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Chapitre 1

Introduction

Dans cette thése, nous nous intéressons a I’étude de trois équations aux dérivées partielles
et d’évolution non-locales en espace (cf. (1.1.1), (1.2.1) et (1.4.1) ci-dessous) dont deux de ces
trois équations (cf. (1.2.1) et (1.4.1)) sont de plus non-locales en temps. Les solutions de ces trois
solutions peuvent exploser en temps fini.

Dans la théorie des équations d’évolution non-linéaire, une solution est qualifiée de globale
si elle est définie pour tout temps positif. Au contraire, si une solution existe seulement sur un
intervalle de temps [0, T") borné, elle est dite locale. Dans ce dernier cas et quand le temps maximal
d’existence est relié a une alternative d’explosion, on dit aussi que la solution explose en temps
fini. Cependant, pour donner un sens a la notion d’explosion en temps fini, il faut bien préciser
I’espace dans lequel on travaille et avec quelle norme on "mesure" la solution.

Dans le deuxiéme chapitre, nous considérons ’équation de la chaleur non-linéaire avec une
puissance fractionnaire du laplacien, et obtenons notamment que, dans le cas d’exposant sur-
critique, le comportement asymptotique de la solution lorsque ¢ — 400 est déterminé par le
terme de diffusion anormale. D’autre part, dans le cas d’exposant sous-critique, I'effet du terme
non-linéaire domine.

Dans le troixiéme chapitre, nous étudions une équation parabolique avec le laplacien fraction-
naire et un terme non-linéaire et non-local en temps. On montre que la solution est globale dans
le cas sur-critique pour toute donnée initiale ayant une mesure assez petite, tandis que dans le
cas sous-critique, on montre que la solution explose en temps fini 7;,,,x > 0 pour toute condition
initiale positive et non-triviale. Dans ce dernier cas, on cherche le comportement de la norme L>
de la solution en précisant le taux d’explosion lorsque ¢ s’approche du temps d’explosion Ty, ..
Nous cherchons aussi les conditions nécessaires pour 1’existence locale et globale de la solution.

Le quatrieme chapitre est consacré a une généralisation du troisiéme chapitre au cas de systémes
2 x 2 avec une diffusion ordinaire. On étudie I'existence locale d’une solution ainsi qu'un résultat
d’explosion de la solution avec les mémes propriétés étudiées dans le troisiéme chapitre.

Finalement, dans le cinquiéme chapitre, nous étudions une équation hyperbolique dans RY,
pour tout NV > 2, avec un terme non-linéaire non-local en temps. Nous obtenons un résultat d’exis-
tence locale d’une solution sous des conditions restrictives sur les données initiales, la dimension
de I'espace et de la croissance du terme non-linéaire. De plus on obtient, sous certaines conditions,
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que la solution explose en temps fini pour toute condition initiale de moyenne strictement positive.

Pour mettre en lumiére les points importants et éviter qu’ils ne soient pas cachés par le tech-
nique, nous avons souvent donné dans cette introduction générale, des énoncés simplifiés des
résultats. Des énoncés plus complets se trouvent dans les différents chapitres qui sont présentés
ci-dessous.

1.1 Deécroissance de masse pour une équation non linéaire

avec le laplacien fractionnaire

(accepté le 23 Decembre 2008 pour publication dans le journal Monatshefte Fiir
Mathematik, DOI 10.1007/s00605-009-0093-3)
Dans la premiére partie, nous nous intéressons a 1’équation de diffusion-réaction non-linéaire avec
le laplacien fractionnaire suivante :

up = —(—A)*2u 4+ P dans RY x (0, 00),
(1.1.1)
u(0) = ug € L®(RY) N LYRY)  dans RY,

oil le laplacien fractionnaire (—A)®/2 avec o € (0, 2] est un opérateur pseudo-différentiel défini par
la transformée de Fourier : (—A)*/2u(x) = F~H|¢|*F(u)(€)}(x) pour tout = € RY. Notons que
F et F~1 sont les transformée de Fourier directe et inverse, respectivement. De plus, on suppose
que A € {—1;+1} et p > 1.
En fait, le laplacien fractionnaire est un cas particulier de 'opérateur de Lévy £ qui est bien un
opérateur pseudo-differentiel défini par Lo(z) = F{a(£)F(v)(€)}(z) pour tout x € RY. Comme
la fonction e7**) est bien définie et positive, alors le symbole a(£) peut se représenter, comme
dans [7], par la formule de Lévy-Khintchine (cf. [5, Chapitre 1, Théoréme 1], ou [25, Théoréme
B.2])

