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Modéles mathématiques de la théorie du
transfert radiatif

Résumé On s’intéresse dans ce travail a différents modéles de transfert radiatif, décri-
vant les interactions entre la matiére et les photons. Les radiations sont décrites en termes
d’énergie et flux d’énergie, dans le cas macroscopique, le fluide environnant est quant & lui
décrit par les équations d’Euler (modéle d’hydrodynamique radiative). Dans le cas micro-
scopique, le champ radiatif est vu comme une collection des photons interagissant avec la
matiére par des mécanismes d’absorption-émission. Ces mécanismes dépendent des états
d’excitation interne et d’ionisation de la matiére.

On commence par monter 'existence locale de solutions réguliéres pour un systéme
couplant les équations d’Euler et ’équation du transfert radiatif. Ce systéme est obtenu a
partir du bilan d’énergie et d’impulsion totale. Puis on fait une discussion asymptotique
pour ce modéle dans le régime hors équilibre et on obtient un systéme simple couplant
les équations d’Euler et une équation elliptique. On montre I'existence des profils de choc
(réguliers) pour ce systéme, et la régularité de ces profils en fonction de ’amplitude du choc.
Puis on étudie la stabilité asymptotique de ces profils. Enfin, on présente une étude d’un
systéme décrivant le champ radiatif et les états internes de la matiére. On montre I’existence
de solutions pour ce systéme et on établit rigoureusement la convergence vers 1’équilibre
statistique. Les résultats théoriques sont illustrés par des simulations numériques.

Mots-clés : transfert radiatif, hydrodynamique, équations d’Euler, existence locale,
analyse asymptotique, profils de choc, stabilité asymptotique, états internes, équilibre sta-
tistique.

Mathematical models of the theory of the
radiative transfer

Abstract We are interested in various different models arising in radiative transfer,
which describe the interactions between the medium and the photons. The radiation is
described in terms of energy and energy flux in the macroscopic view, the material being
described by the Euler equations (radiative hydrodynamic model). In another way, the
radiation can be seen as a collection of photons, in the microscopic view point ; the photons
can be absorbed or emitted by the material. The absorption and the emission of photons
depend on the internal excitation and ionization state of the material.

We begin with the local existence (in time) of smooth solutions to a system coupling
the Euler equations and the transfer equation. This system describes the exchange of
energy and moment between the radiation and the material. Next, we give an asymptotic
discussion for this model in the NON-LTE regime and get a simple system : coupling the
Euler equations with an elliptic equation. We show the existence of (smooth) shock profiles
to this system and the regularity of the shock profile as a function of the strength of the
shock. Then we study the asymptotic stability of the shock profile. Finally, we study a



system describing the radiation and the internal state of the material, in the microscopic
view point. We prove the existence of the solution to this system and study the convergence
towards the statistical equilibrium. The theoretical results are illustrated by numerical
simulations.

Keywords : radiative transfer, hydrodynamic, Euler equations, local existence, asymp-
totic analysis, shock profile, asymptotic stability, internal state, statistical equilibrium.
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Chapitre 1

Introduction

1.1 Présentation générale

Dans ce travail on s’intéresse a différents modéles de transfert radiatif, décrivant les
interactions entre la matiére et les photons. Plus précisément, on abordera ces questions
soit d’un point de vue macroscopique soit d’un point de vue microscopique.

Dans le cas macroscopique, les radiations sont décrites en termes d’énergie et flux
d’énergie. Le fluide environnant est quant a lui décrit par les équations d’Euler et on
obtient un systéme couplé par des termes d’échange d’énergie et d’impulsion provenant du
bilan d’énergie totale et d’impulsion totale. Nous aborderons certains points de ’analyse
mathématique de ces modéles, notamment l’existence de solutions particuliéres de type
onde progressive, définissant ainsi des profils de choc, et I'étude de la stabilité de ces
solutions.

Dans le cas microscopique, le champ radiatif est vu comme une collection des photons
interagissant avec la matiére par des mécanismes d’absorption-émission. Ces mécanismes
dépendent des états d’excitation interne et d’ionisation de la matiére, les effets radiatifs
agissant sur la population des états atomiques. Ainsi, le champ radiatif et les états internes
de la matiére doivent étre déterminés simultanément. On étudiera un systéme d’équations
décrivant de telles interactions, en justifiant l’existence de solutions et en établissant ri-
goureusement la convergence vers ’équilibre statistique.

1.2 Modéle d’hydrodynamique radiative

1.2.1 Transfert radiatif

Le champ radiatif est composé par des photons, les particules ponctuelles sans masse.
Un photon avec fréquence v représente ’énergie hr, ou h est la constante de Planck, et aussi
représente la quantité du mouvement (de module) p = h—c”, ol ¢ est la vitesse de lumiére,
vitesse & laquelle les photons se déplacent. On définit la densité des photons (¢, z,v,v)
telle que

Y(t, z, v, v)dedvdo

soit le nombre des photons en temps ¢t € RT, et a la position z € RY dans un élément
de volume dz, avec les fréquences v dans un intervalle (v,v + dv), et déplacement sur
I'angle solide dv autour de la direction v € SV~1. Notons que dv est la mesure de Lebesgue
normalisée sur la sphére SV-1.



2 Modéle d’hydrodynamique radiative

Le champ radiatif est plutot décrit par son intensité spécifique f (¢, x, v, v), une fonction
du temps t € R*, de la position € RY, de la direction de déplacement des photons
v e SV et de leur fréquence v € R, qui est définie par

flt,z,v,v) = chv(t, z,v,v). (1.1)

L’avantage de l'intensité spécifique f(¢,z,v,v) est de permettre d’écrire I’énergie trans-

FiG. 1.1 — Intensité spécifique

portée traversant une surface dS entre un angle o mesurant la direction du rayonnement,
pour les fréquences dans Uintervalle (v, v + dv), a la position x + dz, dans un intervalle du
temps [t,t + dt], (voir Fig 1.1). Cette énergie est donnée par

dE = f(t,x,v,v) cos a dSdrduvdt.

Dans le cas ou lintensité spécifique est indépendante de la direction v, c’est-a dire
f = f(t,x,v), le champ radiatif est dit “isotrope”. De plus si l'intensité spécifique est
indépendante de la position x, le champ radiatif est dit “homogéne” et “isotrope”. L’exemple
le plus important de champ radiatif homogéne et isotrope est 1’équilibre thermodynamique
de la matiére, qui est décrit par une distribution particuliére, la distribution planckienne
B(v, 0) paramétrée par la température 6,

2hv? » -1
B(v,0) = - (eh /(k0) _ 1) : (1.2)

ou k est la constante de Boltzmann.
L’équation de transfert radiatif s’écrit

%atf +v- vmf = Q) (13)
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Le terme & gauche dans (1.3) caractérise le transport des photons avec la vitesse cv sui-
vant la ligne droite x + cvt. Le terme source Q = Q° + Q!, représente les interactions
avec le milieu ot Q¢ décrit les phénomémes de dispersion (“scattering” en anglais), qui se
traduisent par des changements de la direction des trajectoires des photons, alors que Q?
décrit les interactions sous forme d’échanges avec la matiére consistant en des mécanismes
d’absorption et d’émission de photons.

On définit trois quantités particuliéres qui sont intéressantes en physique : la densité
d’énergie radiative, le vecteur de flux radiatif et le tenseur de pression radiative. Elles
correspondent aux moments sur l'espace des fréquences et des directions, et sont définies

// flt,z,v,v)dvdy,
Ri/SN -1

vf(t,z,v,v)dvdr, (1.4)

respectivement par

Rt SN 1
Pr=- v@uf(t,z,v,v)dvdy.
C JRH/SN-1
On explique le sens physique du vecteur flux radiatif F'r et du tenseur de pression radiative.
En effet, on considére une surface dS de normale n, le flux radiatif est défini tel que 1’énergie
radiative traversant cette surface soit Fr - ndS. Par définition de la densité des photons,
le nombre total des photons de fréquence v et dans toutes les directions est

< »(t,x,v, V)cvdv> -ndS.
SN-1

Comme un photon de fréquence v représente I'énergie hv, ’énergie totale traversant cette

</ / hvip(t, z, v, V)cvdvdu> -ndS.
R+ JsN-1

D’apres la relation entre l'intensité spécifique et la densité des photons (voir (1.1)), on
obtient ainsi le flux radiatif. Dans la théorie cinétique des gaz, la pression est définie
comme le flux du moment qui traverse la surface. On définit ainsi le tenseur de pression

radiative Pgr, dont I’élément PR] est le flux du moment 4 la i ™€ composante traversant

une surface orthogonale au j €me axe

Py :/ / f(t,z,v,v)vv;dodr.
R+JsN-1

On peut 'obtenir par le méme traitement que dans la dérivation de flux radiatif.

surface est

Notons que 'énergie radiative Er est le moment d’ordre zéro, le vecteur de flux radiatif
Fr est d’ordre un, et le tenseur de pression radiative Pg est d’ordre deux. On peut définir
les moments d’ordre plus haut, mais ils ont peu de sens physique. En multipliant (1.3) par
1 et v/c, et en intégrant sur 'espace des fréquences et des directions, on obtient le systéme
aux moments suivant

OEr+V,. -Fr = Qg ::/ Qdvdr,
R+/SV -1

QF

(1.5)

1
gatFR + V- Pgr vQdvdy,

C JrR+/SN-1



4 Modéle d’hydrodynamique radiative

ol Qg représente I’énergie gagnée ou perdue par les radiations et () le moment gagné ou
perdu par le champ radiatif.

A T’équilibre thermodynamique, I'intensité spécifique est donnée par la fonction plan-
ckienne (voir (1.2)). Lorsque les radiations sont a ’état d’équilibre thermodynamique, on
peut calculer ’énergie radiative, le vecteur de flux radiatif, et le tenseur de pression radia-
tive. Par exemple, en dimension trois, on calcule I'énergie radiative comme

1
En = / B(6,v)dvdv
C Jr+/S2
2k*0* 3 2k16* >
— dr = 3 —nzq
h3¢3 /R+ v —10" " B33 /R+x nz::le B

12k N 1 2kt o
h3c3 nt  15K3¢3°7 e

04

[T . L. . . 9. e . _ 2k*gS
ou l'indice supérieur * indique I’équilibre thermodynamique, et 0 = %3

de Stefan-Boltzmann. Rappelons que dv est la mesure de Lebesgue normalisée sur la sphére
S?. Comme le champ radiatif est isotrope et homogéne, on a F » = 0, car a I'équilibre
thermodynamique, il n’y a pas de flux d’énergie. Pour le tenseur de pression radiative, on
a

est la constante

o6? p*
Php=—I3==-1
R 3 3 3 39
ou p est la pression moyenne définie par
_ 1 L on 22 33
PthT(PR):g(PR +Pg + Py’).

Rappelons qu’a I’équilibre thermodynamique, I’énergie radiative, le vecteur de flux radiatif
et le tenseur de pression radiative sont définis par
ot

o* Ft=0 P = —1. 1.6
cr R ’ R~ 3en 3 (1.6)

g

Er =

1.2.2 Effets Doppler, effets relativistes

On a introduit l'intensité spécifique radiative et les quantités associées avec la descrip-
tion du champ radiatif. Maintenant on va étudier les interactions entre la matiére et la
radiation, plus particuliérement trois phénomeénes : I’absorption des photons, ’émission
des photons et la dispersion des photons.

Jusqu’ici, nous discutions dans un repére fixe (le repére terrestre). Mais, dans beaucoup
d’applications la vitesse du milieu change d’un endroit & un autre et on doit considérer un
repére attaché en mouvement (le repére mobile) et il y a donc des différences suivant qu’une
quantité est mesurée dans le repére en mouvement ou le repére fixe. Lorsqu’on tient compte
des effets relativistes et de l'effet Doppler, des termes supplémentaires liés & ces formules
de changement de repéres interviennent dans les équations. Mais les deux choix de repéres
ont chacun des avantages et des inconvénients. Comme indiqué dans le travail de Mihalas
et Klein [48], I'équation (1.3) écrite dans le repére fixe concerne les dérivées en temps ¢ et
en espace x. Quant au repére mobile, il nous donne une équation plus compliquée, prenant
en compte les dérivées non seulement en temps ¢ et en espace x, mais aussi en direction
v et en fréquence v. Par contre dans le repére en mouvement, on peut facilement spécifier
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les propriétés thermodynamiques, particuliérement quand les coefficients d’absorption et
d’émission du photon par les atomes sont isotropes, alors qu’elles deviennent anisotropes
dans le repére fixe. On va désormais introduire le lien entre les quantités mesurées dans
chaque repére.

Soit u(t,x) la vitesse du milieu, on définit le facteur de Lorentz comme

1
T(t2) = ———— (1.7)
| _ luto)

c2

Alors les formules suivantes lient la fréquence v© et la direction v° des photons mesurées
dans le repére en mouvement, & la fréquence v et la direction v mesurées dans le repére
fixe,

0o _v-u o_ vV _I U T
v =vY(1 — ), v =5 <v Cu(l — T—|—1)>7 (1.8)

ol on a omis la dépendance en (¢,z) de la vitesse u du milieu. A partir de maintenant,
I'indice supérieur 0 indique les quantités mesurées dans le repére en mouvement.

Il est naturel d’écrire les équations dans le repére fixe. Mais comme indiqué dans le
travail de Mihalas et Klein [48], les interactions matiére/radiation sont quant a elles mieux
décrites dans le repére en mouvement, ot on a

B 1
Q 0 Z<AN_1 0.2(1/07,00’ UO’)JCO(UO/7 Vo)d'ljol
1) [ o2 ), (1.9
S —1

QU = L0, 0) (BOX,0) = 1°60,00))

avec [ le libre parcours moyen (“mean free path” en anglais) de la dispersion, [, le libre par-
cours moyen de I’absorption-émission, o4(v, v, v') le coefficient caractérisant le changement
d’un photon de fréquence v, de la direction de v" & v, 0,(v, v) le coefficient caractérisant
les processus thermodynamiques, et B(v,#) la distribution planckienne. Ici on fait 'hy-
pothése que les photons sont émis & 1’équilibre thermique avec un corps noir. Un photon
est censé voyager en ligne droite avec la vitesse ¢ jusqu’a collision. Alors le mouvement du
photon peut étre considéré comme une suite des chemins en ligne droite qui se terminent
par des collisions, desquelles le photon émerge sur un nouveau chemin. Chacun de ces vols
entre les collisions s’appelle un chemin libre. Le libre parcours moyen est défini comme la
longueur moyenne des chemins libres. Alors on peut définir ainsi le libre parcours moyen
de la dispersion I et le libre parcours moyen de l’absorption-émission [,. Notons que le
terme [ o5(v, v, V') f(v')/lsdv’ caractérise, en fréquence v, le nombre de photon lorsque
I'on passe de direction v & la direction v'; et le terme [ og(v, v/, v) f(v)/lsdv’ caractérise,
en fréquence v, le nombre de photon changé lorsque I'on passe de direction v’ & la direction
v. Dans le repére mobile, la dispersion est conservée, c'est-a-dire [[ Q*%dv°dr? = 0, qui
est non valide dans repére fixe.

En utilisant les relations de conversion obtenues par (1.8), on obtient le terme source
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écrit dans le repére fixe

Q - QS + Qt')
1 1
Q= z{A(v)2 /S o (v, v, ) f(, V) AW )
(0, , 1.10
—A(U)f(vyéj) - Wd’[} }, ( )
a\"» ’0
ot A(v) est défini par
At = 1 - wute) 1.11
o) = = T o

c2

Notons que I'on a omis la dépendance en (¢,z) dans (1.10). Finalement, en tenant compte
de ces corrections, I’équation de transfert radiatif (1.3) devient

1 1 1
Eatf +v-Vof = lS{A(U)Q /SNI os(v,v,0") f(V, VYA (W)dY

os(v,v',v)

—A)f(v,v) /SN1 de } (1.12)

+O'a(1/, v){B(yO,Q)
lg A(v)?

- A .
qui est écrit dans le repére fixe.

1.2.3 Couplage avec I’hydrodynamique

On a introduit le champ radiatif et les interactions entre la matiére et la radiation. En
ce qui concerne le probléme de ’hydrodynamique radiative, on s’intéresse aussi a 1’écou-
lement de la matiére. Pour ’hydrodynamique radiative, la matiére est généralement dans
I’état gazeux. On considére que le gaz est modélisé comme un continuum, ce qui signifie
en particulier que le libre parcours moyen moléculaire est beaucoup plus court que la lon-
gueur d’écoulement et le libre parcours moyen des photons. Dans les conditions physiques
auxquelles on s’intéresse, les effets visqueux sont négligeables. Les équations hydrodyna-
miques résultent des conservations de la masse, du moment et de I’énergie, & un volume
différentiel de 'espace. On commence par les équations d’Euler relativistes qui s’écrivent,
en négligeant pour le moment les échanges radiatifs,

Op + Va - (pu) =0,
O(YTHpu) + V- (YTHpu @ u) + Vap =0, (1.13)
eMTHp—§)+vmeHmo:Q

ol p est la densité du gaz mesurée dans le repére fixe, et on note p® la densité mesurée
dans le repére mobile, tel que p = Tp°, u est la vitesse du fluide, alors que Y est le facteur
de Lorentz, défini par (1.7), H est 'enthalpie, définie par

e+ Yp/p

H=1+—3"F

C
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e étant I’énergie interne spécifique, et p la pression. On suppose que le gaz satisfait la loi
des gaz parfaits p = %, de sorte que H = 1+ (“gif)e, avec la constante adiabatique I'.
Notons que (1.13) représente les équations relativistes de I'hydrodynamique sous forme
conservative pour un volume fixé dans l'espace. En d’autres termes, I'intégration de ces
équations sur un volume arbitraire fixé dans I'espace donne des résultats qui peuvent étre
interprétés en tant que conservations de la densité relative, du moment et de ’énergie dans
ce volume. Les équations hydrodynamiques relativistes en ’absence d’un champ radiatif
sont données dans beaucoup de littérature sur la relativité et la mécanique de fluide, par

exemple dans [49, 17, 43, 9, 61, 51].

En supposant |u| < ¢, on néglige les termes d’ordre 2 en
d’Euler classique

|u]

. et on obtient le systéme

Op+ V- (pu) =0,
Oc(pu) + Vg - (pu®@u) + Vep =0, (1.14)
A (pE) + Vo - (pEu + pu) =0,

2
ou K =e+ |u7| est 'énergie totale spécifique. Notons que la loi des gaz parfaits devient

p = I'pe en négligeant les termes d’ordre 2 en % dans T, et que (1.14) est aussi la limite
non-relativiste du systéme hydrodynamique, voir [49, 39, 40, 43].

Maintenant on considére les effets radiatifs dans les équations hydrodynamiques (1.14),
les conservations de la densité, du moment et de I’énergie. Si une radiation significative est
présente, on doit inclure le moment radiatif et I’énergie radiative dans ces conservations.
La prise en compte des échanges d’énergie et du moment avec le champ radiatif conduit
au systéme couplé suivant

Op+ V- (pu) =0,
O(pu) + Vu - (pu@u) + Vep = —QF,
O(pE) + V- (pEu+ pu) = —Qp, (1.15)

1
Eatf"i'v : vxf = Q7

ot on rappelle que Q est défini par (1.10), et Q g, QF sont définis par (1.5). Rappellons qu’en
dérivant (1.15), on néglige les termes d’ordre 2 en @ dans les équations hydrodynamiques,
mais pas pour l'équation du transfert radiatif (1.12). On mentionne que Mihalas et Klein
ont étudié I’approximation de I’équation radiative a I'ordre de O(%) dans [48].

1.2.4 Modéle gris

L’équation de transfert radiatif (1.12) peut se simplifier en supposant que les coefficients
os et 0, sont indépendants de la variable de fréquence v : ¢’est I’hypotheése dite du transfert
radiatif “gris”. Cette hypothése peut étre raisonnable pour le coefficient de dispersion oy,
par exemple en considérant la dispersion de Thomson ( voir [6, 51]), mais elle est plus
discutable pour le coefficient d’absorption o,. Cette hypothése permet toutefois d’intégrer
(1.12) suivant la variable v sur l’ensemble R*. Tout d’abord on introduit les notations
suivantes

f(t’xa’L)): f(t,l‘,v,l/)dl/,
R+
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2h (V0)3 dv
0 _
/]R+ B(v",0)dv = /]R+ 2 ohk0) _ |

1

ott B(A) = 06*/m est la fonction intégrée de la distribution planckienne, on rappelle que
25 k4

0 = if5 est la constante de Stefan-Boltzmann. Avec ces notations, on intégre (1.12) par

rapport & la variable v sur 'ensemble RT, et on obtient I’équation intégrée suivante

CoT VT =0, (1.16)
avec
Q = Q@+Q, (1.17)
. o 1A o
o _ _oa(BO) 5
Q _ . Qtdlj = la < A3 Af), (119)

oll < - > désigne l'intégration par rapport a la variable de direction v’ sur la sphére SV—1.
Dans ce cas “gris”, les termes de bilan d’énergie Qg et d’impulsion QQr peuvent étre

écrits comme :

Q= Qdv =(Q),

gN-1

Qr= [ vQdv=> Q).

SN—

ol on a omis la notation surlignée. Le modeéle (1.15) se simplifie alors sous la forme suivante

dp+ Vg - (pu) =0,

O(pu) + Vi (pu® w) + Vap = = (4Q),
A(0E) + Ve (pBu-+) =~ (@)
O Vel = Q,

ol ) est désormais défini par (1.17). Notons que I’énergie tatale spécifique F est la somme
de I'énergie interne spécifique e et I'énergie cinétique u?/2, et que la pression p satisfait
la loi des gaz parfaits p = (7 — 1)pe. C’est le premier modéle que 'on étudiera : dans
le chapitre 1 on établit I'existence locale en temps et 1'unicité de solutions réguliéres de
(1.20), en suivant les approches classiques pour les systémes hyperboliques.

(1.20)

1.2.5 Existence de solutions en temps petit

Le premier résultat de ce travail est consacré a I’étude mathématique du systéme (1.20)
qui couple une équation cinétique et les équations d’FKuler. On s’inspire de la démarche
introduite par Kato dans [24] pour obtenir un théoréme d’existence locale général pour le
probléme de Cauchy associé a un systéme hyperbolique. La théorie des solutions locales en
temps pour un systéme de lois de conservation de la forme

N
O+ O f5(u) =0, (1.21)

i=1
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ottu =u(t,r) € R™, et x = (x1,72, -+ ,xn) € RV, est bien établie dans [35, 1, 34, 45, 55].
En particulier, cette approche s’adapte pour le systéme d’Euler, sans couplage avec I’équa-
tion cinétique, pourvu que les données initiales soient suffisamment réguliéres : il existe
un intervalle de temps maximal sur lequel il existe une unique solution réguliére. Ce ré-
sultat est général aux systémes de lois de conservation ayant des propriétés particuliéres :
hyperbolique et symétrisable. Par exemple, dans [45], Majda utilise la notion de systéme
symétrisable au sens de Friedrichs, c’est-a-dire qu’il existe une matrice Ag = Ap(u) symé-
trique et définie positive, telle que u — Ap(u) soit bornée uniformément sur tout compact
G, et Aj(u) = Ap(u)0yf; est symétrique pour j = 1,2--- , N. Alors on montre I'existence
locale de solutions de I’équation quasi-linéaire

N
Ao(u)dpu + >~ Aj(u)dy,u =0,
=1

par la stratégie introduite par Kato dans [24]. On obtient ainsi I’existence locale de solutions
du systéme de lois de conservation.

Nous utilisons ici la méme technique pour montrer ’existence en temps petit pour le
systéme couplant les équations d’Euler et I’équation cinétique. En pratique, il est plus
agréable d’écrire les équations hydrodynamiques en prenant pour variables indépendantes
la pression p, la vitesse u et I’entropie S. Les équations d’Euler en les variables p, u, .S sont
symétrisables au sens de Friedrichs. Pour I’équation cinétique, on intégre sur les caracté-
ristiques en supposant données les inconnues “fluides” et on obtient ainsi les estimations
clefs qui permettent de mettre en place une méthode de point fixe.

Un tel systéme couplé Euler-cinétique a été étudié dans [4] et [3], motivé par la modé-
lisation d’écoulements fluide/particules. Toutefois le couplage traité dans [4] et 3] a une
nature différente puisqu’il provient de termes de force de frottement, au lieu de termes
source collisionnels . Nous mentionnons également les travaux récents [62]| exécutés indé-
pendamment du noétre, qui sont consacrés a ’analyse d’un probléme trés proche de (1.20).
Le modéle étudié dans [62] est non-relativiste et incorpore la dépendance par rapport a la
variable de fréquence.

Sans surprise notre résultat d’existence local est le théoréme suivant :

Théoréme 1.1. Soit s un nombre entier tel que s > N/2 + 1. Soit G1 un ouvert relati-
vement compact dans RT x RN x R*. On suppose que les données initiales (po,uo, €o, fo)
satisfont

po(z) PO — Po
U()(.’L') S Gl, uo € HS(RN),
60($) eg — €p

et
fo>0, fo—Foe LXSNHHA®RY) (LR x sV,

ou py, €p et ?O sont des constantes strictement positives telles que (py, 0, €o, 70) 501t une
solution constante du systéme (1.20). Alors, il existe un temps T > 0, tel qu’il y a une
unique solution réguliere (p,u, e, f) du systéme (1.20), qui vérifie

(p = po,u,e —eo) € C([0,T]; H*(R™)),

et
f = fo € C([0,T]; L*(S¥1; H*(RY))).
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1.3 Un modéle simple de gaz radiatif

1.3.1 Discussion asymptotique : le régime Non-TEL

Maintenant on présente une discussion asymptotique du systéme qui couple 1’évolution
des radiations et la dynamique des gaz. Ici, on ne tient pas compte de ’effet Doppler et on
suppose que les coefficients o, o5 sont des constantes positives. Alors I’équation cinétique
peut s’écrire simplement

oo Vaf = (0 - 1)+ (200~ 1),

Notons que le premier terme a droite caractérise la dispersion et le deuxiéme caractérise
Pabsorption-émission. Avec ces simplifications, Qg et @ définis dans (1.5) peuvent s’écrire

Qr = 11 (Z6'—n),
=g (Trg)en.

On obtient le systéme couplé
Op+ V- (pu) =0,
1 /o0y o4
O(pu) + V- (pu@u) + Vup = p < + ) (vf),

il
0i(pE) + Vy - (pEu + pu) = _% (%94 - (f>>7 (1.22)

Sof oo Vaf =2 ((0) - 1)+ (200 - ).

1
/ / fdvdx—i—/ pEdx
C RNJSN-1 RN

est conservée formellement.

Afin de juger plus facilement 'importance relative des divers phénoménes dans un flux,
et la nature quantitative de flux, il est utile d’étudier les équations sous forme adimension-
nelle. D’abord on introduit quelques échelles hydrodynamiques. Soit L I'unité de longueur
d’observation, u., la vitesse du son typique du gaz qui est I'unité de vitesse du fluide, po
I'unité de densité, et A, I'unité de température. Alors on pose

Notons que ’énergie totale

L . R
r=Lz, t=—t, p=pcp, 0=0x0. (1.23)
o0

Notons que le chapeau désigne une quantité adimensionnelle. Et on définit les unités de la
pression p et d’énergie spécifique E comme

R - o4
p=poctilh, EB=ulE, f=—0.f, (1.24)
notons que l'unité de l'intensité spécifique f n’est que B(f ), la fonction intégrée de la

distribution planckienne a la température 0, voir (1.6). Pour écrire (1.22) sous forme
adimensionnelle, quatre parameétres sans dimension interviennent :



Introduction 11

c
- C = —, le rapport de la vitesse de la lumiére et de la vitesse du son typique du gaz,
Uoo

Ls
-Ls= T le nombre de Knudsen associé a la dispersion,

la . . .
- L, = i le nombre de Knudsen associé a ’absorption-émission,
o pnd

- P = =, facteur qui compare I'énergie radiative et I'énergie du gaz.
Le systéme (1.22) devient ainsi

PC
OpE) + Vo (p Eutpu) = ——0, (01— (f) ).
1 Us (é'a 4
=0 Vef =+ — — (0 —f) .
Notons que ’on a omis le chapeau dans toutes les quantités. D’abord on suppose que C > 1
et P d’ordre 1. On s’intéresse au régime hors-équilibre, ol la dispersion est dominante dans
les interactions, donc L, et L, vérifient dans ce cas

1
LS—E, L, =C.

On introduit le développement de Hilbert

(1.25)

1 1
f:f(0)+Ef(l) +§f(2) TR
puis on l'insére dans ’équation cinétique, c’est-a-dire la quatriéme équation du systéme
(1.25). En identifiant les termes de méme d’ordre en puissances de C, il vient
-termes en C : < fO > — () =0, alors f(© ne dépend pas de la variable v, et on note
£ (t,z,v) =n(t, ),
- termes en C° : v -V, fO = o (< A > —f(l)) , comme < f() > ne dépend pas de la

variable v, donc f(l)(t,a:, v) = _a% v - Ven(t,x),
- termes en C ! : 9,0 + v -V, D) = g, (< f@ > —f(Q)) + (04 — f(O)) , on l'intégre
en v sur Pensemble SV=1, notons que fO(t,z,v) = n(t,z), et fO(t,z,0) = —Ui v

s

V.n(t,z), et on obtient
1
N oy
Notons que pour le terme source de la deuxiéme équation dans (1.25), on a
o 4 o
<£‘Z + EZ) wf) ~ oy <vfl >= —Nsvxn.

Alors, on obtient le systéme limite suivant

atn —

Agn =0, (0" —n).

(0p+ V- (pu) =0,

Po,
B(pu) + Va - (pu®u) + Vep = — ]3 X
H(pE)+ Vo (pEu+pu) = —Pog (0 —n),

on — Agn =0, (0% —n).

N oy
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La hiérarchie de modéles peut étre complétée en supposant maintenant que P, o, et
o, vérifient les relations suivantes

P11, Po,=1, Nos=1/0,,
et on obtient le systéme couplé de type hyperbolique-elliptique
Op+ Vg (pu)=0,
d(pu) + Vg (pu®u)+Vap=0,

O(pE)+ V- (pEu+pu)=n—6,
—A,n=0*—n.

(1.26)

Ce modéle décrit encore des échanges d’énergie entre radiations et matiére, ici dans un
régime diffusif hors équilibre. C’est le deuxiéme modéle qu’on analyse dans ce manuscrit.

1.3.2 Existence de profils de choc

Le deuxiéme résultat dans ce travail est consacré a ’étude mathématique du systéme
(1.26) qui couple une équation elliptique et un systéme hyperbolique, via ’échange d’éner-
gie, dans le cas monodimensionnel z € R. Rappellons que les trois premiéres équations dans
(1.26) ne sont que les équations de dynamique des gaz influencé par ’énergie radiative n.
Dans le travail de Sideris [57], il est montré que, pour une certaine de données initiales,
les solutions réguliéres des équations de la dynamique des gaz, explosent en temps fini.
Cette explosion en temps fini des solutions de la dynamique des gaz est liée & la formation
d’ondes de choc. Si on étudie les solutions faibles, il y a toujours des problémes d’unicité.
On introduit le critére entropique qui nous permet de trouver la solution physique parmi
les solutions faibles et définit 'onde de choc des équations de la dynamique des gaz.

On écrit le systémes de la dynamique des gaz, (1.14), sous forme vectorielle, comme

P pu
Oy ou + 0y pu? +p =0, (1.27)
ple+u?/2) (pu?/2+ pe+p) u

ol on a écrit I’énergie totale £ comme la somme de 1’énergie interne et I’énergie cinétique :
E = e +u?/2. Rappelons que la pression p satisfait la loi des gaz parfaits p = (y — 1)pe.
Alors le systéme (1.27) peut s’écrire sous forme de quasi-linéaire suivante

p u p 0 p
ol w |+ 2w y-1 o | w | =0, (1.28)
€ 0 (y—1e w e

ol la matrice admet comme valeurs propres

Al:u_V7(7_1)67 )\2:u7 )\3:U—|— \/7(7_1)67

avec les vecteurs propres suivants

—p (y—=1p p
= Yy—=1Ne |, r2= 0 ;T3 = Yy —1e
—(y—1)e —(y—1e (y—1e
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Notons que dA; - 75 = (1 +v)\/v(y—1)e/2, for j = 1,3, et que dAy - 79 = 0. Alors, le
premier et le troisiéme champs caractéristiques sont vraiment non-linéaires, et le deuxiéme
est linéairement dégénéré, voir |35, 58, 55].

Une onde de choc est une fonction de la forme

puoen ={ {00 G0 120
qui satisfait la condition de Rankine-Hugoniot :
p pu
—0 U + pu? + ype, =0, (1.30)
p(e+u2/2) (pu?/2 + pe +p) u
ou [-] désigne le saut a travers le choc, défini par,
o] =0y —v_, v=p, pu, ou ple+u/2),
et la condition entropique
A <o <min{\[,\J} oubien max{\;,\} <o <Aj, (1.31)

ot A] désigne la valeur de \; évaluée a l'état (p_,u_,e_), o s’appelle la vitesse du choc, et
(p—,u_,e_) (resp. (p4+,uy,ey)) 'état de gauche (resp. I’état de droite). Plus précisément,
pour 1— choc on a

o<uy <u_, (1.32)

(pour cette inequalité, on peut consulter dans [58, 55].) Donc par (1.30) on obtient
[p] >0, (1.33)
alors 1-choc est dit compressif. Et 3-choc est dit extensif au sens suivant
o>uy >u_, [p]<O. (1.34)

Maintenant nous revenons a notre systéme (1.26) qui couple une équation elliptique et
un systéme hyperbolique, via I’échange d’énergie. Avec 'influence de I’énergie radiative,
que devient la structure d’onde du choc ? On fixe quelques notations et on donne le résultat
principal.

D’abord on écrit I’équation elliptique sous la forme

n(t,x) — Open(t,x) = 0(t, x)4,

ou on rappelle que n représente ’énergie radiative, et que cette équation décrit les radia-
tions dans un régime stationnaire de diffusion. On introduit 'opérateur K, l'inverse de
lopérateur 1 — 0zz. On a

1

n(t, ) = (K6)(t,) = | / v (1, ) dy (1.35)
R

Définissons une nouvelle quantité g par

q(t,x) == =0yn (t,x) = ;/Re_x_y' sgn(z —y) 0(t, y)* dy (1.36)
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qui est interprétée comme le flux de chaleur radiative. On obtient —0,q = n — 6*. Alors en
utilisant ¢, les équations fluides se simplifient en

dy(pu) + de(pu® +p) =0, (1.37)
H(pE)+0:(pEu+pu+q) =0,

avec I'énergie totale E = e + u?/2 ot I’énergie interne e et la pression p satisfont p =
(7—1)pe. Notons que la différence entre (1.37) et les équations d’Euler usuelles, voir (1.27),
est la présence du flux de chaleur radiative q. Rappelons que I'on s’intéresse a l'influence des
échanges d’énergie sur la structure des ondes de chocs. Plus précisément, on suppose que
(p,u,e)(t, x) définie par (1.29) est une onde de choc, solution des équations d’Euler usuelles
(¢ = 0 dans (1.37)), c’est-a-dire que (p, u, €)(t, x) définie par (1.29) satisfait la condition de
Rankine-Hugoniot (1.30) et la condition entropique (1.31). On voudrait savoir s’il existe
un profil de choc régulier (p,u,e)(x — ot), solution du systéme (1.37), avec ¢ donnée par
(1.36), qui lisse (1.29), solution discontinue des équations d’Euler. En d’autres termes, on
va chercher une solution réguliére au systéme (1.37), du type

(p,u,e)(t,m) = (pa U, e)(a: - Jt)a

et vérifiant la condition asymptotique

(Jm (p,us€)(€) = (par, e, ex) (1.38)

Ce probléme présente des analogies avec la régularisation visqueuse des équations de
la dynamique des gaz compressibles, telle qu’elle est traitée par D. Gilbarg dans [16].
Concernant le transfert radiatif, une analyse formelle est présentée dans 22| appuyée par
des simulations numériques. Un modéle plus simple a été introduit et étudié dans [27,
29, 54]. Ce modéle simple consiste en une équation de type de Burgers, couplée avec une
équation linéaire de diffusion,

2

u
Opu + Oy (3) = =0, (1.39)
—Opeq+q=—0zu.

