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Introduction

We consider the stochastic differential equation in separable
Hilbert space H (norm |- | and inner product (-, -))

dX(t) = (AX(t)+ F(X(t)))dt+ BdW(t), t>0
(1)
X(0) = xeH,

where

» A: D(A) C H— H is the infinitesimal generator of a strongly
continuous semigroup e, t > 0;

» F:D(F) C H— H is nonlinear;
» B: H — H is linear and continuous;

» (W(t))e>0 is a cylindrical Wiener process, defined on a
stochastic basis (2, F, (Ft)t>0,P) and with values in H.
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Introduction

Assume that problem (1) has a solution X(t, x), and consider the
corresponding transition semigroup

Pip(x) = E[p(X(t,x))], t>0,x€H

where ¢ : H — R is a suitable function.
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Introduction

Assume that problem (1) has a solution X(t, x), and consider the
corresponding transition semigroup

Pip(x) = E[p(X(t,x))], t>0,x€H

where ¢ : H — R is a suitable function.
The function u(t, x) := Prp(x) is formally the solution of

Diu(t,x) = Kou(t,x), u(0,x) = ¢(x),

where Kj is the Kolmogorov differential operator
1
Kow(x) = Te[BB"Dp(x)] + (Ax + F(x), D(x)), x € H, (2)

and B* is the adjoint of B. The expression (2) is formal: it
requires that ¢ is of class C2, that BB*D?y(x) is a trace class
operator and that x € D(A) N D(F). So, it is convenient to define
Kp in a suitable domain D(Kjp).
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Introduction

The main object of this Thesis consists in studying the
relationships between the solution of the stochastic equation

dX(t) = (AX(t)+ F(X(t)))dt+ BdW(t), t>0
X(0) = xeH,
and the Kolmogorov differential operator
1
Kop(x) = ETr[BB*D2<p(X)] + (Ax + F(x), Dp(x))

in spaces of continuous functions.
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Introduction

For k > 0 we consider the space Cp, x(H) of all continuous
mappings ¢ : H — R such that

p(x)
XHR, XHT‘XV(

is uniformly continuous and

0,k := sup 7|SO(X)| < Q.

xeH 1+ |X‘k

el

We shall write Cp(H) := Cpo(H).
Under suitable conditions the semigroup Py, t > 0 acts on Cp (H).
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Introduction

The abstract operator

P; is not a strongly continuous semigroup on Cp, «x(H) with respect
to the norm || - ||o .-

We follow the approach of 7-convergence introduced in [Priola,
1999]. In this approach we define the infinitesimal generator K of
P: in the space Cp (H) as follows

Pro(x) — ¢(x)

K = li D(K H
plx) = lim . , ¢ € D(K), xeH,
where
D _ . Pt‘p — ¢
(K)=q¢v€ Ci(H): sup ||—— < oo and
t€(0,1) t 0,k
P —
g € Cou(H) : Jim. M —g(x), Vxe H}
t—
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Introduction

The goal of this thesis is twofold.

» We show that the ‘abstract’ operator K is the closure (with
respect to a suitable topology) of the ‘concrete’ Kolmogorov
differential operator

Kop(x) = %Tr[BB*D2<p(X)] + (Ax + F(x), Dp(x))
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Introduction

The goal of this thesis is twofold.

» We show that the ‘abstract’ operator K is the closure (with
respect to a suitable topology) of the ‘concrete’ Kolmogorov
differential operator

Kop(x) = %Tr[BB*D2<p(X)] + (Ax + F(x), Dp(x))

In other words, we characterize K on a core D(Ky) C D(K),
where K and Ky coincide.
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Introduction

The goal of this thesis is twofold.

» We show that the ‘abstract’ operator K is the closure (with
respect to a suitable topology) of the ‘concrete’ Kolmogorov
differential operator

Kop(x) = %H[BB*D%(X)] + (Ax + F(x), Dp(x))

In other words, we characterize K on a core D(Ky) C D(K),
where K and Ky coincide.

» We study the following equation for measures

G [ etun(d = [ Kopbu(d, V€ D(Ko), 20,

where the unknown is the family of measures ¢, t > 0 on H
and pg is given in advance.
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Contents of the Thesis

Chapter 1 is devoted to introduce
> notations;
» gaussian measures on separable Hilbert spaces;

» regularity properties of the stochastic convolution.
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Contents of the Thesis

In Chapter 2 we consider an abstract situation, where a general
Markov semigroup P;, t > 0 acts on the uniformly continuous and
bounded functions Cp(E) on a Banach space E.

We study the semigroup and its infinitesimal generator in the
framework of the m-convergence, as introduced in [Priola, 1999].