) = b+ a(€)+ [ (1= e~ ing gy (o) T ),
Dans la littérature de la Physique Mathématique (voir |6, 14, 28]), les problémes d’évolution non-
linéaires avec le laplacien fractionnaire décrivent la diffusion anormale (the anamolous diffusion)
ou ce qu'on appelle la diffusion a—stable de Lévy (a—stable Lévy diffusion).

Dans le cas d’une équation de diffusion-réaction classique (i.e. Eq. (1.1.1) avec o = 2 et A = 1),
Fujita a montré dans [18] que pour p < 1+2/N, toute solution positive non-nulle explose en temps
fini, alors que pour p > 1+ 2/N, il existe des solutions globales positives pour toutes données
initiales petites en norme L. Hayakawa [23] et Kobayashi, Sirao et Tanaka [36] ont étendu le
résultat d’explosion de Fujita au cas p = 14 2/N. D’une fagon analogue, des résultats d’explosion
pour le probléme (1.1.1) avec le laplacien fractionnaire (ou I'exposant critique est p = 1 + a/N
pour 'existence /non-existence des solutions) ont été démontrés dans [8, 20, 21, 51].

Le but de cette partie est d’étudier le comportement asymptotique des solutions de (1.1.1)
pour tout « € (0, 2].
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On commence par considérer le probléme (1.1.1) avec A = —1, et étudier le comportement,
lorsque t — 400, de la masse

M(t) = /RN w(w, 1) do = /RN o) d — /Ot /RN W?(z, 5) dxds. (1.1.2)

Remarquons que pour obtenir I'Eq. (1.1.2), il suffit d’intégrer en espace, en utilisant le théoréme
de Fubini, la solution intégrale suivante du probléme (1.1.1) :

u(t) = Py(t) * up — /o P,(t — s) xuP(s)ds, (1.1.3)

oil la fonction P, (t)(z) = P.(z,t) est la solution fondamentale de I’équation linéaire u;4(—A)*/?u =
0 représentée par :

P, (z,t) =t NP (xt~ Y 1) = m /[RN el tEl” g (1.1.4)
Comme, pour une donnée initiale positive, la solution de I’équation (1.1.3) est positive, alors la
fonction M(t) définie dans (1.1.2) est positive et décroissante. Donc, contrairement au cas de
I'équation linéaire, il n’y a pas de conservation de la masse et la limite M., = lim,_,, o, M () existe
et on a deux possibilités : soit M, = 0, soit M., > 0. Ce phénoméne décrit la compétition entre
le terme de diffusion et le terme non-linéaire.

Notre premier résultat est le théoreme suivant, qui étudie le cas M., > 0 en présentant sa
relation avec le comportement asymptotique de la solution lorsque t — 400, dans le cas p >

1+ a/N.

Théoréme 1.1.1 Supposons que u = u(x,t) est une solution positive non-nulle du probléme
(1.1.1) avec a € (0,2], A= —1 et p> 1+ a/N. Alors lim; ., M(t) = M, > 0.
De plus, pour tout q € [1,00)

=

t (1_%)“u(t) — M P,(t)||; = 0 lorsque t — oo. (1.1.5)

La preuve de ce théoréme s’appuit sur les résultats de [6, 39|, en utilisant les propriétés suivantes
de la solution fondamentale P,(x,t) :

Pu(l) € L°®RY) A LARY), Pu(z,t) > 0, / Pu(z,t)do = 1, (1.1.6)

et
| Py (t) % v, < Ct= N ey, (1.1.7)

pour tout v € L}(RY), r € [1,00], x € RY et ¢t > 0. L’estimation (1.1.7) est obtenue en utilisant
I'inégalité de Young pour la convolution et la forme auto-similaire (cf. (1.1.4)) pour FP,.