Notons que ces deux équations peuvent se simplifier en une équation scalaire

8tu+am<“22> — Ku—u, (1.40)

ou K est un opérateur intégral, voir (1.35). Cette équation est analysée dans [50, 33, 41, 56].
On mentionne particuliérement le travail de Kawashima et Nishibata [27], qui ont montré
Iexistence et la régularité de profils de choc, et analysé leur stabilité asymptotique. Nos
travaux sont une premiére tentative de prolonger les résultats connus pour (1.40) au modéle
plus physique (1.37). Nos résultats s’énoncent ainsi :

Théoréme 1.2. Supposons que la constante adiabatique v satisfait

VT+1

VT -1

Soit l’état de gauche (p—,u_,e_) fixé. Alors, il existe une constante positive & (dépendant
de p—,u_,e_ et ), telle que pour tout état de droite (p4,u,e), qui satisfait

1<y< ~2.215.
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N H(p—l-au-f—a €+) - (p—?u—a 6—)” <9,
— la fonction (1.29) est une onde de choc, avec la vitesse o, pour les équations classiques
d’Euler,
il existe une onde progressive (“traveling wave” en anglais), (p,u,e)(x — ot), de classe C?,
solution du systeme (1.37), avec q donnée par (1.36) et la condition asymptotique (1.38).
De plus, l’onde progressive satisfait

d

—(p,u,e < Cluy —u_|?,
0w 0©]<clu

pour une certaine constante C' > 0.

Théoréme 1.3. Supposons que la constante adiabatique v satisfait

1
~ 2.215.
V7-1

Soit létat de gauche (p—,u—,e_) fixé. Alors, il existe une suite décroissante de constantes
positives (0p)n (dépendent de p_,u_,e_ et-y), telles que pour tout état de droite (p+,uy, e ),
qui satisfait

B H(p-l-vu-H 6+) - (p—7u—7 6_)H < 5717

— la fonction (1.29) est une onde de choc, avec la vitesse o, pour les équations classiques

d’Euler,

il existe une onde progressive (p,u,e)(z — ot), de classe C" 2, solution du systéeme (1.37),
avec q donnée par (1.36) et la condition asymptotique (1.38). De plus, l'onde progressive
satisfait

l<y<

dl
]%xmw@@ﬂgcm+—uV“.

oul=1,2,---, n+1, et C est une certaine constante.

Remarque 1.4. La restriction sur ~y est peut-étre superflue, mais elle simplifie la démons-
tration et elle couvre les cas physiquement intéressants 1 < v < 2.

Remarque 1.5. Les petits paramétres 0, sont explicites pour le modéle scalaire (1.39),
voir [27]. Mais ici, pour le systéme (1.37), ils dépendent de l’état de gauche p—, e_, u_, et
de la constant ~.

En effet 'existence du profil de choc est construit en “collant” deux orbites hétéroclines
d’un systéme auxiliaire. Les régularités sont obtenues en étudiant au point ot on colle les
deux orbites hétéroclines.

Plus précisément, on écrit le systéme (1.37) en une seule variable £ = z — ot. Tout
d’abord on écrit le flux de chaleur radiative q en cette variable par

1
q(z —ot) = 3 /R e PtV gen(z — ot — y) O(y)* dy . (1.41)

v—1

Par la condition asymptotique (1.38), 8 = e et le théoréme de Lebesgue, on déduit que

q tend vers zéro quand & tend vers +oo. Puis on introduit une nouvelle variable v = u — o,
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qui peut étre interprétée comme la vitesse dans le repére du choc. Alors le systéme (1.37)
se réduit au systéme

(pv) =0,
(pv* + (v —1)pe) =0, (1.42)
(pv(e+ %)+ (y—1)pve+q) =0,

Notons que on écrit 1’énergie specifique E sous la somme e + u2/2, et la pression p =
(v — 1)pe. Puis on intégre (1.42) sur 'ensemble (—o0, ] et on obtient

(pv)(&) =17,
(pv2+(y—1)pe)(&) =jCh, (1.43)
(pv(e+%)+(y—1)pve+q)(€) =jCa,

ou j, Cq, Cy sont constantes d’intégration définies par I’état de gauche comme

J=p-v_,
jCi=p-v2+(y=1p_e_,

2
§Cy=p-v (e +5)+(v—1)p_v e,

En utilisant ces constantes d’intégration, on obtient les relations suivantes :

(C1 —v(§))v(§) '

J
pl&)=—=, e = 1.44
©= 5. oo =" (1.4
On insére ces relations dans la troisiéme équation de (1.43) et on obtient I’équation sui-
vante s 2~ C 2(y—1)Cy  2(y—1)
2 71 v 2 v~
— + = - . 1.45
w92 = o) + S = e (1.45)
Notons que ¢(§) est donnée par (1.41) en terme de la température 6, qui peut s’écrire par
cem (=1 _ (€1 v(©) v(e)
vy—1)e 1—v())v
0(&) = = . 1.46
©="""% = (1.46)
Alors (1.45) se réduit en une fonction d’intégration par
2~ C 2(y—1)C
w(e)? - 21 (g 20D
U= —le~yl 1 4
=—"—|[e s — Cy— dy .
e [T sl = ) 0) (€ = o)

Alors nous voulons chercher une solution v, de classe C? de (1.47), telle que v(¢) tends

vers v+ quand £ tends vers +o0o. En revanche s’il existe une telle fonction v de classe C?,

on peut obtenir le profil de choc p(§) et e(§) (ou 0(€)) par les relations (1.44) (1.46).
Notons que (1.47) est équivalente a I’équation suivante

(0(€) — v )(0(&) —vy) = 1Y

= i [ s = o) (€= o)

car le flux de chaleur radiative s’annule en =+oo.
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Comme nous voulons chercher une solution v de classe C?, on différencie (1.47) deux
fois, on obtient I’équation suivante

TN 2 ()2 — 4(yv—1) — )33 — %)
)"+ (V') TR (C1 —v)?v” (Cy — 2v) (1.48)

Notons que (1.48) est une équation différentielle d’ordre 2, qui est plus facile & étudier que
(1.47), une équation intégrale. De plus on peut écrire (1.48) sous la forme d’un systéme
différentiel d’ordre 1. Pour cela, une nouvelle variable intervient ¢ := v — % On ale
systéme différentiel d’ordre 1 comme :

= w 5

52 — g2 (1.49)
2 )

tw = —w?— f(H)w+

ot f(¥) est un polynéme d’ordre 7, et a = w caractérise la taille du choc.

La condition asymptotique du systéme (1.49) est donnée par

lim (v,w) = (Fa,0), 1-choc, lim (0,w) = (%a,0), 3-choc,

E—+o0 §—+to0

ot on a utilisé la comprsiblilté du 1-choc et la extensité du 3-choc, voir (1.32)-(1.34). Notons
que (%a,0), sont des points stationnaires du systéme (1.49). Alors l'existence du profil de
choc est équivalente & l'existence d’orbite hétérocline qui lie ces points stationnaires. S’il
existe une telle orbite, alors ¢ doit s’annuler au moins en un point. Mais le systéme (1.49)
est singulier en 0 = 0.

Donc il est pratique de travailler avec un systéme auxiliaire sans singularité. Le systéme
auxiliaire est donné par

Vo= VW,
2 2
W = —W2—f(V)W+M. (1.50)

2

Comme nous venons de le voir, le profil de choc est construit par deux orbites hétéhoclines
du systéme (1.50). Dans le chapitre 2, on prouvera que (1.50) a un point stationnaire (0, w)
sur 'axe V = 0, et qu’il existe deux orbites hétéhoclines reliant (a,0) et (0,wp), (—a,0) et
(0, wy), respectivement.

C’est les idées des preuves des notre résultat. Les détails sont donnés dans le chapitre
2. On remarque que pour le modéle simple (1.39), Kawashima et Nishibata résolvent le
systéme

v = w,

% — a?

2 9

ow = —w?-— w4+

qui est plus simple (mais aussi trés proche) que (1.49). En particulier, ici, f(V) n’est
pas une constante, mais un polynéme d’ordre 7, de plus, f(0) dépendent de choc par les
constantes d’intégrations j, C'1, Cs. C’est la premiére restriction nonexplicite du choc de
déduire I'existence du profil de choc.
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1.3.3 Stabilité asymptotique des profils de choc

Le troisiéme résultat dans ce travail est la discussion de la stabilité du profil de choc
du systéme (1.26). Dans la section 1.3.2, on a étudié 'existence et la régularité du profil
de choc, voir Théoréme 1.2 et Théoréme 1.3, en coordonnées euleriennes. Ici on traite
la stabilité du profil de choc en coordonnées lagrangiennes. Les variables conservées sont
la densité p, I'impulsion pu et I'énergie totale p E, avec E = e + u?/2, en coordonnées
euleriennes, voir (1.26). Mais en coordonnées lagrangiennes, on a une forme plus simple
des variables conservées : le volume spécifique 1/p, la vitesse u et I’énergie totale spécifique
E = e+u?/2. Alors, on écrit le systéme (1.26) en coordonnées lagrangiennes. Soit s € R™
et y € R les variables du temps et de 'espace en coordonnées euleriennes. On écrit le
systéme (1.26) avec ¢ la variable de flux de chaleur radiative, comme

Osp+ Oy(pu) =0,
ds(pu) + y(pu*+p) =0,

(1.51)
Os(pE)+ 0y(pEu+pu+q) =0,
_ 4\ —
yya +q+ (9 )y_()"
De I’équation de la conservation de la masse
0sp + Oy(pu) =0,
on déduit que p dy — pu ds est fermée, donc exacte. On introduit une variable z définie

par
de = pdy — puds,

qui s’appelle coordonnée lagrangienne de masse. On note par v = 1/p le volume spécifique
et par t la variable du temps en coordonnées lagrangiennes. On obtient la relation suivante
entre les coordonnées lagrangiennes et les coordonnées euleriennes :

dy = vdx + udt,
ds = dt.

On consideére des équations en coordonnées euleriennes de la forme
Osp + Oy = 0, (1.52)
qui est équivalente a la forme suivante

d(pdy — ¢ ds) = 0.

En utilisant la relation entre les coordonnées lagrangiennes et les coordonnées euleriennes,
on obtient
d(pvdz + (pu — ¥)dt) = 0.

Donc, on obtient cette équation écrite en coordonnées lagrangiennes

O (pv) — 0y (pu — ) = 0.

Pour le systéme (1.51), on choisit des fonctions particuliéres ¢ et v, et on obtient les trois
premieres équations du systéme (1.51) en coordonnées lagrangiennes,

0w — Oyu =0,
Ou—+0xp=0, (1.53)
OE+0,(p+q) =0,
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couplées avec I’équation elliptique via ’échange de I’énergie
6xq 4

Notons que I’énergie radiative n et le flux de chaleur radiative ¢ sont reliés par

Ogn
q=— )
v

ce n'est qu’'une dérivation en coordonnées lagrangiennes. Rappellons que la pression p
RO RO
satisfait p = —, e = o Cy0, par la loi des gaz parfaits, et que £ = e + u?/2 =
v v —
Cyf +u?/2. On ferme ainsi le systéme couplé (1.53) et (1.54).
Maintenant on va préciser le probléme mathématique auquel on s’intéresse. On suppose
que (V,U, 0, Q)(x —ot) est une onde progressive réguliére, disons au moins C#, du systéme

(1.53) et (1.54), qui satisfait la condition asymptotique

lim (V,U,0,Q)(§) = (v+, ux, 0+,0), (1.55)

§—+oo

ot (v4,us,0s) définissent une onde de choc, avec la vitesse o, solution des équations
d’Euler ((1.53) avec ¢ = 0). L’existence d’une telle solution onde progressive est assurée par
le Théoréme 1.3. On se pose la question suivante : est-ce qu’il existe des solutions globales
du probléme de Cauchy pour les équations (1.53) et (1.54), avec les données initiales

(v,u,0)(0,2) = (vo, ug, Oo)(x), (1.56)

dans un voisinage du profil de choc (V,U,0,Q)(x — ot)?

Encore une fois, de tels problémes de stabilité asymptotique des profils de chocs ont
été bien étudiés pour des systémes hyperboliques avec régularisation visqueuse : voir par
exemple, [23, 25| pour le cas scalaire, [21] pour des systémes généraux et [25, 47| pour les
équations de Navier-Stokes compressibles. Ici on s’inspire particuliérement des résultats de
[25, 47].

Matsumura et Nishihara, dans [47], ont montré la stabilité asymptotique des profils de
choc du p—systéme avec la régularisation visqueuse. Ils ont supposé que

— les perturbations initiales du volume spécifique v et la vitesse u sont de masse nulle,

— la taille du choc, |vy — v_|, est suffisamment petite,

— les primitives des perturbations initiales sont suffisamment petites dans ’espace

H?(R).
Sous ces hypothéses, une méthode d’énergie est appliquée au systéme intégré, complété par
les données initiales qui sont les primitives des perturbations initiales. L’existence globale
de solutions du systéme intégré est établie dans [47].

Dans [25], Kawashima et Matsumura ont généralisé les résultats de [47| au systéme
complet de la dynamique des gaz en traitant deux difficultés. La premiére difficulté, par
rapport au systéme général traité dans [21], est que le systéme n’est pas parabolique, puis-
qu’il s’agit d’un systéme entre une équation hyperbolique et deux équations paraboliques.
Cette difficulté est traitée par la technique développée dans [28, 46]. La deuxiéme difficulté
provient du fait que la variable conservée dans I’équation de la conservation de 1’énergie
est Cy0 + u?/2, alors qu'on a une régularisation visqueuse sur la température 6.
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Ici nous adaptons la méthode de Kawashima et Matsumura pour traiter la stabilité
asymptotique du profil de choc du systéme (1.53) et (1.54), qui couple un systéme hyper-
bolique et une équation elliptique. En utilisant les idées de |25], on introduit une nouvelle
variable pour la perturbation de la variable conservée de 1’énergie, par 'approximation
de la perturbation de la température. On développe cette méthode pour la perturbation
de la quantité g. La stratégie de [25] ne peut étre suivie directement, la linéarisation des
équations intégrées autour du profil ne permettant pas un controle des termes d’erreur par
de simples estimations d’énergie. Néanmoins, une symétrisation classique des équations
quasi-linéaires permet de traiter la difficulté dans le cas considéré ici. Par ailleurs, la dissi-
pation introduite par le terme d’échange d’énergie est plus faible que celle introduite par la
viscosité. Ceci conduit & considérer des perturbations dont les intégrales sont dans 1’espace
H3(R), au lieu de H?(R) dans [25, 21]. Enfin, le contréle de la variable ¢, qui satisfait
I’équation elliptique est une difficulté supplémentaire. Pour cette difficulté, on utilise la
méthode introduite dans [26], qui conduit a des inégalités entre la variable ¢ et la tempé-
rature 6, conséquence de ’équation elliptique. On établit ainsi des estimations Lf"(W;} %)
de la solution, au lieu de L2(W;™) dans [25, 21].

Notre résultat est le théoréme suivant

Théoréme 1.6. Soit (v_,u_,0_) fixé, et (vy,ut,04) définissant une onde de choc avec
(v—,u—,0_), et la vitesse de choc o. On note (V,U,0,Q)(&), £ = x — ot, une onde pro-
gressive, solution du systéme (1.53)-(1.54), qui satisfait la condition asymptotique (1.55).
Supposons que les données initiales vy, ug, et Oy satisfont

- (’U() — V,U() — U, 90 — @) S HQ(R);

— il eziste des fonctions ®g, Uo, Wo € H3(R), telles que

! ! 7N Uj U72
(I)O—’U()—V,\IJO—UO—U,(W()) =—Culy+ 9 - C,0 + 5 ,

et ||(®o, Yo, WO)”H?’(R) est suffisamment petit.
On suppose de plus que le taille d’onde de choc, vy — v_|, est suffisamment petite. Alors,
il existe une unique solution globale (v,u,0,q)(t,z) telle que

(v—V,u—U,0—0) €C%0,00; H*(R)),
¢—Q €C°%0,00; H*(R)),

et cette solution converge vers le profil de choc au sens suivant

sup |(v,u, 8,q)(t,x) — (V,U,0,Q)(x — st)] — 0 lorsque t— +o0.
zeR

Plus précisément, pour étudier la stabilité asymptotique du profil de choc, il est naturel

de définir les variables de perturbations, (¢, ¥, w, z)(t,£), des solutions (v, u, 0, q)(t,x)
autour des profils de choc (V, U, ©, Q)(§), ou & = x — st,

(v,u,0,q)(t, ) = (V,U,0,Q)(§) + (¢, ¥, w, 2)(t, §). (1.57)

En introduisant (¢, ¥, 0, z)(t, §) dans systéme (1.53)-(1.54) avec la condition initiale (1.56),
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on obtient le systéme satisfait par les variables de perturbation

Ot — SPg — Ve 290, o
_l’_
¢t—8¢g+<RV+Z;—Rv> =0,
P2 P2
(va—i-Uw—F) —S<va+U¢+)
o 2/ o 2/ (1.58)
+w
+R<V+¢(U+w)—VU)£+z5—O,
L@ g\ L (@2 (O 4wy, _
V<V @> V+¢<V+¢>§+Z+ vig 0
avec la donnée initiale
(¢7 ¢7w)(07§) = (¢07w07 wo)(f) = (UO - ‘/7 ug — U7 90 - @)(5) (159)

Notons que le prime désigne la dérivation en & des fonctions d’une seule variable £. Alors
la stabilité du profil de choc est équivalent &

— Dexistence globale en temps d’une solution (¢, ¥, w, z)(t,§),
— la solution (¢, 1, w, z)(t, ) satisfait

sup (¢, ¥, w, 2)(t,€)| — 0 lorsque t — +o0.
£ER

Notons que (1.58) est couple un systéme hyperbolique (les trois premiéres équations)
et une équation elliptique (la quatriéme équation). Pour montrer l'existence globale en
temps de solution du systéme (1.58), il faut travailler sur le systéme intégré, parce que la
monotonie du profil de choc donne une propriété de dissipation pour le systéme intégré.
Cet avantage nous permet d’obtenir les estimations a priori. Donc nous introduisons les
variables intégrées W, U, W, Z par

q)§_¢a
Ve = 1),
1 , 2
Wgzw—Cv(U\lJ—wQ>, (1.60)
_ Qi) 2

Les définitions de ® et ¥ sont naturelles. Mais la définition de W tient compte du fait
que la troisiéme variable conservée dans 1’équation de la conservation de ’énergie n’est pas
C,0, mais C,0 +u?/2. De plus on a considéré la non linéarité de 1’équation elliptique dans
la définition de Z. En utilisant ces variables intégrées et en intégrant systéme (1.58) sur
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I’ensemble (—o0, ], on obtient le systéme intégré suivant

B, — sBe — Ve = 0,
O+w ©

\I/t—s\I15+R<V+¢—V>—O,

(CuW +UW), — 5 (C,W + UW), + Rm(U + 1)
[ B 2 A (1.61)
Y +v+¢<€‘<v‘ V)"

Fra s (rea (- (F-9) 7))

VV+e) V+o\V+o\7¢ \V v))e
+Z+(©+w)t—-0*'=0,

avec la donnée initiale

(@, ¥, W)(0,8) = (o, Yo, Wo)(§) (1.62)

ou ®g, ¥y, Wy sont définies par ¢g, 1o, wy et le profil de choc V, U, W, Q. Alors le probléme
est équivalent & montrer 'existence globale en temps du systéme (1.61) avec la condition
initiale (1.62). La preuve de l'existence globale consiste en les trois étapes suivantes :

— On utilise la symétrisation classique des équations quasi-linéaire et obtient les estima-
tions L°°(L?) de ® (ou ¢), ¥ (ou ¢) et W (ou w) et leurs dérivées, et les estimations
L?*(L?) de Z (ou w) et leurs dérivées. Notons que la linéarisations des équations
autour du profil de choc, utilisée dans [25], n’est plus valable ici.

— On linéarise les équations autour du profil de choc, comme dans [25], et déduit les
estimations L2(L?) de ¢, ¢ et leurs dérivées.

— On déduit les estimations elliptiques par 1’équation elliptique. Ceci nous permet de
controler la perturbation z par la perturbation w, et réciproquement.

Les détails, par exemple, la convergence de ¢, 1, w, z, sont donnés dans le chapitre 3.

1.4 Modéle NON-LTE Uline radiative transfer

1.4.1 Equation de transport en transfert radiatif

Le dernier modéle abordé dans ce travail vise & décrire des interactions entre les états
internes atomiques de la matiére et les radiations. Ce travail a été réalisé en collaboration
avec L. Desvillettes. Les radiations sont décrites par son intensité specifique f(t,z,v,v),
fonction du temps t € RT, de la position z € R3, de la direction de déplacement des
photons v € S, et de la fréquence v € RT. Cette quantité satisfait 'équation de transport
suivante

SO 4 Vaf =0 XT, (1.63)

oll ¢ est la vitesse de la lumiére. Le photon se déplace & la vitesse de la lumiére dans la
direction v, 1 est le coefficient d’émissivité des photons par la matiére et x est le coefficient
d’extinction, qui caractérise 'absorption des photons par la matiére. Si 7 et x sont donnés,
alors I’équation (1.63) est linéaire en f et on obtient ’expression de f en intégrant sur les
caractéristiques. Mais en réalité, ces coefficients dépendent des états internes de la matiére.
Pour trouver cette dépendance, on étudie les interactions entre les radiations et la matiére.
On suppose dans la suite que la matiére est statique, la vitesse du milieu est nulle. Les
discussions sont menées dans un seul repére, le repére fixe.
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Notons que x et n sont le coefficient (total) d’émissivité et le coefficient (total) d’ab-
sorption des photons, qui comprennent les vrais processus thermiques et aussi les processus
de la dispersion (scattering en anglais). Ils peuvent étre écrits comme la somme d’une par-
tie thermique et d’une partie de dispersion, voir [49] §72. Mais en réalité, il est difficile de
distinguer un processus particulier, la plupart des processus est un mélange parce que les
processus radiatifs et de collision fonctionnent simultanément. Comme indiqué dans [49],
p-328, la véritable physique de la situation émerge seulement quand I’équation de transfert
est couplée directement aux équations de ’équilibre statistique, qui décrivent explicitement
comment des niveaux atomiques sont peuplés et dépeuplés.

1.4.2 Coefficients d’Einstein, transitions lié-lié

Pour étudier les interactions entre line radiative transfer et la matiére, on se donne deux
états d’énergie stationnaires : un état fondamental d’indice 1 avec I’énergie Eq, le poids
statistique g1, et un état excité d’indice 2 avec 'énergie Fy (F2 > E1), le poids statistique
go . La transition énergétique ne pourra s’effectuer que si la quantité d’énergie fournie est
au minimum égale & AE = FE5 — Fy, la différence d’énergie entre les deux états. Il y a
trois processus qui peuvent se produire lorsqu’un systéme de deux états est soumis a un
rayonnement de fréquence v, correspondant a la différence d’énergie AF, c’est-a-dire que
hv = AE. Ces trois processus sont :

— Absorption (induite) : On définit Bia le coefficient d’Einstein d’absorption induite

tel que la probabilité d’excitation du niveau E; vers le niveau E5 par seconde soit
Biap, et que I'énergie absorbée par chaque unité de volume soit

Eabsorp = n1312f¢(7/>h1/d1}dl/ s

ot np est la fonction de densité d’atomes au niveau E1, p(t, x) est l'intensité moyenne
intégrée sur le profil de ligne

p(t,z) = /R+ . flt,z,v,v)p(v)dvdr,

et la fonction de profil ¢(v) est décrite par exemple par le profil de Voigt, la convo-
lution du profil de Lorentz et du profil Gaussien.

— Emission induite : On définit Bs; le coefficient d’Einstein d’émission induite tel que
la probabilité de désexcitations du niveau Fs vers le niveau E; par seconde soit Bisp,
et que I’énergie absorbée par chaque unité de volume soit

Einduite =n2 le fqb(V) hvduvdv.

— Emission spontanée : On définit Aoy le coefficient d’Einstein d’émission spontanée
tel que la probabilité de désexcitations du niveau Fso vers le niveau E; par seconde
soit A9, et que I'énergie absorbée par chaque unité de volume soit

Espont = ngAgqu)(I/)hl/dUdI/.

A ces trois transitions radiatives, s’ajoutent des transitions lié-lié :
— Excitation de collision : On définit C5 le coefficient d’Einstein d’excitation de col-
lision qui est la probabilité de transition de collision du niveau FE; vers le niveau
E27
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— Désexcitation de collision : On définit C9; le coefficient d’Einstein de la désexcitation
de collision qui est la probabilité de transition de collision du niveau F9 vers le niveau
By
Notons que le coefficient de désexcitation de collision, Cs1, est souvent défini par Cy =
NeoiKo1, ot Ny est la densité des particules associés de collision, et Ko; est le taux de
collision, voir [12, 60].

Es, g9

A Biy NANNANANN—

hl/]g = AF

h””/@%\/\/\h» y By y Ay,

FiG. 1.2 — Trois processus radiatifs

A partir du bilan radiatif et de collisions et de la loi de Plank d’équilibre thermodyna-
mique, on obtient la relation suivante entre les coefficients d’Einstein :

Lemme 1.7. A21, Blz, Bgl, 012, et 021 Satisfont

Bz _ g2 Au _ 2l
By g1’ B 2’
o1 _ 91 (hna)/ (k)

Ci2 ¢

)

ot hvio est I’énergie qui sépare les niveauxr E1 et Es, k est la constante de Boltzmann, g,
et go sont poids statistiques, et 0 est la température cinétique.
1.4.3 Couplage entre les radiations et les états atomiques

En utilisant les coefficients d’Einstein et les densités d’atomes au niveau Eq et Eo, on
a les expressions du coefficient d’absorption 7 et du coefficient d’extinction y comme

n = ngAohvo(v),
X = (niBia —n2Ba1) hvo(v),

et les équations d’évolution des densités d’atomes

o1 =mngAg — (n1B12 — n2Ba1)p + (n2C21 — n1Bia),
0oy = —ngAs + (n1 B2 — naBai)p — (n2Ce1 — ni Bi2).
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Ainsi on obtient un systéme couplant les radiations avec les densités d’atomes sur les
niveaux d’énergies
1
Eatf +v -V f = (ngda1 — (m1Bi2 — n2Ba) f) hve(v),
On1 = n2A21 — (n1Bi2 — n2Ba1)p + (n2C21 — n1B12), (1.64)
Ogng = —ngAa1 + (n1 B2 — n2B21)p — (12021 — n1 Bia).
Le systéme (1.64) converge rapidement vers I’équilibre statistique, c’est-a-dire qu’aprés

un intervalle de temps trés court, les transitions radiatives et les transitions de collision se
compensent. A I’équilibre, on est conduit au systéme couplé

1

Eatf +v-Vaof = (n2da1 — (n1Bi2 —n2Ba1) f) hvo(v),

On1 = 0 = ngAs — (n1 B2 —n2Ba1)p + (n2Ca1 — n1Bi2), (1.65)
Omg = 0 = —ngAg + (n1B12 — n2Ba1)p — (n2C21 — n1Bi2).

On définit un paramétre € qui va caractériser ce régime asymptotique et dans la suite on
étudie le systéme

1

ZOuf v Vot = (nyAn — (niBia — nyBa) ) hve(v),

Eatni = n§A21 — (niBlg — nEBgl)p€ + (nng — niBlg), (166)
Eatng = —n§A21 + (niBlg — n%Bm)pe — (713021 — ’n,iBlg).

On considére ce systéme dans le domaine z € X, borné dans R3, alors I’équation cinétique
est équipée de la condition initiale

0, z,v,v) = folz,v,v) >0, (1.67)
et la condition au bord
[t z,0,v)|r+ x(ax xs2)_ xr+ = g(t,2,0,v) >0, (1.68)
ot (X x S?)_ est défini par
(0X x SH)_ = {(z,v) €dX xS?:v-T, < 0},
avec 'y la normale extérieure au point x € 0.X. Les densités initiales sont
n{(0,2) = nio(z) > 0, n5(0,x) = ngp(x) > 0. (1.69)

On note n(z) = nig(z) + ngo(x), car on a la relation 9 (n] + ns) = 0, et on obtient la
conservation de la densité atomique,

ni (t’ ‘T) + n;(tv l‘) = n10($) + ngo(CC) = n(x) (170)

Avec cette condition on ferme (1.65), le systéme limite.

Dans ce travail, en premier lieu, on étudiera l’existence et 'unicité de solution sur
[0, T] avec T fixé, du systéme (1.66) a e fixé. Puis on montera I’existence et l'unicité de
solution sur [0, 7] avec T fixé, du systéme (1.65). Alors on montrera la convergence du
systéme (1.66) vers (1.65) quand € — 0, c’est-a-dire qu’on justifie 'approximation quasi-
stationaire. L’existence de solution sur [0, 7] avec T fixé est obtenu par un schéma itératif
en construisant une suite de solutions convergente. Et 1'unicité est assurée par le lemme de
Gronwall. On a le résultat suivant :
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Théoréme 1.8. On suppose que
— les domnées initiales et la donnée au bord satisfont

0< foeL®(X xS? xR"), 0<geL®R"x (0X xS?)_ x RT),

nip >0, noo >0, mnig+ng =n € LX),

— les coefficients d’Einstein satisfont

Aoy, Bo1, Bis sont constantes,

0 < Cra(zx), Car(z) <07,

avec les constantes numériques 0y, 0*.
— la fonction de profil p(v) satisfait

0 < ¢(v)hv <6, Vv € RT.

Alors, pour tout T € R fize, il existe une unique soltuion f¢, n§ et n§ dans L*([0,T] x
X xS?xR*) et L>=([0,T] x X) respectivement. De plus, cette solution f€, n§ et n$ converge
vers les fonctions f, ny et ng, dans L>=([0,T] x X xS? x RT) faible-+ et dans L°°([0,T] x X)
faible-x respectivement. Ces fonctions définissent l'unique solution du systéme limite (1.65).

Ce théoréeme est démontré dans le chapitre 4 ot de plus le comportement quand € — 0
est confirmé par des tests numériques.

Remarque 1.9. L’équilibre dynamique dont nous venons de parler ne constitue par un
équilibre thermique, au sens usuel du terme, comme expliqué dans [10] pour deux raisons
valables dans les conditions expérimentales courantes :
— les atomes n’échangent leur énergie d’excitation qu’avec la radiation et non pas avec
le thermostat que constitue le milieu environnant ;
— la radiation n’a aucun rapport avec la radiation d’équilibre décrit par la loi plan-
ckienne.

1.5 Conclustions et perspectives

1.5.1 Conclustions

Quand les effets visqueux et la conduction thermique sont négligeables, le transport
d’énergie radiative peut fortement influencer la structure du choc faible. Quand la taille de
I'onde de choc est suffisamment petite, nous montrons l’existence des profils de choc faible
et le stabilité aysmptotique des profils de choc.

Nous étudions un modéle décrivant I'influence des radiations sur la répartition énergé-
tique des atomes de la matiére. Nous montrons ’existence des solutions et la convergence
des solutions vers un régime d’équilibre statistique. Cette étude est complétée par un travail
de validation numérique.
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1.5.2 Perspectives

Les principales perspectives de recherche qui apparaissent a ’issu de cette thése concernent
I'influence du transport d’énergie radiative sur la structure des chocs de grande ampli-
tude. Dans un fluide thermoconductible, non visqueux, pour un choc de grande amplitude,
seulement le profil de la température devrait changer contintiment, et les autres inconnues
éprouvent un saut de maniére discontinue (Cf [49, 61] et leurs références). Aussi pour le sys-
téme plus simple couplant une équation de Burgers et une équation elliptique, Kawashima
et Nishibata ont montré que les profils de choc avaient des discontinuités pour les chocs de
grande amplitude. L’existence de ce résultat au cas du systéme de la dynamique des gaz
est un enjeu, tant du point de vue de la modélisation physique que des développements
mathématiques.

La deuxiéme perspective concerne ’explosion des solutions réguliéres définies locale-
ment en temps. Dans le Chapitre 1, nous montrons ’existence locale en temps des solu-
tions réguliéres. En dynamique des gaz, Sideris a construit des solutions qui explosent en
temps fini, pour une classe de donnée initiales, [57]. Pour un systéme couplé de transfert
radiatif proche de celui étudié au Chapitre 1, Zhong et Jiang ont construit des solutions
réguliéres explosant en temps fini par un raisonnement "a la Sideris", [62]. Toutefois, ils
exhibent des solutions qui explosent en temps fini au prix de nombreuses simplifications
du modeéle : absence de dispersion (os = 0) et avec une loi d’émission un peu éloignée des
modeéles physiques. Il serait intéressant de chercher & étendre un tel résultat d’explosion
pour un modéle plus complet sur le plan physique, ou au contraire de déterminer si ces
termes peuvent limiter la croissance des solutions.

La derniére perspective concerne le modéle décrivant l'influence des radiations sur la
répartition énergique du plasma. Si 'on considére les transitions libre-lié, les équations
de densités ne sont plus linéaires en fonctions de la densité, parce que les coefficients
des transitions libre-lié dépendent de la densité d’électrons libres. Il est donc intéressant
d’étendre ’analyse du Chapitre 5 & ce cas, de comparer les transitions et d’étudier le
comportement du terme source (le facteur qui compare le coefficient d’émissivité et le
coefficient d’extinction).
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Chapitre 2

Radiative hydrodynamics with
Doppler corrections : Local existence
of smooth solutions

2.1 Introduction and main result

This chapter is devoted to the local-in-time existence of smooth solutions of the follo-
wing PDEs system

Op+ Vg (pu) = 0,
1
O(pu) + Divy(pu @ u+pl) = —/ vQdv,
gN-1
(ple + %)) +Va- (ple+ H)utpu) = — [ Qdo,
%atf—&-v-vmf =

(2.1)

The system arises in radiative transfer theory : it is intended to describe interaction between
a fluid, described by its density p(t, x), its velocity u(t, z), and its specific energy e(t, x), and
a radiation field, described by its specific intensity f(t,x,v). Throughout this chapter, the
pressure p is defined by means of p and the specific energy e by the perfect gas constitutive
law. Denote the total energy by E = e + |u|?/2. Here and below, ¢ > 0, and 2 € RY stand
for time and space variable respectively. The intensity of radiation f depends also on a
direction variable v € SV =1, Throughout this chapter dv denotes the normalized Lebesgue
measure on SV, The system is completed by imposing initial data

p Po
u | (0,2) = ug | (), (2.2)
(& €0

f(O,SC,’U) = fO(xvv)'

We recall below a few facts about the physical background, only saying here that we
restrict to a grey model where dependence with respect to the frequency of the radiation
has been neglected. The interaction term () depends non-linearly on the unknowns p, u,
e and f. The coupling is due to energy and impulsion exchanges between the fluid and
radiation. The precise definition of () will be given in the next section.

29
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Well posedness theory for (2.1) naturally appeals to classical fixed point strategies for
hyperbolic systems. We refer to [15] for linear situation and [45], [24] for the non linear
framework. Such a coupled system involving the Euler system and a kinetic equation has
been investigated in [4] and [3]|, motivated by modeling of fluid/particles flows. However,
the coupling dealt with in [4] and [3], has a different nature since it arises through friction
force terms, instead of being related to “collision-like source term” as in (2.1). We also
mention the recent work [62] performed independently to ours, which is devoted to the
analysis of a problem very close to (2.1), we only mention that the non-relativistic model
studied in |62] incorporates the dependence of the frequency variable.

