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♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳ ❈❧✐q✉❡✲✇✐❞t❤ ✐s ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r
❞❡✜♥❡❞ ✐♥ ❛♥ ❛❧❣❡❜r❛✐❝❛❧ ✇❛②✱ ✐✳❡✳✱ ✇✐t❤ ♦♣❡r❛t✐♦♥s ✏❝♦♥❝❛t❡♥❛t✐♥❣ ❣r❛♣❤s✑ ❛♥❞ t❤❛t ❣❡♥❡r❛❧✐③❡
❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ✇♦r❞s✳ ❘❛♥❦✲✇✐❞t❤✱ ❞❡✜♥❡❞ ✐♥ ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ✇❛②✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ❣✐✈❡ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❛♥❞
✇❡ s❤♦✇ t❤❛t r❛♥❦✲✇✐❞t❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ tr❡❡✲✇✐❞t❤✳ ❲❡ ❛❧s♦ ♣r♦♣♦s❡ ❛ ♥♦t✐♦♥
♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❛ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ s❤♦✇
t❤❛t ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜♥✐t❡ ❧✐st ♦❢ ✜♥✐t❡ ❞✐r❡❝t❡❞
❣r❛♣❤s t♦ ❡①❝❧✉❞❡ ❛s ✈❡rt❡①✲♠✐♥♦r✳

▼❛♥② ❣r❛♣❤ ❝❧❛ss❡s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤✱ ❡✳❣✳✱ ♣❧❛♥❛r ❣r❛♣❤s✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞
✐♥ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦♥ t❤❡s❡ ❣r❛♣❤ ❝❧❛ss❡s✳ ❆ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❛ ♣r♦♣❡rt② P ✐♥ ❛ ❣r❛♣❤ G
❝♦♥s✐sts ✐♥ ❛ss✐❣♥✐♥❣ ❛ ❧❛❜❡❧✱ ❛s s❤♦rt ❛s ♣♦ss✐❜❧❡✱ t♦ ❡❛❝❤ ✈❡rt❡① ♦❢ G ❛♥❞ s✉❝❤ t❤❛t✱ ✇❡ ❝❛♥
✈❡r✐❢② ✐❢ G s❛t✐s✜❡s P ❜② ❥✉st ❧♦♦❦✐♥❣ ❛t t❤❡ ❧❛❜❡❧s✳ ❲❡ s❤♦✇ t❤❛t ❡✈❡r② ♣r♦♣❡rt② ❞❡✜♥❛❜❧❡ ✐♥
✜rst ♦r❞❡r ❧♦❣✐❝ ❛❞♠✐t ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ✇✐t❤ ❧❛❜❡❧s ♦❢ ❧♦❣❛r✐t❤♠✐❝ s✐③❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t
❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❇♦✉♥❞❡❞ ❞❡❣r❡❡ ❣r❛♣❤ ❝❧❛ss❡s✱ ♠✐♥♦r ❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s
t❤❛t ❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳

■❢ x ❛♥❞ y ❛r❡ t✇♦ ✈❡rt✐❝❡s ❛♥❞ X ✐s ❛ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ Y ✐s ❛ s✉❜s❡t ♦❢ t❤❡
s❡t ♦❢ ❡❞❣❡s✱ ✇❡ ❧❡t Conn(x, y,X, F ) ❜❡ t❤❡ ❣r❛♣❤ ♣r♦♣❡rt②✿ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤
t❤❛t ❛✈♦✐❞s t❤❡ ✈❡rt✐❝❡s ✐♥ X ❛♥❞ t❤❡ ❡❞❣❡s ✐♥ F ✳ ❚❤✐s ♣r♦♣❡rt② ✐s ♥♦t ❞❡✜♥❛❜❧❡ ❜② ❛ ✜rst
♦r❞❡r ❢♦r♠✉❧❛✳ ❲❡ s❤♦✇ t❤❛t ✐t ❛❞♠✐ts ❛ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✇✐t❤ ❧❛❜❡❧s ♦❢ ❧♦❣❛r✐t❤♠✐❝ s✐③❡ ♦♥
♣❧❛♥❛r ❣r❛♣❤s✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t Conn(x, y,X, ∅) ❛❞♠✐ts s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ✇✐t❤ ❧❛❜❡❧s
♦❢ ❧♦❣❛r✐t❤♠✐❝ s✐③❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❛r❡ ✏♣❧❛♥❛r ❣❧✉✐♥❣s✑ ♦❢ ❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤
❛♥❞ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳
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♦♥ ❣r❛♣❤s ❛♥❞ t❤❡✐r ♠❛♥② ❛❧❣♦r✐t❤♠✐❝ ❛s ✇❡❧❧ ❛s str✉❝t✉r❛❧ q✉❡st✐♦♥s✳ ❲❡ ❝❛♥ ❝✐t❡ t❤❡ ❙❡✈❡♥
❑ö♥✐❣s❜❡r❣ ❇r✐❞❣❡s ♠♦❞❡❧❡❞ ❛♥❞ s♦❧✈❡❞ ❛s ❛ ❣r❛♣❤ ♣r♦❜❧❡♠ ❜② ❊✉❧❡r ❬❊✉❧✺✾❪✳

❆ ❝♦♠♠♦♥ t♦♦❧ t♦ s♦❧✈❡ ❛❧❣♦r✐t❤♠✐❝ ♣r♦❜❧❡♠s ♦♥ ❣r❛♣❤s ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦✲
s✐t✐♦♥✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ t②♣❡s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❡❛❝❤ ♦❢ t❤❡♠ ❜❡✐♥❣ s✉✐t❛❜❧❡ ❢♦r s♦♠❡
♣r♦❜❧❡♠s ❛♥❞ ♠♦r❡ t❤❛♥ ♦t❤❡rs✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦
3✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❬❚✉t✻✻❪ ✐s ♥♦t ❛ ♣r✐♦r✐ s✉✐t❛❜❧❡ ❢♦r s♦❧✈✐♥❣ ◆P✲❍❛r❞ ♣r♦❜❧❡♠s ❜✉t ❝❛♥
❜❡ ✉s❡❞ ❛s ❛ t♦♦❧ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r r❡❞✉❝✐♥❣ ♣r♦❜❧❡♠s
♦♥ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s t♦ ♣r♦❜❧❡♠s ♦♥ 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳ ❍♦✇❡✈❡r✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❬❘❛♦✵✻❪✱
❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❝❛♥ ❜❡ ❝❧❛ss✐✜❡❞ ✐♥t♦ t✇♦ ❢❛♠✐❧✐❡s✿

✶✳ ❈❛♥♦♥✐❝❛❧ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t ❛r❡ ❞❡✜♥❡❞ ❜② ♠❡❛♥s ♦❢ ❝❡rt❛✐♥ s✉❜st✐t✉t✐♦♥s ♦r
❝♦♠♣♦s✐t✐♦♥s ♦❢ ♣❛tt❡r♥s✳ ❲❡ ❝❛♥ ❝✐t❡ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❬●❛❧✻✼❪ ♦r t❤❡ s♣❧✐t
❞❡❝♦♠♣♦s✐t✐♦♥ ❬❈✉♥✽✷❪ ❛s ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✳

✷✳ ●r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t ❛r❡ ❞❡✜♥❡❞ ❜② ✏r❡❞✉❝✐♥❣✑ ❣r❛♣❤s t♦ ♦t❤❡r ❣r❛♣❤s t❤❛t ✇❡
❝❛❧❧ ❤❡r❡ t❛r❣❡t ❣r❛♣❤s ❛♥❞ t❤❛t ❛r❡ ♠♦st❧② tr❡❡s✳ ❚♦ t❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ❛ss♦❝✐❛t❡❞
❣r❛♣❤ ♣❛r❛♠❡t❡rs t❤❛t ♠❡❛s✉r❡ ❤♦✇ ❞✐✣❝✉❧t ✐t ✐s t♦ r❡❝♦♥str✉❝t ❣r❛♣❤s ❢r♦♠ t❤❡ t❛r❣❡t
❣r❛♣❤s✳ ❲❡ ❝❛♥ ❝✐t❡ t❤❡ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❝❛❧❧❡❞
tr❡❡✲✇✐❞t❤ ❬❘❙✽✸❪ ❛♥❞ t❤❡ r❛♥❦✲❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❝❛❧❧❡❞
r❛♥❦✲✇✐❞t❤ ❬❖✉♠✵✺❜❪ ❛s ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✳

❚❤❡ ❣♦❛❧ ✇✐t❤ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ t❤❡ s❡❝♦♥❞ t②♣❡ ✐s t♦ tr❛♥s❢❡r t❤❡ ❛❧❣♦r✐t❤♠✐❝ ❛s
✇❡❧❧ ❛s t❤❡ str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t❛r❣❡t ❣r❛♣❤s t♦ t❤❡ ❞❡❝♦♠♣♦s❡❞ ❣r❛♣❤s✳ ■♥ t❤✐s ❝❛s❡
t❤❡ s♠❛❧❧❡r ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ♣❛r❛♠❡t❡r t❤❡ ❜❡tt❡r ✐t ✐s✱ ❜❡❝❛✉s❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣❛r❛♠❡t❡r
♠❡❛s✉r❡s ❤♦✇ ❝❧♦s❡ ❛r❡ t❤❡ ❞❡❝♦♠♣♦s❡❞ ❣r❛♣❤s ❢r♦♠ t❤❡ t❛r❣❡t ❣r❛♣❤s✳

▼❛♥② ◆P✲❍❛r❞ ♣r♦❜❧❡♠s ❛❞♠✐t ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠s ♦♥ tr❡❡s ❬❈❉●+✵✼❪✳ ■❢ t❤❡ t❛r❣❡t
❣r❛♣❤s ♦❢ t❤❡ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ tr❡❡s✱ ✇❡ ❝❛♥ ❤♦♣❡ t♦ tr❛♥s❢❡r t❤❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts
❢r♦♠ tr❡❡s t♦ t❤❡ ❣r❛♣❤s t❤❛t ❛❞♠✐t s♠❛❧❧ ✈❛❧✉❡ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r✳ ▼♦r❡♦✈❡r✱
♠❛♥② ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❤❛✈❡ ❛♥ ✉♥❞❡r❧②✐♥❣ tr❡❡✲str✉❝t✉r❡ ❛❞♠✐t ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠s ❢♦r

✶



✷ ●r❛♣❤ ❙tr✉❝t✉r✐♥❣s✿ ❙♦♠❡ ❆❧❣♦r✐t❤♠✐❝ ❆♣♣❧✐❝❛t✐♦♥s

s❡✈❡r❛❧ ◆P✲❍❛r❞ ♣r♦❜❧❡♠s✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r ✐♥st❛♥❝❡ ♦❢ ❝❤♦r❞❛❧ ❣r❛♣❤s ❬❉✐r✻✶❪✱ s❡r✐❡s✲
♣❛r❛❧❧❡❧ ❣r❛♣❤s ❬❚◆❙✽✷❪ ❛♥❞ k✲♣❛rt✐❛❧ tr❡❡s ❬❆r♥✽✺❪✳ ❍♦✇❡✈❡r✱ ✐❢ ❛ r❡❞✉❝t✐♦♥ t♦ tr❡❡s ❛❧❧♦✇s
t♦ tr❛♥s❢❡r t❤❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ♦❢ tr❡❡s✱ ♥♦t ❛❧❧ ❣r❛♣❤s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ tr❡❡s✱ ♦t❤❡r✇✐s❡
✇❡ ✇♦✉❧❞ ❤❛✈❡ P❂◆P✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ❢♦r tr❡❡s ❝❛♥ ❜❡ tr❛♥s❢❡rr❡❞ t♦
❣r❛♣❤s t❤❛t ❤❛✈❡ tr❡❡✲✇✐❞t❤ ❜♦✉♥❞❡❞ ❜② s♦♠❡ ✜①❡❞ ✈❛❧✉❡ ❬❈♦✉✾✵✱ ❆▲❙✾✶❪ ❛♥❞ ♥♦t ❛❧❧ ❣r❛♣❤s
❤❛✈❡ tr❡❡✲✇✐❞t❤ ❜♦✉♥❞❡❞ ❜② ❛ ✜①❡❞ ✈❛❧✉❡ ✭♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ❝❤♦r❞❛❧ ❣r❛♣❤s ❤❛✈❡ ✉♥❜♦✉♥❞❡❞
tr❡❡✲✇✐❞t❤✮✳ ■t ✐s t❤✉s ✐♠♣♦rt❛♥t t♦ ✐❞❡♥t✐❢② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ tr❡❡s ✇✐t❤
r❡s♣❡❝t t♦ ❛ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆ ❝♦♠♠♦♥ ✇❛② t♦ ❞♦ t❤❛t ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ ❣r❛♣❤ ❝❧❛ss❡s
❜② ❡①❝❧✉❞❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ❜② ♠❡❛♥s ♦❢ r❡❧❛t✐♦♥s ♦♥ ❣r❛♣❤s s✉❝❤ ❛s t❤❡ ♠✐♥♦r r❡❧❛t✐♦♥ ❬❘❙✽✸❪
♦r t❤❡ ✈❡rt❡①✲♠✐♥♦r r❡❧❛t✐♦♥ ❬❖✉♠✵✺❜❪✳ ❚❤❡s❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❝❛♥ ❧❡❛❞ t♦ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦✲
r✐t❤♠s t❤❛t ❛r❡ ♥♦t ❛❧✇❛②s t❤❡ ♠♦st ❡✣❝✐❡♥t ♦♥❡s ❛♥❞ ❞♦ ♥♦t ❛❧✇❛②s ❤❡❧♣ t♦ ❜✉✐❧❞ ❛♥ ♦♣t✐♠❛❧
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆♥ ❡①❛♠♣❧❡ ✐s t❤❡ q✉❛❞r❛t✐❝ t✐♠❡ ❛❧❣♦r✐t❤♠ ❜② ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ❢♦r
❝❤❡❝❦✐♥❣ ✐❢ ❛ ❣r❛♣❤ ❤❛s tr❡❡✲✇✐❞t❤ ❛t ♠♦st k ❬❘❙✾✺❪✳ ❆ ❜❡tt❡r ♦♥❡ ❜② ❇♦❞❧❛❡♥❞❡r ❬❇♦❞✾✻❪
❣✐✈❡s ❛♥ ♦♣t✐♠❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥✳

❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ❢♦r s♦❧✈✐♥❣ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠✐❝ q✉❡st✐♦♥s ✐s t❤❡ ✉s❡ ♦❢ ❛❧✲
❣❡❜r❛✐❝ t♦♦❧s✱ ✇❤✐❝❤ ❝♦♥s✐sts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s ♦♥ ❣r❛♣❤s t❤❛t ❣❡♥❡r❛❧✐③❡ t❤❡
❝♦♥❝❛t❡♥❛t✐♦♥ ♦❢ ✇♦r❞s✳ ❚❤❡② ❛❧❧♦✇ t♦ ❝♦♥str✉❝t ❣r❛♣❤s ❢r♦♠ ❜❛s✐❝ ❣r❛♣❤s ✐♥ ❛ s✐♠♣❧❡ ✇❛②
❛♥❞ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s t♦ ❤❛✈❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✿

• ❆♥❛❧♦❣♦✉s❧② t♦ ❝♦♥t❡①t✲❢r❡❡ ❧❛♥❣✉❛❣❡s ♦❢ ✇♦r❞s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❝♦♥t❡①t✲❢r❡❡ s❡ts ♦❢ ❣r❛♣❤s
❜② s②st❡♠s ♦❢ ❡q✉❛t✐♦♥s✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ✉s❡ t♦♦❧s ♦❢ ✉♥✐✈❡rs❛❧ ❛❧❣❡❜r❛ ❛♥❞ ❞❡r✐✈❡
❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ❢♦r t❤❡ st✉❞② ♦❢ ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❬❇❈✵✻✱ ❈♦✉✾✵✱ ❈❊❘✾✸❪✳

• ❲❡ ❝❛♥ ❣✐✈❡ ✉♥✐❢♦r♠ ❝♦♥str✉❝t✐♦♥s ❢♦r s♦❧✈✐♥❣ ✐♥ ❧✐♥❡❛r t✐♠❡ ❧❛r❣❡ ❝❧❛ss❡s ♦❢ ♣r♦❜❧❡♠s ❡①✲
♣r❡ss✐❜❧❡ ✐♥ ♠♦♥❛❞✐❝ s❡❝♦♥❞ ♦r❞❡r ❧♦❣✐❝✳ ❙✉❝❤ ❝♦♥str✉❝t✐♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❛rt✐❝❧❡s
❬❈♦✉✾✵✱ ❈♦✉✾✸✱ ❈❊❘✾✸✱ ❈▼❘✵✵✱ ▼❛❦✵✹❪ ❛♥❞ ✐♥ t❤❡ s✉r✈❡② ❜② ●r♦❤❡ ❬●r♦✵✼❪✳

• ❋♦r ❛❧❣♦r✐t❤♠✐❝ ♣✉r♣♦s❡s✱ ✇❡ ♥❡❡❞ s♦♠❡t✐♠❡s ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❤❡✐❣❤t
❛♥❞ ♦❢ s♠❛❧❧ ✇✐❞t❤✱ t❤❛t ✇❡ ❝❛❧❧ ❜❛❧❛♥❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛rt✐❝❧❡s
❬❇♦❞✽✽✱ ❇❍✾✽✱ ❈❱✵✸❪✮✳ ❆❧❣❡❜r❛✐❝ t♦♦❧s ❛❧❧♦✇ t♦ ❣✐✈❡ ✉♥✐❢♦r♠ ♣r♦♦❢s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢
❜❛❧❛♥❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s ✭❈❤❛♣t❡r ✻✮✳

▲❡t ✉s ❣✐✈❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ s❡t ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✳ ❆ ❣r❛♣❤ ✇✐t❤ t✇♦ ❞✐st✐♥❣✉✐s❤❡❞
✈❡rt✐❝❡s✱ ♥❛♠❡❞ r❡s♣❡❝t✐✈❡❧② s✲✈❡rt❡① ❛♥❞ t✲✈❡rt❡①✱ ✐s ❝❛❧❧❡❞ ❛ 2✲t❡r♠✐♥❛❧ ❣r❛♣❤✳ ●✐✈❡♥ t✇♦
2✲t❡r♠✐♥❛❧ ❣r❛♣❤s✱ G1 ❛♥❞ G2✱ ✇❡ ❞❡♥♦t❡ ❜② G1//G2 t❤❡ 2✲t❡r♠✐♥❛❧ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣
t❤❡ s✲✈❡rt✐❝❡s ♦❢ G1 ❛♥❞ G2 ❛♥❞ t❤❡ s❛♠❡ ❢♦r t❤❡ t✲✈❡rt✐❝❡s✳ ❆♥❞ ✇❡ ❞❡♥♦t❡ ❜② G1 • G2

t❤❡ 2✲t❡r♠✐♥❛❧ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣ t❤❡ t✲✈❡rt❡① ♦❢ G1 ✇✐t❤ t❤❡ s✲✈❡rt❡① ♦❢ G2 ❛♥❞ ❜②
❝♦♥s✐❞❡r✐♥❣ t❤❡ s✲✈❡rt❡① ♦❢ G1 ❛♥❞ t❤❡ t✲✈❡rt❡① ♦❢ G2 ❛s t❤❡ ❞✐st✐♥❣✉✐s❤❡❞ ✈❡rt✐❝❡s ♦❢ G1 •G2✳
❋✐❣✉r❡ ✶ s❤♦✇s ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ t✇♦ ♦♣❡r❛t✐♦♥s✳

❙❡r✐❡s✲♣❛r❛❧❧❡❧ ❣r❛♣❤s ❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❡r♠s ✇r✐tt❡♥ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s // ❛♥❞ • ❛♥❞
t❤❡ ❜❛s✐❝ ❣r❛♣❤ a ✇❤✐❝❤ r❡♣r❡s❡♥ts ❛ ❣r❛♣❤ ✇✐t❤ ❛ s✐♥❣❧❡ ❡❞❣❡✱ ♦♥❡ ❡♥❞✲✈❡rt❡① ❝♦❧♦r❡❞ ❜② s
❛♥❞ t❤❡ ♦t❤❡r ❜② t ❬❚◆❙✽✷❪✳ ❚❤✉s✱ t♦ ❛♥② s❡r✐❡s✲♣❛r❛❧❧❡❧ ❣r❛♣❤ ❝♦rr❡s♣♦♥❞s ❛t ❧❡❛st ♦♥❡ t❡r♠
✇r✐tt❡♥ ✇✐t❤ s②♠❜♦❧s ✐♥ {//, •,a}✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t s❡✈❡r❛❧ t❡r♠s ❝❛♥ ❣❡♥❡r❛t❡ t❤❡
s❛♠❡ ❣r❛♣❤✳ ❋✐❣✉r❡ ✷ s❤♦✇s ❛ s❡r✐❡s✲♣❛r❛❧❧❡❧ ❣r❛♣❤ ❛♥❞ ❛ t❡r♠ t❤❛t ❣❡♥❡r❛t❡s ✐t✳

▼❛♥② ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠s ♦♥ s❡r✐❡s✲♣❛r❛❧❧❡❧ ❣r❛♣❤s ❛r❡ ❜❛s❡❞ ♦♥ s✉❝❤ t❡r♠s t❤❛t
❣❡♥❡r❛t❡ t❤❡ ✐♥♣✉t ❣r❛♣❤s✳ ❚❤❡ ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠s ♦❢ ❬❈♦✉✾✵❪ ❛r❡ ❛❧s♦ ❜❛s❡❞ ♦♥ ❛❧❣❡❜r❛✐❝



✸

G1

G1//G2

G1 •G2

G2

ts
ts

s t
s t

❋✐❣✉r❡ ✶✿ ❚❤❡ t✇♦ ❣r❛♣❤s ✐♥ t❤❡ t♦♣ r❡♣r❡s❡♥t t✇♦ 2✲t❡r♠✐♥❛❧ ❣r❛♣❤s G1 ✭❧❡❢t✮ ❛♥❞ G2 ✭r✐❣❤t✮✳
❚❤❡ t✇♦ ❣r❛♣❤s ✐♥ t❤❡ ❜♦tt♦♠ ❛r❡ G1//G2 ✭❧❡❢t✮ ❛♥❞ G1 • G2 ✭r✐❣❤t✮✳ ❚❤❡ ❞✐st✐♥❣✉✐s❤❡❞
✈❡rt✐❝❡s ❛r❡ t❤❡ ❜❧✉❡ ♦♥❡s✱ ❧❛❜❡❧❡❞ r❡s♣❡❝t✐✈❡❧② ❜② s ❛♥❞ t✳

t

s

(a)

• •

•

//•

•

• •

//

(b)

(c)

a

a //a

a aa

aa•

aa

a

a

(((a • a) • (((a • a)//(a • a))//(a • a))) • (a • a))//(a • a)

❋✐❣✉r❡ ✷✿ ✭❛✮ r❡♣r❡s❡♥ts ❛ s❡r✐❡s✲♣❛r❛❧❧❡❧ ❣r❛♣❤✱ ✭❜✮ ❛ t❡r♠ t❤❛t r❡♣r❡s❡♥ts ✐t ❛♥❞ ✭❝✮ t❤❡
s②♥t❛❝t✐❝ tr❡❡ ♦❢ t❤❡ t❡r♠✳

❞❡✜♥✐t✐♦♥s✳ ■t ✐s t❤❡♥ ✐♥t❡r❡st✐♥❣ t♦ ❣✐✈❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥s ❢♦r ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t
❞♦ ♥♦t ❤❛✈❡ ♦♥❡✳ ■♥ t❤✐s ♣❡rs♣❡❝t✐✈❡ ♦✉r ✇♦r❦ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦t✐✈❛t✐♦♥s✳

• ❚♦ ❣✐✈❡ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥s ✇❤❡♥ t❤❡② ❞♦ ♥♦t ❡①✐st✳

• ❚♦ ❝♦♠♣❛r❡ ✈❛r✐♦✉s ♥♦t✐♦♥s ♦❢ ❣r❛♣❤ ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✳

• ❚♦ ❣✐✈❡ ❛ ✉♥✐❢♦r♠ ♣r♦♦❢ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❜❛❧❛♥❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s✳

• ❚♦ ❣✐✈❡ r❡s✉❧ts t❤❛t ❛r❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❛❜❧❡✳



✹ ●r❛♣❤ ❙tr✉❝t✉r✐♥❣s✿ ❙♦♠❡ ❆❧❣♦r✐t❤♠✐❝ ❆♣♣❧✐❝❛t✐♦♥s

• ❚♦ ♣r♦♣♦s❡ ♦t❤❡r t②♣❡s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞✱ ♣❛rt✐❝✉❧❛r❧② ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s
✇❤❡r❡ t❤❡ t❛r❣❡t ❣r❛♣❤s ❛r❡ ♥♦t tr❡❡s ❛♥❞✱ t♦ st✉❞② t❤❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts t❤❛t ✇❡ ❝❛♥
♦❜t❛✐♥✳

●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ❈❧✐q✉❡✲❲✐❞t❤

❈❧✐q✉❡✲✇✐❞t❤ ❬❈❊❘✾✸✱ ❈❖✵✵❪ ✐s ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ✐♥ ❛♥ ❛❧❣❡❜r❛✐❝ ✇❛②✳ ■t ♠❡❛s✉r❡s
❤♦✇ ♠❛♥② ❝♦❧♦rs ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ❣r❛♣❤ ❜② ✉s✐♥❣ ❛s ❜❛s✐❝ ❣r❛♣❤s✱ s✐♥❣❧❡ ❝♦❧♦r❡❞ ✈❡rt✐❝❡s
❛♥❞✱ ❛s ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✿ ✭✶✮ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥✱ ✭✷✮ ✉♥❛r② ♦♣❡r❛t✐♦♥s t❤❛t ❝❤❛♥❣❡ ❝♦❧♦rs ✭✸✮
❛♥❞ ✉♥❛r② ♦♣❡r❛t✐♦♥s t❤❛t ❛❞❞ ❡❞❣❡s ❜❡t✇❡❡♥ ❝♦❧♦r❡❞ ✈❡rt✐❝❡s✳ ❈❧✐q✉❡✲✇✐❞t❤ ✐s ♠♦r❡ ❣❡♥❡r❛❧
t❤❛♥ tr❡❡✲✇✐❞t❤ ✐♥ t❤❛t ❡✈❡r② ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ❤❛s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤
❬❈❖✵✵✱ ❈❘✵✺❪ ❛♥❞ t❤❡ ❝♦♥✈❡rs❡ ✐s ❢❛❧s❡ ✭❝❧✐q✉❡s ❤❛✈❡ ❝❧✐q✉❡✲✇✐❞t❤ 2 ❛♥❞ ✉♥❜♦✉♥❞❡❞ tr❡❡✲
✇✐❞t❤✮✳ ❈❧✐q✉❡✲✇✐❞t❤ ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ♣r♦❜❧❡♠s ❡①♣r❡ss✐❜❧❡ ✐♥ ♠♦♥❛❞✐❝ s❡❝♦♥❞ ♦r❞❡r
❧♦❣✐❝ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ ❝✉❜✐❝ t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❜② ❝♦♠❜✐♥✐♥❣
r❡s✉❧ts ❢r♦♠ ❬❈▼❘✵✵❪ ❛♥❞ ❬❍❖✵✼✱ ❖❙✵✻❪✳ ❍♦✇❡✈❡r✱ ❞❡❝✐❞✐♥❣ ✐❢ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✐s
❛t ♠♦st k ✐s ◆P✲❝♦♠♣❧❡t❡ ❬❋❘❘❙✵✻❪ ❛♥❞ ❢♦r ✜①❡❞ k ≥ 4✱ t❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡
❛❧❣♦r✐t❤♠ t❤❛t ❞❡❝✐❞❡s ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❣r❛♣❤ ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k ✭❢♦r k ≤ 3✱ t❤❡r❡
❡①✐sts ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ ❬❈❍▲+✵✵❪✮✳

■♥ t❤❡✐r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ r❡❝♦❣♥✐t✐♦♥ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✱
❖✉♠ ❛♥❞ ❙❡②♠♦✉r ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❬❖✉♠✵✺❜✱ ❖❙✵✻❪✳
❘❛♥❦✲✇✐❞t❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s❛♠❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❤❛✈❡
❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤✳ ❆s ❢♦r ❝❧✐q✉❡✲✇✐❞t❤✱ ❞❡❝✐❞✐♥❣ t❤❡ r❛♥❦✲✇✐❞t❤
♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ◆P✲❝♦♠♣❧❡t❡ ❬❍❖❙●✵✽❪ ❜✉t ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛♥
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❛t ♠♦st k ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ ❝✉❜✐❝ t✐♠❡ ❬❍❖✵✼❪✳ ❈♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ♦❢
❝❧✐q✉❡✲✇✐❞t❤✱ t❤❡r❡ ✐s ❛ ♥♦t✐♦♥ ♦❢ ♠✐♥♦r✱ ❝❛❧❧❡❞ ✈❡rt❡①✲♠✐♥♦r✱ r❡❧❛t❡❞ t♦ r❛♥❦✲✇✐❞t❤✳ ▼♦r❡♦✈❡r✱
❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜♥✐t❡ ❧✐st ♦❢ ❡①❝❧✉❞❡❞ ✈❡rt❡①✲♠✐♥♦rs
❬❖✉♠✵✺❜❪✳

❈❧✐q✉❡✲✇✐❞t❤ ✐s ❞❡✜♥❡❞ ❢♦r ✉♥❞✐r❡❝t❡❞ ❛s ✇❡❧❧ ❛s ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❍♦✇❡✈❡r✱ r❛♥❦✲✇✐❞t❤
✐s ❞❡✜♥❡❞ ♦♥❧② ❢♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞✱ ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ✐♥ ❖✉♠✬s
✇♦r❦s✳ ❖✉r ✇♦r❦ ♦♥ r❛♥❦✲✇✐❞t❤ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦t✐✈❛t✐♦♥s✳

• ❚♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❛♥❞ ♣❡r❤❛♣s t♦ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♣r♦♦❢ ♦❢
❛ ❱❡rt❡①✲▼✐♥♦r ❚❤❡♦r❡♠ ❝♦♥❥❡❝t✉r❡❞ ❜② ❖✉♠ ❬❖✉♠✵✽❛✱ ❖✉♠✵✾❪✱ s❛②✐♥❣ t❤❛t ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ❛r❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ✉♥❞❡r ✈❡rt❡①✲♠✐♥♦r ♦r❞❡r✐♥❣✳

• ❚♦ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ t♦ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞✱ ✐♥ t❤❡ ❢✉t✉r❡ t♦ r❡❧❛t✐♦♥❛❧
str✉❝t✉r❡s✳

• ❚♦ ✜♥❞ ❛♥ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡s❡ ♥♦t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤✳

❲❡ ✇✐❧❧ ♣r♦♣♦s❡ ❛ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❛❧❣❡❜r❛✐❝
❞❡✜♥✐t✐♦♥ ❢♦r r❛♥❦✲✇✐❞t❤✳ ❲❡ ✇✐❧❧ ❛❧s♦ r❡❧❛t❡ t❤❡ t✇♦ ♥♦t✐♦♥s ♦❢ ♠✐♥♦r ❛♥❞ ♦❢ ✈❡rt❡①✲♠✐♥♦r
❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t r❛♥❦✲✇✐❞t❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ tr❡❡✲✇✐❞t❤✳



✺

▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s

❲❡ ❝❛♥ r❡♣r❡s❡♥t ❣r❛♣❤s ❜② ❛❞❥❛❝❡♥❝② ❧✐sts ♦r ❜② ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s✳ ❍♦✇❡✈❡r✱ t❤❡ t✇♦
r❡♣r❡s❡♥t❛t✐♦♥s ❝❛♥ ♣r❡s❡♥t s♦♠❡ ❞r❛✇❜❛❝❦s ✇❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ✐s ❧❛r❣❡✳ ❚②♣✐❝❛❧❧②✱
❛♥s✇❡r✐♥❣ ❛❞❥❛❝❡♥❝② q✉❡r✐❡s ♥❡❡❞s t♦ s❡❛r❝❤ ✐♥ ❛♥ ❛❞❥❛❝❡♥❝② ❧✐st ✇❤✐❧❡ t❤❡ ✉s❡ ♦❢ ❛❞❥❛❝❡♥❝②
♠❛tr✐❝❡s r❡q✉✐r❡s O(n2)✲♠❡♠♦r② s♣❛❝❡ ✐❢ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❡✈❡♥ ✐❢ t❤❡ ❣r❛♣❤ ✐s s♣❛rs❡✳
❊✈❡♥ ✐❢ ❛♥s✇❡r✐♥❣ t❤❡ ❛❞❥❛❝❡♥❝② t❛❦❡s ❝♦♥st❛♥t✲t✐♠❡ ✐♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐❝❡s✱ ✐t ❝❛♥♥♦t ❜❡ ✉s❡❞
✐♥ ♠❛♥② ❛❧❣♦r✐t❤♠s ❜❡❝❛✉s❡ ♦❢ s♣❛❝❡ ❝♦♥str❛✐♥ts✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❢r❡q✉❡♥t❧② ✉s❡❢✉❧ t♦ ❤❛✈❡ ❛
❞✐str✐❜✉t❡❞ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♥❡t✇♦r❦ ❜❡❝❛✉s❡ ✇❡ ✇❛♥t ❡❛❝❤ ♥♦❞❡ t♦ ❤❛✈❡ ❛ ♣❛rt✐❛❧ ❦♥♦✇❧❡❞❣❡
✭♦♥❧②✮ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❲❡ ♥❡❡❞ t❤❡♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❣r❛♣❤s ✇❤✐❝❤ ❛❧❧♦✇s
t♦ ❛♥s✇❡r ❛❞❥❛❝❡♥❝② q✉❡r✐❡s r❡❧❛t✐✈❡❧② q✉✐❝❦❧②✳ ❖♥❡ ✇❛② ❝♦♥s✐sts ✐♥ ❛ss✐❣♥✐♥❣ t♦ ❡❛❝❤ ✈❡rt❡① ❛
❧❛❜❡❧✱ ❛s s❤♦rt ❛s ♣♦ss✐❜❧❡✱ s✉❝❤ t❤❛t ✇❡ ❝❛♥ ❛♥s✇❡r t❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ❛❜♦✉t t✇♦ ✈❡rt✐❝❡s ❥✉st
❜② ❧♦♦❦✐♥❣ ❛t t❤❡✐r ❧❛❜❡❧s✳ ❚❤✐s ✐s ❝♦♠♠♦♥❧② ❦♥♦✇♥ ✉♥❞❡r t❤❡ ♥❛♠❡ ♦❢ ✐♠♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥
❬❙♣✐✵✸❪✳ ❲❡ ❝❛♥ ✜♥❞ ✐♥ t❤❡ ❜♦♦❦ ❬❙♣✐✵✸❪ ❛♥❞ t❤❡ P❤❉ t❤❡s✐s ❬▲❛❜✵✼❪ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ✇❤❡r❡
s❤♦rt ✐♠♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥s✱ s❛② ❜② ❧❛❜❡❧s ♦❢ ❧♦❣❛r✐t❤♠✐❝ s✐③❡✱ ❛r❡ ❞❡✜♥❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢
❛ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❡①❝❧✉❞❡s ❛ ✜①❡❞ ♠✐♥♦r✱ t❤❡♥ ✐t ❛❞♠✐ts ❛♥ ✐♠♣❧✐❝✐t r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t
✉s❡s ❧❛❜❡❧s ♦❢ s✐③❡ ❛t ♠♦st 2 log(n) +O(log(log(n))) ✭♠❡❛s✉r❡❞ ✐♥ ❜✐ts✮ ❬●▲✵✼❪✳

■♥ ♦t❤❡r ❛❧❣♦r✐t❤♠s✱ t❤❡ ❛❞❥❛❝❡♥❝② ✐s ♥♦t t❤❡ ♦♥❧② ❢r❡q✉❡♥t❧② ❛s❦❡❞ q✉❡r②✳ ❋♦r ✐♥st❛♥❝❡✱
❛ ❝♦♠♠♦♥ q✉❡r② ✐♥ ♠❛♥❛❣✐♥❣ r♦✉t✐♥❣ ♥❡t✇♦r❦s ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛t❤ ❜❡t✇❡❡♥ t✇♦ ♥♦❞❡s
❛♥❞ ✐❢ ✐t ❞♦❡s ❡①✐st✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s ♣❛t❤✳ ❲❡ ❝❛♥ ❣❡♥❡r❛❧✐③❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❧❛❜❡❧✐♥❣
❢r♦♠ ❛❞❥❛❝❡♥❝② t♦ ❛♥② ♣r♦♣❡rt② P ✳ ❋♦r♠❛❧❧②✱ ❣✐✈❡♥ ❛ ♣r♦♣❡rt② P (x1, . . . , xm, X1, . . . , Xq)
t❤❛t ❞❡♣❡♥❞s ♦♥ ✈❡rt✐❝❡s x1, . . . , xm ❛♥❞ s❡ts ♦❢ ✈❡rt✐❝❡s X1, . . . , Xq ❛♥❞ ❛♥ ✐♥❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥
f : N→ N✱ ❛♥ f ✲❧❛❜❡❧✐♥❣ ❢♦r P ✐♥ ❛ ❣r❛♣❤G ♦❢ ❛ ✜①❡❞ ❝❧❛ss C ❝♦♥s✐sts ✐♥ ❛ss✐❣♥✐♥❣ t♦ ❡❛❝❤ ✈❡rt❡①
♦❢ G ❛ ❧❛❜❡❧ ♦❢ s✐③❡ O(f(|VG|)) ❛♥❞ s✉❝❤ t❤❛t ❣✐✈❡♥ a1, . . . , am ∈ VG ❛♥❞ Y1, . . . , Yq ⊆ VG✱ ✇❡
❝❛♥ t❡st ✇❤❡t❤❡r G s❛t✐s✜❡s P (a1, . . . , am, Y1, . . . , Yq) ❥✉st ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❧❛❜❡❧s ♦❢ a1, . . . , am

❛♥❞ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ Y1, . . . , Yq✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ k✲✈❡rt❡① ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ❛❞♠✐ts
❛ (k2 · log)✲❧❛❜❡❧✐♥❣ ✐♥ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ❬❑♦r✵✼❜❪✳ ■♥ t❤❡ ❛rt✐❝❧❡s ❬●❑❑+✵✶✱ ●P✵✸❛❪ s❡✈❡r❛❧
❧❛❜❡❧✐♥❣s ❛r❡ ♣r❡s❡♥t❡❞ ❢♦r t❤❡ ❞✐st❛♥❝❡ q✉❡r② ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❞✐st❛♥❝❡ q✉❡r② ✐♥ ♠❛♥②
❣r❛♣❤ ❝❧❛ss❡s✱ ❡✳❣✳✱ ♣❧❛♥❛r ❣r❛♣❤s✱ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤✱ ✳ ✳ ✳

❚❤❡ ✉s❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ♦❢ ❛❧❣❡❜r❛✐❝ ❞❡✜♥✐t✐♦♥s ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s ❝❛♥ ❛❧s♦ ❤❡❧♣ t♦
❣❡t ✉♥✐❢♦r♠ ❝♦♥str✉❝t✐♦♥s❢ ♦❢ f ✲❧❛❜❡❧✐♥❣s ❢♦r ❧❛r❣❡ ❝❧❛ss❡s ♦❢ ♣r♦♣❡rt✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❈♦✉r❝❡❧❧❡
❛♥❞ ❱❛♥✐❝❛t ❬❈❱✵✸❪ ♣r♦✈❡❞ t❤❛t ❡✈❡r② ♣r♦♣❡rt② ❡①♣r❡ss✐❜❧❡ ✐♥ ♠♦♥❛❞✐❝ s❡❝♦♥❞ ♦r❞❡r ❧♦❣✐❝
❛❞♠✐ts ❛♥ (f(k) · log)✲❧❛❜❡❧✐♥❣ ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡ ❢✉♥❝t✐♦♥ f
❞❡♣❡♥❞s ♦♥ k ❛♥❞ ♦♥ t❤❡ ♣r♦♣❡rt②✳ ❚❤❡✐r ♣r♦♦❢ r❡❧✐❡s ❞❡❡♣❧② ♦♥ tr❡❡✲❛✉t♦♠❛t❛ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t ✐❢ ❛ ❣r❛♣❤ ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ k✱ t❤❡♥ ✐t ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜② ❛ ❜❛❧❛♥❝❡❞ t❡r♠ t❤❛t ✉s❡s
♦♣❡r❛t✐♦♥s ❞❡✜♥✐♥❣ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❛ ♥✉♠❜❡r ♦❢ ❜❛s✐❝ ❣r❛♣❤s t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ k✳ ❲❡
✇✐❧❧ s❡❡ ❤♦✇ t♦ ❣❡t ❛ s✐♠✐❧❛r r❡s✉❧t ❢♦r ♣r♦♣❡rt✐❡s ❡①♣r❡ss✐❜❧❡ ✐♥ ✜rst ♦r❞❡r ❧♦❣✐❝ ♦♥ ❝❡rt❛✐♥
❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳

●r❛♣❤ ❈❧❛ss❡s ♦❢ ❯♥❜♦✉♥❞❡❞ ❈❧✐q✉❡✲❲✐❞t❤

▼❛♥② r❡❛❧✲❧✐❢❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ✭❏♦❤❛♥ss♦♥ ♣r♦✈❡❞ ❢♦r
✐♥st❛♥❝❡ t❤❛t r❛♥❞♦♠ ❣r❛♣❤s ❤❛✈❡ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❬❏♦❤✾✽❪✮✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ✐♥t❡r❡st✐♥❣
❜② ✐ts❡❧❢ t♦ st✉❞② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❢r♦♠ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♣♦✐♥t ♦❢
✈✐❡✇✳ ❍♦✇❡✈❡r✱ ❢♦r ♠❛♥② ♦❢ t❤❡♠ ✲ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❣r❛♣❤ ❝❧❛ss❡s✱ ♣❧❛♥❛r ❣r❛♣❤s✱ ♦r ❝❧❛ss❡s



✻ ●r❛♣❤ ❙tr✉❝t✉r✐♥❣s✿ ❙♦♠❡ ❆❧❣♦r✐t❤♠✐❝ ❆♣♣❧✐❝❛t✐♦♥s

♦❢ ❣r❛♣❤s t❤❛t ❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤✶ ❛s ❛ ♠✐♥♦r ✲ ❢♦r ❡❛❝❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r✱ t❤❡ tr❡❡✲✇✐❞t❤
♦❢ t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s r ♦❢ ❡❛❝❤ ✈❡rt❡① ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ t❤❛t ❞❡♣❡♥❞s ♦♥❧② ♦♥ r✳ ■♥
❛❞❞✐t✐♦♥✱ ❇❛❦❡r ❛♥❞ ❧❛t❡r ❊♣♣st❡✐♥ ❡t ❛❧✳ ✉s❡❞ t❤✐s ❢❛❝t t♦ ❣✐✈❡ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s ❢♦r ♠❛♥② ◆P✲❍❛r❞ ♣r♦❜❧❡♠s ✐♥ r❡s♣❡❝t✐✈❡❧② ♣❧❛♥❛r ❣r❛♣❤s ❬❇❛❦✾✹❪ ❛♥❞ ❝❧❛ss❡s ♦❢
❣r❛♣❤s t❤❛t ❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤ ❛s ❛ ♠✐♥♦r❬❊♣♣✵✵✱ ❉❍✵✹❛✱ ❉❍✵✹❜❪✳

■♥ t❤✐s t❤❡s✐s ✇❡ ✐♥✈❡st✐❣❛t❡ f ✲❧❛❜❡❧✐♥❣s ✐♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ t❤❛t ❛r❡
♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣ ❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞
❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ✭t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❡❛❝❤ ❜❛❧❧ ♦❢ r❛❞✐✉s r ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣
♦♥ r✮✳ ❲❡ ❝❛♥ ❝✐t❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱ ♣❧❛♥❛r ❣r❛♣❤s ♦r ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t
❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ❛s s✉❝❤ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ❚❤✐s ✇♦r❦ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡
r❡s✉❧ts ♦❢ ❋r✐❝❦ ❛♥❞ ●r♦❤❡ ❬❋●✵✶❜✱ ❋r✐✵✹❪ st❛t✐♥❣ t❤❛t ❡✈❡r② ♣r♦♣❡rt② ❡①♣r❡ss✐❜❧❡ ✐♥ ✜rst ♦r❞❡r
❧♦❣✐❝ ❛❞♠✐ts ❛♥ ❛❧♠♦st ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠ ✐♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✭t❤❡
tr❡❡✲✇✐❞t❤ ♦❢ ❡❛❝❤ ❜❛❧❧ ♦❢ r❛❞✐✉s r ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ r✮✳ ❲❡ ❛❞❛♣t t♦
♦✉r ❝❛s❡ s❡✈❡r❛❧ ♦❢ t❤❡✐r ❞❡✜♥✐t✐♦♥s✳

❉②♥❛♠✐❝ ●r❛♣❤s

■♥ ❣r❛♣❤ t❤❡♦r②✱ ♠♦st ♦❢ t❤❡ r❡s✉❧ts ❞❡❛❧ ✇✐t❤ st❛t✐❝ ❣r❛♣❤s✱ ✐✳❡✳✱ ✇✐t❤ ❣r❛♣❤s t❤❛t ❞♦ ♥♦t
❝❤❛♥❣❡ ✐♥ t✐♠❡✳ ❍♦✇❡✈❡r✱ ✐♥ r❡❛❧✲❧✐❢❡ ♥❡t✇♦r❦s ✲ t❤❡ ■♥t❡r♥❡t ♥❡t✇♦r❦ ♦r ❛♥② ❝❡❧❧✉❧❛r t❡❧❡♣❤♦♥❡
♥❡t✇♦r❦ ✲ ✈❡rt✐❝❡s ♠❛② ❜❡ ❧♦st ♦r s♦♠❡ ♥❡✇ ✈❡rt✐❝❡s ❝❛♥ ❥♦✐♥ t❤❡ ♥❡t✇♦r❦✳ ❲❡ ♠♦❞❡❧ t❤❡s❡
♥❡t✇♦r❦s ❜② ❞②♥❛♠✐❝ ❣r❛♣❤s✳ ❚❤❡ ❛❧❣♦r✐t❤♠s ✐♥ ❞②♥❛♠✐❝ ❣r❛♣❤s ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡
❝❤❛♥❣❡s✳ ❆♥❞ t❤❡r❡ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❤❛❧❧❡♥❣❡ ❢♦r ❞②♥❛♠✐❝ ❣r❛♣❤s ✐♥ ❛❧❣♦r✐t❤♠✐❝ ❣r❛♣❤ t❤❡♦r②✳

■❢ ❛♥ ❛❧❣♦r✐t❤♠ ✉s❡s ❛ ❞❛t❛ str✉❝t✉r❡✱ ❤♦✇ ❝❛♥ ♦♥❡ ♠❛✐♥t❛✐♥ t❤❡ ❞❛t❛ str✉❝t✉r❡
❛t ❡❛❝❤ ❝❤❛♥❣❡ ✇✐t❤♦✉t r❡❝♦♠♣✉t✐♥❣ ✐t ✐♥ t♦t❛❧❄ ▼♦r❡♦✈❡r✱ t❤❡ ♠❛✐♥t❛✐♥✐♥❣ t✐♠❡
♠✉st ❜❡ ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥❣❡s✳

P❛✉❧ ❡t ❛❧✳ st✉❞② t❤✐s q✉❡st✐♦♥ ❢♦r r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❬❈P✵✻✱ ●P✵✼❪ ❛♥❞✱ ❚❤♦r✉♣ ❡t ❛❧✳
❝♦♥str✉❝t ♦r❛❝❧❡s ❢♦r r♦✉t✐♥❣ q✉❡r✐❡s ✐♥ ♥❡t✇♦r❦s ❬❚❩✵✺✱ P❚✵✼✱ ❉❚❈❘✵✽❪✳

❲❤❡♥ ✇❡ ❞❡❛❧ ✇✐t❤ f ✲❧❛❜❡❧✐♥❣s ♦❢ ♣r♦♣❡rt✐❡s ✐♥ ❞②♥❛♠✐❝ ❣r❛♣❤s✱ ✐t ✐s ♥♦t ❝❧❡❛r ❤♦✇ t♦
❝♦♠♣✉t❡ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ♥❡✇ ✈❡rt✐❝❡s ✇✐t❤♦✉t r❡❝♦♠♣✉t✐♥❣ ❛❧❧ t❤❡ ❧❛❜❡❧s✳ ■♥❞❡❡❞✱ ✐♥ ♠♦st
❝❛s❡s t❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✇❤♦❧❡ ❣r❛♣❤ ✭❝✳❢✳ ❬❈❱✵✸❪✮
❛♥❞ ♥♦t ♦♥❧② ❡❛❝❤ ♥♦❞❡ ❧♦❝❛❧❧②✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ♦♥❧② ❧❛❜❡❧✐♥❣s ❢♦r r♦✉t✐♥❣ ❛♥❞ ❞✐st❛♥❝❡
q✉❡r✐❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❞②♥❛♠✐❝ tr❡❡s ❬❑P❘✵✹✱ ❑♦r✵✼❛✱ ❑P✵✼✱ ❑♦r✵✽❪✳

■♥ t❤✐s t❤❡s✐s ✇❡ ✐♥✈❡st✐❣❛t❡ log✲❧❛❜❡❧✐♥❣s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣❛t❤s ✐♥ s✉❜✲❣r❛♣❤s ♦❢ ♣❧❛♥❛r
❣r❛♣❤s✳ ❲❡ t❤❡♥ ❡①t❡♥❞ t❤❡ r❡s✉❧t t♦ ♦t❤❡r ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❜t❛✐♥❡❞ ❜② ♣❧❛♥❛r ❣❧✉✐♥❣s ♦❢
❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳ ❋♦r t❤❛t ♣✉r♣♦s❡ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇
t②♣❡s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜❛s❡❞ r❡s♣❡❝t✐✈❡❧② ♦♥ ♣❛rt✐t✐♦♥s ♦❢ ✈❡rt✐❝❡s ❛♥❞ ♦♥ ♣❛rt✐t✐♦♥s ♦❢
❡❞❣❡s✳ ❚❤❡② ❝❛♥ ❜❡ s❡❡♥ ❛s ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❙❡❡s❡ ❬❙❡❡✽✺❪
❛♥❞ ♦❢ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥✳

✶❆ ❣r❛♣❤ ✐s ❛♥ ❛♣❡① ❣r❛♣❤ ✐❢ t❤❡r❡ ❡①✐sts ❛ ✈❡rt❡① s✉❝❤ t❤❛t ✐ts ❞❡❧❡t✐♦♥ ②✐❡❧❞s ❛ ♣❧❛♥❛r ❣r❛♣❤✳



✼

❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❘❡s✉❧ts

❚❤❡ t❤❡s✐s ✐s ♦r❣❛♥✐③❡❞ ✐♥t♦ t✇♦ ♣❛rts✿ P❛rt ■✱ ❝♦♠♣♦s❡❞ ♦❢ ❈❤❛♣t❡rs ✷ t♦ ✼✱ ✐s ❞❡✈♦t❡❞ t♦ ❣r❛♣❤
❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ t❤r♦✉❣❤ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❛♥❞ P❛rt ■■✱ ❝♦♠♣♦s❡❞ ♦❢
❈❤❛♣t❡rs ✽ t♦ ✶✵✱ ✐s ❞❡✈♦t❡❞ t♦ ❧❛❜❡❧✐♥❣s ♦♥ ❝❡rt❛✐♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳

■♥ ❈❤❛♣t❡r ✶ ✇❡ ♣r❡s❡♥t ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ❞❡✜♥✐t✐♦♥s ✭s❡ts✱ ❣r❛♣❤s✱ t❡r♠s✱ ✳✳✳✮✱ t❤❡ ♥♦t✐♦♥s
♦❢ ❝❧✐q✉❡✲✇✐❞t❤✱ r❛♥❦✲✇✐❞t❤✱ ✈❡rt❡①✲♠✐♥♦r ❛♥❞ t❤❡ ♥♦t✐♦♥s ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥ ❛♥❞ ♦❢ ♠♦♥❛❞✐❝
s❡❝♦♥❞ ♦r❞❡r ❧♦❣✐❝✳ ❲❡ ❛❧s♦ ♣r❡s❡♥t s♦♠❡ ❜❛s✐❝ r❡s✉❧ts ✉s❡❞ t❤r♦✉❣❤♦✉t t❤❡ ♦t❤❡r ❝❤❛♣t❡rs✳

❈❤❛♣t❡r ✷ ✐♥tr♦❞✉❝❡s t❤❡ ♥♦t✐♦♥ ♦❢ ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐①✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❛t ♦❢ ❛
s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❲❡ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛♥❞ ❞❡r✐✈❡
❢r♦♠ t❤❡ ✇♦r❦s ❜② ❇♦✉❝❤❡t ❬❇♦✉✽✼✱ ❇♦✉✽✽❪ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r t❤❡♠✳ ❲❡ ♣r♦✈❡ ✐♥
♣❛rt✐❝✉❧❛r t❤❛t σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜♥✐t❡ ❧✐st
♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ r❡s✉❧t ♦❢ ❖✉♠ ❬❖✉♠✵✺❜❪ ✐♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤
❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤✳

■♥ ❈❤❛♣t❡r ✸ ✇❡ ❞❡r✐✈❡ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✷ ❛ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞
❣r❛♣❤s✱ ❝❛❧❧❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤✱ ❛♥❞ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ❛❧s♦
❞❡✜♥❡ ❛♥♦t❤❡r ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ❝❛❧❧❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤✱ ❛♥❞ ❜❛s❡❞ ♦♥ ❛
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ❛♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦✈❡r GF (2)✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡s❡
t✇♦ ♥♦t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s❛♠❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❤❛✈❡ ❜♦✉♥❞❡❞ ❜✐✲r❛♥❦✲
✇✐❞t❤ ❛♥❞ ❜♦✉♥❞❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ✜♥❛❧❧② ❞❡r✐✈❡ ❢r♦♠ t❤❡ ✇♦r❦s ❜② ❇♦✉❝❤❡t ❛♥❞
❋♦♥✲❉❡r✲❋❧❛❛ss ❬❇♦✉✽✼✱ ❋❉❋✾✻❪ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r✱ ♥❛♠❡❞ ❜✈❡rt❡①✲♠✐♥♦r✱ ❢♦r ❜✐✲r❛♥❦✲
✇✐❞t❤✳

■♥ ❈❤❛♣t❡r ✹ ✇❡ ❞❡✜♥❡ ❛❧❣❡❜r❛✐❝ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ ❡①❛❝t❧② ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛s ❢♦❧❧♦✇s✿

❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❣❡♥❡r❛t❡❞ ❜②
❛ t❡r♠ ✐♥ T (Rk, Ck)

✇❤❡r❡ Rk ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❜✐♥❛r② ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✱ Ck ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥st❛♥ts✱ ❜♦t❤
❞❡♣❡♥❞✐♥❣ ♦♥ k✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❣✐✈❡ ❛❧❣❡❜r❛✐❝ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❢♦r GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞
❜✐✲r❛♥❦✲✇✐❞t❤✳

■♥ ❈❤❛♣t❡r ✺ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ t✇♦ ♥♦t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ❡q✉✐✈❛❧❡♥t
t♦ ❝❧✐q✉❡✲✇✐❞t❤✳ ❲❡ ❣✐✈❡ ❛ ❝✉❜✐❝ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s GF (4)✲
r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ ❜✐✲r❛♥❦✲✇✐❞t❤✮ ❛t ♠♦st k✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♣r♦♣♦s❡ ❛ ❝✉❜✐❝ t✐♠❡
❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳

❈❤❛♣t❡r ✻ ❞❡✜♥❡s ❛ ✉♥✐❢♦r♠ ❢r❛♠❡✇♦r❦ ❢♦r ❝♦♥str✉❝t✐♥❣ ❜❛❧❛♥❝❡❞ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✳
❖✉r ❢r❛♠❡✇♦r❦ ✉♥✐✜❡s t❤❡ r❡s✉❧ts ♦❢ ❇♦❞❧❛❡♥❞❡r ❡t ❛❧✳ ❬❇♦❞✽✽✱ ❇❍✾✽❪ ❛♥❞ ♦❢ ❈♦✉r❝❡❧❧❡ ❡t ❛❧✳
❬❈❱✵✸✱ ❈❚✵✼❪✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❛♣♣❧② ✐t t♦ r❛♥❦✲✇✐❞t❤ ❛♥❞ ♣r♦✈❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ ❝❧❛ss❡s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛❞♠✐t r❛♥❦✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❤❡✐❣❤t ❛♥❞
♦❢ ✇✐❞t❤ ❛t ♠♦st 2k✳

❈❤❛♣t❡r ✼ r❡❧❛t❡s ♠✐♥♦r ✐♥❝❧✉s✐♦♥ ❛♥❞ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ✇❡ ♣r♦✈❡
t❤❛t r❛♥❦✲✇✐❞t❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ tr❡❡✲✇✐❞t❤✳

■♥ ❈❤❛♣t❡r ✽ ✇❡ s❤♦✇ t❤❛t ❡❛❝❤ ♣r♦♣❡rt② ❡①♣r❡ss✐❜❧❡ ✐♥ ✜rst ♦r❞❡r ❧♦❣✐❝ ❛❞♠✐ts ❛ log✲
❧❛❜❡❧✐♥❣ ♦♥ ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❚❤❡s❡ ❝❧❛ss❡s ❝♦♥t❛✐♥



✽ ●r❛♣❤ ❙tr✉❝t✉r✐♥❣s✿ ❙♦♠❡ ❆❧❣♦r✐t❤♠✐❝ ❆♣♣❧✐❝❛t✐♦♥s

❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤ ❛s ❛ ♠✐♥♦r✱ ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s ❛♥❞ ❝❧❛ss❡s ♦❢
❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳

■♥ ❈❤❛♣t❡r ✾ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ ❢♦r ❝♦♥♥❡❝t✐✈✐t② ✭t❤❡ ❡①✐st❡♥❝❡ ♦❢
♣❛t❤s✮ ✐♥ s✉❜✲❣r❛♣❤s ♦❢ ♣❧❛♥❛r ❣r❛♣❤s✳ ❋♦r t❤❛t ♣✉r♣♦s❡ ✇❡ ✇✐❧❧ ❝♦♠❜✐♥❡ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s✱
❧♦❣✐❝❛❧ t♦♦❧s ❢r♦♠ ❬❈❱✵✸❪ ❛♥❞ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s ♦❢ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳

■♥ ❈❤❛♣t❡r ✶✵ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ t②♣❡s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤
♣❛r❛♠❡t❡rs✱ ❜❛s❡❞ r❡s♣❡❝t✐✈❡❧② ♦♥ ♣❛rt✐t✐♦♥s ♦❢ ✈❡rt✐❝❡s ❛♥❞ ♣❛rt✐t✐♦♥s ♦❢ ❡❞❣❡s✳ ❲❡ ❡①t❡♥❞
t❤❡ log✲❧❛❜❡❧✐♥❣ ♦❢ ❈❤❛♣t❡r ✾ t♦ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ ✇✐❞t❤ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ t✇♦ ❞❡❝♦♠♣♦s✐t✐♦♥s✳ ❚❤❡s❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❝❛♥ ❜❡ s❡❡♥ ❛s ♣❧❛♥❛r ❣❧✉✐♥❣s ♦❢ ❣r❛♣❤s ♦❢
s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳



❈❤❛♣t❡r ✶

◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡✜♥✐t✐♦♥s

❙❡ts✳ ❋♦r t✇♦ s❡ts A ❛♥❞ B✱ ✇❡ ❧❡t A− B ❜❡ t❤❡ s❡t {x ∈ A | x /∈ B} ❛♥❞ ✇❡ ❧❡t A△B ❜❡
t❤❡ s❡t (A − B) ∪ (B − A)✳ ❲❤❡♥ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r ✇❡ ✇✐❧❧ ✇r✐t❡ u t♦ ❞❡♥♦t❡ t❤❡ s❡t {u}✳
▲❡t V ❜❡ ❛ s❡t ❛♥❞ X ⊆ V ✱ X ❞❡♥♦t❡s t❤❡ s❡t V −X ❛♥❞ 2V ❞❡♥♦t❡s t❤❡ ♣♦✇❡r✲s❡t ♦❢ V ✳ ❆❧❧
❣r❛♣❤s ❛♥❞ tr❡❡s ✐♥ t❤✐s t❤❡s✐s ❛r❡ ✜♥✐t❡✳ ❲❡ ❞❡♥♦t❡ ❜② N ❛♥❞ R t❤❡ ✜❡❧❞s ♦❢ ♥❛t✉r❛❧ ✐♥t❡❣❡rs
❛♥❞ ♦❢ r❡❛❧ ♥✉♠❜❡rs r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ ✇❡ ❧❡t [k] ❜❡ t❤❡ s❡t {1, . . . , k}
✭[0] ✐s t❤❡♥ t❤❡ ❡♠♣t② s❡t✮✳ ■❢ F ✐s ❛ ✜♥✐t❡ ✜❡❧❞✱ ✇❡ ❞❡♥♦t❡ ❜② F k✱ ❢♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱
t❤❡ s❡t ♦❢ r♦✇✲✈❡❝t♦rs ♦✈❡r F ♦❢ ❧❡♥❣t❤ k✳

❘❡❧❛t✐♦♥❛❧ ❙tr✉❝t✉r❡s✳ ❆ r❡❧❛t✐♦♥❛❧ s✐❣♥❛t✉r❡ ✐s ❛ ✜♥✐t❡ s❡t Σ = {R,S, T, . . .} ♦❢ r❡❧❛t✐♦♥
s②♠❜♦❧s✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❣✐✈❡♥ ✇✐t❤ ❛♥ ❛r✐t② ar(R) ≥ 1✳ ❲❡ ❞❡♥♦t❡ ❜② STR[Σ] t❤❡ s❡t ♦❢
❛❧❧ ✜♥✐t❡ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s A = 〈A, (RA)R∈Σ 〉 ✇❤❡r❡ RA ⊆ Aar(R)✳ ❚❤❡ s❡t A ✐s ❝❛❧❧❡❞
t❤❡ ❞♦♠❛✐♥ ♦❢ A✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥s ♦♥ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ❜♦♦❦s
❬❲❡❝✾✷✱ ❲✐r❪ ♦r ✐♥ t❤❡ s✉r✈❡② ❬❈♦✉✾✻❪✳

C✲❈♦❧♦r❡❞ ❘❡❧❛t✐♦♥❛❧ ❙tr✉❝t✉r❡s✳ ▲❡t C ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦❧♦rs ❛♥❞ Σ ❛ r❡❧❛t✐♦♥❛❧ s✐❣✲
♥❛t✉r❡✳ ❆ C✲❝♦❧♦r❡❞ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡ A = 〈A, (RA)R∈Σ 〉 ✐s ❛ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡
✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ❛❧❧ ❝♦❧♦r❡❞ ✇✐t❤ ❝♦❧♦rs ✐♥ C ✭✉♥❝♦❧♦r❡❞ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s ❛r❡ ❝♦♥s✐❞✲
❡r❡❞ ❛s r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s ✇❤♦s❡ ✈❡rt✐❝❡s ❤❛✈❡ ❛❧❧ t❤❡ s❛♠❡ ❝♦❧♦r✮✳ ❋♦r♠❛❧❧②✱ ❛ C✲❝♦❧♦r❡❞
r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡ A ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ r❡❧❛t✐♦♥❛❧ Γ✲str✉❝t✉r❡ 〈A, (RA)R∈Σ, (ca,A)a∈C 〉
✇❤❡r❡ Γ = Σ ∪ {ca | a ∈ C} ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ A✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦❧♦r
a ✐♥ A s✉❝❤ t❤❛t ca,A(x) ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡♥♦t❡ ✐t ❜② 〈A, (RA)R∈Σ, labA 〉 ✇❤❡r❡
labA : A→ C✳

❉✐s❥♦✐♥t ❯♥✐♦♥✳ ❚❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ A ⊕B ♦❢ t✇♦ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡s A ∈ STR[Σ] ❛♥❞
B ∈ STR[Γ] ✐s t❤❡ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ C ∈ STR[Σ ∪ Γ] ✇❤♦s❡ ❞♦♠❛✐♥ ✐s C = A ∪ B ✇✐t❤
A ∩B = ∅ ✭♦t❤❡r✇✐s❡ ♦♥❡ t❛❦❡s ❛ ❝♦♣② ♦❢ A✮ ❛♥❞ ❢♦r ❛♥② R ∈ Σ ∪ Γ✱ ✇❡ ❤❛✈❡ RC = RA ∪RB

✇❤❡r❡ RA = ∅ ✐❢ R ∈ Γ− Σ ❛♥❞ RB = ∅ ✐❢ R ∈ Σ− Γ✳

●r❛♣❤s✳ ❲❡ ❞❡❛❧ ✇✐t❤ ❞✐r❡❝t❡❞ ❛s ✇❡❧❧ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❆ s✐♠♣❧❡ ❣r❛♣❤ G ✐s r❡♣r❡s❡♥t❡❞
❜② t❤❡ ❝♦✉♣❧❡ (VG, EG) ✇❤❡r❡ VG ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ EG ✐s ❡✐t❤❡r ❛ s❡t ♦❢ ♦r❞❡r❡❞ ♣❛✐rs
♦❢ ✈❡rt✐❝❡s ✐❢ G ✐s ❞✐r❡❝t❡❞✱ ♦r ❛ s❡t ♦❢ ✉♥♦r❞❡r❡❞ ♣❛✐rs ✐❢ G ✐s ✉♥❞✐r❡❝t❡❞✳ EG ✐s ❝❛❧❧❡❞ t❤❡

✾



✶✵ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

s❡t ♦❢ ❛r❝s ✭♦r ❡❞❣❡s✮ ✐❢ G ✐s ❞✐r❡❝t❡❞ ✭♦r ✉♥❞✐r❡❝t❡❞✮✳ ❆♥ ❛r❝ ❢r♦♠ x t♦ y ✐s ❞❡♥♦t❡❞ ❜②
(x, y) ✭y ✐s ❝❛❧❧❡❞ t❤❡ t❛r❣❡t ❛♥❞ x t❤❡ s♦✉r❝❡✮✳ ❆♥ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y ✐s ❞❡♥♦t❡❞ ❜② xy
✭❡q✉✐✈❛❧❡♥t❧② yx✮✳ ❚✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❛✐❞ ❛❞❥❛❝❡♥t ✐♥ ❛ ❞✐r❡❝t❡❞ ✭r❡s♣✳ ✉♥❞✐r❡❝t❡❞✮
❣r❛♣❤ G ✐❢ (x, y) ∈ EG ♦r (y, x) ∈ EG ✭r❡s♣✳ xy ∈ EG✮✳ ❲❡ ✉s❡ t❤❡ t❡r♠ ❣r❛♣❤ t♦ ❞❡♥♦t❡ ❛♥
✉♥❞✐r❡❝t❡❞ ❛s ✇❡❧❧ ❛s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ●r❛♣❤s ❛r❡ s✐♠♣❧❡ ❛♥❞ ✇✐t❤♦✉t ❧♦♦♣s✳ ❲❡ ❞❡♥♦t❡ ❜②
G t❤❡ ❝❧❛ss ♦❢ ❛❧❧ ❣r❛♣❤s✳

❆ tr❡❡ ✐s ❛♥ ❛❝②❝❧✐❝ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ❆ ❢♦r❡st ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ tr❡❡s✳ ❆ tr❡❡ T ✐s r♦♦t❡❞
✐❢ t❤❡r❡ ❡①✐sts ❛ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ r ❝❛❧❧❡❞ t❤❡ r♦♦t ♦❢ T ✳ ❚❤❡♥ ❛ r♦♦t❡❞ tr❡❡ ✐s ❞✐r❡❝t❡❞ s♦
t❤❛t ❛❧❧ ♥♦❞❡s ❛r❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ t❤❡ r♦♦t ❜② ❛ ❞✐r❡❝t❡❞ ♣❛t❤✳ ❆ r♦♦t❡❞ ❢♦r❡st ✐s ❛ ❢♦r❡st ✇❤❡r❡
❛❧❧ t❤❡ tr❡❡s✱ ✇❤✐❝❤ ❛r❡ ✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ ❛r❡ r♦♦t❡❞✳ ■❢ T ✐s ❛ r♦♦t❡❞ tr❡❡ ❛♥❞ u ∈ VT ✱
✇❡ ❞❡♥♦t❡ ❜② T ↓ u t❤❡ s✉❜✲tr❡❡ ♦❢ T r♦♦t❡❞ ❛t u✱ ✐♥❞✉❝❡❞ ❜② t❤❡ s❡t ♦❢ ❛❧❧ ❞❡s❝❡♥❞❛♥ts ♦❢ u✳
■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥s ✐♥ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✱ t❤❡ ✈❡rt✐❝❡s ♦❢ tr❡❡s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ♥♦❞❡s ❛♥❞
t❤❡ ♥♦❞❡s ♦❢ ❞❡❣r❡❡ 1 ✐♥ r♦♦t❡❞ tr❡❡s ❛r❡ ❝❛❧❧❡❞ ❧❡❛✈❡s✳

❲❡ ❞❡♥♦t❡ ❜② G[X] t❤❡ s✉❜✲❣r❛♣❤ ♦❢ G ✐♥❞✉❝❡❞ ❜② X ⊆ VG ❛♥❞ ✇❡ ❧❡t G\X ❜❡ t❤❡
s✉❜✲❣r❛♣❤ G[VG − X]✳ ❋♦r F ⊆ EG ✇❡ ❛❧s♦ ❞❡♥♦t❡ ❜② G[F ] t❤❡ s✉❜✲❣r❛♣❤ ♦❢ G ✐♥❞✉❝❡❞ ❜②
F ⊆ EG ✭EG[F ] = F ❛♥❞ VG[F ] ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥❝✐❞❡♥t t♦ ❛♥ ❡❞❣❡ ✐♥ F ✮✳ ❚❤❡ ❝♦♥t❡①t
✇✐❧❧ s♣❡❝✐❢② ✇❤❡♥ ✉s✐♥❣ G[Y ] ✇❤❡t❤❡r Y ✐s ❛ s❡t ♦❢ ✈❡rt✐❝❡s ♦r ❛ s❡t ♦❢ ❡❞❣❡s✴❛r❝s✳ ❋♦r x ∈ VG✱
✇❡ ❞❡♥♦t❡ ❜② NG(x) t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛❞❥❛❝❡♥t t♦ x❀ ❛ ✈❡rt❡① ✐♥ NG(x) ✐s ❝❛❧❧❡❞ ❛ ♥❡✐❣❤❜♦r
♦❢ x✳

❆ s✐♠♣❧❡ ❣r❛♣❤ G ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ r❡❧❛t✐♦♥❛❧ {E}✲str✉❝t✉r❡ ✇❤❡r❡ E✱ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥✱
✐s s②♠♠❡tr✐❝ ✇❤❡♥ G ✐s ✉♥❞✐r❡❝t❡❞✳ ■♥ t❤✐s ❝❛s❡ ❛ ❣r❛♣❤ G ✐s t❤❡ r❡❧❛t✐♦♥❛❧ {E}✲str✉❝t✉r❡
〈VG, EG 〉 ✇❤❡r❡ VG ✐s ✐ts s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ EG ⊆ VG × VG✳ ❋♦r ❛ ❣r❛♣❤ G✱ ❛ ✈❡rt❡① x
❛♥❞ ❛♥ ❡❞❣❡✴❛r❝ e✱ ✇❡ ❧❡t incG(e, x) ❡①♣r❡ss t❤❛t e ✐s ✐♥❝✐❞❡♥t ✇✐t❤ x✳ ❆ ❣r❛♣❤ G ❝❛♥ ❛❧s♦
❜❡ s❡❡♥ ❛s ❛ r❡❧❛t✐♦♥❛❧ {inc}✲str✉❝t✉r❡ ❛♥❞ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ r❡❧❛t✐♦♥❛❧ {inc}✲str✉❝t✉r❡
〈VG ∪ EG, incG 〉 ✇❤❡r❡ VG ✐s ✐ts s❡t ♦❢ ✈❡rt✐❝❡s✱ EG ✐ts s❡t ♦❢ ❡❞❣❡s ❛♥❞ incG ⊆ EG × VG✳
❋r♦♠ ♥♦✇ ♦♥ ❜② ❣r❛♣❤s ✇❡ ♠❡❛♥ r❡❧❛t✐♦♥❛❧ {E}✲str✉❝t✉r❡s✱ ✉♥❧❡ss ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✳

❚❡r♠s✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ C ❛ s❡t ♦❢ ❝♦♥st❛♥ts✳ ❲❡ ❞❡♥♦t❡ ❜② T (F,C) t❤❡ s❡t
♦❢ ✜♥✐t❡ ✇❡❧❧✲❢♦r♠❡❞ t❡r♠s ❜✉✐❧t ✇✐t❤ F ∪ C✳ ❚❤❡② ✇✐❧❧ ❜❡ ❤❛♥❞❧❡❞ ❛❧s♦ ❛s ❧❛❜❡❧❡❞✱ ❞✐r❡❝t❡❞
❛♥❞ r♦♦t❡❞ ♦r❞❡r❡❞ tr❡❡s ✐♥ t❤❡ ✉s✉❛❧ ✇❛②✳ ❚❤❡ tr❡❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ t❡r♠ t ✐♥ T (F,C)
❤❛s ❢♦r s❡t ♦❢ ♥♦❞❡s t❤❡ s❡t Nt ♦❢ ♦❝❝✉rr❡♥❝❡s ✐♥ t ♦❢ t❤❡ s②♠❜♦❧s ❢r♦♠ F ∪ C❀ ✐ts r♦♦t ✐s
t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ✜rst s②♠❜♦❧ ✐♥ t❤❡ ✉s✉❛❧ ♣r❡✜① ♥♦t❛t✐♦♥❀ ✐t ✐s ❞✐r❡❝t❡❞ s♦ t❤❛t ❡✈❡r②
♥♦❞❡ ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ t❤❡ r♦♦t ❜② ❛ ❞✐r❡❝t❡❞ ♣❛t❤❀ ❡❛❝❤ ♥♦❞❡ ✐s ❧❛❜❡❧❡❞ ❜② t❤❡ s②♠❜♦❧ ♦❢
✇❤✐❝❤ ✐t ✐s ❛♥ ♦❝❝✉rr❡♥❝❡ ❛♥❞ ❡❞❣❡s ❛r❡ ♦r❞❡r❡❞ s♦ ❛s t♦ r❡♣r❡s❡♥t t❤❡ ♦r❞❡r ♦❢ ❛r❣✉♠❡♥ts ♦❢ ❛
❢✉♥❝t✐♦♥ s②♠❜♦❧✳ ❋♦r ❛ t❡r♠ t ∈ T (F,C)✱ ✇❡ ❞❡♥♦t❡ ❜② OccL(t) t❤❡ ✜♥✐t❡ s❡t ♦❢ ♦❝❝✉rr❡♥❝❡s
♦❢ ❝♦♥st❛♥ts ✐♥ t ❛♥❞ ❜② Synt(t) t❤❡ s②♥t❛❝t✐❝ tr❡❡ ♦❢ t✳

▲❡t F ❜❡ ❛ s❡t ♦❢ ❜✐♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡✜♥❡ t❤❡ r❡❞✉❝❡❞ t❡r♠ ♦❢ t ∈ T (F,C) ❛s red(t) ∈
T ({∗}, {#}) ✇❤❡r❡ ∗ ✐s ❜✐♥❛r② ❛♥❞ # ✐s ❛ ❝♦♥st❛♥t✳ ■t ✐s ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡✈❡r② ❜✐♥❛r②
s②♠❜♦❧ ❜② ∗✱ ❡✈❡r② ❝♦♥st❛♥t ❜② # ❛♥❞ ❜② ❞❡❧❡t✐♥❣ t❤❡ ✉♥❛r② s②♠❜♦❧s✳ ❋♦r♠❛❧❧②✱

red(t) = # ✐❢ t ∈ C,
red(f(t)) = red(t) ✐❢ f ∈ F ✐s ✉♥❛r②,

red(f(t1, t2)) = ∗(red(t1), red(t2)) ✐❢ f ∈ F ✐s ❜✐♥❛r②✳

◆♦t✐❝❡ t❤❛t Synt(t) ❛♥❞ red(t) ❛r❡ r♦♦t❡❞✳ ❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♥t❡①t ✇❤✐❝❤ ✇✐❧❧



✶✳✶✳ ❈❧✐q✉❡✲❲✐❞t❤ ❛♥❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤ ✶✶

❜❡ ♠♦st❧② ✉s❡❞ ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ❜❛❧❛♥❝❡❞ t❡r♠s✳

❉❡✜♥✐t✐♦♥ ✶✳✶ ✭❈♦♥t❡①ts✮ ▲❡t F ❜❡ ❛ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❛♥❞ C ❛ s❡t ♦❢ ❝♦♥st❛♥ts✳ ❆ ❝♦♥t❡①t

✐s ❛ t❡r♠ ✐♥ T (F,C ∪ {u}) ❤❛✈✐♥❣ ❛ s✐♥❣❧❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ ✈❛r✐❛❜❧❡ u ✭❛ ♥✉❧❧❛r② s②♠❜♦❧✮✳ ❲❡
❞❡♥♦t❡ ❜② Cxt(F,C) t❤❡ s❡t ♦❢ ❝♦♥t❡①ts ❛♥❞ ❜② Id t❤❡ ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t u✳ ▲❡t s ❜❡ ❛ ❝♦♥t❡①t
❛♥❞ t ❛ t❡r♠ ♦r ❝♦♥t❡①t✱ ✇❡ ❞❡♥♦t❡ ❜② s[t/u] t❤❡ t❡r♠ ♦r ❝♦♥t❡①t ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ u ✐♥ s ❜②
t✳ ❲❡ ❞❡✜♥❡ t✇♦ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ♦♥ t❡r♠s ❛♥❞ ❝♦♥t❡①ts✿

{
s ◦ s′ = s[s′/u] ❜❡❧♦♥❣✐♥❣ t♦ Cxt(F,C) ❢♦r s, s′ ✐♥ Cxt(F,C),

s • t = s[t/u] ❜❡❧♦♥❣✐♥❣ t♦ T (F,C) ❢♦r s ✐♥ Cxt(F,C) ❛♥❞ t ✐♥ T (F,C).

❊q✉✐✈❛❧❡♥❝❡ ♦❢ ●r❛♣❤ P❛r❛♠❡t❡rs✳ ❆ ❣r❛♣❤ ♣❛r❛♠❡t❡r wd ✐s ❛ ❢✉♥❝t✐♦♥ G → N t❤❛t ✐s
✐♥✈❛r✐❛♥t ✉♥❞❡r ✐s♦♠♦r♣❤✐s♠✳ ❚✇♦ ❣r❛♣❤ ♣❛r❛♠❡t❡rs✱ s❛② wd ❛♥❞ wd′✱ ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡r❡
❡①✐st t✇♦ ✐♥❝r❡❛s✐♥❣ ✐♥t❡❣❡r ❢✉♥❝t✐♦♥s f ❛♥❞ g s✉❝❤ t❤❛t ❢♦r ❛♥② ❣r❛♣❤ G✱

f(wd′(G)) ≤ wd(G) ≤ g(wd′(G)).

❈♦♠♣♦s✐t✐♦♥ ♦❢ ▼✉❧t✐✈❛❧✉❡❞ ❋✉♥❝t✐♦♥s✳ ▲❡t f : A → 2B ❛♥❞ g : B → 2C ❜❡ t✇♦
♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡♥♦t❡ ❜② g◦f t❤❡ ♠❛♣♣✐♥❣ A→ 2C s✉❝❤ t❤❛t g◦f(a) = g(f(a)) =⋃{β(b) | b ∈ f(a)}✳ ❲❡ ❛❧s♦ ✉s❡ ◦ ❢♦r t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ❞❡♥♦t❡
❜② IdA t❤❡ ✐❞❡♥t✐t② ❢✉♥❝t✐♦♥ A→ A✳ ❋♦r s❡ts A1, . . . , Am, A✱ ❛ ❢✉♥❝t✐♦♥ f : A1×· · ·×Am → 2A

✐s ❝❛❧❧❡❞ ❛♥ m✲❛r② ♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤✱ ♠✲❝❧✐q✉❡✲✇✐❞t❤✱ r❛♥❦✲✇✐❞t❤ ❛♥❞ ♠♦♥❛❞✐❝ s❡❝♦♥❞
♦r❞❡r ❧♦❣✐❝✳

✶✳✶ ❈❧✐q✉❡✲❲✐❞t❤ ❛♥❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ✐s ❢r♦♠ ❬❈❖✵✵❪✳

❉❡✜♥✐t✐♦♥ ✶✳✷ ✭❈❧✐q✉❡✲❲✐❞t❤ ♦❢ ●r❛♣❤s✮ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳

✭❈✶✮ ❋♦r ❛♥ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, EG, labG 〉 ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱ ✇❡
❞❡♥♦t❡ ❜② ηi,j(G) t❤❡ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, EK , labG 〉 ✇❤❡r❡

EK = EG ∪ {xy | x, y ∈ VG ❛♥❞ x 6= y ❛♥❞ i = labG(x), j = labG(y)}.

✭❈✶✬✮ ❋♦r ❛ ❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, EG, labG 〉 ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱ ✇❡ ❞❡♥♦t❡
❜② αi,j(G) t❤❡ ❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, EK , labG 〉 ✇❤❡r❡

EK = EG ∪ {(x, y) | x, y ∈ VG ❛♥❞ x 6= y ❛♥❞ i = labG(x), j = labG(y)}.

✭❈✷✮ ❋♦r ❛ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, EG, labG 〉 ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱ ✇❡ ❞❡♥♦t❡ ❜② ρi→j(G)
t❤❡ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, EG, labK 〉 ✇❤❡r❡

labK(x) =

{
j ✐❢ labG(x) = i,

labG(x) ♦t❤❡r✇✐s❡.



✶✷ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

✭❈✸✮ ❋♦r ❡❛❝❤ i ∈ [k]✱ i ❞❡♥♦t❡s ❛ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ ✇✐t❤ ❛ s✐♥❣❧❡ ✈❡rt❡① ❝♦❧♦r❡❞ ❜② i ❛♥❞ ♥♦ ❡❞❣❡✳
❲❡ ❧❡t Cc

k = {i | i ∈ [k]}✳✶

❋♦r k ≥ 1 ✇❡ ❧❡t F uc
k ❜❡ t❤❡ s❡t {⊕, ηi,j , ρi→j | i, j ∈ [k]} ❛♥❞ F dc

k ❜❡ t❤❡ s❡t
{⊕, αi,j , ρi→j | i, j ∈ [k]}✳ ❊✈❡r② t❡r♠ t ✐♥ T (F uc

k , Cc
k) ✭r❡s♣✳ T (F dc

k , Cc
k)✮ ❞❡✜♥❡s✱ ✉♣ t♦ ✐s♦✲

♠♦r♣❤✐s♠✱ ❛♥ ✉♥❞✐r❡❝t❡❞ ✭r❡s♣✳ ❛ ❞✐r❡❝t❡❞✮ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ val(t)✳ ❚❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤
G✱ ❞❡♥♦t❡❞ ❜② cwd(G)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ k s✉❝❤ t❤❛t G = val(t) ✇❤❡r❡ t ∈ T (F uc

k , Cc
k) ✐❢ G ✐s

✉♥❞✐r❡❝t❡❞ ❛♥❞ t ∈ T (F dc
k , Cc

k) ✐❢ G ✐s ❞✐r❡❝t❡❞✳

❊①❛♠♣❧❡ ✶✳✶ ❣✐✈❡s t✇♦ ❡①❛♠♣❧❡s ♦❢ t❡r♠s t❤❛t ❣❡♥❡r❛t❡ r❡s♣❡❝t✐✈❡❧② ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤
❛♥❞ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳

❊①❛♠♣❧❡ ✶✳✶ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ i(x) t♦ ♠❡❛♥ t❤❛t t❤❡ ✈❡rt❡① x ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤✐s
❝♦♥st❛♥t i✳ ❲❡ ❧❡t G0, G1, . . . , G5 ❛♥❞ G ❜❡ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦♥ ❋✐❣✉r❡ ✸ ✭✐✮✲✭✈✐✐✮✳ ❲❡
✇✐❧❧ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♥str✉❝t G ❜② ♠❡❛♥s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥s ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ❢♦r t❤❛t
♣✉r♣♦s❡ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s G0, . . . , G5✱ ✇❤✐❝❤ ❛r❡ s✉❜✲❣r❛♣❤s ♦❢ G✳ ❚❤❡② ✐❧❧✉str❛t❡ ❤♦✇ G
✐s ❝♦♥str✉❝t❡❞✳ ❚❤❡ ❣r❛♣❤ G0 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠ t0 = (1(c) ⊕ 1(d)) ⊕ (2(a) ⊕ 3(b))✳ ■t
❝♦♥s✐sts ♦❢ 4 ✐s♦❧❛t❡❞ ✈❡rt✐❝❡s✳ ❚❤❡ ❣r❛♣❤ G1 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠ t1 = η1,2(t0)✱ ✇❤✐❝❤ ❛❞❞s
t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ a✱ ❝♦❧♦r❡❞ ❜② 2 ❛♥❞✱ c ❛♥❞ d✱ ❝♦❧♦r❡❞ ❜② 1✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t t❤❡ t❡r♠
η2,1(t0) ❛❧s♦ ❣❡♥❡r❛t❡s G1✳ ❚❤❡ t❡r♠ t2 = η1,3(t1) ❛❞❞s ❡❞❣❡s ❜❡t✇❡❡♥ b✱ ❝♦❧♦r❡❞ ❜② 3 ❛♥❞✱ c
❛♥❞ d✱ ❝♦❧♦r❡❞ ❜② 1✳ ❚❤❡♥ ✐t ❣❡♥❡r❛t❡s t❤❡ ❣r❛♣❤ G2✳ ❚❤❡ ❣r❛♣❤ G3 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠
t3 = η4,2(t1 ⊕ 4(e))✳ ❚❤❡ t❡r♠ t3 ❛❞❞s t❤❡ ✈❡rt❡① e✱ ❝♦❧♦r❡❞ ❜② 4✱ ❛♥❞ ❛❞❞s t❤❡ ❡❞❣❡ ❜❡t✇❡❡♥ a
❛♥❞ e✳ ❚❤❡ t❡r♠ t4 = ρ4→3(ρ3→2(ρ2→1(t3))) ❝❤❛♥❣❡s r❡s♣❡❝t✐✈❡❧② t❤❡ ❝♦❧♦r ♦❢ a ✐♥t♦ 1 ✇✐t❤ t❤❡
♦♣❡r❛t✐♦♥ ρ2→1✱ t❤❡ ❝♦❧♦r ♦❢ b ✐♥t♦ 2 ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥ ρ3→2 ❛♥❞ t❤❡ ❝♦❧♦r ♦❢ e ✐♥t♦ 3 ✇✐t❤ t❤❡
♦♣❡r❛t✐♦♥ ρ4→3✳ ■t ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♦t❤❡r ❝♦❧♦rs ❛♥❞ t❤❡♥ ❣❡♥❡r❛t❡s t❤❡ ❣r❛♣❤ G4✳ ❚❤❡ ❣r❛♣❤
G5 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠ t5 = ρ2→1(ρ4→3(η4,3(η4,2(4(f) ⊕ t4))))✳ ■t ❛❞❞s t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥
f ❛♥❞✱ e ❛♥❞ b✳ ❚❤❡ ❣r❛♣❤ G ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❣r❛♣❤ ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠ η2,3(t4 ⊕ 2(g))✳
■t ✐s ❛❧s♦ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❣r❛♣❤ ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠ η4,3(t4 ⊕ 4(g))✳ ❚❤❡♥ t❤❡ ❣r❛♣❤ G ❤❛s
❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 4✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐t ❤❛s ❡①❛❝t❧② ❝❧✐q✉❡✲✇✐❞t❤ 4✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤s
−→
G1,
−→
G2 ❛♥❞

−→
G ♦♥ ❋✐❣✉r❡ ✹ ✭✐✮✲✭✐✐✐✮✳ ❚❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤s−→

G1 ❛♥❞
−→
G2 ❛r❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ ❤♦✇

−→
G ✐s ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ♦♣✲

❡r❛t✐♦♥s✳ ❚❤❡ ❣r❛♣❤
−→
G1 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠

−→
t1 = ρ4→1(α1,2(α2,3(α4,3((1(x3) ⊕ 2(x4)) ⊕

(3(x5) ⊕ 4(x2))))))✳ ❚❤✐s t❡r♠ ✜rst ❝r❡❛t❡ t❤❡ ✈❡rt✐❝❡s x3, x4, x5 ❛♥❞ x2 ❛♥❞ t❤❡♥✱ ❛❞❞s t❤❡

❛r❝s (x5, x2), (x4, x5) ❛♥❞ (x3, x4)✱ ✐♥ t❤✐s ♦r❞❡r✳ ❚❤❡ ❣r❛♣❤
−→
G2 ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ t❡r♠

−→
t2 = ρ4→2(ρ3→2(α4,1(α4,3(α2,4(4(x1)⊕−→t1 )))))✳ ❚❤❡ ❣r❛♣❤

−→
G ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❣r❛♣❤ ❣❡♥❡r✲

❛t❡❞ ❜② t❤❡ t❡r♠ α1,3(3(x6)⊕−→t2 )✳ ❚❤❡♥ t❤❡ ❣r❛♣❤
−→
G ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 4 ✭✇❡ ❝❛♥ ♣r♦✈❡

t❤❛t ✐t ❤❛s ❡①❛❝t❧② ❝❧✐q✉❡✲✇✐❞t❤ 4✮✳

❈♦♥tr❛r② t♦ t❤❡ ❝❛s❡ ♦❢ tr❡❡✲✇✐❞t❤✱ t❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡
r❡❝♦❣♥✐t✐♦♥ ♦❢ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k ❢♦r ✜①❡❞ k > 3 ✭❢♦r k ≤ 3 t❤❡r❡ ❡①✐sts ♦♥❡
❢♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❬❈❍▲+✵✵❪✮ ✇❤✐❝❤ ♣r♦❞✉❝❡s ❛ t❡r♠ t❤❛t ✉s❡s cwd(G) ❝♦❧♦rs ❛♥❞ t❤❛t
❞❡✜♥❡s G✳ ◆♦t❡ t❤❛t t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠ ✐s ◆P✲❍❛r❞ ✇❤❡♥ k ✐s ♣❛rt ♦❢ t❤❡
✐♥♣✉t ❬❋❘❘❙✵✻❪✳

✶❲❡ ❝❛♥ ❞❡✜♥❡ ❝♦♥st❛♥ts ✇✐t❤ ❧♦♦♣s ❜② ❧❡tt✐♥❣ ❢♦r ❡❛❝❤ i t❤❡ ❝♦♥st❛♥t i
ℓ ❜❡ ❛ ❣r❛♣❤ ✇✐t❤ s✐♥❣❧❡ ✈❡rt❡①

❝♦❧♦r❡❞ ❜② i ✇✐t❤ ❛ ❧♦♦♣✳ ❍♦✇❡✈❡r ✇❡ ✇✐❧❧ ♥♦t ♥❡❡❞ t❤❡♠✳



✶✳✶✳ ❈❧✐q✉❡✲❲✐❞t❤ ❛♥❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤ ✶✸

(vii)

3(e)
3(f)

1(c)

1(d)

3(e)

1(c)

1(d) d

1(a) 2(b) 1(a) 1(b) a b

g

f
e

c

3(b)

1(c)

2(a)

1(d)

(i) (ii)

(v) (vi)

2(a) 3(b)

1(c)

1(d)

3(b)

1(d)

1(c)

4(e)

2(a)3(b)2(a)

1(c)

1(d)

(iii) (iv)

❋✐❣✉r❡ ✸✿ ❯♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❊①❛♠♣❧❡ ✶✳✶✳

(iii)

x6
(ii)

x2x5x4x3

2(x1)

3(x5)2(x4)1(x3)

(i)

1(x2) 1(x3) 2(x4) 2(x5) 1(x2)

x1

❋✐❣✉r❡ ✹✿ ❉✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❊①❛♠♣❧❡ ✶✳✶✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ❢♦r ❞❡✜♥✐♥❣ ❣r❛♣❤
♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② t❤❡ ♥♦t✐♦♥ ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ ✭❙❡❝t✐♦♥ ✸✳✶✮✳ ❲❡ ✇✐❧❧ ❛❧s♦
❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s✱ ❛ ♥♦t✐♦♥ ✉s❡❞ ✐♥ ❈❤❛♣t❡r ✶✵✳ ❚❤❡
♥♦t✐♦♥ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s ✐s ✉s❡❞ ✐♥ ❬❋▼❘✵✽❪ ❢♦r ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
❛ss✐❣♥♠❡♥ts ♦❢ ❛ ♣r♦♣♦s✐t✐♦♥❛❧ ❢♦r♠✉❧❛✳

❉❡✜♥✐t✐♦♥ ✶✳✸ ✭❊❞❣❡✲❈♦❧♦r❡❞ ●r❛♣❤s ❛♥❞ ❈❧✐q✉❡✲❲✐❞t❤ ♦❢ ❊❞❣❡✲❈♦❧♦r❡❞ ●r❛♣❤✮
▲❡t A ❜❡ ❛ ✜♥✐t❡ s❡t✳ ❆♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ✐s ❛ ❣r❛♣❤ ✇❤♦s❡ ❡❞❣❡s✴❛r❝s ❛r❡ ❝♦❧♦r❡❞ ❜② ❝♦❧♦rs



✶✹ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

✐♥ A✳ ❆♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ 〈VG, (E
a
G)a∈A 〉✱ ❛❧s♦

❞❡♥♦t❡❞ ❜② G✱ ✇❤❡r❡ ❢♦r ❡✈❡r② a ✐♥ A ❛♥❞ ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y)✱ Ea
G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧②

✐❢ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y ❝♦❧♦r❡❞ ❜② a✳ ■t ✐s ✉♥❞✐r❡❝t❡❞ ✐❢ ❢♦r ❛❧❧ ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y)
❛♥❞ ❛❧❧ a ✐♥ A ✇❡ ❤❛✈❡ Ea

G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ea
G(y, x) ❤♦❧❞s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣

♦♣❡r❛t✐♦♥s✳

✭❆❈✶✮ ❋♦r ❛♥ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤✷ G = 〈VG, (E
a
G)a∈A, labG 〉✱ ❢♦r ❛ ❝♦❧♦r

b ✐♥ A ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱ ✇❡ ❞❡♥♦t❡ ❜② ηb
i,j(G) t❤❡ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲

❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, (E
a
K)a∈A, labG 〉 ✇❤❡r❡✿

Ea
K =

{
Ea

G ✐❢ a 6= b,

Ea
G ∪ {(x, y), (y, x) | x, y ∈ VG ❛♥❞ x 6= y ❛♥❞ i = labG(x), j = labG(y)} ♦t❤❡r✇✐s❡.

❲❡ ❛❞❞ b✲❝♦❧♦r❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ❝♦❧♦r❡❞ ❜② i ❛♥❞ ✈❡rt✐❝❡s ❝♦❧♦r❡❞ ❜② j✳ ❚❤❡ ❝♦❧♦rs
♦❢ t❤❡ ✈❡rt✐❝❡s ❛r❡ ♥♦t ♠♦❞✐✜❡❞✳

✭❆❈✶✬✮ ❋♦r ❛ ❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, (E
a
G)a∈A, labG 〉✱ ❢♦r ❛ ❝♦❧♦r b ✐♥

A ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱ ✇❡ ❞❡♥♦t❡ ❜② αb
i,j(G) t❤❡ ❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞

❣r❛♣❤ K = 〈VG, (E
a
K)a∈A, labG 〉 ✇❤❡r❡

Ea
K =

{
Ea

G ✐❢ a 6= b

Ea
G ∪ {(x, y) | x, y ∈ VG ❛♥❞ x 6= y ❛♥❞ i = labG(x), j = labG(y)} ♦t❤❡r✇✐s❡.

❲❡ ❛❞❞ b✲❝♦❧♦r❡❞ ❛r❝s ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ❝♦❧♦r❡❞ ❜② i ❛♥❞ ✈❡rt✐❝❡s ❝♦❧♦r❡❞ ❜② j✳ ❚❤❡ ❝♦❧♦rs ♦❢
t❤❡ ✈❡rt✐❝❡s ❛r❡ ♥♦t ♠♦❞✐✜❡❞✳

✭❆❈✷✮ ❋♦r ❛ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, (E
a
G)a∈A, labG 〉 ❛♥❞ ❢♦r ❞✐st✐♥❝t i, j ∈ [k]✱

✇❡ ❞❡♥♦t❡ ❜② ρi→j(G) t❤❡ [k]✲❝♦❧♦r❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, (E
a
G)a∈A, labK 〉

✇❤❡r❡

labK(x) =

{
j ✐❢ labG(x) = i,

labG(x) ♦t❤❡r✇✐s❡.

❲❡ ❥✉st r❡❝♦❧♦r t❤❡ ✈❡rt✐❝❡s ♦❢ G✳ ❚❤❡ ❝♦❧♦rs ♦❢ t❤❡ ❡❞❣❡s ❛r❡ ♥♦t ♠♦❞✐✜❡❞✳

❲❡ ❧❡t F u
k,A = {⊕, ηa

i,j , ρi→j | i, j ∈ [k], a ∈ A} ❛♥❞ F d
k,A = {⊕, αa

i,j , ρi→j | i, j ∈ [k], a ∈ A}✳
❚❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❛♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s t❤❡ ♠✐♥✐♠✉♠ k s✉❝❤ t❤❛t G ✐s ✐s♦♠♦r♣❤✐❝ t♦
val(t) ❢♦r s♦♠❡ t❡r♠ t ✐♥ T (F u

k,A, C
c
k) ✐❢ G ✐s ✉♥❞✐r❡❝t❡❞✱ ♦t❤❡r✇✐s❡ t ✐s ✐♥ T (F d

k,A, C
c
k)✳

❆♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼ ✭✐✐✐✮✳

▲❡t ✉s ♥♦✇ ❞❡✜♥❡ t❤❡ ❧❛st ♥♦t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✱ t❤❡ ♦♥❡ ♦❢ ♠✲❝❧✐q✉❡✲✇✐❞t❤✱ ❛ ❣r❛♣❤ ♣❛✲
r❛♠❡t❡r✱ ❞❡✜♥❡❞ ❛s ❝❧✐q✉❡✲✇✐❞t❤ ✐♥ t❡r♠s ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✱ ❛♥❞ ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤✳
❈♦✉r❝❡❧❧❡ ❛♥❞ ❚✇✐❣❣ ✉s❡❞ ✐t t♦ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❧❛❜❡❧ ❡❛❝❤ ✈❡rt❡① ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ n✲✈❡rt❡①
❣r❛♣❤ G ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ k ❜② ❛ ❜✐t s❡q✉❡♥❝❡ ♦❢ s✐③❡ ❛t ♠♦st O(k2 · log(n)2) ❛♥❞ ❞❡t❡r♠✐♥❡ ❢♦r
❛♥② X ⊆ VG✱ t❤❡ ❞✐st❛♥❝❡ ♦❢ t✇♦ ✈❡rt✐❝❡s u ❛♥❞ v ✐♥ G \X✱ ❥✉st ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❧❛❜❡❧s ♦❢ u✱
v ❛♥❞ ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ X ❬❈❚✵✼❪✳

✷❚❤❡ ✈❡rt✐❝❡s ❛♥❞ t❤❡ ❡❞❣❡s ♦❢ G ❛r❡ ❝♦❧♦r❡❞✳



✶✳✶✳ ❈❧✐q✉❡✲❲✐❞t❤ ❛♥❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤ ✶✺

❉❡✜♥✐t✐♦♥ ✶✳✹ ✭▼✲❈❧✐q✉❡✲❲✐❞t❤✮ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆ k✲♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤ ✐s ❛
2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤✳ ❍❡♥❝❡ ❛ ✈❡rt❡① ♠❛② ❤❛✈❡ ③❡r♦✱ ♦♥❡ ♦r s❡✈❡r❛❧ ❝♦❧♦rs ✐♥ [k]✳ ❲❡ ❞❡✜♥❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✳

✭▼✶✮ ❢♦r R ⊆ [k]2✱ ❢♦r ♠❛♣♣✐♥❣s g, h : [k] → 2[k]✱ ❝❛❧❧❡❞ r❡❝♦❧♦r✐♥❣s✱ ❛♥❞ ❢♦r ✉♥❞✐r❡❝t❡❞ k✲
♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤s G = 〈VG, EG, labG 〉 ❛♥❞ H = 〈VH , EH , labH 〉 s✉❝❤ t❤❛t VG∩VH = ∅
✭♦t❤❡r✇✐s❡ ✇❡ r❡♣❧❛❝❡ H ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣②✮ ✇❡ ❞❡♥♦t❡ ❜② G ⊗R,g,h H t❤❡ ✉♥❞✐r❡❝t❡❞ k✲
♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG ∪ VH , EK , labK 〉 ✇❤❡r❡✿

EK = EG ∪ EH ∪ {xy | x ∈ VG, y ∈ VH ❛♥❞ R ∩ (labG(x)× labH(y)) 6= ∅},

labK(x) =

{
(g ◦ labG)(x) = {a | a ∈ g(b), b ∈ labG(x)} ✐❢ x ∈ VG,

(h ◦ labH)(x) ✐❢ x ∈ VH .

✭▼✷✮ ❢♦r R,R′ ⊆ [k]2✱ ❢♦r r❡❝♦❧♦r✐♥❣s g, h : [k] → 2[k] ❛♥❞ ❢♦r ❞✐r❡❝t❡❞ k✲♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤s
G = 〈VG, EG, labG 〉 ❛♥❞ H = 〈VH , EH , labH 〉 s✉❝❤ t❤❛t VG ∩ VH = ∅ ✭♦t❤❡r✇✐s❡ ✇❡
r❡♣❧❛❝❡ H ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣②✮ ✇❡ ❞❡♥♦t❡ ❜② G⊗R,R′,g,hH t❤❡ ❞✐r❡❝t❡❞ k✲♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤
K = 〈VG ∪ VH , EK , labK 〉 ✇❤❡r❡✿

EK = EG ∪ EH ∪ {(x, y) | x ∈ VG, y ∈ VH ❛♥❞ R ∩ (labG(x)× labH(y)) 6= ∅}
∪ {(y, x) | x ∈ VG, y ∈ VH ❛♥❞ R′ ∩ (labG(x)× labH(y)) 6= ∅}

labK(x) =

{
(g ◦ labG)(x) ✐❢ x ∈ VG,

(h ◦ labH)(x) ✐❢ x ∈ VH .

✭▼✸✮ ❋♦r ❡❛❝❤ A ⊆ [k]✱ A ❞❡♥♦t❡s ❛ k✲♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤ ✇✐t❤ ❛ s✐♥❣❧❡ ✈❡rt❡① ❝♦❧♦r❡❞ ❜② A ❛♥❞
♥♦ ❡❞❣❡✴❛r❝✳ ❲❡ ❧❡t Cum

k = {A | A ⊆ [k]}✳

❋♦r k ≥ 1 ✇❡ ❧❡t F um
k = {⊗R,f,g | R ⊆ [k]2, f, g : [k]→ [k]} ❛♥❞ F dm

k = {⊗R,R′,f,g | R,R′ ⊆
[k]2, f, g : [k] → [k]}✳ ❊✈❡r② t❡r♠ t ∈ T (F um

k , Cum
k ) ✭r❡s♣✳ t ∈ T (F dm

k , Cum
k )✮ ❞❡✜♥❡s✱ ✉♣

t♦ ✐s♦♠♦r♣❤✐s♠✱ ❛♥ ✉♥❞✐r❡❝t❡❞ ✭r❡s♣✳ ❞✐r❡❝t❡❞✮ k✲♠✉❧t✐❝♦❧♦r❡❞ ❣r❛♣❤ val(t)✳ ❚❤❡ ♠✲❝❧✐q✉❡✲✇✐❞t❤

♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ✭r❡s♣✳ ❞✐r❡❝t❡❞✮ ❣r❛♣❤ G✱ ❞❡♥♦t❡❞ ❜② mcwd(G)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ k s✉❝❤ t❤❛t
G = val(t)✱ ✇❤❡r❡ t ∈ T (F um

k , Cum
k ) ✭r❡s♣✳ t ∈ T (F dm

k , Cum
k )✮✳

❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸ ✭✈✐✐✮ ❤❛s ♠✲❝❧✐q✉❡✲✇✐❞t❤ 2✳ ▼✲❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞
❝❧✐q✉❡✲✇✐❞t❤ ❛r❡ t✇♦ ❡q✉✐✈❛❧❡♥t ❣r❛♣❤ ♣❛r❛♠❡t❡rs ❛s ♣r♦✈❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶ ✭❬❈❚✵✼❪✮ ❋♦r ❡✈❡r② ❣r❛♣❤ G✱ mcwd(G) ≤ cwd(G) ≤ 2mcwd(G)+1✳

❲❡ ✇✐❧❧ s❤♦✇ ✐♥ ❈❤❛♣t❡r ✻ t❤❛t ✐❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ n ✈❡rt✐❝❡s ❤❛s ♠✲❝❧✐q✉❡✲
✇✐❞t❤ ❛t ♠♦st k t❤❡♥✱ ✐t ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠✱ ✐✳❡✳✱ ♦❢ ❤❡✐❣❤t ❛t ♠♦st 3 · log(n)✱
❜❡❧♦♥❣✐♥❣ t♦ T (F um

2k , Cum
2k )✳

■♥ t❤❡✐r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✱
❖✉♠ ❛♥❞ ❙❡②♠♦✉r ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ✇❤✐❝❤ ✐s ❛ ❣r❛♣❤
♣❛r❛♠❡t❡r ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤ ❢♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤✐s ♥♦t✐♦♥✳



✶✻ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

✶✳✷ ❘❛♥❦✲❲✐❞t❤ ❛♥❞ ❱❡rt❡①✲▼✐♥♦r

❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❬❖✉♠✵✺❜✱ ❖❙✵✻❪✱ ❜❛s❡❞ ♦♥ t❤❡
❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥✱ ❛♥❞ ❣✐✈❡ s♦♠❡ r❡s✉❧ts✳ ❖t❤❡r r❡s✉❧ts ✇✐❧❧ ❜❡ r❡❝❛❧❧❡❞
✇❤❡♥ ♥❡❝❡ss❛r②✳

▲❡t V ❜❡ ❛ s❡t ❛♥❞ f : 2V → Z✳ ❲❡ s❛② t❤❛t f ✐s s②♠♠❡tr✐❝ ✐❢ ❢♦r ❛♥②X ⊆ V, f(X) = f(X)❀
f ✐s s✉❜♠♦❞✉❧❛r ✐❢ ❢♦r ❛♥② X,Y ⊆ V, f(X ∪ Y ) + f(X ∩ Y ) ≤ f(X) + f(Y )✳ ❲❡ ✜rst ❞❡✜♥❡
t❤❡ ♥♦t✐♦♥ ♦❢ ❧❛②♦✉t ♦❢ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ❬❘❙✾✶❪✳

❉❡✜♥✐t✐♦♥ ✶✳✺ ✭❙✉❜✲❈✉❜✐❝ ❚r❡❡s✮ ❆ s✉❜✲❝✉❜✐❝ tr❡❡ ✐s ❛ tr❡❡ s✉❝❤ t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤
♥♦❞❡ ✐s ❛t ♠♦st 3✳ ❇② r❡♣❧❛❝✐♥❣ ✐♥ ❛ s✉❜✲❝✉❜✐❝ tr❡❡ T ❡✈❡r② ✐♥❞✉❝❡❞ ♣❛t❤ x−u1−u2−· · ·−un−y
❜② t❤❡ ❡❞❣❡ x − y✱ ❛♥❞ ❜② ❞❡❧❡t✐♥❣ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ✈❡rt✐❝❡s u1, . . . , un✱ ♦♥❡ tr❛♥s❢♦r♠s T ✐♥t♦ ❛

tr❡❡ T ′ s✉❝❤ t❤❛t ❡✈❡r② ♥♦❞❡ ❤❛s ❞❡❣r❡❡ 1 ♦r 3 ❛♥❞ N
(1)
T ′ = N

(1)
T ✭✇❡ ❞❡♥♦t❡ ❜② N

(i)
T t❤❡ s❡t ♦❢

♥♦❞❡s ♦❢ ❞❡❣r❡❡ i✮✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ T ′ ❜② Red(T )✳

❉❡✜♥✐t✐♦♥ ✶✳✻ ✭▲❛②♦✉t✮ ❆ ❧❛②♦✉t ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥ f : 2V → Z ✐s ❛ ♣❛✐r (T,L) ♦❢ ❛

s✉❜✲❝✉❜✐❝ tr❡❡ T ❛♥❞ ❛ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ L : V → N
(1)
T ✳ ❊❛❝❤ ❡❞❣❡ e ♦❢ T ✐♥❞✉❝❡s ❛ ❜✐♣❛rt✐t✐♦♥

(Xe, Xe) ♦❢ N
(1)
T ✱ ❛♥❞ t❤✉s ❛ ❜✐♣❛rt✐t✐♦♥ (Xe, X

e
) = (L−1(Xe),L−1(Xe)) ♦❢ V ✳ ✭❇② ❝♦♥✈❡♥t✐♦♥

✐❢ T ✐s r♦♦t❡❞ ❛♥❞ e = (u,w) ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t Xe = L−1(N
(1)
T↓w)❀ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ s✉♣❡rs❝r✐♣t

e ✇❤❡♥ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✳✮

❲❡ ❝❛♥ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥ ❬❘❙✾✶❪✳

❉❡✜♥✐t✐♦♥ ✶✳✼ ✭❇r❛♥❝❤✲❲✐❞t❤✮ ▲❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥ f ✳ ❚❤❡
❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛♥ ❡❞❣❡ e ♦❢ T ✐s f(Xe)✳ ❚❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ ❧❛②♦✉t (T,L)✱ ❞❡♥♦t❡❞ ❜②
bwd(f, T,L)✱ ✐s t❤❡ ♠❛①✐♠✉♠ ❜r❛♥❝❤✲✇✐❞t❤ ♦✈❡r ❛❧❧ ❡❞❣❡s ♦❢ T ✳ ❚❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ f ✱ ❞❡♥♦t❡❞
❜② bwd(f)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ ❜r❛♥❝❤✲✇✐❞t❤ ♦✈❡r ❛❧❧ ❧❛②♦✉ts ♦❢ f ✳

❖♥❡ ❝❛♥ ✈❡r✐❢② ❡❛s✐❧② t❤❛t ✐❢ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥
f ✱ t❤❡♥ (Red(T ),L) ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ f ✳

❖♥❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❞❡✜♥❡❞ ❜② ✉s✐♥❣ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ s②♠♠❡tr✐❝ ❢✉♥❝✲
t✐♦♥s ✐s t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤✱ ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❡q✉✐✈❛❧❡♥t t♦ tr❡❡✲✇✐❞t❤ ❛♥❞
❞❡✜♥❡❞ ❜② ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ❬❘❙✾✶❪ ✭s❡❡ t❤❡ s✉r✈❡②s ❬❇♦❞✾✽✱ ❇♦❞✵✺❪✮✳

❉❡✜♥✐t✐♦♥ ✶✳✽ ✭❇r❛♥❝❤✲❲✐❞t❤ ♦❢ ❛ ●r❛♣❤ ❬❘❙✾✶❪✮ ▲❡t G = 〈VG, EG 〉 ❜❡ ❛ ❣r❛♣❤✳ ❋♦r
❛ s❡t X ♦❢ ❡❞❣❡s✱ ❧❡t TX ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥❝✐❞❡♥t t♦ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ✐♥ X✳ ▲❡t η : 2EG → N

❜❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ X ⊆ EG, η(X) =
∣∣∣{TX ∩ TEG−X}

∣∣∣✳ ❚❤❡ ❢✉♥❝t✐♦♥ η ✐s s②♠♠❡tr✐❝✳

❚❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ G✱ ❞❡♥♦t❡❞ ❜② bwd(G)✱ ✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ η✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t
❝♦♥❢✉s❡ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✇✐t❤ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥✳

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ❛❧s♦ ❜❛s❡❞ ♦♥ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢
s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s✳ ❲❡ ❧❡t rk ❜❡ t❤❡ r❛♥❦✲❢✉♥❝t✐♦♥ ♦❢ ♠❛tr✐❝❡s ❬▲✐♣✾✶❪✳ ❋♦r s❡ts R ❛♥❞ C✱ ❛♥
(R,C)✲♠❛tr✐① ✐s ❛ ♠❛tr✐① ✇❤❡r❡ t❤❡ r♦✇s ❛r❡ ✐♥❞❡①❡❞ ❜② ❡❧❡♠❡♥ts ✐♥ R ❛♥❞ ❝♦❧✉♠♥s ✐♥❞❡①❡❞
❜② ❡❧❡♠❡♥ts ✐♥ C✳ ❲❡ s✐♠♣❧② ✇r✐t❡ R✲♠❛tr✐① ✇❤❡♥ R = C✳ ❲❡ ❝❛❧❧ |R| × |C| t❤❡ ♦r❞❡r ♦❢ ❛♥
(R,C)✲♠❛tr✐①✳ ❋♦r ❛♥ (R,C)✲♠❛tr✐①M ✱ ✐❢ X ⊆ R ❛♥❞ Y ⊆ C ✇❡ ❧❡tMY

X ❜❡ t❤❡ s✉❜✲♠❛tr✐① ♦❢



✶✳✷✳ ❘❛♥❦✲❲✐❞t❤ ❛♥❞ ❱❡rt❡①✲▼✐♥♦r ✶✼

M ✇❤❡r❡ t❤❡ r♦✇s ❛♥❞ t❤❡ ❝♦❧✉♠♥s ❛r❡ ✐♥❞❡①❡❞ ❜② X ❛♥❞ Y r❡s♣❡❝t✐✈❡❧② ❛♥❞ ✇❡ ❧❡t M\X ❜❡
t❤❡ (R−X,C−X)✲♠❛tr✐① MC−X

R−X ✳ ❚❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ ❛ ❣r❛♣❤ G = 〈VG, EG 〉 ✭❞✐r❡❝t❡❞
♦r ♥♦t✮ ✐s t❤❡ VG✲♠❛tr✐① AG ✇❤❡r❡ (AG)y

x = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ ♦r ❛♥ ❛r❝ ❜❡t✇❡❡♥
x ❛♥❞ y✳

❉❡✜♥✐t✐♦♥ ✶✳✾ ✭❬❖✉♠✵✺❛❪✮ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❋♦r ❛♥② X ⊆ VG✱ ✇❡ ❧❡t ρG(X) =

rk
(
(AG)X

X

)
✳ ❚❤❡♥ ρG ✐s ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ ❞❡♥♦t❡❞

❜② rwd(G)✱ ✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG✳

❊①❛♠♣❧❡ ✶✳✷ ❲❡ ❧❡t G ❜❡ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸ ✭✈✐✐✮✳ ❚❤❡ ✐♥❞✉❝❡❞ s✉❜✲❣r❛♣❤
G[{e, a, c, b, f}] ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝②❝❧❡ C5✳ ❍❡♥❝❡✱ G ✐s ♥♦t ❛ ❞✐st❛♥❝❡✲❤❡r❡❞✐t❛r② ❣r❛♣❤✳
❚❤❡r❡❢♦r❡✱ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❛t ❧❡❛st 2✳ ❋✐❣✉r❡ ✺ s❤♦✇s ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG ♦❢
❜r❛♥❝❤✲✇✐❞t❤ 2 ❜❡❝❛✉s❡ ρG({e, f, g}) = rk(A) = 2 ✇❤❡r❡✿

A =

a b c d

e 1 0 0 0

f 0 1 0 0

g 0 0 0 0

❍❡♥❝❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s 2✳

a

b

c

d

f

g

e

❋✐❣✉r❡ ✺✿ ❆ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG ✇❤❡r❡ G ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸ ✭✈✐✐✮✳

❖✉♠ ❛♥❞ ❙❡②♠♦✉r ♣r♦✈❡❞ t❤❛t r❛♥❦✲✇✐❞t❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤ ❬❖❙✵✻❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷ ✭❬❖❙✵✻❪✮ ❋♦r ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ rwd(G) ≤ cwd(G) ≤ 2rwd(G)+1 − 1✳

■♥ ❬❖✉♠✵✺❜❪ ❖✉♠ ❞❡✜♥❡s t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❞❡r✐✈❡❞ ❢r♦♠
t❤❡ ✇♦r❦s ♦❢ ❇♦✉❝❤❡t ♦♥ ❝✐r❝❧❡ ❣r❛♣❤s ❬❇♦✉✽✽❪✳

❉❡✜♥✐t✐♦♥ ✶✳✶✵ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ x ∈ VG✳ ❚❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜②
❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x t♦ G ✐s

G ∗ x = 〈VG, EG△{yz | xy, xz ∈ EG, z 6= y} 〉 .

❆♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐❢ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②
❛♣♣❧②✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥s t♦ G✳ ❲❡ s❛② t❤❛t H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G ✐❢ H
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡rt❡① ❞❡❧❡t✐♦♥s ❛♥❞ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥s t♦ G✳



✶✽ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

❚❤❡ ❣r❛♣❤ G ∗ x ✐s ♦❜t❛✐♥❡❞ ❜② ❡❞❣❡✲❝♦♠♣❧❡♠❡♥t✐♥❣ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ G ✐♥❞✉❝❡❞ ❜② t❤❡
✈❡rt✐❝❡s ❛❞❥❛❝❡♥t t♦ x✳ ❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜② ❖✉♠✳

▲❡♠♠❛ ✶✳✶ ✭❬❖✉♠✵✺❜❪✮ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ■❢ H ✐s ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ G t❤❡♥
t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ H ✐s ❡q✉❛❧ t♦ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G✳ ■❢ H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G t❤❡♥ t❤❡
r❛♥❦✲✇✐❞t❤ ♦❢ H ✐s ❛t ♠♦st t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G✳

❊①❛♠♣❧❡ ✶✳✸ ❋✐❣✉r❡ ✻ s❤♦✇s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ∗ e ✇❤❡r❡ G ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥
❋✐❣✉r❡ ✸ ✭✈✐✐✮✳ ❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❧❛②♦✉t ♦♥ ❋✐❣✉r❡ ✺ ✐s ❛❧s♦ ❛ ❧❛②♦✉t ❢♦r G ∗ e ♦❢ s❛♠❡
❜r❛♥❝❤✲✇✐❞t❤ ❜❡❝❛✉s❡ ρG∗e({e, f, g}) = rk(A′) = 2 ✇❤❡r❡

A′ =

a b c d

e 1 0 0 0

f 1 1 0 0

g 1 0 0 0

f

b

d

a

c

G ∗ e

e

g

❋✐❣✉r❡ ✻✿ ▲♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t e ♦❢ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸ ✭✈✐✐✮✳

❯♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜♥✐t❡ ❧✐st ♦❢ ❡①❝❧✉❞❡❞
✈❡rt❡①✲♠✐♥♦rs ❛s st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✶ ✭❬❖✉♠✵✺❜❪✮ ❋♦r ❡❛❝❤ k t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❧✐st Ck ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛✈✐♥❣ ❛t
♠♦st (6k+1 − 1)/5 ✈❡rt✐❝❡s s✉❝❤ t❤❛t ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞
♦♥❧② ✐❢ ♥♦ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥ Ck ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G✳

❆s ❢♦r ❝❧✐q✉❡✲✇✐❞t❤✱ ❝❤❡❝❦✐♥❣ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✐s ◆P✲❝♦♠♣❧❡t❡ ❬❍❖❙●✵✽❪ ✇❤❡♥
k ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✳ ❍♦✇❡✈❡r✱ ❢♦r ✜①❡❞ k t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❋P❚ ❛❧❣♦r✐t❤♠ t❤❛t
❞❡❝✐❞❡s ✐❢ ❛ ❣✐✈❡♥ ❣r❛♣❤ ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❞✉❡ t♦ ❖✉♠ ❛♥❞ ❍❧✐♥❡̌♥ý✳ ✭❋♦r ✜①❡❞ k✱
s❡✈❡r❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r r❡❝♦❣♥✐③✐♥❣ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k
❤❛❞ ❜❡❡♥ ❣✐✈❡♥ ❜② ❖✉♠ ❡t ❛❧✳ ❬❖✉♠✵✺❛✱ ❖❙✵✻❪✳✮

❚❤❡♦r❡♠ ✶✳✷ ✭❬❍❖✵✼❪✮ ❋♦r ✜①❡❞ k t❤❡r❡ ❡①✐sts ❛♥ O(n3)✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❢♦r ❛♥ ✉♥❞✐✲
r❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ |VG| = n✱ ❡✐t❤❡r ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t
♠♦st k ♦r ❝♦♥✜r♠s t❤❛t t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r t❤❛♥ k✳



✶✳✸✳ ▼♦♥❛❞✐❝ ❙❡❝♦♥❞ ❖r❞❡r ▲♦❣✐❝ ✶✾

❈♦♥tr❛r② t♦ t❤❛t ♦❢ ❝❧✐q✉❡✲✇✐❞t❤✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ✐s
❝♦♠❜✐♥❛t♦r✐❛❧✳ ❆♥ ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛s ❜❡❡♥
❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ ❛❧❣❡❜r❛✐❝ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❬❈❑✵✾❪✳ ❲❡ ✇✐❧❧ ❣✐✈❡ t❤❡ ♣r♦♦❢ ✐♥ ❈❤❛♣t❡r ✹ ✐♥ ❛
♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t✳

❆s ❢♦r ❝❧✐q✉❡✲✇✐❞t❤✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s t♦
✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s✳

❉❡✜♥✐t✐♦♥ ✶✳✶✶ ▲❡t A ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦❧♦rs✳ ■❢ G ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤
t❤❡♥✱ ❢♦r ❡❛❝❤ a ∈ A ✇❡ ❧❡t Ga ❜❡ t❤❡ s✉❜✲❣r❛♣❤ ♦❢ G ❝♦♥s✐st✐♥❣ ♦❢ VG ❛♥❞ ✐ts a✲❝♦❧♦r❡❞ ❡❞❣❡s✱
✐✳❡✳✱ Ga = 〈VG, E

a
G 〉✳ ❆ ❧❛②♦✉t ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♣❛✐r (T,L) ✇❤❡r❡ T ✐s ❛ s✉❜✲❝✉❜✐❝ tr❡❡ ❛♥❞

L : VG → N
(1)
T ✐s ❛ ❜✐❥❡❝t✐♦♥✳ ❋♦r ❡✈❡r② ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✇❡ ❧❡t

rwdA(G) = min

{
max
a∈A
{bwd(ρGa , T,L)} | (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ G

}
.

❊①❛♠♣❧❡ ✶✳✹ ▲❡t A = {a, b}✳ ❆♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼ ✭✐✐✐✮✳
❚❤❡ ❣r❛♣❤s Ga ❛♥❞ Gb ❛♥❞✱ ❛ ❧❛②♦✉t (T,L) ♦❢ G ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼ ✭✐✮✱ ✭✐✐✮ ❛♥❞ ✭✐✈✮✳ ❖♥❡ ❝❛♥
✈❡r✐❢② t❤❛t (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 2 ❢♦r ρGa ❛♥❞ ρGb

✳

x6

x1

x4 x5

a

a

a
a

a

x6

x1

x4 x5

b

b

b b

(i) (ii)

(iii)

(iv)

x1 x6

x3 x5 x4 x2

x2x3x2x3

x6

x1

x4 x5

a b

a

a
a

a
b

b b
x3 x2

❋✐❣✉r❡ ✼✿ ❆♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✇❤❡r❡ A = {a, b} ❛♥❞ ❛ ❧❛②♦✉t ♦❢ G✳

✶✳✸ ▼♦♥❛❞✐❝ ❙❡❝♦♥❞ ❖r❞❡r ▲♦❣✐❝

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥s ♦❢ ✜rst ♦r❞❡r ❧♦❣✐❝ ❛♥❞ ♦❢ ♠♦♥❛❞✐❝ s❡❝♦♥❞ ♦r❞❡r ❧♦❣✐❝✳
❚❤❡ t❡r♠✐♥♦❧♦❣✐❡s ❛r❡ ❢r♦♠ ❬❇❈✵✻✱ ❈♦✉✾✸❪✳



✷✵ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

▲❡t Σ ❜❡ ❛ r❡❧❛t✐♦♥❛❧ s✐❣♥❛t✉r❡ ❛♥❞ A ❜❡ ❛ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡✳ ❲❡ ✇✐❧❧ ✉s❡ ❧♦✇❡r ❝❛s❡
✈❛r✐❛❜❧❡s x, y, z, . . .✱ ❝❛❧❧❡❞ FO ✈❛r✐❛❜❧❡s✱ t♦ ❞❡♥♦t❡ ❡❧❡♠❡♥ts ✐♥ A ❛♥❞ ✉♣♣❡r ❝❛s❡ ✈❛r✐❛❜❧❡s
X,Y, Z, . . .✱ ❝❛❧❧❡❞ s❡t ✈❛r✐❛❜❧❡s✱ t♦ ❞❡♥♦t❡ s✉❜s❡ts ♦❢ A✳ ❚❤❡ Σ✲❛t♦♠✐❝ ❢♦r♠✉❧❛s ❛r❡ x = y✱
x ∈ X ❛♥❞ R(x1, . . . , xar(R)) ❢♦r ❛♥② R ∈ Σ✳ ❆ ✜rst ♦r❞❡r ❢♦r♠✉❧❛ ♦✈❡r Σ ✭FOΣ ❢♦r♠✉❧❛ ❢♦r
s❤♦rt✮ ✐s ❛ ❢♦r♠✉❧❛ ❢♦r♠❡❞ ❢r♦♠ Σ✲❛t♦♠✐❝ ❢♦r♠✉❧❛s ✇✐t❤ ❇♦♦❧❡❛♥ ❝♦♥♥❡❝t✐✈❡s ∧, ∨, ¬, ⇒ ❛♥❞
❡❧❡♠❡♥t q✉❛♥t✐✜❝❛t✐♦♥s ∃x, ∀x✳ ❆ ♠♦♥❛❞✐❝ s❡❝♦♥❞ ♦r❞❡r ❢♦r♠✉❧❛ ♦✈❡r Σ ✭MSOΣ ❢♦r♠✉❧❛ ❢♦r
s❤♦rt✮ ✐s ❢♦r♠❡❞ ❢r♦♠ FOΣ ❢♦r♠✉❧❛s ✇✐t❤ s❡t q✉❛♥t✐✜❝❛t✐♦♥s ∃X, ∀X✳ ■❢ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✱
✇❡ ✇✐❧❧ ♦♠✐t t❤❡ s✉❜s❝r✐♣t Σ✳ ❆♥ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛ ✈❛r✐❛❜❧❡ ✇❤✐❝❤ ✐s ♥♦t ✉♥❞❡r t❤❡ s❝♦♣❡ ♦❢ ❛
q✉❛♥t✐✜❡r ✐s ❝❛❧❧❡❞ ❛ ❢r❡❡ ✈❛r✐❛❜❧❡❀ ❛ ❢♦r♠✉❧❛ ✇✐t❤♦✉t ❢r❡❡ ✈❛r✐❛❜❧❡s ✐s ❝❛❧❧❡❞ ❛ s❡♥t❡♥❝❡✳ ■❢ χ
✐s ❛ s❡t ♦❢ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❝❛s❡ ✈❛r✐❛❜❧❡s✱ ✇❡ ❞❡♥♦t❡ ❜② MSOΣ(χ) ✭r❡s♣✳ FOΣ(χ)✮ t❤❡ s❡t
♦❢ MSOΣ ❢♦r♠✉❧❛s ✭r❡s♣✳ FOΣ ❢♦r♠✉❧❛s✮ ✇✐t❤ ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ χ✳ ■❢ t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s ♦❢ ❛
❢♦r♠✉❧❛ ϕ ❛r❡ x1, . . . , xm, Y1, . . . , Yq ✇❡ ✇✐❧❧ ✇r✐t❡ ϕ(x1, . . . , xm, Y1, . . . , Yq)✳

■❢ P ✐s ❛ ♣r♦♣❡rt② ♦❢ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s✱ ✇❡ ✇r✐t❡ P (x1, . . . , xm, Y1, . . . , Yq) t♦ ♠❡❛♥
t❤❛t P ❞❡♣❡♥❞s ♦♥ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞♦♠❛✐♥s x1, . . . , xm ❛♥❞ s❡ts ♦❢ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❞♦♠❛✐♥s
Y1, . . . , Yq✳ ❆ ♣r♦♣❡rt② P (x1, . . . , xm, Y1, . . . , Yq) ♦❢ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s ✐s MSO✲❞❡✜♥❛❜❧❡
✭r❡s♣✳ FO✲❞❡✜♥❛❜❧❡✮ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ MSO ✭r❡s♣✳ FO✮ ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq)
s✉❝❤ t❤❛t ❛ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡ A s❛t✐s✜❡s P ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ ✐s tr✉❡ ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧
Σ✲str✉❝t✉r❡ A✳ ❆ ❢♦r♠✉❧❛✱ MSO ❛s ✇❡❧❧ ❛s FO✱ ✐s q✉❛♥t✐✜❡r✲❢r❡❡ ✐❢ t❤❡ ❢♦r♠✉❧❛ ❝♦♥t❛✐♥s ♥♦
q✉❛♥t✐✜❡r✳ ❆♥❞ ✇❡ ❞❡♥♦t❡ ❜② QFΣ t❤❡ s❡t ♦❢ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛s ✐♥ FOΣ✳ ❋♦r ❡✈❡r②
♣♦s✐t✐✈❡ ✐♥t❡❣❡r m ♥♦t✐❝❡ t❤❛t✱ ✉♣ t♦ ❛ ❞❡❝✐❞❛❜❧❡ ❡q✉✐✈❛❧❡♥❝❡ t❤❛t r❡✜♥❡s ❧♦❣✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡✱
t❤❡ s❡t QFΣ({x1, . . . , xm}) ✐s ✜♥✐t❡ ❬❈❲✵✺❪✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② MS1 t❤❡ s❡t ♦❢ MSO{E} ❢♦r♠✉❧❛s ❛♥❞ ❜② MS2 t❤❡ s❡t ♦❢ MSO{inc}
❢♦r♠✉❧❛s✳ ❚❤❡ ♣r♦♣❡rt② st❛t✐♥❣ t❤❛t ❛ ❣r❛♣❤ ❝♦♥t❛✐♥s ❛♥ ❍❛♠✐❧t♦♥✐❛♥ ❝②❝❧❡ ✐s MS2✲❞❡✜♥❛❜❧❡
❜✉t ♥♦tMS1✲❞❡✜♥❛❜❧❡ ✭t❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② s❤♦✇✐♥❣ t❤❛t ✐❢ ❍❛♠✐❧t♦♥✐❝✐t② ✐sMS1✲❞❡✜♥❛❜❧❡✱
t❤❡♥ t❤❡ ❧❛♥❣✉❛❣❡ {anbn} ✐s r❡❣✉❧❛r✮✳ ❚❤✉s ✇❡ ❝❛♥ ❡①♣r❡ss ♠♦r❡ ♣r♦♣❡rt✐❡s ✇✐t❤MS2 ❢♦r♠✉❧❛s
t❤❛♥ ✇✐t❤ MS1 ❢♦r♠✉❧❛s✳ ❍❡r❡ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ FO ❢♦r♠✉❧❛ t❤❛t ❡①♣r❡ss❡s t❤❛t ❛ ✈❡rt❡①
x ❤❛s ❞❡❣r❡❡ ❛t ♠♦st 4✿

∀y1∀y2∀y3∀y4∀y5


 ∧

1≤i≤5

E(x, yi)⇒
∨

1≤i<j≤5

yi = yj




❚❤❡ ❢♦❧❧♦✇✐♥❣ MS1 ❢♦r♠✉❧❛ ❡①♣r❡ss❡s t❤❛t ❛ ❣r❛♣❤ ✐s 3✲❝♦❧♦r❛❜❧❡✳

∃X1∃X2∃X3


 ∧

1≤i<j≤3

✏Xi ∩Xj = ∅✑ ∧ ∀x
∨

i∈[3]

x ∈ Xi ∧ ∀x∀y
∧

i∈[3]

(x ∈ Xi ∧ y ∈ Xi ⇒ ¬E(x, y))


 .

❚❤❡ ❢♦r♠✉❧❛s t❤❛t ❡①♣r❡ss ♣r♦♣❡rt✐❡s ♦❢ ❣r❛♣❤s ✇❤❡♥ ✇❡ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t t❤❡ str✉❝t✉r❡
t❤❛t r❡♣r❡s❡♥ts t❤❡♠ ❛r❡ ❝❛❧❧❡❞ MS ♦r FO ❢♦r♠✉❧❛s✳ ❲❡ ✉s❡ t❤❡ ✉s✉❛❧ ♥♦t❛t✐♦♥ A |= ϕ t♦ s❛②
t❤❛t t❤❡ ❢♦r♠✉❧❛ ϕ ✐s tr✉❡ ✐♥ t❤❡ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ A✳ ❚❤❡ q✉❛♥t✐✜❡r✲r❛♥❦ ♦❢ ❛ ❢♦r♠✉❧❛ ϕ✱
❞❡♥♦t❡❞ ❜② qr(ϕ)✱ ✐s ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✿

qr(ϕ) = 0 ✐❢ ϕ ✐s ❛♥ ❛t♦♠✐❝ ❢♦r♠✉❧❛,

qr(ϕσψ) = max{qr(ϕ), qr(ψ)} ✐❢ σ ∈ {∧,∨},
qr(σxϕ) = 1 + qr(ϕ) ✐❢ σ ∈ {∃,∀},
qr(¬ϕ) = qr(ϕ) .



✶✳✹✳ ●r❛♣❤ ❖♣❡r❛t✐♦♥s ✷✶

✶✳✹ ●r❛♣❤ ❖♣❡r❛t✐♦♥s

❲❡ ✇✐❧❧ ♥♦✇ ✐♥tr♦❞✉❝❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ✐♥ ❛ ❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ t❡r♠s ♦❢ r❡❧❛t✐♦♥❛❧
str✉❝t✉r❡s r❡♣r❡s❡♥t✐♥❣ ❣r❛♣❤s✳ ❲❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥s ❢r♦♠ ❬❇❈✵✻❪✳

❉❡✜♥✐t✐♦♥ ❙❝❤❡♠❡✳ ▲❡t Σ ❛♥❞ Γ ❜❡ t✇♦ r❡❧❛t✐♦♥❛❧ s✐❣♥❛t✉r❡s ❛♥❞ L ❜❡ ❛ ❧♦❣✐❝❛❧ ❧❛♥❣✉❛❣❡✳
❆♥ ▲✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ D ♦❢ t②♣❡ Σ→ Γ ✐s ❛ t✉♣❧❡ (ψ, (θR)R∈Γ) ✇❤❡r❡✿

ψ ∈ LΣ({x}),
θR ∈ LΣ({x1, . . . , xar(R)}) ❢♦r ❡❛❝❤ R ∈ Γ✳

▲❡t A ∈ STR[Σ] ❛♥❞ B ∈ STR[Γ]✳ ❲❡ s❛② t❤❛t D ❞❡✜♥❡s t❤❡ Γ✲str✉❝t✉r❡ B ❢r♦♠ A ✐❢

✭◗❋✶✮ B = {a | A |= ψ(a)}✱

✭◗❋✷✮ ❢♦r ❡❛❝❤ R ∈ Γ✱

RB = {(a1, . . . , aar(R)) ∈ Bar(R) | A |= θR(a1, . . . , aar(R))}.

❚❤❡ str✉❝t✉r❡ B ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② A ❛♥❞ D✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✉s❡ ❛ ❢✉♥❝t✐♦♥❛❧
♥♦t❛t✐♦♥ ❛♥❞ ✇❡ ✇r✐t❡ B = D̂(A)✳ ◆♦t✐❝❡ t❤❛t ✐❢ A ✐s ✐s♦♠♦r♣❤✐❝ t♦ A′ t❤❡♥ D̂(A) ✐s ✐s♦♠♦r♣❤✐❝
t♦ D̂(A′)

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ♥♦t✐♦♥s ♦❢ ❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ ❛♥❞ ♦❢ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥ ❛r❡ ❞❡✜♥❡❞
✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ✐♥ ❬❇❈✵✻❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❡✜♥✐t✐♦♥s ❣✐✈❡♥ ❤❡r❡ ❛r❡ ❡♥♦✉❣❤ ❢♦r ♦✉r
♣✉r♣♦s❡s✳ ❲❡ r❡❝❛❧❧ ❛ r❡s✉❧t t❤❛t ✐s ♣r♦✈❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬❇❈✵✻❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸ ▲❡t Σ ❛♥❞ Γ ❜❡ r❡❧❛t✐♦♥❛❧ s✐❣♥❛t✉r❡s ❛♥❞ ❧❡t D ❜❡ ❛♥ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡
♦❢ t②♣❡ Σ → Γ✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② MS ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq) ♦♥ r❡❧❛t✐♦♥❛❧ Γ✲
str✉❝t✉r❡s✱ t❤❡r❡ ❡①✐st ❛♥ MS ❢♦r♠✉❧❛ ϕ#(x1, . . . , xm, Y1, . . . , Yq) ♦♥ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② r❡❧❛t✐♦♥❛❧ Γ✲str✉❝t✉r❡ B ❛♥❞ ❡✈❡r② r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡ A ✇✐t❤ B = D̂(A)✿

B |= ϕ⇐⇒ A |= ϕ#

●r❛♣❤ ❖♣❡r❛t✐♦♥✳ ❆ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥ γ ❢r♦♠ STR[Σ] t♦ STR[Γ] ✐s ❛ ❢✉♥❝t✐♦♥
❞❡✜♥❡❞ ❜② ❛ QFΣ✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ D ♦❢ t②♣❡ Σ → Γ s✉❝❤ t❤❛t γ(A) = D̂(A) ❢♦r ❛❧❧ A ∈
STR[Σ]✳

❲❡ ♥♦✇ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s✳ ▲❡t k ❜❡ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ ✐♥✲
t❡❣❡r✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛♥ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ str✉❝t✉r❡
〈VG, EG, c1,G, . . . , ck,G 〉 ✇❤❡r❡ ci,G(x) ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❤❛s ❝♦❧♦r i✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢②
t❤❛t ηi,j ✭♦♥❡ ♦❢ t❤❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❞❡✜♥❡ ❝❧✐q✉❡✲✇✐❞t❤✱ s❡❡ ❙❡❝t✐♦♥ ✶✳✶✮ ✐s ❞❡✜♥❡❞ ❜②
t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥ (ψ, θE , (θcℓ

)ℓ∈[k]) ✇❤❡r❡✿

ψ = tr✉❡,

θE(x1, x2) = E(x1, x2) ∨
(
x1 6= x2 ∧

((
ci(x1) ∧ cj(x2)

)
∨
(
cj(x1) ∧ ci(x2)

)))
,

θcℓ
(x) = cℓ(x) ❢♦r ℓ ∈ [k].



✷✷ ❈❤❛♣t❡r ✶✳ ◆♦t❛t✐♦♥s ❛♥❞ ❇❛s✐❝ ❉❡❢✐♥✐t✐♦♥s

❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ❛ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥ ✐s t❤❡ ❡❞❣❡✲❝♦♠♣❧❡♠❡♥t✱ ✇❤✐❝❤ ✐s ♥♦t ❛
❜❛s✐❝ ♦♣❡r❛t✐♦♥ ❞❡✜♥✐♥❣ ❝❧✐q✉❡✲✇✐❞t❤✳ ❍♦✇❡✈❡r ✐t ❝❛♥ ❜❡ ✉s❡❞❀ t❤❡ ❞❡❝✐❞❛❜✐❧✐t② r❡s✉❧t ❛♥❞
❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ♦❢ ❬❈▼❘✵✵✱ ❈▼❘✵✶❪ ✭❋P❚ ❛❧❣♦r✐t❤♠s✮ r❡♠❛✐♥ ✈❛❧✐❞✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t
❡❞❣❡✲❛❞❞✐t✐♦♥ ✐s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥✳

■♥ t❤✐s ✇❛② ✇❡ ❣❡t ❛ ✉♥✐q✉❡ ♥♦t✐♦♥ ❝♦✈❡r✐♥❣ s❡✈❡r❛❧ t②♣❡s ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✱ ❛♥❞ ✉♥✐❢♦r♠
♣r♦♦❢s ❢♦r s❡✈❡r❛❧ ❝❛s❡s✳ ■♥ t❤❡ ✇♦r❦s ❜② ❈♦✉r❝❡❧❧❡ ❡t ❛❧✳ ❬❇❈✵✻✱ ❈♦✉✾✷✱ ❈♦✉✾✸✱ ❈❊❘✾✸✱
❈▼❘✵✵✱ ❈▼❘✵✶✱ ▼❛❦✵✹❪ ✐t ✐s s❤♦✇♥ ❤♦✇ t♦ ✈❡r✐❢② MS ❢♦r♠✉❧❛s ♦♥ ❣r❛♣❤s ❣❡♥❡r❛t❡❞ ❜②
t❡r♠s ✇r✐tt❡♥ ✇✐t❤ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s ❛♥❞ ❞✐s❥♦✐♥t ✉♥✐♦♥✳



P❛rt ■

●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞

❘❛♥❦✲❲✐❞t❤

✷✸





❈❤❛♣t❡r ✷

❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

❈❧✐q✉❡✲❲✐❞t❤ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ tr❡❡✲✇✐❞t❤ ❜❡❝❛✉s❡ ❡✈❡r② ❝❧❛ss ♦❢ s✐♠♣❧❡ ❣r❛♣❤s t❤❛t ❤❛s
❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ❤❛s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❬❈❖✵✵✱ ❈❘✵✺❪✳ ❍♦✇❡✈❡r✱ ❝♦♥tr❛r② t♦ tr❡❡✲
✇✐❞t❤✱ ❢♦r ✜①❡❞ k ≥ 4 t❤❡r❡ ✐s ♥♦ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝❤❡❝❦s ✐❢ ❛ ❣✐✈❡♥ ❣r❛♣❤ ❤❛s
❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ■❢ k ✐s ♣❛rt ♦❢ t❤❡ ✐♥♣✉t✱ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ❝❤❡❝❦✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡
tr❡❡✲✇✐❞t❤ ❝❤❡❝❦✐♥❣ ♣r♦❜❧❡♠s ❛r❡ ◆P✲❝♦♠♣❧❡t❡ ❬❆❈P✽✼✱ ❋❘❘❙✵✻❪✳

❖✉♠ ❛♥❞ ❙❡②♠♦✉r ❬❖✉♠✵✺❛✱ ❖✉♠✵✺❜✱ ❖❙✵✻❪ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ✐♥ t❤❡✐r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ❣r❛♣❤s t❤❛t ❤❛✈❡ ❝❧✐q✉❡✲
✇✐❞t❤ ❛t ♠♦st k✱ ❢♦r ✜①❡❞ k✳ ❘❛♥❦✲✇✐❞t❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✷✮
❜✉t✱ r❛♥❦✲✇✐❞t❤ ❤❛s ❜❡tt❡r ❛❧❣♦r✐t❤♠✐❝ ♣r♦♣❡rt✐❡s t❤❛♥ ❝❧✐q✉❡✲✇✐❞t❤✿ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢
r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ✜♥✐t❡ ❧✐st ♦❢ ❡①❝❧✉❞❡❞ ❝♦♥✜❣✉r❛t✐♦♥s ✭❚❤❡♦r❡♠
✶✳✶✮ ❛♥❞ ❝❛♥ ❜❡ r❡❝♦❣♥✐③❡❞ ❜② ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ ✭❚❤❡♦r❡♠ ✶✳✷✮✳ ▼♦r❡♦✈❡r✱ t❤✐s ❝✉❜✐❝✲
t✐♠❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❣✐✈❡s r✐s❡ t♦ ❛ ❝✉❜✐❝✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r r❡❝♦❣♥✐③✐♥❣
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ❍♦✇❡✈❡r✱ ❝❧✐q✉❡✲✇✐❞t❤ ✐s ❞❡✜♥❡❞ ❢♦r ❞✐r❡❝t❡❞
❛s ✇❡❧❧ ❛s ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦ ❛s❦ ❢♦r ❛ s✐♠✐❧❛r ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r
❞✐r❡❝t❡❞ ❣r❛♣❤s✳

❲❡ ✐♥tr♦❞✉❝❡ ❢♦r t❤❛t ♣✉r♣♦s❡ t❤❡ ♥♦t✐♦♥ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✇❤✐❝❤ ❡①t❡♥❞s t❤❛t ♦❢
s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✭t❤❡ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐①✮✳
❲❡ ❡①t❡♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❛ s✐♠✐❧❛r ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❛♥❞ ♦❢ ✈❡rt❡①✲♠✐♥♦r
t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ♦✉r ❞❡✜♥✐t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤ ❛♥❞ ♦❢ ✈❡rt❡①✲♠✐♥♦r
❝♦✐♥❝✐❞❡ ✇✐t❤ ❉❡✜♥✐t✐♦♥s ✶✳✾ ❛♥❞ ✶✳✶✵ ✇❤❡♥ ✇❡ ❞❡❛❧ ✇✐t❤ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ✇✐❧❧ ❛❧s♦
❡①t❡♥❞ ❚❤❡♦r❡♠ ✶✳✶ t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ❆❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ t❡❝❤♥✐❝❛❧
❜✉t ❡❛s② ❛❞❛♣t❛t✐♦♥s ♦❢ t❤❡ ♣r♦♦❢s ♦❢ ❖✉♠ ❬❖✉♠✵✺❜✱ ❙❡❝t✐♦♥s ✹✱✺❪ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡✐r
❣❡♥❡r❛❧✐③❛t✐♦♥s ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥s ✷✳✷ ❛♥❞ ✷✳✸✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✸ t❤❛t ♦✉r
♥♦t✐♦♥ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✐s ✉s❡❢✉❧ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ t♦
❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❖✉♠ ❬❖✉♠✵✺❝❪ ❛❧s♦ ❞❡✜♥❡❞ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r s②♠♠❡tr✐❝ ❛♥❞
s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ❤♦✇❡✈❡r✱ t❤✐s ♥♦t✐♦♥ ✐s ✐♥❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ✐♥ t❤✐s
❝❤❛♣t❡r✳

■♥ ❙❡❝t✐♦♥ ✷✳✶ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲
✇✐❞t❤ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ♦❢
σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✇♦r❦s ♦❢ ❇♦✉❝❤❡t ❬❇♦✉✽✼❪ ❛♥❞ ✇❡ ❛❞❛♣t s♦♠❡ r❡s✉❧ts ♦❢
❖✉♠✱ ♣❛rt✐❝✉❧❛r❧② ❬❖✉♠✵✺❜✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✱ ▲❡♠♠❛ ✹✳✹❪✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸ ✇❡ ❡①t❡♥❞ ❚❤❡♦r❡♠

✷✺



✷✻ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

✶✳✶ t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❜② ❛❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ ❬❖✉♠✵✺❜✱ ❙❡❝t✐♦♥ ✺❪✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② + ❛♥❞ · t❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ♦❢ ❛♥② ✜❡❧❞ ❛♥❞ ❜② 0 ❛♥❞ 1 t❤❡ ♥❡✉tr❛❧
❡❧❡♠❡♥ts ♦❢ + ❛♥❞ · r❡s♣❡❝t✐✈❡❧②✳

✷✳✶ ❘❛♥❦✲❲✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

❙❡❡ ❙❡❝t✐♦♥ ✶✳✷ ❢♦r t❤❡ ♥♦t✐♦♥s ♦❢ ❧❛②♦✉t ❛♥❞ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥✳ ❲❡
✇✐❧❧ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ F ✲r❛♥❦✲✇✐❞t❤✳

❉❡✜♥✐t✐♦♥ ✷✳✶ ✭σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥
❛✉t♦♠♦r♣❤✐s♠✳ ❆ V ✲♠❛tr✐① M ♦✈❡r F ❢♦r s♦♠❡ ✜♥✐t❡ s❡t V ✐s s❛✐❞ σ✲s②♠♠❡tr✐❝ ✐❢ My

x = σ(Mx
y )

❢♦r ❡✈❡r② x, y ∈ V ✳

◆♦t✐❝❡ t❤❛t σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ❲❡ ❛ss✉♠❡
σ t♦ ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✱ t❤❛t ♠❡❛♥s t❤❛t σ(0) = 0 ❛♥❞ σ(1) = 1 ❛♥❞ ✐♥ ❛ s❦❡✇✲s②♠♠❡tr✐❝
♠❛tr✐① M ✐❢ My

x = 1✱ t❤❡♥ Mx
y = −1 ❛♥❞ t❤❡r❡ ✐s ♥♦ ❛✉t♦♠♦r♣❤✐s♠ t❤❛t ♠❛♣s 1 t♦ −1✳

❍♦✇❡✈❡r✱ ❛♥② s②♠♠❡tr✐❝ ♠❛tr✐① M ✐s ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① s✐♥❝❡ My
x = Mx

y ❛♥❞ ✇❡ ❧❡t σ ❜❡
t❤❡ ✐❞❡♥t✐t② ❛✉t♦♠♦r♣❤✐s♠✳ ❲❡ ❧❡t rk ❜❡ t❤❡ r❛♥❦✲❢✉♥❝t✐♦♥ ♦❢ ♠❛tr✐❝❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ✭❈✉t✲❘❛♥❦ ❋✉♥❝t✐♦♥✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥
❛✉t♦♠♦r♣❤✐s♠✳ ❚❤❡ ❝✉t✲r❛♥❦ ❢✉♥❝t✐♦♥ ♦❢ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① M ✐s t❤❡ ❢✉♥❝t✐♦♥ ρF

M : 2V → N

✇❤❡r❡ ❢♦r ❛❧❧ X ⊆ V ✱ ✇❡ ❤❛✈❡ ρF
M (X) = rk(MX

X )✳

▲❡t AG ❜❡ t❤❡ ❛❞❥❛❝❡♥❝② VG✲♠❛tr✐① ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢②
t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ρG ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✾ ✐s t❤❡ s❛♠❡ ❛s ρGF (2)

AG
❛♥❞ ✐s t❤❡♥ t❤❡ ❝✉t✲r❛♥❦

❢✉♥❝t✐♦♥ ♦❢ AG ♦✈❡r GF (2)✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ρF
M ✐s s②♠♠❡tr✐❝ ❛♥❞ s✉❜♠♦❞✉❧❛r✳ ❲❡ ✜rst

r❡❝❛❧❧ t❤❡ s✉❜♠♦❞✉❧❛r ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ♠❛tr✐① r❛♥❦✲❢✉♥❝t✐♦♥ ❬❖✉♠✵✺❜❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❬❖✉♠✵✺❜✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶❪ ▲❡t M ❜❡ ❛♥ (R,C)✲♠❛tr✐① ♦✈❡r ❛ ✜❡❧❞ F ✳ ❚❤❡♥
❢♦r ❛❧❧ X1, Y1 ⊆ R ❛♥❞ X2, Y2 ⊆ C✱ ✇❡ ❤❛✈❡✿

rk
(
MX2

X1

)
+ rk

(
MY2

Y1

)
≥ rk

(
MX2∩Y2

X1∪Y1

)
+ rk

(
MX2∪Y2

X1∩Y1

)
.

▲❡♠♠❛ ✷✳✶ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❚❤❡♥ ❢♦r ❡✈❡r②
σ✲s②♠♠❡tr✐❝ ♠❛tr✐① M ✱ t❤❡ ❢✉♥❝t✐♦♥ ρF

M ✐s s②♠♠❡tr✐❝ ❛♥❞ s✉❜♠♦❞✉❧❛r✳

Pr♦♦❢✳ ▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❢♦r s♦♠❡ ✜♥✐t❡ s❡t V ✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❝❧❡❛r✳
❇② ❞❡✜♥✐t✐♦♥ ρF

M (X) = rk(MX
X ) = rk(MX

X
) ❢♦r ❛❧❧ X ⊆ V ✳ ❚❤❡♥ ♦♥❡ ❛♣♣❧✐❡s Pr♦♣♦s✐t✐♦♥ ✷✳✶

t♦ ❣❡t t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✳

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✸ ✭F ✲❘❛♥❦✲❲✐❞t❤✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r✲
♣❤✐s♠✳ ❆ ❧❛②♦✉t ♦❢ ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① M ✐s ❛ ❧❛②♦✉t ♦❢ ρF

M ✳ ❚❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ M ✱ ❞❡♥♦t❡❞
❜② rwd

F (M)✱ ✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρF
M ✳



✷✳✷✳ ❱❡rt❡①✲▼✐♥♦r ✷✼

❙✐♥❝❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG ❛♥❞
s✐♥❝❡ ρG = ρ

GF (2)
AG

✱ ❉❡✜♥✐t✐♦♥ ✷✳✸ ❝♦✐♥❝✐❞❡s ✇✐t❤ ❉❡✜♥✐t✐♦♥ ✶✳✾ ✇❤❡♥ ✇❡ ❞❡❛❧ ✇✐t❤ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s r❡♣r❡s❡♥t❡❞ ❜② t❤❡✐r ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦✈❡r GF (2)✳

❋♦r ❛♥② σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① M ✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G(M) ✇❤❡r❡
VG(M) = V ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ VG(M) ✐❢ ❛♥❞ ♦♥❧② ✐❢ My

x 6= 0✳ M
✐s s❛✐❞ ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G(M) ✐s ❝♦♥♥❡❝t❡❞✳ MX

X ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ M ✐❢
G(M)[X] ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢G(M) ❢♦rX ⊆ V ✳ ■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t t❤❡ F ✲r❛♥❦✲✇✐❞t❤
♦❢ M ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ F ✲r❛♥❦✲✇✐❞t❤s ♦❢ ✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

✷✳✷ ❱❡rt❡①✲▼✐♥♦r

■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ t❤❡♦r② ♦❢ ✐s♦tr♦♣✐❝ s②st❡♠s ❬❇♦✉✽✽❪ t♦ ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ❇♦✉❝❤❡t ❬❇♦✉✽✼❪
❣❡♥❡r❛❧✐③❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛♥❞ ♦❢ ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳
❍❡ ❞❡✜♥❡❞ t❤❡ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x ♦❢ G ❛s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ❜② t❤❡
♠❛tr✐① A′

G ♦✈❡r GF (2) ✇❤❡r❡ (A′
G)y

z = (AG)y
z +(AG)x

z · (AG)y
x✳ ❲❤❡♥ ✇❡ ❞❡❛❧ ✇✐t❤ ✉♥❞✐r❡❝t❡❞

❣r❛♣❤s t❤✐s ❞❡✜♥✐t✐♦♥ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♥❡ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s
✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶✵✮✳ ❚❤❡ ✉s❡ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛❧❧♦✇s ❇♦✉❝❤❡t
❬❇♦✉✽✼❪ t♦ ❣✐✈❡ ✐♥ ♣❛rt✐❝✉❧❛r ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛ s♣❧✐t✶ ✐♥ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳
▲❛t❡r ❋♦♥✲❉❡r✲❋❧❛❛ss ♣r♦✈❡❞ t❤❛t t✇♦ n✲✈❡rt❡① ❣r❛♣❤s G ❛♥❞ H ❛r❡ ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ ❛♥❞
♦♥❧② ✐❢ ❛ s②st❡♠ ♦❢ n2 ❡q✉❛t✐♦♥s ✇✐t❤ 3n ✐♥❞❡t❡r♠✐♥❛t❡s ❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ GF (2) ❬❋❉❋✾✻❪✳ ❲❡
❡①t❡♥❞ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ❲❡ ✇✐❧❧ ✉s❡ ✐t ✐♥
❈❤❛♣t❡r ✸ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳

▲❡t p ❜❡ ❛ ♣r✐♠❡ ♥✉♠❜❡r✳ ❆ ✜❡❧❞ F ❤❛s ❝❤❛r❛❝t❡r✐st✐❝ p ✐❢ ❢♦r ❡✈❡r② a ∈ F ✇❡ ❤❛✈❡
a+ · · ·+ a︸ ︷︷ ︸

p

= 0 ✭s❡❡ ❬▲◆✾✼❪ ❢♦r ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥s ♦♥ ✜♥✐t❡ ✜❡❧❞s✮✳ ❆ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p

✐s ♥♦t❡❞ GF (pr) ✇❤❡r❡ r ≥ 1 ❛♥❞ pr ✐s ✐ts ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳

❉❡✜♥✐t✐♦♥ ✷✳✹ ✭▲❝✲❈♦♠♣❧❡♠❡♥t❛t✐♦♥✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥
❛✉t♦♠♦r♣❤✐s♠✳ ▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t x ❜❡ ✐♥ V ✳ ❚❤❡ V ✲♠❛tr✐① ♦❜t❛✐♥❡❞ ❜②
❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x t♦ M ✐s M ∗ x ✇❤❡r❡ ❢♦r ❛❧❧ x1, x2 ✐♥ V ✱

(M ∗ x)x2
x1

=

{
Mx2

x1
+Mx

x1
·Mx2

x ✐❢ x1 6= x2 ❛♥❞ x /∈ {x1, x2},
Mx2

x1
❖t❤❡r✇✐s❡.

■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ✐❢ My
x = 0✱ t❤❡♥ t❤❡ r♦✇s ❛♥❞ t❤❡ ❝♦❧✉♠♥s ♦❢ M ❛♥❞ ♦❢ M ∗x ✐♥❞❡①❡❞ ❜②

y ❛r❡ ❡q✉❛❧✳ ❆❧s♦ t❤❡ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ♦❢ M ❛♥❞ ♦❢ M ∗ x ✐♥❞❡①❡❞ ❜② x ❛r❡ ❡q✉❛❧✳ ❲❡ s❛② t❤❛t
N ✐s ❧❝✲❡q✉✐✈❛❧❡♥t t♦ M ✐❢ N ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥s t♦
M ✳ ❲❡ ❝❛❧❧ N ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ M ✐❢ N = (M ′)X

X ✇❤❡r❡ X ⊆ V ❛♥❞ M ′ ✐s ❧❝✲❡q✉✐✈❛❧❡♥t t♦ M ✳

❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② ❢r♦♠ ❉❡✜♥✐t✐♦♥ ✶✳✶✵ t❤❛t ✐❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ✐s♦♠♦r♣❤✐❝ t♦
G ∗ x ✇❤❡r❡ G ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ x ∈ VG✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

(AH)x2
x1

=

{
(AG)x2

x1
+ (AG)x

x1
· (AG)x2

x ✐❢ x1 6= x2,

(AG)x2
x1

❖t❤❡r✇✐s❡.

✶▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❆ ❜✐♣❛rt✐t✐♦♥ (X, Y ) ♦❢ VG ✐s ❛ s♣❧✐t ✐❢ ❛♥❞ ♦♥❧② ✐❢ |X|, |Y | ≥ 2 ❛♥❞ rk((AG)Y
X) = 1

❬❇♦✉✽✼❪✳



✷✽ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

❚❤❡♥ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r✱ ❛s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✶✵✱ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ AH ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ AG✳ ❲❡ ♥♦✇ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ✈❡rt❡①✲
♠✐♥♦rs ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳

▲❡♠♠❛ ✷✳✷ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ▲❡t M ❜❡ ❛
σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t x ❜❡ ✐♥ V ✳ ❚❤❡♥

✶✳ M ∗ x ✐s ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐①✳

✷✳ M ∗ x ∗ · · · ∗ x = M ✐❢ F ✐s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p ✭✇❡ ❛♣♣❧② t❤❡ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x
p t✐♠❡s ❝♦♥s❡❝✉t✐✈❡❧②✮✳

Pr♦♦❢✳ ✶✳ ▲❡t N = M ∗ x✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t Nx1
x2

= σ(Nx2
x1

) ❢♦r ❛♥② x1, x2 ∈
V, x1 6= x2✳

Nx1
x2

= Mx1
x2

+Mx
x2
·Mx1

x

= σ(Mx2
x1

) + σ(Mx2
x ) · σ(Mx

x1
)

= σ(Mx2
x1

) + σ(Mx
x1
·Mx2

x )

= σ(Mx2
x1

+Mx
x1
·Mx2

x )

= σ(Nx2
x1

).

✷✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝❧❛r✐t② ✇❡ ♣r♦✈❡ ✐t ✇❤❡♥ F ✐s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 3✳ ■t ✐s ❛❧s♦ s✉✣❝✐❡♥t t♦ ♣r♦✈❡
t❤❛t Mx2

x1
= (M ∗ x ∗ x ∗ x)x2

x1
❢♦r x1, x2 ∈ V, x1 6= x2✳

(M ∗ x ∗ x ∗ x)x2
x1

= (M ∗ x ∗ x)x2
x1

+ (M ∗ x ∗ x)x
x1
· (M ∗ x ∗ x)x2

x

= (M ∗ x)x2
x1

+ (M ∗ x)x
x1
· (M ∗ x)x2

x + (M ∗ x)x
x1
· (M ∗ x)x2

x

= Mx2
x1

+Mx
x1
·Mx2

x +Mx
x1
·Mx2

x +Mx
x1
·Mx2

x

= Mx2
x1

s✐♥❝❡ a+ a+ a = 0 ❢♦r ❛❧❧ a ∈ F ✳

▲❡♠♠❛ ✷✳✷ ✭✶✮ ♣r♦✈❡s t❤❛t t❤❡ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ♦✈❡r σ✲s②♠♠❡tr✐❝ ♠❛✲
tr✐❝❡s✳

▲❡♠♠❛ ✷✳✸ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ▲❡t M ❜❡ ❛
σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❢♦r s♦♠❡ ✜♥✐t❡ s❡t V ❛♥❞ ❧❡t x ❜❡ ✐♥ V ✳ ❚❤❡♥ ❢♦r ❡✈❡r② X ⊆ V ✱

ρF
M (X) = ρF

M∗x(X).

