIÂ

det
[
H
(
~k
)]

= h4τ
4 + h2τ

2 + h0 � Ä;4 \$] �
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γ0

kz

~Γ2

0

~Γ1

θ1

θ2 ~k1

~k2

kρk0

√

ǫz k0

√

ǫx

�����	� Ä;4 z �P^,O0QYC'K5>�<&DEN;<&DEA LMN;Ae>�<&DEN0K$LMD�Tml <&DYfMK5>�<[N;<&DEJ5<&>@?B<�O0QRD�NUl H5LMN;<Vf(H5O0QGO0L«FIA T A <�O«O0L0AeK�º;<

KSJ5<&>
h4 = −ǫxχ4

h2 = χ2
{
ǫxǫz + ǫ2x − χ2 [ǫx + ǫz]

}

h0 = −χ4ǫz + 2χ2ǫxǫz − ǫ2xǫzÀ <&D�N;<�O;º~QRK5>�A L0<&D�N;<G>�<�f(H5T ¼,L��5FI< � J5H5A Q�DY<&>@?BA H5L � 4 354 ]vN;<�Tml K$L0L0<�º;< � � DYH5T O;?BA H5LMD�N;OIf0QBH580T X�FI<�f0W,¼;DYAed-O0<
� ?B<�T T <&DEd-O0< kρ > 0 � DYH5L-?[Â

τ1 =
1

γ0

√
k2
0ǫx − γ2

0 � Ä;4 \�z �

τ2 =
1

γ0

√
ǫz
ǫx

(k2
0ǫx − γ2

0) � Ä;4 \S� �
Ò L«QB<�f(H5QY?RK$L-?�Tml <�º;f0QB<&DBDYA H5LPN;<

τ1 � Ä;4 \�z � N0K$LMD�TeKtQB<�TeK�?BA H5L k1 = γ0

√
1 + τ1

Â0H5LPH58;?BA <�L-?cÂ
k1 = k0

√
ǫx � Ä;4 \$Ä �

Ò L«A LMDYb�QRK$L-?�TeKIQB<�TeK�?BA H5L
k2 = γ0

cos θ2

N0K$LMD�Tml <�º;f0QB<&DBDYA H5LPN;<
τ2 � Ä;4 \S� � Â;H5La?BQBH5O0J5<IÂ

1

k2
=

1

k2
0

[
cos2 θ2
ǫx

+
sin2 θ2
ǫz

]
� Ä;4 \�� �

�`<&DaN;<�O;º*N;<�QBL0A X�QB<&DjQB<�TeK�?BA H5LMDjf(<�O0J5<�L-?�Á�?BQB<½QB<�?BQBH5O0J5b�<&DI<�L*O;?BA T AeDBK$L-?PT <&DaDYO0QYC'K5>�<&DkN;<&DkA LMN;Ae>�<&DPN0K$LMD
Tml <&DYfMK5>�<vN;<&D`J5<&>@?B<�O0QRDxNUl H5LMN;<vT H5QRDBd-O0<9TeKcJ�K$T <�O0Q�N;<

kz
<&D=?xw0º;b�<Vg

γ0 � J5H5A Q`wMo5O0QB<VÄ;4 z � 4;À l <�º;f0QB<&DBDYA H5LkN;<
k1 � Ä;4 \$Ä � N;b&>�H5O0T <tN;<tTml A L-?B<�QRDY<&>@?BA H5L½<�L-?BQB<~TeKaDYf0W0X�QB<tN;<tQRKS¼5H5L k0

√
ǫx

<�?VT <~f0TeK$LµNUl b&d-OMK�?BA H5L
kz = γ0

4
À l <�º;f0QB<&DBDYA H5L«N;<

k2 � Ä;4 \�� � f0QBH�J,A <�L-?9N;<~Tml A L-?B<�QRDY<&>@?BA H5Lh<�L-?BQB<cTml <�T T A fMDYH��³N;<cN;<tN;<�FIA n³o5QRK$LMN«K�º;< k0
√
ǫx

<�?
N;<[N;<�FIA n³f(<�?BA ?vK�º;<

k0
√
ǫz � DYA ǫx > ǫz

<�?GJ,Ae>�<�n³J5<�QRDBK � <�?ET <[f0TeK$LhNUl b&d-OMK�?BA H5L kz = γ0
4

Ò L¶O;?BA T AeDBK$L-?jT <«f0QBH;>�b&N;b«N;<h>�K$Te>�O0TEN;<&DIJ5<&>@?B<�O0QRD~f0QBH5f0QB<&DIDYH5T O;?BA H5L¶N;< � Ä;4 q � b�L0H5LM>�bhN0K$LMDtTeK�DY<&>@?BA H5L
� 4 ]jN;<~Tml K$L0L0<�º;< � Â(H5LhFIH5L-?BQB<~d-O0<~T <&D9J5<&>@?B<�O0QRD9N;<~f(H5TeK$QBAeDBK�?BA H5LhK5DBDYH;>�A b&DGQB<&DYf(<&>@?BA J5<�FI<�L-?vg

k1
<�?
k2D�l b&>�QBA J5<�L-?VÂ

~Γ1 = ~eφ � Ä;4 \5\ �
~Γ2 =

−ǫz~eρ + ǫxτ2~ez√
(ǫxτ2)

2 + ǫ2z

� Ä;4 \�q �
69L½J5b�QBA wM<~d-O0<t>RWMK5>�O0LÃN;<t>�<&DvN;<�O;º½J5<&>@?B<�O0QRDG<&D=?9?RK$L0o5<�L-?VgkTeKaDYO0QYC'K5>�<~gkTeK5d-O0<�T T <~A T�<&D=?VK5DBDYH;>�A b � J5H5A QwMo5O0QB<[Ä;4 z � 4



3S]5] �8� 
	�	�N�	�V��� ���������a����� �����Z�a��� �2��������� � � �$����� �/��� �������������#����� � � �,����
	
a�
ÕP+,#5�(´�Ö`�(®&%­�&%'�(�Ì�"!*#Sª".0´�ÖÔ+,/'1,#$�����(´Ì.0)(�"+-�&%'°U!"1P�&�M�&.0/x1,�*�(�"�"1«Ö�/'.0�"1 4

{vK$LMDxTeKIN;b&>�H5FIf(H-DYA ?BA H5LPN;O«>RWMK$FIfab�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<G?BH$?RK$TU<�LPH5LMN;<vf0TeK$L0<+Â
kj,ν,ρ

<�? ~Γj,ν
N;<�J,A <�L0L0<�L-?

A LMN;b�f(<�LMN0K$L-?RDvN;<
ν � N;< φν � <�?[DYH5L-?vL0H$?Bb&D9QB<&DYf(<&>@?BA J5<�FI<�L-? kj,ρ

<�? ~Γj
4U{~l K$f0QBX&D9T <&D9QB<�TeK�?BA H5LMD � Ä;4 \$Ä � g

� Ä;4 \�q � Â,T <&DEb&d-OMK�?BA H5LMD � Ä;4 z5z � Â � Ä;4 z$� � <�? � Ä;4 �M3 � N;<�J,A <�L0L0<�L-?[Â
αn,1,ν = βn,2,ν = γn,1,ν = 0 � Ä;4 \�y �

À l A LMN;b�f(<�LMN0K$LM>�<GN;<
kj,ν,ρ

DY<�T H5L
ν
N0K$LMD�?BH5O;?B<&D�T <&D�<�º;f0QB<&DBDYA H5LMD�N;<&D >�H5FIf(H-DBK$L-?B<&D�N;Ok>RWMK$FIfIb�T <&>@?BQBH5FjK�n

o5L0b�?BAed-O0<G?BH$?RK$T2Â,f(<�QBFI<�?EN;<VDYH5QY?BA Q`TeKcC­H5LM>@?BA H5LaN;< � <&DBDY<�T
Jn (kj,ρr)

N;<vTeKtDYH5FIFI<vDY<�T H5L
ν
4M69LaA L-?BQBH;N;O0A ?

K$T H5QRDxT <&D�o5QRK$LMN;<�O0QRD�DYO0A J�K$L-?B<&DVÂ

A(int)
e,n =

Nφ∑

ν=1

Ã2,νγn,2,ν � Ä;4 q5Ê �

A
(int)
h,n =

1

iωµ0

Nφ∑

ν=1

Ã1,νβn,1,ν � Ä;4 q03 �
Ò L«O;?BA T AeDBK$L-?ETml b&d-OMK�?BA H5L � Ä;4 \�q � Â;H5LP?BQBH5O0J5<vb�o-K$T <�FI<�L-?ETeKtQB<�TeK�?BA H5LPDYO0A J�K$L-?B<jÂ

Nφ∑

ν=1

Ã2,ναn,2,ν = − ǫz
ǫx

γ0

k2,ρ

A(int)
e,n � Ä;4 q-] �

À <&Dx>�H,<��k>�A <�L-?RD�N;<VÅ0H5O0QBA <�QEN;<&D�>�H5FIf(H-DBK$L-?B<&D`N;O«>RWMK$FIfab�T <&>@?BQBAed-O0<vN;H5L0L0b�<&DxfMK$Q�T <&Dxb&d-OMK�?BA H5LMD � Ä;4 z5q � Â
� Ä;4 z5y � <�? � Ä;4 �,] � N;<�J,A <�L0L0<�L-?cÂ

Er,n(r) =
iγ0

k2
2,ρ

ǫx
ǫz
A(int)

e,n

dJn (k2,ρr)

dr
− ωµ0n

rk2
1,ρ

A(int)
e,n Jn (k1,ρr) � Ä;4 q5z �

Eθ,n(r) = − γ0n

rk2
2,ρ

ǫx
ǫz
Jn (k2,ρr) −

iωµ0

k2
1,ρ

A
(int)
h,n

dJn (k1,ρr)

dr
� Ä;4 q$� �

Ez,n(r) = A(int)
e,n Jn (k2,ρr) � Ä;4 q-Ä �

À <&D">�H,<��k>�A <�L-?RD"N;<EÅ0H5O0QBA <�Q"N;<&D�>�H5FIf(H-DBK$L-?B<&D"N;Ot>RWMK$FIfcFjK$o5L0b�?BAed-O0<�N;H5L0L0b�<&D�fMK$Q"T <&D"b&d-OMK�?BA H5LMD � Ä;4 �5� � Â
� Ä;4 �-� � <�? � Ä;4 �-q � N;<�J,A <�L0L0<�L-?cÂ

Hr,n(r) =
n

ωµ0r

(
1 +

ǫx
ǫz

γ2
0

k2
2,ρ

)
A(int)

e,n Jn (k2,ρr) +
iγ0

k2
1,ρ

A
(int)
h,n

dJn (k1,ρr)

dr
� Ä;4 q5� �

Hθ,n(r) =
i

ωµ0

(
1 +

ǫx
ǫz

γ2
0

k2
2,ρ

)
A(int)

e,n

dJn (k2,ρr)

dr
− γ0n

rk2
1,ρ

A
(int)
h,n Jn (k1,ρr) � Ä;4 q,\ �

Hz,n(r) = A
(int)
h,n Jn (k1,ρr) � Ä;4 q5q �

Ò LÌQB<�FIf0TeK ��K$L-?~TeKÃN;b�QBA J5b�<kfMK$QIDYH5L�<�º;f0QB<&DBDYA H5LÌDY<�T H5L�T <&DcC­H5LM>@?BA H5LMDtN;< � <&DBDY<�T2Â"T <&D~b&d-OMK�?BA H5LMD � Ä;4 q$� � Â
� Ä;4 q-Ä � Â � Ä;4 q,\ � <�? � Ä;4 q5q � D�l b&>�QBA J5<�L-?EDYH5OMD�TeK~C­H5QBFI<VFjK�?BQBAe>�A <�T T <[DYO0A J�K$L-?B<IÂ

[F (r)] = Ψ̃(int)(r)
[
Ã(int)(r)

]
� Ä;4 q5y �

KSJ5<&>

Ψ̃(int)(r) =




γ0

rk2
2,ρ

ǫx

ǫz
α iωµ0

k2
1,ρ

[
k1,ρq̃h − α

r

]

Id 0

− i
ωµ0

[
k2,ρq̃e − α

r

] (
1 + ǫx

ǫz

γ2
0

k2
2,ρ

)
− γ0

rk2
1,ρ

α

0 Id


 � Ä;4 y5Ê �
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[
Ã(int)(r)

]
=




444
A

(int)
e,n Jn (k2,ρr)444

A
(int)
h,n Jn (k1,ρr)444




� Ä;4 y03 �

(q̃e)nm =
Jn+1 (k2,ρr)

Jn (k2,ρr)
δnm � Ä;4 y-] �

(q̃h)nm =
H+

n+1 (k1,ρr)

H+
n (k1,ρr)

δnm � Ä;4 y5z �
À�KEFjK�?BQBAe>�<

Ψ̃(int)(r)
KEf(H5O0Q"N;A FI<�LMDYA H5L

4(2N+1)×2(2N+1)
4BÀ <&D b&d-OMK�?BA H5LMD � Ä;4 q5z � Â � Ä;4 q5� � D�l b&>�QBA J5<�L-? Â

[Fr(r)] = Ψ̃(int)
r (r)

[
Ã(int)(r)

]
� Ä;4 y$� �

KSJ5<&>
Ψ̃(int)

r (r) =




iγ0

k2
2,ρ

[
α
r
− k2,ρq̃e

]
ǫx

ǫz

ωµ0

rk2
1,ρ

α

α
ωµ0r

(
1 + ǫx

ǫz

γ0

k2
2,ρ

)
iγ0

k2
1,ρ

[
α
r
− k1,ρq̃h

]


 � Ä;4 y-Ä �

d-O0A�<&D=?cN;<jN;A FI<�LMDYA H5L
2(2N + 1) × 2(2N + 1)

4U¸�T K$f0fMK$QRK�Se?[N;b=:Yg«N;<&DVDYA FIA T A ?BOMN;<&D[<�L-?BQB<I>�<&DVFjK�?BQBAe>�<&D
Ψ̃(int)(r)

<�?
Ψ̃

(int)
r (r)

NUl O0L~FIA T A <�OtK$L0AeDYH$?BQBH5f(< O0L0AeK�º;<+Â&<�?�T <&D"FjK�?BQBAe>�<&D
Ψ(int)(r)

<�?
Ψ

(int)
r (r) � b&d-OMK�?BA H5LMD

� z04 �M3 � <�? � z04 �5� � � NUl O0L~FIA T A <�O~AeDYH$?BQBH5f(<54�Ò T T <&D�N;A i�X�QB<�L-?�<&DBDY<�L-?BA <�T T <�FI<�L-?"fMK$Q"T <&D"K$QBo5O0FI<�L-?RD k1,ρr
<�?
k2,ρrN;<&DEC­H5LM>@?BA H5LMD9N;< � <&DBDY<�T <�?VN;<tß9K$L�#5<�T�<�?9fMK$Q9TeKI?RK$A T T <tN;<&DGFjK�?BQBAe>�<&D�4(À�KjFjK�?BQBAe>�<~>�H5T H5L0L0< [

Ã(int)(r)
]

� Ä;4 y03 � b&d-O0A J�K$O;?Gg [A(j)(r)
] � z04 z,\ � <�?EL0<V>�H5QBQB<&DYf(H5LMNkN;H5LM>vf0T OMDEd-O l g~TeK~FIH5A ?BA b[N;<VTeK~FjK�?BQBAe>�<V>�H5T H5L0L0<[

V (j)(r)
] � z04 z5y � 4,Ò LPC'K$A ?-Â0T <&DE>�H5LMN;A ?BA H5LMD�NUl H5LMN;<&DEDYH5QY?RK$L-?B<&D � �E6V^ � H5L-?Eb�?BbVA FIf0T Ae>�A ?B<�FI<�L-?9K$f0f0T Aed-O0b�<&DT H5QRDtN;<«TeK�N;b&>�H5FIf(H-DYA ?BA H5L¢<�L¶H5LMN;<&Dtf0TeK$L0<&DIN;O >RWMK$FIf¢?BH$?RK$T � Ä;4 ]$Ê � DY<«f0QBH5fMK$o5<&K$L-?tN0K$LMDIO0L¶FIA T A <�O

K$L0AeDYH$?BQBH5f(< � d-O0A >�H5L-?BA <�L-?�Tml H5QBA o5A L0< � >�K$QxH5LPK~A LMN;O0A ?Gd-O0<VN;<&D�DYH5T O;?BA H5LMD`b�T b�FI<�L-?RK$A QB<&D`8(H5QBL0b�<&D�4;{9X&DxT H5QRDd-O0<
ǫz = ǫx

Â$T <EFIA T A <�OIA L0A ?BAeK$T <�FI<�L-?`K$L0AeDYH$?BQBH5f(<xO0L0AeK�º;<EN;<�J,A <�L-? AeDYH$?BQBH5f(<54569LIJ5b�QBA wM<�K$T H5QRD�d-O0<ET <&D�80T H;>�D
N;<&DGFjK�?BQBAe>�<&D

Ψ̃(int)(r)
<�?

Ψ̃
(int)
r (r)

N;<�J,A <�L0L0<�L-?vb�o-K$O;ºhK$O;º«80T H;>�D9b&d-O0A J�K$T <�L-?RD9N;<&DGFjK�?BQBAe>�<&D
Ψ(int)(r)<�?

Ψ
(int)
r (r)

4
¨©.;����%'#51½�"1h����.0�"®&´Ì%'®&®&%'�(�Ì�`Ù !"�*#$¯ /'%'�"����1½#5%­��#5!"/'.0%­��1½.0�"%'®&�M�����MÖ`1«!"�"%'.;Ú 1 4

À <½QRK$AeDYH5L0L0<�FI<�L-?aQB<&D=?B<ÃA LM>RWMK$L0o5b½fMK$QaQRK$f0f(H5QY?Pg¢>�<�T O0Av<�i�<&>@?BO0bµN0K$LMDaTeK¢DY<&>@?BA H5L�Ä;4 ];4 3½f(H5O0QPT <µ>�K5D
o5b�L0b�QRK$T�NUl K$L0AeDYH$?BQBH5f0A <~N;OÃ>�¼,T A LMN;QB<~>�A QR>�O0TeK$A QB<~N;b&>�QBA ?VN0K$LMDGTeKaDY<&>@?BA H5LÃÄ;4 354 354MÆ�K$Qv>�H5L-?BA L,O0A ?BbtN;Oµ>RWMK$FIf
<�L

R � FjK�?BQBAe>�<I>�H5T H5L0L0< [F (R)] � ÂUH5LµH58;?BA <�L-?cK$T H5QRDvTeKPF Á�FI<IQB<�TeK�?BA H5LµN;<jN;b�wML0A ?BA H5L�N;<ITeKPFjK�?BQBAe>�<IN;<
?BQRK$LMDYFIAeDBDYA H5L � Ä;4 �5� � FjK$AeD9<�LÃQB<�FIf0TeK ��K$L-? [

Ã
] N;b�wML0A�DY<�T H5L � Ä;4 �-y � fMK$Q [Ã(int)(r)

]
� Ä;4 y03 � 4�{9<tF Á�FI<+Â

>�<�?Y?B<VFjK�?BQBAe>�<VL0H$?Bb�<
T (uni) KtTeKIF Á�FI<V<�º;f0QB<&DBDYA H5L � Ä;4 �,\ � FjK$AeD�<�L«QB<�FIf0TeK ��K$L-?

Θ(R)
fMK$Q

Ψ̃(int)(R)
Â

T (uni) =
{

Ψ(ext)(R)
}−1

Ψ̃(int)(R) � Ä;4 y5� �
<�?E<&D=?9N;<[N;A FI<�LMDYA H5L

4(2N + 1) × 2(2N + 1)
4(�`H5FIFI<cN0K$LMD�TeKtQB<�TeK�?BA H5L � Ä;4 �5y � Â;T <[>RWMK$FIf«N;A i�QRK5>@?BbV<�L

r = R � DYO0QGTeKIDYO0QYC'K5>�<c^ � DYO0QET < �(K$LM>VA L-?Bb�QBA <�O0QEK$Oh>�¼,T A LMN;QB<[>�A QR>�O0TeK$A QB<VN;<�J,A <�L-?[Â
[
Ã(int)(r)

]
=
{
T

(uni)
11

}−1 [
A(inc)(R)

]
� Ä;4 y,\ �

<�L�O;?BA T AeDBK$L-?~TeK«F Á�FI<kL0H$?RK�?BA H5L�A L-?BQBH;N;O0A ?B<aN0K$LMD[TeK«QB<�TeK�?BA H5L � Ä;4 �5q � f(H5O0QcT <&Dc80T H;>�DcN;<kTeK«FjK�?BQBAe>�<kN;<?BQRK$LMDYFIAeDBDYA H5L 4 À <a>RWMK$FIf�N;A i�QRK5>@?BbkN;OÌ> �$?Bbk<�º,?Bb�QBA <�O0QcghTeKhDYO0QYC'K5>�<a^ � FjK�?BQBAe>�<k>�H5T H5L0L0< [B(ext)(R)
] �D�l b&>�QBA ?tN;<aTeK½F Á�FI<aFjK$L0A X�QB<ad-O0<af0QBb&>�b&N;<�FIFI<�L-? � Ä;4 \�Ê � <�LÌf0QB<�LMK$L-?~T <&D~80T H;>�D~N;<aTeK½FjK�?BQBAe>�<

T (uni)>�H5QBQB<&DYf(H5LMN0K$L-?RD�4
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K$L0AeDYH$?BQBH5f(<h>�<�L-?BQBb½DYO0QaTml H5QBA o5A L0<+Â <&D=?PN;A QB<&>@?B<�FI<�L-?kA LMDYf0A QBb�<ÃN;<Ã>�<�T T <ÃK5DBDYH;>�A b�<hK$OÔ>�¼,T A LMN;QB<Ã>�A QR>�O0TeK$A QB<
AeDYH$?BQBH5f(<j>�<�L-?BQBb � J5H5A QcDY<&>@?BA H5L�z04 Ä;4 ] � ÂU<�L�QRK$AeDYH5LµN;<&D~DYA FIA T A ?BOMN;<&Dc>�H5LMD=?RK�?Bb�<&DVf0QBb&>�b&N;<�FIFI<�L-?~<�L-?BQB<IT <&D
FjK�?BQBAe>�<&D~N;<k?BQRK$LMDYFIAeDBDYA H5LÌN;<«>�<&D~N;<�O;º¢D=?BQBOM>@?BO0QB<&D~N;A i�QRK5>@?RK$L-?B<&D�4�Ï Tml <�º0>�<�f;?BA H5L¢N;<PTml b�J�K$T OMK�?BA H5LÌN;<&D
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f(H5T ¼,L��5FI<&DVNUl H5QRN;QB<~�HÂUL0A�f(H5O0Q[>�<�T O0A N;<&DVJ�K$T <�O0QRDv<�?[J5<&>@?B<�O0QRDvf0QBH5f0QB<&D � J5H5A QVTml K$L0L0<�º;< � � 4"69Lµf0QBb&>�AeDY<
b�o-K$T <�FI<�L-?vd-O0<tTml A L,J5<�QRDYA H5L½N;<tTeKkFjK�?BQBAe>�<

Ψ(ext)(R)
N0K$LMD9T <&D9<�º;f0QB<&DBDYA H5LMD9N;<

T (Ani) � Ä;4 �,\ � <�? T (uni)

� Ä;4 y5� � D�l <�i�<&>@?BO0<hN;<«FjK$L0A X�QB<«K$LMK$T ¼-?BAed-O0<«DY<�T H5L � z04 q$� � 4`�`<�f(<�LMN0K$L-?-Â�O0L K$T o5H5QBA ?BW0FI<«DYf(b&>�A w(d-O0<«QB<&D=?B<
A LMN;AeDYf(<�LMDBK$80T <Vf(H5O0QETml A L,J5<�QRDYA H5LPN;O«80T H;>

T
(Ani)
11 � QB<&DYf(<&>@?BA J5<�FI<�L-? T (uni)

11 � 4
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ǫij � (i, j) ∈ {x, y, z}2
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ψinc 90o
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∥
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{vK$LMDxTml A T T OMD=?BQRK�?BA H5LaN;<&DxQBb&DYO0T ?RK�?RD`L,O0FIb�QBAed-O0<&DUÂ;rhH5L0Ó�H5LaKtN;AeD=?BA L0o5O0bvT <&D�>RWMK$FIfMD`b�T <&>@?BQBAed-O0<v<�?�FjK$o5L0b�n
?BAed-O0<cN;A i�QRK5>@?Bb&DE<�L½>�K$Te>�O0TeK$L-?-Â;<�L½N;A i�QRK5>@?BA H5Lh>�H5L0Aed-O0<+Â0T <&D9^,Ò`{pK5DBDYH;>�A b�<&DEgj>RWMK5>�O0L«N;<~>�<&DG>RWMK$FIfMD�40¸�T
D�l K$o5A ?GN;<&DGF Á�FI<&Dv^,Ò`{�d-O0<cL0H5OMDGKSJ,A H5LMDGN;b�wML0A <&DEf(H5O0Qv>RWMK5>�O0L0<cN;<&DEf(H5TeK$QBAeDBK�?BA H5LMDEÁ�Ò*<�?vÁErÇ<�L½N;A C n
C­QRK5>@?BA H5LP>�TeK5DBDYAed-O0< � �M4 ]$� � 4M69LPT <&DxL0H$?B<VAe>�A σ(ani)

E (θ) � Á�Ò � <�? σ(ani)
H (θ) � ÁEr � QB<&DYf(<&>@?BA J5<�FI<�L-?�f(H5O0Q�T <&D>RWMK$FIfMDEb�T <&>@?BQBAed-O0<c<�?vFjK$o5L0b�?BAed-O0<54(À�KIwMo5O0QB<tÄ;4 � � K � FIH5L-?BQB<~>�<&Dv^,Ò`{Ñ>�K$Te>�O0T b�<&DEf(H5O0Q

ǫxx = 4.87526
Â

ǫzz = 5.29
<�?
N = 20

<�LÃ>�H5FIfMK$QRK$AeDYH5LhKSJ5<&>[>�<�T T <&D9N;OÃ>�¼,T A LMN;QB<~>�A QR>�O0TeK$A QB<cAeDYH$?BQBH5f(<c>�<�L-?BQBb � σ(c)
E,H(θ) �?B<�T`d-O0<

ǫcyl = 5.29
4�À <&D[QBb&DYO0T ?RK�?RDcDYH5L-?c<�L�fMK$QYC'K$A ?~K5>�>�H5QRN�KSJ5<&>I>�<�O;ºµf0QBb&DY<�L-?Bb&DcN0K$LMD[TeKPwMo5O0QB<k� � 8 �N;<hTml K$QY?BAe>�T < O ]$Ê�P³4`À <&Dk>�H5O0QB8(<&DjN;< σE,H(270o)

<�L¶C­H5LM>@?BA H5L N;<
N

f(H5O0QkT <&DjN;<�O;º >�K5DjK$L0AeDYH$?BQBH5f(<«<�?
AeDYH$?BQBH5f(<cA T T OMD=?BQBb�<&D9fMK$QvTeKkwMo5O0QB<IÄ;4 � � 8 � Â(TeK$AeDBDY<�L-?VK$f0fMK$QRK�Se?BQB<cO0L0<I>�H5L,J5<�QBo5<�LM>�<[f0T OMDvT <�L-?B<tf(H5O0QvT <I>�K5DNUl K$L0AeDYH$?BQBH5f0A <kfMK$Qj>�H5FIfMK$QRK$AeDYH5L�K$O¶>�K5DINUl AeDYH$?BQBH5f0A <54"¸�TxC'K$O;?kK�?Y?B<�A LMN;QB<

N = 8
<�L,J,A QBH5LÌf(H5O0QIJ5H5A QtT <

N;b�80O;?EN;Okf0TeK�?B<&K$OPN;<v>�H5L,J5<�QBo5<�LM>�<GN0K$LMD`T <V>�K5DxK$L0AeDYH$?BQBH5f(<9K$T H5QRD`d-O l A T�DYO��I?ENUl KSJ5H5A Q
N = 4

N0K$LMD`T <V>�K5D
AeDYH$?BQBH5f(<54;Ò Lh<�i�<�?-ÂMTeKj>�H5L,J5<�QBo5<�LM>�<9?BA <�L-?9>�H5FIf;?B<~gITeKtC­H5AeDGN;<[Tml b&>�K$QY?9N;<[f(<�QBFIA ?Y?BA J,A ?Bb � NUl A LMN;Ae>�< � <�L-?BQB<T <PFIA T A <�O¶A L-?Bb�QBA <�O0Q � K$L0AeDYH$?BQBH5f(< � <�?I<�º,?Bb�QBA <�O0QIgÃTeKµDYO0QYC'K5>�<«N;O¶>�¼,T A LMN;QB<+Â�FjK$AeDtb�o-K$T <�FI<�L-?IN;<«Tml b&>�K$QY?
N;<&DIf(<�QBFIA ?Y?BA J,A ?Bb&D

ǫx
<�?
ǫz

N;O¶FIA T A <�O*K$L0AeDYH$?BQBH5f(<54`�`<�?Y?B<hH58MDY<�QBJ�K�?BA H5LÌ<&D=?k>�H5L;wMQBFIb�<«fMK$QIT <P?B<&D=?aN;<
>�H5L,J5<�QBo5<�LM>�<cN;<ITeKkwMo5O0QB<IÄ;4 � � > � f(H5O0QVT <&d-O0<�T�T <I>�H5L-?BQRK5D=?B<~<�L-?BQB<tT <&DVN;<�O;º½f(<�QBFIA ?Y?BA J,A ?Bb&D[N;OµFjK�?Bb�QBAeK$O
K$L0AeDYH$?BQBH5f(<x<&D=?�QB<�L;C­H5QR>�bvÂ

ǫxx = 4.87526
<�?
ǫzz = 21.16

4�{vK$LMD�>�<G>�K5DUÂSA T;C'K$O;?�f0QB<&DBd-O0<EN;<�O;ºcC­H5AeD�f0T OMD�N;<
>�H,<��k>�A <�L-?RD9N;<~Å0H5O0QBA <�Q � N = 16 � f(H5O0Q9H58;?B<�L0A Q9O0L0<~8(H5L0L0<t>�H5L,J5<�QBo5<�LM>�<540À�KI?BQBH5AeDYA X�FI<~>�H5L;wMo5O0QRK�?BA H5L?BQRK$A ?B<IN;O�>�¼,T A LMN;QB<IK$L0AeDYH$?BQBH5f(<t<�LÃo-K$QRN0K$L-?

ǫzz = 21.16
FjK$AeDv<�LµQRK$FI<�LMK$L-?

ǫxx
gaTeKaJ�K$T <�O0Q

20.74526N;<j?B<�T T <PDYH5QY?B<ad-O0<aTml <&>�K$QY?~KSJ5<&>
ǫzz

DYH5A ?~AeN;<�L-?BAed-O0<Pg½>�<�T O0A�N;<kTeK½f0QB<�FIA X�QB<a>�H5L;wMo5O0QRK�?BA H5L�K$L0AeDYH$?BQBH5f(<
� ǫzz − ǫxx = 0.41474 � 40À�Kj>�H5FIfMK$QRK$AeDYH5L«N;<cT <�O0QRDG>�H5L,J5<�QBo5<�LM>�<&DEDY<�T H5L N fMK$QGTeKIwMo5O0QB<~Ä;4 � � N � FIH5L-?BQB<N;<&Dx?RK$O;ºPN;<c>�H5L,J5<�QBo5<�LM>�<vDY<�F~80TeK$80T <&D�f(H5O0QET <&DEN;<�O;º«>�K5D�4

#9�&!"�"1h�`Ù !"�*#$¯ /'%'�"����1½#5%­��#5!"/'.0%­��1 5�%'.;Ú 1 4À <kf0QBH5o5QRK$FIFI<jL0<PDY<aT A FIA ?B<PfMK5D~g½Tml K$L0AeDYH$?BQBH5f0A <jO0L0AeK�º;<PN;O¢>�¼,T A LMN;QB<a>�A QR>�O0TeK$A QB<54��GH5OMD~A T T OMD=?BQBH5LMDcAe>�AT <&DvQBb&DYO0T ?RK�?RDVH58;?B<�L,OMDvf(H5O0Q[T <j>�K5Dvo5b�L0b�QRK$T�NUl O0L�FjK�?Bb�QBAeK$OÃ80AeK�º;<54"69Lµ>�H5LMDYAeN;X�QB<~?BH5O�:=H5O0QRD[d-O0<IT <IFjK�n?Bb�QBAeK$O«K$L0AeDYH$?BQBH5f(<V<&D=?9H5QBA <�L-?Bb[N;<[?B<�T T <cDYH5QY?B<cd-O0<cDY<&DGK�º;<&D�f0QBA LM>�A fMK$O;º«DYH5A <�L-?9>�H5L;C­H5LMN;OMDGKSJ5<&>V>�<�O;º«N;O
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À�K�wMo5O0QB<µÄ;4 Ä � K � >�H5FIFI<½TeK�wMo5O0QB<µÄ;4 � � K � Â`FIH5L-?BQB<hT <&D«^,Ò`{ >�K$Te>�O0T b�<&DaN;O�>�¼,T A LMN;QB<ÃK$L0AeDYH$?BQBH5f(<h<�L
>�H5FIfMK$QRK$AeDYH5L«N;<I>�<�T T <&D9N;Oµ>�¼,T A LMN;QB<t>�A QR>�O0TeK$A QB<[AeDYH$?BQBH5f(<~>�<�L-?BQBbc?B<�T�d-O0<

ǫcyl = 2.25
4(À <&Dv>�H5L,J5<�QBo5<�LM>�<&D

DY<�T H5L
N

N;<
σ

(ani)
H (270o)

<�?
σ

(c)
H (270o)

DYH5L-?tQB<�f0QBb&DY<�L-?Bb�<&D~N0K$LMDcTeKhwMo5O0QB<«Ä;4 Ä � 8 � 4 69LÌL0H$?B<�QRK½d-O0<aTeK
d-OMK$T A ?BbGN;<GTeK[>�H5L,J5<�QBo5<�LM>�<�QB<&D=?B<GDY<�LMDYA 80T <�FI<�L-?`TeKVF Á�FI<9d-O0<9>�<�T T <GN;<GTeKVwMo5O0QB<9Ä;4 � � 8 � f(H5O0Q`T <9>�K5D NUl O0L0<K$L0AeDYH$?BQBH5f0A <9O0L0AeK�º;<54

�E£�� � ��µ$��º»´<½A«A­�´%ª]«A±<µI¶�¨²½A´� ̄��ª]¿�±E¶�¨�¶�«�'(��º»¨�µ�ª]«A¨�½A½A¨ %¹¶�¨�­ ±3¥E§�¨�ª]­ © �N)
½A«Aµ�¶�º»«�! ¸�¨�­°´<µ�«A­�±%ª�º»±#"W¨�­·¨�ª·¶�¨ ­�¨�©vª]«A±<µ�­·´3º]¥
«)ª�º»´<«/º»¨�­

{vK$LMD�>�<E>RWMK$f0A ?BQB<+ÂSL0H5OMD�KSJ5H5LMD�<�º;f0T H5A ?Bb�T <&D�L0H5O0J5<�T T <&D"<�º;f0QB<&DBDYA H5LMD"N;<&D�>RWMK$FIfMD"H58;?B<�L,O0<&D"f(H5O0Q N;<&D�FIA T A <�O;º
K$L0AeDYH$?BQBH5f(<&D � <�?�W0H5FIH5o5X�L0<&D � K�wMLaN;<vQBb&DYH5OMN;QB<GT <9f0QBH580T X�FI<vN;<VN;A i�QRK5>@?BA H5Lkf(H5O0QxT <V>�K5D ?BQBX&D`fMK$QY?BAe>�O0T A <�Q�NUl O0L0<D=?BQBOM>@?BO0QB<�>�¼,T A LMN;QBAed-O0<E>�A QR>�O0TeK$A QB<`<�? K$L0AeDYH$?BQBH5f(<+Â�>�<�L-?BQBb�<�DYO0Q�Tml H5QBA o5A L0<�N;OtQB<�f(X�QB<54 �GH5OMD�>RW0<�QR>RW0H5LMD�FjK$A L-?B<�LMK$L-?
gPo5b�L0b�QRK$T AeDY<�QVTeKP?BW0b�H5QBA <jK$O�>�K5D[NUl H58;:=<�?~>�¼,T A LMN;QBAed-O0<jK$L0AeDYH$?BQBH5f(<IFjK$AeD[N;<kDY<&>@?BA H5L�K$QB80A ?BQRK$A QB<54UÀ�KaC­QRK$f0fMK$L-?B<
K$LMK$T H5o5A <~H58MDY<�QBJ5b�<t<�L-?BQB<tT <&D[N;<&DB>�QBA f;?BA H5LMD[N;O�>RWMK$FIfµb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<tf(H5O0QcN;<&DVQBb�o5A H5LMDvN;<jTml <&DYfMK5>�<tAeDYH$n
?BQBH5f(<&Dc<�?tK$L0AeDYH$?BQBH5f(<&D[L0H5OMD~>�H5LMN;O0A ?tLMK�?BO0QB<�T T <�FI<�L-?tg«L0H5OMDcA L-?Bb�QB<&DBDY<�Q~ghTeKho5b�L0b�QRK$T AeDBK�?BA H5L�N;<aTeKhFIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <jf(H5O0QcN;<&DVFIA T A <�O;º�K$L0AeDYH$?BQBH5f(<&D�4UÀ <j>RWMK$f0A ?BQB<k]PK$8(H5O;?BA ?~gPTml b&>�QBA ?BO0QB<jN;O�DY¼;D=?BX�FI<jN;A i�b�QB<�L-?BA <�T g
QBb&DYH5OMN;QB<EgV?BQRKSJ5<�QRD�O0L0<GQBb�o5A H5LIN;<GTml <&DYfMK5>�<GT A FIA ?Bb�<9d-O0<GL0H5OMD`KSJ5H5LMD�K$f0f(<�T b�< �@Ó�H5L0<EFIH;N;O0T b�< ��4;�`<EC­H5QBFjK$T AeDYFI<
N;A i�b�QB<�L-?BA <�TEKµb�?BbPb�?RK$80T AEf(H5O0QjN;<&DID=?BQBOM>@?BO0QB<&DI>�¼,T A LMN;QBAed-O0<&D � f(b�QBA H;N;Aed-O0<&DIDY<�T H5L¢Tml K�º;<

z � gÃFjK�?Bb�QBAeK$O;º�?BQBX&D
J�K$QBA b&DGÂ5A L0W0H5FIH5o5X�L0<&DUÂ5>�H5LMN;OM>@?B<�O0QRD <�?�K$L0AeDYH$?BQBH5f(<&D�4,�`<�f(<�LMN0K$L-?-Â-H5LkDBK$A ?xd-O0<GTeKcQBb&DYH5T O;?BA H5Lj>�H5FIf0T X�?B<9N;Okf0QBH$n
80T X�FI<~N;<cN;A i�QRK5>@?BA H5LhD�l <�i�<&>@?BO0<cO0L0Aed-O0<�FI<�L-?9fMK$QGT <[QRK5>�>�H5QRN;<�FI<�L-?GN;<&DG>RWMK$FIfMDGDYO0QGT <&DG>�¼,T A LMN;QB<&DG>�A QR>�O0TeK$A QB<&D
T A FIA ?RK$L-?`TeK[Ó�H5L0<EFIH;N;O0T b�< � Cmin

<�?
Cmax � <�L-?BQB<ET <&D`N;<�O;ºIQBb�o5A H5LMD�N;<GTml <&DYfMK5>�< (int)

<�?
(ext)

4,{vK$LMD`>�<&D N;<�O;º



� � ���V����������� �����	�������N�	� �X� ������
��	�	�*�,� � ��������������� ��� �V�	��� ����������� ����� � � �,����
	
a��� ���������a����� � ��� �����	� ���
�
������� � ��� ���H������� ������3S]-\

x

y

z0

Cmin

Cmax

S
S

Région (ext)

Région (int)
ǫmat, µ0

ǫmat, µ0

˜̃ǫ(r, θ), µ0

˜̃ǫcyl(r, θ)

[F (r)] = Ψ(int)(r) � V (int)(r) �

[F (r)] = Ψ(ext)(r)
[

V (ext)(r)
]

d[F (r)]
dr

= iM(r) [F (r)]

Zone modulée

µ0

�����	� Ä;4 � � �vb�L0b�QRK$T AeDBK�?BA H5LÔN;<µTeKÌFIb�?BW0H;N;<�N;A i�b�QB<�L-?BA <�T T <�g¢N;<&DaFIA T A <�O;º�K$L0AeDYH$?BQBH5f0A <ÌÂE>�K5DaN;<&D«>�¼,T A LMN;QB<&D
<�º0>�<�L-?BQBb&DxfMK$QEQRK$f0f(H5QY?GgtTml H5QBA o5A L0<

N;<�QBL0A X�QB<&D[QBb�o5A H5LMDUÂ A Tx<&D=?IN;H5LM>jL0b&>�<&DBDBK$A QB<kN;<P>�H5L0LMK�Se?BQB<j<�º;f0T Ae>�A ?B<�FI<�L-?tT <&Dc<�º;f0QB<&DBDYA H5LMDcN;<&Dt>RWMK$FIfMD�4��`<�?Y?B<
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f0O0AeDBd-O0<kT <kFIA T A <�OÌ<&D=?~W0H5FIH5o5X�L0<54 À <&D

N;<�O;ºt?B<�LMDY<�O0QRD ˜̃ǫint(r, θ)
f(H5O0Q`TeK[QBb�o5A H5L

(int)
<�? ˜̃ǫ(r, θ)
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(
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(
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(
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γ2
0

ω
Q−1
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[
Ã
] J,AeKµT <&DIFjK�?BQBAe>�<&D

Θ(r)
<�?

Θr(r)
QB<&DYf(<&>@?BA J5<&DUÂ�A L-?BQBH;N;O0A ?B<&DjN0K$LMDj>�<h>RWMK$f0A ?BQB< � J5H5A QIT <&DIQB<�TeK�?BA H5LMD

� Ä;4 Ä$Ê � g � Ä;4 �-Ä � � 4



� � ���V����������� �����	�������N�	� �X� ������
��	�	�*�,� � ��������������� ��� �V�	��� ����������� ����� � � �,����
	
a��� ���������a����� � ��� �����	� ���
�
������� � ��� ���H������� ������3S]$y

0

x

y

z

Cmin

CmaxS

Région (ext)

Région (int)

Zone modulée

ǫmat, µ0

˜̃ǫ(r, θ), µ0

˜̃ǫcyl(r, θ), µ0

[F (r)] = Θ(r) ���A�

[F (r)] = Ψ(ext)(r)
[

V (ext)(r)
]

d[F (r)]
dr

= iM(r) [F (r)]

�����	� Ä;4 \"���vb�L0b�QRK$T AeDBK�?BA H5L«N;<VTeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <cgIN;<&DEFIA T A <�O;º«K$L0AeDYH$?BQBH5f0A <tÂM>�K5DEN;Oh>�¼,T A LMN;QB<c>�<�L-?BQBb
DYO0QETml H5QBA o5A L0<

Æ�H5O0Q�TeKVÓ�H5L0<EFIH;N;O0T b�<+Â$T <&D�b�T b�FI<�L-?RD N;Ot?B<�LMDY<�O0Q ˜̃ǫ(r, θ)
QB<&D=?B<�L-?`N;<&D�C­H5LM>@?BA H5LMD N;<

r
<�?
θ
Â5AeN;<�L-?BAed-O0<�FI<�L-?

N;b�wML0A <&D >�H5FIFI< N0K$LMDUT <`>�K5D�f0QBb&>�b&N;<�L-? � Ä;4 y5y � 4�À�K�FjK�?BQBAe>�< Cǫ
D�l <�º;f0QBA FI<�<�LM>�H5QB<�DY<�T H5LVTeK�QB<�TeK�?BA H5L � Ä;4 3&Ê5Ê �<�?-ÂMfMK$Q9DYO0A ?B<+ÂMTeKIFjK�?BQBAe>�<~NUl A L-?Bb�o5QRK�?BA H5L M(r)

N;<�FI<�O0QB<cTeKIF Á�FI< � Ä;4 3&Ê-] � � AeN;<�F�f(H5O0Q9Tml <�º;f0QB<&DBDYA H5L«N;<
Mr(r)

N;H5L0L0b�<9fMK$Q � Ä;4 3&Ê5z � � 45Ò LkC'K$A ?-Â-TeK~N;A i�b�QB<�LM>�<vK$f0fMK$QRK�Se?xN0K$LMD Tml K$f0f0T Ae>�K�?BA H5LaN;<9Tml K$T o5H5QBA ?BW0FI<9^�4;À�Kf0QB<�FIA X�QB<9N;AeD=?BA LM>@?BA H5LP>�H5LM>�<�QBL0<9Tml A L-?Bb�o5QRK�?BA H5LaN;<9TeK~f0QB<�FIA X�QB<v>�H5OM>RW0<V^ � s = 1 � 4,{~l K$f0QBX&D`T <vf0QBA LM>�A f(<VN;<Tml K$T o5H5QBA ?BW0FI<[^ � J5H5A QGDY<&>@?BA H5L«z04 z04 ] � Â;H5LhDBK$A ?9d-O0<[T <cDY¼;D=?BX�FI<[N;A i�b�QB<�L-?BA <�T�<&D=?GA L-?Bb�o5QBb[KSJ5<&>9Tml K$T o5H5QBA ?BW0FI<Á%Â�f(H5O0QI>RWMK5d-O0<a>�H5OM>RW0<aDUÂ"N;<
r = rs

g
r = rs+1

4"Æ�H5O0Q~T <P>�K5DcfMK$QY?BAe>�O0T A <�QtN;<aTeKhf0QB<�FIA X�QB<a>�H5OM>RW0<+Â
H5L¶H58;?BA <�L-?-Â`K$f0QBX&DIA L-?Bb�o5QRK�?BA H5L�Â�TeKµFjK�?BQBAe>�<½N;<P?BQRK$LMDYFIAeDBDYA H5L � N;<&Dk>RWMK$FIfMD � d-O0<hTml H5L¶L0H$?B<

T
(1)
C

4�69L
N;H5A ?I<�LMDYO0A ?B<«<�L N;b&N;O0A QB<«TeKÃFjK�?BQBAe>�<hN;<P?BQRK$LMDYFIAeDBDYA H5LÌ<�L K$FIf0T A ?BOMN;<«L0H$?Bb�<

T
(1)
A

NUl K$f0QBX&DtTeKÃQB<�TeK�?BA H5L
� z04 �03 � 4 69LÃQRK$f0f(<�T T <Id-O0<I>�<IfMK5DBDBK$o5<~N;<&DV>�H,<��k>�A <�L-?RDVN;<jÅ0H5O0QBA <�QVK$O;ºÃK$FIf0T A ?BOMN;<&Dvf(<�QBFI<�?cNUl <�i�<&>@?BO0<�Q
T <~QRK5>�>�H5QRN;<�FI<�L-?9N;<&Dv>RWMK$FIfMD9K$O½L0A J5<&K$O½N;<&D9A L-?B<�QYC'K5>�<&D9N;<~Tml K$T o5H5QBA ?BW0FI<t^TÂUDYb�fMK$QBb�<&DEfMK$QvN;<&Dv>�H5OM>RW0<&D
W0H5FIH5o5X�L0<&DU<�?"A L;wML0A FI<�L-?"wML0<&D � N;<xf(<�QBFIA ?Y?BA J,A ?Bb ǫext � Â�K�wMLcN;< �@f0QBH5fMK$o5<�Q���TeKEFjK�?BQBAe>�<�^VfMK$Q"K$f0f0T Ae>�K�?BA H5L
N;<&DxQB<�TeK�?BA H5LMD � z04 \�� � g � z04 q5Ê � 4,Æ�H5O0Q�O0L«FIA T A <�O (int)

AeDYH$?BQBH5f(< � >�K5D�>�H5LMDYAeN;b�QBb :=OMDBd-O l Ae>�A � Â0H5LaO;?BA T AeDBK$A ?ETeKQB<�TeK�?BA H5L � z04 �03 � d-O0A,f(<�QBFI<�? N;<EN;b&N;O0A QB< T (1)
A

<�L~C­H5LM>@?BA H5LtN;<
T

(1)
C

Â
Ψ(ext)(r2)

<�?
Ψ(int)(r1) � r1 = Rmin � 4{vK$LMDvT <I>�K5DVN;<ITml H58;:=<�?Vb�?BOMN;A b � wMo5O0QB<jÄ;4 \ � Â�T <tQRK5>�>�H5QRN;<�FI<�L-?VN;<&DV>RWMK$FIfMDv<�L r = r1

D�l <�i�<&>@?BO0<I<�L-?BQB<
TeKkÓ�H5L0<cFIH;N;O0T b�<t<�?VTeKkQBb�o5A H5L

(int)
K$L0AeDYH$?BQBH5f(<+Â(>�<td-O0A�A FIf0T Aed-O0<~T <tQB<�FIf0TeK5>�<�FI<�L-?vN;<

Ψ(int)(r1)
fMK$Q

Θ(r1)
N0K$LMD�TeKtQB<�TeK�?BA H5L � z04 �03 � Â

T
(1)
A =

{
Ψ(ext)(r2)

}−1

T
(1)
C Θ(r1)

À�KtFjK�?BQBAe>�<
T

(1)
A

QB<�T A <[N;H5LM>[N;<&DEK$FIf0T A ?BOMN;<&DGN;<[LMK�?BO0QB<&D�N;A i�b�QB<�L-?B<&D[Â
[
V (ext)(r2)

]
= T

(1)
A

[
Ã
]

69LµDY<IQB<�LMNÃ>�H5FIf;?B<jd-O0<
T

(1)
A

L l <&D=?[f0T OMDVO0L0<IFjK�?BQBAe>�<I>�K$QBQBb�<~f0O0AeDBd-O l <�T T <jKaf(H5O0QcN;A FI<�LMDYA H5L
4(2N +

1)×2(2N +1)
45¸�TMC'K$O;?`f(H5O0QY?RK$L-?`f0QBb&>�AeDY<�Q`d-O0<9TeK[FjK�?BQBAe>�<

T
(1)
C

QB<&D=?B<EO0L0<9FjK�?BQBAe>�<9>�K$QBQBb�<GN;<9N;A FI<�LMDYA H5L
4(2N + 1) × 4(2N + 1)

N;H5L-?9T <t>�K$Te>�O0T�L0b&>�<&DBDYA ?B<
4(2N + 1)

J5<&>@?B<�O0QRDGN;<c?BA Q � z04 Ä-\ � 4(À�KjFjK�?BQBAe>�< T (1)
A<&D=?9K$T H5QRDGDY<�O0T <�FI<�L-?v>�H5LMD=?BA ?BO0b�<cN;<~N;<�O;º«80T H;>�D9N;<~N;A FI<�LMDYA H5L

2(2N + 1) × 2(2N + 1)
Â(>�<~d-O0A�QB<�J,A <�L-?

ga>�H5LMDYAeN;b�QB<�Q9T <&Dv80T H;>�D
T

(1)
12

<�?
T

(1)
22

L,O0TeDVNUl K$f0QBX&D9TeKkL0H$?RK�?BA H5L � z04 \$Ä � 4(Æ�K$QV>�H5LMDYb&d-O0<�L-?-ÂM?BH5OMDvT <&D980T H;>�D
S

(s′)
11

<�?
S

(s′)
21 (s′ ∈ [1, L+ 1])

D�l K$L0L,O0T <�L-?Vb�o-K$T <�FI<�L-? � J5H5A QVT <&Dvb&d-OMK�?BA H5LMD � z04 \�y � <�? � z04 q5Ê � � 4 � OMK$L-?[g



3&z5Ê �8� 
	�	�N�	�V��� ���������a����� �����Z�a��� �2��������� � � �$����� �/��� �������������#����� � � �,����
	
a�

TeKcFjK�?BQBAe>�<
Z(s′) Â,Tml b&d-OMK�?BA H5L � z04 \�� � FIH5L-?BQB<vd-O l <�T T <VDY<VDYA FIf0T A wM<vf(H5O0QEN;<�J5<�L0A Q {T (s′)

11

}−1 4;Å"A LMK$T <�FI<�L-?-Â
Tml K$T o5H5QBA ?BW0FI<½^¶DY<hQBb&N;O0A ?Pg�TeK�f0QBH5fMK$o-K�?BA H5L¶N;<&Dj80T H;>�D

S
(s′)
22

<�?
S

(s′)
12

fMK$QkK$f0f0T Ae>�K�?BA H5L*N;<&DjQB<�TeK�?BA H5LMD
DYO0A J�K$L-?B<&DUÂ0N;b&N;O0A ?B<&DEN;< � z04 \5\ � <�? � z04 \�q � Â