Let us denote by G the state space R x {u € RV||u| < ¢} x R¥, where we assume
that the fluid velocity is always less than the light speed. Unsurprisingly our main result
states as the following :

Theorem 2.1. Let Gy be a relatively compact set of G and s be an integer such that
s> N/2+ 1. Assume that

po() Po — Po
up(z) | € Gh, and uo € H*(RY),
eo(.%') €g — €p

and

fo=0, fo—foe 2SN HA®RY)) (LM@Y x sV,

where py, €y and fo are positive constants such that (pg, 0, €o; fo) is a constant solution to
the system (2.1) and (2.2). Then, there exists a T > 0, such that the problem (2.1) and
(2.2) has a unique smooth solution (p,u,e, f) on [0,T], verifying

(p = Po, U, € — éO) € C([Ov T]; HS(]R”))’
and

f = fo e C([0,T]; L* (SN HO(RY))).

This chapter is organized as follows. First we discuss modeling issues concerning the
system (2.1) and we setup a few notations. Section 3 presents the iterative procedure that
leads to the existence-uniqueness result. The crucial estimates are detailed in Section 4
and 5. The former shows uniform estimates with a “high norm” involving many derivatives
of the unknowns, while the latter justifies that the scheme is contractive in a “low norm”
that is nothing but the L?—norm.

Throughout this chapter we shall denote the usual Sobolev spaces by H*(RM), with
the norm [ - || s gy , s € N, defined by :

1
2

ey = [ S0 /R o8 f(@)Pda

la|<s
The space L2(SY~—1, H*(RY)) stands for the space of functions f(z,v), verifying for a.e
ve SN f(-,v) € H¥(RY) and

/S.Nl ||f(7v)”§[s(Ré\/)d’U < Q.

We denote the norm of this space by :

1
2

N0y = ([ 160 ee) 2.3
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2.2 Modelling issue

In this section we present more precisely the physical motivation of (2.1). We refer for
further details to [49, 43, 9, 17]. We also introduce some notations that will be used in the
sequel.

2.2.1 Radiative transfer equation

For the sake of simplicity, let us restrict for the presentation to the 3-dimensional
framework. We go back temporarily to a more complete model : radiation is seen as a set
of photons characterized by their position z € R3, their frequency v > 0, and the direction
of their flight v € S2. All photons fly with a velocity equal to the speed of light ¢. Let us
denote by h the Planck constant, so that a photon with frequency v has energy hv. Hence
we are interested in the specific intensity of radiation f(t,z,v,v) so that

1
—f(t,z,v,v)dvdrdz
c

gives the radiation energy at time ¢, in the volume dx centered x, corresponding to photons
with frequencies in (v, v + dv), flying in the solid angle dv around the direction v € S2.

Remark that the specific intensity f provides a complete macroscopic description of
the radiation field. It can be related to the photon distribution function fr(t,z,v,p), and
the photon number density ¥ (¢, x,v,v). We refer to [49] and [17].

The evolution of the photons is influenced by various interaction processes : scattering
produces change in the direction of flight, and photons are also absorbed or emitted by the
surrounding fluid. Therefore we get a kinetic evolution equation

which tells that the simple motion on straight lines with velocity cv is perturbed by the
interaction mechanisms embodied into the source term (), which splits as

Q=n—-x/,

where 7 is the total emissivity, being split itself into a thermal part, the true (thermal)
emissivity n’, and a scattering part %; x is the total absorption coefficient (sometimes called
the total extinction coefficient), also being split into a thermal part, the true (thermal)
absorption !, and a scattering part x*. Hence, we have

Q = +n) -+ XO)f
= (" =X+ —x°f)
Q'+ @,

where Q! and Q® denote the thermal part and the scattering part respectively. Remark
that some physicists usually use k, o to denote the true thermal extinction coefficient and
the scattering extinction coefficient respectively.

An important feature for many applications consists in taking into account relativistic
effects and Doppler corrections. The latter defines how quantities measured in the comobile
frame (in which the velocity of a fluid particle always equals to zero) are related to quantities
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evaluated in the reference frame (a fixed laboratory frame). The correction terms involve

the Lorentz factor )

D) )
1 - lutee)

that depends on the velocity of the fluid u(t, z). The following formulae link the frequency
0, and the direction v° of the photons measured in the comobile frame to the ones denoted
by v and v measured in the fixed reference frame,

0_ _vuy o v L o uwv T
v =vY(1 - ), v —VO<’U Cu(l . T—|—1)>' (2.5)

Y(t,x) =

Here and below, the superscript 0’ denotes quantities measured in the co-moving frame.
In the co-moving frame, we can write the emissivity and the extinction coefficient as :

Y = lls g a0 (10, 0°, Uol)fo(vol, Vo)dvol, (2.6)
= lls g (Y, vol, vo)dvol, (2.7)
o = iaﬂ@ﬂ,v%fKVQGL (2.8)
0 = 2102(1/0, v9), (2.9)

where [4(resp. [,) denotes the scattering mean free path (resp. the thermal absorption
mean free path), the coefficient os(v,v,v’) characterizes the change of photons direction
from v’ to v, o4(v,v) is the non-negative coefficient characterizing the thermal process,
the function B(v, ) characterize the emission law, depending on the temperature 6 of the
fluid. We assume that the photons are emitted in a thermal equilibrium with a black body
system, so B is given by the Planck function,

2h3 1

B(v,0) = 2 ohw/(k0) _ 1’

(2.10)
where k is the Boltzmann constant. From (2.6) to (2.9) we get the source term Q" measured
in the co-moving frame.

Remark 2.2. From (2.6) to (2.9) we get that the scattering term Q° is conservative in

the co-moving frame, i.e
/ / (77870 _ XS,OfO)dVOdUO -0.
s2 JR+

Because in the co-moving frame, scattering interactions only produce a change in the di-
rection of photon’s flight, thus it has no distribution on the total energy. It is not true in
the lab-fized frame because of Doppler shift and aberration of the light (2.5), as we will see
latter on.

Now we go back to the lab-fixed regime using the formulae (2.5). In order to write the
source term ( in the lab-fixed frame, let us set

0 1— vu(t,x)
Atzv)=2 = ¢ (2.11)
v [u(t.) 2
11— u(t,x
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If ' € S? we denote for convenience,

v(1 - )

> ¢ 7
u-v’
1 c

/
UV =

Note that we omit the time and space variables when no confusion can arise. Now we give
the conversion relations (see [49] or Appendix 2.6.1 in a simple case) :

XA’ = vdedy, (2.12)
1 1
—/o) = (Vo)gfo(vo,vo), (2.13)
1 1
i) = Wno(vo,vo), (2.14)
vx(v,v) = X0 0). (2.15)

Furthermore we have the following equality (see [17] for the proof, or Appendix 2.6.1 in a
simple case) :
1
v’ = —dv. 2.16
U= e (2.16)
Using the above conversion relations (2.12)-(2.16) in (2.6)-(2.9) we can write the emis-
sivity and the extinction coefficient as :

APr = [ e 1WA, (2.17)
Iy Jso
1 s . 1 / 1 /
mx = ls/s2 os(v,v ,v)A(U/)de, (2.18)
AW = Touln0)BE,0) (2.19)
1, 1
mx = Eaa(u,v). (2.20)

Thus we get the source term () measured in the lab-fixed regime as
Q = Q@+qQ,
Q° = 1 1/ os(v,v,0) f(v, V)A(V)dv — A(v) f(v V)/ Mdv'
ls A(’U)2 S2 S ’ ’ S2 A(’Ul)2 ’

. oa(v,v) [ B, 0)
@ = 2B s}

Equation (2.4) is coupled to the Euler equation by energy and impulse exchanges, thus

let us define
Qe = / Qdvdy, QpF = - / / vQdvdv.
0 S2 CcJo §2

Then the evolution of p, u, F is driven by

Op+Vye-(pu) = 0

O(pu) + Divy(pu®@u)+Vp = —Qr,
2 2

O (p(e + %)) + V.- (ple+ %)u—{—pu) - —Qp, (2.21)
%atf +v-Vif Q.
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As said above, we assume that the gas obeys the perfect gas pressure law,

p
e=——— p=Rpb, (2.22)
(v—="1p
where R is the perfect gas constant and « > 1 is the ratio of specific heats at constant
pressure and volume.
Remark that in this subsection we restrict our discussion to the 3-dimensional frame-
work. In what follows we go back to the general case, that is z € RY and v € SN~ L.

2.2.2 Grey assumption

The problem is simplified by considering coeflicients o and o, that do not depend on
the frequency variable v. That is the so-called "grey assumption". We can integrate the
transport equation with respect to v. Let us introduce the following notations,

ft,x,v) = /0+00 flt,z,v,v)dy,

+oo +oo 2h 0)3
/ B(°,0)dv = / (") dv
0 0

where B(#) = 00*/7 is the integrated Planck function and o = % is the Stefan-

Boltzmann constant. Observe that the Stefan-Boltzmann constant o is different from the
os(v,v") and o, (v).
Furthermore integrating the scattering emissivity leads to

1 +o0 / / o ,
A(U)Q/o /§2 os(v, vV )A(V) f(v', V) dv'dy
1

- Top /S 2 as(v,v')A(v’)dU'< 0+°O f(v’,u’)?\((l;/))du’)
- - /S o (0, 0 YA (W) 2F () o

Thus integrating the transport equation (2.4) with respect v yields

0T tv VT =0 (2.23)

with
Q = 9'+qQ, (2.24)
o = Om Qdv = ;(W - <%> Af), (2.25)

—+00

) O'dy — 8 (Bg) N Af>, (2.26)

0 la

Q|
I
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where < - > denotes the integration with respect to v’, precisely we have

(o A2 f) = os(v, v )A2(W) f(t, z,v")do, (2.27)

§N-1

<%> - /SN_1 ‘de’. (2.28)

Finally the system we are dealing with reads

and

Op+ Vg (pu) = 0,

O(pu) + Divy(pu®@u) + Vp = —1/ vQdwv,
€ /8Nt (2.29)
dlple+5) + Vo (ple+ Hruspw) = — [ Qan,

Ohf+v-Vof = Q,

where we have omitted the over-line to simplify the notation, where @) depends on f, p,
u, 6, by (2.24)-(2.26) and the pressure p satisfies (2.22). As a matter of fact it is worth
remarking that the total energy of this system is formally conserved

d 2
dt{/RN’O( )dx+1/SN1RNfdvdx}:

2.2.3 Change of unknowns

It is convenient to introduce the entropy S, that is the function of p and p verifying

1 p
By (2.22) we get exp S = p p~7. Notice that from (2.30) we get the so-called Gibbs equation

@ 1 (de pdp
dt ~ 6 ’

where % stands for the derivative along fluid particle path, namely

d

For smooth solutions the Euler system (2.29) can be written in the new variables
(p,u, S) as

dp
Ly pVeou = R/ (2 = 1)Qdv,
dt 4 ) 1§N71 c
dir': + - P pr = —5 v de,
N-1
@ R S w-v (2.31)

) dt p Jsn—1 ¢
SOf+u-Vaof = Q.
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We set U = (p,u,S)! and (2.31) reads

N
oU + A;(U)0,. U = bU,YJ[),
t JZ} ]( ) j ( f) (2.32)

1
JOf+u-Vaof = Q,

with
uj 0 0 p 0 0
0 u 0 0 0 0
0 0 wy 0 0 0
aOy=| ;o2 e 2.33
]( ) % 0 0 uj 0 0 N+2 ( )
0 0 0 0 w 0
0 0 0 0 0
and .
R((“F-1) Q)
g
b(U, f) = o (v Q) : (2.34)
R/ u-v
- (E--ne)
From (2.2) we define the initial data for (2.32) as
U(O,:c) = U()(ﬂj),
2.35
{ f(vaaU) :fO(l',’U). ( )

As we discuss in the unknown variable U = (p,u, S)!, the state space is also noted as
G =RT x {u € R¥|Ju| < ¢} x RT. Thus Theorem 2.1 is equivalent to prove the following :

Theorem 2.3. Let GG1 be a relatively compact set of G and s be an integer such that
s> N/2+ 1. We assume that
1. Up(x) € Gy for all z € RN, and Uy — Uy € H*(RN) where Uy = (po,0,S50) is a
constant state ;
2. fo >0, fo— fq € L2(SN=1 H*(RY)), where fq is the constant state for radiation,
such that (Uy, fo) is a constant solution to the system (2.32).
Then, there is a time interval [0, T] with T > 0 so that there exists a solution (U, f), such
that B
U~ Uo € C([0, T]; H*(RY)),

and
f—foeC(o,T); LA(SYH H (RD))).

Remark 2.4. Note that from (2.11) we have A = 1 at the constant state Uy for which the
velocity of the fluid is g = 0. Thus by (2.25) it is clear that Q° = 0 at the constant state
Uo. And if we take fo = B(fy), the integrated Planck function in the state of temperature
0o, defined by the fluid constant state Uy, thus by (2.26) it is clear that Q' = 0. Thus we
get the expression of the constant state for radiation.
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2.3 Local existence of smooth solutions, proof of Theorem
2.3

In this section we prove Theorem 2.3. First we recall a common structure of symmetri-
sability in the sense of Friedrichs, and study the stability estimates. Secondly we smooth
the initial data to avoid technical difficulties and we fix once and for all two constants eg,
R and a subset G5 in which the fluid solution will take its values. Finally we construct a
sequence of solutions to linearized problems and complete the proof of Theorem 2.3 under
two technical lemmas which will be proved later on. Recall that the state space is denoted
by G =R" x {u € RV||u| < ¢} x RT.

2.3.1 The common structure and the Friedrichs’ energy estimate

At first we recall a common structure by the following basic definition.

Definition 2.5. The system

N
OU + Y Aj(U)0,U = b

j=1

is symmetrisable in the sense of Friedrichs, if for allU € G, there exists a positive definite
symmetric matriz Ag(U), smoothly varying with U, so that there hold

1. For any O, open set with O CC G, for any U € O,
CI<Ay(U)<C™I (2.36)

with a constant C = C(0) < 1,
2. flj(U) = AO(U)AJ-(U) is symmetric for any j =1,2,--- N.

Remark 2.6. According to [}5] (p.11), if a system is symmetrisable in the sense of Defi-
nition 2.5, then the following linearized problem

N
A(V)oW +> A;(V)0e,W — B(V,t,e)W = F,
j=1
wW(,z) = Wo(z),

is well-posed over [0,T] X RN for any T > 0, provided Wy € L*(RYN), V(t,z) in C* with
V(t,x) € O CC G, B being a smoothly varying N x N matriz function of its arguments.
We define the energy

E(t) = o Ag(V (t, )W (t,z) - W (t,z)dx.

Then we can compute the basic energy identity of Friedrichs :

N
iE(t) :/ (0 Ao(V) + ax,Aj(V)+B+BT)W-de+2/ F-Wdz. (2.37)
dt RN = ’ RN
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Using (2.36) yields the following inequality
1 t
WOl < & (HWoan w4 [ IF@agaondr)

t
\ [ W@ mar
L ([0,t]xRN) 40O

where the constant C' is defined by (2.36)as V' wvaries in O. The derivation is given in the
Appendiz 2.6.2. Then by using the Gronwall Lemma, we also deduce the following stability
estimate :

v (2.38)
O Ag(V +Zaw]A V)+ B+ BT

1 T
sup [0z < 5 (IWollzeny + [ IF @l
0<t<T 0
N
1 5 _ .
exXp %Hat(AO(V))+Za$j(Aj(V))+B+BTHL°°([O,T]><RN)T

For the Buler system (2.31) in the variables (p,u,S), the matrix Ay(U) is given by

1

~ — 0

Ao U)= | ~pp € My 42. (2.39)
0 Idny4:

2.3.2 Smoothing the initial data

At first we need to smooth the initial data Uy, fo to avoid some technical difficulties.
We choose a smooth function j(x) such that

J € CRRY), 20, supps € {o € BVjal <1}, and [ j(o)do = 1.
RN
Set je(z) = e~V j(Z£). It is easy to verify that

j- € C°(RY), suppje € {z € RV|jz| <}, and / je(x)dz = 1.
RN
And we define a smoothing operator J. by
Jo: H'RY) — [H'(RY),
>0
Vv —  Jex V.
Immediately we have the following :
Lemma 2.7. 1. IfV € H*(RY), then there holds
[JeV = V|l gs@ny — 0 as € goes to 0; (2.40)
2. If V.e H' (RN), and e < 1, there holds

HJEV - VHLQ(RN) < CE”VHHl(RN)' (2.41)
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Now we introduce the regularization of the initial data Uy and fy. Let g > 0 that will

be precised later and set g, = 2 %¢q , for k =1,2,--- . We define
Ug = UO + Jfk(UO - UO)a _
f(lf($7’l}):f0+J5k($)*(f0($,U)—f0) (242)
= ot [ dulo = 9)olo) = .
for k =0,1,--- . By the properties of the operator J., immediately we have

U§ — Uy € H*(RY),
fo = fo € L Sy H(RY))
The following claim determines once and for all two constants €g and R that will be used to

preserve stability properties of the iterative scheme. Recall that G1 is a relatively compact
subset of G = Rt x RN x R*, such that Uy takes its values in Gy, and &, = £¢927%.

Lemma 2.8. Let G5 be a Telqtively compact open. subset of G such that G1 C Go. Then
there exist three constants R, C and ¢ such that C < 1,

1. ||U - U(g)HHs(RN) < R implies U(x) € Ga, for all z.

2. For all k € N,

~ R
1Uo — U(?HHS(]RN) < CZ' (2.43)
3. Forall k € N,
1 _
Ns(fo—fok) S ZNs(fO_fO)v (244)

recall that Ng(-) is defined in (2.3) in §2.1.

Proof. Recall that s > N/2 4+ 1. By using (2.40) and the Sobolev embedding theorem
there exists a constant ng such that if 0 < e <5y we have U(()) takes values in GGo. Thus by
the Sobolev embedding theorem we have :

IU = US|l ooy < CIU = U |l grsrevy-

Since U{ takes its values in G, there exists a constant R such that if [|U — USHHs(RN) <R
we have U € Gs.

From (2.40) we deduce

[/eUo — Uol| gs (mwvy — 0,
as € — 0. Thus there exists n; > 0, such that if 0 < ¢ < 7y, we have
R .
19eUo = Vol sy < 4 €

where C' = C(Gy) is defined by (2.36) with G2.

Similarly, if fo # fo, then we have Ng(fo — fo) > 0. By (2.40) there exists 12 > 0, such
that if 0 < & < 19, we have

Ns(Jefo — fo) < iNs(fo — fo)-

In the case that fo = fo, we have f(])“ = foy for all k£ € N. Thus the above inequality is also
valid for all € > 0.
Hence ¢ is fixed such that 0 < g < min(ng, m, 72, 1), we have (2.43) and (2.44). O
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Remark 2.9. We use the notation C to distinguish from the general numerical constants
which are noted by C. Furthermore C s a fized constant.

2.3.3 Construction of the solution through an iterative scheme and the
proof of Theorem 2.3

Before giving the iterative scheme to construct the solution of (2.32) with the initial
data Uy and fp, we fix a few notations for the transport equation :

%i?tf—i-v‘vmf =Q.
We split the source term @ into a gain and a loss term :
Q=0Q"-Q,
where QT and QQ~ are written as :

QT (f,U) = Fi(f,u,v)+ Fs(u,0,v)
1 (0, A2f) o, B(9)
I, A3 lo A3
Q™ (f,U) = Ey(uv)f

- (zl <X2> 1>Af

Recall that o4(-,-) (resp. 04(+)) is a function over S¥=1 x S¥=1 (resp. S¥~1) under the
grey assumption, and that B(#) = 00*/7 is the integrated Planck function, o is Stefan-
Boltzmann constant. For the expressions of < o,A%f > and < §5 >, see (2.27) and (2.28).
Let us denote by M the maximum of

1 os(v/,v)A(v')? o, B(0)

e and P (2.45)

o~
»

for v,v’ varying in SV~! and U varying in Gg. Thus if U take values in G, QT will be
bounded as

Qt <M (/ f(t,x’v’)dv/ + 1> <M (Hf(t, . ')HLOO(R"XSN_l) + 1) , (2.46)
§N71 x v

recall that dv denotes the normalized Lebesgue measure on S™V—1.
Hence the transport equation can be written as

%atf +v- fo —|—FQ(U, ’U)f = QJr(fa U)

Now we construct a sequence of solutions through the following scheme,
1. For t > 0, we set (U°, f) = (UY, f3);

2. For k=0,1,2,---, define (U**!, f**1) inductively as solution of the following linea-
rized equation,

N
Ao(UM)O,UM! + Z 0., UMY = Ag(UMB(U*, ),

(2.47)

Ut 0,2) = Uiti(),
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and
{ %8tfk+1 bV L Bk o) T = (R, T, 0.18)
Y0, 2,0) = (’)Hl(x,v).
It follows immediately that
UMt e 0([0,Ti] x RY),  fM e L2871 0((0, Tl x RY)),
where T}, is the largest time such that the following estimate
sup [[U*(t) = Ugll s (m) < R, (2.49)

0<t<T,

is valid.

Note that the solution f**! can be obtained by integrating along characteristics. And we
can write it as

et z,0) = é““(x — cut,v) exp {— /t cFy(v, uk(T, x4 cv(t — t)))dT}
0

+c/0t exp {—c/t Fy(v,u* (7, z + cu(T — t)))d%} Q+(fk,uk) dr,

(1,z+cv(T—1),v)

and it is easy to see that f¥*1 >0, for all k € N.
The following lemma is crucial since it shows that we can bound the times T} from
below by some T, > 0.

Lemma 2.10. There exist two constants L > 0 and Ty > 0 such that U* and f* defined
by (2.47) and (2.48), for k =0,1,--- , satisfy

sup ||U*(t) — UgHHs(Rw) <R, (2.50)
0<t<Tx
sup [|U* (1) || gre—1 vy < L, (2.51)
0<t<Tx
sup  No(f*(t) = f§) < 2Ny(fo — fo) + 2M T, (2.52)
0<t<Ty
||fk||L°°([0,T*]xR§CV><SUN_1) < 2||f0”L°°(R§Y><S{,V_1) + QMT*, (2-53)

where M is defined by (2.45).

We assume temporarily that Lemme 2.10 holds and continue the argument. We aim at
proving that U**! and f*+! are Cauchy sequences in some norms. According to the idea
of Kato [24] or see [45], it is relevant to use the L? norm for that purpose. In particular,
we have the following contraction property in this low norm.

Lemma 2.11. There exist Ty €]0,Ty], a < 1 and a nonnegative sequence (fj)r with
>w Br < +00, such that U* and f* defined by (2.47) and (2.48), for k =1,2,---, satisfy

sup (IO = U0 agamy + 14 = PV ey

0<t<Tys

<a swp (IO =Tl + 106+ = PO g o) + O

(2.54)
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We also assume Lemma 2.11 for the time being and use it to complete the proof of
Theorem 2.3. Immediately from Lemma 2.11 we have

400
sup (UM = UR)(#)l] 2y < +o0,
jrm 0<t<T
+o0
sup | (£ = SO oy sy < oo
k}:() OStST**

Thus there exist two functions U and f such that

sup  [[(U* = U)(#)l| 2@y — O,
[ 1 3) [y —)
0<t<Tes @
as k goes to 4+oc. Furthermore (2.55) implies that U — Uy € C([0, Tis]; L2RN)), f — fo €
C([0, Ths]; L2(RY x SN=1)), since the uniform limit of continuous functions is continuous.
For any w € H*(R"), the Sobolev interpolation inequality reads

1—g' /
[l o vy < Collwllpaggny [l for any 0 < s < s

we refer to [45]. Thus using (2.50) in Lemma 2.10 we have for any s’, 0 < s’ < s, for any
0<t<Tu
1—g’
[ = TR @) o ey < CHOE = U@ iy
Together with (2.55), we conclude that,

sup  [[(U* — U)oy — O, (2.56)
0<t<Txx

as k — +oo, for any 0 < s’ < s, thus U — Uy € C([0, To); H* (RY)). If we choose s” such
that N/2+ 1 < s’ < s, use the Sobolev inequality and get

U* —U — 0 in C([0, T.], C*(RM)). (2.57)

We reproduce a similar analysis to the sequence f*. We get

k 2
su — ), -, v) |5 dv—0
s [ = D0 B,
as k — o0, for any 0 < s’ < s, thus f — fo € C([0, Tw]; L2(SV~1; H¥ (RN))). So that if
we still choose s’ such that N/2+1 < s’ < s, and the Sobolev embedding theorem and the
Cauchy-Schwarz inequality yield

i<t / 1% = £t 0) | oy do = O,
SN—1

0<t<Ths
sup / I(%j(fk = Nt pegyydv — 0, j=1,--- | N,
OStST** SN71 h

as k — +o00. We are going to show that (U, f) is a solution to (2.32) with the initial data
(2.35).

(2.58)
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Lemma 2.12. There holds
b(U*, %) = b(U, f) in L>(]0, Tis] x RY). (2.59)

Proof. We observe that the components of b(U, f) are either in the form of

/S D)), (2.60)

or in the form of
/ g2(v,U)dwv, (2.61)
SN-1

where g1 and g9 are smooth functions of their arguments.
We have for any 0 < ¢ < Ty,

/ gl(v,Uk)fk(t,x,v)dv —/ g1(v, U) f(t,z,v)dv
SN—I

gN-1

< / g1 (0, UR)[| 5 (8, 0) — F(t, 2, 0)]dv
SN—I

[ 190U - a0z 0l

SN

<c / PGt 2,0) — f(t,2,0)|dv + ClU* — U] / (s, v)|do,
1 SN—I

SN—

Then (2.57) and (2.58) lead

/ g1(v, Uk)fk(t7 x,v)dv — / g1(v,U) f(t,x,v)dv
SN*l

§N-1

— 0,

as k — +oc in L%([0, T x RY). With the same argument we can get the convergence of
the term go(v, U¥). We have thus proved (2.59). O

From (2.57), we derive that

N N
> AUF)0, UM =Y A5 (U)0,,U in L([0, To] x RY).
j=1 j=1

Together with (2.59) there holds

QU — =" A;(U)0,,U + b(U, f) in L=([0, Ti] x RY).

N
—

J

Since we also have that 9,U*"! — 9,U in the sense of distributions, thus we get :
N
U == A;(U)0, U + b(U, f),
j=1

and
UM —U — 0 in CL([0, The] x RY). (2.62)
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For the initial data, from (2.40) we have UY — Uy — 0, in H*(R"), and also in C*(R¥),
since s > N/2 + 1.
Finally the limit U of U* belongs to C1([0, Tis] x RY) and it satisfies

N
8,5U+ZAJ(U)61]U = b(U,f),

j=1
U0,2) = Up(a).

By using (2.58) and reasoning as in Lemma 2.12 we can also pass to the limit in (2.48)
which yields

1
{ “Of v Vaof + Po(vu)f = Fi(f.uv) = F(u,0,v)
f(ovxav) - f0($7v)'
In what follows we prove that

f = fo € C([0, To); LXSY 1 HP (RY))), ’
with which we complete the proof of Theorem 2.3. Firstly we prove the following :

Lemma 2.13. The solution that we obtained through the iteration scheme satisfies
U~Uo € Co((0,Tus HRY)),  f— fo € Cul([0,T]; L(S) 1 HA(RY))),

here Cy, denotes the continuity of U — Uy (respectively f — fo) on the time interval [0, Ty
with values in the weak topology of H*(RN) (respectively L2(SN~1 H*(RYN))), that is,
for any ¢ € H—5(RYN) (respectively ¢ € L*(SY~1; H5(RY))), (¢,U — Up)s (respectively
fSIJ)\]—l((b,f — fo)sdv ) is a continuous function on [0,T..]. Here (-,-)s denotes the inner
product of the Hilbert space HS(RN).

Proof. We recall two results obtained in the above discussions and use them to get the
weak continuity of the fluid variable. On the one hand from (2.56) we have

Uk —U -0,

in H¥ (RV) with s < s as k — +oo, uniformly on [0, T}.]. On the other hand from (2.50)
in Lemma 2.10 we have also

|U* = Toll s mnvy < R+ |UG = Uollprs vy

uniformly over [0, Th.].
Since s’ < s, H*'(RN) is dense in H—*(RV). Thus by a 3 — ¢ argument using the
above results yields, for any ¢ € H*(RV),

(¢,U* = Uo)s = (¢,U — Un)s, (2.64)
as k — 400, uniformly on [0, T\.]. That implies that
U — Uy € Cu([0, Tss], H¥(RY)),

since the uniform limit of continuous functions is also continuous.
By the same discussion we can get the weak continuity of the kinetic function f, we
omit the details. O
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As (U, f) is a local smooth solution to the system (2.32) with the initial condition
(2.35), from (2.50) and Lemma 2.8, we have that U(t, z) € Gz for any (t,z) € [0, T\ xRN,
Furthermore from the definition of Ay(U), we have

CI < Ay(U)<C7'I,

where C' = C(G2) < 1. Thus we can define an equivalent norm || - ||, Aoty I H*(RN), as

2 Ao Z £)0°V - 9*Vda,

la|<s

for any 0 < ¢t < T,., where we have used the abbreviation Ay(t) = Ag(U(t,z)). We
denote (-, ) Ao (r) the inner product in the Hilbert space H $(R™M) associated with the norm
1+ W5, 4g(s)- According to [45], p.44, we have

T VOl g = TV, 4,0 (2.65)

t—0t+
for any V € Cy ([0, Ti], H*(RV)).

Lemma 2.14. We have the strong continuity of U — Uy (respectively f — fo) at 0F in
H3(RN) (respectively in L*(SN=1; H¥(RY))) that is

HU(ta ) - UOHS,AO(O) - Oa (resp@dw@ly Ns(f(t) - fO) - 0)7
ast — 0T,

Proof. Recall that if (w;,), converges weakly to w in a Hilbert space, then (wy, ), converges
strongly to w if and only if
lwl = lim_ fws]-

Thus to prove the Lemma, it remains to prove the following inequalities

Jim JU(#) = Tolly 1y < 100 = Toll g0

and

Tim Ny(f(t) — fo) < Ns(fo — fo)-

t—0t

We first show the continuity for the fluid variable, and we use the iteration scheme to
derive this bound. We write the system (2.47) as

N
Ag(UR)O(UFT = To) + Y Aj(UF)0, (UM = To) = Ag(UR)b(UF, f¥),
j=1

Ut 0,2) — Uy = U Yz) - Up.

Applying 0 to the above equation and taking the inner product of the resulting equation
with 0% (U*+1 — ), we integrate the resulting equation over [0,¢] x RN, with ¢ < T.., and
finally sum over all «, |a| < s:

- Z / AO Uk aa Uk—i—l 7 )'agz(Uk-I—l

|a|<s

—// > Fu(r,z)dadr, (2.66)

|a|<s
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where

N
Far) = 5 [0 (A@h) + Yo, (4,09) | o0 @ —0) - a0+~ 0)
j=1

+aa(Uk+l . U ) aa <A0(Uk)b(Uk fk))

+Z( A,(UM)0,,,00] (UF! - UO)) O (UM — ).

By (2.50), (2.51), (2.52), (2.53) in Lemma 2.10, 3, <, Jen Fo(7, z)dz can be bounded by
an integrable function F(7) > 0, independent of k, that is

In fact E is bounded uniformly on [0, T%.]. On the one hand by (2.62) we have , as k — o0,
sup || Ao(U*(t)) — Ao (U(2)) | oo vy — 0. (2.67)
0<t<T4x

On the other hand from the weak convergence (2.64) we have

kETOO<Uk+1 U Uk-i- _ UO)S Aot) = (U UO, U — UO)S Ao(t)

Thus we conclude with

k1n+n / Ag(UR)ag (UM = Tp) - 83 (UM = To) > |U(®) = Toll, 4,00y (268)
T al<s

for any fixed ¢ € [0, Thi]. As UFT! is defined by (2.42) we have

Yo AU Ut = To) - 95 (U™ = To) — |[Uo = Ul 4, 0y (2.69)

N
laj<s VB

as k — +o0o. Together (2.68) and (2.69), we take the sup limit of (2.66) as k — +o0, and
get

t
10 =Tl gy < 100 = Tl sy + | Pl (2.70)

Thus we get - B
Tim U (t) = Uoll, 4, < 100 = Uoll iy (0

t—0+

which yields that U — Uy converges strongly to Uy — Uy in H*(RY) as t — 0.
On the other hand with the same discussion we can get the result for the kinetic
variable. First we write (2.48) as

Lo = Fo) + v V(5 = o) + Balo, o) (FHH — fo)

= Flffkaukav) + F3(uk70kvv) - FQ(ukav)f_Oy
(fk+1 - fo)(O,.’L‘,’U) = Ok—H(‘T’U) - f0~
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Applying 97 to the above equation and taking the inner product of the resulting equation
with 9% (f*+1 - f), we integrate the resulting equation over [0, t] x RY x SN=1 with ¢t < T,
and finally sum over all o, |a| < s:

Z /SN 1/ 182 (f*1 = fo) ]2dxdv

| |<s

2// Go(T, x,v)dzdvdr,
SN-1JRN

O lal<s
where
Go = 02 (Fi(fM b 0) + By, 0%,0) = Fo(ub,0) fo) 92(F = fo)
R (fH = fo)[F2(v, ), 2N = fo)

By (2.50), (2.51), (2.52),(2.53) we obtain that >, Jon- 1fRN (1,z,v)dzdv can be
bounded by an integrable function G independent of %, that is

3 /SN L. Gatra,o)dado < G,

laf<s

Then we take the sup limit to the integrated equation, and get

S o
T o N(F5(0) — Jo) < - Nalo — fo) + /0 G(r)dr. (2.71)

While using the weak convergence we have

Tim Ny (541 (8) — fo) = No(F() — fo). (2.72)

k—o00

Apply the (2.71) and (2.72) and get :

1

SN0~ ) < S No — o+ [ G

from which immediately we have

Tim Ny(f(t) — fo) < Ns(fo — fo).

t—0t

Thus we get the continuity of Ng(f(¢) — fo) at 0. O

By the above argument we can prove the strong right continuity of U — Uy, f — fo
at any other time 7, 0 < 7' < Ti,. Furthermore in the system (2.32) by introducing a
new variable ¢ = T — ¢, and using the same argument we can get also the strong left
continuity of U — Uy, f — fo on (0, Tw]. Therefore, U — Uy € C([0, Tui]; H¥(RY)) and
f— fo € C([0, Tys); L2(SY~1; H5(RY))). And it follows directly from (2.32) that

U — U € CH([0, T); H*~H(RY)),

and
f— fo € CY([0, To); L2SN 1 HHRY))).

This ends the proof of Theorem 2.3, up to the justification of Lemma 2.10 and Lemma
2.11.
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2.4 Estimates in high norm, proof of Lemma 2.10

In this section we prove Lemma 2.10. At first we show that the fluid unknown defined by
(2.47) fulfills a uniform L% (H?) estimate ; then we deduce a bound on 9,U in L>®(H*~1).
Eventually, we discuss the kinetic unknown.

At first we assume that (2.50)-(2.53) are satisfied for U*, f¥, and we prove that the

property extends iteratively.

2.4.1 L*>*(H°®) Estimate of the fluid unknown

We define Wkt = gk+1 — Ug, and compute that W+ satisfies

2

N
Ag(UM) oW + Z (UF)0,, W = Ay(UMB(U*, f%) = A;(UM)0,, UG,
j=1 J:1
wh0,2) = Wit :U{f+1 Us.