Pr♦♦❢✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t x ∈ X s✐♥❝❡ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥ rk ✐s s②♠♠❡tr✐❝✳ ❋♦r y ∈ X t❤❡
❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x r❡s✉❧ts ✐♥ ❛❞❞✐♥❣ ❛ ♠✉❧t✐♣❧❡ ♦❢ t❤❡ r♦✇ ✐♥❞❡①❡❞ ❜② x t♦ t❤❡ r♦✇
✐♥❞❡①❡❞ ❜② y✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s r❡♣❡❛t❡❞ ❢♦r ❛❧❧ y ∈ X✳ ■♥ ❡❛❝❤ ❝❛s❡✱ t❤❡ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐①
❞♦❡s ♥♦t ❝❤❛♥❣❡✳ ❍❡♥❝❡ ρF

M (X) = ρF
N (X)✳



✷✳✷✳ ❱❡rt❡①✲▼✐♥♦r ✷✾

Pr♦♣♦s✐t✐♦♥ ✷✳✷ ■❢ N ✐s ❧❝✲❡q✉✐✈❛❧❡♥t t♦ M ✱ t❤❡♥ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ N ✐s ❡q✉❛❧ t♦ t❤❡ F ✲
r❛♥❦✲✇✐❞t❤ ♦❢ M ✳ ■❢ N ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ M ✱ t❤❡♥ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ N ✐s ❛t ♠♦st t❤❡
F ✲r❛♥❦✲✇✐❞t❤ ♦❢ M ✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ♦❜✈✐♦✉s ❜② ▲❡♠♠❛ ✷✳✸✳ ❙✐♥❝❡ t❛❦✐♥❣ s✉❜✲♠❛tr✐❝❡s ❞♦❡s ♥♦t
✐♥❝r❡❛s❡ t❤❡ r❛♥❦✱ ✐t ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ t❤❡ F ✲r❛♥❦✲✇✐❞t❤✳ ❙♦ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s tr✉❡✳

■t ✐s ❝❧❡❛r t❤❛t ▲❡♠♠❛ ✶✳✶ ✐s ❛ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❲❡ r❡❢❡r t♦ ❜♦♦❦s ❧✐❦❡ ❬▲✐♣✾✶❪ ❢♦r
t❡r♠✐♥♦❧♦❣✐❡s ♦♥ ❧✐♥❡❛r ❛❧❣❡❜r❛✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛♥ ❡❛s② ❛❞❛♣t❛t✐♦♥ ♦❢ ❬❖✉♠✵✺❜✱ Pr♦♣♦s✐t✐♦♥
✹✳✸❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2 ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r✲
♣❤✐s♠✳ ❚❤❡♥ ❢♦r ❡✈❡r② σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① M ✱ ❡✈❡r② x ∈ V ❛♥❞ ❡✈❡r② X ⊆ V − {x}✱

ρF
(M∗x)\x(X) = rk

(
1 M

V −(X∪x)
x

Mx
X M

V −(X∪x)
X

)
− 1

Pr♦♦❢✳ ▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t x ∈ V ❛♥❞ X ⊆ V ✳ ▲❡t N ❜❡ t❤❡ s❡t
{y | My

x 6= 0} ❛♥❞ Y = V − (X ∪ x)✳ ❲❡ ❞❡♥♦t❡ ❜② J = (Mx
x1
·Mx2

x )x1∈X∩N,x2∈Y ∩N ✳ ❚❤❡♥

ρF
(M∗x)\x(X) = rk((M ∗ x)Y

X)

= rk

(
(M ∗ x)Y ∩N

X∩N (M ∗ x)Y −N
X∩N

(M ∗ x)Y ∩N
X−N (M ∗ x)Y −N

X−N

)

= rk

(
MY ∩N

X∩N + J MY −N
X∩N

MY ∩N
X−N MY −N

X−N

)

= rk




1 MY ∩N
x MY −N

x

0 MY ∩N
X∩N + J MY −N

X∩N

0 MY ∩N
X−N MY −N

X−N


− 1

❘❡❝❛❧❧ t❤❛t My
x = 0 ❢♦r ❛❧❧ y ∈ Y −N ✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ x1 ∈ X ∩N ✿

Mx
x1
·
(
1 MY ∩N

x MY −N
x

)
=
(
Mx

x1
JY ∩N

x1
MY −N

x

)
.

❚❤❡♥

Mx
x1
·
(
1 MY ∩N

x MY −N
x

)
+AV

x1
=
(
Mx

x1
MY ∩N

x1
MY −N

x1

)

✇❤❡r❡

A =




1 MY ∩N
x MY −N

x

0 MY ∩N
X∩N + J MY −N

X∩N

0 MY ∩N
X−N MY −N

X−N




❚❤❡♥

rk(A) = rk




1 MY ∩N
x MY −N

x

Mx
X∩N MY ∩N

X∩N MY −N
X∩N

0 MY ∩N
X−N MY −N

X−N


− 1

= rk

(
1 MY

x

Mx
X MY

X

)
− 1.



✸✵ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

❚❤❡r❡❢♦r❡ ρF
(M∗x)\x(X) = rk

(
1 MY

x

Mx
X MY

X

)
− 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s t❤✉s t❤❡ s❛♠❡ ❛s ❬❖✉♠✵✺❜✱ ▲❡♠♠❛ ✹✳✹❪✱ ✇❡ ❥✉st ❛❞❞ ✐t ❢♦r ❝♦♠✲
♣❧❡t❡♥❡ss s✐♥❝❡ t❤❡ st❛t❡♠❡♥t ❝♦♥❝❡r♥s σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ❛♥❞ ♥♦t ♦♥❧② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳

▲❡♠♠❛ ✷✳✹ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2 ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳
▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t x ❜❡ ✐♥ V ✳ ❆ss✉♠❡ t❤❛t (X1, X2) ❛♥❞ (Y1, Y2) ❛r❡
♣❛rt✐t✐♦♥s ♦❢ V − {x}✳ ❚❤❡♥

ρF
M\x(X1) + ρF

(M∗x)\x(Y1) ≥ ρF
M (X1 ∩ Y1) + ρF

M (X2 ∩ Y2)− 1.

Pr♦♦❢✳ ▲❡t M ′ ❜❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t (M ′)y
x = My

x ✐❢ x 6= y ❛♥❞ (M ′)x
x = 1✳ ■t ✐s ❝❧❡❛r t❤❛t ❢♦r

❡✈❡r②X ⊆ V ✇❡ ❤❛✈❡ ρF
M (X) = ρF

M ′(X)✳ ❲❡ ❤❛✈❡ Y2 = V −(Y1∪{x}) ❛♥❞X2 = V −(X1∪{x})✳
❇② Pr♦♣♦s✐t✐♦♥ ✷✳✸ ✇❡ ❤❛✈❡ ✿

ρF
M\x(X1) + ρF

(M∗x)\x(Y1) = rk(MX2
X1

) + rk

(
1 MY2

x

Mx
Y1

MY2
Y1

)
− 1

❇② ❞❡✜♥✐t✐♦♥ ✇❡ ❤❛✈❡ (M ′)Y2∪x
Y1∪x =

(
1 MY2

x

Mx
Y1

MY2
Y1

)
✳ ❚❤❡♥

ρF
M\x(X1) + ρF

(M∗x)\x(Y1) = rk((M ′)X2
X1

+ rk((M ′)Y2∪x
Y1∪x)− 1

≥ rk((M ′)X2∪Y2∪x
X1∩Y1

) + rk((M ′)X2∩Y2
X1∪Y1∪x)− 1 ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷

≥ ρF
M ′(X1 ∩ Y1) + ρF

M ′(X1 ∪ Y1 ∪ x)− 1 ❜② ❉❡✜♥✐t✐♦♥ ♦❢ ρF
M ′

❍♦✇❡✈❡r✱ t❤❡ ❝✉t✲r❛♥❦ ❢✉♥❝t✐♦♥ ρF
M ′ ✐s s②♠♠❡tr✐❝ ✭▲❡♠♠❛ ✷✳✶✮✱ ✐✳❡✳✱ ρF

M ′(X1 ∪ Y1 ∪ x) =
ρF

M ′(X2 ∩ Y2)✳ ❚❤❡♥

ρF
M\x(X1) + ρF

(M∗x)\x(Y1) ≥ ρF
M ′(X1 ∩ Y1) + ρF

M ′(X2 ∩ Y2)− 1

≥ ρF
M (X1 ∩ Y1) + ρF

M (X2 ∩ Y2)− 1.

✷✳✸ ❊①❝❧✉❞❡❞ ❱❡rt❡①✲▼✐♥♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❛t ✇❡ ❤❛✈❡ ✜①❡❞ ❛ ✜♥✐t❡ ✜❡❧❞ F ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2 ❛♥❞
❛♥ ❛✉t♦♠♦r♣❤✐s♠ σ : F → F ✳ ❲❡ ✇✐❧❧ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✶✳✶ t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r
F ✳ ❲❡ ✇✐❧❧ ❛❞❛♣t t❤❡ ♣r♦♦❢s ❜② ❖✉♠ ❬❖✉♠✵✺❜✱ ❙❡❝t✐♦♥ ✺❪✳ ❲❡ ✜rst r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s
❬●●❘❲✵✸✱ ❖✉♠✵✺❜❪✳

▲❡tM ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t (A,B) ❜❡ ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ V ✳ ❆ ❜r❛♥❝❤✐♥❣ ♦❢ B ✐s

❛ tr✐♣❧❡ (T, r,L) ✇❤❡r❡ T ✐s ❛ s✉❜✲❝✉❜✐❝ tr❡❡ ✇✐t❤ ❛ ✜①❡❞ ♥♦❞❡ r ∈ N (1)
T ❛♥❞ L : B → N

(1)
T −{r}

✐s ❛ ❜✐❥❡❝t✐♦♥✳ ❋♦r ❛♥ ❡❞❣❡ e ♦❢ T ❛♥❞ ❛ ♥♦❞❡ v ♦❢ T ✱ ✇❡ ❧❡t Tev ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ✐♥ t❤❡
❝♦♠♣♦♥❡♥t ♦❢ T\e ♥♦t ❝♦♥t❛✐♥✐♥❣ v ❛♥❞ ✇❡ ❧❡t Yev = L−1(N

(1)
Tev

)✳ ❲❡ s❛② t❤❛t B ✐s k✲❜r❛♥❝❤❡❞



✷✳✸✳ ❊①❝❧✉❞❡❞ ❱❡rt❡①✲▼✐♥♦rs ✸✶

✐❢ t❤❡r❡ ❡①✐sts ❛ ❜r❛♥❝❤✐♥❣ (T, r,L) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ✱ ✇❡ ❤❛✈❡ ρF
M (Yer) ≤ k✳ ■t ✐s

✇♦rt❤ ♥♦t✐❝✐♥❣ ❛s ✐♥ ❬❖✉♠✵✺❜❪ t❤❛t ✐❢ A ❛♥❞ B ❛r❡ k✲❜r❛♥❝❤❡❞✱ t❤❡♥ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ M
✐s ❛t ♠♦st k✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥ ❬❖✉♠✵✺❜✱ ▲❡♠♠❛ ✺✳✶❪ ❢♦r GF (2)✳ ❇✉t t❤❡ ♣r♦♦❢
✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✜❡❧❞✳ ■t ✉s❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝✉t✲r❛♥❦ ❢✉♥❝t✐♦♥ ✐s s②♠♠❡tr✐❝✱ s✉❜♠♦❞✉❧❛r
❛♥❞ ✐♥t❡❣❡r✲✈❛❧✉❡❞✳ ❙✐♥❝❡ ♦♥❧② t❤❡ st❛t❡♠❡♥t ❝❤❛♥❣❡s✱ ✇❡ ✐♥❝❧✉❞❡ ✐t ❢♦r ❝♦♠♣❧❡t❡♥❡ss ♦❢ t❤❡
♣r♦♦❢✳

▲❡♠♠❛ ✷✳✺ ▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ♦❢ F ✲r❛♥❦✲✇✐❞t❤ k✳ ▲❡t (A,B) ❜❡ ❛ ❜✐♣❛rt✐t✐♦♥
♦❢ V s✉❝❤ t❤❛t ρF

M (A) ≤ k✳ ■❢ t❤❡r❡ ✐s ♥♦ tr✐♣❛rt✐t✐♦♥ (A1, A2, A3) ♦❢ A s✉❝❤ t❤❛t ρF
M (Ai) <

ρF
M (A) ❢♦r ❛❧❧ i ∈ [3]✱ t❤❡♥ B ✐s k✲❜r❛♥❝❤❡❞✳

Pr♦♦❢✳ ❆ss✉♠❡ ❢♦r ❡✈❡r② tr✐♣❛rt✐t✐♦♥ (A1, A2, A3) ♦❢ A✱ ✇❡ ❤❛✈❡ ρF
M (Ai) ≥ ρF

M (A) ❢♦r s♦♠❡
i ∈ [3]✳

❈❧❛✐♠ ✷✳✶ ■❢ (X1, X2) ✐s ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ V ✇✐t❤ ρF
M (X1) ≤ k✱ t❤❡♥ ❡✐t❤❡r ρF

M (B ∩X1) ≤ k
♦r ρF

M (B ∩X2) ≤ k✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✷✳✶✳ ▲❡t (A ∩ X1, A ∩ X2, ∅) ❜❡ ❛ tr✐♣❛rt✐t✐♦♥ ♦❢ A✳ ❚❤❡♥ ❡✐t❤❡r
ρF

M (A∩X1) ≥ ρF
M (A) ♦r ρF

M (A∩X2) ≥ ρF
M (A)❀ ❛ss✉♠❡✱ ρF

M (A∩X1) ≥ ρF
M (A)✳ ❇② s✉❜♠♦❞✉✲

❧❛r✐t②✱ ρF
M (A∪X1) ≤ ρF

M (A)+ρF
M (X1)−ρF

M (A∩X1) ≤ k✳ ❙♦✱ ρF
M (A∪X1) = ρF

M (B∩X2) ≤ k✳

❲❡ ❧❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ M ♦❢ F ✲r❛♥❦✲✇✐❞t❤ k✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t |V | ≥ 3 ❛♥❞ k > 0✱
♦t❤❡r✇✐s❡ ✐t ✐s tr✐✈✐❛❧✳

❈❧❛✐♠ ✷✳✷ ❚❤❡r❡ ❡①✐sts ❛ ❞❡❣r❡❡✲3 ♥♦❞❡ s ♦❢ T s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ✱ ρF
M (Yes∩B) ≤ k✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✷✳✷✳ ❲❡ ❝♦♥str✉❝t ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ T ✳ ▲❡t e ❜❡ ❛♥ ❡❞❣❡ ♦❢ T ❛♥❞ ❧❡t u ❛♥❞
v ❜❡ t❤❡ ❡♥❞s ♦❢ e✳ ■❢ ρF

M (Yev ∩B) ≤ k✱ t❤❡♥ ✇❡ ♦r✐❡♥t e ❢r♦♠ u t♦ v✳ ❇② ❈❧❛✐♠ ✷✳✶ ❡❛❝❤ ❡❞❣❡
r❡❝❡✐✈❡s ❛t ❧❡❛st ♦♥❡ ♦r✐❡♥t❛t✐♦♥✳

❋✐rst ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥♦❞❡ v ♦❢ T t❤❛t ✐s ❝♦♥♥❡❝t❡❞ t♦ ❡✈❡r② ♦t❤❡r ♥♦❞❡ ♦❢ T ❜②
❛ ❞✐r❡❝t❡❞ ♣❛t❤ ✐♥ T ✳ ❙✐♥❝❡ k ≥ 1✱ ❡❛❝❤ ❡❞❣❡ ✐♥❝✐❞❡♥t t♦ ❛ ❧❡❛❢ ❤❛s ❜❡❡♥ ♦r✐❡♥t❡❞ ❛✇❛② ❢r♦♠
t❤❛t ❧❡❛❢✳ ❍❡♥❝❡ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t v ❤❛s ❞❡❣r❡❡ 3✳ ❚❤❡♥ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ✇✐t❤ s = v✳

◆❡①t✱ ❛ss✉♠❡ t❤❡r❡ ❡①✐sts ♥♦ ♥♦❞❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ ❡✈❡r② ♦t❤❡r ♥♦❞❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛✐r
♦❢ ❡❞❣❡s e ❛♥❞ f ❛♥❞ ❛ ♥♦❞❡ w ♦♥ t❤❡ ♣❛t❤ ❝♦♥♥❡❝t✐♥❣ e ❛♥❞ f s✉❝❤ t❤❛t ♥❡✐t❤❡r e ♥♦r f
✐s ♦r✐❡♥t❡❞ t♦✇❛r❞ w✳ ▲❡t Y2 = V − (Yew ∪ Yfw)✳ ❙✐♥❝❡ e ❛♥❞ f ❛r❡ ♦r✐❡♥t❡❞ ❛✇❛② ❢r♦♠ w✱
ρF

M ((Yfw ∪ Y2) ∩B) ≤ k ❛♥❞ ρF
M ((Yew ∪ Y2) ∩B) ≤ k✳ ❇② s✉❜♠♦❞✉❧❛r✐t②✱

ρF
M (Yew ∩B) + ρF

M (Yfw ∩B) ≤ ρF
M ((Yfw ∪ Y2) ∩B) + ρF

M ((Yew ∪ Y2) ∩B)

≤ 2k.

❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t ♥❡✐t❤❡r e ♥♦r f ✐s ♦r✐❡♥t❡❞ t♦✇❛r❞ w✳



✸✷ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

▲❡t s ❜❡ ❛ ♥♦❞❡ s❛t✐s❢②✐♥❣ ❈❧❛✐♠ ✷✳✷✱ ❧❡t e1, e2 ❛♥❞ e3 ❜❡ t❤❡ ❡❞❣❡s ♦❢ T ✐♥❝✐❞❡♥t t♦ s✳ ◆♦t❡
t❤❛t ❜② ❛ss✉♠♣t✐♦♥ ρF

M (Yeis∩A) ≥ ρF
M (A) ❢♦r s♦♠❡ i ∈ [3]❀ ❛ss✉♠❡ i = 1✳ ❇② s✉❜✲♠♦❞✉❧❛r✐t②✱

ρF
M ((Ye2s ∪ Ye3s) ∩B) = ρF

M (Ye1s ∪A)

≤ ρF
M (Ye1s) + ρF

M (A)− ρF
M (Ye1s ∩A)

≤ ρF
M (Ye1s) ≤ k.

◆♦✇ ✇❡ ❝♦♥str✉❝t ❛ ❜r❛♥❝❤✐♥❣ (T ′, r,L′) ♦❢ B✳ ▲❡t T ′ ❜❡ ❛ tr❡❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♠✐♥✐♠✉♠
s✉❜tr❡❡ ♦❢ T ❝♦♥t❛✐♥✐♥❣ ❜♦t❤ e1 ❛♥❞ ♥♦❞❡s ✐♥ L(B) ❜② s✉❜❞✐✈✐❞✐♥❣ e1 ✇✐t❤ ❛ ♥♦❞❡ b✱ ❛❞❞✐♥❣
❛ ♥♦❞❡✱ ❞❡♥♦t❡❞ ❜② r✱ ♦❢ ❞❡❣r❡❡ 1 ❛❞❥❛❝❡♥t t♦ b ✭✇❡ ❞❡❧❡t❡ ❛❧❧ t❤❡ ❞❡❣r❡❡✲✷ ♥♦❞❡s✮✳ ❋♦r ❡❛❝❤
x ∈ B✱ ✇❡ ❧❡t L′(x) ❜❡ t❤❡ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ 1 ♦❢ T ′ ✐♥❞✉❝❡❞ ❜② L(x)✳ ❚❤❡♥ (T ′, r,L′) ✐s ❛
❜r❛♥❝❤✐♥❣ ♦❢ B✳ ❇② ❈❧❛✐♠ ✷✳✷ ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ′✱ ✇❡ ❤❛✈❡ ρF

M (Yer) ≤ k✳ ❙♦ B ✐s k✲❜r❛♥❝❤❡❞✳

▲❡t g : N → N ❜❡ ❛ ❢✉♥❝t✐♦♥✳ ❆ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ✐s ❝❛❧❧❡❞ (m, g)✲❝♦♥♥❡❝t❡❞ ✐❢ ❢♦r
❡✈❡r② ♣❛rt✐t✐♦♥ (A,B) ♦❢ V ✱ ρF

M (A) = ℓ < m ✐♠♣❧✐❡s |A| ≤ g(ℓ) ♦r |B| ≤ g(ℓ)✳ ❚❤✐s ♥♦t✐♦♥
✇✐❧❧ ❤❡❧♣ ✉s t♦ ❜♦✉♥❞ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠✐♥✐♠❛❧ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s t❤❛t ❡✈❡r② σ✲s②♠♠❡tr✐❝
♠❛tr✐① ♦❢ F ✲r❛♥❦✲✇✐❞t❤ k ♠✉st ❡①❝❧✉❞❡ ❛s ✈❡rt❡①✲♠✐♥♦rs✳

▲❡♠♠❛ ✷✳✻ ▲❡t f : N → N ❜❡ ❛ ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ▲❡t M ❜❡ ❛ (m, f)✲❝♦♥♥❡❝t❡❞ σ✲
s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❛♥❞ ❧❡t x ❜❡ ✐♥ V ✳ ❚❤❡♥ ❡✐t❤❡r M\x ♦r (M ∗ x)\x ✐s (m, 2f)✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❲❡ ❝♦♥t✐♥✉❡ t♦ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❬❖✉♠✵✺❜✱ ▲❡♠♠❛ ✺✳✷❪✳

❙✉♣♣♦s❡ ♥❡✐t❤❡rM\x ♥♦r (M ∗x)\x ✐s (m, 2f)✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❜✐♣❛rt✐t✐♦♥s (A1, A2)
❛♥❞ (B1, B2) ♦❢ V − {x} s✉❝❤ t❤❛t

a = ρF
M\x(A1) |A1| > 2f(a) |A2| > 2f(a)

b = ρF
(M∗x)\x(B1) |B1| > 2f(b) |B2| > 2f(b).

❲❡ ♠❛② ❛ss✉♠❡ t❤❛t a ≥ b ❛♥❞ t❤❛t |A1 ∩B1| > f(a)✳ ❇② ▲❡♠♠❛ ✷✳✹ ✇❡ ❤❛✈❡

ρF
M (A1 ∩B1) + ρF

M (A2 ∩B2) ≤ a+ b+ 1.

❚❤✉s ❡✐t❤❡r ρF
M (A1 ∩B1) ≤ a ♦r ρF

M (A2 ∩B2) ≤ b✳ ❙♦ ❜② ❤②♣♦t❤❡s✐s ❡✐t❤❡r |A1 ∩B1| ≤ f(a)
♦r |A2 ∩B2| ≤ f(b)❀ s✉♣♣♦s❡ |A2 ∩B2| ≤ f(b)✳ ❙✐♠✐❧❛r❧② ✇❡ ❛❧s♦ ❤❛✈❡ ❡✐t❤❡r |A2 ∩B1| ≤ f(a)
♦r |A1 ∩ B2| ≤ f(b)✳ ❙✐♥❝❡ |A1 ∩ B2| = |B2| − |B2 ∩ A2| > f(b) ✇❡ ❤❛✈❡ |A2 ∩ B1| ≤ f(a)✳
❚❤❡♥ |A2| = |A2 ∩B1|+ |A2 ∩B2| ≤ f(a) + f(b) ≤ 2f(a)❀ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❲❡ ❧❡t g(n) = (6n − 1)/5✳ ◆♦t❡ t❤❛t g(0) = 0, g(1) = 1 ❛♥❞ g(n) = 6g(n − 1) + 1 ❢♦r
❛❧❧ n ≥ 1✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♠✐♥✐♠❛❧ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s t❤❛t ❤❛✈❡ F ✲r❛♥❦✲✇✐❞t❤ ❛t
❧❡❛st k + 1 ❛r❡ (k + 1, g)✲❝♦♥♥❡❝t❡❞✳

▲❡♠♠❛ ✷✳✼ ▲❡t k ≥ 1 ❛♥❞ ❧❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲♠❛tr✐① ❢♦r s♦♠❡ ✜♥✐t❡ s❡t V ✳ ■❢ M
❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k ❜✉t ❡✈❡r② ♣r♦♣❡r ✈❡rt❡①✲♠✐♥♦r ♦❢ M ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st
k✱ t❤❡♥ M ✐s (k + 1, g)✲❝♦♥♥❡❝t❡❞✳



✷✳✸✳ ❊①❝❧✉❞❡❞ ❱❡rt❡①✲▼✐♥♦rs ✸✸

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ ❬❖✉♠✵✺❜✱ ▲❡♠♠❛ ✺✳✸❪✳ ❲❡ ❛ss✉♠❡ M ❝♦♥♥❡❝t❡❞ s✐♥❝❡ t❤❡
F ✲r❛♥❦✲✇✐❞t❤ ♦❢ M ✐s t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ ✐ts ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ■t ✐s
♥♦✇ ❡❛s② t♦ s❡❡ t❤❛t M ✐s (1, g)✲❝♦♥♥❡❝t❡❞✳

❙✉♣♣♦s❡ m ≤ k ❛♥❞ M ✐s (m, g)✲❝♦♥♥❡❝t❡❞ ❜✉t M ✐s ♥♦t (m + 1, g)✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ ♣❛rt✐t✐♦♥ (A,B) ✇✐t❤ ρF

M (A) = m s✉❝❤ t❤❛t |A| > g(m), |B| > g(m)✳ ❆❧s♦ ❡✐t❤❡r
A ♦r B ✐s ♥♦t k✲❜r❛♥❝❤❡❞ ✭rwd

F (M) > k✮✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t B ✐s ♥♦t k✲❜r❛♥❝❤❡❞✳ ▲❡t
x ∈ A✳

❇② ▲❡♠♠❛ ✷✳✻✱ ❡✐t❤❡r M\x ♦r (M ∗ x)\x ✐s (m, 2g)✲❝♦♥♥❡❝t❡❞❀ ❛ss✉♠❡ M\x ✐s (m, 2g)✲
❝♦♥♥❡❝t❡❞✳ ❙✐♥❝❡ M\x ❛♥❞ (M ∗x)\x ❛r❡ ♣r♦♣❡r ✈❡rt❡①✲♠✐♥♦rs ♦❢ M ✱ t❤❡② ❜♦t❤ ❤❛✈❡ F ✲r❛♥❦✲
✇✐❞t❤ ❛t ♠♦st k✳ ▲❡t (A1, A2, A3) ❜❡ ❛ tr✐♣❛rt✐t✐♦♥ ♦❢ A−{x}✳ ❙✐♥❝❡ |A| > g(m) = 6g(m−1)+1
t❤❡r❡ ❡①✐sts ❛♥ i ∈ [3] s✉❝❤ t❤❛t |Ai| > 2g(m − 1)✳ ❙✐♥❝❡ M\x ✐s (m, 2g)✲❝♦♥♥❡❝t❡❞ ❛♥❞
|Ai| > 2g(m− 1)✱

ρF
M\x(Ai) ≥ m ≥ ρF

M\x(A− {x}).

❚❤❡r❡❢♦r❡ ❜② ▲❡♠♠❛ ✷✳✺✱ B ✐s k✲❜r❛♥❝❤❡❞ ✐♥ M\x✳ ❙✐♥❝❡ B ✐s ♥♦t k✲❜r❛♥❝❤❡❞ ✐♥ M t❤❡r❡
❡①✐sts W ⊆ B s✉❝❤ t❤❛t

ρF
M (W ) = ρF

M\x(W ) + 1.

❚❤✉s✱ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ♦❢MV −(W∪x)
W ❞♦ ♥♦t s♣❛♥Mx

W ✳ ❙♦✱ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ♦❢MV −(B∪x)
W

❞♦ ♥♦t s♣❛♥ Mx
W ✳ ❍❡♥❝❡✱ t❤❡ ❝♦❧✉♠♥ ✈❡❝t♦rs ♦❢ MV −(B∪x)

B ❞♦ ♥♦t s♣❛♥ Mx
B✳ ❚❤❡r❡❢♦r❡✱

ρF
M\x(B) = ρF

M (B)− 1 = m− 1.

❚❤✐s ✐♠♣❧✐❡s t❤❛t |B| ≤ 2g(m− 1) ♦r |A− {x}| ≤ 2g(m− 1)✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬❖✉♠✵✺❜✱
❚❤❡♦r❡♠ ✺✳✹❪✳ ◆♦t✐❝❡ t❤❛t✱ ❛s ✐♥ ❬●●❘❲✵✸✱ ❖✉♠✵✺❜❪✱ ▲❡♠♠❛ ✷✳✼ ✐s t❤❡ ❦❡② ❧❡♠♠❛ ✐♥ t❤❡
♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✷✳✶ ✭❊①❝❧✉❞❡❞ ❱❡rt❡①✲▼✐♥♦rs✮ ▲❡t k ≥ 1 ❛♥❞ ❧❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ V ✲
♠❛tr✐① ❢♦r s♦♠❡ ✜♥✐t❡ s❡t V ✳ ■❢ M ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k ❜✉t ❡✈❡r② ♣r♦♣❡r ✈❡rt❡①✲
♠✐♥♦r ♦❢ M ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡♥ |V | ≤ (6k+1 − 1)/5✳

Pr♦♦❢✳ ▲❡t x ∈ V ✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t M\x ✐s (k + 1, 2g)✲❝♦♥♥❡❝t❡❞ ❜② ▲❡♠♠❛s ✷✳✻
❛♥❞ ✷✳✼✳ ❙✐♥❝❡ M\x ❤❛s F ✲r❛♥❦✲✇✐❞t❤ k✱ t❤❡r❡ ❡①✐sts ❛ ❜✐♣❛r✐t✐t✐♦♥ (A,B) ♦❢ V − {x}
s✉❝❤ t❤❛t |A| ≥ 1

3(|V | − 1) ❛♥❞ |B| ≥ 1
3(|V | − 1) ❛♥❞ ρF

M\x(A) ≤ k✳ ❇② (k + 1, 2g)✲
❝♦♥♥❡❝t✐✈✐t②✱ ❡✐t❤❡r |A| ≤ 2g(k) ♦r |B| ≤ 2g(k)✳ ❚❤❡r❡❢♦r❡ |V | − 1 ≤ 6g(k) ❛♥❞ ❝♦♥s❡q✉❡♥t❧②
|V | ≤ 6g(k) + 1 = g(k + 1)✳



✸✹ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s

■t ✐s s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❜♦✉♥❞ (6k+1 − 1)/5 ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♥❡✐t❤❡r ♦♥ F ♥♦r ♦♥ σ✱ ❜✉t
t❤❛t ✐s ❜❡❝❛✉s❡ ♦✉r ♣r♦♦❢ t❡❝❤♥✐q✉❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ρF

M ❛♥❞ ♥♦t ♦♥ F ♦r σ✳
❍♦✇❡✈❡r✱ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ❞❡♣❡♥❞s ♦♥ F s✐♥❝❡ t❤❡r❡ ✐s ♥♦ r❡❛s♦♥ t❤❛t t❤❡ r❛♥❦ ♦❢ ❛ ♠❛tr✐①
✐s t❤❡ s❛♠❡ ✐♥ t✇♦ ❞✐✛❡r❡♥t ✜❡❧❞s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤✐❝❤ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢
❬❖✉♠✵✺❜✱ ❈♦r♦❧❧❛r② ✺✳✺❪✱ t❤❡ s❡t ♦❢ ❢♦r❜✐❞❞❡♥ σ✲♠❛tr✐❝❡s ❛s ✈❡rt❡①✲♠✐♥♦rs ❞❡♣❡♥❞s ♦♥ F ❛♥❞
σ✳

❈♦r♦❧❧❛r② ✷✳✶ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2 ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r✲
♣❤✐s♠✳ ❋♦r ❡❛❝❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❧✐st C(F,σ)

k ♦❢ σ✲s②♠♠❡tr✐❝ (ℓ× ℓ)✲♠❛tr✐❝❡s✱
ℓ ≤ (6k+1 − 1)/5 s✉❝❤ t❤❛t ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① M ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧②

✐❢ ♥♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① ✐♥ C(F,σ)
k ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ M ✳

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ ❛❣❛✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬❖✉♠✵✺❜✱ ❈♦r♦❧❧❛r② ✺✳✺❪✳ ■❢ k < 0 ✇❡ ❧❡t Ck = ∅✳ ■❢ k = 0✱

✇❡ ❧❡t C(F,σ)
0 = {Ia | a ∈ F, a 6= 0} ✇❤❡r❡ Ia =

(
0 a
a 0

)
✳ ■t ✐s ❝❧❡❛r t❤❛t M ❤❛s F ✲r❛♥❦✲✇✐❞t❤

❛t ♠♦st 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ❤❛s ♥♦ ✈❡rt❡①✲♠✐♥♦r ✐s♦♠♦r♣❤✐❝ t♦ s♦♠❡ Ia ∈ C(F,σ)
0 ✳ ▲❡t k ≥ 1✳

▲❡t C(F,σ)
k ❜❡ t❤❡ s❡t ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s N s✉❝❤ t❤❛t rwd

F (N) > k ❛♥❞ ❡✈❡r② ♣r♦♣❡r

✈❡rt❡①✲♠✐♥♦r ♦❢ N ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳ ❇② ❚❤❡♦r❡♠ ✷✳✶✱ C(F,σ)
k ✐s ✜♥✐t❡ ❛♥❞ ❡❛❝❤

σ✲s②♠♠❡tr✐❝ ♠❛tr✐① ✐♥ C(F,σ)
k ❤❛s ♦r❞❡r (ℓ× ℓ) ✇❤❡r❡ ℓ ≤ (6k+1 − 1)/5✳

▲❡t M ❜❡ ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① ♦❢ F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳ ❙✐♥❝❡ ❡✈❡r② ♠❛tr✐① ✐♥ C(F,σ)
k ❤❛s

F ✲r❛♥❦✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k✱ ♥♦ ♠❛tr✐① ✐♥ C(F,σ)
k ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ M ✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ M ✐s ❧❛r❣❡r t❤❛♥ k ❛♥❞ ❧❡t N ❜❡ ❛ ♣r♦♣❡r
✈❡rt❡①✲♠✐♥♦r ♦❢ M ♦❢ ♠✐♥✐♠✉♠ s✐③❡ s✉❝❤ t❤❛t rwd

F (N) > k✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠❛tr✐①

N ′ ∈ C(F,σ)
k ✐s♦♠♦r♣❤✐❝ t♦ N ✳

❲❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ s✐③❡ ♦❢ C(F,σ)
k ✳ ▲❡t F (F,σ)

ℓ ❜❡ t❤❡ s❡t ♦❢ σ✲s②♠♠❡tr✐❝
V ✲♠❛tr✐❝❡s ♦✈❡r F ✇❤❡r❡ |V | = ℓ✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t✿

|F (F,σ)
ℓ | = |F |ℓ−1 × |F |ℓ−2 × · · · × |F |.

❇② ❈♦r♦❧❧❛r② ✷✳✶✱ ✐❢ ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① M ✐s ❛♥ ❡①❝❧✉❞❡❞ ✈❡rt❡①✲♠✐♥♦r ❢♦r σ✲s②♠♠❡tr✐❝
♠❛tr✐❝❡s ♦❢ F ✲r❛♥❦✲✇✐❞t❤ k✱ t❤❡♥ t❤❡ ♦r❞❡r ♦❢ M ✐s ℓ× ℓ ✇❤❡r❡ ℓ ≤ (6k+1 − 1)/5✳ ❚❤❡r❡❢♦r❡✱

t❤❡ s✐③❡ ♦❢ C(F,σ)
k ✐s ❜♦✉♥❞❡❞ ❜②

∑
k+1≤j≤ℓ |F

(F,σ)
j | ✇❤❡r❡ ℓ = (6k+1− 1)/5✳ ❚❤✐s ✉♣♣❡r ❜♦✉♥❞

✐s ♦❢ ♥♦ ❤❡❧♣ ❢♦r ❛ ❝♦♥❝r❡t❡ ❝♦♠♣✉t❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦✉♥❞ (6k+1 − 1)/5 s❡❡♠s t♦ ❜❡ ❢❛r
❢r♦♠ ♦♣t✐♠❛❧✳ ❇✉t✱ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ✐♠♣r♦✈❡ ✐t✳

✷✳✹ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r ❛ ✜❡❧❞ F ❛♥❞ ❛ ♥♦t✐♦♥
♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r F ✳ ❲❡ ❤❛✈❡ ❣❡♥❡r❛❧✐③❡❞ ❚❤❡♦r❡♠ ✶✳✶ t♦ σ✲
s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✳ ❚❤❡r❡ ❛r❡ t✇♦ ♦♣❡♥ q✉❡st✐♦♥s✿



✷✳✹✳ ❈♦♥❝❧✉s✐♦♥ ✸✺

✭◗✷✳✶✮ ●❡♥❡r❛❧✐③❡ ❚❤❡♦r❡♠ ✷✳✶ t♦ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r ❛❧❧ ✜♥✐t❡ ✜❡❧❞s✳

✭◗✷✳✷✮ ●✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠ t♦ r❡❝♦❣♥✐③❡ ✐❢ ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐① ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ ❛♥♦t❤❡r
σ✲s②♠♠❡tr✐❝ ♠❛tr✐①✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r t♦ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s
✐♥ ❈❤❛♣t❡r ✸✳



✸✻ ❈❤❛♣t❡r ✷✳ ❘❛♥❦✲✇✐❞t❤ ♦❢ σ✲❙②♠♠❡tr✐❝ ▼❛tr✐❝❡s



❈❤❛♣t❡r ✸

❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ❞❡✜♥❡ t✇♦
♣♦ss✐❜❧❡ ♥♦t✐♦♥s✿ ♦♥❡ ❜❛s❡❞ ♦♥ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✱ ❝❛❧❧❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤✱ ❛♥❞ ❛♥♦t❤❡r
❜❛s❡❞ ♦♥ ❛ ❝♦❞✐♥❣ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ❝❛❧❧❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ❝♦♠♣❛r❡
t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ✐♥ t❤✐s ❝❤❛♣t❡r✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ t✇♦ ♥♦t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤
❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❞❡✜♥❡ ❢♦r ❡❛❝❤ ♦❢ t❤❡♠ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r✳ ❲❡ ♣r♦✈❡ ✐♥ ❙❡❝t✐♦♥
✸✳✷ t❤❛t t❤❡ t✇♦ ♥♦t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐✳❡✳✱ t❤❛t ❛ ❝❧❛ss ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞
GF (4)✲r❛♥❦✲✇✐❞t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❜♦✉♥❞❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤✳

✸✳✶ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

✸✳✶✳✶ GF (4)✲❘❛♥❦✲❲✐❞t❤

❲❡ r❡❝❛❧❧ t❤❛t GF (4) ❤❛s ❢♦✉r ❡❧❡♠❡♥ts {0, 1, a, a2} ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t 1+a+a2 = 0 ❛♥❞
a3 = 1 ❛♥❞ ✐s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2✳

❉❡✜♥✐t✐♦♥ ✸✳✶ ✭GF (4)✲❘❛♥❦✲❲✐❞t❤✮ ❋♦r ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤G✱ ✇❡ ❞❡♥♦t❡ ❜② FG t❤❡ VG✲♠❛tr✐①
♦✈❡r GF (4) ✇❤❡r❡✿

(FG)y
x =





0 ✐✛ (x, y) /∈ EG ❛♥❞ (y, x) /∈ EG

a ✐✛ (x, y) ∈ EG ❛♥❞ (y, x) /∈ EG

a2 ✐✛ (y, x) ∈ EG ❛♥❞ (x, y) /∈ EG

1 ✐✛ (x, y) ∈ EG ❛♥❞ (y, x) ∈ EG

❲❡ ❧❡t σ : GF (4)→ GF (4) ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠ s✉❝❤ t❤❛t σ(1) = 1, σ(0) = 0, σ(a) = a2

❛♥❞ σ(a2) = a✳ ■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t FG ✐s ❛ σ✲s②♠♠❡tr✐❝ VG✲♠❛tr✐①✳ ❚❤❡ GF (4)✲r❛♥❦✲✇✐❞t❤ ♦❢
G✱ ❞❡♥♦t❡❞ ❜② rwd

(4 )(G)✱ ✐s t❤❡ GF (4)✲r❛♥❦✲✇✐❞t❤ ♦❢ FG✳

❘❡♠❛r❦ ✸✳✶ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❲❡ ❞❡♥♦t❡ ❜②
−→
G t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠

G ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❡❞❣❡ ❜② t✇♦ ♦♣♣♦s✐t❡ ❡❞❣❡s✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
−→
G ✱ ✇❡ ❤❛✈❡ AG = F−→

G
✳

❚❤❡♥ rwd
(4 )(
−→
G) = rwd(G) ✭s❡❡ ▲❡♠♠❛ ✸✳✷✮✳

✸✼



✸✽ ❈❤❛♣t❡r ✸✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

❊①❛♠♣❧❡ ✸✳✶ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮ ✭❈❤❛♣t❡r ✶✱ ❙❡❝t✐♦♥ ✶✳✶✮✳ ❚❤❡
VG✲♠❛tr✐① ♦✈❡r GF (4) ♦❢ G ✐s✿

FG =

x1 x2 x3 x4 x5 x6

x1 0 a a a2 a 0

x2 a2 0 0 0 a a

x3 a2 0 0 a 0 a

x4 a 0 a2 0 a 0

x5 a2 a2 0 a2 0 0

x6 0 a2 a2 0 0 0

❋✐❣✉r❡ ✽ s❤♦✇s ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρ
GF (4)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 2✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r②

♣❛✐r (z, t) ♦❢ ✈❡rt✐❝❡s ✐♥ G✱ ✇❡ ❤❛✈❡ ρ
GF (4)
G ({z, t}) = 2✳ ❚❤❡♥ t❤❡ GF (4)✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s 2✳

x1x4
x3x2 x5 x6

❋✐❣✉r❡ ✽✿ ❆ ❧❛②♦✉t ♦❢ ρGF (4)
G ✇❤❡r❡ G ✐s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳

▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t FG ❜❡ t❤❡ VG✲♠❛tr✐① t❤❛t r❡♣r❡s❡♥ts ✐ts ❛❞❥❛❝❡♥❝✐❡s✳
❚❤❡♥ ✐♥ ❛♥② ❧❛②♦✉t (T,L) ♦❢ ρGF (4)

FG
✱ t❤❡ ✈❡rt✐❝❡s ♦❢ G ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ♥♦❞❡s ♦❢ ❞❡❣r❡❡

1 ✐♥ T ✳ ❚❤❡♥ ❛ ❧❛②♦✉t ♦❢ ρGF (4)
FG

♠❡❛s✉r❡s ❤♦✇ s♦♠❡ ❜✐♣❛rt✐t✐♦♥s ♦❢ VG ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ✉s✐♥❣
t❤❡ VG✲♠❛tr✐① FG✳ ❲❡ ✇✐❧❧ ♥♦✇ ❞❡✜♥❡ ♦✉r ✜rst ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜②
✉s✐♥❣ ❉❡✜♥✐t✐♦♥ ✷✳✹✳

▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t x ❜❡ ❛ ✈❡rt❡① ♦❢ G✳ ❆♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ G ❛t
x ✐s t❤❡ ❣r❛♣❤ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ VG✲♠❛tr✐① FG ∗ x✱ ♥♦t❡❞ G ∗ x✳ ❲❡ s❛② t❤❛t ❛ ❞✐r❡❝t❡❞
❣r❛♣❤ H ✐s ❧❝✲❡q✉✐✈❛❧❡♥t t♦ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐❢ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛ s❡q✉❡♥❝❡ ♦❢
❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥s ❛♥❞ H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G ✐❢ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛ s❡q✉❡♥❝❡
♦❢ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥s ❛♥❞ ♦❢ ✈❡rt❡①✲❞❡❧❡t✐♦♥s✳ ❚❤✉s✱ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r
♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ FH ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ FG✳ ❖♥❡ ❝❛♥ ✈❡r✐❢②✱ ✉s✐♥❣ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥✱ t❤❛t ✐❢ H = G ∗ x✱ t❤❡♥ H ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ♠♦❞✐❢②✐♥❣
t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ x ❛s s❤♦✇♥ ❜② ❚❛❜❧❡ ✶✶✳

❊①❛♠♣❧❡ ✸✳✷ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳ ❋✐❣✉r❡ ✾ s❤♦✇s t❤❡ ❞✐r❡❝t❡❞
❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x4 ♦❢ G✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❧❛②♦✉t ♦♥
❋✐❣✉r❡ ✽ ♦❢ G ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ G ∗ x4 ❛♥❞ ♦❢ s❛♠❡ ❜r❛♥❝❤✲✇✐❞t❤✳

✶x → y ♠❡❛♥s (x, y) ✐s ❛♥ ❛r❝ ❛♥❞ ♥♦t (y, x)❀ x ← y ♠❡❛♥s (y, x) ✐s ❛♥ ❛r❝ ❛♥❞ ♥♦t (x, y)❀ x ↔ y ♠❡❛♥s
(x, y) ❛♥❞ (y, x) ❛r❡ ❛r❝s ❛♥❞ x1 ⊥ x2 ♠❡❛♥s ♥♦ ❛r❝ ❜❡t✇❡❡♥ x1 ❛♥❞ x2✳



✸✳✶✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s ✸✾

G G ∗ x
x1 ⊥ x2 x1 ↔ x2

x1 → x2 x1 ← x2

x1 ← x2 x1 → x2

x1 ↔ x2 x1 ⊥ x2

G G ∗ x
x1 ⊥ x2 x1 → x2

x1 → x2 x1 ⊥ x2

x1 ← x2 x1 ↔ x2

x1 ↔ x2 x1 ← x2

✭❛✮ ✭❜✮

❚❛❜❧❡ ✶✿ ✭❛✮ ❯♥✐❢♦r♠ ❈❛s❡✿ x1 ← x→ x2 ♦r x1 → x← x2 ♦r x1 ↔ x↔ x2✳ ✭❜✮ ◆♦♥ ❯♥✐❢♦r♠
❈❛s❡✿ x1 ← x← x2 ♦r x1 → x↔ x2 ♦r x1 ↔ x→ x2✳

x3

x6

x5

x4

x1

x2

❋✐❣✉r❡ ✾✿ ❚❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ∗ x4 ✇❤❡r❡ G ✐s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳

◆♦t❡ t❤❛t ✇❤❡♥ G ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✱ t❤❡♥ ✇❤❡♥ ❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢−→
G ❛t x ∈ VG✱ t❤❡ s✉❜✲❣r❛♣❤ ♦❢

−→
G ✐♥❞✉❝❡❞ ♦♥ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ x ✐s ❡❞❣❡✲❝♦♠♣❧❡♠❡♥t❡❞✱ ✐✳❡✳✱ ✐❢

z ↔ y ∈ V−→
G
✱ t❤❡♥ z ⊥ y ❤♦❧❞s ✐♥

−→
G ∗x ❛♥❞ ✈✐❝❡✲✈❡rs❛ ✭s❡❡ ❚❛❜❧❡ ✶✮✳ ❚❤❡r❡❢♦r❡✱

−→
G ∗x =

−−−→
G ∗ x✳

❲❡ ❣❡t t❤✐s t❤❡♦r❡♠ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✷✳✶✳

❚❤❡♦r❡♠ ✸✳✶ ❋♦r ❡❛❝❤ k✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❧✐st Ck ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛✈✐♥❣ ❛t ♠♦st (6k+1−1)/5
✈❡rt✐❝❡s s✉❝❤ t❤❛t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♥♦ ❞✐r❡❝t❡❞
❣r❛♣❤ ✐♥ Ck ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G✳

■♥ ❛ ❣r❛♣❤G✱ ❞✐r❡❝t❡❞ ♦r ♥♦t✱ ❛ ✈❡rt❡① ♦❢G ✐s ❛ ♣❡♥❞❛♥t ✈❡rt❡① ✐❢ ✐t ❤❛s ♦♥❧② ♦♥❡ ♥❡✐❣❤❜♦r✳ ❆
❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ❛ s✐♥❣❧❡ ✈❡rt❡① ♦r t❤❛t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❢r♦♠ ❛ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ ❜② ❛❞❞✐♥❣ ❛♥ ✐s♦❧❛t❡❞ ✈❡rt❡① ♦r ❛ ♣❡♥❞❛♥t ✈❡rt❡① ♦r ❜②
❝r❡❛t✐♥❣ t✇✐♥s✷✳ ❖✉♠ ♣r♦✈❡❞ t❤❛t ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 1 ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐t ✐s ❛ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ ❬❖✉♠✵✺❜❪✳ ❲❡ ✇✐❧❧ ❣✐✈❡ ❛ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❣r❛♣❤
❝❧❛ss❡s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 1✳ ▲❡t ✉s ✜rst ❣✐✈❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✸✳✷ ✭❖r✐❡♥t❡❞ ❉✐st❛♥❝❡ ❍❡r❡❞✐t❛r② ●r❛♣❤s✮ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❚✇♦

✈❡rt✐❝❡s x ❛♥❞ y ♦❢ G ❛r❡ ❝❛❧❧❡❞ ❞t✇✐♥s ✐❢ ρ
GF (4)
G ({x, y}) ≤ 1✳ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❝❛❧❧❡❞ ❛♥ ♦r✐❡♥t❡❞

❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ❛ s✐♥❣❧❡ ✈❡rt❡① ♦r ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞
❜② ❝r❡❛t✐♥❣ ❞t✐✇♥s✱ ❛❞❞✐♥❣ ❛♥ ✐s♦❧❛t❡❞ ✈❡rt❡① ♦r ❛❞❞✐♥❣ ❛ ♣❡♥❞❛♥t ✈❡rt❡① t♦ ❛♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡
❤❡r❡❞✐t❛r② ❣r❛♣❤✳

✷■♥ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ t✇✐♥s ✐❢ ❢♦r ❛❧❧ z ∈ VG − {x, y}, EG(x, z) ❤♦❧❞s ✐❢ ❛♥❞
♦♥❧② ✐❢ EG(y, z) ❤♦❧❞s✳



✹✵ ❈❤❛♣t❡r ✸✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

❊①❛♠♣❧❡ ✸✳✸ ❋✐❣✉r❡ ✶✵ s❤♦✇s ❛♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ G ❛♥❞ ❛ ❧❛②♦✉t ♦❢ ρ
GF (4)
G

♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s ❛r❡ ❞t✐✇♥s✿ (x4, x3), (x4, x6), (x, 4, x7) ❛♥❞
(x2, x8)✳

x2

x7

x3

x6

x1

x3

x1

x2 x8

x5

x6

(ii)(i)

x4 x7

x4

x5 x8

❋✐❣✉r❡ ✶✵✿ ✭✐✮ ❆♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ G✳ ✭✐✐✮ ❆ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρGF (4)
G

♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 1✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 1 ❛r❡ ❡①❛❝t❧② ♦r✐❡♥t❡❞
❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤s✳ ◆♦t✐❝❡ t❤❛t ✐❢ G ✐s ❛♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤✱ t❤❡
❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❢♦r❣❡tt✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ❛r❝s ✐s ❛ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r②
❣r❛♣❤ ❛♥❞ t❤✐s ♠♦t✐✈❛t❡s t❤❡ t❡r♠✐♥♦❧♦❣② ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r②✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t
❤❛✈❡ ❛♥② ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤s ✐♥ t❡r♠s ♦❢ ❞✐st❛♥❝❡✱ ✇❤❡r❡❛s
❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤s ❤❛✈❡ ♦♥❡✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ✐❞❡❛s ❛s ✐♥ ❬❖✉♠✵✺❜✱ ❙❡❝t✐♦♥
✼❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ ❞t✇✐♥s s✉❝❤ t❤❛t G\x ❤❛s ❛t
❧❡❛st ♦♥❡ ❛r❝✳ ❚❤❡♥ rwd

(4 )(G\x) = rwd
(4 )(G)

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ✇❡ ❤❛✈❡ rwd
(4 )(G\x) ≤ rwd

(4 )(G)✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t
rwd

(4 )(G\x) ≥ rwd
(4 )(G)✳ ▲❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k = rwd

(4 )(G\x) ♦❢ t❤❡

❢✉♥❝t✐♦♥ ρ
GF (4)
G\x ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❧❛②♦✉ts ♦❢ ρGF (4)

G\x t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ L ❜❡t✇❡❡♥ VG\x ❛♥❞

N
(1)
T ✳ ▲❡t v = L(y) ❛♥❞ ❧❡t u ∈ VT s✉❝❤ t❤❛t uv ∈ ET ✳ ▲❡t T ′ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ T ❛s ❢♦❧❧♦✇s✿

VT ′ = VT ∪ {u′, w | u′, w /∈ VT },
ET ′ = (ET − {uv}) ∪ {uu′, u′v, u′w}.

❲❡ ❧❡t L′ : VG → N
(1)
T ′ s✉❝❤ t❤❛t✿

L′(z) =

{
L(z) ✐❢ z ∈ VG − {x},
w ♦t❤❡r✇✐s❡✳

■t ✐s ❝❧❡❛r t❤❛t (T ′,L′) ✐s ❛ ❧❛②♦✉t ♦❢ ρ
GF (4)
G ✳ ❲❡ ❝❧❛✐♠ t❤❛t bwd(ρ

GF (4)
G , T ′,L′) =

bwd(ρ
GF (4)
G\x , T,L)✳



✸✳✶✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s ✹✶

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❡❞❣❡s u′v ❛♥❞ u′w ❛r❡ ❛t ♠♦st 1✳ ❙✐♥❝❡ x ❛♥❞ y
❛r❡ ❞t✇✐♥s✱ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❡❞❣❡ uu′ ✐s ❛t ♠♦st 1✳ ▼♦r❡♦✈❡r✱ t❤❡ ♦t❤❡r ❡❞❣❡s ♦❢ T ′

❛r❡ ✐♥ T ✱ t❤❡♥ t❤❡✐r ❜r❛♥❝❤✲✇✐❞t❤ ✐♥ (T ′,L′) ✐s ❡q✉❛❧ t♦ t❤❡✐r ❜r❛♥❝❤✲✇✐❞t❤ ✐♥ (T,L)✳ ❙✐♥❝❡

G\x ❤❛s ❛t ❧❡❛st ♦♥❡ ❛r❝✱ ✇❡ ❤❛✈❡ rwd
(4 )(G\x) ≥ 1✱ ✐✳❡✳✱ bwd(ρ

GF (4)
G , T ′,L′) = rwd

(4 )(G\x)✳
❚❤❡r❡❢♦r❡✱ rwd

(4 )(G\x) ≥ rwd
(4 )(G)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ s✉❝❤ t❤❛t rwd
(4 )(G) = 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐st x ❛♥❞

y s✉❝❤ t❤❛t x ❛♥❞ y ❛r❡ ❞t✇✐♥s ♦r x ✐s t❤❡ ♦♥❧② ♥❡✐❣❤❜♦r ♦❢ y✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t |VG| ≥ 3✱ ♦t❤❡r✇✐s❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s tr✐✈✐❛❧❧② tr✉❡✳ ▲❡t (T,L) ❜❡

❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρ
GF (4)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 1✳ ❚❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ u ♦❢ T

❛❞❥❛❝❡♥t ✇✐t❤ t✇♦ ♥♦❞❡s ✐♥ N
(1)
T ✱ s❛② v ❛♥❞ w✳ ❲❡ ❧❡t x ❛♥❞ y s✉❝❤ t❤❛t L(x) = v ❛♥❞

L(y) = w✳ ▲❡t u′ ❜❡ t❤❡ ♥♦❞❡ ❛❞❥❛❝❡♥t ✇✐t❤ u ❛♥❞ ❞✐✛❡r❡♥t ❢r♦♠ v ❛♥❞ w✳ ❚❤❡ ♣❛rt✐t✐♦♥
✐♥❞✉❝❡❞ ❜② T\uu′ ✐s ({x, y}, VG − {x, y})✳ ❙✐♥❝❡ rwd

(4 )(G) = 1✱ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❡❞❣❡
uu′ ✐s ❛t ♠♦st 1✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✐t❤❡r x ❛♥❞ y ❛r❡ ❞t✇✐♥s✱ ♦r y ✐s t❤❡ ♦♥❧② ♥❡✐❣❤❜♦r ♦❢ x ♦r
x ✐s t❤❡ ♦♥❧② ♥❡✐❣❤❜♦r ♦❢ y✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s ❛♥
♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❛♥❞ ❉❡✜♥✐t✐♦♥ ✸✳✷✱ ❛♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤ ❤❛s
GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 1✳ ❈♦♥✈❡rs❡❧② ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✷✱ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s
GF (4)✲r❛♥❦✲✇✐❞t❤ 1✱ ✐t ✐s ❛♥ ♦r✐❡♥t❡❞ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤✳

✸✳✶✳✷ ❇✐✲❘❛♥❦✲❲✐❞t❤

❲❡ ✇✐❧❧ ♥♦✇ ❞❡✜♥❡ ♦✉r s❡❝♦♥❞ ♥♦t✐♦♥ ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ♥❛♠❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤
❛♥❞ ❜❛s❡❞ ♦♥ ♠❛tr✐❝❡s ♦✈❡r GF (2)✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ x ❛ ✈❡rt❡① ♦❢ G✳ ❲❡ ✜rst
♦❜s❡r✈❡ t❤❛t t❤❡ ♥❡✐❣❤❜♦rs ♦❢ ❡❛❝❤ ✈❡rt❡① x ❝❛♥ ❜❡ ❣r♦✉♣❡❞ ✐♥t♦ t✇♦ ❣r♦✉♣s✿ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s
y ∈ VG s✉❝❤ t❤❛t (x, y) ∈ EG ❛♥❞ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s z ∈ VG s✉❝❤ t❤❛t (z, x) ∈ EG✳ ❲❡ ✇✐❧❧
✉s❡ t❤✐s ♦❜s❡r✈❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜❛s❡❞ ♦♥ ♠❛tr✐❝❡s
♦✈❡r GF (2)✳

❉❡✜♥✐t✐♦♥ ✸✳✸ ✭❇✐✲❘❛♥❦✲❲✐❞t❤✮ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❲❡ ❧❡t AG ❜❡ t❤❡ VG✲♠❛tr✐①
♦✈❡r GF (2) ✇❤❡r❡ (AG)y

x = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ (x, y) ∈ EG✳

❋♦r ❡✈❡r② t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts X ❛♥❞ Y ♦❢ VG✱ ✇❡ ❧❡t (A+
G)Y

X = (AG)Y
X ❛♥❞ (A−

G)Y
X =(

(AG)X
Y

)T
✳ ❋♦r ❡✈❡r②X ⊆ VG✱ ✇❡ ❧❡t ρ

(bi)
G (X) = rk

(
(A+

G)X
X

)
+rk

(
(A−

G)X
X

)
✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞

t♦ ✈❡r✐❢② t❤❛t ρ
(bi)
G ✐s s②♠♠❡tr✐❝ ❛♥❞ s✉❜♠♦❞✉❧❛r✳

❚❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ ❞❡♥♦t❡❞ ❜② brwd(G)✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤

♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρ
(bi)
G ✳



✹✷ ❈❤❛♣t❡r ✸✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

❊①❛♠♣❧❡ ✸✳✹ ❲❡ st✐❧❧ ❧❡t G ❜❡ t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ s❤♦✇s
t❤❡ ❛❞❥❛❝❡♥❝② VG✲♠❛tr✐① AG ♦❢ G✳

AG =

x1 x2 x3 x4 x5 x6

x1 0 1 1 0 1 0

x2 0 0 0 0 1 1

x3 0 0 0 1 0 1

x4 1 0 0 0 1 0

x5 0 0 0 0 0 0

x6 0 0 0 0 0 0

❲❡ ♥♦✇ ✐❧❧✉str❛t❡ ♠❛tr✐❝❡s ♦❢ t❤❡ ❢♦r♠ (A+
G)Y

X ❛♥❞ (A−
G)Y

X ✳ ▲❡t X = {x1, x2, x4} ❛♥❞ Y =
{x3, x4, x6}✳ ❲❡ ❤❛✈❡✿

(A+
G)Y

X =

x3 x5 x6

x1 1 1 0

x2 0 1 1

x4 0 1 0

(A−
G)Y

X =

x3 x5 x6

x1 0 0 0

x2 0 0 0

x4 1 0 0

❍❡♥❝❡ ρ
(bi)
G (X) = 4✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s 3 ❛♥❞ t❤❡ ❧❛②♦✉t ♦❢ ρ

GF (4)
G ♦♥

❋✐❣✉r❡ ✽ ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ρ
(bi)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 3✳

❘❡♠❛r❦ ✸✳✷ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❲❡ ❞❡♥♦t❡ ❜②
−→
G t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠

G ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❡❞❣❡ ❜② t✇♦ ♦♣♣♦s✐t❡ ❡❞❣❡s✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
−→
G ✱ ❢♦r ❡✈❡r② t✇♦ ❞✐s❥♦✐♥t

s✉❜s❡ts X ❛♥❞ Y ♦❢ G✱ ✇❡ ❤❛✈❡ (A+
G)Y

X = (A−
G)Y

X = (AG)Y
X ✳ ❚❤❡r❡❢♦r❡✱ brwd(

−→
G) = 2 · rwd(G)✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥ ❤❛✈✐♥❣ ❛ ✏❣♦♦❞ ❜❡❤❛✈✐♦r✑ ❢♦r ❜✐✲r❛♥❦✲
✇✐❞t❤✳

❉❡✜♥✐t✐♦♥ ✸✳✹ ✭❬❋❉❋✾✻❪✮ ❚❤❡ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❛t ✐ts ✈❡rt❡① x ✐s
t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ G′ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ VG✲♠❛tr✐① AG′ ✇❤❡r❡✿

(AG′)x2
x1

=

{
(AG)x2

x1
+ (AG)x

x1
· (AG)x2

x ✐❢ x1 6= x2,

(AG)x2
x1

❖t❤❡r✇✐s❡✳

❆ ❞✐r❡❝t❡❞ ❣r❛♣❤H ✐s ❜✲❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐❢H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜②
❛ s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤
G ✐❢ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ✈❡rt❡① ❞❡❧❡t✐♦♥s ❛♥❞ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥s✳

▲❡t H ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x✳
❚❤❡♥ ♦♥❧② t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ x ✐s ♠♦❞✐✜❡❞✳ ▲❡t x1 ❛♥❞ x2 ❜❡ t✇♦
♥❡✐❣❤❜♦rs ♦❢ x✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t (x1, x2) ∈ EH ✐❢ ❛♥❞ ♦♥❧② ✐❢ (x1, x2) /∈ EG ❛♥❞✱ (x1, x) ∈ EG



✸✳✶✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s ✹✸

x3

x6

x5

x4

x1

x2

❋✐❣✉r❡ ✶✶✿ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x4 ♦♥ G✱ t❤❡
❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳

G

x x

H

❋✐❣✉r❡ ✶✷✿ H ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x ❛♥❞ s✐♠✐❧❛r❧② G
✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x✳

❛♥❞ (x, x2) ∈ EG ♦r (x1, x2) ∈ EG ❛♥❞✱ (x1, x) /∈ EG ♦r (x, x2) /∈ EG✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t t❤❡
❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x ♦❢ H ✐s G✳ ❋✐❣✉r❡s ✶✶ ❛♥❞ ✶✷ ✐❧❧✉str❛t❡ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❞✐r❡❝t❡❞ ❣r❛♣❤s✳

❲❡ ❤❛✈❡ ❛ ❧❡♠♠❛ s✐♠✐❧❛r t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ❛♥❞ t♦ ▲❡♠♠❛ ✶✳✶✳

▲❡♠♠❛ ✸✳✶ ■❢ H ✐s ❜✲❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ G✱ t❤❡♥ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ H ✐s ❡q✉❛❧ t♦ t❤❡
❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ H✳ ■❢ H ✐s ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ G✱ t❤❡♥ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ H ✐s ❛t ♠♦st t❤❡
❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ G✳

Pr♦♦❢✳ ❋♦♥✲❉❡r✲❋❧❛❛ss ❬❋❉❋✾✻❪ ♣r♦✈❡❞ t❤❛t rk((A+
G)Y

X) ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❧♦❝❛❧
❝♦♠♣❧❡♠❡♥t❛t✐♦♥✳ ❙✐♥❝❡ (A−

G)Y
X = (A+

G)X
Y ✱ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ✐s ✐♥✈❛r✐❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❧♦❝❛❧

❝♦♠♣❧❡♠❡♥t❛t✐♦♥✳ ❙✐♥❝❡ t❛❦✐♥❣ s✉❜✲♠❛tr✐❝❡s ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ t❤❡ r❛♥❦✱ ✐t ❞♦❡s ♥♦t ✐♥❝r❡❛s❡
t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤✳

❘❡♠❛r❦ ✸✳✸ ■t ✐s ♦♣❡♥ ✇❤❡t❤❡r ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ❧✐st Ck ♦❢ ❞✐r❡❝t❡❞
❣r❛♣❤s s✉❝❤ t❤❛t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s ❜✐✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥
❛♥② ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥ Ck ❛s ❛ ❜✈❡rt❡①✲♠✐♥♦r✳ ❲❡ ❝❛♥ ♥♦t✐❝❡ t❤❛t ❣r❛♣❤s ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st
k ❛r❡ ♥♦t ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❜② ❜✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥✳ ■♥ ❢❛❝t t❤❡ ❝❧❛ss F ♦❢ ❞✐r❡❝t❡❞ ❡✈❡♥ ❝②❝❧❡s
s✉❝❤ t❤❛t ❡❛❝❤ ✈❡rt❡① ❤❛s ❡✐t❤❡r ✐♥✲❞❡❣r❡❡ 2 ♦r ♦✉t✲❞❡❣r❡❡ 2✱ ❛r❡ ♦❢ ❜♦✉♥❞❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛♥❞ ❛r❡



✹✹ ❈❤❛♣t❡r ✸✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

♥♦t ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❜② ❜✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥ s✐♥❝❡ ♥♦♥❡ ♦❢ t❤❡♠ ✐s ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ ❛♥♦t❤❡r✳
❋✐❣✉r❡ ✶✸ ✐❧❧✉str❛t❡s s✉❝❤ ❝②❝❧❡s✳

■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ H ❝❛♥ ❜❡ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤
G ✇✐t❤♦✉t ❜❡✐♥❣ ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ G ❛♥❞ ✈✐❝❡✲✈❡rs❛ ❛s s❤♦✇♥ ❜② ❋✐❣✉r❡s ✶✸ ❛♥❞ ✶✹ ♦r✱ ❋✐❣✉r❡s
✾ ❛♥❞ ✶✶✳ ■t ✐s ♦♣❡♥ ✇❤❡t❤❡r t❤❡r❡ ❡①✐sts ❛ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥ ♦♥ ❞✐r❡❝t❡❞ ❣r❛♣❤s✱
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛❞❥❛❝❡♥❝② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ t❤❛t ❝♦✉❧❞ ❜❡ ❝❛❧❧❡❞ ✈♠✐♥♦r✱ ❛♥❞
s✉❝❤ t❤❛t ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❛ ✈♠✐♥♦r ♦❢ G✱ t❤❡♥ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ GF (4)✲r❛♥❦✲✇✐❞t❤✮
♦❢ H ✐s ❛t ♠♦st t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ GF (4)✲r❛♥❦✲✇✐❞t❤✮ ♦❢ G✳

G2

H = (G2 ∗ x) \ x

G1

x

❋✐❣✉r❡ ✶✸✿ G1 ❛♥❞ G2 ❛r❡ ❣r❛♣❤s ✐♥ F ✳ H ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G2 ❛♥❞ ❝❛♥♥♦t ❜❡ ❛ ❜✈❡rt❡①✲
♠✐♥♦r ♦❢ G2✳ ■♥ ❢❛❝t ❢♦r ❛♥② x ∈ VG2 ✱ t❤❡ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x ♦❢ G2 ❞♦❡s ♥♦t ❝❤❛♥❣❡
G2✳

G1 G2G

x x

x2

x

x2x1 x1 x2 x1

❋✐❣✉r❡ ✶✹✿ G1 ✐s ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ G ❛♥❞ G2 ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G✳ G1 ✐s ♥♦t ✐s♦♠♦r♣❤✐❝
t♦ G2 ❛♥❞ ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✇❡ ❝❛♥ ♥♦t ❣❡t G2 ❛s ❛ ❜✈❡rt❡①✲♠✐♥♦r ♦❢ G1 ❛♥❞ ✈✐❝❡✲✈❡rs❛✳

✸✳✷ GF (4)✲❘❛♥❦✲❲✐❞t❤ ❛♥❞ ❇✐✲❘❛♥❦✲❲✐❞t❤ ❛r❡ ❊q✉✐✈❛❧❡♥t

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❜✐✲r❛♥❦✲✇✐❞t❤ ❛♥❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛r❡ ❡q✉✐✈❛❧❡♥t ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡s✳
■♥ ❈❤❛♣t❡r ✺ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤✳



✸✳✷✳ GF (4)✲❘❛♥❦✲❲✐❞t❤ ❛♥❞ ❇✐✲❘❛♥❦✲❲✐❞t❤ ❛r❡ ❊q✉✐✈❛❧❡♥t ✹✺

Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❋♦r ❡✈❡r② ❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ ✇❡ ❤❛✈❡

rwd
(4 )(G) ≤ brwd(G) ≤ 4 · rwd

(4 )(G).

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ r❡❝❛❧❧ s♦♠❡ t❡❝❤♥✐❝❛❧ ♣r♦♣❡rt✐❡s ❛❜♦✉t r❛♥❦s ♦❢ ♠❛tr✐❝❡s✱
♣❛rt✐❝✉❧❛r❧② r❛♥❦s ♦❢ ♠❛tr✐❝❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ {0, 1} ♦✈❡r t❤❡ ✜❡❧❞s GF (2) ❛♥❞ GF (4)✳

▲❡♠♠❛ ✸✳✷ ✭✐✮ ▲❡t M ❜❡ ❛ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s ✐♥ {0, 1}✳ ■❢ t❤❡ r❛♥❦ ♦❢ M ♦✈❡r GF (2) ✐s
k✱ t❤❡♥ t❤❡ r❛♥❦ ♦❢ M ♦✈❡r GF (4) ✐s k✳

✭✐✐✮ ✐❢ A ❛♥❞ B ❛r❡ t✇♦ ♠❛tr✐❝❡s ♦✈❡r ❛ ✜❡❧❞ F ✱ t❤❡♥ rk(A + B) ≤ rk(A) + rk(B)✳ ▲❡t
a ∈ F, a 6= 0✱ t❤❡♥ rk(a ·A) = rk(A)✳

Pr♦♦❢✳ ✭✐✮ ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ GF (4) ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ GF (2)✳

✭✐✐✮ ❚❤❡ ❝♦❧✉♠♥✲❜❛s❡s ♦❢ A ❛♥❞ ♦❢ B ❣❡♥❡r❛t❡ ❛❧❧ t❤❡ ❝♦❧✉♠♥✲✈❡❝t♦rs ♦❢ A + B✳ ❙❡❡ ❢♦r
✐♥st❛♥❝❡ ❬▲✐♣✾✶❪✳

▲❡♠♠❛ ✸✳✸ ❋♦r ❡❛❝❤ ❜✐♣❛rt✐t✐♦♥ (X,X) ♦❢ VG ✇❡ ❤❛✈❡

(FG)X
X = a · (A+

G)X
X + a2 · (A−

G)X
X .

Pr♦♦❢✳ ❈♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ FG✱ A
+
G ❛♥❞ A−

G✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t rwd
(4 )(G) ≤ brwd(G)✳ ❆ss✉♠❡ t❤❛t

brwd(G) = k ❛♥❞ ❧❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρ(bi)
G ✳ ❲❡ ❝❧❛✐♠ t❤❛t (T,L)

✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k ♦❢ ρGF (4)
FG

✳

■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡✱ ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ✱ t❤❛t ρGF (4)
FG

(Xe) ≤ ρ
(bi)
G (Xe) ✐♥ ♦r❞❡r t♦ ♣r♦✈❡

t❤❛t t❤❡ GF (4)✲r❛♥❦✲✇✐❞t❤ ♦❢ (T,L) ✐s ❛t ♠♦st k✳

❇② ▲❡♠♠❛s ✸✳✷ ❛♥❞ ✸✳✸✱ ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ✱ ✇❡ ❤❛✈❡

rk
(
(FG)Xe

Xe

)
≤ rk

(
(A+

G)Xe

Xe

)
+ rk

(
(A−

G)Xe

Xe

)

≤ ρ(bi)
G (Xe).

❲❡ ❝❛♥ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❛t ρGF (4)
FG

(Xe) ≤ ρ(bi)
G (Xe)✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t brwd(G) ≤ 4 · rwd
(4 )(G)✳ ❆ss✉♠❡ t❤❛t rwd

(4 )(G) = k ❛♥❞ ❧❡t (T,L)

❜❡ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρGF (4)
FG

✳ ❲❡ ❝❧❛✐♠ t❤❛t (T,L) ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲

✇✐❞t❤ 4k ♦❢ ρ(bi)
G ✳ ▲❡t e ❜❡ ❛♥ ❡❞❣❡ ♦❢ T ❛♥❞ ❧❡t M1 = (A+

G)Xe

Xe ❛♥❞ M2 = (A−
G)Xe

Xe ✳ ▲❡t
π1, π2, π3 : GF (4)→ GF (2) ❜❡ s✉❝❤ t❤❛t✿



✹✻ ❈❤❛♣t❡r ✸✳ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s

π1(b) =

{
0 ✐❢ b ∈ {0, a2}
1 ✐❢ b = {1, a}

π2(b) =

{
0 ✐❢ b ∈ {0, a}
1 ✐❢ b = {1, a2}

π3(b) =

{
0 ✐❢ b ∈ {0, 1}
1 ✐❢ b = {a, a2}

■t ✐s ❝❧❡❛r t❤❛t Mj = πj

(
(FG)Xe

Xe

)
❢♦r j = 1, 2✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❡❛❝❤ πj , j = 1, 2, 3 ✐s ❛♥

❤♦♠♦♠♦r♣❤✐s♠ ✇✐t❤ r❡s♣❡❝t t♦ +✳ ▼♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② b ❛♥❞ c ✐♥ GF (4)✱ ✇❡ ❤❛✈❡

π1(b · c) = π1(b) · π1(c) + π3(b) · π3(c)

π2(b · c) = π2(b) · π2(c) + π3(b) · π3(c)

π3(b · c) = π1(b) · π1(c) + π2(b) · π2(c)

❲❡ ❧❡t v1, . . . , vk ❜❡ t❤❡ ❝♦❧✉♠♥✲❜❛s❡s ♦❢ (FG)Xe

Xe ✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ❝♦❧✉♠♥✲✈❡❝t♦r v ✇❡ ❤❛✈❡✿

v =
∑

i≤k

αi · vi

❛♥❞ ❢♦r j = 1, 2 ✇❡ ❤❛✈❡

πj(v) =
∑

i≤k

πj(αi · vi)

=
∑

i≤k

(πj(αi) · πj(vi) + π3(αi) · π3(vi)).

❚❤✉s ❡✈❡r② ❝♦❧✉♠♥✲✈❡❝t♦r ♦❢ Mj ✐s ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ 2k ✈❡❝t♦rs✱ ✐✳❡✳✱ rk(Mj) ≤ 2k✳
❚❤❡r❡❢♦r❡✱ brwd(G) ≤ 4 · rwd

(4 )(G)✳

✸✳✸ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ t✇♦ ♥♦t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ♥❛♠❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞
❜✐✲r❛♥❦✲✇✐❞t❤✳ GF (4)✲r❛♥❦✲✇✐❞t❤ ✐s ❞❡✜♥❡❞ ❜② ✉s✐♥❣ ❛ ❝♦❞✐♥❣ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝✐❡s ♦❢ ❞✐r❡❝t❡❞
❣r❛♣❤s ❜② σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦✈❡r GF (4)✱ ✇❤✐❧❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ✐s ❞❡✜♥❡❞ ❜② ✉s✐♥❣ ❛ ❝♦❞✐♥❣
♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② t✇♦ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ❤❛✈❡ ❞❡✜♥❡❞ t✇♦ ♥♦t✐♦♥s ♦❢ ✈❡rt❡①✲♠✐♥♦r
✐♥❝❧✉s✐♦♥ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ ♦♥❡ r❡❧❛t❡❞ t♦ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞ ♥❛♠❡❞ ✈❡rt❡①✲♠✐♥♦r✱ ❛♥❞
❛♥♦t❤❡r r❡❧❛t❡❞ t♦ ❜✐✲r❛♥❦✲✇✐❞t❤✱ ❝❛❧❧❡❞ ❜✈❡rt❡①✲♠✐♥♦r✳ ❲❤✐❧❡ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤
❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✜♥✐t❡❧② ❡①❝❧✉❞❡❞ ✈❡rt❡①✲♠✐♥♦rs ✭❜② ✉s✐♥❣ r❡s✉❧ts ♦❢ ❈❤❛♣t❡r ✷✮✱ ✇❡ ❤❛✈❡
♥♦ s✉❝❤ r❡s✉❧t ❢♦r ❜✐✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r ✇✐t❤ s♦♠❡ q✉❡st✐♦♥s✿



✸✳✸✳ ❈♦♥❝❧✉s✐♦♥ ✹✼

✭◗✸✳✶✮ ❋♦♥✲❉❡r✲❋❧❛❛ss ♣r♦✈❡❞ t❤❛t t✇♦ n✲✈❡rt❡① ❣r❛♣❤s G ❛♥❞ H ❛r❡ ❜✲❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t ✐❢ ❛♥❞
♦♥❧② ✐❢ ❛ s②st❡♠ ♦❢ n2 ❡q✉❛t✐♦♥s ✇✐t❤ 3n ✐♥❞❡t❡r♠✐♥❛t❡s ❤❛s ❛ s♦❧✉t✐♦♥ ✐♥ GF (2)✳ ❈❛♥
✇❡ ✜♥❞ ❛ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❧❝✲❡q✉✐✈❛❧❡♥t ❞✐r❡❝t❡❞ ❣r❛♣❤s❄

✭◗✸✳✷✮ ❉♦❡s t❤❡r❡ ❡①✐st ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ❝❤❡❝❦ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❛ ✈❡rt❡①✲
♠✐♥♦r ✭r❡s♣✳ ❜✈❡rt❡①✲♠✐♥♦r✮ ♦❢ ❛♥♦t❤❡r ❞✐r❡❝t❡❞ ❣r❛♣❤❄

✭◗✸✳✸✮ ❈❛♥ ✇❡ ✜♥❞ ❛ CMS✲❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ♦❢ ❞✐r❡❝t❡❞
❣r❛♣❤s❄ ◆♦t✐❝❡ t❤❛t ❢♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❈♦✉r❝❡❧❧❡ ❛♥❞ ❖✉♠ ❬❈❖✵✼❪ ❣❛✈❡ ❛ C2MS✲
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r✳ ❖♥❡ ♠✐❣❤t t❤✐♥❦ ♦❢ ❛ C4MS✲❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✐♥ t❤❡
❝❛s❡ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳

❚❤❡ ❛♥❛❧♦❣♦✉s ♦❢ q✉❡st✐♦♥ ✭◗✸✳✷✮ ❢♦r ✈❡rt❡①✲♠✐♥♦r ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ✐s st✐❧❧ ♦♣❡♥✳ ❍♦✇✲
❡✈❡r✱ ❈♦✉r❝❡❧❧❡ ❛♥❞ ❖✉♠ ♣r♦✈❡❞ t❤❛t ✐t ✐s ❞❡❝✐❞❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ✇❤❡♥ r❡str✐❝t❡❞ t♦
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤✱ ❜② ✉s✐♥❣ t❤❡ C2MS✲❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✈❡rt❡①✲
♠✐♥♦r ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❬❈❖✵✼❪✳ ■♥ ♦✉r ❝❛s❡ ✐❢ ✇❡ ❤❛✈❡ ❛♥ ❛♥s✇❡r t♦ ✭◗✸✳✸✮ ✇❡ ✇✐❧❧ ❛❧s♦
❜❡ ❛❜❧❡ t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r ❢♦r ✭◗✸✳✷✮ ✇❤❡♥ r❡str✐❝t❡❞ t♦ ❝❧❛ss❡s ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞
GF (4)✲r❛♥❦✲✇✐❞t❤ ❜② ✉s✐♥❣ ❬❈▼❘✵✵❪✳

❲❡ ✇✐❧❧ ❞❡✜♥❡ ✐♥ ❈❤❛♣t❡r ✹ s♦♠❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❣r❛♣❤s ♦❢
s♠❛❧❧ ❜✐✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ GF (4)✲r❛♥❦✲✇✐❞t❤✮✳ ❆ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s ✇✐❧❧ ❣✐✈❡
❛♥ ❡①❛❝t ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛s ♣r♦✈❡❞ ✐♥
❬❈❑✵✾❪✳

❲❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ ❈❤❛♣t❡r ✺ t❤❛t ❛ ❝❧❛ss ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤
✭r❡s♣✳ ❜✐✲r❛♥❦✲✇✐❞t❤✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❞❡r✐✈❡ ❢r♦♠ t❤❡ r❡s✉❧ts ♦❢
❬❍❖✵✼❪ t❤❛t ❢♦r ✜①❡❞ k t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❣✐✈❡♥ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❡✐t❤❡r
♦✉t♣✉ts t❤❛t t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ GF (4)✲r❛♥❦✲✇✐❞t❤✮ ✐s ❧❛r❣❡r t❤❛♥ k ♦r ♦✉t♣✉ts ❛ ❧❛②♦✉t

♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρ(bi)
G ✭r❡s♣✳ ρGF (4)

FG
✮✳
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❈❤❛♣t❡r ✹

❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢

❘❛♥❦✲❲✐❞t❤

❆ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❜♦✉♥❞❡❞ r❛♥❦✲
✇✐❞t❤✶ ❬❖❙✵✻❪✳ ❍♦✇❡✈❡r✱ ❝❧✐q✉❡✲✇✐❞t❤ ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❣r❛♣❤
♦♣❡r❛t✐♦♥s ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ♦♥ ❝❧✐q✉❡✲✇✐❞t❤ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❬❈▼❘✵✵✱
❈▼❘✵✶✱ ❈❱✵✸❪✳ ■♥ ♦r❞❡r t♦ s♦❧✈❡MS ♣r♦❜❧❡♠s ♦♥ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ♦❢ s♠❛❧❧ r❛♥❦✲✇✐❞t❤✱

♦♥❡ ♠❛② tr❛♥s❢♦r♠ ❛♥ ♦♣t✐♠❛❧ ❧❛②♦✉t ♦❢ ρGF (2)
G ✐♥t♦ ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤

✐s ❜❛s❡❞ ♦♥ r❡s✉❧ts ❜② ❖✉♠ ❛♥❞ ❙❡②♠♦✉r ❬❖❙✵✻❪✳ ❍♦✇❡✈❡r✱ ✇❡ ♣r♦✈❡ ✐♥ t❤✐s ❝❤❛♣t❡r t❤❛t t❤❡r❡

✐s ♥♦ ♥❡❡❞ t♦ tr❛♥s❢♦r♠ ❛♥ ♦♣t✐♠❛❧ ❧❛②♦✉t ♦❢ ρGF (2)
G ✐♥t♦ ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ✐♥ ♦r❞❡r

t♦ s♦❧✈❡ MS ♣r♦❜❧❡♠s ♦♥ ❛ ❣r❛♣❤ ♦❢ s♠❛❧❧ r❛♥❦✲✇✐❞t❤ ❜❡❝❛✉s❡ ✇❡ ❣✐✈❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s
t❤❛t ❝❤❛r❛❝t❡r✐③❡ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❢❛❧❧ ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❙❡❝t✐♦♥ ✶✳✹✳
❲❡ ♣r♦✈❡ t❤❛t ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛
t❡r♠ ✐♥ T (Rk, Ck) ✇❤❡r❡ Rk ✐s ❛ s❡t ♦❢ ❛❧❣❡❜r❛✐❝ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛♥❞ Ck ✐s ❛ s❡t ♦❢ ❝♦♥st❛♥ts✱
❜♦t❤ ❞❡♣❡♥❞✐♥❣ ♦♥ k✳ ❲❡ ❣✐✈❡ ❤❡r❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦♦❢ ✐♥ ♦r❞❡r t♦ ♣r♦♣♦s❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s
t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞ ❜✐✲r❛♥❦✲✇✐❞t❤✳
❲❡ ✜rst ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ F ✲r❛♥❦✲✇✐❞t❤ ❢♦r ❝❡rt❛✐♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ❝❧❛ss❡s ✇❤❡r❡ F
✐s ❛ ✜♥✐t❡ ✜❡❧❞✳

❉❡✜♥✐t✐♦♥ ✹✳✶ ✭F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡
❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❆♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s ♦✈❡r (F, σ) ✐❢ ✐ts ❡❞❣❡s ❛r❡ ❝♦❧♦r❡❞ ❜② ❡❧❡♠❡♥ts ✐♥

F ❛♥❞ ✐❢ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y) ❛♥❞ ❡✈❡r② a ✐♥ F ✱ Ea
G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ E

σ(a)
G (y, x)

❤♦❧❞s ❛♥❞ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ a ✐♥ F s✉❝❤ t❤❛t Ea
G(x, y) ❤♦❧❞s✱

❤❡♥❝❡ E
σ(a)
G (y, x) ❤♦❧❞s✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ ❛♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ♦❢ ❛♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ♦✈❡r

(F, σ) ❛s t❤❡ VG✲♠❛tr✐① FG ♦✈❡r F ✇❤❡r❡ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y) ✇❡ ❤❛✈❡ (FG)y
x = a ✐❢

❛♥❞ ♦♥❧② ✐❢ Ea
G(x, y) ❤♦❧❞s✳

❲❡ ❤❛✈❡ ❝❧❡❛r❧② (FG)x
y = σ((FG)y

x)✱ ❤❡♥❝❡ FG ✐s ❛ σ✲s②♠♠❡tr✐❝ ♠❛tr✐①✳ ❚❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢

❛ ❣r❛♣❤ G ♦✈❡r (F, σ)✱ ❞❡♥♦t❡❞ ❜② rwd
F (G)✱ ✐s t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ FG✳

❆ ❣r❛♣❤ H ♦✈❡r (F, σ) ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ ❛ ❣r❛♣❤ G ♦✈❡r (F, σ) ✐❢ FH ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢
FG✳

✶❲❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✺ t❤❛t ♦✉r t✇♦ ♥♦t✐♦♥s ♦❢ r❛♥❦✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦
❝❧✐q✉❡✲✇✐❞t❤✳

✹✾



✺✵ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

❲❡ ❝❛♥ s❡❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛s ❛ {0, 1}✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ✇❤❡r❡ ❢♦r ❡✈❡r② ♣❛✐r ♦❢
✈❡rt✐❝❡s (x, y)✱ E1

G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y ❛♥❞ E0
G(x, y)

❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y✳ ❈❧❡❛r❧② t❤✐s ❝♦❞✐♥❣ ♦❢ G tr❛♥s❢♦r♠s ✐t
✐♥t♦ ❛ ❣r❛♣❤ ♦✈❡r (GF (2), σ1) ✇❤❡r❡ σ1(0) = 0 ❛♥❞ σ1(1) = 1✳ ❍❡♥❝❡✱ t❤❡ GF (2)✲r❛♥❦✲✇✐❞t❤
♦❢ G ✐s t❤❡ s❛♠❡ ❛s t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ρG ❣✐✈❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✾✳ ❇② ✉s✐♥❣ ❛❧s♦ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ VG✲♠❛tr✐① FG ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❣✐✈❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✸✳✶✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❞✐r❡❝t❡❞
❣r❛♣❤ G ❛s ❛♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ♦✈❡r (GF (4), σ2) ✇❤❡r❡ σ2(a) = a2 ❛♥❞ σ2(a

2) = a✳ ❚❤❡♥
❉❡✜♥✐t✐♦♥ ✹✳✶ ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ❛♥② ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ❡①❝❡♣t t❤❛t ❝♦♥s✐❞❡r✐♥❣ F ✲r❛♥❦✲✇✐❞t❤ ✇✐❧❧ ❤❡❧♣ ✉s t♦ ❡①t❡♥❞ t❤❡ ♦♣❡r❛t✐♦♥s
✐♥ ❬❈❑✵✾❪ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✇❡ ❝❛♥ ❞❡✜♥❡ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❞✐r❡❝t❡❞ ❣r❛♣❤
❝❧❛ss❡s ♦❢ s♠❛❧❧ GF (4)✲r❛♥❦✲✇✐❞t❤✳

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤ ❣r❛♣❤ ✐s ❧✐♥❡❛r❧② ♦r❞❡r❡❞✳ ❚❤✐s ✇✐❧❧ ❤❡❧♣ ✉s t♦
❞❡✜♥❡ ♦✉r ♦♣❡r❛t✐♦♥s✱ ❜❛s❡❞ ♦♥ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♠❛tr✐❝❡s✱ ✐♥ ❛♥ ✉♥❛♠❜✐❣✉♦✉s ✇❛②✳ ▲❡t
H ❛♥❞ G ❜❡ t✇♦ ❣r❛♣❤s ♦✈❡r (F, σ)✳ ❈❧❡❛r❧② ✐❢ H ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥
❛t x✱ ✐✳❡✳✱ FH ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ FG ❜② ❛♥ ❧❝✲❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x✱ t❤❡♥ H ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G
❜② ♠♦❞✐❢②✐♥❣ t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ x✳ ❍♦✇❡✈❡r✱ ❤♦✇ t❤✐s s✉❜✲❣r❛♣❤ ✐s
♠♦❞✐✜❡❞ ❞❡♣❡♥❞s ♦♥ F ❛♥❞ σ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❈♦r♦❧❧❛r② ✷✳✶ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✹✳✶ ▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ 2 ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r✲
♣❤✐s♠✳ ❋♦r ❡❛❝❤ k✱ t❤❡r❡ ✐s ❛ ✜♥✐t❡ ❧✐st C(F,σ)

k ♦❢ ❣r❛♣❤s ♦✈❡r (F, σ) ❤❛✈✐♥❣ ❛t ♠♦st (6k+1−1)/5
✈❡rt✐❝❡s s✉❝❤ t❤❛t ❛ ❣r❛♣❤ G ♦✈❡r (F, σ) ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♥♦ ❣r❛♣❤ ✐♥

C(F,σ)
k ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G✳

▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❲❡ ✇✐❧❧ ❞❡✜♥❡ ✐♥
❙❡❝t✐♦♥ ✹✳✶ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦✈❡r (F, σ) ♦❢ s♠❛❧❧
F ✲r❛♥❦✲✇✐❞t❤✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷ ✇❡ s♣❡❝✐❛❧✐③❡ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❛♥❞ ❣✐✈❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t
❝❤❛r❛❝t❡r✐③❡ ❡①❛❝t❧② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ s♣❡❝✐❛❧✐③❛t✐♦♥
♦❢ t❤❡ ❢♦r♠❡r ♦♣❡r❛t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳✸ ✐♥ ♦r❞❡r t♦ ♣r♦♣♦s❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡
❛❧❣❡❜r❛✐❝❛❧❧② ❞✐r❡❝t❡❞ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ ❜✐✲r❛♥❦✲✇✐❞t❤✳

✹✳✶ ❆❧❣❡❜r❛✐❝ ❈♦❧♦r✐♥❣ ♦❢ ●r❛♣❤s

▲❡t F = {0, 1, a1, . . . , aq} ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ■❢ ❛ ❣r❛♣❤
G ♦✈❡r (F, σ) ✐s ❛♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ ✇❤♦s❡ ❡❞❣❡s ❛r❡ ❝♦❧♦r❡❞ ✇✐t❤ ❡❧❡♠❡♥ts ♦❢ F t❤❡♥✱ ✐t ✐s ❛
r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G 〉 ✇❤❡r❡ Ea
G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ (FG)y

x = a

❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ Eσ(a)
G (y, x) ❤♦❧❞s✳ ❙✐♥❝❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛❧❧ ❣r❛♣❤s ❛r❡ ♦✈❡r (F, σ)✱ ✉♥❧❡ss

♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✱ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ❡①♣r❡ss✐♦♥ ✏♦✈❡r (F, σ)✑ ❢♦r ❝❧❛r✐t② ✇❤❡♥ ♥❡❝❡ss❛r②✳

▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆♥ F k✲❝♦❧♦r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♠❛♣♣✐♥❣ γ : VG → F k

✇✐t❤ ♥♦ ❝♦♥str❛✐♥t ♦♥ t❤❡ ✈❛❧✉❡s ♦❢ γ ❢♦r ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s✷ ❛♥❞ ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G
✐s t❤❡ ❣r❛♣❤ 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G , γG 〉✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② G✱ ❛♥❞ ✇❤❡r❡ γG ✐s ❛♥ F k✲
❝♦❧♦r✐♥❣ ♦❢ 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G 〉✳ ■♥ t❤✐s ✇❛② ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s ❛ ❣r❛♣❤
✇❤♦s❡ ✈❡rt✐❝❡s ❛r❡ ❝♦❧♦r❡❞ ✇✐t❤ ❝♦❧♦rs ❢r♦♠ F k ❛♥❞ ✐ts ❡❞❣❡s ✇✐t❤ ❝♦❧♦rs ❢r♦♠ F ✳ ❆
❣r❛♣❤ G = 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G 〉 ✐s ♠❛❞❡ ❝❛♥♦♥✐❝❛❧❧② ✐♥t♦ ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ ✇✐t❤
γG(x) = (0, · · · , 0) ❢♦r ❡❛❝❤ x✳ ❲❡ ❞❡✜♥❡ s♦♠❡ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡s❡ ❣r❛♣❤s✳

✷■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ❢♦r ❡❛❝❤ x ∈ VG, γG(x) ✐s ❛ r♦✇ ✈❡❝t♦r✳



✹✳✶✳ ❆❧❣❡❜r❛✐❝ ❈♦❧♦r✐♥❣ ♦❢ ●r❛♣❤s ✺✶

❉❡✜♥✐t✐♦♥ ✹✳✷ ✭❘❡❝♦❧♦r✐♥❣✮ ❋♦r ❛ ♠❛♣♣✐♥❣ h : F k → Fm ❛♥❞ ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G✱ ✇❡ ❧❡t
Recolh(G) ❜❡ t❤❡ Fm✲❝♦❧♦r❡❞ ❣r❛♣❤ K = 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G , γK 〉 ✇❤❡r❡ γK = h ◦ γG✳

❋♦r ❡❛❝❤ ✈❡rt❡① x ♦❢ G✱ t❤❡ ♦♣❡r❛t✐♦♥ Recolh ❝❤❛♥❣❡s t❤❡ ❝♦❧♦r ♦❢ x ✐♥t♦ h(γG(x))✳ ■t ❞♦❡s
♥♦t ♠♦❞✐❢② t❤❡ r❡❧❛t✐♦♥s✱ ❤❡♥❝❡ ❞♦❡s ♥♦t ♠♦❞✐❢② t❤❡ ❝♦❧♦rs ♦❢ t❤❡ ❡❞❣❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✸ ✭●r❛♣❤ ♣r♦❞✉❝ts✮ ▲❡t f : F k × F ℓ → F ✱ g : F k → Fm ❛♥❞ h : F ℓ → Fm

❜❡ ❛r❜✐tr❛r② ♠❛♣♣✐♥❣s✳ ❋♦r G✱ F k✲❝♦❧♦r❡❞ ❛♥❞ H✱ F ℓ✲❝♦❧♦r❡❞✱ s✉❝❤ t❤❛t VG ∩ VH = ∅✱ ✇❡ ❧❡t
G⊗f,g,hH ❜❡ t❤❡ Fm✲❝♦❧♦r❡❞ ❣r❛♣❤K = 〈VG∪VH , E

0
K , E

1
K , E

a1
K , . . . , E

aq

K , γK 〉 ✇❤❡r❡ ❢♦r α ∈ F ✱

Eα
K = Eα

G ∪ Eα
H ∪ {(x, y) | x ∈ VG, y ∈ VH ❛♥❞ f(γG(x), γH(y)) = α},
∪ {(y, x) | x ∈ VG, y ∈ VH ❛♥❞ f(γG(x), γH(y)) = σ−1(α)},

γK(x) =

{
(g ◦ γG)(x) ✐❢ x ∈ VG,

(h ◦ γH)(x) ✐❢ x ∈ VH .

❚❤❡ ♦♣❡r❛t✐♦♥s ⊗f,g,h ❛❞❞s ❝♦❧♦r❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ t✇♦ ❞✐s❥♦✐♥t ❣r❛♣❤s✱ t❤❛t ❛r❡ t❤❡ t✇♦
❛r❣✉♠❡♥ts✳ ❚❤✐s ✐s ❛ ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❝❧✐q✉❡✲✇✐❞t❤ ✇❤❡r❡ ❛ s✐♥❣❧❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ⊕ ✐s ✉s❡❞✱
❛♥❞ ηa

i,j ✭r❡s♣✳ αa
i,j) ❛♣♣❧✐❡❞ t♦ G ⊕ H ♠❛② ❛❞❞ ❝♦❧♦r❡❞ ❡❞❣❡s ✭r❡s♣✳ ❛r❝s✮ t♦ G ❛♥❞ t♦ H✳

❚❤✐s ❜❡❤❛✈✐♦r ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⊗f,g,h ❛r❡ ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♦♥❡s ♦❢ t❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s t❤❛t
❞❡✜♥❡ ◆▲❈✲✇✐❞t❤ ❬❲❛♥✾✹❪ ❡①❝❡♣t t❤❛t t❤❡s❡ ❧❛t❡r ❞♦ ♥♦t ❝♦❧♦r ❡❞❣❡s✳

❉❡✜♥✐t✐♦♥ ✹✳✹ ✭❈♦♥st❛♥ts✮ ❋♦r ❡❛❝❤ u ∈ F k✱ ✇❡ ❧❡t u ❜❡ ❛ ❝♦♥st❛♥t ❞❡♥♦t✐♥❣ ❛ ❣r❛♣❤ ✇✐t❤
♦♥❡ ✈❡rt❡① ❝♦❧♦r❡❞ ❜② u ❛♥❞ ♥♦ ❡❞❣❡✳ ■❢ ✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② s✉❝❤ ❛ ❣r❛♣❤ ✇✐t❤ ❛ ♣❛rt✐❝✉❧❛r ✈❡rt❡① x✱
✇❡ ✉s❡ u(x) ✐♥st❡❛❞ ♦❢ u✳ ❲❡ ❞❡♥♦t❡ ❜② CF

k t❤❡ s❡t {u | u ∈ F 1 ∪ · · · ∪ F k}✳ ■♥ s♦♠❡ ♦❝❝❛s✐♦♥s
✇❡ ✇✐❧❧ ✉s❡ ❛ ❝♦♥st❛♥t ∅k t♦ ❞❡♥♦t❡ t❤❡ ❡♠♣t② F k✲❝♦❧♦r❡❞ ❣r❛♣❤✳

❊①❛♠♣❧❡ ✹✳✶ ❲❡ ❧❡t G ❜❡ t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✹ ✭✐✐✐✮✳ ❋♦r 1 ≤ i ≤ 5 ✇❡ ❧❡t fi :
GF (4)1 ×GF (4)1 → GF (4)✱ gi, hi : GF (4)1 → GF (4)1 ❜❡ ♠❛♣♣✐♥❣s s✉❝❤ t❤❛t✿

f1(1, 1) = a, g1(1) = (a), h1(1) = (a2),

g2(1) = (a),

f3(1, a) = a,

f4(1, a) = f4(1, 1) = a2, g4(1) = (a), h4(a) = (a2)

f5(1, 1) = a2, f5(a
2, a2) = a2, f5(a, 1) = f5(1, a) = f5(1, a

2) = a.

❋♦r ❛❧❧ x, y ✐♥ GF (4)1✱ ✐❢ fi(x, y) ✐s ♥♦t ❞❡✜♥❡❞✱ ✇❡ ❧❡t fi(x, y) = 0 ❛♥❞ ✐❢ gi(x) ✭r❡s♣✳ hi(x)✮ ✐s
♥♦t ❞❡✜♥❡❞✱ ✇❡ ❧❡t gi(x) = (x) ✭r❡s♣✳ hi(x) = (x)✮✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ❣r❛♣❤ G ✐s ✐s♦♠♦r♣❤✐❝ t♦
t❤❡ ❣r❛♣❤ ❞❡✜♥❡❞ ❜② t❤❡ t❡r♠ t5 = t3 ⊗f5,g5,h5 t4 ✇❤❡r❡

t1 = (1)(x3)⊗f1,g1,h1 (1)(x6),

t3 = (1)(x1)⊗f3,g3,h3 t1,

t2 = (1)(x2)⊗f2,g2,h2 (1)(x4),

t4 = (1)(x5)⊗f4,g4,h4 t2.

❚❤❡ t❡r♠ t1 ❝♦♥str✉❝ts t❤❡ ❛r❝ x3 → x6 ❛♥❞ r❡❝♦❧♦rs x3 ✐♥t♦ (a) ❛♥❞ x6 ✐♥t♦ (a2)✳ ❚❤❡ t❡r♠ t3
❝♦♥str✉❝ts t❤❡ ❛r❝ x1 → x3✳ ❚❤❡ t❡r♠ t2 ❝r❡❛t❡s t❤❡ t✇♦ ✈❡rt✐❝❡s x2 ❛♥❞ x4 ❛♥❞✱ r❡❝♦❧♦rs x2 ✐♥t♦



✺✷ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

(a)✳ ❚❤❡ t❡r♠ t4 ❛❞❞s t❤❡ ❛r❝s x2 → x5 ❛♥❞ x4 → x5 ❛♥❞✱ r❡❝♦❧♦rs x5 ✐♥t♦ (a) ❛♥❞ x2 ✐♥t♦ (a2)✳
❚❤❡ t❡r♠ t5 ❛❞❞s t❤❡ ❛r❝s x4 → x1, x2 → x6✱ x1 → x5✱ x1 → x2 ❛♥❞ x3 → x4✳ ❚❤❡ ❣r❛♣❤
❝♦♥str✉❝t❡❞ ❜② t5 ✐s ❝❧❡❛r❧② ✐s♦♠♦r♣❤✐❝ t♦ G✳

❘❡♠❛r❦ ✹✳✶ ✶✳ ❚❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ G✱ F k✲❝♦❧♦r❡❞ ❛♥❞ H✱ F ℓ✲❝♦❧♦r❡❞ ✇✐t❤ k ≤ ℓ ✐s G⊗f,g,h

H ✇❤❡r❡ f(u, v) = 0✱ g(u) = (u, 0, · · · , 0) ∈ F ℓ ❛♥❞ h(v) = v ❢♦r ❛❧❧ u ∈ F k ❛♥❞ ❛❧❧ v ∈ F ℓ✳

✷✳ ❲❡ ❤❛✈❡ G⊗f,g,h H = H ⊗f̃ ,h,g G ✇❤❡r❡ f̃(u, v) = σ(f(v, u))✳

✸✳ ❚❤❡ r❡❝♦❧♦r✐♥❣ ♦♣❡r❛t✐♦♥s ❝❛♥ ❛❝t✉❛❧❧② ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ♦t❤❡r ♦♣❡r❛t✐♦♥s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
r✉❧❡s ❛r❡ ❝❧❡❛r✿

Recolm(u) = v ✐❢ v = m(u).

Recolm(G⊗f,g,h H) = G⊗f,m◦g,m◦h H.

Recolm(G)⊗f,g,h Recolm′(H) = G⊗f ′,g◦m,h◦m′ H

✇❤❡r❡ f ′(u, v) ✐s ❞❡✜♥❡❞ ❛s f(m(u),m′(v))✳ ▲❡t ✉s ❛❧s♦ ♥♦t❡ t❤❛t

G⊗f,g,h ∅k = Recolg(G).

▲❡t n ∈ N✳ ❲❡ ❧❡t BF
n ❜❡ t❤❡ ✜♥✐t❡ s❡t ♦❢ ♦♣❡r❛t✐♦♥s Recolh, ⊗f,g,h ✇❤❡r❡ g : F k → Fm✱

h : F ℓ → Fm ❛♥❞ f : F k × F ℓ → F ❛r❡ ♠❛♣♣✐♥❣s s✉❝❤ t❤❛t k, ℓ,m ≤ n✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ k, l,m 6= 0✳ ❋♦r n ≥ 1✱ ❡✈❡r② t❡r♠ t ∈ T (BF

n , C
F
n ) ❤❛s ❢♦r ✈❛❧✉❡ ❛♥

Fn✲❝♦❧♦r❡❞ ❣r❛♣❤✱ ❞❡♥♦t❡❞ ❜② val(t)✱ ♦r ❛❝t✉❛❧❧② t❤❡ ❢❛♠✐❧② ♦❢ ❛❧❧ ❣r❛♣❤s ✐s♦♠♦r♣❤✐❝ t♦ s✉❝❤
❛ ❣r❛♣❤✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ s✉❝❤ ♦♣❡r❛t✐♦♥s ✜t ✐♥t♦ t❤❡ ❧♦❣✐❝❛❧ ❢r❛♠❡✇♦r❦ ♦❢ ❬❈▼❘✵✵✱ ❈♦✉✾✷❪✳

❉❡✜♥✐t✐♦♥ ✹✳✺ ✭F k✲❝♦❧♦r❡❞ ❣r❛♣❤s ❛s ❜✐♥❛r② r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡s✮ ▲❡t ✉s ✐♥tr♦❞✉❝❡
✉♥❛r② r❡❧❛t✐♦♥s ci,α ❢♦r i ∈ [n] ❛♥❞ α ∈ F ✳ ❚❤❡ ♠❡❛♥✐♥❣ ♦❢ ci,α(x) = tr✉❡ ✇✐❧❧ ❜❡ ✏t❤❡ i✲t❤
❝♦♠♣♦♥❡♥t ♦❢ γG(x) ✐s α✑✳ ❍❡♥❝❡✱ ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, E

0
G, E

1
G, E

a1
G , . . . , E

aq

G , γG 〉✱
❢♦r k ≤ n✱ ✐s ❞❡s❝r✐❜❡❞ ❡①❛❝t❧② ❜② t❤❡ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ ✇✐t❤ ❞♦♠❛✐♥ VG t❤❛t ✇❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡
❜② G✿

〈VG, E
0
G, E

1
G, E

a1
G , . . . , E

aq

G , c1,0
G , . . . , cn,0

G , c1,1
G , . . . , cn,1

G , . . . , c
1,aq

G , . . . , c
n,aq

G 〉 .

❋♦r ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤✱ t❤❡ ♣r❡❞✐❝❛t❡s ci,αG (x)✱ ❢♦r k + 1 ≤ i ≤ n ❛♥❞ α ∈ F ✱ ✇✐❧❧ ❜❡
❢❛❧s❡✳ ❊✈❡r② r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ t❤✐s ❢♦r♠✱ ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ α ∈ F ✱ Eα

G ✐s σ✲s②♠♠❡tr✐❝

✭Eα
G(x, y) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ E

σ(α)
G (y, x) ❤♦❧❞s✮ ❛♥❞ ✐rr❡✢❡①✐✈❡ ✭Eα

G(x, x) ♥❡✈❡r ❤♦❧❞s✮ r❡♣r❡s❡♥ts
❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G, k ≤ n✳

◗✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✹✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❋♦r ❡❛❝❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r n✱ ✇❡ ❤❛✈❡

✶✳ ❚❤❡ ♦♣❡r❛t✐♦♥s Recolh ❛r❡ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s ❢♦r ❛♥② ♠❛♣♣✐♥❣ h : F k →
Fm, k,m ≤ n✳



✹✳✶✳ ❆❧❣❡❜r❛✐❝ ❈♦❧♦r✐♥❣ ♦❢ ●r❛♣❤s ✺✸

✷✳ ❚❤❡ ♦♣❡r❛t✐♦♥s ⊗f,g,h ❛r❡ ❡①♣r❡ss✐❜❧❡ ✐♥ t❡r♠s ♦❢ ⊕ ❛♥❞ q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s ❢♦r ❛❧❧
♠❛♣♣✐♥❣s f : F k × F ℓ → F, g : F k → Fm ❛♥❞ h : F ℓ → Fm, k, ℓ,m ≤ n✳

Pr♦♦❢✳ ✭✶✮ ✐s ❝❧❡❛r✳

✭✷✮ ▲❡t n ❜❡ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ ❝♦♥s✐❞❡r F k✲❝♦❧♦r❡❞ ❣r❛♣❤s ❢♦r k ≤ n✳ ■♥ ❛❞❞✐t✐♦♥
t♦ t❤❡ ✉♥❛r② ♣r❡❞✐❝❛t❡s c1,0, . . . , cn,aq ✱ ✇❡ ✇✐❧❧ ✉s❡ ❛✉①✐❧✐❛r② ✉♥❛r② ♦♥❡s d1,0, . . . , dn,aq ✭di,α /∈
{c1,0, . . . , cn,aq}✮✳ ■❢ K = G⊗f,g,h H✱ t❤❡♥

K = α(η0(η1(ηa1(. . . (ηaq(G⊕ β(H))) . . .))))

✇❤❡r❡ β r❡♣❧❛❝❡s ✐♥ H ❡❛❝❤ ci,α ❜② di,α ✭✐✳❡✳✱ di,α
β(H)(x) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ci,αH (x) ❤♦❧❞s✱ ❛♥❞

t❤❡♥✱ ci,αβ(H)(x) ❞♦❡s ♥♦t ❤♦❧❞✮✱ ηα ❝r❡❛t❡s ✏❡❞❣❡s✑ ✐♥ Eα
K ✱ ❜② r❡❞❡✜♥✐♥❣ Eα

G(x, y) ✇✐t❤ t❤❡

❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ✇❤❡r❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Eα′
✱ u ❛♥❞ v r❛♥❣❡ ♦✈❡r Fn ✭✇❡ ❧❡t u[i] ❞❡♥♦t❡

t❤❡ i✲t❤ ❝♦♠♣♦♥❡♥t ♦❢ u✮✿

Eα
G(x, y) ∨ Eα

H(x, y) ∨ Eα′
(x, y) ∨ Eα′

(y, x)

❛♥❞ Eα′
(x, y) ✐s

∨

f(u,v)∈{α,σ−1(α)}

( ∧

a∈F

( ∧

u[ℓ]=a

cℓ,a(x) ∧
∧

u[ℓ] 6=a

¬cℓ,a(x) ∧
∧

v[s]=a

ds,a(y) ∧
∧

v[j] 6=a

¬ds,a(y)
))
.

❚❤❡ ♦♣❡r❛t✐♦♥ α ♣❡r❢♦r♠s t❤❡ r❡❝♦❧♦r✐♥❣s ❞❡✜♥❡❞ ❜② g ❛♥❞ h✳

■♥ t❤❡ ❝❛s❡ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❝♦♥s✐❞❡r❡❞ ❛s ❣r❛♣❤s ♦✈❡r (GF (2), σ1)✱ ✇❡ ❝♦♥s✐❞❡r ❛❧❧
t❤❡ ❝♦✉♣❧❡s ❝r❡❛t❡❞ ❜② t❤❡ ♦♣❡r❛t✐♦♥ η0 ❛s ♥♦♥✲❡❞❣❡s✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s
❝♦♥s✐❞❡r❡❞ ❛s ❣r❛♣❤s ♦✈❡r (GF (4), σ2)✳

❚❤❡♦r❡♠ ✹✳✶ ❋♦r ❡❛❝❤ ♠♦♥❛❞✐❝ s❡❝♦♥❞✲♦r❞❡r ❣r❛♣❤ ♣r♦♣❡rt② P ❛♥❞ ❢♦r ❡❛❝❤ n ∈ N✱ t❤❡r❡
❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ t❤❛t ❝❤❡❝❦s ✐♥ O(|t|)✲t✐♠❡ ❢♦r ❡✈❡r② t❡r♠ t ∈ T (BF

n , C
F
n ) ✐❢ t❤❡ ❣r❛♣❤ ❞❡✜♥❡❞

❜② t❤✐s t❡r♠ s❛t✐s✜❡s P ✳

Pr♦♦❢✳ ❚❤✐s r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ ❬❈▼❘✵✵❪ ❢♦r T (F uc
n , Cc

n) ✐♥st❡❛❞ ♦❢ T (BF
n , C

F
n )✱ ❜✉t ✐t ❡①t❡♥❞s

t♦ ❛❧❧ q✉❛♥t✐✜❡r✲❢r❡❡ ❞❡✜♥❛❜❧❡ ♦♣❡r❛t✐♦♥s ❛s ♣r♦✈❡❞ ✐♥ ❬❈♦✉✾✷❪✳ ❚❤❡ ❧♦❣✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢
t❤✐s r❡s✉❧t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❞❡t❛✐❧s ❜② ▼❛❦♦✇s❦② ✐♥ ❬▼❛❦✵✹❪✳

●✐✈❡♥ ❛ ❣r❛♣❤ G t❤❛t ✇❡ ❦♥♦✇ ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (BF
n , C

F
n )✱ ✇❡ ♥❡❡❞ ❛♥ ❛❧❣♦r✐t❤♠

t❤❛t ❝♦♥str✉❝ts t❤✐s t❡r♠ ✐♥ ♦r❞❡r t♦ ✉s❡ ❚❤❡♦r❡♠ ✹✳✶✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✺ t❤❛t ✐❢ ❛
❣r❛♣❤ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (BF

n , C
F
n )✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(|VG|3) ❛ t❡r♠ ✐♥

T (BF
m, C

F
m) t❤❛t ❞❡✜♥❡s G✱ m = 2 · |F |n✳



✺✹ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

✹✳✷ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s

▲❡t F = {0, 1, a1, . . . , aq} ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❆❧❧ t❤❡
❣r❛♣❤s ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ♦✈❡r (F, σ) ❛♥❞ ❢♦r ❝❧❛r✐t② ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ❡①♣r❡ss✐♦♥ ✏♦✈❡r (F, σ)✑
✇❤❡♥ t❤❡ ❝♦♥t❡①t ✐s ❝❧❡❛r✳ ❲❡ s♣❡❝✐❛❧✐③❡ t❤❡ ♦♣❡r❛t✐♦♥s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❜②
t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ str✉❝t✉r❡ ♦❢ F k ♦✈❡r t❤❡ ✜❡❧❞ F ✳ ❲❡ ❞❡♥♦t❡ ❜② MT t❤❡
tr❛♥s♣♦s❡ ♦❢ ❛ ♠❛tr✐① M ❛♥❞ ✇❡ ❧❡t Ok,ℓ ❛♥❞ Ik ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ (k × ℓ)✲♥✉❧❧ ♠❛tr✐①
❛♥❞ t❤❡ (k × k)✲✐❞❡♥t✐t② ♠❛tr✐①✳

▲❡t k ≥ 1✳ ❲✐t❤ ❛♥ F k✲❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, E
0
G, E

1
G, E

a1
G , . . . , E

aq

G , γG 〉✱ ✇❡ ❛ss♦❝✐❛t❡
t❤❡ (VG, [k])✲❝♦❧♦r ♠❛tr✐① ΓG✱ t❤❡ r♦✇ ✈❡❝t♦rs ♦❢ ✇❤✐❝❤ ❛r❡ t❤❡ ✈❡❝t♦rs γG(x) ✐♥ F k ❢♦r x ✐♥
VG✳ ❲❡ ❞❡✜♥❡ t❤❡ ❝♦❧♦r✲r❛♥❦ ♦❢ G ❛s t❤❡ r❛♥❦ ♦❢ ΓG ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② crk(G)✳ ❈❧❡❛r❧②✱
crk(G) ≤ k ✐❢ G ✐s F k✲❝♦❧♦r❡❞✸✳ ❲❡ ♥♦✇ ❞❡✜♥❡ s♣❡❝✐❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s ❞❡✜♥❡❞ ✐♥
❙❡❝t✐♦♥ ✹✳✶✳

❉❡✜♥✐t✐♦♥ ✹✳✻ ✭▲✐♥❡❛r r❡❝♦❧♦r✐♥❣s✮ ❆ r❡❝♦❧♦r✐♥❣ Recolh ✐s ❧✐♥❡❛r ✐❢ h : F k → Fm ✐s ❛ ❧✐♥❡❛r
❢✉♥❝t✐♦♥✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ ❢♦r s♦♠❡ (k ×m)✲♠❛tr✐① N ❛♥❞ ❛❧❧ F k✲❝♦❧♦r❡❞ ❣r❛♣❤s G✱ ✇❡ ❤❛✈❡ ❜②
❧❡tt✐♥❣ H = Recolh(G)✱

ΓH = ΓG ·N,

✐✳❡✳✱ γH(x) = γG(x) ·N ❢♦r ❡❛❝❤ x ✐♥ VG✳

■❢ Recolh ❛♥❞ Recolh′ ❛r❡ ❧✐♥❡❛r r❡❝♦❧♦r✐♥❣s✱ ❞❡s❝r✐❜❡❞ r❡s♣❡❝t✐✈❡❧② ❜② N ❛♥❞ N ′✱ t❤❡♥ Recolh◦
Recolh′ ✐s ❧✐♥❡❛r ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❜② N ′ ·N ✳

❉❡✜♥✐t✐♦♥ ✹✳✼ ✭❇✐❧✐♥❡❛r ♣r♦❞✉❝t ♦❢ ❣r❛♣❤s✮ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♦♣❡r❛t✐♦♥s ⊗f,g,h ✇❤❡r❡✿

✲ f : F k × F ℓ → F ✐s ❜✐❧✐♥❡❛r✱ ❤❡♥❝❡ ❞❡✜♥❡❞ ❜② f(u, v) = (u · M) · vT ✇❤❡r❡ M ✐s ❛
(k × ℓ)✲♠❛tr✐①❀

✲ t❤❡ r❡❝♦❧♦r✐♥❣ ♠❛♣♣✐♥❣s g : F k → Fm ❛♥❞ h : F ℓ → Fm ❛r❡ ❧✐♥❡❛r✳

❲❡ ♦r❞❡r t❤❡ ❣r❛♣❤ K = G⊗f,g,h H ❜② ♣r❡s❡r✈✐♥❣ t❤❡ ♦r❞❡r✐♥❣s ♦❢ VG ❛♥❞ VH ❛♥❞ ❧❡tt✐♥❣ x < y
❢♦r x ∈ VG ❛♥❞ y ∈ VH ✳ ■♥ t❡r♠s ♦❢ ♣r♦❞✉❝ts ♦❢ ♠❛tr✐❝❡s ✇❡ ❤❛✈❡ t❤✉s✿

FK =

(
AG ΓG ·M · ΓT

H

σ(ΓH ·MT · ΓT
G) AH

)
,

ΓK =

(
ΓG ·N
ΓH · P

)

✇❤❡r❡ M,N ❛♥❞ P ❛r❡ t❤❡ ♠❛tr✐❝❡s ❞❡s❝r✐❜✐♥❣ f, g ❛♥❞ h r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ✇✐❧❧ ✉s❡ ✐♥ t❤✐s ❝❛s❡
t❤❡ ♥♦t❛t✐♦♥ ⊗M,N,P ❢♦r ⊗f,g,h✳

✸❚❤❡ ❝♦❧♦r✲r❛♥❦ ♦❢ G s❤♦✉❧❞ ♥♦t ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ ✐ts r❛♥❦✱ ❞❡✜♥❡❞ ❛s t❤❡ r❛♥❦ ♦❢ ✐ts ❛❞❥❛❝❡♥❝② ♠❛tr✐① FG

♦✈❡r F ✳ ❆❧❧ r❛♥❦s ❛r❡ r❡❧❛t✐✈❡ t♦ F ✳



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✺✺

❘❡♠❛r❦ ✹✳✷ ✶✳ ■❢ K = G⊗M,N,P H ✐s Bm✲❝♦❧♦r❡❞✱ t❤❡♥ ✇❡ ❤❛✈❡✿

(FK)VH

VG
= ΓG ·M · ΓT

H ,

(ΓK)
[m]
VG

= ΓK[VG] = ΓG ·N,
(ΓK)

[m]
VH

= ΓK[VH ] = ΓH · P.

❙✐♥❝❡ ❢♦r ❛❧❧ ♠❛tr✐❝❡s✱

rk(A ·B) ≤ min{rk(A), rk(B)},

✇❡ ❤❛✈❡

crk(K[VG]) = rk((ΓK)
[m]
VG

) ≤ rk(ΓG) ≤ k,

❛♥❞ s②♠♠❡tr✐❝❛❧❧②✱

crk(K[VH ]) = rk((ΓK)
[m]
VH

) ≤ rk(ΓH) ≤ ℓ.

✷✳ ❲❡ ❤❛✈❡ K = G⊗M,N,P H = H ⊗MT ,P,N G ✐❢ (FK)VH

VG
= (FK)VG

VH
✳

✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❛r❡ ❝❧❡❛r✿

RecolQ(u) = v ✐❢ v = u ·Q,
RecolQ(G⊗M,N,P H) = G⊗M,N ·Q,P ·Q H,

RecolQ(G)⊗M,N,P RecolQ′(H) = G⊗Q·M ·Q′T ,Q·N,Q′·P H,

G⊗M,N,P ∅k = RecolN (G).

❲❡ ❧❡t RF
n ⊆ BF

n ❜❡ t❤❡ s❡t ♦❢ ❧✐♥❡❛r r❡❝♦❧♦r✐♥❣s RecolN ❛♥❞ ❜✐❧✐♥❡❛r ♣r♦❞✉❝ts ⊗M,N,P

✇❤❡r❡ M,N ❛♥❞ P ❛r❡ r❡s♣❡❝t✐✈❡❧② (k× ℓ)✱ (k×m) ❛♥❞ (ℓ×m)✲♠❛tr✐❝❡s ❢♦r k, ℓ,m ≤ n✳ ❲❡
❞❡♥♦t❡ ❜② val(t) t❤❡ ❣r❛♣❤ ❞❡✜♥❡❞✱ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ ❜② ❛ t❡r♠ t ∈ T (RF

n , C
F
n )✳ ❚❤✐s ❣r❛♣❤

✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t❡r♠ ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧❣❡❜r❛✳ ❚✇♦ t❡r♠s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ❞❡✜♥❡✱
✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ t❤❡ s❛♠❡ ❣r❛♣❤✳

❘❡♠❛r❦ ✹✳✸ ❲❡ ❝❛♥ tr❛♥s❢♦r♠ ❡✈❡r② t❡r♠ t ∈ T (RF
n , C

F
n ) ✐♥t♦ ❛ t❡r♠ t′ ∈ T (RF

n , C
F
n ) ✇❤❡r❡

❡❛❝❤ ❝♦♥st❛♥t u ∈ Fn ❛♥❞ ❡❛❝❤ ♦♣❡r❛t✐♦♥ RecolN ♦r ⊗M,N,P ✐s s✉❝❤ t❤❛t M,N ❛♥❞ P ❛r❡
(n× n)✲♠❛tr✐❝❡s✳ ❋♦r t❤❛t✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐✈❡ r✉❧❡s✿

t′ =





(u, 01,n−k) ✐❢ t = u ❛♥❞ u ∈ F k,

RecolN ′(t′1) ✐❢ t = RecolN (t1),

t′1 ⊗M ′,N ′,P ′ t′2 ✐❢ t = t1 ⊗M,N,P t2.

✇❤❡r❡ M,N ❛♥❞ P ❛r❡ r❡s♣❡❝t✐✈❡❧② (k × ℓ)✱ (k ×m) ❛♥❞ (ℓ×m)✲♠❛tr✐❝❡s ❛♥❞

M ′ =

(
M 0k,n−ℓ

0n−k,ℓ 0n−k,n−ℓ

)
N ′ =

(
N 0k,n−m

0n−k,m 0n−k,n−m

)
P ′ =

(
P 0ℓ,n−m

0n−ℓ,m 0n−ℓ,n−m

)
.

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢② t❤❛t t′ ✐s ❡q✉✐✈❛❧❡♥t t♦ t✳ ❙♦✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥
r❡♣❧❛❝❡ RF

n ❜② R
′F
n ❝♦♥s✐st✐♥❣ ♦❢ ❜✐❧✐♥❡❛r ♣r♦❞✉❝ts ⊗M,N,P ✇❤❡r❡M,N ❛♥❞ P ❛r❡ (n×n)✲♠❛tr✐❝❡s✳

❲❡ ❛❧s♦ ✉s❡ ❘❡♠❛r❦ ✹✳✷✭✸✮ s❤♦✇✐♥❣ t❤❛t r❡❝♦❧♦r✐♥❣s ❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ ❜✐❧✐♥❡❛r ♣r♦❞✉❝ts✳



✺✻ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ✐s t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡♦r❡♠ ✹✳✷ ✭❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r
(F, σ) ✇❤❡r❡ FG ✐s s②♠♠❡tr✐❝✳ ❚❤❡♥ G ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st n ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s t❤❡
✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (RF

n , C
F
n )✳

❲❡ ✇✐❧❧ ♣r♦✈❡ ✐t ✐♥ t✇♦ st❡♣s✳ ❲❡ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str♦♥❣❡r ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ ✐s
t❤❡ ✏✐❢ ❞✐r❡❝t✐♦♥✑✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷ ▲❡t G = val(t) ✇❤❡r❡ t ∈ T (RF
n , C

F
n )✳ ❚❤❡♥ rwd

F (G) ≤ n ✐❢ FG ✐s s②♠✲
♠❡tr✐❝✳ ❖t❤❡r✇✐s❡✱ rwd

F (G) ≤ 2n✳

❲❡ r❡❝❛❧❧ t❤❛t s • t = s[t/u] ❢♦r s ∈ Cxt(RF
n , C

F
n )✱ t ∈ T (RF

n , C
F
n ) ❛♥❞ Id ✐s t❤❡ ♣❛rt✐❝✉❧❛r

❝♦♥t❡①t u✳ ❇❡❢♦r❡ ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱ ✇❡ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶ ▲❡t t = c • t′ ✇❤❡r❡ t′ ∈ T (R
′F
n , CF

n ), c ∈ Cxt(R
′F
n , CF

n ) − {Id}✳ ■❢ ✇❡ ❧❡t
G = val(t) ❛♥❞ H = val(t′)✱ t❤❡♥

(FG)VG−VH

VH
= (ΓH ·B σ(ΓH ·B′))

ΓG[VH ] = ΓH · C

❢♦r s♦♠❡ ♠❛tr✐❝❡s B,B′ ❛♥❞ C✳ ■❢ FG ✐s s②♠♠❡tr✐❝ t❤❡♥✱ σ(ΓH ·B′) = ΓH ·B′✳

Pr♦♦❢✳ ❲❡ ✉s❡ ❛♥ ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ c✳ ❲❡ ❤❛✈❡ s❡✈❡r❛❧ ❝❛s❡s✿

✭❛✮ c = Id⊗M,N,P t
′′✳

❲❡ ❧❡t K = val(t′′)✳ ❚❤❡♥ G = H ⊗M,N,P K✳ ❲❡ ❤❛✈❡✱ ❛s ♦❜s❡r✈❡❞ ❛❜♦✈❡✱

(FG)VK

VH
= ΓH ·M · ΓT

K ,

ΓG[VH ] = ΓH ·N.

❍❡♥❝❡ ✇❡ t❛❦❡ B = M · ΓT
K , B

′ = 0 ❛♥❞ C = N ✳ ❚❤❡ ❧❛st ❛ss❡rt✐♦♥ ✐s ❝❧❡❛r✳

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ✐❢ c = t′′ ⊗M,N,P Id✱ ✇❡ t❛❦❡ B = 0, B′ = MT · ΓT
K ❜❡❝❛✉s❡

(FG)VK

VH
= σ(ΓH · MT · ΓT

K) ❛♥❞ C = P ✳ ❚❤❡ s❡❝♦♥❞ ❛ss❡rt✐♦♥ ✐s ❝❧❡❛r s✐♥❝❡

σ(ΓH ·MT · ΓT
K) = ΓH ·MT · ΓT

K ✐❢ FG ✐s s②♠♠❡tr✐❝✳

✭❜✮ c = c′ ⊗M,N,P t
′′ ✇❤❡r❡ c′ ∈ Cxt(R′F

n , CF
n )− {Id}✳

❲❡ ❧❡t K = val(t′′) ❛♥❞ G′ = val(c′ • t′)✳ ❍❡♥❝❡✱ G = G′ ⊗M,N,P K✳ ❲❡ r❡❝❛❧❧ t❤❛t✿

FG =

(
FG′ ΓG′ ·M · ΓT

K

σ(ΓK ·MT · ΓT
G′) FK

)
.

❍❡♥❝❡

(FG)VG−VH

VH
=
(
(FG′)

VG′−VH

VH

(
ΓG′ ·M · ΓT

K

)VK

VH

)
.



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✺✼

❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ (FG′)
VG′−VH

VH
= (ΓH ·B′ σ(ΓH ·B′′)) ❛♥❞ ΓG′[VH ] = ΓH ·C ′✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t
(
ΓG′ ·M · ΓT

K

)VK

VH
= ΓH · C ′′ ❢♦r s♦♠❡ ♠❛tr✐❝❡s C ′′✳

(
ΓG′ ·M · ΓT

K

)VK

VH
= (ΓG′)

[n]
VH
·M · ΓT

K ❜② ❞❡✜♥✐t✐♦♥,

= ΓG′[VH ] ·M · ΓT
K ❜② ❞❡✜♥✐t✐♦♥,

= ΓH · C ′ ·M · ΓT
K ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✳

❍❡♥❝❡ (FG)VG−VH

VH
=
(
ΓH(B′ C ′ ·M · ΓT

K) σ(ΓH · B′′)
)
✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r ΓG[VH ]✳

❲❡ ❤❛✈❡✿

ΓG =

(
ΓG′ ·N
ΓK · P

)
.

❚❤❡♥ ΓG[VH ] = (ΓG′ ·N)
[n]
VH

= (ΓG′)
[n]
VH
·N = ΓH · C ′ ·N ✳

■❢ FG ✐s s②♠♠❡tr✐❝✱ σ(ΓH · B′′) = ΓH · B′′✱ t❤✐s ♣r♦✈❡s t❤❡ ❧❡♠♠❛✱ ❜❡❝❛✉s❡ t❤❡ ❝❛s❡ ♦❢
c = t′′ ⊗M,N,P c

′ ✐s s✐♠✐❧❛r✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ▲❡t G = val(t) ✇❤❡r❡ t ∈ T (RF
n , C

F
n )✳ ❲❡ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛

t❡r♠ t̃ ✐♥ T (R
′F
n , Cn) ✇✐t❤ red(t̃) = red(t)✳ ❲❡ t❛❦❡ red(t̃) ❛s ❛ ❧❛②♦✉t ♦❢ G✳ ❲❡ ❝❧❛✐♠ t❤❛t

t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ t❤✐s ❧❛②♦✉t ✐s ❛t ♠♦st n✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❡❛❝❤ s✉❜t❡r♠ t′

♦❢ t✱

rk((FG)
VG−Vval(t′)

Vval(t′)
) ≤ 2n.

▲❡t t′ ❜❡ ❛ s✉❜t❡r♠ ♦❢ t ❛♥❞ ❧❡t H = val(t′)✳ ❇② ▲❡♠♠❛ ✹✳✶✱ ✇❡ ❤❛✈❡ (FG)VG−VH

VH
=
(
ΓH ·

B σ(ΓH · B′)
)
✳ ❆ss✉♠❡ ✜rst t❤❛t FG ✐s ♥♦t s②♠♠❡tr✐❝✳ ■t ✐s ❝❧❡❛r t❤❛t (FG)VG−VH

VH
=(

ΓH ·B 0
)

+
(
0 σ(ΓH ·B′)

)
✱ ✐✳❡✳✱ rk((FG)VG−VH

VH
) ≤ rk(ΓH ·B) + rk(ΓH ·B′) ❜❡❝❛✉s❡

rk(A + B) ≤ rk(A) + rk(B) ❬▲✐♣✾✶❪✳ ❚❤❡♥ rk((FG)VG−VH

VH
) ≤ 2n s✐♥❝❡ H ✐s Fn✲❝♦❧♦r❡❞ ❛♥❞

rk(A ·B) ≤ min{rk(A), rk(B)}✳

❆ss✉♠❡ ♥♦✇ t❤❛t FG ✐s s②♠♠❡tr✐❝✳ ❇② ▲❡♠♠❛ ✹✳✶✱ ✇❡ ❤❛✈❡ σ(ΓH · B′) = ΓH · B′✳ ❍❡♥❝❡
(FG)VG−VH

VH
= ΓH(B B′)✳ ❚❤❡♥ rk((FG)VG−VH

VH
) ≤ n✳

❲❡ ❤❛✈❡ t❤❡♥ ♣r♦✈❡❞ t❤❛t ✐❢ t ∈ T (RF
n , C

F
n ) ❛♥❞ G = val(t) ✐s s✉❝❤ t❤❛t FG ✐s s②♠♠❡tr✐❝✱

t❤❡♥ rwd
F (G) ≤ n✳ ❋♦r ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥✱ st❛t❡❞ ❛s Pr♦♣♦s✐t✐♦♥ ✹✳✺✱ ✇❡ ♥❡❡❞

s♦♠❡ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❜❡❢♦r❡✳ ❲❡ ✇r✐t❡ G = H ⊗M K
✐♥st❡❛❞ ♦❢ H ⊗M,N,P K ✐❢ ✇❡ ❞♦ ♥♦t ❝❛r❡ ❛❜♦✉t t❤❡ ❝♦❧♦r✐♥❣ ♦❢ G ❜✉t ♦♥❧② ❛❜♦✉t ✐ts ✈❡rt✐❝❡s
❛♥❞ ❡❞❣❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧② ⊗M ✐s ❛♥ ❛❜❜r❡✈✐❛t✐♦♥ ❢♦r ⊗M,O,O ✇❤❡r❡ O ❞❡♥♦t❡s ③❡r♦✲♠❛tr✐❝❡s✳
❲❡ r❡❝❛❧❧ t❤❛t ❛ ❣r❛♣❤ ✇✐t❤♦✉t ❝♦❧♦rs ❤❛s ❛❧❧ ✐ts ✈❡rt✐❝❡s ❝♦❧♦r❡❞ ❜② ❛ r♦✇ ✈❡❝t♦r (0, · · · , 0)✳
❋♦r X ⊆ VG✱ ✇❡ ❞❡♥♦t❡ ❜② ρF

G(X) t❤❡ r❛♥❦ ♦❢ (FG)VG−X
X ✱ ✇❤✐❝❤ ✐s ❜② ❞❡✜♥✐t✐♦♥ ρF

FG
(X) ✭❝❢✳

t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ✐♥ ❈❤❛♣t❡r ✷✮✳



✺✽ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ (V1, V2) ❜❡ ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ ✐ts ✈❡rt✐❝❡s s✉❝❤ t❤❛t ρF
G(V1) = m✳ ❲❡ s❛②

t❤❛t ✈❡rt✐❝❡s x1, . . . , xm ✐♥ V1 ❢♦r♠ ❛ ✈❡rt❡① ❜❛s✐s ♦❢ G[V1] ✇✐t❤ r❡s♣❡❝t t♦ G ✐❢ t❤❡✐r ❛ss♦❝✐❛t❡❞
r♦✇ ✈❡❝t♦rs ✐♥ (FG)V2

V1
❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❱❡rt✐❝❡s x1, . . . , xp ✐♥ V1 ✇✐t❤ p ≥ ρF

G(V1) ❢♦r♠ ❛ ✈❡rt❡①
❣❡♥❡r❛t♦r ♦❢ G[V1] ✇✐t❤ r❡s♣❡❝t t♦ G ✐❢ t❤❡✐r ❛ss♦❝✐❛t❡❞ r♦✇ ✈❡❝t♦rs ❣❡♥❡r❛t❡ t❤❡ r♦✇ ✈❡❝t♦rs
♦❢ (FG)V2

V1
✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣r❡s❡♥t❛t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❝♦♥str✉❝t ❛

t❡r♠ ✐♥ T (RF
n , C

F
n ) ❢r♦♠ ❛ ❧❛②♦✉t ❜② ✐♥❞✉❝t✐♦♥✳ ❋♦r u = (u1, . . . , uk) ✐♥ F k✱ ✇❡ ❧❡t σ(u) ❜❡

t❤❡ r♦✇ ✈❡❝t♦r (σ(u1), . . . , σ(uk)) ✐♥ F k ❛♥❞ ❢♦r ❛ ♠❛tr✐① M = (mi,j) ♦✈❡r F ✱ ✇❡ ❧❡t σ(M) ❜❡
t❤❡ ♠❛tr✐① (σ(mi,j)) ♦✈❡r F ✳

❉❡✜♥✐t✐♦♥ ✹✳✽ ✭Pr❡s❡♥t❛t✐♦♥✮ ▲❡t G = 〈VG, E
0
G, E

1
G, E

a1
G , . . . , E

aq

G 〉 ❛♥❞ ❧❡t (V1, V2) ❜❡ ❛

❜✐♣❛rt✐t✐♦♥ ♦❢ VG ✇✐t❤ A = (FG)V2
V1
✳ ▲❡t X = {z1, . . . , zp} ⊆ V1 ❜❡ ❛ ✈❡rt❡① ❣❡♥❡r❛t♦r ♦❢ G[V1]

✇✐t❤ r❡s♣❡❝t t♦ G✳ ❚❤❡ s❡t ♦❢ r♦✇ ✈❡❝t♦rs AV2
zi

❣❡♥❡r❛t❡s t❤❡ s❛♠❡ ✈❡❝t♦r s♣❛❝❡ ❛s t❤❡ s❡t ♦❢ ❛❧❧
r♦✇ ✈❡❝t♦rs ♦❢ A✳ ❚❤❡♥ ❢♦r ❡❛❝❤ x ∈ V1✱ t❤❡r❡ ❡①✐sts ❛ r♦✇ ✈❡❝t♦r bx = (bxz1 , . . . , bxzp) ✐♥ F p s✉❝❤
t❤❛t

AV2
x = bx ·

(
AV2

z1
+ · · ·+AV2

zp

)T

❈❧❡❛r❧②✱ ❢♦r ❡❛❝❤ z ∈ X✱ t❤❡ r♦✇ ✈❡❝t♦r bz ✐s s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ z′ ∈ X✱

bzz′ =

{
1 ✐❢ z = z′,

0 ♦t❤❡r✇✐s❡.

❋♦r ❡❛❝❤ x ∈ V1 −X ❛♥❞ ❡❛❝❤ z ∈ X✱ bxz ❝❛♥ ❜❡ ❛♥② ❡❧❡♠❡♥t ♦❢ F ✳ ❇② ❤②♣♦t❤❡s✐s✱ G ✐s ❧✐♥❡❛r❧②
♦r❞❡r❡❞✱ ❤❡♥❝❡ V1 ✐s ❧✐♥❡❛r❧② ♦r❞❡r❡❞✱ t❤❡ ♦r❞❡r ✐♥❞✉❝❡❞ ❜② t❤❡ ♦r❞❡r ♦❢ G✳ ❲❡ ❧❡t v1, . . . , vn ❜❡

t❤❡ ♦r❞❡r ♦❢ V1 ✐♥❞✉❝❡❞ ❜② t❤❡ ♦r❞❡r ♦❢ G✳ ❲❡ ❧❡t N ❜❡ t❤❡ (V1, X)✲♠❛tr✐①
(
bv1 , . . . , bvn

)T
✱ ✐✳❡✳✱

❢♦r ❡❛❝❤ i ✐♥ [n]✱ t❤❡ i✲th r♦✇ ♦❢ N ✐s bvi
✳

▲❡t H ′ ❜❡ ❛♥ Fn✲❝♦❧♦r✐♥❣ ♦❢ G[V1] s✉❝❤ t❤❛t γH′(vi) = (0, . . . , 0, 1, 0, . . . , 0) ✇✐t❤ 1 ❛t i✲t❤
♣♦s✐t✐♦♥✳ ❲❡ ❧❡t H ❜❡ s✉❝❤ t❤❛t✿

H =

{
RecolN (H ′) ✐❢ FG ✐s s②♠♠❡tr✐❝,

Recol(N σ(N))(H
′) ♦t❤❡r✇✐s❡.

❲❡ ❝❛❧❧ (H,N,X) ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢G[V1] r❡❧❛t✐✈❡ t♦G✳ ■t ✐s ❝❧❡❛r t❤❛tH ✐s ❛♥ F p✲❝♦❧♦r✐♥❣ ♦❢G[V1]
❛♥❞ ΓH = N ✐❢ FG ✐s s②♠♠❡tr✐❝✱ ♦t❤❡r✇✐s❡ H ✐s ❛♥ F 2p✲❝♦❧♦r✐♥❣ ♦❢ G[V1] ❛♥❞ ΓH =

(
N σ(N)

)
✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) ❛♥❞ ❧❡t (V1, V2) ❜❡ ❛ ❜✐♣❛r✐t✐♦♥ ♦❢ VG✳ ▲❡t
X ⊆ V1 ❛♥❞ Y ⊆ V2 ❜❡ ✈❡rt❡① ❣❡♥❡r❛t♦rs ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝t✐✈❡❧②✱ ❜♦t❤ ✇✐t❤ r❡s♣❡❝t t♦
G✳ ▲❡t (H,N,X) ❛♥❞ (K,P, Y ) ❜❡ ♣r❡s❡♥t❛t✐♦♥s ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝t✐✈❡❧②✱ ❜♦t❤ r❡❧❛t✐✈❡
t♦ G✳ ❚❤❡♥ (FG)V2

V1
= N ·M · σ(P T ) ✇❤❡r❡ M = (FG)Y

X ✳ ❋✉rt❤❡r♠♦r❡✱ G = H ⊗M ′ K ✇❤❡r❡
✐❢ p = |X| ❛♥❞ q = |Y |

M ′ =





M ✐❢ FG ✐s s②♠♠❡tr✐❝,(
0p,q M

0p,q 0p,q

)
♦t❤❡r✇✐s❡.

Pr♦♦❢✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ❧❡t A = FG✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❛t (H,N,X) ✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢
G[V1] r❡❧❛t✐✈❡ t♦ G ♠❡❛♥s t❤❛t AV2

V1
= N · AV2

X ✳ ❙✐♠✐❧❛r❧② AV1
V2

= P · AV1
Y s✐♥❝❡ (K,P, Y )



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✺✾

✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ G[V2] r❡❧❛t✐✈❡ t♦ G✳ ❚❤❡♥ AX
V2

= P · AX
Y ✱ ✐✳❡✳✱ AV2

X = σ((P · AX
Y )T ) =

σ((AX
Y )T ) · σ(P T )✳ ❇✉t AY

X = σ((AX
Y )T )✳ ❍❡♥❝❡✱ AV2

V1
= N ·M · σ(P T )✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t G = H ⊗M ′ K✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t AV2
V1

= (FG′)V2
V1

✇❤❡r❡
G′ = H ⊗M ′ K✳ ❆ss✉♠❡ ✜rst t❤❛t FG ✐s ♥♦t s②♠♠❡tr✐❝✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡
❤❛✈❡ ΓH =

(
N σ(N)

)
❛♥❞ ΓK =

(
P σ(P )

)
✳ ■t ✐s ♥♦✇ ❝❧❡❛r t❤❛t (FG′)V2

V1
= N ·M ·σ(P T )

❆ss✉♠❡ ♥♦✇ t❤❛t FG ✐s s②♠♠❡tr✐❝✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❤❛✈❡ ΓH = N ❛♥❞
ΓK = P ✳ ❍❡♥❝❡✱ (FG′)V2

V1
= ΓH ·M · ΓT

K = N ·M · P T = N ·M · σ(P T ) = AV2
V1
✳

❘❡♠❛r❦ ✹✳✹ ✶✳ ■❢ k = rk((FG)V2
V1

) ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✱ ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐❧② p = |X| ≥ k, q =
|Y | ≥ k✳ ■❢ p = q = k✱ t❤❡♥ X ❛♥❞ Y ❛r❡ ✈❡rt❡① ❜❛s❡s ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝t✐✈❡❧②✱ ❜♦t❤
✇✐t❤ r❡s♣❡❝t t♦ G✳

✷✳ ■❢ V1 ⊆ V ❛♥❞ X ✐s ❛ ✈❡rt❡① ❜❛s✐s ♦❢ G[V1] ✇✐t❤ r❡s♣❡❝t t♦ G✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
♣r❡s❡♥t❛t✐♦♥ (H,N,X) ♦❢ G[V1] r❡❧❛t✐✈❡ t♦ G ✳

❊①❛♠♣❧❡ ✹✳✷ ❲❡ ❧❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ s✉❝❤ t❤❛t V1 ✐s t❤❡ s❡t {x1, . . . , x6} ❛♥❞ V2 ✐s t❤❡
s❡t {y1, . . . , y7} ❛♥❞ ❧❡t A = (FG)V2

V1
❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

A =

y1 y2 y3 y4 y5 y6 y7

x1 a a2 1 a 0 0 0

x2 0 0 0 a2 a 1 1

x3 a2 0 a 1 0 a2 0

x4 a2 1 a 0 a 1 1

x5 a2 0 a a2 1 0 a2

x6 0 1 0 0 1 0 a2

❲❡ ❝❤♦♦s❡ X = {x1, x2, x3} ❛♥❞ Y = {y2, y5, y6} ❛s ✈❡rt❡① ❜❛s❡s ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝✲
t✐✈❡❧②✱ ❜♦t❤ ✇✐t❤ r❡s♣❡❝t t♦ G✳ ❲❡ ❤❛✈❡ t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r r❡❧❛t✐♦♥s✿

AV2
x4

= a ·AV2
x1

+AV2
x2
,

AV2
x5

= a2 ·AV2
x2

+AV2
x3
,

AV2
x6

= a ·AV2
x1

+ a2 ·AV2
x2

+AV2
x3

❛♥❞✱

AV1
y1

= a ·AV1
y2

+ a ·AV1
y5

+AV1
y6
,

AV1
y3

= a2 ·AV1
y2

+ a2 ·AV1
y5

+ a ·AV1
y6
,

AV1
y4

= a ·AV1
y2

+ a ·AV1
y5

+ a2 ·AV1
y6
,

AV1
y7

= a ·AV1
y5
.



✻✵ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ GF (4)6✲❝♦❧♦r✐♥❣s H ❛♥❞ K ♦❢ G[V1] ❛♥❞ G[V2] ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡✜♥❡❞ ❜②✿

x1 1 0 0 1 0 0

x2 0 1 0 0 1 0

x3 0 0 1 0 0 1

x4 a 1 0 a2 1 0

x5 0 a2 1 0 a 1

x6 a a2 1 a2 a 1

y1 a a 1 a2 a2 1

y2 1 0 0 1 0 0

y3 a2 a2 a a a a2

y4 a a a2 a2 a2 a

y5 0 1 0 0 1 0

y6 0 0 1 0 0 1

y7 0 a 0 0 a2 0

❲❡ ❤❛✈❡

M = AY
X =

y2 y5 y6

x1 a2 0 0

x2 0 a 1

x3 0 0 a2

M ′ =

(
03,3 M
03,3 03,3

)

❲❡ ❝❛♥ ❝❤❡❝❦ ❢♦r ❛♥ ❡①❛♠♣❧❡ t❤❛t✿

γH(x4) ·M ′ · γK(y5) =
(
0 0 0 1 a 0

)
·
(
0 1 0 0 1 0

)T
= a = Ay5

x4

γH(x1) ·M ′ · γK(y2) =
(
0 0 0 a2 0 0

)
·
(
1 0 0 1 0 0

)T
= a2 = Ay2

x1

γH(x5) ·M ′ · γK(y1) =
(
0 0 0 0 1 0

)
·
(
a a 1 a2 a2 1

)T
= a2 = Ay5

x4

❲❡ ❝❛♥ ♥♦✇ st❛t❡ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♣r❡s❡♥t❛t✐♦♥s✳

❋❛❝t ✹✳✶ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ✇✐t❤ ❛ ❜✐♣❛r✐t✐♦♥ (V1, V2) ♦❢ VG✳ ▲❡t (H,N,X) ❛♥❞ (K,P, Y )
❜❡ ♣r❡s❡♥t❛t✐♦♥s ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝t✐✈❡❧②✱ ❜♦t❤ r❡❧❛t✐✈❡ t♦ G✳ ▲❡t Z ⊆ V1 ∪ V2 ❛♥❞
M = (FG)Y

X ✳ ❚❤❡♥

G[Z] = H[Z ∩ V1]⊗M K[Z ∩ V2].

❋❛❝t ✹✳✷ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ■❢ X ′ ⊆ X ⊆ V ⊆ VG ❛♥❞ X ′, X ❛r❡ ✈❡rt❡① ❣❡♥❡r❛t♦rs ♦❢ G[V ]
✇✐t❤ r❡s♣❡❝t t♦ G✱ t❤❡♥✿

(FG)VG−V
V = N · (FG)VG−V

X ,

(FG)VG−V
X = N ′ · (FG)VG−V

X′ ,

❢♦r s♦♠❡ (V,X)✲♠❛tr✐① N ❛♥❞ s♦♠❡ (X,X ′)✲♠❛tr✐① N ′ ❛♥❞

(FG)VG−V
V = (N ·N ′) · (FG)VG−V

X′ .

Pr♦♣♦s✐t✐♦♥ ✹✳✹ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) ❛♥❞ V ⊆ VG✱ ❛♥❞ ❧❡t (V1, V2) ❜❡ ❛ ❜✐♣❛rt✐t✐♦♥
♦❢ V ✳ ▲❡t (H1, N1, X1) ❛♥❞ (H2, N2, X2) ❜❡ ♣r❡s❡♥t❛t✐♦♥s ♦❢ G[V1] ❛♥❞ G[V2] r❡s♣❡❝t✐✈❡❧②✱
❜♦t❤ r❡❧❛t✐✈❡ t♦ G✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ✈❡rt❡① ❜❛s✐s Z ⊆ X1 ∪X2 ♦❢ G[V ] ❛♥❞ ❛ ♣r❡s❡♥t❛t✐♦♥
(H,N,Z) ♦❢ G[V ] r❡❧❛t✐✈❡ t♦ G s✉❝❤ t❤❛t

H = H1 ⊗M,P1,P2 H2

✇❤❡r❡ M ✐s ❛♥ (X1, X2)✲♠❛tr✐①✱ P1 ✐s ❛♥ (X1, Z)✲♠❛tr✐① ❛♥❞ P2 ✐s ❛♥ (X2, Z)✲♠❛tr✐① ✐❢ FG ✐s
s②♠♠❡tr✐❝✱ ♦t❤❡r✇✐s❡ M,P1 ❛♥❞ P2 ❛r❡ r❡s♣❡❝t✐✈❡❧② (2h×2k)✱(2h×2ℓ) ❛♥❞ (2k×2ℓ)✲♠❛tr✐❝❡s
✇❤❡r❡ h = |X1|, k = |X2| ❛♥❞ ℓ = |Z|✳



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✻✶

Pr♦♦❢✳ ❲❡ ❧❡t n = |V1|, m = |V2| ❛♥❞ |VG−V | = p✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t FG ✐s s②♠♠❡tr✐❝✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✹✳✸✱ ✇❡ ❤❛✈❡G = H1⊗M ′K ✇❤❡r❡M ′ = (FG)
X2∪(VG−V )
X1

❛♥❞ (K,N ′
2, X2∪(VG−V ))

✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ G[VG − V1] r❡❧❛t✐✈❡ t♦ G ✇✐t❤✿

N ′
2 =

❅
❅

❅
X2 VG − V

V2 N2 0m,p

VG − V 0p,k Ip

❍❡♥❝❡✱ ❜② ❋❛❝t ✹✳✶✱ G[V ] = (H1 ⊗M ′ K) [V1 ∪ V2] = H1 ⊗M H2 ✇❤❡r❡ M = (M ′)X2
X1

s✐♥❝❡

K[V2] = H2,

(N ′
2)

X2
V2

= N2,

(X2 ∪ (VG − V )) ∩ V2 = X2.

■t r❡♠❛✐♥s t♦ ❞❡✜♥❡ Z,P1 ❛♥❞ P2 s✉❝❤ t❤❛t (H,N,Z) ✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ G[V ] r❡❧❛t✐✈❡ t♦ G
✇❤❡r❡✿

H = H1 ⊗M,P1,P2 H2,

N =

(
ΓH1 · P1

ΓH2 · P2

)
.

▲❡t X1 = {x1, . . . , xh}✱ X2 = {y1, . . . , yk} ❛♥❞ ℓ = ρF
G(V )✳ ❲❡ ❧❡t A = (FG)VG−V

V ✳

❈❧❛✐♠ ✹✳✶ X1 ∪X2 ✐s ❛ ✈❡rt❡① ❣❡♥❡r❛t♦r ♦❢ G[V ] ✇✐t❤ r❡s♣❡❝t t♦ G✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✹✳✶✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠❛tr✐① (FG)VG−V1
V1

✳ ■ts r♦✇ ✈❡❝t♦rs ❛r❡ ❣❡♥❡r❛t❡❞ ❜②

t❤♦s❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ X1✳ ❚❤✉s✱ s♦ ❛r❡ t❤♦s❡ ♦❢ (FG)VG−V
V1

✇❤✐❝❤ ❛r❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t❤❡ ❧❛tt❡r

♦♥❡s✳ ❙✐♠✐❧❛r❧② t❤❡ r♦✇ ✈❡❝t♦rs ♦❢ (FG)VG−V
V2

❛r❡ ❣❡♥❡r❛t❡❞ ❜② t❤♦s❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ X2✳
❍❡♥❝❡✱ X1 ∪X2 ✐s ❛ ✈❡rt❡① ❣❡♥❡r❛t♦r ♦❢ G[V1 ∪ V2] ✇✐t❤ r❡s♣❡❝t t♦ G✳

❖♥❡ ❝❛♥ t❤✉s ✜♥❞ ❛ ✈❡rt❡① ❜❛s✐s Z ⊆ X1 ∪ X2✳ ■t ❝♦♥s✐sts ♦❢ ℓ ✈❡rt✐❝❡s✳ ❲✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t Z = {x1, . . . , xh′ , y1, . . . , yk′} ❢♦r s♦♠❡ h′ ≤ h ❛♥❞ k′ ≤ k✳ ▲❡t
W = VG − V ✳ ❋♦r ❡❛❝❤ s s✉❝❤ t❤❛t h′ < s ≤ h✱ ✇❡ ❤❛✈❡ ❛ ✈❡❝t♦r ws s✉❝❤ t❤❛t✿

AW
xs

= ws ·
(
AW

x1
, · · · , AW

xh′
, AW

y1
, · · · , AW

yk′

)T
.

❲❡ ❧❡t

P1 =




Ih′ 0h′,ℓ−h′

wh′+1
✳✳✳
wh


 .



✻✷ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

❚❤✉s P1 ✐s ❛♥ (X1, Z)✲♠❛tr✐①✳ ❙✐♠✐❧❛r❧②✱ ❢♦r k′ < u ≤ k✱ ✇❡ ❤❛✈❡ w′
u s✉❝❤ t❤❛t✿

AW
yu

= w′
u ·
(
AW

x1
, · · · , AW

xh′
, AW

y1
, · · · , AW

yk′

)T
.

❲❡ ❧❡t

P2 =




0k′,ℓ−k′ Ik′

w′
k′+1
✳✳✳
w′

k


 .

■t ✐s ❛♥ (X2, Z)✲♠❛tr✐①✳ ❲❡ ❧❡t H = H1 ⊗M,P1,P2 H2✳ ▲❡t x ∈ V1 ❛♥❞ z ∈ W ✳ ❲❡ ✇✐s❤ t♦
♣r♦✈❡ t❤❛t✿

Az
x = γH(x) ·

(
Az

x1
, · · · , Az

xh′
, Az

y1
, · · · , Az

yk′

)T
.

❙✐♥❝❡ (H1, N1, X1) ✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ G[V1]✱ ✇❡ ❤❛✈❡

(FG)z
x = γH1(x) ·

(
(FG)z

x1
, · · · , (FG)z

xh

)T

❇✉t P1 ✐s ❞❡✜♥❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t✿




(FG)z
x1

✳✳✳
(FG)z

xh


 = P1 ·

(
(FG)z

x1
, · · · , (FG)z

xh′
, (FG)z

y1
, · · · , (FG)z

yk′

)T
.

❍❡♥❝❡✱

(FG)z
x = γH1(x) · P1 ·

(
Az

x1
, · · · , Az

xh′
, Az

y1
, · · · , Az

yk′

)T

❇✉t✱ ✐t ✐s ❝❧❡❛r t❤❛t γH1(x) · P1 = γH(x)✳

❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ❢♦r (FG)z
y ❢♦r y ∈ V2 ❛♥❞ z ∈W ✳ ■t r❡♠❛✐♥s ♥♦✇ t♦ ❝♦♥s✐❞❡r ♥♦♥ s②♠♠❡tr✐❝

σ✲s②♠♠❡tr✐❝ ♠❛tr✐❝❡s✳ ▲❡t

M =

(
0h,k (M ′)X2

X1

0h,k 0h,k

)
P ′

1 =

(
P1 0h,ℓ

0h,ℓ σ(P1)

)
P ′

2 =

(
P2 0k,ℓ

0k,ℓ σ(P2)

)
.

❲❡ ❧❡t

H = H1 ⊗M,P ′
1,P ′

2
H2,

N =

(
ΓH1 · P ′

1

ΓH2 · P ′
2

)
.

❈❧❡❛r❧② (H,N,Z) ✐s ❛ ♣r❡s❡♥t❛t✐♦♥ ♦❢ G[V ] r❡❧❛t✐✈❡ t♦ G✳ ❚❤✐s t❡r♠✐♥❛t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
♣r♦♣♦s✐t✐♦♥✳



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✻✸

❊①❛♠♣❧❡ ✹✳✸ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❲❡ ❧❡t V1 ❜❡ t❤❡ s❡t {x1, . . . , x6}✱ V2 ❜❡ t❤❡ s❡t
{y1, . . . , y6} ❛♥❞ W = VG − V ❜❡ t❤❡ s❡t {z1, . . . , z5}✳ ❲❡ ❧❡t A = FG✳ ❚❤❡ ♠❛tr✐① AV2∪W

V1∪V2
✐s

✭✇❡ ❝❛♥ ❧❡❛✈❡ t❤❡ s✉❜✲♠❛tr✐① AV2
V2

✉♥❞❡✜♥❡❞✮✿

A =

y1 y2 y3 y4 y5 y6 z1 z2 z3 z4 z5
x1 a a2 1 a 0 0 a2 a2 a2 0 a2

x2 0 0 0 a2 a 1 1 1 0 a2 1

x3 a2 0 a 1 0 a2 a a 0 1 a

x4 a2 1 a 0 a 1 0 0 1 a2 0

x5 a2 0 a a2 1 0 1 1 0 a2 1

x6 0 1 0 0 1 0 0 0 1 a2 0

y1 0 1 a2 a a

y2 0 0 a2 a 0

y3 0 a 1 a2 a2

y4 1 1 1 0 1

y5 a a2 a 0 0

y6 a2 0 1 1 a

❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ r♦✇s ♦❢ AV2∪W
V1

❛♥❞ AV1∪W
V2

✿

AV2∪W
x4

= a ·AV2∪W
x1

+AV2∪W
x2

,

AV2∪W
x5

= a2 ·AV2∪W
x2

+AV2∪W
x3

,

AV2∪W
x6

= a ·AV2∪W
x1

+ a2 ·AV2∪W
x2

+AV2∪W
x3

❛♥❞✱

AV1∪W
y1

= a ·AV1∪W
y2

+ a ·AV1∪W
y5

+AV1∪W
y6

,

AV1∪W
y3

= a2 ·AV1∪W
y2

+ a2 ·AV1∪W
y5

+ a ·AV1∪W
y6

,

AV1∪W
y4

= a ·AV1∪W
y2

+ a ·AV1∪W
y5

+ a2 ·AV1∪W
y6

,

AV1∪W
y7

= a ·AV1∪W
y5

.

❱❡rt❡① ❜❛s❡s ♦❢ G[V1] ❛♥❞ ♦❢ G[V2] ✇✐t❤ r❡s♣❡❝t t♦ G ❛r❡ r❡s♣❡❝t✐✈❡❧② {x1, x2, x3} ❛♥❞ {y2, y5, y6}✳
❚❤❡ GF (4)6✲❝♦❧♦r✐♥❣s H ❛♥❞ K ♦❢ G[V1] ❛♥❞ ♦❢ G[V2] ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ ❊①❛♠♣❧❡ ✹✳✷✳ ❆♠♦♥❣
{x1, x2, x3, y2, y5, y6}✱ ♦♥❡ ❝❛♥ s❡❧❡❝t {x3, y2, y5} ❛s ❛ ✈❡rt❡① ❜❛s✐s ♦❢ G[V1 ∪ V2] ✇✐t❤ r❡s♣❡❝t t♦
G✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r r❡❧❛t✐♦♥s✿

AW
x1

= a ·AW
x3

+AW
y2
,

AW
x2

= a2 ·AW
x3
,

AW
y6

= AW
x3

+ a2 ·AW
y5
.

❲❡ ❤❛✈❡ t❤❡♥

M =

(
03,3 M ′

03,3 03,3

)
P ′

1 =

(
P1 03,3

03,3 σ(P1)

)
P ′

2 =

(
P2 03,3

03,3 σ(P2)

)



✻✹ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

✇❤❡r❡

M ′ =

y2 y5 y6

x1 a2 0 0

x2 0 a 1

x3 0 0 a2

P1 =

x3 y2 y5

x1 a 1 0
x2 a2 0 0
x3 0 0 1

P2 =

x3 y2 y5

y2 0 1 0
y5 0 0 1
y6 1 0 a2

❖♥❡ ❝❛♥ ✈❡r✐❢② ❢♦r ❛♥ ❡①❛♠♣❧❡ t❤❛t γH(x1) · P ′
1 =

(
a 1 0 a2 1 0

)
❛♥❞ γK(y6) · P ′

2 =(
1 0 a2 1 0 a

)
✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳

Pr♦♣♦s✐t✐♦♥ ✹✳✺ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) t❤❛t ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st n✳ ❚❤❡♥ G ✐s
t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✇❤❡r❡✿

t ∈
{
T (RF

n , C
F
n ) ✐❢ FG ✐s s②♠♠❡tr✐❝,

T (RF
2n, C

F
2n) ♦t❤❡r✇✐s❡.

Pr♦♦❢✳ ❲❡ ❧❡t G ❜❡ s✉❝❤ t❤❛t rwd
F (G) ≤ n✳ ❲❡ ✜rst ❛ss✉♠❡ G t♦ ❜❡ ❝♦♥♥❡❝t❡❞✳

▲❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ ρF
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ n❀ ✇❡ ❝❛♥ ❛ss✉♠❡ T ❝✉❜✐❝ s✐♥❝❡ (Red(T ),L) ✐s

❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ n ♦❢ ρF
G✳ ▲❡t ✉s s❡❧❡❝t ❛ ♥♦❞❡ s ♦❢ ❞❡❣r❡❡ 1 ♦❢ T ❛s r♦♦t✱ ❛♥❞

❞✐r❡❝t T ❛❝❝♦r❞✐♥❣❧②✱ ❢r♦♠ t❤❡ r♦♦t t♦✇❛r❞s t❤❡ ♦t❤❡r ✈❡rt✐❝❡s ♦❢ ❞❡❣r❡❡ 1✳ ❚❤❡ ✇❡✐❣❤t ♦❢ ❛
♥♦❞❡ u ♦❢ T ✐s t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♥♦❞❡s ♦❢ T ↓ u✱ t❤❡ s✉❜✲tr❡❡ ♦❢ t❤❡ ❞✐r❡❝t❡❞ tr❡❡ T r♦♦t❡❞ ❛t
u✳

❋♦r ❡✈❡r② ❛r❝ ♦❢ T ♦❢ t❤❡ ❢♦r♠ −→vu✱ ✇❡ ❧❡t Gu ❜❡ t❤❡ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ G✱ t❤❡ ✈❡rt✐❝❡s ♦❢
✇❤✐❝❤ ❛r❡ t❤❡ ❧❡❛✈❡s ♦❢ T ↓ u✱ ❛♥❞ Gv t❤❡ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ G✱ t❤❡ ✈❡rt✐❝❡s ♦❢ ✇❤✐❝❤ ❛r❡
t❤❡ ❧❡❛✈❡s ♥♦t ✐♥ T ↓ u✳

❈❧❛✐♠ ✹✳✷ ❖♥❡ ❝❛♥ ❝❤♦♦s❡ ❢♦r ❡❛❝❤ u ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r♦♦t ♦❢ T ✱ ❛ ♣r❡s❡♥t❛t✐♦♥ (Hu, Nu, Xu)
♦❢ Gu ✇✐t❤ |Xu| = r(u) ✇❤❡r❡ r(u) ✐s t❤❡ ✇✐❞t❤ ♦❢ −→vu✱ ❛♥❞ ❛ t❡r♠ tu ✐♥ T (RF

n , C
F
n ) ✐❢ FG ✐s

s②♠♠❡tr✐❝✱ ♦t❤❡r✇✐s❡ tu ✐s ✐♥ T (RF
2n, C

F
2n)✱ t❤❛t ❞❡✜♥❡s Hu✱ s✉❝❤ t❤❛t ✐❢ u ❤❛s t✇♦ s♦♥s w ❛♥❞

w′✱ t❤❡♥ tu = tw ⊗M,N1,N2 tw′ ❢♦r s♦♠❡ ♠❛tr✐❝❡s M,N1 ❛♥❞ N2✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✹✳✷✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ✇❡✐❣❤t w(u) ♦❢ u✳

■❢ w(u) = 1✱ t❤❡♥ Gu ✐s ❛ s✐♥❣❧❡t♦♥ ❣r❛♣❤✳ ❙✐♥❝❡ G ✐s ❛ss✉♠❡❞ ❝♦♥♥❡❝t❡❞✱ r(u) = 1✳ ❲❡ t❛❦❡
tu = (1) ✐❢ FG ✐s s②♠♠❡tr✐❝✱ ♦t❤❡r✇✐s❡ tu = (1 1)✳

▲❡t w(u) 6= 1✳ ❚❤❡♥ u ❤❛s t✇♦ s♦♥s w ❛♥❞ w′ ❛♥❞ t❤❡② ❤❛✈❡ s♠❛❧❧❡r ✇❡✐❣❤ts t❤❛♥ u✳ ❇②
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐st ♣r❡s❡♥t❛t✐♦♥s (Hw, Nw, Xw) ♦❢ Gw ❛♥❞ (Hw′ , Nw′ , Xw′) ♦❢
Gw′ ✳

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ t❤❡r❡ ❡①✐st ♠❛tr✐❝❡sM,N1 ❛♥❞N2 s✉❝❤ t❤❛t (Hu, Nu, Xu) ✐s ❛ ♣r❡s❡♥t❛t✐♦♥



✹✳✷✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r F ✲❘❛♥❦✲❲✐❞t❤ ♦❢ ●r❛♣❤s ✻✺

♦❢ Gu ✇❤❡r❡

Hu = Hw ⊗M,N1,N2 Hw′

Nu =

(
ΓHw ·N1

ΓHw′ ·N2

)
,

Xu ⊆ Xw ∪Xw′ ✐s ❛ ✈❡rt❡① ❜❛s✐s ♦❢ Gu.

