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¸¹ º»¹¼½ ¹¼ ¾¿¹À »¹¿ Á»¹Â Ã Ä ÅÆ¿¹½½¹¿ À ¹½ Ç»È½ ¹º ½»¼ÉÊ¿¹½ ¿¹À ¹¿É»¹À ¹¼º½ Ä ÀË¼ Æ»¿¹Éº¹Â¿ Æ¹
ºÌÊ½¹ Í »ÉÌ¹Á ÎÏÐÑÒÐÓ Ã ÔÂ» Å ÕºÕ Æ»½¾ Ë¼»ÖÁ¹ ºËÂº ÅÂ ÁË¼× Æ¹ É¹ºº¹ ºÌÊ½¹ Ã ¹º ÔÂ» Å ½Â À ¹ ÈÅ»¿¹
¾¿ËØº¹¿ Æ¹ ½¹½ ¹Ù¾ Õ¿»¹¼É¹½ ¹º ÔÂÅÁ»ºÕ½ ½É»¹¼º»ØÔÂ¹½ Ú ¸¹ ÁÂ » ÆË»½ À ¹½ ¾¿¹À »¹¿½ ¾Å½ ÆÅ¼½ Á¹ À Ë¼Æ¹
Æ¹ ÁÅ ¿¹ÉÌ¹¿ÉÌ¹ Û ½¹½ ¹¼ÉËÂ¿Å×¹À ¹¼º½ ¹º ½Å ÉË¼ØÅ¼É¹ Ë¼º ÕºÕ º¿Ê½ ÈÅÇË¿ÅÖÁ¹½ Ä Á ÜÅÖËÂº»½½¹À ¹¼º
Æ¹ É¹ º¿ÅÇÅ»Á Ú ¸¹ ÁÂ » ¹Ù¾¿»À ¹ ÀÅ ¾¿ËÈË¼Æ¹ ¿¹ÉË¼¼Å»½½Å¼É¹ ¹º À Ë¼ ÅÆÀ »¿Åº»Ë¼ Ú

¸¹ ¿¹À ¹¿É»¹ ÉÌÅÁ¹Â¿¹Â½¹À ¹¼º Ý»¹¿¿¹ ÞÏÑÑÒß ¹º àÅÁ¹¼º»¼ áâãÎÒäåÏà ÔÂ» À ÜË¼º ÈÅ»º
Á ÜÌË¼¼¹Â¿ Æ¹ ¿Å¾¾Ë¿º¹¿ ½Â¿ À Å ºÌÊ½¹ Ã ¹º À ÜË¼º ¹¼ÉËÂ¿Å×Õ ¾Å¿ Á¹Â¿½ ¾¿ÕÉ»¹Â½¹½ ¿¹À Å¿ÔÂ¹½ Ú ¸¹
¿¹À ¹¿É»¹ ÞÁÅÂÆ¹æâ ÁÅ»¼ ÝçÑÑÒß ¹º â ÁÅ»¼ ÍÒèèâãÒÎ ¾ËÂ¿ ÅÇË»¿ ÅÉÉ¹¾ºÕ Æ¹ ÈÅ»¿¹ ¾Å¿º»¹ Æ¹
À Ë¼ é Â¿êÚ

¸¹ ¿¹À ¹¿É»¹ ºËÂ½ Á¹½ À ¹ÀÖ¿¹½ ÆÂ Þ¹¼º¿¹ Æ¹ ÝÌê½»ÔÂ¹ ßÌÕË¿»ÔÂ¹ Æ¹ ÍÅ¿½¹»ÁÁ¹ ÔÂ» À ÜË¼º
ÅÉÉÂ¹»ÁÁ» ¾Å¿À » ¹ÂÙ Û ½¾ ÕÉ»ÅÁ¹À ¹¼º Ý»¹¿¿¹ ÝçÞÞÏ ¾ËÂ¿ ½¹½ ÉË¼½¹»Á½ ¹º ½¹½ ¹Ù¾Á»ÉÅº»Ë¼½ ½Â¿
Á¹ À ËÆÊÁ¹ Æ¹ ëÅÉ Ã â ÁÅ»¼ ÍÒèèâãÒÎ ¾ËÂ¿ Æ¹½ Æ»½ÉÂ½½»Ë¼½ º¿Ê½ ¹¼¿»ÉÌ»½½Å¼º¹½ ½Â¿ Á¹ ÉÅ½
ÔÂÅ¼º»ÔÂ¹ Ã Å»¼½» ÔÂ¹ ìÇË¼ à çãåâÐí ¾ËÂ¿ Æ¹½ Æ»½ÉÂ½½»Ë¼½ ½Â¿ Á¹ ¿¹ÉÂ»º ½»ÀÂÁÕ Ú ¸¹ ¿¹À ¹¿É»¹
Õ×ÅÁ¹À ¹¼º Á¹½ À ¹ÀÖ¿¹½ ÆÂ íÕ¾Å¿º¹À ¹¼º Æ¹ ÍÅºÌÕÀÅº»ÔÂ¹½ Æ¹ Á ÜÐ¼»Ç¹¿½»ºÕ ÆÂ èÂÆ ßËÂÁË¼æ
àÅ¿ ÅÇ¹É Á¹½ÔÂ¹Á½ é ÜÅ» ¹Â Á ÜË ÉÉÅ½»Ë¼ Æ¹ ×Ëîº¹¿ ÅÂÙ é Ë»¹½ Æ¹ Á Ü¹¼½¹»×¼¹À¹¼º Ú Ð¼ ×¿Å¼Æ À¹¿É» Ä
¸¹Å¼æÍ »ÉÌ¹Á ÞÏÍäÒè ¾ËÂ¿ ½Ë¼ ÅÉÉÂ¹»Á ¹º ½Å Æ»½¾Ë¼»Ö»Á»ºÕ ¹º Ä Ý»¹¿¿¹ èÒÝÝÒÞïÒÎ ¾ËÂ¿ ½¹½
ÉË¼½¹»Á½ ½Â¿ ÁÅ ¾Å¿º»¹ ¼ÂÀ Õ¿»ÔÂ¹ Ú ¸¹ ¿¹À ¹¿É»¹ ÅÂ½½» Á Ü¹¼½¹ÀÖÁ¹ ÆÂ ¾¹¿½Ë¼¼¹Á ÅÆÀ »¼»½º¿Åº»È Ã ¹º
½¾ ÕÉ»ÅÁ¹À ¹¼º ÞË¿»¼¼¹ ¹º à »¼É¹¼º Ú

¸¹ ¿¹À ¹¿É»¹ À ¹½ ÉÅÀ Å¿ÅÆ¹½ ºÌÕ½Å¿Æ½ ¹º ÕºÂÆ»Å¼º½ ðä¹¼é ÅÀ »¼ Ã Î¹¼ÅÂÆ Ú Ú Úñ Ã ¹º ºËÂ½ À ¹½
ÅÀ »½ ¾ËÂ¿ Á¹Â¿½ ¹¼ÉËÂ¿Å×¹À¹¼º½ Ú

¸ Ü¹Ù¾¿»À ¹ À Å ×¿Åº»ºÂÆ¹ Ä ºËÂ½ Á¹½ ×¹¼½ ÔÂ» Ë¼º É¿Â ¹¼ ÀË» ¹º À ÜË¼º ÈÅÉ»Á»ºÕ ÁÅ Ç»¹ ò
Í ¿ â ÚçÎâóÐçæßâåßâÏÐç ¹º Í¿ â ÚÒÑâÍÎâåç ¾ËÂ¿ Á¹Â¿ ½ËÂº»¹¼ Ã ÍÀ¹ â ÚÍ ÚäÏÐÞïÒÎ
¾ËÂ¿ ½Å ÉËÀ¾¿ÕÌ¹¼½»Ë¼ Ã À Å ÈÅÀ »ÁÁ¹ ¹º ¹¼ ¾Å¿º»ÉÂÁ»¹¿ À ¹½ ¾Å¿¹¼º½ Ã ¾ ËÂ¿ Á¹Â¿ ½ËÂº»¹¼ Ã Á¹Â¿½
¹¼ÉËÂ¿Å×¹À¹¼º½ Ã Á¹Â¿ ÉË¼ØÅ¼É¹ Ã ¹º Á¹Â¿ ÆÕÇËÂ¹À¹¼º Æ¹¾Â»½ Á¹ ºËÂº ÆÕÖÂº Æ¹ À Å ½ÉËÁÅ¿»ºÕ Ú

¸¹ ¿¹À ¹¿É»¹ ½Â¿ºËÂº èÅ¿Å Ã À Å ÉÌÊ¿¹ Õ¾ ËÂ½¹ ÔÂ» À ¹ ½Â¾¾Ë¿º¹ ÅÂÙ ÀËÀ¹¼º½ Á¹½ ¾ÁÂ½
Æ»ô É»Á¹½ Ú Ò ÁÁ¹ Å ÕºÕ ¾ËÂ¿ ÀË» Â¼ ½ËÂº»¹¼ ¾¹¿À Å¼¹¼º Ã é ¹ ÁÂ » ½ËÂÌÅ»º¹ Ö ¹ÅÂÉËÂ¾ Æ¹ ÉÌÅ¼É¹
¾ ËÂ¿ ½Å ºÌÊ½¹ Ú

Ò¼Ø¼ é ¹ ¿¹À ¹¿É»¹ í »¹Â ¾ËÂ¿ ºËÂº Ú
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��� ������� �� Ik � (L, `, n,m) = (31, 21, 5, 5), d = 1
� � � � � � � � � � � � � � � � � � ��

� �� ������� �� (Ik − Jk)/2� (L, `, n,m) = (31, 21, 5, 5), d = 1
� � � � � � � � � � � � � � �

� �  ������� �� (Ik − Jk)/2� (L, `, n,m) = (31, 21, 5, 5), d = 2
� � � � � � � � � � � � � � �
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® ¯° ±² ³´µ¶³ ·³
H ¸ (L, `, n,m) = (31, 21, 5, 5)

¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¹®
® ¯º ±² ³´µ¶³ ·³

H ¸ (L, `, n,m) = (37, 25, 6, 6)
¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¹»

® ¯¼ ½ ¾¶³´µ¾¿ÀÁ ² ¶¾À ´¾²ÂÃ³Á ·³Á Ä Âµ¶¾´³Á ·³ Å¿¶µ¾´¾µÆ¸ (L, `,m, n) = (31, 21, 5, 5), (d, β) =
(1, 5)

¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¯ ¹Ç
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(2, 5)
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àáâã äåææå çèéãå êâ ëæìíîå íåã ãïãæéð åã íå ãñîâã ãìò óå òëãåáì
Zd = Λ∪Λc ô êõ Λ

åãæ ìâå
ö÷êøæåù íå æáîóóå úâîå û üá óîð îæå æèåòðêíïâáð îýìå ô íáâã óáýìåóóå ãå æòáíìîãåâæ óåã ñòêñòîëæëã
ñèïãîýìåã íì ãïãæéð å ô äêâãîãæå þ ÿáîòå æåâíòå |Λ| �åòã ó �îâúâî û � î ó �êâ âå ã �îâæëòåããå ñáã áì�
äêâíîæîêâã óîð îæå ô îó ñ åìæ �æòå äêððêíå íå òåðñóáäåò

Λ
ñáò ìâ æêòå åâ îíåâæîúáâæ óåã ä�æëã

êññêãëã ô äáò áóêòã
Λc = ∅ û

�êâæòáîòåð åâæ áì� ðêíéóåã íîãäòåæã ô äêððå óå ð êíéóå í ��ãîâ� ô êì óå ð êíéóå íå 	êææã ôêõ óå ãñîâ âå ñòåâí ýì �ìâ âêð÷òå úâî íå �áóåìòã ô êâ äêâãîíéòå îäî íåã ãïãæéð åã þ ãïð ëæòîå
äêâæîâìå û ü �åãñáäå íåã äêâú�ìòáæîêâã X (Zd) = (Sq−1)Z

d åãæ ó �åâãåð÷óå íå æêìã óåã ëæáæã íå
ãñîâ 
 ãêâ �òêìñå íå ãïðëæòîåã îâæåòâå åãæ íêâä óå �òêìñå íåã òêæáæîêâã

O+(q) ô á�åä q = 2
ñêìò

óå òêæáæåìò ñóáâ êì ðêíéóå �� ô q = 3
ñêìò óå ð êíéóå í �
 åîãåâ÷ åò� û

à áâã óå äáã óå ñóìã ãîðñóå í �ìâå îâæåòáäæîêâ åâæòå ñóìã ñòêäèåã �êîãîâã ô óå ãïãæéð å åãæ
òë� î ñáò ìâ èáð îóæêâîåâ íì æïñå

HΛ(σ) = −J
2

∑

〈i,j〉⊂Λ

〈σ(i), σ(j)〉 ���
�äî

J = ±1
íáâã íåã ìâîæëã äêâ�åâá÷óåã ô åãæ ìâå äêâãæáâæå íå äêìñóá�å ô J = 1

ñêìò ìâ
ãïãæéð å ÿåòòêð á�âëæîýìå ô êõ óåã ãñîâã æåâíåâæ þ ã �áóî�âåò ñêìò ð îâîð îãåò ó �ëâåò� îå ô åæ J = −1ñêìò ìâ ãïãæéð å áâæîÿåòòêð á�âëæîýìå êõ óåã ãñîâã êñæåâæ áì äêâæòáîòå ñêìò ìâå äêâú�ìòáæîêâ
áâæîñáòáóóéóå û

�â åãæ áð åâë þ äêâãîíëòåò áìããî íåã îâæåòáäæîêâã þ óêâ�ìå ñêòæëå û �â äáã îð ñêòæáâæ åãæ
äåóì î íì ðêíéóå íå � áä ô áããêäîë áì èáð îóæêâîåâ

HΛ(σ|σc) = −1

2

∑

i,j∈Λ

Jγ(i− j)〈σ(i), σ(j)〉 −
∑

(i,j)∈Λ×Λc

Jγ(i− j)〈σ(i), σ(j)〉 ���
�äî

Jγ ≥ 0
íëãî�âå ìâå ÿêâäæîêâ þ ãìññêòæ äêðñáäæ ô íå óá ÿêòð å

Jγ(i) = γdJ(γi) ô J âêòð áóîãëå
í �îâæë�òáóå � ô åæ

γ > 0
ìâ ñ åæîæ ñáòáðéæòå û üá äêâú�ìòáæîêâ

σc = σ|Λc

åãæ íêââëå ãìò
Λc û

�
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µΛ,β(σ|σc) =
1

Z(Λ, β)
exp
[
−βHΛ(σ|σc)

] 234
5� 6��$��� �� �!�+ �%���$�!�

Z(Λ, β)
� 7��� �%%� 86!��$�!� �� ���$�$�!�9 :

&�� �!+����$0 1 �% � ��$� ��� � !��$� %�+ �$�
lim|Λ|→∞ µΛ,β(σ|σc)

2;4
)�� �!�$ ��� + ������ �� ��!"�"�%�$0 ��� X (Zd)

20$�$� !� ���$��"�$�!�� %�+ �$� �� , �""�4 : *� % 7!�
�!+���� �-�� ��� + !�<%�� ����+ ��$ 8���0+ �$�)���9 �!++� ��� ��� + ���'�� �%0�$!���� 1 !��'�=��� �� >��?!- 1 �$ ����� %�� +!�<%�� @�������� 1 � !�� %��)��%� %� ���$��"�$�!� �� ��!"�"�%�$0
�!�# !��$� �� ��!������ ��$ %�+ �$� 2��!# ��$�-�4 �� %!�� �� -����"%�� ���0� �����$�� �$ ����$�)��+��$
���$��"�0�� 1 %� ��A ��%$0 $���$ ��� �� 6��$ ��� ��$����$�!�� �0���$�� ��� %� '�+ �%$!���� : B!$!��
)�� %� '�+ �%$!���� ��� $!�$

Zd � 7��$ ��� "��� �0.�� �� @0�0��% 1 + ��� ���%�+ ��$ �� -!%�+� .�� :
5 7� ��$���� �� %� %�+ �$� ���� 2;4 1 �!++� ��!"�"�%�$0 �!���$�!���%%� 1 ��$ @����$�� $!�$�6!�� ���
%� �!'0����� ��� �!���$�!�� %�+ �$��

σc = σ|Λc

20)��$�!�� C5D 4:
E� �� � !�� @0�0��%�+ ��$ %�� )���$�!�� ���-��$�� ��%�$�-�� / %� %�+ �$� $'��+!�(��+ �)�� F

G: H��%%�� �!�$ %�� �!�.@���$�!�� � 70���@�� + ���+ �%� 20$�$ 6!���+��$�%4 �� '�+ �%$!����
H(σΛ|σΛc) 1 |Λ| → ∞ IJ : H��%%� ��$ %� �$���$��� ��� ���$��"�$�!�� %�+ �$� �� , �""� I3 : H��%%� ��$ %� ��$��� ��� $�����$�!�� �� �'��� I5� )���$�!� �� %� �$�"�%�$0 �� % 70$�$ 6!���+��$�% 2��.��+ ��$ �0@0�0�0 1 / ����� �� %� �(+ 0$���

��$����4 ��$ �%�� �0%���$� )�� ���� %� ��� ������$
q = 1 K*�� 1� :L;M : B!�� �� % 7�"!����!�� ���

�����$�+ ��$ 1 �$ 0$�����!�� �%�$N$ %� �����$0 �� %� + ����� �� ,�""� �!�$ %� ����!�$ 1 ���� %�
%�+ �$�

β → ∞ 1 �� �!����$�� ��� %�� �!�.@���$�!�� � 70���@�� + ���+ �%� :
5�� ���$��"�$�!�� %�+ �$� �� ,�""� 6!�+ ��$ �� @0�0��% �� ����+"%� �!+���$ �0� �����$

�� %� $�+�0��$��� ��-���� β : 5� �!� ��$���� �� �%������� 0$�$� �� , �""� �!�� ��� $�+�0��$���
���$�)�� ��$ ����%0� 8$�����$�!� �� �'���9 : �� � �+�%� �� $�����$�!� �� �'��� ���� %� $'0!���
���0$�)�� ��� @�O ��$ ��%� � �� % 780)��%�"�� %�)����P-�����9 2�!$!�� )�� %� + !�<%� �� Q�� 1 ������� 6!�+ � �!�-���"%�+ ��$ ����$0� �� 2J4 1 � ���-� ���$��%�+ ��$ / 0$����� %�� $�����$�!�� ��
�'��� ���� %� $'0!��� �� R�� ��� S��%� 1 �!����� !����$ / %� %�+ �$� �� 5�"!T �$OP&���!�� |Λ| →
∞ 1 ���� γ → 0

: 4 U� -!�����@� � 7��� $�+�0��$��� ���$�)�� 1 %�� )���$�$0� $'��+!�(��+ �)���20���@�� %�"�� 1 ������!� 1 : : :4 -�����$ �� 6�V!� ����!�$���� : &!�� %�� �(�$<+ �� �� ����� 1 %��
$�����$�!�� �� �'��� �!�����!����$ / ��� 8��+ ��$�$�!� ��!�$��0�9 1 )���� %� �(�$<+ � �� ��- ����� ��� !� �%������� �0@�!�� !W $!�� %�� ����� � !��$��$ ���� %� + X+ � �����$�!� 2�!++� ����
�� ��+ ��$4 1 �0���0�� ��� ��� 8��$��6����9 : Y% �� ��$ ����� ��� + !�<%�� �� ����� ������$� 1 ���� �+�%� �� +!�<%� � 7Y���@ :

J



Z[\] ^_ `[] a_ bcad^_] a_ ]ef\] g ]hb ijkf_ `c\jf\l_ _\ mnZ o c\ ][fj pZcqrs tl_ jclj_
af]jkfuljfc\ ^fb fj_ a_ vfuu] _]j _^^_nb wb_ f\x[kf[\j_ e[k kcj[jfc\] o tl_^ tl_ ]cfj

β > 0 y z\
afj [^ck] tl {f^ \ {h [ e[] a_ ukf]lk_ a_ ^[ ]hbijkf_ `c\jf\l_ y Z_ e^l] e clk l\_ ^[k|_ `^[]]_
a_ r[b f^jc\f_\] o _j _\ e[kjf`l^f_k eclk ^_] _}_be^_] ~�� _j ~m� o ^ {ij[j a_ vfuu] _]j l\ftl_
p�k�c�[s o p� _� f�� s y �^ \ {h [ ac\` e[] a_ jk[\]fjfc\ a_ er[]_ [l ]_\] `fna_]]l] o [ee_^i_] [l]]f
�jk[\]fjfc\ a_ er[]_ a_ ek_b fdk_ _]e d`_� y �_`f \ {_]j e^l] xk[f `_e _\a[\j e clk

d ≥ 3
o e clk a_]

k[f]c\] ^fi_] g ^[ �kf|fa fji a_ ^ {f\j_k�[`_� y�clk ^_ bcad^_ a {f\j_k[`jfc\ _\jk_ e^l] ekc`r_] xcf]f\] f^ h [ e[k `c\jk_ a_] jk[\]fjfc\]
a_ er[]_ afj_] a_ a_l} fdb _ ckak_ � _\ _�_j o f^ _} f]j_ l\_ j_beik[jlk_ f\x_k]_

βc

j_^^_ tl_ ^_]
�c\`jfc\] a_ `ckki^[jfc\] ]c\j g ai`kcf]][\`_ _}e c\_\jf_^^_ e clk

β < βc

o _j e c^h\�b f[^_ eclk
β > βc y �_] jk[\]fjfc\] a_ er[]_ c\j iji f\j_kekiji_] e[k �_k_�f\]�ff p�_s elf] �c]j_k^fj� _j
�rcl^_]] p�c�rs o _\ j_kb _] a_ �xckj_}� a[\] ^ {ij[j a_ vfuu] ~eclk

q = 3
o f^ ] {[|fj e^lj�j

a {� f\]j[\jc\]�� y
�cl] [^^c\] b [f\j_\[\j eki]_\j_k ^_] tl[jk_ e[kjf_] a_ `_jj_ �rd]_ o c� ^ {c\ j_\j_ a_

kie c\ak_ g `_] tl_^tl_] tl_]jfc\] y
�������� �� ������  ¡ ¢£����¤�¢¥£ �£��� ��¦  ��¥¤��  §¥¢ ¢£  �� ¨¥©ª�� ©¦ ¤��¨�
¨¥«�£ y

�cl] ai`kfxc\] f`f o ][\] ]cl`f a_ kf|l_lk b [f] _\ `rcf]f]][\j e^lj�j l\_ aib [k`r_
f\jlfjfx_ o ^_] jk[\]fjfc\] a_ er[]_ g ^[ �c]j_k^fj�n�rcl^_]] e clk ^_] b cad^_] a {f\j_k[`jfc\ _\jk_
e^l] ekc `r_] xcf]f\] ki|f] e[k ~�� y � {ijla_ a_ ^[ b _]lk_ a_ vfuu] eclk `_ ]h]jdb _ `c\alfj
\[jlk_^^_b _\j [l bcad^_ a_ ¬ f^^[f\ tlf ac\\_ l\_ uc\\_ a_]`kfejfc\ al ]h]jdb _ g u[]]_
j_beik[jlk_ o b c\jk[\j \cj[bb_\j `cbb_\j c\ e _lj �[`jckf]_k ^[ �c\`jfc\ a_ e[kjfjfc\ _\
ekcalfj a_ a_l} j_kb _] o ^ {l\ `ckk_]e c\a[\j g l\ bcad^_ |[l]]f_\ o ^ {[ljk_ g `_^l f a {l\ |[� a_
�cl^cbu o cl bcad^_ a_ xckj_} y

z\ k[ee _^^_ [l]]f ^_] ekf\`fe[l} ki]l^j[j] ~kf|clk_l} � p� `�qes o p�kqes ]lk ^_] uck\_]
]leikf_lk_] _j f\�ikf_lk_] a_ ^ {[]hbejcjftl_ a_] �c\`jfc\] a_ `ckki^[jfc\ o ^fi_ [l} jk[\]fjfc\]
a_ er[]_ g ^[ �c]j_k^fj�n�rcl^_]] y

z\ ijlaf_ _\­\ ^_] ekcekfiji] al bcad^_ al `r[be bch_\ o f\|kiaf_\j _]]_\jf_^ al bcad^_
a_ �[` o e clk ^_tl_^ `r[tl_ ]fj_ f\j_k[|fj [l `c\jk[fk_ [x_` jcl] ^_] [ljk_] a_ �[®c\ l\f�ckb _ y
�������� ¯ � ° ¥©ª�� ©� ±�¤ ¡ ��£¥�¨��¢ ��¢¥£ y

z\ ]_ `c\][`k_ f`f g ^[ ek_lx_ l\ e_l j_`r\ftl_ a {l\ ki]l^j[j i\c\`i a[\] ^_ �r[e²jk_ ³
~�kce c]fjfc\ �y�� y �^ ] {[|fj _\ _�_j a_ k_\ckb [^f]_k ^_ r[b f^jc\f_\ e clk ^ {ijlaf_k ]lk l\_ e^l]
|k[\a_ i`r_^^_ _\ f\ji|k[\j ^_ ai]ckak_ ~cl _\jkcef_� al ]h]jdb _ y z\ cujf_\j [f\]f l\ bcad^_
tlf jf_\j `cbej_ g ^[ �cf] al `r[be bch_\ _j a_ ^[ af�l]fc\ al_ [l} f\j_k[`jfc\] a_ eckji_
­\f_ y

³



´µ¶· ¸¹º»¼½¾µ¿· ¼½ ¼Àº ÀÁ¹ Â¹ Ã¹ÄµÅ ÀÁÆÇÈ¹¿¸µ·¹ |Λ| → ∞ É »¶À· γ → 0
»½¸ ¼¹ Êµº»¸µº À· Ë

Â À½º
Λ = L = L0γ

−1 É γ → 0 ÌÍ¿ ¹Î¹ÊÁ¶¹ ¶¿¹ Á¸½¿·Ïµ¸º ½ÁÀµ¿ Â¹ Ä¼µÊÇ·»À¿·
π(nγ)σ É Ð¶À ¹·Á ¼½ º µÑ¹¿¿¹ ¹º»À¸ÀÐ¶¹ Â¹·

·»À¿· ·¶¸ Â¹· Ê¹¼¼¶ ¼¹·
C(nγ)(x) Â¹ ÂÀ½º ÒÁ¸¹ ≈ γ−1/2 É Ê¹¿Á¸Ó¹· ¹¿

x ∈ Zd = Λ∗ ∪ Λ∗c Ô¸Ó·¹½¶ÕÖ¸µ·ÇÖ¸½À¿×Ø

m(x) = π(nγ)σ =
1

|C(nγ)(x)|

∫

C(nγ )(x)

drσ(r) Ôº ½Ö¿ÓÁÀ·½ÁÀµ¿Ø

m|Λ∗ ∈ X (Λ∗) = (Sq−1)Λ∗ ½ ¹¿Êµ¸¹ ¼½ ·ÑºÓÁ¸À¹ Êµ¿ÁÀ¿¶¹ ÔÙ½¸À½Ä¼¹ Ù¹ÊÁµ¸À¹¼¼¹ É µ¶ Êµº»¼¹Ú¹Ø É¹Á
σ

· ÛÀ¿Á¹¸»¸ÒÁ¹ Êµºº¹ ¶¿¹ Ïµ¿ÊÁÀµ¿ ¹¿ ¹·Ê½¼À¹¸ ÌÍ¿ »¸¹¿Â ¹¿·¶ÀÁ¹ ¼ ÛÀº ½Ö¹ Â¹
µΛ,β(σ|σc)

»½¸ ¼½ Á¸½¿·Ïµ¸º ½ÁÀµ¿ Â¹ Ä¼µÊÇ·»À¿· Ë µ¿ µÄÁÀ¹¿Á
½À¿·À ¶¿¹ º¹·¶¸¹ ·¶¸ X (Λ∗)

½Ù¹Ê »µ¶¸ ÂÓ¸ÀÙÓ¹ Â¹ Ü½Âµ¿Ç´ÑÝµÂÑº Ë
dMΛ∗

β,γ

dm
(m) =

1

Zβ,γ,Λ(σc
γ)

∫

X (Λ)

exp
[
−βγ−dHγ(σγ |σc

γ)
]∏

i∈Λ

ν
(
dσΛ(i)

)
δ(π(nγ)σ −m)

ÞÓß¿À··µ¿· ½¼µ¸· ¼ ÛÓ¿¹¸ÖÀ¹ ¼ÀÄ¸¹ É µ¶ ÕÏµ¿ÊÁÀµ¿¿¹¼¼¹ Â¹ à½Ê× É ¸¹¿µ¸º ½¼À·Ó¹ Â½¿·
Λ á Á¹º»Ó¸½Á¶¸¹

À¿Ù¹¸·¹ β »½¸ Ë

Fβ(m|mc) =
1

4

∫

Λ̃∗

dr

∫

Λ̃∗

dr′J(r − r′)|m(r) −m(r′)|2

+
1

2

∫

Λ̃∗

dr

∫

Λ̃∗c

dr′J(r − r′)|m(r) −m(r′)|2

+

∫

Λ̃∗

dr
(
fβ(m(r)) − fβ(mβ)

)

ÔâØ

µã
fβ(m) = −1

2
|m|2 + 1

β
I(m)

ÂÓ·ÀÖ¿¹ ¼½ ÔÂ¹¿·ÀÁÓ Â ÛØÓ¿¹¸ÖÀ¹ ¼ÀÄ¸¹ »µ¶¸ ¼¹ Êä½º» ºµÑ¹¿ É ¹Á
I(m) = Î(|m|) ¼½ ÔÂ¹¿·ÀÁÓ Â ÛØ¹¿Á¸µ»À¹ » µ¶¸ ¼¹ Êä½º» ºµÑ¹¿ É mβ ∈]0, 1[

·µ¿ »µÀ¿Á Ê¸ÀÁÀÐ¶¹ Ì åÊÀ
Λ̃∗ ¹·Á ¶¿ Ùµ¼¶º¹ Â¹ Á½À¼¼¹ ßÚ¹ Ì Í¿ ½ ¼¹ ¸Ó·¶¼Á½Á ·¶ÀÙ½¿Á ÔÊÏ Ì æäÓµ¸Òº ¹ ç Ìè » µ¶¸ ¶¿ Ó¿µ¿ÊÓ
»¸ÓÊÀ·Ø
éêëìíîïð ñ Ë ò¶ ·¹¿· Â¹ ¼ Û½»»¸µÚ Àº ½ÁÀµ¿ ¼µÖ½¸ÀÁäº ÀÐ¶¹ log

dMΛ∗

β,γ
(m)

dm
(m) ≈ −βγ−dFβ(m|mc)Ô»µ¶¸ Â¹· º ½Ö¿ÓÁÀ·½ÁÀµ¿· |m(x)| < 1

·¶¸ Áµ¶Á ¼¹ ¸Ó·¹½¶
Λ∗Ø Ì

óêôõö÷íð ø ù úìí÷ðû ð÷ ïôüýë÷þÿô÷þìý �ôýÿ �ð ïì�î �ð �ð � ô� Ì
Ã½ ¸¹¿µ¸º ½¼À·½ÁÀµ¿ »¸ÓÊÓÂ¹¿Á¹ ¿¹ Ï½ÀÁ »½· Â ÛäÑ»µÁäÒ·¹ ·¶¸ ¼½ ¿½Á¶¸¹ Â¹· Êµ¿ÂÀÁÀµ¿· ¼Àº ÀÁ¹ Ì

åÊÀ µ¿ ÓÁ¶ÂÀ¹ »¼¶· »½¸ÁÀÊ¶¼ÀÒ¸¹º ¹¿Á Â¹· Êµ¿ßÖ¶¸½ÁÀµ¿· Â ÛÓ¿¹¸ÖÀ¹ ¼ÀÄ¸¹ º À¿Àº ½¼¹ Â½¿· ¼¹ Ê½·
Â Û¶¿¹ Êµ¿ÂÀÁÀµ¿ ¼Àº ÀÁ¹ Ï½Ùµ¸À·½¿Á ¼ ÛÓº ¹¸Ö¹¿Ê¹ Â¹ Ùµ¸Á¹Ú Ì �¹ÁÁ¹ »½¸ÁÀ¹ ¹·Á ÂÓÙ¹¼µ»» Ó¹ Â½¿·
¼ Û½¸ÁÀÊ¼¹ �� ¼Ç�µÜµ� Ô	 ½Ö¿¹ÁÀÆ½ÁÀµ¿ ½¿Â Ùµ¸ÁÀÊ¹· À¿ à½Ê Û· ºµÂ¹¼ Ì 
 Ì �Á½Á Ì ÈäÑ·ÀÊ· Ì �µ¼ Ìç
 É ´µ Ì� É» Ì�� �Ç��� É ç���Ø Ì

�



�� �������� ��� ��� �  !"#��� $�%��!�#������� & ����� �� '�� ( ������� ��������� )����*!%�� � �� � '��! +%��� � '��!�#� �#�! �#��!�#� �� �,�!-� �. / �! �� ( ������� 0���!���� )%��% ���!�!�#� ��� 1#��!�#�� � '#���� ��% ��� ��! +%���� �� 2�,����34�� / �!� 555. ��� �*!%�� � �� )6.)��� �� � 7��%�� -!%�� � '#%�%�8. �#�! ���� � 9��� � �%�%� �� 7����#%! �����!���8 �� � ' !�! ��: �99� 5
;�� ��%��! %��!���� �� )6. ��! � '<!%� ��� 1#��!�#������ �#� �#�$�*� / #� �"�%�"�%� �#����� �*!%�� � ��% �� �  !"#�� �� =,����#$ / �� � '�����%��! �� >?%@ ���� �� ���%� ��� �#�-��� ������� ����%�!� 5 = ' ���!�#� � 'A���%3=�+%��+� �� �� 1#%� �

−J ∗m+
1

β
Î ′(|m|) m|m| = 0

)B.
�% ���!� ��� ��%!���� ����#+�� �$�� � ' ���!�#� �� : ��C9�%+3=�����

−∆u+
1

ε2
(1 − |u|2)u = 0

)D.
E �� ��F %���� �%-� �� '�� � '�+�! � '���  ���!�#� �#� �#���� 5 G#!%� �%������� % ���!�! / % ��� ��!��� ?%#� #��!�#�� H 5I �! H 56 �� >A �3J#K#@ � ��! � ' �#���% ����� &
LMNOPQRS T &

d = 2
5 A� $#���� U�� / �� �* ��!� !#�V #�%� ��� � ���� � �#���* �#�% F(m|mc)

/$ %�U��! |m| < 1
5 W�

β ≤ 2
/
m ≡ 0

5
?�% ��� ������!�#�� ���  %����� / �#�� � #�!%#�� ��#%� �� '��� �#���!�#� �� $#%!���! ��%�� 9#%� )��+% !#� #�#+����

n ∈ Z
. �����! ��� �#�U+�%�!�#� �� $#%!�* ��% �� ��%��-!%� � '#%�%�E � '��! %���% �� % ���� / �$�� �#���%$�!�#� �� ��+% 5 =�� % ���!�!� �#�! !#�!3E31��! �#��#%���!��$�� ���* �� '#� #9!���! ���� �� ���%� �� � ' ���!�#� �� :��C9�%+3=����� )D. 5

A�U� / �#��  !���#�� ��� �#���� %�!�#�� �� ��� �� �#�-�� � 'X�����9 �%+ / �#�% �� �#�-��� '#���� �� ����� �����% �� ����� J���$ �� �! ?#�,�Y#$ 5
ZM[\]^PS _ ` a ObQcS de[f^gdeS hi [jSk gf^SP[k^gOf Sf^PS \cel \POkMSl jOglgfl 5

�� !�%� ��� ��!!� m"-�� ��% �� ��� ����!���� �� ����,��! �� % � #��%� E �� ����!�#� & 0��1��!3�� ��!���%� ��% nopqrsrqt uvwxqruv y z �� �#����-%� E �#�$��� �� "�� ��!#���� ){. #| ���
σ� ��+���! ��� � �!%���� �� ?���� / �! #� �#���-!� �� % ����

Λ
��% �� ��$�%#������!

