N
N

N

HAL

open science

Hamiltonian Approach to Shape Spaces in a
Diffeomorphic Framework: From the Discontinuous
Image Matching Problem to a Stochastic Growth Model

Frangois-Xavier Vialard

» To cite this version:

Frangois-Xavier Vialard. Hamiltonian Approach to Shape Spaces in a Diffeomorphic Framework :
From the Discontinuous Image Matching Problem to a Stochastic Growth Model. Mathematics [math].

Ecole normale supérieure de Cachan - ENS Cachan, 2009. English. NNT: . tel-00400379

HAL Id: tel-00400379
https://theses.hal.science/tel-00400379
Submitted on 30 Jun 2009

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00400379
https://hal.archives-ouvertes.fr

m Leurs Applications < A [ H A N
N° ENSC-2009
THESE DE DOCTORAT

DE L’ECOLE NORMALE SUPERIEURE DE CACHAN

Présentée par
Monsieur Francois-Xavier VIALARD

pour obtenir le grade de

DOCTEUR DE L’ECOLE NORMALE SUPERIEURE DE CACHAN

Domaine : MATHEMATIQUES

Sujet de la these :

Hamiltonian Approach to Shape Spaces in a Diffeomorphic Framework :

From the Discontinuous Image Matching Problem to a Stochastic Growth Model

Rapporteurs :

Antonin Chambolle Directeur de recherches CNRS, Ecole Polytechnique
David Mumford Professeur, Brown University

Ofer Zeitouni Professeur, University of Minnesota et Weizmann Institute of Science

These présentée et soutenue a Cachan le 7 Mai 2009 devant le jury composé de :

Antonin Chambolle Directeur de recherches CNRS, Ecole Polytechnique (Rapporteur)

Darryl Holm Professeur, Imperial College

Renaud Keriven Professeur, Ecole Nationale des Ponts et Chaussées

Yves Meyer Professeur émérite, Ecole Normale Supérieure de Cachan

Alain Trouvé Professeur, Ecole Normale Supérieure de Cachan, (Directeur de theése)
Laurent Younes Professeur, Johns Hopkins University

Centre de Mathématiques et de Leurs Applications
(ENS CACHAN/CNRS/UMR 8536)
61, avenue du Président Wilson, 94235 CACHAN CEDEX (France)"



REMERCIEMENTS

Je remercie tres chaleureusement mon directeur de these Alain Trouvé pour m’avoir en-
cadré durant ce travail et pour m’avoir apporté beaucoup d’un point de vue scientifique.
Je tiens a souligner la grande qualité, a mes yeux, des échanges mathématiques que nous
avons pu entretenir tout au long de ces trois années. Ceux-ci ont donné naissance aux
principaux résultats de cette theése dans une atmosphere libre, trés propice a la créativité.
D’autre part sa disponibilité et son soutien constant m’ont été indispensables pour aller
au bout de ce travail.

Je remercie de la méme maniere Laurent Younes, qui m’acceuillit par deux fois au CIS
de John Hopkins University. Ces séjours furent I’occasion de quelques discussions tres
fructueuses et me furent profitables sur d’autres plans que seulement scientifiques.

Antonin Chambolle, David Mumford et Ofer Zeitouni ont accepté d’étre rapporteurs de
ma these et sa forme finale leur doit beaucoup. Je les remercie pour leur relecture attentive
et de leur critiques qui ont ouvert de riches discussions mathématiques. Leurs remarques
ont suscité une amélioration sensible du manuscrit, notamment celles d’ Antonin Cham-
bolle sur la partie technique d’analyse fine. Je remercie également David Mumford pour
ses nombreux et pertinents conseils.

Darryl Holm, Yves Meyer et Renaud Keriven ont accepté de faire partie de mon jury de
these. Je leur en suis trés reconnaissant. Leurs différentes sensibilités scientifiques repré-
sentent aussi la diversité des sujets abordés dans cette these. Cette diversité fut une source
importante de motivation et de satisfaction personnelle.

Les chercheurs du laboratoire de ’ENS Cachan (CMLA) ont toujours été disposés a ré-
pondre a mes questions (Yves Meyer, Nicolas Vayatis, Jean-Francois Aujol, Jean-Michel
Morel, Laurent Desvillettes...) et je les remercie pour cette disponibilité. Plus générale-
ment, je remercie tous les mathématiciens qui m’ont recu pour discuter ou qui ont répondu
par mails a mes questions. Le CMLA m’a donné I’occasion de rencontrer et d’avoir le
plaisir de collaborer avec Filippo Santambrogio. Nous avons pu ensemble établir les ré-
sultats de la partie d’analyse fine dans le cadre mathématique adéquat. Je le remercie de
I’intérét qu’il a porté a mes questions mathématiques.

Bernard Chalmond m’a permis de terminer mon travail de these dans de trés bonne condi-
tions, je lui en suis treés redevable. Le CMLA a aussi été un cadre agréable de travail et je
pense notamment aux trois secrétaires Véronique, Micheline et Virginie.

Durant ces trois dernieres années, les conférences annuelles organisées par Laurent Younes,
David Mumford et autres ont ét€ un élément important de motivation et d’intégration dans
ce cercle scientifique. Je remercie trés chaleureusement Darryl Holm de m’offrir la pos-
sibilité de continuer mon travail a I'Imperial College au sein d’un projet scientifique trés
ambitieux et excitant.

Je remercie Jean-Francois Legall sans lequel je n’aurais peut-étre pas pu m’engager dans
ce travail de recherche. Sur un autre plan, je remercie aussi Claude Martini, Pierre Cohort,
José Da Fonseca, Frédéric Patras et tous les autres sans qui ma période de theése n’aurait
pas été aussi intéressante.

Mes derniers remerciements vont 2 ma famille et trés spécialement 2 ma mere, qui a
toujours tenu a ce que j’aille au bout de ma these. Je lui dédie ce travail. Enfin, je remercie
tres affectueusement Florence qui m’a soutenu depuis le début de ma these et sans qui
cette période de these aurait été infiniment plus terne.



Résumé

Ce travail de these se situe dans le contexte de 1’appariement d’images par difféomor-
phismes qui a été récemment développé dans le but d’applications a I’anatomie computa-
tionnelle et I'imagerie médicale. D’un point de vue mathématique, on utilise 1’action de
groupe de difféomorphismes de 1’espace euclidien pour décrire la variabilité des formes
biologiques.

Le cas des images discontinues n’était compris que partiellement. La premiere contribu-
tion de ce travail est de traiter completement le cas des images discontinues en considérant
comme modele d’image discontinues 1’espace des fonctions a variations bornées. On ap-
porte des outils techniques pour traiter les discontinuités dans le cadre d’appariemment
par difféomorphismes. Ces résultats sont appliqués a la formulation Hamiltonienne des
géodésiques dans le cadre d’un nouveau modele qui incorpore 1’action d’un difféomor-
phisme sur les niveaux de grille de ’image pour prendre en compte un changement
d’intensité. La seconde application permet d’étendre la théorie des métamorphoses dévelop-
pée par A. Trouvé et L.Younes aux fonctions discontinues. Il apparait que la géométrie de
ces espaces est plus compliquée que pour des fonctions lisses.

La seconde partie de cette thése aborde des aspects plus probabilistes du domaine. On
étudie une perturbation stochastique du systéme Hamiltonien pour le cas de particules (ou
landmarks). D’un point de vue physique, on peut interpréter cette perturbation comme des
forces aléatoires agissant sur les particules. Il est donc naturel de considérer ce modele
comme un premier modele de croissance de forme ou au moins d’évolutions aléatoires de
formes.

On montre que les solutions n’explosent pas en temps fini presque sirement et on étend
ce modele stochastique en dimension infinie sur un espace de Hilbert bien choisi (en
quelque sorte un espace de Besov ou Sobolev sur une base de Haar). En dimension
infinie la propriété précédente reste vraie et on obtient un important (aussi d’un point de
vue numérique) résultat de convergence du cas des particules vers le cas de dimension
infinie. Le cadre ainsi développé est suffisamment général pour &tre adaptable dans de
nombreuses situations de modélisation.

Summary

This thesis takes place in the context of image matching within the framework of large
deformation diffeomorphisms. With important applications to medical imaging and com-
putational anatomy, this approach uses the action of diffeomorphisms groups in order to
classify images. One of the first issue to deal with is to compute the distance between
objects on which can act the group of diffeomorphisms.

The case of discontinuous images was very partially understood. The first part of this the-
sis is devoted to fully tackle the case of discontinuous images in any dimension. Namely
the images are assumed to be functions of bounded variations. We have provided techni-
cal tools to deal with discontinuous images within the diffeomorphism framework. The
first application developed is a Hamiltonian formulation of the geodesic equations for a
new model including a change of contrast in the images which is represented by an action
of a diffeomorphism on the values of the level lines of the image. The second one is an
extension of the metamorphosis framework developed by A.Trouvé and L.Younes to SBV
functions, which points out that the geometry of such spaces is much more complicated
than the one with smooth functions.

The second part of the thesis takes place in the probabilistic side of the field. Taking
advantage of the Hamiltonian formulation, we aim to study stochastic perturbations of
the geodesic equations. From a physical point of view, the perturbation we consider



affects the forces on the particles and not the speed of the particles. In some sense, this
model could be an interesting dynamical model for growth of shapes or at least random
evolution of shapes.

We have proven that the solutions of the system in the case of landmarks do not blow
up and that there exists a SDE in infinite dimension on a suitable Hilbert space (actually
a sort of Besov or Sobolev space on Haar basis) which extends the landmark case. In
infinite dimension, the solutions are also defined for all times. Moreover an important
convergence result of the landmark case to the infinite dimensional case is proven. Finally,
let us precise that the structure of the noise is general enough to account for correlation
between points of the curve in the noise.
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Chapter 1

Introduction

Contents
(1.1 The space of deformations| . ..................... 11
[T.2” Geodesic equations on diffeomorphism groups| . . . ... ... .. 17
[[.3__The Hamiltonian formulation|. . . . .. ... ... ......... 24

Motivated by applications to computational anatomy and computer vision, the study of
objects with a visual structure (shapes, images, landmarks, ...) under the action of a
transformation group has been actively developed over the past several years. The aim
of this endeavor is to classify data from their representation and to recognize features
on these data. From the medical imaging point of view, it means for instance automatic
detection of pathologies through the use of statistical tests. As the collection of images of
organs is rapidly increasing, it opens the opportunity to provide practitioners with tools to
help making of diagnosis. In the case of registration (i.e. matching) between two medical
images, the bijection condition is relevant for the practitioners: the shape of the organ
should be in some sense a one to one deformation of a template shape. This condition
necessarily implies a not so obvious model of the deformation and may require some
mathematical foundations.

In more mathematical words, one general approach is to act on the objects via a group
action (the mathematical notion of action). At this level of generality, the underlying idea
is to put the modeling effort on the group action and not on the object themselves. For
example, in the case of 3D medical images, the group could be a diffeomorphism group
(group of bijective smooth applications) of the ambient space. In image analysis, this
framework was first introduced by the work of U. Grenander ([GM98],[Gre93])), and the
field known as the large deformation diffeomorphic matching approach has been widely
studied since this first preliminary work especially by A.Trouvé, L.Younes and M.Miller
([Tro95], [IMTYO06[,[IMYO1]). The question of building a distance on space of shapes
had been a well addressed subject in these works, by using the projection of right in-
variant distance of the group on the shape space. In fact the distance needs to be strong
enough in order to build a useful Riemannian framework ([MMO5b]). Answers to this

question and the development of sound foundations from a mathematical point of view
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have been increasing since the late 90’s and it involved ideas from fluid flow motion and
hydrodynamical notions (JArn78]]). In order to perform a statistical analysis on a group
of observed shapes, at least the distance computed on any couple in this observed set of
shapes should be meaningful. To go further, this model of shape representation should
also encode local informations of data and is undoubtedly a rich framework to use statisti-
cal tools. Yet, a consistent statistical approach is not as well established as the geometrical
aspects of this field, although the seminal ideas of large deformation by diffeomorphisms
were already motivated by this question. One attempt to address this problem is care-
fully developed in the thesis [AlIO7]] in the case of small deformations. In the case of
landmarks, a well-known approach was initiated by the work of D.G. Kendall known as
*Statistical Shape Analysis’ ([KBCL99|,[DM9S]]). D.G. Kendall also tackled the prob-
lem of modeling shape diffusion ([Ken77]) in the case of landmarks and his approach is
currently developed ([BDGO7]]). In their work the trajectories of the landmarks follows
stochastic processes such as Brownian motion or Ornstein-Uhlenbeck process, yet not
constrained by a diffeomorphic condition.

The large deformation diffeomorphisms approach has seen in the past five years tremen-
dous developments as for the biomedical applications, [GQMY08, WBR ™07, [DPTAOS]
to name a few. And some efficient algorithms have been developed using the different
structures of the geodesic equations such as [MMOS| ICotO8]. On the statistics aspects,
very recent works have been carried out successfully in [MMTYO0S| IAKTAO06L [AKTO7].
Our work, focused on the mathematical foundations, has three main contributions for the

geometric, analytic and probabilistic aspects of the field.

Brief outline of the contributions of our thesis:

Motivated by the derivation of the Hamiltonian equations of image matching in the /large
deformation diffeomorphisms framework, we needed to work out the structure of the mo-
mentum (arising in the EPDiff equation) which was given by the differentiation of a
functional (the penalty term). It was not known how to differentiate the functional in the

case of discontinuous images in gray-level (i.e. discontinuous functions).

e From a variational point of view, we determined the effect of discontinu-
ities in the matching of images in the large diffeomorphisms setting. We
solved with the Semi-Differentiation Theorem |15|the problem of the differ-
entiation of the functional in the case of BV functions in any dimension for

a large range of penalty terms.

We do not expect this theorem to be extended much further. However, our approach based
on density arguments and decomposition methods raised interesting questions about de-
composition of BV functions. For example, the generalization of the decomposition of
a BV function into a sum of a continuous function and a SBV function would lead to a

more general Semi-Differentiation Theorem. Once the differentiation is performed, the
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structure of the momentum is known and as expected it has a singular part due to the jump
set of the template image. This structure enables to derive the Hamiltonian equation in

this case.

e We introduced a new model in Section[3.2]which takes into account a group
action on the gray-level of the image, while keeping an action by diffeomor-
phisms on the support of the image. The geodesic equations for this model
are given in theorem [20] on the space of SBV functions . We derived in
Chapter 4] weak Hamiltonian equations for which we proved existence and

uniqueness results.

This first model opens the way for more realistic models and for the development of
a multilayer approach, which will be pursued elsewhere. Another consequence of our
semi-differentiation result is the following application to the metamorphosis framework
introduced in [[TYO05].

e We worked out the geodesic equations in theorem [22] for metamorphosis
in the case of discontinuous images, namely SBV. On the way, we showed in
Subsection [3.4] that this extension implies complications in the geometry of

this infinite dimensional Riemannian manifold.

On the probabilistic side, we took advantage of the Hamiltonian formulation of the equa-
tions to propose a second order stochastic differential equation (SDE) to model time evo-
lutions of shapes. This approach is very natural in order to turn deterministic evolution

equations into SDE and this approach gives a simple model which deserves to be studied.

e We introduced a stochastic growth model for shapes within the large de-
formation diffeomorphisms framework. Having in mind statistical analysis
of time dependent biological data, this model would be an interesting frame-
work to apply. For example, we can hope to design quantitative methods for
early detection of abnormal growth of an organ as well as to obtain proba-

bilistic atlases of biological growths of organs.

From a mathematical point of view, we first worked out this model in the finite dimen-
sional case of landmarks and then we extended it to shape spaces by finding a proper

Hilbert space in which we studied the equations.

e To study the equations in infinite dimension, we introduced a new Hilbert
space of functions F§ in Section[5.4] very close to a Sobolev space on a Haar
basis. This space (available in any dimension) enjoys important properties

(T7ITOI20I25127|28)) that are easy to prove and are really needed in our ap-
proach. These include stability by product as well as stability by composition

with smooth functions. The Hilbert space also contains smooth functions
which can represent shapes and its dual contains almost surely a cylindri-

cal Brownian motion on L?. Moreover, the Hilbert space admits numerical
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approximations on finite dimensional spaces that can be reached by project-
ing the SDE on landmarks spaces and we proved in Proposition [33] that the

solutions converge to the solution of the SDE on Fs x F_j.

It should be emphasized that the SDE can have a very general variance term and the
framework can be extended to deal with other sources of noise. In what follows, we

present in more details the organization of the thesis.
Plan of the thesis:

The first part of this thesis is devoted to the understanding of the matching equations
between two images in gray level which can be discontinuous (namely SBV). It requires
some technical work on the space of bounded variation functions and the Chapter [2] is
devoted to the presentation of these results. The applications of this work are detailed in

the Chapter [3] for two different cases:

e The first one details a new model for the matching between two images introducing
a contrast transformation (a diffeomorphism on the co-domain of the image), and
a geometric transformation (a diffeomorphism on the image domain) is as usual

taken into account.

e The second application deals with metamorphosis and the aim is to enlight the

results of the article on metamorphosis [TYO0S5]] with these new analysis tools.

For each case, we derive the geodesic equations from a variational approach and we detail
the structure of the initial momentum. The last part of Chapter[3|gives some toy examples
for the two models and in particular, we show that the introduction of discontinuities in
the metamorphosis set-up bring some additional complications: some interesting results
on geometrical aspects of [TY03] are false in this context.

The Chapter 4| gives a weak Hamiltonian formulation of the matching equations in the
case of piecewise Lipschitz functions derived in Chapter [3] This formulation is not only
important from the numerical point of view but it will also be the foundation for the
stochastic model of growth we present in Chapter[5] The Hamiltonian formulation gives
also some perspectives on how to introduce a multilayer approach within the large defor-
mation by diffeomorphisms framework.

In the Chapter [3] of this thesis, we study a stochastic perturbation of the Hamiltonian
equations in the case of landmarks by introducing a random force. We then extend it
to a shape diffusion model. This model (though an a priori model) could be applied as

biological growth model in order to make early diagnosis.

After a brief introduction to the mathematical background of the field, we will give a

comprehensive introduction to our work and our different approaches.
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1.1 The space of deformations

This section gives a short presentation of the diffeomorphism group we will consider. It is
based on the corresponding Chapter in [[YouOS|], which gives detailed and comprehensive
proofs. The first part presents the construction of the group of diffeomorphisms from a
space of vector fields and the second part gives an overview of the Reproducing Kernel

Hilbert Spaces (RKHS) in order to construct suitable vector fields.

1.1.1 The group of diffeomorphisms

Let p > 1 a positive integer, U be an open set of R¢ and V C X5 (U, R?) the space of C?
vector fields vanishing on the boundary of U and at infinity with V' a Hilbert space such

that there exists a constant C'y, for which,
|U‘p’oo S C\/‘U’V . (1.1)

The RKHS V will be said admissible if p > 1 and if we want higher regularity we
will write p—admissible. From the variational point of view, we will essentially need the
Hilbert space L2([0, 1], V) but we introduce also L' ([0, 1], V). With the Cauchy-Schwarz
inequality, |v|;1 < |v|z2. As a consequence, all the controls with the L! norm will be
valid for the L? norm. All these inequalities are also true if the LP([0, 1], V) norm is
replaced by the LP([0, 1], x) norm. We now present a theorem which is a summary of

the results which can be found in [[YouOS] (chapter 12).
Theorem 1. [fv € L([0,1], V) then its flow is defined: ift € [0,1]

0t () = vi(do(@)) (12)
#o(x) =1d.

For all time s,t € [0,1], ¢4, := ¢4, o [¢§ ] 7" is a CP diffeomorphism.
The application
(t,x) € [0,1> x U — ¢f,(x) €U (1.3)

is Lipschitz in both variables, more precisely:
Lip(¢f,) < e llet

t
|¢8,t_¢873‘oo§/ cv ||y dr. (1.4)
S

The derivatives of ¢, verify the integral equation for k < p:

t
dhgY () =1 + / oy 0 ¢, (2)] dr (1.5)

S

and there exists constants C, C' independent on v such that for all s,t € [0, 1],

|62 t[poe < CeC VIVl (1.6)
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These results are different from the classical ODE result for vector fields since the control
on the vector field is done via the L' norm. The main tool of the proof is the Gronwall
lemma. Another important point is the dependence on the vector field v. Especially,
we will need the weak convergence property to prove the existence of a deformation of

minimal cost.

Theorem 2. Let u,v € L'([0,1], V) be two time dependent vector fields, then
|66 — 08 4loo < cv|u—v[preV et (1.7)
If p > 2, a bound on the derivative is given by
|9t s — ddf 4loo < C"Ju— w]paecvitler (1.8)
with C" depending continuously on |u|r1 and |v|p:.

As the proof of inequality (I.8) is not explicitly given in [YouO8|] or [Gla05]], we give
the details in appendix, proposition[44] Finally, we present the fundamental result which
enables to prove the existence of a minimizer for a large range of functionals. This result
states the uniform convergence of the flow on every compact under the weak convergence
of the vector fields. We also add a uniform convergence of the derivatives for the strong

convergence.

Theorem 3. If v, —r2((0,1],v) v, then qubff; — quﬁf’s for the uniform convergence on
every compact uniformly int,s € [0, 1] for k < p.

If un —r2(j0,1),v) u (weak convergence), then d)ﬁ’; — @y s for the uniform convergence
on every compact uniformly int,s € [0,1]. If K C R? a compact set, then

sup |¢11£L,2 (CL‘) - ¢}S€s (CL‘)| —nstoo 0.
(t,5,2)€[0,1]2x K

More than this result can be found in [Gla05]] since if p > 2 the convergence of the
first derivative is proved to be uniform on every compact set. (The weak convergence on
L?([0,1], V) can be replaced by the weak convergence on L'([0, 1], V) as it is stated in
[YouO8].)

The set of diffeomorphisms Gy is defined as
Gv = {¢g,1 v e L*([0,1], V)}. (1.9)

This set is naturally a group (the inverse of the diffeomorphism generated by v; can be
found as the flow of v;_; and a time rescaling makes the product well defined). A right

invariant distance can be defined on Gy :

Theorem 4. Introducing d(i1,2) := inf{|v|2 |1 = ¢§ 1 02}, (Gv, d) is a complete

metric space and d is a right invariant distance
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Note that replacing L2([0, 1], V') by L([0, 1], V) leads to the same group G'y (reparame-
terization argument) and the distance (replacing the L? norm by the L' norm) is the same.

The important point is that this distance is right invariant: for any ¢ € Gy,

d(tp1 0 ¢, 92 0 @) = d(2p1,12) .

This construction enables to obtain the existence of a minimizing vector field v between
two diffeomorphisms in Gy. The main argument of the proof of the theorem below is the
weak compactness of bounded balls in Hilbert spaces and the use of Theorem [3] This is

the key framework for the large deformation diffeomorphisms approach.

Theorem 5. Let 11,12 € Gy be two diffeomorphisms, then there exists v € L*([0,1], V)
such that 11 = 2 o ¢f 1, and |v| 2 = d(11,12).

Such a minimizer is also a minimizer towards a reparameterization of the time variable
and it shows that the quantity v, is constant in time.

The last point to present is the differentiation of the flow with respect to a variation of the
vector field. Let us define the adjoint for ¢ a diffeomorphism of R™ and v a vector field
onR™ by Adgv = (dpv) o o~ L.

Theorem 6. Let (us,v;) € L([0,1], V) be two time dependent vector fields, and denote
by ¢, the flow generated by the vector field u; + v, then we have:
1 1
Oe|._o P01 () = / [dt1]g0,1(2) v (P06 (€))dt = dpo 1 (/ Adg, o (vr) dt) -
0 0
We can rewrite the formula to derive the expression used for the geodesic equations with

the equation

Oele—o®0,1 0 (5,1)~ / Ady, , (vt) (1.10)

We give here a short proof of the perturbation of the flow of a time dependent vector field
with respect to the vector field. We assume in the proposition that the vector fields are
smooth but it can be proven with weaker assumptions on the regularity of vector fields.
(See [YouO8], for a detailed proof.)

Proof. Let us introduce the notation A; € R™ defined by: A;(do:(7)) = 0.|._, 95 +(%)-

Differentiating this expression with respect to the time variable:
d
23 A (@0.4(2)) = dur(Ar(bo(2))) + ve(Po.(2)),
Remark that the expression above can be written as, with £ the Lie derivative(for a defi-

nition of the Lie derivative, the reader can refer to [Sak96]):

d _ _
Lude= - e [d%0.t+u] N A u(@rru(®))) = [ddo] ™ (vi(¢o(2)))-
By integration in time, we obtain the result. O

This construction is rather general and it is strongly dependent on the choice of the ad-
missible space of vector fields V. The next part is devoted to the construction of such

admissible spaces.
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1.1.2 Admissible vector fields spaces

We have required V' to be a Hilbert space of C'! vector fields with the admissibility con-
dition |v|1 oo < |v]y . Itis a particular case from the general situation when V' is a Hilbert
space of functions defined on a domain U for which the pointwise evaluation is a bounded

operator: if z € U, there exists a constant M such that defining
6z v €V s u(z) e R, (1.11)

we have |v(z)| < M |v]y.

The vector valued case does not differ from the scalar case for most of the important
points of this theory. Such a space is called a Reproducing Kernel Hilbert Space. As we
do not need further generalizations of RKHS, we restrict ourselves to Hilbert spaces of
functions for which the evaluation at any point is a bounded linear operator.

The canonical isomorphism between V' and its dual V* will be denoted:
K:V'—V, (1.12)

and L : V +— V*its inverse.

Hence the Riesz theorem, for each x € U and p € T = R? a vector (T, is the tangent
space at point x and 7 is the cotangent space at point x. Of course in this euclidean case,
all the (co)tangent spaces at a point can be identified to R?), there exists an element of V'

denoted k(., z)p such that

(k(.,x)p,v)v = (v(z),p). (1.13)

An equivalent notation will be K65 with §% the linear form involved on the right hand

side of (I.13). Then it defines a function of two variables & called the kernel:
k:(y,z) e UxUw k(y,z) € L(T;,Ty),
k(y,z) :pe Ty =k(y,x)p € Ty
The first properties are:
o k(z,y) = k(y, z)"

e k is a positive matrix in the following sense: developing the norm for (ﬂfi)ie[l,n}

being n distinct points and (p; );e|1,,,) being n vectors in R,
n
1> kG zpily 20 & > pik(aj,zi)p > 0. (1.14)
i=1 i

An important theorem (Moore-Aronszajn) shows the correspondence between RKHS and

positive matrices.

Theorem 7. For any positive matrix k on U X U there exists a uniquely determined

Hilbert space V' of functions defined on U with the reproducing kernel k.
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The proof of Theorem [7| can be found in [Aro50]. If (v;);en is an total orthonormal
basis of the Hilbert space V/, then we have using the definition and the decomposition

k(y,x) = > ;cn vi(y).vi(x) with the notation
v(y).v(z):p e T, — (v(z),p)v(y) € T,.

Before giving some examples, we present some regularity results we will need in Chapters
[3land [5} what is the relation between the regularity of the kernel and the regularity of the

injection of V'? For the continuity, we have the equivalence

Theorem 8. Let V' a RKHS of vector fields on U, then there is an equivalence between
e V CCYU,RY,
e k is continuous on U x U.

Proof. If k is continuous then we apply the Cauchy-Schwarz inequality with f € V,
z,y € Uandp € RY,

[(f(x),p) = (f(y).p)| = {k(., 2)p — k(.. y)p, v
< |pk(z, 2)p + pk(y,y) — 2pk(z, y)p|2 | flv, (1.15)

to obtain that f is continuous.
Assume that V € CO(U,R%), then k(., z)p are continuous functions. Using an orthonor-

mal basis (v;);cn , we have
k(z,x) = sz(:p)vz(m), (1.16)
‘€N
with v; continuous functions. With the equation (L.16), pk(x, x)p is the limit of an in-
creasing sequence of continuous functions. By Dini’s theorem, the convergence is uni-

form and the limit is continuous. Hence, & is continuous on the diagonal of U x U. Now

using inequality (T.13), applied to f = k(., y)p we can conclude by triangular inequality:

k(z,y) = k(' y)] < [k(z,y) — k(@' ) + k(2 y) = k(2 y)]
Using inequality (I.15)), the result is obtained. O

We showed this simple proof in order to get the reader used to this tool. For higher

regularity results, we have the following assertion:

Theorem 9. If k has continuous derivatives,

Ot (2, y)

1
B0y m,n € [1,7],

then V.C C"(U,R9).
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A proof can be found in the book [Sai97].

Before showing some examples and ways to build such kernels, we define positive definite
kernels: the case of equality in (1.14) implies that Zie[l,n} k(.,z;)pi = 0, ie. for all
v €V, > e n{v(®@i),pi) = 0. From now on, we will assume that this can not be true
unless p; = 0Vi € [1,n]. We say that the kernel is positive definite. Roughly speaking,
this assumption means somehow that the space V' is large enough (for example, V' can
not be of finite dimension).

The important consequence is that if x := (z1,...,z,) for n distinct points and p =
(p1,--,Pn), the operator k(x) : T\ x ... x Ty > Ty x ... x T, defined by k(x) =

[k(i, X)Plig[1,5) is an isomorphism.

Proposition 1. Let k be a positive definite kernel. If x is a group of n distinct points in

R? and u € [RY™ a vector; there exists a unique vector field v € V such that
v(zi) =w; Vi € [1,n], (1.17)

and which minimizes the norm on 'V among the vector fields in V verifying (1.17). More-

over,

v() = Y k(,ap,

1€[0,n]

such that k(x)p = u.

Proof. First remark that the affine subspace W of vector fields verifying (1.17) is nonempty
since the kernel is positive definite (see the remark above). If u verifies (1.17), then

W=u+Wy,

with Wy = Vect{w | (k(., z;)pi,w) = 0;p; € R?, i € [1,n]}. If u is a minimizer of the
interpolation problem, then w is orthogonal to W},

As a consequence,
u € Vect{k(.,z;)p; | p; € RY, i € [1,n]}

which is the orthogonal of Wy.

Now, the minimizer is unique since k(x) is an isomorphism. O

The first example of RKHS are Sobolev spaces H™ (U, R?) with m large enough to use
Morrey’s theorem. As we will deal with kernels in the geodesic equations, it is convenient
to introduce RKHS via their kernel. On R? kernels that are invariant by translation can be
written as k(z — y). If the dimension d = 1, a large range of positive kernels are known:

let 1 a positive finite Borel measure on R and let & be its Fourier transform defined by

) = [ (o).

then k(z,y) = k(x — y) is a positive kernel.

Bochner’s theorem states the converse: every positive kernel is the Fourier transform



CHAPTER 1. INTRODUCTION 17

of a positive finite Borel measure. Now, to obtain positive kernel in dimension d, the
simplest way is to introduce k(| — y|)Id as candidate. The condition on k to provide a
positive kernel in any dimension d is given by the Schoenberg theorem in complement to

Bochner’s theorem:

Theorem 10 (Schoenberg). Suppose that f : Ry — R is a continuous function, then

the two following assertions are equivalent:
e the function x € R" — f(|z|) is a positive kernel,

e the function t € Ry + f(\/t) is the Laplace transform of a positive finite Borel

measure on R .

A kernel that verifies this assumption is the well-known Gaussian kernel k(z,y) =
ey . " .
e o2 with o ascaling positive parameter. Another smooth kernel is the Cauchy kernel

lz—yl

k(z,y) = Hlx%u\? The exponential kernel k(x,y) = e~ = is another choice but sin-
2

gular at point 0. These three kernels are positive definite. The smoothness of the kernel
will be an important point in the Chapter [3]since it will ensure the existence in all time of
the geodesic flow. It is not the case for the exponential kernel, because of its singularity
at the origin (the Riemannian manifold of two landmarks in one dimension is not com-
plete).

More detailed discussions on RKHS are developed in [Sai97] and [Aro50]. To focus
on vector fields RKHS, further issues (especially the case of kernels which are affine at

infinity) are presented in [[YouOS8]] and [Gla05]].

1.2 Geodesic equations on diffeomorphism groups

With a right-invariant metric, many of the finite dimensional properties of the geodesics
can be formally extended to infinite dimensional setting as emphasized in [Arn78]]. We
chose to present a formal derivation of the Euler equations, the Euler geodesic equation
and the conservation of momentum (see (I.21)) and (1.22))). Then we will properly derive
the geodesic equations in two matching problems: the landmark case and the case of

smooth images.