S
(s+1)
22 = S

(s)
22

{
T

(s)
11

}−1

� Ä;4 3&Ê$� �

S
(s+1)
12 = T

(s)
21

{
T

(s)
11

}−1

� Ä;4 3&Ê-Ä �
KSJ5<&>

s ∈ [1, L]
<�?
S

(1)
22 = Id

4�ÏGf0QBX&DcA L-?Bb�o5QRK�?BA H5L�gP?BQRKSJ5<�QRDvTeKhÓ�H5L0<jFIH;N;O0T b�<+Â�T <k>�K$Te>�O0T`K$8(H5O;?BA ?tg«TeK
FjK�?BQBAe>�<G^td-O0A;QB<�T A <ET <&D�K$FIf0T A ?BOMN;<&D N;Oj>RWMK$FIf [

B(ext)(Rmax)
] <�? [

A(inc)(Rmax)
] DYO0Q�Tml A L-?B<�QYC'K5>�<

CmaxN;<VTeKtQBb�o5A H5LPAeDYH$?BQBH5f(<
(ext)

Â(K$A LMDYA d-O0<VT <&DGK$FIf0T A ?BOMN;<&D [
Ã
] N;<VTeKIQBb�o5A H5LPK$L0AeDYH$?BQBH5f(<

(int)
Â

( [
B(ext)(Rmax)

]
[
Ã
]

)
=

(
S1

S2

)[
A(inc)(Rmax)

]
� Ä;4 3&Ê5� �

NUl H��PH5L«N;b&N;O0A ?vN;A QB<&>@?B<�FI<�L-?ET <&D�<�º;f0QB<&DBDYA H5LMD�N;<&DEK$FIf0T A ?BOMN;<&DGN;<&DG>RWMK$FIfMD�N;A i�QRK5>@?Bb&D[Â
[
Ã
]

= S2

[
A(inc)(Rmax)

]
� Ä;4 3&Ê,\ �

[
B(ext)(Rmax)

]
= S1

[
A(inc)(Rmax)

]
� Ä;4 3&Ê5q �

�`<�?Y?B<�o5b�L0b�QRK$T AeDBK�?BA H5L~N;<�TeKvN;A i�QRK5>@?BA H5LI>�H5L0Aed-O0<xfMK$Q�N;<&D�>�¼,T A LMN;QB<&D�K$L0AeDYH$?BQBH5f(<&D"N;<EDY<&>@?BA H5LIK$QB80A ?BQRK$A QB<`QB<&D=?B<+Â
gt>�<`:=H5O0Q-Â;K$OPD=?RK5N;<G?BW0b�H5QBAed-O0<540^,H5LaA FIf0T b�FI<�L-?RK�?BA H5La<&D=?�f0QBb�J,O0<VN0K$LMDxL0H-D C­O;?BO0QRDx?BQRKSJ�K$O;ºU4-Ò�?RK$L-?EN;H5L0L0bVd-O0<
>�<�?Y?B<EC­H5QBF~O0TeK�?BA H5LjD�l A LM>�QBA ?`N0K$LMD TeK[>�H5L-?BA L,O0A ?Bb9N;<ETeK[FIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <+Â->�<�?Y?B<E?�]5>RW0<EL0<9N;<�J,QRK$A ? fMK5D�f(H-DY<�Q
NUl A LMDYO0QBFIH5L-?RK$80T <&DVf0QBH580T X�FI<&D[N;<jf0QBH5o5QRK$FIFjK�?BA H5L 4�rhH�¼5<�L0LMK$L-?cd-O0<�Ted-O0<&D[DYA FIf0T A w(>�K�?BA H5LMD[N;<jTml K$T o5H5QBA ?BW0FI<k^
� >�K5D~N;OÌ>�¼,T A LMN;QB<k>�H5L-?B<�LMK$L-?cTml H5QBA o5A L0<kN;OÌQB<�f(X�QB< � Â A TxDYO��I?IN;<a>�H5O0f0T <�QcT <&D~N;<�O;º�f0QBH5o5QRK$FIFI<&D[N;b=:Yg«b&>�QBA ?RDkÂ
�`<�T O0A�N;<[TeKIN;A i�QRK5>@?BA H5Lh>�H5L0Aed-O0<[KSJ5<&>vTeKtFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <cK$f0f0T Aed-O0b�<cK$OPFjK�?Bb�QBAeK$OPAeDYH$?BQBH5f(<V<�?9>�<�T O0A�N;<
TeKPN;A i�QRK5>@?BA H5Lµ>�H5L0Aed-O0<~fMK$QVO0Lµ>�¼,T A LMN;QB<IK$L0AeDYH$?BQBH5f(< � N;<&DB>�QBA f;?BA H5LµN;<&DV>RWMK$FIfMDvN0K$LMDvT <tFjK�?Bb�QBAeK$OÃK$L0AeDYH$?BQBH5f(<
fMK$QETeKtFjK�?BQBAe>�<

Θ(r) � 4
�������	��
	��
���� ��
 ��������
���� � À <�>�H5L-?B<�L,O�N;<�>�<�>RWMK$f0A ?BQB<µDY<µ8MK5DY<µDYO0Q«Tml b&>�QBA ?BO0QB<µK$LMK$T ¼-?BAed-O0<
N;<&DP>RWMK$FIfMDaN0K$LMDkTml <&DYfMK5>�<ÃN;<µÅ0H5O0QBA <�Qkf(H5O0QPO0LÔFjK�?Bb�QBAeK$OÔK$L0AeDYH$?BQBH5f(<54��`<&Dab&d-OMK�?BA H5LMDjH5L-?a?BH5O;?«NUl K$8(H5QRN
b�?BbaK$f0f0T Aed-O0b�<&DcK$OÌ>�K5DcDYA FIf0T <aN;<kTeKhN;A i�QRK5>@?BA H5L�>�H5L0Aed-O0<kfMK$QcO0LÌ>�¼,T A LMN;QB<kK$L0AeDYH$?BQBH5f(<k>�<�L-?BQBbkDYO0QcTml H5QBA o5A L0<54
À�KµJ�K$T AeN0K�?BA H5L¶N;<h>�<�?Y?B<«?BW0b�H5QBA <PfMK$QkDYH5L¢A FIf0T b�FI<�L-?RK�?BA H5L¶L,O0FIb�QBAed-O0<«QBb�J5X�T <PO0L0<h>�H5L,J5<�QBo5<�LM>�<aQRK$f0AeN;<«N;<&D
QBb&DYO0T ?RK�?RD � N;<cF Á�FI<[H5QRN;QB<[N;<co5QRK$LMN;<�O0QEd-O0<[f(H5O0QGT <c>�¼,T A LMN;QB<[AeDYH$?BQBH5f(<[>�<�L-?BQBb � 40¸�T <&D=?9A FIf(H5QY?RK$L-?GN;<cQB<�?B<�L0A Qd-O0<[>�<�?Y?B<9?BW0b�H5QBA <VKt<&DBDY<�L-?BA <�T T <�FI<�L-?�f(<�QBFIAeD�NUl <�L,J,AeDBK$o5<�QxO0LPL0H5O0J5<&K$OkFIH�¼5<�LPN;<VQBb&DYH5OMN;QB<v>�H5FIf0T X�?B<�FI<�L-?�T <&D
b&d-OMK�?BA H5LMDxN;<vTeKcFIb�?BW0H;N;<VN;A i�b�QB<�L-?BA <�T T < � >�H5LMN;A ?BA H5LMDxK$O;ºjA L-?B<�QYC'K5>�<&D Cmin

<�?
Cmax � Â;N;b=:Yg~b&>�QBA ?B<&D`f(H5O0QxT <V>�K5Do5b�L0b�QRK$TUN;<[>�¼,T A LMN;QB<&D�K$L0AeDYH$?BQBH5f(<&Dx<�?EA L0W0H5FIH5o5X�L0<&D�N0K$LMDxT <[>RWMK$f0A ?BQB<c];4M69L«DBK$A ?GK~f0QBA H5QBAUN;b&DYH5QBFjK$AeDxQBb&DYH5OMN;QB<

T <Gf0QBH580T X�FI<9N;<GTeKcN;A i�QRK5>@?BA H5Lk>�H5L0Aed-O0<Gf(H5O0QxN;<&D`>�¼,T A LMN;QB<&D K$L0AeDYH$?BQBH5f(<&D N;<9DY<&>@?BA H5LkK$QB80A ?BQRK$A QB<�fMK$Q`TeK[FIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <54
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�4f e-f e/1 }9}+ypqh��o9s)tDz uhmpw9z mpz ��s)tRf�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e/�*�
�4f e-f g�1 }9}+ypqh��o9s�|Ux3k)~ z qUypk)s¼�J} |Ay�mpz y�r+s�~ |%x<|Am�ypz �)s

Z(L) f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e/�=�
�'� MON65T5�S4,)@U. (+1J6PX	,)69^�b S46'5�S4,)@U.CV	=H(+1<;	(+1���$	@A(+1%6PX	,/.CV	=H(+1��J�J�J�J�K�J�J�J�J�J�J�J�J� �+� �

�4f ghf e:92uhm�ypq4r+w9�nmpz q-u f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f�f°e/�-�
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NT ∈ N∗

� DY¼,FIb�?BQBA <tN;<c?=¼,f(< CNT v
H5O

CNT
� >�H5FIFI<cb�J5H;d-O0b�<~N0K$LMD9TeKjwMo5O0QB<~�04 354({vK$LMD9TeKkFIb�?BW0H;N;<tN;A i�b�QB<�L-?BA <�T T <+Â(TeK
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a���
C­H5LM>@?BA H5L

f(θ)
N;<«TeK�DY<&>@?BA H5L¶f0QBb&>�b&N;<�L-?B<«f(<�O;?PD�l AeN;<�L-?BA wM<�QkgÃ?BH5O;?B<&DIT <&DIC­H5LM>@?BA H5LMDjd-O0AEA L-?B<�QBJ,A <�L0L0<�L-?aN0K$LMD

TeK«FjK�?BQBAe>�<
Qǫ � z04 3SÄ � Â�ghDBKSJ5H5A Q[T <&DVC­H5LM>@?BA H5LMDcQB<�TeK�?BA J5<&D[ghTeK«f(<�QBFIA ?Y?BA J,A ?Bb ǫ(r, θ) <�? 1

ǫ(r,θ)

Â�FjK$AeD[b�o-K$T <�FI<�L-?
K$O;ºPf0QBH5T H5L0o5<�FI<�L-?RD�N;<&DG>�H5FIf(H-DBK$L-?B<&D�N;<[TeKIL0H5QBFjK$T <[gtTeKjDYO0QYC'K5>�<IÂ

N2
θ (r, θ)

Â
N2

r (r, θ)
<�?
NrNθ(r, θ)

4({vK$LMD
O0LµDYH5OM>�A�N;<IDYA FIf0T Ae>�A ?Bb+Â�L0H5OMDvK$T T H5LMD9NUl K$8(H5QRN½K$f0f0T Aed-O0<�Q-Â(f(H5O0QvO0LÃH5QRN;QB<cf0QBb&>�AeDvN;<tf(b�QBA H;>�Ae>�A ?BbtK$L0o5O0TeK$A QB<+ÂMTeK
f0QBH5f0QBA b�?Bb � �04 3&z � N0K$LMDET <cDY¼;D=?BX�FI<cN;A i�b�QB<�L-?BA <�T � ];4 3&Ê5y � N;<[FjK�?BQBAe>�< M(r)

N;H5L0L0b�<[fMK$Q � z04 3&q � 4�69Lh>�H5LMD=?RK�?B<�QRKK$T H5QRD O0LtN;b&>�H5O0f0TeK$o5<`N;<&D�>�H,<��k>�A <�L-?RD"N;<�Å0H5O0QBA <�Q�N;<&D">RWMK$FIfMD"N0K$LMD�TeK9Ó�H5L0<`FIH;N;O0T b�<54SÒ LMDYO0A ?B<+ÂSH5L~o5b�L0b�QRK$T AeDY<�QRK
>�<[N;b&>�H5O0f0TeK$o5<vN0K$LMD`?BH5O;?ETml <&DYfMK5>�< � <�?EfMK5DEDY<�O0T <�FI<�L-?EN0K$LMD�TeK~Ó�H5L0<vFIH;N;O0T b�< � f(H5O0QEO0LPH5QRN;QB<vd-O0<�Te>�H5LMd-O0<VN;<f(b�QBA H;N;Ae>�A ?BbcK$L0o5O0TeK$A QB<54
#9Ú 1,´�Ö�/'1P�"1½�"+,#5�(!�Ö�/'.0)(1h�"!*®�¯ ®��&×,´Ì1«�"%­¬`+-��1,���&%'1,/`�"1½/'. �5�(�"1½´Ì� �"!"/'+,1 Â

�GH5OMD~T A FIA ?BH5LMDtL0H$?BQB<ab�?BOMN;<«K$O¢>�K5D
NT = 3

Â�DYH5A ?tO0L0<Pf(b�QBA H;N;<«d-O0A�D�l b�?B<�LMN¢DYO0QIO0L¶DY<&>@?B<�O0QINUl K$L0o5T <
T = 2π

3

ÂU<�?cO0LµH5QRN;QB<IN;<t?BQBH5LM>�K�?BO0QB<tFjK�º;A FjK$T�?B<�T d-O0<
N = 4

4"69LµL0H$?B< JfK TeKPFjK�?BQBAe>�<jN;<jÁ�H,<�f0T A ?BÓDYO0QITeKÃf(b�QBA H;N;<
2π

N;<«TeK½C­H5LM>@?BA H5L
f
N;<PJ�K$QBAeK$80T <PTml K$L0o5T <

θ � ǫ(r, θ) Â N2
θ (r, θ)

Â 4 4 4 � <�? JfK′ DBKÃFjK�?BQBAe>�<
N;<hÁ�H,<�f0T A ?BÓ½DYO0QjTeKµf(b�QBA H;N;<

T
4 À l <�LMDY<�F~80T <hN;<&Dj>�H,<��k>�A <�L-?RDjN;<½Å0H5O0QBA <�Q

f ′
n

>�K$Te>�O0T b&DjDYO0QjTeKµf(b�QBA H;N;<
T
<&D=? {

f ′
−2, f

′
−1, f

′
0, f

′
1, f

′
2

} 4 {~l K$f0QBX&D9TeKaf0QBH5f0QBA b�?Bb � �04 3&z � Â�H5LµN;b&N;O0A ?cd-O0<tTml <�LMDY<�F~80T <IN;<&D[>�H,<��k>�A <�L-?RD
N;<VÅ0H5O0QBA <�Q

fn
K5DBDYH;>�A b&D`g~TeKcf(b�QBA H;N;<

2π
N;<�J,A <�L-? {

0, 0, f ′
−2, 0, 0, f

′
−1, 0, 0, f

′
0, 0, 0, f

′
1, 0, 0, f

′
2, 0, 0

} 4,Æ�K$Q
>�H5LMDYb&d-O0<�L-?-ÂMTeKkFjK�?BQBAe>�< JfK <&D=?V>�H5LMD=?BA ?BO0b�<tN;<jÄkN;AeK$o5H5LMK$T <&DEL0H5L½L,O0T T <&DvDYb�fMK$QBb�<&D9DYOM>�>�<&DBDYA J5<�FI<�L-?9fMK$Q]tN;AeK$o5H5LMK$T <&D`L,O0T T <&D[Â

JfK′ =




f ′
0 f ′

1 f ′
2

f ′
−1 f ′

0 f ′
1

f ′
−2 f ′

−1 f ′
0


 <�? JfK =




f ′
0 0 0 f ′

1 0 0 f ′
2 0 0

0 f ′
0 0 0 f ′

1 0 0 f ′
2 0

0 0 f ′
0 0 0 f ′

1 0 0 f ′
2

f ′
−1 0 0 f ′

0 0 0 f ′
1 0 0

0 f ′
−1 0 0 f ′

0 0 0 f ′
1 0

0 0 f ′
−1 0 0 f ′

0 0 0 f ′
1

f ′
−2 0 0 f ′

−1 0 0 f ′
0 0 0

0 f ′
−2 0 0 f ′

−1 0 0 f ′
0 0

0 0 f ′
−2 0 0 f ′

−1 0 0 f ′
0




69Lh>�H5LMD=?RK�?B<cd-O0<~>�<�?Y?B<cFjK�?BQBAe>�< JfK <&D=?vN;AeK$o5H5LMK$T AeDBK$80T <vfMK$QG80T H;>$4(ÏGf0QBX&DET <~>RWMK$L0o5<�FI<�L-?9N;<c8MK5DY<cK5N;<�nd-OMK�?-Â;<�T T <cD�l <�º;f0QBA FI<V>�H5FIFI<[O0L0<VFjK�?BQBAe>�<[>�H5LMD=?BA ?BO0b�<cN;<czt80T H;>�D�AeN;<�L-?BAed-O0<&DVÂ JfK′ 469LPFIH5L-?BQB<cd-O0<c>�<�?Y?B<cD=?BQBOM>@?BO0QB<[<&D=?9>�H5LMDY<�QBJ5b�<vT H5QRDBd-O0<VTeKIFjK�?BQBAe>�<[N;<cÁ�H,<�f0T A ?BÓc<&D=?GA L,J5<�QRDYb�<vH5O«F~O0T ?BA nf0T A b�< fMK$Q"O0L0<xK$O;?BQB< FjK�?BQBAe>�<`N;<x>�< ?=¼,f(<+Â&H5O[T H5QRDBd-O0<`N;<�O;º[FjK�?BQBAe>�<&D N;<x>�< ?=¼,f(<xDYH5L-?"K5N0N;A ?BA H5L0L0b�<&D�4SÏGA LMDYA2ÂT <&D�80T H;>�DEN;<[TeKtFjK�?BQBAe>�<
Qǫ(r)

N0K$LMD�Tml b&d-OMK�?BA H5L � z04 3SÄ � <�?-Â0fMK$QGDYO0A ?B<+Â0>�<�O;º«N;<VTeKtFjK�?BQBAe>�<[NUl A L-?Bb�o5QRK�?BA H5L
M(r) � z04 3&q � >�H5LMDY<�QBJ5<�L-?G>�<�?Y?B<cD=?BQBOM>@?BO0QB<540Ò L«<�i�<�?-ÂMTeKIFjK�?BQBAe>�< M(r)

L0<VC'K$A ?GA L-?B<�QBJ5<�L0A QGd-O0<cN;<&DEF~O0T n?BA f0T Ae>�K�?BA H5LMD <�?�N;<&DxK5N0N;A ?BA H5LMD`N;<&D`80T H;>�DxN;<GTeKcFjK�?BQBAe>�<
Qǫ(r)

<�?�N;<9FjK�?BQBAe>�<&D`N;AeK$o5H5LMK$T <&D�4,�`<�f(<�LMN0K$L-?-Â-A TA FIf(H5QY?B<[N;<VL0H$?B<�QEd-O0<VT <&D�80T H;>�DEN;< M(r)
L0<[DYH5L-?�f0T OMDGN;<&D�FjK�?BQBAe>�<&D�N;<v?=¼,f(<[Á�H,<�f0T A ?BÓ � K5DBDYH;>�A b�<&D�K$O;ºN;b�J5<�T H5f0f(<�FI<�L-?RDvN;<IÅ0H5O0QBA <�QVN;<~C­H5LM>@?BA H5LMD � f0O0AeDBd-O l A TeD9C­H5L-?VA L-?B<�QBJ5<�L0A QvTeKaFjK�?BQBAe>�< α � z04 3&z � >�H5LMD=?BA ?BO0b�<N;<&DcH5QRN;QB<&DcN;<&DtN;b�J5<�T H5f0f(<�FI<�L-?RD~N;<PÅ0H5O0QBA <�QtN;<&Dt>RWMK$FIfMD~DYO0Q~TeK½f(b�QBA H;N;<

2π
4"¸�L-?Bb�QB<&DBDYH5LMD=n³L0H5OMD[g½O0L80T H;>9L0H$?Bb

B
N;<vTeK~FjK�?BQBAe>�< M(r)

d-O0AUQB<�T A <vN;<�O;ºPN;<&D�d-OMK�?BQB<9FjK�?BQBAe>�<&D�>�H5T H5L0L0<&DxN;<
[F (r)]

Â
[Ez]

Â
[Eθ]

Â
[Hz]

H5O
[Hθ]

4�69L«L0H$?B<
gn

T <&DG>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QGNUl O0L0<cN;<c>�<&DG>�H5FIf(H-DBK$L-?B<&D�N;Oh>RWMK$FIf � >�K$Te>�O0T b&DDYO0QvTeKaf(b�QBA H;N;<
2π � <�? hn

T <&D[>�H,<��k>�A <�L-?RDvN;<jÅ0H5O0QBA <�QVN;<tTml K$O;?BQB<I>�H5FIf(H-DBK$L-?B<tN;Oµ>RWMK$FIf 4UÀ <IDY¼;D=?BX�FI<N;A i�b�QB<�L-?BA <�T >�H5QBQB<&DYf(H5LMN0K$L-?EK$OP80T H;>
B
D�l b&>�QBA ?GK$T H5QRDvÂ

d

dr





























g−4

g−3

g−2

g−1

g0
g1
g2
g3
g4





























=





























B−4,−4 0 0 B−4,−1 0 0 B−4,2 0 0
0 B−3,−3 0 0 B−3,0 0 0 B−3,3 0
0 0 B−2,−2 0 0 B−2,1 0 0 B−2,4

B−1,−4 0 0 B−1,−1 0 0 B−1,2 0 0
0 B0,−3 0 0 B0,0 0 0 B0,3 0
0 0 B1,−2 0 0 B1,1 0 0 B1,4

B2,−4 0 0 B2,−1 0 0 B2,2 0 0
0 B3,−3 0 0 B3,0 0 0 B3,3 0
0 0 B4,−2 0 0 B4,1 0 0 B4,4

























































h−4

h−3

h−2

h−1

h0

h1

h2

h3

h4




























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FjK�?BQBAe>�<&D[N;<aÁ�H,<�f0T A ?BÓa>�H5L-?B<�L,O0<&D[N0K$LMD

Qǫ
4��`<�f(<�LMN0K$L-?-Â T <&Dc80T H;>�DcN;<kTeKhN;AeK$o5H5LMK$T AeDBK�?BA H5LÃL0<aDYH5L-?cfMK5D

AeN;<�L-?BAed-O0<&DUÂ(>�H5L-?BQRK$A QB<�FI<�L-?9ga>�<�O;ºhN;<~TeKkFjK�?BQBAe>�<
Qǫ

4 �`<tDY¼;D=?BX�FI<~N;A i�b�QB<�L-?BA <�T�DY<tN;b&>�H5O0f0T <~K$T H5QRDG<�L½z
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DYH5OMD=n�DY¼;D=?BX�FI<&DxN;A i�b�QB<�L-?BA <�TeDEA LMN;b�f(<�LMN0K$L-?RDVÂ

d

dr




g−4

g−1

g2


 =




B−4,−4 B−4,−1 B−4,2

B−1,−4 B−1,−1 B−1,2

B2,−4 B2,−1 B2,2






h−4

h−1

h2




d

dr




g−3

g0
g1


 =




B−3,−3 B−3,0 B−3,3

B0,−3 B0,0 B0,3

B3,−3 B3,0 B3,3






h−3

h0

h1




d

dr




g−2

g1
g4


 =




B−2,−2 B−2,1 B−2,4

B1,−2 B1,1 B1,4

B4,−2 B4,1 B4,4






h−2

h1

h4




À <&D�C'K$FIA T T <&DUA LMN;b�f(<�LMN0K$L-?B<&D N;<&DUH5QRN;QB<&DUN;<&D >�H,<��k>�A <�L-?RD N;<`Å0H5O0QBA <�Q >�H5O0f0T b&D N;<&D >RWMK$FIfMDUDYH5L-? Â {−4;−1; 2} Â
{−3; 0; 3} <�? {−2; 1; 4} 4-À�KVFjK�?BQBAe>�<GNUl A L-?Bb�o5QRK�?BA H5L M(r)

?BH5O;?`<�L-?BA X�QB<9DY<GN;b&>�H5O0f0T <EwMLMK$T <�FI<�L-?`<�LI?BQBH5AeD
DYH5OMD=n�DY¼;D=?BX�FI<&DvN;A i�b�QB<�L-?BA <�TeDVA LMN;b�f(<�LMN0K$L-?RDjÂ Mi(r)

Â
i ∈ [1, 3]

4 Ò L�QBb&DYO0FIb+ÂUTeK«DYH5OMD=n³f(b�QBA H;N;Ae>�A ?BbtH5f;?BH$n
o5b�H5FIb�?BQBAed-O0<hK$L0o5O0TeK$A QB<«NUl H5QRN;QB<

NT = 3
NUl O0L*H58;:=<�?a>�¼,T A LMN;QBAed-O0<hA FIf0T Aed-O0<+Âxgµ?BQRKSJ5<�QRDtTeK�f0QBH5f0QBA b�?Bb

� �04 3&z � Â,O0LhN;b&>�H5O0f0TeK$o5<[N;<&DE>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QEN;<&DG>RWMK$FIfMD�N0K$LMDETeKtÓ�H5L0<VFIH;N;O0T b�<54
� +,�"+-��.0/'%'®&.;�&%'�(� Â

�GH5OMDEf(H5O0J5H5LMDEDBK$LMDGN;A �k>�O0T ?Bbco5b�L0b�QRK$T AeDY<�Q�Tml H58MDY<�QBJ�K�?BA H5LaC'K$A ?B<~DYO0QGTml <�º;<�FIf0T <[f0QBb&>�b&N;<�L-?&4�69Lh>�H5LMDYAeN;X�QB<
>�<�?Y?B<vC­H5AeD=n�>�AUO0L«H58;:=<�?9>�¼,T A LMN;QBAed-O0<Vf0QBb&DY<�L-?RK$L-?�O0L0<cDYH5OMD=n³f(b�QBA H;N;Ae>�A ?BbVK$L0o5O0TeK$A QB<VNUl H5QRN;QB<

NT ∈ N∗ d-O0<�T n>�H5LMd-O0<54;Ò L«f0QBH;>�b&N0K$L-?Ef0QBb&>�AeDYb�FI<�L-?9N;<[TeKtF Á�FI<[FjK$L0A X�QB<[d-O l K$O0fMK$QRKSJ�K$L-?-Â,H5L«FIH5L-?BQB<[d-O0<[T <[DY¼;D=?BX�FI<
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C1
<�?
C2

Â�H5O¢<�LM>�H5QB<
I2

<�?
I6

DYH5L-?jK5DBDYH;>�A b&DtK$O;º¢>�TeK5DBDY<&D
C3

<�?
C4 � C3/4 � 4 �GH5OMDtT A FIA ?BH5LMDtTml b�?BOMN;<«K$O¶>�K5DtN;<&DtJ�K$T <�O0QRD~fMK$A QB<&DtN;<

NT
4�À <«>�K5D~A FIfMK$A QjD�l <�L¢N;b&N;O0A ?

DYA FIf0T <�FI<�L-?V<�L½H5FI<�?Y?RK$L-?vT <&Dv>�TeK5DBDY<&D9N;<tDY¼,FIb�?BQBA <
C(NT + 1)

<�?
C(NT + 2)

4 69LÃ>�H5FIfMK$QB<cT <&D9<�º;f0QB<&DBDYA H5LMD
N;<&D`N;b�J5<�T H5f0f(<�FI<�L-?RD N;<9Å0H5O0QBA <�Q`N;H5L0L0b&D`N0K$LMD�TeKV?BQBH5AeDYA X�FI<G>�H5T H5L0L0<GN;Oj?RK$80T <&K$Oj�04 z[KSJ5<&>E>�<�T T <&D O;?BA T AeDYb�<&D`N0K$LMD
TeKtFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T < � �04 3�\ � 4
 ~/'.0®&®&1h�"1h®�¯ ´Ì+-����%'1

C1
1-�

C2
Â

Æ�H5O0Q"TeKV>�TeK5DBDY<xN;<EDY¼,FIb�?BQBA <
C1

ÂST <EN;b�J5<�T H5f0f(<�FI<�L-?�N;O~?RK$80T <&K$Ot�04 zvDY<xf0QBH$:=<�?Y?B<�DYO0Q�TeK98MK5DY<�N;<&D�C­H5LM>@?BA H5LMD
>�H-DYA L,OMDvÂ

Ez1q =

+∞∑

n=0

F1qn(r) cos (NTnθ) � �04 ]$Ê �
<�?jT <&Dj>�H,<��k>�A <�L-?RDIN;<½Å0H5O0QBA <�Q

F1qn
DYH5L-?kN;<&DIL0H5F~80QB<&DtQBb�<�TeD�4 � OMK$L-?jK$O N;b�J5<�T H5f0f(<�FI<�L-?kN;H5L0L0b«fMK$Q

� �04 3�\ � N;b&>�QBA ?9DYO0Q9T <~DYH5OMD=n³<�LMDY<�F~80T < I1 = {nNT , n ∈ Z} Â�NUl K$f0QBX&DETeKjN;<�QBL0A X�QB<c>�H5T H5L0L0<cN;O«?RK$80T <&K$O½�04 z'ÂA T N;<�J,A <�L-?cÂ
Ez1q =

+∞∑

n=−∞
E′

z1,n(r)einNT θ � �04 ];3 �
KSJ5<&>�TeKGL0H$?RK�?BA H5LcDYA FIf0T A wMb�<

E′
z1,n(r) = (Ez1q)nNT

(r)
4�Æ�K$Q"K$f0f0T Ae>�K�?BA H5L~N;<xTeKEC­H5QBF~O0T <`NUl Ò O0T <�Q

cos(ζ) =
1
2

(
eiζ + e−iζ

) N0K$LMD�T <EN;b�J5<�T H5f0f(<�FI<�L-? � �04 ]$Ê � ÂSH5LtfMK5DBDY<�N;<�TeK98MK5DY<EN;<&D�C­H5LM>@?BA H5LMD�>�H-DYA L,OMD (cos (NTnθ))g½TeK½8MK5DY<aN;<&D~C­H5LM>@?BA H5LMD~<�º;f(H5L0<�L-?BA <�T T <&D � eiNT nθ � <�?tT <&DI>�H,<��k>�A <�L-?RDtN;<PÅ0H5O0QBA <�Qt>�H5QBQB<&DYf(H5LMN0K$L-?RDcN;<�nJ,A <�L0L0<�L-?cN;<&DVL0H5F~80QB<&DV>�H5FIf0T <�º;<&D�4UÆ�K$Q[AeN;<�L-?BA w(>�K�?BA H5L�KSJ5<&>~T <&D[>�H,<��k>�A <�L-?RD[N;<jÅ0H5O0QBA <�Q[N;< � �04 ];3 � Â�H5LFIH5L-?BQB<Vd-O0<jÂ
∀m ∈ N

∗ Â E′
z1,m(r) = E′

z1,−m(r) =
F1qm(r)

2
� �04 ]5] �

Ò LÌ>�<kd-O0Ax>�H5LM>�<�QBL0<jTeKh>�TeK5DBDY<jN;<aDY¼,FIb�?BQBA <
C2

Â�H5L�f0QBH;>�X&N;<I?BQBX&D[f0QBb&>�AeDYb�FI<�L-?~N;<kTeK«F Á�FI<kFjK$L0A X�QB<+Â
g«TeK½N;A i�b�QB<�LM>�<kf0QBX&Dcd-O0<kT <aN;b�J5<�T H5f0f(<�FI<�L-?tN;H5L0L0baN0K$LMD[T <j?RK$80T <&K$OÌ�04 zhDY<kf0QBH$:=<�?Y?B<aDYO0QcTeKh8MK5DY<kN;<&D
C­H5LM>@?BA H5LMDEDYA L,OMDVÂ

Ez2q =

+∞∑

n=0

G1qn(r) sin (NTnθ) � �04 ]$z �
Æ�K$QkK$A T T <�O0QRDUÂ�T <ÃN;b�J5<�T H5f0f(<�FI<�L-? � �04 3�\ � N;b&>�QBA ?aDYO0QkT <hF Á�FI<½DYH5OMD=n³<�LMDY<�F~80T <

I1
Â`NUl K$f0QBX&DITeK�N;<�QBL0A X�QB<

>�H5T H5L0L0<VN;OP?RK$80T <&K$O«�04 z'Â0D�l b&>�QBA ?[Â

Ez2q =

+∞∑

n=−∞
E′

z2,n(r)einNT θ � �04 ]�� �
KSJ5<&>�TeK�L0H$?RK�?BA H5L

E′
z2,n(r) = (Ez2q)nNT

(r)
4&Æ�K$Q K$f0f0T Ae>�K�?BA H5L[N;< TeKxC­H5QBF~O0T <�NUl Ò O0T <�Q

sin(ζ) = 1
2i

(
eiζ − e−iζ

)
N0K$LMD�T <GN;b�J5<�T H5f0f(<�FI<�L-? � �04 ]$z � Â$H5LtQB<�T A <ET <&D�>�H,<��k>�A <�L-?RD N;<GÅ0H5O0QBA <�Q N;<G>�<&D�N;<�O;ºIN;<�QBL0A X�QB<&D�<�º;f0QB<&DBDYA H5LMDxÂ

∀m ∈ N
∗ Â E′

z2,m(r) = −E′
z2,−m(r) =

G2qm(r)

2i
� �04 ]5Ä �

À <tN;b�?B<�QBFIA LMK$L-?VN;<
Z

(L)
1 � FjK�?BQBAe>�< Z(L) K5DBDYH;>�A b�<tK$OÃDYH5OMD=n�DY¼;D=?BX�FI<

I1 � D�l K$L0L,O0T <tK$O;ºhA LMN;Ae>�<&D9<�i�<&>@?BA C'DN;<&D9FIH;N;<&DVK$f0fMK$QY?B<�LMK$L-?vgP>�<&DvN;<�O;ºÃ>�TeK5DBDY<&D9N;<IDY¼,FIb�?BQBA <54�{9OÃC'K$A ?[N;<tT <�O0QvL0H5LµN;b�o5b�L0b�QB<&DB>�<�LM>�<c<�L-?BQB<
<�T T <&DUÂ�TeKaJ�K$T <�O0QVN;<ITml A LMN;Ae>�<t<�i�<&>@?BA C�N;O

q �
��� FIH;N;<jK$f0fMK$QY?B<�LMK$L-?VgkTeKP>�TeK5DBDY<

C1
<&D=?[N;AeD=?BA LM>@?B<jN;<I>�<�T T <

N;O
q �
��� FIH;N;<VN;<VTeKt>�TeK5DBDY<

C2
4(�`WMK5>�O0LPN;<&D�>RWMK$FIfMD�>�H5QBQB<&DYf(H5LMN0K$L-?xgt>�<&D�N;<�O;ºaFIH;N;<&Dx<&D=?�T <VJ5<&>@?B<�O0Q
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Z

(L)
1
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C1
Â T <&Dc>�H,<��k>�A <�L-?RDcN;<kÅ0H5O0QBA <�QcN;<&D~>RWMK$FIfMD[NUl H5QRN;QB<&DVH5f0f(H-DYb&D[DYH5L-?cb�o-K$O;ºÃ<�L-?BQB<j<�O;º

� N;b�J5<�T H5f0f(<�FI<�L-?x<�LP>�H-DYA L,OMD � Â,K$T H5QRD`d-O l A TeD�DYH5L-?xH5f0f(H-DYb&D`f(H5O0QxTeK~>�TeK5DBDY< C2 � N;b�J5<�T H5f0f(<�FI<�L-?x<�LPDYA L,OMD � 4
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a���
 ~/'.0®&®&1h�"1h®�¯ ´Ì+-����%'1

Ck
1-�

C(k + 1)
Â

À <[f0QBA LM>�A f(<[QB<&D=?B<[T <[F Á�FI<cd-O0<[f0QBb&>�b&N;<�FIFI<�L-?Gf(H5O0QGTeKjN;<&DB>�QBA f;?BA H5L«N;<&DG>RWMK$FIfMDGK5DBDYH;>�A b&DEK$O;ºaFIH;N;<&D
N;<c>�TeK5DBDY<&DEN;<~DY¼,FIb�?BQBA <

Ck
<�?
C(k + 1)

40Æ�H5O0QGT <
q �
��� FIH;N;<~N;<cTeKj>�TeK5DBDY<

Ck
ÂMH5Lh<�i�<&>@?BO0<+ÂMo5Q�]5>�<[K$O;º

QB<�TeK�?BA H5LMDINUl Ò O0T <�Q-Â�T <½>RWMK$L0o5<�FI<�L-?jN;<h8MK5DY<«N;<&DIC­H5LM>@?BA H5LMDj>�H-DYA L,OMDIK$O;ºÌC­H5LM>@?BA H5LMDI<�º;f(H5L0<�L-?BA <�T T <&DjN;O
N;b�J5<�T H5f0f(<�FI<�L-?GN;H5L0L0b[N0K$LMD�T <V?RK$80T <&K$O«�04 z04(�`<�TeKI>�H5LMN;O0A ?9gtTml <�º;f0QB<&DBDYA H5LPDYO0A J�K$L-?B<IÂ

Ezkq =
+∞∑

n=−∞

{
E′

zk,n(r)ei(nNT− k−1
2 )θ +E′′

zk,n(r)ei(nNT + k−1
2 )θ

}
� �04 ]$� �

KSJ5<&>

∀m ∈ N
∗ Â E′

zk,m(r) = E′′
zk,−m(r) =

Fkqm(r)

2

<�?
E′′

zk,m(r) = E′
zk,−m(r) =

Pkqm(r)

2
� �04 ]-\ �

69LPQRK$f0f(<�T T <VTeKtL0H$?RK�?BA H5LPO;?BA T AeDYb�<jÂ
E′

zk,n(r) = (Ezkq)nNT −k−1
2

(r)
<�?
E′′

zk,n(r) = (Ezkq)nNT + k−1
2

(r)
4

Ò L¢>�<Pd-O0Ax>�H5LM>�<�QBL0<kTeK½>�TeK5DBDY<aN;<PDY¼,FIb�?BQBA <
C(k + 1)

Â"T <aN;b�J5<�T H5f0f(<�FI<�L-?IN;<&D~>RWMK$FIfMDc<�º;f0QBA FIbPKSJ5<&>
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<�º;f(H5L0<�L-?BA <�T T <&DVÂ

Ez(k+1)q =
+∞∑

n=−∞

{
E′

z(k+1),n(r)ei(nNT− k−1
2 )θ +E′′

z(k+1),n(r)ei(nNT + k−1
2 )θ

}
� �04 ]$q �

KSJ5<&>
∀m ∈ N

∗ Â E′
z(k+1),m(r) = −E′′

z(k+1),−m(r) =
G(k+1)qm(r)

2i<�?
E′′

z(k+1),m(r) = −E′
z(k+1),−m(r) =

R(k+1)qm(r)

2i

� �04 ]$y �

KSJ5<&>9TeKtL0H$?RK�?BA H5L
E′

z(k+1),n(r) =
(
Ez(k+1)q

)
nNT− k−1

2

(r)
<�?
E′′

z(k+1),n(r) =
(
Ez(k+1)q

)
nNT + k−1

2

(r)
4

À <
q �
��� FIH;N;<EN;<ETeKV>�TeK5DBDY<

Ck
<�?�T <

q �
��� FIH;N;<EN;<ETeKV>�TeK5DBDY<

C(k+1)
H5L-?�?BH5OMD�T <&D N;<�O;º~T <�F Á�FI<EA LMN;Ae>�<

<�i�<&>@?BA CpÂMb�?RK$L-?GN;H5L0L0b�<[T <�O0Q9N;b�o5b�L0b�QB<&DB>�<�LM>�<54;ÏGA LMDYA2ÂMT <&DGN;b�?B<�QBFIA LMK$L-?RDEN;<&DEFjK�?BQBAe>�<&D
Z

(L)
1+k
2

<�?
Z

(L)

NT + 3−k
2D�l K$L0L,O0T <�L-?�f(H5O0QE>�<�?Y?B<VJ�K$T <�O0QENUl A LMN;Ae>�<V<�i�<&>@?BA C=4MÀ <&D�>�H,<��k>�A <�L-?RDEN;<[Å0H5O0QBA <�Q�N;O«>RWMK$FIfPFIH;N0K$TUDYH5L-?EN;<&D

>�H5F~80A LMK$AeDYH5LMD"T A L0b&K$A QB<&D�N;<&D J5<&>@?B<�O0QRD�f0QBH5f0QB<&D � K5DBDYH;>�A b&D�gVTeKVJ�K$T <�O0Q�f0QBH5f0QB<EL,O0T T < � N;<9>�<&D N;<�O;ºtFjK�?BQBAe>�<&D
Z

(L)
i � >�H5QBQB<&DYf(H5LMN0K$L-?IK$O;º¢DYH5OMD=n³<�LMDY<�F~80T <&D~N;<h>�H,<��k>�A <�L-?RD I 1+k

2

<�? INT + 3−k
2

� 4x69L¶DBK$A ?-Â�NUl K$f0QBX&D~T <&D
QB<�TeK�?BA H5LMD � �04 ]-\ � <�? � �04 ]$y � d-O0<v>�<�?Y?B<v>�H5F~80A LMK$AeDYH5LjDY<�QRK'Â-DYH5A ?`O0L0<vDYH5FIFI<+Â,DYH5A ?`O0L0<vN;A i�b�QB<�LM>�<54,ÏEwMLad-O0<T <&DVJ5<&>@?B<�O0QRDvf0QBH5f0QB<&DvN;<k>�<&DVN;<�O;ºÃFjK�?BQBAe>�<&DUÂ >�K$Te>�O0T b&DvA LMN;b�f(<�LMN0K$FIFI<�L-?-Â f0O0AeDBDY<�L-?3Á�?BQB<j>�H5FIfMK$QRK$80T <&DUÂ
H5LkT <&D`L0H5QBFjK$T AeDY<9K$Oaf0QBb&K$TeK$80T <GfMK$QxT <&Dx>�H,<��k>�<�L-?RDxN;<VÅ0H5O0QBA <�Q � N;<vF Á�FI<vJ�K$T <�O0Q�K$8MDYH5T O0< � N;<9f0T OMDxf(<�?BA ?H5QRN;QB<54&Æ�H5O0Q�QBb&DYO0FI<�Q-ÂSTeKv>�H5F~80A LMK$AeDYH5L~T A L0b&K$A QB<�N;<�J,A <�L-?�O0L0<EDYH5FIFI<�f(H5O0Q�T <&D�N;b�J5<�T H5f0f(<�FI<�L-?RD"<�º;f0QBA FIb&D
KSJ5<&>½N;<&DkC­H5LM>@?BA H5LMD«>�H-DYA L,OMD � >�TeK5DBDY<µN;<�DY¼,FIb�?BQBA <

Ck � <�?«O0L0<�N;A i�b�QB<�LM>�<µf(H5O0QPT <&D«N;b�J5<�T H5f0f(<�FI<�L-?RD
<�º;f0QBA FIb&D�KSJ5<&>VN;<&DxC­H5LM>@?BA H5LMDEDYA L,OMD � >�TeK5DBDY<[N;<cDY¼,FIb�?BQBA < C(k + 1) � 4

 ~/'.0®&®&1h�"1h®�¯ ´Ì+-����%'1
C(NT + 1)

1-�
C(NT + 2)

Â
Ò LPC'K$A ?-Â0H5LPQB<�?BQBH5O0J5<vT <&D�F Á�FI<&Dx?=¼,f(<&DGN;<[>RWMK$FIfMDEd-O0<c>�<�O;ºPN;<&DE>�TeK5DBDY<&DEN;<[DY¼,FIb�?BQBA <

C1
<�?
C2

40Æ�H5O0Q
TeKI>�TeK5DBDY<

C(NT + 1)
Â0T <[>RWMK$FIfhD�l <�º;f0QBA FI<VDY<�T H5LµÂ

Ez(NT +1)q =

+∞∑

n=−∞
E′

z(NT +1),n(r)eiNT (n+ 1
2 )θ � �04 z5Ê �

KSJ5<&>
∀m ∈ N

∗ Â E′
z(NT +1),m(r) = E′

z(NT +1),−m(r) =
F(NT +1)qm(r)

2
� �04 z03 �

<�LPO;?BA T AeDBK$L-?GTeKtL0H$?RK�?BA H5L
E′

z1,n(r) = (Ez1q)nNT
(r)

4
Æ�H5O0QETeKI>�TeK5DBDY<

C(NT + 2)
Â0H5LPH58;?BA <�L-?cÂ

Ez(NT +2)q =
+∞∑

n=−∞
E′

z(NT +2),n(r)eiNT (n+ 1
2 )θ � �04 z-] �
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KSJ5<&>

∀m ∈ N
∗ Â E′

z(NT +2),m(r) = −E′
z(NT +2),−m(r) =

G(NT +2)qm(r)

2i
� �04 z5z �

<�LPO;?BA T AeDBK$L-?GTeKtL0H$?RK�?BA H5L
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ALGORITHME DE RECHERCHE DE neff

neff = un minima defdet

1. Evaluation deZ(L)
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Intégration par l’algorithme S
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Valeur deneff trouvée
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Sous-ensembleIi

• Critères d’arrêt de la recherche

CARTES DU CHAMP MODAL
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neff

fMK$QE<�LM>�K5N;QB<�FI<�L-?

DYH5L-?[N;b�?B<�QBFIA L0b&D[NUl O0L0<If0WMK5DY<IgaTml K$O;?BQB<54UÏpO0L0<If0WMK5DY<IN;<ITeKaQB<&>RW0<�QR>RW0<tN;H5L0L0b�<+ÂUA T"C'K$O;?[f0QBb&>�AeDY<�Q
d-O0<jTeKPC­H5LM>@?BA H5L

fdet
K$O;ºÃf(H5A L-?RDcNUl <�LM>�K5N;QB<�FI<�L-?[L l <&D=?~fMK5D[DY¼;D=?Bb�FjK�?BAed-O0<�FI<�L-?cb�J�K$T O0b�<If0O0AeDBd-O0<

>�<�QY?RK$A LMDEf(H5A L-?RDEf(<�O0J5<�L-?KÁ�?BQB<c>�H5L;C­H5LMN;OMDGKSJ5<&>V>�<�O;º«N;<cTeKIf0WMK5DY<[f0QBb&>�b&N;<�L-?B<54M{vK$LMDETml <�º;<�FIf0T <~N;<
TeKVwMo5O0QB<9�04 \ � > � � Â5T <&D f(H5A L-?RD 2

Â
3
<�?

5
f(H5O0Q T <&DBd-O0<�TeD TeKVC­H5LM>@?BA H5LkKcN;b=:Yg[b�?Bb9b�J�K$T O0b�<+Â$C­H5L-?`fMK$QY?BA <9N;<

TeK
(i+ 1) �

��� f0WMK5DY<54(69LPFIA L0A FIAeDY<[K$T H5QRDxT <VL0H5F~80QB<VNUl b�J�K$T OMK�?BA H5L«N;<VTeK~C­H5LM>@?BA H5L
fdet

>$l <&D=?Yn�g�n�N;A QB<
T <~L0H5F~80QB<~NUl A ?Bb�QRK�?BA H5L½N;<~TeKkQB<&>RW0<�QR>RW0<54��`<�?Y?B<~FIb�?BW0H;N;<~<&D=?vO0L0<tDYOM>�>�<&DBDYA H5L½N;<tN;b�f0TeK5>�<�FI<�L-?RDG<�?
N;<PÓ�H,H5FjD~N0K$LMD~T <af0TeK$L¢>�H5FIf0T <�º;<Pd-O0Axf(<�QBFI<�?Y?B<�L-?jN;<PDY<aQRK$f0f0QBH;>RW0<�Q-Â"N;<aFjK$L0A X�QB<kQBH580OMD=?B<+Â�N;<
Tml A LMN;Ae>�<P<�i�<&>@?BA CVN;O¢FIH;N;<54 ^;KÃQRK$f0AeN;A ?BbPN;<«>�H5L,J5<�QBo5<�LM>�<a>�H5LMN;A ?BA H5L0L0b�<afMK$QtT <aC'K5>@?B<�O0QjN;<PÓ�H,H5F
Â
FjK$AeD�b�o-K$T <�FI<�L-?EfMK$QET <VL0H5F~80QB<[N;<cN;b�f0TeK5>�<�FI<�L-?RD�<�i�<&>@?BO0b&DUÂ0QB<&D=?B<VL0b&K$L0FIH5A LMDxT A FIA ?Bb�<54

];4 � I =?>�@�A�B
C,D b�I�G^G�>\[YG�D�F�F�L�B�J W LXJ�>�I�LXG�D:M�B�=8b�W D��aD �v¸�TVD�l K$o5A ?PN;<ÃTml K5N0K$f;?RK�?BA H5LÔN;<ÃTeK�FIb�?BW0H;N;<µN;<
À�K$o5QRK$L0o5< � H5O~N;<`TeKEC'K$OMDBDY< f(H-DYA ?BA H5L � f(H5O0Q�N;<&D C­H5LM>@?BA H5LMD�gGJ�K$QBAeK$80T < QBb�<�T T <`K$O;ºVC­H5LM>@?BA H5LMD"gEJ�K$QBAeK$80T <>�H5FIf0T <�º;<54(À�KtC­H5LM>@?BA H5L½gkK$LMK$T ¼;DY<�QGN;<�J,A <�L-?9T <~N;b�?B<�QBFIA LMK$L-?vN;<cTeKjFjK�?BQBAe>�<

Z
(L)
i

b�J�K$T O0b�<c<�L
n′

eff<�?GL0H$?Bb�<IÂ
gdet(n

′
eff ) =

∣∣∣∣det
({

Z
(L)
i

}−1
)∣∣∣∣ (n′

eff )

69LkQRK$f0f(<�T T <G80QBA X�J5<�FI<�L-?`T <9f0QBA LM>�A f(<9N;<v>�<�?Y?B<9FIb�?BW0H;N;<9f(H5O0QxO0L0<GC­H5LM>@?BA H5L
g(ζ)

g[J�K$QBAeK$80T <GQBb�<�T T <54
À <«>�K$Te>�O0TE>�H5FIFI<�LM>�<«KSJ5<&>aN;<�O;ºÌf(H5A L-?RDtA L0A ?BAeK$O;º�Â

(ζ1, g1)
<�?

(ζ2, g2)
4`69L¶N;b�?B<�QBFIA L0<«T <Pf(H5A L-?
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�����	� �04 q �aÍE<&>RW0<�QR>RW0<VN;<[Ó�b�QBHIfMK$Q�TeKIFIb�?BW0H;N;<[N;<cÀ�K$o5QRK$L0o5< � >�K5DV3&{ �

NUl A L-?B<�QRDY<&>@?BA H5L¶<�L-?BQB<«Tml K�º;<hN;<&D
ζ
<�?jTeK�N;QBH5A ?B<«fMK5DBDBK$L-?IfMK$Qk>�<&DjN;<�O;º¢f(H5A L-?RD�4�69L¶<�L N;b&N;O0A ?kTeK

J�K$T <�O0QE<�º,?BQRK$f(H5T b�<
ζ3

N;OP?BQBH5AeDYA X�FI<vf(H5A L-?9gtb�J�K$T O0<�Q � QBb�o5QB<&DBDYA H5LaT A L0b&K$A QB< � Â

ζ3 = ζ1 −
ζ2 − ζ1
g2 − g2

g1 � �04 z5� �
À <&DVf(H5A L-?RD

(ζ2, g2)
<�?