∂Λ ⊂ Z
2)79 #%�8 ��

Λ
����

Z2
/ �#��!�!� � '��� #� �������%� ������!��. ��% ������ ��� � �!%���� �� ?������ X�� ��!#���� �#�! 7�#��%��� ��8 ���� ��� ��%��!�#��

(θj)j∈∂Λ

&
σi(θi) = Πθi

σiΠθi

5
=� � ���%� �� �� $�%��9�� 7��%��!�#� �� ����8 ��% �� ��!� �*! %���% ��! � !�%� ����!� )�#���+��  !��! ��� $�%��9�� ��9%�. / �� ��� %��� �#��!� �� � '��� ��! ��������� �� � '��$ �%#������! 5
= '����#+�� ����!���� �� ��� ����#� U��� �� � ' !�! �� : �99� E !��� %�!�%� ��$�%��

β
��!�#�� ��% �� 1#%� � ��� ��%� ) !�! 4(W. ��% 7� '��+-9%� ��� #9��%$�9��� �# �����8 O = L((C2)⊗N)

/
6



}~�� N = |Λ ∪ ∂Λ| �}�
ωβ : O → C, ωβ(A) =

Tr e−βHA

Tr e−βH

�� ~} ������ ��� � }������ �� ~�������� ����� ������������� �� ωβ
��� � �}������ ��}����� ���������� � �� ������ o ⊂ O ��� Λ � ���� ��� �}�� ����� ���}���� ��� �} �}�� δ �

δ11 =

(
1 0
0 0

)
, δ12 =

(
0 1
0 0

)
, δ21 =

(
0 0
1 0

)
, δ22 =

(
0 0
0 1

)

���� 1 ≤ j, k ≤ 2 � �� 1 ≤ i ≤ N � �� ��������� �} � }����� 2N × 2N � Ai
jk = 0 ⊗ · · · 0 ⊗ δjk ⊗

0 · · · ⊗ 0 � �N �}������� � �� �} � }����� 4N × 4N � Ãi
jk = ∆(Ai

jk) ��� ∆ ������� �� ���������� ���� ¡¢¡£  ¤ � �� }�� ���� ¥ ¦§¨©ª« ¬« ­®¨§©ª©§¯ }� ���� i � ���}��~� � �} �}�� δ � �� � ������}������~���� β � �} � }����� �
Ωi

β(δ) =

(
ωβ(Ãi

11) ωβ(Ãi
12)

ωβ(Ãi
21) ωβ(Ãi

22)

)

°} �}����� Ω̃i
β(δ) = Ωi

β(δ) − 1
2
Tr
(
Ωi

β(δ)
)
Id ∈ sl(2; R) ��� }������ ¥ ¦§¨©ª« ¬« ­®¨§©ª©§¯¨¯¬±©§« }� ���� i ��� � ���������� }���� � � �²������ �� ��� � }������ �� ~�������� �������� ����� ���� ���� ������� � �� °�� SL(2; R) � ³��� �� �´�� ρ ∈ Λ1(R2; sl(2; R)) �} µ¶���� � ������ �}�

ρ(x) =
1

2
(M−1(x)dM(x) − dM(x)M−1(x))

³��� ����}���� ���������� ��� �}��������� �� M ��� �·� ����¸��� � ρ ~����� � ��¸�}���� �� ���������
dρ+ [ρ, ρ] = 0°� ����� �� ¹����}�� �� � }��� ��� ��� ���� ���~� �� �}�� � � �� � ��� }�����}����

f ∈ C1(D; SL(2; R))

���� ρ ��� �} ��´���������� �� º}�� ��» �����}���²� �� �� ρ� � ³��� � �²·� ��²��� �}������� ��� ��» ������� � ���� ���� ��� ��������� � �� }����¸�� ���� � M(x) = Ω̃x
β(δ) �°�� �����}����� ������¸��� � ��� ������ }���� �� ��� ����� � �} ¸������� ����� }~�� ���� ���� ��������� � °} ��������� ��� ~����» ��� ����¶�¶�}�� ����}�}��� � ����� ������� �}�� ���}� ��}���¸�� �

¼



½ ¾ ¿À ÁÂÃÄ Å

Æ ¿À À ÄÇÈ É ÁÊÂÄÃ¿ ËÂÁÌ Ê ÄÊÂÃÄ À ÇÍ È À ÃÌ Ë¾ ÄÈ
ÎÌ ÁÈÁÊ È ÄÂ Ï Ì Ð ÑÇÄ Ð Í Ë¾ ¿Ï À Ï ÌÒÄÊ Ó

ÔÕÖ× ØÙ ÚÛÕÜÝÞßÙ àÖ ÞßÕÝÞÙ áâ ØÕ× á ãâÖÙ ÝÖÞÙßÕØÞÝàÖ ×ÕÖ× ØàÖáÝÞÝàÖ äÝå ÝÞÙ æàâ ÙÖçÝßàÖèÖÙå ÙÖÞé ê ëÙ ßì×ÙÕâ
Λ

ØàÖ×Ýáìßì Ù×Þ áàÖØ âÖ ×àâ×èÙÖ×ÙåíäÙ æîí àïÞÙðé áÙ
Zd áÙ ñßÕÖáÙ× áÝå ÙÖè×ÝàÖ× ò àâ ÙÖØàßÙ ò ØÙ óâÝ Ü Ùßå ÙÞ áÙ ×ÝåÜäÝôÙß ØÙßÞÕÝÖ× ØÕäØâä× ò äÙ ÞàßÙ
(Z/LZ)d Üàâß äÙóâÙää ãÝÖÞÙßÕØÞÝàÖ Ù×Þ ÝÖçÕßÝÕÖÞÙ ÜÕß ÞßÕÖ×äÕÞÝàÖ× õ àÖ ÖÙ ö â×ÞÝôÙßÕ ÜÕ× äÙ× ÜÕ××ÕñÙ× |Λ| → ∞ ê ÷Ö ×ÙÜßàÜ à×Ù áÙ ØÕäØâäÙß äÙ× øàÖØÞÝàÖ× áÙ ØàßßìäÕÞÝàÖ Üàâß ØÙßÞÕÝÖ× å àáùäÙ× àÖ å ÙÞÞÕÖÞ ÙÖ ìçÝáÙÖØÙäÙâß ×ÞßâØÞâßÙ ×ÝåâäÞÕÖìÙ á ãàÖáÙ× áÙ ×ÜÝÖ ÙÞ áÙ çàßÞÙú ò ÙÞ áÙ áìÞÙßå ÝÖÙß äÙ× ÞßÕÖ×ÝÞÝàÖ× áÙÜÛÕ×Ù áÙ ×ÙØàÖáÙ Ù×Ü ùØÙ ê

û üû ýþ ÿ ����þ �� � � ��ÿ þ	
��	
 ��þ
 �	�þ��
���	 þ	��þ
���
 ���
�þ
 ���
�	
 ü �����þ �þ � �����	 ü

�ØÝ
d = 2

ê ÷Ö ØàååÙÖØÙ ÜÕß ßÕÜÜ ÙäÙß ò ÞÙä× óâ ãÝä× ×àÖÞ ßì×âåì× áÕÖ× äÙ äÝçßÙ áÙ Ú ê�Þ���×àÖ� � ê� êÔßàâ�Ù ��ÞÔß� ò äÙ× ßì×âäÞÕÞ× ØäÕ××ÝóâÙ× ×âß äÙ å àáùäÙ � ÙÞ äÙ åàáùäÙ áÙ ! ÝääÕÝÖ ÙÖ "èÔ òáâ× Ù××ÙÖÞÝÙääÙå ÙÖÞ # � ê�à×ì ò ë ê$ ÕáÕÖàç ò % ê$ Ýß�ÜÕÞßÝØ� � Ô ê& Ùä×àÖ ��à$ Õ$ Ý& Ù� ò øàßå ÕäÝ×ì×ÜÕß ' ê% Ýå àÖ �% Ý ò %ÙØÞ � ��� ò ÙÞ ÙúÜäÝóâÕÖÞ äÙ× ÞßÕÖ×ÝÞÝàÖ× áÙ ÜÛÕ×Ù # äÕ $à×ÞÙßäÝÞ�è(ÛàâäÙ×× ê ëÙå àáùäÙ áÙ ! ÝääÕÝÖ áìØßÝÞ áÙ øÕ)àÖ ×ÕÞÝ×øÕÝ×ÕÖÞÙ äÙ× ÞßÕÖ×ÝÞÝàÖ× áÙ ÜÛÕ×Ù áÙ ×ÙØàÖá Ù×Ü ùØÙ ò ÙÞÙÖ ÜÕßÞÝØâäÝÙß äÙ ß* äÙ áÙ× çàßÞÙú ÕÝÖ×Ý óâÙ áÙ× îàÖáÙ× áÙ ×ÜÝÖð ê
+ ØÕâ×Ù áÙ äÕ ×�åìÞßÝÙ ÝÖÞÙßÖÙ áÙ X (Z2)

ò äÕ áÝ×ÞßÝíâÞÝàÖ áÙ ÜßàíÕíÝäÝÞì
ν

Üàâß äÙ× ìÞÕÞ× áÙ×ÜÝÖ Ù×Þ áìôÖÝÙ ØàååÙ äÕ å Ù×âßÙ áÙ ×âßøÕØÙ Öàßå ÕäÝ×ìÙ ×âß
S

q−1 ò Ý êÙ ê ν(dσi) = ω−1
q δ(|σi|−1)dσi

òàâ
ωq

Ù×Þ äÙ çàäâåÙ áÙ
S

q−1 ê ,ÕÜÜÙäàÖ× óâÙ
q = 2

áÕÖ× äÙ å àáùäÙ � ò ÙÞ áàÖØ ×Ý
θi

áì×ÝñÖÙä ãÕÖñäÙ Ü àäÕÝßÙ áâ çÙØÞÙâß
σi

ò ØÙÞÞÙ å Ù×âßÙ áÙ ×âßøÕØÙ Ù×Þ ×ÝåÜäÙå ÙÖÞ
ν(dσi) = dθi

2π

ê ëÙ ßì×ÙÕâ
Λ

Ù×Þ âÖ ÞàßÙ óâÝ ØàÖÞÝÙÖÞ
N

×ÝÞÙ× ÙÞ
2N

äÝÙÖ× ê ëÕ äÝå ÝÞÙ ÞÛÙßå àá�ÖÕå ÝóâÙ ØàÖ×Ý×ÞÙ áàÖØ #
-



./012 324512
N 6217 8 904:40 ; <2 =/> 083?4024 7 9@A103

H = −
∑

〈i,j〉

〈σ(i), σ(j)〉 = −
∑

〈i,j〉

cos(θi − θj) BC;CD

B1/EE28?47 FG2 〈., .〉 5@70H42 827 E8G7 E1? A=27 6?07047 ‖i − j‖1 = 1 I ?4 4?321/ E/1 ‖ · ‖p

8/
4?1> 2

`p J 23 70 Λ
273 G4 3?12 J ‖j‖p

5@70H42
inf j̃∈π−1

Λ (j) ‖j̃‖p
J ?K πΛ : Z2 → Λ

273 8/ E1?L 2A30?4
4/3G12882 ;D </ .?4A30?4 52 E/13030?4 7 9?M30243 24 7?>>/43 8/ 524703@ 52 8/ > 27G12 52 N 0MM7
e−βH

7G1 3?G327 827 A?4:HG1/30?47 E ?770M 827 J 0 ;2 ;

Z(β) =

∫

Ω0

∏

i∈Λ

dθi

2π
exp

[
β

∑

〈i,j〉

cos(θi − θj)
]
, Ω0 =

(
S

1
)Λ BC;OD

<2 31/6/08 E104A0E/8 A?470732 P @6/8G21 52 328827 043@H1/827 J 23 @3G5021 82G1 A?4621H24A2 FG/45
|Λ| → ∞ ; Q A/G72 5G A?GE8/H2 24312 827 50R@12437 70327 J ?4 42 E2G3 FG 9@3G5021 82G1 /7S>E3?30FG2P =/G32 J 127E ; M/772 32>E@1/3G12 Bβ → 0 J 127E ; β → ∞D 52 ./T?4 P > 23312 24 @60524A282 A?>E?132> 243 5@7?15?44@ J 127E ; ?15?44@ 5G 7S73U> 2 ; V?G1 827 5@628?EE2>2437 P M/772
32>E@1/3G12 J ?4 G3080721/ 0A0 827 124?1> /807/30?47 23 E/77/H27 P 8/ 80> 032 |Λ| → ∞ H@4@1/82> 243/5> 07 5/47 8/ 8033@1/3G12 J 1246?S/43 P WX1YEZ E ?G1 G4 31/032> 243 10H?G12G[ >/07 >?047 043G030. ;

\ ]\]\ ^_`a_bcd`dec f ghicd cd`ajbhcibd ]
k4 1/EE 2882 FG2

Λ
273 G4 3?12 J 23 ?4 E?72 N = |Λ| ;Q =/G32 32>E@1/3G12 J 8 9046/10/4A2 E/1 1?3/30?47 J 5?4A 8/ E @10?50A03@ 24 θ J L ?G2 G4 1l82

E1@E ?45@1/43 J 23 8 9?4 5@628?EE 2 24 7@102 52 X?G1021
eβ cos θ = I0(β)

(
1 +

∑

n 6=0

tn(β)einθ
)

<27 A?2m A02437 7 92[E10> 243 24 321> 27 52 .?4A30?47 52 n27728 >?50:@27

tn(β) = t−n(β) =
In(β)

I0(β)
∈ [0, 1]

k4 / 5?4A
Z(β)

I2N
0 (β)

=

∫

Ω0

∏

`∈Λ

dθ`

2π

∏

〈i,j〉

(
1 +

∑

nij 6=0

tnij
(β)einij(θi−θj)

) BC;oD
7?03 /E1U7 043@H1/30?4

Z(β)

I2N
0 (β)

=
∑

nij ;(∂n)i=0

∏

〈i,j〉

tnij
(β) = 1 +

∑

nij 6=0;(∂n)i=0

∏

〈i,j〉

tnij
(β) BC;pD

q



rs t urv wrxxy wz{ |rzw tyw yv|}y{w {yt~|}�w nij = −nji
}v�y��w �~{ ty t}yv 〈i, j〉 � ~�y� t0 = 1 y|

(∂n)i =
∑

j

nij = 0 �wrxxy wz{ t~ ��t~�zy||y� �y �yv|{y i � � �y||y �rv�}|}rv �}|y �y ��}�y{�yv�y
vztty� |{~�z}| ty �~}| �zy ∫ 2π

0
einθ dθ

2π
= δn,0 ��rxxy tn(β) ∼ βn

2nn!
�z~v� β → 0 � ���� � � y{x y| � ur�|yv}{ zv ���ytr��yxyv| �y Z(β)� �~z|y |yx��{~|z{y � � t ur{�{y � yv β � rv {y|{rz�y Z(β) = 1 �z}w�zy I0(0) = 1 y| In(0) =

0 � n 6= 0 � �v |yt ���ytr�� yx yv| w u~��t}�zy yv�r{y ~z �~t�zt �yw �r{{�t~|}rvw � } �y � tr{w�z urv}v|{r�z}| ty �~�|yz{ ei(θx1−θx2 ) �~vw t u}v|��{~ty ����� � yv|{y �yz� w}|yw x1
y| x2 � �v |{rz�y ~}vw}

〈ei(θx1−θx2 )〉 =

∑

nij ;(∂n)i=δi,x1
−δi,x2

∏

〈i,j〉

tnij
(β)

∑

nij ;(∂n)i=0

∏

〈i,j〉

tnij
(β)

�����

y| � �rxxy ty ���ytr��yxyv| yw| �rv�y{�yv| �{�w �y � � ty |y{x y �rx }v~v| �z~v� β → 0 �~vw
����� �r{{yw�rv� � N(x1, x2)t1(β)‖x1−x2‖1 � rs ‖x1 −x2‖1

yw| t~ �}w|~v�y x }v}x ~ty wz{ ty {�wy~z
yv|{y tyw � r}v|w x1

y| x2 � y| N(x1, x2)
ty vrx�{y �y ��yx }vw {yt}~v| x1

y| x2
{�~t}w~v| �y||y

�}w|~v�y � �v }v|y{�{�|y N(x1, x2)
�rxxy zv |y{x y � uyv|{r�}y y| t1(β)‖x1−x2‖1 �rxxy zv |y{x y� u�vy{�}y � �~t�ztrvw �rv� N(x1, x2) � �rz{ n yv|}y{ w|{}�|yx yv| �rw}|}� � p ≥ 0 � ��w}�vrvw �~{

Ep,n = {(α1, · · · , αn) ∈ N
n,

n∑

j=1

αj = p}

�t yw| �~�}ty �y �r}{ �zy |Ep,n| =
(

p+n−1
n−1

) � �v ��yx }v �y trv�zyz{ x }v}x ~ty � r}�v~v| �� ��� �
(n,m) � ~�y� n ≥ m yw| �y t~ �r{x y �

Cn,m = {
(
(i0, j0), · · · , (in, jn)

)
: (i0, j0) = 0, i1 = α1, · · · , in = α1 + · · · + αn = n,

j1 = β1, · · · , jn = β1 + · · · + βn = m}  uyvwyx�ty �y |ytw ��yx }vw yw| yv �}� y�|}rv wz{ En,n × Em,n � y| �rv� �y �~{�}v~t (
2n−1
n−1

)
×(

m+n−1
n−1

) � �v ~ �rv� N(x1, x2) = N(0, x2−x1) = |En,n×En,m| ~�y� x2 −x1 = (n,m) � � n+m�rvv� � �y vrx�{y yw| x ~� }x ~t tr{w�zy n = m � ¡y �~¢rv ~��{r ���y � tr{w�zy r = ‖x1 −x2‖1 →
∞ t~ �r{xzty �y £|}{t}v� �rvvy

〈ei(θx1−θx2)〉 ≤ er log 2β ���¤�
� }vw} tyw �r{{�t~|}rvw ���{r}wwyv| y�� rvyv|}yttyx yv| yv −r log 1

2β
� � t ur{�{y ty �tzw �~w yv β �

�v ��xrv|{y �zy �yw ~��{r� }x ~|}rvw wrv| � zw|}¥�yw �~{ ty �~}| �zy t~ w�{}y ��¥v}ww~v| ����� ~zv {~¦rv �y �rv�y{�yv�y vrv vzt ~z|rz{ �y β = 0 � y| �z urv � yz| �{yv�{y t~ t}x }|y |Λ| → ∞ �
�v ~ �rv� �§ ¨©ª©«¬­¬©® ¯°¯ � �rz{ |rz| β > 0 ~wwy± � y|}| � tyw �r{{�t~|}rvw 〈σx1σx2〉 |yv�yv| y�� rvyv|}y²ttyx yv| �}|y �y{w � �rxxy yv ���¤� ��~vw t~ t}x }|y |�y{x r�¦v~x }�zy |Λ| → ∞� �z~v�
r = ‖x1 − x2‖1 → ∞ �

³



´µ´µ¶ ·¸¹º¸»¼½¹½¾¼ ¿ ÀÁÂÂ½ ¼½¹ºÃ»Á¼Ä»½ Å ¹¸ÆÇÈ½ ÉÁÄÂÂÊ½¾ ¸Ä
Ë¸¾Æ½Â Æ½ ÂºÊ¾Ì µ

ÍÎÏÐÑÒÓÔÎÏÐ Õ ÖÑÏ×ØÏÖÏ× ÙØ ÒÓÚØÙÎÛÛØÕØÏ× Ü ÝÖÐÐØ ×ØÕÛÓÔÖ×ÞÔØ ß ÍÎÕÕØ ÎÏ Ð àÖ××ØÏÒ
Ü áØ âÞØ Ð àÓ×ÖÝÙÑÐÐØ ÞÏ áØÔ×ÖÑÏ ÎÔÒÔØ ã ÖÞ ÕÎÑÏÐ ÐÞÔ ÒØ áÎÞÔ×ØÐ ÒÑÐ×ÖÏáØÐ ã Ø× âÞØ ÙØÐ ÖÏäÙØÐ
ÚÖÔÑØÏ× Û ØÞ ã ÑÙ ÒØÚÑØÏ× ÏÖ×ÞÔØÙ ÒØ ÐÞÝÐ×Ñ×ÞØÔ Ü

cos(θi − θj)
ÐÎÏ ÒÓÚØÙÎÛÛØÕØÏ× ÖÞ ÚÎÑÐÑÏÖäØ ÒØ

θi − θj = 0
ã Õ åÕØ ÐÑ Ù àÎÏ ÛØÔÒ ÖÑÏÐÑ ÙÖ ÐæÕ Ó×ÔÑØ ÑÏ×ØÔÏØ ÛÖÔ ÔÎ×Ö×ÑÎÏÐ ß çÏ ÔØÕÛÙÖáØ ÖÙÎÔÐ ÙØ

Õ ÎÒèÙØ ÛÖÔ ÞÏØ ÖÛÛÔÎé ÑÕ Ö×ÑÎÏ ÒÑ×Ø êÒ àÎÏÒØÐ ÒØ ÐÛÑÏë ß ìÖ íÎÏá×ÑÎÏ ÒØ ÛÖÔ×Ñ×ÑÎÏ ØÐ× áØÙÙØ Ò àÞÏ
ÕÎÒèÙØ äÖÞÐÐÑØÏ

Zspw(β) =

∫

Ω0

∏

i∈Λ

dθi

(2π)2
exp

[
−β

2

∑

〈i,j〉

(θi − θj)
2
] îïßðñ

ØéÛÔØÐÐÑÎÏ ÒÖÏÐ ÙÖâÞØÙÙØ ÎÏ Ö ÎÕ ÑÐ ÞÏ íÖá×ØÞÔ ÑÏØÐÐØÏ×ÑØÙ ã ØÏ ÔØÕÛÙÖòÖÏ×
cos(θi − θj)

ÛÖÔ
cos(θi − θj) − 1

ß ìØ áÖÙáÞÙ ÔØÛÎÐØ ÐÞÔ ÙØ ÔÓÐÞÙ×Ö× ÐÞÑÚÖÏ× ó
ôõööõ ÷øù ó ì àÎÛ ÓÔÖ×ØÞÔ ÐÞÔ

`2(Λ)
ã ÒÖÏÐ ÙÖ ÙÑÕ Ñ×Ø

Λ → ∞ ÒÓúÏÑ ÖÞ ÐØÏÐ ÒØÐ íÎÔÕ ØÐ ÛÖÔ
〈θ, Aθ〉 =

∑

〈i,j〉

(θi − θj)
2 ØÐ× ÞÏ ÎÛÓÔÖ×ØÞÔ Û ÎÐÑ×Ñí ÒØ áÎÏÚÎÙÞ×ÑÎÏ îÕÎÑÏÐ ÙÖÛÙÖáÑØÏ ÒÑÐáÔØ×ñ ÒÎÏ×

ÙØ ÏÎæÖÞ ØÐ× ÒÎÏÏÓ ÛÖÔ

A(x) =

∫

[0,2π]2

dq

(2π)2
ei〈q,x〉

(
4 − 2(cos q1 + cos q2)

) îïßûñ
ì àÑÏÚØÔÐØ ÒØ

A
îÎÞ êÛÔÎÛÖäÖ×ØÞÔëñ Ö ÛÎÞÔ ÏÎæÖÞ ÒØ áÎÏÚÎÙÞ×ÑÎÏ

G(x) =

∫

[0,2π]2

dq

(2π)2
ei〈q,x〉

(
4 − 2(cos q1 + cos q2)

)−1 îïßüñ

ìÖ íÎÔÕÞÙØ îïßûñ ÔÓÐÞÙ×Ø ÐÑÕÛÙØÕ ØÏ× ÒØ ÙÖ ÒÓúÏÑ×ÑÎÏ Ò àÞÏØ ÑÏ×ØÔÖá×ÑÎÏ ØÏ×ÔØ ÛÙÞÐ ÛÔÎáýØÐ
ÚÎÑÐÑÏÐ ØÏ ÒÑÕ ØÏÐÑÎÏ þ ÿ ÞÏØ ÛÔØÞÚØ ÛÔÎÝÖÝÑÙÑÐ×Ø ÒØ îïßüñ Þ×ÑÙÑÐÖÏ× ÙØÐ Õ ÖÔáýØÐ ÖÙÓÖ×ÎÑÔØÐ ØÐ×
ÒÎÏÏÓØ ÒÖÏÐ ��×� Ô� ß çÏ ÔØÕ ÖÔâÞØ âÞØ

A(x)
Ø×
G(x)

ÐÎÏ× ÛÎÐÑ×ÑíÐ ã Õ ÖÑÐ Ù àÑÏ×ÓäÔÖÙØ ÒÓúÏÑÐÐÖÏ×
G(x)

ØÐ× ÒÑÚØÔäØÏ×Ø îÒÑÚØÔäØÏáØ ÑÏíÔÖ�ÔÎÞäØ ÙÎäÖÔÑ×ýÕ ÑâÞØñ ã áØ âÞÑ ÔØâÞÑØÔ× ÞÏØ ÔÓäÞÙÖÔÑÐÖ×ÑÎÏ
ÒØ ÙÖ íÎÔÕ Ø

G̃(x) = 2π(G(x) −G(0))
ã ÐÎÑ×

G̃(x) =

∫

[0,2π]2

dq

2π

cos〈q, x〉 − 1(
4 − 2(cos q1 + cos q2)

)

ÍÎÕÕØ ÎÏ Ï àÖ íÖÑ× âÞØ ÔØ×ÔÖÏáýØÔ ÞÏØ áÎÏÐ×ÖÏ×Ø îÑÏúÏÑØñ Ü
G(x)

ã ÙÖ íÎÏá×ÑÎÏ ÒØ � ÔØØÏ
ÐÎÞÐ×ÔÖÑ×Ø

G̃(x)
ØÐ× ×ÎÞ� ÎÞÔÐ ÙØ ÏÎæÖÞ ÒÞ ÛÔÎÛÖäÖ×ØÞÔ ã Õ ÖÑÐ Ï àØÐ× ÛÙÞÐ ÏÓáØÐÐÖÑÔØÕ ØÏ× Û ÎÐÑ×ÑÚØ ã

áÎÕÕØ ÙØ ÕÎÏ×ÔØ ÙØ áÖÐ
d = 1

Î�
G̃(x) = −2π|x| ß ÍØáÑ Û ÎÐØ ÞÏ ÛÔÎÝÙèÕ Ø ÛÎÞÔ ÙØ áÖÙáÞÙ ÒØ

ï�
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# G̃(x) = 2π(G(x)−G(0)) &����

G̃(0) = 0, G̃(1) = −π/2 � 
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G̃(x) = − log(|x|/r0) + O(|x|−1), r0 = 2−3/2e−γ ≈ e−π/2
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RN /
∫

RN

dX exp
[
−1

2
tXAX + tJX

]
=

(
det

A

2π

)−1/2
exp

[1

2
tJA−1J

] �+�+!#

���� '�
 �
 ������
 �
 ����
���� �
 <������

∑

p∈ZN

g(p) =
∑

q∈ZN

∫

RN

dϕg(ϕ)e2iπqϕ �+�++#

&
�
:�
 �� g ��	���� ��= �
��
�� &��
 ( � 7����� �
9
&
���� � 
���
�
�� 
� 	
�	�� �
� 	�����
����� 〈σx1σx2〉spw = 〈exp[i(θx1 −θx2)]〉spw
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�
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〈exp[i(θx1 − θx2)]〉spw =
1

Zspw(β)

∫

Ω0

∏

`∈Λ

dθ`

2π
exp

[
−1

2
β〈θ, Aθ〉 + i(θx1 − θx2)

] �+�+.#
A�����

�� ����
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G̃(x) � �+�@# 
� �+�+!# ����
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〈exp[i(θx1 − θx2)]〉spw = exp
[ 1

2πβ
G̃(x1 − x2)

] �+�+ #

� �
� �
 %
��
 +� /

〈exp[i(θx1 − θx2)]〉spw ∼ (r0/‖x1 − x2‖1)
1/2πβ , ‖x1 − x2‖1 → ∞ �+�+B#
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KLKLM N OPQRS PS T URRV UW X YOWZ[UOW PS \V][U[UOW L
^_ `abcde `d fg`hi_ jcdkkl_m _ke `_ m_ ngdoglp npa`lp_ i q_r lke_ms_ `_ ogpe_r t ndlkud qli

majilj_ ic kvf aepl_ lme_pm_ ncp pgecelgmk w xm_ f_lii_dp_ cnnpgr lf celgm y zckk_ e_fnapcedp_
_ke bgdpml_ ncp i_ fg`hi_ `_ { liiclm |{ l} t n gdp i_ud_i mgdk ciigmk bcsegplk_p ic bgmselgm `_
ncpelelgm ~_e ic bgmselgm `_ sgppaicelgm � kgdk ic bgpf _ `_ `_dr e_pf _k t i qdm p_icelb cd fg`hi_
jcdkkl_m sl�`_kkdk t i qcdep_ y dm fg`hi_ ` qlme_pcselgm `_ evn _ ai_sepgkecelud_ _mep_ f giasdi_k
` qdm jc� w

^_ fg`hi_ `_ { liiclm sgmklke_ y p_fnics_p `cmk i_ `ao_ignn_f_me `_
Z(β)

_m kapl_ `_
�gdpl_p i_k sg_� sl_mek

tn
ncp i_dp ckvfnegelud_

tn ∼ exp(−n2/2β)
y
β

jpcm` w � l_m k�p t s_ee_
npgnplaea m q_ke ocil`_ ud_ ngdp

n2 n_ele `_ocme
β
t _e m_ k_pe ud qy fgelo_p i qlmepg`dselgm `d

fg`hi_ w ^_ pakdiece _ke `_ kdzkeled_p cd ngl`k
eβ cos θ ic bgmselgm

zβ(θ) =
∑

n∈Z

exp
[
−n2

2β
+ inθ

]
=

√
2πβ

∑

n∈Z

exp
[
−β

2
(θ − 2πn)2

]

~ic � �lhf _ ajcilea pakdiecme `_ ~�w��� w � ^c bgmselgm `_ ncpelelgm `d fg`hi_ `_ { liiclm _ke `gms

ZV (β) =

∫

Ω0

∏

`∈Λ

dθ`

2π

∏

〈i,j〉

zβ(θi − θj)

�nphk lmeajpcelgm kdp i_k cmji_k sgff_ `cmk ~�w�� gm epgdo_

ZV (β) =
∑

nij ;(∂n)i=0

exp
[
− 1

2β

∑

〈i,j〉

n2
ij

] ~�w���

co_s
nij = −nji ∈ Z

w �m sgff_ms_ ncp `lksde_p i_k sgm`lelgmk
(∂n)i = 0

_e
(∂n)i = δi,x1−δi,x2`a� y p_msgmepa_k `cmk ~�w�� _e ~�w�� w

�gff_
i
_e
j
`akljm_me `_k nidk npg s�_k oglklmk t gm n_de _msgp_ asplp_

j = i+µ
t co_s

µ =
e1 = (1, 0)

gd
µ = e2 = (0, 1)

t ndlk p_jpgdn_p i_k _mel_pk
nij

ncp nclp_k
nµ(i) = (n1(i), n2(i))

t kl
z l_m ud_ ∑

〈i,j〉

n2
ij =

∑

i,µ

nµ(i)2 t co_s ∑

i,µ

nµ(i)2 =
∑

i

n1(i)
2 + n2(i)

2 + n1(i− e1)
2 + n2(i− e2)

2 w
�cp clii_dpk i qaudcelgm

(∂n)i =
∑

j

nij = 0
n_de k_ f _eep_ kgdk ic bgpf _

(
n1(i) − n1(i− e1)

)
+

(
n2(i) − n2(i− e2)

)
= 0

~
nµ(i)

_ke y �`lo_pj_ms_ mdii_�� _e s_ee_ p_icelgm _ke oapl�a_ kkl
n1(i) = p(i)−p(i−e2) = ∂2p(i)

t
n2(i) = −p(i) + p(i − e1) = −∂1p(i)

co_s
p(i) ∈ Z

t s_ ud qgm mge_ ncp
nµ(i) = ∂µp(i)

~`gms
nµ(i)

k qasple sgff_ dm �s�cfn �cf liegml_m� w�

��
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¤ ���¬�� ­��� �®�¡�¤ �¡�¢�� £ �� ������ ¥��� ¥�

Λ ¯ �� ���� 〈i, j〉 £ i, j ∈ Λ
£ �� ���� �� ��� ­��¢��¡¡��

�¥° � ��¡�� £ ¥�  ��¡��� ���­ � ¡�±�
a

�¡
b
£ ¢� ¦�� ¥�²��¡ ¥� ±�³�� ���´�¢�� ��  µ��������¡ ���

�����¡�¡��� ���
Λ ¶ ·� ������ ¥���

Λ∗ ��¡ � ¦����¤¸�� ¥��  ��¡���
a ¹  ¦��¡ ¥��  ����� � ¦����¤¸��

¥�� ����� ���
Λ
£  ± ¶ §º� £­ »¼½« ­��� �� ��¡��� �¤­��¡��¡� ¥� ¾ ��¡���¿ ¥ ¦���  ��²����¡��� ¶ÀÁ ���¡����¡ �� � ¦�� ­ ���

nij = ma − mb

£
ma, mb ∈ Z

£ �� ´���²� ¢��
(∂n)i = 0

£ ����� ¢��
nij = −nji ¶Â����¥����� ¤ ���¡����¡ � ¦�¢��¡��� �´�  �� ¡��¤ � ���� �

δi,x1−δi,x2 ¶ Ã ��� ��� �Ä­�������
 �¤¤� ¹»¶¼À �� ¹»¶»¼À �� ��¡  ��¥��¡ Å ��¤¤�� ��� ¡��� ���  µ�¤ ��� ° ������¡

x1

Å
x2

£ ­��� Å
���¥��  ��Ä ¢�� ¥�����¡ �� ­��� ����¥�  ��¡��¸�¡��� ¹�� ¥ ¦��¡��� ¡��¤ �� £  ��Ä ¢�� ¤ ���¤ ����¡
���  ��¡���� � ¡��� ¶ À º��¡ ¥�� 

C ⊂ Λ
�� ¡��  µ�¤ �� �����¡� £ ¥�������� ­��

ηab

� ¦��¥� �
¥ ¦��¡���� ¡��� ¢�� ´��¡ Æ ��

C
��  ��­ � ­�� �� ���� 〈a, b〉 ¹�� ¥ ¦��¡��� ¡��¤ �� £

C
�� ­���� ­��

­��
i
�¡
j À £ �¡ ±1

¥��� ��  ��  ��¡����� ¹� ¶� ¶ �� ����� ¥� � ¦����� �����¡� ��¡��
C

�¡
(a, b) ¶ À Ã���

 ��  ��¥�¡���� £ �� � ¦�� ­ ���
nij = ma−mb +ηab

£
ma, mb ∈ Z

£ �� ´���²� ¢��
(∂n)i = δi,x1 −δi,x2

£
����� ¢��

nij = −nji ¶Ç �´����� Å ¹»¶»¼À ¢� ¦�� ­ ��¡ ¥��  �� ���� £ �´�  �� ­��¤ �¬�� ¤ �¡µ�¥� ¹Å ���  ���¡��¡�
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ZV (β) =
∑

p∈Z

exp
[
− 1

β

∑

i∈Λ,µ∈{e1,e2}

(∂µp(i))
2
]

¹´��� ����� §º� £­ ¶»ÈÉ« ¶ À Ê¡������� ¤ ���¡����¡ �� ±��¤��� ¥� ��¤¤�¡��� ¥� ������� �´�  ¯
g(ϕ) = exp

[
− 1

2β

∑

i,µ

(∂µϕ(i))2
] �� ¡���´� ¥�� 

ZV (β) =

∫

Ω0

∏

i∈Λ

dϕi

∑

p(i)∈Z

exp
[
− 1

2β

∑

i,µ

(∂µϕ(i))2 + 2iπ
∑

i

p(i)ϕ(i)
] ¹»¶»ÈÀ

��
p(i)

£ ��­­�����Ë�� £ ��¡ ��  µ�¤­ � ������ Å ´������ ��¡�¬��� ¶ Ì� ��¡ ¤ ���¡����¡ ­����¸��
¥ ¦��¡����� ���

ϕ(i)
�� ¤ �¤¸�� ¥� ¥���¡� �� �¡������¡ ¹»¶»ÆÀ £ �´� 

〈ϕ,Aϕ〉 =
1

2β

∑

i,µ

(∂µϕ(i))2

�Í � ¦��  ����¥¬��
ϕ

 �¤¤� �� ´� ¡��� ¥�
RN £ �¡

J
�� ´� ¡��� ¥�  �¤­����¡��

2iπp(i) ¶ Î�
�� ����Ï¡ ¥��� ∑

i,µ

(∂µϕ(i))2 � ¦�Ä­������� ∑

〈i,j〉

(ϕi −ϕj)
2 ¥�° Å ��� ��¡��� ¥��� ¹»¶½À £ �� ¸ ��� ¢��

¹»¶»»À ­ ��¤ �¡ ¥ ¦� ����

ZV (β) =
(
det

A

2π

)−1/2
∑

p(i)∈Z

exp
[
−2πβ

∑

i,i′

p(i)G̃(i− i′)p(i′)
] ¹»¶»½À

»Ð



ÑÒ G̃ ÓÔÕ Ö× ØÑÙÚÕÛÑÙ ÜÓ ÝÞÓÓÙ ÔÑßÔÕÞ×ÛÕÓ ÜàáÙÛÓ âÖßÔ ã×ßÕ ä åßÓ Ö æÑÙ × ÔßçÔÕÛÕßàÓ ×ß âÞÑâ×è×ÕÓßÞ
G(i) Üß éÓêêÓ ëìí ì î×Þ ×ÛÖÖÓßÞÔ (

det A
2π

)−1/2 ÓÔÕ ×Ù×ÖÑèßÓ ï Ö× ØÑÙÚÕÛÑÙ ÜÓ â×ÕÞÛÕÛÑÙ Zspw(β)Ú×ÖÚßÖàÓ ÓÙ ðëìëñò â ÑßÞ ÖÓ êÑÜóÖÓ è×ßÔÔÛÓÙ ä ÑÒ Ö æÑÙ ×ßÞ×ÛÕ Úã×Ùèà Ü æàÚãÓÖÖÓ ÓÙ âÑÔ×ÙÕ ðØÑÞê ÓÖÖô
Óê ÓÙÕò ϕ = βθ ìõÑÕÑÙÔ Z ′(β) =

∑

p(i)∈Z

′ exp
[
−2πβ

∑

i,i′

p(i)G̃(i − i′)p(i′)
] ÖÓ ÔÓÚÑÙÜ Ø×ÚÕÓßÞ Ü×ÙÔ ðëìëöò ä

ÑÒ ∑

p(i)∈Z

′ ÛÙÜÛåßÓ åßÓ Ö æÑÙ ÜÑÛÕ ÔÑêêÓÞ ßÙÛåßÓêÓÙÕ ÔßÞ ÖÓÔ ÚÑÙáèßÞ×ÕÛÑÙÔ ÜÓ ÷ÑÞÕÛÚÛÕà ÕÑÕ×ÖÓ
ÙßÖÖÓ ø ∑

i∈Λ

p(i) = 0 ðÚÑÙÜÛÕÛÑÙ ÜÛÕÓ ÜÓ ùÙÓßÕÞ×ÖÛÕàúò ä ÖÓÔ ×ßÕÞÓÔ ÙÓ ÚÑÙÕÞÛçß×ÙÕ â×Ô ï Ö× ÔÑêêÓ
Ü×ÙÔ Ö× ÖÛê ÛÕÓ |Λ| → ∞ ì ûÙ × ÜÑÙÚ