Ensuite, on montre que dans le cas p < 14+a/N, la masse M (t) tend vers zéro lorsque t — +00.
Ce phénomeéne est interprété comme une domination du terme non-linéaire.
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Théoréme 1.1.2 Supposons que u = u(x,t) est une solution positive du probléme (1.1.1) avec
a€ (0,2, \=—1etp<1+a/N. Alorslim;_,, M(t) = My = 0.

L’idée de base de la démonstration du Théoréme 1.1.2 repose sur la méthode de changement
d’échelle dans la fonction test (the rescaled test function method) qui a été introduite par Mitidieri
et Pohozaev [40, 41] pour démontrer la non-existence de la solution des équations elliptiques,
paraboliques et hyperboliques non-linéaires.

Finalement, comme conséquence de notre analyse dans le Théoréme 1.1.2, on peut aussi étudier
I'explosion de toute solution positive non-nulle du probléme (1.1.1) pour A = +1, dans le cas ou
p=1+a/N.

Theorem 1.1.3 Si A =1, a € (0,2] et p = 1 + /N, alors toute solution positive non-nulle de
(1.1.1) ezplose en temps fini.

1.2 Sur certaines équations d’évolution fractionnaire en temps

et en espace

(Soumis a Journal of Differential Equations, hal-00398110)
Dans cette partie, on s’intéresse a 1’équation parabolique suivante avec le laplacien fractionnaire
et un terme non-linéaire et non-local en temps :

1 t
up + (=AY 2y = —/ (t —s)|ulf"tu(s)ds =€ RN, t>0,
P =) Jo (1.2.1)

u(0) = uyg r€RY,
oty € Co(RY), N>1,0<3<2 0<vy<1,p>1et D(—-A)*?)=HPRY), avec
HRY) ={ue S (—A)"Pue L*(RY)},

si BN, et
HPRN) = {u e L*(RY); (—A)?ue L*(RV)}

si # € N, I'espace de Sobolev homogéne d’ordre (. I' est la fonction gamma d’Euler et
Co(RY) = {u € Co(R"Y) tel que u(x) — 0 lorsque |x| — 0o},

L’apparition de la constante I'(1 — 7) est 1a juste par commodité. elle nous permet d’écrire le
probléme (1.2.1) sous la forme :

w4 (—A)P Py = J{ﬁt(\u|p—1u) reRY, t>0,

u(0) = ug r€RY,
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ota=1—v€(0,1) et, pour T > 0,

1 t
) /0 (t —5)* 1 f(s)ds, pour tout t € [0,7] et tout f & L%0,T) (1< q < +0o0),

Jo f(t) = (o)

est U'intégrale fractionnaire a gauche de Riemann-Liouville d’ordre « (voir [32]).

Comme une motivation physique, le probléme (1.2.1) nous a suggéré la possibilité d’une inté-
ressante modéle physique dans lequel un milieu superdiffusive est couplé & un milieu classique de
diffusion. Le terme non-linéaire de (1.2.1) pourrait étre interprétée comme leffet d’un milieu qui
est classiquement diffusif non linéaire liée & un milieu superdiffusive. Un tel lien pourrait prendre
la forme d’un milieu poreux matériaux ayant des propriétés réactives qui est partiellement isolé
par contact avec un milieu classique diffusif. Pour plus d’information, voir le papier récent de
Roberts et Olmstead [45].

Rappelons maintenant un résultat d’existence locale et d’unicité pour I’équation (1.2.1).
Si ug € Co(RYN) (respectivement ug € Co(RY) N L"(RY) avec r € [1,400)) alors il existe une
unique solution maximale u de (1.2.1) définie sur un intervalle de temps maximal [0, Tinax),
0 < Thax < +00. De plus, les propriétés suivantes sont vérifiées.