1.2.1 EPDiff

A comprehensive presentation of Euler-Poincaré equations is given in the books [Hol08bl
Hol08a]. Once the group of transformations is well defined, one can deal with the mini-

mization of functionals of this type:
D(1d,¢)* + H(9), (1.18)

with H a penalty term. We do not discuss conditions on the penalty term, yet in Chapter

continuity w.r.t. the pointwise convergence will be sufficient. A variational approach
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to minimize leads to a geodesic on the group of diffeomorphisms Gy-. Since the
metric is right invariant, the shortest path in L2([0, 1], V') satisfies the Euler equations on
Lie group of infinite dimension. The key point is the conservation of the momentum: the
initial momentum is transported through the action of the flow generated by the geodesic.
In this section, we derive formally the geodesic equations on the diffeomorphism group
from the point of view of Euler-Poincaré principle (see [HolO8bl]). This is essentially
based on [MTYO06] and [[Viz08]]. Formally means that we do not discuss the well-posedness
of the involved quantities.

In our case the Lie algebra is V, an admissible space of vector fields. Assume that
v € L2([0,1],V) is a minimizer of [ |u;[? dt (the existence was discussed briefly in
Subsection with the end-point condition ¢o,; = . Let us introduce ¢f , a smooth
variation of the flow with ¢ a real parameter.

We write,
0t¢8,t =vj o ¢(6),t7
as¢6,t = w{t-: © ¢6,t :
Using the Schwarz identity,
3s,t¢6,t = at,€¢6,t»

we have

O-v; = Opwi + dwg (vy) — dvy (wg).
With the notation for u, v two smooth vector fields,
ady, (v) = [u,v],

we get:

3 3 3
O:v; = Opwy — adyswy

The differentiation of the energy gives at € = 0,

1 1
/0 (Lvg, O-vy) dt = /0 (Lvg, Opwy — adyswyi) dt = 0. (1.19)
By integration by part and since wg = w; = 0, we get:
L d
A (%Lvt—i—ad:tLvt,wt) dt = 0, (120)

with ad* the adjoint of ad. For all w; coming from variations of ®5 ¢ wich gives at least
all continuous path w in V' such that wy = w; = 0, which is sufficient to conclude,

d

$Lvt +ady, Lvy = 0. (1.21)
Since ad,,w = %S:OA%HS@, with ¢, ¢ the flow of u; and Adv := dip(v o 1™ 1) for
1) a diffeomorphism, we obtain the first Euler theorem also known as the conservation of
the momentum:

d

ZIAdY, Lo =0. (1.22)
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1.2.2 Matching problems

We will now derive the geodesic equations for landmarks matching which is the simplest
case to illustrate the conservation of momentum. This is a well-known case and the
content of this paragraph can be found in [YouO8]] or [MicOS]|. Introduced in [JMOQ] the
landmark matching equations have a Hamiltonian formulation which is well described in
[ATYO0S] or [VMTYO04].

We are interested in the matching of two groups of n points in RY, x = (21,...,2,) as
initial data and y = (y1, ..., yn). Let us consider the matching functional,
1
30) = [l de -+ dons.0.0)°, (123
0

where d is the euclidean distance on R and ¢0,1 the flow associated to the vector field
u € L%([0,1], V). The notation ¢.z stands for the action of ¢ on the group of points x
which is defined by ¢.z := (¢(z1),...,¢(x,)). Note that we do not require x to be a
group of distinct points in RY (neither for y).

The existence of a minimizer follows the proof of Theorem [20| which actually contains
the landmark case. Hence, the geodesic equations are still valid in this context. Remark
that a minimizer u € L?([0,1], V) for the functional (T.23)) is also a minimizer of the

exact matching problem:

1
min{&(v) = / |2, dt | $0.1-T = ¢p1-T}. (1.24)
0

More generally if x and y are two groups of n points, what is the orbit of x under the
action of the group of deformations? Clearly to answer this question, we can assume that

x is a group of n distinct points.

Proposition 2. The action of the group is transitive among the group of n distinct points
ifn > 1. Forn = 1, two groups of points are in the same orbit if and only if the
permutation ¢ ordering X in increasing order: T,1) < Tgi2) < ... < Tg(y) is the

permutation ordering y in increasing order.

Proof. 1f x is a group of n distinct points, namely x; # x; for ¢ # j, then by injectivity
property of the diffeomorphism ¢ ; we have ¢(x;) # ¢(z;). For the one dimension
case, ¢p,1 is a diffeomorphism in the connected component of the identity and thus is an
increasing diffeomorphism and it preserves order.

Now assume that there exists a C! path ¢ : [0,1] + [R%" such that ¢(0) = x and
c(1) = y and ¢'(t) # ¢/(t) fort € [0,1] and 7,5 € [1,n]. This is the case in dimension
1 if the order is respected and the dimension is greater than two or equal, this is the case
for any couple of group of n distinct points.

We claim that there exists a vector field v € L?([0,1],V) such that ¢y.x = c(t). Just
consider the time dependent vector field v defined by v(.) = k(., c¢(t))p(t) with p(t) the

vector of [R%]" uniquely determined by k(c(t), c(t))p(t) = %c(t) since k(c(t),c(t)) is
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invertible. The map p(t) is clearly C! (inverse mapping theorem) and we have by the

definition:

d - .

%cz(t) =wv(c'(t))i € [0,n], (1.25)
which implies that ¢ ¢.z = ¢(t) for all ¢ € [0, 1]. O

Remark 1. The vector field introduced in the above proof is the unique minimizer for the
norm on L*([0, 1], V) of the vector fields v verifying (1.25).

We aim to study a minimizing path for the inexact matching (1.23).

Proposition 3. A minimizer v of the inexact matching (1.23)) verifies the following geodesic

equation,
n

vil-) = = Y k(o b0 (@) [dbeoll, o) (i) (1.26)

i=1
with [pilie|1,n) @ vector defined on the cotangent space of [q;(0)]ic|1,n) called the initial

momentum.

Proof. Differentiating the functional (I.23]), we obtain for a minimizer w;:

1 n 1
o)+ (i) = ). [ (Al ) 0.
i=1
the second term can be rewritten with the kernel,

1
[ St ol ey v

with p; = dég 1 (¢o,1(xi) — ;). Then, it implies (1.26)) since this equality is verified for
allu € L([0,1], V). O

We observe that the momentum which corresponds to the Euler equation is

CNC e pilt)
Loy = Z K(Stﬁo,t(mi)
=1

with p;(t) = [d¢t’0]20,t($i) (pi). The differentiation of the matching term gives in this case
the structure of the momentum, which is a sum of Dirac operators. More generally, the
differentiation of the matching term will give some information about the structure of the
momentum.

Let us address the case of smooth images. In the case of images, the action is defined by:
I — I o ¢170,

with I an image which will be considered as a function defined on a domain U C R
The inverse taken in the composition makes the action geometric: for example, if y g is

the indicator function of a domain S, then xs © ¢1,0 = X4, ,(5)- The matching problem
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between two images Ip the template and ;.4 the target image can be written as the

minimization of:

1
3(“):/ \Ut!%/dt-Ir/ H(Io o ¢1,0, Ltarg)dpe (1.27)
0 U

with p the Lebesgue measure on U. The function H can be the euclidean distance or any
other cost function.

If Iy is smooth enough, namely C' and Liarg € L*®(U), it is easy to differentiate the
matching term in (T.27). For example if H (x,y) = |z — y|?, we obtain:

/ 2([0 o ¢170 — Itarg)<v10, 35¢671>d,u
U

Using the Theorem @ we have with I; := Iy o ¢ and for a variation v; + euy of the

vector field:
1
88/ (I10 (¢0,1 o ¢i,0) - Itarg)2 dp = — / (I — Itarg)<VIlv/ Ad¢t,1(ut)> dp .
U U 0

In order to use the kernel, remark that by a change of variable, if f,g € L?(U, R?) are
two vector fields and ¢ a diffeomorphism with its first derivative bounded (to give a sense

to the following equation),

[ (Mg du= [ (@ f o v.g)Jacti)dn. (1.28)
U U
‘We have also,

V(I ot) = d¢*(VIo ).

Thus we can write, with A = (I o ¢1,0 — Liarg)

/ 2(Ip 0 ¢1,0 — Ltarg){Vo, Ady, | (us))dp = / pe(VI,ug)v, (1.29)
U U
with p; = Jac(¢¢,1)A o ¢¢1. Hence we end up with the proposition:

Proposition 4. If Iy is C' and I 4,4 € L>(U), a minimizer of the functional (I.27) with
H(zx,y) = |z — y|? verifies the geodesic equation

o) = /U k(. 2) VI (2)pr(2)dpu(x) (1.30)
with py = Jac(pr1)A o ¢p1 and A = (I o ¢p1,0 — Liarg)

In this case, the momentum is a normal vector field to the level sets of I;. This normality
constraint is a general fact as addressed in [MTYO06l], however the structure of this mo-
mentum (here a function densely defined) comes from the matching term, which has a
regularizing effect. Let us consider the exact matching of two images which lie in the
same orbit: [ and I o ¢ . We assume in addition that / has a strict global maximum
at g € U. Consider a solution v; of the landmark matching between x¢ and 1 € U
with zg # x1. Then, it is a solution of the exact matching between the two images since

the two maximums shall match. In this case, this momentum can not be represented by a
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dense function, yet the normality constraint is still verified. It appears to be a degenerated

case of the inexact matching problem (1.27)).

One problem partially understood was the case of discontinuous images. For example,
assume that Iy = xg the characteristic function of a domain .5, then the structure of the
momentum was totally understood in the 2 dimensional case with a smooth boundary,
namely piecewise C 1 (see [GTLOG]). The structure of the momentum is a normal vector
field along the boundary of S. Having in mind the coarea formula, this is a first step to
extend the result to functions of bounded variation (BV functions). The differentiation
of the matching term is done in Chapter 2] for a wide range of cost functions H and for
BV functions (see appendix EI) Not surprisingly, we obtain a condition on I, Which at
least is assumed to be also a BV function. However, this framework is general enough to
cover a lot cases of application, especially the 3D case for the matching of two shapes.
Another application is developed thanks to the differentiation lemma proved in Chapter
Q] for the metamorphosis framework exposed in [[TY0S]. In this context, the theory was
developed in the case of H' functions. We will extend it to SBV functions thanks to the
their attempt to take as much as possible into account the case of discontinuities.

We give a short presentation of the semi-differentiation lemma for the reader who wants
to avoid this technical Chapter 2| Consider for example two Lipschitz open sets U and
V. One may want to deform one of these open sets while the second remains unchanged

(figure [I.T). The basic case is the following:

Ji = /Vonqﬁ;ldx = ul(V A (1)),

with p the Lebesgue measure. For instance, our semi-differentiation lemma answers to
the differentiation of .J; and we obtain a Stokes formula in which, roughly speaking, one

takes only into account the deformation viewed in V.

Proposition 5. We have,
oV N(0)) = [ (X Ty ()ar
oU
with 1y (X)(y) = limg_ g+ 1y (y + €X), if the limit exists and O elsewhere. And we

denote by n the outer unit normal to OU.

This proposition is a corollary of the differentiation Theorem [15] in its full generality;
under some smoothness assumptions on H, we have, with Im(U) = BV (U) N L*(U),

also denoted by B.

Theorem 11. Let H be a locally Lipschitz function fromR% to R, (f, g) € B x B be two
images, X be a Lipschitz time dependent vector field C' in space and ¢; be its associated
flow. We define the functional

Ji(frg) = /U H(f 0 67 (2), gla))dz (1.31)
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Figure 1.1: Evolution of the area between two Lipschitz curves. (The arrows represent
the value of X on the boundary of U)

then, under the additional assumption that H is C" in the first variable (the derivative

w.r.t. to such a variable being denoted by V1 H ), we have
o = [ OH(f(2). 93, (). ~Xo)da, (132
where O1H (f, gx,) is a part of the BV derivative of H(f, g), defined by
OH (f(x),0) = ViH(f(2),)(Vf(x) + D°f(x)) + ju(x) I L Ty,

with jp (x) = (H (f*(x),1) — H (f~(2), 1)) vs ().

We give a sketch of the proof which can be found with the application of this Theorem in
[VS09]]. The proof follows three reductions.

o First reduction

It is sufficient to prove the result for autonomous vector fields (which do not depend on
the time variable). Comparing the penalty term for the constant vector field Xy and the

initial one, we get the result with the estimation in o(t) of the distance between the flows.

e Second reduction

It is sufficient to prove the result for F'(x,y) = zy. As Im(U) is an algebra since
the functions are bounded, the formula is easily true for polynomial functions. Then,
approximating V1 F' on the first coordinate by a polynomial function, we get the result

with the following control if f is C!
F,9) = lJ.9)| < Limy () [ 106 = flas

t
< Lipy (F)]|X] oo / /U IV(f 0 67 Y)|de ds.
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Here, Lip, (F) is the Lipschitz constant of F on {(f(z),g(y))|(z,y) € U?}. The in-
equality is also valid for f € BV by approximation. By a change of variable, we get
the result. Remark the sup norm of the vector field on a small time interval [0, ¢o] in the
bound, so that the contribution of the equilibrium points (X ~*({0})) to the differentiation
result is null. In the case of the product xy, we have the following estimation: for ¢ < %,
ifge Im(U)and f € BV(U) (also true if g € L>(U)), we have

[J:(f, 9) = Jo(f, 9)| < Ctllgllsc]| flIBV-

We emphasize the continuity of this result with respect to the sup norm for g and the BV

norm for f. By a change of variable, we have the same result switching the role f and g.

o Third reduction

Remark first that if the result is true for F'(x,y) = zy then it is true if ¢ is an uniform
limit in /m(U). We claim that it is sufficient to prove the result for the one dimensional
case.

As we pointed it out before, we only need to focus on points z such that X (x) # 0. By the
flow-box theorem, we obtain through a change of variables (the functions are extended
on R" with the value 0), J; = [g. f o ¥(z — tv) g o 9 Jac(tp)dx . Remark that we have
to deal with the Jacobian of v, we need to assume that it is continuous in order to apply
the result we prove in one dimension. This is allowed thanks to our assumptions on V.
Hence g o v Jac(%)) lies in the closure of Im(U) under the uniform norm. We then use
the Theorem (3.108 in [AFP0O0]) which exhaustingly explains the behavior of the one-
dimensional restrictions of a BV function and the dominated convergence theorem to
conclude. In one dimension, the result is a straightforward verification.

Yet this proof requires a regularity on the vector field higher than the one we can obtain
through the initial way we followed. First proving the result for Lipschitz piecewise
functions, we can reach less regularity for the vector field and then conclude by (strong)
density of Lipschitz piecewise functions in SBV functions (result proved in[Z). This space

of functions will be used in the Chapter | for the Hamiltonian formulation.

1.3 The Hamiltonian formulation
1.3.1 The deterministic case

The Euler equation on the conservation of momentum (I.22)) says that the initial momen-
tum is transported by the action of the flow. It is well-known that in the landmark case,

the equations can be transformed in a Hamiltonian system:

Proposition 6. The equation (1.26) can be rewritten as
vi(.) = k(. xe)pe,

and we have,

{pt = —piO1k(x¢, X¢)Pt (1.33)

X = k(x¢,x¢)pt,
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which are the Hamiltonian equations for the landmark matching: with

1
H(p,q) = 5pk(x)p,
the equations (1.33) can be rewritten

pt = _8XH7
% = OpH .

Proof. With the proposition 3] recall that we have

i) = D k(s b0 (@) [ddeolfy o) (i) -

i=1

Then, with the differentiation of [p¢]; = [do¢ o]}, () (pi)s :

atd(ls(lt = dvt-d(bO,t ;
Olddrolf,, = Ouddy™ = —dv] dog}”

and dvy (.) = >0 01k(., dot(x;))[pe)i gives the result. O

These Hamiltonian equations can be obtained from the optimal control point of view (see
[ATY0S]). We will pay more attention to this tool in Chapter @ From these equations
and from the proof of proposition [2] we can prove that there exists a trajectory which
minimizes the exact landmark matching problem (1.24) which verifies the Hamiltonian
equations (I.33). This Hamiltonian formulation is the equation of geodesics on the Rie-
mannian manifold of landmarks (see [MicO8]],[Gla03]]).

Why to develop the Hamiltonian formulation of the geodesic equations?

First of all the Hamiltonian formulation changes the parameterization of the problem.
One needs to encode the class of objects on which acts the group and the momentum as-
sociated to this object which has the same complexity in some cases of interests (Hilbert
spaces): in the landmark case, the problem is reduced to an ODE in finite dimension. On
the numerical side, this reduction of dimension (if so) should decrease the computational
cost. It enables also to design numerical algorithms using shooting methods. For exam-
ple, a Newton method on the initial momentum is developed in [ATYO05]. This approach
was also used in [MMOS]].

As for the landmark case, we can try to obtain Hamiltonian equations in the case of
images. Thanks to proposition 4 we can differentiate for f € C§°(U) a test function,

d
7 < P, [ >r2=— <pe, (Vfvg) >p2 .

As a result, we get the Hamiltonian equations which have a weak sense (at least for the

momentum equation):

{ I, = (VI v) = 0,H(p,q), (1.34)

pt =< Dpy, <v'7vt> >L2: _aIH(pa Q) )
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where H is defined by,
A0 =5 [ @)1k ) VI) dody.

In [GTLO6] the Hamiltonian formulation for the case of generalized closed curves (by
generalized we mean element in L?(S7, R?)) is proposed. The structure of the equation is
very closed to the landmark case: in Chapter[5] we explicitely show that the landmark case
is a particular case of generalized closed curves. The momentum is proved to be a normal
vector field to the (smooth) curve if the matching term is geometric (i.e. invariant to the
reparameterization). The introduction to Chapter {] will adopt the control theory point
of view to propose a heuristic approach to derive the Hamiltonian equations in general.
Then, we will detail the Hamiltonian formulation for the model introduced in Chapter [3]
on discontinuous images, which introduces (in addition to the geometric deformation) a

deformation of the contrast term through the left composition with a diffeomorphism:

I'—mo10lod¢rp,

where 7 is the flow generated by a vector field (s;) € L?([0,1],S) with S an admissible
space of vector fields on [0, 1] for example. The interval [0, 1] stands for the gray-level

set. Then the geodesic equations come from the minimization of the functional:

1 1
o) =5 [ olbat+5 [ s+ [ HomsoToo 610(e). hurg(w))e

(1.35)

with G, A two scaling parameters.

The derivation of the geodesic equations is proved in Chapter [3jon SBV functions. Once

the structure of the initial momentum is known, we can address the problem of the Hamil-

tonian formulation: a weak formulation is showed in[4.2.1|for piecewise Lipschitz images

which are introduced in[2.2] As for the case of curves in 2D, we obtain a strong formula-

tion of the equations for a cartoon image in any dimension (3D for instance).

Apart from numerical advantages, the Hamiltonian system encodes the evolution in the
initial momentum and it could be tempting to perform statistical study on this representa-
tion (as developed in [VMTYO04])). From a template, a collection of objects is represented
as a momentum, which lies in a linear space. At the first order, it linearizes the spaces
of objects and this representation leads to more meaningful statistical quantities. A sta-
tistical model for large deformations is proposed in [AllQ7] as the generalization of the
work in the small deformation setting. The model on the initial momentum is a Gaussian
distribution and it is a first step to modelize the empirical distribution of shapes. Yet the
geometry is still encoded in the cotangent space and this should be reflected in the statis-
tical model, since the geometry of the Riemannian manifold of landmarks is now better
understood ([Mic08, MMO5al)).

Finally, this formulation models physical evolution (as N points vortices model in hy-

drodynamics [New(1])) and it can lead to other models of evolution. The last part of this
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thesis is devoted to the study of a stochastic growth model which is a perturbation of this

Hamiltonian system.

1.3.2 A Stochastic perturbation of the Hamiltonian system

We can interpret the geodesic evolution of a shape as a real time evolution. From a
mechanical point of view, the landmarks are particles for which the position variable has
one more regularity order than the momentum. Perturbing the momentum equation with
a noise term is relevant from physical considerations point of view, since it means adding
a random force to the system. Then, the position variable will evolve smoothly if the
momentum is continuous. Also perturbing the momentum equation by a continuous noise
will give a continuous evolution of the momentum. Let us write the perturbed equations

in the case of landmarks:

]5,5 = —BqH + EdBt,
Qt = 8pH7

hence, p; being continuous the evolution of ¢; is C' in time. Here, the noise is the
Brownian motion since it is the prototype of continuous noise.
In addition the diffeomorphic property will be conserved by this model since it will lead

to a random path of diffeomorphisms given by the flow of the vector field:

vi(z) = k(z, q)pe -

Thus this stochastic model could lead to an interesting dynamic model for the growth of
biological shapes, having in mind such applications as early diagnosis in the medical field.
On the mathematical side, the study these perturbed geodesics can produce interesting
results since the most probable path leading to a point is not the geodesic one. However
before addressing these questions or the possible applications of the model, we will cope

with two fundamental questions which are crucial
e Do the solutions of the stochastic model for landmarks blow up in finite time?

e Does there exist an extension of the stochastic model for shapes (or is the model

consistent when the number of landmarks increases)?

We will provide positive answers to both questions. The chosen method for the first point
is the control of the perturbed Hamiltonian via the Ito formula and then to follow the
proof of existence in all time for the deterministic case. For the extension to shapes as a
limit of the stochastic system on landmarks, we chose to find a framework which contains
the landmark case as well as continuous shapes. To this end, we will consider landmarks
as piecewise constant functions defined for example on L?(S7, R) and we will introduce
a sort of Sobolev space on the Haar basis to pass to the limit. The space Fs on which we

work is closed to a Besov space but easier to work with in our context. We will obtain
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an almost sure convergence of the solutions of the stochastic system when increasing the
number of landmarks to the continuous case.

Perturbing the momentum equation by a Brownian term leads to a consistent growth
model with smooth trajectories. For concrete applications, this model needs to be en-
hanced: the white noise could be correlated by a term depending on the position of the
landmarks. Remark that in this formulation the noise is Lagrangian, i.e. the noise is
supported by each particle. We could be interested by a geometrical noise which is not
included in the generalization we will develop. Also the way of dealing with the noise
is closely related to the geometry of the space (in this case the space of landmarks), see
for instance [Lar(Q1]]). The important point is that the model seems to be robust enough to

deal with other different noise terms such as Poisson processes or others.

Last, the conclusion will further perspectives and consequences of our work on the deter-

ministic side as well as on the probabilistic side.



Chapter 2

Discontinuities and matching: a
semi differentiation lemma

Contents

The reader shall refer to the paragraph for a summary and a sketch of the proof of
the main result of this Chapter. We just recall that this Chapter is devoted to differentiate

the attachment term of this functional

1
3(1)) = / ’Utﬁ/ dt + / ’IO o ¢1,0 - Itarg|2d/~57 (2.1)
0 U

with respect to a variation of the diffeomorphism.

2.1 Introduction

This Chapter aims to develop the material we need to deal with discontinuities within the
diffeomorphic approach. The large deformation via diffeomorphisms was first carried out
on smooth templates. The only major discontinuous case that was completely understood
was the case of a binary image in 2D with a piecewise smooth set of discontinuities.
However, this case is rich enough to hopefully extend it to more general situations. Of
course, a large literature is at hand to deal with discontinuities, especially with the space
of functions of bounded variations (BV functions). The use of such spaces as BV or SBV
functions (Special Bounded Variations, BV functions such that the Cantor part of the
distributional derivative vanishes) is now widespread in the mathematical imaging com-
munity. Instead of directly trying to extend the approach to these spaces, we preferred to
extend the simple case of smooth close curves to a set of functions which contains enough

functions to be interesting. We ended up with the set of piecewise Lipschitz functions,

29
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which are afterwards a subset of SBV functions: a function is piecewise Lipschitz if there
exists a partition of the definition domain in Lipschitz domains for which the restriction
of the function on each Lipschitz domain is Lipschitz. Not only this set was big enough
for concrete applications but it also enables the possibility to introduce a multilayer ap-
proach, which will be partially addressed in the Chapter on the Hamiltonian formulation
of the geodesic equations.

Back to the Euler-Poincaré equation, the problem as mentioned previously was to under-
stand the structure of the momentum in the discontinuous case. In the case of a binary
image on a piecewise smooth domain in 2D, the momentum was encoded in a normal vec-
tor field to the boundary. Hence we expected that the initial momentum for the Lipschitz
piecewise functions would have a dense part (as for smooth functions) and a singular part
which should be a normal vector field to the boundary of the Lipschitz domains of the
partition. Thanks to simple analytical tools, this result was obtained and it opened the
way to extend a little further.

Although it was not really needed for current applications, we then wanted to extend our
results to the case of BV functions, which was done thanks to the collaboration with Fil-
ippo Santambrogio. To tackle this extension, two ways were developed: first we extend
our previous result to SBV functions by proving that the closure of Lipschitz functions
in BV functions is precisely the SBV functions space; second we modified our approach
through the use of change of coordinates to trivialize the flow of the vector field in order
to treat the problem in one dimension. This second approach needs a stronger assumption
on the vector field regularity than the one needed for the first approach. In both ways
we could not avoid to prove the result for smoother functions and then obtain the general
case with a density argument.

This Chapter is divided into two main parts.

In the first sections, we will present the semi-differentiation lemma for the case of Lip-
schitz piecewise smooth functions and then the extension to the case of SBV and BV
functions (which do not have the same generality level in these two cases). We will also
address the problem of differentiating other penalty terms than the L? norm. We obtain a
large generalization of our work which is sufficiently satisfying to be presented. However
our result does not contain the L' norm even if we expect the result to be true for this
penalty term.

In the last section we present an application which extends the result of [TYQS] for meta-

morphosis to the case of SBV functions.

2.2 A simple approach: Lipschitz piecewise functions

Definition 1. A Lipschitz open domain is an open subset U of R™ connected, bounded

and nonempty such that for every x € QU there exist

e an open ball centered in x B(x, €) with € > 0,
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e an affine orthonormal basis B = (e1(x),...,en(x)) of R" in x,
e a Lipschitz function w defined on Vect(e1(x), ..., e,_1(x)) = R* 1
such that if z € R" is described by its coordinates in B, (z1, ..., z,) then
UNB(xz,e) ={z € B(x,€)|zn, > w(z — znen)}.

The next definition is introduced to get the existence of partitions of a Lipschitz domain
in Lipschitz domains, since this definition allows points of the boundary to belong or not

to the domain.

Definition 2. A Lipschitz domain is a subset D of R" if there exists an open domain U
such that
UcDcU.

On the definition of a Lipschitz domain U: we use here a definition of Lipschitz domains
which can be found in Chapter 2 of [DZ01l], among other characterizations. Note that
the set of Lipschitz domain is not stable under bi-Lipschitz homeomorphism (homeomor-
phism such that it and its inverse are Lipschitz) as stated in the previous reference.

We will denote by Im(M) the set of piecewise Lipschitz functions defined as follows,

Definition 3. If f € Im(M), there exists a partition of M in Lipschitz domains (U;);c(o k)

for an integer k > 0, and the restriction fy, is Lipschitz.

Remark 2. The extension theorem of Lipschitz function in R™ enables to consider that

on each U;, [y, is the restriction of a Lipschitz function defined on R™.

Example 1. The most simple example is a piecewise constant function, f = Zle a;ly,

with a; € R.

Remark 3. A partition satisfying the definition 3| is not uniquely defined and in fact it
does not seem possible to reach a uniqueness condition with an additional assumption
such as a partition of minimal length. Obviously such a minimal partition will contain
the jump set of the function.

Moreover, let us consider the equivalence relation on the domain of definition of the
piecewise Lipschitz function f defined by x ~ vy if there exists a connected open set on
which the restriction of f is continuous. Then it gives a partition in open sets of the

domain, but this partition is not a Lipschitz one.

In what follows, to simplify the notations a Lipschitz vector field on 1/ will be as-
sumed to be a time dependent vector field on )M/ which is Lipschitz in time and space.

To tackle the differentiation of the penalty term in the functional [2.1] we can develop the

L2 difference:

/ [To 0 ¢1,0 — Trarg|*dp = / (To © $1,0)* = 2Lrarglo © P10 + Iy dpv.
U U
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The last term does not depend on ¢1p and as a consequence has a null contribution in
the differentiation. If Ig is a function of bounded variation (BV function), the first term
(I o ¢170)2 = Ig o ¢1,0 in the integral can be differentiated from the definition of a
BV function. The last term, which involves the two functions (which can both have
discontinuities) is much more difficult to differentiate and as far as we know, this situation
was not treated in the literature. This is why our interest in this Chapter will be focused

on the differentiation of J; = fU Tiarglo © @1,0dp with respect to a variation of the flow.

Lemma 1. Let U,V be two bounded Lipschitz domains of R". Let X be a Lipschitz
vector field on R™ and ¢y be the associated flow. Finally, let g and f be Lipschitz real
functions on R". Consider the following quantity depending on t,

= [ foogrvan
é:(U)
where L is the Lebesgue measure, then
Oyjr=0+Jt = / —(V/f, X)glvdu +/a (X, n) fgly(X)dH" 1. (22
U U

with 1y (X)(y) = lime o+ 1y (y + €X), if the limit exists, 0 elsewhere. And n denotes

the outer unit normal on OU.

The proof of the lemma will follow two steps. The first step is to prove the lemma when
the two involved open sets are C'! and the second step will extend the result to Lipschitz
domains. In the following, X will be a time dependent vector field on R" Lipschitz in
both space and time variables.

Our first proposition is a little more general than the final proposition since we will assume
g only continuous. This hypothesis will be needed when we will make use of a change of

variable. With the previous notations, we have

Proposition 7. Let U,V be C' domains of R", X be a Lipschitz vector field and ¢; be
the associated flow. Let f and g be respectively Lipschitz and continuous real functions

on R". Consider the following quantity depending on t,
J = / fod; glvdp,
¢:(U)
where 1 is the Lebesgue measure, then

Dyji=0+Jt Z/U—(vaXMlvd/hL/aU(X, n) fgly (X)dH" ! (23)

To prove this proposition, we need two simple lemmas. The first one somehow tells that
there exists a convenient change of coordinates to represent the boundary of the first open

set as a function defined on the boundary of the second open set.

Lemma 2. If x € OU N OV with U,V two C' open sets in R™, then there exists 1\ a
C! diffeomorphism of R, W a neighborhood of x and k a C* function defined on R" 1
such that
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1. ¥(z) =0,
2. (U NW) ={(2,t) e R x Rt > 0} N B(0, 1),

3. 9p(VNW) ={(r,s) € R" I xR|s > k(r)} N B(0,1) or
P(VNW) ={(r,s) e R xR|s < k(r)} N B(0, 1).

Proof. As this is a local result, we will not detail how to find precisely the neighborhood
W. As U is a C! open set, there exists a C'! diffeomorphism ¢ for which the two first
conditions are satisfied. For the third condition, remark that 1)(V') is still a C'! open do-
main. As a consequence, the normal vector v to the tangent plane H at 0 to ¢/(V') is well
defined. The boundary 9 (V') can be described as a C* function f defined on H. We
denote by (eq, .. ., e,) the canonical orthonormal basis of R™. Two cases appear, the first
one we deal with is the generic one.

If (v,en) # 0, let A € L(R™) be the linear isomorphism defined by: A(v) = e, and
(e1,...,en—1) = Ker(A — Id). See figure Denote by p; the orthogonal projec-
tion on H and po the orthogonal projection on (eq,...,e,—1). A consequence of the

hypothesis (v, e,,) # 0 is that
pojg : H — Ker(A —Id)

is an isomorphism. We denote by z = p1(z) + A(z)e, and z = p2(2) + a(z)n the two
decompositions of z with A\, « € (R™)’, so we obtain: A(z) = p1(p2(2)) + (A(p2(2)) +

a(z))ey. Then with the change of variable x = pa(z), we get

Aop(dV) = {(x, \(py () + [ opy*(2)) ] € p2(H N W)}
fopy 1is clearly C'* and we obtain the lemma in this case with A o ¢.

If (n, e,) = 0, we can choose another system of coordinates for which we fall in the first
case, since our previous argument remains valid for every hyperplane H for which the
boundary can be described as a C'! function. As this condition is clearly open, the lemma

is proven.
O

The second lemma states the evolution of the function describing the boundary of an open

set under the flow of a vector field.

Lemma 3. Let ¢, be the flow of the vector field Lipschitz X on R™ (with || X|| bounded
onR"). Let V = {(z,2) € R" ! x R|z > w(x)} be an open set with w a C* function,
and we introduce wy(x) = inf{z € barR|(x, z) € ¢(V)}.