(ζ3, g3)
>�H5LMD=?BA ?BO0<�L-?[O0L�L0H5O0J5<&K$O�>�H5O0f0T <If(H5O0Q[T <&d-O0<�T�H5L�QB<�TeK$LM>�<tO0L0<jQBb�n

o5QB<&DBDYA H5LIT A L0b&K$A QB<54,À�K[QB<&>RW0<�QR>RW0<GN;OaÓ�b�QBH~>�H5L-?BA L,O0<9K$A LMDYA5:=OMDBd-O l gcK�?Y?B<�A LMN;QB<9TeKcf0QBb&>�AeDYA H5LkDYH5O0WMK$A ?Bb�<54
^;K~>�H5L,J5<�QBo5<�LM>�<E<&D=?�N;A QB<&>@?B<�FI<�L-?�>�H5LMN;A ?BA H5L0L0b�<9fMK$Q`T <v>�H5FIf(H5QY?B<�FI<�L-?�N;<9TeK[C­H5LM>@?BA H5L�Â-FjK$AeD b�o-K$T <�n
FI<�L-?xfMK$Q`T <&D`N;<�O;ºjf(H5A L-?RD A L0A ?BAeK$O;ºU4;^,AMTeKcf(<�L-?B<9N;<9TeKcN;QBH5A ?B<9N;<9QBb�o5QB<&DBDYA H5Lt<&D=? ?BQBH5fIC'K$A 80T < � f(H5A L-?RD?BQBH5fjf0QBH;>RW0<&D � Â5TeKcJ�K$T <�O0Q`<�º,?BQRK$f(H5T b�< ζ3 QBAeDBd-O0<9N;<vD�l b�T H5A o5L0<�Q`N;OkÓ�b�QBHcQB<&>RW0<�QR>RW0b54$ÏÔTml A L,J5<�QRDY<+Â-DYAMT <&D
f(H5A L-?RDGDYH5L-?E?BQBH5fPb�T H5A o5L0b&DUÂ;T <cÓ�b�QBHIQBAeDBd-O0<[NUl Á�?BQB<[b�J,A ?Bb54M{vK$LMDEL0H$?BQB<c>�K5DEN;<[TeKIQB<&>RW0<�QR>RW0<VN;<

neff
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TeKtJ�K$QBAeK$80T <vQBb�<�T T <
ζ ∈ R

<&D=?EQB<�FIf0TeK5>�b�<vfMK$QETeKtJ�K$QBAeK$80T <V>�H5FIf0T <�º;<
n′

eff ∈ C
<�?GTeK~C­H5LM>@?BA H5L

g ∈ RN;<�J,A <�L-?
gdet ∈ R

40À <&D�QBb�o5QB<&DBDYA H5LMD`DYH5L-?EN;<&DEN;QBH5A ?B<&D ��>�H5FIf0T <�º;<&D � � N;A �k>�A T <&DEg~QB<�f0QBb&DY<�L-?B<�Q�DYO0QEO0LDB>RW0b�FjKIgIN;<�O;º«N;A FI<�LMDYA H5LMD � 4z04 � B�_
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C,D�F ��{vK$LMDET <&DEf0QB<�FIA X�QB<&D�J5<�QRDYA H5LMD�N;O«f0QBH5o5QRK$FIFI<+Â,Tml K$T o5H5QBA ?BW0FI<[NUl K�C n
wMLMK$o5<~N;<cTeKjQB<&>RW0<�QR>RW0<+ÂMK$f0QBX&DEA L0A ?BAeK$T AeDBK�?BA H5LhfMK$QGTeKk>�K$QY?B<~N;<~N;b�?B<�QBFIA LMK$L-?-ÂML l b�?RK$A ?V>�H5LMD=?BA ?BO0b~d-O0<
N;<VTml K$T o5H5QBA ?BW0FI<vK5DBDYH;>�A bvg~TeK~QBb�o5QB<&DBDYA H5LjT A L0b&K$A QB<V>�H5FIf0T <�º;<54;r½K$T W0<�O0QB<�OMDY<�FI<�L-?-Â;DYH5LaA L0A ?BAeK$T AeDBK�?BA H5L
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N;<aDY<&DcN;<�O;ºµf(H5A L-?RDcA L0A ?BAeK$O;ºU4"À�K«QB<&>RW0<�QR>RW0<tfMK$Qc<�LM>�K5N;QB<�FI<�L-?E:=H5O0<k>�<kQ �5T <54�'GL0<kQB<&>RW0<�QR>RW0<IfMK$Q
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TeKhQB<&>RW0<�QR>RW0<IfMK$Q[<�LM>�K5N;QB<�FI<�L-?~DYO0A ?tDYH5LÌ>�H5O0QRD�4"�`WMK5d-O0<I?B<�L-?RK�?BA J5<aN;<kQB<&>RW0<�QR>RW0<IfMK$QcQBb�o5QB<&DBDYA H5L
L l <&D=?GfMK5D`C­H5QR>�b�FI<�L-?G>�H �;?B<�OMDY<V<�LPL0H5F~80QB<VNUl A ?Bb�QRK�?BA H5L 4;Ò L«<�i�<�?-ÂMDYAUT <&DEN;<�O;ºaf(H5A L-?RD�A L0A ?BAeK$O;º«DYH5L-?
FjK$T >�H5LMN;A ?BA H5L0L0b&DUÂ;TeK~J�K$T <�O0QGN;<

n′
eff

<�º,?BQRK$f(H5T b�< � �04 z5� � L0b&>�<&DBDYA ?RK$L-?EK$OM>�O0L0<VA ?Bb�QRK�?BA H5L�Â;DYH5QY?EN;<VTeKÓ�H5L0<9N;Okf0TeK$La>�H5FIf0T <�º;<9K$O;?BH5QBAeDYb�<545À l K$T o5H5QBA ?BW0FI<9N;<GQB<&>RW0<�QR>RW0<EfMK$Q`QBb�o5QB<&DBDYA H5LtA L-?B<�QBf0QBX�?B<9K$T H5QRD >�<
QBb&DYO0T ?RK�?`>�H5FIFI<EO0Ljb&>RW0<&>$4 'GLkK$O;?BQB<E<&DBDBK$AMDY<�QRK9?B<�L-?Bb9K$OIf0QBH;>RWMK$A LIf(H5A L-?`NUl <�LM>�K5N;QB<�FI<�L-?&45À l <�º;f(b�n
QBA <�LM>�<9FIH5L-?BQB<vd-O0<9TeKcQB<&>RW0<�QR>RW0<GfMK$Q`QBb�o5QB<&DBDYA H5LjK$8(H5O;?BA ?�f0QB<&DBd-O0<vDY¼;D=?Bb�FjK�?BAed-O0<�FI<�L-?�N;X&D`T H5QRD`d-O0<
T <&DvN;<�O;º½f(H5A L-?RD9A L0A ?BAeK$O;ºÃDYH5L-?vK5N;b&d-OMK�?RD�4(Æ�K$QV>�H5LMDYb&d-O0<�L-?-Â(DYA�Tml A LMN;Ae>�<~<�i�<&>@?BA Cx<�º,?BQRK$f(H5T b~gkfMK$QY?BA Q
N;<&D9N;<�O;º«f(H5A L-?RDEA L0A ?BAeK$O;º«<&D=?980A <�L½>�H5L-?B<�L,OhN0K$LMDETeKjÓ�H5L0<cK$O;?BH5QBAeDYb�<+Â;TeKjQB<&>RW0<�QR>RW0<VfMK$QGQBb�o5QB<&DBDYA H5L
>�H5L,J5<�QBo5<�?BQBX&D J,A ?B<9J5<�QRD Tml A LMN;Ae>�<9<�i�<&>@?BA C"N;OkFIH;N;<

neff
:=OMDBd-O l gcTeKcf0QBb&>�AeDYA H5LkN;<�FjK$LMN;b�<545¸�T�DY<�F~80T <

80A <�LÌd-O0<k>�<&DcN;<�O;º�FIb�?BW0H;N;<&DcN;<kQB<&>RW0<�QR>RW0<jDYH5A <�L-?c>�H5FIf0T b�FI<�L-?RK$A QB<&D[N0K$LMDcT <jf0QBA LM>�A f(<54"{9O�C'K$A ?
d-O0<jTeKPQB<&>RW0<�QR>RW0<~fMK$Q[<�LM>�K5N;QB<�FI<�L-?[DY<jQRK$f0f0QBH;>RW0<~A L0<�º;H5QRK$80T <�FI<�L-?[N;O�FIA L0A F~O0F
Â O0L�>�H5O0f0T <jN;<
f(H5A L-?RDEA L0A ?BAeK$O;ºaf(H5O0QGTeKtQB<&>RW0<�QR>RW0<9fMK$QEQBb�o5QB<&DBDYA H5LjwML0A ?G?BH5O�:=H5O0QRDxfMK$Q�Á�?BQB<v?BQBH5O0J5b54

À�KGQB<&>RW0<�QR>RW0< D�l K$QBQnÁ�?B<`N;X&D�d-O l O0LtN;<&D"N;<�O;º~>�QBA ?BX�QB<&D�DYO0A J�K$L-?RD�<&D=?�QB<&DYf(<&>@?Bb9ÂSTeKEC­H5LM>@?BA H5L
fdet

K9N;b&>�QBOtNUl O0L
C'K5>@?B<�O0Q`K$QB80A ?BQRK$A QB< Af

Â5H5OITeKVf0QBb&>�AeDYA H5LjN;<
log (neff )

<�LIfMK$QY?BA <EQBb�<�T T <EH5OjA FjK$o5A LMK$A QB<EK�?Y?B<�A L-?`O0L0<GJ�K$T <�O0Q
K$QB80A ?BQRK$A QB<xA L;C­b�QBA <�O0QB<9g −Ap

4-Æ T OMD f0QBb&>�AeDYb�FI<�L-?-Â$H5LjL0H$?B<
neff,ini

T <GFIA L0A FjKV?BQBH5O0J5b�fMK$Q`Tml A L0A ?BAeK$T AeDBK�?BA H5L
� >�K$QY?B<tN;<tN;b�?B<�QBFIA LMK$L-? � Â�f0O0AeD neff,i−1

<�?
neff,i

QB<&DYf(<&>@?BA J5<�FI<�L-?vT <&D
(i − 1) �

��� <�?
i �
��� A ?Bb�QRK�?BA H5LMDvN;<



3SÄ5] � � ������
��	�	�/�,� � ��������������� ��� ������� ��
	
a� �"�N��� ��� 
	�	� ���	�a�����#�	����� �������V� � ����
	
a���
TeKkQB<&>RW0<�QR>RW0<54(À l K$T o5H5QBA ?BW0FI<tN;<tQB<&>RW0<�QR>RW0<~N;<

neff
D�l A L-?B<�QBQBH5FIf;?VDYA

fdet(neff,i) < 10Af fdet(neff,ini)
Â

H5Oa80A <�L«DYA |ℜe (neff,i) −ℜe (neff,i−1)| < 10−Ap
H5Oa<�LM>�H5QB< |ℑm (neff,i) −ℑm (neff,i−1)| < 10−Ap
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{vK$LMDx?BH5OMD�T <&DG>�K5DUÂ,TeKIJ�K$T <�O0QGK$f0f0QBH;>RW0b�<VN;<VTml A LMN;Ae>�<[<�i�<&>@?BA C N;O«FIH;N;<[N;<�J,A <�L-?

neff = neff,i

�20��80m¥ �µ���Y�U�9�t�G���¢�����;�;���¢�9� ��6G� *p� *p�E�G���
À <&Dv>�K$QY?B<&D9N;Oµ>RWMK$FIf½FIH;N0K$T�DYH5L-?vQBb&K$T AeDYb�<&D9K$f0QBX&D9TeKaN;b�?B<�QBFIA LMK�?BA H5LÃN;<tTml A LMN;Ae>�<t<�i�<&>@?BA C

neff
N;OÃFIH;N;<+Â
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] DYO0QGTml A L-?B<�QYC'K5>�<

r = rL
f(H5O0QGTml A L-?Bb�o5QRK�?BA H5L«gt?BQRKSJ5<�QRDxTeKjN;<�QBL0A X�QB<c>�H5OM>RW0<~^�40Æ�H5O0QGT <~>�K5D

N;<9TeK~N;A i�QRK5>@?BA H5L�Â-A TeDxDY<9N;b&N;O0AeDY<�L-?�N;OP>RWMK$FIfkA LM>�AeN;<�L-?�N;<9TeKcQBb�o5A H5L
(ext)

fMK$QxTeK[QB<�TeK�?BA H5L � z04 3&Ê,\ � 45Ò LaQBb�o5A FI<FIH;N0K$T2Â�A TeDVN;<�J,A <�L0L0<�L-?[T <&DvJ5<&>@?B<�O0QRD9f0QBH5f0QB<&DvK5DBDYH;>�A b&DvgaTeKaJ�K$T <�O0Qvf0QBH5f0QB<~L,O0T T <jN;<tTeKaFjK�?BQBAe>�<
Z

(L)
i

b�J�K$T O0b�<
<�L

neff � �04 y � 4&'GL½K$T o5H5QBA ?BW0FI<cK$f0f0QBH5f0QBA bVf(<�QBFI<�?vNUl <�i�<&>@?BO0<�Qv>�<�?Y?B<[?�]5>RW0<54(À <&DG>RWMK$FIfMDGA L0A ?BAeK$O;º [A(js)(rs)
]

K$O;ºIK$O;?BQB<&D�A L-?B<�QYC'K5>�<&D
r = rs � s ∈ [1, L− 1] � D�l <�LkN;b&N;O0AeDY<�L-? fMK$Q TeKVQB<�TeK�?BA H5LjN;<EQBb&>�O0QBQB<�LM>�< � z04 3&Ê5� � 4,�`H5L-?BQRK$A nQB<�FI<�L-?VgaTeKaN;A i�QRK5>@?BA H5L�Â�H5L½L l O;?BA T AeDY<IN;H5LM>~fMK5D9TeKkQB<�TeK�?BA H5L � z04 3&Ê,\ � >�K$Q9<�T T <IN;<�J,A <�L-?VO0LµDY¼;D=?BX�FI<~W0H5FIH5o5X�L0<

f(H5O0QE>RWMK5>�O0L0<vN;<V>�<&DxA L-?B<�QYC'K5>�<&D�4-¸�T�L0<9C'K$O;?EfMK5D`H5O080T A <�Q�T <&DxFjK�?BQBAe>�<&Dx>�H5T H5L0L0<&D [
B(js)(rs)

] >�K$Te>�O0T b�<&Dxg~fMK$QY?BA Q
N;< [

A(js)(rs)
] o5Q�]5>�<IgPTml b&d-OMK�?BA H5L � z04 3&Ê5q � ÂUd-O0A f(<�QBFI<�?Y?B<�L-?~KSJ5<&> [A(js)(rs)

] N;<kN;b&>�QBA QB<j>�H5FIf0T X�?B<�FI<�L-?[T <&D
>RWMK$FIfMD�4�Ò L;wML�Â$O0L0<�C­H5AeD�D=?BH;>$#5b&D�?BH5OMD�T <&D�>�H,<��k>�A <�L-?RD�N;<GÅ0H5O0QBA <�Q�N;Oj>RWMK$FIftFIH;N0K$T0>�K$Te>�O0T b&D�DYO0Q�T <&D�A L-?B<�QYC'K5>�<&D
NUl A L-?Bb�o5QRK�?BA H5L

Crk

Â(H5Lhf(<�O;?[N;b�?B<�QBFIA L0<�Q9TeKjJ�K$T <�O0QvN;OÃ>RWMK$FIfh<�L½L l A FIf(H5QY?B<~d-O0<�T"f(H5A L-?VN;<~TeKjÓ�H5L0<cFIH;N;O0T b�<
fMK$Q[A L-?B<�QBf(H5TeK�?BA H5LµT A L0b&K$A QB<I<�L-?BQB<jN;<�O;ºµ>�¼,T A LMN;QB<&D

Crk
� z04 3&Ê5y � 4�¸�T <&D=?cA FIf(H5QY?RK$L-?cN;<jL0H$?B<�Qcd-O0<jT <j>�K$Te>�O0T`N;O>RWMK$FIfP<�LP?BH5O;?Gf(H5A L-?9NUl O0L0<c>�K$QY?B<v<&D=?GAeDBDYO«N;<[TeKIN;b�?B<�QBFIA LMK�?BA H5LhN;<&D�J5<&>@?B<�O0QRD�f0QBH5f0QB<&D [

A(jL)(rL)
] N;<

Z
(L)
i

4
ÏGA LMDYA2ÂMA T�<&D=?vN;b�wML0A"gIO0L«C'K5>@?B<�O0Q9F~O0T ?BA f0T Ae>�K�?BA C�f0QBX&D�4MÆ�K$Q9>�H5LMDYb&d-O0<�L-?-ÂM>RWMK5>�O0L0<cN;<&DG>�K$QY?B<&DGN;O½>RWMK$FIf«FIH;N0K$T
<&D=?xL0H5QBFjK$T AeDYb�<GfMK$QxDBKcJ�K$T <�O0QxFjK�º;A FjK$T <+Â-N;<9?B<�T T <vDYH5QY?B<9d-O0<vT <&D`J�K$T <�O0QRD`N;<&Dx>RWMK$FIfMD`b�J5H5T O0<�L-?xDYO0QxTml A L-?B<�QBJ�K$T T <
[0, 1]

4
�20��80 . �µ���Y�U�9�t�G���=���9�Y�-�[� �M�,�=�`� *p�E�G���=�

À l b�?BOMN;<`N;OVf0W0b�L0H5FIX�L0<`N;<`N;AeDYf(<�QRDYA H5LVFIH;N0K$T <�<�º;A o5<�TeKEN;b�?B<�QBFIA LMK�?BA H5L[N;< Tml A LMN;Ae>�< <�i�<&>@?BA CMDYO0Q O0L[A L-?B<�QBJ�K$T T <
N;<GT H5L0o5O0<�O0QxNUl H5LMN;<54;�`WMK5d-O0<GA ?Bb�QRK�?BA H5Ljg[O0L0<9T H5L0o5O0<�O0Q`NUl H5LMN;<9N;H5L0L0b�<9>�H5QBQB<&DYf(H5LMNtg[O0L0<9QB<&>RW0<�QR>RW0<EN;<

neff>�H5FIFI<kN;b&>�QBA ?cN0K$LMD[TeK«DY<&>@?BA H5L��04 �M4 3 � 8(H5OM>�T <kDYO0Q λ Â J5H5A QVwMo5O0QB<j�04 � � 4 Á�H5O;?B<�C­H5AeDUÂ H5Lµf(<�O;?~b�J,A ?B<�Q[O0L�>�K$Te>�O0T
DY¼;D=?Bb�FjK�?BAed-O0<hN;<hTml A L0A ?BAeK$T AeDBK�?BA H5L N;<hTeK�QB<&>RW0<�QR>RW0<PfMK$QjO0L0<h>�K$QY?B<hN;<½N;b�?B<�QBFIA LMK$L-?-Â`>�H �;?B<�OMDY<«<�L¶?B<�FIfMDkN;<
>�K$Te>�O0Tm45Æ�H5O0Qx>�<�TeK'Â5H5Lk<�º,?BQRK$f(H5T <ETeKcJ�K$T <�O0QxN;<

neff
NUl O0L0<9A ?Bb�QRK�?BA H5L � N;<9TeKc8(H5OM>�T <9DYO0Q λ � Â;g[fMK$QY?BA QxN;<&D A LMN;Ae>�<&D<�i�<&>@?BA C'DxN;<&D A ?Bb�QRK�?BA H5LMD f0QBb&>�b&N;<�L-?B<&D�45ÏGA LMDYA2Â-Tml A L0A ?BAeK$T AeDBK�?BA H5LkD�l <�i�<&>@?BO0<9fMK$Q`T <9>�K$Te>�O0T(N;<v>�K$QY?B<&D N;<9N;b�?B<�QBFIA LMK$L-?

f(H5O0Q9T <&DvN;<�O;ºhf0QB<�FIA X�QB<&DEA ?Bb�QRK�?BA H5LMD�4(r½K$AeD9H5L½N;AeDYf(H-DY<~NUl O0LµK$T o5H5QBA ?BW0FI<cNUl <�º,?BQRK$f(H5TeK�?BA H5Lhf(H5T ¼,L��5FIAeK$T <[f(H5O0Q
T <&D[K$O;?BQB<&D9A ?Bb�QRK�?BA H5LMD�4�Æ�K$QVf0QBb&>�K$O;?BA H5L�ÂUDYA�TeKPJ�K$T <�O0QV<�º,?BQRK$f(H5T b�<tN;<

neff
N;<�FI<�O0QB<t?BQBH5fÃb�T H5A o5L0b�<IN;<ITml A LMN;Ae>�<

<�i�<&>@?BA C�QBb�<�T � b&>RW0<&>GN;<9TeKcQB<&>RW0<�QR>RW0< � Â$T <9f0QBH5o5QRK$FIFI<EQB<&>�H5O0QY?`g~N;<&D`>�K$QY?B<&D`N;<vN;b�?B<�QBFIA LMK$L-?xKSJ5<&>ETeK[f(H-DBDYA 80A T A ?BbNUl <�i�<&>@?BO0<�Q9N;<&D�Ó�H,H5FjD � H5OPTml A L,J5<�QRDY< � N;<[TeKtQBb�o5A H5LPN;O«f0TeK$L«>�H5FIf0T <�º;<[>�H5LMDYAeN;b�QBb�<54ÏGf0QBX&D�KSJ5H5A Qxb�º;b&>�O;?BbVTeKtQB<&>RW0<�QR>RW0<VN;<VTml A LMN;Ae>�<V<�i�<&>@?BA C NUl O0LPFIH;N;<[DYO0QEO0L0<[f0TeK$o5<VN;<VT H5L0o5O0<�O0QENUl H5LMN;<+Â;H5L
N;b&N;O0A ?EN;<9TeKVC­H5LM>@?BA H5L

neff (λ)
Â,T <v>�H,<��k>�A <�L-?xN;<VN;AeDYf(<�QRDYA H5Lk>RW0QBH5FjK�?BAed-O0<

D(λ)
Â0N;A ?�DYA FIf0T <�FI<�L-? ��N;AeDYf(<�QRDYA H5L

>RW0QBH5FjK�?BAed-O0< �hÂ;d-O0A D�l <�º;f0QBA FI<[DY<�T H5LµÂ

D(λ) = −λ
c

∂2ℜe (neff )

∂λ2
� �04 z,\ �

H��
c
<&D=?PTeK¢>�b�T b�QBA ?BbµN;<ÃTeKÌT O0FIA X�QB<�N0K$LMDaT <ÃJ,AeN;<54EÀ <µN;AeDYf(<�QRDYA H5LÔ>RW0QBH5FjK�?BAed-O0<½<&D=?hDYH5O0J5<�L-?a<�º;f0QBA FIb�<Ã<�L

ps/nm/km � DYA [c] = km/ps
<�?

[λ] = nm � 4 �`<�?Y?B<Po5QRK$LMN;<�O0Q~>�K$QRK5>@?Bb�QBAeDY<jTml b�TeK$QBo5AeDBDY<�FI<�L-?c?B<�FIf(H5QB<�T�NUl O0L0<A FIf0O0TeDYA H5LÔK$OÔ>�H5O0QRDkN;<ÃDBK�f0QBH5fMK$o-K�?BA H5L DY<�T H5L Tml K�º;<ÃN;<½TeK�wM80QB< � J5H5A QkTml K$L0L0<�º;<�� � 4E^,O0A J�K$L-?aTeK�f0TeK$o5<½N;<
T H5L0o5O0<�O0QkDYH5O0WMK$A ?Bb�<«f(H5O0QjTeK�>�H5FIF~O0L0Ae>�K�?BA H5L¶H5f;?BAed-O0< � DYH5O0J5<�L-?kN0K$LMDITml A L;C­QRK�n³QBH5O0o5<+Â�J5H5A QB<PT <hJ,AeDYA 80T < � Â <�T T <f(<�O;?�Á�?BQB<jFIH;N;O0T b�<jfMK$Q[Tml <�LMDY<�F~80T <kN;<&D[fMK$QRK$FIX�?BQB<&DvH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DVN;<jTeKPwM80QB<54UÆ�H5O0QcT <&DcÅ�6vr½D � J5H5A Q



� � � ����� ���Z�	� ����� ���a�	������� � 
Y�#
Y��� � �����#� � ����
	
a�#����� ������������������� ��� 3SÄ$z
>RWMK$f0A ?BQB<IDYO0A J�K$L-? � Â Tml <�LMDY<�F~80T <jN;<j>�<&DVfMK$QRK$FIX�?BQB<&Dv<&D=?[L0<�?Y?B<�FI<�L-?cf0T OMDVJ�K$QBA bjd-O0<j>�<�T O0A`NUl O0L0<twM80QB<IH5f;?BAed-O0<>�H5L,J5<�L-?BA H5L0L0<�T T < � gaDBK$O;?[NUl A LMN;Ae>�< � Â�QBb�J5b�TeK$L-?vK$A LMDYA"O0LµN;<&D9o5QRK$LMN0D9A L-?Bb�QnÁ�?RDvN;<~Tml b�?BOMN;<IN;<I>�<~o5<�L0QB<tN;<~wM80QB<&D
H5f;?BAed-O0<&D�4

�_£�� �Z¨�­>ª]­·¶�¨ ³J´<½A«A¶�´%ª]«A±<µ ­�¸�º°¸�µ�¨ ��¥�º»¨ ±#"�ª]«�! ¸�¨ ©�±<µl³<¨�µ�ª]«A±<µ�µ�¨�½A½A¨
À�K«QBb&DYH5T O;?BA H5L�N;OÌf0QBH580T X�FI<jFIH;N0K$T`fMK$QcTeKhFIb�?BW0H;N;<aN;A i�b�QB<�L-?BA <�T T <aJ�K
Á�?BQB<kJ�K$T AeN;b�<aDYO0Q~TeK«F Á�FI<PD=?BQBOM>@n

?BO0QB<k>�¼,T A LMN;QBAed-O0<kd-O0<a>�<�T T <jb�?BOMN;A b�<k<�L�N;A i�QRK5>@?BA H5L � J5H5A Q~DY<&>@?BA H5L�z04 Ä � Â O0LÌ>�¼,T A LMN;QB<k>�A QR>�O0TeK$A QB<IQB<�FIf0T AxNUl O0L
FjK�?Bb�QBAeK$OaW0H5FIH5o5X�L0<9<�?�AeDYH$?BQBH5f(<54,¸�TUD�l AeN;<�L-?BA wM<VAe>�AUg~O0L0<vwM80QB<vH5f;?BAed-O0<V>�H5L,J5<�L-?BA H5L0L0<�T T <vgtDBK$O;?ENUl A LMN;Ae>�<[N;H5L-?
T <&DIFIH;N;<&DjDYH5L-?kN;b&>�QBA ?RDjDY<�FIA n�K$LMK$T ¼-?BAed-O0<�FI<�L-?IfMK$QITeKÃ?BW0b�H5QBA <«80A <�L >�H5L0L,O0<hN;<&DIo5O0AeN;<&DjNUl H5LMN;<&D�4 {vK$LMDIO0L
f0QB<�FIA <�Qx?B<�FIfMDUÂ0L0H5OMDEN;H5L0L0<�QBH5LMD�d-O0<�Ted-O0<&DxQBb&DYO0T ?RK�?RD�f(H5O0Q�T <c>�¼,T A LMN;QB<V>�<�L-?BQBb[DYO0QETml H5QBA o5A L0< � d-O0AUL0<[L0b&>�<&DBDYA ?B<K$OM>�O0L0<vA L-?Bb�o5QRK�?BA H5L � 40�`<�?Y?B<Vb�?BOMN;< � DY<&>@?BA H5LP�04 Ä;4 3 � f0QBb&DY<�L-?B<�QRKcf0T OMDYA <�O0QRD`A L-?Bb�QnÁ�?RD�4;Á�H5O;?ENUl K$8(H5QRN>Â,<�T T <vf(<�QBFI<�?N;<GQRK$f0f(<�T <�Q 80QBA X�J5<�FI<�L-?`d-O0<�Ted-O0<&D�L0H$?BA H5LMD N;<G8MK5DY< � >�H5O0f0O0QB<&DUÂ5>�TeK5DBDY<&D N;<GFIH;N;<&D`À Æ»Â 4 4 4 � DYO0Qx>�<�?=¼,f(<9N;<EwM80QB<54Ò LMDYO0A ?B<+Â(L0H5OMDEL0H5OMDG>�H5LM>�<�L-?BQB<�QBH5LMDEDYO0QGT <&DEFIH;N;<&D9gtC­O0A ?B<&D � gIf(<�QY?B<&D � 4(ß9K$80A ?BO0<�T T <�FI<�L-?-Â(>�<&DGFIH;N;<&DGK�?Y?BA QB<�L-?f(<�O½Tml K�?Y?B<�L-?BA H5LÃN;<&D9DB>�A <�L-?BA w(d-O0<&D9b�?RK$L-?vN;H5L0L0b�<cT <�O0QvLMK�?BO0QB<~gjf(<�QY?B<&DUÂ(FjK$AeDGA TeDvD�l KSJ5X�QB<�QBH5L-?�L0b&>�<&DBDBK$A QB<&DGgjTeK
>�H5FIf0QBb�W0<�LMDYA H5LÃN;Oµf0W0b�L0H5FIX�L0<Id-O0<tL0H5OMDVKSJ5H5LMD9H58MDY<�QBJ5b~N0K$LMDvT <&DVÅ�6vr½DVN;<t?=¼,f(<IÏ9ÍGÍG6�� � DY<&>@?BA H5LÌ\,4 � � 4Ò L;wML�ÂU>�H5FIFI<tf(H5O0QvTeKaN;A i�QRK5>@?BA H5L�Â�>�<&D9QBb&DYO0T ?RK�?RDvDY<�QBJ,A QBH5L-?9N;<tQBb�C­b�QB<�LM>�<cf(H5O0QVJ�K$T AeN;<�Qv>�<�O;º½H58;?B<�L,OMD9fMK$Q9TeK
FIb�?BW0H;N;<~N;A i�b�QB<�L-?BA <�T T <cDYO0QGT <[F Á�FI<~>�¼,T A LMN;QB<[FjK$AeDE<�º0>�<�L-?BQBb&D�fMK$QGQRK$f0f(H5QY?GgITml H5QBA o5A L0<540À�Kj>�H5FIfMK$QRK$AeDYH5LPN;<&D
QBb&DYO0T ?RK�?RD�<�L-?BQB<[>�<&DEN;<�O;º«>�H5L;wMo5O0QRK�?BA H5LMD C­<�QRKtTml H58;:=<�?9N;<VTeKjDY<&>@?BA H5L«�04 Ä;4 ];4

�20��20Y¦ �Ã£G�Y�Y�9�G�0� �U�=�M�U�9�=���=�0�������`�;��4��,�G�*���­� �M� �`�Y�G�
ÕP1,®&#$��%­Ö"�&%'�(� �"1½/'.�3�5"��1½�MÖ"�&%'°U!"1½+-�&!"�"%'+,1 Â

�GH5OMD�f0QB<�L0H5LMD D=?BQBAe>@?B<�FI<�L-? T <EF Á�FI<9>�¼,T A LMN;QB<E>�A QR>�O0TeK$A QB<Ed-O0<G>�<�T O0AMb�?BOMN;A bGN0K$LMD�TeK[DY<&>@?BA H5Ljz04 Ä;4 ]vKSJ5<&>`T <&DF Á�FI<&DvL0H$?RK�?BA H5LMD9f(H5O0Qv?BH5O;?B<&DvT <&Dvo5QRK$LMN;<�O0QRDGH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&D � J5H5A Q9wMo5O0QB<Iz04 353 � 4�À <&DvfMK$QRK$FIX�?BQB<&DDYH5L-?GK$T H5QRDvÂ
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neff

Af

�
Ap

�
À <jC'K$A ?tN;<P>�H5L;C­H5LMN;QB<jTml H5QBA o5A L0<kN;OÌQB<�f(X�QB<kKSJ5<&>IT <a>�<�L-?BQB<aN;<kTeK½DY<&>@?BA H5L�>�A QR>�O0TeK$A QB<kK�?Y?BQBA 80O0<aghTeKhQB<�n
f0QBb&DY<�L-?RK�?BA H5LÌo5b�H5FIb�?BQBAed-O0<PN;<«TeKÃwM80QB<PO0L0<hDY¼,FIb�?BQBA <«N;O¢?=¼,f(<

C∞v
d-O0AEA FIf0T Aed-O0<«O0L0<hDYH5OMD=n³f(b�QBA H;N;<

K$L0o5O0TeK$A QB<GL,O0T T < � NT → +∞ � 4;{vK$LMDxTeKcFIb�?BW0H;N;<[N;A i�b�QB<�L-?BA <�T T <+Â-A TU<&D=?xA LM>�H5LM>�<�J�K$80T <VN;<V>�H5LMD=?BQBO0A QB<GTml <�L;nDY<�F~80T <GA L;wML0A�N;<&D`DYH5OMD=nmC'K$FIA T T <&D
Ii
N;<&D`H5QRN;QB<&D N;<&D`>�H,<��k>�A <�L-?RD`N;<vÅ0H5O0QBA <�Qx>�H5O0f0T b&D`N;<&D`>RWMK$FIfMDUÂ-NUl K$f0QBX&D

TeK«N;b�wML0A ?BA H5L � �04 3SÄ � KSJ5<&> NT = +∞ 4/�GH5OMDcKSJ5H5LMDVK$T H5QRDV>RW0H5AeDYA`N;<jL0<jfMK5DVf0QB<�LMN;QB<j<�L�>�H5FIf;?B<k>�<�?Y?B<
DY¼,FIb�?BQBA <�N;<ETeKVD=?BQBOM>@?BO0QB<+Â�>�<Gd-O0A;QB<�J,A <�L-? gV>�H5LMDYAeN;b�QB<�Q"O0L0<GDY¼,FIb�?BQBA <

C1 � N;<Ef(b�QBA H;N;Ae>�A ?BbGK$L0o5O0TeK$A QB<`b�o-K$T <g
2π � 4,Ò LPH5O;?BQB<+Â,A T�L l ¼kKcfMK5D�N;<vÓ�H5L0<9FIH;N;O0T b�<+Â0N;H5LM>9K$OM>�O0L0<VN;AeDB>�QBb�?BAeDBK�?BA H5Lk<�LP>�H5OM>RW0<V^�4;À�K~FjK�?BQBAe>�<

Z
(L)
1 = Z

(1)
1 = Z

D�l AeN;<�L-?BA wM<cK$T H5QRD�gPÂ
Z =

{
T

(c)
11

}−1

DY<�T H5L�TeKhQB<�TeK�?BA H5L � z04 \�� � KSJ5<&> S(L)
12 = S

(1)
12 = 0

4"ÏGA LMDYA2Â�?BH5OMDcT <&DcFIH;N;<&D~N;<P>�<�?Y?B<jwM80QB<kH5f;?BAed-O0<PDYH5L-?
N;b&>�QBA ?RD�fMK$QE>�<�?Y?B<[FjK�?BQBAe>�<

Z
4MÀ�KtFjK�?BQBAe>�<[N;<v?BQRK$LMDYFIAeDBDYA H5L

T (c) <&D=?9N;H5L0L0b�<VfMK$QETeKtQB<�TeK�?BA H5L � z04 35353 � 4Æ�H5O0QkO0L0<½wM80QB<Ã>�H5L,J5<�L-?BA H5L0L0<�T T <hgÌDBK$O;?PNUl A LMN;Ae>�<+ÂxH5L*QRK$f0f(<�T T <Ãd-O0<½Tml A LMN;Ae>�<Ã<�i�<&>@?BA C~NUl O0LÔFIH;N;<½<&D=?DYH5T O;?BA H5L«N;<VTml b&d-OMK�?BA H5L«N;<cN;AeDYf(<�QRDYA H5L � fMK$o5<c]5Ä$ztN;<[TeKtQBb�C­b�QB<�LM>�< O ];3�P � Â
[

J ′
ν(u)

uJν(u)
+

K′
ν(w)

wKν(w)

]

[

J ′
ν(u)

uJν(u)
+
n2

mat

n2
cyl

K′
ν(w)

wKν(w)

]

=

(

νneff

ncyl

)2 (

V

uw

)4 |/��s)�






u2 = (k0R)2
(

n2
cyl − n2

eff

)

w2 = (k0R)2
(

n2
eff − n2

mat

)

V 2 = u2 + w2

� �4f �-���À�K«o5QRK$LMN;<�O0Q
V

<&D=?~K$f0f(<�T b�<jTeK �RC­QBb&d-O0<�LM>�<IL0H5QBFjK$T AeDYb�< ��4"�`W0<�QR>RW0<�Q
neff

d-O0A`J5b�QBA wM<
det
(
Z−1

)
= 0NUl K$f0QBX&D � �04 3&Ê � QB<�J,A <�L-? A FIf0T Ae>�A ?B<�FI<�L-?xgVQBb&DYH5OMN;QB<E>�<�?Y?B<Gb&d-OMK�?BA H5L � �04 z5q � 45À <9>RWMK$FIfIb�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<
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a���
FIH;N0K$T D�l <&>�QBA ?GDYH5OMD�TeK~C­H5QBFI< � �04 3 � 40À <c>�K$Te>�O0T K$LMK$T ¼-?BAed-O0<VFIH5L-?BQB<Vd-O0<[TeKtfMK$QY?BA <v?BQRK$LMDYJ5<�QRDY< A(r, θ)

N;<&D
>�H5FIf(H-DBK$L-?B<&D�<�L

z
D�l <�º;f0QBA FI<�g9Tml K$AeN;<�N;<&D�C­H5LM>@?BA H5LMD�N;< � <&DBDY<�T,N;<�f0QB<�FIA X�QB<&D�<&DYf(X&>�<&D

Jν
<�?
Kν � ν ∈ N � Â





Ez(r, θ) = Ez,0
Jν( u

R
r)

Jν(u) fν(θ)
DYA

0 ≤ r ≤ R

Ez(r, θ) = Ez,0
Kν(w

R
r)

Kν(w) fν(θ)
DYA
r > R

� �04 z5y �
KSJ5<&>

fν(θ) = cos(νθ)
H5O

sin(νθ)
4�'GL*FIH;N;<½<&D=?PN;H5LM>½>�K$QRK5>@?Bb�QBAeDYb«fMK$QaDYH5L*H5QRN;QB<hK$Ó�A F~O;?RK$T

ν
d-O0A

N;b&>�QBA ?[TeKPDY¼,FIb�?BQBA <jK$L0o5O0TeK$A QB< � DY<�T H5L θ � N;<&D[>�H5FIf(H-DBK$L-?B<&Dv<�L z N;O�>RWMK$FIf 4UÆ�K$Q[>�H5FIfMK$QRK$AeDYH5LÃKSJ5<&>~T <
N;b�J5<�T H5f0f(<�FI<�L-?GN;<&D9>RWMK$FIfMD�O;?BA T AeDYb~N0K$LMD�TeKIFIb�?BW0H;N;<~N;A i�b�QB<�L-?BA <�T T < � z04 3&Ê � Â0H5LhDY<[QB<�LMN«>�H5FIf;?B<cd-O0<[T <DYf(<&>@?BQB<EN;<EÅ0H5O0QBA <�Q�NUl O0LIFIH;N;<GNUl H5QRN;QB<�K$Ó�A F~O;?RK$T

ν
L l <&D=? >�H5LMD=?BA ?BO0bEd-O0<GN;<EN;<�O;ºIK$FIf0T A ?BOMN;<&D�L0H5LtL,O0T T <&D

K$O;ºµH5QRN;QB<&D
n = −ν <�?

ν
4�Ò L¢K$f0f0T Aed-OMK$L-?cT <&DcQB<�TeK�?BA H5LMDcNUl Ò O0T <�QtK$O;ºÃC­H5LM>@?BA H5LMD~>�H-DYA L,OMD[<�?tDYA L,OMDcN;<&D

<�º;f0QB<&DBDYA H5LMD � �04 z5y � Â-H5LaFIH5L-?BQB<Vd-O0<V>�<&D�N;<�O;ºaK$FIf0T A ?BOMN;<&D�DYH5L-?�b�o-K$T <&D`<�LaJ�K$T <�O0QEK$8MDYH5T O0<+Â-QBb�<�T T <&Dxf0O0QB<&D<�?IN;<aF Á�FI<«DYA o5L0< � >�H-DYA L,OMD � H5OÌA FjK$o5A LMK$A QB<&D[f0O0QB<&D~<�?IN;<«DYA o5L0<&DcH5f0f(H-DYb&D � DYA L,OMD � 4�ÏGA LMDYA2Â"Tml H5QRN;QB<aN;<?BQBH5LM>�K�?BO0QB<�FjK�º;A FjK$TMN;<&D`N;b�J5<�T H5f0f(<�FI<�L-?RD
N
f(<�QBFI<�?xNUl <�i�<&>@?BO0<�Q`O0L0<9DYb�T <&>@?BA H5LkN;<GFIH;N;<&D�4;69LIL0<Gf(<�O;?

N;b�?B<&>@?B<�Q[<�?~K$LMK$T ¼;DY<�QVd-O0<jT <&DVFIH;N;<&DcNUl H5QRN;QB<&DVK$Ó�A F~O;?RK$O;ºh?B<�TeDcd-O0<
ν ∈ [1, N ]

4�{vK$LMDVL0H$?BQB<I<�º;<�FIf0T <+Â
H5LhL0<cf(H5O0QBQRKIb�?BOMN;A <�Qvd-O0<cT <&D9FIH;N;<&D9NUl H5QRN;QB<&DGK$Ó�A F~O;?RK$O;ºPA L;C­b�QBA <�O0QRD9gaÄPÂ(>�<~d-O0A"D�l KSJ5X�QB<�QRK~TeK$QBo5<�FI<�L-?
DYO��kDBK$L-?&4�À <&D~FIH;N;<&DIDYH5L-?I>�TeK5DBDYb&D~<�L¶d-OMK�?BQB<ao5QRK$LMN;<&D[C'K$FIA T T <&D�4�À H5QRDBd-O0<

ν = 0
H5LÌFIH5L-?BQB<«d-O0<aT <&D

>RWMK$FIfMD~b�T <&>@?BQBH5FjK$o5L0b�?BAed-O0<&D~DY<«N;b&>�H5O0f0T <�L-?I<�L¶N;<�O;ºÌf(H5TeK$QBAeDBK�?BA H5LMDcA LMN;b�f(<�LMN0K$L-?B<&DPÂ�TeKÃf(H5TeK$QBAeDBK�?BA H5L
Á�QRK$LMDYJ5<�QRDY<xÒ T <&>@?BQBAed-O0<vN;H5L0LMK$L-?`T <&D FIH;N;<&D

TE0m
<�?`TeK[f(H5TeK$QBAeDBK�?BA H5LjÁ�QRK$LMDYJ5<�QRDY<Er½K$o5L0b�?BAed-O0<9N;H5L0LMK$L-?

T <&D�FIH;N;<&D
TM0m

Â5H��
m ∈ N∗ <&D=?`T <EL,O0FIb�QBHcN;OkFIH;N;<54;�`<&D N;<�O;ºt?=¼,f(<&D`N;<GFIH;N;<&D DYH5L-?`L0H5LjN;b�o5b�L0b�QBb&D<�?cDY<IQBb�fMK$QY?BAeDBDY<�L-?[N0K$LMDVT <&D[>�TeK5DBDY<&DVN;<kDY¼,FIb�?BQBA <

C1
<�?
C2

Â <�T T <&D=n³F Á�FI<&DvL0H5L�N;b�o5b�L0b�QBb�<&D�4�¸�T�<&D=?[?BQBX&D
A FIf(H5QY?RK$L-?IN;<aL0H$?B<�QId-O0<aTeKÃN;b�L0H5FIA LMK�?BA H5L¢Á�Ò�<�?jÁEr <&D=?tA L,J5<�QRDYb�<kfMK$QtQRK$f0f(H5QY?tgÃ>�<�T T <aO;?BA T AeDYb�<P<�L
N;A i�QRK5>@?BA H5L«>�TeK5DBDYAed-O0< � J5H5A QG>RWMK$f0A ?BQB<V� � 4;Æ�K$QG<�º;<�FIf0T <+Â0TeKtf(H5TeK$QBAeDBK�?BA H5LPÁ�Ò*<�LhN;A i�QRK5>@?BA H5LP<&D=?E?B<�T T <cd-O0<
Hz = Er = Eθ = 0

K$T H5QRD[d-O0<+Â f(H5O0QcT <&DVwM80QB<&D[H5f;?BAed-O0<&Dc>�H5L,J5<�L-?BA H5L0L0<�T T <&DUÂU<�T T <jJ5b�QBA wM<
Ez = Hr =

Hθ = 0
4$À <&D K$O;?BQB<&D�FIH;N;<&D � ν 6= 0 � DY<EQBb�fMK$QY?BAeDBDY<�L-?�<�LjN;<�O;ºI>�K�?Bb�o5H5QBA <&D�N;<EFIH;N;<&D�W,¼,80QBAeN;<&D�Â5T <&D�FIH;N;<&D

HEνm
f(H5O0QvT <&DBd-O0<�TeD9T <I>RWMK$FIfÃFjK$o5L0b�?BAed-O0< ~H <&D=?vf0QBb�f(H5LMN;b�QRK$L-?vfMK$QvQRK$f0f(H5QY?VK$OÃ>RWMK$FIfÃb�T <&>@?BQBAed-O0<

~E
Â-f0O0AeDxA L,J5<�QRDY<�FI<�L-?xf(H5O0QxT <&D`FIH;N;<&D

EHνm
4M�`<&DxN;<�O;ºj?=¼,f(<&DxN;<vFIH;N;<&D�DYH5L-?�>RWMK5>�O0LaN;b�o5b�L0b�QBb&D`N;<�O;º

C­H5AeDv<�?[>�H5QBQB<&DYf(H5LMN;<�L-?VK$O;º½>�TeK5DBDY<&DvN;<jDY¼,FIb�?BQBA <
Ck

<�?
C(k + 1) � k ≥ 2 � N;b�o5b�L0b�QBb�<&D9<�L-?BQB<~<�T T <&D�4�69L>�K$QRK5>@?Bb�QBAeDY<9T <c>�H5LMD=?BQRK5D=?B<VNUl A LMN;Ae>�<[<�L-?BQB<[T <VFjK�?Bb�QBAeK$O«N;<[TeKtwM80QB<

ncyl
<�?9>�<�T O0A�N;<VTeKIFjK�?BQBAe>�<

nmat
fMK$Q

T <VfMK$QRK$FIX�?BQB<
∆ind

N;b�wML0A�DY<�T H5L � fMK$o5<c]5]-\cN;<[TeKtQBb�C­b�QB<�LM>�< O ];3�P � Â

∆ind =
1

2

(
1 − n2

mat

n2
cyl

)
� �04 �-Ê �

À H5QRDBd-O0<
∆ind

N;<�J,A <�L-?jC'K$A 80T < � ?=¼,f0Aed-O0<�FI<�L-?aA L;C­b�QBA <�O0Qag 1% � Â`H5L*DY<ÃDYA ?BO0<ÃN0K$LMDjT <½>�K5N;QB<½N;O C'K$A 80T <
o5O0AeN0K$o5<540À <&DGFIH;N;<&D9DY<cQB<�o5QBH5O0f(<�L-?GK$T H5QRDGN0K$LMDET <&DEC'K$FIA T T <&D9N;<cFIH;N;<&D � d-OMK5DYA n � N;b�o5b�L0b�QBb&D LPνm

?B<�T T <&D
d-O0<hÂ

LP0m = HE1m � f(H5O0Q ν = 0 � Â LP1m = {TE0m
Â
TM0m

Â
HE2m} � f(H5O0Q ν = 1 � <�? LPνm =

{EHν−1m
Â
HEν+1m} � f(H5O0Q ν ≥ 2 � 4� +,)(%'´Ì1P�"1«Ö"���MÖ�.0)(.;�&%'�(�*)(!"%'�"+,1h�"1,®I´Ì� �"1,® Â

69LID�l A L-?Bb�QB<&DBDY<ENUl K$8(H5QRNtK$O;º~FIH;N;<&D�o5O0AeN;b&DUÂ$>$l <&D=?Yn�g�n�N;A QB<EK$O;º~FIH;N;<&D d-O0A0DY<Ef0QBH5fMK$o5<�L-?�A LMN;b�wML0A FI<�L-? � <�L?BW0b�H5QBA < � T < T H5L0oGN;< TeK�wM80QB<�H5f;?BAed-O0<`DBK$LMD K�?Y?Bb�L,OMK�?BA H5LcN;Oc>RWMK$FIf 4�Ò LcNUl K$O;?BQB<&D�?B<�QBFI<&DUÂ�A T-D�l K$o5A ?�N;< FIH;N;<&DDBK$LMD�f(<�QY?B<&DGN;H5L-?ET <&DEA LMN;Ae>�<&DE<�i�<&>@?BA C'D9DYH5L-?GN;<&DEL0H5F~80QB<&D�QBb�<�TeD�<�?9N;H5A J5<�L-?EJ5b�QBA wM<�Q
nmat < neff < ncyl

� >�H5LMN;A ?BA H5L�N;<jo5O0AeN0K$o5< � 4 À�KPwMo5O0QB<j�04 yPA T T OMD=?BQB<ITeKPC­H5LM>@?BA H5L fdet

(
n′

eff

) KSJ5<&>
n′

eff ∈ R
4 Ò L�?BW0b�H5QBA <+Â

>RWMK5d-O0<hf(H5A L-?B<ÃN;<&DB>�<�LMN0K$L-?B<½N;<½TeKÌ>�H5O0QB8(<hT H;>�K$T AeDY<hO0LÔA LMN;Ae>�<½<�i�<&>@?BA C~K5DBDYH;>�A bhg�O0L*FIH;N;<½J5b�QBA w(K$L-?
� �04 z-Ä � 4U69L½QB<�?BQBH5O0J5<cT <&DvDY<�f;?vFIH;N;<&D9f0QBb�J,OMDvN0K$LMD9T <~o5QRK$f0W0Aed-O0<k3S]Sn³�kN;<tTeKkQBb�C­b�QB<�LM>�< O ];3�P � fMK$o5<t]5Ä�� �H���ÂUN0K$LMDVL0H$?BQB<I>�K5DUÂ

V ≈ 4.16
f(H5O0Q

λ = 1 µm
4UÆ�H5O0Q[>�<�?Y?B<jT H5L0o5O0<�O0Q[NUl H5LMN;<+ÂUT <t?RK$80T <&K$Oµ�04 ÄaN;H5L0L0<

T <�O0QRD�A LMN;Ae>�<&D`<�i�<&>@?BA C'DxN0K$LMD Tml H5QRN;QB<GN;b&>�QBH5AeDBDBK$L-? � J5H5A Q wMo5O0QB<G�04 y � 4-{vK$LMD L0H$?BQB<9>�K5DUÂ5H5LkK ∆ind ≈ 15.3%
4

À�K«>�H5LMN;A ?BA H5L�N;<jTml K$f0f0QBHSº;A FjK�?BA H5LµN;O�C'K$A 80T <jo5O0AeN0K$o5<IL l <&D=?~N;H5LM>IfMK5D[DBK�?BAeD=C'K$A ?B<54��`<�f(<�LMN0K$L-?-Â H5L�J5H5A ?
>�TeK$A QB<�FI<�L-?kK$f0fMK$QRK�Se?BQB<«N0K$LMDjTeKµwMo5O0QB<½�04 yµT <½o5QBH5O0f(<hN;<&DjFIH;N;<&D

TE01
Â
TM01

<�?
HE21 � NUl A LMN;Ae>�<&D<�i�<&>@?BA C'DGN;AeD=?BA LM>@?RDE<�L-?BQB<V<�O;º � K5DBDYH;>�A b[K$OPFIH;N;< LP11

4
À <&D`wMo5O0QB<&D��04 3&Ê � K � gI�04 3&Ê � o � FIH5L-?BQB<�L-?ET <&D�>�K$QY?B<&DEN;< |Ez|

H5O |Hz|
K5DBDYH;>�A b�<&D�gI>RWMK5>�O0LPN;<[>�<&D�FIH;N;<&D�4

Æ�K$Q~TeKÃDYO0A ?B<+Â"L0H5OMD~f0QBb�C­b�QB<�QBH5LMD[QB<�f0QBb&DY<�L-?B<�QcT <&Dt>�K$QY?B<&D~N;<&Dt>�H5FIf(H-DBK$L-?B<&Dc<�L
z
N;O¶>RWMK$FIfÌb�T <&>@?BQBAed-O0<

H5OaFjK$o5L0b�?BAed-O0<+Â;>�K$Q�<�T T <&DE>�H5L-?BA <�L0L0<�L-?�T <&D�A L;C­H5QBFjK�?BA H5LMDxQB<�TeK�?BA J5<&DxK$O;ºPDY¼,FIb�?BQBA <&D�N;<&DxFIH;N;<&D�4;Ò LP<�i�<�?-Â



