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Appendix A

Definitions, conventions and
properties

Abstract: This chapter presents all mathematical objects that are used throughout the main
dissertation and the present appendices. Extra care is enforced to define a consistent set of
equations, in particular regarding phase and normalization conventions. Additionnally, building
blocks that are required for a partial wave expansion of a given function are introduced. Many

formulee come from REFS. [1-3].
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A.1 Common operators

fr) Radial part of an arbitrary function f(7)

[L] Degeneracy [L] = 2L + 1

L* Shortcut for L £+ 1

|1:4,2:7) Normalized non-antisymmetrized two-particle product state

li7) Normalized antisymmetrized two-particle product state
bt 11 rd200) — (14,2 04)
id) = afaf10) = —

Prio/r Position/spin/isospin-flip operator

P:1:70q,2:7 o' ¢)=11:7"0q,2:70" ¢)
P,1:70q,2:7'0d'¢)=11:70"q,2:7 o
P 1:70q2:7d¢d)y=1:F0q¢,2:70

Pis Two-particle exchange operator
Py =P-P, P,
Pio|l:4,2:5)=|1:4,2:4)

Ao Two-particle antisymmetrization operator
A =1- Ppp

Aqo3 Three-particle antisymmetrization operator

A2z = (I+ Py3Pia + P31 Pr2)(I — Pi2)

Ilg /TS, /T, Projector on specific two-body spin/isospin state
- {1 + (—1)1—53,]
S 2
oy, 1 3 2 2
[[=|a-5)+3885.+(Gs2-1)s2
Sz
Tl Rank-k tensor
Tﬁ[tf ] Component p of a rank-k tensor
T ® Tg][ I Component f of the rank-k tensorial product

of two tensors 177 and T5




A.2. Mathematical functions

(61 mq by mg |1 o€ m) | Clebsh-Gordan coefficient
bt Wigner 3j coefficient
mip Mo M

{ ].1 J2 ‘7.12 } Wigner 65 coefficient
J3J Ja3
o J2 g2
J3  ja jza Wigner 9; coefficient
1z Joa J

To keep track of all angular momenta, the following short notations will be used in place of
Dirac ones for a given operator O, where T denotes all other dependencies beyond the relative
momenta k and k'

(k(LS)JS, TT,|O(T)|k (L'S)JS, TT,) =(k |0753 (1) |k ) = 03T (k, K5 1) , (A.la)
(k(LS)JT|O(M)|E (L'S)JT) =k |0LZF (1)K ) = O43F (k, K'; 1), (A.1b)

O T (k,k'; 1) =047 (k, K5 ) . (Uncoupled channels)
(A.1c)

A.2 Mathematical functions

A.2.1

A.2.1.1 Transformation rules

Clebsh-Gordan and Wigner coefficients

In the following, we note j = j1 + jo + j3. One has then

<€1 m1 fo mo |€1 lo l5 m3> :(—1)8172277713 [Eg] <€1 m1 o mo ’51 byl — Wl3> ,

(A.2a)
(010450 |61 £500) =(—1)0+2 /[7] (501 502 g) (A.2b)
Z ('mgsmyg }E'sjmj> (Cmygsmg [€sjm;) =6 %, (A.2¢c)
i o1
=651 B (—1)T 7 —— | A.2d
<—m;-0mj> o ]j( ) \/m ( )
J J 1 (1) ™ A 2¢e
(mj —m; 0) - ViG+Dhl (420
it g s _(_1);J\/(jlﬂz—jg)!(jl—12+13)!(—j1+j2+j3>!
0 0 0 (J1+j2 +js + 1)!
X o7 (37)! (A.2f)

T = ) (T R

(

2
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e ¢

0 0 O

{ Ji1 J2 J3
0 J3 J2

Ji1 J2 J3
J3 J2

f fro

d ¢ e

b a e

(_l)f-i-%f/ €/|

(20 — 07)!

(C+ 10!

@0+ + D) (e ey (e Loy

V0llis]

2(ja(jo + 1) +j3(jz + 1) — j1(j1 + 1))

(71 J+1

a b e
c d e
f ro

A.2.1.2 Specific values

_ = =

— —

=N

o o O

—_ =

—_ = =

(3010(3120) = —

—_
—_

= =0 O O O
—
—

= = O
_ = O

—— —

=N

—_ =

[e][/]

w

3

2
<201oy211o>=<1020|121o>:_\/;

(_ 1)b+c+e+f

a b e
d ¢ f

{

(

31 2
000

_ =

—_ = O

— = O

V25229 + 1) (22 + 2)273(253 + 1) (23 + 2)

} |

_ = =

—_ = O

for ¢ even,

2
202012220) = —14/ =
(2020 2220) = - /=

(A.2g)

(A.2h)

(A.20)

(A.3a)

(A.3b)

(A.3¢)

(A.3d)

(A.3e)

(A.3f)
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0 00 1 2 20 1
— =— A.3j
2 N 12 5o (A
11 2 1 1 2
1 1 0 3 30
Y g (1 R
305 3515’
2 2 2 2 2 2
(A.3k)
1 0 2 20
_1 R
2 2 =15 0 2 2 ~95 .
1 2 2 2 2
1 10 2 20
: L (A3m)
= — = .om
1 1 2 1 0 2 2 95
2 0 2 2 0 2
0 0 0 1
2 0 2
1/2 1/2 1 . 1/2 1/2 1 . 1/2 1/2 1 .
1/2 1/2 = 1/2 1/2 1 == 1/2 1/2 = A.30
202 0 p=oe {12 Y 5 Y12 120 = (AS0)
1 1 1 1 1 2 1 1 1
A.2.2 Tensorial representations
Spherical components of a vector 7 can be defined as
r tiy
T :’["7 T = 5 A4
0 z +1 = F 2 (A.4)

in such a way that we have

Fe o= [y, (4.5)

Two vectors @ and b can be combined into a tensor of rank 0, 1 or 2, with

i-b=-3 [a[” ® bm] o (A.6a)
ianE=v2 [all o pl] " (A.6b)

More generally, the scalar product of two tensors of same rank is
T g¥ = (—1)F /] [ @ U] o (A7)

A spherical tensor of rank [ can be constructed from components of two other tensors as

T,[f] _ Z R%ll] 57[75;2] (6 my lymg [l 0o 4m) . (A.8)

2
mi,ma2
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A.2.3 Spherical harmonics

Standard spherical harmonics are defined as normalized eigenstates of angular momentum
operators L? and L,

Those functions have the following properties
Y,0,0) =(=1)" Y™ (0, ), (A.10a)
/0 i sin(0) df /0 ” dp Y (0, 0) Y3 (6, 0) =040 Sy - (A.10b)
One has also
) = Y B [ em ey

l1+02=¢
The inverse relation for the expansion of the tensorial product of spherical harmonics reads

[44][62]
47 [€]

llm
vitp) o v () = (10650 |61 £00) Y7 (). (A12)

A.2.4 Tensor spherical harmonics

The definition of spherical harmonics can be extended to more general objects arising when
considering a L + S coupling. Starting from the standard unit vectors u;,i = 1/x,2/y,3/z, one
can define the irreducible representation of rank (25 + 1) of the rotation group through

CSMS_ZCSMS WWe.. . oud, $=0,1... Mg=-5...5. (A.13)

aj...as Yai

For instance

c00% =1, (A.14a)
L[ 0 . 1
citl—— | _; clo=| g ci-l=——1 _; (A.14b)
[e% \/§ (0% [0 \/§ ’
1 0

that is for S = 1, cartesian components of C transform a vector from cartesian to spherical
coordinates. One can then define tensor spherical harmonics [4] as

y(ﬂgg)J(Q) = Y (LMpSMs|LSJ M) Y (Q)CMs (A.15)
My, Mg
For S = 0 one recovers
Yy () = 0n Sarpar, Y (D), (A.16)
using
co% =1, (LML00|LO0JMj) =350, 0, - (A.17)

Those tensor spherical harmonics are spinors, that is they are of dimension 25 + 1. Finally,
orthogonality of tensor spherical harmonics reads for the same spin S

M *
/dQ y(L;Is)J/(Q) y(]gg')J(Q) = 5LL’ 5JJ’ 5MJM} . (A18)
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A.2.5 Spherical Bessel functions

The radial Helmoltz equation

dzf df
2 2
x —dx2+2xdm+(:c viv+1))f=0,

(A.19)

has two linearly independent solutions, i.e. spherical Bessel functions j,(z) and Neumann
functions n,(z). In particular, spherical Bessel functions are defined as

Ju(z) =

where J, are ordinary Bessel functions. They have the following properties, for v € Z:

™

o7 Jyi12(w) = (—2)” (

1d > ” sin(x)

z dx T

ﬁ”ﬂ@+4w4@)—@V+1yﬁ@,

Vi (2) = (4 D s () =20 +1) S u2),
v+1

First spherical Bessel functions, presented in FiG. A.1, and their derivatives read

d . .
o Ju(2) + &JV(Z) =jv-1(2),
v d

2 3u(2) = D) = (2).

)

, B sin(z)
]O(x) - T ’
) 1 sin(x cos(x
(@) = 1sin(z) _ cos(x) 7
xr x x
‘ 3 sin(z 3 cos(x
ol) = (5-1)™ _Seontz),
x x x oz
, 15 6 sin(z) 15 cos(x)
_ D0 (2
]3(IE) ($3 l’) T <$2 ) x )
105 45 sin(x) 105 10V cos(x)
= 41 I
jalz) < A2t ) T ( oz > x
Js(x) =
djo(x) _ 1lsin(z) cos(z)
dr T x
dj1 () ( 2 > sin(x) 2 cos(x)
I _ (£ -1 4z
dx x? x T x
dja () 9 4 sin(z) 9 cos(z)
ks ~(5-= (51
dx ¥ x x x? x
djs(x) _ _ (60 27 1 sin(z) n 60 7Y\ cos(z)
dx xt 22 x 3 x x
dja(x) 525 240 11 sin(z) 525 65 cos(z)
= —(Z-5+= +1
dx x° x3 x x x4 22 x

dx

(A.20)

(A.21a)
(A.21b)
(A.21c)

(A.21d)

(A.22a)
(A.22Db)

(A.22¢)
(A.22d)

(A.22¢)

(A.23a)

(A.23Db)
(A.23c)
(A.23d)

(A.23e)
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-0 5 3 3
o
A WNEO

=]

(x)
/
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)

Figure A.1: First spherical Bessel functions.

A.2.6 Legendre polynomials
Legendre polynomials Py(z) are defined by the relationships

1
=" nl Py(z), A.24
w2 ) (8240
[£/2] 0—2r
B . (20=2r)z
Pua) =) (0 s et (A.24b)
r=0
1 d .,

One can also define associated Legendre functions of the first kind P;"(x) for |m| < £ through

(1 _ $2)m/2 Jt+m

P[L(x):(l—ﬂcQ)mﬂddW () = S @ 1) (A.25)
In particular
Py(0) =1 (A.26a)
Pa) (-1 Pia), PP(-a) ()P ) s ) =) G PP
(A.26D)

For any (6, ¢) one has also

Puleos(8)) =51 Y(6.9), (A.27a)

Y2(6, 0) =(—1)™ \/ o N b cost) e, (A.271)

thus Legendre polynomials are only defined in theory for arguments lower than 1 in absolute
value. They have the following properties

1 deer . (=" [T .
/ Py(z) Pp(z)dx = e Jely) = 5 / eV Py(z)dx. (A.28)
-1 + 3 -1
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First Legendre polynomials read

Py(x) =1, (A.29a)
Py(z) =z, (A.29b)
Py(2) :%(3:32 ), (A.29¢)
Py(2) :é(mi’) 3, (A.294)
Pi(2) :%(35934 3022+ 3), (A.29¢)
Ps(z) :é(63x5 — 702% 4 152), (A.29f)
Ps(z) :%(2313;6 — 31521 + 10522 — 5), (A.29g)
Prz) =...

and are represented in F1G. A.2. They verify orthogonality relations

! 2 0ppr
Py(z) Pp(x)dx = , (A.30)
-1 [£]
and
dr &
Pafeos(w)) = 25 32 R 0.0 02 (A.31)
m=—A\
They also verify
m+n
Pu(2) Pn(z) = > b(n,m, k) Pi(2), (A.32)
k=|m—n|
where
K] (k+m—-n—-DN(k—m+n—-—1(m+n—k—1!(k+m+n)!
b(n, m, k) =60y ,
(k+m—-—n)ll(E—m+n)!(m+n—-EkE!N(k+m+n—1)
(A.33a)
y :%(k+m+n) MOD1. (A.33b)
In particular for n = 1, one has:
b(1,m, k)
% x Py(z) =P (x) (A.34a)
m 0 1 2 3 4 9 1
z Pi(x) == Py(z) + = Pa(x) (A.34Db)
0 01 0 0 0 g ;
1 o200 z Py(x) =¢ P3(x) + ¢ Pi(2) (A.34c)
2 3 4
2 |0 50350 2 Py(x) =2 Pa(a) + 2 Po(x). (A.34d)
3 |0 o0 3 0 2 7 7
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1.00 | n=0
1 n=1
0.75 \ %// n=1
] =3
0.50 . A
— o.25i\ - > /]
% 000l A /N /)
= 025l A /)
Q 0.25 X
-0.50] / <
-0.75/
-1.004
-1.0 -0.5 0.0 0.5 1.0
X
Figure A.2: First Legendre polynomials.
A.2.7 Jacobi polynomials
Jacobi Polynomials are defined as
—1)n 1 "
Pa B ( 1— a+n 1— B+n
(=) = 2nn! (1—2)* (1 —2)8 dam [( #)*(1—a) }
1 n
_L nta ) (nEB) o), (A.35)
n i v n—v
and normalized such that
PoB(1) = ( nta > . (A.36)
n
In particular, Legendre polynomials are defined as
Pu(z) = PY0(z). (A.37)
Jacobi polynomials Py’ P (x) are orthogonal for the scalar product
1
(fal fm)™? = /1(1 —2)* (1= 2)” fu(@) f(a)dz, (A.38)
thus, using the normalization condition from EqQ. (A.36)
! oltetf  Tn4a+1)T(n+p+1)
1—2)*(1—z)’ P¥P(x) P&F(2) do = i -
/_1( @) (1= 2)" B () Py(x) o m+a+B+1T(n+1)I'n+a+G+1)
(A.39)

A.3 Angular expansions

A.3.1 Legendre polynomials expansion

Any function g(E, k' ) can be expanded in terms of Legendre polynomials, e.g.

g(k, k") Z Py(cos(w)) ga(k, k'), (A.40)
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where w = (k, k’). Therefore one has

1
ga(k, k) = [;]/1 Py(z) g(k, k') dz. (A.41)

Using EQ. (A.31), EQ. (A.40) can be written as

A
g(F,F) Z”‘”Z Y0, 6') 3k, k)

m*—)\

)\ A A
A " (k) Y (K) ga (k. )

m=—A\

AZ AmA —m |]AN00) Y™ (k) YUK ga(k, k')
A

=47 (—1)* Z [ k) o YW (k& )} . ar(k, K, (A.42)

A

where one used EQ. (A.63) with the specific case £ = m = 0. Thus one has

gk, k") =" [Ym(l%) ® Y[Al(/;')}m gk, k), (A.43)
A
where
gk, kY =27 (=D V[N / Py(z k') dz = 4& (=1)* ga(k, k) . (A.44)

A.3.2 Dirac 3D delta function decomposition

To evaluate the proper normalization factor for our matrix elements (see SEC. D.2), a partial
wave expansion of the 3D Dirac delta function is needed. The latter is defined as

1
V2= —ar (), / A4S — ) = 1. (A.45)
Let j (/2,12 N = §k —k’. One can use the representation of the delta function in spherical
coordinates )
- - o o o
o —7") 2 5in(0) 0(r—r)o@—0)(e—¢), (A.46)
such that
+o0 s 21
/dFd(F—F’) :/ 5(r—r')dr/ 560 —0")do Sl —¢)dp=1. (A.47)
0 0 0

To evaluate the coefficients jy(k, k') of the partial wave expansion using EQ. (A.41) or EQ. (A.44),
the integration domain relates to the relative angle w between k and k' such that

cos(w) = cos(8) cos(8') + sin(6) sin @’ cos(p — ¢'). (A.48)

Using the rotational invariance, one can put k' on the z axis such that 8’ = ¢ =0, and use the
representation of the delta function

1

[e— / —
or—1) = 27 12 sin(6)

5(r—1")5(0). (A.49)
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One has then

[)\} 1 6(k—K) /7r
Ik k) = 5 5. 2 ; dé Py (cos(0)) §(0)
_ A (k=K
e Py (cos(0))
_N ok —K)
CArw k2
Thus one recovers the usual expansion
- o, k: k: [)\]
§(k—k") Z E (cos(w
A
Equivalently
~ 6 k - k,
kb = (-0 VI LE )

A.3.3 Polynomial decomposition
We start for the direct term from
FRE) =¢® = <k2 T K 2kk cos(e)) .

This gives easily
B 1
Folk, k) :271/ (k2 LK 2kk g;) de = 4 <k2 n k:’2) ,
—1
1
~ 8
filk, k) = — 2m/§/ k2 + K% —2kk z) vde = kK,
1 (k. K) - ) 7
ook, k) =0.

-

The exchange term reads simply f (E, —k'), that is the values of fz are the same.

A.3.4 Gaussian decomposition
We start for the direct term from

I )
gz(k:,k: ) =e 4:“2 @ _ 671 #Z (k2+kK' )62/,L2 kK’ cos(0) )

For the leading orders one has then

1 , 1 , sh ws kK sh(T;
/ €2M2kk xP()(fIf)dx_/ €2M1kk T qr (2' kk, ) 2 ]g )
—1 —1 Z (2

1 1
1 25 1,2 ..
/ e2Hi P T Py (z) da ——/ ek kKT 0 g
~1 ~1

1
1 2Rk )

4 1 2 Loy o

4 2 7.7/ Loy,
:,uf 27 Wi kk' ch <2,ui kk") —2sh ul kK’

(A.50)

(A51)

(A.52)

(A.53)

(A.54a)

(A.54b)

(A.54c)

(A.55)

(A.56a)

(A.56b)
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1 1
! 7 1
/ 2l L N )dx:/ 3y kK 2(3x2—1)dx
—1 —1

4 1
s (—6“? k' ch (zu? kk) + sh ( i kk) (12 + 4t kk))
2
=gy (3Lich(T) + (3 + T3)sh(T) (A.560)

1 1
/ / 1
/ e2ti kk'z py (x)dx :/ g2kt kK @ 5(5ZE3 —3z)dz
1 —1

(T (15 + T?)ch(T;) — 3 (5 + 2I'7)sh(T;)) (A.56d)

1 1
/ / ].
/ e2H e py () da :/ eaki K @ g (352" — 3027 4 3) du
—1

2
=75 (=51 (21 + 2I'7)ch(T;) + (105 + 4517 + I'})sh(T;)) (A.56¢)
Y oLca R 3
ezt Ps(x)dx = ezt 8(633: — 702° 4 15z) dz
—1 —1
2
=76 (T (945 + 105T7 + T'})ch(T;) — 15(63 + 2877 + I'})sh(Iy)) ,
(A.56f)
1 2 !
for I'; = 5 Hi kk'. Therefore
. e_i “12 (k2+k/2)
Go(k, k') =4m v sh(T;) (A.57a)
v / e~ 1 1 (KP+k?)
Gi(k, k') =—4nV3 ——z— (Dich(T) = sh(I')) (A.57b)
y e~ T M (k2+k’2> 2
G (k, k') =4 V5 (=30 ch(Iy) + (34 T')sh(Ty)) (A.57c)
2 12
Tk, k') = — 4m /7 ST T; (15 4 I2) ch(Ty) — 3 (5 + 20?)sh(L; A.57d
g3(k, k') = —dm T (T (15 +T7) ch(Ty) — 3 (5 + 2I7)sh(Ty)) (A.57d)
. e 1 (K +H)
Gi(k, k') =47 /9 o5 (=51 (21 + 2T'%)ch(T;) + (105 + 4517 + I'})sh(T;)) (A.57e)
2 12
Gi(k, k') =—4 WM T (945 + 10502 + I'¥)ch(T;) — 15(63 + 2877 + T'})sh(I;
gs(k, k') = — 4m I (T (945 + i +T)ch(Ty) (63 + 28T7 + I'j)sh(I;)) .

i

(A.57f)

Exchange terms are identical with the variable change I'; — —T;. The first functions g’ (k; k')
are represented in F1G. A.3 for k = k’. One sees there expected convergence properties of the
series as a function of n, since the overall magnitude of the functions ¢!, decrease with n.
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1.0 —
N \\\\ n=1
= 0.8 \ n=2
2
\ n=4
E. 06 (k.K)
= \ ------ (0,k)
N o4 \
~
~ 0.2
N SS
c =
0.0 =
la))
/
0.2
1 2 3 4
k [fm 1]

Figure A.3: Form factors g! (k, k) for u = 1 and various values of n.

A.3.5 Omne-pion-exchange form factor decomposition
In this case one will have to consider for the direct terms the form factors

ERY = ¢ 1 k2 + k2 — 2kK cos(f) 1
P @ +m2 gf K24 R - 2Kk cos(0) +m2 |k — k|

(A.58)

for f =0,1,2. The f =1 block is irrelevant for the partial wave decomposition, while one gets
in the f = 0 block

U k24 k2 2k o
~0 /
k, k") =2 T
Po(k, ) W/_1k2+k’2—2k:k’x+m3r

1 m2
=92 1— s d
7T/_1< 2kk/x—k2—k/2—mg) v

m? m2 + (k- k)2
™ ™ A
y [1 4kk’ln (m?r+(k:+k:’)2>]’ (4.5%)

U Rk —2kk
~0 /
koK) =—2 ﬁ/ zdx
pik, k) TV R R 2k e+ m2
2

1
m_x
— 9 . T d
7”/3/_1<$ 2k:l<:’:c—k:2—k:’2—m$r> v
1 2 /2 2
:—27r\/§/ <1+ W R )da:
~1

m2
2 kk! 2kk v — k2 — k% —m2

™

2 2 (1.2 | 12 2 2 2
— 4n/3 [m” L ma (k4K +m”)ln<m”+(k ud) )] , (A.59b)

2 kk! 8 k2k/2 m2 + (k + k)2
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1 2 12 /
K2+ K* —2kk 1
~0 ! 2
k k') =27 /5 322 — 1)d
pa(k, k) W\[/lk2+k’2 2 g 200 D

—27“[[/1<2x2—g2kk/x_”;§f2k/2_m%> dac—1 O(k, k/)]
S CTRY: YRS T DRV
=2 /5 — f~0(k: k)

+27r\f/ 3 my k2+k'2+m)<1+ (K2 + K% +m?2) >dx

k2K 2kk x — k2 — k'? — m?2
=275 — ‘[ POk, K
m2 (k% + k' + m2) (K2 4+ K*+m2) . (m2+ (k—k)2
+ 375 122 + 5 ok n( ,2T+(k+k’)2>
3m2 (k2 + k"> +m?2)
:477\/5|: Skzk/2
m2 [ 13m2 (K +k? +m2) m2 + (k — k)2
Ry ( 1 16 k2k"2 i <m3r Tt k’)2>] ‘ (A-59)

Likewise for the f = 2 block one gets

1
1
~2 /
koK) =2 d
Po(k, ) ﬂ/_le—}—k"?—Qkkz’x—&—m% !

1 m2 + (k- k)2
= _4 1 s A.60
4 [4kk’ H <m2r Y (k+k)2)] (A.60a)

1
1
~2 !
kkK)Y=-—2 \/§/ xdx
pik, k) : VK24 K2 2kK @+ m2

271'\/» (k2 + K% + m2)
5 5 | dz
Tk R W —m2

1 (k2 + K +m2) m2 + (k — k')?
= usay| s A.60b
4m V3 [2%/ + 8 k2k'? n<m3;+(k+k:’)2 ’ ( )
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1
~2

kK =2 f/ 322 — 1) dx
Pk, k) =2m R 2I<:k:’x+m22(x )

NG (k2 + K +m2)x
=~ L2 Rk, K) — 215 n
5 Polk.K) 7”[/_141%:' YTy

VB
:_7190(743 k')
_47T\/53(]€2+k’2—|—m72r) <1+ (k2+k/2+m3r) . <m72r+(k—k’)2
8 k2k'? 4 kk' m72r+(k+k’)2
3 (k2 +K* +m2)
——4%\/5[ YT
L (1 3R 4K +m)?\ | mE (kK
* 4 kK <_2 + S k2k/2 In <m$r+(k:+k:’)2ﬂ ) (A.60c)
R k) = —2mvT [ 1 1. 3
p3(k, k') = —2m ST R N 5(53: — 3x)dx
3pi(k, k) 10m [ 23
__\f[ PR, k) +/ 4
B 2 R 2k et m2
3 pi(k, k) 10w /1 )
- d
\f{ 3 4k )7
107 (k* + K" + m2) /1 22 d]
- T
4 kK 1 k2K - 2kK x + m2
3p1(k‘ k?) 107
f{ V3 6kK
ST e )
- = — (K" + K"+ d
8k2k./2 i, xz ( mﬂ)]{?2+k’/2—2k’k/$—|—m72r €T
[ (AWK 3 g k)
3K 8 k2k"? 2] -3

2 /2 2\2
k:k:’ 3 16 k2k'?

(W + K+ m3) (p 5K +md)?\ (md+ (k- k)’
+ - n 2_’_— .

16 k2k/?
(A.60d)

A.4 Reduced matrix elements

Reduced matrix elements are defined using standard convention, i.e. such that

(¢|[Tje) = /1] ¢t ((¢'s)5 1T (¢5)7) = /1] Seer S - (A.61)
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A.4.1 General relations

For two tensors T1¥1! and T'*2] of ranks k; and ks respectively, acting on the same system, reduced
matrix elements of the tensorial product X of rank & of T 1) and T™*2] read

(3 NXH g gy = R (—1)F Y { foke ok }(V’J’HT““”H’/’J”) (" |\ Tty gy

,y//7J// J J/ J,/
(A.62)
where ~ stands for other degrees of freedom. If T¥1] and U*2] act on different coupled systems,

one has instead

J k
(' (LI TN XMy (1) T) = VITNTNRL S T T ko
JJ ok

xZ PN TR ) (7 T UMy Js) . (AL63)

Matrix elements of the scalar product of two commuting operators of same rank T’ (K] and U]
read then

Jo ik
XZ PTNTW Y ) (3 T U By J) . (AL64)

(o (S 5) [T - UMy (J12)T) = /1] (—1)"1”5”{ Ty } 81

In particular, if T and U are scalars, one finds

J
O AT TNy () =\ 800800000

x> JNTO " ) (v T3 [T |y J) . (A.65)

Finally, for a tensor 7% acting only on one part of a coupled scheme, one gets

! !
O (TR TNTEN 5y (J12)) = (1) 475 T { e } CRAlLIEEAY
1
(A.66)
A.4.2 Exchange terms
Reduced matrix elements are computed in the following only for the direct terms, e.g.
(K N0 k)|lkT) = (K J'||0(@)[[k5) - (A.67)
Exchange terms are equal to the direct ones, as they read
(K" J'lo@")|lk J) = (&' J’HO(EC —15)\\/c J)
. ~ . .100]
=2 O =) (7| YP(E) @ Y PI(—(=k))| " 11k )
(k' J'NO@)|k J). (A.68)

The treatment of exchange terms will therefore only require an additional factor two in the
partial wave decomposition.
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A.4.3 Reduced matrix elements of selected operators

A.4.3.1 07 -0J9 operator

One has .y , ,
J2_ 32 _ 3
G Gy =2 01T (A.69)
Thus

(S' M3y - 32|S M)

!
s 8008
~M, 0 Mg

Oss Onrgry, (' M§|S? — 67 — 53|15 M)

(|61 - 72]5) =

_VI8]
2
VIS]

dsgr 5M3Mg (45(5 + 1) — 6)

=4/ [S] dgg (QS(S + 1) - 3) . (A?O)
A.4.3.2 P, operator
By definition
P, = # . (A.71)

One gets easily from EQs. (A.70,A.61)

(S'[|P1S) = [\ﬁéss/ + /181955 (25(S +1) - 3)
=/[5]dss (S(S+1)—1)
=V/[S] 8550 (—=1)5. (A.72)
Another way to obtain the latter result stems from

<S/MA/5"PU‘SMS>

/
Cys [ 8008
—Mg 0 Mg

(S|P ||S) =

=[S 6ss (3 S’MS\P‘%% )S Mg)
=V[516ss: Z< 1S ME| (38128 |3 35 M) Py |1 814 S,)
51,52
=V[Sldss 3 (DS M| (351382335 Ms) 3524 51)
51,52
—Vldss > (D)5 M| (352351 [135Ms) 4513 5)
51,52
—V/Bloss (-1 3 (318 M| (551485 |53 5 Ms) |1 81§ 52)

51,52
=/[S]dss/ (—1)'5 (" M§|S Ms)
=V/[S] 855 (=1)'+5. (A.73)
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A.4.3.3 []g/r operator
By definition

1+ (-1 F,
1= ( 2) . (A.74)
S
One gets easily from EQs. (A.72,A.61)

(SITLIS) =5 [VISTass: + (-~ VST dssr (~1)°*]
So

% VIS 85 (1+ (—1)7+50)
=/[5] 55 Oss, - (A.75)

A.4.3.4 Total angular momentum L
We have immediately, using results from SEC. A.2.1.1

(L My, |Lo|L' M)

!/
(e [ L1 L
~M;, 0 M

A.4.3.5 (01 + d2) operator

(L||L||L) = =6 VL(L+1)(2L+1). (A.76)

The easiest way is to use the result from the previous section

(S|l + 32][S") = 2(SIIS [18') = 55 2V/S (S + 1) (25 + 1) = s 65126, (A7)

since S = 0,1. Another method can be used as a check, involving EQ. (A.63), that reads

(S[161 + G2[[8") =((5 5) 81161 + 72]I(5 3)S")
=((3 3)Sllonll(3 5)5") + (5 3)SIIPL Py o2 Py PI|[(5 5)S")
=((%%)5H01H(%%)S')+((%%)SHPTmPTH( 3)5")
=((3 $)Slloll(3 $)S) + (=D ((3 58Nl $)S)
=(1+ (D)) (3 B)Sllell(3 5)S), (A.78)
where
1/2 1/2 1
((3 3)Sllo1ll(5 3)9) =Gllonl13) Gl VSIS § 1/2 172 0
S S 1
_ GYewld) e | 22
= (SIS 4 1/2 172 0
(1)0 /2 1 1/2 g g 1
~1/2 0 1/2
—12 V(S % 55’1 . (A.79)
Thus
(S]161 + G2l1S") = (1 + (—=1)F) G1 6511 V6 = b330 051 2 V6. (A.80)

Using EQ. (A.66) directly would have led to the same result for ((3 1)5||o1]|(3 3)S).
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A.4.3.6 [ 1] ® [1}}” operator

This is only a small generalization of the previous results, and one has using EQ. (A.63)

1/2 1/2 1
(Sl [ @ o] 15 =VITSTT § 172 172 1 ¢ GllolY)?
S S f
1/2 1/2 1
=6 [fISIST 4 1/2 1/2 1 ¢ - (A.81)
S S f

For f = 0, one recovers easily the results from the previous sections. Indeed

(sl - 3211 = - V3 (811 [0V & o] 1197

1/2 1/2 1
=-6V3V[O[S][S § 1/2 1/2 1

S S 0
. DT L2 12
=~ 0V3dss [8 OE {1/2 1/2 S}
=~ Gss /[5] (-1 (s 225D

=dsg/ [S] (25(S+1)—3). (A.82)

A.4.3.7 Spherical harmonics

Any finite rotation can be characterized by three Euler angles («,3,7), and the associated
operator is noted

D(a, g, )—eh‘]zeh Ty 5T (A.83)

Its matrix elements in the representation |jm;) are

DY) (e, 8,7) = ()| D(av, B, )5 my) - (A.84)

In the representations we are using .J, is diagonal, thus

(])m/(a,ﬁ, )_ezm ’Y'D ( ﬁ, ) zma_ezm 'yd( )m (5)eimo¢. (A.85)

m

()

Matrix elements d’

49),(8) = \/ Gt oo () s (5) B s ()

(8) can be evaluated using Jacobi Polynomials (SEC. A.2.7), and read
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Therefore, using EQs. (A.85,A.39,A.86), one has for t = cos(f3)

2 27
(J2) :
s / | DU @B D, 0B dasin() asdy

Om 'ml, Omyma \/(]1 + m1) (j1 — ) (J2 + m2) (ja — m2)'

2 (1 +m1)! (j1 — ma)! (Ja + m2)! (j2 — m2)!