Finally, we solve the equation for measures

d

% et = [ Kelu(a), Vo€ DK, =0

where (K, D(K)) is the infinitesimal generator of P; in the space
Cy(E).
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Contents of the Thesis

We show that for any finite Borel measure 1 on E there exists a
unique family of finite Borel measures p;, t > 0 fulfilling

-
/ |pel v (E)dt < oo, forany T > 0;
0

[t — [otomtan = [ [ Ketnan))os

for any ¢ € D(K), t > 0.
The solution is given by the measures Pfp, t > 0, which are
defined by

/ () P a(dx) = / Peo(x)u(dx), for any ¢ € Co(E).
E E
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In Chapter 3 we consider the case F = 0, that is the equation
dX(t) = AX(t)dt+ BdW(t), t>0
X(0) = x€H,

where

» A: D(A) C H— H is the infinitesimal generator of a strongly
continuous semigroup e, t > 0;

» B: H — H is linear and continuous;

» the linear operator Q;, defined by
t *
Qix :/ eABB*e* " xds, xe H, t >0
0

has finite trace.
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In this case the associated transition semigroup reduces to the
Ornstein-Uhlenbeck semigroup Ry, t > 0 given by

Rep(x) = /Hgo(etAx + y)Ng,(dy), ¢ € Cp(H), t >0, x € H,

where Ng,, t > 0 is the Gaussian measure on H of zero mean and
covariance operator Q;.

We denote by (L, D(L)) the infinitesimal generator of the OU
semigroup in Cp(H).
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Let Za(H) be the linear span of the real and imaginary part of the
functions

a
H—C, xw— / ei(€xh=3(Qhh gs . 550 he D(A"),
0

where D(A*) is the domain of the adjoint operator of A.
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Let Za(H) be the linear span of the real and imaginary part of the
functions

a
H—C, xw— / ei(€xh=3(Qhh gs . 550 he D(A"),
0

where D(A*) is the domain of the adjoint operator of A.

We show that the set Z4(H) is a core for the infinitesimal operator
L and that

Lo(x) = %Tr[BB*ngo(x)] + (G ATDR(X), xeH

for any ¢ € Za(H).
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Contents of the Thesis

We also show that for any finite Borel measure p on H there exists
a unique family of measures p;, t > 0 such that

T
/ |pe|(H)dt < oo, forany T >0
0

and

[ et~ [ con(a = [ ( | Losloustn) ) o

t >0, ¢ € Za(H), where

Low(x) = %ﬁ[BB*D%(X)] + (x,A*Dy¢(x)), ¢ € Za(H), x € H.

Finally, the solution is given by p; = Ry .
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In Chapter 4, we consider the case
dX(t) = (AX(t)+ F(X(t)))dt+ BdW(t), t>0
X(0) = xeH,

where
» A, B are as in Chapter 3;
» F: H — H is Lipschitz continuous and bounded.

There exists a unique solution X(t, x) of the equation. We denote
by P, t > 0 the associated transition semigroup and by (K, D(K))
the infinitesimal generator on P:, t > 0 in Cp(H).
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We show that (K, D(K)) is the closure in Cp(H) of

Kow(x) = %TT[BB*D%(X)] + (6 A"De(x)) + (F(x), Dp(x)),

© € Za(H), x € H.
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We show that (K, D(K)) is the closure in Cp(H) of
Kow(x) = %TT[BB*D%(X)] + (6 A"De(x)) + (F(x), Dp(x)),
© € Za(H), x € H.

We also show that for any finite Borel measure i on H there exists
a unique family of measures ¢, t > 0 such that

T
/ |ue|(H)dt < oo, forany T >0
0

and

[ ctonda— [ etontod = [ ([ Kastnaen)as

t >0, ¢ € Za(H). Finally, the solution is given by P;u, t > 0.
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We show that (K, D(K)) is the closure in Cp(H) of

Kow(x) = %TT[BB*D%(X)] + (6 A"De(x)) + (F(x), Dp(x)),

© € Za(H), x € H.

We also show that for any finite Borel measure i on H there exists
a unique family of measures ¢, t > 0 such that

T
/ |ue|(H)dt < oo, forany T >0
0

and

[ ctonda— [ etontod = [ ([ Kastnaen)as

t >0, ¢ € Za(H). Finally, the solution is given by P;u, t > 0.
The results of chapters 2, 3, 4 are contained in the paper
[M., Kolmogorov equations for measures, to appear on J.Evol.Eq.]
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In Chapter 5, we consider the case
dX(t) = (AX(t)+ F(X(t)))dt+ BdW(t), t>0
X(0) = xeH,

where
» A B are as in Chapter 3;

» F: H — H is Lipschitz continuous with globally Lipschitz
constant.

We consider the associated transition semigroup P, t > 0 in
Cpi(H).

Let us enote by (K, D(K)) the infinitesimal generator of P, t > 0
in Cb71(H).
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We show that (K, D(K)) is the closure in Cp 1(H) of the operator
1 * *
Kop(x) = 5Tr[BB*D*o(x)] + (x, A"Dip(x)) + (F (x), D (x)),

p€&a(H), xeH

The set of exponential functions Ea(H) consists of the linear span
of the real and imaginary part of the functions

H—C, xw—e™n —he DAY,

where D(A*) is the domain of the adjoint operator of A.
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We also show that for any finite Borel measure u on H such that

/H x|l 7y (dx) < oo.