ZV (β) = Zspw(β)Z ′(β) ðëìëüò
ûÙ ÷× ê×ÛÙÕÓÙ×ÙÕ ÛÜÓÙÕÛáÓÞ Z ′(β) ï Ö× ØÑÙÚÕÛÑÙ ÜÓ â×ÞÕÛÕÛÑÙ Ü æßÙ ÚÓÞÕ×ÛÙ ê ÑÜóÖÓ ÜÓ ÷ÑÞÕÓý äÜÛÕ ÚÑßÖÑêçÛÓÙ ð÷ÑÛÞ ×ßÔÔÛ þÿÛ äâ ìë��� ì ò ì îÑßÞ ÚÓÖ× ÑÙ ßÕÛÖÛÔÓ ÖÓ Üà÷ÓÖÑââÓêÓÙÕ ×Ô�êâÕÑÕÛåßÓÜß éÓêêÓ ëìñ åßÛ Ô æ×÷óÞÓ ÷×ÖÛÜÓ ×÷ÓÚ ßÙÓ âÞàÚÛÔÛÑÙ ÓýÚÓÖÖÓÙÕÓ ê �êÓ âÑßÞ ÜÓ â ÓÕÛÕÓÔ ÷×ÖÓßÞÔ
ÓÙÕÛóÞÓÔ |x| ≥ 1 ì �ÚÞÛ÷ÑÙÔ ÜÑÙÚ G̃(i−i′) = −π

2
− log |i−i′|+O(|i−i′|−1) âÑßÞ i 6= i′ ä Õ×ÙÜÛÔ åßÓ

G̃(i − i′) = 0 âÑßÞ i = i′ ì é× ÚÑÙÜÛÕÛÑÙ ÜÓ ÙÓßÕÞ×ÖÛÕà ÓÙÕÞ×�ÙÓ åßÓ ∑

i6=i′

p(i)p(i′) = −
∑

i

p(i)2

ÓÕ ÜÑÙÚ
ZV (β) ≈ Zspw(β)

∑

p(i)∈Z

′ exp
[
−2πβ

∑

i,i′

p(i)p(i′) log |i− i′| − π2β
∑

i

p(i)2
] ðëìë�ò

ÚÓ åßÛ ê ÑÙÕÞÓ åß æ×ß Ø×ÚÕÓßÞ Zspw(β) âÞóÔ Ö× ØÑÙÚÕÛÑÙ ÜÓ â×ÞÕÛÕÛÑÙ Ô æÛÜÓÙÕÛáÓ ï ÚÓÖÖÓ Ü æßÙ è×�ÜÓ â×ÞÕÛÚßÖÓÔ Úã×ÞèàÓÔ ÓÙ ÛÙÕÓÞ×ÚÕÛÑÙ ÚÑßÖÑêçÛÓÙÙÓ ä èÖÑç×ÖÓê ÓÙÕ ÙÓßÕÞÓ ì �ã×åßÓ â×ÞÕÛÚßÖÓ ÓÔÕ
×	ÓÚÕàÓ Ü æßÙÓ Úã×ÞèÓ p(i) ∈ Z ÓÕ ÖÓÔ ÔÛÕÓÔ i Üß ÞàÔÓ×ß Ô æÛÙÕÓÞâÞóÕÓÙÕ ÚÑêêÓ ÜÓÔ ÷ÑÞÕÓý ì é×
ÔÛÕß×ÕÛÑÙ ÓÔÕ ×ÖÑÞÔ ÚÑêâ×Þ×çÖÓ ï ÚÓÖÖÓ ÜÓÔ àåß×ÕÛÑÙÔ ÜÓ ÝÛÙ�çßÞèôé×ÙÜ×ß þ
 ÓÕ
 Þ� Ó� ä þ�Ñ � ä
þû÷ÿÛ� äì ì ìì
�
�
� � ����� �� � ���� �� � ������������ 


ûÙ âÓßÕ ×ßÔÔÛ ÔÓÖÑÙ ÖÓÔ ê �êÓÔ ÖÛèÙÓÔ Ú×ÖÚßÖÓÞ ÖÓÔ ÚÑÞÞàÖ×ÕÛÑÙÔ ÓÙÕÞÓ ÜÓßý ÔâÛÙÔ âÑßÞ ÖÓ
ê ÑÜóÖÓ ÜÓ � ÛÖÖ×ÛÙ ì �ÑêêÓ Ü×ÙÔ ðëì ò ÑÙ àÚÞÛÕ

〈exp[i(θx1 − θx2)]〉V =

∑

nij ;(∂n)i=δi,x1
−δi,x2

exp
[
− 1

2β
n2

ij

]

∑

nij ;(∂n)i=0

exp
[
− 1

2β
n2

ij

]
ðëìí!ò

ë"
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Z̃V (x1, x2, β) =
∑

qa

∫

Ω∗

0

∏

a∈Λ∗

dϕa exp
[
− 1

2β

∑

〈a,b〉

(ϕa − ϕb + ηab)
2 + 2iπ

∑

a

qaϕa

]

)29> -;D#%')).($ %# +.**;
Z̃V (x1, x2, β) = exp

[
− 1

2β

∑

〈a,b〉

(ηab)
2
]

×
∑

qa

∫

Ω∗

0

∏

a∈Λ∗

dϕa exp
[
− 1

2β

∑

〈a,b〉

(ϕa − ϕb)
2 − 1

β

∑

〈a,b〉

ηab(ϕa − ϕb) + 2iπ
∑

a

qaϕa

]

E( *#+'((.F$ #(+'*# 2(# 9($;G*.%# G.2>>9#((# -# %. /'*: # 3454H7 'I %# $#*: # %9(;.9*# #( ϕ #>$ J
− 1

β

∑

〈a,b〉

ηab(ϕa − ϕb) + 2iπ
∑

a

qaϕa
5 K %%# ># +.%+2%# .2 :'B#( -# 345447 #$ 345L7 5 E( $*'2D#

.9>;: #($
Z̃V (x1, x2, β) = Zspw(β) exp

[
− 1

2β

∑

〈a,b〉

(ηab)
2
]∑

qa

exp
[
−2πβ

∑

a,b

(qa + q′a)G̃(xa − xb)(qb + q′b)
]

345< 47
'I % &'( . )'>; q′a = −(2iπβ)−1ηa

@ ηa =
∑

b

ηa,b
@ #$ '( *#:)%.+# -# ('2D#.2 (

det A
2π

)−1/2 ).*
Zspw(β) 5 M'2* -;$#*: 9(#* 〈exp[i(θx1 − θx2)]〉V 9% /.2$ #(+'*# -9D 9>#* 345<47 ).* ZV (β) 5 E(
-;D#%'))# - &.1 '*- (qa + q′a)G̃(xa − xb)(qb + q′b)

)'2* /.+$'*9>#* %. +'($*912$9'( 9(-;) #(-.($#
-#> N+?.*G#>O qa @ +# C29 -'((#

Z̃V (x1, x2, β) = H1(x1, x2, β)H2(x1, x2, β) 345<<7
.D#+

H1(x1, x2, β) = exp
[
− 1

2β

∑

〈a,b〉

η2
ab +

1

2πβ

∑

a,b

ηaG̃(xa − xb)ηb

]

H2(x1, x2, β) =
∑

qa

exp
[
−2πβ

∑

〈a,b〉

qaG̃(xa − xb)qb
]
exp

[
−2i

∑

〈a,b〉

qaG̃(xa − xb)ηb

]

#( (# +':)$.($ C2 &2(# >#2%# /'9> a, b -.(> ∑

a,b

ηaG̃(xa − xb)ηb
5 E( *#: .*C2# .%'*> C2#

H2(x1, x2, β)

ZV (β)
= 〈exp

[
2i

∑

a

qa
∑

b

G̃(xa − xb)ηb

]
〉Coul

345<P7

4Q



RS TU VRWXYYX Z [X\X]^_X `Ua aU``Ra^ U_b `RcdZ cY^XaeXYUY^ dUYZ fghgij fXZ` kaUY]X ]RYdc^cRYl
YXTTXj m X^ T [cYdc]X noR_Tp akqraX s _Y VRdrTX d [cY^XaU]^cRY oR_TRVtcXY h uXZ^X s cdXY^cvXa
H1(x1, x2, β) UeX] 〈exp[i(θx1 − θx2)]〉spw

]UT]_TkX XY fghggj ]X w_ [RY qUc^ dX TU qUxRY Z_ceUY^X hy [Xb`RZUY^ dUYZ H1(x1, x2, β) `X_^ Z [k]acaX − 1
2β
γ(xa − xb)

RS

γ(xa, xb) =
∑

〈a,b〉

η2
ab −

∑

a,b

ηaG(xa − xb)ηb

zY aU``XTTX w_X G̃(x) = −2π(G(x) −G(0)) dkZc{YX TU qRY]^cRY dX |aXXY ak{_TUacZkX m V UcZ c]c
TU ]RYdc^cRY dX YX_^aUTc^k ∑

a

ηa = 0 UZZ_aX T [kTcV cYU^cRY dX TU dceXa{XY]X cYqaUlaR_{X h
yX `RcY^ XZZXY^cXT ` R_a ]UT]_TXa γ(a, b) XZ^ dX aXV Uaw_Xa w_X TU qRY]^cRY ηa

m ]UT]_TkX TX
TRY{ d [_Y ]}XV cY w_XT]RYw_X C ~ Rc{YUY^ x1

s x2
aX`akZXY^X _YX eXaZcRY dcZ]ar^X d [_Y `R^XY^cXT

dX dR_tTX ]R_]}X Z_a C h �R_a ZcV `TcvXa m RY ]RYZcdraX TX ]UZ RS x1
X^ x2

ZRY^ Zc^_kZ Z_a _Y UbX
`acY]c`UT d_ akZXU_ h � TRaZ C XZ^ TX ZX{V XY^ [x2, x1]

m X^ ` RZUY^ r = |x1 − x2| m RY ^aR_eX w_X
γ(xa, xb) = γ̂(xa − xb)

X^
γ(r) = r −

∑

1≤x,x′≤r−1

[
2G(x− x′, 0) −G(x− x′, 1) −G(x− x′,−1)

]

oRVVX
4G(x, y) −

[
G(x+ 1, y) +G(x− 1, y) +G(x, y + 1) +G(x, y − 1)

]
= δx,0 ⊗ δy,0

RY ^aR_eX qU]cTXV XY^ γ(r) = 2(G(0) −G(r)) = −G̃(r)/π m X^ dRY]

H1(x1, x2, β) = exp
[ 1

2πβ
G̃(x1 − x2)

]

�_tZ^c^_UY^ ]X^^X Xb`aXZZcRY UcYZc w_X fgh��j dUYZ fgh��j m X^ fgh��j s T [UcdX dX fghggj RY ^aR_eX
〈exp[i(θx1 − θx2)]〉V = 〈exp[i(θx1 − θx2)]〉spw〈exp

[
−2i

∑

a

qa
∑

b

G̃(xa − xb)ηb

]
〉Coul

fgh��j

]X w_c XZ^ TU dk]RV`RZc^cRY UYYRY]kX h �cXY Z�a ]X^^X Xb`aXZZcRY XZ^ qRaV XTTX ]Ua RY U c{YRak
^R_^XZ TXZ dc� ]_T^kZ d_XZ s TU aXYRaV UTcZU^cRY dX G h
� ���� �� ������� ��� �� ����� �� ������ ����� �

zY `X_^ ^caXa dX fgh��j w_XTw_XZ cYqRaV U^cRYZ Z_a TU dk]aRcZZUY]X dXZ qRY]^cRYZ dX
]RaakTU^cRYZ `R_a TX VRdrTX dX � cTTUcY s tUZZX ^XV`kaU^_aX ��^� a� m ZUYZ `R_eRca ^R_^XqRcZ TXZ
{kYkaUTcZXa qU]cTXV XY^ U_ VRdrTX �� w_c UeUc^ VR^cek ZRY cY^aRd_]^cRY h zY aU`` XTTXaU dRY]

g 



¡¢£¤¥¤ ¦§¨¦ §£©£¨ª «¬­®¨¦¤¯§¤°®¨ ± ¢ª¦ ¯¬¦£¢¤§¤¦ «ª ¢§ ¤²¬®¯°ª «£ª ³ ´ µ¶¯·²¢°©² ª¤ ¸ µ¹¡ª¨©ª¯º¶¯¹¡» ¦£¯ ¢ ¼§¦½­¡¤®¤°¾£ª «ª¦ ¿®¨©¤°®¨¦ «ª ©®¯¯¬¢§¤°®¨¦ ± À £¦¤°Á§¨¤ «ª ¿§Â®¨ ¯°Ã®£¯ª£¦ª ¢ª¦
§¯Ã£­ ª¨¤¦ «ª ºÄª» ± ºÅ®» ± ºÅ®¸²» ¦£¯ ¢§ ¤¯§¨¦°¤°®¨ «ª ¡²§¦ª «ª ¦ª©®¨« ®¯«¯ª ¡®£¯ ¢ª ­®«Æ¢ª «ªÇ °¢¢§°¨ ª¤ ©ª¢¢ª «£ ­®«Æ¢ª ÈÉ §Êª© °¨¤ª¯§©¤°®¨ ª¨¤¯ª ¡¢£¦ ¡¯® ©²ª¦ Ê®°¦°¨¦ µ

Ë§¨¦ ¢ª ­®«Æ¢ª ÈÉ ± °¨¤ª¯§©¤°®¨ ª¨¤¯ª ¡¢£¦ ¡¯®©²ª¦ Ê®°¦°¨¦ ± ¡ ®£¯ β ¡ª¤°¤ ± ¨®£¦ §Ê®¨¦ Ê£ÌÍ¯®¡ ®¦°¤°®¨ ÎµÎÏ ¾£ª ¢ª¦ ©®¯¯¬¢§¤°®¨¦ ¦®¨¤ ³ «¬©¯®°¦¦§¨©ª ªÐ¡ ®¨ª¨¤°ª¢¢ª
〈σiσj〉 ≤ exp[−|i− j|/ξ(β)]

¾£§¨« ¢§ «°¦¤§¨©ª |i− j| ¤ª¨« Êª¯¦ ¢ ¼°¨Á¨° ± §Êª© £¨ª ÑÒÓÔÕ ÖÕ× ØÖ ÙÒ××ÚÑÛÜÝÒÓ ξ(β) = 1/ log 1
2β

µË §¨¦ ¢ ¼§¡¡¯®Ð °­ §¤°®¨ ¡§¯ ¢ª ­®«Æ¢ª Ã§£¦¦°ª¨ ± ª¨ ¯ªÊ§¨©²ª ± 〈σiσj〉 → 0 ¡®¢½¨®­ °§¢ª­ ª¨¤ ª¨
|i− j| µ Å®¦¤ª¯¢°¤Þ ª¤ ¸²®£¢ª¦¦ ®¨¤ °¨¤ª¯¡¯¬¤¬ ©ª ¦©²¬­ § «ª ¢§ ¿§Â®¨ ¦£°Ê§¨¤ª ß

à ¢§ ¿®°¦ ¡®£¯ ¢ª¦ ¡ ª¤°¤ª¦ ª¤ Ã¯§¨«ª¦ Ê§¢ª£¯¦ «ª β ± ¢ª¦ á£©¤£§¤°®¨¦ §£¤®£¯ «ª 〈σiσj〉 ¦®¨¤ ³
©®£¯¤ª ¡®¯¤¬ª µ âª¡ ª¨«§¨¤ £¨ª ¤¯§¨¦°¤°®¨ «£ ¦ª©®¨« ®¯«¯ª §¡¡§¯§°¤ §£ Ê®°¦°¨§Ãª « ¼£¨ª ©ª¯¤§°¨ª
¤ª­¡¬¯§¤£¯ª °¨Êª¯¦ª ©¯°¤°¾£ª βc

± ¢§ ¢®¨Ã£ª£¯ «ª ©®¯¯¬¢§¤°®¨ ξ(β) ¤ª¨«§¨¤ Êª¯¦ ¢ ¼°¨Á¨° ¾£§¨«
β → βc

µ ã¨ ©ª ¡®°¨¤ ¢ª¦ ¿®¨©¤°®¨¦ «ª ©®¯¯¬¢§¤°®¨ «¬©¯®°¦¦ª¨¤ ¡®¢½¨®­ °§¢ª­ ª¨¤ §Êª© |i− j| ß
〈σiσj〉 ∼ (1 + |i− j|)−η, β = βc

Ë§¨¦ ¢ª ­ ®«Æ¢ª « ¼ä¦°¨Ã Ì¦¡°¨¦ ³ Ê§¢ª£¯¦ «§¨¦ ±1 ± Ï ®¨ ¦§°¤ ¾£ª η = 1/4 µ å¨ ¡ª£¤ «¬©¯°¯ª ©ª¦
¤¯§¨¦°¤°®¨¦ ª¨ ¤ª¯­ ª¦ « ¼ªÐ©°¤§¤°®¨¦ ¤®¡ ®¢®Ã°¾£ª¦ ± §¡¡ª¢¢¬ª¦ Ê®¯¤ªÐ µ à æ§¦¦ª ¤ª­¡¬¯§¤£¯ª ± ¢ª¦
Ê®¯¤ªÐ ¦ ¼®¯Ã§¨°¦ª¨¤ ª¨ «°¡¥¢ª¦ Ì¡§°¯ª¦ Ê®¯¤ªÐ ç§¨¤°Ê®¯¤ªÐ Ï ± ¡£°¦ £¨ ¬¤§¤ «¬¦®¯«®¨¨¬ ¬­ª¯Ãª ³ ¢§
¤¯§¨¦°¤°®¨ µ ¸®£¤ª¿®°¦ ± ¢ ¼ªÐ¡¯ª¦¦°®¨ è¤¯§¨¦°¤°®¨ «£ ¦ª©®¨« ®¯«¯ªé ¤¯§«£°¤ ¢ª ¿§°¤ ¾£ª ¢ª¦ ¾£§¨¤°¤¬¦
¤²ª¯­®«½¨§­ °¾£ª¦ ± ¤ª¢¢ª¦ ¾£ª ¡¯ª¦¦°®¨ ± ¬¨ª¯Ã°ª ¢°æ¯ª ± ¦®¨¤ ©®¨¤°¨£ª¦ §£ ¡®°¨¤ «ª ¤¯§¨¦°¤°®¨ µ

å¨ ¡¯¬¦ª¨¤ª §¢®¯¦ ¢ª¦ ¡¯°¨©°¡§£Ð ¯¬¦£¢¤§¤¦ ¯°Ã®£¯ª£Ð ¡®£¯ ¢ª¦ ­ ®«Æ¢ª¦ ÈÉ Ì°¨¤ª¯§©¤°®¨
ª¨¤¯ª ¡¢£¦ ¡¯® ©²ª¦ Ê®°¦°¨¦Ï ª¤ ¢ª ­ ®«Æ¢ª «ª Ç °¢¢§°¨ µ

à ©§£¦ª «ª¦ °¨¬Ã§¢°¤¬¦ «ª ©®¯¯¬¢§¤°®¨ ºê °» ± ª¤ «ª ¢§ ¡¯®¡¯°¬¤¬ « ¼ªÐ °¦¤ª¨©ª ª¤ « ¼£¨°©°¤¬ «ª
¢ ¼¬¤§¤ «ª ê°ææ¦ ºË®¹²» ± ºÄ¯ë§¶®» ± ¢§ ¢°­ °¤ª ¤²ª¯­®«½¨§­ °¾£ª 〈σiσj〉 «ª¦ ©®¯¯¬¢§¤°®¨¦ 〈σiσj〉Λ ±
¢®¯¦¾£ª |Λ| → ∞ ± ª¦¤ æ°ª¨ «¬Á¨°ª µ å¨ ©®¨¨§°¤ §£¦¦° £¨ª ­ §À ®¯§¤°®¨ «ª¦ ©®¯¯¬¢§¤°®¨¦ ³ ¤®£¤ª
¤ª­¡¬¯§¤£¯ª ß
ìíîïðñòó ôõö º÷©Ä¹¡» ß Í®£¯ ¤®£¤ β > 0 ª¤ ¤®£¤ ε > 0 ± °¢ ªÐ °¦¤ª K(β, ε) > 0 ± ¤ª¢¦ ¾£ª ß

0 ≤ 〈σiσj〉 ≤ K(β, ε)(1 + |i− j|)−1/(2π+ε)β

ã¨Á¨ ± ¢ª ©®­¡®¯¤ª­ ª¨¤ «ª¦ ©®¯¯¬¢§¤°®¨¦ ³ æ§¦¦ª ¤ª­¡¬¯§¤£¯ª ª¦¤ «®¨¨¬ ¡§¯ ¢ª ß
ìíîïðñòó ôõø º¶¯¹¡» ß Í®£¯ ¤®£¤ β > 0 ¦£ù ¦§­­ª¨¤ Ã¯§¨« ß

〈σiσj〉 ≥ Const.(1 + |i− j|)−1/2πβ′

¡®£¯ £¨ β ′ = β ′(β) > 1/4π ± §Êª© β ′(β) → ∞ ¾£§¨« β → ∞ µ
Îú



ûüýüþÿ �� ��� �� �ÿý� ��ÿÿ� �� ý����ÿ �þ	
���ý	ÿ ��
��� �ü�
 ��ÿ 
�� �� �ü��ü�� 	ý���	ÿ �����ÿÿ�ÿ � ��ÿ ý
�þÿ�ý�üþÿ �� ���ÿ� �� ÿ��üþ�� �ÿ� ��� � ü�
 � ���ý
�ÿ � ü����ÿ ���� 

ü��� �üþý �þ��� ÿ��	ý
��ÿ üþý 	ý	 �üþÿ��	
	�ÿ �����ÿ ���� � ���þý��� � ���þý�ü �� � � � ��� ��ýý	
�ý�
� ÿ�
 ��ÿ!üþ�ý �üþÿ �� �ü

	��ý �üþÿ ��þÿ ��ÿ ÿ�ÿý�� �ÿ �� ÿ��þÿ �ÿý ���þ ÿ�
 ý
�ÿ ��ÿý� � ��ýüþÿ ��
 ���������" #� � ü�
 � ��ÿ���ýüý ���� ��ÿ �ü

	��ý�üþÿ $ �	�
ü �ÿÿ�þ�� ��� üþ�þý ����� �
% &' () *+,-.) ,/ 012*3 *+4)5 &

6ü�
 ��ÿ � ü����ÿ ��� þü�ÿ ��üþÿ �üþÿ��	
	ÿ � � ��þý�
��ý�üþ $ �ü�
ý� � ü
ý	� þ� � �ý �þ" �� ��� ��ÿ ���ÿ �
ü ���ÿ �ü �ÿ�þÿ � 7� �üþý
��
� � ��þÿ �� � ü���� �� ����� � ü��þ � ������ ÿ�ý��þý�
�
�ý ���� ýü�ÿ ��ÿ ��ý
�ÿ � �üþÿ��	
	ÿ �ü��� �þ �þ��
üþþ�� �þý 8�þ �!ü
� �9 �
:þ �� 
��� ���
 �
����� �þý ��ÿ �
ü�
�	ý	ÿ �� ����� � ü��þ �;ý<
� � �6
� � ��� �üþþ� �� � ü �þý�� �	��
ý �ü�
 �üþÿý
��
� �� � ü���� �� =�� � �ý ��
� �ýý
� �� �������
 � ��þý
ü��� �� ÿ�ÿý�� ���þÿ �� ��ÿ � ��þ� ÿ�� 	ý
�� �üþý�þ�� � �ü�
�� ��� ��ÿ ��
���ý
�ÿ � �ü��� �� ��
þ	ý �ÿ�ý�üþ ���
��þý ��þÿ ��
ý��þ�ÿ ��� �ý�ÿ �
�ü���þ>üþÿ ��
 �� ��ÿ �� ÿ��þÿ $ �����
ÿ ��ÿ�
�ý�ÿ

σ = ±1
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σ = σΛ
��þÿ �� 
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Λ
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N = |Λ| � �ÿý þüý	 XΛ

� �� � �
þ	ý �ÿ�ý�üþ ��
σΛ ∈ XΛ

�ÿý�	?þ �� ��

m(σΛ) = 1

N

∑

i∈Λ

σΛ(i)
� �ý �ü�


m ∈ [0, 1]
� � ��þÿ����� ��þüþ ���� Xm,Λ = {σΛ ∈ XΛ :

m(σΛ) = m} � �� ��� ��ýüþ ��þ �ÿý �üþþ	 ÿ�� ���� �þý ��

H0(σΛ) = −Nm2/2

� �� !üþ�ý �üþ ����
ý �ý�üþ ���ý���þüþ ���� ��

Zβ,m,Λ =

∑

σΛ∈XΛ,m

e−βH0(σΛ)

:þ ���ý ��ü
ÿ �	?þ �
 ��ÿ ��
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� ü��þ�� ����ÿ �þý�þÿ���ÿ
I(m) = 1

N
log |Xm,Λ| @�þý
ü���A�ý

Fβ,m,Λ = − 1

βN
logZβ,m,Λ

@	þ�

�� ���
�A � :þ � Fβ,m,Λ = −m2/2 − I(m)/β
� �ý �þ ÿ�� ��� ������ �ü���þ�ýü �
� �üþþ�

|Xm,Λ| =
(

N
n

)�
n = N

[
m+1

2

] @��
ý�� �þý ��
�A � �� !üþ�ý �üþþ���� 	þ�

�� ���
� � �ý ����
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��
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I(m)
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β > βc

� ��ü
ÿ
m 7→ Fβ,m,Λ

����ý �þ � ü �þý�
�ý ���� � ��þÿ �� ��� �ý�
N = |Λ| → ∞ �
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q = 2, 3
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�������
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I(m) = 1
N

log |Xm,Λ|
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φ(h) =

∫
Sq−1 ν(dσ)e〈h,σ〉 � h ∈ Rq � ÿ� ý
�þÿ!ü
� �ý �üþ�� ��
�þ�
�

I(m) = suph∈Rq

(
〈h,m〉 − logφ(h)

)

DE



FGHI
q = 2 J GK L

φ(h) = φ̂(|h|) = I0(|h|) MNGKOPQGK RS TSUUSV WGRQXYS R ZGIRIS [\ ] ^L NGKOPQGK
ρ 7→ Î(ρ)

SUP OGK_S`S J UPIQOPSW SKP OIGQUULKPS UHI a[ J bc J Î(ρ) ∼ ρ2 dHLKR ρ → 0 J Î(ρ) ∼
−1

2
log(1 − ρ) J dHLKR ρ → 1 J SP OSU ISVLPQGKU e SH_SKP fPIS RQgYISKOQYSU ] hK L LHUUQ

Î ′ =(
(log φ̂)′

)−1 J SP (log φ̂)′(t) = I1(t)/I0(t) MI1 NGKOPQGK RS TSUUSV W GRQXYS R ZGIRIS b\ ]FGHI
q = 3 MWGRiVS R ZjSQUSKk SIl\ GK OLVOHVSILQP RS W fWS

φ(h) = sinh(|h|)/|h| J W LQUe GHI UQW eVQXSI GK US VQW QPSIL m
q = 2

]
^ ZYKSIlQS VQkIS RH OnLWe WGoSK MQKPSKUQ_S\ SUP RGKKYS eLI

fβ(m) = −1

2
|m|2 +

1

β
Î(|m|)

^L PILKUQPQGK RS enLUS RLKU VS WGRiVS RH OnLWe WGoSK L VQSH LH eGQKP OIQPQdHS RS
fβ J Q ]S ] VLILOQKS RS V ZYdHLPQGK βmβ = Î ′(mβ) J dHQ S` QUPS UUQ

β > Î ′′(0) = q = 2 J SP _SIQXYS 0 < mβ < 1
]p QKUQ VL _LIQYPY OIQPQdHS q GHQP SKOGIS RS V ZQK_LIQLKOS eLI

O+(2)
] ^S lILenS RS

fβ

eIYUSKPS HKW L` QWHW ISVLPQN SK [ SP HK eGQKP R ZQKrS` QGK
0 < m∗

β < mβ
] ^L IYlQGK

[0, m∗
β]

Gs VS lILenS SUPOGKOL_S SUP LeeSVY IYlQGK UeQKGRLVS J [m∗
β , mβ]

IYlQGK WYPLUPLkVS J SP [mβ , 1[
IYlQGK UPLkVS ] hKISW LIdHS dH ZHK RYNLHP RH WGRiVS RH OnLWe WGoSK SUP dHS fβ

K ZSUP eLU OGK_S`S J PGHP OGWWSVS RQLlILWWS RS tLK RSI uLLVU eGHI VL PILKUQPQGK RS enLUS VQdHQRSv_Le SHI ] wK LHPIS RYNLHPSUP R ZfPIS NGIWHVY RLKU HK OLRIS QKPSKUQN J Q ]S ] RS KS eLU eISKRIS SK OGWePS VL RQW SKUQGK RHIYUSLH ] ^S WGRiVS RS xLO e SIW SP RS ISW YRQSI m RS PSVU RYNLHPU ]

by
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ÄÅ ÆÇÈÉÊË ÌÇÍÎÏË ≈ γ−1ÐÅ ÆÄÍÉË ÑÇÈÈËÑÎÒÓ ÒÎÏ Ô ÑÕÄÖÊË ×ÒÎË ÒÈÎËÍÄÉÒÎ ÄÓËÑ ≈ γ−d ØË ×Ë× ÓÇÒ×ÒÈ× Ù
ÑÅ ÚÄÒÐÆË ÑÇÊÌÆÄÉË γd Ù
Ø Å ÒÈÎËÈ×ÒÎÏ ÎÇÎÄÆË ÑÇÈ×ÎÄÈÎË ∫

Jγ = 1 ÙÛÒ L̃ = diam(Λ̃) << γ−1 Ü ÆË× ×ÌÒÈ× ×ÇÈÎ Ë××ËÈÎÒËÆÆËÝ ËÈÎ ÒÈØÏÌ ËÈØÄÈÎ× Ù ÛÒ L̃ ≈ γ−1 Ü ÆË×Þ×ÎßÝ Ë ×Ë ÑÇÝÌÇÍÎË ÑÇÝÝË ÑËÆÊÒ ØÊ ÑÕÄÝÌ ÝÇÞËÈ Ù àÈáÈ ×Ò L̃ >> γ−1 Ü ÒÆ ÍË××ËÝÐÆË ÄÊ ÝÇØßÆËâã ÄÓËÑ ÒÈÎËÍÄÑÎÒÇÈ ËÈÎÍË ÌÆÊ× ÌÍÇÑÕË× ÓÇÒ×ÒÈ× ÖÊË ÈÇÊ× ÄÓÇÈ× ØÏÑÍÒÎ ØÄÈ× ÆÄ ÌÍËÝ ÒßÍË ÌÄÍÎÒË ÙäÄ ÆÒÝ ÒÎË ØË äËÐÇå ÒÎæçèËÈÍÇ×Ë ÑÇÈ×Ò×ÎË é ÌÍËÈØÍË Ø êÄÐÇÍØ ÆÄ ÆÒÝ ÒÎË ÎÕËÍÝÇØÞÈÄÝ ÒÖÊË Ü ÌÊÒ×
γ → 0 Ù ë ÒËÈ ×ÊÍ Ü ÆË× ØËÊì ÆÒÝ ÒÎË× ÈË ÑÇÝÝÊÎËÈÎ ÌÄ× Ù íÈ ÑÇÝÌÍÇÝ Ò× Ü ÖÊË ÈÇÊ× ÄØÇÌÎËÍÇÈ×ÒÑÒ Ü ÑÇÈ×Ò×ÎË é ÑÇÈ×ÒØÏÍËÍ ×ÒÝÊÆÎÄÈÏÝ ËÈÎ ÆË× ÌÄÍÄÝßÎÍË× L̃ ËÎ γ Ù ä êÒÈÎÍÇØÊÑÎÒÇÈ Ø êÊÈË ÎÍÇÒ×ÒßÝ ËÏÑÕËÆÆË Ü Ø ÒÎË Ý Ï×Ç×ÑÇÌÒÖÊË Ü ÑËÆÆË ØË ÆÄ ÎÄÒÆÆË ØË× ÐÆÇ Ñ×ç×ÌÒÈ Ü × êÄÓßÍË ÈÏÑË××ÄÒÍË ÙîÈ ØÏáÈÒÎ ÆÄ ØÒ×ÎÍÒÐÊÎÒÇÈ ÑÇÈØÒÎÒÇÈÈËÆÆË ØË ï ÒÐÐ× ËÈ ÓÇÆÊÝË áÈÒ ÌÄÍ

µβ,γ,Λ̃(dσΛ̃|σΛ̃c) =
1

Zβ,γ,Λ̃(σΛ̃c)
exp

[
−βH̃γ(σΛ̃|σΛ̃c)

]∏

i∈Λ̃

ν
(
dσΛ̃(i)

) ðñ ÙñÅ
Çò

Zβ,γ,Λ̃(σΛ̃c) =

∫

Ω0

∏

i∈Λ̃

ν
(
dσΛ̃(i)

)
exp

[
−βH̃γ(σΛ̃|σΛ̃c)

]
, Ω0 =

(
S

q−1
)Λ̃ ðñ ÙóÅ

Ë×Î ÆÄ ÚÇÈÑÎÒÇÈ ØË ÌÄÍÎÒÎÒÇÈ Ü ÖÊÒ ÚÄÒÎ ØË µβ,γ,Λ̃
ÊÈË ÝË×ÊÍË ØË ÌÍÇÐÄÐÒÆÒÎÏ Ù èÄÍ ÑÇÝÌÄÑÒÎÏðÎÕÏÇÍßÝ Ë ØË èÍÇôÕÇÍÇÓÅ ÒÆ Ëì Ò×ÎË ËÈ ÉÏÈÏÍÄÆ ØË× ÌÇÒÈÎ× ÆÒÝ ÒÎË ðÝ Ë×ÊÍË× õäö Å ÌÇÊÍ ÆË× Ý Ë×ÊÍË×

µβ,γ,Λ̃
ÖÊÄÈØ |Λ| → ∞ Ù
õ ÄÈ× ÆÄ ×ÊÒÎË Ü ÇÈ ÓÄ ÌÍÏÑÒ×ËÍ ÆÄ ÍËÈÇÍÝ ÄÆÒ×ÄÎÒÇÈ ØÊ ÷ÄÝ ÒÆÎÇÈÒËÈ ØË øÄÑ Ü ÖÊÒ ÑÇÈ×Ò×ÎË éÍËÝÌÆÄÑËÍ ÆË× ×ÌÒÈ× ÌÄÍ ÆËÊÍ Ý ÇÞËÈÈË ðÝ ÄÉÈÏÎÒ×ÄÎÒÇÈ Å ØÄÈ× ØË× ÍÏÉÒÇÈ× Ý ÄÑÍÇ×ÑÇÌÒÖÊË× ÙùËÎÎË ÌÍÇÑÏØÊÍË Ë×Î ÊÎÒÆÒ×ÏË ÌÄÍ úû ÆëËùÄèÍü Ü úèÍü ËÈ ØÒÝ ËÈ×ÒÇÈ d ÌÇÊÍ ØË× ×ÌÒÈ× é ÓÄÆËÊÍ×ØÄÈ× {−1,+1} Ü ËÎ ÏÎËÈØÊË ÄÊ ÝÇØßÆË âã ÌÄÍ úëÊèÒü ØÄÈ× ÆË ÑÄ× Ø êÊÈ ÍÏ×ËÄÊ ÊÈÒØÒÝ ËÈ×ÒÇÈÈËÆ ÙîÈ ÎÍÄÓÄÒÆÆËÍÄ ×ÊÍ ÊÈ ÍÏ×ËÄÊ ØË ØÒÝ ËÈ×ÒÇÈ d Ü Ì ÇÊÍ ØË× ×ÌÒÈ× é ÓÄÆËÊÍ× ØÄÈ×

S
q−1 Ü Ð ÒËÈ ÖÊËÌ ÇÊÍ ÆË× Ë×ÎÒÝ ÄÎÒÇÈ× Ø êËÈÎÍÇÌÒË Ü ÇÈ ×Ë ÆÒÝ ÒÎËÍÄ Ü ÌÇÊÍ ×ÒÝÌÆÒáËÍ Ü é q = 2 Ù

ý þÿ � � ��� � � � � �� 	 
�
� 	 � þ
äÄ ÚÄ
ÇÈ ÆÄ ÌÆÊ× ×ÒÝÌÆË ØË ÌÍËÈØÍË ÆÄ ÆÒÝ ÒÎË ÎÕËÍÝÇØÞÈÄÝ ÒÖÊË Ë×Î ØË ØÇÊÐÆËÍ ÒÈØÏáÈÒÝ ËÈÎÆË Ñ�ÎÏ ØË Æ êÕÞÌ ËÍÑÊÐ Ë ÊÈÒÎÏ Ü ØË ×ÇÍÎË ÖÊË ÆË Ñ�ÎÏ L̃ ØË Λ̃ = Λ̃˜̀

Ë×Î ØË ÆÄ ÚÇÍÝ Ë 2
˜̀
, ˜̀∈ N

ÙÛÇÒÎ Ý ÄÒÈÎËÈÄÈÎ γ > 0 ØË ÆÄ ÚÇÍÝ Ë γ = 2−kγ Ü kγ ∈ N
Ü ÖÊÒ ×ËÍÄ Æ êÒÈÓËÍ×Ë ØË ÆÄ ÆÇÈÉÊËÊÍØ êÒÈÎËÍÄÑÎÒÇÈ ØÄÈ× ÆË Ì ÇÎËÈÎÒËÆ ØË øÄÑ Ù îÈ ÓÄ ÌÍËÈØÍË ÊÈË ÆÒÝ ÒÎË ×ÒÝÊÆÎÄÈÏË Λ̃ → ∞ Ü γ → 0 Ü

ñ�



���� �� ���� �� Λ̃ �� � ������ �� γ−1 � ������ ��� �� � !  �� �� "�# �$  �%&'�(��)� � Λ̃ → ∞ )� �  ��� γ → 0 *+� �)� ��! ! ��� � ������((�� Λ̃ ��, � ! �() �() � ��( ��! � (� Λ ⊂ Rd � �� �� ��� -,� L .� �� �� � ��( /������ � ���0���� 2−
˜̀ 1  � ( �2 � ��) � � (��(��( �(�  � . ���(��� ���� Λ �� ����� �( ��! � ) �( ���� ��)) ��� �� Λ �� ! 3! � �� /� �� ��(��� ���) � � (-( 4� !  �� ��(� (�� �( ����! � (-( 5 *"� �0� , �� ���) (������ �� � !  �� ) !����(�� �)� ��((� ��� 6