Then, there exists ¢ > 0 such that wy is defined in R for t €] — ¢,¢[ and is C' in both

variables. The partial derivative is

Fjr—owi () = —(Vw(z), p1(X (2, w(2)))) + p2(X (2, w(z))),

with p1 and pa orthogonal projections respectively on R"~! x {0} and {0}"~! x R.
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Figure 2.1: The linear transformation A

Proof. The proof is the straightforward application of the implicit function theorem to

the function
F(:’Ua t) = p1(¢t(xv w(‘r))) — Zo,

which is clearly C*. Note that 9, F'(x0,0) = Idjgn—1, so we obtain for each o € R" !
a C! function zg : t — mo(t) such that the equation F(x,t) = 0 < x = x¢(t) on
a neighborhood of (xg,0). We get by implicit function theorem the first derivative of
xo(t):

=0zt = —p1(Xo(zo, w(z0)))-

We deduce also,
wi(z) = p2(Pt(we, w(r))), (2.4)

and that ¢ — wy(xq) is a O function for every xo. We also get by differentiation of the

equation (2.4),
Op—owi(z0) = —(Vw(zo), p1(Xo(zo, w(20)))) + p2(X (0, w(20)))-
L]

Remark 4. In the first lemma, one can suppose that V is a Lipschitz open set. However
our proof can not be extended if we assume the open sets to be Lipschitz domains and
the change of coordinates to be a Lipschitz homeomorphism. As there exist bi-Lipschitz
homeomorphisms that do not preserve the Lipschitz regularity of domains, the result even
seems to be false in this case.

The second lemma can be extended to Lipschitz regularity for the function w. The gen-
eralization of the proof could use an implicit function theorem with Lipschitz regularity
which can be found in [[PSO3|] and some additional details. The final result is the almost

everywhere differentiability of w;.

We can now present the proof of the semi-differentiation lemmal/T]
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Proof. Remark that the formula is additive in f, then by a partition of unity we only need
to deal with a neighborhood of the boundary of U. Let W be a neighborhood of x € 0U,
if OV N W = () then the desired formula is simply the Stokes formula. Hence, we only
need to focus on the intersection set of the two boundaries which is compact. We will use
a change of variable to prove the result. Observe that the formula is invariant under the

change of variable with a C'! diffeomorphism. It comes from the equality:
/ (flv) o ¢ H(glv)dz = / (flv) 0w o ¢y ' (glv) o plac(y)dr,  (2.5)

with q}t = 1) o ¢ o 9~ L. Remark that the Jacobian is only continuous in equation ([2.3)),
which explains the weaker assumption on g in proposition

Thanks to lemma through a change of variables with a C'! diffeomorphism of a neigh-
borhood W' of a point g € U N IV we can assume that U N W' = {(z,y) €
R ! x R|y > w(z)} with w a C! function defined on R* 1, and V N W' = {(x,y) €
R"! x R|ly > 0}. (The symmetric case y < 0 can be treated following precisely the
same proof.) We also assume thanks to the partition of unity that f and g have compact

support in W’. Finally, we can write

Ji = / / L (a)g(x)dz,
R=1 Jwe (z) ]+

with [w(z)]+ the positive part of w;(x) and wy is the deformation of the boundary OU
under the flow ¢, introduced in lemmal Alternatively, we can define w; with wy(z) =
inf{z|(x, z) € ¢(V)}. By the implicit function theorem, we obtain easily as detailed in

lemma 3

Fye=owi(v) = —(Vw(z), pr(X (2, w(x)))) + p2(X (2, w(x))),
with p1, po respectively the orthogonal projections on R”~! and R. Then, composed with

the Lipschitz function z — [z]4, a.e. on R™:

Dy=0, [wel 4 (2) = —(Vw(z), p1(X (z,w()))) + p2(X (2, w(2))),
with X = 1y (X)X. To see this point, observe that this is obvious if w(z) > 0 and if
w(z) < 0. On the set w~({0}) we have (as a direct consequence of the co-area theorem

but it can also be proved directly as it is detailed in appendix lemma[2I) Vw = 0 a.e.

Now, we can differentiate under the integral to get

at:0+ Jt — / / va >
Rn—1 t(I

[ ) (Tl X w@) - X ) de.

The second term of the expression can be rewritten in the more compact form,

/RH Flw(@))g(w(z)) (Vu(z), p1(X (2, 0(x)))) — po( X (z, w(z)))) dz =

/ (X, ) fgly (X)dHmT,
oUu
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which proves the result.
O

We will extend the result to Lipschitz domains, we will use the following approximation
result which is a straightforward corollary of the approximation of a Lipschitz function

by a C* function.

Proposition 8. Let U be a bounded Lipschitz domain, for any € > 0 there exists V a C!
domain such that, S = U\ V UV \ U, is a rectifiable open set verifying:

n(S) <e (2.6)
H"1(98) < e (2.7)

Back to the semi-differentiation lemma, we will need stronger regularity assumptions on

g since we will use a symmetry argument.

Proof of the semi-differentiation lemmall]

The first remark is that we can bound the derivative of J;,

lim sup ‘%(Jt(U) — Jo(U)] < (w(U)Lip(f)|X oo + CH"HOU)| floo)|gloo , (2.8)

t—0

with C a constant defined later.

To prove the inequality (2.8)), we proceed as follows

Jy — Jo
t

Jy JE—Jo

<
< t

with J} = [, fo o7 Lglydx. We first write:

_Jtl
|,

Jtl - JO
t

|6 (2) — 2] g

1 1 .
| |s/Uw|fo¢t —ngloode/ULlp(f)

-1
With lim, o |22 | = | X (z)], we get

.= .
lim | | < [ Lip(f)|g|oo|X]ood .
t—0 U
Then we write .
Ji—J, 1
i N / L4y = 10]1Floclglocda
t [t| Jgn

Since the domain U is Lipschitz we have for ¢ small enough such that Lip(¢;) < 2 and
|Xt‘ < M,
p(AU, ¢:(U)) < tmax(2, M)"H"~1(9U),

with A(U,V) = U \ VUV \ U. This result is obtained by introducing for sy > 0 small
enough,
U (t,x) € [—s0,S0] X OU — ¢y(x) € R".
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Remark that A(U, ¢5,(U)) C ¥([0, so] x U ) (thanks to a connexity argument). We have
that W is Lipschitz and Lip(¥) < max(2, M). Since H"([0, so] x OU) = soH"~1(dU),
we have

H™(T([0, so] x OU)) < spmax(2, M)"H"~1(dU).

And we then obtain the inequality (2.8)) since:

1 -
[0l /Rn 114,y — Lullflsolglocdz < CH" 1 (OU)| floslgloo »

with C' = max(2, M)".
This remark enables to pass the formula to a domain U of Lipschitz regularity. Let us
write J;(U) = [ $e(U) foo, Lg1ydx and we also define by extension of the formula in

the C! case:

Dr, JU) = /

— < Vf, X > glydu +/ < X,n> fgly(X)dH" L
U oU

Let U, be a C'! open set approximating U according to proposition We have:
Jt(U) = Ji(Ue) = (U \ Uz) = J(U: \U)

hence we get by applying the inequality (2.8)) for the last of the following inequalities

lir?jélp|1||Jt(U) = J(Uc) = Jo(U) — Jo(Ue)| =
lirgjgpé|Jt<U \Us) — (U \U2) — (h(U\U) — Jo(U\ D))
< 11315011p|1||Jt<U \Us) - Jo(U\U2)| + ngfoupéutwe \U) — Jo(U-\U)|

< e(Lip(f)[X]oe + Clfloo)lgloo -
It implies that

| lim sup —Jt(U) —h()

t—04 t

- 88=0+J8(U6)’ < eLip(f)[X|w + Clfloo)lgloo -
In addition we have directly from the definition of J;—o, J5(U) that:

|0s=0, Js(U) = D=0, Js(Ue)| < e(Lip(f)[X oo + C[f]o0)l9loo »
and by triangular inequality,

| lim sup —Jt(U) — ()

t—04 t

+ e(Lip(f) + | floo)9loo| X oo < 26(Lip(f)[X oo + C|floo)|gloo -

— 0s=0, J(U)| < [Oi=0, J(U) = Or=0, J (Ue )|

Hence, we get the result for U of Lipschitz regularity.

It remains to pass the formula to V' Lipschitz. Again with the approximation of propo-
sition [8] there exists Vz such that (V' \ Vz) + (V2 \ V) < e and H" 1 (9(V \ Vz)) +
H*1(O(V. \ V)) < e. Now redefining some previous notation:

J(V) = / footglyde.
de(U)
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By the same argument than the one developed above, we just need to ensure that the
formula pass to the limit. Thanks to a change of variable with y = ¢;(x), we swap the
role of V' and U. The only difference is that there is a divergence term in the formula
but as X is assumed to be a Lipschitz vector field, this term is bounded by the Lipschitz

constant of X . After the change of variable, we have
Jy = / go ¢ flydac(ey)de,
¢ (V)

hence we see that we need to control lim;_,o |J“(¢t)¢\ = |div(X)| < nLip(X). Finally
we get the same kind of inequality but for V. With the same arguments, we get the
result. [

The final result on Im(M ) is the following,

Theorem 12. Let (f,g) € Im(M)? be two images, X be a Lipschitz vector field on R™
and ¢ be the associated flow. Let us define:

Ji = /M f o ¢\ (@)g(@)dp(z),

then the semi-differentiation of Jy is
D=0+t = /M —(Vf, X)gdx — /(f+ — [2)g{vs, X)dH" 1 2.9)

with gx (x) := limy, o+ g(¢¢(x)) if the limit exists and if not, gx (z) = 0.

Proof: Writing f as f = Zle f1lzcu, where (U;)i=1,. ) is the partition in domains
associated to f, and using the same expression for g, by linearity of integration, we fall

in previous case. [

We can rewrite the equation (2.9) in a more compact form:

Oupros i = — / (Df, X)3,
M

with D f the notation for the derivative for SBV function and g is the function defined
above. Remark that i a.e. g = g, these two functions differ on J¢. The second notation

is the proper one to extend our results to the SBV case.

2.3 The case of SBV and BV functions

We aim to generalize this lemma in two directions. First the goal is to extend the formula
to SBV or BV functions. Second we want to give a version of this lemma in order to be
able to differentiate other terms than the square of the L? norm for the penalty term in the
functional (2.1). Sometimes, we will work with a C' L vector field instead of a Lipschitz
vector field. This is not restrictive for current applications. On the other hand, Lipschitz
assumptions are usual assumptions to define the flow ¢;. For the applications to geodesic

equations the hypothesis could be slightly weaker, as discussed in Subsection
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2.3.1 Statement of the results and notations

We need some basic properties of BV functions. If g is a BV function, the precise rep-
resentative of ¢ is defined 2"~ ! a.e. We denote by (¢g*, g~, v/) the precise representative
of g (g7 and g~ being the upper and lower value at each point and v the normal vector
to the jump set, denoted by .J,, pointing in the direction of the upper value). To make the
notations shorter we introduce the algebra B composed of bounded BV functions on R"
with compact support. If we denote BV,(R™) the subset of functions of compact support
in BV(R™), then B = BV (R™) N L*>*(R"). In the definition below, a vector field is an

mapping from R" to R™ without any further assumption.

Definition 4. If X is a vector field on R™ and g a BV function, we define gx by gx(x) =
g(x) ifx ¢ J,. On Jy, we define H" ! a.e.

* 9x(z) = g"(2) if (v(z), X ()) > 0,

* gx(z) = g~ () if (v(x), X(z)) <0,

o else (v(x), X (2)) = 0 and gx () = - 2F9" @)
Hence, gx lies in BV (R™) x L*(Jg; H™1).

Remark 5. In order to make use of change of variables formulas, the action by a diffeo-
morphism ) is given by

(gov)x 0™ = gap(xop-1)-

Remark that if X is 3"~ measurable (for example for continuous vector fields), then
gx is also measurable. In this article this will always be the case, thanks to the Lipschitz
or even C'! assumptions we will use.

The main result of the paper is the following, which we will refer to as “semi-differentiation
result”. Here 81 and 8, represent functional spaces that will be detailed in the different
extensions of the statement (they could be Lip?, BV, SBV, B...).

To stress its generality, we give its statement in the time-dependent case. Yet, in the
whole paper we will only deal with the autonomous case, but a remark will show how to
extend the results to time-dependent vector fields. We will consider time dependent vector
fields X (¢,x) : R x R™ — R™ which are continuous in both variables and Lipschitz in
x (with, for simplicity a Lipschitz constant which does not depend on t). Mostly we
will use the notation X;(z) = X (¢, z) and X; for the vector field at time ¢. For such a
time dependent Lipschitz vector field, the flow is defined for all time. We will use the
notation (t,z) € R x R™ +— ¢;(x) € R" for the flow generated by X. In the semi-
differentiation result, if X is continuous in time, as we can expect, we will get X instead

of X. Obviously, we cannot expect such a result to be true if X is not continuous.

Theorem 13. Let X be a Lipschitz time dependent vector field and ¢ be its associated
flow. Take f € 84 = Band g € 83 = BwithB = BV, (R"™)NL>®(R™) the set of bounded
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BV functions with compact support. We define the functional

Hf.9) = [ oo @gla)da, 2.10)

then we have
0o = [ gxaf)(~Xo(a),Of (do)), @11

where Of stands for the distributional derivative of f, which is a finite vector measure.

The same result will also be extended to more general situation than simply the product
fg but we can first state the theorem for our initial problem which was the differentiation
of the L? distance [;;|f o ¢; ' — g|*dp.

Theorem 14. Let X be a Lipschitz time dependent vector field C' in space and ¢; be its
associated flow, (f,g) € B x Bwith B = BV, (R") N L*>®(R"™). We define the functional:

Hf.9)= [ 106 @) - glo)Pda, @.12)

then we have
0o = =2 [ (£(2) = 9x,(2)(0F, ~Xo)dz.
In this equation, the notation f stands for the precise representative of f i.e. at a discon-

tinuity point f(x) = w, which can be also written

O i =2 [ (F(a) = @) (V1. ~Xo)da
[ 0@+ @) = 20, @) )~ X
f
The generalization for a more general penalty term is the following

Theorem 15. Let H be a locally Lipschitz function H : R? — R and C! in the first
variable, (f,g) € B x B be two functions (with B = BV,.(R"™) N L*(R"™) ), X be a
Lipschitz time dependent vector field C' in space and ¢y its associated flow. We define

the functional

H(f9)= | H(fed, (@) g@)de, (2.13)

then we have
Op=o+Jt = /<81H(f(x)ngo(x))a —Xo)dz, (2.14)
where O1H (f, gx,) is a part of the BV derivative of H(f, g), defined by
OH (f(x),0) = 0. H(f(2),)(V f(x) + D°f () + ju () I L Ty,
with ju(z) = (H (f*(x),l) — H (f~(x),1)) vf(x) (the derivative of H w.rt. to the first
variable is denoted by 0, H ).

Remark 6. The notation O1H (f, gx,) is not the usual one and can be understood as
follows: let f be a BV function and for any | € R, the function x — H(f(x),l) is a BV
function as the composition of a Lipschitz function with a BV function. Hence we denote

its distributional derivative 01 H (f(x),1).



CHAPTER 2. DISCONTINUITIES AND MATCHING 41

Remark first that since f and g are bounded, we can replace H with H such that H is
Lipschitz on R” and H = H on Im(f) x Im(g). This allows to deal only with the case
where H is globally Lipschitz on R".

Back to the functional (2.1), the attachment term is the square of the L? norm. It is of
importance for the applications to be able to differentiate other terms and this is the goal
of Theorem Yet, it could be interesting to cover a larger set of penalty terms. For
example, our theorem allows to deal with all the L? norms for p > 1, but it does not
include p = 1 (even if the result seems true in this case as well).

On the contrary, the function G* : (z,y) + |z — y|® is not locally Lipschitz on R?
for a €]0,1]. This penalty term cannot be dealt with in a BV framework because the
composition of a non Lipschitz function with a BV function may not be a BV function
any more; in the case o < 1, here there is an example of non differentiability. Take

5 ift €[5, 35);

0  otherwise,

H(wy) =22, f(t) = {
then we have Jy(f, f) = 0 and for any fixed ng, for ¢ small enough we have

! 1
Wep= [ V== T@le =2 Y

n<ng

which implies 9o+ J; = > 00 | L = 400.

We will prove that this class of functions is dense in the strong BV topology in the space
SBV(U). This will be useful for extending the result by approximation. Actually, ex-
tending derivative results by approximation is always very delicate and there is in general
no hope to succeed if no uniform estimate is shown. This is why weak approximation by
regular functions will not be sufficient to prove the result for more general f and g.

Then we will present as a first result a suitable uniform estimate of J;(f, g) — Jo(f,g) (a
very similar estimate will be used to prove that we can generalize to the case of continu-
ous time-dependent vector fields). This estimate involves the BV and L°° norms of f and
g, and justifies the need for strong approximations. All the section will be devoted to ex-
tensions of the semi-differentiation result thanks to density and approximation. Since we
use strong convergence and SBV is a closed subspace of BV we could not hope, by means
of this strategy, for more general results than SBV. Yet, there is sort of a duality between
BV and L®° in this framework and it turns out that uniform approximations may work as
well. This allows to present other extended results with continuous functions. In the end,
we get the derivative result for functions which are sum of a continuous one and a SBV
one. By the way, this raises an interesting question: can we hope for a decomposition
result for arbitrary BV functions into the sum of an SBV and a continuous one? Obvi-
ously this is true in the one-dimensional case and it is what we exploit hereafter and we
summarize the main results in dimension one as a consequence of what previously proven
in any dimension. Thanks to the uniform approximation technique we may also extend
the result to one of most natural frameworks in dimension one: the space of functions

admitting right and left limit at any point (which is required to define gx).
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The result is now proven for a wide class of BV or BV+continuous functions in any
dimension, and up to now the vector field X has been supposed to be Lipschitz contin-
uous. Yet, there is some possibilities of extending it to arbitrary BV functions through a
different technique.

The integral curves of the vector field X actually determine a partition of the space
R™ into one-dimensional slices (this only works for autonomous vector fields) and it
is worthwhile trying to prove the general result by slicing, through a suitable trivializ-
ing diffeomorphism that can transform these curves into straight lines. Yet, we need
a slightly stronger assumption on X, which has to be C! in space. This is required
because a Jacobian factor will appear and we would like to apply the one-dimensional
semi-differentiation result to a product which will involve this factor: should it only be
L®° (as it is the case for Lipschitz vector fields X)) we could not, while if it is continuous
we can, since we know the result in one dimension for all functions admitting right and
left limits.

Thus, if we could recover the general BV result in any dimension through the one-

dimensional one, what is the reason of previous sections ?

e First: we must notice that the proof in one dimension, up to some notational simpli-
fication, cannot be performed (to our knowledge) through techniques really simpler

than the ones we presented in those sections;

e Second: the assumptions in the first part are stronger as far as f and g are concerned

(SBV instead of BV') but weaker on X, since we require less regularity;

e Third: the generalization to time-dependent vector fields is more natural if we do
not pass through the trivialization of the flow (since this is possible for autonomous

systems only), and it could be performed without Lemma 3]

e Last, but not least: we feel that the results in these sections and especially the den-
sity results deserve their own attention and are interesting in themselves. Moreover,
the whole framework let some questions on BV functions (such as the decomposi-

tion SBV + continuous) arise.
Finally, the last section presents an extension to the framework of Theorem [15]

2.3.2 Density lemmas

In this section, we prove the density of the set of Lipschitz piecewise functions in the
SBYV space. We suppose that U is a Lipschitz domain and all the functions we deal with
are of compact support in U.

We want to prove that any SBV function g may be approximated strongly in the BV
norm by some functions g, in LipP(U) and that the same sequence of function also gives

Hi-1_ge. pointwise convergence of the functions (g, ) x to gx (for a fixed vector field
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X). Actually this last point will be stated with almost-everywhere convergence with
respect to an arbitrary finite measure, absolutely continuous w.r.t. 3¢~1, due to metriz-
ability conditions. Anyway, this is sufficient for letting the approximation procedure of

the next section work.

If G is a Lipschitz graph in U such that d(G,0U) > 0, we denote by SBV5(U) = {f €
SBV(U)|J(f) C G} the set of functions of SBV (U) whose jump set is included in G.
We also denote by SBV; 5(U) = {f € SBV(U)||D*f|(U \ G) < 6} the functions in
SBV (U) whose jumps occur on G up to small measure jumps.

There are basically two steps in the proof:
1. LipP(U) is dense in SBV(U).
2. Vect(SBVg(U),G) is dense in SBV (U).

Lemmad. Let f be a function in SBV¢(U): there exists a sequence (up)nen C LipP(U)
such that

Uy, — f in BV and (u,)x — fx pointwisely H*™! — a.e.

Moreover, if f € SBVg 5(U), then there exists a sequence (uy)nen C LipP(U) such that

limsup || f — un||py < 20 and (un)x — fx pointwisely HE™! —a.e. outside Jf\ G.
n

Proof. Let us start from the case f € SBV5(U).

First, we can find a partition in Lipschitz domains (V;,V3) of U such that G C 9V; N
OV := TI'. This is an application of the Lipschitz extension theorem: indeed, there
exists an extension of the Lipschitz graph on R", which gives a partition on R™ and by
restriction to U, a candidate partition. Be careful that this partition may not be a Lipschitz
partition (but this can only be the case if VG and VOU are collinear). The hypothesis
d(G,0U) > 0 ensures that a small perturbation in a neighborhood of U of such an

extension gives the desired partition.

Consider now f € SBVg(U), it gives by restriction f; = fjy, € Wh!(V;) fori = 1,2.

From Meyers-Serrin theorem we know that any W' function may be approximated in
W1 by means of its convolutions (after performing an extension of the function itself be-
yond the boundary, which requires Lipschitz assumption on the domain, which is exactly
the situation we face here). Moreover, by the continuity of the trace map from W11 ()
to L' (09, H?~1), we may infer from the strong convergence in W ! the strong L' con-
vergence on the boundary. Let us perform this convolution separately on the two domains
V1 ad V5, thus obtaining two sequences of regular functions which do not coincide on
the common boundary I'. Then, we glue the two functions and, with [AFPOO]], we get
functions wu,, in Lip?(U) C SBV(U). The BV distance of this function to f may be

estimated by the sum of the BV distances in the domains V; and V5 (which are actually
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W1 distances, since no singular part of the derivative is involved) and the L' distance

between the jumps of f and of u, on T, i.e.

1 =) = (FF = )= [l =l = 17 = 2
< = fO A+ [ = fPl

(the superscripts (1) and (2) at u and f stand for the values on the two different sides of
I", while the superscripts + and — stand for the upper and the lower of these two values,
respectively). Since these last L' norms converge to zero as the W !! norm goes to zero,
we get the that u,, converges to f in the BV distance. Obviously, u,, belongs to Lip?P(U)
since it is composed of two regular functions glued together on a Lipschitz boundary.
Moreover, from the general theory on BV functions (see Evans and Gariepy, [EG92]]), we
know that the convolution regularizations also converge pointwisely 7{?~!—a.e. outside
the jump set of the limit function g (and on this set they converge to the average between
the upper and lower value of g). This gives H% ' —a.e. convergence of (u,)x to gx
outside I (since outside I" the functions u,, and g agree with (u,,) x and gx, respectively).
The convergence on I' is easily deduced from the fact that the values (u,)x and gx
agree with the values of u,, and g on one side of I' (up to the points where I' and X
are parallel, where these quantities are not well defined): the boundary values of w,
converge to those of ¢ as a consequence of the L' convergence on I" (with respect to the
(d — 1)—dimensional measure).

Hence the thesis is easily obtained in the first case f € SBV(U).

The general case is considered in the same way: divide U into two domains and consider
again convolutions. The only difference lies in the fact that we do not have any more W11
but BV functions. This means that the convolutions do not converge strongly neither
pointwisely. Yet, the pointwise convergence stays true outside .J f, and Lemma [3] gives

the estimate of the BV distance between a suitable convolution u,, and f. O

Remark that we don’t have obtained Ju,, C GG. Yet, we could have slightly modified the
proof to get J(u,) C G. Anyway, we do not need it in the following.

The following Lemma has been applied in Lemmaf]to the case 2 = V7 and Q = V5.

Lemma 5. Let f € SBV(Q) be a function with jump set denoted by J f: then we may
obtain by convolution a sequence of smooth function u,, on ), such that limsup,, |f —

Un| gy < 2|D5f| and u, — f pointwisely H'—a.e. outside J f.

Proof. The convolution with a sequence of mollifiers p,, gives the result. First, remark

that we have lim,, ||f * p, — f||z1 = 0, and then:

0(f * pn) = OF|(U) = [(Df) * pn + (D*f) % pn — OF|(U)
0(f * pn) = OFI(U) < [[(D*f) % pn = D fl[r + [[(D*F) * pullr + [D*FI(U)
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With the theorem of approximation of BV functions by smooth functions ([EGY2]]), we
know that lim,, |O(f * p,)|(U) = |0f|(U). Moreover, lim ||(D®f) * pp, — D*f||;1 =0
(thanks to the behaviour of convolutions on L! functions), and, as a result of the two

preceding assertions, we get lim |[(D* f) * py||1 = |D? f|(U). Finally we get

lim sup |0(f * pn) = OF|(U) < Hm [[(D*f)  pn — D*f|| 12

+1im [|(D* ) # pul|g2 + [D*FI(U) = 21D* F|(U).

As in the previous Lemma, we know that the mollified functions u,, = f * p,, converge
H4'—ae. to f outside J f. If we notice that outside the jump set f and fx coincide
(and, since the functions u,, are regular, they coincide everywhere with (u,)x), we
get the thesis. O

Now, we can prove the second lemma:

Lemma 6. For any function f in SBV (U) there exists a sequence (uy), C Lip?(U)
such that u, — f in BV. Moreover, for any finite measure i << H%~1 this sequence may

be chosen so that (u,)x — fx pointwisely p—a.e.

Proof. We know ([EG92]), that the jump set of f is a countable union of compact Lips-
chitz graph. Hence, we enumerate the Lipschitz graphs involved: (G});en. Take 6 > 0:
there exists an integer N such that ) [, G isn DI <0

We can suppose that G; N G; = 0 for all couples (i,5) € [0, N]> with i # j (actually,
two Lipschitz graphs G and H may be always replaced with a new pair G and H, so that
H is a finite union of Lipschitz graphs, G N H = () and H* ' ({H \ H}) is as small as
we want).

Take a smooth partition of unity (¢g, %1, ...,1¥n) such that, for i > 1, we have ¢); = 1
on G;and ); = 0on Gi fork # i, 1 < k < N. Writing f = Zz‘]\io fi, we can restrict
our interest to f; = f1;, which is again an SBV function.

Each function f; has a jump set which is composed by two parts: one part is included in
G, while the second one has a “small” jump, since |D* f;|(U \ G;) = fU\Gi i| DS f| =
o, 6, GilD* f|- Moreover S35, iy, il D1 = 3L, [D* il (U\ULL, G)) <
J.

Thanks to Lemma {4, we may approximate each function f; through functions uﬁf ) e
LipP(U). By summing together the results (and the functions) we get a sequence of
functions w,, in Lip?(U) such that

limsup |[u, — f||py <20, andu, — f pointwisely H?~! — a.e. outside U G;.
" i>N
The result can then be obtained if we take a function u,, from this sequence so that

llun, — fllBy < 306 and then we repeat the same construction with smaller values of

d, thus getting a sequence converging to f in BV. Yet, this cannot be performed for the
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pointwise convergence, because we need a metric to do that. Actually, we know that al-
most everywhere convergence w.r.t. a measure is a metrizable convergence, provided the

measure is finite (or o —finite), which is not the case for 7%~ 1. This is why we introduced

7
If, from the very beginning, we choose N so that (¢! (U SN Gj> is sufficiently small

(and hence u (U >N Gj) is sufficiently small as well, say smaller than §, then we can
select a function w,, so that d(u,, g) < 29 (d being for instance the distance in probability
d(f,g) = inf{e : p({|f —g| > €}) < €}) and go on with the same procedure as
before. O

2.3.3 SBYV and continuous functions in any dimension

This Section presents wider and wider generalizations of the semi-differentiation result

thanks to approximations techniques. The first tool we will use is the following lemma.

Lemma 7. Fort <ty ifg € L(U) and f € BV (U), we have

[Je(f,9) = Jo(f, 9)] < /U [fo(orh) = fllglda < Ctllgllollfl BV

for a constant C' which only depends on the vector field X and on t.
On a subset A C U, the same result is true for the functional Ji(A; f, g):

/Alf o (¢7 ") = fllgldz < Ct|X ||z (acy)llgllollf 1By,

where Ac is{z € U : d(z,A) < e} and C is again a constant which only depends on
the vector field X and on t.
Analogously, if on the contrary f € L>*(U) and g € BV (U), then we have

[9:(f, 9) = Jo(f, 9)| < Ct|floellgllBv-

Proof. Let us start from the case g € L™ and f € C. Just consider

t
/U!fo(wl)—f!!g!dxs/o /U\VfoqﬁsHXo<755||g|dxds:
t
| [ 195111190 (007 pacton) v ds
0 JU

and then use the fact that, since for small s the map (¢s) ! is close to the identity, the
Jacobian |J(¢s) | is close to one, and hence bounded. Then estimate the second member
by

Xl s 117662 el [ 191

s€[0,¢]

The proof in the case A C U is similar, since we estimate

t t
o o o -1 -1
/0 /A V1 0 64l X 0 64| |g| da ds < /0 /A IVSIXTIg o (60) ac(s.) | drds
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where, in the change of variable, we do not exit the set Acy, provided || X ||oc < C. Then
we go on with the same estimates.

To pass to the general case f € BV (U) itis always sufficient to choose a sequence of reg-
ular functions ( fj ), which converges to f in L' with the additional property || fx ||z —
|| fllBv (see [EG92]]) and let the previous estimate pass to the limit.

The estimate in the opposite case is only a little bit trickier. Let us perform a change of

variables so that

7, g) = /U fo b tgde = /U fg 0 drlac(gy)dz
:/fgo¢tdx+/fgogzbt(Jac(qut)—l)dq:.
U U

The difference between first term in the last sum and Jy( f, g) may estimated as before (re-
placing the vector field X with —X) by Ct||f||s||g||Bv- The second may be estimated,
after a new change of variable with bounded Jacobian, by || f||sc||g||1]|Jac(ét) — 1]|cc-
The thesis is obtained as far as one notices |Jac(¢) — 1| < Ctand ||g||1 < ||g||py. O

In a very analogous way we can prove the following reduction lemma, that we referred to
in the introductory sections. Its aim is proving that the result is true for time-dependent

vector fields (continous in t), if it is true for the autonomous case.

Lemma 8. If 1, denotes the usual flow associated to a time dependent vector field X =
X (t, ) (that we suppose continuous in time and C" in space) and ¢ the flow associated

to the (constant in time) vector field Xy = X (0, -), then we have
| o@t=fowi) gds = ol
Proof. Set xt 1= ¢, 154/, and let Y be the vector field hidden behind the flow x4, i.e.

Xt = Y (L, x¢)

(such a field Y exists since y; is a diffeomorphism). As usual, we estimate the difference

by
/ (Fold) — fow) gde = / (Fo (¢ o) — f) g 0w [Tac(ehy)] da
U U

t
s/U/O V£ 0 xsllY 0 xallg o ti] Jac(tsy) de

< tllgllzee|[Jactpl| e[| Jacx ™ L= | fll v Y] Lo @ o.0)-

The only thing that we need to conclude is to prove that ||Y|| L=Uxo,) — 0. Letus
look for a while at the regularity of ¢; and 1/;: as a consequence of the assumptions on X
they are both C'! functions. Hence x € C! and Y € C°. This implies that the condition
Y (0,-) = 0is sufficient to imply lim;—o [[Y'|[ oo (17 x[0,4) = 0. We can compute

()

Xe=—g—+ Veldy ') - X(t, ).
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If we take ¢ = 0, remembering ¢, L' — ¢_, (since ¢ is the flow of an autonomous vector
field) and ¢g = id, we get

Y(0,) = Xepp—o = —Xo + Id- X (0,) = 0.
and this concludes the proof. O
Lemma9. Ifg € Lip?(U) and f € SBV (U), then the semi-differentiation result is true.

Proof. Take a sequence fi, € LipP(U) converging to f in BV (U). Write f = fr + 71
with ||rx||py — 0. By linearity, we have Ji(f,g9) = Ji(fx,9) + Ji(k, g). Since we
know the derivative of the first term and we can estimate the second we have

limsup Jt(f)g) ; JO(f)g)
t—0

< / (0 —X) gx dz + Cllgllsolirall v
U

and analogously

lim inf

t—0

Ji(f.9) — Jo(f,9) 2/<afk’X>ng$—CHgHooHTkHBV'
t U

When we let k go to infinity, the last term of both inequalities vanishes, while for the first

we have the convergence

/<8fk,X>nga:—>/<8f,X)nga:.
U U

This convergence is a consequence of the fact that the derivatives of f}, strongly converge
as measures to the derivative of f, and this is enough to integrate it against any measurable
bounded function (such as X gx).