Multiplying by Ag 1(U k) to the above equation, applying 0% to the resulting equation,
for any multi-index @ € NV, 0 < |a| < s, multiplying then by Ag(U¥) to the resulting
equation, we denote Wk = 9%(Wk+1) and get

N
Ag(UR) o, WL 4 AU, WY = L+ L+ T
of t Z:: iz 1+ 1o+ 13, (2.73)
Wit 0,2) = oewgt! = ag (Ut - U9),
with
I = Ao(UMazb(U*, 1Y),
N
L= =3 AoU")ag (A;U")0,,00).
j=1
N ~
o= > AyUh) [Aj(Uk),E)gﬂ 0, WHH,
j=1
where [, ] stands for the commutator. Observe that I3 = 0 when |a| = 0.
Applying the energy inequality (2.38) to (2.73) yields
1 t
WA Ol < <||W’f+1<o>||p eyt [ 10+ o+ Bl df)
(2.74)

Ao + 3 04, (U P / WA ()] vy d

j=1

we recall that C' = C(Gs) is defined by (2.36) as V varies in Gy.
By the induction hypothesis and Lemma 2.8, we have

UF(t,z) € Gy, for (t,x) € [0,T,] x RY,

where the restriction on T, will be clarified later.
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First we have the following inequalities

sup | Dy (A;(V))| < C, for j =0,1,---,N.
VeGsa

Thus as 0 < 7 < t, we have

10:(Ao (U (7 +Z<9a:] T Lo rav)

(2.75)
<C HatUk(T))”LOO(RN) + Herk(T)HLOO(RN))

< C (110:U* ()l gro-1 vy + ||V$Uk(7—)||HS—1(RN)> :

where we have used the Sobolev embedding theorem. Then the triangle inequality gives

VU (Dl gsr@yy < IVe(UR) = Ul o1 @y + 1 VaUg ll o @)
ClIU*(7) = Ugll s vy + C (o)

IN

Using this inequality in (2.75) yields

N
10:(Ao(U*)) + > 00, (A (UF) | Lo o5y < C(L+ R+1) < C. (2.76)
j=1
Next we estimate I3. Since Is = 0 if |a| = 0, we limit our discussion to the case

0 < || < s. To this end we shall combine the classical tame estimate for commutators [45]
p-43, and the Sobolev embedding theorem. For 0 < 7 < ¢, we have

N
> sup (A [0 1)~ 4,(00.22] 01, W4417)

IN

H3(7)ll L2,
L2(RN)

N
ZC<|V1(A;~(U’“(T)) A5 (O0) oo @) 19, W (7) | 11 vy

IN

0, WAL () e o A (T () — Aj<Uo>r|Hs<RN))

IN

ZCHA (U*(7) = A5 (00) | s @y W ()| s -
By using the classical tame estimate for a composed function, [[45] p.43], the triangle
inequality, and the induction hypothesis (2.50) for U*, we have

CUU* = Ul =y + UG — Uoll grsrvy) (2.77)
C(R + C(Uy)) < C.

14;(0*(7) = 4;U0) | s vy <
<

Thus we are led to
113(7) || L2 rvy < ClWF ()| s vy
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We estimate Iy as follows

o2 (4,(U% ()., 08

N
I(7 < sup |Ag(V
Il < 3 sop Aot |

SC?}(‘

L2(RN)

2 ((Aj(Uk) — A;(U0))(7)0x, Ug) ‘

oy A0, 08 )

Obviously the second term only depends on the initial value U and Up. For the first term
we use the classical tame estimate for a product of functions, see [45] p.43, which yields

0% ((43(U*) = A;(00))(7)02,U8) || p2any
< Cl[(4;U%) = 4;00)) (" 11525 102, Ud | s v (2.78)
<C(R+C(Uy)) <C,

where we have used (2.77). Note that (2.78) is valid in both |a| = 0 and 0 < |a| < s. We
can conclude that, for all 0 < 7 < ¢,

[L2(7)]| L2y < C, for all 0 < |af <s.
Similarly to estimate I1, for all 0 < 7 <'t, we begin with

11 (T)l| 2@y < sup [Ao(V)IIO5B(U*, F2) ()| L2rv)-
VeGe

So we are lead to estimate the term ||9¢b(U, fk)(T)”LQ(RN). Firstly we study the case
|a] # 0. Next we study the case that |a| = 0. Recall that to prove (2.59), we have used
the fact that the components of b(U, f) can be recast either the form (2.60) or (2.61).
Obviously we need to estimate the following terms

8?/ g1 (v, URY() f (7, 2, v)do
SN—1

L2(RY)

and

L2(RY)

83/ gg(U,Uk)(T)d’U
SN-1

First we have

0% ( /S o, UN(@) (7w, U>dv> .
= /SN_1 92 <(91(”’Uk) —gl(vag))(T)(}k(T,x,v) — fé’(m,u)))‘
w [ o (o) - )|
+ ZN_I |2 (0wt D @),

Observe that in the case |a| # 0 the third term in the right hand side can be written as

v
L2(RY)

dv
L2(RY)

dv
L2(REY)

102 (910, U () 8, 0)) 2y = 102 (91 (0, UF) () S8, 0) = 010, 0) o ) oy,
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Using the induction hypothesis (2.50), (2.52), (2.53) and the tame estimate for product

yields
/ a?(gl(vak)fk(Taxvv))’
SN-1

While for go, the tame estimate for composed functions yields

L3R dv < C(Ns(fo — fo) + MT);

< C(Ns(fo = fo) + Mr).

o0 / g5(v, UF) (7)dw
gN—1

L2(RY)
Thus we are led to
lagb(U*, fk)(T)HL2(RN) < C(Ny(fo — fo) + M), (2.79)

for 0 < |a| <s,and 0 <7 <.

Then in the case of || = 0 we need to estimate [|b(U*, f¥)(7)]| 2 &)~ In what follows we
study the estimate of || < |Q(U*, f*)| > || 2gn~ which gives the estimate [[b(U*, %) (7)|| 2 @)
immediately. From the expression of () we have

[ jaet e < [ (@ a) @) = e ) ) o do
gN-1 gN-1 | JgN-1
[ @) - i ) do,
gN-1
where we use the abbreviation 6% = (U*). Note that §1|,—0 = %f’), G2|u=0 = 25 (v',0)

ls )

93lu=0 = Galu=0 = Ui—iv) Immediately using the triangle inequality we have

[ ek ol < o< [ st [ |fk<v>—fo|dv)
SN-1 SN-1 SN—1
+C (/Sm |u*B(6%)|dv + /SN1 IB(6F) — f0|dv> .

Together with the fact that fo = B(fp), the velocity of the fluid 4 = 0, we can write the
above inequality as

/SNI Qu*, f)ldv < Csup | (7,2, 0)[[u*| + C|| f* (7, 2) = foll pagv-1) + ClU* = To).

T,V

Thus we have

L 100 e

+C||v* - 0|

el

L2(RY) L2(RN) kaHLoo([mt]nyxSﬁ*l)

+C | ) - R

L2(RN) L2(RN xSN-1y "

Now we have the L?(RY) norm of b(U*, f¥) :

1B, o, < c\

[, Qe o

L2(RN)
s ¢ Huk‘ L2(RN) H kHLoo([o,t]ngxsﬁ—l) +0 HUk B UO‘ L2(RN)
+C ka(T) B fo‘ L2(RN xsN -1y
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Using the induction hypothesis (2.50), (2.52) and (2.53) for U¥ and f* yields
1B(U", f) | 2y < C(Ns(fo = fo) + M7 +1).
Together with the inequality (2.79), we have
126U, ) ()| 2y < C(Ns(fo — fo) + M7 +1), for 0<a| <s. (2.80)
Now as a conclusion that we get
I (D)l 2 @yy < C(Ns(fo — fo) + M7 +1) < C(1+ Mr).

We come back to (2.74) by combining together (2.76) and the estimates to I, I, , I3, and
we end up with

IWEL Ol t
1
< & (WA Oz + [ € (0 207) + WA gy )

t
—l—C/ HW£+1(7)HL2(RN)CIT.
0

Summing over all « € NV, 0 < |a| < s, we obtain
WO s ey t
1
< & (I Ol + €O+ M) + € /0 WAL () e vy .

The Gronwall Lemma yields

1
sup HWk+1||HS(RN) <exp(CT)—

0<t<T C (HWkH(O)HHS(RN) +C(1+ MT)T) ,

for any 0 < T < Tj1. Using (2.43) twice, we get

0<t<T

1 (. C
sup ||Wk+1HHS(RN) < exp(CT)E <R2 +C(1+ MT)T) :
Thus there exists a T, > 0 and T, < 1, (the restriction T, < 1 will be used to determine

the constant L), such that there holds

sup [|W*H| o gy < R (2.81)
0<t<T,

2.4.2 [°°(H*') Estimate of the time derivative

Next we prove (2.51). By definition of U*+! we have

N
aUR = ZAj(Uk)aijk—i-l +b(U", fF.
=1
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Hence for any multi-index o € NV, 0 < |a| < s — 1, applying 02 to the above equation
yields :
185 QU ) ()] L2 vy

N
< 1056(U*, M) Oy + Y|

J=1

a0 (Aj(U’f)axj UkH) )

L2(RN)

< fe k rk al « & k+1 (282)
< 1000, YOy + D0 || (A5@0)aw, U )], o
j=1
N
+ ‘ 9 ((Aj(Uk) - Aj(UO))al‘jUkH) (t)‘ L2(RN)
j=1

The term ||0Sb(U*, fk)(t)HLZ(RN) has been studied in Section 2.4.1, see (2.80), we have :
102bU*, ) ()| 2@yy < C(L+ MT.) for 0 < |a| < s.

The second term in (2.82) can be estimated by using (2.81) as :

|
Jj=1

Finally estimate of the third term again relies on the tame estimate for product and the
Sobolev inequality. We obtain

|

< CUIW*H (O s ey + 100 = Toll s ovy) < C-

02 (4;(00)0.,U"") (1)

L2(RN)

0 ((A;(U") = 4;(00)2,, U (1)

2(®Y)
< ’ 9z ((Aj(Uk) - Aj(Uo))azj(UHlL_ ﬂéé))) (t)‘ L2(RN)
+jo2 (450" = 4500, 08 = 00)) O,

<C,
where we have used (2.77) and (2.81). Hence we deduce that
102 (DU ) ()| p2(ry < C(1+ MTy), for all 0 < t < T,

holds. Note that the constant C does depend on R, not on L. Summing over the multi-index
a €NV 0<|al <s—1, yields

sup (|0 UM || gromr vy < C(L+ MTy) < C(1+ M) := L.
0<t<Tx

2.4.3 Estimates of the kinetic unknown

We recall that f¥+1 is defined by (2.48). By integration (2.48) along the characteristics
we obtain

Yt z,v) = folx — cut,v) exp {—c/t Fy(v, uk(T, x4 cu(t — t)))dT}
0

+c/0t exp {—c/: Fy(v,uf (7,2 + cv(7 — t)))d%} QT (f*, UM dr.

(Tyztcv(T—1t),v)
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Recall that
Q+(f7 U) = Fl(faua U) + F3(ua 971})’

Qi(.ﬂ U) = FQ(”?”)f(tv Z, U)7

are the gain term and the loss one in the source function @, Fy > 0, and in fact Q" can
be written as : )
Q+ — i <USA f> EB(G)

ls A3 la A3

In 2.3.3 we have defined the constant M by (2.45) and the QT could be bounded as in
(2.46). With these discussions we have, for any 0 <t < Ty,

k k
||f +1(t)||L°°(R1IV><S£;\]71) S ||fOHLo<>(R£]XSl]}\771) + Mt <O<S;1<pT Hf HLOO(R:PIC\/XSval) + 1) .

Using the induction hypothesis (2.53) for fi yields

O<S1}l<pT ||fk+1||LOO(RéVX§fY*1) < (1+ 2MT*)||fOHLOO(R£;VXS,{}\[71) + MT,(1+2MT,)

< 2|l foll poo(y xsi-1) + 2M T

if MT, <1/2, thus we get (2.53).

Next we seck an estimate on the space derivative of f*+1. To this purpose, write (2.48)
in fA1 — 9 and apply 02 to the resulting system, for any multi-index a, 0 < |a| < s, and
get the following :

éatai“(f’““ — f3) + v VeOg (FF = f5) + Ba(v,uh)og (fH — £3))

= 03 (QT (M U") = Fo(v,u") f§) + 85 (v- Ve fg) (2.83)
+[F2('U, uk) - FQ(%O)v agz](karl - f[()))
OL(fFH — f)(0,2,v) = OX(f (2,v) — £D).

Also integrating along the characteristics, we can write the solution as
B =T+ T+ T,
with
L= (2208 = ) - ety { = [ B+ eutr—)ar).
I, = c/ot exp {—c/t Fy(v,u*(1', x + cv(r’ — t)))dr'}
T

x 0% (QT(f5,U*) — Fo(v,u) f) — v - Vo fJ) dr,

; ; (T, z4cv(t—T),v)
Is= —c/ exp {—c/ Fy(v,u* (', 2 4+ cvo(r! — t)))dT'}
0 T

X [Fy(v, uF) — Fy(v,0),09](f* — ) dr.
(Tyz+cv(t—7),v)

At first we study Iy, since F > 0, we have for any ¢, 0 <t < T}, 0 < |a| < s,

HTl(t)HL?(RQ’xS{,V_l) < [loz( 5“ —f(()))||L2(Riyxggjv—1).
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Then to estimate I, at first we use the Cauchy-Schwarz inequality and triangle inequality
and get :

TEOI—
< ct /0 t /S 108 (@MUY = Fafv, ") § = v Vo) (7.0) [y dodr
<et [ [ 108 (@44, 09) ~ Fa(wab)8) (ro) g o
—i—ct/ot /S v+ Vaf(r, 0) 22 gy dvdr
e /Ot /S 106 (@ (14, U%)  Ea(o,uh)f8) (7.0) 3y dodr + CEN( — o)
To estimate the first term in the right hand side, firstly recall that

O Oq
Raton) = (5 ) + 7oA,

1 {osA%f o B(6
QHr,v) = HoRI) | B

then QT (f,U) — Fy(v,u”) £ can be written as

Q+(fkaUk> —FQ(’U,’U,k)fOO - / <§1<v7v,7uk)fk(t7xvvl) _§2(U7U/7uk)f(())(xav)) dv’
SN—I
+ (350, MBO") = ga(v,uh) £5) -
Note that there hold gi|u=o = %f/% G2lu=0 = %;’U)? G3lu=0 = galu=0 = U‘}S})- With
these notations we can write Q*(f*, U*) — Fy(v,u*) £ as

QY (f*,U*) — Fa(v,u")f§
= | a1 ) () = fo (o)) de’ + / g1 (v, 0" uF) (f5 (@, 0") — fo)d!

SN-— §N-1

- /SNl gQ(va/)uk)(fg(ta Jj)”) - fO)dvl +/§ (gl(v,vl, Uk) - QQ(U,’U/, Uk))fodv/

N—-1

+33 (v, u")B(OF) = fo) = Ga(v,u™)(f3 = fo) + (G3(v,u") = Ga(v,u*)) fo.
Recall that fo = B(f). By the tame estimate for a product we can get

105(Q* (f*,U*) — Falv, u*) ) 2 @y
< CIU* = Uollgsny + CIF* = fll sy + CISS — Foll ars vy

for all 0 < || < s. Immediately we have that
T2l gy ity < O (10F = Oollgoqay + NolF = 1) + No(£6 = fo)?)
Using the induction hypothesis (2.50) and (2.52) yields

IT2(0) 22 gy o1, < CF (@NS(9 = o) + M) + Ny(J§ = Jo)? +1).
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It remains to discuss I3. Observe that I3 = 0 if |a| = 0. Thus we limit our discussion
to the case |a| # 0. The Cauchy-Schwarz inequality leads to

¢
|]I3(t)HiQ(R¥X§571) < ct/o . |[Fa (v, uF) — Fy(v,0), 02 (! — fg)(r,v)H%z(Rév)dev.

Using the tame estimate for a commutator and the Sobolev inequality yields for any 0 <
7 <t and v e SN,

I[Fa(v, u*) = Fa(v,0), 051 (S = ) (7, 0) 2 vy
< C||Fa(v, u*) — Fa(v,0)|| o wemy I F = 18l s o)
< CkaH(Ta'U) - f((J)HHs(RgCV),

Thus we get .
Hfg(t)HiQ(RiVXw,l) < ct/o N, (f*1(r) — f9)%dr.
Combining the estimates of Iy, Io and I3 gives
102 P ) = P2 v o)
<3 (T2 ()22 gy vy + T2 2 i1y + T3 o))

<3 os(ft - £3)| 2 + O (14 Ny(f§ = Jo)? + (2No(f§ = fo) + M1)?)

e /0 NL(f5 () - £,

L2(RN xSN-1)

The above inequality holds for all & € NV, 0 < |a| < s, sum over all such «, and get,

NS A < BN - g9 Ce [ N ) — f)ar
0
+CT2 (2N,(f5 = fo) + ML) + No(f8 = fo)? +1).

Finally Using the Gronwall Lemma, the triangle inequality and (2.44) in Lemma 2.8 gives

sup No(fF1 = f3)° < @No(f° = fo) + MT.)?%,
0<t<T.

thus we get (2.52) for T, small enough.
2.5 Contraction in L? norm : proof of Lemma 2.11
In this section we prove Lemma 2.11. Again we split the proof, discussing first U1 —U*

to get the L>°(L?) estimate, then dealing with f*+1 — f* to get its estimate. Finally we
get the inequality (2.54) by concluding the two estimates.

2.5.1 Estimate of the fluid unknown

In this subsection we use the energy inequality (2.38) and the Gronwall Lemma to get
the estimate of U*+1 — U¥. Firstly by definition we compute that U*+1 — U* satisfies :

N
Ag(UMO(UF = UM) + Y~ A;j(UM)0,, (UM —UY) = Hy+ H,,
Jj=1

U Uk 0,2) = UFT - Uk,



Local existence of radiative hydrodynamics 57

with H; and Hs defined as
Hy = Ao(U") (b(U*, %) = (U1, 271,

N
Hy =Y A(U") <Aj(Uk) - Aj(U’H)) 0,,U".
j=1

Using the energy inequality (2.38) for any 0 < ¢t < T, yields
U = U*) (Ol 2@y

1 t
< (||U§“ T /0 (i + H2><T>||L2(Rw>df)
N

1

b (2.84)
20

0(Ap(U*) + > 0a, (A;(UF)) | oo (0.4 xR
=1

t
[ 1w =l
At first we study H; in L? norm, since U¥ € G we have

1L () 2wy < CIOUE, f5) = 0@ A7) ()] 2@y

Recall that to get the estimate of I in the Subsection 2.4.1, we have studied the components
of b(U, f) by involving two functions g; and gg, see (2.60) and (2.61). Following this idea,
we thus need to study the following quantities :

2

/SN_1 (91 (v, U) f* = g1(v, kal)fkfl) (r)dv

L;(R;V)
< ky ¢k k—1y pk—1
< [ o@uhrt —a@ =) el
and )
[ (200" = a0 ()
SN -1 12(RY)
</ <92(v UR) — ga(v Uk1)> (r v)‘ ’
BELS ’ ’ ey

On the one hand using the triangle inequality and the induction hypothesis, we have
the following estimate for g; :

(0.0 ) = 0. N )
(0000 -0 0
2 gr (0, UF1 (@) (P4 0) = 15N ) (7, 0)|

L2(RY)
_ 2 _ 2
< C (JIU* = U [Fag@my + 175 = 71 () [ fagany ) -

§2]

On the other hand, for the term go, there holds

1(g2(0, U*) = g2 (0, U* D) (D) Z2@ny < CIU* = U )(1) 172y
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Combining the above estimates for g1, go we have the following estimate for Hj :

V() 22y < C (IO = U0 oy + 10 = POy s 1)) -

Next using the Sobolev embedding theorem, the triangle inequality and the induction
hypothesis (2.50) we estimate HH2(7')||%2(RN) as follows

IN

N
() 2y < 3 CHATU) = AU )0 By 10, U (1) e ey
j=1

IN

CIU* = U ()72 vy -
Finally to estimate |US*!
use (2.41), we have

— U(’fH L2(RN), We first use the triangle inequality, and then

1UG* = Ul re@yy < 10T = Uoll 2@y + 11US = Uoll 2y
Ceo27". (2.85)

IN

Using (2.76), (2.85) and the estimates of Hy, Ho in (2.84) yields

t
IO = T?) () 2@y < Ceo27" + C/ IO = UM ()| 2 @rydr
0

+CT su Uk — U II(FE — -,
s (I JOllzayy + 10 = DO ey ey

for any 7', 0 < T < T,. Then using the Gronwall Lemma to the above inequality yields

sup [[(U*H = US)(0)]| 2y
0<t<T

< CTexp(CT) sup (0% = Uy + 175 = F o) ) (2:86)
o<t<T

+Cexp (CT)E(;2:k,
forany T, 0 < T < T,.

2.5.2 Estimate of the kinetic unknown

In this subsection we write f**1 — f¥ explicitly and give its L? estimate. Firstly by
definition we compute that f*¥1 — f* satisfies

LM = 1) + v V(A = 15) + Fa(o,uF) (1 = fF) = K1+ Ko,
{ (fk+1_fk)(07xvv):( (gﬁ_l_fég)(m?v)a
with
Ky = QY(fFUF) -t (fF1 U,
Ky = (Fy(v, uk) — F5(v, uk_l))fk.

Thus integrating along the characteristics, we can write f*t1 — f* explicitly as :
(f** = )t 2,0)
t
= ( é”l - fé“)(m — cut,v) exp {—c/ Fy(v,u* (1,2 + cv(t — t)))dT}
0

dr.
(ryztcv(t—7),v)

+C/Otexp{—c/: Fg(v,uk(T/,:E—i-CU(T,—t)))dT’} (K1 + K>)
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For convenience let us split f**1 — f* into 3 parts I, I, and I as

I= (5 = @ cvt,v)exp{—c/(]th(v,uk(T,$+cv(T—t)))dT},

t t
Iy :c/ exp{—c/ FQ(U,uk(T/,SU+CU(T/—t)))dT/}K
0 T

~ t t
I3 = —c/ exp {—c/ Fy(v,uf (7' x4+ cv(r' — t)))dT’} K,
0 T

In what follows we give the estimates for I1, I and I3, which immediately give the estimate
for fk+1 _ flc

Note that Fy > 0, then using the triangle inequality and (2.41) we estimate I, as, for
any 0 <t < T,

dr,
(ryztcv(t—7),v)

dr.
(1,z+cv(t—T),v)

T k
HIl(t)HiQ(RiVXSf,V*l) < Hf 1 fOHLQ(]RNXSN 1)
k: 1 k
< CH * f0||L2 RNXSN 1 +CH 1 fOHLZ RNXSN 1)
< 0502_%.

Next to estimate I, we use the Cauchy-Schwarz inequality, and obtain

2

0 sy <1 [ [ (@009 - QF 04 ) )

Recall that

L2(RY xsH—1)

1 {0 A2f) o, B(O)
QJr(faU)_E A3 +E Aga

thus we can decompose Q" (f,U) into two parts as :

Lo st ) fra ), 0.0,

Following the strategy used in Subsection 2.5.1 to estimate Hp, we get the following esti-
mate :
2

H (Q+(fk’ Uy = QF(fF Y, Uk—l)) (7)‘

L2(RY xsN—1)

2
(H -U" ) )‘ L2(RN) H(f fk N )’ L2(RY x sﬁl))
Thus we deduce the estimate for I, i.e.
2 2
e 0 (1000 g #1000 )

Similarly for I3 we use the Cauchy-Schwarz inequality, the induction hypothesis and
get

2

dr
L2(RY xsH—1)

< c t/ot |, u) = Fotw, a1 (7))

Ct/OtH(Uk—Uk_l)(T)‘

fs(t)’

L2(RY xsH—1)
2

IA

L2(RN)
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By combining the estimates of 17, Iz and I3, we get
k+1 _ 050 k—1 2
2 N N—-1 -~ 2}43 L2 RN
I(f PO gy esy—y < ar +Ct H — U ) (Mz2yydr

e / 15 = PO g1y 0

which implies

e, I = YO gy sy
Ce (2.87)

k k—1 k b1 0

- CTOEET <”U — U @y + 1177 = f IILz(stUN—l)) TR

for any 0 < T < T;.

2.5.3 Conclusion, end of the proof of Lemma 2.11
By combining (2.86) and (2.87), we conclude with

su Uk—l—l_Uk ¢ + k+1 _ ¢k t _
s (I YOl + 1 = FYO sy

C k k—1 k k—1
2k: + CTeXp (CT) OZUP (HU -U HL2(RN) + Hf f HLz(RN SN 1)) )
for any 0 < T < T,.

Then there exists a Ty €]0,Ty], such that

a=Cexp(CTu)Tis < 1.

We end the proof of Lemma 2.11 by setting

Ce
B = Tko

2.6 Appendix

2.6.1 One dimensional radiation and the conversion relations between
the co-moving frame and the lab-fixed frame

Recall that the specific intensity of radiation f(t,z,v,v) is defined to be such that the
radiation energy at time ¢ corresponding to the radiation of frequencies (v,v + dv) in a
time interval d¢, in a position x + dz, into the solid angle dv around the direction v € S?,
is

1
—f(t,x,v,v)dvdrde.
c

where = = (21,29, 73) € R? and t € R,

Below we pay attention to a simple case : assuming a one-dimensional structure, and
we verify the conversion relations between the co-moving frame and the lab-fixed frame.
In this simple case we use a special Lorentz transformation. And the same results hold by
applying the general Lorentz transformation.
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ACC3

T3~

T f(i’g)(;s{ 9§37 1)

\\‘\\\\ /// T9

T

Fi1G. 2.1 — The planar geometry

We assume that the material is homogeneous in the horizontal directions (in x1 — x2
plan), with properties varying only as a function of x3 and time t. Thus the intensity has
azimuthal symmetry about the x3-axis. Its angular distribution can be described completely
in terms of the polar angle ©, or y = cos ©. Note by ® the azimuthal angle. Recall that

sin ©

dv =
v 4

1
dod® = —dudd,
47

and we can write the intensity f(¢,z3, u,v) as function of z3, p and v, see Fig2.1.

Taking into account the Doppler shift and aberration of light between frames in relative
motion, we have the formulae linking the frequency °, v measured in the co-moving frame
and the ones v, v, measured in the lab-fixed frame,

. T u-v Y
0,y o_ Yyt v_t
v vI( c)7 v 0 v cu( c T+1) ’

where T is the Lorentz factor : T = 1/4/1 — (Ju|/c)?. Since we restrict our discussion to
the planar symmetry, we introduce the fluid velocity u as u = (0,0, 3¢)t. Thus there holds
u-v = fuec. Recall that v3 = p and T = 1/4/1 — 32. The above formulae then yield the
following special Lorentz transformation :

O = Ty(lfu—:):’fy(lfﬂ,u),

V) = vy,
O = v,

Vv = Tu(u—p).
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Note that %), = 1%u°. Then we can easily compute that

Tv p—p
o _ -7 _ —
1
2 1—p?)z 1 v
1— 02 — ( 1 — 2t Vo
< ! ) T-pe T
P = 9
Immediately we get
0dr%dplde’ = vdrdpd®, (2.88)

which means that vdrdv is a Lorentz invariant, i.e (2.12) in this simple case. Furthermore
we have

1
A(v)?

where A(v) = \}% And (2.89) gives (2.16). Note that

dplde? = dpd®, (2.89)

o u p 1 w v
—== =_—— 2.90
pet c Y1—-Bu T (2.90)
which will be used for the transformation properties of the specific intensity f.

Next to determine the transformation properties of the specific intensity f we fellow the
ideas of L.H Thomas (introduced in [49] p.413). The number of photons, N, in a frequency
interval dv, passing through an element of area dS oriented perpendicular to the x3-axis,
into a solid angle dv along an angle © = cos™! i to the x3-axis, in a time interval dt, is

hv

dvdrdS cos Odt,

by letting d.S be stationary in the lab frame.

Then to an observer in a frame moving with velocity u along the xs-axis, dS appears
to be moving with a velocity u in the negative x3 direction, then the number of photons
that can be counted by the observer is

_ )

NO
h0

d0dr? <dS cos ©@0dt0 + Zdet()) .

The first term gives the number of photons that would have been counted if dS had been
stationary, while the second is the photon number density f°/(hv°) times the volume
u dS dt°. Using (2.90) we have

0/,,0 ,,0
o_ STV o0l oMV

Both observers must count the same number of photons passing through d.S, hence,
N = NO, using the fact dt® = Ydt, and using (2.90) we thus get

Py = () £200,00). (2.91)
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Now we determine the transformation properties of the emissivity 7. Observers in all
frames will count the same number of photons emitted from a definite volume element into
a particular solid angle and frequency interval in a time interval, hence

n(p, v)dvdvdzdt — n°(v°)dv®drdade”
hv B hy0 '

Recall that dadt is an invariant, thus we have

n ) = (2) 100, (292)

where we note that 7" is isotropic in the co-moving frame, i.e 7° is independent of direction
variable.

Similarly, observers in all frames will count the same number of photons absorbed by
a defined volume element into a particular solid angle and frequency interval in a time
interval, hence

x(p, v) f(p, v)dodvdzdt X000 fO(ul, v )dvoduodxodto
hv N hv0

Hence
X(,v) = (7). (2.93)

Thus we verify (2.12)-(2.16) in the planar radiation. As pointed in [49], p.414, the same
results apply for arbitrary relative motion of the two frames provided that w is replaced
by v € S2.

2.6.2 Derivation of (2.38)
The energy identity (2.37) reads
N

d ~
— [ A(WVW-Wdz = [ (9, A)(V Z V)+B+B")W- de+2/ F-Wda.
dt RN RN -1 RN

By (2.36) we can write the left-hand side as

1 1

Ao(VYW - de)Q; (/RN Ao(VYW - de) ’

d

— AO(V)W-de=2</
dt ]RN R

N

And the terms in the right-hand side can also be written as

(8, Ao (V +ZaxJA +J§+BT)W-Wda:+/ F-Wdz

RN RN

<|

N4 }

+2 ( / F2dx> ( W2da:)
RN RN

1
~ ~ ~ 2 2
= |IDIV_A+ B+ B || oo (o 1 xrM) / W2dx + 2 (/ Fde> ( W2dx> ,
RN RN RN

W2dz
Loo([0,T]xRN) JRN

O Ao(V) + Z 82, A;(V) + B + BF
j=1
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where DIV_A = 9, Ay(V) + Zjvzl 833].121]-(V). Thus the energy identity can be written as

2 (/RN Ao(V)W - Wd:c) ’ % (/RN Ao(V)W - Wd:c>é

< |IDIV_A+ B + B oo (jo 17 xr ™ W2dz (2.94)

RN
) ( / F2d:n> ’ ( W2daz>
RN RN

Using (2.36) in (2.94) we get

=

)
1
2

1

. ) L

20T ( Ao(V)W - de> i
dt RN

1 1
< Wde)2+2</ dex>2.
Lo ([0,T]xRN) \JRN RN

Integrating the above inequality with respect to t yields

< HDIV_ZHB + BT

1 1
20/C (/ Ao(V)W - de> ‘< 2\70< Ao(V(0) W - Woda:> ’
RN RN
+HDIV_A+B+BTHLOO([O,T]XRN)/0 HWQ(t)HLz(RN)dt+2/O | F2(8) | st
Using (2.36) once again, we get
t
20IW (8) By < 2WollZay +2 | 120 ey
1 >, T " t 2
HIDIV A+ B+ B |Loo([07T]XRN)/O W2 (8) ] 2 vy .

Thus we end with (2.38).



Chapitre 3

Shock Profiles for Non Equilibrium
Radiating Gases

Ce chapitre fait I’objet d’une publication dans la revenue Physcia D.

3.1 Introduction and main results

We are interested in a system of PDEs describing astrophysical flows, where a gas
interacts with radiation through energy exchanges. Similar questions arise in the modeling
of reentry problems, or high temperature combustion phenomena. The gas is described by
its density p > 0, its bulk velocity u € R, and its specific total energy E = e +u?/2, where
e stands for the specific internal energy. (Our analysis is restricted to a one-dimensional
framework, but this is not a loss of generality, as shown below.) We consider a situation
where the gas is not in thermodynamical equilibrium with the radiations, which are thus
described by their own energy n. The evolution of the gas flow is governed by the system :

Op+ 0z(pu) =0,
Or(pu) + 0z (pu?+ P) =0, (3.1)
O(pE)+0s(pEu+ Pu)=n—0*,

where the right-hand side in the last equation accounts for energy exchanges with the

radiations, P being the pressure of the gas, and 6 its temperature. Throughout the paper,
we always assume that the gas obeys the perfect gas pressure law :

P=RpO=(y—1)pe, (3.2)

where R is the perfect gas constant, and v > 1 is the ratio of the specific heats at constant
pressure, and volume. This assumption yields many algebraic simplifications, but we believe
that our results still hold for a general pressure law satisfying the usual requirements of
thermodynamics. System (3.1) is completed by considering that radiations are described
by a stationary diffusion regime that reads :

—Opan =0 —n. (3.3)

We detail in Appendix 3.4 how the system (3.1), (3.3) can be formally derived by asymp-
totics arguments, starting from a more complete system involving a kinetic equation for
the specific intensity of radiation.

65
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As a matter of fact, the operator (1 — d,,) can be explicitly inverted, and (3.3) can be
recast as a convolution :

n(t, z) = % /R T (1, ) dy (3.4)

Let us introduce the quantity :

q(t,x) == =0yn (t,x) = ;/Rexyl sgn(z —y) 0(t,y) dy (3.5)

where sgn is the sign function :

1 if z >0,
sgn(z) =<0 ifz=0,
-1 ifz<0.

The quantity ¢ can be interpreted as the radiative heat flux. Then, we can rewrite (3.1),
(3.3) as follows :

Oip+ Ox(pu) =0,
O(pu) + 0u(pu® + P) =0, (3.6)
(pE)+0(pEu+Pu+q) =0,

with ¢ given by (3.5). Recall that E = e +u?/2, and P is given by (3.2).

In this paper, we address the question of the influence of the energy exchanges on the
structure of shock waves. More precisely, let us consider given states at infinity (p4,ut,e1),
and let us asume that :

p—,u_,e_) ifr<ot,
(., e)(t,2) = { - (37)
(p4,usp,eq) ifx>ot,

is a shock wave, with speed o, solution to the standard Euler equations (that is, system
(3.6) with ¢ = 0). We refer to [35, 55, 58| for a detailed study of shock waves for the
Euler equations. The question we ask is the following : does there exist a traveling wave
(p,u,e)(xz — ot) solution to (3.6), with ¢ given by (3.5), that satisfies the asymptotic
conditions :

sli)gloo(mua €)(§) = (p+,ux, ex). (3.8)

In other words, we are concerned with the existence of a shock profile, and a natural
expectation (at least for shocks of small amplitude) is that the step shock (3.7) is smoothed
into a continuous profile, due to the dissipation introduced by (3.3). The analogous problem
for the compressible Navier-Stokes system has been treated a long time ago, see [16],
without any smallness assumption on the shock wave. Concerning radiative transfer, a
formal analysis of shock profiles has been performed in [22], together with rough numerical
simulations. (We refer also to [61, 49] for the physical background.) The main purpose of
this work is to make the analysis of [22| rigorous. Since we are only concerned in this paper
with the existence of shock profiles, and not with their stability, the problem is purely one-
dimensional (due to the Galilean invariance of the Euler equations). This is why we have
directly restricted to the one-dimensional case. However, the formal derivation of Appendix
3.4 is made in several space dimensions.
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Before stating our main results, let us mention that a simplified version of (3.6), (3.5)
has been introduced, and studied in [27, 29]. This 'baby-model’ consists in a Burgers type
equation :

2

Byu + 9, (%) — 9.,

coupled to the diffusion equation :
—Opzq +q = —0zu.

These two equations can be seen as a scalar version of (3.6), (3.5) since they can be recast

as :
2

Btu—i—(%(%) = Ku—u, (3.9)

where K is the integral operator already arising in (3.5) :

1
Ku(t,x) = 2/ eVt y) dy .
R

The thorough study of (3.9) has motivated a lot of works ; we mention in particular [50, 33,
41, 56]. Clearly (3.9) can be seen as a prototype for discussing (3.6), (3.5) ; nevertheless,
replacing (3.6), and (3.5) by (3.9) has two important consequences : the equation becomes
scalar, and the "diffusion’ K —1 applies to the unique unknown (while in (3.6), the "diffusion’
appears through the radiative heat flux ¢ only in the third equation). Our work is a first
attempt to extend the known results for (3.9) to the more physical model (3.6), (3.5).