L̃ = Lγ−1 47 *85
9� ��(� �� ���!  (���: � �� ;'�< � � ��� k ∈ N

� �( (��� ��� Q(k) �� ���� � �( ��
Rd �( � �� �)

��#�) C(k)
x = {r = (r1, · · · , rd) ∈ Rd, 2−kxi ≤ ri < 2−k(xi + 1)} � �� ���� 2−k � ��  (��,�) ���

x = (x1, · · · , xd) ∈ Zd � �� ��( ��� ������ Q(k)&���! �) * " ����! � C(k)(r) �)� � ��( ��� ���! � ��
Q(k) �� ��(� �(� r * =  () r ∈ C

(k)
x

)) x ∈ C̃(k)(r) = 2kC(k)(r) * >( � � ��)) �� ��(� /�(�� �( )��
R

d �)� Q(k)&! �)���#�� ) ���� �)� ��()��(�� )�� �0���� ���! � �� Q(k) � �� �� ��( �()�!#�� A ⊂ R
d�)� Q(k)&! �)���#�� ) )� /�(�� �(  (� ���� �� �)� Q(k)&! �)���#�� * ?�� � ��! �� � � ��(� -�� ��/�@�( (�������� �(� /�(�� �( σ )�� �� ��)��� ���� �(� /�(�� �( Q(k)&! �)���#�� σ(k) )��

Rd � �(
� �)�(� σ(k)(r) = σ(x) ���� x = (x1, · · · , xd)

�� r = (r1, · · · , rd)
��! ! � � &��))�) *A��(� ��((� �( ���� σ ∈ X (Zd) � �( ��-( � σγ

��! ! � �� /�(�� �( Q(kγ)&! �)���#�� σ(kγ) *= � �� �� 47 *85  � � ��� 3��� ��! ! ��� � � (��,�� ��) ��(-:���� �() ��� γ � � ����� ��� ��� Λ * >(������� ��)) σγ
�(� ��(-:���� �( B CDEFG H G 4I)! ���0&:�� (�� ��(-:���� �( *J 5

A��(� ��((�) σγ
��! ! � � &��))�) � �� �( �(� �� nγ ≤ kγ

� �( ���� �))�� � �� /�(�� �(
Q(nγ )&! �)���#�� 4! �:(�� )�� �( �! � � ���5

mγ(r) = π(nγ)σγ(r) =
1

|C(nγ)|

∫

C(nγ )(r)

dr′σγ(r
′) 47 *K5

?�) ! �2�((�) �� σγ
)�� ��) #� ��) I! ����)��� ���)J 4�� I#�� �) &)� ()J5 C(nγ)(r) �� ����! �

2−dnγ ��-( ))�(� ��) ��(-:���� �() � ��) LCDMN CDEFGO 4I����)�&:�� (�� ��(-:���� �()J5 * >((��� M(nγ) = {m : m Q(nγ)&! �)���#��, |m| < 1}"�) #���)&)� ( � ����(� ) � (��������� ��! ! � �� ��)����� � ��(� ��(��! �� )�� �( ��  (�� ��(� ���()/��! �� �( )�� �� 0�!  ���( �( �� ������ �( �( I0�!  ���( �( �P��� / J ���� ��(� � � (�����&� �( �(��� ��) #�� �)&)� ( * ?�� ��� �(� . �0�(:�� β �( 2dnγβ * +(�� � ��! �(� �� (������� ��! � ������� (���)� ��(� ���) � � (-( ���� nγ
�� . �� � !  �� �� )���� ��(-:���� �( �� Q ��� �( ���� ���� ��! �)��� �� R  ##) 4I)��� ��� �))�(� ��J 5 )��� � ����� /�(��! �(��� *9� � B′

q(0, 1) �� #���� �( �� /��! �� ��
Rq * " ����� ��� �( π(nγ) : Ω → B′

q(0, 1) � Ω =
(
S

q−1
)C̃(nγ ) � �)� ��� ���� SDEGNT MDU ESFMG VW XYMZN[N\ FG * >( ���� �� ��() ����� ��! ! � �( ������������� �� Ω → B′

q(0, 1) � �] �0���� /������ ��()� ���(� Ω �)� !�( �� �� ���#�# � �� ν(dσ) *
77



^_`a bccdefa `g h _h fgi cfj g_ibik_gj l
N mdjkegbgi `g g_hnaf mf jkifj bankiabkaf l _g ob

p_gjkmdafa c qbrrckpbik_g

πN :
(
S

q−1
)N → B′

q(0, 1), σ = (σ1, · · · , σN) 7→ πN (σ) =
1

N

N∑

i=1

σi

sc fji tbpkcf mf o_ka u`f
πN

fji `gf brrckpbik_g ade`ckvaf fi j`aw fpikof l fi u`f jb afjiakpik_g
π̃N :

(
S

q−1
)N\∆ → Bq(0, 1)

_x
∆ mdjkegf cb mkbe_gbcf

σ1 = · · · = σN mf (
S

q−1
)N l fi

Bq(0, 1)
cbn _`cf `gkid _`ofaif mf

Rq l bmh fi `gf mkydafgikfccf j`aw fpikof l k zf z
π̃N

fji `gf j`nh fajk_g z ^baj`kif cb h fj`af mf ra_nbnkckid
νN = (πN)∗(ν⊗· · ·⊗ ν)

bmh fi `gf mdakodf mf {bm_g|} k~_m�hrba abrr _ai � cb h fj`af mf �fnfje`f �g_ah bckjdf� j`a
Bq(0, 1)

l m_ggdf t_ah fccfh fgi rba

dνN

dm
(m) =

∫
(
Sq−1

)N

N∏

i=1

ν(dσ(i))δ
(
πN (σ) −m

) �� z��
�_h h f mbgj ��`^k lt_ah`cb �� z��� _g odak�f cf
��� � � � �� � �_`j cfj p_gmkik_gj pk|mfjj`j _g b l b` jfgj mfj kgideabcfj _jpkccbgifj

dνN

dm
(m) =

(N
2π

)q
∫

Rq

dve−iN〈v,m〉(
∫

Sq−1

ν(dσ)ei〈v,σ〉)N

�kpk 〈·, ·〉 mdjkegf cf ra_m`ki jpbcbkaf jibgmbam mbgj
Rq z �

� ����� � �pako_gj
δ(x) = (2π)−q limε→0

∫
Rq dve

i〈v,x〉e− ε v2/2 b` jfgj mfj kgideabcfj _jpkccbgifj z� ravj cf p�bgefh fgi mf obakbncfj
λ → Nλ

fi c qkgifaofajk_g mf c q_amaf mfj kgideabik_gj l _g_nikfgi cf �fh h f z }_i_gj u`f cb iabgjt_ah bik_g mf �_`akfa mf
ν

ifgm ofaj � u`bgm v → ∞�rba f�fh rcf r _`a
q = 2

fccf j qf�rakh f b` h _�fg mf cb t_gpik_g mf �fjjfc
J0(|v|)

� h bkj rbjbjjf  okif r_`a bjj`afa cb p_gofaefgpf bnj_c`f z ♣�`kobgi �^a� _g p�_kjki h bkgifgbgi
nγ

ifc u`f
γη = 2−nγ

l r _`a `g
0 < η < 1

l fi
η = 1/2tfab c qbybkaf z �¡_gp nγ = kγ/2

� z ¡` r_kgi mf o`f m` jp�dh b mkjpafi l `gf p_g�e`abik_g ea_j
eabkg fji md�gkf j`a `g adjfb` ¢ea_j eabkg£

Λ̃∗ u`f c q_g ¢ab¤ gf£ rba cf tbpif`a
2kγ−nγ

fg `gadjfb` � ¢eabkg �g£
Λ̃

z �fj ra_rakdidj i�fah _ m�gbh ku`fj m` j�jivh f j_gi rc`j jkegk�pbikofjj`a cf adjfb` ea_j eabkg l h ¥h f jk _g rfam mf c qkgt_ah bik_g fg rafgbgi cfj h _�fggfj z
^_`a

k ∈ N
l j_ki m_gp C̃(k) = 2kC(k) ∩ Z

d c qbi_h f
C(k) � c qdp�fccf mfj `gkidj m` adjfb` ¦bkgjk l

C̃(k) p_gikfgi
2dk r_kgij � p__am_ggdfj fgikvafj z �b mkjiakn`ik_g mf ra_nbnkckid

ν(nγ ) mfcb h _�fggf fh rkaku`f
π(nγ) b` r_kgi

x ∈ Λ̃∗ b r _`a mfgjkid mf {bm_g|} k~_m�h
dν(nγ )

dm
(x;m) =

∫

Ωx

∏

i∈C̃
(nγ )
x

ν
(
dσΛ̃(i)

)
δ
(
π(nγ)σΛ̃(x) −m

)
, Ωx =

(
S

q−1
)C̃

(nγ )
x �� z§�

�¨



©ª «¬­®­¯ °±²³°±²´µ®¶
σγ(i) · ³¯ ¸³¯¬² ¹²

σΛ̃(i) º ²» ®¬® µª ¸µ¶²­¯
N = |C̃(nγ)| = γ(η−1)d º

ν(nγ ) = νN ¼ ½ª ´¯®¶¯ª» ¾¯­®²­
x

¹¯ª¶
Λ̃∗ ≈ Λ̃/C̃(nγ) º µª ¾µ®» °±² ³²¶

π(nγ )(x)
´µ­¿ ²ª» ±ª² ´¯¿ ®³³²¹² ¾²¬»²±­¶ ¯³«¯»µ®­²¶ ® ¼® ¼¹ ¼ · ¾¯³²±­¶ ¹¯ª¶

Bq(0, 1) ¼ À¯ ¹®¶»­®Á±»®µª ¬µªÂ µ®ª»² ¹² ¬²»»² ´¯¿ ®³³²
¯¹¿ ²» ¬µ¿ ¿ ² ¹²ª¶®»« ¸¯­ ­¯¸¸µ­» · ³¯ ¿ ²¶±­² ¹² À²Á²¶Ã±² ªµ­¿ ¯³®¶«² |Λ̃∗|−1

∏
x∈Λ̃∗ dm(x) º³² ¸­µ¹±®» ¹²¶ dν(nγ )

dm
(x;m) ¼

À² Ä ¯¿ ®³»µª®¯ª ¹² Å ¯¬ ¾²­¶®µª ¬µª»®ª±² Æµ± Ä ¯¿ ®³»µª®²ª ²Ç²¬»®´ ¶±­
ΛÈ ²¶» ¹«Éª® ¬µ¿ ¿ ²¶±®» ¼ Êµ®»

J ≥ 0
³² ¸µ»²ª»®²³ ¹ Ë®ª»²­¯¬»®µª º ²»

Λ =
⋃

i∈Λ̃

C
(kγ)
i =

⋃

x∈Λ̃∗

C(nγ)
x

¬µ¿ ¿ ² ¬®Ì¹²¶¶±¶ ¼ ½»¯ª» ¹µªª«² ±ª² ¬µªÉÃ±­¯»®µª ²Í»«­®²±­²
σc ∈ X (Λ̃c) º µª ¹«Éª®» ³ Ë«ª²­Ã®²

¹² ³¯ ¬µªÉÃ±­¯»®µª ®ª»«­®²±­²
σ ∈ X (Λ̃)

¸¯­
H(σγ|σc

γ) = −1

2

∫

Λ

dr

∫

Λ

dr′J(r−r′)〈σγ(r), σγ(r
′)〉−

∫

Λ

dr

∫

Λc

dr′J(r−r′)〈σγ(r), σ
c
γ(r

′)〉 ÆÎ ¼ÏÈ
½ª¬µ­² ±ª² ´µ®¶ º ¹± ¸µ®ª» ¹² ¾±² ¹± ¶¬Ð«¿ ¯ ¹®¶¬­²» º ¸±®¶°±²

σγ(γi) = σ(i) º ¸ µ±­
i ∈ Z

d º ®³¬µ­­²¶¸µª¹ · H(σγ|σc
γ)

±ª Ä¯¿ ®³»µª®²ª ¶±­
Zd

¹«Éª® ¸¯­

H̃γ(σΛ̃|σΛ̃c) = −1

2

∑

i,j∈Λ̃

Jγ(i, j)〈σ(i), σ(j)〉 −
∑

(i,j)∈Λ̃×Λ̃c

Jγ(i, j)〈σ(i), σ(j)〉 ÆÎ ¼ÑÈ
µÒ

Jγ(i, j) = γ−d

∫

C(nγ )(γi)

dr

∫

C(nγ )(γj)

dr′J(r − r′)
ÆÎ ¼ÓÔÈ

Õ ¬¯±¶² ¹² ÆÎ ¼ÖÈ ³²¶ ¹²±Í Ä¯¿ ®³»µª®²ª¶ ¶µª» ­²³®«¶ ¶®¿ ¸³²¿ ²ª» ¸¯­ ×
H̃γ(σΛ̃|σΛ̃c) = γ−dH(σγ|σc

γ)
ÆÎ ¼ÓÓÈ¶® Á ®²ª °±² ³² Ð¯¿ ®³»µª®²ª ²Ç²¬»®´

H
¯¸¸¯­¯Ø» ¬µ¿ ¿ ² ±ª² ¾¯­®¯Á³² »Ð²­¿ µ¹Ùª¯¿ ®°±² ®ª»²ª¶®¾² ¼Úµ¿ ¿ ² ®³ ¯ «»« ­²¿ ¯­°±« ¹¯ª¶ ÛÕ ³Ü²Ú¯Ý­Þ º ²ª ª«Ã³®Ã²¯ª» ³²¶ ¾¯­®¯»®µª¶ ¹²

J
¹¯ª¶ ³ Ë®ª»«Ã­¯³² ºµª µÁ»®²ª»

Jγ(i, j) ≈ γdJ(γ|i− j|) ÆÎ ¼ÓÎÈ°±® Â µ±®» ¹²¶ ¸­µ¸­®«»«¶ ¹± ¸µ»²ª»®²³ ¹² Å ¯¬ µ­®Ã®ª¯³ º ²» ³²¶ ­«¶±³»¯»¶ ¹² ¬²»»² Ê²¬»®µª ­²¶»²ª»¾¯³®¹²¶ °±¯ª¹ ³ Ë«ª²­Ã®² ²¶» ¹µªª«² ¸¯­ ÆÎ ¼ÏÈ ¯¾²¬ ÆÎ ¼ÓÎÈ ¸­®¶ ¬µ¿ ¿ ² ±ª² «Ã¯³®»« ¼
ß àß á âãäå æãäç è â é êë èãìç í äë à

©ª ¾²±» ­²³®²­ 1
N

log dνN

dm
(m)

¯¾²¬ ³¯ ´µª¬»®µªª²³³² ¹ Ë²ª»­µ¸®²
I(m)

¹² ³ Ë¯¸¸­µÍ ®¿ ¯»®µª ¹±
¬Ð¯¿ ¸ ¿ µÙ²ª ¼ î ¯¸¸²³µª¶ °±²

N = |C̃nγ | Æ»¯®³³² ¹²¶ Á³µ ¬¶Ì¶¸®ª¶È º I(m) = supk∈Rq

(
〈k,m〉 −

ÎÖ



log φ(k)
)ï
φ(k) =

∫
Sq−1 e

〈k,v〉ν(dv)
ï ðñ

I(m) = 〈k∗, m〉 − logφ(k∗) òó k∗ = k∗(m)
ðôñ õ ö÷øùú÷ð

û òùøñ üð
Rq

ú÷ù ýþÿõùôð õð � ÿ� ù�÷� � � õÿùýð� ðøñ ÿ÷ôôù ï ûÿý õÿ ô�� þñýùð ôû�þýùú÷ð ï
I(m) =

Î(|m|)
ï ðñ

Î(|m|) = supt≥0

(
t|m| − log φ̂(t)

)
= t∗|m| − log φ̂(t∗)

ï ò÷
t∗ = t∗(|m|)

ï
t∗(0) =

0, t∗(ρ) ∼ (2 − 2ρ)−1
ú÷ÿøü

ρ → 1 � � ð ûõ÷ô ï õð ô÷ûýð�÷� ðôñ ÿññðùøñ õòýôú÷ð
k∗

ðñ
m

ôòøñ
�òõùøþÿùýðô � �ò÷ý

|m| < 1
ùøñýò ü÷ùôòøô õÿ � ðô÷ýð üð ûýò	ÿ	 ùõùñþ

P (dσ;m)
ô÷ý

S
q−1

üþ
øùð ûÿý
P (dσ;m) = exp(〈k∗, σ〉 − log φ(k∗))ν(dσ) �� �
��

�ò�� ð üÿøô �� ��� ï û ò÷ý
x ∈ Λ̃∗ òø ùøñýòü÷ùñ õÿ üþýù�þð üð �ÿüòø�� ù�òü��

dP (nγ)

dm
(dσ;m)(x) =

∫

Ωx

∏

i∈C̃
(nγ )
x

P
(
dσΛ̃(i);m

)
δ
(
π(nγ)σΛ̃(x) −m

)

�ÿ üùôñýù	÷ñùòø üð ûýò	ÿ	 ùõùñþ
dP (nγ )

dm
(dσ;m)(x)

øð üþû ðøü þ� ùüð�� ðøñ ûÿô üð
x �ÿ÷ñýð� ðøñüùñ ï õÿ üùôñýù	÷ñùòø ô÷ý õ öðôûÿ�ð ûýòü÷ùñ üð 	ÿôð

Z
d

ðôñ ùø�ÿýùÿøñð ûÿý ñýÿøôõÿñùòøô� � �ø øòñðýÿ
PN(dσ;m) = P (nγ)(dσ;m) � �ÿý üþ
øùñùòø üð

I(m) òø ÿ üòø� dνN

dm
(m) = e−NI(m) dPN

dm
(m) � �òùñÿ÷ôôù

ϕm

õÿ �òø�ñùòø �ò� ûõð�ð üþ
øùð ô÷ý
Rq

ϕm(v) = ei〈v,m〉
∫

Sq−1

P (dσ;m)e−i〈v,σ〉

�ø ÷ñùõùôÿøñ üð øò÷�ðÿ÷ õÿ ýðûýþôðøñÿñùòø ùøñþ�ýÿõð üð õÿ � ÿôôð üð � ùýÿ� òø ñýò÷�ð õ öùüðøñùñþ��÷� ù ï �òý�÷õÿ �� ����
1

N
log

dPN

dm
(m) =

1

N
log

dνN

dm
(m) + I(m) =

1

N
log

[(N
2π

)q
∫

Rq

dv
(
ϕm(v)

)N] �� �
 �
�ÿ ûýùø�ùûÿõð ò	ôðý�ÿñùòø ðôñ ú÷ð

1
N

log dνN

dm
(m)

ðôñ ÷øð û ðñùñð �òýýð�ñùòø !
−I(m) �õ öðøñýòûùð

û ò÷ý õð ��ÿ� û � ò�ðø � ú÷ÿøü
N

üð� ùðøñ �ýÿøü � �ø �ÿùñ òø ÿ "
# $%&%'()(%* + ,+ " �òùñ

q = 2 û ò÷ý ôù�ûõù
ðý � -�ð� õðô øòñÿñùòøô �ù�üðôô÷ô ï ùõ ð� ùôñð
C0 >

0, q′ ≥ 0
ñðõô ú÷ð û ò÷ý ñò÷ñ

N ≥ 1
ï

| 1

N
log

dνN

dm
(m) + I(m)| ≤ 1

N
log[C0

(N
2π

)q
(N q +N q′(1 − |m|)−1/2)] �� �
��

. /0120 " 3õ �ÿ÷ñ � òøñýðý ú÷ð õ öùøñþ�ýÿõð ÿ÷ � ð�	ýð üð üýòùñð üð �� �
 � �ýò 4ñ ÿ÷ ûõ÷ô õùøþÿùýð� ðøñ
�ò�� ð

(1 − |m|)−1/2
ï ÿ�ð� üðô �ò ð5� ùðøñô ûòõ�øò� ùÿ÷� ðø

N � � ð� ÿýú÷òøô ü öÿ	 òýü ú÷ð
|ϕm(v)| ≤ ϕm(0) = 1 û ò÷ý ñò÷ñ

v ∈ R
q
ï üòø� ðø ùøñþ�ýÿøñ

ϕm(v)N
ô÷ý õÿ 	ò÷õð

R
q

üð
�ðøñýð 6 ðñ üð ýÿ�òø

N òø ò	ñùðøñ

|
∫

|v|≤N

dv
(
ϕm(v)

)N | ≤ Const. N q �� �
7�
��



89 :;<=> : ? @=9<ABCD?: DE FG=;=9DB: H: ? @∞ I :9 E<=?=;D9< ?D JKD;: ;<D<=G99D=C: LG>J?:M: N 89G>:<<CD OE:?OE:; HA<D=?; I 9G<D>>:9< ?:; :;<=> D<=G9; JCAL=;:; H:; C:;<:; I J GEC ?:;OE:??:; G9C:9FG=: JDC :M:>J?: P QRS TU I :< =? :;< VDL=?: H: FG=C OE: 9G; HAF:?GJJ :> :9<; DE JC:> =:C GCHC:;G9< FD?=H:; DF:L ? @E9=VGC> =<A C:OE=;: N W9 JDC<=LE?=:C I G9 >G9<C: D=9;= OE: ? @=9<ABCD?: G;L=??D9<:XY NZ[ HA\9=< E9: ]FCD=:^ VG9L<=G9 H:
m

JGECFE OE: |m| < 1RG=<
v = r(cosϕ, sinϕ) I ϕ ∈ [−π, π] I G9 CALC=<

ϕm(v)
BC_L: P ?D C:JCA;:9<D<=G9 H:;VG9L<=G9; H: `:;;:? LG>>:

ϕm(v) =
(
2πφ̂(t∗)

)−1
eir|m| sinϕ

∫ π

−π

dθe−irΦ(θ,ϕ), φ̂(t∗) = I0(t
∗)

XY NTa[
DF:L

Φ(θ, ϕ) = cos(θ − ϕ) + iλ sin θ I :<
λ = t∗/r

N bL= G9 LG9;=HcC:
r ≥ N

LG>>: ?: BCD9HJDCD> c<C: N d:; JG=9<; LC=<=OE:; :9
θ

;G9< HG99A; JDC ? @AOED<=G9
sin(θ − ϕ) − iλ cos θ = 0 ID=9;=

θ 7→ Φ(θ, ϕ)
9 @D JD; H: J G=9< LC=<=OE: ;=

ϕ 6= ±π/2 I :< H:EM JG=9<; LC=<=OE:; CA:?;
θ = ±ϕ ;=9G9 N W9 VD=< I Im Φ(±π/2,∓π/2) < 0

HG9L ?D LG9<C=eE<=G9 H:; J G=9<; LC=<=OE:; H:;=B9: GJJG;A P L:?E = H:
ϕ

;:CD :MJ G9:9<=:??:> :9< J :<=<: I :< JDC ;f>A<C=: =? ;Eg < H: LG9;=HAC:C
(θ, ϕ) = (π/2, π/2)

N h @:;< E9 JG=9< LC=<=OE: 9G9 HABA9ACA I LDC ∂2Φ
∂θ2 (π/2, π/2) = −1 − iλ

N iLDE;: H: ? @D9D?f<=L=<A I =? f D E9 JG=9< LC=<=OE: LG>J?:M:
θc = θc(ϕ)

JGEC H:; FD?:EC; FG=;=9:;H:
ϕ I :< E9 ;=>J?: LD?LE? VGEC9=<

Φ(θc, ϕ) = 1 + iλ− iλ

2(1 + iλ)
(ϕ− π/2)2 + O(ϕ− π/2)3

XY NTj[
Gk O(ϕ−π/2)3

:;< E9=VGC> : :9
λ
N d: ?:>>: H: lGC;: LG>J?:M: > G9<C: D?GC; OE: ?: H=mAG>GCn

JK=;> : D9D?f<=OE: ?G LD?
θ 7→ θ̃

HG99A JDC
θ̃ =

√
f1(θ − θc;ϕ)e−iπ/4(θ − θc), f1(0; π/2) = 1 + iλ

:;< <:? OE:
Φ(θ, ϕ) = Φ(θc, ϕ) − iθ̃2/2

N i ?GC; ?D JKD;: ;<D<=G99D=C: LG>J?:M: >G9<C: OE: ?DLG9<C=eE<=G9 H @E9 FG=;=9DB: \M: H:
θc

P ? @=9<ABCD?: HD9; XY NTa[ :;< HG99A DE JC:> =:C GCHC: JDC
(

2π
rf1(0;ϕ)

)1/2
eiπ/4e−irΦ(θc,ϕ)

N W9 H:KGC; H: L: FG=;=9DB: I H:; DCBE>:9<; H: JKD;: 9G9 ;<D<=G99D=C:
> G9<C:9< OE: ? @=9<ABCD?: :;< :MJ G9:9<=:??:> :9< J?E; J :<=<: OE:

e−irΦ(θc,ϕ) I :9 <D9< OE: VG9L<=G9H:
r I :< G9 Ge<=:9< \9D?:> :9< I J GEC ϕ HD9; E9 FG=;=9DB: XCA:?[

V±
H: ±π/2 o

∫ π

−π

dθe−irΦ(θ,ϕ) =
( 2π

rf1(0;ϕ)

)1/2
eiπ/4e−irΦ(θc,ϕ)(1 +R1(ϕ, λ, r)/r)

XY NTp[
DF:L |R1(ϕ, λ, r)| ≤ Const.

N qDC E9 DCBE>:9< H @D9D?f<=L=<A I G9 J :E< BDCH:C <CDL: HE JG=9<LC=<=OE:
θc

JGEC <GE<
ϕ ∈ [−π, π] I D?GC; ?D VGC>E?D XY NTp[ D <GES GEC; E9 ;:9; OED9H

ϕ /∈ V± I> D=; D?GC;
Im Φ(θc, ϕ) < t∗ I :< ϕ /∈ V±

9: LG9<C=eE: JD; DE CA;E?<D< \9D? N qE=; G9 A?cF: XY NTa[P ?D JE=;;D9L:
N

:< G9 =9<cBC: ;EC
r ≥ N I :9 E<=?=;D9< XY NTp[ L:?D HG99: XDF:L ?: VDL<:EC Y I

YZ



rstu vwxyu zs{rvw |w }~ zsxvuy�tvysx ϕ ∈ V− �
∫

|v|≥r1

dvϕm(v)N ∼ 2(2πφ̂(t∗))−NeiNπ/4(2π)N/2

∫

r≥N

rdr(rf1(0;ϕ))−N/2

×
∫

V+

dϕe−iNrΦ1(ϕ)(1 +R1(ϕ, λ, r)/r)
N

�� ����

s� Φ1(ϕ) = Φ(θc, ϕ)−|m| sinϕ � � }su� �� ���� {sxvuw �tw Φ1
~ tx rsyxv zuyvy�tw xsx |���x�u� wx

ϕ = π/2 � wv zs{{w ~�~xv }w }w{{w |w �su�w zs{r}w�w |sxxw tx |y��s{sur�y�{ w ~x~}�vy�tw
ϕ 7→ ϕ̃ = f2(ϕ − π/2)(ϕ − π/2) ~�wz dϕ̃

dϕ
(π/2) = f2(0) =

(
λ

1+iλ
+ i|m|

)1/2 � vw} �tw Φ1(ϕ) −
Φ1(π/2) = 1

2
ϕ̃2 � Φ1(π/2) = 1− |m|+ iλ

� � }su� r~u }~ r�~�w �v~vysxx~yuw zs{r}w�w � ~�wz zwvvw�sy� Nr zs{{w �u~x| r~u~{ �vuw � sx r wtv ��~}twu } �yxv��u~}w wx dϕ |~x� �� ���� �
∫

V+

dϕe−iNrΦ1(ϕ)(1 +R1(ϕ, λ, r)/r)
N =

e−iNr(1−|m|)eNt∗
√

2π/Nrf2(0)−1(1 +R1(π/2, λ, r)/r)
N(1 +R2(λ, |m|, r)/Nr)

�� �� ��
~�wz R2(λ, |m|, r) ≤ Const.

� �x�x � sx w�vy{ w |~x� �� ���� } �yxv��u~}w wx dr
� �wvvw �sy��zy sxz~}zt}w �y{ r}w{ wxv txw �suxw �tr�uywtuw r stu } �yxv��u~x| �

� yx�y � sx ~ (1+R1(π/2, λ, r)/r)
N ≤ Const. txy�su{ �{ wxv r~u u~rrsuv � N �t~x| r ≥ N �wv }~ { �{ w z�s�w rstu (1+R2(λ, |m|, r)/Nr) � ~}su� wx uwrsuv~xv �� �� �� |~x� �� ���� � sx s�vywxv

∫

|v|≥r1

dvϕm(v)N ≤ Const.

∫

r≥N

rdr
( et∗

√
2πI0(t∗)

|r + it∗|−1/2
)N√

2π/Nr|f2(0)|−1
�� ����

�x ~
( et∗

√
2πI0(t∗)

|r + it∗|−1/2
)N

=
( et∗

√
2πI0(t∗)

(N2 + t∗2)−1/4
)N(N2 + t∗2

r2 + t∗2
)N/4

wv zs{{w et∗

√
2πt∗I0(t∗)

→ 1− �t~x| t∗ → +∞ � y} w�v �~zy}w |w �syu �tw

lim sup
N→∞

( et∗

√
2πI0(t∗)

(N2 + t∗2)−1/4
)N ≤ Const.

txy�su{ �{wxv wx t∗ > 0
� �w r}t� |f2(0)|−1 = (t∗2 + r2)1/4(t∗2(1 − |m|)2 + r2|m|2

)−1/4 � wv
zs{{w t∗ ∼ 2−1(1−|m|)−1 �t~x| |m| → 1 � sx ~ |f2(0)|−1 ≤ Const.(1−|m|)−1/2 txy�su{ �{wxvr stu r ≥ N

� �sxz } �yxv��u~}w ~t { w{�uw |w |usyvw |w �� ���� w�v � sux�w r~u txw zsx�v~xvw �sy�

(1 − |m|)−1/2

∫

r≥N

rdr
√

2π/Nr
(N2 + t∗2

r2 + t∗2
)N/4

� 



¡¢ £¤ ¡¥¢ ¦§¨£¤¡ ©¡ ª«¬¢­¡­ ®¯ °£¤ ¡± £¥¢¡ q′ ≥ 0 ¢¡¤ ®¯¡ ∫
r≥N

rdr
√

2π/Nr
(

N2+t∗2

r2+t∗2

)N/4 ≤ Const. N q′¯¬£¦«­ª ²ª¡¬¢ ³«¯­ t∗ > 0 ´ µ¡¨£ ¢¡­ª £¬¡ ¤§ ³­¡¯¶¡ ©¡ ¤§ ·­«³ «¥£¢£«¬ ´ ♣
¸¬ ¶§ §¯¥¥£ ­§³³¡¤¡­ ¹ º £¡¬ ®¯ °£¤ ¬¡ ¬«¯¥ ¥¡­§ ³§¥ ¯¢£¤¡ ©§¬¥ ¤§ ¥¯£¢¡ ¹ ¯¬ ­²¥¯¤¢§¢ ©¡·´»¯¢¢§ ¼ ·´·£¨¨« ¥¯­ ¤§ ©£¥¢­£º¯¢£«¬ νN ½§¶¡¨ ©¡¥ ¬«¢§¢£«¬¥ ¨«ªª¡ ¡¬ ½¾ ´¿ÀÀ ³­Á¥ ©¡ r = 1 ´

Â ÃÄÅÄÆÇÈÇÄÉ Ê ËÌ Í»¯·£Î Ï Ð¤ ¡± £¥¢¡ b > 0 ¢¡¤ ®¯¡ νN({|m| > r}) ≤ Const.(b(1 − r))N/12 ¹
N = 1, 2, · · · ´
Ñ ÒÓÔÕÓ Ï » £¡¬ ®¯ °£¤ ¥«£¢ ³«¥¥£º¤¡ © °«º¢¡¬£­ ¨¡¢¢¡ ª §Ö «­§¢£«¬ ³§­ ¤¡ ©²¶¡¤«³³¡ª¡¬¢ §¥×ª³¢«¢£®¯¡© °¯¬¡ £¬¢²Ø­§¤¡ «¥¨£¤¤§¬¢¡ ¨«ªª¡ ¨£Ù©¡¥¥¯¥ ¹ «¬ ¯¢£¤£¥¡­§ ¤ °§­Ø¯ª¡¬¢ ³­«º§º£¤£¥¢¡ ©¡ Í»¯·£Î ®¯£§ ¤ °§¶§¬¢§Ø¡ © °Ú¢­¡ ³¤¯¥ £¬¢¯£¢£¦ ´ Û«¢«¬¥ 〈σi, σj〉 ¤¡ ³­«©¯£¢ ¥¨§¤§£­¡ ©§¬¥

Rq ´ Ü ¤«­¥
νN({|m| > r} = νN ({|m|2 > r2} = νN({

∑

1≤i,j≤N

〈σi, σj〉 > N2r2})

Ý«£¢ ¤ °²¶²¬¡ª¡¬¢ Ar = {σ ∈ X (Λ) :
∑

1≤i,j≤N

〈σi, σj〉 > N2r2} ¹ Λ ©²¥£Ø¬§¬¢ ¯¬ ­²¥¡§¯ Þ N ¥£¢¡¥ ¹
«¬ ¶§ ¡¥¢£ª ¡­ ¤§ ³­«º§º£¤£¢² P (Ar)

¹ «ß P = ν ⊗ · · · ⊗ ν ½N ¦«£¥À ´ ·«¯­ ¢«¯¢ 1 ≤ i, j ≤ N ¹
0 ≤ r < 1 ¹ «¬ ©²à¬£¢

Ωr(i, j) = {σ ∈ X (Λ) : 〈σi, σj〉 > a = r2 + r − 1}
¡¢ ¤§ ¶§­£§º¤¡ §¤²§¢«£­¡ ©£¥¨­Á¢¡ ¥¯­ X (Λ)

N(σ) = card{(i, j) : σ ∈ Ωr(i, j)}á¢£¤£¥§¬¢ |〈σi, σj〉| ≤ 1 ¹ «¬ § ¨¤§£­¡ª ¡¬¢
∑

1≤i,j≤N

〈σi, σj〉 ≤ N(σ) + a(N2 −N(σ))

©«¬¨ ¥£ σ ∈ Ar
¹ §¤«­¥ r2N2 <

∑

1≤i,j≤N

〈σi, σj〉 ≤ N(σ)+a(N2−N(σ)) ¹ «¯ ¡¬¨«­¡ N(σ) ≥ N2

r+2
≥

N2

3
¹ ¡¢ ©«¬¨

Ar ⊂ {σ : N(σ) ≥ N2

3
}Ý«£¢ I ⊂ Λ ¡¢ Br(I) = {σ ∈ Ωr(i, j), i ∈ I, j /∈ I} ¹ «¬ § Ar =

⋃
I⊂ΛBr(I) ´ ·«¥«¬¥ Λ′ =

{(i, j) ∈ Λ × Λ : Ωr(i, j) 6= ∅} ¹ §¤«­¥ |Λ′| ≥ N2/3 ´ Ð¤ ¡¥¢ ¦§¨£¤¡ ©¡ ¶«£­ ®¯ °£¤ ¡¥¢ ³«¥¥£º¤¡© °¡±¢­§£­¡ §¯ ª«£¬¥ N/6 ³§£­¡¥ âãäå æãçèÓä (i, j) ½£ ´¡ ´ ©«¬¢ ¤¡¥ ³­«Ö ¡¨¢£«¬¥ ¥«¬¢ ©¡¥ ¡¬¥¡ªº¤¡¥©£¥Ö «£¬¢¥À © °¯¬ ¡¬¥¡ªº¤¡ ©¡ ³§£­¡¥ ©¡ ¨§­©£¬§¤ §¯ ª«£¬¥ ²Ø§¤ Þ N2/3 ¹ ¡¢ ®¯ °«¬ ³ ¡¯¢ ¨é«£¥£­§£¬¥£ I1, I2, · · · I` ⊂ Λ ¢¡¤¥ ®¯¡ |Ik| ≥ N/6 ¡¢

Λ′ =
⋃̀

k=1

{(i, j) ∈ Λ × Λ : i ∈ Ik, j = j(i) /∈ Ik,Ωr(i, j) 6= ∅}

¾ê



ëìíî
Ar =

⋃`
k=1Br(Ik) ï ðñòíóôíñíó Br(Ik) = {σ : 〈σi, σj〉 ≥ a, i ∈ Ik, j = j(i) /∈ Ik} =⋂

i∈Ik
Ci ñõôî Ci = {σ : 〈σi, σj(i)〉 ≥ a} ï öô÷ σi øóñíó ùô÷ õñúòñûüô÷ ñüøñóìòúô÷ ò ïò ïù ï òü ô÷ó îüñòúýþô üô÷ Ci

÷ìíó ùô÷ øõøíôÿôíó÷ òíùø� ôíùñíó÷ � ôó ùìíî
P (Bk) =

∏
i∈Ik

P (Ci) = (P (C1))
|Ik| �

ñõôî P (C1) = P ({σ ∈ X (Λ) : 〈σ1, σ2〉 > a}) ï �ñú ñòüüôþú÷ üñ �úìûñûòüòóø ùô îôó øõøíôÿôíó ô÷ó
ø�ñü � �
P ({σ ∈ X (Λ) : 〈σ1, σ2〉 > r2 + r − 1}) =

∫
ν(dσ1)

∫
ν(dσ2)χ(〈σ1, σ2〉 > r2 + r − 1)

≤ Const. cos−1(r2 + r − 1) ≤ Const.(1 − r)