1 m/ +m1 m/ —m
1 t 1 1 — t 1 I / r_ /
S5 ()T e pE e @
-1

. 5m’1m’2 Omims 6j1j2

1]

(A.87)

Transformation rules for the finite rotations read on the other hand

DL, (08,7 D, (@,8.7) = Zm(jl, ” j,>2>£5;2;<a,m><ﬁ - j>.

my My m mi mo m

(A.88)
This leads to

27 2
(31) (42) pUs) ;
oz | ] PP, 0.5 DY, (0.5) da sin(s) dBdy
:< Jl/ 32/ JS/ ) < JuoJ2 I3 ) (A.89)

471'
@

Finally, one has

DY) (0, 8,7) = 4| == Y{™(B,7), (A.90)

and EQ. (A.89) becomes

_ [][6][ls] [ 61 by il by Ly U3 (A.91)
A7 0 0 0 mi Mg Mms ' '

(W LMY RIRLMLY) [MW[H(L’ k L>‘

/
o (L kL
—Mp p Mg

This amounts to

(K L|[YW(k)[|k L) =
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A.4.4 Tensorial product of spherical harmonics

Using EQs. (A.62,A.92), we get

L' L 0
x (K L|[Y I (k)% 0) (kO] [Y P (k) |k L)

:(_1)f+L+L’ 7] {z [lj/ £}<_1)L’

) [y @ YO )] kL) =(-1 [f]{ o0 f}

O][a][L] { L' a O (L)) { 0 b L
4m 0 0 0 4m 00 0

AL L)L) (—1)L+

1)/ +E s (DT

* \/7 ,7] 4r oL obr, T
=(-1)" \g SaL ObL - (A.93)

A.4.5 Quadratic terms
Using EQ. (A.92) and results from SEC. A.3.3, one has

(k LI2lIk D) =3 Ak k) 0 2] [y @ v k)
A
=> fA(f; ) Ox da (=)
A

_5LL’ 2 72 & ’

=0L1 [(kz + kl?) 0ro — jgkk/ (5L1:| : (A.94)

A.4.6 Gaussian terms

Applying the same method from the previous section, one gets for the direct terms

(K L'lle 5 || L) Z B WL [y W) o Y] e )

5 (K & /
=> gk(47r ) Sz 6ar (—1)"
A

=) gk ). (A.95)
™

)



Appendix B

Hartree-Fock-Bogoliubov formalism
in the traditional and Russian
representations

Abstract: The present chapter provides an extended set of general equations about HFB formal-
ism. The focus is put on the link between the so-called traditional and Russian representations
in the case where time-reversal symmetry is not assumed. All equations of interest are especially
given in both configuration and coordinate spaces and are further specified for time-reversal
symmetric systems, spherical systems and infinite nuclear matter.
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B.1 One-body states

B.1.1 Representation
Spin and isospin indices will be noted o = +1/2 and ¢ = £1/2, respectively, with the notation

o =—o, and
20 =20 =(—-1)°"7, (B.1)

with s = 1/2. Single-nucleon spinors {¢, } have good isospin projections and are represented by
(Fo=+1/2q| ) (™ +1/2q)

(Flp) = ou(fq) = = : (B.2)
(Mo =—1/2q|p) pu(r —1/2q)
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Orthonormality and closure relationships in a given isospin subspace read for the set of spinors
{ont as

/drgou(rq 0u(7'q) Z/drcpu 70 q) ou(Foq) =0, (B.3a)

> ou(Foq) (i o' q) =6(F — ) 6,00 (B.3b)

In Dirac notations, closure relationships read as
Sl (ul =1, >3 [drlroa) o =1, (B.4)
Iz q o

whereas those within a given isospin subspace are obtained by limiting the above sums to states
corresponding to a given isospin projection.

B.1.2 Symmetries

Symmetries and associated quantum numbers p used to designate single-particle states depend
on the situation and cannot be given once and for all. Pairing requires at least the existence of
one good quantum number (beyond isospin) to split the basis into two halves that are coupled by
the Bogoliubov transformation. Because it is general enough to cover most of the situations of

interest, we use the z-signature (. as the transformation that provides this quantum number [5].

To be complete, one should characterize transformation properties of basis states under a complete
symmetry group.

Signature transformations correspond to three rotations by an angle m around the reference
axes, that is

R; = e™i = ¢™liei™Si = jeimli 5 for j =z, v, z, (B.5)

where &; are the Pauli spin-matrices. The third signature depends on the other two, since
RiRj = ey — b5, (B.6)

where €;;; is the Levi-Civita symbol and ¢;; the Kronecker symbol.

It is essential to also introduce the time-reversal operator T = €™ K, where K is an
operator which associates to a wave function its complex conjugate and S'y is the spin-projection
operator of the N-body system. For single-nucleon spinors the time-reversal operator reduces
toioy K. We will come back extensively to the properties of T below. Squares of these basic
operators for a N-body state are given by

T2=(-1)N, R?=-1. (B.7)

Single-particle eigenstates of R, have eigenvalues i(, = +i (¢, = £1). The z-signature relates,
in the restrictive case of an axially symmetric system, to the projection of orbital momentum my
and spin ¢ on the z-axis according to

Cy my g

+1 even +1/2
+1 odd -1/2
-1 even -1/2
-1 odd +1/2
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As already said, the basis will be split into two halves according to the z-signature quantum
number and pairing is assumed to take place between states of opposite signature. Consequently,
the Bogoliubov transformation only pairs states of opposite signature, noted (u, ). However,
this notation does not specify which of the two states has a positive signature.

B.2 Two-body states

Normalized and antisymmetrized two-body states will be noted |i j), and non-antisymmetrized
states |1 : 7, 2: j). It will sometimes be useful to introduce non-normalized and antisymmetrized
two-body states | ij > as

o 1ie, 205y —1:4,2:9)
ij) = ,
V2
Starting from these states, several types of two-body wave functions can be obtained, depending
on the scalar product considered. Typically, one can have

lij>=[1:i,2:5) —[1:5,2:9) =v2]ij). (BS8)

(Ler, 2071, 20 4) = 0u(Pg) o (7 q) (B.9a)
(1:70,2: 70" |L:p, 2: 1) = pu(Foq) (7o’ q), (B.9Db)
(Pl p') = ou(Tq) o (7 @) — o (7'q) pu(™ @) , (B-9c)

(Fo o' |up') = w(F 0 q) (70" @) — o (o q) pu(i'a’ q), (B.9d)

(7 27 pp') = —= [@u(Fq) o (7' ) — o (Fa) pu(7 q)] (B.9e)

(1:70,2: 70 |py'y = [pu(Foq) pu (7'’ q) — g (Foq) pu(F'a’ q)] - (B.9f)

<5

Then, care must be considered when defining closure relationships in the two-body space,
depending on the antisymmetry and normalization of the two-body states considered. The two
choices of main interest are

Z Z drdr’ |1 : 7oq, 2 :7'0'¢') (1 : Foq, 2 : 7'0'd| =1, (B.10a)

qq’ oo’

3 /dFdF’ Foqr' o’ ¢) (Foqi' o' ¢'| =2. (B.10Db)

qq’ oo’
Those results are obtained through

Dy 2y ZZ/drd 1:7oq, 2:7'0'q)(1:Foq, 2:7o'd|| |1:4,2:0)

qq’ oo’

<Z/dwu (Foq) o (TU(D) Z/dF'sOZ(F’U’Q’)sou'(F'a’Q’)
o—/q/

=Opp! O
=(1:p, 2:v1:pu,2:0V), (B.11)
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and

(v ZZ/dFdF’|FUg, P o' Y (Foq, 7o' || |u'V)

qq’ oo’

—ZZ/drd o (Foq) eu( o' q) - sai(foqm;(?'a’q’))
aq' oo’

—

@ur

q) ¢
_2[<Z/dr¢“ (Foq)pu(Toq) (Z/dr oy (7 ' q") o (7' o' ¢)

(7o' q) wyf(FUq)w(F’U’q)>

(Z/dwpuraq 0 (Foq) Z/drgp (7 o' ¢) o (7 ' q) ]

=2 [5##’ Out = Oyt 51/#’]
=2(uv|p' V'), (B.12)

where Kronecker symbols also relates to the isospin of the states. Equivalently, in configuration
space one has

Sl 20y (Lip, 2:v|=1, > lpv) {uv] =2. (B.13)

B.3 Time-reversal operator

B.3.1 Definition
In the N-body Hilbert space, one has

T=e"SEK, 72 = (-1, (B.14)

The operator T is antiunitary (unitary and antilinear), with the following properties:

TH=T71, (B.15a)
AT =T X, VieC, (B.15b)
(wlT) o) = [(ul(T10)] " (B.15¢)
(u (TTo) =(|(T|u) . (B.15d)

In particular, the basis vector, bra or ket, on which such operators are applied needs to be
specified. Representation and transformation rules differ between the Hilbert and Fock (second
quantization) spaces.

Indeed, it is important to know the number of fermions on which T is applied. For even-even
systems ’2'2 =1, and one can find time-invariant states such that 7 |U) = | ). For single-nucleon
spinors 72 = —1, and no state is invariant under the action of 7. Its action on a given basis
state |u) defines the state |f1) according to

T |p) = 1m, T ) =~ - (B.16)
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In particular |fz) and |u) are orthogonal to each other. Indeed, one has 7T = 7! = —7 thus
(i) =l (T1) = —(ul(THw) = —(ul(T1w) = —(ul@) = 0. (B.17)

In the N =1 case, the complex conjugate operator K does not act on the Hibert basis states,
but ensures that 7 is antilinear through

Kp) = lu), R [alp)] = a* |u) (B.18)

B.3.2 Action on single-particle wave functions
The transformation of a single-particle wave function under the application of T is given by
(To)u(Foq) =20 ¢,(Fq), (B.19)

thus 7" does not change the parity of the state. It can be easily checked that (f'2¢)u = —Qy.

B.3.3 Transformation of creation and annihilation operators

One can introduce the time-reversal operator in Fock space 7 through its transformation rules
for standard creation and annihilation operators defined on the tensorial product of space, spin
and isospin as well as on the particle vacuum |0) as

it A At 2t At o= At
vl Orpq T =20 Gy s T ag,, 7' =25 Orzg (B.20a)
T l7pq T =20 G754 , T g TV =25 G754 , (B.20b)
7 10) =|0). (B.20c)
In any arbitrary basis, one can define
al =Tal 11, (B.21)

and obtain an explicit representation of 7 under the form

= ™ ot A At
T = exp [2 Z (al ag — CLL ak>] . (B.22)
k
One says that the basis is closed under time-reversal symmetry when, starting from the basis

state |k), one can find another basis state |k) such that

af = al . (B.23)

This is for instance the case of the eigenbasis of the position, spin and isospin operators {d;gq}.

In this case {7;(;]} = {Foq} and 1r,q = 20.

B.3.4 Action on one-body Dirac bras and kets

The representation of the same operator in Hilbert space T is obtained through its action on a
basis ket |0 q) and bra (7o q| as

T|Foq) = 25|75 q) (Foq|T =20 (Faq|, (B.24)
which is consistent with EQs. (B.20a,B.20c). This allows one to recover EQ. (B.19) through
(T)u(Toq) = (Foql(TIu) = (FoqT)|n)* =20 (Foqlu)* =20 ¢, (77 q). (B.25)

Note that the different signs appearing above come from a specific choice of phase in the definition
of T = ey K1) In the following no distinction between 7" and 7 will be made.

n the present case T =etimv K.
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B.3.5 Matrix representation

One has to be very careful when representing T through a matrix acting in the one-body Hilbert
space. We define

T = Wl(TW) = [ 45 (o) TohiFon = [ aF S 20 Foaei(Foa). (B20)

Some care must be taken when defining the matrix representation of related operators. Al-

though one naturally has 77, = (u| (’ZA—*| ) T 1= <M|< Yv) and ’Zi,, = <,u|(’]uf|y), the matrix
representation of T2 is less trivially obtalned as
Wl(T2) = () Ty = ST (6l (B ) = (TT, A T2, (B27)

K

Then, one can check in matrix representation the properties of 7 when acting on the single-particle
Hilbert space, i.e.

T = [ 2041700 6375 )
/drz 20, (Foq) ¢, (o q)

=—Tu. hence TT:—T,
(B.28a)
(TT"), ZT 17,
—Z/drd 22090“ Foq)oL(Faq)20 0. (7' o' q) (7' 5 q)
:/dFZQUQDZ(FUq) 20 o, (Foq)

=— 5 hence 72 = —1,

(B.28b)
TT T ,LLI/ - Z KL Kl/
=Z/df'df/ ZZUw(FJQ) pu(Faq) 20" 01 (F o' q) (7' &' q)
/dr ZQO’QOM q) 20 ¢, (F7q)
=0 hence 7' =77,
(B.28c¢)

Since a state and its time-reversed partners have opposite signatures, non-zero matrix elements
of 7 necessarily couple two different halves of the basis. 7 denotes the transformation matrix
within each signature block from the basis ¢ to the basis formed out of their time-reversed
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partners. It takes the form

(7 )u (T¥)o

|

0 | %ﬁ Pu

T : (B.29)

|

7;9;1 ‘ 0 27
\
|

which, if the ordering of the starting basis of size M is such that the first M /2 states have a
positive signature, shows that the ordering in the transformed basis has changed in such a way
that states of negative signature now come first. This is again because (’j' ), has the opposite
signature to ¢,. Finally, a representation of the time-reversed states of a given spinor is achieved
through

(Te)o(Foq) = (Foq(T19) =D (Foqlu) (ul (T|9) Z‘Pu (Foq)T, (B-30)
I

whereas the inverse equation reads

ou(Foq) = Z(ﬁa)p(m 07T, (B.31)

B.4 Energy density functional formalism

In the energy Density functional (EDF) formalism, the ground-state energy is postulated under
the form of a functional £[p, K, k*] of the one-body density p? and the pairing tensor k¢, defined
as

L, = <q>ya;1j i, | ) ®lay, a,| ), (B.32)

/@Iqju =
where |®) is an auxiliary quasiparticle product state for the Hartree-Fock-Bogoliubov (HFB)
realization of Single-Reference EDF (SR-EDF). Without going into any details concerning
the actual form of the nuclear EDF, it is important to know that E[p, k, k*| splits into the
uncorrelated(?) kinetic energy and the remaining correlation energy(?

B.4.1 Normal density matrix, pair density matrix and pairing tensor

The normal one-body density matrix is defined in coordinate representation through

p(Foq, 7 o' q) = (@lal,,,, drgl®) = > 0n (7' o' ') u(Fo q) pl dyq (B.33)
uv

where {¢,} denotes an arbitrary single-particle basis.

2In the HFB implementation of the EDF formalism, the kinetic energy is partly correlated through smooth
occupation numbers associated with the explicit treatment of pair scattering.

3Such correlation energy also accounts for the correlated part of the kinetic energy which is not treated explicitly
through the first contribution to &[p, k, £*].
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e In the so-called traditional representation of the HFB formalism, the pairing tensor is
introduced through

K(Foq, 7 o' q") = (Rlapiery Grgg|P) = Z oo (7' o' ¢ ) pu(Foq) Ko Oqq’ » (B.34)
uo

and is such that s}, = K} d_¢,¢,»> as the Bogoliubov transformation only couples states of
opposite signatures.

e In the so-called Russian representation of the HFB formalism, it is rather the pair density
which is used, and it is defined as

p(Foq, 7' o' q)=2"k(Foq,7 & q¢) =25 Zcpg(f"&l q)pu(Foq) n/[if/ dqq - (B.35)
%

Since nucleons are chosen to have a good isospin projection, all densities and fields are isospin-block
diagonal. This suggests to introduce the notations(*)

XU Fo,7 o) = X(Foq,7 o' q) by X =p,p.k,hh AL (B.36)

The scalar part of the normal and pair density matrices, the latter being of particular interest
when pairing is restricted to the spin-singlet/isospin-triplet channel, can be introduced for a
given isospin ¢ through

) =Y pl(Fo, i a), PR =) U (Fo,7 o), (B.37)

which leads naturally to the definition of the local scalar normal and pair densities

pI() = (T, pIT) = T, (5.35)
which cannot be introduced for the pairing tensor « as it is skew symmetric (kT = —&)
From EQs. (B.31,B.35), one finds that
p(roq, 7 o'q") Z Z (7' q )WM(FU‘])’QZQ(Sqq’
—ZZ w (7o' q') ou(Foq) K7, Ogq
EZ(,O“/ 7o' q ) ou(Foq) ﬁfm’ dqq > (B.39)
pp!

which defines the matrix elements of ,EZ #, in any arbitrary single-particle basis in terms of those

of k and of the time-reversal operator T, ie.
Praw _Z”quzf*u ’ Z’O#u woo (B.40)
or, equivalently, ¢ = k9 7* and k% = p?T". In a similar way, one can show that:

Ao =2 Tou i o =2 TPl (B.41)

4In configuration space, one will also use matrix elements of the kind X fj where the superscript is a reminder
that the field and densities are diagonal in isospin. In all rigor however, matrix elements should be noted X;;, the

isospin superscript appearing for matrix elements of the kind Xzoqr/0rq = X2 201+
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or, equivalently, 597 = 77 k9T and k7T = 7* 91, EQ. (B.40) is the matrix representation of the
definition of the pair density matrix in an arbitrary matrix through

ph, = (®ladal @), (B.42)

which can be used to prove that, for time-reversal invariant systems 7 |®) = |®), the pairing
tensor becomes hermitian. Indeed

P =(@| TT) (T a T' af, | @)
=—(®|al (TTT*al T T |®)*
—(®|af, aj |)*
=Dy » (B.43)

where (P| ’j—T) — (®|, 77T =1 and 72 = —1 have been used. This result provides one advantage
to using the Russian representation in the case of time-reversal invariant systems.

B.4.2 Generalized density matrices

Since the many-body auxiliary HFB state is an independent quasiparticle state, the normal
density matrix p does not contain enough information to characterize the state. The generalized
one-body density matrix which does so is defined in the traditional representation as

K dlata|d ®|aa|P
n_ p :<\|><H> | (B.44)

*

—K* 1—p* (®latal|®) (®laat|®)

and is idempotent R? = R, as it should be for an independent quasiparticle state. This leads to
various relations between p and k, e.g.

p-p—FK-K =p, p-k—k-p-=0, (B.45a)
K - p—p"- k" =0, prept — Kk =p". (B.45Db)
The pairing tensor being skew symmetric, its trace vanishes, that is
Tr{xk?} = Tr{k?*} = Z Kh, = /df'z k(roq,roq) = /df’z k" (Foq,7oq)=0. (B.46)
1 o o
A generalized density matrix can also be introduced in the Russian representation through
~ p p

R = : (B.47)
pto1—p*

which contains the same information as R, and shares the property R2 = 75,, leading to

pp+pp=p, pp—p-p =0, (B.48a)
plop—p*pl =0, prep e p=p". (B.48b)




B.5. Hartree-Fock-Bogoliubov equations

33

B.5 Hartree-Fock-Bogoliubov equations

B.5.1 Traditional representation

The equations of motion for the single-particle states and the occupation amplitudes are deter-
mined self-consistently from the variation of the total constrained energy. The second constraint
makes the many-body state to remain an independent quasiparticle state whereas the first one
fixes the average particle number to the actual number of particles. This is the minimum set of
constraints. The minimization reads

* 1 * 2
5(Elp o - 5 Z N (Tr{pf} + Trfp?"}) Z Te{AY(R? - RN}) =0,  (B.A9)
with the additional conditions
Tr{p?} = Tr{p?*} = (N,) = (N]) =N, (B.50a)
RIZ - RI=0, (B.50b)

which have to be met by adjusting the Lagrange parameters A\? and A? accordingly. The variation
is expressed through a variation of the matrix elements of the generalized density matrix RY.
We have to remember, however, that R? contains redundant information since only half of its
matrix elements are independent, i.e.

q* _ q a _ _.q ax _ _ qx
Pij = Pjis Kij = —Kj; Kij = —Kj; - (B.51)

Py

One chooses the irreducible set of independent variables pU,pZ] s Kijo Z]

for all 7. The variation of RY can be written as

" for j < i as well as pl.

0Py 0Ky
Ry, = o o (B.52)
—Oky —0py
Then, the variation of the energy gives
o0& g o0& o0& R
0= ( -3pf; + 6PQ*5,0 +ran + q*(s > Z 5;)“
J<iq Y
zlz(h‘la R Opl — ALOR] — ALokT)
=5 2 \ 0P + Iy 0py; Fij = 240
ijq
1
=5 Tr{hdp + h*6p" — A*6k — AdK} , (B.53)
where we have introduced, for j < i,
o0& o0&
q — _ g qa — _ q
hji “opl hij Ay = ga = R (B.54)
o€ o0&
qx _ _ 4 qx _ _ q*
di :5[)?% = hi;, Al = =50 = —Aj; (B.55)

The concept of trace can also be used for the combined spaces of particle indices and
submatrices of HFB theory. Introducing the generalized HFB matrix H? in analogy to R? as

hi A9
HY = ; (B.56)
_AI*  _pax
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the variation of the energy can be rewritten as

h A J oK
0 =) HLIRI, = Tr{H6R} :%Tr ’
ijq —A* —h* —oKk* —dp*
:lTr {hép — AOK™ — A" 6k + h*6p*} . (B.57)

2

The trace has to be taken in the space of single-particle states and, if applicable, in the space of
2 x 2 matrices. If the index q is absent (present), the trace in isospin space is (not) considered.
The variation of the constraint on particle number gives

1)
0Tr{p”} = o0l 5T D o= 8608, (B.58a)
ij ik ij
* * 5 * *
0Te{p?*} = 6 5T > ole =" "di;00%" . (B.58b)
ij ij g ij
The variations of the constraint and of the energy functional can be combined into
1
o€ -5 > A(Te{p%) + Te{p?*})) = Te{H'6R}, (B.59)
q
where
. hd — )\ A9 he' Ad
HT = = (B.60)
—AT* (b9 — \9) —AI*  _pa'*

On the other hand, the variation of Tr{A%(R% — RY)} leads to
)
STHAYRT R} =Y o A (Z RYRY, - R) SR
mn % k

- Z Agj
ij

> GimOrnRE; + R Okmbin) — 5jm5m] SRL
k

( J

=(RINT + AIRT — A9, ORL
=Tr{(RIA? + AIRY — A7) 6R1}, (B.61)
in such a way that the variational equation finally reads
Tr{(H? — RIAT — AIRI + A9) §R} = 0. (B.62)

The latter equation has to hold for an arbitrary variation dR?. This means that the rest of
the expression has to be zero, i.e.

HI' — RINT — AIRY+ AT =0. (B.63)

In the next step we eliminate the matrix of Lagrange parameters A9. Subtraction of
R? x EQ. (B.63)) from EQ. (B.63) x R? yields to

0 =HI'RI — RINIRT — AIRI2 + AIRY — RIHT + RIZAT + RINIRI — RIAY
=[H?' R — AI(RI% — RY) + (R — RT)A
=[H?', R (B.64)
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This means that the solution of the minimization problem is a basis which diagonalizes simul-
taneously H? and RY. F inally, one obtains the HFB eigenvalues problem in the traditional
representation under the form

Ba — N\ Ad Ualxl Uk
= E4 , (B.65)

—AI* _pax 4 )\ Valx] g Yalkl]
1 p

where (ug[“},v,‘i[“l) are the upper and lower components of the quasiparticle eigenstate expanded
in the single-particle basis of interest one starts with, whereas E}} denotes the corresponding
quasiparticle energy. Having those quasiparticle eigenstates at hand, the normal density matrix
and pairing tensor can be calculated as

p = Valel* pals] T jo — Yl ggalel T — g gals] palel T (B.66)

B.5.2 Russian representation

We introduce the (2N x 2N) unitary matrix G as

0 1
G = , (B.67)
75 0
and perform the associated basis transformation on EqQ. (B.65), that is

ha — N7 Al Ulxl Ualxl

G GGT = ElG1 : (B.68)
—AI* _pax 4 )\ Valx] Valx]
Iz Iz
to obtain
—TTha** 4 \a  pat ia yalél
~ =E] , (B.69)
ha ha — \2 U ala] el
I I
or equivalently
ha — \7 ha ualal ualal
3 =EB] , (B.70)
hat —(T'haT)* 4 X4 yalal Valp]
I Iz
with the quasiparticle states in the Russian representation defined as
ualal Uil
= . (B.71)
yaldl TT yalk]
"
and the pair field h as
hi=AIT*, (B.72a)
hi=—TT AT, (B.72b)

Coming back to the definition of the pairing field in the traditional representation, that is
~q T

0 o Op
AL=—r =) KL — Z T = thka : (B.73a)
Toowl S opy Ok 5 8523 ’
opd -
AL = 0¢ O _ g~ 0¢ =Y TRl (B.73b)

z 8ﬁq 8 q l aﬁ;]l
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and posing
hy; = 0¢ , hit = ‘915 , (B.74)
v opd! v op;;
one can show that
A =p1TT (B.75a)
AT =p?* 7T = — (2T, (B.75b)

which indeed is consistent with EQs. (B.72a,B.72b).
Using EQ. (B.71), the one-body and pair density matrices read as

p? =Vl Valel T yald)* yalo) T gt 7 (B.76a)
7 =k1T* = —ylvl VQ[H]T 7% = _1y407) V‘I[ﬁ]T, (B.76b)

which shows in particular that the one-body density expressed in terms of the quasiparticle
components does not read generally the same in the traditional and Russian representations.
Of course, the representations using x and p are fully equivalent, but one or the other may
present advantages under certain circumstances. The pair density matrix is particularly suited
to quasi-local pairing functionals, in particular when the corresponding effective vertex is limited
to the spin-singlet /isospin-triplet channel. When the system is invariant under time-reversal, the
pair density p becomes hermitian which leads to simplifications. Note however that EQ. (B.70)
demonstrates that quasiparticle wave functions in the Russian representation are not solutions of
the HFB equations when time-reversal invariance is not assumed [6].

According to EQ. (B.71), the Russian representation amounts to representing the lower
component of the quasiparticle wave functions in the basis constructed with the time-reversed
states of the ones used to express the upper component. Because of the properties of the M x M
unitary matrix G, the first M/2 components of VP! have now an opposite signature to the first
M /2 components of U4[°),

B.5.3 Coordinate ® spin ® isospin space

B.5.3.1 Standard notations

Two typical notations used to represent quasiparticle states in the x representation (equivalently
in the p representation) are

ulioq) | [ udd, -
Vil (o q) Vi,

The first notation is specifically used when expanding the quasiparticle states in coordinate,
spin and isospin spaces. Indeed, one then talks about the upper and lower components of the
quasiparticle wave functions. The second notation is a classic matrix notation which is more
general and used for any arbitrary single-particle basis. Using the latter notation, it becomes
obvious that the first index always refers to the particle basis used to expand the quasiparticle
states whereas the second corresponds to the quasiparticle basis.

The upper and lower components of the quasiparticle wave function are obtained explicitly
from the quasiparticle creation and annihilation operators defined in EQ. (B.110) (or EqQ. (B.116))
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according to
Y = 31710
W (Foq) (Foq|Bu'0)

Vil (g q) (Foq|320)"

(B.78)

B.5.3.2 Dirac notations

The introduction of Dirac notations in the HFB formalism raises questions because of the use of
particle and quasiparticle operators/states. First, and in order to differentiate between those

two types of bases, the notation p will be used when needed to characterize quasiparticle states.

Such a notation will allow one to write kets of the form |i 1) where the two states belong to
different spaces (particle or quasiparticle). Because the two states belong to different spaces, the
symmetry of the state |i 1) under the exchange of the indices does not need to be specified.

With such a notation, one can now resolve unambiguously scalar products of the type
i) = [k) (kli ) =Z ) |k ) = Zém\ku (B.79)
k

Although the notations as matrix elements (or wave functions) are similar for quasiparticle
states used in the traditional and Russian representations, their Dirac notations differ in a
very significant manner. While the Dirac notation of the upper and lower components of the
quasiparticle states are those of usual one-body operators in the Russian representation, the
lower component in the traditional representation behaves as a pair destruction that connects
different Hilbert spaces for two particles. This leads to

ut? || et e I U B50)
Viq,Lﬁ] <Z'|Vq[ﬁ} ) Vi‘l,k] <VQ[N] i p)

where ¢ can denote a state in configuration or coordinate space. Dirac notations in a given
single-particle basis for the fields h?, h? and A?, as well as of the densities p?, p? and k? are also
to be defined properly. For instance, matrix elements of the pairing field A? in coordinate space
are usually defined through

Al = Z dry dra ; (1101 q) ¢} (T2 02 ) A(7) 01,73 02) - (B.81)
g102
The corresponding Dirac notation is

AZI = (i j|AY) = /drldTQ Z (i |7 01 qT2 02 q) (F1 01 q 75 09 q|AT)

0102

1 o o C o o - >
=3 /drl drs Z(zy!rl o172 02) AU (T 01,73 02) . (B.82)

o1 02
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and carries the skew symmetry of the pairing field through the antisymmetry of (i j|. To recover
exactly EQ. (B.81), the skew symmetry of the pairing field in coordinate space is used to write

1 oL s o .
Af = (i j|A?) = 3 /dmdrz Z<2]|7“1017“202>Aq(?“1 01,72 02)

0102

1 N - X/ — * [ =
=3 /drl dry Z [901‘ (f10o19)¢;(T202q)

o102

— 5 (T101q) @i (T2 02 Q)] (r101q75 02 q|AY)

Z/dT_"l d772 Z gO?(T_’i 01 q) (p;‘f(f"gdgq) Aq(‘r_’i O’1,F202). (B.83)

0102

Once again, one should write Agj = (i j|A) in all rigor since the isospin superscript should not be
further specified as it is part of the quantum numbers i/j. The latter will be kept nevertheless
to remember that the fields and densities are diagonal in isospin space. Note finally that the
most proper notation should be Af; = (i j|A?|0).

In a similar fashion, we introduce the notations

q =/ __/

>
Q
|||

4 (i|h|j) hi(Fo, 7 o) =(Foq|h?F o' q), (B.84a)
hgj =(i|hd|5) hi(Fo,7 o) =(Fo q|hYF o’ q), (B.84b)
Al =(ij|AT) Agj* =(ij|ANY = (A]ij)  AYFo,7 o) =(Foqr’ o' qAT),  (B.84c)
p =(ilp?5) pl(Fo, 7 o) =(Foqlp!7 o' q),  (B.84d)
ﬁgj =(i|p?|5) pl(Fo, 7 o) =(Foq|pl|7 o' q), (B.84e)
wi; =(i j|wT) mgj* =(1j|k?)* = (k)i j) k1(Fo,7 o) =(Foqi o q|k?). (B.84f)

For instance, EQs. (B.84¢,B.84f) allows to write the gap equation obtained from a bilinear EDF
(see SEC. B.11) as

. . 1 .. KK . . KK
Z%Mkl < (zJIAq>=§Z<1J|v k1) (k1K) = (i j|v™" k%) (B.85)
kl

In the previous example, the operator product can be naturally worked out through the use of a
completeness relationship in the two-body Hilbert space because x? is multiplied with a two-body
operator. In other cases, such as the product of one-body-like operators with two-body-like ones
or the product of an operator carrying a quasiparticle label with one carrying two single-particle
ones, one must be very careful when inserting or removing completeness relationships in Dirac
notations (matrix-product notations is always safe). This is due to the speciﬁcity of Dirac
notation for quantities like A%, k9 or VI, Products like p? = VAl Yalrl " have to be worked
out in matrix notations in order to make both indices of each quantity explicit before Dirac
notations can be used. Then, additional closure relationships can be used. For instance(®)

CANNOT DO CAN DO
,Ogg ol =(Fo q|V? [+]* alx] ‘7‘ o q) pgg g = [Vq[x}* Vq[n]T} .
roq,r’'o
— K * K T — K K T
=S (Fo gV ) (uvet T of g) ZWL}# v
w

®Note that because of its definition in EQ. (B.78), the Dirac notation of Vil
conjugate.

7oq,u Tesembles that of a complex
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= VM o' q ) (Fo g p Vi)
o

Finally, one can provide a Dirac notation for the matrix elements of the time-reversal operator as
T; = (i|(T15) = (41T, (B.86)

with the same care required when writing matrix elements and products. Said in a crude way,
the Dirac notation of 7 is related to the fact that ”it changes a bra into a ket”. It is crucial to
remember that 7 always acts on the second index in EQ. (B.86). Using the Dirac notation given
above, it is easy to recover that 77 = —7, as stated in EQ. (B.28a), since

1 =T =(Gi|T) = —(ij|T) = —T; . (B.87)

B.5.3.3 Traditional representation

Starting from EQ. (B.65), we represent the HFB equations in the traditional representation in an
arbitrary single-particle basis. Although we could directly expand them in the basis of present
interest, the derivation below underlines the necessary care when going from one basis to another
through the insertion of completeness relationships (at the positions indicated by e) in Dirac

notations. Focusing on the upper component Ug[n], this leads to(®) for all i

0=—Biul" Z = AT g) Ul AL

= — Ej (il °U["“] 1) + > ((ie h o[ ) — X9 (o)) (jlot4™]| ) + (i j|ow AT) (VI4™e|j 1)

J
Z / drdi’dr” | —

oo'o!

El ¢} (Foq) U™ (7o q)

+ Z [SO;F(FU q) (hq(FG, 7'o’) — A 6y 6(F — 7:*/))
J
X goy(r o' q) e ( o' q)u[ }(F”O"/q)

+ i (Foq) (7 o q) AUFa, 7 o) i (7" o q) VIIH (7" 6" Q)H
ELUl" (7o q)

-3 / 47 [(hq(m, 7 o') = N8, 6(7 — F’)) Ul (7 o' g)

- AY7o, 7 o) V}f’d (7' o q)}

=Z/df’s&f(f’0<ﬁ

g

(B.88)

The latter is true for all ¢ thus, as the set {¢;} forms a complete basis, one has

3 / A" [W(Fo, 7 oYU o' ) — A(Fo, 7 o VIR o' 4)] = By (Foa), (B.s9)

5At the level of (i jjee A7) a closure relationship on the antisymmetrized two-body state |Fo q 7’ o’ ¢) is used.
However, using the skew symmetry of A?, one can “reduce” [} (Fo q) ¢} (7' o' q) — ¢} (Foq) @i (7' o' q)]/2 into

p; (Foq) (o’ q).
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where W4 (Fo,7' ') = hi(7Fo,7" 0') — AN, (7 — 7). The same method applied for the lower

quasiparticle component V4 leads to the HFB equations in coordinate space, i.e.