— u € O([0,T], Co(RN)) (respectivement u € C([0, T], Co(RY)NL"(RY))) pour tout 0 < T' < Typax-
— wu est une solution douce de (1.2.1) (pour la notion de solution douce voir ci-dessous).
— Si ug > et ug # 0 alors u(t) > 0 pour tout 0 < t < Tppax.
— L’alternative d’explosion suivante est vérifiée :

ou bien Ty, = +00,

ou bien Tiax < 400 et limy o7, [|u(t)|| oo gy = +00.
Lorsque T < 400, on dit que u explose en temps fini; lorsque Ti,.c = +00, on dit que u est
globale.

Maintenant, il est simple de vérifier que si u(x,t) est une solution de (1.2.1), alors pour tout

A > 0, M=/~ (\z, \Pt) est encore une solution de donnée initiale A*?=7)/P=Ny(\x). Comme

NP P=Dyy (X || o = AP/ P=D=N/a)jy0()|| e pour tout ¢ € [1, 0], (1.2.2)

alors I'exposant qui garde la norme de Lebesgue dans (1.2.2) invariante est :

Donc, on peut imaginer, comme dans le résultat de Weissler dans [52], que si gz > 1, i.e. p > pse
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ou 'exposant d’échelle (scaling exposent) p. est donné par :

B2 —7)

sczl )

et si ||ug||pese est suffisamment petite, alors la solution est globale.
Cazenave, Dickstein et Weissler [10] ont montré que ce phénoméne ne marche pas, i.e. que
I'exposant critique n’est pas celui prévu par Fujita, pour ’équation suivante :

t
u — Au = / (t—s) |ulftu(s)ds =€ RN, t>0,
0 (1.2.3)

qui est un cas particulier de 'Eq. (1.2.1).

Théoréme 1.2.1 (Cazenave, Dickstein et Weissler [10])
Supposons que 0 < v <1, p>1,

2(2-7)
=1+ ,
" (N—2+27);
et
1
Ds :max{— , pv} < +o0.
f}/

Soit ug € Co(RY) et soit u € C([0, Trmax), Co(RY)) la solution de (1.2.3). Si v = 0 alors toute
solution positive non nulle explose. Si 0 < v < 1 on a les résultats suivants :

(i) Si
D < Ds,

et ug > 0, ug #Z 0, alors u explose en temps fini.

(11) Si
D > D

et ug € L3(RN) (oG, = N(p—1)/(2(2 —7))) avec ||upl|a.. suffisamment petite, alors u existe
globalement.

Notons que dans le cas ou v = 0, Souplet a montré dans [49] que toute solution positive non nulle
explose en temps fini.

On peut expliquer pourquoi ce phénomeéne (de Fujita) ne marche pas ici en remarquant que 1'Eq.
(1.2.3) peut se transformer formellement en

D uy — D, Au = ClulP~'u, (1.2.4)
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ou €' =T(1—-7),a=1-7€(0,1) et D, est la dérivée fractionnaire a gauche de Riemann-
Liouville d’ordre a définie (voir [32]) par :

d
Do\tu( ) = di Jo|t u(t).
Clairement, ’équation (1.2.4) est une interpolation entre I’équation de la chaleur et 1’équation des
ondes. Il est connu que la méthode de changement d’échelle ne donne I’exposant de Fujita que
pour des équations de type paraboliques.

Le permier résultat dans cette partie est une généralisation des résultats trouvés par Cazenave,
Dickstein et Weissler [10] & 'Eq. (1.2.1).

Théoréme 1.2.2 (FEzplosion)
Soit ug € Co(RY) tel que ug > 0 et ug £ 0. Si

p2—7) 1
NGt =p" ou p< > (1.2.5)

alors la solution douce de (1.2.1) explose en temps fini.

p<1+

On note que dans le cas ot p = p* et § € (0,2) on se restreindra au cas ot p > N/(N — 3) avec
N > 3.