Let us now state our main results. The first result deals with the existence of smooth
shock profiles when the strength of the shock is small :

Theorem 3.1. Let ~ satisfy

VT+1
VT -1

and let (p—,u_,e_) be fized. Then there exists a positive constant § (that depends on
(p—,u_,e_), and 7y) such that, for all state (p4+,u4,e) verifying :

N ||(p+,u+,e+) - (p_,u_,e_)H <9,

— the function (3.7) is a shock wave, with speed o, for the (standard) Euler equations,
then there exists a C? traveling wave (p,u,e)(z — ot) solution to (3.6), (3.5), (3.8).

l<y< ~ 2215,

As in the study of the ’baby-model’ (3.9), the existence of a smooth shock profile
is linked to a smallness assumption on the shock strength, see [27]. Here the smallness
parameter 6 may depend on the state (p_,u_, e_), while for (3.9), the smallness parameter
is uniform (and even explicit !).

The restriction on the adiabatic constant « might be unnecessary, but it simplifies the
proof, and it covers the main physical cases 1 < v < 2.

Our second result is also in the spirit of [27], and deals with the smoothness of the
shock profile constructed in the previous Theorem :

Theorem 3.2. Let v satisfy

VT+1
VT-1

1<y< ~ 2215,
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and let (p—,u_,e_) be fized. Then there exists a decreasing sequence of positive numbers
(0n)nen (the sequence depends on (p—,u—_,e_), and ) such that, for alln € N, and for all
state (py,uy,ey) verifying :

a ‘|(:0+7u+7€+) - (p—7u—ae—)H < bn,

— the function (3.7) is a shock wave, with speed o, for the (standard) Euler equations,
then there exists a C™2 traveling wave (p,u,e)(x — ot) solution to (3.6), (3.5), (3.8).

To a large extent, our analysis follows the arguments of [22], and [27]. The proof of
Theorem 3.1 is presented in Section 3.2, while Section 3.3 is devoted to the proof of Theorem
3.2. The investigation of strong shocks, as well as stability issues will be addressed in a
forthcoming work.

3.2 Existence of smooth shock profiles

In this section, we prove Theorem 3.1. We first recall some basic facts on shock waves for
the Euler equations. Then, we make some transformations on the traveling wave equation.
Eventually, we prove Theorem 3.1 by using an auxiliary system of Ordinary Differential
Equations, that is introduced and studied in the last paragraph of this section.

3.2.1 Shock wave solutions to the Euler equations

In this paragraph, we recall some basic facts about the (entropic) shock wave solutions
to the Euler equations :

Oip + 0z(pu) =0,
d(pu) +dx(pu® +P) =0,
O(pE)+0x(pEu+ Pu)=0,

where P, and FE are given as in the introduction. We refer to [35, 55, 58| for all the details,
and omit the calculations. In all what follows, we only consider shock waves that satisfy
Lax shock inequalities. We shall thus speak of 1-shock waves, or 3-shock waves.

We consider a fixed ’left’ state (p—,u_,e_). Then the 'right’ states (p4,u,e;) such
that (p,us,er) define a 1-shock wave, with speed o, is a half-curve initiating at (p—, u—_,e_).
Introducing the notation v+ = u+ — o, the Rankine-Hugoniot jump conditions can be re-
written as :

Py Uy =PV =],
prv2 + Py =p_vi 4+ P =jC, (3.10)
2 2
v (% .
p+v+(e++?+)+P+v+:p_v_(e_—|—?)+P_v_ =:5Cs.

Observe that v_ does not only depend on the 'left’ state (p—,u—, e_), but also on (p4,uy,et),
because v_ is defined with the help of the shock speed o. Consequently, the constants 7,
C1, and Cy depend on both (p—,u_,e_), and (p4,u4,e4).

For 1-shocks, that is when the inequalities :

Uy —cp <o<Uy, o0o<U-—C_,
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are satisfied (¢ denotes the sound speed), all quantities j, Cy, and Cy are positive. Mo-
reover, when the strength of the shock tends to zero, that is when (p4,u4,ey) tends to
(p—,u_,e_), one has

o U_ —c_
J p—C—

el e v e e |- (3.11)
Co ye_ +c% /2

Consequently, when the strength of the shock is small, all quantities j, C'1, Co are bounded
away from zero. Recall also that 1-shocks are compressive, in the sense that py > p_. This
inequality immediately implies that 0 < vy < v_. Eventually, the strength of the shock
tends to zero if, and only if u; tends to u_ (in that case, we also have py — p_, and
e+ — e_ because of the Rankine-Hugoniot jump conditions).

In all what follows, we limit our discussion to the case of 1-shocks for simplicity, but
the extension to 3-shocks is immediate.

3.2.2 Reduction of the traveling wave equation

In this paragraph, we derive, and transform the equation satisfied by traveling wave
solutions to (3.6), (3.5). A traveling wave solution to (3.6), (3.5) with speed o is a solution
(p,u,e)(x — ot). For such solutions, the radiative heat flux ¢ also depends on the sole
variable x — ot :

1
q(z —ot) = 3 /}R el son(x — ot — y) O(y)* dy,

and (3.6) reads :

(plu—a)) =0,
(pu(u—o)+(y—1)pe) =0,
(ple+ %) (u—0)+(y—1) peutq) =0,

where ’ denotes differentiation with respect to the variable £ = x — ot. Introducing the new
unknown v = u — o, the above system is easily seen to be equivalent to :

(pv) =0,
(pv® + (v =1)pe) =0, (3.12)
(pv(e+%)+(y—1)pve+q) =0,

Since we are looking for a shock profile, the traveling wave solution should also satisfy :

lim (p,v,e) = (p+,v+,e4), (3.13)
§—+o0
where vy = uy — o, and (p4,u+,es) defines a 1-shock wave with speed o for the Euler
equations. Notice that the quantity a = |uy — u_|/2, that measures the strength of the
shock, is invariant with respect to our change of velocity, that is a = |uy — u_|/2 =
|y —v_|/2. Recall also that for 1-shocks, there holds v_ > vy > 0.
Observing that we have :

+o0o
g€ = 1 /0 e (B(¢ + )" — 06— y)") dy,
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we conclude that g tends to zero at +o0o by Lebesgue’s Theorem (because 6 is necessarily
bounded since it has finite limits at £00). We can thus integrate the system (3.12)-(3.13)
once, and (3.12) reads equivalently :

(pv)(§) =1,
(pv? + (v = 1) pe)(€) = j C, (3.14)
2 .
(pv(e+5)+(y—1Dpvetq)(§) =jCa,
where the constants j, C; and Cy are given by the Rankine-Hugoniot conditions (3.10).

For small shocks, the positive constants j, C, Co have the asymptotic behavior (3.11).
From the two first equations of (3.14), we derive the relations :

(C1 — (&) v(&)
v-1 '

) = Lo, e(6) =

The third equation of (3.14) thus reduces to :

©+ 2002 202U, (3.15)

Using the equation of state (3.2), as well as the second equation of (3.14), we get :

g = 17D _ (G-

Consequently, (3.15) can be recast as an integral equation with a single unknown function
v

v(€)?

2~y Ch
-

wef - 215

2~y Cq
———
y+1

20-1)C ~ (v—1)

&)+ y+1  j(y+1)R4

/R o161 sgn(€ — y) v(y)(C1 —v(y))* dy .

(3.16)
We are searching for a solution v to (3.16), that satisfies the asymptotic conditions v(§) —
v4, as & — Foo.

Remark 3.3. If we find a C? solution v to (3.16) that does not vanish, and that satisfies
v(€) — vt as & — Foo, then we obtain a C? shock profile (p,u,e) by simply setting :

(C1—v(&)v(©)
y—-1 '

p&) = —=, u@)=v()+o, e =

In particular, if v(§) € [vy,v_] for all , then v does not vanish.

Remark 3.4. Since the heat flux q vanishes at 00, (3.16) can be also rewritten as :

(v(&) = v_)(v(€) — vy) = - (-1

e [ s = ) o) (€ = o) dy.

We are going to rewrite (3.16) as a second order differential equation, that will be easier
to study than the integral equation (3.16). Indeed, assuming that v is a C? function of &,
and differentiating twice (3.16) with respect to &, we get (see [22| for the details of the
computations) :

vC " / 4(v—-1) 1 -
(Uiyi—l—ll) v+ (v )27W (C1—v)3 03 (C1—2v) v ~3 (v—v_) (v—v4)=0. (3.17)
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Conversely, if v is a C? solution to (3.17) that satisfies v(£) — vy as & — oo, then v is
also a solution to (3.16). If in addition v takes its values in the interval [v;,v_], then we
can construct a C? shock profile, and thus prove Theorem 3.1.

The differential equation (3.17) can be simplified by introducing the new unknown
function ¥ = v — (v— +v4+)/2, and by rewriting the second order differential equation as a
first order system :

v = w,
2 — g2 (3.18)

2 )

vw = —w?— f(H)w+

where f is the following polynomial function :

0t () (0028) (o 520) . o

We recall that a = |[v_ — v4|/2, and that a measures the strength of the shock.

Remark 3.5. The asymptotic behavior (3.11) of j, C1, and Cy shows that when the strength
of the shock tends to zero (a — 0T ), the limit of f(0) is given by :

A3 (y =12 (= +(v—1) =)

R (y+1)8 p-c- 0

f(0) =

Since vy < v_ for a 1-shock, we are searching for a solution to (3.18) that is defined
on all R, and that satisfies :

lim (4, w)(€) = (a,0), lim (4,w)(¢)=(—a,0). (3.20)

fmrmoo g—+oo

To prove Theorem 3.1, we are thus reduced to showing the existence of a heteroclinic orbit
for (3.18) that connects the stationary solutions (+a, 0). Due to the previous transformation
0 =v— (v= +v4)/2, if ¥ takes its values in [—a, a], then v = 0 + (v_ + v )/2 will take its
values in the interval [v4,v_], and therefore will not vanish.

Remark 3.6. The system (3.18) is ’singular’ at © = 0. Nevertheless, we are searching
for a smooth solution connecting (+a,0), so that © vanishes in at least one point. Because
w' = 9" should also have a limit at this point, a C? shock profile can exist only if the

equation :
2

a
w2+f(0)w+3:0,

has real roots. The corresponding discriminant condition turns out to be much less simple
than the one found in [27] for the ’baby model’ (3.9). (In particular, f(0) depends on the
shock through the constants j, and C1). This is a first 'nonexplicit’ restriction on the shock
strength to derive the existence of a smooth shock profile.

Due to the singular nature of the system (3.18) at © = 0, it is more convenient to
work on an auxiliary system of ODEs, where the singularity has been eliminated (at least
formally) thanks to a change of variables. This procedure was already used in [27]. In
the next paragraph, we shall introduce this auxiliary system, and complete the proof of
Theorem 3.1.
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3.2.3 Existence of a heteroclinic orbit

We begin with a result on an auxiliary system of ODEs, where the singularity at © =0
has been eliminated :

Proposition 3.7. Assume that v satisfies 1 < v < (V74 1)/(v/T— 1), and consider the

following system of ODEs :
Vi = VW,
V2 _—a? 3.21
W= —W2—f(V)W+(2a). (3:21)

There exists a positive constant ag, that depends only on (p—,u_,e_), and v such that if
the shock strength a satisfies a € (0, ag], the following properties hold :

- f(0)? = 2a* > 0, and we define wo := (— f(0) f(0)2 —2a%)/2 <0.

— There exists a solution (V,, W,) to (3.21) that is defined on all R, and that satisfies

lim (V,,W;)(n) = (a,0),  lim (V;, W})(n) = (0, wo)-
n——00 n——+00

Furthermore, V, is decreasing, and the convergence of V, to 0 as n — 400 is expo-
nential.
— There exists a solution (Vy, Wy) to (3.21) that is defined on all R, and that satisfies
lim (%a Wﬂ)(n) = (—CL, 0) ) lim (‘/tb Wﬁ)(n) = (Oa wO) :
n——00 n—+00
Furthermore, Vi is increasing, and the convergence of Vi to 0 as n — +oo is expo-
nential.

Assuming that the result of Proposition 3.7 holds, the existence of a heteroclinic orbit
for (3.18) connecting (£a,0) can be derived by following the analysis of [27]. We briefly
recall the method. Using the solution (V}, W},), we introduce the change of variable :

+o0
=, () = —/ V(0) dC.
n

Since V,, tends to 0 exponentially as 1 tends to +o0o, =}, is well-defined, and it is an increasing
C*° diffeomorphism from R to (—o0,0). Then (v,,w,) := (V,, W,) o Eb_l is a C* solution
to (3.18) on the interval (—o0,0), that satisfies :
lim (05, w,)(§) = (a,0),  lim (3, w,)(&) = (0,wo) -
£——o0 £—0

Similarly, with the help of the solution (Vj, Wy) we can construct a C°°, decreasing dif-
feomorphism Z; from R to (0,400), and a C* solution (04, wy) to (3.18) on the interval
(0,400). This solution (04, wy) connects (0,wg) and (—a,0), as ¢ varies from 0% to +oo.
Let us now ’glue’ the solutions (0, w,), and (04, wy), by defining :

(05, wy)(&) if € <0,
(’[}ﬁa wﬁ)(&) if & >0,
and extend the functions 0, and w at 0 by setting (0, w)(0) = (0, wp). In this way, 0, and

w are continuous on R, and C* on R\ {0}. It remains to show that © € C?(R), that (9, w)
solves (3.18) on R, and that © takes its values in (—a,a).

(0, w)(§) = { (3.22)
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Observe first of all that v is a decreasing function, because of the monotonicity pro-
perties of V,, V4, E,,E;. Using the asymptotic behavior of Vi, V4 at —oo, we get that
0(€) € (—a,a) for all £ € R.

Let us now note that the above construction of (0, w) shows that (9, w) is a solution to
(3.18) on R\ {0}. In particular, ?'(§) = w(§) if £ # 0. Moreover, w is continuous on R, so
? € CHR), and 9'(0) = w(0) = wo. To prove that & € C%(R), it is sufficient to show that
w € CY(R), which is equivalent to showing that w’ has a limit at 0 (because we already
know that w is C* on R\ {0}). To prove that w’ has a limit at 0, we are going to study
the asymptotic behavior of (V,, W,), and (Vj, Wy) at +oo. More precisely, let us denote
U(V,W) the vector field associated to the ODE (3.21) :

Vw

VW= Je w4

V2—a?) |, (3.23)
2
where f is given by (3.19). The Jacobian matrix of U at (0,wp) is :

< wo 0 > A9
—FO)wo —2wo—F(0)) ~ \ by A
For a sufficiently small, one checks that )\g)) < )\go) < 0 (see Proposition 3.7 for the

definition of wp). The eigenvectors corresponding to the eigenvalues )\(10) and /\éo) are :

0) +3 0
0 — (f( );; wo> RO (1> .

The standard theory of autonomous ODEs; see e.g. [52], shows that there are exactly two
solutions to (3.21) that tend to (0,wp) as 7 tends to +oo, and that are tangent to the

straight line (0, wg) +R ego). Moreover, all the other solutions to (3.21) that tend to (0, wyg)

as 7 tends to +oo are tangent to the straight line (0,wg) + R ego). Now, it is rather simple
to see that the two solutions to (3.21) that tend to (0,wg) as n tends to +oo, and that are

tangent to the straight line (0,wq) + Reéo), satisfy V' =0, and :

a2

W =W = fO)W = =

Because the solutions (V;,, W},), and (V4, Wy) given by Proposition 3.7 cannot satisfy V, = 0,
and V4 = 0, we can conclude that the solutions (V},W,), and (V;, W;) are tangent to

(0,wp) + Rego) as 7 tends to +oo. In particular, this yields :

o W) L W) o) wg
e V) e Vi) T T+ 3w

(3.24)

(A quick verification shows that f(0)43wg > 0 for small enough a.) From the construction
of the solutions (0, w,), and (04, wy), we get :

, ) , - /0 2
lim wy(§) = lim wi(§) = M.

§—0~ =07
As a consequence, when a is small enough, w € C(R), and therefore © € C?(R). Moreover,
(0, w) solves (3.18) on R\ {0}, so by continuity, it solves (3.18) on R. This completes the
proof of Theorem 3.1, provided that the result of Proposition 3.7 holds.
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3.2.4 Proof of Proposition 3.7

In this paragraph, we prove Proposition 3.7, which will complete the proof of Theorem
3.1. At first, we define the set :

2_a2
P={(V\W)|V € [~a,a W2 + F(V) W ~ 4 ~C o},

so that the points (+a,0) belong to P. The following Lemma gives a description of P for
a > 0 small enough. We refer to figure 3.1 for a schematic picture.

A

¢ % a V

FiGc. 3.1 — Theset P = P, U Ps.

Lemma 3.8. Assume that 1 < v < (V7 + 1)/(\/T — 1). Then there exists a constant
ap > 0, that only depends on (p—,u_,e_) and v such that if the shock strength a satisfies

a € (0,ap], we have the following results :
— For allV € [—a,a], f(V)?+2(V? —a?) > 0. We can thus define

Ve l-ad, wyv)= LU+ \/f(V2)2 F2(VT—a?)

wyv) = L) = \/f(VQ)2 F2(V2=at)

- P= P, UPy, where Py and Py are two curves defined by
P ={(VVWi(V)IV € [~a,al}, Py={(V,Wa(V))|V € [~a,a]},
so that the points (£a,0), and (0,wp) belong to P;.




Shock profiles 75

~ There exists a unique point V € (—a,0) such that W1 is increasing on the interval

[V,a], and Wy is decreasing on the interval [—a, V].

— For all V € [V,0], one has Wy(V) < W (V).
Proof. Let us first define a function A by setting :
AV) = f(V)*+2(V?—d?).
Using (3.11), for a small enough, we have :

C
L —a>kKk>0, 1 G —a>kKk>0,
v+1 v+1 v+1

-1
M—2GZI€>O,

where £ is a positive constant that only depends on (p_,u_,e_) and . Moreover, (3.11)
also shows that j > k for a € (0, ag], up to restricting . Consequently, there exist ag > 0,
and x > 0 such that for a € (0, ao], we have f(V) > k, and A(V) > & for all V' € [—a, a].
This directly shows that the set P is the union of the two curves P;, and Ps. It is rather
clear from the definition of P; that (%a,0), and (0,wg) belong to P; (recall that wq is
defined in Proposition 3.7). Observe also that Wy (V) < Wy(V) < 0 for V € [—a,a], and
Wi (V) <0if V € (—a,a).
The functions Wy, and Wy are C*° on [—a, a]. Moreover, we compute the relation :

VV € [—a,a], VAV)YW(V)=V -W (V) [f(V), (3.25)

and from (3.19), we also compute

(-0) (o4 25) (s 5200 ) (- 006 )

(3.26)

As we have done for f, and A, a careful analysis shows that for 1 < v < (vV/7+1)/(v/7—1),
and for a small enough, one has f/(V) > x > 0 for all V € [—a, a], because each term in
the product (3.26) is positive. Using this information in (3.25), we can already conclude
that Wy is increasing on the interval [0, a] (see figure 3.1). Moreover, the relation (3.25)
also shows that W/ (0) > 0, and W} (—a) < 0. Consequently, there exists some V € (—a, 0)
such that W1 (V) = 0. Let us prove that V is the only zero of W}. We claim that it is
sufficient to show the following property :

Wi (V)=0= W/(V)>0. (3.27)

Indeed, if the property (3.27) holds true, then any point where W/ vanishes is a local strict
minimum. If there existed two such local strict minima —a < Vi < Vi < a, then W,
would admit a local maximum V3 € (V1,V5), which is obviously impossible. Therefore let
us prove that the property (3.27) holds true.

Differentiating (3.25) with respect to V', we obtain that if W, (V') = 0, then

AVIWI(V) =1—f"(V)Wy(V).
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Observing that

aQ—VQ Ca?

— < ,
fvy — &

for suitable positive constants C, and k (that are independent of a € (0,aq]), we can

conclude that W{(V') > 0, provided that a is small enough. This completes the proof that
W/ has a unique zero V € (—a,0), and therefore Wy is decreasing on [—a, V], and is
increasing on [V, a].

For the last point of the lemma, we use the relation :

["V)Wi(V)| < CW(V)| < C

Wi (V) + Wy(V) = —f(V) <0.

Because W (V) > 0 for V € [V, 0], we get W5(V) < 0 for V € [V,0]. Thus for V € [V, 0],

we have Wo (V) < Wy(V) < Wy(

],
V'), and the proof of the Lemma is complete. O

Using Lemma 3.8, we are going to prove Proposition 3.7. The analysis follows [16].

As we have already seen in the preceeding paragraph, the point (wp, 0) is a stable node
of (3.21). We now study the nature of the equilibrium points (+a, 0). Recall that the vector
field associated to (3.21) is denoted U, see (3.23). The Jacobian matrix of U at (a,0) is :

(¢ sio)

so it has exactly one negative eigenvalue 111, and one positive eigenvalue u9 (the equilibrium
point (a,0) is a saddle point) :

—fa) = VF@THAE  —f(@) + /@ A

H1 = 9 y M2 = 9

An eigenvector associated to pg, and is r9 = (a, u2). Moreover, using the relation (3.25),
we can check that for a small enough, the following inequality holds :

0< % < %a) = W' (a), (3.28)

where the function W is defined in Lemma 3.8. Let us now define a compact set Ky by :
K= {(V,W) € [0,a] x R|Wi(V) < W < o},

Then the inequalities (3.28) show that for s < 0 small enough, the point (a,0)+ s ra belongs
to the interior of K. We refer to figure 3.2 for a detailed picture of the situation.

From the standard theory of autonomous ODEs, see e.g. [52], we know that there exists
a maximal solution (V}, W},) to (3.21) that tends to the saddle point (a, 0) as n tends to —oo,
and that is tangent to the half-straight line (a, 0)+R™ r5. This solution is defined on an open
interval (—oo,n,) (with possibly 7, = +00). For large negative 7, the preceeding analysis
shows that (V},, W,)(n) belongs to the interior of K;. Moreover, (V,,W,) cannot reach the
boundary of K. Indeed V| cannot identically vanish so (V,,W,)(n) ¢ 0K; N {V = 0}.
Similarly, we have (V,, W,)(n) # (a,0). Eventually, on the set :

{oveoau{vwmv)ve 00},
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WA (a,0) + Rry

Ky

Wo

Fi1G. 3.2 — The compact set K.

the vector field U is not zero, and is directed towards the interior of K. Therefore the
solution (V,,W,) cannot reach 0K, so it takes its values in the compact set K;. The
maximal solution (V;, W},) is thus defined on R. It cannot reach the boundary of K1, so W,
takes negative values, which means that V} is decreasing (because V]| = V, W,). Because
(V,, W,) takes values in the interior of K, the function W) is also decreasing. This shows
that (V}, W,)(n) has a limit as n tends to +oo, and this limit is necessarily be a stationary
solution of (3.21). The only possibility is that (V;, W,)(n) tends to (0,wo) as n tends to
+o0. The convergence is necessarily exponential, because the Jacobian matrix of U at
(0,wp) has two negative eigenvalues, see e.g. [52].

To construct the other solution (Vj, W), we argue similarly by defining a compact set
K2 :

Ky = {(v, W) € [—a, V]xR|W, (V) < W < o}u{(v, W) € [V, 0] x R|W, (V) < W < 0} ,

see figure 3.3. The Jacobian matrix of U at (—a, 0) has one negative eigenvalue v, and one
positive eigenvalue vg, with :

~fa) + VAP y i
2 |

An eigenvector associated to the eigenvalue v is Ry = (—a,2). As was done earlier, we
check that the inequalities :

Vy =

—a 120}
W (—a)= —- < — <0,
)= <

hold true. Therefore, one can reproduce the above analysis, and show that there exists
a solution (Vj, Wy) to (3.21) that takes its values in Ky (and is thus defined on R), and
that tends to (—a,0) at —oo. Moreover, (V4, Wy) can not reach the boundary of K, so
V; is increasing. It only remains to study the monotonicity of Wy. This is slightly more
complicated than for W,. Observe that K5 is the union of the sets :

KL= (V,W) € [—a,0) x R| Wy (V) < W < 0},

K2 .= {(V, W) e [V,0] x R|W.(V) < W < Wl(V)}.
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When (Vj, Wy) takes its values in the interior of K3, the function Wy is decreasing (this is
the case for large negative 7). At the opposite, when (V;, W;) takes its values in the interior
of K2, the function Wy is increasing, because thanks to Lemma 3.8, we have :

2_a
Wi(n) = =Wy(n)? — f(Ve(m) Wy(n) + Vﬁ(n)g

= (Wi(Va()) = Wy(n)) (Wi(n) — Wa(V;(n)))
> (Wi (Vi(n)) — Wy(n)) (Wi (V) — Wa(Vi(n))) > 0.

Moreover, if (Vy, Wy)(no) belongs to the interior of K3 for some 1y € R, then (Vj, Wy)(n)
belongs to the interior of K3 for all n > 1y (because it cannot reach the boundary of K2
for 7 > n). Summing up, either (V;, Wy)(n) belongs to K3 for all n, and Wy is monotonic
on R, either (V;, W;)(n) belongs to K3 for all n greater than some 79, and W; is monotonic
on [ny,+00). In any case, the function Wy is monotonic on a neighborhood of +o00, and
thus has a limit at +o0o. This shows that (Vj, Wy)(n) tends to (0,wp) as n tends to 400,
and the convergence is exponential. As a matter of fact, we have seen in the preceeding
paragraph that (Vj, Wj) is tangent to the straight line (0,wq) + Rego) as 7 tends to +o0,
so one can check that (Vj, Wy)(n) belongs to the interior of K3 for large positive 7. This
means that Wy is decreasing on some interval (—oo,np), and increasing on [ng, +00). The
proof of Proposition 3.7 is now complete.

(—a,0) + R R, B WA

v
>

Wi(V)

FiGc. 3.3 — The compact set Ko.

3.2.5 Estimate for the shock profile

In this paragraph we give the estimate for C? shock profile obtained §3.7. We have the
following

Lemma 3.9. The C? shock profile obtained in §3.7 verifies
||p/7 'LL/, e/”L‘”(R) < Ca27

where the constant C' is independent on the shock strength a, but may dependent on
(p—,u—,e_) and .
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Proof. We prove the estimate for the shock profile of the velocity u, with which we can
v_ + V4

easily get the other estimates. Asv=u—o0, 0 =v — 5

, and 0, w satisfy (3.18), we
have

'] =[] = [0 = Jwl.
As we have seen that the shock profile was constructed by two heteroclinic orbits of the
system (3.21), thus we get

—fv V)24+2(V2—a?
W< sup [Wi(V)|= sup | =L )+ VT2 +2(VE—a?)
Ve[—a, Ve[-a,a] 2

Recall that in Remark 3.5 we have shown that lim, ¢ f(0) > 0. Thus for sufficient small
a we have ¢ < f(V) < c, for any V € [—a,a], where ¢ = Llim,— f(0) and ¢ =
%IimaHo f(0). Note that lim, ¢ f(0) depends only on (p_,u_,e_) and -, consequently ¢;
and ¢ are independent on a. Thus the estimate of |u/| can be written as

Wl < sy VAT
- VeEl—a,a) 2
f(V)2(a® - V?)
= R, P
< Cd?,

where the constant C' is independent on a, but on (p_,u_,e_) and «. Thus completes the
proof. O

3.3 Additional regularity of shock profiles

As should be clear from the preceeding section, the key point in the construction of a
shock profile is Proposition 3.7 that gives the existence of two heteroclinic orbits for the
system (3.21). To prove Theorem 3.2, we are going to study the behavior of the derivatives
of (V;,, W,), and (V4, Wy) near 4+o00. The proof of Theorem 3.2 follows from an induction
argument. To make the arguments clear, we deal with the first case separately. In all what
follows, (V,, W,), and (V;, W;) are the solutions to (3.21) that are defined in Proposition 3.7,
and (0, w) denotes the solution to (3.18) that is defined by (3.22). We have the following :

Proposition 3.10. Under the assumptions of Proposition 5.7, there exists a positive
constant a; < ag (that depends on (p—_,u_,e_), and ), such that for all a € (0,a1],
one has w € C?(R), o € C3(R), and :

w(€) = wo + w1 B() + w2 0(€)* +0(8(§)*), as & —0,
for some suitable constants w1, ws (wo has already been defined in Proposition 3.7).

Proof. Recall that V4, and V} do not vanish on R, so we can introduce some C'*° functions
W, 1, and Wy that are defined by :

W, =wo+V,W, 1, Wy=wo+ VzWy;.
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Substituting in (3.21) shows that (Vj,, W, ), and (V4, Wy ;) are solutions to the system :

V' =V(wy+ VW),

0 4 3.29
W/ = —wq ()Vm—2VW12—3woW1—f(V)W1+2. (3.29)
Moreover, we already know from Proposition 3.7, and (3.24) that :

i (5, 05,0)() =t (V. W,)(n) = (0, 75000 ).

We denote U; (V, W7) the vector field associated with (3.29) :

V(wo + |4 Wl)
Uy (V,Wy) == V) —f(0 Vv
1V, W) iy LV =10 )Vf()—szf—3wowl—f(V)Wl+2
Recall that f is a polynomial function of degree 7, see (3.19), thus F\(V) := (f(V)—£(0))/V
is a polynomial function of degree 6, and we have F(0) = f/(0), F'(0) = f”(0)/2. Obviously
the system of ODEs (3.29) admits the equilibrium point (0, w1 ), where :

—F(0) wo _ —f'(0) wo
700)+ 3wy F(0) +3uwp

We are now going to study the nature of the equilibrium point (0,w1), and show that for
a small enough, this equilibrium point is a stable node for (3.29). Then we shall show that
w € C?(R), and & € C3(R). In the end, we shall derive the asymptotic expansion near
£E=0.

Step 1 : the Jacobian matrix of Uy at (0,w;) is

wo 0 Ao
1 , / f”(O) = ] -
2—2w1—f(0)w1—72 wo  —f(0) —3wp b1 Ay
Using Remak 3.5, we can conclude that for sufficiently small a, that is a € (0, a1] for some
positive number a1 less than ag, one has )\gl) < )\gl) < 0, that is, f(0)+4wo > 0. Moreover,
(1

the eigenvectors corresponding to the eigenvalues A;’, and )\gl) are :

o _ <f(0) +4wo> o _ <0)
1 bl ’ 2 1/

Consequently, (0,w;) is a stable node of (3.29), and there are exactly two solutions to
(3.29) that tend to (0,w1) as n tends to 400, and that are tangent to the straight line
(0,wy) + Regl). All the other solutions to (3.29) that tend to (0,w;) as n tends to 400
are tangent to the straight line (0,w;) + Regl). As in the preceeding section, we can thus
conclude that :

w1 =

W1 (n) Wy b
im b;l( = lim ﬁ;l(n) = ! . (3.30)
n—+oo Vi(n)  m—+oo Vi(n)  f(0) +4wo
Step 2 : if we let g; denote the second coordinate of the vector field Uy, we have
Wb/,l = g1(Vp, Wp1), and Wy = g1(Vy, Wy1). Differentiating once with respect to 7, and
using (3.30), we end up with :

Wh) W)

= =/ 3.31
=t Vi) o—bee Vi) .
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where the real number ¢; can be explicitely computed (but its exact expression is of no use).
Following the analysis of the preceeding section, we define some functions wy, ; := W), 105" L
and wy 1 := Wy o Eﬁfl. First of all, (3.30) yields :

. b1 wo
1 =1 = — 3.32
¢ 1%17 wb,l(‘f) SE(% w]j,l(g) F(0) + 4wy ( )
Observe now that we have the relations :
’l/}b wé’l = Wb/,l O Eb_l y ’l}ﬁ w{j’l = Wﬁ/,l o Eﬂ_l s
and combining with (3.31), we get :
Wy (n) Wy, (n) Wi (n)
. N . b,1 . b,1
lim (9, w) ) (§) = lim : = lim : = /{1 wy,
EﬁO*( ) (€) n—too Vi(n)  n—too  V](n) (3.33)
lm (6w ,) (€)= lim Wea() _ lim Wea () W) _ 0w |
gm0t b netoo Vi(n) o nmtee o Vi) H

Differentiating twice the relations w, = wo + 9, w; 1, and wy = wo + 0 wy 1, we obtain :
1 ~1 ~/ / ~ / / / / ~ / !/
w, = 0wy 1 + B w, g + (D w) ;) = wyw, 1 +wyw,; + (D w ),
" / / ~ / /
wy = wywy +wywyy + (dpwy )

Using (3.32), and (3.33), we get w](07) = w/(0%). Using the definition (3.22), this shows
that w € C?(R), and using 9’ = w, we obtain ¢ € C3(R).
Step 3 : note that we have the following expansions near £ =0 :

w// (0)

w(§) = w(0) +w'(0)§ + — & +o0(&%),
€)= w0+ 10 e o(e2).

with w(0) = wg < 0. We can thus combine these expansions, and derive :

w(€) = wo + ad(€) + BH(E)* + o(8(£)?),

for some appropriate real numbers «, and [, that we are going to determine. From the
relation wy, (&) = wo + 0, () wy 1 (£), and using that w, ; (£) tends to wy as £ tends to 07, we
first get a = wi. Then from (3.32), and from the relation {(0™) = wo, we can obtain :

b1

m@b@wo(@b@)), as & — 0.

wb,l(f) =wy +

We thus obtain § = b1 /(f(0) + 4 wp), which yields :

w(€) = wo + w1 B(§) + w2 9(£)* + 0(v(§)?),

where wy := b1/(f(0) + 4wp). This latter expansion will be generalized to any order in
what follows. O
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We now turn to the proof of Theorem 3.2. More precisely, we are going to prove the
following result, that is a refined version of Theorem 3.2 :

Theorem 3.11. Let the assumptions of Proposition 3.7 be satisfied. Then there exists
a nonincreasing sequence of positive numbers (an)nen such that, for all integer n, if a €
(0,an], then w € C"TY(R), and © € C"T2(R). Moreover, w admits the following asymptotic
expansion near £ =0 :

w(€) = wo +wi H(€) + -+ + wap1 H(E)"H + 0o(0(6)" ), (3.34)
where the real numbers w, ..., wp+1 are defined by :
—f(0) +V/f(0)* — 2a”
wo = 9 )
wg = = fork=1,....,n4+1,
fO)+(k+2)w
and the real numbers by, ..., b, are given by :
b{) = —fI(O) wo
1 f"(0)
b1=2— w%—f’(O)wl— B wo ,
(

b = —

2
k+1 Z) O k
Z / i'( ) Wh41—i —Z(i—l— D w;wgy1—;, fork=2,....n
i=1 ’ i=1

Proof. The case n = 0 has been proved in the preceeding section, while the case n =1 is
proved in Proposition 3.10. (The reader can check that the definition of wq, w1, wa, by, and
by coincide with our previous notations.) We prove the general case by using an induction
with respect to n, and we thus assume that the result of Theorem 3.11 holds up to the
order n > 1. We are going to construct a,+1 so that the conclusion of Theorem 3.11 holds
for a € (0, an+1]. In particular, the real numbers wy, ..., w,y1, and by, ..., b, are given as
in Theorem 3.11, and we can already define the real number b, by the formula :

n+2 n+1
f

brt1 Z wn+27i - Z(i + 1) w; wpyo—i -

i=1
(Observe indeed that this definition only involves wy, ..., wy,+1, and not wy,42.)
Step 1 : because V;, and V; do not vanish, we can introduce some functions W, ,, 1,
and W; 11 by the relations :

Wy, = wo+wy Vot - -+wp, V'+W, 5,1 Vb"Jrl s Wy =wotwr Vit +wn V' + Wy ij"Jrl
Thanks to Taylor’s formula, we can write the polynomial function f as :

1) = 10 + 7OV + E0 eSO g ),

where F,,11 is a polynomial function such that :

fFD(0) ,

Fri1(0) = ICES ny1(0) = Tt
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Substituting the expression of W), and W} in (3.21) shows (after a tedious computation!)
that (V,, W, ,11), and (V, Wy ,,41) are solutions to the following system of ODEs :

V=V V... W VI Wy VLY

Wii1 = gnr1(V, W),

where the function g, is given by :

n

gn+1(V, Wn—H) = (n -+ 2) W1 Wk vk + yntl Wn+1> — Whi Z(k‘ + 1) W Vk

k=0 k=0
(n+1) (0
Jzn—}—l()!) +V Qn-i—l(v) ;

(3.36)

= Wit f(V) = Fupr (V) Y wi VF 4 by +
k=0

and QQn+1 is a polynomial function that satisfies :

Fet(0) F+2(0)

o !/
Qn11(0) = bpy1 + (0 +4) wi wpy1 + f1(0) wpyr + CESIE wy nE2)

wo -

When n = 1, one has Q2 = @2(0) = 0 (see the above definition for be). Using the expansion
(3.34), which is part of the induction assumption, we also know that :

bn
lim (V;, W, = lim (V4, Wi, = (0, wps1) = (0, .
i (VW) () = i (Vi W) () = (0 wni1) = (0, 5

With the above definitions for g,1, and Qn+1, we can check that (0, w,+1) is a statio-
nary solution to (3.35). (Recall that w41 is defined as in Theorem 3.11 by the induction
assumption.) We can also evaluate the Jacobian matrix of the vector field associated with
the system of ODEs (3.35) :

( wo 0 ) (Ao
bny1 —f(0) — (n+3)wo oot AP
(n+2)

There exists a positive number a,+1 < a, such that for all a € (0, an+1], one has Ay <
)\gn”) < 0, or equivalently f(0)+ (n+4)wp > 0. In that case, the eigenvectors correspon-

ding to the eigenvalues )\gn+1) and )\énﬂ)

1) <f(0) +(n+4) wo) ) _ <0) ‘

bt 2 T

are .