■❢ FG ✐s s②♠♠❡tr✐❝✱ M,N1 ❛♥❞ N2 ❤❛✈❡ ♦r❞❡r (r(w), r(w′))✱ (r(w), r(u)) ❛♥❞ (r(w′), r(u))✳
❖t❤❡r✇✐s❡✱ t❤❡② ❛r❡ ♠❛tr✐❝❡s ♦❢ ♦r❞❡r (2·r(w), 2·r(w′))✱ (2·r(w), 2·r(u)) ❛♥❞ (2·r(w′), 2·r(u))✳

❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❛❧s♦ ❡①✐st tw ❛♥❞ tw′ t❤❛t ❞❡✜♥❡ Hw ❛♥❞ Hw′ r❡s♣❡❝t✐✈❡❧②✳
❲❡ ❧❡t t❤❡♥ tu = tw⊗M,N1,N2tw′ ✳ ■t ✐s ❝❧❡❛r t❤❛t t ❞❡✜♥❡sHu✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳

❲❡ ❝❛♥ ♥♦✇ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ u ✇❤❡r❡ r → u✱ r ❜❡✐♥❣ t❤❡
r♦♦t ♦❢ T ✱ G ✐s ❞❡✜♥❡❞ ❜② tu ⊕M,0,0 t ✇❤❡r❡ tu ✐s ♦❜t❛✐♥❡❞ ❜② ❈❧❛✐♠ ✹✳✷ ❛♥❞

t =

{
(1) ✐❢ FG ✐s s②♠♠❡tr✐❝,

(1 1) ♦t❤❡r✇✐s❡.
M =





(FG)
L−1(r)
y ✐❢ FG ✐s s②♠♠❡tr✐❝,(

0 (FG)
L−1(r)
y

0 0

)
♦t❤❡r✇✐s❡.

✇❤❡r❡ y ✐s t❤❡ ✈❡rt❡① ❜❛s✐s ♦❢ G\L−1(r) ✇✐t❤ r❡s♣❡❝t ♦❢ G ❝❤♦s❡♥ ❜② ❈❧❛✐♠ ✹✳✷✳

■❢ G ✐s ♥♦t ❝♦♥♥❡❝t❡❞✱ t❤❡♥ G = H1 ⊕ · · · ⊕ Hk ✇❤❡r❡ H1, . . . ,Hk ❛r❡ ❝♦♥♥❡❝t❡❞ ❛♥❞
rwd(Hi) ≤ n ❢♦r ❡❛❝❤ i✳ ❲❡ ❧❡t t1, . . . , tk ❜❡ t❡r♠s ❞❡♥♦t✐♥❣ H1, . . . ,Hk r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ ✇❡
❝❛♥ t❛❦❡ t1 ⊗0,0,0 t2 ⊗0,0,0 · · · ⊗0,0,0 tk t♦ ❞❡♥♦t❡ G ❛♥❞ ⊗0,0,0 ✐s ❡q✉✐✈❛❧❡♥t t♦ ⊕✱ t❤❡ ❞✐s❥♦✐♥t
✉♥✐♦♥ ♦❢ ✉♥❝♦❧♦r❡❞ ❣r❛♣❤s✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❆s ❝♦r♦❧❧❛r✐❡s ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠s✳

❚❤❡♦r❡♠ ✹✳✸ ✭❬❈❑✵✾❪✮ ❆♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st n ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s

t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥ T (R
GF (2)
n , C

GF (2)
n )✳

❚❤❡♦r❡♠ ✹✳✹ ✭❬❑❛♥✵✽❪✮ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ■❢ G ❤❛s GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st n✱

t❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥ T (R
GF (4)
2n , C

GF (4)
2n )✳ ■❢ G = val(t) ❢♦r t ∈ T (R

GF (4)
n , C

GF (4)
n )✱

t❤❡♥ rwd
(4 )(G) ≤ 2n✳

❘❡♠❛r❦ ✹✳✺ ✶✳ ❆♥② ❧❛②♦✉t (T,L) ♦❢ G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ n ✐s ♠❛❞❡ ✐♥t♦ ❛ t❡r♠ t s✉❝❤ t❤❛t
Red(red(t)) = T ✳

✷✳ ❚❤❡ ♣r♦❝❡❞✉r❡ t❤❛t tr❛♥s❢♦r♠s ❛ ❧❛②♦✉t (T,L) ♦❢ ✇✐❞t❤ k ♦❢ ❛ ❣r❛♣❤ G ✐♥t♦ ❛ t❡r♠ t
✐♥ T (RF

k , C
F
k ) ♦r T (RF

2k, C
F
2k) ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ t✐♠❡ O(|VG|2)✳ ❖✉r ❛❧❣♦r✐t❤♠ ❝♦♥s✐sts ✐♥

tr❛♥s❢♦r♠✐♥❣ ❡❛❝❤ ✐♥t❡r♥❛❧ ♥♦❞❡ u ♦❢ T t❤❛t ♣❛rt✐t✐♦♥s VG ✐♥t♦ (V1, V2,W ) ✐♥t♦ ❛ ❜✐♥❛r②
♦♣❡r❛t✐♦♥ ⊗M,N,P ✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ♥❡❡❞ ❛ ✈❡rt❡① ❜❛s✐s B1 ♦❢ (FG)VG−V1

V1
✱ ❛ ✈❡rt❡① ❜❛s✐s

B2 ♦❢ (FG)VG−V2
V2

❛♥❞ ❛ ✈❡rt❡① ❜❛s✐s B3 ♦❢ (FG)W
V1∪V2

✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t

❛ ✈❡rt❡① ❜❛s✐s ♦❢ (FG)W
V1∪V2

❜② ✉s✐♥❣ ❛ ❜❛s✐s ♦❢ (FG)W
B1∪B2

✱ ✇❤✐❝❤ ✐s ❛ (2k × |W |)✲♠❛tr✐①✳



✻✻ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

❇② ✉s✐♥❣ ●❛✉ss ♣✐✈♦t ❛❧❣♦r✐t❤♠ ❬▲✐♣✾✶❪✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❜❛s✐s ♦❢ (FG)W
B1∪B2

✐♥ O(k2 · |VG|)✲
t✐♠❡✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♥str✉❝t ❢♦r ❡❛❝❤ ✐♥t❡r♥❛❧ ♥♦❞❡ ♦❢ T ✱ t❤❡ ♠❛tr✐❝❡s M,N ❛♥❞ P ✐♥

O(k2 · |VG|)✲t✐♠❡✱ ❜❡❝❛✉s❡ ❢♦r ❡❛❝❤ ✈❡rt❡① x ♦❢ G✱ t❤❡ ❜❛s✐s ♦❢ (FG)
VG−{x}
x ✐s {x} ✭G ✐s

❝♦♥♥❡❝t❡❞✮✳ ❙✐♥❝❡ |T | = O(|VG|)✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ t❡r♠ t ✐♥ t✐♠❡ O(|VG|2)✳

■t ✐s ❝❧❡❛r t❤❛t ✐❢ t ∈ T (RF
n , C

F
n )✱ t❤❡♥ t ∈ T (BF

n , C
F
n )✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣♦s✐t✐♦♥ t❤❛t ✐❢ t ∈ T (BF
n , C

F
n )✱ t❤❡♥ t ∈ T (RF

|F |n , C
F
|F |n)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻ ▲❡t t ∈ T (BF
n , C

F
n )✱ t❤❡♥ t ∈ T (RF

qn , CF
qn) ✇❤❡r❡ F = {a1, . . . , aq}✳

Pr♦♦❢✳ ▲❡t t ∈ T (BF
n , C

F
n ) ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t ❛❧❧ ♦♣❡r❛t✐♦♥s

f, g, h ❛r❡ ❞❡✜♥❡❞ ✇✐t❤✐♥ Fn✳ ▲❡t α : Fn → [qn] ❜❡ ❛ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤❛t ❡♥✉♠❡r❛t❡s t❤❡
s❡t ♦❢ ✈❡❝t♦rs ✐♥ Fn✳ ❋♦r ❡❛❝❤ u ∈ Fn✱ ✇❡ ❧❡t u̇ ∈ F qn

✇✐t❤ u̇[α(u)] = 1 ❛♥❞ u̇[i] = 0 ❢♦r
i 6= α(u)✳ ❲❡ ❝♦♥str✉❝t ❛♥ ❡①♣r❡ss✐♦♥ t′ ∈ T (RF

qn , CF
qn) ✇✐t❤ t❤❡s❡ r✉❧❡s✿

✭✐✮ ✐❢ t = u✱ ✇❡ ❧❡t t′ = u̇✱

✭✐✐✮ ✐❢ t = Recolh(t1)✱ ✇❡ ❧❡t t′ = RecolN (t′1) ❢♦r s♦♠❡ (qn × qn)✲♠❛tr✐① N ✱ ❞❡✜♥❡❞ ❜❡❧♦✇✱

✭✐✐✐✮ ✐❢ t = t1 ⊗f,g,h t2✱ ✇❡ ❧❡t t′ = t′1 ⊗M,N,P t
′
2 ❢♦r s♦♠❡ (qn × qn)✲♠❛tr✐❝❡s M,N,P ✱ ❞❡✜♥❡❞

❜❡❧♦✇✳

❋♦r ❘✉❧❡ ✭✐✐✮✱ ✇❡ ❧❡t N ❜❡ ❛ (qn × qn)✲♠❛tr✐① s✉❝❤ t❤❛t ✐❢ h(u) = v✱ t❤❡♥ N
α(v)
α(u) = 1 ❛♥❞

N
α(w)
α(u) = 0 ❢♦r w 6= v✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t v̇ = u̇ ·N ✇❤❡r❡ v = h(u) ❢♦r ❡❛❝❤ u ∈ Fn✳

❋♦r ❘✉❧❡ ✭✐✐✐✮✱ ✇❡ ❝♦♥str✉❝t g ❛♥❞ h ❛s ✐♥ h ✐♥ t❤❡ ❝❛s❡ ♦❢ ❘✉❧❡ ✭✐✐✮✳ ❚♦ ❡①♣r❡ss f ❛s ❛

❜✐❧✐♥❡❛r ❢♦r♠✱ ✇❡ ❧❡t M ❜❡ t❤❡ (qn × qn)✲♠❛tr✐① s✉❝❤ t❤❛t Mα(v)
α(u) = f(u, v) ❢♦r ❛❧❧ u, v✳ ■t ✐s

str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢② t❤❛t f(u, v) = u̇ ·M · v̇T ✳

◗✉❡st✐♦♥ ✹✳✶ ❋♦r ❡❛❝❤ t❡r♠ t ∈ T (BF
n , C

F
n ) ❝❛♥ ✇❡ ❤❛✈❡ t ∈ T (RF

p(n), C
F
p(n)) ❢♦r s♦♠❡ ♣♦❧②♥♦✲

♠✐❛❧ p❄

❘❡♠❛r❦ ✹✳✻ ■t s❡❡♠s ❜❡tt❡r ❢♦r ✈❡r✐✜❝❛t✐♦♥ ♣✉r♣♦s❡s t♦ ✉s❡ t❤❡ ♦♣❡r❛t✐♦♥s ✐♥ BF
n ❢♦r t❤❡ ❢♦❧✲

❧♦✇✐♥❣ r❡❛s♦♥✳ ❚❤❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛r❡ ❞❡✜♥❡❞ ❢♦r ❝♦❧♦r❡❞ ❣r❛♣❤s✳ ■♥ ♦r❞❡r t♦ ✉s❡ ❧♦❣✐❝❛❧ t♦♦❧s
❡①♣❧❛✐♥❡❞ ✐♥ ❬❈▼❘✵✵✱ ❉❋✾✾✱ ❋●✵✻✱ ▼❛❦✵✹❪✱ ✇❡ r❡♣r❡s❡♥t t❤❡ ❝♦❧♦rs ❜② ✉♥❛r② r❡❧❛t✐♦♥s ❛♥❞ t❤❡
❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s ♦✈❡r t❤❡ s✐❣♥❛t✉r❡ ❢♦r♠❡❞ ✇✐t❤ t❤❡
❛❞❥❛❝❡♥❝② r❡❧❛t✐♦♥ ❛♥❞ t❤❡ ✉♥❛r② r❡❧❛t✐♦♥s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦❧♦r❡❞ ❣r❛♣❤s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ F ✐s
❛ ✜♥✐t❡ ✜❡❧❞✱ ❉❡✜♥✐t✐♦♥ ✹✳✺ s❤♦✇s ❤♦✇ t♦ r❡♣r❡s❡♥t t❤❡ ❝♦❧♦rs ♦❢ F k✲❝♦❧♦r❡❞ ❣r❛♣❤s ❛♥❞ Pr♦♣♦s✐t✐♦♥
✹✳✶ s❤♦✇s ❤♦✇ t♦ ❝♦❞❡ ♦♣❡r❛t✐♦♥s ✐♥ BF

n ❜② q✉❛♥t✐✜❡r✲❢r❡❡ ♦♣❡r❛t✐♦♥s✳ ■♥ t❤❡ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠s
❜❛s❡❞ ♦♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ✐♥ ❬❈▼❘✵✵✱ ❉❋✾✾✱ ❋●✵✻✱ ▼❛❦✵✹❪✱ t❤❡ ❤✐❞❞❡♥ ❝♦♥st❛♥ts ❞❡✲
♣❡♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡❧❛t✐♦♥s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❝♦❧♦r❡❞ ❣r❛♣❤s✳ ❍❡♥❝❡✱ ✉s✐♥❣ ❧❡ss r❡❧❛t✐♦♥s ②✐❡❧❞s
s♠❛❧❧❡r ✭❛❧t❤♦✉❣❤ ❧❛r❣❡✮ ❝♦♥st❛♥ts✳ ❍♦✇❡✈❡r✱ ❝♦♥❝r❡t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s s❤♦✉❧❞ ❜❡ ❞♦♥❡ t♦ ❞❡❝✐❞❡✳
❖♥❡ ❝❛♥ ✉s❡ ❢♦r ✐♥st❛♥❝❡ ▼❖◆❆ ❬❍❏❏+✾✺❪✳ ▼♦r❡♦✈❡r✱ ♣r❛❝t✐❝❛❧ ❡①♣❡r✐❡♥❝❡✱ ❛❧t❤♦✉❣❤ ✐♥s✉✣❝✐❡♥t✱
s❤♦✇s t❤❛t t❤✐s ✐s ♥♦t t❤❡ ♦♥❧② ♣♦✐♥t t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ P❤❉ t❤❡s✐s ♦❢ ❙♦❣✉❡t ❬❙♦❣✵✽❪
♣r❡s❡♥ts s♦♠❡ tr✐❛❧s ♦❢ ❝♦♥❝r❡t❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳



✹✳✸✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r ❇✐✲❘❛♥❦✲❲✐❞t❤ ✻✼

✹✳✸ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r ❇✐✲❘❛♥❦✲❲✐❞t❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ✉♥❞✐r❡❝t❡❞ ❡❞❣❡✲
❝♦❧♦r❡❞ ❣r❛♣❤s t❤❛t ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♦✈❡r s♦♠❡ (F, σ) ❢♦r s♦♠❡ ✜♥✐t❡ ✜❡❧❞ F ❛♥❞ ❛✉t♦♠♦r✲
♣❤✐s♠ σ : F → F ✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐❢ A ✐s ❛ ✜♥✐t❡ s❡t✱ ✇❡ ❞♦ ♥♦t ❛ss✉♠❡ ❛♥② str✉❝t✉r❡ ♦♥ A✱
t❤❡♥ ❛♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ str✉❝t✉r❡ 〈VG, (E

a
G)a∈A 〉✳

❋♦r ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G✱ ✇❡ ❝❛♥♥♦t ❞❡✜♥❡ ❛♥ ❛❞❥❛❝❡♥❝② ♠❛tr✐① ❜❡❝❛✉s❡✱ ❢♦r
❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x, y)✱ ✇❡ ❝❛♥ ❤❛✈❡ t✇♦ ♦r ♠♦r❡ ❝♦❧♦rs✱ s❛② a ❛♥❞ b ✐♥ A ❛♥❞ s✉❝❤ t❤❛t
Ea

G(x, y) ❛♥❞ Eb
G(x, y) ❤♦❧❞s✳

❋♦r ❛♥② ✜♥✐t❡ s❡t A✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ✐t ✐s ❧✐♥❡❛r❧② ♦r❞❡r❡❞ ❜② ❛ r❡❧❛t✐♦♥ <A✱ ❜② ✜①✐♥❣
❛♥② ❧✐♥❡❛r r❡❧❛t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t♦ ❛♥② ✜♥✐t❡ s❡t A ❝♦rr❡s♣♦♥❞s ❛ ❜✐❥❡❝t✐♦♥ αA : A → |A| s✉❝❤
t❤❛t ❢♦r ❡✈❡r② a, b ✐♥ A ✇❡ ❤❛✈❡ αA(a) < αA(b) ✐❢ ❛♥❞ ♦♥❧② ✐❢ a <A b✳ ❲❡ ♥♦✇ ❡①t❡♥❞ t❤❡
♦♣❡r❛t✐♦♥s ✐♥ RF

n ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✹✳✾ ▲❡t A ❜❡ ❛ ✜♥✐t❡ s❡t ❛♥❞ ❧❡t αA ❜❡ t❤❡ ❜✐❥❡❝t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐♥❡❛r r❡❧❛t✐♦♥
♦♥ A ❛♥❞ ❧❡t p = |A|✳ ▲❡t M1, . . . ,Mp ❜❡ (k × ℓ)✲♠❛tr✐❝❡s✱ N ❛♥❞ P ❜❡ r❡s♣❡❝t✐✈❡❧② (k ×m)
❛♥❞ (ℓ×m)✲♠❛tr✐❝❡s✱ ❛❧❧ ♦✈❡r GF (2)✳ ❋♦r ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s G✱ GF (2)k✲❝♦❧♦r❡❞
❛♥❞ H✱ GF (2)ℓ✲❝♦❧♦r❡❞✱ ✇❡ ❧❡t K = G ⊗M1,...,Mp,N,P H ❜❡ t❤❡ ✉♥❞✐r❡❝t❡❞ GF (2)m✲❝♦❧♦r❡❞ A✲
❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ 〈VG ∪ VH , (E

a
K)a∈A, γK 〉 ✇❤❡r❡ ❛s ✉s✉❛❧ ✇❡ ❛ss✉♠❡ VG ∩ VH = ∅ ❛♥❞ ❢♦r

a ∈ A✿

Ea
K = Ea

G ∪ Ea
H ∪ {(x, y), (y, x) | γG(x) ·MαA(a) · γH(y)T = 1},

γK(x) =

{
γG(x) ·N ✐❢ x ∈ VG,

γH(x) · P ✐❢ x ∈ VH .

❲❡ ❧❡t U
([p])
n ❜❡ t❤❡ s❡t ♦❢ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ⊗M1,...,Mp,N,P ✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s Mi ❛r❡ (k× ℓ)✲

♠❛tr✐❝❡s ❛♥❞ t❤❡ ♠❛tr✐❝❡s N,P ❛r❡ (k × ℓ)✲♠❛tr✐❝❡s ❛♥❞ (ℓ ×m)✲♠❛tr✐❝❡s ❢♦r k, ℓ,m ≤ n✳ ❲❡
♦❜t❛✐♥ ✐♥ t❤✐s ✇❛② ❛ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡ ♦♥ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s✿

Rwd
(A)(G) = min{k | G = val(t), t ∈ T (U

([p])
k , C

GF (2)
k )}.

❲❡ r❡❝❛❧❧ t❤❛t ✐❢ G ✐s ❛♥ A✲❡❞❣❡ ❝♦❧♦r❡❞ ❣r❛♣❤✱ t❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② Ga t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤
〈VG, E

a
G 〉✱ ✐✳❡✳✱ ✇❡ ❤❛✈❡ ❛♥ ❡❞❣❡ xy ✐♥ EGa ✐❢ ❛♥❞ ♦♥❧② ✐❢ (x, y) ✐s ✐♥ Ea

G✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢

G = val(t) ❢♦r s♦♠❡ t❡r♠ t ✐♥ T (U
([p])
k , C

GF (2)
k ) ❛♥❞ a ∈ A✱ t❤❡♥ Ga = val(ta) ✇❤❡r❡ ta ∈

T (R
GF (2)
k , C

GF (2)
k ) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♦♣❡r❛t✐♦♥ ⊗M1,...,Mp,N,P ❜② ⊗Mi,N,P

✇❤❡r❡ αA(a) = i✳ ■t ❢♦❧❧♦✇s t❤❛t rwd(Ga) ≤ Rwd
(A)(G) ❢♦r ❡❛❝❤ a ∈ A✳

■❢ G ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤✱ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✶✶ t❤❡ ♥♦t✐♦♥
♦❢ r❛♥❦✲✇✐❞t❤ ❢♦r G ❛♥❞ ❞❡♥♦t❡ ✐t ❜② rwdA(G)✳ ❲❡ ♥♦✇ r❡❧❛t❡ rwdA(G) ❛♥❞ Rwd

(A)(G)✳ ❲❡
r❡❝❛❧❧ t❤❛t ✐❢ t ✐s ❛ t❡r♠ ✐♥ T (F,C)✱ ✇❡ ❞❡♥♦t❡ ❜② OccL(t) t❤❡ ✜♥✐t❡ s❡t ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢
❝♦♥st❛♥ts ✐♥ t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✼ ▲❡t A ❜❡ ❛ s❡t ♦❢ p ❡❞❣❡✲❝♦❧♦rs✳ ❋♦r ❡✈❡r② ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤
G✱ ✇❡ ❤❛✈❡

1

p
Rwd

(A)(G) ≤ rwdA(G) ≤ Rwd
(A)(G).



✻✽ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

Pr♦♦❢✳ ▲❡t t ∈ T (U
([p])
k , C

GF (2)
k ) ❜❡ ❛ t❡r♠ ❞❡✜♥✐♥❣ G✳ ▲❡t L ❜❡ t❤❡ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ VG

❛♥❞ OccL(t)✳ ❲❡ ❧❡t (T = red(t),L) ❜❡ ❛ ❧❛②♦✉t ♦❢ G✳ ❈❧❡❛r❧② ❢♦r ❡❛❝❤ a ✐♥ A✱ (T,L) ✐s ❛❧s♦

❛ ❧❛②♦✉t ♦❢ ρGa ✳ ❍❡♥❝❡✱ ❢♦r ❡❛❝❤ a, bwd(ρGa , T,L) ✐s ❛t ♠♦st k s✐♥❝❡ ta ∈ T (R
GF (2)
k , C

GF (2)
k )✳

❍❡♥❝❡✱ rwd(G) ≤ maxa∈A{bwd(ρGa , T,L)} ≤ k✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❛t rwdA(G) ≤ Rwd
(A)(G)✳

❋♦r t❤❡ ✐♥❡q✉❛❧✐t② Rwd
(A)(G) ≤ p·rwdA(G)✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❧❛②♦✉t (T,L) ♦❢ G t❤❛t ✇✐t♥❡ss❡s

rwdA(G) = k✳ ❍❡♥❝❡✱ bwd(ρGa , T,L) ✐s ❛t ♠♦st k ❢♦r ❡❛❝❤ a ∈ A✳ ❋♦r ❡❛❝❤ a ∈ A✱ t❤❡r❡

❡①✐sts ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✺ ❛ t❡r♠ ta ∈ T (R
GF (2)
k , C

GF (2)
k ) t❤❛t ❞❡✜♥❡s Ga✳ ❋♦r ❛♥② a, b ∈ A✱

✇❡ ❤❛✈❡ red(ta) = red(tb)✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢ ✇❡ ❛ss✉♠❡ t❤❛t A = {a, b} ❛♥❞ a < b✱ ✐✳❡✳✱
αA(a) = 1, αA(b) = 2✳ ❚❤❡ ❡①t❡♥s✐♦♥ t♦ p > 2 ✇✐❧❧ ❜❡ str❛✐❣❤t❢♦r✇❛r❞✳

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ta ❛♥❞ tb ❝❛♥ ❜❡ ♠❡r❣❡❞ ✐♥t♦ ❛ s✐♥❣❧❡ t❡r♠ ✭❊①❛♠♣❧❡ ✹✳✹ ✐❧❧✉str❛t❡s ✐t✮✳
❲❡ ♥❡❡❞ ❛ ❝❧❛✐♠ ✇✐t❤ ❛♥ ❡❛s② ♣r♦♦❢ ❜✉t ♥✉♠❡r♦✉s ❛ss✉♠♣t✐♦♥s✳ ▲❡t G = Ga ∪ Gb ❛♥❞
H = Ha ∪Hb✳ ❆ss✉♠❡ t❤❛t Ga ❛♥❞ Gb ❤❛✈❡ ❝♦❧♦r ♠❛tr✐❝❡s ΓGa ,ΓGb

✱ ❜♦t❤ ♦❢ ♦r❞❡r |VG| × k✳
❆ss✉♠❡ t❤❛t Ha ❛♥❞ Hb ❤❛✈❡ s✐♠✐❧❛r ♠❛tr✐❝❡s ΓHa ,ΓHb

✳

❆ss✉♠❡ ♥♦✇ t❤❛t ❛ ❣r❛♣❤ K ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❛♥❞ H ❜② t❛❦✐♥❣ t❤❡✐r ❞✐s❥♦✐♥t ✉♥✐♦♥
❛♥❞ ❛❞❞✐♥❣ a✲❡❞❣❡s ❛♥❞ b✲❡❞❣❡s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ a✲❡❞❣❡s ❛r❡ ❛❞❞❡❞ ❜② t❤❡ ♦♣❡r❛t✐♦♥
Ga ⊗Ma,Na,Pa Ha ❣✐✈✐♥❣ Ka ✇❤✐❝❤ ❛❧s♦ ✐♥✈♦❧✈❡s r❡❝♦❧♦r✐♥❣s ❜② Na, Pa✳ ❆ss✉♠❡ t❤❛t t❤❡ b✲
❡❞❣❡s ❛r❡ ❛❞❞❡❞ ❜② Gb ⊗Mb,Nb,Pb

Hb ❣✐✈✐♥❣ Kb✳

▲❡t ✉s ❞❡✜♥❡ ❢♦r G t❤❡ ❝♦❧♦r✲♠❛tr✐① ΓG =
(
ΓGa ΓGb

)
♦❢ ♦r❞❡r |VG| × 2k✱ ❛♥❞ s✐♠✐❧❛r❧② ΓH =(

ΓHa ΓHb

)
♦❢ ♦r❞❡r |VH | × 2k✳ ❲❡ ❧❡t ✜♥❛❧❧② ΓK =

(
ΓKa ΓKb

)
♦❢ ♦r❞❡r (|VG|+ |VH |)× 2k✳

❚❤❡♥ ✇❡ ❤❛✈❡✿

❈❧❛✐♠ ✹✳✸ K = G⊗M,M ′,N,P H ✇❤❡r❡

M =

(
Ma 0
0 0

)
M ′ =

(
0 0
0 Mb

)
N =

(
Na 0
0 Nb

)
P =

(
Pa 0
0 Pb

)

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✹✳✸✳ ❚❤❡ ✈❡r✐✜❝❛t✐♦♥ ✐s r♦✉t✐♥❡ ❢r♦♠ t❤❡ ♥✉♠❡r♦✉s ❛ss✉♠♣t✐♦♥s✳

❇② ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ta ❛♥❞ tb ❤❛✈❡ t❤❡ s❛♠❡ ✏s❤❛♣❡✑✱ ✐✳❡✳✱ red(ta) = red(tb)✱ t❤❡✐r ♦♣❡r❛t✐♦♥s

❝❛♥ ❜❡ ♠❡r❣❡❞ ❜② t❤❡ ❛❜♦✈❡ ❝❧❛✐♠ s♦ ❛s t♦ ❢♦r♠ ❛ s✐♥❣❧❡ t❡r♠ t ✐♥ T (U
([p])
2k , C

GF (2)
2k ) t❤❛t

❞❡✜♥❡s G✳ ◆♦t❡ t❤❛t red(t) = red(ta)✳

❊①❛♠♣❧❡ ✹✳✹ ▲❡t A = {a, b} ✇✐t❤ a < b✳ ❆♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ✐s s❤♦✇♥ ♦♥
❋✐❣✉r❡ ✼ ✭✐✐✐✮✳ ❚❤❡ ❣r❛♣❤s Ga ❛♥❞ Gb ❛♥❞✱ ❛ ❧❛②♦✉t (T,L) ♦❢ G ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✼ ✭✐✮✱ ✭✐✐✮ ❛♥❞
✭✐✈✮✳ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 2 ❢♦r ρGa ❛♥❞ ρGb

✳ ❚❤❡ t❡r♠s ta ❛♥❞ tb t❤❛t ❝♦♥str✉❝ts
r❡s♣❡❝t✐✈❡❧② Ga ❛♥❞ Gb ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✶✺ ✭✐✮ ❛♥❞ ✭✐✐✮ ✇❤❡r❡✱ ❢♦r ❡✈❡r② i ✐♥ [5]✱ ✇❡ ❤❛✈❡



✹✳✸✳ ❆❧❣❡❜r❛✐❝ ❖♣❡r❛t✐♦♥s ❢♦r ❇✐✲❘❛♥❦✲❲✐❞t❤ ✻✾

fi = ⊗Mi,a,Ni,a,Pi,a
❛♥❞ gi = ⊗Mi,b,Ni,b,Pi,b

✇✐t❤✿

Mi,a Ni,a Pi,a

f1 (0) (1 0) (0 1)

f2 (0) (0 1) (1 0)

f3 (1 1) (1 0)

(
0 1
0 0

)

f4 (0) (0 1)

(
1 0
0 1

)

f5

(
0 1
1 0

) (
0
0

) (
0
0

)

Mi,b Ni,b Pi,b

g1 (0) (0) (1)

g2 (0) (1 0) (0 1)

g3 (0) (1 0) (0 1)

g4 (0 1) (0)

(
1 0
0 1

)

g5

(
1 0
1 1

) (
0
0

) (
0
0

)

❋♦r ❡❛❝❤ i ✐♥ [5]✱ ✇❡ ❧❡t hi = ⊗Mi,M ′
i ,Ni,Pi

✇❤❡r❡

Mi M ′
i Ni Pi

h1

(
0 0
0 0

) (
0 0
0 0

) (
1 0 0
0 0 0

) (
0 1 0
0 0 1

)

h2

(
0 0
0 0

) (
0 0
0 0

) (
0 1 0 0
0 0 1 0

) (
1 0 0 0
0 0 0 1

)

h3

(
1 1 0
0 0 0

) (
0 0 0
0 1 0

) (
1 0 0 0
0 0 1 0

) 


0 1 0 0
0 0 0 0
0 0 0 1




h4

(
0 0 0
0 0 0

) (
0 0 0
0 0 1

) (
0 1 0
0 0 0

)



1 0 0 1
0 0 0 0
0 0 1 0
0 0 0 1




h5




0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0







0 0 0 0
0 0 0 0
0 0 1 0
0 0 1 1







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0







0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0




❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t ❡✛❡❝t✐✈❡❧② ❝♦♥str✉❝ts t❤❡ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♥s✐❞❡r ❛ t❡r♠ ✐♥ T (U
([2])
k , C

GF (2)
k ) ❛s ♦♥❡ ❞❡✜♥✐♥❣ ❛ ❞✐✲

r❡❝t❡❞ ❣r❛♣❤✳ ❋♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s G✱ GF (2)n✲❝♦❧♦r❡❞ ❛♥❞ H✱ GF (2)ℓ✲❝♦❧♦r❡❞✱ ✇❡ ❧❡t
K = G⊗M1,M2,N,P H ❜❡ t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ 〈VG ∪ VH , EK , γK 〉 ✇❤❡r❡✿

EK = EG ∪ EH ∪ {(x, y) | x ∈ VG, y ∈ VH ❛♥❞ γG(x) ·M1 · γH(y) = 1} ∪
{(y, x) | x ∈ VG, y ∈ VH ❛♥❞ γG(x) ·M2 · γH(y) = 1}

γK(x) =

{
γG(x) ·N ✐❢ x ∈ VG,

γH(x) · P ♦t❤❡r✇✐s❡.

❇② ✉s✐♥❣ t❤❡ ❝♦♥str✉❝t✐♦♥ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ✐♥❞✉❝t✐✈❡❧② ❝♦♥str✉❝t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ val(t) ❢r♦♠

❛ t❡r♠ t ✐♥ T (U
([2])
k , C

GF (2)
k )✳ ❚❤❡♥ ❛ t❡r♠ t ✐♥ T (U

([2])
k , C

GF (2)
k ) ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♦♥❡

❞❡✜♥✐♥❣ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦r ♦♥❡ ❞❡✜♥✐♥❣ ❛♥ ✉♥❞✐r❡❝t❡❞ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤✱ ❞❡♣❡♥❞✐♥❣ ♦♥
t❤❡ ✉s❡❞ ❛❧❣❡❜r❛✳ ■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❡r♠s ✐♥ T (U

([2])
k , C

GF (2)
k ) ❛s

t❡r♠s t❤❛t ❞❡✜♥❡ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳



✼✵ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

f3 f4

f5

f2
f1

g3 g4

g5

g2
g1(1)(x1)

(1)(x3) (1)(x5) (1)(x4) (1)(x2)

(1)(x6) (1)(x1)

(1)(x5)

(1)(x6)

(1)(x2)
(1)(x3) (1)(x4)

ta tb

h3 h4

h5

h2
h1

t

(1 1)(x6)

(1 1)(x2)(1 1)(x4)(1 1)(x5)(1 1)(x3)

(1 1)(x1)

❋✐❣✉r❡ ✶✺✿ ❆ t❡r♠ t t❤❛t ❞❡✜♥❡s t❤❡ A✲❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤ G ♦♥ ❋✐❣✉r❡ ✼ ✭✐✐✐✮✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t✐♦♥s ✐♥ U ([2])
k ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❣r❛♣❤s ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤

❛t ♠♦st k✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐❢ (T,L) ✐s ❛ r♦♦t❡❞ ❧❛②♦✉t ❛♥❞ e = (u, v)✱ t❤❡♥ Xe = L−1(N
(1)
T↓v)

✇❤❡r❡ T ↓ v ✐s t❤❡ t❤❡ s✉❜✲tr❡❡ ♦❢ T r♦♦t❡❞ ❛t v ✐♥❞✉❝❡❞ ❜② t❤❡ s❡t ♦❢ ❛❧❧ ❞❡s❝❡♥❞❛♥ts ♦❢ v
✭❈❤❛♣t❡r ✶✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ k✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ t❡r♠ t ✐♥
T (U

([2])
k , C

GF (2)
k ) s✉❝❤ t❤❛t G ✐s ✐s♦♠♦r♣❤✐❝ t♦ val(t)✳

Pr♦♦❢✳ ▲❡t (T,L) ❜❡ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρ(bi)
G ✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ♥♦❞❡ ♦❢ T

❤❛s ❞❡❣r❡❡ 1 ♦r 3 s✐♥❝❡ (Red(T ),L) ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ρ(bi)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k✳ ❲❡ t❛❦❡ ❛ ♥♦❞❡

r ♦❢ ❞❡❣r❡❡ 1 ❛s r♦♦t ❛♥❞ ❞✐r❡❝t T s✉❝❤ t❤❛t ❡❛❝❤ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ 1 ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ r✳ ❍❡♥❝❡✱
T ❞❡✜♥❡s ❛ ❧✐♥❡❛r ♦r❞❡r ≤ ♦♥ VG✳ ❲❡ ❞❡✜♥❡ t❤❡ t✇♦ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s Ga = 〈VG, EGa 〉 ❛♥❞
Gb = 〈VG, EGb

〉 ✇❤❡r❡ ✿

EGa = {xy | x < y ❛♥❞ (x, y) ∈ EG},
EGb

= {yx | x < y ❛♥❞ (y, x) ∈ EG}.

■t ✐s ❝❧❡❛r t❤❛t (EGa , EGb
) ✐s ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ EG✳ ▼♦r❡♦✈❡r✱ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ρGa ♦❢

❜r❛♥❝❤✲✇✐❞t❤ p ✇❤❡r❡ p = maxe∈ET
{ρGa(X

e)}✳ ■t ✐s ❛❧s♦ ❛ ❧❛②♦✉t ♦❢ ρGb
♦❢ ❜r❛♥❝❤✲✇✐❞t❤ q

✇❤❡r❡ q = maxe∈ET
{ρGb

(Xe)}✳ ❲❡ r❡❝❛❧❧ t❤❛t p+ q = k✳



✹✳✹✳ ❈♦♥❝❧✉s✐♦♥ ✼✶

❇② ❚❤❡♦r❡♠ ✹✳✷✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ t❡r♠ ta ✐♥ T (R
GF (2)
p , C

GF (2)
p ) t❤❛t ❞❡✜♥❡s Ga ❛♥❞

s✐♠✐❧❛r❧② ❛ t❡r♠ tb ✐♥ T (R
GF (2)
q , C

GF (2)
q ) ❞❡✜♥✐♥❣ Gb✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t

red(ta) = red(tb)✳ ❇② ✉s✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛s ❛s ✐♥ ❈❧❛✐♠ ✹✳✸✱ ♦♥❡ ❝❛♥ ♠❡r❣❡ t❤❡ t❡r♠s ta ❛♥❞

tb ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ t❡r♠ t ∈ T (U
([2])
k , C

GF (2)
k ) ❞❡✜♥✐♥❣ ❛ ❣r❛♣❤ ✐s♦♠♦r♣❤✐❝ t♦ G✳

❲❡ ♥♦✇ ♣r♦✈❡ ❛ ❦✐♥❞ ♦❢ ❝♦♥✈❡rs❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳✾ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s♦♠♦r♣❤✐❝ t♦ val(t) ✇❤❡r❡ t ✐s ✐♥

T (U
([2])
k , C

GF (2)
k )✳ ❚❤❡♥ brwd(G) ≤ 2 · k✳

Pr♦♦❢✳ ▲❡t t ∈ T (U
([2])
k , C

GF (2)
k ) ❜❡ s✉❝❤ t❤❛t G ✐s ✐s♦♠♦r♣❤✐❝ t♦ val(t)✳ ❚❤❡ t❡r♠ t ❞❡✜♥❡s

❛ ❧✐♥❡❛r ♦r❞❡r ≤ ♦♥ VG ❜❡❝❛✉s❡ t❤❡r❡ ❡①✐ts ❛ ❜✐❥❡❝t✐♦♥ L ❜❡t✇❡❡♥ VG ❛♥❞ OccL(t) ✇❤✐❝❤ ✐s
♥❛t✉r❛❧❧② ♦r❞❡r❡❞✳ ❲❡ ❞❡✜♥❡ t❤❡ t✇♦ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s Ga = 〈VG, EGa 〉 ❛♥❞ Gb = 〈VG, EGb

〉
✇❤❡r❡ ✿

EGa = {xy | x < y ❛♥❞ (x, y) ∈ EG},
EGb

= {yx | x < y ❛♥❞ (y, x) ∈ EG}.

❇② ❞❡✜♥✐t✐♦♥ (EGa , EGb
) ✐s ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ EG✳ ❲❡ ❧❡t ta ❜❡ t ✇❤❡r❡ ✇❡ r❡♣❧❛❝❡ ❡❛❝❤ ♦♣❡r❛t✐♦♥

⊗M1,M2,N,P ❜② ⊗M1,N,P ❛♥❞ tb ❜❡ t ✇❤❡r❡ ✇❡ r❡♣❧❛❝❡ ❡❛❝❤ ♦♣❡r❛t✐♦♥ ⊗M,M2,N,P ❜② ⊗M2,N,P ✳
❇② t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ta, tb, Ga ❛♥❞ Gb ✐t ✐s ❝❧❡❛r t❤❛t val(ta) = Ga ❛♥❞ val(tb) = Gb✳ ❲❡
❛❧s♦ ❤❛✈❡ red(t) = red(ta) ❛♥❞ red(t) = red(tb)✳ ▲❡t t❤✐s t❡r♠ ❜❡ ❞❡♥♦t❡❞ ❜② T ✳ ❲❡ ❝❧❛✐♠

t❤❛t (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st 2k ♦❢ ρ(bi)
G ✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡✱ ❢♦r ❡❛❝❤

s✉❜✲t❡r♠ t′ ♦❢ t✱ t❤❛t ρ(bi)
G (VH) ≤ 2k ✇❤❡r❡ H ✐s ✐s♦♠♦r♣❤✐❝ t♦ val(t′)✳

▲❡t t′ ❜❡ ❛ s✉❜t❡r♠ ♦❢ t ✇✐t❤ H ✐s♦♠♦r♣❤✐❝ t♦ val(t′)✳ ❇② ▲❡♠♠❛ ✹✳✶✱ (AGa)
VG−VH

VH
= ΓH ·B

❛♥❞ (AGb
)VG−VH

VH
= ΓH ·B′✳ ❇✉t✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ Ga ❛♥❞ ♦❢ Gb✱ ✇❡ ❛❧s♦ ❤❛✈❡ ρGa(VH) =

rk
(
(A+

G)VG−VH

VH

)
❛♥❞ ρGb

(VH) = rk
(
(A−

G)VG−VH

VH

)
✳ ❍❡♥❝❡✱

ρ
(bi)
G (VH) ≤ rk(ΓH ·B) + rk(ΓH ·B′)

≤ 2 · rk(ΓH) ≤ 2k

s✐♥❝❡ H ✐s GF (2)ℓ✲❝♦❧♦r❡❞✱ ℓ ≤ k ❛♥❞ rk(A ·B) ≤ min{rk(A), rk(B)}✳

✹✳✹ ❈♦♥❝❧✉s✐♦♥

▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❲❡ ❤❛✈❡ ♣r♦♣♦s❡❞ ❛❧❣❡✲
❜r❛✐❝ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❣r❛♣❤ ❝❧❛ss❡s ♦✈❡r (F, σ) t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞
F ✲r❛♥❦✲✇✐❞t❤✳ ❚❤❡s❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛r❡ q✉❛♥t✐✜❡r✲❢r❡❡ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❧♦❣✐❝❛❧
❢r❛♠❡✇♦r❦ ♦❢ ❬❈♦✉✾✷✱ ❈▼❘✵✵✱ ▼❛❦✵✹❪ t♦ s♦❧✈❡ MS✲❞❡✜♥❛❜❧❡ ♣r♦❜❧❡♠s ♦♥ ❣r❛♣❤s ❣❡♥❡r❛t❡❞
❜② s✉❝❤ ♦♣❡r❛t✐♦♥s✳ ❆ s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❝❤❛r❛❝t❡r✐③❡ ❡①❛❝t❧② t❤❡ r❛♥❦✲✇✐❞t❤
♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ✭❚❤❡♦r❡♠ ✹✳✸✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✱ t❤❡s❡ ♦♣❡r❛t✐♦♥s ❞♦ ♥♦t



✼✷ ❈❤❛♣t❡r ✹✳ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❘❛♥❦✲❲✐❞t❤

②✐❡❧❞ ❛♥ ❡①❛❝t ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ✭❚❤❡♦r❡♠ ✹✳✹✮✳ ❲❡ ❤❛✈❡ ❛❧s♦
❞❡✜♥❡❞ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❛❧❣❡❜r❛✐❝❛❧❧② ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st
k ✭Pr♦♣♦s✐t✐♦♥s ✹✳✽ ❛♥❞ ✹✳✾✮✳ ■t ✐s ♦♣❡♥ t♦ ✜♥❞ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ ❡①❛❝t❧②
❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ❛s ❢♦❧❧♦✇s✿

❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ G = val(t) ❢♦r

s♦♠❡ t❡r♠ t ✐♥ T (R
(4)
k , C

(4)
k )

✇❤❡r❡ R(4)
k ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✱ C(4)

k ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥st❛♥ts✱ ❜♦t❤ ❞❡♣❡♥❞✐♥❣
♦♥ k✳



❈❤❛♣t❡r ✺

❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

❲❡ r❡❝❛❧❧ t❤❛t ❝❤❡❝❦✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ t♦ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ◆P✲
❝♦♠♣❧❡t❡ ❬❍❖❙●✵✽❪ ❛♥❞ ❢♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t r❡❝♦❣♥✐③❡s t❤❡
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✷✱ ❚❤❡♦r❡♠ ✶✳✷✮✳ ■♥ t❤✐s ❝❤❛♣t❡r
✇❡ ♣r♦✈❡ t❤❛t ❢♦r ✜①❡❞ k✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s ❜✐✲r❛♥❦✲✇✐❞t❤ ♦r GF (4)✲r❛♥❦✲
✇✐❞t❤ ❛t ♠♦st k✳ ■♥ ❙❡❝t✐♦♥ ✺✳✶ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❛✉①✐❧✐❛r② ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛♥❞ ❝♦♠♣❛r❡
❝❧✐q✉❡✲✇✐❞t❤✱ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞ ❜✐✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ❣✐✈❡ t❤❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r
❜✐✲r❛♥❦✲✇✐❞t❤ ❛♥❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳

✺✳✶ ❖t❤❡r ❲✐❞t❤ P❛r❛♠❡t❡rs ❛♥❞ ❈♦♠♣❛r✐s♦♥s

❖✉r ♦❜❥❡❝t✐✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶ ❋♦r ❡✈❡r② ❞✐r❡❝t❡❞ ❣r❛♣❤ G✱

✶✳ 1
2brwd(G) ≤ cwd(G) ≤ 2brwd(G)+1 − 1✳

✷✳ rwd
(4 )(G) ≤ cwd(G) ≤ 2 · 4rwd(4)(G) − 1✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ ✐t✱ ✇❡ ✜rst ❞❡✜♥❡ s♦♠❡ ❞❡r✐✈❡❞ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❜✉✐❧t ❢r♦♠ ♦♣❡r❛t✐♦♥s
❞❡✜♥✐♥❣ ♠✲❝❧✐q✉❡✲✇✐❞t❤✳ ❲❡ ❛❧s♦ ♣r♦✈❡ s♦♠❡ ❜❛s✐❝ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳ ❲❡ r❡❝❛❧❧ t❤❛t ❛ C✲
❝♦❧♦r❡❞ ❣r❛♣❤ G = 〈VG, EG 〉 ✐s ❞❡✜♥❡❞ ❛s G = 〈VG, EG, labG 〉 ✇❤❡r❡ labG(x) ∈ C ❢♦r ❡❛❝❤
x ∈ VG✳

❉❡✜♥✐t✐♦♥ ✺✳✶ ✭❉❡r✐✈❡❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤ ❖♣❡r❛t✐♦♥s ❉❡✜♥✐♥❣ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s✮
▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❋♦r R ⊆ [k] × [k]✱ ❢♦r ♠❛♣♣✐♥❣s g, h : [k] → [k] ❛♥❞ ❢♦r ✉♥❞✐r❡❝t❡❞
[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G ❛♥❞ H✱ ✇❡ ❞❡✜♥❡ t❤❡ ✉♥❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ K = G ⊗R,g,h H ✐❢ G
❛♥❞ H ❛r❡ ❞✐s❥♦✐♥t ✭♦t❤❡r✇✐s❡ ✇❡ r❡♣❧❛❝❡ H ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣②✮ ✇❤❡r❡

VK = VG ∪ VH ,

EK = EG ∪ EH ∪ {xy | x ∈ VG, y ∈ VH ❛♥❞ (labG(x), labH(y)) ∈ R},

labK(x) =

{
g(labG(x)) ✐❢ x ∈ VG,

h(labH(x)) ✐❢ x ∈ VH .

✼✸



✼✹ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

❲❡ ❞❡♥♦t❡ ❜② F u
k t❤❡ s❡t ♦❢ ❛❧❧ ♦♣❡r❛t✐♦♥s ⊗R,g,h ✇❤❡r❡ R ⊆ [k] × [k] ❛♥❞ g, h : [k] → [k]✳

❊✈❡r② t❡r♠ t ✐♥ T (F u
k , C

c
k) ❞❡♥♦t❡s✱ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ val(t)✳

❉❡✜♥✐t✐♦♥ ✺✳✷ ✭❉❡r✐✈❡❞ ▼✲❈❧✐q✉❡✲❲✐❞t❤ ❖♣❡r❛t✐♦♥s ❉❡✜♥✐♥❣ ❉✐r❡❝t❡❞ ●r❛♣❤s✮
▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❋♦r R ⊆ [k]× [k]✱ R′ ⊆ [k]× [k]✱ ❢♦r ♠❛♣♣✐♥❣s g, h : [k]→ [k] ❛♥❞ ❢♦r
❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G ❛♥❞ H✱ ✇❡ ❞❡✜♥❡ t❤❡ ❞✐r❡❝t❡❞ [k]✲❝♦❧♦r❡❞ ❣r❛♣❤ K = G⊗R,R′,g,h H
✐❢ G ❛♥❞ H ❛r❡ ❞✐s❥♦✐♥t ✭♦t❤❡r✇✐s❡ ✇❡ r❡♣❧❛❝❡ H ❜② ❛ ❞✐s❥♦✐♥t ❝♦♣②✮ ✇❤❡r❡

VK = VG ∪ VH ,

EK = EG ∪ EH ∪ {(x, y) | x ∈ VG, y ∈ VH ❛♥❞ (labG(x), labH(y)) ∈ R}
∪ {(y, x) | x ∈ VG, y ∈ VH ❛♥❞ (labG(x), labH(y)) ∈ R′},

labK(x) =

{
g(labG(x)) ✐❢ x ∈ VG,

h(labH(x)) ✐❢ x ∈ VH .

❲❡ ❧❡t F d
k ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ⊗R,R′,g,h ✇❤❡r❡ R,R′ ⊆ [k]× [k] ❛♥❞ g, h : [k]→

[k]✳ ❊✈❡r② t❡r♠ t ✐♥ T (F d
k , C

c
k) ❞❡♥♦t❡s✱ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✱ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ val(t)✳

❲❡ ✐♥tr♦❞✉❝❡ ❛ ❧❛st ♥♦t❛t✐♦♥✳ ▲❡t G = 〈VG, EG 〉 ❜❡ ❛ ❣r❛♣❤✳ ▲❡t r ∈ T ({∗}, {#}) ❛♥❞
L : VG → OccL(r) ❜❡ ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ VG ❛♥❞ OccL(r)✳ ❆s ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✻✱ ❢♦r ❡❛❝❤

❛r❝ e = (u, v) ♦❢ r✱ ✇❡ ❧❡t Xe ❜❡ t❤❡ s❡t N (1)
T↓v✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ r ✇❡ ❧❡t IndG(e) ❜❡ t❤❡

❝❛r❞✐♥❛❧✐t② ♦❢ L−1(Xe)/∼e ✇❤❡r❡ ∼e ✐s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ Ye = L−1(Xe) ❞❡✜♥❡❞ ❜②

x ∼e y ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀z ∈ Ye

(
xz ∈ EG ⇐⇒ yz ∈ EG

)

✐❢ G ✐s ✉♥❞✐r❡❝t❡❞ ❛♥❞✱ ✐❢ G ✐s ❞✐r❡❝t❡❞✱ ∼e ✐s ❞❡✜♥❡❞ ❜②

x ∼e y ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∀z ∈ Ye

(
(x, z) ∈ EG ⇐⇒ (y, z) ∈ EG

)

∧
(
(z, x) ∈ EG ⇐⇒ (z, y) ∈ EG

)

■♥ ❛ ✇❛②✱ ✐❢ G ✐s ✉♥❞✐r❡❝t❡❞ ❛♥❞ IndG(e) = k✱ t❤✐s ✇✐❧❧ ✐♥❞✉❝❡ ❛ ❝♦❧♦r✐♥❣ ♦❢ Xe t❤❛t ❝❛♥
❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ✐♥❞✉❝t✐✈❡❧② ❛ t❡r♠ ✐♥ T (F u

k , C
c
k)✳ ❲❡ st❛t❡ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ❤❛s ❛♥ ❡❛s② ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥✳

▲❡♠♠❛ ✺✳✶ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t r ❜❡ ❛ t❡r♠ ✐♥ T ({∗}, {#}) ❣✐✈❡♥ ✇✐t❤ ❛
❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ VG ❛♥❞ OccL(r)✳ ■❢ ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ r✱ ✇❡ ❤❛✈❡ IndG(e) ≤ k✱ t❤❡♥ G ✐s
❞❡✜♥❡❞ ❜② ❛ t❡r♠ t ✐♥ T (F u

k , C
c
k) s✉❝❤ t❤❛t red(t) = r✳

❇② ▲❡♠♠❛ ✺✳✶✱ ✐❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡♥ ✐t ✐s t❤❡ ✈❛❧✉❡
♦❢ ❛ t❡r♠ ✐♥ T (F u

k , C
c
k)✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❛ s✐♠✐❧❛r r❡s✉❧t ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ▲❡t ✉s ✜rst ❣✐✈❡

t❤❡ ♠❛✐♥ ✐❞❡❛s✳ ■❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡♥ G = val(t) ❢♦r s♦♠❡
t❡r♠ t ✐♥ T (F dc

k , Cc
k)✳ ❚❤✐s t❡r♠ t ❞❡✜♥❡s ❛ ❧❡❢t✲r✐❣❤t ♦r❞❡r ≤ ♦♥ VG ✇❤✐❝❤ ✐s ❛ ❧✐♥❡❛r ♦r❞❡r✳

❚❤❡ ✐❞❡❛ ✐s t♦ ♣❛rt✐t✐♦♥ t❤❡ ❡❞❣❡s ♦❢ G ✐♥t♦ t✇♦ ♣❛rts E1 ❛♥❞ E2 s✉❝❤ t❤❛t (x, y) ∈ E1 ✐❢ ❛♥❞
♦♥❧② ✐❢ x ≤ y ❛♥❞ (x, y) ∈ EG ❛♥❞✱ (x, y) ∈ E2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ≤ y ❛♥❞ (y, x) ∈ EG✳ ❋♦r ❡❛❝❤
i = 1, 2✱ ✇❡ ❧❡t Gi ❜❡ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G[Ei] ❜② ❢♦r❣❡tt✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥s
♦❢ t❤❡ ❡❞❣❡s✳ ❲❡ t❤❡♥ ✉s❡ ▲❡♠♠❛ ✺✳✶ ✇✐t❤ ✐♥♣✉t red(t) t♦ ❝♦♥str✉❝t ❛ t❡r♠ ti ✐♥ T (F u

k , C
c
k)



✺✳✶✳ ❖t❤❡r ❲✐❞t❤ P❛r❛♠❡t❡rs ❛♥❞ ❈♦♠♣❛r✐s♦♥s ✼✺

❛♥❞ s✉❝❤ t❤❛t Gi = val(ti)✳ ❲❡ ✜♥❛❧❧② ✏❣❧✉❡✑ t❤❡ t✇♦ t❡r♠s t1 ❛♥❞ t2 ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛
t❡r♠ t̃ ✐♥ T (F d

k , C
c
k) s✉❝❤ t❤❛t red(t̃) = red(t1) = red(t2) = red(t)✳ ❆ s✐♠✐❧❛r ✐❞❡❛ ✇❛s ✉s❡❞

t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✼✳

▲❡♠♠❛ ✺✳✷ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ■❢ cwd(G) ≤ k✱ t❤❡♥ G = val(t) ❢♦r s♦♠❡ t❡r♠ t ✐♥
T (F d

k , C
c
k)✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳✷✳ ▲❡t t ❜❡ ❛ t❡r♠ ✐♥ T (F dc
k , Cc

k) t❤❛t ❞❡✜♥❡s G✳ ❚❤❡ t❡r♠ t ❞❡✜♥❡s ❛
❧✐♥❡❛r ♦r❞❡r ≤ ♦♥ VG ❜❡❝❛✉s❡ VG ✐s ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ OccL(t) ❛♥❞ t❤❡ ♦❝❝✉rr❡♥❝❡s ♦❢ ❝♦♥st❛♥ts
❤❛✈❡ ❛ ♥❛t✉r❛❧ ❧❡❢t✲r✐❣❤t ♦r❞❡r✳ ❲❡ ❞❡♥♦t❡ ❜② L t❤✐s ❜✐❥❡❝t✐♦♥✳ ❲❡ ❞❡✜♥❡ t❤❡ t✇♦ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s G+ = 〈VG, EG+ 〉 ❛♥❞ G− = 〈VG, EG− 〉 ✇❤❡r❡ ✿

EG+ = {xy | x < y ❛♥❞ (x, y) ∈ EG},
EG− = {yx | x < y ❛♥❞ (y, x) ∈ EG}.

■♥❢♦r♠❛❧❧②✱ ❢♦r ❛♥② x, y ∈ VG, xy ∈ EG+ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x < y ❛♥❞ (x, y) ∈ EG ❛♥❞ yx ∈ EG−

✐❢ ❛♥❞ ♦♥❧② ✐❢ x < y ❛♥❞ (y, x) ∈ EG✳ ▲❡t T = red(t)✳ ❚❤❡♥ ❢♦r ❡❛❝❤ ❡❞❣❡ e ♦❢ T ✱ ✇❡ ❤❛✈❡
IndG+(e) ≤ k ❛♥❞ IndG−(e) ≤ k s✐♥❝❡ IndG(e) ≤ k✳

❇② ▲❡♠♠❛ ✺✳✶✱ t❤❡r❡ ❡①✐st ❡①♣r❡ss✐♦♥s t+ ❛♥❞ t− ✐♥ T (F u
k , C

c
k) s✉❝❤ t❤❛t G+ = val(t+) ❛♥❞

G− = val(t−) s✉❝❤ t❤❛t red(t+) = T ❛♥❞ red(t−) = T ✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✷✳✶✱ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❛t ❢♦r ❡❛❝❤ ✈❡rt❡① x ∈ VG✱ ✐❢ L(x) = i ✐♥ t✱ t❤❡♥ L(x) = i ✐♥ t+ ❛♥❞ ✐♥ t−✳
❲❡ ❝❛♥ ❛❧s♦ ❡♥s✉r❡ t❤❛t ❛ ♥♦❞❡ u ✐♥ T ✐s ❧❛❜❡❧❡❞ ❜② ⊗R,g,h ✐♥ t+ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❧❛❜❡❧❡❞ ❜②
s♦♠❡ ⊗R′,g,h ✐♥ t− ✇✐t❤ s❛♠❡ ♠❛♣♣✐♥❣s g, h✳ ❲❡ t❤❡♥ ❝♦♥str✉❝t ❛♥ ❡①♣r❡ss✐♦♥ t̃ ∈ T (F d

k , C
c
k)

❢r♦♠ t+ ❛♥❞ t− ❛s ❢♦❧❧♦✇s✿

t̃ =

{
i ✐❢ t+ = t− = i,

t̃1 ⊗R,R′,g,h t̃2 ✐❢ t+ = t+1 ⊗R,g,h t
+
2 ❛♥❞ t− = t−1 ⊗R′,g,h t

−
2 .

■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥ t♦ ♣r♦✈❡ t❤❛t t̃ ❡✛❡❝t✐✈❡❧② ❞❡✜♥❡s G✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✽✱ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s
❜✐✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡♥ G ✐s ✐s♦♠♦r♣❤✐❝ t♦ val(t) ❢♦r s♦♠❡ t❡r♠ t ✐♥ T (U

[2]
k , C

GF (2)
k )✳ ❇②

Pr♦♣♦s✐t✐♦♥ ✹✳✾✱ ✐❢ G ✐s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s♦♠♦r♣❤✐❝ t♦ val(t) ✇❤❡r❡ t ✐s ✐♥ T (U
([2])
k , C

GF (2)
k )✱

t❤❡♥ t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❛t ♠♦st 2k✳ ❋♦r ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶ ✭✶✮ ✇❡ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣s✳

✭✐✮ ■❢ G = val(t) ✇❤❡r❡ t ∈ T (F dc
k , Cc

k)✱ t❤❡♥ G = val(t̃) ❢♦r s♦♠❡ t❡r♠ t̃ ✐♥ T (U
([2])
k , C

GF (2)
k )✳

✭✐✐✮ ■❢ G = val(t) ✇❤❡r❡ t ∈ T (U
([2])
k , C

GF (2)
k )✱ t❤❡♥ G = val(t̃) ❢♦r s♦♠❡ t❡r♠ t̃ ✐♥

T (F c
k′ , Cc

k′), k′ = 2k+1 − 1✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✮ ✇❡ ✉s❡ ▲❡♠♠❛ ✺✳✷ ✇❤✐❝❤ tr❛♥s❢♦r♠s ❛ t❡r♠ t ✐♥ T (F dc
k , Cc

k) ✐♥t♦ ❛

t❡r♠ t̃ ✐♥ T (F d
k , C

d
k)✳ ❚❤❡ ✐❞❡❛ ✐s t♦ s❤♦✇ ❤♦✇ t♦ ❝♦♥str✉❝t ❛ t❡r♠ t̂ ✐♥ T (U

([2])
k , C

GF (2)
k ) ❢r♦♠

t̃✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ tr❛♥s❢♦r♠ ❡❛❝❤ ❝♦❧♦r i ∈ [k] ✐♥t♦ ❛ ❝♦❧♦r Ω(i) ∈ GF (2)k ❛♥❞ ❡❛❝❤



✼✻ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

♦♣❡r❛t✐♦♥ ⊗R,R′,g,h ✐♥t♦ ❛♥ ♦♣❡r❛t✐♦♥ ⊗M,M ′,N,P s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② i ❛♥❞ j ✐♥ [k]✱ ✇❡ ❤❛✈❡
(i, j) ✐s ✐♥ R ✭r❡s♣✳ (i, j) ∈ R′✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ω(i) ·M ·Ω(j)T = 1 ✭r❡s♣✳ Ω(i) ·M ′ ·Ω(j)T = 1✮✳
❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ ❝♦♥str✉❝t✐♦♥ t♦ ✇♦r❦✱ ✇❡ ♠✉st ❛❧s♦ ❣✉❛r❛♥t❡❡ t❤❛t✱ ❢♦r ❡❛❝❤ i ✐♥ [k]✱ ✇❡ ❤❛✈❡
Ω(g(i)) = Ω(i) ·N ❛♥❞ s✐♠✐❧❛r❧② Ω(h(i)) = Ω(i) · P ✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✐✮✱ ✇❡ tr❛♥s❢♦r♠ ❡❛❝❤ ❝♦❧♦r u ∈ GF (2)k ✐♥t♦ ❛ ❝♦❧♦r β(u) ✇❤❡r❡
β : GF (2)k → [2k] ✐s ❛ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❆s ✐♥ ✭✐✮✱ ✇❡ ❝♦♥str✉❝t ✐♥❞✉❝t✐✈❡❧② ❛ t❡r♠ t̃ ✐♥

T (F dc
k′ , Cc

k) ❢r♦♠ t ✐♥ T (U
([2])
k , C

GF (2)
k ) ❜② s❤♦✇✐♥❣ ❤♦✇ t♦ tr❛♥s❢♦r♠ ❡❛❝❤ ♦♣❡r❛t✐♦♥ ⊗M,M ′,N,P

✐♥t♦ ♦♣❡r❛t✐♦♥s ✉s✐♥❣ ❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥s✳ ▲❡t ✉s ❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥
❛♥❞ ❛ss✉♠❡ t = t1 ⊗M,M ′,N,P t2❀ ✇❡ ❧❡t H1 = val(t1) ❛♥❞ H2 = val(t2)✳ ❚❤❡ ✜rst st❡♣ ❝♦♥✲
s✐sts ✐♥ r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❝♦❧♦r u ✐♥ H1 ❛♥❞ H2 ❜② t❤❡ ❝♦❧♦r β(u) ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡ ♦❜t❛✐♥❡❞
❣r❛♣❤s ❜② H̃1 ❛♥❞ H̃2✳ ❚❤❡ ✐❞❡❛ ✐s t♦ r❡♣❧❛❝❡ t ❜② t̃ = h(g(αR(H̃1 ⊕ H̃2))) ✇❤❡r❡ αR ✐s ❛
❞❡r✐✈❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥ t❤❛t ❛❞❞s t❤❡ ❛r❝s ❜❡t✇❡❡♥ H1 ❛♥❞ H2 ❜② ✉s✐♥❣ t❤❡ α ♦♣✲
❡r❛t✐♦♥ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ g r❡♥❛♠❡s t❤❡ ❝♦❧♦rs ✐♥ H̃1 ❛♥❞ h r❡♥❛♠❡s t❤❡ ❝♦❧♦rs ✐♥ H̃2 ❜②
✉s✐♥❣ t❤❡ r❡♥❛♠✐♥❣ ♦♣❡r❛t✐♦♥ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ s✉❝❤ t❤❛t g(β(u)) = β(u ·N)) ❛♥❞ s✐♠✐❧❛r❧②
h(β(v)) = β(v · P )✳ ❲❡ ❛ss✉♠❡ t❤❡ ❛r❝s ✐♥ H1 ❛♥❞ ✐♥ H2 ❛r❡ ❛❧r❡❛❞② ❝♦♥str✉❝t❡❞✳ ❲❡ ♥♦✇
❣✐✈❡ t❤❡ ❞❡r✐✈❡❞ ♦♣❡r❛t✐♦♥s✿

• ❲❡ ❧❡t αR ❜❡ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s αi,j ✇❤❡r❡ i = β(u), j = β(v) ❛♥❞ u·M ·vT =
1 ♦r u ·M ′ · vT = 1✳ ❍♦✇❡✈❡r✱ ✇❡ ♠❛② ❤❛✈❡ u = v ❛♥❞ t❤❡♥ i = j✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s
❞✐✣❝✉❧t②✱ ✇❡ ✉s❡ t❤❡ ✐s♦♠♦r♣❤✐❝ ❝♦♣② [2k]′ ♦❢ [2k] ❛♥❞ r❡♣❧❛❝❡ ❡❛❝❤ ❝♦❧♦r i ✐♥ H̃2✱ ❜② i′❀ αR

❜❡❝♦♠❡s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s αi,j′ ✇❤❡r❡ i = β(u), j = β(v) ❛♥❞ u ·M ·vT = 1
❛♥❞ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s αj′,i ✇❤❡r❡ i = β(u), j = β(v) ❛♥❞ u ·M ′ · vT = 1✳

• ❲❡ ✇❛♥t ♥♦✇ t♦ r❡❝♦❧♦r t❤❡ ✈❡rt✐❝❡s ✐♥ H̃1 ❛♥❞ H̃2✳ ■❢ ✇❡ r❡❝♦❧♦r t❤❡ ✈❡rt✐❝❡s ♦❢ H̃2 ✜rst✱
✇❡ ❝♦✉❧❞ ❝❤❛♥❣❡ t❤❡✐r ❝♦❧♦rs ✇❤❡♥ r❡❝♦❧♦r✐♥❣ t❤❡ ✈❡rt✐❝❡s ♦❢ H̃1✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡
r❡❝♦❧♦r t❤❡♠ ❧❛st✳ ❙✐♥❝❡ ✇❡ ✇❛♥t t♦ r❡♥❛♠❡ ❛ ❝♦❧♦r i′ ✐♥t♦ j ❛♥❞ ✇❡ ❦♥♦✇ t❤❛t ✇❡ ✇✐❧❧ ♥♦t
r❡♥❛♠❡ t❤❡ ❝♦❧♦r j ✭t❤❡ ✈❡rt✐❝❡s ♦❢ H̃1 ❛r❡ ❛❧r❡❛❞② r❡❝♦❧♦r❡❞✮✱ ✇❡ ❝❛♥ ✉s❡ ❛ ❝♦♠❜✐♥❛t✐♦♥
♦❢ t❤❡ ♦♣❡r❛t✐♦♥s ρi′→j ✇❤❡r❡ β(u) = i, β(v) = j ❛♥❞ u · P = v ✐♥ ♦r❞❡r t♦ r❡❝♦❧♦r t❤❡

✈❡rt✐❝❡s ♦❢ H̃2✳

❇✉t✱ t❤❡ r❡❝♦❧♦r✐♥❣ ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ H̃1 ❝❛♥ ❝❛✉s❡ s♦♠❡ ❞✐✣❝✉❧t✐❡s✳ ■♥❞❡❡❞✱ ❢♦r s♦♠❡ u
✐♥ GF (2)k✱ ✇❡ ♠❛② ❤❛✈❡ u ·N = v ❛♥❞ v ·N = u ✭s✐♠✐❧❛r❧② ❢♦r P ❜✉t✱ s✐♥❝❡ ✇❡ r❡♥❛♠❡
❝♦❧♦rs ❢r♦♠ L′ t♦ L✱ t❤✐s ❝❛✉s❡s ♥♦ ❞✐✣❝✉❧t✐❡s✮✳ ❚❤❡♥ ✐♥ ♦r❞❡r t♦ r❡♥❛♠❡ β(u) t♦ β(v)
❛♥❞ β(v) t♦ β(u) ❜② ✉s✐♥❣ t❤❡ ✉♥❛r② ♦♣❡r❛t✐♦♥ ρ✱ ✇❡ ♠❛② ♥❡❡❞ ❛♥ ❛✉①✐❧✐❛r② ❝♦❧♦r✱ ❤❡♥❝❡
✇❡ ✇✐❧❧ ✉s❡ ♠♦r❡ t❤❛♥ k′ ❝♦❧♦rs✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤✐s s❡❝♦♥❞ ❞✐✣❝✉❧t②✱ ✇❡ ✇✐❧❧
r❡♥❛♠❡ t❤❡ ❝♦❧♦rs ✐♥ ❛ s✉✐t❛❜❧❡ ✇❛② t❤❛t ❡♥s✉r❡s t❤❛t ✇❡ ♥♦ ♠♦r❡ ♥❡❡❞ ❛♥② ❛✉①✐❧✐❛r②
❝♦❧♦r ❢♦r t❤❡ r❡❝♦❧♦r✐♥❣✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ ❞♦ t❤❛t✳ ❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✱ ✇❤❡♥
g ✐s ❜✐❥❡❝t✐✈❡ ✭❘❡♠❛r❦ ✺✳✶✮ ❛♥❞ ✇❤❡♥ ✐t ✐s ♥♦t ✭▲❡♠♠❛ ✺✳✸✮✳

▲❡t L ❜❡ ❛ ✜♥✐t❡ s❡t✳ ❋♦r ❛ r❡❝♦❧♦r✐♥❣ g : L → L✱ ✇❡ ❞❡♥♦t❡ ❜② ρg t❤❡ ♦♣❡r❛t✐♦♥ t❤❛t
r❡♥❛♠❡s ❡✈❡r② ❝♦❧♦r i ∈ L ✐♥t♦ t❤❡ ❝♦❧♦r g(i) ∈ L✳

❘❡♠❛r❦ ✺✳✶ ▲❡t L ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦❧♦rs✳ ❊✈❡r② ♦♣❡r❛t✐♦♥ ρg ❢♦r ❛ ❜✐❥❡❝t✐♦♥ ♦❢ g : L→ L ❝❛♥



✺✳✶✳ ❖t❤❡r ❲✐❞t❤ P❛r❛♠❡t❡rs ❛♥❞ ❈♦♠♣❛r✐s♦♥s ✼✼

❜❡ ❡❧✐♠✐♥❛t❡❞ ❜❡❝❛✉s❡ ♦❢ t❤❡ r✉❧❡s✿

ρg(G⊕H) = ρg(G)⊕ ρg(H),

ρg(αi,j(G)) = αg(i),g(j)(ρg(G)),

ρg(ρi→j(G)) = ρg(i)→g(j)(ρg(G)),

ρg(i) = j ✐❢ j = g(i).

▲❡♠♠❛ ✺✳✸ ▲❡t L ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦❧♦rs✳ ■❢ g : L → L ✐s ♥♦t ❛ ❜✐❥❡❝t✐♦♥✱ t❤❡♥ ρg ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s ρi→j , i, j ∈ L✳

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ ❝❛r❞✐♥❛❧✐t② |L| ♦❢ L✳ ❋♦r |L| = 1✱ t❤❡ st❛t❡♠❡♥t ✐s tr✐✈✐❛❧❧② tr✉❡
s✐♥❝❡ t❤❡ ♦♥❧② ♠❛♣♣✐♥❣ g : L→ L ✐s ❛ ❜✐❥❡❝t✐♦♥✳

▲❡t |L| ≥ 2✳ ▲❡t R = {g(i) | i ∈ L} ⊂ L ❞❡♥♦t❡ t❤❡ r❛♥❣❡ ♦❢ g✳ ❙✐♥❝❡ g ✐s ♥♦t ❛ ❜✐❥❡❝t✐♦♥✱ R
✐s ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ L✳ ▲❡t a ∈ L − R, L′ = L − {a}✱ ❛♥❞ ❧❡t g′ ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ g t♦
L′✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ r❛♥❣❡ ♦❢ g′ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ L′✱ s♦ ✇❡ ♠❛② ❝♦♥s✐❞❡r g′ ❛s ❛ ❢✉♥❝t✐♦♥
g : L′ → L′✳ ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿

❈❆❙❊ ✶✳ g′ ✐s ♥♦t ❛ ❜✐❥❡❝t✐♦♥✳ ❚❤❡♥ ❜② ✐♥❞✉❝t✐♦♥✱ ρg′ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢
♦♣❡r❛t✐♦♥s ρi→j ❢♦r i, j ∈ L′✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❜② ❡①t❡♥❞✐♥❣ s✉❝❤ ❛ ❝♦♠♣♦s✐t✐♦♥ ✇✐t❤
t❤❡ ♦♣❡r❛t✐♦♥ ρa→g(a)✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ρi→j ❞❡✜♥✐♥❣ ρg ❢♦r
i, j ∈ L✳

❈❆❙❊ ✷✳ g′ ✐s ❛ ❜✐❥❡❝t✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ t❤❡ ✈❡rt❡① s❡t L′✱ ✇❤❡r❡ t❤❡r❡
✐s ❛♥ ❛r❝ ❢r♦♠ i t♦ j ✐❢ ❛♥❞ ♦♥❧② ✐❢ j = g′(i) ✭✐❢ g′(i) = i ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❧♦♦♣ ❢r♦♠ i t♦ i✮✳
❈❧❡❛r❧②✱ ❡✈❡r② ✈❡rt❡① ✐♥ G ✐s ♦❢ ♦✉t✲❞❡❣r❡❡ 1✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ g′ ✐s ❛ ❜✐❥❡❝t✐♦♥✱ ❡✈❡r② ✈❡rt❡① ✐♥
G ✐s ♦❢ ✐♥✲❞❡❣r❡❡ 1✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❣r❛♣❤ G ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❝②❝❧❡s C1, . . . , Cp ♦❢
❧❡♥❣t❤ 1 ♦r ♠♦r❡ ❢♦r s♦♠❡ p ≥ 1✳ ▲❡t C ∈ {C1, . . . , Cp} ❛♥❞ ✇r✐t❡ C = (x1, . . . , xr)✳ ❲❡ ❝❛♥
r❡♣r❡s❡♥t t❤❡ ♣❛rt πC ♦❢ g′ ❣✐✈❡♥ ❜② C ✭t❤❛t ✐s✱ x2 = g′(x1), . . . , xr = g′(xr−1), x1 = g′(xr)✮ ❛s
❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ρi→j ❛s ❢♦❧❧♦✇s✿

πC = ρa→x1 ◦ ρx1→x2 ◦ · · · ◦ ρxr−1→xr ◦ ρxr→a.

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❞✐✛❡r❡♥t πCi
✬s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r ✭❡①❝❡♣t ♦❢ t❤❡ ✉s❡ ♦❢

t❤❡ ❛✉①✐❧✐❛r② ✈❛r✐❛❜❧❡ a✮✱ ✇❡ ❝❛♥ ❡①♣r❡ss ρg ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠ ρi→j ✱
❛s ❢♦❧❧♦✇s✿

πCp ◦ · · · ◦ πC1 ◦ ρa→g(a).

❚❤✐s ❝♦♠♣❧❡t❡s ❈❆❙❊ ✷ ❛♥❞ ✇✐t❤ ✐t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳

✶✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t✱ ✐❢ cwd(G) ≤ k✱ t❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (U
([2])
k , C

GF (2)
k )✳

❇② ▲❡♠♠❛ ✺✳✷✱ ✐❢ cwd(G) = k✱ t❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥ T (F d
k , C

c
k)✳ ▲❡t



✼✽ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

Ω : [k] → GF (2)k ✇❤❡r❡ Ω(i) = (0, · · · , 0, 1, 0, · · · , 0) ✇✐t❤ 1 ❛t i✲t❤ ♣♦s✐t✐♦♥✳ ❲❡ ✉s❡

t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ tr❛♥s❢♦r♠ t ✐♥t♦ t̂ ✐♥ T (U
([2])
k , C

GF (2)
k )✿

t̂ =

{
u ✐❢ t = i ❛♥❞ Ω(i) = u,

t̂1 ⊗M,M ′,N,P t̂2 ✐❢ t = t1 ⊗R,R′,g,h t2.

✇❤❡r❡ M,M ′, N ❛♥❞ P ❛r❡ (k × k)✲♠❛tr✐❝❡s ♦✈❡r GF (2) ✇✐t❤

N j
i = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ j = g(i),

P j
i = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ j = h(i),

M j
i = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ (i, j) ∈ R ❛♥❞

(M ′)j
i = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ (i, j) ∈ R′.

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢② t❤❛t Ω(i) ·N = Ω(g(i))✱ Ω(i) ·P = Ω(h(i)) ❛♥❞ t❤❛t (i, j) ∈
R ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ω(i) ·M · Ω(j)T = 1 ❛♥❞ (i, j) ∈ R′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ω(i) ·M ′ · Ω(j)T = 1✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t✱ ✐❢ G = val(t) ✇❤❡r❡ t ∈ T (U
([2])
k , C

GF (2)
k )✱ t❤❡♥ cwd(G) ≤ 2k+1 − 1✳

❲❡ ❧❡t β : GF (2)k → [2k] ❜❡ ❛ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤❛t ❡♥✉♠❡r❛t❡s GF (2)k✳ ❲❡ ✉s❡ t❤❡
❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ tr❛♥s❢♦r♠ t ✐♥t♦ t̂✱ ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st 2k+1−1
✭❢♦r S ⊆ [k]× [k]✱ ✇❡ ❧❡t αS ❜❡ (◦(i,j)∈Sαi,j)✮✿

t̂ =

{
i ✐❢ i = β(u) ❛♥❞ t = u,

ρh(ρg(αR′(αR(t̂1 ⊕ (◦i∈B ρi→i′)(t̂2))))) ✐❢ t = t1 ⊗M,M ′,N,P t2

✇❤❡r❡ g(β(u)) = β(u ·N)✱ h(β(v)′) = β(v · P ) ❢♦r ❛❧❧ u, v ∈ GF (2)k ✇✐t❤

B = β(GF (2)k − {
(
0 · · · 0

)
}),

R = {(β(u), β(v)′) | u ·M · vT = 1},
R′ = {(β(v)′, β(u)) | u ·M ′ · vT = 1}.

❚❤❡ ♦♣❡r❛t✐♦♥ ρg ✐s t❤❡ ♦♥❡ ❝♦♥str✉❝t❡❞ ❜② ▲❡♠♠❛ ✺✳✸ ❛♥❞ s✐♥❝❡ ρh r❡♥❛♠❡s β(v)′ ✐♥t♦
β(v · P )✱ ▲❡♠♠❛ ✺✳✸ ✐s ♥♦t ♥❡❡❞❡❞ t♦ ❝♦♥str✉❝t ρh✳

❲❡ ✈❡r✐❢② ❜② ✐♥❞✉❝t✐♦♥ ✇✐t❤ ▲❡♠♠❛ ✺✳✸ ❛♥❞ ❘❡♠❛r❦ ✺✳✶ t❤❛t val(t̂) = G ❛♥❞ t❤❛t ✇❡ ✉s❡
❛t ♠♦st 2k+1−1 ❝♦❧♦rs✳ ❲❡ r❡❝❛❧❧ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ r❡♥❛♠❡ t❤❡ ❝♦❧♦r β(

(
0 · · · 0

)
)

✐♥t♦ β(
(
0 · · · 0

)
)′ ❜❡❝❛✉s❡ ❢♦r ❛❧❧ ♠❛tr✐❝❡sN ♦❢ ❛♣♣r♦♣r✐❛t❡ ❞✐♠❡♥s✐♦♥✱ u·N = u ✇❤❡r❡

u =
(
0 · · · 0

)
✳

❇② Pr♦♣♦s✐t✐♦♥s ✹✳✽ ❛♥❞ ✹✳✾✱ ✇❡ ❤❛✈❡

1

2
brwd(G) ≤ cwd(G) ≤ 2brwd(G)+1 − 1.

✷✳ ❚❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❛s ✐♥ ❬❖❙✵✻✱ Pr♦♣♦s✐t✐♦♥ ✻✳✸❪ ②✐❡❧❞s t❤❡ r❡s✉❧t✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡
♣r♦♦❢✳



✺✳✷✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r ❉✐r❡❝t❡❞ ●r❛♣❤s ✼✾

✺✳✷ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r ❉✐r❡❝t❡❞ ●r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❢♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❣✐✈❡♥
❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❡✐t❤❡r ♦✉t♣✉ts t❤❛t ✐t ❤❛s ❜✐✲r❛♥❦✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k ♦r ♦✉t♣✉ts ❛ ❧❛②♦✉t
♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρ(bi)

G ✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t ✐❢ F ✐s ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ σ : F → F ✐s ❛♥
❛✉t♦♠♦r♣❤✐s♠✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t✱ ❣✐✈❡♥ ❛ ❣r❛♣❤ ♦✈❡r (F, σ)✱ ❡✐t❤❡r
♦✉t♣✉ts t❤❛t ✐t ❤❛s F ✲r❛♥❦✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k ♦r ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρF

G ♦❢
❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡r✐✈❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳

▲❡t f : 2V → Z ❜❡ ❛ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥✳ ❖✉♠ ❛♥❞ ❍❧✐♥❡̌♥ý ❬❍❖✵✼❪ ❞❡✜♥❡❞ t❤❡ ♥♦t✐♦♥ ♦❢
❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✳ ▲❡t P ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✳ ❋♦r ❡✈❡r② s✉❜s❡t Z ♦❢ P✱ ✇❡ ❧❡t
fP(Z) = f(

⋃
Y ∈Z Y )✳ ❚❤❡ ❢✉♥❝t✐♦♥ fP ✐s s②♠♠❡tr✐❝✱ ❛♥❞ s✉❜✲♠♦❞✉❧❛r ✐❢ f ✐s s✉❜✲♠♦❞✉❧❛r

❬❍❖✵✼❪✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ P ❛s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ fP ❛♥❞ ❛ ❧❛②♦✉t
♦❢ P ❛s ❛ ❧❛②♦✉t ♦❢ fP ✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ♥♦t✐♦♥ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ t❤❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ♦❢
❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛♥❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳

✺✳✷✳✶ ❘❡❝♦❣♥✐③✐♥❣ ●r❛♣❤s ♦❢ ❇♦✉♥❞❡❞ ❇✐✲❘❛♥❦✲❲✐❞t❤

❇✐✲r❛♥❦✲✇✐❞t❤ ✐s ❞❡✜♥❡❞ ❜② ✉s✐♥❣ ❛ ❝♦❞✐♥❣ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② t✇♦ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❆
✏♥❛✐✈❡ ✐❞❡❛✑✱ ✇❤✐❝❤ ✜♥❛❧❧② ✐s t❤❡ ❣♦♦❞ ♦♥❡✱ ❝♦♥s✐sts ✐♥ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❝♦❞✐♥❣ ❢♦r r❡❝♦❣♥✐③✐♥❣ t❤❡
❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ ✇✐❧❧ ✉s❡ ❛♥ ✐❞❡❛ ❢r♦♠ ❬❍❖✵✼❪
✇❤✐❝❤ ❝♦♥s✐sts ✐♥ ❞✉♣❧✐❝❛t✐♥❣ ❡❛❝❤ ✈❡rt❡① x ♦❢ G ✐♥t♦ (x, 1) ❛♥❞ (x, 2) ❛♥❞ t❤❡♥ ❝♦♥str✉❝t✐♥❣
❛♥ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤ B(G) s✉❝❤ t❤❛t✱ ✐❢ x → y ✐♥ G✱ t❤❡♥ ✇❡ ❤❛✈❡ (x, 1) − (y, 2)
✐♥ B(G) ❛♥❞ ♥♦ ♠♦r❡ ❡❞❣❡s✳ ◆♦✇✱ ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ k✱ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t rwd(B(G)) = f(brwd(G)) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ f
❛♥❞ s❤♦✇ ❤♦✇ t♦ tr❛♥s❢♦r♠ ❛♥ ♦♣t✐♠❛❧ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρB(G) ✐♥t♦ ❛♥ ♦♣t✐♠❛❧ ❧❛②♦✉t ♦❢

t❤❡ ❢✉♥❝t✐♦♥ ρ(bi)
G ✳ ❍♦✇❡✈❡r✱ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ♣r♦✈❡ s✉❝❤ ❛ st❛t❡♠❡♥t✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s

❞✐✣❝✉❧t②✱ ✇❡ ❜♦rr♦✇ ❛♥♦t❤❡r ✐❞❡❛ ❢r♦♠ ❬❍❖✵✼❪ t❤❛t ❝♦♥s✐sts ✐♥ ❞❡✜♥✐♥❣ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢
t❤❡ ♣❛rt✐t✐♦♥ {(x, 1), (x, 2) | x ∈ VG} ♦❢ VB(G)✳ ❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t✱ ❢♦r ❡✈❡r② s✉❜s❡t X ♦❢

VG✱ ✇❡ ❤❛✈❡ ρB(G)(X ×{1, 2}) = ρ
(bi)
G (X)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐❢ ✇❡ ❝❛♥ ✜♥❞ ❛ ❧❛②♦✉t (T,L) ♦❢

ρB(G) s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② x ✐♥ VG✱ ✇❡ ❤❛✈❡ ❛ ♥♦❞❡ v ✐♥ T t❤❛t ✐s ❛❞❥❛❝❡♥t t♦ ❜♦t❤ L((x, 1))

❛♥❞ L((x, 2))✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ❧❛②♦✉t✱ ♦❢ s❛♠❡ ❜r❛♥❝❤✲✇✐❞t❤✱ ♦❢ ρ(bi)
G ✳ ❚❤❡ ❞✐✣❝✉❧t②

✐s ♥♦✇ t♦ ✜♥❞ s✉❝❤ ❛ ❧❛②♦✉t t❤❛t ✇✐t♥❡ss❡s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ρ(bi)
G ✱ ✇❤✐❝❤ ❢♦rt✉♥❛t❡❧② ❡①✐sts

❜② ✉s✐♥❣ s♦♠❡ r❡s✉❧ts ❢r♦♠ ❬❍❖✵✼❪✳ ❲❡ ♥♦✇ ♠❛❦❡ ♣r❡❝✐s❡ t❤❡s❡ ❝♦♥str✉❝t✐♦♥s✳

❋♦r ❡❛❝❤ ❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ ✇❡ ❧❡t B(G) ❜❡ t❤❡ s✐♠♣❧❡ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞
✇✐t❤ G ✇❤❡r❡✿

VB(G) = VG × {1, 2},
EB(G) = {{(v, 1), (w, 2)} | (v, w) ∈ EG} ∪ {{(v, 1), (v, 2)} | v ∈ VG} .

❋✐❣✉r❡ ✶✻ s❤♦✇s ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤
B(G)✳

▲❡♠♠❛ ✺✳✹ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❋♦r ❡✈❡r② s✉❜s❡t X ♦❢ VG✱ ✇❡ ❤❛✈❡

ρB(G)(X × {1, 2}) = ρ
(bi)
G (X).



✽✵ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

G
t z

x y

(x, 2) (y, 2) (z, 2) (t, 2)

B(G)

(z, 1)(x, 1) (y, 1) (t, 1)

❋✐❣✉r❡ ✶✻✿ ❆ ❞✐r❡❝t❡❞ ❣r❛♣❤ G ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤ B(G)✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ B(G)✱ ✇❡ ❤❛✈❡

ρB(G)(X × {1, 2}) = rk
(
(AB(G))

X×{1,2}
X×{1,2}

)

= rk
(
(AB(G))

X×{2}
X×{1}

)
+ rk

(
(AB(G))

X×{1}
X×{2}

)

= rk
(
(A+

G)X
X

)
+ rk

(
(A−

G)X
X

)
.

❲❡ t❤✉s ❝♦♥❝❧✉❞❡ t❤❛t ρB(G)(X × {1, 2}) = ρ
(bi)
G (X)✳

▲❡t ✉s ❞✐s❝✉ss s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t Px =
{(x, 1), (x, 2)}✳ ❲❡ ❧❡t Π(G) = {Px | x ∈ VG}✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t Π(G) ✐s ❛ ♣❡r❢❡❝t

♠❛t❝❤✐♥❣✳ ▲❡♠♠❛ ✺✳✹ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❡✈❡r② s✉❜s❡t Y ♦❢ Π(G)✱ ✇❡ ❤❛✈❡ ρΠ(G)
B(G)(Y ) = ρ

(bi)
G (X)

✇❤❡r❡ Y = X × {1, 2}✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛♥ ❛♥❛❧♦❣♦✉s ♦❢ t❤❡ ♦♥❡ ✐♥ ❬❍❖✵✼✱ ❈♦r♦❧❧❛r② ✼✳✷❪✳

❈♦r♦❧❧❛r② ✺✳✶ ▲❡t p : VG → Π(G) ❜❡ t❤❡ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t p(x) = Px✳ ■❢ (T,L)

✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρΠ(G)
B(G)✱ t❤❡♥ (T,L ◦ p) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρ(bi)

G ✳

❈♦♥✈❡rs❡❧② ✐❢ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρ(bi)
G ✱ t❤❡♥ (T,L ◦ p−1) ✐s ❛ ❧❛②♦✉t ♦❢

❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρΠ(G)
B(G)✳

❲❡ ♥♦✇ r❡❝❛❧❧ ❛ ✉s❡❢✉❧ r❡s✉❧t ❢r♦♠ ❍❧✐♥❡̌♥ý ❛♥❞ ❖✉♠ ❬❍❖✵✼❪✳

▲❡♠♠❛ ✺✳✺ ✭❬❍❖✵✼❪✮ ▲❡t k ❜❡ ❛ ✜①❡❞ ✐♥t❡r❣❡r✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s s✉❝❤ t❤❛t

ρ
Π(G)
B(G) = k✳ ❚❤❡♥ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(n3)✲t✐♠❡ ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k ♦❢ ρΠ(G)

B(G)✳

❲❡ ❝❛♥ ❣✐✈❡ t❤❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❜✐✲r❛♥❦✲✇✐❞t❤ ❢♦r ✜①❡❞ k✳

❚❤❡♦r❡♠ ✺✳✶ ✭❈❤❡❝❦✐♥❣ ❇✐✲❘❛♥❦✲❲✐❞t❤ ❛t ♠♦st k✮ ❋♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲
t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❢♦r ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ G✱ ❡✐t❤❡r ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k
♦❢ ρ(bi)

G ♦r ❝♦♥✜r♠s t❤❛t t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r t❤❛♥ k✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❲❡ ❝❛♥ ❝♦♥str✉❝t B(G) ✐♥ O(n2)✲t✐♠❡✳ ❲❡
❛♣♣❧② t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ▲❡♠♠❛ ✺✳✺ ✇✐t❤ ✐♥♣✉t (Π(G), k)✳ ■❢ ✐t ❝♦♥✜r♠s t❤❛t t❤❡ ❜r❛♥❝❤✲✇✐❞t❤

♦❢ ρΠ(G)
B(G) ✐s ❣r❡❛t❡r t❤❛♥ k✱ t❤❡♥ brwd(G) > k ✭▲❡♠♠❛ ✺✳✹✮✳ ■❢ ✐t ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ ρΠ(G)

B(G) ♦❢



✺✳✷✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r ❉✐r❡❝t❡❞ ●r❛♣❤s ✽✶

❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ❧❛②♦✉t ♦❢ ρ(bi)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k

✐♥ O(n)✲t✐♠❡ ❜② ❈♦r♦❧❧❛r② ✺✳✶✳

❈♦r♦❧❧❛r② ✺✳✷ ❋♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ t❤❛t✱ ❢♦r ❛ ❞✐✲
r❡❝t❡❞ ❣r❛♣❤ G✱ ❡✐t❤❡r ♦✉t♣✉ts ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st 22k+1−1 ♦r ❝♦♥✜r♠s
t❤❛t t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r t❤❛♥ k✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❲❡ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶
✇✐t❤ ✐♥♣✉t G ❛♥❞ 2k✳ ■❢ ✐t ❝♦♥✜r♠s t❤❛t brwd(G) > 2k✱ t❤❡♥ cwd(G) > k✳ ■❢ ✐t ♦✉t♣✉ts ❛

❧❛②♦✉t ♦❢ ρ(bi)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st 2k✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥

♦❢ ✇✐❞t❤ ❛t ♠♦st 22k+1 − 1 ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✽✱ ✹✳✾ ❛♥❞ ✺✳✶ ✐♥ O(n2)✲t✐♠❡✳

✺✳✷✳✷ ❘❡❝♦❣♥✐③✐♥❣ ●r❛♣❤s ♦❢ ❇♦✉♥❞❡❞ F ✲❘❛♥❦✲❲✐❞t❤

▲❡t F ❜❡ ❛ ✜♥✐t❡ ✜❡❧❞ ❛♥❞ ❧❡t σ : F → F ❜❡ ❛♥ ❛✉t♦♠♦r♣❤✐s♠✳ ❲❡ ♥♦✇ ❣✐✈❡✱ ❢♦r ✜①❡❞ k✱ ❛
r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❣r❛♣❤s ♦✈❡r (F, σ) ♦❢ F ✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✭❝✳❢✳ ❈❤❛♣t❡r ✹ ❢♦r t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ F ✲r❛♥❦✲✇✐❞t❤✮✳ ❇❡❢♦r❡✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡ ✉s❡❢✉❧ ❝♦♥❝❡♣ts ❜♦rr♦✇❡❞ ❢r♦♠ ❖✉♠
❛♥❞ ❍❧✐♥❡̌♥ý ❬❍❖✵✼❪ t❤❛t ❤❡❧♣ t❤❡♠ t♦ ❣✐✈❡ ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r r❡❝♦❣♥✐③✐♥❣ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ♦❢ r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k ✭❚❤❡♦r❡♠ ✶✳✷✮✳ ❲❡ r❡❢❡r t♦ ❙❝❤r✐❥✈❡r ❬❙❝❤✵✸❪ ❢♦r ♦✉r ♠❛tr♦✐❞
t❡r♠✐♥♦❧♦❣②✳

❉❡✜♥✐t✐♦♥ ✺✳✸ ✭▼❛tr♦✐❞s✮ ❆ ♣❛✐r M = (S, I) ✐s ❝❛❧❧❡❞ ❛ ♠❛tr♦✐❞ ✐❢ S ✐s ❛ ✜♥✐t❡ s❡t ❛♥❞ I ✐s
❛ ♥♦♥❡♠♣t② ❝♦❧❧❡❝t✐♦♥ ♦❢ s✉❜s❡ts ♦❢ S s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

✭▼✶✮ ✐❢ I ∈ I ❛♥❞ J ⊆ I✱ t❤❡♥ J ∈ I✱

✭▼✷✮ ✐❢ I, J ∈ I ❛♥❞ |I| < |J |✱ t❤❡♥ I ∪ {z} ∈ I ❢♦r s♦♠❡ z ∈ J − I✳

❋♦r U ⊆ S✱ ❛ s✉❜s❡t B ♦❢ U ✐s ❝❛❧❧❡❞ ❛ ❜❛s❡ ♦❢ U ✐❢ B ✐s ❛♥ ✐♥❝❧✉s✐♦♥✇✐s❡ ♠❛①✐♠❛❧ s✉❜s❡t ♦❢ U
❛♥❞ ❜❡❧♦♥❣s t♦ I✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ✐❢ B1 ❛♥❞ B2 ❛r❡ ❜❛s❡s ♦❢ U ⊆ S✱ t❤❡♥ B1 ❛♥❞ B2 ❤❛✈❡
t❤❡ s❛♠❡ s✐③❡✳ ❚❤❡ ❝♦♠♠♦♥ s✐③❡ ♦❢ t❤❡ ❜❛s❡s ♦❢ ❛ s✉❜s❡t U ♦❢ S ✐s ❝❛❧❧❡❞ t❤❡ r❛♥❦ ♦❢ U ✱ ❞❡♥♦t❡❞
❜② rM (U)✳ ❆ s❡t B ⊆ S ✐s ❛ ❜❛s❡ ♦❢ M ✐❢ ✐t ✐s ❛ ❜❛s❡ ♦❢ S✳

▲❡t A ❜❡ ❛♥ (m×n)✲♠❛tr✐①✳ ▲❡t S = {1, . . . , n} ❛♥❞ ❧❡t I ❜❡ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤♦s❡ s✉❜s❡ts
I ♦❢ S s✉❝❤ t❤❛t t❤❡ ❝♦❧✉♠♥s ♦❢ A ✇✐t❤ ✐♥❞❡① ✐♥ I ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡♥ M = (S, I) ✐s
❛ ♠❛tr♦✐❞✳ ■❢ A ❤❛s ❡♥tr✐❡s ✐♥ ❛ ✜❡❧❞ F ✱ t❤❡♥ M ✐s s❛✐❞ r❡♣r❡s❡♥t❛❜❧❡ ♦✈❡r F ❛♥❞ A ✐s ❝❛❧❧❡❞ ❛
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ M ✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ♠❛tr♦✐❞s✳ ▲❡t M = (S, I) ❜❡ ❛ ♠❛tr♦✐❞✳ ❲❡ ❧❡t λM ❜❡
❞❡✜♥❡❞ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s✉❜s❡t U ♦❢ S, λM (U) = rM (U)+ rM (S−U)− rM (S)+1 ❛♥❞ ❝❛❧❧ ✐t
t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ♦❢ M ✳ ❚❤❡ ❢✉♥❝t✐♦♥ λM ✐s s②♠♠❡tr✐❝ ❛♥❞ s✉❜✲♠♦❞✉❧❛r ❬❙❝❤✵✸✱ ❍❖✵✼❪✳
❚❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ M ✱ ❞❡♥♦t❡❞ ❜② bwd(M)✱ ✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ λM ❛♥❞ ❛ ❧❛②♦✉t ♦❢ M ✐s ❛
❧❛②♦✉t ♦❢ λM ✳

❉❡✜♥✐t✐♦♥ ✺✳✹ ✭P❛rt✐t✐♦♥❡❞ ▼❛tr♦✐❞s ❬❍❖✵✼❪✮ ❆ ♣❛✐r (M,P) ✐s ❝❛❧❧❡❞ ❛ ♣❛rt✐t✐♦♥❡❞ ♠❛✲

tr♦✐❞ ✐❢ M = (S, I) ✐s ❛ ♠❛tr♦✐❞ ❛♥❞ P ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ S✳ ❆ ♣❛rt✐t✐♦♥❡❞ ♠❛tr♦✐❞ (M,P) ✐s
r❡♣r❡s❡♥t❛❜❧❡ ♦✈❡r F ✐❢ M ✐s r❡♣r❡s❡♥t❛❜❧❡ ♦✈❡r F ✳ ❋♦r ❛ ♠❛tr♦✐❞ M = (S, I) ❛♥❞ ❛ ♣❛rt✐t✐♦♥ P



✽✷ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s

♦❢ S✱ ✇❡ ❧❡t λPM ❜❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛rt✐t✐♦♥❡❞ ♠❛tr♦✐❞ (M,P)✱ ✐✳❡✳✱ ❢♦r ❡✈❡r②
Z ⊆ P✱ ✇❡ ❤❛✈❡ λPM (Z) = λM (

⋃
Y ∈Z Y )✳ ❚❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ (M,P)✱ ❞❡♥♦t❡❞ ❜② bwd(M,P)✱

✐s t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ λPM ❛♥❞ ❛ ❧❛②♦✉t ♦❢ (M,P) ✐s ❛ ❧❛②♦✉t ♦❢ λPM ✳

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜② ❍❧✐♥❡̌♥ý ❛♥❞ ❖✉♠✳

❚❤❡♦r❡♠ ✺✳✷ ✭❬❍❖✵✼❪✮ ▲❡t k ❜❡ ✜①❡❞ ❛♥❞ F ❜❡ ❛ ✜①❡❞ ✜♥✐t❡ ✜❡❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥
O(n3)✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t t❛❦❡s ❛s ✐♥♣✉t ❛ r❡♣r❡s❡♥t❛❜❧❡ ♠❛tr♦✐❞ M = (S, I) ♦✈❡r F ❣✐✈❡♥
✇✐t❤ ✐ts r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ ❛ ♣❛rt✐t✐♦♥ P ♦❢ S, |S| = n✱ ❛♥❞ ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤
❛t ♠♦st k ♦❢ λPM ✱ ♦r ❝♦♥✜r♠s t❤❛t t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ (M,P) ✐s str✐❝t❧② ❣r❡❛t❡r t❤❛♥ k✳

❲❡ ❝❛♥ ♥♦✇ ❞❡r✐✈❡ ♦✉r ❛❧❣♦r✐t❤♠ ❢r♦♠ ❚❤❡♦r❡♠ ✺✳✷✳ ❋♦r ❛ s❡t X✱ ✇❡ ❧❡t X ′ ❜❡ ❛ ❝♦♣② ♦❢
✐t ❞❡✜♥❡❞ ❛s {x′ | x ∈ X}✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) ❛♥❞ ❧❡t FG ❜❡ ✐ts ❛❞❥❛❝❡♥❝② ♠❛tr✐①
♦✈❡r F ✳ ▲❡t Bin(G) ❜❡ t❤❡ ♠❛tr♦✐❞ ♦♥ VG ∪ V ′

G r❡♣r❡s❡♥t❡❞ ❜② t❤❡ (VG, VG ∪ V ′
G)✲♠❛tr✐①

VG V ′
G

VG

(
I|VG| FG

).

❋♦r ❡❛❝❤ x ∈ V ✱ ✇❡ ❧❡t Px = {x, x′} ❛♥❞ ✇❡ ❧❡t Π(G) = {Px | x ∈ VG}✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ✇❤✐❝❤ ✐s ❛ ❝♦✉♥t❡r♣❛rt ♦❢ ❬❖✉♠✵✺❜✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶❪✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) ❛♥❞ ❧❡t M = Bin(G)✳ ❚❤❡♥ ❢♦r ❡✈❡r② X ⊆
VG, λ

Π(G)
M (P ) = 2 · ρF

G(X) + 1 ✇❤❡r❡ P = {Px | x ∈ X}✳

Pr♦♦❢✳ ❋♦r X ⊆ V ❛♥❞ P = {Px | x ∈ X}✱ ✇❡ ❤❛✈❡

λ
Π(G)
M (P ) = rM(X ∪X ′) + rM(VG −X ∪ (VG −X)′)− rM(VG ∪ V ′

G) + 1

= rk

(
0 (FG)X

VG−X

I|X| (FG)X
X

)
+ rk

(
0 (FG)VG−X

X

I|VG|−|X| (FG)VG−X
VG−X

)
− |VG|+ 1

= |X|+ rk((FG)X
VG−X) + |VG −X|+ rk((FG)VG−X

X − |VG|+ 1

= 2 · ρF
G(X) + 1.

❆s ❛ ❝♦r♦❧❧❛r② ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✺✳✸ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦✈❡r (F, σ)✳ ▲❡t M = Bin(G) ❛♥❞ ❧❡t p : VG → Π(G)

❜❡ t❤❡ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t p(x) = Px✳ ■❢ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢ λΠ(G)
M ♦❢ ❜r❛♥❝❤✲✇✐❞t❤

2k+ 1✱ t❤❡♥ (T,L◦ p) ✐s ❛ ❧❛②♦✉t ♦❢ ρF
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ (T,L) ✐s ❛ ❧❛②♦✉t ♦❢

❜r❛♥❝❤✲✇✐❞t❤ k ♦❢ ρF
G✱ t❤❡♥ (T,L ◦ p−1) ✐s ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ 2k + 1 ♦❢ λΠ(G)

M ✳

❲❡ ❝❛♥ ♥♦✇ ❞❡❞✉❝❡ ❢♦r ✜①❡❞ k✱ ❛ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❣r❛♣❤s ♦❢ F ✲r❛♥❦✲✇✐❞t❤ ❛t
♠♦st k✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛t ♠♦st k✳

❚❤❡♦r❡♠ ✺✳✸ ✭❈❤❡❝❦✐♥❣ F ✲❘❛♥❦✲❲✐❞t❤ ❛t ♠♦st k✮ ❋♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲
t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t✱ ❢♦r ❛ ❣r❛♣❤ G ♦✈❡r (F, σ)✱ ❡✐t❤❡r ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ ρF

G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤
❛t ♠♦st k ♦r ❝♦♥✜r♠s t❤❛t t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r t❤❛♥ k✳



✺✳✸✳ ❈♦♥❝❧✉s✐♦♥ ✽✸

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❲❡ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❚❤❡♦r❡♠
✺✳✷ ✇✐t❤ ✐♥♣✉t M = (Bin(G),Π(G)) ❛♥❞ 2k + 1 ✭Pr♦♣♦s✐t✐♦♥ ✺✳✷✮✳ ■❢ ✐t ❝♦♥✜r♠s t❤❛t
bwd(Bin(G),Π(G)) > k✱ t❤❡♥ t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❣r❡❛t❡r t❤❛♥ k✳ ■❢ ✐t ♦✉t♣✉ts ❛

❧❛②♦✉t ♦❢ λΠ(G)
M ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st 2k + 1✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ ✐t ✐♥t♦ ❛ ❧❛②♦✉t ♦❢ ρF

G ♦❢
❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k ❜② ❈♦r♦❧❧❛r② ✺✳✸✳

❈♦r♦❧❧❛r② ✺✳✹ ❋♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐sts ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t✱ ❢♦r ❛ ❣r❛♣❤ G ♦✈❡r (F, σ)✱
❡✐t❤❡r ♦✉t♣✉ts ❛ t❡r♠ ✐♥ T (RF

2k, C
F
2k) t❤❛t ❣❡♥❡r❛t❡s G ♦r ❝♦♥✜r♠s t❤❛t t❤❡ F ✲r❛♥❦✲✇✐❞t❤ ♦❢ G

✐s ❧❛r❣❡r t❤❛♥ k✳

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✻ t❤❛t ✐❢ ❛ ❣r❛♣❤ ♦✈❡r (F, σ) ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥
T (BF

k , C
F
k )✱ t❤❡♥ ✐t ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (RF

qk , C
F
qk) ✇❤❡r❡ q ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts

✐♥ F ✳ ❚❤❡♥ ✇✐t❤ ❈♦r♦❧❧❛r② ✺✳✹✱ ❢♦r ❡✈❡r② ❣r❛♣❤ G ♦✈❡r (F, σ) t❤❛t ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥
T (BF

k , C
F
k )✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ ❝✉❜✐❝✲t✐♠❡ ❛ t❡r♠ ✐♥ T (BF

2·qk , C
F
2·qk) ❢♦r ✐t✳

✺✳✸ ❈♦♥❝❧✉s✐♦♥

❈♦✉r❝❡❧❧❡ ✐♥ ❬❈♦✉✵✻❛❪ s❤♦✇s ❤♦✇ t♦ ❡♥❝♦❞❡ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ✉s✐♥❣
MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡s ❛♥❞ ✐♥ ❜♦t❤ ❞✐r❡❝t✐♦♥s✳ ❚❤✐s ❣✐✈❡s ❜② ✉s✐♥❣ ❬❍❖✵✼❪ ❛♣♣r♦①✐♠❛t✐♦♥
❛❧❣♦r✐t❤♠s ❢♦r t❤❡ ❜✐✲r❛♥❦✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❍❡r❡✱ ✇❡ ❛✈♦✐❞ s✉❝❤ ❡♥❝♦❞✐♥❣s ❛♥❞ ✇❡
❣❡t✱ ❜② ❛❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❍❧✐♥❡̌♥ý ❛♥❞ ❖✉♠ ❛♥ ❡①❛❝t ❛❧❣♦r✐t❤♠✳ ■t ✐s ✐♠♣♦rt❛♥t ♥♦t
♦♥❧② t♦ ❝❤❡❝❦ t❤❛t t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✐s ❛t ♠♦st k✱ ❜✉t ❛❧s♦ t♦ ♣r♦❞✉❝❡ ❛♥ ❛ss♦❝✐❛t❡❞
❞❡❝♦♠♣♦s✐t✐♦♥ ✭❤❡r❡ ❛ ❧❛②♦✉t✮✳ ■❢ ❛❢t❡r t❤❛t✱ ♦♥❡ ✇✐s❤❡s t♦ ❝❤❡❝❦ ❛♥ MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt②
❜② t❤❡ ♠❡t❤♦❞s ❡①♣❧❛✐♥❡❞ ✐♥ ❬❈▼❘✵✵✱ ▼❛❦✵✹❪✱ ❜❛s❡❞ ♦♥ ✜♥✐t❡ ❛✉t♦♠❛t♦♥ ♦♥ t❡r♠s✱ ✇❤❡r❡
❛✉t♦♠❛t♦♥ ❛r❡ ❜✉✐❧t ❢r♦♠ MS ❢♦r♠✉❧❛s✱ ❤❡ ❝❛♥ ✉s❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s t❤❛t ❤❛♥❞❧❡ ❣r❛♣❤s ♦❢
r❛♥❦✲✇✐❞t❤ k✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ s✉❝❤ ❛✉t♦♠❛t♦♥ ✐s ♦✉ts✐❞❡ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦✳

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❢♦r ✜①❡❞ k✱ t❤❡r❡ ❡①✐st ❛❧❣♦r✐t❤♠s t❤❛t ❞❡❝✐❞❡ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s
❜✐✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ GF (4)✲r❛♥❦✲✇✐❞t❤✮ ❛t ♠♦st k ❛♥❞ ✐❢ s♦ ♦✉t♣✉ts ❛ ❧❛②♦✉t ♦❢ ❜r❛♥❝❤✲✇✐❞t❤

k ♦❢ ρ(bi)
G ✭r❡s♣✳ ρGF (4)

G ✮✳ ❍♦✇❡✈❡r t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❞❡❡♣❧② ❜❛s❡❞ ♦♥ t❤❡ r❡s✉❧ts ♦❢ ❖✉♠ ❛♥❞
❍❧✐♥❡̌♥ý✱ ❡s♣❡❝✐❛❧❧② ♦♥ ❚❤❡♦r❡♠ ✺✳✷✱ ✇❤✐❝❤ ✐s ♥♦t r❡❛❧❧② ✐♠♣❧❡♠❡♥t❛❜❧❡✳ ■t ✐s t❤✉s ❛ ❝❤❛❧❧❡♥❣❡
t♦ ✜♥❞ ✐♠♣❧❡♠❡♥t❛❜❧❡ ❛❧❣♦r✐t❤♠s ❢♦r ❜✐✲r❛♥❦✲✇✐❞t❤ ❛s ✇❡❧❧ ❛s GF (4)✲r❛♥❦✲✇✐❞t❤✳ ■t ✐s ❛❧s♦ ❛
❝❤❛❧❧❡♥❣❡✱ ❢♦r ✜①❡❞ k✱ t♦ ✜♥❞ ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t✱ ❣✐✈❡♥ ❛ ❣r❛♣❤✱ ❡✐t❤❡r ♦✉t♣✉ts
t❤❛t ✐t ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❧❛r❣❡r t❤❛♥ k✱ ♦r ♦✉t♣✉ts ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ t❤❛t ✉s❡s ❛t ♠♦st
k ❝♦❧♦rs✳



✽✹ ❈❤❛♣t❡r ✺✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠s



❈❤❛♣t❡r ✻

❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

❋♦r ❛❧❣♦r✐t❤♠✐❝ ♣✉r♣♦s❡s✱ ✐t ✐s ✉s❡❢✉❧ ❛♥❞ s♦♠❡t✐♠❡s ❝r✉❝✐❛❧ t♦ ❤❛✈❡ ❢♦r ❣✐✈❡♥ ❣r❛♣❤s tr❡❡✲
str✉❝t✉r✐♥❣s ❜❛s❡❞ ♦♥ tr❡❡s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❤❡✐❣❤t ❤❡♥❝❡✱ ✐♥ ♦✉r ❝❛s❡ t♦ ❤❛✈❡ a✲❜❛❧❛♥❝❡❞ ❜✐♥❛r②
t❡r♠s✱ ✐✳❡✱ ✇✐t❤ s②♥t❛❝t✐❝ tr❡❡s ♦❢ ❤❡✐❣❤t ❛t ♠♦st a(log(n)+1) ✇❤❡r❡ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s
❛♥❞ a ✐s ❛ ❝♦♥st❛♥t✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦❢ ❬❈❱✵✸✱ ❈❚✵✼❪ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s
❛♥❞ ✉s❡ s✉❝❤ ♥♦t✐♦♥✳

• ●✐✈❡♥ ❛ ❜✐♥❛r② t❡r♠ t t❤❛t r❡♣r❡s❡♥ts ❛ ❣r❛♣❤ G ✭t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ t❡r♠ ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥
✇✐t❤ t❤❡ ✈❡rt✐❝❡s ♦❢ G✮✱ ✇❡ r✉♥ ❛♥ ❛✉t♦♠❛t♦♥ ♦♥ G ❤❡♥❝❡✱ ❡❛❝❤ ♥♦❞❡ ♦❢ t ✐s ❛ss✐❣♥❡❞ ❛
st❛t❡ ♦❢ t❤❡ ❛✉t♦♠❛t♦♥✳

• ❊❛❝❤ ✈❡rt❡① x ♦❢ G ✐s ❛ss✐❣♥❡❞ ❛ ❧❛❜❡❧ t❤❛t ✐s✱ r♦✉❣❤❧②✱ ❛ s❡q✉❡♥❝❡ ♦❢ st❛t❡s ♠❡t ♦♥ t❤❡
✉♥✐q✉❡ ♣❛t❤ ❢r♦♠ t❤❡ r♦♦t ♦❢ t t♦ t❤❡ ❧❡❛❢ ♦❢ t t❤❛t r❡♣r❡s❡♥ts t❤❡ ✈❡rt❡① x✳

❚❤❡♥ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❧❛❜❡❧s ♦❢ s✐③❡ O(log(|VG|) ✐♥ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❈❱✵✸✱
❈❚✵✼❪✱ ✐t ✐s ✐♠♣♦rt❛♥t t❤❛t t❤❡ ❣✐✈❡♥ t❡r♠ ❤❛s ❧♦❣❛r✐t❤♠✐❝ ❤❡✐❣❤t✳

❆♥♦t❤❡r ♣r❛❝t✐❝❛❧ ✉s❡ ♦❢ ❜❛❧❛♥❝❡❞ t❡r♠s ✐s t❤❡ ❞❡s✐❣♥ ♦❢ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ✐s ❞♦♥❡
❢♦r ✐♥st❛♥❝❡ ❜② ❇♦❞❧❛❡♥❞❡r ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ♣❛r❛❧❧❡❧ ❛❧❣♦r✐t❤♠s ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ♠✐♥✐♠✉♠✲
✇✐❞t❤ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❣r❛♣❤s ♦r t♦ s♦❧✈❡ s♦♠❡ ◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠s ❬❇♦❞✽✽✱ ❇❍✾✽❪✳
❇❛❧❛♥❝❡❞ t❡r♠s ♣❧❛② ❛❧s♦ ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ s✉❝❝✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❣r❛♣❤s✱ ♣❛rt✐❝✉❧❛r❧②
s✉❝❝✐♥❝t r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❣r❛♣❤s ❜② ❇♦♦❧❡❛♥ ❢✉♥❝t✐♦♥s ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬▼❘✵✻✱ ◆❲✵✺❪✶✳
❇♦❞❧❛❡♥❞❡r ❬❇♦❞✽✽❪ ♣r♦✈❡❞ t❤❛t ❡✈❡r② ❣r❛♣❤ ♦❢ tr❡❡✲✇✐❞t❤ k ❛❞♠✐ts ❛ 2✲❜❛❧❛♥❝❡❞ ❜✐♥❛r② tr❡❡✲
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st 3k + 2✳ ❈♦✉r❝❡❧❧❡ ❛♥❞ ❚✇✐❣❣ ❬❈❚✵✼❪ ♣r♦✈❡❞ t❤❛t ❡✈❡r②
❣r❛♣❤ ♦❢ ♠✲❝❧✐q✉❡✲✇✐❞t❤ k ❛❞♠✐ts ❛ 6✲❜❛❧❛♥❝❡❞ ♠✲❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st
2k✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♦❢s ♦❢ ❇♦❞❧❛❡♥❞❡r ❛♥❞ ❈♦✉r❝❡❧❧❡ ❡t ❛❧✳ ✉s❡❞ t❤❡ s❛♠❡ ✐❞❡❛s✳ ❲❡ ❣✐✈❡
❛ ✉♥✐❢②✐♥❣ ❢r❛♠❡✇♦r❦ t❤❛t ❝♦✈❡rs s❡✈❡r❛❧ ♣❛rt✐❝✉❧❛r ❝❛s❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦✈❡ t❤❛t ❡✈❡r②
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢ r❛♥❦✲✇✐❞t❤ k ❛❞♠✐ts ❛ 3✲❜❛❧❛♥❝❡❞ ❧❛②♦✉t ✇✐t♥❡ss✐♥❣ r❛♥❦✲✇✐❞t❤✳

✶❆s ✐♥ ❬❈❱✵✸✱ ❈❚✵✼❪ t❤❡s❡ ❧❛❜❡❧✐♥❣s ❛r❡ ❞❡✜♥❡❞ ❛s s❡q✉❡♥❝❡s ♦❢ ✈❛❧✉❡s ♠❡t ♦♥ t❤❡ ✉♥✐q✉❡ ♣❛t❤ ❢r♦♠ t❤❡
r♦♦t t♦ ❛ ❧❡❛❢✱ ♦r ♠♦r❡ ♣r❡❝✐s❡❧② ❛t ❞✐st❛♥❝❡ 1 ♦❢ t❤❡ ♥♦❞❡s ♦❢ t❤✐s ♣❛t❤✳

✽✺



✽✻ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

✻✳✶ ●❡♥❡r❛❧ ❋r❛♠❡✇♦r❦

❚❤❡ ♥♦t✐♦♥s ♦❢ ♠❛♥②✲s♦rt❡❞ ❛❧❣❡❜r❛s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬❈♦✉✾✻✱ ❲❡❝✾✷✱ ❲✐r❪✳ ❲❡ ♣r❡s❡♥t ❤❡r❡
t❤❡ ♥❡❡❞❡❞ ❞❡✜♥✐t✐♦♥s✳ ❲❡ r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥s ♦❢ ❜✐♥❛r② s✐❣♥❛t✉r❡ ❢♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s
❝❤❛♣t❡r✳

▲❡t S ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ❝❛❧❧❡❞ s♦rts✳ ❆ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ✐s ❛ ♣❛✐r
(F,C) ✇❤❡r❡ F ✐s ❛ s❡t ♦❢ ❜✐♥❛r② ❢✉♥❝t✐♦♥ s②♠❜♦❧s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❤❛✈✐♥❣ ❛ t②♣❡ s1 × s2 → s
✇❤❡r❡ s1, s2, s ∈ S✱ ❛♥❞ C ✐s ❛ s❡t ♦❢ ♥✉❧❧❛r② s②♠❜♦❧s✱ ❡❛❝❤ ♦❢ t❤❡♠ ❤❛✈✐♥❣ ❛ t②♣❡ s ✐♥ S✳ ❆
♥✉❧❧❛r② s②♠❜♦❧ ✐s ❝❛❧❧❡❞ ❛ ❝♦♥st❛♥t✳ ❲❡ s❛② t❤❛t ❛ ❜✐♥❛r② T ✲s✐❣♥❛t✉r❡ (F,C) ✐s ❛ s✉❜✲s✐❣♥❛t✉r❡
♦❢ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ (F ′, C ′) ✐❢ T ⊆ S✱ F ⊆ F ′✱ C ⊆ C ′ ❛♥❞ t❤❡ t②♣❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts
♦❢ F ❛♥❞ C ❛r❡ t❤❡ s❛♠❡ ❢♦r (F ′, C ′) ❛♥❞ ❢♦r (F,C)✳ ❲❡ r❡❝❛❧❧ t❤❛t T (F,C) ❞❡♥♦t❡s t❤❡ s❡t
♦❢ ✜♥✐t❡ ✇❡❧❧✲❢♦r♠❡❞ t❡r♠s ✇r✐tt❡♥ ✇✐t❤ s②♠❜♦❧s ❢r♦♠ F ∪ C ✭s❡❡ ❈❤❛♣t❡r ✶✮✳ ❲❡ ❞❡♥♦t❡ ❜②
T (F,C)s t❤❡ s❡t ♦❢ ✜♥✐t❡ ✇❡❧❧✲❢♦r♠❡❞ t❡r♠s ♦❢ s♦rt s ✭t❤❡ s♦rt ♦❢ ❛ t❡r♠ ✐♥ T (F,C) ✐s t❤❛t ♦❢
✐ts ✜rst s②♠❜♦❧ ✐♥ ♣r❡✜① ♥♦t❛t✐♦♥✮✳ ▲❡t χ ❜❡ ❛ s❡t ♦❢ S✲s♦rt❡❞ ✈❛r✐❛❜❧❡s✱ ✐✳❡✳✱ ❡❛❝❤ ✈❛r✐❛❜❧❡ x
✐♥ χ ❤❛s ❛ s♦rt s ✐♥ S✳ ❲❡ ❞❡♥♦t❡ ❜② T (F,C ∪ χ) t❤❡ s❡t ♦❢ ✇❡❧❧✲❢♦r♠❡❞ t❡r♠s ✇r✐tt❡♥ ✇✐t❤
s②♠❜♦❧s ✐♥ F ∪ (C ∪ χ)✳

▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡✳ ❆♥ (F,C)✲❛❧❣❡❜r❛ ✐s ❛♥ ❡❧❡♠❡♥t M =
〈(Ms)s∈S , (fM)f∈F , (bM)c∈C 〉✱ ✇❤❡r❡ ❢♦r ❡❛❝❤ s ✐♥ S✱Ms ✐s ❛ ♥♦♥❡♠♣t② s❡t✱ ❝❛❧❧❡❞ t❤❡ ❞♦♠❛✐♥
♦❢ s♦rt s ♦❢M✱ ❢♦r ❡❛❝❤ f ∈ F ♦❢ t②♣❡ s1× s2 → s✱ fM : Ms1 ×Ms2 →Ms ✐s ❛ t♦t❛❧ ♠❛♣♣✐♥❣
❛♥❞ ❢♦r ❡❛❝❤ b ∈ C ♦❢ t②♣❡ s✱ bM ✐s ❛ ❝♦♥st❛♥t ♦❢ s♦rt s✱ ✐✳❡✳✱ ✐s ❛ ♠❡♠❜❡r ♦❢ Ms✳

❉❡✜♥✐t✐♦♥ ✻✳✶ ✭❍❡✐❣❤t ♦❢ ❛ ❚❡r♠✮ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t❛❜❧❡ s❡t
♦❢ s♦rts S✳ ❋♦r ❡✈❡r② t❡r♠ t ✐♥ T (F,C) ✇❡ ❧❡t ht(t)✱ ❝❛❧❧❡❞ t❤❡ ❤❡✐❣❤t ♦❢ t✱ ❜❡ ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧②
❛s ❢♦❧❧♦✇s✿

ht(t) =

{
1 ✐❢ t = c ∈ C
1 + max{ht(t1), ht(t2)} ✐❢ t = f(t1, t2)

▲❡t a ❜❡ ❛ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✳ ❆ t❡r♠ t ✐♥ T (F,C) ✐s a✲❜❛❧❛♥❝❡❞ ✐❢ ht(t) = a · log(|t|+ 1)✳

❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❜❛❧❛♥❝❡❞ t❡r♠ ✐s ♠❡❛♥✐♥❣❢✉❧ ✐♥ t❤❡ ❝❛s❡ |t| = 1✳ ❆❧❧ ❧♦❣❛r✐t❤♠s ❛r❡ ✐♥
❜❛s❡ 2✳

❉❡✜♥✐t✐♦♥ ✻✳✷ ✭❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❚❡r♠s✮ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t✲
❛❜❧❡ s❡t ♦❢ s♦rts S ❛♥❞ ❧❡t C ❜❡ ❛ ❝❧❛ss ♦❢ (F,C)✲❛❧❣❡❜r❛s✳ ❚✇♦ t❡r♠s t ❛♥❞ t′ ✐♥ T (F,C) ❛r❡
❡q✉✐✈❛❧❡♥t ✇✐t❤ r❡s♣❡❝t t♦ C ✐❢✱ ❢♦r ❡✈❡r② (F,C)✲❛❧❣❡❜r❛M ✐♥ C ✱ ✇❡ ❤❛✈❡ valM(t) = valM(t′)✳
❲❡ ❞❡♥♦t❡ ❜② ≃C t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❡r♠s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❧❛ss ♦❢ (F,C)✲❛❧❣❡❜r❛s C ✳ ❲❡
♦♠✐t t❤❡ s✉❜s❝r✐♣t C ✇❤❡♥ C ✐s ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞✳

❲❡ ❝❛♥ ♥♦✇ ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ❜❡❢♦r❡ st❛t✐♥❣ ❛♥❞ ♣r♦✈✐♥❣
t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ❝❤❛♣t❡r✳ ❙❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✶ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥t❡①ts✳ ❲❡ ✜rst
❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ s♣❡❝✐❛❧ t❡r♠s ✐♥tr♦❞✉❝❡❞ ❜② ❈♦✉r❝❡❧❧❡ ❛♥❞ ❱❛♥✐❝❛t ✐♥ ❬❈❱✵✸❪✳

❉❡✜♥✐t✐♦♥ ✻✳✸ ✭❙♣❡❝✐❛❧ ❚❡r♠s✮ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t❛❜❧❡ s❡t ♦❢
s♦rts S ❛♥❞ ❧❡t S ❜❡ t❤❡ s❡t T (F ∪ {◦, •}, C ∪ {Id})✳ ❲❡ ❧❡t Sc ❛♥❞ St ❜❡ t❤❡ ❧❡❛st s✉❜s❡ts ♦❢ S



✻✳✶✳ ●❡♥❡r❛❧ ❋r❛♠❡✇♦r❦ ✽✼

s✉❝❤ t❤❛t✿

St = Sc • St ∪ f(St, St) ∪ b,

Sc = Sc ◦ Sc ∪ f(St, Sc) ∪ f(Sc, St) ∪ f(St, Id) ∪ f(Id, St)

✇✐t❤ r✉❧❡s ❢♦r ❡❛❝❤ f ✐♥ F ❛♥❞ ❡❛❝❤ b ✐♥ C✳ ❲❡ ❞❡♥♦t❡ t❤❡♠ ❜② SPEt(F,C) ❛♥❞ SPEc(F,C) ✐❢
✇❡ ♥❡❡❞ t♦ s♣❡❝✐❢② F ❛♥❞ C✳ ◆♦t❡ t❤❛t Id /∈ St ∪ Sc✳

❚❤❡ ♥♦t✐♦♥s ♦❢ ❝♦♥t❡①t ❛♥❞ t❤❡ ♦♣❡r❛t✐♦♥s ◦ ❛♥❞ • ❡①t❡♥❞ ❝❧❡❛r❧② ✐♥ ♣r❡s❡♥❝❡ ♦❢ s♦rts✳ ❲❡ ❤❛✈❡
❛❝t✉❛❧❧② s❡✈❡r❛❧ ♦♣❡r❛t✐♦♥s ◦✱ • ❛♥❞ s❡✈❡r❛❧ ❝♦♥st❛♥ts Id ❞❡♣❡♥❞✐♥❣ ♦♥ s♦rts✱ ❜✉t ✇❡ ✇✐❧❧ ♦✈❡r❧♦♦❦
t❤✐s t❡❝❤♥✐❝❛❧ ♣♦✐♥t✳

❋♦r ❡✈❡r② t❡r♠ c ∈ SPEt(F,C) ∪ SPEc(F,C)✱ ✇❡ ❧❡t Eval(c) ❜❡ ❞❡✜♥❡❞ ✐♥❞✉❝t✐✈❡❧② ❛s
❢♦❧❧♦✇s✿

Eval(c) =





b ∈ C ✐❢ c = b,

f(Eval(t1), Eval(t2)) ∈ T (F,C) ✐❢ t = f(t1, t2) ❛♥❞ t1, t2 ∈ St,

Eval(c1) • Eval(t) ∈ T (F,C) ✐❢ c = c1 • t ❛♥❞ c1 ∈ SC , t ∈ St,

f(u,Eval(t)) ∈ Cxt(F,C) ✐❢ c = f(Id, t) ❛♥❞ t ∈ St,

f(Eval(t), u) ∈ Cxt(F,C) ✐❢ c = f(t, Id) ❛♥❞ t ∈ St,

f(Eval(c1), Eval(t)) ∈ Cxt(F,C) ✐❢ c = f(c1, t) ❛♥❞ c1 ∈ Sc, t ∈ St

f(Eval(t), Eval(c1)) ∈ Cxt(F,C) ✐❢ c = f(t, c1) ❛♥❞ c1 ∈ Sc, t ∈ St,

Eval(c1) ◦ Eval(c2) ∈ Cxt(F,C) ✐❢ c = c1 ◦ c2 ❛♥❞ c1, c2 ∈ Sc.

❲❡ ❝❛♥ ♥♦✇ ❞❡✜♥❡ ✇❤❛t ✇❡ ♠❡❛♥ ❜② ❝♦♠♠✉t❛t✐✈✐t② ♦❢ ❛ ❢✉♥❝t✐♦♥ ✐♥ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡✳

❉❡✜♥✐t✐♦♥ ✻✳✹ ✭❈♦♠♠✉t❛t✐✈✐t②✮ ▲❡t S ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ s♦rts✳ ❆ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡
(F,C) ✐s ❝♦♠♠✉t❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❝❧❛ss ♦❢ (F,C)✲❛❧❣❡❜r❛s C ✭t❤❛t ✇✐❧❧ ❜❡ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡❞
✐♥ ♠♦st ❝❛s❡s✮ ✐❢ ❢♦r ❡✈❡r② f ∈ F ♦❢ t②♣❡ s1 × s2 → s✱ t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ f̃ ✐♥ F ♦❢ t②♣❡
s2 × s1 → s s✉❝❤ t❤❛t✿

f̃M(x, y) = fM(y, x) ✭✶✮

❢♦r ❛❧❧M ∈ C ✱ ❛❧❧ x ∈ Ms1 ❛♥❞ ❛❧❧ y ∈ Ms2 ✳ ■❢ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ✐s ♥♦t ❝♦♠♠✉t❛t✐✈❡✱ ✇❡ ❧❡t
F ′ ⊆ F ❜❡ t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s f ❢♦r ✇❤✐❝❤ ✇❡ ❞♦ ♥♦t ❤❛✈❡ f̃ s❛t✐s❢②✐♥❣ ✭✶✮✱ t❤❡♥ ✇❡ ❝❛♥ ❡♥r✐❝❤ F
✐♥t♦ F̂ = F ∪ {f̂ | f ∈ F ′} ❛♥❞ ❞❡✜♥❡

f̂M(x, y) = fM(y, x) ✐❢ f ∈ F ′.

■t ✐s ❝❧❡❛r t❤❛t F̂ ✐s ❝♦♠♠✉t❛t✐✈❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥s✐❞❡r❡❞ ❝❧❛ss C ✳ ■t ✐s ✜♥✐t❡ ✐❢ F ✐s✱ ❛♥❞
t❤❡ s❡t ♦❢ s♦rts ✐s t❤❡ s❛♠❡✳

❚❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ t❤❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ♦❢ t❤❡ s✐❣♥❛t✉r❡ ♣❧❛②s ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ ♦✉r
❢r❛♠❡✇♦r❦✳ ❈♦♠♠✉t❛t✐✈❡ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s ❛❧❧♦✇ ✉s t♦ r❡❛rr❛♥❣❡ t❡r♠s✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❛
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❡r♠s ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦♠❜✲t❡r♠ ❛♥❞ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♣r♦♣❡rt②✳

❉❡✜♥✐t✐♦♥ ✻✳✺ ✭❈♦♠❜✲❚❡r♠✮ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t❛❜❧❡ s❡t ♦❢
s♦rts S ❛♥❞ ❧❡t χ ❜❡ ❛♥ S✲s♦rt❡❞ s❡t ♦❢ ✈❛r✐❛❜❧❡s✳ ❆ ❝♦♠❜✲t❡r♠ ✐s ❛ t❡r♠ ✐♥ T (F,C ∪ χ) ♦❢ t❤❡
❢♦r♠

q = f1(x1, f2(x2, . . . , fn(xn, xn+1)) . . .)



✽✽ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

✇❤❡r❡ x1, . . . , xn+1 ❛r❡ ✐♥ χ✳ ■t ❝♦♥t❛✐♥s ♥♦ ❝♦♥st❛♥t✳ ❲❡ ❞❡♥♦t❡ ✐t ❛❧s♦ ❜② q(x1, . . . , xn, xn+1) ✐♥
♦r❞❡r t♦ s♣❡❝✐❢② t❤❡ ❧✐st ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ♦r❞❡r ✐♥ ✇❤✐❝❤ t❤❡② ♦❝❝✉r✳

❉❡✜♥✐t✐♦♥ ✻✳✻ ✭❈♦♠❜✲❉❡❝♦♠♣♦s✐t✐♦♥✮ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t✲
❛❜❧❡ s❡t ♦❢ s♦rts S ❛♥❞ ❧❡t χ ❜❡ ❛♥ S✲s♦rt❡❞ s❡t ♦❢ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❝♦♠❜✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ t❡r♠
t ∈ T (F,C)−C ✐s t❤❡ ✉♥✐q✉❡ ✇r✐t✐♥❣ ♦❢ t ❛s q(t1, . . . , tn, b) ✇❤❡r❡ q(x1, . . . , xn+1) ✐s ❛ ❝♦♠❜✲t❡r♠✱
b ∈ C ❛♥❞ ❢♦r ❡❛❝❤ i ✐♥ [n]✱ t❤❡ t❡r♠ ti ✐s ✐♥ T (F,C)✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ♥♦t✐♦♥ ♦❢ ❝♦♠❜✲❞❡❝♦♠♣♦s✐t✐♦♥ ❢♦r ❝♦♥t❡①ts ✐♥ SPEc(F,C) ❛♥❞ ✐t ♠❛❦❡s
s❡♥s❡ ♦♥❧② ✐❢ F ✐s ❝♦♠♠✉t❛t✐✈❡✳ ❋♦r ❡✈❡r② c ∈ Cxt(F,C)− {Id}✱ ✇❡ ❞❡✜♥❡ Comb(c) ❛♥❞ seq(c)
✐♥❞✉❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✿

✭❈❙✶✮ Comb(c) = f(x1, u) ❛♥❞ seq(c) = (t) ✐❢ c = f(t, Id)✳

✭❈❙✷✮ Comb(c) = Comb(c′) ❛♥❞ seq(c) = seq(c′) ✐❢ c = f(c1, t) ❛♥❞ c′ = f̃(t, c1)✳

✭❈❙✸✮ Comb(c) = f(x1, q(x2, . . . , xn+1, u)) ❛♥❞ seq(c) = (t) · seq(c′) ✐❢ c = f(t, c1)✱ c1 6= Id ❛♥❞
Comb(c′) = q(x1, . . . , xn, u)✳

✭❈❙✹✮ Comb(c) = q′(x1, . . . , xp, q
′′(xp+1, . . . , xn+p, u)) ❛♥❞ seq(c) = seq(c′) · seq(c′′) ✐❢ c =

c′ ◦ c′′ ✭s♦ t❤❛t c′ 6= Id✱ c′′ 6= Id✮✱ Comb(c′) = q′(x1, . . . , xp, u) ❛♥❞ Comb(c′′) =
q′′(x1, . . . , xn, u)✳

❊①❛♠♣❧❡ ❲❡ ❧❡t c = f(g(u, a), h(b, d))✳ ❚❤❡♥ c ≃ f̃(h(b, d), g̃(a, u)) ❛♥❞ Comb(c) =
f̃(x1, g̃(x2, u))✱ seq(c) = (h(b, d), a)✳

❲❡ ♥♦✇ ❣✐✈❡ ❡❛s② ♣r♦♣❡rt✐❡s ❢♦r Comb(c) ❛♥❞ seq(c)✳

❋❛❝t ✻✳✶ ■❢ Comb(c) = q(x1, . . . , xn, u) ❛♥❞ seq(c) = (t1, . . . , tn) t❤❡♥

c ≃ q(t1, . . . , tn, u).
Eval(c) ≃ q(Eval(t1), . . . , Eval(tn), u).

Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ c✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ≃ ❜② ❧❡tt✐♥❣

Eval(t) ≃ t ❛♥❞ Eval(c) ≃ c

❢♦r t❡r♠s ✐♥ SPEt(F,C) ∪ SPEc(F,C)✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t②✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜❡❧♦✇✱
❣❡♥❡r❛❧✐③❡s t❤❡ ♥♦t✐♦♥ ♦❢ ❛ss♦❝✐❛t✐✈✐t②✳

❉❡✜♥✐t✐♦♥ ✻✳✼ ✭❋❧❡①✐❜✐❧✐t②✮ ▲❡t S ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ s♦rts ❛♥❞ ❧❡t χ ❜❡ ❛♥ S✲s♦rt❡❞ s❡t
♦❢ ✈❛r✐❛❜❧❡s✳ ❲❡ ❧❡t (F ′, C ′) ❛♥❞ (F,C) ❜❡ t✇♦ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡s s✉❝❤ t❤❛t (F,C) ⊆ (F ′, C ′)
❛♥❞ ✇❡ ❧❡t C ❜❡ ❛ s❡t ♦❢ (F ′, C ′)✲❛❧❣❡❜r❛s✳ ❲❡ s❛② t❤❛t (F ′, C ′) ✐s (F,C)✲✢❡①✐❜❧❡ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭❋✶✮ F ❛♥❞ F ′ ❛r❡ ❝♦♠♠✉t❛t✐✈❡✳



✻✳✶✳ ●❡♥❡r❛❧ ❋r❛♠❡✇♦r❦ ✽✾

✭❋✷✮ ❚❤❡r❡ ❡①✐st t❤r❡❡ ♠❛♣♣✐♥❣s✿ q 7→ q̂✱ q 7→ f q ❛♥❞ (q, q′) 7→ f q,q′ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s✿

✭❋✷✳✶✮ ■❢ q(x1, u) ✐s t❤❡ ❝♦♠❜✲t❡r♠ g(x1, u)✱ t❤❡♥ q̂ = x1 ❛♥❞ f q = g✳

✭❋✷✳✷✮ ❋♦r ❡✈❡r② ❝♦♠❜✲t❡r♠ q(x1, . . . , xn, u) ✐♥ T (F,C ∪ χ) ✇✐t❤ n ≥ 2✱ q̂(x1, . . . , xn) ✐s ❛
❝♦♠❜✲t❡r♠ ✐♥ T (F ′, C ∪ χ)✱ f q ∈ F ′ ❛♥❞ q ≃C f q(q̂, u)✳

✭❋✷✳✸✮ ❋♦r ❡✈❡r② t✇♦ ❝♦♠❜✲t❡r♠s q(x1, . . . , xp, u) ❛♥❞ q′(x1, . . . , xn, u) ✐♥ T (F,C ∪ χ)✱ ✇❡
❤❛✈❡ f q,q′ ∈ F ′ ❛♥❞

q̂′′ ≃C f q,q′(q̂(x1, . . . , xp), q̂′(xp+1, . . . , xp+n))

✇❤❡r❡ q′′ = q(x1, . . . , xp, q
′(xp+1, . . . , xp+n, u))✳

❘❡♠❛r❦ ✻✳✶ ✶✳ ■❢ q = g(x1, u) ✐s ❛ ❝♦♠❜✲t❡r♠✱ t❤❡♥ Pr♦♣❡rt② ✭❋✷✳✷✮ ❛❧s♦ ❤♦❧❞s ❢r♦♠ t❤❡
❞❡✜♥✐t✐♦♥s ♦❢ q̂ ❛♥❞ f q✳

✷✳ ■❢ F = {f} ❛♥❞ f ✐s ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ❝♦♠♠✉t❛t✐✈❡ ✭✇✐t❤ r❡s♣❡❝t t♦ C ✮✱ t❤❡♥ (F,C) ✐s (F,C)✲
✢❡①✐❜❧❡✳ ■t ✐s ❝❧❡❛r t❤❛t ❡✈❡r② t❡r♠ t ✐♥ T (F,C) ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ t❡r♠ t̃ ✐♥ T (F,C) ♦❢ ❤❡✐❣❤t
⌈log(|t|+1)⌉✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ❣❡♥❡r❛❧✐③❡s t❤✐s ❝♦♥❞✐t✐♦♥ ❛♥❞ ✇✐❧❧ ❣✐✈❡ ❛ s✐♠✐❧❛r r❡s✉❧t✳

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✻✳✶ ✭❇❛❧❛♥❝❡❞ ❚❡r♠s✮ ▲❡t (F ′, C ′) ❜❡ ❛♥ (F,C)✲✢❡①✐❜❧❡ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r
s♦♠❡ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ s♦rts S✳ ❊✈❡r② t❡r♠ t ✐♥ T (F,C) ♦❢ s✐③❡ n ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ 3✲❜❛❧❛♥❝❡❞
t❡r♠ t′ ✐♥ T (F ′, C ′)✳ ▼♦r❡♦✈❡r✱ t❤✐s t❡r♠ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ O(n·log(n))✲t✐♠❡✱ ✐❢ ✇❡ ❛ss✉♠❡
t❤❛t q̂, f q, f q,q′ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ O(|q|)✲t✐♠❡✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s t❤❡♦r❡♠ ❝♦♥s✐sts ✐♥ tr❛♥s❢♦r♠✐♥❣ ❛ t❡r♠ ✐♥ T (F,C) ✐♥t♦ ❛ 3✲❜❛❧❛♥❝❡❞
t❡r♠ ✐♥ SPEt(F,C)✳ ❚❤❡♥ ✇❡ tr❛♥s❢♦r♠ t❤❡ ♦❜t❛✐♥❡❞ t❡r♠ ✐♥ SPEt(F,C) ✐♥t♦ ❛ t❡r♠ ✐♥
T (F ′, C ′) ♦❢ s❛♠❡ ❤❡✐❣❤t ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ◦ ♦r • ❜② ❛ ❜✐♥❛r② ♦♣❡r❛t✐♦♥ ✐♥
F ′✳ ❚❤❡ ✉s❡ ♦❢ • ❛♥❞ ♦❢ ◦ ✐s ❢r♦♠ ❬❈❱✵✸❪✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ✐s ♥❡✇✳

❋♦r t❡r♠s t ✐♥ SPEt(F,C)∪SPEc(F,C) ✇❡ ❞❡♥♦t❡ ❜② |t|FC t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢
s②♠❜♦❧s ❢r♦♠ F ∪ C✱ ❜② |t|0 t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ◦ ❛♥❞ •✱ ❛♥❞✱ ❜② |t|Id t❤❡ ♥✉♠❜❡r
♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ Id✳ ■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ r❡❝✉rs✐✈❡ ❡q✉❛t✐♦♥s ❞❡✜♥✐♥❣ s♣❡❝✐❛❧ t❡r♠s t❤❛t✿

|t| = |t|FC + |t|0 + |t|Id ✐❢ t ∈ SPEt(F,C) ∪ SPEc(F,C),

|t|Id = |t|0 ✐❢ t ∈ SPEt(F,C)✱

|c|Id = |c|0 + 1 ✐❢ c ∈ SPEc(F,C)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ♣r♦✈❡❞ ✐♥ ❬❈❱✵✸❪✳ ❙✐♥❝❡ F ✐s ❛ s❡t ♦❢ ❜✐♥❛r② ❢✉♥❝t✐♦♥s✱ ❡❛❝❤ t❡r♠ ✐♥ T (F,C)
❤❛s ♦❞❞ s✐③❡✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❬❈❱✵✸✱ ▲❡♠♠❛s ✶ ❛♥❞ ✷❪ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t✲
❛❜❧❡ s❡t ♦❢ s♦rts S✳

✶✳ ❊✈❡r② t❡r♠ t ∈ T (F,C) ♦❢ s✐③❡ n = 2p + 1✱ ❢♦r p ≥ 1✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ t = c1 • f(t1, t2)
✇❤❡r❡✿



✾✵ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

✶✳✶ c1 ∈ Cxt(F,C) ✇✐t❤ |c1| ≤ p ❛♥❞ ✐s ♦❢ ♠❛①✐♠❛❧ s✐③❡ ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳

✶✳✷ ti ∈ T (F,C) ✇✐t❤ |ti| ≤ p+ 1 ❢♦r ❡❛❝❤ i = 1, 2✳

✷✳ ❊✈❡r② ❝♦♥t❡①t c ∈ Cxt(F,C) ♦❢ s✐③❡ n = 2p+1✱ ❢♦r p ≥ 1✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ c = c1◦f(c2, t1)
♦r c = c1 ◦ f(t1, c2) ✇❤❡r❡✿

✷✳✶ c1, c2 ∈ Cxt(F,C) ✇✐t❤ |c1| ≤ p ✐s ♦❢ ♠❛①✐♠❛❧ s✐③❡ ✇✐t❤ t❤✐s ♣r♦♣❡rt② ❛♥❞ t❤❡♥
|c2| ≤ p+ 1✳

✷✳✷ t1 ∈ T (F,C) ✇✐t❤ |t1| ≤ 2p− 1✳

❘❡♠❛r❦ ✻✳✷ ▲❡t t = f(s1, s2)✱ p = (|s1|+ |s2|)/2✳ ■❢ |s1| − 2 ≤ |s2| ≤ |s1|+ 2✱ t❤❡♥ ✐♥ ❝❛s❡ ✭✶✮

♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✇❡ ♠✉st t❛❦❡ c1 = u✳ ■❢ |s1| = |s2|+ 2✱ t❤❡♥ t❤❡ ✏❧❛r❣❡r ❝♦♥t❡①t✑ c′1 = f(u, s2)
❤❛s s✐③❡ 2 + |s2| ≥ p+ 1 s✐♥❝❡ p+ 1 = (|s1|+ |s2|)/2 + 1 = |s2|+ 2✱ ❤❡♥❝❡ c1 ✐s ♦❢ ♠❛①✐♠❛❧ s✐③❡
≤ p✳ ■❢ |s1| = |s2| ♦r ✐❢ |s2| = |s1|+ 2 t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇♦r❦s✳

❙✐♠✐❧❛r❧② ✐❢ c = f(c′, s2) ❛♥❞ |c′| ≤ |s2| + 2 ✭✐♥ ♣❛rt✐❝✉❧❛r ✐❢ c′ = u✮ ✇❡ ♠✉st t❛❦❡ c1 = u
t♦ s❛t✐s❢② ✭✷✮✳ ❚❛❦✐♥❣ t❤❡ ✏❧❛r❣❡r ❝♦♥t❡①t✑ c′1 = f(u, s2) ✇♦✉❧❞ ♥❡❝❡ss✐t❛t❡ |c′1| ≤ p t❤❛t ✐s
2 + |s2| ≤ (|c′|+ |s2|)/2✱ ✐✳❡✳✱ |c′| ≥ |s2|+ 4✳

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ tr❛♥s❢♦r♠ ❛ t❡r♠ ✐♥ T (F,C) ✐♥t♦ ❛ t❡r♠ ✐♥ SPEt(F,C)✳ ❆ ♠♦r❡
❝❛r❡❢✉❧ ♣r♦♦❢ t❤❛♥ t❤❡ ♦♥❡ ♦❢ ❬❈❱✵✸✱ ❚❤❡♦r❡♠ ✶❪ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✻✳✷ ▲❡t (F,C) ❜❡ ❛ ❜✐♥❛r② S✲s✐❣♥❛t✉r❡ ❢♦r s♦♠❡ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ s♦rts S✳ ❋♦r ❡✈❡r②
t❡r♠ t ✐♥ T (F,C)−C✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t ❛ t❡r♠ tb ✐♥ SPEt(F,C) s✉❝❤ t❤❛t |tb|FC = |t|FC =
|t|✱ Eval(tb) = t✱ ht(tb) ≤ 3 · log(|t| − 1) ❛♥❞ |tb| ≤ 2 · |t| − 1✳ ❚❤✐s t❡r♠ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥
O(|t| · log(|t|))✲t✐♠❡✳

Pr♦♦❢✳ ❲❡ ❝♦♥str✉❝t tb ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t ∈ T (F,C)✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱
✇❡ ✇✐❧❧ s✐♠✉❧t❛♥❡♦✉s❧② ❝♦♥str✉❝t ❢♦r c ∈ Cxt(F,C)✱ ❛ ❝♦♥t❡①t cb ✐♥ SPEc(F,C) s✉❝❤ t❤❛t
Eval(cb) = c✱ |cb|FC = |c|FC ✱ ht(cb) ≤ 3 log(|c| − 1) + 2 ❛♥❞ |cb| ≤ 2 · |c| − 1✳ ◆♦t❡ t❤❛t
|c| = |c|FC + 1✳

❈❆❙❊ ✶✳ t ∈ T (F,C) ❛♥❞ ❤❛✈❡ s✐③❡ |t| = 2p+ 1✳

❈❆❙❊ ✶✳✶✳ ■❢ |t| = 3✱ t❤❡♥ ✇❡ ❧❡t tb = t✳ ■t ✐s ❝❧❡❛r t❤❛t ht(tb) = 2 < 3 log(|t| − 1) ❛♥❞
|tb| = |t| ≤ 2 · |t| − 1✳

❈❆❙❊ ✶✳✷✳ ■❢ |t| = 2p+ 1 > 3✳ ❚❤❡♥ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❛♥❞ ✇❡ ✇r✐t❡ t = c1 • f(t1, t2)✳

❈❆❙❊ ✶✳✷✳✶✳ c1 = u✳ ❚❤✐s ♠❡❛♥s t❤❛t
∣∣∣|t1| − |t2|

∣∣∣ ≤ 2✳ ❆ss✉♠❡ ♦♥ t❤❡ ❝♦♥tr❛r② t❤❛t

|t1| ≥ |t2|+ 4✱ t❤❡♥ |f(u, t2)| = 2 + |t2| ≤ p = (|t1|+ |t2|)/2 ❛♥❞ c1 ✐s ♥♦t ♦❢ ♠❛①✐♠❛❧ s✐③❡
s✉❝❤ t❤❛t ✭✶✳✶✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❤♦❧❞s✱ ❜❡❝❛✉s❡ ✐t ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ✏❧❛r❣❡r ❝♦♥t❡①t✑✱
❡✳❣✳✱ f(u, t2)✳ ■t ✐s ❝❧❡❛r ♥♦✇ t❤❛t |p1 − p2| ≤ 1 ✇❤❡r❡ |ti| = 2pi − 1 ❢♦r i = 1, 2✳ ❲❡ ❝❛♥
t❤❡♥ ❞❡❞✉❝❡ ❢♦r i = 1, 2 t❤❛t 2pi ≤ |t| − 1✳ ❲❡ ❧❡t tb = f(tb1, t

b
2)✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t

ht(tb) ≤ 3 log(|t| − 1)✳
■❢ ✇❡ ❛ss✉♠❡ ❢♦r i = 1, 2 t❤❛t ti /∈ C✱ t❤❡♥ ✇❡ ❤❛✈❡ ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✿

1 + ht(tbi) ≤ 1 + 3 log(2pi)

≤ 1 + 3 log((|t| − 1)/2)

= −2 + 3 log(|t| − 1) < 3 log(|t| − 1).
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❆♥❞ s✐♥❝❡ ht(tb) = max{1 + ht(tb1), 1 + ht(tb2)}✱ ✇❡ ❤❛✈❡ ht(tb) < 3 log(|t| − 1)✳ ❲❡ ♥♦✇
♣r♦✈❡ t❤❛t |tb| ≤ |t| − 1✳

|tb| = |tb1|+ |tb2|+ 1

≤ 2|t1| − 1 + 2|t2| − 1 + 1

≤ 2(|t1|+ |t2|)− 1 < 2 · |t| − 1.

❚❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ |t1| = 1 ✐♠♣❧✐❡s |t2| = 3✱ |t| = 5 ❛♥❞ tb = t✳ ❚❤❡♥ ht(t) = 3 < 3 log(4) =
6✳

❈❆❙❊ ✶✳✷✳✷✳ c1 6= u✳ ❲❡ ❤❛✈❡ |c1| ≤ p✱ |ti| ≤ p + 1✳ ❲❡ ❧❡t tb = cb1 • f(tb1, t
b
2)✳ ❲❡ ♠✉st

♣r♦✈❡ t❤❛t✿

1 + ht(cb1) ≤ 3 log(2p)

2 + ht(tbi) ≤ 3 log(2p) ❢♦r i = 1, 2

❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ✇❡ ❤❛✈❡✿

1 + ht(cb1) ≤ 1 + 3 log(p− 1) + 2 ≤ 3 log(p) + 3 = 3 log(2p)

2 + ht(tbi) ≤ 2 + 3 log(p) < 3 log(2p) ❢♦r i = 1, 2.

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t |tb| ≤ 2|t| − 1✳ ❲❡ ❤❛✈❡✿

|tb| = |cb1|+ |tb1|+ tb2|+ 2

≤ 2|c1| − 1|+ 2|t1| − 1 + 2|t2| − 1 + 2 ✭❜② ✐♥❞✉❝t✐✈❡ ⑤❤②♣♦t❤❡s✐s✮

≤ 2(|c1|+ |t1|+ |t2|)− 1 = |2 · |t| − 1.

❈❆❙❊ ✷✳ ❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ c ∈ Cxt(F,C) ♦❢ s✐③❡ n = 2p+ 1✳

❈❆❙❊ ✷✳✶✳ ■❢ n = 3✱ t❤❡♥ ✇❡ ❧❡t cb = c ❛♥❞ t❤❡ r❡s✉❧t ❤♦❧❞s✱ ❛s ❛❜♦✈❡ ❢♦r ❈❆❙❊ ✶✳✶✳

❈❆❙❊ ✷✳✷✳ ◆❡①t ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ |c| = 2p + 1 > 3✳ ❇② Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ ✇❡ ❤❛✈❡
c = c1 ◦ f(c2, t1) ♦r c = c1 ◦ f(t1, c2) ✇✐t❤ c1 ♦❢ ♠❛①✐♠❛❧ s✐③❡✱ |c1| ≤ p✳ ❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡
✜rst ❝❛s❡ ✭❜② s②♠♠❡tr②✮✳

❈❆❙❊ ✷✳✷✳✶✳ c1 = u✳ ❚❤✐s ♠❡❛♥s t❤❛t c = f(c2, t1)✱ |c2| ≤ |t1|+2✱ ❜❡❝❛✉s❡✱ ✐❢ |c2| ≥ |t1|+4✱
t❤❡♥ c1 = u ❝♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ✏❧❛r❣❡r ❝♦♥t❡①t✑✱ ❡✳❣✳✱ f(u, t1)✳ ❲❡ t❛❦❡ cb = f(cb2, t

b
1)✳

❲❡ ❤❛✈❡ |c2| = 2p2 + 1✱ |t1| = 2p1 + 1✱ p2 ≤ p1 + 1✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ ❈❆❙❊ ✶✳✷✳✶✳
❲❡ ♠✉st ♣r♦✈❡ t❤❛t✿

1 + ht(tb1) ≤ 3 log(2p) + 2,

1 + ht(cb2) ≤ 3 log(2p) + 2.

❲❡ ❤❛✈❡ ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s t❤❛t

1 + ht(tb1) ≤ 1 + 3 log(|t1| − 1) ≤ 1 + 3 log(|c| − 1) < 3 log(|c| − 1) + 2.

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t 1 + ht(cb2) ≤ 1 + 3 log(2p2) + 2✳ ❙✐♥❝❡ 4p2 ≤ 2p2 + 2(p1 + 1) = |c| − 1✱
t❤❡♥

1 + ht(cb2) ≤ 3 + 3 log((|c| − 1)/2) = 3 log(|c| − 1) < 3 log(|c| − 1) + 2.
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❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t |cb| ≤ 2 · |c| − 1✳

|cb| = |cb2|+ |tb1|+ 1 ❜② ❞❡✜♥✐t✐♦♥,

≤ 2|c2| − 1 + 2|t1| − 1 + 1 ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s,

≤ 2(|c2|+ |t1|)− 1 < 2 · |c| − 1.

❈❆❙❊ ✷✳✷✳✷✳ c1 6= u✳ ❚❤❡♥ ✇❡ ❧❡t cb = cb1 ◦ f(cb2, t
b
1)✳ ❲❡ ❤❛✈❡ |c1| ≤ p✱ |c2| ≤ p + 1 ❛♥❞

|t1| ≤ 2p− 1✳ ❲❡ ♠✉st ♣r♦✈❡ t❤❛t

1 + ht(cb1) ≤ 3 log(2p) + 2,

2 + ht(cb2) ≤ 3 log(2p) + 2,

2 + ht(tb1) ≤ 3 log(2p) + 2.

❇② ✉s✐♥❣ ✐♥❞✉❝t✐♦♥ ✇❡ ❤❛✈❡

1 + ht(cb1) ≤ 1 + 3 log(p− 1) + 2 < 3 + 3 log(p) = 3 log(2p).

❆♥❞

2 + ht(cb2) ≤ 2 + 3 log(p) + 2 = 3 log(2p) + 1.

❆♥❞

2 + ht(tb1) ≤ 2 + 3 log(2p− 2) < 3 log(2p) + 2.

❋♦r t❤❡ s✐③❡ ♦❢ |cb| ✇❡ ❤❛✈❡

|cb| = |cb1|+ |cb2|+ |tb1|+ 2

≤ 2|c1| − 1 + 2|c2| − 1 + 2|t1| − 1 + 2

≤ 2(|c1|+ |c2|+ |t1|)− 1 = 2 · |c| − 1.