Wi(Fo, 7' o Al(7Fo, 7 o Ul (7 o Ul (7o
/dF/Z (7 ) ( ) w (70’ q) _ w (Foq)

7\ Ao, 7 o) W (o, o) ) | VIR ol g) vill(roq)

B.5.3.4 Russian representation

One can use the same method as in the traditional representation to obtain the HFB equations
in the p representation in coordinate space. To do so, one needs first to work out

T 3 % * § : q * *
(T h T )TUq 'olq /'d’rl2 7;’10'1‘1 roq hrlo'lq To02q ,];‘20'2(] 'olq

012

= [ dfie (il (T1700) b (Fiora. 7aoaa) (Faraal (71770}’

012

/dT12 ZQU (Fro1q|7aq) h* (Fro1q , Taoaq) 26" (Faoaq|T'd’q)*
J12

=2525" h?*(F'5,7'5'). (B.91)

Representing EQ. (B.70) for the lower component of the quasiparticle, one finds easily
/df" Z i (7o, 7 o) Z/lg[ﬁ](f” o q)

— [26 26’7 (75,7 ) — A 6,0 0(F — 7)| VIPL(#' o' q) = ESVIP(Foq), (B.92)

which finally leads to

ug[ﬁ] (7:»0 q)

El i =
Vill(Foq)
hi(Fo,7 o) hi(Fo, 7' o)
— NG, (7 — 7 YU (1 o q
/df’ 3 ( ) h N (B.93)
Rax (7! 5 7 _ (75 75 albl (=1 1
o h¥* (7" o’ 7o) 26 26" h1*(Fa, 7' &") V(o q)
+ A0y O(F —T7)

B.5.3.5 Further connections between traditional and Russian representations

Starting from EQ. (B.75a), one can use the same type of derivation as in EQ. (B.91) to show that
AYFo, 7 ') = 20" h(Fo,7'5"). (B.94)

In the exact same manner, one obtains from EqQ. (B.71)

uPFoq) | | UMFEoq) 595

Vil q) 25 VI (75 q)
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B.6 Time-reversal invariant systems

B.6.1 Basic properties

In case the system is time-reversal invariant (i.e., 7|®) = |®)), all single-particle basis of
interest(”) are closed under the action of 7. Thus, one can always find a state @u(roq) in the
basis fulfilling

ou(Foq) = (T ©)u(Foq) = nuea(Foq), (B.96)

where n; = —n, and |n,| = 1 (this quantum number can be taken real), with the additional result
that ¢; has an opposite signature to ¢,. In such a basis, the time-reversal operator becomes

T = N5 07 - (B.97)

This can be seen with the example of an eigenbasis {|u)} of a time-reversal invariant one-body
field h? - )
ThiTlh =ha. (B.98)

If |11) is eigenstate of h9 with the eigenvalue ¢, one finds
TR ) =9 T |} = 9 | (B.9%)
=T e, |p) = e, |1) (B.99Db)

and thus 7, |fi) = |fi) is also an eigenstate of he with the same eigenvalue ¢,. Eigenstates of h
are then two-fold degenerated for time-reversal invariant systems.

B.6.2 Quasiparticle states

Starting from EQ. (B.97), the relationships between the lower quasiparticle components Valél
and V5l become

Uil =y (B.100a)
VI = STV = N 6 VI = g il (B.100b)
; ;

which matches with EQ. (B.95) as the coordinate ® spin ® isospin basis is indeed closed under
time-reversal symmetry.

B.6.3 Densities

As already shown in EQ. (B.43), the pair density matrix is hermitian for time-reversal invariant
systems (p97 = 7). As a result, EQ. (B.76b) becomes

51 = Ayt = _yaldl el (B.101)

which is precisely the definition of p? where only time-reversal invariant systems have been
considered [6]. Equivalently, using that 7 p? 7T = p?, one obtains

p? = T (T V) palal THh T = pila’* palal T (B.102)

"The basis which diagonalizes h?, the canonical basis, ....
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B.6.4 Fields
One finds from EQ. (B.75a) that the pairing gap

AL = bl =n; h3*, (B.103)

is hermitian for time-reversal invariant systems. Furthermore, one can use that h? = 7 h¢ 71 to
obtain
(7o, 7" o') =(Fo|hl|F o)
=(Fo|(Th T|7' o)
=(Fo|T") n (1|7 o')*
=25 26" (7o |h?|F &')*
=25 26" h9* (5,7’ 5'). (B.104)

Finally, the pair field 27 has the same symmetries of Pl i.e.

hi* (7' o'\ 7o) = hi(Fo, 7 o). (B.105)

B.6.5 HFB equations

The HFB eigenvalues problem in the p representation can be simplified using EQs. (B.104,B.105).
Traditional HFB equations [6] can now be recovered from EQ. (B.70) using the time-reversal
invariance of the system

/d h’q(r 0,70 h(Fo, o) Ul (7 o' q) o | U Aroq)
= /_L ~
(Fo, 7o’y —hYFo, 7 o) Vﬂp](_”a’q) Vz[p](f’aq)
(B.106)

Such form of the HFB equations could also be obtained in configuration space through

(77 hr* T, Z Tii W95 T = mimy h9%5 (B.107)

and

m ks =y [ ARAE Y o) h (o o) i o o)
oo’
/drdr 220% q) k" (Fo, 7' 0)20@(7“ 7 q)
O'U'
_ / 47 S 20 6475 q) WI(7' o, 7o) 20 (7' 5 )
oo’

/df’df’ Z2agpl(raq)hq( 75) 20" @3 (7 o' q)

oo’

= [ara S o) 1 (7 o 7o) ¢ o )

oo’

=h1* = pl . (B.108)

Independently of any single-particle representation, one thus finds that the HFB equations, in
the Russian representation, take for time-reversal invariant systems the form

ha — \a ha ualal U el
= FE! : (B.109)

ha —h9 4 N\ Valal : yalal
p 1
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Except for the fact that h? is real because it is time-reversal invariant, the HFB equations in
the traditional representation do not significantly simplify for time-reversal invariant systems.

B.7 Canonical basis

B.7.1 Bloch-Messiah-Zumino decomposition in the traditional representa-
tion

In the traditional representation, the Bogoliubov transformation leading to the quasiparticle
states solution of the HFB problem takes the form

34 wf ad yallt pals]t a4
) - WH - - . , (B.110)
pat aat yalsl ™ qalk] aat

where Bq and B‘” on the one hand and a? and @' on the other obey fermionic anticommutation
rules. The Bloch-Messiah-Zumino theorem [7-9] states that W4 may be decomposed into a set
of three consecutive transformations

wf ot o galklt palklt Dt 0
W' = o : (B.111)
0o 9T ) \pasl®  gyals] o DuT

where DY and C? are unitary, while 241" is diagonal and V"l is canonical (see below). This
decomposition of the matrix establishes the following bases of interest:

1. An arbitrary basis of single-particle states (a?, dQT). This can be for instance the basis in
which the one-body field h? is diagonal.

2. DY is a unitary transformation among the single-particle states, which leads to the canonical
basis (¢4, ¢97)
&4 Dit 0 q
= : (B.112)
pat o D4T qat

Q>

in which the one-body density matrix is diagonal while the pairing tensor is canonical.
In the absence of pairing the HF and canonical bases are identical, as in this case the
mean-field Hamiltonian solves the HF equation [h?, p?] = 0. Thus, a set of single-particle
states can be chosen that diagonalises h? and p? at the same time. The two bases are also
identical for what is usually called the HF+BCS approximation to HFB.

3. Y15 and Va4l define the special Bogoliubov transformation

ad galklt palk]t &4
= . . : (B.113)
aat palsl ™ gqals] cat

where only pairs of single-particle states are mixed, leading to a set of quasiparticle states
which diagonalizes the generalized density matrix R? with eigenvalues of 1 (0) for occupied
(unoccupied) quasiparticle states. In general, this basis will not yet diagonalize the HFB
Hamiltonian H9.
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4. A further unitary transformation C'? among the quasiparticle states leads then to a set of
quasiparticle states which solve the HFB equation [RY, Hq/] = 0, and therefore diagonalise
R and the HFB Hamiltonian H?':

Bq cit 0 &
= . (B.114)
Bat 0o (a7 aat
One has then
Ul = pagalsl ga yalsl = paxyalsl oa (B.115)
and quasiparticle operators are defined as
gt =S"ulatt 1 yifat =N NT pg g o adt + D4 v ol (B.116)

J

B.7.2 General case

The canonical basis {¢,(7q)} diagonalizes the one-body density matrix according to the transfor-
mation

prcan — (ququT) = plens,, (B.117)

gcan __ _gcan 5
iz Bil
pair conjugate state of (8). In the HFB formalism, states are not paired a priori as in the BCS
approximation, except for the fact that only states with opposite signatures are coupled through
the Bogoliubov transformation.

while the pairing tensor is put in its canonical form & vu, Where [i designates the

If the canonical basis is ordered in such a way that conjugate states (u, 1) come next to
each other, the special matrices (L{2%), V4l5]) are 2 x 2 block diagonal, where the blocks have the
following structure:

_ uf 0 ul 0

galsl = " . , (B.118a)
0 ug 0 ul

_ 0 v} 0 0

Pl = " = o i , (B.118b)
vg 0 Cvp 0

uZ > 0 and vZ being real BCS-like coefficients. Thus, one has L_{g[y’ﬂ = L_{g,[f] 0, and Vg[f] = V:ﬁf} O
such that

uq[/{] +uQ[ K] — ul

0, pill =yl — ¢ g (B.119)

As a result, the normal density matrix and pairing tensor are such that
4 = 4pl =92 4 = g1 =, ul vl B.120
puu +pﬂﬂ UM 9 R q C,u U ’U ( . )

In the canonical basis, V4?! and thus p? do not take canonical forms in general, i.e. if
time-reversal invariance of the system is not assumed. For instance, one has

R
P =g %u ) Z Puw T, (B.121)

8We omit the subscript can in the following when it is not necessary.
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Also, one can write

P77 = 6L ) $u(Ta) Pl (B.122a)
I

3 :Z L7 Q) $u(F Q) P (B.122b)

pI(F, ) Z¢ ™ ) 0u(7q) Pl (B.122¢)
T

)= 6l,(7q) du(Fa) b wa K (B.122d)
T

where the local spin-singlet part of the two-body wave function has been introduced through

Y (7q) Z 20 0,(Toq) ¢, (T5q). (B.123)

B.7.3 BCS-like occupation numbers

In the HFB theory, explicit expressions of (u%?, v%?) can be obtained by using the fact that the
minimization principle amounts to canceling the part of the Hamiltonian H corresponding to
two-quasiparticle excitations, i.e.

1920 — oWt (pa — \ay palel* _ ypalelt (h9™ — A7) g7l 4 IR Aa ggalsl* _ palslt paax palkl* _

(B.124)
For a given matrix element, this identity reads as
Guug vl (W + By = 2X7) + A% (2 = %) = 0. (B.125)
Such a set of equations leads to the well-known BCS-like expressions
a2 B, +th>/2—»1
u 1 ( e
g , | =51 H , (B.126)
v q q q2
i \/[<hw+hﬂﬂ) /2—Aq} + A2

which leaves the sign of v} undecided.

B.7.4 Time-reversal invariant systems

For time-reversal invariant systems, the canonical basis is closed under the action of ’j', thus
pp('oq) = du(Foq) = nudu(F'oq) = nu20 ¢,(7F5 q), (B.127)
As a result, 7,;, = 1y dzp and
ﬁfm, =1, /izﬂ Oy = My G Wk VL Oy - (B.128)

This shows that, while k¢ is canonical, p? becomes diagonal in the canonical basis and thus

a7, ) Z & (7" q) b (7 q) my Cu ul vl (B.129)
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At the same time, one finds that the lower component of the Russian quasiparticle states
becomes diagonal and the 2 x 2 (pu, 1) blocks of the special transformation take the form

10

14917] — ud 7 Vo] — Y’ ' B.130
( )“ﬂ "\o 1 ( >“ﬁ UHCM“01 (430
Indeed
Vil = (1T, =S T v
k
= Mk 8, O G
k
=1 G Vi O = M Cpu V], Sy - (B.131)

The subtlety here is that, for a given pair (u, i), the quantum number ¢, originally used to
separate the basis into two halves coupled by the Bogoliubov transformation is not necessarily
the same as the (real) phase 7),, i.e. 1,(, = 1 depending on the quantum number p. For
time-reversal systems, it might thus be useful to reorder each pair of canonical states (i, i)
according to 7, and not (, as done in general. This is equivalent to saying that one can redefine
the BCS-like coefficient v}, whose sign, as opposed to u},, cannot been specified anyway. This
redefinition corresponds to the replacement 7, (, v/, — vj; in the previous formulee. In such a
case, one will have

_ 10 _ 0 1
Uil = ug, , Vil = N Vg , (B.132)
0 1 -1 0
and
oo 10 o 10
Ul = o : Vil = : (B.133)
0 1 0 1

However, if the system is not time-reversal invariant, the definition of v}, has to be made according
to Cu.
B.8 Quasiparticle basis

B.8.1 Quasiparticle states

Quasiparticle operators in the traditional representation are related to the canonical ones using
the Bloch-Messiah decomposition through

EIARS Zu,‘jk cp el qu”]cq ag_zuch “”+Z<kvgcq 4 (B.134a)
52:21/{2[:} cl *Aq_i_zvqm] quﬂ* aat — ZUZCE *Aq_'_zckvgck éZTv (B.134b)

which can be further simplified by using the fact that the transformation C9 only couples states
with the same signature. Using EQ. (B.78) one has

u,‘iw (Foq) or(Foq)ul Cf

=Y i (B.135)

Vi (7o ) v | o (Foq)vl Cg“
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B.8.2 Normal and pair density matrices, pairing tensor

We now give the expressions of the densities expressed in the traditional and Russian quasiparticle
bases and recover, using EQ. (B.135), the corresponding formule in the canonical basis. Using
EqQ. (B.66), it is obvious that

T
pl(ro,ro Z wqu Z[foq qu raq*)vqﬁ]

—Zza VI (75 q) 20’ VIP(7' 5" q) , (B.136)

which leads, using >, Cg: CZ,H =0 and (F =1, to

pl (7o, 7 o) ZZCka/(;Sk Foq) v} g;@f)k/(F/UIQ)Uk/C

o kk’

=Y en(Foq) ¢i(F o' g) v, (B.137)
k

which is compliant with EqQ. (B.122a).

In the same fashion, EQ. (B.66) leads to two formulations for the pairing tensor and pair
densities in terms of the quasiparticle basis, i.e.

k(7o g, o q) Z yel gl = - Zuﬁjﬁju vt oy (B.138a)
= Z VI (7o q) UM (7 o’ q) = Z U (7o q) VIR o q)
' ' (B.138b)
p(Foq, 7 o q) = Z 25" Vg[“}*(f'a q) L{g[”] (7" q) =— Z 26" ug[*ﬂ (Foq) Vg[’ﬂ*(F’ 7 q),
' ' (B.138c)
=Y 20V (75 q) 25" UIA(F' 7' q) ==Y U (Foq) VI (7 o' q).
' ' (B.138d)

Finally, one recovers
p(Foq, 7 o' q) = 2/ VIT (Foq) Uil (7 &' q)
— Z Z 26" ¢}, ox(Foq) vZ C’};u O (r o q) uk, Cry,

wo kE
=26" Y " or(Foq) ¢u (7' & q) Ky, (B.139)

which is compliant with EQ. (B.35) if the latter were to be written in the canonical basis.

B.8.3 Local normal and pair scalar densities

Using EQ. (B.136), the local scalar normal density is obtained as

i) =S i rog| =3 o) (B.140)
poo poo
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whereas EQ. (B.138d) leads to a local scalar pair density of the form

ZZZIL{‘J[”] 7o q) VQ[”]* Toq ZZZ/{Q["] 7o q) VQ[p]*(rcrq) (B.141)

B.9 Spherical systems

B.9.1 Basic properties

Different phase conventions exist to define single-particle states in such a context. We chose to
write the spinors as

N uné m Unei\Tq ~
(F0) = eu(Fa) = 9D S (e (e Laljm) foy = 290D 0, ). (Baaz)
myo

where p1 = nljmgq. e, (7) are spherical spinors that couple the angular part of the wave function
to spinors associated with spin 1/2. They have the properties

]Zm( ) :h2 ( + 1) ijm(f)v (B143a)
L’ Qjom (7) = £ + 1) Qjom () , (B.143b)
. 3 .

g2 Qjom(7) =h? 5(s + 1) Qo () = ZHQ Qjom (7), (B.143c)
J, Qjem (7) =hm Qjgm (7). (B.143d)

Spherical spinors are orthonormal, i.e.
/d(p /d@ sm(@) Q;Zm(97 gp) Qj/[/m/(H’ (p) = 63]' (Sal 5mm’ . (B144)

and also have the properties
2)+1 7) & Qi (7
m=—j m=—j

The quantum numbers of a spinor are given by its total angular momentum j, the projection
of the angular momentum m along the z axis and the value of the orbital angular momentum
£. For a given j, only £ = j + % are possible values. The total spin quantum number S is a
good quantum number but corresponds to the same S = % for all nucleons. The spin projection

is not a good quantum number since single-particle states mix o = :I:%. For states defined by
1

EQ. (B.142), parity and z-signature are given by 7, = (—1)" and ¢, = —i>"*! = (=1)™ 3,
respectively.

B.9.2 Time-reversal symmetry

The time-reversed state of ¢y, is obtained by applying the operator T, ie.

(T Lot ) =D S (0 (m — 0) Sl m) ¥, () (~20) )
:u”lﬂfr q) Z (_l)f-i-%—j (_1)0—% (=1)~™°

X (U(=m — o) alj(=m)) Y, ™7 (#)|o)
=(=1)"7 7" gy _m(7q) (B.146)
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where the relationships

YR =(=1)"M Y, (), (B.147a)
20 =(-1)""%, (B.147b)
(Cmyg L aljm) =(=1)F277 (£ (=my) Lol (—m)), (B.147¢)

have been used. Thus, the basis is closed with respect to the action of 7. We obtain in the
present case that i = nfj(—m)q and 7, = (=1)*7™™ = (—1)£_j_% Cu- This relates to the
fact that, in a time-independent calculation, a system that sustains a self-consistent spherical
symmetry is necessarily time-reversal invariant.

The quantum number ¢, is the one used to differentiate between the two halves of the basis
(Cu > 0 and ¢, < 0). The real number 7, is the phase connecting a state with a time-reversed
one of opposite signature when the system is time-reversal invariant. Here are typical values of
N, and ¢, for a selection of spherical shells

m Cu ym - m Cu TN
+3/2 - - + 3/2 - +
+1/2 + + +1/2 + -
-1/2 - - -1/2 - +
-3/2 + + -3/2 + -

which shows that 7, has opposite signs for states belonging to two different halves of the basis
but that it is not necessarily equal to (,.

B.9.3 Canonical basis

The canonical states ¢y, verify all the properties discussed above. Note that the principal
quantum number n does not necessarily denote the number of nodes in the canonical wave
function. This property is due to the fact the D? transformation amounts to mixing states
originating from major shells characterized by different number of nodes in order to make the
canonical states localized in space.

Because of spherical symmetry, BCS-like occupation numbers are independent on the magnetic
quantum number m. As already discussed, the time-reversal invariance of the system allows us
to order each conjugated pair (y, fi) according to the number 7, rather than ¢,. In the end, the
2 x 2 blocks read as

741 U ! o (t° (B.148a)

K = B ) = une 5 .1 8a
0 AL o
0 e 0 1

pid = m(=m) — (1)t , (B.148b)
pridsl g -1 0

(=m)m
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and in the same way,

qall —,, 4 10
U =y, 7 (B.149a)
1
Valdl 4 10
VAP =vpy : (B.149b)
1
while the non-zero matrix elements of the density matrices are
L Ly 2
Pmim =+ p? ng)( m) — ”gmg ) (B.150a)
4y 05
Ry = = B oy = (1) Tl ol (B.150D)
L5
P =+ p? Jr(r]L)( m) = Unngj Ve (B.150¢)

Using the previous expressions, the scalar local densities are obtained from EQs. (B.122b,B.122d)
as

. 2
N 27 +1u g‘(TQ) 2
pa(P) =) = — vy (B.151a)
nlj
Pa(7") = Z A 72 Uneg Vnej o (B.151b)
ntj

and are manifestly spherically symmetric.

B.9.4 Quasiparticle basis

Due to spherical symmetry, the traditional and Russian quasiparticle wave functions are also
characterized by the quantum numbers (¢jm). The connection between the canonical and
traditional quasiparticle wave functions is provided by EQ. (B.135) with the third part C? of the
Bogoliubov transformation which can only mix states with different principal quantum numbers
but same (£jm), i.e. Czejm,n%/j = C'E 10;j7 Og¢ Oy . Starting from canonical states from

EqQ. (B.142) and using EqQ. (B.135), one ﬁnds traditional quasiparticle wave functions of the form

Ul (7 uly; (€my § oljm)

q) Z ctis un/zz;(TQ) R n . (B.152)

whereas EQ. (B.95) allows one to recover the quasiparticle wave functions in the Russian
representation as
3417) (7

UZ’ZJ' <€mg%0|j m)

o Q) liq un’@j(TQ) my [ A
= E I 7 E Y, ™ B.1
;tqu[ﬁ} (7 Corn T o) (B-153)

ro q) n/ my _v’gblfj <£ my % O'|] m>
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The latter relationships prove that the upper and lower components of the quasiparticle wave

functions are indeed eigenstates of (L2 J2,.J.) with eigenvalues (Ijm) and can be written as

gt ) =00 S ) g §olm) o). (B.154a)
nzo

yrtiale] () Evz@y ? SV () 20 (e L aljm) o) (B.154b)
e

39991 (7g) zug”fr DS ) e dolim) o), (B.154¢)
neo

yrbiael (g E ] ra) Z Y (#) (Emyg 5 o|jm) |o), (B.1544d)
e

where the radial parts (Ugej(r q), ngj (rq)) are independent of the representation (traditional or

Russian) and are connected to canonical states through

Ul, (rq) +ul,,. .
4 =3 ) 9 g (rq) CY2 (B.155)
Vnéj (T q) n’ _vn’fj

It it interesting to note, although this should not come as a surprise, that the only difference
between traditional and Russian quasiparticles in spherical symmetry relates to the angular®spin
part of the lower component. Basically, to produce a given magnetic quantum number m, the
spin-up (-down) component of V! couples to the orbital angular momentum as if it were a
spin-down (-up) component.

B.9.5 Local densities

Starting from EQs. (B.140,B.141) and using the expressions of quasiparticle wave functions from
above, or starting from EQs. (B.151a,B.151b) and using the (inverse of the) transformation from
EqQ. (B.155), one finds

B 2j +1 V%5 (rq)
pUT) =) = = 7{72 (B.156a)
ntj

i u?, (rq) Vi, .(r
ﬁq(F):_ZQJ-i—l 0 (1@) V3 (1q)

r2

. (B.156b)
ntj

More elaborate quasi-local and fully non-local densities can be easily expressed too, e.g. first in

the canonical basis and transformed if necessary into the quasiparticle basis using EqQ. (B.155).

B.9.6 HFB equations

In spherical symmetry, HFB equations can be solved independently within each (Ij) block. For a
non-local EDF, e.g. Gogny EDF, they do not simplify significantly in coordinate space, although
one may take advantage of symmetries of non-local densities at play to perform a partial wave
expansion of the fields. For a quasi-local EDF, e.g. Skyrme EDF, HFB equations in coordinate
space become purely radial.
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B.10 Infinite nuclear matter

B.10.1 Basic properties

Due to the translational invariance of infinite nuclear matter, the spatial part of the single-particle
wave functions of interest is known a priori and take the form of a plane wave. In addition,
nucleons are considered to have a good spin projection. The latter property leads to great
simplification but can also leads to confusion if one does not use very explicit notations. Thus,
let us use explicit notations in the first two parts of the section. A given state is going to be
characterized by the set of quantum numbers y = Euauqu, where the index p underlines that
those denote the quantum numbers of the state and not the components of the spin-isospin spinor.
In this way, basis kets are given by |u) = |Euauq,4>, whereas their components are obtained as

i Ryt (B.157)

(Foqlkuouqu) = Pr o (Fogq)=e o0, Oqq, -

B.10.2 Time-reversal symmetry

Starting from |u) = |Eu0uqu>v we calculate the component of its time-reversed partner according
to

7

(T )u(Foa) = (Foal(T |n) = 20 (70 alku0uau)” = 26, €7 805, 84, = 2000 ) g)qn (TT )

(B.158)

which demonstrates that the basis is closed with respect to the action of T. The corresponding
conjugated state in the basis is 1 = (—Eﬂ)(—au)qu and Mongn = 200 This relates to the fact
that, in a time-independent calculation, a system that sustains a self-consistent translational
symmetry is necessarily time-reversal invariant. When it is not misleading, we drop the index p in
the following and sometimes confuse quantum numbers of a state with the ones of its spin-isospin
components.

One can see easily that |an> are not eigenstates of the z-signature operator. Such a quantum
number is however unnecessary in the present case as the pairing is restricted from the outset to
time-reversed states(?). Thus, only the phase Moq is of importance.

B.10.3 Canonical basis

Canonical states ¢5qu verify all properties discussed above. In the present case, the pairing
treatment reduces to a BCS approximation since the Bogoliubov transformation is known a priori.
Because of translational symmetry, BCS occupation numbers are independent of the direction
of k. Because of time-reversal invariance, they also are independent of o. In the end, the 2 x 2
blocks of the special Bogoliubov transformations read in the canonical basis as

uer

y ko ko 0 Lo
Ukl = ’ ] = uf , (B.159a)
L 0 1
yalr]
i —[ 0 Vheio) _gpe [0 (B.159b)
=1 st =200, ’ :
Vieis O -1 0

9The fact that the pairing only couples ¢ and ¢_j is dictated by translational symmetry and the fact that we
are considering static uniform matter. However, nothing fundamental, except for the pairing interaction that we
have in mind, prevents nucleons to pair in the spin-triplet state.
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and
g 10 o 1 0
s — ul , yalal — vl : (B.160)
01 0 1
while non-zero matrix elements of the density matrices are
2
Prriio = TP b o ke =V (B.161a)
K fg = R i g = 20U (B.161b)
Proiic = TP g i = WV (B.161c)

Using the previous expressions, the non-local scalar densities are obtained from EQs. (B.122a,B.122c¢)

as(10)
pg (7, 7") —2/(;7556“2'(77’?/) vi?, (B.162a)
g7, ') =2 / (Qdf)g e R 48 47 (B.162b)
and naturally lead to constant local densities of the form
pq(7) :2/ (;753 vi?, (B.163a)
pq(T) =2 / (2d£3 ui v} (B.163b)

Note that the integration over the angle can be trivially done in the four equations above thanks
to the independence of uf and v{ on the direction of k.

B.10.4 Quasiparticle basis

9

Since we are presently dealing with a BCS approximation, it is easy to find the results ”directly
without relying on the general HFB formalism. However, our goal is precisely to recover ”intuitive’
results from the most general formalism.

i

Due to symmetries, traditional and Russian quasiparticle wave functions are also character-
ized by the quantum numbers l_f'aq in nuclear matter. The connection between the canonical
and traditional quasiparticle wave functions is provided by EQ. (B.135) where the third part
C1? of the Bogoliubov transformation is trivial as one deals with a BCS approximation, i.e.

;% oRioq = 0 (E — k' ) 0po’ Ogq- One thus finds traditional quasiparticle wave functions of the form
oq,k’'o
Y (Foq) ul §
Fuoug iR k, Yoou
A = o T s Sagn (B.164)
EHUHqM q O-,Uk’u oo

whereas EQ. (B.95) allows to recover quasiparticle wave functions in the Russian representation

* 7
ugp g . q
kﬂfqu(TUQ) — ik Ug, S0, Oqq - (B.165)
e ] L T

1074 js interesting to note a subtlety relative to the use of EQs. (B.122a,B.122d) in the present case. One the one
hand, the sum over o that appears from the scalar product of the spinors ¢L (7' q) and ¢, (7q) provides only one
term in spin space since only one component is zero. On the other hand, the sum over p contains a sum over o,
which provides the factor of 2 in Egs. (B.162a,B.163b)
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The latter relationships prove that upper and lower components of quasiparticle wave functions

are indeed eigenstates of k with eigenvalues I;” and can be written as

W (7g) UL (79) doo, Bag » (B.166a)

[ m W

Vil () =V (7q) 20 865, Ogg, (B.166b)
nopdu H
WP (7g) UL (79) dao,, Gaq, (B.166¢)
noudu u

VP (7q) ZV2 (79) doo,, Ggq, (B.166d)
[y m W

where the spatial parts (Z/{g (7q), Vg ('q)) are independent of the representation (traditional or
w 3

Russian) and are connected to canonical states through

Ul (7q) I
b = ¢iku b (B.167)
V,g# (7q) —UZ#

In the present case, the only difference between traditional and Russian quasiparticles in
INM relates to the spin part of the lower component. In particular, upper and lower components
of traditional quasiparticles are eigenstates of 6, with opposite eigenvalues.

B.10.5 Densities

Although the spatial part of all wave functions of interest is known explicitly in the present case,
one can re-express non-local densities given by EQs. (B.162a,B.162b) in terms of the spatial
parts of the quasiparticle wave functions, that is

. Ak g e
p7) = 2 [ G VIE) VE (), (B.1650)
P Ak g
Pg(7,7") =—2/ 2n)? ULFq) VI (7 q), (B.168D)

B.10.6 Gap equation

We are now interested in obtaining the (neutron-neutron or proton-proton) gap equation in INM
from a pairing vertex vertex v"* which is restricted to the spin-singlet /isospin-triplet channel
(see SEC. B.11). More specifically, one starts from the general gap equation given in coordinate
space by EQ. (B.187) as

. . 1 Lo N
ATy 01,79 02) = 202 05,0, 5 /drg dry v (71, a5 73, 7a) pU(T5, 74) - (B.169)

and add the fact that the interaction is Galilean invariant, i.e.

VIR (), 7y, T3, Ty) = 07, 7Y §(R — 7', (B.170)

where
F=T1— T2, R= *1_;*2 ; (B.171a)
=i =, prefatn (B.171b)
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One starts without assessing a priori the states coupled by the pairing tensor('?). Thus, one
starts with two canonical states u = k, 0,9, and p' =k, 0,0,y such that g, = ¢,» = ¢q. Using
EqQs. (B.83,B.162b), one obtains

1 =1, KK 2SI\ ~q (=
A/qm, :/drg dry Z $,,(71019) ¢, (7202q) 202 0055, 5 5 /dr’ (7, 7" pl(7")

0102

. s o 1
:/ AR dre Fhh) 2 mim b2 95, 5, 6, 5 / di o (7, 7") ()
= dE q,4 S ik k(= 2N iR
=204 00,5, 5_];#/,;” 7278 Uk Uk drfe TR (F T ) e , (B.172)

which actually proves that the gap field only has non-zero matrix elements between u and p' =
which are characterized by a total momentum zero k, + kz = 0. As a result, the gap field
only depends on one momentum and is thus isotropic. In order to remove the irrelevant spin
dependence of the pairing gap, one usually isolate the (positive) spatial part AZ of the pairing
matrix elements through A%UE/U/ =20 A} 5(—12')12 0015 with(12)

dk -
AT = / oy U B (B.173)

where the center-of-mass part of two-body matrix elements of the effective pairing vertex has
been introduced in moment space through

o (B k) = / A7 e~ Ru T yin (2 21) G BT (B.174)

A last point needs to be addressed in order to reach the ﬁnal expression of the gap equation As

discussed in SEC. B.7.3, explicit BCS-like expressions of (Uu LU ) leaves the sign of v}, undecided.

Presently, we fix it by requiring that the gap A defined above is positive for an attractive
interaction. This leads to the final expression of the BCS gap equation in INM

__— At
AY — _/ L ) k , (B.175)
(2m) \/ (€1, — A9)2 + AY?

where GZ/ is the (spin-independent) eigenvalue of h?. Note that if the pairing vertex is reduced to
the s-wave as it is often done due to the properties of the bare nucleon-nucleon interaction, the
integration over the angles can be trivially done.

B.11 Application to the bilinear EDF

For the sake of illustration, one can consider a simple bilinear functional of the form
)= Sl ) Xl R e
zykl qq’ zgk:l q

where tgj denote the matrix element of the one-body kinetic operator whereas ﬁf,fjl and @fk”}l
represent (potentially) (right-)antisymmetrized and non-normalized matrix elements. With

11n full HFB, the matrix A? is indeed full in the canonical basis even though the pairing tensor is canonical.
12The pairing gap relates to the negative pair field through A? = —hi.
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a simple bilinear EDF, @f,fjl and o}, represent potentially (right-)antisymmetrized and non-
normalized matrix elements(*®) of two-body effective vertices in particle-hole and particle-particle
channels, defined as

@f,fj/f” =(1:4,2: joPP/" (1 = Py P, Pl ik, 2:0) = (1:4, 2: jloPP/"% || 1> . (B.177)
Using symmetries of non-antisymmetrized matrix elements of the effective vertices under the
exchange of two indistinguishable fermions, one can write for isospin ¢

(i jloPPl ek 1) = /dF1234 > (ij]1:Toug, 21 Faoaq)
701234
x (1:701q, 2: FQqu‘vpp/nﬂl : T303q, 2 : T4o4q) (1 : F303q, 2 : Tyoaql|k )
L ] * (7 * (= * (2 % (=
=35 /d?“1234 Z [‘Pi (f1o19) P (Ty 02q) — ©; (Fro1q) p; (Th o2 q)]

01234

X 'Upp/"’c'i (Flo'lq, To09(; T303(, F40'4C]) Pk (F?) 03 C]) ¥l (F4 04 q)

1 N X[ = * (= * (o *(7
) /dr1234 > [#i(Fi019) 95 (72 020) = #5(71 019) 97 (7 02.4)]
01234
X vPPIRE (Pl q, Paoaq; F3osq, Paoaq) o1 (7 03 Q) i (Fa 04 Q)
1 B . . . "
T2 /dT1234 Y [l (Fio19) (2 02q) = ¢(71019) 9} (P2 02 9)]
01234
> vﬂp/%(ﬁglq, T02q; 73034, T404q) ¢k(73 03 q) 1 (T1 04 q)
1 a7 * (= * (5 *(F (7
—5 [ Az Y (@i (o1 0) @5 (2 020) = #5(F 014) 5 (o 02 0)]

01234
X VPP (Fy o q, Paoaq; Taoaq, T303q) pi(Fa 04 q) (73 03 Q)
1 i = = - —
=5 /dr1234 Z [Sﬂf(rl 01q) p;(T202q) — 0} (71 01 q) @] (T2 02 q)]

01234

% vpp/m(ﬁglq, T202¢; T303q, T104q) @i (T3 03 q) 01 (T4 04 q)
1 B . ~ . o
-5 /dr1234 Z [90;#(7“1 014q) (p;,(rQ 02q) — soj-(ﬁ 01q) p; (T2 02 Q)]

01234
X VPP (P 0aq, 7101 q; 303G, T104q) 01 (73 03 @) @r (P 04 @)
1 } } } ;
=2 / Ao 3 (657 010) 9372 02.0) — 93(7 010) @ (7 02 )]
01234
X PPRE (7 oy q, Paoaq; T303q, Faoaq) wi(Ts 03 q) @i(F1 04 q)
1 ; } ; ;
—5 [ X [0 00901 6) - 952 02 0) 617 01 )]

01234
x VPP (R0 q, Tooaq; F3osq, F104q) @i(Fs 03 q) @i(F1 04 q)
1 — %[ = [ = %[ = * [ =
=2x o [ dfigss Y [@} (T 010) ¢ (F2020) = &5 (T 010) ] (T2 029)]
01234

x VPP (R0 q, Faoaq; F3osq, F104q) k(73 03 @) 01(F1 04 q)
= V2 (i jloPP Rk, 20 1)
=V2(1:4,2: jloPP/ k). (B.178)

13the exchange operator (1 — P, P, Pr) is not normalized.
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The latter result leads to

P, P, P- - L .
i j) = T\l i, 2:7), T = (L, 2 Pl || kL= (i Gl Rk

(B.179)
The particle-particle effective nucleon-nucleon vertex v is usually restricted to the spin-
singlet /isospin-triplet channel (possibly further restricted to the s-wave, i.e. to the 'Sy partial

wave). In this case
1-PF, 1+ P,
v = o T I = v [ 5 "} [ 2 T} : (B.180)
5=0 T=1

where v[”* denotes the spatial part of the vertex.