Using the same argument as in the proof of Proposition 3.10, we can conclude that the
solutions (V;,, W, .1 1), and (Vi, Wy 41) of (3.35) are tangent to the straight line (0, wy, 1)+

Regnﬂ) as 1 tends to +o0. In particular, this yields :

lim Wy i () ~ lim Wi i1 (m) _ bni1
n—+oo V() n—+oe V{(n) f(0) + (n+4)wo

= Wpi2. (3.37)
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Step 2 : let us define the function wy4+1 by the formula :

W, 105, 71(6) i€ <0,
Wn+1(§) :=  Wnt1 if =0,
Wint10E;1(€) if€>0.
With this definition, w1 is continuous, and we have the relation :

W =wy+ w0+ -+ wy 0" + Wypg "L (3.38)

Moreover, using (3.37), we obtain :

. w2+1(§)_ . wiﬁl(f)
e e ()

which yields @/, ,;(0%) = @}, ,;(07). Therefore, we have w,11 € C'(R). Moreover, using
(3.35), we can compute :

= Wnya, (3.39)

Wiy 0 = Gnt1 (0, Wt s (3.40)
so we get @, ;0 € C1(R).
Step 3 : we use an induction argument to show that w € C"*2(R) (which will imply

immediately & € C"T3(R)). More precisely, we assume that for some k € {0,...,n}, we
have :

W1 0F € CFTYR), we CFTYR), @, 0" € CFTL(R). (3.41)

We are going to show that this property implies the same property with k replaced by
k + 1. (Observe that step 2 above shows that the property (3.41) holds for k£ = 0.)

We note that & € C*+2(R), because ' = w € C*¥T1(R). Moreover, we have wy, 1 0¥+ =
(W1 9%) 9 € C*1(R), and we also have :

(@1 05 = Wy 05 + (k4 1) (g1 8%) w € CHFH(R) .

Therefore, we get w11 0¥ € C*+2(R).
Using the relation (3.38), we immediately obtain w € C*+2(R).
We have @), ,, 0" = (@], 9"™1) & € C**1(R), and using (3.40), we derive :
~ ~ /! A~ N /
(w;H-l Uk+2) = (gn—i-l(va Wn 1) UkH)
Sk

= (019n+1) (D, Wy41) O w + (D2Gn11) (0, W) W1 0"+ (k + 1) gng1 (8, Wyg1) 0F w
(3.42)

where 01gn41 (resp. O2gn+1) denotes the partial derivative of g,+1 with respect to its
first (resp. second) variable. From the definition (3.36), we see that g,41(0, Wp4+1) can be
decomposed as follows :

Gnt1 (0, Wpg1) = —(n 4+ 2) W24 0" + W1 Pr(0) + Po(d),

where Py, and P; are polynomial functions. Using this decomposition, and the induction
assumption (3.41), we can show that each term of the sum in the right-hand side of (3.42)
belongs to C*1(R). Consequently @/, ; 92 belongs to C**2(R), and (3.41) holds with k
replaced by k + 1. Because (3.41) holds for & = 0, we get that (3.41) holds for k =n + 1,
so we have proved w € C"*2(R), and © € C""3(R).
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Step 4 : it remains to show that w satisfies the asymptotic expansion (3.34) at the order
n+ 1. Using (3.39), and @w,11 € C*(R), we obtain :

Wn11(§) — Wnt1 = W2 0(§) +0(8(£)), as {— 0.

Plugging this expansion in (3.38), we obtain (3.34) at the order n + 1, so the proof of the
induction is complete. ]

Once we know that the function © belongs to C"T2(R), for a € (0,a,], then v =
9+ (v_ +v4)/2 also belongs to C"*2(R), and we have already seen in the previous section
that v does not vanish because v(£) > vy > 0 for all £&. Moreover, the components (p, u, €)
of the shock profile are given by :

(C1 = (&) v(&)
— e Uﬁ):U(£)+O, 6(5): )
ORI -1
so one has (p,u,e) € C"2(R), and the proof of Theorem 3.2 is complete. (Recall that the
strength of the shock tends to zero if, and only if a = |uy — u_|/2 tends to zero.)
Finally we give the estimates for the shocks profile. We have the following

Lemma 3.12. The C"*2 shock profile obtained in Theorem 3.11 has the following estimates

< Ca™l, forl=1,2,--- ,n+1,
L(R)

dl
Hdg,m we)

where the constant C' is independent on the shock strength a, but may dependent on
(p—,u—,e_) and 7.

Proof. The case n = 0 was proved in Lemma 3.9. Now we prove in the case n = 1, the
shock profile is C3. As a consequence of Lemma 3.9, we only need to show the estimate
[u”|| oo vy < Ca®, which is equivalent to show ||w'||pe(r) < Ca®. We fellow [27]. By the
construction of shock profile, we know that 9" decays exponentially as & — 400, and 7"
attains its maximum at a point & where 9(3) = w” = 0. Then differentiate the second
equation in (3.18) at & and get

(F(8) + Buw)u = (f(B)w? + bw).

Using the fact that |w| < Ca? and 0 < ¢; < f(9) < ¢z, which is derived in the proof of
Lemma 3.9, we get
lw'| < Ca®.

where the constant C' is independent on the shock strength a, but may dependent on
(p—,u_,e_) and 7. Thus we prove for the case n = 1.

The general case n + 1 can be obtained by the induction with respect to n. We diffe-
rentiate n + 1 times the second equation in (3.18) at the point where w1 attains its
maximum, i.e w2 = 0, thus we get

n+1 n+1
5 ) — N (P2 G0 mr2-0) ST (P 0 t1-)
(f(0) + (n+ 3)w) w - Jw T w (@)Y w
- ] - J
Jj=2 J=1

n+1

1 n+1\ -1, (n—j)
3 (7] Ju et

=1
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Note that by the induced condition :
|w(l)| < Cd*? forl=0,1,--n,
then we deduce the following estimate
F@)V| < Cat, forl=1,2,--+ ,n+1.
Similarly we use the fact 0 < ¢; < f(0) < <2, we derive that
[t ] < Ca™*?,

where the constant C' is independent on the shock strength a, but may dependent on
(p—,u—,e_) and . Thus we complete the proof of Lemma 3.12. U

3.4 Appendix : Formal derivation of the model

It is worth describing how the model (3.1), (3.3) can be obtained from a more complete
physical system. The derivation we propose below remains formal — a rigorous proof being
certainly delicate and beyond the scope of this work — and we refer to [4, 17, 43, 49] for
further details. Let us introduce the specific intensity of radiation f(¢,z,v), that depends
on a time variable ¢t > 0, a space variable z € RY, and a direction v € S¥~!. We make
the 'grey assumption’, which means that the frequency dependence is ignored (all photons
have the same frequency). Photons are subject to two main interaction phenomena :

— scattering produces changes in the direction of the photons,

— absorption/emission where photons are lost/produced through a transfer mecanism

with the surrounding gas.
The scattering phenomenon is described by the operator :

Qu(Pitae)=on( [

SN-1

ft,z,v')dv' — f(t,:v,v)) ,

(with dv the normalized Lebesgue measure on SV~1), and the absorption/emission pheno-
menon is described by the operator :

Qulf)(t.2,0) = 00 (2 0(t,2)* = f(t,2,0))

where we used the Stefan-Boltzmann emission law, 6 being the temperature of the gas,
and o the Stefan-Boltzmann constant. In these definitions, the coefficients o, are given
positive quantities. These phenomena are both characterized by a typical mean free path,
denoted ¢, ¢, respectively. Therefore, the evolution of the specific intensity is driven by :

SO 0 Ve = Q)+ - Qal) = Q). (3.4

where ¢ stands for the speed of light. The equation (3.43) is coupled to the Euler system
describing the evolution of the fluid :

Op+Va-(pu)=0,

1
3t(pu)+Vx‘(PU®U)+V:vP:_C/SNIUQ(f)dvv (3.44)

(0 E)+ Yy (pFut Pu) = —/ Q(f) dv.

gN-1
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The equations (3.43), (3.44) are thus coupled by the exchanges of both momentum and
energy, and by the Stefan-Boltzmann emission law. Observe that only the emission/absorption
operator enters into the energy equation since the scattering operator is conservative (this
would be different if Doppler corrections were taken into account). Note also that the total

energy :
1
- fdvdx + pEdx,
C JrRN JS§N-1 RN

is (formally) conserved. Writing the system (3.44), and the kinetic equation (3.43) in the
dimensionless form, we can make four dimensionless parameters appear :

- C, the ratio of the speed of light over the typical sound speed of the gas,

- L5, the Knudsen number associated to the scattering,

- L4, the Knudsen number associated to the absorption/emission,

- P, which compares the typical energy of radiation and the typical energy of the gas.

We thus obtain the rescaled equations :

(1 1 1
E&ff"‘v'vxf:ZQs(f)'i_FaQa(f)y
Op+Va-(pu)=0,
ﬁt(pu)—l-vx-(pu@u)—i-VxP:P(ZS + Z)/ v f(v)du, (3.45)
s a SN-1
C
k&t(,oE)—i—Vx-(pEu—l—Pu) = —Za Oq <94—/SN1f(v)dv>.

System (3.1), (3.3) is then obtained in two steps. First of all, we assume C > 1. Next, we
keep P of order 1, and we are concerned here with a regime where scattering is the leading
phenomenon : the mean free paths are rescaled according to :

1

Ls~—, L,~C.
c C

The asymptotics can be readily understood by means of the Hilbert expansion :
1 1
— 0 L = (1) @)
f=r +Cf +C2f + ...

Identifying the terms arising with the same power of 1/C, we get :

- at the leading order, f(©) belongs to the kernel of the scattering operator, so that is does
not depend on the microscopic variable v : fO(t, z,v) = n(t, x),

- the relation Qs(fM) = v - V. f© then leads to : f(t,z,v) = —Uis v-Van(t,z),
- integrating the equation for f® over the sphere yields :

1
N oy

Osn — Azn = o, (94 —n).

Note also that in the momentum equation, we have :

Ry ~ D) (o) do —
<£S+£a)/SN1Uf(v)dv_as /Svaf (v) dv vin.



88 Appendix

Finally, we obtain the limit system :

dp+ Vg (pu)=0,

O(pu)+ V- (pu®@u)+ VP = —%Vxn,
O(pE)+ V- (pEu+ Pu)=—Po, (0 —n),
on — An =0, (0* —n).

(3.46)

1
Nog
The system (3.46) describes a nonequilibrium regime, where the material and the radia-
tions have different temperatures (6 # nt/ 4); the equilibrium regime would correspond to

assuming that the emission/absorption is the leading contribution.
After this first asymptotics, we perform a second asymptotics where we set :

P<1, Po,=1, No,=1/o,.

This leads to (3.1), (3.3). Of course, one might wonder how this second approximation
modifies the shock profiles compared to (3.46), in particular when we get rid of the radiative
pressure in the momentum equation. We refer to [49, page 579| for some aspects of this
problem.



Chapitre 4

Asymptotic Stability of Shock
Profiles for Non Equilibrium
Radiating Gases

Ce chapitre fait I'objet d’un projet de Note aux Comptes Rendus de ’Académie des
Science.

4.1 Introduction

We are interested in a system of PDEs describing astrophysical flows, where the gas
interacts with radiation through energy exchanges. The evolution of the gas is governed
by the following system of equations written in Lagrangian coordinates :

v —u;, = 0,
, u+p, = 0, (4.1)
(6 + %)t + (pu>x +q = 0,

where v > 0, u and e > 0 represent the specific volume, the velocity and the specific
internal energy of the gas, respectively, p is the pressure and ¢ denotes the radiative heat
flux, satisfying the following elliptic equation still written in Lagrangian coordinates :

1 0*
— (%) +q+—( ). =0, (4.2)
v\v /g v
where 6 > 0 is the absolute temperature of the gas. The advantage of writing (4.1) in
Lagrangian coordinates is to have a simple expression for the conserved variables v, u and
e +u?/2. We choose v, u, § and ¢ as the unknowns in (4.1)-(4.2). The pressure p and the
specific internal energy e are related to v and 8 by the following perfect gas law :

0 R

p=R—, e=——0:=C,0, (4.3)

v v—1
where R > 0 is the gas constant, and v > 1 is the adiabatic exponent, and C, = R/(y—1)
is the specific heat at constant volume. In what follows, the adiabatic exponent will be
restricted to take values in an interval (1,7y), with v, ~ 2.215 (see [38] for the origin
of this restriction). However, the main physical cases are covered. We mention that the
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system (4.1)-(4.2) can be formally derived by asymptotic arguments, starting from a more
complete system involving a kinetic equation for the specific intensity of radiation, see the
Appendix of [38]. We also refer to [49, 61| for the physical background.

In [38] we have proved that the system (4.1)-(4.2) admits smooth traveling wave solu-
tions of the form

(wuba)tn) = (VUOQ), t=z-st )
V,U0,0,Q)(&) — (ve,us,04,0), asf— +oo, '

where (vi,us,01,s) is a shock wave solution to the standard Euler equation (that is,
system (4.1) with ¢ = 0). In other words, the constants (v4, us, 64, s) satisfy the following
Rankine-Hugoniot conditions :

—s(vy —v) = (uy —u_) = 0
—s(uy —u_) + (py —p_) = (4.5)

—s <<e+ + u;*) — <e + u;)) + (pyus —p_u_) = 0,

and the Lax entropy condition :

(e}

either AT < s <AL, or AJ <s< A7, (4.6)

where \; = —/y RO/v and \3 = /v RO /v are the first and the third characteristic speeds
of the standard Euler system. The traveling wave (4.4) is called a shock profile solution
to (4.1)-(4.2). We refer to [55, 58, 35] for a detailed study of shock waves for the Euler
system. Note that (4.6) is equivalent to

uy < u— (or s(vy —wv_) > 0), (4.7)

which will be proved in Appendix 4.4.1.
The shock profile (V, U, 0, Q)(§) is determined by the ODE system

( —sV' —U" = o,
—sU'+P = 0,
2\ /
—s <7]jl@+U2> +(PU)Y+Q = 0, (4.8)
1(@»’ (e’
-—=(=) +Q+—~ = 0,
| VAV %

where ’ denotes differentiation with respect to the variable £ = x — s t, and it also satisfies
the asymptotic conditions (4.4). Integrating the first three equations with respect to £ over
(—00,&] yields

—sV-U = at,
—sU+P = ao,
R U?
—s|——6+ — PU =
where the integrated constants a1, as and as are defined as
ar = —S U4 — Uy,
az = —sut +p4,

ul
a3 = —S§ <Cv 0+ + 2> + prug,



Stability of shock profiles 91

and P = R ©/V satisfies

1

P:sU—i—ag:aQ—sal—SQV::bl—szV::m,

(4.10)
with by = ag — say. We refer [38] for the detailed study of the existence when the strength
of the shock is small. Existence of shock profiles is still open when the strength of shock is
arbitrary. Precisely, the following statement is the starting point of the present work.

Proposition 4.1. [38] Let ~y satisfy

V741
N

and let (v_,u_,0_) be fized. Then there exists a positive number ¢ (that may depend on
v_,u_,0_ and 7y), such that if (v4,uy,04) satisfies

- |’U+ - ,U*| < 5;

— (vi,ug,01) is a shock wave, with speed s, for the standard Euler equations,
then there exists a C* shock profile (V,U, 0, Q)(z — st) satisfying

1<y< ~ 2.215

U' <0 (or equivalently sV' > 0). (4.11)

Furthermore we have the following estimate

(V,U,0)

IN

dl
H Cloy —v "L, fori=1, 2, 3, (4.12)

ael

L= (R)

IN

Clog —ov_|'TY, forl=1, 2, 3, 4, (4.13)

iz

for some constant C that does not depend on (vy,uy,01) but may depend on (v—,u_,0_)
and .

Lo (R)

The question we address concerns the asymptotic stability of the shock profiles : does
the initial value problem (4.1)-(4.2) with initial data (vg, ug, fp) given in a neighborhood of
a shock profile (V,U, ©), have a unique global solution (v,u,0)(t,x) and ¢(t, z), such that
the solution converges to the shock profile in some norm as t — 4007

Such a problem has been well studied for viscous regularization of hyperbolic systems.
For example, the scalar case is treated in |23, 25|, the general case is addressed in [21],
the compressible Navier-Stokes equations are treated in [25, 47]. A typical result assumes
a suitably small strength of the shock, restricts to perturbations with vanishing integrals
(zero mass perturbations) and establishes the convergence in sup norm of the solution to
the shock profile as ¢ — 400. Proofs rely on the energy method applied to the integrated
system. More precisely, Matsumura and Nishihara in [47] showed the asymptotic stability
of shock profiles to the viscous p—system under the assumption that the initial pertur-
bations for the specific volume v and the velocity u are derivatives of sufficiently small
functions in H?(R), and that the strength of the travelling wave is suitably small. In §2 of
[25], Kawashima and Matsumura generalised this result to the full Navier-Stokes system.
The same energy method as in [47] was used for the integrated system. Dealing with the
integrated system has two advantages, that are explained in the introduction of [21]. As
pointed out also by Kawashima and Matsumura in |25], the monotonicity of the shock pro-
file gives a dissipative mechanism for the integrated system. And this dissipation combined
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with the viscosity is sufficient to prove the stability of viscous shock profiles, see [25]. Here
we will use this dissipation due to the monotonicity of the shock profile combined with
the radiative heat conductivity to treat the stability of the shock profiles for the system
(4.1)-(4.2).

For the hyperbolic-elliptic system (4.1)-(4.2), the existence of shock profiles was proved
in [38] in Eulerian coordinates. Existence of shock profiles was also showed in [32] for
general hyperbolic system coupled with a linear elliptic equation. Kawashima, Nikkuni and
Nishibata in [26] showed the global in time existence of solutions in the neighborhood of a
constant state for the coupled system (4.1)-(4.2) in Eulerian coordinates. This corresponds
to a shock of zero strength. Here we will derive and use the elliptic estimates as in [26] to
show the global existence of solutions in a neighborhood of a shock profile. Combining the
energy estimate for the integrated system and the elliptic estimates derived for the elliptic
equation, we will prove the global existence of solutions to the integrated system.

In [27], Kawashima and Nishibata showed the existence of shock profiles and the sta-
bility of small shock profiles, for a simplified model of radiating gas dynamics. This simple
model can be seen as a prototype for discussing the coupled system (4.1)-(4.2). As we
will see later, under the same restrictions on the initial data, shock profiles being of class
C* (the regularity C* gives the estimates of shock profile in norm W3 (R)), the initial
perturbations being in H2(R), and the integrals of the initial perturbations over (—oo, z]
being small in H3(R), we get a similar result, namely the global existence of solutions in a
neighborhood of a shock profile, and the convergence to the shock profile as time becomes
large.

Now we setup some notations for the initial data, and give the statement of our main
result. Consider the initial problem for (4.1)-(4.2) in the neighborhood of a shock profile,
with the initial value :

(v,u,0)(0,z) = (vo, ug, Oo)(x). (4.14)

Let (V,U,0,Q) be a given C* shock profile as in proposition 4.1. We assume that
(U()—V,UQ—U,H()—@) EHZ(R), (4.15)

and that there exist some functions ®, Uy, Wy € H? (R) such that
vp—V = &, (4.16)
u—U = Vi, (4.17)
2 U2 N

(cveo + “;) - <OU@ + 2) = W (4.18)

Here ’ denotes the differentiation with respect to the real variable x. We define

1 -
Wy = ?(Wo ~UV¥g) € H*(R).
Let qo € Q + H3(R) be the solution to the equation
1 65
vo \vo /, vo

We refer to Appendix 4.4.2 for the existence and uniqueness of gg. Then there exists
Zy € H?(R), such that

Zy = volgo — Q) — (% - @4> <UO‘;V)/- (4.20)
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and we define Vo
”O‘; (£ — %) e H(R).

Zo=Zo+ v

Our main result states as follows :

Theorem 4.2. Let (v_,u_,0_) be fized, and let (vy,uy,04) define a shock wave with
speed s for the standard Euler equations, i.e (vy,u+t,0+,s) satisfy the Rankine-Hugoniot
condition (4.5), and the Lax entropy condition (4.6). There exists 6 > 0 such that if vy —
v_| <6, if (V,U,0,Q)(&), & = = — s t, is the shock profile given by proposition 4.1, if
the initial data (vo,uo,0y) satisfies (4.15)- (4.18), and if || Do, Yo, W0||H3(R) < 9, then the
initial value problem (4.1), (4.2) and (4.14) has a unique global solution (v,u,6,q)(t,z)
with

(v—V,u—U,0 —0)c C%0,c0; H*(R)),

¢ —Q € C°(0, 00; H3(R)), (4.21)

Furthermore, the solution (v,u,,q) tends to the shock profile in the following sense :

sup|(v,u,8,q)(t,x) — (V,U,0,Q)(x —st)] - 0 as t— +oo. (4.22)
z€R

4.2 Reformulation of the problem, the integrated system

Let us set
(’U, u’ 97 q)(t7 ‘r) = (V7 U7 (—)7 Q)(g) + (¢7 w? w7 Z)(t7 5)7 (423>

where £ := x — st and (¢, ¥, w, z) represent the perturbation of the shock profile. Then we
rewrite the system (4.1)-(4.2) as

Ot — SOg — e :@O’ o

¢t—5¢§+<Rviz—Rv> —0,
2 2

Cy U — | — C, U —

( v w:; 2>t s( w(; vt 2)g (4.24)
+w

+R<V+¢(U+w)—VU>§+z§:0,
L@ ) 1 (= (©+uw)f),
v(v @> v+¢<v+¢>§+z+ v 0
with the initial data
(0,9, w)(0,8) = (¢0, %0, wo)(§) = (vo — V,up — U, 0 — ©)(€). (4.25)

In (4.24), " denotes the differentiation with respect to & of functions that depend only on
the real variable £, while the subscript £ denotes the partial differentiation with respect to
€. Note that the fourth equation in (4.24) can be written equivalently as

(V+¢)z+ (0 +w)' -6, + (Vﬁ'ﬁ’i@)g - <vzf-¢>§

GO
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Now we extend the idea used in [25] to deal with the Navier-Stokes equations to the
hyperbolic-elliptic coupled system (4.24). For the initial data, let us define functions wg, Wy,
2o, Zp such that

_ 2 U2
@ =W, = Cyy+ %) - GO+ )

1
= Gy + 543 + U,

and

Z0 = Zy = (90 — Q)(V + o) — (?) (V - @4> =20(V + ¢o) — (?ﬁ) (V - @4) -
Then from (4.16)-(4.18) and (4.20) we have

(0, 0, W0, Z0) = (o, Yo, Wo, Zo) .

Taking these information into account, we seek the solution of problem (4.24) under the
form

(¢ 20,0, 2) = (D¢, Ve, W, Z¢), (4.27)
where

1
W = Cyw + ¢ + Uy,

F=2(V+¢)— (V/@‘*> @)6

and

Let us introduce :

1o Q.
W=—W-UU Z=7Z+=|=-6%). 4.28
o (7 —vw) v (o) (4.28)
Thus from (4.27), (4.28) we derive the following relations between w, z and W, 7 :
1 2 1 4 "o
=We+ + (U'V — — =—(Z-(=-0") 5. 4.29
" f*q( 2)’ ’ V+¢><f <V >V> 2

Then substituting (4.29) and (¢, 1) = (P¢, ¥¢) into (4.24) and integrating once with respect
to &, we get the following integrated system :

( @y — sbe — W =0,
O+w ©
\Ift—s\lf§+R<V+¢—V>:0,
(CuW +UW), — 5 (C,W + UW), + Rm(U + )
/o) 1 ! A (4.30)
i (5 (2 o) 2) -a
o v (res (% (F-9) 7))
VIV+d) V4o \V+o\"" \V v))
+Z+(©+w)* -6 =0,

with the initial data

(@, ¥, W)(0,8) = (o, Yo, Wo)(§), Wo= Ci <Wo - U\Ifo) : (4.31)

Thus we are going to prove the following result :
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Theorem 4.3. Suppose (Pg, U, Wo) € H3(R), then there exist positive constants §, € and
C such that if lvy —v_| < 9§ and

(@0, To, Wo)ll 3wy < €,

then the problem (4.30), (4.31) has a unique global solution (®, ¥, W) € C(0, +o00; H3(R)),
and Z € C(0,+o0; H*(R)), satisfying the estimate :

(2, % W)(0) ey + 16, 0) O ey + 120 o

/ VY2 (2, W)(r D72y + 1205w + 1201 s @) + 110, w) ()| 2y d7
< C||(<I’o,‘I’o,W0)HHs

(4.32)
for allt > 0.

We can go back to the functions (¢, ¥, w, z) from the solutions obtained in Theorem
4.3 and define in this way a global solution of the original system (4.24) (4.25). Thus we
obtain the desired solution belonging to the functional space specified in Theorem 4.2.
Furthermore the solution of the system (4.24) (4.25) is unique in that space. Thus with
Theorem 4.3, to complete the proof of Theorem 4.2, it remains to prove the asymptotic
convergence. For example, for the specific volume v, we have the following inequality :

lim sup |v(t,x) — V(z — st)] = lim sup|p(t, z — st)]
t—00 1R t—00 zeR
= Jlim sup[o(t, )|
t—00 ceR

< Clim 60l w),

and we also show the L°°— decay of the derivatives of ¢, we fellow the strategy used in
[26]. Form the first equation in (4.24), we have

t t
Auwﬂ%wwscAM%wmwgmwSW@mmww;w, (4.33)

for any ¢t > 0. Note that for the last inequality we used the a priori estimate (4.32). And
there holds that the map X : ¢ — |@g(t HL2 ®) = = [ ¢e(t,§)*d¢ is integrable over RY.

Furthermore, using (4.32) and (4.33), we have that ¥’ is also integrable over R*. It then
follows that X(¢t) — 0 as t — +oo, that is that ||¢(t) — 0 as t — +o0. Using the

124 e
Sobolev inequality

| £l @y < V2NFI 0 I Fo oty

to the functions ¢ and ¢¢, we have
?wnmm<WWW@mW2
[¢¢ (B)]] oo () < f\lcbglng(R)qugglle(R) — 0,

as t — +oo since there hold ¢ (t)| 12r) — 0 and [|(t)|| g2(r) is bounded in R*. Thus we
get the convergence of ¢(t). By a similar analysis, we obtain the convergence of 1) and w.
While for the convergence of z, we claim that there holds

1202y < € (lo®I 2 + 160122, - (4.34)
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Thus we can get the convergence of z provided (4.34). In deeded (4.34) can be obtained
form (4.26). We multiply (4.26) by z and integrated it with respect to & € R, we have

2 L o
/R+(V+¢)Z +V+¢z§d§

= /1R+ (40°w + 60%w? + 40w® + w?) zdé + /R+ ‘m - (C‘Q// - @4> %z de.

Using the Cauchy-Schwarz inequality and the a priori estimate (4.32), we get (4.34). Thus
we obtain the convergence (4.22) and the proof of Theorem 4.2 is complete. It only remains
to prove Theorem 4.3. The local existence of solutions of such a hyperbolic-elliptic system
was shown in [26]. In order to prove Theorem 4.3 it suffices to show the following a priori
estimate, which will be proved in §4.3.

Proposition 4.4. Let (®, ¥, W) € C(0,T; H*(R)) and Z € C(0,T; H*(R)) be a local
solution to the system (4.30) (4.31). Set

N(t)2 = sup (H((pv \117 W)(T)H%Q(R) + H((ﬁ?wvw)(T)H%{Q(R) + "Z(T)”%{5(R))
0<r<t ]
+ [ (VT2 WOy + 120 ) (4.3)

+ (106,900 + 1) ey o

Then there exist positive constants §, € and C' which are independent of T such that if
|lvg —v_| <& and N(T') < ¢, then the following estimate :

N(t)* < C(N(0)* + N(t)*) (4.36)

holds for any t € [0,T].

4.3 A priori estimate

Let (®,¥,W) € C(0,T; H*(R)) and Z € C(0,T; H4(R)) for some T" > 0, be a local
solution to the system (4.30) (4.31). We choose sufficiently small constants §, and ¢, such
that the assumptions

’1)+—’U_|S5, N(T)SE,

imply
1 1
V4 > 5’0_7 0+ > 50_

L.
6,9, Wl Loo (0,77 xR) < me{v_,&_}_

Let (¢, 1, w, z) be functions defined by (®, ¥, W, Z) through (4.27) (4.29). In this section
we will give an energy estimate for these functions. In what follows the constants in the
inequalities may depend on v_,u_,6_, but not on 7.
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4.3.1 L*™(L*) Estimates

We will show the L>(0, T'; L2(R)) estimates for (&, ¥, W) and Oé(qﬁ, Y, w) withl =0, 1
and 2. And we also get the L?(0, T; L?(R)) estimate for |V/|/2(¥, W), Z and Géz with{ =0,
1 and 2.

System (4.30) can be simplified as

(&, — 5B — U = 0,

R y—1_,
U, —s¥Ueg— ————@ —We+ ——UY¥ =F
t S £ VK(V) §+V §+ Vv 1 /
1 1 Q' o,
Co(Wy — W)+~ W —sU W+ —Z — (£ —0) ——5 __ Ry
( t— S £)+K(V) £— S +V 3 (V >V(V_|_¢) 2 (4.37)

() o ot () )
¢><V+¢>> Ot v g T e © V /e

LA =D gy -
7 ————0°U'¥ = I3,

where K (V) is defined by (4.10), and the source terms Fy, F5 and F3 are defined as follows :

— 1¢2 R we — ROg?
V—l—(;g V2( VR—i- ¢)’
By = 2(V+¢)¢+ (V+¢>)¢¢ V+¢w¢, (4.38)
s = 6@31# — 60%w? — 40w? — w.

The decomposition (4.37) follows the analysis of [25], and corresponds to linearizing the
principal part of the equations around the shock profile and treating the linearization errors
as source terms F1, Fy, F3.

Then we are going to prove the following Proposition :

Proposition 4.5. There exist positive constants 6, € and C such that if lvg —v-| < 5,
and N(T) <€, then

12, 2 W) 0) ey + 106, 0, 0)0) e
V1200, WY gy + 120 gy + 12 ey ) 7 (4 50

A t
gc(mm Hlow = o[ 1000l + N0 )

c\

holds for any t € [0,T].
We split the proof of Proposition 4.5 into some lemmata. Firstly we prove the following

Lemma 4.6. There exist positive constants 61, €1 and Cy such that if |vy —v_| < &1 and
N(T) < €1, then

1@, 0, W) ()13 / (NV/ 1200, W) 2y + 12y ) a7

(4.40)
< (N<o>2+rv+—v| [ 1ot M + N0

holds for any t € [0,T].
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Proof. We follow the method developped in [25]. We multiply the equations of &, ¥, W

K 2
and Z in (4.37) by ®, K(V)V¥, RK(V)2W and R4@(3‘X//)

their sums and get (see [25] for a similar computation) :

Z respectively, then calculate

El(q)7 \Ilv W)t + E2(\IJ, W7 Zﬁ) + E3(¢7 \Ilv Wv Z) + { o }5

2
= FLK(V)VV + RB,RK(V)*W + F3R4I(;g‘//)2, (4.41)
where
E (D, 0, W) = % (®* + K(V)VU? + C,RK (V)*W?),
2 2
Ey(U,W,Z¢) = AV? +sC,RK(V)K(V)W? + mﬁ + ng,
_ E(WV)*\ Qo1 BE(V)’ oW
Es(¢, 0, W, 2) = —R< % ) ZW + <v_@ ) TR
ZZ RK(V)? Q¢ RK(V)? 7
V+¢ (4@3V(V + ¢)>§ V(V+¢) 403V

1 Q 4\ ¢ 4e° | RK(V)?
+((V—|—¢) <<V®> V>§+ CUU\IJ> 105 2

with A = £(VK(V)) + (y — 1)K(V)U’ and {---}¢ denotes the terms which disappear
after integration with respect to £ € R. From the last Lemma in Appendix 4.4.1 we have
that A > C|V’| for some constant C' depending on v_, u_,0_.

Next we use the properties of the shock profile functions (V,U, W, Q)(§) to estimate
the terms Fq, E, F3 and the terms in the right-hand side of (4.41). Note that K (V)" =
s?K(V)2V’ and sV’ > 0. Thus we have

CH2+ U+ W) < By <C(P*+ 0>+ W?), (4.42)
By >(C! (||v'\1/2(qz, W2+ 2% + Zg) o (4.43)

for some positive constant C. Then for some « > 0 there are positive constants C, and C
such that there holds :

|Bs| < alV|[W?+ Culvy —v_|> (2% + ¢%) + Cloe Z Z|

4.44
+Clvg —v_|? (¢* + 2% + ZZ + [V + |99 Z]) - (4.44)

Finally with the explicit formulae for Fy, F> and F3, we have the following estimate for
the right-hand side of (4.41) :

RK (V)2
103V

< O (67 e + 6% 101+ (1Zed] + 601+ ) 7 (4.45)

FK(V)VU + FBRK(V)*W + Fj Z‘

2w+l + w4>rzr),

for some constant C.
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Choosing a and 0; small enough, we then integrate (4.41) over [0,¢] x R and use the
estimates (4.42)-(4.45) to obtain the desired estimate (4.40). Thus ends the proof of Lemma
4.6. U

Next we are going to derive the L°°(0, T’; L?(R)) estimate for 8é(gb, Y,w) with [ =0, 1
and 2. Linearizing the equations around the shock profile, as in the proof of Lemma 4.6,
is not useful any longer to show the L°>°(0,T; L(R)) estimate for 8§§(¢,1/1,w), because
the dissipation introduced by the elliptic equation is not strong enough to control the
linearization errors. But the standard symmetrization of the quasi-linear form of (4.24)
works as we shall see below. So we rewrite the system (4.24) as :

Ot — s — e 60
d}t—Sw{ R(V+€<)b)2¢£ m_fl,
Cy(wy — swe) + RV—:— </>w£ + 2¢ = fo, (4.46)
() a0 Qs _
<v+¢)5+4@ wet (VA o)z <V(V+¢)>£_f3’
where the source terms f1, fo and f3 are defined as
(fo 90 R +W0) gy, RuV
h=vvsa vVorer Y Twror

, ( _ Rw
VIV+¢) V+o
f3=— <(4@3)/w + (6@211)2 + 40w® + w?)

fo=U

3

And we are going prove the following lemma, :

Lemma 4.7. Let | = 0, 1 and 2. There exist positive constants 62, €3 and Cy > 0 such
that if vy —v_| <y and N(T) < ey, then

1046, 6,0) ()2, /W@zum

S@(<>+M>+wrwf/W¢w,NWQMHMﬂ%mww)
(4.47)
holds for any t € [0,T].