■♥ ❛❧❧ t❤❡s❡ ❝❛s❡s✱ ✇❡ ❣❡t |tb|FC = |t|FC ❛♥❞ |cb|FC = |c|FC ❜② ✐♥❞✉❝t✐♦♥✳ ❲❡ ♥♦✇ ❞✐s❝✉ss t❤❡
r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤✐s ♣r♦❝❡❞✉r❡✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ t✐♠❡ O(|t|)✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐❢ t ✐s ❛
❝♦♥t❡①t✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❝❛♥ ❣✐✈❡ ❛ ❜✐❣ s✉❜✲t❡r♠ ✐♥ T (F,C) ♦❢ s✐③❡ O(a · |t|)✱
a > 1/2 ❛♥❞ t❤❡ t✇♦ ♦t❤❡rs ♦❢ s✐③❡ ❛t ♠♦st |t|/2✳ ❆♣♣❧②✐♥❣ ❛❣❛✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶ t♦ t❤❡ ❜✐❣
s✉❜✲t❡r♠ ✇✐❧❧ ❣✐✈❡ t❤r❡❡ t❡r♠s ♦❢ s✐③❡ ❛t ♠♦st |t|/2✳ ❚❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ ❛❧❣♦r✐t❤♠
t♦ ❛t ♠♦st ✜✈❡ t❡r♠s ♦❢ s✐③❡ ❛t ♠♦st |t|/2✳ ❙♦✱ t❤❡ t♦t❛❧ t✐♠❡ ✐s O(|t| · log(|t|)✳ ❚❤✐s ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢✳
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❲❡ ❝❛♥ ♥♦✇ st❛t❡ ❛ ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ s❤♦✇s ❤♦✇ t♦ tr❛♥s❢♦r♠ ❛ t❡r♠ ✐♥ SPEt(F,C) ✐♥t♦
❛ t❡r♠ ✐♥ T (F ′, C ′) ✇❤❡♥ (F ′, C ′) ✐s (F,C)✲✢❡①✐❜❧❡✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ♠❛❦❡s ✐t ♣♦ss✐❜❧❡
t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♦♣❡r❛t✐♦♥s ◦ ❜② ✉s✐♥❣ ❈♦♥❞✐t✐♦♥ ✭❋✷✳✸✮ t❤❛t r❡♣❧❛❝❡s ◦ ❜② s♦♠❡ ❢✉♥❝t✐♦♥ f q,q′

✐♥ F ′✳ ❙✐♠✐❧❛r❧② ❢♦r t❤❡ ♦♣❡r❛t✐♦♥s • ❜② ✉s✐♥❣ ❈♦♥❞✐t✐♦♥s ✭❋✷✳✶✮ ❛♥❞ ✭❋✷✳✷✮ ✇❤✐❝❤ r❡♣❧❛❝❡ •
❜② s♦♠❡ ❢✉♥❝t✐♦♥ f q ✐♥ F ′✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷ ■❢ (F ′, C ′) ✐s (F,C)✲✢❡①✐❜❧❡✱ t❤❡♥ ❢♦r ❡✈❡r② t❡r♠ t ✐♥ SPEt(F,C)✱ ♦♥❡ ❝❛♥
❞❡✜♥❡ ❛ t❡r♠ t̃ ✐♥ T (F ′, C ′) t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ t ❛♥❞ s✉❝❤ t❤❛t |t̃|F ′C′ = |t|FC ❛♥❞ ht(t̃) ≤
ht(t)✳ ▼♦r❡♦✈❡r✱ t̃ ❝❛♥ ❜❡ ❝♦♥str✉❝t❡❞ ✐♥ O(|t|)✲t✐♠❡✳

❲❡ ✇✐❧❧ ✜rst s❤♦✇ ❤♦✇ t♦ ❞❡❞✉❝❡ ❚❤❡♦r❡♠ ✻✳✶ ❢r♦♠ t❤✐s ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✶✳ ▲❡t t ❜❡ ❛ t❡r♠ ✐♥ T (F,C) ♦❢ s✐③❡ n✳ ❇② ✉s✐♥❣ ❚❤❡♦r❡♠ ✻✳✷✱ ✇❡ ❝❛♥
❝♦♥str✉❝t ✐♥ O(n · log(n))✲t✐♠❡ ❛ t❡r♠ tb ∈ SPEt(F,C) s✉❝❤ t❤❛t Eval(tb) = t✱ |tb|FC = |t|
❛♥❞ ht(tb) ≤ 3(log(|t|) + 1)✳

❇② Pr♦♣♦s✐t✐♦♥ ✻✳✷✱ ♦♥❡ ❝❛♥ tr❛♥s❢♦r♠ tb ✐♥t♦ t′ = t̃b s✉❝❤ t❤❛t |t′| = |t′|F ′C′ = |tb|FC = |t| ❛♥❞
ht(t′) ≤ ht(tb) ≤ 3 · (log(|t|) + 1)✳ ❚❤❡ t❡r♠ t′ ❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ s✐③❡ ❛s t✱ ✐t ✐s ❡q✉✐✈❛❧❡♥t
t♦ t ❛♥❞ ✐s 3✲❜❛❧❛♥❝❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥str✉❝t✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✐♥ O(n · log(n))✲t✐♠❡✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ❲❡ ❞❡✜♥❡ ❜❡❧♦✇ t✇♦ ♠❛♣♣✐♥❣s✿

t 7→ t̃ ❛♥❞ c 7→ c̃

✇❤❡r❡ t ∈ SPEt(F,C) ❛♥❞ c ∈ SPEc(F,C) s✉❝❤ t❤❛t t̃, c̃ ∈ T (F ′, C ′) ❛♥❞✱ |t̃|F ′C′ = |t|FC

❛♥❞ |c̃|F ′C′ = |c|FC − 1✳ ❲❡ ❞❡✜♥❡ t❤❡♠ s✐♠✉❧t❛♥❡♦✉s❧② ❜② str✉❝t✉r❛❧ ✐♥❞✉❝t✐♦♥✳

❋♦r t ∈ SPEt(F,C)✱

✭✐✮ ■❢ t = b ∈ C✱ t❤❡♥ ✇❡ ❧❡t t̃ = b✳

✭✐✐✮ ■❢ t = f(t1, t2) ❛♥❞ f ∈ F ✱ t❤❡♥ ✇❡ ❧❡t t̃ = f(t̃1, t̃2)✳

✭✐✐✐✮ ■❢ t = c • t1✱ t❤❡♥ ✇❡ ❧❡t t̃ = f q(c̃, t̃1)✳

❋♦r c ∈ SPEc(F,C)✱

✭✐✈✮ ■❢ c = f(c′, t) ✇❤❡r❡ c′ ∈ SPEc(F,C), t ∈ SPEt(F,C) ❛♥❞ f ∈ F ✱ t❤❡♥ ✇❡ ❛♣♣❧② t❤❡
❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ f̃(t, c′)✷✱ ❛♥❞✱ ✐❢ c = f(t, c′)✱ ❞✐r❡❝t❧② t♦ c✳

✭✐✬✮ ■❢ c = f(t, Id)✱ t❤❡♥ ✇❡ ❧❡t c̃ = t̃✳

✭✐✐✬✮ ■❢ c = f(t, c′) ❛♥❞ c′ ∈ SPEc(F,C)✱ t❤❡♥ ✇❡ ❧❡t c̃ = f q,q′(t̃, c̃′) ✇❤❡r❡ q = f(x1, u)
❛♥❞ q′ = Comb(c′)✳

✷f̃ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ❝♦♥❞✐t✐♦♥ ♦♥ F ✳
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✭✈✮ ■❢ c = c1 ◦ c2✱ t❤❡♥ ✇❡ ❧❡t c̃ = f q1,q2(c̃1, c̃2) ✇❤❡r❡ q1 = Comb(c1) ❛♥❞ q2 = Comb(c2)✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t̃ ≃ t✳

❈❧❛✐♠ ✻✳✶ ✶✳ ❋♦r ❡✈❡r② t❡r♠ c ∈ SPEc(F,C)✱ ✐❢ Comb(c) = q(x1, . . . , xn, u) ❛♥❞ seq(c) =
(t1, . . . , tn)✱ t❤❡♥ ✇❡ ❤❛✈❡ c̃ ≃ q̂(t1, . . . , tn)✳

✷✳ ❋♦r ❡✈❡r② t❡r♠ t ∈ SPEt(F,C)✱ ✇❡ ❤❛✈❡ t̃ ≃ t✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✶✳ ❲❡ ✉s❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❞❡✜♥✐♥❣ t̃ ❛♥❞ c̃ ❢♦r ♣r♦✈✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② ✭✶✮
❛♥❞ ✭✷✮✳ ▲❡t c ∈ SPEc(F,C)✳ ❚❤❡♥

✭❛✮ ❚❤❡ ❝❛s❡ ♦❢ c = f(c′, t) ❢♦❧❧♦✇s ❜② t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ❛♥❞ t❤❡ ❝♦♠♠✉t❛t✐✈✐t② ♦❢ F ✳

✭❜✮ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ c = f(t, Id)✳ ❚❤❡♥ q = Comb(c) = f(x1, u)✱ f q = f ✱ q̂ = x1 ❛♥❞ ✇❡
❤❛✈❡ q̂(t) = t✱ c̃ = t̃ ❤❡♥❝❡ c̃ ≃ q̂(t) ❜② ✉s✐♥❣ ✭✷✮ ❛♥❞ ✐♥❞✉❝t✐♦♥✳

✭❝✮ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ c = f(t, c′)✱ c′ 6= Id✳ ▲❡t q = Comb(c)✱ q′ = Comb(c′)✳ ❲❡ ❤❛✈❡
q = f(x1, q

′(x2, x3, . . . , xn+1, u)) ✇❤❡r❡ ✇❡ ❛ss✉♠❡ t❤❛t q′ ❤❛s ✈❛r✐❛❜❧❡s (x1, . . . , xn, u)✳
❍❡♥❝❡✱ c̃ = f r,q′(t̃, c̃′) ✇❤❡r❡ r = f(x1, u)✳ ❯s✐♥❣ ✐♥❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ t ≃ t̃ ❛♥❞ c̃′ ≃
q̂′(t2, t3, . . . , tn+1) ✇❤❡r❡ seq(c) = (t, t2, . . . , tn+1)✳ ❇② ❈♦♥❞✐t✐♦♥ ✭❋✷✳✸✮ ♦❢ ✢❡①✐❜✐❧✐t②✱ ✇❡
❤❛✈❡

q̂ ≃ f r,q′(x1, q̂′(x2, . . . , xn+1)).

❍❡♥❝❡✱

q̂(t, t2, . . . , tn+1) ≃ f r,q′(t, q̂′(t2, . . . , tn+1))

≃ f r,q′(t, c̃′)

≃ f r,q′(t̃, c̃′)

✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ✭❢♦r t ≃ t̃✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ❝❛s❡✳

✭❞✮ ■t r❡♠❛✐♥s t❤❡ ❝❛s❡ c = c1 ◦ c2✳ ❲❡ ❧❡t Comb(ci) = qi, i = 1, 2✱ seq(c1) =
(t1, . . . , tp)✱ seq(c2) = (tp+1, . . . , tn)✳ ❚❤❡♥ c̃ = f q1,q2(c̃1, c̃2)✳ ❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤✲
❡s✐s✱ c̃1 ≃ q̂1(t1, . . . , tp) ❛♥❞ c̃2 ≃ q̂2(tp+1, . . . , tn)✳ ❲❡ ❛❧s♦ ❤❛✈❡ Comb(c) = q =
q1(x1, . . . , xp, q2(xp+1, . . . , xn, u))✳ ❇② ❈♦♥❞✐t✐♦♥ ✭❋✷✳✸✮ ♦❢ ✢❡①✐❜✐❧✐t②✱

q̂(t1, . . . , tn) ≃ f q1,q2(q̂1(t1, . . . , tp), q̂2(tp+1, . . . , tn)).

❚❤✐s ❣✐✈❡s c̃ ≃ q̂(t1, . . . , tn) ❛s ✇❛♥t❡❞✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r ❛ t❡r♠ t ∈ SPEt(F,C)✳

✭❡✮ ■❢ t ∈ C✱ t❤❡♥ t̃ = t✱ ❤❡♥❝❡ t̃ ≃ t✳



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s ✾✺

✭❢✮ ■❢ t = f(t1, t2)✱ t❤❡♥ t̃ = f(t̃1, t̃2) ❛♥❞ t❤❡ ❞❡s✐r❡❞ ❡q✉✐✈❛❧❡♥❝❡ ❢♦❧❧♦✇s s✐♥❝❡ ti ≃ t̃i ❜②
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✳

✭❣✮ ■❢ t = c • t′✱ t❤❡♥ ✇❡ ❤❛✈❡ Comb(c) = q(x1, . . . , xn, u)✱ seq(c) = (t1, . . . , tn)✱
t ≃ q(t1, . . . , tn, t

′) ❛♥❞ t̃ = f q(c̃, t̃′) ❜② t❤❡ ❞❡✜♥✐t✐♦♥s✳ ❇② t❤❡ ✐♥❞✉❝✲
t✐✈❡ ❤②♣♦t❤❡s✐s✱ c̃ ≃ q̂(t1, . . . , tn) ❛♥❞ ❜② ❈♦♥❞✐t✐♦♥ ✭❋✷✳✷✮ ♦❢ ✢❡①✐❜✐❧✐t②✱
q(t1, . . . , tn, t

′) ≃ f q(q̂(t1, . . . , tn), t′)✳ ❍❡♥❝❡✱ t ≃ t̃ s✐♥❝❡ ❜② t❤❡ ✐♥❞✉❝t✐✈❡ ❤②✲
♣♦t❤❡s✐s t̃′ ≃ t′✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❚❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❈❧❛✐♠ ✻✳✶ ❣✐✈❡ t❤❛t t̃ ∈ T (F ′, C ′) ✐s ❡q✉✐✈❛❧❡♥t t♦ t✳ ■t ✐s ❛❧s♦ ❝❧❡❛r
t❤❛t t̃ ✐s ❝♦♥str✉❝t❡❞ ✐♥ O(|t|)✲t✐♠❡✳

■t r❡♠❛✐♥s t♦ ❝♦♠♣❛r❡ t❤❡ s✐③❡s ❛♥❞ ❤❡✐❣❤ts ♦❢ t ❛♥❞ t̃✱ ❛♥❞ c ❛♥❞ c̃✳ ❲❡ ❞❡♥♦t❡ ❜② |t|b t❤❡
♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ❛ s②♠❜♦❧ b ✐♥ ❛ t❡r♠ ♦r ❛ ❝♦♥t❡①t t✳ ❲❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥
t❤❛t✿

|t̃|F ′C′ = |t|FC ❛♥❞ ht(t̃) ≤ ht(t),
|c̃|F ′C′ = |c|FC − 1 ❛♥❞ ht(c̃) ≤ ht(c).

❖♥❡ ❝❛♥ ❡✈❡♥ ♣r♦✈❡ t❤❛t✿

|t̃|b = |t|b ❛♥❞ |c̃|b = |c|b ❢♦r ❡❛❝❤ b ∈ C✳

❚❤❡ ♦♥❧② ❝❛s❡ ✇❤✐❝❤ ❞♦❡s ♥♦t ②✐❡❧❞ ❡q✉❛❧✐t② ♦❢ ❤❡✐❣❤ts ✐s ❝❛s❡ ✭✐✬✮ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ c̃✳ ❚❤✐s
❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✻✳✷ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s

❲❡ ❛♣♣❧② ✐♥ t❤✐s s❡❝t✐♦♥ ❚❤❡♦r❡♠ ✻✳✶ t♦ s❡✈❡r❛❧ ❣r❛♣❤ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡s✳ ■t ✇✐❧❧ s✉✣❝❡ t♦
❝❤❡❝❦ t❤❡ ✢❡①✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ❛♣♣r♦♣r✐❛t❡ s✉♣❡r✲s✐❣♥❛t✉r❡s ♦❢ t❤❡ s✐❣♥❛t✉r❡s t❤❛t ❞❡✜♥❡
❣r❛♣❤s ♦❢ ✇✐❞t❤ ❛t ♠♦st k✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✷ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts
❝♦❧❧❡❝t❡❞ ✐♥ ♦♥❡ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✸ ✶✳ ❊✈❡r② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢ ♠✲❝❧✐q✉❡✲✇✐❞t❤ k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞
t❡r♠ ✐♥ T (F um

2k , Cum
2k )✳

✷✳ ❊✈❡r② ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢ ♠✲❝❧✐q✉❡✲✇✐❞t❤ k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥
T (F dm

3k , Cum
3k )✳

✸✳ ❊✈❡r② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✭r❡s♣✳ ❞✐r❡❝t❡❞ ❣r❛♣❤✮ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞
t❡r♠ ✐♥ T (F uc

k′ , Cc
k′) ✭r❡s♣✳ T (F dc

k′ , Cc
k′)✮ ✇❤❡r❡ k′ ≤ k · 2k ✭r❡s♣✳ k′ ≤ k · 22k✮✳

✹✳ ❊✈❡r② ❣r❛♣❤ ♦❢ r❛♥❦✲✇✐❞t❤ k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥ T (R
GF (2)
2k , C

GF (2)
2k )✳

✺✳ ❊✈❡r② ❣r❛♣❤ ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥

T (R
GF (4)
12k , C

GF (4)
12k )✳



✾✻ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

✻✳ ❊✈❡r② t❡r♠ ✐♥ T (BF
k , C

F
k ) ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ T (BF

k+qk , C
F
k+qk)✳

❙♦♠❡ ✇✐❞t❤ ♠❡❛s✉r❡s ❤❛✈❡ t❤✉s ❛ ❜❡tt❡r ❜❡❤❛✈✐♦r t❤❛♥ ♦t❤❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣♦ss✐✲
❜✐❧✐t② ♦❢ ❜❛❧❛♥❝✐♥❣ t❡r♠s ✇✐t❤♦✉t ✐♥❝r❡❛s✐♥❣ ✇✐❞t❤ t♦♦ ♠✉❝❤✳ ❇② ❚❤❡♦r❡♠ ✻✳✶✱ ✇❡ ♥❡❡❞ ♦♥❧②
♣r♦✈❡ ✢❡①✐❜✐❧✐t② ♣r♦♣❡rt✐❡s ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s t❤❛t ❞❡✜♥❡ t❤❡ ✇✐❞t❤s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡
t❤❡♦r❡♠✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ❡❛❝❤ st❛t❡♠❡♥t s❡♣❛r❛t❡❧② ❢♦r ❝❧❛r✐t②✳

▲❡t u ❜❡ ❛ s❡t ♦❢ ❝♦❧♦rs ✐♥ [k] ✭r❡s♣✳ ❛ r♦✇ ✈❡❝t♦r✮✳ ❲❡ ❞❡♥♦t❡ ❜② u↾n t❤❡ s❡t u∩ [n] ✭r❡s♣✳
t❤❡ r❡str✐❝t✐♦♥ ♦❢ u t♦ t❤❡ n ✜rst ❝♦♦r❞✐♥❛t❡s✮✳ ■t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ✉s❡ ❛ ♥❡✇ ❝♦♥st❛♥t ∅ ❢♦r
❞❡♥♦t✐♥❣ t❤❡ ❡♠♣t② ❣r❛♣❤ ✭♦❢ ❛♥② t②♣❡✮✳ ❚❤✐s ❝♦♥st❛♥t ✇✐❧❧ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❛t s♦♠❡ st❛❣❡ ♦❢
t❤❡ ♣r♦♦❢s✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✶✮✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t (F um
2k , Cum

2k ) ✐s (F um
k , Cum

k )✲✢❡①✐❜❧❡✳ ❋♦r
❝❧❛r✐t②✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❝♦❧♦r k + i ❛s i′✱ ❢♦r ❡❛❝❤ i ∈ [k]✳

❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ s✐❣♥❛t✉r❡s F um
k ❛♥❞ F um

2k ❛r❡ ❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ❧❡t q(x1, . . . , xn, u) ❜❡ ❛
❝♦♠❜✲t❡r♠ x1 ⊗1 (x2 ⊗2 (. . . (xn ⊗n u)) . . .) ✇❤❡r❡ ⊗i ∈ F um

k ❢♦r ❡❛❝❤ i ❛♥❞ n ≥ 2✳

❈♦♥str✉❝t✐♦♥ ♦❢ q̂ ❛♥❞ ⊗q✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❣r❛♣❤ q(G1, . . . , Gn,H) ✭❢♦r ♣❛✐r✇✐s❡ ❞✐s✲
❥♦✐♥t 2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn,H✮ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ ✭❞✐s❥♦✐♥t✮ ✉♥✐♦♥ ♦❢ K =
q(G1, . . . , Gn, ∅) ❛♥❞ ♦❢ H ′ = q(∅, ∅, . . . , ∅,H) ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❡❞❣❡s ❜❡t✇❡❡♥ VK ❛♥❞ VH′ =
VH ✱ ❝r❡❛t❡❞ ❜② t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ q✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❤❛✈❡ q(G1, . . . , Gn,H) = K ′ ⊗R,g,h H
✇❤❡r❡ K ′ ✐s K ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦❧♦r✐♥❣ ❜② δ′ : VK → 2[k]′ ✱ t❤❛t ✇✐❧❧ ✐♥❞✐❝❛t❡ ❤♦✇ s❤♦✉❧❞ ❜❡
❧✐♥❦❡❞ t❤❡ ✈❡rt✐❝❡s ♦❢ K ❛♥❞ t❤♦s❡ ♦❢ H✳

❚❤❡ ❣r❛♣❤ K ′ = q̂(G1, . . . , Gn) ✇✐❧❧ ❜❡ K ✇✐t❤ ❝♦❧♦r✐♥❣ ❢✉♥❝t✐♦♥ δK′ ❞❡✜♥❡❞ ❜② δK′(x) =
δK(x) ∪ δ′(x) ⊆ [k] ∪ [k]′✳ ❚❤❡ ♠❛♣♣✐♥❣ h ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

Recolh1 ◦Recolh2 ◦ . . . ◦Recolhn
= Recolh1◦h2◦...◦hn

✇❤❡r❡ ⊗i = ⊗Ri,gi,hi
❢♦r ❡❛❝❤ i✳ ❲❡ ♥♦✇ ❞❡✜♥❡ δ′✳

❋♦r ❡❛❝❤ i ∈ [k] ❛♥❞ ❢♦r s♦♠❡ ✈❡rt❡① w /∈ VG1 ∪ . . . ∪ VGn ✱ ✇❡ ❧❡t i(w) ❜❡ t❤❡ ✐s♦❧❛t❡❞ ✈❡rt❡①
w ❝♦❧♦r❡❞ ❜② i✳ ❲❡ ❧❡t Ti = q(G1, . . . , Gn, i(w)) ❛♥❞ N(Ti, w) ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s x ♦❢
Ti✱ x 6= w t❤❛t ❛r❡ ❧✐♥❦❡❞ t♦ w ✭❛r❡ ✐ts ♥❡✐❣❤❜♦rs✮✳ ❚❤❡ ❛✉①✐❧✐❛r② ❝♦❧♦r✐♥❣ δ′ ✐s ❞❡✜♥❡❞ ❜②
δ′(x) = {i′ | x ∈ N(Ti, w)}✳

❲❡ ❧❡t ⊗q ❜❡ t❤❡ ♦♣❡r❛t✐♦♥ ⊗R,g,h1◦...◦hn
✇❤❡r❡ R = {(i′, i) | i ∈ [k]}✱ g(j) = {j}✱ g(j′) = ∅ ❢♦r

j ∈ [k]✳ ▲❡tt✐♥❣ K ′ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ K = q(G1, . . . , Gn, ∅) ❛♥❞ δ′✱ ✇❡ ❤❛✈❡

❈❧❛✐♠ ✻✳✷ ❋♦r ❛❧❧ 2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn ❛♥❞ H✱ ✇❡ ❤❛✈❡ q(G1, . . . , Gn,H) = K ′ ⊗q

H✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✷✳ ❲❡ ❧❡t G = q(G1, . . . , Gn,H)✳ ❚❤❡ ✈❡rt✐❝❡s ♦❢ G ❛♥❞ ♦❢ K ′ ⊗q H ❛r❡
t❤❡ s❛♠❡✱ ❛♥❞ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❧♦rs✱ ❛❧❧ ✐♥ [k]✱ s✐♥❝❡ g ✏❡r❛s❡s✑ ❛❧❧ ❝♦❧♦rs ❢r♦♠ [k]′✳ ❚❤❡
❡❞❣❡s ✐♥s✐❞❡ G1, . . . , Gn ❛♥❞ H ❛r❡ t❤❡ s❛♠❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ q✱ K ′ ❛♥❞ ⊗q✳ ❙♦ ❛r❡ t❤❡
❡❞❣❡s ❜❡t✇❡❡♥ Gi ❛♥❞ Gj ✱ j 6= i ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s✳



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s ✾✼

■t r❡♠❛✐♥s t♦ ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ x ✐♥ VK′ ❛♥❞ y ✐♥ VH ✳ ■❢ xy ✐s ❛♥ ❡❞❣❡ ✐♥ K ′ ⊗q H✱
t❤✐s ♠❡❛♥s t❤❛t i′ ∈ δK′(x) ❛♥❞ i ∈ δH(y) ❢♦r s♦♠❡ i✱ ❤❡♥❝❡ xw ✐s ✐♥ q(G1, . . . , Gn, i(w))✳
❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ♠✲❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥s✱ x ✐s ❧✐♥❦❡❞ t♦ ❛❧❧ y′ ✐♥ H s✉❝❤ t❤❛t
i ∈ δH(y′)✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t♦ y✳ ❍❡♥❝❡ xy ✐♥ G = q(G1, . . . , Gn,H)✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ✐♥
t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✳

◆❡①t✱ ✇❡ ♠✉st ❞❡✜♥❡ q̂ = x1⊗′
1(x2⊗′

2(. . . (xn⊗′
n∅) . . .)) ✐♥ s✉❝❤ ❛ ✇❛② t❤❛tK ′ = q̂(G1, . . . , Gn)✳

❲❡ r❡❝❛❧❧ t❤❛t ⊗i = ⊗Ri,gi,hi
❛♥❞ ✇❡ ❧❡t ⊗′

i = ⊗Ri,g′i,h
′
i
✇❤❡r❡ g′i : [k]→ 2[k]∪[k]′ ✐s ❞❡✜♥❡❞ ❜②

g′i(j) = gi(j) ∪ {l′ | l ∈ [k], (j,m) ∈ Ri ❢♦r s♦♠❡ m ∈ hi+1(. . . (hn−1(hn(l))) . . .)}

❛♥❞ h′i : [k] ∪ [k]′ → 2[k]∪[k]′ ✐s ❞❡✜♥❡❞ ❜②✿ h′i(j) = hi(j), h
′
i(j

′) = {j′}✳ ◆♦t❡ t❤❡ ♣❛rt✐❝✉❧❛r
❝❛s❡ i = n✳ ❲❡ ❝❛♥ t❛❦❡ R′

n = ∅ ✐♥st❡❛❞ ♦❢ Rn✱ h′n(j) = ∅ ❢♦r ❛❧❧ j ∈ [k] ∪ [k]′✳

❈❧❛✐♠ ✻✳✸ ❋♦r ❛❧❧ 2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn✱ ✇❡ ❤❛✈❡ K ′ = q̂(G1, . . . , Gn)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✸✳ ❲❡ ❧❡t K = q(G1, . . . , Gn, ∅) ❛♥❞ K ′ ❜❡ K ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦❧♦r✐♥❣
δ′✳ ❍❡♥❝❡✱ K ′ ❛♥❞ q̂(G1, . . . , Gn) ❤❛✈❡ t❤❡ s❛♠❡ ✈❡rt✐❝❡s✱ ✇✐t❤ s❛♠❡ ❝♦❧♦rs ❢r♦♠ [k] ❛s ♦♥❡
❝❤❡❝❦s ❢r♦♠ t❤❡ ✇❛② t❤❡ r❡❝♦❧♦r✐♥❣s g′i ❛r❡ ❞❡✜♥❡❞✳

❲❡ ❧❡t x ∈ Gi ❛♥❞ ✇❡ ❝♦♥s✐❞❡r δ′(x) ⊆ [k]′✳ ❚❤❡♥ l′ ∈ δ′(x) ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ✐s ❧✐♥❦❡❞ t♦
w ✐♥ q(G1, . . . , Gn, l(w)) ✇❤✐❝❤ ♠❡❛♥s t❤❛t ❢♦r s♦♠❡ (j,m) ∈ Ri✱ ✇❡ ❤❛✈❡ j ∈ δGi

(x) ❛♥❞
m ∈ hi+1(hi+2(. . . (hn(l)) . . .))✳ ❚❤✉s✱ l′ ∈ δ′(x) ✐♠♣❧✐❡s l′ ∈ g′i(j)❀ ❤❡♥❝❡ l′ ✐s ❛ ❝♦❧♦r ♦❢ x ✐♥
Gi ⊗′

i (Gi+1 ⊗′
i+1 (. . . (Gn ⊗′

n ∅) . . .))✳ ❙✐♥❝❡ t❤❡ r❡❝♦❧♦r✐♥❣s h′i ❞♦ ♥♦t ♠♦❞✐❢② t❤❡ ❝♦❧♦rs ❢r♦♠
[k]′✱ l′ ✐s ❛ ❝♦❧♦r ♦❢ x ✐♥ q̂(G1, . . . , Gn)✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r ✐♥ t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❤❡♥❝❡
t❤❡ ❝♦❧♦rs ❛r❡ t❤❡ s❛♠❡ ✐♥ K ′ ❛♥❞ ✐♥ q̂(G1, . . . , Gn)✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ ❡❞❣❡s✳ ❚❤♦s❡ ✇✐t❤ t✇♦ ❡♥❞s ✐♥ ❛♥② Gi ❛r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❣r❛♣❤s✳ ▲❡t
x ∈ VGj

❛♥❞ y ∈ VGi
❜❡ ❧✐♥❦❡❞ ✐♥ K ′✱ ❢♦r j < i✳ ❚❤✐s ♠❡❛♥s t❤❛t ❢♦r s♦♠❡ l ❛♥❞ m✱ ✇❡ ❤❛✈❡

(l,m) ∈ Rj ✱ l ∈ δGj
(x) ❛♥❞ m ∈ hj+1(hj+2(. . . (hi−1(gi(δGi

(y))) . . .))✳ ❇✉t✱ t❤✐s ❡❞❣❡ ❛❧s♦
❡①✐sts ✐♥ q̂(G1, . . . , Gn) ❜❡❝❛✉s❡ (l,m) ∈ Rj ❛♥❞ m ∈ h′j+1(h

′
j+2(. . . h

′
i−1(g

′
i(δGi

(y))) . . .)) s✐♥❝❡
h′a ↾ [k] = ha ❢♦r ❡❛❝❤ a✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

◆❡①t ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t✐♦♥s ⊗q,q′ ❛♥❞ ✈❡r✐❢② ❈♦♥❞✐t✐♦♥ ✭❋✷✳✸✮ ♦❢ ✢❡①✐❜✐❧✐t②✳

❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s ⊗q,q′✳ ▲❡t q = x1 ⊗1 (x2 ⊗2 (. . . (xp ⊗p u) . . .)) ❛♥❞ q′ =
xp+1⊗p+1 (xp+2⊗p+2 (. . . (xn⊗n u)) . . .) s♦ t❤❛t q′′ = x1⊗1 (x2⊗2 (. . . (xn⊗n u)) . . .)✳ ❲❡ ❧❡t
⊗q,q′ = ⊗R,g,h ✇❤❡r❡✿

R = {(i′, i) | i ∈ [k]},
g(i) = {i}, g(i′) = {j′ | i ∈ hq′(j)},
h(i) = hq(i), h(i′) = {i′} ❢♦r ❛❧❧ i ∈ [k],

❛♥❞ ✇❡ r❡❝❛❧❧ t❤❛t hq ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ r❡❝♦❧♦r✐♥❣s ❞❡✜♥❡❞ ❜② q ❛♥❞ ❛♣♣❧✐❡❞ t♦ u✳



✾✽ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

❈❧❛✐♠ ✻✳✹ ❋♦r ❛❧❧ 2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn✱ ✇❡ ❤❛✈❡

q̂′′(G1, . . . , Gn)︸ ︷︷ ︸
K′′

= q̂(G1, . . . , Gp)︸ ︷︷ ︸
K

⊗q,q′ q̂′(Gp+1, . . . , Gn)︸ ︷︷ ︸
K′

.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✹✳ ❚❤❡ ✈❡rt✐❝❡s ♦❢ K ′′ ❛♥❞ ♦❢ K ⊗q,q′ K ′ ❛r❡ t❤❡ s❛♠❡✳ ❲❡ ♥♦✇ ❝♦♠♣❛r❡
t❤❡ ❝♦❧♦rs✳

▲❡t x ∈ VGi
⊆ VK ✇✐t❤ ❝♦❧♦rs δK(x) ⊆ [k]∪[k]′✳ ■ts ❝♦❧♦rs ❢r♦♠ [k] ❛r❡ t❤❡ s❛♠❡ ✐♥K ❛♥❞ ✐♥K ′′

❜② t❤❡ ✈❛r✐♦✉s ❞❡✜♥✐t✐♦♥s✳ ▲❡t j′ ∈ δK′′(x)✳ ❲❡ ❤❛✈❡ x ∈ N(q′′(G1, . . . , Gp, . . . , Gn, j(w)), w)✳
❍❡♥❝❡✱ ❢♦r s♦♠❡ l ∈ hq′(j)✱ ✇❡ ❤❛✈❡ l′ ∈ δK(x)✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ l′ ∈ δK(x) ❛♥❞ l ∈ hq′(j)✱ t❤❡♥
✇❡ ❤❛✈❡ x ∈ N(q(G1, . . . , Gp, l(w)), w)✳ ❍❡♥❝❡✱ x ∈ N(q′′(G1, . . . , Gp, . . . , Gn, j(w)), w) ❛♥❞
j′ ∈ δK′′(x)✳ ■t ❢♦❧❧♦✇s t❤❛t

δK′′(x) ∩ [k]′ = {j′ | l ∈ hq′(j) ❢♦r s♦♠❡ l′ ∈ δK(x)}
=

⋃

l′∈δK(x)

{j′ | l ∈ hq′(j)}

= g(δK(x)) ∩ [k]′ s✐♥❝❡ g(l′) = {j′ | l ∈ hq′(j)}✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❝♦❧♦rs ✐♥ K ′′ ❛♥❞ ✐♥ K ′ ♦❢ x ∈ VGi
⊆ VK′ ✱ p + 1 ≤ i ≤ n✳ ▲❡t

j ∈ δK′(x) ∩ [k]✳ ❚❤❡♥ x ❤❛s ❝♦❧♦r j ✐♥ q′(Gp+1, . . . , Gn, ∅)✱ ❤❡♥❝❡ ❛❧❧ ❝♦❧♦rs ❢r♦♠ hq(j) ✐♥
t❤❡ ❣r❛♣❤ q′′(G1, . . . , Gn, ∅)✱ ✇❤❡♥❝❡ ❛❧s♦ ✐♥ K ′′✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ x ❤❛s ❝♦❧♦rs l ✐♥ K ′′✱ ✐t ♠✉st
❤❛✈❡ ✐♥ K ′ s♦♠❡ ❝♦❧♦r j s✉❝❤ t❤❛t l ∈ hq(j)✳ ❍❡♥❝❡✱ δK′′(x) ∩ [k] = hq(δK′(x)) ❛s ✇❛s t♦
❜❡ ♣r♦✈❡❞✳ ❈♦♥s✐❞❡r ♥♦✇ j′ ∈ δK′(x)✳ ❚❤❡♥ x ∈ N(q′(Gp+1, . . . , Gn, j(w)), w)✳ ❇✉t✱ ✇❡ ❛❧s♦
❤❛✈❡ x ∈ N(q′′(G1, . . . , Gn, j(w)), w)✳ ❍❡♥❝❡✱ j′ ∈ δK′′(x) ∩ [k]′✳ ❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❣✐✈❡s
δK′′(x) ∩ [k]′ ⊆ δK′(x) ∩ [k]′✱ ❤❡♥❝❡ δK′′(x) ∩ [k]′ = δK′(x) ∩ [k]′ ❛s ✇❛s t♦ ❜❡ ♣r♦✈❡❞✳ ❍❡♥❝❡✱
δK′′(x) = h ◦ δK′(x)✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ♦❢ K ′′ ❛♥❞ ♦❢ K ⊗q,q′ K
′✳ ❈❧❡❛r❧②✱ t❤♦s❡ ✇✐t❤ t✇♦ ❡♥❞s

✐♥ K ♦r ✐♥ K ′ ❛r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❣r❛♣❤s✳ ❲❡ ❝♦♥s✐❞❡r x ∈ VGj
⊆ VK ❛♥❞

y ∈ VGj′
⊆ VK′ ✱ ❢♦r 1 ≤ j ≤ p < j′ ≤ n✳ ❆ss✉♠❡ xy ✐♥ K ′′✳ ❲❡ ❛❧s♦ ❤❛✈❡ xy ✐♥

q′′(G1, . . . , Gn, ∅) = q(G1, . . . , Gp, q
′(Gp+1, . . . , Gn, ∅)︸ ︷︷ ︸

G′

)✳ ❲❡ ❤❛✈❡ i ∈ δGj
(x) ❛♥❞ l ∈ δG′(y)✱

l′ ∈ δK(x) ❛♥❞ ❛❧s♦ l ∈ δK′(y) s✐♥❝❡ t❤❡ ❝♦❧♦rs ❢r♦♠ [k] ❛r❡ t❤❡ s❛♠❡ ✐♥ G′ ❛♥❞ ✐♥
q̂′(Gp+1, . . . , Gn) = K ′✳ ❍❡♥❝❡✱ xy ✐s ❛♥ ❡❞❣❡ ✐♥ K ⊗q,q′ K ′✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ xy ✐♥ K ⊗q,q′ K ′✱
t❤❡♥ l′ ∈ δK(x)✱ l ∈ δK′(y) ❢♦r s♦♠❡ l ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t xy ✐s ❛♥ ❡❞❣❡ ✐♥ K ′′✳ ❚❤✐s ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢ t❤❛t K ′′ = K ⊗q,q′ K ′✳

■t r❡♠❛✐♥s t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❝♦♥st❛♥t ∅✳ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❋♦r ❛♥② R ⊆ [k]× [k], g, h :
[k]→ 2[k] ❛♥❞ ✉♥❞✐r❡❝t❡❞ 2[k]✲❝♦❧♦r❡❞ ❣r❛♣❤s G ❛♥❞ H✱ ✐t ✐s ❝❧❡❛r t❤❛t✿

✶✳ G⊗R,g,h ∅ ✐s ❡q✉✐✈❛❧❡♥t t♦ g(G) ✇❤❡r❡ g(G) ✐s t❤❡ ❣r❛♣❤ G ✇❤❡r❡ ❡❛❝❤ x ✐s ♥♦✇ ❧❛❜❡❧❡❞
✇✐t❤ g ◦ labG(x)✳



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s ✾✾

✷✳ g(G)⊗R,g′,h H ✐s ❡q✉✐✈❛❧❡♥t t♦ G⊗R′,g′◦g,h H ✇❤❡r❡ R′ = {(i, j) | g(i)× j ∩R 6= ∅}✳

❇② ✉s✐♥❣ t❤❡ t✇♦ r✉❧❡s ❛❜♦✈❡✱ ♦♥❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❝♦♥st❛♥t ∅✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✻✳✸ ✭✶✮✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✸✭✷✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸✭✷✮✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢ ♠✲❝❧✐q✉❡✲✇✐❞t❤ k✳ ❚❤❡♥ G ✐s t❤❡
✈❛❧✉❡ ♦❢ s♦♠❡ t❡r♠ t ✐♥ T (F dm

k , Cum
k )✳ ▲❡t ✉s ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♥str✉❝t t❤❡ ♦♣❡r❛t✐♦♥s f q ❛♥❞

f q,q′ ✳

▲❡t q(x1, . . . , xn, u) ❜❡ ❛ ❝♦♠❜✲t❡r♠ x1 ⊗1 (x2 ⊗2 (· · · (xn ⊗n u) · · · )) ✇❤❡r❡ ❢♦r ❡❛❝❤ i ≤ n
t❤❡ ♦♣❡r❛t✐♦♥ ⊗i = ⊗Ri,R′

i,gi,hi
✐s ✐♥ F dm

k ✳ ❆s ✐♥ ❚❤❡♦r❡♠ ✻✳✸✭✶✮✱ ❢♦r ❡❛❝❤ x ∈ VGi
✱ t❤❡ ✐❞❡❛

✐s t♦ st♦r❡ ✐♥ q̂(G1, . . . , Gn) ♥♦t ♦♥❧② {j | (δGi
(x) × hi+1 ◦ · · · ◦ hn(j)) ∩ Ri 6= ∅} ❜✉t ❛❧s♦

{j | (δGi
(x)×hi+1 ◦ · · · ◦hn(j))∩R′

i 6= ∅}✳ ❋♦r t❤❛t ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ ✉s❡ t✇♦ ✐s♦♠♦r♣❤✐❝ ❝♦♣✐❡s
♦❢ {1, . . . , k}✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② {1′, . . . , k′} ❛♥❞ {1′′, . . . , k′′}✳ ❲❡ ❧❡t ⊗q = ⊗R,R′,g,h ✇❤❡r❡

g(j) = {j}, g(j′) = g(j′′) = ∅,
R = {(i′, i) | i ∈ [k]}, R′ = {(i′′, i) | i ∈ [k]},
h = h1 ◦ · · · ◦ hn.

❖♥❡ ❝❛♥ ✈❡r✐❢② ❜② ✉s✐♥❣ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡s ❛s ✐♥ ❚❤❡♦r❡♠ ✻✳✸✭✶✮ t❤❛t ❢♦r ❡✈❡r② 2[k]✲❝♦❧♦r❡❞
❞✐r❡❝t❡❞ ❣r❛♣❤s G1, . . . , Gn ❛♥❞ H✱ ✇❡ ❤❛✈❡ q(G1, . . . , Gn,H) = q̂(G1, . . . , Gn)⊗q H✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡✈❡r② t✇♦ ❝♦♠❜✲t❡r♠s q = x1 ⊗1 (x2 ⊗2 (· · · (xp ⊗p u) · · · )) ❛♥❞ q = x1 ⊗p+1

(xp+2 ⊗p+2 (· · · (xn ⊗n u) · · · )) s♦ t❤❛t q′′ = x1 ⊗1 (x2 ⊗2 (· · · (xn ⊗n u) · · · ))✱ ✇❡ ❧❡t ⊗q,q′ =
⊗R,R′,g,h ✇❤❡r❡✿

R = {(i′, i) | i ∈ [k]}, R′ = {(i′′, i) | i ∈ [k]}
g(i) = {i}, g(i′) = {j′ | i ∈ hq′(j)}, g(i′′) = {j′′ | i ∈ hq′(j)}
h(i) = hq(i), h(i

′) = {i′}, h(i′′) = {i′′} ❢♦r ❛❧❧ i ∈ [k],

✇❤❡r❡ hq = h1 ◦ · · · ◦ hp ❛♥❞ hq′ = hp+1 ◦ · · · ◦ hn✳

❆❣❛✐♥ ♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② G1, . . . , Gn✱ ✇❡ ❤❛✈❡ q̂′′(G1, . . . , Gn) =
q̂(G1, . . . , Gp)⊗q,q′ q̂′(Gp+1, . . . , Gn)✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✸ ✭✸✮✳ ❙❡❡ ❉❡✜♥✐t✐♦♥s ✺✳✶ ❛♥❞ ✺✳✷ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡
♦♣❡r❛t✐♦♥s ✐♥ F u

k ❛♥❞ F d
k ✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✸✮✳ ❲❡ ♣r♦✈❡ ✐t ✜rst ❢♦r ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ k✳ ❚❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (F uc

k , Cc
k)✳ ❇② ▲❡♠♠❛ ✺✳✶✱ G ✐s

❛❧s♦ t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥ T (F u
k , C

c
k) ✇❤✐❝❤ ✐s ❛♥ ♠✲❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥✳

❇② t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✶✮✱ ♦♥❡ ❝❛♥ tr❛♥s❢♦r♠ t ✐♥t♦ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ t̃ ✇✐t❤ t❤❡ ♣❛r✲
t✐❝✉❧❛r✐t② t❤❛t ❢♦r ❡❛❝❤ s✉❜✲t❡r♠s t′′ ♦❢ t̃ ❛♥❞ ❢♦r ❡❛❝❤ ✈❡rt❡① x ∈ VH , H = val(t′′)✱ ✇❡ ❤❛✈❡



✶✵✵ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

δH(x) = {i} ∪ L ✇❤❡r❡ i ∈ [k] ❛♥❞ L ⊆ [k]′✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✶✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ t̃ ✐♥t♦ ❛
❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st k · 2k✳

❋♦r t❤❡ ❞✐r❡❝t❡❞ ❝❛s❡✱ ❜② ▲❡♠♠❛ ✺✳✷✱ ✐❢ cwd(G) = k✱ t❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ t ✐♥
T (F d

k , C
c
k)✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸✭✷✮✱ t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ t̃

✐♥ T (F dm
k , Cum

k ) ✇✐t❤ t❤❡ ♣❛rt✐❝✉❧❛r✐t② t❤❛t ❢♦r ❡❛❝❤ s✉❜✲t❡r♠s t′′ ♦❢ t̃ ❛♥❞ ❢♦r ❡❛❝❤ ✈❡rt❡①
x ∈ VH , H = val(t′′)✱ ✇❡ ❤❛✈❡ δH(x) = {i}∪L1∪L2 ✇❤❡r❡ i ∈ [k] ❛♥❞ L1 ⊆ [k]′ ❛♥❞ L2 ⊆ [k]′′✳
❇② Pr♦♣♦s✐t✐♦♥ ✶✳✶✱ ✇❡ ❝❛♥ tr❛♥s❢♦r♠ t̃ ✐♥t♦ ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ ♦❢ ✇✐❞t❤ ❛t ♠♦st k ·22k✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✸ ❢♦r t❤❡ ❝❛s❡ ♦❢ r❛♥❦✲✇✐❞t❤✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✹✮✳ ❲❡ ❞❡♥♦t❡ ❜② 0k,ℓ t❤❡ (k×ℓ)✲♥✉❧❧ ♠❛tr✐① ❛♥❞ ❜② Ik,ℓ t❤❡ (k×ℓ)✲
✐❞❡♥t✐t② ♠❛tr✐①✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t (R

GF (2)
2k , C

GF (2)
2k ) ✐s (R

GF (2)
k , C

GF (2)
k )✲✢❡①✐❜❧❡✳ ❲❡ ❧❡t ∅k

❞❡♥♦t❡ t❤❡ GF (2)k✲❝♦❧♦r❡❞ ♥✉❧❧ ❣r❛♣❤✳

❚❤❡ s✐❣♥❛t✉r❡s RGF (2)
k ❛♥❞ RGF (2)

2k ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ❢r♦♠ ❘❡♠❛r❦ ✸✳✸✳ ❲❡ ❧❡t q(x1, . . . , xn, u)

❜❡ ❛ ❝♦♠❜✲t❡r♠ x1⊗1 (x2⊗2 (. . . (xn⊗n u)) . . .) ✇❤❡r❡ ⊗i = ⊗Mi,Ni,Pi
∈ RGF (2)

k ❢♦r ❡❛❝❤ i ❛♥❞
n ≥ 2✳ ❲❡ r❡❝❛❧❧ t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r Mi, Ni ❛♥❞ Pi ❛s (k × k)✲♠❛tr✐❝❡s✳

❈♦♥str✉❝t✐♦♥ ♦❢ q̂ ❛♥❞ ♦❢ ⊗q✳ ❲❡ ❧❡t q̂ = x1 ⊗′
1 (x2 ⊗′

2 (. . . (xn ⊗′
n ∅k)) . . .) ✇❤❡r❡ ⊗′

i =
⊗M ′

i ,N
′
i ,P

′
i
✇✐t❤ M ′

i , N
′
i ❛r❡ (k × 2k)✲♠❛tr✐❝❡s ❛♥❞ P ′

i ❛r❡ (2k × 2k)✲♠❛tr✐❝❡s ❛♥❞ s✉❝❤ t❤❛t✿

M ′
i =

(
Mi 0k,k

)
N ′

i =
(
Ni Mi ·QT

i

)
P ′

i =

(
Pi 0k,k

0k,k Ik,k

)

✇❤❡r❡ Qi = Pn · Pn−1 · . . . Pi+1 ❢♦r i = 1, . . . , n✳ ❲❡ ❧❡t ⊗q = ⊗M,N,P ✇❤❡r❡✿

M =

(
0k,k

Ik,k

)
N =

(
Ik,k

0k,k

)
P = Pn · Pn−1 · . . . · P1.

❈❧❛✐♠ ✻✳✺ ❋♦r ❛❧❧ ❞✐s❥♦✐♥t GF (2)k✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn ❛♥❞ H✱ ✇❡ ❤❛✈❡

q(G1, . . . , Gn,H)︸ ︷︷ ︸
G

= q̂(G1, . . . , Gn)︸ ︷︷ ︸
K

⊗qH.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✺✳ ❲❡ ❧❡t G′ = K⊗qH✳ ❈❧❡❛r❧②✱ t❤❡ ✈❡rt✐❝❡s ♦❢ G ❛♥❞ ♦❢ G′ ❛r❡ t❤❡ s❛♠❡✳
❲❡ ✜rst ✈❡r✐❢② t❤❛t γG(x) = γG′(x) ❢♦r ❡❛❝❤ ✈❡rt❡① x✳ ▲❡t y ∈ VH ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q✱ ✇❡ ❤❛✈❡
γG(y) = γH(y) ·Pn · . . . ·P1✳ ❚❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t γG(y) = γG′(y) s✐♥❝❡ P = Pn ·Pn−1 · . . . ·P1✳

◆♦✇✱ ❧❡t x ∈ VGi
✳ ❲❡ ❤❛✈❡ γG(x) = γGi

(x) · Ni · Pi−1 · . . . · P1✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q̂✱ ✇❡ ❤❛✈❡
γK(x) =

(
γGi

(x) ·Ni · Pi−1 · . . . · P1 γGi
(x) ·Mi · (Pn · Pn−1 · . . . · Pi+1)

T
)
✳ ■t ✐s t❤❡♥ ❝❧❡❛r

t❤❛t γG′(x) = γK(x) ·N = γG(x)✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ♦❢ G ❛♥❞ ♦❢ G′✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❡❞❣❡s ✐♥s✐❞❡ G1, . . . , Gn ❛♥❞
H ❛r❡ t❤❡ s❛♠❡ ✐♥ G ❛♥❞ ✐♥ G′✳ ❙♦ ❛r❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ Gi ❛♥❞ Gj ✱ j 6= i✳ ■t r❡♠❛✐♥s t♦



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s ✶✵✶

❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ x ∈ VK ❛♥❞ y ∈ VH ✳ ▲❡t x ∈ VGi
❛♥❞ y ∈ VH ✳ ■t ✐s s✉✣❝✐❡♥t t♦

♣r♦✈❡ t❤❛t γK(x) ·M · γH(y)T = γGi
(x) ·Mi · (γH(y) · Pn · Pn−1 · . . . · Pi+1)

T ✳ ❲❡ ❤❛✈❡ ❜②
❞❡✜♥✐t✐♦♥ ♦❢ q̂ t❤❛t γK(x) =

(
γGi

(x) ·Ni · Pi−1 · . . . P1 γGi
(x) ·Mi · (Pn · Pn−1 · . . . · Pi+1)

T
)
✳

❍❡♥❝❡✱

γK(x) ·M · γH(y)T = γK(x) ·
(

0k,k

Ik,k

)
· γH(y)T

= γGi
(x) ·Mi · (Pn · . . . · Pi+1)

T · γH(y)T .

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✳

❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥s ⊗q,q′✳ ▲❡t q = x1 ⊗1 (x2 ⊗2 (. . . (xp ⊗p u)) . . .) ❛♥❞ q′ =
xp+1⊗p+1 (xp+2⊗p+2 (. . . (xn⊗n u)) . . .) s♦ t❤❛t q′′ = x1⊗1 (x2⊗2 (. . . (xn⊗n u)) . . .)✳ ❲❡ ❧❡t
⊗q,q′ = ⊗M,N,P ✇❤❡r❡✿

M =

(
0k,k 0k,k

Ik,k 0k,k

)
N =

(
Ik,k 0k,k

0k,k QT
q′

)
P =

(
Qq 0k,k

0k,k Ik,k

)

✇❤❡r❡ Qq = Pp · Pp−1 · . . . P1 ❛♥❞ Qq′ = Pn · Pn−1 · . . . · Pp+1✳

❈❧❛✐♠ ✻✳✻ ❋♦r ❛❧❧ ❞✐s❥♦✐♥t GF (2)k✲❝♦❧♦r❡❞ ❛❣r❛♣❤s G1, . . . , Gn✱ ✇❡ ❤❛✈❡

q̂′′(G1, . . . , Gn)︸ ︷︷ ︸
K′′

= q̂(G1, . . . , Gp)︸ ︷︷ ︸
K

⊗q,q′ q̂′(Gp+1, . . . , Gn)︸ ︷︷ ︸
K′

.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✻✳ ❈❧❡❛r❧②✱ t❤❡ ✈❡rt✐❝❡s ♦❢ K ′′ ❛♥❞ ♦❢ K ⊗q,q′ K ❛r❡ t❤❡ s❛♠❡✳ ❲❡ ♥♦✇
❝♦♠♣❛r❡ t❤❡✐r ❝♦❧♦rs✳ ▲❡t G = K ⊗q,q′ K ′✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂′′✱ ❢♦r ❡❛❝❤ x ∈ VGi

✱ ❢♦r
1 ≤ i ≤ n✱ ✇❡ ❤❛✈❡ γK′′(x) =

(
γGi

(x) ·Ni · Pi−1 · . . . P1 γGi
(x) ·Mi · (Pn · . . . · Pi+1)

T
)
✳ ❲❡

♥♦✇ ♣r♦✈❡ t❤❛t γG(x) = γK′′(x)✳

▲❡t x ∈ VGi
⊆ VK ✱ ❢♦r 1 ≤ i ≤ p✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q̂✱ ✇❡ ❤❛✈❡ γK(x) =(

γGi
(x) ·Ni · Pi−1 · . . . · P1 γGi

(x) ·Mi · (Pp · . . . · Pi+1)
T
)
✳ ❍❡♥❝❡✱

γG(x) = γK(x) ·N

=

(
γGi

(x) ·Ni · Pi−1 · . . . · P1

γGi
(x) ·Mi · (Pp · . . . · Pi+1)

T

)T

·
(
Ik,k 0k,k

0k,k QT
q′

)

=

(
γGi

(x) ·Ni · Pi−1 · . . . · P1

γGi
(x) ·Mi · (Pp · . . . · Pi+1)

T · (Pn · . . . · Pp+1)
T

)

= γK′′(x).



✶✵✷ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r x ∈ VGi
⊆ VK′ ✱ ❢♦r p + 1 ≤ i ≤ n✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ q̂′✱ ✇❡ ❤❛✈❡ γK′(x) =(

γGi
(x) ·Ni · Pi−1 · . . . · Pp+1 γGi

(x) ·Mi · (Pn · . . . · Pi+1)
T
)
✳ ❍❡♥❝❡✱

γG(x) = γK′(x) · P

=

(
γGi

(x) ·Ni · Pi−1 · . . . · Pp+1

γGi
(x) ·Mi · (Pn · . . . · Pi+1)

T

)
·
(
Qq 0k,k

0k,k Ik,k

)

=

(
γGi

(x) ·Ni · Pi−1 · . . . · Pp+1 · Pp · . . . · P1

γGi
(x) ·Mi · (Pn · . . . · Pi+1)

T

)

= γK′′(x).

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ♦❢ K ′′ ❛♥❞ ♦❢ K⊗q,q′K ′✳ ❈❧❡❛r❧②✱ t❤♦s❡ ✇✐t❤ t✇♦ ❡♥❞s ✐♥ K ♦r ✐♥ K ′

❛r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❣r❛♣❤s✳ ❲❡ ❝♦♥s✐❞❡r x ∈ VGj
⊆ VK ❛♥❞ y ∈ VGj′

⊆ VK′ ✱ ❢♦r 1 ≤ j ≤ p <
j′ ≤ n✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ ❛♥ ❛r❝ xy ✐♥K ′′ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✇❡ ❤❛✈❡ ❛♥ ❛r❝ ✐♥ q(G1, . . . , Gn, ∅)✳
❚❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t γK(x)·M ·γK′(y)T = γGi

(x)·Mi ·(γGj
(y)·Nj ·Pj−1 ·. . .·Pi+1)

T ✳
❇② ❞❡✜♥✐t✐♦♥✱

γK(x) ·M · γK′(y)T =

(
γGi

(x) ·Ni · Pi−1 · . . . · P1

γGi
(x) ·Mi · (Pp · . . . · Pi+1)

T

)T

·
(

0k,k 0k,k

Ik,k 0k,k

)
·
(
γGj

(y) ·Nj · Pj−1 · . . . · Pp+1

γGj
(y) ·Mj · (Pn · . . . · Pj+1)

T

)T

= γGi
(x) ·Mi · (Pp · . . . · Pi+1)

T · (γGj
(y) ·Nj · Pj−1 · . . . · P T

p+1)

= γGi
(x) ·Mi · (γGj

(y) ·Nj · Pj−1 · . . . · Pi+1)
T .

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✳

❇② ❘❡♠❛r❦ ✸✳✸✱ ♦♥❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ ❝♦♥st❛♥t ∅k ✐♥ t❤❡ ❝♦♥str✉❝t❡❞ t❡r♠✳ ❚❤✐s t❡r♠✐♥❛t❡s
t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✸✮✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✸ ✭✺✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✺✮✳ ▲❡t G ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ k✳ ❇② Pr♦♣♦✲

s✐t✐♦♥ ✸✳✷✱ ✇❡ ❤❛✈❡ brwd(G) ≤ 4k✳ ❚❤❡♥ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (U
([2])
4k , C

GF (2)
4k ) ❜②

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s t❡r♠ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ t̃ ✐♥
T (U

([2])
12k , C

GF (2)
12k ) ❜② ✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✸✮✳ ▲❡t ✉s ❡①♣❧❛✐♥ ✐♥ ❢❡✇ ✇♦r❞s t❤❡ ✐❞❡❛✳

▲❡t q(x1, . . . , xn, u) ❜❡ ❛ ❝♦♠❜✲t❡r♠ x1⊗1 (x2⊗2 (. . . (xn⊗n u) . . .)) ✇❤❡r❡ ⊗i = ⊗Mi,M ′
i ,Ni,Pi

✳
❋♦r ❡❛❝❤ x ∈ VGi

✱ t❤❡ ✐❞❡❛ ✐s t♦ st♦r❡ ✐♥ q̂(G1, . . . , Gn) ♥♦t ♦♥❧② γGi
(x) ·Ni · Pi−1 · . . . · P1 ❛♥❞

γGi
(x) ·Mi · (Pn · . . . · Pi+1)

T ❜✉t ❛❧s♦ γGi
(x) ·M ′

i · (Pn · . . . · Pi+1)
T ✳ ■ ♦♠✐t ❛❧❧ t❤❡ t❡❝❤♥✐❝❛❧

♣r♦♦❢s ✇❤✐❝❤ ❛r❡ ♥♦t ♦❢ ❛♥② ✐♥t❡r❡st s✐♥❝❡ t❤❡② ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸
✭✸✮✳

❖♥❡ ❝❛♥ ✈❡r✐❢② ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✸ t❤❛t ✇❡ ❝❛♥ tr❛♥s❢♦r♠ t̃ ✐♥t♦ ❛ t❡r♠ ✐♥ T (R
GF (4)
12k , C

GF (4)
12k )

t❤❛t ❣❡♥❡r❛t❡s t❤❡ s❛♠❡ ❣r❛♣❤ ❜② tr❛♥s❢♦r♠✐♥❣ ❡❛❝❤ ♦♣❡r❛t✐♦♥ ⊗M1,M2,N,P ✐♥t♦ ❛♥ ♦♣❡r❛t✐♦♥
⊗M,N,P ✇❤❡r❡ M = a ·M1 + a2 ·M2✳ ❚❤✐s t❡r♠✐♥❛t❡s t❤❡ ♣r♦♦❢✳



✻✳✷✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●r❛♣❤ ❆❧❣❡❜r❛s ✶✵✸

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✻✳✸ ✭✻✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✻✮✳ ▲❡t F ❜❡ ❛ ✜①❡❞ ✜❡❧❞ ✇✐t❤ q ❡❧❡♠❡♥ts✳ ▲❡t α : F k → [qk] ❜❡
❛ ❜✐❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t❤❛t ❡♥✉♠❡r❛t❡s t❤❡ s❡t F k✳ ❲❡ ❝❧❛✐♠ t❤❛t (BF

k+qk , C
F
k+qk) ✐s (BF

k , C
F
k )✲

✢❡①✐❜❧❡✳ ❘❡❝❛❧❧ t❤❛t ❜② ❘❡♠❛r❦ ✸✳✶ ✭✷✮✱ (BF
k+qk , C

F
k+qk) ❛♥❞ (BF

k , C
F
k ) ❛r❡ ❝♦♠♠✉t❛t✐✈❡✳ ❲❡

✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ ❝♦♥st❛♥t ∅k ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❜② ❘❡♠❛r❦ ✸✳✶ ✭✸✮✳

❲❡ ❧❡t q(x1, . . . , xn, u) ❜❡ ❛ ❝♦♠❜✲t❡r♠ x1⊗1(x2⊗2(. . . (xn⊗nu)) . . .) ✇❤❡r❡⊗i = ⊗fi,gi,hi
∈ BF

k

❢♦r ❡❛❝❤ i ❛♥❞ n ≥ 2✳

❈♦♥str✉❝t✐♦♥ ♦❢ q̂ ❛♥❞ ♦❢ ⊗q✳ ❲❡ ❧❡t q̂ = x1 ⊗′
1 (x2 ⊗′

2 (. . . (xn ⊗′
n ∅k)) . . .) ✇❤❡r❡ ⊗′

i =

⊗f ′
i ,g

′
i,h

′
i
✇✐t❤ f ′i : F k × F k+qk → {0, 1}✱ g′i : F k → F k+qk

❛♥❞ h′i : F k+qk → F k+qk
❛r❡ s✉❝❤

t❤❛t✿

f ′i(u, v) = fi(u, v ↾k),

g′i(u) = w ✇❤❡r❡

{
w[j] = gi(u)[j] ✐❢ 1 ≤ j ≤ k,
w[α(z) + k] = fi(u, v) ✇❤❡r❡ v = hi+1(hi+2(. . . (hn(z))) . . .),

h′i(v) = w ✇❤❡r❡ w[j] =

{
hi(v ↾k)[j] ✐❢ 1 ≤ j ≤ k,
v[j] ♦t❤❡r✇✐s❡.

◆♦t❡ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ i = n✳ ❲❡ ❝❛♥ t❛❦❡ f ′n(u, v) = 0 ❛♥❞ h′n(v) = (0, 0, . . . , 0) ❢♦r ❛❧❧
v ∈ F k+qk

✳

❲❡ ❧❡t ⊗q = ⊗f,g,h ✇❤❡r❡ f : F k+qk × F k → {0, 1}✱ g : F k+qk → F k ❛♥❞ h : F k → F k ❛r❡
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

f(u, v) = u[α(v) + k],

g(u) = u↾k,

h(v) = h1(h2(. . . (hn(v))) . . .).

❈❧❛✐♠ ✻✳✼ ❋♦r ❛❧❧ ❞✐s❥♦✐♥t F k✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn ❛♥❞ H✱ ✇❡ ❤❛✈❡

q(G1, . . . , Gn,H)︸ ︷︷ ︸
G

= q̂(G1, . . . , Gn)︸ ︷︷ ︸
K

⊗qH.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✼✳ ❲❡ ❧❡t G′ = K ⊗q H✳ ❚❤❡ ♣r♦♦❢ ✐s ❛s ❢♦r t❤❡ ♣r❡✈✐♦✉s s✐♠✐❧❛r ❝❧❛✐♠s✳
❲❡ ✜rst ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ x ∈ VGi

❛♥❞ y ∈ H✳ ❲❡ ❤❛✈❡✿

xy ∈ EG ⇐⇒ fi(γGi
(x), hi+1(hi+2(. . . (hn(γH(y))) . . .))) = 1

⇐⇒ g′i(γGi
(x))[α(γH(y)) + k] = 1 ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ ⊗′

i✮

⇐⇒ γK(x)[α(γH(y)) + k] = 1 ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ ⊗′
j✮ ❢♦r 1 ≤ j < i

⇐⇒ xy ∈ EG′ ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ ⊗q✮✳

❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❛t x ❤❛s t❤❡ s❛♠❡ ❝♦❧♦r ✐♥ G ❛♥❞ ✐♥ G′✳



✶✵✹ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❖♣❡r❛t✐♦♥s ⊗q,q′ ▲❡t q = x1 ⊗1 (x2 ⊗2 (. . . (xp ⊗p u)) . . .) ❛♥❞ q′ =
x1 ⊗p+1 (xp+2 ⊗p+2 (. . . (xn ⊗n u)) . . .) s♦ t❤❛t q′′ = x1 ⊗1 (x2 ⊗2 (. . . (xn ⊗n u)) . . .)✳ ❲❡ ❧❡t
⊗q,q′ ❜❡ ⊗f,g,h ✭✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ z ❞❡♥♦t❡s ❡❧❡♠❡♥ts ♦❢ F k✮✿

f(u, v) = u[α(v ↾k) + k],

g(u) = w ✇❤❡r❡

{
w[j] = u[j] ✐❢ 1 ≤ j ≤ k,
w[α(z) + k] = u[α(v) + k] ✇❤❡r❡ v = hq′(z),

h(v) = w ✇❤❡r❡ w[j] =

{
hq(v ↾k)[j] ✐❢ 1 ≤ j ≤ k,
v[j] ♦t❤❡r✇✐s❡.

❛♥❞ hq = h1 ◦ h2 ◦ . . . ◦ hp ❛♥❞ hq′ = hp+1 ◦ hp+2 ◦ . . . ◦ hn✳

❈❧❛✐♠ ✻✳✽ ❋♦r ❛❧❧ ❞✐s❥♦✐♥t F k✲❝♦❧♦r❡❞ ❣r❛♣❤s G1, . . . , Gn✱ ✇❡ ❤❛✈❡

q̂′′(G1, . . . , Gn)︸ ︷︷ ︸
K′′

= q̂(G1, . . . , Gp)︸ ︷︷ ︸
K

⊗q,q′ q̂′(Gp+1, . . . , Gn)︸ ︷︷ ︸
K′

.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✻✳✽✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ✈❡rt✐❝❡s ♦❢ K ′′ ❛♥❞ ♦❢ G = K ⊗q,q′ K ′ ❛r❡ t❤❡ s❛♠❡✳
❲❡ ✜rst ❝♦♠♣❛r❡ t❤❡ ❝♦❧♦rs✳

▲❡t x ∈ VGi
⊆ VK ✱ 1 ≤ i ≤ p✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂′′✱ γK′′(x) = w ✇❤❡r❡

w[j] = h1(h2(. . . (hi−1(gi(γGi
(x)))) . . .))[j] ✐❢ 1 ≤ j ≤ k,

w[α(z) + k] = fi(γGi
(x), v) ✇❤❡r❡ v = hi+1(hi+2(. . . (hn(z))) . . .).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂✱ ✇❡ ❤❛✈❡ γK(x) = w ✇❤❡r❡ w ✐s ❞❡✜♥❡❞ ❛s ❛❜♦✈❡ ✇✐t❤ n = p✳ ■t ✐s t❤❡♥
❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ⊗q,q′ t❤❛t γK′′(x)↾k = γG(x)↾k✳ ❲❡ t❤✉s ❤❛✈❡

γG(x)[α(z) + k] = γK(x)[α(v) + k] ✇❤❡r❡ v = hq′(z) ✭❞❡✜♥✐t✐♦♥ ♦❢ ⊗q,q′✮

= fi(γGi
(x), v′) ✇❤❡r❡ v′ = hi+1(hi+2(. . . (hp(hq′(z)))) . . .)

= γK′′(x).

▲❡t y ∈ VGi
⊆ VK′ ✱ p+ 1 ≤ i ≤ n✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂′′ ✇❡ ❤❛✈❡ γK′′(y) = w ✇❤❡r❡

w[j] = h1(h2(. . . (hi−1(gi(γGi
(x)))) . . .))[j] ✐❢ 1 ≤ j ≤ k,

w[α(z) + k] = fi(γGi
(y), v) ✇❤❡r❡ v = hi+1(hi+2(. . . (hn(z))) . . .).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ q̂′✱ ✇❡ ❤❛✈❡ γK(y) = w ✇❤❡r❡

w[j] = hp+1(. . . (hi−1(gi(γGi
(x)))) . . .)[j] ✐❢ 1 ≤ j ≤ k,

w[α(z) + k] = fi(γGi
(y), v) ✇❤❡r❡ v = hi+1(hi+2(. . . (hn(z))) . . .).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ⊗q,q′ ✱ ✇❡ ❤❛✈❡ γG(y) = w ✇❤❡r❡

w[j] = h1(h2(. . . (hp(γK′(x)↾k)) . . .))[j] ✐❢ 1 ≤ j ≤ k,
w[α(z) + k] = fi(γGi

(y), v) ✇❤❡r❡ v = hi+1(hi+2(. . . (hn(z))) . . .).



✻✳✸✳ ❈♦♥❝❧✉s✐♦♥ ✶✵✺

❍❡♥❝❡✱ γK′′(x) = γG(x)✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ❡❞❣❡s ♦❢ K ′′ ❛♥❞ ♦❢ G✳ ❈❧❡❛r❧②✱ t❤♦s❡ ✇✐t❤ t✇♦ ❡♥❞s ✐♥ K ′ ♦r ✐♥ K
❛r❡ t❤❡ s❛♠❡ ✐♥ t❤❡ t✇♦ ❣r❛♣❤s✳ ❲❡ ❝♦♥s✐❞❡r x ∈ VGj

⊆ VK ❛♥❞ y ∈ VGj′
⊆ VK′ ✱ ❢♦r

1 ≤ j ≤ p < j′ ≤ n✳ ❆ss✉♠❡ t❤❛t xy ✐♥ K ′′✳ ❲❡ ❛❧s♦ ❤❛✈❡ xy ✐♥

q′′(G1, . . . , Gn, ∅k) = q(G1, . . . , Gp, q
′(Gp+1, . . . , Gn, ∅k)︸ ︷︷ ︸

G′

).

❚❤❡♥

xy ✐♥ K ′′ ⇐⇒ fj(γGj
(x), hj+1(. . . (hp(γG′(y))) . . .)) = 1

⇐⇒ γK(x)[α(γG′(y)↾k) + k] = 1

⇐⇒ γK(x)[α(γK′(y)↾k) + k] = 1

⇐⇒ xy ✐♥ G ✭❜② ❞❡✜♥✐t✐♦♥ ♦❢ ⊗q,q′✮✳

❚❤✐s t❡r♠✐♥❛t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✳

❇② ❯s✐♥❣ ❘❡♠❛r❦ ✸✳✶ ✭✸✮ ✇❡ ❝❛♥ r❡♠♦✈❡ t❤❡ ❝♦♥st❛♥t ∅ ✇❤✐❝❤ t❡r♠✐♥❛t❡s t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✻✳✸ ✭✻✮✳

❘❡♠❛r❦ ✻✳✸ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✸ ✭✻✮ ✇❡ ♥❡❡❞ ❝♦❧♦rs ✐♥ F k+qk ≃ F k × F qk
✐♥st❡❛❞ ♦❢

F 2k ❜❡❝❛✉s❡✱ ❢♦r ✐♥st❛♥❝❡ ✐❢ G = q(G1, . . . , Gn,H)✱ ❢♦r ❡❛❝❤ x ∈ VGi
✱ ✇❡ ♥❡❡❞ t♦ st♦r❡ t❤❡ s❡t ♦❢

❝♦❧♦rs v ∈ F k s✉❝❤ t❤❛t fi(γGi
(x), hi+1(hi+2(. . . (hn(v)) . . .))) = 1 t♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t ⊗q✳

❆♥❞ |{u ∈ F k}| = qk✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ❛♥② ❛❧❣❡❜r❛✐❝ str✉❝t✉r❡ ❧✐❦❡ t❤❡ ❧❛tt✐❝❡ ♦❢ s✉❜s❡ts ♦r t❤❡
✈❡❝t♦r s♣❛❝❡ ♦♥ F k t❤❛t ♠❛❦❡s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ♠♦r❡ ❝♦♠♣❛❝t ✇❛②✳

✻✳✸ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ❢r❛♠❡✇♦r❦ t❤❛t ✉♥✐✜❡s ❛❧❧ ❦♥♦✇♥ ❜❛❧❛♥❝✐♥❣ t❤❡♦r❡♠s ❛♥❞ ✇❡ ❣✐✈❡ ♥❡✇
r❡s✉❧ts✱ ❡s♣❡❝✐❛❧❧② ❢♦r r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳

■♥ ❬❈♦✉✾✸❪ ❈♦✉r❝❡❧❧❡ ❞❡✜♥❡❞ ❛ s❡t ♦❢ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✱ ❞❡♥♦t❡❞ ❜② HRk✱ ❛♥❞ ❛ s❡t ♦❢
❝♦♥st❛♥ts Ct

k s✉❝❤ t❤❛t ❛ ❣r❛♣❤ G ❤❛s tr❡❡✲✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛
t❡r♠ ✐♥ T (HRk+1, C

t
k+1)✳ ❇② ✉s✐♥❣ t❡r♠s ✐♥ T (HRk, C

t
k)✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❡✈❡r② ❣r❛♣❤ ♦❢

tr❡❡✲✇✐❞t❤ ❛t ♠♦st k ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥ T (HR3k−1, C
t
3k−1)✳ ❍♦✇❡✈❡r✱ t❤❡

♣r♦♦❢ ✐s ♥♦t ✐♠♠❡❞✐❛t❡ s✐♥❝❡ ✇❡ ♥❡❡❞ t♦ tr❛♥s❢♦r♠ t❤❡ ♦♣❡r❛t✐♦♥s HRk ✐♥t♦ ❜✐♥❛r② ♦♣❡r❛t✐♦♥s
s✉✐t❛❜❧❡ ❢♦r ♦✉r ❢r❛♠❡✇♦r❦✳

❋♦r t❤❡ ❝❛s❡ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❣r❛♣❤s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳✽✮✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s❡t ♦❢ ❜✐♥❛r②
❣r❛♣❤ ♦♣❡r❛t✐♦♥s F b

k ✐♥ t❤❡ s♣✐r✐t ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s HRk ❛♥❞ ♣r♦✈❡ t❤❛t ❛ ❣r❛♣❤ ❤❛s ❜r❛♥❝❤✲
✇✐❞t❤ ❛t ♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s t❤❡ ✈❛❧✉❡ ♦❢ ❛ t❡r♠ ✐♥ T (F b

k , C
t
k)✳ ❇② ✉s✐♥❣ t❤✐s t❡r♠✱ ✇❡

❝❛♥ ♣r♦✈❡✱ ❜② ✉s✐♥❣ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤❛t ❡✈❡r② ❣r❛♣❤ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st k ✐s t❤❡ ✈❛❧✉❡
♦❢ ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥ T (F b

2k, C
t
2k)✳

❲❡ ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r ✇✐t❤ t✇♦ q✉❡st✐♦♥s✿



✶✵✻ ❈❤❛♣t❡r ✻✳ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s

✭◗✻✳✶✮ ■♥ ♦✉r ❜❛❧❛♥❝✐♥❣ r❡s✉❧ts ✇❡ ♦❜t❛✐♥ 3✲❜❛❧❛♥❝❡❞ t❡r♠s ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✻✳✷✳ ❈❛♥ ✇❡
✐♠♣r♦✈❡ t❤❡ 3 ✐♥ ❚❤❡♦r❡♠ ✻✳✷❄

✭◗✻✳✷✮ ❚❤❡ t✐♠❡ ❝♦♠♣❧❡①✐t② ♦❢ ♦✉r ❜❛❧❛♥❝✐♥❣ r❡s✉❧ts ❛❧s♦ ❞❡♣❡♥❞ ♦♥ ❚❤❡♦r❡♠ ✻✳✷✳ ❈❛♥ ✇❡
♣r♦✈❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❚❤❡♦r❡♠ ✻✳✶ ✇♦r❦s ✐♥ O(n)✲t✐♠❡ ✐♥ ♠♦st ❝❛s❡s ♦r ✜♥❞ ❛♥
❛❧t❡r♥❛t✐✈❡ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠❄



❈❤❛♣t❡r ✼

❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

❚r❡❡✲✇✐❞t❤ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❣r❛♣❤ ♣❛r❛♠❡t❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ ♠❛♥② ♣♦s✐t✐✈❡ r❡s✉❧ts ✐t ②✐❡❧❞s✳
❊✈❡r②MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲
✇✐❞t❤ ❬❈♦✉✾✵✱ ❆▲❙✾✶❪ ❛♥❞ ✜♥✐t❡ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❤❛✈❡ ❞❡❝✐❞❛❜❧❡ MS t❤❡♦r② ❤❛✈❡ ❜♦✉♥❞❡❞
tr❡❡✲✇✐❞t❤✳ ▼♦r❡♦✈❡r✱ ✐t ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ str✉❝t✉r❛❧ ❣r❛♣❤ t❤❡♦r②✱ ♣❛rt✐❝✉❧❛r❧② ✐♥
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s❡r✐❡s ♦❢ ♣❛♣❡rs ♦♥ ❣r❛♣❤ ♠✐♥♦rs ❜② ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ❬❘❙✽✸❪✲❬❘❙✵✹❪✳
❈❧✐q✉❡✲✇✐❞t❤ ❤❛s ❛❧s♦ ♣♦s✐t✐✈❡ ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ❬❈▼❘✵✵❪ ❛♥❞ ✐ts ❡q✉✐✈❛❧❡♥t ❣r❛♣❤ ♣❛r❛♠❡t❡r
r❛♥❦✲✇✐❞t❤ ❤❛s ♣♦s✐t✐✈❡ str✉❝t✉r❛❧ r❡s✉❧ts ❬❖✉♠✵✺❜✱ ❖✉♠✵✺❝✱ ❖✉♠✵✽❛❪✳ ■t ✐s t❤✉s ♥❛t✉r❛❧ t♦
❝♦♠♣❛r❡ tr❡❡✲✇✐❞t❤ ❛♥❞✱ r❛♥❦✲✇✐❞t❤ ❛♥❞ ✐ts ❡q✉✐✈❛❧❡♥t ♣❛r❛♠❡t❡rs✳ ■t ✐s ❦♥♦✇♥ t❤❛t ✐❢ ❛♥
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s tr❡❡✲✇✐❞t❤ k✱ t❤❡♥ ✐t ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 3 · 2k−1− 1 ❬❈❘✵✺❪ ❛♥❞ ✐❢
❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s r❛♥❦✲✇✐❞t❤ ℓ✱ t❤❡♥ ✐t ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 2ℓ+1−1 ❬❖❙✵✻❪✳ ❲❡ ❝❛♥
t❤✉s s✉s♣❡❝t ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ tr❡❡✲✇✐❞t❤ ❛♥❞ r❛♥❦✲✇✐❞t❤✳ ❆♥❞ ❜❡❝❛✉s❡ r❛♥❦✲✇✐❞t❤
❛♥❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛r❡ ❡q✉✐✈❛❧❡♥t ❣r❛♣❤ ♣❛r❛♠❡t❡rs✱ t❤✐s ❧✐♥❡❛r r❡❧❛t✐♦♥ ❝♦✉❧❞ ❜❡ ♥❡❝❡ss❛r✐❧② ♦❢
t❤❡ ❢♦r♠✿

✐❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s tr❡❡✲✇✐❞t❤ k✱ t❤❡♥ ✐t ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st a · k + b✱
✇❤❡r❡ a ❛♥❞ b ❛r❡ ✜①❡❞ ❝♦♥st❛♥ts✳

❋♦r ♣r♦✈✐♥❣ t❤✐s✱ ✇❡ ❞❡✈❡❧♦♣❡❞ ❛ t❡❝❤♥✐q✉❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✿ s✐♠✉❧❛t✐♦♥ ♦❢ ❡❞❣❡
❝♦♥tr❛❝t✐♦♥s✱ ♦♥❡ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥s t❤❛t ②✐❡❧❞ ♠✐♥♦r ✐♥❝❧✉s✐♦♥✱ ❜② ♠❡❛♥s ♦❢ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥✲
t❛t✐♦♥s ❛♥❞ ✈❡rt❡① ❞❡❧❡t✐♦♥s ✭t❤❡ ♦♣❡r❛t✐♦♥s t❤❛t ❞❡✜♥❡ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥✮✳ ❲❡ ♣r♦✈❡
t❤❛t ✐❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❤❛s tr❡❡✲✇✐❞t❤ k✱ t❤❡♥ ✐t ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ♠♦st 4 · k + 2✳ ❍♦✇✲
❡✈❡r✱ t❤❡ ♦♣t✐♠❛❧ ✐♥❡q✉❛❧✐t② ✐s ✇✐t❤ k+1✱ ♣r♦✈❡❞ ✐♥ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ✇❛②✳ ❲❡ r❡♣r♦❞✉❝❡
❛ ♣r♦♦❢ ❜② ❖✉♠ ✭♣r✐✈❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✮ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ✜rst ❛♥❞ ❢♦r
❝❧♦s✐♥❣ t❤❡ t♦♣✐❝✳

❲❡ ✇✐❧❧ ✜rst r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ tr❡❡✲✇✐❞t❤ ❛♥❞ ✐ts r❡❧❛t❡❞ ♥♦t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✼✳✶ ❛♥❞
r❡❝❛❧❧ ✉s❡❢✉❧ ❧❡♠♠❛s ❢♦r ♦✉r ♣✉r♣♦s❡s✳ ■♥ ❙❡❝t✐♦♥ ✼✳✷ ✇❡ ♣r♦✈❡ t❤❛t ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥s
❛♥❞ ✈❡rt❡① ❞❡❧❡t✐♦♥s ❝❛♥ s✐♠✉❧❛t❡ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ♣r♦✈❡ ✐♥ ❙❡❝t✐♦♥
✼✳✸ t❤❛t t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ ✐ts tr❡❡✲✇✐❞t❤✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✇❡ ♣r♦✈❡ ❛ ❧❡♠♠❛ r❡❧❛t✐♥❣ str♦♥❣ tr❡❡✲✇✐❞t❤ ❛♥❞ ❝❧✐q✉❡✲✇✐❞t❤✳ ■♥ ❙❡❝t✐♦♥ ✼✳✹ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛
♣r♦♦❢ ♦❢ t❤❡ t✐❣❤t❡r ✉♣♣❡r ❜♦✉♥❞ ❜② ❖✉♠✳

✶✵✼



✶✵✽ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

✼✳✶ ❚r❡❡✲❲✐❞t❤ ❛♥❞ ❘❡❧❛t❡❞ ◆♦t✐♦♥s

❚❤❡ ♥♦t✐♦♥s ♦❢ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❢ tr❡❡✲✇✐❞t❤ ❬❘❙✽✻❪ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❘♦❜❡rts♦♥ ❛♥❞
❙❡②♠♦✉r ✐♥ t❤❡✐r ❣r❛♣❤ ♠✐♥♦r s❡r✐❡s✳ ❚r❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ✐ts r❡❧❛t❡❞ ♥♦t✐♦♥s ❤❛✈❡ ❜❡❡♥
st✉❞✐❡❞ ❢♦r t❤❡ ❧❛st t✇♦ ❞❡❝❛❞❡s✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛rt✐❝❧❡s ❛♥❞ s✉r✈❡②s ❜② ❇♦❞❧❛❡♥❞❡r ❡t
❛❧✳ ❬❇♦❞✾✻✱ ❇❊✾✼✱ ❇♦❞✵✺✱ ❇♦❞✵✻✱ ❘❙✽✻✱ ❙❡❡✽✺❪✳ ❲❡ ✇✐❧❧ r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥❡❡❞❡❞
r❡s✉❧ts✳

❉❡✜♥✐t✐♦♥ ✼✳✶ ✭❬❘❙✽✻❪✮ ❆ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G = 〈VG, EG 〉 ✐s ❛ ♣❛✐r (T, f) s✉❝❤
t❤❛t T = 〈VT , ET 〉 ✐s ❛ tr❡❡✱ f ✐s ❛ ♠❛♣♣✐♥❣ ❛ss♦❝✐❛t✐♥❣ ✇✐t❤ ❡✈❡r② ♥♦❞❡ u ♦❢ T ❛ s✉❜s❡t f(u) ♦❢
VG s✉❝❤ t❤❛t✿

✭❚✶✮
⋃

u∈VT
f(u) = VG✱

✭❚✷✮ ❢♦r ❡❛❝❤ ❡❞❣❡ xy ♦r ❛r❝ (x, y) ♦❢ G✱ t❤❡r❡ ❡①✐sts ♦♥❡ ♥♦❞❡ u ✐♥ VT ✇✐t❤ x, y ✐♥ f(u)✱

✭❚✸✮ ❢♦r ❛❧❧ u, v, w ∈ VT ✱ ✐❢ v ✐s ♦♥ t❤❡ ♣❛t❤ ❢r♦♠ u t♦ w ✐♥ T t❤❡♥ f(u) ∩ f(w) ⊆ f(v)✳

■♥ ✭❚✷✮ ✐t ✐s ❝♦♥✈❡♥✐❡♥t✱ ❢♦r ❡❛❝❤ ❡❞❣❡ xy ♦r ❛r❝ (x, y) t♦ ❝❤♦♦s❡ ♦♥❡ ♥♦❞❡ u s✉❝❤ t❤❛t x, y ∈ f(u)✳

❚❤❡ ✇✐❞t❤ ♦❢ ❛ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (T, f) ✐s maxu∈VT
{|f(u)|} − 1✳ ❚❤❡ tr❡❡✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤

G✱ ❞❡♥♦t❡❞ ❜② twd(G)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ ✇✐❞t❤ ♦✈❡r ❛❧❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ G✳

❲❡ ♥♦✇ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❬❙❡❡✽✺❪✳

❉❡✜♥✐t✐♦♥ ✼✳✷ ✭❬❙❡❡✽✺❪✮ ❆ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G = 〈VG, EG 〉 ✐s ❛ ♣❛✐r
(T, f) ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳✶ s✉❝❤ t❤❛t✿

✭❙✶✮ {f(u) | u ∈ VT } ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ VG✱

✭❙✷✮ ❢♦r ❡❛❝❤ ❡❞❣❡ xy ♦r ❛r❝ (x, y) ♦❢ G✿

✭❙✷✳✶✮ ❡✐t❤❡r t❤❡r❡ ❡①✐sts ❛ ♥♦❞❡ u ✐♥ VT ✇✐t❤ x, y ∈ f(u)✱

✭❙✷✳✷✮ ♦r t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ uv ✐♥ ET ✇✐t❤ x ∈ f(u) ❛♥❞ y ∈ f(v) ♦r ✈✐❝❡✲✈❡rs❛✳

❚❤❡ ❡❞❣❡s xy ♦r ❛r❝s (x, y) ♦❢ t②♣❡ ✭❙✷✳✷✮ ❛r❡ ❝❛❧❧❡❞ t❤❡ s❤❛r❡❞ ❡❞❣❡s ♦r ❛r❝s ♦❢ G✳ ❚❤✐s ♥♦t✐♦♥ ✐s
r❡❧❛t✐✈❡ t♦ ❛ ❝❤♦s❡♥ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥✳

❚❤❡ ✇✐❞t❤ ♦❢ ❛ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (T, f) ✐s maxu∈VT
|f(u)|✳ ❚❤❡ str♦♥❣ tr❡❡✲✇✐❞t❤ ♦❢

❛ ❣r❛♣❤ G✱ ❞❡♥♦t❡❞ ❜② stwd(G)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ ✇✐❞t❤ ♦✈❡r ❛❧❧ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ G✳

▲❡t (T, f) ❜❡ ❛ r♦♦t❡❞ ✭str♦♥❣✮ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G✳ ❲❡ s❛② t❤❛t (T, f)
✐s r♦♦t❡❞ ✐❢ T ✐s✳ ❋♦r u ∈ VT ✱ ✇❡ ❝❛❧❧ f(u) t❤❡ ❜♦① ♦❢ u ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② G ↓ u t❤❡ ❣r❛♣❤
G[
⋃

v∈VT↓u
f(v)]✳ ■♥ t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ✇❡ ❝♦♥s✐❞❡r r♦♦t❡❞ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ r♦♦t❡❞

str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s✳

❈❧✐q✉❡✲✇✐❞t❤ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ♠♦r❡ ♣♦✇❡r❢✉❧ t❤❛♥ tr❡❡✲✇✐❞t❤✳ ■t ✐s ❦♥♦✇♥ t❤❛t
❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ✐♠♣❧✐❡s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ♥♦t ✈✐❝❡✲✈❡rs❛ ✭❝❧✐q✉❡s ❤❛✈❡ ✉♥❜♦✉♥❞❡❞
tr❡❡✲✇✐❞t❤ ❜✉t ❤❛✈❡ ❝❧✐q✉❡✲✇✐❞t❤ 2✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❛♥ ✉♣♣❡r✲❜♦✉♥❞ ♦♥ t❤❡
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤✳



✼✳✶✳ ❚r❡❡✲❲✐❞t❤ ❛♥❞ ❘❡❧❛t❡❞ ◆♦t✐♦♥s ✶✵✾

❚❤❡♦r❡♠ ✼✳✶ ✭❬❈❘✵✺✱ ❈❖✵✵❪✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡♥

{
cwd(G) ≤ 3 · 2twd(G)−1 ✐❢ G ✐s ✉♥❞✐r❡❝t❡❞,

cwd(G) ≤ 2twd(G)+2 − 1 ✐❢ G ✐s ❞✐r❡❝t❡❞.

❘❡♠❛r❦ ✼✳✶ ■♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠ ✼✳✶✱ t❤❡ tr❡❡ ♦❢ ❛♥ ♦♣t✐♠❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♠❛❞❡
✐♥t♦ t❤❛t ♦❢ ❛ t❡r♠ t❤❛t ✉s❡s ❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥s✳ ❚❤✐s ✐s ✉s❡❢✉❧ ❢♦r ❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳

❚❤❡♦r❡♠ ✼✳✶ ❝♦♠❜✐♥❡❞ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✶✳✷ ❣✐✈❡s t❤❡ ✐♥❡q✉❛❧✐t② rwd(G) ≤ 3× 2twd(G)−1✳
❲❡ ✇✐❧❧ ✐♠♣r♦✈❡ t❤✐s ❜♦✉♥❞ ❛♥❞ ♣r♦✈❡ t❤❛t r❛♥❦✲✇✐❞t❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ tr❡❡✲
✇✐❞t❤ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶ ❋♦r ❡✈❡r② ❣r❛♣❤ G✱ rwd(G) ≤ 4× twd(G) + 2.

Pr♦♣♦s✐t✐♦♥ ✼✳✶ ✐s t❤❡ ✜rst r❡s✉❧t s❤♦✇✐♥❣ t❤❛t t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s
❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ ✐ts tr❡❡✲✇✐❞t❤✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ❜♦✉♥❞ r❡❧❛t✐♥❣ ❝❧✐q✉❡✲
✇✐❞t❤ ❛♥❞ r❛♥❦✲✇✐❞t❤ ✐s r❡❧❛t✐✈❡❧② ♦♣t✐♠❛❧✳ ■♥ ❢❛❝t ❈♦r♥❡✐❧ ❛♥❞ ❘♦t✐❝s ❬❈❘✵✺❪ ♣r♦✈❡❞ t❤❛t ❢♦r

❛♥② k✱ t❤❡r❡ ❡①✐sts ❛ ❣r❛♣❤ ♦❢ tr❡❡✲✇✐❞t❤ k ✇✐t❤ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ❧❡❛st 2⌊
k
2
⌋−1✳

❍♦✇❡✈❡r✱ ❖✉♠ ✐♠♣r♦✈❡s t❤❡ ❜♦✉♥❞ r❡❧❛t✐♥❣ r❛♥❦✲✇✐❞t❤ ❛♥❞ tr❡❡✲✇✐❞t❤ ❬❖✉♠✵✽❜❪✳ ❍❡
♣r♦✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✭✇❤✐❝❤ ✐s t✐❣❤t✮✳

Pr♦♣♦s✐t✐♦♥ ✼✳✷ ✭❬❖✉♠✵✽❜❪✮ ❋♦r ❡✈❡r② ❣r❛♣❤ G✱ rwd(G) ≤ twd(G) + 1✳

❲❡ ✇✐❧❧ ❣✐✈❡ ❛ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✱ ❜❛s❡❞ ♦♥ t❛♥❣❧❡s ❬❘❙✾✶❪ ❛♥❞ ❜r❛♥❝❤✲✇✐❞t❤✱ ✐♥
❙❡❝t✐♦♥ ✼✳✹✳ ❘❡❣❛r❞✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✼✳✶ ❛♥❞ ✼✳✷ ✇❡ ❝❛♥ ❛s❦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✳

◗✉❡st✐♦♥ ✼✳✶ ■♥ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥s ✼✳✶ ❛♥❞ ✼✳✷✱ ❤♦✇ ❛♥ ♦♣t✐♠❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG❄ Pr❡❝✐s❡❧②✱ ❝❛♥ ✇❡ tr❛♥s❢♦r♠
❛♥ ♦♣t✐♠❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ✐♥t♦ ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρG t❤❛t r❡❛❝❤❡s t❤❡ ❛♥♥♦✉♥❝❡❞
❜♦✉♥❞ ❛t ♠♦st❄

❲❡ ✇✐❧❧ ❞✐s❝✉ss ♦♥ t❤✐s q✉❡st✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✼✳✹✳ ■❢ G ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞
e = xy ❛♥ ❡❞❣❡ ♦❢ G✱ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ e ❝♦♥s✐sts ✐♥ ❞❡❧❡t✐♥❣ t❤❡ ✈❡rt❡① x ❛♥❞ ❛❞❞✐♥❣ t❤❡
❡❞❣❡s {yz | z ∈ NG(x)−NG(y), z 6= x, y}✳ ❋♦r F ⊆ EG✱ ✇❡ ❞❡♥♦t❡ ❜② G/F t❤❡ s✐♠♣❧❡ ❣r❛♣❤
♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❝♦♥tr❛❝t✐♥❣ t❤❡ ❡❞❣❡s ♦❢ F ✳ ❆♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ H ✐s ❛ ♠✐♥♦r ♦❢ ❛♥
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐❢ H ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛♣♣❧②✐♥❣ ❛ s❡q✉❡♥❝❡ ♦❢ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s✱
✈❡rt❡① ❞❡❧❡t✐♦♥s ❛♥❞ ❡❞❣❡ ❞❡❧❡t✐♦♥s✳ ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ♣r♦✈❡❞ t❤❛t ❢♦r ❡✈❡r② k t❤❡r❡
❡①✐sts ❛ ✜♥✐t❡ ❧✐st Fk ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s s✉❝❤ t❤❛t ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s tr❡❡✲✇✐❞t❤ ❛t
♠♦st k ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ♥♦ ♠✐♥♦r ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✐♥ Fk ❬❘❙✽✻❪✳ ❚❤✐s
r❡s✉❧t ✐s ❛♥ ❛♥❛❧♦❣♦✉s t♦ ❚❤❡♦r❡♠ ✶✳✶ t❤❛t ❞❡❛❧s ✇✐t❤ r❛♥❦✲✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡
✇✐❧❧ s❤♦✇ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ❤♦✇ t♦ s✐♠✉❧❛t❡ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s ❜② ✈❡rt❡①✲♠✐♥♦r ♦♣❡r❛t✐♦♥s✳
▲❡t ✉s ♥♦✇ r❡❝❛❧❧ ❛♥❞ ♣r♦✈❡ s♦♠❡ ❧❡♠♠❛s✳

▲❡♠♠❛ ✼✳✶ ✭❬❇♦❞✾✽❪✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦❢ tr❡❡✲✇✐❞t❤ k✳ ❚❤❡♥ G ❤❛s ❛ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥
(T, f) ♦❢ ✇✐❞t❤ k s✉❝❤ t❤❛t✿

✶✳ ❋♦r ❡❛❝❤ u ∈ VT ✱ ✇❡ ❤❛✈❡ |f(u)| = k + 1✳



✶✶✵ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

✷✳ ❋♦r ❡❛❝❤ (u, v) ∈ ET ✱ ✇❡ ❤❛✈❡ |f(u) ∩ f(v)| = k✳

▲❡♠♠❛ ✼✳✷ ▲❡t (T, f) ❜❡ ❛ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✇✐❞t❤ k ♦❢ ❛ ❣r❛♣❤ G✳ ❚❤❡r❡ ❡①✐st ❛ ❣r❛♣❤
H ❛♥❞ ❛ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (T, g) ♦❢ H ♦❢ ✇✐❞t❤ k + 1 s✉❝❤ t❤❛t G = H/F ✇❤❡r❡ F ✐s
t❤❡ s❡t ♦❢ s❤❛r❡❞ ❡❞❣❡s✳ ❚❤❡ ❣r❛♣❤ H[F ] ✐s ❛ ❢♦r❡st✳

Pr♦♦❢✳ ❲❡ ❧❡t H = (VH , EH) ✇❤❡r❡✿

VH = {xu | u ∈ VT ❛♥❞ x ∈ f(u)},
EH = {xuxv | (u, v) ∈ ET ❛♥❞ x ∈ f(u) ∩ f(v)} ∪

{xuyu | u ∈ VT ❛♥❞ x, y ∈ f(u) ❛♥❞ t❤❡ ❡❞❣❡ xy ♦r t❤❡ ❛r❝ (x, y) ✐s ✐♥ f(u)}.

❋♦r ❡❛❝❤ u ∈ VT ✱ ✇❡ ❧❡t g(u) = {xu | x ∈ f(u)}✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t (T, g) ✐s ❛ str♦♥❣ tr❡❡✲
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✱ t❤❡ s❤❛r❡❞ ❡❞❣❡s ❛r❡ t❤❡ ❡❞❣❡s {xuxv | (u, v) ∈ ET ❛♥❞ x ∈ f(u)∩ f(v)}✳
❚❤❡② ❢♦r♠ ❛ s❡t F t❤❛t s♣❛♥s ❛ ❢♦r❡st ❛♥❞ G = H/F ✭❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥✮✳
❙❡❡ ❋✐❣✉r❡ ✶✼ ❢♦r ❛♥ ❡①❛♠♣❧❡✳ ❚❤❡ s❤❛r❡❞ ❡❞❣❡s ❛r❡ ❞♦tt❡❞ ❛♥❞ ♠❛r❦❡❞ ❜② ε ✭❜❡❝❛✉s❡ t❤❡②
❛r❡ ✐♥ ✜♥❡ ❝♦♥tr❛❝t❡❞✮✳

H

ε

G

ε

ε

εε
ε

εε

❋✐❣✉r❡ ✶✼✿ ❆ ❣r❛♣❤ G ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❣r❛♣❤ H✳ F ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s ❧❛❜❡❧❡❞ ❜② ε✳

✼✳✷ ❱❡rt❡①✲▼✐♥♦r ❘❡❞✉❝t✐♦♥s ❛♥❞ ❊❞❣❡ ❈♦♥tr❛❝t✐♦♥s

▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ❲❡ s❛② t❤❛t J ⊆ EG ✐s ❣♦♦❞ ✐♥ G ✐❢ G[J ] ✐s ❛ ❢♦r❡st ❛♥❞ G/J ❤❛s ♥♦ ❧♦♦♣
♥♦r ♠✉❧t✐♣❧❡ ❡❞❣❡s✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣ t❤❛t ✐♥ G ❡✈❡r② ❝②❝❧❡ ❝♦♥t❛✐♥s ❛t ❧❡❛st 3 ❡❞❣❡s
♥♦t ✐♥ J ✳ ■❢ ❛ r♦♦t❡❞ ❢♦r❡st ✐s r❡❞✉❝❡❞ t♦ ♦♥❡ ❛r❝ f ✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ✐t ❜② {f}✳ ■❢ G ✐s ❛ ❞✐r❡❝t❡❞
❣r❛♣❤✱ ✇❡ ❞❡♥♦t❡ ❜② und(G) t❤❡ s✐♠♣❧❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ♦♠✐tt✐♥❣ t❤❡
❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❛r❝s✳



✼✳✷✳ ❱❡rt❡①✲▼✐♥♦r ❘❡❞✉❝t✐♦♥s ❛♥❞ ❊❞❣❡ ❈♦♥tr❛❝t✐♦♥s ✶✶✶

▲❡t F ❜❡ ❛ r♦♦t❡❞ ❢♦r❡st✳ ❲❡ ❞❡♥♦t❡ ❜② V root
F t❤❡ s❡t {x ∈ VF | x ✐s ❛ r♦♦t} ❛♥❞ ❜② V nroot

F

t❤❡ s❡t VF − V root
F ✱ ✐✳❡✱ t❤❡ ✈❡rt✐❝❡s t❤❛t ❛r❡ t❤❡ t❛r❣❡ts ♦❢ s♦♠❡ ❛r❝s ✐♥ F ✳ ❲❡ s❛② t❤❛t F ✐s

❛ r♦♦t❡❞ ❢♦r❡st ✐♥ G ✐❢ Eund(F ) ⊆ EG✱ ✐✳❡✳✱ G[Eund(F )] ✐s ❛ s✉❜❣r❛♣❤ ♦❢ G✳ ❲❡ s❛② t❤❛t F ✐s ❛
❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G ✐❢ F ✐s ❛ r♦♦t❡❞ ❢♦r❡st ✐♥ G ❛♥❞ Eund(F ) ✐s ❣♦♦❞ ✐♥ G✳ ▲❡t ✉s ❞❡✜♥❡
t✇♦ ♦♣❡r❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✼✳✸ ✭▲❝✲❞❡❧❡t✐♦♥✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ x ∈ VG✳ ❚❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣
❛♥ ❧❝✲❞❡❧❡t✐♦♥ ❛t x t♦ G ✐s G ⋄ x = (G ∗ x)\x✳

■t ✐s ❝❧❡❛r t❤❛t G ⋄x ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G✳ ❲❡ ♥♦t❡ t❤❛t G ⋄x ⋄ y ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❡q✉❛❧
t♦ G ⋄ y ⋄ x✳ ❋✐❣✉r❡ ✶✽ ❣✐✈❡s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✸✳

G ⋄ x

2
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4
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1

3

7

1

7
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5

x

4

G

2

6

❋✐❣✉r❡ ✶✽✿ ❆ ❣r❛♣❤ G ❛♥❞ t❤❡ ❣r❛♣❤ G ⋄ x✳

❉❡✜♥✐t✐♦♥ ✼✳✹ ✭▲♦❝❛❧ ❛✉❣♠❡♥t❛t✐♦♥✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ F ❜❡ ❛ r♦♦t❡❞ ❢♦r❡st ✐♥ G✳ ❚❤❡
❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❛✉❣♠❡♥t❛t✐♦♥ ❛t F t♦ G ✐s G⊠ F = 〈VG⊠F , EG⊠F 〉 ✇❤❡r❡✿

VG⊠F = VG ∪ {xt | x ∈ V nroot
F },

EG⊠F = EG ∪ {xty | x ∈ V nroot
F ❛♥❞ xy ∈ EG ❛♥❞ (x, y) /∈ F ❛♥❞ (y, x) /∈ F}

∪ {xtyt | x, y ∈ V nroot
F ❛♥❞ xy ∈ EG}.

xt ✐s ❛ ♥❡✇ ✈❡rt❡①✳

❲❡ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✹ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✳ ❋✐❣✉r❡ ✶✾ s❤♦✇s ❛ ❣r❛♣❤
G✱ ❛ r♦♦t❡❞ ❢♦r❡st F ✐♥ G ❛♥❞ t❤❡ ❣r❛♣❤ G ⊠ F ✳ ❚❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ F ❛r❡ T1

✐♥❞✉❝❡❞ ❜② {a, b, c, d} ✇✐t❤ r♦♦t 1 ❛♥❞ T2 ✐♥❞✉❝❡❞ ❜② {e} ✇✐t❤ r♦♦t 6✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✇❡



✶✶✷ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

❤❛✈❡ V root
F = {1, 6} ❛♥❞ V nroot

F = {2, 3, 4, 5, 7}✳ ❚❤❡♥

VG⊠F = VG ∪ {2t, 3t, 4t, 5t, 7t},
EG⊠F = EG ∪ {{2t, 8}, {2t, 9}, {4t, 6}, {4t, 10}, {4t, 11}, {5t, 12}, {5t, 13}, {7t, 12}, {7t, 14}}

∪ {{3t, 4t}, {3t, 5t}}.
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2
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d
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2t

❋✐❣✉r❡ ✶✾✿ ❆ ❣r❛♣❤ G✱ ❛ r♦♦t❡❞ ❢♦r❡st F ✐♥ G ❛♥❞ t❤❡ ❣r❛♣❤ G⊠ F ✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳



✼✳✷✳ ❱❡rt❡①✲▼✐♥♦r ❘❡❞✉❝t✐♦♥s ❛♥❞ ❊❞❣❡ ❈♦♥tr❛❝t✐♦♥s ✶✶✸

❚❤❡♦r❡♠ ✼✳✷ ✭❱❡rt❡①✲▼✐♥♦r ❛♥❞ ▼✐♥♦r ❘❡❧❛t✐♦♥s✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ F ❛ ❣♦♦❞
r♦♦t❡❞ ❢♦r❡st ✐♥ G✳ ❚❤❡♥ G/Eund(F ) ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ G⊠ F ✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✷✱ ✇❡ ♣r♦✈❡ ❤♦✇ t♦ s✐♠✉❧❛t❡ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s ❜② ✈❡rt❡①✲♠✐♥♦r
♦♣❡r❛t✐♦♥s✳ ❋♦r t❤❛t ♣✉r♣♦s❡ ✇❡ ✉s❡ t❤❡ ♦♣❡r❛t✐♦♥s ⋄ ❛♥❞ ⊠ ❞❡✜♥❡❞ ❛❜♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❲❡
❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ s♦♠❡ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✳

❋❛❝t ✼✳✶ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t f = (y, x) ❜❡ s✉❝❤ t❤❛t {f} ✐s ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G✳
❚❤❡♥ (G⊠ {f}) ⋄ x ⋄ xt = G/e ✇❤❡r❡ e = yx✳

Pr♦♦❢✳ ❲❡ ❧❡t NG(x) = {y, z1, . . . , zm}✳ ❚❤❡ ❡✛❡❝t ♦❢ ❝♦♥tr❛❝t✐♥❣ e ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s
❢♦❧❧♦✇s✿

✭❛✮ ❞❡❧❡t✐♦♥ ♦❢ x ❛♥❞ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ x✱

✭❜✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ❜❡t✇❡❡♥ y ❛♥❞ zi ❢♦r ❡❛❝❤ i ∈ [m]✳

❙✐♥❝❡ {f} ✐s ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G✱ t❤❡r❡ ✐s ♥♦ ❡❞❣❡ ✐♥ G ❜❡t✇❡❡♥ y ❛♥❞ ❛♥② zi ❢♦r ❛♥②
i ∈ [m]✳ ❚❤❡ ❡✛❡❝t ♦❢ ❛♣♣❧②✐♥❣ ❧❝✲❞❡❧❡t✐♦♥ ❛t x t♦ G⊠ {f} ✐s t❤✉s✿

✭✶✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ❜❡t✇❡❡♥ y ❛♥❞ zi ❢♦r ❡❛❝❤ i ∈ [m] ✭t❤❛t ✐s ✭❜✮✮✱

✭✷✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s zizj ✇❤❡r❡ zizj /∈ EG, i 6= j✱

✭✸✮ ❞❡❧❡t✐♦♥ ♦❢ ❡❞❣❡s zizj ∈ EG, i 6= j✱

✭✹✮ ❞❡❧❡t✐♦♥ ♦❢ x ❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ❡❞❣❡s t♦ x ✭t❤❛t ✐s ✭❛✮✮✳

❚❤❡ ❧❝✲❞❡❧❡t✐♦♥ ❛♣♣❧✐❡❞ ❛t x ❧✐♥❦s y t♦ zi✱ ❞❡❧❡t❡s x✱ ❜✉t ❛❧s♦ ❞❡❧❡t❡s ❡①✐st✐♥❣ ❡❞❣❡s ❜❡t✇❡❡♥
t❤❡ ♥❡✐❣❤❜♦rs zi ♦❢ x ✭t❤❛t ✐s ✭✸✮✮ ❛♥❞ ❝r❡❛t❡s ❡❞❣❡s ✐♥ ♣❧❛❝❡ ♦❢ ♥♦♥✲❡①✐st✐♥❣ ♦♥❡s ✭t❤❛t
✐s ✭✷✮✮✳ ❙✐♥❝❡ {f} ✐s ❣♦♦❞ ✇❡ ❤❛✈❡ NG⊠{f}(x

t) = {z1, . . . , zm}✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❧❝✲❞❡❧❡t✐♦♥
❛t xt ✉♥❞♦❡s ✭✷✮ ❛♥❞ ✭✸✮ ❛♥❞ ❞❡❧❡t❡s xt ❛♥❞ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s✳ ❚❤❡♥ (G⊠{f})⋄x⋄xt = G/e✳

❲❡ ♥♦✇ ❣❡♥❡r❛❧✐③❡ ❋❛❝t ✼✳✶✳

▲❡♠♠❛ ✼✳✸ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ▲❡t F ❜❡ ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G ❛♥❞ ❧❡t f = (y, x) ❜❡ ❛♥
❛r❝ ✐♥ F ✇❤❡r❡ x ✐s ❛ ❧❡❛❢✳ ❚❤❡♥ (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f}) ✇❤❡r❡ e = yx✳

❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✿ ❡✐t❤❡r y ✐s ❛ r♦♦t ♦r ♥♦t ✭s❡❡ ❋✐❣✉r❡s ✷✵ ❛♥❞ ✷✶ ❢♦r ✐❧❧✉str❛t✐♦♥s✮✳
❋♦r ♠♦r❡ r❡❛❞❛❜✐❧✐t② ✇❡ ♣r♦✈❡ t❤❡ t✇♦ ❝❛s❡s ✐♥ t✇♦ ❞✐✛❡r❡♥t ❝❧❛✐♠s✳

❈❧❛✐♠ ✼✳✶ ▲❡t F ❜❡ ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G ❛♥❞ ❧❡t f = (y, x) ❜❡ ❛♥ ❛r❝ ✐♥ F ✇❤❡r❡ y ✐s ❛
r♦♦t ❛♥❞ x ✐s ❛ ❧❡❛❢✳ ❚❤❡♥ (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f}) ✇❤❡r❡ e = yx✳

Pr♦♦❢✳ ▲❡t NG(x) = {y, z1, . . . , zm}✳ ❚❤❡ ❡✛❡❝t ♦❢ ❝♦♥tr❛❝t✐♥❣ t❤❡ ❡❞❣❡ yx ✐♥ G ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿



✶✶✹ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

✭❛✮ ❞❡❧❡t✐♦♥ ♦❢ x ❛♥❞ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s✱

✭❜✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ❜❡t✇❡❡♥ y ❛♥❞ zi ❢♦r ❡❛❝❤ i ∈ [m]✳

❙✐♥❝❡ F ✐s ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G✱ y ✐s ♥♦t ❛❞❥❛❝❡♥t t♦ ❛♥② zi ✐♥ G✳ ❇✉t ✐♥ G/e, y ✐s
❛❞❥❛❝❡♥t t♦ ❛❧❧ zi✳ ❲❡ ❣❡t✿

V(G/e)⊠(F−{f}) = (VG − {x}) ∪ {zt | z ∈ V nroot
F ❛♥❞ z 6= x},

E(G/e)⊠(F−{f}) = (EG − {xz | xz ∈ EG}) ∪ {yzi | i ∈ [m]}
∪ {yzt

i | i ∈ [m] ❛♥❞ zi ∈ V nroot
F }

∪ {utz | u ∈ V nroot
F ❛♥❞ u 6= x ❛♥❞ uz ∈ EG ❛♥❞ (u, z), (z, u) /∈ F}

∪ {utzt | u, z ∈ V nroot
F ❛♥❞ u, z 6= x ❛♥❞ uz ∈ EG}.

❲❡ ❤❛✈❡ NG⊠F (x) = {z1, . . . , zm} ∪ {zt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F } ∪ {y}✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡✛❡❝t
♦❢ ❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❞❡❧❡t✐♦♥ ❛t x t♦ G⊠ F ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✭✶✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s yzi ❢♦r ❡❛❝❤ i ∈ [m] ✭t❤❛t ✐s ✭❜✮✮✱

✭✷✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s yzt
i ❢♦r ❡❛❝❤ zi ∈ V nroot

F ✭❡❞❣❡s ❝r❡❛t❡❞ ✐♥ (G/e) ⊠ (F − {f})✮✱
✭✸✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s zizj , zizt

j , z
t
iz

t
j ✇❤❡r❡ zizj /∈ EG ❛♥❞ i 6= j ❛♥❞ ♦❢ ❡❞❣❡s zizt

i ❢♦r ❡❛❝❤
zi ∈ V nroot

F ✱

✭✹✮ ❞❡❧❡t✐♦♥ ♦❢ ❡❞❣❡s zizj , zizt
j ❛♥❞ zt

iz
t
j ✇❤❡r❡ zizj ∈ EG ❛♥❞ i 6= j✱

✭✺✮ ❞❡❧❡t✐♦♥ ♦❢ x ❛♥❞ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s ✭t❤❛t ✐s ✭❛✮✮✳

❇② ❞❡✜♥✐t✐♦♥✱ NG⊠F (xt) = {z1, . . . , zm} ∪ {zt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F }✳ ❚❤❡♥ t❤❡ ❡✛❡❝t ♦❢
❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❞❡❧❡t✐♦♥ ❛t xt t♦ (G⊠ F ) ⋄ x ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✭✸✬✮ ❞❡❧❡t✐♦♥ ♦❢ ❡❞❣❡s zizj , zizt
j , z

t
iz

t
j ✇❤❡r❡ zizj /∈ EG ❛♥❞ i 6= j✱ ❛♥❞ ♦❢ ❡❞❣❡s zizt

i ❢♦r ❡❛❝❤
zi ∈ V nroot

F ✭✐♥ ♦r❞❡r t♦ ✉♥❞♦ ✭✸✮✮✱

✭✹✬✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s zizj , zizt
j ❛♥❞ zt

iz
t
j ✇❤❡r❡ zizj ∈ EG ❛♥❞ i 6= j ✭✐♥ ♦r❞❡r t♦ ✉♥❞♦ ✭✹✮✮✱

✭✺✬✮ ❞❡❧❡t✐♦♥ ♦❢ xt ❛♥❞ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s✳

❚❤❡♥ ✇❡ ❤❛✈❡✿

V(G⊠F )⋄x⋄xt = (VG − {x}) ∪ {zt | z ∈ V nroot
F }\{xt},

E(G⊠F )⋄x⋄xt = (EG − {xz | xz ∈ EG}) ∪ {yzi | i ∈ [m]}
∪ {yzt

i | i ∈ [m] ❛♥❞ zi ∈ V nroot
F }

∪ {utz | u ∈ V nroot
F ❛♥❞ u 6= x ❛♥❞ uz ∈ EG ❛♥❞ (u, z), (z, u) /∈ F}

∪ {utzt | u, z 6= x ❛♥❞ u, z ∈ V nroot
F ❛♥❞ uz ∈ EG}.

❲❡ t❤✉s ❞❡❞✉❝❡ t❤❛t (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f})✳



✼✳✷✳ ❱❡rt❡①✲▼✐♥♦r ❘❡❞✉❝t✐♦♥s ❛♥❞ ❊❞❣❡ ❈♦♥tr❛❝t✐♦♥s ✶✶✺

x

f

y

❋✐❣✉r❡ ✷✵✿ F ❛♥❞ {f} ✇✐t❤ y ❛ r♦♦t✳

❈❧❛✐♠ ✼✳✷ ▲❡t F ❜❡ ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G ❛♥❞ ❧❡t f = (y, x) ❜❡ ❛♥ ❛r❝ ✐♥ F ✇❤❡r❡ y ✐s ❛
♥♦♥✲r♦♦t ❛♥❞ x ✐s ❛ ❧❡❛❢✳ ❚❤❡♥ (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f}) ✇❤❡r❡ e = yx✳

Pr♦♦❢✳ ▲❡t NG(x) = {y, z1, . . . , zm}✳ ❆s ✐♥ ❈❧❛✐♠ ✼✳✷ t❤❡ ❡✛❡❝t ♦❢ ❝♦♥tr❛❝t✐♥❣ t❤❡ ❡❞❣❡ yx ✐♥
G ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✭❛✮ ❞❡❧❡t✐♦♥ ♦❢ x ❛♥❞ ✐ts ✐♥❝✐❞❡♥t ❡❞❣❡s✱

✭❜✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ❜❡t✇❡❡♥ y ❛♥❞ zi ❢♦r ❡❛❝❤ i ∈ [m]✳

❙✐♥❝❡ F ✐s ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G✱ y ✐s ♥♦t ❛❞❥❛❝❡♥t t♦ ❛♥② zi ✐♥ G✱ ❜✉t ✐t ✐s ✐♥ G/e✳ ❲❡
❣❡t✿

V(G/e)⊠(F−{f}) = (VG − {x}) ∪ {zt | z ∈ V nroot
F ❛♥❞ z 6= x},

E(G/e)⊠(F−{f}) = (EG − {xz | xz ∈ EG}) ∪ {yzi | i ∈ [m]}
∪ {yzt

i | i ∈ [m] ❛♥❞ zi ∈ V nroot
F }

∪ {utz | u ∈ V nroot
F ❛♥❞ u 6= x ❛♥❞ uz ∈ EG ❛♥❞ (u, z), (z, u) /∈ F}

∪ {utzt | u, z ∈ V nroot
F ❛♥❞ u, z 6= x ❛♥❞ uz ∈ EG}

∪ {ytzi | i ∈ [m]} ∪ {ytzt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F }.

❲❡ ❤❛✈❡ NG⊠F (x) = {z1, . . . , zm} ∪ {zt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F } ∪ {y}✳ ❚❤❡♥ t❤❡ ❡✛❡❝t ♦❢
❛♣♣❧②✐♥❣ ❛♥ ❧❝✲❞❡❧❡t✐♦♥ ❛t x t♦ G⊠ F ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❈❧❛✐♠ ✼✳✶✳

❇② ❞❡✜♥✐t✐♦♥✱ NG⊠F (xt) = {z1, . . . , zm} ∪ {zt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F } ∪ {yt}✳ ❙♦ ❛♥ ❧❝✲
❞❡❧❡t✐♦♥ ❛t xt ✐♥ (G ⊠ F ) ⋄ x ❤❛s t❤❡ s❛♠❡ ❡✛❡❝t ❛s ✐♥ ❈❧❛✐♠ ✼✳✶ ✇✐t❤ t✇♦ ❛❞❞✐t✐♦♥❛❧ st❡♣s
✇❤✐❝❤ ❝r❡❛t❡ t✇♦ t②♣❡s ♦❢ ❡❞❣❡s✿

✭✶✬✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ytzi ❢♦r ❡❛❝❤ i ∈ [m] ✭❡❞❣❡s ❝r❡❛t❡❞ ✐♥ (G/e) ⊠ (F − {f})✮✱

✭✷✬✮ ❝r❡❛t✐♦♥ ♦❢ ❡❞❣❡s ytzt
i ❢♦r ❡❛❝❤ zi ∈ V nroot

F ✭❡❞❣❡s ❝r❡❛t❡❞ ✐♥ (G/e) ⊠ (F − {f})✮✳



✶✶✻ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

❚❤❡♥ ✇❡ ❤❛✈❡✿

V(G⊠F )⋄x⋄xt = (VG − {x}) ∪ {zt | z ∈ V nroot
F }\{xt},

E(G⊠F )⋄x⋄xt = (EG − {xz | xz ∈ EG}) ∪ {yzi | i ∈ [m]}
∪ {yzt

i | i ∈ [m] ❛♥❞ zi ∈ V nroot
F }

∪ {utz | u ∈ V nroot
F ❛♥❞ u 6= x ❛♥❞ uz ∈ EG ❛♥❞ (u, z), (z, u) /∈ F}

∪ {utzt | u, z 6= x ❛♥❞ u, z ∈ V nroot
F ❛♥❞ uz ∈ EG}

∪ {ytzi | i ∈ [m]} ∪ {ytzt
i | i ∈ [m] ❛♥❞ zi ∈ V nroot

F }.

❲❡ t❤✉s ❞❡❞✉❝❡ t❤❛t (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f})✳

f

y

x

❋✐❣✉r❡ ✷✶✿ F ❛♥❞ {f} ✇✐t❤ y ♥♦t ❛ r♦♦t✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✸✳ ❲❡ ❝♦♥s✐❞❡r❡❞ t❤❡ t✇♦ ❝❛s❡s ✭y r♦♦t ♦r ♥♦t✮ ✐♥ ❈❧❛✐♠ ✼✳✶ ❛♥❞ ✐♥
❈❧❛✐♠ ✼✳✷✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✇❡ ❤❛✈❡ (G⊠ F ) ⋄ x ⋄ xt = (G/e) ⊠ (F − {f})✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✷ ❜② ✉s✐♥❣ ❋❛❝t ✼✳✶ ❛♥❞ ▲❡♠♠❛ ✼✳✸✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✷✳ ❲❡ ♣r♦✈❡ ✐t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t❤❡ s✐③❡ ♦❢ F ✳ ▲❡t V nroot
F = {x1, . . . , xk}✳

■ts ❡❧❡♠❡♥ts ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ ❧❡❛✈❡s t♦ ✐♥t❡r♥❛❧ ♥♦❞❡s ✐♥ ✐♥✈❡rs❡ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✳ ❲❡ ❝❧❛✐♠
t❤❛t G/Eund(F ) = (· · · ((G⊠ F ) ⋄ x1 ⋄ xt

1) ⋄ · · · ) ⋄ xk ⋄ xt
k✳

■❢ F = {f}✱ ❧❡t f = (y, x1)✳ ❋r♦♠ ❋❛❝t ✼✳✶✱ ✇❡ ❤❛✈❡ G/e = (G⊠ {f}) ⋄ x1 ⋄ xt
1 ✇❤❡r❡ e = yx1✳

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t |F | ≥ 2 ❛♥❞ ❧❡t F = F1 ∪ {f} ✇❤❡r❡ f = (y, x1) ❛♥❞ x1✱ t❤❡ t❛r❣❡t ♦❢ f ✱
✐s ❛ ❧❡❛❢✳ ❲❡ ❧❡t e = yx1✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✇❡ ❤❛✈❡ G/Eund(F ) = (G/e)/Eund(F1)✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ t❤❡ ✈❡rt✐❝❡s xt
1, . . . , x

t
k ✐♥ G ⊠ F ❛r❡ ❞❡✜♥❡❞ r❡❧❛t✐✈❡❧②

t♦ t❤❡ ♣❛✐r (G,F ) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ ⊠✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t F1 ✐s
❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ G/e ❛♥❞ t❤❡♥ t❤❡ ♥♦♥✲r♦♦t ✈❡rt✐❝❡s ♦❢ F1 ❛r❡ x2, . . . , xk✳

❇② ▲❡♠♠❛ ✼✳✸✱ (G ⊠ F ) ⋄ x1 ⋄ xt
1 = (G/e) ⊠ F1✳ ❚❤❡♥ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ x2, . . . , xk ❛♥❞

xt
2, . . . , x

t
k ❛r❡ t❤❡ s❛♠❡ ✐♥ (G⊠ F ) ⋄ x1 ⋄ xt

1 ❛♥❞ ✐♥ (G/e) ⊠ F1✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t

(· · · ((G⊠ F ) ⋄ x1 ⋄ xt
1) ⋄ · · · ) ⋄ xk ⋄ xt

k = (· · · (((G/e) ⊠ F1) ⋄ x2 ⋄ xt
2) ⋄ · · · ) ⋄ xk ⋄ xt

k.



✼✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❘❛♥❦✲❲✐❞t❤ ✶✶✼

❇② t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡

((G/e) ⊠ F1) ⋄ x2 ⋄ xt
2) ⋄ · · · ) ⋄ xk ⋄ xt

k = (G/e)/Eund(F1) = G/Eund(F ).

❚❤❡♥ G/Eund(F ) = (· · · ((G⊠ F ) ⋄ x1 ⋄ xt
1) ⋄ · · · ) ⋄ xk ⋄ xt

k✳

✼✳✸ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❘❛♥❦✲❲✐❞t❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ❝❧✐q✉❡✲✇✐❞t❤ ✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞
✐♥ t❡r♠ ♦❢ str♦♥❣ tr❡❡✲✇✐❞t❤✳

▲❡♠♠❛ ✼✳✹ ▲❡t G ❜❡ ❛ ❣r❛♣❤✱ t❤❡♥ cwd(G) ≤ 2× stwd(G) + 1✳

Pr♦♦❢✳ ▲❡t (T, f) ❜❡ ❛ r♦♦t❡❞ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✇✐❞t❤ k ♦❢ G✳ ❚♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛✱
✇❡ ✐♥tr♦❞✉❝❡ ❛ ❜✐♥❛r② ♦♣❡r❛t✐♦♥✳ ❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ tr❡❡s✳

▲❡t K ❛♥❞ H ❜❡ tr❡❡s ✇✐t❤ ♦♥❡ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ ❧❛❜❡❧❡❞ ❜② 1 ❛♥❞ ❛❧❧ ♦t❤❡r ♥♦❞❡s ❧❛❜❡❧❡❞
❜② 0✳ ❲❡ ❧❡t K ⊙H ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ K ⊕H✱ ✇❤❡r❡ K ❛♥❞ H ❛r❡ ❞✐s❥♦✐♥t✱ ❜② ❛ ♥❡✇ ❡❞❣❡
❢r♦♠ t❤❡ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ ♦❢ K t♦ t❤❡ ♦♥❡ ♦❢ H✱ ❛♥❞ t❤❡ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ ♦❢ K ✐s ♠❛❞❡
t❤❡ ❞✐st✐♥❣✉✐s❤❡❞ ♦♥❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ tr❡❡✳ ❈❧❡❛r❧②✱

K ⊙H = ρ2→0(η1,2(K ⊕ ρ1→2(H))) ✭✷✮

❆❧❧ tr❡❡s ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ♦♣❡r❛t✐♦♥ ⊙ ❛♥❞ t❤❡ ❝♦♥st❛♥t 1✳

▲❡t n,m ≤ k✳ ❆ss✉♠❡ ♥♦✇ t❤❛t K ✐s ❛ ❣r❛♣❤ ✇✐t❤ ❞✐st✐♥❣✉✐s❤❡❞ ✈❡rt✐❝❡s ❧❛❜❡❧❡❞ ❢r♦♠ 1
t♦ n✱ ❡❛❝❤ ❧❛❜❡❧ ❢♦r ♦♥❡ ✈❡rt❡①✳ ❆❧❧ ♦t❤❡r ✈❡rt✐❝❡s ❛r❡ ❧❛❜❡❧❡❞ ❜② 0✳ ▲❡t H ❜❡ s✐♠✐❧❛r ✇✐t❤
❞✐st✐♥❣✉✐s❤❡❞ ✈❡rt✐❝❡s ❧❛❜❡❧❡❞ ❢r♦♠ 1 t♦ m✳ ▲❡t tK ❛♥❞ tH ❜❡ t❡r♠s t❤❛t ❞❡✜♥❡ r❡s♣❡❝t✐✈❡❧②
K ❛♥❞ H ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳ ❋♦r R ⊆ [n]× [m]✱ ✇❡ ❞❡✜♥❡

K ⊙R H =
(
◦i∈[m] ρi′→0

) (
◦(i,j)∈R ηi,j′

) (
tK ⊕

(
◦i∈[m] ρi→i′

) (
tH
))

✭✸✮

❈❧❛✐♠ ✼✳✸ ❚❤❡ s✐♠♣❧❡ ❧♦♦♣✲❢r❡❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ str♦♥❣ tr❡❡✲✇✐❞t❤ ≤ k ❛r❡ ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ♦♣❡r❛t✐♦♥s

✶✳ ⊙R ❢♦r R ⊆ [k]× [k]✱

✷✳ ηi,j ❢♦r i, j ∈ [k], i 6= j✱

✸✳ ❛♥❞ t❤❡ ❜❛s✐❝ ❣r❛♣❤s 1⊕ 2⊕ · · · ⊕ n ❢♦r 1 ≤ n ≤ k✳

■t ✐s ❝❧❡❛r ❢r♦♠ ❈❧❛✐♠ ✼✳✸ t❤❛t cwd(G) ≤ 2k + 1 ✐❢ stwd(G) ≤ k✳



✶✶✽ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❈❧❛✐♠ ✼✳✸✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✼✳✸✳ ❲❡ ✜rst ❝♦❧♦r ❡❛❝❤ ❜♦① f(u) ✇✐t❤ ❝♦❧♦rs ❢r♦♠ 1 t♦ |f(u)| ✉s✐♥❣ ❛
♠❛♣♣✐♥❣ γu✱ ❡❛❝❤ ❧❛❜❡❧ ❢♦r ♦♥❡ ✈❡rt❡① ✭s❡❡ ❋✐❣✉r❡ ✷✷ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✳ ❲❡ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥
♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ♦❢ T t❤❛t ❢♦r ❡❛❝❤ u ∈ VT ✱ t❤❡ ❣r❛♣❤ G ↓ u ❧❛❜❡❧❡❞ s♦ t❤❛t t❤❡ ✈❡rt✐❝❡s
✐♥ f(u) ❛r❡ ❧❛❜❡❧❡❞ ❢r♦♠ 1 t♦ |f(u)| ❛♥❞ ❛❧❧ ♦t❤❡rs ❛r❡ ❧❛❜❡❧❡❞ ❜② 0✱ ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❜♦✈❡
♦♣❡r❛t✐♦♥s✳

▲❡t Ru = {(γu(x), γu(y)) | x, y ∈ f(u) ❛♥❞ xy ∈ EG} ❛♥❞ ❛ss✉♠❡ t❤❛t |f(u)| = n✳ ▲❡t

tu = (◦(i,j)∈Ru
ηi,j)(1⊕ 2⊕ · · · ⊕ n).

■t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ru✱ t❤❛t val(tu) = G[f(u)]✳ ■❢ VT = {u}✱ ✇❡ ❤❛✈❡ G = G[f(u)]✱
t❤❡♥ t❤❡ ❝❧❛✐♠ ✐s ✈❡r✐✜❡❞✳ ◆♦✇ ❛ss✉♠❡ t❤❛t v1, . . . , vp ❛r❡ t❤❡ ❝❤✐❧❞r❡♥ ♦❢ u ✭p = 2 ✐♥ ❋✐❣✉r❡
✷✷✮✳ ❇② t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ❢♦r ❡❛❝❤ ❝❤✐❧❞ vi ♦❢ u✱ G ↓ vi✱ ❧❛❜❡❧❡❞ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ✐s
❣❡♥❡r❛t❡❞ ❜② t❤❡ ❛❜♦✈❡ ♦♣❡r❛t✐♦♥s✳

▲❡t Ri = {(γu(x), γvi
(y)) | x ∈ f(u), y ∈ f(vi) ❛♥❞ xy ∈ EG} ❢♦r i = 1, . . . , p✳ ■t ✐s ❝❧❡❛r

t❤❛t Ri ⊆ [k] × [k] ❢♦r i = 1, . . . , p✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ t❤❡
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✐t ♦♥❧② r❡♠❛✐♥s t♦ ❛❞❞ t❤❡ s❤❛r❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ ✈❡rt✐❝❡s ♦❢ f(u) ❛♥❞
✈❡rt✐❝❡s ♦❢ f(vi) ❢♦r i = 1, . . . , p✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Ri✱ ✐❢ x ∈ f(u), y ∈ f(vi) ❛♥❞ xy ∈ EG✱
t❤❡♥ (γu(x), γvi

(y)) ∈ Ri✳ ❲❡ ❧❡t

t = (((val(tu)⊙R1 G ↓ v1 ⊙R2 G ↓ v2) . . .)⊙Rp G ↓ vp.

■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❞❡✜♥❡s G ↓ u ❛s ✇❛♥t❡❞ ✭s❡❡ ❋✐❣✉r❡ ✷✷ ❢♦r ❛♥
❡①❛♠♣❧❡✮✳ ■❢ u ✐s t❤❡ r♦♦t ♦❢ T ✱ ✇❡ ❤❛✈❡ G = G ↓ u✳ ❚❤❡♥ t❤❡ ❝❧❛✐♠ ✐s ♣r♦✈❡❞✳

❲❡ ✐❧❧✉str❛t❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳✹ ✇✐t❤ ❛♥ ❡①❛♠♣❧❡✱ t❛❦✐♥❣ p = 2✳ ❋✐❣✉r❡ ✷✷ s❤♦✇s ❛
♣❛rt ♦❢ ❛ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G ✭t❤❡ s✉❜✲tr❡❡ ♦❢ t❤❡ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥
r♦♦t❡❞ ❛t u✮✳ ❚❤❡ ♥♦❞❡ u ❤❛s t✇♦ ❝❤✐❧❞r❡♥ v1 ❛♥❞ v2✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② ✇❡ ❤❛✈❡✿

R1 = {(1, 1), (1, 2), (2, 2)},
R2 = {(1, 1), (3, 1), (4, 3)},

G ↓ u = (G[f(u)]⊙R1 G ↓ v1)⊙R2 G ↓ v2.

❖♥❡ ❝❛♥ ❡❛s✐❧② ✈❡r✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❈❧❛✐♠ ✼✳✸✳

❘❡♠❛r❦ ✼✳✷ ■❢ ❢♦r ❡❛❝❤ (u, v) ∈ ET t❤❡ s❤❛r❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ f(u) ❛♥❞ f(v) ❛r❡ ✐♥❝✐❞❡♥t t♦ ❛t
♠♦st k − i ✈❡rt✐❝❡s ✐♥ f(v)✱ t❤❡♥ cwd(G) ≤ 2k − i+ 1✳



✼✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❘❛♥❦✲❲✐❞t❤ ✶✶✾

T1 T2

v1 v2

4

2

1

43

43

2
1

3

5
v1

v2

5

u

1

2

u

❋✐❣✉r❡ ✷✷✿ ■❧❧✉str❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✼✳✸✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✶✳ ▲❡t (T, f) ❜❡ ❛ r♦♦t❡❞ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✇✐❞t❤ k ♦❢ G s❛t✐s✲
❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ ▲❡♠♠❛ ✼✳✶✳ ❇② ▲❡♠♠❛ ✼✳✷✱ ✇❡ ❝❛♥ ❜✉✐❧❞ ❛ ❣r❛♣❤ H✱ ❛ ❢♦r❡st F ❛♥❞ ❛
str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (T, g) ♦❢ H ✇✐t❤ G = H/EF ✳ ❚❤❡ ♥♦t❛t✐♦♥ g ✐s ❛s ✐♥ ▲❡♠♠❛ ✼✳✷✳
▲❡t ~F = (VF , E~F ) ✇❤❡r❡

E~F = {(xu, xv) | xuxv ∈ EF ❛♥❞ (u, v) ∈ ET }.

■t ✐s ❝❧❡❛r t❤❛t und(~F ) = F ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ F ✱ H/EF ❤❛s ♥♦ ❧♦♦♣s ♥♦r ♠✉❧t✐♣❧❡ ❡❞❣❡s✱
s♦ EF ✐s ❣♦♦❞ ✐♥ H✳ ❚❤❡♥ ~F ✐s ❛ ❣♦♦❞ r♦♦t❡❞ ❢♦r❡st ✐♥ H✳

❇② ▲❡♠♠❛ ✶✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✷✱ ✇❡ ❤❛✈❡ rwd(G) ≤ rwd(H ⊠ ~F )✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t
rwd(H ⊠ ~F ) ≤ 4k + 2✳

▲❡t h(u) = g(u) ∪ {xt
u | xu ∈ V nroot

~F
}✳ ■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t (T, h) ✐s ❛ str♦♥❣ tr❡❡✲

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H ⊠ ~F ♦❢ ✇✐❞t❤ ❛t ♠♦st 2k+ 1✳ ❲❡ ❤❛✈❡ 2k+ 1 ✐♥st❡❛❞ ♦❢ 2(k+ 1) ❜❡❝❛✉s❡✱
❢♦r ❡❛❝❤ u ∈ VT ✱ t❤❡ s✐③❡ ♦❢ t❤❡ s❡t {xu | xu ∈ V nroot

~F
} ✐s ❛t ♠♦st k ❛♥❞ t❤❡♥ t❤❡ s✐③❡ ♦❢ t❤❡

s❡t {xt
u | xu ∈ V nroot

~F
} ✐s ❛t ♠♦st k✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② ✭❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (T, f)✮ t❤❛t✱

❢♦r ❡❛❝❤ (u, v) ∈ ET ✐♥ (T, h)✱ t❤❡ s❤❛r❡❞ ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❡s ♦❢ h(u) ❛♥❞ t❤❡ ✈❡rt✐❝❡s
♦❢ h(v) ❛r❡ ✐♥❝✐❞❡♥t t♦ ❛t ♠♦st 2k ✈❡rt✐❝❡s ✐♥ h(v)✳ ❚❤❡♥ ❜② ▲❡♠♠❛ ✼✳✹ ❛♥❞ ❘❡♠❛r❦ ✼✳✷✱
cwd(H ⊠ ~F ) ≤ 4k + 2✳

❇② Pr♦♣♦s✐t✐♦♥ ✶✳✷✱ ✇❡ ❤❛✈❡ rwd(H ⊠ ~F ) ≤ 4k + 2✳ ❚❤❡♥ rwd(G) ≤ 4k + 2✳



✶✷✵ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

✼✳✹ ❆ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷

❚❤✐s ♣r♦♦❢ ✐s ❞✉❡ t♦ ❖✉♠ ✭♣r✐✈❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✮✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐✲
r❡❝t❡❞ ❣r❛♣❤ ✐s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✽✱ ❤♦✇❡✈❡r ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ■❢ G ✐s
❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❢♦r ❡✈❡r② s✉❜s❡t X ♦❢ EG ✇❡ ❧❡t TX ❜❡ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ✐♥❝✐❞❡♥t t♦ ❛t

❧❡❛st ♦♥❡ ❡❞❣❡ ✐♥ X ❛♥❞ ✇❡ ❧❡t ηG(X) =
∣∣∣{TX ∩TEG−X}

∣∣∣ ✇❤❡r❡ ηG : 2EG → N✳ ❲❡ ♥♦✇ r❡❝❛❧❧

t❤❡ ♥♦t✐♦♥ ♦❢ t❛♥❣❧❡s ❬❘❙✾✶❪✳

▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ■t ✐s ❝♦♠♠♦♥✱ ❣✐✈❡♥ ❛ ❜✐♣❛rt✐t✐♦♥ (A,B) ♦❢ EG s✉❝❤ t❤❛t ηG(A) = ηG(B)
✐s ❛ s♠❛❧❧ ✐♥t❡❣❡r✱ t♦ ✈✐❡✇ ♦♥❡ ♦❢ A ♦r B ❛s t❤❡ ✏s♠❛❧❧ ♣❛rt✑ ♦❢ t❤❡ ❜✐♣❛rt✐t✐♦♥✳ ■♥ ❬❘❙✾✶❪ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥✿ ✐❢ H ✐s ❛ ♠✐♥♦r ♦❢ G✱ ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❧❛r❣❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤✱ t❤❡♥
❢♦r ❡✈❡r② ❜✐♣❛rt✐t✐♦♥ (A,B) s✉❝❤ t❤❛t ηG(A) ✐s s♠❛❧❧✱ ❡①❛❝t❧② ♦♥❡ ♦❢ A ♦r B ❤❛s ❛ s✉❜✲❣r❛♣❤
❝♦♥tr❛❝t❡❞ t♦ ❛ ✈❡rt❡① ♦❢ H❀ ✐♥ t❤✐s ❝❛s❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦t❤❡r ❛s t❤❡ ✏s♠❛❧❧ ♣❛rt✑✳ ■♥❢♦r♠❛❧❧②✱
t❤❡ ♥♦t✐♦♥ ♦❢ t❛♥❣❧❡ ❬❘❙✾✶❪ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ❛①✐♦♠❛t✐③❛t✐♦♥ ♦❢ ❛ ❢❛♠✐❧② ♦❢ ✏s♠❛❧❧ ♣❛rts✑✳

❉❡✜♥✐t✐♦♥ ✼✳✺ ✭❚❛♥❣❧❡s ❬❘❙✾✶❪✮ ▲❡t V ❜❡ ❛ s❡t ❛♥❞ ❧❡t f : 2V → N ❜❡ ❛ s②♠♠❡tr✐❝ ❛♥❞
s✉❜✲♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ✇✐t❤ f(∅) = 0✳ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❆ ❝♦❧❧❡❝t✐♦♥ T ♦❢ s✉❜s❡ts ♦❢ V
✐s ❝❛❧❧❡❞ ❛♥ f ✲t❛♥❣❧❡ ♦❢ ♦r❞❡r k + 1 ✐❢ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭❚❆✶✮ ❋♦r ❛❧❧ A ⊆ V ✱ ✐❢ f(A) ≤ k✱ t❤❡♥ ❡✐t❤❡r A ∈ T ♦r V −A ∈ T ✳

✭❚❆✷✮ ■❢ A,B,C ∈ T ✱ t❤❡♥ A ∪B ∪ C 6= V ✳

✭❚❆✸✮ ❋♦r ❛❧❧ v ∈ V ✱ ✇❡ ❤❛✈❡ V − {v} /∈ T ✳

❚❤❡ ♥♦t✐♦♥ ♦❢ t❛♥❣❧❡ ❝❛♥ ❜❡ ❛❧s♦ s❡❡♥ ❛s ❛ ❦✐♥❞ ♦❢ ❞✉❛❧✐t② t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛♥❝❤✲✇✐❞t❤
♦❢ s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s✱ ❛s s❤♦✇❡❞ ❜② ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ❬❘❙✾✶❪✳

❚❤❡♦r❡♠ ✼✳✸ ✭❬❘❙✾✶❪✮ ▲❡t f : 2V → N ❜❡ ❛ s②♠♠❡tr✐❝ ❛♥❞ s✉❜✲♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ✇✐t❤
f(∅) = 0✳ ❚❤❡r❡ ✐s ♥♦ f ✲t❛♥❣❧❡ ♦❢ ♦r❞❡r k + 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥
f ✐s ❛t ♠♦st k✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞ t❤❡♥ Pr♦♣♦s✐t✐♦♥ ✼✳✷✳

Pr♦♣♦s✐t✐♦♥ ✼✳✸ ▲❡t k ≥ 2✳ ■❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ❤❛s r❛♥❦✲✇✐❞t❤ ❛t ❧❡❛st k + 1✱ t❤❡♥ G
❤❛s ❜r❛♥❝❤✲✇✐❞t❤ ❛t ❧❡❛st k + 1✳

Pr♦♦❢✳ ❲❡ ❛ss✉♠❡ G ❝♦♥♥❡❝t❡❞ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❙✐♥❝❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r
t❤❛♥ k✱ t❤❡r❡ ❡①✐sts ❛ ρGF (2)

G ✲t❛♥❣❧❡ T ♦❢ ♦r❞❡r k+1✳ ▲❡t U = {X ⊆ EG | ηG(X) ≤ k ❛♥❞ TX ∈
T }✳ ❲❡ ❝❧❛✐♠ t❤❛t U ✐s ❛♥ ηG✲t❛♥❣❧❡ ♦❢ ♦r❞❡r k + 1✳

✶✳ ❙✉♣♣♦s❡ t❤❛t ηG(X) ≤ k ❢♦r ❛ s❡t X ♦❢ ❡❞❣❡s✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ❡✐t❤❡r X ∈ U
♦r EG − X ∈ U ✳ ❙✉♣♣♦s❡ t❤❛t X /∈ U ❛♥❞ EG − X /∈ U ✳ ❚❤❡♥ TX /∈ T ✳ ❙✐♥❝❡
ρ

GF (2)
G (TX) ≤ k ❛♥❞ T ✐s ❛ ρGF (2)

G ✲t❛♥❣❧❡✱ ✇❡ ❦♥♦✇ t❤❛t (VG − TX) ∈ T ✳ ❙✐♠✐❧❛r❧②✱
✇❡ ❞❡❞✉❝❡ t❤❛t (VG − TEG−X) ∈ T ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ηG(X) ≤ k✱ TX ∩ TEG−X ∈ T
✭❛♥② s❡t ♦❢ ❛t ♠♦st k ✈❡rt✐❝❡s ❜❡❧♦♥❣s t♦ ❛ ρGF (2)

G ✲t❛♥❣❧❡ ♦❢ ♦r❞❡r k + 1✮✳ ❚❤✐s ❧❡❛❞s ❛
❝♦♥tr❛❞✐❝t✐♦♥ ❜❡❝❛✉s❡ (VG − TX) ∪ (TX ∩ TEG−X) ∪ (VG − TEG−X) = VG ✇❤✐❝❤ ✈✐♦❧❛t❡s
❈♦♥❞✐t✐♦♥ ✭❚❆✷✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳✺✳



✼✳✺✳ ❈♦♥❝❧✉s✐♦♥ ✶✷✶

✷✳ ❙✉♣♣♦s❡ t❤❛t X ∪Y ∪Z = EG ❢♦r t❤r❡❡ s❡ts X,Y, Z ∈ U ✳ ■❢ v /∈ TX ∪TY ∪TZ ✱ t❤❡♥ v ✐s
❛♥ ✐s♦❧❛t❡❞ ✈❡rt❡①✳ ❙✐♥❝❡ G ✐s ❝♦♥♥❡❝t❡❞✱ t❤❡r❡ ✐s ♥♦ s✉❝❤ v✳ ❚❤✉s TX ∪ TY ∪ TZ = VG

❛♥❞ TX , TY , TZ ∈ T ✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥ ✭✈✐♦❧❛t✐♦♥ ♦❢ ❈♦♥❞✐t✐♦♥ ✭❚❆✷✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳✺✮✳

✸✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e ∈ EG✱ ηG({e}) ≤ 2 ❛♥❞ t❤❡r❡❢♦r❡ ✐❢ k ≥ 2✱ t❤❡♥ T{e} ∈ T ✳ ❙♦✱ {e} ∈ U ✳

❲❡ ❝❤❡❝❦❡❞ ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ❉❡✜♥✐t✐♦♥ ✼✳✺ ❜② ✭✶✮✲✭✸✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❈♦r♦❧❧❛r② ✼✳✶ ❋♦r ❡✈❡r② ❣r❛♣❤ G✱ rwd(G) ≤ max{bwd(G), 1}✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✼✳✸✱ ✐❢ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ G ✐s ❧❛r❣❡r t❤❛♥ 1✱ t❤❡♥ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢
G ✐s ❛t ♠♦st t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ G✳ ■❢ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ G ✐s 1✱ t❤❡♥ G ✐s ❛ ❢♦r❡st ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s 1✳ ■❢ t❤❡ ❜r❛♥❝❤✲✇✐❞t❤ ♦❢ G ✐s 0✱ t❤❡♥ G ✐s ❛ ♠❛t❝❤✐♥❣ ❛♥❞
t❤❡r❡❢♦r❡ t❤❡ r❛♥❦✲✇✐❞t❤ ♦❢ G ✐s 1✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✳ ❘♦❜❡rts♦♥ ❛♥❞ ❙❡②♠♦✉r ❬❘❙✾✶❪ ♣r♦✈❡❞ t❤❛t bwd(G) ≤
twd(G) + 1✳ ❆♥❞ ❜② ❈♦r♦❧❧❛r② ✼✳✶✱ rwd(G) ≤ bwd(G)✳

❲❡ ♥♦✇ tr② t♦ ❣✐✈❡ ❛♥ ❛♥s✇❡r t♦ ◗✉❡st✐♦♥ ✼✳✶✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥
✼✳✶ ✐s ❝♦♥str✉❝t✐✈❡✳ ●✐✈❡♥ ❛ ❣r❛♣❤ G ❛♥❞ ❛♥ ♦♣t✐♠❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (T, f) ♦❢ G✱ ✇❡
❝♦♥str✉❝t ❛ ❣r❛♣❤✱ ❞❡♥♦t❡❞ ❜② H ⊠ F ✱ ❢r♦♠ (T, f) ❛♥❞ ❝♦♥str✉❝t ❛ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥
(T, g) ♦❢ H ⊠ F ✳ ❲❡ t❤❡♥ ❝♦♥str✉❝t ❢r♦♠ (T, g) ❛ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥ t✱ t❤❛t ✉s❡s 4k + 2
❝♦❧♦rs✱ ♦❢ H ⊠F ✳ ❋✐♥❛❧❧②✱ ❜② t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷ ✐♥ ❬❖❙✵✻❪✱ t ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦

❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρGF (2)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ ❛t ♠♦st 4k + 2✳

❘❡❣❛r❞✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✱ ✐t ✐s ♥♦t ❝❧❡❛r ❤♦✇ t♦ ❣❡t ❛ ❧❛②♦✉t ♦❢ G✳ ■❢ ❢r♦♠ ❛
tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ♦❢ ✇✐❞t❤ k✱ ✇❡ ❝❛♥ ❣❡t ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ηG ♦❢ ❜r❛♥❝❤✲✇✐❞t❤
k + 1 ❬❘❙✾✶❪✱ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷ ❞♦❡s ♥♦t ✐♥❢♦r♠ ♦♥ ❤♦✇ t♦ tr❛♥s❢♦r♠ ❛ ❧❛②♦✉t ♦❢

t❤❡ ❢✉♥❝t✐♦♥ ηG ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k ✐♥t♦ ❛ ❧❛②♦✉t ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρ
GF (2)
G ♦❢ ❜r❛♥❝❤✲✇✐❞t❤ k✳

■♥ ❢❛❝t✱ ✐♥ ❛ ❧❛②♦✉t (T,L) ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ηG t❤❡ ❧❡❛✈❡s ♦❢ T ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❡❞❣❡s

♦❢ G✱ ✇❤❡r❡❛s ✐♥ ❛ ❧❛②♦✉t (T,L) ♦❢ t❤❡ ❢✉♥❝t✐♦♥ ρGF (2)
G t❤❡ ❧❡❛✈❡s ♦❢ T ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤

t❤❡ ✈❡rt✐❝❡s ♦❢ G✳ ❖✉♠ ❣✐✈❡s ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷ ✐♥ ❬❖✉♠✵✽❜❪ t❤❛t ✐s ❛❧s♦ ❛
♥♦♥✲❝♦♥str✉❝t✐✈❡ ♣r♦♦❢✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇✐t❤ ♦✉r ♣r♦♦❢ t❡❝❤♥✐q✉❡ ✇❡ ❣❡t ❛♥ ✉♣♣❡r ❜♦✉♥❞ t❤❛t
✐s ♥♦t t✐❣❤t✱ ✐t ❤❛s t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ ❝♦♥str✉❝t✐✈❡✱ ✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❢♦r t❤❡ ❦♥♦✇♥
♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✷✳

✼✳✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ s❤♦✇♥ ❤♦✇ t♦ s✐♠✉❧❛t❡ ❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s ❜② ❞✉♣❧✐❝❛t✐♥❣ ❝❡rt❛✐♥ ✈❡rt✐❝❡s ❛♥❞ ❜② ✉s✐♥❣
✈❡rt❡①✲♠✐♥♦r ♦♣❡r❛t✐♦♥s✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t r❛♥❦✲✇✐❞t❤
✐s ❧✐♥❡❛r❧② ❜♦✉♥❞❡❞ ✐♥ t❡r♠ ♦❢ tr❡❡✲✇✐❞t❤✳

❲❡ ❝❛♥ ❛❧s♦ s✐♠✉❧❛t❡ ❡❞❣❡ ❞❡❧❡t✐♦♥s✳ ▲❡t G ❜❡ ❛ s✐♠♣❧❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t e = xy
❜❡ ❛♥ ❡❞❣❡ ❧✐♥❦✐♥❣ x ❛♥❞ y ✐♥ G✳ ■❢ ✇❡ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ✈❡rt❡① x′ ❛❞❥❛❝❡♥t t♦ x ❛♥❞ y✱ ✇❡



✶✷✷ ❈❤❛♣t❡r ✼✳ ❘❛♥❦✲✇✐❞t❤ ❈♦♠♣❛r❡❞ t♦ ❚r❡❡✲✇✐❞t❤

♦❜t❛✐♥ ❛ ❣r❛♣❤ G′❀ ❜② ❛♣♣❧②✐♥❣ ❛ ❧♦❝❛❧ ❝♦♠♣❧❡♠❡♥t❛t✐♦♥ ❛t x′✱ ✇❡ ❞❡❧❡t❡ t❤❡ ❡❞❣❡ e❀ ❞❡❧❡t✐♥❣
t❤❡ ✈❡rt❡① x′✱ ✇❡ ❣❡t t❤❡ ❣r❛♣❤ G✲e ✇❤✐❝❤ ✐s G ✇✐t❤♦✉t t❤❡ ❡❞❣❡ e✱ ❛♥❞ G✲e ✐s ❛ ✈❡rt❡①✲♠✐♥♦r
♦❢ G′✳ ❲❡ ❤❛✈❡ t❤❡♥ s❤♦✇♥ ❤♦✇ t♦ s✐♠✉❧❛t❡ ❞❡❧❡t✐♦♥ ♦❢ ❡❞❣❡s ❜② ✈❡rt❡①✲♠✐♥♦r ♦♣❡r❛t✐♦♥s✳

❖✉♠ ❝♦♥❥❡❝t✉r❡❞ t❤❛t ❣r❛♣❤s ❛r❡ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❜② t❤❡ ✈❡rt❡①✲♠✐♥♦r r❡❧❛t✐♦♥ ❬❖✉♠✵✺❜✱
❖✉♠✵✺❝❪ ❛♥❞ ♣r♦✈❡❞ t❤✐s ❢❛❝t ❢♦r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤ ❬❖✉♠✵✽❛❪✳ ■♥ t❤✐s
❝❤❛♣t❡r ✇❡ ♣r♦✈❡ t❤❛t ♠✐♥♦r✲♦♣❡r❛t✐♦♥s ❝❛♥ ❜❡ s✐♠✉❧❛t❡❞ ❜② ✈❡rt❡①✲♠✐♥♦r ♦♣❡r❛t✐♦♥s✳ ❚❤❡
t❡❝❤♥✐q✉❡s s❤♦✇♥ ✐♥ t❤✐s ❝❤❛♣t❡r ❝❛♥ ♣❡r❤❛♣s ❤❡❧♣ t♦ t❛❝❦❧❡ t❤❡ ❝♦♥❥❡❝t✉r❡✳

❲❡ ♥♦✇ ❝♦♥❝❧✉❞❡ t❤✐s ♣❛rt✱ ❝♦♥❝❡r♥✐♥❣ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ r❛♥❦✲✇✐❞t❤✱ ❜② t✇♦ t❛✲
❜❧❡s t❤❛t s✉♠♠❛r✐③❡ t❤❡ ❦♥♦✇♥ r❡s✉❧ts✳ ❇❡❝❛✉s❡ ♦❢ s♣❛❝❡ ❝♦♥str❛✐♥ts✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❛❜❜r❡✈✐❛t✐♦♥s✳

❆❜❜r❡✈✐❛t✐♦♥ ❋✉❧❧ ❊①♣r❡ss✐♦♥

❆✳ ❈ ❆❧❣❡❜r❛✐❝ ❈❤❛r❛❝t❡r✐③❛t✐♦♥
❘✳ ❆✳ ❘❡❝♦❣♥✐t✐♦♥ ❆❧❣♦r✐t❤♠
❋✳ ❈✳ ❋♦r❜✐❞❞❡♥ ❈♦♥✜❣✉t❛t✐♦♥s
❲✳ P✳ ❲✐❞t❤ P❛r❛♠❡t❡r
❈✳ ❚✳ ❈✉❜✐❝✲❚✐♠❡
❆♣♣r♦① ❆♣♣r♦①✐♠❛t✐♦♥

❲✳ P✳ ❆✳ ❈✳ ❘✳ ❆✳ ❋✳ ❈✳

❈❧✐q✉❡✲❲✐❞t❤ ❨❊❙ ✭❉❡✜♥✐t✐♦♥✮ ❆♣♣r♦① ❈✳ ❚✳ ❬❖❙✵✻✱ ❍❖✵✼❪ ◆❖
❘❛♥❦✲❲✐❞t❤ ❨❊❙ ✭❚❤❡♦r❡♠ ✹✳✸✮ ❊①❛❝t ❈✳ ❚✳ ❬❍❖✵✼❪ ❨❊❙ ❬❖✉♠✵✺❜❪

❚❛❜❧❡ ✷✿ ❙✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳

❲✳ P✳ ❆✳ ❈✳ ❘✳ ❆✳ ❋✳ ❈✳

❈❧✐q✉❡✲❲✐❞t❤ ❨❊❙ ✭❉❡✜♥✐t✐♦♥✮ ❆♣♣r♦① ❈✳ ❚✳ ✭❈♦r♦❧❧❛r② ✺✳✷✮ ◆❖
GF (4)✲❘❛♥❦✲❲✐❞t❤ ❆♣♣r♦① ✭❚❤❡♦r❡♠ ✹✳✹✮ ❊①❛❝t ❈✳ ❚✳ ✭❚❤❡♦r❡♠ ✺✳✸✮ ❨❊❙ ✭❚❤❡♦r❡♠ ✸✳✶✮
❇✐✲❘❛♥❦✲❲✐❞t❤ ❆♣♣r♦① ✭Pr♦♣♦s✐t✐♦♥s ✹✳✽✱ ✹✳✾✮ ❊①❛❝t ❈✳ ❚✳ ✭❚❤❡♦r❡♠ ✺✳✶✮ ◆❖

❚❛❜❧❡ ✸✿ ❙✉♠♠❛r② ♦❢ t❤❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❞✐r❡❝t❡❞ ❣r❛♣❤s✳



P❛rt ■■

▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ●r❛♣❤ ❈❧❛ss❡s ♦❢

❯♥❜♦✉♥❞❡❞ ❘❛♥❦✲❲✐❞t❤

✶✷✸





▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ●r❛♣❤ ❈❧❛ss❡s ♦❢

❯♥❜♦✉♥❞❡❞ ❘❛♥❦✲❲✐❞t❤

❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❆❧❣♦r✐t❤♠✐❝ ❘❡s✉❧ts

❚❤❡r❡ ❛r❡ ♠❛♥② t②♣❡s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ ✉s❡❢✉❧ ❢♦r ✐♥✈❡st✐❣❛t✐♥❣ ❣r❛♣❤ str✉❝✲
t✉r❡s ❛♥❞ ❢♦r ❛❧❣♦r✐t❤♠✐❝ ♣✉r♣♦s❡s✳ ❲❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r✳

✭❚✶✮ ❈❛♥♦♥✐❝❛❧ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✿ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦ 2✲❝♦♥♥❡❝t❡❞
❣r❛♣❤s✱ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦ 3✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❬❚✉t✻✻❪✱ ♠♦❞✲
✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ❬●❛❧✻✼❪ ♦r s♣❧✐t✲❞❡❝♦♠♣♦s✐t✐♦♥ ❬❈✉♥✽✷❪✳

✭❚✷✮ ●r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❣r❛♣❤ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣
♦r ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s ❜② ❛❧❣❡❜r❛✐❝ t❡r♠s ✇r✐tt❡♥ ✇✐t❤ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s✿ tr❡❡✲
❞❡❝♦♠♣♦s✐t✐♦♥ ❬❘❙✽✻❪ ✇✐t❤ ✐ts ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r tr❡❡✲✇✐❞t❤ ♦r r❛♥❦✲
❞❡❝♦♠♣♦s✐t✐♦♥ ❬❖✉♠✵✺❜❪ ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r r❛♥❦✲✇✐❞t❤✳

✭❚✸✮ ●r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t ❣✐✈❡ s♦♠❡ str✉❝t✉r❛❧ ✐♥❢♦r♠❛t✐♦♥s ♦♥ ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢
❣r❛♣❤s✿ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛ ✜①❡❞ ❣r❛♣❤ ❛s ❛ ♠✐♥♦r
❬❘❙✵✸✱ ●r♦✵✼✱ ❑▼✵✼✱ ❉●❑✵✼❪✱ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ♣❡r❢❡❝t ❣r❛♣❤s ✐♥ ❬❈❘❙❚✵✸❪ ♦r ♦❢
❝❧❛✇✲❢r❡❡ ❣r❛♣❤s ❬❈❙✵✽❛✱ ❈❙✵✽❜❪✳

✭❚✹✮ ❖t❤❡r ❞❡❝♦♠♣♦s✐t✐♦♥s ❞r✐✈❡♥ ❜② t❤❡ s❡❛r❝❤ ♦❢ s♦♠❡ str✉❝t✉r❛❧ ✐♥❢♦r♠❛t✐♦♥s✿ t❤❡ s♣❛rs❡
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛ ✜①❡❞ ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ✐♥ ❬❆●▼❲✵✼❪✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥ ✭❚✶✮✲✭❚✸✮ ❛r❡ ♠♦st❧② ❜❛s❡❞ ♦♥ ❛ tr❡❡ ❞❡s❝r✐❜✐♥❣ t❤❡ ❣r❛♣❤s ❛♥❞
t❤✐s ❤❛s ♠❛♥② ❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✿

✭❚✶✮ ❉❡❝♦♠♣♦s✐t✐♦♥s ✐♥ ✭❚✶✮ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r❡✲♣r♦❝❡ss✐♥❣ st❡♣ ✐♥ s♦♠❡ ❛❧❣♦r✐t❤♠s✳ ■♥
❬❈r❡✵✼❪ t❤❡ ♠♦❞✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞ ✐♥ t❤❡ r❡❝♦❣♥✐t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❝♦❣r❛♣❤s✱
✐♥t❡r✈❛❧ ❣r❛♣❤s ♦r ♣❡r♠✉t❛t✐♦♥ ❣r❛♣❤s ❛♥❞ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ✉s❡❞ ✐♥ ❬●P✵✼❪ ❢♦r t❤❡
r❡❝♦❣♥✐t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❞✐st❛♥❝❡ ❤❡r❡❞✐t❛r② ❣r❛♣❤s✳ ❚❤❡② ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞ ❢♦r s♦❧✈✐♥❣
◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠s ❛s ❞♦♥❡ ✐♥ ❬❘❛♦✵✽❪✳ ❲❡ ✇✐❧❧ ✉s❡ ✐♥ ❈❤❛♣t❡r ✾ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛♥❞ t❤❡ ♦♥❡ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦
3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛s t♦♦❧s✳

✭❚✷✮ ❉❡❝♦♠♣♦s✐t✐♦♥s ✐♥ ✭❚✷✮ ❝❛♥ ②✐❡❧❞ ♠❡t❛✲t❤❡♦r❡♠s ❢♦r ❝♦♥str✉❝t✐♥❣ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧✲
❣♦r✐t❤♠s ❢♦r MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ❡✈❡r② MS✲
❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❧✐♥❡❛r✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤

✶✷✺
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❬❈♦✉✾✵✱ ❆▲❙✾✶✱ ❇♦❞✾✻❪ ❛♥❞ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❝✉❜✐❝✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞
r❛♥❦✲✇✐❞t❤ ❬❈▼❘✵✵✱ ❍❖✵✼❪✳

✭❚✸✮ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛ ✜①❡❞ ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ✐♥ ❬❘❙✵✸❪ ❝❛♥
❜❡ ✉s❡❞ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ♠❡t❛✲t❤❡♦r❡♠s ❢♦r FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s✳ ●r♦❤❡ ❛♥❞ ❋❧✉♠
❬❋●✵✶❛❪ ♣r♦✈❡❞ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♦♥
❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛ ♠✐♥♦r✳

❍♦✇❡✈❡r✱ ❣r❛♣❤s ❛r✐s✐♥❣ ❢r♦♠ ❝♦♥❝r❡t❡ ❛♥❞ r❡❛❧ ♣r♦❜❧❡♠s ❛r❡ ♥♦t ✉s✉❛❧❧② ❞❡❝♦♠♣♦s❛❜❧❡
✐♥ t❤❡ ❛❜♦✈❡ ✇❛②s✳ ▼♦r❡♦✈❡r✱ ❏♦❤❛♥ss♦♥ ❬❏♦❤✾✽❪ ♣r♦✈❡❞ t❤❛t r❛♥❞♦♠ ❣r❛♣❤s ❞♦ ♥♦t ❤❛✈❡
❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ✭t❤❡ s❛♠❡ st❛t❡♠❡♥t ✐s ♣r♦❜❛❜❧② tr✉❡ ❢♦r ♦t❤❡r ❝❛s❡s✮✳ ❙❡✈❡r❛❧ ♠❡t❤♦❞s
❡①✐st ✐♥ ♦r❞❡r t♦ tr② t♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✳

• ❖♥❡ ❝❛♥ ❞❡✜♥❡ ❧♦❝❛❧ ✈❡rs✐♦♥s ♦❢ ❣r❛♣❤ ♣❛r❛♠❡t❡rs ♦r ❣r❛♣❤ ♣r♦♣❡rt✐❡s✱ ❡✳❣✳✱ ❧♦❝❛❧ tr❡❡✲
✇✐❞t❤ ❬❋●✵✶❜✱ ❋●✵✶❛❪ ♦r ❧♦❝❛❧❧② ❡①❝❧✉❞✐♥❣ ❛ ♠✐♥♦r ❬❉●❑✵✼❪✳

• ❖♥❡ ❝❛♥ ❞❡✜♥❡ ♦t❤❡r ♥♦t✐♦♥s ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛ ❧❛ ✭str♦♥❣✮ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥
t❤❛t ❛r❡ ♥♦t ❜❛s❡❞ ♦♥ tr❡❡s✱ ❜✉t ♦♥ ♦t❤❡r ❣r❛♣❤ ❝❧❛ss❡s ❛s ❞♦♥❡ ✐♥ ❬❙❝❤✾✼✱ ❲❚✵✼❪✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✇❡ ✇✐❧❧ ♣r♦♣♦s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t ❛r❡ ❜❛s❡❞ ♦♥ ❧♦❝❛❧❧②
❜♦✉♥❞❡❞♥❡ss ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t ❛r❡ r♦✉❣❤❧② ♣❧❛♥❛r ❣❧✉✐♥❣s ♦❢ ❣r❛♣❤s ♦❢
s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳ ❚❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ❝♦♥str✉❝t✐♥❣
❧❛❜❡❧✐♥❣ s❝❤❡♠❡s✳ ▲❡t ✉s ✜rst r❡✈✐❡✇ t❤❡ ❡①✐st✐♥❣ ❛❧❣♦r✐t❤♠✐❝ ♠❡t❛✲t❤❡♦r❡♠s t❤❛t ❝♦♥❝❡r♥
❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳

❖♥❡ ♦❢ t❤❡ ✜rst ❛❧❣♦r✐t❤♠✐❝ ♠❡t❛✲t❤❡♦r❡♠s ❝♦♥❝❡r♥✐♥❣ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲
✇✐❞t❤ ✐s t❤❡ t❤❡♦r❡♠ ❜② ❙❡❡s❡ ❬❙❡❡✾✻❪ st❛t✐♥❣ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ ❧✐♥❡❛r✲
t✐♠❡ ❛❧❣♦r✐t❤♠ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✳ ❊♣♣st❡✐♥ ❬❊♣♣✵✵❪ ♦❜s❡r✈❡❞ t❤❛t ♠❛♥②
❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤✱ ❡✳❣✳✱ ♣❧❛♥❛r ❣r❛♣❤s✱ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❣r❛♣❤ ❝❧❛ss❡s✱
s❤❛r❡ ❛ ♣r♦♣❡rt②✿ t❤❡ tr❡❡✲✇✐❞t❤ ♦❢ ❡✈❡r② r✲♥❡✐❣❤❜♦r❤♦♦❞✶ ♦❢ ❡✈❡r② ✈❡rt❡① ❞❡♣❡♥❞s ♦♥❧② ♦♥
r✳ ❙✉❝❤ ❣r❛♣❤ ❝❧❛ss❡s ❛r❡ s❛✐❞ t♦ ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ❊♣♣st❡✐♥ ❬❊♣♣✵✵❪ ✉s❡❞ t❤✐s
❢❛❝t ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ t♦ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤✷ ❛s ❛ ♠✐♥♦r t❤❡ ♣♦❧②♥♦♠✐❛❧✲
t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛♥② ◆P✲❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠s ✭♠✐♥✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t✱
H✲♠❛t❝❤✐♥❣✱ ✳✳✳✮ ❜② ❇❛❦❡r ❬❇❛❦✾✹❪ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s✳ ❋r✐❝❦ ❛♥❞ ●r♦❤❡ ❬❋●✵✶❜✱ ❋r✐✵✹❪ ✉s❡❞
t❤❡ ❧♦❝❛❧✐t② t❤❡♦r❡♠ ♦❢ FO ❢♦r♠✉❧❛s ❜② ●❛✐❢♠❛♥ ❬●❛✐✽✷❪ ❛♥❞ s❤♦✇❡❞ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡
♣r♦♣❡rt② ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❛❧♠♦st ❧✐♥❡❛r✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✱
✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡❞ t❤❡ ❙❡❡s❡✬s r❡s✉❧t✳ ❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t t❤❡ ♦♥❧② ✇❛② t♦ ❣❡t s✐♠✐❧❛r ❛❧❣♦r✐t❤♠✐❝
r❡s✉❧ts t♦ t❤❡ ♦♥❡s ❢♦r tr❡❡✴r❛♥❦✲✇✐❞t❤ s✐♥❝❡ ♠❛♥② ❣r❛♣❤ ❝❧❛ss❡s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲
✇✐❞t❤✳ ❋♦r ✐♥st❛♥❝❡✱ ●r♦❤❡ ❡t ❛❧✳ ❝♦♥s✐❞❡r❡❞ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❢♦r FO✲❞❡✜♥❛❜❧❡
♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❡①❝❧✉❞❡ ❛ ✜①❡❞ ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ❬❋●✵✶❛❪ ♦r t❤❛t ❧♦❝❛❧❧②
❡①❝❧✉❞❡ ❛ ♠✐♥♦r ❬❉●❑✵✼❪ ❛♥❞✱ ◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③ ❝♦♥s✐❞❡r❡❞ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡
❛❧❣♦r✐t❤♠s ❢♦r s♦♠❡ FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ❬◆❞▼✵✻❛❪✳
◆♦t❡ t❤❛t ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ❛♥❞ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❧♦❝❛❧❧② ❡①❝❧✉❞❡ ❛ ♠✐♥♦r
❛r❡ ✐♥❝♦♠♣❛r❛❜❧❡✳ ❚❤❡ s✉r✈❡②s ❬●r♦✵✼✱ ❑r❡✵✽❪ r❡✈✐❡✇s ❛❧❣♦r✐t❤♠✐❝ r❡s✉❧ts ♦♥ t❤❡ ❣r❛♣❤ ❝❧❛ss❡s
❝♦♥s✐❞❡r❡❞ ✐♥ ❬❋●✵✶❜✱ ❋●✵✶❛✱ ❉●❑✵✼❪ ❛♥❞ ♦t❤❡rs✳

✶❚❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ✈❡rt❡① x ✐s t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s ❛t ❞✐st❛♥❝❡ ❛t ♠♦st r ❢r♦♠ x✳
✷❆♥ ❛♣❡① ❣r❛♣❤ ✐s ❛ ❣r❛♣❤ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ✈❡rt❡① v✱ t❤❡ ❛♣❡①✱ G \ v ✐s ♣❧❛♥❛r✳
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❚❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❝❛♥ ❜❡ ❛❧s♦ ❧✐♥❦❡❞ ✇✐t❤ r❡s✉❧ts ♦♥ ❣r❛♣❤ str✉❝t✉r❡✳ ❋♦r ✐♥st❛♥❝❡✱ ❛
♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✐❢ ❛♥❞ ♦♥❧② ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛❧❧
❛♣❡①✲❣r❛♣❤s ❛s ♠✐♥♦rs ❬❊♣♣✵✵✱ ❉❍✵✹❛✱ ❉❍✵✹❜❪✳ ❚❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ s✉❝❤ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r
❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✴r❛♥❦✲✇✐❞t❤✳ ❚❤❡ s✉r✈❡② ❬❑▼✵✼❪ ♣r❡s❡♥ts s♦♠❡ str✉❝t✉r❛❧
t❤❡♦r❡♠s ❛♥❞ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳

❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❜❛s❡❞ ♦♥ ❧♦❝❛❧ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❣r❛♣❤ ✐♥✈❛r✐❛♥ts ❛r❡ ♥♦t t❤❡ ♦♥❧② ✇❛②s
t♦ ❡①t❡♥❞ r❡s✉❧ts ❜② ❈♦✉r❝❡❧❧❡ ❡t ❛❧✳ ❬❈♦✉✾✵✱ ❈▼❘✵✵❪✳ ❆♥♦t❤❡r t❡❝❤♥✐q✉❡ ❝♦♥s✐sts ✐♥ ❣❡♥❡r❛❧✲
✐③✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ✭str♦♥❣✮ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❙❝❤✾✼✱ ❉❑✵✺❪✳ Pr❡❝✐s❡❧②✱ ✇❡
❝❛♥ ❛s❦✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✼✳✶✮✱ t❤❡ ❣r❛♣❤ T t♦ ❜❡ ✐♥ ❛
❝❧❛ss H ♦❢ ❣r❛♣❤s✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ❛ ♥♦t✐♦♥ ♦❢ H✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❢ H✲✇✐❞t❤✳ ■♥❛ ❙❝❤✐❡r✐♥❣
❬❙❝❤✾✼❪ ❝♦♥s✐❞❡r❡❞ s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥ ❛ ❧♦❣✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇ ❛♥❞ ♣r♦✈❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
t❤❛t t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ ❛♥ MS ❢♦r♠✉❧❛ ϕ ♦♥ ❛ ❣r❛♣❤ G ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ t❤❡ s❛t✐s❢❛❝t✐♦♥
♦❢ ❛♥MS ❢♦r♠✉❧❛ ϕ̃ ♦♥ t❤❡ H✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G✳ ❆ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s r❡s✉❧t ✐s t❤❛t ✐❢ ❡✈❡r②
MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ♦♥ H✱ t❤❡♥ ❡✈❡r② MS✲❞❡✜♥❛❜❧❡
♣r♦♣❡rt② ❛❞♠✐ts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ H✲✇✐❞t❤✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❉✐❡st❡❧ ❛♥❞ ❑ü❤♥ ❬❉❑✵✺❪ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ str♦♥❣ H✲✇✐❞t❤ ✭s❡❡ ❉❡✜♥✐✲
t✐♦♥ ✼✳✷ ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢ str♦♥❣ tr❡❡✲✇✐❞t❤✮✳ ❚❤❡✐r ❣♦❛❧ ✇❛s t♦ ❞❡✜♥❡ ❛ ❤✐❡r❛r❝❤② ♦♥ ❣r❛♣❤s
✇✐t❤ t❤❡ ♠✐♥♦r r❡❧❛t✐♦♥ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ♠♦r❡ str✉❝t✉r❛❧ ✐♥❢♦r♠❛t✐♦♥s t❤❛♥ t❤❡ ♦♥❡ st❛t✐♥❣ t❤❛t
❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛s ✉♥❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ✐❢ ❛♥❞ ♦♥❧② ✐t ❝♦♥t❛✐♥s ❛❧❧ ♣❧❛♥❛r ❣r❛♣❤s ❛s ♠✐♥♦rs✳
❍♦✇❡✈❡r✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❞❡r✐✈❡ ✐♠♣♦rt❛♥t str✉❝t✉r❛❧ ♣r♦♣❡rt✐❡s t❤❛♥ t❤❛t ♦❢ s♣❛rs✐t② ✇✐t❤
t❤❡✐r ♣r♦♣♦s❡❞ ❤✐❡r❛r❝❤✐❡s ❜❡❝❛✉s❡ t❤❡ ♣r♦♣♦s❡❞ ❤✐❡r❛r❝❤✐❡s ❡✐t❤❡r ❛r❡ t♦♦ ♥❛✐✈❡ ♦r ❝♦♥t❛✐♥ t♦♦
♠❛♥② ❧❡✈❡❧s ❬❉❑✵✺❪✳

❲❡ ♥♦✇ r❡✈✐❡✇ s♦♠❡ r❡s✉❧ts ♦♥ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s✳

▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s

❲❡ ✜rst ❞❡✜♥❡ ❢♦r♠❛❧❧② t❤❡ ♥♦t✐♦♥ ♦❢ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❛♥❞ t❤❡♥ ✇❡ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts✳

❉❡✜♥✐t✐♦♥ ✼✳✻ ✭▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡✮ ▲❡t Σ ❜❡ ❛ r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡ ❛♥❞ ❧❡t A = 〈A, (RA)R∈Σ 〉
❜❡ ❛ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡✳ ▲❡t f : N → N ❜❡ ❛ ♠❛♣♣✐♥❣✳ ❆♥ f ✲❧❛❜❡❧✐♥❣ ♦❢ A ✐s ❛♥ ✐♥❥❡❝t✐✈❡
♠❛♣♣✐♥❣ J : A→ {0, 1}∗ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ A✱ |J(x)| ≤ O(f(|A|))✳ ■❢ Y ⊆ A✱ ✇❡ ❧❡t J(Y )
❜❡ t❤❡ s❡t {J(y) | y ∈ Y }✳ Y ✐s ❞❡✜♥❡❞ ❢r♦♠ J(Y ) ❜② ✐♥❥❡❝t✐✈✐t②✳ ▲❡t P (x1, . . . , xm, Y1, . . . , Yq)
❜❡ ❛ ♣r♦♣❡rt② ♦♥ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s✳ ❆♥ f ✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r P ♦♥ ❛ ❝❧❛ss ♦❢ r❡❧❛t✐♦♥❛❧

Σ✲str✉❝t✉r❡s C ✐s ❛ ♣❛✐r ♦❢ t✇♦ ❛❧❣♦r✐t❤♠s (A,B) ✇❤❡r❡✿

✭▲✶✮ A ❝♦♥str✉❝ts ❢♦r ❡❛❝❤ Σ✲str✉❝t✉r❡ A ∈ C ❛♥ f ✲❧❛❜❡❧✐♥❣ J ✳

✭▲✷✮ ❋♦r ❡✈❡r② a1, . . . , am ∈ A ❛♥❞ W1, . . . ,Wq ⊆ A✱ B ✈❡r✐✜❡s ✇❤❡t❤❡r
P (a1, . . . , am,W1, . . . ,Wq) ❤♦❧❞s ✐♥ A ❜② t❛❦✐♥❣ ❛s ✐♥♣✉t t❤❡ (m + q)✲t✉♣❧❡
(J(a1), . . . , J(am), J(W1), . . . , J(Wq))✳

❋♦r ❛ ♠❛♣♣✐♥❣ f : N→ N✱ ❛ ❝❧❛ss C ♦❢ r❡❧❛t✐♦♥❛❧ Σ✲str✉❝t✉r❡s ❛❞♠✐ts ❛♥ f ✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r
❛ ❝❧❛ss ♦❢ ♣r♦♣❡rt✐❡s P ✐❢ C ❛❞♠✐ts ❛♥ f ✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❡❛❝❤ ♣r♦♣❡rt② P ∈ P✳

❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ❝❧❛ss ♦❢ str✉❝t✉r❡s C ❛❞♠✐ts ❛ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❛ ♣r♦♣❡rt② P ✭r❡s♣✳

❛ ❝❧❛ss ♦❢ ♣r♦♣❡rt✐❡s P✮ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ f ✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r P ✭r❡s♣✳ P✮ ♦♥ C s✉❝❤ t❤❛t ❢♦r
❡✈❡r② n✲✈❡rt❡① ❣r❛♣❤ G ✐♥ C✱ ✇❡ ❤❛✈❡ n = O(exp(f(n)))✳



✶✷✽

■♥ ❞✐str✐❜✉t❡❞ ♥❡t✇♦r❦s s♦♠❡ ♣r♦♣❡rt✐❡s ❛r❡ ❢r❡q✉❡♥t❧② ❛s❦❡❞ ❛♥❞ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ♥❡t✇♦r❦
♠✉st ❛❝t ❧♦❝❛❧❧②✱ ✐✳❡✳✱ t❤❡ ♥♦❞❡s ❞♦ ♥♦t ❤❛✈❡ ❛ ❣❧♦❜❛❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ♥❡t✇♦r❦✱ ✐♥ ♦r❞❡r t♦ ❣✐✈❡
❛♥ ❛♥s✇❡r✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ r♦✉t✐♥❣ ✐♥❢♦r♠❛t✐♦♥s ✐♥ ❞✐str✐❜✉t❡❞ ♥❡t✇♦r❦s✱ ❡❛❝❤ ♥♦❞❡ ♠✉st
❞❡❝✐❞❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ✐ts❡❧❢ ❛♥❞ t❤❡ ❞❡st✐♥❛t✐♦♥ ❜② ✉s✐♥❣ ✐ts ❧♦❝❛❧ ❦♥♦✇❧❡❞❣❡
♦❢ t❤❡ ♥❡t✇♦r❦✳ ❖♥❡ s♦❧✉t✐♦♥ ❝♦♥s✐sts ✐♥ st♦r✐♥❣ t❤❡ ✇❤♦❧❡ ❣r❛♣❤ ✐♥ ❡❛❝❤ ♥♦❞❡✳ ❍♦✇❡✈❡r✱ t❤❡
s✐③❡s ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ♥❡t✇♦r❦s ❛r❡ ♦❢t❡♥ ❤✉❣❡ ❛♥❞ ❜❡❝❛✉s❡ ♦❢ s♣❛❝❡ ❝♦♥str❛✐♥ts ✇❡ ❝❛♥♥♦t
st♦r❡ ❛❧❧ t❤❡ ❣r❛♣❤ ✐♥ ❡❛❝❤ ♥♦❞❡✳ ▼♦r❡♦✈❡r✱ ✐❢ ✇❡ ✉s❡ t❤❡ ✇❤♦❧❡ ♥❡t✇♦r❦✱ t❤❡ ❛♥s✇❡r t♦ ❡❛❝❤
q✉❡r② ♦❢t❡♥ t❛❦❡s ❛t ❧❡❛st ❧✐♥❡❛r✲t✐♠❡ ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦ ❛♥❞ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ r❡❞✉❝❡
t❤✐s t✐♠❡ ❜❡❝❛✉s❡ ♦❢ t❤❡ s✐③❡s ♦❢ t❤❡ ♥❡t✇♦r❦s✳ ❖♥❡ ✇❛② ❢♦r ❛❞❞r❡ss✐♥❣ t❤❡s❡ ♣r♦❜❧❡♠s✱ ✐✳❡✳✱
❡❛❝❤ ♥♦❞❡ ❛❝ts ❧♦❝❛❧❧② ❛♥❞ ❣✐✈❡s t❤❡ ❛♥s✇❡r r❡❧❛t✐✈❡❧② q✉✐❝❦❧②✱ ✐s t♦ ✉s❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s✸✳
❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❜❡❝❛✉s❡ ♦❢ s♣❛❝❡ ❝♦♥str❛✐♥ts ❛♥❞ t❤✐s
r❛✐s❡s t✇♦ q✉❡st✐♦♥s✿

✶✳ ●✐✈❡♥ ❛ ♣r♦♣❡rt② P ✱ ❢♦r ✇❤❛t ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❝❛♥ ✇❡ ❝♦♥str✉❝t ❛ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡❄

✷✳ ●✐✈❡♥ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s C✱ ❝❛♥ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ❛❞♠✐t ❛ s❤♦rt ❧❛❜❡❧✐♥❣
s❝❤❡♠❡ ♦♥ C❄

❙❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ♣r♦♣❡rt✐❡s ❛r❡ st✉❞✐❡❞ ❢♦r ♠❛♥② ❣r❛♣❤ ❝❧❛ss❡s
t❤❛t ❤❛✈❡ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳ ❋♦r ✐♥st❛♥❝❡✱ ✐t ✐s ♣r♦✈❡❞ ✐♥ ❬●▲✵✼❪ t❤❛t ✇❡ ❝❛♥ ❧❛❜❡❧ t❤❡
✈❡rt✐❝❡s ♦❢ ❡✈❡r② n✲✈❡rt❡① ❣r❛♣❤ t❤❛t ❡①❝❧✉❞❡ ❛ ✜①❡❞ ❣r❛♣❤ H ❛s ♠✐♥♦r ✇✐t❤ ❧❛❜❡❧s ♦❢ s✐③❡
2 log(n)+O(log(log(n))) ❛♥❞ ❝❤❡❝❦s t❤❡ ❛❞❥❛❝❡♥❝② ♦❢ t✇♦ ✈❡rt✐❝❡s ❜② ✉s✐♥❣ t❤❡✐r ❧❛❜❡❧s✳ ❖t❤❡r
♣r♦♣❡rt✐❡s ❛r❡ ❛❧s♦ st✉❞✐❡❞✱ ❡✳❣✳✱ ❞✐st❛♥❝❡ ❬●P✵✸❛✱ ●P✵✸❝✱ ●❑❑+✵✶❪✱ r♦✉t✐♥❣ ❬❆●▼❲✵✼✱
❆●▼+✵✽❪ ♦r ❝♦♥♥❡❝t✐✈✐t② ❬❑♦r✵✼❜❪✳ ❙♦♠❡ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r ❞✐st❛♥❝❡ ❛r❡ ❣✐✈❡♥ ✐♥
❬●❑❑+✵✶❪✱ ❡✳❣✳✱ ❢♦r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ♦r ❝❤♦r❞❛❧ ❣r❛♣❤s✳ ❍♦✇❡✈❡r✱ t❤❡r❡
❛r❡ s♦♠❡ ♥❡❣❛t✐✈❡ r❡s✉❧ts✳ ❋♦r ✐♥st❛♥❝❡✱ ●❛✈♦✐❧❧❡ ❡t ❛❧✳ ❬●PP❘✵✹❪ s❤♦✇❡❞ t❤❛t t❤❡ ♠✐♥✐♠❛❧
s✐③❡ ♦❢ ❧❛❜❡❧s ❢♦r ❞✐st❛♥❝❡ ✐s Θ(log2(n)) ♦♥ tr❡❡s ✇✐t❤ n ♥♦❞❡s ✭t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡
log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ✐♥t❡r✈❛❧ ❣r❛♣❤s ❬●P✵✸❜❪✮ ❛♥❞ ✐s Ω(n1/3) ❢♦r n✲✈❡rt❡① ♣❧❛♥❛r ❣r❛♣❤s✳
❑♦r♠❛♥ ❬❑♦r✵✼❜❪ ❣❛✈❡ ❛ (k2 · log)✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r k✲✈❡rt❡① ❝♦♥♥❡❝t✐✈✐t② ✐♥ ❛❧❧ ❣r❛♣❤s✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ♠❡t❛✲t❤❡♦r❡♠s ❝♦♥str✉❝t✐♥❣ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s ❢♦rMS✲❞❡✜♥❛❜❧❡
♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✴❝❧✐q✉❡✲✇✐❞t❤✱ ❈♦✉r❝❡❧❧❡ ❛♥❞ ❱❛♥✐❝❛t ❬❈❱✵✸❪ ❣❛✈❡
❛ ♠❡t❛✲t❤❡♦r❡♠ ❢♦r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦❢ MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s✱ st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❞
t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ t♦♦❧ ❢♦r ❝❡rt❛✐♥ ❝❛s❡s ♦❢ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳

❚❤❡♦r❡♠ ✼✳✹ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡♥

✶✳ ❋♦r ❡✈❡r② MS1✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② P (x1, . . . , xm, Y1, . . . , Yq)✱ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣
s❝❤❡♠❡ (A,B) ❢♦r P ♦♥ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ▼♦r❡♦✈❡r✱ A
❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ O(n3)✲t✐♠❡ ♦r ✐♥ O(n · log(n))✲t✐♠❡ ✐❢ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ❡①♣r❡ss✐♦♥
♦❢ t❤❡ ✐♥♣✉t n✲✈❡rt❡① ❣r❛♣❤ ✐s ❣✐✈❡♥✳

✷✳ ❋♦r ❡✈❡r② MS2✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② P (x1, . . . , xm, Y1, . . . , Yq)✱ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣
s❝❤❡♠❡ (A,B) ❢♦r P ♦♥ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ tr❡❡✲✇✐❞t❤ ❛t ♠♦st k✳ ▼♦r❡♦✈❡r✱ A ❝♦♠♣✉t❡s
t❤❡ ❧❛❜❡❧s ✐♥ O(n · log(n))✲t✐♠❡✱ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✳

✸◆♦t❡ t❤❛t ✐❢ ✇❡ r❡♠♦✈❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❧♦❝❛❧✐t② ✇❤❡♥ ❛♥s✇❡r✐♥❣ t❤❡ q✉❡r✐❡s✱ ❛♥♦t❤❡r ✇❛② ✐s t❤❡ ✉s❡ ♦❢
♦r❛❝❧❡s✱ ✐✳❡✳✱ ❛ ❝❡♥tr❛❧ ♥♦❞❡ t❤❛t ❛♥s✇❡rs ❡❛❝❤ q✉❡r②✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ✐s ❛ ♣r❡✲❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♥❡t✇♦r❦ ✐♥
♦r❞❡r t♦ ❛♥s✇❡r q✉❡r✐❡s ❛s q✉✐❝❦❧② ❛s ♣♦ss✐❜❧❡✱ ♠♦r❡ ♦❢t❡♥ ✐♥ ❛t ♠♦st ❧♦❣❛r✐t❤♠✐❝✲t✐♠❡✱ ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛
str✉❝t✉r❡ ❝♦♥str✉❝t❡❞ ❜② t❤❡ ♣r❡✲❝♦♠♣✉t❛t✐♦♥ ❛❧❣♦r✐t❤♠ s❤♦✉❧❞ ❜❡ ❧✐♥❡❛r ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♥❡t✇♦r❦✳ ❚❤✐s ✐s
❞♦♥❡ ✐♥ t❤❡ ❛rt✐❝❧❡s ❜② ❚❤♦r✉♣ ❡t ❛❧✳ ❬❉❚❈❘✵✽✱ P❚✵✼✱ ❚❤♦✵✼✱ ❚❩✵✺❪✳



✶✷✾

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✹ ❝♦♠❜✐♥❡s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❬❈❱✵✸❪ t❤❛t ✇♦r❦s ❢♦r ❣r❛♣❤s ❣✐✈❡♥
✇✐t❤ t❤❡✐r ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ❛♥❞ ♣❛rs✐♥❣ r❡s✉❧ts ❜② ❇♦❞❧❛❡♥❞❡r ❬❇♦❞✾✻❪ ❢♦r tr❡❡✲✇✐❞t❤ ❛♥❞✱ ❜②
❍❧✐♥❡̌♥ý ✱ ❖✉♠ ❛♥❞ ❙❡②♠♦✉r ❬❍❖✵✼✱ ❖❙✵✻❪ ❢♦r ❝❧✐q✉❡✲✇✐❞t❤✳ ◆♦t✐❝❡ ❛❧s♦ t❤❛t t❤✐s t❤❡♦r❡♠
r❡❧✐❡s ❞❡❡♣❧② ♦♥ tr❡❡✲❛✉t♦♠❛t♦♥ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❡✈❡r② ❣r❛♣❤ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ k ✐s ❣❡♥❡r❛t❡❞
❜② ❛ 3✲❜❛❧❛♥❝❡❞ t❡r♠ ✐♥ T (Fk′ , Ck′) ✇❤❡r❡ k′ = k ·2k ✭♠♦r❡ ♣r❡❝✐s❡ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ✐♥ ❬❈❱✵✸❪
❛♥❞ ❚❤❡♦r❡♠ ✻✳✸✮✳ ❆ ♣r✐♦r✐✱ t❤❡ ❢❛❝t t❤❛t ♠❛♥② ✐♥t❡r❡st✐♥❣ ❣r❛♣❤ ❝❧❛ss❡s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞
❝❧✐q✉❡✲✇✐❞t❤ ❧✐♠✐ts t❤❡ ✐♠♣❛❝t ♦❢ t❤✐s t❤❡♦r❡♠✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s
t❤❡s✐s t❤❛t ✐t ❝❛♥ ❜❡ ✉s❡❢✉❧ ❢♦r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦❢ s♦♠❡ ♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❤❛✈❡
❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳

❖✈❡r✈✐❡✇ ♦❢ t❤❡ ❘❡s✉❧ts

■♥ ❈❤❛♣t❡r ✽ ✇❡ ♣r♦✈❡ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥
❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ t❤❛t ❝♦♥t❛✐♥ ♣❧❛♥❛r ❣r❛♣❤s✱ ✉♥✐t✲✐♥t❡r✈❛❧
❣r❛♣❤s✱ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱ ✳✳✳✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ FO✲♣r♦♣❡rt✐❡s ❝♦♥s✐❞❡r❡❞ ✐♥
❬◆❞▼✵✻❛❪ ❛❧s♦ ❛❞♠✐t log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥✳

■♥ ❈❤❛♣t❡r ✾ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛rt✐❝✉❧❛r ♣r♦♣❡rt② ♦❢ ❝♦♥♥❡❝t✐✈✐t②✳ Pr❡❝✐s❡❧②✱ ✇❡ ❞❡♥♦t❡ ❜②
Conn(x, y,X, F ) t❤❡ ❣r❛♣❤ ♣r♦♣❡rt② t❤❛t ❡①♣r❡ss❡s t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ t❤❛t
❛✈♦✐❞s ✈❡rt✐❝❡s ✐♥ X ❛♥❞ ❡❞❣❡s ✐♥ F ✳ ❲❡ ♣r♦✈❡ t❤❛t t❤✐s ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡
♦♥ ♣❧❛♥❛r ❣r❛♣❤s✳

■♥ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✱ ✇❡ ❛r❡ ❛❧s♦ ✐♥t❡r❡st❡❞
✐♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❛r❡ ❝♦♥str✉❝t❡❞ ❜② ❣❧✉✐♥❣ ❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞
♦✈❡r❧❛♣s✳ ❲❡ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❛ss♦❝✐❛t❡❞ ✇✐❞t❤s ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬❙❝❤✾✼✱
❉✐❡✵✺✱ ❲❚✵✼❪✱ ♦♥❡ ❜❛s❡❞ ♦♥ ♣❛rt✐t✐♦♥s ♦❢ ❡❞❣❡s✱ ❝❛❧❧❡❞ H✲e✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♦t❤❡r ♦♥
♣❛rt✐t✐♦♥s ♦❢ ✈❡rt✐❝❡s✱ ❝❛❧❧❡❞ H✲v✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ♣r♦✈❡ ✐♥ ❈❤❛♣t❡r ✶✵ t❤❛t t❤❡ ♣r♦♣❡rt②
Conn(x, y,X, ∅) ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ s♦♠❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ H✲e✲✇✐❞t❤ ✭r❡s♣✳
H✲v✲✇✐❞t❤✮✳



✶✸✵



❈❤❛♣t❡r ✽

▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡✜♥❛❜❧❡

Pr♦♣❡rt✐❡s

❚❤✐s ❝❤❛♣t❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✽✳✶ ✇❡ r❡✈✐❡✇ t❤❡ ❧♦❝❛❧✐t② t❤❡♦r❡♠ ❜② ●❛✐❢♠❛♥
❬●❛✐✽✷❪ ❛♥❞ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ s♦♠❡ FO ❢♦r♠✉❧❛s ❜② ❋r✐❝❦ ❬❋r✐✵✹❪✳ ■♥ ❙❡❝t✐♦♥ ✽✳✷ ✇❡ r❡❝❛❧❧ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❛♥❞ ✇❡ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ❛❜♦✉t ✐t✳ ■♥ ❙❡❝t✐♦♥ ✽✳✸ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡
♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ♦❢ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✱ ❛ ♥♦t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡
♦❢ ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ✐♥tr♦❞✉❝❡❞ ❜② ❋r✐❝❦ ❬❋r✐✵✹❪✳ ❲❡ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ❛❜♦✉t
❧♦❝❛❧ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❢♦r ❝♦♠♣❧❡t❡♥❡ss✱ ❛❧s♦ ❢r♦♠ ❬●r♦✵✼❪✳ ■♥ ❙❡❝t✐♦♥ ✽✳✹ ✇❡ ♣r♦✈❡ t❤❛t
❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡
❣r❛♣❤ ❝❧❛ss❡s✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② s♦♠❡ r❡♠❛r❦s ✐♥ ❙❡❝t✐♦♥ ✽✳✺✳

✽✳✶ ❘❡✈✐❡✇ ♦❢ ❚♦♦❧s ❢r♦♠ ▲♦❣✐❝

▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ ✐♥ VG✳ ❋♦r ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r✱ ✇❡ ❧❡t dG(x, y) ❜❡ t❤❡
❞✐st❛♥❝❡ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ G ❛♥❞ ❢♦r ❛ s✉❜s❡t X ♦❢ VG✱ ✇❡ ❧❡t N r

G(X)✱ t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞
♦❢ X✱ ❜❡ t❤❡ s❡t {y | dG(x, y) ≤ r ❢♦r s♦♠❡ x ∈ X}✳

▲❡t ✉s ✜rst r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ❜② ●❛✐❢♠❛♥ ❬●❛✐✽✷❪ ❛♥❞ ❋r✐❝❦ ❬❋r✐✵✹❪ t❤❛t s❤♦✇ ❤♦✇ t♦
❞❡❝♦♠♣♦s❡ ✜rst ♦r❞❡r ❢♦r♠✉❧❛s ✐♥t♦ s✐♠♣❧❡r ❢♦r♠✉❧❛s✳ ❚❤❡✐r ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❢♦r FO
❢♦r♠✉❧❛s ✇✐t❤♦✉t ❢r❡❡ s❡t ✈❛r✐❛❜❧❡s✳ ❍♦✇❡✈❡r✱ t❤♦s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❡①t❡♥❞ t♦ FO ❢♦r♠✉❧❛s
✇✐t❤ ❢r❡❡ s❡t ✈❛r✐❛❜❧❡s s✐♥❝❡ ❡❛❝❤ ❢r❡❡ s❡t ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛♥ ✉♥❛r② r❡❧❛t✐♦♥ ❛♥❞ ❞✐st❛♥❝❡
❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ✉♥❛r② r❡❧❛t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✽✳✶ ✭▲♦❝❛❧ ❋♦r♠✉❧❛s✮ ▲❡t r ❛♥❞ t ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳

✶✳ ❆♥ FO ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq) ✐s t✲❧♦❝❛❧ ❛r♦✉♥❞ (x1, . . . , xm) ✐❢ ❢♦r ❡✈❡r② G✱ ❡✈❡r②
a1, . . . , am ∈ VG ❛♥❞ ❡✈❡r② W1, . . . ,Wq ⊆ VG✱ ✇❡ ❤❛✈❡

G |= ϕ(a1, . . . , am,W1, . . . ,Wq) ✐✛ G[N ] |= ϕ(a1, . . . , am,W1 ∩N, . . . ,Wq ∩N)

✇❤❡r❡ N = N t
G({a1, . . . , am})✳

✶✸✶



✶✸✷ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

✷✳ ❆♥ FO ❢♦r♠✉❧❛ ϕ(Y1, . . . , Yq) ✐s ❜❛s✐❝ (t, s)✲❧♦❝❛❧ ✐❢ ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❢♦r♠

∃x1 · · · ∃xs


 ∧

1≤i<j≤s

d(xi, xj) > 2t ∧
∧

1≤i≤s

ψ(xi, Y1, . . . , Yq)




✇❤❡r❡ ψ(x, Y1, . . . , Yq) ✐s t✲❧♦❝❛❧ ❛r♦✉♥❞ ✐ts ✉♥✐q✉❡ ❢r❡❡ ✈❛r✐❛❜❧❡ x✳

❋♦r ✐♥st❛♥❝❡✱ t❤❡ q✉❡r② d(x, y) ≤ 2t ✐s ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ {x, y} s✐♥❝❡ t✇♦ ✈❡rt✐❝❡s
x ❛♥❞ y ❛r❡ ❛t ❞✐st❛♥❝❡ ❛t ♠♦st 2t ✐♥ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ❛t ❞✐st❛♥❝❡ ❛t ♠♦st 2t ✐♥ t❤❡
t✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ {x, y}✳

■♥❢♦r♠❛❧❧②✱ t❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ϕ(x̄, Y ) ❛r♦✉♥❞ x̄ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡
t✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x̄✳ ❆♥❞ ❛ ❜❛s✐❝ (t, s)✲❧♦❝❛❧ ❢♦r♠✉❧❛ ✐s s❛t✐s✜❡❞ ✐♥ ❛ ❣r❛♣❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐st s ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t t✲♥❡✐❣❤❜♦r❤♦♦❞s✱ ❡❛❝❤ ♦❢ t❤❡♠ s❛t✐s❢②✐♥❣ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ ♦♥❡
❢r❡❡ FO ✈❛r✐❛❜❧❡✳ ❲❡ ❝❛♥ ♥♦✇ r❡❝❛❧❧ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ FO ❢♦r♠✉❧❛s ✐♥t♦ t✲❧♦❝❛❧ ❛♥❞ ❜❛s✐❝
(t, s)✲❧♦❝❛❧ ❢♦r♠✉❧❛s✳ ❚❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ s❛②s r♦✉❣❤❧② t❤❛t ❛ ❢♦r♠✉❧❛ ϕ(x̄, Y ) ✐s s❛t✐s✜❡❞ ✐♥
❛ ❣r❛♣❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐st ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ x̄ t❤❛t
s❛t✐s❢② s♦♠❡ ❧♦❝❛❧ ♣r♦♣❡rt✐❡s✳

❚❤❡♦r❡♠ ✽✳✶ ✭❬●❛✐✽✷❪✮ ❊✈❡r② FO ❢♦r♠✉❧❛ ϕ(x̄, Y ) ✇✐t❤ t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡s x̄ =
(x1, . . . , xm) ❛♥❞ Y = (Y1, . . . , Yq) ✐s ❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥
B(ϕ1(u1, Y ), . . . , ϕp(up, Y ), ψ1(Y ), . . . , ψh(Y )) ✇❤❡r❡✿

• ❡❛❝❤ ϕi ✐s ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ ui ⊆ x̄✱

• ❡❛❝❤ ψi ✐s ❛ ❜❛s✐❝ (t′, s)✲❧♦❝❛❧ ❢♦r♠✉❧❛✳

■❢ ϕ ✐s ❛ s❡♥t❡♥❝❡✱ t❤❡♥ ♦♥❧② ❜❛s✐❝ (t′, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡s ♦❝❝✉r ✐♥ t❤❡ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ B✳
❋✉rt❤❡r♠♦r❡✱ B ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❡✛❡❝t✐✈❡❧②✱ ❛♥❞ t′ ≤ 7q−1, s ≤ m+q ❛♥❞ t ≤ 1

2(7q−1) ✇❤❡r❡
q ✐s t❤❡ q✉❛♥t✐✜❡r✲r❛♥❦ ♦❢ ϕ✳

■♥ ❚❤❡♦r❡♠ ✽✳✶ ♦♥❡ ❝❛♥ ❤♦♣❡ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ❛♥❞ ♦❢ ❜❛s✐❝ (t′, s)✲❧♦❝❛❧
s❡♥t❡♥❝❡s ✐s ❜♦✉♥❞❡❞✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❉❛✇❛r ❡t ❛❧✳ ❬❉●❑❙✵✼❪ s❤♦✇❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❧♦❝❛❧
❢♦r♠✉❧❛s ✐s ♥❡❝❡ss❛r✐❧② ❡①♣❧♦s✐✈❡✱ ✐✳❡✳✱ ✐s ♥♦t ❜♦✉♥❞❡❞ ❜② ❛♥② ❢✉♥❝t✐♦♥✳

❲✐t❤ ❚❤❡♦r❡♠ ✽✳✶ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ♦♥
❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✶ ✇❡ ♠✉st ❜❡ ❛❜❧❡ t♦ ❝❤❡❝❦ t❤❡ ✈❛❧✐❞✐t② ♦❢ ❜❛s✐❝
(t′, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡s ❛♥❞ ❛❧s♦ ❜❡ ❛❜❧❡ t♦ ❣✐✈❡ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r t✲❧♦❝❛❧ ❢♦r♠✉❧❛s✳
❍♦✇❡✈❡r✱ ✐❢ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢② ❜❛s✐❝ (t′, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧
❝❧✐q✉❡✲✇✐❞t❤ ✭▲❡♠♠❛ ✽✳✷✮✱ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ✐s ♥♦t s♦ ❡❛s②✳ ■♥❞❡❡❞✱
♦✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹✱ ✇❤✐❝❤ ❝♦♥❝❡r♥s ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✳ ❚❤❡r❡❢♦r❡✱
✇❡ ♥❡❡❞ t♦ ❞❡❝♦♠♣♦s❡ ❣r❛♣❤s ✐♥t♦ s✉❜✲❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s
❛♥❞ s✉❝❤ t❤❛t t❤❡ t✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤ t✉♣❧❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s✉❜✲❣r❛♣❤✳ ❇✉t✱ s✉❝❤ ❛
❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t♦♦ r❡str✐❝t✐✈❡✳ ❋r✐❝❦ ❬❋r✐✵✹❪ ♠❡t t❤❡ s❛♠❡ ❞✐✣❝✉❧t② ❢♦r t❤❡ ❝♦✉♥t✐♥❣ ♦❢
s♦❧✉t✐♦♥s ♦❢ FO ❢♦r♠✉❧❛s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s
❞✐✣❝✉❧t②✱ ❤❡ ❞✐st✐♥❣✉✐s❤❡❞ t✉♣❧❡s ❜② ✉s✐♥❣ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡✐r t✲♥❡✐❣❤❜♦r❤♦♦❞s ❛♥❞ ❣❛✈❡
❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛❧s♦ ✉s❡❢✉❧ ✐♥ t❤❡

✶❚❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ♦❢ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✐s ❣✐✈❡♥ ✐♥ ❉❡✜♥✐t✐♦♥ ✽✳✷



✽✳✷✳ ●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ▲♦❝❛❧ ❚r❡❡✲❲✐❞t❤ ✶✸✸

❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r ❋❖✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳
❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s✳

▲❡t m, t ≥ 1✳ ❚❤❡ t✲❞✐st❛♥❝❡ t②♣❡ ♦❢ ❛♥ m✲t✉♣❧❡ ā ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ε = ([m], Eε)
✇❤❡r❡ Eε(i, j) ✐✛ d(ai, aj) ≤ 2t + 1✳ ❚❤❡ s❛t✐s❢❛❝t✐♦♥ ♦❢ ❛ t✲❞✐st❛♥❝❡ t②♣❡ ❜② ❛♥ m✲t✉♣❧❡ ❝❛♥
❜❡ ❡①♣r❡ss❡❞ ❜② ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛✿

ρt,ε(x1, . . . , xm) =
∧

(i,j)∈Eε

d(xi, xj) ≤ 2t+ 1 ∧
∧

(i,j)/∈Eε

d(xi, xj) > 2t+ 1.

❆ t✲❝♦♥♥❡❝t❡❞ m✲t✉♣❧❡ ✐s ❛♥m✲t✉♣❧❡ t❤❛t s❛t✐s✜❡s ❛ ❝♦♥♥❡❝t❡❞ t✲❞✐st❛♥❝❡ t②♣❡ ❢♦rm✲t✉♣❧❡s✳
❲❡ ♥♦✇ r❡❝❛❧❧ ❛ ♥♦r♠❛❧ ❢♦r♠ ❢♦r t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ❜② ❋r✐❝❦ ❬❋r✐✵✹❪ t❤❛t ✉s❡s t✲❞✐st❛♥❝❡ t②♣❡s✳

▲❡♠♠❛ ✽✳✶ ✭❬❋r✐✵✹❪✮ ▲❡t ϕ(x̄, Y1, . . . , Yq) ❜❡ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ x̄ = (x1, . . . , xm)✱
m ≥ 1✳ ❋♦r ❡❛❝❤ t✲❞✐st❛♥❝❡ t②♣❡ ε ✇✐t❤ ε1, . . . , εp ❛s ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✱ ♦♥❡ ❝❛♥ ❝♦♠✲
♣✉t❡ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ F t,ε(ϕ1,1, . . . , ϕ1,j1 , . . . , ϕp,1, . . . , ϕp,jp) ♦❢ ❢♦r♠✉❧❛s ϕi,j ✇✐t❤ ❢r❡❡
✈❛r✐❛❜❧❡s ✐♥ x̄ ❛♥❞ ✐♥ (Y1, . . . , Yq) s✉❝❤ t❤❛t✿

• t❤❡ ❢r❡❡ FO ✈❛r✐❛❜❧❡s ♦❢ ❡❛❝❤ ϕi,j ❛r❡ ❛♠♦♥❣ x̄ | εi ✭x̄ | εi ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ x̄ t♦ εi✮✱

• ❡❛❝❤ ϕi,j ✐s t✲❧♦❝❛❧ ❛r♦✉♥❞ x̄ | εi ✭x̄ | εi ✐s ❛ t✲❝♦♥♥❡❝t❡❞ s✲t✉♣❧❡ ✇❤❡r❡ s ✐s t❤❡ s✐③❡ ♦❢ t❤❡
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t εi✮✱

• ❢♦r ❡❛❝❤ m✲t✉♣❧❡ ā ❛♥❞ ❡❛❝❤ q✲t✉♣❧❡ ♦❢ s❡ts (W1, . . . ,Wq)✱ G |= ρt,ε(ā) ∧ ϕ(ā,W1,
. . . ,Wq) ✐❢ ❛♥❞ ♦♥❧② ✐❢ G |= ρt,ε(ā) ∧ F t,ε(. . . , ϕi,j(ā | εi,W1, . . . ,Wq), . . .)✳

❚❤✐s ❧❡♠♠❛ s❛②s t❤❛t ❣✐✈❡♥ ϕ✱ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ ❛♥ m✲t✉♣❧❡ ❛♥❞ ε✱ ❛ t✲❞✐st❛♥❝❡
t②♣❡ ♦❢ m✲t✉♣❧❡s✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ F t,ε ♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s✱ ❡❛❝❤ ❛r♦✉♥❞
t✲❝♦♥♥❡❝t❡❞ t✉♣❧❡s✱ ❛♥❞ s✉❝❤ t❤❛t ✐❢ ❛♥ m✲t✉♣❧❡ s❛t✐s✜❡s ε✱ t❤❡♥ ✐t s❛t✐s✜❡s ϕ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✐t s❛t✐s✜❡s F t,ε✳ ❚❤❡♥ ❣✐✈❡♥ ϕ✱ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ ❛♥ m✲t✉♣❧❡ ❛♥❞ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
❛ ❣r❛♣❤ t❤❛t ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ m · (2t + 1)✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤ ✈❡rt❡① ✐s ❝♦♥t❛✐♥❡❞ ✐♥
s✉❜✲❣r❛♣❤ ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤✱ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ t❤❛t ❡❛❝❤ ❝♦♥♥❡❝t❡❞ t✉♣❧❡ ♦❢ s✐③❡ ❛t ♠♦st
m ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ s✉❜✲❣r❛♣❤ ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ❣✐✈❡ s❤♦rt ❧❛❜❡❧✐♥❣
s❝❤❡♠❡s ❢♦r t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ❛s ♣r♦✈❡❞ ✐♥ ▲❡♠♠❛ ✽✳✺✳

✽✳✷ ●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ▲♦❝❛❧ ❚r❡❡✲❲✐❞t❤

❲❡ ✜rst ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✽✳✷ ✭▲♦❝❛❧ ❲✐❞t❤✮ ▲❡t ❣♣✲✇✐❞t❤ ❜❡ ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ✇❤❡r❡ t❤❡ ❣♣✲✇✐❞t❤ ♦❢ ❛
❣r❛♣❤ G ✐s ❞❡♥♦t❡❞ ❜② gp(G)✳

✶✳ ❚❤❡ ❧♦❝❛❧ ❣♣✲✇✐❞t❤ ♦❢ ❛ ❣r❛♣❤ G ✐s t❤❡ ❢✉♥❝t✐♦♥ lgpG : N → N ❞❡✜♥❡❞ ❜② lgpG(t) =
max{gp(G[N t

G(a)]) | a ∈ VG}✳

✷✳ ❆ ❝❧❛ss C ♦❢ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❣♣✲✇✐❞t❤ ✐❢ t❤❡r❡ ✐s ❛ ❢✉♥❝t✐♦♥ f : N → N s✉❝❤ t❤❛t
lgpG(t) ≤ f(t) ❢♦r ❡✈❡r② G ∈ C ❛♥❞ t ∈ N✳



✶✸✹ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

❊♣♣st❡✐♥ ❞❡✜♥❡❞ ✐♥ ❬❊♣♣✵✵❪ t❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❢♦r ❣r❛♣❤ ✐s♦♠♦r♣❤✐s♠s ❛♥❞ ✐♥
♦r❞❡r t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ❛❧❣♦r✐t❤♠s ❜② ❇❛❦❡r ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ❬❇❛❦✾✹❪ t♦ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t
❡①❝❧✉❞❡ ❛♥ ❛♣❡① ❣r❛♣❤ ❛s ♠✐♥♦r✳ ❍❡ ♣r♦✈❡❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❡✈❡r② ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss ♦❢
❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛❧❧ ❛♣❡①✲❣r❛♣❤s ❛s
♠✐♥♦rs✳ ❆♥ ❛♣❡① ❣r❛♣❤ ✐s ❛ ❣r❛♣❤ s✉❝❤ t❤❛t ❢♦r s♦♠❡ ✈❡rt❡① v✱ t❤❡ ❛♣❡①✱ G \ v ✐s ♣❧❛♥❛r✳
❉❡♠❛✐♥❡ ❡t ❛❧✳ ❬❉❍✵✹❛✱ ❉❍✵✹❜❪ ♣r♦✈❡❞ t❤❛t t❤❡ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ♦❢ ❡✈❡r② ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss
♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ✭❚❤❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②
❊♣♣st❡✐♥ ❬❊♣♣✵✵❪ ✇❛s ❞♦✉❜❧② ❡①♣♦♥❡♥t✐❛❧✮✳

❋r✐❝❦ ❛♥❞ ●r♦❤❡ ❬❋●✵✶❜❪✱ ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✽✳✶✱ ♣r♦✈❡❞ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt②
❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ❛❧♠♦st ❧✐♥❡❛r✲t✐♠❡ ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❛♥❞
✐♥ ❧✐♥❡❛r✲t✐♠❡ ♦♥ ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ■♥ ❞❛t❛❜❛s❡
t❤❡♦r② ✇❡ ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♥♦t ♦♥❧② ✐♥t❡r❡st❡❞ t❤❛t ❛ ♣r♦♣❡rt② ✐s ✈❡r✐✜❡❞✱ ❜✉t ✇❡ ✇❛♥t ❛❧s♦ t♦
❝♦✉♥t t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ♦r t♦ ❧✐st t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❡✈❡r② MS✲❞❡✜♥❛❜❧❡
♣r♦♣❡rt② ✇❡ ❝❛♥ ❝♦✉♥t t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ✐♥ ❧✐♥❡❛r✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲
✇✐❞t❤ ❬❈▼❘✵✶✱ ❋▼❘✵✽❪✳ ❲❡ ❝❛♥ ❛❧s♦ ❧✐st t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ✐♥ t✐♠❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s❡t
♦❢ s♦❧✉t✐♦♥s ❛❢t❡r ❛ ❧✐♥❡❛r✲t✐♠❡ ♣r❡✲♣r♦❝❡ss✐♥❣ ❬❈▼❘✵✶❪✳ ❋r✐❝❦ ❬❋r✐✵✹❪ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝♦✉♥t✐♥❣
❛♥❞ ❧✐st✐♥❣ ♣r♦❜❧❡♠ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ❇② ❚❤❡♦r❡♠ ✽✳✶✱ ❢♦r ❡✈❡r②
FO ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq)✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs r, s ❛♥❞ t s✉❝❤ t❤❛t t❤❡
s❛t✐s✜❛❜✐❧✐t② ♦❢ ϕ ♦♥ ❛ ❣r❛♣❤ G ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ {x1, . . . , xm} ❛♥❞
♦♥ t❤❡ t✲♥❡✐❣❤❜♦r❤♦♦❞s ♦❢ s ✈❡rt✐❝❡s t❤❛t ❛r❡ ❛t ❞✐st❛♥❝❡ ❛t ❧❡❛st 2t✳ ❚❤❡♥ t♦ ❤❛✈❡ ❛ ❝❤❛♥❝❡
t♦ ❧✐st ♦r t♦ ❝♦✉♥t t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ❢♦r ❛♥ FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② P (x1, . . . , xm) ♦♥ ❣r❛♣❤
❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✱ ❛♥ ✐❞❡❛ ✐s t♦ ❝♦✈❡r t❤❡s❡ ❣r❛♣❤s ❜② s✉❜✲❣r❛♣❤s ♦❢ s♠❛❧❧
tr❡❡✲✇✐❞t❤✱ ✐♥ ♦r❞❡r t♦ ✉s❡ r❡s✉❧ts ✐♥ ❬❈▼❘✵✶❪✱ t❤❛t ❤❛✈❡ ❧✐♠✐t❡❞ ✐♥t❡rs❡❝t✐♦♥s✱ ❛♥❞ s✉❝❤ t❤❛t
t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤ m✲t✉♣❧❡ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡s❡ s✉❜✲❣r❛♣❤s✳ ❍♦✇❡✈❡r✱
t❤✐s ❝♦✈❡r✐♥❣ ✐s t♦♦ r❡str✐❝t✐✈❡✿ ✇❡ ❝❛♥♥♦t ❛t t❤❡ s❛♠❡ t✐♠❡ r❡str✐❝t t❤❡ ✐♥t❡rs❡❝t✐♦♥s ♦❢ t❤❡
❝♦✈❡rs ❛♥❞ ❛s❦ ❢♦r t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤m✲t✉♣❧❡ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ ❝♦✈❡r✱ t❤❛t ♠♦r❡♦✈❡r
♠✉st ❤❛✈❡ s♠❛❧❧ tr❡❡✲✇✐❞t❤✳ ❲❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❛s❦ ❢♦r t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤ ✈❡rt❡①✱
✐♥st❡❛❞ ♦❢ ❡❛❝❤ m✲t✉♣❧❡✱ t♦ ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ❛ s✉❜✲❣r❛♣❤ ♦❢ s♠❛❧❧ tr❡❡✲✇✐❞t❤✱ ❜✉t t❤❡ ✉♥✐♦♥ ♦❢ q
s✉❝❤ s✉❜✲❣r❛♣❤s ♠✉st ❤❛✈❡ tr❡❡✲✇✐❞t❤ t❤❛t ❞❡♣❡♥❞s ♦♥ q❄ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ t♦ s♦❧✈❡ ❛t ❧❡❛st t❤❡
❝❛s❡ ♦❢ ❢♦r♠✉❧❛s ✇✐t❤ ♦♥❧② ♦♥❡ ❢r❡❡ FO ✈❛r✐❛❜❧❡ ❛♥❞ ❢♦r ✐♥st❛♥❝❡ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s t❤❛t ❛❞♠✐t
s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s✳ ■♥ ❢❛❝t✱ ❋r✐❝❦ ❬❋r✐✵✹❪ ♣r♦✈❡❞ t❤❛t s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ❡♥♦✉❣❤ ❢♦r t❤❡
❝♦✉♥t✐♥❣ ❛♥❞ t❤❡ ❧✐st✐♥❣ ♦❢ s♦❧✉t✐♦♥s ❢♦r FO ❢♦r♠✉❧❛s ❜② ✉s✐♥❣ ▲❡♠♠❛ ✽✳✶✳ ❋♦r t❤❛t ♣✉r♣♦s❡
❤❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❣r❛♣❤ ❝❧❛ss❡s ❛♥❞ ♣r♦✈❡❞ t❤❛t ❢♦r
❡✈❡r② FO ❢♦r♠✉❧❛✱ ✇❡ ❝❛♥ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s ✐♥ ❧✐♥❡❛r✲t✐♠❡ ❛♥❞ ❧✐st t❤❡ s❡t ♦❢
s♦❧✉t✐♦♥s ✐♥ t✐♠❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ❬❋r✐✵✹❪✷✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥
✽✳✹ t❤❛t t❤✐s ♥♦t✐♦♥ ♦❢ ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ✐s ❛❧s♦ ❡♥♦✉❣❤ ❢♦r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s✳
❲❡ ♥♦✇ ❞❡✜♥❡✱ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t✱ t❤❡ ♥♦t✐♦♥ ♦❢ ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡✳

❉❡✜♥✐t✐♦♥ ✽✳✸ ✭❈♦✈❡r✐♥❣ ●r❛♣❤s✮ ▲❡t ❣♣✲✇✐❞t❤ ❜❡ ❛ ❣r❛♣❤ ♣❛r❛♠❡t❡r ✇❤❡r❡ t❤❡ ❣♣✲✇✐❞t❤
♦❢ ❛ ❣r❛♣❤ G ✐s ❞❡♥♦t❡❞ ❜② gp(G)✳ ▲❡t r, ℓ ≥ 1 ❛♥❞ g : N → N✳ ❆♥ (r, ℓ, g)✲❣♣ ❝♦✈❡r ♦❢ ❛ ❣r❛♣❤
G ✐s ❛ ❢❛♠✐❧② T ♦❢ s✉❜s❡ts ♦❢ VG s✉❝❤ t❤❛t✿

✭❈❈✶✮ ❋♦r ❡✈❡r② a ∈ VG✱ t❤❡r❡ ❡①✐sts ❛ U ∈ T s✉❝❤ t❤❛t N r
G (a) ⊆ U ✳

✭❈❈✷✮ ❋♦r ❡❛❝❤ U ∈ T ✱ t❤❡r❡ ❡①✐st ❧❡ss t❤❛♥ ℓ ♠❛♥② V ∈ T s✉❝❤ t❤❛t U ∩ V 6= ∅✳
✷❉✉r❛♥❞ ❡t ❛❧✳ ✐♠♣r♦✈❡❞ t❤✐s r❡s✉❧t ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❬❇❉●✵✼❪ ❜② ✉s✐♥❣ ❞✐✛❡r❡♥t t❡❝❤✲

♥✐q✉❡s ❜❛s❡❞ ♦♥ ❡❧✐♠✐♥❛t✐♦♥ ♦❢ q✉❛♥t✐✜❡rs✳



✽✳✸✳ ●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ▲♦❝❛❧ ❈❧✐q✉❡✲❲✐❞t❤ ✶✸✺

✭❈❈✸✮ ❋♦r ❡❛❝❤ U ∈ T ✱ ✇❡ ❤❛✈❡ gp(G[U ]) ≤ g(1)✳

❆♥ (r, ℓ, g)✲❣♣ ❝♦✈❡r ✐s ♥✐❝❡ ✐❢ ❝♦♥❞✐t✐♦♥ ✭❈❈✸✮ ✐s r❡♣❧❛❝❡❞ ❜② ❝♦♥❞✐t✐♦♥ ✭❈❈✹✮ ❜❡❧♦✇✿

✭❈❈✹✮ ❋♦r ❛❧❧ U1, . . . , Uq ∈ T ✱ ❢♦r q ≥ 1✱ ✇❡ ❤❛✈❡ gp(G[U1 ∪ · · · ∪ Uq]) ≤ g(q)✳

❆ ❝❧❛ss C ♦❢ ❣r❛♣❤s ✐s ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❣♣✲❞❡❝♦♠♣♦s❛❜❧❡ ✐❢ t❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠
t❤❛t ❣✐✈❡♥ ❛ ❣r❛♣❤ G ∈ C ❛♥❞ r ≥ 1✱ ❝♦♠♣✉t❡s ❛ ✭♥✐❝❡✮ (r, ℓ, g)✲❣♣ ❝♦✈❡r ♦❢ G ❢♦r s✉✐t❛❜❧❡ ℓ ❛♥❞
g ❞❡♣❡♥❞✐♥❣ ♦♥ r✳

❆s ✐♥ ❬❋r✐✵✹❪✱ ✇❡ ✐♥❝♦r♣♦r❛t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ r❡q✉✐r❡♠❡♥t ✐♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡
♥✉♠❜❡r ♦❢ ♥♦t✐♦♥s t♦ ❜❡ ✉s❡❞✳

■t ✐s ❝❧❡❛r t❤❛t ✐❢ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ✐s ♥✐❝❡❧② ❧♦❝❛❧❧② ❣♣✲❞❡❝♦♠♣♦s❛❜❧❡✱ t❤❡♥ ✐t ✐s ❧♦❝❛❧❧②
❣♣✲❞❡❝♦♠♣♦s❛❜❧❡✳ ◆♦t✐❝❡ t❤❛t ❛ ❧♦❝❛❧❧② ❣♣✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛s ❛❧s♦ ❜♦✉♥❞❡❞
❧♦❝❛❧ ❣♣✲✇✐❞t❤✳ ❲❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ ❡✈❡r② ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ✐s ✭♥✐❝❡❧②✮
❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❛♥❞ ✐t s❡❡♠s ♥♦t✳ ❍♦✇❡✈❡r✱ ✐♠♣♦rt❛♥t ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞
❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❛r❡ ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡✳

❊①❛♠♣❧❡ ✽✳✶ ✶✳ ❊✈❡r② ❣r❛♣❤ ♦❢ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ✐s ♦❜✈✐♦✉s❧② ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲
❞❡❝♦♠♣♦s❛❜❧❡✳

✷✳ ❋r✐❝❦ ♣r♦✈❡❞ t❤❛t ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❛♥❞ ♣❧❛♥❛r ❣r❛♣❤s ❛r❡ ♥✐❝❡❧② ❧♦❝❛❧❧②
tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❬❋r✐✵✹❪✳

✸✳ ❋r✐❝❦ ❛♥❞ ●r♦❤❡ ♣r♦✈❡❞ t❤❛t ❡✈❡r② ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤
✐s ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❬❋r✐✵✹✱ ❋●✵✶❜❪✳

❲❡ ♥♦t✐❝❡ t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✈❡r✐♥❣ ❛ ❣r❛♣❤ ❜② ❜❧♦❝❦s ❜② ✐♠♣♦s✐♥❣ s♦♠❡ ♣r♦♣❡rt✐❡s ♦♥
t❤❡ ❜❧♦❝❦s ✐s ♥♦t ♥❡✇✳ ❋♦r ✐♥st❛♥❝❡✱ P❡❧❡❣ ❬P❡❧✾✸❪ s❤♦✇❡❞ t❤❛t ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r✱
❡✈❡r② ❣r❛♣❤ ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② s✉❜✲❣r❛♣❤s ♦❢ s♠❛❧❧ r❛❞✐✉s ✭❞❡♣❡♥❞✐♥❣ ♦♥ r✮ ❛♥❞ s✉❝❤ t❤❛t t❤❡
r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❡❛❝❤ ✈❡rt❡① ✐♥ ❝♦♥t❛✐♥❡❞ ✐♥ s♦♠❡ s✉❜✲❣r❛♣❤❀ t❤✐s ❝♦✈❡r✐♥❣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛♥❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ♥♦t✐♦♥s ♦❢ tr❡❡✲✇✐❞t❤ ❛♥❞ ♦❢ ❝❧✐q✉❡✲✇✐❞t❤✳ ❆♥♦t❤❡r
❡①❛♠♣❧❡ ♦❢ ❝♦✈❡r✐♥❣ ♦❢ ❣r❛♣❤s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❆●▼❲✵✼❪ ✇❤❡r❡ ❆❜r❛❤❛♠ ❡t ❛❧✳ ♣r♦✈❡❞ t❤❛t
❡✈❡r② ❣r❛♣❤ t❤❛t ❡①❝❧✉❞❡s ❛ ✜①❡❞ ❣r❛♣❤ ❛s ❛ ♠✐♥♦r ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s✉❜✲❣r❛♣❤s ♦❢
s♠❛❧❧ ❞✐❛♠❡t❡r ❛♥❞ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳

✽✳✸ ●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ▲♦❝❛❧ ❈❧✐q✉❡✲❲✐❞t❤

P❧❛♥❛r ❣r❛♣❤s✱ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱ ❛♣❡①✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤ ❝❧❛ss❡s ❤❛✈❡ ❜♦✉♥❞❡❞
❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❛♥❞ ❛r❡ ✐♥ ❢❛❝t ♥✐❝❡❧② ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❬❋r✐✵✹❪✳ ❍♦✇❡✈❡r✱ ♠❛♥②
❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ▼❛♥② ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❞♦ ♥♦t
❤❛✈❡ ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤ ❤❛✈❡ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳ ❲❤❛t ❝❛♥ ✇❡ s❛② ❛❜♦✉t ❝❧❛ss❡s ♦❢ ❣r❛♣❤s
♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❛r❡ ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡❄
❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡s❡ ❝❧❛ss❡s✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❛❞❛♣t t❤❡ r❡s✉❧ts ❜② ❋r✐❝❦ ❛♥❞ ●r♦❤❡ ❬❋●✵✶❜❪ ✐♥
♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♦♥ ❝❧❛ss❡s
♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ✭▲❡♠♠❛ ✽✳✷✮✳ ❚❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ♠✐♥♦r ✐♥❝❧✉s✐♦♥
r❡❧❛t❡❞ t♦ ❝❧✐q✉❡✲✇✐❞t❤✱ ❤♦✇❡✈❡r ♦♥❡ ❡①✐sts ❢♦r r❛♥❦✲✇✐❞t❤✱ t❤❡ ✈❡rt❡①✲♠✐♥♦r ✐♥❝❧✉s✐♦♥ ✭❙❡❝t✐♦♥



✶✸✻ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

✶✳✷✮✳ ❙✐♥❝❡ r❛♥❦✲✇✐❞t❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✷✮✱ ♦♥❡ ❝❛♥ t❤❡♥ ❛s❦ ❢♦r ❛
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r ❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ r❛♥❦✲✇✐❞t❤✱ ❤❡♥❝❡
♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳

❲❡ ♥♦✇ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❋♦r ❡✈❡r② ❣r❛♣❤
G ❛♥❞ ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ ✇❡ ❧❡t Gm ❜❡ t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛❞❞✐♥❣ ❡❞❣❡s
❜❡t✇❡❡♥ x ❛♥❞ y ✇❤❡♥❡✈❡r dG(x, y) ≤ m✳

❋❛❝t ✽✳✶ ✭✐✮ ❊❛❝❤ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳

✭✐✐✮ ❊❛❝❤ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❊❛❝❤
✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ✐s ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✳

✭✐✐✐✮ ❚❤❡ ❝❧❛ss ♦❢ ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ✐s ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡✳

✭✐✈✮ ▲❡t m ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳
❚❤❡♥ Cm = {Gm | G ∈ C} ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳

Pr♦♦❢✳ ✭✐✮ ■❢ ❛ ❣r❛♣❤ G ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ k✱ t❤❡♥ ❢♦r ❡✈❡r② W ⊆ VG✱ ✇❡ ❤❛✈❡ cwd(G[W ]) ≤ k
❬❈❖✵✵❪✳ ❚❤❡♥ st❛t❡♠❡♥t ✭✐✮ ✐s ✈❡r✐✜❡❞✳

✭✐✐✮ ■t ✐s ❦♥♦✇♥ t❤❛t ✐❢ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ tr❡❡✲✇✐❞t❤✱ t❤❡♥ ✐t ❤❛s ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲
✇✐❞t❤ ❬❈❖✵✵✱ ❈❘✵✺❪✳ ❚❤❡♥ st❛t❡♠❡♥t ✭✐✐✮ ✐s ✈❡r✐✜❡❞✳

✭✐✐✐✮ ❲❡ ✇✐❧❧ ✉s❡ ❛ r❡s✉❧t ❜② ▲♦③✐♥ ✐♥ ❬▲♦③✵✽❪✳ ❲❡ ❧❡t Hn,m ❜❡ t❤❡ ❣r❛♣❤ 〈V1∪· · ·∪Vn, E
1∪E2 〉

✇✐t❤ nm ✈❡rt✐❝❡s s✉❝❤ t❤❛t✿

Vi = {vi,1, . . . , vi,m},
E1 =

⋃

1≤i≤n

{vi,jvi,ℓ | j, ℓ ≤ m, j 6= ℓ},

E2 =
⋃

1≤i≤n−1

{vi,jvi+1,ℓ | j ≤ ℓ ≤ m}.

❊❛❝❤ s✉❜❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② Vi ✐s ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤✳ ❋✐❣✉r❡ ✷✸ s❤♦✇s t❤❡ ❣r❛♣❤ H4,4✳ ■t ✐s
♣r♦✈❡❞ ✐♥ ❬▲♦③✵✽❪ t❤❛t t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ Hn,m ✐s ❛t ♠♦st 3n✳ ▼♦r❡♦✈❡r✱ ❡✈❡r② ✉♥✐t✲✐♥t❡r✈❛❧
❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ✐s ❛♥ ✐♥❞✉❝❡❞ s✉❜✲❣r❛♣❤ ♦❢ Hn,n ❬▲♦③✵✽❪✳ ❚❤❡s❡ t✇♦ ♣r♦♣❡rt✐❡s ✇✐❧❧ ❜❡
✉s❡❞✳

❲❡ ✜rst ♣r♦✈❡ t❤❛t ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ▲❡t G ❜❡ ❛ ✉♥✐t✲
✐♥t❡r✈❛❧ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❚❤❡♥ ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r ❛♥❞ ❡✈❡r② ✈❡rt❡① x ♦❢ G✱
t❤❡ s✉❜❣r❛♣❤ G[N r

G(x)] ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ Hr,n✳ ❚❤✉s✱ ❢♦r ❡✈❡r② ✈❡rt❡①
x ♦❢ G ❛♥❞ ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r✱ G[N r

G(x)] ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 3r✳ ✭❇❛❣❛♥ ❣✐✈❡s ✐♥
❬❇❛❣✵✾❪ ❛♥♦t❤❡r ♣r♦♦❢ st❛t✐♥❣ t❤❛t ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳✮

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ❝❧❛ss ♦❢ ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s ✐s ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✳ ▲❡t
G ❜❡ ❛ ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❍❡♥❝❡✱ ✐t ✐s ❛ s✉❜❣r❛♣❤ ♦❢ Hn,n = 〈V1 ∪ · · · ∪
Vn, E

1, E2 〉✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ G ❝♦♥♥❡❝t❡❞✳ ❲❡ ❝❛♥ ❛❧s♦ ❛ss✉♠❡
t❤❛t VG =

⋃
1≤i≤n V

′
i ✇❤❡r❡ V ′

i = {vi,i1 , . . . , vi,iℓ} ✇✐t❤ 1 ≤ i1 ≤ i2 ≤ · · · ≤ iℓ ≤ n✳ ❋♦r ❡❛❝❤



✽✳✸✳ ●r❛♣❤ ❈❧❛ss❡s ♦❢ ❇♦✉♥❞❡❞ ▲♦❝❛❧ ❈❧✐q✉❡✲❲✐❞t❤ ✶✸✼

1 ≤ i ≤ n✱ ✇❡ ❧❡t Ui = N r+1
G (vi,i1)✳ ❲❡ ❧❡t g : N→ N ❜❡ ❞❡✜♥❡❞ ❜② g(q) = 3 · q · (r + 1)✳ ❲❡

❝❧❛✐♠ t❤❛t {Ui | 1 ≤ i ≤ n} ✐s ❛ ♥✐❝❡ (r, 2r + 3, g)✲❝✇❞ ❝♦✈❡r✳ ■t ✐s ❝❧❡❛r ❜② ❝♦♥str✉❝t✐♦♥ t❤❛t
❢♦r ❡✈❡r② 1 ≤ i ≤ n ❛♥❞ ❡✈❡r② ✈❡rt❡① v ✐♥ V ′

i ✱ t❤❡ s❡t N r
G(v) ✐s ❛ s✉❜s❡t ♦❢ Ui✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r q✱ ✐❢ ✇❡ t❛❦❡ q s✉❜s❡ts Uj1 , . . . , Ujq ✱ t❤❡♥ t❤❡
s✉❜❣r❛♣❤ G[Uj1∪· · ·∪Ujq ] ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 3·q·(r+1)✳ ❆ss✉♠❡ t❤❛t j1 ≤ j2 ≤ · · · ≤ jq
❛♥❞ ❧❡t G1, . . . , Gp ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G[Uj1 ∪ · · · ∪ Ujq ]✳ ❲❡ ♥❡❡❞ ♦♥❧② ♣r♦✈❡
t❤❡ ❝❧❛✐♠ ❢♦r ❡❛❝❤ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✳ ▲❡t G1 ❜❡ ♦♥❡ ♦❢ t❤❡♠✳ ■t ✐s ♦❢ t❤❡ ❢♦r♠✱ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ G[Uj1 ∪ · · · ∪ Ujℓ1

] ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t j1 ≤ · · · ≤ jℓ1 ✳ ❚❤✉s✱ G1 ✐s ❛♥
✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ Hjℓ1

·(r+1),n✱ ❤❡♥❝❡ ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 3 · ℓ1 · (r + 1)✳ ❍❡♥❝❡✱ t❤❡
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G[Uj1 ∪ · · · ∪ Ujq ] ✐s ❛t ♠♦st 3 · q · (r + 1)✳

▲❡t v ❜❡ ❛ ✈❡rt❡① ✐♥ V ′
i ❢♦r 1 ≤ i ≤ n✳ ❇② ❝♦♥str✉❝t✐♦♥✱ v ❝❛♥ ♦♥❧② ❜❡ ✐♥

Ui, Ui−1, . . . , Ui−(r+1), Ui+1, . . . , Ui+(r+1)✳ ❚❤✉s✱ v ✐s ✐♥ ❛t ♠♦st 2(r + 1) + 1 s❡ts Ui✳ ❚❤✐s
❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✭✐✈✮ ▲❡t ✉s s❦❡t❝❤ t❤❡ ♣r♦♦❢✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ✐♥ C✳ ❋♦r ❡✈❡r② ✈❡rt❡① x ♦❢ G ❛♥❞ ❡✈❡r② ♣♦s✐t✐✈❡
✐♥t❡❣❡r r✱ ✇❡ ❤❛✈❡ N r

Gm(x) = N rm
G (x)✳ ❖♥❡ ❡❛s✐❧② ✈❡r✐✜❡s t❤❛t Gm[N r

Gm(x)] = G′[N rm
G (x)]

✇❤❡r❡ G′ = (G[N
(r+1)m
G (x)])m✳ ■t ✐s ♣r♦✈❡❞ ✐♥ ❬❙❚✵✼❪ t❤❛t ✐❢ ❛ ❣r❛♣❤ H ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ k✱

t❤❡♥ Hm ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 4 · (m + 1)k✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② ❣r❛♣❤ G ✐♥ C ❛♥❞ ❡✈❡r②
♣♦s✐t✐✈❡ ✐♥t❡❣❡r r, lcwdGm

(r) ≤ 4 · (m+ 1)f(r(m+1)) ✇❤❡r❡ f ✐s t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ❜♦✉♥❞s t❤❡
❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❣r❛♣❤s ✐♥ C✳

H4,4

V1

V2

V3

V4

v1,4

v2,1

v3,1

v1,1

v4,1v4,4

v3,4

v2,4

❋✐❣✉r❡ ✷✸✿ ❚❤❡ ❣r❛♣❤ H4,4✳ ❊❛❝❤ Vi✱ ❢♦r 1 ≤ i ≤ 4✱ ✐♥❞✉❝❡s ❛ ❝❧✐q✉❡✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❡✈❡r② FO ❢♦r♠✉❧❛ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ♦♥ ❣r❛♣❤ ❝❧❛ss❡s
t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❋♦r ❛ ❣r❛♣❤ G ❛♥❞ W ⊆ VG✱ ✇❡ ❧❡t t❤❡ r✲❦❡r♥❡❧ ♦❢ W
✐♥ G ❜❡ t❤❡ s❡t Kr

G(W ) = {a ∈ VG | N r
G(a) ⊆W}✳



✶✸✽ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

▲❡♠♠❛ ✽✳✷ ✭❬❋●✵✶❜❪✮ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❚❤❡♥ ❢♦r
❡✈❡r② ❣r❛♣❤ G ✇✐t❤ n ✈❡rt✐❝❡s ✐♥ C ❛♥❞ ❡✈❡r② FO ❢♦r♠✉❧❛ ϕ✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ G ✈❡r✐✜❡s ϕ ✐♥
O(n4)✲t✐♠❡✳

❋r✐❝❦ ❛♥❞ ●r♦❤❡ ♣r♦✈❡❞ ✐♥ ❬❋●✵✶❜✱ ▲❡♠♠❛ ✽✳✸❪ t❤❛t ❣✐✈❡♥ ❛ ❣r❛♣❤ G ✇❤✐❝❤ ✐s ✐♥ ❛ ❝❧❛ss
C ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✱ t✇♦ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs r ❛♥❞ m ❛♥❞ ❛ s✉❜s❡t P ♦❢ VG✱
♦♥❡ ❝❛♥ ❝❤❡❝❦ ✐♥ ❧✐♥❡❛r✲t✐♠❡ ✐❢ t❤❡r❡ ❡①✐st a1, . . . , am ✐♥ P t❤❛t ❛r❡ ♣❛✐r✇✐s❡ ❛t ❞✐st❛♥❝❡ ❛t ❧❡❛st
r✳ ❲✐t❤ ❤❡❧♣ ♦❢ ❚❤❡♦r❡♠ ✶✳✷ t❤❡ s❛♠❡ t❤✐♥❣ ❝❛♥ ❜❡ ♣r♦✈❡❞ ❢♦r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧
❝❧✐q✉❡✲✇✐❞t❤✱ st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✽✳✸ ✭❬❋●✵✶❜✱ ●r♦✵✼❪✮ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞
❧❡t r ❛♥❞m ❜❡ t✇♦ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ O(n3)✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❣✐✈❡♥ ❛♥ n✲
✈❡rt❡① ❣r❛♣❤ G ∈ C ❛♥❞ P ⊆ VG✱ ❞❡❝✐❞❡s ✐❢ t❤❡r❡ ❡①✐st a1, . . . , am ✐♥ P s✉❝❤ t❤❛t dG(ai, aj) > r
❢♦r ❛❧❧ 1 ≤ i < j ≤ m✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ▲❡♠♠❛ ✽✳✷✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽✳✷✳ ■t ✐s ❡♥♦✉❣❤ t♦ ✈❡r✐❢② t❤❡ st❛t❡♠❡♥t ❢♦r FO s❡♥t❡♥❝❡s✳ ❇② ❚❤❡♦r❡♠
✽✳✶ ❛ ❣r❛♣❤ ✈❡r✐✜❡s ❛♥ FO s❡♥t❡♥❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✈❡r✐✜❡s ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❛s✐❝
(t, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡s ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs t ❛♥❞ s✳ ❲❡ ❝❛♥ t❤❡♥ ♦♥❧② s❤♦✇ ❤♦✇ t♦ ✈❡r✐❢②
❜❛s✐s (t, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ ❛ ❜❛s✐❝ (t, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡ ϕ ✐s ♦❢ t❤❡ ❢♦r♠✿

∃x1 · · · ∃xs


 ∧

1≤i<j≤s

d(xi, xj) > 2t ∧
∧

1≤i≤s

ψ(xi)




✇❤❡r❡ ψ(x) ✐s ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ x✳ ▲❡t G ❜❡ ❛♥ n✲✈❡rt❡① ❣r❛♣❤ t❤❛t ✐s ✐♥ ❛ ❝❧❛ss
C ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❧❡t f ❜❡ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ❜♦✉♥❞s t❤❡ ❧♦❝❛❧
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❣r❛♣❤s ✐♥ C✳ ❋♦r ❡❛❝❤ a ✐♥ VG✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ N t

G(a)✱ ♦❢ s✐③❡ ❛t ♠♦st n✱
✐♥ O(n2)✲t✐♠❡✳ ❇② ❚❤❡♦r❡♠ ✶✳✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✷✱ ❢♦r ❡❛❝❤ a ✐♥ VG✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥
O(n3)✲t✐♠❡ ❛ t❡r♠ t ∈ T (Fk, Ck), k ≤ 2f(t)+1 s✉❝❤ t❤❛t val(t) = G[N t

G(a)]✳ ❲❡ ❝❛♥ ❞❡❝✐❞❡
✐❢ val(t) ✈❡r✐✜❡s ψ(a) ✐♥ ❧✐♥❡❛r✲t✐♠❡ ❜② ✉s✐♥❣ t ❬❈▼❘✵✵❪✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ s❡t
P = {a ∈ VG | G |= ϕ(a)} ✐♥ O(n4)✲t✐♠❡✳ ■t ✐s ❝❧❡❛r t❤❛t ϕ ✐s tr✉❡ ✐♥ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡
❡①✐sts a1, . . . , am ∈ P s✉❝❤ t❤❛t d(ai, aj) > 2r ❢♦r 1 ≤ i < j ≤ m✳ ❆♥❞ t❤✐s ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ✐♥
O(n3)✲t✐♠❡ ❜② ▲❡♠♠❛ ✽✳✸✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✽✳✹ ▲❛❜❡❧✐♥❣ ❢♦r FO✲❞❡✜♥❛❜❧❡ Pr♦♣❡rt✐❡s

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✽✳✷ ✶✳ ❊✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ✇✐t❤♦✉t ❢r❡❡ s❡t ✈❛r✐❛❜❧❡s ❛❞♠✐ts ❛ log✲
❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❡❛❝❤ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s✳

✷✳ ❊✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❡❛❝❤ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s✳



✽✳✹✳ ▲❛❜❡❧✐♥❣ ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s ✶✸✾

❲✐t❤ ❚❤❡♦r❡♠ ✽✳✶ ❛♥❞ ▲❡♠♠❛ ✽✳✷ t❤❡ ♥❡①t st❡♣ ❜❡❢♦r❡ ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✽✳✷ ✐s t♦ s❤♦✇
t❤❛t ❡❛❝❤ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢
❣r❛♣❤s ❛s s❤♦✇♥ ❜② t❤❡ ❧❡♠♠❛ ❜❡❧♦✇✳

▲❡♠♠❛ ✽✳✹ ▲❡t C ❜❡ ❛ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ❛♥❞ ❧❡t
ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ x̄ = (x1, . . . , xm)✳ ❚❤❡♥ t❤❡r❡ ❡①✲
✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r ϕ ♦♥ C✳ ❋✉rt❤❡r♠♦r❡✱ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥
♣♦❧②♥♦♠✐❛❧✲t✐♠❡✳

Pr♦♦❢✳ ▲❡t G ❜❡ ✐♥ ❛ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ✇✐t❤ n = |VG|✳ ❲❡ ✜rst ❝♦♥str✉❝t t❤❡
❧❛❜❡❧✐♥❣ ❛♥❞ ✇❡ t❤❡r❡❢♦r❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ϕ ❜② ✉s✐♥❣ t❤❡s❡ ❧❛❜❡❧s✳ ❲❡ ❧❡t T ❜❡ ❛♥
(r, ℓ, g)✲❝✇❞ ❝♦✈❡r ♦❢ G ✇❤❡r❡ r = m · (2t + 1)✳ ❲❡ r❡❝❛❧❧ t❤❛t ❡❛❝❤ G[U ] ❢♦r U ∈ T ❤❛s
❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st g(1)✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ U ∈ T ❤❛s ❛♥ ✐♥❞❡① ❡♥❝♦❞❡❞ ❛s ❛ ❜✐t str✐♥❣
pUq✳ ❋♦r ❡❛❝❤ ✈❡rt❡① x✱ t❤❡r❡ ❡①✐st ❧❡ss t❤❛♥ ℓ ♠❛♥② U ∈ T s✉❝❤ t❤❛t x ∈ U ✳ ❚❤❡r❡❢♦r❡✱
t❤❡r❡ ❛r❡ ❛t ♠♦st n · ℓ s❡ts ✐♥ T ✳ ❍❡♥❝❡ pUq ❤❛s ❧❡♥❣t❤ O(log(n))✳ ❲❡ ❝❛♥ ♥♦✇ ❝♦♥str✉❝t t❤❡
❧❛❜❡❧✐♥❣ ♦❢ G ✐♥ ♦r❞❡r t♦ ❞❡❝✐❞❡ ϕ✳

❇② ❚❤❡♦r❡♠ ✼✳✹✱ ✇❡ ❝❛♥ ❧❛❜❡❧ ❡❛❝❤ ✈❡rt❡① x ∈ U ✇✐t❤ ❛ ❧❛❜❡❧ LU (x) ♦❢ s✐③❡ O(log(n)) ❛♥❞
❞❡❝✐❞❡ ✐❢ dG[U ](x, y) ≤ 2t+ 1 ❥✉st ❜② ✉s✐♥❣ LU (x) ❛♥❞ LU (y)✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t✿

L(x) =
((

pUq, LU (x) | N2t+1
G (x) ⊆ U

)
,
(
pUq, LU (x) | x ∈ U ❛♥❞ N2t+1

G (x) * U
))
.

■t ✐s ❝❧❡❛r t❤❛t |L(x)| = O(log(n)) s✐♥❝❡ ❡❛❝❤ x ✐s ✐♥ ❛t ♠♦st ℓ s❡ts U ✐♥ T ✳ ◆♦t✐❝❡ t❤❛t ❜②
✉s✐♥❣ L(x) ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ s❡t {pUq | x ∈ U}✳

▲❡t ε ❜❡ ❛ t✲❞✐st❛♥❝❡ t②♣❡ ♦❢ m✲t✉♣❧❡s ✇✐t❤ ε1, . . . , εp ❛s ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❇② ▲❡♠♠❛
✽✳✶✱ t❤❡r❡ ❡①✐sts ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ F t,ε(ϕε

1,1, . . . , ϕ
ε
1,j1

, . . . , ϕε
p,1, . . . , ϕ

ε
p,jp

) s✉❝❤ t❤❛t ❢♦r
❡✈❡r② a1, . . . , am ∈ VG ❛♥❞ ❡✈❡r② W1, . . . ,Wq ⊆ VG✱

G |= ρt,ε(ā) ∧ ϕ(ā,W1, . . . ,Wq) ✐✛ G |= ρt,ε(ā) ∧ F t,ε(. . . , ϕε
i,j(ā | εi,W1, . . . ,Wq), . . .).

❋♦r ❡❛❝❤ G[U ] ❛♥❞ ❡❛❝❤ ϕε
i,j ✱ ✇❡ ❛♣♣❧② ❚❤❡♦r❡♠ ✼✳✹ ✇❤✐❝❤ ❝♦♥str✉❝ts ❛ log✲❧❛❜❡❧✐♥❣ JU,ε

i,j ♦♥
G[U ] ❢♦r ϕε

i,j ✳ ❋♦r ❡❛❝❤ ✈❡rt❡① x✱ ✇❡ ❧❡t

Jε =
((

pUq, JU,ε
1,1 (x), . . . , JU,ε

p,jp
(x)
)
| N t

G(x) ⊆ U
)
.

■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❡❛❝❤ ε ❛♥❞ ❡❛❝❤ x ∈ VG✱ ✇❡ ❤❛✈❡ |Jε(x)| = O(log(n))✳ ❚❤❡r❡ ❡①✐st ❛t ♠♦st
k′ = 2m(m−1)/2 t✲❞✐st❛♥❝❡ t②♣❡ ❣r❛♣❤s ❢♦r m✲t✉♣❧❡s❀ ✇❡ ❡♥✉♠❡r❛t❡ t❤❡♠ ❜② ε1, . . . , εk

′
✳ ❋♦r

❡❛❝❤ x✱ ✇❡ ❧❡t

J(x) =
(
L(x), Jε1(x), . . . , Jεk′ (x)

)
.

■t ✐s ❝❧❡❛r t❤❛t |J(x)| = O(log(n)) ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡✳ ▲❡t a1, . . . , am ∈ VG

❛♥❞ W1, . . . ,Wq ⊆ VG✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ✐❢ G |= ϕ(a1, . . . , am,W1, . . . ,Wq) ❜②
✉s✐♥❣ J(a1), . . . , J(am) ❛♥❞ J(W1), . . . , J(Wq)✳

T ✐s ❛♥ (r, ℓ, g)✲❝✇❞ ❝♦✈❡r ❢♦r r = m(2t + 1)✳ ❚❤❡♥ ❢♦r ❡✈❡r② x ❛♥❞ y ✐♥ VG✱ ✇❡ ❤❛✈❡
dG(x, y) ≤ 2t+ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ U ∈ T s✉❝❤ t❤❛t dG[U ](x, y) ≤ 2t+ 1✳ ❚❤❡r❡❢♦r❡✱



✶✹✵ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

❜② ✉s✐♥❣ L(a1), . . . , L(am) ❢r♦♠ J(a1), . . . , J(am)✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ t✲❞✐st❛♥❝❡ t②♣❡ ε
s❛t✐s✜❡❞ ❜② a1, . . . , am❀ ❧❡t ε1, . . . , εp ❜❡ t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ε✳ ❲❡ r❡❝♦✈❡r ❢r♦♠
J(a1), . . . , J(am) t❤❡ ❧❛❜❡❧s Jε(a1), . . . , Jε(am)✳ ❲❡ ✉s❡ r = m(2t + 1) ✐♥ ♦r❞❡r t♦ ✇❛rr❛♥t②
t❤❛t ✐❢ (a1, . . . , ap), p ≤ m ✐s ❛ t✲❝♦♥♥❡❝t❡❞ p✲t✉♣❧❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ U ∈ T s✉❝❤ t❤❛t
N t

G(a1, . . . , ap) ⊆ U ✳ ❚❤❡♥ ❢♦r ❡✈❡r② ā | εi✱ ❜② ✉s✐♥❣ ❢♦r ✐♥st❛♥❝❡ Jε(b) ❢♦r b ∈ ā | εi✱
✇❡ ❝❛♥ r❡❝♦✈❡r ❛ s❡t Ui ∈ T s✉❝❤ t❤❛t N t

G(ā | εi) ⊆ Ui✳ ■t r❡♠❛✐♥s t♦ r❡❝♦✈❡r Wj ∩ Ui

❢♦r ❡❛❝❤ j ≤ q✳ ❇✉t ❜② ✉s✐♥❣ t❤❡ ❧❛❜❡❧s L(x) ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ s❡t {pUq | x ∈ U}✱
❤❡♥❝❡ ✇❡ ❝❛♥ r❡❝♦✈❡r✱ ❢♦r ❡❛❝❤ W ⊆ VG ❛♥❞ U ∈ T ✱ t❤❡ s❡t W ∩ U ✳ ❚❤❡r❡❢♦r❡✱ ❢♦r
❡❛❝❤ j ≤ q✱ ✇❡ ❝❛♥ r❡❝♦✈❡r Wj ∩ Ui ❢r♦♠ J(Wj)✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡❝✐❞❡ ✐❢ G s❛t✐s✜❡s
F t,ε(ϕε

1,1(ā | ε1,W1 ∩ U1, . . . ,Wq ∩ U1), . . . , ϕ
ε
p,jp

(ā | εp,W1 ∩ Up, . . . ,Wq ∩ Up))✳ ❆♥❞ t❤✐s ✐s
s✉✣❝✐❡♥t ❜② ❉❡✜♥✐t✐♦♥ ✽✳✶ ❛♥❞ ▲❡♠♠❛ ✽✳✶✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✷✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ t✇♦ st❛t❡♠❡♥ts s❡♣❛r❛t❡❧②✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✷ ✭✶✮✳ ▲❡t G ❜❡❧♦♥❣ t♦ ❛ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ✇✐t❤ |VG| = n✳
▲❡t P (x1, . . . , xm) ❜❡ ❛♥ FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❞❡s❝r✐❜❡❞ ❜② t❤❡ FO ❢♦r♠✉❧❛ ϕ(x1, . . . , xm)✳
❇② ❚❤❡♦r❡♠ ✽✳✶✱ ϕ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ B(ϕ1(u1), . . . , ϕp(up), ψ1, . . . , ψh)
✇❤❡r❡ ❡❛❝❤ ϕi ✐s ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ ui ⊆ x̄ ❛♥❞ ❡❛❝❤ ψi ✐s ❛ ❜❛s✐❝ (t′, s)✲❧♦❝❛❧ s❡♥t❡♥❝❡
❢♦r s✉✐t❛❜❧❡ t, t′ ❛♥❞ s✳

❇② ▲❡♠♠❛ ✽✳✷✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐♥ O(n4)✲t✐♠❡ ❡❛❝❤ s❡♥t❡♥❝❡ ψi✳ ▲❡t b = (b1, . . . , bh) ✇❤❡r❡
bi = 1 ✐❢ G s❛t✐s✜❡s ψi ❛♥❞ 0 ♦t❤❡r✇✐s❡✳ ❇② ▲❡♠♠❛ ✽✳✹✱ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ Ji ❢♦r ❡❛❝❤
ϕi(ui), 1 ≤ i ≤ p ♦♥ G✳ ❋♦r ❡❛❝❤ x✱ ✇❡ ❧❡t J(x) = (J1(x), . . . , Jp(x), b)✳ ■t ✐s ❝❧❡❛r t❤❛t |J(x)| =
O(log(n))✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ϕ(a1, . . . , am) ❥✉st ❜② ✉s✐♥❣ J(a1), . . . , J(am)✳

❋r♦♠ J(a1), . . . , J(am)✱ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ ❡❛❝❤ s❡♥t❡♥❝❡ ψi✳ ❆♥❞ ❜② ▲❡♠♠❛
✽✳✹✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ G |= ϕi(ā | ui) ❥✉st ❜② ✉s✐♥❣ Ji✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ G s❛t✐s✜❡s
B(ϕ1(ā | u1), . . . , ϕp(ā | up), ψ1, . . . , ψh)✱ ❤❡♥❝❡ ✐❢ G s❛t✐s✜❡s ϕ(a1, . . . , ap) ❜② ✉s✐♥❣ ♦♥❧②
J(a1), . . . , J(am)✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✷ ✭✷✮✳ ❇✉t ❜❡❢♦r❡ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❣r❛♣❤ ♦❢ ❛
❝♦✈❡r ♦❢ ❛ ❣r❛♣❤ G✱ ✐✳❡✳✱ ❛ ❢❛♠✐❧② T ♦❢ s✉❜s❡ts ♦❢ VG t❤❡ ✉♥✐♦♥ ♦❢ ✇❤✐❝❤ ✐s VG✳

❉❡✜♥✐t✐♦♥ ✽✳✹ ✭■♥t❡rs❡❝t✐♦♥ ●r❛♣❤✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t T ❜❡ ❛ ❝♦✈❡r ♦❢ G✳ ❚❤❡
✐♥t❡rs❡❝t✐♦♥ ❣r❛♣❤ ♦❢ T ✐s t❤❡ ❣r❛♣❤ G(T ) ✇❤❡r❡ VG(T ) = {xU | U ∈ T } ❛♥❞ xUxV ∈ EG(T ) ✐❢
❛♥❞ ♦♥❧② ✐❢ U ∩ V 6= ∅✳

■t ✐s ❝❧❡❛r t❤❛t ✐❢ T ✐s ❛♥ (r, ℓ, g)✲❝✇❞ ❝♦✈❡r ♦❢ ❛ ❣r❛♣❤✱ t❤❡♥ G(T ) ❤❛s ♠❛①✐♠✉♠ ❞❡❣r❡❡ ❛t
♠♦st ℓ✳ ▲❡t m ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ❛ ❞✐st❛♥❝❡✲m ❝♦❧♦r✐♥❣ ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ ♣r♦♣❡r ❝♦❧♦r✐♥❣
♦❢ Gm✱ ✇❤❡r❡ Gm ✐s t❤❡ ❣r❛♣❤ ✇✐t❤ VG ❛s s❡t ♦❢ ✈❡rt✐❝❡s ❛♥❞ ❢♦r ❡✈❡r② x, y ∈ VG, xy ∈ EGm

✐❢ ❛♥❞ ♦♥❧② ✐❢ dG(x, y) ≤ m✳ ❚❤❡♥ ✐♥ ❛ ♣r♦♣❡r ❞✐st❛♥❝❡✲m ❝♦❧♦r✐♥❣✱ ✈❡rt✐❝❡s ❛t ❞✐st❛♥❝❡ ❛t
♠♦st m ❤❛✈❡ ❞✐✛❡r❡♥t ❝♦❧♦rs✳ ■❢ ∆(G) ✐s t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛ ❣r❛♣❤ G✱ t❤❡♥ G ❛❞♠✐ts ❛
♣r♦♣❡r ❝♦❧♦r✐♥❣ ✇✐t❤ ∆(G)+1 ❝♦❧♦rs✳ ❙✐♥❝❡ G(T ) ❤❛s ♠❛①✐♠✉♠ ❞❡❣r❡❡ ❛t ♠♦st ℓ✱ t❤❡♥ G(T )
❛❞♠✐ts ❛ ♣r♦♣❡r ❞✐st❛♥❝❡✲m ❝♦❧♦r✐♥❣ ✇✐t❤ ℓO(m) ❝♦❧♦rs s✐♥❝❡ G(T )m ❤❛s ♠❛①✐♠✉♠ ❞❡❣r❡❡ ❛t
♠♦st ℓO(m)✳



✽✳✹✳ ▲❛❜❡❧✐♥❣ ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s ✶✹✶

❲❡ s❛② t❤❛t t✇♦ s❡ts ♦❢ ✈❡rt✐❝❡s W ❛♥❞ W ′ ♦❢ ❛ ❣r❛♣❤ G t♦✉❝❤ ✐❢ W ∩W ′ 6= ∅ ♦r t❤❡r❡
❡①✐sts ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ ❛ ✈❡rt❡① ♦❢ W ❛♥❞ ♦♥❡ ♦❢ W ′✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ W =

⋃
1≤i≤pWi ⊆ VG

❛♥❞ Wi,Wj ♣❛✐r✇✐s❡ ❞♦ ♥♦t t♦✉❝❤✱ t❤❡♥ G[W ] ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ ❣r❛♣❤s G[Wi]✳ ■t
❢♦❧❧♦✇s t❤❛t cwd(G[W ]) = max{cwd(G[Wi]) | 1 ≤ i ≤ p}✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✷ ✭✷✮✳ ▲❡t G ❜❡❧♦♥❣ t♦ ❛ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ✇✐t❤
|VG| = n✳ ❇② ▲❡♠♠❛ ✽✳✹✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r FO ❢♦r♠✉❧❛s ϕ(Y1, . . . , Yq) ♦❢ t❤❡ ❢♦r♠✿

∃x1 · · · ∃xm


 ∧

1≤i<j≤m

d(xi, xj) > 2t ∧
∧

1≤i≤m

ψ(xi, Y1, . . . , Yq)




✇❤❡r❡ ψ(x, Y1, . . . , Yq) ✐s t✲❧♦❝❛❧ ❛r♦✉♥❞ x✳ ❲❡ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡
❢♦r s✉❝❤ ❢♦r♠✉❧❛s ♦♥ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ❲❡ ❝♦♥s✐❞❡r ❢♦r t❤❡
s❛❦❡ ♦❢ ❝❧❛r✐t② t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ m = 2✳

▲❡t T ❜❡ ❛ ♥✐❝❡ (r, ℓ, g)✲❝✇❞ ❝♦✈❡r ♦❢ G ✇❤❡r❡ r = 2t+ 1✳ ❲❡ ❧❡t γ ❜❡ ❛ ❞✐st❛♥❝❡✲3 ❝♦❧♦r✐♥❣ ♦❢
t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❣r❛♣❤ ♦❢ T ✳ ❋♦r ❡✈❡r② 2 ❝♦❧♦rs i ❛♥❞ j✱ ✇❡ ❧❡t Gi,j ❜❡ t❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜②
t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s❡ts U ∈ T ♦❢ ❝♦❧♦rs i ❛♥❞ j ✭♣♦ss✐❜❧② i = j✮✳

❈❧❛✐♠ ✽✳✶ cwd(Gi,j) ≤ g(2)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✽✳✶✳ ▲❡t T 2 = {U ∪ U ′ | U,U ′ ∈ T , U ∩ U ′ 6= ∅}✳ ❚❤❡ ✈❡rt❡① s❡t ♦❢ t❤❡
❣r❛♣❤ Gi,j ✐s ❛ ✉♥✐♦♥ ♦❢ s❡ts ✐♥ T ∪ T 2✳ ◆♦ t✇♦ s❡ts ♦❢ t❤✐s ✉♥✐♦♥ t♦✉❝❤✿ ✐❢ ❛ s❡t U ∪ U ′ ✐s
s✉❝❤ t❤❛t U ∩ U ′ 6= ∅ ❛♥❞ ♠❡❡ts s♦♠❡ U ′′ ∈ T ✇✐t❤ U ′′ 6= U ❛♥❞ U ′′ 6= U ′✱ t❤❡♥ ✇❡ ❤❛✈❡
γ(U) = i, γ(U ′) = j 6= i ❛♥❞ U ′′ ♠❡❡ts U ♦r U ′✳ ■t ❝❛♥ ❤❛✈❡ ♥❡✐t❤❡r ❝♦❧♦r i ♥♦r ❝♦❧♦r j
❜❡❝❛✉s❡ γ ✐s ❛ ❞✐st❛♥❝❡✲3 ❝♦❧♦r✐♥❣ ❛♥❞ U,U ′ ❛♥❞ U ′′ ❛r❡ ♣❛✐r✇✐s❡ ❛t ❞✐st❛♥❝❡ ❛t ♠♦st 2✳
◆♦✇✱ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ ❛ ✈❡rt❡① x ✐♥ U ∪ U ′ ❛♥❞ ❛ ✈❡rt❡① y ✐♥ U ′′ ∈ T ✱ t❤❡♥
t❤❡r❡ ❡①✐sts ❛ s❡t W ∈ T s✉❝❤ t❤❛t x ❛♥❞ y ❛r❡ ✐♥ W ✳ ❍❡♥❝❡✱ U ′′ ❛♥❞ U ❛r❡ ❛t ❞✐st❛♥❝❡
❛t ♠♦st 3✱ s✐♠✐❧❛r❧② ❢♦r U ′′ ❛♥❞ U ′✳ ❚❤✉s✱ U ′′ ❝❛♥ ❤❛✈❡ ♥❡✐t❤❡r ❝♦❧♦r i ♥♦r ❝♦❧♦r j✳ ❲❡ ❝❛♥
t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❛t Gi,j ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❣r❛♣❤s G[U ∪ U ′] ✇✐t❤ U ∪ U ′ ∈ T 2 ❛♥❞ ♦❢
❣r❛♣❤s G[U ] ❢♦r U ∈ T t❤❛t ❞♦ ♥♦t t♦✉❝❤ ♣❛✐r✇✐s❡✳ ❙✐♥❝❡ cwd(G[U∪U ′]) ≤ g(2)✱ ✇❡ ❛r❡ ❞♦♥❡✳

❈❧❛✐♠ ✽✳✷ ▲❡t x ∈ K2t
G (U) ❛♥❞ y ∈ K2t

G (U ′) ❢♦r s♦♠❡ U,U ′ ∈ T ✳ ❚❤❡♥ dG(x, y) > 2t ✐❢ ❛♥❞
♦♥❧② ✐❢ dG[U∪U ′](x, y) > 2t✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✽✳✷✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ dG(x, y) > 2t✱ t❤❡♥ dG[U∪U ′](x, y) > 2t s✐♥❝❡
dG(x, y) ≤ dG[U∪U ′](x, y)✳ ❋♦r ♣r♦✈✐♥❣ t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t dG(x, y) ≤ 2t✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ✐♥ G ❛ ♣❛t❤ ♦❢ ❧❡♥❣t❤ ❛t ♠♦st 2t ❢r♦♠ x t♦ y✳ ❚❤✐s ♣❛t❤ ✐s ❛❧s♦ ✐♥ G[U ]
s✐♥❝❡ x ∈ K2t

G (U)✳ ❍❡♥❝❡✱ ✐t ✐s ❛❧s♦ ✐♥ G[U ∪ U ′]✳ ❚❤❡r❡❢♦r❡✱ dG[U∪U ′] ≤ 2t✳

▲❡t ✉s ♥♦✇ ❣✐✈❡ t♦ ❡❛❝❤ ✈❡rt❡① x ♦❢ G t❤❡ s♠❛❧❧❡st ❝♦❧♦r i s✉❝❤ t❤❛t x ∈ K2t
G (U) ❛♥❞ γ(U) = i

❛♥❞ ❞❡♥♦t❡ ✐t ❜② γ(x)✳ ❍❡♥❝❡✱ ❛ ✈❡rt❡① ❤❛s ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ❝♦❧♦r✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♥s✐❞❡r G
❛s t❤❡ str✉❝t✉r❡ 〈VG, EG, c1G, . . . , clG 〉 ✇❤❡r❡ l = ℓO(1) ❛♥❞ ciG(x) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❤❛s
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❝♦❧♦r i✳ ❋♦r ❡❛❝❤ ♣❛✐r ♦❢ ❝♦❧♦rs (i, j)✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ψi,j(Y1, . . . , Yq) ✭♣♦ss✐❜❧② i = j✮✿

∃x∃y
(
d(x, y) > 2t ∧ ψ(x, Y1, . . . , Yq) ∧ ψ(y, Y1, . . . , Yq) ∧ ci(x) ∧ cj(y)

)
.

❇② ❚❤❡♦r❡♠ ✼✳✹✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❢♦r ❡❛❝❤ ❢♦r♠✉❧❛ ψi,j ❛ log✲❧❛❜❡❧✐♥❣✱ Ji,j ✐♥ t❤❡ ❣r❛♣❤
Gi,j ✳ ❲❡ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ tr✉t❤ ✈❛❧✉❡ bi,j ♦❢ ψi,j(∅, . . . , ∅) ✐♥ Gi,j ❀ ✇❡ ❣❡t ❛ ✈❡❝t♦r b ♦❢ ✜①❡❞
❧❡♥❣t❤ ❜② ❝♦♥❝❛t❡♥❛t✐♥❣ ❛❧❧ bi,j ✳ ❲❡ ❧❡t J(x) =

(
γ(x), (Ji,j(x) | x ∈ VGi,j

), b
)
✳ ■t ✐s ❝❧❡❛r t❤❛t

|J(x)| = O(log(n))✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝❤❡❝❦ t❤❡ ✈❛❧✐❞✐t② ♦❢ ϕ(W1, . . . ,Wq) ❜② ✉s✐♥❣ J(W1), . . . , J(Wq)✳ ❋r♦♠
J(x)✱ ❢♦r x ∈ Wi, 1 ≤ i ≤ q✱ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡ ❝♦❧♦r ♦❢ x✳ ❚❤❡♥ ❢r♦♠ J(W1), . . . , J(Wq)✱ ✇❡
❝❛♥ ❞❡t❡r♠✐♥❡ t❤♦s❡ Gi,j s✉❝❤ t❤❛t VGi,j

∩ (W1 ∪ · · · ∪Wq) 6= ∅✱ ❛♥❞ ❝❤❡❝❦ ✐❢✱ ❢♦r ♦♥❡ ♦❢ t❤❡♠✱
Gi,j |= ψi,j(W1 ∩ VGi,j

, . . . ,Wq ∩ VGi,j
)✳ ■❢ ♦♥❡ ✐s ❢♦✉♥❞✱ ✇❡ ❛r❡ ❞♦♥❡✳ ❖t❤❡r✇✐s❡✱ ✇❡ ✉s❡ t❤❡

bi,j ✬s t♦ ❧♦♦❦ ❢♦r Gi,j s✉❝❤ t❤❛t Gi,j |= ψi,j(∅, . . . , ∅) ❛♥❞ (W1 ∪ · · · ∪Wq) ∩ VGi,j
= ∅✳ ❚❤✐s

❣✐✈❡s t❤❡ ❝♦rr❡❝t r❡s✉❧ts ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛❝ts✿

• ■❢ x ∈ K2t
G (U) ❛♥❞ y ∈ K2t

G (U ′) s❛t✐s❢② t❤❡ ❢♦r♠✉❧❛ ψ ✭♣♦ss✐❜❧② U = U ′✮ ❛♥❞ dG(x, y) >
2t✱ t❤❡♥ dGi,j

(x, y) > 2t✳ ❍❡♥❝❡✱ Gi,j |= ψi,j(W1∩VGi,j
, . . . ,Wq ∩VGi,j

) ✇❤❡r❡ i = γ(U)
❛♥❞ j = γ(U ′)✳

• ■❢ Gi,j |= ψi,j(W1 ∩ VGi,j
, . . . ,Wq ∩ VGi,j

) t❤❡♥ ✇❡ ❣❡t G |= ϕ(W1, . . . ,Wq) ❜② s✐♠✐❧❛r
❛r❣✉♠❡♥t ✭✐♥ ♣❛rt✐❝✉❧❛r dGi,j

(x, y) > 2t ✐♠♣❧✐❡s dG[U∪U ′](x, y) > 2t ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
dG(x, y) > 2t ❜② ❈❧❛✐♠ ✽✳✷✮✳

❋♦r m = 1✱ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r ✇✐t❤ γ ❛ ❞✐st❛♥❝❡✲2 ❝♦❧♦r✐♥❣ ❛♥❞ ✇❡ ✉s❡ Gi,i ✐♥st❡❛❞ ♦❢ Gi,j ✳
❋♦r m > 2✱ t❤❡ ♣r♦♦❢ ✐s t❤❡ s❛♠❡✳ ❲❡ t❛❦❡ ❢♦r γ ❛ ❞✐st❛♥❝❡✲(m+1) ❝♦❧♦r✐♥❣ ♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥
❣r❛♣❤✳ ❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❣r❛♣❤s Gi1,...,im ❞❡✜♥❡❞ ❛s ✭❞✐s❥♦✐♥t✮ ✉♥✐♦♥s ♦❢ s❡ts U1 ∪ · · · ∪ Um

❢♦r U1, . . . , Um ✐♥ T ✱ ♦❢ r❡s♣❡❝t✐✈❡ ❝♦❧♦rs i1, . . . , im✳ ❲❡ ❝❛♥ t❤❡♥ ♣r♦✈❡ t❤❛t Gi1,...,im ❤❛s
❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st g(m) ❜② ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s t❤❡ ♦♥❡s ✉s❡❞ ❢♦r ❈❧❛✐♠ ✽✳✶✳ ❚❤✐s
t❡r♠✐♥❛t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✷✳

❋r✐❝❦ ✐♥ ❬❋r✐✵✹❪ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ♦❢ ❝♦✉♥t✐♥❣ q✉❡r✐❡s ❢♦r FO ❢♦r♠✉❧❛s ♦♥ ♥✐❝❡❧② ❧♦❝❛❧❧②
tr❡❡✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s✱ ✇❤✐❝❤ ❝♦♥s✐st ✐♥ ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s♦❧✉t✐♦♥s✳ ❲❡ ✇✐❧❧ ♣r♦✈❡
✐♥ t❤✐s s❡❝t✐♦♥ t❤❛t ✐❢ ❛ ♣r♦♣❡rt② ✐s FO✲❞❡✜♥❛❜❧❡✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦✉♥t t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ♦♥
♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ❲❡ ❞❡✜♥❡ ❢♦r♠❛❧❧② t❤❡ ♥♦t✐♦♥ ♦❢ ❝♦✉♥t✐♥❣
q✉❡r②✳

❉❡✜♥✐t✐♦♥ ✽✳✺ ✭❈♦✉♥t✐♥❣ ◗✉❡r②✮ ▲❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ ❢♦r♠✉❧❛ ❛♥❞ ❧❡t G ❜❡
❛ ✜♥✐t❡ ❣r❛♣❤✳ ❋♦r W1, . . . ,Wq ⊆ VG✱ ✇❡ ❧❡t

#Gϕ(W1, . . . ,Wq) =
∣∣∣
{
(a1, . . . , am) ∈ V m

G | G |= ϕ(a1, . . . , am,W1, . . . ,Wq)
}∣∣∣.

❚❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ❝♦♥s✐sts ✐♥ ❞❡t❡r♠✐♥✐♥❣ #Gϕ(W1, . . . ,Wq) ❢♦r ❣✐✈❡♥ (W1, . . . ,Wq)✳
▲❡t s ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ♠♦❞✉❧♦ s ❝♦♥s✐sts ✐♥ ❞❡t❡r♠✐♥✐♥❣
#Gϕ(W1, . . . ,Wq) ♠♦❞✉❧♦ s ❢♦r ❣✐✈❡♥ (W1, . . . ,Wq)✳



✽✳✹✳ ▲❛❜❡❧✐♥❣ ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s ✶✹✸

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✐s ❛♥ ❡❛s② ❡①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✼✳✹✳

❚❤❡♦r❡♠ ✽✳✸ ▲❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛♥ MS1 ❢♦r♠✉❧❛ ♦✈❡r ❣r❛♣❤s ❛♥❞ k, s ∈ N✳
❚❤❡r❡ ❡①✐sts ❛ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✭r❡s♣✳ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡✮ ♦♥ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲
✇✐❞t❤ ❛t ♠♦st k ❢♦r t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ✭r❡s♣✳ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ♠♦❞✉❧♦ s✮✳

❲❡ ♣r♦✈❡ ❛ s✐♠✐❧❛r t❤❡♦r❡♠ ❢♦r ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❛♥❞ FO
❢♦r♠✉❧❛s✳

❚❤❡♦r❡♠ ✽✳✹ ▲❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛♥ FO ❢♦r♠✉❧❛ ❛♥❞ s ∈ N✳ ❚❤❡r❡ ❡①✐sts ❛
log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✭r❡s♣✳ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡✮ ❢♦r t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ✭r❡s♣✳ ❝♦✉♥t✐♥❣
q✉❡r② ♦❢ ϕ ♠♦❞✉❧♦ s✮ ♦♥ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s✳

❲❡ ✇✐❧❧ ✜rst ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✹ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ♦♥ ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s✳

❉❡✜♥✐t✐♦♥ ✽✳✻ ✭t✲❈♦♥♥❡❝t❡❞ ❋♦r♠✉❧❛s✮ ❆ ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq) ✐s t✲❝♦♥♥❡❝t❡❞
✐❢ ❢♦r ❛❧❧ G✱ ❛❧❧ a1, . . . , am ∈ VG ❛♥❞ ❛❧❧ W1, . . . ,Wq ⊆ VG✱

G |= ϕ(a1, . . . , am,W1, . . . ,Wq) ✐✛

{∧
1≤i<j≤m d(ai, aj) ≤ t ❛♥❞

G[N ] |= ϕ(a1, . . . , am,W1 ∩N, . . . ,Wq ∩N)

✇❤❡r❡ N = N t
G({a1, . . . , am})✳

❘❡♠❛r❦ ✽✳✶ ▲❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ t✲❝♦♥♥❡❝t❡❞ ❢♦r♠✉❧❛✳ ❚❤❡♥ ❢♦r ❛❧❧ W ⊇
N t

G(a1, . . . , am)✱

G |= ϕ(a1, . . . , am,W1, . . . ,Wq) ✐✛ G[W ] |= ϕ(a1, . . . , am,W1 ∩W, . . . ,Wq ∩W )

❛♥❞ ❜❡❝❛✉s❡ N t
G({a1, . . . , am}) ⊆ N2t

G (a1)

G |= ϕ(a1, . . . , am,W1, . . . ,Wq) ✐✛ G[N2t
G (a1)] |= ϕ(a1, . . . , am,W1, . . . ,Wq).

▲❡♠♠❛ ✽✳✺ ▲❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ t✲❝♦♥♥❡❝t❡❞ ❢♦r♠✉❧❛ ❛♥❞ ❧❡t s ❜❡ ❛ ♣♦s✐t✐✈❡
✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✭r❡s♣✳ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡✮ ❢♦r t❤❡ ❝♦✉♥t✐♥❣
q✉❡r② ♦❢ ϕ ✭r❡s♣✳ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ♠♦❞✉❧♦ s✮ ♦♥ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳

Pr♦♦❢✳ ▲❡t T ❜❡ ❛ (2t, ℓ, g)✲❝✇❞ ❝♦✈❡r ♦❢ ❛ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ n✲✈❡rt❡① ❣r❛♣❤ G✳ ▲❡t
γ ❜❡ ❛ ❞✐st❛♥❝❡✲2 ❝♦❧♦r✐♥❣ ♦❢ G(T ) ✇✐t❤ [ℓ2 + 1] ❝♦❧♦rs✳

❈❧❛✐♠ ✽✳✸ ▲❡t x ∈ K2t
G (U) ❛♥❞ y ∈ U ′ ✇✐t❤ γ(U) = γ(U ′), U 6= U ′✳ ❚❤❡♥ dG(x, y) > 2t✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✽✳✸✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡♥ y ∈ U ❛♥❞ xU ❛♥❞ xU ′ ❛r❡ ❛❞❥❛❝❡♥t ✐♥ H✱
❛ ❝♦♥tr❛❞✐❝t✐♦♥ s✐♥❝❡ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ❝♦❧♦r✳



✶✹✹ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

❋♦r ❡❛❝❤ x✱ ✇❡ ❝♦❧♦r ✐t ❜② i✱ t❤❡ s♠❛❧❧❡st γ(U) s✉❝❤ t❤❛t x ∈ K2t
G (U)✳ ❲❡ ❝❛♥ t❤❡♥ ❝♦♥s✐❞❡r G

❛s ❛ str✉❝t✉r❡ 〈VG, EG, c1G, . . . , clG 〉 ✇❤❡r❡ l = [ℓ2 + 1] ❛♥❞ ciG(x) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❤❛s
❝♦❧♦r i✳ ❋♦r ❡❛❝❤ i ∈ [ℓ2 + 1]✱ ❧❡t ϕi ❜❡ t❤❡ ❢♦r♠✉❧❛ ❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦

ϕ(x1, . . . , xm, Y1, . . . , Yq) ∧ ci(x1).

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❝❧❡❛r✳

❈❧❛✐♠ ✽✳✹ #Gϕ(Y1, . . . , Yq) =
∑
i

#Gϕi(Y1, . . . , Yq)✳

❲❡ ❝❛♥ ♥♦✇ s❤♦✇ t❤❛t t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ❛❞♠✐ts ❛ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❡❛❝❤ ❧♦❝❛❧❧②
❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s✳ ❇❡❢♦r❡ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ▲❡t Vi =

⋃
γ(U)=i

{U | U ∈

T }✳

❈❧❛✐♠ ✽✳✺ cwd(G[Vi]) ≤ g(1)✳

Pr♦♦❢✳ Vi ✐s ❝❧❡❛r❧② ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s❡ts U ∈ T ✳ ❋r♦♠ ❉❡✜♥✐t✐♦♥ ✽✳✸✱ ❡❛❝❤ G[U ] ❤❛s
❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st g(1)✳ ❚❤❡r❡❢♦r❡ cwd(G[Vi]) ≤ g(1)✳

❈❧❛✐♠ ✽✳✻ #Gϕi(Y1, . . . , Yq) = #G[Vi]ϕi(Y1, . . . , Yq)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✽✳✻✳ ■❢ ϕ(a1, . . . , am,W1, . . . ,Wq) ❤♦❧❞s ❛♥❞ a1 ❤❛s ❝♦❧♦r i✱ t❤❡♥ a1 ∈
K2t

G (U) ❢♦r s♦♠❡ U, γ(U) = i✳ ❍❡♥❝❡✱ a2, . . . , am ∈ N2t
G (a1) ❛♥❞ G[N2t

G (a1)] |=
ϕ(a1, . . . , am,W1, . . . ,Wq)✱ ❤❡♥❝❡ G[Vi] |= ϕ(a1, . . . , am,W1, . . . ,Wq)✳

■❢ G[Vi] |= ϕi(a1, . . . , am,W1, . . . ,Wq)✱ t❤❡♥ ciG(a1) ❛♥❞
∧

1≤l<s≤m

dG[Vi](al, as) ≤ t✳ ❇✉t

dG(al, as) = dG[Vi](al, as) = dG[U ](al, as) ✇❤❡r❡ a1 ∈ U ❛♥❞ γ(U) = i✳ ❆♥❞ s✐♥❝❡
N t

G({a1, . . . , am}) ⊆ Vi✱ t❤❡♥ G |= ϕi(a1, . . . , am,W1, . . . ,Wq)✳

❇② ❚❤❡♦r❡♠ ✽✳✸ ❛♥❞ ❈❧❛✐♠s ✽✳✺ ❛♥❞ ✽✳✻✱ t❤❡r❡ ❡①✐sts ❛ log2✲❧❛❜❡❧✐♥❣ Ji ❢♦r t❤❡ ❝♦✉♥t✐♥❣
q✉❡r② ♦❢ ❡❛❝❤ ϕi✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t J(x) = (J1(x), . . . , Jℓ+1(x))✳ ■t ✐s ❝❧❡❛r t❤❛t
|J(x)| ≤ O(log2(n)) ❛♥❞ ✐s ❛ log2✲❧❛❜❡❧✐♥❣ ❢♦r t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ϕ ❜② ❈❧❛✐♠ ✽✳✹✳ ❇②
❚❤❡♦r❡♠ ✽✳✸✱ ❧❛❜❡❧s ♦❢ s✐③❡ O(log(n)) ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ❡❛❝❤ ϕi ♠♦❞✉❧♦
s✳

❲❡ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✽✳✹✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✹✳ ▲❡t ϕ(x̄, Y ) ❜❡ ❛♥ FO ❢♦r♠✉❧❛ ✇✐t❤ ❢r❡❡ ✈❛r✐❛❜❧❡s ✐♥ x̄ = (x1, . . . , xm)
❛♥❞ ✐♥ Y = (Y1, . . . , Yq)✳ ❇② ❚❤❡♦r❡♠ ✽✳✶✱ ϕ ✐s ❧♦❣✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥
♦❢ t✲❧♦❝❛❧ ❢♦r♠✉❧❛s ❛r♦✉♥❞ x̄ ❛♥❞ ❜❛s✐❝ (t′, s)✲❧♦❝❛❧ ❢♦r♠✉❧❛s✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❡❛❝❤ ❜❛s✐❝
(t′, s)✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s



✽✳✹✳ ▲❛❜❡❧✐♥❣ ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s ✶✹✺

♦❢ ❣r❛♣❤s ✐♥ ❚❤❡♦r❡♠ ✽✳✷ ✭✷✮✳ ■t r❡♠❛✐♥s t❤❡♥ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ❛ t✲❧♦❝❛❧
❢♦r♠✉❧❛ ❛❞♠✐ts ❛ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❡❛❝❤ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss ♦❢ ❣r❛♣❤s✳

▲❡t ψ(x̄, Y1, . . . , Yq) ❜❡ ❛ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ ❛r♦✉♥❞ x̄ = (x1, . . . , xm)✳ ❇② ▲❡♠♠❛ ✽✳✶ ✭s❡❡ ❬❋r✐✵✹✱
❙❡❝t✐♦♥s ✺✱✻❪ ❢♦r t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✮✱ ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ψ t♦ t❤❡ ❝♦✉♥t✐♥❣
q✉❡r② ♦❢ ✜♥✐t❡❧② ♠❛♥② ❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠ ρt,ε(x̄) ∧ ϕ′(x̄, Y1, . . . , Yq) t❤❛t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞
❛s

ϕ′(x̄, Y1, . . . , Yq) =
∧

1≤i<j≤p

d(x̄ | εi, x̄ | εj) > 2t+ 1 ∧
∧

1≤i≤p

ϕi(x̄ | εi, Y1, . . . , Yq)

✇❤❡r❡ ❡❛❝❤ ϕi ✐s t✲❧♦❝❛❧ ❛♥❞ (m · (2t + 1))✲❝♦♥♥❡❝t❡❞✳ ❲❡ ❝❛♥ t❤❡♥ ❛ss✉♠❡ t❤❛t ψ ✐s ♦❢ t❤❡
❢♦r♠ ϕ′(x̄, Y1, . . . , Yq)✳

▲❡t T ❜❡ ❛ ♥✐❝❡ (r, ℓ, g)✲❝✇❞ ❝♦✈❡r ✇❤❡r❡ r = m·(2t+1) ❛♥❞ ❧❡t γ ❜❡ ❛ ❞✐st❛♥❝❡✲(m+1) ❝♦❧♦r✐♥❣
♦❢ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❣r❛♣❤ ♦❢ T ✳ ❋♦r ❡✈❡r② m✲t✉♣❧❡ ♦❢ ❝♦❧♦rs (i1, . . . , im)✱ ✇❡ ❧❡t Gi1,...,im ❜❡ t❤❡
❣r❛♣❤ G[V ] ✇❤❡r❡ V ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ s❡ts U ∈ T s✉❝❤ t❤❛t γ(U) ∈ {i1, . . . , im}✳ ❲❡ ❤❛✈❡
t❤❡♥ cwd(G[V ]) ≤ g(m) ✭s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❈❧❛✐♠ ✽✳✶✮✳ ❲❡ ❝♦❧♦r ❡❛❝❤ ✈❡rt❡① ✇✐t❤ t❤❡
s♠❛❧❧❡st ❝♦❧♦r i s✉❝❤ t❤❛t x ∈ Kr

G(U) ❛♥❞ γ(U) = i✳ ❆❣❛✐♥ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r G ❛s ❛ str✉❝t✉r❡
〈VG, EG, c1G, . . . , clG 〉 ✇❤❡r❡ l = ℓO(m) ❛♥❞ ciG(x) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❤❛s ❝♦❧♦r i✳ ❲❡ ❧❡t
ϕ′

i1,...,ip
❜❡

∧

1≤i<j≤p

d(x̄ | εi, x̄ | εj) > 2t+ 1 ∧
∧

1≤ℓ≤p

(ϕℓ(x̄ | εℓ, Y1, . . . , Yq) ∧ ciℓ(zℓ))

✇❤❡r❡ zℓ ✐s t❤❡ ✜rst ✈❛r✐❛❜❧❡ ♦❢ ❡❛❝❤ t✉♣❧❡ x̄ | εℓ✳ ❲❡ ❤❛✈❡ t❤❡♥✿

❈❧❛✐♠ ✽✳✼ #Gψ(Y1, . . . , Yq) =
∑

(i1,...,im)

#Gϕ
′
i1,...,im

(Y1, . . . , Ym)✳

❲❡ ❧❡t H = Gi1,...,im ✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❈❧❛✐♠ ✽✳✷ t❤❛t✿

❈❧❛✐♠ ✽✳✽ dG(x̄ | εi, x̄ | εj) > 2t+ 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ dH(x̄ | εi, x̄ | εj) > 2t+ 1✳

■t ❢♦❧❧♦✇s ❛❣❛✐♥ t❤❛t✿

❈❧❛✐♠ ✽✳✾ #Gϕ
′
i1,...,im

(Y1, . . . , Yq) = #Hϕ
′
i1,...,im

(Y1, . . . , Yq)✳

❇② ❚❤❡♦r❡♠ ✽✳✸✱ ❛♥❞ ❈❧❛✐♠s ✽✳✼✱ ✽✳✽ ❛♥❞ ✽✳✾✱ t❤❡r❡ ❡①✐st ❛ log2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡
❝♦✉♥t✐♥❣ q✉❡r② ♦❢ ❡❛❝❤ t✲❧♦❝❛❧ ❢♦r♠✉❧❛✳ ❆♥❞ ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✐s ❡♥♦✉❣❤ ❢♦r ♠♦❞✉❧♦
❝♦✉♥t✐♥❣✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳



✶✹✻ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

✽✳✺ ❖t❤❡r ❘❡s✉❧ts ❛♥❞ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ♥✐❝❡❧②
❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ■❢ ✇❡ r❡str✐❝t t❤❡ FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s t♦
FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ✇✐t❤♦✉t s❡t ❛r❣✉♠❡♥ts✱ ✇❡ ❤❛✈❡ ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ❍♦✇❡✈❡r✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✐❢ t❤❡s❡ t✇♦ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❛r❡ ❞✐❢✲
❢❡r❡♥t s✐♥❝❡ s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ✇❡ ❦♥♦✇ ❛r❡ ♥✐❝❡❧② ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✳
❆ ❢✉t✉r❡ ✇♦r❦ ✐s t♦ ❜❡tt❡r ✉♥❞❡rst❛♥❞ t❤❡ ❣r❛♣❤s t❤❛t ❛r❡ ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✳
■t ✐s ❛❧s♦ ♥♦t ❦♥♦✇♥ ✐❢ ❡✈❡r② ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ✐s ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡✳ ❲❡ ❛❧s♦ ♥♦t✐❝❡ t❤❛t ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡✱ t❤❡
✏♣♦❧②♥♦♠✐❛❧✲t✐♠❡✑ ❛♣♣❡❛rs ❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ✭♥✐❝❡✮ (r, ℓ, g)✲❝✇❞ ❝♦✈❡rs✱ ❤❡♥❝❡ ❢♦r ❝♦♥str✉❝t✲
✐♥❣ t❤❡ ❧❛❜❡❧s✳ ❍♦✇❡✈❡r✱ t❤✐s ❛s♣❡❝t ❤❛s ♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ s✐③❡s ♦❢ t❤❡ ❧❛❜❡❧s ♥♦r ✐♥ t❤❡ t✐♠❡
t❛❦❡♥ ❢♦r ❛♥s✇❡r✐♥❣ t❤❡ q✉❡r✐❡s✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss s❛❦❡✱ ✇❡ r❡✈✐❡✇ ❤❡r❡ ❤♦✇ t♦ ❣❡t s✐♠✐❧❛r
r❡s✉❧ts t♦ t❤❡ ♦♥❡s ✐♥ ❙❡❝t✐♦♥ ✽✳✹ ❢♦r ♦t❤❡r ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳

❆ ❣r❛♣❤ ❤❛s ❛r❜♦r✐❝✐t② ❛t ♠♦st k ✐❢ ✐t ✐s t❤❡ ✉♥✐♦♥ ♦❢ k ❡❞❣❡✲❞✐s❥♦✐♥t ❢♦r❡sts ✭✐♥❞❡♣❡♥❞❡♥t❧②
♦❢ t❤❡ ♦r✐❡♥t❛t✐♦♥s ♦❢ ✐ts ❡❞❣❡s✮✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❋❛❝t ✽✳✷ ▲❡t k ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ❧❡t ϕ(x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ q✉❛♥t✐✜❡r✲❢r❡❡ FO
❢♦r♠✉❧❛✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ t❤❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st
k✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ ❢♦r❡st ✇✐t❤ ❡❞❣❡s ❛♥②✇❛② ❞✐r❡❝t❡❞✳ ▲❡t ✉s ❝❤♦♦s❡ ❛ r♦♦t r ❛♥❞ ❧❡t f+, f− :
VG → VG ❜❡ ♠❛♣♣✐♥❣s s✉❝❤ t❤❛t✿

f+(u) = v ✐✛ u→ v ✐♥ G ❛♥❞ v ✐s ♦♥ t❤❡ ✉♥✐q✉❡ ✉♥❞✐r❡❝t❡❞ ♣❛t❤ ❜❡t✇❡❡♥ u ❛♥❞ r✳

f−(u) = v ✐✛ u← v ✐♥ G ❛♥❞ v ✐s ♦♥ t❤❡ ✉♥✐q✉❡ ✉♥❞✐r❡❝t❡❞ ♣❛t❤ ❜❡t✇❡❡♥ u ❛♥❞ r✳

❚❤❡ ❡❞❣❡ r❡❧❛t✐♦♥ ✐♥ G ✐s ❞❡✜♥❡❞ ❜②✿

EG(u, v)⇐⇒ v = f+(u) ∨ u = f−(v). ✭✹✮

▲❡t G ❜❡ ♥♦✇ ❛ ❣r❛♣❤ ♦❢ ❛r❜♦r✐❝✐t② k ❛♥❞ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ str✉❝t✉r❡ 〈VG, EG, P1G, . . . , PmG 〉
✇❤❡r❡ PiG ✐s ❛♥ ✉♥❛r② r❡❧❛t✐♦♥✳ ❚❤❡♥ G ✐s t❤❡ ✉♥✐♦♥ ♦❢ k ❡❞❣❡✲❞✐s❥♦✐♥t ❢♦r❡sts F1, . . . , Fk✳ ❲❡
❝❛♥✱ ❢♦r ❡❛❝❤ ❢♦r❡st Fi✱ ❝♦♥str✉❝t t✇♦ ♠❛♣♣✐♥❣s (f+

i , f
−
i ) s✉❝❤ t❤❛t EG[Fi](u, v) ❤♦❧❞s ✐❢ ❛♥❞

♦♥❧② ✐❢ v = f+
i (u) ∨ u = f−i (v)✳ ❲❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ t❤❡ ❡❞❣❡ r❡❧❛t✐♦♥ ♦❢ G ✐♥ ❛ s✐♠✐❧❛r ✇❛②

❛s ✐♥ ✭✹✮ ✇✐t❤ 2k ✉♥❛r② ❢✉♥❝t✐♦♥s ❜② ❧❡tt✐♥❣✿

EG(u, v)⇐⇒
∨

i∈[k]

v = f+
i (u) ∨ u = f−i (v). ✭✺✮

❋♦r ❡❛❝❤ ✈❡rt❡① x ♦❢ G✱ ✇❡ ❧❡t b(x) ❜❡ t❤❡ ❜✐t s❡q✉❡♥❝❡ ♦❢ s✐③❡ m ❛♥❞ s✉❝❤ t❤❛t t❤❡ i✲th ❜✐t
✐s 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ PiG(x) ❤♦❧❞s✳ ■❢ ✈❡rt✐❝❡s ❛r❡ ♥✉♠❜❡r❡❞ ❢r♦♠ 1 t♦ n ❛♥❞ pxq ✐s t❤❡ ❜✐t
r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥❞❡① ♦❢ x✱ t❤❡♥ ✇❡ ❧❡t

J(x) =
(
pxq, pf+

1 (x)q, pf−1 (x)q, . . . , pf+
k (x)q, pf−k (x)q, b(x)

)
.

■t ✐s ❝❧❡❛r t❤❛t ❣✐✈❡♥ J(a1), . . . , J(am) ❛♥❞ J(W1), . . . , J(Wq)✱ ✇❡ ❝❛♥ t❡st ✐❢ G s❛t✐s✜❡s ϕ
s✐♥❝❡ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❧❛❜❡❧s ✇❡ ❝❛♥ ✈❡r✐❢② t❤❡ ❛❞❥❛❝❡♥❝② ♦❢ t✇♦ ✈❡rt✐❝❡s ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢
❊q✉❛t✐♦♥ ✭✺✮✱ t❤❡ ❡q✉❛❧✐t② ♦❢ t✇♦ ✈❡rt✐❝❡s ❛♥❞ t❤❡♥ t❤❡ ♠❡♠❜❡rs❤✐♣ ♦❢ ❛ ✈❡rt❡① ✐♥t♦ ❛ s❡t✱
❛♥❞ ❢♦r ❡❛❝❤ ✈❡rt❡① x✱ ✇❡ ❝❛♥ ✈❡r✐❢② ✐❢ PiG(x) ❤♦❧❞s ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ b ♣❛rt ♦❢ ✐ts ❧❛❜❡❧✳



✽✳✺✳ ❖t❤❡r ❘❡s✉❧ts ❛♥❞ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✹✼

❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛ ✐s E(x, y) t❤❛t s❛②s t❤❛t x ❛♥❞ y ❛r❡ ❛❞❥❛❝❡♥t✳
❚❤❡♥ t❤❡ ❛❞❥❛❝❡♥❝② ❤❛s ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❛r❜♦r✐❝✐t②✳ ❈❛♥
✇❡ ❡①t❡♥❞ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥s ✽✳✹ t♦ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❛r❜♦r✐❝✐t②❄ ❍❡r❡ ✐s ❛
♣r♦♣♦s✐t✐♦♥ t❤❛t ❧✐♠✐ts t❤❡ ❡①t❡♥s✐♦♥✳

▲❡t ϕ0(x, y) ❜❡ t❤❡ t✲❧♦❝❛❧ ❢♦r♠✉❧❛ t❤❛t ❡①♣r❡ss❡s t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ ♦❢
❧❡♥❣t❤ ❛t ♠♦st 2✿

∃z(z 6= x ∧ z 6= y ∧ E(x, z) ∧ E(z, y)). ✭✻✮

❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶ ▲❡t C ❜❡ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st 2✳ ❊✈❡r② ❧❛❜❡❧✐♥❣ s❝❤❡♠❡
(A,B) ❢♦r ϕ0 ♦♥ C ♠✉st ✉s❡ ❧❛❜❡❧s ♦❢ s✐③❡ ❛t ❧❡❛st

⌊√
n
2

⌋
❢♦r ❝❡rt❛✐♥ ❣r❛♣❤s ✇✐t❤ n ✈❡rt✐❝❡s✳

Pr♦♦❢✳ ❲✐t❤ ❡✈❡r② ✭s✐♠♣❧❡ ❛♥❞ ✉♥❞✐r❡❝t❡❞✮ ❣r❛♣❤ G✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ ❣r❛♣❤ G̃ ❛s ❢♦❧❧♦✇s✿

V eG
= VG ∪ {zx,y | x, y ∈ VG ❛♥❞ xy ∈ EG},

E eG
= {xzx,y | xy ∈ EG}.

■♥ ♦t❤❡r ✇♦r❞s✱ G̃ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② s✉❜❞✐✈✐❞✐♥❣ ❡❛❝❤ ❡❞❣❡ xy ✇✐t❤ ❛ ♥❡✇ ✈❡rt❡① ❞❡♥♦t❡❞
❜② zx,y✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❤♦❧❞ ❢♦r G̃✿

✭✶✮ VG ⊆ V eG
❛♥❞ |V eG

| ≤ |VG|+ |EG|✳

✭✷✮ ❋♦r ❛❧❧ x, y ∈ VG✱ xy ∈ EG ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕ0(x, y) ✐s tr✉❡ ✐♥ G̃✳

✭✸✮ G̃ ✐s ♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st 2✳

❚❤❡ ✜rst t✇♦ ♣♦✐♥ts ❛r❡ str❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ G̃✳ ❲❡ ♦r✐❡♥t ❡❛❝❤ ❡❞❣❡ e ♦❢
G ❛♥❞ ✇❡ ❣❡t ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② ~G✳ ❲❡ ❧❡t✿

F1 = {xzx,y | (x, y) ∈ E ~G},
F2 = {zx,yy | (x, y) ∈ E ~G}.

❈❧❡❛r❧②✱ ♥❡✐t❤❡r F1 ♥♦r F2 ❤❛s ❛ ❝②❝❧❡ ✐♥ G̃✳ ❚❤❡♥ G̃ ❤❛s ❛r❜♦r✐❝✐t② ❛t ♠♦st 2 s✐♥❝❡ (F1, F2) ✐s
❝❧❡❛r❧② ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ E eG

✳

❇② ✉s✐♥❣ ❛ s✐♠♣❧❡ ❝♦✉♥t✐♥❣ ❛r❣✉♠❡♥t✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❡✈❡r② ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❛❞❥❛❝❡♥❝②
q✉❡r✐❡s ✐♥ s✐♠♣❧❡ ❛♥❞ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ✇✐t❤ n ✈❡rt✐❝❡s r❡q✉✐r❡s s♦♠❡ ❧❛❜❡❧s ♦❢ s✐③❡ ❛t

❧❡❛st 1
n log2

(
2(n

2)
)

= (n − 1)/2 ❜✐ts✳ ❍❡♥❝❡✱ ❛❞❥❛❝❡♥❝② r❡q✉✐r❡s ❧❛❜❡❧s ♦❢ s✐③❡ ⌊n/2⌋ ✐♥ ❛❧❧

❣r❛♣❤s✳ ❯s✐♥❣ ✭✷✮ ❛❜♦✈❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛♥② ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ϕ0 ♦♥ t❤❡ ❣r❛♣❤ ❢❛♠✐❧②
Fn = {G̃ | G ❤❛s n ✈❡rt✐❝❡s} r❡q✉✐r❡s ❧❛❜❡❧s ♦❢ s✐③❡ ❛t ❧❡❛st

⌊
n
2

⌋
✳ ▲❡t G̃ ❜❡ ✐♥ Fn ❛♥❞ ❧❡t

ñ = |V eG
|✳ ❯s✐♥❣ ✭✶✮✱ ✇❡ ❤❛✈❡ ñ ≤ n + |EG| ≤ n(n+1)

2 ✱ ✐✳❡✳✱ n ≥
√

2ñ✳ ❍❡♥❝❡✱ ❛♥② ❧❛❜❡❧✐♥❣

s❝❤❡♠❡ ❢♦r ϕ0 ♦♥ Fn r❡q✉✐r❡s ❧❛❜❡❧s ♦❢ s✐③❡ ❛t ❧❡❛st
⌊√

2en
2

⌋
=

⌊√
en
2

⌋
✳



✶✹✽ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

❈❛♥ ✇❡ ❤♦✇❡✈❡r ✜♥❞ ♦t❤❡r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❛r❜♦r✐❝✐t②✱ t❤❛t ❛r❡ ♥♦t ❧♦❝❛❧❧② ❝✇❞✲
❞❡❝♦♠♣♦s❛❜❧❡✱ ✇❤❡r❡ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✽✳✹ ❡✈❡♥ ✇✐t❤ ❛ ❧❡ss ♣♦✇❡r❢✉❧ ❧♦❣✐❝❄
❲❡ ❣✐✈❡ ❤❡r❡ ❛♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❝❧❛ss ✇❤❡r❡ s♦♠❡ ♣r♦♣❡rt✐❡s✱ t❤❛t ❛r❡ ❞❡✜♥❛❜❧❡ ❜② s♦♠❡
♣❛rt✐❝✉❧❛r FO ❢♦r♠✉❧❛s✱ ❛❞♠✐t ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡✳

◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③ ✐♥ t❤❡✐r ✇♦r❦s ♦♥ ❣r❛♣❤ ✐s♦♠♦r♣❤✐s♠s ❛♥❞ ♦♥ ♠✐♥♦r✲
❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✱ ❞❡✜♥❡❞ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ❬◆❞▼✵✻❜✱ ◆❞▼✵✻❛✱
◆❞▼✵✽❛❪✳ ❚❤❡s❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡
❛♥❞ ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥s✱ ✇❡ ✇✐❧❧ ❤♦✇❡✈❡r
✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ✭❋✐❣✉r❡ ✷✹ s❤♦✇s ✐♥❝❧✉s✐♦♥ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ♠❛♥② ❝❧❛ss❡s ❞❡✜♥❡❞ ♦r
❝✐t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r✳✮

❉❡✜♥✐t✐♦♥ ✽✳✼ ✭❇♦✉♥❞❡❞ ❊①♣❛♥s✐♦♥✮ ❆ ❝❧❛ss C ♦❢ ❣r❛♣❤s ❤❛s ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ✐❢ ❢♦r ❡✈❡r②
✐♥t❡❣❡r p✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t N(C, p) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② G ∈ C✱ ♦♥❡ ❝❛♥ ♣❛rt✐t✐♦♥ VG ✐♥ ❛t
♠♦st N(C, p) ♣❛rts s✉❝❤ t❤❛t ❛♥② i ≤ p ♦❢ t❤❡♠ ✐♥❞✉❝❡ ❛ s✉❜✲❣r❛♣❤ ♦❢ tr❡❡✲✇✐❞t❤ ❛t ♠♦st i− 1✳

❋♦r i = 1✱ ❉❡✜♥✐t✐♦♥ ✽✳✼ ✐♠♣❧✐❡s t❤❛t ❡❛❝❤ ♣❛rt ✐s ❛ st❛❜❧❡ s❡t✱ ❤❡♥❝❡ t❤❡ ♣❛rt✐t✐♦♥ ❝❛♥ ❜❡
s❡❡♥ ❛s ❛ ♣r♦♣❡r ✈❡rt❡①✲❝♦❧♦r✐♥❣✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ✐s ♥❡✇ ❛♥❞ ❛♣♣❡❛rs ✐♥ t❤❡
s❡r✐❡s ♦❢ ♣❛♣❡rs ❜② ◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③ ❬◆❞▼✵✻❜✱ ◆❞▼✵✻❛✱ ◆❞▼✵✽❛✱ ◆❞▼✵✽❜✱
◆❞▼✵✽❝❪ ✇❤❡r❡ t❤❡② ✉♥✐❢② ♠❛♥② t❤❡♦r❡♠s ♦♥ ♠✐♥♦r✲❝❧♦s❡❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ❛♥❞ ❜♦✉♥❞❡❞
❞❡❣r❡❡ ❣r❛♣❤ ❝❧❛ss❡s✳ ❲❡ ♥♦✇ r❡❝❛❧❧ ❛ r❡s✉❧t ❜② ◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③ ❬◆❞▼✵✻❛❪
♦♥ ♣r♦♣❡rt✐❡s t❤❛t ❛❞♠✐t ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠s ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥✳
❇❡❢♦r❡ ❧❡t ✉s ❞❡✜♥❡ t❤❡s❡ ♣r♦♣❡rt✐❡s✳

❉❡✜♥✐t✐♦♥ ✽✳✽ ✭❇♦✉♥❞❡❞ ❋♦r♠✉❧❛s✮ ❆♥ FO ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq) ✐s ❜❛s✐❝

❜♦✉♥❞❡❞ ✐❢✱ ❢♦r s♦♠❡ p ∈ N✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥❝❡ ❢♦r ❛❧❧ ❣r❛♣❤s G✱ ❛❧❧ a1, . . . , am ∈ VG

❛♥❞ ❛❧❧ W1, . . . ,Wq ⊆ VG✱

G |= ϕ (a1, . . . , am,W1, . . . ,Wq) ✐✛ G[X] |= ϕ (a1, . . . , am,W1 ∩X, . . . ,Wq ∩X)

❢♦r s♦♠❡ X ⊆ VG s✉❝❤ t❤❛t |X| ≤ p ❛♥❞ a1, . . . , am ∈ X✳ ✭■❢ t❤✐s ✐s tr✉❡ ❢♦r X✱ t❤❡♥ G[Y ] |=
ϕ(a1, . . . , am,W1 ∩ Y, . . . ,Wq ∩ Y ) ❢♦r ❡✈❡r② Y ⊇ X✳✮

❆♥ FO ❢♦r♠✉❧❛ ✐s ❜♦✉♥❞❡❞ ✐❢ ✐t ✐s ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r♠✉❧❛s✳

◆♦t❡ t❤❛t t❤❡ ♥❡❣❛t✐♦♥ ♦❢ ❛ ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r♠✉❧❛ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❜❛s✐❝ ❜♦✉♥❞❡❞✱ ❤♦✇✲
❡✈❡r ✐t ✐s ❜♦✉♥❞❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❢♦r♠✉❧❛ d(x, y) ≤ r ✐s ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r p = r + 1✳ ■ts
♥❡❣❛t✐♦♥ ✐s ♥♦t ❜❛s✐❝ ❜♦✉♥❞❡❞✳ ◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❢♦r♠✉❧❛ ϕ0 ✐♥ ❊q✉❛t✐♦♥ ✭✻✮ ✐s ❛❧s♦ ❜♦✉♥❞❡❞✳

◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✽✳✺ ✭❬◆❞▼✵✻❛❪✮ ▲❡t P (x1, . . . , xm, Y1, . . . , Yq) ❜❡ ❛ ❣r❛♣❤ ♣r♦♣❡rt② ❞❡✜♥❛❜❧❡ ❜② ❛
❜♦✉♥❞❡❞ FO ❢♦r♠✉❧❛ ❛♥❞ ❧❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❣✐✈❡♥ ❛ ❣r❛♣❤ G ∈ C ❛♥❞ P ✱ ❞❡❝✐❞❡s ✇❤❡t❤❡r G s❛t✐s✜❡s P ♦r ♥♦t✳

❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✽✳✷ ❊✈❡r② ❣r❛♣❤ ♣r♦♣❡rt② ❞❡✜♥❛❜❧❡ ❜② ❛ ❜♦✉♥❞❡❞ FO ❢♦r♠✉❧❛ ❛❞♠✐ts ❛ log✲
❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥✳



✽✳✺✳ ❖t❤❡r ❘❡s✉❧ts ❛♥❞ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s ✶✹✾

Pr♦♦❢✳ ▲❡t G ❜❡ ✐♥ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❡①♣❛♥s✐♦♥ ✇✐t❤ n = |VG| ❛♥❞ ❧❡t ϕ ❜❡ ❛ ❜❛s✐❝
❜♦✉♥❞❡❞ ❢♦r♠✉❧❛ ✇✐t❤ ❜♦✉♥❞ p✳ ❲❡ ❧❡t N = N(C, p)✳ ❇② ❉❡✜♥✐t✐♦♥ ✽✳✼✱ ✇❡ ❝❛♥ ♣❛rt✐t✐♦♥ VG

✐♥t♦ V1 ⊎ V2 ⊎ · · · ⊎ VN , Vi 6= ∅ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② i ≤ p, twd(G[V1 ∪ · · ·Vi]) ≤ i− 1✳

❋♦r ❡✈❡r② α ⊆ [N ] ♦❢ s✐③❡ p✱ ✇❡ ❧❡t Vα =
⋃
i∈α

Vi❀ t❤❡♥ t❤❡ tr❡❡✲✇✐❞t❤ ♦❢ G[Vα] ✐s ❛t ♠♦st p− 1✳

❊❛❝❤ ✈❡rt❡① u ❜❡❧♦♥❣s t♦ ❧❡ss t❤❛♥ (N − 1)p−1 s❡ts Vα✳

❍❡♥❝❡✱ ❛ ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r♠✉❧❛ ϕ(x1, . . . , xm, Y1, . . . , Yq) ✐s tr✉❡ ✐♥ G ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s tr✉❡
✐♥ s♦♠❡ G[X] ✇✐t❤ |X| ≤ p✱ ❤❡♥❝❡ ✐♥ s♦♠❡ G[Vα] s✉❝❤ t❤❛t x1, . . . , xm ∈ Vα✳ ❋♦r ❡❛❝❤ α✱ ✇❡
❝♦♥str✉❝t ❛ log✲❧❛❜❡❧✐♥❣ Jα ♦❢ ϕ ♦♥ G[Vα] ✇✐t❤ ❚❤❡♦r❡♠ ✼✳✹ ✭r❡❝❛❧❧ t❤❛t twd(G[Vα]) ≤ p− 1✮✳
❲❡ ❛❧s♦ ❞❡t❡r♠✐♥❡ ❢♦r ❡❛❝❤ α✱ t❤❡ tr✉t❤ ✈❛❧✉❡ ♦❢ ϕ(∅, . . . , ∅) ✐♥ G[Vα]✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t

J(x) =
((

(pαq, Jα(x), tα) | x ∈ Vα

)
,
(
(pαq, tα) | x /∈ Vα

))
.

❲❡ ❤❛✈❡ ❝❧❡❛r❧② |J(x)| = O(log(n)) s✐♥❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ♣❛✐rs (α, tα) ✐s ♦❢ ✜①❡❞ s✐③❡ ✭❞❡♣❡♥❞s ♦♥
p✮✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ϕ ❜② ✉s✐♥❣ t❤❡ ❧❛❜❡❧s ♦♥❧②✳ ❆ss✉♠❡ ✜rst t❤❛t ϕ ❤❛s ❛t ❧❡❛st
♦♥❡ ❢r❡❡ FO ✈❛r✐❛❜❧❡✳ ●✐✈❡♥ J(a1), . . . , J(am)✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ❛❧❧ t❤♦s❡ s❡ts α s✉❝❤ t❤❛t
Vα ❝♦♥t❛✐♥s a1, . . . , am✳ ❯s✐♥❣ t❤❡ ❝♦♠♣♦♥❡♥ts Jα(·) ♦❢ J(a1), . . . , J(am) ❛♥❞ t❤❡ ❧❛❜❡❧s ✐♥
J(W1), . . . , J(Wq)✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ✐❢✱ ❢♦r s♦♠❡ α✱ G[Vα] |= ϕ(a1, . . . , am,W1∩Vα, . . . ,Wq ∩
Vα)✱ ❤❡♥❝❡ ✇❤❡t❤❡r G |= ϕ(a1, . . . , am,W1, . . . ,Wq)✳

■t r❡♠❛✐♥s t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❛ ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r♠✉❧❛ ✇✐t❤♦✉t ❢r❡❡ FO ✈❛r✐❛❜❧❡✱ ✐✳❡✳✱ ✐s ♦❢
t❤❡ ❢♦r♠ ϕ(Y1, . . . , Yq)✳ ❋r♦♠ J(W1), . . . , J(Wq)✱ ✇❡ ❣❡t D = {α | Vα ∩ (W1 ∪ · · · ∪Wq) 6= ∅}✳
❇② ✉s✐♥❣ t❤❡ Jα(·) ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❧❛❜❡❧s ✐♥ J(W1) ∪ · · · ∪ J(Wq)✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ✐❢✱
❢♦r s♦♠❡ α ∈ D✱ ✇❡ ❤❛✈❡ G[Vα] |= ϕ(W1 ∩ Vα, . . . ,Wq ∩ Vα)✳ ■❢ ♦♥❡ ✐s ❢♦✉♥❞ ✇❡✱ ❝♦♥❝❧✉❞❡
♣♦s✐t✐✈❡❧②✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❧♦♦❦ ❢♦r s♦♠❡ tβ = tr✉❡ ✇❤❡r❡ β /∈ D✳ ❚❤✐s ❣✐✈❡s t❤❡ ✜♥❛❧ ❛♥s✇❡r✳

◆♦✇ ❛ss✉♠❡ t❤❛t ϕ ✐s ❛ ❜♦✉♥❞❡❞ FO ❢♦r♠✉❧❛✱ ✐✳❡✳✱ ✐s ❛ ❛ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❜❛s✐❝
❜♦✉♥❞❡❞ ❢♦r♠✉❧❛s ϕ1, . . . , ϕt✳ ❋♦r ❡❛❝❤ ❜❛s✐❝ ❜♦✉♥❞❡❞ ❢♦r♠✉❧❛ ϕi✱ ✇❡ ❛♣♣❧② t❤❡ ♣r♦❝❡❞✉r❡
❛❜♦✈❡ t♦ ❣❡t ❛ log✲❧❛❜❡❧✐♥❣ Ji✳ ❋♦r ❡❛❝❤ x✱ ✇❡ ❧❡t J(x) = (J1(x), . . . , Jt(x))✳ ■t ✐s ♦❢ s✐③❡
O(log(n)) ❛♥❞ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

▲❡t H ❜❡ ❛ ✜①❡❞ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ p ✈❡rt✐❝❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ FO ❢♦r♠✉❧❛s ❛r❡
❜❛s✐❝ ❜♦✉♥❞❡❞✿

• ϕ(x1, . . . , xp) ❂ ✏t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ {x1, . . . , xp} ✐s ✐s♦♠♦r♣❤✐❝ t♦ H✑✳

• ϕ(x1, . . . , xp) ❂ ✏t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ {x1, . . . , xp} ❤❛s ❛ s✉❜✲❣r❛♣❤ ✐s♦♠♦r♣❤✐❝ t♦
H✑✳

❲❡ ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r ✇✐t❤ s♦♠❡ ♦♣❡♥ q✉❡st✐♦♥s✳ ●r♦❤❡ ❡t ❛❧✳ ♣r♦✈❡❞ t❤❛t ❡✈❡r② FO✲
❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠ ♦♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❡①❝❧✉❞❡ ❛
♠✐♥♦r ❬❋●✵✶❛❪ ❛♥❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❧♦❝❛❧❧② ❡①❝❧✉❞❡ ❛ ♠✐♥♦r ❬❉●❑✵✼❪✳ ❆ ❝❧❛ss C ♦❢
❣r❛♣❤s ❧♦❝❛❧❧② ❡①❝❧✉❞❡s ❛ ♠✐♥♦r ✐❢✱ ❢♦r ❡✈❡r② r ∈ N✱ t❤❡r❡ ❡①✐sts ❛ ❣r❛♣❤ Hr s✉❝❤ t❤❛t ❢♦r
❡✈❡r② G ∈ C ❛♥❞ ❡✈❡r② a ∈ VG✱ t❤❡ ❣r❛♣❤ Hr ✐s ♥♦t ❛ ♠✐♥♦r ♦❢ G[N r

G(a)]✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❡
❢♦❧❧♦✇✐♥❣✳



✶✺✵ ❈❤❛♣t❡r ✽✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r FO✲❞❡❢✐♥❛❜❧❡ Pr♦♣❡rt✐❡s

❈♦♥❥❡❝t✉r❡ ✽✳✶ ❊✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ❝❧❛ss❡s ♦❢
❣r❛♣❤s t❤❛t ❡①❝❧✉❞❡ ❛ ♠✐♥♦r ❛♥❞ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❧♦❝❛❧❧② ❡①❝❧✉❞❡ ❛ ♠✐♥♦r✳

Bounded expansion

Bounded arboricityBounded local clique−width

Locally cwd−decomposable
Bounded local tree−width

Nicely locally cwd−decomposable Locally tree−decomposable

Nicely locally tree−decomposable

Bounded degree

Excludes a minor

Planar

Apex minor−free

❋✐❣✉r❡ ✷✹✿ ❆♥ ❛rr♦✇ ♠❡❛♥s ❛♥ ✐♥❝❧✉s✐♦♥ ♦❢ ❣r❛♣❤ ❝❧❛ss❡s✳ ❇♦❧❞ ❜♦①❡s ❛r❡ ❝❧❛ss❡s st✉❞✐❡❞ ✐♥
t❤✐s ❝❤❛♣t❡r✳



❈❤❛♣t❡r ✾

❙❤♦rt ▲❛❜❡❧✐♥❣ ❢♦r ❈♦♥♥❡❝t✐✈✐t②

◗✉❡r✐❡s ♦♥ ♣❧❛♥❛r ❣r❛♣❤s

❲❡ ❝♦♥str✉❝t ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❛ s♣❡❝✐✜❝ ✭❜✉t ✐♠♣♦rt❛♥t✮ MS✲❞❡✜♥❛❜❧❡ q✉❡r② ♦♥
♣❧❛♥❛r ❣r❛♣❤s✱ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s t❤❛t ❤❛s ✉♥❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✱ ❜✉t ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲
✇✐❞t❤✳ ❍❡♥❝❡✱ ❚❤❡♦r❡♠ ✼✳✹ ❞♦❡s ♥♦t ❛♣♣❧②✳ ❍♦✇❡✈❡r✱ ✐t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ❛s ❛ t♦♦❧ ✐♥ ♦✉r
❝♦♥str✉❝t✐♦♥s✳

■♥ ❙❡❝t✐♦♥ ✾✳✶ ✇❡ ❞❡✜♥❡ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ❡①♣❧❛✐♥ t❤❡ ✐❞❡❛ ♦❢ ♦✉r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡✳ ■♥
❙❡❝t✐♦♥ ✾✳✷ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❡♠❜❡❞❞✐♥❣s ♦❢ ♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ♣r♦✈❡ s♦♠❡ ❜❛s✐❝
❧❡♠♠❛s✳ ❲❡ ✐♥tr♦❞✉❝❡ ✐♥ ❙❡❝t✐♦♥ ✾✳✸ s♦♠❡ t♦♦❧s t❤❛t ❛❧❧♦✇ t♦ r❡♣r❡s❡♥t ♣r♦♣❡rt✐❡s ❜② ✉♥❛r②
❢✉♥❝t✐♦♥s✳ ❲❡ ♣r♦✈❡ ♦✉r ♠❛✐♥ t❤❡♦r❡♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ 3✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥
✾✳✹✳ ❲❡ ❡①t❡♥❞ t❤❡ ♣r♦♦❢ t♦ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✾✳✺✳ ❲❡ ✜♥❛❧❧② ❣✐✈❡ ❛ ♣r♦♦❢
❢♦r ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✾✳✻✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜② s♦♠❡ r❡♠❛r❦s ✐♥ ❙❡❝t✐♦♥ ✾✳✼✳

✾✳✶ Pr❡❧✐♠✐♥❛r✐❡s

❚❤❡ ❣r❛♣❤s ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ✉♥❞✐r❡❝t❡❞✱ ✉♥❧❡ss ♦t❤❡r✇✐s❡ s♣❡❝✐✜❡❞✳ ❲❡ ✇✐❧❧ s♦♠❡t✐♠❡s ✇r✐t❡
x− y ✭r❡s♣✳ x→ y✮ t♦ ❞❡♥♦t❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❡❞❣❡ ❜❡t✇❡❡♥ x ❛♥❞ y ✭r❡s♣✳ ❛♥ ❛r❝ ❢r♦♠ x t♦ y✮✳
❲❡ ❞❡♥♦t❡ ❜② E(x) t❤❡ s❡t ♦❢ ❡❞❣❡s ♦r ❛r❝s ✐♥❝✐❞❡♥t ✇✐t❤ x✳ ❙❡❡ ❈❤❛♣t❡r ✶ ❢♦r ♦t❤❡r ♥♦t❛t✐♦♥s
♦r t❡r♠✐♥♦❧♦❣✐❡s✳ ❆ ♣❛rt✐❛❧ ♦r❞❡r ≤F ♦♥ t❤❡ ♥♦❞❡s ♦❢ ❛ r♦♦t❡❞ ❢♦r❡st F ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

x ≤F y ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② ♣❛t❤ ❢r♦♠ ❛ r♦♦t t♦ x ❣♦❡s t❤r♦✉❣❤ y.