�� ï��	

�ìþú ô÷óòÿ ôú P (Ar) ≤
∑̀

k=1

(P (C1))
|Ik| òü ÷þ
 ó ùô úôÿ ñúýþôú ýþô üô íìÿûúô ùô ÷ìþ÷�ôí÷ôÿûüô÷

I ⊂ Λ
ùô îñúùòíñü n � ô÷ó ùìííø �ñú (

N
n

) � ùìíî îúì�ó ñþ � üþ÷ îìÿÿô
2N ï öñ � úì� ì÷òóòìí ôíùøîìþüô 
ñîòüôÿ ôíó �ìþú üô î�ìò� ù �þíô îìí÷óñíóô îìíõôíñûüô b ï ♣�ìóìí÷ ýþô îôóóô ÿ ñ� ìúñóòìí í �ô÷ó �ñ÷ ôí îìíóúñùòîóòìí ñõôî �� ï��	 îñú I(m) = Î(|m|)ñùÿôó ñþ÷÷ò þíô ùòõôú�ôíîô üì�ñúòó�ÿòýþô �ú�÷ ùô |m| = r = 1 ï� ôõôíìí÷ ÿ ñòíóôíñíó ñþ îñüîþü ùô ü �ôíóúì� òô óìóñüô ÷þú üô úø÷ôñþ � ôó îìí÷òùøúìí÷ üñ
ñÿ òüüô ùô÷ õñúòñûüô÷ ñüøñóìòúô÷ ò ïò ïù ï (

π
(nγ)
x

)
x∈Λ∗

ï öôþú ùò÷óúòûþóòìí ùô �úìûñûòüòóø ν(Λ∗)(m) =∏
x∈Λ∗ ν(nγ)(x;m) ñ �ìþú ùøúòõøô ùô �ñùìí�� ò�ìù�ÿ

dν(Λ∗)

dm
(m) =

∏

x∈Λ̃∗

dν(nγ )

dm
(x;m) =

∫

Ω∗

0

∏

i∈Λ̃

ν
(
dσΛ̃(i)

)
δ
(
π(nγ)σΛ̃(x) −m(x)

) �� ï��	

ì� ìí ñ íìóø Ω∗
0 =

(
S

1
)Λ̃∗ ï öô ÿ ôÿûúô ùô ùúìòóô ùô �� ï��	 � ôþó ôíîìúô ÷ �øîúòúô

∫

Ω0

∏

x∈Λ̃/C̃(nγ )

∏

i∈C̃
(nγ )
x

ν
(
dσΛ̃(i)

)
δ
(
π(nγ)σΛ̃(x) −m(x)

)

ì�
Λ/C̃(nγ) = Λ∗ ï � òí÷ò dν(Λ∗)

dm
(m)

ô÷ó üñ ùôí÷òóø ùô üñ ùò÷óúòûþóòìí îìí� ìòíóô ùô üñ 
ñÿ òüüô ùô÷
ÿ ì�ôííô÷ ôÿ � òúòýþô÷ (

π
(nγ)
x

)
x∈Λ̃∗

ùñí÷ C̃(nγ)
x ï � üüô ùìòó ÷ �òíóôú�úøóôú îìÿÿô þíô 
ìíîóòìííôüüô÷þú ü �ô÷�ñîô ùô÷ 
ìíîóòìí÷ Qnγ

�ÿô÷þúñûüô÷ m ï�í � ôþó 
ñòúô üñ ÿ �ÿô ì� øúñóòìí ñõôî üô÷ ÿ ô÷þúô÷ P (nγ) � îô ýþò ùìííô � îìÿ�óô óôíþ îô
ýþô |Λ̃/C̃(nγ)| = |Λ/C(nγ)| = (Lγ−η)d �

dP (Λ∗)

dm
(m) = exp[γ−dI(m,Λ)]

dν(Λ∗)

dm
(m)

�� ï��	
ëô üñ � úì�ì÷òóòìí � ï� ìí ùøùþòó üô �

��



 !"!##$ %"& ' () * +,-. /-0 123435210 .567-0080 9 5/ -: 503-
C1 > 0

3-/ ;8-
| log

dν(Λ)

dm
+ γ−dI(m,Λ)| ≤ C1(Lγ

−δ)d log γ−1 + log
∏

x∈Λ̃/C̃(nγ )

(
1 − |m(x)|

)−1/2 <= >=?@

A BCDEC * F1 G8/35H /5- <= >IJ@ H4K
N
-3 21 L453 /4 02GG- 2M3-18- 08K 3280 /-0

x ∈ Λ̃∗ > N280/-0 .8M -0
C̃

(nγ)
x

.213-180 7410
Λ̃
213 G OG - .4K7514/

N = γ− ε d = 2nγ
> +8 G-GMK- 7- P48.Q-21 K-.2114R3 45105 /- /2P 7- <= >=J@ > S8413 48 G-GMK- 7- 7K253- 9 <= >=?@ KT08/3- L4.5/-G -13 7-/ U51TP4/53T

log(a + b) ≤ log(1 + a) + log b
,4/4M/- H28K 3280

a > 0, b ≥ 1
> ♣F1 K-G4K;8- ;8- .-0 -035G 435210 T.Q28-13 ;8417 |m(x)| 0 U4HHK2 .Q- 7- I H 28K 81 x ∈ Λ

9.- ;85 K-VW3- /- L453 ;8- /4 7-1053T 7 U-13K2H5-
I(m)

-03 051P8/5WK- HKW0 7- |m| = 1
>

X YZ [\]^_ `]^ab\ c debfgh^f i^jgf Y
k85,413 lmKn 9 21 K-GH/4.- G 4513-1413 7410 /- Q4G 5/321541 /-0 0H510

σγ(r)
H4K /4 G 4P1-356043521

mγ(r)
.2GG- 7410 <= >J@ > F1 -035G - /4 75oTK-1.- 7-0 T1-KP5-0 2M3-18-0 *

p "!q!r%s%!t ' (u * +,-. /-0 123435210 .567-0080 9 H 28K 81
C2 > 0

21 4 *
|H(mγ|mc

γ) −H(σγ|σc
γ)| ≤ C2L

dγη‖∇J‖1
<= >=v@

<5.5 ‖ · ‖1

7-123- /4 12KG -
L1612KG - 08K Rd 9 -3 η -03 .2GG- 4HKW0 /- w-GG- = >I> @

A BCDEC * m4K /4 7Tx153521 <= >y@ 7-
H(σγ |σc

γ)
-3 <= >Iz@ 21 4 9 -1 123413 H 28K 05G H/5x-K

Cγ(r) {/4 H/4.- 7-
C̃(nγ)(r)

H(mγ|mc
γ) −H(σγ|σc

γ) =
(1

2

∫

Λ

dr1

∫

Λ

dr2 +

∫

Λ

dr1

∫

Λc

dr2
)
〈σγ(r1), σγ(r2)〉

×
[
γ−2dδ

∫

Cγ(r1)

dr

∫

Cγ (r2)

dr′
(
J(r − r′) − J(r1 − r2)

)]

2| 21 4 835/50T
r1 ∈ Cγ(r)

005
r ∈ Cγ(r1)

> F1 -035G -
J(r − r′) − J(r1 − r2)

H4K /4 L2KG8/- 7-
N4}/2K 9 -1 K-G 4K;8413 ;8- |(r − r′) − (r1 − r2)| ≤ Const. γη

9 05 M 5-1 ;8- /-0 513TPK4/-0 -1
dr208K

Λ
28

Λc
0213 M2K1T-0 H4K 81- .2103413- L250

γη‖∇J‖1

9 4/2K0 / U513TPK4/- -1
dr1

08K
Λ
7211-81 L4.3-8K 477535211-/ 7-

Ld 9 .- ;85 HK28,- /4 mK2H 2053521 > ♣>~13K27850210 G 4513-1413 / UT1-KP5- /5MK- 7410
Λ { /4 3-GHTK438K- 51,-K0- β 9 -1 } 51./8413/ U513-K4.3521 21

Λc 9 .2GG- /4 L21.35211-//- 08K / U-0H4.- 7-0 L21.35210 Q(nγ ) G-08K4M/-0 m(r)

F(m|mc) =
1

4

∫

Λ

dr

∫

Λ

dr′J(r − r′)|m(r) −m(r′)|2

+
1

2

∫

Λ

dr

∫

Λc

dr′J(r − r′)|m(r) −m(r′)|2 +

∫

Λ

dr
(
fβ(m(r)) − fβ(mβ)

)
<= >=y@

�z



�� � ��� �������� ��� fβ(m) = −1
2
|m|2 + 1

β
Î(m) � �� � ������ �� �������������� � �������� ���� ����� ���� ê � �������� ���� ������� ��� ���� Rq � �� m̂β

�� �������� ��������� ��� Λ
����� �

mβ ê
� ��������� ��� mc ��� Λc � ��� �������������� I(·,Λ) �� H(·|mc) ���� ������� � F(·|mc) ��� ������ ��� ���  
F(m|mc) − F(m̂β|mc) = (H(m|mc) +

1

β
I(m,Λ)) − (H(m̂β|mc) +

1

β
I(m̂β,Λ)) ¡¢ �¢£¤

¥ ¦§ ¨©ª«¬ ­ª«®¯© ©°± ²­ ¬³©°±³ ´³ µ«¶¶© ·­¯®¯«¸°³ ¦
¹���� ���� �� � ����� � ��������� � �� �� ������� � ��� ��� �� �� � ����� �� º���� ¡¢ �¢¤������������ ��� �� ������������ ������� σΛ̃c = σc

γ
��� �� ��������� ����� �� ��� ������� � ���� m��� �������� Q(nγ) ��������� � ��������� ����� ���� »��� � ��� �������� ��� �� ������ Λ∗ � ��� ��� ��������� ��� �� ���� ��� ������ � �� ��������� MN (x;m) =

(
πN

)
∗µβ,γ,Λ(dσγ ;m|σc

γ)(x)�� ����� x � ���� � � ��� ������� �� ¼�����½ �¾��¿�  
dMN(x;m)

dm
=

1

Zβ,γ,Λ(σc
γ)

∫

Ω0

exp
[
−βγ−dHγ(σγ |σc

γ)
]∏

i∈Λ̃

ν
(
dσΛ̃(i)

)
δ(πγσγ(x) −m) ¡¢ �ÀÁ¤

�� �� �������� �� ��������� Zβ,γ,Λ(σc
γ) = Zβ,γ,Λ̃(σΛ̃c)

� ��� ������ �� ¡¢ �À¤ � �� � ������� ��������� ¡¢ �ÂÂ¤ � ��� ���������� ��� �� ������ ���� ����� Λ � �� ���� � ��� ��������� δ(πγσγ(i) −
m) = δ

(
π(nγ)σΛ̃(i) −m

) � �� ��Ã������ ���� �� � ����� � ��������� ��� ��� ��� MN(x;m) � � ���
x ∈ Λ∗ � ���� ��������� � � ����� �� � ������������ ����� ��� ����� � �� �� ���� �������� ����Ä�� ��� ��� �� �� � ����� �� º ���� ¡¢ �¢¤ ��� �� ��� ���� ��� �������� ���������� (π

(x)
γ )x∈Λ∗

� ����
MΛ∗

β,γ(m) = ((π(x)
γ )∗µβ,γ,Λ(dσγ;m|σc

γ)(x))x∈Λ∗

Å��� ������ ���� �� ������� �� ¼�����½ �¾��¿� dMΛ∗

β,γ
(m)

dm
(m) � �� ��Æ � ������� ��� �� ���������

δ(πγσγ(x) −m) ���� ¡¢ �ÀÁ¤ ���
δ(πγσγ −m) = δ(πγσγ(x1) −m(x1)) ⊗ · · · ⊗ δ(πγσγ(xω) −m(xω))

�� Λ∗ = {x1, · · · , xω} � ω = (Lγ−1)d � ¹ ���� ������ ��� ������������� ��� � ������� ��� ���������
Qnγ �� ��������� � �� � ����

dMΛ∗

β,γ(m)

dm
(m) =

1

Zβ,γ,Λ(σc
γ)

∫

Ω0

exp
[
−βγ−dHγ(σγ |σc

γ)
]∏

i∈Λ̃

ν
(
dσΛ̃(i)

)
δ(πγσγ −m) ¡¢ �À Â¤

�� ������� ��� ��������� µβ,γ,Λ(dσγ |σc
γ)
��� �� � ���� ������ Â  

∫

|m|<1

dm
dMΛ∗

β,γ(m)

dm
(m) = 1 ¡¢ �À¢¤

À Â



ÇÈ dm ÉÊË ÌÍ Î ÉÊÏÐÉ ÑÉ ÒÉÓ ÉÊÔÏÉ ÕÇÐÎ ÍÌÖÊ×É ÒÉÓÉÊÔÏÉ ÊÏÐ Ì ØÉÊÙÍÚÉ ÙÐÇÑÏÖË ∏
x∈Λ∗ Bq(0, 1) ÛÜÕ ÝÍ ÑÇÕÕÉÐ ÏÕ ÊÉÕÊ ÙÐ×ÚÖÊ Þ Ì ØÍÙÙÐÇß ÖÎ ÍËÖÇÕ µβ,γ,Λ ≈ exp[−βγ−dF(m|mc)] à ÇÈ ÇÕ Í ×ÚÐÖË

µβ,γ,Λ ÙÍÐ ËÐÍÑÖËÖÇÕ à Î ÍÖÊ ÑÉ áÍâÇÕ ÏÕ ÙÉÏ ÍÓÏÊÖÝÉ à Þ ÌÍ ÙÌÍÚÉ ÑÉ dMΛ∗

β,γ
(m)

dm
(m) Û ÜÕ ÝÍ ×ËÍÓÌÖÐÌ ØÍÕÍÌÇÔÏÉ ÑÉ ãä ÌåÉæÍçÐ àÒÉÎÎÍ è Ûéê ÑÍÕÊ ÌÉ ÚÍÊ ÑÉ ÌÍ ÊëÎ ×ËÐÖÉ ÚÇÕËÖÕÏÉ à ÉË ÍÎ ×ÌÖÇÐÍÕË ÙÍÐÌÍ Î ìÎÉ ÇÚÚÍÊÖÇÕ ãåÏçÖ à ÒÉÎÎÍ è Ûíê î

ïðñòóôõö ÷ øù î úÇÏÊ ÌÉÊ ÚÇÕÑÖËÖÇÕÊ ÚÖûÑÉÊÊÏÊ à ÇÕ ÙÉÏË ËÐÇÏÝÉÐ ÑÉÊ ÚÇÕÊËÍÕËÉÊ C1, C2 > 0ËÉÌÌÉÊ üÏÉ Ù ÇÏÐ ËÇÏËÉ ÚÇÕýÔÏÐÍËÖÇÕ ÔÐÇÊ ÔÐÍÖÕ m ÊÏÐ Λ∗ à ÇÕ Í î
−g(m) − (Lγ−1)d

(
C2βγ

η‖∇J‖1 + C1γ
(1−η)d log γ−1

)

≤ log
dMΛ∗

β,γ(m)

dm
(m) + βγ−dF(m|mc)

≤ g(m) + βγ−d inf ê∈S1 F(m̂β|mc) + (Lγ−1)d
(
C2βγ

η‖∇J‖1 + C1γ
(1−η)d log γ−1

)
þé Ûèèÿ

ÇÈ g(m) = log
∏

x∈Λ̃/C̃(nγ )

(
1 − |m(x)|

)−1/2 Û
������ î � ØÍÓ ÇÐÑ ÇÕ Ú�ÉÐÚ�É ÏÕÉ ÓÇÐÕÉ ÖÕá×ÐÖÉÏÐÉ ÊÏÐ Zβ,γ,Λ(σc

γ) Û ä Ñ×áÍÏË Ñ ØÉÊËÖÎ ÍËÖÇÕÊÑ Ø×ÕÉÐÔÖÉ ÌÇ ÚÍÌÖÊ×ÉÊ à ÊÇÖË ÙÍÐ ÐÍÙÙÇÐË Þ x à ÊÇÖË ÙÍÐ ÐÍÙÙÇÐË Þ σ à ÇÕ ÏËÖÌÖÊÉ þé Ûé�ÿ üÏÖ ÑÇÕÕÉ î
exp[−βγ−dH(σγ|σc

γ)] ≥ exp[−βγ−dH(πγσγ|σc
γ)] exp[−C2βγ

−dLdγδ‖∇J‖1]þÉË ÑÉ áÍâÇÕ ÊÖÎ ÖÌÍÖÐÉ Ù ÇÏÐ ÌÍ Ó ÇÐÕÉ ÊÏÙ×ÐÖÉÏÐÉÿ Û �ÏÌËÖÙ ÌÖÍÕË ÚÉÊ ÐÉÌÍËÖÇÕÊ ÙÍÐ δ(πγσγ(x)−m) àÇÕ ÖÕË	ÔÐÉ ÙÍÐ ÐÍÙÙÇÐË Þ ∏
i∈Λ̃ ν

(
dσΛ̃(i)

) ÊÏÐ Ω0
ÇÕ ÇÓËÖÉÕË ÙÍÐ ÌÉ æÇÐÇÌÌÍÖÐÉ é Û
 î

exp[−βγ−d(H(m|mc) +
1

β
I(m,Λ))] exp[−ψγ(m)]

≤
∫

Ω0

∏

i∈Λ̃

ν
(
dσΛ̃(i)

)
exp[−βγ−dH(σγ|σc

γ)]δ(πγσγ(i) −m)

≤ exp[−βγ−d(H(m|mc) +
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We consider a 2-dimensional planar rotator on a large, but finite lattice with a ferromag-

netic Kac potential Jγ (i) = γ 2 J (γ i), J with compact support. The system is subject

to boundary conditions with vorticity. Using a gradient-flow dynamics, we compute

minimizers of the free energy functional at low temperature, i.e. in the regime of phase

transition. We have the numerical evidence of a vortex structure for minimizers, which

present many common features with those of the Ginzburg-Landau functional. We ex-

tend the results to spins valued in S2 and compare with the celebrated Belavin and

Polyakov model.

KEY WORDS: Kac’s model, gradient-flow dynamics, vortex, Belavin and Polyakov

model

INTRODUCTION

Vector spin model with an internal continuous symmetry group, such classical

O+(q) models (XY or “planar rotator” for q = 2, and Heisenberg model for

q = 3,) play an important rôle in Statistical Physics. In one or two dimensions,

and for all inverse temperature β, if the range of the translation invariant interaction

is finite, then a theorem of Dobrushin and Shlosman shows there is no breaking

of the internal symmetry (that is, Gibbs states are invariant under O+(q)) and

furthermore, by a theorem of Bricmont, Fontaine and Landau, uniqueness of the

Gibbs state holds (see e.g. Ref. 20, Chap. III).

Despite of this, a particular form for phase transition exists, which can be

characterized by the change of behavior in the correlation functions. In the low

temperature phase they have power law decay, showing that the system is in a

long range order state (exhibiting in particular the so-called “spin waves,”) but
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they decay exponentially fast at high temperatures, breaking the long range order,

even though thermodynamic quantities remain smooth across the transition. For

the XY system, these transitions were described by Kosterlitz and Thouless in

term of topological excitations called vortices: while these vortices are organized

into dipoles at low temperature, a disordered state emerges at the transition. But

the observation of the spatial distribution of defects shows that it is not uniform;

rather, defects tend to cluster at temperatures slightly larger than the transition

temperature, and there are still large ordered domains where the spins are almost

parallel (see e.g. Refs. 7, 13, 14, and references therein).

Here we consider a Kac version of the classical XY or Heisenberg model on

a “large” lattice � ⊂ Z2. It was studied in particular by Buttà and Picco.(7) The

hamiltonian (except for the interaction with the boundary) is of the form

Hγ (σ�) = −
1

2

∑

i, j∈�

γ 2 J (γ (i − j))〈σ�(i), σ�( j)〉

where γ is a small coupling constant and J denotes a cutoff function. Kac po-

tentials for fixed γ have finite interaction, but as we take an appropriate limit

γ → 0, they can be considered, to this respect, as long range. Thus, they share

some features with the mean field model, though exhibiting better mechanisms of

phase transitions, which depend in particular on the dimension, as for the short

range case. For the mean field model with O+(q) symmetry, q = 2, 3, we know

that there is no phase transition for inverse temperature β ≤ q (Gibbs measure is

supported at the absolute minimum of the free energy functional,) while there is a

phase transition for β > q, with internal symmetry group O+(q).

When the model possesses internal symmetry and common features with the

mean field, it is hard to expect vortices at low temperature, unless the symmetry is

somehow broken, for instance if the system is subject to boundary conditions. This

situation is met in other domains of Condensed Matter Physics, as in supraconduc-

tivity, where vorticity is created by an exterior magnetic flux, or for superfluids. In

that case, phase transitions of matter are well described by critical points of free

energy (Ginzburg-Landau) functionals (Refs. 3, 15, etc. . . )

One of the main process consists in averaging the spins σ� over some meso-

scopic boxes, so to define the magnetization m = m�∗ on another “coarser” or

“mesoscopic” lattice �∗. The free energy (or excess free energy) functional

Fβ,γ (m) at inverse temperature β in case of Kac models with internal symme-

try, can be simply derived from a suitable renormalization of Hγ making use of

the entropy I (m) for the mean field that corresponds to Van der Waals free energy

fβ(m) = − 1
2
|m|2 + 1

β
I (m) (see Sec. 1).

To understand the significance of Fβ,γ (m�∗), one should think also of the

formal “stationary phase” argument, as � → ∞, which suggests that an important

rôle in the averaging with respect to Gibbs measure, is played by configurations

close to those which produce the local critical points of Fβ,γ . This occurs in
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computing correlations functions (see e.g. Ref. 21). These critical points consist

in ground states, or metastable states.

They will be determined as the attractors of a certain dynamics, similar

to this given by the “heat operator,” but known in that context as the gradient-

flow dynamics8,9,18 . . . . Thus, we expect convergence of this dynamics toward a

Gibbsian equilibrium, though this will not be rigorously established here.

Let us present our main results.

In Sec. 1, we describe in detail Kac’s hamiltonian on the lattice, and re-

call briefly the renormalization scheme, that makes of the free energy functional

a fairly good approximation for the density of Gibbs measure, i.e. µβ,γ,� ≈
exp[−βγ −2F(m | mc)]. Here F(m | mc) denotes the free energy functional subject

to boundary conditions mc on �∗c.

In Sec. 2, we present a simple, combinatorial averaging process, relating

Kac’s hamiltonian with the free energy functional. While exhibiting the main idea

of renormalization, it is more suitable for effective computations on the lattice.

In Sec. 3, we study Euler-Lagrange equations for the free energy functional,

and introduce the corresponding gradient-flow dynamics m(x, t) (see Eq. (3.4)).

Using that F(m | mc) is a Lyapunov function, we show that m(x, t) converges

towards a critical point of F(m | mc), generically, a local minimum. Unless β ≤ 2,

in which case m = 0 is the unique minimizer of F(m | mc), as expected from the

considerations above on the mean field, in general there cannot be uniqueness

of the limiting orbits, at least for a finite lattice. Instead, local minimizers might

depend on initial conditions m(0, x) inside �∗.

Local minimizers however, have the property that their modulus be bounded

by mβ , if this is true of the initial condition, and as expected from general results

relative to the Gibbs states,(7) |m| has to be close to mβ on large regions of �∗.

Actually Proposition 3.4 indicates that if no vorticity is induced by the boundary,

nor by the initial condition, then all magnetizations of the limiting configuration

should point out in the same direction and have length about mβ .

In Sec. 4 we make numerical simulations, introducing a boundary condition

with topological degree d ∈ Z. Then, on the basis on conservation of vorticity, the

limiting orbits for the gradient-flow dynamics show a vortex pattern. For q = 2, our

main observation is the existence of vortices below the temperature of transition

of phase for the mean field model, induced by the vorticity at the boundary of

the lattice �, together with large ordered domains where the magnetizations m�∗

become parallel. We discuss in detail dependence on the shape of the lattice, and

on initial conditions. In particular, the application of the “simulated annealing

process” allows the limiting configurations to move away from local minima, and

reach lower energies.

We also have some numerical evidence that, as in the case of Ginzburg-

Landau functional, Kirchhoff-Onsager hamiltonian for the system of vortices
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gives a fairly good approximation of the minimizing free energy, despite of the

non-local interactions.

Finally, for q = 3, we examine in Sec. 5 the situation of spin-waves in the

spirit of Belavin and Polyakov.

1. MEAN FIELD APPROXIMATION AND RENORMALIZED

KAC’S HAMILTONIAN

Consider the lattice Z2, consisting in a bounded, connected domain � (the

interior region), and its complement (the exterior region) �c. In practice, we think

of � as a large rectangle with sides parallel to the axis of Z2, of length of the

form L = 2n , n ∈ N. Physical objects make sense in the thermodynamical limit

� → Z2, but in this paper we work in large, but finite domains.

To each site i ∈ Z2 is attached a classical spin variable σi ∈ Sq−1, q = 2, 3.

The configuration space X (Z2) = (Sq−1)Z2

is the set of all such classical states of

spin; it has the natural internal symmetry group O+(q) acting on Sq−1. The state

σ ∈ X (Z2) will denote the map σ: Z2 → Sq−1, i �→ σ (i). Given the partition

Z2 = � ∪ �c, we define by restriction the interior and exterior configuration

spaces X (�) and X (�c), and the restricted configurations by σ� and σ�c . The

Hamiltonian in Z2 describes the interaction between different sites through Kac’s

potential defined as follows.

Let 0 ≤ J ≤ 1 be a function on R2 with compact support and normalized

by
∫

R2 J = 1. We can think of J also as a function on the lattice. There is a lot

of freedom concerning the choice of J , but for numerical purposes, we take J

as 1/2 the indicator function J̃ of the unit rhombus with center at the origin, in

other words J (x) = J ( | x |1) where | · |1 is the �1 norm in R2. Thus the support

of J̃ is thought of as a chip of area 2, and considered as a function on the lattice,

J̃ takes the value 1 at the center, and 1/4 at each vertex, so that
∑

i∈� J (i) = 1.

For γ of the form 2−m , we set Jγ (x) = γ 2 J (γ x), and extend the definition above

in the discrete case so that Jγ enjoys good scaling properties, namely the stratum

of full dimension (i.e. the set of points interior to the chip) has weight 1, the

strata of dimension 1 (the points on the sides on the chip) have weight 1/2, and

those of dimension 0 (the vertices of the chip) have weight 1/4. Thus, again∑
i∈Z2 Jγ (i) = 1. The discrete convolution on � is defined as usual. For instance,

(Jγ ∗ σ )(i) =
∑

j∈Z2 Jγ (i − j)σ ( j) represents, with conventions as above, the

mean value of σ over the chip of size γ −1 and center i , with a weight that depends

on the stratum containing j .

Note that we could replace the lattice Z2 by the torus (Z/LZ)2 or the cylinder

(Z/LZ) × Z, which amounts to specify periodic boundary conditions in one or

both directions. Thermodynamic limit is obtained as L → ∞.

The coupling between spin at site i and spin at site j is given by Jγ (i − j);

this is known as Kac’s potential. From Statistical Physics point of view, Kac’s
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potential, for small γ , shares locally the main properties of the mean field, i.e.

long range ≈γ −1, large connectivity ≈γ −2 of each site, small coupling constant

≈γ 2 of the bonds, and total strength of each site equal to 1.

Given the exterior configuration σ�c ∈ X (�c), we define the Hamiltonian on

Z2 as

Hγ (σ� | σ�c ) = −
1

2

∑

i, j∈�

Jγ (i − j)〈σ (i), σ ( j)〉 −
∑

(i, j)∈�×�c

Jγ (i − j)〈σ (i), σ ( j)〉

(1.1)

where σ (i), for simplicity, stands for σ�(i) or σ�c (i), and 〈·, ·〉 is the standard

scalar product in Rq . We note that as J ≥ 0, the interaction is ferromagnetic, i.e.

energy decreases as spins align.

We give here some heuristic derivation of the model we will consider, starting

from principles of Statistical Physics. A thermodynamical system at equilibrium

is described by Gibbs measure at inverse temperature β. We assume an a priori

probability distribution ν for the states of spin, and because of the internal contin-

uous symmetry of X (�), we take ν as the normalized surface measure on Sq−1,

i.e. ν(dσi ) = ω−1
q δ(|σi | − 1)dσi , where ωq is the volume of Sq−1. Then Gibbs

measure on X (�) with prescribed boundary condition σ�c is given by

µβ,γ (dσ� | σ�c ) =
1

Z�
β,γ (σ�c )

exp[−βHγ (σ� | σ�c )]
∏

i∈�

ν(dσ�(i)) (1.2)

where Z�
β,γ (σ�c ), the partition function, is a normalization factor which makes of

µβ,γ a probability measure on X (�), conditioned by σ�c ∈ X (�c). It is obtained

by integration of µβ,γ (dσ� | σ�c ) over 	0 = (Sq−1)�.

Since we are working on Z2, there exists, for any β > 0, γ > 0, an infinite

volume Gibbs state µβ,γ , i.e. a (unique) probability distribution µβ,γ on the space

X of all configurations obtained by taking the thermodynamic limit � → Z2. This

measure satisfies suitable coherence conditions, i.e. DLR equations.

Nevertheless, we are faced with various difficulties, indicating that

µβ,γ (dσ� | σ�c ) should not be the object to be directly considered. It is known

that (and this goes back to Van Hove for the Ising ferromagnet, i.e. q = 1, see

[see Ref. 20, p. 31,]) in order to understand thermodynamical properties for spins

models, one should instead average spins over mesoscopic regions and consider

the image of Gibbs measure through this transformation, the so called “block-spin

transformation.” So we introduce the empirical magnetization in the finite box


 ⊂ Z2

m
(σ ) =
1

|
|
∑

i∈


σ (i) (1.3)
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and given any m ∈ Rq , |m| ≤ 1, we define the canonical partition function in 


as

Z

,σ
c

β,γ (m) =
∫

(Sq−1)

exp[−βHγ (σ
|σ
c )]

∏

i∈


ν(dσ (i))δ(m
(σ ) − m) (1.4)

see [see Ref. 20, p. 31]. Also for Kac’s model, it can be shown, taking the thermo-

dynamical limit 
 → Z2, that the quantity

Fγ (β, m) = − lim

→Z2

1

β|
|
log Z


,σ
c

β,γ (m) (1.5)

is well defined, and doesn’t depend on the boundary condition on 
c; it will be

interpreted as the thermodynamic free energy density of the system. It is defined

for a system with finite interaction of range γ −1, i.e. before taking the mean field

limit γ → 0.

So far, parameter γ was kept small but constant; the limit γ → 0 is called

Lebowitz-Penrose limit. Let

fβ(m) = −
1

2
|m|2 +

1

β
I (m) (1.6)

be the free energy for the mean field, I (m) denotes the entropy, see (2.2) below.

Lebowitz-Penrose theorem (in this simplified context) states that

lim
γ→0

Fγ (β, m) = CE( fβ(m)) (1.7)

See Ref. 7 for the case of a 1-d lattice and continuous symmetry, the proof can be

carried over to Z2. Here CE denotes the convex envelope, to account for Maxwell

correction law.

From this we sketch the renormalization procedure that leads to Lebowitz-

Penrose theorem, as stated e.g. in Ref. 18, Theorem 3.2.1 for q = 1, following

earlier results by Ref. 2 (actually, this is the “pressure” version of Lebowitz-Penrose

theorem, but the argument can easily be adapted to free energy.) The following

result will not be used in the sequel, we just give it for completeness.

Since we will take (in this paragraph) a continuous limit, we do assume

that J is a differentiable function, not necessarily of compact support, but with

‖∇ J‖1 < ∞ (the L1 norm.) The lattice dimension d can be arbitrary. We set,

following (1.3), 
 = �̃(x) and mσ (x) = m�̃(x)(σ ). Here �̃(x) will be a square

“centered” at a variable x ∈ Z2, with sides of length δ
γ

, δ of the form 2−p, p ∈ N,
δ
γ

much smaller than the diameter of �, but still containing many sites, for

instance diam (�̃(x)) = γ −1/2. Actually, we need to replace (1.3) by an integral,

which allows to extend x �→ mσ (x) on Rd , but for simplicity, we present it as a

discrete sum.
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The averages mσ (x) are called (empirical) magnetizations. The set of all such

magnetizations mσ ∈ Rq is the image of X (Z2) by the block-spin transformation

πγ : σ → mσ , and will be denoted by X̃ (Z2). This is the set of “coarsed-grained”

configurations.

It has again the continuous symmetry group O+(q), and this is a subset of the

convex set M of all functions m : Z2 → Rq such that |m(x)| ≤ 1 for all x . When

considering microscopic interior and exterior regions as above, the partition Z2 =
� ∪ �c induces of course restricted configuration spaces X̃ (�∗) and X̃ (�∗c),

where �∗ = {x ∈ Z2 : �̃(x) ⊂ �} and �∗c = {x ∈ Z2 : �̃(x) ⊂ �c}. So let

m ∈ M.

We introduce as in (1.4) the canonical Gibbs measure conditioned by the

external configuration σ�c = σ c:

µβ,γ,�(dσ ; m | σ c)

=
1

Zβ,γ,�(σ c)

∫

	0

∏

i∈�

ν(dσ (i)) exp[−βHγ (σ (i)|σ c)]δ(πγ σ (i) − m) (1.8)

where the partition function Zβ,γ,�̃(σ�̃c ) was defined in (1.2). For simplicity, we

have removed the index � from σ . By definition of the image of Gibbs measure

through the block-spin transformation, we have
∫

|m|<1

dmµβ,γ,�

(
dσ ; m | σ c

γ

)
= 1 (1.9)

where dm is the normalized Lebesgue measure on the product space∏
x∈�∗ Bq (0, 1). (Bq (0, 1) denotes the unit ball of Rq .) Let

F(m | mc) =
1

4

∫

�0

dr

∫

�0

dr ′ J (r − r ′)|m(r ) − m(r ′)|2

+
1

2

∫

�0

dr

∫

�c
0

dr ′ J (r − r ′)|m(r ) − m(r ′)|2

+
∫

�0

dr ( fβ(m(r )) − fβ(mβ)) (1.10)

be the continuous, free energy in a box �0 ⊂ R2 of fixed size L0, rescaled from

� by a factor proportional to γ . Here mβ is the critical value for the mean field

fβ , see Sec. 2. Assume, as before, that the diameter of all block spins �̃(x)

equals γ −1/2. Then we can give a special meaning to the approximation µβ,γ,� ≈
exp[−βγ −dF(m | mc)] (in the logarithmic sense) stated in the Introduction, by

establishing the analogue of Ref. 2, Lemma 3.2 in case of continuous symmetry,

improving also Ref. 7, Lemma 3.1. Let ê be any (fixed) unit vector in Rq , and m̂β

the constant function on � equal to mβ ê, which we extend to be equal to mc on

�c. We have the following:
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Proposition 1.1. Let q = 2. With the notations above, there are constants

C1, C2 > 0 such that for any coarse-grained configuration m on �∗:

−g(m) − (L0γ
−1)d (C2β

√
γ ‖∇ J‖1 + C1γ

d/2 log γ −1)

≤ log[µβ,γ,�(dσ ; m | σ c)] + βγ −d
F(m | mc)

≤ g(m) + βγ −d inf
ê∈S1

F(m̂β |mc)

+ (L0γ
−1)d (C2β

√
γ ‖∇ J‖1 + C1γ

d/2 log γ −1)

where g(m) = log
∏

x∈�∗ (1 − |m(x)|)−1/2.

See Ref. 10 for details. The divergence of g(m) as |m| gets close to 1 reflects

the fact that the entropy density I (m) is singular at |m| = 1, precisely where the

mean field approximation breaks down, see also Ref. 7, Theorem 2.2. So the ap-

proximation µβ,γ,� ≈ exp[−βγ −dF(m | mc)] holds true when the magnetization

stays bounded away from 1, as is the case in most applications.

Having this construction in mind, we shall proceed the other way around, and

make a simple renormalization of Hγ (see Proposition 2.1 below). Actually our

sole purpose is to give a discrete analogue for the excess free energy functional as

in (1.10), most adapted to numerical experiments on the lattice.

2. RENORMALIZED HAMILTONIAN ON THE LATTICE

We restrict here to q = 2, in Sec. 5 we show how these considerations easily

extend to q = 3. Recall from (1.6) the free energy for the mean field, I (m) is the

entropy function of the a priori measure ν, which can be computed following.(7)

Namely, introduce the moment generating function

φ(h) =
∫

Sq−1

e〈h,σ 〉dν(σ ) (2.1)

and define I (m) as Legendre transformation

I (m) = Î (|m|) = sup
h∈Rq

(〈h, m〉 − log φ(h)) (2.2)

We denote by In the modified Bessel function of order n. For q = 2, we have

φ(h) = φ̂(|h|) = I0(|h|). Function ρ �→ Î (ρ) is convex, strictly increasing on [0,

1], Î (ρ) ∼ ρ2 as ρ → 0, Î (ρ) ∼ − 1
2

log(1 − ρ), as ρ → 1, and these relations

can be differentiated. We have also Î ′ = ((log φ̂)′)−1 and (log φ̂)′(t) = I1(t)/I0(t),

this is of course a real valued function. The phase transition of mean field type is

given by the critical point of the free energy fβ , i.e. the positive root of equation

βmβ = Î ′(mβ), which exists iff β > Î ′′(0) = 2. So the critical manifold has again

O+(2) invariance.
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Now we specify the choice of mesoscopic boxes �̃(x) and construct the

excess free energy functional by the procedure sketched above. When q = 2, it is

convenient to use the underlying complex structure of X (Z2), so we shall write

(1.1), with obvious notations, as

Hγ (σ� | σ�c ) = −
1

2

∑

i, j∈�

Jγ (i − j)σ (i)σ ( j) − Re
∑

(i, j)∈�×�c

Jγ (i − j)σ (i)σ ( j)

(2.3)

We introduce in detail the mesoscopic ensemble averages, or coarse graining

approximation to renormalize Hγ . Let δ > 0 be small, but still much larger than

γ , we take again δ = 2−m , for some m ∈ N. We take for �̃(x), x ∈ Z2, a square

“centered” at x , of diameter δ
γ

, and of the form �̃δ(x) = {i = (i1, i2) ∈ Z2 : ik ∈
δ
γ

[xk, xk + 1[} where we define as in (1.2), mδ(x) = ( γ

δ
)2

∑
i∈�̃(x) σ (i). Thus we

magnify by a factor δ/γ the “coarse graining” (or mesoscopic ensemble) labelled

by x ∈ Z2, to the “smooth graining” (or microscopic ensemble) labelled by i ∈ Z2.