Proof. Let | =0, 1 and 2. We apply 8é to the system (4.46), and we obtain the following
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system

Oedr — 5o — Oetbe = 0,

O+w
Oithy — s0be — R

O+ w
agqsg— [ag,R ]d)

(V +¢)? R (V +¢)°

@+w 1 @—l—w
2ol + [0l RO
Vol | P iy Ty

oz 1
! y (33 !
(V+¢)8§z+[6£,v+¢]z—<v+¢ 5_<[85’V+¢]Z£>5

39l I 03 I+1 Ql¢ _ 9l
+46° Ofwe + 4 |0k, 0% | we + 0 (V(V+¢)> — 0L s,

Ve <25

where [, ] denotes the commutator, which vanishes when [ = 0.
Next we multiply the above equations by :

1L(V+¢)? 1 (V+¢)?

(V +9¢)?
R ©+w fﬂ” R (© + w)?

1
1 1767 (6 1 w)

0, - ok, 50¢2,

respectively. We calculate their sums and get :

Hi (¢, ¢7 )t+H2( )+H3(¢ 1/),w z) +H4(gz$ v,w, 2) + Hs (9, 2) +{...2}§

(4.48)
R 04w R(©+ )ag +65f34Re3(@+w)2

V+¢)? o
Hy(6,0,0,2) = —5 <(+¢)> (o) - o
t

_1WV+e?, S P P -l
Ha(opw.2) = gy ”Haf’vw]wﬁ P’R(Vw}%}

e (%A o (et [ vl

1 (V+9)?
4RO3 (© + w)?

o) = - (7225 (et hte)

0Lz {[ag,vms} 2+ 4 [ag,@3] wg},
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and {---} denotes the terms that disappear after integration with respect to £. Let us
integrate the resulting equation (4.48) over the strip [0,%] x R, we have

/Hmw, w) //Hz )+ Hy (o, w,wz>+H4(¢ bow, ) + Hs(6, 2) dédr

V+¢ V+¢ 1 V+¢
(4.49)

Immediately we deduce the following estimates for H; and Hs

= <(a§¢)2 + (k)" + (8éw>2> < Hi(phw) < C <(a§w)2 + (k)" + (agw)2> ,

Hol(2) % ((ag,z)? i (8é+1z)2> :

for some constant C. Next for the term Hs, using (4.46) to substitute the term involving
¢; and w; in H3, we have

t t
l,012 L, .12
| [ v tagar < ¢ [ [ o+ o + 1o + o) (j0kf + ohu?) acar

IN

v

IA

t
€ (1os = - [ 1604, 0bu)(7) guydr + N1 )

Then Hy collects terms involving a commutation with ¢, and Hy = 0 when [ = 0, so that
it remains to study the case [ = 1 and 2. After some tedious calculations we obtain the
following estimate :

/o/R [Hi(6, ¢, w, 2)| dédr

t
<C(joy —v-f? /O (e Ve, we) (P31 gy + () B gy 47 + N (1)),
Next for the term Hjs, we have
t t
[ [ alagar <. (o = o [ 1oBge) + 1040l i + N )

Finally we estimate the right-hand side of (4.49), and we have

// 1 (V +¢)? V+o

R ©+w O+ w
<0 (Jor -0 / 166000 Byey + 1050 27 gaydr + N0

Combining the above estimates, with a sufficiently small constant d2, we get the desired
estimate (4.47), and we complete the proof of Lemma 4.7. O

1 (V+¢)?
4RO3 (© + w)?

Ofim~m Ok + Ot fas < > Ofw + O f3 O¢z| dgdr

From the relation (4.28) we can derive the L>°(L?) estimate for z as

t t t
/0 ||z<r>||iz(R>dT§c( /0 1 Ze() 2o gydr + og — v_[? /0 H¢<T>uiz<R>dT)- (4.50)

Thus using (4.40), (4.47) and (4.50) we obtain the desired estimate (4.39) and we finish
the proof of Proposition 4.5.
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4.3.2 [L[?*(L?) Estimates

In this subsection we show the L2(0,T; L?(R)) estimates for Oé(qb, ) for 1 =0, 1 and
2. The main result in this paragraph is stated as follows :

Proposition 4.8. There exist positive constants 03, €3 and Cs, such that if [vy —v_| < J3
and N(T) < es, then

/0 16, ) (7227
<y (N<o>2 N+ 16080 gy + 102, W) 2agey + 0@l (451)
+ / (o) gy + 1) By + NIV 200, W) () ey dr)

holds for any t € [0,T].
We also split the proof of Property 4.8 into some lemmata. We start by showing

Lemma 4.9. There exist positive constants d4, €4 and Cyq > 0 such that if vy —v_| < 04
and N(T) < ¢4 then

/O 16, 0)(7) 22y dr < Ci <N<o>2 £ N+ (16 ) Oy + (2. W) (1)1 2e)

t
[ (12 gy + 1V W) gy + e )
(4.52)
holds for any t € [0,T].

Proof. We also follow the method developped in [25]. Multiply the equations of ® and ¥
in (4.37) by —(VW)¢ and —V ®¢, respectively, and calculate their sums. Thus we arrive at
the following equality :

K(1V)¢2 — (VO) + (-} — VY

—V' (s®g + Ue) U — RWe e — (v — U Wb, = —F,V by

(4.53)

2
Then we multiply the equations of ® and W in (4.37) by il(VK(V)W)g and 2VK (V) Wq,
N =

respectively, and calculate their sums. Thus we arrive the following equality :
2V? +2C, (VE(V)UW), + {- - }¢ + 2C, RWE B¢ + 2K (V) Z¢ Ve

R v—1
—20,K 249 K(V)Y Vet — P — — Ry
CoK (V)W +2C, (V (V))W(s 5+VK(V)/ VW§+ % U
! 2K (v)

—2RK "OW, — 2sVK /\IAIJ—Q—‘*
RE(V)U'OW; — 2sVK(V)U' 0V, <V @>V+¢

— F2VK(V)Ue — F12C, (VK(V)W)

(4.54)

YePe
¢
Thus we calculate the sum of (4.53) and (4.54) and simplify it as

E1(¢7 @b) + { o }g =+ EQ(QS)wv \Il7 W)t + E?)(Wﬁ? ¢7 Z&) + E4(¢a wa \I’, WE)

= R2VE(V)¥, — F12C, ((VK(V)W)g n V¢> 7 (4.55)
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where
&ww:=K@¢Mvw,
Es(We, ¢, Z¢) = —RWe+2C,Wed + 2K (V) Zeth,
E(¢,9, W, We) = —2C, RKE(V)W¢ —2RK(V)U'UW, — V'(s¢ + )V — (v — U V¢
/ 1 R v—1 /
) Q i\
—2sVK(VU' Wy + 2K (V) <v -0 ) Vo

and {--- }g denotes the terms which will disappear after integration with respect to &.

~ Next we use the properties of the shock profile to estimate the functions F1, Eo, E5 |
E, and the right-hand term of (4.55). Thus we have

1 -
@+ < B <O+, (4.56)
|By| < C(¢7 + 47 + W?), (4.57)
> 111/2 2 2 2 2
Bal < o (WP ]+ o - ool + 07+ W2 ) L (458)
for some constant C. Furthermore for some a > 0, there exist constant C, such that
| B3| < o (¢ + %) + Co (W2 + Z3). (4.59)

Finally we have the following estimate for the term in the right-hand side of (4.55)

2R
‘F22VK(V)\115 ~ B (460)

— (VEW)W)+ V¢>|
< %] (1Zeg| + o] + [wi]) + ([We| + [V'W| +[9]) (¥ + [wg] + %) .
(4
4

1.55) over [0,t] x R, use the
52). 0

Now we choose a and d4 small enough. We integrate
estimate (4.56)-(4.60), and we obtain the desired estimate (

Next we estimate 8é(¢§, Y¢), with I = 0 and 1, in the L?(0, T; L*(R)) norm, by a similar
analysis :

Lemma 4.10. Let [ = 0, 1. There exist positive constants 05, €5 and Cs such that if
|lvg —v_| <85 and N(T) < €5, then

t
/0 1041 (6, ) () 23 gy A7
< <N<o>2 N + 1956, ) (022 ) + 0L, WD) 2y

¢
+ [ 10k + o = o-] (160N + (D By )
(4.61)
holds for any t € [0,T].
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Proof. Using the same strategy as in the proof of Lemma 4.9, we rewrite the first three
equations in (4.46) as :

¢t — s — e =0
w ~
Y — sthg — R ¢ + R~ =, (4.62)
%4 o \%4
Cyp(wy — swe) + va/}g +z¢ = fo,

where R
a we
g B we

Then we apply 8é to (4.62) with [ = 0 and 1, and multiply the equations of aéd) and
aéw by —V@éqbg and 2K (V)V@éd}g respectively, then multiply the equations of 8&(;5 and
6&1/1 by — (V)¢ and (VK(V)w)e respectively. Finally we calculate their sums and use

the properties of the shock profile (V,U, 0, Q) to obtain the estimate (4.61). We omit the
details here. O

To complete the proof of Proposition 4.8, we need the following estimate :

t t t
LIt <€ ([ uBadr+ [ 1VP200) Rapydr + 1)
(4.63)
which can be obtained immediately from the definition (4.28). Using the estimates (4.52),
(4.61), (4.63) we get the desired estimate (4.51), and thus we complete the proof of Pro-
position 4.8.

4.3.3 Elliptic estimates

In this subsection we derive the L2(0, T; H?(R)) estimate for w and the L>(0, T; H3(R))
estimate for z from the elliptic equation. With these estimates we complete the proof of
Proposition 4.4.

Lemma 4.11. There ezist positive constants dg, €5 and Cg such that if lvy —v_| < g and
N(T) < €g, then

t t
o) egdr < Co( [ (120N + 120)Epw) dr
0 0

t (4.64)
Hop o r¢<r>r%2(R)dr+N<t>3)

holds for any t € [0,T].

Proof. Recall that from the fourth equation in (4.30) we have the following relation bet-
ween Z and w

LN Q'¢
Vie V(V+o

403w = —Z - (60%w* + 40w® + w?). (4.65)
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To show the L?(0,t; L2(R)) estimate of w, let us multiply (4.65) by w and integrate the
resulting equation over [0,¢] x R, we arrive at

3,2 Q9w 2, 2 3., 4
// 410°w dfdr<//|ZwH—‘V+¢ +‘ V1) +[(60°w” + 40w’ + w*) w| dédr

By the properties of the shock profile, we have

t t
//4@3w2d£d7 > C‘l/ [w(7) |72 (gydT

(o2 agr < Cloc—o-p [ 0w o)

A

for some constant C. The Cauchy-Schwarz inequality used for the products Zw and zgw
yields

e

Using the definition of N(t) and the Sobolev embedding theorem, we get the following
L?(0,t; L?(R)) estimate for w,

d§d7-<a/ lw(r)[[Z2(gydT + Ca / 1(Z, 2¢) ()1 22 g

o [ 1wt < o [ o wdr+Co [ (1200 + s

+C<|U+—v—\/ l6(MZ2 @) + 07| Z2 e )dT+N()>

(4.66)
for some constants «, C' and C,.
Next let [ = 1 and 2. We apply Oé to (4.65), then multiply the resulting equation by

Oéw. Then integrate it over [0,¢] x R, and get

c- / 0k (7) [ gydr < a / 0k (7) gy dr + Ca / 0L2() By + 126 By ) 7

w(m o p? / (1) ey + ()l ) dr + N (@) )

(4.67)
Thus using the estimates (4.66) and (4.67), we arrive at

t t t
™ [ o) dr < o [ o Bgdr+ Co [ (1200 + Iz ) o

+0(low = [ (160 e) + o)) d + (6.

(4.68)
Choosing « and dg small enough, we have

t t
/0 ||w<T>H%p(R)de0< /0 (12N + () 2oy ) dr
t

(4.69)
oy —v_P /O |r¢<f>|rz2<R>dT+N<t>3),
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Note that from (4.29) we have the following relations
! 2
| 12 s
' ! 2 > [ 2 3 (4.70)
< ([ 1 Braytr + los = 0= [ 100y + N )

Substituting (4.70) into the right-hand side of (4.69) we get the desired estimate (4.64)
and complete the proof. ([l

Lemma 4.12. There exist a positive constant C such that

2By < € (100 By + 10O ey + N (0)?) (471)
holds for any t € [0,T).

Proof. We begin with the equation (4.26), and rewrite it as

, ¥ (4.72)
4 2,2 4
We multiply (4.72) by z and get
% 2
Vv .
V+¢+( +o)zm+{ J¢ LT3
Q's Q) e e
= 4@3wz5 + ng — <V — @4> 2 + (6@211)2 + 40w + w4) 2.

Integrating (4.73) with respect to &, noting that {---}, denotes the terms that disappear
after integration, and using the Cauchy-Schwarz inequality, we have

1Oy < c(nw(t)n%z(R) T o — o P00 e + N<t>3). (4.74)

Next, we apply O¢ to (4.72) and get

<Q'¢>££ _ < i >££ + (v + @)z + (V) + de)z + (40%w)

V{V+9), YJ ¢ (4.75)
+ <<V — @4> V)g + (6(92102 + 40w + fw4)£§ =0.

On the one hand in order to derive the L>(0,T; H'(R)) estimate to z¢, we multiply (4.75)
by z¢, then integrate it with respect to £, and use the Cauchy-Schwarz inequality, we have

260 ay < € (ToOlsy + o = o- (160 ey + 100 ) + N @) - (470)
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While on the other hand in order to treat the L>(0,7; H'(R)) estimate to z¢¢,, we multiply
(4.75) by zege, thus we get

2

z Zggez 1

e | o FeeeRE (yr ¢s)—z55525< >
3

V4o T(V+¢)2 V+o¢
—(V+ )z + (V' + ¢¢) (226 — ze2ee) + - ¢

3 Q'¢ Qe
+(46%w) ¢ zgee + <V(V+¢)>§£ZE€£+ ((V © > % 62555
+ (6@2102 + 40w + w4)£ zeee = 0,

(4.77)

where {---}¢ denotes the terms that disappear after integration with respect to &. Then
integrating with respect to £ and using the Cauchy-Schwarz inequality, we have

laeeys ey < C 1oy Hos —o- (160 ey + 100 i) + N @) (475)

Then with (4.74), (4.76) and (4.78) we can get the desired inequality (4.71) for |vy — v_|
small enough. Thus we complete the proof. O

Using the Proposition 4.5, Proposition 4.8 and the elliptic estimates in Lemma 4.11,
Lemma 4.12, we get the desired a priori estimate (4.32). Thus we complete the proof to
Proposition 4.4, and obtain our main result.

4.4 Appendix

4.4.1 Some properties of the shock wave solutions to the (standard)
Euler equations

In this subsection we recall a few facts about the entropic shock wave solutions to
(standard) Euler equations :

UVt —Ug = 07
u+pz = 0,
.2 b (4.79)
(e+> + (pu); = 0.
2 t

Using the perfect gas law (4.3), system (4.79) can be written in the quasi-linear form, and
in the variables v, u and 6 as

v 0 -1 0 v 0
U + —% 0 % U = 0
0
0/, 0 (v—=1); 0 0/, 0

Under this quasi-linear form, we calculate the distinct eigenvalues as

VYRO VY RO
)\1:_ Z} 7)‘2:07)\3: ’ZJ )

It is obvious to see that the first and the thirth characteristic fields are genuinely non
linear.
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Definition 4.13. The constants (v, us,01) define a shock wave solution with speed s, to
the system (4.79) if the following conditions are satisfied :
— the Rankine-Hugoniot jump condition :

—slv]—[u] = 0
—s|u] + =0
u2[ ]+ [pl (4.80)
—s [e + 2] +[pu] = 0,
where [] denotes the jump value from left to right.
— the Lax entropy condition :
either 1-shock A} < s < A\, or 3-shock A\ < s < )\j. (4.81)

Remark 4.14. Remark that using the formulae for A1, A3 and the perfect gas law, we can
rewrite the Lax entropy condition as

s <0, s> 0,
; - RO_ RO : RO RO_
either 1-shock Y U- < §2 < Y ! +7 or 3-shock Y 2+ << Y - (4.82)
v vy vy v2

Next we study the the Rankine-Hugoniot jump condition (4.80) and derive some pro-
perties of the shock wave.

Lemma 4.15. From the Rankine-Hugoniot jump condition (4.80) we have the following
equalities :

_ [e]_,_w[]

> v| = 0;
0
- ﬁ[ﬁ] — V4 U— |:’U2:| = 0,

- <p +82> o] + 6] = .

V4 V4

Proof. First from (4.80) we can write the jump of u, p and e in term of [v] as

[u] = —sfo], [p] = slu] = —s[e], [e] + 2= 0) = 0. (4.83)

Then using (4.3) we can write the last equation in (4.83) as

L[Q] + 1 <9+ _ 9) [v] = 0. (4.84)

V4 v_

Note that

<9+_9—> [v]:9++9_zi_9+;—9_:[9]—v+v_ [9}

v
V4 v_ — V4
Thus (4.84) is equivalent to the following equality

v+1

ponmg 1L/ Rl [ﬂ = 0. (4.85)
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Thus it remains to prove the last equality in Lemma 4.15. From (4.3) we write the jump

value of p as
-aft] - n(oo ) n(2oe )

Together with the second equality in (4.83) we complete the proof of Lemma 4.15. O

With the help of Lemma 4.15 we derive the following equivalent form of the Lax entropy
condition,

Lemma 4.16. The Laz entropy condition (4.81) is equivalent to
[u] <0 ( or s[v] > 0). (4.86)
Proof. First we suppose that (4.81) holds. Thus (4.82) holds. For example, in the case of
a 1-shock, we have
RO
s <0, [Q} - [2] > 0.
v v

Using Lemma 4.15, we derive [v] < 0, then there hold s[v] > 0 and [u] < 0. Similarly we
can get the same result in the case of a 3-shock.

Next let us suppose that (4.86) holds. We want to check the inequality (4.81). For
example for a 1-shock we have s < 0, [v] < 0, [u] < 0. From the Rankine-Hugoniot
condition (4.80), we have

p] > 0, m >0, (4.87)

and

le] + Z#[v] — 0. (4.88)

While the jump of e = pv/(y — 1) can be written as

= 5 oy +p-[]) = — (=svi o] +p- o).

the equality between v and e (4.88) reads

2 U+ y+1 1
_ —p_ = 0.
( P g g ) o

As [v] # 0, we have

1 —1p_
2_2tlpe y—1p-
2 V4 2 (N

Using the inequalities in (4.87) we get (4.82) in the case s < 0. Similarly we can get (4.82)
in the case s > 0. Thus we prove the equivalence and complete the proof. ([

In §4.3 we have used the following estimate for the shock profile solution to (4.8) :
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Lemma 4.17. Let U, V, ©, and Q be a shock profile satisfying (4.8), and let A= 5(VK(V))'+
(v = 1)K(V)U'. If the strength of the shock is small enough, then there holds :

A>C|V|

for some constant C' that may depend on the v_,u_,0_, but that does not depend on
U+,U+,0+.

Proof. Recall that K (V) is defined by (4.10). And A can be rewritten as

A= SQWK(V)2 (b1 —2(y—1)P).

From (4.11), the property of shock profile, we get

!/
A= ‘8”2‘/ L K(V)24,

where A = (by — 2(y — 1)P), with by = p1 + sv=.
Let us focus on the case of a 1-shock, i.e s < 0, so we have

s<0, V' <0, U <0, PP>0, 2= o2 P+
v_ V4

Note that the inequality satisfied by s? yields

s > (/2=
v_
On the one hand there holds pa_ < K(V)% < p?, that is

K(V)?>p2 =p +[p% > p2 = Cloy —v_|,

where the constant C' may depend on the left values v_, u_,f_ and . On the other hand,
A can be estimated as follows

A=b —2(y=1)P=p, +s°vy —2(y—1)P

>
> (3=7)p- — 1B —27)p]|
> (B—=9)p- — Clvy —v-|,

TP
L 2(y — Dp+

where the constant C' may depend on the left values v_,u_,0_ and ~. Thus for sufficiently

small |v; —v_|, we have
Az V5 B2 (3 - -
> R

Thus we get the desired estimate in the case s < 0. For the other case, a similar analysis
can be applied. Thus ends the proof. O
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4.4.2 Regularity of the perturbation of the radiative heat flux

Here we show the existence, uniqueness and the regularity of the perturbation of the
radiative heat flux variable qq :
qo € Q + H3 (R)v

under the assumption (4.15) for the fluid initial data (vg,uo,00). Recall that go satisfies
(4.19). Let us denote (¢o, %o, wo) by ¢o = vo—V, Yo = ug—U, wo = 0y—O and 29 = g0 — Q.
With these notations, (4.19) can be written as

(85) 3 (8- (o m-o),

. (4.89)
+(V + ¢0)z0 — (V i ¢0>x = 0.
We multiply (4.89) by zp and get
FE1(20) +{-- }, + E2(¢0, 20) + E3(wo, 20) = 0, (4.90)

where

2

Ei1(20) = (V+ o)z + Viocbo’

= Qi) dn  Qdoze
Ea(0,20) = (V @> V. V(V + o)

Eg(wo, Z()) = - (4@311) + 6@271)2 + 4@71)3 + w4) Z0x

and {---}, denotes the terms that disappear after integration with respect to 2. The as-
sumption (4.15) gives (¢, wp) € H2(R). Then the Sobolev embedding theorem yields that
(¢, wp) € WH(R). Together with the Cauchy-Schwarz inequality, we have the following
estimates :

1 _
roi (20 +28,) < Ei(20) < C (25 +25,), (4.91)
‘E2(¢07 ZO)’ < Ca(b% + (X(Z,‘g + zgx): (492)
|E3(wo, 20)] < Cowd + azd,. (4.93)

Let us choose o < 1/(4C). Integrate (4.90) with respect to z , and use the above estimates,
we have

lz0ll3 ey < € (lI6ollZaqe + lwollZqe)) - (4.94)

Next we apply 9, to (4.89) and get

(‘%)m - (f/o (V/ B 94)/>$ + ((9 +wo)” — @4)m + (V + ¢0) 200

+(V/ + ¢Ox)20 - (Vz?i:;()) + <(Vj_0:zbo)2(vl =+ ¢Om)> =0.

On the one hand in order to derive the H!(R) estimate to zg., we multiply (4.95) by 20y,
then we integrate it with respect to x, with a similar discussion we get

(4.95)

203y < € (80030 gy + ol sy ) - (4.96)
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Thus together with (4.94) we have 29 € H?(R), consequently zg € W1 (RR) by the Sobolev
embedding theorem. On the other hand in order to get the H!(R) estimate to zgze, we
multiply (4.95) by zozzz, then we integrate it with respect to x, and use the fact that
(¢, wo, 20) € WH2(R), we end up with

12022/ 21 my < C (H¢0||%{2(R) + [[woll32 gy + HZOH%ﬂ(R)) , (4.97)

thus we get 29 € H3(R). Furthermore from (4.89), we obtain that

A YA A VAN Q' do 2
2R v(v @) ((@+wo) @) <V(V+¢0))€H(R).




Chapitre 5

NON-LTE line radiative transfer,
quasi-stationary approximation

5.1 Introduction

We consider a coupling between a radiating field and a plasma. The radiation is des-
cribed by the following transport equation

SO+ Vaf =0 XT, (5.1)

where the constant ¢ is the speed of light, v € S? is the direction of propagation of photons,
7 is the emission coefficient (or emissivity) of matter, y is the absorption coefficient (or
extinction coefficient) of matter, and the unknown is the specific intensity f which is a
function of time ¢ € R*, space position z € X C R3, direction v € S?, and frequency
veRT.

If we consider the coefficients n and x as given, the transfer equation (5.1) is linear
and its solution can be written explicitly by integrating along the characteristics. These
coefficients depend however in reality upon the internal excitation and ionization states
of the plasma. These states are fixed in part by radiative processes that populate and
depopulate atomic levels. For the line radiative transfer (bound-bound transitions without
photon-ionization), they depend on the Einstein coefficients, the spontaneous emission
probability Aj; (with 4,5 € {1,..,K}, ¢ < j), the absorption probability B;; and the
induced (stimulated) emission probability Bj;, and can be written as

n = ZznjAjihquf)ij(V), (52)
X = Y. > (mBij—n;Bji) hvgi;(v), (5.3)

i og>i

where n; (respectively n;) denotes the population density at the atomic level ¢ (respectively
Jj), and ¢;;(v) represents the line profile for these transitions, which are centered at the
frequencies v;; such that hy;; characterizes the energy difference between the upper level
7 and the lower level i. It is properly described as a Voigt profile, that is a convolution
of a Lorentz profile and a Gaussian profile. Note that the extinction coefficient (5.3) is
corrected by the stimulated emission.

113
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The population density n; at level i satisfies the following rate equation, in a static

medium,
6ni
o = 2 i = mi ) P, (5.4)
J# J#
where P;; denotes the total (radiative plus collisional) transition rate from level i to level
j. We refer to [49] §85 for the rate equation in the general case of a moving medium. Let
us denote by n the total molecular number :

E n; =n.
i

It is clear that it is conserved along time :

o _y,

ot
Bound-bound transitions (line transitions) between the lower energy level i and the up-
per energy level 7 may occur as radiative excitation, spontaneous radiative de-excitation,
induced radiative de-excitation, collisional excitation and collision de-excitation. Let us
denote Cj; (respectively C};) the rate of collisional excitation rate (respectively the rate of
collisional de-excitation rate), such that in (5.4), the total excitation rate Pj; and the total
de-excitation rate Pj; can be written as

Fij = Bijpij + Cij, Pj; = Aji + Bjipij + Cji, (5.5)

where p;; is the integrated mean intensity over the line profile ¢;;(v) :

puta) = [ [ 200 040) dua, (5:6)

with dv denoting the normalized Lebesgue measure on S?. For the physical background,
we refer to the next section, or to [49] §85, [53] §2.6.

In general, the radiation field and the internal state of the matter must be determi-
ned simultaneously and self-consistently. In many situtions, the characteristic time of the
excitation and de-excitation processes of the matter is much smaller than the characteris-
tic time of the evolution of the radiative field. After rescaling in time the equations, it is
therefore possible to introduce a parameter € such that our coupled system becomes

1
Eatfe“'v'vxfe

=22 midhwei(v) =3 ) (niBy = nBji) hvoi () [,

5 i j>i i i (5.7)
ns
o =D 5P — Y niPy.

J#i J#i

Remark 5.1. For the line radiative transfer, the emission coefficient n and the absorption
coefficient x can also be written as

n = ZznjAjihVij¢ij(V)a
i g

X = > (niBiy —n;Bji) hvijoi;(v),

1 j>1



Quasi-stationary approximation 115

see [49] §73, [51] §7.3 or [61] §5.10, instead of (5.2)-(5.3) used in [53, 12]. In fact over
the line profile ¢;;(v), centered at v;;, using the effect of profile we have the following
approrimation

hvijdi;(v) = hvegy;(v).
In this case the factor hv, in the right-hand side of the transport equation, is no longer a

function of frequency but it becomes a constant given by the difference of energy between
two energy levels i and j. The result we obtain can be extended easily to this framework.

We consider the system (5.7) in the case when the position variable x varies in a
bounded (regular, open) domain X C R3. We add therefore the initial condition

f0,z,v,v) = fo(x,v,v), (5.8)
and the incoming boundary condition
felrtx@x xs?)_xr+ = 9(t,z,0,v), (5.9)
where (0X x S?)_ is defined as
(0X x S*)_ = {(z,v) € 0X xS*: T, -v < 0},

with T'; denoting the outward normal to X at the point x € 9X. Finally, the initial
population densities n$(0,x) are given by

ng(0, ) = nio(x) >0, Vi, (5.10)
satisfying

Znio(:c) = n(z). (5.11)

We are interested in the existence of solutions to (5.7) — (5.10) (when € > 0 is fixed), and
in the behavior of the solutions f€, n, as € — 0 (quasi-stationary approximation).
In the sequel, we shall consider the following assumption on the data :

Assumption A : The initial condition fy and the boundary condition g satisfy
0< fo e L®°(X xS?xRT), 0<geL®R" x (0X x $?)_ xRT). (5.12)
and the initial occupation numbers are such that (5.10) and (5.11) hold, with n € L>(R* x
X).

The Einstein Coefficients A;;, B;j and Bj; are (strictly positive) constants, and the col-
lisional coefficients C;; and Cj; are (nonnegative) functions of the position z € X verifying

5* S Cij(l‘), Cj(l’) S 5*, (5.13)

for some d,, 6* > 0.
Finally, the line profile ¢ is integrable on R* and satisfying

0<o()hr <6, Yve R (5.14)
for some § > 0.

Our main result is stated as
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Theorem 5.2. Let the assumption A on the data be satisfied. Then for any given T > 0,
there exists a unique nonnegative solution f€, (n$)i=1,. K, to (5.5) — (5.11), which belongs
to L=([0,T] x X x S? x RT) x (L°°([0,T] x X))X. Furthermore, as e — 0, this solution
converges in L°([0, T] x X x S2x RT) x (L°°([0, T] x X)) weak * to f, (n;)i=1.. x, unique
nonnegative solution in L>=([0,T] x X x S? x R*) x (L>=([0,T] x X)) to the system

SO vV
= Z Z njAjihvi;(v) — Z Z (niBij — n;Bji) hvei;(v) f,

i j>i i j>i (5.15)
0=> n;P;—> niPy,
JFi J#i
f(O,JJ,U, l/) = fo(l‘,’l},V), f‘R*X(BXXSQ),XR+ - g(t,x,v,u),

with (5.5, (5.6).

Most of the rest of the paper is devoted to the proof of Theorem 5.2. Existence and
uniqueness of a solution to (5.7) — (5.11), for a given e, is proven in §5.2. At the end of
this section, we show that a result of existence and uniqueness also holds for the limiting
system (5.15) (together with the initial condition (5.8) and the boundary condition (5.9)).

Then, in §5.3, we prove the validity of the quasi-stationary approximation, that is the
convergence of solutions of (5.7) — (5.11) when € — 0 toward solutions of (5.15) (together
with the initial condition (5.8) and the boundary condition (5.9)).

In §5.4, we present a numerical test in order to illustrate this convergence.

Finally, a small appendix (§5.5) is devoted to the physical background underlying the
transfer equation (5.1) and the rate equation (5.4).

In all the sequel, we shall restrict ourselves in the proof, for the sake of simplicity, to
a two-level molecular model. The proof in the general case is identical. This means that
there are only two unknowns for the occupation numbers : n{ and n§, and that the system
(5.7) becomes

1
( Eatfe +v -V f© = (n§As — (n{Bi2 — n5B21) f€) ¢o(v)hv,

f6(07x7val/) = fo(.fL',’U,V),

f€|R+><(8X><SQ)_><R+ =g(t,z,v,v), (5.16)
Eatni = TLSAQl + (n§B21 — niBlg)pE + (77,5021 — niClg),
58,5713 = —n§A21 — (nngl — niBu)pe — (n5021 — 715012),

n{(0,z) = nig(x),n5(0,2) = ng(x),

together with

plta) = [ [ Fltwo,w) o) dud (5.17)
RtJS2

where we have omitted the subscript in the density p12 and the profile ¢1a.

In this paper we limit our discussion to the bound-bound transitions, we refer for details
on the bound-free transitions or the free-free transitions to [49, 53|, or the papers [14, 7, 11],
etc.
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We refer to [5] for the existence theory of the radiative transfer equation for a ’grey’
model, by using the compactness result introduced in |19, 20], that is, the averaging lemma.

In [60, 12], the authors studied some numerical methods for the line radiative transfer,
and the comparison was given between a number of independent computer programs for
radiative transfer in molecular rotational lines. Our numerical tests are inspired from the
model introduced in [60, 12].

5.2 Proof of existence and uniqueness to system (5.7) for a
given ¢

We begin with a classical explicit resolution of the linear kinetic equation.

5.2.1 Duhamel’s formula

We study here the linear transport equation (5.53), together with the initial condition
and the boundary condition, for (¢, z,v,v) € RT x (X xS?)_ x RT, where X is a bounded
set in R3.

We write the solution explicitly by integrating along the characteristic lines and obtain
an L estimate summarized in the following proposition :

Proposition 5.3. Let X be a bounded open set in R3. We consider the following system :
1
JO0f+v-Vof = n—x/f,

f0,z,v,v) = fo(z,v,v), (5.18)
f|R+><(6X><SQ)_><R+ = g(t,z,v,v),

where the initial data fo and the boundary data g satisfy
0< fo€L®(X xS*xR"), 0<geL®R"x (0X x S$?)_ xR"),
and the coefficients n, x satisfy
n, x € L°(RT x X x §* x R"), n > 0.

Then, for any given T > 0, there exists a constant §(T) > 0 (depending only on T and the
L norms of n, x, fo and g) such that

0< f(t,@,v,v) <§(T),
for all (t,x,v,v) € [0,T] x X x S? x RT.

Proof. Let us denote Q@ = {(¢t,z)|t € R,z € X}, and denote by ¥ the boundary of Q,
see figure 5.1. The boundary ¥ has thus two parts :

D=5 ={0,2)x e X} J{(t2)[t eR",w € 0X}.
Let us fix a point M* = (t*,2*) in @, and introduce a characteristic line through M* as

t—z(t) =z —co(t" —1).
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F1G. 5.1 — The characteristic line and the set )

We look for the intersection of this characteristic line with ¥, the boundary of Q. There
are two cases : either the line remains in @) and intersects 31, (that is, the plane t = 0)
at the point x(0) = xp = * — ¢ v t*, or the line intersects X9 = {(t, )|z € 0X,t > 0} at
some point (tg, z(tp)) with 0 <ty < t*, see fig. 5.1.

We denote by ty = to(M™*) the time when the characteristic line intersects ¥ = 9Q), i.e

to = inf{t > 0|(t, z(t)) € Q}, (5.19)

and by x( the coordinates of the intersection point.

In order to integrate along this characteristic line, we discuss our two cases :

1. Case tg = 0 : the characteristic line belongs to Q when t € [0,*]. Then, integrating
over the characteristic line from 0 to t* gives

f(t*7x*7v7 V)

t*
= fo(z™ — cvt™,v,v) exp (—c/ X(s,z" + cv*(s — t%), v, V)ds)
0 (5.20)

s

t ¢
+c/ exp (—c x(8', 2% + cv(s’ — %), v, V)d8/>
0
_.I_

*

n(s,z* + cv(s — t¥),v,v)ds.

2. Case tg > 0 : the characteristic line belongs to Q when ¢ € [tg,t*]. Then integrating
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over the characteristic line from #y to t* gives
f(t*7 x*’ /U7 ]/)

t*
= g(to,x™ — cv(t* — tg),v,v) exp <—c/ X(s, 2% 4+ cv*(s — t*),v, V)ds)
t

0

£ t*
+c/ exp (—c/ x(s', 2% + ev(s’ —t%),v, 1/)d5’>
to s

n(s,x* 4+ cv(s —t*),v,v)ds.