❍❡♥❝❡✱ t❤❡ r♦♦ts ❛r❡ t❤❡ ♠❛①✐♠❛❧ ❡❧❡♠❡♥ts✳

❆ ✈❡rt❡① x ♦❢ ❛ ❣r❛♣❤ G ✐s ❛ s❡♣❛r❛t✐♥❣ ✈❡rt❡① ✐❢ t❤❡ s✉❜✲❣r❛♣❤ G\x ❤❛s ♠♦r❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts t❤❛♥ G✳ ❆ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐s 2✲❝♦♥♥❡❝t❡❞ ✐❢ ✐t ❤❛s ♥♦ s❡♣❛r❛t✐♥❣ ✈❡rt❡①✳ ❆
❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ✐s ❛ ♠❛①✐♠❛❧ 2✲❝♦♥♥❡❝t❡❞ s✉❜✲❣r❛♣❤ ♦❢ G
✭♠❛①✐♠❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝❧✉s✐♦♥✮✳ ❲❡ ❞❡♥♦t❡ ❜② Bcc(G) t❤❡ s❡t ♦❢ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts
♦❢ G✳ ❚✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ♦❢ ❛ ❣r❛♣❤ G ❛r❡ s❡♣❛r❛t❡❞ ❜② X ⊆ VG ✐❢ t❤❡② ❛r❡ ✐♥ ❞✐✛❡r❡♥t
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G\X✳

❆ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦✈❡r ❛ s❡t E ✐s ❛ ♥♦♥❡♠♣t② s❡q✉❡♥❝❡ s = (e1, . . . , en) ♦❢ ♣❛✐r✇✐s❡
❞✐st✐♥❝t ❡❧❡♠❡♥ts ♦❢ E✳ ❚❤❡ t❡r♠ ❝✐r❝✉❧❛r r❡❢❡rs t♦ ❡q✉❛❧✐t②✿ ✇❡ ❞❡✜♥❡ (e1, . . . , en) ❛♥❞

✶✺✶



✶✺✷ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

(ei, . . . , en, e1, . . . , ei−1) ❛s ❡q✉❛❧ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡s✳ ■❢ s1 = (e1, . . . , ep) ❛♥❞ s2 = (f1, . . . , fq)
❛r❡ s❡q✉❡♥❝❡s ♦❢ ♣❛✐r✇✐s❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts ♦❢ ❛ s❡t E✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② s1 • s2 t❤❡ ❝♦♥✲
❝❛t❡♥❛t✐♦♥ ♦❢ s1 ❛♥❞ s2 ❛♥❞ ❜② s1 ◦ s2✱ t❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡✱ ♦♥❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✇❤✐❝❤ ✐s
s1 • s2 = (e1, . . . , ep, f1, . . . , fq)✳

❉❡✜♥✐t✐♦♥ ✾✳✶ ✭❈♦♥♥❡❝t✐✈✐t② ◗✉❡r②✮ ●✐✈❡♥ ❛ ❣r❛♣❤ G✱ t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ✐♥ VG✱ ❛ s❡t ♦❢
✈❡rt✐❝❡s X ⊆ VG−{x, y} ❛♥❞ ❛ s❡t ♦❢ ❡❞❣❡s F ⊆ EG✱ ✇❡ ❧❡t Conn(x, y,X, F )✱ ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐✈✐t②

q✉❡r②✱ ❞❡♥♦t❡ t❤❡ ❣r❛♣❤ ♣r♦♣❡rt② t❤❛t ❡①♣r❡ss❡s t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ t❤❛t ❛✈♦✐❞s
✈❡rt✐❝❡s ✐♥ X ❛♥❞ ❡❞❣❡s ✐♥ F ✱ ✐✳❡✳✱ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ ✐♥ (G − F )\X✳ ❲❡ ✇r✐t❡
✐t Conn(x, y,X) ✐❢ F = ∅✳ ❲❡ ❝❛❧❧ t❤❡ ♣❛✐r (X,F ) t❤❡ ❞❛t❛ ♦❢ t❤❡ q✉❡r②❀ ✐ts s✐③❡ ✐s ❞❡✜♥❡❞ ❛s
|X|+ |F |✳

❲❡ ♥♦✇ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡♦r❡♠ ✾✳✶ ✭▼❛✐♥ ❚❤❡♦r❡♠ ♦❢ t❤✐s ❈❤❛♣t❡r✮ ❚❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡
(A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡ ❝❧❛ss ♦❢ s✐♠♣❧❡ ✉♥❞✐r❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳ ■❢ n ✐s
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✱ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ O(n · log(n))✲t✐♠❡ ❛♥❞ B
❣✐✈❡s t❤❡ ❛♥s✇❡r ✐♥ O(m2)✲t✐♠❡ ✇❤❡r❡ m ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛✳

❲❡ ♥♦✇ s❦❡t❝❤ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ♣r♦♦❢✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛ ✐s t♦ ✉s❡ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s
❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

■❢ G ✐s ❛ ♣❧❛♥❡ ❣r❛♣❤ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✾✳✷✮✱ ✇❡ ❞❡♥♦t❡ ❜② G+ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ ♦❜t❛✐♥❡❞
❜② ❛❞❞✐♥❣ ♦♥❡ ✈❡rt❡①✱ ❝❛❧❧❡❞ ❢❛❝❡✲✈❡rt❡①✱ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ ❡❛❝❤ ❢❛❝❡ ❛♥❞ ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡
❢❛❝❡✲✈❡rt❡① ❛♥❞ t❤❡ ✈❡rt✐❝❡s ♦❢ G ✐♥❝✐❞❡♥t ✇✐t❤ t❤❛t ❢❛❝❡✳ ■❢ G ✐s 2✲❝♦♥♥❡❝t❡❞✱ t❤❡ ❣r❛♣❤ G+

✐s s✐♠♣❧❡ ❛♥❞ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ✇✐t❤ ✐♥t❡❣❡r ❝♦♦r❞✐♥❛t❡s ❛♥❞ ❡❞❣❡s r❡♣r❡s❡♥t❡❞
❜② str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts ❜② ✉s✐♥❣ ❙❝❤♥②❞❡r✬s ❛❧❣♦r✐t❤♠ ❬❙❝❤✾✵❪❀ ✇❡ ✜① s✉❝❤ ❛♥ ❡♠❜❡❞❞✐♥❣
E ✳ ❋♦r X ⊆ VG✱ ✇❡ ❞❡✜♥❡ ✐ts ❜❛rr✐❡r✱ ❞❡♥♦t❡❞ ❜② Bar(X)✱ ❛s ❛ s❡t ♦❢ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts
r❡♣r❡s❡♥t✐♥❣ s♦♠❡ ❡❞❣❡s ♦❢ G+ s✉❝❤ t❤❛t x ❛♥❞ y ✐♥ VG −X ❛r❡ s❡♣❛r❛t❡❞ ❜② X ✐♥ G ✐❢ ❛♥❞
♦♥❧② ✐❢ t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ✐♥ R2 ❜② Bar(X) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✾✳✶✮✳ ■❢ ❢r♦♠ ❧❛❜❡❧s ❛tt❛❝❤❡❞
t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ X ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ s❡t ♦❢ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts ❢♦r♠✐♥❣ Bar(X)✱ ❛♥❞ ✐❢
✇❡ ❛❧s♦ ❦♥♦✇ t❤❡ ❝♦♦r❞✐♥❛t❡s ♦❢ x ❛♥❞ y✱ t❤❡♥ ✇❡ ❝❛♥ t❡st ✇❤❡t❤❡r x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ✐♥
R2 ❜② Bar(X) ✐♥ t✐♠❡ O(m2) ✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ s❡❣♠❡♥ts ❢♦r♠✐♥❣ Bar(X) ❜② ✉s✐♥❣
❣❡♦♠❡tr✐❝ t♦♦❧s ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✾✳✹ ❛♥❞ ❚❤❡♦r❡♠ ✾✳✸✮✳

❚♦ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t Bar(X) ❢r♦♠ t❤❡ ❧❛❜❡❧s ♦❢ ✈❡rt✐❝❡s ✐♥ X✱ ✇❡ ❛tt❛❝❤ t♦ ❡❛❝❤ ✈❡rt❡① z
♦❢ G✱ ♥♦t ♦♥❧② ✐ts ♦✇♥ ♣❛✐r ♦❢ ❝♦♦r❞✐♥❛t❡s ✐♥ t❤❡ ✜①❡❞ ❡♠❜❡❞❞✐♥❣✱ ❜✉t ❛❧s♦ t❤♦s❡ ♦❢ ❛ ❜♦✉♥❞❡❞
♥✉♠❜❡r ♦❢ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s ✐♥ G+ ✭s❡❡ ❙❡❝t✐♦♥s ✾✳✷ ❛♥❞ ✾✳✸✮✳ ❍♦✇❡✈❡r✱ t❤✐s ♣r♦♦❢ ♦♥❧② ✇♦r❦s
❢♦r 3✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✱ ♦r r❛t❤❡r ❢♦r ♣❧❛♥❛r ❣r❛♣❤s s✉❝❤ t❤❛t ❡✈❡r② t✇♦ ✈❡rt✐❝❡s ❛r❡
✐♥❝✐❞❡♥t ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ✭s❡❡ ❙❡❝t✐♦♥ ✾✳✹✮✳ ❚❤❡r❡❢♦r❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ tr❡❛t♠❡♥t
✐s ♥❡❡❞❡❞ ❢♦r ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❲❡ ✇✐❧❧ ✉s❡ ❢♦r t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 2✲❝♦♥♥❡❝t❡❞
❣r❛♣❤s ✐♥t♦ 3✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts❀ t❤❡♥ tr② t♦ r❡❝♦❣♥✐③❡ s✐♠♣❧❡ ❝❛s❡s ✇❤❡r❡ x ❛♥❞ y ❛r❡
s❡♣❛r❛t❡❞ ❜② ♦♥❡ ♦r t✇♦ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣✐✈❡♥ s❡t X s✉❝❤ t❤❛t ✐❢ t❤❡s❡ ❝❛s❡s ❞♦ ♥♦t ❛♣♣❧②✱ ✇❡
❛r❡ r❡❞✉❝❡❞ t♦ ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ✐♥ t❤❡ ♣❧❛♥❡✳ ❍❛♣♣✐❧②✱ t❤♦s❡ s✐♠♣❧❡ ❝❛s❡s ❛r❡MS✲❞❡✜♥❛❜❧❡
❛♥❞ s✐♥❝❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛ tr❡❡✱ ✇❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹ t♦ r❡❝♦❣♥✐③❡ t❤❡♠ ✭s❡❡ ❙❡❝t✐♦♥
✾✳✺✮✳ ❋✐♥❛❧❧②✱ ✇❡ ✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✐♥t♦ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛♥❞
❛❣❛✐♥ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹ t♦ r❡❝♦❣♥✐③❡ s✐♠♣❧❡ ❝❛s❡s t❤❛t✱ ✇❤❡♥ t❤❡② ❞♦ ♥♦t ♦❝❝✉r✱ r❡❞✉❝❡ t♦ s♦♠❡
❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ✐♥ t❤❡ ♣❧❛♥❡ ✭s❡❡ ❙❡❝t✐♦♥ ✾✳✻✮✳



✾✳✷✳ P❧❛♥❡ ●r❛♣❤s ✶✺✸

❲❡ ✇✐❧❧ ❣✐✈❡ t❤❡ ♣r♦♦❢s ❢♦r F = ∅✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ F 6= ∅ ✐♥ t❤❡ ♣r♦♦❢ ♦❢
❚❤❡♦r❡♠ ✾✳✶ ✭s❡❡ t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✾✳✻✮✳ ❚❤❡r❡❢♦r❡ ❢r♦♠ ♥♦✇ ♦♥✱ ❜② ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ✇❡
♠❡❛♥ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦❢ t❤❡ ❢♦r♠ Conn(x, y,X)✳

✾✳✷ P❧❛♥❡ ●r❛♣❤s

❲❡ r❡❝❛❧❧ ❤❡r❡ s✐♠♣❧❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ❜❛s✐❝ ❢❛❝ts ♦♥ ♣❧❛♥❡ ❣r❛♣❤s✳ ❙❡❡ t❤❡ ❜♦♦❦s ❜② ❉✐❡s✲
t❡❧ ❬❉✐❡✵✺❪ ❛♥❞ ❜② ▼♦❤❛r ❛♥❞ ❚❤♦♠❛ss❡♥ ❬▼❚✵✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧❡❞ ❞❡✜♥✐t✐♦♥s✱ ♣❛rt✐❝✉❧❛r❧②
r❡❣❛r❞✐♥❣ t♦♣♦❧♦❣✐❝❛❧ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✾✳✷ ✭❊♠❜❡❞❞✐♥❣s ✐♥ t❤❡ P❧❛♥❡✮ ❆ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ ❣r❛♣❤ G = 〈VG, EG 〉
✐s ❛ ♣❛✐r ♦❢ ♠❛♣♣✐♥❣s E = (p, s) s✉❝❤ t❤❛t✿

✭P✶✮ t❤❡ ♠❛♣♣✐♥❣ p : VG → R2 ❛ss♦❝✐❛t❡s ✇✐t❤ ❡❛❝❤ ✈❡rt❡① x ∈ VG✱ t❤❡ ♣♦✐♥t p(x) r❡♣r❡s❡♥t✐♥❣
✐t ✐♥ t❤❡ ♣❧❛♥❡✱

✭P✷✮ t❤❡ ♠❛♣♣✐♥❣ s : EG → 2R
2
❛ss♦❝✐❛t❡s ✇✐t❤ ❡✈❡r② ❡❞❣❡ e = xy ❛ ❝❧♦s❡❞ ❝✉r✈❡ s❡❣♠❡♥t

✇✐t❤ ❡♥❞s p(x) ❛♥❞ p(y)✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t✇♦ ❞✐st✐♥❝t ❡❞❣❡s e ❛♥❞ f ✐♥ EG✱ ✇❡ ❤❛✈❡
z ∈ s(e) ∩ s(f) ✐❢ ❛♥❞ ♦♥❧② ✐❢ z = p(x) ❛♥❞ x ✐s ✐♥❝✐❞❡♥t ✇✐t❤ e ❛♥❞ ✇✐t❤ f ✳

❆ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ✐s ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣ ✐❢ ❡❛❝❤ ❝✉r✈❡ s(e) ✐s ❛ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥t✳ ❆
♣❧❛♥❡ ❣r❛♣❤ ✐s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ ❛ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ ❣r❛♣❤ ✇✐t❤ r❡s♣❡❝t t♦ ❤♦♠❡♦♠♦r✲
♣❤✐s♠✳ ❲❡ ✇✐❧❧ ✇r✐t❡ ❛ ♣❧❛♥❡ ❣r❛♣❤ G ❛s ❛ tr✐♣❧❡ 〈VG, EG, FG 〉 ✇❤❡r❡ FG ✐s t❤❡ s❡t ♦❢ ❢❛❝❡s✳ ■❢
Y ⊆ EG✱ ✇❡ ❧❡t E(Y ) ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❝✉r✈❡ s❡❣♠❡♥ts s(e) ❢♦r e ∈ Y ✳

■❢ G ✐s ❛ ♣❧❛♥❡ ❣r❛♣❤✱ ❢♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t E0(x) ❜❡ t❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦❢ ❡❞❣❡s ✐♥❝✐❞❡♥t
✇✐t❤ x ❢♦r t❤❡ ❛♥t✐✲❝❧♦❝❦✇✐s❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡❀ (e′, x, e) ✐s ❛ ❝♦r♥❡r ❛t x ✐❢ e′ ❢♦❧❧♦✇s e ✐♥
E0(x)✳

❲❡ ❝❛♥ t❤✉s ❝♦♥s✐❞❡r ❛ ♣❧❛♥❡ ❣r❛♣❤ G ❛s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦❜❥❡❝t ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ ❛ ❣r❛♣❤
〈VG, EG 〉✱ t❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ E0(x) ❢♦r ❡❛❝❤ x ∈ VG ❛♥❞ ♦❢ ❛ ❝♦r♥❡r ❜❡❧♦♥❣✐♥❣ t♦ t❤❡
❡①t❡r♥❛❧ ❢❛❝❡✳ ❲❡ ♦♥❧② ❝♦♥s✐❞❡r ❡♠❜❡❞❞✐♥❣s ♦❢ ❣r❛♣❤s ✐♥ t❤❡ ♣❧❛♥❡✱ ♥♦t ✐♥ t❤❡ s♣❤❡r❡❀ ❢♦r t❤✐s
r❡❛s♦♥ ✇❡ ❞✐st✐♥❣✉✐s❤ t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡ ✇✐t❤ ❤❡❧♣ ♦❢ s♦♠❡ ❝♦r♥❡r✳ ◆♦t✐❝❡ t❤❛t s❡✈❡r❛❧ ♣❧❛♥❡
❣r❛♣❤s ♠❛② ❤❛✈❡ t❤❡ s❛♠❡ ✉♥❞❡r❧②✐♥❣ ♣❧❛♥❛r ❣r❛♣❤ G ❡✈❡♥ ✐❢ G ✐s 3✲❝♦♥♥❡❝t❡❞✳ ❙❡❡ ❬▼❚✵✶❪
❢♦r ♠♦r❡ ❞❡t❛✐❧s ❛❜♦✉t ❡♠❜❡❞❞✐♥❣s ♦❢ ❣r❛♣❤s ✐♥ t❤❡ ♣❧❛♥❡✳

▲❡t E = (p, s) ❜❡ ❛ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ ♣❧❛♥❡ ❣r❛♣❤ G ❛♥❞ ❧❡t C ❜❡ ❛ ❝②❝❧❡ ✐♥ G✳ ❲❡
s❛② t❤❛t ❛ ✈❡rt❡① x ∈ VG✱ ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ C✱ ✐s ✐♥s✐❞❡ C ✐❢ p(x) ✐s ✐♥ t❤❡ ❜♦✉♥❞❡❞ ❝♦♠♣♦♥❡♥t
♦❢ R2 −E(C)✳ ❲❡ s❛② t❤❛t t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞ y ✐♥ VG✱ ♥♦t ❜❡❧♦♥❣✐♥❣ t♦ Y ⊆ EG✱ ❛r❡
s❡♣❛r❛t❡❞ ❜② E(Y ) ✐❢ t❤❡② ❛r❡ ✐♥ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ R2−E(Y )✳ ❚❤❡s❡ ♣r♦♣❡rt✐❡s
❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ E ❀ t❤❡② ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ♣❧❛♥❡ ❣r❛♣❤s✱ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡♠❜❡❞❞✐♥❣s✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ G+ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❧❛♥❡ ❣r❛♣❤ G✳

❉❡✜♥✐t✐♦♥ ✾✳✸ ✭❆✉❣♠❡♥t❡❞ P❧❛♥❛r ●r❛♣❤✮ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤✳ ❲❡ ❛ss♦✲
❝✐❛t❡ ✇✐t❤ ✐t ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G+ = 〈VG ∪ FG, EG ∪ E′ 〉 ✇❤❡r❡✿
E′ = {fx | x ∈ VG, f ∈ FG ❛♥❞ t❤❡r❡ ❡①✐st e, e′ ∈ EG s✉❝❤ t❤❛t (e, x, e′) ✐s ❛ ❝♦r♥❡r ♦❢ f}.

❚❤❡ ❣r❛♣❤ G+ ✐s ❝❛❧❧❡❞ t❤❡ ❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ♦❢ G ❛♥❞ ❛ ✈❡rt❡① ♦❢ G+ ✐♥ FG ✐s ❝❛❧❧❡❞ ❛
❢❛❝❡✲✈❡rt❡①✳



✶✺✹ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

◆♦t✐❝❡ t❤❛t ✐❢ G+ = 〈VG∪FG, EG∪E′ 〉 ✇❡ ❤❛✈❡ ❛♥ ❡❞❣❡ fx ✐♥ E′ ❢♦r ❡❛❝❤ ❝♦r♥❡r (e, x, e′)
♦❢ f ✳ ❚❤❡r❡❢♦r❡✱ ✐❢ x ✐s ❛ s❡♣❛r❛t✐♥❣ ✈❡rt❡①✱ ✇❡ ♠❛② ❤❛✈❡ s❡✈❡r❛❧ ❡❞❣❡s ❜❡t✇❡❡♥ x ❛♥❞ f ❜❡❝❛✉s❡
❛ ❢❛❝❡ f ♠❛② ❤❛✈❡ s❡✈❡r❛❧ ❝♦r♥❡rs ❛t x✳

❋♦r ❛ s✐♠♣❧❡ ♣❧❛♥❛r ❣r❛♣❤ G ✇✐t❤ n ✈❡rt✐❝❡s✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ❢❛❝❡s m = 2n− 4 ✐s
♦❜t❛✐♥❡❞ ✇❤❡♥ G ✐s tr✐❛♥❣✉❧❛t❡❞✳ ❍❡♥❝❡✱ G+ ❤❛s ❛t ♠♦st 3n − 4 ✈❡rt✐❝❡s✳ ❊✈❡r② ❡♠❜❡❞❞✐♥❣
E = (p, s) ♦❢ G ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥t♦ ❛♥ ❡♠❜❡❞❞✐♥❣ E+ ♦❢ G+ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜✈✐♦✉s ✇❛②✿
❢♦r ❡❛❝❤ f ∈ FG ✇❡ ❞❡✜♥❡ p(f) ❛s ❛♥② ♣♦✐♥t ✐♥ t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ R2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
❢❛❝❡ f ❛♥❞ ✇❡ ❞r❛✇ ❝✉r✈❡ s❡❣♠❡♥ts ❜❡t✇❡❡♥ t❤✐s ♣♦✐♥t ❛♥❞ t❤❡ ♣♦✐♥ts✱ r❡♣r❡s❡♥t✐♥❣ ✈❡rt✐❝❡s
✐♥ VG✱ ❛❞❥❛❝❡♥t t♦ f ✭s❡❡ ❋✐❣✉r❡ ✷✺ ❢♦r ❛♥ ❡①❛♠♣❧❡✮✳ ■♥ ❣❡♥❡r❛❧✱ s❡✈❡r❛❧ ♥♦♥ ❤♦♠❡♦♠♦r♣❤✐❝
❡♠❜❡❞❞✐♥❣s E+ ❝❛♥ ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ E ❜❡❝❛✉s❡ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡ ♦❢
G ❝❛♥ ❜❡ ❞r❛✇♥ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❡✈❡♥ ✐❢ G ✐s 3✲❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ G+ ✐s ❛ ♣❧❛♥❛r ❣r❛♣❤ ✭❛♥❞
♥♦t ❛ ♣❧❛♥❡ ❣r❛♣❤✮ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ♣❧❛♥❡ ❣r❛♣❤ G✳

❊①❛♠♣❧❡ ✾✳✶ ❋✐❣✉r❡ ✷✺ s❤♦✇s ❛ ♣❧❛♥❡ ❣r❛♣❤ G ✇✐t❤ ✈❡rt✐❝❡s t, x, w, u, y, z, v r❡♣r❡s❡♥t❡❞ ❜②
❜❧❛❝❦ ❞♦ts ❛♥❞ ❝♦♥t✐♥✉♦✉s ❡❞❣❡s✳ ■t ❛❧s♦ s❤♦✇s t❤❡ ❣r❛♣❤ G+✳ ■ts ❢❛❝❡✲✈❡rt✐❝❡s ❛r❡ r❡♣r❡s❡♥t❡❞
❜② s♠❛❧❧ ❝✐r❝❧❡s✳ ❚❤❡ ♦♥❡ ♠❛r❦❡❞ A r❡♣r❡s❡♥ts t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡✳ ❚❤❡r❡ ❛r❡ t❤r❡❡ ♣❛r❛❧❧❡❧ ❡❞❣❡s
❜❡t✇❡❡♥ A ❛♥❞ x✱ ❜❡❝❛✉s❡ x ✐s t❤❡ s❡♣❛r❛t✐♥❣ ✈❡rt❡① ♦❢ 3 ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✭t❤❡r❡ ❛r❡ 3
❝♦r♥❡rs ❛r♦✉♥❞ x✮✳

w x

z
u

A

b

y

e

d

c

f

a

t

v

❋✐❣✉r❡ ✷✺✿ ❆♥ ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ G+✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡st❛❜❧✐s❤✳

▲❡♠♠❛ ✾✳✶ ■❢ G ✐s ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤✱ t❤❡♥ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ G+ ✐s tr✐❛♥❣✉❧❛t❡❞✳ ■t ✐s
s✐♠♣❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s 2✲❝♦♥♥❡❝t❡❞✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❜❛rr✐❡r ♦❢ ❛ s❡t ♦❢ ✈❡rt✐❝❡s✳ ❚❤✐s ♥♦t✐♦♥ ✇✐❧❧ ❛❧❧♦✇ t♦
tr❛♥s❢♦r♠ t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② t♦ ❛ ❣❡♦♠❡tr✐❝❛❧ ♦♥❡✳

❉❡✜♥✐t✐♦♥ ✾✳✹ ✭❚❤❡ ❇❛rr✐❡r ♦❢ ❛ ❙❡t ♦❢ ❱❡rt✐❝❡s✮ ▲❡t G = 〈VG, EG, FG 〉 ❜❡ ❛ ♣❧❛♥❡
❣r❛♣❤ ❛♥❞ ❧❡t G+ = 〈VG ∪ FG, EG ∪ E′ 〉 ❜❡ ✐ts ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ ✭E′ ✐s t❤❡ s❡t ♦❢ ❡❞❣❡s ❧✐♥❦✐♥❣



✾✳✷✳ P❧❛♥❡ ●r❛♣❤s ✶✺✺

❛ ❢❛❝❡✲✈❡rt❡① t♦ ✈❡rt✐❝❡s ♦❢ G✮✳ ❋♦r X ⊆ VG ✇❡ ❧❡t Bar(X)✱ t❤❡ ❜❛rr✐❡r ♦❢ X✱ ❜❡ t❤❡ s❡t✿

Bar(X) = {fx ∈ E′ | f ∈ FG, x ∈ VG ❛♥❞ t❤❡r❡ ❡①✐sts y ∈ X ✇✐t❤ fy ∈ E′}.

■❢ E+ ✐s ❛ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ♦❢ G+✱ ✇❡ ❧❡t Bar(X, E+) ❜❡ t❤❡ s❡t E+(Bar(X))✳

■❢ ❛ ❢❛❝❡ f ❤❛s s❡✈❡r❛❧ ❝♦r♥❡rs ❛t ❛ ✈❡rt❡① x ∈ X✱ t❤❡♥ ❛❧❧ t❤❡ ❡❞❣❡s ♦❢ G+ ❜❡t✇❡❡♥ f ❛♥❞
x ❛r❡ ✐♥ Bar(X)✳ ❚❤✐s ❝❛♥ ❤❛♣♣❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ✐s ❛ s❡♣❛r❛t✐♥❣ ✈❡rt❡①✳ ❆ ✈❡rt❡① ♦❢ X ♠❛②
♥♦t ❜❡ t❤❡ ❡♥❞ ♦❢ ❛♥② ❡❞❣❡ ♦❢ Bar(X) ✭s❡❡ ❊①❛♠♣❧❡ ✾✳✷✮✳ ◆♦t❡ t❤❛t Bar(X, E+) ✐s ❛ ❝❧♦s❡❞
✭❛♥❞ ❡✈❡♥ ❝♦♠♣❛❝t✮ s✉❜s❡t ♦❢ R2✳ ❙❡❡ ❊①❛♠♣❧❡s ✾✳✷ ❛♥❞ ✾✳✸ t❤❛t ✐❧❧✉str❛t❡ ❝❛s❡s ♦❢ ✈❡rt✐❝❡s
s❡♣❛r❛t❡❞ ❜② Bar(X, E+)✳

❊①❛♠♣❧❡ ✾✳✷ ❲❡ ✉s❡ t❤❡ ❣r❛♣❤ G ♦♥ ❋✐❣✉r❡ ✷✺✳ ❚❤❡♥ Bar({x}) = {a, b, c}✳ ■t s❡♣❛r❛t❡s u
❛♥❞ w ❢r♦♠ y ❛♥❞ z ❛♥❞ ❢r♦♠ t ❛♥❞ v✳ ❚❤❡ ❜❛rr✐❡r Bar({y}) ✐s ❡♠♣t②✳ ❲❡ ❤❛✈❡ Bar({u, x}) =
{a, b, c, d, e, f}✳

❊①❛♠♣❧❡ ✾✳✸ ❋✐❣✉r❡ ✷✻ s❤♦✇s t❤❡ ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ H+ ♦❢ ❛ ♣❧❛♥❡ ❣r❛♣❤ H✳ ■t ✐s s✐♠♣❧❡ s✐♥❝❡
H ✐s 2✲❝♦♥♥❡❝t❡❞✳ ❙♦✱ ✇❡ ❝❛♥ ❞r❛✇ ✐t ✇✐t❤ str❛✐❣❤t✲❧✐♥❡s s❡❣♠❡♥ts✳ ❚❤❡ ❜❛rr✐❡r ♦❢ {x, y} ❝♦♥s✐sts
♦❢ 6 ✭t❤✐❝❦✮ ❞♦tt❡❞ ❡❞❣❡s ❛♥❞ s❡♣❛r❛t❡s u ❢r♦♠ v ❛♥❞ w✳

vx

u y

w

❋✐❣✉r❡ ✷✻✿ ❆♥ ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ H+✳

Pr♦♣♦s✐t✐♦♥ ✾✳✶ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t E+ = (p, s) ❜❡ ❛ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣
♦❢ G+✳ ❋♦r ❡✈❡r② X ⊆ VG ❛♥❞ x, y ∈ VG −X✱ t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② X ✐❢ ❛♥❞
♦♥❧② ✐❢ p(x) ❛♥❞ p(y) ❛r❡ s❡♣❛r❛t❡❞ ❜② Bar(X, E+)✳

Pr♦♦❢✳ ❆ss✉♠❡ x ❛♥❞ y ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ ✐♥ G\X✳ ❚❤❡② ❛r❡ st✐❧❧ ❝♦♥♥❡❝t❡❞ ❜② t❤✐s ♣❛t❤
✐♥ G+ ❛♥❞ t❤✐s ♣❛t❤ ❤❛s ♥♦ ✈❡rt❡① ✐♥ ❛♥② ❡❞❣❡ ♦❢ Bar(X)✳ ❍❡♥❝❡✱ p(x) ❛♥❞ p(y) ❛r❡ ✐♥ t❤❡
s❛♠❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ R2 −Bar(X, E+)✳

❋♦r t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t x ❛♥❞ y ❛r❡ ♥♦t ❝♦♥♥❡❝t❡❞ ✐♥ G\X✳ ❙✐♥❝❡ Y ⊆ X
✐♠♣❧✐❡s Bar(Y ) ⊆ Bar(X)✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❛ ♠✐♥✐♠❛❧ s❡♣❛r❛t♦r X ♦❢ x
❛♥❞ y✳ ▲❡t X ❜❡ s♦❀ t❤❡ s❡t EG ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ EG = Ex ∪ Ey s✉❝❤ t❤❛t✿

✭❛✮ x ∈ VG[Ex], y ∈ VG[Ey ] ❛♥❞ VG[Ex] ∩ VG[Ey ] = X❀



✶✺✻ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

✭❜✮ G[Ex] ❛♥❞ G[Ey] ❛r❡ ❝♦♥♥❡❝t❡❞❀

✭❝✮ ❚❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦❢ ❡❞❣❡s ✐♥❝✐❞❡♥t ✇✐t❤ ❡❛❝❤ z ∈ X ❝❛♥ ❜❡ ✇r✐tt❡♥ E◦(z) = E1(z)◦
E2(z) ✇❤❡r❡ E1(z) ✐s ❛ s❡q✉❡♥❝❡ ❡♥✉♠❡r❛t✐♥❣ t❤❡ s❡t ♦❢ ❡❞❣❡s Ex ∩ E(z) ❛♥❞ E2(z) ✐s
s✐♠✐❧❛r ❢♦r t❤❡ s❡t Ey ∩ E(z)✳

❲❡ ♠♦❞✐❢② G ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ✈❡rt❡① z ∈ X ❜② ❛♥ ❡❞❣❡ ez = zz′ ❛♥❞ s✉❝❤ t❤❛t z ✐s
❛❞❥❛❝❡♥t t♦ E1(z) ❛♥❞ z′ t♦ E2(z)✳ Pr❡❝✐s❡❧②✱ ✇❡ ♠❛❦❡ G ✐♥t♦ ❛ ♣❧❛♥❡ ❣r❛♣❤ G′ ✇✐t❤ ✈❡rt❡① s❡t
VG′ = VG∪{z′ | z ∈ X}✱ ❡❞❣❡ s❡t EG′ = {ez | z ∈ X}∪{wz | w ∈ VG−X,wz ∈ E1(z)}∪{wz′ |
w ∈ VG−X,wz ∈ E2(z)}∪{wz | w, z ∈ VG−X,wz ∈ EG} ❛♥❞ ✇✐t❤ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡s E′0(z)
❢♦r ❡❛❝❤ z ∈ VG′ s✉❝❤ t❤❛t✿

{
E′◦(z) = E1(z) ◦ (ez),

E′◦(z′) = E2(z) ◦ (ez)
❢♦r ❡✈❡r② z ∈ X,

❛♥❞

E′◦(z) = E◦(z) ✐❢ z ∈ VG −X.

■t ✐s ❝❧❡❛r t❤❛t G′ ✐s ❛ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ t❤❛t E(X) ❞❡✜♥❡❞ ❛s {ez | z ∈ X} ✐s ❛ ♠✐♥✐♠❛❧ ❡❞❣❡✲❝✉t
♦❢ G′✳ ❍❡♥❝❡✱ E(X) ✐s ❛ ❝②❝❧❡ ✐♥ t❤❡ ❞✉❛❧ ♣❧❛♥❡ ❣r❛♣❤ G′∗ ✭s❡❡ ❉✐❡st❡❧ ❬❉✐❡✵✺✱ Pr♦♣♦s✐t✐♦♥
✹✳✻✳✶❪✮ t❤❛t ❢✉rt❤❡r♠♦r❡ s❡♣❛r❛t❡s x ❛♥❞ y✳ ❚❤✐s ❝②❝❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦❢
❡❞❣❡s (e1, . . . , ep) ❢♦r s♦♠❡ ❡♥✉♠❡r❛t✐♦♥ z1, . . . , zp ♦❢ X✳ ✭◆♦t✐❝❡ t❤❛t ✐❢ X = {x1}✱ t❤✐s ❝②❝❧❡
❝♦♥s✐sts ♦❢ t✇♦ ♣❛r❛❧❧❡❧ ❡❞❣❡s✳✮ ▲❡t f1, . . . , fp ❜❡ t❤❡ ❢❛❝❡s ♦❢ G′ s✉❝❤ t❤❛t ✐♥ G′∗ ✇❡ ❞❡✜♥❡ t❤❡
❡❞❣❡ ei ❛s fifi+1 ❢♦r 1 ≤ i < p✱ ❛♥❞ t❤❡ ❡❞❣❡ ep ❛s fpf1✳

❲❡ ❞❡♥♦t❡ ❜② f1, . . . , fp t❤❡ ❢❛❝❡s ♦❢ G✱ r❡s✉❧t✐♥❣ r❡s♣❡❝t✐✈❡❧② ❢r♦♠ f1, . . . , fp ❜② t❤❡ ❝♦♥✲
tr❛❝t✐♦♥ ♦❢ ❡❞❣❡s ez ❢♦r ❛❧❧ z ∈ X✳ ■t ✐s ❝❧❡❛r t❤❛t fi ✐s ❛❞❥❛❝❡♥t ✐♥ G+ t♦ zi ❛♥❞ zi+1 ❢♦r
i = 1, . . . , p− 1 ❛♥❞ t❤❛t fp ✐s ❛❞❥❛❝❡♥t t♦ zp ❛♥❞ z1✳ ■♥ ❛♥② ❡♠❜❡❞❞✐♥❣ E+ ♦❢ G+✱ t❤❡ ❝②❝❧❡
❢♦r♠❡❞ ❜② t❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦❢ ✈❡rt✐❝❡s (z1, f1, z2, f2, z3, . . . , zp, fp) s❡♣❛r❛t❡s x ❛♥❞ y✳

❲❡ ✐❧❧✉str❛t❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✶ ✇✐t❤ ❊①❛♠♣❧❡ ✾✳✹✳

❊①❛♠♣❧❡ ✾✳✹ ❆ ♣❧❛♥❡ ❣r❛♣❤ G ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✷✼✳ ■ts ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜②
X = {u, v, z}✳ ❋✐❣✉r❡ ✷✽ s❤♦✇s t❤❡ r❡s✉❧t ♦❢ r❡♣❧❛❝✐♥❣ u, v, z ❜② t❤❡ ❡❞❣❡s eu, ev ❛♥❞ ez ✇❤✐❝❤ ❛r❡
❞♦tt❡❞✳ ■t ❛❧s♦ s❤♦✇s t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❝②❝❧❡ E(X) ✐♥ t❤❡ ❞✉❛❧ ❣r❛♣❤ G′∗✳ ❚❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ t❤❡
❞♦tt❡❞ ❡❞❣❡s ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ ❝②❝❧❡ ✐♥ G+ ✭s❡❡ ❋✐❣✉r❡ ✷✾✮✳

Pr♦♣♦s✐t✐♦♥ ✾✳✶ tr❛♥s❢♦r♠s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② t♦ ❛ ❣❡♦♠❡tr✐❝❛❧ ♣r♦❜❧❡♠✳ ❲❡
♥❡❡❞ ♥♦✇✱ ❣✐✈❡♥ t❤❡ s❡t Bar(X)✱ ❜❡ ❛❜❧❡ t♦ ❞❡❝✐❞❡ ✐❢ p(x) ❛♥❞ p(y) ❛r❡ ✐♥ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts ✐♥ R2−Bar(X, E+) ✇❤❡r❡ E+ = (p, s) ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ G+✳ ❲❡ ✇✐❧❧ ❡①♣❧❛✐♥ ✐♥
❙❡❝t✐♦♥ ✾✳✹ ❤♦✇ t♦ ❞♦ t❤❛t ✇❤❡♥ t❤❡ s❡t Bar(X, E+) ✐s ❛ s❡t ♦❢ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts ✇❤✐❝❤
✐s s✉✣❝✐❡♥t ❢♦r ♦✉r ♣✉r♣♦s❡s ✭s❡❡ ❙❡❝t✐♦♥s ✾✳✹✱ ✾✳✺ ❛♥❞ ✾✳✻✮✳ ❲❡ ✇✐❧❧ ♥♦✇ ❡①♣❧❛✐♥ ✐♥ t❤❡ ♥❡①t
s❡❝t✐♦♥ ❤♦✇ t♦ ❧❛❜❡❧ ❡❛❝❤ ✈❡rt❡① ♦❢ ❛ ♣❧❛♥❛r ❣r❛♣❤ ✐♥ ♦r❞❡r t♦ r❡❝♦✈❡r t❤❡ s❡t Bar(X) ❢r♦♠
t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ✈❡rt✐❝❡s ✐♥ X✳



✾✳✸✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Pr♦♣❡rt✐❡s ❛♥❞ ❋✉♥❝t✐♦♥s ❜② ❯♥❛r② ❋✉♥❝t✐♦♥s ✶✺✼

x
y

z

v

u

❋✐❣✉r❡ ✷✼✿ ❆ ♣❧❛♥❡ ❣r❛♣❤ G❀ X = {u, v, z}✳

x

v

u′

y

v′

z′

u

z

❋✐❣✉r❡ ✷✽✿ ❚❤❡ ♣❧❛♥❡ ❣r❛♣❤ G′ ❛♥❞ t❤❡ ❝②❝❧❡ E(X) ✐♥ ✐ts ❞✉❛❧✳

v

x

z

y

u

❋✐❣✉r❡ ✷✾✿ ❚❤❡ ♣❧❛♥❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❜② ❝♦♥tr❛❝t✐♥❣ t❤❡ ❡❞❣❡s ez✱ z ∈ X✳

✾✳✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Pr♦♣❡rt✐❡s ❛♥❞ ❋✉♥❝t✐♦♥s ❜② ❯♥❛r② ❋✉♥❝✲
t✐♦♥s

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥❡✇ ♥♦t✐♦♥ ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ♣r♦♣❡rt② ✇✐t❤ m ❛r❣✉♠❡♥ts ♦r ❛♥ m✲
ary ♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✱ ❜② ❛ ✜①❡❞ ♥✉♠❜❡r ♦❢ ✉♥❛r② ❢✉♥❝t✐♦♥s✳ ❲❡ ✇✐❧❧ t❤❡♥ ✉s❡ ✐t ✐♥ ♦r❞❡r



✶✺✽ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

t♦ ❧❛❜❡❧ ✈❡rt✐❝❡s ♦❢ ♣❧❛♥❡ ❣r❛♣❤s s♦ t❤❛t ✇❡ ❝❛♥ r❡❝♦✈❡r Bar(X) ❢r♦♠ t❤❡ ❧❛❜❡❧s ♦❢ ✈❡rt✐❝❡s ✐♥
X✳

❉❡✜♥✐t✐♦♥ ✾✳✺ ✭❋♦r♠✉❧❛s ♦✈❡r ❯♥❛r② ❋✉♥❝t✐♦♥ ❙②♠❜♦❧s✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥ s②♠❜♦❧s ❛♥❞ ❧❡t X ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❧♦✇❡r ❝❛s❡ ✈❛r✐❛❜❧❡s✳ ❲❡ ❞❡♥♦t❡ ❜② B(F ,X ) t❤❡
s❡t ♦❢ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛s t❤❛t ❛r❡ ❇♦♦❧❡❛♥ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❛t♦♠✐❝ ❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠s
x = y, x = f(y), f(x) = g(y), f = g ❢♦r x, y ∈ X ❛♥❞ f, g ∈ F ✳

◆♦t✐❝❡ t❤❛t ✇❡ ❞♦ ♥♦t ❛❧❧♦✇ ❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠ x = f(g(y))✱ ❤❡♥❝❡ B(F ,X ) ✐s ♥♦t t❤❡
s❡t ♦❢ ❛❧❧ q✉❛♥t✐✜❡r✲❢r❡❡ ❢♦r♠✉❧❛s ♦✈❡r F ❛♥❞ X

❉❡✜♥✐t✐♦♥ ✾✳✻ ✭❘❡♣r❡s❡♥t❛t✐♦♥s ❜② ❯♥❛r② ❋✉♥❝t✐♦♥s✮ ▲❡t F ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ✉♥❛r②
❢✉♥❝t✐♦♥ s②♠❜♦❧s✱ ❧❡t V ❜❡ ❛ ✜♥✐t❡ s❡t ❛♥❞ ❧❡t X = {x1, . . . , xm}✳ ❋♦r ❡❛❝❤ f ∈ F ✱ ✇❡ ❧❡t
fV : V → V ❜❡ ❛ t♦t❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② FV t❤❡ ❢❛♠✐❧② (fV )f∈F ✳ ❲❡ s❛② t❤❛t ❛ r❡❧❛t✐♦♥
R ⊆ V m ✐s r❡♣r❡s❡♥t❡❞ ❜② FV ❛♥❞ ϕ(x1, . . . , xm) ∈ B(F ,X ) ✐❢✿

R = {(a1, . . . , am) ∈ V m | ϕ(a1, . . . , am) ❤♦❧❞s}.

▲❡t ϕ(x1, . . . , xm, y) ∈ B(F ,X ∪{y}) ❜❡ ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ ❢♦r♠✉❧❛s ♦❢ t❤❡ ❢♦r♠ ψ∧(y = f(xi))
♦r ψ ∧ (y = xi) ✇✐t❤ ψ(x1, . . . , xm) ∈ B(F ,X )✳ ❆♥ m✲ary ♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ g : V m → 2V ✐s
r❡♣r❡s❡♥t❡❞ ❜② FV ❛♥❞ ϕ ✐❢ ❢♦r ❡✈❡r② (a, a1, . . . , am) ∈ V m+1✱ t❤❡ r❡❧❛t✐♦♥ a ∈ g(a1, . . . , am) ✐s
r❡♣r❡s❡♥t❡❞ ❜② FV ❛♥❞ ϕ✳

▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ✇❤❡r❡ ❢♦r ❡❛❝❤ ❣r❛♣❤ G ∈ C✱ ❛ s❡t XG ✐s ✐❞❡♥t✐✜❡❞✳ ▲❡t R ❜❡ ❛♥ m✲
ary r❡❧❛t✐♦♥ ♦♥ C s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❣r❛♣❤ G ∈ C, RG ⊆ Xm

G ❛♥❞ ❧❡t g ❜❡ ❛♥ m✲ary ♠✉❧t✐✈❛❧✉❡❞
❢✉♥❝t✐♦♥ ♦♥ C s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ❣r❛♣❤ G ∈ C, gG : Xm

G → 2Xm
G ✳ ❲❡ s❛② t❤❛t R ✭r❡s♣✳ g✮

✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② k ❢✉♥❝t✐♦♥s ✐❢ t❤❡r❡ ❡①✐st ❛ s❡t ♦❢ k ✉♥❛r② t♦t❛❧ ❢✉♥❝t✐♦♥s F ❛♥❞ ❛ ❢♦r♠✉❧❛
ϕR(x1, . . . , xm) ∈ B(F ,X ) ✭r❡s♣✳ ❛ ❢♦r♠✉❧❛ ϕg(x1, . . . , xm, y) ∈ B(F ,X ∪ {y})✮ s✉❝❤ t❤❛t ❢♦r
❡✈❡r② ❣r❛♣❤ G ∈ C✱ t❤❡ r❡❧❛t✐♦♥ RG ✭r❡s♣✳ t❤❡ m✲ary ♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ gG✮ ✐s r❡♣r❡s❡♥t❡❞ ❜②
FG ❛♥❞ ϕR ✭r❡s♣✳ ϕg✮✳

❲❡ ❝❛♥ ♥♦✇ ✉s❡ t❤✐s ♥♦t✐♦♥ ❢♦r t❤❡ ❧❛❜❡❧✐♥❣ ♦❢ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ ♣❧❛♥❛r ❣r❛♣❤s✳ ■♥
♦r❞❡r t♦ ♣r♦✈❡ t❤❛t ❛ ❣✐✈❡♥ r❡❧❛t✐♦♥ ♦♥ ❛ ❝❧❛ss C ♦❢ ❣r❛♣❤s ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② k ❢✉♥❝t✐♦♥s✱ ✇❡
✇✐❧❧ ❛❧✇❛②s ❞❡✜♥❡ ❢♦r ❛ ✜①❡❞ ❣r❛♣❤ G ∈ C✱ t❤❡ ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡♥ ❣✐✈❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r♠✉❧❛✳
◆♦t❡ t❤❛t ✐❢ ❛♥ m✲ary ♠✉❧t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② F ❛♥❞ ϕ ∈ B(F , {x1, . . . , xm, y})
✇❤❡r❡ F ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s✱ t❤❡♥ |g(a1, . . . , am)| ≤ m·(|F|+1) ❢♦r ❛❧❧ (a1, . . . , am) ∈ V m✳
◆♦t✐❝❡ ❛❧s♦ t❤❛t ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s g ❢♦r ✇❤✐❝❤ |g(a1, . . . , am)| ≤ 1 ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② F ❛♥❞
❛ ❢♦r♠✉❧❛ ϕ ∈ B(F , {x1, . . . , xm, y}) ✇✐t❤ ❤❡❧♣ ♦❢ ❈♦♥✈❡♥t✐♦♥ ✾✳✶✳

❈♦♥✈❡♥t✐♦♥ ✾✳✶ ■♥ ❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥s ❜❡❧♦✇✱ ❢♦r ❡✈❡r② ❣r❛♣❤ G✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s
fG : XG → XG s✉❝❤ t❤❛t fG(x) 6= x ❢♦r ❡✈❡r② x✳ ❲❡ ♠❛❦❡ t❤❡♠ t♦t❛❧ ❜② ❧❡tt✐♥❣ fG(x) = x
✐♥st❡❛❞ ♦❢ ✏fG(x) ✐s ✉♥❞❡✜♥❡❞✑✳

❲✐t❤ t❤✐s ❝♦♥✈❡♥t✐♦♥ ✇❤❡♥❡✈❡r f(x) ❛♣♣❡❛rs✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥❥✉♥❝t ✐t ✇✐t❤ t❤❡ ❛t♦♠✐❝
❢♦r♠✉❧❛ f(x) 6= x✳ ❍♦✇❡✈❡r✱ ❢♦r r❡❛❞❛❜✐❧✐t② ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ❛t♦♠✐❝ ❢♦r♠✉❧❛s f(x) 6= x✳

▲❡♠♠❛ ✾✳✷ ❚❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ✐♥ ❣r❛♣❤s ♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st k ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② k
❢✉♥❝t✐♦♥s ❢r♦♠ ✈❡rt✐❝❡s t♦ ✈❡rt✐❝❡s✳ ❚❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ❛♥❞ ❡❞❣❡ ❞✐r❡❝t✐♦♥s ✐♥ ❞✐r❡❝t❡❞ ❣r❛♣❤s
♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st k ❛r❡ r❡♣r❡s❡♥t❛❜❧❡ ❜② 2k ❢✉♥❝t✐♦♥s ❢r♦♠ ✈❡rt✐❝❡s t♦ ✈❡rt✐❝❡s✳



✾✳✸✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Pr♦♣❡rt✐❡s ❛♥❞ ❋✉♥❝t✐♦♥s ❜② ❯♥❛r② ❋✉♥❝t✐♦♥s ✶✺✾

Pr♦♦❢✳ ❲❡ ♥❡❡❞ ♦♥❧② ❝♦♥s✐❞❡r s✐♠♣❧❡ ❣r❛♣❤s ❜❡❝❛✉s❡ ✇❡ ❝❛♥ r❡♣❧❛❝❡ ❛ s❡t ♦❢ ♣❛r❛❧❧❡❧ ❡❞❣❡s ❜②
❛ s✐♥❣❧❡ ❡❞❣❡ ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ❛❞❥❛❝❡♥❝②✳ ❚❤❡ ❡❞❣❡ s❡t ♦❢ ❡✈❡r② ❣r❛♣❤ G ♦❢ ❛r❜♦r✐❝✐t② ❛t ♠♦st
k ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ k s❡ts E1, E2, . . . , Ek s✉❝❤ t❤❛t G[Ei] ✐s ❛ ❢♦r❡st ❢♦r ❡❛❝❤ i ∈ [k]✱ t❤❛t
✇❡ ❝❛♥ ❛ss✉♠❡ t♦ ❜❡ r♦♦t❡❞ ✭✇❡ ❝❤♦♦s❡ ❛ r♦♦t ri ❛♥❞ ♦r✐❡♥t t❤❡ ❡❞❣❡s ♦❢ G[Ei] ❛♣♣r♦♣r✐❛t❡❧②✮✳
❋♦r ❡❛❝❤ i ∈ [k]✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ giG : VG → VG ❛s ❢♦❧❧♦✇s✿

giG(x) = y ✐❢ ❛♥❞ ♦♥❧② ✐❢ y ✐s t❤❡ ❢❛t❤❡r ♦❢ x ✐♥ G[Ei].

❲❡ ❤❛✈❡ ❝❧❡❛r❧② giG(x) 6= x ❢♦r ❡✈❡r② x ∈ VG✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❡①t❡♥❞ ❡❛❝❤ ❢✉♥❝t✐♦♥ giG ✐♥t♦
❛ t♦t❛❧ ♦♥❡ ❜② ❈♦♥✈❡♥t✐♦♥ ✾✳✶✳ ❚❤❡♥ x ❛♥❞ y ❛r❡ ❛❞❥❛❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛
❤♦❧❞s✿

∨

16i6k

(x = gi(y) ∨ y = gi(x)).

❋♦r r❡♣r❡s❡♥t✐♥❣ ❡❞❣❡ ❞✐r❡❝t✐♦♥s✱ ✇❡ r❡♣❧❛❝❡ ❡❛❝❤ ❢✉♥❝t✐♦♥ giG ❜② t✇♦ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s g+
iG :

VG → VG ❛♥❞ g−iG : VG → VG ❛s ❢♦❧❧♦✇s✿

g+
iG(x) = y ✐❢ ❛♥❞ ♦♥❧② ✐❢ giG(x) = y ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛r❝ x→ y✳

g−iG(x) = y ✐❢ ❛♥❞ ♦♥❧② ✐❢ giG(x) = y ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛r❝ y → x✳

◆♦t✐❝❡ t❤❛t ✇❡ ❤❛✈❡ g+
iG(x) = g−iG(x) = y ✐❢ t❤❡r❡ ✐s ❛ ♣❛✐r ♦❢ ❞✐r❡❝t❡❞ ♦♣♣♦s✐t❡ ❡❞❣❡s ❜❡t✇❡❡♥

x ❛♥❞ y✳ ❲❡ ✉s❡ ❛❣❛✐♥ ❈♦♥✈❡♥t✐♦♥ ✾✳✶ t♦ ❡①t❡♥❞ t❤❡♠ ✐♥t♦ t♦t❛❧ ❢✉♥❝t✐♦♥s✳ ❆❣❛✐♥ x ❛♥❞ y ❛r❡
❛❞❥❛❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ❤♦❧❞s✿

∨

16i6k

(
x = g+

i (y) ∨ x = g−i (y)
)
∨
(
y = g+

i (x) ∨ y = g−i (x)
)
.

❚❤❡r❡ ✐s ❛♥ ❛r❝ ❢r♦♠ x t♦ y ✭r❡s♣✳ ❢r♦♠ y t♦ x✮ ✐❢ ϕ1 ✭r❡s♣✳ ϕ2✮ ❤♦❧❞s✿

ϕ1(x, y) =
∨

16i6k

(x = g−i (y) ∨ y = g+
i (x)).

ϕ2(x, y) =
∨

16i6k

(x = g+
i (y) ∨ y = g−i (x)).

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❙✐♥❝❡ ❡✈❡r② ♣❧❛♥❛r ❣r❛♣❤ ❤❛s ❛r❜♦r✐❝✐t② ❛t ♠♦st 3✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s ❛ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✾✳✶ ❚❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ✐♥ ♣❧❛♥❛r ❣r❛♣❤s ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② 3 ❢✉♥❝t✐♦♥s ❢r♦♠
✈❡rt✐❝❡s t♦ ✈❡rt✐❝❡s✳ ❚❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ❛♥❞ ❡❞❣❡ ❞✐r❡❝t✐♦♥s ✐♥ ❞✐r❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ❛r❡
r❡♣r❡s❡♥t❛❜❧❡ ❜② 6 ❢✉♥❝t✐♦♥s ❢r♦♠ ✈❡rt✐❝❡s t♦ ✈❡rt✐❝❡s✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ r❡♣r❡s❡♥t t❤❡ s❡t Bar(X) ❜② ✜♥✐t❡❧② ♠❛♥② ❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱
t✇♦ ✈❡rt✐❝❡s ❝❛♥ ❜❡ ❛❞❥❛❝❡♥t t♦ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ❢❛❝❡s ❛♥❞ t❤❡♥ ❣✐✈❡♥ ❛ s❡t X✱ t❤❡ s❡t
Bar(X) ❝♦✉❧❞ ❜❡ ✉♥❜♦✉♥❞❡❞✳ ❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞♦ t❤❛t ❢♦r ❝❧❛ss❡s ♦❢ ♣❧❛♥❛r
❣r❛♣❤s ✇❤❡r❡ ❡❛❝❤ ♣❛✐r ♦❢ ✈❡rt✐❝❡s ✐s ✐♥❝✐❞❡♥t ✇✐t❤ ❛ ❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ❢❛❝❡s✳



✶✻✵ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❉❡✜♥✐t✐♦♥ ✾✳✼ ✭m✲❋❛❝❡ ❇♦✉♥❞❡❞ P❧❛♥❛r ●r❛♣❤s ❛♥❞ ❋❛❝❡ ❙❡❧❡❝t✐♦♥ ❋✉♥❝t✐♦♥s✮
▲❡t G ❜❡ ❛ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s✳ ❲❡ ❧❡t Faces(x, y) ❜❡ t❤❡
s❡t {f ∈ FG | f ✐s ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤ x ❛♥❞ y}✳ ❲❡ s❛② t❤❛t G ✐s m✲❢❛❝❡ ❜♦✉♥❞❡❞ ✐❢ ❢♦r
❡✈❡r② x, y ∈ VG, x 6= y✱ ✇❡ ❤❛✈❡ |Faces(x, y)| ≤ m✳ ❚❤❡ ❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞ y ✈❡r✐✜❡s t❤❡
s❛♠❡✲❢❛❝❡ ♣r♦♣❡rt②✱ ❞❡♥♦t❡❞ ❜② sf(x, y)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ |Faces(x, y)| ≥ 1✳

❆♥ m✲t✉♣❧❡ ♦❢ ❢❛❝❡ s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥s ✐s ❛♥ m✲t✉♣❧❡ (Selecti)i∈[m] ♦❢ ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s✿ VG ×
VG → FG s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞ y✱

Selecti(x, y) 6= Selectj(x, y) ❢♦r i, j ∈ [m], i 6= j,

Selecti(x, y) ∈ Faces(x, y) ❢♦r ❛❧❧ i ∈ [m],

Faces(x, y) = {Select1(x, y), . . . , Selectm(x, y)} ✐❢ |Faces(x, y)| ≤ m.

❋♦r ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m✱ t❤❡ m✲t✉♣❧❡ ♦❢ ❢❛❝❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥
m✲t✉♣❧❡ ♦❢ ❢❛❝❡ s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥s✳

◆♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t r❡q✉✐r❡ Selecti(x, y) = Selecti(y, x) ❢♦r ❛❧❧ i ∈ [m]✳ ❆♥ ❡①❛♠♣❧❡ ♦❢
❛ ❝❧❛ss ♦❢ ♣❧❛♥❛r ❣r❛♣❤s t❤❛t ❛r❡ 2✲❢❛❝❡ ❜♦✉♥❞❡❞ ✐s t❤❡ ❝❧❛ss ♦❢ 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ♦❜t❛✐♥❡❞
❢r♦♠ s✐♠♣❧❡ 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❜② t❤❡ r❡♣❧❛❝❡♠❡♥t ♦❢ s♦♠❡ ❡❞❣❡s ❜② ♣❛t❤s ✭s✉❝❤ ❣r❛♣❤s ❤❛✈❡
✉♥✐q✉❡ ❡♠❜❡❞❞✐♥❣s ✐♥ t❤❡ s♣❤❡r❡✮✳

Pr♦♣♦s✐t✐♦♥ ✾✳✷ ❚❤❡ s❛♠❡✲❢❛❝❡ ♣r♦♣❡rt② ✐♥ ♣❧❛♥❡ ❣r❛♣❤s ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② 15 ❢✉♥❝t✐♦♥s✳
❋♦r ❡✈❡r② m✱ t❤❡ s❛♠❡✲❢❛❝❡ ♣r♦♣❡rt② ❛♥❞ t❤❡ m✲t✉♣❧❡ ♦❢ ❢❛❝❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ♣❧❛♥❡ ❣r❛♣❤s
❛r❡ r❡♣r❡s❡♥t❛❜❧❡ ❜② 15 + 3m ❢✉♥❝t✐♦♥s✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ s✐♠♣❧❡ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t G+ = 〈VG ∪ FG, EG ∪ E′ 〉 ❜❡ ✐ts
❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r✳ ❇② ▲❡♠♠❛ ✾✳✷✱ t❤❡ ❛❞❥❛❝❡♥❝② ✐♥ G+ ✐s r❡♣r❡s❡♥t❡❞ ❜② 3 ❢✉♥❝t✐♦♥s t❤❛t ✇❡
❞❡♥♦t❡ g+

1 , g
+
2 ❛♥❞ g+

3 ✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② ❞✐st✐♥❝t t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y, sf(x, y)
❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ ϕ ❤♦❧❞s✿

∨

1≤i,j≤3

g+
i (x) = g+

j (y) ∈ FG ✭✼❛✮

∨
∨

1≤i,j≤3

g+
i (x) ∈ FG ∧ g+

j (g+
i (x)) = y ✭✼❜✮

∨
∨

1≤i,j≤3

g+
i (y) ∈ FG ∧ g+

j (g+
i (y)) = x ✭✼❝✮

∨ ∃f ∈ FG

( ∨

1≤i,j≤3

g+
i (f) = x ∧ g+

j (f) = y
)
. ✭✼❞✮

❲❡ ♥♦✇ ❞❡✜♥❡ ❛ s❡t F ♦❢ 15 ❢✉♥❝t✐♦♥s ✐♥ ♦r❞❡r t♦ tr❛♥s❢♦r♠ ϕ ✐♥t♦ ❛ ❢♦r♠✉❧❛ ϕ′ ∈ B(F , {x, y})✳
❋♦r ❡✈❡r② i ∈ [3] ✇❡ ❧❡t g′iG : VG → FG ❜❡ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ VG✱

g′iG(x) = ✐❢ g+
iG(x) ∈ FG, t❤❡♥ g

+
iG(x) ❡❧s❡ ✉♥❞❡❢✐♥❡❞.

❲❡ ❝❛♥ t❤❡♥ r❡♣❧❛❝❡ ✐♥ ϕ t❤❡ s✉❜✲❢♦r♠✉❧❛ g+
i (x) = g+

j (y) ∈ F ❜② g′i(x) = g′j(y)✳ ❋♦r ❡✈❡r②
i, j ∈ [3]✱ ✇❡ ❧❡t gi,jG : VG → VG ❜❡ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x ∈ VG✿

g′i,jG(x) = ✐❢ g+
iG(x) ∈ FG ❛♥❞ g+

jG(g+
iG(x)) ✐s ❞❡❢✐♥❡❞✱ t❤❡♥ g+

jG(g+
iG(x))

❡❧s❡ ✉♥❞❡❢✐♥❡❞.



✾✳✸✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Pr♦♣❡rt✐❡s ❛♥❞ ❋✉♥❝t✐♦♥s ❜② ❯♥❛r② ❋✉♥❝t✐♦♥s ✶✻✶

❲❡ ❝❛♥ t❤❡♥ r❡♣❧❛❝❡ ✐♥ ϕ t❤❡ s✉❜✲❢♦r♠✉❧❛s g+
i (x) ∈ FG ∧ g+

j (g+
i (x)) = y ❛♥❞ g+

i (y) ∈ FG ∧
g+
j (g+

i (y)) = x ❜② r❡s♣❡❝t✐✈❡❧② gi,j(x) = y ❛♥❞ gi,j(y) = x✳

■t r❡♠❛✐♥s ♥♦✇ t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❡①✐st❡♥t✐❛❧ q✉❛♥t✐✜❡r ✐♥ t❤❡ s✉❜✲❢♦r♠✉❧❛ ✭✼❞✮ ✐♥ ϕ✳ ❋♦r t❤❛t
✇❡ ❞❡✜♥❡ ❛♥ ❛✉①✐❧✐❛r② ♣❧❛♥❛r ❣r❛♣❤ H✱ ✇✐t❤ VH = VG ❛♥❞ xy ∈ EH ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r s♦♠❡
i, j ∈ [3] ❛♥❞ f ∈ FG✱ ✇❡ ❤❛✈❡ g

+
iG(f) = x ❛♥❞ g+

jG(f) = y✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣
♦❢ H ❢r♦♠ ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ G ❜❡❝❛✉s❡ ♦♥❡ ❛❞❞s t♦ ❡❛❝❤ ❢❛❝❡ ♦❢ G ❛t ♠♦st 3 ❡❞❣❡s✳ ❚❤❡r❡❢♦r❡✱
H ✐s ❛ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ ❜② ▲❡♠♠❛ ✾✳✷✱ t❤❡ ❛❞❥❛❝❡♥❝② ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② 3 ❢✉♥❝t✐♦♥s ❢r♦♠
VH t♦ VH ✱ ❤❡♥❝❡ ❢r♦♠ VG t♦ VG✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② h1G, h2G ❛♥❞ h3G✳ ❈♦♥❞✐t✐♦♥ ✭✼❞✮ ❝❛♥
t❤✉s ❜❡ r❡♣❧❛❝❡❞ ❜②✿

∨

1≤i≤3

(
hi(x) = y ∨ hi(y) = x

)
.

❍❡♥❝❡✱ t❤❡ s❛♠❡✲❢❛❝❡ ♣r♦♣❡rt② ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② t❤❡ 15 ❢✉♥❝t✐♦♥s g′i, g
′
i,j , hi ❢♦r i, j ∈ [3]✳

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ ❞❡✜♥❡ ❛♥❞ r❡♣r❡s❡♥t ❛♥ m✲t✉♣❧❡ ♦❢ ❢❛❝❡ s❡❧❡❝t✐♦♥ ❢✉♥❝t✐♦♥s✳ ❲❡ ✇✐❧❧
✉s❡ ❝❛s❡s ✭✼❛✮✲✭✼❞✮ t❤❛t ❝❤❛r❛❝t❡r✐③❡ t❤❡ s❛♠❡✲❢❛❝❡ ♣r♦♣❡rt②✳ ❲❡ ✜rst ♦❜s❡r✈❡ t❤❛t t❤❡② ❛r❡
♠✉t✉❛❧❧② ❡①❝❧✉s✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❡❛❝❤ ❢❛❝❡ ♦❢ Faces(x, y) ✐s s♣❡❝✐✜❡❞ ❜② ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡
♦❢ t❤❡♠✳

❲❡ ✜rst ✜① ❛ ❧✐♥❡❛r ♦r❞❡r ♦♥ FG✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛♥② s✉❜s❡t ♦❢ FG ❛s ❛♥ ♦r❞❡r❡❞
s❡t✱ t❤❡ ♦r❞❡r ✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♦r❞❡r ♦❢ FG✳ ▲❡t x ❛♥❞ y ❜❡ 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s ♦❢ G ❛♥❞ ❧❡t
f ∈ FG✳ ■❢ f ∈ Faces(x, y)✱ ✇❡ ❞❡✜♥❡ t❤❡ (x, y)✲t②♣❡ t ♦❢ f ❛s ❢♦❧❧♦✇s✿

t =





(a, i, j) ✐❢ f = g′iG(x) = g′jG(y)

(b, i, j) ✐❢ f = g′iG(x) ❛♥❞ y = g′i,jG(x)

(c, i, j) ✐❢ f = g′iG(y) ❛♥❞ x = g′i,jG(y)

(d, j) ✐❢ f ✐s t❤❡ j✲th ❢❛❝❡ ✐♥ t❤❡ ♦r❞❡r❡❞ s❡t F (x, y) ⊆ Faces(x, y)
❢♦r♠❡❞ ❢r♦♠ t❤❡ ❢❛❝❡s t❤❛t ❤❛✈❡ ♥♦t t②♣❡ ♥❡✐t❤❡r (a, i, j)✱

♥❡✐t❤❡r (b, i, j) ♥❡✐t❤❡r (c, i, j)✳

❲❡ ❤❛✈❡ ❝❧❡❛r❧② F (x, y) = F (y, x)✳ ◆♦t❡ t❤❛t t❤❡ (y, x)✲t②♣❡ ♦❢ f ✐s (a, j, i) ♦r (c, i, j) ♦r
(b, i, j) ♦r (d, j) ✐❢ ✐ts (x, y)✲t②♣❡ ✐s r❡s♣❡❝t✐✈❡❧② (a, i, j), (b, i, j), (c, i, j) ♦r (d, j)✳

❋♦r ❡✈❡r② i ∈ [3] ❛♥❞ ❡✈❡r② j ≥ 1✱ ✇❡ ❧❡t hi,jG : VG → FG ❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

hi,jG(x) = f ✐❢ hiG(x) ✐s ❞❡❢✐♥❡❞ ❛♥❞ f ✐s t❤❡ j✲th ❡❧❡♠❡♥t ♦❢ F (x, hiG(x))✳

❋♦r ❡✈❡r② x, y ∈ VG, x 6= y ❛♥❞ j ≥ 1✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❢❛❝❡ f ♦❢ (x, y)✲t②♣❡ (d, j) ❛♥❞ ✐t
✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ϕj ✿

∨

1≤i≤3

((
f = hi,j(x) ∧ y = hi(x)

)
∨
(
f = hi,j(y) ∧ x = hi(y)

))
. ✭✽✮



✶✻✷ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❙✐♠✐❧❛r❧②✱ ❢♦r ❡❛❝❤ t ∈ {a, b, c} × [3]× [3]✱ t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ ❢❛❝❡ f ♦❢ (x, y)✲t②♣❡ t ❛♥❞ ✐t ✐s
❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦r♠✉❧❛ ϕi,j ✿

ϕi,j =





f = g′i(x) ∧ f = g′j(y) ✐❢ f ❤❛s (x, y)✲t②♣❡ (a, i, j),

f = g′i(x) ∧ y = g′i,j(x) ✐❢ f ❤❛s (x, y)✲t②♣❡ (b, i, j),

f = g′i(y) ∧ x = g′i,j(y) ✐❢ f ❤❛s (x, y)✲t②♣❡ (c, i, j).

✭✾✮

▲❡t ✉s ♥♦✇ ♦r❞❡r t②♣❡s ❧❡①✐❝♦❣r❛♣❤✐❝❛❧❧②✳ ❲❡ ❣❡t t❤✉s ❢♦r ❡❛❝❤ ♣❛✐r (x, y) ♦❢ ❞✐st✐♥❝t
✈❡rt✐❝❡s ❛ ❧✐♥❡❛r ♦r❞❡r ♦❢ t❤❡ s❡t Faces(x, y) ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❧✐♥❡❛r ♦r❞❡r
✐♥❤❡r✐t❡❞ ❢r♦♠ t❤❡ ♦♥❡ ♦❢ FG✮✳ ❲❡ ❧❡t Selecti(x, y) ❜❡ t❤❡ i✲th ❡❧❡♠❡♥t ♦❢ t❤✐s s❡t ❛♥❞ ❧❡t
Fm = {g′i, g′i,j , hi, hi,ℓ | i, j ∈ [3], ℓ ∈ [m]}✳ ■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r ❡❛❝❤ i ≤ m✱ ♦♥❡ ❝❛♥ ❡①♣r❡ss
f = Selecti(x, y) ❜② ❛ ❢♦r♠✉❧❛ ϕ(x, y) ∈ B(Fm, {x, y}) ✇❤✐❝❤ ✐s ❛ ❞✐s❥✉♥❝t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛s
ϕi,j ❛♥❞ ϕj ✐♥ ❊q✉❛t✐♦♥s ✭✾✮ ❛♥❞ ✭✽✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ s♣❡❝✐✜❡❞ ❛♥ m✲t✉♣❧❡ ♦❢ ❢❛❝❡✲s❡❧❡❝t✐♦♥
❢✉♥❝t✐♦♥s✳

❘❡♠❛r❦ ✾✳✶ ❲✐t❤ 15 + 3(m + 1) ❢✉♥❝t✐♦♥s ♦♥❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ♣r♦♣❡rt② t❤❛t t✇♦ ✈❡rt✐❝❡s x
❛♥❞ y ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st m ❢❛❝❡s✳ ❋♦r ❞♦✐♥❣ s♦ ✇❡ ✉s❡ t❤❡ ♥❡❣❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠✉❧❛ ✐♥
B(Fm+1, {x, y}) t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ f = Selectm+1(x, y)✳

✾✳✹ ❚❤❡ ❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ ❋❛❝❡ ❇♦✉♥❞❡❞ P❧❛♥❡ ●r❛♣❤s

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✾✳✶✳ ❋♦r ❡✈❡r② m ≥ 1✱ ✇❡ ❧❡t Cm ❜❡
t❤❡ s❡t ♦❢ s✐♠♣❧❡ m✲❢❛❝❡ ❜♦✉♥❞❡❞ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳ ❚❤❡ ❝❧❛ss ♦❢ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r
❣r❛♣❤s ♦❜t❛✐♥❡❞ ❢r♦♠ 3✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ❜② r❡♣❧❛❝✐♥❣ s♦♠❡ ❡❞❣❡s ❜② ♣❛t❤s ❛r❡ ❣r❛♣❤s
✐♥ C2✳ ❚❤❡ ❝❧❛ss ♦❢ ♣❧❛♥❛r ❣r❛♣❤s ♦❢ ❞❡❣r❡❡ ❛t ♠♦st d ✐s ✐♥❝❧✉❞❡❞ ✐♥ Cd✳ ❲❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✾✳✷ ✭❈❛s❡ ♦❢ m✲❋❛❝❡ ❇♦✉♥❞❡❞ 2✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s✮ ❚❤❡r❡ ❡①✐sts
❛♥ (m · log)✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s Cm✳ ■❢ n
✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✱ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ O(m · n)✲t✐♠❡ ❛♥❞ B
❣✐✈❡s t❤❡ ❛♥s✇❡r ✐♥ O(s2)✲t✐♠❡ ✇❤❡r❡ s ≥ 2 ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛✳

❲❡ ✜rst ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❤✐❝❤ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ♠❛♥② r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✾✳✸ ❋♦r ❡✈❡r② s✐♠♣❧❡ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✱ ♦♥❡ ❝❛♥ ❝♦♥str✉❝t
✐♥ O(n)✲t✐♠❡ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❧❛♥❡ ❣r❛♣❤ G✱ ✐ts ❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G+ ❛♥❞ ❛ str❛✐❣❤t✲
❧✐♥❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G+ ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❝♦♦r❞✐♥❛t❡s ✐♥ [3n− 6]✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛ s✐♠♣❧❡ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❲❡ ❝❛♥ ❝♦♥str✉❝t ✐♥
O(n)✲t✐♠❡ ❛ ♣❧❛♥❡ ❣r❛♣❤ G = 〈VG, EG, FG 〉 ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❧✐♥❡❛r✲t✐♠❡
♣❧❛♥❛r✐t② t❡st✐♥❣ ❛❧❣♦r✐t❤♠s ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❍❚✼✹❪✮✳ ❚❤❡r❡ ✐s ❛t ♠♦st 2n − 4 ❢❛❝❡s ✐♥
G✱ ❤❡♥❝❡ 2n − 4 ❢❛❝❡✲✈❡rt✐❝❡s ✐♥ t❤❡ ❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G+ ♦❢ G✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡
❝♦♥str✉❝t t❤❡ ♣❧❛♥❛r ❣r❛♣❤ G+ ✐♥ O(n)✲t✐♠❡ ✭G+ ❤❛s ❛t ♠♦st 3n − 4 ✈❡rt✐❝❡s ❛♥❞ ❛t ♠♦st
9n ❡❞❣❡s✮✳ ❙✐♥❝❡ G ✐s ❛ss✉♠❡❞ 2✲❝♦♥♥❡❝t❡❞✱ t❤❡ ♣❧❛♥❛r ❣r❛♣❤ G+ ✐s s✐♠♣❧❡✳ ❲❡ ❝❛♥ t❤✉s
❝♦♥str✉❝t ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G+ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✐♥ [3n − 6] ✇✐t❤ t❤❡ ❙❝❤♥②❞❡r✬s
❛❧❣♦r✐t❤♠ ❬❙❝❤✾✵❪✳



✾✳✹✳ ❚❤❡ ❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ ❋❛❝❡ ❇♦✉♥❞❡❞ P❧❛♥❡ ●r❛♣❤s ✶✻✸

■❢ G ✐s ❛ 2✲❝♦♥♥❡❝t❡❞ m✲❢❛❝❡ ❜♦✉♥❞❡❞ ♣❧❛♥❡ ❣r❛♣❤✱ ❜② ♠❡❛♥s ♦❢ 15 + 3m ❢✉♥❝t✐♦♥s ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡✱ ❢♦r ❡✈❡r② 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s z ❛♥❞ t✱ t❤❡ s❡t ♦❢ ❛t ♠♦st m ❢❛❝❡s ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤
z ❛♥❞ t✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡✱ ❢♦r ❡✈❡r② s❡t X ⊆ VG✱ t❤❡ s❡t Bar(X)✳ ❇② Pr♦♣♦s✐t✐♦♥
✾✳✸✱ t❤❡ ❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G+ ♦❢ G ❛❞♠✐ts ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣✳ ■t r❡♠❛✐♥s t❤❡♥
t♦ s❤♦✇ ❤♦✇ t♦ ✈❡r✐❢② t❤❛t p(x) ❛♥❞ p(y) ❛r❡ s❡♣❛r❛t❡❞ ❜② Bar(X, E+) ✐❢ E+ = (p, s) ✐s ❛♥
❡♠❜❡❞❞✐♥❣ ♦❢ G+✳

■❢ x ❛♥❞ y ❛r❡ ♣♦✐♥ts ✐♥ R2✱ ✇❡ ❞❡♥♦t❡ ❜② [x, y] ⊆ R2 t❤❡ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥t ✇✐t❤ ❡♥❞s
x ❛♥❞ y✳ ❚✇♦ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts [x, y] ❛♥❞ [x′, y′] ❛r❡ ♥♦♥✲❝r♦ss✐♥❣ ✐❢ [x, y] ∩ [x′, y′] ⊆
{x, y} ∩ {x′, y′}✳ ❆ ✜♥✐t❡ s❡t Y ♦❢ ♣❛✐r✇✐s❡ ♥♦♥✲❝r♦ss✐♥❣ str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts ✐s ❝❛❧❧❡❞ ❛
s✉❜❞✐✈✐s✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡✳ ❚❤❡ ✉♥✐♦♥

⋃
Y ♦❢ t❤❡ s❡❣♠❡♥ts ✐♥ Y ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ R2✳ ❲❡

♥❡❡❞ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

■♥♣✉t✿ ❆ s✉❜❞✐✈✐s✐♦♥ Y ♦❢ t❤❡ ♣❧❛♥❡ ❛♥❞ 2 ♣♦✐♥ts p ❛♥❞ q✳

❖✉t♣✉t✿ ❆r❡ p ❛♥❞ q s❡♣❛r❛t❡❞ ❜②
⋃
Y ❄

❚❤✐s ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐❞❡♥t✐❢②✐♥❣✱ ❢♦r ❡❛❝❤ ♦❢ t❤❡ ♣♦✐♥t✱ t❤❡ ❝♦♥✲
♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ N2−⋃Y t❤❛t ❝♦♥t❛✐♥s ✐t ❛♥❞ ✐s ❝❛❧❧❡❞ ✐♥ ❬❞❇❑❖❙✾✶✱ ❙♥♦✵✹❪ t❤❡ ♣❧❛♥❛r
♣♦✐♥t ❧♦❝❛t✐♦♥ ♣r♦❜❧❡♠✳ ▼❛♥② ❛❧❣♦r✐t❤♠s✱ t❤❛t ✉s❡ ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✱ ❤❛❞ ❜❡❡♥ ♣r♦♣♦s❡❞
✭s❡❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❛rt✐❝❧❡ ❬❙❚✽✻❪ ♦r t❤❡ ❜♦♦❦ ❬❞❇❑❖❙✾✶❪✮✳ ❆❧❧ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❛r❡ ❜❛s❡❞ ♦♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r✐♥❝✐♣❧❡✿ ❝♦♥str✉❝t ❛ ❞❛t❛✲str✉❝t✉r❡ ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t t❤❛t ❝♦♥t❛✐♥s ❛ ❣✐✈❡♥ ♣♦✐♥t✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♦❜t❛✐♥ ❛ ❞❛t❛✲str✉❝t✉r❡ ♦❢ s✐③❡ ❧✐♥❡❛r
❛♥❞ ❡❛❝❤ q✉❡r② t❛❦❡s ❧♦❣❛r✐t❤♠✐❝✲t✐♠❡✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡ ✭♦♥❡ ❝❛♥ ❛❧s♦ ❝❤♦♦s❡ ❛♥②
♦t❤❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥✮✳

❚❤❡♦r❡♠ ✾✳✸ ❬❞❇❑❖❙✾✶✱ ❚❤❡♦r❡♠ ✻✳✽❪ ▲❡t Y ❜❡ ❛ s✉❜❞✐✈✐s✐♦♥ ♦❢ t❤❡ ♣❧❛♥❡ ❝♦♥s✐st✐♥❣ ♦❢ m
str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts✳ ❖♥❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(m · log(m))✲❡①♣❡❝t❡❞ t✐♠❡ ❛ ❞❛t❛ str✉❝t✉r❡ ♦❢
s✐③❡ O(m) ❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❝❛♥ ✐❞❡♥t✐❢② ✐♥ O(log(m))✲t✐♠❡✱ ✐♥ t❤❡ ✇♦rst ❝❛s❡✱ t❤❡ ❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t ✐♥ N2 −⋃Y t❤❛t ❝♦♥t❛✐♥s ❛ ❣✐✈❡♥ ♣♦✐♥t p ∈ N2 −⋃Y ✳ ❖♥❡ ❝❛♥ t❤❡r❡❢♦r❡ t❡st ✐♥
O(log(m))✲t✐♠❡ ✇❤❡t❤❡r t✇♦ ❡❧❡♠❡♥ts ♦❢ N2 −⋃Y ❛r❡ s❡♣❛r❛t❡❞ ❜②

⋃
Y ✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✾✳✷✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✷✳ ▲❡t G ❜❡ ❛ ♣❧❛♥❡ ❣r❛♣❤ ✐♥ Cm ✇✐t❤ n ✈❡rt✐❝❡s✳ ▲❡t E+ = (p, s) ❜❡ ❛
str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G+ ❝♦♥str✉❝t❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✸✳ ❈❧❡❛r❧②✱ |C(x)| ≤ 2 · ⌈log(n)⌉+
2 · log(3) ❢♦r ❡✈❡r② x ∈ VG+ ✳

❇② Pr♦♣♦s✐t✐♦♥ ✾✳✷ ❛♥❞ ❈♦♥✈❡♥t✐♦♥ ✾✳✶ t❤❡ m✲❢❛❝❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② p =
15 + 3m ❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱ ❜② ♠❡❛♥s ♦❢ p ❢✉♥❝t✐♦♥s f1, . . . , fp ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ✇✐t❤ ❡✈❡r② z, t ∈
VG, z 6= t t❤❡ s❡t ♦❢ ❛t ♠♦st m ❢❛❝❡s ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤✳ ❋♦r ❡✈❡r② ✈❡rt❡① z ✐♥ VG✱ ✇❡ ❧❡t

D(z) =
(
p(z), p(f1(z)), . . . , p(fp(z))

)
.

❲❡ ❤❛✈❡ ❝❧❡❛r❧② |D(z)| = O(m · log(n))✳ ▲❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s ♦❢ G ❛♥❞ ❧❡t
X ⊆ VG − {x, y} ❜❡ ❣✐✈❡♥ ❜② t❤❡✐r ❧❛❜❡❧s✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ ✐❢ x ❛♥❞ y ❛r❡
s❡♣❛r❛t❡❞ ❜② X ❜② ✉s✐♥❣ ♦♥❧② t❤❡✐r ❧❛❜❡❧s✳ ❇② Pr♦♣♦s✐t✐♦♥ ✾✳✷✱ ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡✱ ❢♦r ❡✈❡r②
t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s z ❛♥❞ t✱ t❤❡ s❡t ♦❢ t❤❡ ❛t ♠♦st m ❢❛❝❡s ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤ ❜② ✉s✐♥❣
f1(z), . . . , fp(z), f1(t), . . . , fp(t)✳ ❙✐♥❝❡ ✇❡ ❝❛♥ r❡❝♦✈❡r ❢♦r ❡✈❡r② i ∈ [p] ❛♥❞ ❡✈❡r② z ∈ VG t❤❡
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✈❛❧✉❡ ♦❢ fi(z) ❢r♦♠ D(z)✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡✜♥❡ ❢r♦♠ t❤❡ s❡t {D(z) | z ∈ X} t❤❡ s❡t ♦❢
str❛✐❣❤t✲❧✐♥❡ s❡❣♠❡♥ts ❢♦r♠✐♥❣ Bar(X, E+) ✐♥ O(|X|2)✲t✐♠❡ ✭E+ ✐s ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣✮✳
❇② ❚❤❡♦r❡♠ ✾✳✸✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(s · log(s))✲❡①♣❡❝t❡❞ t✐♠❡✱ ✇❤❡r❡ s = |Bar(X)|✱ ❛ ❞❛t❛
str✉❝t✉r❡ ❛♥❞ ❞❡❝✐❞❡ ✐♥ O(log(s))✲t✐♠❡ ✐❢ p(x) ❛♥❞ p(y) ❛r❡ s❡♣❛r❛t❡❞ ❜② Bar(X, E)✳ ❆♥❞ t❤✐s
s✉✣❝✐❡♥t ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶✳

■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ s✐③❡ ♦❢ Bar(X)✱ ❤❡♥❝❡ Bar(X, E+) s✐♥❝❡ Bar(X) = Bar(X, E+)✳ ❲❡
❝❧❛✐♠ t❤❛t Bar(X) ≤ m·(3·|X|−6)✳ ❚♦ s❡❡ t❤✐s✱ ❝♦♥s✐❞❡r t❤❡ s✉❜✲❣r❛♣❤ G′ = G+[Bar(X)]✳ ■t
✐s ❛ ♣❧❛♥❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t X ′∪F ❢♦r s♦♠❡ X ′ ⊆ X ⊆ VG ❛♥❞ F ⊆ FG ✭✇❡ r❡❝❛❧❧
t❤❛t ❛ ✈❡rt❡① ♦❢ X ♠❛② ♥♦t ♦❝❝✉r ✐♥ Bar(X)✮✳ ▲❡t H ❜❡ t❤❡ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t X ′ ❛♥❞ ❛♥
❡❞❣❡ ❜❡t✇❡❡♥ z ❛♥❞ t ✇❤❡♥❡✈❡r t❤❡r❡ ✐s f ∈ F s✉❝❤ t❤❛t (zf, f, tf) ✐s ❛ ❝♦r♥❡r ♦❢ G′✳ ■t ✐s ❝❧❡❛r
t❤❛t H ✐s ♣❧❛♥❛r✱ t❤❛t |EH | = |EG′ | = |Bar(X)| ❛♥❞ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ♠♦r❡ t❤❛♥ m ♣❛r❛❧❧❡❧
❡❞❣❡s ✐♥ H ❜❡t✇❡❡♥ t✇♦ ✈❡rt✐❝❡s✳ ■t ❢♦❧❧♦✇s t❤❛t |EH | ≤ m · (3 · |X ′| − 6) ≤ m · (3 · |X| − 6)✳
❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳
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■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✾✳✶ ❢♦r t❤❡ ❝❛s❡ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳ ❙✐♥❝❡ t✇♦
✈❡rt✐❝❡s z ❛♥❞ t ♠❛② ❜❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ❢❛❝❡s✱ ✇❡ ♠❛② ❤❛✈❡ ✐♥ Bar(X)
❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ♣❛t❤s z− f − t✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❧❧ ❢❛❝❡s f ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤ z ❛♥❞
t✳ ■♥ ♦✉r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✐♥ ♦r❞❡r t♦ ❜✉✐❧❞ Bar(X, E+)✱ ✇❡ ♥❡❡❞ t❤❡ ❝♦♦r❞✐♥❛t❡s p(f) ♦❢ ❛❧❧
t❤❡s❡ ❢❛❝❡s ❜✉t t❤❡② ❝❛♥♥♦t ❜❡ ❡♥❝♦❞❡❞ ❛s ❧✐sts (p(f1), . . . , p(fk)) ♦❢ ❜♦✉♥❞❡❞ ❧❡♥❣t❤ ❛tt❛❝❤❡❞
t♦ ✈❡rt✐❝❡s z ❛♥❞ t✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t② ❜② r❡♣❧❛❝✐♥❣ t❤✐s ✉♥❜♦✉♥❞❡❞
♥✉♠❜❡r ♦❢ ♣❛t❤s ❜② ♦♥❧② ♦♥❡ ♦❢ t❤❡♠ ✐❢ t❤❡r❡ ❛r❡ ❛t ❧❡❛st 3 ❢❛❝❡s ✐♥❝✐❞❡♥t ✇✐t❤ ❜♦t❤ z ❛♥❞ t✳
❲❡ ♦❜t❛✐♥ ✐♥ t❤✐s ✇❛② t❤❡ r❡❞✉❝❡❞ ❜❛rr✐❡r RBar(X, E+) ⊆ Bar(X, E+)✳ ❇✉t ✐♥ s♦♠❡ ❝❛s❡s✱
t❤❡ r❡❞✉❝❡❞ ❜❛rr✐❡r ❝❛♥♥♦t ✇✐t♥❡ss t❤❛t t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② X✳ ■♥ ♦r❞❡r t♦
♦✈❡r❝♦♠❡ t❤✐s s❡❝♦♥❞ ❞✐✣❝✉❧t② ✇❡ ❜♦rr♦✇ t♦♦❧s ❢r♦♠ ❉✐ ❇❛tt✐st❛ ❛♥❞ ❚❛♠❛ss✐❛ ❬❇❚✾✻❪ ❛♥❞
✉s❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐♥t♦ 3✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❚❤❡ ❜❛❞
❝❛s❡s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✳✹✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠
✾✳✸ ❛♥❞ t♦ ❝❛s❡s ✇❤❡r❡ t❤❡ ✈❡rt✐❝❡s ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛tt❛❝❤♠❡♥t ✈❡rt✐❝❡s ♦❢ t❤❡ 3✲❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥ts✳ ❚❤❡s❡ ❧❛t❡r ❝❛s❡s ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② MS ❢♦r♠✉❧❛s ❛♥❞ s✐♥❝❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ 3✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✐s ❛ tr❡❡ ✇❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹✳

■♥ ❙❡❝t✐♦♥ ✾✳✺✳✶ ✇❡ ♣r❡s❡♥t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ✐♥t♦ 3✲
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✇✐t❤ ❤❡❧♣ ♦❢ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s st✉❞✐❡❞ ❢♦r ✐♥st❛♥❝❡ ✐♥ ❬❞❋❞▼❘✾✺❪✳ ■♥
❙❡❝t✐♦♥ ✾✳✺✳✷ ✇❡ ♣r❡s❡♥t t❤❡ r❡❞✉❝❡❞ ❜❛rr✐❡r ❛♥❞ ♣r♦✈❡ ❚❤❡♦r❡♠ ✾✳✶ ❢♦r t❤❡ ❝❛s❡ ♦❢ 2✲❝♦♥♥❡❝t❡❞
♣❧❛♥❛r ❣r❛♣❤s st❛t❡❞ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✾✳✹ ✭❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s✮ ❚❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡
(A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡ ❝❧❛ss ♦❢ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳ ■❢ n ✐s t❤❡ ♥✉♠❜❡r
♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✱ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ O(n · log(n))✲t✐♠❡ ❛♥❞ B ❣✐✈❡s t❤❡
❛♥s✇❡r ✐♥ O(m2) ✐❢ m ≥ 2 ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛✳

❲❡ r❡❝❛❧❧ ✜rst t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦❧♦r❡❞ tr❡❡s ❛s r❡❧❛t✐♦♥❛❧ str✉❝t✉r❡s✳ ▲❡t A ❜❡ ❛ ✜♥✐t❡ s❡t
♦❢ ❧❛❜❡❧s ❛♥❞ ❧❡t TA ❜❡ t❤❡ r❡❧❛t✐♦♥❛❧ s✐❣♥❛t✉r❡ {E, (nlaba)a∈A, (elaba)a∈A)} ♦♥ ❣r❛♣❤s s✉❝❤
t❤❛t ❢♦r ❡✈❡r② r❡❧❛t✐♦♥❛❧ TA✲str✉❝t✉r❡ T = 〈VT , ET , (nlabaT )a∈A, (elabaT )a∈T 〉✱ VT ✐s ✐ts s❡t ♦❢
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✈❡rt✐❝❡s✱ ET ✐ts ❛❞❥❛❝❡♥❝② r❡❧❛t✐♦♥ ❛♥❞ ❢♦r ❡✈❡r② a ∈ A ❛♥❞ ❡✈❡r② x, y ∈ VT ✇❡ ❤❛✈❡ nlabaT (x)
✐❢ ❛♥❞ ♦♥❧② ✐❢ x ✐s ❝♦❧♦r❡❞ ❜② a ❛♥❞ ✇❡ ❤❛✈❡ elabaT (x, y) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❡❞❣❡ xy ✭r❡s♣✳ ❛r❝
(x, y)✮ ✐s ❝♦❧♦r❡❞ ❜② a✳ ❲❡ ❞❡♥♦t❡ ❜② T (A) t❤❡ ❝❧❛ss ♦❢ r❡❧❛t✐♦♥❛❧ TA✲str✉❝t✉r❡s t❤❛t ❛r❡ tr❡❡s✳

✾✳✺✳✶ ❇✐♣♦❧❛r P❧❛♥❡ ●r❛♣❤s ❛♥❞ P♦❧❛r P❛✐rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❛❧❧ t❤❡ t♦♦❧s ❜♦rr♦✇❡❞ ❢r♦♠ ❬❇❚✾✻❪ ✇✐t❤ ❤❡❧♣ ♦❢ t❤❡ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s
♦❢ ♣❧❛♥❛r ❣r❛♣❤s✳ ❲❡ ♣r♦✈❡ ❛❧s♦ s♦♠❡ t❡❝❤♥✐❝❛❧ ♣r♦♣❡rt✐❡s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✾✳✺✳✷✳
❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s✳ ❚❤❡ ❜♦r❞❡r ♦❢ ❛ ❢❛❝❡ ✐♥ ❛ ♣❧❛♥❡ ❣r❛♣❤ ✐s t❤❡
s❡t ♦❢ ❡❞❣❡s t❤❛t ❜♦✉♥❞ t❤❡ ❢❛❝❡✳

❉❡✜♥✐t✐♦♥ ✾✳✽ ✭❇✐♣♦❧❛r ●r❛♣❤s ❛♥❞ ❇✐♣♦❧❛r P❧❛♥❡ ●r❛♣❤s✮ ❆ ❜✐♣♦❧❛r ❣r❛♣❤ ✐s ❛ ❞✐✲
r❡❝t❡❞ ❣r❛♣❤ G✱ ✇✐t❤♦✉t ❝✐r❝✉✐ts✱ ❤❛✈✐♥❣ ❛ ✉♥✐q✉❡ ✈❡rt❡① ♦❢ ✐♥✲❞❡❣r❡❡ 0✱ ❝❛❧❧❡❞ ✐ts ❙♦✉t❤ ♣♦❧❡

❛♥❞ ❞❡♥♦t❡❞ ❜② s(G)✱ ❛ ✉♥✐q✉❡ ✈❡rt❡① ♦❢ ♦✉t✲❞❡❣r❡❡ 0✱ ❝❛❧❧❡❞ ✐ts ◆♦rt❤ ♣♦❧❡ ❛♥❞ ❞❡♥♦t❡❞ ❜② n(G)
❛♥❞ s✉❝❤ t❤❛t ❡✈❡r② ✈❡rt❡① v ✐♥ VInt(G) = V (G)− {s(G), n(G)}✱ ❝❛❧❧❡❞ ❛♥ ✐♥t❡r♥❛❧ ✈❡rt❡①✱ ✐s ♦♥
❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ s(G) t♦ n(G)✳

❆ ❞✐r❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ G ✐s ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✐❢ ✐t ✐s ❜✐♣♦❧❛r ❛s ❛ ❣r❛♣❤ ❛♥❞ ❤❛s ❛ ♣❧❛♥❛r
❡♠❜❡❞❞✐♥❣ s✉❝❤ t❤❛t t❤❡ t✇♦ ♣♦❧❡s ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡✳

■♥ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G✱ ❛ ❢❛❝❡ f ∈ FG ✐s ❝❛❧❧❡❞ ❛ ❜♦r❞❡r ❢❛❝❡ ♦❢ G ✐❢ ✐ts ❜♦r❞❡r ❝♦♥s✐sts
♦❢ t✇♦ ❞✐s❥♦✐♥t ❞✐r❡❝t❡❞ ♣❛t❤s✱ ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② ❧❡❢t✲❜♦r❞❡r ❛♥❞ r✐❣❤t✲❜♦r❞❡r ♦❢ f ✱ ❢r♦♠ ❛ ✈❡rt❡①
s(f)✱ ❝❛❧❧❡❞ ✐ts ❙♦✉t❤ ♣♦❧❡✱ t♦ ❛ ✈❡rt❡① n(f)✱ ❝❛❧❧❡❞ ✐ts ◆♦rt❤ ♣♦❧❡✳ ■❢ t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡ ♦❢ G ✐s ❛
❜♦r❞❡r ❢❛❝❡ ♦❢ G✱ t❤❡ ❧❡❢t✲❜♦r❞❡r ❛♥❞ t❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ f ❛r❡ ❝❛❧❧❡❞ r❡s♣❡❝t✐✈❡❧② ❧❡❢t✲❜♦r❞❡r ❛♥❞
t❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ G✳

❋✐❣✉r❡ ✸✵ s❤♦✇s ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤❀ ✐ts ❧❡❢t✲❜♦r❞❡r ✐s t❤❡ ♣❛t❤ (f1, f12) ❛♥❞ ✐ts r✐❣❤t✲
❜♦r❞❡r ✐s t❤❡ ♣❛t❤ (f14, f15, f17)✳

❆ ❜✐♣♦❧❛r ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ✐s 2✲❝♦♥♥❡❝t❡❞✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢
❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s ♣r♦✈❡❞ ✐♥ ❬❊❚✼✻✱ ❞❋❞▼❘✾✺❪✳

▲❡♠♠❛ ✾✳✸ ▲❡t G ❜❡ ❛ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❡❞❣❡ e = xy

♦❢ G✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(n)✲t✐♠❡ ❛♥ ♦r✐❡♥t❛t✐♦♥
−→
G ♦❢ G t❤❛t ✐s ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤

◆♦rt❤ ♣♦❧❡ x ❛♥❞ ❙♦✉t❤ ♣♦❧❡ y✳

❲❡ ❝❛♥ ❝✐t❡ t✇♦ ❞✐✛❡r❡♥t ❛❧❣♦r✐t❤♠s ❢♦r ❝♦♥str✉❝t✐♥❣ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s✳ ❚❤❡ ✜rst✱ ❞✉❡ t♦
❊✈❡♥ ❛♥❞ ❚❛r❥❛♥ ❬❊❚✼✻❪✱ ❝♦♥str✉❝ts ❢♦r ❡✈❡r② 2✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ❛♥❞ ❡✈❡r② ❡❞❣❡ e ❛ ❜✐♣♦❧❛r
♦r✐❡♥t❛t✐♦♥ ✐♥ O(|VG|+|EG|)✲t✐♠❡✳ ❚❤❡✐r ❛❧❣♦r✐t❤♠ ❝♦♥str✉❝ts t❤❡ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥ ❜② ✉s✐♥❣
❉❡♣t❤✲❋✐rst✲❙❡❛r❝❤ ❛❧❣♦r✐t❤♠s✳ ❙✐♥❝❡ ♣❧❛♥❛r ❣r❛♣❤s ❤❛s O(n) ❡❞❣❡s✱ t❤❡ ❛❧❣♦r✐t❤♠ ✐♥ ❬❊❚✼✻❪
❝♦♥str✉❝ts ❛ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥ ✐♥ O(n)✲t✐♠❡✳ ❚❤❡ s❡❝♦♥❞ ❛❧❣♦r✐t❤♠✱ ❞✉❡ t♦ ❞❡ ❋r❛②ss❡✐① ❡t
❛❧✳ ❬❞❋❞▼P✾✺❪✱ t❛❦❡s ❛s ✐♥♣✉t ❛ ♣❧❛♥❛r ♠❛♣ ♦❢ ❛ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G ✇✐t❤ n ✈❡rt✐❝❡s
❛♥❞ ❛♥ ❡❞❣❡ ♦❢ G ❛♥❞ ❝♦♥str✉❝ts ❛ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥ ✐♥ O(n)✲t✐♠❡✳ ❙✐♥❝❡✱ ❛ ♣❧❛♥❛r ♠❛♣ ♦❢
❛ ♣❧❛♥❛r ❣r❛♣❤ G ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r✲t✐♠❡ ❬❍❚✼✹❪ ✇❡ ❛r❡ ❞♦♥❡✳ ▼♦r❡ ✐♥❢♦r♠❛t✐♦♥s ♦♥
❜✐♣♦❧❛r ❣r❛♣❤s ❛♥❞ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ❣✐✈❡♥ ✐♥ ❬❞❋❞▼❘✾✺❪✳

▲❡♠♠❛ ✾✳✹ ✭❬❚❚✽✻✱ ❞❋❞▼❘✾✺❪✮ ❋♦r ❡✈❡r② ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣ ♦❢ ❛ 2✲❝♦♥♥❡❝t❡❞ ❜✐♣♦❧❛r
♣❧❛♥❡ ❣r❛♣❤ G✱



✶✻✻ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

✶✳ ❚❤❡ ✐♥❝♦♠✐♥❣ ❛r❝s ♦❢ ❡❛❝❤ ✈❡rt❡① x ∈ VG ❛♣♣❡❛r ❝♦♥s❡❝✉t✐✈❡❧② ✐♥ t❤❡ ❝✐r❝✉❧❛r ✐♥❝✐❞❡♥❝❡
s❡q✉❡♥❝❡ ♦❢ x ❛♥❞ s♦ ❞♦ t❤❡ ♦✉t❣♦✐♥❣ ❛r❝s✳

✷✳ ❊❛❝❤ ❢❛❝❡ f ∈ FG ✐s ❛ ❜♦r❞❡r ❢❛❝❡ ♦❢ G✳

❇② ▲❡♠♠❛ ✾✳✹✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❝✐r❝✉❧❛r s❡q✉❡♥❝❡ ♦❢ ❛r❝s ✐♥❝✐❞❡♥t ✇✐t❤ x ❛s
−→
in(x)◦−→out(x)

✇❤❡r❡
−→
in(x) ✭r❡s♣✳

−→
out(x)✮ ✐s t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥❝♦♠✐♥❣ ✭r❡s♣✳ ♦✉t❣♦✐♥❣✮ ❛r❝s ♦❢ x✳ ❲❡ ❞❡♥♦t❡−→

out(s(G)) ❜② −→s (G) ❛♥❞
−→
in(n(G)) ❜② −→n (G)✳ ❲❡ ♥♦✇ ❞❡✜♥❡ ❛ ✇❛② t♦ ❞❡❝♦♠♣♦s❡ ❛ ❜✐♣♦❧❛r

♣❧❛♥❡ ❣r❛♣❤ ✐♥t♦ s♠❛❧❧❡r ❜✐♣♦❧❛r ♦♥❡s ❜② ♠❡❛♥s ♦❢ s✉❜st✐t✉t✐♦♥s ♦❢ ❡❞❣❡s ❜② ❣r❛♣❤s✳ ❚❤❡
❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ s❡ts ✐s ❞❡♥♦t❡❞ ❜② ⊎✳

❉❡✜♥✐t✐♦♥ ✾✳✾ ✭❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❇✐♣♦❧❛r P❧❛♥❡ ●r❛♣❤s✮ ▲❡t R ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡
❣r❛♣❤ ✇✐t❤ m ❡❞❣❡s ❞❡♥♦t❡❞ e1, . . . , em✳ ▲❡t H✱ G1, . . . , Gm ❜❡ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s✳ ❲❡ ✇r✐t❡
H = R(G1, . . . , Gm) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ✭❉✶✮✲✭❉✺✮ ❤♦❧❞✿

✭❉✶✮ VR ∩ VInt(Gi) = ∅ ❛♥❞ VInt(Gi) ∩ VInt(Gj) = ∅ ❢♦r ❛❧❧ i, j ∈ [m], i 6= j✳

✭❉✷✮ ❋♦r ❡✈❡r② ei = (si, ni) ∈ ER✱ ✇❡ ❤❛✈❡ si = s(Gi) ❛♥❞ ni = n(Gi) ✇❤❡r❡ i ∈ [m]✳

✭❉✸✮ VH = VR ∪ VG1 ∪ · · · ∪ VGm ✳

✭❉✹✮ EH = EG1 ⊎ · · · ⊎EGm ✳

✭❉✺✮ ❋♦r ❡✈❡r② x ∈ VH ✱ ✇❡ ❤❛✈❡

−−→
inH(x) =

{−−→
inGi

(x) ✐❢ x ∈ VInt(Gi),−−−−→
n(Gi1) • · · · •

−−−−→
n(Gim) ✐❢ x ∈ VR ❛♥❞

−−→
inR(x) = (ei1 , . . . , eim).

−−−→
outH(x) =

{−−−→
outGi

(x) ✐❢ x ∈ VInt(Gi),−−−−→
s(Gi1) • · · · •

−−−−→
s(Gim) ✐❢ x ∈ VR ❛♥❞

−−→
outR(x) = (ei1 , . . . , eim).

■❢ H = R(G1, . . . , Gm)✱ ✇❡ s❛② t❤❛t H ❞❡❝♦♠♣♦s❡s ✐♥t♦ G1, . . . , Gm✳ ❲❡ ❤❛✈❡

VInt(R(G1, . . . , Gm)) = VInt(R) ⊎ VInt(G1) ⊎ · · · ⊎ VInt(Gm).

❆ s✉❜✲❣r❛♣❤ H ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G ✐s ❝❛❧❧❡❞ ❛ ❢❛❝t♦r ♦❢ G ✐❢✿

✶✳ H ❝♦♥t❛✐♥s ❛❧❧ ❞✐r❡❝t❡❞ ♣❛t❤s ✐♥ G ❢r♦♠ s(H) t♦ n(H)✳

✷✳ H ❝♦♥t❛✐♥s ❛❧❧ ❡❞❣❡s ♦❢ G ✐♥❝✐❞❡♥t ✇✐t❤ ❛ ✈❡rt❡① ♦❢ VInt(H)✳

■♥❢♦r♠❛❧❧②✱ ✇✐t❤ ❈♦♥❞✐t✐♦♥s ✭❉✶✮✲✭❉✹✮ ✇❡ ❝♦✉❧❞ s❛② t❤❛t H ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ R ❜② t❤❡
r❡♣❧❛❝❡♠❡♥t ♦❢ ❛♥ ❡❞❣❡ ei ❜② t❤❡ ❣r❛♣❤ Gi✳ ❈❧❡❛r❧②✱ ❜② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ H ✐s ❜✐♣♦❧❛r ✇✐t❤
s(H) = s(R) ❛♥❞ n(H) = n(R)✳ ❈♦♥❞✐t✐♦♥ ✭❉✺✮ r❡❧❛t❡sH,R,G1, . . . , Gm ❛s ♣❧❛♥❡ ❣r❛♣❤s✱ ❛♥❞
♥♦t ♦♥❧② ❛s ❣r❛♣❤s ❛s ❞♦ ❈♦♥❞✐t✐♦♥s ✭❉✶✮✲✭❉✹✮✳ ❈♦♥❞✐t✐♦♥ ✭❉✺✮ ♠❡❛♥s t❤❛t ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣s
❛r❡ ♣r❡s❡r✈❡❞ ✐♥ t❤❡ r❡♣❧❛❝❡♠❡♥t ✐♥ R ♦❢ ei ❜② Gi✳

◆♦t❡ t❤❛t ✐❢ H ✐s ❛ ❢❛❝t♦r ♦❢ G✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ R s✉❝❤ t❤❛t G
r❡s✉❧ts ❢r♦♠ t❤❡ r❡♣❧❛❝❡♠❡♥t ✐♥ R ♦❢ s♦♠❡ ❡❞❣❡ e ❜② H✳ ❲❡ r❡❝❛❧❧ ❛ ♣❛rt✐❝✉❧❛r ❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s✳
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❉❡✜♥✐t✐♦♥ ✾✳✶✵ ✭P❛r❛❧❧❡❧✲❈♦♠♣♦s✐t✐♦♥✮ ▲❡t R ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ t❤❛t ❝♦♥s✐sts ♦❢
m ≥ 2 ♣❛r❛❧❧❡❧ ❡❞❣❡s✱ ❢r♦♠ s(R) t♦ n(R) s✉❝❤ t❤❛t −→n (R) = (e1, e2, . . . , em) ❛♥❞ −→s (R) =
(em, . . . , e2, e1)✳ ■❢ H = R(G1, . . . , Gm)✱ t❤❡♥ ✇❡ ❝❛❧❧ H t❤❡ ♣❛r❛❧❧❡❧✲❝♦♠♣♦s✐t✐♦♥ ♦❢ G1, . . . , Gm

❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② G1// · · · //Gm✳

❆ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇❤✐❝❤ ✐s t❤❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s G1, . . . , Gm ✐s
❝❛❧❧❡❞ ❛ //✲❣r❛♣❤✳ ❆ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇❤✐❝❤ ✐s ♥♦t ❛ //✲❣r❛♣❤ ✐s ❝❛❧❧❡❞ ❛ //✲❛t♦♠✳

❲❡ ❝❛❧❧ ❛ //✲❣r❛♣❤ t❤❛t ✐s ❛ ❢❛❝t♦r ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❛ //✲❢❛❝t♦r✳

❚❤❡ ♣❛r❛❧❧❡❧ ♦♣❡r❛t✐♦♥ // ✐s ❛ss♦❝✐❛t✐✈❡ ❛♥❞ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♠♠✉t❛t✐✈❡✳ ❲❡ ♥♦✇ ❞❡✜♥❡
❛ ♥♦t✐♦♥ ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s ❜❛s❡❞ ♦♥ ♣❛r❛❧❧❡❧✲❝♦♠♣♦s✐t✐♦♥
❛♥❞ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s ✐♥ t❡r♠s ♦❢ s✐♠♣❧❡ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s✳ ■❢ u ✐s ❛
♥♦❞❡ ✐♥ ❛ r♦♦t❡❞ tr❡❡ T ✇❡ ❞❡♥♦t❡ ❜② d(u) t❤❡ ♦✉t✲❞❡❣r❡❡ ♦❢ u✱ ✐✳❡✳✱ t❤❡ ♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥ ♦❢
u❀ ✇❡ ❛❧s♦ r❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② T ↓ u t❤❡ s✉❜✲tr❡❡ ♦❢ T r♦♦t❡❞ ❛t u ∈ VT ✭❈❤❛♣t❡r ✶✮✳

❉❡✜♥✐t✐♦♥ ✾✳✶✶ ✭❉❡❝♦♠♣♦s✐t✐♦♥ ❚r❡❡ ♦❢ ❇✐♣♦❧❛r P❧❛♥❡ ●r❛♣❤s✮ ❆ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡

T ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G ✐s ❛ ❧❛❜❡❧❡❞ r♦♦t❡❞ ♦r❞❡r❡❞ tr❡❡ ✇❤❡r❡ ❡❛❝❤ ✐♥t❡r♥❛❧ ♥♦❞❡ ✐s ❧❛❜❡❧❡❞
❜② ❛ ♣❛r❛❧❧❡❧ ♦♣❡r❛t✐♦♥ // ♦r ❛ s✐♠♣❧❡ //✲❛t♦♠ R t❤❛t ✐s ♥♦t ❛♥ ❡❞❣❡ s✉❝❤ t❤❛t✿

✭❉❚✶✮ ❚❤❡ ❧❡❛✈❡s ♦❢ T ❛r❡ ❧❛❜❡❧❡❞ ❜② t❤❡ ❡❞❣❡s ♦❢ G✳

✭❉❚✷✮ ■❢ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ u ♦❢ T ✐s ❧❛❜❡❧❡❞ ❜② ❛ ♣❛r❛❧❧❡❧ ♦♣❡r❛t✐♦♥✱ t❤❡♥ ❡❛❝❤ ♦❢ ✐ts ❝❤✐❧❞r❡♥ ✐s ❧❛❜❡❧❡❞
❜② ❛♥ ❡❞❣❡ ♦❢ G ♦r ❛ s✐♠♣❧❡ //✲❛t♦♠ t❤❛t ✐s ♥♦t ❛♥ ❡❞❣❡✳ ❙✉❝❤ ❛ ♥♦❞❡ ✐s ❝❛❧❧❡❞ ❛ //✲♥♦❞❡✳

✭❉❚✸✮ ■❢ ❛♥ ✐♥t❡r♥❛❧ ♥♦❞❡ u ♦❢ T ✐s ❧❛❜❡❧❡❞ ❜② ❛ s✐♠♣❧❡ //✲❛t♦♠ R ✇✐t❤ m ≥ 2 ❡❞❣❡s✱ t❤❡♥ ❡❛❝❤
♦❢ ✐ts ❝❤✐❧❞r❡♥ ✐s ❧❛❜❡❧❡❞ ❜② ❛♥ ❡❞❣❡ ♦❢ G ♦r ❛ ♣❛r❛❧❧❡❧ ♦♣❡r❛t✐♦♥✳ ❙✉❝❤ ❛ ♥♦❞❡ ✐s ❝❛❧❧❡❞ ❛
♥♦♥✲//✲♥♦❞❡✳

✭❉❚✹✮ val(T ) = G ✇❤❡r❡✿

val(T ) =





e ✐❢ T ✐s ❛ ❧❡❛❢ ❧❛❜❡❧❡❞ ❜② e,

R(val(T1), . . . , val(Tm)) ✐❢ T = R(T1, . . . , Tm),

val(T1)// · · · //val(Tm) ✐❢ T = //(T1, . . . , Tm).

▲❡t T ❜❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G ❛♥❞ ❧❡t u ❜❡ ❛ ♥♦❞❡ ♦❢ T ✳ ❲❡ ❧❡t
G(u) ❜❡ t❤❡ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ val(T ↓ u) ❛♥❞ ✇❡ ❞❡♥♦t❡ s(G(u)) ❜② s(u) ❛♥❞ n(G(u)) ❜② n(u)✳
■❢ u ✐s ❛ //✲♥♦❞❡ ✇✐t❤ ❝❤✐❧❞r❡♥✱ ✐♥ t❤✐s ♦r❞❡r✱ u1, . . . , ud(u)✱ ✇❡ ❧❡t Fj(u) ❜❡ t❤❡ ❢❛❝❡ ✇❤♦s❡ ❜♦r❞❡r
❝②❝❧❡ ❝♦♥s✐sts ♦❢ t❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ G(uj) ❛♥❞ t❤❡ ❧❡❢t✲❜♦r❞❡r ♦❢ G(uj+1) ❢♦r j = 1, . . . , d(u)− 1✳

❆ ♣♦❧❛r ♣❛✐r ✐s ❛ ♣❛✐r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ❢♦r♠ (s(u), n(u)) ❢♦r s♦♠❡ ♥♦❞❡ u ♦❢ T ❀ ✐t ✐s ❝❛❧❧❡❞ ❛ //✲
♣♦❧❛r ♣❛✐r ✐❢ u ✐s ❛ //✲♥♦❞❡✳ ❲❡ s❛② t❤❛t ❛ ♣♦❧❛r ♣❛✐r (z, t) s❡♣❛r❛t❡s x ❛♥❞ y ✐❢ {z, t}∩{x, y} = ∅
❛♥❞ (z, t) = (s(u), n(u)) ❢♦r s♦♠❡ ♥♦❞❡ u s✉❝❤ t❤❛t x ∈ VInt(G(u)) ❛♥❞ y /∈ VInt(G(u)) ♦r
✈✐❝❡✲✈❡rs❛ ❜② ❡①❝❤❛♥❣✐♥❣ z ❛♥❞ t✳

❲❡ ✐❧❧✉str❛t❡ ❉❡✜♥✐t✐♦♥ ✾✳✶✶ ✇✐t❤ ❊①❛♠♣❧❡ ✾✳✺✳



✶✻✽ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❊①❛♠♣❧❡ ✾✳✺ ❆ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G ✇✐t❤ VG = {s, n, a, b, c, d, k,m, p, q} ❛♥❞ EG =
{f1, . . . , f17} ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✵✳ ❚❤❡ ❣r❛♣❤ G ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜②✿

G = R1

(
f1, f2,

(
f3//R3(f4, f5)

)
,
(
f6//R4(f7, f8)

)
,
(
f9//R5(f10, f11)

)
f12, f13

)
,

//R2

(
f14, f15,

(
f16//f17

))

✇❤❡r❡ R1, . . . , R5 ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✷✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ tr❡❡ ✐s ♦♥ ❋✐❣✉r❡ ✸✶✳ ❚❤❡ ♣❛✐rs
(s, b), (a, c), (c, b), (c, n) ❛r❡ ♣♦❧❛r✱ t❤❡ ♣❛✐rs (c, b), (a, c) ❛r❡ //✲♣♦❧❛r ❛♥❞ t❤❡ ♣❛✐rs (s, k), (d, n)
❛r❡ ♥♦t ♣♦❧❛r✳

s

a

b
m

c

p

n

d

k

f14

f13

f17

f15

f7

f2

f4

f6

f8

f9

f12

f16

f5

f1

f3

q
f10f11

❋✐❣✉r❡ ✸✵✿ ❆ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤✳

//

R1

f1

f3

f2 // // //

R3

f4 f5

f6 R4

f7

f9 R5

//f15f14

R2

f12 f13

f17f16

f8 f10 f11

❋✐❣✉r❡ ✸✶✿ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ t❤❡ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸✵✳

▲❡♠♠❛ ✾✳✺ ▲❡t T ❜❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t R1, . . . , Rp ❜❡ t❤❡
//✲❛t♦♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥✲//✲♥♦❞❡s ♦❢ T ❡♥✉♠❡r❛t❡❞ ❛s u1, . . . , up✳ ❚❤❡♥ VInt(G) =⊎
1≤i≤p

VInt(Ri)✳ ❚❤❡ s❡ts VInt(Ri) ❛r❡ ❛❧❧ ♥♦♥❡♠♣t②✳

■t ✐s ♣r♦✈❡❞ ✐♥ ❬❇❚✾✻❪ ✇✐t❤ ❤❡❧♣ ♦❢ ❬❍❚✼✸❪ t❤❛t ❡✈❡r② ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❤❛s ❛ ✉♥✐q✉❡
❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ❝♦♠♣✉t❛❜❧❡ ✐♥ ❧✐♥❡❛r✲t✐♠❡✱ t❤❛t ✇❡ st❛t❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
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s

a

c

n

b

R1

e1

e3

e5

e6

e2

e4

e7

s

k
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Pr♦♣♦s✐t✐♦♥ ✾✳✹ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❚❤❡♥ ✐t ❤❛s ❛ ✉♥✐q✉❡ ❞❡✲
❝♦♠♣♦s✐t✐♦♥ tr❡❡ T t❤❛t ❤❛s O(n) ♥♦❞❡s ❛♥❞ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ O(n)✲t✐♠❡✳ ▼♦r❡♦✈❡r✱ ✐❢
R1, . . . , Rp ❛r❡ t❤❡ s✐♠♣❧❡ //✲❛t♦♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥✲//✲♥♦❞❡s ♦❢ T ✱ t❤❡♥ t❤❡ t♦t❛❧ s✐③❡
♦❢
⊎

1≤i≤pERi
✐s O(n)✳

■❢ T ✐s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G✱ t❤❡♥ t❤❡ ❧❡❛✈❡s ♦❢ T ❛r❡ ✐♥
❜✐❥❡❝t✐♦♥ ✇✐t❤ t❤❡ ❡❞❣❡s ♦❢ G ✭❝❢✳ ❊①❛♠♣❧❡ ✾✳✺ ❛♥❞ ❋✐❣✉r❡s ✸✵ ❛♥❞ ✸✶✮✳ ❍❡♥❝❡✱ ✐❢ u ∈ VT ✐s
❛ ❧❡❛❢✱ t❤❡♥ G(u) ✐s ❛♥ ❡❞❣❡ ♦❢ G❀ ✐❢ u ✐s ❛ //✲♥♦❞❡✱ t❤❡♥ G(u) ✐s ❛ //✲❢❛❝t♦r ♦❢ G✱ ♦t❤❡r✇✐s❡
G(u) ✐s ❛ //✲❛t♦♠ ♦❢ G✳

❚❤❡ ✐❞❡❛ ♦❢ ♦✉r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✐s t♦ ✐❞❡♥t✐❢② ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ t❤❡ ♣♦❧❛r ♣❛✐rs t❤❛t
❝❛♥ s❡♣❛r❛t❡ t❤❡ t✇♦ ✈❡rt✐❝❡s✳ ■❢ t❤❡s❡ ❝❛s❡s ♦❢ s❡♣❛r❛t✐♦♥s ❞♦ ♥♦t ❛♣♣❧②✱ ✇❡ ✉s❡ ❣❡♦♠❡tr✐❝❛❧
t♦♦❧s✳

❆ ♣♦❧❛r ♣❛✐r (s(u), n(u)) ✐s ♥♦t ❛ //✲♣♦❧❛r ♣❛✐r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡✇ ❝❛s❡s✿ u ✐s ❛ ❧❡❛❢ ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡ ✐s s✐♠♣❧❡ ♦r ✐t ✐s (s(u), n(u)) ❛♥❞ G(u) ✐s ❛ //✲❛t♦♠✳ ■t ❢♦❧❧♦✇s t❤❛t ✐❢
❛ ♣♦❧❛r ♣❛✐r s❡♣❛r❛t❡s x ❛♥❞ y✱ ✐t ✐s ♥❡❝❡ss❛r✐❧② ❛ //✲♣♦❧❛r ♣❛✐r✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ x ❛♥❞ y ❛r❡
s❡♣❛r❛t❡❞ ❜② ❛ ♣♦❧❛r ♣❛✐r (z, t)✱ t❤❡♥ t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ❜② t❤❡ s❡t {z, t}✳ ❙✐♥❝❡ ♦♥❧② //✲♣♦❧❛r
♣❛✐rs ❝❛♥ s❡♣❛r❛t❡ ✈❡rt✐❝❡s✱ ♦♥❡ ❝❛♥ ❛s❦ ✇❤❡♥ ❛ ♣❛✐r ♦❢ ✈❡rt✐❝❡s ❢♦r♠ ❛ //✲♣♦❧❛r ♣❛✐r✳ ❲❡ ❞♦
♥♦t ❤❛✈❡ ❛ ❝♦♠♣❧❡t❡ ❛♥s✇❡r ❤♦✇❡✈❡r✱ ✇❡ ❣✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ ❢♦r ♦✉r
♣✉r♣♦s❡s ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✳

▲❡♠♠❛ ✾✳✻ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s
♦❢ G✳ ■❢ x ❛♥❞ y ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ 3 ❝♦♠♠♦♥ ❢❛❝❡s✱ t❤❡♥ t❤❡② ❢♦r♠ ❛ //✲♣♦❧❛r ♣❛✐r✳

▲❡t ✉s ✜rst ♣r♦✈❡ t✇♦ t❡❝❤♥✐❝❛❧ ❢❛❝ts✳

❈❧❛✐♠ ✾✳✶ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s
♦❢ G ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ❧❡❛st 3 ❢❛❝❡s f, g ❛♥❞ h✳ ❚❤❡♥ x ❛♥❞ y ❛r❡ ♦♥ ❛ s❛♠❡ ❜♦r❞❡r ♦❢ ❡❛❝❤ ❢❛❝❡
f, g ❛♥❞ h✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✾✳✶✳ ❆ss✉♠❡ t❤❛t x ❛♥❞ y ❛r❡ ♥♦t ♦♥ ❛ s❛♠❡ ❜♦r❞❡r ♦❢ f ✳ ❚❤❡♥ ♥♦♥❡ ♦❢
t❤❡♠ ✐s ❛ ♣♦❧❡ ♦❢ f ✳ ▲❡t p1 ❛♥❞ p2 ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❡❢t✲❜♦r❞❡r ❛♥❞ t❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ f



✶✼✵ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❛♥❞ ❛ss✉♠❡ t❤❛t p1 ❝♦♥t❛✐♥s x✳

❈❆❙❊ ✶✳ f ✐s t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡✳ ❇② ❤②♣♦t❤❡s✐s s(f) = s(G) ❛♥❞ n(f) = n(G) ❛r❡ ❛❞❥❛❝❡♥t✳
▲❡t C = x− f − y − g − x✱ C ′ ❝♦♥s✐st✐♥❣ ♦❢ p1 ❛♥❞ t❤❡ ❡❞❣❡ s(f)− n(f)✱ ❛♥❞ C ′′ ❝♦♥s✐st✐♥❣
♦❢ p2 ❛♥❞ t❤❡ ❡❞❣❡ s(f)− n(f)✱ ❜❡ 3 ❝②❝❧❡s ♦❢ G+ ✭♥♦t❡ t❤❛t C ′ ❛♥❞ C ′′ ❛r❡ ❛❧s♦ ❝②❝❧❡s ♦❢ G✮✳
◆♦t❡ t❤❛t s(f)− n(f) 6= p2 s✐♥❝❡ p2 ♠✉st ❝♦♥t❛✐♥ y ✇❤✐❝❤ ✐s ♥♦t ❛ ♣♦❧❡ ♦❢ f ✳ C ❤❛s ♦♥❧② x ✐♥
❝♦♠♠♦♥ ✇✐t❤ C ′ ❛♥❞ ❤❛s ♦♥❧② y ✐♥ ❝♦♠♠♦♥ ✇✐t❤ C ′′✳ ❚❤❡ ❢❛❝❡ g ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ C ′ ♦r
✐♥ C ′′ ❛♥❞ t❤❡ t✇♦ ❝❛s❡s ❝♦♥tr❛❞✐❝t t❤❡ ♣❧❛♥❛r✐t② ♦❢ G+ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬❈♦✉✵✵❪✮✳

❈❆❙❊ ✷✳ f ✐s ♥♦t t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡❀ ❛t ❧❡❛st ♦♥❡ ♦❢ g ❛♥❞ h✱ s❛② g✱ ✐s ♥♦t t❤❡ ❡①t❡r♥❛❧ ❢❛❝❡
♦❢ G✳ ❲❡ ❧❡t p3 ❛♥❞ p4 ❜❡ r❡s♣❡❝t✐✈❡❧② 2 s❤♦rt❡st ♣❛t❤s ❢r♦♠ n(f) t♦ n(G) ❛♥❞ ❢r♦♠ s(f) t♦
s(G)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❝②❝❧❡ C = x− f − y− g− x ❛♥❞ t❤❡ ❝②❝❧❡ C ′✱ ❝♦♥s✐st✐♥❣ ♦❢ p1✱ p3✱ t❤❡
❧❡❢t✲❜♦r❞❡r ♦❢ G ❛♥❞ p4✳ C ❤❛s ♦♥❧② x ✐♥ ❝♦♠♠♦♥ ✇✐t❤ C ′✳ ❚❤❡ ❢❛❝❡ g ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ C ′

❛♥❞ t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ♣❧❛♥❛r✐t② ♦❢ G+✳

❍❡♥❝❡✱ x ❛♥❞ y ❛r❡ ♦♥ ❛ s❛♠❡ ❜♦r❞❡r ♦❢ ❡❛❝❤ ❢❛❝❡ f, g ❛♥❞ h✳

❈❧❛✐♠ ✾✳✷ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s
♦❢ G ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ❧❡❛st 3 ❢❛❝❡s f, g ❛♥❞ h✳ ❆t ❧❡❛st ♦♥❡ ♦❢ f, g ♦r h ❤❛s (y, x) ♦r (x, y) ❛s
♣❛✐r ♦❢ ♣♦❧❡s✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✾✳✷✳ ❇② ❈❧❛✐♠ ✾✳✶✱ x ❛♥❞ y ❛r❡ ❧✐♥❦❡❞ ❜② ❛ ♣❛t❤ ❛♥❞ ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡r❡ ❡①✐sts ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ y t♦ x ✐♥ G✳ ❲❡ ❝❧❛✐♠ t❤❛t ❛t ❧❡❛st
f, g ♦r h ❤❛s (y, x) ❛s ♣❛✐r ♦❢ ♣♦❧❡s✳

■♥ t❤❡ ♣❧❛♥❡ ❣r❛♣❤ G+ ✇❡ ❤❛✈❡ 3 ♣❛t❤s y− f −x✱ y− g−x ❛♥❞ y−h−x✱ ❛♥❞ ✇✐t❤♦✉t ❧♦ss ♦❢
❣❡♥❡r❛❧✐t② ✇❡ ❤❛✈❡ ❛r♦✉♥❞ x t❤❡ ❝✐r❝✉❧❛r ♦r❞❡r (xf, xg, xh)✳ ❇❡❝❛✉s❡ ♦❢ ♣❧❛♥❛r✐t② ✭s❡❡ ❬❈♦✉✵✵❪✮
✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐❧② ❛r♦✉♥❞ y t❤❡ ❝✐r❝✉❧❛r ♦r❞❡r (yf, yh, yg)✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t g ✐s ✐♥s✐❞❡ t❤❡ ❝②❝❧❡ C ′′ ♦❢ G+ ❞❡✜♥❡❞ ❛s x − f − y − h − x✳ ▲❡t p1 ❛♥❞ p2 ❜❡
r❡s♣❡❝t✐✈❡❧② t❤❡ ❧❡❢t✲❜♦r❞❡r ❛♥❞ t❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ g ❛♥❞ ❛ss✉♠❡ t❤❛t p1 ❝♦♥t❛✐♥s x ❛♥❞ y✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t x = n(g)✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✇❡ ❧❡t x′ ❜❡ t❤❡ ✈❡rt❡① ❢♦❧❧♦✇✐♥❣ x ♦♥ p1✳
❚❤❡ r✐❣❤t✲❜♦r❞❡r ♦❢ f ✭r❡s♣✳ t❤❡ ❧❡❢t✲❜♦r❞❡r ♦❢ h✮ ❝♦♥t❛✐♥s x✳ ▲❡t z ✭r❡s♣✳ t✮ ❜❡ t❤❡ ✈❡rt❡①
t❤❛t ♣r❡❝❡❞❡s x ♦♥ t❤✐s ❜♦r❞❡r✳ ❋✐❣✉r❡ ✸✸ s❤♦✇s ❛ ♣❛rt ♦❢ G+ ❛r♦✉♥❞ x✳

❲❡ ♠✉st ❤❛✈❡ ❛r♦✉♥❞ x t❤❡ ❢♦❧❧♦✇✐♥❣ ❝②❝❧✐❝ ♦r❞❡r ♦❢ ❡❞❣❡s✿ z → x✱ t → x ❛♥❞ x → x′ ❜②
▲❡♠♠❛ ✾✳✹✭✶✮✳ ❲❡ ❤❛✈❡ t❤❡ ❡❞❣❡ gx ❜❡t✇❡❡♥ z → x ❛♥❞ t → x✳ ❇✉t ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❡❞❣❡
x′g ✐♥ G+✳ ❲❡ ❤❛✈❡ t❤❡♥ t✇♦ ❝②❝❧❡s✱ x− g − x′ ← x ❛♥❞ t❤❡ ❝②❝❧❡ y

∗→ z → x← t
∗← y✱ t❤❛t

❝♦♥tr❛❞✐❝ts t❤❡ ♣❧❛♥❛r✐t② ♦❢ G+✳ ❍❡♥❝❡✱ x = n(g) ❛♥❞ s✐♠✐❧❛r❧② y = s(g)✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ▲❡♠♠❛ ✾✳✻✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✾✳✻✳ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t T ❜❡ t❤❡
❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ G✳ ▲❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s ♦❢ G ✐♥❝✐❞❡♥t ✇✐t❤ 3 ❢❛❝❡s f, g ❛♥❞ h
✭❛♥❞ ♣♦ss✐❜❧② ♦t❤❡rs✮✳ ❇② ❈❧❛✐♠s ✾✳✶ ❛♥❞ ✾✳✷✱ ❛t ❧❡❛st f, g ♦r h ❤❛s (x, y) ♦r (y, x) ❛s ♣❛✐r ♦❢
♣♦❧❡s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ❛ss✉♠❡ t❤❛t g ❛s (y, x) ❛s ♣❛✐r ♦❢ ♣♦❧❡s✳
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x′

x

f
z g t

h

❋✐❣✉r❡ ✸✸✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❈❧❛✐♠ ✾✳✷✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ✐♥❞✉❝❡❞ s✉❜✲❣r❛♣❤ G[U ] ✇❤❡r❡ U ❝♦♥s✐sts ♦❢ x, y ❛♥❞ ♦❢ ❛❧❧ t❤❡ ✈❡rt✐❝❡s t❤❛t
❧✐❡ ✐♥s✐❞❡ t❤❡ ❝②❝❧❡ x − f − y − g − x✳ ■t ✐s ❛ ❢❛❝t♦r ♦❢ G ✇✐t❤ ♣♦❧❡s s(g) = y ❛♥❞ n(g) = x✳
❚❤❡ s✉❜✲❣r❛♣❤ G[U ′] ✇✐t❤ U ′ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ❢r♦♠ t❤❡ ❝②❝❧❡ x− g− y−h−x ✐s ❛❧s♦ ❛ ❢❛❝t♦r
✇✐t❤ t❤❡ s❛♠❡ ♣♦❧❡s✳ ❍❡♥❝❡✱ G[U ∪ U ′] = G[U ]//G[U ′] ❛♥❞ ✐s ❛ //✲❢❛❝t♦r ♦❢ G✳ ❍❡♥❝❡✱ (y, x)
✐s ❛ //✲♣♦❧❛r ♣❛✐r ♦❢ G✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✾✳✻ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✾✳✼ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t m ≥ 3 ❜❡ ❛ ♣♦s✐t✐✈❡
✐♥t❡❣❡r✳ ❚✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❡①❛❝t❧② m ❢❛❝❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ t❤❡
♣♦❧❡s ♦❢ G(u) ❢♦r s♦♠❡ //✲♥♦❞❡ u s✉❝❤ t❤❛t✿

✶✳ ❡✐t❤❡r u ✐s t❤❡ r♦♦t ❛♥❞ u ❤❛s m s♦♥s✱

✷✳ ♦r u ✐s ♥♦t t❤❡ r♦♦t ❛♥❞ ✐t ❤❛s m− 1 s♦♥s✳

❚❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✐s t♦ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✇❤❡♥ ❛ ♣❛✐r ♦❢ ✈❡rt✐❝❡s
(z, t) ❢♦r♠s ❛ ♣♦❧❛r ♣❛✐r ❛♥❞ s❡♣❛r❛t❡s t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ❜② ♠❡❛♥s ♦❢ ❧❛❜❡❧s ♦❢ s✐③❡ O(log(n))✱
n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✳

❉❡✜♥✐t✐♦♥ ✾✳✶✷ ✭P♦❧❛r✲P❛✐r ❙❡♣❛r❛t✐♦♥ ◗✉❡r②✮ ❲❡ ❞❡♥♦t❡ ❜② pps(x, y, z, t)✱ ❝❛❧❧❡❞ t❤❡
♣♦❧❛r✲♣❛✐r s❡♣❛r❛t✐♦♥ q✉❡r②✱ t❤❡ ❣r❛♣❤ ♣r♦♣❡rt② ♦♥ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s t❤❛t ❡①♣r❡ss❡s t❤❛t t❤❡
✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② t❤❡ ♣♦❧❛r ♣❛✐r (z, t)✳

Pr♦♣♦s✐t✐♦♥ ✾✳✺ ❚❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ♣♦❧❛r✲♣❛✐r s❡♣❛r❛t✐♦♥ q✉❡r②
♦♥ t❤❡ ❝❧❛ss ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s✳ ▼♦r❡♦✈❡r✱ ✐❢ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✱
A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ O(n · log(n))✲t✐♠❡ ❛♥❞ B ❣✐✈❡s t❤❡ ❛♥s✇❡r ✐♥ ❝♦♥st❛♥t✲t✐♠❡✳

❲❡ ✜rst ❡①♣❧❛✐♥ t❤❡ ♠❛✐♥ ✐❞❡❛s✳ ❲❡ ✇❛♥t t♦ ❛♣♣❧② ❚❤❡♦r❡♠ ✼✳✹ t♦ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡s✳
❍♦✇❡✈❡r✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❞♦❡s ♥♦t ❣✐✈❡ s✉✣❝✐❡♥t ✐♥❢♦r♠❛t✐♦♥s
❢♦r ❛♥s✇❡r✐♥❣ t❤❡ ♣♦❧❛r✲♣❛✐r s❡♣❛r❛t✐♦♥ q✉❡r②✳ ❚❤❡ ✐❞❡❛ ✐s t♦ tr❛♥s❢♦r♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
tr❡❡ T ✐♥t♦ ❛ tr❡❡ T ∗✱ t❤❛t ❡♥❝♦❞❡s ❡♥♦✉❣❤ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t G✱ s♦♠❡ ♥♦❞❡s ♦❢ ✇❤✐❝❤ ❛r❡ ✭♦r
❝♦rr❡s♣♦♥❞ ❜✐❥❡❝t✐✈❡❧② t♦✮ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳ ▲❡tt✐♥❣ u1, . . . , up ❜❡ t❤❡ ♥♦♥✲//✲♥♦❞❡s ♦❢ T ✇✐t❤
❛ss♦❝✐❛t❡❞ ❣r❛♣❤s R1, . . . , Rp r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ❧❡t ❛ ✈❡rt❡① x ♦❢ G ❜❡❧♦♥❣✐♥❣ t♦ VInt(Ri) ❜❡ ❛ s♦♥
♦❢ ui✳ ✭❚❤❡ ♣♦❧❡s ♦❢ G ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❛ s♣❡❝✐❛❧ ✇❛② ❛s s♦♥s ♦❢ t❤❡ r♦♦t✳✮ ❚❤❡ ♠❛❥♦r ♣r♦❜❧❡♠
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✐s t♦ ✐❞❡♥t✐❢② ♣♦❧❛r ♣❛✐rs✳ ❲❡ ✇✐❧❧ ✉s❡ ❛✉①✐❧✐❛r② ✉♥❛r② ❢✉♥❝t✐♦♥s ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✐♥❢♦r♠❛t✐♦♥
❡♥❝♦❞❡❞ ✐♥ T ∗✳ ❈♦♥s✐❞❡r ❛ ♣♦❧❛r ♣❛✐r (z, t) ✇✐t❤ {z, t} = {s(u), n(u)} 6= {s(G), n(G)}✳ ❚❤❡r❡
❛r❡ t✇♦ ❝❛s❡s ✭✉♣ t♦ ❡①❝❤❛♥❣✐♥❣ z ❛♥❞ t✮✿

❈❆❙❊ ✶✳ z, t ∈ VInt(Ri) ❛♥❞ t❤❡r❡ ✐s ❛♥ ❛r❝ z → t ♦r t → z ✐♥ Ri✱ ✇❤✐❝❤ ✐s ❛❝t✉❛❧❧② ❛ ♣❧❛❝❡
✇❤❡r❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G(u) ✐s s✉❜st✐t✉t❡❞ s♦ t❤❛t z = s(u) ❛♥❞ t = n(u) ✭❉❡✜♥✐t✐♦♥s
✾✳✶✵ ❛♥❞ ✾✳✶✶✮✳ ❙✐♥❝❡ Ri ✐s ♣❧❛♥❛r✱ ✇❡ ❝❛♥ ✉s❡ ❈♦r♦❧❧❛r② ✾✳✶ ❛♥❞ r❡♣r❡s❡♥t s✉❝❤ ❛r❝s ✭❛♥❞ t❤❡✐r
❞✐r❡❝t✐♦♥s✮ ❜② 6 ✉♥❛r② ❢✉♥❝t✐♦♥s ✭gi ❢♦r i = 3, . . . , 8✮✳ ■❢ t ∈ {g4(z), g6(z), g8(z)}✱ t❤❡♥ t❤❡r❡ ✐s
❛♥ ❛r❝ z → t ❛♥❞ ✇❡ ❧❡t u ❜❡ ❛ s♦♥ ♦❢ z ✐♥ T ∗ ✇✐t❤ t❤❡ ❛r❝ z → u ❧❛❜❡❧❡❞ ❜② i ∈ {4, 6, 8}✳ ■❢
t ∈ {g3(z), g5(z), g7(z)}✱ t❤❡♥ t❤❡r❡ ✐s ❛♥ ❛r❝ t → z ❛♥❞ ✇❡ ❧❡t u ❜❡ ❛ s♦♥ ♦❢ t ✇✐t❤ t❤❡ ❛r❝
t → u ❧❛❜❡❧❡❞ ❜② i ∈ {3, 5, 7}✳ ■t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛ ♥♦❞❡ u✱ s♦♥ ♦❢ ❛ ♥♦❞❡ z r❡♣r❡s❡♥t✐♥❣ ❛
✈❡rt❡① ♦❢ G s✉❝❤ t❤❛t t❤❡ ❛r❝ z → u ✐s ❧❛❜❡❧❡❞ ❜② i ∈ {3, 4, . . . , 8}✱ ✇❡ ❤❛✈❡ t❤❛t z ❛♥❞ gi(z)
❛r❡ t❤❡ ♣♦❧❡s ♦❢ G(u)✳ ❋✉rt❤❡r♠♦r❡✱ z ✐s t❤❡ ❙♦✉t❤ ♣♦❧❡ ✐❢ i ✐s ❡✈❡♥ ❛♥❞ t❤❡ ◆♦rt❤ ♣♦❧❡ ✐❢ i ✐s
♦❞❞✳

❈❆❙❊ ✷✳ z ∈ VInt(Ri), t ✐s ❛ ♣♦❧❡ ♦❢ Ri✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❧❡t g1(z) = t ✐❢ t ✐s t❤❡ ❙♦✉t❤ ♣♦❧❡
❛♥❞ g2(z) = t ✐❢ t ✐s t❤❡ ◆♦rt❤ ♣♦❧❡✳ ❚❤❡s❡ ✈❛❧✉❡s ♦❢ g1 ❛♥❞ g2 r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② ❛r❝s ❢r♦♠
t = s(Ri) t♦ z ❛♥❞ ❢r♦♠ z t♦ t = n(Ri) ♦❢ Ri✱ t♦ ✇❤✐❝❤ s♦♠❡ G(u) ✐s s✉❜st✐t✉t❡❞✳ ❙✐♠✐❧❛r❧② ❛s
✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ ❧❡t ✐♥ T ∗ t❤❡ ♥♦❞❡ u ❜❡ ❛ s♦♥ ♦❢ z ✭✇✐t❤ ❛r❝ z → u ❧❛❜❡❧❡❞ ❜② 1 ♦r 2✮✳
■❢ z → u ✐s ❧❛❜❡❧❡❞ ❜② 1 ♦r 2✱ t❤❡♥ z ✐s t❤❡ ❙♦✉t❤ ♣♦❧❡ ♦r t❤❡ ◆♦rt❤ ♣♦❧❡ ♦❢ G(u) r❡s♣❡❝t✐✈❡❧②✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s ✐♥❢♦r♠❛❧ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ st❛t❡ t❤❛t t❤❡ tr❡❡ T ∗ ✭t♦ ❜❡ ❞❡✜♥❡❞ ❢♦r♠❛❧❧②
❜❡❧♦✇✮ ❜❡❧♦♥❣s t♦ T (A) ✇❤❡r❡ A ✐s t❤❡ s❡t ♦❢ ❧❛❜❡❧s {P,N,V, 1, . . . , 8}✳ ❚❤❡ ♥♦❞❡s ❧❛❜❡❧❡❞
V ❝♦rr❡s♣♦♥❞ ❜✐❥❡❝t✐✈❡❧② t♦ t❤❡ ✈❡rt✐❝❡s ♦❢ G❀ t❤♦s❡ ❧❛❜❡❧❡❞ ❜② N ❛r❡ t❤❡ ♥♦♥✲//✲♥♦❞❡s ♦❢ T
✭t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ t❤❡ ❝♦♥s✐❞❡r❡❞ ❣r❛♣❤✮❀ t❤♦s❡ ❧❛❜❡❧❡❞ ❜② P ❛r❡ s♦♠❡ ♦❢ t❤❡ //✲♥♦❞❡s
♦❢ T ✳ ❚❤❡ ✐♥t❡❣❡rs 1, . . . , 8 ❛r❡ ❛r❝ ❧❛❜❡❧s ✉s❡❞ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡ t♦ ❡♥❝♦❞❡✱ t♦❣❡t❤❡r ✇✐t❤
❢✉♥❝t✐♦♥s g1, . . . , g8✱ t❤❡ ❛r❝s ♦❢ t❤❡ ❣r❛♣❤s Ri ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♣♦❧❛r ♣❛✐rs ♦❢ G✳

❲❡ ♥♦✇ ❣✐✈❡ t❤❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ♦❢ T ∗✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ✐❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤
❤❛s ✐ts ♣♦❧❡s ❛❞❥❛❝❡♥t✱ t❤❡♥ ✐♥ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ T t❤❡ r♦♦t ✐s ❛ //✲♥♦❞❡❀ ✐❢ R1, . . . , Rp

❛r❡ t❤❡ //✲❛t♦♠s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦♥✲//✲♥♦❞❡s u1, . . . , up ♦❢ T ✱ t❤❡♥ (VInt(Ri))1≤i≤p ✐s ❛
♣❛rt✐t✐♦♥ ♦❢ VG ✭▲❡♠♠❛ ✾✳✺✮✳ ❲❡ r❡❝❛❧❧ t❤❛t ❢♦r i ∈ [p]✱ ✐❢ ❡❛❝❤ ui ❤❛s vi1 , . . . , vim ❛s ♦✉t❣♦✐♥❣
❛r❝s ✐♥ t❤✐s ♦r❞❡r✱ t❤❡♥ ❡❛❝❤ ❛r❝ ui → vij ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❛r❝ ej ✐♥ Ri✳ ❆♥ ❛r❝ z → t ❧❛❜❡❧❡❞

j ✐s ❞❡♥♦t❡❞ ❜② z
j→ t✳

❉❡✜♥✐t✐♦♥ ✾✳✶✸ ✭❚❤❡ ▲❛❜❡❧❡❞ ❚r❡❡ T ∗✮ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s
❛♥❞ ❧❡t T ❜❡ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳ ❲❡ ❧❡t u1, . . . , up ❜❡ ✐ts ♥♦♥✲//✲♥♦❞❡s ✇✐t❤ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤s
R1, . . . , Rp✳ ❋♦r ❡❛❝❤ i ∈ [p]✱ ✇❡ ❧❡t gα

i,j , j ∈ [3], α ∈ {+,−} ❜❡ t❤❡ ❢✉♥❝t✐♦♥s t❤❛t r❡♣r❡s❡♥t t❤❡
❞✐r❡❝t✐♦♥s ♦❢ ❛r❝s ✐♥ Ri✳ ❲❡ ❧❡t g1, . . . , g8 : VInt(G)→ VG ❜❡ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ x ✐♥ VInt(Ri)✱

g1(x) = s(Ri) ✐❢ s(Ri)→ x,

g2(x) = n(Ri) ✐❢ x→ n(Ri),

g2j+1(x) = y ✐❢ g−i,j(x) = y ❛♥❞ y ∈ VInt(Ri) ❢♦r j ∈ {1, 2, 3},
g2j+2(x) = y ✐❢ g+

i,j(x) = y ❛♥❞ y ∈ VInt(Ri) ❢♦r j ∈ {1, 2, 3}.

❚❤❡ ❧❛❜❡❧❡❞ tr❡❡ ♦❢ G✱ ❞❡♥♦t❡❞ ❜② T ∗ ∈ T (A) ✇❤❡r❡ A ∈ {V,P,N, 1, . . . , 8}✱ ✐s ❞❡✜♥❡❞ s✉❝❤
t❤❛t✿



✾✳✺✳ ❚❤❡ ❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s ✶✼✸

✭❚✶✮ VT ∗ = VG ∪ {u ∈ VT | v ≤T u ❢♦r s♦♠❡ ♥♦♥✲//✲♥♦❞❡ v}✳

✭❚✷✮ ❆ ♥♦❞❡ ♦❢ T ∗ ✐s ❧❛❜❡❧❡❞ ❜② V ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❜❡❧♦♥❣s t♦ VG✱ ❜② P ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛
//✲♥♦❞❡ ♦❢ T ❛♥❞ ❜② N ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ♥♦♥✲//✲♥♦❞❡ ♦❢ T ✳

✭❚✸✮ ET ∗ = E ∪ E′ ∪ E1
1 ∪ E1

2 ∪ · · · ∪Ep
1 ∪ E

p
2 ✇❤❡r❡✿

✭❚✸✳✶✮ E = {u→ v ∈ ET | u, v ∈ VT ∗ ❛♥❞ u ✐s ❛ //✲♥♦❞❡ ❛♥❞ v ✐s ❛ ♥♦♥✲//✲♥♦❞❡}✳ ❚❤❡② ❛r❡
✉♥❧❛❜❡❧❡❞✳

✭❚✸✳✷✮ E′ = {r 1→ s(G), r
2→ n(G) | r t❤❡ r♦♦t ♦❢ T}✳

✭❚✸✳✸✮ ❋♦r ❡❛❝❤ i ∈ [p]✱ ✇❡ ❤❛✈❡

✭❚✸✳✸✳❛✮ Ei
1 =

⋃
v∈VT∗

{ui → z, z
j→ v | ui → v ∈ ET ❝♦rr❡s♣♦♥❞s t♦ t → z ∈ Ri ❛♥❞

gj(z) = t ✇✐t❤ j ∈ {1, 3, 5, 7}}✳
✭❚✸✳✸✳❜✮ Ei

2 =
⋃

v∈VT∗

{ui → z, z
j→ v | ui → v ∈ ET ❝♦rr❡s♣♦♥❞s t♦ z → t ∈ Ri ❛♥❞

gj(z) = t ✇✐t❤ j ∈ {2, 4, 6, 8}}✳

❘❡♠❛r❦ ✾✳✷

✶✳ ●✐✈❡♥ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G✱ ✇❡ ❝♦♥str✉❝t t❤❡ tr❡❡ T ∗ ✐♥ ❧✐♥❡❛r✲t✐♠❡✿

❙t❡♣ ✶✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ T ♦❢ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ ❧✐♥❡❛r✲t✐♠❡ ✭Pr♦♣♦s✐t✐♦♥ ✾✳✹✮✳

❙t❡♣ ✷✳ ❲❡ ❝♦♥str✉❝t t❤❡ ❢✉♥❝t✐♦♥s g1, . . . , g8 : VInt(G) → VG ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✾✳✶
❛♥❞ t❤✐s ✐♥ ❧✐♥❡❛r✲t✐♠❡ ❜❡❝❛✉s❡ ❜② ▲❡♠♠❛ ✾✳✺ (VInt(Ri))1≤i≤p ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ VG ❛♥❞ ❜②
Pr♦♣♦s✐t✐♦♥ ✾✳✹ ✇❡ ❤❛✈❡

⊎
1≤i≤pERi

✐s O(n)✱ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ G✳

❙t❡♣ ✸✳ ❚❤❡ tr❡❡ T ∗ ✐s t❤❡♥ ❝♦♥str✉❝t❡❞ ❜② ✉s✐♥❣ T ❛♥❞ g1, . . . , g8✳ ❆♥❞ t❤✐s ✐s ❞♦♥❡ ✐♥
❧✐♥❡❛r✲t✐♠❡ s✐♥❝❡ ✇❡ ✉s❡ t❤❡ ❛r❝s ♦❢ T ✳

✷✳ ❋r♦♠ t❤❡ tr❡❡ T ∗ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥s g1, . . . , g8✱ ♦♥❡ ❝❛♥ ❛❧♠♦st r❡❝♦♥str✉❝t G✱
❜✉t ♥♦t ❛❧✇❛②s ❡①❛❝t❧②✳ ❋♦r ❛♥ ❡①❛♠♣❧❡✱ ✐❢ ✐♥ t❤❡ ❣r❛♣❤ G ♦♥ ❋✐❣✉r❡ ✸✵ ✭❊①❛♠♣❧❡ ✾✳✺✮✱ ♦♥❡
❞❡❧❡t❡s t❤❡ ❛r❝ f17✱ t❤❡ tr❡❡ T ∗ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥s gi ❞♦ ♥♦t ❝❤❛♥❣❡✳ ❇✉t✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
tr❡❡ ♦♥ ❋✐❣✉r❡ ✸✶ ✐s ♠♦❞✐✜❡❞✳ ❋♦r ❛♥♦t❤❡r ❡①❛♠♣❧❡ ✇✐t❤♦✉t ♣❛r❛❧❧❡❧ ❡❞❣❡s✱ ❧❡t E = (• →
• → •)//(• → • → •)//(• → •) ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤✳ ❚❤❡♥ t❤❡ tr❡❡s T ∗ ❛ss♦❝✐❛t❡❞
✇✐t❤ E ❛♥❞ t❤❡ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ (• → • → •)//(• → • → •) ❛r❡ t❤❡ s❛♠❡✳ ❆♣❛rt ❢r♦♠
t❤❡ ❛r❝s ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ♣♦❧❛r ♣❛✐r✱ t❤❡ ❣r❛♣❤ G ❝❛♥ ❜❡ r❡❝♦♥str✉❝t❡❞ ❢r♦♠ T ∗ ❛♥❞
g1, . . . , g8✳

✸✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ❛r❝s ✇❤✐❝❤ ❛r❡ ♥♦t ❡♥❝♦❞❡❞ ❜② T ∗ ♣❧❛② ♥♦ r♦❧❡ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡
s❡♣❛r❛t✐♦♥ ♦❢ ✈❡rt✐❝❡s ❜② ♣♦❧❛r ♣❛✐rs✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦✉❧❞ ❡♥❝♦❞❡ g1, . . . , g8 ✐♥ T ∗ ❜② ❛❞❞✐t✐♦♥❛❧
❡❞❣❡s✱ ♠❛❦✐♥❣ ✐t ✐♥t♦ ❛ ❣r❛♣❤✳ ❚❤✐s ❣r❛♣❤ ✇♦✉❧❞ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❜❡❝❛✉s❡
♦♥❡ ❝❛♥ r❡❝♦✈❡r G ❢r♦♠ ✐t ❜② ❛♥ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇♦✉❧❞ ♥♦t ❜❡ ❛❜❧❡
t♦ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹ ❜❡❝❛✉s❡ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡s ♣r❡s❡r✈❡s ❜♦✉♥❞❡❞♥❡ss ♦❢ ❝❧✐q✉❡✲✇✐❞t❤
❬❈♦✉✾✼✱ ❊✈❖✾✼❪ ✇❤❡r❡❛s 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ❞♦ ♥♦t ❤❛✈❡ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✳

❲❡ ✐❧❧✉str❛t❡ ❉❡✜♥✐t✐♦♥ ✾✳✶✸ ✇✐t❤ ❊①❛♠♣❧❡ ✾✳✻✳



✶✼✹ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❊①❛♠♣❧❡ ✾✳✻ ❲❡ ✉s❡ t❤❡ ❣r❛♣❤ ♦❢ ❊①❛♠♣❧❡ ✾✳✺✳ ❚❤❡ t❛❜❧❡ ❜❡❧♦✇ s❤♦✇s ♠❛♣♣✐♥❣s g1, . . . , g5✳
❚❤❡ ♠❛♣♣✐♥❣s g6, g7, g8 ❛r❡ ❡✈❡r②✇❤❡r❡ ✉♥❞❡✜♥❡❞✳ ❚❤❡ ❣r❛♣❤s R1, . . . , R5 ❛r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡s
✸✷ ❛♥❞ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ G ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✶✳

R1 R2 R3 R4 R5

❛ ❜ ❝ ❞ ❦ ♠ ♣ q

g1 s s s ❛ ❛ ❝

g2 ♥ ♥ ♥ ❜ ❝ ❜

g3 ❛

g4 ❝ ❦

g5 ❝

❚❤❡ tr❡❡ T ∗ ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✹✳ ❋♦r ❡❛❝❤ ♥♦❞❡ ❧❛❜❡❧❡❞ ❜② V✱ ✇❡ ✐♥❞✐❝❛t❡ ❜❡t✇❡❡♥ ♣❛r❡♥✲
t❤❡s❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❡rt❡① ♦❢ G ❢♦r ❤❡❧♣✐♥❣ t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝♦♥str✉❝t✐♦♥✳

P

N N

V(a) V(b) V(c) V(d) V(k)

P P

N

V(q)

N

V(m)

V(s) V(n)
1 2

34 5

V(p)

N

P

❋✐❣✉r❡ ✸✹✿ ❚❤❡ tr❡❡ T ∗ ♦❢ t❤❡ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸✵✳

❇❡❢♦r❡ ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✾✳✺ ✇❡ ♣r♦✈❡ ❛ ❧❛st t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ♦♥ ❧❛❜❡❧❡❞ tr❡❡s T ∗ ❝♦♥✲
str✉❝t❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✾✳✶✸✳ ❲❡ ❧❡t ppsl(u1, u2, u3, u4)✱ ❛ ♣r♦♣❡rt② ♦♥ ❧❛❜❡❧❡❞ tr❡❡s T ∗✱ ♠❡❛♥✿

u1, u2, u3 ❛r❡ ❧❛❜❡❧❡❞ ❜② V✱ u4 ✐s ❧❛❜❡❧❡❞ ❜② P ♦r N✱ u3 ≤T ∗ u4 ❛♥❞ (u1, u2) =
(s(u4), n(u4))✳

❈❧❛✐♠ ✾✳✸ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤✱ ❧❡t T ∗ ❜❡ ✐ts ❧❛❜❡❧❡❞ tr❡❡ ❛♥❞ ❧❡t
χ = {u1, u2, u3, u4, x1, . . . , x8, y1, . . . , y8, zs, zn}✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢♦r♠✉❧❛
ψ(u1, u2, u3, u4, x1, . . . , x8, y1, . . . , y8, zs, zn) ✐♥ MSTA

(χ) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x, y, z ∈ VG ❛♥❞
❡✈❡r② u ∈ VT ∗ , ppsl(x, y, z, u) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

T ∗ |= ψ
(
x, y, z, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y), s(G), n(G)

)
.

Pr♦♦❢ ♦❢ ❈❧❛✐♠ ✾✳✸✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ✏u1, u2, u3 ❛r❡ ❧❛❜❡❧❡❞ ❜② V✱ u4 ✐s ❧❛❜❡❧❡❞ ❜② P ♦r N✱
u3 ≤T ∗ u4✑ ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛ θ(u1, u2, u3, u4)✿

(V(u1) ∧V(u2) ∧V(u3)) ∧ (N(u4) ∨P(u4)) ∧ (✏t❤❡r❡ ❡①✐sts ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ u4 t♦ u3✑).



✾✳✺✳ ❚❤❡ ❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s ✶✼✺

❚❤❡ ♦♥❧② ❞✐✣❝✉❧t② ✐s t❤❡♥ t♦ ❡①♣r❡ss t❤❡ ❝♦♥❞✐t✐♦♥ (u1, u2) = (s(u4), n(u4))✳ ❲❡ ❞✐st✐♥❣✉✐s❤
s❡✈❡r❛❧ ❝❛s❡s✳

❈❆❙❊ ✶✳ u4 ✐s t❤❡ r♦♦t ♦r u4 ✐s ❛ s♦♥ ♦❢ t❤❡ r♦♦t ✇❤✐❝❤ ✐s ❧❛❜❡❧❡❞ ❜② P ✭❤❡♥❝❡ u4 ✐s ❧❛❜❡❧❡❞ ❜②
N✮✳ ■♥ t❤✐s ❝❛s❡ (u1, u2) = (s(u4), n(u4)) = (s(G), n(G))✳ ❚❤❡♥ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡✈❡r② x, y, z ∈
VG ❛♥❞ u ∈ VT ∗ , ppsl(x, y, z, u) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ∗ |= θ(x, y, z, u)∧ψ1(x, y, u, s(G), n(G))
✇❤❡r❡ ψ1(u1, u2, u4, zs, zn) ✐s✿

(
✏u4 ✐s t❤❡ r♦♦t✑ ∨ ✏t❤❡ ❢❛t❤❡r ♦❢ u4 ✐s t❤❡ r♦♦t ❧❛❜❡❧❡❞ ❜② P✑

)
∧ (u1 = zs ∧ u2 = zn).

❈❆❙❊ ✷✳ u4 ✐s ♥♦t t❤❡ r♦♦t ❛♥❞ ✐s ❧❛❜❡❧❡❞ ❜② P❀ ❤❡♥❝❡ ✐t ✐s ♥♦t ❛ s♦♥ ♦❢ t❤❡ r♦♦t ✭❜② t❤❡
✇❛② T ∗ ✐s ❝♦♥str✉❝t❡❞✮✳ ■ts ❢❛t❤❡r u ✐s ❧❛❜❡❧❡❞ ❜② V✱ ❤❡♥❝❡ ✐s ❛ ✈❡rt❡① ♦❢ G ❛♥❞ u ✐s ♦♥❡ ♦❢
t❤❡ t✇♦ ♣♦❧❡s ♦❢ G(u4)✳ ▲❡t j ∈ [8] ❜❡ t❤❡ ❧❛❜❡❧ ♦❢ t❤❡ ❛r❝ u → u4✳ ❚❤❡♥ t❤❡ ♦t❤❡r ♣♦❧❡
♦❢ G(u4) ✐s gj(u)✳ ■t ❢♦❧❧♦✇s ✐♥ t❤✐s ❝❛s❡ t❤❛t✱ ❢♦r ❡✈❡r② x, y ∈ VG ❛♥❞ u ∈ VT ∗ ✱ ✇❡ ❤❛✈❡
(x, y) = (s(u), n(u)) ✐❢ ❛♥❞ ♦♥❧② ✐❢ T ∗ |= θ′(x, y, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y)) ✇❤❡r❡
θ′(u1, u2, u4, x1, . . . , x8, y1, . . . , y8) ✐s t❤❡ ❢♦r♠✉❧❛✿

✏u1 ✐s t❤❡ ❢❛t❤❡r ♦❢ u4✑ ∧

∨

j=2,4,6,8

u2 = xj


 ∨


✏u2 ✐s t❤❡ ❢❛t❤❡r ♦❢ u4✑ ∧

∨

j=1,3,5,7

u1 = yj


 .

❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡✈❡r② x, y, z ∈ VG ❛♥❞ u ∈ VT ∗ , ppsl(x, y, z, u) ❤♦❧❞s
✐❢ ❛♥❞ ♦♥❧② ✐❢ T ∗ |= θ(x, y, z, u) ∧ ψ2(x, y, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y)) ✇❤❡r❡
ψ2(u1, u2, u4, x1, . . . , x8, y1, . . . , y8) ✐s✿

(✏u4 ✐s ♥♦t t❤❡ r♦♦t✑ ∧P(u4)) ∧ θ′(u1, u2, u4, x1, . . . , x8, y1, . . . , y8).

❈❆❙❊ ✸✳ u4 ✐s ♥♦t t❤❡ r♦♦t✱ ✐s ❧❛❜❡❧❡❞ ❜② N✱ ❤❡♥❝❡ ✐ts ❢❛t❤❡r u′′ ✐s ❧❛❜❡❧❡❞ ❜② P ❛♥❞ ✐s
♥♦t t❤❡ r♦♦t ♦t❤❡r✇✐s❡ ❈❛s❡ ✶ ❛♣♣❧✐❡s✳ ❚❤❡ ❢❛t❤❡r u′ ♦❢ u′′ ✐s ❧❛❜❡❧❡❞ ❜② V✳ ❲❡ ❤❛✈❡
(s(u4), n(u4)) = (s(u′′), n(u′′)) ❛♥❞ u′ ∈ {s(u4), n(u4)} ❛s ✐♥ ❈❛s❡ ✷✳ ■t ❢♦❧❧♦✇s ✐♥ t❤✐s
❝❛s❡ t❤❛t ❢♦r ❡✈❡r② x, y ∈ VG ❛♥❞ u ∈ VT ∗ ✱ ✇❡ ❤❛✈❡ (x, y) = (s(u), n(u)) ✐❢ ❛♥❞ ♦♥❧② ✐❢
T ∗ |= θ′′(x, y, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y)) ✇❤❡r❡ θ′′(u1, u2, u4, x1, . . . , x8, y1, . . . , y8) ✐s
t❤❡ ❢♦r♠✉❧❛✿
✏u1 ✐s t❤❡ ❣r❛♥❞✲❢❛t❤❡r ♦❢ u4✑ ∧

∨

j=2,4,6,8

u2 = xj


 ∨


✏u2 ✐s t❤❡ ❣r❛♥❞✲❢❛t❤❡r ♦❢ u4✑ ∧

∨

j=1,3,5,7

u1 = yj


 .

❚❤❡r❡❢♦r❡✱ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡✈❡r② x, y, z ∈ VG ❛♥❞ u ∈ VT ∗ , ppsl(x, y, z, u) ❤♦❧❞s
✐❢ ❛♥❞ ♦♥❧② ✐❢ T ∗ |= θ(x, y, z, u) ∧ ψ3(x, y, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y)) ✇❤❡r❡
ψ2(u1, u2, u4, g1(u1), . . . , g8(u1), g1(u2), . . . , g8(u2)) ✐s✿

(✏u4 ✐s ♥♦t t❤❡ r♦♦t✑ ∧N(u4) ∧ ✏t❤❡ ❢❛t❤❡r ♦❢ u4 ✐s ♥♦t t❤❡ r♦♦t✑) ∧ θ′′(u1, u2, u4, x1, . . . , x8, y1, . . . , y8).

❚❤❡ 3 ❝❛s❡s ❛❜♦✈❡ ❝♦♠♣❧❡t❡ t❤❡ ❝♦♥❞✐t✐♦♥ (u1, u2) = (s(u4), n(u4)✳ ❚❤❡r❡✲
❢♦r❡✱ ❢♦r ❡✈❡r② x, y, z ∈ VG ❛♥❞ ❡✈❡r② u ∈ VT ∗ , ppsl(x, y, z, u) ❤♦❧❞s ✐❢
❛♥❞ ♦♥❧② ✐❢ T ∗ |= ψ(x, y, z, u, g1(x), . . . , g8(x), g1(y), . . . , g8(y), s(G), n(G) ✇❤❡r❡
ψ(u1, u2, u3, u4, x1, . . . , x8, y1, . . . , y8, zs, zn) ✐s t❤❡ ❢♦r♠✉❧❛✿

θ ∧ (ψ1 ∨ ψ2 ∨ ψ3).

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝❧❛✐♠✳



✶✼✻ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✾✳✺✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✺✳ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t T ❜❡
✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳ ▲❡t T ∗ ∈ T (A) ❜❡ t❤❡ ❧❛❜❡❧❡❞ tr❡❡ ❝♦♥str✉❝t❡❞ ❢r♦♠ T ❛♥❞ G ✇❤❡r❡
A = {V,P,N, 1 . . . , 8}✳ ▲❡t χ = {u1, u2, u3, u4, x1, . . . , x8, y1, . . . , y8, zs, zn}✳

❋♦r ❡✈❡r② x, y, z, t ∈ VG, pps(x, y, z, t) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

∃u
((
ppsl(x, y, z, u) ∧V(t) ∧ t ≮T u

)
∨
(
ppsl(x, y, t, u) ∧V(z) ∧ z ≮T u

)

■t ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠ ✾✳✸ t❤❛t ♦♥❡ ❝❛♥ ❜✉✐❧❞ ❛ ❢♦r♠✉❧❛
ϕ(u1, u2, u3, u4, x1, . . . , x8, y1, . . . , y8, zs, zn) ✐♥ MSTA

(χ) s✉❝❤ t❤❛t pps(x, y, z, t) ❤♦❧❞s ✐❢
❛♥❞ ♦♥❧② ✐❢

T ∗ |= ϕ
(
x, y, z, t, g1(x), . . . , g8(x), g1(y), . . . , g8(y), s(G), n(G)

)
. ✭✶✵✮

❇② ❚❤❡♦r❡♠ ✼✳✹✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ log✲❧❛❜❡❧✐♥❣ L ❢♦r ϕ ♦♥ T ∗✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ✈❡rt✐❝❡s ♦❢ G
❛r❡ ♥♦❞❡s ♦❢ T ∗✳ ❋♦r ❡✈❡r② x ∈ VG✱ ✇❡ ❧❡t

J(x) = (L(x), L(g1(x)), . . . , L(g8(x)), L(s(G)), L(n(G))) .