We have:

Proposition 2.1. There is 0 < α < 1
4

such that

(
γ

δ

)2

Hγ (σ� | σ�c )+Uext(mδ)+Uint(mδ)−|�| fβ(mβ)=F
(
mδ

∣∣ mc
δ

)
+|�|O(δ2α)

(2.4)

where

F
(
mδ

∣∣ mc
δ

)
=

1

4

∑

x,y∈�∗

Jδ(x − y)|mδ(x) − mδ(y)|2

+
1

2

∑

(x,y)∈�∗×�∗c

Jδ(x − y)|mδ(x) − mδ(y)|2+
∑

x∈�∗

fβ(mδ(x))− fβ(mβ)

Uext(mδ) =
1

2

∑

(x,y)∈�∗×�∗c

Jδ(x − y)|mδ(y)|2

Uint(mδ) =
1

β

∑

x∈�∗

I (mδ(x)) (2.5)

Proof: To start with, consider the first term in (1.1)
(

γ

δ

)2 ∑

i, j∈�

Jγ (i − j)σ (i)σ ( j) =
∑

x,y∈�∗

Jδ(x − y)mδ(x)mδ(y)

+ γ 2
∑

x,y∈�∗

∑

(i, j)∈�̃δ (x)×�̃δ (y)

(J (γ (i − j)) − J (δ(x − y)))σ (i)σ ( j) (2.6)
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and denote by R(�∗) the second sum in the RHS of (2.6). Let C0 = B1(0, 1
δ
)

be the rhombus (or �1-ball in R2) of center 0 and radius 1
δ
, corresponding to the

shape of the interaction J , and for x ′ ∈ Z2, its translate Cx ′ = 1
δ
x ′ + C0, we denote

also by C∗
x ′ ⊂ �∗ the corresponding lattice obtained from Cx ′ by deleting 2 of its

sides, so that �∗ =
⋃

x ′∈Z2 C∗
x ′ (disjoint union), and �∗ is covered by those C∗

x ′ with

x ′ = (x ′
1, x ′

2), x ′
j ∈ {±1, . . . ,±γ L}. Let also E(x, y) = {(i, j) ∈ �̃δ(x) × �̃δ(y) :

J (γ (i − j)) − J (δ(x − y)) �= 0}. We can consider E(x, y) as a symmetric relation

E : �∗ → �∗, E(x) = {y ∈ �∗ : E(x, y) �= ∅}. By translation invariance of J ,

for any x ′ ∈ Z2, we have |E(x, y)| = |E(x − 1
δ
x ′, y − 1

δ
x ′)|, so that

∑

x,y∈�∗

|E(x, y)| ≤ 4

(
γ L

δ

)2 ∑

x,y∈C∗
0

|E(x, y)| (2.7)

With the choice of �1 norm, we have E(x, y) �= ∅ for all x, y ∈ C∗
0 , and

maxx∈C∗
0
|E(x)| = (1 + 1

2δ
)2, while minx∈C∗

0
|E(x)| is of order unity. In any case,

|E(x)| depends on x and δ, but not on γ , and it is easy to see that for some

0 < α < 1
4
,
∑

x∈C∗
0
|E(x)| = O(δ−2(1−α)), δ → 0. [Actually, this kind of estimate

is well-known, see e.g. Ref. 6 and references therein for related results, and applies

whenever the support of J is a convex set. ]

On the other hand, we have the rough estimate |E(x, y)| ≤ |�̃δ(x) ×
�̃δ(y)| = ( δ

γ
)4, and since |σ (i)| = 1,

∣∣∣∣∣
∑

x,y∈C∗
0

∑

(i, j)∈�̃δ (x)×�̃δ (y)

(J (γ (i − j)) − J (δ(x − y)))σ (i)σ ( j)

∣∣∣∣∣

≤
(

δ

γ

)4 ∑

x∈C∗
0

|E(x)| =
(

δ

γ

)4

O
(
δ−2(1−α)

)

This, together with (2.7), shows that R(�∗) ≤ Const. δ2α L2. A similar argument

gives an estimate on the remainder R(�∗ | �∗c) for the second term in (1.1). Once

we have replaced ( γ

δ
)2

∑
i, j Jγ (i − j)σ (i)σ ( j) by

∑
x,y Jδ(x − y)mδ(x)mδ(y)

modulo R(�∗) and R(�∗ | �∗c), which verify the estimate given in (2.4), we

use the identity

−2 Re mδ(x)mδ(y) = |mδ(x) − mδ(y)|2 − |mδ(x)|2 − |mδ(y)|2

and express the “density” term 1
2
|m|2 in term of the mean field free energy fβ(m)

as in (2.1). Summing over (x, y) and making use of the fact that Jδ is normalized

in �1(Z2) eventually gives the Proposition. �

Remark. (1) In homogenization problems, one usually associates the discrete

configuration σ ∈ X (�) with the function σγ on R2 taking the constant value
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σ (i) on the square “centered” at γ i , i = (i1, i2), i.e. on [γ i1, γ (i1 + 1)[×[γ i2,

γ (i2 + 1)[. Furthermore the size of the domain � is normalized, so that taking the

thermodynamic limit � → ∞ is a problem of convergence for piecewise constant

functions (or discrete measures) in some suitable functional space. As we have

seen in Sec. 1, it is convenient to take a smooth interaction J . Thus a version of

Proposition 2.1 was obtained in Ref. 7 by replacing the discrete average mδ(x)

around x ∈ � by an integral, or in Refs. 8, 9, 18, . . . by averaging Jγ over boxes

of type Cx ′ as above. (For short we refer henceforth to the review article Ref. 18).

Since our ultimate purpose here consists in numerical simulations on a lattice, we

chose instead to give a discrete renormalization for Hγ .

(2) Our renormalized Hamiltonian is now given by F(mδ | mc
δ), the quantities

we have subtracted are −Uext(mδ), attached to the configuration space X (�c), and

−Uint(mδ) that can be interpreted as β−1 times the entropy of the system in �.

Note we have also included self-energy terms i = j in the original Hamiltonian.

Of course, relevance of this free energy to Gibbs measure (or rather its image

through the block-spin transformation) after taking the thermodynamic limit, is a

rather subtle question which will not be discussed here, since we content to finite

lattices.

3. EULER-LAGRANGE EQUATIONS AND NON LOCAL DYNAMICS

We are interested in the critical points of F(mδ | mc
δ). Denote as usual resp.

by ∂m and ∂m the holomorphic and anti-holomorphic derivatives, we have for

m = mδ (for short), and any tangent vector of type (1,0) in the holomorphic sense,

δm ∈ T
(1,0)

m X̃ (Z2):

〈∂mF(m | mc), δm〉 =
1

2

∑

(x,y)∈�∗×�∗c

Jδ(x − y)(m̄(x) − m̄(y))δm(x)

+
1

2

∑

x,y∈�∗

Jδ(x − y)(m̄(x) − m̄(y))δm(x)

+
∑

x∈�∗

(
−

1

2
m̄(x) +

1

β

∂ I (m)

∂m
(x)

)
δm(x)

Using again the normalization of Jδ in �1(Z2), the relation I (m) = Î (|m|), and

setting as before Jδ ∗ m(x) =
∑

y∈Z2 Jδ(x − y)m(y), we obtain

〈∂mF(m | mc), δm〉 =
1

2

∑

x∈�∗

(
− Jδ ∗ m(x) +

1

β

Î ′(|m|)
|m|

m(x)

)
δm(x) (3.1)
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Since F is real, this gives Euler-Lagrange equation:

−Jδ ∗ m(x) +
1

β

Î ′(|m|)
|m|

m(x) = 0 (3.2)

Let f = ( Î ′)−1 = φ̂′

φ̂
denote the inverse of the function Î ′. Thus f : [0,+∞[→

[0, 1[ is strictly concave, f (0) = 0, f ′(0) = 1/2, and f (ρ) → 1 as ρ → +∞.

Since the inverse of m �→ Î ′(|m|) m
|m| defined on the unit disk is given by n �→

f (|n|) n
|n| , n ∈ C, (3.2) takes the form

−m + f (β|Jδ ∗ m|)
Jδ ∗ m

|Jδ ∗ m|
= 0 (3.3)

Following, Ref. 18 to find the critical points minimizing the excess free energy

functional F we solve the “heat equation”

dm

dt
= −m + f (β|Jδ ∗ m|)

Jδ ∗ m

|Jδ ∗ m|
in �∗ (3.4)

with prescribed (time independent) boundary condition on �∗c, and initial condi-

tion m|�∗ = m0. By Cauchy-Lipschitz theorem, Eq. (3.4) has a unique solution,

defined for all t > 0, valued in X̃ (�∗). Monotonicity ofF is given in the following:

Proposition 3.1. F is a Lyapunov function for Eq. (3.4), i.e. there exists a free

energy dissipation rate function I : X̃ (�∗) → R+, I(m) = 0 iff m solves (3.3),

and

d

dt
F(m(·, t)|mc) = −I(m(·, t))

along the integral curves of (3.4).

Proof: We have, using (3.1) and (3.4)

I(m(·, t)) = −
dF

dt
= −

〈
∂mF ,

∂m

∂t

〉
−

〈
∂̄mF ,

∂m̄

∂t

〉

=
1

β
Re

∑

x∈�∗

(
− β Jδ ∗ m̄(x) +

Î ′(|m|)
|m|

m̄(x)

)

×
(

m(x) − f (β|Jδ ∗ m|)
β Jδ ∗ m

|β Jδ ∗ m|
(x)

)
(3.5)

Let m = ρeiθ , β Jδ ∗ m = ρ ′eiθ ′
, I(m(·, t)) equals a sum of terms of the form

R =
2

β
(ρ ′ f (ρ ′) + ρ Î ′(ρ) − (ρρ ′ + f (ρ ′) Î ′(ρ)) cos(θ − θ ′))
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then using (ρ − f (ρ ′))( Î ′(ρ) − ρ ′) ≥ 0 for any ρ, ρ ′ since Î ′ is increasing, we

obtain the lower bound R ≥ 2
β

(1 − cos(θ − θ ′))(ρρ ′ + f (ρ ′) Î ′(ρ)) ≥ 0. And be-

cause ρρ ′ + f (ρ ′) Î ′(ρ) = 0 iff ρ = 0 or ρ ′ = 0, this estimate easily implies the

Proposition. �

From Proposition 3.1 and a compactness argument as in Ref. 18, follow

that in the closure of each orbit of Eq. (3.4) there is a solution of (3.3), or

equivalently, of Euler-Lagrange Eq. (3.2), i.e. a critical point for F . As suggested

by numerical simulations, this critical point is not unique, and depends on initial

conditions (except of course when β ≤ 2.) We expect however some uniqueness

in the thermodynamical limit �∗ → ∞, modulo the symmetry group.

Now we give estimates on solutions of (3.4) or (3.3), borrowing some ideas

to Ref. 18. Equation (3.4) can be rewritten in the integrated form:

m(x, t) = e−t m(x, 0) +
∫ t

0

dt1et1−t f (β|Jδ ∗ m|)
Jδ ∗ m

|Jδ ∗ m|
(x, t1) (3.6)

An effective construction of the solution is given by the “time-delayed” approxi-

mations. It will also be used, discretizing time, in the numerical simulations below.

We define inductively mh(x, t), h > 0, on the intervals [hk, h(k + 1)[, k ∈ N, by

mh(x, t) = e−t m0(x) for 0 ≤ t < h, and for hk ≤ t < h(k + 1), k ≥ 1:

mh(x, t) = ekh−t mh(x, kh) +
∫ t

hk

dt1et1−t f (βe−h |Jδ ∗ mh |)
Jδ ∗ mh

|Jδ ∗ mh |
(x, t1 − h)

(3.7)

Using Lipschitz properties of the coefficients, it is easy to see that, as h → 0,

mh(x, t) tends to the solution m(x, t) of (3.4) uniformly for x ∈ �∗ and t in

compact sets of R+. We prove estimates on m(x, t) using sub- and supersolutions

of (3.4). We start with:

Lemma 3.2. Assume β > 2, and let λ(t), t > 0 be the solution of

dλ

dt
(t) + λ(t) − f (βλ(t)) = 0, λ(0) = λ ∈ [0, 1[ (3.8)

If λ ≥ mβ , then λ(t) ≤ λ for all t > 0.

Proof: Write (3.8) in the integrated form as in (3.6) and consider the approx-

imating sequence λh(t). Since λh(t) tends to λ(t) uniformly on compact sets of

R+, it suffices to show the property stated in the Lemma for λh , and h > 0 small

enough. For 0 ≤ t < h, λh(t) = λe−t , so the property holds, while for h ≤ t < 2h,

performing the integration in (3.7), we get λh(t) = e−tλ +
∫ t

h
dt1et1−t f (βe−t1λ).

Since x > f (βx) iff βx < Î ′(x) (whence iff x > mβ), if λ > mβ , and h > 0 small
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enough, then f (βe−t1λ) ≤ e−t1λ, and λh(t) ≤ λ. By induction, using also that f

is increasing, but without changing h > 0 anymore, it is easy to see that this prop-

erty carries over for all t > 0. By a continuity argument, this holds true for all

λ ≥ mβ . �

Then we claim that the modulus of the magnetization doesn’t increase beyond

mβ . More precisely we have:

Proposition 3.3. Assume β > 2, and let m(x, t) be the solution of (3.4) such that

m0(x) = m(x, 0) satisfies |m0(x)| ≤ λ < 1, for some λ ≥ mβ , and all x ∈ Z2 (so

including the boundary condition on the exterior region.) Then |m(x, t)| ≤ λ for

all x ∈ Z2, and all t > 0.

Proof: Equation (3.6) shows that

|m(x, t)| ≤ e−t |m0(x)| +
∫ t

0

dt1et1−t f (β|Jδ ∗ m|)(x, t1) (3.9)

Now by the monotony properties of the convolution and the function f , we

have f (β|Jδ ∗ m|)(x, t1) ≤ f (β Jδ ∗ |m|)(x, t1), so the solution λ(t) of (3.8)

with λ(0) = λ is a supersolution for (3.9), and Lemma 3.2 easily implies the

Proposition. �

We now look for lower bounds on m(x, t). Since there are in general vortices,

one cannot expect a global, positive lower bound on |m(x, t)|, unless there is no

vorticity on initial and boundary values. On the other hand, we know (at least for a

1-d lattice, see Ref. 7), that the Gibbs measure of the configurations at equilibrium

mδ ∈ X̃ (�∗ | �∗c) with |mδ(x)| arbitrarily close to mβ , has to be large. We have:

Proposition 3.4. Assume β > 2, and let m(x, t) be the solution of (3.4) such

that m0(x) = m(x, 0) as in Proposition 3.3 satisfies Re(νm0(x)) > µ, for some

fixed ν ∈ S1 ≈ {z ∈ C, |z| = 1} and µ > 0 and all x ∈ Z2. Assume furthermore

that µ satisfies (µ2 + λ2)1/2 < β f (βλ), where λ is as in Proposition 3.3. Then

Re(νm(x, t)) ≥ µ for all x ∈ �∗, and all t > 0.

Proof: As in the proof of Proposition 3.3 we make use of a comparison function.

So let µ(t) verify the differential equation

dµ

dt
(t) + µ(t) − β f (βλ)

µ(t)

(µ(t)2 + λ2)1/2
= 0, µ(0) > µ (3.10)

Write (3.10) in the integrated form as in (3.6) and consider the approximat-

ing sequence µh(t) as in (3.7). We shall show that µh(t) ≥ µ for all t > 0

provided µ(0) > µ verifies the inequality given in the Proposition. Namely,
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this holds for 0 ≤ t < h, because then µh(t) = µ(0)e−t ≥ µ for h > 0 small

enough, while for h ≤ t < 2h, performing the integration as in (3.7), we get

µh(t) = eh−tµ(0) + β f (βλ)
∫ t

h
dt1et1−tµe−t1 ((µe−t1 )2 + λ2)−1/2. By hypothesis,

µe−t1β f (βλ)((µe−t1 )2 + λ2)−1/2 ≥ µ for h small enough. So again µh(t) ≥ µ.

By induction, using that the function ρ �→ ρ(ρ2 + λ2)−1/2 is increasing on R+, it

is easy to see that µh(t) ≥ µ holds for all t > 0. Because the coefficients of (3.10)

are uniformly Lipschitz, µh(t) tends to µ(t) uniformly on compact sets in R+, and

this property holds again for µ(t).

Now we turn to the equation for m(x, t). Possibly after rotating the co-

ordinates, we may assume ν = 1, i.e. Re m0(x) ≥ µ and all x ∈ �∗ (again,

we have included the boundary condition in the initial configuration.) Write

m(x, t) = u(x, t) + iv(x, t), u, v real and take real part of (3.4). The integrat-

ing form of the resulting equation writes:

u(x, t) = e−t u(x, 0) +
∫ t

0

dt1et1−t f (β|Jδ ∗ m|)
β Jδ ∗ u

β|Jδ ∗ m|
(x, t1) (3.11)

As ρ ′ �→ f (ρ ′)
ρ ′ is decreasing on R+, and by Proposition 3.2, |Jδ ∗ m| ≤ (|Jδ ∗ u|2 +

λ2)1/2, we have

f (β|Jδ ∗ m|)
β|Jδ ∗ m|

≥
f (β(|Jδ ∗ u|2 + λ2)1/2)

β(|Jδ ∗ u|2 + λ2)1/2
≥

f (βλ)

β(|Jδ ∗ u|2 + λ2)1/2

the last inequality because f is increasing. Since u(x, 0) ≥ µ, by continuity we

have u(x, t) > 0 at least for small t > 0, and (3.11) gives

u(x, t) ≥ e−t u(x, 0) + β f (βλ)

∫ t

0

dt1et1−t (Jδ ∗ u)((Jδ ∗ u)2 + λ2)−1/2(x, t1)

(3.12)

Now, using the monotony of the convolution, and again the fact that the function

ρ �→ ρ(ρ2 + λ2)−1/2 is increasing on R+, we can easily show that the solution

µ(t) of (3.10) with µ(0) = µ is actually a subsolution for (3.12), for all t > 0; the

properties proved already for µ(t) then imply the Proposition. �

Of course, by continuity, Propositions 3.3 and 3.4 imply the corresponding

estimates for the solutions of (3.3), or equivalently for the solutions of Euler-

Lagrange Eq. (3.2). Our last result states that if β ≤ 2, then m(x, t) tends to 0

t → ∞, which is consistent with the absence of phase transition (or spontaneous

magnetization) at high temperature.

Proposition 3.5. Assume β ≤ 2, and let m(x, t) be the solution of (3.4). Then

m(x, t) → 0 on �∗ as t → +∞.



756 El Bouanani and Rouleux

Proof: Using that f (ρ ′) ≤ 1
2
ρ ′, all ρ ′ > 0, (3.9) shows that

|m(x, t)| ≤ e−t |m0(x)| +
β

2

∫ t

0

dt1et1−t Jδ ∗ |m|(x, t1)

So by taking convolution

Jδ ∗ |m|(x, t1) ≤ e−t1 Jδ ∗ |m0|(x) +
β

2

∫ t2

0

dt2et2−t1 J ∗2
δ ∗ |m|(x, t2)

and integrating the resulting inequality:

|m(x, t)| ≤ e−t

[
|m0(x)| +

βt

2
Jδ ∗ |m0|(x) +

(
β

2

)2

T (2)
(
e(·) J ∗2

δ ∗ |m|(x, ·)
)
(t)

]

where T (k)u(t) =
∫ t

0
dt1

∫ t1
0

dt2 . . .
∫ tk−1

0
dtku(tk) denotes the k-fold integral of u,

and J ∗k
δ the k-fold convolution product of Jδ with itself. By induction, we get:

|m(x, t)| ≤ e−t

[
|m0(x)| +

β

2
t Jδ ∗ |m0|(x) + · · · +

(
β

2

)k
tk

k!
J ∗k
δ ∗ |m0|(x)

+ T (k+1)
(
e(·) J

∗(k+1)
δ ∗ |m|(x, ·)

)
(t)

]

The series is uniformly convergent for t in compact sets so we can write

|m(x, t)| ≤ e−t

+∞∑

k=0

(
β

2

)k
tk

k!
J ∗k
δ ∗ |m0|(x)

When β < 2, using J ∗k
δ ∗ |m|(x, 0) ≤ |m0(x)| ≤ 1, it follows that m(x, t) → 0 for

all x ∈ �∗ as t → ∞. This holds again for β = 2 since we may assume that m0

has compact support, and we know (see Ref. 11, Lemma 1.3.6) that J ∗k
δ → 0

uniformly on R2 (or on Z2 in the discrete case), as k → ∞. �

4. VORTICES

We consider here the problem of finding numerically the critical points of

Euler-Lagrange Eq. (3.3) by solving (3.4) subject to a boundary condition on �∗c

presenting vorticity.

4.1. Generalities

First we recall some facts about the degree of a map. Let m : R2 → C be

a differentiable function, considered as a vector field on R2, and subject to the
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condition |m(x)| → � > 0 as |x | → ∞ uniformly in x̂ = x/|x |. Then the integer

degR m =
1

2π

∫

|x |=R

d(arg m) =
1

2iπ

∫

|x |=R

dm

m
(4.1)

is independent of R when R > 0 is large enough, is called the (topological) degree

of m at infinity, and denoted by deg∞ m.

We define in the same way the local degree (or topological defect) degx0
m

of m near x0, provided m(x) �= 0, x �= x0, by integrating on a small loop around

x0. The local degree takes values d j ∈ Z. When m has finitely many zeros x j

inside the disc of radius R, its total degree (or vorticity) is defined again as

the sum of all local degrees near the x j ’s. In many boundary value problems

(or generalized boundary value problems, in the sense that the boundary is at

infinity,) such as Ginzburg-Landau equations, total vorticity is conserved, i.e.

deg∞ m =
∑

j degx j
m. Generically d j = ±1 (“simple poles.”) Our aim is to check

this conservation principle in the present situation.

We can define analogously the degree of a discrete map, which makes sense

at least in the thermodynamical limit. If m(x) = ρ(x)eiθ(x), the degree of m at

infinity is the degree restricted to the lattice �∗c, e.g. by

d = deg�∗c m =
1

2π

∑

j

(θ j+1 − θ j ) (4.2)

along some closed loop �ι ⊂ �∗c encircling �∗, the sites along �ι being labelled

by j , assuming that this integer takes the same value on each �ι.

The local degree near x0, where m(x0) = 0, is identified again by computing

the angle circulation on a loop encircling x0. Local degrees are also expected to

take, generically, values ±1.

We chose our parameters as follows. We start with prescribing the degree of

the spin variable σ on �c, and take on �ι, the ι:th loop away from �, containing

Nι sites, (Nι = 4ι + P , where P is the perimeter of �, we take enough ι’s to cover

the range of interaction), with a uniform distribution:

σ j = exp i(2πd j/Nι + φ0), 1 ≤ j ≤ Nι (4.3)

here φ0 is a constant (e.g. φ0 = 1) that “breaks” the symmetry of the rectangle �.

We shall also randomize these boundary conditions.

To this spin distribution on �c, we apply the block spin transformation

(1.3), so to have a distribution of magnetization on �∗c, then we prescribe initial

conditions inside �∗. The simplest way is to take zero initial values, which gives

a particular symmetry to the solution. Otherwise, we can choose them as random

numbers, either small, or with absolute value less than mβ . All these cases will be

discussed.

We usually fix the inverse temperature β = 5, so mβ = 0.72; the results do

not depend on β in an essential way, we just observe that magnetization tends
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to 0 as β → 2+. The diameter L of the lattice branges from 26 to 210, the size

δ/γ of the diameter of the block-spin c(x) is set to 4 (most of the time) so the

diameter L∗ of the lattice b∗ ranges from 24 to 28. The lattice is either a square,

or a rectangle.

The size 1/δ of the length of interaction in b∗ ranges from 2 to 32, thus the

corresponding interaction in bhas length 1/γ = 4/δ between 8 to 128.

Equation (3.4) is solved by “time-delayed” approximations as in (3.7), im-

plemented by the second order trapezoidal method to compute the integrals.

These experiments lead to the following observations, vortices display in a

different way, according to the initial configuration on b∗, but always obey the

conservation of total vorticity.

4.2. Some Typical Configurations

We consider here the case of a uniform distribution of spins on the boundary.

The particular case of zero initial values and a square lattice, gives raise to

interesting symmetries (or degeneracies) in the picture: namely, vortices tend to

occupy most of b∗ so to cope with the symmetry of the square. So for d = 1 there

is a single vortex in the center, for d = 2 (cf Fig. 1(a)) a vortex of multiplicity 2,

(unless the degeneracy is lifted and turns into 2 nearby vortices,) for d = 4 − 1,

(cf Fig. 2(a)) one vortex of degree −1 surrounded by 4 vortices of degree +1 near

the corners, for d = 4, 4 vortices of degree +1 near the corners, for d = 4 + 1,

same configuration as for d = 3, for d = 4 + 2 the picture looks alike, with a

double vortex at the center, for d = 2 × 4 − 1, 4 new vortices appear near the

center (cf Fig. 3(a)), etc. . . So the configuration depends essentially of the residue

of d modulo 4: new vortices show up from the middle towards the corners along

the diagonals of b∗.

Fig. 1. (a) L∗ = 128, d = 2, zero initial condition. (b) L∗ = 128, d = 2, random initial condition.
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Fig. 2. (a) L∗ = 128, d = 3, zero initial condition. (b) L∗ = 128, d = 3, random initial condition.

Fig. 3. (a) L∗ = 128, d = 7, zero initial condition. (b) L∗ = 128, d = 7, random initial condition.

Next we consider the case of a square lattice, but with random initial con-

ditions, that is, we pick initial magnetizations with random direction and random

length, provided the length is much smaller than mβ , typically |m0(x)| ≤ 0.05.

Then vortices are simple (i.e. have local degree ±1, total vorticity is of course

conserved,) and tend to display at the periphery of d∗, in a pretty regular way,

leaving some large ordered domain near the center.

Thus, these configurations maximize the area of the lattice where the mag-

netizations are aligned , with an absolute value close to mβ , (in accordance with

the fact that energy Hγ decreases as the spins align.) Their direction, in general,

points out along one of the diagonals of d∗. This is illustrated in Fig. 1, 2, 3(b)

above, for a vorticity d = 2, 3, 7 respectively. In particular, Fig. 2 shows the topo-

logical bifurcation from d = 4 − 1 to d = 3. These simulations also suggest that

the equilibrium configurations depend on the initial conditions, but exceptional
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configurations due to symmetry, for zero initial conditions, are essentially removed

as soon as a small disorder is introduced.

Now we vary the shape of the lattice, changing the square into a rectangle,

keeping in mind that thermodynamic limit, most of the time, should be taken in

the sense of Fisher, i.e. the length of the rectangle �∗ doesn’t exceed a constant

times |�∗|1/2. As expected, vortices tend to align along the largest dimension, but

again, limiting configurations depend on whether the initial condition inside �∗

is set to zero or not.

Thus, for zero initial condition, vortices display along the largest median

of �∗, with possible extra vortices near the corners (inheriting the features of

the square lattice.) Namely, they tend to repel each other so the energy cost in

clustering is minimized by occupying the corners. Typically, such configurations

occur if d ≥ 4 and the length of �∗ is only twice its width. But for sufficiently long

lattices, or small degree, they just stand the median line. See Fig. 4(a) and 4(c).

For small random initial conditions as above (Fig. 4(b)), we recover the

general picture of square lattices, i.e. vortices set along the boarder of �∗, leaving

a large space in the middle with parallel magnetizations. In any case, degeneracies

are lifted, and all vortices have degree +1.

4.3. The Simulated Annealing

If we increase the initial conditions, still keeping |m0(x)| ≤ mβ , we obtain

similar pictures, but with a non uniform distribution of defects: conservation of

total degree holds, but at the same time, many vortices spread over the lattice, and

the corresponding long range order region shrinks correspondingly. This suggest

that the gradient-flow dynamics converges only to a local minimum of the free

energy.

For reaching lower energies, we let the system explore other regions of the

configuration space. This can be achieved through simulated annealing, see e.g.

Ref. 12. Replace the dynamics (3.4) by

dm

dt
= −m + f (β(t)|Jδ ∗ m|)

Jδ ∗ m

|Jδ ∗ m|
in �∗ (4.4)

where β(t) depends continuously on t ∈ [0, t1], starting with β0 < β1 = β, with

negative slope at t = 0, so that the system is heated initially up to a peak β−1
2 ≈ 1/2

(the critical temperature) around t = t2, and then gradually cooled down to β at

t = t1. Function β(t) is oscillating between successive warm and cool periods, so

to “shake” sufficiently the system. Then we keep the temperature constant till we

reach equilibrium.

It is not difficult to optimize, empirically, the annealing function β(t), and

our choice was the following.
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Fig. 4. (a) L∗ = 256, �∗ = 128, d = 9, zero initial condition. (b) L∗ = 256, �∗ = 128, d = 9, random

initial condition. (c) L∗ = 256, �∗ = 128, d = 3, zero initial condition.
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Fig. 5. The annealing function β(t).

We applied this method first to the case of a square lattice, when the equi-

librium configuration corresponding to some total degree d0 is used as an initial

condition for a dynamics with degree d1. We fix β1 = 5, L∗ = 128.

Consider first the case d1 = 3, the equilibrium configuration, with 0 initial

condition, is given in Fig. 2(a), and the corresponding free energy is E = 99. We

use simulated annealing to compute the equilibrium, starting from d0 = 4,−3, 5,

and find respectively E = 23, 53, 51, see Fig. 6. So the energies obtained this way

are less than with zero initial conditions, though the initial magnetizations are

rather large. At the same time, symmetries get lost. Thus the cost for the 3 vortices

to be aligned along one of the diagonals of the square as in Fig. 6(b) is less than

to form a domino near the center as in Fig. 2(a).

In Fig. 7 we show how to pass from d0 = 3 to d1 = 5. The configura-

tion with zero initial condition and d1 = 5 is given in Fig. 5(a), and energy

is E = 113. Taking instead the equilibrium configuration for d0 = 3 as an ini-

tial condition yields, without simulated annealing, to Fig. 7(b), with d1 = 6 − 1,

and E = 216. Using simulated annealing gives instead Fig. 7(c), which looks

like Fig. 7(a), and corresponding energy E = 115. Actually, the 3 vortices on

the anti-diagonal of the square in Fig. 7(b) collapse into a single one at the

center.

Note also that the degeneracy in case of d1 = 2 (a vortex of multiplicity

2 at the center for zero initial condition, E = 24,) is lifted through annealing

from d0 = 4: the 2 vortices move far apart, and E = −19. Other applications of

simulated annealing will be given in the next subsection.
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Fig. 6. (a) d0 = 4, d1 = 3, E = 23. (b) d0 = −3, d1 = 3, E = 53. (c) d0 = 5, d1 = 3, E = 51.

4.4. More General Configurations

We examine here the rôle of random fluctuations in the distribution of

spins on the boundary e∗c, so to account for possible defects in the structure.

With notations of Sec. 4.1, we take σ j = exp(2iπd( j/Nι + ει, j )), where ει, j

are uniform i.i.d. random variables with
∑Nι

j=1 ει, j = 0, and (ει, j )ι,1≤ j≤Nι−1, and

variance small enough. The total degree is still equal to d, but the variation

of the direction of spins at the boundary is not uniform. As expected, the pic-

ture does not depart drastically from the previous cases. Vortices change their

place according to the initial value, and tend again to gather inside e∗, but

take always the value +1 (assuming d > 0.) The sole effect of randomness in

the boundary condition is to change the place of the vortices: namely they tend

to get even closer to the boundary, so to leave larger ordered regions in the

middle.

In Fig. 8(a,b), we have shown equilibrium configurations, obtained for d = 7,

from the same initial and boundary conditions, but with (resp. without) simulated

annealing. Initial magnetization has been chosen at random, but a priori larger
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Fig. 7. (a) d1 = 5, d = 7, zero initial condition. (b) d0 = 3, d1 = 5, without annealing. (c) d0 =
3, d1 = 5, with annealing.

Fig. 8. (a) d = 8 − 1, E = 277, without annealing. (b) d = 7, E = 240, with annealing.
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than before, the sole requirement being that |m0(x)| ≤ mβ . Random fluctuations

on the boundary have been prescribed as above.

4.5. The Kirchoff-Onsager Correction

Another interesting result concerns the value of energy for the minimizing

configurations. In case of Ginzburg-Landau equation, −fg+ (|ψ |2 − 1)ψ = 0,

where ψ is subject to a boundary condition with vorticity, it is known that energy of

the minimizer vs. vorticity, has an asymptotic, as the n vortices x j become distant

from each other, the leading order term is given by a“proper energy,” proportional

to
∑n

i=1 d2
i , and the next correction is the inter-vortex energy given by so-called

Kirchhoff-Onsager hamiltonian, of the form

W0 = −π
∑

i �= j

di d j log |xi − x j | (4.5)

(see e.g. Ref. 3, 16 for precise statements.) It can be interpreted as the electrostatic

energy for a system of charges d j interacting through Coulomb forces. It turns out

that, despite forces in action have no electrostatic character, Kirchhoff-Onsager

correction holds with a good accuracy in our case, even for long range interactions

(i.e. for small γ ,) but provided the inter-vortex distance is bounded below by the

range of the interaction. We have listed below some graphs of K = F(·|mc) − W0,

obtained with uniform boundary conditions, which show that K roughly grows

linearly with d (cf. Fig. 9).

Figure 9(b) shows that several random trials for initial conditions give ap-

proximately the same renormalized energy K.

5. THE HEISENBERG MODEL

We consider here “stationary spin waves” for q = 3, in a setting similar to

this of Belavin and Polyakov, Ref. 4, 17, Chap. 6.

Fig. 9. (a) L∗ = 128, zero initial condition. (b) L∗ = 128, 3 random initial conditions.
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Let us first recall the model. We look for minimizers of H (σ ) =
∫

R2 hiσ (x)|2dx , among all configurations σ : R2 → S2 subject to the condition

σ (x) → (0, 0, 1) as |x | → ∞. This boundary condition not only ensures a finite

energy on the whole plane, but also allows to extend σ as a map on the one point

compactification S2 of R2, so we may consider its degree D(σ ) ∈ Z, or winding

number, on the sphere. Differentiable maps S2 → S2 are classified by their degree,

in the sense that σ, σ̃ : S2 → S2 are homotopic iff they have the same degree. The

main result of Belavin and Polyakov asserts that there exist solutions of that min-

imization problem, with given degree; they are called instantons, and expressed

(in suitable coordinates associated with the stereographic projection C → S2) by

arbitrary meromorphic functions of the form
∏d

j=1
z−a j

z−b j
. Here (a j , b j ) ∈ C2 play

the role of vortices in the case q = 2; they have a natural structure of dipoles, with

poles placed at a j and b j . So the minimization problem (for a given homotopy

class) has a continuous degeneracy, parametrized by the family (a j , b j ) which we

interprete as moduli. The energy of all such instantons is a constant proportional

to D.

It is then natural to consider the contribution of all instantons of same en-

ergy D. Somewhat heuristically,(17) obtains, after summing over D ∈ N, a grand

partition function of the form

�(λ) =
D≥0

λ2D

(D!)2

∏

j

da j db j exp

[

i< j

(log |ai − a j |2 + log |bi − b j |2)

−
i, j

log |ai − b j |2
]

(5.1)

and each instanton behaves as if it consisted of a pair of opposite Coulomb

charges, placed at a j and b j . Since the 2 dimensional Coulomb energy is given by

(1/4π ) log |a j − b j |2, the exponent in (5.1) reminds us of the Kirchoff-Onsager

hamiltonian (4.5), and formally, �(λ) is the grand partition function of a plasma

at inverse temperature β = 4π .

It is not known to which extend these instantons are stable relatively to

perturbations of H (σ ), e.g. due to the influence of temperature.

We start with some considerations on the degree of a map on Z2. Let m : S2 →
S2 be a discrete map, defined through the stereographic projection Z2 → S2, the

one point compactification of Z2 given by Z̄2 ≈ Z2 ∪ {ω}. The coordinates on the

source and target space are given by the polar and azimuthal angles (θ, ϕ), and

(θ̃ , ϕ̃) respectively.

Consider the complex C = (Z2, LZ2 , PZ2 ) and its homology group. Here LZ2

is the set of bonds of unit length indexed by closest neighbors x, xj∈ Z2, and PZ2

the set of chips of unit area (plaquettes) around x ∈ Z2. See e.g.(1) for concepts of

polyedral topology.
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We define as usual the discrete jacobian Jac m(x) = ∂(θ̃ ,ϕ̃)

∂(θ,ϕ)
computed on

the plaquette around x . Let y0 = m(x0), x0 ∈ Z2 be a regular value of m, i.e.

Jac m(x0) k= 0. The integer

Dx0
(m) = |{x ∈ m−1({y0}) : det Jac m(x) > 0}|

− |{x ∈ m−1({y0}) : det Jac m(x) < 0}|

is called local degree of m at x0. In case where Dx0
(m) takes the same value for all

x0 ∈ Z2, we call it the degree of m and denote by D(m). This is the general case,

and D(m) counts the number of coverings of the sphere. Then D(m) will be given

by the discrete analogue of the integral

D(m) =
1

4π

∫ 2π

0

dϕ

∫ π

0

dθ sin θ
∂(θ̃ , ϕ̃),

∂(θ, ϕ)

computed on the complex C defined above. When the values of m avoid a neigh-

borhood of ω, we put D(m) = 0. If Dx0
(m) = d for all x0 in a neighborhood of

ω ∈ Z2, we call d the degree of m at infinity and denote d = Dω(m). See e.g.

Ref. 5 and references therein for a more complete study of topological properties

of discrete maps.