These estimates finally imply the existence of the derivative of J;(f, g) and its equality

with the desired formula. O

Lemma 10. If g € SBV(U)NL*®(U) and f € SBV(U) N L*°(U), then the differenti-

ation result is true.

Proof. The proof of this last step is very similar to the previous one. But now f will
be fixed and we will strongly approximate g in BV by a sequence g; of functions of
LipP(U). As before, we need to check two facts; first that the remainders (J¢(f,g —
gr) — Jo(f,9 — gr))/t may be made as small as we want; second that the quantities
fU Of - X(gr)x actually converge to fU Of - Xgx. For the first point, we will use the
second estimate in Lemma For the second, we only need pointwise convergence |0 f|—
a.e. of (gx)x to gx. The fact that we can satisfy this condition by properly choosing the

sequence is ensured by Lemma 6] 0

Lemma 11. Ifg € SBV(U)NL>®(U) and f € SBV (U), then the differentiation result

is true.
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Proof. In this case we fix ¢ and approximate f by a sequence of bounded BV functions.
Take fr, = Hy o f, for some functions Hy, satisfying: Hy(z) = zfor [z2| <k —1, 0 <
H| < 1;|H(2)| < kV|z|, Hp € CL.

We will use the chain rule for BV functions (see Ambrosio Fusco Pallara, Theorem 3.96)
so that we can easily get f, — f in BV(U). This is enough to use the same arguments

as in Lemma [0 and extend the result to such a framework. O

Up to now we have provided results only in the case where both functions f and g belong
to SBV (U) and the main reason lies in the fact that we used strong approximation in BV
by means of functions in Lip?(U) and those functions all belong to SBV (U), which is a
closed subset of BV (U). Anyway, by means of different and much simpler method it is

possible to handle the case where f is a generic BV function and ¢ is continuous.

Lemma 12. Suppose that f € BV (U) and g € C*°(U), then the differentiation result is

true.

Proof. We have, by change of variables
W) = [ 1) g0 bulo) Jaclon)dn(o),
U
Do) = [ F(V0. )+ (V- X)da,
dotile) = [ 1V -(eX))do
Oohle) = - [(0F.9%). O

This proves, as we may have expected, that a sufficiently strong regularity in one of the
two functions can compensate weaker assumptions on the other. We go on extending the

result to functions g which are only continuous.

Lemma 13. Suppose that f € BV (U) and g € C°(U), then the differentiation result is

true.

Proof. Approximate uniformly g by a sequence gy, of C'*° functions. As usual, one only
needs to manage the remainder (and this is done thanks to Lemma since we have ||gr —
gl — 0), and to have convergence of the derivative terms. This last convergence is true
since Jf is a fixed finite measure and hence uniform convergence is sufficient (actually

pointwise dominated convergence would have been enough). O

A possible interest of the extension to a BV-continuous setting lies in the following ques-
tion: is it true that all BV functions may be decomposed as the sum of a continuous and
an SBV function? this is true in dimension one and it has a priori no hope to be true in
higher dimension where even W1 do not need to be continuous. Yet, possible discon-
tinuities due to this kind of behavior could be inserted in the SBV part. This question is

obviously interesting in itself and does not seem being treated in the literature. We thank
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Giovanni Alberti for a brief discussion on the subject.

Here in this context a decomposition f = f. + f, such as this one, even if with no addi-
tional property mimicking what happens in dimension one (i.e. without requiring neither
estimates on the dependence of f. and fs; on f nor any properties on the derivatives of
the two addends), would allow to generalize the differentiation result to any pair (f, g) of

BV functions, thanks to the following statement.

Theorem 16. Suppose that f = f.+ fs and g = g. + gs with f., g. € BV (U) N C°(U)
and fs, gs € SBV(U) N L (U), then the differentiation result is true.

Proof. We have to manage and differentiate four terms which are precisely Ji(f¢, gc),
Ji(fey 9s)s Jt(fs, gc) and Ji(fs, gs). The thesis is proven if we prove, for all of them, that
the derivative is given by the [;,(0f, X) gx, being f and g replaced by their continuous
or SBV parts.

The term J;(fs, gs) does not give any problem since its derivative has been the object
of the proof of Lemma The terms J;(fs, gc) and J¢(fc, gc) can be dealt with thanks
to Lemma We need to look at the term J;(f., gs) which does not fit into the the
frameworks we considered so far. The idea is to switch the roles of f. and gs.

Notice

Ti(forgs) = /U foo b guda = /U fo g5 0 & Jac(dy)da
_/ fcgso¢td1'
U
+ /U Jogs(Tac(dn) — 1)de + /U folgs 0 6t — go)(Fac(dr) — 1)da.

The first term in the last sum may be differentiated as usual, replacing the vector field X
with — X, thanks to the result in Lemma Its derivative gives fU<8gs, fe). The second
may be differentiated pointwisely since the only part depending on ¢ is the Jacobian, and
the derivative is fU fegs (V- X) dx. For the third term we have (thanks to the second

estimate in Lemma /)

/U fo(gs 0 &1 — g) (Jac(ey) — )da

< Ct/ ol lgsodi—gsl dz < CLI\follocl 95131
U

and thus its contribution to the derivative at t = 0 is zero.

This means that we have

d
dtJt(fcags):/U<6957fc>+/UngS(v'X)'

We want this sum to equal [(0f., —X)(gs)x = [(dfe, —X)gs (replacing (gs)x with g,
itself is allowed since 0f, does not give mass to (d — 1)—dimensional sets, as a conse-
quence of f. being continuous). To get this equality it is sufficient to integrate by part
and use the product rules for the derivatives of g5 X (a product of a BV function and a

Lipschitz vector field). O



CHAPTER 2. DISCONTINUITIES AND MATCHING 51

Remark 7. The same techniques of the last proofs could be used to prove a statement
such as the following: if the differentiation result is true for f € BV and g belonging to
a certain functional class 8, then the same result stays true if g belongs to the closure of

8 for the uniform convergence.

Yet, we will not develop this remark here in this section, since to be precise we should
check that the meaning of gx stays well-defined for the functions that we obtain as uni-
form limits of BV functions. Actually, gx was defined for BV functions g and, by
uniform convergence, we may go out of this functional space. We will develop the same
concept in Section 4 in the one-dimensional case, which is easier to treat and simpler

definitions may be given.

2.4 The one-dimensional case

The results from Section 3 may obviously be applied to the case of dimension one, which
is actually much simpler. The main peculiarity is that in dimension one it is true and easy
that every BV function is the sum of SBV and continuous functions.

In this section U will be a compact interval of R and we will always replace a BV func-
tion on U with its precise representative. Equivalently, we will use the definition of
one-dimensional bounded variation functions through the total variation as a supremum
over partitions (and not as a distributional object). This means that one-dimensional BV
functions will be defined pointwisely, not only almost everywhere.

For a function g € BV (U ), an equivalent definition for gx will be the following:

lim, g(x) if X(z9) > 0,
gx(x0) = limx_wg g(x) if X(x9) <0, (2.15)
g(xo) if X(z9) =0.

Theorem 17. Suppose that f, g € BV (U) (U C R): then the differentiation result is

true.

Proof. 1tis sufficient to apply Theorem [I6since any BV function in one dimension is the
sum of an SBV function and a continuous one. This can be easily obtained by taking the
cumulative distribution function of the Cantor part of the derivative, which will be a con-
tinuous BV function whose derivative is exactly the Cantor part of the original derivative.

The remainder is an SBV function by construction. O

In this one-dimensional setting, we will be able to extend further the result thanks to

Remark [7] The following closure result is quite known.

Theorem 18. The set of functions on U which are uniform limits of BV functions is the

following vector space RL(U):

RL(U)={f:U — R : f admits right and left limits at every point of U } .
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Proof. In dimension one the property of admitting limits on the two sides is satisfied by
any BV function (since, if x}, converges monotonely to = then >, | f(xp41) — f(z4)] is
finite and f(z},) is a Cauchy sequence).

This property is preserved by uniform convergence and hence any function which is a
uniform limit of BV functions belongs to RL(U).

On the other hand, if f € RL(U), for every ¢ > 0 and every x € U, there exists a
neighborhood V; ; =l|ac 4, be | of x such that the oscillations of f on |a. 4, z[ and on
|z, be [ are smaller than €. By compactness one can cover U by a finite number of these
intervals and hence, by considering the left parts of these intervals, the right ones and
the central points, one covers U by a finite number of intervals (or points) where the
oscillation of f is smaller than €.

A function g constant on each one of these intervals may be built so that ||f — g||c < €
and g is BV. This proves the density of BV in RL(U). O

Corollary 1. Suppose that f € BV (U) and g € RL(U): then the differentiation result

is true.

Proof. 1t is sufficient to proceed by approximations as in Lemmas [9]and[I0} the function
f belongs to BV (U) and is fixed and ¢ will be approximated by a sequence (g )i of BV
functions thanks to Theorem 18] O

It is interesting to notice that the space RL(U) is exactly the natural space for the function

g, since it is the largest space where the definition of gx given in (2.13])) makes sense.

2.5 Reduction to the one-dimensional case

We turn now to the proof of the differentiation results for BV functions in dimension d,
thanks to a one-dimensional reduction technique. The proof of the reduction is based on

two arguments:
e The box flow Theorem ??,
e the one dimensional restriction of BV functions.

We begin with a remark which states that the property is local. Thus we only have to
focus on the open set of non-equilibrium points of the vector field (i.e. where the vector

field is non zero).

Remark 8. If for each x € U such that X (x) # 0, there exists a neighborhood V of x
such that the result is true for J,(V'; f, g), with

J(Vi1.g) /foqbt (2)dz,

then the result is true.
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To prove this remark, consider Z. = {y € U;|X(y)| > ¢} which is a compact subset
(we denote by Z¢ its complement in U). By means of a finite covering the result is true
on Z.. Then, we need to control what happens on Z¢: this is easy by lemmal[7|for ¢ < ¢¢:

Ji(ZE f.9) — Jo(ZE f, 9) ‘
t

< Cle+ L[ X|o2t),

where L is the Lipschitz constant of X and we used the fact that, if we move from Z¢ no
more than ¢|| X ||, then the value of | X | does not increase more than ¢ L|| X ||oo.

This implies that, when we divide by ¢ and let t — 0, we get

Jt(Ua f?g) - JO(U7 f7g)
t - [ 101.~x10x

/<3f>—X>9x—/ <8fa—X>9X‘+Cs.
U Z.

lim sup
t—0

<

Letting ¢ — 0 we get in the end the result we want, since fZe of - Xgx — f{X;ﬁO} af -
Xgx = [, 0f  Xgx.

It is now sufficient to prove the result in the neighborhood of a point zy € U such that
X (z0) # 0. In that case, we would like to use the standard reduction of the flow of vector
field: up to a C'! diffeomorphism, we just need to treat the case where ¢;(x) = = + tv
in a neighborhood of zj. It has even been proven in the Lipschitz case by Calcaterra and
Boldt ([CBO3]). (Notice by the way that, with standard arguments, a time dependent vec-

tor field can be viewed as a vector field on R x R” of the same regularity).

Here a slightly different version of the box-flow theorem is presented.

Theorem 19. If X is a C' vector field on R™ and x¢ € R™ is a point such that X (xq) # 0,
then there exist a neighborhood V' of xq, a neighborhood U of 0, a vector v € R", and a
C! diffeomorphism ) : U v+ V such that for any x € U we have

¢rop(z) = (z + tv) (2.16)
fort such that x +tv € U.

Proof. Since this result is well known, we just give here ideas of the proof. Through a
diffeomorphism we can assume that xo = 0, X(0) = v = e; where (ey,...,e,) a basis

of R™. Defining

V(X1 .oy Tn) = Gpy (0,22, ..., 20) (2.17)
we have the result: the regularity of 1) is obtained due to the regularity of the flow ¢
which is C. It can be checked that differentiating 1/ at 0 gives the identity map Id and by
the inverse function theorem, there exists a neighborhood of 0 such that ¢ is a local C'!
diffeomorphism.

We get the desired result by writing,

¢t0¢(~’017~~7$n) = ¢t0¢x1(0,$2,...7$n) :¢t+l‘1(oax27"')xn) :¢($+t61)

O
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Deriving in time the equality (2.16]) we have
(Xogioth) =Vip(zr+tv)-v. (2.18)

Proposition 9. Let (f,g) € BV (U) be two functions, X be a C* vector field on R"™ and
¢ be the associated flow. Set

= o’lx xr)ax
Jt—/Uf o7 1 (x)g(x)dz,

then the differentiation of Jy gives:

at‘t:()_’_g]t = / < 3f, -X > agx . (219)

Proof. Trivializing the flow with the box-flow theorem, we obtain through a change of

variables in the functional J;,

Ji= | [oy(x—tv)goy Jac(y)de

Rn
The product h = g o 1) Jac(¢)) is not a BV function because Jac(v)) is only continuous.

However, we have extended our results to continuous functions.

Set H = v+, the orthogonal hyperplane to v, and by using coordinates 2 = (2, h), write
Ji=dy = [ (Foula )~ fouia)h(ads,
R’ﬂ
_ / /(f o (@ + (h— D)) — f o + hw))h(z + hv)da'dh.
H=R~—1 JR

We want to differentiate under the integral in dx’. Set

[ Fouet (hm )~ [ ol hw)
0= [ : h

x + hv)dh.

We have
8ju(z)| < /R 10( 0 )" [,
[ [1owowyi <o onl@) < +oc
HJR

This allows to apply dominated convergence on dj;. Moreover, since we can apply our

differentiation result in dimension one, we have

Jim / —O(f 0 )" (g 0 ), Jac(t),

remark that the definition of (g o v), is the one dimensional one. A priori, it may not
coincide with the definition on R™. The Theorem (3.108 in [AEPOO]) of the continuity of
the precise representative tells us that the one dimensional restriction of (g o v), gives

H—1a.e. the same function. Thus

Op—o+ Ji // a OIZJ gow) Jac(d))
- / (O(f o), —w)(g 0 V), Jac()
= [@r—~(vwyov ngev) o,
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The last equality comes from Lemma [14]below, applied to ¢ = v(g o ¥), Jac(¢). Using
the remark 5| and the equality (2.18) we have the result:

Or—gt+ Jt = /<0f, —X0)9x, - O

Lemma 14. If f € BV(U) and v is a diffeomorphism of U, then, for any bounded

measurable function ¢ : U — R<, we have

o o (Dw)'¢o —1
[otron.e = [ or 50w,

Proof. Suppose f and ¢ regular. From the chain rule from regular function we get
Lo = [ (w00 o

Thanks to the change of variable z = ¢~ !(y) we get the desired formula. This is valid
for f € C! but we can recover the same result for f € BV by weak approximating f
with a sequence of regular functions f,, (notice that in this case 9f, — 0f as measures
and the other factor is a continuous function, if ¢ € C°(U;R?)).

Once the result is obtained for ¢ continuous, one can approximate pointwisely any mea-
surable function ¢ by a sequence of continuous functions ¢,,, and the results stays true
for ¢ as well. O

2.5.1 Extension to other penalty terms

In this last section, we will extend, for the sake of applications, the differentiation result
to more general functions H(f,g). Here again, we will only prove that what we have
shown so far (i.e. the result for (z,y) = xy) is sufficient. We present the easy estimation
we need in order to follow with a proof of the reduction based on a density argument.

Let us give a simple definition:

Definition 5. If H is a Lipschitz function in two variables, we denote by
Lip(H) = inf{M € R*|V(z,2,y) € R*|H(x,y) — H(2',y)| < Mz —2'|1}.
Exchanging the two variables, we define Lip,(H ) as well.

By definition, we trivially have for each i = 1,2, Lip,(H) < Lip(H).
To avoid summability problems and to have the possibility to replace locally Lipschitz
functions H with globally Lipschitz ones, we will stick to the case f, g € B, i.e. we

suppose them to be bounded.

Lemma 15. If g € L°°(R"™) with compact support and f € B, then if 0 <t < tg

[Je(f,9) = Jo(f,9)| < CtLip, (H) || f|| BV,

for a constant C' which only depends on the vector field X and on t.
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Proof. We will follow again the same ideas as in Lemma([7]

Let us start from the case g € L> and f € C'. Just consider

T(f.9) — Jo(f.9)| < Lipy (H) /U fodit — fld

t
< Lipy (H)]| X o /0 /U V(f 0 63 Y)|de ds.

Then, with a change of variables whose Jacobian is bounded, we get

Ti(F.9) — Jo(f,9)] < cLipy(H)[|X |loo sup [17(65) " |oo / V.
s€[0,t]

Generalizing to f € BV works the same as in Lemma 7] ]

Remark 9. Remark that the Lipschitz constant Lip,(H) can be restricted on Im(f) x

Im(g) and that will be used in the next proof.

In the next paragraph we will see how the Theorem|[I3]implies its generalization (Theorem
[13).

Proof of Theorem |15}

The idea of the proof is that the case H(z,y) = xy implies the Theorem

The result is true for all the polynomial functions since B is an algebra and we can easily
check that the formula coming from Theorem |13|in the case f*¢” is exactly the one we
want. Here with H (z,y) = xzFy",

Oy i = / (D(F5)(g") x0 (), — Xo)d =
[ @) ~Xohde = [ @1 H((w). g3, ), ~Xohd.

The last inequality follows from the definition of 01 H (f(z), [) which is the distributional
derivative of the composition of a locally Lipschitz function x — H(x,l) and with f a
bounded BV function (see [29)in appendix).

Remark also that we can suppose that H(0,y) = 0 for any y € R using the fact that the
replacing H by H(z,y) — H(0,y) gives the same result for 9;,_q+J;. Then we approx-
imate 0, H (x,y) with a polynomial function P such that, on Im(f) x Im(g), we have
|0xH — P:|oo,k < € (the sup norm on the compact K'). This approximation is allowed
since Im(f) x Im(g) C K with K a compact subset of R? (here we use the fact that f
and g are in L*). Since H (0, y) = 0 we can integrate P. w.r.t. the first variable to obtain
a polynomial function Q. such that 9,Q. = F.. This implies Lip; k(H—Q:) < ¢
where Lip; j denotes the Lipschitz constant of the function w.r.t. the first variable on the
compact K.

For notation convenience we write (redefining some previous notations):

Ji(H) = - H(f o ¢; ' (x), g(x))dz.
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The theorem is valid for ). then we have by the lemma [15|and applying the theorem to

Qe:
| lim sup —Jt(H) — Jo(H)

msu ; — D50+ Js(Qe)| < Ce| fllBv

Now by triangular inequality we have,

Ji(H) — Jo(H)

Ji(H) — Jg(H
limsup WD = D) o) < imsup U oy 7(Q.)

+ |0s=0+ Js(Qc) — Opo+ J1(H)| .

The last step is to prove that we can control the second term

’as:0+JS(Qs) - at:(ﬁJt(H)‘ .

To this end remark that the formula defining 0,_+ J;(H ) is linear in H and we have

|Or=0+ Jt(Qe — H)| < Lipy 1 (Qs — H)|f|5v|X|oo < &l flBv] X0,

so that we get the result. [

2.6 Toward the application to geodesic equations

We aim to apply these previous results to derive the geodesic equations. To this end, we
need to ensure that the vector field which appears in the differentiation of the penalty term
in the functional (I.27) can be treated in our framework. We study the perturbation with
respect to € for the vector field v; 4+ eus. Then we need to look at the regularity of the

vector field 9-¢1 o (¢5) 1. The equation (T.10) can be generalized for any ¢ as follows,

1
O=,1 = dp 1 ( /0 Adg; (w)dt) . (2.20)

With the assumption that p > 2 is the order of regularity of the RKHS of vector fields,
we have that forany ¢ € [0, 1] and u € V, Adg; (u) = [dof,]s (u0¢f,)isa C* vector
field. Furthermore, thanks to equation and the fact that ¢7 ; is C?, this vector field
is Lipschitz in € on every compact subset in U. By integration w.r.t the time, the same
regularity is valid for 9,¢; o (#5)~L. And the hypothesis required to apply Theorem
are verified.

We guess that we can still apply the differentiation result to 1—admissible RKHS of vector
fields. A possible way to prove it is by approximation with smooth vector fields since the
only important point is the uniform convergence of the vector fields to get estimations

such as in lemmal[8l
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3.1 Introduction

In this Chapter, we develop the geodesic equations obtained in two different models. The
first one is a new model to deal with the difference of intensity between the two images
to match. This model takes into account the change of contrast between the two images
through a diffeomorphism on the intensity. We will only deal with the case of a gray
level image but this approach can easily be extended to multidimensional valued func-
tions. The diffeomorphism on the intensity will be the equivalent of the diffeomorphism
for the support of the image and thus the Lie group action and the invariant metric will
be conserved. Hence, we will derive the Euler equations for this model within a large set
of functions (SBV functions). We will also prove that geodesics exist in all time and in
Chapter 4] we will give the Hamiltonian formulation of these equations. To this purpose,
we will give a particular emphasize to the description of the initial momentum.

The results presented in Chapter[2]can also be applied to metamorphosis within the frame-
work developed in [TYO0S]. It will enlighten the attempt already tackled by the authors
to treat discontinuities. Apart from the introduction of the framework of metamorpho-
sis, there are two important results in this article. The first one is the description of the
geodesic equations for smooth initial image and the existence in all time of the geodesic
for a large set of initial conditions. This first property enables the authors to prove an
injectivity result for the exponential mapping between smooth images, namely in H!:
there exists a radius for which the exponential mapping is injective. This property was at
the core motivation of this work. Our aim is to detail the geodesic equations in the SBV
framework and to state that the Riemannian infinite dimensional manifold is complete in

a sense described hereafter. However, we will show that the injectivity radius property

58
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does not hold any more for the BV norm. This counter example gives room to add further
conditions to obtain the injectivity property.

The important common feature of the two models is to introduce a photometric defor-
mation. In the last section [3.4] of this Chapter, we will present toy examples in order to

compare the models and to better understand both.

3.2 A new model

This model arose from the attempt to develop the multi-modal image matching in the
framework of large deformation diffeomorphisms. The standard action of the group of
diffeomorphism is usually on the template support. If we want to deal with a change of
intensity in the image, we can as a first approach consider that this change of intensity
can be modeled as a homeomorphism on the gray levels of the image: if [ is the image,
the action of a change of intensity is modeled as n o I with n a homeomorphism of the
template co-domain. It is then natural to introduce an action of a group of diffeomorphism
on the template co-domain. In the same time, we will also take into account an action on
the template domain.

Matching in this context, is to find a couple (7, ¢) which minimizes the energy

1
E(n,¢) = D(Id, (0,6))* + —5 10 Lo 6™ = Targ 12 3.

with I the initial function and I,,, the target function, Id is the identity map in the
product of groups, o is a calibration parameter. The distance D is the direct product of
the metric on each admissible space of vector fields V' (on the template domain) and S
(on the template co-domain). We will derive in section [3.2.1] the geodesic equations and

ensure the existence of a solution for all time from an initial momentum.

3.2.1 Geodesic equations

To completely use the results of Chapter 2 we will deal with a more general penalty
term. The support of the image will be denoted by M a Lipschitz domain and the space
of images will be denoted by Im(M) := SBV (M) N L>(M).

Theorem 20. Let Iy, Iiorg € Im(M) be respectively the initial image and the target
image, H be a locally Lipschitz function H : R? — R and C' in the first variable and
V, S two 2—admissible spaces of vector fields respectively on M and R.

Let 3 : L*([0,1],V x S) — R be the functional defined by,

A 1 1
Bons) =5 [ Nultar+ 5 [ lsdar+ [ Homa o oo oro(e). furg(@)d
M
" ’ (32)
with ¢o.+ and 1 1 the flows of the vector fields v; € L*([0,1],V) and s; € L*([0,1], 9).

Then there exists (v,s) € H such that §(v,s) = ming, oep (v, s). For such a mini-
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mizer, there exists (pa, py, pe) € L*(M,R™) x LY(J1,, R™) x L' (M, R) such that:
Bs: = /M Py}l 1y oy s (5(w), du(y), (3.3)
o= [ h004(o). ) idin 3 (o) (o)

+ / v (60.4(2), ) ddo]s ™ (pol())dH" (), (3.4)
Jr

0
with:
t/
I =mnopolpo gy,

and J, the jump set of Iy. More precisely for the (pa, pc) we show, we have the equation:
pa(@) + V. 1§ pe(z) = 0. (3.5)

Before proving the theorem, we give simple remarks to underline the result in the case the
contrast part is not taken into account (3 = 0 in the functional (3.2))). What was already
known among all is the case of smooth images ([TY05]]), the momentum is only a L?
function on the support of the image: p, = 0 in the theorem.

For the discontinuous case, the case of closed curves in [GTLO6] gave the first step to
understand discontinuous images. In this paper, the momentum appears to be a normal
vector field along the closed curve: p, = 0 in the theorem because the matching of the
closed curves is in fact the matching of binary shapes which are piecewise constant. Our
result extends it in any dimension for a piecewise constant functions. Again the absolute
continuous part of the momentum vanishes and the momentum is reduced to a normal
vector field along the jump set of the image.

Another well known case, which is of interest for this article, is the case of the piecewise
constant functions in one dimension. In this case, the problem ends up with a Landmark
matching problem. Let (zg = 0,21,...,Zp—1,2, = 1) € [0,1] be a group of points,
through a diffeomorphism from ]0, 1[ to R, we reduce the study to the case of n — 1
Landmark (z1,...,2,-1) in R. The momentum has only a singular part, and is the
vector of landmark’s momentum defined on the cotangent space of R"~!. (This case is
the simplest implementation for the contrast term (the geodesic term on .S) with for each

level of intensity a landmark.)

Proof of the theorem: Existence of a minimizer: The closed balls in L2([0,1],V x S)
are compact for the weak topology. The first term of the functional % fol l|ve]|2-dt +
g fol [|s¢||%dt is classically lower semi-continuous for the weak topology (see [Bré94] as
reference). To prove the existence of a minimizer, we then just need to prove that the
penalty term is lower semi-continuous.
To this end we will prove in fact that the penalty term is continuous for the weak topology.
Let (vp, $n)nen be a sequence in L2([0,1],V x S) weakly converging to a limit point
(v, ) ie.

(vn,sn)n—\ (v,s). (3.6)
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For any n > 0, we denote

ma = swp (@ (@), 61 o)) + dlg 1), 5, () }
zeM, 1€[0,1]

so that from (3.6) and Theorem [2] we get that
lim m, =0. 3.7

N—oo

We start from the triangle inequality :

DHy, ﬁ/ [H (571 © Lo © ¢7(%), Larg (%)) — H (15,1 © Lo © ¢1 (), Tiarg () |dz
M

< / [H (73 © Lo © ¢7p(2), g (2)) = H (1 © Lo © ¢77p(2), Targ ()] diz
M

Ei(z)

+ /M [H (15,1 © Lo © ¢170(), Larg () = H (15,1 © Lo © 67 (%), Liarg(2)) | diz -

Es(x)

Concerning the first term of the right hand side, we get from the Lipschitz property the
following upper bound for x € M :

Eq(x) < Lipy (H)d(ng% © Lo © 917, 6,1 © Lo © ¢1"h(x)) < Lipy (H)my, .

Thus,
/ Ey(w)dz < Lip, (H)u(M)m, (3.8)
M

where 1 denotes the Lebesgue measure.

Now, concerning the second term, let us note that by the Lipschitz approximation theorem
(see [EG92]), there exists Iy a Lipschitz function such that (D) <eforD={zxeM:
Io(z) # Io(z)}. Then, if we denote

An = ¢871(M\D> ﬂ¢871(M\D),
we have for any x € A,

Ea(x) = |H(ng 1 0 Io o ¢V (), Lurg(z)) — H(ng 1 © Lo © 64 o(2), Liarg ()]
< Lip, (H)Lip(ng ; o iO)d@zf?o(if), ¢ o(7))
< Lip, (H)Lip(n ; o Io)mn,
and

/M Es(x)dr < Lipy ()Lip(ni.y © To)u(An)mn + 2| Hloop(M\ A,)  (3.9)

with [H | = sup( 0,172 [H (z,y)]. Since M\ A, C ¢ (D) U ¢g (D) U OM, we
get
(M \ A,) <2Kp(D) < 2Ke (3.10)
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where K = [Jac(g ;)]0 VSup, > [Jac(¢g7 ) oo (note that since vy, is bounded in L3([0,1],V),
we get from|[I.6]that K is finite). Using (3.9) and (3.10), we get

[ Balwdo < Lipy (H)Lip(a, o Tou(M)m, + 4K |Hle. @D
M
so that with (3.8), we deduce

DH,, < Lip; (H)p(M)my, + Lip; (H)Lip(n§ ; © lo)p(M)my, + 4K|H|oe  (3.12)

and from (3.7) that
limsup DH,, < 4K|H|e .

Since ¢ is arbitrary, we get DH,, — 0 and the continuity of the penalty term for the weak

topology.

Geodesic equation for the contrast term: For such a minimizer, we derive the geodesic
equation by differentiating the functional with respect to a variation of the vector field.
As we have seen in Chapter [2] the functional § is only semi-differentiable with respect to
the variable v but differentiable w.r.t. the variable s. We first differentiate w.r.t. the vector

field s € L2([0, T], S), we denote by 3 a perturbation of s. Using the Theorem 6]

1
Do () = /0 A1) o8¢ (10 ()

We already introduce the kernel and with Iy = 75, o Ip 0 ¢7 ,

1
/ (B < 51,8 >5 +
0
[ ) Ty ) )1 < K1), 50 > dw)le = 0,

it leads to, with the change of variable z = ¢¢ 1 (y)

Bsi + /M Jac(¢o1)(2)[01H|(I3 (), Tiarg © $0.1(@)) [} 1) 12 oy ks (15 (@), ) dp() = 0.

With the notation p.(z) = —Jac(¢po1)(x)[01 H] (I} (), Liarg © ¢o,1(z)), we have the first

equation announced and p, is a bounded function since H is Lipschitz on [0, 1]2.

Geodesic equation for the geometric term: For the second equation, we will need
the semi-differentiation lemma detailed in Chapter We refine the notation adopted
in this Chapter, ju(f(x),l) = (H(f"(x),1) — H(f~(x),1))vs(x). For a minimizer v,

a perturbation w; and the notation du = — fol Adyg, | (u) dt we have,

1
)\/ <Ut,ut>dt+/<81H(Il,ltarg)véu>
0

T /J Grt (1), rarg)—su(2)) = G11 (11 (2), Trarg (2)), Gu)dH" 1 () > 0. (3.13)

1
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In the inequality (3.13)), we have decomposed the semi-differentiation formula in a linear
part and a non-linear one. The non-linear part is an integration on the jump set of f. As

H is Lipschitz on [0, 1]%, we have for y € [0, 1],
H(L(@),y) — BU (@),9)] < Lip (D@ - @)L G4

As a consequence, the second term lies in L°(Jy,, |D*I1|) C L(Jy,,|D*1|).
Let us write the differentiation of the functional as follows,

8u3 = 8ugl + / <]H(Il(33)7 [Itarg]—du(x)) - ]H(Il (l')v Itarg(l'))a 6u>dj{n_1(x)a

I,

with 0,,d1 the linear part of the expression written in (3.13).

We can now apply a version of the Lemma in [GTL0O6], which is detailed in appendix (see
on the Hilbert space R x L2(Jy,, | D*I1|), with Hy = {(0,d1, 6u)|u € L?([0,1],V)}.
If a = (0ud1,0u) and b = (1, jr(11(.), Ltarg]—su(.)) — JH(L1(.), Ttarg(.))), We get

Oud = <a,b>H >0.
Thus, with

B = {(1,ju (s Ltargl-su(.)) = (-, Trarg())lu € L*([0,1], V)},

we have the needed bounded set since the inequality (3.14) does not depend on y € [0, 1].
Hence we get with the Lemmathe existence of (1,7) € Conv(B) such that

Oud1 +/ (7, 6u)ydH™ 1t = 0. (3.15)
Jr

1

To go further in the description of j, we know that j € Conv(B). Let us denote

AH(z) = (u (1(2); [Tiargl -5u(®)) = ju (11(2); Targ (%)), v (2)) -

Then, for each z € Jp,, if m(z) := min(AH (I1(x), I,
and M (z) := max(AH(I;(x), It'zrg(x)), AH (I (z), Ly,
implies (j (), v¢(x)) € [m(x), M(z)).