(5.21)

We first obtain the nonnegativity of the solution f at (t*,z*,v,v). Then, thanks to
the boundedness of coefficients  and x, we obtain the estimate for the solution. First, in
(5.20),

t*
f(t*, " v,v) < ||f0”Li?v,u exp (C||X||L%’f’z,u,,,t*) + c/ exp (C||X||L%’f’z,u,,,t*> ||77||L§f’z,u,ud8
0

= e (clinllers,, 1) (Iolless,,, +elimlizg, ., ¢) = 01).

t,z,v,v t,z,v,v

Similarly, in (5.21),

f 2t 0,w) < esp (e, b)) (lolles,,., + iz, ., ¢) = 620).

t,x,v,v t,x,v,v t,x,v,v

We complete the proof of the Proposition 5.3, by taking §(7') = max{d:(T"),d2(T)}. O

5.2.2 Existence through an interation procedure

In this subsection, we prove the existence of solutions to system (5.16) (when e is fixed)
thanks to an iteration procedure. More precisely we construct iteratively sequences f*, uf,
then we show that they are Cauchy sequences, and prove that their limits satisfy our
system. In order to simplify the notations, we do not write explicitly the dependence of f

and n; with respect to e. We write the coupled system as follows

1

Eatf +v-Vaf = (n2da1 — (n1Bi2 —n2Ba1) f) ¢(v)hv,

f(0,$,’U,I/) :fO(xavaV)v <522)
flr+x(@xx82)_xr+ = 9(t, T, v, V),

and
€dyny = noAgy + (n2Ba1 — n1Bi2)p + (n2Ca1 — n1Ch2),
€ding = —ngAa — (neBo1 — n1Bi2)p — (n2C21 — n1Ch2),
ny(t, x) + na(t, ) = n(x),
n1(0, ) = nig(x), n2(0,z) = ngo(x).

(5.23)

We define the following iterative procedure :
— For t > 0, we set

fo(t,ZC,U,l/) = fo(x,v,v), n?(t,:ﬁ) =n(x), i =1,2;
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~ Fork =0,1,2, ..., we assume that (f¥ n¥ n%) are defined. We defined f*+1 nit1 ph+l

by
1
Eé?tfk“ +v- szk—i_l = (nSAgl — (nlfBlg — nngl)fk‘H) (Z)(l/)hl/,
F0,2,0,v) = folw,v,v), (5.24)
fk+1 ’R""X(E)XXSQ)_ xRt = g(t7 T,v, V)7

and

et = nb T Ay + (nET By — nf T Bio) oM+ (b Oy — 0T Cyo),
o™ = — [T Ay + (05T Boy — nf T Bra)pH T + (05T 0o — 0T O],
o = nio, i =1,2.
(5.25)
Note that (5.25) can be written in the following equivalent form :

€Dt = n(Ag + BorpPt 4 Co1) — nh T (A9 + (Bar + Bia)p*tt 4 Co1 + Cho),
st = n(Biap™ 4+ C12) — nb T (A1 + (Bar + Bra)p ™! + Co1 + C12),
nf o = nio, i =1,2.

and n

Thus the solution n’f“ SH can be written explicitly as

ni T (t, x) = nio(x) exp {—1 /Ot <A21 + (Ba1 + Bi2) p" (s, 2) + Coy(z) + 012(17)) ds}

1 [t 1 [t
+6/ exp {—6/ (A21 + (Ba1 + B12)Pk+1(3/,9€) + Cor(x) + 012(95))(13/}
0 s
Xn(x)(A21 + Bglpk+1(8, $) + Co9y (.Z'))ds,
i

5T (t,x) = noo(x) exp {—1 /0 (A2t + (Bar + Bi2)p" ™ (s, 2) + Coar(z) + C12(x))ds}

1/t 1 [t
+€/ exp {—6 / (Agy + (Bay + Bi2)p* (s, x) + Coy(z) + 012(55))(15,}
0

xn(2)(Buap* (s, ) + Cua(x))ds.

Using the nonnegativity of the initial population densities n;y and of fj, we see by induction
that
nf >0, n’f—i—ng =nig+n9g =n, Vk € N.

This estimate, still used with proposition 5.3, ensures that f* (is well defined and) satisfies
0 < fEY(t,z,v,v) < 6(T), for all (t,z,v,v) € [0,T] x X x S? x RT.

We now prove that the sequences (f¥); and (n¥); defined by (5.24), (5.25) are Cauchy
sequences in L>([0,7] x X x §2 x RT) and in L*°([0,T] x X) respectively.
We observe that f¥*1 — f¥ satisfies the equation :
%8t(fk+1 =[5+ v V(= 1) + (0 Biz — n5Bar)p(w)hv(f5 — )
= (n§ —n§ ") Anp(w)hv — fF[(nf —n}"")Bia — (n5 — n§~") Ba | p(v)hv,
(f** = =0 = 0,
(1 = f9) R+ x(ox xs2)_xm+ = 0.
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Then integrating along the characteristic lines, as in the proof of Proposition 5.3, we write
R — £k explicitly as

¢ t

(ff — At z,0,v) = c/ exp {—c/ (nfB1s — n15321)\(5',x+cv(s't))¢(V)th3/}
to S

o(v)hvds,

X [(nlﬁ —n5 ) Ag — ((nf = nf ") Bia — (n§ — n§ ") Bay) .
s,z+v(s—t

X x §% x RY)

CCUI/(

where tg € [0,t] is defined by (5.19). Thus, we obtain the following L
estimate :

(=1 o)

. /Ot exp {cHnHLgo(Blg + Bo) sup (qﬁ(u)hu)t} x H(nl ) (s)‘

LOO

v,V

L
xc(Ag1 + (Ba1 + Buo)|| f* (% D) Sup (p(v)hv)ds
< &7 (A21 + (B21 + B12)o(T ) sup v)hv) / H nl — nl 1 s)‘ . ds

1
/ H nl—nl S)HLoodS’
x

where C1 = ¢||n||pe (Bi2+Ba1) sup, (¢(V) v), &1 (T) = e“T'c( Az +(Ba1+B12)3(T)) sup,, (¢(v)hv),

and where we have used the formula n§ — nf=! = pk — pk=1.
Then, we observe that nkJrl — nlf is solution to the following equation :

ey (n T —n}) = ("IfH — n§)(Ag1 + (Bi2 + Bi2)p"™ + C12 + Ch2)
—(pFtt — pP)nk(Bi2 + Ba)
(™ = nf)i=0 = 0.
We recall that the Einstein coefficients Aj;, B;; and Bj; are constants, and that Cj; and

Cj; are bounded functions of z € X. We write the solution nlfﬂ — n’f of this equation as

(! = nb)tr)
= —1/0 exp {_1/5 (A21 + (B2 + Bl2)ﬁk+1(3,79€) + Cr2(7) + 012(33))d5/}

€
x (0" = p) (o (5, ) (Brz + Ban)ds,

which yields the following estimate :

H"’f“ - ”IfHLgO(t) < i/ot H(PkH - Pk) (S)HLgo X HnHLgO(Bm + By2)ds
< &(T) /t (=) )| as
< &7 swp [ (- f"“)( ) o

s€[0,t]

T,v,v

with &(T) = [+ ¢(v) dv (B2 + Bia)||n|| re /€, which is independent of k.
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Let us denote
§(T) =T (T)&A(T).

Note that £(T) is independent of k. Substituting the estimate of f**1— f* into the estimate

of n¥*1 — nk we have

H( F ) H
/ nf —ny~ (8)‘ ds
//tl / H ”1‘”1) HLwdsdtkl -dty

) k"

=0 x ¢

which holds for any ¢ € [0,7]. Then, for all k € N, p € N*,

tr- l

k
””1+p—”1HLw (0.1)xx) < C Z
1=k

Thus we deduce that (n¥) is a Cauchy sequence in L>([0,T] x X). The same holds of
course for (n%)x. Then using the estimate obtained on f¥+1 — f* we obtain that (f*) is
a Cauchy sequence in L*°([0,T] x X x S§? x RT). We therefore pass to the limit in (the
integral formulations) of equations (5.24) and (5.25), and obtain a bounded solution f, n,
ng to the coupled system (5.22),(5.23).

5.2.3 Uniqueness

Let (f,n1,mn2) and (f, 71, 722) be two solutions to the coupled system (5.22),(5.23) with
the same initial and boundary conditions. As in the proof of existence, we introduce f — f,
which is solution to the following system,

SO =)0 Valf = )+ (mBia — 2 Ba)o () )
= (ng — ﬁg)A21¢(V)hV —f [(m — ﬁl)Blg — (TlQ — ﬁg)BQﬂ(ﬁ(V) hv,
(f = Pli=0 =0,

(f _?)|R+><(6X><SQ)_><R+ =0.

Then we integrate the above equation along the characteristic line, and write the solution
f — f explicitly. We thus study the LS° o (XX S? x R*) estimate for f — f and get (as in
the proof of existence)

17 =) O, < 6 [ 01 =70) (5] .

With a similar analysis, we get the L3°(X) estimate for n; — 7 as

01 =) Ol < 1) [ (5 -7) )],
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Then summing the above two estimates for f — f and n; —71, we end up with the following
estimate :

1 =) Ol e, + N2 —70) (1)
w0, . -
<@ +a@) [ (107 s, + 100 =) (5)lz) ds.
0 o,
Then, using the Gronwall Lemma, the above inequality reads

Hf - ?HL;OI’W + [|na *ﬁl”ng; =0.

so that we get the uniqueness : f = f, and n; = 7, in [0, 7] x X xS? x RT and [0, 7] x X,
respectively.

5.2.4 Existence of solution to the limit system (¢ = 0)

In this subsection, we study the existence and uniqueness to the limiting system (5.15).

We introduce the following iterative procedure :
— We set

fo(taxvvay) = fo(x,v,y),
Asy + Bglpo(t, x) 4+ Ca1(x)
nY t,x) = 21 n\x),
it 2) Ag1 + (Ba21 + Bi2)pU(t, ) + Cia(x) + Co1(x) (=)
Bi2p° + C1a(2)

Agi + (Ba1 + B12)p%(t, z) + Cra(x) + Cor () e

~ Fork =0,1,2, ..., we assume that (f*,n¥, n%) have been defined. We define f*+1, n’f“, né“
as solutions to

ng(t, x) =

1

O v Vo fE = (nb 421 — (¥ Bro = n§Bon) £541) 6(0) o,
fk+1(0,l',’[),l/) = fO(tal'a,Uay)a

fk+1’]R+><(8X><SQ)_><]R+ = g(t7 Z,v, V))

Dkl — Agy + BoipFt 4 Oy n (5.26)
! A9 + (Bo1 + By2)pFtl + Cia + Cop
kit = Biaphtt + Cyp .
L Ao1 + (Bai + Bia)pkt! 4+ Cia + O

We recall that p**1 is the integrated mean intensity of f**1 over the line profile.
For all k € N, it is clear by induction that 0 < n¥ < n(z), and (thanks to Proposition
5.3) that 1 (is well defined and) satisfies 0 < f**1(¢,z,v,v) < 6(T), for any (¢, z,v,v) €
[0,7] x X x §? x RT.

We now prove that for any 7' > 0 fixed, (f¥); and (n¥); are Cauchy sequences in
L®([0,T] x X x S* x RT) and in L®°([0,T] x X) respectively.

By proceeding as in the proof of existence to the solution of system (5.16) for a given
€ > 0, we obtain the estimate

(=) )

Lge

x,v,V
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where £1(T) = ¢“1T(Az 4 (Ba1 + B12)d(T)) sup,, (¢(v)hv) .
Noticing that

Ik —nk=l = n(z)|BiaAa1 + B12Co1 — Bo1Chal|pF — pF~ 1
1 1 (A21 + (B2t + Bia)pk + Con + 021) (AQI + (Ba1 + Bi2)pF~1 + Co1 + C'Ql) 7
and that
16 — A0 e < /R W - POl
we see that

Inf =25~ g () < L(DIS* = Mg, , (8),

where &(T) = [g1 ¢(v) dv Biz Ay [|n|pge.
We consider &(T") = &(T)&(T), which is independent of k. Using the estimates for
fEFL — fF and nk — n'ffl, we get

i, < O [0, o

IN

(2 =) ]

t rt1 tk—1
<@t [T [T ) O, 01
0 Jo 0 v
Kt
< C4(T) R
Finally, for all £k € N, p € N*, we have
k+p—1 l
&(T)T
| fFHP — kaLoo([o,T]xXxS2xR+) <C Z ((l'))
I=k ’

Thus, (f*)x is a Cauchy sequence in L= ([0, T] x X x S? x RT), and (n})y, is also a Cauchy
sequence in L>®([0,T] x X), together with (n%);. Passing to the limit in (the integral
formulation of) eq. (5.26), we get a solution of our limiting system.

We get then the uniqueness thanks to an analysis similar to that used in the proof of
uniqueness for system (5.7) for a given € > 0.

5.3 Quasi-stationary approximation, convergence

We have studied the existence of the coupled system (5.16) when € # 0 is given, and
for the limiting system (that is, when € = 0). In this subsection, we prove the convergence
of the solution f€, n{ toward the solution f, n; of the limiting system.

Let f€ be the unique solution to system (5.16). We already know that
0 <ni(t,x) < ||n[pe.

As a consequence of Proposition 5.3, we also know that (f¢). is bounded in L>([0,77] x
X x §% x RY), so that

fS(t,ZC,U,l/) ¢(V) dv
R+
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is bounded in L ([0, T] x X x S?). Furthermore, this quantity solves the following system :

1
L /IR SO+ oV, /R o)y
= nSAy / . ¢*(v)hwdv — (n§ B — nSBay) . feo*(v)hvdv,

/Rer Fow)dv ) (0,2,v) = /R+ fo(z,v,v)p(v)dv,
/R+ frov)dv = /R+ g(t,z,v,v)p(v)dv.

Using the L* bound of n§, we see that

R+ X (80X xS?)_

(%at Fo-V,) /R+ Fo(v)dv

is bounded in L°°([0, 7] x X x S?). Thanks to the averaging lemma ([5, 19, 20]), we deduce
that the sequence [ [oo fe@(v)dvdy = p*(t, z) is strongly compact in L?([0,T] x X). This
ensures that p¢ converges (up to a subsequence) a.e.

Thus (still up to a subsequence), we can assume that

ns — n; weakly™ in L*([0,7] x X),i =1, 2;
f¢— f weakly* in L°°([0,7] x X x S? x R");
p¢ — p strongly in L*([0,T] x X),

where

p= /R+ . fo(v)dvdv.

The sequence nép¢ converges therefore to n;p weakly in L([0,T] x X).
It remains also to pass to the limit in the quantity n§ f€@(v)hv. This is done by
observing that for any test function ¥ (v) ¥o(v) (with 11,19 € D), the quantity

/ F4(t, 2, 0,) () hr by (v) (1) dudy
R+ JS2

converges a.e. This is due to the fact that [p, f(t,z,v,1) p(v) hve(v) dv satisfies a ki-
netic equation (like [p. f<(t,z,v,v) ¢(v)dv).

Finally, when e tend to 0, the solution to (5.16) converges to the solution (in the weak

sense) of :
.

%atf +v-Vof = (ngAs1 — (n1B12 —n2Bar) f) ¢(v) hv,
f(0,z,v,v) = fo(z,v,v),

f|]R+><(8X><S2)_><]R+ = g(t,x,v,v),

0 = ngAsy + (n2Ba1 — n1Bi2)p + (n2C21 — n1Ch2),

0 = —ngA1 — (n2Ba1 — n1Bi2)p — (n2C1 — n1Ch2),

L ni(t, z) + na(t, z) = n(z).

Thanks to the result of uniqueness for the limit problem, the convergence is in fact not
restricted to a subsequence, which ends the proof of Theorem 5.2.



126 Numerical simulation

5.4 Numerical simulation

5.4.1 Reformulation of the problem, definition of the parameters

Since the light speed c is a huge number in the SI system, we introduce a new variable
of time, ¢’ to get rid of this difficulty, such that ¢’ = ¢ t, and therefore

1d_d
cdt dt"”

We also introduce a new parameter €' that characterizes the convergence of the rate equa-
tion to the statistical equilibrium, defined by €’ = € ¢, so that there also holds :

ei = eci = e'i
dt A de’”

Taking into account these notations, the system (5.16) can thus be rewritten as

(0, + v Vaf = (n§An — (n§Biz — n§Bay) f€) d(v)hv,
fE(O,CL',’U,Z/) = fO('raUa V)a

fE’R+><(8X><SQ)_><R+ =g(t,x,v,v), (5.27)
eding = nyAa + (n§Ba1 — n{B12)p° + (n5C21 — niCi2),
Eatng = —nEAgl — (nngl — niBlg)pE — (TLECgl — nﬁClg),

(1(0,2) = nio(x), n5(0, 2) = n2o(z),

where we have omitted the sign ’, in order to simplify the notations.
The numerical test is inspired from the problem that was introduced in [60, 12]. We fix
the parameters as follows : The domain X is defined as

X:{$€R35Tin<|$‘<Tout}7

where r;, = 1 and 7,,+ = 3 with units m, and the density is assumed to be zero out of X.
The initial radiation fj is defined as

x| —r;

HimB(Va T0)7

fo(f’?» v, V) =
Tout — Tin

where B(v,T)) is the intensity defined by the Planck function at the temperature Ty =
2.728 K. The incoming radiation at the outer boundary is given by

g(t,z,v,v) = B(v,Ty),

and we choose the incoming radiation at the inner boundary to be zero. Then as in [60, 12],
we choose a fictive two-level molecule that is specified as follows : The energy difference
between these two states is given by

AE = Ey — E; = 1.191838281 - 10722 J,

thus the frequency vy = v15 corresponding to the energy difference AE between these two
states, is calculated as

E
v=—- = 1.798710857 - 10'! Hz,
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The ratio of the statistical weights of these two states is given by

92
g1

=3.

The Einstein coefficient As; of spontaneous emission is given by
Ay =1.0-10"*s7.

Using the Einstein relations (Cf. eq. (5.48) in the appendix), we can calculate the Einstein
coefficients of stimulated emission, Bio, and of the absorption, Boi, as

Biy = 3.495914724 - 102 m? (js)~!, By = 1.165304908 - 102 m? (js)~!.

Also, as in [60, 12|, the downward collision rate Co; is defined by Ca; = N K21, where
N,y is the density of the collision partners in units m™2, and Ko is the collisional rate in
units m3s~!, they are given by

2
Ky =2.0-107% m3s~!,  Ny(z) =2.0- 1013% -3
x
Thus we get the value of the downward collision rate, C1, using the Einstein relation (Cf.
eq. (5.49) in the appendix, with the constant kinetic temperature Ty, = 20K), we get the
upward collision rate Cio as

2 2
Cor(z) = 4.0-1073 "L =1 0y, = 7793375810 - 1073 'L §~1.
|| |z|2

The line profile function ¢(v), as in [60, 12|, is assumed to be Gaussian :

o (v —1p)?
p(v) = auoﬁeXp (‘(ZQV%) )

where ¢ is the speed of light, 1 is the frequency at the line centre corresponding to the
energy difference between E; and Fy, and a is the total line width, given as a = 150 ms™".
Note that the profile has unit s. With these parameters, we define the initial atomic density

functions nig and nog by

Aoy + Boyp? + O
(z)

pr— ’]’L N

Agy + (Ba1 + Bi2)p® + Cia + Coy (5.28)
_ Biop® + Ch2 n(z)
Aoy + (Ba1 + B12)p? + Cia + Coy

nlg(x)

n90 (.’L‘)

where n(x) is defined by

2
n(x) =2.0- 1081 w3,
|z

Note that the initial condition of the rate equations (5.28) is consistent with the initial

condition of the kinetic equation.
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5.4.2 Description of the numerical procedure

Now we describe the numerical method for solving system (5.27), for ¢ in [0,7], x
varying in X, v in S?, and v in R*. The method used to solve the rate equation is the
classical Euler Method, while for solving the kinetic equation, we use a particle method.

We introduce briefly the particle method which we use to solve the kinetic equation in
the form

Of+v-Vof +xf=n,

where the coefficients x and 7 are the functions of (¢,z,v,v) € Rt x X x §? x R*. In the
phase space, (x,v,v) € X xS? x Rt the unknown function f is approximated at a discrete
time t*, by a discrete measure, namely the numerical particles :

N
f ~ Z ai(tk)5mi(tk),v¢(tk)ﬂ/i(tk)’

=1

where N is the total number of particles, and each particle 7 is characterized by its weight
a; = a;(tF), its position z; = x;(t¥), its direction v; = v;(t*), and its frequency v; = v;(t*).

The parameters of the particle at next time step are calculated thanks to the following
procedure :

@it = ai(th) exp (— At (tF, (), vil#), (1))
i () = 2 () + v (t7) At,

Ui(tk+1) _ Uz(tk),

Vz'(tk+1) = I/i(tk).

Then, taking into account the boundary condition and the source term 7, we create new
particles (labeled from N + 1 to N”).

The unknown function is thus approximated at the discrete time t*+1 by

Nl
[~ Z CLi(thrl)dxj(tk+1)7vj(tk+1)7uj(tk+1),
=1

tk’Jrl

and the integrated mean intensity p at time , can be computed thanks to

N/
P 3 a8, ey Sy (). (5.29)
=1

For more details of the particle method, we refer to [31, 44].

Now we give the numerical method to solve the rate equations. We observe that these
equations involve only time derivative, and the position variable x € X can be seen as a
parameter. We use the classical explicit Euler scheme to solve the rate equations in (5.27)
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as

nl(tk+1,$) = nl(tk,x) + % (ng(tk,x)Azl + (ng(tk,x)Bm — nl(tk,$)312) p(tk,ac)
+n2(tk, x)Cgl(.%') —ni (tk, .%')Clg(.%')) s
no(t* z) = no(tF x) + % ( — no(tF, 2) Ay + (nl(tk, x)Bia — na(t, :c)B21> p(th, x)

+nq (tk, 1:)012(1') — ng(tk, $)021($)> .

(5.30)
Notice that there holds ni(t**1, x) + na(tF*1, 2) = n(x).
Now we derive the stability condition for the classical explicit Euler scheme (5.30).
First substituting the equality ni(t*,z) = n(z) — no(t**1, 2)n(z) in (5.30) yields

At
nlf—H = n( ) c (Agl—l-Ble —|-021>

At
+n} (1 - <A21 + (B + Bia) p* + Co1 + C'12>) .

Note that we omit the dependence of the space variable x, and use the notations p* =
p(tF, z) and n¥ = n¥(t*, z). Then by the induction with respect to k, we arrive at

k
At ,

= Y n=— <A21 + Byiph i + C’21> (5.31)

=0
H (1 - — (AQI + (Bay 4 Bi2) pF 1+ Coy + 012)) (5.32)

At
+nl H (1 - (Aot + (Bo1 + B12) p? + Cor + CIQ)> (5.33)
7=0

Recall that from the definition of the initial atomic density function niy we can write the
total density function n in term of nig, that is n9, as

- Ag1 + (Ba1 + Bi2)p® + Ch2 + Coy 0
Ag1 + Bo1p? + Coy -

Substituting this equality in (5.31) yields

k+1 ( —j ) 21 21 12 12 21
n = N E A + B 0 + C
1 1 |: 21 21 21 421 = B21 00 —+ 021

=0
H (1 - — <A21 + (Ba1 + Bi2) pF 1 + Co1 + C'12>>
k
+H (1 — — (A1 + (Ba1 + B12) p’ + O +012)> ]

7=0
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Sufficient condition for the stability : the following condition

At ;
1-— - <A21 + (B21 + Bi2) sup HPJHLOO(X) + {|Ca1 + ClQ’Loo(X)) >0, (5.34)
J

is the sufficient condition for the stability of the scheme (5.30).

For the parameters given in §5.4.1, we compare the orders of A9y, (Ba1+Bi2) sup, B(v, Ty),
sup,, Co1(x) and sup, C12(x), and we have that (5.34) holds provided that there holds the
following inequality

€>1.2-102At.

In the numerical test, we take At = 0.02, and ¢ = 0.8, 0.08, 0.008, 0.0008, thus € and At
verify this inequality and the numerical scheme (5.30) is stable.

Next we describe the discrete setting in time and position variables. Let T' be the final
time, (tk)k:0717... N, be the discrete time in the time interval [0, 7], defined as

T

Notice that the length of the small interval [t*,t*71] is At = Nll

Let = (x1,x2,23) be a point in domain X in Cartesian coordinates. We write z in
spherical coordinates (r, o, 3), where 7 is the distance (radius) from the point to the origin,
with r;, < r < rou, « is the polar angle from the z3-axis, with 0 < o < 7, and (3 is the
azimuthal angle in the xxo-plane from the x1-axis with 0 < 8 < 27, see figure 5.2, defined
as

r1 = rsinacospf,
r9 = rsinasing,
T3 = Tcosa.

Let (r7)i=0,1,-- n, be the discrete points in [rn, rout], uniformly in 73, which are defined as

(riv Qj,y ﬁk)

\ //
. .
A //
X
,,,,,,,,, . S
S : 3
L \ (Tig1s i1, Bry1)
) .
.

(rpy iy Bp)

F1G. 5.3 — The small cuboid X, with the cen-
F1G. 5.2 — The spherical coordinates ter point

r3

3 Tout —Ton )
.Tou .
ry = rin—l_le ) levL"'aN%
2
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(0j)j=01,- N5 be the discrete points in [0, 7], defined as

™

< i=0.1.---.N
N37 ? ) 9 37

aj :j
and (Bx)k=0,1,...,n, be the discrete points in [0, 27], defined as

2
T i=0,1,---,Ny.

Thus X, the cuboid in the spherical coordinates,
X ={(r,o,0)| rin <1 <7Tout,0 < <7, 0< (<27},

is the union of Ny N3 N4 small cuboids, see figure 5.3, as

N2 N3 N4 N2 N3 N4
X = U Xy = U {(r,a,B)| rim1 < <m0 < a< o, fr—1 < B < Bty
p=1 p=1

where we have the relation between p and 4, j, k as p =1 Ny N3+ j N3+ k. In the cuboid
X, we define the center point as

i+ ri—1
Ty = Ea—
i+ o
ap = J 2] :
Br + Bk—1
g = AL

which is denoted by z, in the Cartesian coordinates, see figure 5.3.
Let us now state the numerical procedure for solving the coupled system (5.27) as :
— Step 1 Give the discrete points over the time interval [0,7] and the domain X, as

above discussed. We take
T = 1.5, N1 = 75, N2 = 20, Ng =5 and N4 = 10.

— Step 2Let t =0, k=0.

— Step 3 Create the particles according to the initial condition fy(x, v, ). Then compute
p° using formula (5.29).

— Step 4 Compute n, n9 thanks to formula (5.28).

— Step 5 We compute nf, ny by the explicit Euler scheme, (5.30), using the values of
n"~t i~ and pn L.

— Step 6 Compute p" using the values of n}', n4y and the boundary condition, thanks
to the particle method.

— Step TLett=t+ At, k=k+ 1.

— Step 8If t < T, go to Step 5.

— Step 9 Save the results of p, ni, na.

Note that in the above procedure, n} denotes the value of n; at time t" = nAt.
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5.4.3 Numerical results

We take different values of €, such that e — 0. We compute the solutions f¢ (and p°)
and the density n{ and n§. To verify the convergence of solutions, we compute the (relative)
differences between p¢, n{ and p, n;, (solution of the limiting system) i.e

Pt z) = p(t,x)| - [nit x) —ni(t, )|

=1, 2. 5.35
p(t,x) ’ n;(t, x) » & ’ ( )

At first, we use the same initial data of the specific intensity of radiation, independent
of €, thus we have p¢(0,z) = p(0,2) = [ fo ¢(v)dv. Recall that we take the initial condition
and the boundary condition as

|z] — 7in

f() = B(V, To), g = B(l/7 To),

Tout — Tin
where B(v,T)) is the intensity defined by the Planck function at the temperature Ty =
2.728K. Note that there holds n§(0,z) = n;(0,z), because we compute n;(0,z) through
the initial condition of the kinetic equation, fo(z,v,v), see (5.28). This is consistent with
the initial condition of the rate equations.

Then in what follows, we plot the relative errors at the different points over the line
a] — Qo m . a1 — Qg T

= and the a th angle f = ———— = —.
2 oNg “imuth angle 2 N,

In figure 5.4-5.5 we plot the relative errors on the mean intensity p and the density n,
respectively, see (5.35), at time ¢t = 0.3, for different values of €. Figure 5.6-5.13 represent the
evolution of these quantities looking at t = 0.6, t = 0.9, t = 1.2 and t = 1.5, respectively.

The first remark is that the relative error on the mean intensity does not vary too much
as € — 0, nor as time growth, the maximal error still remains of order 107%. Note that
the relative error on p is a decreasing function of the function of the radius, which adopts
a "linear-like" behavior for large time. In contrast, the relative error on the density ny is
more sensible to the variations of € ant ¢. It seems that the error on n is less important
for small radii. For € very small, the errors do not change too much as time grows, but the
influence of time becomes sensible for moderate values of €, the maximum relative error
changing for a factor 0.5 between ¢t = 0.3 and ¢t = 1.5 for ¢ = 0.8, ¢ = 0.08, and a factor
1 for € = 0.008, ¢ = 0.0008). This is consistent to the fact that we proved a convergence
statement on bounded time intervals but we are not able to establish estimates uniform
with respect to time.

with the zenith angle a =

5.5 Appendix : Einstein coefficients, transfer equation and
non-LTE rate equation

In this section, we recall some physical background and derive the transfer Equation
(5.1) and the non-LTE rate equation (5.4) for the problem of molecular line transfer.
For more details we refer to [49]-[53]. For the problem of molecular line transfer, the
bound-bound transitions between the lower level i (with the statistical weight g; and the
energy E;) and the upper level j (with the statistical weight g; and the energy E;) may
occur as radiative excitation, spontaneous radiative de-excitation, induced (stimulated)
de-excitation, collisional excitation and collisional de-excitation. In what follows, we study
these transitions quantitatively by defining the Einstein coefficients that characterize these
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transitions. Let us denote by hv;; the energy that separates the lower energy level ¢ and
the upper level j, that is hy;; = E; — E;, where Ej and E; are measured related to the

ground state.

5.5.1 Specific intensity

We define the specific intensity f(t,z,v,v) of radiation at position x € R3, at time
t € RT, traveling in direction v € S? with frequency v € RYt,. This intensity is such that
the amount of energy transported by radiation of frequencies (v, v + dv) across a surface
element dS, in a time d¢, into a solid angle dv around the direction v, is

dE = f(t,z,v,v)dS(l - v)dvdvdt = f(t,z,v,v)dS cos a dvdrdt, (5.36)

where [ is the normal to dS and « in the angle between [ and v. The specific intensity
provides a complete macroscopic description of the radiation field. From the microscopic
point of view, the radiation field is composed of photons, the relation between the specific
intensity and the photon number density is introduced in §63 in [49]. In 5.5.3 we shall
derive the transfer equation for the specific intensity of radiation.
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5.5.2 Einstein coeflicients

The Einstein coefficient for radiative excitation, B;;, characterizing the absorption pro-
bability, is defined in such a way that the number of photons absorbed in the line per unit

volume and per unit time is
7“1']' = ’I’LiBiijf)ij(l/)dUdV, (537)
where ¢;;(v) is the line profile. Thus, the energy absorbed per unit volume and per unit

time is .
Eabsorped = niBijf¢ij(V)hydvdV‘ (538>

The number of radiative excitations from level ¢ to level j per unit time is

Nz‘(jl) = niBijpij, (5.39)

where p;; is the integrated mean intensity over the line profile ¢;;, defined by (5.6).

Next we consider a molecule in the upper level j, which can either decay spontaneously
to the lower level ¢, or be stimulated to decay by radiation in the line. The spontaneously
emission probability Aj; is the transition probability for spontaneous de-excitation from
level j to level i per unit time and per particle in level j. Then the number of photons
emitted in the line per unit volume and per unit time is

7’3('@1) =n;A;ji¢ij(v)dvdv. (5.40)
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The energy emitted per unit volume and per unit time is

Espontaneous = njAji¢ij(V)thUdV7 (541)
and the number of spontaneous de-excitation from level j to level ¢ per unit time is

1
The induced (stimulated) emission probability Bj; is defined in such a way that the number
of photons emitted in the line per unit volume and per unit time is

r?) = n;Bjif i (v)dvdy, (5.43)

and the energy absorbed per unit volume and per unit time is

Einduced = nijifgbij(V)thvdy. (544)
Finally, the number of radiative excitations from level 7 to level j per unit time is

NP = n;Bjipi;. (5.45)

The Einstein coefficient for collisional excitation C;; is defined as the number of colli-
sional excitation from the lower level ¢ to the upper level j per unit time and per particle
in level i. Then, the number of collisional excitation from the lower level ¢ to the upper
level j per unit time is

ij
Similarly we define the collisional de-excitation Cj;, the number of collision de-excitation
from the upper level j to the lower level i. Then the number of collisional excitation from
the upper level j to the lower level ¢ per unit time is

3

N](z) = njCji. (5.47)

The collision coefficients, C;; and C};, are proportional to the density of the collision partner
Neoi- That is, Cj; = Ny K;j, where the collisional rate K;; depend on the temperature
and on the type of collisional partner.
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The collisional excitation and the collisional de-excitation have no link with the radia-
tion field. For the general expression of the collisional rates, we refer to [49] §85, or [53]
§2.6.

From the detailed balance relations, we derive the Einstein relations (Cf. [49] in §73
and §85) :

3
By _95  An_ 2y (5.48)
Bji g Bji c
Gii = &e(hVij)/(kT)7 (5.49)
ij  Yj
where hy;; is the energy that separates the energy levels ¢ and j, k is the Boltzmann
constant, T' is the kinetic temperature, and g;, g; are the statistical weights of the energy
levels ¢ and j.

5.5.3 Transfer equation and rate equation

Form the above discussion, we write the line absorption coefficient, corrected by the
stimulated emission, in the static medium, as

X =Y (miBij —niBji) hvgij(v), (5.50)
i j>i
and the line emission coefficient
n=_ > nAihvei(v). (5.51)
i j>i

When writing the transfer equation, it is often convenient to use the ratio of emissivity
to opacity (extinction), that is the so-called the source function, denoted by S. For a line
radiative transfer, the source function is

njAji

§= I
niBij — niji

Using the Einstein relations (5.48), it can be rewritten as

2hv3. 1
S =72

2 Ui’
ging

(5.52)

Since the frequency variation of order 3 is weak compared to the variation of the profile
®ij, (5.52) is often called the frequency-independent line source function, see [49] §73.

Let us consider an element of material of length ds, cross section dS, fixed in the
laboratory frame. We consider a radiation field contained in a frequency interval (v, v+dv),
traveling into a solid angle dv around a direction v € S2, normal to dS. When the radiation
passes through the element of material, the difference between the amount of energy that
emerges at time t 4 dt, at position  + dz and the amount of energy that incidents at time
t, at position x, must be equal to the difference between the amount of energy created by
emission and the energy absorbed by the material, using (5.36) — (5.44), in the volume
ds dS, and during the time df, that is

(ft+dt,z +dz,v,v) — f(t,z,v,v)) dSdvdvdt = (n — x f) dsdSdvdrdt.
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Let s be the path along the ray, we have dt = ds/c, and

ft+dt,z +dx,ov) — f(t,z,0,v) = (iatf—&-?;)ds

1
— <catf + (N Viﬂf) dS.
We end up with the following transfer equation :

SO 40 Vaf =0 XT. (5.53)

From the radiative excitation number formula (5.39) and the collisional excitation for-
mula (5.46), we derive the total excitation rate P;; as

Similarly using the spontaneous de-excitation formula (5.42), the induced de-excitation
number (5.45), and the collisional de-excitation (5.47), we get the total de-excitation rate
Pji as

Pj; = Aji + Bjipij + Cji, (5.55)

where p;; is defined by (5.6). Thus we get the rate equation (5.4).
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