We conjecture that for Kac-Heisenberg model, if m is a minimizer for the

free energy F(·, |mc), i.e. m solves (3.2) or (3.3) with Dω(m0) = d, after we

take the thermodynamical limit l→ Z2, then either m vanishes at some point

x ∈ Z2, or m
|m| : Z2 → S2 has degree D. In practice however, we have only observed

configurations with 0 ≤ D ≤ d. So m shares some features with Belavin and

Polyakov instantons, though with less symmetries or degeneracies, and a possible

“degree loss” from infinity, since we are not really working in the thermodynamical

limit.

It is straightforward to extend the constructions of Secs. 2 and 3 to the case

q = 3. Let us sketch the main steps. The moment generating function is now

φ(h) = φ̂(|h|) = sinh |h|
|h| , see Ref. 7, and for the entropy function I (m) = Î (|m|)

defined in (2.2), we have Îm= ((log φ̂)m)−1, and (log φ̂)m(t) = L(t) = cosh t
sinh t

− 1
t

(the

function f before) is known as Langevin function. This is a concave, increasing

function on R+, L(t) ∼ t/3 as t → 0, and L(t) → 1 as t → ∞. There is a phase

transition of mean field type i.e. a positive root for equation βmβ = Îm(mβ), iff

β > Îmm(0) = 3. We derive Euler-Lagrange equations for F(mδ | mc
δ), as in Sec. 3

(here we simply see m as a vector in the unit ball of R3, the complex representation

of m was not essential,) and find

−m + L(β|Jδ ∗ m|)
Jδ ∗ m

|Jδ ∗ m|
= 0 (5.2)

For the corresponding gradient-flow dynamics (3.4), there is again a free en-

ergy dissipation rate function, which we compute exactly as in Proposition 3.1.
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Furthermore, we have estimates on m(x, t) as in Propositions 3.3 and 3.4; more

precisely.

Proposition 5.1. Assume β > 3, and let m(x, t) be the solution of (5.2) such

that m0(x) = m(x, 0) satisfies |m0(x)| ≤ λ < 1, for some λ ≥ mβ , and all x ∈
Z2. Then |m(x, t)| ≤ λ for all x ∈ n∗, and all t > 0. Assume moreover the z-

component mz
0(x) of m0(x) satisfies mz

0(x)) ≥ µ > 0, for all x ∈ Z2, and some

µ > 0 with (µ2 + λ2)1/2 < βL(βλ). Then mz(x, t)) ≥ µ for all x ∈ n∗, and t > 0.

So choosing σ z(i) > 0 on nc (i.e. spins pointing to the z direction at the

boundary) and also initial condition mz
0(x) > 0 on n∗, Proposition 5.1 shows that

mz(t, x) > 0 stays bounded away from zero uniformly in time, so is the case for

the limiting orbit m(x) on Z2, thus D(m) = 0. Our conjecture is again comforted

by the following numerical experiments, which also show that m(x) depends in a

more essential way on the initial conditions than for the planar rotator.

We start with prescribing the spins variables on nc as in (4.3),

taking a family of loops �i ⊂ nc, i = 0, 1, 2 . . . along which σ j =
(cos �i j sin θi , sin �i j sin θi , cos θi ), �i j = 2πd j/Ni + φ0, and 0 ≤ θi ≤ θ0, de-

creasing with i , θi0
= 0 on the last loop �i0

interacting with n, and θ0 small

enough to fit with Belavin-Polyakov conditions. So fixing the precession number

d = Dω(m), we get a “stationary spin wave pattern” on the boundary. Inside n∗

we choose random initial values, |m0(x)| ≤ mβ .

We represent here a few sample of (x, y) and (y, z) projections of the field m,

which yield the following observations. In general, the solution is very sensitive

to the choice of initial conditions, and many patterns show up, which reflects

the moduli in Belavin-Polyakov model. For relatively small β (e.g. β = 5 with

L∗ = 128) spin waves fluctuate, and mz can take negative values, but the domain

where spins point downwards is not sufficiently large to start revolving around the

sphere. So the degree is D = 0. We still get 2 dimensional “vortices” in the (x, y)

plane, there are typically 1, 2 or 3 such “vortices”when d = 1, and up to 4 when

d = 2. Exceptionally, we can also get a 3 dimensional vortex, i.e. x0 such that

m(x0) becomes quite small. Such a m is no longer homotopic to a function on the

sphere.

Increasing β generally prevents getting too small values for m, and allows

larger negative mz . For β = 10 and L∗ = 128, there are random trials where the

winding number D is non zero. Thus Fig. 10 is obtained for d = 1 and suggests

also D = 1. In Fig. 11 we still have d = 1, but D = 0, although 2 large symmetric

regions contain negative values of mz . Figure 12 gives an example where D = 1

for d = 2. Nevertheless, we have not observed winding numbers D = 2 for d = 2.

Further increasing β for a given L∗ doesn’t reveal anything new; namely, if

small temperature seems to favors long range order and existence of non trivial

instantons, it also creates stiffness and a need for space. In any case, one should
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Fig. 10. (a) L∗ = 128, d = 1, XY plane. (b) L∗ = 128, d = 1, YZ plane.

Fig. 11. (a) L∗ = 128, d = 1, XY plane. (b) L∗ = 128, d = 1, YZ plane.

Fig. 12. (a) L∗ = 128, d = 2, XY plane. (b) L∗ = 128, d = 2, YZ plane.
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keep in mind that Belavin-Polyakov instantons can be reproduced only as β → ∞,

and in the thermodynamic limit |o| → ∞. Of course, everything can be again

improved through simulated annealing.
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7. P. Buttà and P. Picco, Large-deviation principle for one-dimensional vector spin models with Kac

potentials. J. Stat. Phys. 92:101–150 (1998).

8. A. DeMasi, Spins systems with long range interactions. Progress in Probability (vol. 54,
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ÀÁÑÊ¿Ö ÊÆÖÆÁ ÖÇ¿À ÂÁÀ Ã¿ÅÁÆÇÑÅÃÊ¿À × Ê¿ ÃÖÁ¿ÅÃËÁ ÕR

Ì É¿ ÀÊÉÀØÁÀÈÇÑÁ ÖÁ ÕR ⊗ÕR

ÇÉ ÄÊÙÁ¿ ÖÉ
ÑÊÈÆÊÖÉÃÅ ÉÀÉÁÂ

∆
× ÁÅ Ê¿ ÈÊÀÁ

x̃ = ∆(x) = 1
2
(1⊗x+x⊗1) ∈ o⊗o × È ÊÉÆ x ∈ o

Ó ÈÉÃÀ Ê¿ ÆÁÄÈÂÇÑÁ
δ̃ = ∆(δ)

ÈÇÆ
(Ãi

j)i∈Λ,1≤j≤4

× ÇÚÁÑ ÖÁÀ ¿ÊÅÇÅÃÊ¿À ÛÚÃÖÁ¿ÅÁÀ Ó ¾¿ ÑÊ¿ÀÃÖÏÆÁ ÇÂÊÆÀ ÂÁÀ ÑÊÄÈÊÀÇ¿ÅÁÀ
ωβ(Ãi

j)
ÖÁ ÂÇ ÜÊÆÄ Á ÂÃ¿ÛÇÃÆÁ

ωβ

ÖÇ¿À ÀÇ ÐÇÀÁ ÖÉÇÂÁ Ó Ý¿ ÑÕÇÒÉÁ ÀÃÅÁ
i
× (
ωβ(Ãi

j)
)
1≤j≤4

ÁÀÅ ÖÊ¿Ñ
É¿ ÚÁÑÅÁÉÆ ÖÁ

R4
ÇÉÒÉÁÂ Ê¿ ÇÀÀÊÑÃÁ É¿Á Ä ÇÅÆÃÑÁ

2 × 2
ÈÇÆ ÂÁ ÈÆÊÑÛÖÛ ÑÃØÖÁÀÀÉÀ Ó

Þßàáâãâäá å æç è ¾¿ ÇÈÈÁÂÂÁ é êëìíîï ðï ñòìëíîíëó ÇÉ ÀÃÅÁ
i
× ÆÁÂÇÅÃÚÁ Ì ÂÇ ÐÇÀÁ

δ
× ÁÅ Ì ÅÁÄÈÛÆÇÅÉÆÁ

Ã¿ÚÁÆÀÁ
β
× ÂÇ Ä ÇÅÆÃÑÁ è

Ωi
β(δ) =

(
ωβ(Ãi

1) ωβ(Ãi
2)

ωβ(Ãi
3) ωβ(Ãi

4)

)

ôÔÁÅÅÁ Ä ÇÅÆÃÑÁ ÁÀÅ ÀÙÄ ÛÅÆÃÒÉÁ × ÈÉÃÀÒÉÁ
δ2 = δ∗3

ÁÅ
H

ÁÀÅ ÇÉÅÊØÇÖõ ÊÃ¿Å Ó ö ÷Ç ÄÇÅÆÃÑÁ
Ω̃i

β(δ̃) =

Ωi
β(δ̃) − 1

2
Tr
(
Ωi

β(δ̃)
)
Id ∈ sl(2; R)

ÁÀÅ ÇÈÈÁÂÛÁ é êëìíîï ðï ñòìëíîíëó ìóðøíëï ÇÉ ÀÃÅÁ
i
Ó

ùú ïéû üï ý è
Λ = {1, 2} ÁÀÅ É¿ ÆÛÀÁÇÉ Ì ÖÁÉþ ÀÃÅÁÀ ×

∂Λ = ∅ Ó ¾¿ ÅÆÊÉÚÁ

Ω̃1
β(δ) = Ω̃2

β(δ) = 0

¾¿ ÖÛË¿ÃÅ
b̃ = ∆(b)

×
Ωi

β (̃b)
ÁÅ

Ω̃i
β (̃b)

ÖÁ ÂÇ Ä ÿÄÁ Ä Ç¿ÃÏÆÁ × ÀÃ
b
ÁÀÅ É¿Á ÇÉÅÆÁ ÐÇÀÁ

ÛÂÛÄ Á¿ÅÇÃÆÁ × ÒÉ ÍÊ¿ ÁþÈÆÃÄ Á ÈÇÆ ÀÁÀ ÑÊÄÈÊÀÇ¿ÅÁÀ ÖÇ¿À ÂÇ ÐÇÀÁ ÑÇ¿Ê¿ÃÒÉÁ Ó �ÑÃ
b
ÁÀÅ ÖÛË¿ÃÁ

Ä ÊÖÉÂÊ ÂÁ ÎÆÊÉÈÁ
G0

ÈÊÉÆ ÇÀÀÉÆÁÆ ÒÉÁ
det T̃ (b) ≤ 0 � ÅÊÉÅÁÀ ÂÁÀ ÐÇÀÁÀ ÑÊ¿ÀÃÖÛÆÛÁÀ ÀÁÆÊ¿Å

ÖÊ¿¿ÛÁÀ ÖÇ¿À ÂÁ �ÐÊ¿ ÊÆÖÆÁ� Ó � ÁÄ ÇÆÒÉÊ¿À ÒÉÁ
Ω̃i

β (̃b)
¿ ÍÁÀÅ ÈÂÉÀ ¿ÛÑÁÀÀÇÃÆÁÄ Á¿Å ÀÙÄÛÅÆÃÒÉÁ Ó

�ÊÅÊ¿À ÇÉÀÀÃ ÒÉÁ
T (b) = Ωi

0(̃b)
Ó ÷Á ÷ÁÄÄÁ � Ó� ÄÊ¿ÅÆÁ ÒÉÁ ÀÇÉÜ È ÁÉÅØÿÅÆÁ ÀÉÆ É¿ Á¿ÀÁÄÐÂÁ

ÖÁ Ä ÁÀÉÆÁ ¿ÉÂÂÁ ÖÁ ¾ ô� ö ôÀÊÉÀØÚÇÆÃÛÅÛ ÇÂÎÛÐÆÃÒÉÁö × ÇÈÆÏÀ ÇÑÅÃÊ¿ ÛÚÁ¿ÅÉÁÂÂÁ ÖÉ ÎÆÊÉÈÁ
G0

× ÂÇ
Ä ÇÅÆÃÑÁ

T̃ (b)
ÚÛÆÃËÁ

det T̃ (b) < 0
× ÁÅ ÁÀÅ ÖÊ¿Ñ ÖÃÇÎÊ¿ÇÂÃÀÇÐÂÁ ÀÉÆ

R
ÇÚÁÑ ÖÁÀ ÚÇÂÁÉÆÀ ÈÆÊÈÆÁÀ

ÖÃÀÅÃ¿ÑÅÁÀ Ó �ÇÆ Ç¿ÇÂÙÅÃÑÃÅÛ ÖÁ
β 7→ Ωi

β (̃b)
ôÁ¿ ÚÊÂÉÄÁ Ë¿Ãö × Ê¿ Ç ÖÊ¿Ñ è

	
ä�ä�âã âäá å æ
 è �ÊÉÆ ÈÆÁÀÒÉÁ ÅÊÉÅÁ �¾� ÖÁ ÕR

× ÊÐÅÁ¿ÉÁ ÑÊÄÄÁ
N

ÑÊÈÃÁÀ ÃÖÁ¿ÅÃÒÉÁÀ
Ö ÍÉ¿Á �¾�

b̂
ÖÁ

R4
× ÁÅ ÇÈÆÏÀ ÇÑÅÃÊ¿ ÛÚÁ¿ÅÉÁÂÂÁ ÖÉ ÎÆÊÉÈÁ

G0

× È ÊÉÆ ÅÊÉÅ |β| ÇÀÀÁ� È ÁÅÃÅ × Ω̃i
β (̃b)ÁÀÅ ÖÃÇÎÊ¿ÇÂÃÀÇÐÂÁ È ÊÉÆ ÅÊÉÅ

i
Ó Ý¿ ÈÇÆÅÃÑÉÂÃÁÆ

∀i ∈ Λ det Ω̃i
β (̃b) ≤ 0

ÔÁÅÅÁ ÈÆÊÈÆÃÛÅÛ ÁÀÅ ÚÛÆÃËÛÁ ÒÉÁÂÀ ÒÉÁ ÀÊÃÁ¿Å
β
ÆÛÁÂ ÁÅ ÂÇ ÅÇÃÂÂÁ ÖÁ

Λ
ÀÃ
b
ÁÀÅ ÀÙÄ ÛÅÆÃÒÉÁ Ó

� ïé êì�øï� è �ö �ÊÅÊ¿À ÒÉÁ Â ÍÇÑÅÃÊ¿ � Ã¿ ÃÅÃÇÂÁ� ÖÁ
G0

ÀÉÆ
b̂
ÁÀÅ Á¿ ÎÛ¿ÛÆÇÂ ¿ÛÑÁÀÀÇÃÆÁ × Ä ÇÃÀ ÒÉ ÍÁÂÂÁ

ÁÀÅ Ã¿ÖÛÈ Á¿ÖÇ¿ÅÁ ÖÉ ÀÃÅÁ
i
Ó

�ö ÔÕÊÃÀÃÆ
β < 0

ÑÊÆÆÁÀÈÊ¿Ö Á¿ ÜÇÃÅ Ì ÑÕÇ¿ÎÁÆ ÂÁ ÕÇÄ ÃÂÅÊ¿ÃÁ¿ Á¿ ÀÊ¿ ÊÈÈÊÀÛ × Ã ÓÁ Ó Ì
ÈÇÀÀÁÆ ÖÉ ÑÇÀ ÜÁÆÆÊÄ ÇÎ¿ÛÅÃÒÉÁ ÇÉ ÑÇÀ Ç¿ÅÃÜÁÆÆÊÄ ÇÎ¿ÛÅÃÒÉÁ Ó ¾¿ ÚÁÆÆÇ ÒÉÁ ÂÁ ÖÛÅÁÆÄ Ã¿Ç¿Å ÖÁÀ

��
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A" " �� λi

β(b) = − det Ω̃i
β (̃b) ≥ 0 �� � ��� 0*�

(
Ω̃i

β (̃b)
)2

= λi
β(b) Id #B(C&

A" �!D"�� �"�*��� +�� � ���% � ��� + .�"���;+� ��� $ �"��  E +� � ������ �� � ������! �����":*+�F�� ( G+ ��� � �� �� � .*��+���� +� ;��� ��" "�0*� $  *� +� ' ��*+�� (
HIJKLMLNK O PO Q A" ���� 0*� i ∈ Λ ��� *" RSTUVW ��� Ωi

β(δ̃) ��� �� ��*% ��+�*�� $� $��� !:�+�� 5
�*���� �"� ��� Ω̃i

β(δ̃) = 0 ( A" �$$ �++� TXYZ[\VT] +�� $ �"�� 0*� "� � "� $�� ��� � ���% (
)�� � "���*��� " 5 � *� +�� $  �"�� � "� ��� � ���% $ *� β = 0 ( =� $� ;+F� � ��� ���"���� "��� $/��� "� ���� $�� �;  ��! ��� ( A" � .�"�!����� �+ �� ^ + .�"�!$ �"��"�� �� ����� " �� " ���_^_� ���* �/ �% �� +� ;��� b ( `" ��� $�����*+�F��� �"� ��� $+� ��� +� �*���"� Q
3� a ��� *"� 6Aa 5 �� P ∈ O(2; R) 5  " $  �� ���� +� " ���� " !����"�� 5 b = tPaP ( A" ��+ �� T (b) = tPT (a)P ( b!��:" "� �"� �� $�� P +� � ������ *"������ �*�

R
2N  ;��"*� � ���

N � $��� �� P �*% ��c!��"�� ����� �� Λ 5 �+ ��� '���+� �� � �� 0*�
Ωi

β (̃b) = tPΩi
β(ã)P, Ω̃i

β (̃b) = tP Ω̃i
β(ã)P #B(d&

b "� �� i ��� *" � ���% 5 � .��� �"� �� *" � ���% ��+������ �"� ^ � *�� 6Aa
b ��++� 0*� b = tPδP (7��� �� �!��D� $ *� � *��� +�� 6Aa ����� δ_�-� !���0*�� $  *� +��0*�++�� b12 = b∗21

�� T (b) �����*"� ��+�*� $� $�� � *;+� (

e fg hijikil mn opq jn rqipsn tn umn
SL(2; R)

f
A" � ���"�� $�� + .!�*�� �� ' �� �� ��c!��"���++�� �*�

R2 ^ ��+�*�� ��"� +�� � �������
M ∈ sl(2; R) #� ������� �� ����� "*++� ( & A" ��$$�++� 0*� M(x) �!��D� M(x)2 = λ(x) Id 5
λ(x) ≥ 0 ( 3 �� ρ ∈ Λ1(R2; sl(2; R)) +� B_' �� � �!D"�� $��

ρ(x) =
1

2
(M−1(x)dM(x) − dM(x)M−1(x)) #B(Bv&

wv



xyz { |{ }~�}~z��� � ���~� y�� �{�~z�� {��z��� ��~zxy� �z M ��� ��� ��~zxy� ��yz�xy� M−1(x)dM(x) + dM(x)M−1(x)) = dλ(x)
λ(x)

�� {

M−1(x)dM(x) = ρ(x) +
dλ(x)

2λ(x)
, dM(x)M−1(x) = −ρ(x) +

dλ(x)

2λ(x)

��z� D ⊂ R2 y� �y��~� �z�}|�� ��� ������� �� x 7→ M(x) ��� C1 �� λ(x) > 0 � � |�~� dλ(x)
2λ(x)

���y�� ��~� � ��{��� � �� �z γ ��� y� |{��� �{�� D
∫

γ

M−1(x)dM(x) = −
∫

γ

dM(x)M−1(x) =

∫

γ

ρ(x) ������
�� ���~��� y�� ����z�z�� } �y~ xy� ρ ��z� ��~� �� � ��z|z�{�� | �z����z�� M(x)2 = λ(x) Id � ���~�y�� �{�z|�� ���

dρ(x) =
[
M
∂M

∂x1
M
∂M

∂x2
−M

∂M

∂x2
M
∂M

∂x1
− ∂M

∂x2
M
∂M

∂x1
M +

∂M

∂x1
M
∂M

∂x2
M
]dx1 ∧ dx2

λ2(x)

�� �z M =

(
a b
c −a

) � y� �{|�y| ����~� xy�

dρ(x) = −λ−2(adb ∧ dc+ bdc ∧ da+ cda ∧ db)M ������
���� ρ ��� ��~� �� �z

R(a, b, c) = adb ∧ dc+ bdc ∧ da+ cda ∧ db = 0 ������
�� ����� ����z�z�� ��� ��~z��� �z M ��� ��� ��~zxy� � ��y~ y�� {}}|z�{�z�� M �z��~���z{�|�����z� �y~

R
2   �{|�y~� �{�� |�� � {�~z��� M ∈ sl(2; R) ��~z�{�� �¡ ���� �� y�z��~� ������||z}�zxy��   | �z���z � {y ���� ��

|λ(x)| ≥ C > 0, |x| ≥ r0

�� } �y� ���� ����z~ |� ����~�
s∞ = det

1

2π

∫

|x|=r

ρ(x) ����¡�
xyz ��� z���} ���{�� �� r ≥ r0 ¢~£��   |{ ��~�y|� �� ���¤�� � �� |{ � ��� � {�z¥~� � �z ξ ��� y���~��� �z �� � | �{}}|z�{�z�� M ��� �z�¢y|z¥~� {y }�z�� ξ� �� ����z� |� ¦��¢~� |� �{|§

sξ = det
1

2π

∫

γ

ρ(x) ����¨�
} �y~�y xy� M(x) ��z� z���~�z� |� }�y~ x 6= ξ � �� z���¢~{�� �y~ y� }��z� �����y~ γ {y��y~ �� ξ �
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ª«¬­®¬¯°± ² ³«®´µ¶ ·«µ´ ¬ ³¸¹®«´º¯° ²¶ ±´µ®­´®µ¶ ²¶ »«®µ¶µ¼ª«µ´«° ·¯®µ ¬« ½¯µ¾ ¶
ρ(x) ¿À«¬¶®µ± ²«°±

sl(2; R) Á ­½ Â Ã» « Á· ÂÄÅÆÇ Â È¶± ­¯ ¶É ­º¶°´± ²¶ ±´µ®­´®µ¶ ²¶ ¬ ³«¬ÊËÌµ¶ ²¶ Èº¶
sl(2; R) Á²¶ Ì«±¶

e1 =

(
1 0
0 −1

)
, e2 =

(
0 1
0 0

)
, e3 =

(
0 0
1 0

) ±¯°´ ²¯°°¸± ·«µ
C2

1,2 = −C2
2,1 = 2, C3

1,3 =

−C3
3,1 = −2, C1

2,3 = −C1
3,2 = 1 Á ¶´ Ck

i,j = 0
±º°¯° Â ª«¬­®¬«°´ «¬¯µ±

[ρ, ρ] =
∑

k

(
∑

i<j

Ck
i,jρ

i∧ρj)ek Á¯° ´µ¯®À¶
−[ρ, ρ] = λ−2(adb ∧ dc+ bdc ∧ da+ cda ∧ db)MÍ¯®± ¬ ³ÎÏ· ¯´ÎË±¶ ÐÑ ÂÄÒÓ Á ­¶´´¶ µ¶¬«´º¯° ¾¯°´µ¶ ¹®¶

ρ À¸µºÔ¶ ¬ ³¸¹®«´º¯° ²¶ ±´µ®­´®µ¶
dρ+ [ρ, ρ] = 0

ÐÄÂÄÅÓ
Õ«·· ¶¬¯°± ¹®¶ ±º

G
¶±´ ®° Êµ¯®· ¶ ²¶ Èº¶ Á A ±¯° «¬ÊËÌµ¶ ²¶ Èº¶ Á ¶´

ω
¬« ½¯µ¾ ¶ ­«°¯°º¹®¶²¶ »«®µ¶µ¼ª«µ´«° ±®µ

G Á º°À«µº«°´¶ ·«µ ´µ«°±¬«´º¯°± ¿ Ê«®­Î¶ Á ¯° ²¸Ô°º´ ¬« ²ºÖ¸µ¶°´º¶¬¬¶ ²¶×«µÌ ¯®Ø ² ³®°¶ «··¬º­«´º¯°
f ∈ C1(D;G)

±®µ ®° ¯®À¶µ´ D ⊂ R2
·«µ

πf = f ∗ω
Â È¶ ´Î¸¯µË¾ ¶½¯°²«¾ ¶°´«¬ ² ³¶Ø º±´¶°­¶ ÐÙ ¬¶¾¾¶ ²¶ Ú¯º°­«µ¸ÛÓ «±±¯­º¶ ¿ ®°¶ ½¯µ¾ ¶ ²ºÖ¸µ¶°´º¶¬¬¶
ρ ∈ Λ1(D;A)À¸µºÔ«°´ dρ+[ρ, ρ] = 0

®°¶ «··¬º­«´º¯°
f ∈ C1(D;G) Á ²¯°´ ¶¬¬¶ ¶±´ Á ¬¯ ­«¬¶¾ ¶°´ Á ¬« ²ºÖ¸µ¶°´º¶¬¬¶²¶ ×«µÌ ¯®Ø Á ¶´ ­¶´´¶ «··¬º­«´º¯° ¶±´ ®°º¹®¶ ²Ë± ¬¯µ± ¹® ³¯° ¬®º «±±ºÊ°¶ ±« À«¬¶®µ ¶° ®° ·¯º°´

x0 ∈ D
Â

Ú«µ «º¬¬¶®µ± Á ¯° ±«º´ ÃÜ º Á· ÂÄÄÝÞ ÒßÄÇ Á ¹®¶ ¬¶ Êµ¯®· ¶ ²¶ Èº¶ ²¯°´
sl(2; R))

¶±´ ¬ ³«¬ÊËÌµ¶ ²¶
Èº¶ Á ¶±´ ¬¶ µ¶Àà´¶¾ ¶°´ ®°ºÀ¶µ±¶¬ E = S̃L(2; R)

²® Êµ¯®· ¶ ®°º¾¯²®¬«ºµ¶
SL(2; R)

Â Õ«··¶¬¯°±¹®¶ ¬¯ ­«¬¶¾ ¶°´ ®°¶ ¾«´µº­¶
N ∈ SL(2; R)

¶±´ ²¶ ¬« ½¯µ¾ ¶

N =

(
cos θ sin θ
− sin θ cos θ

)
exp

(
α γ
γ −α

)

È¶ Êµ¯®·¶ ®°º¾ ¯²®¬«ºµ¶ ¶±´ ´¯·¯¬¯Êº¹®¶¾ ¶°´ ¸¹®ºÀ«¬¶°´ «® ­Ï¬º°²µ¶
S

1 × R2 Á ±¯° Êµ¯®·¶½¯°²«¾ ¶°´«¬ ¸Ê«¬ ¿ ZÁ ¶´ E ¶±´ Î¯¾¸¯¾¯µ·Î¶ ¿ R3
Â á¯®´¶½¯º± Á ¯° °¶ · ¶®´ Ê¸°¸µ«¬¶¾ ¶°´ ·«±·«µ«¾ ¸´µ¶µ

E
·«µ ²¶± ¾ «´µº­¶± Á · ¬®± ·µ¸­º±¸¾ ¶°´

E
°¶ ± ³¸­µº´ ² ³«®­®°¶ ½«â¯° ­¯¾¾¶ ±¯®±¼Êµ¯®· ¶ ² ³®° ãÈ

(n; C) Á «À¶­ n ∈ N
Â

È« µ¶¬«´º¯° ÐÑ ÂÄÅÓ «±±®µ¶ ¬ ³¶Ø º±´¶°­¶ ² ³®°¶ ·µº¾ º´ºÀ¶ ¬¯ ­«¬¶
N ∈ C1(D; SL(2; R))

²¶
ρ Á¹®º ¶±´ ¬¶ Ù ¬¯Ê«µº´Î¾ ¶Û ²¶

M
Â Íº

D
¶±´ ±º¾·¬¶¾ ¶°´ ­¯°°¶Ø¶ Á ­¶´´¶ ·µº¾ º´ºÀ¶ ¶±´ Ê¬¯Ì«¬¶ Â Íº°¯° Á¶¬¬¶ «²¾¶´ ®° ·µ¯¬¯°Ê¶¾ ¶°´ ¿ E Â ä º°±º Á ±º γ ⊂ R2

¶±´ ®° ¬«­¶´ ²¶ Ì«±¶
x0 Á ¯° · ¶®´ ²¸Ô°ºµ¬ ³¯· ¸µ«´¶®µ ²¶ ¾ ¯°¯²µ¯¾ º¶

Tγ

«Êº±±«°´ ±®µ ¬¶± ½¯°­´º¯°±
N : γ → E

Â
åæ çèé êç ë Ú¯®µ ¬¶± ¾ «´µº­¶±

M0(x) =

(
cos dθ sin dθ
sin dθ − cos dθ

)
, M1(x) =

(
r cos dθ sin dθ
sin dθ −r cos dθ

) ÐÄÂÄÝÓ

¯° «
s∞ = d2

Â È« ½¯µ¾ ¶
ρ

«±±¯­º¸¶ ¿ M0

¶±´ ±º¾ ·¬¶¾ ¶°´ ( 0 d
−d 0

)
dθ

Â ♣
Ýß



ìíîïðíñ òñ óôõíöñ ÷õøùúû ñøüúò ùñ
E ýóúò þ Zÿ s∞ ñü

sξ

ïõøü ùñï ñøüîñôï �
�ñï ùñóôýï þ ò �îø�øî ñü ñø

x0

ïõøü ùõø� îø�úôîúøüï öúô �õûõüõöîñ � �ø öúôüî�íòîñô ÿ õø öñíü÷úîôñ íøñ ü�ýõôîñ ùñ ö ñôüíô�úüîõøï ñø ùý�ñòõööúøü òñï �õ ñ	�îñøüï ùñ
M

ñø ïýôîñ ùñ 
õíôîñô � �ñùñóôý öõíô òñï û úüôî�ñï
M ∈ sl(2; R)

�ýôî�úøü �� �
�� ö ñíü ýóúòñû ñøü ï �õ�üñøîô öúô òú ü�ýõôîñ ùñ
� ôõí�ñô �� î� ÿ ñø �õøïîùýôúøü ðíñ �ñï û úüôî�ñï ÷õôû ñøü �òõ �úòñû ñøü� íøñ �úôîýüý ùñ ùîû ñøïîõø
� � � î òñï û úüôî�ñï

M
ïõøü ï�ûýüôîðíñï ÿ úòõôï ρ ñïü úøüîï�ûýüôîðíñ ÿ ùõø�

1

2π

∫

γ

ρ =

(
0 −d
d 0

) �
�
��

ïî � îñø ðíñ ò �õø öõïñôú
s∞ = (deg∞(M))2 ∈ {0, 1, 4, 9, · · · }, sξ = (degx1

(M))2 ∈ {0, 1, 4, 9, · · · } �
�
��

� �� ��� !"#�$%& % �'(�) *&

+ø ýüíùîñ òú ùîïüôî�íüîõø ùñï û úüôî�ñï ùñ �õôüî�îüý ôýùíîüñï ïíô ùñï ôýïñúí, ôñ�üúøóíòúîôñï �
�ñ ôýïñúí Λ∪∂Λ ñïü ùý�øî öúô ïñï ùîû ñøïîõøï

(L, `)
ñü öúô òñ øõû�ôñ ù �ñø�ñîøüñï

m
�õøïüîüíúøü

∂Λ
� +ø ú ùõø�

n = (` − 1)/2 − m
ñø�ñîøüñï îøüýôîñíôñï � -ò ñïü �õûûõùñ ù �îøüôõùíîôñ òñïøõôû ñï ÿ öõíô L ñü

`
îûöúîôï ÿ N1(i) = max( `−1

2
|i1|, L−1

2
|i2|)

ïíô
Λ∪ ∂Λ ñü

N2(i) = max(( `−1
2

−
m)|i1|, (L−1

2
−m)|i2|)

ïíô
Λ
�

. î òñ ô/ òñ ùí øõû�ôñ ù �ñø�ñîøüñï �õøïüîüíúøü
∂Λ

öúô ôúööõôü þ òú üúîòòñ ùñ
Λ

ùúøï òúòîû îüñ |Λ| → ∞ ÿ øî ò �îø0íñø�ñ ùñ òú üñûöýôúüíôñ øñ ïõøü ñø�õôñ � îñø �õûöôîï ÿ û úîï ò �ñ1ñü ùñòú ö õòúôîïúüîõø ïíô òñ ïõíï2ï� ïü3ûñ
Λ

ñïü ù �úíüúøü öòíï îûöõôüúøü ðíñ |∂Λ| ñü
β

ïõøü óôúøùï �ìôúüîðíñûñøü ÿ õø öôñøùôú úí ûõîøï úíüúøü ù �ñø�ñîøüñï ñ,üýôîñíôñï ðíñ ù �ñø�ñîøüñï îøüýôîñíôñï ÿïõîü
m ≥ n

�
�ú ÷õôû ñ ùí ôýïñúí 4 õíñ ýóúòñû ñøü íø ô/ òñ îûöõôüúøü � � î òñ ôýïñúí ñïü �úôôý ÿ üôõö ùñï�ûýüôîñï ñøüôñøü ñø 4 ñí ùúøï òñ ï�ïü3ûñ �ôýúøü �ñ ðí �õø úöö ñòòñ öúô÷õîï íø 56 57 85 9 :;< <5 = ñø

�õòíûñ �øî ÿ üõíüñï òñï �úôîú� òñï �ñ�üõôîñòòñï üñøùñøü þ ï �úòîóøñô ïíî�úøü òñï ú, ñï ùñ ï�ûýüôîñ ÿòñíô ùîôñ�üîõø �úôîúøü �ôíïðíñûñøü ÿ ïî � îñø ðíñ ò �úööôõ, îû úüîõø ùñï �úôîú� òñï ùîï�ô3üñï öúô íø
��úûö ùî1 ýôñøüîú� òñ ø �ñïü öòíï �úòú� òñ � -ò ñïü ùõø� øý�ñïïúîôñ ùñ �ôîïñô �ñôüúîøñï ï�ûýüôîñï ÿñü ñø öúôüî�íòîñô ùñ ôñûöòú�ñô òñ �úôôý öúô íø ôñ�üúøóòñ ïí	 ïúûûñøü >úòòõøóý? � �ø öôúüîðíñïñï ùîû ñøïîõøï

(L, `)
ïñôõøü ��õîïîñï ùúøï íø ôúööõôü ùñ ò �õôùôñ ùñ � þ � ÿ �õûöüñ üñøí ùñ òúüúîòòñ ûõùñïüñ ùñï ôýïñúí, �õûöúüî� òñ ú�ñ� òñï úòóõôîü�ûñï øíû ýôîðíñï �ùîúóõøúòîïúüîõø ùí

�úû îòüõøîñø öúô òú û ýü�õùñ @A � � �ú ðíúòîüý ùñï ôýïíòüúüï úíóû ñøüñ � îñø ñøüñøùí ú�ñ�
β
�

+ø öôñï�ôîü òú öõòúôîïúüîõø ïíô
∂Λ

ú�ñ� íøñ ùîïüôî�íüîõø íøî÷õôû ñ � ìõíô �ôîïñô ñø�õôñ òñïï�ûýüôîñï ÿ ñü úôôî�ñô úîøïî þ ùñï �õø�óíôúüîõøï öòíï ïüú� òñï ÿ õø îøüôõùíîü íø ùýö�úïúóñ φ0

ñøüôñò �úøóòñ ùñ ö õòúôîïúüîõø �õí �õûöôñïïîõø � ñü òñï ú,ñï ùí ôýïñúí � B îøïî
θ(i1,i2) = d(arctan( i2

i1
)+φ0) ÿö õíô

i1 > 0 ÿ ñü θ(i1,i2) = d(arctan( i2
i1

) + π + φ0) ÿ ö õíô i1 < 0 ÿ ú�ñ� öúô ñ,ñûöòñ
φ0 = 1

�
C�



DE FGHIIJKL JHMMK NJKIO PJIKOI QJ FGQJIKMJLKGE RFJI FJQKOIMS T FJI OUOVFQO MK QO WOXIY OML
d = 2

T QH K NJKIO NJKIO Z[\ WO LGHI MHI HE ]HJIL WO Q ^OE_OKELO T FHKM `[\ T FHKM WO EGHPOJH Z[\ T
OL_ a a aT GH OE_GIO KELIGWHKIO WOM F OILHIbJLKGEM JQYJLGKIOM WJEM QJ WKMLIKbHLKGE WOM

θj

a
c dVO FGHI

β = 1
GE GbMOIPO HEO MLIH_LHIO WO PGILOU T bKOE ]HO QOM PGILOU MGKOEL F OH

WKeYIOE_KYM T EHVYIK]HOVOEL T WOM FGKELM PGKMKEM a fQM JFFJIJKMMOEL FQHM WKMLKE_LOV OEL g QJ NJPOHI
WO Q ^GIWIO g QGEXHO FGILYO XYEYIY g bJMMO LOVFYIJLHIO a

h KOE ]H ^KQ MOVbQO ]HO QJ _GEiXHIJLKGE WO PGILOU EO WYF OEWO FJM WO QJ bJMO
b
_jGKMKO

kJFIlM IYJIIJEXOVOEL WO MOM YQYV OELMm T QO _jGKU W ^HEO bJMO MnVYLIK]HO WO LnF O
δ
FGHI QO

_JQ_HQ WOM V JLIK_OM WO PGILK_KLY IYWHKLOM
Ω̃i

β(δ)
OML QO FQHM EJLHIOQ T _JI KQ OML NJ_KQO WO F OILHIb OI

HEO VJLIK_O JH PGKMKEJXO W ^HE FGKEL kQO PGILOU m Go OQQO J HEO PJQOHI FIGFIO WGHbQO a pO FQHM T
_OM V JLIK_OM WO PGILK_KLY PYIKiOEL k\ a`Zm OL k\ a`qm OL F OIV OLLOEL QO _JQ_HQ WH WOXIY a rH MOEM
WO Q ^JFFIGU KV JLKGE _GELKEHO T HE LOQ _jJVF OML _GELKEH T V JKM EGE WKeYIOELKJbQO JHU PGILOU a

sGLGEM JHMMK ]H ^GE E ^J FJM LIGHPY WO bJMOM
b
EGE MnVYLIK]HOM FGHI QOM]HOQQOM QO _jJVF

WOM V JLIK_OM WO PGILK_KLY PYIKiOIJKL k\ a`Zm a DE FOHL WGE_ JWVOLLIO ]H ^KQ M ^JXKL Qg W ^HEO
_GEWKLKGE FIJLK]HOVOEL EY_OMMJKIO a

tuv ut wx yz x{|}x ~x
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��� � `a` � �� ����� ��
H � (L, `, n,m) = (31, 21, 5, 5)