As H(x,.) is continuous in the second variable, by the intermediate value theorem for

(@), AH (I1(2), Ligrg ()
(z))), the convexity property

eachz € Jy,, {t € RIAH (x,t) = (j(x),v;(x))} is a non-empty set and compact by the
continuity in the second variable of H. The measurability of H : (x,y) — (x, AH(x,y))
comes from the stability by composition of measurable maps. By the Lemma [20]in ap-
pendix, there exists

jtm“g(x) € [It?zrg

(), Ly ()]
such that j(z) = jr(I1(2), Larg(x)) — jr(11(2), Ttarg()) and the function € Jy,
ftarg(:n) is measurable.

With L the adjoint operator, we obtain

ALv, = / Ad;, WF (Il,iwg) , (3.16)
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remark that Adju = Jac(¢)d¢*(u o ¢). Using the kernel, we have (with a change of

variable in the second equation)
oy = / k(e 61.0(2)) 5 O H (L (2), Ty (),
Avy = / Jac(¢1) ()k (., do.t(x))def 001 [H (1§ (2), Targ © d0,1(2))],

Avy = /Ja0(¢1)(l‘)k(-, Go.4(x))[ddo ]y O [H (I (@), Lrarg © d0.1(2))]-

The last equation is the desired result if we expand the derivative 01 H (1§, jtarg © ¢0,1)-

vy + /M Jac(é1)(2)k (., do.r(x))[deos]; *ViH (I3 (), Larg © ¢o.1(2))dx

+ /J Jac(¢r ) (x)k(., do.r(x))[dbo)z i (x)dH" (2), (3.17)

)

with j(z) 1= jgr(I}(x), Larg © ¢o,1())vp (x). Since I} = mo1 01 and ng; is a dif-
feomorphism, we have Jj, = J ot and the integration on the J, 13 can be replaced by an

integration on Jz,. We thus have p,(x) := Jac(¢o 1)(x)j(x). We have also,
pa = Jac(¢o1)ViH Iy, Lrarg © $0,1) = =VIgpe,

which is the last assertion of the theorem. [

Note that the last relation p, + VIip, is independent of H and another important point,
it shows that Iy, I4rg, P, Pp 18 the signature of the geodesic. The study of the geodesics

generated from these initial data is the subject of the next Subsection.

3.2.2 Geodesic flow

In this paragraph, we will prove that if p,, pp, D are given, the geodesic is locally defined,
then that the geodesic travels at constant speed and finally that the geodesic is defined for

all time. Namely, we answer to existence and uniqueness of solutions to:

Tt = Id+/0 Suonudua

i) = [ bl hs (5. auto)

¢O,t = Id"‘/ovuo(budua

Mo() = / By (. d0.(2)) [dbo ] (a())ds(z)
M

+ : kv (., o.e())[do)y * (pp(2))dH" " () dt. (3.18)

On purpose, this system of equations is decoupled in v and s. We will detail the case of

the geometric vector field in the following proof.
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Proposition 10. For T sufficiently small, the system of equations (3.18)) with
(Pas P, pe) € L' (M,R™) x L' (Jyy, |D*Iol) x L' (M, R)

has a unique solution if both RKHS (geometric and contrast) are 2 admissible. (see[l.1.]]
for the definition)

Proof:
We aim to apply the fixed point theorem on the Banach space L?([0, 7],V x S). We will
prove that for a given ball in L?([0, T'], V' x S), there exists 7' > 0 such that the following

map is a contraction:

(1]

:L2([0,T),V x 8) + L*([0,T],V x S)
(v,5) = (£(v),&(5)), (3.19)

with

kv (., do.(x))[do.]z " (pa(@))dp()

M

| ht

[k Cdnata)doo ) )0 ),

€0 = [ peleddmolyks(I3(@). Jdula).
Vv

M

For the space L%([0, T], V), if we have:

l€(@)e = ()]l < Mllv = ull 1o,
the result is then proven with Cauchy-Schwarz inequality:
1€ (v)e — &(u)el® < MVTIv — ull 210,79,
and integrating this inequality:

3
1€(v) — &(u)l3ag0z < MT 3o — ull 2017

This can be obtained with:
1E()e — Eu)el® = < &), &) — E(u)r > — < (), E(v)y — E(u)e >,
€(w)e = E(u)el> < 2max(| < &(v)r, E(v)e = E(w)e > || < E(w)s, E(0)e — E(w)e > |).

We adopt the previous notation for the measure v and for the momentum, we define

p(x) = pa(2)lyg;, + Po(2)lzey,, . For one of the two terms in the equation above:

< £}, E(W); — & / / 468 7 (0() k(68 (), 88, ()8 ) (0 )
B(88,0(2), 6 (0t ) (0())dv (y)dv(z).
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On the ball of radius r in L?([0,T],V x S) denoted by B(r), and with the inequalities
(I.7) and (I.8)), we control the diffeomorphisms:

168 — D84lloe < cvllv — ull 10,1y exp(evrVT), (3.20)
ldet; — dot 4 lloo < C" v = ull paj0,7) exp(evrVT), (3.21)
|deg — ddg 4]l oo

- Hd¢&t - d‘%j,tuoo,

the last inequality is a standard inequality for the norm of the inverse in a Banach algebra

1[5~ = At oo < 1 (3:22)

and is true as long as ||d¢g , — deg /|0 < 1. With the triangle inequality, we get:

< €@~ € > < [ [11a65,)" pla)
B (8.0, 88, () A8 15 (0() — (S8 (2). 68 o) At )5 (p(@))]
R0, 68 o)) AR (09)) — R(E8.0(), St [t (p(y) () dor(y).

On the ball B(r) we have, denoting K (7, T') := max(C”, ¢y )rv/T exp(cyrvT):

ldog, — Id]|oo < 2K (r,T),

1
d u 1—1 oo < EE—
H[ ¢O,t] H — 1 _ 2K(T,T)

Let M;, € R a bound for the kernel and its first derivative on the ball B(r). Such a
constant exists thanks to the hypothesis on the kernel and its first derivative.

A bound for the first term can be found with the inequality (3.22) if

1
max(cy, C")[lv — ull p1o 1 exp(cyrVT) < >
1
2max(C’”, ev)llv— U||L1[0,T] eXP(CVT\/T)Mkm(HPa” + ||pb|!)2,

then, if 4K (r,T') < 3 the bound is now:

4max(C", ev) v = ul| g1jozy explevrvV'T) My(|[pall + [lps 1)

The second term is controlled with the inequality (3.20) with the Lipschitz hypothesis on
the kernel:

1

max(C”, ey )||v — UHLl[o,T] eXP(CVT\/T)Mk[W(rT)

P(lpall + llpell)?,
with the same assumption 4K (r,T') < 5 we have [#(TT)]Q < 2and

2max(C”, ev)||v — ull 1o 71 exp(cvrvV'T) My (|Ipall + [Ips]]).
Finally we get,

1€ (v)e — &(u)el® < 10max(C”, ev) v — ull 110 7y explevrVT) Mi(llpall + llps ).
(3.23)
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The inequality shows that for any » > 0 there exists 7' > 0 such that = is a
contraction on the first component. We can get the same conclusion for the second term
with a similar proof and we do not give the details. [

As solution of a fixed point problem, there is a nice dependency of geodesics w.r.t. the

initial momentums:

Proposition 11. Let p' := (pL,pi,pl) and p* := (p2,p?, p?) two initial momentums in
LY(M,R") x L' (Jp,, |D5Iy]) x LY*(M,R) with wy := (vl, s!) and wy := (v?, s?) the
associated solutions to the fixed point problem. Then there exists K > 0 and T > 0 such
that

lvf — v} lv < K(|lps — p2ll + vy — pill),

sy — sils < K|lps — 2,
ift <T.

Proof. Let us denote =, for ¢ = 1,2 the application introduced previously for one mo-

mentum. Remark that w; for ¢ = 1,2 is the unique solution of =, (w;) = w;.

We have for T sufficiently small, with the inequality (3.23)
1Zp1 —p2 (w2)el|* < 20ev |[wal Lo 2y explevrv/T) Myllp* — p°|I?,

and then we obtain the result with Mg = 20cy [|wz|| 10,7y exp(cyrvT) My,

— < 0 _pt—p?.
lfwsle = fwaldll < == It = 27|

O

We have proven that there exists 7' > 0 such that we have existence and uniqueness to
the system (3.18)), we aim to prove that we can choose 7" = +o0 in the last proposition.
We first demonstrate that if a vector field is a solution to the geodesic equations, then the

norm of the vector field is constant in time.

Proposition 12. Constant speed curves in vector fields spaces

If the kernels (contrast and geometric) are admissible, we have
e Ifavector field s is a solution of equation (3.3) then ||s;||? is constant.

e Ifavector field vy is a solution of equation (3.4) then ||v4||? is constant.



CHAPTER 3. GEODESIC EQUATIONS 68

Remark that we do not need higher regularity assumptions here.
Proof:
We will prove that the quantity ||s;||? is differentiable (w.r.t. the time variable) every-

where.

sty = [ o/ ellmaligens (B2 5. T p(o)dim s s ().

Remark that
O(dnealry)) = —dlsel o dneal e y) - (3.24)

This equation is obtained by differentiation of the group relation: d[no 1], = d[n1 ©
10,t) 1> and with the differentiation of the equation (3.3)):

dlsile = [ dimaliyg pes)orks(e T50)duty).
M
These relations are verified almost everywhere a priori. As s; is a geodesic

= /M Pe() il 11y ks (T (1)) ) dp(y)

and the second term is defined for all time (since the flow and its differential are defined
for all time if s, € L2([0, T, S)), the equation (3.24) is verified for all time.

To obtain the result, it is sufficient to prove that the derivative vanishes everywhere. The
differentiation under the integral sign is allowed since 0;(d[n:,1]¢(,)) is bounded in the

space variable.

s = [ / o s (T4l ]y ks () TP il oy A1y Via(y)
// dliea] gy O1ks (16(y'), T () se (T (y )P (y) Al ] oy dua(y")dpa(y) = 0.

The second point is very similar. We underline that the equation (3.4)) is a particular case
of the following, with a measure v which has a Lebesgue part and a singular part on the

set Jp, of discontinuities of the function Ip. We also define:

pe(@) = (d[doa]2) ™" (Pa(@)Lagsy, + Po(2)Lae sy, ),

By the definition,
Joul? = [ [ peav (@nu(o), 0 )i () (o)
Remark that ypy () = —d, , (205 pe (), and we differentiate:
ol =~ [ [ [ pea)0ke (G0.0), 0 v (G.0). 02 pu(w) i @) (2
4 [ [ @100 G ), 045}y (0). 002N (@) (0) o (2) =
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We prove now that the solutions do not blow up. This property shows that the associated
Riemannian manifold of infinite dimension is complete, since the exponential map is
defined for all time. Without the hypothesis on the kernel, we can find simple counter-

examples to this fact (landmarks in one dimension with an exponential kernel).
Proposition 13. The solution of proposition[l0)is defined for all time (with RKHS 2—admissible).

Proof. Thanks to proposition [I2] the norm of each solution (respectively v; and s;) is
constant in time. That will enable the extension for all time. Consider a maximal so-
lution with interval of definition [0, T}y4z] With Ther < 400, then with the inequal-
ities from the introduction [I] and especially the inequality (I.6), we define the limit
limy 7., ®0t = @0 Tmas» since for all z, ¢g(x) is a Cauchy sequence. This is the
same for limy,,7,,,. d¢o+(x). This limit is also a diffeomorphism, since we can define
the limit of the inverse as well. With a change of variable ¢g T, , the geodesic equation

can be written with a measure v:

)\UTmaz +s () =

D By 01, 52 09T 001,10

—1x
PTmaz.0
Applying to p(y) = [d¢0,Tmaz]¢T;:m%0 W) (Pa(PTynae,0(y))) the proposition , we obtain
a vector field vy, satisfying the geodesic equation for s € [0, S] with S > 0. This
vector field gives a solution v for ¢ € [0, Tiya. + S]. This is a contradiction.

For the contrast term, we can apply the proposition to the current image I instead of I,
and the initial momentum p.(.)d[n o] It () As previously, the solution can be extended

and it gives a contradiction. O

3.2.3 Comments and conclusion

All these results could be extended for BV functions as it is done only for the geometric
term in [VS09]. However, we chose to restrict ourselves in this thesis to SBV functions
which covers a large range of cases of interest. It also seems more relevant to deal with
SBYV functions in order to give the Hamiltonian formulation of the equations. Roughly
speaking, the more complex the derivative of the template image I is, the more complex
is the structure of the momentum. As discussed in [VSQ9]], the momentum should be
now defined as a measurable function of the derivative measure. Since the derivative
has a Cantor part, the momentum should be also defined on the Cantor part. Although
the evolution of the momentum for the Cantor part follows the same evolution than the
classical dense part, it is clearly more demanding to know in addition the value of the
momentum on the Cantor set. To make it clear, recall that in the case of just a geometric

action, we have (proposition [))

pe = Jac(pr1)Ao ¢,
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and A = Iy — Iy4r4 in the case of a template image. In the BV case, this equation is also
verified, however we need to know the value of A on a Cantor set. Finally our opinion
is that the Cantor part should not be taken into account in the template since the template
ought to be somehow smooth enough. BV functions are not smooth enough to be a good
candidate to the space of template images, whereas SBV functions seem more relevant.

Last, the Hamiltonian formulation of these equations are detailed in [] for the case of
piecewise Lipschitz functions. Again, this setting could have been extended to SBV func-
tions, but it is a convenient framework to develop numerical algorithm and to introduce

ideas such as of a multilayer approach.

3.3 Applications to metamorphosis

We chose as a direct application to develop the metamorphosis framework introduced
in [TYOS]]. This framework has been numerically implemented for the case of smooth
images in [[GYO035)]. The discontinuous case was partially understood in the previous ref-
erence: the case of functions such as the indicator of a smooth domain was addressed. It
was a first attempt to deal with discontinuous images and thanks to our previous result,
the extension to a much larger set of discontinuous functions was at hand. After a short
introduction to the metamorphosis framework, we will fully understand the case of BV
functions. The original motivation of this article was to introduce a system of coordinates
which explains the deformations and variations around a given template: the obtained
result is the local bijectivity of the exponential map on smooth functions (namely H1).
In this Chapter, we will prove that this result can not be extended to BV functions by

showing a function around which the injectivity radius of the exponential map is zero.

3.3.1 Introduction to metamorphosis

Roughly speaking, the starting point of this approach is to put a metric on the tangent
space of images which takes into account a geometric variation and a photometric vari-
ation. At the infinitesimal level, let Iy be an initial image defined on R", o is a real
positive parameter, v a vector field on R™ and 2z an image, we consider the following

transformation with a real parameter ¢:
Ii(z) = Iop(x — tv(x)) + to?z(x) + o(t) .

This transformation is divided into two parts, the first one is the composition with the vec-
tor field which is called the geometric transformation and the second one is the addition
of o2z which is called the photometric transformation. Obviously this transformation is
not injective i.e. there are different ways of obtaining the same final image. A trade-off
can be made by choosing a metric on the tangent space. We now introduce in more details
the framework we will consider.

Let U C R” be a Lipschitz open domain and L?(U) be the space of images, we reduce
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our work to deal with real valued functions. The general case with R? valued functions
do not introduce any further complications but heavier notations. We chose to develop
the case of SBV functions since at this time it seems to be relevant for applications with-
out extending it to BV functions. We want to draw the reader’s attention on the singular
part of the derivative and not on the Cantor part. We recall the definitions and the central
results which can be found in [[TYOS]] with detailed proofs and explanations.

First we define continuously differentiable curves in L?(U) which are continuous curves

for the L? topology and weakly continuous differentiable curves:

Definition 6. (C*! curves in L*>(U)) Let J be an interval in R, o be a positive real number
and W be the Hilbert space V x L?(U) with V an admissible space of vector fields.
The inner product on W is defined by ((v, 2), (v/, 2'))w = (v,0')v + 0*(2, 2') 217y for
(v,2) € Wand (V,7) e W.

The curve I : t € J w I, € L?>(U) is said to be C' if there exists a continuous map
w:J 3t (v, w) € W such that

1. I € C(J,L*(U,R)) for the L? topology,
2. foranyu € C(U,R), t — (I;,u) is C' and 0y (I, u) = 0 (z¢, u)o+(Iy, div(uvy))o.

Remark that the derivative can also be written, if V' is continuously injected in (C*(U, R™), ||||1.00)
and I; € SBV(U),
(9,:(.775, U> = O'2<Zt, U)Q + <DL§, UUt>.

The tangent space is then defined by the equivalence class of the weak derivative.

Definition 7. Let I € Im(U) := SBV(U) N L*>*(U) be an image and V' an admissible
RKHS of vector fields on U, then the map for any u € C2°(U,R)

T,:W — R
(U>Z) = <DI,U’LL>—|—O'2<Z,U>2

is linear continuous. Hence kerl,, C W is a closed subspace and introducing Er :=

Nuecs ) ker Ty, we define
T[Im(U) = {I} X W/E[

Remark that E7 is also a closed subspace of W as intersection of closed subspaces. Then
the orthogonal projection on E7 is well defined in the Hilbert space W and we denote
it by py. The tangent space at j is endowed with the induced metric by W, namely
|w|r, = inf{|w|w|p(w) = w}. Thanks to the projection theorem on closed convex
nonempty sets in Hilbert spaces, there exists a unique w € W such that p(w) = w and

|0|1; = |w|w.
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Definition 8. The geodesic distance between two images jo and jy in L*(U) is defined
by,

1 .
. d , .
d(Jo, J1) = mf{/ |p1(d%)ywdt |1 € Cp,([0,1], L2(U)), Io = jo, I = j1 }, (3.25)
0

with C},,([0,1], L*(U)) is the set of piecewise C* curves in L*(U) (as naturally defined

from C' curves).

A geodesic is a C! curve which minimizes the distance introduced above. It can be
proven (Theorem 6 in [[TYO0S]) that there always exists a geodesic between two images if

the space of vector fields is admissible.

Theorem 21. Assume that the space of vector field V' is compactly embedded in C¢ (U, RY),
and let jo, j1 € L*(U) be two functions then there exists a C* curve I of length d(jo, j1)
with Iy = jo and I = j;.

3.3.2 Geodesic equations and existence result

The geodesic can be characterized by studying the variation of the energy of the geodesic
with respect to the variables (v, z). It is done in [TY03]] by first studying a variation with
respect to the photometric variable z. The first characterization obtained is that if a C'!

path is a geodesic then it can be written such that:

Iy =Tyo¢uo+ 02 [) 2,0y ds,
2t = 200 Pt Jac(gbf’o) , (3.26)
(v, 2¢) = pr(%F) -

To understand the last condition in system (3.26)), we need to introduce two operators that

characterize the action of the weak derivative of I.
Definition 9. Let I € L? be a function,
1. The operator V1 : Dy +— L%(U,R) is defined by
Dy :={v e V|IC, s.t.Yu € CZ(U,R) (I, div(uv))2| < Clul2},
and for any v € Dy, V1.v is the unique element in L*>(U,R) such that,
(Vriv,u)e = (I,div(uv))e2
forany u € C(U,R).
2. the adjoint operator D} : D} — V is defined by
D% = {u e L*(U,R)|3C, s.t.Yv € Dy |(Vv,u)s| < Clo|y},
and for any u € D7, D}.u (or Viu) is the unique element in Dy such that,
(Diu,v)y = (u, V5.v)e

foranyv € Dy.
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The last condition in (3.26) (v¢, 2;) = p(%) is equivalent to 2, € D7, and vy — Viz €

D7,. To complete the system of equation (3.26) we need to differentiate with respect to

the vector field variable v the energy of the geodesic which can be written, using the first

two conditions in (3.26):
—Ipo 2
/\vs\vds—l— / . ¢ o (3.27)
fo Jac( 1ds

In the article [TYO05], the differentiation was done with the additional assumption that

Iy is H'. By our previous work in Chapter [2| we can relax this assumption to take into
account discontinuities for the initial image as well as discontinuities for the target image.
We will assume that Iy and I; belong to Im(U) (seed definition [7). We will see that the
last condition in (3.26) is always satisfied for extremals of the geodesic energy €. This
last condition will be replaced by the equation obtained when differentiating which

implies the last condition. We first prove the semi-differentiation Lemma,

Lemma 16. The geodesic energy F(v) is semi-differentiable with respect to the vector
field v € L*([0,1], V) and we have for F. = F(v + ¢h),
d ! ! Ad ¢1 t
- 3'5 =2 <’Ut+KDItZt,ht>th+ <KD(IOO¢t0)( —Zt),ht>vdt.
de |e=0. 0 0
(3.28)
with H = — [} Adg, hydt = [} (dpy1hy) o ¢1 4.

Remark 10. In the Lemma the notation z:l doretl stands for the quantity defined in
the previous Chapter [Zt]Adm,tH

In the equation [3.28} we distinguish between the linear part and the non-linear part (re-
spectively the first and the second term on the right hand side of the equality).

Proof. The first term is quadratic and its derivative with respect to the time dependent

vector field (h¢) € L2([0,1],V) is
1
2/ (vg, hs)ds.
0

To study the second term, we introduce the quantity ¢; in order to simplify notations,
¢
i i= [ Jucteq)as.
0
Iy =1Iyo ¢+ 0’ zqf (3.29)
1 1
H = —/ Ad¢t,1htdt = —/ (dgbt,lht) O gbl’tdt.
0 0

|Il I O¢v+eh‘2
u+shd

1

We differentiate the second term denoted by U := —3 fU . We use the

@
Theorem [I5]to differentiate this expression,

4
d€|8:0+

1
d
UE :/ /<2D(IO © ¢¥70),Z¥Ad¢t7lht> —/ 2|Zl|2 [Jac(¢”+5h) ]d.ﬁU dt.
0 U
(3.30)
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The first term in equation (3.30) can be rewritten as with the change of variable u =
¢1,+(z) and the identity z; = 21 o ¢§71Jac(¢§71),

/ (2D(I 0 630, 21 Adyy ) = / (241D (To 0 8Y9) 0 ¢ 1, Jac(dl 1)l o drhe),

(3.31)
= / (2D(Io o ¢ ), Jac(¢y1)21" o du1he), (3.32)
/ @D (I o 61g).z " ha), (3.33)
= 2KD(Ipo ¢%g)z " i)y (3.34)

Note that equalities (3.32) and (3.33) use respectively Lemma 4] and remark [5|in Chap-
ter 2] From now on, we just mimic the proof in [TY03] using the additional assumption
I, I € SBV(U) which implies that z; € SBV(U). The second term involves the deriva-
tive of Jac( er6h) . We recall that the Jacobian of the flow verifies the following ODE

in the smooth case,

0 . v v
g‘]ac(gb&t) = div(ve) o ¢ 1Jac(¢p )

This equality is also valid a.e. if v; € L?([0, 1], V) and consequently we have,

Jac( U+€h) = exp [— / div(vy, + hy) © ¢”+Ehdu . (3.35)
t

d
S Jac(9p ™)) = Jac(er,)” [ / div(ha) © dru — Jac(f,) " (Vay Jacgf, ™ hu o 67, )du

The second term of equation (3.30) can be rewritten,

/ / o 21 L [Jac(5) e di = /0 (@)l div(h)z — (17l (Vgl hu))ad,

1
1
_ / (292l + D2V, hu)ad.
0

Finally, we get injecting the two preceding results in[3.30}

d

1 Adg, H
o Vo= [ 20EDU0010)5" " i)y -+ (K294 + DRI, bt
e=04 0

(3.36)
To simplify this equation (3.36) we recall that the pairing (Df,g) if f,g € SBV(U)
is defined as (D f, %) with the 0 the null vector field defining g on the sump set of f.
Actually, ¢" is nothing else than the precise representative of g. As used in Theorem
remark that Dz2 = 2z,Dz, which enables to develop the last right hand side term in

equation[3.36]

We use also the following decomposition of the distributional derivative

DI; = D[Iy o ¢}o] + 0°Dzq) + 0°%Vq;
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to decompose the equation in a linear part and a ’semi-linear’ one as claimed,

4
de le=04

1 1 Adg, H
Ug = / 2<KDItZt, ht>vdt + / 2<KD(I0 o QSZU)(Zt 1t — Zt), ht>vdt
0 0

O]

In the identity (3.28)), the second term boils down to an integration on the jump set of
ig © ¢ since outside this jump set, we only need to take into account the dense part

d¢1,tH

definition of z, — z¢ which is null. Applying the projection Lemmato the semi-
differentiation (3.28) (or on the formulation (3.30) as well), we obtain the existence of Z

which is a bounded Borel function defined on Jy, the jump set of I such that,

v+ KDz + KDS[IO o ¢§70]Z0 o ¢f7OJaC(¢t70) =0. (3.37)

The last term can be also written as,
K D[y o ¢} ] Zo o dppJac(éro) = KAdg: (ZoDIo),

which is a transport equation of the singular part. The characterization v; — V7z; € Dllt
is fulfilled and z; € D7, is clear since L>°(U) C D7,.

As a consequence,

Theorem 22. The geodesic equations on SBV (U) are given by,

Ii = Ipo ¢+ o? fot Zg O d)f’sds,
2t = 20 0 ¢10 Jac(qﬁjio) , (3.38)
v+ KDIz + KAdqﬁZO(Z()DSI()) =0.

Now, Theorem 7 in [TYO03] says that the initial data (I, zo, Zp) uniquely specify a solu-
tion for the system (3.38)) under smoothness assumptions on the RKHS of vector fields
(namely V needs to be 3—admissible). Moreover the solution is defined for all time.

To sum up at this point, endowed with this geodesic flow the space SBV (U) is com-
plete in this sense: between two images, there always exists a geodesic between them and
geodesics are defined for all time. Now, the last result in [TYO0S5]] which motivated the
paper was the injectivity of the exponential map restricted on H'(U). We will see in the

next section that it is no longer the case in SBV (U).

3.4 Simple examples

We aim to prove with a simple example that in the case of metamorphoses, the exponential
map may not be injective on any neighborhood of a well-chosen image. This example
shows that the introduction of discontinuities can lead to a non trivial complication of
the geometry. Yet there is room to add conditions on the template to reach the injectivity
of the exponential map. This example is based on the simple idea of exploiting the two

different ways of transformation: the geometric deformation and the photometric one; the
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discontinuities allow fine situations that can not take place in the continuous (H!) case.
Then it can be reproduced at any scale to obtain the counter example to the non injectivity
of the exponential map exactly as for the case of an infinite product of spheres with radius
decreasing to 0.

One of the simplest case to deal with is the matching between two characteristic functions
of an interval. Let us denote by 1), ,( the characteristic function of the interval [z,y] €
R, we will also write B(z,0) =]z, y[ the Euclidean ball in R. Let zyp < z; € R be
two distinct points, we denote by d(zg, z1) the Euclidean distance. Let us consider a
translation invariant kernel (such as the Gaussian kernel), there exists rg > 0 such that if
x,y € Rand d(x,y) < ro there exists a unique geodesic between x and y for the metric
induced by the kernel.

If 21 € B(z9,70) then there exists a unique vector field vy such that ¢8?1(ZO) = 21 and
such that |vg|7, = fol |vo(t)]?,dt minimizes the deformation cost. This vector field is also

the unique minimizer of the matching problem (minimizing |v|2, for v € L*([0,1],V))

$6.1(20) = 21
¢0,1(20 +6) = ¥ (20 + ),

and this is valid for every 6 > 0. Moreover the distance d(21, ¢ (20 + d)) can be
controlled with the inequalities (1.4),

e VI2s < d(z, 081 (20 + 6)) < eVIlezg. (3.39)

We will study the metamorphosis problem between M1y, ., s (also denoted by (M, zp,0))
and M]l1217¢g?1(20+5)
tional F defined in (3.27). We will prove that for d(zp, z1) small enough, there exists

M > 0 such that the minimization of (3.27)) leads at least to two different geodesics. One

g To this end, recall that the geodesics are extremums of the func-

with a geometric deformation mode and the other with a photometric deformation mode.
The idea comes from the fact that when M is small, the minimizing geodesic will be
closed to a pure photometric transformation. For the case M large enough the minimiz-
ing geodesic will be closed to a pure geometric transformation. To be more precise we
define in this particular case of matching of step functions the photometric and geometric

type for a minimizing geodesic:

Definition 10. A minimizing geodesic between Iy = (Mo, z0, o) and I} = (M, z1,01)
is said to be of photometric type if Supp(Ipop1,0)NSupp(I1) = 0. Otherwise the geodesic

is said to be of geometric type.

For any couple of images Iy, I1, we associate the set of types of minimizing geodesics
(geometric, photometric or both).
We begin with simple inequalities on the energy function F. First remark that the min-
imizer ug of the metamorphosis problem for the two step functions verifies (for the pa-
rameter 0 = 1)

F(uo) < min(|vo|32, 20M?). (3.40)
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This inequality comes from the pure deformation solution associated to the cost \v0|%2
and from the pure photometric transformation associated to the cost 26 M 2.
Let us study a minimizing geodesic of photometric type between Iéw = M1y, .,+s and

M = M]l]a,wg?l(mmr We get the inequality:

L2+ |Ipo ¢? o |?
ol -+ 20%6(1 = sfuolz2) < 5(0) = ol + [ [+ [To o 6 o

. (341
U fol Jac(¢f )~ tds

where + is a constant which comes from the control of the Jacobian thanks to inequalities
on the derivatives of the vector field (we use here the 2—admissibility of the kernel) in
introduction [LT.Tk

1 —cfv[re < [Jac(gse)| <1+ clvfpz,

for a constant c if |v|;2 < €. Remark that this is the case thanks to the inequality (3.40) if
o2 < € since [v]F, < F(v). We also used (3.39) to control the integral of |1y o ¢ o|*.
We now change the parameterization to make things clearer. Let us introduce o > 0 such
that |v|2, = alvg|2, and B > 0 such that 2M/2§ = B|v|2,. The inequality (3:4T) can be
rewritten

o+ B(1 = 9lvol12) < min(1, B) . (3.42)

It implies o < (3y|vg| 2 and if we assume y|vg| 2 < 4 for N € N* we get

g
<
[OARS fV’
1
Na(l-—)<1
<1
(0% - .
- N

It means that the deformation has small energy if the supports of the final step and the

target one do not intersect. Choosing /N big enough, in the photometric case

d(z0,21)

5 (3.43)

(g1 (20 +0),21) =

We now give some inequalities in the case of a minimizing geodesic of geometric type.
Thanks to inequality [3.39] we have for § small enough

d(ZQ, Zl)

d((¢0,1(20), 21)) < ==

Observe now that when M is relatively big enough, a minimizing geodesic is of geomet-
ric type otherwise it would contradict (3.42). And if M is small enough, a minimizing

geodesic is of photometric type thanks to the same inequality.
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We denote by P the set of real numbers M such that every minimizing geodesic between
Ip and I is of photometric type. We have proved that P contains a neighborhood of 0.
Consider My = sup{M |]0, M[C P}. By the remarks above 0 < My < oo. We aim to
prove that for M there exists at least one minimizing geodesic of each type.

The distance induced by a Riemannian metric is continuous, then it implies that

lim F(M) = F(M
i, F(M) = F(Mo)

(where (M) denotes the minimum of F for the metamorphosis problem between I} and
IM). As there exists at least a minimizing geodesic for Mj, it is sufficient to prove that
there exists a minimizing geodesic of the other type. We can face two cases according
to the known type (photometric for instance) of a minimizing geodesic for Mj but the
argument will be the same: there exists a sequence M,, — My such that the geodesic is
of the other type (geometric for instance). By lower semi-continuity of the functional and
weak compactness of balls in L2([0, 1], V) there exists vy such that

F(vo) < liminf F(M,,) = F(Mp),

n—oo

up to the extraction of a subsequence. Hence we get F(vg) = F(Mp). In our case
(geometric type) as the supports are closed sets, to be of geometric type for a minimiz-
ing geodesic is a closed condition. Hence the vector field vg gives rise to a minimizing
geodesic of geometric type.
In the other case we would have needed to take a limit of photometric geodesics. This
condition is also closed thanks to the inequality [3.43] Last, thanks to the inequality [3.42]
we have necessarily

2MES < |vol3s . (3.44)

A lower bound could also have been given.

Everything is done to reproduce this case at smaller scales since this inequality remains
true if [vo|z2 — 0. As the cost of the initial deformation |vg|2, goes to 0, My goes also
to 0. It enables the control of the BV norm of our counter-example.

An example of function in which the exponential map is non injective is the following,

F= miljygi 1 (3.45)
i=1 ’

with m; corresponds to the My defined above if it exists and m; = 1 otherwise. We have

in particular using the inequality (3.44))

o [ee] 1
=2 ; < 2 - < 0.

We do not give details but only the ideas to prove that f is actually a counter-example to
the local injectivity property of the exponential map. The Gaussian kernel being fast de-

creasing, for ¢ large enough f behaves like a point on a product of Riemannian manifolds
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and the cut locus of each projection (i.e. each step function mi]l]?f?,zi +2 [) gets smaller
and smaller.