� � � ����� ���Z�	� ����� ���a�	������� � 
Y�#
Y��� � �����#� � ����
	
a�#����� ������������������� ��� 3SÄ5Ä

-50

-40

-30

-20

-10

 0

 10

 20

 30

 1  1.02  1.04  1.06  1.08  1.1  1.12  1.14  1.16  1.18  1.2

f d
et
(n

ef
f)

neff

HE11

TE01
TM01HE21

EH11

HE31
HE12

�����	� �04 y �µÅ0H5LM>@?BA H5L
fdet(n

′
eff � N;b�wML0A <kfMK$Q[TeK«QB<�TeK�?BA H5L � �04 z$� � � f(H5O0Q n′

eff

K$f0fMK$QY?B<�LMK$L-?cg«Tml A L-?B<�QBJ�K$T T <jN;<&D
FIH;N;<&D�o5O0AeN;<&D

[nmat, ncyl]
ÂMKSJ5<&>

nmat = 1
Â
ncyl = 1.2

<�?
λ = 1 µm

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

�����
|Ez |

�(�
!�/

� 
 %�� � 

� � ���

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

� '(�
|Hz|

�(�
!�/

� 
 %�� � 

	 � �,�

-2 0 2
-2

0

2

0
0.1
0.2
0.2
0.3
0.4
0.5
0.6
0.7
0.7
0.8
0.9
1.0

�  2�
|Ez|

�(�
!�/

� 
 %�� � 

	 � �,�

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

� � �
|Ez|

�(�
!�/

� 
 %�� � 

� � ),�

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

� 
2�
|Ez |

�(�
!�/

� 
 %�� � 


� � ���

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

� � � |Ez |
�(�
!�/

� 
 %�� � 

� � 3,�

-2 0 2
-2

0

2

0
0.1
0.2
0.3
0.3
0.4
0.5
0.6
0.7
0.8
0.8
0.9
1.0

� 	"�
|Ez |

�(�
!�/

� 
 %�� � 

� � � )

�����	� �04 3&Ê��t�xK$QY?B<&D"L0H5QBFjK$T AeDYb�<&D�N;< |Ez |
H5O |Hz|

g
λ = 1 µm

Â$K5DBDYH;>�A b&D"K$O;ºtN;A i�b�QB<�L-?RD�FIH;N;<&D�N;H5L-?�T <&D�A LMN;Ae>�<&D
<�i�<&>@?BA C'DGK$f0fMK$QRK$AeDBDY<�L-?EN0K$LMD�TeK~wMo5O0QB<[�04 y

¨©� �"1,®
neff

HE11 � FIH;N;<VC­H5LMN0K$FI<�L-?RK$T � 354 3SÄ-\$Ä$�5Ê-]5]5]
TE01

354 Ê5y5y03&�5Ê,\��5�
TM01

354 Ê5y5Ê,\�q-]$z5z,\
HE21

354 Ê5y03&�$�-z03SÄ$�
EH11

354 Ê03&y$�-z5q5q5z03
HE31

354 Ê5Ê5q03&y5q,\��,\
HE12

354 Ê5Ê$�,]$q-Ä$�5y5z
�
��� � �04 Ä � � K$T <�O0QRDEN;<&DEA LMN;Ae>�<&D�<�i�<&>@?BA C'DGN;<[TeK~wM80QB<[>�H5L,J5<�L-?BA H5L0L0<�T T <vb�?BOMN;A b�<



3SÄ$� � � ������
��	�	�/�,� � ��������������� ��� ������� ��
	
a� �"�N��� ��� 
	�	� ���	�a�����#�	����� �������V� � ����
	
a���

 0.98

 1

 1.02

 1.04

 1.06

 1.08

 1.1

 1.12

 1.14

 1.16

 1  1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8

R
e(

n e
ff)

λ (µm)

TE01

||
TM01

HE12EH11

HE31

||
|

HE12

HE11

Coupure: neff = 1

�����
ℜe

(
neff

) 

� � � �  �� � � � � 


λ

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 1  1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8  1.9

Im
(n

ef
f)

λ (µm)

TE01

TM01

HE12EH11HE31

� '(�
ℑm

(
neff

) 

� � � �  �� � � � � 


λ

�����	� �04 353 � ℜe (neff )
<�? ℑm (neff )

<�LPC­H5LM>@?BA H5L«N;<
λ
f(H5O0QET <&DEFIH;N;<&D�o5O0AeN;b&DEN;<[TeK~wMo5O0QB<[�04 y

T H5QRDBd-O l H5LIDY<Ef0TeK5>�<9DYO0Q O0Lk>�<�QR>�T <G>�<�L-?BQBb9DYO0Q TeKVwM80QB<EH5f;?BAed-O0<+Â5TeKVQBb�fMK$QY?BA ?BA H5LjK$L0o5O0TeK$A QB<EN;Oa>RWMK$FIfITeK$AeDBDY<
K$f0fMK$QRK�Se?BQB<VN;<�O;ºaC­H5AeDEf0T OMDGN;<cFjK�º;A FjKId-O0<[Tml H5QRN;QB<[K$Ó�A F~O;?RK$T�N;O«FIH;N;<54MÆ�K$QE<�º;<�FIf0T <+Â0T <&DGDYA ºPT H58(<&DGN;<
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NRe = 7

<�?[<�LµfMK$QY?BA <~A FjK$o5A LMK$A QB<
NIm = 5

4UÀ <&DvJ�K$T <�O0QRDvN;<
neff

>�H5LMDYAeN;b�QBb�<&DGf(H5O0QVT <j>�K$Te>�O0T�N;<
fdet

DY<vT H;>�K$T AeDY<�L-?�K$O;ºkf(H5A L-?RDxNUl A L-?B<�QRDY<&>@?BA H5LPN;OPd-OMK5N;QBA T TeK$o5<9K$f0fMK$QRK$L-?&4-À l A LMN;Ae>�<v<�i�<&>@?BA C�N;<vf0T OMDxf(<�?BA ?B<
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Recherche par encadrement
Recherche par regression lineaire complexe
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�����	� �04 3����VÍE<&>RW0<�QR>RW0< N;< Tml A LMN;Ae>�<`<�i�<&>@?BA CMN;OcFIH;N;< C­H5LMN0K$FI<�L-?RK$T5N;O~>�¼,T A LMN;QB<`>�A QR>�O0TeK$A QB<�<�º0>�<�L-?BQBb fMK$Q QRK$f0f(H5QY?
gtTml H5QBA o5A L0<540Ï�TeK~wMLhN;O«f0QBH;>�<&DBDYOMD�N;<VQB<&>RW0<�QR>RW0<+Â,TeKtJ�K$T <�O0Q�?BQBH5O0J5b�<V<&D=?

neff = 1.157512382 + i0

DYH5O0WMK$A ?Bb�<PÂUC'K5>@?B<�O0Q~N;<kN;b&>�QBH5AeDBDBK$LM>�<tN;O�N;b�?B<�QBFIA LMK$L-?~N;<
Z

(L)
1

b�o-K$T g
108 <�?��SH5Oµf0QBb&>�AeDYA H5Lµ<�L�fMK$QY?BA <

QBb�<�T T <I<�?~A FjK$o5A LMK$A QB<IA L;C­b�QBA <�O0QB<kg
10−9 4�{vK$LMDcT <k>�K5D[f0QBb&DY<�L-?-Â TeK«QB<&>RW0<�QR>RW0<jN;< neff

D�l <&D=?~K$QBQnÁ�?Bb�<I<�L
J5b�QBA w(K$L-? T <&D`N;<�O;ºj>�QBA ?BX�QB<&D g[TeKVC­H5AeD�4,À�KVwMo5O0QB<G�04 3�� � K � FIH5L-?BQB<GT <9DYO0A J,A�N;<GTml A LMN;Ae>�<9<�i�<&>@?BA C f(H5O0Qx>RWMK5d-O0<A ?Bb�QRK�?BA H5LaN;<vTeKcQB<&>RW0<�QR>RW0<54-À <&Dv3SÄ[f0QB<�FIA <�QRD`f(H5A L-?RD � QB<�T A b&Dx<�L-?BQB<9<�O;ºkfMK$Q�N;<&D�DY<�o5FI<�L-?RD � DYH5L-?xQB<�TeK�?BA C'DxgTeKvQB<&>RW0<�QR>RW0<`fMK$Q�<�LM>�K5N;QB<�FI<�L-?�d-O0A0Kv<�LM>RWMK�S L0b�O0LIÓ�H,H5F � K$f0QBX&D"T <&D�W,O0A ?RD�f0QB<�FIA <�QRD"f(H5A L-?RD � <�? O0LjN;b�f0TeK�n>�<�FI<�L-? � K$f0QBX&D�T <&D �[f(H5A L-?RD`DYO0A J�K$L-?RD � 4-À l <�º;b&>�O;?BA H5LjN;<GTml K$T o5H5QBA ?BW0FI<E<&D=?x>�H5LM>�T O0<EfMK$Q`O0L0<GQB<&>RW0<�QR>RW0<�fMK$QQBb�o5QB<&DBDYA H5LIT A L0b&K$A QB<V>�H5FIf0T <�º;<+Â,QB<�f0QBb&DY<�L-?Bb�<9fMK$QxT <&DG]cN;<�QBL0A <�QRDxf(H5A L-?RD � >�QBH5A ºaN0K$LMDxTeKcwMo5O0QB<v�04 3�� � K � Â-T <&DDY<�f;?vN;<�QBL0A <�QRDEf(H5A L-?RD9DY<�F~80T <�L-?vDYO0f(<�QBf(H-DYb&D � 4MÒ L;wML�Â(TeKIwMo5O0QB<~�04 3�� � 8 � FIH5L-?BQB<cTeKkN;b&>�QBH5AeDBDBK$LM>�<[N;< fdet<�LjC­H5LM>@?BA H5LPN;<vTml <�LMDY<�F~80T <VN;<&D`A ?Bb�QRK�?BA H5LMDxN;<vTeKcQB<&>RW0<�QR>RW0<54-À�K~N;b&>�QBH5AeDBDBK$LM>�<GQB<&D=?B<9FIH;N;b�QBb�<9f(<�LMN0K$L-?�TeK
QB<&>RW0<�QR>RW0<GfMK$Qx<�LM>�K5N;QB<�FI<�L-? � N;A FIA L,O;?BA H5L«N;OaT H5o-K$QBA ?BW0FI<vNUl O0LaC'K5>@?B<�O0QEztDY<�O0T <�FI<�L-? � Â,FjK$AeDx<�T T <VD�l K5>�>�b�nT X�QB<VL0<�?Y?B<�FI<�L-?vN;X&DEd-O0<[TeKIQB<&>RW0<�QR>RW0<vfMK$QEQBb�o5QB<&DBDYA H5LkT A L0b&K$A QB<[>�H5FIf0T <�º;<cN;b�80O;?B< � >RW,O;?B<cN;O«T H5o-K$QBA ?BW0FI<NUl O0LjC'K5>@?B<�O0Q�qc<�L,J,A QBH5L � 4-À�K[J�K$T <�O0Q�N;<9Tml A LMN;Ae>�<v<�i�<&>@?BA C ?BQBH5O0J5b�<E<&D=? neff = 1.157512382 + i0

<�?xJ5b�QBA wM<
T <&DvN;<�O;º½>�QBA ?BX�QB<&D9NUl K$QBQnÁ�?&4�À l <�LMDY<�F~80T <tN;O½f0QBH;>�<&DBDYOMD9N;<tQB<&>RW0<�QR>RW0<cN;<

neff � >�K$QY?B<tN;<IN;b�?B<�QBFIA LMK$L-?v<�?QB<&>RW0<�QR>RW0<�wML0< � K9L0b&>�<&DBDYA ?Bbx�5ÊEA ?Bb�QRK�?BA H5LMDUÂS>�<�d-O0A-QB<�f0QBb&DY<�L-?B< O0Lc?B<�FIfMD�N;<�>�K$Te>�O0T,N;<v3S]EFIA L,O;?B<&D�<�L,J,A QBH5L 4
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�����	� �04 3SÄ �IÍE<&>�H5LMD=?BQBOM>@?BA H5LjN;<GTeK[f(<�QBFIA ?Y?BA J,A ?Bb �@J,O0< �xfMK$Q`T <Gf0QBH5o5QRK$FIFI<�L,O0FIb�QBAed-O0<54-À <&D N;AeDBDY¼,FIb�?BQBA <&D`DYH5L-?
f0QBH;N;O0A ?B<&DGfMK$Q9TeKI?BQBH5LM>�K�?BO0QB<cN;O½N;b�J5<�T H5f0f(<�FI<�L-?9<�?vTeKkN;AeDB>�QBb�?BAeDBK�?BA H5LhN;<cTeKjÓ�H5L0<cFIH;N;O0T b�< � <�LÃ>�H5OM>RW0<&D9^«<�?
<�L«fMK5DENUl A L-?Bb�o5QRK�?BA H5L �
ÕP+,)(+,�"+-��1,®&#51,�"#51h�U!"´Ì+-��%'°U!"1 Â

Ò Lk?BW0b�H5QBA <+Â-H5LaD�l K�?Y?B<�LMNag~>�<Vd-O0<vTeK[C­H5LM>@?BA H5L
fdet(n

′
eff )

L0<vf0QBb&DY<�L-?B<vd-O l O0LPDY<�O0T(FIA L0A FjK~J5<�QRD`Tml A LMN;Ae>�<
<�i�<&>@?BA C9N;O�FIH;N;<kC­H5LMN0K$FI<�L-?RK$T2Â">�H5FIFI<kL0H5OMDcTml KSJ5H5LMD[N;b=:Yg½H58MDY<�QBJ5bjDYO0Q~TeK½>�K$QY?B<kN;<PN;b�?B<�QBFIA LMK$L-?tN;<
TeK«wMo5O0QB<P�04 3&z04"r½K$AeDUÂ"DYAxH5LÌQBb&N;O0A ?tTeK½Ó�H5L0<PN;<aQB<&>RW0<�QR>RW0< � Ó�H,H5F � Â"H5LÌJ5H5A ?IK$f0fMK$QRK�Se?BQB<kN;<�O;º�FIA L0A FjK
QB<�TeK�?BA J5<�FI<�L-?xf0QBH;>RW0<&D�40�`<�?Y?B<VT <�J5b�<VN;<[N;b�o5b�L0b�QB<&DB>�<�LM>�<9f0QBH�J,A <�L-?�N;<vTml K5DYf(<&>@?Ef0O0QB<�FI<�L-?�L,O0FIb�QBAed-O0<VN;<&D
>�K$Te>�O0TeD�4MÒ LÃ<�i�<�?-Â�T <I>RWMK$FIf

Ez
DY¼,FIb�?BQBAed-O0<cfMK$QvQRK$f0f(H5QY?vgkTml K�º;<

x � N;<I>�TeK5DBDY< C1
ÂMwMo5O0QB<t�04 3S] � K � � L0<�@J5H5A ?��EfMK5D`?BH5O;?Yn�g�nmC'K$A ?xT <VF Á�FI<VH58;:=<�?�H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<9d-O0<VT <V>RWMK$FIf

Ez
K$L-?BAeDY¼,FIb�?BQBAed-O0< � N;<[>�TeK5DBDY<

C2
Â5wMo5O0QB<V�04 3S] � 8 � � 4,À�KtN;AeDB>�QBb�?BAeDBK�?BA H5LaN;<vTeKcÓ�H5L0<vFIH;N;O0T b�<vfMK$QxT <&D�>�H5OM>RW0<&D�^j<�?�T <&DxfMK5DxNUl A L-?Bb�o5QRK�?BA H5LA LMN;O0A ?cO0L0<kN;AeDBDY¼,FIb�?BQBA <jQRK5N;AeK$T <IN;<&D[o5QRK$LMN;<�O0QRDvH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DVN0K$LMDVTeKhD=?BQBOM>@?BO0QB<IFIH;N;b�T AeDYb�<54�{9<

F Á�FI<+Â�O0L0<�N;AeDBDY¼,FIb�?BQBA <µK$L0o5O0TeK$A QB<½<&D=?«<�L0o5<�LMN;QBb�<½fMK$QPT <µf0W0b�L0H5FIX�L0<�N;< �vA 808MD«d-O0A[K$f0fMK$QRK�Se?aT H5QRD
N;<½TeK�QB<&>�H5LMD=?BQBOM>@?BA H5L*fMK$QkT <&DPN;b�J5<�T H5f0f(<�FI<�L-?RDj?BQBH5LMd-O0b&DkN;<&DP>�<&DkF Á�FI<&Dko5QRK$LMN;<�O0QRD�4 Æ�K$Qa<�º;<�FIf0T <+Â
TeKhQBb�fMK$QY?BA ?BA H5LÌN;<aTeKhf(<�QBFIA ?Y?BA J,A ?Bb � C­H5LM>@?BA H5L ǫ(r, θ) N;H5L0L0b�<kfMK$Q � z04 353&z � KSJ5<&> ǫcyl =

√
1.2 ≈ 1.095 ��@J,O0< �vfMK$QGT <cf0QBH5o5QRK$FIFI<VL,O0FIb�QBAed-O0<[<&D=?vA T T OMD=?BQBb�<cN0K$LMDGTeKIwMo5O0QB<c�04 3SÄPÂMKSJ5<&>

N = 20
Â
L1 = L2 = 10

Â
L3 = 5

<�?
P1 = P2 = P3 = 10

4�{vK$LMD[?BH5O;?B<kTeKhÓ�H5L0<jFIH;N;O0T b�<+Â"A TxK$f0fMK$QRK�Se?~N;<jC'K$A 80T <&DcH5LMN;O0TeK�?BA H5LMD
N;<tTeKaf(<�QBFIA ?Y?BA J,A ?Bbj>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&DvN;OÃf0W0b�L0H5FIX�L0<jN;< �vA 808MD�4 À l K5DYf(<&>@?VT <If0T OMDvA L-?Bb�QB<&DBDBK$L-?VN;<j>�<�?Y?B<
wMo5O0QB<[QB<&D=?B<[TeKjQBb�fMK$QY?BA ?BA H5L«N;<cTeKjf(<�QBFIA ?Y?BA J,A ?BbtK$O;?BH5O0Q9N;O½>�<�QR>�T <jÂM<�T T <cL0<~N;b&>�QBA ?9fMK5DEO0LÃ>�<�QR>�T <[fMK$QYC'K$A ?
FjK$AeDV<�T T <If0QB<�LMNÃf0T O;? �$?cTeKPC­H5QBFI<jNUl O0L0<I<�T T A fMDY<kd-O0A D�l b�?BA QB<IfMK$QRK$T T X�T <�FI<�L-?cgPTml K�º;<

y
4"69L�>�H5LMD=?RK�?B<�QRK$A ?

T <&DIF Á�FI<&Dj<�i�<�?RDa>�H5LM>�<�QBLMK$L-?IT <&Djo5QRK$LMN;<�O0QRDto5b�H5FIb�?BQBAed-O0<&DUÂ >�H5FIFI<hT <&DjJ5<&>@?B<�O0QRD
N2

θ

Â
N2

r

<�?
NrNθA L-?B<�QBJ5<�LMK$L-?cN0K$LMDVTeK«FjK�?BQBAe>�<

Qǫ � z04 3SÄ � 4��`<�?Y?B<kN;b�C­H5QBFjK�?BA H5L�L,O0FIb�QBAed-O0<jN;OÌ>�<�QR>�T <j<�º;f0T Aed-O0<jTeK«T <�J5b�<
N;<tN;b�o5b�L0b�QB<&DB>�<�LM>�<cH58MDY<�QBJ5b�<54U69LÃDY<IN;H5O;?B<td-O0<I>�<�?Y?B<IN;<�QBL0A X�QB<~N;H5A ?%Á�?BQB<tNUl K$O;?RK$L-?vFIH5A LMDvA FIf(H5QY?RK$L-?B<
d-O0<~TeKjC­H5QBFI< � H5f;?BH$n³o5b�H5FIb�?BQBAed-O0< � N;Oµ>�<�QR>�T <~<&D=?v80A <�LÃFIH;N;b�T AeDYb�<+Â�>$l <&D=?Yn�g�n�N;A QB<cT H5QRDBd-O0<~T <&D9fMK$QRK$FIX�?BQB<&D
NUl A L-?Bb�o5QRK�?BA H5L � Li

<�?
Pi
Â
i ∈ [1, 3] � <�?jTml H5QRN;QB<PN;<P?BQBH5LM>�K�?BO0QB<PN;<&DIN;b�J5<�T H5f0f(<�FI<�L-?RD N K$O0o5FI<�L-?B<�L-?&4

À�KkwMo5O0QB<j�04 3&� � K � QB<�f0QBb&DY<�L-?B<tTeKaC­H5LM>@?BA H5L fdet(n
′
eff )

KSJ5<&>
n′

eff ∈ R
ÂUf(H5O0QcN;A i�b�QB<�L-?B<&DVJ�K$T <�O0QRD[N;<

N<�?
L = L1 + L2 + L3

4 69L¢>�H5LMD=?RK�?B<ad-O0<aTeKÃN;AeD=?RK$LM>�< � b&>�K$QY?tK$8MDYH5T O � <�L-?BQB<aT <&DcA LMN;Ae>�<&Dt<�i�<&>@?BA C'DtN;<&DN;<�O;º�>RWMK$FIfMD[L0H5LÌN;b�o5b�L0b�QBb&DcN;O�FIH;N;<kC­H5LMN0K$FI<�L-?RK$T <&D=?~f0T OMDtDY<�LMDYA 80T <kghTeKhJ�K$QBAeK�?BA H5L�N;<kTml H5QRN;QB<kN;<
?BQBH5LM>�K�?BO0QB<

N
d-O0<vT <9L0H5F~80QB<G?BH$?RK$T�N;<V>�H5OM>RW0<v^�4;À H5QRDBd-O0<

N
K$O0o5FI<�L-?B< � f(H5O0Q�O0L0<9J�K$T <�O0Q�N;< L w0º;b�< � Â>�<&D`N;<�O;ºkA LMN;Ae>�<&D`<�i�<&>@?BA C'D�DY<9QRK$f0f0QBH;>RW0<�L-?-Â5>�<vd-O0AU>�H5L;wMQBFI<GL0H$?BQB<9W,¼,f(H$?BW0X&DY< � J5H5A Q`b�o-K$T <�FI<�L-?`TeK[wMo5O0QB<�04 3&� � 8 � b�?RK$80T A <cf(H5O0Q L = 25 � 40Ò LhH5O;?BQB<+Â0H5L«L0H$?B<[TeKj>�H5L,J5<�QBo5<�LM>�<VDY<�T H5L N N;<cTml <�LMDY<�F~80T <cN;<&DEA LMN;Ae>�<&D

<�i�<&>@?BA C'DEJ5<�QRD�>�<�T O0A f0QBb�J,OPfMK$QET <[>�K$Te>�O0T DYO0QET <c>�¼,T A LMN;QB<[>�<�L-?BQBb54
ÕP1½/'.Ã��1,#Sª"1-��#Sª"1Ã�"1h´Ì� �"1«Ûµ/'.µ�"%­¬ ��.0#$�&%'�(� Â

�GH5OMDxKSJ5H5LMD gtN;AeDYf(H-DYA ?BA H5LkO0LaO0L0Aed-O0<v>�H;N;<vL,O0FIb�QBAed-O0<vd-O0A(f(<�QBFI<�?ENUl b�?BOMN;A <�QEgcTeK[C­H5AeDxTeK~N;A i�QRK5>@?BA H5Lk<�?
TeK[QB<&>RW0<�QR>RW0<EN;<GFIH;N;<vN0K$LMD`N;<&D`D=?BQBOM>@?BO0QB<&D >�¼,T A LMN;QBAed-O0<&D�4 �GH5OMD L0H5OMD`DYH5FIFI<&D�LMK�?BO0QB<�T T <�FI<�L-?xN;<�FjK$LMN;b
>�H5FIFI<�L-?jO0L FIH;N;<½NUl O0L0<«wM80QB<«H5f;?BAed-O0<+Â N;H5L-?kTml A LMN;Ae>�<h<�i�<&>@?BA C[Kµb�?Bbhf0QBb&K$TeK$80T <�FI<�L-?I?BQBH5O0J5bPfMK$QjT <
f0QBH580T X�FI<hFIH;N0K$T2Â`f(H5O0QBQRK$A ?_Á�?BQB<½<�º0>�A ?Bb½fMK$QaN;A i�QRK5>@?BA H5LÔNUl O0L0<½H5LMN;<½f0TeK$L0<54��GH5OMDaK$T T H5LMDk>�H5LMDYAeN;b�QB<�Q
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�����	� �04 3&� �kÒ�?BOMN;<~N;<[TeKIN;b�o5b�L0b�QB<&DB>�<�LM>�<vL,O0FIb�QBAed-O0<[N;O«FIH;N;<vC­H5LMN0K$FI<�L-?RK$T

DYOM>�>�<&DBDYA J5<�FI<�L-?�N;<�O;º~FIH;N;<&D N;Oj>�¼,T A LMN;QB<E>�A QR>�O0TeK$A QB<x<�º0>�<�L-?BQBb�f0QBb&>�b&N;<�L-?EÂ�T <EFIH;N;<�C­H5LMN0K$FI<�L-?RK$T � FIH;N;<o5O0AeN;b � g λ = 1 µm
Â;f0O0AeDET <[FIH;N;<

HE31
g
λ = 1.08 µm � FIH;N;<cgIf(<�QY?B<&D�f0O0AeDBd-O0< λ < λc � 4Ï�J�K$L-?v?BH5O;?-Â�L0H5OMDVKSJ5H5LMDv>RW0<�QR>RW0btgkb�J�K$T O0<�QVTeKaf0QBb&>�AeDYA H5LÃN;<&DV>�K$Te>�O0TeDvf(H5O0QVTeKaQB<&>RW0<�QR>RW0<~N;<IFIH;N;<tfMK$QN;<&Dx?B<&D=?RDGN;<[>�H5L,J5<�QBo5<�LM>�<vDY<�T H5LPTml H5QRN;QB<[N;<v?BQBH5LM>�K�?BO0QB< �c4MÀ <&DEfMK$QRK$FIX�?BQB<&DxDYH5L-?[Â
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Af

�
Ap

�
ÍE<&DYf(<&>@?BA J5<�FI<�L-?xf(H5O0QE>RWMK5>�O0LaN;<V>�<&DxFIH;N;<&DUÂ-T <&D�N;<�O;ºa>�H5O0QB8(<&DxN;<vTeKcwMo5O0QB<v�04 3�\vQB<�f0QBb&DY<�L-?B<�L-?xTml b&>�K$QY?
QB<�TeK�?BA C�DY<�T H5L ��<�L-?BQB<[T <cFIH;N;O0T <cN;<cTml A LMN;Ae>�<c<�i�<&>@?BA C K5DBDYH;>�A b[K$Oh>�¼,T A LMN;QB<[<�º0>�<�L-?BQBb[fMK$QGQRK$f0f(H5QY?Ggj>�<�T O0A
?BQBH5O0J5b�f(H5O0Q`T <9>�¼,T A LMN;QB<9>�<�L-?BQBb54-^,O0Q`Tml <�LMDY<�F~80T <9N;<&D J�K$T <�O0QRD N;<��*?B<&D=?Bb�<&DUÂ$TeK[f0QBb&>�AeDYA H5LjN;OjFIH;N;<

HE11QB<&D=?B<VFI<�A T T <�O0QB<cd-O0<c>�<�T T <cN;O«FIH;N;<
HE31

4(Ï
N = 40

Â;TeKIf0QBb&>�AeDYA H5L«K�?Y?B<�A L-?GO0L«b&>�K$QY?EQB<�TeK�?BA C�NUl <�L,J,A QBH5L
6.10−6 f(H5O0Q~T <aFIH;N;<

HE11
<�?

4.10−5 f(H5O0QtT <kFIH;N;<
HE31

4��`<aQBb&DYO0T ?RK�?~<&D=?~?BH5O;?Yn�g�nmC'K$A ?~L0H5QBFjK$T`g
TeKµJ,O0<hN;<&DkDYf(<&>@?BQB<&DjN;<½Å0H5O0QBA <�Q � FIH;N;O0T <½N;<&DjK$FIf0T A ?BOMN;<&D � L0H5QBFjK$T AeDYb&DIN;<&Dk>RWMK$FIfMDjN0K$LMDITeKµQBb�o5A H5L
<�º,?Bb�QBA <�O0QB<aN;O¶FIH;N;<aC­H5LMN0K$FI<�L-?RK$T � J5H5A Q~wMo5O0QB<P�04 3&q � K � � <�?jN;O¢FIH;N;<

HE31 � J5H5A Q~wMo5O0QB<P�04 3&q � 8 � � g
T <�O0QRD�T H5L0o5O0<�O0QRD�NUl H5LMN;<EQB<&DYf(<&>@?BA J5<&D"<�?xg

N = 40
4�¸�TeD�f(<�QBFI<�?Y?B<�L-?`N;<GQB<�LMN;QB<E>�H5FIf;?B<GN;<ETml b�TeK$QBo5AeDBDY<�FI<�L-?

N;<&DGDYf(<&>@?BQB<&DGA LMN;O0A ?vfMK$QGT <~N;b�f0TeK5>�<�FI<�L-?9N;OÃ>�¼,T A LMN;QB<[<�Lhf0TeK ��K$L-?GTml H5QBA o5A L0<cN;O½QB<�f(X�QB<[<�L½N;<�W0H5QRDGN;<~DBK
DYO0QYC'K5>�< � f(H5O0QET <V>�¼,T A LMN;QB<[>�<�L-?BQBb+Â,H5LaQRK$f0f(<�T T <Vd-O0<VT <VDYf(<&>@?BQB<[N;<VÅ0H5O0QBA <�QEN;< HE11

L l <&D=?E>�H5FIf(H-DYbVd-O0<
N;<[>�H,<��k>�A <�L-?RD�L0H5L«L,O0TeDEK$O;ºaH5QRN;QB<&D −1

<�?
1
Â;<�?Gf(H5O0QET <[FIH;N;<

HE31
Â0K$O;ºaH5QRN;QB<&D −3

<�?
3 � 469L½DY<[f0TeK5>�<~N;b&DYH5QBFjK$AeDE<�LhQBb�o5A FI<cN;A i�QRK5>@?BA H5L 4U69L½DBK$A ?vd-O0<cT <[?B<�QBFI<

γ0
D�l AeN;<�L-?BA wM<~gjTeKk>�H5LMD=?RK$L-?B<cN;<

f0QBH5fMK$o-K�?BA H5L
β
4�ÏGA LMDYA2Â(TeKk>�H5LMN;A ?BA H5L½NUl <�º0>�A ?RK�?BA H5L½NUl O0L½FIH;N;<tNUl A LMN;Ae>�<~<�i�<&>@?BA C

neff
fMK$QGTeKaN;A i�QRK5>@?BA H5L

f0QB<�LMNaTeK~C­H5QBFI<IÂ
γ0 = k0neff � �04 �M3 �Æ�H5O0Q�T <GFIH;N;<EC­H5LMN0K$FI<�L-?RK$T

HE11
Â5T <�?B<�QBFI<

γ0
<&D=?`QBb�<�T0f0O0AeDBd-O0<

neff ∈ R
45Æ�K$Q`>�H5L-?BQB<+Â�TeK[>�H5FIf(H-DBK$L-?B<

?BQRK$LMDYJ5<�QRDY<xN;OjJ5<&>@?B<�O0Q NUl H5LMN;<EA LM>�AeN;<�L-?
kt,ext = k2

0

√
n2

ext − n2
eff � ];4 �-� � N;<�J,A <�L-? O0LjL0H5F~80QB<E>�H5FIf0T <�º;<

� neff > next � 4UÏGO;?BQB<�FI<�L-?VN;A ?-Â�Tml <�º;f0QB<&DBDYA H5LhN;Oµ>RWMK$FIfhA LM>�AeN;<�L-?[N;H5L0L0b�<cfMK$Q � z04 � � QBb�J5X�T <~d-O0<~Tml H5LMN;<f0TeK$L0<v<�º0>�A ?RK�?BQBAe>�<vN;OPFIH;N;<9C­H5LMN0K$FI<�L-?RK$TUN0K$LMDxTeK~FjK�?BQBAe>�<v<&D=?�O0L0<VH5LMN;<vf0QBH5fMK$o-K�?BA J5<9DY<�T H5LkÓ � γ0 ∈ R �
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�����	� �04 3&q �a^,f(<&>@?BQB<[N;<[Å0H5O0QBA <�QEN;OPFIH;N;O0T <cN;<&D�K$FIf0T A ?BOMN;<&D�f(H5O0QET <[>RWMK$FIfPb�T <&>@?BQBAed-O0<v<�?EFjK$o5L0b�?BAed-O0<[N0K$LMD
TeKtQBb�o5A H5La<�º,?Bb�QBA <�O0QB<+Â;<�L«QBb�o5A FI<vFIH;N0K$T
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a�#����� ������������������� ��� 3&�5z

Guide d’ondes

Prisme
Onde

Onde

incidente

évanescente

Mode guidé

�����	� �04 3&y �kÆ QBA LM>�A f(<cNUl O0Lh>�H5O0f0T <�O0QGgtf0QBAeDYFI<

FjK$AeDab�J�K$L0<&DB>�<�L-?B<µN0K$LMDaT <µf0TeK$L N;<�DY<&>@?BA H5L�N;QBH5A ?B< � kt,ext ∈ C � 4EÀ�K¢>�H5O0f0O0QB<�N;<ÃTeK¢QRK5>�A L0<µ>�K$QBQBb�<
N0K$LMDcTml <�º;f0QB<&DBDYA H5L�N;<

kt,ext
<&D=?I>RW0H5AeDYA <kN;<k?B<�T T <PDYH5QY?B<ad-O0<kT <P>RWMK$FIf�?BQRK$LMDYJ5<�QRDY<jQB<&D=?B<k<�i�<&>@?BA J5<�FI<�L-?

b�J�K$L0<&DB>�<�L-?k<�?aL0H5L*N;A J5<�QBo5<�L-?&4�69L QB<�?BQBH5O0J5<«T <½f0QBA LM>�A f(<½80A <�LÔ>�H5L0L,O*N;<&Da>�H5O0f0T <�O0QRDjg�f0QBAeDYFI< � J5H5A QwMo5O0QB<9�04 3&y � 4 'GLjC'K$AeDB>�<&K$OjT O0FIA L0<�O;ºkFIH5L0H;>RW0QBH5FjK�?BAed-O0< � DYf(<&>@?BQB<9b�?BQBH5A ?`<�LkT H5L0o5O0<�O0QxNUl H5LMN;< � b&>�TeK$A QB<GT <f0QBAeDYFI<EN0K$LMD�T <&d-O0<�T0T <&D�QRKS¼5H5LMD"f0QBH5fMK$o-K�?BA C'D�DYH5L-? QBb��Mb&>RW0AeD�gVDYH5LIA L-?B<�QYC'K5>�<E>�H5f0TeK$LMK$A QB<EK$OIo5O0AeN;<ENUl H5LMN;<&D�4
ÏGA LMDYA2Â�DY<�O0T <&D~T <&D~H5LMN;<&D~b�J�K$L0<&DB>�<�L-?B<&DtDYH5L-?~?BQRK$LMDYFIAeDY<&DtN0K$LMD~TeKhwML0<«>�H5OM>RW0<PNUl K$A QI>�H5FIf0QBAeDY<a<�L-?BQB<aT <
f0QBAeDYFI<v<�?G>�<Vo5O0AeN;<54;¸�TU<�º;AeD=?B<VO0L«DY<�O0T K$L0o5T <VNUl A LM>�T A LMK$AeDYH5LPN;OPC'K$AeDB>�<&K$OaT O0FIA L0<�O;ºPd-O0AUf(<�QBFI<�?9NUl <�º0>�A ?B<�Q
T <~FIH;N;<~QB<&>RW0<�QR>RW0b54U69L½f(<�O;?[N;b&DYH5QBFjK$AeDGD�l A L-?Bb�QB<&DBDY<�Q9f0T OMD9<�LÃN;b�?RK$A T�K$O;º«fMK$QRK$FIX�?BQB<&D9N;<~Tml H5LMN;<~f0TeK$L0<
<�º0>�A ?RK�?BQBAe>�<54;{~l K$f0QBX&D�TeKtQB<�TeK�?BA H5L � ];4 �-q � Â;Tml K$L0o5T < ϕinc

<&D=?GA FIf(H-DYbVfMK$QETml A LMN;Ae>�<[<�i�<&>@?BA C�N;O«FIH;N;<jÂ

ϕinc = −arcsin
(
neff

next

)

Ò�?RK$L-?kN;H5L0L0bhd-O0<
neff > next

Â�Tml K$L0o5T <
ϕinc

N;<�J,A <�L-?jO0L L0H5F~80QB<«>�H5FIf0T <�º;<+Â�N;A �k>�A T <½gÃA L-?B<�QBf0QBb�?B<�Q
<�?kgµN;<�?B<�QBFIA L0<�Q � >�H5O0f0O0QB<«N;<«TeK½C­H5LM>@?BA H5L arcsin � 4 À <&DtfMK$QRK$FIX�?BQB<&D E(inc)

0,z � ];4 �-y � <�?
H

(inc)
0,z � ];4 Ä$Ê �N;<�J,A <�L0L0<�L-?GN;<&DEK$FIf0T A ?BOMN;<&DG>�H5FIf0T <�º;<&DxJ,AeKtT <V?B<�QBFI<

cos (ϕinc)
4(^;K5>RWMK$L-?Ed-O0<[T <&DEK$O;?BQB<&DE>�H5FIf(H-DBK$L-?B<&D

N;Oµ>RWMK$FIf½A LM>�AeN;<�L-?VQB<&D=?B<�L-?vf0QBH5f(H5QY?BA H5L0L0<�T T <&D9g
E

(inc)
0,z

<�?
H

(inc)
0,z � J5H5A Q9T <&DvQB<�TeK�?BA H5LMD � z04 ]$y � g � z04 z-] � � Â<�T T <&D~f(<�O0J5<�L-?Ib�o-K$T <�FI<�L-?ID�l <�º;f0QBA FI<�Q~f0QBH5f(H5QY?BA H5L0L0<�T T <�FI<�L-?Ig

cos (ϕinc)
4�Ò L¢f0QRK�?BAed-O0<+Â"A T�L l <&D=?jN;H5LM>fMK5DGL0b&>�<&DBDBK$A QB<cN;<~?B<�L0A QV>�H5FIf;?B<tN;<t>�<cC'K5>@?B<�O0Q

cos (ϕinc)
Â�>RW0H5AeDYA�b�o-K$T"gkTml O0L0A ?Bb54�Ò L½H5O;?BQB<+Â(H5L½A L�:=<&>@?B<N;A QB<&>@?B<�FI<�L-?GN0K$LMD�T <Vf0QBH5o5QRK$FIFI<vTeKtJ�K$T <�O0QGN;<

γ0 � <�?GL0H5L ϕinc � T H5QRDBd-O l H5LPDYH5O0WMK$A ?B<v<�º0>�A ?B<�QEO0L«FIH;N;<54Á�H5OMD�T <&D`K$O;?BQB<&D�fMK$QRK$FIX�?BQB<&D�N;<ETml H5LMN;<Gf0TeK$L0<EA LM>�AeN;<�L-?B<+Â5g[DBKSJ5H5A Q
θinc

Â
ψinc

<�? ∥∥∥ ~E(inc)
∥∥∥ Â5QB<&D=?B<�L-?`N;b�wML0AeDK$QB80A ?BQRK$A QB<�FI<�L-?&4��`<�f(<�LMN0K$L-?-Â A TeDE:=H5O0<�L-?cO0L�Q �5T <kN0K$LMDVT <aN;<�o5QBbjNUl <�º0>�A ?RK�?BA H5L�N;O�FIH;N;<54�Æ�K$Q[<�º;<�FIf0T <+ÂTml K$L0o5T <hK$Ó�A F~O;?RK$T

ψinc
f(<�QBFI<�?aN;<½>�H5L-?BQ �5T <�QITeK�f(H5TeK$QBAeDBK�?BA H5L¶N;<&Dk>RWMK$FIfMDIb�T <&>@?BQBAed-O0<«<�?aFjK$o5L0b�?BAed-O0<A LM>�AeN;<�L-?RD�4M^,O0f0f(H-DYH5LMDEd-O l H5LhDYH5O0WMK$A ?B<V<�º0>�A ?B<�QET <VFIH;N;<

TE01
N;H5L-?GT <&DEDY<�O0T <&DE>�H5FIf(H-DBK$L-?B<&DEN;Oh>RWMK$FIfL0H5LÔL,O0T T <&DPDYH5L-?

Hz
Â
Er

<�?
Eθ

4G^,A
θinc = 0o <�?

ψinc = 0o ÂxT <&DPDY<�O0T <&DP>�H5FIf(H-DBK$L-?B<&DkL0H5LÔL,O0T T <&DN;O >RWMK$FIf¶A LM>�AeN;<�L-?kDYH5L-?
Ez

<�?
Hr

Â NUl K$f0QBX&DIT <&Dt<�º;f0QB<&DBDYA H5LMDj];4 �-yÃ<�?a];4 Ä$Ê � KSJ5<&> cos (ϕinc) = 1
<�?

sin (ϕinc) = 0 � 4�¸�T"L l ¼½KaN;H5LM>~K$OM>�O0L0<t>RWMK$LM>�<tNUl <�º0>�A ?B<�QV>�<tFIH;N;<tKSJ5<&>c>�<�?V<�LMDY<�F~80T <tN;<tfMK$QRK$FIX�?BQB<&D�4Æ�K$QE>�H5L-?BQB<+Â;DYA
θinc = 0o <�? ψinc = 90o Â;Tml <�º0>�A ?RK�?BA H5LP<&D=?EFjK�º;A FjK$T <54;Æ�H5O0Q�T <&DEK$O;?BQB<&DxFIH;N;<&DEN;b�o5b�L0b�QBb&D

� HE11
<�?
HE31

Â�<�L¢fMK$QY?BAe>�O0T A <�Q � Â�H5L¢o5b�L0b�QRK$T AeDY<a>�<PQRK$AeDYH5L0L0<�FI<�L-?&4�À H5QRDBd-O0<
ψinc = 0o Â�H5L¢H58;?BA <�L-?

H
(inc)
0,z = 0

<�?
E

(inc)
0,z 6= 0

NUl K$f0QBX&D9T <&D9<�º;f0QB<&DBDYA H5LMD � ];4 �-y � <�? � ];4 Ä$Ê � 4(Æ�K$Q[>�H5LMDYb&d-O0<�L-?-Â(TeKaDY¼,FIb�?BQBA <IN;OFIH;N;<Gb&>�TeK$A QBbE<&D=?`A FIf(H-DYb�<GfMK$Q`>�<�T T <9N;<
E

(inc)
z (r, θ, z)

4,^,A
θinc = 0o K$T H5QRD E(inc)

z (r, θ, z)
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ψinc = 90o K�wML NUl <�º0>�A ?B<�QhK$O;?RK$L-?«T <�>RWMK$FIf�b�T <&>@?BQBAed-O0<�d-O0<µT <�>RWMK$FIf�FjK$o5L0b�?BAed-O0<54E{vK$LMDPT <µ80O;?



3&�$� � � ������
��	�	�/�,� � ��������������� ��� ������� ��
	
a� �"�N��� ��� 
	�	� ���	�a�����#�	����� �������V� � ����
	
a���

-4 -2 0 2 4
-4

-2

0

2

4

0
1.2E7
2.3E7
3.5E7
4.7E7
5.8E7
7E7
8.2E7
9.3E7
1.1E8
1.2E8
1.3E8
1.4E8

����� ∣∣Ed
z

∣∣
-4 -2 0 2 4

-4

-2

0

2

4

0
4.2E9
8.3E9
1.3E10
1.7E10
2.1E10
2.5E10
2.9E10
3.3E10
3.8E10
4.2E10
4.6E10
5E10

� '(� ∣∣Hd
z

∣∣
-4 -2 0 2 4

-4

-2

0

2

4

0
2.3E11
4.7E11
7E11
9.3E11
1.2E12
1.4E12
1.6E12
1.9E12
2.1E12
2.3E12
2.6E12
2.8E12

�  2� ∣∣Pd
z

∣∣

�����	� �04 ]$Ê �«�xK$QY?B<&DEN;<c>RWMK$FIfMD�N;O«FIH;N;<
HE11

<�º0>�A ?BbVfMK$QGN;A i�QRK5>@?BA H5L

NUl b&>�TeK$A QB<�Q�T <&D�FIH;N;<&D
HE11

<�?
HE31

Â;H5L«f0QB<�LMNaT <&D�fMK$QRK$FIX�?BQB<&D�DYO0A J�K$L-?RDVÂ

���������	��
���
��
�������	��
���������
��

����� 
��!���

R

e
µm

�
HE11

�e-f '-�
µm

�
HE31

�

R0
g
µm

θ0 0o

���������	��
���
��
"$
��%�#��� �&
��!'

ncyl

e-f g
nmat

e

���������	��
���
��#"$
)�+* ��(,"$

-/�0��(1
2�3(,4���"$
�(,
5


����� 
��!���

λ
e
µm

θinc 0o

ψinc 90o

∥

∥

∥

~E(inc)
∥

∥

∥

e
neff

�
γ0 = k0neff

�
e-f e��-�����-g�� �

HE11
�

0.990752712 + i1.72525 10−3 �
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S−1 b�J�K$T O0b�<hgµTeK�>�H5LMD=?RK$L-?B<«N;<hf0QBH5fMK$o-K�?BA H5L

β
NUl O0L FIH;N;<
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neff = 0.990752712 + 1.72525 10−3i
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γ0 ∈ C � �04 �M3 � <�?
kt,ext ∈ C
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neff
Â0Tml H5LMN;<[f0TeK$L0<[A LM>�AeN;<�L-?B<cN;<�J,A <�L-?E?BH$?RK$T <�FI<�L-?Gf0QBH5fMK$o-K�?BA J5<vN0K$LMDETeKIFjK�?BQBAe>�<
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γ0 = k0ℜe (neff ) ∈ R
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Â
π − θ̃(r)

Â −π + θ̃(r)
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θ̃1(r)
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b�?BOMN;A b[f0QBb&>�b&N;<�FIFI<�L-? � N;<[QRKS¼5H5LaÍ � Â

l2 =
πR2

l1

 1,#$�&%'�(� �����(%­�&1½#5.;�S��+,1 ÂÆ�H5O0Qv>�H5FIFI<�LM>�<�Q-Â0b�?BOMN;A H5LMD9T <~>�K5DGfMK$QY?BAe>�O0T A <�QvN;OÃ>�K$QBQBb � l1 = l2 � Â�>�<td-O0A�A FIf0T Aed-O0<td-O0< C l2
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= Cmin
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Λ
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Λ
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H5OÃT <tQRK$f0f(H5QY? d
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Λ
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Λ

40{vK$LMDxTeKtN;<�O;º;A X�FI<VQBb�o5A H5Lj?B<�T T <[d-O0< d
Λ > 0.4

<�?�?B<�T T <Vd-O0<VTeK~J�K$T <�O0QEN;< λ
Λ

DYH5A ?�<�L;n�N;<&DBDYH5OMD
N;<cTeKj>�H5O0QB8(<c<�Lhf(H5A L-?BA T T b+ÂMT <tDY<&>�H5LMNPFIH;N;<c<&D=?9T H;>�K$T AeDYbcN0K$LMDGT <~>�H,<�O0Q&4(À H5QRDBd-O0<VTeKjJ�K$T <�O0Q9N;< λ

Λ

fMK5DBDY<
<�L;n�N;<&DBDYOMDxN;<vTeKt>�H5O0QB8(<v<�Laf(H5A L-?BA T T b+Â;A TUDY<VN;b�T H;>�K$T AeDY<vJ5<�QRD`TeK~QBb�o5A H5LjFIAe>�QBH-D=?BQBOM>@?BO0QBb�<540�`<�?Y?B<v?BQRK$LMDYA ?BA H5L
N;<VN;b�T H;>�K$T AeDBK�?BA H5LkD�l <�i�<&>@?BO0<VQRK$f0AeN;<�FI<�L-?-Â,>$l <&D=?Yn�g�n�N;A QB<vDYO0QxO0L0<vA L-?B<�QBJ�K$T T <vb�?BQBH5A ?�N;< λ

Λ

f(H5O0Q�O0LaQRK$f0f(H5QY?
w0º;b9N;< d

Λ

40�`<�?Y?B<9f0QBH5f0QBA b�?BbG<&D=?�>�H5L;wMQBFIbGfMK$Q`TeKVwMo5O0QB<[\,4 �cg[TeKcfMK$o5<v]5Ä$z[N;<9TeKcQBb�C­b�QB<�LM>�< O z03�P�A T T OMD=?BQRK$L-?TeKIfMK$QY?BA <cA FjK$o5A LMK$A QB<cN;<cTml A LMN;Ae>�<~<�i�<&>@?BA C`N;O½DY<&>�H5LMN«FIH;N;<c<�L«C­H5LM>@?BA H5L½N;O½QRK$f0f(H5QY? λ
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>�H5OM>RW0<&DVNUl A LM>�T OMDYA H5LMD � J5H5A Q[b�o-K$T <�FI<�L-?VTeKPwMo5O0QB<a\,4 3&z«gPTeKPfMK$o5<k]$�5Ê«N;<jTeKPQBb�C­b�QB<�LM>�< O z03�PxN;b�?B<�QBFIA L0b�<f(H5O0Q d

Λ = 0.3
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69LP>�H5LMDYAeN;X�QB<GO0L0<[Å�6vrÞN;<VDY¼,FIb�?BQBA <
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g[O0L0<v>�H5OM>RW0<9NUl A LM>�T OMDYA H5LMD`>�A QR>�O0TeK$A QB<&D�QB<�J,A <�L-?
g«>�H5LMDYAeN;b�QB<�QVO0LÌDY<�O0T`>�¼,T A LMN;QB<jDYO0Q[O0LÌDY<&>@?B<�O0QcNUl K$L0o5T <

T = 2π
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4�Æ�K$Qc>�H5LMDYb&d-O0<�L-?-ÂUTml A FIf0T b�FI<�L-?RK�?BA H5L
NUl O0L0<I?B<�T T <kD=?BQBOM>@?BO0QB<j>�¼,T A LMN;QBAed-O0<IQB<&D=?B<jK$LMK$T H5o5O0<Ig«>�<�T T <kN;<jTml O0L0Aed-O0<k>�¼,T A LMN;QB<j>�A QR>�O0TeK$A QB< � N;b�wML0AxDYO0QTml A L-?B<�QBJ�K$T T <VK$L0o5O0TeK$A QB<

[−π, π] � b�?BOMN;A b�<�:=OMDBd-O l gtf0QBb&DY<�L-? � J5H5A QGDY<&>@?BA H5L«z04 Ä;4 z � 4��GH5OMD�L0H5OMD�A L-?Bb�QB<&DBDY<�QBH5LMD<&DBDY<�L-?BA <�T T <�FI<�L-?�gcTeK~DY¼,FIb�?BQBA <
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O0Lhf0QB<�FIA <�QE?B<�FIfMDUÂMH5L½>�H5LMDYAeN;b�QB<�QRKtO0L0<~Å�6vr

C6v
gjO0L0<~>�H5OM>RW0<cNUl A LM>�T OMDYA H5LMD9>�A QR>�O0TeK$A QB<&D�40À <~DY<&>@?B<�O0Q

NUl b�?BOMN;<hN0K$LMDITeKÃFIb�?BW0H;N;<½N;A i�b�QB<�L-?BA <�T T <«H;>�>�O0f(<«O0L*K$L0o5T <«N;<
T = π
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<�Lk?B<�LMK$L-?
>�H5FIf;?B<[N;<VTeKIfMK$QBA ?BbVN;<&D�C­H5LM>@?BA H5LMD

ǫ(r, θ)
Â
N2

r (r, θ)
Â
N2

θ (r, θ)
<�?
NrNθ(r, θ) � J5H5A Q�TeKI>�H5LM>�T OMDYA H5L«N;<VTeKDY<&>@?BA H5Lj�04 z � 45Æ�H5O0Qx>�<9>�K5DUÂ5L0H5OMD�L0H5OMD`K�?Y?RK$QRN;<�QBH5LMD DYO0Q T <&D�?B<&D=?RDxN;<9>�H5L,J5<�QBo5<�LM>�<EN;OjFIH;N;<GC­H5LMN0K$FI<�L-?RK$T
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C1 I1