Théoréme 1.2.3 (Euxistence globale)
Soit ug € Co(RY) N Le(RY) et 0 < 3 < 2. Si

1
P> max{;;p*}, (1.2.6)

et ||upl|pase st suffisamment petite, alors la solution u eziste globalement.
On note qu’on peut prendre |ug(x)| < C|z|=PC=0/®=D qy lieu de uy € Li=(RN).

La démonstration du théoréme 1.2.2 se fait par contradiction et en deux étapes.
Tout d’abord, on donne les notions de solution douce et faible pour I'Eq. (1.2.1).

Définition 1.2.4 (Solution douce)
Soit ug € L¥(RY), 0< <2, p>1etT >0. On dit que u € C([0,T], L®(RY)) est une solution
douce du probleme (1.2.1) si u satisfait a I’équation intégrale suivante

u(t) = Ps(t) * ug + /o Ps(t — s) * Jgs (|uP~'u) ds, te[0,T], (1.2.7)

oti Py est la solution fondamentale de ’équation linéaire u; + (—A)%?u = 0 définie par (1.1.4) et
u* v est la convolution en espace de u et v.

Définition 1.2.5 (Solution faible)
Soit up € L (RY), 0< <2, p>1,T >0 etue LP((0,T), L. (RY)). On dit que u est une
solution faible du probleme (1.2.1) si

/Quo(x) //mt P~ (z, 1) // (2, 1) (=AY 2o, 1)
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_ /OT/Qu(x7t)(pt<x’t)7 (1.2.8)

pour toute fonction test o € C1([0,T], H?(RN)) telle que Q :=suppy est compacte avec p(-,T) = 0,
ot a:=1—v€(0,1).

Lemme 1.2.6 Soit ug € L®(RY) et soit u € C([0,T], L(RY)) une solution douce de (1.2.1),
alors u est une solution faible de (1.2.1), pour tout 0 < 5 < 2 et tout T > 0.

La démonstration du théoréme 1.2.2 se méne en choisissant une fonction test convenable et en
s’appuyant sur la méthode de changement d’échelle de la fonction test déja introduite dans la
Section 1.1, puis a la fin on passe a la limite lorsque 7" — +00. On note qu’on a besoin d’utiliser
I'inégalité suivante (voir I’Appendice dans le chapitre 3 ci-dessous)

(—A)ﬁ/qu < qwq%(_A)ﬁ/?w’

valable pour toute fonction positive de Schwartz 1 et pour tout N,q > 1.

La preuve du théoréme 1.2.3 est basée (voir Section 3.5 dans le chapitre 3 ci-dessous) sur les
techniques utilisés par Weissler dans [52| et récemment par Cazenave, Dickstein et Weissler dans
[10].

Le théoréme suivant est notre deuxiéme résultat dans cette partie. Il présente le taux d’explo-
sion (Blow-up rate) de la solution u du probléme (1.2.1) dans le cas § = 2.

Théoréme 1.2.7 Supposons que uy € Co(RN) N L2(RY) est telle que ug > 0 et uy # 0. Si
a; == (2—=7)/(p—1), B = 2 et u est la solution douce de (1.2.1) qui explose en temps fini
Thax = T%, alors il existe deux constantes c,C' > 0 telles que

co(T* =)~ <supu(-,t) <C(T" —t)™ ™, te (0,77), (1.2.9)

RN
pour tout p < p* oup < 1/7.
Pour démontrer la majoration dans (1.2.9), on utilise 'argument de changement d’échelle pour
réduire le probléme (1.2.1), dans le cas # = 2, & un probléme de type Liouville i.e. défini pour tout

t € R. Cette méthode a été utilisée pour la premiére fois pour les problémes paraboliques par Hu
[24]. Notons que pour démontrer le résultat, on a besoin du

Lemme 1.2.8 Soit ¢ une solution positive de I’équation suivante :

0r = Ap 4+ I (0P) dans RY x R, (1.2.10)

oot
oy € (0,1),p>1et
1—y . 1 ' -
P3P = e | =97 as
Alors on a ¢ = 0 pour

. 1
p<p" ou p<-—. (1.2.11)
Y
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La preuve de ce lemme se trouve dans la section 3.5 du chapitre 3 ci-aprés.