This counter-example uses the fact that R is not bounded. Yet the reader can convince
himself that same examples can be found on a bounded domain and it can be obviously

generalized in every dimension.

Despite this counter-example, we can hope for a more positive result adding some as-
sumptions on the template (the initial image /). Adding some smoothness assumptions
(H') was a way to obtain the injectivity. However if the discontinuities of the template
are large enough (pointwisely) it does not seem difficult to discriminate between the pho-
tometric transformation and the geometric one around a point of discontinuity.

We have the following proposition

Proposition 14. Let € > 0 be a positive real number. If f is a piecewise Lipschitz function
on [a,b] C R then there exists a neighborhood of 0 such that the exponential map exp f
defined

expy : L(Jy) x SBV(U) N L* — SBV(U)
1
(Zg)~ fodrato® [ g.o6ds
0
(with ¢, and g¢ characterized by system (3.38)) is injective.

Remark that the condition on the size of the jumps of the function f is implied by the

Lipschitz hypothesis.

Proof. Let wy = (Z,,94) and wy, = (Zy, g) be two initial conditions and ¢® and ¢ be
their associated flows with underlying vector fields v and ©.

Let us define ¢ = min{|js(z)|; « € R}. Since the number of discontinuities is finite we
have ¢ > 0. We obtain | exp (tw,) — expy(twy) o ¢§ ;B > 2eHO(S) for S = {z €
i | (v¥(x) — v°(z),j¢(z)) # 0} and ¢ small enough (here we use the fact that the jump

set of f is a finite number of points). We get
vd — b € ch‘,

hence we have Z, = Z, if the there exists w,, wy, such that exp ;(tw,) = exp(twy).
Thanks to our semi-differentiation Lemma and the fact that v, — v, vanishes on the jump

set of f, we have

| expy(twa) — expy(twy) 0 654|722 ~ Ctlga — gol7:
! ! :

with C' a positive constant (see Lemma 5 in [TYO0S5]]).
It gives the result when t — 0. O

We guess that this proposition can be extended in any dimension. An additional assump-

tion such as inf{|j¢(z)|; € J¢} > e > 0 should turn the proof easier.



Chapter 4

Hamiltonian formulation of image
matching

Contents
4.1 Heuristic derivation of the Hamiltonian formulation| . . . . . . . . 80
(4.2 The case of discontinuous images|. . . . . . . ... ..o 83
4.3 onclusion| . . . . . . i it e e e e e e e e e e e e 89

In numerous papers on large deformation diffeomorphisms, the Hamiltonian framework
arises. The simplest example is probably the Landmark matching problem for which
the geodesic equations and the Hamiltonian version of the evolution are well known
(IVMTY04],[ATYO0S]). Our goal is to provide a Hamiltonian interpretation of the ini-
tial variational problem in the case of discontinuous images. The first step was done in
[GTLO6] where Hamiltonian equations were formulated on closed curves. Our work gen-
eralizes this approach to the space of images. We use the point of view of the optimal
control theory (as it is developed in [ATYO0S]) to formally introduce the Hamiltonian.
The first section presents the heuristic method to find the Hamiltonian via the Pontryagin
maximum principle. Then, we state a weak Hamiltonian formulation of the equations ob-
tained by the variational approach for the model developed in We prove uniqueness
for the solutions to these equations. At the end of this section, we discuss the existence
of solutions with the help of the existence result in proposition[I3]

The weak Hamiltonian system is written on piecewise Lipschitz functions, yet such a
function is considered as the superposition of several functions having in mind the intro-
duction of a multilayer approach. This general formulation could be extended to other

matching problems of interest.

4.1 Heuristic derivation of the Hamiltonian formulation

We present here a heuristic approach which was a motivation to prepare the derivation
of the Hamiltonian formulation in the case of discontinuous images. As recalled in the
introduction (chapter [I)), the Hamiltonian formulation is well-known for the case of land-

marks (proved in [I.3)) and was developed recently for the case of curves ([GTLO6]). In

80
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the case of landmarks, the derivation of the equation can be done from an optimal con-
trol point of view as said in [ATYO0S]. In [GTLO6], the optimal control point of view
is not followed. One obstacle is the infinite dimension of the space, which makes the
generalization of the Pontryagin maximum principle not straightforward. Despite certain
generalizations in infinite dimension, we prefer to stay at a heuristic level and to properly
derive the Hamiltonian formulation in our context. Recall that we gave an overview of
the Hamiltonian formulation in the case of smooth images in the introduction [I.3]

In all the three cases (landmarks, curves, images), the objects on which acts the group of
diffeomorphisms lie in a linear space. Let () be a Banach space (the space of objects) and

P its dual. Let us introduce the action of Gy on @),

Gy xQw—Q
(#,q) — ¢.q

For the landmark case, if x = (z1, ..., x,) represents the group of landmarks, the action
is defined by ¢.x = (¢(x1),...,d(xy)). We assume that the action is differentiable in

the following sense, there exists a map

VXQ|—>Q
(v,9) = v.g

such that for any v € L?([0,1], V) we have

d
a[%,t-tﬂ = v.[o,t-q] ,
1
g = . .qldt.
®0,1-q Q+/0 vg.[¢0,t-4]

The problem of matching two objects is to minimize the usual functional

1 1
2/ ve Y dt + G(Bo,1-905 Grarg) » 4.1)
0

with G a matching term. Once we know the existence of a solution vy, it minimizes the
energy & fol |v¢|2, dt with fixed endpoint $6.1-90 = Pp'1-qo0- Before formally applying the
optimal control theory, we get a little more general by assuming that we are interested in
the solutions of the minimization of:

inf 1 fol v |2dt

q(0) € My 4.2)

q(1) € M,

with My, M, two subsets of () with tangent spaces at a point ¢; € M; denoted by 17, M;
for ¢« = 0, 1. The case of My and M; can be found in the case of curves considered up to
reparameterization. The functional (.T) may be invariant for the action of the group of
diffeomorphisms of S; and we aim to retrieve orthogonality relations for the momentum

from the Pontryagin maximum principle (JASO4], [Tré05]).
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With P the dual of @, the control on g € @ is v € V with an instantaneous cost function
%|v %/ and we have ¢ = v.q. Then, the Hamiltonian system associated to this minimiza-
tion is

H(p.q.0) = (pv.)pg — 50,0} “3)
Before minimizing in v, we need to assume that

V—R
v = (p,0.q) PxQ

is a continuous linear form on V for any p, ¢ € P x @ (hypothesis (H1)).
For example in the case of landmarks the hypothesis (H1) just says that the pointwise
evaluation on V' is continuous, i.e. V is a RKHS of vector fields.
Then, by Riesz theorem it defines an element in V* that we denote p ¢ ¢ defined by the
equation:

(P, v.q)Px@ = =(PO @, V)vexv .
As far as we know, this diamond operator was introduced in this domain by D.Holm and
L.Younes. This notation appears naturally in [HTYOS|] when deriving the Euler equations
once the metamorphosis problem is re-casted into an Euler-Poincaré variational frame-
work. It is also well exlained and used in [CH]] for the application of the Clebsch method
to EPDiff.
The second term of equation (4.3)) can be rewritten as (Lv, v)y«xy. Then, at a minimum

we can differentiate in v to obtain

poq+ Lv=0,

v=—K(poq).

Hence, the *'minimized’ Hamiltonian is,

1

1
H(p,q) = (poq, Kpo q)vxv — 5<v7v>v = §(p<>q, Kpogq). (4.4)

The Pontryagin maximum principle says that a minimizer of the problem (4.2) verifies

the following Hamiltonian system

q = 8pH(p7 C_I) 9

with orthogonality conditions
p(0) L Ty
p(l) 1 Tq(l) .

At this point, we need to give a sense to 9,H (p, ¢) in (4.5). Assuming that ¢ — (p,v.q)
is differentiable for every ¢ € @, we write 6¢ — 0,(p, v.q)(dq). In addition, we assume

that 9,(p, v.q)(dq) is a linear form on V' (hypothesis (H2)) that we denote

9q(p,v.9)(dq) = —(94(p© q)(6q), v)v=xv .
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The differentiation of H (p, q) is now clear,

9¢H (p,q) = (9y(poq), K(poq)).

The second hypothesis (H2) says that the pointwise evaluation for the first derivative of
the vector fields is continuous on V. In particular, if V' is admissible this condition is
fulfilled.

Let us detail the case of curves following the point of view adopted in [GTLO6]. We
consider generalized closed curves i.e. we will work on Q = L?(S1,R?). Of course,
this framework can be extended to Q@ = L?(M,R%, ;1) with M a compact Riemannian
manifold and p its associated measure, for instance M = S,, the n dimensional sphere or
M = T, the n dimensional torus. The action by Gy is simply the left composition on ().
The map on V' x () induced by the action of Gy is also the left composition with v € V:
(v, q) + v o q and the hypothesis (H1) is verified if V' is an admissible space of vector

fields since:

/M<U(Q(S)),p(8)>du(5) < [plrefv o glre < plr2|vlco v/ (M)

The second hypothesis (H2) is verified in this case too replacing v by dv. Remark that
[04v © q.8¢ = [dv 0 q](8q) € L*(M,R?, p).

The transversality conditions are interesting in the case of curves considered up to repa-
rameterization. If the initial curve ¢y and the final one ¢; are smooth enough the action
of the diffeomorphism group of S; gives tangent vectors at ¢; for ¢ = 0,1. Let w be a
smooth vector field on St if ¢ is the flow generated by w, we have %t:0¢t(x) = w(x)
then,

{s— w(s)ci(s)|w e X>®(S1)} C T, .

The orthogonality condition says that p; L T¢.,; and considering all the choices for w (any

smooth vector field on S7) we obtain that
(pi(s),ci(s)) =0a.e.s € 8.

The case of images does not belong to this framework since the differentiation of ¢t —
Li=1Io0 gba’% leads to (VI,v) € L?(U) if I is H' (see the geodesic equation for smooth
images derived in [1.2.2). Hence this path is not differentiable in H' but only in L2.
However we can hope for a weak formulation of the Hamiltonian system as showed in
[[.2.2] Assuming I to be a SBV function, we would get by differentiation of the path
t — I; a Borel function defined on the jump set of I, J;. It means that the deformation
of jump set J; can be identified and consequently the jump set should be treated as a

variable position.

4.2 The case of discontinuous images

Since this Chapter is devoted to the Hamiltonian formulation of the model presented in

section [3.2] we will keep the same notations. In the whole section, we maintain our pre-
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vious assumptions on the kernel for the existence of solutions for all time of proposition

3l

4.2.1 Weak formulation

In this paragraph, we present the approach of decomposing an image in "more simple
parts". Let I be a piecewise Lipschitz function. Let us introduce the position variables.
We will consider in the following that the discontinuity boundary is one of the position
variables. Instead of considering the function I; as the second position variable (that
would be redundant), we introduce a product space which can be projected on the space
Im(M). Let (Uy, ..., U,) be a partition in Lipschitz domain of M (to be less demanding,
we could take the partition introduced in remark . We denote by ¥y = U} ,0U; the

union of the boundaries of the Lipschitz domains. We consider the projection:

p:[[wh>(M) — Im(M)
=1

(Ii)iil,...,n — [ = ZIZ].UZ .
=1

Of course, we could have treated this case adopting only I; as position variable, but we
find the idea of decomposing an image into more simple parts rich enough to be studied.
Observe that X is endowed with an important role in the definition of the projection: to
write down a Hamiltonian system on the large space, we need to introduce the deforma-
tion of Xy and the deformation of each function in the product space. We will derive the
Hamiltonian equations from this optimal control problem: (the position variable is () and

the control variable is U, ¢(U) is the instantaneous cost function)

Q = (Qi)o<i<r = (B, (IN1<i<r) € L' (Zo, M) x WHe(M)",
U=(v,s) eV xS,

Q=f(Q,U)=(voQ" (—(VQ",v) + 5(Q"))1<i<r) ,

o(U) = 3o} + 51sf} .

The cotangent space of the position variable contains F' = L (X, R") x L*(M,R)". We
write the formal minimized Hamiltonian of the control system on the subspace F', with
PcF:

T
HP.Q) = min [ (A@). Qu(@)dus, @)+ Y [ P@)Qiw)dn(z) - ().
I —1 /M
l 4.5)
Minimizing in U, we obtain optimality conditions in (u,v) a minimizer such that for any

perturbation (dv, ds):
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Moso) = [ (P5veQdus, — 3 [ PV e,
0 =1

B(s,ds) = ;/MPlés(Iz)du

Using the kernel, it can be rewritten,
() = [ M@, )P @i () | @ )P @)Y @)inte).

- Z /M ks(Qi(x), ) Pi(z)dy.

We deduce the expression of the Hamiltonian,
HPQ) = il [ Pk (@), Q) P ), ()b )
+ [ ] P Ve ks 0)9Q @) P @)du(a)duty
~ 2y / /E W)k (Q(y), 2) P (2)V Q' (@)du ) dpysy (1)

1<i<r

DY / / Pi(y)ks(Q7(y), Q' (2) P (2)dp(x)du(y) .

1<4,j<r

Now, we want to give a sense to the Hamiltonian equations, V i € [1,r]:

QY = 0poH (P, Q1)(.),

Qi = 0piH(P, Q) Vi€ [1,1],
Pto = _8Q0H(Pt7Qt)’
Pi=—0qiH(P;, Q) Vi€ [l,r].

A4.7)

These derivatives should be understood as distributions, for ¥ € C5°(M,R) and u €
C§° (M, R™) and with the notation introduced in (4.6), V i € [1,7]:

o H(P,Q)(u) = /Z (0.0 Q(y), u(w))dps, (v)
OmH(P,Q)(V) = /Mwy) (5(Q (1)) — (), VQ'W))) d(y)
Do H(P,Q)(u) = /Z ([d0] g0y (u(9)). PO @) dapsy (4)

I H(P,Q)(¥) = /M‘I’(y)[dS]Qi(y)Pi(y)—<v(y),Pi(y)V‘1’(y)>du(y)-

Remark that only the last equation really needs to be defined as a distribution and not as

a function. Now we can give a sense to the Hamiltonian equations in a weak sense:
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Definition 11. A map x € C°([0,T], L' (X0, M) x W1 (M) x L} (X, R®) x L* (M, R)")
is said to be a weak solution if it verifies for ¥ € C3° ([0, T)x M,R) and u € C5°(]0, T x
M,R™): (we denote x(t) = (Q4, P).)

T T
/ / —atq/Q;‘dudtz/ Opi H (P, Q) (W) di Vi € [1,7],
0 M 0
T ' T
/ / —8t\I/PZdudt:—/ g H (P, Q) () dt i € [1,7],
0 M 0
T T
| [ o Qs de= | opot (P i) de
0 Yo 0

T T
/ / —du Pdpys,dt = — / dgoH (Py, Q) (u) dt
0 >o 0

4.2.2 Uniqueness of the weak solutions

In this paragraph, the uniqueness to the weak Hamiltonian equations is proven and the

proof gives also the general form of the solutions.

Theorem 23. There exists at most only one weak solution x verifying x(0) = (Qo, Py).
Moreover, if this solution exists, there exists an element of L*([0,T],V x S) which gen-

erates the flow (¢ +,m0,¢) such that:

Q?(.’L’) = ¢0¢(.’IJ),$ S EO:
Q%(U/) = TMo,t© Q6 © gbt,ﬂ(u)v u ¢ ¢0,t(20)7i € [Oa n] ;

Pl(z) = dlpoy " (Fy(x)),x € %o,
Pi(u) = Pjodro(u)lac(dro(w))dnolgiw,u & do:(So) -

Proof: Let x be a weak solution on [0, T'], we introduce

teu() =5 [ HQI@. IR @)ds, (o Z / kv, )P () V@i () dn(z),

which lies in L?([0, 7], V). This vector field is uniquely determined by the weak solu-
tion. Thanks to the result recalled in introduction (chapter 2] section[I.1)), we deduce that
G0,:( fo vs(¢s,0(x))ds is well defined. We introduce also,

t'—>8t Z/ k?SQt () (x)

The flow of 7 is defined as well, 7y (z) = fo sr(nro(z))dr. Introducing Qi(z) =
74,00 Qo ¢o,t(x) for i € [1,7], we obtain with Sy on; o(x) = Oneo(x) and Vi 0 g4 (z)
0o t(x):
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—O v nt,0 © Qi © ¢0,tdﬂdt

T ~
/ / —0¥ Qydp =
0o Jm

=10 © Qi [0:W] o ¢y pJac(pyo)dpdt

(Si(Q)— < VQi, Vi > +dno(Qi 0 ¢o,))¥ dpdt

(S (@QD)— < VQi, V> +

/L,
[,
_ /O ! /M 00 QL ([T 0 dro]— < VU 0 bro,vr 0 ro >)ac(dro)dpudt
|,
L,

— < VQ' 0o, v0doy > +5(Q" 0 doy)))V dpdt .

—

d77t,0

Thanks to the group relation of flows of vector fields:

St +dneo(siomot) =0,

the first and last terms vanish together. The remaining terms vanish too because of the

relations:

VQi = dop, (dno(VQ;o ¢ro))
v+ dpoi(Viogio) =0.

Then, we conclude:

T
/ / —0,0 Q! dudt = 0.
0 M

Introducing ¥ (¢, z) = A(t)y(z), with A € C*°([0,T],R) and v € C*° (M), we have:
Jo =N @y (@) Qidu)dt = 0, hence: [, 1(z) Qid = [, 7(x) Qidu, ie. Q) =
QL = Q}, and

Q) = 0.t © Qh o dro-
Pfogo,iJac(¢o,i(-))

d[nt’o]no,tOQé(J
because of the invertibility of the flow of s; and v;. Remark that

Now, we introduce for i € [1,7], P}(.) = , this quantity is well defined

ec@ol)_ g dif-
' b0l Loqi ()

ferentiable almost everywhere because () is Lipschitz on M. We want to prove that
I3 [y —0:% Bidudt = 0 with ¥ € C§°(M), which leads to: B} = P{ = Pi, and then

we are done.

To prove the result, we first use the change of variable y = ¢ +(z), this is a straightfor-
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ward calculation. We will also use the equality: d[nt0ly, ,(.)dn0(.) = 1.
T ~ T ~ .
/ / \IfatPt’ d,U,dt = —/ / P,fat\ll o ¢t,0Jac(¢t70) d,U,dt,
0o Jum

T
/ / \IiatPti d,udt == / at\ll @) ¢t 0 d,udt
o Jum M d[neolgic)

T . T o Pz
/ / \IfﬁtP; d,udt = / / Plat ¢t 0 ) + L < V\P|¢t,o7 —d¢t70(’l)t) >
0 M

dleolgiy”  dlmeolgy(y
+ Pi¥o br0 Or(d [UO,t]ngo’t)dudt,

The third term of the last equation (4.8)) can be rewritten:

T
/ / P}V o ¢y at(d[nO,t]Qéod,O’t) dpdt =
o Jum

T
[ [ P e ona (< Vidimilay). ~dora(en) > +dlsilogdimdggea, ) dur
4.9)

Now, we can apply the hypothesis on 9P}, the first term of the expression is equal to:

/T/ Pia( U o gy ) dudt /T/ Pi<V(\I’o¢ d[no.t] ) >
B Aol RO = 0a[10,t] Qi 09 )5 ¥
o Ju Tt d[ne0lgic, o Ju t t1Qjodo, /> Ut

W o dr0 d[no,t]giog  AlstlgiFr dud,

We have also,
1 .
/ / Py < V(¥ o r0d[no,tl giog,,) vt > dpdt =
0o Jum *

1
| ] P < dsia(F%,0). 01> dlilagom, + Fi < 463, (dimoilgg). v > dpt
0
All the terms of the equation vanish together, so we obtain the result.

ith PO(z) = 0.t z)and QY = 1.0 © (g, We get the result for the last two terms
With P? dlgo.)5 P dQy 00Q8 h 1t for the 1

of the system in the same way than the preceding equations, but it is even easier. []

Remark that we only need to assume the weak solution to be L? to obtain the result. Yet
we would need to give a sense to the initial condition with L? paths, that’s why we prefer

to deal with the continuity for weak solutions.

4.2.3 On the existence of weak solutions

For any initial data (Q, Py) does there exist a weak solution (deﬁnition to the Hamil-
tonian equations (4.7)? We can give a partial answer thanks to our previous work on the
existence of geodesics in section [3.2.2] The answer is only partial since the Hamilto-
nian system we are studying is a little more general than the situation which arises in the

variational minimization of the functional (3.1). We reformulate this result in,

(4.8)
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Theorem 24. Let (Ui, ..., Uy,) be a partition in Lipschitz domain of M, ¢ = U}'_;0U;.
For any initial data, Iy € WY (M)", Qo = (Zo,1y) and Py € L*>®(3g,R") x
LY(M,R)" such that Supp(P}) C U,, then there exists a solution to the Hamiltonian

equations which is defined for all time.

The assumption on the support of each part of the momentum is verified whenever the
cost function is invariant w.r.t. any variation of the image Q* on M \ U;. Remark that this
solution has the same structure than a minimizer of (3.I). In this case, the momentum
variable can be decomposed in two variables: one function defined on the whole domain
by P, = >_!_, P} and the momentum on the 3.

Now, what can we say about the existence in all time of the existence of weak solutions
in the general case (when we relax the condition on the support of P})? We guess that the
existence is somehow a by-product of the last section, but we will not give any proof of
such result.

In this context, a multilayer approach will take advantage of the decomposition of the
position variable in several functions. It seems interesting to explore the case where
several objects are identified in the image (even in the medical imaging case) with their
own mode of deformation. For example, a single object can evolve on a background and
we can assume that the background and the object have two different deformations. In our
optimal control point of view, the control is driven by two vector fields (vi,v2) € Vi x Vo
(the same for the contrast term) and we would have the open set U; of the object on the

background which determines the Lipschitz partition. Then, the control would be,

Q=f(Q.U) = (v10Q", (~(VQ",vi) + 5:(Q"))i=12)
The induced Hamiltonian system would be roughly the same but changing the kernel. A

variational problem that can be associated to this case would be

&= D(/d, (77(1),17 ¢(1),1))2 + D(Id, (773,17 ¢3,1))2
+ H77(1),1 o[@Qily,]o ¢%,0 + 773,1 0 [Q21y,] 0 925%,0 - Itm‘gHQLQ ; (4.10)

with Uy = M \ U;.

4.3 Conclusion

Summing up our work at this point, from a precise variational problem (minimizing the
functional (3.1))) we obtained generalized Hamiltonian equations, for which we proved
uniqueness of the solutions, and some results about their existence. This formulation may
have interesting extensions (multilayer approach) which do not increase the complexity
of this framework. Apart from a multilayer approach, the introduction of an other vector
field for the contrast is also a generalization to deal with multi modal matching, which is
the next step of the model. Before such developments, we need to implement the model

with adapted numerical algorithms.
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5.1 Introduction

Our aim is to better understand the statistical analysis of shape spaces. Studying the geo-
metric properties of an infinite dimensional manifold of shape spaces such as geodesics or
curvature is meaningful and was done in many papers in [Mic08], [MMOQ7] and [MMOG6].
These works will provide a better understanding of how to perform statistics on the
tangent spaces (see [Fle04]). At least it should give a restriction on the domain where
Karcher mean or other statistical quantities can be estimated in a sound way. This statis-
tical issue comes once the deterministic problem is solved: the minimization of a func-
tional which is the sum of a distance on the group of diffeomorphisms and a penalty
term. Yet this matching procedure can be motivated by a Bayesian approach as presented
in [DUMOS]: the rigorous asymptotic theory that connects the two procedures was de-
veloped very recently in [BDVO7|]. The point of view taken in that article is to study
the large deviations properties of stochastic flows of diffeomorphisms. However this ap-
proach does not lead to a generative model and study asymptotic deviations in small time.
The probabilistic foundations for this work are given by the properties of stochastic flows

of diffeomorphisms deeply developed in [Kun97]. The starting point is to interpret the

90



CHAPTER 5. STOCHASTIC GROWTH MODEL 91

minimization of the following functional

1
3(u) = / g2t + d(61.A, B) 5.1)
0

as a maximum a posteriori. In this equation, u; € L?([0,1],V) with V a reproducing
kernel Hilbert space of vector fields and d a distance on a class of objects provided with
an action of the flow at time 1 of the vector field. The first term in [5.1] should reflect
the likelihood of the transformation ¢;. If on the path of the flow (¢t)f,e[o,1] we assume
the prior to be modeled as follows: P((¢t):c[0,1)) ~ exp(— fol ||ue||3-dt), then as for the
Brownian motion, the random object associated to this prior is the stochastic flow defined

by,

t
¢t = / WS(OdS,gf)S(.’E)),
Ooo 5.2)
Wt = Z Bi<t>6i .
=0

In these equations (B;);cn are i.i.d Brownian motions, (e;);en is an orthonormal basis
of V' and the symbol o stands for the Stratonovich integral. If the space of vector fields
is smooth enough (regularity assumptions on the kernel), the proof of the existence of
the stochastic flow can be found in [Kun97] (Theorem 4.6.5). This approach gives a
probabilistic framework with non smooth trajectories with respect to the time variable: the
evolution of the shape for almost trajectory through the action of the diffeomorphism will
be non smooth almost everywhere in time due to the Brownian motion. We would prefer
a probabilistic framework for smooth evolution of shapes, which is closer to a biological
growth evolution. One important property of the model would be the smoothness (i.e. not
as rough as a standard path of the Brownian motion) of the trajectories. Such a growth
model could be somehow related to the approach of U.Grenander in [GSS07] but the most
important difference is that our approach is non-parametric.

Back to the deterministic equations of geodesics for the landmark case, it is well known
the equations can be written in a Hamiltonian form. To perturb this Hamiltonian system
has at least two interesting aspects: one is the numerical tractability of these equations (for
example [[CHO6] or [ATYO0S])). By introducing a white noise in this system, we expect to
keep its numerical tractability. Yet the main interesting feature concerning the modeling
aspect of our work is the physical interpretation of these equations. If we consider the
evolution of landmarks as a physical system of particles, it seems natural to introduce a
random force on their evolution: an additive white noise is added to the evolution equation
of the momentum. Integrating these equations, we will obtain an evolution with the
desired smoothness property which are perturbations of geodesics (evolutions without
perturbation term). This idea of perturbing the evolution equations with a random force
has been introduced for a long time in the stochastic fluid dynamics community ([BT73]).
Our stochastic system is a stochastic perturbation of Euler-Poincaré equation (EPDiff,

[CHO6]). And from this point of view, this work may have some relations with the study
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of stochastic perturbation of the vortex model ([AKO02], for a brief survey [SESOS]]). Yet
we do not develop these links in this work and we will focus on this model of growth of
shape as a good candidate to deal with a collection of shape evolutions at different times

and to perform statistical studies on these data.

We briefly recall the Hamiltonian equations, with the classical notations: for a system of
n landmarks in R, p is the momentum variable and ¢ is the position of the landmarks.
With k the reproducing kernel, the energy of the system depends on g and p: H(p,q) =
i >_i; Pik(qi, q;)p;j. We also denote the vector field v(.) = pk(q, .), dv(.) = pdk(g,.).
We need as for in the deterministic case a regularity assumption for the underlying vector

field Hilbert space.

Assumption 1. There exists a continuous injection of the Hilbert space V' of vector fields

into C1, i.e. |dv|s < K|v|y.

We also say according to Subsection that V' is 1—admissible. The stochastic differ-

ential system is:

dpy = —04H (pt, qi) dt + ed By, (5.3a)
dqt = 8pH(pt, qt) dt. (531’))

Here, ¢ is a parameter and B; is a Brownian motion on R%"* and we can think to the
kernel as a diagonal kernel, for instance Gaussian or Cauchy kernel. The notation 0, H
(respectively 0,H) stands for the partial derivative of H with respect to the first variable

p (respectively the second variable g).

We will first show in section [5.2] that the system [5.3] does not blow up in finite time
a.s. This is the first required property to develop our probabilistic approach. The second
essential property for this model is that there exists a limit model for continuously pa-
rameterized shapes such as for example closed curves in the plane. To this end we will
discuss in section [5.3] the extension of this simple model on landmarks to a stochastic
model of shape evolution: first in[5.3.1| we will detail a nice property of the deterministic
equations which enables us to get the convergence results of the landmark case to the
continuous case. Then in[5.3.2) we will derive the properties we need on the underlying
functional spaces to fit the convergence condition of our stochastic model and to get the
desired convergence results.

In[5.4] we will introduce the suitable spaces on which to study the stochastic system: the
shape space is closed to a Sobolev space on the Haar basis. We verify the required prop-
erties and the results are extended in any dimension.

The section[5.5]is devoted to the presentation of the cylindrical Brownian motion and we
give a brief presentation of the stochastic integral in infinite dimension. This section is a

self-contained presentation of the material we need to prove the convergence properties in
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section[5.6] In this section, we prove that solutions of the stochastic system on the shape
space are defined for all time and that the finite dimensional approximations converge
almost surely to the solutions of the infinite dimensional system using approximations
Lemmas developed in section [5.7}

In Section[5.8] we apply the previous results to the simplest model and we present some

simulations. The last Section describes possible extensions of the model and future work.

5.2 The landmark case

When ¢ is constant, there is no difference studying these stochastic differential equations
with the Ito integral or Stratonovich one. However, when we will deal with a general
variance term, we will use the Ito stochastic integral. From the theorem of existence and
uniqueness of solution of stochastic differential equation under the linear growth condi-
tions, we can work on the solutions of such equations for a large range of kernels.

Yet in our case the Hamiltonian is quadratic, and the classical results for existence and
uniqueness of stochastic differential equations only prove that the solution is locally de-
fined. Even in the deterministic case, this quadratic property can imply existence of
solutions that blow up in finite time. To prove that the solutions do not blow up in finite
time in the deterministic case (¢ = 0), we use the fact that the Hamiltonian of the system
is constant in time. By enhancing the deterministic case proof and controlling the Hamil-
tonian, we will prove that the solutions are defined for all time.

Thus, we introduce the stopping times defined as follows: let A/ > 0 be a constant and
TM:{tz()’ max(’qt‘a‘pt‘) ZM}7 (54)

let also 7o, = limps—.oo T 7as be the explosion time.
Differentiating H (piar,, , ¢tar,, ) With respect to ¢, we get on (¢ < 7p7):
e2nd

2

In the deterministic case the Hamiltonian is constant, whereas here the stochastic pertur-

dH (t) = 0gH (pt, q¢)dgs + OpH (pt, gt )dpe + dt.

bation gives
OgH (pt, q1)dqy + OpH (pt, qi)dpr = €0, H (pt, q1)d By -

TATM TATM TATM 52nd
/ dH(t) = / €<8pH(pt,qt),dBt> + / 9 dt,
0 0 0

2
E[H (prany aran,)] < H(0) + E(SdnT Arag) < H(0) + %dnT .

Now, we aim to control gixr,, using the control on dg; given by |0, H (pt, ¢t)|oo <

K V H(pta CIt)Z
TMAE TN
IQTM/\t‘ S ’(JO‘ + / KH(p57 QS)l/zdS S ‘q0| + / KH(Ps/\mp QS/\TM)l/2d5
0 0

Too AL
S At = ‘QO| +/ KH(pS/\TOO7qS/\To¢)1/2dS . (55)
0
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However, 0 < A; P a.s. and by monotone convergence theorem (recall that H is non

negative),
) tATM 1/
E(A;) = lim (|qo| + E </ K H (Dsaray» Gsarag) / ds> )
M—co 0
Also,
tATM 1/2 t 1/2
E H(ps/\'rMa QS/\TM) ds | < FE H(ps/\TM , qg/\TM) ds
0 0

Jen.

t t
Fub.
g / E (H(ps/\T]u7 qS/\er)1/2> dS S / E (H(ps/\T]\/[7 QSATM))1/2 dS
0 0

1/2

03169 \/i( /;(H(O) +62dns)ds> .56

We deduce

¢ 1/2
E(A;) <lqo| + KVt </ (H(0) + €*dns) ds) < ooand A; < 0o P a.s.
0

and as a consequence

lim sup |giary, | < 400 Pa.s.
M —oc0

We also control the evolution equation of the momentum as follows,

tATM

tATM
[Denra | < /O |0,H (ps, qs)| ds + |po + /0 edB; . (5.7)

Now we use the assumption |1{to control 9, H (p, q):
104H (p,9)| < [plldv(q)| < K|p|H"/?.