C2 I1

C3 I2

C4 I2

�
��� � \,4 ] �µ^,H5OMD=n�DY¼;D=?BX�FI<&DVN;<k>�H,<��k>�A <�L-?RDVN;<kÅ0H5O0QBA <�Q[N;<&D[>RWMK$FIfMDVFIH;N0K$O;ºÃfMK$Q[>�TeK5DBDY<jN;<jDY¼,FIb�?BQBA <jNUl O0L0<
Å�6vr

C2v

>�TeK5DBDY<&DGN;<tDY¼,FIb�?BQBA <54(ÏEwMLµN;<~FIH5L-?BQB<�Q9T <&D9>�K$fMK5>�A ?Bb&D9N;OÃ>�H;N;<~L,O0FIb�QBAed-O0<+ÂML0H5OMD9b�?BOMN;A <�QBH5LMDG<�LMDYO0A ?B<~T <
FIH;N;<VC­H5LMN0K$FI<�L-?RK$T f(H5O0Q9N;<�O;ºh>�H5OM>RW0<&D � J5H5A QEwMo5O0QB<t\,4 3 � 8 � � ÂMf0O0AeD�?BQBH5AeDG>�H5OM>RW0<&DENUl A LM>�T OMDYA H5LMD � J5H5A Q�w0no5O0QB<v\,4 3 � > � � 4-Ò L;wML�Â-L0H5OMDx>�H5LM>�T O0<�QBH5LMD >�<�?Y?B<vDY<&>@?BA H5LjfMK$Q Tml K$LMK$T ¼;DY<9N;OkFIH;N;<GC­H5LMN0K$FI<�L-?RK$TMNUl O0L0<vÅ�6vrg~DY¼,FIb�?BQBA <

C2v
Â;>�H5LMD=?BA ?BO0b�<VN;<VDYA ºa>�¼,T A LMN;QB<&D�N;H5L-?�T <&D�N;<�O;ºkf0TeK5>�b&DxDYO0Q�Tml K�º;<

x
f(H-DBDYX&N;<�L-?�O0L«N;AeK$FIX�?BQB<

f0T OMDcb�T <�J5bkd-O0<kT <&D~d-OMK�?BQB<kK$O;?BQB<&D � J5H5A Q[wMo5O0QB<P\,4 3 � N � � 4�¸�T`¼�K½K$T H5QRDcd-OMK�?BQB<k>�TeK5DBDY<&DcN;<aDY¼,FIb�?BQBA <jL0H5L
N;b�o5b�L0b�QBb�<&D�4 À <kFIH;N;<jC­H5LMN0K$FI<�L-?RK$TxDY<aN;A J,AeDY<j<�L¢N;<�O;º�FIH;N;<&D~N;AeD=?BA LM>@?RD � A LMN;Ae>�<&Dc<�i�<&>@?BA C'DtN;A i�b�QB<�L-?RD �N;<P>�TeK5DBDY<&D~N;<PDY¼,FIb�?BQBA <

C3
<�?
C4 � ?BH5O;?B<&DtT <&DtN;<�O;ºÌN;b&>�QBA ?B<&D~fMK$Q~T <PDYH5OMD=n³<�LMDY<�F~80T < I2 � 4�Æ�H5O0QI>�<�?Y?B<o5b�H5FIb�?BQBA <+Â$T <&DxN;A i�b�QB<�L-?RD`DYH5OMD=n�DY¼;D=?BX�FI<&D N;<v>�H,<��k>�A <�L-?RD`N;<vÅ0H5O0QBA <�Qx>�H5LMDYAeN;b�QBb&D�fMK$Q`TeK~r½{ DYH5L-?�N;H5L0L0b&D

N0K$LMD�T <v?RK$80T <&K$O½\,4 ];40À l <�LMDY<�F~80T <[N;<&DEQBb&DYO0T ?RK�?RDxH58;?B<�L,OMDEfMK$Q�TeKIFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T <[DY<�QRK~J�K$T AeN;b[fMK$Q
>�H5FIfMK$QRK$AeDYH5LaKSJ5<&>v>�<�O;ºPN;<[TeKIr½r O �,] Â0�-ÊPÂMz03�P Â0N;AeDYf(H5L0A 80T <cK$O«DY<�A LhN;O«TeK$8(H5QRK�?BH5A QB<54

� 0Y¦10m¥ � � 3 �¶�G���5£�*74U�;�M�=�
C6v

9��9�G�����`�9��6G��� �'�Y�9�U�Y�9�,�=�`�9�
Ï�J�K$L-?INUl K$LMK$T ¼;DY<�QcT <&D~f0QB<�FIA <�QRD~QBb&DYO0T ?RK�?RDcL,O0FIb�QBAed-O0<&DtDYO0QtO0L¢>�K5D~fMK$QY?BAe>�O0T A <�QtN;<PÅ�6vr�Â"A T�<&D=?tO;?BA T <«N;<

f0QBb&DY<�L-?B<�Q`T <v>�K$Te>�O0T�N;<&DxFjK�?BQBAe>�<&D`N;<VÁ�H,<�f0T A ?BÓvd-O0A�A L-?B<�QBJ,A <�L0L0<�L-?xN0K$LMD`TeKcFjK�?BQBAe>�<
Qǫ � z04 3SÄ � 4;^,O0QxO0LP>�¼,T A LMN;QB<

Cr
N;<kTeKhÓ�H5L0<kFIH;N;O0T b�< � Rmin < r < Rmax � Â"T <&D[C­H5LM>@?BA H5LMD ǫ(r, θ) Â N2

θ (r, θ)
Â
N2

r (r, θ)
<�?
NrNθ(r, θ)

L0<
DYH5L-?kf0T OMDaN;b�wML0A <&DaDYO0QaTml A L-?B<�QBJ�K$T T <½K$L0o5O0TeK$A QB<

[−π, π] � J5H5A QjwMo5O0QB<&Dkz04 3&� � K � Â z04 3&q � K � Â`z04 3&q � 8 � <�?«z04 3&q � > � � ÂFjK$AeDEDY<�O0T <�FI<�L-?GDYO0Q�Tml A L-?B<�QBJ�K$T T < [
θ0 − π

NT
, θ0 + π

NT

] 4;Æ�K$QE>�H5LMDYb&d-O0<�L-?-Â;TeK~FjK�?BQBAe>�<[N;<[Á�H,<�f0T A ?BÓ JǫK <&D=?GK$T H5QRD>�H5LMD=?BA ?BO0b�<[N;<&DG>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QEDYO0A J�K$L-?RDVÂ
ǫ0(r) = ǫmat +

NT

π
θ̃(r) (ǫcyl − ǫmat) � \,4 3 �

∀n ∈ N
∗ Â ǫn(r) =

e−inNT θ0

πn
sin
[
nNT θ̃(r)

]
(ǫcyl − ǫmat) � \,4 ] �

À <&DG>�H,<��k>�A <�L-?RDGN;<cTeKIFjK�?BQBAe>�<cN;<cÁ�H,<�f0T A ?BÓ J1
ǫ
K D�l <�L½N;b&N;O0AeDY<�L-?E?BH5O�:=H5O0QRDGN;<cTeKIF Á�FI<[FjK$L0A X�QB< � J5H5A Q9DY<&>@?BA H5Lz04 Ä;4 z � 4 � OMK$L-? K$O;ºto5QRK$LMN;<�O0QRD

N2
θ

Â
N2

r

<�?
NrNθ

Â$H5LIo-K$QRN;<�T <EF Á�FI<�?=¼,f(<GN;<Ef0QBH5T H5L0o5<�FI<�L-?�fMK$Q`N;<&D"C­H5LM>@?BA H5LMD
>�H5LMD=?RK$L-?B<&Dx<�?9>�QBb�L0<&K$O;º � J5H5A QxwMo5O0QB<&DEz04 3&q � K � gIz04 3&q � > � � 40À <&D�>�H,<��k>�A <�L-?RDEN;<cÅ0H5O0QBA <�QEN;<[TeKtFjK�?BQBAe>�< JNrNθKN;<�J,A <�L0L0<�L-?cÂ

(NrNθ)0 (r) = 0 � \,4 z �

∀n ∈ N
∗ Â (NrNθ)n (r) =

ie−inNT θ0

πn
[(−1)n − 1] ÑrNθ(r) � \,4 � �

KSJ5<&>
ÑrNθ(r)

?BH5O�:=H5O0QRD[N;b�wML0A`fMK$QcTeK«QB<�TeK�?BA H5L � z04 3S]$� � 4�À <&D[FjK�?BQBAe>�<&D[N;<aÁ�H,<�f0T A ?BÓ JN2
r K Â JN2

θ K QB<&D=?B<�L-?cA L;n>RWMK$L0o5b�<&D�4
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CNT v

gaA LM>�T OMDYA H5LMD[>�A QR>�O0TeK$A QB<&D9fMK$QVTeKPFIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <+ÂMN;b�wML0A <[DYO0QET <cDY<&>@?B<�O0QEA QBQBb&N;OM>@?BA 80T <[NUl K$L0o5T <

T = 2π
NT
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Â�Æ QBAeDY<~<�Lµ>�H5FIf;?B<IN;<~TeKPDYH5OMD=n³f(b�QBA H;N;Ae>�A ?Bb54U�`H5FIfMK$QRK$AeDYH5LhN;<&DVN;O0QBb�<&DvN;<t>�K$Te>�O0T�DY<�T H5L
N

NUl O0L0<[A L-?Bb�o5QRK�?BA H5LPf(H5O0QETeKtf(b�QBA H;N;<
2π

<�?GTeKIDYH5OMD=n³f(b�QBA H;N;<vf(b�QBA H;N;<
T = π

3

À�KkwMo5O0QB<a\,4 ]a>�H5FIfMK$QB<tT <&D[N;O0QBb�<&DVN;<k>�K$Te>�O0T � >�K$Te>�O0TeK�?B<�O0Qc�$� � A ?RD � DY<�T H5L N NUl O0L0<jA L-?Bb�o5QRK�?BA H5LÃf(H5O0QVTeK
f(b�QBA H;N;<cK$L0o5O0TeK$A QB<

2π
<�?9f(H5O0QGTeKjDYH5OMD=n³f(b�QBA H;N;<

T = 2π
NT

KSJ5<&>
NT = 6

f(H5O0QGTeKjÅ�6vr
C6v � A L-?Bb�o5QRK�?BA H5LhNUl O0LDYH5OMD=n�DY¼;D=?BX�FI<~N;A i�b�QB<�L-?BA <�T�N;<tFjK�?BQBAe>�< Mi(r)

K5DBDYH;>�A b~K$OµDYH5OMD=n³<�LMDY<�F~80T <~N;<I>�H,<��k>�A <�L-?RDvN;<IÅ0H5O0QBA <�Q Ii � 4�69LQBb&K$T AeDY<�80A <�LIT <Eo-K$A LIN;<�?B<�FIfMD N;<G>�K$Te>�O0T0T H5QRDBd-O0<�TeKVDYH5OMD=n³f(b�QBA H;N;Ae>�A ?Bb�H5f;?BH$n³o5b�H5FIb�?BQBAed-O0<�N;<ETml H58;:=<�?`>�¼,T A LMN;QBAed-O0<
<&D=?Gf0QBAeDY<V<�L«>�H5FIf;?B<cN0K$LMD�T <Vf0QBH5o5QRK$FIFI<54
¨©� �"1h²³�(�"�".0´Ì1,���&.0/ Â¸�L-?Bb�QB<&DBDYH5LMD=n³L0H5OMD�NUl K$8(H5QRN~K$O~FIH;N;<xC­H5LMN0K$FI<�L-?RK$T;NUl O0L0<EÅ�6vr�>�TeK5DBDYAed-O0<�N;<EDY¼,FIb�?BQBA <

C6v
g9O0L0<E>�H5OM>RW0<NUl A LM>�T OMDYA H5LMDI>�A QR>�O0TeK$A QB<&D � J5H5A QtwMo5O0QB<½\,4 3 � K � � 4�À <&DtfMK$QRK$FIX�?BQB<&D~>RW0H5AeDYAeDtf(H5O0QITml b�?BOMN;<«L,O0FIb�QBAed-O0<«DYH5L-?QB<�o5QBH5O0f(b&DxN0K$LMD�T <V?RK$80T <&K$O«DYO0A J�K$L-?cÂ
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neff

Af

�
Ap

�
À�KIT <�J5b�<cN;<~N;b�o5b�L0b�QB<&DB>�<�LM>�<VL,O0FIb�QBAed-O0<cH58MDY<�QBJ5b�<Vf0QBb&>�b&N;<�FIFI<�L-?Gf(H5O0Q9T <~>�K5DGN;O½>�¼,T A LMN;QB<~>�A QR>�O0TeK$A QB<

� J5H5A Q"DY<&>@?BA H5L~�04 Ä;4 ] � L l K$f0fMK$QRK�Se?�f0T OMDUÂSf0O0AeDBd-O0<`TeKGo5b�H5FIb�?BQBA < FIH;N;b�T AeDYb�< � f0QBH$wMT,N;<`TeK9Å�6vr J,OcfMK$Q"T <x>�H;N;<
L,O0FIb�QBAed-O0<[NUl K$f0QBX&D�TeKjN;AeDB>�QBb�?BAeDBK�?BA H5L«N;<[TeKIÓ�H5L0<VFIH;N;O0T b�<c<�L«fMK5DENUl A L-?Bb�o5QRK�?BA H5LP<�?GT <&DE<�i�<�?RD9N;< �vA 808MD
N;OMDEgtTeK~?BQBH5LM>�K�?BO0QB<VN;<&DEN;b�J5<�T H5f0f(<�FI<�L-?RD � DYO0A ?GTeKtF Á�FI<cDY¼,FIb�?BQBA <[d-O0<VTeKto5b�H5FIb�?BQBA <vQBb�<�T T <[N;<VTeK~wM80QB<H5f;?BAed-O0< � C6v � 4�À < FIH;N;< C­H5LMN0K$FI<�L-?RK$T-K$f0fMK$QY?BA <�L-?"K$T H5QRD K$O;ºcN;<�O;ºc>�TeK5DBDY<&D N;<xDY¼,FIb�?BQBA < C3/4

d-O0A-QB<&D=?B<�L-?
80A <�LµN;b�o5b�L0b�QBb�<&DvN0K$LMDvTml A FIf0T b�FI<�L-?RK�?BA H5LµN;<ITeKaFIb�?BW0H;N;<jN;A i�b�QB<�L-?BA <�T T <54�Æ�H5O0Q

N = 60
Â
λ = 1.56 µm

Â
L1 = L2 = 10

<�?
L3 = 5

ÂMTeKIQB<&>RW0<�QR>RW0<VN;<cTml A LMN;Ae>�<c<�i�<&>@?BA C gjTml K$AeN;<cN;<cTeKIFjK�?BQBAe>�<
Z

(L)
2 � DYH5OMD=n³FjK�?BQBAe>�<

Z(L) K5DBDYH;>�A b�<GK$OaDYH5OMD=n�DY¼;D=?BX�FI<GN;<v>�H,<��k>�A <�L-?RD`N;<vÅ0H5O0QBA <�Q I2
Â-J5H5A QxDY<&>@?BA H5Lk�04 ];4 z � K$8(H5O;?BA ?�g[TeKcJ�K$T <�O0Q9Â

neff = 1.42078315+i7.20465 10−4 4$À�Kvr½r ?BQBH5O0J5<xTeK9J�K$T <�O0Q DYO0A J�K$L-?B<vÂ
neff = 1.4207845+i7.20952

10−4 4"À l b&>�K$QY?cQB<�TeK�?BA CEN;<&DcFIH;N;O0T <&D~N;<a>�<&DcA LMN;Ae>�<&D[<�i�<&>@?BA C'D~<&D=?~J5H5AeDYA L�N;<
10−6 4"À <&D[wMo5O0QB<&D~\,4 z � K � g\,4 z � > � FIH5L-?BQB<�L-?�T <&D�>�K$QY?B<&D"N;<E>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D"N;O~FIH;N;<xC­H5LMN0K$FI<�L-?RK$T,N;<EDY¼,FIb�?BQBA < C3

<�?�T <&D�wMo5O0QB<&D
\,4 � � K � gP\,4 � � > � f(H5O0QGTeKkDY¼,FIb�?BQBA < C4

4��GH5OMDE?B<�L-?BH5LMDGNUl b�J�K$T O0<�QGTeKIf0QBb&>�AeDYA H5LhN;<&D9>�K$Te>�O0TeDEL,O0FIb�QBAed-O0<&DEg
?BQRKSJ5<�QRDGN;<&D9?B<&D=?RDvN;<I>�H5L,J5<�QBo5<�LM>�<cDY<�T H5L½Tml H5QRN;QB<~FjK�º;A FjK$T�N;<~?BQBH5LM>�K�?BO0QB<

N
4UÀ�KjwMo5O0QB<j\,4 Ä � K � FIH5L-?BQB<Tml b�J5H5T O;?BA H5LtN;<�Tml A LMN;Ae>�<�<�i�<&>@?BA CUN0K$LMD"T <�f0TeK$LI>�H5FIf0T <�º;<x<�L~C­H5LM>@?BA H5LIN;<

N
f(H5O0Q�TeKvFIb�?BW0H;N;<EN;A i�b�QB<�L-?BA <�T T <

O;?BA T AeDBK$L-?�TeK9Å�Å�Å � r½{ � <�?�TeK9FIb�?BW0H;N;<�N;A i�b�QB<�L-?BA <�T T <�>�TeK5DBDYAed-O0< � r½{[� � 4$À <�>�K$QBQBbx>�H5QBQB<&DYf(H5LMN[g9TeK9J�K$T <�O0Q?BQBH5O0J5b�<~fMK$Q[TeKPr½r�4�69LµDY<IQB<�LMNÃ80A <�L�>�H5FIf;?B<jd-O0<ITeK«>�H5L,J5<�QBo5<�LM>�<~N;<ITeK«r½{[��QB<&D=?B<I<�LµQB<�?RK$QRN½fMK$Q
QRK$f0f(H5QY?[g«>�<�T T <kN;<ITeK«r½{~4"À�KawMo5O0QB<k\,4 Ä � 8 � QB<�f0QBb&DY<�L-?B<IgPL0H5O0J5<&K$OÃTeK«>�H5L,J5<�QBo5<�LM>�<tN;<

neff
N0K$LMDVT <
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C3

n�K�f(H5O0Q
λ = 1.56 µm

Â
N = 60

Â
L1 = L2 = 10

<�?
L3 = 5

4
neff = 1.42078315 + i7.20465 10−4
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�����	� \,4 � �Ô�xK$QY?B<&DkN;<µ>RWMK$FIfMDjL0H5QBFjK$T AeDYb&DkN;OÔFIH;N;<hC­H5LMN0K$FI<�L-?RK$T
C4

n�K�f(H5O0Q
λ = 1.56 µm

Â
N = 60

Â
L1 = L2 = 10

<�?
L3 = 5

4
neff = 1.42078315 + i7.20465 10−4
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�+x3knm�ypz s ℜe(neff )

iEi ℑm(neff )
iEi ℜe(neff )

il� ℑm(neff )
il� >��/|Ay�mvyps)~ |Ampz 2t�w+y ℜe(neff )

>��/|Ay�mvyps)~ |Ampz 2t�w+y ℑm(neff )e e-f �-�-�-�4eA�U�-�*�
5.7618884 10−3 e-f �-�-�-�4e/�-�-��'

5.7616371 10−3 3.6 10−7 4.4 10−5g e-f �-���U�-�4e-e/�-�
4.2278502 10−3 e-f �-���U�-��g-gU�-�

4.2277231 10−3 7.8 10−7 3.0 10−5�
�

� e-f �hg*'��U�*� �-ghe
7.2095221 10−4 e-f �hg*'��U�*���*���

7.2094414 10−4 3.0 10−7 1.1 10−5�
�

� e-f �-�-�-���-g-g��h�
5.0376883 10−3 e-f �-�-�-���U��'=�U�

5.0374468 10−3 5.8 10−7 4.8 10−5� e-f �-��ghe/�����U�-�
1.9429823 10−2 e-f �-��ghe/�-�-�����

1.9428629 10−2 1.1 10−6 6.1 10−5� e-f �=�he/��g��U�-��'
2.1553168 10−2 e-f �=�he/��gU�-�-�-�

2.1552000 10−2 4.0 10−7 5.4 10−5

�
��� � \,4 z �Ã�`H5FIfMK$QRK$AeDYH5L½N;<&D9A LMN;Ae>�<&Dv<�i�<&>@?BA C'DvH58;?B<�L,OMD9fMK$QvTeKar½{ � N = 162
<�?
L = 25 � <�?VTeKPr½r�f(H5O0Q

T <&D�f0QB<�FIA <�QRD�FIH;N;<&DEN;<c>RWMK5d-O0<[>�TeK5DBDY<VN;<cDY¼,FIb�?BQBA <[N;<VTeKjÅ�6vr
C6v

Â;f(H5O0Q
λ = 1.56 µm

f0TeK$LI>�H5FIf0T <�º;<EDY<�O0T <�FI<�L-? f(H5O0Q�TeK[r½{~45ÏEwMLjN;<EFIA <�O;ºtb�J�K$T O0<�Q�TeKvf0QBb&>�AeDYA H5LIN;<&D�QBb&DYO0T ?RK�?RDUÂ�TeK9wMo5O0QB<9\,4 �
FIH5L-?BQB<vTml b&>�K$QY?�QB<�TeK�?BA C�N;<&D�FIH;N;O0T <&DEN;<&D�A LMN;Ae>�<&D�<�i�<&>@?BA C'DEN;<VTeKIr½{�<�?ETeKIr½{[� fMK$QEQRK$f0f(H5QY?�gtTeKIr½r�Â
f(H5O0Q�N;A i�b�QB<�L-?B<&D`J�K$T <�O0QRD`N;<

L � L = L1 +L2 +L3 � 4M69LaH58MDY<�QBJ5<E<�LM>�H5QB<vd-O0<9TeK~>�H5L,J5<�QBo5<�LM>�<GN;<9TeKtr½{<&D=?G8(<&K$OM>�H5O0f«f0T OMDEQRK$f0AeN;<[d-O0<c>�<�T T <cN;<cTeKIr½{[�94U69Lh>�H5LMD=?RK�?B<[b�o-K$T <�FI<�L-?Gd-O0<[TeKIf0QBb&>�AeDYA H5L«K$O0o5FI<�L-?B<
KSJ5<&>

L
4�Ò T T <jK�?Y?B<�A L-?VO0L0<IJ�K$T <�O0Q[N;<

3.10−7 f(H5O0Q L = 25
<�?
N = 162

4�À <tQB<�8(H5LMNÃN;<&D9?BQBH5AeDV>�H5O0QB8(<&D
>�H5QBQB<&DYf(H5LMNIK$OkfMK5DBDBK$o5<GN;<9Tml A LMN;Ae>�<v<�i�<&>@?BA C"g[f0QBHSº;A FIA ?BbvN;<v>�<�T O0A�K5DBDYH;>�A b9g[TeK~r½r � J5H5A Q wMo5O0QB<V\,4 Ä � 8 � � 469LÃ>�H5LM>�T O;?vT <&DG?B<&D=?RDvN;<~J�K$T AeN0K�?BA H5LÃN;O½FIH;N;<~C­H5LMN0K$FI<�L-?RK$T�fMK$QvTml b�?BOMN;<tN;<tTeKaN;AeDYf(<�QRDYA H5L 4(À <&D9fMK$QY?BA <&D
QBb�<�T T <I<�?cA FjK$o5A LMK$A QB<jN;<jTml A LMN;Ae>�<j<�i�<&>@?BA CE<�LµC­H5LM>@?BA H5L�N;<

λ ∈ [1, 2.6]
>�K$Te>�O0T b�<&D[fMK$Q[TeK«r½{ <�?cTeKhr½r

DYH5L-?x?BQRK5>�b�<&D�DYO0QETeK~wMo5O0QB<c\,4 \ � K � 40À�KcwMo5O0QB<~\,4 \ � 8 � QB<�f0QBb&DY<�L-?B<vTeKIN;AeDYf(<�QRDYA H5LP>RW0QBH5FjK�?BAed-O0<v<�LaC­H5LM>@?BA H5LN;<~TeKkT H5L0o5O0<�O0QVNUl H5LMN;<54�Ï�fMK$QY?BA QVN;<t>�<&DvN;<�O;ºhwMo5O0QB<&DUÂMH5L½J5b�QBA wM<tgkL0H5O0J5<&K$OhTml <�º0>�<�T T <�L-?[K5>�>�H5QRN«<�L-?BQB<
T <&D�QBb&DYO0T ?RK�?RD�H58;?B<�L,OMD�fMK$QET <&DEN;<�O;ºPFIb�?BW0H;N;<&D�4

� !�����1,®j´Ì� �"1,® Â
À <½f0QBH5o5QRK$FIFI<hf(<�O;?Pb�o-K$T <�FI<�L-?ab�?BOMN;A <�QPT <&DaK$O;?BQB<&DkFIH;N;<&DPN;<Ã>�<�?Y?B<µÅ�6vr�4xÆ�H5O0QPD�l <�L�>�H5L,J�K$A LM>�QB<+Â
L0H5OMD�K$T T H5LMD`L0H5OMD�A L-?Bb�QB<&DBDY<�Q�K$O;ºkf0QB<�FIA <�QRD`FIH;N;<&DEN;<V>RWMK5>�O0L0<VN;<&D�W,O0A ?G>�TeK5DBDY<&DxN;<[DY¼,FIb�?BQBA <54;À <&D�N;<�O;º
f0QB<�FIA X�QB<&D � C1

n�Kk<�?
C2

n�K � DYH5L-?vL0H5LµN;b�o5b�L0b�QBb�<&D�4(Ï
λ = 1.56 µm

<�?
L = 25

Â(Tml b�J5H5T O;?BA H5LÃN;<tTml A LMN;Ae>�<
<�i�<&>@?BA C fMK$Q9TeKar½{ � >�K$Te>�O0T btgjfMK$QY?BA QvN;<~TeKjFjK�?BQBAe>�< Z(L)

1

N;OÃDYH5OMD=n�DY¼;D=?BX�FI<cN;<t>�H,<��k>�A <�L-?RD9N;<tÅ0H5O0QBA <�Q
I1 � <�LkC­H5LM>@?BA H5LaN;< N <&D=?�>�H5FIfMK$QBb�<vgcTeKcJ�K$T <�O0Q`?BQBH5O0J5b�<9fMK$QxTeK~r½rÞN0K$LMD`T <&D`wMo5O0QB<&D�\,4 q � K � <�?9\,4 q � 8 � 4{vK$LMDET <&DGN;<�O;ºh>�K5DUÂ0H5LhDY<[QB<�LMNh>�H5FIf;?B<cd-O0<cTml A LMN;Ae>�<c<�i�<&>@?BA C�L0<[?B<�LMN«fMK5D�?BH5O;?Yn�g�nmC'K$A ?GJ5<�QRDE>�<�T O0A�f0QBb�J,O
fMK$QITeK�r½r�4�Ò L*<�i�<�?-Â A TG<�º;AeD=?B<«O0L0<hJ�K$T <�O0QI?BW0b�H5QBAed-O0< � <�?jw(>@?BA J5< � N;<

neff
Â FjK$AeDj>RWMK5d-O0<«FIb�?BW0H;N;<

?B<�LMN <�L QBb&K$T A ?BbhJ5<�QRDIO0L*A LMN;Ae>�<½<�i�<&>@?BA C �@L,O0FIb�QBAed-O0< �Pd-O0AGT O0A9<&D=?aA L-?BQBA LMDYX&d-O0<�FI<�L-?aN;b�wML0AvDY<�T H5L*DY<&D
fMK$QRK$FIX�?BQB<&D�N;<cN;AeDB>�QBb�?BAeDBK�?BA H5L 40Á�H5O;?B<�C­H5AeDUÂ;TeKIf0QBb&>�AeDYA H5LPH58;?B<�L,O0<[fMK$QETeKIr½{©QB<&D=?B<[DBK�?BAeD=C'K$AeDBK$L-?B< � b&>�K$QY?RDQB<�TeK�?BA C'DGK$O;?BH5O0Q9N;<

10−6 f(H5O0Q N = 162 � 4MÀ <&D�wMo5O0QB<&Dv\,4 y � K � gP\,4 y � > � FIH5L-?BQB<�L-?GT <&D9>�K$QY?B<&DGN;<~>RWMK$FIfMDK5DBDYH;>�A b�<&DVK$O�FIH;N;<
C2

n�K«g
N = 60

4"�`<�T T <&DcN;O�FIH;N;<
C1

n�KPL0<aDYH5L-?[fMK5DVQB<�f0QBb&DY<�L-?Bb�<&D[>�K$Q[<�T T <&DVT <�O0Q
QB<&DBDY<�F~80T <�L-?"8(<&K$OM>�H5O0fPÂ$À�KV>�K$QY?B<�N;< |Ez |

N;OtFIH;N;<
C1

n�K9<&D=? DY<�F~80TeK$80T <Egv>�<�T T <EN;< |Hz|
N;OtFIH;N;<

C2
n�K'Â

<�?vA L,J5<�QRDY<�FI<�L-?&4MÆ�K$QV>�H5L-?BQB<+Â(<�T T <&D9H5L-?Vd-OMK5DYA FI<�L-?vT <&D9F Á�FI<&Dv>�K$QY?B<&DvN;< |Pz |
4 69Lµ>�H5LMD=?RK�?B<cTml <�º0>�<�T T <�L-?

K5>�>�H5QRNh<�L-?BQB<tT <&DvQBb&DYO0T ?RK�?RDvH58;?B<�L,OMDvfMK$QVTeKPr½{Ñ<�?cr½rZDYO0QVTeKkwMo5O0QB<k\,4 3&Êad-O0A�QB<�f0QBb&DY<�L-?B<tT <&DvfMK$QY?BA <&D
QBb�<�T T <t<�?cA FjK$o5A LMK$A QB<IN;<ITml A LMN;Ae>�<j<�i�<&>@?BA CEN;O�FIH;N;<

C2
n�KP<�LÃC­H5LM>@?BA H5L�N;<

λ ∈ [1.1, 2.5] � KSJ5<&> N = 60<�?
L = 25

f(H5O0QcTeK½r½{ � 4�À <&Dc>�TeK5DBDY<&DcN;<aDY¼,FIb�?BQBA < C5/6
DYH5L-?~N;b�o5b�L0b�QBb�<&D�4��`H5FIFI<jf0QBb&>�b&N;<�FIFI<�L-?-Â

TeKPwMo5O0QB<a\,4 353IA T T OMD=?BQB<jTeKh>�H5L,J5<�QBo5<�LM>�<t<�LµC­H5LM>@?BA H5L�N;<
N

N0K$LMD[T <jf0TeK$L�>�H5FIf0T <�º;<kN;<kTml A LMN;Ae>�<j<�i�<&>@?BA C
fMK$Q9TeKar½{ � >�K$Te>�O0T btgkfMK$QY?BA QVN;<~TeKkFjK�?BQBAe>�< Z(L)

3

N;OµDYH5OMD=n�DY¼;D=?BX�FI<~N;<I>�H,<��k>�A <�L-?RDvN;<tÅ0H5O0QBA <�Q I3 � <�L>�H5FIfMK$QRK$AeDYH5L½KSJ5<&>[TeKaJ�K$T <�O0Qv?BQBH5O0J5b�<~fMK$QVTeKar½r�4 À <&D9wMo5O0QB<&D[\,4 3S] � K � gh\,4 3S] � > � FIH5L-?BQB<�L-?VT <&DV>�K$QY?B<&DN;<9>RWMK$FIfMDxK5DBDYH;>�A b�<&D K$OjFIH;N;<
C6

n�Kcg
N = 60

45Æ�H5O0Q`T <&DxN;<�O;ºkN;<�QBL0A <�QRD FIH;N;<&D`N;<v>�TeK5DBDY<&D`N;<vDY¼,FIb�?BQBA <
L0H5LhN;b�o5b�L0b�QBb�<&D

C7
<�?
C8

ÂMT <&D9>�H5O0QB8(<&D � J5H5A Q�wMo5O0QB<&Dv\,4 3&z � K � <�?[\,4 3&z � 8 � � K5DBDYH;>�A b�<&DGK$O;º«>�H5L,J5<�QBo5<�LM>�<&D<�LÃC­H5LM>@?BA H5L�N;<
N

N;<IT <�O0QRDVA LMN;Ae>�<&D[<�i�<&>@?BA C'D � >�K$Te>�O0T b&D[gPfMK$QY?BA Q[N;<jTeKPFjK�?BQBAe>�< Z(L)
4

N;O�DYH5OMD=n�DY¼;D=?BX�FI<
N;<P>�H,<��k>�A <�L-?RD~N;<PÅ0H5O0QBA <�Q I4 � DY<�F~80T <�L-?tO0LÌf(<�O¢FIH5A LMD~D=?RK$80T <&D~d-O0<aT <&D~f0QBb&>�b&N;<�L-?B<&D�4��`H5FIFI<kf(H5O0Q
T <&D9FIH;N;<&D

C1
n�Kk<�?

C2
n�K'Â(H5LµN;H5L0L0<IDY<�O0T <�FI<�L-?VT <&Dv>�K$QY?B<&DvN;<I>RWMK$FIfMDvK5DBDYH;>�A b�<&DvK$O½FIH;N;<

C6
n�Kkf(H5O0Q

λ = 1.56 µm
Â
N = 60

<�?
L = 25 � J5H5A QVwMo5O0QB<&Dt\,4 3�� � K � gÃ\,4 3�� � > � � 4ÔÀ <j?RK$80T <&K$O¢\,4 z«QBb&>�K$f0A ?BO0T <jT <&D

N;A i�b�QB<�L-?B<&DEJ�K$T <�O0QRDGN;<&DEA LMN;Ae>�<&DG<�i�<&>@?BA C'DGH58;?B<�L,O0<&DEfMK$QGTeKkr½{©<�?9TeKjr½r�ÂMf(H5O0QGTml <�LMDY<�F~80T <~N;<&DG>�TeK5DBDY<&D
N;<½DY¼,FIb�?BQBA <&D�4x�`<&DjN;H5L0L0b�<&DkDYH5L-?jH58;?B<�L,O0<&DIf(H5O0Q

λ = 1.56 µm
Â
N = 162

<�?
L = 25 �

T <&DkK$O;?BQB<&D
fMK$QRK$FIX�?BQB<&DxQB<&D=?B<�L-?GA LM>RWMK$L0o5b&D�4�69Lh>�H5LMD=?RK�?B<cN;<cFI<�A T T <�O0QRDEb&>�K$QY?RD�QB<�TeK�?BA C'DEH58;?B<�L,OMDGDYO0QGTeKjfMK$QY?BA <[QBb�<�T T <
fMK$Q9QRK$f0f(H5QY?vga>�<�O;ºhH58;?B<�L,OMD9DYO0QvTeKkfMK$QY?BA <cA FjK$o5A LMK$A QB<~N;<&D9A LMN;Ae>�<&D9<�i�<&>@?BA C'D�4Ur½K$AeDUÂ(N0K$LMDG?BH5OMD9T <&Dv>�K5DUÂ
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d-O0<9>�<�T T <vN;<&D`>�¼,T A LMN;QB<&D`N;<vDY<&>@?BA H5LMD <�T T A f;?BAed-O0<9<�?`QB<&>@?RK$L0o5O0TeK$A QB<Eb�?BOMN;A b&D
N0K$LMDtT <h>RWMK$f0A ?BQB<Pf0QBb&>�b&N;<�L-? � J5H5A QIDY<&>@?BA H5LMDI�04 �04 3a<�?k�04 �04 ] � 4`�`H5FIFI<Pf(H5O0QjT <&DIÅ�6vr½DIgÃf0T OMDYA <�O0QRDI>�H5OM>RW0<&D
NUl A LM>�T OMDYA H5LMD � DY<&>@?BA H5LIf0QBb&>�b&N;<�L-?B<&D � Â�Tml A FIf0T b�FI<�L-?RK�?BA H5LjN;<G>�<�?Y?B<GÅ�6vr�N0K$LMD�TeKvFIb�?BW0H;N;<GN;A i�b�QB<�L-?BA <�T T <GN;<�J,A <�L-?
O0Lkf(<�Ojf0T OMDx>�H5FIf0T <�º;<Gd-O0<9N0K$LMD T <v>�K5D NUl O0L0<vDY<�O0T <9>�H5OM>RW0<GNUl A LM>�T OMDYA H5LMD`>�A QR>�O0TeK$A QB<&D�N;<vN;AeK$FIX�?BQB<&D�AeN;<�L-?BAed-O0<&D

� J5H5A QEwMo5O0QB<~\,4 3 � K � � 4MÆ�K$Q9>�H5L-?BQB<+Â;H5L½>RW0<�QR>RW0<VAe>�A"gIo-K$QRN;<�Q-Â;f(H5O0Q9>RWMK5d-O0<[A LM>�T OMDYA H5L�Â0TeKjF Á�FI<~DYO08�N;A J,AeDYA H5LhN;<
TeK~Ó�H5L0<VFIH;N;O0T b�< � <�La?BQBH5AeD�DYH5OMD=n³Ó�H5L0<&D FIH;N;O0T b�<&D � d-O0<[>�<�T T <v<�i�<&>@?BO0b�<[f(H5O0Q�TeKtÅ�6vrÞb�?BOMN;A b�<[N0K$LMDxTeKIDY<&>@?BA H5L
\,4 354 ] � J5H5A QcTeKPwMo5O0QB<kz04 3SÄ � 8 � � 4�Æ�H5O0Qt>�<�TeK'Â H5LÌN;AeD=?BA L0o5O0<kT <&DcN;<�O;º�N;<�FIA n³A LM>�T OMDYA H5LMDcf0TeK5>�b�<&DcDYO0QcTml K�º;<

x
N;<&D

N;<�O;ºkK$O;?BQB<&D�A LM>�T OMDYA H5LMD � J5H5A Q wMo5O0QB<v\,4 3 � N � � Â,N0K$LMD`N;A i�b�QB<�L-?RD <�LMDY<�F~80T <&D`DYO0Q`T <&DBd-O0<�TeD H5LjH5f(X�QB<GTeKcDYO08�N;A J,AeDYA H5L<�Lk?BQBH5AeDxDYH5OMD=n³Ó�H5L0<&D FIH;N;O0T b�<&D�4�'GL0<vC­H5AeD ?BH5OMD�>�<&Dx<�LMDY<�F~80T <&DxN;b�?B<�QBFIA L0b&DxA LMN;b�f(<�LMN0K$FIFI<�L-?-Â,?BH5O;?B<&D`T <&D�DYH5OMD=n
Ó�H5L0<&D~FIH;N;O0T b�<&DtDYH5L-?I>�H5F~80A L0b�<&D~<�L-?BQB<a<�T T <&D�4�À <&D~FjK�?BQBAe>�<&DtN;<PÁ�H,<�f0T A ?BÓ JǫK Â J1

ǫ
K Â JN2

r K Â JN2
θ K <�? JNrNθKDYH5L-? ?BH5O�:=H5O0QRD`N;b�?B<�QBFIA L0b�<&D`>�H5FIFI<vN0K$LMD TeKcDY<&>@?BA H5LP\,4 354 ];45Æ�H5O0Q`TeKcÅ�6vr >�H5LMDYAeN;b�QBb�<+Â5H5LI?BQBH5O0J5<
7
DYH5OMD=n³Ó�H5L0<&D

FIH;N;O0T b�<&DUÂ0>RWMK5>�O0L0<VfMK$QY?RK$o5b�<v<�L
5
>�H5OM>RW0<&DG^ � L = 35 � 469LÃQRK$f0f(<�T T <Id-O l A T�<�º;AeD=?B<IN0K$LMDV>�<j>�K5Dvd-OMK�?BQB<I>�TeK5DBDY<&DvN;<IDY¼,FIb�?BQBA <&D9?BH5O;?B<&DvL0H5LµN;b�o5b�L0b�QBb�<&D O z,\9Â z5q�P³4�Ò L>�H5LMDYb&d-O0<�LM>�<+Â�T <&D >RWMK$FIfMD N;OjFIH;N;<�C­H5LMN0K$FI<�L-?RK$T2Â5N;b�o5b�L0b�QBb&D�f(H5O0Q TeK[Å�6vr

C6v
Â5N;<�J,A <�L0L0<�L-?`L0H5LjN;b�o5b�L0b�QBb&D�Â

Tml O0L K$f0fMK$QY?BA <�L-?Pg¢TeK¢>�TeK5DBDY<
C3

ÂxTml K$O;?BQB<µgÌTeK¢>�TeK5DBDY<
C4

4�À <&DaA LMN;Ae>�<&DP<�i�<&>@?BA C'Da?BQBH5O0J5b&DkfMK$QPTeK¢r½{ÇDYH5L-?
neff = 1.4179222+ i5.1110 10−4 f(H5O0Q T <EFIH;N;< C3

n�K � >�K$Te>�O0T bGgVfMK$QY?BA Q N;<ETeKVFjK�?BQBAe>�< Z(L)
2

N;OkDYH5OMD=n�DY¼;D=?BX�FI<
N;<9>�H,<��k>�A <�L-?RD N;<GÅ0H5O0QBA <�Q I2 � Â5<�? neff = 1.4184559+ i5.2756 10−4 f(H5O0Q T <GFIH;N;< C4

n�K � >�K$Te>�O0T bGgVfMK$QY?BA Q`N;<TeKtF Á�FI<[FjK�?BQBAe>�<[N;O«F Á�FI<cDYH5OMD=n�DY¼;D=?BX�FI<VN;<[>�H,<��k>�A <�L-?RDGN;<[Å0H5O0QBA <�QGd-O0<Vf(H5O0QET <[FIH;N;<
C3

n�K � 40À <&D�J�K$T <�O0QRDH58;?B<�L,O0<&D`fMK$QxTeKtr½rÞDYH5L-?vÂ
neff = 1.4179265+ i5.11457 10−4 � >�TeK5DBDY< C3 � <�? neff = 1.418460+ i5.27845

10−4 � >�TeK5DBDY< C4 � 4U69L«J5b�QBA wM<cgjL0H5O0J5<&K$OPT <c8(H5L½K5>�>�H5QRNa<�L-?BQB<[T <&DGQBb&DYO0T ?RK�?RDGN;<&DGN;<�O;º«FIb�?BW0H;N;<&D�4(À <&DG>�K$QY?B<&DN;<c>RWMK$FIfMDEN;OPFIH;N;<
C4

n�KIDYH5L-?EQB<�f0QBb&DY<�L-?Bb�<&D�DYO0QET <&DxwMo5O0QB<&DG\,4 ]$Ê � K � gk\,4 ]$Ê � > � 4
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n�K~f(H5O0QEO0L0<[Å�6vr N;<[DY¼,FIb�?BQBA <
C2v

f(H5O0Q
λ = 1.56

µm
Â
N = 60

<�?
L = 35

4
neff = 1.4184559 + i5.2756 10−4

x

y

z

0

θ0

Rmin Rmax

T

θm

�����	� \,4 ];3 �P^,<&>@?BA H5LhN;QBH5A ?B<[DYO0QETeKtf(b�QBA H;N;<
T = 2π

NT

NUl O0L0<cÅ�6vr
CNT v

gtA LM>�T OMDYA H5LMDEDY<&>@?BH5QBA <�T T <&D

� £�� � ª]¸�¶�¨ ¶�¨ �R¤�� ­ % «Aµ�©�½A¸�­�«A±<µ�­®­�¨�©vª]±3º»«A¨�½A½A¨�­
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C6v

�GH5OMDtL0H5OMDtA L-?Bb�QB<&DBDYH5LMDtN;b&DYH5QBFjK$AeDtgµO0L¶L0H5O0J5<&K$OÌf0QBH$wMT2Â�DYf(b&>�A w(d-O0<hgÃTeK�r½{ÇÂ�O0L0<hÅ�6vr
C6v

gÃO0L0<
>�H5OM>RW0<«NUl A LM>�T OMDYA H5LMDjDY<&>@?BH5QBA <�T T <&D�4�À <&Dj>�¼,T A LMN;QB<&DI>�A QR>�O0TeK$A QB<&Dtf0QBb&>�b&N;<�L-?RDIDYH5L-?IQB<�FIf0TeK5>�b&DtfMK$QkN;<&Dj>�¼,T A LMN;QB<&D
N;H5L-?VTeKaDY<&>@?BA H5LÃN;QBH5A ?B<IKkTeKjC­H5QBFI<INUl O0L0<tf(H5QY?BA H5LÃN;<IDY<&>@?B<�O0QV>�<�L-?BQBbIDYO0QvTml H5QBA o5A L0< � J5H5A Q9wMo5O0QB<j\,4 ];3+Â T = π

3f(H5O0QjTeK�DY¼,FIb�?BQBA <
C6v � <�?kT <&Dj>�TeK5DBDY<&DIN;<&DIFIH;N;<&DjQB<&D=?B<�L-?jT <&DIF Á�FI<&D�4 �GAGTeK�r½r�Â L0A9DBKµJ5<�QRDYA H5L¢b�?B<�LMN;O0<

� >�H5O0f0TeK$o5<kr½r <�?Ir½{ f(H5O0Q~Tml b�?BOMN;<PN;<aÅ�6vr g«A LM>�T OMDYA H5LMDc<�T T A f;?BAed-O0<&D �QO �;\
PxL0<kf(<�O0J5<�L-?t>�H5LMDYAeN;b�QB<�Q-Â�gh>�<:=H5O0Q-Â;O0L0<v?B<�T T <vwM80QB<vH5f;?BAed-O0<54;Æ�K$QE>�H5L-?BQB<+Â,TeKtFIb�?BW0H;N;<[N;<&D�b�T b�FI<�L-?RD`wML0AeDEKIN;b=:Ygtb�?Bb[K$f0f0T Aed-O0b�<VDYO0QE>�<Vo5<�L0QB<
N;<xo5b�H5FIb�?BQBA < O 3&Ê5�
P³4-�`<`?=¼,f(<EN;<`wM80QB<xH5f;?BAed-O0<x<&D=?�C­QBb&d-O0<�FIFI<�L-?�QB<�LM>�H5L-?BQBb�<`T H5QRDBd-O l O0Lcf0QBH;>�b&N;b�N;<`C'K$80QBAe>�K�?BA H5LfMK$Q�<�º,?BQBOMDYA H5Lk<&D=?EO;?BA T AeDYbVK$OPT A <�OPN;<VTeKc?B<&>RW0L0Aed-O0<V>�TeK5DBDYAed-O0<���D=?RK5>$#jK$LMNaN;QRKS¾ � O 3&Ê,\+ÂU3&Ê5q�P³4;À <[>RW0H5A ºkN;<[>�<�?Y?B<o5b�H5FIb�?BQBA <hDY<I:=OMD=?BA wM<ÃK$OMDBDYAEfMK$QkTeK�DYA FIf0T Ae>�A ?Bb½N;<ÃDYH5L¶A FIf0T b�FI<�L-?RK�?BA H5L*N0K$LMDjTeK�FIb�?BW0H;N;<ÃN;A i�b�QB<�L-?BA <�T T <54 ¸�T
D�l K$o5A ?~N;O¢DY¼;D=?BX�FI<kb&d-O0A J�K$T <�L-?tK$O�QBb&DY<&K$OµTeK$FI<�T TeK$A QB<jf(H5O0Q~T <&DcQBb&DY<&K$O;ºµ<�LÌ>�H,H5QRN;H5L0L0b�<&Dc>�K$QY?Bb&DYA <�L0L0<&D�4 Æ�H5O0Q
>�<[N;<�QBL0A <�QG>�K5DUÂ,H5L«DBK$A ?Gd-O0<[TeKtFjK�?BQBAe>�<VNUl A L-?Bb�o5QRK�?BA H5LPN;<�J,A <�L-?GA LMN;b�f(<�LMN0K$L-?B<[N;<[TeKtJ�K$QBAeK$80T <VNUl A L-?Bb�o5QRK�?BA H5L � yf(H5O0QET <[QBb&DY<&K$Oµ3&{©N;<[TeK~wMo5O0QB<[z04 3 � K � � 40Ï�>�<V?BA ?BQB<+Â0H5L«f0QBb�C­X�QB<[K$T H5QRDxO;?BA T AeDY<�QETeKIFIb�?BW0H;N;<cÍG� � O Ä5Ä Â(Ä$��P"d-O0AN;<�J,A <�L-?cFIH5A LMD[>�H �;?B<�OMDY<j<�LÃ?B<�FIfMD~N;<j>�K$Te>�O0T <�?~N;H5L0L0<kN;<jFI<�A T T <�O0QB<&DVf0QBb&>�AeDYA H5LMDVd-O0<jTeKhr½{~4�69L�QRK$f0f(<�T T <
d-O0<vT <vf0QBA LM>�A f(<v<&D=?ENUl <�º;f0QBA FI<�Qx<�º;f0T Ae>�A ?B<�FI<�L-?�T <&D�DYH5T O;?BA H5LMDxN;O«DY¼;D=?BX�FI<vN;A i�b�QB<�L-?BA <�T�<�LkC­H5LM>@?BA H5LPN;<&DxJ�K$T <�O0QRD
<�?cJ5<&>@?B<�O0QRDVf0QBH5f0QB<&DVN;<jTeK«FjK�?BQBAe>�<jNUl A L-?Bb�o5QRK�?BA H5L 4 r½K$T W0<�O0QB<�OMDY<�FI<�L-?-ÂUH5LµL0<jf(<�O;?~<�L,J,AeDBK$o5<�QVO0L0<jFIb�?BW0H;N;<
K$LMK$T H5o5O0<IgPTeK«ÍG� � f(H5O0Q~N;<&D[D=?BQBOM>@?BO0QB<&DV>�¼,T A LMN;QBAed-O0<&D[gPA LM>�T OMDYA H5LMD[DY<&>@?BH5QBA <�T T <&D�4�Ò L�<�i�<�?-Â T <&D[80T H;>�D[N;<ITeK
FjK�?BQBAe>�<

Qǫ
L0<9N;b�f(<�LMN;<�L-?x<�i�<&>@?BA J5<�FI<�L-?`f0T OMDxN;<GTeK[J�K$QBAeK$80T <GNUl A L-?Bb�o5QRK�?BA H5L

r
Â-FjK$AeD TeK[FjK�?BQBAe>�< M(r)

T <9QB<&D=?B<
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<�L«QRK$AeDYH5LPN;<&DxC'K5>@?B<�O0QRD�<�L 1

r

<�? 1
r2 � J5H5A Q�<�º;f0QB<&DBDYA H5LPz04 3&q � 4�`<v?=¼,f(<cN;<[f0QBH$wMT A L,J�K$QBAeK$L-?EDY<�T H5L

r
N;<�FI<�O0QB<c>�<�QY?RK$A L0<�FI<�L-?ETeKIo5b�H5FIb�?BQBA <vTeKIf0T OMDGDYA FIf0T <cgtA FIf0T b�FI<�L-?B<�Q

fMK$Q�TeKVFIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <E<�Lj>�H,H5QRN;H5L0L0b�<&D�>�¼,T A LMN;QBAed-O0<&D�4$À <GDY<&>@?B<�O0Q <&D=?`>�K$QRK5>@?Bb�QBAeDYbxfMK$Q�?BQBH5AeD�fMK$QRK$FIX�?BQB<&D
o5b�H5FIb�?BQBAed-O0<&DIÂ T <kQRKS¼5H5LÃFIA L0A FjK$T

Rmin
Â�T <jQRKS¼5H5LµFjK�º;A FjK$T

Rmax
<�?cTml K$L0o5T <kNUl H5O0J5<�QY?BO0QB<

θm � J5H5A QVwMo5O0QB<\,4 ];3 � 4$À�KvÓ�H5L0<�FIH;N;O0T b�<E<&D=? >�H5FIf0QBAeDY<�<�L-?BQB<�T <&D�>�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D�>�<�L-?BQBb&D�DYO0Q�Tml H5QBA o5A L0<�N;<EQRKS¼5H5LMD Rmin
<�?