❲❡ ❤❛✈❡ ❝❧❡❛r❧② |J(x)| = O(log(n)) ❛♥❞ ❜② ❊q✉✐✈❛❧❡♥❝❡ ✭✶✵✮✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ❢♦r ❡✈❡r②
x, y, z, t ∈ VG ✐❢ (z, t) ✐s ❛ ♣♦❧❛r ♣❛✐r s❡♣❛r❛t✐♥❣ x ❛♥❞ y ❜② ✉s✐♥❣ J(x), J(y), J(z) ❛♥❞ J(t)✳
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✾✳✺✳✷ ❘❡❞✉❝❡❞ ❇❛rr✐❡rs ❛♥❞ t❤❡ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✹

❲❡ ❤❛✈❡ s❡❡♥ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✾✳✺ t❤❛t ✇❡ ❝❛♥ ❧❛❜❡❧ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ G
✇✐t❤ ❧❛❜❡❧s ♦❢ s✐③❡ O(log(|VG|)) ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② X ⊆ VG ❛♥❞ ❡✈❡r② x ❛♥❞ y ✐♥ VG✱ ✇❡
❝❛♥ ❝❤❡❝❦ ✇❤❡t❤❡r x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ♣♦❧❛r ♣❛✐r (z, t) ∈ X ×X✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤✐s
s❡❝t✐♦♥ t❤❛t ✐❢ x ❛♥❞ y ❛r❡ ♥♦t s❡♣❛r❛t❡❞ ❜② ❛ ♣♦❧❛r ♣❛✐r (z, t) ∈ X×X✱ t❤❡♥ t❤❡✐r ❝♦♥♥❡❝t✐✈✐t②
✐s r❡❞✉❝❡❞ t♦ t❤❡ ✉s❡ ♦❢ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s✳ ❋♦r t❤❛t ♣✉r♣♦s❡ ✇❡ ♥❡❡❞ s♦♠❡ ♠♦r❡ ❞❡✜♥✐t✐♦♥s
❛♥❞ ❛ ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ ❡①t❡♥❞s Pr♦♣♦s✐t✐♦♥ ✾✳✶✳

▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t T ❜❡ ✐ts ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡✳ ❋♦r ❡✈❡r② //✲♣♦❧❛r
♣❛✐r (z, t)✱ ✇❡ ❧❡t Select(z, t) = F1(u)✱ ❝❛❧❧❡❞ t❤❡ ❙❡❧❡❝t ❢✉♥❝t✐♦♥✱ ✇❤❡r❡ u ✐s t❤❡ //✲♥♦❞❡ s✉❝❤
t❤❛t (z, t) = (s(u), n(u)) ✭F1(u) ✐s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✾✳✶✶✮✳ ❲❡ ♥♦t✐❝❡ t❤❛t ❛♥② ♦t❤❡r ❢❛❝❡
Fj(u) ✇♦✉❧❞ ✇♦r❦ ❢♦r j ≤ d(u)− 1✳

❉❡✜♥✐t✐♦♥ ✾✳✶✹ ✭❘❡❞✉❝❡❞ ❇❛rr✐❡rs ❢♦r ❇✐♣♦❧❛r P❧❛♥❡ ●r❛♣❤s✮ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r
♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t G+ ❜❡ ✐ts ❛✉❣♠❡♥t❡❞ ❣r❛♣❤✳ ❋♦r ❡✈❡r② t✇♦ ❞✐st✐♥❝t
✈❡rt✐❝❡s x ❛♥❞ y✱ ✇❡ ❧❡t

RBar({x, y}) =

{
Bar({x, y}) ✐❢ x ❛♥❞ y ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st 2 ❢❛❝❡s,

{fx, fy | f = Select(x, y)} ♦t❤❡r✇✐s❡✳

❋♦r ❡✈❡r② X ⊆ VG✱ ✇❡ ❧❡t RBar(X) =
⋃{RBar({x, y}) | x, y ∈ X, x 6= y} ❛♥❞ ✇❡ ❝❛❧❧ ✐t t❤❡

r❡❞✉❝❡❞ ❜❛rr✐❡r ♦❢ X✳

■❢ E+ = (p, s) ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ G+✱ ✇❡ ❧❡t RBar(X, E+) ❜❡ t❤❡ s❡t {s(e) | e ∈ RBar(X)}✳



✾✳✺✳ ❚❤❡ ❈❛s❡ ♦❢ 2✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s ✶✼✼

■❢ t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s ♦❢ G✱ s❛② z ❛♥❞ t✱ ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ❧❡❛st 3 ❢❛❝❡s✱ t❤❡♥ t❤❡② ❢♦r♠
❛ //✲♣♦❧❛r ♣❛✐r✱ (z, t) ♦r (t, z) ❜② ▲❡♠♠❛ ✾✳✻✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s z ❛♥❞ t ✐♥
VG, RBar({z, t}) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ ❝♦♥♥❡❝t✐✈✐t②
♦❢ 2 ✈❡rt✐❝❡s ✐♥ G\X ✇✐t❤ RBar(X)✳

Pr♦♣♦s✐t✐♦♥ ✾✳✻ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ❛❞❥❛❝❡♥t ♣♦❧❡s ❛♥❞ ❧❡t E+ = (p, s) ❜❡ ❛♥
❡♠❜❡❞❞✐♥❣ ♦❢ G+✳ ▲❡t X ⊆ VG ❛♥❞ ❧❡t x, y ∈ VG −X, x 6= y✳ ❚❤❡♥ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜②
X ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r✿

✭❛✮ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ♣♦❧❛r ♣❛✐r (z, t) ∈ X ×X ♦r

✭❜✮ p(x) ❛♥❞ p(y) ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜② RBar(X, E+)✳

Pr♦♦❢✳ ▲❡t G,X, x, y ❜❡ ❛s ✐♥ t❤❡ st❛t❡♠❡♥t✳ ■❢ ✭❛✮ ♦r ✭❜✮ ❤♦❧❞s✱ t❤❡♥ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜②
X ✭❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ♦❜s❡r✈❡ t❤❛t RBar(X, E+) ⊆ Bar(X, E+) ❛♥❞ ✇❡ ✉s❡ Pr♦♣♦s✐t✐♦♥
✾✳✶✮✳

▲❡t ✉s ❝♦♥✈❡rs❡❧② ❛ss✉♠❡ t❤❛t x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② X✱ ❜✉t ✭❛✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✾✳✶✱ t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜② Bar(X, E+)✳ ❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥
✾✳✶ ✇❡ ♥❡❡❞ ♦♥❧② ♣r♦✈❡ t❤❡ r❡s✉❧t ❢♦r ❛ ♠✐♥✐♠❛❧ s❡♣❛r❛t♦r Y ⊆ X ♦❢ x ❛♥❞ y✱ ❜❡❝❛✉s❡ ✐❢ x
❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(Y, E+)✱ t❤❡② ❛r❡ ❛❧s♦ ❜② RBar(X, E+)✳ ❍❡♥❝❡✱ ✇❡ ❛ss✉♠❡ t❤❛t
X = {x1, . . . , xm} ✐s ❛ ♠✐♥✐♠❛❧ s❡♣❛r❛t♦r ♦❢ x ❛♥❞ y ✐♥ G✳ ❲❡ ✜rst ❛ss✉♠❡ t❤❛t m ≥ 3✳ ❚❤❡♥
Bar(X) ❤❛s t❤❡ str✉❝t✉r❡ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✺✱ ✇❤❡r❡✱ ❢♦r ❡❛❝❤ i ∈ [m], {fi,1, . . . , fi,pi

} ✐s t❤❡
s❡t ♦❢ ❢❛❝❡s ✐♥❝✐❞❡♥t ✇✐t❤ xi ❛♥❞ xi+1 ✭❧❡tt✐♥❣ xm+1 ❞❡♥♦t❡ ❛❧s♦ x1✮✳

fm,pm

f2,1f1,1
xm−1

fm,1

f1,2

f2,p2
f1,p1

fm−1,pm−1

f2,2

fm−1,1
x2 x3

x1 xmfm−1,2

fm,2

❋✐❣✉r❡ ✸✺✿ ❆ ❜❛rr✐❡r ✐❧❧✉str❛t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✻✳

❚❤❡♥ RBar(X) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ Bar(X) ❜② r❡♠♦✈✐♥❣ ❢♦r ❡❛❝❤ i s✉❝❤ t❤❛t pi ≥ 3 ❛❧❧ ✈❡r✲
t✐❝❡s fi,j ✭❛♥❞ t❤❡ ✐♥❝✐❞❡♥t ❡❞❣❡s✮ ❜✉t ♦♥❡✱ s♦ t❤❛t RBar(X) ❝♦♥t❛✐♥s ❛ ❝②❝❧❡ ❣♦✐♥❣ t❤r♦✉❣❤
x1, . . . , xm✳ ■❢ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② Bar(X, E+) ❛♥❞ ♥♦t ❜② RBar(X, E+)✱ t❤✐s ♠❡❛♥s
t❤❛t ♦♥❡ ❛♥❞ ♦♥❧② ♦♥❡ ♦❢ t❤❡♠ ✐s ✐♥s✐❞❡ ❛ ❝②❝❧❡ xi − fi,j − xi+1 − fi,j+1 − xi ♦❢ Bar(X) s✉❝❤
t❤❛t fi,j ♦r fi,j+1 ✭♦r ❜♦t❤✮ ❤❛s ❜❡❡♥ r❡♠♦✈❡❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t pi ≥ 3 ❤❡♥❝❡ t❤❛t xi ❛♥❞



✶✼✽ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

xi+1 ❢♦r♠ ❛ //✲♣♦❧❛r ♣❛✐r ✭❜② ▲❡♠♠❛ ✾✳✻✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s t❤❛t ❛r❡ ✐♥s✐❞❡
t❤✐s ❝②❝❧❡ ❛r❡ t❤❡ ✐♥t❡r♥❛❧ ✈❡rt✐❝❡s ♦❢ G(uj) ✇❤❡r❡ uj ✐s t❤❡ j✲th s♦♥ ♦❢ t❤❡ //✲♥♦❞❡ u ✇✐t❤
♣♦❧❡s xi ❛♥❞ xi+1✳ ❍❡♥❝❡✱ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② t❤❡ ♣♦❧❛r ♣❛✐r (xi, xi+1) ♦r (xi+1, xi)✱ ✐✳❡✳✱
✭❛✮ ❤♦❧❞s✳ ❇✉t ✇❡ ❛ss✉♠❡❞ t❤❡ ❝♦♥tr❛r②✳ ❍❡♥❝❡✱ ✭❜✮ ♠✉st ❤♦❧❞✳

■❢ m = 2 ❛♥❞ p1 = p2 = 1✱ t❤❡♥ Bar(X) = RBar(X) ❤❡♥❝❡ ✭❜✮ ❤♦❧❞s✳ ■❢ p1 + p2 ≥ 3✱ t❤❡♥
❜② ▲❡♠♠❛ ✾✳✻✱ x1 ❛♥❞ x2 ❢♦r♠ ❛ ♣♦❧❛r ♣❛✐r✳ ❆s ❢♦r t❤❡ ❝❛s❡ m ≥ 3 ✇❡ ❣❡t t❤❛t x ❛♥❞ y ❛r❡
s❡♣❛r❛t❡❞ ❜② RBar(X, E+)✱ ♦t❤❡r✇✐s❡ ✭❛✮ ❤♦❧❞s✳

❲❡ ❝❛♥♥♦t ❤❛✈❡ m = 1 ❜❡❝❛✉s❡ t❤❡ ❣r❛♣❤ ✐s ❛ss✉♠❡❞ 2✲❝♦♥♥❡❝t❡❞✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✾✳✶✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✾✳✻✳

❊①❛♠♣❧❡ ✾✳✼ ❋♦r ❝❧❛r✐t② ♦♥ ❋✐❣✉r❡ ✸✻ ✇❡ ♥✉♠❜❡r ❢❛❝❡s ❢r♦♠ 1 t♦ 8 ❜✉t ✇❡ ❞♦ ♥♦t s❤♦✇ t❤❡ ❡❞❣❡s
♦❢ G+ ✐♥❝✐❞❡♥t ✇✐t❤ t❤❡ ❢❛❝❡✲✈❡rt✐❝❡s 1, . . . , 8✳ ❚❤❡ s❡t Bar({z, t}) ❝♦♥t❛✐♥s t❤❡ 4 ♣❛t❤s z − i− t
❢♦r i = 2, 6, 7, 8✳ ◆♦t❡ t❤❛t (z, t) ✐s ❛ //✲♣♦❧❛r ♣❛✐r✳ ❚❤❡ r❡❞✉❝❡❞ ❜❛rr✐❡r RBar({z, t}) ❝♦♥t❛✐♥s
♦♥❧② ♦♥❡ ♦❢ t❤❡♠✱ s❛② z−2− t✳ ❚❤❡ s❡t RBar({z, t, c}) ❝♦♥t❛✐♥s t❤❡♥ z−2− t✱ t−3−c✱ t−4−c✱
c − 5 − z✳ ❚❤✐s r❡❞✉❝❡❞ ❜❛rr✐❡r s❡♣❛r❛t❡s b ❛♥❞ d✳ ❚❤❡ ❡❞❣❡s z − 2 ❛♥❞ 2 − t ❛r❡ ✉s❡❢✉❧ ❢♦r t❤❛t
❜❡❝❛✉s❡ ✇✐t❤♦✉t t❤❡♠ b ❛♥❞ d ❛r❡ ♥♦t s❡♣❛r❛t❡❞✳ RBar({a, z}) = Bar({a, z}) = {z − 2, 2− a}
❛♥❞ t❤❡ ❣r❛♣❤ G\{a, z} ✐s ❝♦♥♥❡❝t❡❞✳ ◆♦t❡ t❤❛t a ❛♥❞ z ❞♦ ♥♦t ❢♦r♠ ❛ ♣♦❧❛r ♣❛✐r✳

n

3
2a

1

s

t

5
c

4
f

8

z

b
e 76d

❋✐❣✉r❡ ✸✻✿ ❚❤❡ ❣r❛♣❤ ♦❢ ❊①❛♠♣❧❡ ✾✳✼✳

❲❡ ♥♦✇ ♣r♦✈❡ ❛ ❧❛st t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳ ❲❡ ❧❡t pp(x1, x2)✱ ❝❛❧❧❡❞ t❤❡ ♣♦❧❛r✲♣❛✐r ♣r♦♣❡rt②✱
❜❡ t❤❡ ♣r♦♣❡rt② ♦♥ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s t❤❛t ❡①♣r❡ss❡s t❤❛t t❤❡ ♣❛✐r ♦❢ ✈❡rt✐❝❡s (x1, x2) ✐s ❛
//✲♣♦❧❛r ♣❛✐r✳

▲❡♠♠❛ ✾✳✽ ❚❤❡ ♣♦❧❛r✲♣❛✐r ♣r♦♣❡rt② ❛♥❞ t❤❡ ❙❡❧❡❝t ❢✉♥❝t✐♦♥ ✐♥ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s ❛r❡ r❡♣✲
r❡s❡♥t❛❜❧❡ ❜② 12 ❢✉♥❝t✐♦♥s✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❛ ✈❛r✐❛♥t ♦❢ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✷✳ ▲❡t G ❜❡ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤✳ ❲❡
❧❡t H ❜❡ t❤❡ s✐♠♣❧❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ VH = VG ❛♥❞ ❛♥ ❛r❝ x → y ✐❢ ❛♥❞ ♦♥❧② ✐❢ (x, y) ✐s
❛ //✲♣♦❧❛r ♣❛✐r✳ ■t ✐s ♣❧❛♥❛r ❜❡❝❛✉s❡ t❤❡s❡ ❛r❝s ❝❛♥ ❜❡ ✐♥s❡rt❡❞ ✇✐t❤♦✉t ❝r♦ss✐♥❣ ✐♥ ❛ ♣❧❛♥❛r
❡♠❜❡❞❞✐♥❣ ♦❢ G ❜② ❛❞❞✐♥❣ t❤✐s ❛r❝ ✐♥ ❛ ❢❛❝❡ Fj(u), j ≤ d(u) ✇❤❡r❡ u ✐s t❤❡ ♥♦❞❡ ♦❢ T s✉❝❤
t❤❛t (x, y) = (s(u), n(u))✳ ❇② ❈♦r♦❧❧❛r② ✾✳✶✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ ❛r❝s ✐♥ H ✇✐t❤
6 ❢✉♥❝t✐♦♥s g+

iH , g
−
iH : VH → VH ❢♦r i ∈ [3] s✉❝❤ t❤❛t✿

g+
iH(x) = y ✐♠♣❧✐❡s x→ y,

g−iH(x) = y ✐♠♣❧✐❡s y → x.
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❊❛❝❤ ❛r❝ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ✉♥✐q✉❡ s✉❝❤ ❝❧❛✉s❡✳ ❍❡♥❝❡✱ ✇✐t❤ t❤❡ 6 ❢✉♥❝t✐♦♥s gα
iH , i ∈ [3], α ∈

{+,−}✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ♣♦❧❛r✲♣❛✐r ♣r♦♣❡rt② pp✳

❲❡ ♥♦✇ ❞❡✜♥❡ 6 ♣❛rt✐❛❧ ❢✉♥❝t✐♦♥s hα
iG ❢♦r i ∈ [3], α ∈ {+,−} ❛s ❢♦❧❧♦✇s✿

h+
iG(x) = Select(x, g+

iG(x)),

h−iG(x) = Select(g−iH(x), x).

❚❤❡♥ ❢♦r ❡✈❡r② 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s x, y ∈ VG✱ t❤❡ ❢❛❝❡✲✈❡rt❡① f = Select(x, y) ✐s ❝❤❛r❛❝t❡r✐③❡❞
❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

(
y = g+

i (x) ∧ f = h+
i (x)

)
∨
(
x = g−i (y) ∧ f = h−i (y)

)
.

❚❤❡♥ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ❙❡❧❡❝t ❢✉♥❝t✐♦♥ Select ❜② t❤❡ 12 ❢✉♥❝t✐♦♥s gα
i , h

α
i , i ∈ [3], α ∈

{+,−}✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✾✳✹✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✹✳ ▲❡t G ❜❡ ❛ 2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t G+ ❜❡
✐ts ❛✉❣♠❡♥t❡❞ ❣r❛♣❤✳ ❇② ❘❡♠❛r❦ ✾✳✷ ✭✶✮✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ ❧❛❜❡❧❡❞ tr❡❡ T ✐♥ O(n)✲t✐♠❡✳
❇② Pr♦♣♦s✐t✐♦♥ ✾✳✺✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ✐♥ O(n · log(n))✲t✐♠❡ ❛ log✲❧❛❜❡❧✐♥❣ K ❢♦r t❤❡ ♣♦❧❛r✲
♣❛✐r s❡♣❛r❛t✐♦♥ q✉❡r② ♦♥ G✳ ❇② Pr♦♣♦s✐t✐♦♥ ✾✳✸✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣
E+ = (p, s) ♦❢ G+ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ✐♥ [3n − 6]✳ ❇② Pr♦♣♦s✐t✐♦♥ ✾✳✷ ❛♥❞ ❘❡♠❛r❦ ✾✳✶✱ ✇❡ ❝❛♥
r❡♣r❡s❡♥t ✇✐t❤ 24 = 15+3·3 ❢✉♥❝t✐♦♥s f1, . . . , f24 t❤❡ ♣r♦♣❡rt② t❤❛t 2 ✈❡rt✐❝❡s ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤
❛t ♠♦st 2 ❢❛❝❡s✳ ❇② ▲❡♠♠❛ ✾✳✽✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✇✐t❤ 12 ❢✉♥❝t✐♦♥s g1, . . . , g12 t❤❡ ♣♦❧❛r✲♣❛✐r
♣r♦♣❡rt② ❛♥❞ t❤❡ ❙❡❧❡❝t ❢✉♥❝t✐♦♥ Select✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② ✈❡rt❡① x ✐♥ VG✱ ✇❡ ❧❡t

J(x) =
(
p(x), p(f1(x)), . . . , p(f24(x)), p(g1(x)), . . . , p(g12(x)),K(x)

)
.

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❧❛❜❡❧✐♥❣ J ✐s ❝♦♥str✉❝t❡❞ ✐♥ O(n · log(n))✲t✐♠❡ ❛♥❞ ❢♦r ❡✈❡r② x ∈ VG ✇❡
❤❛✈❡ |J(x)| = O(log(n))✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s
x, y ∈ VG ✐♥ G\X ✇❤❡r❡ X ⊆ VG − {x, y} ❜② ✉s✐♥❣ t❤❡ ❧❛❜❡❧s✳

❙t❡♣ ✶✳ ❋♦r ❡✈❡r② ♣❛✐r ♦❢ ✈❡rt✐❝❡s (z, t) ∈ X×X✱ ✇❡ ❝❛♥ ✈❡r✐❢② ❜② ✉s✐♥❣ p(g1(z)), . . . , p(g12(z))
❛♥❞ p(g1(t)), . . . , p(g12(t)) ✐❢ (z, t) ♦r (t, z) ❢♦r♠s ❛ //✲♣♦❧❛r ♣❛✐r ❜② ▲❡♠♠❛ ✾✳✽ ❛♥❞ ✐❢ s♦✱ ❞❡❝✐❞❡s
✐❢ ✐t s❡♣❛r❛t❡s x ❛♥❞ y ❜② ✉s✐♥❣ K(x),K(y),K(z) ❛♥❞ K(t) ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✺✳ ■❢ x ❛♥❞ y ❛r❡
s❡♣❛r❛t❡❞ ❜② ❛ //✲♣♦❧❛r ♣❛✐r (z, t) ∈ X ×X✱ t❤❡♥ ✇❡ ❝❛♥ r❡♣♦rt t❤❛t t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ❜②
X ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✻✳ ❖t❤❡r✇✐s❡✱ ✇❡ ♣❡r❢♦r♠ ❙t❡♣ ✷✳

❙t❡♣ ✷✳ ❲❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ (z, t) ∈ X × X ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st 2 ❢❛❝❡s ❜② Pr♦♣♦s✐t✐♦♥
✾✳✷ ❛♥❞ ❘❡♠❛r❦ ✾✳✶ ❛♥❞ ✐❢ s♦✱ ❞❡t❡r♠✐♥❡ t❤❡ ❛t ♠♦st 2 ❢❛❝❡s ❜② ✉s✐♥❣ p(f1(z)), . . . , p(f24(z))
❛♥❞ p(f1(t)), . . . , p(f24(t))✳ ❇② Pr♦♣♦s✐t✐♦♥ ✾✳✷✱ ✐❢ t❤❡② ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ❧❡❛st 3 ❢❛❝❡s ✇❡
❝❛♥ r❡❝♦✈❡r Select(z, t) ❜② ✉s✐♥❣ p(g1(z)), . . . , p(g12(z)) ❛♥❞ p(g1(t)), . . . , p(g12(t)) ✭s❡❡ ▲❡♠♠❛
✾✳✽✮✳ ❙✐♥❝❡ G+ ✐s ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ RBar(X, E+)✳ ❋✐♥❛❧❧②✱ ✇❡ ❝❛♥
t❡st ✐❢ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X, E+) ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✾✳✸ ❛♥❞ t❤✐s ✐s s✉✣❝✐❡♥t ❜②
Pr♦♣♦s✐t✐♦♥ ✾✳✻✳ ❚❤✐s ❣✐✈❡s t❤❡ ✜♥❛❧ ❛♥s✇❡r✳
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●✐✈❡♥ ❛ //✲♣♦❧❛r ♣❛✐r (z, t)✱ ✇❡ ❝❛♥ ❛♥s✇❡r ✐❢ t❤❡② s❡♣❛r❛t❡ x ❛♥❞ y ✐♥ ❝♦♥st❛♥t✲t✐♠❡
✭Pr♦♣♦s✐t✐♦♥ ✾✳✺✮❀ t❤❡r❡❢♦r❡ ✐t t❛❦❡s O(|X2|)✲t✐♠❡ t♦ ❞❡❝✐❞❡ ✐❢ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛
//✲♣♦❧❛r ♣❛✐r ✐♥ X ✐♥ ❙t❡♣ ✶✳ ■♥ ❙t❡♣ ✷✱ ❢♦r ❡✈❡r② ♣❛✐r (z, t) ∈ X ×X ✇❡ t❛❦❡ ❝♦♥st❛♥t✲t✐♠❡
t♦ ❝♦♥str✉❝t RBar({z, t})❀ t❤❡r❡❢♦r❡ ✐t t❛❦❡s O(|X2|)✲t✐♠❡ t♦ ❝♦♥str✉❝t RBar(X, E+)✳ ❇②
❚❤❡♦r❡♠ ✾✳✸✱ ✐t t❛❦❡s O(m · log(m))✲❡①♣❡❝t❡❞ t✐♠❡ t♦ ❞❡❝✐❞❡ ✐❢ p(x) ❛♥❞ p(y) ❛r❡ s❡♣❛r❛t❡❞
❜② RBar(X, E+) ✇❤❡r❡ m = RBar(X, E+) = O(|X|)✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✾✳✻ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡

❲❡ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❚❤❡♦r❡♠ ✾✳✶ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ ❢♦r t❤❛t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥♥❡❝t❡❞
❣r❛♣❤s ✐♥t♦ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❲❡ r❡❝❛❧❧ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② Bcc(G) t❤❡ s❡t ♦❢ ❜✐✲
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G✳

❉❡✜♥✐t✐♦♥ ✾✳✶✺ ✭❚❤❡ ❘♦♦t❡❞ ❚r❡❡ BC(G) ♦❢ G✮ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ❲❡ ❧❡t
W (G)✱ ❞✐s❥♦✐♥t ❢r♦♠ VG✱ ❜❡ ❛ s❡t ✐♥ ❜✐❥❡❝t✐♦♥ ✇✐t❤ Bcc(G) ❜② bcc : W (G) → Bcc(G)✳ ❲❡
❞❡♥♦t❡ ❜② BC(G) t❤❡ tr❡❡ ✇✐t❤ s❡t ♦❢ ♥♦❞❡s VG∪W (G) ❛♥❞ ✇✐t❤ s❡t ♦❢ ❡❞❣❡s {wv | v ∈ VG, w ∈
W (G) ❛♥❞ v ∈ Vbcc(w)}✳

❲❡ ❝❤♦♦s❡ ❛ ✈❡rt❡① r ♦❢ G✱ t❤❛t ❜❡❧♦♥❣s t♦ ❛ ✉♥✐q✉❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✱ t♦ ❜❡ t❤❡ r♦♦t
♦❢ BC(G)✳ ❋r♦♠ t❤✐s ❝❤♦✐❝❡✱ BC(G) ✐s ❞✐r❡❝t❡❞✱ r♦♦t❡❞ ✇✐t❤ ♣❛rt✐❛❧ ♦r❞❡r ≤BC(G) ❛♥❞ r ✐s t❤❡
❣r❡❛t❡st ❡❧❡♠❡♥t✳ ❚❤❡ tr❡❡ BC(G) ✐s ❝❛❧❧❡❞ t❤❡ r♦♦t❡❞ tr❡❡ ♦❢ G ❛♥❞ ❤❛♥❞❧❡❞ ❛s t❤❡ r❡❧❛t✐♦♥❛❧
str✉❝t✉r❡ 〈V (G) ∪W (G),V,W,member, root 〉 ✇❤❡r❡ ❢♦r ❡✈❡r② v, w ∈ VBc(G)✱

V(v) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈ VG

W(v) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈W (G)

member(v, w) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈ VG, w ∈W (G) ❛♥❞ v ∈ Vbcc(w)

root(v) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈ VG ❛♥❞ ✐s t❤❡ r♦♦t ♦❢ BC(G).

❋♦r ❡❛❝❤ C ∈ Bcc(G)✱ t❤❡ s❡t VC ❤❛s ❛ ≤BC(G)✲❣r❡❛t❡st ❡❧❡♠❡♥t✱ ❝❛❧❧❡❞ t❤❡ ❧❡❛❞❡r ♦❢ C ❛♥❞
❞❡♥♦t❡❞ ❜② leader(C)✳ ❋♦r ❡❛❝❤ ✈❡rt❡① x ♦❢ G ❞✐✛❡r❡♥t ❢r♦♠ r✱ ✇❡ ❞❡♥♦t❡ ❜② mother(x) ❛♥❞ ❝❛❧❧
✐t t❤❡ ♠♦t❤❡r ♦❢ x✱ t❤❡ ≤BC(G)✲♠❛①✐♠❛❧ ♥♦❞❡ w ♦❢ W (G) s✉❝❤ t❤❛t x ∈ Vbcc(w)✳

❆ ✈❡rt❡① ♦❢ G ❤❛s ❞❡❣r❡❡ ❛t ❧❡❛st 2 ✐♥ BC(G) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ s❡♣❛r❛t✐♥❣ ✈❡rt❡① ✐♥ G✳

❉❡✜♥✐t✐♦♥ ✾✳✶✻ ✭Pr♦❜❧❡♠❛t✐❝ ❇✐❝♦♥♥❡❝t❡❞ ❈♦♠♣♦♥❡♥ts✮ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤
❛♥❞ ❧❡t BC(G) ❜❡ ✐ts r♦♦t❡❞ tr❡❡✳ ❚❤❡ ✉♥✐q✉❡ ♣❛t❤ ✐♥ BC(G) ❜❡t✇❡❡♥ 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞
y ✐♥ VG ✐s ❞❡♥♦t❡❞ ❜② p(x, y)✳ ❋♦r ❛ s✉❜s❡t X ♦❢ VG ❛♥❞ t✇♦ ✈❡rt✐❝❡s x ❛♥❞ y ✐♥ VG − X✱ ✇❡
s❛② t❤❛t ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G ✐s ♣r♦❜❧❡♠❛t✐❝ ❢♦r (x, y,X) ✐❢ bcc−1(C) ✐s ♦♥ t❤❡ ♣❛t❤
p(x, y) ❛♥❞ C ❝♦♥t❛✐♥s ❛t ❧❡❛st 2 ✈❡rt✐❝❡s ♦❢ X✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳

▲❡♠♠❛ ✾✳✾ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t x, y ∈ VG ❛♥❞ X ⊆ VG−{x, y}✳ ❲❡ ❞❡♥♦t❡ ❜②
C1, . . . , Cm t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r (x, y,X) ❛♥❞ ❢♦r ❡✈❡r② 1 ≤ i ≤ m− 1✱
✇❡ ❧❡t xi ❜❡ ❛ ✈❡rt❡① ❜❡t✇❡❡♥ bcc−1(Ci) ❛♥❞ bcc−1(Ci+1) ✐♥ p(x, y)❀ ✇❡ ❧❡t x0 = x ❛♥❞ xm = y✳
❚❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② X ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r✿



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✽✶

✭❛✮ p(x, y) ❣♦❡s t❤r♦✉❣❤ s♦♠❡ z ∈ X ♦r✱

✭❜✮ t❤❡r❡ ❡①✐sts ❛♥ 1 ≤ i ≤ m s✉❝❤ t❤❛t t❤❡ ✈❡rt✐❝❡s xi−1 ❛♥❞ xi ❛r❡ s❡♣❛r❛t❡❞ ❜② X ∩ VCi
✐♥

G✳

❆s ❢♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✹ ✇❡ ✇✐❧❧ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹ ✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ s❡♣❛r❛t✐♥❣
✈❡rt✐❝❡s ❛♥❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❲❡ ❧❡t t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♥♦❞❡s ♦❢ BC(G) t❤❛t ❛r❡ MS✲❞❡✜♥❛❜❧❡✿

ϕ1(u1, u2, u3) =
∧

1≤i<j≤3

✏ui 6= uj✑ ∧
∧

1≤i≤3

V(ui) ∧ ✏p(u1, u2) ❣♦❡s t❤r♦✉❣❤ u3✑.

ϕ2(u1, u2, u3, u4, u5) =
∧

1≤i<j≤5

✏ui 6= uj✑ ∧
∧

i=1,2,4,5

V(ui) ∧ W(u3) ∧
∧

i=4,5

member(ui, u3) ∧

✏p(u1, u2) ❣♦❡s t❤r♦✉❣❤ u3✑.

❋♦r ❡✈❡r② x, y, z ∈ VG✱ t❤❡ ♣r♦♣❡rt② ϕ1(x, y, z) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ p(x, y) ❣♦❡s t❤r♦✉❣❤ z✳ ❆♥❞
❢♦r ❡✈❡r② x, y, z, t ∈ VG ❛♥❞ ❡✈❡r② u ∈ W (G)✱ t❤❡ ♣r♦♣❡rt② ϕ2(x, y, u, z, t) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧②
bcc(u) ✐s ❛ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❢♦r (x, y, {z, t})✳ ❖✉r ♥❡①t ❛✐♠ ✐s t♦ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ st❛t❡❞ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❉❡✜♥✐t✐♦♥ ✾✳✶✺ ❛♥❞ ▲❡♠♠❛ ✾✳✾✳

Pr♦♣♦s✐t✐♦♥ ✾✳✼ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❚❤❡r❡ ❡①✐sts ❛ log✲
❧❛❜❡❧✐♥❣ M0 ❢♦r t❤❡ ♣r♦♣❡rt✐❡s ϕ1, ϕ2, ≤ ❛♥❞ member ♦♥ G✳ ❖♥❡ ❝❛♥ ❛❧s♦ ❜✉✐❧❞ ❛ log✲❧❛❜❡❧✐♥❣
M ♦❢ G s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x, y ∈ VG ❛♥❞ X ⊆ VG✿

✶✳ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ❢r♦♠M(x),M(y) ❛♥❞M(X) ✇❤❡t❤❡r p(x, y) ❣♦❡s t❤r♦✉❣❤ s♦♠❡ z ∈ X✳
❖t❤❡r✇✐s❡✱

✷✳ ✐❢ C1, . . . , Cm ❛r❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r (x, y,X)✱ t❤❡♥ ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ ✐♥ O(|X2|)✲t✐♠❡ ❢r♦♠ M(x),M(y) ❛♥❞ M(X) t❤❡ ❧❛❜❡❧ M0(bcc

−1(Ci))✱ t❤❡
s❡ts M0(X ∩ VCi

) ❢♦r i ✐♥ [m] ❛♥❞ t❤❡ ❧❛❜❡❧s M0(x1), . . . ,M0(xm−1) ✇❤❡r❡ t❤❡ ✈❡rt✐❝❡s
x1, . . . , xm−1 ❛r❡ ❧❡❛❞❡rs ♦❢ s♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts s✉❝❤ t❤❛t
✭x0 = x, xm = y✮✿

Conn(x, y,X)⇐⇒
∧

1≤i≤m

Conn(xi−1, xi, X ∩ VCi
).

▼♦r❡♦✈❡r✱ t❤❡ ❧❛❜❡❧✐♥❣s M ❛♥❞ M0 ❛r❡ ❝♦♥str✉❝t❡❞ ✐♥ O(n · log(n))✲t✐♠❡✳

Pr♦♦❢✳ ❚❤❡ ♦r❞❡r ≤BC(G) ✐s ❞❡✜♥❛❜❧❡ ❜② ❛♥ MS ❢♦r♠✉❧❛ s✐♥❝❡ ✇❡ ❝❛♥ ❞❡✜♥❡ ❜② ❛♥ MS
❢♦r♠✉❧❛ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❜❡t✇❡❡♥ t✇♦ ♥♦❞❡s ♦❢ ❛ r♦♦t❡❞ ❢♦r❡st✳

◆♦t✐❝❡ t❤❛t |VBC(G)| ≤ 2|VG|✳ ❇② ❚❤❡♦r❡♠ ✼✳✹✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ log✲❧❛❜❡❧✐♥❣ Ki ♦❢ BC(G)
❢♦r ❡❛❝❤ ♣r♦♣❡rt② ϕi, 1 ≤ i ≤ 2✳ ❲❡ ❝❛♥ ❛❧s♦ ❝♦♥str✉❝t log✲❧❛❜❡❧✐♥❣s K3 ❛♥❞ K4 ❢♦r t❤❡
♣r♦♣❡rt✐❡s u1 ≤ u2 ❛♥❞ member(u1, u2) r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❡❛❝❤ ♥♦❞❡ u ✐♥ VBC(G)✱ ✇❡ ❧❡t
M0(u) = (K1(u),K2(u),K3(u),K4(u)) ❛♥❞ ❢♦r ❡❛❝❤ ✈❡rt❡① x ✐♥ VG✱ ✇❡ ❧❡t

M(x) =
(
M0(x),M0(mother(x)),M0(leader(mother(x)))

)
.



✶✽✷ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

✭■❢ x ✐s t❤❡ r♦♦t ✇❡ ♠❛r❦ t❤❡ ❧❛st t✇♦ ❝♦♠♣♦♥❡♥ts ❛s ✏✉♥❞❡✜♥❡❞✑✮✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❣✐✈❡♥ x
❛♥❞ y ✐♥ VG ❛♥❞ ❛ s✉❜s❡t X ♦❢ VG−{x, y}✱ ❤♦✇ t♦ ❝❤❡❝❦ t❤❡ st❛t❡♠❡♥ts ❜② ✉s✐♥❣M(x), M(y)
❛♥❞ M(X)✳

❋♦r ❡❛❝❤ z ∈ X✱ ❜② ✉s✐♥❣ t❤❡ K1✲♣❛rts ♦❢M0(x),M0(y)✱ ❛♥❞M0(z)✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✐❢ ϕ1(x, y, z)
❤♦❧❞s✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✇❤❡t❤❡r p(x, y) ❣♦❡s t❤r♦✉❣❤ s♦♠❡ ✈❡rt❡① ✐♥ X✳ ❚❤✐s t❡st t❛❦❡s
t✐♠❡ O(|X|)✳

❖t❤❡r✇✐s❡✱ ❧❡t C1, . . . , Cm ❜❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❝♦♠♣♦♥❡♥ts ❢♦r (x, y,X)✳ ❚❤❡ ♣❛t❤ p(x, y) ❝❛♥
❜❡ ♦❢ 3 ♣♦ss✐❜❧❡ t②♣❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ❤♦✇ ✐ts ♥♦❞❡s ❛r❡ r❡❧❛t❡❞ ✉♥❞❡r ≤B(G)❀ ✇❡ ❞❡♥♦t❡ ❜❡❧♦✇
<B(G) ❜② < ❢♦r r❡❛❞❛❜✐❧✐t②✳

❈❆❙❊ ✶✳ x < C1 < C2 < · · · < Cm < y ♦r t❤❡ s❛♠❡ ❜② ❝❤❛♥❣✐♥❣ < ✐♥t♦ >✱

❈❆❙❊ ✷✳ x < C1 < C2 < · · · < Cp > Cp+1 · · · > Cm > y✱

❈❆❙❊ ✸✳ x < C1 < C2 < · · · < Cp < w > Cp+1 · · · > Cm > y ✇❤❡r❡ w ✐s ❡✐t❤❡r ❛ ✈❡rt❡① ♦r ❛
❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t t❤❛t ✐s ♥♦t ♣r♦❜❧❡♠❛t✐❝✳

■♥ ❈❛s❡ ✶ ✇❡ ❧❡t xi ❜❡ t❤❡ ❧❡❛❞❡r ♦❢ Ci ❢♦r i = 1, . . . ,m− 1 ✭✐♥ t❤❡ ♦t❤❡r ✈❛r✐❛♥t ♦❢ ❈❛s❡ ✶ ✇❡
✐♥t❡r❝❤❛♥❣❡ x ❛♥❞ y✮✳ ❋♦r ❈❛s❡ ✷✱ ✇❡ ❧❡t xi ❜❡ t❤❡ ❧❡❛❞❡r ♦❢ Ci ❢♦r i = 1, . . . , p − 1 ❛♥❞ ✇❡
❧❡t xi ❜❡ t❤❡ ❧❡❛❞❡r ♦❢ Ci+1 ❢♦r i = p, . . . ,m− 1✳ ❋♦r ❈❛s❡ ✸✱ ✇❡ ❧❡t xi ❜❡ t❤❡ ❧❡❛❞❡r ♦❢ Ci ❢♦r
i = 1, . . . , p ❛♥❞ ✇❡ ❧❡t xi ❜❡ t❤❡ ❧❡❛❞❡r ♦❢ Ci+1 ❢♦r i = p+ 1, . . . ,m− 1✳

■❢ ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ✐s ❛ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t✱ ✐t ♠✉st ❜❡ t❤❡ ♠♦t❤❡r
♦❢ s♦♠❡ ✈❡rt❡① z ∈ X✳ ❚❤❡r❡❢♦r❡✱ ❢♦r ❡❛❝❤ ♣❛✐r (z, t) ∈ X × X✱ ❜② ✉s✐♥❣ t❤❡ K2✲♣❛rts
♦❢ M0(x),M0(y),M0(z),M0(t) ❛♥❞ M0(mother(z)) ✭r❡s♣✳ M0(mother(t))✮✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢
bcc(mother(z)) ✭r❡s♣✳ bcc(mother(t))✮ ✐s ❛ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❢♦r (x, y,X)✳
❲❡ ❝❛♥ t❤❡♥ ❞❡t❡r♠✐♥❡ t❤❡ s❡t Z = {M0(bcc

−1(Ci)) | i = 1, . . . ,m}✳

❇② ✉s✐♥❣ t❤❡ K3✲♣❛rts ♦❢ M0(x) ❛♥❞ M0(y)✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✇❤❡t❤❡r x < y ♦r y < x✱ ❤❡♥❝❡ ✇❡
❝❛♥ ✐❞❡♥t✐❢② ✐❢ ❈❛s❡ ✶ ❤♦❧❞s✳ ■t r❡♠❛✐♥s t♦ ✐❞❡♥t✐❢② ❈❛s❡s ✷ ❛♥❞ ✸✳ ❇② ✉s✐♥❣ t❤❡ K3✲♣❛rts ♦❢
M0(x),M0(y) ❛♥❞ t❤❡ s❡t Z ✇❡ ❝❛♥ ❝❤❡❝❦ ✇❤❡t❤❡r ❈❛s❡ ✷ ♦r ✸ ❤♦❧❞s✳ ■❢ ❈❛s❡ ✷ ♦r ❈❛s❡ ✸
❤♦❧❞s✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ Cp✳ ✭◆♦t✐❝❡ t❤❛t ✇✐t❤ ❈❛s❡ ✸ ✇❡ ❝❛♥♥♦t ❞❡t❡r♠✐♥❡ w✳✮

❲❡ ♥♦✇ s❤♦✇ ❤♦✇ t♦ ❞❡t❡r♠✐♥❡✱ ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Ci✱ t❤❡ ❧❛❜❡❧
M0(xi)✳ ❙✐♥❝❡ ❡❛❝❤ ❝♦♠♣♦♥❡♥t Ci ✐s ♣r♦❜❧❡♠❛t✐❝ ✇❡ ❦♥♦✇ ❛t ❧❡❛st ♦♥❡ z ∈ X ∩ VCi

s✉❝❤ t❤❛t
Ci = bcc(mother(z))✳ ❙✐♥❝❡ M(z) ❝♦♥t❛✐♥s M0(leader(mother(z))) ❢♦r ❡❛❝❤ z ∈ X ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ t❤❡ ❧❡❛❞❡rs ♦❢ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❝♦♠♣♦♥❡♥ts✱ ✇❤❡♥❝❡ t❤❡ ❞❡s✐r❡❞ ❧✐sts x1, . . . , xm−1

❛♥❞ M0(x1), . . . ,M0(xm−1)✳

■t r❡♠❛✐♥s t♦ ❞❡t❡r♠✐♥❡ ❢♦r ❡❛❝❤ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t Ci✱ t❤❡ s❡tM0(X∩VCi
)✳

❇② ❞❡✜♥✐t✐♦♥✱ ✐❢ Ci = bcc(mother(z)) ❢♦r s♦♠❡ z ∈ X✱ t❤❡♥ X∩VCi
✐s t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts t ∈ X

s✉❝❤ t❤❛t member(t,mother(z))✳ ❇② ✉s✐♥❣ t❤❡ K4✲♣❛rts ♦❢ M0(t) ❛♥❞ ♦❢ M0(mother(z))✱ ✇❡
❝❛♥ ❞❡t❡r♠✐♥❡ ✇❤❡♥ member(t,mother(z)) ❞♦❡s ❤♦❧❞✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✽✸

❘❡♠❛r❦ ✾✳✸ ❲✐t❤ Pr♦♣♦s✐t✐♦♥ ✾✳✼ ✇❡ ♦♥❧② ❤❛✈❡ t❤❡ ❧❛❜❡❧sM0(xi) ♦❢ t❤❡ xi✬s✳ ❍♦✇❡✈❡r✱ ✇❡ ✇❛♥t
t♦ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✾✳✼ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❣✐✈❡s ✉s ♦t❤❡r ❧❛❜❡❧s ✭t②♣✐❝❛❧❧② s♦♠❡ ✐♥❞✐❝❡s ✐♥ t❤❡
♣❧❛♥❡✱ t♦ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✮ ♦❢ t❤❡ xi✬s ❛♥❞ ♥♦t ♦♥❧② t❤❡✐r ❧❛❜❡❧s M0✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ ✉s❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✳ ■❢ J : VG → L ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣♣✐♥❣✱ t❤❡♥ ✇❡ ❧❡t ❢♦r ❡✈❡r② x ✐♥ VG

M [J ](x) =
(
J(x),M0(x),M0(mother(x)),M0(leader(mother(x))), J(leader(mother(x)))

)
.

■t ✐s ❝❧❡❛r t❤❛t ❜② ✉s✐♥❣ t❤❡ ❧❛❜❡❧✐♥❣ M [J ] ✐♥st❡❛❞ ♦❢ M ✇❡ ❞❡t❡r♠✐♥❡ ❝❧❡❛r❧② t❤❡ ❧❛❜❡❧s
(M0(xi), J(xi)) ♦❢ t❤❡ xi✬s ❛♥❞ ✐❢✱ ❢♦r ❡✈❡r② x✱ ✇❡ ❤❛✈❡ |J(x)| ≤ O(f(|VG|)) ❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ f ✱
t❤❡♥ |M [J ](x)| ≤ O(log(|VG|) + f(|VG|))✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❧❛❜❡❧ t❤❡ ✈❡rt✐❝❡s s♦ t❤❛t ✇❡ ❝❛♥ ✈❡r✐❢② Conn(xi−1, xi, X ∩VCi
) ❢♦r

❡❛❝❤ i✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✾✳✼✳ ■t ✐s ❝❧❡❛r t❤❛t Conn(xi−1, xi, X∩VCi
)

❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ Conn(x′i−1, x
′
i, X∩VCi

) ❤♦❧❞s ✇❤❡r❡ x′i−1✱ ❞❡♥♦t❡❞ ❜② AttG(xi−1, C)✱ ✐s t❤❡
✜rst ✈❡rt❡① ♦❢ C ♠❡t ❜② p(xi−1, bcc

−1(C)) ✐♥ BC(G) ❛♥❞ s✐♠✐❧❛r❧② ❢♦r x′i = AttG(xi, C)✳ ◆♦t❡
t❤❛t ❢♦r ❡❛❝❤ ✈❡rt❡① xi t❤❡ ✈❡rt❡① AttG(xi, C) ✐s ❛ s❡♣❛r❛t✐♥❣ ✈❡rt❡① ♦❢ G✳ ❚❤❡♥ ✇❡ ♥❡❡❞ ❢♦r
❡❛❝❤ x ❛♥❞ ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G✱ t♦ ❜❡ ❛❜❧❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❡rt❡① AttG(x,C)✳
❖♥❡ ✇❛② ❢♦r ❞♦✐♥❣ t❤❛t ✐s t♦ st♦r❡ t❤❡ s❡t ♦❢ s❡♣❛r❛t✐♥❣ ✈❡rt✐❝❡s ♦❢ ❡❛❝❤ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t
C ❛♥❞ ❣✐✈❡♥ x✱ t❡st ✐❢ ♦♥❡ ♦❢ t❤❡ s❡♣❛r❛t✐♥❣ ✈❡rt✐❝❡s ♦❢ C ✐s ❡q✉❛❧ t♦ AttG(x,C)✳ ❍♦✇❡✈❡r✱ ❛
❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♠❛② ❤❛✈❡ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ s❡♣❛r❛t✐♥❣ ✈❡rt✐❝❡s ❛♥❞ ✇❡ ❝❛♥♥♦t
❡♥❝♦❞❡ t❤❡♠ ❛s ❛ ✜♥✐t❡ ❧✐st ♦❢ ❜♦✉♥❞❡❞ s✐③❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ t❛❦❡ t❤❡ r♦♦t❡❞ tr❡❡
❛♥❞ ❢✉s❡ t❤❡ ❧❛❜❡❧❡❞ tr❡❡s T ∗(C) ♦❢ ❛❧❧ t❤❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ G✳ ❚❤❡♥ ✇❡ ❞✐st✐♥❣✉✐s❤
t❤❡ t✇♦ ❝❛s❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✻✿

✶✳ ✇❡ ✉s❡ ❧♦❣✐❝❛❧ t♦♦❧s ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❝❛s❡ ✇❤❡r❡ AttG(xi−1, C) ❛♥❞ AttG(xi, C)
❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ♣♦❧❛r ♣❛✐r ✐♥ Xi ×Xi ✇❤❡r❡ Xi = X ∩ VCi

✳ ■❢ ♥♦t✱

✷✳ ✇❡ ♣r♦✈❡ t❤❛t xi−1 ❛♥❞ xi ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X ∩ VCi
) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡

s❡♣❛r❛t❡❞ ❜② X ∩ VCi
✳

❚❤❡r❡❢♦r❡✱ ✇❡ ♥♦ ♠♦r❡ ♥❡❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❡rt✐❝❡s AttG(x,C)✳ ❲❡ ♥❡❡❞ ♥♦✇ ❞❡✜♥✐t✐♦♥s
❛♥❞ ♥♦t❛t✐♦♥s✳ ▲❡t ✉s ✜rst s❤♦✇ ❤♦✇ t♦ ❝♦♠❜✐♥❡ t❤❡ tr❡❡s T ∗(C)✳

❉❡✜♥✐t✐♦♥ ✾✳✶✼ ✭❚❤❡ ❘❡♣r❡s❡♥t✐♥❣ ❚r❡❡ BT ∗(G)✮ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤
❛♥❞ ❧❡t BC(G) ❜❡ ✐ts r♦♦t❡❞ tr❡❡✳ ❋♦r ❡❛❝❤ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G ✇❡ ❧❡t n(C) ❜❡
leader(bcc−1(C)) ❛♥❞ ❝❤♦♦s❡ ❛ ✈❡rt❡① ♦❢ C ❛❞❥❛❝❡♥t ✇✐t❤ n(C)✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② s(C)✳ ❊❛❝❤
❜✐✲❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G ✐s tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ✇✐t❤ ◆♦rt❤ ♣♦❧❡ n(C)
❛♥❞ ❙♦✉t❤ ♣♦❧❡ s(C)✳

❋♦r ❡❛❝❤ C ∈ Bcc(G) ✇❡ ❧❡t T ∗(C) ❜❡ t❤❡ ❧❛❜❡❧❡❞ tr❡❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡
♦❢ t❤❡ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤ C✳ ■❢ C ✐s r❡❞✉❝❡❞ t♦ ❛ s✐♥❣❧❡ ❡❞❣❡ s(G) → n(G)✱ ✇❡

❧❡t T ∗(C) ❜❡ t❤❡ tr❡❡ s(G)
1← N

2→ n(G)✳

❲❡ ❞❡✜♥❡ BT ∗(G)✱ ❝❛❧❧❡❞ t❤❡ r❡♣r❡s❡♥t✐♥❣ tr❡❡ ♦❢ G✱ ❛s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ tr❡❡s T ∗(C) ❢♦r ❛❧❧
C ∈ Bcc(G)✳ ❚❤❡s❡ tr❡❡s ❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t❤❡ ♥♦❞❡s t❤❛t ❛r❡ ✈❡rt✐❝❡s ♦❢ G✳ ❲❡ ❧❡t Root(C) ❜❡
t❤❡ r♦♦t ♦❢ T ∗(C)✳ ■t ✐s ♥♦t ✐♥ VG✳

❚❤❡ tr❡❡ BT ∗(G) ❞❡♣❡♥❞s ♥♦t ♦♥❧② ♦♥ t❤❡ ❝❤♦s❡♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ BC(G) ❜✉t ❛❧s♦ ♦♥ t❤❡
❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s ♦❢ t❤❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❲❡ ✐❧❧✉str❛t❡ ❉❡✜♥✐t✐♦♥ ✾✳✶✼ ✇✐t❤ ❊①❛♠✲
♣❧❡ ✾✳✽✳



✶✽✹ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❊①❛♠♣❧❡ ✾✳✽ ▲❡t W ❜❡ t❤❡ ❞✐r❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ ♦❢ ❋✐❣✉r❡ ✸✼✳ ■ts ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❛r❡
❜✐♣♦❧❛r✳ ▲❡tt✐♥❣ g3 ♠❛♣ 4 t♦ 14 ✭♥♦t❡ ✐♥ ♦✉r ❡①❛♠♣❧❡ ♥♦ ♦t❤❡r ✈❛❧✉❡ ♦❢ g3 ❛♥❞ ♥♦ ♦t❤❡r ❢✉♥❝t✐♦♥
g4, . . . , g8 ❛r❡ ♥❡❡❞❡❞✮✱ ✐ts tr❡❡ BT ∗(G) ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✸✽✳
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❋✐❣✉r❡ ✸✽✿ ❚❤❡ tr❡❡ BT ∗(G) ♦❢ t❤❡ ❣r❛♣❤ ♦♥ ❋✐❣✉r❡ ✸✼✳

❲❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ BT ∗(G)✳

▲❡♠♠❛ ✾✳✶✵ ▲❡t G ❜❡ ❛ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ ❧❡t BT ∗(G) ❜❡ ✐ts r❡♣r❡s❡♥t✐♥❣ tr❡❡✳ ❚❤❡♥✿

✭✐✮ ❚❤❡ ❣r❛♣❤ BT ∗(G) ✐s ❛ ❞✐r❡❝t❡❞ tr❡❡✳

✭✐✐✮ ❚❤❡ ♥♦❞❡s ♦❢ BT ∗(G) ❧❛❜❡❧❡❞ ❜② V ❛r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳

✭✐✐✐✮ ❚❤❡ ♥♦❞❡s ♦❢ BT ∗(G) ♦❢ ✐♥❞❡❣r❡❡ 0 ❛r❡ ✐♥ ❜✐❥❡❝t✐♦♥ ❜② ❛ ❢✉♥❝t✐♦♥✱ t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②
Root✱ ✇✐t❤ Bcc(G) ❛♥❞ t❤✉s ✇✐t❤ W (G)✳



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✽✺

✭✐✈✮ ❋♦r ❡❛❝❤ C ∈ Bcc(G), n(C) ✐s t❤❡ ✉♥✐q✉❡ ✈❡rt❡① x s✉❝❤ t❤❛t Root(C)
2→ x ✐♥ BT ∗(G)

❛♥❞ s(C) ✐s t❤❡ ✉♥✐q✉❡ ✈❡rt❡① y s✉❝❤ t❤❛t Root(C)
1→ y✳ ❚❤❡ ♥♦❞❡s ♦❢ T ∗(C) ❛r❡ t❤❡

♥♦❞❡s ♦❢ BT ∗(G) ❛❝❝❡ss✐❜❧❡ ❢r♦♠ Root(C) ❜② ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❛♥❞ T ∗(C) ✐s t❤❡ s✉❜✲tr❡❡
♦❢ BT ∗(G) ✐♥❞✉❝❡❞ ♦♥ t❤✐s s❡t✳

✭✈✮ ❚❤❡ tr❡❡ BT ∗(G) ❤❛s O(n) ♥♦❞❡s✳

Pr♦♦❢✳ ❆❧❧ t❤❡s❡ ❢❛❝ts ❛r❡ ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s✳

❲❡ ♥♦✇ ❞❡✜♥❡ ❢♦r♠❛❧❧② t❤❡ ✈❡rt❡① AttG(x,C) ❢♦r ❡✈❡r② ✈❡rt❡① x ♦❢G ❛♥❞ ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t C ♦❢ G✳

❉❡✜♥✐t✐♦♥ ✾✳✶✽ ✭❆tt❛❝❤♠❡♥t ❱❡rt✐❝❡s✮ ❋♦r ❡✈❡r② ✈❡rt❡① x ♦❢ G ❛♥❞ ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠✲
♣♦♥❡♥t C ♦❢ G✱ ✇❡ ❧❡t

AttG(x,C) =





x ✐❢ x ∈ C,
x′ ✐❢ x /∈ C ❛♥❞ x′ ✐s t❤❡ ✉♥✐q✉❡ ✈❡rt❡① ♦❢ C

♦♥ t❤❡ ♣❛t❤ ✐♥ BC(G) t❤❛t ❧✐♥❦s x ❛♥❞ bcc−1(C).

■♥ ♦t❤❡r ✇♦r❞s AttG(x,C) ✐s t❤❡ ✜rst ✈❡rt❡① ♦❢ C ♦♥ ❛♥② ♣❛t❤ ✐♥ G ❢r♦♠ x t♦ s♦♠❡ ✈❡rt❡①
♦❢ C✳ ❲❡ ♦♠✐t t❤❡ s✉❜✲s❝r✐♣t ✇❤❡♥ ♥♦♥ ♥❡❝❡ss❛r②✳ ❲❡ ✜rst ♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ st❛t❡ ✐♥ BT ∗(G)
t❤❛t ❛ ✈❡rt❡① x′ ✐s AttG(x,C)✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ r♦♦t❡❞ tr❡❡ BC(G) ♦❢ G
❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ BT ∗(G) ❜② ❛♥ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ ✭MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡s ❛r❡ ❞❡✜♥❡❞
✐♥ ❙❡❝t✐♦♥ ✶✳✹✮✳

▲❡♠♠❛ ✾✳✶✶ ❋♦r ❡✈❡r② ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ G t❤❡ r♦♦t❡❞ tr❡❡ BC(G) ♦❢ G ❝❛♥ ❜❡ ❞❡✜♥❡❞
❢r♦♠ t❤❡ r❡♣r❡s❡♥t✐♥❣ tr❡❡ BT ∗(G) ♦❢ G ❜② ❛♥ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡✳

Pr♦♦❢✳ ▲❡t BT ∗(G) ❜❡ t❤❡ r❡♣r❡s❡♥t✐♥❣ tr❡❡ ♦❢ G ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤✳ ▲❡t D =
(ψ, θV, θW, θmember, θroot, θ≤) ❜❡ t❤❡ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ ✇❤❡r❡✿

ψ(u) = ✏u ❤❛s ✐♥❞❡❣r❡❡ 0✑ ∨V(u)

θV(u) = V(u)

θW(u) = ✏u ❤❛s ✐♥❞❡❣r❡❡ 0✑

θroot(u) = ✏♠❛①✐♠❛❧ ❡❧❡♠❡♥t ♦❢ t❤❡ r❡✢❡①✐✈❡ ❛♥❞ tr❛♥s✐t✐✈❡ ❝❧♦s✉r❡ ♦❢ <0✑

θmember(u1, u2) = ✏u2 ❤❛s ✐♥❞❡❣r❡❡ 0✑ ∧V(u1)

∧ ✏t❤❡r❡ ❡①✐sts ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ u2 t♦ u1

θ≤(u1, u2) = u1 = u2 ∨ u1 <
∗
0 u2

✇❤❡r❡ ❢♦r ❛❧❧ ♥♦❞❡s u, v ♦❢ BT ∗(G)✱

u <0 v ✐❢ ❛♥❞ ♦♥❧② ✐❢
(
θW(u) ∧ θV(v) ∧ u 2→ v) ∨ (member(u, v) ∧ ¬(v 2→ u)

)
.

■t ✐s ❝❧❡❛r t❤❛t D ✐s ❛♥ MS✲❞❡✜♥✐t✐♦♥ s❝❤❡♠❡ t❤❛t ❞❡✜♥❡s BC(G)✳



✶✽✻ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

▲❡♠♠❛ ✾✳✶✶ ❝♦♠❜✐♥❡❞ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✶✳✸ s❛②s t❤❛t ❡✈❡r② MS ❢♦r♠✉❧❛ ϕ ♦♥ BC(G) ❝❛♥
❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❛♥ MS ❢♦r♠✉❧❛ ϕ# ♦♥ BT ∗(G) s✉❝❤ t❤❛t ϕ ❤♦❧❞s ✐♥ BC(G) ✐❢ ❛♥❞ ♦♥❧② ✐❢
ϕ# ❤♦❧❞s ✐♥ BT ∗(G)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✾✳✷ ❚❤❡ ♣r♦♣❡rt✐❡s ϕ1, ϕ2,≤ ❛♥❞ member ♦♥ r♦♦t❡❞ tr❡❡s ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦
MS q✉❡r✐❡s ♦♥ r❡♣r❡s❡♥t✐♥❣ tr❡❡s✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② ϕ#

1 , ϕ
#
2 ,≤# ❛♥❞ member#✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t x′ = AttG(x,C) ✐s ❞❡✜♥❛❜❧❡ ❜② ❛♥ MS ❢♦r♠✉❧❛ ♦♥ BT ∗(G)✳

▲❡♠♠❛ ✾✳✶✷ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ ❧❡t BT ∗(G) ❜❡ t❤❡ r❡♣r❡s❡♥t✐♥❣ tr❡❡ ♦❢
G✳ ❚❤❡r❡ ❡①✐sts ❛♥ MS ❢♦r♠✉❧❛ α(u1, u2, u3) r❡❧❛t✐✈❡ t♦ BT ∗(G) s✉❝❤ t❤❛t ❢♦r ❛♥② ♥♦❞❡s
u, u′ ❛♥❞ w ♦❢ BT ∗(G)✱ ✇❡ ❤❛✈❡ BT ∗(G) |= α(u, u′, w) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u, u′ ❛r❡ ✈❡rt✐❝❡s ♦❢ G✱
w = Root(C) ❢♦r s♦♠❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G ❛♥❞ u′ = AttG(u,C)✳

Pr♦♦❢✳ ❲❡ ❧❡t α(u1, u2, u3) ❡①♣r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣✿ u1 ❛♥❞ u2 ❛r❡ ❧❛❜❡❧❡❞ ❜② V✱ w ❤❛s
✐♥✲❞❡❣r❡❡ 0✱ t❤❡r❡ ✐s ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ w t♦ u2 ❛♥❞ ❡✐t❤❡r u1 = u2 ♦r t❤❡r❡ ✐s ❛♥ ✉♥❞✐r❡❝t❡❞
♣❛t❤ ❜❡t✇❡❡♥ u1 ❛♥❞ u2 ❝♦♥t❛✐♥✐♥❣ ❛♥ ❛r❝ y → u2 t❤❛t ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ ♣❛t❤ ❢r♦♠ w t♦
u2✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ AttG(x,C) t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝❧❡❛r❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❞✐t✐♦♥
u2 = AttG(u1, C) ✇❤❡r❡ u3 = Root(C)✳

❊①❛♠♣❧❡ ✾✳✾ ❲❡ ❝♦♥s✐❞❡r t❤❡ tr❡❡ ♦♥ ❋✐❣✉r❡ ✸✽✳ ❚❤❡ ♥♦❞❡s ♠❛r❦❡❞ ❜② I, . . . , V II ❛r❡ t❤♦s❡ ♦❢
t❤❡ ❢♦r♠ Root(C)✳ ❲❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r 10 = Att(2, C) = Att(6, C) = Att(5, C) = Att(10, C)
✇❤❡r❡ ❱■■❂Root(C)✳ ❚❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ α ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ♦♥ t❤❡s❡ ❡①❛♠♣❧❡s✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡ ♣r♦♣❡rt② ✏x′ = AttG(x,C) ❛♥❞ y′ = AttG(y, C) ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛
♣♦❧❛r ♣❛✐r ✐♥ VC✑ ✐s ❞❡✜♥❛❜❧❡ ❜② ❛♥ MS ❢♦r♠✉❧❛ ✐♥ BT ∗(G)✳ ❋♦r ♥♦❞❡s u1, u2, u3, u4 ❛♥❞ u5

✇❡ ❧❡t pps1(u1, u2, u3, u4, u5) ♠❡❛♥✿

✏u5 = Root(C) ❢♦r s♦♠❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ❛♥❞ (u1, u2) ✐s ❛ ♣♦❧❛r ♣❛✐r ♦❢
C s❡♣❛r❛t✐♥❣ u3 ❛♥❞ u4✳✑

❲❡ ❧❡t pps′(u1, u2, u5) ❜❡ t❤❡ ♣r♦♣❡rt②✿

∃u3∃u4

(
α(u1, u3, u5) ∧ α(u2, u4, u5) ∧ pps1(u1, u2, u3, u4, u5)

)

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r♦♣❡rt② pps′(z, t, x, y, w) ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ (z, t) ✐s ❛ ♣♦❧❛r ♣❛✐r ♦❢ bcc(w)
s❡♣❛r❛t✐♥❣ AttG(x, bcc(w)) ❛♥❞ AttG(y, bcc(w))✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣
t❤❛t ✈❡r✐✜❡s t❤❡ st❛t❡♠❡♥ts ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✼ ❛♥❞ t❤❛t ✐s ❢✉rt❤❡r♠♦r❡✱ ❛ log✲❧❛❜❡❧✐♥❣ ❢♦r pps′✳

Pr♦♣♦s✐t✐♦♥ ✾✳✽ ▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t BT ∗(G) ❜❡ ✐ts
r❡♣r❡s❡♥t✐♥❣ tr❡❡✳ ❚❤❡r❡ ❡①✐st log✲❧❛❜❡❧✐♥❣s R0 ❛♥❞ R ♦♥ BT ∗(G) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② x, y ✐♥
VG ❛♥❞ ❡✈❡r② s✉❜s❡t X ♦❢ VG − {x, y}✿

✭✐✮ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ❢r♦♠ R0(x), R0(y) ❛♥❞ R0(X) ✇❤❡t❤❡r p(x, y) ❣♦❡s t❤r♦✉❣❤ s♦♠❡ z ∈
X✳ ❖t❤❡r✇✐s❡✱



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✽✼

✭✐✐✮ ✐❢ C1, . . . , Cm ❛r❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r (x, y,X)✱ t❤❡♥ ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ ✐♥ O(|X2|)✲t✐♠❡ ❢r♦♠ R0(x), R0(y) ❛♥❞ R0(X) t❤❡ ❧❛❜❡❧ R0(bcc

−1(Ci))✱ t❤❡
s❡ts R0(X ∩ VCi

) ❢♦r i ∈ [m] ❛♥❞ R0(x1), . . . , R0(xm−1) ✇❤❡r❡ t❤❡ ✈❡rt✐❝❡s x1, . . . , xm−1

❛r❡ ❧❡❛❞❡rs ♦❢ s♦♠❡ ♦❢ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts s✉❝❤ t❤❛t ✭x0 = x, xm =
y✮✿

Conn(x, y,X)⇐⇒
∧

1≤i≤m

Conn(xi−1, xi, X ∩ VCi
).

✭✐✐✐✮ ❋♦r ❡❛❝❤ i ∈ [m]✱ ❜② ✉s✐♥❣ R0(xi−1), R0(xi), R0(bcc
−1(Ci)) ❛♥❞ R0(X ∩ VCi

)✱ ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ ✐♥ O(|X|2)✲t✐♠❡ ✇❤❡t❤❡r AttG(xi−1, Ci) ❛♥❞ AttG(xi, Ci) ❛r❡ s❡♣❛r❛t❡❞ ❜②
s♦♠❡ ♣♦❧❛r ♣❛✐r ✐♥ (X ∩ VCi

)2✳

▼♦r❡♦✈❡r✱ t❤❡ ❧❛❜❡❧✐♥❣s R0 ❛♥❞ R ❛r❡ ❝♦♥str✉❝t❡❞ ✐♥ O(n · log(n))✲t✐♠❡✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G✱ t❤❡ ❧❛❜❡❧❡❞ tr❡❡ T ∗(C) ✐s t❤❡ ✉♥✐♦♥ ♦❢
❞✐r❡❝t❡❞ ♣❛t❤s ✐♥ BT ∗(G) ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ Root(C)✳ ❚❤❡♥ t❤❡ s❡t ♦❢ ♥♦❞❡s ♦❢ T ∗(C) ✐s MS✲
❞❡✜♥❛❜❧❡ ✐♥ BT ∗(G)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ q✉❡r② pps1 ♦♥ C ❝❛♥ ❜❡ tr❛♥s❧❛t❡❞ ✐♥t♦ ❛ q✉❡r② pps#1
♦♥ BT ∗(G) ✭Pr♦♣♦s✐t✐♦♥ ✶✳✸✮✱ ❤❡♥❝❡ t❤❡ q✉❡r② pps′ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ❛♥ MS ❢♦r♠✉❧❛ ✐♥
BT ∗(G)✳ ❇② ❚❤❡♦r❡♠ ✼✳✹✱ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ ❢♦r t❤❡ ♣r♦♣❡rt✐❡s ≤#,member#, ϕ#

1 , ϕ
#

❛♥❞ pps#1 ✳ ❋♦r ❡❛❝❤ ✈❡rt❡① x ✐♥ VG✱ ✇❡ ❧❡t

R(x) =
(
R0(x), R0(mother(x)), R0(leader(mother(x)))

)
.

■❢ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ G✱ t❤❡ ❧❛❜❡❧✐♥❣ R0 ✐s ❝♦♥str✉❝t❡❞ ✐♥ O(n · log(n))✲t✐♠❡✱ ❤❡♥❝❡
t❤❡ ❧❛❜❡❧✐♥❣ R ✭❚❤❡♦r❡♠ ✼✳✹✮✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t |R(x)| ≤ O(log(n)) ❢♦r ❡✈❡r② x ✐♥ VG✳ ❲❡
♥♦✇ ❡①♣❧❛✐♥ ❣✐✈❡♥ R(x), R(y) ❛♥❞ R(X) ❤♦✇ t♦ ✈❡r✐❢② t❤❡ st❛t❡♠❡♥ts ✭✐✮✲✭✐✐✐✮✳

❇② ▲❡♠♠❛ ✾✳✶✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✾✳✼✱ ❜② ✉s✐♥❣ R(x), R(y) ❛♥❞ R(X) ✇❡ ❝❛♥ ✈❡r✐❢② t❤❡
st❛t❡♠❡♥ts ✭✐✮✲✭✐✐✮✳ ❚❤❡ ❧❛❜❡❧ R0(x) ❝♦♥t❛✐♥s ❛ log✲❧❛❜❡❧✐♥❣ ❢♦r pps′✳ ❚❤❡♥ ❜② ✉s✐♥❣
R0(xi−1), R0(xi) ❛♥❞ R0(X ∩ VCi

)✱ ✇❡ ❝❛♥ ✈❡r✐❢② st❛t❡♠❡♥t ✭✐✐✐✮✳

■t r❡♠❛✐♥s t♦ ❧❛❜❡❧ t❤❡ ✈❡rt✐❝❡s ✐♥ ♦r❞❡r t♦ ❛♥s✇❡r q✉❡r✐❡s Conn(x, y,X) ✇❤❡♥ X ✐s ❝♦♥✲
t❛✐♥❡❞ ✐♥ ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ❛♥❞ X ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♣♦❧❛r ♣❛✐r ♦❢ C t❤❛t s❡♣❛r❛t❡s
x ❛♥❞ y✳ ❋♦r t❤❛t ♣✉r♣♦s❡s ✇❡ ✇✐❧❧ ❛❞❛♣t t❤❡ ♥♦t✐♦♥ ♦❢ ❜❛rr✐❡rs ❛♥❞ r❡❞✉❝❡ s✉❝❤ ❝♦♥♥❡❝t✐✈✐t②
q✉❡r✐❡s t♦ t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ✐♥ t❤❡ ♣❧❛♥❡ ❛s ✐♥ ❙❡❝t✐♦♥s ✾✳✹ ❛♥❞ ✾✳✺✳

❉❡✜♥✐t✐♦♥ ✾✳✶✾ ✭❆✉❣♠❡♥t❡❞ ●r❛♣❤s ♦❢ ❇✐❝♦♥♥❡❝t❡❞ ❈♦♠♣♦♥❡♥ts✮ ❋♦r ❡✈❡r② ❣r❛♣❤
H✱ ✇❡ ❧❡t Spl(H) = 〈VH , E

′ 〉 ✇❤❡r❡ E′ = {xy | x, y ∈ VH ❛♥❞ x ❛♥❞ y ❛r❡ ❛❞❥❛❝❡♥t ✐♥ H}✳
❋♦r ❡✈❡r② ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ G✱ ✇❡ ❧❡t G− = Spl(G+) ✇❤❡r❡ G+ ✐s t❤❡ ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ ♦❢
G✳

❋♦r ❡✈❡r② ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ G ❛♥❞ ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G✱ ✇❡ ❧❡t FG(C)
❜❡ t❤❡ s❡t {f ∈ FG | t❤❡r❡ ❡①✐st x, y ∈ VC ❛♥❞ xy ∈ EC ❛♥❞ fx, fy ∈ EG+}✳

▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t G+ ❜❡ ✐ts ❛✉❣♠❡♥t❡❞ ❣r❛♣❤✳ ❋♦r ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t C ♦❢ G✱ ✇❡ ❧❡t E−(C) ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ E+ t♦ G−[VC ∪ FG(C)] ✇❤❡r❡ E+ ✐s ❛♥
❡♠❜❡❞❞✐♥❣ ♦❢ G+✳



✶✽✽ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❋♦r ❡✈❡r② ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ G ❛♥❞ ❡✈❡r② ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t C ♦❢ G✱ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡❧❛t❡s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ C+ ✇✐t❤ E−(C)✳

▲❡♠♠❛ ✾✳✶✸ ▲❡t G ❜❡ ❛ s✐♠♣❧❡ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t E+ ❜❡ ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ G+✳
❚❤❡♥ E−(C) ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ C+✳

Pr♦♦❢✳ ▲❡t E− ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ E+ t♦ G−✳ ■t ✐s ❝❧❡❛r t❤❛t E+ ❛♥❞ E− ❝♦✐♥❝✐❞❡ ✐♥ C ❛♥❞
❢♦r♠ ❛♥ ❡♠❜❡❞❞✐♥❣ E ′ ♦❢ C✳ ❊❛❝❤ ❢❛❝❡ f ∈ FG(C) ❞❡✜♥❡s ❛ ✉♥✐q✉❡ ❢❛❝❡ f ′ ♦❢ E ′✳ ❲❡ ❧❡t
α : FG(C)→ FC ❜❡ t❤❡ ♠❛♣♣✐♥❣ t❤❛t ♠❛♣s ❡✈❡r② ❢❛❝❡ f ∈ FG(C) ✐♥t♦ ❛ ❢❛❝❡ α(f)✳

❲❡ ✜rst ♣r♦✈❡ t❤❛t α ✐s ✐♥❥❡❝t✐✈❡✳ ❆ss✉♠❡ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❛♥❞ ❧❡t f1 ❛♥❞ f2 ❜❡ 2 ❞✐st✐♥❝t
❢❛❝❡s ✐♥ FG(C) s✉❝❤ t❤❛t α(f1) = α(f2)✳ ❚❤❡ ❜♦r❞❡r Γ ♦❢ f1 ✭❝♦♥s✐❞❡r❡❞ ❛s ❛ ❢❛❝❡ ♦❢ G✮
❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ♦❢ C ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ♥♦t ✐♥ C✱ t❤❛t s❡♣❛r❛t❡s f1 ❛♥❞ f2 ✐♥
E+ ❛♥❞ ❞♦❡s ♥♦t ✐♥ E− ✭s✐♥❝❡ ✇❡ ❛ss✉♠❡ f1 6= f2 ❛♥❞ α(f1) = α(f2)✮✳ ❍❡♥❝❡✱ Γ ❝♦♥t❛✐♥s ❛
♥♦♥❡♠♣t② ♣❛t❤ ✇✐t❤ ♥♦ ❡❞❣❡ ✐♥ C t❤❛t ❧✐♥❦s t✇♦ ❞✐st✐♥❝t ✈❡rt✐❝❡s ♦❢ C✱ ✐✳❡✳✱ t❤❡ ✉♥✐♦♥ ♦❢ t❤✐s
♣❛t❤ ❛♥❞ C ✐s ❛ 2✲❝♦♥♥❡❝t❡❞ s✉❜✲❣r❛♣❤ ♦❢ G✳ ❆ ❝♦♥tr❛❞✐❝t✐♦♥ ❜❡❝❛✉s❡ C ✐s ❛ ❜✐❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t✳ ■t ❢♦❧❧♦✇s t❤❛t α ✐s ✐♥❥❡❝t✐✈❡✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t α ✐s s✉r❥❡❝t✐✈❡✳ ▲❡t g ∈ FC ❛♥❞ ❧❡t E ′(g) ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦♣❡♥ s✉❜s❡t
♦❢ t❤❡ ♣❧❛♥❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ g ✐♥ t❤❡ ❡♠❜❡❞❞✐♥❣ E ′✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❡♠❜❡❞❞✐♥❣ ❜② E+ ♦❢ ❡❛❝❤
❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G ✐s ❡✐t❤❡r ✐♥ R2 − E ′(g) ♦r ✐♥ E ′(g) ∪ E ′(Γ) ✇❤❡r❡ Γ ✐s t❤❡ ❜♦r❞❡r
♦❢ g✳ ■t ✐s ❝❧❡❛r t❤❛t E ′(g) −⋃{E(D) | D ✐s ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G, D 6= C} ✐s E(f)
❢♦r s♦♠❡ ❢❛❝❡ f ∈ FG(C) ❛♥❞ t❤❛t g = α(f)✳ ❍❡♥❝❡✱ α ✐s ❛ ❜✐❥❡❝t✐♦♥✳

❲❡ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ❜② s❤♦✇✐♥❣ t❤❛t G−[VC ∪ FG(C)] ✐s s✐♠♣❧❡✳ ■♥ G+[VC ∪ FG(C)]
t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❡❞❣❡s ❜❡t✇❡❡♥ f ✭s✉❝❤ t❤❛t g = α(f) ❛s ❛❜♦✈❡✮ ❛♥❞ ❛ ✈❡rt❡① x ♦❢ G
✐❢ s♦♠❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t D ♦❢ G ✐s ❡♠❜❡❞❞❡❞ ❜② E+ ✐♥ E ′(g) ∪ E ′(Γ), Γ ✐s t❤❡
❜♦r❞❡r ♦❢ g ❛♥❞ ✐s s✉❝❤ t❤❛t VD ∩ VC = {x}✳ ■♥ G−[VC ∪ FG(C)] ♦♥❧② ♦♥❡ r❡♠❛✐♥s ✐♥ s✉❝❤ ❛
❝❛s❡ ❜❡t✇❡❡♥ f ❛♥❞ x✳ ❚❤❡♥ t❤❡ r❡str✐❝t✐♦♥ ♦❢ E+ t♦ G−[VC ∪FG(C)] ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ C+✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✾✳✶✸✳

❊①❛♠♣❧❡ ✾✳✶✵ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❣r❛♣❤ G+ ♦♥ ❋✐❣✉r❡ ✷✺✳ ■t ✐s ♥♦t s✐♠♣❧❡✳ ▲❡t G− ❜❡ ♦❜t❛✐♥❡❞
❜② ❞❡❧❡t✐♥❣ a ❛♥❞ c✱ ❛♥❞ ❧❡t E− ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❧❛♥❛r ❡♠❜❡❞❞✐♥❣✳ ▲❡t C ❜❡ t❤❡ ❜✐❝♦♥♥❡❝t❡❞
❝♦♠♣♦♥❡♥t ✇✐t❤ VC = {x, t, v}✳ ❚❤❡♥ t❤❡ r❡str✐❝t✐♦♥ ♦❢ E− t♦ G−[VC∪FG(C)] ✐s s❤♦✇♥ ♦♥ ❋✐❣✉r❡
✸✾✳ ■t ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ C+✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ r❡❞✉❝❡❞ ❜❛rr✐❡rs ❢♦r ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✳

❉❡✜♥✐t✐♦♥ ✾✳✷✵ ✭❘❡❞✉❝❡❞ ❇❛rr✐❡rs ❢♦r ❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s✮ ▲❡t G ❜❡ ❛ ❝♦♥✲
♥❡❝t❡❞ ♣❧❛♥❡ ❣r❛♣❤✱ ❧❡t G+ ❜❡ ✐ts ❛✉❣♠❡♥t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ❛♥❞ ❧❡t G− ❜❡ Spl(G+)✳ ❋♦r ❡✈❡r② 2
❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞ y ♦❢ G✱ ✇❡ ❧❡t

RBar({x, y}) =

{
Bar({x, y}) ∩ EG− ✐❢ x ❛♥❞ y ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st 2 ❢❛❝❡s,

{fx, fy | f = Select(x, y)} ♦t❤❡r✇✐s❡.

❋♦r ❡✈❡r② X ⊆ VG✱ ✇❡ ❧❡t RBar(X) =
⋃

x,y∈X

x 6=y

RBar({x, y})✳



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✽✾

x

t

v

b

A

❋✐❣✉r❡ ✸✾✿ ■❧❧✉str❛t✐♦♥ ♦❢ ❊①❛♠♣❧❡ ✾✳✶✵✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t❡s RBar(X) ❛♥❞ Bar(X) ✇❤❡♥ X ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠✲
♣♦♥❡♥t✳

▲❡♠♠❛ ✾✳✶✹ ▲❡t G ❜❡ ❛ ♣❧❛♥❡ ❣r❛♣❤ ❛♥❞ ❧❡t C ❜❡ ❛ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G✳ ▲❡t X ❜❡
❛ s✉❜s❡t ♦❢ VC ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ ✐♥ VG −X t❤❛t ❡✐t❤❡r ❜❡❧♦♥❣ t♦ VC ♦r ❛r❡ ❝♦♥♥❡❝t❡❞ t♦ VC

❜② ♣❛t❤s t❤❛t ❞♦ ♥♦t ❣♦ t❤r♦✉❣❤ X ❛♥❞ s✉❝❤ t❤❛t AttG(x,C) ❛♥❞ AttG(y, C) ❛r❡ ♥♦t s❡♣❛r❛t❡❞
❜② ❛ ♣♦❧❛r ♣❛✐r ♦❢ C ✐♥ X ×X✳ ❚❤❡♥ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ✐♥ G ❜② X ✐❢ ❛♥❞ ♦♥❧② ✐❢ p(x) ❛♥❞
p(y) ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X, E0) ✇❤❡r❡ E0 = (p, s) ✐s ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣ ♦❢ G−✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X, E0) ❛♥❞ ❧❡t ✉s ❡①t❡♥❞ E0 ✐♥t♦ ❛♥
❡♠❜❡❞❞✐♥❣ E+ ♦❢ G+ ✇✐t❤ ❡❞❣❡s ✐♥ EG+−EG− r❡♣r❡s❡♥t❡❞ ❜② ❝✉r✈❡ s❡❣♠❡♥ts s♦ t❤❛t E− = E0✳
■❢ x ❛♥❞ y ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜② RBar(X, E0)✱ t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X, E−)✱
❤❡♥❝❡ t❤❡② ❛r❡ ❛❧s♦ s❡♣❛r❛t❡❞ ❜② X ✐♥ G✳

❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❧❡t x ❛♥❞ y ❜❡ s❡♣❛r❛t❡❞ ❜② X ✐♥ G✳ ▲❡t x′ ✐♥ VC − X ❜❡ x
✐❢ x ∈ VC ♦r ❜❡ ❧✐♥❦❡❞ t♦ x ❜② ❛ ♣❛t❤ ❛✈♦✐❞✐♥❣ X✳ ▲❡t y′ ❜❡ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② ❢r♦♠ y✳
❈❧❡❛r❧②✱ x′ ❛♥❞ y′ ❛r❡ s❡♣❛r❛t❡❞ ✐♥ C ❜② X✳ ❍❡♥❝❡✱ t❤❡② ❛r❡ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜②
RBar(X, E−(C)) ✭Pr♦♣♦s✐t✐♦♥ ✾✳✻✳ ❇✉t ❜② ▲❡♠♠❛ ✾✳✶✸✱ E−(C) ✐s t❤❡ ❡♠❜❡❞❞✐♥❣ ♦❢ C+

❞❡✜♥❡❞ ❛s ❛ r❡str✐❝t✐♦♥ ♦❢ E0 = E−✳ ❍❡♥❝❡ x′ ❛♥❞ y′ ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X, E0) ✐♥ t❤❡
♣❧❛♥❡✳ ❊❛❝❤ ♦❢ t❤❡ t✇♦ ♣❛t❤s ❧✐♥❦✐♥❣ x t♦ x′ ❛♥❞ y t♦ y′ ❛✈♦✐❞s X✱ ❤❡♥❝❡ ✐s ✐♥ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠✲
♣♦♥❡♥t ♦❢ R2−RBar(X, E0)✳ ❍❡♥❝❡✱ x ❛♥❞ y ❛r❡ ❛❧s♦ s❡♣❛r❛t❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜② RBar(X, E0)✳

❲❡ ✐❧❧✉str❛t❡ ▲❡♠♠❛ ✾✳✶✹ ✇✐t❤ ❊①❛♠♣❧❡ ✾✳✶✶✳

❊①❛♠♣❧❡ ✾✳✶✶ ❲❡ ✉s❡ t❤❡ ❣r❛♣❤ W ♦❢ ❊①❛♠♣❧❡ ✾✳✽✳ ❋✐❣✉r❡ ✹✵ s❤♦✇s t❤❡ ❣r❛♣❤ W−✳ ❲❡
❤❛✈❡ FW = {A,B,C, . . . , F,G,H}✳ ❲❡ ❞♦ ♥♦t s❤♦✇ ✐♥ ❢✉❧❧ ❛❧❧ ❡❞❣❡s ✐♥❝✐❞❡♥t ✇✐t❤ A✳ ▲❡t
Z ❜❡ t❤❡ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ✇✐t❤ VZ = {1, 4, 5, 9, 14}, s(Z) = 9, n(Z) = 1✳ ❚❤❡♥ Z+

❝♦♥s✐sts ♦❢ Z ❛✉❣♠❡♥t❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❞❣❡s✿ A − 1, A − 5, A − 9, , C − 1, C − 5, C −
14, C − 4, D − 4, D − 14, D − 5, E − 4, E − 5, E − 9,H − 1,H − 4,H − 9✳ ■t ✐s ❝❧❡❛r t❤❛t
Z+ = W−[{1, 4, 5, 9, 14, A, C,D,E,H}]✳

▲❡t X = {1, 4, 5}✳ ❈♦♥❞✐t✐♦♥ ✭❛✮ ♦❢ ▲❡♠♠❛ ✾✳✾ s❤♦✇s t❤❛t 2 ❛♥❞ 3✱ ❛♥❞ 9 ❛♥❞ 14 ❛r❡ s❡♣❛r❛t❡❞
❜② X✳ ◆♦t❡ t❤❛t 4 ❛♥❞ 5 ❢♦r♠ ❛ //✲♣♦❧❛r ♣❛✐r✳ ❚❤❡② ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ 3 ❢❛❝❡s❀ 1 ❛♥❞ 4 ❢♦r♠ ❛❧s♦
❛ ♣♦❧❛r ♣❛✐r ❜✉t ♥♦t ❛ //✲♣♦❧❛r ♣❛✐r✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ ❚❤❡♦r❡♠ ✾✳✶✳



✶✾✵ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

4

312

5
14

7

8

9

10

11

6

13

12

B

A

C

D

E
F

G

H

❋✐❣✉r❡ ✹✵✿ ❆ ❣r❛♣❤ W−✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳✶✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ✇❤❡♥ ✇❡ ♦♥❧② ❡①❝❧✉❞❡ ✈❡rt✐❝❡s✳

▲❡t G ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ■❢ G ✐s m✲❢❛❝❡ ❜♦✉♥❞❡❞ 2✲❝♦♥♥❡❝t❡❞✱
❜② ❚❤❡♦r❡♠ ✾✳✷ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ J ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ G t❤❛t ✈❡r✐✜❡s
❛❧❧ t❤❡ st❛t❡♠❡♥ts✳ ■❢ G ✐s 2✲❝♦♥♥❡❝t❡❞✱ ❜② ❚❤❡♦r❡♠ ✾✳✹ t❤❡r❡ ❡①✐sts ❛ log✲❧❛❜❡❧✐♥❣ J ❢♦r
t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ G t❤❛t ✈❡r✐✜❡s ❛❧❧ t❤❡ st❛t❡♠❡♥ts✳ ❆ss✉♠❡ ♥♦✇ t❤❛t G ✐s ♥♦t
2✲❝♦♥♥❡❝t❡❞✳

❇② ❛ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ r♦♦t❡❞ tr❡❡ BC(G) ♦❢ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦✲
♥❡♥ts✳ ❲❡ ❝♦♥str✉❝t t❤❡ r❡♣r❡s❡♥t✐♥❣ tr❡❡ BT ∗(G) ✐♥ ❧✐♥❡❛r✲t✐♠❡ ✭❡❛❝❤ T ∗(C) ✐s ❝♦♠♣✉t❡❞
✐♥ t✐♠❡ ❧✐♥❡❛r ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ C ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ❛❧❧ C ✐s ❡①❛❝t❧② t❤❡
♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ G✱ ✇❤✐❝❤ ✐s ❛t ♠♦st 3n✮✳

❲❡ tr❛♥s❢♦r♠ G ✐♥t♦ ❛ ♣❧❛♥❡ ❣r❛♣❤ t❤❛t ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② G✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥str✉❝t G+✳
❲❡ ❧❡t G− = Spl(G+) ❛♥❞ ✇❡ ❞❡✜♥❡ ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣ E0 = (p, s) ♦❢ G− ❜② ❬❙❝❤✾✵❪✳
❊❛❝❤ ✈❡rt❡① ♦❢ G−✱ ✐✳❡✱ ❡❛❝❤ ❡❧❡♠❡♥t x ✐♥ VG ∪ FG✱ ❤❛s ❛ ♣❛✐r ♦❢ ✐♥t❡❣❡r ❝♦♦r❞✐♥❛t❡s p(x) ♦❢
s✐③❡ ❛t ♠♦st 2 · (⌈log(n)⌉+ log(3))✳

❇② Pr♦♣♦s✐t✐♦♥ ✾✳✷ ❛♥❞ ❘❡♠❛r❦ ✾✳✶✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t ✇✐t❤ 24 ❢✉♥❝t✐♦♥s f1, . . . , f24 t❤❡ ♣r♦♣❡rt②
t❤❛t 2 ✈❡rt✐❝❡s ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st 2 ❢❛❝❡s✳ ❋♦r ❡✈❡r② x ∈ VG✱ ✇❡ ❧❡t

C0(x) = (p(x), p(f1(x)), . . . , p(f24(x))) .

❇② ▲❡♠♠❛ ✾✳✽✱ ✐♥ ❡❛❝❤ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t D ♦❢ G✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ ♣♦❧❛r✲♣❛✐r
♣r♦♣❡rt② ❛♥❞ t❤❡ ❙❡❧❡❝t ❢✉♥❝t✐♦♥ ✇✐t❤ 12 ❢✉♥❝t✐♦♥s gD

1 , . . . , g
D
12✳ ❋♦r ❡❛❝❤ x ∈ VG ✐❢ D =

mother(x) ✇❡ ❧❡t

C ′
0(x) = (CD

1 (x), CD
1 (leader(D)))

✇❤❡r❡ CD
1 (x) = (p(gD

1 (x)), . . . , p(gD
12(x))) ✭✐❢ x ✐s t❤❡ r♦♦t ♦❢ BC(G)✱ t❤❡♥ CD

1 (x) ✐s ✏✉♥❞❡✲
✜♥❡❞✑✮✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t R(x) ❛♥❞ R0(x) ❜❡ t❤❡ ❧❛❜❡❧s ♦❢ x ❝♦♥str✉❝t❡❞ ❜② Pr♦♣♦s✐t✐♦♥
✾✳✽✳ ❋♦r ❡❛❝❤ x ∈ VG✱ ✇❡ ❧❡t C(x) = (C0(x), C

′
0(x)) ❛♥❞ J(x) = R[C](x)✳



✾✳✻✳ ❚❤❡ ●❡♥❡r❛❧ ❈❛s❡ ✶✾✶

■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❡✈❡r② x ∈ VG, |J(x)| = O(log(n)) ❛♥❞ ✐s ❝♦♥str✉❝t❡❞ ✐♥ O(n · log(n))✲t✐♠❡✳
■t r❡♠❛✐♥s t♦ ❡①♣❧❛✐♥ ♥♦✇ ❤♦✇ t♦ ❝❤❡❝❦ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ x ❛♥❞ y ✐♥ G\X ❣✐✈❡♥ J(x), J(y)
❛♥❞ J(X)✳

❇② ✉s✐♥❣ t❤❡ R✲♣❛rts ♦❢ J(x), J(y) ❛♥❞ J(X)✱ ✇❡ ❝❛♥ ✈❡r✐❢② ✐❢ p(x, y) ❣♦❡s t❤r♦✉❣❤ s♦♠❡ z ∈ X
✭Pr♦♣♦s✐t✐♦♥ ✾✳✽✮ ❛♥❞ ✐❢ ✐t ❞♦❡s✱ ✇❡ ❝❛♥ ❛♥s✇❡r t❤❛t x ❛♥❞ y ❛r❡ ❞✐s❝♦♥♥❡❝t❡❞ ❜② X ✐♥ G ❜②
▲❡♠♠❛ ✾✳✾✳

❖t❤❡r✇✐s❡✱ ❧❡t C1, . . . , Cm ❜❡ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ❢♦r (x, y,X) ❛♥❞ ❧❡t
x1, . . . , xm−1 t❤❛t ❛r❡ ❧❡❛❞❡rs ♦❢ s♦♠❡ ♣r♦❜❧❡♠❛t✐❝ ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts s✉❝❤ t❤❛t ✭x0 =
x, xm = y✮✿

Conn(x, y,X)⇐⇒
∧

1≤i≤m

Conn(xi−1, xi, X ∩ VCi
).

❇② Pr♦♣♦s✐t✐♦♥ ✾✳✽ ❛♥❞ ❘❡♠❛r❦ ✾✳✸❀ ❜② ✉s✐♥❣ R(x), R(y) ❛♥❞ R(X)❀ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
(R0(x1), C(x1)), . . . , (R0(xm−1, C(xm)) ❛♥❞ R0(bcc

−1(C1)), . . . , R0(bcc
−1(Cm) ❛♥❞ ❢♦r ❡❛❝❤

1 ≤ i ≤ m t❤❡ s❡t {(R0(z), C(z)) | z ∈ X ∩ VCi
}✳ ❋♦r ❡❛❝❤ 1 ≤ i ≤ m✱ ❜② ✉s✐♥❣

R0(xi−1), R0(xi) ❛♥❞ R0(X∩VCi
)✱ ✇❡ ❝❛♥ ❝❤❡❝❦ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣♦❧❛r ♣❛✐r ✐♥ Ci t❤❛t s❡♣❛r❛t❡s

AttG(xi−1, Ci) ❛♥❞ AttG(xi, Ci) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✾✳✽✮✳ ■❢ ♦♥❡ s✉❝❤ i ✐s ❢♦✉♥❞✱ t❤❡♥ ✇❡ ❝❛♥ r❡✲
♣♦rt t❤❛t x ❛♥❞ y ❛r❡ ❞✐s❝♦♥♥❡❝t❡❞✳ ❖t❤❡r✇✐s❡✱ ❜② ▲❡♠♠❛ ✾✳✶✹✱ ❢♦r ❡❛❝❤ i = 1, . . . ,m✱ ✇❡ ❤❛✈❡
Conn(xi−1, xi, X ∩ VCi

) ✐❢ ❛♥❞ ♦♥❧② ✐❢ p(xi−1) ❛♥❞ p(xi) ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X ∩ VCi
, E0)✳

❇② ❚❤❡♦r❡♠ ✾✳✸✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ p(xi−1) ❛♥❞ p(xi) ❛r❡ s❡♣❛r❛t❡❞ ❜② RBar(X ∩ VCi
, E0)

✐❢ ✇❡ ❦♥♦✇ RBar(X ∩ VCi
, E0)✳ ■t r❡♠❛✐♥s t♦ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❣❡t t❤❡ ❡♥❞s ♦❢ t❤❡ ❡❞❣❡s ✐♥

RBar(X ∩ VCi
) s✐♥❝❡ E0 ✐s ❛ str❛✐❣❤t✲❧✐♥❡ ❡♠❜❡❞❞✐♥❣✳

▲❡t z ❛♥❞ t ❜❡ 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s ✐♥ X ∩ VCi
✳ ■❢ z ❛♥❞ t ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ♠♦st 2 ❢❛❝❡s✱

t❤❡♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡s❡ ❛t ♠♦st 2 ❢❛❝❡s t❤❛t ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ z ❛♥❞ t ❜② ✉s✐♥❣ C0(z)
❛♥❞ C0(t) ✭Pr♦♣♦s✐t✐♦♥ ✾✳✷✮✳ ◆♦✇ ❛ss✉♠❡ t❤❛t z ❛♥❞ t ❛r❡ ✐♥❝✐❞❡♥t ✇✐t❤ ❛t ❧❡❛st 3 ❢❛❝❡s✳ ❆t
❧❡❛st ♦♥❡ ♦❢ t❤❡♠✱ s❛② z✱ ❤❛s bcc−1(Ci) ❛s ♠♦t❤❡r✳ ❲❡ ❤❛✈❡ 2 ❝❛s❡s✿

❈❆❙❊ ✶✳ bcc−1(Ci) ✐s ❛❧s♦ t❤❡ ♠♦t❤❡r ♦❢ t✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ C ′
0✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡

p(gCi

1 (t)), . . . , p(gCi

12 (t)) ❛♥❞ ❜② ▲❡♠♠❛ ✾✳✽✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ p(Select(z, t)) ❛♥❞
t❤❡♥ RBar({z, t})✳

❈❆❙❊ ✷✳ bcc−1(Ci) ✐s ♥♦t t❤❡ ♠♦t❤❡r ♦❢ t ❛♥❞ t❤❡r❡❢♦r❡ t ✐s t❤❡ ❧❡❛❞❡r ♦❢ bcc−1(Ci)✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ C ′

0✱ ✇❡ ❤❛✈❡ st♦r❡❞ ✐♥ C ′
0(z) t❤❡ ✈❛❧✉❡s ♦❢ p(gCi

1 (t)), . . . , p(gCi

12 (t))✳ ❆❣❛✐♥ ❜②
▲❡♠♠❛ ✾✳✽✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ RBar({z, t})✳

❚❤❡r❡❢♦r❡✱ ❢♦r ❡✈❡r② (z, t) ∈ X×X ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ RBar({z, t}) ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
RBar(X)✳

❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❤❛♥❞❧❡ q✉❡r✐❡s ✇✐t❤ ❡①❝❧✉❞❡❞ ❡❞❣❡s✳ ❋♦r t❤❛t ✇❡ tr❛♥s❢♦r♠ G ❜②
s✉❜❞✐✈✐❞✐♥❣ ❡❛❝❤ ❡❞❣❡ ✭♦r ♦♥❧② ❡❛❝❤ ✉♥s❛❢❡ ❡❞❣❡✱ ❢♦r ✇❤✐❝❤ ❞❡❧❡t✐♦♥ ♠❛② ❤❛✈❡ t♦ ❜❡ ❤❛♥❞❧❡❞✮✱
✐✳❡✳✱ ❜② ✐♥s❡rt✐♥❣ ❛ ♥❡✇ ✈❡rt❡① we ♦♥ ❡❛❝❤ ❡❞❣❡ e✳ ❲❡ ♦❜t❛✐♥ ❛ ❣r❛♣❤ G′ ✇❤✐❝❤ ✐s s✐♠♣❧❡✱
❝♦♥♥❡❝t❡❞ ❛♥❞ ♣❧❛♥❛r✳ ■t ✐s ❝❧❡❛r t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ (G−F )\X ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡②
❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G′\X ′ ✇❤❡r❡ X ′ = X ∪ {we | e ∈ F}✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❛♣♣❧② t♦ G′ t❤❡ ❛❜♦✈❡



✶✾✷ ❈❤❛♣t❡r ✾✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ P❧❛♥❛r ●r❛♣❤s

❞❡s❝r✐❜❡❞ ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛ log✲❧❛❜❡❧✐♥❣ J ′ ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ G′✱ ✇❤❡r❡❛s ✇❡ ✇✐s❤
❛ log✲❧❛❜❡❧✐♥❣ J ♦❢ t❤❡ ❡❞❣❡s ❛♥❞ t❤❡ ✈❡rt✐❝❡s ♦❢ G✱ s✐♥❝❡ ❡❞❣❡s t♦ ❞❡❧❡t❡ ❛r❡ s♣❡❝✐✜❡❞ ❛s ♣❛✐rs
♦❢ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s✳ ❲❡ ✇✐❧❧ ❛❣❛✐♥ ✉s❡ ✉♥❛r② ❢✉♥❝t✐♦♥s t♦ s♣❡❝✐❢② ❡❞❣❡s ❢r♦♠ ♣❛✐rs ♦❢ ✈❡rt✐❝❡s✳

❲❡ ❧❡t g1, g2, g3 : VG → VG ❜❡ t❤❡ 3 ❢✉♥❝t✐♦♥s t❤❛t r❡♣r❡s❡♥t ❛❞❥❛❝❡♥❝② ✐♥ G ✭s❡❡ ❈♦r♦❧❧❛r②
✾✳✶✮✳ ❲❡ ❧❡t g4, g5, g6 : VG → VG′ ❜❡ t❤❡ 3 ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

gi+3(x) = we ✐❢ e = x− gi(x).

■t ✐s ❝❧❡❛r t❤❛t ❢♦r ❡✈❡r② ❡❞❣❡ e = xy✱ t❤❡ ✈❡rt❡① we ∈ VG′ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r♠✉❧❛✿

∨

1≤i≤3

((
we = gi+3(x) ∧ y = gi(x)

)
∨
(
we = gi+3(y) ∧ x = gi(y)

))
.

❚❤❡r❡❢♦r❡✱ t❤❡ ❜✐♥❛r② ❢✉♥❝t✐♦♥ Edg : VG × VG → VG′ ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② t❤❡ ❢✉♥❝t✐♦♥s
g1, . . . , g6✳ ❋♦r ❡✈❡r② x ∈ VG✱ ✇❡ t❤❡♥ ❧❡t

J(x) =
(
J ′(x), p(g1(x)), p(g2(x)), p(g3(x)), J

′(g4(x)), J
′(g5(x)), J

′(g6(x))
)
.

❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ ❛ ♣❛✐r ♦❢ 2 ✈❡rt✐❝❡s z ❛♥❞ t s✉❝❤ t❤❛t e = zt ∈ EG ❜② ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ J(z)
❛♥❞ J(t) ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ J ′(we)✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② 2 ❞✐st✐♥❝t ✈❡rt✐❝❡s x ❛♥❞ y ❛♥❞ ❡✈❡r②
X ⊆ VG − {x, y}✱ ❛♥❞ ❡✈❡r② F ⊆ EG✱ ✇❡ ❝❛♥ ✈❡r✐❢② ✐❢ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ (G − F )\X
❜② ✉s✐♥❣ J ′(x), J ′(y), J ′(X) ❛♥❞ {J ′(z), J ′(t) | zt ∈ F}✳

✾✳✼ ❈♦♥❝❧✉s✐♦♥

❋♦r ♦✉r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ✇❡ ❝♦♠❜✐♥❡ s❡✈❡r❛❧ t♦♦❧s✿ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s ✭✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♣❧❛♥❛r
♣♦✐♥t ❧♦❝❛t✐♦♥✮✱ ❧♦❣✐❝❛❧ t♦♦❧s ✭✇❡ ✉s❡ ❚❤❡♦r❡♠ ✼✳✹ ♦♥ tr❡❡s✮ ❛♥❞ t❤❡ ❜✐♣♦❧❛r ♦r✐❡♥t❛t✐♦♥s ♦❢
2✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s✱ ♣❛rt✐❝✉❧❛r❧② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ tr❡❡ ♦❢ ❜✐♣♦❧❛r ♣❧❛♥❡ ❣r❛♣❤s ❞❡✜♥❡❞
✐♥ ❬❇❚✾✻❪✳ ❚❤❡ ✉s❡❞ ❣❡♦♠❡tr✐❝❛❧ t♦♦❧s ❛r❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ❜✉t✱ ❞♦ ♥♦t
❡①t❡♥❞ t♦ ❞✐st❛♥❝❡ q✉❡r✐❡s✳ ❚❤❡ ♣r♦♦❢ ✇❡ ❣✐✈❡ ✇♦r❦s ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ✐s ❞❡✈♦t❡❞ t♦ ❛
✈❡r② ♣❛rt✐❝✉❧❛r q✉❡r②✳ ❊①t❡♥s✐♦♥s t♦ ♦t❤❡r q✉❡r✐❡s ❛r❡ ♥♦t ✐♥ ✈✐❡✇✳

❲❡ ✇✐❧❧ s❡❡ ✐♥ ❈❤❛♣t❡r ✶✵ ❤♦✇ t♦ ❡①t❡♥❞ t❤✐s ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ t♦ ♠♦r❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s
❜② ✐♥tr♦❞✉❝✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❣r❛♣❤s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ♦❢ ❙❝❤✐❡r✐♥❣ ❡t ❛❧✳ ❬❙❝❤✾✼✱ ❉❑✵✺✱
❲❚✵✼❪✳ ❆♣❛rt ❢r♦♠ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ t♦ ♠♦r❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s✱ ✇❡ ❝❛♥
❛s❦ ❢✉rt❤❡r q✉❡st✐♦♥s✳

✶✳ ■❢ ❛ ♣❧❛♥❛r ❣r❛♣❤ ✐s ♠♦❞✐✜❡❞ ❜② ❛❞❞✐t✐♦♥ ♦❢ ✈❡rt✐❝❡s ❛♥❞✴♦r ❡❞❣❡s✱ ❤♦✇ ❝❛♥ ✇❡ ✉♣❞❛t❡
t❤❡ ❧❛❜❡❧s ❛s ❡✣❝✐❡♥t❧② ❛s ♣♦ss✐❜❧❡❄

✷✳ ❈❛♥ ✇❡ ❡①t❡♥❞ ♦✉r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ t♦ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❣❡♥✉s❄

✸✳ ❈❛♥ ✇❡ ♣r♦♣♦s❡ ❛ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❞✐st❛♥❝❡ ♦r ❡✈❡♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❞✐st❛♥❝❡ ✐♥
s✉❜✲❣r❛♣❤s ♦❢ ♣❧❛♥❛r ❣r❛♣❤s❄ ❆ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❡①❛❝t ❞✐st❛♥❝❡ s❤♦✉❧❞ ✉s❡ ❧❛❜❡❧s ♦❢
s✐③❡ ❛t ❧❡❛st Ω(n1/3) ♦♥ ♣❧❛♥❛r ❣r❛♣❤s ✇✐t❤ n ✈❡rt✐❝❡s ❬●❑❑+✵✶❪✳



❈❤❛♣t❡r ✶✵

❙❤♦rt ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ▲❛❜❡❧✐♥❣ ♦♥

●r❛♣❤ ❈❧❛ss❡s ♦❢ ❯♥❜♦✉♥❞❡❞

❈❧✐q✉❡✲❲✐❞t❤

✶✵✳✶ ■♥tr♦❞✉❝t✐♦♥

❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❡①t❡♥❞ t❤❡ ❧❛❜❡❧✐♥❣ ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ♦♥ ♣❧❛♥❛r ❣r❛♣❤s t♦ ♠♦r❡
❝❧❛ss❡s ♦❢ ❣r❛♣❤s✱ ♣❛rt✐❝✉❧❛r❧② t♦ ❝❡rt❛✐♥ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳
❚❤❡ ✐❞❡❛ ✐s t♦ ✉s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s t❤❛t r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❛t ❢♦r ♣❧❛♥❛r ❣r❛♣❤s ♦r ❢♦r ♦t❤❡r
❣r❛♣❤ ❝❧❛ss❡s ✇❤❡r❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ❛❞♠✐ts ❛ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡
✇♦✉❧❞ ❧✐❦❡ t❤❡s❡ ❞❡❝♦♠♣♦s✐t✐♦♥s t♦ ❜❡ ❡♥♦✉❣❤ ❣❡♥❡r❛❧ s♦ t❤❛t ✇❡ ❝❛♥ tr❛♥s❢❡r ♦t❤❡r ❛❧❣♦r✐t❤♠✐❝
❛♥❞ str✉❝t✉r❛❧ r❡s✉❧ts✱ ❡✳❣✳✱ ❜♦✉♥❞❡❞♥❡ss ♦❢ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ t❤❛t ❤♦❧❞s ❢♦r ♣❧❛♥❛r ❣r❛♣❤s✳
❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ ❞❡✜♥❡ t✇♦ t②♣❡s ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s✱ ❜❛s❡❞ ♦♥ ✈❡rt❡①✲♣❛rt✐t✐♦♥s ❛♥❞ ♦♥
❡❞❣❡✲♣❛rt✐t✐♦♥s✳ ❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
❝❤❛♣t❡r✳

❉❡❝♦♠♣♦s✐t✐♦♥s ❇❛s❡❞ ♦♥ ❱❡rt❡①✲P❛rt✐t✐♦♥s

●✐✈❡♥ ❛ ♣❛rt✐t✐♦♥ {V1, . . . , Vm} ♦❢ t❤❡ ✈❡rt❡①✲s❡t ♦❢ ❛ ❣r❛♣❤ G✱ t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② ❡❛❝❤
Vi ✐s ❝♦♥♥❡❝t❡❞✱ ♦✉r ✐❞❡❛ ✐s t♦ ❝♦♥str✉❝t ❛ ❣r❛♣❤ H✱ ❝❛❧❧❡❞ q✉♦t✐❡♥t ❣r❛♣❤✱ t❤❛t ❡♥❝♦❞❡s t❤❡
❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ♣❛rts✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❣r❛♣❤ H ❝♦✉❧❞ ❜❡ t❤❡ ❛❞❥❛❝❡♥❝② ❣r❛♣❤ ♦❢
t❤❡ ♣❛rts ✭t✇♦ ♣❛rts ❛r❡ ❛❞❥❛❝❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rts✱
❋✐❣✉r❡ ✹✶ ✐s ❛♥ ✐❧❧✉str❛t✐♦♥✮✳ ■♥ t❤✐s ❝❛s❡✱ ✐♥ ♦r❞❡r t♦ r❡❝♦♥str✉❝t G ❢r♦♠ H ❛♥❞ t❤❡ ♣❛rts✱
✇❡ ❝♦❧♦r t❤❡ ❡❞❣❡s ♦❢ H ❛♥❞ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ❣r❛♣❤s Gi = G[Vi] ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡
❝♦❧♦r ♦❢ ❡❛❝❤ ❡❞❣❡ ♦❢ H ❧✐♥❦✐♥❣ Vi ❛♥❞ Vj ✐♥❢♦r♠s ♦♥ t❤❡ ✇❛② t♦ r❡❝♦♥str✉❝t t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥
Gi ❛♥❞ Gj ✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ t✇♦ ♣❛rts ❛r❡ t♦♦ ❝♦♠♣❧✐❝❛t❡❞✱ ✇❡ ✇✐❧❧ ♥❡❡❞ ♠❛♥②
❝♦❧♦rs t♦ ❡♥❝♦❞❡ ❛❞❥❛❝❡♥❝✐❡s ❛♥❞ t❤✐s ✐s ♥♦t s❛t✐s❢❛❝t♦r②✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❜❡ ❛❜❧❡ t♦
❝♦❧♦r ❡❛❝❤ ♣❛rt ❡✣❝✐❡♥t❧② ✭s❛② ✐♥ t✐♠❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛rt ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
❧✐♥❦s ❜❡t✇❡❡♥ t❤✐s ♣❛rt ❛♥❞ t❤❡ ♦t❤❡r ♣❛rts ♦❢ t❤❡ ♣❛rt✐t✐♦♥✮✳ ❚❤❡♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐♥❦s
❜❡t✇❡❡♥ ♣❛rts ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣❛r❛♠❡t❡r✐③❡ s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ✇❡ ❝❛♥ ❛❧s♦ ♠❛❦❡ s♦♠❡
❝♦♥str❛✐♥ts ♦♥ t❤❡ ♣❛rts ♦r ♦♥ t❤❡ q✉♦t✐❡♥t ❣r❛♣❤✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ✐♠♣♦s❡ ❡❛❝❤ ♣❛rt t♦ ❜❡

✶✾✸



✶✾✹ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

✐♥ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ t❤❡ ❣r❛♣❤H t♦ ❜❡ ♣❧❛♥❛r✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤
❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ str♦♥❣ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s t❤❡
♣❛r❛♠❡t❡r ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ♣❛rts ❛♥❞ ♥♦t t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ ♣❛rts✳ ❲❤❡♥ ❛
❝❧❛ss ♦❢ ❣r❛♣❤s ❤❛s str♦♥❣ tr❡❡✲✇✐❞t❤ k✱ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡ ♣❛rts ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❛ s✐♠♣❧❡
✇❛② ✭❜② ✉s✐♥❣ ❢♦r ✐♥st❛♥❝❡ (k × k)✲♠❛tr✐❝❡s✮✳

G5

G1
G2

(a)

G4

G3

G1 G2

G5 G4
G3

(b)

❋✐❣✉r❡ ✹✶✿ ✭❛✮ ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G ❛♥❞ ✭❜✮ ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ q✉♦t✐❡♥t✳

❚❤❡ q✉♦t✐❡♥t ❣r❛♣❤ ❛s ❞❡✜♥❡❞ ❛❜♦✈❡ ✭s❡❡ ❋✐❣✉r❡ ✹✶✮ ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s
♦❢ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ❜❡❝❛✉s❡✱ ✐♥❢♦r♠❛❧❧②✱ ✇❡ ♠❛② ♠✐ss s♦♠❡ ♣❛t❤s✳ ❲❡ ✇✐❧❧ ✐♥st❡❛❞ ✉s❡ ❛
s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❝♦❞✐♥❣ ♦❢ t❤❡ ❛❞❥❛❝❡♥❝✐❡s ❛♥❞ ❝❛❧❧ t❤✐s ❝♦❞✐♥❣ ❛ ✈✲s❦❡❧❡t♦♥✳ ■♥t✉✐t✐✈❡❧② ✐t ✐s
❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ ✐❢ xi1 , . . . , xmi

❛r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ Vi ❛❞❥❛❝❡♥t t♦ ✈❡rt✐❝❡s ♦❢ ♦t❤❡r ♣❛rts✱ ✇❡
r❡♣❧❛❝❡ ✐♥ t❤❡ q✉♦t✐❡♥t ❣r❛♣❤ t❤❡ ✈❡rt❡① t❤❛t r❡♣r❡s❡♥ts Vi ❜② t❤❡ ♣❛tt❡r♥ ❞❡s❝r✐❜❡❞ ♦♥ ❋✐❣✉r❡
✹✷ ❛♥❞ ✐❢ xis ✐s ❛❞❥❛❝❡♥t t♦ xjr ♦❢ Vj ✇❡ ❛❞❞ ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ xis ❛♥❞ xjr ✳ ❙❡❡ ❋✐❣✉r❡ ✹✷ ❢♦r
❛♥ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✈✲s❦❡❧❡t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ H ♦♥ ❋✐❣✉r❡ ✹✶✳

(a)

G1 G2

G3

G4G5

(b)

❋✐❣✉r❡ ✹✷✿ ✭❛✮ r❡♣r❡s❡♥ts t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ✈✲s❦❡❧❡t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ G1 ❛♥❞ ✭❜✮ ✐s t❤❡
✈✲s❦❡❧❡t♦♥ ♦❢ t❤❡ ✈❡rt❡①✲♣❛rt✐t✐♦♥ ♦♥ ❋✐❣✉r❡ ✹✶✳

❲❡ ❝❤♦♦s❡ ❢♦r ♦✉r ♥♦t✐♦♥ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ✈❡rt❡①✲♣❛rt✐t✐♦♥s ✇❤❡r❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ ♣❛rts
❛r❡ ❞❡s❝r✐❜❡❞ ❜② ❜✐♣❛rt✐t❡ ❣r❛♣❤s✱ ♦❢ s♠❛❧❧ s✐③❡✳ ❚❤❡♥ t❤❡ ✈❡rt✐❝❡s ✐♥ ❡❛❝❤ ♣❛rt ❛r❡ ♣❛rt✐t✐♦♥❡❞
✐♥t♦ ❝❧❛ss❡s ♦❢ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ ♣❛rt ❛r❡ ❧✐♥❦❡❞
t♦ ✈❡rt✐❝❡s ♦❢ t❤❡ ♦t❤❡r ♣❛rts✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✈✲s❦❡❧❡t♦♥ ❤❛s ❛ ♠♦r❡ ❝♦♠♣❛❝t r❡♣r❡s❡♥t❛t✐♦♥



✶✵✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✾✺

✭✐♥st❡❛❞ ♦❢ ❝♦❞✐♥❣ ❛❧❧ t❤❡ ✈❡rt✐❝❡s t❤❛t ❛r❡ ❧✐♥❦❡❞ t♦ ✈❡rt✐❝❡s ✐♥ ♦t❤❡r ♣❛rts✱ ✇❡ ❥✉st ❝♦❞❡
t❤❡✐r ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✮✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ❬❈✉♥✽✷❪ ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥
❜❛s❡❞ ♦♥ ❜✐♣❛rt✐t✐♦♥s ♦❢ ✈❡rt✐❝❡s ✇❤❡r❡ t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡ t✇♦ ♣❛rts ❛r❡ ❞❡s❝r✐❜❡❞ ❜②
t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ s❤♦✇♥ ♦♥ ❋✐❣✉r❡ ✹✸✳ ◆♦t❡ ❤♦✇❡✈❡r t❤❛t t❤❡ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ♥♦t
s✉❜s✉♠❡❞ ❜② ♦✉r ♥♦t✐♦♥ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ❜❡❝❛✉s❡ ✐♥ s♣❧✐t ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❛❞❥❛❝❡♥❝✐❡s ❜❡t✇❡❡♥
✈❡rt✐❝❡s ♦❢ ❞✐✛❡r❡♥t ♣❛rts ❛r❡ ❡♥❝♦❞❡❞ ❛s ♣❛t❤s ✐♥ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❬❈✉♥✽✷✱ ❈♦✉✵✻❜❪ ✇❤✐❧❡
✐♥ ♦✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐❢ t✇♦ ✈❡rt✐❝❡s ✐♥ ❞✐✛❡r❡♥t ♣❛rts ❛r❡ ❛❞❥❛❝❡♥t✱ t❤❡✐r ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s
❛r❡ ❛❞❥❛❝❡♥t✳

B2

B1

A2

A1

❋✐❣✉r❡ ✹✸✿ ❚❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❧✐♥❦s ❜❡t✇❡❡♥ s♣❧✐ts✳

❉❡❝♦♠♣♦s✐t✐♦♥s ❇❛s❡❞ ♦♥ ❊❞❣❡✲P❛rt✐t✐♦♥s

●✐✈❡♥ ❛ ♣❛rt✐t✐♦♥ {E1, . . . , Em} ♦❢ t❤❡ ❡❞❣❡✲s❡t ♦❢ ❛ ❣r❛♣❤ G✱ t❤❡ s✉❜✲❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ ❡❛❝❤
Ei ✐s ❝♦♥♥❡❝t❡❞✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ q✉♦t✐❡♥t ❣r❛♣❤ H ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ❣r❛♣❤ ♦❢ t❤❡ ♣❛rt✐t✐♦♥s
✇❤❡r❡ ❛♥ ❡❞❣❡ EiEj ♠❡❛♥s t❤❛t Ei ❛♥❞ Ej s❤❛r❡s ❛t ❧❡❛st ♦♥❡ ✈❡rt❡①✳ ❍♦✇❡✈❡r✱ t❤✐s r❡♣r❡s❡♥✲
t❛t✐♦♥ ✐s ♥♦t ✐♥t❡r❡st✐♥❣ ❢♦r ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦❢ ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s✳ ❲❡ ✇✐❧❧ ♣r❡❢❡r t❤❡ ♦♥❡✱
❝❛❧❧❡❞ ❡✲s❦❡❧❡t♦♥ ✇❤❡r❡ ✐❢ ❛ ♣❛rt Ei s❤❛r❡s t❤❡ ✈❡rt✐❝❡s xi1 , . . . , xim ✇✐t❤ t❤❡ ♦t❤❡r ♣❛rts✱ ✐t ✐s
r❡♣r❡s❡♥t❡❞ ❜② ❛ ✈❡rt❡① ❧✐♥❦❡❞ ✇✐t❤ xi1 , . . . , xim ✳ ❋✐❣✉r❡ ✹✹ ✐❧❧✉str❛t❡s ✐t✳

(a)

G4 G3

G2G1

(b)

G1

G4

G2

G3

❋✐❣✉r❡ ✹✹✿ ✭❛✮ ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G ❛♥❞ ✭❜✮ ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ❡✲s❦❡❧❡t♦♥✳ ❚❤❡ ❞❛s❤❡❞
❧✐♥❡s ♠❡❛♥s t❤❛t ✐t ✐s t❤❡ s❛♠❡ ✈❡rt❡①✳

❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐♥t♦ t❤❡
tr❡❡ ♦❢ ✐ts ❜✐❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts✳ ❆s ♣❛r❛♠❡t❡rs✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rts t❤❛t
❝♦♥t❛✐♥ ❛ ✈❡rt❡① ♦r t❤❡ s✐③❡ ♦❢ t❤❡ s❡t Ei ∩ (

⋃
j 6=iEj) ❢♦r ❡❛❝❤ i = 1, . . . ,m✳ ❲❡ ❝❛♥ ❛❧s♦

✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❣r❛♣❤s ✐♥❞✉❝❡❞ ❜② t❤❡ ♣❛rts ♦r ♦♥ t❤❡ ❡✲s❦❡❧❡t♦♥✳ ❙✐♥❝❡ t❤❡



✶✾✻ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❡✲s❦❡❧❡t♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ tr❡❡ ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❜♦✉♥❞ t❤❡ t✇♦ ♣♦ss✐❜❧❡
♣❛r❛♠❡t❡rs ✐♥ ♦r❞❡r t♦ ❣❡t s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ s✉❝❤
❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❡ ❞♦♠✐♥♦ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❬❇❊✾✼❪ ✇❤❡r❡ t❤❡ ❡✲s❦❡❧❡t♦♥ ✐s ❛ tr❡❡ ❛♥❞
❡❛❝❤ ✈❡rt❡① ✐s ✐♥ ❛t ♠♦st t✇♦ ♣❛rts✳ ❍♦✇❡✈❡r✱ ❣❡♥❡r❛❧ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ❛r❡ ♥♦t ❤❛♥❞❧❡❞
❜② ♦✉r ❢r❛♠❡✇♦r❦ ❜❡❝❛✉s❡ ✐♥ tr❡❡✲❞❡❝♦♠♣♦s✐t✐♦♥s t❤❡r❡ ✐s ♥♦ ❜♦✉♥❞ ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rts
t❤❛t ❝♦♥t❛✐♥ ❛ ✈❡rt❡①✳ ❉✐♥❣ ❡t ❛❧✳ ❬❉❖❙❱✵✵✱ ❉❉❖+✵✹❪ ❛♥❞ ◆❡š❡tř✐❧ ❛♥❞ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③
❬◆❞▼✵✻❜✱ ◆❞▼✵✽❛✱ ◆❞▼✵✽❜❪ ❝♦♥s✐❞❡r❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥s ❜❛s❡❞ ♦♥ ❡❞❣❡✲♣❛rt✐t✐♦♥s✱ ✇❤❡r❡ ❡❛❝❤
❜♦✉♥❞❡❞ ✉♥✐♦♥ ♦❢ ♣❛rts ♠✉st ❤❛✈❡ s♠❛❧❧ tr❡❡✲✇✐❞t❤✱ ❜✉t t❤❡r❡ ❛r❡ ♥♦ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ♥✉♠❜❡r
♦❢ ♣❛rts ❛ ✈❡rt❡① ♠❛② ❜❡❧♦♥❣ t♦✱ ♦r ♦♥ t❤❡ q✉♦t✐❡♥t ♦r ❡✲s❦❡❧❡t♦♥ ❣r❛♣❤✳

❙✉♠♠❛r② ♦❢ t❤❡ ❈❤❛♣t❡r

❲❡ ❞❡✜♥❡ ✐♥ ❙❡❝t✐♦♥ ✶✵✳✷ t❤❡ ♥♦t✐♦♥ ♦❢ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❢ H✲✈✲✇✐❞t❤✳ ❲❡ ❣✐✈❡ ❛
s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ H✲✈✲✇✐❞t❤ t♦ ❤❛✈✐♥❣ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳
■♥ ❙❡❝t✐♦♥ ✶✵✳✸ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ✈✲s❦❡❧❡t♦♥ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❛t s♦♠❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢
❜♦✉♥❞❡❞ H✲✈✲✇✐❞t❤ ❛❞♠✐t ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r②✳ ■♥ ❙❡❝t✐♦♥ ✶✵✳✹
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♥♦t✐♦♥s ♦❢ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥✱ ♦❢ H✲❡✲✇✐❞t❤ ❛♥❞ ♦❢ ❡✲s❦❡❧❡t♦♥✳ ❲❡ ♣r♦✈❡ ✐♥
❙❡❝t✐♦♥ ✶✵✳✹ t❤❛t s♦♠❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ H✲❡✲✇✐❞t❤ ❛❞♠✐t ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡
❝♦♥♥❡❝t✐✈✐t② q✉❡r②✳

❲❡ ❞❡♥♦t❡ ❜② P t❤❡ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ❜② CWD(≤ k) t❤❡ ❝❧❛ss ♦❢
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ❋♦r ❡✈❡r② ❣r❛♣❤ G✱ ❡✈❡r② s✉❜✲❣r❛♣❤ H ♦❢ G ❛♥❞
❡✈❡r② X,Y ⊆ VG✱ ✇❡ ❞❡♥♦t❡ ❜② p(H,X, Y ) t❤❡ ♣r♦♣❡rt② t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ❛

✈❡rt❡① ♦❢ X ❛♥❞ ❛ ✈❡rt❡① ♦❢ Y ✐♥ H✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ✇r✐t❡ x
∗
− y t♦ ♠❡❛♥ t❤❛t x ❛♥❞ y

❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ ✐♥ s♦♠❡ ❣r❛♣❤ t❤❛t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✳

✶✵✳✷ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s

❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ k✲♠♦❞✉❧❡ ❬❏♦❤✵✸✱ ❘❛♦✵✻❪ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s t❤❡ ♥♦t✐♦♥s
♦❢ ♠♦❞✉❧❡ ❬●❛❧✻✼❪ ❛♥❞ ♦❢ ❜✐✲♠♦❞✉❧❡ ❬❞▼✵✸✱ ❘❛♦✵✻❪✳

❉❡✜♥✐t✐♦♥ ✶✵✳✶ ✭k✲▼♦❞✉❧❡s ♦❢ ●r❛♣❤s ❬❘❛♦✵✻❪✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t M ⊆ VG✳ ❲❡
s❛② t❤❛t M ✐s ❛ k✲♠♦❞✉❧❡ ♦❢ G ✐❢ t❤❡✐r ❡①✐sts ❛ ♣❛rt✐t✐♦♥ {M1, . . . ,Mk} ♦❢ M s✉❝❤ t❤❛t ❢♦r ❡✈❡r②
x, y ∈M i ❛♥❞ ❢♦r ❡✈❡r② z ∈ VG −M ✱ ✇❡ ❤❛✈❡

EG(x, z) ✐❢ ❛♥❞ ♦♥❧② ✐❢ EG(y, z).

▲❡t M ❜❡ ❛ s✉❜s❡t ♦❢ VG✳ ❆ ♣s❡✉❞♦✲♠♦❞✉❧❡ ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ G ✐s ❛ ♠❛①✐♠❛❧ s✉❜s❡t M ′

♦❢ M s✉❝❤ t❤❛t ❢♦r ❛❧❧ z ∈ VG−M ✱ ❡✐t❤❡r z ✐s ❛❞❥❛❝❡♥t t♦ ❛❧❧ ✈❡rt✐❝❡s ♦❢ M ′ ♦r t♦ ♥♦ ✈❡rt❡① ♦❢ M ′✳
❋♦r ❡✈❡r② M ⊆ VG✱ ✇❡ ❞❡♥♦t❡ ❜② bmG(M) t❤❡ ♥✉♠❜❡r ♦❢ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦
G✳ ■❢ bmG(M) = k✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② {M1, . . . ,Mk} t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦
G✳

❋✐❣✉r❡ ✹✺ s❤♦✇s ❛ 4✲♠♦❞✉❧❡✳ ❖♥ ❋✐❣✉r❡ ✹✺✱ t❤❡ s❡tsM3 ❛♥❞M4 ❛r❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ✇❤✐❧❡
M1 ❛♥❞ M2 ❛r❡ ♥♦t ♣s❡✉❞♦✲♠♦❞✉❧❡s ✭❧❛❝❦ ♦❢ ♠❛①✐♠❛❧✐t②✮✳ ❇✉t✱ M1 ∪M2 ✐s ❛ ♣s❡✉❞♦✲♠♦❞✉❧❡✳

❖♥❡ ♦❜s❡r✈❡s t❤❛t ❛ ♠♦❞✉❧❡ ✐s ❛ 1✲♠♦❞✉❧❡ ❛♥❞ ❛ s✉❜s❡t M ♦❢ VG ✐s ❛ k✲♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧②
✐❢ bmG(M) ≤ k✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ k✲♠♦❞✉❧❡ ✇❛s ✉s❡❞ ❜② ❏♦❤♥s♦♥ ❬❏♦❤✵✸❪ ✐♥ ❤❡r ✐♥✈❡st✐❣❛t✐♦♥s



✶✵✳✷✳ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s ✶✾✼

M

M1 M2 M3
M4

V −M

❋✐❣✉r❡ ✹✺✿ ❆ 4✲♠♦❞✉❧❡ ✐♥ ❛ ❣r❛♣❤✳

♦❢ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠s ❢♦r ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ❙❤❡ ✉s❡❞ t❤❡ ♥♦t✐♦♥ ♦❢
k✲♠♦❞✉❧❡ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛❧❧❡❞ k✲❍❇ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❛t ❤❛♥❞❧❡s ❣r❛♣❤
❝❧❛ss❡s ♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k✳ ❘❛♦ ❛❧s♦ st✉❞✐❡❞ t❤❡ ♥♦t✐♦♥ ♦❢ k✲♠♦❞✉❧❡ ✐♥ ❬❘❛♦✵✻❪ ✭❞❡
▼♦♥t❣♦❧✜❡r ❬❞▼✵✸❪ st✉❞✐❡❞ ❜❡❢♦r❡ t❤❡ ♥♦t✐♦♥ ♦❢ 2✲♠♦❞✉❧❡✮✳ ❘❛♦ ❬❘❛♦✵✻❪ ❣❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧✲
t✐♠❡ ❛❧❣♦r✐t❤♠ t❤❛t ❞❡❝✐❞❡s ✐❢ ❛ ❣✐✈❡♥ ❣r❛♣❤ ❤❛s ❛ k✲♠♦❞✉❧❡✱ ❢♦r ✜①❡❞ k ❛♥❞ ❣❛✈❡ ❛❧s♦ ❛
str✉❝t✉r❡✱ ❝♦♠♣✉t❛❜❧❡ ✐♥ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡✱ t❤❛t r❡♣r❡s❡♥ts t❤❡ s❡t ♦❢ k✲♠♦❞✉❧❡s ✐♥ ❛ ❣r❛♣❤✳
❍❡ ❛❧s♦ ❞❡✜♥❡❞ ✐♥ ❬❘❛♦✵✻❪ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ❝❛❧❧❡❞ ❞é❝♦♠♣♦s✐t✐♦♥ k✲♠♦❞✉❧❛✐r❡✱ t❤❛t ✐s ❛ tr❡❡
t❤❛t r❡♣r❡s❡♥ts s♦♠❡ k✲♠♦❞✉❧❡s ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ❣r❛♣❤ ♣❛r❛♠❡t❡r✱ ❝❛❧❧❡❞ ❧❛r❣❡✉r ♠♦❞✉❧❛✐r❡✱
t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❝❧✐q✉❡✲✇✐❞t❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ k✲♠♦❞✉❧❡s ❛r❡ ♣r♦✈❡❞ ✐♥ ❬❘❛♦✵✻❪✳

▲❡♠♠❛ ✶✵✳✶ ✭❬❘❛♦✵✻❪✮ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t M ❜❡ ❛ s✉❜s❡t ♦❢ VG✳ ❚❤❡♥

✶✳ ■❢ M ✐s ❛ k✲♠♦❞✉❧❡ ♦❢ G✱ t❤❡♥ M ✐s ❛❧s♦ ❛ k✲♠♦❞✉❧❡ ♦❢ G✱ t❤❡ ❡❞❣❡✲❝♦♠♣❧❡♠❡♥t ♦❢ G✳

✷✳ ■❢ M ✐s ❛ k✲♠♦❞✉❧❡ ♦❢ G✱ t❤❡♥ VG −M ✐s ❛ 2k✲♠♦❞✉❧❡ ♦❢ G✳

❋♦r ❛❧❣♦r✐t❤♠✐❝ ♣✉r♣♦s❡s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞✱ ❣✐✈❡♥ ❛ s✉❜s❡t X ♦❢ t❤❡ s❡t ♦❢ ✈❡rt✐❝❡s s✉❝❤
t❤❛t bmG(X) ≤ ℓ✱ ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ s❡t ♦❢ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ X✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦✈❡s t❤❡
❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛♥ ❛❧❣♦r✐t❤♠✳

▲❡♠♠❛ ✶✵✳✷ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t X ⊆ VG s✉❝❤ t❤❛t
bmG(X) ≤ ℓ✳ ❲❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s X1, . . . , XbmG(X) ♦❢ X ✐♥ (|X| · n)✲t✐♠❡✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❛ss✉♠❡ t❤❡ ✈❡rt✐❝❡s ❛r❡ ♥✉♠❜❡r❡❞
1 t♦ n ❛♥❞ G ✐s ❣✐✈❡♥ ✇✐t❤ ✐ts ❛❞❥❛❝❡♥❝② ❧✐st✳ ❋♦r ❡❛❝❤ ✈❡rt❡① x ♦❢ X✱ ✇❡ ❧❡t l(x) ❜❡ ✐ts
s❡t ♦❢ ❛❞❥❛❝❡♥t ✈❡rt✐❝❡s ✐♥ VG − X ❛♥❞ ✇❡ ❝❛♥ ❛ss✉♠❡ ✐t ♦r❞❡r❡❞✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❛❧❣♦r✐t❤♠✿

❙t❡♣ ✶✳ ▲❡t X1 = ∅, . . . , Xℓ = ∅✳

❙t❡♣ ✷✳ ▲❡t x1 = 0, . . . , xℓ = 0✳

❙t❡♣ ✸✳ ❋♦r ❡❛❝❤ x ∈ X✱

❙t❡♣ ✸✳✶✳ ❋♦r i = 1, . . . , ℓ✱

❙t❡♣ ✸✳✶✳✶✳ ■❢ Xi 6= ∅ ❛♥❞ l(x) = l(xi)✱ t❤❡♥ ♣✉t x ✐♥ Xi ❛♥❞ ❣♦ t♦ ❙t❡♣ ✸✳

❙t❡♣ ✸✳✶✳✷✳ ■❢ Xi = ∅✱ t❤❡♥ ♣✉t x ✐♥ Xi✱ ❧❡t xi = x ❛♥❞ ❣♦ t♦ ❙t❡♣ ✸✳



✶✾✽ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❙t❡♣ ✹✳ ❘❡t✉r♥ X1, . . . , Xℓ✳

◆♦t❡ t❤❛t ❛t ❙t❡♣ ✸✳✶✳✶ t❤❡ s❡ts X1, . . . , Xi ❛r❡ ❛❧❧ ♥♦♥❡♠♣t②✳ ■t ✐s ❝❧❡❛r t❤❛t x ❛♥❞ y ❛r❡ ✐♥
Xi ✐❢ ❛♥❞ ♦♥❧② ✐❢ l(x) = l(xi)✳ ❆♥❞ l(x) = l(xi) ✐❢ ❛♥❞ ♦♥❧② ✐❢ l(x)[j] = l(xi)[j] ❢♦r ❛❧❧ j ≤ n✳
❚❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣❛r❡ l(x) ❛♥❞ l(x1) ✐♥ O(n)✲t✐♠❡✳ ❙✐♥❝❡ bmG(X) ≤ ℓ✱ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ✇✐❧❧
✜♥❞ ❛t ❧❡❛st ♦♥❡ Xi s✉❝❤ t❤❛t l(x) = l(xi) ❢♦r ❛❧❧ x ∈ VG✳

❙✐♥❝❡ ❢♦r ❡❛❝❤ x ✇❡ ♠❛❦❡ ❛t ♠♦st ℓ−1 ❝♦♠♣❛r✐s♦♥s ❛♥❞ ❡❛❝❤ ❝♦♠♣❛r✐s♦♥ ✐s ❞♦♥❡ ✐♥ O(n)✲t✐♠❡✱
✇❡ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ X ✐♥ O(|X| · n)✲t✐♠❡ ✭❡❛❝❤ s❡t l(x) ❝❛♥ ❜❡ ♦r❞❡r❡❞ ❜②
✉s✐♥❣ ❛♥② ❧✐♥❡❛r✲t✐♠❡ s♦rt✐♥❣ ❛❧❣♦r✐t❤♠ ❢♦r ✐♥t❡❣❡rs ❬❈▲❘✵✷❪✮✳

❆s ❛ ❝♦r♦❧❧❛r② ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✶✵✳✶ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ■❢ {X1, . . . , Xp} ✐s ❛ ♣❛rt✐t✐♦♥
♦❢ VG ❛♥❞ bmG(Xi) ≤ ℓ ❢♦r ❡❛❝❤ i ≤ p✱ t❤❡♥ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ ❛❧❧ t❤❡
s❡ts Xi ✐♥ O(n2)✲t✐♠❡✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❣✐✈❡♥ ✇✐t❤ ✐ts ❛❞❥❛❝❡♥❝② ❧✐st✳ ❋♦r ❡❛❝❤
Xi ✇❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ Xi ✐♥ O(|Xi| · n)✲t✐♠❡ ❜② ▲❡♠♠❛ ✶✵✳✷✳ ❚❤❡♥ ❲❡

❝♦♠♣✉t❡ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ ❛❧❧ Xi ✐♥
(∑

1≤i≤pO(|Xi| · n)
)
✲t✐♠❡✳ ❇✉t✱

∑

1≤i≤p

O(|Xi| · n) = O


n ·

∑

1≤i≤p

|Xi|


 = O(n2)

❜❡❝❛✉s❡
∑

1≤i≤p |Xi| = n✳

❲❡ ♥♦✇ ❞❡✜♥❡ ♦✉r ✜rst ♥♦t✐♦♥ ♦❢ ❣r❛♣❤ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ t❤❡ s♣✐r✐t ♦❢ ❬❙❝❤✾✼✱ ❲❚✵✼❪✳
❆s ✐♥ ❬❘❛♦✵✻❪ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ k✲♠♦❞✉❧❡ ✐♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❛ ♣❛r❛♠❡t❡r ❢♦r ♦✉r
❞❡❝♦♠♣♦s✐t✐♦♥✳ ❖✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❛ ✈❡rt❡①✲♣❛rt✐t✐♦♥ ❛♥❞ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ tr❡❡✱
❝♦♥tr❛r② t♦ t❤❡ ♦♥❡ ❞❡✜♥❡❞ ✐♥ ❬❘❛♦✵✻❪✳

❉❡✜♥✐t✐♦♥ ✶✵✳✷ ✭H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ●r❛♣❤s✮ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳
❆♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐s ❛ ♣❛✐r (H,χ) ✇❤❡r❡ χ : VH → 2VG ✐s ❛ ♠❛♣♣✐♥❣
❛♥❞ s✉❝❤ t❤❛t✿

✭❍❉✶✮ t❤❡ s❡t {χ(u) | u ∈ VH} ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ VG ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)]
✐s ♥♦♥❡♠♣t② ❛♥❞ ❝♦♥♥❡❝t❡❞✳

✭❍❉✷✮ H ✐s ✐♥ H ❛♥❞ ✐❢ uv ✐s ✐♥ EH ✱ t❤❡♥ t❤❡r❡ ❡①✐sts x ∈ χ(u), y ∈ χ(v) s✉❝❤ t❤❛t xy ✐s ✐♥ EG✳

✭❍❉✸✮ ❋♦r ❡✈❡r② ❡❞❣❡ xy ✐♥ EG✱

✭❍❉✸✳✶✮ ❡✐t❤❡r t❤❡r❡ ❡①✐sts u ∈ VH s✉❝❤ t❤❛t x, y ∈ χ(u) ♦r✱

✭❍❉✸✳✷✮ t❤❡r❡ ❡①✐st u ❛♥❞ v ✐♥ VH s✉❝❤ t❤❛t x ∈ χ(u), y ∈ χ(v) ❛♥❞ uv ∈ EH ✳



✶✵✳✷✳ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s ✶✾✾

❚❤❡H✲✈✲✇✐❞t❤ ♦❢ ❛♥H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ)✱ ❞❡♥♦t❡❞ ❜②H✲wd(H,χ)✱ ✐s max
u∈VH

{bmG(χ(u)}✳
❚❤❡ H✲✈✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❞❡♥♦t❡❞ ❜② H✲wd(G)✱ ✐s t❤❡ ♠✐♥✐♠✉♠ H✲✈✲✇✐❞t❤ ♦✈❡r ❛❧❧
H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ G✳

■❢ (H,χ) ✐s ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G✱ ✇❡ ❝❛❧❧ t❤❡ ✈❡rt✐❝❡s ♦❢ H ♥♦❞❡s ✐♥ ♦r❞❡r t♦
❞✐st✐♥❣✉✐s❤ t❤❡♠ ❢r♦♠ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳

❲❡ r❡❝❛❧❧ t❤❛t P ✐s t❤❡ ❝❧❛ss ♦❢ ♣❧❛♥❛r ❣r❛♣❤s✳ ❋✐❣✉r❡ ✹✻ s❤♦✇s ❛ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
P✲✈✲✇✐❞t❤ 3 ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳

G

1

2
3

1

2
3

1 1

1

21

a

b

c
d

e

f

g

a

b

c d e

f
g

(H, χ)

1 2

2

3

2

2
3

❋✐❣✉r❡ ✹✻✿ ❆ ❣r❛♣❤ G ❛♥❞ ❛ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ G✳

■❢ G ❤❛s ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ H✲✈✲✇✐❞t❤ k✱ ✇❡ ✇❛♥t t♦ r❡❧❛t❡ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤
♦❢ G ✇✐t❤ t❤❛t ♦❢ H ❛♥❞ ✇✐t❤ max{cwd(G[χ(u)]) | u ∈ VH}✳ ❲❡ ✜rst ❞❡✜♥❡ ❢r♦♠ (H,χ)
❛♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤✱ ❞❡♥♦t❡❞ ❜② Rel(H,χ,G)✱ ❛♥❞ r❡❧❛t❡s t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G ✇✐t❤ t❤❡
tr❡❡✲✇✐❞t❤ ♦❢ Rel(H,χ,G)✱ ❛♥❞ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤s ♦❢ t❤❡ s✉❜✲❣r❛♣❤s G[χ(u)] ❢♦r u ∈ VH ✳

❉❡✜♥✐t✐♦♥ ✶✵✳✸ ✭❊❞❣❡✲❈♦❧♦r❡❞ ●r❛♣❤s ❢r♦♠ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s✮ ▲❡t H ❜❡ ❛ ❝❧❛ss
♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ♦❢ H✲✈✲
✇✐❞t❤ ❛t ♠♦st ℓ✳ ❲❡ ❧❡t Rel(H,χ,G) ❜❡ t❤❡ 2[ℓ]✲❡❞❣❡✲❝♦❧♦r❡❞ ❞✐r❡❝t❡❞ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❆s ❛ ❣r❛♣❤ ✐t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ♦r✐❡♥t✐♥❣ ❡❛❝❤ ❡❞❣❡ ♦❢ H✳

✷✳ ❊❛❝❤ ❛r❝ (u, v) ♦❢ Rel(H,χ,G) ✐s ❝♦❧♦r❡❞ ❜② t❤❡ s❡t {(i, j) | χ(u)i ❛♥❞ χ(v)j ❛r❡ ❛❞❥❛❝❡♥t}✳

❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ H ✐s ❛r❜✐tr❛r②✱ ❤♦✇❡✈❡r ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝❤♦♦s❡ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ H t❤❛t
♠✐♥✐♠✐③❡s t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ Rel(H,χ,G)✳ ❚❤✐s ✐s ♥♦t ❡❛s② ❛❧❣♦r✐t❤♠✐❝❛❧❧②✳ Pr❡s✉♠❛❜❧②✱ ✐t ✐s
◆P✲❤❛r❞✳



✷✵✵ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❋✐❣✉r❡ ✹✼ s❤♦✇s t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ Rel(H,χ,G)✱ ✇❤✐❝❤ ✐s ❛♥ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤✳ ❋♦r
✐♥st❛♥❝❡ t❤❡ ❝♦❧♦r (1, 2) ✐♥ t❤❡ ❧✐st ♦❢ ❝♦❧♦rs ♦❢ t❤❡ ❛r❝ (b, a) ∈ EH ♠❡❛♥s t❤❛t ❛❧❧ ✈❡rt✐❝❡s ✐♥
χ(b)1 ❛r❡ ❛❞❥❛❝❡♥t ✇✐t❤ ❛❧❧ t❤❡ ✈❡rt✐❝❡s ✐♥ χ(a)2✳

c e

{(1,
1);

(1,
2);

(2,
2);

(2,
3)}

{(3, 2)}

{(2, 3)}

{(2, 1)} {(2, 1)}

{(1, 2)}

{(
3,

1)
}

a

d

{(2, 2); (3, 1)}

{(2, 1)}
{
(3,3)}

fb g

Rel(H, χ, G)

❋✐❣✉r❡ ✹✼✿ ❚❤❡ ❣r❛♣❤ Rel(H,χ,G) ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ ❋✐❣✉r❡ ✹✻✳

❲❡ ♥♦✇ r❡❧❛t❡ t❤❡ tr❡❡✲✇✐❞t❤ ♦❢ H ❛♥❞ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ Rel(H,χ,G)✳ ❚❤❡ ♥♦t✐♦♥ ♦❢
❝❧✐q✉❡✲✇✐❞t❤ ♦❢ ❡❞❣❡✲❝♦❧♦r❡❞ ❣r❛♣❤s ✐s ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✸✱ ❙❡❝t✐♦♥ ✶✳✶✳

▲❡♠♠❛ ✶✵✳✸ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ H✲✈✲✇✐❞t❤ ❛t ♠♦st ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ■❢ Rel(H,χ,G) ❤❛s tr❡❡✲✇✐❞t❤ ❛t ♠♦st k✱
t❤❡♥ Rel(H,χ,G) ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 22·k′+1 ✇❤❡r❡ k′ = k · 2ℓ✳

Pr♦♦❢✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t ✐❢ K✱ ❛ C✲❡❞❣❡✲❝♦❧♦r❡❞ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✇❤❡r❡ C ✐s ❛ ✜♥✐t❡ ❧✐st ♦❢
❝♦❧♦rs✱ ❤❛s tr❡❡✲✇✐❞t❤ ❛t ♠♦st k✱ t❤❡♥ K ❤❛s ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st 22(k·|C|)+1 ❜② ♠♦❞✐❢②✐♥❣
t❤❡ ♣r♦♦❢ ♦❢ ❬❈❖✵✵✱ ❚❤❡♦r❡♠ ✺✳✺❪✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✶ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✲✈✲✇✐❞t❤ ℓ ♦❢ G✳ ■❢ twd(Rel(H,χ,G)) = t ❛♥❞ k = max{cwd(G[χ(u)]) |
u ∈ VH}✱ t❤❡♥ cwd(G) ≤ max{p · ℓ, k · ℓ}✱ ✇❤❡r❡ p = 22·(t·2ℓ)+1✳

❇❡❢♦r❡✱ ❧❡t ✉s ♣r♦✈❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✵✳✹ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t U ❜❡ ❛ s✉❜s❡t ♦❢ VG s✉❝❤ t❤❛t bmG(U) ✐s ❛t ♠♦st ℓ✳
■❢ cwd(G[U ]) ≤ k✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ t❡r♠ tU s✉❝❤ t❤❛t✿

✭✐✮ tU ∈ T (F uc
k×ℓ, C

c
k×ℓ)✳



✶✵✳✷✳ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s ✷✵✶

✭✐✐✮ G[U ] = val(tU )✳

✭✐✐✐✮ ❊✈❡r② x ∈ U ✐s ❝♦❧♦r❡❞ ❜② i ✐♥ val(tU ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ∈ χ(U)i✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✵✳✹✳ ▲❡t U ⊆ VG ❜❡ s✉❝❤ t❤❛t bmG(U) ≤ ℓ ❛♥❞ cwd(G[U ]) ≤ k✳ ▲❡t t ❜❡
❛ t❡r♠ ✐♥ T (F uc

k , Cc
k) ❛♥❞ s✉❝❤ t❤❛t G[U ] = val(t)✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ tr❛♥s❢♦r♠

t ✐♥t♦ ❛ t❡r♠ t̂ ✐♥ T (F uc
k×ℓ, C

c
k×ℓ) t❤❛t ✈❡r✐✜❡s st❛t❡♠❡♥ts ✭✐✮ ❛♥❞ ✭✐✐✮ ✭❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ✇❡ ✇✐❧❧

✇r✐t❡ x(i) t♦ ♠❡❛♥ t❤❛t i ❞❡✜♥❡s t❤❡ ✈❡rt❡① x✮✿

t̂ =





x
(
(i, j)

)
✐❢ t = x(i) ❛♥❞ x ∈ χ(U)j ,

t̂1 ⊕ t̂2 ✐❢ t = t1 ⊕ t2,(
◦ 1≤j′≤ℓ

1≤j′′≤ℓ
η(i,j′),(j,j′′)

)
(t̂1) ✐❢ t = ηi,j(t1),

(
◦1≤j′≤ℓ ρ(i,j′)→(j,j′′)

)
(t̂1) ✐❢ t = ρi→j(t1).

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ✈❡r✐❢② ❜② ✐♥❞✉❝t✐♦♥ t❤❛t val(t̂) = val(t) ❛♥❞ t❤❛t ✐❢ x ∈ χ(U)j ❤❛s
❝♦❧♦r i ✐♥ val(t)✱ t❤❡♥ ✐t ❤❛s ❝♦❧♦r (i, j) ✐♥ val(tU )✳ ❲❡ ❧❡t

tU =

(
◦ 1≤i≤k

1≤j≤ℓ
ρ(i,j)→j

)
(t̂).

■t ✐s ❝❧❡❛r t❤❛t t❤❡ t❡r♠ tU ✈❡r✐✜❡s st❛t❡♠❡♥ts ✭✐✮✲✭✐✐✐✮✳

❲❡ ❝❛♥ ♥♦✇ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✳ ❇② ▲❡♠♠❛ ✶✵✳✸✱ ✇❡ ❤❛✈❡ cwd(Rel(H,χ,G)) ≤ p ✇❤❡r❡ p =

22·(t·2ℓ)+1✳ ▲❡t t ❜❡ ❛ t❡r♠ ✐♥ T (FC
p , C

c
p) s✉❝❤ t❤❛t Rel(H,χ,G) = val(t) ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH ✱

✇❡ ❧❡t tu ∈ T (F uc
k×ℓ, C

c
k×ℓ) s✉❝❤ t❤❛t G[χ(u)] = val(tu) ✭▲❡♠♠❛ ✶✵✳✹✮✳ ❋♦r ❡✈❡r② i ∈ [p] ❛♥❞

❡✈❡r② t❡r♠ tu✱ ✇❡ ❧❡t ρi(tu) =
(
◦1≤j≤ℓ ρj→(i,j)

)
(tu)✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s t♦ tr❛♥s❢♦r♠

t ✐♥t♦ ❛ t❡r♠ t̂ s✉❝❤ t❤❛t val(t̂) = G✳

t̂ =





ρi(tu) ✐❢ t = u(i),

t̂1 ⊕ t̂2 ✐❢ t = t1 ⊕ t2,
η(i,s),(j,t)(t̂1) ✐❢ t = ηs,t

i,j (t1),(
◦1≤m≤ℓ ρ(i,m)→(j,m)

)
(t̂1) ✐❢ t = ρi→j(t1)✳

■t ✐s ❝❧❡❛r t❤❛t t̂ ∈ T (F uc
k′ , Cc

k′) ✇❤❡r❡ k′ = max{p · ℓ, k · ℓ}✳ ■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥
t♦ ✈❡r✐❢② t❤❛t G = val(t̂)✳

❋♦r ❡✈❡r② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ H✱ ✇❡ ❧❡t Hk ❞❡♥♦t❡ ❛♥② ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ H ✇✐t❤ ❡❞❣❡s
❝♦❧♦r❡❞ ✇✐t❤ ❝♦❧♦rs ✐♥ 2[k] ✐♥ ❛❧❧ ♣♦ss✐❜❧❡ ✇❛②s✳ ❋♦r ❡✈❡r② ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s H✱ ✇❡ ❧❡t
Hk ❜❡ t❤❡ s❡t {Hk | H ∈ H}✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✳✶ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✷ ▲❡t ℓ ❛♥❞ k ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ ❧❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s
t❤❛t ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ▲❡t C ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ H✲✈✲✇✐❞t❤ ❛t ♠♦st
ℓ✳ ■❢✱ ❢♦r ❡✈❡r② G ∈ C✱ t❤❡r❡ ❡①✐sts ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ H✲✈✲✇✐❞t❤ ❛t ♠♦st ℓ s✉❝❤
t❤❛t ❢♦r ❡✈❡r② u ∈ VH , cwd(G[χ(u)]) ≤ k✱ t❤❡♥ C ❤❛s ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳



✷✵✷ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

Pr♦♦❢✳ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤ ❛♥❞ ❧❡t f ❜❡ t❤❡ ❢✉♥❝t✐♦♥
t❤❛t ❜♦✉♥❞s t❤❡ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳ ▲❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✲✈✲✇✐❞t❤ ❛t ♠♦st
ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐♥ C s✉❝❤ t❤❛t ❢♦r ❡✈❡r② u ∈ VH ✱ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G[χ(u)] ✐s
❛t ♠♦st k✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② ✈❡rt❡① x ♦❢ G ❛♥❞ ❡✈❡r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r r✱ t❤❡ s❡t
N r

G(x) ✐s ✐♥❝❧✉❞❡❞ ✐♥ V =
⋃

v∈Nr
H

(u) χ(v) ✇❤❡r❡ x ✐s ✐♥ χ(u)✳ ❇② ❤②♣♦t❤❡s✐s✱ Rel(H,χ,G) ✐s

✐♥ Hℓ ❛♥❞ s✐♥❝❡ tr❡❡✲✇✐❞t❤ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝♦❧♦rs ♦❢ t❤❡ ❡❞❣❡s✱ ✐t ❤❛s ✐ts ❧♦❝❛❧ tr❡❡✲✇✐❞t❤
❜♦✉♥❞❡❞ ❜② f ✳ ❚❤❡ s✉❜✲❣r❛♣❤ G[V ] ❤❛s r❛❞✐✉s ❛t ♠♦st r✱ ❤❡♥❝❡ ✐ts tr❡❡✲✇✐❞t❤ ✐s ❜♦✉♥❞❡❞
❜② f(r)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✵✳✶✱ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G[V ] ✐s ❜♦✉♥❞❡❞ ❜② max{p · ℓ, k · ℓ) ✇❤❡r❡
p = 22·f(r)·2ℓ+1✳ ❍❡♥❝❡✱ t❤❡ ❝❧✐q✉❡✲✇✐❞t❤ ♦❢ G[N r

G(x)] ✐s ❜♦✉♥❞❡❞ s✐♥❝❡ G[N r
G(x)] ❛ s✉❜✲❣r❛♣❤

♦❢ G[V ]✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❛♣♣❧② H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥s t♦ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ✇❤❡♥ ✇❡ ♦♥❧②
❡①❝❧✉❞❡ ✈❡rt✐❝❡s✳

✶✵✳✸ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s t♦ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡
❢♦r ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❛t ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ H✲✈✲✇✐❞t❤ ❛❞♠✐t ❛ s❤♦rt
❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ✇✐t❤ ❡①❝❧✉❞❡❞ ✈❡rt✐❝❡s ♦♥❧②✳ ❚❤❡ ♣r✐♥❝✐♣❛❧ ✐❞❡❛ ✐s
t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ▲❡t H ❛♥❞ D ❜❡ ❝❧❛ss❡s ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s t❤❛t ❛❞♠✐t s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r
t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ❛♥❞ ❛ss✉♠❡ t❤❛t G ❤❛s ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ s♠❛❧❧
H✲✈✲✇✐❞t❤ s✉❝❤ t❤❛t ❢♦r ❛❧❧ u ✐♥ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)] ✐s ✐♥ D✳

• ❲❡ ✇✐❧❧ ❝♦♠❜✐♥❡ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❣r❛♣❤s ✐♥ D ❛♥❞ t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❣r❛♣❤s
✐♥ H ✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r G✳

❍♦✇❡✈❡r✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ G\X ❝❛♥♥♦t ❜❡ ✈❡r✐✜❡❞ ❞✐r❡❝t❧② ✐♥
H✳ ❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ✐♥ t❤❡ ❣r❛♣❤ G\X t❤❡ ♦♥❧② ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ y s❤♦✉❧❞ ❣♦ t❤r♦✉❣❤ χ(v)i ❛♥❞ χ(v)j ❢♦r
s♦♠❡ v ✐♥ VH s✉❝❤ t❤❛t χ(v)i = {z} ❛♥❞ χ(v)j = {t} ❛♥❞ X ⊆ χ(v)❀

• ♠♦r❡♦✈❡r✱ t❤❡r❡ ✐s ♥♦ ♣❛t❤ ✐♥ G[χ(v)]\X ❜❡t✇❡❡♥ z ❛♥❞ t✳ ❇✉t✱ t❤❡r❡ ✐s ❛ ♣❛t❤ ✐♥ G\X
❜❡t✇❡❡♥ z ❛♥❞ t t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ χ(v)✳

■❢ ✇❡ ✉s❡ ♦♥❧② t❤❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦rH ❛♥❞ t❤❡ ♦♥❡s ❢♦r ❛❧❧ G[χ(u)] ∈ D ✭t❤❛t ❛r❡ ❛ss✉♠❡❞
t♦ ❜❡ ❝♦♥♥❡❝t❡❞✮✱ t❤❡r❡ ✐s ♥♦ ✇❛② t♦ ✜♥❞ t❤❡ ♣❛t❤ ❜❡t✇❡❡♥ z ❛♥❞ t ❛♥❞ t❤❡♥ ❜❡t✇❡❡♥ x ❛♥❞
y✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❞✐✛❡r❡♥t ❝♦❞✐♥❣ ♦❢ t❤❡ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥✱ ❝❛❧❧❡❞
✈✲s❦❡❧❡t♦♥✱ t❤❛t ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ ✜♥❞ t❤✐s ♣❛t❤ ❜❡t✇❡❡♥ z ❛♥❞ t✱ ❛♥❞✱ ✐♥st❡❛❞ ♦❢ ✉s✐♥❣ ❛ ❧❛❜❡❧✐♥❣
s❝❤❡♠❡ ❢♦r H✱ ✇❡ ✇✐❧❧ ✉s❡ ❛ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ✈✲s❦❡❧❡t♦♥✳ ■♥❢♦r♠❛❧❧②✱ t❤❡ ✈✲s❦❡❧❡t♦♥ ✐s ❛
❣r❛♣❤ ✇✐t❤ s❡t ♦❢ ♥♦❞❡s t❤❛t ✐s t❤❡ s❡t ♦❢ ♣s❡✉❞♦✲♠♦❞✉❧❡s ❛♥❞ ✇❤❡r❡ t❤❡r❡ ✐s ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥
t✇♦ ♣s❡✉❞♦✲♠♦❞✉❧❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡② ❛r❡ ❛❞❥❛❝❡♥t ✐♥ G✳ ❲❡ ❞❡✜♥❡ ✐t ❢♦r♠❛❧❧② ♥♦✇✳



✶✵✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ✷✵✸

❉❡✜♥✐t✐♦♥ ✶✵✳✹ ✭✈✲❙❦❡❧❡t♦♥✮ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲
✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✲✈✲✇✐❞t❤ ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ❚❤❡ ✈✲s❦❡❧❡t♦♥ ♦❢ (H,χ)✱ ❞❡♥♦t❡❞ ❜②
Skl(H,χ)✱ ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤ 〈VSkl(H,χ)

, ESkl(H,χ)
〉 ✇❤❡r❡✿

VSkl(H,χ)
=
⋃

u∈VH

{u, u1, . . . , ubmG(χ(u))},

ESkl(H,χ)
=
⋃

u∈VH

{uui | 1 ≤ i ≤ bmG(χ(u))} ∪
⋃

uv∈EH

{uivj | (u, v) ❤❛s ❝♦❧♦r (i, j)}.