We rewrite inequality [5.7)and we use Gronwall Lemma [I8]to get:

tATM

tATM
|pt/\‘rM‘ < / K|ps| H(p87 QS)1/2 ds + \po + / edB; | )
0 0

UNT N ftATM KH(ps,q )1/2ds
|pt/\‘l']\/[‘ é |p0|+81ip’ gdBS| elo s:4s ,
u<t 0

u
Penry] < (\po\ + sup | / edBs |> oo 7 KH(ps,qs)'/?ds
0

U<tAToo

The first term on the right hand side |po| + sup,<iar.. | [y €dBs | is bounded by |po| +
sup,<¢ | [y €dBs| < oo Pa.s. and with inequationwe have that

eJo” T KH(ps,as) 2ds o p g o
Since on (7 < t) one has

]\/}Enoo maX(|Qt/\TM|, ’pt/\TMD = A/}linoo ‘pt’ = 00,

we deduce P(7o, < t) = 0 and 7o, = 400 almost surely.
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Remark 11. Note that the proof is the same if € would have been replaced by a bounded
Lipschitz function of (p, q). The local existence is ensured by the Lipschitz condition and

the property of non blow up is conserved thanks to the bound on ¢.
We have proven for the case e(p, q) = £Id,

Proposition 15. Under assumption(l] the solutions of the stochastic differential equation
defined by

dps = —0gH (pi,qe)dt + (e, qr)dBy
dqt = 8,,H(pt,qt)dt.

do not blow up, with ¢ : R™® x R™ — L(R"?) a Lipschitz and bounded function.

Proof. To extend the proof to the case ¢ a Lipschitz and bounded function of p and ¢, we
can prove that the preceding inequalities are still valid.

First, thanks to the Lipschitz property of € the solutions are still defined locally. The Ito
formula is now written as, on (¢t < T7)

1
dH (t) = 0qH (pt, qr)dqs + OpH (pt, q¢)dpy + itr(gt(pt, q)e(pe, qr))dt,

We still have the inequality (5.3) with tr(e’(ps, q¢)e(pe, q¢)) < Clel%, (C is a constant

which only depends on the chosen norm on L(R"%)) and |(p, ¢)w|? < C|e||w|oo>

TNATM TATM TATM ’5‘2 nd
/ dH<t) S / <8pH(pt7qt>7€(pt7qt)dBt> + / o dt7
0 0

2
0
E[H(T N1yr)] < H(0) + E(%e\godnT ATar) < H(0) + Clel2dnT.

and all the remaining inequalities follow easily thanks to the control on H and the bound

one. O

The first comment is that this model perturbs the trajectories of the deterministic system.
When ¢ — 0, the solutions of the system [5.8] converge to the corresponding geodesic
e=0.

5.3 On the limit of the stochastic model

Our aim is to design a model for growth of shapes. We need to have a consistency property
to extend the model to continuous shapes. Has the model got a limit when increasing
the number of landmarks? The kind of properties we are looking for is inspired by the
deterministic case developed in the previous Chapter d] We will detail a very simple but
important convergence property of the deterministic case in[5.3.1] Then, we will discuss
in informally the kind of properties we need to pass to the limit in the stochastic

system.
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5.3.1 On the deterministic case of curves in the plane

We develop a consequence of the Hamiltonian formulation of the equations originally
written in [GTLO6]. This point was not explicit in the article. This paper presents a
proof of the existence in all time of the geodesic equations based on the Hamiltonian
formulation and using the Banach fixed point theorem. We briefly recall the Hamiltonian
formulation. The space of closed curves is the Hilbert space H = L?(S;,R?). The

moment variable should lie in the dual space of H, identified to H. This Hamiltonian

system
aqH(met) = —pt(-) g alk(Qt(-)7Qt(8))Pt(8)dS7 (5.8a)
Ol ) = [ K@) als)m(s)ds (5.8b)

has solutions for all time for any initial conditions (pg, o) € H?. The proof is close to
the one presented for the case of landmarks in Section[5.2]

An important and simple remark is

Remark 12. The ODE (5.8)) conserves the common structure of p and q: if p and q are
both constant (in space) on an interval (resp. a measurable set on S1) then the solution

(p, q) will be constant on this interval (resp. on this measurable set).

The consequence of this remark is that the landmark case is a special case of the ODE
(5.8). Consider the n dimensional subspace of H forn > 1, G, = Vect;g|g n—1) (1[#%[),
then G,, is one candidate to describe the trajectories of n landmarks, taking initial con-
ditions in (po, o) € G, X Gy. It gives also a convergence property by the continuity of
solutions of a Lipschitz ODE system. With stronger assumption on the convergence of ¢"

but still the same assumption on the convergence for p™, we obtain strong convergence of

n

q".

Proposition 16. Let (pg,q)) € Gy x Gy, be initial conditions for the system with
limp oo (P, @0) = (p,q) then, the solutions (pf,q}') converge in H x H to (p,qt)
uniformly for t in a compact set. If limy,, .~ ||¢" —¢l|co = 0 then limy, 0 [|¢ — qt]|oc = 0

uniformly for t in a compact set.

Proof. The first fact is the direct application of the continuity theorem for the Banach
fixed point theorem with parameter. For the second point, remark that the L? convergence
implies the L convergence of the vector field v(.) = [q k(. q:(s))pt(s)ds on every

compact. O

5.3.2 Toward the stochastic extension

Back to the stochastic Hamiltonian system, it shows a natural limit of the system[5.3]when
increasing the number of landmarks: the Brownian motion in the system (5.3) could be

interpreted as the projection of a cylindrical Brownian motion on L?(S1, R?). A white
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noise on the particles can be extended to a white noise on the parameterization of the
shape. Though the white noise on the parameterization space may not be a white noise on
the shape (geometric). This is the reason why we will introduce a variance term to account
for white noises with respect to a different measure than Lebesgue measure (which are

white noises after reparameterization, see[5.8).

Let us first discuss this extension from a heuristic point of view.
We give a short definition of the white noise on H = L?(S1, i, R?) with p the Lebesgue

measure. We will come back on this definition later on.

Definition 12. Let (B%)5 be a family of independent real valued Brownian motions and
(ei);;og an orthonormal and complete basis of H a separable Hilbert space. The process

B, = ;Og Bie; is a cylindrical Brownian motion on H.

Our approach leads to the following equations,

dpe = —[pt g Onk(at, qi(s))pe(s)ds)dt + edBy, (5.92)
dgr = | /S k(qt, qi(s))pe(s)ds]dt. (5.9b)

There are important issues in the structure of this system to be discussed. We study
these Hamiltonian equations (5.9) with ¢ € @ and p € P for (P, Q) some undefined
Hilbert spaces. This study will give informations on candidate spaces P, () to develop
our approach.

The first property is () to be as ’big’ as possible. Especially, we want () to contain

piecewise constant functions to account for the landmark case as described above.

Property 1. Piecewise constant (on some finite partition of Sy in intervals for instance)

functions are contained in Q.

The quantity [ k(.,q:(s))pi(s)ds (in equation (5.9)) does not mean anything on the
space P, (). However, it is still correctly defined for piecewise constant functions or L?

functions. Hence a natural hypothesis on P, @ is
Property 2. P and () are dual and we have the injections
Q—L*— P.
Still, we would need to have k(., ¢;(s)) € Q. Then an additional condition would be

Property 3.

If K is a smooth function, f € QQ — K o f € Q is locally Lipschitz.

This property is verified for example for the Sobolev space H'.
Now the quantity fSl k(.,q:(s))pe(s)ds is well defined by kep(.) = (p,k(.,q))pq. If
kqp(.) is sufficiently smooth, then the last property gives a sense to (5.9b):

dg; = kgp o qdt.
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Let us study equation which can be rewritten as
dpr = —pidvgp o qdt + edBy,

with dvgp(.) = (p, 01k(.,q))pq. If this map is smooth enough, dvyp o ¢ € @ thanks
to property 3] However, the equation still does not have a sense since there is the mul-
tiplication with p. The question is what kind of property do we need to give a sense to:

p(dvgp o q) € P. An answer is
Property 4. () is an algebra, the multiplication is continuous (for the norm on Q).

Indeed if p € @ and gy € @, then we can define p.qyp € P defined by:

(p-90,9)P,Q = (P, 09 PQ ,

the right hand term being continuous w.r.t. ¢ since the product is continuous. Again, this
property is verified for example for H' (S, R).

Finally the noise term should belong to P as follows

Property 5. The paths of the cylindrical Brownian motion t — B, lie almost surely in
C([0,T], P) forall T > 0.

It is well known that the white noise on L?(S1, R) belongs for example to H ! the dual
of H'. This last property ends to give a sense to equation (5.9a).

This set of conditions is a guide to get a proper space to prove the results. We will present
in the next Section a candidate for (P, ) that fulfills all the previous properties in any

dimension (curves, surfaces, .. .).

Once the system is well-posed, the other issue to be discussed is the existence of solutions
to this stochastic system on P, () and the convergence of the projections (landmark case)
to the infinite dimensional case. If ¢ is constant, the use of the fixed point theorem could

work. We want however to be slightly more general and tackle the case of
e: PxQw~ L(P),

is Lipschitz and bounded which would be a natural extension of the system in proposition
15

5.4 The spaces P and ()

In this Section, we present the spaces P, () that verify all the properties of We have
seen that a Sobolev space H'(S7) satisfies most of the required properties but it does not
contain piecewise constant functions. As a consequence, we could think to a Sobolev
(or Besov) space on the Haar basis. Hopefully the properties we need would be verified.
However, it is not convenient to work with Sobolev spaces on Haar functions to prove the

Lipschitz property of the composition with a smooth function. We slightly modify this
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space to define the space Fs = () for s > 0 and F_; = P which are well suited to easily
obtain the required properties of Subsection[5.3.2] This modification was inspired by the
very definition of the Besov spaces and the book [LT77].

Recall that H = L?(Si,R), we consider the Haar orthonormal basis with 1(x) =

Xjo.1[ = X(2.a and P p(z) = 224 (2"(x — 45)) forn > Tand 0 < k < 2" — 1
72 27

and the constant function ©)_1 g := 1.

We define the Haar coefficients of a function f € H by

fn,k = <fa @Z)n,k>H

forn € [-1,+oc[and k € A,, =[0,2" — 1] if n > 0and A_; = {0}.

Let us start with a simple remark.

Remark 13. Let g € L°°(S1, R) be a function, we have

=272|gw .

|gn,k’ <

Definition 13. We define Hy, = {f € H; |f|7, = Y02 > iea, 2% farl? < +oo},

with s > 0 a nonnegative real number. For s < 0, we define H; as the dual of H_.
We study some properties of an element in this Hilbert space.

Proposition 17. An element f € H, for s > 1 is continuous in every x € [0, 1] which is

not a dyadic number, more precisely, if a = ?ﬁﬂ with an integer k such that 2k + 1 €
0,27 — 1] and (z,y) € B(a, 5257)% then with C? = Soree o %
2
[f (@) = f(y)] < Cs e} |fla, - (5.10)

Proof. We define for z € [0,1] and n > —1,

Al‘ﬂl = {k €A, ’:L’ € Supp(wn,k)}'

Remark that for each n there exists one and only one k in A, ,,. We will use this remark
in the next inequalities. Also, the difference |f(x) — f(y)| does not involve terms in the
sequence that are constant on the ball B(a, QH%), thus we have with Cauchy-Schwarz

inequality and using the remark[13]

HOBS OIS Y ,
I>n \k€A;; keAy
f@) = f@) < 2fla, D27,
>n
(@)~ f)] < Csyﬁl)flm,

which is the result. O
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Remark 14. This proof gives also that the sup norm is bounded by the Hg norm for
s> 1:
[floo < CslfH, -

Now, we introduce the space Fs very close to the space H.

Definition 14. We define the Hilbert space for s > 0,

! 1
Fo={f e HIE = [ Pdo+ 27 [ 11+ gp) - fla)Pdo < o,
n,k

n,k

with I, = [2%, 2% + 2n1+1 |- The dual for the L? product defines H_g.

The first comment is the following proposition (a further comparison between these two

spaces is developed in appendix with proposition 42).

Proposition 18. We have the inclusion Fs C Hs and if s > 1 and

|fla, < |flFp, -

Proof. To see this fact, we apply the Cauchy-Schwarz inequality

L= 2t ) S,
S

1
e < 2/1 @+ o) — f(2))?dx.

Moreover,
([ fl@ydz)*< [ f(z)da,
S1

so that we have | f|g, < |f|F.. O

We want our space to be big enough to contain usual functions. In the following, we

prove that F contains Lipschitz functions for s < 2 and also, if s < 2:
Lipgyaq(S1) = {f € L*(S1,R)[3n, fi1,, € Lip(Ix,R)VE € [0,2" — 1]} C F.

This fact (further developed later) is important since it means that we can deal with a wide

range of shapes in this space.

Proposition 19. If s < 2, F contains piecewise Lipschitz functions,
Lipdyad(sl) - Fs.

Proof. Let f € Lip(S1, R)be a function and denote by M its Lipschitz constant. Then

we have .
_ 1 M2™5~
2" 1/1 |f(z+ 2n+1) — f(@)]dz < oI is

n,k

sothatif s < 2, f € Fj. O
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The following proposition, though straightforward by applying the definitions, is of im-
portance to ensure the stability of our system. For example, if G is Lipschitz and bounded,

the growth of G o f is linear:

Proposition 20. If s > 1, G a real Lipschitz function and f € F, then G o f € Fs and

also,
|G o flr, < Lip(G)|flr, + |G o flre,

|G o flr, < Lip(G)|f|F, +[G(0)]-
with Lip(QG) the Lipschitz constant for G.

(5.11)

Proof. Applying the Lipschitz property we have,

| (Ges+ i) - Gof@Pdr < [ LGRS+ i) - f@)P e

I’n,k In,k

then,

G o fIf, — |G o fl72 <Lip(G)*(|f|F, — |fIZ2)- (5.12)
Since for any couple (a, b) of nonnegative real numbers a? + b*> < (a + b)?, we have the
first inequality.
The second inequality is the application of inequality[5.12Jto the function g = Go f—G(0)
using the inequality |g|72 < Lip(G)|f|L2. O

We need to go further by proving that the composition is locally Lipschitz if G’ is Lips-
chitz.

Proposition 21. If s > 1, G a real C' function for which G’ is Lipschitz (or locally
Lipschitz only) then, for every r > 0 there exists M > 0 such that

|Gofi—Gofo] <M|f1— fol,

if (f1, f2) € B(0,7)2 If G' and G" are bounded then the Lipschitz constant M has linear
growth,
M < V2(|G' |0 + 3Csr|G"|s0).

Proof. For notation convenience, we will denote by fori = 1,2 and § > 0,

Afi(x) = fi(z +06) — fi(x).

We will control the quantity
1
/ |(GOf1—GOf2)(l‘+W)—(Gofl—GOfQ)(SU)|2d$.
In,k

We will divide by A f1, it is permitted in this situation, since we can extend the definition
with the equation (5.14). Let a < b be two real valued numbers. We have, with p the

Lebesgue measure

(Go f1) A(G o fs)

/|AGof1 Gofy) 2du<2/| an-2%2

2 / |2G0 f2) G f2 Afl—WAfQIQdu.

Afi|*dp (5.13)
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Observe that the second term can be bounded easily:

/b‘A(Go fQ)Afl _A(Gofy)

Afo

b
- AfaPdi< [(Csup |G/ IAR - Apldn

ly|<Csr

and we have the Lipschitz property on this term. Now we bound the first term. Remark

that
AGof), . [P, A ‘
a7 @)= /O G'(tAfi(x) + fi(x))dt (5.14)
we get,
A(Gofl) _ A(Gof2) ! " _ _
Tan ap ke S [ s (WA~ £+ i et

Since for [t| < 1,

tA(f1— f2) + f1 — f2loo < 3|f1 — f2loo < 3C5|f1 — f2|F,, we obtain,

AGof) AGof) ) i
Y Ap, == b |GWBEGIA = flr.

Back to the inequality (5.13)), we obtain

b b
/ AGo fi— Go fo)2de <2 / (sup [G/W))? A — fo)l2d +

ly|<Csr

b 2
2/ ( sup \G”(y)\?’Cs\ﬁ—fﬂFs) A dp.

ly|<3Csr

Remark also that on the L? norm, applying the Lipschitz property,

|Go fi—Gofoli» < sup |G'(y)°|f1 — fol3-.
ly|<Csr

We get the result,
Gofi—Gofolf, <2 <( sup |G'(y)])* + ( sup G”(y)\3Cs)2|f1!%S> = folF.-
ly|<Csr ly|<3Csr

To be more precise in the proposition, we obtain the following inequality on the Lipschitz

constant of the composition on every Fj ball of radius r > 0:

M < [2( sup |G'(y)))2+2( sup |G"(y)|3Csr)3. (5.15)
ly|<Csr [y|<3Csr

The linear growth of the Lipschitz constant is the direct application of this inequality. []

Proposition 22. Let K : R/ +— R be a C'(R",R) function with K' locally Lipschitz,
s > 1, then (fi1,..., f;) € (Fs)? — K(f1,...,f;) € Fs is Lipschitz on every bounded
ball.

We do not detail the proof of this proposition since it is a particular case of a general-
ization of this proposition which will be stated in proposition A direct consequence
of this proposition is that F§ is an algebra. In the next proposition, we give an explicit
bound for the continuity of the multiplication. Even if it is a direct application of the last

proposition, we can give a better bound.
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Proposition 23. The product in Fy is continuous for s > 1 and,

\fg9lr, <2Cs|f|F,9]F.-

Proof. First we bound the L? norm,

1£9122 < 1% |gl22, | fal2e < C2|f13g]2.

Now, with the inequality,

AF9)* < 21915 |AF 1 + | f15|Agl),
we obtain the result |fg|%s < 4C§\f|%s|g|%s. O

Once we have dealt with the one dimensional case, a natural question arises on the gen-
eralization to higher dimensions. The natural generalization in two dimensions of Hj is
the tensor product H; ® Hy. We could do the same for F; but we prefer to define a space
F o which is in fact the tensor product Fs ® Fy from a slightly different point of view.

We will take advantage of this definition to extend the composition property.

Definition 15. Let (s,s') be two positive real numbers, the space Fs g C L*(T3) is

defined by
Fs,s’ = Fs(sla Fs’)a
in the following sense with I, j, = [2%, 2% + 2,1%],

_ 1
1, = [ 1 o+ Y2 [ )0 - F@) e < .
S1 n,k [n,k‘
Remark 15. This definition can be rewritten in a more explicit form,

s

Foo(T) = 7€M, = [ 1@l dr + [ 17l dy +

Z 2n5+n/$/_2 / / |A2,n’(A1,nf)|2dx dy < OO}’ (516)
In,k In’,k’

n,k,n’ k'

with A f = f(x + 5a5r,y) — f(2,y) and Do f = f(2,y+ 5a51) — f(2,9).

In what follows, we will denote C%n,k),(n’,k:’) = fIn,k fIn’,k’ Ao (A1 f)|?dz dy.

As in the one dimensional case, the injection F o — H, o would be again a straightfor-
ward application of Cauchy-Schwarz inequality. Yet we provide a different proof using

the following proposition:

Proposition 24. As defined in[15] we have
Fs,s’ :F8®F8/7

and as a consequence, Iy g — H .
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Remark that the identification is here allowed since the two spaces are each one L? sub-

space.

Proof. Let (n, k), (n’, k') be two couples of integers, then (¢, ® Yn/ k1) (n k), (k) 18 a0
orthonormal Hilbert basis in F; @ Fy by the definition. From the remark [I3] this is also
true in F .

Ifu®uve F,® Fy, then
lu@olg, , = |uln,|vla, < |ulplvle,
and the second assertion is verified. O

Now we prove that if f is sufficiently smooth then f belongs to F . It requires to control

one more derivative that in the one dimensional case.

Proposition 25. Let f be a C! function such that y — Oy f(x,y) is Lipschitz uniformly
in the first variable x, then f € Fy g for s < 2 and s’ < 2.

Proof. We will denote by Lip, 5 the Lipschitz constant in the second variable of J f.
We need to estimate the integrals detailed in (5.16), we will denote by c(,, i), (n’ &) €ach
integral. Using the Lipschitz property, we have

x—i—ﬁ 1 /
|A2,nI(A1,nf)’ < / 2 ‘81f(u’ Y+ W) — 81f(u’ y)’ du < Lip1722_(" +n+2)

Then, we have
Cn k), (0 k) = /I /I | Ao (A f)Pda dy < Lip}, 2730 +n+2),
n,k n’ k!

Summing up on (k, k'), we get that
PO A VD DI FEA
(n,k),(n’,k") (n,k),(n’,k")
< Z Llp% ) 2n(s—2)+n’(s'—2)—8.
n,n’
In the equation (3.17)), the right member converge if s < 2 and s’ < 2. To conclude the
proof, The first two terms in the F; + norm according to the expression are well
defined thanks to the proposition [19| which requires s < 2 and s’ < 2. O

Remark 16. Again, any function for which there exists a finite dyadic partition of T
such that the restriction of f on each domain of the partition satisfies the condition in the

proposition|25|belongs to F .

Next, we will state the norm inequalities that are relevant to prove the needed properties.
At this point, it is worthwhile to generalize a little the spaces we introduced in order to
extend our results to any dimension. Observe that Fy is a Hilbert algebra of functions. A

way to generalize our result is to study F(S1, F') where F is a Hilbert space of functions
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which is also an algebra. Though we could be more general, we will assume further that
F C L*(T,) where T}, is the n dimensional torus: 7}, := R"/Z". As in the previous

definition,

Definition 16. Let s > 0 be a positive real number; the space Fy(F) is by
Fy(F) = Fs(51,F),

in the following sense:

with I g = [, o5 + Qn%} a function f € L*(T,11) belongs to Fy(F) if

_ 1
| f Iy = /S |f(2)[Fdo + Y 2™ 1/1 e+ ) - f(@)[2dz < .
n,k n,

We have
Fs(F)=F;®F. (5.17)

The last equality (5.17) uses the same argument as in proposition 24]

Proposition 26. Let us assume that F' is a RKHS on a space X and that there exists a
constant Cp such that sup,c x | f(x)| < Cp|f|p. If s > 1 then the following inequalities
hold for f € Fs(F) =Fs ® F,

sup [f(s)|r < Cs|flr(r)

seS1

sup |A1f|r < Cs|Arflpy )
SEST

sup [ f(s,7)]ec < Cs C’F|f’FS(F) )
(s,x)eS1xX

where Ay is a difference operator defined for § > 0 as (A1g)(x) = g(x + 0) — g(z).

Moreover proposition[I7is also verified.

Proof. If u € Fy @ F, thenu = ) meN? On,mén @ frn> With (ep)nen and (fr)nen
Hilbert basis respectively for F and F'. By definition, ) meEN? a2, < co. Hence, we

u = Z(Zan,men>®fm: ZEm@)fm-

meN neN meN

have,

Then, we can apply the evaluation at point z € S; since Fy is also a RKHS then we
denote by C, the norm of the evaluation at point z € Sy: the sequence Zan:O En(s)fm

is a Cauchy sequence in F’ since

|ZE fn|F—ZE QZ|E %, -

As a consequence, the evaluation at point z € 57 is well defined and it makes the space
F, ® " aRKHS on S; with values in F'. Furthermore, as C, < C§, we have:

rkhs prop

sup |f(2)|z < Cs|f|r,r)

zES
The second inequality is the application of the first one to A f.
The last one just uses the assumption on the RKHS F'. 0
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Now, we can easily generalize the work done in the one dimensional case.

Proposition 27. Let F C L?*(T,,,R*) for k > 1 be a RKHS algebra with a con-
tinuous injection in L>®(T,,R¥). Assume that the left composition with an element
H € CY(RF, RF)

F>g— HogeF

is Lipschitz on every ball B(0, 1) of constant Cg (). Then,
o if G € C"Y(RF,RF), the composition
Fy(F)3 fr—Go feF(F),
is Lipschitz on every ball,

e with the additional assumption that the left composition with G' and G" in F
are locally Lipschitz such that there exists a polynomial real function P verifying
max(Ceqr (1), Ca(r)) < P(r) for r > 0, then there exists a constant depending on
F and s, a € R™ such that the Lipschitz constant Ca,F,(r) for the left composition
with G on Fs(F)

Ca,r,(r)(r) < arP(r).

Proof. We first need to prove that if f € F(F') then Go f € Fs(F'). With the proposition
we have that

sup |f(z)lg < Cs|flp,(r)- (5.18)
TEST

Then, we obtain for the first term in the norm,
[ 16 o 1 = GO < C2CH(CUI ) T
1

For the term involving the difference, we need to introduce again the formula,

1
An(Gof) = ( / G (tAf + F)(Agf)dt) . (5.19)

which is now allowed since G’ is C. The formula (5.19) uses the fact that F' C L?(T,,, R)
to give a sense to the composition. As F' is an algebra, we have G'(tA, f + f)A,f € F.
Obviously we have also tA, f + f € Br(0,3ro) for [t| < 1and ro = Cs|f|p, (). With
the inequality (5.18)), we get

|G (tAf + F)Duf|r < 3M7o|Apf|rCar (3r0), (5.20)
with M the continuity constant of multiplication in F:
V(f,9) € F?, |fglr < M|f|Flglr .

Remark that G'(tA, f + f) can be seen as a matrix valued function. We use the matrix
norm implied by the underlying norm on R¥. The inequality (5.20) directly proves that
G o f € Fs(F) with in addition:

|Go f— G(O)ﬁ,ﬂs(F) < [max(3MroCeqr (3r0), CsCq(r0))]? |f]%3(F).
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We now prove the Lipschitz property.
Let f and f be two elements in Fi(F)? with max(| f1| g, () | fo| g, (7)) < 1. With the

Lipschitz property of the composition on F' we have with ro = Cyry,

[ 160 fita) ~ G o pla)lhar < /S C3(ro)l fi(e) - fo(@)fpdz.  (5.21)

Now, for the other terms, we use again the formula (5.19):
1
8a(G o fi = Go fo)lk < 2P0 — R | IGtBuf1 + )l i)
0

1
1AL Sl /0 G/t f1 + 1) — G/ (t0nfo + fo)| d)?)
(5.22)

We pay attention to the last term of inequality (5.24):

1
/ |G'(tA f1 + f1) — G'(tAsf2 + fo)|r dt < 3Cs|f1 — falp,(r)Car (3r2).  (5.23)
0
‘We then obtain,

|A(G o fi = Go fo)[3 < 2M?[|Az(f1 — f2)|F(3r2Cer (3r2))?

) B ) (5.24)
+ [Az fo| p(3Cs| f1 — falpy 7y Car (312))7].

For notation convenience, we define K (r1) := 3roCg(3r2) and we finally get, combin-

ing equations (5.21)) and (5.24)
G o fi = G o folf ) < max(4M?K>(r1), CZ(r2))| f1 = fol ) - (5.25)
This inequality implies directly the last item in the proposition. O

We have presented all the necessary material to generalize easily our results. We gener-

alize F in dimension n > 3 as it is already done in one and two dimensions.

Definition 17. We define by recurrence I’y where s = (s1,...,s,) € R} by forn > 3,
Fs1 (Sl,F(sg,...,sn)) = F31 R...&® an .
We denote its dual F_s, s, = mine[1 ) i and s* = maX;e[1,,] Si-

To sum up our work to this point, we have defined a RKHS algebra F for a multi-index
s which is stable under the composition with smooth functions. The continuity of the
product is detailed in appendix 43| (it is also a byproduct of the previous result on the
composition with smooth functions in proposition[27). We will now prove that Fj is "big
enough’. Provided that linear functions are in Fj, the proposition of the composition

answers this question. We can have a better result:

Proposition 28. If s* < 2 and f € C"(T,,R¥) then f € Hg and |f|n, < culf

7,00°
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Proof. By recurrence, this true for n = 1. With the inequality,

x—l—ﬁ
< /S A @)y d + 327 / ( / 1101l od)?,
1

n,k In,k z

oo
7 S ilf o1+ 2767274,
n=0

(5.26)
We have the result with ¢2 = ¢2_;(1+ > 07, on(s=2)—4), ]

n

As usual, we have the direct application of this proposition:

Definition 18. Ifn > 2, a dyadic partition of T, is a product of a dyadic partitions in

one dimension.

Proposition 29. If maxs < 2 and f € L*(T,,R¥) such that there exists a dyadic
partition on which the restriction of f is C" then f € H,.

The space of functions such that the restriction is C? on a dyadic will be denoted ngad(Tn, R¥).
In the next Section, we will detail the cylindrical Brownian motion, we will prove that
almost surely its trajectories are continuous paths in H_g, hence in F_;. With this result,

we can summarize the properties of F:

Theorem 25. The Hilbert space Fy C L?(T),, R¥) satisfies the following properties
o the left composition with a function G € C™T1(R* RF) is locally Lipschitz,
e for s, > 1, Fs is an algebra with continuous product,
e the cylindrical Brownian motion defines a continuous random process in F_g,
o Clla(Tn,R) C F for s* <2,

We can now deduce an important property to prove the existence for all time of the SDE

solutions.

Proposition 30. [fthe kernel k has continuous derivatives,

al+”k(x y)
———Z [ nell, 2],
20y n € [1,m + 2]
a couple (p,q) € F_4 X Fy defines an element of V by kyp(x) = (k(z, q),p) r,xF_,, With
s=(81,-..,8m). Moreover, the following mappings are Lipschitz
F_yx Fy3 (p,q) — kppoq € Fy, (5.27)
F_ ¢ xFs> (pv Q) = <p7 (axkqp) o C]>F_s><FS cF_;. (5.28)

Proof. First, for any x, k,p(x) is well defined: since y — k(z,y) is C™*2, we apply
the Theorem 23]to get k(x,q) € Fi. Hence, k,p(x) is well defined. Our aim is to prove
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that k,p(x) is C™*2 and O,k,p is C™ 1. Hence, we would obtain that k,p € V. The

composition with a C™*! function being locally Lipschitz on Fj, the results will follow.

To prove the continuity of z — kyp(z), we just need the weak convergence:

k(2n,q(.) —n—oo k(x,q(.))

when lim,,,, o ©,, = . We first prove that k(x,, ¢(.)) — e k(x,q(.)): thanks to the in-
jection Fy < L>®(T},,, R%), |q|os < 0. Since k is continuous, it is uniformly continuous
on W x B(0,70) with W a compact neighborhood of z.

Then, for any € > 0, there exists § > 0 such that if |z,, — z| < 4, we have |k(z,,y) —

k(z,y)| < e and as a consequence |k(zy,q) — k(z,q)|eo < €.

We now prove that k(zn, ¢) is bounded in F: as 9y k(x, y) for n € [1,m + 1] is bounded
on any compact set, we get that k(z,, q(.)) € Fj is bounded in Fy.

Since L' ¢ L>(T,,) C F_g (thanks to Fy — L°(T},)) every weak sub sequence of
k(xn,q(.)) converges to k(x,q(.)). Then, lim,, o kgp(x,) = kyp(z). Hence, kqp is

continuous. By the same proof, k,pisa C ! function:

as k is C™1, one can apply the same argument to "¢ (Ht’zi)*kqp @ _ 5, kqp(z)(v) for
v € R%and t # 0. We have,

kqp(x + tnv) — kgp(x)
ln

1
—81kqp(:n)(v):/0 O1kgp(z+ stpv, q)(v)p—O1kep(x)(v)ds .

The sequence fol O1kgp(z + stpv,q(.))(v) — O1k(x,q(.))(v)ds converges in L> to 0 by
uniform continuity of d1k on every compact set. It is also bounded in F since J1k is
C™*+1 in the second variable. We get the same conclusion as above.

Since the pointwise derivative 01 kyp(v) is continuous (by the same argument than for k,p
we have that 01 kgp(v) is continuous) d[kqp| = (01k)qp-

By recurrence, the result is extended to 07 kg, for n € [1,n + 2]: we obtain that H =

%(p, kqp) < coand kgp € V.

To prove that the mapping (p, ¢) — kqp is Lipschitz on every compact, the composition is
Lipschitz on every bounded ball if 91k is C™*! in the second variable. Hence we deduce
that the maps for each xg, ¢ € Fs — k(zo,q) € Fsand q € Fs — O1k(zo,q) € Fs are
Lipschitz. The Lipschitz constant can be bounded for ¢ € K by continuity of the kernel
derivatives.

As the dual pairing is Lipschitz, we obtain the result. Then, by triangular inequality, we

also obtain that k4p o ¢ is Lipschitz in both variables and so is (p, (0,kqp) © q). O

5.5 Cylindrical Brownian motion and stochastic integral

The goal of this Section is to define the stochastic integral fOT u(z)dB, for u a suitable
random variable with values in F5. We will give a self-contained presentation inspired by

[DPZ08] provided basic knowledge of the Ito stochastic integral. This construction is of
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importance since we do not want to be limited to the white noise on L?(S1, R?).