Rmax
4;Ò T T <[<&D=?GDYO08�N;A J,AeDYb�<V<�L

L
>�H5OM>RW0<&DE^PN;H5L-?G>RWMK5>�O0L0<VNUl <�L-?BQB<V<�T T <&DE>�H5FIf0QB<�LMN

P
fMK5D�NUl A L-?Bb�o5QRK�?BA H5L 4;À <&D

J5<&>@?B<�O0QRDxL0H5QBFjK$O;ºagtTeKIDYO0QYC'K5>�<[DYH5L-?E>�H5T A L0b&K$A QB<&D�g
~eθ

d-O0<�T T <[d-O0<cDYH5A ?ETeKtJ�K$T <�O0QEN;<
r ∈ [Rmin, Rmax]

4MÏGA LMDYA2Â
T <&D9FjK�?BQBAe>�<&DGN;<tÁ�H,<�f0T A ?BÓtK5DBDYH;>�A b�<&DGg

N2
θ

Â
N2

r

<�?
NrNθ

N;<�J,A <�L0L0<�L-? JN2
θ K = Id

<�? JN2
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À�KaN;A FIA L,O;?BA H5LÃN;OÃQRKS¼5H5L«FIA L0A FjK$T
Rmin

N;<
1.8 µm

g
1.5 µm

<�L0o5<�LMN;QB<cf0QBA LM>�A fMK$T <�FI<�L-?vO0L0<tN;b&>�QBH5AeDBDBK$LM>�<
N;<~TeKkfMK$QY?BA <~QBb�<�T T <~N;<~Tml A LMN;Ae>�<t<�i�<&>@?BA CpÂUDBK$LMDGJ,QRK$A FI<�L-?vK�i�<&>@?B<�QvT <&D9f(<�QY?B<&D�4 69L½QRK$f0f(<�T T <~d-O0<~TeKkfMK$QY?BA <~QBb�<�T T <
N;<cTml A LMN;Ae>�<c<�i�<&>@?BA C NUl O0LhFIH;N;<cf(<�O;?vD�l A L-?B<�QBf0QBb�?B<�QEo5QBH-DBDYA X�QB<�FI<�L-?E>�H5FIFI<cO0L0<cDYH5QY?B<cN;<cFIH�¼5<�L0L0<[N;<cTml A LMN;Ae>�<
N;<GQBb�C­QRK5>@?BA H5LjN;<GTeKVwM80QB<GH5f;?BAed-O0<Ef(H5LMN;b�QBb�<GfMK$Q T <GFIH;N;O0T <vN;Ok>RWMK$FIfkK5DBDYH;>�A bEK$OjFIH;N;<54-ÏGA LMDYA2Â-TeKVf0QBH5f(H5QY?BA H5L
f0T OMDVA FIf(H5QY?RK$L-?B<IN;O�>RWMK$FIfÃf(b�L0b�?BQRK$L-?cN0K$LMDvT <&DvA LM>�T OMDYA H5LMD[N;<t8MK5DVA LMN;Ae>�<tT H5QRDBd-O0<

Rmin
N;A FIA L,O0<I<�º;f0T Aed-O0<

>�<�?Y?B<jH58MDY<�QBJ�K�?BA H5L � >�H5FIfMK$QB<�QVT <&DVwMo5O0QB<&D~\,4 ]$z � K � gÃ\,4 ]$z � > � f(H5O0Q Rmin = 1.8 µm
<�?cT <&DVwMo5O0QB<&D~\,4 ]-\ � K � g\,4 ]-\ � > � f(H5O0Q Rmin = 1.5 µm � 4S¸�L,J5<�QRDY<�FI<�L-?-Â&DY<�O0T <`TeKGfMK$QY?BA <`A FjK$o5A LMK$A QB< <&D=?�K�i�<&>@?Bb�<xT H5QRDBd-O0< Rmax

K$O0o5FI<�L-?B<
N;<

2.8 µm
g

3.4 µm
4(À�KjN;A FIA L,O;?BA H5LÃN;<&DEf(<�QY?B<&D9D�l <�º;f0T Aed-O0<cfMK$QGT <~>�H5L;wML0<�FI<�L-?9f0T OMDGA FIf(H5QY?RK$L-?9N;OÃ>RWMK$FIf

FIH;N0K$T N0K$LMDVT <k>�H,<�O0Q[f0O0AeDBd-O0<ITml b�?B<�LMN;O0<kN;<jTeKPQBb�o5A H5LÃFIAe>�QBH-D=?BQBOM>@?BO0QBb�< � >�H5L-?B<�LMK$L-?[T <&DVA LM>�T OMDYA H5LMD � N;<�J,A <�L-?f0T OMDVo5QRK$LMN;< � J5H5A Q9wMo5O0QB<&D[\,4 ]$q � K � gh\,4 ]$q � > � f(H5O0Q Rmax = 3.4 µm � 4 À l K$O0o5FI<�L-?RK�?BA H5LÃN;<tTml K$L0o5T <
θm

NUl H5O;n
J5<�QY?BO0QB<9N;<&D`DY<&>@?B<�O0QRDxN;<

19.57o g 40o <�L-?BQRK�S L0<GTeK~N;b&>�QBH5AeDBDBK$LM>�<Gg[TeK[C­H5AeDxN;<&D fMK$QY?BA <&D QBb�<�T T <9<�?xA FjK$o5A LMK$A QB<54$Ò L<�i�<�?-Â;T <V>RWMK$FIf � J5H5A QxT <&D`wMo5O0QB<&DE\,4 ]$y � K � <�?v\,4 ]$y � > � f(H5O0Q θm = 40o � DY<vQBb�fMK$QY?BA ?�N0K$LMDxT <&DxQBb�o5A H5LMD A L-?Bb�QBA <�O0QB<&D
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�����	� \,4 ]-\��k�xK$QY?B<&D�N;<9>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D�N;OjFIH;N;<EC­H5LMN0K$FI<�L-?RK$T
C4

n�K[N;<GTeKcÅ�6vr�gVA LM>�T OMDYA H5LMD DY<&>@?BH5QBA <�T T <&D
f(H5O0Q

Rmin = 1.5 µm
Â
Rmax = 2.8 µm

Â
θm = 19.57o <�? λ = 1.56 µm

4
neff = 1.41228123+ i6.95515 10−4
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�����	� \,4 ]$q �k�xK$QY?B<&D�N;<9>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D�N;OjFIH;N;<EC­H5LMN0K$FI<�L-?RK$T
C4

n�K[N;<GTeKcÅ�6vr�gVA LM>�T OMDYA H5LMD DY<&>@?BH5QBA <�T T <&D
f(H5O0Q

Rmin = 1.5 µm
Â
Rmax = 3.4 µm

Â
θm = 19.57o <�? λ = 1.56 µm

4
neff = 1.41245774 + i4.0081 10−4
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�����	� \,4 ]$y �k�xK$QY?B<&D�N;<9>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D�N;OjFIH;N;<EC­H5LMN0K$FI<�L-?RK$T
C4

n�K[N;<GTeKcÅ�6vr�gVA LM>�T OMDYA H5LMD DY<&>@?BH5QBA <�T T <&D
f(H5O0Q

Rmin = 1.5 µm
Â
Rmax = 3.4 µm

Â
θm = 40o <�? λ = 1.56 µm

4
neff = 1.40329773 + i2.93695 10−6
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Rmin=1.8µm, Rmax=2.8µm et θm=19.57°
Rmin=1.5µm, Rmax=2.8µm et θm=19.57°
Rmin=1.5µm, Rmax=3.4µm et θm=19.57°
Rmin=1.5µm, Rmax=3.4µm et θm=40°

�����	� \,4 z5Ê �a{9AeDYf(<�QRDYA H5L«>RW0QBH5FjK�?BAed-O0<
D
<�LPC­H5LM>@?BA H5L«N;<

λ
f(H5O0QE�If(H5A L-?RDG>�A ?Bb&DEgtTeKtwMo5O0QB<c\,4 ]$�

-4 -2 0 2 4

-4

-2

0

2

4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

�����
|Ez |

-4 -2 0 2 4

-4

-2

0

2

4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

� '(�
|Hz |

-4 -2 0 2 4

-4

-2

0

2

4

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

�  2�
|Pz |

�����	� \,4 z03 �Ì�xK$QY?B<&D[N;<a>RWMK$FIfMD[L0H5QBFjK$T AeDYb&DcN;O�FIH;N;<IC­H5LMN0K$FI<�L-?RK$TxN;<jTeK«wM80QB<��¹f(H5O0Q
Rmin = 1.5 µm

Â
Rmax = 3.4 µm

<�?
λ = 1.56 µm

4
neff = 1.39907198
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	�
� 
Y��� ���
N;<&DVDY<&>@?B<�O0QRD � N;<t8MK5DvA LMN;Ae>�< � f0T OMDvb�?B<�LMN;O0<&DUÂ NUl H��½TeKPN;A FIA L,O;?BA H5LµN;< ℜe (neff )

4U{9<tf0T OMDUÂUT <I>�H,<�O0Qv<&D=?Vf0T OMD
AeDYH5T b[N;<[TeKtQBb�o5A H5La<�º,?Bb�QBA <�O0QB<+Â0>�<[d-O0A <�º;f0T Aed-O0<VTeKIN;b&>�QBH5AeDBDBK$LM>�<VN;< ℑm (neff )

4
À�K9wMo5O0QB<9\,4 z5ÊvQB<�f0QBb&DY<�L-?B<xTeK[N;AeDYf(<�QRDYA H5LI>RW0QBH5FjK�?BAed-O0<

D(λ)
f(H5O0Q

λ
J�K$QBAeK$L-? N;<

1.1 µm
gVN;<

2 µm
Â$<�Lj>RWMK5>�O0L

N;<&DEd-OMK�?BQB<Vf(H5A L-?RDG>�H5LMDYAeN;b�QBb&D�K$O0fMK$QRKSJ�K$L-?vÂ
�*Æ QB<�FIA <�QEf(H5A L-?Gg

Rmin = 1.8 µm
Â
Rmax = 2.8 µm

<�?
θm = 19.57o

�Ô{9<�O;º;A X�FI<Vf(H5A L-?9g
Rmin = 1.5 µm

Â
Rmax = 2.8 µm

<�?
θm = 19.57o

�ÔÁ�QBH5AeDYA X�FI<vf(H5A L-?9g
Rmin = 1.5 µm

Â
Rmax = 3.4 µm

<�?
θm = 19.57o

� � OMK�?BQBA X�FI<vf(H5A L-?9g
Rmin = 1.5 µm

Â
Rmax = 3.4 µm

<�?
θm = 40o69LP<�LhN;b&N;O0A ?9d-O0<VTeKtJ�K$QBAeK�?BA H5L«N;<

Rmin
<�?
Rmax

<�L0o5<�LMN;QB<VO0L0<[f(<�L-?B<[f0T OMD�A FIf(H5QY?RK$L-?B<[N;<[TeKI>�H5O0QB8(<[K$T H5QRD
d-O0<VTeKIJ�K$QBAeK�?BA H5LPN;<

θm
A LMN;O0A ?9O0LhN;b�f0TeK5>�<�FI<�L-?GN;<[TeKI>�H5O0QB8(<[DY<�T H5LPTml K�º;<[N;<&D�H5QRN;H5L0L0b�<&D�4

Æ�H5O0Q T <Gf(H5A L-?xg
θm = 40o Â5T <&D f0QBH$wMTeD N;<&D >�¼,T A LMN;QB<&D >�A QR>�O0TeK$A QB<&D >�A QR>�H5LMDB>�QBA ?RD�K$O;ºI>�¼,T A LMN;QB<&D DY<&>@?BH5QBA <�TeD DYH5L-?QB<�f0QBb&DY<�L-?Bb&DGN0K$LMDET <&Dv>�K$QY?B<&DGN;<~>RWMK$FIfMD � J5H5A QEwMo5O0QB<&Dv\,4 ]$y � K � gP\,4 ]$y � > � � 4(À <&DGfMK$QRK$FIX�?BQB<&DEN;<&D9>�<�QR>�T <&D � Λ <�?

R � DY<[N;b&N;O0AeDY<�L-?9K$T H5QRD�N;<[>�<�O;º«N;<&DEDY<&>@?B<�O0QRD � Rmin
Â
Rmax

<�?
θm � fMK$Q�T <&DEQB<�TeK�?BA H5LMDvÂ

Λ =
Rmin +Rmax

2 cos
(

θm

2

)

<�?
R =

√
Λ2 +R2

min − 2ΛRmin cos

(
θm

2

)

69L«>�H5LMD=?RK�?B<VK$T H5QRD�d-O0<VT <&DE>�<�QR>�T <&D�>�A QR>�H5LMDB>�QBA ?RD�K$O;ºaDY<&>@?B<�O0QRDEN;<�J,A <�L0L0<�L-?�?RK$L0o5<�L-?RDxf(H5O0QG>�<�?Y?B<c>�H5L;wMo5O0QRK�?BA H5L
N;<jfMK$QRK$FIX�?BQB<&D � Rmin = 1.5 µm

Â
Rmax = 3.4 µm

<�?
θm = 40o � 4�69L�QRK$f0f(<�T T <jd-O l A T D�l K$o5A ?cN;O�>�K5DvT A FIA ?B<

<�L,J,AeDBK$o5<&K$80T <If(H5O0QtTeK½r½r d-O0A2Â�F Á�FI<PN0K$LMD~DBKhJ5<�QRDYA H5L�b�?B<�LMN;O0< O �;\ P Â"L0<af(<�O;?~?BQRK$A ?B<�Qtd-O0<aN;<&D~A LM>�T OMDYA H5LMDA LMDB>�QBA ?B<&D�N0K$LMD�N;<&D�>�<�QR>�T <&D�N;AeD­:=H5A L-?RD�4SÆ�K$Q >�H5LMDYb&d-O0<�L-?-ÂSA T0N;<�J,A <�L-?�A L-?Bb�QB<&DBDBK$L-?�NUl K$O0o5FI<�L-?B<�Q�N;<�L0H5O0J5<&K$O~Tml K$L0o5T <
θm

4MÀ <&DGd-OMK�?BQB<cN;<�QBL0A <�QRD�f(H5A L-?RD � N0K$LMDET <cDY<�LMDGN;<cJ�K$QBAeK�?BA H5L«N;<&DEfMK$QRK$FIX�?BQB<&D � N;<cTeKtwMo5O0QB<~\,4 ]$�IDYH5L-?Gb�J�K$T O0b&Df(H5O0Q
θm = 42o Â 44o Â 46o <�?

48o 4�À l A LMN;Ae>�<a<�i�<&>@?BA CVg θm = 48o J�K$O;?
neff = 1.40115337 + 1.081 10−7 4Ò LhC'K$A ?-ÂMTeKjÅ�6vr

C6v
gIO0L0<t>�H5OM>RW0<cNUl A LM>�T OMDYA H5LMDGDY<&>@?BH5QBA <�T T <&D�?B<�LMN«J5<�QRDEO0L0< �RwM80QB< � � � N;<~DY¼,FIb�?BQBA < C∞v �>�<�L-?BQBb�<kDYO0QcTml H5QBA o5A L0<I<�?c?B<�T T <kd-O0<kT <&D[QRKS¼5H5LMDVN;<&DcN;<�O;º�A L-?B<�QYC'K5>�<&D[>�¼,T A LMN;QBAed-O0<&D[J�K$T <�L-?

Rmin = 1.5 µm
<�?

Rmax = 3.4 µm
4MÀ <~>�H,<�O0QGf(H-DBDYX&N;<[T <cF Á�FI<cA LMN;Ae>�<~d-O0<cT <cFIA T A <�Oh<�º,?Bb�QBA <�O0Q � 1.4439035654

f(H5O0Q
λ = 1.56

µm � <�?tTml A LMN;Ae>�<P<�L-?BQB<aT <&DtN;<�O;ºÌ>�¼,T A LMN;QB<&D~J�K$O;?
1
4 69L¢H58MDY<�QBJ5<kDYO0QtTeKhwMo5O0QB<h\,4 ]$�½d-O0<aTml A LMN;Ae>�<P<�i�<&>@?BA CvN;O

FIH;N;<GC­H5LMN0K$FI<�L-?RK$T�N;<vTeK~Å�6vr�?B<�LMNkJ5<�QRD`>�<�T O0A � FIH;N;<9o5O0AeN;b � N;<9TeK[wM80QB< � T H5QRDBd-O0<
θm

K$O0o5FI<�L-?B<54,{vK$LMD`T <
f0QBH5o5QRK$FIFI<+Â&>�<�TeK9QB<�J,A <�L-?�gv>�H5LMDYAeN;b�QB<�Q"O0L0<�>�H5OM>RW0<xW0H5FIH5o5X�L0<`<�?�AeDYH$?BQBH5f(<xN;H5L-?�Tml A FIf0T b�FI<�L-?RK�?BA H5LtL0<xQB<&d-O0A <�QY?
fMK5DVNUl A L-?Bb�o5QRK�?BA H5L � J5H5A QVDY<&>@?BA H5Lµz04 ];4 z � 4�À l A LMN;Ae>�<t<�i�<&>@?BA C�N;OµFIH;N;<~C­H5LMN0K$FI<�L-?RK$T�o5O0AeN;bIN0K$LMDvTeKkwM80QB< � <&D=?
b�o-K$T�g

1.39907198
4$¸�T�L l <&D=?EfMK5D`QB<�f0QBb&DY<�L-?BbvDYO0Q�TeKcwMo5O0QB<c\,4 ]$�cfMK$Q�DYH5OM>�AUN;<[>�TeK$QY?BbvN;OPo5QRK$f0W0Aed-O0<54,À <&D`wMo5O0QB<&D

\,4 z03 � K � gk\,4 z03 � > � FIH5L-?BQB<�L-?ET <&DE>�K$QY?B<&DEN;<c>RWMK$FIfMD�>�H5QBQB<&DYf(H5LMN0K$L-?B<&D�4

� £�� � ª]¸�¶�¨ ¶�¨ �R¤�� ­¦¶�¨�ª �Q"W¨��*.3º»´#"W¨�¬�º»¸�«)ª��
^,<�T H5LaT <&D�f0QBH;>�b&N;b&DxN;<vC'K$80QBAe>�K�?BA H5LPN;<[Å�6vrÞg~A LM>�T OMDYA H5LMDE>�A QR>�O0TeK$A QB<&DUÂ-T <&Dxf0QB<�FIA X�QB<&D�>�H5OM>RW0<&DxNUl A LM>�T OMDYA H5LMD

� T <&Dkf0T OMDjf0QBH;>RW0<&DkN;OÔ>�H,<�O0Q � f0QBb&DY<�L-?B<�L-?kfMK$QYC­H5AeDjO0L0<½N;b�C­H5QBFjK�?BA H5L*N;O0<ÃK$O;º >�H5L-?BQRK$A L-?B<&DIFIb&>�K$L0Aed-O0<&Dkd-O0A
D�l <�º;<�Q ��<�L-?�DYO0Q�T <�O0QRD"A L-?B<�QYC'K5>�<&D"T H5QRD�N;<xTml b�?BA QRK$o5<�N;<�TeKGwM80QB<54$À <&D�>�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D�f0QB<�L0L0<�L-? K$T H5QRD�TeK9C­H5QBFI<
N;<���d-OMK$QY?BA <�QGN;<[fMK$FIf0T <�FIH5OMDBDY< �vNUl H��«T <[L0H5F�N;H5L0L0bcgI>�<[o5<�L0QB<[N;<[wM80QB<jÂMÅ�6vrÇN;<V?=¼,f(<��@o5QRK$f(<�C­O0A ?���40{9<&D
?BQRKSJ�K$O;º«H5L-?vL0H$?RK$FIFI<�L-?vb�?BbtFI<�L0b&DvDYO0QVN;<&DvÅ�6vr½DvN;<c?=¼,f(< �@o5QRK$f(<�C­QBO0A ?��VgkO0L0<IDY<�O0T <t>�H5OM>RW0<~NUl A LM>�T OMDYA H5LMD
O 3&Ê5yPÂV353&Ê
P³4��GH5OMD«KSJ5H5LMDkLMK�?BO0QB<�T T <�FI<�L-?«DYH5L0o5bµg¢A FIf0T b�FI<�L-?B<�Qh>�<µo5<�L0QB<µN;<µo5b�H5FIb�?BQBA <µN0K$LMDPTeK¢FIb�?BW0H;N;<
N;A i�b�QB<�L-?BA <�T T <54 �GH5OMDtFIH;N;b�T AeDYH5LMDtTeKµÅ�6vr o5QRK$f(<�C­QBO0A ?

CNT v
gÃO0L0<h>�H5OM>RW0<«NUl A LM>�T OMDYA H5LMDUÂ�N;<hDY<&>@?BA H5L¶N;QBH5A ?B<

QB<�f0QBb&DY<�L-?Bb�<vfMK$Q�TeK~wMo5O0QB<c\,4 z-]~DYO0QETeKtf(b�QBA H;N;<
T = 2π

NT

4;Ò T T <c>�H5F~80A L0<9?BQBH5AeDED=?BQBOM>@?BO0QB<&D�d-O0<VL0H5OMDEKSJ5H5LMDxN;b=:Yg
b�?BOMN;A b�<&DtÂ�O0L�DY<&>@?B<�O0QVN;<tfMK$QRK$FIX�?BQB<&D

r1
Â
r2

<�?
θm
Â�<�LM>�K5N;QBb~fMK$QVN;<�O;º½f(H5QY?BA H5LMDVN;<I>�<�QR>�T <&DUÂ�N;<IN;AeD=?RK$LM>�<&Dvg

Tml H5QBA o5A L0<
r01

f(H5O0QGT <[f0QB<�FIA <�QG<�?
r02

f(H5O0QGT <~DY<&>�H5LMN>Â0<�?vN;<[QRKS¼5H5LMDxQB<&DYf(<&>@?BA C'D
R1

<�?
R2

4��`<&DE?BQBH5AeD�b�T b�FI<�L-?RD
>�H5LMD=?BA ?BO0<�L-?`>RWMK5>�O0LIO0L0<GDYH5OMD=n³Ó�H5L0<�FIH;N;O0T b�<E<�?xDYH5L-? DYb�fMK$QBb&D�fMK$Q�T <&D�A L-?B<�QYC'K5>�<&D � >�¼,T A LMN;QB<&D�>�A QR>�O0TeK$A QB<&D�>�<�L-?BQBb&DDYO0Q�Tml H5QBA o5A L0< � N;<vQRKS¼5H5LhÂ Rmin = r01 −R1

Â
r1
Â
r2

<�?
Rmax = r02 +R2

4;À <V>�K$Te>�O0TUN;<&D`FjK�?BQBAe>�<&D�N;<VÁ�H,<�f0T A ?BÓ
� JǫK Â J1

ǫ
K−1 Â JN2

θ K Â JN2
r K <�? JNθNrK � N0K$LMD Qǫ

QB<&D=?B<~QBA o5H5O0QB<�OMDY<�FI<�L-?GAeN;<�L-?BAed-O0<tK$O;º½>�K$Te>�O0TeDG<�i�<&>@?BO0b&D9f(H5O0Q
N;<&DcA LM>�T OMDYA H5LMD~>�A QR>�O0TeK$A QB<&D[<�?IDY<&>@?BH5QBA <�T T <&D � J5H5A QcQB<&DYf(<&>@?BA J5<�FI<�L-?~T <&D~DY<&>@?BA H5LMDI\,4 354 ]P<�?k\,4 ];4 3 � 4��`H5FIFI<kf(H5O0QT <jDY<&>@?B<�O0Q-Â�H5L�>RW0H5AeDYA ?[T <&DvfMK$QRK$FIX�?BQB<&DVN;<ITml A LM>�T OMDYA H5L�DYO0A J�K$L-?RDtÂ

Rmin
Â
Rmax

<�?
θm

4 À <&D[K$O;?BQB<&Dvo5QRK$LMN;<�O0QRD
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x

y

z

0

θ0

r01 R1

r1

r02 R2

r2

T

θm

Rmin

Rmax

�����	� \,4 z-]"�P^,<&>@?BA H5LhN;QBH5A ?B<[DYO0QETeKtf(b�QBA H;N;<[Á NUl O0L0<cÅ�6vr N;<V?=¼,f(<��@o5QRK$f(<�C­QBO0A ?��

o5b�H5FIb�?BQBAed-O0<&D�D�l <�L«N;b&N;O0AeDY<�L-?GfMK$QET <&D�QB<�TeK�?BA H5LMDVÂ




r01 = Rmin

1− tan(θm)√
tan2(θm)+1

R1 = r01 −Rmin

r1 = R1

tan(θm)





r02 = Rmax

1+ tan(θm)√
tan2(θm)+1

R2 = Rmax − r02
r2 = R2

tan(θm)�`H5FIFI<tN0K$LMDvTeKaDY<&>@?BA H5L½f0QBb&>�b&N;<�L-?B<+Â�L0H5OMD9L0H5OMD9A L-?Bb�QB<&DBDYH5LMDvgkTml b�J5H5T O;?BA H5LÃN;<tTml A LMN;Ae>�<t<�i�<&>@?BA C�N;OÃFIH;N;<
C­H5LMN0K$FI<�L-?RK$TGN0K$LMDtT <«f0TeK$L >�H5FIf0T <�º;<«T H5QRDBd-O0<PT <&DIfMK$QRK$FIX�?BQB<&D~o5b�H5FIb�?BQBAed-O0<&DI>RWMK$L0o5<�L-? � J5H5A QtwMo5O0QB<½\,4 z5z � 4À�KµÅ�6vr gÃA LM>�T OMDYA H5LMDj>�A QR>�O0TeK$A QB<&D~f0QBb&>�b&N;<�L-?B< � J5H5A QjDY<&>@?BA H5LÔ\,4 354 ]hf(H5O0QjT <&DtfMK$QRK$FIX�?BQB<&Dtg

λ = 1.56 µm �>�H5LMD=?BA ?BO0<cTeKj>�H5L;wMo5O0QRK�?BA H5LPo5b�H5FIb�?BQBAed-O0<VA L0A ?BAeK$T <~N;<[Tml b�?BOMN;<54({vK$LMD9>�<c>�K5DUÂ0TeKjDYH5OMD=n³Ó�H5L0<VFIH;N;O0T b�<~>�H5L-?B<�LMK$L-?
T <ÃDY<&>@?B<�O0Qk<&D=?PNUl b�fMK$AeDBDY<�O0QkL,O0T T < � r1 = r2 � 4�^,H5L*A LMN;Ae>�<½<�i�<&>@?BA Cc<&D=?PN;b&>�QBA ?kfMK$QkT <½f(H5A L-?PN;<½f0T OMDko5QRK$LMN;<
fMK$QY?BA <kQBb�<�T T <aN0K$LMD[TeK«wMo5O0QB<«\,4 z5z'Â f(H5O0Q

Rmin = 1.8 µm
Â
Rmax = 2.8 µm

<�?
θm = 25.113o 4"À H5QRDBd-O0<jT <fMK$QRK$FIX�?BQB<

Rmin
N;A FIA L,O0<+Â-TeK[fMK$QY?BA <GQBb�<�T T <9N;<

neff
N;b&>�QBH�Se?`<�LkQRK$AeDYH5LjNUl O0La>RWMK$FIfjO0Lkf(<�Oaf0T OMD b�?B<�LMN;OPN0K$LMD

T <&DcA LM>�T OMDYA H5LMD~N;<a8MK5DcA LMN;Ae>�< � J5H5A Q[wMo5O0QB<&DI\,4 z$� � K � gµ\,4 z$� � > � � 4��`<�f(<�LMN0K$L-?-Â"T <&Dcf(<�QY?B<&DtN;A FIA L,O0<�L-?IN0K$LMDcO0Lf0QB<�FIA <�Qv?B<�FIfMDVf(H5O0Q[<�LMDYO0A ?B<jK$O0o5FI<�L-?B<�QVN;<IL0H5O0J5<&K$O 4�69Lµ<�º;f0T Aed-O0<tTml <�º;AeD=?B<�LM>�<jN;<j>�<IFIA L0A F~O0FÞN;<If(<�QY?B<&D
� DYA ?BO0b9J5<�QRD neff = 1.40352609+ i4.892 10−4 � N;<9TeK[FjK$L0A X�QB<9DYO0A J�K$L-?B<54-À�KcN;b&>�QBH5AeDBDBK$LM>�< Rmin

f(<�QBFI<�?-Â5?BH5O;?
NUl K$8(H5QRN>Â5O0LP>�H5L;wML0<�FI<�L-?xf0T OMD`A FIf(H5QY?RK$L-?�N;Oa>RWMK$FIfaN0K$LMD`T <v>�H,<�O0QxN;OkC'K$A ?�N;<9Tml b�fMK$AeDBDY<�O0Q`f0T OMD`o5QRK$LMN;<9N;<9TeK
QBb�o5A H5L«FIAe>�QBH-D=?BQBOM>@?BO0QBb�<54MÀ H5QRDBd-O0<[T <t>RWMK$FIf½>�H5FIf0QBAeDGN0K$LMDGTeKjfMK$QY?BA <~DYO0f(b�QBA <�O0QB<~N;<&DGA LM>�T OMDYA H5LMD � r ≈ Rmax �N;<�J,A <�L-?cDYO��kDBK$FIFI<�L-?[b�T <�J5btfMK$QVQRK$f0f(H5QY?[gP>�<�T O0A`N0K$LMDvTeKPfMK$QY?BA <tA L;C­b�QBA <�O0QB< � r ≈ Rmin � ÂUA T DY<If0QBH;N;O0A ?[O0L0<DYH5QY?B<~N;< �@f0A LM>�<�FI<�L-?��[N;OÃ>RWMK$FIfhT H;>�K$T AeDYb~N0K$LMDGT <t>�H,<�O0Q-ÂMT <&D9f(<�QY?B<&D9N;O½FIH;N;<cC­H5LMN0K$FI<�L-?RK$T">�H5FIFI<�LM>�<�L-?vg
K$O0o5FI<�L-?B<�Q-Â$>�<Ed-O0A0<�º;f0T Aed-O0<ETeKVDY<&>�H5LMN;<�fMK$QY?BA <EN;<ETeK[>�H5O0QB8(< � <�L-?BQB<�T <&D�f(H5A L-?RD g Rmin = 1.8 µm

<�?
Rmin = 1

µm � 4 À H5QRDBd-O0< θm
K$O0o5FI<�L-?B<IN;<

25.113o g
40o ÂUH5LÃH58MDY<�QBJ5<~O0L0<IN;A FIA L,O;?BA H5L�DYA F~O0T ?RK$L0b�<IN;<&DvfMK$QY?BA <&DvQBb�<�T T <

<�?VA FjK$o5A LMK$A QB<tN;<tTml A LMN;Ae>�<t<�i�<&>@?BA CpÂ N;H5L-?vTml A L-?B<�QBf0QBb�?RK�?BA H5L½<&D=?VAeN;<�L-?BAed-O0<IgP>�<�T T <IN;<tTeKa>�H5O0QB8(<~b&d-O0A J�K$T <�L-?B<IN;<
TeK~wMo5O0QB<~\,4 ]$�tN;<[TeKIDY<&>@?BA H5L½\,4 ];4 ];4
À�KtwMo5O0QB<t\,4 z5�IQB<�f0QBb&DY<�L-?B<VTeKkN;AeDYf(<�QRDYA H5Lh>RW0QBH5FjK�?BAed-O0<

D
f(H5O0Q

λ
J�K$QBAeK$L-?9N;<

1.1 µm
gkN;<

2 µm
ÂM<�L½>RWMK5>�O0L

N;<&Dx?BQBH5AeD�f(H5A L-?RDGN;<VTeKtwMo5O0QB<c\,4 z5zI>�H5LMDYAeN;b�QBb&D�K$O0fMK$QRKSJ�K$L-?vÂ
�*Æ QB<�FIA <�QEf(H5A L-?Gg

Rmin = 1.8 µm
Â
Rmax = 2.8 µm

<�?
θm = 25.113o

�Ô{9<�O;º;A X�FI<Vf(H5A L-?9g
Rmin = 1. µm

Â
Rmax = 2.8 µm

<�?
θm = 25.113o

�ÔÁ�QBH5AeDYA X�FI<vf(H5A L-?9g
Rmin = 1. µm

Â
Rmax = 3.4 µm

<�?
θm = 40o
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Im
(n

ef
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+
04
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Re(neff)

←Rmin=1.8µm
Rmax=2.8µm
θm=25.113°

→

Rmin=1 µm
Rmax=2.8µm
θm=25.113°

→\

Rmin=1 µm
Rmax=2.8µm
θm=40° Diminution de Rmin

Augmentation de θm

�����	� \,4 z5z �ÌÒ J5H5T O;?BA H5L N;<hTml A LMN;Ae>�<h<�i�<&>@?BA CcN;O¶FIH;N;<«C­H5LMN0K$FI<�L-?RK$TET H5QRDBd-O0<PT <&DjfMK$QRK$FIX�?BQB<&Dto5b�H5FIb�?BQBAed-O0<&D
N;<aTeKÃÅ�6vr N;<a?=¼,f(< �@o5QRK$f(<�C­QBO0A ?��j>RWMK$L0o5<�L-?&4"À <Pf(H5A L-?tA L0A ?BAeK$T�<&D=?~?B<�TEd-O0<

Rmin = 1.8 µm
Â
Rmax = 2.8

µm
<�?
θm = 25.113o 4�À l A LMN;Ae>�<~<�i�<&>@?BA C`>�H5QBQB<&DYf(H5LMN0K$L-?9K$OhFIA L0A F~O0F¿N;<&DGf(<�QY?B<&DvN;<cTeKa>�H5O0QB8(<~K5DBDYH;>�A b�<cgjTeK

N;A FIA L,O;?BA H5LhN;<
Rmin

J�K$O;?
neff = 1.40352609 + i4.892 10−4
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�����	� \,4 z$� �I�xK$QY?B<&D�N;<G>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D�N;OIFIH;N;<�C­H5LMN0K$FI<�L-?RK$T
C4

n�KVN;<ETeKVÅ�6vr�N;<�?=¼,f(<Eo5QRK$f(<�C­QBO0A ?�f(H5O0Q
Rmin = 1 µm

Â
Rmax = 2.8 µm

Â
θm = 25.11o <�? λ = 1.56 µm

4
neff = 1.38330698 + i7.47920 10−4
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�����	� \,4 z-Ä��I�xK$QY?B<&D�N;<E>RWMK$FIfMD�L0H5QBFjK$T AeDYb&D"N;OIFIH;N;<xC­H5LMN0K$FI<�L-?RK$T
C4

n�KVN;<�TeKVÅ�6vr�o5QRK$f(<�C­QBO0A ?�f(H5O0Q
Rmin =

1 µm
Â
Rmax = 3.4 µm

Â
θm = 40o <�? λ = 1.56 µm

4
neff = 1.37260330 + i6.0897 10−5
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Rmin=1.8µm, Rmax=2.8µm et θm=25.113°
Rmin=1 µm, Rmax=2.8µm et θm=25.113°
Rmin=1 µm, Rmax=3.4µm et θm=40°

�����	� \,4 z5� �½{9AeDYf(<�QRDYA H5LÃ>RW0QBH5FjK�?BAed-O0<
D

<�L½C­H5LM>@?BA H5LµN;<
λ
f(H5O0QVT <&DvÅ�6vr½Dvo5QRK$f(<�C­QBO0A ?&4�À�Ka>�H5O0QB8(<~<�L½?BQRK$A ?

f0T <�A L � Rmin = 1.8 µm
Â
Rmax = 2.8 µm

<�?
θm = 25.113o � >�H5QBQB<&DYf(H5LMN«gjTeKkÅ�6vr�gjA LM>�T OMDYA H5LMD9>�A QR>�O0TeK$A QB<&D

� J5H5A Q�wMo5O0QB<c\,4 \ � 8 � �
69L�J5H5A ?td-O0<kT <&Dt>RWMK$L0o5<�FI<�L-?RDcN;<kfMK$QRK$FIX�?BQB<&D[A LMN;O0AeDY<�L-?tO0L0<jC­H5QY?B<kJ�K$QBAeK�?BA H5LÌN;<kTeKhf(<�L-?B<PN;<&D~>�H5O0QB8(<&D~N;<
N;AeDYf(<�QRDYA H5L 4$Æ�H5O0Q TeK[>�H5O0QB8(<GK5DBDYH;>�A b�<EK$OjDY<&>�H5LMNtf(H5A L-?xN;<ETeKVwMo5O0QB<9\,4 z5z'Â$H5LIJ5H5A ?`K$f0fMK$QRK�Se?BQB<+Â$N0K$LMD�Tml A L-?B<�QBJ�K$T T <
N;<ÃT H5L0o5O0<�O0Q«NUl H5LMN;<µNUl b�?BOMN;<+Â�O0L0<µJ�K$T <�O0QaJ5<�QRD

λ = 1.75 µm
f(H5O0QPTeK5d-O0<�T T <ÃTeK¢N;AeDYf(<�QRDYA H5LÔ>RW0QBH5FjK�?BAed-O0<

<&D=?aL,O0T T <54E�`H5LM>�<�QBLMK$L-?jTeKÌ>�H5O0QB8(<½K5DBDYH;>�A b�<hK$O ?BQBH5AeDYA X�FI<hf(H5A L-?PN;<½TeKµwMo5O0QB<µ\,4 z5z'Â TeK�f(<�L-?B<½FIH�¼5<�L0L0<h<&D=?
o5T H58MK$T <�FI<�L-?�f0T OMDEb�T <�J5b�<54

� £�� � ª]¸�¶�¨ ¶�¨ �R¤�� ­¦¶�¨�ª �Q"W¨ � � �®¤��
� 0��80Y¦ � 4 ,V�9���0�=�`���U�¶���`�9� 4�¤��G���9�����

;5OMDBd-O l gcf0QBb&DY<�L-?-Â-L0H5OMD�KSJ5H5LMD b�?BOMN;A bVN;<&D�Å�6vr½D�>�TeK5DBDYAed-O0<&D`N;H5L-?�T <&DxA LM>�T OMDYA H5LMD�>�¼,T A LMN;QBAed-O0<&D`f(H-DBDYb&N0K$A <�L-?
O0L�A LMN;Ae>�<kN;<jQBb�C­QRK5>@?BA H5Lµf0T OMDVC'K$A 80T <kd-O0<k>�<�T O0A`N;<jTeK«FjK�?BQBAe>�<54 À <jo5O0AeN0K$o5<IN;<&D[FIH;N;<&DcN;<k>�H,<�O0Q[QB<&>RW0<�QR>RW0b&D
f(<�O;?�Á�?BQB<9A L-?B<�QBf0QBb�?Bb+Â5<�Lk?BH5O;?B<9f0QB<�FIA X�QB<vK$f0f0QBHSº;A FjK�?BA H5L�Â5>�H5FIFI<9O0Lko5O0AeN0K$o5<GfMK$QxTml A LMN;Ae>�<9FIH�¼5<�LkN;<vTeKcÓ�H5L0<
FIAe>�QBH-D=?BQBOM>@?BO0QBb�<+ÂU>�<jN;<�QBL0A <�QVb�?RK$L-?[f0T OMDvC'K$A 80T <jd-O0<jTml A LMN;Ae>�<jN;O�>�H,<�O0Q&4��GH5OMDVL0H5OMDVA L-?Bb�QB<&DBDYH5LMDvN;b&DYH5QBFjK$AeDvg
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>�H5FIfMK$QRK$AeDYH5Lj<�L-?BQB<vL0H-DxQBb&DYO0T ?RK�?RDxL,O0FIb�QBAed-O0<&D � H58;?B<�L,OMDxfMK$Q�TeKIr½{ � <�?GN;<&DxFI<&DYO0QB<&Dx<�i�<&>@?BO0b�<&D�fMK$Q�Tml b&d-O0A f(<N;<vÆ`ß9À�Ï9rÇN;<vTml 'GL0A J5<�QRDYA ?BbVN;<VÀ A T T <V¸`DYO0Q�O0L0<VÅ�6vrÞN;<9?=¼,f(<[Ï9ÍGÍG6�� N;H5L-?�T <&DxA LM>�T OMDYA H5LMD�DYH5L-?�g~o5QRK5N;A <�L-?
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C3/4 � FIH;N;<~Ï � N;<[TeKkÅ�6vrÇN;<[?=¼,f(<~Ï9ÍGÍG6�� gjA LM>�T OMDYA H5LMDG>�A QR>�O0TeK$A QB<&D
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PxÂ Λ = 5.64 µm
Â
d = 3.315 µm
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ncyl = 1.8
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nmat = 1.44
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À l b&>�K$QY?"NUl A LMN;Ae>�<`<�L-?BQB< T <x>�¼,T A LMN;QB< <�?"T <`FIA T A <�Oc<�º,?Bb�QBA <�O0Q <&D=?�?BQBH5f[A FIf(H5QY?RK$L-?"f(H5O0Q�O;?BA T AeDY<�Q�Tml K$f0f0QBHSº;A FjK�n
?BA H5L«N;OaC'K$A 80T <Vo5O0AeN0K$o5<+Â,f0O0AeDBd-O0<

∆ind = 18%
DY<�T H5LaTeKtQB<�TeK�?BA H5LP�04 �-Ê04;À�K~T H5L0o5O0<�O0QENUl H5LMN;<[N;<[>�H5O0f0O0QB<

TeKVf0T OMD f0QBH;>RW0<GN;<
λ = 0.867 µm
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EH33 � O0LkN;<&D`N;<�O;ºIFIH;N;<&D N;Ojo5QBH5O0f(< LP43
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H5LPJ5<�O;?9DY<VQRK5>�>�QBH;>RW0<�Q�K$Oh>�K5D�N;Oho5O0AeN0K$o5<9C'K$A 80T < � <�?GJ�K$O;? λc = 0.86419 µm � J�K$T <�O0Q9>�K$Te>�O0T b�<[gtfMK$QY?BA QN;<&Dvb&d-OMK�?BA H5LMDVN;Oµ?RK$80T <&K$Oµ�04 � � 4UÏ λ = 0.867 µm

ÂUT <IFIH;N;<
EH33

<&D=?[O0LµFIH;N;<jgPf(<�QY?B<&D�4UÀ�KawMo5O0QB<
\,4 z5q � K � FIH5L-?BQB<jT <&D[fMK$QY?BA <&DVQBb�<�T T <j<�?cA FjK$o5A LMK$A QB<jN;<jTml A LMN;Ae>�<j<�i�<&>@?BA CGN;O�FIH;N;<

EH33
f(H5O0Q

λ
J�K$QBAeK$L-?

N;<
0.864 µm

g
0.878 µm

40À <&DEN;<�O;ºa>�H5O0QB8(<&D�DYH5L-?E<�LafMK$QYC'K$A ?GK5>�>�H5QRNkKSJ5<&>GTeKtJ�K$T <�O0QEN;<
λc

f0QBb�J,O0<vfMK$Q
TeKc?BW0b�H5QBA <54M69LPQRK$f0f(<�T T <Vd-O0<[>�<�?Y?B<VT H5L0o5O0<�O0QENUl H5LMN;<v<&D=?G>�<�T T <Vf(H5O0Q�TeK5d-O0<�T T <VT <VFIH;N;<vo5O0AeN;b[N;<�J,A <�L-?EO0L
FIH;N;<jgPf(<�QY?B<&D � N0K$LMD[T <jDY<�LMD[N;<&D λ >�QBH5AeDBDBK$L-?RD � Â ℑm (neff ) > 0

<�? ℜe (neff ) < nmat = 1.44
4UÀ <&D

wMo5O0QB<&D9\,4 z5q � 8 � gk\,4 z5q � N � QB<�f0QBb&DY<�L-?B<�L-?ET <&DE>�K$QY?B<&DEN;<c>RWMK$FIfMDGN;<c>�<[FIH;N;<[f(H5O0Q λ = 0.86685 µm
4�69L

QB<�?BQBH5O0J5<`T <&D DYA º~T H58(<&D�K$L0o5O0TeK$A QB<&D�>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&D"N;<ETml H5QRN;QB<�K$Ó�A F~O;?RK$T
ν = 3

<�? T <&D"?BQBH5AeD�T H58(<&D�QRK5N;AeK$O;º
K5DBDYH;>�A b&D�K$OPL,O0FIb�QBH

µ = 3
N;O«FIH;N;<

EHνµ
4

¨©� �"1h²³�(�"�".0´Ì1,���&.0/
C3/4

�"1½/'. � � ¨ ����� ���
C6v

1-�j.0���&%��R#$���(%'®&1,´Ì1,��� 4À <&Da>�K$Te>�O0TeDkL,O0FIb�QBAed-O0<&DaDYH5L-?a<�i�<&>@?BO0b&DPg�Tml K$AeN;<µN;<½TeK¢r½r <�?«N;<½TeK¢r½{~4xÒ L >�<Ãd-O0AV>�H5LM>�<�QBL0<hTeKÅ�6vrÞFIH;N;b�T AeDYb�<VfMK$QETeKIr½{�ÂMA T�D�l K$o5A ?EN;O«F Á�FI<V?=¼,f(<cN;<[o5b�H5FIb�?BQBA <Vd-O0<[TeKIÅ�6vr >�TeK5DBDYAed-O0<
C6v

gtO0L0<>�H5OM>RW0<GNUl A LM>�T OMDYA H5LMD >�A QR>�O0TeK$A QB<&DUÂ$b�?BOMN;A b�<9g[TeKcDY<&>@?BA H5La\,4 354 ]PÂ$FjK$AeD T <9>�H5L-?BQRK5D=?B<ENUl A LMN;Ae>�<9<&D=?`A L,J5<�QRDYb54$À <&D
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ff)

λ (µm)

Branche de droite

Branche de gauche
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Mode EH33
Mode C3/4 MM

Mode C3/4 MD pour N=102
Mode C3/4 MD pour N=114
Mode C3/4 MD pour N=138
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Branche de droite
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Mode EH33
Mode C3/4 MM

Mode C3/4 MD pour N=102
Mode C3/4 MD pour N=114
Mode C3/4 MD pour N=138
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λ
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� � � � 
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�����	� \,4 z5y �«ÏGL-?BA n�>�QBH5AeDY<�FI<�L-?9N;O½FIH;N;<[C­H5LMN0K$FI<�L-?RK$T
C3/4

n�KIN;<~TeKkÅ�6vr�Ï9ÍGÍG6�� KSJ5<&>VT <~FIH;N;<~gjf(<�QY?B<&D
EH33

N;<[TeK~wM80QB<[>�H5L,J5<�L-?BA H5L0L0<�T T <
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λ = 0.8654 µm
� � '(� � � �

�
� � �

λ = 0.8666 µm
� �  2� � � �

�
� � �

λ = 0.8668 µm
�

� � � � � �
�
� � �

λ = 0.8669 µm
� � 
2� � � �

�
� � �

λ = 0.8672 µm
�

�����	� \,4 �-Ê �«�xK$QY?B<&DEN;< |Pz |
>�K$Te>�O0T b�<&DxfMK$QETeKIr½r f(H5O0QET <&DEf(H5A L-?RDEÏ�gtÒÔN;<VTeK~wMo5O0QB<~\,4 z5y � K �
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|Pz |

�����	� \,4 �M3 �«�xK$QY?B<&D�N;<[>RWMK$FIfMDEN;OPFIH;N;<VC­H5LMN0K$FI<�L-?RK$T
C3/4

>�K$Te>�O0T b�<&D�fMK$Q�TeKIr½{©g
λ = 0.86685 µm � J5H5A QTeK~wMo5O0QB<~\,4 z5y � K � �
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NT

�
d

�4f �4e��
µm

Λ
�hf �*�

µm

θ0 0o

���������	��
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��#"$
��%�#��� �&
��!'

ncyl

e-f �
nmat

e-f ���
� ��
���
�� -��������	��
���
��

λ
'4f �-�=�%�@'4f �-�-�=�

µm

���������	��
���
��2(��!�	����������
�� ����� 
��!���

N
e '�g

�

e-e �
�

e/�-�
τc 10%

L1
snm
L2

e��
L3

�
P1 � P2

snm
P3

e '
���������	��
���
��#"$


�0�	��
�4�� 
���4�� 
 "$

neff

Af

�
Ap

�
À�K«Ó�H5L0<kFIH;N;O0T b�<k<&D=?tf0T OMDcb�fMK$AeDBDY<+Â�>�<ad-O0A`<�º;f0T Aed-O0<kT <&DcL0H5F~80QB<&DcN;<a>�H5OM>RW0<&Dt^µf0T OMDcb�T <�J5b&D � L1 =
L2 = 15

K$O«T A <�O½N;<
10

<�?
L3 = 7

K$O«T A <�O½N;<
5 � 4��GH5OMDEL0H5OMDEA L-?Bb�QB<&DBDYH5LMD�K$O«FIH;N;<[C­H5LMN0K$FI<�L-?RK$T C3/4N;<[>�<�?Y?B<cÅ�6vr N;<V?=¼,f(<cÏ9ÍGÍG6���4

À�KvwMo5O0QB<v\,4 z5y � K � FIH5L-?BQB<ETml b�J5H5T O;?BA H5LI<�LIC­H5LM>@?BA H5LkN;< λ N;< ℜe (neff )
N;OjFIH;N;< �RC­H5LMN0K$FI<�L-?RK$T �`T H;>�K$T AeDYb

N0K$LMD�T <G>�H,<�O0Q-Â5>�K$Te>�O0T bGKSJ5<&>xTeK[r½r�<�?`TeK[r½{Ôf(H5O0Q
N = 102

Â
114

<�?
138

4�Æ�H5O0Q Tml A LMD=?RK$L-?-Â5>�H5LM>�<�L-?BQBH5LMD=n
L0H5OMD�DY<�O0T <�FI<�L-?xDYO0Q�TeK[>�H5O0QB8(<GK5DBDYH;>�A b�<EgvTeK[r½r�4-À�K[N;QBH5A ?B<EK5DBDYH;>�A b�<EgVTml A LMN;Ae>�<G<�i�<&>@?BA C N;OIFIH;N;<

EH33

� J5H5A QGwMo5O0QB<j\,4 z5q � K � � <&D=?Vb�o-K$T <�FI<�L-?vQB<�f0QBb&DY<�L-?Bb�<54M¸�T�K$f0fMK$QRK�Se?9O0LµK$L-?BA n�>�QBH5AeDY<�FI<�L-?9<�L-?BQB<~TeKP>�H5O0QB8(<tN;<
N;AeDYf(<�QRDYA H5LÌN;O¢FIH;N;<aC­H5LMN0K$FI<�L-?RK$T

C3/4
N;<«Å�6vr <�?I>�<�T T <«N;O¢FIH;N;<Pg½f(<�QY?B<&D

EH33
>�K$Te>�O0T b�<kf(H5O0Q

O0L0<~A LM>�T OMDYA H5Lµ>�¼,T A LMN;QBAed-O0<t>�A QR>�O0TeK$A QB<54MÒ L½C'K$A ?-Â�H5LÃJ5H5A ?Vd-O0<~Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?vDY<tDYA ?BO0<IN0K$LMD9TeKkQBb�o5A H5L
H��ÃT <&DV>�H5O0QB8(<&DVN;OÃFIH;N;<

C3/4
DYH5L-?Vf0QBH;>RW0<&DVN;<I>�<�T T <&DVN;OµFIH;N;<

EH33
4UÆ�H5O0QVT <tFIH;N;<tC­H5LMN0K$FI<�L-?RK$T

C3/4
Â�<�T T <&D DY<GDB>�A LMN;<�L-?`<�LjN;<�O;ºI80QRK$LM>RW0<&D�4$ÏGOjL0A J5<&K$OjN;<ETml K$L-?BA n�>�QBH5AeDY<�FI<�L-?-Â�H5LjDY<EQB<�LMNj>�H5FIf;?B<Gd-O0<ETeK

80QRK$LM>RW0<vN;<Vo-K$OM>RW0<9?B<�LMNPK5DY¼,FIf;?BH$?BAed-O0<�FI<�L-?�J5<�QRDxTeKt>�H5O0QB8(<VN;OPFIH;N;<
EH33

fMK$Q�J�K$T <�O0Q�A L;C­b�QBA <�O0QB<v<�L
A LMN;Ae>�<V<�i�<&>@?BA CpÂ(K$T H5QRDxd-O0<[TeKt80QRK$LM>RW0<VN;<cN;QBH5A ?B<v?B<�LMN«K5DY¼,FIf;?BH$?BAed-O0<�FI<�L-?�J5<�QRDE>�<�?Y?B<VF Á�FI<c>�H5O0QB8(<VfMK$Q
J�K$T <�O0QGDYO0f(b�QBA <�O0QB<54 � OMK$L-?Gg ℑm (neff )

<�LPC­H5LM>@?BA H5LhN;<
λ
A T T OMD=?BQBb�<VfMK$QETeKtwMo5O0QB<~\,4 z5y � 8 � Â;H5Lh>�H5LMD=?RK�?B<d-O0<9T <&D�>�H5O0QB8(<&DxN;OaFIH;N;<9C­H5LMN0K$FI<�L-?RK$TUDY<vDB>�A LMN;<�L-?�b�o-K$T <�FI<�L-?x<�LPN;<�O;ºk80QRK$LM>RW0<&D�4-{vK$LMDxT <&D�N;<�O;ºa>�K5DUÂ

T <&Dtf(<�QY?B<&DIN;A FIA L,O0<�L-?jQRK$f0AeN;<�FI<�L-?jK$O¶L0A J5<&K$O¢N;<«Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?tf(H5O0Qt?B<�LMN;QB<hK5DY¼,FIf;?BH$?BAed-O0<�FI<�L-?
J5<�QRD >�<�T T <&D`K5DBDYH;>�A b�<&D K$OjFIH;N;<

EH33
4-ÏEwMLPNUl A L-?B<�QBf0QBb�?B<�Q`>�<�?x<�i�<�?-Â-H5LkA L-?BQBH;N;O0A ?x>�A LMdtf(H5A L-?RD T <9T H5L0o~N;<

TeKt80QRK$LM>RW0<VN;<[o-K$OM>RW0<+Â;gjN;A i�b�QB<�L-?B<&D�T H5L0o5O0<�O0QRD�NUl H5LMN;<IÂ
Æ�H5A L-?RD

λ (µm)Ï Ê04 q5�-Ä��
� Ê04 q5�5�5�
� Ê04 q5�5�5q
{ Ê04 q5�5�5y
Ò Ê04 q5�,\$]

À <&DcwMo5O0QB<&Dk\,4 �-Ê � K � g�\,4 �-Ê � < � QB<�f0QBb&DY<�L-?B<�L-?tT <&DI>�K$QY?B<&DtN;< |Pz |
>�K$Te>�O0T b�<&DtfMK$QtTeKµr½r f(H5O0Qj>�<&DI>�A LMd

f(H5A L-?RD�4�{9Oµf(H5A L-?VÏpK$OÃf(H5A L-?VÒ¼Â�H5L½H58MDY<�QBJ5<~d-O0<tTml A L-?B<�LMDYA ?BbIN;Oµ>RWMK$FIfÃN;OÃFIH;N;<~C­H5LMN0K$FI<�L-?RK$T"T H;>�K�n
T AeDYb~N0K$LMDGT <t>�H,<�O0QvN;A FIA L,O0<~f0QBH5o5QB<&DBDYA J5<�FI<�L-?-Â0K$T H5QRDGd-O l H5LhJ5H5A ?vK$f0fMK$QRK�Se?BQB<[O0LÃ>RWMK$FIfhAeN;<�L-?BAed-O0<tN0K$LMD
?BH5O;?B<&D T <&D`A LM>�T OMDYA H5LMD`>�¼,T A LMN;QBAed-O0<&D�4;69LjQB<�FjK$QRd-O0<Gd-O0<9TeKc>�K$QY?B<9N;< |Pz|

N;OkFIH;N;<
EH33

>�K$Te>�O0T b�<Gf0QBb&>�b�n
N;<�FIFI<�L-?Gg

λ = 0.86685 µm � J5H5A QxwMo5O0QB<c\,4 z5q � N � � D�l AeN;<�L-?BA wM<v?BQBX&D�f0QBb&>�AeDYb�FI<�L-?EK$O;ºP>RWMK$FIfMDxH58MDY<�QBJ5b&DN0K$LMDv>RWMK5>�O0L0<~N;<&DvA LM>�T OMDYA H5LMD�4�À H5QRD9N;<~Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?-ÂMA T�DY<~f0QBH;N;O0A ?[>�<td-O0<~L0H5OMDVK$f0f(<�T T <�QBH5LMDGO0L0<
�R?BQRK$LMDYA ?BA H5LPN;<cN;b�T H;>�K$T AeDBK�?BA H5L �GN;O«FIH;N;<VC­H5LMN0K$FI<�L-?RK$T N;Oh>�H,<�O0QGN;<VTeKIÅ�6vr J5<�QRDxT <&D�A LM>�T OMDYA H5LMD�4
�`H5LM>�<�QBLMK$L-?cT <&D~QBb&DYO0T ?RK�?RD~N;<kTeKÃr½{�f(H5O0Q

N = 102
Â
114

<�?
138

Â�A T�K$f0fMK$QRK�Se?c<�i�<&>@?BA J5<�FI<�L-?IDYO0Q~T <&D
wMo5O0QB<&Dx\,4 z5y � K � <�?E\,4 z5y � 8 � Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-? N;<&D FIH;N;<&DUÂ5FjK$AeD T <&D 80QRK$LM>RW0<&D�L0<9>�H5L,J5<�QBo5<�L-?�fMK5D`K5DY¼,FIf;n?BH$?BAed-O0<�FI<�L-? J5<�QRD�TeK[>�H5O0QB8(<9N;<GN;AeDYf(<�QRDYA H5LjN;OkFIH;N;<

EH33
45Æ�H5O0Q O0L0<GJ�K$T <�O0Q`N;<

N
w0º;b�<+Â$<�T T <&D�?B<�LMN;<�L-?