❋♦r ❡✈❡r② u ∈ VH ✱ t❤❡ ✈❡rt❡① u ♦❢ Skl(H,χ) ✐s ❝❛❧❧❡❞ ❛ ❜❧♦❝❦✲✈❡rt❡① ❛♥❞ ❢♦r ❡✈❡r② 1 ≤ i ≤
bmG(χ(u))✱ t❤❡ ✈❡rt❡① ui ✐s ❝❛❧❧❡❞ ❛♥ ❛tt❛❝❤♠❡♥t✲✈❡rt❡①✳

■♥❢♦r♠❛❧❧② ❢♦r ❡❛❝❤ u ♦❢ H✱ ✇❡ ❝r❡❛t❡ ♥❡✇ ✈❡rt✐❝❡s✱ ❞❡♥♦t❡❞ u1, . . . , ubmG(χ(u))✱ ❛ss♦❝✐❛t❡❞
✇✐t❤ u ❛♥❞ ✇❡ ❛❞❞ ❡❞❣❡s ❜❡t✇❡❡♥ u ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞ ✈❡rt✐❝❡s✳ ❚❤❡ ❡❞❣❡ ❜❡t✇❡❡♥ ui ❛♥❞
vj ❝♦❞❡ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s G[χ(u)i] ❛♥❞ G[χ(v)j ]✱ ❢♦r♠✐♥❣ ❛ ❜✐♣❛rt✐t❡
❝♦♠♣❧❡t❡ ❣r❛♣❤✳ ❋✐❣✉r❡ ✹✽ s❤♦✇s t❤❡ ✈✲s❦❡❧❡t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥
❋✐❣✉r❡ ✹✻✳ ❚❤❡ ❜❧✉❡ ❡❞❣❡s r❡♣r❡s❡♥t ❡❞❣❡s ❜❡t✇❡❡♥ ♣s❡✉❞♦✲♠♦❞✉❧❡s ❛♥❞ ❜❧❛❝❦ ♦♥❡s r❡♣r❡s❡♥t
❡❞❣❡s ❜❡t✇❡❡♥ ❜❧♦❝❦✲✈❡rt✐❝❡s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s✳

d
e

a1

a2
a3

b1

b2

b3

c1

e1

e2 e3

f1

g3

g1

g2

c2

d2

d1

f

f2

b
g

c

x

y

Skl(H,χ)

a

❋✐❣✉r❡ ✹✽✿ ❚❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ Skl(H,χ) ♦❢ t❤❡ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦♥ ❋✐❣✉r❡ ✹✻✳

◆♦t✐❝❡ t❤❛t ✇✐t❤ t❤❡ ✈✲s❦❡❧❡t♦♥ ✇❡ ❝❛♥♥♦t st✐❧❧ ✜♥❞ ❞✐r❡❝t❧② t❤❡ ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ y ❜②
❥✉st ✉s✐♥❣ ❛ ❧❛❜❡❧✐♥❣ ♦❢ t❤❡ ✈✲s❦❡❧❡t♦♥ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✳ ❍♦✇❡✈❡r✱ ✇❡
❝❛♥ ❝♦♥str✉❝t ❛ ❣r❛♣❤ ❢r♦♠ t❤❡ ✈✲s❦❡❧❡t♦♥ ❛♥❞ ✜♥❞ t❤✐s ♣❛t❤ ✐♥ t❤✐s ❣r❛♣❤✳ ❚❤✐s ❣r❛♣❤ ✐s
s✐♠✐❧❛r t♦ t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ BT ∗(G) ✐♥ ❙❡❝t✐♦♥ ✾✳✻✱ ❜✉t ❝♦♥tr❛r② t♦ BT ∗(G) ✭❉❡✜♥✐t✐♦♥
✾✳✶✼✮ ✇❡ ❤❛✈❡ t♦ ❝♦♥str✉❝t ✐t ✇❤❡♥❡✈❡r ✇❡ ✇❛♥t t♦ ✈❡r✐❢② Conn(x, y,X, ∅)✳ ❋♦rt✉♥❛t❡❧②✱ ✐ts
s✐③❡ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ s✐③❡ ♦❢ X ❛♥❞ ♦❢ t❤❡ H✲✈✲✇✐❞t❤ ♦❢ t❤❡ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ❋♦r t❤❛t
♣✉r♣♦s❡s✱ ✇❡ ✇✐❧❧ ❛❞❛♣t t❤❡ ♥♦t✐♦♥ ♦❢ ♣r♦❜❧❡♠❛t✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ ❈❤❛♣t❡r ✾✳ ❲❡ ♠❛❦❡ ✐t
♣r❡❝✐s❡ ♥♦✇✳



✷✵✹ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❉❡✜♥✐t✐♦♥ ✶✵✳✺ ✭✈✲Pr♦❜❧❡♠❛t✐❝ ❇❧♦❝❦✲❱❡rt✐❝❡s✮ ❋♦r ❡✈❡r② X ⊆ VG✱ ❛ ❜❧♦❝❦✲✈❡rt❡① u ✐s
s❛✐❞ t♦ ❜❡ ✈✲♣r♦❜❧❡♠❛t✐❝ ❢♦r X ✐❢ X ∩ χ(u) 6= ∅❀ ✇❡ ❧❡t PX ❜❡ t❤❡ s❡t {u | u ✐s ✈✲♣r♦❜❧❡♠❛t✐❝ ❢♦r
X}✱ AX ❜❡ t❤❡ s❡t {ui | u ∈ PX} ❛♥❞ ✇❡ ❧❡t DX ❜❡ t❤❡ s❡t {ui ∈ AX | χ(u)i ⊆ X}✳ ❲❡ s❛②
t❤❛t ui ✐♥ AX −DX ✐s ❛❧✐✈❡✳ ❋♦r ❡✈❡r② x, y ∈ VG✱ ❡✈❡r② X ⊆ VG − {x, y} ❛♥❞ ❡✈❡r② u ∈ VH ✱ ✇❡
❧❡t

E(x,X) = {xui | x ∈ χ(u) ❛♥❞ p(G[χ(u)]\X,x, χ(u)i)},
E(u,X) = {uiuj | ui, uj ∈ AX −DX ❛♥❞ p(G[χ(u)]\X,χ(u)i, χ(u)j)}

E(x, y,X) = {uivj | ui, vj ∈ AX∪{x,y} −DX ❛♥❞ p(Skl(H,χ)\(PX∪{x,y} ∪AX∪{x,y}), ui, vj)}

❋♦r ❡✈❡r② x, y ∈ VG ❛♥❞ ❡✈❡r② X ⊆ VG−{x, y}✱ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ✈✲s❦❡❧❡t♦♥ ❣r❛♣❤ ❢♦r (x, y,X)✱
❞❡♥♦t❡❞ ❜② Skl(H,χ)(x, y,X)✱ ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ ✈❡rt❡① s❡t t❤❡ s❡t {x, y}∪ (AX∪{x,y}−
DX) ❛♥❞ ❡❞❣❡ s❡t t❤❡ s❡t E(x,X) ∪ E(y,X) ∪ E(x, y,X) ∪⋃ u∈PX

x,y /∈χ(u)

E(u,X)✳

▲❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G❀ ❧❡t x ❛♥❞ y ❜❡ t✇♦ ✈❡rt✐❝❡s
♦❢ G ❛♥❞ ❧❡t X ❜❡ ❛ s✉❜s❡t ♦❢ VG −{x, y}✳ ❲❡ ❧❡t u ❛♥❞ v ❜❡ t❤❡ t✇♦ ♥♦❞❡s ♦❢ H s✉❝❤ t❤❛t x
✐s ✐♥ χ(u) ❛♥❞ y ✐s ✐♥ χ(v)✳ ❲❡ ❡①♣❧❛✐♥ ✐♥❢♦r♠❛❧❧② ✇❤❛t r❡♣r❡s❡♥t t❤❡ ❡❞❣❡s ♦❢ t❤❡ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ K = Skl(H,χ)(x, y,X)✳ ❚❤❡ ❣r❛♣❤ K ✐s ❝♦♥str✉❝t❡❞ ✇✐t❤ s❡t ♦❢ ✈❡rt✐❝❡s t❤❡ s❡t ♦❢ ❛❧✐✈❡
❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s ❛♥❞✱ t✇♦ ♥❡✇ ✈❡rt✐❝❡s t❤❛t r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② x ❛♥❞ y ❛♥❞✱ t❤❛t ✇❡
st✐❧❧ ❞❡♥♦t❡ ❜② x ❛♥❞ y✳ ❲❡ ❧❡t e = wi−wℓ ❜❡ ❛♥ ❡❞❣❡ ✐♥ K✱ t❤❡♥ ✇❡ ❤❛✈❡ s❡✈❡r❛❧ ❝❛s❡s✳

❈❛s❡ ✶✳ ■t ✐s ♦❢ t❤❡ ❢♦r♠ x− ui ❛♥❞ ✐s t❤❡♥ ✐♥❝❧✉❞❡❞ ✐♥ E(x,X)✳ ❚❤✐s ❡❞❣❡ ♠❡❛♥s t❤❛t t❤❡r❡
❡①✐sts ❛t ❧❡❛st ♦♥❡ z ✐♥ χ(u)i s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\X ❜❡t✇❡❡♥ x ❛♥❞ z✳
❚❤✐s r❡♣r❡s❡♥ts ❛♥② ♣❛t❤ ✐♥ G[χ(u)]\X ❢r♦♠ x ❛♥❞ ❡♥❞✐♥❣ ✇✐t❤ ❛ ✈❡rt❡① ✐♥ χ(u)i✳

❈❛s❡ ✷✳ ■t ✐s ♦❢ ❢♦r♠ y − vj ❛♥❞ ✐s t❤❡♥ ✐♥❝❧✉❞❡❞ ✐♥ E(y,X) ❛♥❞ s✐♠✐❧❛r❧② t♦ x✱ ♠❡❛♥s t❤❛t
t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ z′ ✐♥ χ(v)j s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ♣❛t❤ ✐♥ G[χ(v)]\X ❜❡t✇❡❡♥ y ❛♥❞ z′✳

❈❛s❡ ✸✳ ❚❤❡ ❡❞❣❡ e ✐s ♥♦t ✐♥❝✐❞❡♥t ♥❡✐t❤❡r ✇✐t❤ x ♥♦r ✇✐t❤ y✳ ❲❡ ❧❡t si ❛♥❞ sℓ ❜❡ ♣r♦❜❧❡♠❛t✐❝
❜❧♦❝❦✲✈❡rt✐❝❡s ❢♦r X ∪ {x, y} s✉❝❤ t❤❛t wi = si

ji
❛♥❞ wℓ = sℓ

jℓ
✳ ❲❡ ❤❛✈❡ s❡✈❡r❛❧ ♣♦ss✐❜❧❡

♠❡❛♥✐♥❣s✳

❈❛s❡ ✸✳✶✳ si = sℓ✳ ❚❤❡♥ t✇♦ ❝❛s❡s✿

❈❛s❡ ✸✳✶✳✶✳ ❚❤❡ ❡❞❣❡ e ✐s ✐♥ E(si, X)✳ ❚❤✐s r❡♣r❡s❡♥ts s♦♠❡ ♣❛t❤ ✐♥ G[χ(si)]\X st❛rt✐♥❣
❢r♦♠ s♦♠❡ ✈❡rt❡① ♦❢ G ✐♥ χ(si)ji ❛♥❞ ❡♥❞✐♥❣ ✐♥ s♦♠❡ ✈❡rt❡① ♦❢ G ✐♥ χ(si)jℓ ✱ ✐✳❡✳✱ t❤❡r❡
❡①✐st s♦♠❡ zi ✐♥ χ(si)ji ❛♥❞ s♦♠❡ zℓ ✐♥ χ(si)jℓ s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(si)]\X
❜❡t✇❡❡♥ zi ❛♥❞ zℓ✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✐♥❣ t❤❛t ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t t❤❡r❡ ❡①✐sts ❛❧s♦ s♦♠❡ z′i
✐♥ χ(si)ji ❛♥❞ s♦♠❡ z′ℓ ✐♥ χ(si)jℓ s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ ♣❛t❤ ✐♥ G[χ(si)]\X ❜❡t✇❡❡♥ z′i ❛♥❞
z′ℓ✳

❈❛s❡ ✸✳✶✳✷✳ ❚❤❡ ❡❞❣❡ e ✐s ✐♥ E(x, y,X)✳ ❚❤✐s ❡❞❣❡ ♠❡❛♥s t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ)

❜❡t✇❡❡♥ wi = si
ji

❛♥❞ wℓ = si
jℓ

t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ ❛♥② ♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt❡①✳
❙✐♥❝❡ ❢♦r ❡❛❝❤ w ✐♥ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(w)] ✐s ❝♦♥♥❡❝t❡❞✱ ✇❡ ❤❛✈❡ ❛ ♣❛t❤ ✐♥ G\X
❜❡t✇❡❡♥ ❛♥② ✈❡rt❡① zi ♦❢ G ✐♥ χ(si)ji ❛♥❞ ❛♥② ✈❡rt❡① zℓ ♦❢ G ✐♥ χ(si)jℓ ✳

❈❛s❡ ✸✳✷✳ si 6= sℓ✳ ❚❤❡ ❡❞❣❡ wi − wℓ ♠❡❛♥s t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ) ❜❡t✇❡❡♥ wi ❛♥❞
wℓ t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ ❛♥② ♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt❡①✳ ❙✐♥❝❡ t❤❡ s✉❜✲❣r❛♣❤ G[χ(w)] ♦❢
❛ ❜❧♦❝❦✲✈❡rt❡① w ✐s ❝♦♥♥❡❝t❡❞✱ ✇❡ ❛r❡ s✉r❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ❛♥② ✈❡rt❡① ♦❢ G
✐♥ χ(si)ji ❛♥❞ ❛♥② ✈❡rt❡① ♦❢ G ✐♥ χ(sℓ)jℓ ✳ ❚❤❡s❡ ❡❞❣❡s ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ s❡t E(x, y,X)✳



✶✵✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ✷✵✺

■t ✐s ♥♦t s✉r♣r✐s✐♥❣ ❢r♦♠ t❤✐s ✐♥❢♦r♠❛❧ ♣r❡s❡♥t❛t✐♦♥ t❤❛t ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ K ❜❡✲
t✇❡❡♥ x ❛♥❞ y✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X ❜❡t✇❡❡♥ x ❛♥❞ y✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ✐t ✐s
s✉✣❝✐❡♥t t♦ ❧♦♦❦ ❛t t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ x ❛♥❞ y ✐♥ K✳ ❋✐❣✉r❡ ✹✾ s❤♦✇s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤
Skl(H,χ)(x, y,X) ✇❤❡r❡ x ✐s ✐♥ χ(a) ❛♥❞ y ✐s ✐♥ χ(d)✳ ❚❤❡ ✈✲♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt✐❝❡s ❛r❡ b, d
❛♥❞ f ❛♥❞✱ d1 ✐s ✐♥ DX ✳ ❚❤❡ ❜❧✉❡ ❡❞❣❡s r❡♣r❡s❡♥t ❡❞❣❡s ✐♥ E(x, y,X) ❛♥❞ ❜❧❛❝❦ ♦♥❡s r❡♣r❡s❡♥t
❡❞❣❡s ✐♥ E(x,X) ∪ E(y,X) ❛♥❞ r❡❞ ♦♥❡s ❡❞❣❡s ✐♥ E(u,X)✳

a1

a2

b1

b3
f1

Skl(H,χ)(x, y, X)

d2

b2

x

y

f2

a3

❋✐❣✉r❡ ✹✾✿ ❆ ♣r♦❜❧❡♠❛t✐❝ ✈✲s❦❡❧❡t♦♥ ❣r❛♣❤ ❢♦r (x, y,X) ✇❤❡r❡ (H,χ) ✐s t❤❡ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥
♦♥ ❋✐❣✉r❡ ✹✻✳

❘❡♠❛r❦ ✶✵✳✶ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ H✲✈✲✇✐❞t❤ ℓ ♦❢ G✳ ❋♦r ❡✈❡r② x, y ∈ VG ❛♥❞ ❡✈❡r② X ⊆ VG − {x, y} t❤❡ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤ Skl(H,χ)(x, y,X) ❤❛s ❛t ♠♦st (ℓ + 1) · |X| ✈❡rt✐❝❡s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢
Skl(H,χ)(x, y,X) ✐s ❛t ♠♦st O(ℓ2 · |X|2)✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❞❡❝✐❞❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ x ❛♥❞ y ✐♥ G\X ❜② ✉s✐♥❣
Skl(H,χ)(x, y,X)✳ ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿ ❡✐t❤❡r x ❛♥❞ y ❛r❡ ✐♥ t❤❡ s❛♠❡ ❜❧♦❝❦✲✈❡rt❡① ✭▲❡♠♠❛ ✶✵✳✻✮
♦r t❤❡② ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t ❜❧♦❝❦✲✈❡rt✐❝❡s ✭▲❡♠♠❛ ✶✵✳✺✮✳ ❚❤❡ ♣r♦♦❢s ❢♦❧❧♦✇ t❤❡ ❝❛s❡s ♣r❡s❡♥t❡❞
✐♥❢♦r♠❛❧❧② ❛❜♦✈❡ ❛♥❞ s❤♦✇ ❤♦✇ t♦ ❣❧✉❡ t❤❡ ♣❛t❤s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡s ✐♥ Skl(H,χ)(x, y,X)
✐♥ ♦r❞❡r t♦ ❝♦♥str✉❝t ❛ ♣❛t❤ ✐♥ G\X ❛♥❞ ❝♦♥✈❡rs❡❧②✳

▲❡♠♠❛ ✶✵✳✺ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ❋♦r ❡✈❡r② x, y ∈ VG s✉❝❤ t❤❛t x ∈ χ(u), y ∈ χ(v), u, v ∈ VH , u 6= v
❛♥❞ ❡✈❡r② X ⊆ VG − {x, y}✱ t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡
✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ Skl(H,χ)(x, y,X)✳

Pr♦♦❢✳ ▲❡t K = Skl(H,χ)(x, y,X) ❛♥❞ ❧❡t u ∈ VH ❛♥❞ v ∈ VH ❜❡ s✉❝❤ t❤❛t x ∈ χ(u) ❛♥❞
y ∈ χ(v), u 6= v✳



✷✵✻ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❆ss✉♠❡ ✜rst t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ K ❛♥❞ ❧❡t p = x−ui−w1−w2− · · ·−wp− vj − y
❜❡ ❛ s❤♦rt❡st ♣❛t❤✳ ❚❤❡ ❡❞❣❡ x−ui ♠❡❛♥ t❤❛t p(G[χ(u)]\(X ∩χ(u)), x, χ(u)i) ❤♦❧❞s✱ s❛② ✐s ♦❢

t❤❡ ❢♦r♠ x
∗
− z ✇❤❡r❡ z ∈ χ(u)i✳ ❚❤❡ ❡❞❣❡ ui − w1 ♠❡❛♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ)

t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ PX∪{x,y} ∪AX∪{x,y}✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X ❜❡t✇❡❡♥ z ❛♥❞
❛♥② ✈❡rt❡① ♦❢ χ(s1)j1 , w1 = s1j1 ✱ s❛② z1 ∈ χ(s1)j1 ✳ ❙✐♠✐❧❛r❧② ❢♦r t❤❡ ❡❞❣❡s vj − y ❛♥❞ wp − vj ✱
t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X ❜❡t✇❡❡♥ zp ∈ χ(sp)jp , wp = sp

jp
❛♥❞ z′ ∈ χ(v)j ❛♥❞ ❜❡t✇❡❡♥ z′

❛♥❞ y✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② 1 ≤ i ≤ p − 1✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X ❜❡t✇❡❡♥ ❛
zi ∈ χ(si)ji , wi = si

ji
❛♥❞ ❛ zi+1 ∈ χ(si+1)ji+1 , wi+1 = si+1

ji+1
✳ ❋♦r ❡✈❡r② 1 ≤ i ≤ p − 1✱ t❤❡r❡

❡①✐st 2 ❝❛s❡s✿

❈❆❙❊ ✶✳ si = si+1✳ ❚❤❡♥ ❡✐t❤❡r t❤❡ ❡❞❣❡ wi − wi+1 ♠❡❛♥s t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✇❤✐❝❤ ✐s
❝♦♥t❛✐♥❡❞ ✐♥ G[χ(si)]\(X ∩ χ(s)) ♦r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ) t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤
PX∪{x,y} ∪ AX∪{x,y}✳ ■♥ t❤❡ t✇♦ ❝❛s❡s t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ s♦♠❡ ✈❡rt❡① zi ♦❢ χ(si)ji

❛♥❞ s♦♠❡ ✈❡rt❡① zi+1 ♦❢ χ(si)ji+1 ✐♥ G\X✳ ❖t❤❡r✇✐s❡✱

❈❆❙❊ ✷✳ si 6= si+1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ) ❜❡t✇❡❡♥ wi ❛♥❞ wi+1 t❤❛t ❞♦❡s ♥♦t
❣♦ t❤r♦✉❣❤ PX∪{x,y} ∪AX∪{x,y}✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X ❜❡t✇❡❡♥ ❛♥② zi ∈ χ(si)ji ❛♥❞
❛♥② zi+1 ∈ χ(si+1)ji+1 ✳

■❢ si = si+1 = si+2✱ t❤❡♥ ♦♥❡ ❛♥❞ ♦♥❧② ♦❢ t❤❡ ❡❞❣❡s wi − wi+1 ❛♥❞ wi+1 − wi+2 ♠❡❛♥s t❤❡r❡
❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(si)]\(X ∩ χ(si))✱ ♦t❤❡r✇✐s❡ p ✐s ♥♦t t❤❡ s❤♦rt❡st ♦♥❡✳ ❋♦r ❡❛❝❤ s✉❝❤ ❡❞❣❡
wi − wi+1✱ ✇❡ ❝❤♦♦s❡ zi ❛♥❞ zi+1 ❜❡ ❛♥② ♦❢ t❤❡ ♣♦ss✐❜❧❡ ♣❛t❤s ✐♥ G[χ(si)]\(X ∩ χ(si))✳ ❲❡
❝❛♥ t❤❡r❡❢♦r❡ ❝❤♦♦s❡ t❤❡ ♦t❤❡r ✈❡rt✐❝❡s zi ♦❢ G s✉❝❤ t❤❛t ✇❡ ❝❛♥ ❝♦♥❝❛t❡♥❛t❡ ❛❧❧ t❤❡s❡ ♣❛t❤s
✐♥ ♦r❞❡r t♦ ❣❡t ❛ ♣❛t❤ ✐♥ G✳

❆ss✉♠❡ ♥♦✇ t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X ❛♥❞ ❧❡t w1, . . . , wp ❜❡ t❤❡ ❛tt❛❝❤♠❡♥t✲
✈❡rt✐❝❡s ♦❢ t❤❡ ✈✲♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt✐❝❡s ❢♦r X✱ ❡♥✉♠❡r❛t❡❞ ✐♥ t❤✐s ♦r❞❡r✱ ♠❡t ❜② ❛ ♣❛t❤ p
❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ G\X ❛♥❞ ❛ss✉♠❡ t❤❛t ✇❤❡♥ ❛ ♣♦rt✐♦♥ ♦❢ p ❣♦❡s ♦✉t ♦❢ ❛ ❜❧♦❝❦✲✈❡rt❡① w
❛♥❞ r❡t✉r♥s t♦ ✐t✱ t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ♣❛t❤ ✐♥s✐❞❡ t❤❡ ❜❧♦❝❦✲✈❡rt❡①✳ ▲❡t i ≤ bmG(χ(u)) ❛♥❞

j ≤ bmG(χ(v)) ❜❡ s✉❝❤ t❤❛t p = x
∗
− z

∗
− z′

∗
− y ❛♥❞ z ∈ χ(u)i ❛♥❞ z′ ∈ χ(v)j ✳ ❚❤❡ ♣♦rt✐♦♥s

x
∗
−z ❛♥❞ z′

∗
−y ❛r❡ ❝♦♥t❛✐♥❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ G[χ(u)]\(X ∩χ(u)) ❛♥❞ G[χ(v)]\(X ∩χ(v))✳ ▲❡t

p = x
∗
− z

∗
− z1

∗
− z2

∗
−· · ·

∗
− zp

∗
− z′

∗
− y ✇❤❡r❡ zi ∈ χ(si)ji , wi = si

ji
✳ ❲❡ ❤❛✈❡ s❡✈❡r❛❧ ❝❛s❡s✳

❈❆❙❊ ✸✳ w1 6= ui ❛♥❞ wp 6= vj ✳ ❚❤❡♥ u ✐s ♥♦t ❛ ✈✲♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt❡① ❢♦rX ❛♥❞ t❤❡r❡❢♦r❡

w1 6= uk ❢♦r ❛❧❧ k ≤ bmG(χ(u))✳ ❚❤❡r❡❢♦r❡✱ z
∗
− z1 ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ PX∪{x,y} ∪ AX∪{x,y}✳

❇② ❞❡✜♥✐t✐♦♥ ♦❢ K✱ t❤✐s ♣♦rt✐♦♥ ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ❡❞❣❡ ui −w1 ✐♥ K✳ ❙✐♠✐❧❛r❧② ❢♦r wp ❛♥❞
vj ✳

❈❆❙❊ ✹✳ w1 = ui ❛♥❞ wp 6= vj ✳ ❋r♦♠ ❈❛s❡ ✶ t❤❡ ♣♦rt✐♦♥ zp
∗
− z′ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡

wp − vj ✐♥ K✳ ✐❢ w1 = ui✱ t❤❡♥ z1 = z ❛♥❞ t❤✐s ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡ x− ui✳

❈❆❙❊ ✺✳ w1 6= ui ❛♥❞ wp = vj ✳ ❚❤✐s ✐s s✐♠✐❧❛r t♦ ❈❛s❡ ✷ ✇❤❡r❡ z
∗
− z1 ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡

❡❞❣❡ ui − w1 ❛♥❞ zp
∗
− y ✐s r❡♣r❡s❡♥t❡❞ ❜② vj − y✳



✶✵✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ✷✵✼

❈❆❙❊ ✻✳ w1 = ui ❛♥❞ wp = vj ✳ ❆❣❛✐♥ zp = z′ ❛♥❞ z1 = z ❛♥❞ t❤❡ ♣♦rt✐♦♥s x
∗
− z

∗
− z1 ❛♥❞

zp
∗
− z′

∗
− y ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡ x− ui ❛♥❞ y − vj ✳

❲❡ ❝❧❛✐♠ ♥♦✇ t❤❛t t❤❡ ♣♦rt✐♦♥s zi
∗
− zi+1 ❢♦r 1 ≤ i ≤ p − 1 ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡s

wi − wi+1 ✐♥ K✳ ❲❡ ❤❛✈❡ t✇♦ ❝❛s❡s✿

❈❆❙❊ ✼✳ si = si+1✳ ❚❤❡♥ ❡✐t❤❡r t❤❡ ♣♦rt✐♦♥ zi
∗
− zi+1 ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G[χ(si)]\(X ∩ χ(s)) ♦r

❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ ❛♥② ✈❡rt❡① ♦❢ ♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦ ✈❡rt✐❝❡s✳ ■♥ t❤❡ t✇♦ ❝❛s❡s t❤❡r❡ ❡①✐sts ❛♥
❡❞❣❡ wi − wi+1 ✐♥ K✳ ❖t❤❡r✇✐s❡✱

❈❆❙❊ ✽✳ si 6= si+1✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♣♦rt✐♦♥ zi
∗
− zi+1 ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ ❛♥② ✈❡rt❡① ♦❢

♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦ ✈❡rt✐❝❡s✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ wi − wi+1 ✐♥ K✳

❚❤❡r❡❢♦r❡✱ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ K✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✶✵✳✻ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥
♦❢ H✲✈✲✇✐❞t❤ ❛t ♠♦st ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ▲❡t t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ♦❢ G ❜❡ s✉❝❤ t❤❛t
x ∈ χ(u), y ∈ χ(u), u ∈ VH ❛♥❞ ❧❡t X ⊆ VG − {x, y}✳ ❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣s✿

✭✐✮ ❋♦r ❡❛❝❤ ❛tt❛❝❤♠❡♥t✲✈❡rt❡① ui ♦❢ u✱ ✇❡ ❦♥♦✇ |NSkl(H,χ)
(ui)\DX |✳

✭✐✐✮ ❋♦r ❡❛❝❤ z ∈ {x, y} ❛♥❞ ❡❛❝❤ ui✱ ✇❡ ❦♥♦✇ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\(X ∩ χ(u))
❜❡t✇❡❡♥ z ❛♥❞ s♦♠❡ ✈❡rt❡① ♦❢ χ(u)i✳

✭✐✐✐✮ ❋♦r ❡✈❡r② ui, uj✱ ✇❡ ❦♥♦✇ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\(X ∩ χ(u)) ❜❡t✇❡❡♥ s♦♠❡
✈❡rt❡① ♦❢ χ(u)i ❛♥❞ s♦♠❡ ✈❡rt❡① ♦❢ χ(u)j✳

✭✐✈✮ ❲❡ ❦♥♦✇ ✐❢ t❤❡r❡ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ y ✐♥ G[χ(u)]\(X ∩ χ(u))✳

❚❤❡♥ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛ ♣❛t❤ ✐♥ G\X ✐♥ O(ℓ2 · |X|2)✲t✐♠❡✳

Pr♦♦❢✳ ▲❡t K = Skl(H,χ) ❛♥❞ ❧❡t x ❛♥❞ y ❜❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X✳ ▲❡t p ❜❡ ❛ ♣❛t❤ ❜❡t✇❡❡♥ x
❛♥❞ y ✐♥ G\X✳ ❚❤❡♥ p ❝❛♥ ♦♥❧② ❜❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠s✿

❈❆❙❊ ✶✳ p ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G[χ(u)]\(X ∩ χ(u))✳

❈❆❙❊ ✷✳ p = x
∗
− z − z1 − z′

∗
− y ✇❤❡r❡ z, z′ ∈ χ(u)i ❢♦r s♦♠❡ i ≤ ℓ ❛♥❞ z1 ∈ χ(v)j , v 6= u

❛♥❞ j ≤ bmG(χ(v)) ✇❤❡r❡ vj ∈ VK −DX ✳

❈❆❙❊ ✸✳ p = x
∗
− zi1

∗
− zi2

∗
− · · ·

∗
− zip

∗
− y ✇❤❡r❡ zij ∈ χ(u)ij ❛♥❞ zis

∗
− zis+1 ✐s ❡✐t❤❡r ❝♦♥t❛✐♥❡❞

✐♥ G[χ(u)]\(X ∩ χ(u)) ♦r ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ u ❛♥❞ x
∗
− z1 ❛♥❞ zip

∗
− y ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥

G[χ(u)]\(X ∩ χ(u)) ❛♥❞ zip−1

∗
− zip ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ u✳



✷✵✽ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❈❆❙❊ ✹✳ p = x
∗
− zi1

∗
− zi2

∗
− · · ·

∗
− zip − z − zip+1

∗
− y ✇❤❡r❡ zij ∈ χ(u)ij , zis

∗
− zis+1 ✐s

❡✐t❤❡r ❝♦♥t❛✐♥❡❞ ✐♥ G[χ(u)]\(X ∩ χ(u)) ♦r ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ u ❛♥❞ x
∗
− z1, zip−1

∗
− zip ❛♥❞

zip+1

∗
− y ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ G[χ(u)]\(X ∩ χ(u)) ❛♥❞ z ∈ χ(v)j , v 6= u ❛♥❞ j ≤ bmG(χ(v)) ✇✐t❤

vj ∈ VK −DX ✳

❙✐♥❝❡ ✇❡ ❝❛♥ ❞❡❝✐❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ s♦♠❡ ✈❡rt❡① ♦❢ χ(u)i ❛♥❞ ❢♦r ❡❛❝❤
ui✱ ✇❡ ❦♥♦✇ |NSkl(H,χ)

(ui)\DX |✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ ❈❛s❡ ✶ ♦r ❈❛s❡ ✷ ❤♦❧❞s✳ ✭◆♦t❡ t❤❛t ❈❛s❡ ✷
✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❈❛s❡ ✹✳✮

❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r ❡✈❡r② ❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s ui ❛♥❞ uj ♦❢ u✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G\X
❜❡t✇❡❡♥ ❛ ✈❡rt❡① ♦❢ χ(u)i ❛♥❞ ❛ ✈❡rt❡① ♦❢ χ(u)j ✱ t❤✐s ♣❛t❤ ✐s ❡✐t❤❡r ✐♥❝❧✉❞❡❞ ✐♥ G[χ(u)]\(X ∩
χ(u)) ♦r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ Skl(H,χ)(x, y,X) ❜❡t✇❡❡♥ ui ❛♥❞ uj t❤❛t ❞♦❡s ♥♦ ❣♦ t❤r♦✉❣❤
u✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ui ❛♥❞ uj ✐♥ Skl(H,χ)(x, y,X) t❤❛t ❞♦❡s ♥♦t ❣♦
t❤r♦✉❣❤ u✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ❡✈❡r② ✈❡rt❡① ♦❢ χ(u)i ❛♥❞ ❡✈❡r② ✈❡rt❡① ♦❢ χ(u)j

✐♥ G\X✳

❇② ✉s✐♥❣ Skl(H,χ)(x, y,X) ✇❡ ❝❛♥ ✈❡r✐❢② ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ui ❛♥❞ uj ✐♥
Skl(H,χ)(x, y,X) t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ u ✐♥ O(|X|2)✲t✐♠❡ ✭✇❡ ❝❛♥ s❡❛r❝❤ ❛ ♣❛t❤ ✐♥ ❛
❣r❛♣❤ ✐♥ O(n+m)✲t✐♠❡ ✇❤❡r❡ m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❛♥❞ n t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s✮✳ ❙✐♥❝❡
✇❡ ❦♥♦✇ ❢♦r ❡✈❡r② ui, uj ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\(X ∩ χ(u)) ❜❡t✇❡❡♥ s♦♠❡ ✈❡rt❡① ♦❢
χ(u)i ❛♥❞ s♦♠❡ ✈❡rt❡① ♦❢ χ(u)j ✱ ✇❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡❝✐❞❡ ✐❢ ❈❛s❡ ✸ ❤♦❧❞s✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡❝✐❞❡
✐❢ ❛ ♣❛t❤ ♦❢ t❤❡ ❢♦r♠ ♦❢ ❈❛s❡ ✹ ❡①✐sts ❜② ✉s✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ |NSkl(H,χ)

(ui)\DX | ❢♦r ❡❛❝❤ ui✳

❈♦♥✈❡rs❡❧②✱ ✐t ✐s ❝❧❡❛r t❤❛t ✐❢ ❛ ♣❛t❤ ♦❢ t❤❡ ❈❛s❡ ✶✲✹ ✐s ❢♦✉♥❞✱ t❤❡♥ t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡
❝♦♥♥❡❝t❡❞ ✐♥ G\X✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ ❧❛st ♥♦t❛t✐♦♥s✳ ▲❡t P1 ❛♥❞ P2 ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✲ P1(x,X1, X) = ✏t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ x ❛♥❞ ❛ ✈❡rt❡① ✐♥ X1 t❤❛t ❛✈♦✐❞s t❤❡ ✈❡rt✐❝❡s
♦❢ X✑✳

✲ P2(X1, X2, X) = ✏t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ❜❡t✇❡❡♥ ❛ ✈❡rt❡① ✐♥ X1 ❛♥❞ ❛ ✈❡rt❡① ✐♥ X2 t❤❛t
❛✈♦✐❞s t❤❡ ✈❡rt✐❝❡s ♦❢ X✑✳

❚❤❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ✈✲s❦❡❧❡t♦♥s ❛♥❞ ♦♥ t❤❡ s✉❜✲❣r❛♣❤s ✐♥❞✉❝❡❞ ❜② t❤❡ ❜❧♦❝❦✲✈❡rt✐❝❡s
❛r❡ ❢♦r♠❛❧✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✵✳✻ ✭❈♦♥str❛✐♥t H✲✈✲❉❡❝♦♠♣♦s✐t✐♦♥s✮ ▲❡tH,D1 ❛♥❞ D2 ❜❡ 3 ❝❧❛ss❡s ♦❢ ✉♥❞✐✲
r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ s❛② t❤❛t ❛ ❝❧❛ss C ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❤❛s ❛♥ (H,D1,D2)✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
(H,D1,D2)✲✈✲✇✐❞t❤ ❛t ♠♦st ℓ ✐❢ ❡✈❡r② ❣r❛♣❤ G ✐♥ C ❤❛s ❛♥H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢H✲✈✲✇✐❞t❤
❛t ♠♦st ℓ s✉❝❤ t❤❛t Skl(H,χ) ∈ D1 ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)] ∈ D2✳

❲❡ ♥♦✇ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✵✳✶ ▲❡t ℓ ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ ❧❡t H,D1 ❛♥❞ D2 ❜❡ ❝❧❛ss❡s ♦❢ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s✳ ❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣s✿



✶✵✳✸✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ✷✵✾

✶✳ ❚❤❡r❡ ❡①✐sts ❛♥ f1✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ D1 ❛♥❞ ❢♦r ❡✈❡r② G ∈ D1✱
t❤❡ f1✲❧❛❜❡❧✐♥❣ ♦♥ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ g1(|VG|)✲t✐♠❡✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛♥ f2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ♦♥ D1 ❛♥❞ ❢♦r ❡✈❡r② G ∈ D1✱
t❤❡ f2✲❧❛❜❡❧✐♥❣ ♦♥ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ g2(|VG|)✲t✐♠❡✳

✸✳ ❚❤❡r❡ ❡①✐st f3✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r t❤❡ ♣r♦♣❡rt✐❡s P1 ❛♥❞ P2 ♦♥ D2 ❛♥❞ ❢♦r ❡✈❡r② G ∈ D2✱
t❤❡ f3✲❧❛❜❡❧✐♥❣s ♦♥ G ❛r❡ ❝♦♥str✉❝t❡❞ ✐♥ g3(|VG|)✲t✐♠❡✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ O(ℓ2 · (f1 + f2 + f3))✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r②
♦♥ t❤❡ ❝❧❛ss C ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ (H,D1,D2)✲✈✲✇✐❞t❤ ❛t ♠♦st ℓ✳ ▼♦r❡♦✈❡r✱ ✐❢ ❢♦r ❡✈❡r②
❣r❛♣❤ G ∈ C ✇✐t❤ n ✈❡rt✐❝❡s✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ (H,D1,D2)✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,D1,D2)✲✈✲
✇✐❞t❤ ❛t ♠♦st ℓ ✐♥ f(n)✱ t❤❡♥ ❢♦r ❡✈❡r② ❣r❛♣❤ G ∈ C✱ t❤❡ ❛❧❣♦r✐t❤♠ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥
max{f(n), O(n · g3(n)), g1(n), g2(n), O(n2)}✲t✐♠❡ ❛♥❞ B ❣✐✈❡s t❤❡ ❛♥s✇❡r ✐♥ O(ℓ2 ·m2)✲t✐♠❡
✇❤❡r❡ m ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛✳

Pr♦♦❢✳ ▲❡t G ∈ C ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❲❡ ❝♦♠♣✉t❡ ✐♥ f(n)✲t✐♠❡ ❛♥ H✲✈✲
❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ G s✉❝❤ t❤❛t Skl(H,χ) ∈ D1 ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH , G[χ(u)] ∈ D2✳ ■t ✐s
❝❧❡❛r ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ t❤❛t |VH | ≤ n ❛♥❞ t❤❡♥ Skl(H,χ) ❤❛s O(n) ✈❡rt✐❝❡s✳
❲❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ ❛❧❧ χ(u), u ∈ VH ✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡
✈✲s❦❡❧❡t♦♥ Skl(H,χ) ♦❢ (H,χ)✳

❇② ❤②♣♦t❤❡s✐s✱ t❤❡r❡ ❡①✐sts ❛♥ f1✲❧❛❜❡❧✐♥❣K ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ Skl(H,χ)✳ ❇② ❤②♣♦t❤✲
❡s✐s✱ ❢♦r ❡❛❝❤ i, j ≤ ℓ ❛♥❞ ❡❛❝❤ u ∈ VH ✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t f3✲❧❛❜❡❧✐♥❣s ❢♦r Pi = P1(x, χ(u)i, X)
❛♥❞ Pi,j = P2(χ(u)i, χ(u)j , X) ♦♥ G[χ(u)]✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② Ji,u ❛♥❞ Ji,j,u✳ ■t ✐s ✇♦rt❤ ♥♦t✐❝✲
✐♥❣ t❤❛t ✐♥ Pi t❤❡r❡ ❛r❡ t✇♦ ❢r❡❡ ✈❛r✐❛❜❧❡s✱ x ❛♥❞ X ❛♥❞✱ ✐♥ Pi,j ✱ t❤❡r❡ ✐s ♦♥❡ ❢r❡❡ ✈❛r✐❛❜❧❡✱
X✳ ❚❤❡r❡ ❡①✐sts ❛♥ f2✲❧❛❜❡❧✐♥❣ K ′ ❢♦r t❤❡ ❛❞❥❛❝❡♥❝② q✉❡r② ♦♥ Skl(H,χ) ❜② ❤②♣♦t❤❡s✐s✳ ❲❡
❝♦♠♣✉t❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ♥♦❞❡ w ∈ Skl(H,χ) t❤❛t ✇❡ ❞❡♥♦t❡ ❜② d(w)✳ ❋♦r ❡❛❝❤ u ∈ VH ❛♥❞
❡❛❝❤ i ≤ ℓ✱ ✇❡ ❧❡t Card(u, i) = |χ(u)i|✳ ❋♦r ❡✈❡r② x ∈ VG s✉❝❤ t❤❛t x ∈ χ(u)i✱ ✇❡ ❧❡t

C(x) =
(
Card(u, 1), . . . , Card(u, ℓ), d(u1), . . . , d(uℓ)

)

C ′(x) =
(
K ′(u1), . . . ,K

′(uℓ), i
)
,

L(x) =
(
J1,u(x), . . . , Jℓ,u(x), J1,1,u(x), . . . , J1,ℓ,u(x), . . . , Jℓ,1,u(x), . . . , Jℓ,ℓ,u(x)

)

J(x) =
(
K(u),K(u1), . . . ,K(uℓ), C(x), C ′(x), L(x)

)

■t ✐s ❝❧❡❛r t❤❛t |J(x) = O(ℓ2 · (f1(n) + f2(n) + f3(n) + f4(n))) ❢♦r ❡✈❡r② x ∈ VG✳ ❲❡ ♥♦✇
❡①♣❧❛✐♥ ❣✐✈❡♥ J(x), J(y) ❛♥❞ J(X) ❤♦✇ t♦ ✈❡r✐❢② ✐❢ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X✳

❋♦r ❡❛❝❤ z ∈ VG✱ ❜② ✉s✐♥❣ t❤❡ K✲♣❛rt ♦❢ J(z) ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❜❧♦❝❦✲✈❡rt✐❝❡s u ∈ VH

s✉❝❤ t❤❛t z ∈ χ(u)✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ t❤❡ s❡t PX ♦❢ ✈✲♣r♦❜❧❡♠❛t✐❝ ❜❧♦❝❦✲✈❡rt✐❝❡s ❢♦r
X ❛♥❞ t❤❡ ❜❧♦❝❦✲✈❡rt✐❝❡s u ❛♥❞ v s✉❝❤ t❤❛t x ∈ χ(u) ❛♥❞ y ∈ χ(v)✳ ❋♦r ❡❛❝❤ w ∈ PX ∪{u, v}✱
✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ s❡t Xw = {x | x ∈ χ(w)}✳ ❇② ❝♦♠♣❛r✐♥❣ t❤❡ K✲♣❛rts ♦❢ J(x) ❛♥❞
♦❢ J(y) ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ u = v ♦r u 6= v✳ ▲❡t ✉s ✜rst ❝♦♥str✉❝t Skl(H,χ)(x, y,X)✳ ❋♦r ❡❛❝❤
w ∈ PX ∪ {u, v}✱ ❜② ✉s✐♥❣ Card(u, i) ♦❢ s♦♠❡ ✈❡rt❡① z ∈ Xw ❛♥❞ ❜② ❝♦✉♥t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢
❡❧❡♠❡♥ts ✐♥ Xw t❤❛t ❤❛s t❤❡ ❝♦❧♦r i✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ wi ∈ DX ♦r ♥♦t✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
t❤❡ s❡t DX ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✈❡rt✐❝❡s ♦❢ Skl(H,χ)(x, y,X)✳



✷✶✵ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❋♦r ❡✈❡r② ui✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\Xu ❜❡t✇❡❡♥ s♦♠❡ ✈❡rt❡① ♦❢
χ(u)i ❛♥❞ x ❜② ✉s✐♥❣ Ji,u(x) ❛♥❞ Ji,u(Xu)✳ ❙✐♠✐❧❛r❧② ❢♦r y ❛♥❞ ❡❛❝❤ vi ❜② ✉s✐♥❣ Ji,v(y) ❛♥❞
Ji,v(Xv)✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t E(x,X) ❛♥❞ E(y,X)✳

❋♦r ❡❛❝❤ w ∈ PX ∪ {u, v}✱ ❜② ✉s✐♥❣ Ji,j,w(Xw) ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥
G[χ(w)]\Xw ❜❡t✇❡❡♥ s♦♠❡ ✈❡rt❡① ♦❢ χ(w)i ❛♥❞ s♦♠❡ ✈❡rt❡① ♦❢ χ(w)j ✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥str✉❝t
t❤❡ s❡t E(w,X)✳ ❇② ✉s✐♥❣ K(wi)✱ K(wj) ♦❢ s♦♠❡ ✈❡rt❡① z ∈ Xw ❛♥❞ K(PX ∪ {u, v}) ✇❡
❝❛♥ ❛❧s♦ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ K t❤❛t ❛✈♦✐❞s PX ∪ {u, v}✱ ✐✳❡✳✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t
E(x, y,X)✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ ❣r❛♣❤ Skl(H,χ)(x, y,X) s✐♥❝❡ ✇❡ ❦♥♦✇ ❤♦✇ t♦
❝♦♥str✉❝t ✐ts s❡t ♦❢ ❡❞❣❡s✳

■❢ u 6= v✱ t❤❡♥ ❜② ▲❡♠♠❛ ✶✵✳✺ t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ❛♥❞
y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ Skl(H,χ)(x, y,X)✳

■❢ u = v✱ t❤❡♥ ❜② ▲❡♠♠❛ ✶✵✳✻ ✐t r❡♠❛✐♥s t♦ ❦♥♦✇ |NSkl(H,χ)
(ui)\DX | ✭DX ✐s t❤❡ s❡t ♦❢ ♥♦❞❡s wi

✐♥ Skl(H,χ) s✉❝❤ t❤❛t wi = si
ji
❛♥❞ χ(si)ji ⊆ X✮ ❢♦r ❡❛❝❤ ui = vi✳ ❇② ✉s✐♥❣ d(u1), . . . , d(uℓ) ✐♥

J(x) ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❡❛❝❤ ui✳ ❋♦r ❡❛❝❤ wj ∈ DX ✱ ✇❡ ❦♥♦✇ g1(wj), g2(wj) ❛♥❞
g3(wj) s✐♥❝❡ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ z ∈ Xw s✉❝❤ t❤❛t z ∈ χ(w)j ✳ ❇② ✉s✐♥❣ g1(ui), g2(u1), g3(u1)
❛♥❞ g1(wj), g2(wj), g3(wj) ✇❡ ❝❛♥ ❞❡❝✐❞❡ ✐❢ ui ❛♥❞ wj ❛r❡ ❛❞❥❛❝❡♥t ♦r ♥♦t✳ ❚❤❡r❡❢♦r❡✱ ❜②
❝♦♠♣❛r✐♥❣ d(ui) ❛♥❞ |{wj ∈ DX | ui ❛♥❞ wj ❛r❡ ❛❞❥❛❝❡♥t ✐♥ Skl(H,χ)}| ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡
|NSkl(H,χ)(ui)\DX |✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s✱ ▲❡♠♠❛s ✶✵✳✺ ❛♥❞ ✶✵✳✻✱ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
Skl(H,χ)(x, y,X)✱ ✇❡ ❝❛♥ ❞❡❝✐❞❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ x ❛♥❞ y ✐♥ G\X ✐♥ O(ℓ2 · |X|2)✳

■t r❡♠❛✐♥s t♦ ❜♦✉♥❞ t❤❡ t✐♠❡ ❢♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ❧❛❜❡❧✐♥❣ J ✳ ❙✐♥❝❡ Skl(H,χ) ❤❛s O(n) ✈❡rt✐❝❡s
✇❡ ❝❛♥ ❝♦♥str✉❝t✱ ❜② ❤②♣♦t❤❡s✐s✱ t❤❡ ❧❛❜❡❧✐♥❣ K ❛♥❞ K ′ ✐♥ g1(n)✲t✐♠❡ ❛♥❞ g2(n)✲t✐♠❡ r❡s♣❡❝✲
t✐✈❡❧②✳ ❋♦r ❡❛❝❤ u ∈ VH ✇❡ ❝♦♥str✉❝t✱ ❜② ❤②♣♦t❤❡s✐s✱ t❤❡ ❧❛❜❡❧✐♥❣s Ji,u ❛♥❞ Ji,u,j ✐♥ O(g3(nu))
✇❤❡r❡ nu ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ G[χ(u)]✳ ❚❤❡♥ ✇❡ ❝♦♥str✉❝t t❤❡ ❧❛❜❡❧✐♥❣s Ji,u ❛♥❞ Ji,j,u

❢♦r ❛❧❧ u ∈ VH ✐♥ O(n · g3(n))✲t✐♠❡✳ ❲❡ ❝♦♠♣✉t❡ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ♦❢ ❛❧❧ χ(u), u ∈ VH

✐♥ O(n2)✲t✐♠❡ ✭❈♦r♦❧❧❛r② ✶✵✳✶✮✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ✇❡ ❦♥♦✇ ❛❧❧ t❤❡ ♣s❡✉❞♦✲♠♦❞✉❧❡s ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ ❢♦r ❛❧❧ u ❛♥❞ ❛❧❧ i t❤❡ ♥✉♠❜❡r Card(u, i) ✐♥ O(n)✲t✐♠❡✳ ❲❡ ❝❛♥ ❝♦♥str✉❝t t❤❡ ❞❡❣r❡❡
♦❢ ❛❧❧ ✈❡rt✐❝❡s ♦❢ Skl(H,χ) ✐♥ O(m)✲t✐♠❡ ✭m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✮ ❛s ❢♦❧❧♦✇s✿

✶✳ ■♥✐t✐❛❧✐③❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❛❧❧ t❤❡ ✈❡rt✐❝❡s ♦❢ G t♦ 0✳

✷✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = xy ♦❢ G✱ ✐♥❝r❡❛s❡ ❜② 1 t❤❡ ❞❡❣r❡❡ ♦❢ x ❛♥❞ y✳

❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❝♦♥str✉❝t t❤❡ ❧❛❜❡❧✐♥❣ ✐♥ max{f(n), O(n · g3(n)), g1(n), g2(n), O(n2)}✲t✐♠❡✳
❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❆s ❛ ❝♦r♦❧❧❛r② ♦❢ ❚❤❡♦r❡♠s ✼✳✹✱ ✾✳✶ ❛♥❞ ✶✵✳✶ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❤✐❝❤ ❝♦♥❝❡r♥s ♣❧❛♥❛r
❣❧✉✐♥❣s ♦❢ ❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤✳

❈♦r♦❧❧❛r② ✶✵✳✷ ▲❡t k ❛♥❞ ℓ ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ ❧❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳
❚❤❡r❡ ❡①✐sts ❛♥ O(ℓ2 ·f(k)·log)✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡ ❝❧❛ss C



✶✵✳✹✳ H✲❡✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s ✷✶✶

♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ (H,P, CWD(≤ k))✲✇✐❞t❤ ❛t ♠♦st ℓ ✇❤❡r❡ f(k) ✐s t❤❡ ❤✐❞❞❡♥ ❝♦♥st❛♥t
♦♥ t❤❡ ❧❛❜❡❧✐♥❣ ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ♦♥ ❣r❛♣❤s ✐♥ CWD(≤ k)✳ ▼♦r❡♦✈❡r✱ ✐❢ ❢♦r ❡✈❡r② G ∈ C
✇✐t❤ n ✈❡rt✐❝❡s ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ (H,P, CWD(≤ k))✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,P, CWD(≤ k))✲
✇✐❞t❤ ❛t ♠♦st ℓ ✐♥ f(n)✲t✐♠❡✱ t❤❡♥ ❢♦r ❡✈❡r② G ∈ C ✇✐t❤ n ✈❡rt✐❝❡s A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥
max{f(n), O(n4)}✲t✐♠❡✳

✶✵✳✹ H✲❡✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s

■♥ ❬❙❝❤✾✼✱ ❲❚✵✼❪ t❤❡ ♥♦t✐♦♥ ♦❢ tr❡❡✲✇✐❞t❤ ✐s ❣❡♥❡r❛❧✐③❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐♥st❡❛❞ ♦❢ ✐♠♣♦s✐♥❣
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ t♦ ❜❡ ❛ tr❡❡✱ ✐t ❝❛♥ ❜❡ ✐♥ ❛♥② ♦t❤❡r ❝❧❛ss ♦❢ ❣r❛♣❤s✱ t❤❛t ✐s s♣❡❝✐✜❡❞✳ ❋♦r
✐♥st❛♥❝❡✱ ✐♥ ❬❲❚✵✼❪ ❛ ♥♦t✐♦♥ ♦❢ ♣❧❛♥❛r✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❢ ♣❧❛♥❛r✲✇✐❞t❤ ✐s st✉❞✐❡❞ ❛♥❞ t❤❡②
s❤♦✇ t❤❛t ❣r❛♣❤s ❡♠❜❡❞❞❛❜❧❡ ✐♥ ❛ s✉r❢❛❝❡ ❤❛✈❡ s✉❝❤ ❜♦✉♥❞❡❞ ♣❧❛♥❛r✲✇✐❞t❤✳ ❲❡ ✉s❡ t❤❡ s❛♠❡
✐❞❡❛s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❬❙❝❤✾✼✱ ❲❚✵✼❪ t❤❡ ♣❛r❛♠❡t❡r ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❜❧♦❝❦s ❛♥❞
❛ ✈❡rt❡① ♠❛② ❛♣♣❡❛r ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ♣❛rts✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ✐s ♥♦t s✉✐t❛❜❧❡ ❢♦r ♦✉r
♣✉r♣♦s❡s ❜❡❝❛✉s❡ ✐♥ ♦✉r ♣r♦♦❢ t❡❝❤♥✐q✉❡s ✇❡ ❝❛♥♥♦t ❤❛♥❞❧❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✇❤❡r❡ ❛ ✈❡rt❡① ♠❛②
❛♣♣❡❛r ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ♥✉♠❜❡r ♦❢ ♣❛rts✳ ❋♦r t❤❛t ♣✉r♣♦s❡s✱ ✇❡ ✐♥tr♦❞✉❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥s
❜❛s❡❞ ♦♥ ❡❞❣❡✲♣❛rt✐t✐♦♥s ✇✐t❤ ❛ ♣❛r❛♠❡t❡r t❤❛t ♠❡❛s✉r❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rts t❤❛t ❝♦♥t❛✐♥ ❛
✈❡rt❡① ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ❛ ❜❧♦❝❦ s❤❛r❡s ✇✐t❤ ♦t❤❡r ♣❛rts✳

❲❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥s ♦❢ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ♦❢ H✲❡✲✇✐❞t❤✳ ❚❤❡ ❛①✐♦♠s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥
❛r❡ ❛❧s♦ ♣r❡s❡♥t ✐♥ ❬❙❝❤✾✼❪✳

❉❡✜♥✐t✐♦♥ ✶✵✳✼ ✭H✲❡✲❉❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ H✲❡✲❲✐❞t❤✮ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s✳ ❆♥ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ✐s ❛ ♣❛✐r (H,χ) s✉❝❤ t❤❛t✿

✭❈❉✶✮ H ∈ H ❛♥❞ χ : VH → 2VG ✳

✭❈❉✷✮
⋃

u∈VH

χ(u) = VG✳

✭❈❉✸✮ ❋♦r ❡✈❡r② u ∈ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)] ✐s ❝♦♥♥❡❝t❡❞✳

✭❈❉✹✮ ❋♦r ❡✈❡r② u, v ∈ VH ✱ ✐❢ uv ∈ EH ✱ t❤❡♥ χ(u) ∩ χ(v) 6= ∅✳

✭❈❉✺✮ ❋♦r ❡✈❡r② ❡❞❣❡ xy ∈ EG✱ t❤❡r❡ ❡①✐sts u ∈ VH s✉❝❤ t❤❛t x, y ∈ χ(u)✿

✭❈❉✻✮ ❋♦r ❡✈❡r② x ∈ VG✱ t❤❡ s✉❜✲❣r❛♣❤ H[{u | x ∈ χ(u)}] ✐s ❝♦♥♥❡❝t❡❞✳

❋♦r ❡✈❡r② u ∈ VH ✱ ✇❡ ❧❡t sh(u) =
∣∣∣χ(u)∩

(
⋃

v∈VH ,v 6=u

χ(v)

)∣∣∣ ❛♥❞ ✇❡ s❛② t❤❛t u s❤❛r❡s sh(u)

✈❡rt✐❝❡s✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② x1(u), . . . , xsh(u)✳

❚❤❡ H✲s♣r❡❛❞ ♦❢ ❛ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ)✱ ❞❡♥♦t❡❞ ❜② H✲spr(H,χ)✱ ✐s max
x∈VG

∣∣∣{u ∈ VH |

x ∈ χ(u)}
∣∣∣ ❛♥❞ t❤❡ H✲❜❧♦❝❦✲✇✐❞t❤ ♦❢ ❛ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ)✱ ❞❡♥♦t❡❞ ❜② H✲blk(H,χ)✱ ✐s

max{sh(u) | u ∈ VH}✳
❚❤❡ H✲❡✲✇✐❞t❤ ♦❢ ❛♥ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ)✱ ❞❡♥♦t❡❞ ❜② c✲H✲wd(H,χ)✱ ✐s max{H✲

spr(H,χ),H✲blk(H,χ)}✳ ❚❤❡ H✲❡✲✇✐❞t❤ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤✱ ❞❡♥♦t❡❞ ❜② c✲H✲wd(G)✱ ✐s
t❤❡ ♠✐♥✐♠✉♠ H✲❡✲✇✐❞t❤ ♦✈❡r ❛❧❧ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ G✳



✷✶✷ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

■❢ (H,χ) ✐s ❛♥ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ❣r❛♣❤ G✱ ✇❡ ❝❛❧❧ t❤❡ ✈❡rt✐❝❡s ♦❢ H ♥♦❞❡s ✐♥ ♦r❞❡r t♦
❞✐st✐♥❣✉✐s❤ t❤❡♠ ❢r♦♠ t❤❡ ✈❡rt✐❝❡s ♦❢ G✳

❋✐❣✉r❡ ✺✵ s❤♦✇s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥✳ ■❢ t✇♦ ♥♦❞❡s u ❛♥❞ v s❤❛r❡ ❛ ✈❡rt❡①
❛♥❞ ❛r❡ ❛❞❥❛❝❡♥t✱ ✇❡ r❡♣r❡s❡♥t t❤❡ t✇♦ ✈❡rt✐❝❡s ✐♥ t❤❡ t✇♦ ❜❧♦❝❦s ❛♥❞ ❥♦✐♥ t❤❡♠ ❜② ❛ ❞❛s❤❡❞
❧✐♥❡✳ ❋♦r ✐♥st❛♥❝❡✱ x2 ✐s ✐♥ χ(a)∩χ(b)∩χ(c)∩χ(g)✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❡❞❣❡ ✐♥ H ❜❡t✇❡❡♥ a ❛♥❞
b✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❞❛s❤❡❞ ❧✐♥❡ ❜❡t✇❡❡♥ t❤❡ x2✬s ✐♥ a ❛♥❞ ✐♥ b✳ ❚❤❡r❡ ✐s ♥♦ ❡❞❣❡ ❜❡t✇❡❡♥
a ❛♥❞ c✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ❞❛s❤❡❞ ❧✐♥❡ ❜❡t✇❡❡♥ t❤❡ x2✬s ✐♥ a ❛♥❞ ✐♥ c✳ ❲❡ ❝❛♥ ✈❡r✐❢② t❤❛t ❢♦r
❡✈❡r② ✈❡rt❡① ♦❢ G✱ t❤❡ s✉❜✲❣r❛♣❤ H[{u | x ∈ χ(u)}] ✐s ❝♦♥♥❡❝t❡❞✳ ❲❡ ♦♠✐t t❤❡ ❡❞❣❡s ✐♥ t❤❡
❜❧♦❝❦s ❛♥❞ t❤❡ ✈❡rt✐❝❡s t❤❛t ❜❡❧♦♥❣ t♦ ♦♥❡ χ(u)✱ ❢♦r u ∈ VH ✳

G

a

b

c
d

e

f

g

a

b

c d e

f
g

(H, χ)
x1

x2 x3

x4

x2
x5

x5

x2

x6

x6

x6

x7 x7

x8

x8x2

x3 x4

x9

x9

x1

❋✐❣✉r❡ ✺✵✿ ❆ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ P✲❡✲✇✐❞t❤ 4 ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳

❘❡♠❛r❦ ✶✵✳✷ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ♦❢ H✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ✳ ❚❤❡♥ ❡✈❡r② ♥♦❞❡ u ♦❢ H ❤❛s ❞❡❣r❡❡ ❛t ♠♦st ℓ2✳
■❢ sh(u, v) = |χ(u) ∩ χ(v)| ≥ 1✱ t❤❡♥ ✇❡ s❛② t❤❛t u ❛♥❞ v s❤❛r❡ sh(u, v) ✈❡rt✐❝❡s✱ t❤❛t ✇❡ ❞❡♥♦t❡
❜② x1(u, v), . . . , xsh(u,v)(u, v)✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t s♦♠❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ H✲❡✲✇✐❞t❤ ❛❞♠✐ts s❤♦rt ❧❛❜❡❧✐♥❣
s❝❤❡♠❡ ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r②✱ ✇❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡s ❛s ✐♥ ❙❡❝t✐♦♥ ✶✵✳✸✳ ❋♦r t❤❡
s❛♠❡ r❡❛s♦♥s✱ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ q✉♦t✐❡♥t ❣r❛♣❤ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥s ♦❢ ❡✲s❦❡❧❡t♦♥ ❛♥❞
♦❢ ♣r♦❜❧❡♠❛t✐❝ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s✳



✶✵✳✹✳ H✲❡✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❯♥❞✐r❡❝t❡❞ ●r❛♣❤s ✷✶✸

❉❡✜♥✐t✐♦♥ ✶✵✳✽ ✭❡✲❙❦❡❧❡t♦♥ ❛♥❞ Pr♦❜❧❡♠❛t✐❝ ❡✲❇❧♦❝❦✲❱❡rt✐❝❡s✮ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢
✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛♥ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✲❡✲✇✐❞t❤ ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤
G✳ ❋♦r ❡✈❡r② u ∈ VH ✱ ✇❡ ❧❡t C(u) =

⋃
v∈NH(u)

{c1(u, v), . . . , csh(u,v)(u, v)}✳ ❚❤❡ ❡✲s❦❡❧❡t♦♥ ♦❢

(H,χ)✱ ❞❡♥♦t❡❞ ❜② eSkl(H,χ)✱ ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤ 〈VeSkl(H,χ)
, EeSkl(H,χ)

〉 ✇❤❡r❡✿

VeSkl(H,χ)
=
⋃

u∈VH

({u} ∪ C(u)) ,

EeSkl(H,χ)
=
⋃

u∈VH

⋃

v∈NH(u)

{u− c1(u, v), . . . , u− csh(u,v)(u, v)}∪

⋃

uv∈EH

{ci(u, v)− cj(v, u) | xi(u, v) = xj(v, u)}.

❋♦r ❡✈❡r② ♥♦❞❡ u ∈ VH ✱ ✇❡ ❝❛❧❧ u ∈ VeSkl(H,χ)
❛♥ ❡✲❜❧♦❝❦✲✈❡rt❡① ❛♥❞ ✇❡ ❝❛❧❧ t❤❡ ✈❡rt✐❝❡s uvi

❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s✳

❋♦r ❡✈❡r② X ⊆ VG✱ ❛♥ ❡✲❜❧♦❝❦✲✈❡rt❡① u ✐s s❛✐❞ ♣r♦❜❧❡♠❛t✐❝ ❢♦r X ✐❢ χ(u) ∩ X 6= ∅❀ ❲❡
❧❡t PX = {u | u ✐s ♣r♦❜❧❡♠❛t✐❝ ❢♦r X}✱ P ′

X = {u | ∃w(χ(u) ∩ χ(w) 6= ∅ ❛♥❞ w ∈ PX}✱
AX = {C(u) | u ∈ PX}✱ A′

X = {C(u) | u ∈ P ′
X} ❛♥❞ DX = {ci(u, v) ∈ AX ∪ A′

X | ∃z(z ∈ X
❛♥❞ z = xi(u, v))}✳ ❋♦r ❡✈❡r② x, y ∈ VG✱ ❡✈❡r② X ⊆ VG − {x, y} ❛♥❞ ❡✈❡r② u ∈ VH ✱ ✇❡ ❧❡t

E(x,X) =
⋃

u∈VH

x∈χ(u)

⋃

v∈NH(u)

{x− ci(u, v) | p(G[χ(u)]\X,x, xi(u, v))},

E(u,X) = {ci(u, vℓ)− cj(u, vs) | ci(u, vℓ), cj(u, vs) /∈ DX ❛♥❞(
p(G[χ(u)]\X,xi(u, vℓ), xj(u, vs)) ♦r xi(u, vℓ) = xj(u, vs)

)
},

E(x, y,X) = {ci(u, v)− cj(w, s) | ci(u, v), cj(w, s) /∈ DX ❛♥❞(
p(eSkl(H,χ)\(PX ∪AX), ci(u, v), cj(w, s)) ♦r xi(u, v) = xj(w, s)

)
}.

❋♦r ❡✈❡r② x, y ∈ VG ❛♥❞ ❡✈❡r② X ⊆ VG−{x, y}✱ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥ ❣r❛♣❤ ❢♦r (x, y,X)✱
❞❡♥♦t❡❞ ❜② eSkl(H,χ)(x, y,X)✱ ✐s t❤❡ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ 〈VeSkl(H,χ)(x,y,X), EeSkl(H,χ)(x,y,X) 〉 ✇❤❡r❡✿

VeSkl(H,χ)(x,y,X) = {x, y} ∪ (A′
X∪{x,y} ∪AX∪{x,y})−DX ,

EeSkl(H,χ)(x,y,X) = E(x,X) ∪ E(y,X) ∪ E(x, y,X) ∪
⋃

u∈PX∪{x,y}∪P ′
X∪{x,y}

E(u,X).

▲❡t H,D1 ❛♥❞ D2 ❜❡ 3 ❝❧❛ss❡s ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ s❛② t❤❛t ❛ ❝❧❛ss C ♦❢ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ❤❛s ❛♥ (H,D1,D2)✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ ✐❢ ❡✈❡r② ❣r❛♣❤ G ∈ C
❤❛s ❛ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ H✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ s✉❝❤ t❤❛t eSkl(H,χ) ∈ D1 ❛♥❞ ❢♦r ❡✈❡r②
u ∈ VH t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)] ∈ D2✳

❋♦r ❝♦♥str✉❝t✐♥❣ t❤❡ ❡✲s❦❡❧❡t♦♥✱ ✇❡ ❞✉♣❧✐❝❛t❡ t❤❡ s❤❛r❡❞ ✈❡rt✐❝❡s ❛♥❞ t✇♦ ❞✉♣❧✐❝❛t❡❞ ✈❡r✲
t✐❝❡s ❛r❡ ❛❞❥❛❝❡♥t ✐❢ t❤❡② r❡♣r❡s❡♥t t❤❡ s❛♠❡ ✈❡rt❡① ✐♥ G ❛♥❞ t❤❡ t✇♦ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s✱ t♦ ✇❤✐❝❤
t❤❡② ❜❡❧♦♥❣✱ ❛r❡ ❛❞❥❛❝❡♥t✳ ❋♦r ✐♥st❛♥❝❡✱ ♦♥ ❋✐❣✉r❡ ✺✵✱ t❤❡ ❡✲❜❧♦❝❦✲✈❡rt❡① b s❤❛r❡s t❤❡ ✈❡rt✐❝❡s
x2 ✇✐t❤ t❤❡ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s a, c ❛♥❞ g ❛♥❞ ✐s ❛❞❥❛❝❡♥t ✇✐t❤ ❛❧❧ ♦❢ t❤❡♠✱ a ✐s ♥♦t ❛❞❥❛❝❡♥t ✇✐t❤
c ❛♥❞ c ✐s ♥♦t ❛❞❥❛❝❡♥t ✇✐t❤ g✳ ❲❡ ❝r❡❛t❡ 3 ❝♦♣✐❡s ♦❢ x2 ❛❞❥❛❝❡♥t ✇✐t❤ b✱ t❤❛t ✇❡ ❞❡♥♦t❡ ❢♦r
❝❧❛r✐t② ❜② xb,a

2 ✱ xb,g
2 ✱ xb,c

2 ✱ ♦♥❡ ❝♦♣② ♦❢ x2 ❛❞❥❛❝❡♥t ✇✐t❤ c✱ ❞❡♥♦t❡❞ ❜② xc,b
2 ✱ t✇♦ ❝♦♣✐❡s ♦❢ x2



✷✶✹ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❛❞❥❛❝❡♥t ✇✐t❤ a✱ ❞❡♥♦t❡❞ ❜② xa,b
2 ❛♥❞ xa,g

2 ❛♥❞ t✇♦ ❝♦♣✐❡s ♦❢ x2 ❛❞❥❛❝❡♥t ✇✐t❤ g✱ ❞❡♥♦t❡❞ ❜②
xg,a

2 ❛♥❞ xg,b
2 ✳ ❚❤❡♥ ❢♦r ❡❛❝❤ z ❛♥❞ t ✐♥ {a, b, c, g}✱ ✇❡ ❝r❡❛t❡ ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ xz,t

2 ❛♥❞ xt,z
2 ✐❢

zt ✐s ❛♥ ❡❞❣❡ ♦❢ H✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t ✐❢ H ✐s ♣❧❛♥❛r✱ t❤❡♥ t❤❡ ❡✲s❦❡❧❡t♦♥ ✐s ❛❧s♦ ♣❧❛♥❛r✳

❋✐❣✉r❡ ✺✶ s❤♦✇s t❤❡ ❡✲s❦❡❧❡t♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ ❋✐❣✉r❡ ✺✵✳ ❘❡❞
❡❞❣❡s r❡♣r❡s❡♥t ❡❞❣❡s ❜❡t✇❡❡♥ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s ❛♥❞
❜❧✉❡ ❡❞❣❡s✱ t❤❡ ❡❞❣❡s ❜❡t✇❡❡♥ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s t❤❛t ❛r❡ ❝♦♣✐❡s ♦❢ t❤❡ s❛♠❡ ✈❡rt❡① ✐♥ G✳

c
xc,d

6
xd,e

7 xe,d
7

xe,f
9

g

d

e

f

a

eSkl(H,χ)

b

xd,c
6

xc,b
5

xb,c
5

xb,c
2

xb,g
2

xb,a
2

xb,a
1

xg,b
2

xg,e
8

xf,a
4

xa,f
4

xe,g
8

xf,e
9

xg,a
2

xa,g
2

xa,g
3

xa,b
2

xa,b
1

xc,b
2

xd,g
6

xg,d
6

xg,a
3

❋✐❣✉r❡ ✺✶✿ ❚❤❡ ❛ss♦❝✐❛t❡❞ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ eSkl(H,χ) ♦❢ t❤❡ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦♥ ❋✐❣✉r❡ ✺✵✳

❋✐❣✉r❡ ✺✷ s❤♦✇s t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥ ❣r❛♣❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤ (x, y,X) ✇❤❡r❡ x ∈ χ(f)✱
y ∈ χ(e)✱ x9 ∈ X✳ ❚❤❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ♦♥ I ❛♥❞ II ❛r❡ ❝❧✐q✉❡s✳ ❋♦r ❝❧❛r✐t②✱ ✇❡ ❞♦ ♥♦t s❤♦✇ ❛❧❧
t❤❡ ❡❞❣❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❞♦ ♥♦t s❤♦✇ t❤❡ ❡❞❣❡ ❜❡t✇❡❡♥ xa,b

1 ✐♥ I ❛♥❞ xg,d
6 ✐♥ II❀ t❤✐s ❡❞❣❡

❝❛♥ r❡♣r❡s❡♥t t❤❡ ♣❛t❤ xa,b
1 − a − x

a,g
3 − xg,a

3 − g − xg,d
6 ♦r ❛♥② ♦t❤❡r ♣❛t❤ t❤❛t ❞♦❡s ♥♦t ❣♦

t❤r♦✉❣❤ e ❛♥❞ f ✳ ❘❡❞ ❡❞❣❡s r❡♣r❡s❡♥t ♣❛t❤s ✐♥s✐❞❡ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s ❛✈♦✐❞✐♥❣ ✈❡rt✐❝❡s ✐♥ X ❛♥❞
t❤❡ ❜❧✉❡ ♦♥❡s r❡♣r❡s❡♥t ♣❛t❤s ✐♥ eSkl(H,χ) t❤❛t ❞♦ ♥♦t ❣♦ t❤r♦✉❣❤ ♣r♦❜❧❡♠❛t✐❝ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s✳

❘❡♠❛r❦ ✶✵✳✸ ◆♦t✐❝❡ t❤❛t ✐❢ (H,χ) ✐s ❛ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ H✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ ♦❢ ❛♥ ✉♥❞✐✲
r❡❝t❡❞ n✲✈❡rt❡① ❣r❛♣❤ G✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ eSkl(H,χ) ✐s O(ℓ3 · n) ❛♥❞ ❢♦r ❡✈❡r②
x, y ∈ VG ❛♥❞ X ⊆ VG−{x, y}✱ t❤❡ ❣r❛♣❤ eSkl(H,χ)(x, y,X) ❤❛s ❛t ♠♦st 2+ℓ3 · (|X|+2) ♥♦❞❡s✳

■♥ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥✱ ❛♥ ❡❞❣❡ w ❛♥❞ w′ ❡✐t❤❡r ♠❡❛♥s t❤❛t w ❛♥❞ w′ r❡♣r❡s❡♥t t❤❡
s❛♠❡ ✈❡rt❡① ♦r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ ❛♥② ♣r♦❜❧❡♠❛t✐❝ ❡✲❜❧♦❝❦✲✈❡rt❡①
♦r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(si)]\X ❜❡t✇❡❡♥ t❤❡ ✈❡rt❡① r❡♣r❡s❡♥t❡❞ ❜② w ❛♥❞ t❤❡ ✈❡rt❡①
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y

x

II

I

III

xa,f
4

xd,e
7

eSkl(H,χ)(x, y, X)

xe,d
7

xd,c
6

xg,d
6

xa,b
2

xa,b
1

xg,a
3

xe,g
8

xg,e
8

xf,a
4

xa,g
3

xa,g
2

xg,a
2

xg,b
2

xd,g
6

❋✐❣✉r❡ ✺✷✿ ❆ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥ ❣r❛♣❤ ❢♦r (x, y,X) ✇❤❡r❡ (H,χ) ✐s t❤❡ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥
♦♥ ❋✐❣✉r❡ ✺✵✳

r❡♣r❡s❡♥t❡❞ ❜② w′✳ ❲❡ r❡❧❛t❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ❜❡t✇❡❡♥ t✇♦ ✈❡rt✐❝❡s ✐♥ s✉❜✲❣r❛♣❤s ♦❢ G ✇✐t❤
t❤❡✐r ❝♦♥♥❡❝t✐✈✐t② ✐♥ ❛ss♦❝✐❛t❡❞ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥s✳

▲❡♠♠❛ ✶✵✳✼ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
H✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✳ ❋♦r ❡✈❡r② x, y ∈ VG ❛♥❞ ❡✈❡r② X ⊆ VG−{x, y}✱
t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ✈❡rt✐❝❡s x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥
eSkl(H,χ)(x, y,X)✳

Pr♦♦❢✳ ▲❡t K = eSkl(H,χ)(x, y,X) ❛♥❞ ❛ss✉♠❡ ✜rst t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ K ❜② ❛
♣❛t❤ p = x − ci(u, s) − cj1(w1, s1) − · · · − cjp(wp, sp) − cj(v, s′) − y✱ ❛s s❤♦rt❡st ❛s ♣♦ss✐❜❧❡✳
❚❤❡ ❡❞❣❡ x− ci(u, s) ♠❡❛♥s t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ G[χ(u)]\(X ∩χ(u)) ❜❡t✇❡❡♥ x ❛♥❞ xi(u, s)✳
❚❤❡r❡❢♦r❡✱ t❤❡ ❡❞❣❡ ci(u, s) − cj1(w1, s1) ♠❡❛♥s ❡✐t❤❡r xi(u, s) = xj1(w1, s1) ♦r t❤❡r❡ ❡①✐sts

❛ ♣❛t❤ ci(u, s)
∗
− cj1(w1, s1) ✐♥ eSkl(H,χ) t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ PX ∪ AX ✱ ✐✳❡✳✱ ✐s ❛ ♣❛t❤

xi(u, s)
∗
− xj1(w1, s1) ✐♥ G\X✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡ ❡❞❣❡s cjp(wp, sp)− cj(v, s′) ❛♥❞ cj(v, s′)− y✱

t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ xjp(wp, sp)
∗
−xj(v, s

′)
∗
−y ✐♥ G\X✳ ❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t ❢♦r ❡✈❡r② 1 ≤ i ≤ p−1✱

t❤❡ ❡❞❣❡ wi − wi+1 ✐s ❛ ♣❛t❤ xji
(wi, si)

∗
− xji+1(wi+1, si+1) ✐♥ G\X✿



✷✶✻ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

❈❆❙❊ ✶✳ xji
(wi, si) = xji+1(wi+1, si+1)✳ ❚❤❡♥ t❤❡ ❡❞❣❡ wi − wi+1 ✐s ❛♥ ❡♠♣t② ♣❛t❤ ✐♥ G\X✳

❈❆❙❊ ✷✳ xji
(wi, si) 6= xji+1(wi+1, si+1)✳ ❚❤❡♥ ❡✐t❤❡r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ xji

(wi, si)
∗
−

xji+1(wi+1, si+1) ✐♥ G[χ(wi)]\X = G[χ(wi+1)]\X ♦r t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ ✐♥ K t❤❛t ❞♦❡s ♥♦t ❣♦

t❤r♦✉❣❤ PX ∪AX ✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤ xji
(wi, si)

∗
− xji+1(wi+1, si+1) ✐♥ G\X✳

❇② ❝♦♥❝❛t❡♥❛t✐♥❣ t❤❡ ♣❛t❤s x
∗
−xi(u, s)

∗
−xj1(w1, s1)✱ xjp(wp, sp)

∗
−xj(v, s

′)
∗
− y ❛♥❞ t❤❡ ♣❛t❤s

xji
(wi, si)

∗
− xji+1(wi+1, si+1)✱ ✇❡ ❣❡t ❛ ♣❛t❤ x

∗
− y ✐♥ G\X✳

❆ss✉♠❡ ♥♦✇ t❤❛t x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X ❜② ❛ ♣❛t❤ p s✉❝❤ t❤❛t ✐❢ ❛ ♣♦rt✐♦♥ ♦❢ p ❣♦❡s
♦✉t ♦❢ ❛♥ ❡✲❜❧♦❝❦✲✈❡rt❡① u ❢r♦♠ z ❛♥❞ r❡t✉r♥s t♦ ✐t ✐♥ t✱ t❤❡r❡ ✐s ♥♦ ♣♦ss✐❜❧❡ ♣❛t❤ ❜❡t✇❡❡♥ z ❛♥❞

t ✐♥ G[χ(u)]\(X∩χ(u))✳ ▲❡t p = x
∗
−z1

∗
−z2

∗
−· · ·

∗
−zm

∗
−y s✉❝❤ t❤❛t z1 = xj1(w1, s1), . . . , zm =

xjm(wm, sm) ❛♥❞ cj1(w1, s1), . . . , cjm(wm, sm) ❛r❡ t❤❡ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s ♦❢ t❤❡ ♣r♦❜❧❡♠❛t✐❝
❡✲❜❧♦❝❦✲✈❡rt✐❝❡s ♠❡t ❜② p ✐♥ t❤✐s ♦r❞❡r✳ ❚❤❡r❡ ✐s ❝❧❡❛r❧② ❛♥ ❡✲❜❧♦❝❦✲✈❡rt❡① u t❤❛t ❝♦♥t❛✐♥s x ❛♥❞

❛ ✈❡rt❡① z = xi(u, s) s✉❝❤ t❤❛t x
∗
−x1 = x

∗
−z

∗
−x1 ✇❤❡r❡ x

∗
−z ✐s ❝♦♥t❛✐♥❡❞ ✐♥G[χ(u)]\(X∩χ(u))✳

❙✐♠✐❧❛r❧② ❢♦r y✱ t❤❡r❡ ✐s ❛♥ ❡✲❜❧♦❝❦✲✈❡rt❡① v t❤❛t ❝♦♥t❛✐♥s y ❛♥❞ ❛ ✈❡rt❡① z′ = xj(v, s
′) s✉❝❤

t❤❛t xm

∗
− y = xm

∗
− z′

∗
− y ✇❤❡r❡ z′

∗
− y ✐s ❝♦♥t❛✐♥❡❞ ✐♥ G[χ(v)]\(X ∩ χ(v))✳ ❲❡ ❤❛✈❡ ❢♦✉r

❝❛s❡s✿

❈❆❙❊ ✸✳ x1 = z ❛♥❞ xm = z′✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ♣❛t❤s x
∗
− z1 ❛♥❞ xm

∗
− y ❛r❡ r❡♣r❡s❡♥t❡❞ ❜②

t❤❡ ❡❞❣❡s x− ci(u, s) ❛♥❞ y − cj(v, s) ✐♥ K✳

❈❆❙❊ ✹✳ x1 = z ❛♥❞ xm 6= z′✳ ❚❤❡♥ x
∗
−x1 ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡ x− ci(u, s) ❛♥❞ xm

∗
−z′

✐s ❛ ♣❛t❤ t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ PX ∪ AX ✳ ❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ eSkl(H,χ)✱ t❤❡r❡ ❡①✐sts
cℓm

(rm, tm) ❛♥❞ cj′(r′, t′) s✉❝❤ t❤❛t xℓm
(rm, tm) = xm✱ z′ = xj′(r

′, t′) ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣❛t❤

✐♥ eSkl(H,χ) t❤❛t ❞♦❡s ♥♦t ❣♦ t❤r♦✉❣❤ PX ∪ AX ✳ ❚❤❡♥ t❤❡ ♣❛t❤ xm

∗
− z

∗
− y ✐s r❡♣r❡s❡♥t❡❞ ✐♥

K ❜② t❤❡ ♣❛t❤ cjm(wm, sm)− cℓm
(rm, tm)− cj′(r′, t′)− cj(v, s′)− y✳

❈❆❙❊ ✺✳ x1 6= z ❛♥❞ xm = z′✳ ❙✐♠✐❧❛r❧② t♦ ❈❛s❡ ✷✱ xm

∗
−y ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❡❞❣❡ cj(v, s)−y

✐♥ eSkl(H,χ)(x, y,X) ❛♥❞ x
∗
−x1 ✐s r❡♣r❡s❡♥t❡❞ ❜② x−ci(u, s)−ci′(r, t)−cℓ1(r1, t1)−cj1(w1, s1)

✇❤❡r❡ xi(u, s) = xi′(r, t) ❛♥❞ xℓ1(r1, t1) = xj1(w1, s1)✳

❈❆❙❊ ✻✳ x1 6= z ❛♥❞ xm 6= z′✳ ❚❤❡ ♣♦rt✐♦♥s x
∗
− x1 ❛♥❞ xm

∗
− y ❛r❡ r❡♣r❡s❡♥t❡❞

✐♥ eSkl(H,χ)(x, y,X) r❡s♣❡❝t✐✈❡❧② ❜② x − ci(u, s) − ci′(r, t) − cℓ1(r1, t1) − cj1(w1, s1) ❛♥❞
cjm(wm, sm)− cℓm

(rm, tm)− cj′(r′, t′)− cj(v, s′)− y✳

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t xi

∗
− xi+1 ✐s r❡♣r❡s❡♥t❡❞ ✐♥ eSkl(H,χ)(x, y,X) ❜② ❛ ♣❛t❤✳ ❲❡ ❤❛✈❡ t✇♦

❝❛s❡s✿

❈❆❙❊ ✼✳ ❚❤❡ ♣❛t❤ xi

∗
− xi+1 ✐s ✐♥❝❧✉❞❡❞ ✐♥ s♦♠❡ G[χ(ri)]\(X ∩ χ(ri)) ✇❤❡r❡ xi = xℓi

(ri, ti)
❛♥❞ xi+1 = xℓi+1

(ri, ti+1)✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤✐s ♣❛t❤ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ K ❜② t❤❡ ♣❛t❤ cji
(wi, si)−

cℓi
(ri, ti)− cℓi+1

(ri, ti+1)− cji+1(wi+1, si+1)✳
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❈❆❙❊ ✽✳ ❚❤❡ ♣❛t❤ xi

∗
−xi+1 ✐s ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❛♥② ❡✲❜❧♦❝❦✲✈❡rt❡①✳ ❚❤❡r❡❢♦r❡✱ ❛s ✐♥ ❈❛s❡s ✷✲✹

✐t ✐s r❡♣r❡s❡♥t❡❞ ✐♥ K ❜② s♦♠❡ ♣❛t❤ cji
(wi, si)− cℓi

(ri, ti)− cℓi+1
(ri+1, ti+1)− cji+1(wi+1, si+1)

✇❤❡r❡ xji
(wi, si) = xℓi

(ri, ti) ❛♥❞ xℓi+1
(ri+1, ti+1) = xji+1(wi+1, si+1)✳

❚❤❡r❡❢♦r❡✱ ✐❢ x ❛♥❞ y ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ G\X t❤❡② ❛r❡ ❝♦♥♥❡❝t❡❞ ✐♥ K✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✵✳✷ ▲❡t H,D1 ❛♥❞ D2 ❜❡ ❝❧❛ss❡s ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t ℓ ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳
❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣s✿

✶✳ ❚❤❡r❡ ❡①✐sts ❛♥ f1✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ D1 ❛♥❞ ❢♦r ❡✈❡r② G ∈ D1✱
t❤❡ f1✲❧❛❜❡❧✐♥❣ ♦♥ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ g1(n)✲t✐♠❡✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛♥ f2✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ D2 ❛♥❞ ❢♦r ❡✈❡r② G ∈ D2✱
t❤❡ f2✲❧❛❜❡❧✐♥❣ ♦♥ G ✐s ❝♦♥str✉❝t❡❞ ✐♥ g2(n)✲t✐♠❡✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ O(ℓ4 · (f1 + f2))✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡
❝❧❛ss ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ✳ ▼♦r❡♦✈❡r✱ ✐❢ ❢♦r ❡✈❡r② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ∈ C✱ ✇❡
❝❛♥ ❝♦♥str✉❝t ❛ (H,D1,D2)✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ ✐♥ f(n)✲t✐♠❡✱
t❤❡♥ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥ max{f(n), g1(n), O(n · g2(n))},✲t✐♠❡ ❛♥❞ B ❣✐✈❡s t❤❡ ❛♥s✇❡r ✐♥
O(ℓ6 ·m2)✲t✐♠❡ ✇❤❡r❡ m ✐s t❤❡ s✐③❡ ♦❢ t❤❡ ❞❛t❛✳

Pr♦♦❢✳ ▲❡t G ❜❡ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t (H,χ) ❜❡ ❛ (H,D1,D2)✲❡✲
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ eSkl(H,χ)✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t
✐t ✐♥ O(n)✲t✐♠❡✳ ❇② ❘❡♠❛r❦ ✶✵✳✷✱ eSkl(H,χ) ❤❛s O(ℓ3 · n) ♥♦❞❡s✳ ❇② ❛ss✉♠♣t✐♦♥✱ eSkl(H,χ) ∈
D1 ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH , G[χ(u)] ∈ D2✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤ ✈❡rt❡① x ♦❢ G ❤❛s ❛ ❜✐t✲
r❡♣r❡s❡♥t❛t✐♦♥ pxq✳ ❙✐♥❝❡ G ❤❛s n ✈❡rt✐❝❡s t❤✐s ❜✐t✲r❡♣r❡s❡♥t❛t✐♦♥ ❤❛s s✐③❡ O(log(n))✳

❇② ❤②♣♦t❤❡s✐s ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ f1✲❧❛❜❡❧✐♥❣ J1 ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ eSkl(H,χ)

✐♥ g1(n)✲t✐♠❡ ❛♥❞ ❢♦r ❡❛❝❤ u ∈ VH ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛♥ f2✲❧❛❜❡❧✐♥❣ Ju ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t②
q✉❡r② ♦♥ G[χ(u)] ✐♥ g2(n)✲t✐♠❡✳ ❋♦r ❡❛❝❤ u ∈ VH ✇❡ ❧❡t ✭t❤❡ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s ♦❢ u ❛r❡
❞❡♥♦t❡❞ ❜② c1(u), . . . , cd(u), d ≤ ℓ2 ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② x(ci(u)) t❤❡ ✈❡rt❡① ♦❢ G t❤❡ ♥♦❞❡ ci(u)
r❡♣r❡s❡♥ts✮✿

Cu =
(
(Ju(x(c1(u))), J1(c1(u)), px(c1(u))q), . . . , (Ju(x(cd(u))), J1(cd(u)), px(c1(u))q), J1(u)

)
.

■❢ w ✐s ❛♥ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt❡① ♦❢ u1 ❛♥❞ r❡♣r❡s❡♥ts ❛ ✈❡rt❡① x ♦❢ G t❤❛t ✐s ❝♦♥t❛✐♥❡❞ ✐♥
u1, . . . , us, s ≤ ℓ✱ ✇❡ ❧❡t

C(w) =
(
Cu1 , . . . , Cus

)
.

❋♦r ❡❛❝❤ x ∈ VG s✉❝❤ t❤❛t x ✐s ❝♦♥t❛✐♥❡❞ ✐♥ u1, . . . , us✱ ✇❡ ❧❡t

Lu(x) =
(
Ju(x), C(c1(u)), . . . , C(cd(u))

)
❢♦r u ∈ {u1, . . . , us}.

J(x) =
(
Lu1(x), . . . , Lus(x)

)
.



✷✶✽ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s

■t ✐s ❝❧❡❛r t❤❛t |J(x)| ≤ O(ℓ4 · (f1(n) + f2(n))) ❢♦r ❡✈❡r② x ∈ VG ❛♥❞ ✐s ❝♦♠♣✉t❡❞ ✐♥
max{f(n), g1(n), O(n ·g2(n))}✲t✐♠❡✳ ❲❡ ♥♦✇ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡❝✐❞❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ x ∈ VG

❛♥❞ y ∈ VG ✐♥ G\X, X ⊆ VG−{x, y}✳ ❇② ▲❡♠♠❛ ✶✵✳✼✱ ✇❡ ♥❡❡❞ ♦♥❧② ❡①♣❧❛✐♥ ❤♦✇ t♦ ❝♦♥str✉❝t
t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❡✲s❦❡❧❡t♦♥ ❣r❛♣❤ eSkl(H,χ)(x, y,X) ❢r♦♠ J(x), J(y) ❛♥❞ J(X)✳

❋r♦♠ J(z), z ∈ VG✱ ✇❡ ❝❛♥ ❝❧❡❛r❧② ❞❡t❡r♠✐♥❡ t❤❡ s❡t ♦❢ ❡✲❜❧♦❝❦✲✈❡rt✐❝❡s t❤❛t ❝♦♥t❛✐♥ ✐t ✭✇❡
❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡ ❢♦r ❡❛❝❤ u✱ t❤❡ s❡t X ∩ χ(u)✮✳ ❋♦r ❡❛❝❤ u t❤❛t ❝♦♥t❛✐♥s z✱ ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ ❜② ✉s✐♥❣ Lu(z) t❤❡ ❧❛❜❡❧ ♦❢ Ju(z) ❛♥❞ t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ s❡t ♦❢ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s
♦❢ u✳ ❋♦r ❡❛❝❤ ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt❡① ♦❢ u✱ ❜② ✉s✐♥❣ ✐ts ❧❛❜❡❧ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ s❡t ♦❢
❡✲❜❧♦❝❦✲✈❡rt✐❝❡s ✇✐t❤ t❤❡✐r ❡✲❛tt❛❝❤♠❡♥t✲✈❡rt✐❝❡s t❤❛t ❝♦♥t❛✐♥ ✐t✳ ❲❡ ❝❛♥ t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡
t❤❡ ❧❛❜❡❧s ♦❢ t❤❡ ♥♦❞❡s ✐♥ eSkl(H,χ)(x, y,X)✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡ ♥❡❡❞❡❞ ❧❛❜❡❧s ✇❡ ❝❛♥
❞❡t❡r♠✐♥❡ t❤❡ s❡t ♦❢ ❡❞❣❡s ♦❢ eSkl(H,χ)(x, y,X) ✭❜② ❝♦♠♣❛r✐♥❣ px(ci(u))q ❛♥❞ px(cj(v))q ✇❡
❝❛♥ ❞❡t❡r♠✐♥❡ ✐❢ t❤❡② r❡♣r❡s❡♥t t❤❡ s❛♠❡ ✈❡rt❡① ♦❢ G✮✳

❆s ❛ ❝♦r♦❧❧❛r② ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✶✵✳✸ ▲❡t H ❜❡ ❛ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❧❡t k ❛♥❞ ℓ ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡✲
❣❡rs✳ ▲❡t D1,D2 ∈ {CWD(≤ k),P} ❜❡ t✇♦ ❝❧❛ss❡s ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❚❤❡r❡ ❡①✐sts ❛
log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ t❤❡ ❝❧❛ss ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t
♠♦st ℓ✳ ▼♦r❡♦✈❡r✱ ✐❢ ❢♦r ❡✈❡r② ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G ∈ C✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ (H,D1,D2)✲❡✲
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (H,D1,D2)✲❡✲✇✐❞t❤ ❛t ♠♦st ℓ ✐♥ f(n)✲t✐♠❡✱ t❤❡♥ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥
max{f(n), O(n2 · log(n))}✲t✐♠❡✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❛t K3,3✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡
❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② q✉❡r②✳ ❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣✳

▲❡♠♠❛ ✶✵✳✽ ▲❡t G ❜❡ ❛ K3,3✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s✳ ❋♦r ❡✈❡r② ❡❞❣❡ e ♦❢ G✱ t❤❡r❡
✐s ❛ ♠❛t❝❤✐♥❣ M ✐♥ G ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ |M | ≤ 1
3 · (n− 2)✳

✭✐✐✮ ❊❛❝❤ ❡❞❣❡ ✐♥ M ✐s ❞✐s❥♦✐♥t ❢r♦♠ e✳

✭✐✐✐✮ ❈♦♥tr❛❝t✐♥❣ M ❣✐✈❡s ❛ ♣❧❛♥❛r ❣r❛♣❤✳

▼♦r❡♦✈❡r✱ ✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ s❡t M ✐♥ O(n)✲t✐♠❡✳

Pr♦♦❢✳ ■♥ ❬❲❚✵✼❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t s✉❝❤ ❛ ♠❛t❝❤✐♥❣ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ O(n)✲t✐♠❡ ✐❢ ✇❡ ❤❛✈❡
❛s ✐♥♣✉t t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ G ✐♥t♦ ❝❧✐q✉❡✲s✉♠✳ ■♥ ❬❆s❛✽✺❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t t❤✐s ❝❧✐q✉❡✲s✉♠
❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❧✐♥❡❛r✲t✐♠❡ ❢♦r K3,3✲♠✐♥♦r ❢r❡❡ ❣r❛♣❤s✳

❲❡ ❞❡♥♦t❡ ❜② Gk t❤❡ ❝❧❛ss ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s t❤❛t ❤❛✈❡ ❛t ♠♦st k ✈❡rt✐❝❡s✳

❈♦r♦❧❧❛r② ✶✵✳✹ ❊✈❡r② K3,3✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤ G ✇✐t❤ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ∆(G) ❛❞♠✐ts ❛
(P,P,G4)✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ (P,P,G4)✲✇✐❞t❤ ❛t ♠♦st 2 ·∆(G)−1✳ ▼♦r❡♦✈❡r✱ t❤✐s (P,P,G4)✲
❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❧✐♥❡❛r✲t✐♠❡✳
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Pr♦♦❢✳ ▲❡t G ❜❡ ❛ K3,3✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤ ✇✐t❤ n ✈❡rt✐❝❡s ❛♥❞ ❧❡t ∆ ❜❡ ✐ts ♠❛①✐♠✉♠ ❞❡❣r❡❡✳
❇② ▲❡♠♠❛ ✶✵✳✽✱ t❤❡r❡ ❡①✐sts ❛ ♠❛t❝❤✐♥❣ M ♦❢ ❡❞❣❡s ♦❢ G s✉❝❤ t❤❛t t❤❡✐r ❝♦♥tr❛❝t✐♦♥ ❣✐✈❡s
❛ P✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ (H,χ) ♦❢ G s✉❝❤ t❤❛t ❢♦r ❡✈❡r② u ∈ VH ✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ(u)] ❤❛s ❛t
♠♦st 2 ✈❡rt✐❝❡s✳ ❚❤❡♥ ❡✈❡r② ♥♦❞❡ u ♦❢ H ❤❛s ❞❡❣r❡❡ ❛t ♠♦st 2(∆− 1)✳ ❲❡ tr❛♥s❢♦r♠ (H,χ)
✐♥t♦ ❛ P✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ (H ′, χ′) ♦❢ P✲s♣r❡❛❞ ❛t ♠♦st 2 ·∆− 1 ❛♥❞ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ ♥♦❞❡ u
♦❢ H ′✱ t❤❡ s✉❜✲❣r❛♣❤ G[χ′(u)] ❤❛s ❛t ♠♦st 4 ✈❡rt✐❝❡s✳ ❲❡ tr❛♥s❢♦r♠ H ❛s ❢♦❧❧♦✇s✿ ❡❛❝❤ ❡❞❣❡
uv ♦❢ H ✐s r❡♣❧❛❝❡❞ ❜② u− wuv − v ✇❤❡r❡ wuv ✐s ❛ ♥❡✇ ♥♦❞❡✳ ❋♦r ❡❛❝❤ ♥♦❞❡ w ♦❢ H ′✱ ✇❡ ❧❡t

χ′(w) =

{
χ(u) ✐❢ w ∈ VH ,

χ(u) ∪ χ(v) ✐❢ w = wuv.

■t ✐s ❝❧❡❛r t❤❛t (H ′, χ′) ✈❡r✐✜❡s t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ❛♥❞ ❢♦r ❡✈❡r② u ∈ VH t❤❡ s✉❜✲❣r❛♣❤
G[χ′(u)] ∈ G4✳ ❇② ❘❡♠❛r❦ ✶✵✳✸✱ eSkl(H′,χ′) ✐s ♣❧❛♥❛r✳ ■t ✐s ❝❧❡❛r t❤❛t (H ′, χ′) ✐s ❝♦♥str✉❝t❡❞
✐♥ ❧✐♥❡❛r✲t✐♠❡✳

■t ❢♦❧❧♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳✸ ▲❡t d ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❊✈❡r② ❝❧❛ss ♦❢ K3,3✲♠✐♥♦r✲❢r❡❡ ❣r❛♣❤s ♦❢
♠❛①✐♠✉♠ ❞❡❣r❡❡ ❛t ♠♦st d ❛❞♠✐ts ❛ (d4 · log)✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ (A,B) ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t②
q✉❡r②✳ ▼♦r❡♦✈❡r✱ ✐❢ n ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤✱ A ❝♦♠♣✉t❡s t❤❡ ❧❛❜❡❧s ✐♥
O(n · log(n))✲t✐♠❡✳

✶✵✳✺ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ ❣✐✈❡♥ t✇♦ ❦✐♥❞s ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥s✱H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤H✲✈✲✇✐❞t❤ ❛♥❞
H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ H✲❡✲✇✐❞t❤✳ ❲❡ ✉s❡ t❤❡ t✇♦ ♥♦t✐♦♥s t♦ ❡①t❡♥❞ t❤❡ ❧❛❜❡❧✐♥❣
s❝❤❡♠❡s ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r✐❡s ♦❢ ♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ♦❢ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡
t♦ s♦♠❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ H✲✈✲✇✐❞t❤ ❛♥❞ t♦ s♦♠❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t
❤❛✈❡ ❜♦✉♥❞❡❞ H✲❡✲✇✐❞t❤✳ ❲❡ ❤❛✈❡ ❢♦r ✐♥st❛♥❝❡ ✐❞❡♥t✐✜❡❞ t❤❡ ❝❧❛ss❡s ♦❢ K3,3✲♠✐♥♦r ❢r❡❡ ❣r❛♣❤s
♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❛s ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ♦❢ ❜♦✉♥❞❡❞ P✲❡✲✇✐❞t❤✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ r❡♠❛✐♥✐♥❣
q✉❡st✐♦♥s ❛♥❞ ✇❡ ❝❛♥ ❝✐t❡ ❛♠♦♥❣ ♦t❤❡rs✿

✶✳ ■❞❡♥t✐❢② ♠♦r❡ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s t❤❛t ❤❛✈❡ ❜♦✉♥❞❡❞ H✲✈✲✇✐❞t❤ ❛♥❞ H✲❡✲✇✐❞t❤✳

✷✳ ■❢ (H,χ) ✐s ❛♥ H✲✈✲❞❡❝♦♠♣♦s✐t✐♦♥ ✭r❡s♣✳ H✲❡✲❞❡❝♦♠♣♦s✐t✐♦♥✮ ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G✱
✇❤❛t ♣r♦♣❡rt✐❡s ♦❢ G✱ ❡✳❣✳✱ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s✱ ♣♦❧②♥♦♠✐❛❧✲t✐♠❡ ❛❧❣♦r✐t❤♠s✱ ❡t❝✳✱ ❝❛♥ ✇❡
❞❡r✐✈❡ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ Skl(H,χ) ✭r❡s♣✳ eSkl(H,χ)✮ ❛♥❞ ♦❢ t❤❡ s✉❜✲❣r❛♣❤s G[χ(u)]❄

✸✳ ●✐✈❡♥ ❛ ❝❧❛ssH ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ℓ✱ ❤♦✇ t♦ r❡❝♦❣♥✐③❡ ✉♥❞✐r❡❝t❡❞
❣r❛♣❤s ♦❢ H✲✈✲✇✐❞t❤ ✭r❡s♣✳ H✲❡✲✇✐❞t❤✮ ❛t ♠♦st ℓ❄

✹✳ ❋✐♥❞ ✭♥✐❝❡❧②✮ ❧♦❝❛❧❧② ❝✇❞✲❞❡❝♦♠♣♦s❛❜❧❡ ❣r❛♣❤ ❝❧❛ss❡s t❤❛t ❤❛✈❡ (H,P, CWD(≤ k))✲❡✲
❞❡❝♦♠♣♦s✐t✐♦♥s ♦❢ ❜♦✉♥❞❡❞ H✲❡✲✇✐❞t❤✳



✷✷✵ ❈❤❛♣t❡r ✶✵✳ ❈♦♥♥❡❝t✐✈✐t② ◗✉❡r② ♦♥ ▼♦r❡ ❈❧❛ss❡s



❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t❡❞ ♠❛✐♥❧② ❜② ❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❜✉t ❛❧s♦ ❜② str✉❝t✉r❛❧ ❣r❛♣❤ q✉❡st✐♦♥s✱ ✇❡ ❤❛✈❡
❞❡✈❡❧♦♣❡❞ t✇♦ t❤❡♠❡s✿

✶✳ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ r❛♥❦✲✇✐❞t❤✱

✷✳ ❛❧❣♦r✐t❤♠✐❝ ♠❡t❛✲t❤❡♦r❡♠s ❜❡②♦♥❞ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤ ❛♥❞ ❡q✉✐✈❛❧❡♥t ♣❛r❛♠❡t❡rs✳

❘❡❣❛r❞✐♥❣ t❤❡ ✜rst t❤❡♠❡ ✇❡ ❤❛✈❡ ❣✐✈❡♥ ❛♥ ❛❧❣❡❜r❛✐❝ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ r❛♥❦✲
✇✐❞t❤ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s ❜❛s❡❞ ♦♥ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ ♠❛tr✐❝❡s✳ ❚❤❡s❡ ♦♣❡r❛t✐♦♥s
❛❧❧♦✇ t♦ ❝❤❡❝❦ MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ r❛♥❦✲✇✐❞t❤ ♠♦r❡ ❞✐r❡❝t❧②
t❤❛♥ ❜② ✉s✐♥❣ ❝❧✐q✉❡✲✇✐❞t❤ ♦♣❡r❛t✐♦♥s✳ ❲❡ ♣r♦♣♦s❡ t✇♦ ♣♦ss✐❜❧❡ ❞❡✜♥✐t✐♦♥s ❢♦r t❤❡ ♥♦t✐♦♥ ♦❢
r❛♥❦✲✇✐❞t❤ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s✿ ♦♥❡ ❜❛s❡❞ ♦♥ ❛ ❝♦❞✐♥❣ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ✉♥❞✐r❡❝t❡❞ ♦♥❡s✱
❝❛❧❧❡❞ ❜✐✲r❛♥❦✲✇✐❞t❤✱ ❛♥❞ ♦♥❡ ❜❛s❡❞ ♦♥ ❛ ❝♦❞✐♥❣ ♦❢ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❜② ♠❛tr✐❝❡s ♦✈❡r t❤❡ ✜❡❧❞
GF (4)✱ ❝❛❧❧❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤✳ ❲❡ ❛❧s♦ ❞❡r✐✈❡ ❢r♦♠ t❤❡ ✇♦r❦s ❜② ❇♦✉❝❤❡t ❬❇♦✉✽✼❪ ❛♥❞ ❋♦♥✲
❉❡r✲❋❧❛ss ❬❋❉❋✾✻❪ t✇♦ ♥♦t✐♦♥s ♦❢ ✈❡rt❡①✲♠✐♥♦r✱ ♦♥❡ r❡❧❛t❡❞ t♦ ❜✐✲r❛♥❦✲✇✐❞t❤ ❛♥❞ t❤❡ ♦t❤❡r t♦
GF (4)✲r❛♥❦✲✇✐❞t❤ ❛♥❞✱ ✇❡ s❤♦✇ t❤❛t ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞
❜② ❛ ✜♥✐t❡ ❧✐st ♦❢ ❡①❝❧✉❞❡❞ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛s ✈❡rt❡①✲♠✐♥♦rs✳ ❚❤✐s r❡s✉❧t ❣❡♥❡r❛❧✐③❡s t❤❡ ♦♥❡
❜② ❖✉♠ ❬❖✉♠✵✺❜❪ ♦♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✳ ❲❡ ❛❧s♦ ❞❡r✐✈❡ ❢r♦♠ t❤❡ ✇♦r❦s ❜② ❍❧✐♥❡̌♥ý ❛♥❞
❖✉♠ ❛ ❝✉❜✐❝✲t✐♠❡ r❡❝♦❣♥✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s ♦❢ GF (4)✲r❛♥❦✲✇✐❞t❤ ✭r❡s♣✳ ❜✐✲
r❛♥❦✲✇✐❞t❤✮ ❛t ♠♦st k✱ ✇❤✐❝❤ ②✐❡❧❞s ❛ ❝✉❜✐❝✲t✐♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤s
♦❢ ❝❧✐q✉❡✲✇✐❞t❤ ❛t ♠♦st k ❛♥❞ ♣r♦❞✉❝❡s t❤❡ r❡❧❡✈❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥s✱ t❤❛t ❛r❡ ♥❡❝❡ss❛r② ❢♦r
❛❧❣♦r✐t❤♠✐❝ ❛♣♣❧✐❝❛t✐♦♥s✳ ❆s ♦♣❡♥ q✉❡st✐♦♥s✱ r❡❧❡✈❛♥t t♦ ❣r❛♣❤ str✉❝t✉r❡✱ ✇❡ ❝❛♥ ❝✐t❡✿

✭◗✶✮ ❍♦✇ t♦ ✈❡r✐❢② ✐❢ t✇♦ ❞✐r❡❝t❡❞ ❣r❛♣❤s ❛r❡ ❧♦❝❛❧❧② ❡q✉✐✈❛❧❡♥t❄

✭◗✷✮ ❍♦✇ t♦ ❞❡❝✐❞❡ ✐❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤ ✐s ❛ ✈❡rt❡①✲♠✐♥♦r ♦❢ ❛♥♦t❤❡r ❞✐r❡❝t❡❞ ❣r❛♣❤❄

✭◗✸✮ ❆r❡ ❞✐r❡❝t❡❞ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ GF (4)✲r❛♥❦✲✇✐❞t❤ ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞❄ ▼♦r❡ ❣❡♥✲
❡r❛❧❧②✱ ❛r❡ ❞✐r❡❝t❡❞ ❣r❛♣❤s ✇❡❧❧✲q✉❛s✐✲♦r❞❡r❡❞ ❜② ✈❡rt❡①✲♠✐♥♦r r❡❧❛t✐♦♥❄

❋♦r t❛❝❦❧✐♥❣ ✭◗✷✮✱ ✇❡ ♠❛② ❤♦♣❡ t♦ ❣✐✈❡ ❛ C4MS✲❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❡rt❡①✲♠✐♥♦r r❡❧❛t✐♦♥✳
■♥ t❤✐s ✇❛② ✇❡ ❞❡❝✐❞❡ ✭◗✷✮ ❢♦r ❞✐r❡❝t❡❞ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ s♠❛❧❧ GF (4)✲r❛♥❦✲✇✐❞t❤ ✭❈♦✉r❝❡❧❧❡
❛♥❞ ❖✉♠ ❬❈❖✵✼❪ ❣❛✈❡ ❛ C2MS✲tr❛♥s❞✉❝t✐♦♥ ♦❢ ✈❡rt❡①✲♠✐♥♦r r❡❧❛t✐♦♥ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s
❛♥❞ ❞❡r✐✈❡❞ ❛ ❝✉❜✐❝✲t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r ✭◗✷✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤s✮✳

▼❛♥② ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❤❛♥❞❧✐♥❣ t❤❡ s❛♠❡ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❝❧✐q✉❡✲✇✐❞t❤✱ ❜✉t
②✐❡❧❞✐♥❣ ❞✐✛❡r❡♥t ✇✐❞t❤ ♣❛r❛♠❡t❡rs✱ ❤❛✈❡ ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠♦r❡ ✈❡rt❡① ❝♦❧♦r
♠❛♥✐♣✉❧❛t✐♦♥s t❤❡ ❣r❛♣❤ ♦♣❡r❛t✐♦♥s ❛❧❧♦✇✱ t❤❡ s♠❛❧❧❡st ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✇✐❞t❤✳ ❊①♣❡r✲
✐♠❡♥t❛❧ st✉❞✐❡s ❢♦r ♠♦❞❡❧ ❝❤❡❝❦✐♥❣ ♦❢ MS✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt✐❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞

✷✷✶



✷✷✷ ❈♦♥❝❧✉s✐♦♥

❝❧✐q✉❡✲✇✐❞t❤ s❤♦✉❧❞ ❜❡ ❝♦♥❞✉❝t❡❞ t♦ ♦❜t❛✐♥ ✐♥❞✐❝❛t✐♦♥s ♦❢ t❤❡ ♠♦st ❡✣❝✐❡♥t r❡♣r❡s❡♥t❛t✐♦♥s
♦❢ ❣r❛♣❤s ❜② ❛❧❣❡❜r❛✐❝ t❡r♠s✳ ❖♥❡ ❝❛♥ ✉s❡ ❢♦r ✐♥st❛♥❝❡ t❤❡ ▼❖◆❆ ❙②st❡♠ ❬❍❏❏+✾✺❪ ❛s ❞♦♥❡
✐♥ ❬❙♦❣✵✽❪✳

■♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s t❤❡s✐s✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢
❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤✳ ❲❡ ♣r♦✈❡ t❤❛t ❡✈❡r② FO✲❞❡✜♥❛❜❧❡ ♣r♦♣❡rt② ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣
s❝❤❡♠❡ ♦♥ ❝❡rt❛✐♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲✇✐❞t❤ ✐♥❝❧✉❞✐♥❣ ❜♦✉♥❞❡❞ ❞❡❣r❡❡ ❣r❛♣❤
❝❧❛ss❡s✱ ♠✐♥♦r✲❝❧♦s❡❞ ❣r❛♣❤ ❝❧❛ss❡s✱ ✉♥✐t✲✐♥t❡r✈❛❧ ❣r❛♣❤s✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥♥❡❝t✐✈✐t②
q✉❡r② ❛❧s♦ ❛❞♠✐ts ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s ❛♥❞ ♦♥ ❣r❛♣❤s t❤❛t ❛r❡ ♦❜t❛✐♥❡❞ ❜②
❣❧✉✐♥❣ ❣r❛♣❤s ♦❢ s♠❛❧❧ ❝❧✐q✉❡✲✇✐❞t❤ ✇✐t❤ ❧✐♠✐t❡❞ ♦✈❡r❧❛♣s✳ ❲❡ ❝❛♥ ❝✐t❡ ❛♠♦♥❣ t❤❡ ♥✉♠❡r♦✉s
❢✉t✉r❡ r❡s❡❛r❝❤ t♦♣✐❝s✿

✭◗✹✮ ❍❛✈✐♥❣ ❛ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ str✉❝t✉r❡ ♦❢ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ ❝❧✐q✉❡✲
✇✐❞t❤ ❛♥❞✱ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❊♣♣st❡✐♥✬s r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ ♠✐♥♦r✲❝❧♦s❡❞ ❣r❛♣❤ ❝❧❛ss❡s
♦❢ ❜♦✉♥❞❡❞ ❧♦❝❛❧ tr❡❡✲✇✐❞t❤✳

✭◗✺✮ ❉♦❡s t❤❡r❡ ❡①✐st ❛ log✲❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ❢♦r ❝♦♥♥❡❝t✐✈✐t② q✉❡r② ♦♥ ❣r❛♣❤ ❝❧❛ss❡s ♦❢ ❜♦✉♥❞❡❞
❣❡♥✉s❄

✭◗✻✮ ❋✐♥❞✐♥❣ ❛ ❧❛❜❡❧✐♥❣ s❝❤❡♠❡ ♦♥ ♣❧❛♥❛r ❣r❛♣❤s ❢♦r ❞✐st❛♥❝❡s ♦r ❛♣♣r♦①✐♠❛t❡ ❞✐st❛♥❝❡s ♦♥
s✉❜✲❣r❛♣❤s ❞❡✜♥❡❞ ❜② ❡①❝❧✉❞❡❞ ✈❡rt✐❝❡s✴❡❞❣❡s✳ ❋♦r ❡①❛❝t ❞✐st❛♥❝❡s✱ s✉❝❤ ❛ ❧❛❜❡❧✐♥❣
s❝❤❡♠❡ s❤♦✉❧❞ ✉s❡ ❧❛❜❡❧s ♦❢ s✐③❡ ❛t ❧❡❛st Ω(n1/3) ❢♦r n✲✈❡rt❡① ♣❧❛♥❛r ❣r❛♣❤s ❬●❑❑+✵✶❪✳

✭◗✻✮ ❈❛♥ ♦♥❡ ❝♦♥str✉❝t s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ✇❤❡r❡ ✇❡ ❝❛♥ ❛❞❞ ✈❡rt✐❝❡s ❛♥❞ ❡❞❣❡s❄

❆❧❧ t❤❡ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡rs ✽ ❛♥❞ ✶✵ ❛r❡ ❜❛s❡❞ ♦♥
❝♦♠❜✐♥❛t✐♦♥s ♦❢ s❡✈❡r❛❧ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ✐♥t♦ ❛ ✉♥✐q✉❡ ♦♥❡✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ t❤✐♥❦
✐♥t❡r❡st✐♥❣ t♦ st✉❞② ♠❡t❤♦❞s t❤❛t ❝♦♠❜✐♥❡ s❡✈❡r❛❧ ❡①✐st✐♥❣ s❤♦rt ❧❛❜❡❧✐♥❣ s❝❤❡♠❡s ❢♦r t✇♦
❣r❛♣❤ ❝❧❛ss❡s ✐♥t♦ ❛ ✉♥✐q✉❡ s❤♦rt ♦♥❡✱ ❢♦r ❛ ❝❧❛ss ♦❢ ❣r❛♣❤s ♦❜t❛✐♥❡❞ ❜② ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ❣r❛♣❤s
♦❢ t❤❡ ❣✐✈❡♥ ❝❧❛ss❡s✳



❇✐❜❧✐♦❣r❛♣❤②

❬❆❈P✽✼❪ ❙✳ ❆r♥❜♦r❣✱ ❉✳●✳ ❈♦r♥❡✐❧✱ ❛♥❞ ❆✳ Pr♦s❦✉r♦✇s❦✐✳ ❈♦♠♣❧❡①✐t② ♦❢ ❋✐♥❞✐♥❣ ❊♠❜❡❞✲
❞✐♥❣s ✐♥ ❛ k✲❚r❡❡✳ ❙■❆▼ ❏♦✉r♥❛❧ ❆❧❣♦r✐t❤♠ ❉✐s❝r❡t❡ ▼❡t❤♦❞✱ ✽✿✷✼✼✕✷✽✹✱ ✶✾✽✼✳

❬❆●▼+✵✽❪ ■✳ ❆❜r❛❤❛♠✱ ❈✳ ●❛✈♦✐❧❧❡✱ ❉✳ ▼❛❧❦❤✐✱ ◆✳ ◆✐s❛♥✱ ❛♥❞ ▼✳ ❚❤♦r✉♣✳ ❈♦♠♣❛❝t ◆❛♠❡✲
■♥❞❡♣❡♥❞❡♥t ❘♦✉t✐♥❣ ✇✐t❤ ▼✐♥✐♠✉♠ ❙tr❡t❝❤✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆❧❣♦r✐t❤♠s✱
✹✭✸✮✿✸✼✱ ✷✵✵✽✳

❬❆●▼❲✵✼❪ ■✳ ❆❜r❛❤❛♠✱ ❈✳ ●❛✈♦✐❧❧❡✱ ❉✳ ▼❛❧❦❤✐✱ ❛♥❞ ❯✳ ❲✐❡❞❡r✳ ❙tr♦♥❣✲❉✐❛♠❡t❡r ❉❡❝♦♠♣♦✲
s✐t✐♦♥s ♦❢ ▼✐♥♦r ❋r❡❡ ●r❛♣❤s✳ ■♥ P✳❇✳ ●✐❜❜♦♥s ❛♥❞ ❈✳ ❙❝❤❡✐❞❡❧❡r✱ ❡❞✐t♦rs✱ ❙②♠✲
♣♦s✐✉♠ ♦♥ P❛r❛❧❧❡❧ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆r❝❤✐t❡❝t✉r❡s ✭❙P❆❆✮✱ ♣❛❣❡s ✶✻✕✷✹✳ ❆❈▼✱
✷✵✵✼✳

❬❆▲❙✾✶❪ ❙✳ ❆r♥❜♦r❣✱ ❏✳ ▲❛❣❡r❣r❡♥✱ ❛♥❞ ❉✳ ❙❡❡s❡✳ ❊❛s② Pr♦❜❧❡♠s ❢♦r ❚r❡❡✲❉❡❝♦♠♣♦s❛❜❧❡
●r❛♣❤s✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣♦r✐t❤♠s✱ ✶✷✭✸✮✿✸✵✽✕✸✹✵✱ ✶✾✾✶✳

❬❆r♥✽✺❪ ❙✳ ❆r♥❜♦r❣✳ ❊✣❝✐❡♥t ❆❧❣♦r✐t❤♠s ❢♦r ❈♦♠❜✐♥❛t♦r✐❛❧ Pr♦❜❧❡♠s ♦♥ ●r❛♣❤s ✇✐t❤
❇♦✉♥❞❡❞ ❉❡❝♦♠♣♦s❛❜✐❧✐t② ✲ ❆ ❙✉r✈❡②✳ ❇■❚✱ ✷✺✭✶✮✿✷✕✷✸✱ ✶✾✽✺✳

❬❆s❛✽✺❪ ❚✳ ❆s❛♥♦✳ ❆♥ ❆♣♣r♦❛❝❤ t♦ t❤❡ ❙✉❜✲●r❛♣❤ ❍♦♠❡♦♠♦r♣❤✐s♠ Pr♦❜❧❡♠✳ ❚❤❡♦r❡t✐❝❛❧
❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✸✽✭✷✲✸✮✿✷✹✾✕✷✻✼✱ ✶✾✽✺✳

❬❇❛❣✵✾❪ ●✳ ❇❛❣❛♥✳ ❆❧❣♦r✐t❤♠❡s ❡t ❈♦♠♣❧❡①✐té ❞❡s Pr♦❜❧è♠❡s ❞✬➱♥✉♠ér❛t✐♦♥ ♣♦✉r
❧✬➱✈❛❧✉❛t✐♦♥ ❞❡ ❘❡q✉êt❡s ▲♦❣✐q✉❡s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ❈❛❡♥✱ ✷✵✵✾✳

❬❇❛❦✾✹❪ ❇✳❙✳ ❇❛❦❡r✳ ❆♣♣r♦①✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠s ❢♦r ◆P✲❈♦♠♣❧❡t❡ Pr♦❜❧❡♠s ♦♥ P❧❛♥❛r
●r❛♣❤s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱ ✹✶✭✶✮✿✶✺✸✕✶✽✵✱ ✶✾✾✹✳

❬❇❈✵✻❪ ❇✳ ❇❧✉♠❡♥s❛t❤ ❛♥❞ ❇✳ ❈♦✉r❝❡❧❧❡✳ ❘❡❝♦❣♥✐③❛❜✐❧✐t②✱ ❍②♣❡r❣r❛♣❤ ❖♣❡r❛t✐♦♥s ❛♥❞
▲♦❣✐❝❛❧ ❚②♣❡s✳ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ✷✵✹✭✻✮✿✽✺✸✕✾✶✾✱ ✷✵✵✻✳

❬❇❉●✵✼❪ ●✳ ❇❛❣❛♥✱ ❆✳ ❉✉r❛♥❞✱ ❛♥❞ ❊✳ ●r❛♥❞❥❡❛♥✳ ❋✐rst ❖r❞❡r ◗✉❡r✐❡s ♦♥ ❙tr✉❝t✉r❡s ♦❢
❇♦✉♥❞❡❞ ❉❡❣r❡❡ ❛r❡ ❈♦♠♣✉t❛❜❧❡ ✇✐t❤ ❈♦♥st❛♥t ❉❡❧❛②✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥
❈♦♠♣✉t❛t✐♦♥❛❧ ▲♦❣✐❝✱ ✽✭✹✮✿❆rt✐❝❧❡ ♥✉♠❜❡r ✷✶✱ ✷✵✵✼✳

❬❇❊✾✼❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r ❛♥❞ ❏✳ ❊♥❣❡❧❢r✐❡t✳ ❉♦♠✐♥♦ ❚r❡❡✲❲✐❞t❤✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣♦r✐t❤♠s✱
✷✹✿✾✹✕✶✷✸✱ ✶✾✾✼✳

❬❇❍✾✽❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r ❛♥❞ ❚✳ ❍❛❣❡r✉♣✳ P❛r❛❧❧❡❧ ❆❧❣♦r✐t❤♠s ✇✐t❤ ❖♣t✐♠❛❧ ❙♣❡❡❞✉♣
❢♦r ❇♦✉♥❞❡❞ ❚r❡❡✲❲✐❞t❤✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✷✼✿✶✼✷✺✕✶✼✹✻✱ ✶✾✾✽✳

✷✷✸



✷✷✹ ❇■❇▲■❖●❘❆P❍❨

❬❇♦❞✽✽❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r✳ ◆❈✲❆❧❣♦r✐t❤♠s ❢♦r ●r❛♣❤s ✇✐t❤ ❙♠❛❧❧ ❚r❡❡✲❲✐❞t❤✳ ■♥ ❏✳ ✈❛♥
▲❡❡✉✇❡♥✱ ❡❞✐t♦r✱ ●r❛♣❤✲❚❤❡♦r❡t✐❝ ❈♦♥❝❡♣ts ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❲●✮✱ ✈♦❧✉♠❡
✸✹✹ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✕✶✵✳ ❙♣r✐♥❣❡r✱ ✶✾✽✽✳

❬❇♦❞✾✻❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r✳ ❆ ▲✐♥❡❛r ❚✐♠❡ ❆❧❣♦r✐t❤♠ ❢♦r ❋✐♥❞✐♥❣ ❚r❡❡✲❉❡❝♦♠♣♦s✐t✐♦♥s ♦❢
❙♠❛❧❧ ❚r❡❡✲❲✐❞t❤✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✷✺✿✶✸✵✺✕✶✸✶✼✱ ✶✾✾✻✳

❬❇♦❞✾✽❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r✳ ❆ P❛rt✐❛❧ k✲❆r❜♦r❡t✉♠ ♦❢ ●r❛♣❤s ✇✐t❤ ❇♦✉♥❞❡❞ ❚r❡❡✲❲✐❞t❤✳
❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ✷✵✾✿✶✕✹✺✱ ✶✾✾✽✳

❬❇♦❞✵✺❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r✳ ❉✐s❝♦✈❡r✐♥❣ ❚r❡❡✲❲✐❞t❤✳ ■♥ P✳ ❱♦❥tás✱ ▼✳ ❇✐❡❧✐❦♦✈á✱
❇✳ ❈❤❛rr♦♥✲❇♦st✱ ❛♥❞ ❖✳ ❙ý❦♦r❛✱ ❡❞✐t♦rs✱ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❈✉rr❡♥t ❚r❡♥❞s ✐♥ ❚❤❡✲
♦r② ❛♥❞ Pr❛❝t✐❝❡ ♦❢ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❙❖❋❙❊▼✮✱ ✈♦❧✉♠❡ ✸✸✽✶ ♦❢ ▲◆❈❙✱ ♣❛❣❡s
✶✕✶✻✳ ❙♣r✐♥❣❡r✱ ✷✵✵✺✳

❬❇♦❞✵✻❪ ❍✳ ▲✳ ❇♦❞❧❛❡♥❞❡r✳ ❚r❡❡✲❲✐❞t❤✿ ❈❤❛r❛❝t❡r✐③❛t✐♦♥s✱ ❆♣♣❧✐❝❛t✐♦♥s ❛♥❞ ❈♦♠♣✉t❛✲
t✐♦♥s✳ ■♥ ❋✳ ❱✳ ❋♦♠✐♥✱ ❡❞✐t♦r✱ ●r❛♣❤✲❚❤❡♦r❡t✐❝ ❈♦♥❝❡♣ts ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡
✭❲●✮✱ ✈♦❧✉♠❡ ✹✷✼✶ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✕✶✹✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬❇♦✉✽✼❪ ❆✳ ❇♦✉❝❤❡t✳ ❉✐❣r❛♣❤ ❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❊✉❧❡r✐❛♥ ❙②st❡♠s✳ ❙■❆▼ ❏♦✉r♥❛❧
❆❧❣♦r✐t❤♠ ❉✐s❝r❡t❡ ▼❡t❤♦❞✱ ✽✭✸✮✿✸✷✸✕✸✸✼✱ ✶✾✽✼✳

❬❇♦✉✽✽❪ ❆✳ ❇♦✉❝❤❡t✳ ●r❛♣❤✐❝ Pr❡s❡♥t❛t✐♦♥s ♦❢ ■s♦tr♦♣✐❝ ❙②st❡♠s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦✲
r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇✱ ✹✺✭✶✮✿✺✽✕✼✻✱ ✶✾✽✽✳

❬❇❚✾✻❪ ●✳ ❉✐ ❇❛tt✐st❛ ❛♥❞ ❘✳ ❚❛♠❛ss✐❛✳ ❖♥✲▲✐♥❡ P❧❛♥❛r✐t② ❚❡st✐♥❣✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥
❈♦♠♣✉t✐♥❣✱ ✷✺✭✺✮✿✾✺✻✕✾✾✼✱ ✶✾✾✻✳

❬❈❉●+✵✼❪ ❍✳ ❈♦♠♦♥✱ ▼✳ ❉❛✉❝❤❡t✱ ❘❀ ●✐❧❧❡r♦♥✱ ❋❀ ❏❛❝q✉❡♠❛r❞✱ ❉✳ ▲✉❣✐❡③✱ ❈✳ ▲ö❞✐♥❣✱ ❙✳ ❚✐✲
s♦♥✱ ❛♥❞ ▼✳ ❚♦♠♠❛s✐✳ ❚r❡❡ ❆✉t♦♠❛t❛ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✵✼✳

❬❈❊❘✾✸❪ ❇✳ ❈♦✉r❝❡❧❧❡✱ ❏✳ ❊♥❣❡❧❢r✐❡t✱ ❛♥❞ ●✳ ❘♦③❡♥❜❡r❣✳ ❍❛♥❞❧❡✲❘❡✇r✐t✐♥❣ ❍②♣❡r❣r❛♣❤
●r❛♠♠❛rs✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s✱ ✹✻✭✷✮✿✷✶✽✕✷✼✵✱ ✶✾✾✸✳

❬❈●❑✵✽❪ ❇✳ ❈♦✉r❝❡❧❧❡✱ ❈✳ ●❛✈♦✐❧❧❡✱ ❛♥❞ ▼✳ ▼✳ ❑❛♥té✳ ❊✣❝✐❡♥t ❋✐rst ❖r❞❡r ▼♦❞❡❧ ❈❤❡❝❦✐♥❣
❯s✐♥❣ ❙❤♦rt ▲❛❜❡❧s✳ ■♥ ❋✳P✳ Pr❡♣❛r❛t❛✱ ❳✳ ❲✉✱ ❛♥❞ ❏✳ ❨✐♥✱ ❡❞✐t♦rs✱ ❋r♦♥t✐❡rs ♦❢
❆❧❣♦r✐t❤♠✐❝s ❲♦r❦s❤♦♣ ✭❋❆❲✮✱ ✈♦❧✉♠❡ ✺✵✺✾ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✺✾✕✶✼✵✳ ❙♣r✐♥❣❡r✱
✷✵✵✽✳

❬❈●❑❚✵✽❪ ❇✳ ❈♦✉r❝❡❧❧❡✱ ❈✳ ●❛✈♦✐❧❧❡✱ ▼✳ ▼✳ ❑❛♥té✱ ❛♥❞ ❆✳ ❚✇✐❣❣✳ ❈♦♥♥❡❝t✐✈✐t② ❈❤❡❝❦ ✐♥
3✲❈♦♥♥❡❝t❡❞ P❧❛♥❛r ●r❛♣❤s ✇✐t❤ ❖❜st❛❝❧❡s✳ ❊❧❡❝tr♦♥✐❝ ◆♦t❡s ✐♥ ❉✐s❝r❡t❡ ▼❛t❤✲
❡♠❛t✐❝s✱ ✸✶✿✶✺✶✕✶✺✺✱ ✷✵✵✽✳

❬❈❍▲+✵✵❪ ❉✳ ●✳ ❈♦r♥❡✐❧✱ ▼✳ ❍❛❜✐❜✱ ❏✳▼✳ ▲❛♥❧✐❣♥❡❧✱ ❇✳ ❘❡❡❞✱ ❛♥❞ ❯✳ ❘♦t✐❝s✳ P♦❧②♥♦♠✐❛❧
❚✐♠❡ ❘❡❝♦❣♥✐t✐♦♥ ♦❢ ❈❧✐q✉❡✲❲✐❞t❤ ≤ 3 ●r❛♣❤s✳ ■♥ ●✳ ❍✳ ●♦♥♥❡t✱ ❉✳ P❛♥❛r✐♦✱
❛♥❞ ❆✳ ❱✐♦❧❛✱ ❡❞✐t♦rs✱ ▲❛t✐♥ ❆♠❡r✐❝❛♥ ❙②♠♣♦s✐✉♠ ♦♥ ❚❤❡♦r❡t✐❝❛❧ ■♥❢♦r♠❛t✐❝s
✭▲❆❚■◆✮✱ ✈♦❧✉♠❡ ✶✼✼✻ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✷✻✕✶✸✹✳ ❙♣r✐♥❣❡r✱ ✷✵✵✵✳

❬❈❑✵✼❪ ❇✳ ❈♦✉r❝❡❧❧❡ ❛♥❞ ▼✳ ▼✳ ❑❛♥té✳ ●r❛♣❤ ❖♣❡r❛t✐♦♥s ❈❤❛r❛❝t❡r✐③✐♥❣ ❘❛♥❦✲❲✐❞t❤
❛♥❞ ❇❛❧❛♥❝❡❞ ●r❛♣❤ ❊①♣r❡ss✐♦♥s✳ ■♥ ❆✳ ❇r❛♥❞stä❞t✱ ❉✳ ❑r❛ts❝❤✱ ❛♥❞ ❍✳ ▼ü❧❧❡r✱
❡❞✐t♦rs✱ ●r❛♣❤ ❚❤❡♦r❡t✐❝ ❈♦♥❝❡♣ts ✐♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭❲●✮✱ ✈♦❧✉♠❡ ✹✼✻✾ ♦❢
▲◆❈❙✱ ♣❛❣❡s ✻✻✕✼✺✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳
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❬❈❑✵✾❪ ❇✳ ❈♦✉r❝❡❧❧❡ ❛♥❞ ▼✳ ▼✳ ❑❛♥té✳ ●r❛♣❤ ❖♣❡r❛t✐♦♥s ❈❤❛r❛❝t❡r✐③✐♥❣ ❘❛♥❦✲❲✐❞t❤✳
❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✺✼✭✹✮✿✻✷✼✕✻✹✵✱ ✷✵✵✾✳

❬❈❑❙✵✽❪ ❋✳ ❈❛rr❡r❡✱ ▼✳▼✳ ❑❛♥té✱ ❛♥❞ ❉✳ ❙♦❣✉❡t✳ ▲✐♥❡❛r ❆❧❣♦r✐t❤♠s ♦♥ ❈❧✐q✉❡✲❲✐❞t❤
❇♦✉♥❞❡❞ ●r❛♣❤s✳ ▼❛♥✉s❝r✐♣t✱ ✷✵✵✽✳

❬❈▲❘✵✷❪ ❚✳ ❍✳ ❈♦r♠❡♥✱ ❈✳ ❊✳ ▲❡✐s❡rs♦♥✱ ❛♥❞ ❘✳ ▲✳ ❘✐✈❡st✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❆❧❣♦r✐t❤♠s✳
▼■❚ Pr❡ss ❛♥❞ ▼❝●r❛✇ ❍✐❧❧✱ 2nd ❡❞✐t✐♦♥✱ ✷✵✵✷✳
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●❡♦♠❡tr②✿ ❆❧❣♦r✐t❤♠s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ ❙♣r✐♥❣❡r✱ ✶✾✾✶✳

❬❉❉❖+✵✹❪ ▼✳ ❉❡✈♦s✱ ●✳ ❉✐♥❣✱ ❇✳ ❖♣♦r♦✇s❦✐✱ ❉✳ ❙❛♥❞❡rs✱ ❇✳ ❘❡❡❞✱ P✳ ❙❡②♠♦✉r✱ ❛♥❞ ❉✳ ❱❡r✲
t✐❣❛♥✳ ❊①❝❧✉❞✐♥❣ ❛♥② ●r❛♣❤ ❛s ❛ ▼✐♥♦r ❆❧❧♦✇s ❛ ▲♦✇ ❚r❡❡✲❲✐❞t❤ 2✲❈♦❧♦r✐♥❣✳
❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇✱ ✾✶✭✶✮✿✷✺✕✹✶✱ ✷✵✵✹✳

❬❉❋✾✾❪ ❘✳ ❉♦✇♥❡② ❛♥❞ ▼✳ ❋❡❧❧♦✇s✳ P❛r❛♠❡t❡r✐③❡❞ ❈♦♠♣❧❡①✐t②✳ ❙♣r✐♥❣❡r✱ ✶✾✾✾✳

❬❞❋❞▼P✾✺❪ ❍✳ ❞❡ ❋r❛②ss❡✐①✱ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✱ ❛♥❞ ❏✳ P❛❝❤✳ ❆ ▲❡❢t✲❋✐rst ❙❡❛r❝❤ ❆❧❣♦r✐t❤♠
❢♦r P❧❛♥❛r ●r❛♣❤s✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✶✸✿✹✺✾✕✹✻✽✱ ✶✾✾✺✳

❬❞❋❞▼❘✾✺❪ ❍✳ ❞❡ ❋r❛②ss❡✐①✱ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✱ ❛♥❞ P✳ ❘♦s❡♥st✐❡❤❧✳ ❇✐♣♦❧❛r ❖r✐❡♥t❛t✐♦♥s
❘❡✈✐s✐t❡❞✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✺✻✭✷✲✸✮✿✶✺✼✕✶✼✾✱ ✶✾✾✺✳

❬❉●✵✼❪ ❨✳ ❉♦✉r✐s❜♦✉r❡ ❛♥❞ ❈✳ ●❛✈♦✐❧❧❡✳ ❚r❡❡✲❉❡❝♦♠♣♦s✐t✐♦♥s ✇✐t❤ ❇❛❣s ♦❢ ❙♠❛❧❧ ❉✐❛♠✲
❡t❡r✳ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s✱ ✸✵✼✭✶✻✮✿✷✵✵✽✕✷✵✷✾✱ ✷✵✵✼✳

❬❉●❑✵✼❪ ❆✳ ❉❛✇❛r✱ ▼✳ ●r♦❤❡✱ ❛♥❞ ❙✳ ❑r❡✉t③❡r✳ ▲♦❝❛❧❧② ❊①❝❧✉❞✐♥❣ ❛ ▼✐♥♦r✳ ■♥ ❙②♠♣♦s✐✉♠
❖♥ ▲♦❣✐❝ ■♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ✭▲■❈❙✮✱ ♣❛❣❡s ✷✼✵✕✷✼✾✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱
✷✵✵✼✳
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❬❉●❑❙✵✼❪ ❆✳ ❉❛✇❛r✱ ▼✳ ●r♦❤❡✱ ❙✳ ❑r❡✉t③❡r✱ ❛♥❞ ◆✳ ❙❝❤✇❡✐❦❛r❞t✳ ▼♦❞❡❧ ❚❤❡♦r② ▼❛❦❡s
❋♦r♠✉❧❛s ▲❛r❣❡✳ ■♥ ▲✳ ❆r❣❡✱ ❈✳ ❈❛❝❤✐♥✱ ❚✳ ❏✉r❞③✐♥s❦✐✱ ❛♥❞ ❆✳ ❚❛r❧❡❝❦✐✱ ❡❞✐t♦rs✱
■♥t❡r♥❛t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉t♦♠❛t❛✱ ▲❛♥❣✉❛❣❡s ❛♥❞ Pr♦❣r❛♠♠✐♥❣ ✭■❈❆▲P✮✱
✈♦❧✉♠❡ ✹✺✾✻ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✾✶✸✕✾✷✹✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬❉❍✵✹❛❪ ❊✳❉✳ ❉❡♠❛✐♥❡ ❛♥❞ ▼✳ ❍❛❥✐❛❣❤❛②✐✳ ❉✐❛♠❡t❡r ❛♥❞ ❚r❡❡✲❲✐❞t❤ ✐♥ ▼✐♥♦r✲❈❧♦s❡❞
●r❛♣❤ ❋❛♠✐❧✐❡s✱ ❘❡✈✐s✐t❡❞✳ ❆❧❣♦r✐t❤♠✐❝❛✱ ✹✵✭✸✮✿✷✶✶✕✷✶✺✱ ✷✵✵✹✳

❬❉❍✵✹❜❪ ❊✳❉✳ ❉❡♠❛✐♥❡ ❛♥❞ ▼✳ ❍❛❥✐❛❣❤❛②✐✳ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ▲♦❝❛❧ ❚r❡❡✲❲✐❞t❤ ❛♥❞ ▲✐♥❡❛r
▲♦❝❛❧ ❚r❡❡✲❲✐❞t❤ ❛♥❞ ✐ts ❆❧❣♦r✐t❤♠✐❝ ❆♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❙②♠♣♦s✐✉♠ ❖♥ ❉✐s❝r❡t❡
❆❧❣♦r✐t❤♠s ✭❙❖❉❆✮✱ ♣❛❣❡s ✽✹✵✕✽✹✾✳ ❙■❆▼✱ ✷✵✵✹✳

❬❉✐❡✵✺❪ ❘✳ ❉✐❡st❡❧✳ ●r❛♣❤ ❚❤❡♦r②✳ ❙♣r✐♥❣❡r✱ 3rd ❡❞✐t✐♦♥✱ ✷✵✵✺✳

❬❉✐r✻✶❪ ●✳ ❉✐r❛❝✳ ❖♥ ❘✐❣✐❞ ❈✐r❝✉✐t ●r❛♣❤s✳ ❆❜❤❛♥❞❧✉♥❣❡♥ ▼❛t❤❡♠❛t✐s❝❤❡r ❙❡♠✐♥❛r❡ ❞❡r
❯♥✐✈❡rs✐tät ❍❛♠❜✉r❣✱ ✷✶✿✼✶✕✼✻✱ ✶✾✻✶✳

❬❉❑✵✺❪ ❘✳ ❉✐❡st❡❧ ❛♥❞ ❉✳ ❑ü❤♥✳ ●r❛♣❤ ▼✐♥♦r ❍✐❡r❛r❝❤✐❡s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱
✶✹✺✭✷✮✿✶✻✼✕✶✽✷✱ ✷✵✵✺✳

❬❞▼✵✸❪ ❋✳ ❞❡ ▼♦♥t❣♦❧✜❡r✳ ❉é❝♦♠♣♦s✐t✐♦♥ ▼♦❞✉❧❛✐r❡ ❞❡s ●r❛♣❤❡s✿ ❚❤é♦r✐❡✱ ❊①t❡♥s✐♦♥s ❡t
❆❧❣♦r✐t❤♠❡s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ▼♦♥t♣❡❧❧✐❡r ■■✱ ✷✵✵✸✳

❬❉❖❙❱✵✵❪ ●✳ ❉✐♥❣✱ ❇✳ ❖♣♦r♦✇s❦✐✱ ❉✳ ❙❛♥❞❡rs✱ ❛♥❞ ❉✳ ❱❡rt✐❣❛♥✳ ❙✉r❢❛❝❡s✱ ❚r❡❡✲❲✐❞t❤✱
❈❧✐q✉❡✲▼✐♥♦rs ❛♥❞ P❛rt✐t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❛❧ ❚❤❡♦r②✱ ❙❡r✐❡s ❇✱
✼✾✭✷✮✿✷✷✶✕✷✹✻✱ ✷✵✵✵✳

❬❉❚❈❘✵✽❪ ❈✳ ❉❡♠❡tr❡s❝✉✱ ▼✳ ❚❤♦r✉♣✱ ❘✳ ❆✳ ❈❤♦✇❞❤✉r②✱ ❛♥❞ ❱✳ ❘❛♠❛❝❤❛♥❞r❛♥✳ ❖r❛❝❧❡s
❢♦r ❉✐st❛♥❝❡s ❆✈♦✐❞✐♥❣ ❛ ❋❛✐❧❡❞ ◆♦❞❡ ♦r ▲✐♥❦✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱
✸✼✭✺✮✿✶✷✾✾✕✶✸✶✽✱ ✷✵✵✽✳

❬❊♣♣✵✵❪ ❉✳ ❊♣♣st❡✐♥✳ ❉✐❛♠❡t❡r ❛♥❞ ❚r❡❡✲❲✐❞t❤ ✐♥ ▼✐♥♦r✲❈❧♦s❡❞ ●r❛♣❤ ❋❛♠✐❧✐❡s✳ ❆❧❣♦✲
r✐t❤♠✐❝❛✱ ✷✼✭✸✮✿✷✼✺✕✷✾✶✱ ✷✵✵✵✳

❬❊❚✼✻❪ ❙✳ ❊✈❡♥ ❛♥❞ ❘✳ ❊✳ ❚❛r❥❛♥✳ ❈♦♠♣✉t✐♥❣ ❛♥ (s, t)✲◆✉♠❜❡r✐♥❣✳ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r
❙❝✐❡♥❝❡✱ ✷✿✸✸✾✕✸✹✹✱ ✶✾✼✻✳

❬❊✉❧✺✾❪ ▲✳ ❊✉❧❡r✳ ❙♦❧✉t✐♦ Pr♦❜❧❡♠❛t✐s ❛❞ ●❡♦♠❡tr✐❛♠ s✐t✉s P❡rt✐♥❡♥t✐s✳ ▼é♠♦✐r❡s ❞❡
❧✬❆❝❛❞é♠✐❡ ❞❡s s❝✐❡♥❝❡s ❞❡ ❇❡r❧✐♥✱ ♣❛❣❡s ✶✷✽✕✶✹✵✱ ✶✼✺✾✳

❬❊✈❖✾✼❪ ❏✳ ❊♥❣❡❧❢r✐❡t ❛♥❞ ❱✳ ✈❛♥ ❖♦str♦♠✳ ▲♦❣✐❝❛❧ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❈♦♥t❡①t✲❋r❡❡ ●r❛♣❤
▲❛♥❣✉❛❣❡s✳ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❡r ❛♥❞ ❙②st❡♠ ❙❝✐❡♥❝❡s✱ ✺✺✭✸✮✿✹✽✾✕✺✵✸✱ ✶✾✾✼✳

❬❋❉❋✾✻❪ ❉✳●✳ ❋♦♥✲❉❡r✲❋❧❛❛ss✳ ▲♦❝❛❧ ❈♦♠♣❧❡♠❡♥t❛t✐♦♥s ♦❢ ❙✐♠♣❧❡ ❛♥❞ ❉✐r❡❝t❡❞ ●r❛♣❤s✳
■♥ ❆✳❉✳ ❑♦rs❤✉♥♦✈✱ ❡❞✐t♦r✱ ❉✐s❝r❡t❡ ❆♥❛❧②s✐s ❛♥❞ ❖♣❡r❛t✐♦♥s ❘❡s❡r❛❝❤✱ ♣❛❣❡s
✶✺✕✸✹✳ ❑❧✉✇❡r ❆❝❛❞❡♠✐❝✱ ✶✾✾✻✳

❬❋●✵✶❛❪ ❏✳ ❋❧✉♠ ❛♥❞ ▼✳ ●r♦❤❡✳ ❋✐①❡❞✲P❛r❛♠❡t❡r ❚r❛❝t❛❜✐❧✐t②✱ ❉❡✜♥❛❜✐❧✐t② ❛♥❞ ▼♦❞❡❧✲
❈❤❡❝❦✐♥❣✳ ❙■❆▼ ❏♦✉r♥❛❧ ♦♥ ❈♦♠♣✉t✐♥❣✱ ✸✶✭✶✮✿✶✶✸✕✶✹✺✱ ✷✵✵✶✳

❬❋●✵✶❜❪ ▼✳ ❋r✐❝❦ ❛♥❞ ▼✳ ●r♦❤❡✳ ❉❡❝✐❞✐♥❣ ❋✐rst ❖r❞❡r Pr♦♣❡rt✐❡s ♦❢ ▲♦❝❛❧❧② ❚r❡❡✲
❉❡❝♦♠♣♦s❛❜❧❡ ❙tr✉❝t✉r❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱ ✹✽✭✻✮✿✶✶✽✹✕✶✷✵✻✱ ✷✵✵✶✳
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❬❋●✵✻❪ ❏✳ ❋❧✉♠ ❛♥❞ ▼✳ ●r♦❤❡✳ P❛r❛♠❡t❡r✐③❡❞ ❈♦♠♣❧❡①✐t② ❚❤❡♦r②✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬❋▼❘✵✽❪ ❊✳ ❋✐s❤❡r✱ ❏✳ ❆✳ ▼❛❦♦✇s❦✐✱ ❛♥❞ ❊✳ ❱✳ ❘❛✈✈❡✳ ❈♦✉♥t✐♥❣ ❚r✉t❤ ❆ss✐❣♥♠❡♥ts ♦❢ ❋♦r✲
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❬❏♦❤✵✸❪ ❏✳▲✳ ❏♦❤♥s♦♥✳ P♦❧②♥♦♠✐❛❧✲❚✐♠❡ ❘❡❝♦❣♥✐t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥ ❆❧❣♦r✐t❤♠s ♦♥ ❙♣❡✲
❝✐❛❧ ❈❧❛ss❡s ♦❢ ●r❛♣❤s✳ P❤❉ t❤❡s✐s✱ ❱❛♥❞❡r❜✐❧t ❯♥✐✈❡rs✐t②✱ ✷✵✵✸✳

❬❑❛♥✵✼❪ ▼✳ ▼✳ ❑❛♥té✳ ❱❡rt❡①✲♠✐♥♦r ❘❡❞✉❝t✐♦♥s ❝❛♥ ❙✐♠✉❧❛t❡ ❊❞❣❡ ❈♦♥tr❛❝t✐♦♥✳ ❉✐s❝r❡t❡
❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✺✺✭✶✼✮✿✷✸✷✽✕✷✸✹✵✱ ✷✵✵✼✳

❬❑❛♥✵✽❪ ▼✳ ▼✳ ❑❛♥té✳ ❚❤❡ ❘❛♥❦✲❲✐❞t❤ ♦❢ ❉✐r❡❝t❡❞ ●r❛♣❤s✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯♥✐✈❡rs✐té
❇♦r❞❡❛✉① ✶✱ ▲❛❇❘■✱ ✷✵✵✽✳

❬❑▼✵✼❪ ❑✳ ❑❛✇❛r❛❜❛s❤✐ ❛♥❞ ❇✳ ▼♦❤❛r✳ ❙♦♠❡ ❘❡❝❡♥t Pr♦❣r❡ss ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ●r❛♣❤
▼✐♥♦r ❚❤❡♦r②✳ ●r❛♣❤s ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✷✸✿✶✕✹✻✱ ✷✵✵✼✳

❬❑♦r✵✼❛❪ ❆✳ ❑♦r♠❛♥✳ ●❡♥❡r❛❧ ❈♦♠♣❛❝t ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ❉②♥❛♠✐❝ ❚r❡❡s✳ ❉✐str✐❜✉t❡❞
❈♦♠♣✉t✐♥❣✱ ✷✵✭✸✮✿✶✼✾✕✶✾✸✱ ✷✵✵✼✳

❬❑♦r✵✼❜❪ ❆✳ ❑♦r♠❛♥✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ❱❡rt❡① ❈♦♥♥❡❝t✐✈✐t②✳ ■♥ ▲✳ ❆r❣❡✱ ❈✳ ❈❛❝❤✐♥✱
❚✳ ❏✉r❞③✐♥s❦✐✱ ❛♥❞ ❆✳ ❚❛r❧❡❝❦✐✱ ❡❞✐t♦rs✱ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦❧❧♦q✉✐✉♠ ♦♥ ❆✉t♦♠❛t❛✱
▲❛♥❣✉❛❣❡s ❛♥❞ Pr♦❣r❛♠♠✐♥❣ ✭■❈❆▲P✮✱ ✈♦❧✉♠❡ ✹✺✾✻ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✶✵✷✕✶✵✾✳
❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬❑♦r✵✽❪ ❆✳ ❑♦r♠❛♥✳ ■♠♣r♦✈❡❞ ❈♦♠♣❛❝t ❘♦✉t✐♥❣ ❙❝❤❡♠❡s ❢♦r ❉②♥❛♠✐❝ ❚r❡❡s✳ ■♥ ❘✳ ❆✳
❇❛③③✐ ❛♥❞ ❇✳ P❛tt✲❙❤❛♠✐r✱ ❡❞✐t♦rs✱ Pr✐♥❝✐♣❧❡s ❖❢ ❉✐str✐❜✉t❡❞ ❈♦♠♣✉t✐♥❣ ✭P❖❉❈✮✱
♣❛❣❡s ✶✽✺✕✶✾✹✳ ❆❈▼✱ ✷✵✵✽✳
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❬❑P✵✼❪ ❆✳ ❑♦r♠❛♥ ❛♥❞ ❉✳ P❡❧❡❣✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ❲❡✐❣❤t❡❞ ❉②♥❛♠✐❝ ❚r❡❡s✳ ■♥❢♦r✲
♠❛t✐♦♥ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥✱ ✷✵✺✭✶✷✮✿✶✼✷✶✕✶✼✹✵✱ ✷✵✵✼✳

❬❑P❘✵✹❪ ❆✳ ❑♦r♠❛♥✱ ❉✳ P❡❧❡❣✱ ❛♥❞ ❨✳ ❘♦❞❡❤✳ ▲❛❜❡❧✐♥❣ ❙❝❤❡♠❡s ❢♦r ❉②♥❛♠✐❝ ❚r❡❡ ◆❡t✲
✇♦r❦s✳ ❚❤❡♦r② ♦❢ ❈♦♠♣✉t✐♥❣ ❙②st❡♠s✱ ✸✼✭✶✮✿✹✾✕✼✺✱ ✷✵✵✹✳

❬❑r❡✵✽❪ ❙✳ ❑r❡✉t③❡r✳ ❆❧❣♦r✐t❤♠✐❝ ▼❡t❛✲❚❤❡♦r❡♠s✳ ▼❛♥✉s❝r✐♣t✳✱ ✷✵✵✽✳

❬❑r✉✻✵❪ ❏✳❇✳ ❑r✉s❦❛❧✳ ❲❡❧❧✲◗✉❛s✐✲❖r❞❡r✐♥❣✱ t❤❡ ❚r❡❡ ❚❤❡♦r❡♠ ❛♥❞ ❱❛③s♦♥②✐✬s ❈♦♥❥❡❝t✉r❡✳
❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✾✺✭✷✮✿✷✶✵✕✷✷✺✱ ✶✾✻✵✳

❬▲❛❜✵✼❪ ❆✳ ▲❛❜♦✉r❡❧✳ P❛rt✐t✐♦♥ ❞✬❆rêt❡s ❡t ❘❡♣rés❡♥t❛t✐♦♥ ■♠♣❧✐❝✐t❡ ❞❡ ●r❛♣❤❡s✳ P❤❉
t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ❇♦r❞❡❛✉①✱ ✷✵✵✼✳

❬▲✐♣✾✶❪ ❙✳ ▲✐♣s❝❤✉t③✳ ❙❝❤❛✉♠✬s ❖✉t❧✐♥❡ ♦❢ ❚❤❡♦r② ❛♥❞ Pr♦❜❧❡♠s ♦❢ ▲✐♥❡❛r ❆❧❣❡❜r❛✳ ▼❝✲
●r❛✇ ❍✐❧❧✱ 2nd ❡❞✐t✐♦♥✱ ✶✾✾✶✳

❬▲◆✾✼❪ ❘✳ ▲✐❞❧ ❛♥❞ ❍✳ ◆✐❡❞❡rr❡✐t❡r✳ ❋✐♥✐t❡ ❋✐❡❧❞s✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts
❆♣♣❧✐❝❛t✐♦♥s✱ 2nd ❡❞✐t✐♦♥✱ ✶✾✾✼✳

❬▲♦③✵✽❪ ❱✳ ▲♦③✐♥✳ ❋r♦♠ ❚r❡❡✲❲✐❞t❤ t♦ ❈❧✐q✉❡✲❲✐❞t❤✿ ❊①❝❧✉❞✐♥❣ ❛ ❯♥✐t✲■♥t❡r✈❛❧ ●r❛♣❤✳
■♥ ❍✳ ◆❛❣❛♠♦❝❤✐ ❙✳ ❍♦♥❣ ❛♥❞ ❚✳ ❋✉❦✉♥❛❣❛✱ ❡❞✐t♦rs✱ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠
♦♥ ❆❧❣♦r✐t❤♠s ❛♥❞ ❈♦♠♣✉t❛t✐♦♥ ✭■❙❆❆❈✮✱ ✈♦❧✉♠❡ ✺✸✻✾ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✽✼✶✕✽✽✷✳
❙♣r✐♥❣❡r✱ ✷✵✵✽✳

❬▼❛❦✵✹❪ ❏✳ ❆✳ ▼❛❦♦✇s❦②✳ ❆❧❣♦r✐t❤♠✐❝ ❯s❡s ♦❢ t❤❡ ❋❡❢❡r♠❛♥✲❱❛✉❣❤t ❚❤❡♦r❡♠✳ ❆♥♥❛❧s ♦❢
P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▲♦❣✐❝✱ ✶✷✻✭✶✲✸✮✿✶✺✾✕✷✶✸✱ ✷✵✵✹✳

❬▼❘✵✻❪ ❑✳ ▼❡❡r ❛♥❞ ❉✳ ❘❛✉t❡♥❜❛❝❤✳ ❖♥ t❤❡ ❖❇❉❉ ❙✐③❡ ❢♦r ●r❛♣❤s ♦❢ ❇♦✉♥❞❡❞ ❚r❡❡✲ ❛♥❞
❈❧✐q✉❡✲❲✐❞t❤✳ ■♥ ❍✳▲✳ ❇♦❞❧❛❡♥❞❡r ❛♥❞ ▼✳❆✳ ▲❛♥❣st♦♥❡✱ ❡❞✐t♦rs✱ ■♥t❡r♥❛t✐♦♥❛❧
❲♦r❦s❤♦♣ ♦♥ P❛r❛♠❡tr✐③❡❞ ❛♥❞ ❊①❛❝t ❈♦♠♣✉t❛t✐♦♥ ✭■❲P❊❈✮✱ ✈♦❧✉♠❡ ✹✶✻✾ ♦❢
▲◆❈❙✱ ♣❛❣❡s ✼✷✕✽✸✳ ❙♣r✐♥❣❡r✱ ✷✵✵✻✳

❬▼❚✵✶❪ ❇✳ ▼♦❤❛r ❛♥❞ ❈✳ ❚❤♦♠❛ss❡♥✳ ●r❛♣❤s ♦♥ ❙✉r❢❛❝❡s✳ ❚❤❡ ❏♦❤♥s ❍♦♣❦✐♥s ❯♥✐✈❡rs✐t②
Pr❡ss✱ ✷✵✵✶✳

❬◆❞▼✵✻❛❪ ❏✳ ◆❡š❡tř✐❧ ❛♥❞ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✳ ▲✐♥❡❛r✲❚✐♠❡ ▲♦✇ ❚r❡❡✲❲✐❞t❤ P❛rt✐t✐♦♥s
❛♥❞ ❆❧❣♦r✐t❤♠✐❝ ❈♦♥s❡q✉❡♥❝❡s✳ ■♥ ❏✳▼✳ ❑❧❡✐♥❜❡r❣✱ ❡❞✐t♦r✱ ❙②♠♣♦s✐✉♠ ♦♥ ❚❤❡♦r②
❖❢ ❈♦♠♣✉t✐♥❣ ✭❙❚❖❈✮✱ ♣❛❣❡s ✸✾✶✕✹✵✵✳ ❆❈▼✱ ✷✵✵✻✳

❬◆❞▼✵✻❜❪ ❏✳ ◆❡š❡tř✐❧ ❛♥❞ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✳ ❚r❡❡✲❉❡♣t❤✱ ❙✉❜✲●r❛♣❤ ❈♦❧♦r✐♥❣ ❛♥❞ ❍♦✲
♠♦♠♦r♣❤✐s♠ ❇♦✉♥❞s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✷✼✿✶✵✷✷✕✶✵✹✶✱ ✷✵✵✻✳

❬◆❞▼✵✽❛❪ ❏✳ ◆❡š❡tř✐❧ ❛♥❞ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✳ ●r❛❞ ❛♥❞ ❈❧❛ss❡s ✇✐t❤ ❇♦✉♥❞❡❞ ❊①♣❛♥s✐♦♥
■✿ ❉❡❝♦♠♣♦s✐t✐♦♥s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✷✾✿✼✻✵✕✼✼✻✱ ✷✵✵✽✳

❬◆❞▼✵✽❜❪ ❏✳ ◆❡š❡tř✐❧ ❛♥❞ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✳ ●r❛❞ ❛♥❞ ❈❧❛ss❡s ✇✐t❤ ❇♦✉♥❞❡❞ ❊①♣❛♥s✐♦♥
■■✿ ❆❧❣♦r✐t❤♠✐❝ ❆s♣❡❝ts✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✷✾✿✼✼✼✕✼✾✶✱ ✷✵✵✽✳

❬◆❞▼✵✽❝❪ ❏✳ ◆❡š❡tř✐❧ ❛♥❞ P✳ ❖ss♦♥❛ ❞❡ ▼❡♥❞❡③✳ ●r❛❞ ❛♥❞ ❈❧❛ss❡s ✇✐t❤ ❇♦✉♥❞❡❞ ❊①♣❛♥s✐♦♥
■■■✿ ❘❡str✐❝t❡❞ ●r❛♣❤ ❍♦♠♦♠♦r♣❤✐s♠ ❉✉❛❧✐t✐❡s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❈♦♠❜✐♥❛✲
t♦r✐❝s✱ ✷✾✿✶✵✶✷✕✶✵✷✹✱ ✷✵✵✽✳
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❬◆❲✵✺❪ ❘✳ ◆✉♥❦❡ss❡r ❛♥❞ P✳ ❲♦❡❧❢❡❧✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ●r❛♣❤s ❜② ❖❇❉❉s✳ ■♥ ❳✳ ❉❡♥❣
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❬❙♦❣✵✽❪ ❉✳ ❙♦❣✉❡t✳ ●é♥ér❛t✐♦♥ ❆✉t♦♠❛t✐q✉❡ ❞✬❆❧❣♦r✐t❤♠❡s ▲✐♥é❛✐r❡s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✲
✈❡rs✐té P❛r✐s ❳■✱ ❖rs❛②✱ ✷✵✵✽✳

❬❙♣✐✵✸❪ ❏✳ ❙♣✐♥r❛❞✳ ❊✣❝✐❡♥t ●r❛♣❤ ❘❡♣r❡s❡♥t❛t✐♦♥s✳ ❆▼❙✱ ✷✵✵✸✳

❬❙❚✽✻❪ ◆✳ ❙❛r♥❛❦ ❛♥❞ ❘✳❊✳ ❚❛r❥❛♥✳ P❧❛♥❛r P♦✐♥t ▲♦❝❛t✐♦♥ ❯s✐♥❣ P❡rs✐st❡♥t ❙❡❛r❝❤ ❚r❡❡s✳
❈♦♠♠✉♥✐❝❛t✐♦♥s ♦❢ t❤❡ ❆❈▼✱ ✷✾✭✼✮✿✻✻✾✕✻✼✾✱ ✶✾✽✻✳

❬❙❚✵✼❪ ❑✳ ❙✉❝❤❛♥ ❛♥❞ ■✳ ❚♦❞✐♥❝❛✳ ❖♥ P♦✇❡rs ♦❢ ●r❛♣❤s ♦❢ ❇♦✉♥❞❡❞ ◆▲❈✲❲✐❞t❤ ✭❈❧✐q✉❡✲
❲✐❞t❤✮✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✺✺✭✶✹✮✿✶✽✽✺✕✶✽✾✸✱ ✷✵✵✼✳

❬❚❤♦✵✼❪ ▼✳ ❚❤♦r✉♣✳ ❈♦♠♣❛❝t ❖r❛❝❧❡s ❢♦r ❆♣♣r♦①✐♠❛t❡ ❉✐st❛♥❝❡s ❆r♦✉♥❞ ❖❜st❛❝❧❡s ✐♥
t❤❡ P❧❛♥❡✳ ■♥ ▲✳ ❆r❣❡✱ ▼✳ ❍♦✛♠❛♥♥✱ ❛♥❞ ❊✳ ❲❡❧③❧✱ ❡❞✐t♦rs✱ ❊✉r♦♣❡❛♥ ❙②♠♣♦s✐✉♠
♦♥ ❆❧❣♦r✐t❤♠s ✭❊❙❆✮✱ ✈♦❧✉♠❡ ✹✻✾✽ ♦❢ ▲◆❈❙✱ ♣❛❣❡s ✸✽✸✕✸✾✹✳ ❙♣r✐♥❣❡r✱ ✷✵✵✼✳

❬❚◆❙✽✷❪ ❑✳ ❚❛❦❛♠✐③❛✇❛✱ ❚✳ ◆✐s❤✐③❡❦✐✱ ❛♥❞ ◆✳ ❙❛✐t♦✳ ▲✐♥❡❛r✲❚✐♠❡ ❈♦♠♣✉t❛❜✐❧✐t② ♦❢ ❈♦♠✲
❜✐♥❛t♦r✐❛❧ Pr♦❜❧❡♠s ♦♥ ❙❡r✐❡s✲P❛r❛❧❧❡❧ ●r❛♣❤s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱ ✷✾✿✻✷✸✕✻✹✶✱
✶✾✽✷✳

❬❚❚✽✻❪ ❘✳ ❚❛♠❛ss✐❛ ❛♥❞ ■✳ ●✳ ❚♦❧❧✐s✳ ❆ ❯♥✐✜❡❞ ❆♣♣r♦❛❝❤ ❛♥❞ ❱✐s✐❜✐❧✐t② ❘❡♣r❡s❡♥t❛t✐♦♥
♦❢ P❧❛♥❛r ●r❛♣❤s✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✶✿✸✷✶✕✸✹✶✱ ✶✾✽✻✳

❬❚✉t✻✻❪ ❲✳ ❚✳ ❚✉tt❡✳ ❈♦♥♥❡❝t✐✈✐t② ✐♥ ●r❛♣❤s✳ ❯♥✐✈❡rs✐t② ♦❢ ❚♦r♦♥t♦ Pr❡ss✱ ✶✾✻✻✳

❬❚❩✵✺❪ ▼✳ ❚❤♦r✉♣ ❛♥❞ ❯✳ ❩✇✐❝❦✳ ❆♣♣r♦①✐♠❛t❡ ❉✐st❛♥❝❡ ❖r❛❝❧❡s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆❈▼✱
✺✷✭✶✮✿✶✕✷✹✱ ✷✵✵✺✳



❇■❇▲■❖●❘❆P❍❨ ✷✸✸

❬❲❛♥✾✹❪ ❊✳ ❲❛♥❦❡✳ k✲◆▲❈ ●r❛♣❤s ❛♥❞ P♦❧②♥♦♠✐❛❧ ❆❧❣♦r✐t❤♠s✳ ❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡✲
♠❛t✐❝s✱ ✺✹✿✷✺✶✕✷✻✻✱ ✶✾✾✹✳

❬❲❡❝✾✷❪ ❲✳ ❲❡❝❤❧❡r✳ ❯♥✐✈❡rs❛❧ ❆❧❣❡❜r❛ ❢♦r ❈♦♠♣✉t❡r ❙❝✐❡♥t✐sts✳ ❙♣r✐♥❣❡r✱ ✶✾✾✷✳

❬❲✐r❪ ▼✳ ❲✐rs✐♥❣✳ ❆❧❣❡❜r❛✐❝ ❙♣❡❝✐✜❝❛t✐♦♥s✳ ■♥ ❍❛♥❞❜♦♦❦ ♦❢ ❚❤❡♦r❡t✐❝❛❧ ❈♦♠♣✉t❡r ❙❝✐✲
❡♥❝❡✱ ❱♦❧✉♠❡ ❇✿ ❋♦r♠❛❧ ▼♦❞❡❧s ❛♥❞ ❙❡♠❛♥t✐❝s✱ ♣❛❣❡s ✻✼✺✕✼✽✽✳

❬❲❚✵✼❪ ❉✳❘✳ ❲♦♦❞ ❛♥❞ ❏✳❆✳ ❚❡❧❧❡✳ P❧❛♥❛r ❉❡❝♦♠♣♦s✐t✐♦♥s ❛♥❞ t❤❡ ❈r♦ss✐♥❣ ◆✉♠❜❡r ♦❢
●r❛♣❤s ✇✐t❤ ❛♥ ❊①❝❧✉❞❡❞ ▼✐♥♦r✳ ◆❡✇ ❨♦r❦ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✸✿✶✶✼✕✶✹✻✱
✷✵✵✼✳
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