Antisymmetrized and non-normalized matrix elements of such an interaction in coordinate,
spin and isospin space read for particles with identical isospins as

@f§34 :<1 1 To1q, 2 FQO'QQ’UNH ” 7303Q, T404q >
:<1 . 7710'1(], 2 7720'2(]”[)'“{ (1 — P,:‘PU PT) ’1 : nggq, 2: 7?4U4q>
=(1:71, 2: Mol 7, 2:7) (1: 01, 2: 02|]1 — Py|1: 03, 2: 04)

kK= = .= o
=0y (Tb r2;73, 7"4) (50103 50204 - 50'104 50302>

:/UfH (’Fl) FQv ’F37 F4) 20-2 20-4 50'15'2 50’35’4 ) (B181)

since fermion selection rules imply that P, = P-= 1, and

1—P 2-2P,
[[a-Pr)= 2”(1—PU):T”:1—PU. (B.182)
S=0
In this case, one finds('4)
gty ) Z( Lo+ 00, Pl (B.183a)
klq’
1 _
=5 > gkl (B.183b)
kil

where the anti-symmetry of 7°° has not been used explicitly. Equivalently in coordinate space
o0&

6p9(r'o’ q, 7o q)

=t1(7,7") 0gr + /dﬂ dry Y 0PP(Foq, Froig; 70’ Faoaq) p(Fa 02 4, 71 01 q)

0102

(7o, 7o) =

(B.184)

Tn order to derive the fields, one needs to split the sums in EQ. (B.176) in terms of contractions with j <4
only.
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For the gap field, we start from its matrix elements in an arbitrary basis and use the restriction
v of the pairing vertex to the spin-singlet /isospin-triplet channel

1 . .
A =3 Z(l 1, 20 jlev™e || k, 1> kY,
kl
1
:Z/dF1234 Z Z(l:i, 2:j|1: 701, 2: Tho)

01234 Kkl
x (1:701q, 2 : Taoaq|v™ || F3o3q, Taoaq > (1: 7303, 2 : 7404 |1 : k, 2:1) K,
1 . 5 oo
22/d7“1234 Z Z @i (M1019) ¢;(T20149)
0103 Kkl
X vpF (71, Ta; T3, T4) 201 203 @i (T3 03 q) 1 (T4 3 q) K7
1 . . L Lo
22/617“1234 [Z 201 ¢; (M1 01 q) 5 (T2 01 Q)] v (71, T23 T3, 1)

o1

X [Z 203 Y k(T3 03q) @i(Fa o3 ) K,
03 kl

1 o %o o O S
=— 2/d7‘1234 \If?j (71, 7)) vER (71, T3 73, 7a) p1(T5, 74) (B.185)

where the singlet part of the two-body wave function has been used
V(R ) =) 20 0i(fi0q) 976 q). (B.186)
ag

The previous result combined with EQ. (B.81) allows to identify the matrix elements of the
gap field in coordinate space as

o0&

Iki*(Foq, 7o’ q)

1
AI(Fo, 7 o) = = 20" b 5 / AF, diy o (7, 715 7, ) pO(7, 7). (B.18T)

On the other hand, the pair field reads in coordinate space as

7 1/ o€

hi (7o, 7 c")

“ (7 0’ ¢, 70 q)

— — —RK [ = —/ -/ e — — ~f = —
Z/dﬁ dra E 20102 0" (Toq,7'6'q; T101q, T202q) p(T1 01 ¢, T2 02 q)
0102

1
- / AF, dFy 8y 0 (F, 775 71, %) 5171, ) (B.188)
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Appendix C

Many-body wave function and
one-body density

Abstract: The present chapter contains detailed notes concerning properties of the many-body
wave function and its possible decomposition in terms of single-particle states, in the case of
self-bound systems and quantum systems bound by a central potential. Internal overlap functions
are properly introduced in both cases, as they lead to the definition of the internal one-body
density. The latter is the object of interest for self-bound EDF systems.
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C.1 Spectroscopic amplitudes without center-of-mass correla-
tions

At first center-of-mass degrees of freedom are neglected, leading to a fixed-center framework.

C.1.1 Basis sets for the N-body problem

If spin and isospin degrees of freedom are suppressed!), and the Coulomb potential is neglected,
the exact non-relativistic Hamiltonian for a N-body system reads

N 29 N
YN /= SN bi -
HN (R ... Fy) = Z o+ Z Bs(rij) (C.1)
=1 i,0=1
1<J
where r;; = |F; — 7| and v, is the bare nucleon-nucleon interaction. Without treating the

center-of-mass motion, one can consider the equivalent Hamiltonian for the (N — 1)-body system,
ie.

N-1 2, N-1
7:[1\7—1 - SN pz‘2 N C
(Fr...Pn) =Y o T PBEAGHE (C.2)
i=1 ij=1
i<j

Fully antisymmetrized eigenstates of HN~! are noted \Ilfv _1(7_"1 ...Tn—1) and are associated to
the energy ElN -1 Eév ~1 being the ground-state energy. Including bound and continuum states,
{®N=1} forms a complete set in the space Sﬁ[ ~! of antisymmetric (N — 1)-body wave functions.
Orthonormalization of this set reads

/dﬁ...dFNl TN (L) UN TN ) = 6 (C.3)

and its completeness in the space of antisymmetric (N — 1)-body wave functions, for any
YpN—1 e Eg_l, is expressed as

— — — — — —1*, 5 —
I/dr{...dr}vl TN ) UYL RN
i

x YNTYFE L FN ) =N TR Fvoy),  (CA)

'All spin and isospin dependences of the N-body wave function will be dropped here, and
HN(F1 . TN ) = HN(Flalql cee FNO'NqN).
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Wherei stands for a discrete sum over bound states and an integral over continuum states. The
i
set {\I’fv *1} can be used as a basis for the space € fX of N-body antisymmetrized wave functions
by defining(?) [10]
UML) = AN UH(FLL L T, (C.5)
where

UM ) = TN P ) O(F — ) (C.6)

and A n antisymmetrizes between the N coordinates 7; appearing in EQ. (C.5), i.e

AL N U LTy = ﬁ dr| ... A7y djetl R [6(7; — 7)) W] ... 7N)] - (C.7)

This ”intercluster” antisymmetrization operator is normalized so as to satisfy

A2 v =VNA N. (C.8)

C.1.1.1 Properties of the set {\Il -

Wave functions {\IlfVF} span a space £V which is a direct sum of the space £ fX containing totally
antisymmetric N-body states, and 8/\]\2 containing mixed-symmetric N-body states. The latter
are antisymmetric in their first NV — 1 coordinates and symmetric with any exchange involving the
N coordinate(®). Any wave function ¥ in €V can be written as the sum of an antisymmetric
and a mixed-symmetric component, i.e.

YN (7 TN) SN (L TN) N (LN (C.9a)
_AinN N . AN\ No S
\/—¢ ( N)+<1— m)’l/} (7"1...1"]\[). (Cgb)

. Al..N) <«41.AN> N N
Since | 1 — = 0, the two subspaces £}, and £ are orthogonal to each other,
( VN )\ VN PAEE S A s

/da...di\pﬁ*(ﬁ...fN)xI%(a...fN):o. (C.10)

i.e.

Furthermore, a symmetric operator @5 cannot connect those subspaces, that is
/ dFy ... diy U (7. i) Os UN (7 .. Fx) = 0. (C.11)

This is in particular the case for the Hamiltonian of the N-body system Og = HYN. This may
have important consequences, as it will be shown later on.

The set {\I' -} is orthonormal with respect to both i and 7, using EqQ. (C.3)
/ Ay diy N (P ) O (7L ) = 0 (7 — ) (C.12)

and completeness reads for any state v € EN as
/d (I/dr\ll : .fN)qngF*(F{...F;V)>z/)N(F{...F;V):wN(a...FN).

2This is equivalent to | Vi ey = aL|@N 1), where al. creates a nucleon at position 7.

3For N = 2, &Y is empty.




62

Appendix C. Many-body wave function and one-body density

C.1.1.2 Properties of the set {A\I’ =}

The set { A\Ilf\;} spans the space of antisymmetrized N-body wave functions £ % . However, these
states are no longer orthonormal, since

/ a7y . diy UV ) UV ) = NG, (C.14)

where N (i7", j7') is the kernel of the norm operator N Basis states A\I/fVF are not linearly
independent, and related through the norm operator

RGN NI/ A7 N7, 7)) Ol (7r 7)) (C.17)

The basis { \If -} is thus overcomplete and spans ey 4 exactly N times(®), which explains the %
factor in EQ. (C.17) Completeness conditions for the set { o o become

o for N ES}X
/d < I/ . .fN)AqffY;(f{...f;V)> YNFELEY) =N (RN,

e for LZJNGS}\VA

/d ( i/d* *...FN)A\I:Z?Y;(f{...F;V)>q/}N(F{...F;V):o. (C.19)

This shows that the operator
1 "
= NI/dr RACIRCE (C.20)
i

is a projection operator which projects any function in £V onto its fully antisymmetrized
component(6) .

C.1.2 Decomposition of the N-body wave function

Using the basis sets previously defined, any antisymmetric wave function 12 can be expanded in
several ways. First, using the basis set {\Il -

YN (PN = \ﬁi/d FUNATL. L TN) i) (C.21)

4This is the equivalent of a generating function for a series

G(an, Zanaz ) (C.15)
or the integrand k(x,x’) that defines an integral transform through

(TF) () = /X dz' k(z, ') F(&). (C.16)

The latter applies in the case when T is an operator.
®This is easily seen when the initial basis {\I/f\’;} is composed of Slater determinants.
5P% = P4 is proven using EqQ. (C.17).
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Applying the antisymmetrization operator A; n to each side of EQ. (C.21) allows to decompose
¥ in terms of the basis set {A\IJ%?}, that is

L 1 " L "
YN (R FN) = NI/dTA\IIfYF(m...TN) oN(7), (C.22)

where the following identity is used:

Al..N
VN

as 1V is fully antisymmetric. Finally, the bare definition of UV, (EqQ. (C.6)) put into the same

G (R N) = ) (P ) (C.23)

equation (EQ. (C.21)) provides with a decomposition in term of the basis set {¥X 1} that reads

W) = S L) ) (c:2)

In those three equations, the expansion coefficients gof,\;, also called overlap functions, are
identical and expressed in different ways, i.e.

(2

oN(F) = \/N/dﬂ o dPN U ) OY (Fy ) = VN(EN |y,
(C.25a)

= /dfl...dFNA\IijF*(Fl...FN)q/)y(Fl...FN) = (U, (C.25Db)

= \/N/dfl...di1\11§V—1*(a...m1)¢,£V(F1...fN1,f) = (W agqply,
(C.25¢)

from EqQ. (C.21), EQ. (C.23), and EQ. (C.24), respectively. The expansion is explicitly antisym-
metric in EQ. (C.22), while in EQS. (C.21,C.24) the antisymmetry is carried by the expansion

coefficients. In those cases only the whole sum is antisymmetric, whereas each individual

term is not.

C.1.3 Spectroscopic quantities
C.1.3.1 Spectroscopic factors

When .Y is a bound eigenstate W)Y of the N-body Hamiltonian, the expansion coefficients gp%(f" )
are called spectroscopic amplitudes, and their norms

Sy = / a7 | ()2, (C.26)

are called spectroscopic factors. Squaring EQ. (C.21), integrating over the coordinates and
using EQ. (C.13) gives the spectroscopic factor sum rule [11]

Z/dwx(mﬁ _N. (C.27)

As a property, spectroscopic amplitudes completely determine the wave function \I/f,v . Their
spatial dependence is related to properties of single-particle states of the N-body system, and
their norm provides a measure of the structural similarity between the n'* excited (N — 1)-body
state and a cluster of N — 1 particles taken from the N-body initial state.
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C.1.3.2 Upper bound for spectroscopic factors

One defines normalized spectroscopic amplitudes as

. 1 .
P = =) (C.28)

where
VB = [ AR )er) = (v [l BN (C.29)

One can then introduce the projector

b My @R ) AL @ T Ay [ B D AL [ B (C.30)
. (AN Ww’ ‘I’fv 1”-ALN [SDW' ‘ijv 1]> Noi

Any antisymmetric state |UY) can then be decomposed using P,; into components parallel and
orthogonal to |A;_y [@ ¥V 71), and reads

(U)) = Pl W) + (1= Ba)|0)) = |00 )+ [0 1) (C.31)
Thus one has for the spectroscopic factor
Sui = N5 1000 1) = Nui ((U)10) — (W05 L [0)% 1)) - (C.32)

The factor NV,; is expressed as

Ni=1-Y (/dmji ) B >)2. (C.33)

J

Thus N,; < 1 carries the effect of antisymmetrization. It is equal to one only if pY.(7) is
orthogonal to all <pN 1( ). It is also the upper bound for the spectroscopic factor S,;, as both
(v ”|\I’m ”> and <\I’,]/\£J_|\IIWJ_> in EQ. (C.32) are positive definite and |¥2) is normalized. When
the (N — 1)-body system is completely described by the wave function ]\Ilfv 1) ie. when
there are no distortions due to the potential of the N nucleon, <\IIZJXL\\I/% ) vanishes. Thus

(X Vil |\Ifm ”> provides with a measure of the dynamic distortions induced by the presence of the
extra partlcle.

C.1.3.3 Reaction rates

The spectroscopic amplitudes can be used to calculate reaction rates. Let us consider a simplified
case of neutron capture, where both the N-body final bound state [U") and the wave function
in the incident channel ]\fl;\[ ) (N —1)-body system + incoming nucleon) are expanded for an
arbitrary n in terms of overlap functions under the form

Pin(F) = VN (T EY) Bon () = VNQETTT). (C.34)

In particular in the entrance channel, the expansion coefficient gEé\L is a continuum wave function
(the entrance channel is unbound). Matrix elements of the one-body transition operator O(7")

"That is, using (U2 Al | 1) = 1, this means that the N-body system is exactly the antisymmetrized superposi-
tion of the (N — 1)- body state and the overlap function.
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read then

Mi; =(N O F5Y)

I / A7 ol (7) O(F) G ()
I /S /dwg,i* (7) O(Fn ) B (7). (C.35)

Capture reactions being peripherical, the process takes mostly place at large distance from the
center of the target nucleus, which remains in its ground state. Thus only the first term in the
expansion of the entrance channel \\I_);V ) significantly contributes to the total matrix element. The
total cross-section is then proportional to | M|, thus linearly dependent on the spectroscopic
factor associated with the ground state of the (N — 1)-body system S;g.

C.1.4 Properties of the norm kernel N (ir, ji’)

Following the initial definition of the kernel N/ (i, j7') of the norm operator N (EqQ. (C.14)),
one has

N7, i) = / Ay iy N (7 ) U () (C.36a)
_\f/ dry ... diy N (7 )Axp;ﬂ (71 ... 7N) (C.36b)
:N/ Ay ... diy U (7L ) %V UV (. TN) (C.36c¢)

=W agak, w3 (C.364)
which shows that N (i, j7’) is
e The kernel of the norm operator for the basis set {A\IJZJ‘YF} (Eq. (C.36a)).

e proportional to the overlap of an element from { A\I/ -} and an element from {\Il -

(EqQ. (C.36Db)).
oy
e such as M is the matrix element of the projector LY in the basis {wN,
\/N QT

(Eq. (C.36c)).

In particular, for any antisymmetric wave function 1Y the decomposition from Eq. (C.21)
becomes
W (7L ) \ﬁi/d FON ) (). (C.37)
Multiplying the latter by A\I'é'vff (71 ...7n) and integrating over the coordinates 7 ... 7y, one
gets
" 1 N "
O (F) = NI/dr']\/’(zr,]r') cp,],\;-(rl). (C.38)
J

Likewise, if ¥V is mixed-symmetric, one has

1 .y e — .y
= NI/dT N(iF, j7 )gpjy\;(r ). (C.39)
j
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AN

Thus acts like a projection operator when acting on a set of expansion coefficients. In partic-

ular, its restriction to the subspace of totally antisymmetric N-body wave functions is the identity.

This kernel can also be written in terms of particle or hole states. Inserting a complete set of
N-body states |\I’I]JV>(8), with associated overlaps @%(F) with |A\I/Z].YF), in EQ. (C.36d), one finds

IR N/=>\ N*/ -
N (7, 57" :I ©pi (7)) i GO (C.40)
p(N)
where p(NN) denotes that the sum runs over states of the N-body system. This expression is only
valid in the case of fixed-center systems, where the second quantization formalism can be used.

In the case of self-bound systems another definition for the kernel is used (see below). On the
other hand, using the definition of A\IlzNF (EQ. (C.6)), the kernel can be expressed in terms of the

(N — 1)-body overlap functions as

AN
VN

:N/ dry .. diy UYL ) 6(F — )

N7, j7) =N / diy iy N (7 ) W (7 )

_/ Ay . dity U i) 6(F — Fy) 07 — i) N TN L)

N-1

- Z(—l)"/dm...dFNfofV—l*(ﬁ...FN_l)é(F—FN)
n=1
X O — ) UNTHF L 1, T - TN)
N—-1
=5(7 — ") 8y — (—1)”/dF1...an_1 Arpg1 ... drn_1
n=1

) UV g g PN ) O TNy )
=0(F — ') 6;; — (N — 1)/ LS U N AR (I VP 0 | AR DY VIR
=0(F — 7)) 8;; — (N — 1)/ A Ay U T (e, UV T L, )
3-8 - e, (C.41)

h(N—2)

where one used an expansion of the antisymmetrization operator according to its last determinant
column, starting from the bottom (7,7 ), i.e.

-Al..N
VN

L 1 . . L IR
\Ifé\},(rl TN =1 /drl' codiy kdet [6(7 — 7)Y (7] ... FN)]

1
= [t e [5G =R ) 86 - )

8They are taken here as eigenstates of A" but this is not mandatory.
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ktnl#N
6(r" =) ,
= N \Ifjv ( I'N— 1)
1 N—
-~ Z — ) BNy, P T, (CA42)

using the fact that \Ilj.v_1 is totally antisymmetric. Combining EQs. (C.41,C.40) gives the
completeness relationship for the spectroscopic amplitudes

si-o =Y, AU O W @elE. )
h(N-2) (V)

The sum over h runs over states of the (N — 2)-body system (e.g. the "hole” states of the
(N — 1)-body system), and the one over p runs over states of the N-body system (e.g. the
"particle” states of the (N — 1)-body system). It shows that spectroscopic amplitudes for particle
states of the (N — 1)-body system are not complete by themselves as they lack the contribution
of Pauli blocking, i.e. contributions from holes states.

C.1.5 Coupled equations for the overlap functions
The N-body Hamiltonian can be further decomposed into

7:( sz —|—szij

,5=1
1<J

YN-1/= s h? 312\1 p .
=H (71...TN-1) — om + E Us(TiN) - (C.44)
i=1

One defines | W) and | 1) as eigenvectors of HN and HV ! respectively(?). The associated
eigenvalues problem leads to

n20% -

1
o + ; @s(TkN)‘\I'z]zV> .

(C.45)
Inserting the expansion from EQ. (C.24) for |¥V) gives a set of Schrédinger-like coupled equations
for the overlaps ¢ \(7), that reads

(W AN = B (U = BN (e -

N-1

_ N o . "
(BY ~ EN0eir) = =" o) + L @ Y - A ). (Ca0)
j k=1
In this form, the ”potential” reads
N-1
vig(F) = (U1 Y ds(I7 — P, (C.47)
k=1

9The following is valid for the ground state |\Ifév> of the N-body system and its exited states.
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and involves an infinite sum of terms, thus it cannot be solved directly.

C.1.6 Approximate decoupling of the problem

Solutions of EQ. (C.46) include the completely antisymmetrized states, but also mixed-symmetric
states, i.e. unphysical states. If the coupled equations are solved exactly this is not a problem
as the two subspaces do not mix (EQ. (C.11)). When approximations are performed this can
become a serious issue.

The N-body state |U2) can be approximated by a Slater determinant constructed from
the spectroscopic amplitudes {gof,vj(F )}j=1.~. In this case N Hartree-Fock (HF') orbitals can be
identified as approximations to spectroscopic amplitudes and single-particle energies approximate
single-nucleon separation energies. The local (Hartree) part comes from the diagonal v;; terms in
EQ. (C.46) and the non-local/exchange (Fock) potential comes from off-diagonal matrix elements,
thus from channel couplings. From these starting points, a one-body potential model may be
obtained, treating the nucleus as a system of N non-interacting nucleons. Indeed,

e Starting from the Hartree approximation, which consists in neglecting of-diagonal terms,
this amounts to imposing that the one-body potential is the same for each single particle
orbital, i.e. vj;(7) = v(r).

e Starting from the Hartree-Fock approximation, one can use the replacement v;;(7") = 6;5v(r).

This gives in both case the usual one-body equation for the spectroscopic amplitudes

282

- 2m

(B) = B Dep(i) = pui () + 0 () oi(7). (C.48)
The use of Slater determinant ensures proper antisymmetrization of the equations. In particular,
when calculating the expectation value of a one-body operator @(F ), the (N — 2) remaining
states can be integrated out and only active orbitals remain. Thus the associated matrix element
[ A" (7) O )gofyj(f’ ) looks like a pure one-body expression. Finally, the potential model gives
exactly N spectroscopic factors equal to one, all the other ones being zero, that is without pairing
nor many-body correlations. Adding correlations beyond the HF picture allows for instance
single-particle orbitals of the N- and (N — 1)-body systems to be different. In this case the
expansion of |¥)V) will contain contributions from more than N terms. As a consequence, it is
usually admitted that spectroscopic factors are all less than 1. This is however a consequence of
the antisymmetrization of the wave functions and distortion effects, as it will be shown later.

C.1.7 Asymptotic behavior of the expansion coefficients
One has to separate here between several cases.

o If one of the states [T ~1) or |\Il§-v_1> in EQ. (C.46) corresponds to a bound state of
the (N — 1)-body system, matrix elements v;;(7") have a short range, as a result of the
convolution of the short-range two-body potential and a bound state wave function.

e When both [¥X 1) or ]\Ilj-v_1> describe continuum states, matrix elements v;;(7) take a

long range tail, but infinitesimal in amplitude (continuum normalization).

In the first case, overlap functions become asymptotically solutions of the free Schrodinger

equation
2 2d L(,+1) 5 Noo
|:<d7“2 + r d?" h2T2 ) /im, (Pm (T) 9 ( )
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with
2m*(EY — EN 7!
Kyi = \/— ( Vh2 i) ; (C.50)
Solutions of EQ. (C.49) take in the asymptotic region r > R the form
P () = Byhy, (i kyir) Y™ () (C.51)

where the spherical Hankel functions are defined as

e 1

h(ikr) = jiikr) +ing(i kr) = it f("m) kzo (QIJT)k kil(;“k;!)! . (C.52)

This shows the overlap functions cpl],\g(f’ ) fall off exponentially at large distance where they
decouple from each other, i.e.

Y (7). (C.53)

r—-+o00 T
The exponential decay is the smallest for ¢ = 0. Thus processes with reaction probabilities peaked
in the asymptotic region only only on the asymptotic normalization coefficient (ANC) given by

ANC, = hl’il (D0 (F) x refit] . (C.54)

The ANC is a property of the spectroscopic amplitude which implicitly includes the spectroscopic
factor. Its expression comes from the Fourier transform of the coupled equation EqQ. (C.46), that
is

N-1
U = e g L [ T L im0 (05
k=1

where a pole in the Fourier transform appears. It has been shown that the ANC can be obtained
by an integration over the nuclear interior with a sum over spectroscopic amplitudes by taking
the residue of this pole for i = 0 [12], i.e

N-1

ANC, = lim 4mw2i/df'ek WY a( DTN el (C.56)
j

k——ikypo 1

for k0 = \/2m(El],V — ENT.

C.2 Center-of-mass correlations

In the previous section, the Hartree-Fock approximation or the definition of a one-body potential
confines the center-of-mass at a given position. The picture radically changes with the explicit
treatment of the center-of-mass motion. We start from the exact non-relativistic Hamiltonian of a
N-body system. HY is invariant under translation, and can be decomposed into a center-of-mass
(c.om.) HY, . and an internal part HY,

c.0.m.
772 N ?
Hiom (71 TN) = —5 — (Z )

=1
(C.57)
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C.2.1 Internal N-body wave function

Eigenstates of HN are noted \I/Z],Vﬁ(ﬂ ...TN) to account for the center-of-mass momentum K.
Because of the explicit decomposition of the Hamiltonian from EqQ. (C.57), \Ilivl? (F1...7N) can

be factorized into center-of-mass (plane wave) and internal contributions, i.e.
N (7L F) = e R EN BN (R Ry, (C.58)
where EN is the center-of-mass coordinate

Ry = 7 (C.59)

M) =

1
N 4
=1

The internal wave function ® may also be noted ®N (7 ...7y) = @{V(El ...En_1), using the
N — 1 independent internal variables expressed in terms of the Jacobi coordinates [10; 13]

S A
&':7“141—?27”3‘:_%; (C.60)

J=1

which all are invariant under translation. For any @ one has

ON(F 4 a...Pv+a)=dNF .. . Fy), (C.61)
which leads to .
\I/gﬁ(]—l—d’...FN—i—d’):elK'“\IIZJ,YI?(Fl...FN). (C.62)

C.2.1.1 Orthonormalization properties
Orthonormalization of the set {\I/ZNK} reads
(27)% 6(K — K')dy; :/dﬁ iy qug*(fl TN \yfﬁ,(m LN

. —

:/dé...dgj\[_l dﬁNei RN'(K_K,)&’ZN*(&...gN_1)<I>§V(§1--- _’N—l)

. — —

2(27T)35(I3—X/)/d51-~d51\/1 éfv*(é-~'ENA)CI’?[(&--{NA%

Note that the variable change (7 ...7x ) — (51 o EN_1, EN) is bijective. Indeed,

e the system (é)zzl N—1 is linearly independent, as only 5_;2”_1 contain 7,, so the linear
problem Zf\i Il a;i& = 0 can be solved iteratively from i = N — 1 to i = 1, leading for all 4
to a; = 0.

e one has Ry - & = 0 for all i in [1...N —1], thus (51 . EN_1, RN) is a linearly independent
system of cardinal N = card(r ...7n ).

The orthonormalization of the set {®)} can therefore be carried out in as

/d{l...d{N_lq‘)gV*(gl...EN_l)c'IsjV(a...EN_l) =0y (C.64)
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or using an explicit removal of the center-of-mass degree of freedom in the integrand, that is

—

/ ary .. iy O 7y ) 6(Rn) BV (7. 7w) = b5 (C.65)
In an equivalent way, by enclosing the system in a large box of volume V, we get

.1 . . T I,
VETOOV/VdrI...drNM (P PN (P PN) = 65 (C.66)

C.2.1.2 Completeness relationships
Completeness property of the set {\I/;NK} reads

/dKI\IJfE (F1 o 7N) O (P T :chpgv (7 ... 7N) ON (7] ... 7)) (21)3 6(K — K)
% %

_ L1 = —/ — 3 7 -/
_/drA! det (67— 7+ 7)] (20)° (R — B).

The extra integral over 7 in EQ. (C.67) expresses the equivalence of translated configurations.
Indeed, in the case of fixed-center systems, we would have had

x R . . 1 L
I \I’fv (F1...7N) ‘Ilfv(ri L TN) = il z‘g'(itl...N [(5(7“2- — T]/)] , (C.68)
(]
where the determinant accounts for the antisymmetrization of the wave functions. However,
using EQ. (C.68) one would from EqQ. (C.61) for any arbitrary a

I@ﬁv*(n..m) SN (7.7 :I(I)fv*(ﬁ ) ONF 4 d. T 4d),  (C.69)

i (2
thus )
> o] L
Al i%’e:tl...N (975 = 75)] Al i%e:tl...N [0 (7 i)l (C.70)
which is inexact. Explicit use of EQ. (C.67) will be done later. Similarly we have for reference in
momentum space

=k, AN S . 1 =~ 1 L 1 =

i,7=1...

~ 1

N
@fv(q’l...q'}v):(27T>3N/2/dfl...dFN<I>fV(F1...FN)exp [—z’Zq}-Fi S(Ry).  (C.12)
=1

C.2.2 Decomposition of the N-body wave function
C.2.2.1 Standard and internal spectroscopic amplitudes

In the case of systems localized around a fixed center like the electrons of an atom, one defined a
single-particle overlap function between N and (N — 1)-body particle systems ¥ and WN~1 as
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e = VN(UN o) (Eq. (C.25¢))19). In the case of nuclei there is no fixed external force center.
Nucleons are localized around their center of mass, and standard overlap functions read [10]

eN (7 Ky, Kn_1 :\/N/da...dmv&(ﬁ—m) N (L o) UYL (L)

i, KN_1 v,Kn

—V/Nei'™ (En—En-— 1)/d§1 di e —i€n— 1(NT I?N—l)

x N L Eva) DY (6. Ena)

17“(KN Kn_ 1) . <]V]\71I?N_I?N—1> . (C_73)

Thus the spatial dependence of spectroscopic amplitudes is given by a plane wave, as a consequence
of the translational invariance. Indeed, %K ~N — Kn_1 is Galilean invariant. On the other

. . 2
hand, the spectroscopic factor reads ‘gbjy\i <%K N — K N,1> ‘ and is the Fourier transform of

the internal spectroscopic amplitude, which can be defined by removing from EqQ. (C.73)
the center-of-mass contribution, that is

Ny 1
SOZIZ(T) _(27_‘_) /2
1

1
(271-)3/2\/7/dKN 1/(17“1 dTN5(T—TN) —iBy_1- Ky

X q>£\f 1*(7”1 Ce T_"Nfl) (I)N(Fl . FN)

:\/N/dfl e PN O(F = ) SR O () N (). (C.T4)

Thus internal overlaps can be defined as [14]
N (7 \F/drl Ay N TV Ay )8 (Ry )@Y (7. N1, ) (C.75a)
_\F/drl AN N ()8R + )N (71, 0). (CT5b)

In particular, this shows an internal wave function of the N-body system can be expanded on a
complete set of internal eigenstates of the (N — 1)-body system using EQ. (C.67), i.e

<I>IJJV(F1...TN fI(I)N 1 PN 1)901,2(7“1\7 RN 1) . (C.76)

One can also define overlap functions by replacing the center-of-mass projection & (ﬁN_l) in
Q. (C.75a) by the total c.o.m. projection for the N-body system §(Ry), leading to another
expression gozj( 7). Then, @i (T N () and gog () are related by a trivial scale transformation that

reads [15] 3
SN () = [N]\—fl] oY <N]\11F> . (c.77)

10From this point on for more convenience, standard overlap functions will be noted @, whereas the internal
overlaps will be ¢. One may note in this case that the standard overlap functions depend on the center-of-mass
momenta of the two convoluted states.
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C.2.2.2 Relation with knockout reactions

The definition from EqQ. (C.75a) is the most accurate for one-neutron knockout studies, but will
also be convenient for the internal one-body density matrix. Indeed, when looking at the overlap
function in momentum space by Fourier transforming

A
:\/N/ Agi ... dgn 1@V (G .. gvo1)(27m)38 (Zq:) N(q1...qn), (C.78)
=1

we find that if the N-body system is in its ground state, then gpé\lf(q_’) = cpfv((j') is the amplitude
for extracting a particle with momentum ¢ from the internal ground state of the "target” ®{
ending up in the internal eigenstate <I>ZN ~1 of the residual system. This is closely related to
the description of one-particle knockout reactions, and in compliance with previous definitions
of the overlap functions [11; 16; 17]. In REF. [11], the cross-section for knockout reactions is
proportional, in the plane wave impulse approximation (PWIA)(H), to the spectral function, and

it reads
P(k,E) =Y _|Ai(k)]*6(E — EN ' + EYY), (C.79)

where k and E are respectively the momentum and energy transferred to the nucleus, and the

-

amplitude A;(k) is the Fourier transform of the overlap integral of the initial and final state
nuclear wave functions

Ai(k) = /dFN RN < NN s (C.80)
where the notation < .|. > means integration on the fewer number of coordinates, i.e.