J5<�QRD9O0L0<jN;QBH5A ?B<~w(>@?BA J5<jN;b�f(<�LMN0K$L-?B<IN;<ITeKPf0QBb&>�AeDYA H5LÃN;<&DVQBb&DYO0T ?RK�?RD�4Ur½K$T o5QBbtN;<&DVH5QRN;QB<&DvN;<~?BQBH5LM>�K�?BO0QB<
N

b�T <�J5b&D � DYO0f(b�QBA <�O0QRDVg 100 � ÂU>�<�?Y?B<IA FIf0QBb&>�AeDYA H5LµDY<v:=OMD=?BA wM<jfMK$QVT <j>�H5L-?BQRK5D=?B<INUl A LMN;Ae>�<Ib�T <�J5bI<�L-?BQB<tT <&D
A LM>�T OMDYA H5LMDE<�?9TeKIFjK�?BQBAe>�<+ÂMK$A LMDYA�d-O0<cfMK$QETeKkDYb�T <&>@?BA J,A ?Bb[<�LhT H5L0o5O0<�O0Q9NUl H5LMN;<cN;Ohf0W0b�L0H5FIX�L0< � wML0<&DBDY<cN;<Tml A L-?B<�QBJ�K$T T <cNUl b�?BOMN;<aÂ

3.5 10−3 µm � 4&�Gb&K$L0FIH5A LMDUÂMT H5QRDBd-O0< N K$O0o5FI<�L-?B<+ÂMT <&D9>�H5O0QB8(<&DG>�H5L,J5<�QBo5<�L-?�J5<�QRD
>�<�T T <&D >�K$Te>�O0T b�<&D�fMK$Q TeKcr½r�Â->�<9d-O0A(>�H5L;wMQBFI<E<�?xJ�K$T AeN;<ETeKcN;<&DB>�QBA f;?BA H5LIf0QBb&>�b&N;<�L-?B<9N;<GTml K$L-?BA n�>�QBH5AeDY<�FI<�L-?&4
Ï
N = 102

<�?
λ = 0.86685 µm

Â T <&D[>�K$QY?B<&DVN;<j>RWMK$FIfMD[>�K$Te>�O0T b�<&DVKSJ5<&>~TeK«r½{ � J5H5A QvwMo5O0QB<&Dc\,4 �M3 � K �
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x

y

z

0

r

θ

x′

y′

z′0′

r′ θ′

d

Λ

θ0

n(r)

nmat

�����	� \,4 �,] �ÌÍE<�f0QBb&DY<�L-?RK�?BA H5L¢NUl O0L0<PA LM>�T OMDYA H5L¶gÃo5QRK5N;A <�L-?INUl A LMN;Ae>�< � N;<«f0QBH$wMT n(r) � N0K$LMDtT <PQB<�f(X�QB<ao5T H58MK$T
(Oxyz)

<�?GT <[QB<�f(X�QB<vT H;>�K$T � O′x′y′z′ �

gµ\,4 �M3 � > � � QBb�J5X�T <�L-?~T <&DtDY¼,FIb�?BQBA <&D~N;<&D~FIH;N;<&D EH33
N0K$LMD~T <&D~A LM>�T OMDYA H5LMD � J5H5A Q~T <&DcwMo5O0QB<&DI\,4 z5q � 8 � g\,4 z5q � N � � 4

�GH5OMDVT A FIA ?BH5LMDc>�<�?Y?B<jb�?BOMN;<kg«>�<�?~K$L-?BA n�>�QBH5AeDY<�FI<�L-?[N;<jFIH;N;<&D[<�?cL0H5OMDVL0<jL0H5OMD[K�?Y?RK$QRN;<�QBH5LMDvfMK5D[DYO0Q[T <&D
QBb&DYO0T ?RK�?RDkd-O0Av>�H5LM>�<�QBL0<�L-?k>�<�T O0A9b�o-K$T <�FI<�L-?kH58MDY<�QBJ5bhN;O*FIH;N;<

C3/4
N;<hTeKÌÅ�6vr N;<h?=¼,f(<ÃÏ9ÍGÍG6��_KSJ5<&>

T <½FIH;N;<ÃK5DBDYH;>�A bhg
HE53 � T <ÃDY<&>�H5LMN FIH;N;<ÃN;O*o5QBH5O0f(<

LP43 � J5<�QRD λ = 0.855 µm � J5H5A QkTml K$QY?BAe>�T < O q5q�P � 4À�K�?BQRK$LMDYA ?BA H5L*N;<ÃN;b�T H;>�K$T AeDBK�?BA H5L*N;<&DjFIH;N;<&DaN;<Ã>�H,<�O0QaJ5<�QRDjT <&DjA LM>�T OMDYA H5LMDaDY<�F~80T <�Á�?BQB<½>�H5LMN;A ?BA H5L0L0b�<½fMK$Q
N;<jL0H5F~80QB<�O;ºÃfMK$QRK$FIX�?BQB<&D�4U{vK$LMD[Tml K$QY?BAe>�T < O q5q�P Â Tml A L��MO0<�LM>�<kN;O�f0A ?R>RW � Λ � KPb�?Bbkb�?BOMN;A b�<+Â�K$A LMDYA d-O0<k>�<�T T <kN;O>�H5L-?BQRK5D=?B<`NUl A LMN;Ae>�<54 �GH5OMD"KSJ5H5LMD >�H5LMD=?RK�?Bbxd-O0<`Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?"N;O~FIH;N;< C­H5LMN0K$FI<�L-?RK$T

C3/4
KSJ5<&> N;<&D�FIH;N;<&D

N;<xf(H5TeK$QBAeDBK�?BA H5L
HE

<&D=?�8(<&K$OM>�H5O0f~f0T OMD�DYb�T <&>@?BA C(<�L~T H5L0o5O0<�O0Q�NUl H5LMN;<�d-O l KSJ5<&>`N;<&D"FIH;N;<&D�N;<�f(H5TeK$QBAeDBK�?BA H5L
EH

4
�`<�?Y?B<Vb�?BOMN;<VQB<&D=?B<9<�L«>�H5O0QRDxNUl A L,J5<&D=?BA o-K�?BA H5L 4-¸�T DY<�F~80T <�QRK$A ?�d-O0<vT <&DEDY¼,FIb�?BQBA <&DxN;<&DxFIH;N;<&D�A L-?B<�QBJ,A <�L0L0<�L-?EN0K$LMD
>�<�?Y?B<cDYb�T <&>@?BA J,A ?Bb[N;<&DGK$L-?BA n�>�QBH5AeDY<�FI<�L-?RD�4

� 0��80 . �P�0�9�G��� �'�9�G� � � 3 9 � �0���9�=���`�¶� �'�Y�9�9�Y���
� ����5�/'+,´Ì.;�&%'°U!"1 4

�GH5OMD`KSJ5H5LMD�>RW0<�QR>RW0bGg[J5b�QBA wM<�Q <�º;f(b�QBA FI<�L-?RK$T <�FI<�L-? Tml <�º;AeD=?B<�LM>�<9N;<9TeKV?BQRK$LMDYA ?BA H5LjN;<vN;b�T H;>�K$T AeDBK�?BA H5LjNUl O0L
FIH;N;<EN;<G>�H,<�O0Q�J5<�QRD"T <&D�A LM>�T OMDYA H5LMD�fMK$Q K$L-?BA n�>�QBH5AeDY<�FI<�L-?�<�? f0T OMD�o5b�L0b�QRK$T <�FI<�L-?�gvFIA <�O;ºI>�H5FIf0QB<�LMN;QB<xT <&D
FIb&>�K$L0AeDYFI<&D9DYH5OMD=n :YK5>�<�L-?RD9gaTeKkf0QBH5fMK$o-K�?BA H5LhN;<&DvFIH;N;<&DvN;<I>�H,<�O0QVN0K$LMD9T <&DVÅ�6vr½DvN;<c?=¼,f(<IÏ9ÍGÍG6���4
{vK$LMDV>�<I80O;?-Â L0H5OMD[>�H5T TeK$8(H5QBH5LMD9KSJ5<&>~Tml b&d-O0A f(<jN;O�Æ WMÀ�Ï9r � ¸=ÍG�`¸B�xÏ � N;<ITml 'GL0A J5<�QRDYA ?BbjN;<jÀ A T T <I¸vd-O0AC'K$80QBAed-O0<9<�?�>�K$QRK5>@?Bb�QBAeDY<9>�<G?=¼,f(<VN;<GwM80QB<&D�4,À <�O0Q`wM80QB<vH5f;?BAed-O0<vd-O0A�L0H5OMD`A L-?Bb�QB<&DBDY<Gf(H-DBDYX&N;<9O0L0<vFjK�?BQBAe>�<
>�H5LMD=?BA ?BO0b�<µN;<�DYA T Ae>�<Ãf0O0QB<Ã<�?hN;<&DaA LM>�T OMDYA H5LMDPN;<�DYA T Ae>�<µN;H5f(b�<&DPK$OÔo5<�QBFjK$L0A O0F O y5Ê�P³4EÀ <Ãf0QBH;>�b&N;bµN;<
C'K$80QBAe>�K�?BA H5LcA LMN;O0A ?�O0L~o5QRK5N;A <�L-?"QRK5N;AeK$T-fMK$QRK$8(H5T Aed-O0<xN;<&D"A LMN;Ae>�<&D�N;<�QBb�C­QRK5>@?BA H5L~N;<&D"A LM>�T OMDYA H5LMD�4SÒ LtL0H$?RK$L-?
nmat

Tml A LMN;Ae>�<cN;<vTeKtFjK�?BQBAe>�<+Â
d
T <[N;AeK$FIX�?BQB<VNUl O0L0<VA LM>�T OMDYA H5L�Â

nmax
DYH5LPA LMN;Ae>�<VFjK�º;A FjK$T � K$O«>�<�L-?BQB<VN;O>�¼,T A LMN;QB< � Â"Tml b&d-OMK�?BA H5L¶N;O¢f0QBH$wMT�NUl A LMN;Ae>�<«N0K$LMDtT <aQB<�f(X�QB<PT H;>�K$T � O′x′y′z′ � N;<PTml A LM>�T OMDYA H5L � J5H5A Q~wMo5O0QB<\,4 �,] � D�l b&>�QBA ?[Â

n(r′) =

{
nmax − 4∆

d2 r
′2 DYA r′ ≤ d

2

nmat
DYA
r′ > d

2

� \,4 \ �
H��

∆
<&D=?ET <[fMK$QRK$FIX�?BQB<VN;<cN;b&>�QBH5AeDBDBK$LM>�<VN;<VTml A LMN;Ae>�<jÂ0<�L

r′ = d
2

Â0H5L«K
n(r′) = nmax − ∆

4M{vK$LMDEL0H$?BQB<
b�?BOMN;<+Â;L0H5OMDxL0H5OMD�T A FIA ?BH5LMDEg~O0LPf0QBH$wMT NUl A LMN;Ae>�<[>�H5L-?BA L,OPgtTeKIDYO0QYC'K5>�<VN;<VTml A LM>�T OMDYA H5L�Â;DYH5A ?

∆ = nmax −
nmat

4 �GH5OMD�b�?BOMN;A H5LMD�TeKVÅ�6vr�N;<�?=¼,f(<GÏ9ÍGÍG6�� C'K$80QBAed-O0b�<EK$OIÆ WMÀ�Ï9r � ¸=ÍG�`¸B�xÏ � d-O0AM>�H5FIf0QB<�LMNtDY<�f;?>�H5OM>RW0<&D`NUl A LM>�T OMDYA H5LMDxN;<VN;AeK$FIX�?BQB<
d = 6.24 µm

Â,N;<vf0A ?R>RW
Λ = 9.136 µm � F Á�FI<vQRK$f0f(H5QY? d

Λ

d-O0<VN0K$LMD
TeKkÅ�6vrÇO;?BA T AeDYb�<tN0K$LMDGTml K$QY?BAe>�T < O y5Ê�P � Â nmat = 1.444

<�?
nmax = 1.474

40Ò�?RK$L-?VN;H5L0L0b�<~TeKIC'K$A 80T <~J�K$T <�O0Q
N;<

∆ = 3 10−2 Â;Tml K$f0f0QBHSº;A FjK�?BA H5LaN;OPC'K$A 80T <Vo5O0AeN0K$o5<9<&D=?EJ�K$TeK$80T <54;Æ�H5O0QE>�<�?Y?B<[Å�6vr N;<v?=¼,f(<[Ï9ÍGÍG6���Â
TeKhFI<&DYO0QB<aN;OÌDYf(<&>@?BQB<k<�L�?BQRK$LMDYFIAeDBDYA H5L � f0O0AeDBDBK$LM>�<aN;<PDYH5QY?BA <jL0H$?Bb�< Pout

<�L�C­H5LM>@?BA H5LÌN;<
λ � DYO0QtN;<&DDY<&>@?BA H5LMD�?BQRK$LMDYJ5<�QRDY<&D�T A FIA ?Bb�<&D`K$Ok>�H,<�O0Q`K[b�?Bb9o5QRK5>�A <�OMDY<�FI<�L-?�<�i�<&>@?BO0b�<9fMK$Q Tml b&d-O0A f(<vN;<GTml ¸=ÍG�`¸B�xÏ � J5H5A Q
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Anti-croisement?

�����	� \,4 �-z �«Æ O0AeDBDBK$LM>�<IN;<IDYH5QY?BA <~<�º;f(b�QBA FI<�L-?RK$T <IN;Oµ>�H,<�O0QVN;<ITeKaÅ�6vr�gaA LM>�T OMDYA H5LMD9A L0W0H5FIH5o5X�L0<&D�4U^,f(<&>@?BQB<
o5QRK5>�A <�OMDY<�FI<�L-? C­H5O0QBL0A-fMK$Q �t4 � H5O,¾EFjK$LMD�N;<xTml ¸=ÍG�`¸B�xÏ � 'GL0A J5<�QRDYA ?BbxN;<�À A T T <`¸ � � 4569LcJ5H5A ?�K$f0fMK$QRK�Se?BQB<xÄE8MK$LMN;<&DN;<V?BQRK$LMDYFIAeDBDYA H5L � À�KIN;<�QBL0A X�QB<V<&D=?G>�<�L-?BQBb�<[DYO0Q[3��-Ê5Ê~L0F�<�L,J,A QBH5L �

wMo5O0QB<E\,4 �-z � 4$69L~J5H5A ?�K$f0fMK$QRK�Se?BQB< T <&D"8MK$LMN;<&D�N;<`?BQRK$LMDYFIAeDBDYA H5L~>�K$QRK5>@?Bb�QBAeD=?BAed-O0<&D�N;<�>�<xo5<�L0QB<xN;<`wM80QB<54�À <&DJ�K$T <�O0QRD�FjK�º;A FjK$T <&D`N;<9TeK[f0O0AeDBDBK$LM>�<9>�H5QBQB<&DYf(H5LMN;<�L-?`g[TeKcf0QBH5fMK$o-K�?BA H5LIN0K$LMD TeK[wM80QB<9NUl O0LkFIH;N;<9T H;>�K$T AeDYb
N0K$LMD T <v>�H,<�O0Q � T <9FIH;N;<GC­H5LMN0K$FI<�L-?RK$T � 4-À <&D 8(H5QRN0DxN;<&D 8MK$LMN;<&D`DYH5L-?�K�?Y?BQBA 80O0b&D`K$f0f0QBHSº;A FjK�?BA J5<�FI<�L-?`K$O;º>�H5O0f0O0QB<&D�N;<&D�FIH;N;<&D`N;<&D�A LM>�T OMDYA H5LMD d-O0A0wMo5O0QB<�L-? DYO0Q Tml K�º;<GDYO0f(b�QBA <�O0Q`N;Ojo5QRK$f0W0Aed-O0< � L0H5OMD J5<�QBQBH5LMD"f0T OMDT H5A Lj>�H5FIFI<�L-? T <&D N;b�?B<�QBFIA L0<�Q � 4-^,AML0H5OMD�H58MDY<�QBJ5H5LMD�K�?Y?B<�L-?BA J5<�FI<�L-? T <E8(H5QRNIN;<&D�8MK$LMN;<&D N;<�?BQRK$LMDYFIAeDBDYA H5L
� f0QBH;>RW0<&DEN;<&DET H5L0o5O0<�O0QRDENUl H5LMN;<cN;<c>�H5O0f0O0QB< � Â0H5LhDY<[QB<�LMNP>�H5FIf;?B<~d-O l K$f0fMK$QRK$AeDBDY<�L-?E>�<�QY?RK$A LMDEK5>�>�AeN;<�L-?RDDYO0QvTeKa>�H5O0QB8(<+Â�J5H5A QB<cF Á�FI<IN;<&Dvf0Ae>�DvNUl K�?Y?Bb�L,OMK�?BA H5LµN;<tTeKkf0O0AeDBDBK$LM>�<tN;<IDYH5QY?BA <tDYO0Q[N;<cwML0<&Dvf0TeK$o5<&DvN;<
T H5L0o5O0<�O0QRDtNUl H5LMN;<&D � >�<&>�A�<&D=?kK$OMDBDYAxJ,AeDYA 80T <«DYO0QITeK½wMo5O0QB<h];4 KµN;<PTml K$QY?BAe>�T < O y5Ê�P Â�O0L¢Ó�H,H5F�<&D=?j<�i�<&>@?BO0b
gPTeKawMo5O0QB<a\,4 Ä$zPN;<k>�<jFjK$L,OMDB>�QBA f;? � 4UÒ L�fMK$QY?BAe>�O0T A <�Q[f(H5O0Q[TeK«8MK$LMN;<jN;<I?BQRK$LMDYFIAeDBDYA H5Lµ>�H5FIf0QBAeDY<I<�L-?BQB<
λ = 500

L0F <�?
600

L0F
Â H5L¶J5H5A ?IO0L0<½DYH5QY?B<«N;<«f(<�?BA ?B<h8(H-DBDY<«DYO0QjT <��(K$LM>«N;QBH5A ?jNUl O0L0<½N;<&DI8MK$LMN;<&D
N;<I?BQRK$LMDYFIAeDBDYA H5L 4��GH5OMD~KSJ5H5LMDVDYH5O0f ��H5L0L0bkd-O0<aDYH5LµH5QBA o5A L0<jb�?RK$A ?~N;O0<ag«O0L�b�J5<�L-?BO0<�T`K$L-?BA n�>�QBH5AeDY<�FI<�L-?
N;<tFIH;N;<&D�4UÆ�H5O0QvT <IJ5b�QBA wM<�Q-Â(L0H5OMDVKSJ5H5LMDG?B<�L-?BbjN;<tFIH;N;b�T AeDY<�Q[>�<�?Y?B<jÅ�6vr�4Ur½K$T W0<�O0QB<�OMDY<�FI<�L-?-Â�TeKPr½r
N;AeDYf(H5L0A 80T <cK$O«TeK$8(H5QRK�?BH5A QB<vL0<cf(<�O;?9fMK5DG>�H5LMDYAeN;b�QB<�Q�O0L0<[?B<�T T <VwM80QB<c>�K$QG<�T T <[<&D=?9K5>@?BO0<�T T <�FI<�L-?9T A FIA ?Bb�<cg
N;<&D9FjK�?Bb�QBAeK$O;º«W0H5FIH5o5X�L0<&D�4M{vK$LMD9T <t>�K5DvN;<~TeKkFIb�?BW0H;N;<tN;A i�b�QB<�L-?BA <�T T <+ÂU>�<tDY¼;D=?BX�FI<cH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<
QB<&D=?B<G?BH5O;?Yn�g�nmC'K$A ?EK$8(H5QRN0K$80T <

�
A TU>�H5LMD=?BA ?BO0<VO0LaL0H5O0J5<&K$OaDY¼;D=?BX�FI<vH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<9g~b�?BOMN;A <�Q&40{vK$LMDxO0L

f0QB<�FIA <�QE?B<�FIfMDUÂ(L0H5OMD9K$T T H5LMDEJ5H5A Q9>�H5FIFI<�L-?9L0H5OMD9KSJ5H5LMD�A FIf0T b�FI<�L-?Bb~O0LÃ>�¼,T A LMN;QB<~gjo5QRK5N;A <�L-?9NUl A LMN;Ae>�<
>�<�L-?BQBbxDYO0Q"Tml H5QBA o5A L0<54&Æ�H5O0Q"TeKvÅ�6vr >�H5LMDYAeN;b�QBb�<+Â&L0H5OMD�b�?RK$80T A QBH5LMD�T <&D"f0QBH5f0QBA b�?Bb&D�N;<�N;AeDYf(<�QRDYA H5LtN;<&D�FIH;N;<&D
N;H5L-?"TeKv>�H5O0f0O0QB<xDY<�DYA ?BO0<�g9f0QBHSº;A FIA ?BbxN;<

λ = 600
L0F«4SÒ LMDYO0A ?B<�L0H5OMD�N;b&>�QBA QBH5LMD Tml A FIf0T b�FI<�L-?RK�?BA H5L~fMK$Q"TeK

FIb�?BW0H;N;<9N;A i�b�QB<�L-?BA <�T T <9NUl O0L0<9Å�6vr�Ï9ÍGÍG6�� N;H5L-? T <&D A LM>�T OMDYA H5LMD >�A QR>�O0TeK$A QB<&D�DYH5L-?xgVo5QRK5N;A <�L-?`NUl A LMN;Ae>�<54
�GH5OMD`>�H5FIfMK$QB<�QBH5LMD�<�L;wMLk>�<&D f0QB<�FIA <�QRD QBb&DYO0T ?RK�?RD�H58;?B<�L,OMD`g[TeKc>�H5O0QB8(<9N;<G?BQRK$LMDYFIAeDBDYA H5LI<�º;f(b�QBA FI<�L-?RK$T <54

¨©� �"1,®
EH31

1-�
HE51

�`Ù !"�"1½%'�"#5/'!"®&%'�(�¶�"1h/'. � � ¨ ����� ��� 4
�GH5OMDIFIH;N;b�T AeDYH5LMDjO0L0<«wM80QB<hH5f;?BAed-O0<½g�o5QRK5N;A <�L-?jNUl A LMN;Ae>�<Ã>�<�L-?BQBb�<hDYO0QkTml H5QBA o5A L0<«fMK$QjO0L0<½DYOM>�>�<&DBDYA H5L
>�H5LM>�<�L-?BQBAed-O0<9N;<V>�H5OM>RW0<&D`W0H5FIH5o5X�L0<&D`<�?�AeDYH$?BQBH5f(<&D � J5H5A QxTeK~DY<&>@?BA H5LPz04 ];4 zcH��kT <V>�K$Te>�O0TUN;<vTeK~FjK�?BQBAe>�<vN;<?BQRK$LMDYFIAeDBDYA H5LcNUl O0L0<E>�H5OM>RW0<`<&D=?�DY<�FIA n�K$LMK$T ¼-?BAed-O0< � 4SÀ <xf0QBH$wMT-fMK$QRK$8(H5T Aed-O0<`N;<�Tml A LMN;Ae>�<�NUl b&d-OMK�?BA H5L~N;H5L0L0b�<fMK$Q � \,4 \ � <&D=?VK$T H5QRD9N;AeDB>�QBb�?BAeDYb � >�H5FIFI<~A LMN;Aed-O0bIDYO0QvTeKjwMo5O0QB<j\,4 �5� � 4�ÏEwMLµNUl b�J,A ?B<�QVN;<&D9b&>�K$QY?RDvNUl A LMN;Ae>�<
?BQBH5fÌA FIf(H5QY?RK$L-?RD~<�L-?BQB<PN;<�O;º¢>�H5OM>RW0<&DtDYOM>�>�<&DBDYA J5<&DUÂ�TeKÃN;AeDB>�QBb�?BAeDBK�?BA H5LÌfMK$QtfMK5Dt>�H5LMD=?RK$L-?t<&D=?I<�i�<&>@?BO0b�<
DYO0QETml K�º;<[N;<&D�H5QRN;H5L0L0b�<&D�>�H5QBQB<&DYf(H5LMN0K$L-?�K$O;ºPA LMN;Ae>�<&D

n(r′)
4�69LhDYO08�N;A J,AeDY<VT <cDY<�o5FI<�L-?

[nmat, nmax]
<�L
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L+ 1
DYH5OMD=n�DY<�o5FI<�L-?RD�AeN;<�L-?BAed-O0<&DUÂML,O0FIb�QBH$?Bb&DEN0K$LMDGTml H5QRN;QB<[>�QBH5AeDBDBK$L-?GN;<

nmax
g
nmat

4U69L«H58;?BA <�L-?9O0L
<�LMDY<�F~80T <[N;AeDB>�QB<�?GN;<[J�K$T <�O0QRD�NUl A LMN;Ae>�<

n′
s

KSJ5<&>
s ∈ [1, L] � J5H5A Q�wMo5O0QB<~\,4 �5� � Â

n′
s = nmax − s

∆

L+ 1
� \,4 q �

f(H5O0Q�T <&DBd-O0<�T T <&D�H5LtN;b&N;O0A ? T <&D
L
QRKS¼5H5LMD">�H5QBQB<&DYf(H5LMN0K$L-?RD

r′s
fMK$Q�TeK9C­H5LM>@?BA H5LtQBb&>�A f0QBH;d-O0<xN;<�TeKvQB<&D=?BQBAe>@?BA H5L

N;<VTeK~C­H5LM>@?BA H5L � \,4 \ � f(H5O0Q r′ ≤ d
2

Â
r′s = R

√
nmax − n′

s

∆
� \,4 y �

KSJ5<&>
R = d

2

4 69LÃN;b�wML0A ?[K$A LMDYA
L + 1

>�H5OM>RW0<&DGW0H5FIH5o5X�L0<&DGAeDYH$?BQBH5f(<&D�4(À�KkQBb�o5A H5L½N;<tTml <&DYfMK5>�<~>�H5FIf0QBAeDY<
<�L-?BQB<

r = 0
<�?
r = r′1

>�H5QBQB<&DYf(H5LMNPK$OhFIA T A <�O
(int)

4U69L«QB<�FjK$QRd-O0<[d-O0<
r′1

N;A FIA L,O0<~NUl K$O;?RK$L-?Gf0T OMD9d-O0<
L
K$O0o5FI<�L-?B<54 Æ�H5O0QcT <&DcK$O;?BQB<&D[>�H5OM>RW0<&D

s ∈ [1, L]
Â Tml A LMN;Ae>�<j<&D=?t>RW0H5AeDYA >�H5FIFI<jTeK«J�K$T <�O0QcFIH�¼5<�L0L0<jN;O

f0QBH$wMT NUl A LMN;Ae>�<V<�L-?BQB<
r′s

<�?
r′s+1

Â

ns = nmax − ∆

3R2

r′s+1
3 − r′s

3

r′s+1 − r′s
� \,4 3&Ê �

�GH5OMDcO;?BA T AeDYH5LMDcTml K$T o5H5QBA ?BW0FI<a^�<�L¢>�H5LMDYAeN;b�QRK$L-?~>RWMK5d-O0<a>�H5OM>RW0<jW0H5FIH5o5X�L0<a>�H5FIFI<kO0L0<P>�H5OM>RW0<a^TÂ�>�<
d-O0A$:=OMD=?BA wM<9TeK[L0H$?RK�?BA H5Lj<�FIf0T H�¼5b�< � A LMN;Ae>�< �

s
� � 45¸�T(<&D=?`A FIf(H5QY?RK$L-?xN;<9N;AeD=?BA L0o5O0<�Qx>�<�?Y?B<vN;AeDB>�QBb�?BAeDBK�?BA H5LjN;O>�¼,T A LMN;QB<[>�A QR>�O0TeK$A QB<vA L0W0H5FIH5o5X�L0<V<�L

L
>�H5OM>RW0<&D�W0H5FIH5o5X�L0<&D�KSJ5<&>V>�<�T T <VO;?BA T AeDYb�<[f(H5O0QGT <&D�QBb&DY<&K$O;ºkfMK$QETeK

��D=?RK$A QR>�K5DY<[K$f0f0QBHSº;A FjK�?BA H5L � O Ä-\ P"<�?V>�H5L-?B<&D=?Bb�<~N0K$LMDGTml K$QY?BAe>�T < O Ä$y�P³4(Ò L½<�i�<�?-Â(TeKkDYO0QYC'K5>�<~NUl O0L½QBb&DY<&K$O�Â0<�?fMK$QY?BAe>�O0T A X�QB<�FI<�L-?GDY<&D�J5<&>@?B<�O0QRD�L0H5QBFjK$O;ºk<�?E?RK$L0o5<�L-?BA <�TeDUÂMN;H5A J5<�L-?�Á�?BQB<[>�H5LMDYAeN;b�QBb&DEN0K$LMDE>RWMK5d-O0<[>�H5OM>RW0<
N;b�wML0A <&D9N0K$LMDGTeK ��D=?RK$A QR>�K5DY<[K$f0f0QBHSº;A FjK�?BA H5L ��40{vK$LMD9L0H$?BQB<~>�K5DUÂMA T"L l ¼hKjfMK5D9N;<tDYO0QYC'K5>�<~N;<tN;A i�QRK5>@?BA H5L�Â
FjK$AeDVDY<�O0T <�FI<�L-?cN;<&DVDYO0QYC'K5>�<&D9w(>@?BA J5<&DV>�QBb�<&DVK$O;º½A L-?B<�QYC'K5>�<&DVN;<&DV>�H5OM>RW0<&DvW0H5FIH5o5X�L0<&D�4�ÏGO;?BQB<�FI<�L-?cN;A ?-Â
TeKIN;AeDB>�QBb�?BAeDBK�?BA H5LP>�H5LM>�<�QBL0<VT <Vf0QBH$wMT NUl A LMN;Ae>�<[<�?GL0H5LPO0L0<cDYO0QYC'K5>�<[N;<[N;A i�QRK5>@?BA H5L 4
69L�QRK$f0f(<�T T <jT <&DcfMK$QRK$FIX�?BQB<&DVH5f;?BH$n³o5b�H5FIb�?BQBAed-O0<&DVN;<kTeKPwM80QB<kFIH;N;b�T AeDYb�<hÂ

R
Â
nmax

Â
nmat

<�?
∆ � b�o-K$Tg

nmax − nmat
N0K$LMDjT <½>�K5Djf0QBb&DY<�L-? � 4`À <&DjfMK$QRK$FIX�?BQB<&DIN;OÔ>�¼,T A LMN;QB<½>�A QR>�O0TeK$A QB<hg�o5QRK5N;A <�L-?kNUl A LMN;Ae>�<fMK$QRK$8(H5T Aed-O0<VDYH5L-?[Â

���������	��
���
����������	��
���������
�� ����� 
��!���

R
(

= d
2

) �4f eAg
µm

���������	��
���
��#"$
��%�#��� �&
��!'

nmax

e-f �h���
nmat

e-f �����
∆ (= nmax − nmat) 3.10−2

� ��
���
�� -��������	��
���
�� ����� 
��!���

N
e '

L
g*'

λ
'4f �-�%�@'4f �

µm
���������	��
���
��#"$
)�0�	��
�4�� 
���4�� 
 "$


neff

Af

�
Ap

�
69L«K$f0f0T Aed-O0<VTeK~C­H5QBF~O0T < � �04 �-Ê � b�?RK$80T A <Vf(H5O0QET <&DxwM80QB<&D�H5f;?BAed-O0<&DEgIDBK$O;?GNUl A LMN;Ae>�<+Â0<�LPQB<�FIf0TeK ��K$L-?

ncylfMK$Q�TeKGJ�K$T <�O0Q"FIH�¼5<�L0L0<xN;Ocf0QBH$wMT-fMK$QRK$8(H5T Aed-O0<`N;<xTeKEwM80QB<
nmax−∆

3 = 1.464
4S69Lc?BQBH5O0J5< Tml b&>�K$QY?�NUl A LMN;Ae>�<

DYO0A J�K$L-?
∆ind ≈ 1.36%

4"�`<�?Y?B<jJ�K$T <�O0Qcb�?RK$L-?cJ5H5AeDYA L0<jN;<
1%

Â�L0H5OMDVf(H5O0QBQBH5LMDv?BH5T b�QB<�Q[Tml K$f0f0QBHSº;A FjK�?BA H5L
N;<GC'K$A 80T <vo5O0AeN0K$o5<54 �GH5OMDx>RW0<�QR>RW0H5LMD T <&DxFIH;N;<&DxNUl O0L0<9?B<�T T <9wM80QB<vH5f;?BAed-O0<vN;H5L-?�T <&D`T H5L0o5O0<�O0QRD`NUl H5LMN;<VN;<
>�H5O0f0O0QB<VDYH5L-?�f0QBH;>RW0<&D�N;<

λc = 0.6 µm
40À l K$QY?BAe>�T < O 353���P�N;H5L0L0<VT <&DxC­QBb&d-O0<�LM>�<&DxL0H5QBFjK$T AeDYb�<&DxN;<[>�H5O0f0O0QB<N;<&Daf0QB<�FIA <�QRDkFIH;N;<&D

LP � K$f0f0QBHSº;A FjK�?BA H5LÔN;<ÃC'K$A 80T <Ão5O0AeN0K$o5< � f(H5O0QPO0L0<½wM80QB<µg¢o5QRK5N;A <�L-?PNUl A LMN;Ae>�<
fMK$QRK$8(H5T Aed-O0<vN;<VQRKS¼5H5LkA L;wML0A � K$f0f0QBHSº;A FjK�?BA H5LaNUl O0L«f0QBH$wMT�fMK$QRK$8(H5T Aed-O0<vfMK$QYC'K$A ? � 4;À <&D�T H5L0o5O0<�O0QRDxNUl H5LMN;<N;<c>�H5O0f0O0QB<[f0TeK5>�b�<&DGDYO0QGTml K�º;<cDYO0f(b�QBA <�O0Q9N;<&DGK$8MDB>�AeDBDY<&DEN;<cTeKtwMo5O0QB<t\,4 �-ztH5L-?Gb�?Bb~N;b�?B<�QBFIA L0b�<&DGgIfMK$QY?BA Q
N;<&DcQBb&DYO0T ?RK�?RD~N;H5L0L0b&DtN0K$LMD~>�<�?IK$QY?BAe>�T <54"À <aFIH;N;<

LP41
N;<�FI<�O0QB<a>�<�T O0A�d-O0Axf(H-DBDYX&N;<kTeK½J�K$T <�O0QtN;<

λcTeKhf0T OMD~f0QBH;>RW0<aN;<
λ = 0.6 µm � N;OÌ8(H5QRNÌN;QBH5A ?tN;<aTeK½8MK$LMN;<aN;<k?BQRK$LMDYFIAeDBDYA H5L�<�º;f(b�QBA FI<�L-?RK$T <k<�L-?BQB<

λ = 0.5 µm
<�?

0.6 µm � 4�¸�T�QB<�o5QBH5O0f(<~T <&DvFIH;N;<&D EH31
<�?
HE51

<�?cDBKaT H5L0o5O0<�O0QVNUl H5LMN;<IN;<j>�H5O0f0O0QB<
J�K$O;?

λc = 0.5856 µm
4,À�KVwMo5O0QB<V\,4 �,Ä � K � FIH5L-?BQB<GT <&D`fMK$QY?BA <&D QBb�<�T T <&D <�?xA FjK$o5A LMK$A QB<&D N;<9Tml A LMN;Ae>�<9<�i�<&>@?BA CpÂH58;?B<�L,O0<&DEfMK$Q9L0H$?BQB<[f0QBH5o5QRK$FIFI<VL,O0FIb�QBAed-O0<+Â(N;<&DGFIH;N;<&D

EH31
<�?
HE51

f(H5O0Q
λ
J�K$QBAeK$L-?9N;<

0.57 µmg
0.7 µm

4�ÏÑO0L0<jT H5L0o5O0<�O0QcNUl H5LMN;<tw0º;b�<+Â H5L�>�H5LMD=?RK�?B<jd-O0<IT <&D[A LMN;Ae>�<&D[<�i�<&>@?BA C'DcN;<&D[FIH;N;<&D
EH31

<�?
HE51

DYH5L-?ET b�o5X�QB<�FI<�L-?GN;A i�b�QB<�L-?RD�40Ò L«<�i�<�?-ÂMT <[f0QBH5o5QRK$FIFI<v<�i�<&>@?BO0<[O0Lh>�K$Te>�O0T QBA o5H5O0QB<�O;ºad-O0A L0<V?BA <�L-?
fMK5D`>�H5FIf;?B<vN;<vTml K$f0f0QBHSº;A FjK�?BA H5LjN;<GC'K$A 80T <9o5O0AeN0K$o5<54-Á�H5O;?B<�C­H5AeD`T <&Dx>�H5O0QB8(<&D`K5DBDYH;>�A b�<&D`K$O;ºjFIH;N;<&D

EH31<�?
HE51

QB<&D=?B<�L-?9f0QBH;>RW0<&DETml O0L0<tN;<~Tml K$O;?BQB<54(Ò T T <&Dv>�H5L;wMQBFI<�L-?9TeKjJ�K$T <�O0QvN;<
λc

?BQBH5O0J5b�<[f0QBb&>�b&N;<�FIFI<�L-?
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0′

0′

x′

y′

r′

r′

n(r′)

r′1 r′2

r′
s−1

r′s

r′s+1
r′
L

R

nmax

nmax

n′

1

n′

2

n1

n1

n′

s−1

n′

s

n′

s+1

ns−1

ns−1

ns

ns

n′

L

nL

nL
nmat

nmat

�����	� \,4 �5� �¢{9AeDB>�QBb�?BAeDBK�?BA H5L N;O*f0QBH$wMTGNUl A LMN;Ae>�<hfMK$QRK$8(H5T Aed-O0<hNUl O0L*>�¼,T A LMN;QB<½>�A QR>�O0TeK$A QB<«g�o5QRK5N;A <�L-?kNUl A LMN;Ae>�<
>�<�L-?BQBb[DYO0QETml H5QBA o5A L0<
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o5Q�]5>�<kghTml K$QY?BAe>�T < O 353���P³4�À <&D[wMo5O0QB<&DI\,4 �,Ä � 8 � g�\,4 �,Ä � N � QB<�f0QBb&DY<�L-?B<�L-?~T <&Dt>�K$QY?B<&DcN;<P>RWMK$FIfMDtN;OÌFIH;N;<
EH31

f(H5O0Q
λ = 0.599 µm

<�?xT <&D�wMo5O0QB<&D�\,4 �-� � K � gt\,4 �-� � > � T <&D`>�K$QY?B<&D`N;<9>RWMK$FIfMD`N;OkFIH;N;< HE51
f(H5O0Q

TeKPF Á�FI<IT H5L0o5O0<�O0QcNUl H5LMN;<54"69LµJ5b�QBA wM<jd-O0<IT <&D[>RWMK$FIfMDVQB<&DYf(<&>@?B<�L-?[<�º0K5>@?B<�FI<�L-?[T <&D[DY¼,FIb�?BQBA <&D[N;<j>�<&D
FIH;N;<&D�4

¨©� �"1h²³�(�"�".0´Ì1,���&.0/
C3/4

�"1½/'. � � ¨ ����� ���
C6v

1-�j.0���&%��R#$���(%'®&1,´Ì1,��� 4
�GH5OMD�FIH;N;b�T AeDYH5LMD�O0L0<cÅ�6vr

C6v
N;<V?=¼,f(<cÏ9ÍGÍG6�� gtO0L0<c>�H5OM>RW0<[NUl A LM>�T OMDYA H5LMDE>�A QR>�O0TeK$A QB<&D�gto5QRK5N;A <�L-?

NUl A LMN;Ae>�<54SÒ T T <xf(H-DBDYX&N;<`T <xF Á�FI<`?=¼,f(<�N;<xo5b�H5FIb�?BQBA <xd-O0<`T <&D�Å�6vr½D�f0QBb&>�b&N;<�FIFI<�L-?"b�?BOMN;A b�<&D�g9A LM>�T OMDYA H5LMD
W0H5FIH5o5X�L0<&D � J5H5A QkDY<&>@?BA H5LÔ\,4 354 ] � 4�Ò�?RK$L-?aN;H5L0L0b½d-O0<hT <hf0QBH$wMTGNUl A LMN;Ae>�<½N;<&DjA LM>�T OMDYA H5LMDI<&D=?a>�H5L-?BA L,O g
T <�O0QVA L-?B<�QYC'K5>�< � <�L r′ = d

2 �
Â TeK«N;<&DB>�QBA f;?BA H5LµN;<&D[>�H,<��k>�A <�L-?RD[N;<kÅ0H5O0QBA <�Q[N;<&D[>RWMK$FIfMDvL0<jQB<&d-O0A <�QY?Vf0T OMD

Tml O;?BA T AeDBK�?BA H5L[N;< TeK�FIb�?BW0H;N;<xÅ�Å�Åx4�¸�T-DYO��I?"N;< f0QB<�LMN;QB<�T <&DUb&d-OMK�?BA H5LMDUQB<�TeK�?BA J5<&DUgETeK�FIb�?BW0H;N;<`N;A i�b�QB<�L-?BA <�T T <
>�TeK5DBDYAed-O0< � z04 3&� � 45{vK$LMD�T <G>�K5D >�H5L-?BQRK$A QB< � N;AeDB>�H5L-?BA L,O0A ?Bb9N;OIf0QBH$wMTMNUl A LMN;Ae>�<9K$O;ºIDYO0QYC'K5>�<&D�N;<&D�A LM>�T OMDYA H5LMD � ÂTeK�FIb�?BW0H;N;<ÃÅ�Å�ÅÑK$FIX�L0<µg�f0QB<�LMN;QB<hTeK�FjK�?BQBAe>�<

Qǫ
N;H5L0L0b�<½fMK$Q � z04 3SÄ � 4xÀ <&DkFjK�?BQBAe>�<&DkN;<µÁ�H,<�f0T A ?BÓ

JN2
r K Â JN2

θ K <�? JNrNθK
QB<&D=?B<�L-?�K$T H5QRD�AeN;<�L-?BAed-O0<&Dxg~>�<�T T <&D`N;b�wML0A <&D`f(H5O0Q�N;<&D`>�¼,T A LMN;QB<&D`W0H5FIH5o5X�L0<&D � J5H5A QDY<&>@?BA H5L¶\,4 354 ] � 4/�GH5OMDtK$T T H5LMDcN;b&>�QBA QB<a>�H5FIFI<�L-?t>�K$Te>�O0T <�Q~T <&Dcb�T b�FI<�L-?RD~N;<aTeKhFjK�?BQBAe>�<aN;<PÁ�H,<�f0T A ?BÓ JǫK Â>$l <&D=?Yn�g�n�N;A QB<ET <&D`>�H,<��k>�A <�L-?RD`N;<vÅ0H5O0QBA <�Q`N;<9TeKVC­H5LM>@?BA H5L

ǫ(r, θ)
N0K$LMD TeKcÓ�H5L0<GFIH;N;O0T b�<54,Á�H5O;?xNUl K$8(H5QRN>Â5H5L

f0QBH;>�X&N;<EK$Oj>RWMK$L0o5<�FI<�L-? N;<GJ�K$QBAeK$80T <EN;OkDY¼;D=?BX�FI<GN;<G>�H,H5QRN;H5L0L0b�<&D
(r′, θ′, z′) � QB<�f(X�QB<�T H;>�K$T � K$OjDY¼;D=?BX�FI<N;<~>�H,H5QRN;H5L0L0b�<&D

(r, θ, z) � QB<�f(X�QB<co5T H58MK$T � N0K$LMDGTeKIC­H5LM>@?BA H5L n(r′)
N;H5L0L0b�<cfMK$Q9TeKjQB<�TeK�?BA H5L � \,4 \ � 4�^,O0Q9TeKDYH5OMD=n³f(b�QBA H;N;<

T = 2π
NT

Â0TeK~C­H5LM>@?BA H5L
n(r, θ)

D�l b&>�QBA ?[Â

n(r, θ) =





A1(r) + A2(r) cos (θ − θ0)
DYA
θ ∈

[
θ0 − θ̃(r), θ0 + θ̃(r)

]

nmat
DYA
θ ∈

[
θ0 − π

T
, θ0 − θ̃(r)

]
∪
[
θ0 + θ̃(r), θ0 + π

T

] � \,4 353 �
KSJ5<&>

A1(r) = nmax − 4∆

d2

(
r2 + Λ2

) <�? A2(r) =
8∆rΛ

d2
� \,4 3S] �

<�?
r ∈ [Rmin, Rmax]

4U69LhQRK$f0f(<�T T <~d-O0<
θ̃(r)

<&D=?vN;H5L0L0bcfMK$QGTeKjQB<�TeK�?BA H5L � z04 353S] � � N0K$LMDGTeK5d-O0<�T T < R0
<&D=?

QB<�FIf0TeK5>�bIfMK$Q
Λ � 4 Ò LMDYO0A ?B<+Â�H5Lµ<�L�N;b&N;O0A ?~Tml <�º;f0QB<&DBDYA H5LµN;<jTeKPC­H5LM>@?BA H5L�f(<�QBFIA ?Y?BA J,A ?Bb

ǫ(r, θ)
d-O0A <&D=?cT <

>�K$QBQBbVN;<VTeK~C­H5LM>@?BA H5L
n(r, θ)

Â

ǫ(r, θ) =





B1(r) + B2(r) cos (θ − θ0) + B3(r) cos2 (θ − θ0)
DYA
θ ∈

[
θ0 − θ̃(r), θ0 + θ̃(r)

]

n2
max

DYA
θ ∈

[
θ0 − π

T
, θ0 − θ̃(r)

]
∪
[
θ0 + θ̃(r), θ0 + π

T

] � \,4 3&z �
KSJ5<&>

B1(r) = A2
1

Â B2(r) = 2A1A2
<�? B3(r) = A2

2 � \,4 3�� �
Æ�K$Q"QRK$f0f(H5QY?"g9O0L0<xA LM>�T OMDYA H5LcW0H5FIH5o5X�L0<+Â&A T;DYO��I?�N;<�>�H5LMD=?RK�?B<�Q"d-O0<xT <xf0QBH$wMT,NUl A LMN;Ae>�<xfMK$QRK$8(H5T Aed-O0< A LMN;O0A ?
T <V>�K$Te>�O0TUDYO0f0f0T b�FI<�L-?RK$A QB<VN;<[>�H,<��k>�A <�L-?RD�N;<[Å0H5O0QBA <�Q�NUl O0L0<vC­H5LM>@?BA H5LP<�L

cosinus
<�?GN;<[DYH5LP>�K$QBQBb54 � A <�L

d-O0<jT <k>�K$Te>�O0T`N;<&Dc>�H,<��k>�A <�L-?RD[N;<kÅ0H5O0QBA <�Q~N;<
ǫ(r, θ)

QB<&D=?B<jK$LMK$T ¼-?BAed-O0<+Â L0H5OMDVL0<kT <&DV<�º;f0T Ae>�A ?B<�QBH5LMD[fMK5D
b�?RK$L-?GN;H5L0L0b�<VTeKI>�H5FIf0T <�º;A ?BbcN;<VT <�O0QG<�º;f0QB<&DBDYA H5L 4
À <&DkfMK$QRK$FIX�?BQB<&DaN;<ÃTeK¢Å�6vr

C6v
g�O0L0<�>�H5OM>RW0<ÃNUl A LM>�T OMDYA H5LMDP>�A QR>�O0TeK$A QB<&DkgÌo5QRK5N;A <�L-?PNUl A LMN;Ae>�<�DYH5L-?QB<�o5QBH5O0f(b&DxN0K$LMD�T <V?RK$80T <&K$O«DYO0A J�K$L-?cÂ
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nmax

e-f �h���
nmat

e-f �����
∆ (= nmax − nmat) 3.102
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��

λ
'4f �-g%�@'4f �*�
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��'

τc 10%
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P1 � P2

snm
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|
λc=0.5856 µm

|
|
λc=0.5856 µm

|
λ=0.599 µm

Re(neff) EH31
Im(neff) EH31
Re(neff) HE51
Im(neff) HE51

Coupure: neff=nmat=1.444
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λ = 0.599 µm
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λ = 0.599 µm
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�����	� \,4 �;\"�kÆ QBH$wMT NUl A LMN;Ae>�<cN;<[TeKIÅ�6vr N;<V?=¼,f(<cÏ9ÍGÍG6�� N0K$LMD�T <[f0TeK$L«N;<cDY<&>@?BA H5LPf0QBA LM>�A fMK$T

À�KµwMo5O0QB<�\,4 �;\½<&D=?aO0L0<ÃQB<�f0QBb&DY<�L-?RK�?BA H5L¶<�L ?BQBH5AeDkN;A FI<�LMDYA H5LMDaN;O*f0QBH$wMTvNUl A LMN;Ae>�<ÃN;<½TeKÌÅ�6vr N0K$LMD
T <hf0TeK$L N;<½DY<&>@?BA H5L f0QBA LM>�A fMK$T <+Â �@J,O �afMK$QjT <hf0QBH5o5QRK$FIFI<PL,O0FIb�QBAed-O0< � QB<&>�H5LMD=?BQBOM>@?BA H5L¶N;<

ǫ(r, θ)
fMK$Q

DYH5LÌN;b�J5<�T H5f0f(<�FI<�L-?tN;<aÅ0H5O0QBA <�Qc?BQBH5LMd-O0bag
N = 60

Â�<�?tDY<�T H5L�TeKÃN;AeDB>�QBb�?BAeDBK�?BA H5L�N;<aTml A L-?Bb�o5QRK�?BA H5L�fMK$Q
Tml K$T o5H5QBA ?BW0FI<�^ � 4$Ò Lj>�K$Te>�O0TeK$L-?�Tml A LMN;Ae>�<�<�i�<&>@?BA CUN;OtFIH;N;<xC­H5LMN0K$FI<�L-?RK$T C3/4

N;<�TeKvÅ�6vr�f(H5O0Q
λ
J�K$QBAeK$L-?