there exists a unique family of measures p;, t > 0 satisfying

/OT (/H(l + |x!)|Mt\Tv(dx)> dt < 0o, VT >0

and

[ ctonda— [ eboutad = [ [ Kactnata) o

for any t > 0, ¢ € Ea(H). The solution is given by Pfu, t > 0.
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In Chapter 6 we consider reaction diffusion equations of the form
dX(t,8) = [AeX(t,€) + AX(t, ) — p(X(t,£))ldt + BAW(t, E),
X(t,§) =0, t>0, €00,

X(0,€) =x(§), £€0, xeH,
where A¢ is the Laplace operator, B € £(H) and p is an increasing

polynomial with leading coefficient of odd degree d > 1. Here
O =[0,1]" and H = L2(0).
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In Chapter 6 we consider reaction diffusion equations of the form

dX(taf) = [Afx(tvg) + AX(’%S) - p(X(t,f))]dt + BdW(t,f),
X(t,£) =0, t>0,¢&e€00,

X(0,§) =x(§), £€0, xeH,

where A¢ is the Laplace operator, B € £(H) and p is an increasing
polynomial with leading coefficient of odd degree d > 1. Here
O =[0,1]" and H = L2(0).

The transition semigroup P, t > 0 acts on the space C, 4(L29(0))
of all continuous functions ¢ : L29(0) — R such that

o (x)]

sup ———————— < 0.
xel2d(0) 1 + |X|(sz((9)
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Set
Ax = A¢x,  x € D(A) = H*(0) N H3(0).

We show that the associated infinitesimal generator K is the
closure in Cp 4(L24(0)) of

Kogp(x) = 3Tr[BB*D?o(x)] + (x, AD(x)) + {Dip(x), F(x)),
@ € Ea(H), xe€L%(0).
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Contents of the Thesis

We show that for any finite Borel measure i on H such that

| Wyl rvia) < oo
H

there exists a unique family of measures p;, t > 0 satisfying

T
/0 </H |X|CL’2d(O)‘,Uzt’TV(dX)> dt <oco, VT >0

and

[ ctonda ~ [ etonta) = [ (/] Kot ) .

for any ¢ € Ea(H), t > 0.

L. Manca Kolmogorov operators in spaces of continuous functions



Contents of the Thesis

We show that for any finite Borel measure i on H such that

| Wyl rvia) < oo
H

there exists a unique family of measures p;, t > 0 satisfying

T
/0 </H |X|CL’2d(O)‘,Uzt’TV(dX)> dt <oco, VT >0

and

[ ctonda ~ [ etonta) = [ (/] Kot ) .

for any ¢ € E4(H), t > 0.

The results of chapters 5, 6 are contained in the submitted paper
[M., Measure-valued equations for Kolmogorov operators with
unbounded coefficients.
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In Chapter 7 we consider the stochastic Burgers equation in the
interval [0, 1] with Dirichlet boundary conditions perturbed by a
space-time white noise

( 1
dX = <D§X + 3 Dg(X2)> dt +dW(t), ¢e€1]0,1],t >0,

X(t,0) = X(t,1) =0

X(0,8) = x(§), £ €10,1],
where x € L2(0,1).

Existence and uniqueness of a solution has been proved in [Da
Prato, Debussche, Temam, 1994].
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In the paper [Da Prato, Debussche, 2006] has been shown several
estimates on the solution.

The transition semigroup acts on the space Cp (L%(0, 1)), which
consists of all the continuous functions ¢ : L5(0,1) — R such that

w20 _

xeLs(0,1) 1+ V(x)

where
V(x) = [x[fs.1) X a0, x € L°(0,1).
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Let us denote by (K, D(K)) the infinitesimal generator of P,
t > 0in Cpv(L%(0,1)).
We prove that K is the closure in Cp v(L%(0,1)) of

Kogp(x) = 3Tr[D26(x)] + (x, ADg(x) ~ 3 (DeDip(x), %),

x € L5(0,1), ¢ € Ea(H), where

Ax = Dix, x € D(A) = Hy(0,1) N H*(0,1)
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We show that for any finite Borel measure p on L°(0, 1) such that

[ Veluln(e) < oo
£6(0,1)
there exists a unique family of Borel measures ¢, t > 0 fulfilling

i
/ (/ V(x)],ut]TV(dx)> dt <00, VT >0
0 16(0,1)

and

[ el — [ elan(
£6(0,1) L8(0,1)

= /ot (/Lﬁm) KosO(X)us(dX)> ds,

t >0, ¢ € Ea(H). The solution is given by Pfu, t > 0.
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The m-convergence

A sequence (¢n)neny C Cp(E) is said to be mw-convergent to a
function ¢ € Cp(E) and we write

. ™
lim @, =¢
n—oo

lim ¢n(x) = ¢(x), forany x € E

n—oo

and

sup ||¢nllo < 0.
neN
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The m-indexed sequence (¢n,.....nm)meN....nmeN C Cp(E) is said to
be m-convergent to ¢ € Cp(E) if for any i € {2,..., m} there
exists an i — 1-indexed sequence (@n;.....n; 1)meN,...n_1eN C Cp(E)

such that
. ™
||m Sonl,...,n,- = (Pnl,...,n,-_l
nj—o0
and
. ™
lim @p, = @.
np—oo
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