< UV »>= /dfl e dPN OV )N (R N1, TN - (C.81)

To account for translational invariance, internal quantities EZN ~1 have then been introduced,
noting that the residual nucleus recoils with momentum &

k2
e C.82
T (C82)
one finds 2
Pk,E)=> |A(K)?6 (E+6&— - .
(F.8) = SIS (B +a~ gy ) (©83)
where the amplitude is now
Al(k) = /dF]’V RN < OV BN s (C.84)
The following quantities have been defined here:
7l =7 — Ry_1, e =E) — BN (C.85)

" That is, neglecting final state interactions for the ejected particle, that is the outgoing nucleon is a plane wave.
The coincidence cross-section is then the product of the nucleon-nucleon cross-section and the spectral function.
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The overlap between internal wave functions is related to the overlap between the wave functions
in the laboratory frame through

1 [ - 55
(W) = 5 / ARy e I < o oy >
_ /dﬁN_leiE'ﬁN—l < N o) > §(Ry). (C.86)

EQ. (C.76) expresses the distribution of the hole strength among various eigenstates of the final
nucleus, and the spectral function becomes

- - - k?
P(k.E) = N N ks(Btre— — '
B =3 e <k>woj<k>§s”6( e gt ) ()
where
Si =< oM ey T >< e e > (C.88)
single-particle occupation probabilities
Sy =Y _Sh= (@ eN ), (C.89)
k

as well as the single-particle removal energies

2

1 . 1 1 AN _
€ = 5. Ek Sher = (g [HY|p) — §<‘I’£V AN e, (C.90)
have been defined.

C.2.3 Internal spectroscopic factors

Second quantization formalism cannot be used any more when taking into account center-of-mass
correlations. In particular, the definition of the spectroscopic factors from EqQ. (C.26)

g 2
S, = /df‘(q@“mw% : (C.91)
is now invalid. However, the normalization of the internal overlaps @7

S = / a7 ()P, (C.02)

can be defined as the internal spectroscopic factors. Using EQ. (C.67), it appears then that one
still has

+oo
> Sui=N. (C.93)
1=0

Actually, those are the true spectroscopic factors of the system appearing in dynamic equations.
Indeed, when taking into account center-of-mass correlations, EQ. (C.35) reads as a plane wave
transition operator(u)

N
M =W Y e E T T

n=1

=5(k + K; — K})Zj / A7l () e N RT BN (7). (C.94)

12This is the appropriate transition operator for radiative capture processes.
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The delta factor ensures momentum conservation in the process, and the % factor represents
the laboratory to center-of-mass frame transformation. It appears that internal spectroscopic
amplitudes are indeed the relevant objects for nuclear dynamics.

It must be kept in mind that individual (internal) spectroscopic factors can be greater than
one for fermion systems, because of the center-of-mass motion [11; 16; 17]. For instance in
the case of N = 2 [15; 18], any internal wave function reads ®®) (7, 7) = f(¥1 — 7) with
[r2dr|f(7)> = 1. The only internal one-body state is ®1)(7) = 1, and its overlap ¢y with &)
reads ¢1(7) = V/2f(—7). The associated spectroscopic factor is then 2. Discussions concerning

the upper bound for spectroscopic factors are not pursued here and can be found in REFS. [15; 19].

In particular, it has been found for N fermions in an harmonic oscillator model that the upper
bound for occupation numbers (eigenvalues of the internal one-body density matrix discussed

later) is nypae = [%} .

C.2.4 Coupled equations for the internal spectroscopic amplitudes

To obtain the equations satisfied by the internal spectroscopic amplitudes, Hmt( ..TnN) can be
further decomposed into [15]

N N-1 \2 N-1
Hine (7 ) = i (7 ) = P — ( o Z az> + 2 0l = 7il).
This expression can be substituted in the identity
o_/dfl...dFN_la(éN_l)quv—l*(a...fN_l) A ) — BN e )

This leads after some manipulations to the coupled equations

SRl — (BN — BN elr) =

—(N=1) \F/drl APy S(Ry—1) NV (7 i) vs(|F = v ) O (7 Ay, ),

(C.97)
where m* = %m is the reduced mass, B = El]/V é(m ~ the internal eigenenergy, and using
that ’

S Vi (F .. iy) = 0. (C.98)

i=1
In particular, coupled equations from EQ. (C.97) show that internal spectroscopic amplitudes
follow asymptotically the free Schrodinger equation, thus have exponential decays. One may
note that standard spectroscopic amplitudes ¢ still fulfill the initial coupled equations system
but they are now plane waves.

C.2.5 Koltun sum rules

The Koltun sum rules gives a final consistency check concerning the decomposition of the N-body
wave function. It is assumed that the Hamiltonian contains only two-body forces(!3). The total

3 An experimental violation of this sum rule could prove the existence of 3NF, although other effects may
explain it [20].
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energy of the nucleus is then [11; 21]

/dk/dE ( E+ > P(k,E). (C.99)

The energy E is the energy transfer in the laboratory frame, and not the internal energy transfer

Eyw = FE — —1% In terms of Ej,; the sum rule reads
dk [ dE; LN =2 K P(k, Eqt) (C.100)
int 1nt N —12m s ~Int ) - .
In the single-particle basis this can be expressed as
1N -2
Isue SN 1T : (C.101)
where T is the kinetic energy. The correction factor % accounts for the recoil factor, and

cancels the extra kinetic energy in the expression of €, arising from the reduced mass effect %(14).

In the present case, the Koltun sum rule is checked for the internal energy EJY, where the
internal kinetic energy reads [15]

O G L
TN:/drl...drNd(RN)‘I/éV (FTN) | =5 D (0= 0)?| W7 ... 7N

7.]_1
1<j

h? . L
— oo [ A 10 P Ty

h2
=— — [ dgn % n(q C.102
Qm/ an an n(qn) ( )

using the definition of the internal density matrix (SEC. C.3.2) and the associated momentum
distribution (EQ. (C.150)). From the coupled equations for the overlap (EQ. (C.97)), multiplied
by (), integrated over 7, and after summation on the states i of the (N — 1)-body system,
one obtains

N x N* [
HTN (N —1) \/»/drl .dfy_1 dF§(Ry-— 1)I‘I’N V() ey (7)

i
X vg(|F = N = 1) ) (7 ... Pn_1,7) = —(E;)n, (C.103)
where one defines the mean removal energy as
(Er)N ZI(Efv‘l — E§")So; - (C.104)
i
Using the completeness relationship for the set {\I/fv 11 the second term in EQ. (C.103) can be

converted to twice the potential energy vV in the system, reading

N _pgN _ N

N(N -1 . . . . . o
:(2) /drl L dRN S(Ry) vs(|Py — N = 1) WY (71 ... 7n))?. (C.105)
As a result the Koltun sum rule is retrieved, and it reads
1 /N-2
N _ = N
By = 2 <N— 1T <E7”>N> . (C.106)

14This correction can be justified when looking at the deuteron, where EZ = ef.
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C.2.6 Self-consistent translationally invariant theories

The decomposition from EQ. (C.76) is the most adequate when dealing with self-consistent theo-
ries for translationally invariant systems, without substraction of the center-of-mass contribution.
In the Hartree-Fock case, it was found [22] that generalized equations could be found without the
use of Slater determinants for a set of N amplitudes {¢;}. Those equations are translationally
invariant, but do not come from a variational principle. In the limit of large N, those may be
then identified to the standard HF orbitals.

P P
vy L LA
iP jP iP jP

Figure C.1: Diagrammatic definition of the amplitudes (\IIN ] &ﬁ|\IIN ) (left-hand
side) and (\I/N % az ]\IIN Y (right-hand side). nucleon lines (double lines)

are on mass shells

As suggested by Fic. C.1, one starts by defining the set of amplitudes {qbz} and {(5;} as

5(ﬁ/+ﬁ+ﬁ)¢§ ((N_l)ﬁ]\; (ﬁ_ﬁ)> <\I/N llap\\I/N > (C.107a)
5P+ 5+ P <(N‘2§€j§ﬁ‘ﬁ)> 02 WS (C.107b)

Now when considering the ground state |[U{) = [UV) one can assume that only N amplitudes

0,0
¢j(p) are needed, which are defined as

5P +7)d; ((N_Dﬁ_(P_ﬁ)> (5 g vg') (C.108)

They describe the relative motion of a nucleon of momentum ¢ and a (N — 1)-body system. To
prove that this decomposition in terms of the relative motion with respect to the (N — 1)-body
system is the most accurate, the equations satisfied by the amplitudes ¢; can be derived. One
starts from an Hamiltonian using only two body interactions, of the form

. . o1
HY :/dp }%a 2/dp1 dpa dp3 dp4a auT~ (P1 D2|Vs|D3 Da) aps; ap, - (C.109)

gy N p? 1
<‘I’fﬁ}\[H7aﬁ”‘I’é\7> = (EJN f (N —1) E(])V> <‘I’fp}\aﬁ|‘1’év>

(U, g U + (V6 a0 (C.110)




78 Appendix C. Many-body wave function and one-body density

After some manipulations and assumptions, in particular that the interaction is local and only
depends on the momentum transfer [22], one finds HF-like equations for the functions ¢;, i.e.

. h202 o [(N-2\° N L /N=2_\ . N-2_, B
(645 ) o) = (5= [/d > (Y=o o= n (N_lr)] 45(7)
(C.111a)

N —2\? N N -2 1
- <N1> [/df’ ;;¢Z (le'> o(|7 = 7']) ¢k <F+ le’)]

(C.111b)

Standard HF equations can be retrieved in the limit of large N. To simplify the exchange term
(EQ. (C.111Db)), one may consider the case of a potential with a short range in comparison to the
size of the system, ie 7~ 7/, which leads to

K292 N —92\? N N —2 N —2
o 52 [ ot () - ()

_ (H)g [ / a7 i@: (x_f) o(|7 = 7']) u(7) 65 (7 |

which are indeed HF-like equations.

C.2.7 Internal Slater determinants

An interesting way to understand the expansion of EQ. (C.76) comes from the use of internal
Slater determinants (ISDs) to describe the uncorrelated motion of the N particles in N orbits
around their center-of-mass(1%) [18], that is

1 B,
N P r = — (e —
(i) = det [0~ R (C.113)
and 1
Oop(M . TN-1) = ——— det [%(Fi - RN—I)} : (C.114)

ISDs can then be used to evaluate single-particle overlap functions and spectroscopic factors
using EQ. (C.75a). Likewise, the expansion from EqQ. (C.76) can be interpreted as an expansion
with respect to the first column of the determinant, followed by a translation of Ry — Ry_1

15This corresponds to remove the spurious c.o.m. motion in the usual fixed-frame Slater determinants.




C.3. One-body density

79

(ISDs are translational invariants), i.e

¢1(71 — Rn)  61(F2 — Ry) ¢1(F"n — Rn)
BN (7 ... 7 :\/;7' ¢o(71 — Rn)  ¢o(fo — Ry) ¢2(Fy — Ry)
on (71 — Rn) ¢n(72 — Ry) ON (PN — RN)
¢1(72 — Ry) ¢ ("N — RN)
LS~ gy b~ ) . Gl — )
__ -1 z+1¢ - R 1\"2 _'N i—1 _’N
NI ;( ) i V) Pi+1(2 — RN) Giv1( Ry)
on (7 — Ry) on (N — RN)
¢1(7 — Ry_1) o1 ("N — Rn-1)
LS, gy bia(Fo— 1) . i — R)
_ _1z+1¢ — Bn_ 1\"2 _’Nl i—1 _’Nl
N ;( : 7= i) Gi+1(T2 — Rn-1) Piv1( Rn—_1)
ON (7 — Ry_1) on(Fn — Ry_1)

1)y (i1 — Ry-1)

1,

X

The phase (—1

q)Nl

b (C.115)

)¥*1 is then to be recast in either (N — 1)-body ISDs or the overlap functions. For

more details regarding the antisymmetrization, we refer to REF. [10].

C.3 One-body density

The ground state of the N-body system will be noted hereafter as \Ifév 6(7”’1

C.3.1 Laboratory frame
C.3.1.1 Definition

In the laboratory frame, second quantization formalism can be used, and the density matrix

reads
p(7,7") = (Ul |ak, ax 0)) . (C.116)
In the general case, the non-local one-body density operator p(7,7') takes the form
i - - S/ Q{ jaN . %
p(r, 7)) = NI Z%‘e:tlmN {5(7” — 75)0(T TJ)i(N —5) gi‘zg’l#j [(5(7% rl)H ) (C.117)

However because N-body wave functions are antisymmetrized one can use a reduced form which

reads
N

225(7:’—1”Z (7'

=1

p(7,7")

— 7 H6

J#i

(C.118)
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so that for any Slater determinant(16)

(C.119)

the expectation value of p(7,7’) is

(®|p(7,7")|®) = N|ZZ< (12..N|P]p(F, #)Py[12..N)
=1 Py

2T PPy

where |i142..in) = |p1(75,) ¢2(Tiy).-oN(Tiy)), and 75”k is a permutation matrix in the uplet
{1,2,.., N}\{k} of signature By If there is at least one permutation between the bra

(12.k1..ko..N| — (12..kg..k1..N| and the ket |12..k;..k>..N)17) one obtains

N
(12 ko k- N|p(7,7)[12..N) :Z/dfF{”N/dﬁ_N¢’{(F{)..qﬁzl(rk2) 5, (Pl (74)
=1

X §(F — 7)o (7 — 7! H5 7}) )91(71)..dNn (TN)
J#

N N
= > H (Dj105) (Dri|Dhy ) (Dro |y Y05 (1) i ()
#lk:k?ﬁékikzy

+ H (63165) (6il6rs) b1, (7)64(7)

;ék
N
H (D5195) (bildn, )0k, (73 (F)
iy
—0. (C.121)
Thus
Vk#£j, Y (12.N[Pf A ) Pyl12..N) =0, (C.122)
PPy

1Obviously the Slater determinant is not a good solution, as it is not translationally invariant. However, it

gives us a good insight of the way the one-body density operator acts.
"For symmetry reasons, we can keep the ket |2..3..5..N) unchanged.
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and

(®|p(F,7)|®) N'ZZ (12. N|7>|| H(7, 7)Y P;|12..N)
= 17’\|J

N'ZZ card( {PHJ )(12..N|6(7 — 7)8(F' — 7/ H(5 (7 — 7)|12..N)

i=1 j=1 k#i

1 N N
= (N—=1)! [ dr]... [ dFfy [ dF ... | dPNgT (7)) ... o N (FN)

N! ;; / 1 / N/ / 1\ NN

x (7 — 7)o(7 — 7! H5 e —71)01(71) .. N (TN)
k#i

N
= o)) (C.123)

i=1

In the second quantization formalism, any one-body operator is implicitly con81dered as local in
all other variables, thus the product running over Dirac functions ¢ (r] — ) in EqQ. (C.118) is
automatically resolved in integrals like (1 2..ks..k1..N|p(7,7)[12..N), but mtegrals running on
those variables are supposed to be trivial. We will use then the following compact notations,
which make explicit use of the antisymmetrisation.

e For the one-body density matrix

p(F 7Y = NO(F—in) 07 —7n), (C.124)

such that

,0(77,7_"/) = <\I/évlﬁ(7_”,7?,)‘\:[/év> = N/dfl...dFN_l \Ifév*(Fl...FN_l ,7_") \I/év(Fl...FN_l ,77/).

(C.125)
e For its local part R
p(7) = p(7,7) = N 6(F — 77) (C.126)
such that
p(7) = (TN |p(7)| ¥y = N/dﬁ...dFN_l | (7. Py, 72 (C.127)

These expressions assume that N-body wave functions are normalized to 1, thus the local density
integrates to V.

C.3.1.2 Laboratory density for self-bound systems
Using EQ. (C.127) and EQ. (C.58), one finds for the one-body density in the laboratory frame

N/dfl A8l BN (€N )P (C.128)

where the Jacobi coordinates are defined here as

. 1<
gi’:ml—ngj fori < N —1,
' (C.129)
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Using a trivial variable change we find that the one-body density is invariant under any translation
7 — 7 4d, thus p(7) is a constant. Indeed, using EQ. (C.116), the density matrix in the laboratory
frame is the sum of the spectroscopic amplitudes gbé\é in the same frame, i.e.

o7, 7) = (U)ol i | TY) =§f B ) B . (C.130)
7

Thus one has for the one-body density, using EqQ. (C.73)
p(7) = p(7,7") ZII%E(—I@)F zj_,gm =N, (C.131)

using the sum rule for the spectroscopic factors Soi. As a verification, the number of nucleons is
then

1 /de(F) = N% =N. (C.132)

This is a consequence of the fact that standard spectroscopic amplitudes are now plane waves.
They still verify asymptotically the free Schréodinger equation, but with positive energy, which
explains how the density in the laboratory frame can be uniform.

C.3.2 Internal density

From this point on, it is crucial to find an expression for the internal one-body density operator.
However, there are several ways to define it. We compare here two possible definitions:

e The first possible solution reads
P (. 7") =( | (7, 7))

:N/dm...di_l S(Bn_1) U (FL...Pn_1, F)UY (7. Fn_1, 7). (C.133)

The variable change (7 ...7n) — (51 .. .EN_l, 7n) has been used. Its diagonal part pltl(7)
represents the probability to find a particle at position 7 with respect to the center-of-mass
of the remaining (N — 1) particles.

e On the other hand one may also define the internal density such that its diagonal part
is the probability to find a particle with respect to the total c.o.m. of the N-body
system

P27 7 =0 |27, 7))

_N / A7y . iy S(BN) O (7 iy, ) UN (L Py, 7). (C.134)

In this case the c.o.m. position is defined as

N-1

= 1 1
Ry = — Zfﬁﬁ(ﬂ 7). (C.135)
=1
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C.3.2.1 Operatorial form of pl!l

Let us start in the fictious case where the operator for the local part of the density matrix
pl(7) = pl (7 7) only acts on the internal wave functions ®V /®~. One has then [13]

pU(7) = N6(F— Ex_1) = N6(F — P + Ry_1). (C.136)
Using EQ. (C.136) applied only to the internal wave functions, one finds
pl() :N/dgl o dEy 1 BTG ) 67— Envoa) B (&1 Eva)

:N/d{l...dg}” BN (&1 ... En—a, )

:N/dfl oo dén_2 dRy_1 6(Rn_1) |9 (&1 ... En—a, T)[?

:N/dﬁ APy 6(Ry_1) | (71 ... Py—1, 7+ Bn_1)|? (C.137a)

—N/cw1 o diN_1 8(Ry_1) | (7L — Ry—1...Pn—1 — Ry_1,7)|?

:N/dFl . dPy_1 0(Ry_1) | @Y (71 .. . Pn_1,7) %, (C.137b)
where EQ. (C.137a) is the exact expression one would have directly obtained using EQ. (C.136).

To find the definition of the internal density operator in the full Hilbert space, EQ. (C.136) can

be generalized into
N

AU(T) = 6(Ry) Y 07— 7+ RY.)), (C.138)
=1
where
0] 1 ¢
Ry =51 ; 7. (C.139)

J#
More generally, one has for an arbitrary translation of the center-of-mass of the system

. N |
PUF) = 8(Ry +a) S 8(F—7 + RS ), (C.140)
=1

This leads to

N ol .
() ZZ/dﬁ...dFN|<I>6V(F1...FN)|25(RN)5(7?_ﬁJrRS\l[)1)
i=1

N
_N3Z/d771...dﬁ_ldﬁ+1...dFN
=1

< BN (7 Ty, —(N = DRV 7y in)26(F+ NRY ) (C.141a)

:N4/dF1 APy [BY (7. Fv—1,—(N — 1)Ry_1)?6(F+ NRy_1)
:N4/df‘1...dFN|<I>éV(F1...FN)|26(F+ NRy_1)6(Fx + (N —1)Ry_1) (C.141b)

:N4/d7_"1 ..dry "I)év(gl .. 'gN—l)P (5(??—&- NEN_l) (5(77N + (N — I)EN_l)
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:N4/dF1 iy BN (E . — NRx )20+ NBy 1)
—N4/d§1 dén_odRy_1|®Y (&1 .. En_1,—NEy_1)?6(F + NRy_1)

_Nt / A&, .. dén_adRy 1 [N (... — NBy_)20(F+ NRx_1)

—N/dgl A2 BN E v P2, (C.1410)
since
1 1 Y 1 N —1 = ‘ 4
fin =02 i ==y D7 = it =~ Rny = 00— i+ YLy = 67+ NRYLy),
j=1
#i
(C.142)

which corresponds to EQ. (C.137b). In particular, EQ. (C.141b) shows that the one-body density
operator also reads

pN(F) =N*6(F+ NRy_1) 6(Fxy + (N —1)RBy_1)
N
=N*3"8(F+ NRY ) 6(7 + (N -~ DR ). (C.143)
=1

Using the previous arguments, the one-body internal density matrix can therefore be expressed
as

P77 =N 6(7 — Ex—1) 6(7 — &v_1”)
N . N 5
=0(Rn) Y87 — 7+ RY_) x 8(R) Y 67 — 7+ BY.)

=1 j=1

N
=N*>"6(7+ NEY_)6(7 + (N — DR )
=1
N

x S8 + NEY Do+ (N -~ 1)RY ), (C.144)
j=1

which leads to [13; 15]
P ) =(f | (7, 7))
:N/dﬁ...dFN_l U7y, P S(Rn_) O (7. Pv_1, 7)) (C.145a)

:N/dé...dEN_QxIJéV*(El...EN_Q, NON(E .. En_e,T). . (C.145b)

A similar expression for EQ. (C.145a) reads

=/

=/
pm(gj, ") N/drl drn— 1‘110 <r PN 1’y2) oy + RNfl)‘lféV (Fl...FNl,y> ,

. . . — ARg) — — —
using the relative and center-of-mass coordinates i = % and ' =7 — 7.
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C.3.2.2 Properties of pl!!

pl (7,7') is a N-body operator, thus includes more correlations than tye laboratory density
PP (7, 7'). This may be the reason the densities in the internal and laboratory frame have
different transformation rules under a translation of the system. Indeed, p'*"(7,#’) transforms as
a scalar, pl!(7,7) is invariant. Using EQ. (C.67), the ground state one-body internal density
becomes a function of the overlaps, i.e.

Z 05 (7 )sp0i (7 (C.146)

EQ. (C.146) shows immediately that plU has positive eigenvalues and its trace is normalized to
the total particle number. On the other hand the trace of pl!l is immediately

Tr(pM) = / dr pl(7, 7) isoz_ , (C.147)

using the spectroscopic factors sum rule. According to the coupled equation for the internal
overlap function (EQ. (C.97)), one finds that the asymptotics of the internal one-body density

reads(1®)
e—ho r!

Pm (7"77“) :OO @00( ) Co AR (C.148)
where kg = %\/2m(EéV_1 — EY). Thus
() = e
pri(r) = p(r,r) —— Col (C.149)
The associated momentum distribution becomes, using EqQ. (C.72)
1 o,
7\ — dgdi e~ 179 50 (7 7!
n(q) (271')3/ ydy'e P (4, 7")
N-1
=N / dgi .- dgn 119 (G - Gv-1,7)* 6 (i+ > q> : (C.150)
i=1

Finally, EQ. (C.137b) shows that the internal density in invariant under an arbitrary translation
Tz of the system of vector @, that is

pg](f’) _ <\I/£)V\T5ﬁ[1] jg’q;é\’> - p[l] (7). (C.151)

Generalization of this property to other kinds of internal density (i.e. with respect to rotation,
particle number...) is still an open question, although it seems somewhat natural.

C.3.2.3 Properties of j?
The local part of pl2! reads

2=\ _ , , SN L g2
pA(T) =N [ dry...div—16(Ry) Wy (71 ... Tn—1, )] (C.152)
where the c.o.m. position is defined as

= o1& 1

¥Note that overlaps are assimilated to their radial parts here.
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It appears that pl2 (7) is the expectation value of

2]/ = 5 . N-1-
A7) = N&(Ry) 6(7 — 5(Rn) Za N& ( N Env- 1) . (C.154)
Equivalently, for the one-body density matrix one has
g9l 5 L, N-1_- ., N-1-
pAF ) =N (r— 5 gN_l) s (W— ¥ g;H) . (C.155)
The one-body matrices pl* and pi are related through
N \? 7o 77
Rl = il (z =
pT T (N_1> p <T+2(N_1)’T +2(N—1)> ’ (C.1562)
N \° N
Rl = (2 af_'
p(F) (N_1> p (N_1r> : (C.156b)

In particular, contrary to plt), pl? (7,7") does not have any simple decomposition in terms of
single-particle overlaps. However, its local part pm (7') does in terms of the overlaps gb% previously
defined, and EqQ. (C.156b) can be derived from EqQ. (C.77).

However, eigenvalues of ﬁm are not necessarily positive. Indeed, let us consider the N = 2
d-dimension case [23], where an internal two-body wave function reads W2(x1,z2) = f(z1 — 22),
with [dz |f(z)|? = 1. Because of permutation symmetry, ®2 has good parity, i.e. f(—z) =1 f(x),
n = +1 for bosons, n = —1 for fermions. In this case one has

1 1 3
Pz, 2’y =241 f ( x + 2:10) f <2x + 2az/> . (C.157)

pPl(z, ') is invariant under a parity transformation, thus pl?(—z, —2’) = pll(x,2’), and its
eigenfunctions also have good parities. However, both parities &7 are present. Indeed, pm (x,2)
can be projected on its even and odd parity eigenspaces such that

1
P2 w,a') =5 |p(@,2') £ o, —a')|

=24 [f <;x+ ;a:'> f <;x+ 3x> if( ;x’> f <;x - 23}’)] . (C.158)

The trace of those components reads

Tr[p?] = /dmpm(x,x) = Qd/dx [1£22)? | f(2)]?] = 1+n27, (C.159)

This shows that eigenfunctions with the wrong parity —n have a negative summed eigenvalue
strength, i.e.

/dxp”( z)=1-2¢<0, (C.160)

proving that negative eigenvalues are present. For d = 1 explicit examples can be constructed.
Indeed, harmonic oscillator wave functions read

1 _a?
fO(a’7 ﬂj) :a1/2 1/46 202 (Clﬁla)
V2 ,i T
fO(a7 x) a1/271'1/4 20'2 E (Cl61b)

fola,z) = a1/2 1/4 2[ ] (C.161c)
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and associated density matrices can be numerically diagonalized into

2z, )_4f2<x+ $>f<$+§x) (C.162)

One finds then for ¢ = 0 a lowest eigenvalue of —0.8888888888 and for ¢ = 1 a lowest one of
—1.481481. Both are in the wrong parity eigenspace, odd for ¢ = 0 and even for ¢ = 1. It is found
actually after some trial and error that the corresponding eigenfunctions are

e fi(a/v/2,) in the i = 0 subspace, corresponding to an eigenvalue of —8/9.

e fo(a/v/2,) in the i = 1 subspace, corresponding to an eigenvalue of —40/27.

For this reason, pl2(7,7') appears to be a bad definition for the internal one-body density('?).

pl(7 7") was found to be the tool of choice for knockout reactions, but pl?(7 7') is the one
involved when looking at electron scattering [13; 22]. Indeed, in the case of a three-momentum
transfer ¢ to the N-body system, as depicted in Fic. C.2, the proton matter form factor is
written as

L[ ((N-DE—F) - (N-D)(k—k'+q) — k'
g (T (MR 0). o

where the proton internal form factor is neglected. This gives for the charge density, after a

Fourier transform
o) = 5 (e )Z%( ) () (161

Indeed, the charge density is defined with the origin of the coordinate system to be the center-of-

mass of the N-body system. The factor % relates to this coordinate system the coordinates

variables of the ¢; overlaps, defined with the center-of-mass of the (N —1)-body frame in the origin.

Figure C.2: Electron scattering in the center-of-mass frame for a momentum transfer

—

q.

9Tt may be worth checking if one may use it anyway if the problem is correctly written to eliminate the wrong
parity subspace.
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C.4 Energy density functional framework

It appears that a connection with the energy density functional framework is possible by
considering that EDF auxiliary states aim at mapping the internal density pl! (7). In this case
the EDF one-body density is computed using the usual formula in the ”laboratory frame”. The
next step is to approximate further the internal overlap by either HF or HFB wave functions. In
particular spectroscopic factors are then equal to quasiparticle occupations. However, several
points have been raised and should be kept in mind:

o for self-bound systems, spectroscopic factors might be greater than one in some cases. One
has to be careful here, as the spectroscopic factors in the EDF method are by essence lower
than one.

e When computing the charge density, correction factors from EQ. (C.164) have to be taken
into account for the coordinate change.

e The definition of ISDs with respect to either ﬁN and }?N 1 has to be studied. In particular,
it should be interesting to apply pl* (7, 7') and pl? (7, 7) to those ISDs and find associated
instrinsic densities, and whether they take a ”canonical” form or not.

e One the other hand, it should be interesting, starting from a Slater determinant to evaluate
numerically the density in its three definitions, and compare it to exact formulee [24].

Following the analysis from REF. [19], one can introduce the natural orbitals ¢, defined as the
complete orthonormal set of single—particle wave functions which diagonalizes ﬁm, i.e.

U7 ) = Zna (7)o (7), (C.165)

where corresponding eigenvalues n,, are called the natural occupation numbers. For fixed-center
systems, those are lower or equal to one, but may be larger in the present case of self-bound
systems. Indeed, in the N = 2 case from SEc. C.2.3, one gets pl!l(z,2') = 2 f(z) f*(2'), which
has a n, = 2 eigenvalue.

One the one hand occupation numbers of the overlap functions ¢”. can be defined as [25]
N, = — /drdﬂ’ NEENY M7 R N () Zna (eN1da)|? . (C.166)

Thus one has

ng = ‘ (pmhom I‘ <pllz|<pyj Zna 901/1‘(;504 ) (C167)
J

and one always has
Svi < Nui < Niaz (0168)

where dj,q, is the largest occupation number.

On the other hand natural orbitals are defined as the solutions of the eigenvalues equation

/dT‘/ " [1] (T, Tl) (boz(rl) = Na <f>a(7’) : (0169)
Taking the limit 7 — 400 for occupied natural orbitals(??), one finds
e”"" {pfol¢a)
o Co—————, C.170

2For do = 0, one has Y p |(¢a|g0f,\§-)|2, thus a zero overlap between ¢, and all the overlap functions.
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Thus all natural orbitals have the same decay as the lowest bound eigenstate, as long as the
overlap (p{l)|¢a) does not vanish, which is true only for non-interacting systems where natural
and overlap bases coincide. Expanding the overlaps in the natural basis

ooi(r) = D _(hilda) dalr)., (C.171)

o

and taking the limit of large r gives the sum rule

3 <‘Pé\6|¢aé<¢a|¢é\£> — S0y (C.172)

«

C.5 Possible extensions

Internal degrees of freedom can be easily defined in the case of translational invariance, since the
center-of-mass motion is directly separated at the wave function level. Similar definitions would
be of very interest for other symmetries, such as rotational or particle number ones, however they
would involve more complex derivations. Nevertheless, this would allow to interpret accurately the
mapping between the EDF one-body density and the true internal one of the many-body system
for these additional symmetries. This might also help devising a proper Hohenberg-Kohn-like
theorem including the internal density with respect to all underlying symmetries of the problem,
as it is under study for the translational symmetry [24].







Appendix D

Properties of nuclear forces

Abstract: This chapter presents detailed calculations concerning the properties of nuclear forces,
such as scattering phase shifts, nuclear matter equation of state or gap equation.
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D.1 Tensor interaction

D.1.1 One-pion exchange interaction and Yukawa potential
D.1.1.1 Scalar mesons

In non-relativistic field theory, the coupling between nucleons of mass m and scalar mesons is
described by the Lagrangian density

SL(F) = g U (&) §(F) U(F) = ~0H(F), (D.1)
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where W (&) is the nucleon wave function and ¢(Z) the scalar meson field. The latter can be
expanded in a Fourier series as

o(%) = kg el TT (D.2)

where
wy = VP2, (D.3)

1 being the meson mass, such that the meson density is p = 2wq]<b\2. The hamiltonian of the
meson field can be cast into a superposition of harmonic oscillators of energies w, and coordinates
k4. Taking a number of quanta n, in those oscillators equal to 0 (no meson) or 1 (one meson),
the resulting nucleon-nucleon interaction is obtained in second-order perturbation theory from
the time-ordered diagrams presented in FiG. D.1.

p2+4q p1+4q
p1—4q _ - b2 —q
- q q ~
D2 p1
y4! P2
(a) (b)

Figure D.1: Time-ordered diagrams for the one-meson scalar exchange. Time flows
from bottom to top.

In both cases the initial energy reads

2 2
p1 P3
Ey=—+-= D4
0 o, + om ’ ( )
whereas the intermediate state energy is
(a) (m—9? | 3 :
E" =wg+ ———+ = for the diagram of F1G. D.1a, (D.5a)
2m 2m
2 2
Y =wg + (p2+q)7 + 2L for the diagram of F1G. D.1b. (D.5b)
¢ 2m 2m
The entire expression for the process reads in second-order perturbation theory
lorilsrioy ', fon |
( ) > =¢> <> . - for F1a. D.1a, (D.6a)
(0)
N 1
((f!éH\z><z\f(5;)1!0>> 2 <27r> 2 p— for Fic. D.1b,  (D.6b)
Eo - B ) By g

where |0) is the initial state, |i) the intermediate state and |f) the final one. It is assumed that
all momenta involved are of the same order of magnitude. The meson resonance occurs for ¢ ~ u,
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2 . 2
thus 2% and % terms are of order %, and for light mesons p < m they are all small in

comparison with w,. The total matrix element for the nucleon-nucleon interaction becomes then

(f|0H]7)(i|0H|0) o dm o 4w .
Eo— E, g 7 ST v(q) (D.7)
p1+4q b2 — ¢
q
P D2

Figure D.2: Feynman diagram for the one-scalar meson exchange.

Another method consists in evaluating directly the scattering amplitude of the Feynman
diagram from F1c. D.2. Using the usual Feynman rules, the matrix element for nucleon scattering
reads )

-2

M=2xV"g¥— U g, (D.8)

Q?—p?+ie
where implicit integrations on the nucleon fields are left out, and q = (¢°, ¢') is the momentum
transfer. The static potential is obtained by setting ¢" = 0 and looking at the three-momentum
transfer only, i.e.
4i7 g?
M=9"T [] U0 = (f] —iv(q)]0). (D.9)
¢+ p?
Thus one finds for the interaction potential v(¢’) the same expression than in EQ. (D.7). Its
Fourier transform gives the interaction in coordinate space under the form of the well-known
Yukawa potential

o) = [ (@) =~ (D.10)

D.1.1.2 Pseudoscalar mesons

In the low energy limit, the long-range part of the vacuum nucleon-nucleon interaction is
dominated, in the meson exchange model, by the exchange of the lightest strongly interacting
particle, which is known to be the pion. For low energy processes, one can neglect virtual nucleon

2
pair and 7 productions, given that the characteristic momentum transfer is of the order of L.