N;<
0.52 µm

g
0.64 µm

Â�L0H5OMDVKSJ5H5LMD9H58MDY<�QBJ5b+Â(NUl K$f0QBX&D9T <&DvQBb&DYO0T ?RK�?RDvL,O0FIb�QBAed-O0<&DUÂ(O0L�K$L-?BA n�>�QBH5AeDY<�FI<�L-?
T H;>�K$T AeDYb9J5<�QRD

λ = 0.595 µm
4,¸�T K$f0fMK$QRK�Se?�DYO0Q�T <&D`wMo5O0QB<&DE\,4 �-qc<�?v\,4 �-y~d-O0AUQB<�f0QBb&DY<�L-?B<�L-?xQB<&DYf(<&>@?BA J5<�FI<�L-?

T <&D[fMK$QY?BA <&D[QBb�<�T T <&D[<�?~A FjK$o5A LMK$A QB<&D[N;<&DcFIH;N;<&D
C3/4

Â
EH31

<�?
HE51

<�L�C­H5LM>@?BA H5LÌN;<
λ
4�69LÌDY<jQB<�LMN

>�H5FIf;?B<td-O0<tTml K$f0f0QBHSº;A FjK�?BA H5LhN;<~C'K$A 80T <to5O0AeN0K$o5<cL l <&D=?Vf0T OMDvK5N0K$f;?Bb~f(H5O0Q[N;b&>�QBA QB<cT <&D9FIH;N;<&DVKSJ5<&>[O0L0<
f0QBb&>�AeDYA H5L~DYO��kDBK$L-?B<xfMK$Q�QRK$f0f(H5QY?�g9TeKvDYb�T <&>@?BA J,A ?Bb�<�LtT H5L0o5O0<�O0Q�NUl H5LMN;<EN;<�Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?xÂST <&D�>�H5O0QB8(<&D
K5DBDYH;>�A b�<&D�K$O;ºtN;<�O;º~FIH;N;<&D

EH31
<�?
HE51

DYH5L-? >�H5FIf0T X�?B<�FI<�L-?`N;b&>�K$T b�<&D"Tml O0L0<GN;<ETml K$O;?BQB<545^,O0Q TeK9wMo5O0QB<
\,4 �-q'Â(H5LÃQB<�FjK$QRd-O0<~b�o-K$T <�FI<�L-?VTeKa8(H5L0L0<tf0QBb&>�AeDYA H5LÃH58;?B<�L,O0<tf(H5O0QVT <&D[>�H5O0QB8(<&DvN;OµFIH;N;<tC­H5LMN0K$FI<�L-?RK$T
C3/4

fMK$Q9>�H5FIfMK$QRK$AeDYH5L«gjTeKk>�H5O0QB8(<~N;O½FIH;N;<
EH31 � FI<�A T T <�O0QB<~d-O0<~>�<�T T <&DGH58;?B<�L,O0<&DGf(H5O0Q9O0L0<~Å�6vrg½A LM>�T OMDYA H5LMD~W0H5FIH5o5X�L0<&DUÂ�J5H5A Q~wMo5O0QB<h\,4 z5y � K � � 4�Ò L¶<�i�<�?-Â�>�<�?Y?B<«N;<�QBL0A X�QB<a<&D=?Id-OMK5DYA FI<�L-?ITml K5DY¼,FIf;?BH$?B<

N;<&DE80QRK$LM>RW0<&DGN;<co-K$OM>RW0<[<�?vN;<~N;QBH5A ?B<54��`<�?Y?B<cH58MDY<�QBJ�K�?BA H5LhD�l <�º;f0T Aed-O0<[fMK$QGTeKIC'K$A 80T <~N;A i�b�QB<�LM>�<~NUl A LMN;Ae>�<
<�L-?BQB<

nmax
<�?
nmat

<�?GTeKt>�H5L-?BA L,O0A ?Bb[N;O«f0QBH$wMTUNUl A LMN;Ae>�<cDYO0Q�TeKIDYO0QYC'K5>�<VN;<&D�A LM>�T OMDYA H5LMD�4M69LPJ5H5A ?GDYO0Q�T <&D
N;<�O;ºµwMo5O0QB<&Dcd-O0<jTml K$L-?BA n�>�QBH5AeDY<�FI<�L-?~N;O�FIH;N;<jC­H5LMN0K$FI<�L-?RK$T

C3/4
KhT A <�O�f(H5O0Q~T <kFIH;N;<

EH31
Â"FjK$AeD

QB<&D=?B<VN;A �k>�A T <[g~H58;?B<�L0A QEf(H5O0Q�T <VFIH;N;<
HE51 � K$L-?BA n�>�QBH5AeDY<�FI<�L-?�DYO0QEO0LPA L-?B<�QBJ�K$T T <9?BQBH5fkwMLP<�LPT H5L0o5O0<�O0QNUl H5LMN;< � 4��`<&>�A�<&D=?[>�H5L;C­H5QBFI<tgaTml H58MDY<�QBJ�K�?BA H5L½d-O0<tL0H5OMDVKSJ,A H5LMDGC'K$A ?B<tf(H5O0QvTeKPÅ�6vr�N;<~?=¼,f(<IÏ9ÍGÍG6��

gtA LM>�T OMDYA H5LMD�W0H5FIH5o5X�L0<&D�b�?BOMN;A b�<cN0K$LMD�TeKjDY<&>@?BA H5LPf0QBb&>�b&N;<�L-?B<54(69L«A L-?BQBH;N;O0A ?E?BQBH5AeD�f(H5A L-?RDET <VT H5L0okN;<VTeK
80QRK$LM>RW0<VN;<[o-K$OM>RW0<+Â;gIN;A i�b�QB<�L-?B<&DET H5L0o5O0<�O0QRD�NUl H5LMN;<IÂ

Æ�H5A L-?RD
λ (µm)Ï Ê04 Ä5Ä

� Ê04 Ä$y-]$�
� Ê04 Ä$y5q

Æ�H5O0Q[>RWMK5>�O0L�N;<j>�<&DVf(H5A L-?RDUÂUT <&DvwMo5O0QB<&Dc\,4 Ä$Ê � K � g½\,4 Ä5] � > � FIH5L-?BQB<�L-?[T <&D[>�K$QY?B<&DVN;<j>RWMK$FIfMD[N;OµFIH;N;<
C­H5LMN0K$FI<�L-?RK$Tm4��`<�T T <&D9QB<�TeK�?BA J5<&DGK$Ohf(H5A L-?vÏ � wMo5O0QB<&DV\,4 Ä$Ê � K � gP\,4 Ä$Ê � > � f(H5O0Q λ = 0.55 µm � QBb�J5X�T <�L-?GT <>RWMK$FIfh>�K$QRK5>@?Bb�QBAeD=?BAed-O0<VN;OhFIH;N;<VC­H5LMN0K$FI<�L-?RK$T T H;>�K$T AeDYbcN0K$LMDET <c>�H,<�O0Q&4��`<�f(<�LMN0K$L-?-Â0T <&DG>�K$QY?B<&DGN;< |Ez |<�? |Hz|

C­H5L-?`K$f0fMK$QRK�Se?BQB<EN0K$LMD >RWMK5d-O0<EA LM>�T OMDYA H5LIO0Lk>RWMK$FIfkK5DBDYH;>�A bEgVO0LjFIH;N;<9NUl H5QRN;QB<EK$Ó�A F~O;?RK$T
ν = 1

4
�`<&>�A0KVb�o-K$T <�FI<�L-?�b�?BbEH58MDY<�QBJ5b�DYO0Q N;<&D�A FjK$o5<&D�f0W0H$?BH5o5QRK$f0W0Aed-O0<&D � f0QBH$wMT0NUl A L-?B<�LMDYA ?Bb � f0QBAeDY<&D�DYO0Q�TeKVÅ�6vr<�º;f(b�QBA FI<�L-?RK$T <kg½N;<&DcT H5L0o5O0<�O0QRD~NUl H5LMN;<kA L;C­b�QBA <�O0QB<&Dcg

0.6 µm � f0W0H$?BH5o5QRK$f0W0A <&DVL0H5L�A T T OMD=?BQBb�<&D � 4"Æ�H5O0QT <af(H5A L-? � Â"T <&Dt>�K$QY?B<&DcN;<«>RWMK$FIfMD � wMo5O0QB<&DI\,4 Ä;3 � K � gµ\,4 Ä;3 � > � � >�H5QBQB<&DYf(H5LMN;<�L-?~g½TeKhT H5L0o5O0<�O0QtNUl H5LMN;<
� λ = 0.5926 µm � N;<aTml K$L-?BA n�>�QBH5AeDY<�FI<�L-?tKSJ5<&>jT <PFIH;N;<PK5DBDYH;>�A bag HE51

4 69LÌQB<�?BQBH5O0J5<k<�i�<&>@?BA J5<�FI<�L-?
T <h>RWMK$FIf >�K$QRK5>@?Bb�QBAeD=?BAed-O0<PN;O FIH;N;<

HE51 � J5H5A QIwMo5O0QB<&Dk\,4 �-� � K � gÌ\,4 �-� � 8 � � N0K$LMDj>RWMK5d-O0<h>�¼,T A LMN;QB<54
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69L«QB<�FjK$QRd-O0<cd-O l O0L0<cfMK$QY?BA <cN;O½>RWMK$FIfh<&D=?G?BH5O�:=H5O0QRDET H;>�K$T AeDYb�<cN0K$LMDET <~>�H,<�O0Q � N;b�80O;?VN;<cTeKI?BQRK$LMDYA ?BA H5LN;<aN;b�T H;>�K$T AeDBK�?BA H5L � 4 Æ�H5O0QcT <kf(H5A L-?j�KÂ�T <&D~>�K$QY?B<&DcN;<a>RWMK$FIfMDt\,4 Ä5] � K � gÃ\,4 Ä5] � > � >�H5QBQB<&DYf(H5LMN;<�L-?cghO0L0<T H5L0o5O0<�O0Q`NUl H5LMN;<9d-O0A(DY<9DYA ?BO0<9K$f0QBX&D�Tml K$L-?BA n�>�QBH5AeDY<�FI<�L-?`KSJ5<&>�T <GFIH;N;<9K5DBDYH;>�A bGg

EH31
4069LjJ5b�QBA wM<Gd-O0<GT <

>RWMK$FIfPN;Oh>�H,<�O0QGD�l <&D=?E80A <�L«N;b�T H;>�K$T AeDYb[N0K$LMDxT <&D�A LM>�T OMDYA H5LMDEgtTml A L-?Bb�QBA <�O0QGN;<&DBd-O0<�T T <&D�K$f0fMK$QRK�Se?�T <c>RWMK$FIf
>�K$QRK5>@?Bb�QBAeD=?BAed-O0<VN;O«FIH;N;<

EH31 � J5H5A QEwMo5O0QB<&D9\,4 �,Ä � 8 � ga\,4 �,Ä � N � � 4MÀ�Kj>�K$QY?B<[N;< |Pz|
QBb�J5X�T <VL0b&K$L0FIH5A LMD

O0L0<[DY¼,FIb�?BQBA <[N;A i�b�QB<�L-?B<54
�GH5OMD K$T T H5LMD >�H5L;C­QBH5L-?B<�Q >�<&D�QBb&DYO0T ?RK�?RD�L,O0FIb�QBAed-O0<&D�K$O;ºIQBb&DYO0T ?RK�?RD�<�º;f(b�QBA FI<�L-?RK$O;ºU45À�KvwMo5O0QB<v\,4 Ä$zvQB<�f0QBb�n
DY<�L-?B<`gETeKEC­H5AeD T <xDYf(<&>@?BQB< <�L[?BQRK$LMDYFIAeDBDYA H5LV<�º;f(b�QBA FI<�L-?RK$T-N;<`TeK�wMo5O0QB<�\,4 �-z � DYO0Q"TeKE8MK$LMN;<xN;<�?BQRK$LMDYFIAeDBDYA H5L<�L-?BQB<

λ = 0.5 µm
<�?

0.6 µm � <�?cTeKPfMK$QY?BA <tQBb�<�T T <jN;<ITml A LMN;Ae>�<j<�i�<&>@?BA CE>�K$Te>�O0T bIfMK$QVTeK«r½{ N;<&DVFIH;N;<&D
C3/4

Â
HE51

<�?
EH31

<�LjC­H5LM>@?BA H5LaN;<9TeK[T H5L0o5O0<�O0QxNUl H5LMN;<54,{9<9F Á�FI<+Â-H5La>�H5FIfMK$QB<GN0K$LMD`TeKVwMo5O0QB<V\,4 Ä��
T <kDYf(<&>@?BQB<j<�Lµ?BQRK$LMDYFIAeDBDYA H5Lµ<�º;f(b�QBA FI<�L-?RK$T <�?cTeK«fMK$QY?BA <jA FjK$o5A LMK$A QB<jN;<jTml A LMN;Ae>�<k<�i�<&>@?BA CGN;<k>�<&D[F Á�FI<&D
FIH;N;<&D�45¸�TUDY<�F~80T <�QRK$A ?xd-O0<GT <&DxK$L-?BA n�>�QBH5AeDY<�FI<�L-?RD >�H��mLM>�AeN;<�L-?xKSJ5<&>ETeK~N;b&>�QBH5AeDBDBK$LM>�<GN;<9TeK[8MK$LMN;<vN;<G?BQRK$LMD=n
FIAeDBDYA H5L <�?PL0H5LÔg�TeK�f(<�?BA ?B<ÃA QBQBb�o5O0TeK$QBA ?Bb«H58MDY<�QBJ5b�<½g

λ = 0.599 µm
4G�`<&DjQBb&DYO0T ?RK�?RDk<�LM>�H5O0QRK$o5<&K$L-?RD

N;H5A J5<�L-?`?BH5O;?EN;<vF Á�FI<JÁ�?BQB<V>�H5LMDYAeN;b�QBb&D`KSJ5<&>Gf0QBOMN;<�LM>�<v>�K$QxTeKtN;AeDYf(<�QRDYA H5LkFjK�?Bb�QBA <�T T <9L l <&D=?�fMK5Dxf0QBAeDY<9<�L
>�H5FIf;?B<tN0K$LMD9T <t>�K$Te>�O0T"L,O0FIb�QBAed-O0<~<�?vT <tL0H5F~80QB<~N;<I>�H5OM>RW0<&D9NUl A LM>�T OMDYA H5LMDvN;<~TeKjwM80QB<tFIH;N;b�T AeDYb�< � O0L0<DY<�O0T < � L l <&D=?�fMK5Dx>�<�T O0AUN;<9TeKcwM80QB<9<�º;f(b�QBA FI<�L-?RK$T < � DY<�f;?E>�H5OM>RW0<&D � 40�`<�?Y?B<vb�?BOMN;<vQB<&D=?B<vg~>�< :=H5O0Q�<�La>�H5O0QRDNUl K$LMK$T ¼;DY<54

ÕP%'®&#5!"®&®&%'�(� 4
69L¢f(<�O;?kD�l A L-?B<�QBQBH5o5<�Qtd-OMK$L-?jgÃTml <�º;AeD=?B<�LM>�<hNUl O0L0<hÅ�6vr N;<a?=¼,f(<hÏ9ÍGÍG6�� gµA LM>�T OMDYA H5LMDtW0H5FIH5o5X�L0<&D
� >�H5FIFI<`b�?BOMN;A b�<xN0K$LMD�TeKGDY<&>@?BA H5LI\,4 �M4 ] � d-O0A,DY<�QRK$A ?�b&d-O0A J�K$T <�L-?B<xgETeK9Å�6vr N;< ?=¼,f(<xÏ9ÍGÍG6�� gGA LM>�T OMDYA H5LMD
A L0W0H5FIH5o5X�L0<&DV>�H5LMDYAeN;b�QBb�<IN0K$LMD[>�<�?Y?B<kN;<�QBL0A X�QB<Ib�?BOMN;<54��`<&>�A f(<�QBFI<�?Y?BQRK$A ?cN;<jf(H5O0J5H5A QV<�i�<&>@?BO0<�QcTml b�?BOMN;<
N;<&DjK$L-?BA n�>�QBH5AeDY<�FI<�L-?RDtg�Tml K$AeN;<hN;<hFIb�?BW0H;N;<&DjN;A i�b�QB<�L-?B<&D � <�L fMK$QY?BAe>�O0T A <�QITeK�r½r � d-O0<«TeK�r½{~4`Æ�H5O0Q
>�<�TeK'Â�H5L¢f0QB<�LMN¢O0L¶A LMN;Ae>�<hN;<&DIA LM>�T OMDYA H5LMDtW0H5FIH5o5X�L0<&Dtb�o-K$TEgÃTeKÃFIH�¼5<�L0L0<«N;O¶f0QBH$wMTEfMK$QRK$8(H5T Aed-O0<PN;<
Tml A LMN;Ae>�<�N;<&DaA LM>�T OMDYA H5LMDPA L0W0H5FIH5o5X�L0<&D�4�{vK$LMDaT <�>�K5Daf0QBb&DY<�L-?«NUl O0L f0QBH$wMT9?B<�T[d-O0<

nmax = 1.474
<�?

nmat = 1.444 � ∆ = 3. 10−2 � Â;>�<�?xA LMN;Ae>�<9J�K$O;? ncyl = 1.464
4;�`<�f(<�LMN0K$L-?-Â-T <&D f0QBb&N;Ae>@?BA H5LMD � <�Lkf0QB<�FIA X�QB<K$f0f0QBHSº;A FjK�?BA H5L � N;<&D�K$L-?BA n�>�QBH5AeDY<�FI<�L-?RD�<�?"N;<&D 8MK$LMN;<&D�N;<�?BQRK$LMDYFIAeDBDYA H5LMD KSJ5<&>�T <&D�>�H5O0f0O0QB<&D N;<&D A LM>�T OMDYA H5LMDAeDYH5T b&D � wM80QB<&DI>�H5L,J5<�L-?BA H5L0L0<�T T <&D � N;A i�X�QB<�L-?j<�L-?BQB<«>�<&DIN;<�O;ºÌ?=¼,f(<&DIN;<hÅ�6vr½D�4�Ò L¶<�i�<�?-Â�TeKÃwMo5O0QB<h\,4 Ä5Ä

>�H5FIfMK$QB<[T <&DGT H5L0o5O0<�O0QRD9NUl H5LMN;<~N;<t>�H5O0f0O0QB<~N;<&DGFIH;N;<&D
LP � K$f0f0QBHSº;A FjK�?BA H5LhN;<[C'K$A 80T <~o5O0AeN0K$o5< � N;<cTeKwM80QB<t>�H5L,J5<�L-?BA H5L0L0<�T T <tgko5QRK5N;A <�L-?VNUl A LMN;Ae>�<Ib�?BOMN;A b�<tf0QBb&>�b&N;<�FIFI<�L-? � ?B<�T T <Id-O0< nmax = 1.474

Â
nmat =

1.444
<�?

∆ = 3. 10−2 Â`J5H5A QaTeK�wMo5O0QB<�\,4 �-z � g¢>�<�T T <&DaN;<ÃTeK�wM80QB<Ã>�H5L,J5<�L-?BA H5L0L0<�T T <½gÌDBK$O;?«NUl A LMN;Ae>�<
b&d-O0A J�K$T <�L-?B< � ?B<�T T <Gd-O0< nmax = 1.464

<�?
nmat = 1.444 � 4$Á�H5O;?B<&D�>�<&D�J�K$T <�O0QRD�N;<ET H5L0o5O0<�O0QRD�NUl H5LMN;<&D DYH5L-?N;b�?B<�QBFIA L0b�<&DEfMK$Q9TeKt?BW0b�H5QBA <c<�?9L0H5LhfMK$QGT <~>�K$Te>�O0T�L,O0FIb�QBAed-O0<54U69Lh>�H5LMD=?RK�?B<~d-O0<cTml H5QRN;QB<cN;<&DET H5L0o5O0<�O0QRD

NUl H5LMN;<&DxN;<v>�H5O0f0O0QB<&D`K5DBDYH;>�A b�<&D`gcTeK[wM80QB<vg~DBK$O;?ENUl A LMN;Ae>�<9<&D=?EN;A i�b�QB<�L-?�N;<V>�<�T O0A�N;<&D`T H5L0o5O0<�O0QRD`NUl H5LMN;<&D
N;<½>�H5O0f0O0QB<&DjK5DBDYH;>�A b�<&DjgµTeKµwM80QB<½g�o5QRK5N;A <�L-?kNUl A LMN;Ae>�<54x{vK$LMDjT <½>�K5DjN;<½TeKµwM80QB<hg�DBK$O;?aNUl A LMN;Ae>�<+Â`A T
K$f0fMK$QRK�Se?PN;<&D«FIH;N;<&D

LP
DYO0f0f0T b�FI<�L-?RK$A QB<&D�4969L�QB<�FjK$QRd-O0<ÃDYO0QY?BH5O;?hd-O0<µT <&DPb&>�K$QY?RDPA FIf(H5QY?RK$L-?RDPN;<&D

J�K$T <�O0QRD[H58;?B<�L,O0<&DcNUl O0L0<kwM80QB<aghTml K$O;?BQB<jL0<af(<�QBFI<�?Y?B<�L-?~fMK5D~N;<kf0QBb�J5H5A QcN;<&Dc8MK$LMN;<&D~N;<j?BQRK$LMDYFIAeDBDYA H5L
DYO0QjT <&DkF Á�FI<&Djf0TeK$o5<&DjN;<½T H5L0o5O0<�O0QkNUl H5LMN;<54`Æ�K$Qk>�H5LMDYb&d-O0<�L-?-Â H5L L0<½f(<�O;?a<�L,J,AeDBK$o5<�QIO0L0<ÃÅ�6vr N;<
?=¼,f(<VÏ9ÍGÍG6�� g~A LM>�T OMDYA H5LMDxW0H5FIH5o5X�L0<&D`b&d-O0A J�K$T <�L-?B<Vgt>�<�T T <[g~A LM>�T OMDYA H5LMDxA L0W0H5FIH5o5X�L0<&DUÂ,K�wMLPNUl b�?BOMN;A <�Q
T <&DvK$L-?BA n�>�QBH5AeDY<�FI<�L-?RDvDYO0QvT <&Dv8(H5QRN0DVN;<&Dv8MK$LMN;<&DvN;<~?BQRK$LMDYFIAeDBDYA H5L 4(Æ�H5O0Q[>�<I>�K5D9fMK$QY?BAe>�O0T A <�QVN;<jÅ�6vr g
A LM>�T OMDYA H5LMD�A L0W0H5FIH5o5X�L0<&DUÂ,H5L«DY<VQB<�LMN«>�H5FIf;?B<[N;<[Tml A L-?Bb�QnÁ�?GN;<[TeKIr½{~4
69LIf(<�O;?xb�o-K$T <�FI<�L-? DY<9N;<�FjK$LMN;<�Q b�o-K$T <�FI<�L-?`d-O0<�TM<&D=? Tml A L-?Bb�QnÁ�?xNUl b�?BOMN;A <�QxN;<&D Å�6vr½D`N;<�?=¼,f(<9Ï9ÍGÍG6��
g~A LM>�T OMDYA H5LMD`A L0W0H5FIH5o5X�L0<&DxfMK$QxQRK$f0f(H5QY?EgtN;<&D�Å�6vr½D�N;<9?=¼,f(<[Ï9ÍGÍG6�� g~A LM>�T OMDYA H5LMDxW0H5FIH5o5X�L0<&D�4 'GL0<
fMK$QY?BA <aN;<aTeK½QBb�f(H5LMDY<k<&D=?tA T T OMD=?BQBb�<aN0K$LMD~TeK«wMo5O0QB<h\,4 Ä5Ä;4�À <&D~8MK$LMN;<&D~N;<k?BQRK$LMDYFIAeDBDYA H5L�f(H-DBDYX&N;<�L-?tN;<&D
8(H5QRN0D`f0T OMDxFjK$QRd-O0b9f(H5O0QEN;<&DxA LM>�T OMDYA H5LMDxg~o5QRK5N;A <�L-?�NUl A LMN;Ae>�<Vd-O0<vf(H5O0QEN;<&DxA LM>�T OMDYA H5LMDxgtDBK$O;?ENUl A LMN;Ae>�<54
Æ�H5O0Q"TeK9f0TeK$o5<xN;<xT H5L0o5O0<�O0Q�N;<�>�H5O0f0O0QB<�>�H5LMDYAeN;b�QBb�< � <�L-?BQB< 0.4 µm

<�?
2 µm � ÂST <&D"b&>�K$QY?RD"N;<&D"T H5L0o5O0<�O0QRD"N;<>�H5O0f0O0QB<&D�N;<ETeK9wM80QB<�A L0W0H5FIH5o5X�L0<EK5DBDYH;>�A b�<&D�K$O;º~8(H5QRN0D�N;<&D�8MK$LMN;<&D�N;<�?BQRK$LMDYFIAeDBDYA H5LtDYH5L-?�<�i�<&>@?BA J5<�FI<�L-?

f0T OMD9A FIf(H5QY?RK$L-?RD�4U{9<tf0T OMDUÂ�A T"¼½KkFIH5A LMDVN;<tT H5L0o5O0<�O0QvNUl H5LMN;<IN;<I>�H5O0f0O0QB<tN;<~FIH;N;<
LP � A T�L l ¼hKafMK5D>�<�T T <&D`N;<&D`FIH;N;<&D

LP71
Â
LP52

<�?
LP33 � 4,Æ�K$Qx>�H5LMDYb&d-O0<�L-?-Â5T <&D 8MK$LMN;<&D`N;<G?BQRK$LMDYFIAeDBDYA H5LkDYH5L-?`f0T OMD`TeK$QBo5<&Df(H5O0Q`O0L0<vÅ�6vr N;<G?=¼,f(<vÏ9ÍGÍG6�� gcA LM>�T OMDYA H5LMD A L0W0H5FIH5o5X�L0<&D�4$Ò LMDYO0A ?B<+Â,T <9>RW0H5A ºjN;Okf0QBH$wMT(N;Oko5QRK5N;A <�L-?

NUl A LMN;Ae>�<xH$i�QB<xO0L~L0H5O0J5<&K$O~N;<EN;<�o5QBbxN;<xT A 8(<�QY?Bb54-69L~f(<�O;?�<�L,J,AeDBK$o5<�Q"N;<&D"f0QBH$wMTeD�fMK$QRK$8(H5T Aed-O0<&DUÂ&o-K$OMDBDYA <�LMDUÂ
F~O0T ?BAe>�H5OM>RW0<&DUÂ 4 4 4
Æ�K$Q�K$A T T <�O0QRDUÂ-A TU<&D=?�O;?BA T <[N;<vf0QBb&>�AeDY<�Q�d-O0<vTeKtN;b�?B<�QBFIA LMK�?BA H5LPN;<&Dxf0W0<�L0H5FIX�L0<&D�NUl K$L-?BA n�>�QBH5AeDY<�FI<�L-?`H5OPN;<&D
8(H5QRN0DVN;<&D[8MK$LMN;<&D[N;<t?BQRK$LMDYFIAeDBDYA H5LÃf(H5O0Q[O0L0<kÅ�6vrZN;<t?=¼,f(<kÏ9ÍGÍG6�� fMK$Q[Tml K$LMK$T ¼;DY<IN;<&DVf0QBH5f0QBA b�?Bb&D
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a2 = 2b3 − 9abc+ 27c2 + 27a2d− 72bd � � 4 z �

]5]5Ä



]5]$� 	#������� �Q� �<�	�������#���<��� � ����
	
a�1�	��� ���
�
����
Y�$� � � ��� �	�1���<� � ��� �H� 
	�	��� � � 
Y��� ��� �	� ���X����� �a��� �1
Y�"�Q� � ����
V���������a����� � �

b1 =
a2

4
− 2b

3
+

2
1
3 a1

3
(
a2 +

√
a2
2 − 4a3

1

) 1
3

+

(
a2 +

√
a2
2 − 4a3

1

) 1
3

2
1
3 3

� � 4 � �

b2 =
a2

2
− 4b

3
− 2

1
3 a1

3
(
a2 +

√
a2
2 − 4a3

1

) 1
3

−

(
a2 +

√
a2
2 − 4a3

1

) 1
3

2
1
3 3

� � 4 Ä �

b3 =
4ab− a3 − 8c

4
√
b1

� � 4 � �
À <&DEd-OMK�?BQB<&D�QRK5>�A L0<&DxL0H$?Bb�<&D

Xi
Â
i ∈ [1, 4]

H5L-?Ef(H5O0QG<�º;f0QB<&DBDYA H5LÃÂ

X1 = −a
4
−

√
b1 −

√
b2 − b3

2
� � 4 \ �

X2 = −a
4
−

√
b1 +

√
b2 − b3

2
� � 4 q �

X3 = −a
4

+

√
b1 −

√
b2 + b3

2
� � 4 y �

X4 = −a
4

+

√
b1 +

√
b2 + b3

2
� � 4 3&Ê �

� 0Y¦10m¥ �µ���¢� �'�9���[�`��£G����*p� �v�Y�����0��4
{vK$LMD�T <G>�K5D�H��

γ0 = 0
Â�T <&D DYH5T O;?BA H5LMD�N;<ETml b&d-OMK�?BA H5L � Ä;4 353 � N;<�J,A <�L0L0<�L-? T <&D�QRK5>�A L0<&D�NUl O0LIf(H5T ¼,L��5FI<ENUl H5QRN;QB<�~80Ae>�K$QBQBb545¸�T�f0QB<�LMNkTeK[C­H5QBFI<vN;H5L0L0b�<9fMK$QxTml b&d-OMK�?BA H5L � Ä;4 3�\ � f(H5O0QxT <V>�K5D`fMK$QY?BAe>�O0T A <�Q γ0 = 0

H5OafMK$QxTml b&d-OMK�?BA H5L
� Ä;4 \$] � f(H5O0Q�T <�>�K5D�fMK$QY?BAe>�O0T A <�Q�NUl O0LtFIA T A <�O~O0L0AeK�º;<54�À <&D�DYH5T O;?BA H5LMD"N;<�>�<&D"b&d-OMK�?BA H5LMD"DYH5L-?"b�o-K$T <�FI<�L-?"T <&D"QRK5>�A L0<&DN;<c>�<&D�f(H5T ¼,L��5FI<&D�L0H5QBFjK$T AeDYb&DxfMK$Q�T <c>�H,<��k>�A <�L-?

h4
4�69Lh>�H5LMDYAeN;X�QB<vT <c>�K5D�N;O«f(H5T ¼,L��5FI<[NUl H5QRN;QB<V�jDYO0A J�K$L-?[Â

P (X) = X4 + aX2 + b � � 4 353 �
À�KtQBb&DYH5T O;?BA H5LPN;<VTml b&d-OMK�?BA H5L

P (X) = 0
K$f0f(<�T b�<Vb&d-OMK�?BA H5LP80Ae>�K$QBQBb�<vN;<�FI<�O0QB<Vf0T OMDEDYA FIf0T <cd-O0<VT <[>�K5D�o5b�L0b�QRK$T

f0QBb&>�b&N;<�L-?&4`Ò LÔf(H-DBK$L-?
Y = X2 Â`H5LÔ>RW0<�QR>RW0<½K$T H5QRDjT <&DaDYH5T O;?BA H5LMDk80A <�LÔ>�H5L0L,O0<&DaN;O*f(H5T ¼,L��5FI<ÃNUl H5QRN;QB<Ã]

Y 2 + aY + b = 0
d-O0AGDYH5L-?

Y1 = −a−
√

a2−4b
2

<�?
Y2 = −a+

√
a2−4b
2

4x69L¢<�L¶N;b&N;O0A ?kK$T H5QRD~d-O0<PT <&DId-OMK�?BQB<
DYH5T O;?BA H5LMDEN;<VTml b&d-OMK�?BA H5LP80Ae>�K$QBQBb�<VDYH5L-?

X1 =
√
Y1

Â
X2 = −

√
Y1

Â
X3 =

√
Y2

<�?
X4 = −

√
Y2 �

DYH5A ?[Â

X1 =

√
−a−

√
a2 − 4b

2
� � 4 3S] �

X2 = −

√
−a−

√
a2 − 4b

2
� � 4 3&z �

X3 =

√
−a+

√
a2 − 4b

2
� � 4 3�� �

X4 = −

√
−a+

√
a2 − 4b

2
� � 4 3SÄ �



�"� �����
�
����
Y�$� ����� �������������H
�������� � �	�8��� ��
	
 �	�������(�	� ����� � ���	�	�������^�a��� �Z
Y� �Q� � ����
 ���������a����� � � ]5]-\
� £�� �[¨�©vª]¨�¸�º»­ "�º»±#"�º»¨�­¾­�±<½A¸_ª]«A±<µ�­R¶�¨[½,+-�`! ¸�´%ª]«A±<µ ¶�¨ "�º»±#"
´/.<´%ª]«A±<µ�¶�´<µ�­

¸�µ ¯²«A½A«A¨�¸ ´<µ�«A­�±%ª�º»±#"W¨
� 0m¥20Y¦ �µ��� � 4��84 �0���

�GH5OMD9>RW0<�QR>RW0H5LMDETml <�º;f0QB<&DBDYA H5L½N;O½J5<&>@?B<�O0Q9f(H5TeK$QBAeDBK�?BA H5L ~Ai
Â
i ∈ {1, 2} Â�DYH5T O;?BA H5L½N;O½f0QBH580T X�FI<cW0H5FIH5o5X�L0<NUl b&d-OMK�?BA H5L � Ä;4 q � 4&�GH5OMDG>�H5LMDYAeN;b�QBH5LMDUÂ;f(H5O0Q9>�H5FIFI<�LM>�<�Q-Â0T <c>�K5DEo5b�L0b�QRK$TUH�� γ0 6= 0
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DY<�T H5L � Ä;4 3&q � 4��`<xJ5<&>@?B<�O0Q"L l <�º;AeD=?B<xd-O0<�DYA-T <�N;b�?B<�QBFIA LMK$L-?�K$O~N;b�L0H5FIA LMK�?B<�O0Q�N;<&D�QB<�TeK�?BA H5LMD

� � 4 3&y � <�? � � 4 ]$Ê � <&D=?GL0H5LPL,O0T �
K$O;?BQB<�FI<�L-?9N;A ?-ÂMDYA

Ai,ρ 6= 0
4

� 0m¥20m¥ �µ���Ì��� ~Ai.~eρ = 0 � i ∈ {1, 2} �
^,A
Ai,ρ = 0

K$T H5QRDGN;<�O;º½N;<&DG?BQBH5AeDGb&d-OMK�?BA H5LMD9N;OÃDY¼;D=?BX�FI< � � 4 3�\ � N;<�J,A <�L0L0<�L-?vT A L0b&K$A QB<�FI<�L-?vN;b�f(<�LMN0K$L-?B<&D�469L«>RW0H5AeDYA ?GN;<[o-K$QRN;<�Q�TeKIDY<&>�H5LMN;<V<�?GTeK~?BQBH5AeDYA X�FI<[NUl <�L-?BQB<V<�T T <&DVÂ
{ [

χ2
(
1 + τ2

i

)
− (ǫr)φφ

]
Ai,φ − (ǫr)φzAi,z = 0

−(ǫr)zφAi,φ +
[
χ2τ2

i − (ǫr)zz

]
Ai,z = 0

� � 4 ];3 �
69QVTeKPJ�K$T <�O0Q[N;<

τi
Â�DYH5T O;?BA H5LµN;<ITml b&d-OMK�?BA H5L � Ä;4 353 � ÂUK$L0L,O0T <IL0b&>�<&DBDBK$A QB<�FI<�L-?vT <kN;b�?B<�QBFIA LMK$L-?[N;<j>�<jDY¼;D=?BX�FI<54ÏGA LMDYA2Â0H5La?BQBH5O0J5<V<�LPO;?BA T AeDBK$L-?GTeKIDY<&>�H5LMN;<Vb&d-OMK�?BA H5L«N;OhDY¼;D=?BX�FI< � � 4 ];3 � Â

Ai,ρ = 0 � � 4 ]5] �
Ai,φ = µ

Â � >�H5LMD=?RK$L-?B<[K$QB80A ?BQRK$A QB< � � � 4 ]$z �
Ai,z =

ǫzφ

χ2τ2
i − ǫzz

µ � � 4 ]�� �
^,A
χ2τ2

i − ǫzz = 0
K$T H5QRD

Ai,φ = 0
<�?
Ai,z 6= 0

Â0DYH5A ?[Â
~Ai = µ~ez � � 4 ]5Ä �
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À <x80O;?�N;<E>�<�?�K$L0L0<�º;<x<&D=?�N;<xQRK$f0f(<�T <�Q�80QBA X�J5<�FI<�L-?"Tml H5QBA o5A L0<`<�?�T <�DY<�LMD�N;<xTeKvN;AeDYf(<�QRDYA H5L~>RW0QBH5FjK�?BAed-O0<+ÂSN;H5L-?
Tml <�º;f0QB<&DBDYA H5LI<&D=?xN;H5L0L0b�<GfMK$Q � �04 z,\ � 4 �GH5OMD`>�H5LMDYAeN;b�QBH5LMD�O0L0<v>�H5FIf(H-DBK$L-?B< ��Ï ��N;Oa>RWMK$FIfkK5DBDYH;>�A b�<GgVO0LkFIH;N;<N;<vTeK[wM80QB< � o5b�L0b�QRK$T <�FI<�L-?xT <vFIH;N;<GC­H5LMN0K$FI<�L-?RK$T � 4M69LkL0<VD�l A L-?Bb�QB<&DBDY<GfMK5D`Ae>�AUgcTeKtN;b�f(<�LMN0K$LM>�<G?BQRK$LMDYJ5<�QRDY<9N;O>RWMK$FIf

A(r, θ) � J5H5A QVTeKPQB<�TeK�?BA H5L � �04 3 � � ÂUFjK$AeDvO0L0Aed-O0<�FI<�L-?~gPDBK«N;b�f(<�LMN0K$LM>�<jDYfMK�?BA H$nm?B<�FIf(H5QB<�T T <tDY<�T H5LµTml K�º;<
N;<[f0QBH5fMK$o-K�?BA H5LaÓ+ÂMDYH5A ? A(z, t)

4�69LhDYO0f0f(H-DY<[d-O0<c>�<�?Y?B<c>�H5FIf(H-DBK$L-?B<[D�l <�º;f0QBA FI<[>�H5FIFI<[O0L0<[A FIf0O0TeDYA H5L«N;<[TeK
C­H5QBFI<IÂ

A(z, t) = ℜe
{
a(z, t)ei(k0z−ω0t)

}
� �94 3 �

H��
a(z, t)

<&D=?PDYH5L*<�L,J5<�T H5f0f(<½<�?
ei(k0z−ω0t) Tml H5LMN;<�n³f(H5QY?B<�OMDY<½N;<ÃL0H5F~80QB<½NUl H5LMN;<

k0
<�?«N;<½f0O0TeDBK�?BA H5L

ω0
4

Æ�K$Qk?BQRK$LMD=C­H5QBFjK�?BA H5L*N;<µÅ0H5O0QBA <�QaDYfMK�?BA H$nm?B<�FIf(H5QB<�T T <+Â`Tml H5LMN;<½<�L,J5<�T H5f0f(<ÃN;<µ>�<�?Y?B<ÃA FIf0O0TeDYA H5LÔDY<µN;b&>�H5FIf(H-DY<
DYO0QVO0L0<I8MK5DY<I>�H5L-?BA L,O0<INUl H5LMN;<&D[N;H5L0L0b�<&DvfMK$Q � �04 3 � 4��`WMK5>�O0L0<IN;<&D[>�<&DvH5LMN;<&Dv<&D=?cN;H5LM>~O0L0<jDYH5T O;?BA H5L�Â gaO0L0<T H5L0o5O0<�O0QGNUl H5LMN;<[N;H5L0L0b�<+ÂMN;O«f0QBH580T X�FI<VFIH;N0K$T�?B<�T�d-O l A T <&D=?GQBb&DYH5T OafMK$QETeKtFIb�?BW0H;N;<cN;A i�b�QB<�L-?BA <�T T < � neff (λ) � 4Ò L�DYO0f0f(H-DBK$L-?cd-O0<IT <kDYf(<&>@?BQB<t?B<�FIf(H5QB<�T N;<jTml H5LMN;<�n³<�L,J5<�T H5f0f(<IDYH5A ?[b�?BQBH5A ?-ÂUH5L�N;b�?B<�QBFIA L0<jT <jN;b�J5<�T H5f0f(<�FI<�L-?
N;<cÁ"KS¼,T H5Q � gITml H5QRN;QB<[] � N;<[DBKtQB<�TeK�?BA H5L«N;<[N;AeDYf(<�QRDYA H5L β(ω)

Â(K$OPJ5H5AeDYA LMK$o5<vN;<[TeKtf0O0TeDBK�?BA H5L
ω0

Â

β(ω) ≈ β′(ω − ω0) +
β′′

2
(ω − ω0)

2 � �94 ] �
H��

β′ =
(

∂β
∂ω

)
ω0

<�?
β′′ =

(
∂2β
∂ω2

)
ω0

4 �`<~N;<�QBL0A <�Q9<&D=?vK$f0f(<�T b~T <~>�H,<��k>�A <�L-?VN;<~N;AeDYf(<�QRDYA H5L½>RW0QBH5FjK�?BAed-O0<cN;<cTeK
J,A ?B<&DBDY<~N;<co5QBH5O0f(< � {���� � 4�À�KIC­H5LM>@?BA H5L β(ω)

<&D=?vN;b&N;O0A ?B<tN;<
neff (λ)

NUl K$f0QBX&D � �04 ] � Â(DBK5>RWMK$L-?9d-O0< ω = 2πc
λ

4
Ò LkL0<Gf0QB<�LMK$L-? <�Lk>�H5FIf;?B<9d-O0<GT <Gf0W0b�L0H5FIX�L0<9N;<9N;AeDYf(<�QRDYA H5L � H5LjL0b�o5T A o5<ET <&D <�i�<�?RD L0H5LjT A L0b&K$A QB<&D � Â$H5LjFIH5L-?BQB<d-O0<VTml H5LMN;<[<�L,J5<�T H5f0f(<+Â0K$f0QBX&DxO0L0<cN;AeD=?RK$LM>�<[N;<[f0QBH5fMK$o-K�?BA H5L

z
Â0D�l <�º;f0QBA FI<[DY<�T H5LµÂ

a (z, τ) =
1

2π

∫ +∞

−∞
ã(0,Ω)e

i
(

β′′

2 Ω2z−Ωτ
)

dΩ
KSJ5<&> { τ = t− β′z

ã = TFtemp(a)
� �94 z �

TFtemp
DYA o5L0A wM< �R?BQRK$LMD=C­H5QBFIb�<vN;<[Å0H5O0QBA <�Qx?B<�FIf(H5QB<�T T < ��4M�`<�?Y?B<[QB<�TeK�?BA H5LkFIH5L-?BQB<[d-O0<VTml H5LP>�H5L0LMK�Se?ETml b�J5H5T O;?BA H5L

DYfMK�?BA H$nm?B<�FIf(H5QB<�T T <VN;<vTml H5LMN;<V<�L,J5<�T H5f0f(<vfMK$Q�TeKIN;H5L0L0b�<[N;<[DYH5LP>RWMK$FIfa<�L
z = 0

Â
a(0, t)

4;Æ QB<�L0H5LMDxTml <�º;<�FIf0T <
>�TeK5DBDYAed-O0<VNUl O0L0<[A FIf0O0TeDYA H5LhN;H5L-?ETml A L-?B<�LMDYA ?Bb

I(0, t) = a(0, t)a∗(0, t)
<&D=?GA L0A ?BAeK$T <�FI<�L-?Go-K$OMDBDYA <�L0L0<tÂ

I(0, t) = I0e
− t2

δ0

H��
δ0
<&D=?`TeKVTeK$QBo5<�O0Q N;<GTeKvC­H5LM>@?BA H5Ljo-K$OMDBDYA <�L0L0<54�Æ�K$Q`K$f0f0T Ae>�K�?BA H5LjN;<GTeKVQB<�TeK�?BA H5L � �94 z � Â5H5Lt?BQBH5O0J5<ETml <�º;f0QB<&DBDYA H5LN;<[Tml A L-?B<�LMDYA ?BbcN;<VTml H5LMN;<[<�L,J5<�T H5f0f(<v<�L

z � I(z, t) = a(z, t)a∗(z, t) � Â

I(z, t) = i(z)e
− (t−β′z)2

δ(z)2
KSJ5<&>





δ(z) = δ0

√
1 +

(
β′′z

δ2
0

)2

i(z) = I0

√
1 +

(
β′′z

δ2
0

)2

]5]$y
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69L�>�H5LMD=?RK�?B<jd-O l A T`D�l K$o5A ?V?BH5O�:=H5O0QRD[NUl O0L0<jH5LMN;<jN;<t?=¼,f(<jo-K$OMDBDYA <�L0L0<54�^;KPTeK$QBo5<�O0Q

δ(z)
>�QBH�Se?cKSJ5<&>

z
Â >$l <&D=?Yn�g�n

N;A QB<ad-O0<jTml H5LMN;<k<�L,J5<�T H5f0f(<kD�l b�?RK$T <j?B<�FIf(H5QB<�T T <�FI<�L-?~K$OÌ>�H5O0QRDcN;<kTeK«f0QBH5fMK$o-K�?BA H5L�N;<kTml H5LMN;<aDY<�T H5L
z
Â">$l <&D=?

T <af0W0b�L0H5FIX�L0<aN;<PN;AeDYf(<�QRDYA H5L 4"À l <�º;f0QB<&DBDYA H5L�N;<
δ(z)

QBb�J5X�T <ad-O0<a>�<af0W0b�L0H5FIX�L0<k<&D=?IN;A QB<&>@?B<�FI<�L-?tQB<�T A baghTeK
o5QRK$LMN;<�O0Q

β′′ � K$T H5QRDEd-O0< β′ L l A L-?B<�QBJ,A <�L-?GfMK5D � 4Ò L¢N;b�QBA J�K$L-?tN;<�O;ºµC­H5AeD~TeKhQB<�TeK�?BA H5LÌN;<aN;AeDYf(<�QRDYA H5L
β(ω) = ω

c
neff (ω)

fMK$QcQRK$f0f(H5QY?tg
ω
Â�H5L�?BQBH5O0J5<kd-O0<

β′′(ω) ≈ ω
c

d2neff

dω2 � <�L L0b�o5T A o5<&K$L-?PN;<µFjK$L0A X�QB<Ã<�FIf0A QBAed-O0<µT <&DPN;b�QBA J5b�<&DPN;O�f0QB<�FIA <�QPH5QRN;QB< � 4xÒ LMDYO0A ?B<+Â�H5L<�i�<&>@?BO0<[T <c>RWMK$L0o5<�FI<�L-?EN;<[J�K$QBAeK$80T <VN;<
ω
g
λ
NUl K$f0QBX&D

ω = 2πc
λ

ÂM>�<[d-O0A f(<�QBFI<�?9NUl K$8(H5O;?BA QGg

β′′(λ) =
λ3

2πc2
d2neff

dλ2
� �94 � �

69LÃN;b�wML0A ?vT <t>�H,<��k>�A <�L-?VN;<tN;AeDYf(<�QRDYA H5L½>RW0QBH5FjK�?BAed-O0<cfMK$Q
D(λ) = ∂β′

∂λ

Â�NUl H��½H5LÃN;b&N;O0A ?vTeKkQB<�TeK�?BA H5Lh<�L-?BQB<t{
<�?
β′′ Â

D(λ) = −2πc

λ2
β′′(λ) � �94 Ä �

Ò L½QB<�FIf0TeK ��K$L-?
β′′(λ)

fMK$QvDYH5Lh<�º;f0QB<&DBDYA H5L«DY<�T H5L
λ � �94 � � Â(H5LhQB<�?BQBH5O0J5<VTeKjQB<�TeK�?BA H5L � �04 z,\ � 40Ò L½J,O0<~NUl b�?RK$80T A QN;<&Dj>�H5FIF~O0L0Ae>�K�?BA H5LMDtgµWMK$O;?kN;b�80A ?kN0K$LMDtT <&DtwM80QB<&DtH5f;?BAed-O0<&DtfMK$QI<�L,J5H5AEDYOM>�>�<&DBDYA CvNUl A FIf0T OMDYA H5LMDjN;<h>�H5O0QY?B<

TeK$QBo5<�O0Q`?B<�FIf(H5QB<�T T <+Â,Tml H58;:=<&>@?BA C�<&D=?GNUl b�J,A ?B<�QE>�<vf0W0b�L0H5FIX�L0<VN;<[N;AeDYf(<�QRDYA H5L 4,ÏGA LMDYA2Â;H5LP>RW0<�QR>RW0<vN;<&DxFIH;N;<&DEKSJ5<&>
O0L0<EN;AeDYf(<�QRDYA H5Lt>RW0QBH5FjK�?BAed-O0<

D(λ0)
L,O0T T <54$r½K$AeD�>�<�TeK9L0<�DYO��I?�fMK5DUÂ�f0O0AeDBd-O l O0L0<xA FIf0O0TeDYA H5Ltf(H-DBDYX&N;<xb�o-K$T <�FI<�L-?

O0L0<�TeK$QBo5<�O0Q�DYfMK�?BAeK$T <+Â�DY<xQBb�fMK$QY?BAeDBDBK$L-?�DYO0Q�O0L0<�f0TeK$o5<�N;<�T H5L0o5O0<�O0Q�NUl H5LMN;<54�¸�T,C'K$OMN;QRK$A ?�K$T H5QRD"d-O0<
D(λ)

D�l K$L0L,O0T <
DYO0QVTml <�LMDY<�F~80T <IN;<&DvJ�K$T <�O0QRDvN;<I>�<�?VA L-?B<�QBJ�K$T T < � >�<�L-?BQBbIDYO0Q λ0 � 4 ÏpN;b�C'K$O;?-ÂUH5LÃ>RW0<�QR>RW0<tgaQBb&N;O0A QB<tK$O;?RK$L-?[d-O0<
f(H-DBDYA 80T <~TeKkf(<�L-?B<IN;<tTeKaN;QBH5A ?B<

D(λ)
K$OÃJ5H5AeDYA LMK$o5<cN;<

λ0
?B<�T T <Id-O0<

D(λ0) = 0
4 �`<�?Y?B<tJ�K$T <�O0QVN;<

λ0 � DYA�<�T T <<�º;AeD=?B< � N;<�FI<�O0QB<VA L-?BQBA LMDYX&d-O0<�FI<�L-?GN;b�f(<�LMN0K$L-?B<cN;OPFIH;N;<c>�H5LMDYAeN;b�QBb54
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