�O MF O_LIO WH VGWlQO �� OE ��p T WJEM QJ QKV KLO |Λ| → ∞ T V dVO MJEM _GEWKLKGE QKV KLO T
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¿ÀÁ Â ¶ Ã Ä ÅÆ ÇÈÉÊÇ ËÇ H Ì (L, `, n,m) = (37, 25, 6, 6)
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×ØÙ ØÚ ÛÜÝÞß àáâ àãäáåæãçèâ ßäãèåãßÝéáâ àá éÝ ÞÝæäãåá àá êçäæãåãæë Ø
ìíîï ð ñòîóôñòõï ôó ö í÷íøïíö ñõ øõò ö óùïñúõò øõ ðíïùñúñùû ü í÷ ýõîù þòîñðïõÿ ôó �óòõ øõò

ðõúùõîïò ýïíýïõò øõ
Ω̃i

β(b)
õ÷ �í÷úùñí÷ øî òñùõ

i � ìíîï øõò �óòõò
b
þò�öûùïñ�îõòÿ úõò �óòõò ü

õ÷ ú�ó�îõ ýíñ÷ù ü òí÷ù íïù�í�í÷óôõò ü õù ñô òî� ïóñù õ÷ �óñù ü úíööõ ýíîï ôõ úóò úôóòòñ�îõ ü øõ
ïõýïûòõ÷ùõï î÷ ú�óöý øõ ðõúùõîïò � � óñò ôõ úóôúîô ÷îöûïñ�îõ øî ïõý 	ïõ ýïñ÷úñýóô ÷õ ý õïö õùùó÷ùýóò ùíî
 íîïò øõ øûùõïö ñ÷õï þúí÷ùñ÷�öõ÷ùÿ òí÷ íïñõ÷ùóùñí÷ ü ñô õòù ýïû�ûïó� ôõ øõ ïõýïûòõ÷ùõï ôõ
ïõý 	ïõ þýïí
 õúùñ� ÿ òíîò �íïö õ ø �î÷õ úïíñ
 øí÷ù ôõò �ïó÷ú�õò í÷ù î÷õ ôí÷�îõîï ýïíý íïùñí÷÷õôôõ
� ôó ðóôõîï ýïíýïõ ýíòñùñðõ √

λi

øõ
Ω̃i

β(δ) �ïóýýõôí÷ò �îõ ôõò ðóôõîïò ýïíýïõò øõò ö óùïñúõò øõðíïùñúñùû òí÷ù íýýíòûõò� � ìíîï øõò ïóñòí÷ò ýïóùñ�îõò ü ôõ �óúùõîï ø �ûú�õôôõ øûý õ÷ø øõò õ÷úõñ÷ùõò ü√
λi

ûùó÷ù ùï	ò �ïó÷øõ � ô �ñ÷ùõï�óúõ øõ
Λ
õù
∂Λ �
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��� � ��� � � ������� ! " �� ��"#$�! %�! & #�����! %� '�������() (L, `,m, n) = (31, 21, 5, 5), (d, β) =
(1, 5)

*÷ úíööõ÷úõ ýóï
(L, `, n,m) = (31, 21, 5, 5)

ü úõ �îñ òõö� ôõ +ùïõ ôó ùóñôôõ ö ñ÷ñö óôõ
ý íîï ûôñö ñ÷õï øõò õ, õùò øõ ðíôîöõ ùïíý ñöýíïùó÷ùò � -í÷ú Λ ∪ ∂Λ

õòù øû.÷ñ ýóï
N1(i) =

max(2|i1|, 3|i2|) ≤ 30
õù

Λ
ýóï

N2(i) = max(|i1|, 2|i2|) ≤ 10 �*÷ ó ú�íñòñ ñúñ
β = 5 � ìíîï d = 1

ñô � ó î÷ ðíïùõ
 óî úõ÷ùïõ �ïóýýõôí÷ò �îõ
i
õòù î÷
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123456 78 Ω̃i
β(δ) = 09 : ; 85< => ?8@ 7284 A @>7 8<4B3577C<4 D5 E2<<CF435 @57 Ω̃i

β(δ) A2>3 i ∈ Λ 2< @57
EC@E>@5 C>778 A 2>3 i ∈ ∂Λ C> G28<7 7>3 @57 A35G 8H357 5<E58<457 :
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IJK L M:N O P QRSTUQVWX Y RQW TQYZ[SX \SX ] ZURQTSX \S ^VRUQTQU_` (L, `,m, n) = (31, 21, 5, 5), (d, β) =
(2, 5)

a242<7 =>5 @ ?23D35 D5 b3C<D5>3 D57 G C438E57 D5 12348E84B E3284 4cA8=>5G5<4 D5 10−9 d
103 e 5<435 @C f g8BG 5 54 @C h g8BG 5 2> i g8BG 5 5<E58<45 j8<453kCE5 5<435 Λ 54 ∂Λ9 e A>87 35DBE32F4C>6 C@5<42>37 D5 M d @C A B38AlB385 D> 3B75C> 564B385>3 : m5E8 56A@8=>5 @C 35@C4815 8<74Cn8@84B D57
3B7>@4C47 1 87odo1 87 D> El286 D5 (L, `, n,m) : p@ 574 E@C83 7>3 @C qb>35 =>5 @57 D835E482<7 A38<E8AC@57
D57 G C438E57 D5 12348E84B 42>3<5<4 D5 2π :

r< C>bG5<45 C@237 @5 D5b3B : ; 85< =>5 @57 D835E482<7 D57 @8b<57 D5 ElCGA7 7>bbH35<4
@ ?56 8745<E5 D5 A@>785>37 123456 8@ 574 C775s D8t E8@5 D5 @57 D8748<b>53 : p@ kC>D3C84 7C<7 D2>45
C>bG5<453 @C 4C8@@5 j5< C@@2<b5C<4 @5 35E4C<b@59 2> n38753 k2345G 5<4 @C 7cGB4385 D> 3B75C> eC8<78 =>5 E5@@5 D57 E2<D8482<7 @8G 845 e A 2>3 @57 35A B353 E@C835G 5<4 :

u 48435 D5 E2GAC3C872< e <2>7 C12<7 35A3B75<4B ><5 E2<qb>3C482< 4cA8=>5 A2>3 @5 EC7
E@C778=>5 jG2DH@5 D5 vCE9 : p<78742<7 7>3 @5 kC84 =>5 DC<7 @5 EC7 E@C778=>5 @C E2<qb>3C482< D57
G Cb<B487C482<7 574 ><5 D2<<B5 d @ ?564B385>3 D> 3B75C> e C@237 =>5 DC<7 @5 EC7 =>C<48=>5 @57
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xyz { |}~ � ��� ���� �������� � ���������� � ��� �� � ����� � � ���� � �������� �� � ���
d = 2 �

� ���� ¡¢ £¡ ¤¥��� ��¦ �¡¢�¡§� £¡¢ ¨¤����©ª¡¢« ¬­� £¦® ¡§£¡§� £¡ ª� �¡�®¦���­�¡ ¡� ©�¡§ ¢¯� £­°�� �ª�¥§�¡§ ± �¥­�¡²¥�¢ ¡ªª¡¢ �¡§£¡§� ¦¤�£¡��¡§� ³ ¢ ´�ª�µ§¡� �¤¡  ª� ¨® ¥ª���¢���¥§« ��©��§�¡ }
¶§ �­µ�¡§�¡ � ��§�¡§�§� ª¡ §¥�©�¡ £ ´¡§ ¡�§�¡¢ ¡§  °¥�¢�¢¢�§� (L, `, n,m) = (37, 25, 6, 6)·¥§  Λ∪∂Λ ¡¢� £¦¸§� ®�� N1(i) = max(2|i1|, 3|i2|) ≤ 36 ¡� Λ ®�� N2(i) = max(|i1|, 2|i2|) ≤ 12

}¶§ ¥©��¡§� ª� ¸µ­�¡ ¹ }º » ª� ®�¦ �¢�¥§ £¡¢  �ª ­ª¢ §¡ ® ¡�� ¡� ®�¢ £ ´�¤¥�� ­§¡ ©¥§§¡ �� �µ¡ }

¼½¾ ½¾ ¿ÀÁÂÃÁ ÄÃ ÄÅÆÇÈ ½
¶§ ¤�  �ª ­ª¡� � ��§�¡§�§� £��¡ �¡� ¡§� ª¡¢ � ���� ¡¢ £¡ £¡µ�¦ � }¡ } ª� ¢¥��¡ £�¢ �É�¡

 ¥��¡¢®¥§£�§� ³ ∫
γ
ρ(x)

}
Ê¥­� ­§¡ �®®ª� ���¥§ £¦¸§�¡ ¢­� ª¡ �¦¢¡�­

Z2 » ¥§ ® ¡­� £¥§§¡� ­§ ¢¡§¢ ³ ª ´�§�¦µ��ª¡ ¡§
�¡�®ª�Ë�§� £¡ ²�Ë¥§ ­¢­¡ªª¡ ª� £�Ì¦�¡§��¡ªª¡ ®�� £¡¢ £�Ì¦�¡§ ¡¢ ¸§�¡¢ } Í¥­�¡²¥�¢ ª¡ ®�¢¢�µ¡ £­
 ¥§��§­ �­ £�¢ �¡� Î®�¥ ¡¢¢­¢ ¨£ ´°¥�¥µ¦§¦�¢���¥§«Ï ®�¦¢¡§�¡ £¡¢ �¢® ¡ �¢ £¦ª� ��¢ ¬­� §¡ ¢¡�¥§�
®�¢ £�¢ ­�¡¢ � � Î ² } ÐÑ� Ò ® ¥­� ­§¡ £�¢ ­¢¢�¥§ £¡ ª� §¥��¥§ £ ´¨°¥ª¥�¥�®°�¡ £�¢ �É�¡« Ï }
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ÕÖ× Ø ÙÚÛ Ü Ý ÞßàáâÞãäå æ ßÞä áÞæçèàå éàå ê çâßÞáàå éà ëãßâÞáÞâìí
(L, `,m, n) = (37, 25, 6, 6), (d, β) =

(2, 21)

îï ð ñòïóôõöððö ÷øùõð ú ø÷ ûùïùüõùû òö üö
i 7→ Ω̃i

β (̃b)
öï ýùïþóòùï üö

d
Ú ÿùïóõ÷òõöû öïó ú ø÷

� öõû ÷ïöïþö üöð �ùõóö� � òð�ú�� òð ü� þ�ùò� üö ø÷ �÷ðö � ø ñô��÷óòùï üö ðóõ�þó�õö 	
 ÚÙ�� ï ñöðó �÷ðóù�
 ù�õð �ôõò�ôö Ú îï ðö øòû òóöõ÷ üùïþ ú üöð �÷ðöð
b �ð�ûôóõò��öð� � ÷���öø þ÷ð øöð û ÷óõòþöð üö�ùõóòþòóô ðùïó ð�ûôóõò��öð � öó ÷øùõð ø ñòïóô�õ÷øö üö
ρ
ð�õ �ï þùïóù�õ öðó üö ø÷ ýùõû ö 	
 ÚÙ�� Ú

îï þ�ùòðòó üöð þùïóù�õð þ÷õõôð
γ = γk ⊂ Λ∪ ∂Λ � 	ø÷

k �ò�ûö öïþöòïóö ú �÷õóòõ ü� þöïóõö�ð�õ øöð��öøð ùï ðùûûö öï óù�ð øöð ðòóöð
j
� ð÷�ý öï øö�õð þùòïð � øöð ��÷ïóòóôð

M−1(j)
(
M+(j) −

M−(j)
)
/2

� öó (
M+(j) −M−(j)

)
M−1(j)/2

Ú �þò
M±(j)

üôðò�ïö ø÷ û ÷óõòþö
M

þ÷øþ� øôö ÷� ðòóö
ð� ò�÷ïó 	õöð� Ú �õôþôü÷ïó� òûûôüò÷óöû öïó øö ðòóö

j
øö øùï� ü� þùïóù�õ ùõòöïóô Ú

�ï ý÷òó � 	
 ÚÙÙ� ï ñöðó �÷ð � òöï �ôõò�ôö öï �ôïôõ÷ø ï�ûôõò��öû öïó � �÷õþö ��ö ø÷ ðùûûö
üòðþõ�óö þùõõöð� ùïü÷ïó ú ∫

γk

dλ(x)
λ(x)

ï ñöðó �÷ð ö�÷þóöû öïó ï� øøö � ó÷ïüòð ��ö ø÷ ðùûûö üòðþõ�óöþùõõöð�ùïü÷ïó ú
1

2
(Ik − Jk) = (2π)−1

∫

γk

M−1(x)dM(x) − dM(x)M−1(x) =

(
0 −dk

dk 0

) 	ÙÚ���
öðó óù�
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β E3 E4 E5 E6 E7 E8P (
−0.64 −1.27

0.53 −0.10

) Q (
3.46 1.91

−5.54 −4.91

) (
0.68 −0.55

0.55 0.68

) (
0.28 −0.61

0.61 0.28

) (
−0.04 −0.35

0.35 −0.04

)

R (
−2.83 −0.94

−0.86 −0.89

) (
−0.20 −0.86

0.81 1.22

) (
0.70 −0.40

0.40 0.70

) (
0.21 −0.64

0.64 0.21

) (
0 −0.54

0.54 0

) (
0.11 −0.27

0.27 0.11

)

S (
0.35 −1.94

1.42 0

) (
0.44 −0.35

0.36 0.43

) (
0.34 −0.43

0.43 0.34

) (
0.07 −0.65

0.65 0.07

) (
0 −0.43

0.43 0

) (
0.13 −0.15

0.15 0.13

)

T (
−0.01 1.93

−0.49 1.99

) (
0.21 −0.41

0.41 0.21

) (
0.20 −0.41

0.41 0.20

) (
0.06 −0.61

0.61 0.06

) (
0.01 −0.34

0.34 0.01

) (
0.11 −0.10

0.10 0.11

)

U (
0.18 −0.27

0.27 0.17

) (
0.13 −0.40

0.40 0.13

) (
0.17 −0.37

0.37 0.17

) (
0.08 −0.52

0.52 0.08

) (
−0.03 −0.30

0.30 −0.03

) (
0.09 −0.07

0.07 0.09

)

V (
0.12 −0.28

0.28 0.12

) (
0.12 −0.37

0.37 0.12

) (
0.18 −0.29

0.29 0.18

) (
0.08 −0.44

0.44 0.08

) (
−0.09 −0.30

0.30 −0.09

) (
0 −0.06

0.06 0

)

W (
0.11 −0.28

0.28 0.11

) (
0.14 −0.32

0.32 0.14

) (
0.18 −0.20

0.20 0.18

) (
0.07 −0.38

0.38 0.07

) (
−0.14 −0.32

0.32 −0.14

) (
0.06 −0.05

0.05 0.06

)

X (
0.13 −0.26

0.26 0.13

) (
0.15 −0.26

0.26 0.15

) (
0.16 −0.14

0.14 0.16

) (
0.06 −0.35

0.35 0.06

) (
0.19 −0.34

0.34 0.19

) (
0.11 −0.28

0.28 0.11

)

YZ[ \ >6> ] ^_`abcd ea Ik f (L, `, n,m) = (31, 21, 5, 5), d = 1
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β E3 E4 E5 E6 E7 E8l (
−0.39 −1.37

0.47 0.39

) m (
3.84 1.58

−5.72 −3.84

) (
0 −0.55

0.55 0

) (
0 −0.61

0.61 0

) (
0 −0.35

0.35 0

)

n (
−0.96 −0.98

−0.92 0.96

) (
−0.7 −0.7

0.9 0.72

) (
0 −0.40

0.40 0

) (
0 −0.64

0.64 0

) (
0 −0.54

0.54 0

) (
0 −0.27

0.27 0

)

o (
−0.06 −1.93

1.35 0.06

) (
0 −0.35

0.36 0

) (
0 −0.43

0.43 0

) (
0 −0.65

0.65 0

) (
0 −0.43

0.43 0

) (
0 −0.15

0.15 0

)

p (
−0.93 1.96

−0.44 0.93

) (
0 −0.41

0.41 0

) (
0 −0.41

0.41 0

) (
0 −0.61

0.61 0

) (
0 −0.34

0.34 0

) (
0 −0.10

0.10 0

)

q (
0 −0.27

0.27 0

) (
0 −0.40

0.40 0

) (
0 −0.37

0.37 0

) (
0 −0.52

0.52 0

) (
0 −0.30

0.30 0

) (
0 −0.07

0.07 0

)

r (
0 −0.28

0.28 0

) (
0 −0.37

0.37 0

) (
0 −0.29

0.29 0

) (
0 −0.44

0.44 0

) (
0 −0.30

0.30 0

) (
0 −0.06

0.06 0

)

s (
0 −0.28

0.28 0

) (
0 −0.32

0.32 0

) (
0 −0.20

0.20 0

) (
0 −0.38

0.38 0

) (
0 −0.32

0.32 0

) (
0 −0.05

0.05 0

)

t (
0 −0.26

0.26 0

) (
0 −0.26

0.26 0

) (
0 −0.14

0.14 0

) (
0 −0.35

0.35 0

) (
0 −0.34

0.34 0

) (
0 −0.05

0.05 0

)

uvw x yz{ | }~����� �� (Ik − Jk)/2� (L, `, n,m) = (31, 21, 5, 5), d = 1

β E3 E4 E5 E6 E7 E8l (
−0.23 0.07

1.05 0.23

) (
0.62 −0.70

−1.63 −0.62

) (
8.90 4.26

−4.40 −8.90

) (
0 −2

2 0

) (
0 −1.12

1.12 0

) (
0 −2

2 0

)

n (
0.04 −0.10

−0.90 −0.04

) (
5 5

−1.30 −5

) (
0 −0.13

0.13 0

) (
0 −1.10

1.10 0

) (
0 −1.10

1.10 0

) (
0 −0.40

0.40 0

)

o (
0.55 0.38

−2.92 −0.55

) (
0 −0.84

0.84 0

) (
0 −0.58

0.58 0

) (
0 −1.69

1.69 0

) (
0 −0.76

0.76 0

) (
0 −0.28

0.28 0

)

p (
−0.08 −0.96

0.96 0.08

) (
0 −0.59

0.59 0

) (
0 −0.67

0.67 0

) (
0 −1.52

1.52 0

) (
0 −0.70

0.70 0

) (
0 −0.22

0.22 0

)

q (
0 −0.50

0.50 0

) (
0 −0.59

0.59 0

) (
0 −0.42

0.42 0

) (
0 −1.57

1.57 0

) (
0 −0.67

0.67 0

) (
0 −0.18

0.18 0

)

r (
0 −0.53

0.53 0

) (
0 −0.38

0.38 0

) (
0 −0.40

0.40 0

) (
0 −1.58

1.58 0

) (
0 −0.68

0.68 0

) (
0 −0.16

0.16 0

)

s (
0 −0.36

0.36 0

) (
0 −0.37

0.37 0

) (
0 −0.35

0.35 0

) (
0 −1.60

1.60 0

) (
0 −0.71

0.71 0

) (
0 −0.15

0.15 0

)

uvw x yz� | }~����� �� (Ik − Jk)/2� (L, `, n,m) = (31, 21, 5, 5), d = 2
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b
��� ����

δ
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∂Λ
����� �����

d
� ����� ���� �� ��� ��� �­��� ������ ����

Λ → ∞ � � ��� ����
r > 0

����® �����
1

2π

∫

|x|=r

ρ(x) =

(
0 −d
d 0

)

����
d2 = s∞

�� ��������� ¯° zy°± z ² ¬����� ���� �� ��������� ���������� ������ ��� ��������� � � z� z��
ξ

��������� ��� �����³ � � ¬��������� ��
Λ

� ����� ���� �� ��� ��� �­��� ������ ����
Λ → ∞

d =
∑

ξ

dξ

´ y



µ¶· ¶¸ ¹º»»º¼½ º¾ ¿º» ºÀÁÂÃ½ÄÄÅÆ º¼ÀÇÁÂÈ¾½ ¶
ÉÊËÌ ÍÎË ÏÐÎÎË ÑÒÓÌÔÕÔÐÎ Ö ÐÎ ×ÒÐÍÊË ØÍË ÌÙÚÎÛËÒ

β
ËÎ −β ÜÔ ÝË Ý ÑÚÕÕËÒ ÞÍ ÌÚÕ ßËÒÒÐà ÚÛÎÓá×ÔØÍË ÚÍ ÌÚÕ ÚÎ×ÔßËÒÒÐà ÚÛÎÓ×ÔØÍËâ Ú ÑÐÍÒ ËãË× ÞË ÌÙÚÎÛËÒ
dk

ËÎ ÕÐÎ ÐÑÑÐÕÓ ÜÞÐÎÌ äÒËÎÊËÒÕËÒåæÚ ÊÐÒ×ÔÌÔ×Óâ Ý
çæ Ëè ÔÕ×Ë ÚÑÑÚÒËààËÎ× ËÎ×ÒË æËÕ à Ú×ÒÔÌËÕ

Ωi
β

Ë×
Ωi

−β

æÚ ÒËæÚ×ÔÐÎ ÜËàÑÔÒÔØÍËâ

Ωi
−β(δ̃) ≈ tPΩi

β(δ̃)P ÜéÝê éâ
Ðë

P
ËÕ× ÍÎË à Ú×ÒÔÌË ÐÒ×ÙÐÛÐÎÚæË ÔÎÞÓÑ ËÎÞÚÎ×Ë ÞÍ ÕÔ×Ë ÜÌß Üì Ýíââ Ý
çæ ËÕ× ÌÐÎÎÍ ØÍË æËÕ à ÐÞîæËÕ ßËÒÒÐá Ë× ÚÎ×ÔßËÒÒÐà ÚÛÎÓ×ÔØÍË ÕÐÎ× ÍÎÔ×ÚÔÒËà ËÎ× ÓØÍÔÊÚæËÎ×ÕÕÍÒ æË ÒÓÕËÚÍ

Z2 ÜÌÚÕ æÔÏÒËâ Ö ÑÚÒ æ ïÐÑ ÓÒÚ×ÔÐÎ ØÍÔ ÌÐÎÕÔÕ×Ë ð äÒËÎÊËÒÕËÒå æËÕ ÕÑÔÎÕ ÚÍè ÕÔ×ËÕ
iä Ôà ÑÚÔÒÕå ÜÔ ÝË Ý æËÕ ÔÎÞÔÌËÕ

i = (i1, i2)
×ËæÕ ØÍË |i| = |i1| + |i2|

ÕÐÔ× ÍÎ ÎÐàÏÒË ÔàÑÚÔÒ Ý â ñ æÍÕÑÒÓÌÔÕÓà ËÎ× Ö ÕÐÔËÎ×
Z2

e

Ë×
Z2

o

â æËÕ ÕÐÍÕáÒÓÕËÚÍè ÑÚÔÒ Ë× Ôà ÑÚÔÒ Ö ÚÔÎÕÔ ØÍË
U

æ ïÐÑ ÓÒÚ×ËÍÒ ÍÎÔ×ÚÔÒËÕÍÒ
`2(Z2)

ÞÓòÎÔ ÑÚÒ
(Uψ)i = ψi

ÕÔ
i ∈ Z2

e

Ë×
(Uψ)i = −ψi

ÕÔ
i ∈ Z2

o

Ý óÎ Ú
Tr exp[βH ]A = Tr exp[−βU∗HU ]A = TrU∗ exp[−βH ]UA = Tr exp[−βH ](UAU∗)

ôÔ
A = Ai

ÌÐààË ÞÚÎÕ Üì Ýõâ Ö ÚæÐÒÕ Ôæ ËÕ× ßÚÌÔæË ÞË ÊÐÔÒ ØÍË
UAU∗ = A

Ý
öË Î ïËÕ× ÑæÍÕ ÊÒÚÔ ÞÚÎÕ æË ÌÚÕ Þ ïÍÎ ÏÐÒÞ Ö à ÚÔÕ Ôæ ÕËàÏæË ØÍË æ ïÐÎ ÚÔ× ×ÐÍ÷ ÐÍÒÕ æ ïÓØÍÔÊÚæËÎÌË

Üì Ýê éâ ËÎ×ÒË æËÕ ÌÚÕ ßËÒÒÐá Ë× ÚÎ×ÔßËÒÒÐà ÚÛÎÓ×ÔØÍË

øê
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GHIJ K LHIMNOPQ L RQMSTUVW XYMIM ZIM[ XQUX\T]XQXU ZQM \^XUV _`a \b\]I[ \ XU aVH c T dMXIZ MIeXIf L
gMI^MXU] TMh Xe
GH XJ i Lj LH XI^ L gOb\XklI SI mT [ T]XnMI oQUSIU\pI L HlUQS q gTMX\ q rasstu L
GHQvOJ w Lx LHQdMl\OXU q v LvOmQ\[ TU L yd\IUoI QZ oQU]XUlQl\ \b[[I]Mb XU aVH [QSIm\ QZ v]T]X\]XoTm
gOb\Xo\ L zQ[[lU L {T]O L gOb\ L |a q ^ Lt _V|s q r_}~�u L
GHbxXvXJ � LHb\QU � LxXId q � LvX[ QU L gOT\I ]MTU\X]XQU\ XU klTU]l[ \^XU \b\]I[ \ f X]O X\Q]MQ^Xo
TUS TUX\Q]MQ^Xo XU]IMTo]XQU\ L R L v]T] L gOb\ L _� r|u q ^ Ltt�Vt�t q r_}~�u L
G� m�wQJ i L�mV�QlTUTUX q { LwQlmIl� L �QM]XoI\ TUS [ TYUI]XNT]XQU XU �To �\ [QSIm L R L v]T] L
gOb\Xo\ L �Qm La� q �Q Lt q ^ L~| _V~~s q rass~u L
G�Mx XJ R L�M�OmXoO q � LxXId L gOT\I ]MTU\X]XQU\ XU TUX\Q]MQ^Xo mT]]XoI \^XU \b\]I[ \ L zQ[[lU L
{T]O L gOb\ L �s q ^ LattVa�~ q r_}~�u L
G�Mv^J R L�M�OmXoO q j Lv^IUoIM L jOI �Q\]IMmX]NVjOQlmI\\ ^OT\I ]MTU\X]XQU XU aVH ydImXTU \^XU
\b\]I[ \ TUS ]OI zQlmQ[d YT\ L zQ[[lU L {T]O L gOb\ L � _q ^ L�a~V�sa q r_}� _u L
G� XJ R L� XUXdMI L zQ[[lU L {T]O L gOb\ L ^ Lt _s q r_}~~u L
G�]H MJ zm L�]NbP\QU q R L{ LHMQl�I L jOpQMXI \]T]X\]XklI SI\ oOT[^\ � L �U]IM�SX]XQU\`�SX]XQU\ Sl
z�wv q gTMX\ r_}�}u L
GRQ�T� X�IJ R LRQ\p q x L� TSTUQe q v L� XMP^T]MXoP q H L�Im\QU L gOb\ L wIe L � _� q ^ L_a_~V _a| _q r_}~~u L
G� XJ y L� XMXmmQe L � mp[ IU]\ SI mT jOpQMXI SI\ wI^Mp\IU]T]XQU\ q �SX]XQU\ { �w q {Q\oQl q r_}~|u L
G�QJ R L�Q\]IMmX]N L jOI oMX]XoTm ^MQ^ IM]XI\ QZ ]OI ]fQVSX[ IU\XQUTm h� [QSIm L R LgOb\ L z~ q ^ L_s|�V
_s�s q r_}~|u L
G�QjOJ R L�Q\]IMmX]N q H LjOQlmI\\ L KMSIMXUY q [ I]T\]TdXmX]b TUS ^OTT\I ]MTU\X]XQU\ XU aVH \b\]I[ \ L
R LgOb\ L z� q ^ L__� _V _ast q r_}~tu L
GxXI{T]voOJ � LxXId q H L{T]]X\ q j LvoOlm]N L jfQVH X[ IU\XQUTm �\XUY {QSIm T\ T vQmldmI gMQdmI[
QZ {TUb �IM[ XQU\ L wIe L {QS L gOb\ L t� q ^ L���V�~_q r_}�|u L
G{ J gL{ XUUOTYIU L jOI aVH zQlmQ[d YT\ q eQM]I� lUdXUSXUY TUS \l^IM�lXSV\l^ IMoQUSlo]XQU
� m[ \ L wIe L {QSIMU gOb\ L �} q ^ L_ss _V _ss� q r_}�~u L
G{TJ gL{TmmXTeXU L �pQ[p]MXI H X�pMIU]XImmI �U]MXU\nklI q iIM[ TUU q gTMX\ q r_}~au L
G{o�v^J K L{o�MXTU q j Lv^IUoIM L KU ]OI SIoTb QZ oQMMImT]XQU\ XUvK rUuV\b[[I]MXo ZIMMQ[ TYUI]\ L
zQ[[lU L {T]O L gOb\ L �t q ^ La}}Vtsa q r_}~~u L
G{I{ XgZ J y L{I\\TYIM q v L{ XMTomI q z Lg�\]IM L zQMMImT]XQU XUIklTmX]XI\ TUS lUXklIUI\\ QZ IklXmXdMXl[
\]T]I ZQM ]OI ^mTUTM MQ]T]QM ZIMMQ[ TYUI]Xo [QSIm L zQ[[lU L {T]O L gOb\ L �� q ^ L_}Va} q r_}~�u L
G{ XJ R L{ XmUQM L jQ^QmQYb ZMQ[ ]OI SX�IMIU]XTdmI eXIf^QXU] q � XMYXU XT �UXe L gMI\\ q r_}��u L
GKevXJ � LKeoOXUUXPQe q � L{ LvXYTm L � �XUNdlMYVxTUSTl �klT]XQU � L v]T]Xo eQM]XoI\ L zw{ gMQoIIS L
�Qm L_a q r_}}~u ^ L_}}Vaas q � jOI IUIMYb QZ � XUNdlMYVxTUSTl eQM]XoI\ q �lMQ^ITU R L QZ y^^mXIS
{T]OI[T]Xo\ _t q ^ L_�tV _~� q rassau L
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ÙÚÛÜÝÚ Þ ßàááà âãäåà àåá æçèåéæêëà ì í îëáïðà ðàå åñåáäò àå ðà åóôèå ì åñò ëáêôà æçèáôèïà åïê ïè
êëåàéï õö÷ ø ùçïê íà ò çðäíà úû ü çè æçèåôðäêà íàå áêéèåôáôçèå ðà óãéåà ðà åàæçèðà àåó äæà ýþàêàÿôèå� ôô ü
�çåáàêíôáÿ àá âãçïíàåå� ü àè íôéôåçè é�àæ íé �çêáôæôáë ðàå ëáéáå ðà � ô��å çï ðàå óéêéòäáêàå ð îçêðêà
�òôèôò ôåàïêå ðà í îëèàê� ôà íô�êà F � ø 	àå �çêáà
 óêëåàèáàèá ïèà éèéíç� ôà é�àæ íàå ôèáàê�éæàå ðéèå íà
òçðäíà ð î�åôè� 
 íé åñò ëáêôà æçèáôèïà ðï åñåáäò à é áçïáà�çôå ïè à� àá êë�ïíéêôåéèá åïê íàå áêéèåôáôçèå
ðà óãéåà ü à
æíïéèá àè õö÷ áçïáà éôò éèáéáôçè åó çèáéèëà ü ò �òà ì �éååà áàòóëêéáïêà ü æà �ïô åà áêéðïôá
óéê ïèà ðëæêçôååéèæà ðàå �çèæáôçèå ðà æçêêëíéáôçè ø ùçïê íà ò çðäíà ð î� àôåàè� àê� é�àæ óçáàèáôàí ðà
� éæ ü íàå �çêáà
 åçèá êàòóíéæëå óéê ðàå ôèåáéèáçèå ø

÷éèå íà ßãéó �áêà � ü çè êéóóàííà �ïàí�ïàå óêçóêôëáëå ðà í îôèáàêéæáôçè àèáêà óíïå óêç æãàå �çôåôèå ü
ó çïê íà êçáéáàïê ü çï åé �àêåôçè åôòóíô�ëà éóóàíëà òçðäíà ðà � ôííéôè ø �è ôèáêçðïôá éïååô íà ò çðäíà
ðï æãéòó òçñàè ø

	à òçðäíà ðà � éæ ü �ïô óéêáé�à æàêáéôèå éåó àæáå ðà æàå ðàï
 òçðäíàå ü àåá ëáïðôë éï ßãéó �áêà
õ ø ùéê ïè óêçæëðë ð îãçòç�ëèëôåéáôçè ü çè êéò äèà àååàèáôàííàò àèá í îëáïðà ðà íé ò àåïêà ðà � ô��å àè
�çíïòà �èô ì æàííà ðà íé �çèæáôçèèàííà ëèàê� ôà íô�êà F ü �ëèëêéíôåéèá ðàå áàæãèô�ïàå ïáôíôåëàå ðéèå íà
òçðäíà ð î�åôè� ø

	àå óêçóêôëáëå ðà �çêáôæôáë ðï òçðäíà ðà � éæ åçèá éèéíñåëàå ðéèå íà ßãéó �áêà � ü ç� í îçè
ðëáàêò ôèà íàå à
áêàò é ðà F ü é�àæ æçèðôáôçèå íôò ôáà ø �è òàá éôèåô àè ë� ôðàèæà ðàå æçè��ïêéáôçèå
áêäå åôò ôíéôêàå ì æàííàå ðàå åçíïáôçèå ðàå ë�ïéáôçèå ðà � ôèÿ�ïê�ö	éèðéï ø

÷éèå íà ßãéó �áêà � çè óéååà éï æéå �ïéèáô�ïà ü àè ôèáêçðïôåéèá íé èçáôçè ðà �òéáêôæà ðà
�çêáôæôáë� ì áàòóëêéáïêà ôè�àêåà

β
ü ðçèá çè æéíæïíà íà �ðà�êë èçèöæçòòïáéáô� � ø �í éóóéêé�á éôèåô ü

ó çïê íà ò çðäíà úû ðà åóôè ��õ ü ðàå æçè��ïêéáôçèå ðà �çêáôæôáë éèéíç�ïàå ì æàííàå êàèæçèáêëàå ðéèå
íà æéå æíéååô�ïà ø
��Û� !"� Þ âãôå âãàåôå æçèæàêèå åóôè åñåáàò å # ôáã æçèáôèïçïå åñòòàáêñ çè é õö÷ íéááôæà ø $çê úû
òçðàí #à æçèåôðàê åàæçèð çêðàê óãéåà áêéèåôáôçèå ýþàêàÿôèå� ôô ü �çåáàêíôáÿ éèð âãçïíàåå� ü êàíéáàð # ôáã
�çêáôæôáñ ç� � ô��å åáéáàå çê çêðàê óéêéòàáàêå �òôèôò ôÿàêå ç� �êàà àèàê�ñ F � ø �çêáôæàå éêà éèéíç�ïàå
# ôáã ôèáàê�éæàå ôè �åôè� òçðàí 
 �ïá ôèáàêèéí æçèáôèïçïå åñòòàáêñ åò àéêå çïá óãéåà áêéèåôáôçèå ü
à
æíïðôè� ôè õö÷ åóçèáéèàçïå éôò éèáéáôçè éèð éííç# ôè� �çê é ðàíéñ ç� æçêêàíéáôçè �ïèæáôçèå ü à�àè
éá íç# áàòóàêéáïêà ø $çê � àôåàè� àê� òçðàí # ôáã � éæ ó çáàèáôéí ü �çêáôæàå éêà êàóíéæàð �ñ ôèåáéèáçèå ø

�è ùéêá � ü #à êàæéíí åçò à óêçóàêáôàå ç� èàéêàåá èàô�ã� çêå ôèáàêéæáôçèå �çê áãà êçáéáçê ü çê ôáå
åôò óíô�àð �àêåôçè �� ôííéôè òçðàí� ø %à éíåç ôèáêçðïæà áãà òàéè �àíð ò çðàí ø

� éæ îå ò çðàí ü #ãôæã êàíéáàå �éêôçïå éåó àæáå ç� áãàåà òçðàíå ôå óêàåàèáàð ôè ùéêá �� ø þñ ãçòç�àèôö
ÿéáôçè ü #à àååàèáôéííñ êàðïæà óêçó àêáôàå ç � � ô��å ò àéåïêà ôè �èôáà �çíïòà áç áãàåà ç� F ü �àèàêéíôÿôè�
áàæãèô�ïàå ïåàð �çê áãà �åôè� òçðàí ø

�è ùéêá � �� #à éèéíñÿà �çêáôæôáñ �çê � éæ îå òçðàí ü éèð ðàáàêò ôèà à
áêàò é �çê F ü # ôáã � çïèðéêñ
æçèðôáôçèå ø %à áãïå éêêô�à éá æçè��ïêéáôçèå åôò ôíéê áç åçíïáôçèå ç� � ôèÿ�ïê�ö	éèðéï à�ïéáôçèå ø

�è ùéêá �� ü #à áïêè áç áãà �ïéèáïò æéåà ü ôèáêçðïæôè� &�çêáôæôáñ ò éáêôæàå & éá ôè�àêåà áàòóàêéáïêà
β
ü éèð æçòóïáà áãàôê &èçè æçòòïáéáô�à ðà�êàà &ø âãïå #à ç�áéôè �çê áãà úû òçðàí # ôáã åóôè ��õ ü

æçè��ïêéáôçèå éå áãçåà #à ò àá ôè áãà æíéååôæéí æéåà ø
'(�Û ")ÚÛ Þ * çðäíà úû ü * çðäíà ðà � éæ ü âêéèåôáôçèå ðà óãéåà ü $çèæáôçèèàííà ëèàê� ôà íô�êà ü �çêáôæôáë ü
�èåáéèáçèå ø