D’une maniére classique, on détermine la minoration dans (1.2.9), en utilisant la preuve du théo-

réme d’existence locale de la solution qui s’appuit sur le théoréme de point fixe de Banach.
Enfin, le dernier résultat dans cette partie est décomposé en deux parties. Les conditions

nécessaires pour l'existence locale et globale de la solution.

Théoréme 1.2.9 (Condition nécessaire pour [’existence globale)
Supposons que ug € L¥(RY), ug > 0,0 < 3 <2 et p> 1. Siu est une solution douce globale du
probléme (1.2.1),alors il existe une constante C' > 0 telle que

.. B2=7)

lim inf (ug(z)|z| »=7 ) < C. (1.2.12)

2|00
Remarquons que l'estimation (1.2.12) est similaire a celle trouvée dans le théoréme 1.2.3.

Théoréme 1.2.10 (Condition nécessaire pour 'ezistence locale)
Soient ug € L¥(RY), ug >0, 3 € (0,2] et p > 1. Si u est une solution douce locale de (1.2.1) sur
[0,T] avec 0 < T < +o00, alors on a l'estimation suivante

2
lim inf ug(z) < C T 1, (1.2.13)
|z|—o00
pour une certaine constante C' > 0. Notons que, si A := liminf|, .o uo(x), alors on obtient une
estimation similaire a celle du temps maximal Ty trouver dans le théoreme d’existence locale
(voir section 3.3 du chapitre 3) :
T2 Ap—1
— < 1.
cr-t =

La méthode de changement d’échelle dans la fonction test, utilisée dans la preuve du théoréme
1.2.2 avec un choix approprié de la fonction test, est I'idée principale pour démontrer les théorémes
1.2.9 et 1.2.10.

1.3 Sur certains systémes d’évolution fractionnaires en temps

Cette partie est consacrée a ’étude du systeme

1 t
Ay = —— — o) |ylP L RN
Uy u F(l—fy)/o(t s) v u(s)ds  x e RY, t>0,
(1.3.1)
1

¢
_ - - 01,191 N
vy — Av T —9) /0 (t—s)°lul" u(s)ds xR, t>0,

assujetti aux conditions initiales

u(z,0) = up(x), v(z,0) =v(x), z€RY, (1.3.2)
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ot ug,vg € Co(RY), 7,0 € (0,1), p,g > 1 et D(=A) = H*(RY) avec H*(RY) est I'espace de
Sobolev classique d’ordre 2. Notons qu’on reprend ici les mémes notions utilisées dans la Section
1.2 ci-dessus.

Afin de présenter le résultat d’existence locale de la solution pour le probléme (1.3.1) —(1.3.2),
on a besoin de la

Définition 1.3.1 (Solution douce)
Supposons que ug, vg € L®(RN). On dit que (u,v) € C([0,T], L=(RN) x L=(RN)) est une solution
douce de (1.3.1) — (1.3.2), pour tout T > 0, si

t
u(t) = €tAU()+/ e(t’s)AJas(]v]pflv) ds, dans RY x [0,T],
0
(1.3.3)

v(t) :emvo+/ (= SAJSS(\u]q_lu) ds, dans RY x [0,T],
0

aveca =1—r, B=1—6 et e!® est le semi-groupe, engendré par l'opérateur auto-adjoint négative

A, défini par e®v = G(t)*v pour tout v € L*(RY), ot G est la solution fondamentale de I’équation
de la chaleur uy — Au = 0 définie par G(t,z) := (4mt)~N/2e~lel?/4t,

Théoréme 1.3.2 (Euxistence locale de la solution douce )
Supposons que ug,vg € Co(RYN) (respectivement ug, vy € Co(RN) N L™(RY)  pour tout r € [1,00))
et p,q > 1. Alors il existe un temps mazimal Ty, > 0 et une unique solution douce

(u,v) € C([0, Trax), Co(RY) x Co(RY))
(respectivement
(u,v) € C([0, Thnax), (Co(RY) N L™(RY)) x (Co(RY) N LT(RY))))

du systeme (1.3.1) — (1.3.2). De plus, s0it Tyax = 00, 50it Thax < 00 et (||ul|pooo,xry) +
]| Loo (0,)xrNY) — 00 lorsque t — Tax. Enfin, si ug,vo > 0, ug,vo Z 0, on a u(t),v(t) > 0
pour tout 0 <t < Thax-

Le théoreme 1.3.2 se démontre en utilisant le théoréme de point fixe de Banach.