The non-relativistic Lagrangian for the axial nucleon-pion N7 coupling reads
SL(Z) = —ga UT(T) [5 : ﬁ} U(T), (D.11)
where g4 = 1.25 is the axial coupling constant, and 11 is the pseudo-scalar pion propagator

. 1 . . .
n=—— |:TxV7Tx +7/VnY + TZVWZ:| , (D.12)
V2
fr = 132 MeV being the pion decay constant. 77%* are components of the pion field, i.e.
. 7mxenY 0

m = T y mw= ’ﬂ'z . (Dl?))
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P1+4q P2 —q

b1 P2

Figure D.3: Feynman diagram for one-pion exchange (pseudo-scalar meson).

The nucleon-nucleon scattering matrix element becomes using an implicit summation rule

—2i Togp « YA

M=2x " = 5'7%" ¥ . ¢ U, D.14
V2fx I Q?—p2+ie  \2f, 1 ( )
with the convention that 0¢ = —i g¢ for an incoming scalar field. Thus for the static potential,

one finds

. 2 gl |
M =i W* 0’7" Wi <;§; > g VoI,
<) Pt

. 0\ a o GLD) 6 )
=i/l [—zm(ﬂf) ) DD
=(fl = ivx(q)|0) . (D.15a)

The one-pion interaction reads then in momentum space

o 94 \? . . (61:9) (52 7)
’Ufr(Q)——47T<ﬂf7r> (7’1-7‘2)W. (D.16)

This potential can be separated in a central part and a pure tensor one according to

2 e 1/=2 =
o ga . (1-q)(02-¢) —5(F1-02) q
vr(d) :_47r( > (A .Tz)[ q2+M§

2

g4 L dq  z7(01-7) (620)
—_4 . i q-T
() @) [ e G
91\ = = g igr_ 1
. S5 o - - L q-T
= 47T<ﬁf7r> (71 72)(01 V) (02 V)/(27T)3e 1

N
(LY @ (5 9) (39) (D.180)
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To recover the tensor operator Sis, gradients have to be evaluated, starting in the cartesian basis
where 7= )" x'€;. We obtain

i (€ —ur aiaj 1 i —ur i (1 e i (1 L oinj —pr
9 —e oo (4o exol () +oe X0 (L) +- 007 (D.19)

T T T r

The action of partial derivatives in EQ. (D.18a) can then be computed using

, - , 2z ;
o'r =0 \/SL‘Z2 + 2% 4 ah® = = = = s =T, (D.20a)
2V 22 + 2% 4 zh
9t e =gt e—,u\/m =5 = x — 261“" = _Mer—ur’ (D.20b)
2V + 2% 4 2k
o e H =g e_“(xi2+xj2+xk2) = —2urrie M (D.20c)

o' (1> =——, (D.20d)

r

o ( ! > _— 2%, (D.20¢)

r2

o , J i . /1 8;;  TiTI
o' =0 | =y () =2 T (D.20f)
Vai? + 1% + gk r r

where the normalized vector 7 = g , and its components 7¢ = ‘”72 have been defined. This leads to

. . Flgd . )
8 eH x & (1) e H T = e X (1) : (D.21a)
T T T
1 . . 1 . . FirEd 5. FiEd
- " e M :;81 (—MF] e_”r) W [rr;“ — % + ,u,r : } e ", (D.21b)

eH i o <1> =|(1=6;)0" 0 <1> 6,0 <1)] ehr
T L T T
1

s (k) g (3] e
— _(1 —3ij) (-7}2 o'7I —FI 9 (:2 - 4;51-]-5(7?)] e Hr

= | (1= di) <3T1T:3_ 5ij> - 4‘;5@5(7?)] e

_|(1=5s,) <3’”3’"j> - ‘zraijcs(f)] b (D.21¢)

A <> = —4n §(F), (D.22)

is used for ¢ = j. Likewise, the spherical symmetry of % allows to write

. (1 2 (1 1 1
atai (2 s [2) 25 -
0;;0"0 <r> 0i; 0 <r> 3(5le <r> . (D.23)
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Therefore, one gets for the action of spin dot gradient operators on the Yukawa potential

. N . T
(51'V>(52'V>€ =Y olot o <e )
r 5o r
S 3TN dAm
= 20'10'2 |:(1 51J)( 3 >— 3 5135(7‘)
ij=1
3rtrd (5¢j rirJ _
+M< 2 2 r >]6M
3
37 TFT — 6y, 3FtT 0 TiTd _
(A () o
ij=1
3
4
= > olod S aualr) e
ij=1
3
o o 1 1 1
_ .3 ¢ ] =] ..
=u ooy |(37'T7 — 4§ <1—|——|—+>
2 L D\ 5t e T G

1 R N
+3,u,’l“5ij:|e H —3(01'02)5(7”)

= (4 ) (14 g+ G )

1 4
+ 7(5’1 D )] e M — 1(0_"1 - 09 )(5(77),

3ur 3
(D.24)
using
3 Ry 32?:1Fi?i 3 3 5ij
Z 0ij R 3 -3 Z 3 (D.25)
i,j=1 4,j=1

The one-pion interaction reads thus in coordinate space

() = <¢’g}>2 ) [ (14 g o )

+y@ra) S0 - e 2o

—_

w

with the usual definition for the tensor operator

Si2= 5 (51:7) (G2 7) =10 (D.27)
The last term in EQ. (D.26) is usually recast into the central part of the effective vertex, and the
“tensor interaction” corresponds only to the pure tensor contribution from one-pion exchange.

D.1.2 Properties of the tensor operator

The operator (37 77 — §;;) is traceless (given that > .77 = 1) and symmetric, thus transforms
as a £ = 2 object under rotations, since

71 =sin(6) cos(y), 72 = sin(f) sin(p), 73 = cos(). (D.28)
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therefore
—1-1 .9 9 or | 2 0
37T — 011 =3 sin°(0) cos*(¢) —1 =+3 1 SYQ(Q, )+ Y5 (0,0)+ Y, 2(0,0)]
) (D.29a)
_92_9 .. 92 ) 27 [ 2 0 2 —2
3T — 022 =3 sin“(f) sin“(¢p) — 1 = -3 0 §Y2 (0,0) +Y5(0,0) +Y,%(0,9)]| ,
) (D.29b)
37373 — 833 =3 cos2(0) — 1 = +4Y0(0.¢). (D.29¢)
V2
37172 — 615 =3 sin?(0) cos(yp) sin(p) = —3i 15” [Y2(60,0) — Y5 2(0,9)] , (D.29d)
37173 — 613 =3 sin(6) cos(f) cos(p) = —|—31—257T (Y510, 9) — Y30, 9)] . (D.29e)
V2
37273 — g3 =3 sin(h) cos(f) sin(p) = +3i 1; [YQ_I(G, ©) + Y5 (6, ©)] (D.29f)

We recall here the expressions of some spherical harmonics in spherical coordinates

1 /1 ;
Y, 20, ¢) =3 % ~21¢ sin(f) cosb, (D.30a)
1 /15 _,
Y, (6, ¢) =5\ 5. ¢ ¥ sin(0) cosb, (D.30b)
1 /5
Y2(0,¢) :4\/; (3cos®0 — 1), (D.30c)
1 /15 .
Y (0, ) = — o\ 2. e'? sin(f) cosh, (D.30d)
YZ(8, ) LB % sin(f) cos . (D.30e)
’ 2V 2rm

Thus S12 can be written entirely in terms of Y5*(6, ¢) components, thus only contributes when
the angular momentum difference between the initial and final state is AL = 0, £2, except for
L = L' = 0 matrix elements which are forbidden. For instance such a tensor will couple s and d
waves, and have non-zero matrix elements within p waves.

D.2 Partial wave expansion

The standard expansion of a plane wave in terms of spherical harmonics reads [26]

P = (FIR) = 4 SV (k) Y (F) o) Zz Py(k - 7) jo(kr), (D.31)

using spherical Bessel functions of the first kind j;, Legendre polynomials Py, and with [¢] = 2¢+1.

Thus a given state | k) is expanded into
kY =am > il [ktme) Y (k). (D.32)
£my

For two-nucleon scattering, the relative orbital angular momentum L couples to the total
spin S of the nucleon pair to give a total two-body angular momentum .J, which complexifies the




98 Appendix D. Properties of nuclear forces

-

problem. Still, a partial wave expansion of the nuclear potentlal v( , k) can be given. Indeed,
by analogy with EqQ. (D.31), one can expand the spinor |k SS, TT,) describing the two-body
relative motion(*) into

ESS.TT.)=4x Y > ity LS)J \[\k (LS)JJ.S. TT.), (D.33)

L JJ.

in terms of spin 0 or 1 tensor spherical harmonics y(JLZS)J(/%) (SEC. A.2.4), and with

. 2 o
(F|k (LS)JJ.S, TT.) = \ﬂ Vs, (F)in(kr) |TT.)|S.) . (D.34)
One has then
(FIkSS.TT.) =4m Y i* Vg (k) Vg, (7) jrlhr) |TT:)|Ss) (D.35)
LJJ,

such that EQ. (D.31) can be easily recovered for both S = 0 and S = 1 spinors. Indeed

e S =0 spinors can be identified with scalars, i.e.

e =dn N it op Y (k) Y () o (k) = 4n > iV (k) Y (R) ju(kr) . (D.36)
LJJ, LL,

e for S = 1 one can take any component of the dimension-3 spinor to evaluate e’ E’F, that is

T g an YN ST V()WL Lo1S. L1 T (LIS L1 )
LJJ, L.S, LS,

X Y15 (7) j(kr) C5" O
ST Z Z YES(RYYE= () jo (k) OO O

Z

—47722 YES (k)Y (7) g (kr) . (D.37)

One cannot couple states with different spins S/S’ since the bra and kets would correspond to
different L + S coupling schemes. Using a representation where nucleons have a good isospin,
and from the fundamental symmetries of the nuclear interaction?) the dependence of partial
waves on 1" is trivial and no recoupling is needed. The partial wave expansion of potential matrix
elements U(E, k' ) reads in a coupled scheme as

(FSS. TT.|olk' $S. TT.) = = (4m)? S-S S~ it' byl o (l%)y(LS (k)

Lr JJjJ.J.
x (k (LS)JJ.S. TT.|v|K (I'S)J J.S. TT.). (D.38)

The latter expression can be further simplified for realistic nuclear interactions using that (i) v
is invariant under the rotation of two particles, i.e. it does not depend on J,/J., (ii) the total
angular momentum J is conserved, (iii) the spin/isospin and their projections are conserved, and
(iv) in the absence of tensor force or for S = 0 states, the orbital momentum L is also conserved.

We choose here to use the spin/isospin projections S, /T, rather that projections of spin/isospin angular
momenta Mg/Mr. This constitutes a fully equivalent convention.
2That is, it only couples between states of same spin S and isospin 7.
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If a tensor interaction is present it only couples states such that |L — L'| = 0,2 and L, L’ > 0.

One has then

- — i T * ~
(kSS. TT.|vlk" $S. TT.) = o (4r)? DD iV g ) Vg k) vl 7 (kK
LL JJ.
(D.39)
where the short notation from EQ. (A.la) is used. In most case one will not consider CIB/CSB

forces, or the isospin projection will be specified, that is the superscripts S, /T, can be dropped.

One is left with partial wave matrix elements of the kind v{77 (k, k'), with conventions from

EQs. (A.1b,A.1c), that are called matrix elements of the interaction in a given partial wave.

Regarding the partial wave expansion of a nuclear potential v, the following remarks will
hold.

e The capital angular momentum notation L, J ... will denote relative angular momenta for
two-body states.

e All terms involved are scalar under the rotation of the two particles, thus one has using
Wigner-Eckart’s theorem

(K (L'S")J'J.S.|v|k (LS)JJ.S.)
o T 0 g
—(—1)/7 <_J, . ) (K (L'S")J'SL||wllk (LS)JS.)

_ 0y 0s. (

= K (L'S")JS||||k (LS)JS.) . (D.40)

Equivalently, in the total scheme |(LS).JJ.S,TT.), the interaction is separable into its
isospin part v! and the angular momentum part v/, and

(K (L'S")J' J.S.T'T! ||k (LS)JJ.S, TT.)

677007, g: 05,51 o1 O 77
= TR 95 (3 (18" TSL [0 |k (LS)JS,) — ===

7] VIT)

Standard or reduced matrix elements of the interaction can thus be evaluated, whichever is
the easiest. Unless specified, J,-, S,- and T,-dependencies will be dropped thereafter.

(TT,||v"||TT,). (D.41)

Note that in all rigor reduced matrix elements should be written as (L'||f(k, k')||L), however
we denote them by (k' L'||f(k,k")||k L) to keep in mind that they represent projected
quantities which only depend on k and k’.

e Spin and isospin operators are defined such as (Pauli matrices)

5.188.)=5.]58S.), 6215 8.) =48(S+1)|55S.). (D.42)
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The states |k (LS)JJ,S,TT,) in the Vioy x code are normalized according to the convention
(K'(L'S"J J.S.T'T.|k (LS)JJ.S. TT,)

D S - / AaF (K (I'S)J' LS. T'T|F) (7 |k (LS)J J.S. TT.)
2 . y * .
s by orae = [ APV ()i 1) Vi () k)

2 e : :
:6551/ 5TT’ (5TZTZ/ ; 5LL’ (5JJ/ 5JzJ§ / T2 deL(kJ/ T) jL(k‘ T‘)
0

§(k — K
=055 071 07,71 0.1/ 0.7 07,1 (kk’) : (D.43)
In the following decoupling, we have used states |k (LS)J.J,S, TT,) with a different normalization.

Indeed, according to our conventions the partial wave expansion of the Dirac delta 3D function
(EQ. (A.52)) reads

(K (L'S")J J.S. T'T.|k (LS)J J.S, TT.)

=(k' (L'S")J'J.S, T'T 1|k (LS).J.J.S. TT,) (D.44)
K L')|6(k — k")||k L
:(5JJ/ 5szé (555/ 5;5}5’; 5TT’ 5TzTZ/ ( || ( [L] )|| ) (D45)
=0 (SJZJ; dgg (55252 o (5TZTZ/ (D.46)
1 o(k — K ~ ~,.100]
< D T VI [ @ v k)
A
0k—FK) 1
:5JJ/ 5J2Jé (5551 55252 5TT’ 5TZTZ/ 5LL/ (1{72) E . (D47)

Hence in our conventions we must carry an extra 1/4m factor to have consistent results with the
View 1 code.

Values of L, S, J and T for the first few partial waves that are to be evaluated are found in
TaB. {D.1}.

D.3 Scattering phase shifts

Scattering phase shifts will be defined through matrix elements of the scattering T-matrix. The
latter is best expressed in momentum space, and reads

/ 0
Y K 4k K +k k
o)

+k “k  +k —k A N,

m dk" (k|olk") (K" |T(E)|k’)

FrEF) = EEeE) e [ G TR I

(D.48)
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L S J T
1S 0 0 0 1
38, 0 1 1 0
1p, 1 0 1 0
3Py 1 1 0 1
3Py 1 1 1 1
3P, 1 1 2 1
1Dy 2 0 2 1
3Dy 2 1 1 0
3Dy 2 1 2 0
3D3 2 1 3 0

Table D.1: First partial waves that are to be evaluated.

where P denotes a principal value integration.

The nucleon-nucleon scattering phase shifts are defined through the scattering matrix. In the
case of a rapidly decreasing (more than 1/r) potential v(r), the scattering solution W; at a given
energy E = h? k?/2m, m being the reduced mass, is a solution of the Schrédinger equation

(Ho+v) Ve =EWV;. (D.49)

One can write ¥ as ¢ + xj, where ¢ is a solution of the free Schrodinger equation with energy
E

Ho¢p = E 95, (D.50)

and the normalization (¢7|¢;) = (Vr|¥r) = (95| V). By definition of the T-matrix one has then
for uncoupled channels

h? k2
JST /. JST __ / JST \y,JST
TL (k;,k,E) (bLJ;: —5(]{5—]{3)5 <E— 2/1/) ’UL ‘IIL,E ; (D51)
where a wave function is expanded into
¢p(F) =D _(2L+1)i" ¢, 1(r) Pr(cos). (D.52)
L
One has in particular
. . R d® 5, L(L+1)

For a plane wave one has qbiSET(r) = jr(kr), and in the absence of any scattering potential

the scattering solution corresponds asymptotically to a superposition of ingoing and outgoing
spherical waves, i.e.

1 T 1 ) .
JST : S AN +i(kr—Lx/2)  _—i(kr—Lx/2)
¢L7k (r) e o SR (k:r L2) 5k [e e } . (D.54)

The scattering matrix is defined through the expression of the asymptotic behavior of ¥; as an
equivalent linear superposition.
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D.3.1 Uncoupled channels

JST
SL

The restriction of the scattering matrix to an uncoupled channel is a scalar, and the

scattered wave can be written as

-1 —t(kr—Lm i(kr—Lm
L0, A [ s ]

The flux conservation ensures that [S77|? = 1, thus
SJST( ) = €2i6gST(E)’ (D.56)

where 5iST(E) is the scattering phase shift at a given energy E. One has then, disregarding an
arbitrary phase

v () — Ak—sm (kzr—L 4505 (B )). (D.57)

k r—+00 r
The normalization constant A is fixed by the condition <\I/J ST]qﬁ L 0 =9 k]qﬁ L i), and is easily

obtained from boundary conditions on the radial scattering ‘function [27], i.e

OIST () — i (kr) 4 tan(67°T (E)) ny(kr)

L,k r—-+00
1 1
e T sin (k‘r - Lg) + tan(é,{ST(E))k— cos <k‘r - Lg)
r—+oo kr r
1 1 T
L I JST E ) D.
—— cos(6/9T(E)) kr S (k‘r 3t on )> (D-58a)
One gets then
1
¢, z(r) - sin (k;r - Lg) , (D.59a)
ey L Lgy <kr LTy 5J5T(E)> (D.59b)
Lk > 7 r—too cos(6{5T(E)) kr 2 L ’ '

In the framework of REF. [26], the connection between the scattering phase shifts and the
T-matrix for uncoupled channels is obtained through the following procedure.

1. From Eq@s. (D.49,D.50), we have

[ng);ﬂ (Ho—FU)\I’E:E\I’E
1 = ¢t Hy Uy — ¢t Hi W = —¢7v 0. (D.60)
oL Hy=Egr  [xVy

2. From EqQ. (D.53) and a projection on the angular momentum into, one gets then

0 1) 13 UPST ) = WISE(r) 5 6 () = — 15 67 () oS () WIS (). (D.61)
3. Integrating over r leads to
r 2 | x d*> st gsT
[ are® [ g0 5 W)~ W)y 040

== /R r?dr ¢ () vl (r) U5 (r). (D.62)
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4. Using an integration by parts, we obtain
_ R dr i T¢* (7”‘) i(r \I/JST(T’)) _ T\I/JST(T) i (T’ QZS* (T))
o dr LEN dr Lk Lk dr Lk
m 2 *
=—= rédr ¢’ ~(r)op(r) ¥, =(r). (D.63)

w2 ) Lk Lk

5. One gets then

d d
_ [r cbZ,;(r) T (r \Pi%T(r)) . \I’ié;gT(T) . (r ¢2,;;(7”))} )
R
= _% » P2dr 6, L) o ST () W (). (D.64)

For very large distances r > R, the asymptotic solutions from EQSs. (D.59a,D.59b) can be used,

whereas the fully on-shell T-matrix, expressed in fm units, is recovered in the right-hand side.

One gets then

R
- / dr 2 62(r) TYST (B, 1) (1)
0

1 . T 1
= [— sin (k:R + L§) —cos(5°L75T(E))

T 1
kR+L—) ———ar——
reos (R 13) o GrTE)

cos (k:R + Lg + (SiST(E)>

sin (k;R + Lg + 5{ST(E))} (D.65a)

tan(d7 ()

L = (TS (B, (D.65b)

with the fully on-shell condition E = h? k?/m. Thus one recovers for uncoupled channels the
usual expression

2 1.2 t 55T ([
il (kk hﬂf ):— an(Lk ®). (D.66)

D.3.2 Uncoupled channels: alternate method

Now let us present another method to recover EQ. (D.66) which will be useful for coupled
channels. Different methods exists to regularize the Lippmann-Schwinger equation stemming
from

: 1 _ 1 , 2 2
15% k2—q2:|:ie_pk2—q2$m5(k —q°). (D.67)

This allows to define alternate T-matrices, i.e. such that
¢ =v4+v————T%. (D.68)

Within the formalism of REF. [2§]

e the representation 7', called reactance matrix, reaction matrix or Heitler’s matrix, is related
to an hermitian representation of the scattering matrix in a stationary state formalism
through

1- 4T

-2 D.69
1+3iT ( )
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e the representations 7+ provide a time-independent formulation of the scattering problem
in which the small positive/negative imaginary part selects an incoming or outgoing waves

formalism(®). One has then
T =571 (D.70)

From Eqs. (D.69,D.70), one gets
_l’_ ]- . J’_ .
T +51TT =—iT. (D.71)
Non-vanishing matrix elements for the latter expression can be obtained on the energy shell using

T} =-2mid(E, — Ep) T,

ab’

Toy = 27 5(Ey — Ey) Tap - (D.72)

This leads, on the energy shell, to
h? k2 h? k2 h? k2 h? k2
T" (kk ) =T (kk ) —inTt (kk ) T (kk ) . (D.73)
m m m m

Now one has to advocate a different normalization to remain in agreement with REF. [26]. Indeed,
different conventions are possible for uncoupled channels scattering, e.g.

REF. [26] REF. [28]
1 1
7757 = — - tan(5757) 75T = - tan(57°7) (D.74)
prIST _ L issT o sasT IS8T _ L issT g 58T D.75
L T L L L L

which suggests that a normalization factor of % must be carried out at the level of EqQ. (D.73)(*)
to recover the usual expression [29]

2 1.2 2 1.2 h2 ]{?2 h2 k2
T+<k,k,hk):T<k:,k,hk)—ikT+<k,k, >T<kk) (D.76)
m m m m

The same renormalization leads, using EqQ. (D.70), to

SPST =1 —2ikT+]°" (D.77)

which allows to recover EQ. (D.75). One gets then easily

75T _ Tt GIST _ 1 _9; 1 7" TIST _ 18T -1
E 1+ikT{5T’ L 1+ ikT{5T’ L ik ST 4+ 17
(D.78)
that is (EQ. (D.56))
1
T/ = ~Z tan (6757 (D.79)

3 In all rigor, the T-matrix as defined by Lippmann and Schwinger is T while the T-matrix defined at the
level of EQ. (D.48) is usually called the reactance K-matrix.
“This k/m factor comes from the use of non-normalized Bessel function.




D.3. Scattering phase shifts

105

D.3.3 Coupled channels

For channels coupled by the tensor force (hence S = 1), each channel 3(J%) is not an eigenstate
of the scattering matrix. The wave function for a state with total angular momentum J reads

¢25(7) = ¢7°T () V51, + 6721 (1) V511, (D.80)

The latter is written as a spinor

d)JST( )
¢25T (i) = jsj’j . (D.81)
¢35 (7)

Likewise .
TP
Ul (7) = . (D.82)
k \I,JST ( )
Jtk
For large values of r each radial function can be written as a linear superposition of an incoming
and an outgoing spherical wave, i.e.

7 [ —i(kr—J*m/2) _ +i(kr—J%m/2)

¢=(r) 2 g L e } , (D.83a)
. 1 , ~ . ~

J1T —i(kr—J " w/2) +i(kr—J7/2)
V) i A Bre } ! (D.83b)

1 7 ) .

J1T —i(kr—Jtm/2) _ +i(kr—Jt7w/2)
‘11 ( )r—>+002i kr _A26 Bye } ' (D'83C)

The 2 x 2 restriction of the S-matrix between states L, L’ = J* is then introduced as B = S717T A.
Two parametrizations of the scattering matrix, leading to different definitions for the phase shifts,
are commonly used(®).

1. The eigenphase shifts convention [30] where

§IT =T~ exp(2i AT U /1T (D.84a)

cos(ey) sin(ey)

Ut = : (D.84b)
—sin(ey) cos(ey)
5]04 0 5(1 0
AT — = , (D.84c)
0 dyp 0 43
cos?(ey) %% 4 sin?(e;) €% cos(ey) sin(ey) [e% % — e21%]
SJlT —
cos(ey) sin(ey) [e%% — €29 ] cos?(ey) €98 + sin?(e ) €%
(D.84d)

The latter corresponds, in first approximation, to writing the two eigenstates U, and \i/g
of the T-matrix as a superposition of the uncoupled solutions in the J* states, with a

5To not overload the notations the E-dependence of the phase shifts will be dropped in the following and
reintroduced in the final results.
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mixture parameter €;. These eigenstates are defined such that ratios between incoming
and outgoing waves in J¥ channels are equal, i.e. By/B; = As/A; hence

1

S/AT =t AF /AT = - :
5 /AT = tan(ey), 2/ tan(e))

(D.85)

Using EQs. (D.84a-D.84d), the equations that connect the amplitudes of incoming A; and
outgoing B; waves take the usual form for uncoupled channels for the eigenstates a and (3,
that is(%) ‘ A

BY = ¥ A BP = %90 AV (D.86)
The convention

L%ILI{)EJ =0, (D.87)

ensures that near zero energy (no scattering) the o wave is mainly constituted by \ifﬁ i

To relate these eigenphase shifts to the matrix elements of the T-matrix 777 the easiest
way consists in using the alternate approach from SEC. D.3.2. The easiest starting point

is(7)
1 —17J1T
JI1T 1
TL1L2 — [_E (S - ]I) X (S + H) ]LlLQ 5 (D88)
where, in the 2 x 2 subspace L = J*
(1 + €295 cos(2¢) — (2P — ¢2198) cos(e ) sin(ey)
1 +(1 + €% sin(2¢)
(SJ + H)il :f )
—(e?Pa — €2198) cos(e ) sin(ey) (1 + €% cos(2¢5)
+(1 + €%98) sin(2¢7)
(D.89a)
(€0 — 2198 cos(2ey) (€20 — €2198) sin(2e )
. +62i(5a+55) -1
Ty =— T , (D.89b)
(€20 — %98 gin(2e;) (€298 — 29 cos(2€)
L e2ilBat0s)
D =(1+ e?%)(1 + %) . (D.89¢)
One gets then after some manipulations
T+ T,
T{H% T{H% =tan(2¢€y), (D.90a)
J-J- T tgtJgt
TJIT  _ pJIT ) 62i5a -1 2
T T I o S~ = tan(d D.90b
Jma= et cos(2¢€y) ik e?0a 41k an{da) ( )
TIT T
T 4T, - I IR pan(sp) . (D.90c)

cos(2€y) k

5 Equations for 3 relate to those for a by the phase change ey — ey + 5
"Given that S and T are matrices one has to take matrix inverses instead of simple quotients.
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This leads to the usual expression [26)]

h2 k2 h2 k2
N e S R (Y=

tan[2ey (E)] = , (D.91a)
h2 2 h? k>
T (k k; ) - T (kk >
m m
k h? k2 h? k?
tan [6717 (B)] = — 3 [T;,”T (k k; ) T (k - >
h? k2 h? k>
T (k: k; ) T, <k = >
D.91b
+ cos(2¢€y) ]’ (D-91b)
k h? k> h? k2
tan [6717 (E)] = — 3 {le?; (k:k m) T, (k ks — )
2 k? h? k2
T (k: k; > T, (k: k; >
~ “ “ (D.91c)
cos(2¢€y) ’ '

where one does the usual (wrong) approximation, coming from the zero coupling limit
€¢; — 0 where the identification « = J~ and § = J* is exact, Le.

5o = 07T () 55 = 07T (E) . (D.92)

2. The bar-phaseshifts [31], where the scattering matrix is now defined as

ST =exp(id) exp(2i€) exp(id), (D.93a)
G _ exp(id7tTh) 0 cos(2€y) isin(2éy)
0 exp(i675h) isin(2€5) cos(2€éy)
exp(id7i7h) 0
: 0 exp(id7ih)

(D.93b)

In this case €; provides the proportions into which an incoming beam of a given channel
divides between the two outgoing channels. Bar- and eigen-phaseshifts are related through

ST 4 67 =671 + 5717 (D.94a)
tan2e€
g — Gy =L D.94b
Sll’l( J ) tan(2 6]) ) ( )
in2e
in(8717 — g7y = 2R 2E D.o4
sin(dy ) sin(2¢€y) (D-94c)

Both of these conventions are equivalent for uncoupled channels. In the present work one will
use the bar-phaseshift convention, as it is done for the reference PWA93, and will remove the
overbar on the notations § and e. Scattering phase shifts can be given either as a function of the
relative momentum & or the energy in the laboratory frame FEi,,, which reads

h? k:2
Elab =4

(D.95)
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D.3.3.1 Coulomb corrections for proton-proton phase shifts

In the case of proton-proton scattering, the long-range Coulomb interaction modifies the previous
picture. Indeed, the scattering matrix has to be formulated in terms of asymptotic electromagnetic
states, since plane waves are not good asymptotic solutions any more. Different formulations of
the phase shifts in the presence of the electromagnetic interaction are then possible corresponding
to the type of functions that are used to match asymptotically the interacting and non-interacting
scattering solutions. They correspond to the notation 6%, denoting the phase shift solution
with potential X with respect to the asymptotic solution of the potential Y. For instance for
neutron-neutron scattering if the nuclear strong interaction is noted N, the scattering phase
shifts defined at the level of EQ. (D.56) and EQs. (D.84a-D.84d) correspond to 6%, since the
plane waves used for the matching are solutions of the free Schrédinger equation. In the presence
of long-range electromagnetic interactions, the total potential is usually decomposed into

UV =UN +VEM, (D.96)

where the electromagnetic interaction vgys contains

e the improved Coulomb potential vo + veoo including relativistic 1/m? corrections and
contributions of the 2y-exchange diagrams [32]

O(/

ve(r) = (D.97a)

vos(r) = — ﬁ A+ 2+ 2@ (D.97h)

where the energy-dependent coupling constant o’ is given from the fine structure constant
a by
mg + 2 k2

my \/m2 + 2 k?

e the magnetic moment interaction vpss, which reads for the proton-proton interaction [33]

(D.98)

a =

vpm(r) = [M;% Si2+ (6+8k,)L-S]|, (D.99)

4 m2r3
where 1, is the proton magnetic moment and x, = p, — 1 the anomalous magnetic moment,

e the vaccuum polarization vy p [34; 35]

2aa’ [T _ 1 x?—1
vyp(r) = Py /1 dz e 2mere <1 + 2$2> —Q (D.100)

The proton-proton scattering phase shifts are then usually defined as nuclear-electromagnetic
phase shifts 5]'\5,]_‘@ 2+ that is with respect to electromagnetic wave functions.

The easiest way to compute them is to use an an intermediate step the phase shift 61((&01
of the Coulomb-+nuclear interaction with respect to Coulomb wave functions (see for instance
REF. [36]). For uncoupled channels, the asymptotic wave function can be written as

WIS () o Fi(r) + tan(d7°") G5(r), (D.101)

where Ff and G are regular and irregular Coulomb wave functions [37; 38]. Likewise, for a
short-range vanishing potential one has

Wi (r) | o, FL() + tan(67°") G (r) (D.102)
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where FB and G% are so-called solutions of the Coulomb problem with zero charge, and usually
expressed in terms of Bessel and Neumann functions (EQ. (D.58a)). Now the two solutions can be
matched at an arbitrary distance R where SiST has been calculated with a Fourier-transformed
Coulomb potential integrated up to the radius R [39]. Indeed, the two wave functions \IfiiT

and @iiT describe the same system on the sphere with radius R + . By matching logarithmic

derivatives, the phase shift 5iST, corresponding to 5](\7, +c» can then be obtained from SiST in a
Wronskian form by 3
tan(547) [Fy,, GY] + [y, FY)

tan(07°7) = . : (D.103)
bR G+ tan(675T) [6Y, G
where ix Iy
(XL, Y1) = <YL L_ X, L) . (D.104)
dr dr )._p

For instance, for vacuum NN forces such as AV18 that are expressed in momentum space through
a Fourier transform, phase shifts § iS T are easily obtained by setting the value of R and computing
accordingly the values of SiST. The radius R is determined such that the short-range nuclear
interaction vanishes beyond this value. At the same time, the truncated Fourier transform of
the Coulomb potential will have rapid oscillations for too large values of R. For these reasons, a
value R =~ 10 fm is usually used [40]. For coupled channels, e.g. 3P2-3F3, the same prescription
can be applied in the 2 x 2 subspace of the scattering matrix [36].

Since electromagnetic corrections beyond the Coulomb potential are small, the phase shifts
68 gy can then be expanded into [33; 36]

EM _ C1 o1 1402
ONTEM = ONto1 T 0c1+02 T Ociycas

C14+C24+MM C1+N _ <C1 X
+0c1icaimmive — ONtciicormmive = Onrcip té+7— A, (D.105)

where p is the improved Coulomb phase shift [41], ¢ the magnetic moment phase shift [33], 7
the vaccuum polarization phase shift [42] and A the improved Coulomb-Foldy correction [41],
and are usually computed using a distorted-wave Born approximation. Now all L > 1 partial
waves are only weakly affected by eletromagnetic corrections, and one has in first approximation

kM e ~ 05k e - (D.106)

On the other hand, the phase shifts p, ¢, 7 and A have to be explicitly computed for L = 0
partial waves, that is the !Sg channel (there is no proton-proton interaction in the coupled
38,-3D; channel corresponding to T = 0). However (i) the first three are independent of the
nuclear strong interaction vy, and (ii) the improved Coulomb-Foldy correction Ay is found to be
independent of vy at a reasonable precision [41]. For these reasons, tabulated values at low energy
can be used [41] instead of exact computations with a suitable precision for the scope of this thesis.

Finally, the contribution of the magnetic moment interaction v,ss is supposed to be small
for np and nn interactions, that is one will use in these channels the standard phase shifts 59\,.