First we provide an elementary and self-contained introduction to the cylindrical Brow-
nian motion in H. The construction here puts the emphasis on the finite dimensional
approximations obtained by projection on finite dimensional subspaces which are the
counterpart in the noise model of the finite dimensional approach with landmarks. We
will then detail in the stochastic integral.

5.5.1 Cylindrical Brownian motion in L?(S' R)

We start with the simplest situation where the underlying space in the one dimensional
torus S*iem = 1 and H = L?(S1, R).

Let (B”’k)nzo’ keA, be a collection of continuous independent standard one dimensional
Brownian motions (BM) on (2, F, P) a probability space. For any n > 0, and consider

the H valued random process

n—1
W= B

l=—1keA,

At a given time, the coefficients of W;"* in the orthonormal basis of H are i.i.d. Gaussian

variable with variance ¢ (truncated at rank n). Moreover, since
H" =Span{ ¢y, -1 <l<n, ke A,} (5.29)

is the 2" dimensional space of piecewise constant on the dyadic partition of S! at scale

27", W[* € H"™ is obviously a random piecewise constant function. Moreover, for any
. -1
feH™ =377 ke, frutbie, we get

n—1
LW =" > fusB ~ N, ) - (5.30)
l=—1keA;
More generally, for any fi, fo € H", ((f1, W) u, (f2, W{*) i) are jointly Gaussian,

centred with covariance

iy =E{(fi, Wa(f;, Wa) = (fi, fi)u . (5.31)

In particular, if we introduce ¢y, = 2"/21%27”7(“1)2%[ forany 0 < k < 2™ — 1, the
¢n,k’s define an orthonormal basis of H". Denoting o = (D, W), we get from

(5.30) and (5.37]) that
271
Wit =223 " 0 g (rgryang (5.32)
k=0
where (" ’k)tzo is ai.i.d. family of 2" standard Brownian motions indexed by k.
A cylindrical Brownian motion on H is the limit of W;* when n — oco. A well known
but important fact is that this limit is not defined in H since E(|W;" " / 2) = 2" — 40

but in any H_, for s > 1.
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Indeed, W7 — thﬂlﬁi <R = Y omeni127™ Yken,, | B[ so that

E(sup W' = W) < B(RL) = Gt
5,32

with G, ¢ = 2("+1(1=5) /(1 — 2175) Hence, a.s., W is a Cauchy sequence in H_ and
one can define W; as the limit in [_; of W;*. In fact, it will be helpful to do a little more.
Since the process ¢ — W/* has continuous trajectories in H, one can look for a limit in
C (R4, Hy) for the uniform topology.

For any T" > 0, we have

: 7
sup sup W' — WY < RE= Z 2 ls Z sup |BF
J'200<t<T =T S s

so that using the Doob inequality E (supg<,<7 Bf) < 4E(B}) for the standard Brownian

motion, we get

E (sup sup |WH — Wt”ﬁ{S) <40, T.
7>0 0<t<T

Hence a.s. t — W," is a Cauchy sequence in C'([0,7"], H_;). Since T > 0 is arbitrary,
we can define a limit process W living in C(R., H_) such that for any 7' > 0

E( sup |W,— W3 ) <4C, T
0<t<T

5.5.2 Cylindrical Brownian motion in L*(T},, R)

For a general m > 1, since L?(T,,,R) = L?(T1,R) ® - - - ® L?(T1, R), the construction
of the W™ is built from the Hilbert basis obtained by usual tensorisation. To be more

explicit, we denote by
Uik = QiZ1¥i6) ki)
for any I = (I)1<;<m and k = (k));<i<;, such that () > —1 and k) ¢ Ay, for
1) > —1. Now, if I, = { (I,k) | 1) <n, 1 <i<m}
H" = span{yy} | (I, k) € I}

and I, = Up>0l,, we define from a family (Bl’k)(l’k)eloo of 1.i.d. standard BM

wr= Y Bty (5.33)

(Lk)El,
As previously, if f € H™, we have t — \f\;ﬂ(f, W) is a standard BM and for any
f7g E HTL’

In particular, if

¢g,k = 2mn/211—[;11[k(i)an’(k(i)_i_l)an[, k(i) c [[0’ 2n[[
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the family (¢7",) kefo,2n[™ 1s an orthonormal basis of H™ based on a dyadic partition of

T in cells of size 27" x - - - x 27™. As previously, we have

k
th — Z <th, ¢?,k>¢mk — 2nm/2 Z ")/Zl ]_H:_r;l[k(i)27n7(k.(i)+1)27n[
ke{0,---2n—1}m ke{0,---2n—1}m

(5.35)
where (y™*) is a family of i.i.d. BM.
For Hy = @ H_g,, with s = (s1,--- , s;), we get immediately that ;" is a Cauchy
sequence in H_ as soon as s, = min; s; > 1 converging uniformly on any time interval

[0, T] to a process W € C(Ry, H_,). More precisely,

E( sup |Wy —W{g_,) <4C, T (5.36)

0<t<T

with C,, 5, = (Z?inJrl 2*1(8*71))171‘

5.5.3 Cylindrical Brownian motion in H = L*(T,,,R%)

For a general d > 1, the previous definition on cylindrical Brownian motion can be
extended easily in the more general situation where H = L?(T},,,RY). Indeed, we define
W= (WO ... WD) where (W®),<,<q4 is a family of i.i.d. cylindrical Brownian
motions in L?(T},,R) as defined previously. The finite dimension approximations are

defined accordingly on
H™ = span{(¢} g ¥k, | (k) € [, 1<j<d}. (5.37)

In this case, there is an analog of inequality (5.37)), with the constant

Cn,s* _ d( Z 2—l(s*—1))m.
l=n—+1

5.5.4 Stochastic integral

We assume basic knowledge of the Ito integral (CITE) and we directly deal with the
general case on H = LQ(Tm, Rd). We recall that Fy; — H — F_;. Having in mind
applications that we will develop later, we need to introduce the space of integrands.

Let us denote by L(F_;) the continuous endomorphisms of F_g. If u € L(F_;), then

there exists a constant denoted by |u/| such that
u(e)lr, < lullelr_,.

Definition 19. The set Lt contains all random variables v : [0,T] x Q — L(F_;)

verifying,
o (t,w) — u(t,w) is B[0,T] ® A measurable,
o w— u(t,w) is Fr—measurable for t € [0,T),

o [T Elu(t)]dt < co.
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Now, we want to give a sense to

T
/ w(t)dWW, (5.38)
0
for u € L. To this end, we first define
T T l<n
| wawi - / S uf ydB e, (5.39)
0 I'eN 1.k

with (ey)pen an orthonormal basis of F_;. Each term f(;[ ﬁ" uélkdBi’k are well-

defined since it is a finite sum of Ito integrals and we have thanks to Doob inequality

tl<n I<n
[ sup | Z uy ¥ dB* P <4Z/ Bl(u}),)%)ds. (5.40)
te[OT
Hence we get,
t . n+i'—1
E[sup sup | [ u(t)dw, " —/ u(t)dW; | ] <4Z Z Z / E[( ulk ?)ds)|ey|F. .
#2i20t€(0,T] JO 0 VeN l=n+i ke
n—l—z —1
<D D il / ElJu(s)|’]ds, (5.41)
l=n+1i kEA,
since

/Eum 1ds)lev [ /Eru () 2lds

I’eN

We have also |1y, 1 |F_, < |t k|H_,, and then

n+i’ —1 n+i’'—1
2
Z Z ‘wn,k‘F_S S (Cn—i-i,s* - Cn+i’,s*) .
l=n-+1 kEAl l=n+1 kGAl

Hence, fo (t)dW}" is a Cauchy sequence in C'([0, T, F_s, |.|oc)-
The next property is simply the application of the previous Doob inequality (5.41) in the

case of o bounded,

Proposition 31. Assume that o € L is bounded by ||~ then we have,

t 2
E[ sup </ a(s)(deH — de)) ] < 4\0\00 (Crtis, — Cntirs.) - (5.42)
te[0,7

5.6 Solutions to the SDE on P x ()

Recall that P = F_;and Q = F,. Let E = P x @) be the phase space equipped
with the product Hilbert structure. Considering the injection ¢ : F_; — F defined by
w +— (w, 0) and identifying W with ¢ o W and W" with ¢ o W™, we can assume that W/
and the projections W™ are C (R, F)-valued. Now, for any n > 0, we introduce the finite
dimensional subspace F,, = H, x H,, C E where H, is given by . We denote also
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Es = Up>oL, which defines a dense subspace of E. The space L, is finite dimensional
and the restriction of the Hamiltonian H on E,, is well defined. Moreover, if the kernel
K(a,b) is C* on each variable, then H(z) = H(p, q) is C? in the variable = € E,,. We

can define the C'! function f on E,, as

z— f(z) = (—0,H(x),0,H(x))" € E,, z€E,. (5.43)

Let 0 : Eso — [g be Lipschitz on any ball of E, and let (X™)p<;< be the pathwise

continuous solution of the SDE
aYy = f(Yy)dt + o(Yy)dWi', Yo =g (5.44)

defined until explosion time 7.

We need to consider the following hypothesis.

HO The space V can be continuously embedded in C;" ™! (R?, R?) ie there exists C' > 0

such that |v];41,00 < Clv|y forany v € V.

HO’ The trace of the operator induced by on H,, by GZH (X7) can be controlled as

tr(cT k(Q"™,Q")o) < c. (5.45)

Note that if HO holds, then for any b, € R, K(.,b))) € V and K is C"*! in each
variable. Moreover, the second hypothesis H0> will be verified for o a Lipschitz
mapping in L(Fy) with the additional assumption that for every X € E, ox(L') ¢ L!
and the norm of this restriction (with the L' norm) is bounded uniformly in X . However

it can be interesting to keep this hypothesis for slightly different models.

Proposition 32. Under assumption HO, the explosion time of the SDE (5.44) is almost
surely infinite ie X" is defined fort > 0 a.s.

Proof. Let R > 0 be a positive real number and 773 = inf{ ¢ > 0 | | X| > R } (which
is well defined since X™ exists and is continuous until explosion time). We denote by
7" = limp_,oc Tp3, s0 that on the event (7" < oo) the solution X/* blows up for t — 7".

Using It6 formula for the process H (XZ}\TI%) we get for X' = (P", Q})

t/\’rg
H(Xfhog) = Hai) + [ OH(X)AQ2 +0,H(X2)dP?)
1
+ 5<(U(X?)dW")T(3§H(X§)J(X?)dW”>s :
Since we have
o OH(XP)AQ) + 0, H(X)dP} = OH,(X])o (X} )dW]"

e from H0’, we have that almost surely, for all ¢

/t<(0(Xﬁ)dW”)T@%H(X?)U(X?)dW">s <ct.
0
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we get
tATﬁ 1
H(X[}\Tg) < H(zg) + Minrp + / 3¢ ds
0
where Mia-z is a bounded continuous martingale. So that with the hypothesis HO> we
have,
1
E(H(X{)0) < H(@f) + Se(tAh).

INTR

In particular, E( f" ' H(X)ds) < tH(z}) + £ t* < oo and using Fatou Lemma

tAT™
E(/O H(X™)ds) < tH(z}) + EtQ < (5.46)

so that almost surely

INTR
/ H(X!)ds < o©. (5.47)
0

Now, for x = (p, q) € E,, we consider
vi(2) = | K(z,q(2)p(<)de" € V
Tm
for which

1

1
el =3 [ ) = ). 649
T XT,

From and (5.48)), we can define by pathwise integration a continuous random pro-
cess " = (P} )o<t<rn solution of the flow equation

9 n n
aq)t = UX?((I)t ) . (549)

Assuming a continuous embedding V — C™*1 (R4 R9), &7 _, is almost surely a C™+1
R

diffeomorphism and there exists a constant D such that almost surely

tATR
|(I)?AT§|W+1,OO < CeXp(C\/%(/ ’ H(X;l)ds)l/Q) . (5.50)
0

(In the sequel, we denote by C' a generic constant non depending on n, t and R possibly
changing from line to line.).

Thus, since Q?/\rg = ®f\rn (¢) and sup,,>q g5 |F, < oo, we get from Theoremand
proposition 30| that, uniformly in n, we have almost surely (for maybe a different but still

universal constant C', see above)

tAT™
K{" = limsup [Qfrrn|r, < Cexp(c\/i(/ H(XMds)'?) < +00.  (5.51)
R—+o00 0

In particular, @)} does not blow up for ¢ — 7" on 7" < oo. Therefore it is sufficient to
show that P/* does not blow up as well to get by contradiction that 7 = co almost surely.
As from the continuous embedding on V in C™L, |dvy|m 0o < Clug|y, we get from
.. 1 2 . . .
proposition 30| |dvx, Arm (Qirr)|F, < ClH(Xinrn)l /2K and using the continuity of
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the product in Fy (i.e. there exists M > 0 such that |ff'|p, < M|f|r,|f'|F, for any
f, f' € Fy) we obtain for any dq € Fj

’det/\‘r" (Q?/\Tn)éq’Fs S C’H(Xt/\Tn)yl/2K?’6q‘Fs .
R R

Therefore,
<dUXW Q¥ (2))" Piprp (), 09(2))padz
=| [ tn oo, @0t 552
< C!H(Xtmg)!UQK[L!PZRT}@!RS\5Q|Fs
and

0 H(X] )l < CUH(Xinrg) K7 Pl

since Oy H (X)) = dvx,, n (Qfnrn)" Piprn. We deduce that
R

t/\Tlg t/\Tg
Phrnglr. < Il 4CK? [ HXang) P Pyl [ o)W

and from Gronwall’s Lemma

n tATR n 1/2
Phglee, < (Iilee 4 s | [ oGz ) MOV S 00
R u<tATRH
(5.53)
Since from Doob inequality we have for s, = inf1<j<y, s;
sup | / o(XDdWI 3 ) < 4lo2tCy s, (5.54)
u<t/\7-R
with a right hand side independent of R, we deduce that almost surely
UNTE uATEh
sup | o(X)dW}F . < sup | o(X) AW a_, < +oo. (5.55)
u<tAT JO u<tAT JO
and from (5.47), (5.51)) and (5.53), we get almost surely
sup |Pim|p, < 4+ooand 7" > t.
R—oo R
O

Proposition 33. Let f be defined by and assume that HO-H’1-H2 hold. Then for
any n > 0 there exists a unique strong solution X" = (P",Q") : Q@ — C(Ry, FE) to

X=Xy + /Otf(X;l)ds + /OtU(X?)dWS", Xy =xy € B, (5.56)
and a random solution X = (P,Q) : Q@ — C(R4, E) to
X =Xo+ /Ot f(Xs)ds + /Ota(Xs)dWS, Xo=xo € E (5.57)
such that almost surely:

sup | Xy — X' —0.
0<t<T
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Proof. From proposition[33] we know the existence of the finite dimensional approxima-
tion solution (X}")¢>o for ¢ > 0. Moreover, we know from proposition [35|the existence
of maximal solution (X;)o<t<, of the SDE (X+t)o<t<r up to a possibly finite ex-
plosion stopping time 7. Moreover, for any 7" > 0 and any > 0 we have almost surely

tAT, tAT,
Sup | Xf — Xinn| =0 and sup | [ o(XT)dW? - / (X dWs| = 0
+<T o<t<T Jo 0
(5.58)

where 7, = inf{t > 0 | | X;| > r}. What we need to prove is that there is no blow up ie
P(7 < 400) = 0 or equivalently, 7, — +o00 almost surely.
We start from inequality (5.46) in the proof of proposition[32] Using the uniform conver-
gence (5.58) and Fatou Lemma, we get
tAT c
E( i H(X,)ds) < tH(x) + th < 0. (5.59)
Similarly, starting from (5.5T)), we get that

tAT

K; = limsup |Qinrg |7 < Cexp(CVI( H(X,)ds)'?) < +00. (5.60)
R—4o00 0
Moreover, from (5.53), we get for n — oo,
UNTy MCK \/Z(ft/\-rr H(X )ds)1/2
Ponlr, < (Il sup | [ aR) W ) MOV A1
u<tATy
(5.61)
Since as in (5.54) Doob inequality gives for s, = infi<j<, s
UNTy
(s | [ a()awif,) < oo
u<t/\'rr

there exist a random constant A; > 0 independent of r such that almost surely
| Pinr | Fo, < Ay

In particular (7 < t) C (7 < t) C (max{Ky, A;} > r) and considering the limit

r — oo, we get P(7 <t) =0. O

5.6.1 A trace Lemma

We now present a sufficient condition to fulfill the hypothesis HO’. With additional as-
sumptions on the kernel and on the variance term, we give a bound for the bracket of the

stochastic term of the SDE on finite dimensional subspaces H,.

Lemma 17. Let k be a kernel bounded on the diagonal i.e. there exists ¢ > O such that
V'K (a,a)b < c|b|? for any a,b € R? or equivalently K (a,a) < cld; as a symmetric
non-negative bilinear form on RY. We assume also that (L") C L' and this restriction
is continuous i.e. there exists M > 0 such that |o(f)|r, < M|f|p1. Then we have with

H the usual Hamiltonian

t
cdW™MTO?HodW? s < AM? ¢
s o s
0
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Proof. We consider the orthonormal basis (¢, ) ke[o,2n-1] With Ap, = [0, 271" to write

the Hamiltonian as:
1 T
H= 92nr+1 Z p; k(4i,4;)pj
(i.4)EAZ
with ¢ = > 4. @27/ 2¢,; and p = D icA, pi27"/2¢, ;. In this basis, the L?
scalar product can be written as (p,q) = 27" > ;4 pigi. We can write cdW" =
Siea, (Cjea, €igdWI)2m2¢,, ; with a; ; € L(R?) and (W) ¢4, iid. standard BM

with values in R%. Then we have,

(cdWMT2Hod W), _sz D> (kg q)en)lds
i,jEA2 he Ay

Thanks to the hypothesis on the kernel, we have for any x,y € R? that

a7 k(a )b] < /o k@, 2)ay/BTk(y. )b < lally

and then,
|of 1 k(ai, gj)in] <l -

Now, we can write with Cauchy Schwarz inequality

n\1T 52 n
d((cdW TR HodW), < 22m DO lainl)?ds < Y Plo(gnn)liads,
heA, i€An heAn,

<EM(D ] onalii) ds < M2 ds, (5.62)

heAn,
since for any h € A,, \¢n,h!%1 = 27", Note that the inequality is a little abusive
but it is to be understood as an inequality on measures with density w.r.t. the Lebesgue

measure. O

remark that we do not need to assume that 0 : P x Q — L is bounded by |0,
o(H,) C H,. This hypothesis is only required for the existence and uniqueness in all
time but not to bound the trace of the operator.

The assumption on the kernel is not restrictive in our range of applications with kernels
such as Gaussian kernel or Cauchy kernel. However, the assumption on o is much more
demanding. Yet a wide range of linear maps can be reached. For instance, the convolution
with a smooth function is a continuous operator on F then by duality it gives a continuous
operator on F_. This operator has a continuous restriction to L".

An important point is that this Lemma covers the case where o is the multiplication by

an element of F;. However, we will give a simpler proof in this case (in[26).

5.7 Approximations Lemmas

Let f : Esx — E be a function on Eo, such that f(E,) C E,, for any n > 0. Let also
o : P x @Q — L(P) be a Lipschitz function. Assume that for any n > 0, we have a
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random variable X" : Q — C(R, E) solution of the stochastic integral equation
t t
X=Xy —i—/ f(XI)ds +/ o(XHadwe, Xy =aj € Ey. (5.63)
0 0
H1 The functions f and o are Lipschitz on E., and can be uniquely extended as Lips-

chitz functions on E. Moreover o is bounded.

2a|,.n+1 n|2
H2 For some a > 1, we have ), o n“*|zg™" — 2p|* < o0.

Proposition 34. Let s > 1 be a real number. Under the hypothesis (H1 — H2), there

exists a random solution X : Q) — C(R4, E) to

t t
X, = Xo +/ F(X,)ds +/ o(Xs)dWs, Xo =10 € E
0 0

such that for any T' > 0, we have almost surely:

SUPo<t<T |th - Xi| =0,
(5.64)
SUPg<¢<T | fot AW — fo s)dWs| — 0.

Proof. Let n > 0 be a positive integer and K an upper bound of the Lipschitz constant
for f and 0. We have

t
X7 — XP| < |agtt - 2f] + K/ (X0 — XPds + (M — M| (5.65)
0
with M}* = fo ™)dW?. Let us consider the last right-hand martingale term. We have
t t
M- M = /0 (o(XIT) — o(XD))aw ! +/O o(XD)dW™ T — W),

Using the Doob inequality, we get
u u

E(sup| | (o(X{T)=o(X0)dWI 5 ) < E(sup| [ (o(X3Th)—o(XI)dWI )
u<t 0 u<t 0

<4C_q 4, K*E( / | X — X7 2ds)  (5.66)
0

and with 6,5, = Cp 5, — Cptis,

E(sup| [ o(XD)dW™ = W)y} ) < E(sup| [ o(X7)dW™ — W) |3 )
u<t Jo ust JO
< 4|a\§oén,5* .

(5.67)

Thus, for Z* = sup,<; | X7 — X7|?

, we have

Esup | ML — MP2) < 8(K2C, / B(ZMds + oPbns.)  (5.68)
0

u<t

and using the inequality (a + b + ¢)? < 3(a? + b% + ¢?) and (5.65), we get

E(Z]) < 3(|lz2t! — af|? + 8|02 0n.s. + K2(8C_1 4. + / E(ZM)ds). (5.69)
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Applying Gronwall’s Lemma, we get for a sufficiently large constant A
E(Z}") < A(|lxf™ — 2§ + |02 0n,5.) exp(At) (5.70)
and from H2
P(sup | XM — X7 >n7®) <) 0 E(Z]') < .
n>0 St n>0

Borel-Cantelli Lemma gives a.s. sup,<, | X+ — X7 < n~? for n large enough so that

X" converge uniformly on any compact interval [0, ¢] to a C(R, E)-valued process X.

Similarly, from (5.68), (5.70) and H2 we get

ZP(sup |MPMTE— M > nm) < ZnQO‘E(sup |MPTE — MT?) < oo
n>0 5SSt n>0 s<t
and M™ converges uniformly on any compact interval [0, ¢] to a limit C(R, E')-valued
process M for which
t
Xy =x0+ / f(XS)dS + M, .

0

Let us check that .
Mt = / O’(Xs)dWs .
0

Indeed, since

u t
E(sup| [ o(X)dW® — Mp*) < 8(E(/ K| X, — X[|*ds) + |o|2,Ch.s,
0

u<t 0
we get forn — 0, E(sup,<; | [;' o(Xs)dW* — M7|?) = 0. O
We extend now the previous result to locally Lipschitz drift f and diffusion .

H1’ The functions f and o are Lipschitz on any ball of F, and can be uniquely extended

as locally Lipschitz functions on E.

Proposition 35. Let s > 1 be a positive real number. Under the hypothesis (H1' — H2),
there exists a stopping time T and a continuous adapted process (X)o<t<r with value in
E such that

1. limsup,_,,— |X¢| = 400 on (T < 00) (7 is the explosion time) ;

2. foranyr > 0 and any T' > 0, we have almost surely

supo<i<r | Xinr, — Xinr.| — 0
(5.71)
supgcier | Ji T o (XYW — [N o (X)dWs| — 0

where T, = inf{t > 0| | X;| > r}.

Moreover, for anyt > 0

tATy ATy
Xinr, = 2o —|-/ f(Xs)ds —i—/ o(Xs)dWs a.s. (5.72)
0 0
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Proof. The proof is quite straightforward. Let R > r > 0 be two positive real numbers
and

g(x) = max(min(1, R — |z]),0)

be a Lipschitz function such that g*(x) = 1if |z| < R and gf'(z) = 0if |2| > R+ 1.
We introduce also f% = g% f and 6% = gfo. From HI’ f% and % are Lipschitz and
we get from standard results on existence of finite dimensional SDE a solution X" ¢
C(Ry, E,) of dY; = fE(Yy)ds + of{(Ys)dW?! and Yy = z@. From Proposition
applied to f% and ¥, there exists a C'(R, E)-valued process X ? solution of dY; =
fE(Y)ds + of(Y,)dW, and Y; = x such that P(sup,<, | XF — X" 5 0)=1and
P(sup ;| [y o(XE)aw, — [; o( o(XE™dWr| — 0) = 1. Since f% and f (resp. o
and o) coincide on |z| < R, we get for any n > 0 that

R
xmn o =X" p.a.s.
75/\7'R tATR”

where 75" = inf{t > 0 | | X/*"] >
R} almost surely and for any 7' > 0, P(supg<;<r \XMTR - XJ R
7R =inf{t > 0| |Xf| > R} since the uniform convergence of X" to X on compact

’"zrgiinf{t>0|]Xt"|2
| — 0) = 1 with

set implies thata.s. 75 > 71 for n large enough. As a consequence, for two solutions X *

and X' for R’ > r, we have R = Tf”’ a.s. and the trajectories before the common value

71 are equal. Let R}, be an increasing sequence converging to +o0o and 7 = limy,_, Tg‘:.

X =>2,X Rk+1 Tg’k cror i for t < 7, the process (X;)o<t<- verifies 1), 2) and
k — k+1

(5.72). O

5.8 Applications and numerical simulations

This Section will present a direct application of the SDE we have studied. In this sim-
plest model, we suppose a shape to be given with an initial momentum and we model the
perturbation term with a white noise on the initial shape. Hence the variance of the noise
term is constant in time.

Let (qo, po) be respectively the initial shape and the initial momentum of the system. As
in the deterministic matching with a sufficiently smoothing attachment term, the momen-
tum is a normal L? vector field on the shape, it is relevant enough for applications to
consider qo € Fs and pg € F_;. To assume gy € F means that we chose a parameter-
ization of the shape by 7},,. We would like our stochastic system to be independent of
this initial parameterization. Then we need to understand what is the reparameterization
transformation on the deterministic system and on the white noise.

Assume that ¢ is a diffeomorphism of 7,,, then we detail the correspondence between

the solution (py, ¢;) from initial conditions (pg, qo) and (py, ;) with the initial position
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variable g o ¢.

qo0
o |

Rd
As the trajectory is entirely determined by the vector field vy, 4,, the change of variable

by ¢ gives the correspondence:

Gt =qio 9,
P = Jac(p)proo.

We will denote by ¢*(p) the pull-back of p under ¢.
The stochastic system verifies the same transformation and the pull-back of the cylindrical

Brownian motion is given by
B = Jac(¢)Bo¢.

We need the following proposition,

Proposition 36. If B is a cylindrical Brownian motion on L? (T, v) withv < p (pis
the Lebesgue measure) then ¢*(By) = Jac(¢)B(¢(s)) is a cylindrical Brownian motion
on L*(T,, V') with Clel’,l = Ja%@

Moreover if f € L? with f # 0 a.e., f B is a cylindrical Brownian motion for the mea-

sure %du.

Proof. If (e;)ien is an orthonormal basis of L?(T;,,v), then y/Jac(d)e; o ¢ is also an

orthonormal basis for L?(T,,, v) (change of variable with ¢). As a result, Jac(d)e; o ¢ is

an orthonormal basis for L?(T},, ') with 92 = 1

— Jac(¢)
The second part of the proposition is also straightforward: if (e;);cy is an orthonormal
basis for L?(T},,, R?), then ( fe;);en is an orthonormal basis for L?(T},,, %du). O

Corollary 1. The random process ¢*(By) is equal to \/JacoWy with Wy a cylindrical

Brownian motion on L?(T,,, R?).

Back to our framework with Fg x F_, we remark that the space Fj is not invariant under
a change of coordinates: let ¢ be a diffeomorphism of 7}, then a priori, if ¢ € F then
q o ¢ may not belong to Fs. However, if ¢ is sufficiently smooth then T'(q) := g o ¢
belongs to F if ¢ is smooth enough. Hence there exist subspaces in F§ invariant under
this transformation. To go further we could prove that if s < s’ then T'(Fy) C F,;. We
would have the same result for the dual spaces: T'(F_;) C F_. Furthermore we would
like to deal with piecewise diffeomorphisms, this is why the formulation of the following

proposition is a little more general,

Proposition 37. Let ¢ € Fy(T,,,R*) and ¢ : T, — T, be a measurable invertible
mapping (i.e. there exists ¢~ : T, — T, measurable such that ¢ o ¢~ = Id). We
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assume also that qo ¢ € Fs, po¢ € F_;and J = % € Fy(T,,R) such that
J > e > 0 a.e. Finally, let B be a cylindrical Brownian motion. If (p, q;) is the solution

of the system

{dpt = —8qH(pt, Qt) + EdBt (5 73)

dgr = OpH (pt, @) ,
(with € a constant parameter) for initial data (po, qo) and for the path of the white noise

B then (¢*(pt), qt © @) is the solution of the system

{@%:—@Hmﬂg+aﬂmwﬂﬂ

(5.74)
th - apH(pta qt) )

Sor initial data (J¢*(po), qo © ¢) and for the random process V/JB, with B a cylindrical

Brownian motion.

The random process v/.J B can be treated in our framework with the map o : E,, — L(F})
given by the multiplication with p,, (/7). Remark that as J > & we have that v/.J € F by
smoothness of the square root outside 0. Thus o is a Lipschitz map such that o (H,,) C H,
since the projection is Lipschitz and the multiplication in F_; by an element of Fy is

Lipschitz too. It leads to

Theorem 26. Under assumption HO, let f € Fy and (po,qo) € F_s X F be initial
conditions verifying that there exists s" < s and s' > s such that qy € Fy and py € Fyn.

Then random solution of the following system with initial conditions (py, qo)

{dpt — —0,H(pt,q1) + fdB, 575)

th - 8pH(pta qt) )

are defined for all time and there is an almost surely convergence of the approximations
(also defined for all time)

dp? = —9, H(p?, ¢ "dB
{pt H (D}, q) + frdBy (5.76)

dqi" = OpH (', qf') ,
to the previous random solution with initial conditions (pg, i) the projection on E,, of

(Pos qo)-

Proof. This is the application of proposition [33] We verify hypothesis HO’ and control
the trace of the operator. Remark that we need to control the Hilbert-Schmidt norm of the
operator o* k(gq, q)o with o the multiplication by an element of F;. This is a consequence
of Lemma but we give here a simpler proof, since the multiplication is a diagonal
operator. We have

|fn‘oo < Cs,fn|F5 < Cs‘f|Fs )

then we get for any q € Fj,

0< /T F5)Tk(a(s), a()) £ (5)ds < C2{Klol £I2, VOl(Tin)
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Hence hypothesis HO’ is verified.

From the assumption on the initial conditions, if gy € F, with s’ > s we have
(0]
2 — 1 2
lqol7, =D 2" gt — gf|E, < +oo.
n=0
Moreover, if pg € Fy» then

oo
polz, = S0 2n=prtl 2 < oo,

n=0

Hence H2 is verified. O
Remark that H2 is not very demanding as proved in this theorem.

Now we can detail some basic situations to simulate the stochastic system (5.73). The
preceding result will enable to deal with a wide family of shapes and white noises. We

first develop the case of curves.

Proposition 38. Let 1 < s < 2 a real number and f : S; — R? be a piecewise C?
mapping such that |f'| > ¢ > 0 with € a real positive number. If we denote by « the

arc-length parameterization of f then there exists a piecewise affine homeomorphism
¢ : S1+> S1suchthat ¢ € Fg and oo ¢ is in F.

Proof. Let us assume that the arc-length parameterization « has p singularities at points
1 < ... < xn € S1. Then, we define ¢ as the linear interpolation on n dyadic points
in S1, di < ... < d, with for images respectively 1 < ... < x,. As ¢ is piecewise
affine it belongs to F thanks to proposition With the same argument we conclude
that o o ¢ € F. O

The previous proposition tells us that we can consider our stochastic system on an initial
shape with a white noise which is *white’ with respect to the arc length. Hereunder are
some simulations to illustrate the convergence of the landmark simulation and the kind of
trajectories generated by this model. The figure[S.1|presents the convergence of the image
of the unit circle under the flow generated by the system with an increasing number of
landmarks. We chose to illustrate this convergence since in some sense it just shows the
convergence of the vector fields generated by the stochastic system and does not include
the convergence of the projection of the landmark discretization.

To illustrate the fact that this model generate perturbation of geodesic equations, we com-
puted the initial momentum for the matching between the unit circle and an ellipse (figure
[5.2). Then we simulated one path of the stochastic system for different values of the vari-
ance of the noise. The unit circle is discretized with 100 landmarks equally distributed.
The initial momentum is obtained by a Newton method following [ATYOS].

The simulationd]] obtained shows that the evolution is smooth in time as desired. As the

"We used an Euler scheme to simulate the SDE
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