Notre motivation dans cette partie est de généraliser au cas de systémes 2 X 2 le travail consi-
déré par Cazenave, Dickstein et Weissler [10] concernant les résultats d’explosion, et la section
1.2 concernant le taux d’explosion, et les conditions nécessaires d’existence locale ou globale de
solutions.

Tout d’abord, le résultat d’explosion de la solution en temps fini nécessite I'utilisation d’une
notion de solution faible et un lemme qui dit que chaque solution douce est aussi faible.

Définition 1.3.3 (Solution faible)
Soit T > 0, ug,vy € L (RY), uw € LI((0,T), L5, (RY)) et v € LP((0,T), L% (RY)). On dit que
U := (u,v) est une solution faible du probléme (1.3.1) — (1.3.2) si

/ ©(x,0) //J0|t|v|p1 Yz, )p(x,t) = //Q1 u(z,t) Ap(z, 1)
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— /OT /Ql u(z, t)pi(x,t), (1.3.4)

/ (@0 + / / ope([u[ Yu)(z, )y (z,t) = _/OTLQU(fat)A¢(m,t)
/oT/%“(“”tWt(W), (1.3.5)

pour tout v, € CH[0,T], HX(RYN)) telle que Qi :=suppp et Qy :=suppp sont compactes avec
(-, T)=¢(-,T)=0,00a=1—vetf=1-04.

et

Lemme 1.3.4 (douce — faible)
Soit T > 0, ug, vy € L®°(RN) et U := (u,v) tel que u,v € C([0,T], L®(RN)). Si U est une solution
douce de (1.3.1) — (1.3.2), alors U est une solution faible de (1.3.1) — (1.3.2).

Théoréme 1.3.5 (Ezplosion de la solution)
Supposons que ug, Vg € C’o([RN) sont telles que ug, vy > 0 et ug, vy Z 0. St

N Smax{(2—f5)p+(1—v)pq+1 ; (2—7)q+(1—5)pq+1} (13.6)
2 pg—1 pg—1
ou 1 1
p<s et q< S (1.3.7)

alors la solution douce (u,v) de (1.3.1) — (1.3.2) explose en temps fini.

Comme dans le théoréme d’explosion pour le cas d'une équation de la partie précédente, on
démontre ce théoréme en utilisant le lemme 1.3.4 et un changement d’échelle pour la fonction test
et en passant a la limite lorsque T" — +oc.

Le deuxieme résultat dans cette partie est la détermination du taux d’explosion de la solution
du probléme (1.3.1) — (1.3.2).

Théoréme 1.3.6 Soit

BN C e ol e/ RPN C ) el Cle V1

pqg—1 pqg—1

Supposons que ug, vy € Co(RN) N L2(RY) sont telles que ug,vg > 0 et ug, v Z 0. Si

N 2—4 1— 1 (2— 1—-6 1
—Smax{( )p + ( v)pq+;( 7)g + (1 —d)pg + }
2 pg—1 pg—1
ou
1 1
p <= et q< —,
0 ¥
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et (u,v) est la solution de (1.3.1) — (1.3.2) qui explose en temps fini Tyax := T, alors il existe des
constantes c;, C; > 0, pour i = 1,2, telles que :

a(T* =) <supu(-,t) < C(T" —t)"™, te(0,T7),

RN
1.3.8
co(T — )7 <supw(-,t) < Co(T* —t)*2, te (0,T7). ( )

RN

La preuve de ce théoréme repose sur celle du théoréme 1.2.7. elle s’appuit sur le

Lemme 1.3.7 Soit (u,v) une solution positive du systéme

up = Au+ J:g“(vp) dans RY x R, (1.3.9)
vy = Av+ J:f‘t(uq) dans RY x R, o
ot v,0 € (0,1) et p,q > 1. Alors, pour
N 2—90 1-— 1 2— 1—96 1
N _ max{( )p+ (1 —v)pg + ; (2—7)g+ (1—0)pg+ } (1.3.10)
2 pq—1 pq—1
" < ! t < ! (1.3.11)
- e - 3.
p 5 q /y?

onau=v=0.