D.3.3.2 Scattering parameters

In addition to the scattering phase shifts, other quantities can be derived. In the case of a
short-range two-body potential, it can be shown that the phase shifts behave like

65T ~ AL (D.107)

—0
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which implies that s-wave scattering dominates at low-energy limit(®). At low energy, one can
expand the s-wave effective range function Fy(k) in powers of k2 into [43]
1 1 2 4 6 8
Fo(k)z———i—irgk ‘v k™ +Fu3k® +vg k4. .. (D.108)
as
where the s-wave scattering length ag, effective range rg and shape parameters vy/3/4 have been
introduced. For s waves the effective range function is written as

Fy(k) = Aok cot [67T] + By. (D.109)
For uncharged particles, the effective range function corresponds to Ag = 1 and By = 0, that
is [44]

(D.110)

Fo(k) = k cot [(5%)3”} .

In the case of proton-proton scattering, the effective range function has to be modified to
take into account electromagnetic corrections. Two solutions are possible, i.e.

e the effective range function using the Coulomb potential for the long-range part of the
interaction [45; 46], which reads

Fo(k) = Co(if) k cot [(5]%101)3”] + 2k h(r) (D.111)

where 7' is the relativistic Coulomb parameter [47]

=
[ ampﬂ (D.112)
2k 142
P
and
201 27”7/ / .y /
Co(n') = o 1 h(n') =Re[¥(1+in)] —In(n), (D.113)

¥ being the digamma function [3],

e the effective range function with respect to the full electromagnetic potential, which
reads [48; 49]

(1 + xo) cot {(55¥EM)OJST} — tan

(1+ A1) = xo)
+ (1= A9) 2k h(n) + K2 d[Ci(n") = 1]+ 20 kly. (D.114)

Fy(k) = Co(n) k

D.4 Nuclear matter equation of state

The total energy per particle of spin-unpolarized infinite matter calculated via MBPT can be
decomposed into an uncorrelated kinetic energy term and a correlation part as

E EK EV

Z(k%’ k) = T(kg‘v k) + j(k% k). (D.115)
The kinetic part can be evaluated exactly, while the calculation of the correlation energy at
lowest (HF) order using a two-body interaction expanded in partial waves is given below in

8 As long as the nucleons are not identical, in which case p-wave scattering dominates, but this is not the case
here.
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SEcC. D.4.3. Similar formulse may be applied for calculations at second order in MBPT or
resumming particle-particle ladders to all orders once (i) the vacuum interaction has been replaced
by an effective one, and (ii) the additional dependencies of the latter, for instance on the total
momentum K or the G-matrix starting energy w, have been specified and properly treated. Such
a derivation uses a partial wave expansion of the vertex, and thus consists in a converging series.

The system is put in a box of arbitrary volume V), in which case the transformation from
discrete sums to continuous integrals reads

P (2‘;)3/(1/2, (D.116)

Obviously dependencies on the volume should disappear in the final expression with the intro-
duction of the total particle number A = p V.

In the following, one assumes that the effect of superfluidity can be neglected for the EOS(%)
and pairing properties are treated separately by solving the gap equation without any feedback

on occupations numbers nor the binding energy.

D.4.1 Kinetic energy

The uncorrelated kinetic energy is immediately

wagn = (O X

% 2 2 3 12 (k%)?
= dk =y Sy, D.117
;:(2703 /,Kk% 2m %:5 om PV (D-117)

The kinetic energy per nucleon is thus

EX 32 (k) pf
(K k) =)y S T D.118
TR =5 (D.115)
Symetric matter
For symmetric matter, one has § = 0, that is
EX 3 W2 k%
—_— = — . D.11
Neutron matter
For neutron matter, one has # = 1, that is
EX o 3RPERE 5 3R K
bl = F _92/3°" "F D.120
a ®r) =55, 5 2m ( )

9This is incorrect for low-density neutron matter where one approaches a BCS-BEC phase transition.
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D.4.2 Correlation energy at the Hartree-Fock level: generalities

The correlation energy of spin-unpolarized INM reads at the Hartree-Fock level as a double trace
over the closed loops of the two-body potential v, i.e.

wigi= O

1 .
=5 Z(w\v(l—Plz)\kl>pmmj (D.121a)
ijkl
1By <k J|Fa <22 ( (2m)3 (339 Priky Proks
fh q2 SS. T

T,
x<k1kQSSZTTZ|U(1—PEPUPT)|1;’11;’2552TTZ>. (D.121b)

The summations over I_f; run over occupied states k; < k}{i, and thus implicitly depend on the
associated isospin ¢;, which explains why the sum over g; and g cannot be resolved yet, contrary
to the one over o1 and o3. One has however

1
S (ladrT)? =T, > (33 ()T T)* = 5. (D-122)
T. T

D.4.3 Correlation energy at the Hartree-Fock level: partial wave expansion

The following derivation allows to evaluate the correlation energy of nuclear matter at the
Hartree-Fock level for a generic vertex v. It will be only valid when the Fermi sea is unique
(PNM) or identical for protons and neutrons (INM). In this case one will note E(k%, k%) = E(kp).
One has

EY (kK kD) Z SN ppw prg (FikaSS.TT.|v(1— PPy Pr) |k k2 SS. TT, )
klkz SS, TT,

(D.123a)

:21/ ZZZ (kF—)K/2+k:D (kp—‘f?m—ED

LRSS, TT,
x (kSS.TT.|v(l—P;P,P)|kSS.TT.), (D.123b)

using from the momentum space transformation

(kikg|v|kiks) == (k|v|k), (D.124)

and with
PRI :@(kjF—K), (D.125)
that is
o for symmetric matter kp = k. = k. and pgz = O(kp — K),

e for neutron matter k% = 3k and pz = (k% — K).
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From a partial wave expansion one gets then

EV<kg,kf;)=(4”)2V/ dEg /(gige(kF—\f?/HEDe(kp—(fé/z—zz])

% Z YLZ )Cf// ngz CLZSSZ . (1 o (_1)L+S+T) Uiis . TT, (]{7, k) )
TTZ
LL,
'L
JJ,
(D.126)

using EQ. (A.10a), a L 4+ S summation, and
P:P, Py |kSS.TT.) = (-1)%*"| —kSS.TT.). (D.127)

The product of Clebsh-Gordan coefficients implies that L, = L/, and since the interaction does
not depend on the angular momentum projection .J,, one gets

B (i) =Y [ / 0 (ke |R72 F)) 0 (e - [R72- 7]
Z L+S+T) {ﬁ Yfz(]%)yf,z*(l%)viSTTz(k’k). (D.128)
LL,J
STT,

The computation of the integral

. dK
I(k, kr) E/Wﬂgﬂgﬂ ) (D.129)

e

uses the properties of the polynomials

K2
Py (K, kr) = — FRK cos(0) + k? — kp?, (D.130)

such that
e(k;F— (12/2115‘) —1e PE(K) <0. (D.131)

The determinant of Pei reads in both cases
A = k? cos*(0) — k* + kp? = kp? — k* sin®(0) , (D.132)

from which two cases have to be considered.

1. A < 0 in which case P;"(K) is of the sign of k% — kp?. That is Py"(K) < 0 requires k < kg,
while A < 0 requires at the same time sin(6) > kr/k. Both conditions are exclusive, thus
the case A < 0 is not possible.

2. A > 0 in which case sin(f) < kr/k. We note 6y the critical angle verifying sin(6y) = kr/k.
In this case ngE has two roots

Ki = 72k cos(f) — 2 \/k:p2 —k2sin?(0),  KF = F2k cos(f) + 2 \/kF2 — k2 sin?(0) ,
(D.133)
and for K* = (K + K5)/2

PF(K*) = k? sin?(0) — kp? < 0. (D.134)
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One has then

| Kt K3
Py \ + 0 - 0 +

In Z(k,kr) both P, and P(;r have to be negative at the same time, and one will have to
consider two cases:

1. for 6 < 7/2 one has cos(f) > 0 thus K+ < K ~. The condition P;"(K) < 0 can only be
fulfilled if K| < K; , that is

K <K, k <k, (D.135a)
k cos(f) — VA < — k cos(f) + VA, k cos(8) <\/kF2 — k2 sin?(9). (D.135b)

That means that there is actually no critical angle 6y in this case and the upper limit of
the integral over 6 can be set to /2. On the other hand one has K; <0, that is for an
integral running on K in Z(k, kr) one has to take the interval [0, K, ],

2. equivalently for # > 7/2 one finds that the integral on K in Z(k, kr) runs on [0, K, ].

One gets then

1
I(k,kp) =O(kp — k) / sin(#) d6 K?dK
(2m)? KeD
1 w/2 K+ )
=6(kr k) 3 /0 sin(0)a0 [ k24K
1 ™ ' Ky )
+ O(kp k)/ 51n(9)d9/ K“dK
(27)% Jxj2 0
1 o [7/? s 1 2r [T 3
= kp — k) — sin(0) d6 K kp — k) — in(f)do K,
(2)3 O(kr ) 3/, sin(6) 2 T (2m)3 O(kr ) 3 /7T/2 sin(6) 2
1 327
L O(kr — k) = [k* — 3kkp +2kp"] . (D.136)
Symmetric matter
One has for symmetric matter
7r 1 1674
that is ,
3k 1 k
7z - ——+ = | — . D.1
(k. kp) = O(kr ( 5 r +5 [kF] > (D.138)
One finds for symmetric matter EY (kp, kr) = , where
ke |2 dk 3k 1[k7°
BY(kr) =tamPpv [ B Y (1= (ST ol k) (1S g )
LSJ 2krp 2 |kp
TT.

(D.139)
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summing over T, (10)

1% k’F /
St == [T an 3 [J][T]@gsm,k)( o
LSJT

1—-— —i—l L 3
2kp 2 |krp ’
where )" denotes that the sum runs only on odd values of L+ S + T

where one recalls that [J] = J 4 1. Thus, assuming charge-independence of the potential and

(D.140)
Neutron matter

For neutron matter one has equivalently

1 a7 1 87 1 4m .-
- 7]{;3 — Ry ;R 771{:713
P~ )3 XU: 3F T 2r)3 3°F T (2m)3 3 F

that is using EqQ. (D.136)

(D.141)
/df?

(2m)3 PELEPEF

3k 1Tk
= T(k, k%) = Ok — k AT A . D.142
= T(hKp) = O >8p< 2,€%+2[,€%]> (D.142)
Thus
EV EV 48 k
kR, 0) = —— (k7 kzzdk | vfS (k. k) 1—77

3k 1 ’
. (D.14
5 i) ) (D143
D.4.4 Correlation energy at the Hartree-Fock evel: gaussian vertices

With gaussian vertices, the computation of INM/PNM equations of state can be done exactly,
without a (truncated) partial wave summation. One will consider a gaussian vertex of the kind

' s T '
reads from EQ. (D.121b)

(D.144)
containing if necessary density-dependent terms, depending on pg in INM. The correlation energy
Vi) 1 T Y Y Gl anlr T

F1 ki PRa Ry
Q92 fy S5 TT:
(F1k2SS.TT.|v(
T,

P.P,P.)|kikySS,TT,)
2 Z Z Z[S] Z<%%QIq2’TT> pk1k1 pk2k2

(D.145a)

x3 [<k1k2|va|E1E2> (D) (i koo | 05T | R k)]
7
one takes usually T, = 0 for CIB forces

(D.145b)

10This implies that one assumes that the vacuum interaction is charge-independent. In practical calculations
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Now using the results from SEC. E.1, one finds directly

S o N . SCST
(k1 kg |7 | Rk s ﬁ)v o] ; (D.146a)
12 R — |2
(Fa T | 05T | Ty oy =2V € ”]If “ G pol (D.146b)
Thus
P ST R T _y, (i V7P G po] Am (kF)? A (KE)°
;;Z,;: (kika | v | Ky k2 ) pg, g, =V (20 3 3 (D.147a)
1R2
oo oL /T 30ST
L R (D.147D)
El EQ
where
X1 =p,; KT (D.148a)
72 [ 2\°
secexm =5 (2) o, xe (D.143¢)
— 2
FXY) = CF ) (X2 1y - Xy —2) e CF) (X2 4 v2 + XV — 2)
X+Y X-Y
- ‘/;erf< '; ) (X?+Y?) + \ferf( 5 ) (X2 -Y?), (D.148d)
erf(X e du. (D.148e)
X
The box volume can be noted as n 5 3
34 s
=—=A L. D.149
The correlation energy reads then
kF,kp =A Z CST po Z Z Z %%qlqﬂTT 2
T, q1q2 1
XM x2\° F(XM, XP
x [48; ( S ) - (—1)S+T8\1f ( L )] (D.150a)
™ i ™ ;
A CZST[pO] 1 n6 6 n 3
e L1813 Sl (g x4 (X))
sT i ¢
F(XM XP)+ P(XP, XD
- (T (1RO X + T RO ) 4 TR EERI |
(D.150Db)
Symmetric matter
One has for symmetric matter
XP=XP =X, F(X;, X)) = e X (X?—2)—3X?+2+ Vrerf(X;) X3 (D.151a)

The potential energy is then

\4 3 . .
) =3 g 81 Y 8l | - (s R (D.152)

ST
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The decomposition in (S,7") channels is thus explicit.
Neutron matter

Likewise for neutron matter

XM =2x} XP=o0, (D.153a)
F(X;,0) =F(0,X;) = F(0,0) =0. (D.153b)
The potential energy is then
EY 1 s1r 4 [XPP sF(X!, X1
T =Y 9 3 e o [Fe o+ cosPEEE) masay

7

D.4.5 Equivalence between the two methods

To check the consistency between the two approaches, we will consider the case of symmetric
matter. One gets from EQ. (D.140) with an explicit decomposition into direct and exchange
terms

\%4 kr
S =2 [T R Y i

0 LSJT

3
% [0air 5T (k. k) — (=125 g, 57 (k, k)] (“”%M)

2 kp kp
11 [kr T
LM ea Y i / Py (cos(8)) sin(6) do
™ Ar o LSJT 0
o o 3k 1[k]?
ST _ L+8+T, ST A
< [0 (R, ) = ()= ToSL(E B (1 T [kF] >
_ 11 2 ST 3
- k= dk Z Z 7 lpo )T
LSJT i
™ 3
></ Pr(cos(6)) sm(G)dH[ (—1)E+s+T *“ka} (1—2:4—; {kk] )
F F

— 3" G po] (s )P I 010

s
LSJT 1

kr 3k 1[k]?
K2dk [1— (—1)StTe k| (122 4 2| 2
X/O [ (=17 e } 2kr 2 | kp
ST
T
MMZ;C [po] (p1i v/7)*[S][T)
X [’“F — ()T (2 — 3kp? 2 + eTh (kg p? — 2) + /et (ki i) kF3/~L?>]

24
=S8l 5= 3 o) [ -y EEER (D.155)
sT i i

that is the expression found in EqQ. (D.152).
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Appendix E

X]

Properties of vppng

Abstract: this chapter presents the formal derivations of the properties of vgprg in its different
realizations, in particular concerning momentum-space and partial-wave expressions that are

carried out in a pedestrian way.
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Appendix E. Properties of UE%RS

Let us recall that the Gogny effective force D1S is defined as a finite-range local effective
vertex that reads [50-53]

R 5 R 5 L o= —/ —
v(75) = 0(r1 — 73 )0(7Fy — 74 ) vpix (7, R, k | k), (E.1)
where
2 _e?
voix (7, B) =Y [Wi + B; P, — H; Pr — M; P, P;]e " (E.2a)
=1
+ to(1 + 2o Py) p™ (R )(7) (E.2b)
L iWis (G142 K NS E . (E.2¢)

that is, the Gogny vertex consists of a finite-range central force plus zero-range spin-orbit and
density-dependent terms. Recently, improved parametrizations have been recently proposed that
contain finite-range density-dependent terms, leading to the D2 parametrization [54]. It reads

2 2
vpa (7, B) = [Wi+ B P, — H; P — M; P, P;]e ¥ (E.3a)
=1
5 () + % (72)
4 [Ws+ By By — Hy Py — M3 Py Pyle ™3 (p ! 2p 2 ) (E.3b)
«—/ —
+iWrs(G1+3d2) k ANO(T) K . (E.3¢c)

On the other hand, the finite-range non-empirical vertex UE%RS reads in all its realizations

S

=N

N 2
U]g(]gRS(F’ﬁ’A) :Z CET[pO(R)apl(ﬁ%go(ﬁ)’gl(ﬁ)’/\}6 K H H] (E'4a>
i=1 LST S T

ZCIT é pl(ﬁ),§0(ﬁ),§l(ﬁ),A]

2

X e Ho (51+52)-FA? H (E4b)

Z Tloo(R), pr(R), 50(R),51(R),Ale *r?Siy [[ [ (BAe)
T

In the following we neglect CIB/CSB effects, that is 'UE%RS is independent of S, and T,. If it
were the case, neither the expressions in momentum space or the partial wave expansion would
change since the nuclear interaction is always diagonal in such projections.

E.1 Matrix elements in momentum space

E.1.1 Conventions and preliminary remarks

In momentum space the plane wave basis is the natural basis of interest. The single-particle
basis is composed of plane waves with good spin and isospin projection, i.e.

(Flkoq) = pp(Fog) = e* 7 x7 y1, (E.5)
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whose scalar product is given by

—

(koqlk' o' ¢') = 2m)36(k — k') 0por Ogqr - (E.6)

Because of the convention used to define plane waves, integrals in momentum space are charac-
terized by [dk/(27)3, such that (1)

ity = [ I GRe sy, E.8
{7 (

One has then

v(k1234) = /d7_"1234 ¢ iltRa Titha ok 7 —Ra 7] v(71234) (E.9a)
- 1 . o
U(l{:1234) = (27-[-)12 /dk1234 e—z[—k1.r1—k2.r2+k3~r3+k4~r4} ’U(k?1234) . (Egb)

E.1.2 Gogny interaction

E.1.2.1 Central terms

Disregarding the initial prefactor (WBHM terms) that only depends on spin and isospin degrees
2

of freedom and decouple from the radial part, the vertex reduces to a pure gaussian e *i, which
leads for the direct term to

L. Lo .2
(ki ka|Voix|ki k)51 :/dfl diy e 17 (kimhie )+ (ks =k )] ™ g

@, dir
2
N = R
— / dR et (K=K / dret™ ¢ ki

—

—(u/7)? e 3T 2P 5(K — K ). (E.10)

For the exchange term, one finds equivalently

(kx ki|Voix|k: Ej>ff;TTz = (u/m)3e 119" (213 §(K — K).

E.1.2.2 Spin-orbit term

The spin-orbit part reads for the direct term

so,dir

- - R L m L — P R

(ky, ko Voix ki k)20 =i Wig /dﬁ diy e P TVRRET2R) (30 4 Go) L KA () T o (Frkitaky)
—iWps (G1 +32) - k' A [/ A7, di 7 et P (Ri—ky )+72-(kj—ky )]5(77)] P
=iWps (2m)? 6(K = K') (51 +52) - k' A [/dfe”@a(f)] i

—iWrs(27)36(K —K') (61 +32) - k' Ak. (E.11)

!That is, we are using non-unitary Fourier transforms:

- +oo ) +oo )
flk) = / fr)e T ar, ) = / Flk) R . (E.7)
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E.1.2.3 Density-dependent terms: D1X

In the case of D1X, the density-dependent term is zero range, thus
(ki kilVorx|k; k) S5TT = / dify diy ¢! P Rk )72 (R =Fo) por (Y 677
= / AR e F(E=K") po( ) / A7 e ™ §(7)
="K —K"). (E.12)

In unpolarized symmetric infinite nuclear matter, pa(ﬁ) = po, thus one gets

(ki Fa Vol ky)5os! ™ = o (2m)* 6(K — K').

E.1.2.4 Density-dependent terms: D2

In the case of the D2 interaction, the expression of the density-dependent term does not allow to
decouple the dependencies on (7, 72) through the variable change (7, R ). However, this can be
achieved in infinite nuclear matter, where

p(F)* + p(7)*

5 =g - (E.13)
By analogy with central terms, one gets then
(ki Kol Vol ks k) 5577 = p (nay/m)® e 154" (23 §(K — K ). (E.14)

E.1.3 Microscopic vertex
In the following all realizations ’UE%RS are treated simultaneously. At the [bare(2)] level, density
dependencies of the coupling constants vanish. In this section a compact notation for the coupling

constants C57[po(R ), p1(R), So(R), S1(R), A] = CST (R, A) will be used.

E.1.3.1 Central terms

7‘2
The vertex is here a pure gaussian term CP7 (R, A)e” # , which leads to

— 2

(ki kl|UBDRS’k k5)3 dir :/drl diy ¢t 7 (ihi )47 (k; k)] CST(R,A)e

2

:/dﬁeiﬁ'(kgl) CET(E, A) /dFemqezi
=(pi/m)3 e 1he CST(R' — K A), (E.15a)

where CN’lST(I_f ' — K, A) is the Fourier transform of the coupling constant that reads
CST(R' — K, A) = /dR e R(K'=K) ST(B 7). (E.16)

In the case of infinite nuclear matter, the coupling constant is independent of the center-of-mass
position, hence

—

(i Filognrs s B = CF oo, o1, So, S1, A 2m)Y(ua/m)Pe 38 §(K — K'). (B.1T)
For the exchange term, one finds

- o - - /2 RN — —
(kr Filvpops Fi k55T, = (uav/m)e 149 C5T pg, pr, Sp, S, Al2n)P 6(K — K'). (E.18)
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E.1.3.2 Spin-orbit terms

The matrix elements in momentum space read for the direct term

so,dir

<Ek El|v][§(]:])Rs|Ei Ej>1T :/df»l diy el (Fl-Ek+F2.El)C;g(R" A)
2 —

_rt o . = =
X € o (3 + o) - FA k e TrkitT2k;)

(311 5a) - [ / Ay dity 7 ¢ B i) 7 (R R )

2 P
x O (R, A) e o } A ki —

:ié;()T(I_('/—I?,A) (01 +02) - {/df’e Hso em‘f(—if’)] Ak

~ — — 'r2 R —
=—iC(K' - K,A) (31 +72) - Vg Udfeus(, ew-q] AR
= — i (psoVT)? CLT (K" = K, A) (61 4 52) - anefi“go(f Ak

2 3 - o - -
i o WsoVT)” 32, GAT(R1 _ R A) (714 5a) - AR

2
2 3 o . L
=i “(“2\/7?) e~ 11300 CIT (B! — R A) (61 +62) - k' Ak, (E.19)
where we used ) )
/dFe_#’so T = V@/dfe_‘:w e, (E.20)

Likewise, one gets for the exchange part

2 3 B . . .
(B, Ty b s BT = i Moo WsoVT)" by CAT(R0 2 A) (51 4+ 39) - B AR (B.21)

so,ex 9

E.1.4 Tensor terms
E.1.4.1 Simple gaussian case

Let us look at the matrix elements in momentum space of a tensor term having a simple gaussian
form factor, that is

’7‘2
Ut(Fa R7 A) = CtlT(R7 A) eiiTt 512 . (E22)
In this case, following the same steps as in SEC. F.1.2.2 for the direct term leads to
2

(ki Kalo' ks Kj) iy = / Ay dity e IR RO GHT(R, A) 70 Sy ¢! (MR

—

=— / dRCIT(R,A) e BRE-K) [3(5,.V5) (72- V) + 61 - 7]
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and

r2 - +oo 2 ™ A
/df"e_ut eI =2 :Qﬂ/ dre / d6 sin(#) e "9 cos()
T 0

-0 -0
+o0 2 3
_2sin(r
:47r/ dre 7( 9)
r=0 rq

2 (2 [T gy el
q ™ Jo r

2n? (2 [Te° r2sin (2r95t)
27 | =z d /)=t 2 )

2m? qlit
where for z € R
2 z 2 [T et sin(2zxt
erf(z) = / e dt = / e sin(2 >dt (E.25)
\/5 0 ™ Jo t
Thus
Tt e EALT 2 AT (721 3 - - S erf(%)
(ki kiv'lki kj)gi, = =202 C{ (K" — K, A) [3(61-Vg) (62 Vg) + 51 - 52| — (E.26)
and for the exchange term
erf <q/£”>
. (E.27)

(kx kiotlk: k)T = 22 CMT (K’ — K, A) [3(61- V) (G2 - V) + 61 - 5o

The following relations may be useful for handling properly the erf function

erf(4o00) =1 (E.28a)
erf(0) =0 (E.28b)
berf(b+ az) 07" ~2abz
f(b deg =———= f(b —_— E.28
/er( +az)dz . + zerf(b+az) + - ( c)

/ 2L erf(az) de :% ( (az)i T (O‘ . 1,a222> 4 erf(az)) , (E.28d)

+0o0
I(a, z) —/ t* e tat. (E.28e¢)
z

In all cases, one sees that a subsequent partial wave decomposition of such a term would lead at
best to a very complicated expression, and at worst to a non-analytical expression. This justifies
the use of a modified gaussian expression for the tensor part of ”][3)%}{8 that is easily expressed in
coordinate and momentum spaces.
E.1.4.2 Convenient tensor term for vgpgrs

We construct another expression for the tensor interaction, where we approximate the one-pion
exchange iteraction in momentum space using a gaussian expression, i.e.

Vel@) = Vi(@) = — (71 - 72) (1 @) (G2 - §) (/) e~ 747 (E.29)

which is equivalent, in coordinate space, to

Vi(7) = (71 - 7) (51 : 6) (52 : 6) ¢ E. (E.30)
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The gradient operators are applied using EQSs. (D.20a-D.20f), which leads to

T
4 5 i 5 2 } -
=|—r*7F'Tl — = d;;| e "
[u? i
4 - 2 12 _Z
= [4 (37°'T7 — by5) — —504 (2 — 2>} rle ¥ . (E.31)
3pty i r 3pu
Thus one has in coordinate space
4 2 1 2 —
‘/,5(7?):7(7?1‘7?2)5127"26 “t——(?l-?g)(ﬁl'(?g) (—) 7“26 “t, (E.32)
3yt 1 r? 3

which can be recast into central and pure tensor contributions. Such a decomposition can be
equivalently performed at the level of EqQ. (E.29), i.e.

- - o U RS, _1
V(@) =—(71-72) (01'Q)(02-q)—3(01-02)q2} (Mt\/?f)ge i
1 — — 2 3 _ 1.2 2
+§(01'Uz)q (pey/m)° e” 2k (E.33)

The validity of this modified gaussian approximation has to be asserted a posteriori, by considering
deuteron or INM properties of vgpRrs.

E.2 Partial wave expansion

In the following, the (27)3 factor that appears in momentum space vertices will be only reinjected
in the final result. We did not a priori assume J-invariance of the nucleon-nucleon interaction
but the former is recovered in the end.

E.2.1 D1X/D2 interaction
E.2.1.1 Brink-Booker terms

The interaction is already separable in angular momentum, spin and isospin parts, and reads for
one Brink-Booker term

e
=(pi v/7)® [Wi+ By P, — H; P, — M P, P] g (k' k) . (E.34)

Therefore, using EQs. (D.41,A.65,A.70) one gets

(k' L'|Je” 3" ||k L)

(K (LS T'|vp 'k (LS)J T) =675 dss e (i v/7)? I

% Wl + (_1)S+1 BZ . (_1)T+1 Hl o (_1)S+T MZ ,
(E.35)
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Using EQ. (A.95) leads then to

i O1y 055 O O/ .
(b (L) T ipr [k (LS)IT) = (—1)" =5 P (/) (K )

< Wi+ (1) B — (=) H; — (=15 M| . (E.36)

E.2.1.2 Density-dependent terms

Density-dependent terms for D1X and D2 in symmetric INM are trivial from this point on. This
amounts to substituting in the previous expression for the central terms

(o vy D)

4 —>5L0, Wi—>t0, Bi—>t0$0, Hi:MZ'—>0. (E.37a)
™

One finds then
<]€/ (L/SI)J/ TI|UI%1X“{Z (LS)JT> = 5JJ/ 5351 5TT’ 5LL’ 5L0 t() pg |:1 + (—1)S+1 Z’():| . (E38)

This term only contributes in the L = 0 channel. On the other hand

5 /5 /(S /(5 /
(k' (L) T upylle (L) T) = ()" =52 Z2 = (/) o G (K )

X W3 -+ (—1)S+1 B3 o (_1)T+1 H3 o (_1)S+T M3:| ) (E39)

E.2.1.3 Spin-orbit terms

There are both a very long and a very short way to perform the partial wave expansion. One
has for both D1X and D2

VS?X/DQ(E',E) =iWs (61 +52) k' Ak (E.40)

Using EQs. (A.5,A.6b), one has

o - 1., V2 47 R Ll
ik Nk = 5 NG = > qq 3 [Ym(q) oY@ . (E.41)
That is, EQ. (A.11) leads to
.7 g 47 A+ 127
i / Ak = \/57 (_1))\2 k’/ 1+H1 k,)\Q~|~/A2
3 A1+§:1 VIl o] [ ]! ue]!

p1+pe=1
A .01 . L
x HYN(k’)e@Y[M(k)} ®[Y[Mﬂ(k’)®y[ﬂ21(/g)} ] . (B.42)
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The two tensors can then be recoupled by analogy to LSJ coupling, then expanded using
EQ. (A.12) such that

iE’ A ]_{:41 \/§ Z (_1)>\2 k/>x1+u1 JRESNC Z \/7
’ T [ 2

(1]
[y @y o [veghy o v
f g 1
Ar 127
_ar \[2 _1)Me k/>x1+u1 LAz tie
7V2 2 (D NSRBI

A +A2=1
H1+p2=1

A1 A 1

X Z WAl § 1 pe 1 p (A 0p10 A fO) (A20p20 |A2 2 g0)
19

f g 1

(A [Ao] 1] [p2] vl BRI
4 /T71l9] YU @ YV (E.43)

Hence

(k' L'|[ik" A K|k L) (E.44)

_f Z )\2 k/>\1+ul k/\g-i-p,Q

A1+Ae=
M1+M2=1

1 A A 1
" VM) ] pa]! RIBIEIEY /; ML2 1

% (A 010 [Ar i I 0) (A2 020 [Ag o LO) W”[A;]]EHW] (—1)E [

A A 1
=3v6 Y ( 1)L A s [Ai][A2][pa][p2] o 1
Xl VI A [ ] 2! oL 1

Bt p2=

X </\10/L10 ‘)\1M1L/0> (/\20;120 ’)\Q,U,QLO> .

(E.45)

An alternative method is to apply directly EQ. (A.6b), i.e

i AF = ok 2T [YWI%)@YM(/%')] i (E.46)

Therefore, using EQ. (A.93)

(k' L'|jik" A K|k L) :ﬂkk"li(k’yu[y[”( ) YU (& )} Ik L)

_ p4r V(1
= — 871601 V2kk r

=—0611011 g kK. (E.47)
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Thus the zero-range spin orbit only acts in the L = 1 partial waves, as it was expected (the
angular dependence of k’/ A k is in sin(k’ - k) which is a Legendre polynomial of first order. The
two methods are obviously equivalent, given that

e the terms in EQ. (E.45) corresponding to A\; = 1 = 1 and Ay = ug = 1 imply that one of
the Clebsh-Gordan coefficient is zero (if Ay = 3 = 1 then L = 0, thus we must have L' =1
to have a non-zero 97, in which case (1010(1110) =0),

e regardless of the values of A1, A\a, i1, p2, one has two of the summed terms in EQ. (E.45)
are equal to 0, and two equal to 1, thus

Adlo]lpallpe] 1 (E.48)

VM et 27

o for \; = uy =1 and A\ = g = 0, the 95 coefficient in EqQ. (E.45) indicates that L = L' = 1.
The product of the Clebsh-Gordan coefficients is (maximum coupling)

(10001010) (0010[0110) =1. (E.49)

Using EQ. (A.3g), one has then

10 1 01 1
T 3v6
(K" L'|Jik" N k|[k L) =(—1) 611621 5 kk' 011 ¢-43101
11 1 11 1
D)
=— 9011011 gkk/. (E.50)

Thus one has, using the previous comments as well as EQs. (A.64,A.80)

(K (L'S")J T'|ox polk (LS)J T)
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=(-1) S 85 6 Wis {

Wis (k' (L'S)J T'|| (31 + &2) - (ZE A /S) |k (LS)JT)
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/ 2 Ll /
=(=1)5"" 513 6711 611 611 651051 Wirs2V6 £ kk' 5 J
V3 S L 1
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=(=V)" 85 d77s 11 611 kK S51 6511 4 Ws { }

1 1 1
4 — 1
=(=1)7 850 87 511 01 kK 551 051 AW (—1)”3‘]1(‘2”)
4—J(J+1
=Wrsd,yy 0717 0116171 051 (3) kK. (E.51)

E.2.1.4 Summary

For the final result one should not forget about exchange terms, which are equal to the direct
ones in the expansion (see SEC. A.4.5), so there is an extra 2 factor that should be be carried
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on. The latter is not written here to keep consistency with the conventions in the code that

computes low-momentum interactions. One finds

2
k: Lk
VDlX( So, k, k‘ Z 390 )[Wi—Bi—Hi—I—MZ‘]—i-Qtopg(l—xo),
N 1g t ’k)
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where (see SEC. A.3.1)
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Equivalently for D2

1 / 1 - 3 gé(k,ak)
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3 —
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392 k k:)
W E - Wi+ B; + H; — M;] , (E.54h)
=1

with the convention that gi(kz’ , k) includes the extra p§ factor for simplicity.

E.2.2 ’UE%RS vertex

The partial wave expansion is performed in unpolarized symmetric nuclear matter, where in-

: o . e X ) .
medium dependencies of the coupling constants of vppprg only relate, when necessary, to po, i.e.
they carry no angular dependency.

E.2.2.1 Central terms

The central terms of vpprs interaction are already separated in spin/isospin channels, i.e.
STi (1 1. ST
”BDﬁs(k/7k/> = G po, A] (iv/m)* e i H H (E.55)

Using EQ. (A.75) and the results from SEC. E.2.1.1, one gets easily
(K (L'S")J' T'lughps

875 0ss 058, 0T 01T, OL L ,
= (—1)b LSS T T CLE oS00 gy A] (s /)% G (K K) . (E.56)

47r\/7

k (LS)JT)

E.2.2.2 Finite-range spin-orbit
We have here

S By =i OO o, AoV i (5, 4 ) R ]

zic;ﬂpo,A]“so(”zof) CRLEY @+ a) kAR T T (E.57)
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Using the same approach than in SEC. E.2.1.3 for a zero-range spin-orbit, one gets from EqQ. (A.43)
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Hence, using EQ. (A.93)
(K L'|[i e~ a7 §' AK||k L)
~so(k/ k) A ADO
:(—1)”3\@%’2@}”47’ 1 1 1 p (AOTO|ALL/0) (AOTO|A1LO) . (E.59)
78
A /
L' L 1

Some remarks hold at this point
e one cannot have L = L' = 0 otherwise the 95 coefficient would be zero,

e the product of the Clebsh-Gordan coefficients is non-zero if and only if A + 1+ L and
A+ 1+ L' are both even. Thta is, L and L' must be of same parity. On the other hand,
the 95 coefficient requires L' = L, L &1, thus L = L/, such that the finite-range spin-orbit
(i) does not couple between partial waves of different angular momenta, and (ii) acts on all
L > 1 partial waves,

e in the limit pug, — 0, that is
Pk k) =1, 35°(k' k) = 4w 8y, (E.60)

using EQ. (A.3h) allows to recover the results from SEC. E.2.1.3.




132 Appendix E. Properties of UE%RS

Using the previous remarks one can write
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Thus
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S 4w [ 000

In particular the L = 1 partial wave will involve A = 0,2 components, whereas in the . = 3
waves one will have A = 1,3. The finite-range spin-orbit only acts by construction in the S =1
channel, but if the explicit projector [] s,=1 were to be removed, the conclusion would be the
same since (67 + d2) already acts in the S = 1 channel only. Thus the S = 1 projection operator
is redundant, but is kept for simplicity.

We provide here the matrix elements for the first partial waves.

1. For L = L' =1, one gets

(K (18")J T'|ogss |k (18)J T)
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2. For L = L' = 2 one gets
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4. For L=L"=4
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97 4w 911 4w

5. One can actually extrapolate from the previous results a generic formula for any angular
momentum L = L' under the form

(K (LS")J T' gk (LS)J T)

; soV T 3
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(E.67)

E.2.2.3 Finite-range tensor

We consider here a generic tensor interaction with an arbitrary form factor f(g), such that the

formulae obtained can be applied for the one-pion exchange and UE%RS. We consider then(?)
o (K k) =g(a) 301 0)(@2-0) — (@1-02) ] [T I - (E.68)
S=1 T

By construction, and according to SEC. D.1, this tensor should only couple between states of
angular momentum L’ = L + 2 because the (01 #2) ¢* counter term allows to write vilth(k' k)
as a combination of Y5" spherical harmonics. One has then using EQs. (A.5,A.6a)

9(q) [3(61-7) (62 7) — (51 52) ¢°]
=9(q) [9 [051] ®q[”}[0] [ N ®q[”}[] (31 - &) qﬂ

~2ata) |12 [0 v10) " o) 0 V0] — 1)

=¢*9(q <127rZ MURIGIG

O = =
O = =
S = =

[f] . el L
<[l e o)) [P e vii@]” - @)

2In the case of a one-pion exchange, the isospin projection operator [ 17 has to be replaced by 71 - 72.
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AN V113
=12r¢*g(q) D (1 1 1 ¢ 47m<1010\11fo>
f 00 0 "
0]
H L } @YV )} —q*9(q) (1 52)
( 11 f 11 f 3
=121 ¢%g(q ; \/*{110} [f](000> 47 [ f]

[l eat]” o vina)” - o @)

B -0 (11 f 3
=127’ 9(a Zf: b 1][1(000) 2 1]

[0]
<[ e vi@] - o @2
=127 ¢* g(q) Y VIf] ( bl f) L
Zf: 00 0) Vir
[0]

1 177 L] . L.
<[l e o] o vi@] - 2ot o). (5.69)
The 35 coefficient requires f = 0,1, 2. However
e the & - g9 factor exactly cancels out the f = 0 component, since

110\ 1 i, w9, o ATO] 3 r o
12 ® RY = — ® = -0,
T ( 0 0 0 ) o Hal o) } (q) 7 [01 0P } 01 - Oy
(E.70)

o for f =1 the 35 coefficient is zero.

Thus we only have f = 2(3). One has then

(K (L'S")J' T'|og"*" |k (LS)J T)

11 2 1 1
:(SJJ/ (5TT’5TT 127’(\/5 7_7
’ 00 0/ V[ Vir

[0]
< s | [ 0ol ] e Y@ ks

V641
=070 011 07T, I

[0]
<) lie o) [ oo e vPi@| k). @)

3This was expected by construction of the operator Si» which is proportional to Y.
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We need thus to evaluate

1] (2]

[0]
K (1)l g<>[[ Mo o] o vl ks

V0] kLl o(a) YR @)1k 1) (5] [ o) & 03] 115)

s, V1 { v s

S L 2

5 }k’L’Hqg vk ') [l ool 1s). @)

where from EQ. (A.81)

1/2 1/2 1
(s [ @ o] 115 = 6 VERISTST { 172 172 1§ (E.73)
S S 2
Thus the 9j coefficient is only non-zero when S = S’ = 1. As expected, the finite-range tensor

only acts in the spin-triplet partial waves and the So = 1 projector in this term is also redundant.
We have then

1/2 1/2 1
(2]
(Sl ot @ ol |7 118) = 6055 51 VRIIIAT { 1/2 1/2 1 3 =bssds12V5.  (B.74)
1 1 2

On the other hand, we can use the same decoupling-recoupling method from SEc. E.2.2.2 to
obtain

(HLﬂfﬁmYm@ka

R ~ 712
= ¥ 4 —1)k2 KM 2 (K L[| g(q) [Y[#ﬂ(k’) ®Y [“2](@}“ |k L)
p1tp2=2
Z 47'(_ 2 )“2 ]{J‘,'LLI kqu
p1tp2=2 'ul

[0]

me(q)(k’L’H[YWU%')@YW%)} [yilGiry & vial(i)]| k)

Z —1)H2 L ke

p1+p2=2
. . 700] . L7217
ng,\ k'L'|HYN(k’)®YW(k)} ® YUl @ vl (i) | ] kL)
A A0
= > —1)k= g k“QZQA O m oz 2 [a] [b][0][2] (E.75)
p1tp2=2 a,b a b 2

x| [[yw(fa) evi@)]? o [riii e vba@]”] )
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A A0
= > ( 1)k B k2 Z w@Y 8w op 2 [a][b}[0][2] (E.76)
p1+po=2 a,b a b 2

VM k2] o Tyl i )7y ] 2
< Y © YPB] kL)

X (A0p10]Ap1a0)y (ANOua0 |\ puab0)

o A A0
2 ~
Y !( PR R Y TN ga(a) § g 2
#1+M2 2 A L L 9
X (A0p10|Apr L'0) (AOp2 0 |Apg LO). (E.77)

Some comments can be made here and allow to recover generic features associated with tensor
coupling;:

e as expected, the tensor couples between partial waves such as |L — L'| < 2, otherwise the
64 coefficient would be zero,

e one cannot have L = L' = 0, thus the tensor does not act on L = L' = 0 partial waves,

L' 2 L
0 0 O
be of same parity. Same goes if 11 = ps = 1 to have a non-zero product of 35 symbols. As

expected, the tensor term only couples a partial wave of angular momentum L to partial
waves L' = L, L + 2, except for L = L' = 0.

e if 3 = 0 then ps =2 and A = L'. To have ( ) to be non-zero, L and L’ have to

Finally, one obtains

(K (L'S")J' T'|ug " |k (LS)J T)

10v/6 P I A L |
=077 611 01T, O35 051 (—1)* { }

4m S L 2
A A0
e e e S @) | e 2
pitpe=2 A L' L 2
X (AOp10|Aps L'0) (AOp2 0 |Apg LO) . (E.78)

Like in the finite-range spin-orbit case, we provide here the explicit contributions we are interested
in.

1. For L = L' =1, three terms are to be considered, i.e.
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e 11 = pg = 1, in which case A = 0,2, and

(K (18")J" T'|vg " |k (18)J T
10v6 | 11 J [2]1][1] .,
=07 0117 011 0557 051~y {1 1 2} g
000
x {[0]go(g) 1 1 2 p (0010]0110) (0010|0110)
11 2
2 2 0
+[2]g2(q) ¢ 1 1 2 <20102110><201o2110>]
11 2
11 J 5 1
=040 077 01T, 055" 51 { L1 o }kk'[ﬁgo(Q)JrW\/gg?(Q)]y (E.79)

o i1 =0, u2 =2, in which case A =1, and

(K (18")J T'|vg " |k (18)J T)

10v6 | 11 5 2]![0][2
= — 040 011 0171, O557 6351 J 2110I2]
4m 11 2 !

[0]!2]!
110
x[1]gi1(g) 4 0 2 2 »(1000]1010) (1020[1210)
11 2
11 J V3
=070 017" OTT, 035" 051 { } K — g1(q), (E.80)

o i1 =2, uo = 0, in which case A = 1, and immediately

11 J V3
(K (18")J' T'\véfTo’t|k (18)JT) = 04 077 671, 055 I81 { L1 9 } k" 7gl(q) .
(E.81)
2. For L = L' = 2, one has also three terms to evaluate, i.e.

e 11 = pg = 1, in which case A = 1,3, and
(K (28")J' T |vg >k (25)J T

10v6 | 2 1 J 2111

1 12 2 [1]!1]!
110
x [Wg(@) ¢ 1 1 2 »(1010[1120) (1010]1120)
2 2 2
330
+8Gs(g) 4 1 1 2 (3010|3120)(3010]3120)}
2 2 2
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2! J}kﬁ}“ﬁmmw+“@~mﬂ, (E.82)

=047 O 01T, 0957 O
JJ' 07T OTT, 0SS 51{1 9 . 7T\ﬁg:%

o 111 =0, 9 = 2, in which case A = 2, and
(K (28")J' T |vg |k (28)J T)

=07 071 07T 055 051

10V6 [ 2 1 J [2]'[0][2] , »
4 1 2 2 [0]![2]!

2 20
X [2]g2(q) { 0 2 2 p (2000]2020) (2020]2220)
2 2 2
2 1 J V15
== 0y 077 071, 055" 0 k2 == ga(q) , E.83
JJTTTT0S551{122} mﬁm() ( )

e 11 =2, ug = 0, in which case A = 1, and immediately

1 2

11 J V15
(K (28")J" T'|og > |k (28)J T) = —8 1.0 677 b1, 0557 51 kY22 Ga(q) .
1 ™7
(E

84)

3. For the coupled channels L' = 0, L = 2, one has \ = s, the 65 coefficient i ; ; } is

non-zero if and only if J = 1 because of the triangle rule. This means the only diagonal
coupling to be considered will be 35;-3D;. We have then

e In the case uy = s =1, A=1 and
(k' (08")J" T'|og > |k (28)J T

= — 070 071077 01T, O55' 051

10v6 | 2 1 1 210,
Am {1 0 2} i

110
x[1gi(g){ 1 1 2 p(1010|1120) (1010]1100)
2 0 2
V2
:(5JJ/ 5]1 5TT’ 5TT0 555/ (551 kk/ g1 (q) s (E85)
T3

e In the case u; =2, u0o =0, A =2 and
(K (28)J' T'|vg " |k (08)J T)

=077 071 617" 61T 955" 051

1m@{21 1} 2012 2

4m 10 2 [0]!2]!
2 2 0
x[2]g2(q) ¢ 2 0 2 ¢ (2000]2020) (2020 (2200)
02 2
1
=850 831 0711 071, 0557 51 K 92(q), (E.86)
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e In the case pu; = 0, us = 2, one has A = 0 and
(k' (08")J" T'|vg > |k (25)J T)

=677 601 077 61T, 0S8 051

10v/6 { 2 1 1 } 2'[0)[2] , -

4 10 2 [0]![2]!
0 0 O
x [0]Go(q) { 0 2 2 » (00200220) (0000[0000)
0o 2 2
1
=071 871 O O s 051 k2 —— Go(q) - E.87
JJ' 0J1 07T OTT, 0557 051 77\/590((1) ( )

4. Finally for the coupled channels L = 0, L' = 2, one simply has to invert the roles of k and
k' in the L = 2, L' = 0 case.

There seems to be a general relation for these reduced matrix elements. Indeed, one can write
o for L=1L'
(K (L'S")J T'ug " |k (L'S)J T
=(—1)Y 6550 610 11, G550 51 Fi(L, )

A /L — 1] 47 \/[L]
+[L = 1) kK “”’*1(‘1)} : (E.88)
A \/[L + 1]
where
! L' (L'+1
A, n=4% 17 ) , (E.89)
1 L2 | VI -1L[L+1]
e for L = L' + 2, one necessarily has J = L' + 1, and
(K (L'S")J T'|vg"" |k (L' +28)J T)
=(=1) 8, 677 577, 555 551 Fo(L')
[k‘Q gr(q) Lk gr+1(q) kj gr+2(q) (E.90)
2 47 /L] dn /I +1] 2 4n /L +2]1°
where
12/(L'+ 1)(L' 4+ 2
Fo(L') = VI + DL+ 2) (E.91)

[L' + 2]

E.2.2.4 One-pion exchange

For reference, we provide a partial wave decomposition of the one-pion exchange, whose associated
vertex reads in momentum space

2 = — — —
0a(7) = — 4 (9) (7 7y D) (@2 0)

V2fx ¢+ p?
g\ 1 1 1
i (L) (B g (@ D) @ D) - o @) + 5 1)
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To achieve this, we need to decompose in partial waves the counter term
v (k' k) = g(q) ¢ (61 - G2) (71 72) (E.93)
which is trivial. Indeed, let G(q) = ¢* g(q), one has then
(K'(L'S"J' T'|ve |k (LS)J T)

- 1 A ~ (0]
=615 6170 555 Y, Galg) —= (K L'|| [YXI(&) @ YPI(R) | ||k L)
5 610 )
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G 1
=(=1)E5tT 550 6 855 O 1 Af) N7 (25(S+1) —3)(2T(T + 1) — 3)
=— 0y 077 055 01/ Gilg) 1 (25(S+1)-3)2T(T'+1) - 3) (E.94)
in /]
For the one-pion exchange v, one introduces (see SEC. A.3.5)
2
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Thus after some manipulations, without the extra 2 factor for the exchange terms
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E.2.2.5 Summary

Using the previous work, matrix elements in the L < 2 partial waves for vg%RS read
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Appendix F

Utilities for fitpack

Abstract: This chapter presents different objects that are used in FITPACK, i.e. as standard

benchmark cost functions or the algorithm for generating random curves and surfaces.

Contents
F.1 Benchmarking cost functions . ... ... ... ............. 147
F.1.1 Unimodal functions . . . . . . .. ... ... ... ... ... ... ... 147
F.1.2 Multimodal functions with many local optima . . . . . . ... .. .. .. 149
F.1.3 Multimodal functions with few local optima . . . . . . . ... ... ... 154
F.2 Random surface generator . ... .............. ..., 156
F.2.1 One-dimension case . . . . . . . . . . i 157
F.2.2 Two-dimension case . . . . . . .. . . . . . e 161

F.1 Benchmarking cost functions

To evaluate the performances of the simplex and FITPACK algorithms, several cost functions f;
have been considered [55], corresponding to different situations in terms of (i) the existence of
secondary minima (multimodal functions), (ii) the smoothness of the cost surface around the
global minimum, and (iii) the dimensionality. For some of them we represent the surface in the
two-dimension case for illustration purpose. n corresponds to the dimension of the problem, and
the absolute optimum will be noted x*. We also suggest values for the initial search space that

are large enough to catch the complexity of the problem.

F.1.1 Unimodal functions

Unimodal functions are rather easy to optimize, although the problem becomes complex when

the dimension increases.

e The so-called sphere function f; is defined as a simple sum of squares, i.e.

fi(z) 52%27 (F.1a)
i=1

z; €[—100,+100] zf=0, filz®) =0. (F.1b)
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Figure F.1: The sphere function f; for n = 2.

e The function f, is defined as

fo@) = il + [ il (F.2a)
=1 =1
zi €[~10, +10], 2t =0, fa2(2*) = 0. (F.2b)

e The function f3 is defined as a Schwefels’s double sum function [56]. Its gradient is not
oriented along the principal axis due to the epistasis among their variables, such that any
algorithms that use the gradient converges very slowly.

2

fa@) =" |> | (F.3a)
i=1 |j=1
x; €[—65,+65], xf =0, f3(z®) =0. (F.3b)
e The function f4 is defined as
fa(z) =max|z], (F.4a)
x; €]—100, +100], x; =0, fa(z*) =0. (F.4Db)

e The function f5 corresponds to Rosenbrock’s function [57], which is unimodal for n > 3, and
multimodal for n < 3. The global minimum is inside a long, narrow, parabolic-shaped flat
valley, which is why f5 is often called Rosenbrock’s valley function. Due to the non-linearity
of the valley, many algorithms converge slowly because they change the direction of the
search repeatedly. To find the valley is trivial, however to converge to the global minimum
is difficult. One has then

n—1

fol@) = [100(xigr — 27)° + (2 — 1)%] (F.5a)
i=1

x; €[—30,+30], x; =1, f5(z")=0. (F.5b)
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Figure F.2: The Rosenbrock’s function f5 for n = 2.

e The function fg corresponds to a discontinuous step function, defined as

n

fo(z) =Y (|2 +05]) , (F.6a)

=1
z; €[—100, +100], z¥ €1[0,0.5), foz*) =0. (F.6b)

F.1.2 Multimodal functions with many local optima

This class of functions corresponds to the most complex optimization problems, since they contain
many metastable traps that must be avoided.

e The function f; corresponds to Salomon’s function, i.e.

(F.7a)

i €[—100,+100]

(F.7h)

e The function fg corresponds to the normalized Schwefel’s function [56], where the global
minimum is geometrically distant, over the parameter space, from the next best local
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minima. Therefore, search algorithms are potentially prone to convergence in the wrong
direction. It reads

1 n
fs(w) = > —a; sin(y/]ai]) + 418.982887272(...) (F.8a)
=1
x; €[—500,4-500] , x¥ = 420.968746(...) fe(z*)=0.  (F.8b)

Figure F.3: The Schwefel’s function fg for n = 2.

e The function fg is defined as the highly multimodal Rastrigin’s function [58], i.e.

fo(x) = Z [mf — 10 cos(2m z;) + 10] , (F.9a)
i=1
x; €[—5.12,+5.12] z; =0, fo(z*)=0. (F.9b)
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Figure F.4: The Rastringin’s function fg9 for n = 2.

e The function fig corresponds to Whitley’s function defined as

"GN [(100(23 — 24)% + (1 — 25))?
frolz EZ Z [ i())OO ) cos (100(z% — z;)® + (1 — z;)?) + 1/ ,
=1 j=1

(F.10a)
€[—500, +500] , oi=1, fro(z*) = 0. (F.10b)

e The function fi; is the Griewank’s function that reads

fu(x 4000 Zx 21;[1005 (%) +1, (F.11a)

z; e[—500, +5oo] , xr =0, fu(z*) =0. (F.11b)
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Figure F.5: The Griewank’s function f1; for n = 2.

e the generalized penalized functions fi2 and fi3 are defined as

n—1

7r . .
fa(w) =55 10sin*(my1) + > (g — D?(1+ 10sin*(m gir1)) + (g — 1)?|
i=1
(F.12a)
T; E[—50, +50] , a:: =-1, flg(CL‘*) =0, (F.12b)
k(x —a)™, x>a, +1
T
u(x,a, k,m) = 0, —a<z<a, Y =1+ 1 (FlZC)
k(—z—a)™, —a>u,
and
1 n—1
fi3(z) =10 [10 sin?(37 1) + Z:(ﬂcZ — 1)2(1 +sin®(3r zi11))
i=1
+ (2, — 1)%(1 4 sin®(27 ;vn))] , (F.13a)
; €[—500, +500] , ai=1, fis(z*) = 0. (F.13b)

e The function f14 corresponds to Ackley’s function [59] that reads

1< 1 ¢
f1a(x) = —20exp [—0.2\/j E x?] — exp [— E cos(2m x;)
n n
i=1 =1

x; €[—32,+32], z; =0, fia(z®) =0. (F.14b)

+20+e, (F.14a)
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Figure F.6: The Ackley’s function fi4 for n = 2.

e The function fi5 is Easom’s function defined in two dimension, i.e.

fi5(x) = — cos(x1) cos(za) exp[—(z1 — m)? — (22 — 7)?], (F.15a)
x; €]—100,+100], T, =m, fis(z®) = —1. (F.15Db)

Figure F.7: The Easom’s function fi5.
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F.1.3 Multimodal functions with few local optima

e The function fig is defined as Hump’s ”camel back” function, which posseses two global
optima in two dimension, i.e.

4
fie(x) = (4 —2.123 + ?) 22+ xy zo + (423 — )22, (F.16a)
T; G[—5, +5] , (F.le)
o =[0.089842(...), —0.712656(...)], [0.089842(...), 0.712656(...)] , (F.16¢)
fi5(z%) = — 1.031628453(...) . (F.16d)

Figure F.8: The Hump’s function fig.

e The function fy7 is Branin’s function, which posseses three global optima in two dimension,

ie.
2
fir(x) = <m2 - %x% + %xl - 6) + 10 (1 — 817r> cos(z1) + 10, (F.17a)
T 6[—5, +10] s T9 € [0, —|-15] s (F17b)
¥ =[—m,12.275(...)], [7, 2.275(...)], [9.4278(...), 2.475(...)] , (F.17¢)

fi7(x*) =0.397887346(...) . (F.17d)
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Figure F.9: The Branin’s function fi7.

e The functions fig, fig and fop corresponds to Shekel’s foxhole functions in four dimen-
sion [60], for m = 5, 7 and 10, respectively, where

m

1
fr7j18/10(2) = — ) (F.18a)
; Yo (x5 — aig)? + ¢
x; €]—10,+10], x* =1[4,4,4,4], (F.18b)
fir(a*) =—10.1422(..),  fis(2z*) = —10.3909(...),  fio(z*) = —10.5300(...).
(F.18c¢)
where the various coefficients are defined in TAB. {F.1}.

) 1 2 3 4 5 6 7 8 9 10

a;1 | 4 1 8 6 3 2 5 8 6 7

ao | 4 1 8 6 7 9 5 1 2 3.6

a3 | 4 1 8 6 3 2 3 8 6 7

aiq | 4 1 8 6 7 9 3 1 2 3.6

¢ 101 02 02 04 04 06 03 07 05 0.5

Table F.1: Parameters of the Shekel’s modified foxhole functions.
e The function fo is another class of two-dimension Shekel’s function that reads
—1
1 25 .
fo1(z) = =00 + Z (j+ (21 — a1;)® + (22 — ag;)®) , (F.19a)
j=1

x; €]—65,+65], x; = —32, for(x*) =1, (F.19b)

where the various coefficients are defined in TAB. {F.2}
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1 1 2 3 4 ) 6 7 8 9 10
ay; | —32 —16 0 16 32 =32 16 0 16 32
ay | =32 =32 -32 -32 -32 -16 -—-16 —-16 —-16 —16
1 11 12 13 14 15 16 17 18 19 20
ay; | —32 —16 0 16 32 =32 16 0 16 32
a; 0 0 0 0 0 16 16 16 16 16
1 21 22 23 24 25

ay; | =32 —16 0 16 32
a2; 32 32 32 32 32

Table F.2: Parameters of the Shekel’s alternative foxhole function.

e The function fos is defined as Kowalik’s function in four dimension [61] and reads

11 9 2
faolz) = z; [ai - M , (F.20a)
z; €[=5,+5), o = [0.1928(...),0.1908(...),0.1231(...),0.1358(...)] , (F.20b)
faa(x*) =0.0003075(...) (F.20c)
where the various coefficients are defined in TAB. {F.3}
1 a; 1/b;
1 10.1957 0.25
2 10.1947 0.5
3 | 0.1735 1
4 | 0.1600 2
5 | 0.0844 4
6 | 0.0627 6
7 10.0456 8
8 10.0342 10
9 | 0.0323 12
10 | 0.0235 14
11 | 0.0246 16

Table F.3: Parameters of the Kowalik’s function.

F.2 Random surface generator

As explained in the main document, the computation of theoretical error bars using the bootstrap
algorithm requires the construction of smooth random surfaces R in the interval [—1,+41] that
allows to compute variations of Vi, within a given tolerance around an initial input, i.e. such
that

We have devised a simple method to construct such functions in the case of a regular mesh
Xi=Xo+ (i —1)Ax.
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F.2.1 One-dimension case

The idea consists in computing at each bin a uniform random value « in [0, 1), then convoluting
it with the values obtained for all neighbors using an effective range function. Thus we define

Vi=1...N, a(X;) =U(0,1), (F.22a)
N

ﬁ(XZ) EZO‘(XJ') chr(XivXj) ) (F-22b)
j=1

fro(Xi, Xj) =exp [— (XUXJ> o(|X; — X,| - K), (F.22¢)

_ B(Xi) &
(XZ) =22 —— ) — 17 ﬁmax Xz = f O'(XZHX' 5
e =2 (200) (X0 = 32 e )
(F.22d)

where fx. is taken as a gaussian smoothing function. The former definition allows the random
drawings at two separate bins to interact with each other. The « curve verifies then for each ¢

N
(B(X3)) > 1 2

(4(X,)) =2 ( S al(X) Freo(X0 X,) | —1

ﬂmax(Xi) - /Bmax(Xi) j=1
. 2 /gmax(Xi) _
e R 1=0. (F.23)

Finally, one renormalizes v into a distribution of variance 1/4, such that in average the random
variable

Vi=1...N, R(x) = —K) (F.24)
4 \/Var [v(X;)]

remains most of the time in the interval [—1,+1], using the property that a random variable

almost never deviates over twice its standard deviation, by analogy with the normal distribution.

Finally, we evaluate

ﬁmax J:1
) N
=33 (X)) j;f?(a(Xian), (F.25)

using the fact that the random variables «(X;) and «(X;) are decorrelated for ¢ # j, and

1
Var [U(0,1)] = —. (F.26)
12
Results are presented in Fic. F.10 for o = 0.1, K = 0.5 and a mesh of 50 points equally spaced
in [0,2.6](1). We consider different cases, i.e.

1Obviously we have in mind the application of this method for realistic calculations where the mesh is defined
in momentum space. These values for ¢ and K correspond to a good compromise for practical applications with
no brutal variations of R.
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one random drawing of « in [0, 1),
distribution of « according to a step function,

w =

distribution of o where all values except one are zero,

4. large number of random drawings.

While the first three situations probe different regimes of the algorithm, the last one allows to
compute the distribution of R(X;) for each 1.

Random Step Dirac Multi

1.0 ;
HK K

e e x
*

0.6 ey Fp oK

0.4 = : o KA

o

20
15
Q 10

1.0
0.5 .

0.0

-1.0¥ .
15
2.0 S
00 05 1.0 1.5 20 2.8.0 05 1.0 15 20 280 05 1.0 15
X X X

\,

Figure F.10: Generation of random curves in one dimension for different cases pre-
sented in the text. The green curve presents the value of Gpax(X;),
while in the lower panels solid and dashed lines correspond to v and R,
respectively.

We find that using simple algorithm leads to a biaised definition of R, as shown in FiG. F.11
on the distribution of R(X;) at different points. Indeed (i) the distribution of R(Xy/2) is of mean
zero and variance one, but (ii) for i = 1 or i = N, it is of variance one but is not centered. This
unwanted property corresponds to the fact that 3 is statistically more likely to reach Gpq. at
the boundaries of the problem, where only one half of the mesh is fully weighted by the effective
range function fx,. A signature of such a problem is the non-constant value of By ax over the mesh.

The solution consists in considering extra points below X; and over Xy, i.e. a mesh {X'}
which verifies
Vi=1...N, X! =X;, Vj,X]'»H—XJ’-:AX, (F.27)

such that Bpax(Xi) = Bmax, as well as Var [y(X;)] = Var [y], are independent of X;(2). One has
then

Vi=1...N,  a(X;) =U(0,1), (F.28a)
+oo
B(XZ) = Z Od(X]/) fKU(XiaX],‘)a (F28b)
j=—00
v(Xi) =2 <%Hi)> -1, (F.28¢)

2This justifies the use of the © function in the expression of fx,, which defines K as the maximum range of
the smoothing.
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Figure F.11: Distributions of v(X;) and R(X;) at different positions.

Var[y] '

VjOv ﬂmax— Z fKO’ 307 ,)

j=—00

Var [y Z fE (X ]0, ;

max j=—00

(F.28d)

(F.28e)

(F.28f)

Results for this so-called unbiased case are presented in F1Gs. (F.12,F.13). One sees immediately
that (i) Smax is indeed independent of X in the area of interest (between the blue lines), (ii) the
distribution of R is also independent of X and corresponds at each point to a random variable
of mean zero and variance one, i.e. R is indeed a "random curve” in [—1,+1] (in average).
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Random Step Dirac
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Figure F.12: Same as in FIG. F.10 in the unbiased case. Only values between the
blue lines are actually considered in the end, other bins are only in
intermediate steps of the generator.
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Figure F.13: Same as in F1G. F.11 in the unbiased case.
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F.2.2 Two-dimension case

The generalization of the previous algorithm for the two-dimension case, after all biases are

removed, reads then easily

Vi,j=1...N,  «aX;,X;)=U(0,1),
“+o00 —+o0
B(Xi, X;) Z Z Xk,Xg fKa(XuXk)fKU(X]’XK)v

k=—00 f=—00

R(Xi,Xj) va
Var [v]
+oo  +o00
Vk(]ag(]? ﬁmaXE Z Z fKU(XI(cmXI/c)fKU(Xéo:Xé)

k=—o00l=—00

400 2
(8 o)

k=—oc0

1 <2 ’
Var [7] =35 < > fIQ(J(XI/maXI/c)) :

max \p—_ oo

(F.29a)

(F.29b)

(F.29c¢)

(F.29d)

(F.29¢)

(F.29f)

Results are presented in F1Gs. (F.14,F.15) for equivalent cases as in the previous section(®). For
large number of samplings one sees that the distribution of R(X;, X;) is also independent of X

and X; and corresponds at each point to a random variable of mean zero and variance one, i.e.

R is indeed a "random surface” in [—1,+1] (in average).

3The ”"Dirac” case corresponds to all values are zero except in a small region.
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Random Step Dirac
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Figure F.14: Generation of unbiased random curves in two dimensions for different
cases presented in the text. from top to bottom are displayed surface
plots of «, 8 and R.
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Figure F.15: Distributions of v(X;) and R(X;) at different positions.
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Résumé

La méthode de la fonctionnelle de la densité d’énergie (EDF) est un outil de choix pour ’étude
de la structure nucléaire a basse énergie, car elle permet des calculs de noyaux finis aussi bien
pour des systemes stables connus expérimentalement dont les propriétés sont reproduites avec
une bonne précision, que pour des noyaux qui ne peuvent encore étre produits mais sont prédits
théoriquement. Dans la premiere partie de cette theése, une nouvelle méthode quantitative
est introduite pour caractériser 'existence et les propriétés des halos dans les noyaux moyens
et lourds, ainsi que pour étudier I'impact des corrélations d’appariement ou du choix de la
fonctionnelle d’énergie sur leur formation. Il apparait que la solidité de ces résultats est limitée
par le faible pouvoir prédictif des fonctionnelles utilisées jusqu’a présent qui sont ajustées sur des
données expérimentales. Dans la seconde partie de ce mémoire, nous entreprenons la construc-
tion de fonctionnelles non-empiriques qui reposent sur un nouveau paradigme pour les forces
nucléon-nucléon dans le vide, a savoir les interactions low-momentum engendrées par I’application
des méthodes du groupe de renormalisation. Ces potentiels & coeur mou sont utilisés comme
point de départ d’une stratégie a long terme faisant le lien entre les techniques modernes de
résolution du probleme a N corps et les méthodes EDF. Nous donnons ainsi des perspectives
pour construire différentes réalisations d’'un modele non-empirique d’interaction UE%RS incluant
les effets de milieu a différents niveaux d’approximation et pouvant étre traité dans les codes
dédiés a la structure nucléaire. Dans ce mémoire, la premiere étape de ce travail est initiée par
l'ajustement d’une représentation opératorielle des forces low-momentum dans le vide réalisé
au moyen d’un algorithme parallele d’intelligence artificielle. Les premiers résultats mettent en
valeur la possibilité d’incorporer la physique nécessaire a la structure de basse énergie dans ce
vertex gaussien.

Abstract

The energy density functional (EDF) formalism is the tool of choice for large-scale low-energy
nuclear structure calculations both for stable experimentally known nuclei whose properties are
accurately reproduced and systems that are only theoretically predicted. We highlight in the
present dissertation the capability of EDF methods to tackle exotic phenomena appearing at the
very limits of stability, that is the formation of nuclear halos. We devise a new quantitative and
model-independent method that characterizes the existence and properties of halos in medium-
to heavy-mass nuclei, and quantifies the impact of pairing correlations and the choice of the
energy functional on the formation of such systems. These results are found to be limited by the
predictive power of currently-used EDF's that rely on fitting to known experimental data. In the
second part of this dissertation, we initiate the construction of non-empirical EDFs that make
use of the new paradigm for vacuum nucleon-nucleon interactions set by so-called low-momentum
interactions generated through the application of renormalization group techniques. These
soft-core vacuum potentials are used as a stepstone of a long-term strategy which connects
modern many-body techniques and EDF methods. We provide guidelines for designing several
non-empirical models UE%RS that include in-medium many-body effects at various levels of
approximation, and can be handled in state-of-the art nuclear structure codes. In the present
work, the first step is initiated through the adjustement of an operatorial representation of
low-momentum vacuum interactions using a custom-designed parallel evolutionary algorithm.
The first results highlight the possibility to grasp most of the relevant physics for low-energy
nuclear structure using this numerically convenient gaussian vertex.
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