Finalement, un résultat concernant les conditions nécessaires pour l'existence locale (respecti-
vement globale) de la solution est présené.

Théoréme 1.3.8 (Conditions nécessaires pour [’existence globale)
Supposons que ugy,vg € L¥(RY), ug,vg > 0 et p,q > 1. Si (u,v) est une solution douce globale du
probléme (1.3.1) — (1.3.2), alors il existe une constante C' > 0 telle que

liminf(up(x)|z[**) < C et liminf(vy(z)|z**?) < C, (1.3.12)

|z —00 |z|—o0
ot C' > 0 est un nombre réel qui peut changer d’une formule & une autre.
Théoréme 1.3.9 (Conditions nécessaires pour l’existence locale)

Supposons que ug,vg € L¥(RN), up,v9 > 0 et p,q > 1. Si (u,v) est une solution locale du
(1.3.1) = (1.3.2) sur [0,T] ou 0 < T < +00, alors on a les estimations suivantes :

liminfuy(z) <C T et liminfog(x) < C T2, (1.3.13)

pour une certaine constante C' > 0. Notons que, si A := liminf ;| uo(z) et B := liminf|y_ vo(2),
alors on obtient une estimation similaire a celle de Ty dans la preuve du théoréme 1.3.2 d’exis-
tence locale (voir Section 4.3 du chapitre 4 ci-dessous) :

O~ Pa=1)p(2=)+(2=8)p gpg—1 <1,
O~ Pa=1)p(2=0)+(2-7)a gpra—1 < 1.

Les démonstrations des théoremes 1.3.8 et 1.3.9 s’appuient sur I’argument de changement d’échelle
dans la fonction test introduite dans la partie 1.1.
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1.4 Equation hyperbolique avec une nonlinéarité non-locale

Ici on traite une équation de type hyperbolique avec un terme non-linéaire et non-local en
temps :

1 t
utt—Au:—/ (t—s8) u(s)|Pds =€ RN t>0,
L =) Jo (1.4.1)

u(0,z) = up(x), u(0,z) = us(x) reRY,

ol (ug,uy) € H*(RY) x H* Y (RY), 0 < p < N/2, N > 2,0 <y < letp>1.T estla fonction
gamma d’Euler (Euler’s gamma function) et H*(R") est I'espace de Sobolev homogene d’ordre
défini par

H"RY) ={ue 8 (—A)"?ue L*(RY)},

si u &€ N, et par
H*(RY) = {u e L*(RY); (-A)*ue L*(RV)},

si p €N, and (—A)*? est le laplacien fractionnaire défini par
(A Pu(a) == F (€ F(u)(©)) (x)

pour tout u € D((—A)*?) = HHRN). F et F~! sont la transformée de Fourier and son inverse

respectivement.

Dans le cas de I’équation

_ — || N
{utt Au = |ul?, (x,t) € RY x (0,7), (14.2)

u(z,0) = up(w), uy(z,0) = uy(x), = €RY,

une approche pour le non-existence de la solution globale a été étudiée pour la premiére fois par
Keller [31], puis par John [26] et Kato [29]. Cette approche est basée sur l'intégration en espace
de toute solution positive a support compact. Pour p = p. > 1, ou p. est la racine positive de

(N=1)p* = (N+1)p—-2=0,

John a montré dans [26] que si 1 < p < p,, et N =3 ie. 1 < p < 14 /2, toute solution avec
donnée initiale dans C>°(RY) explose en temps fini. Le cas p = 1 4+ /2 a été étudié par Glassey
[22] qui a démontré que toute solution, avec donnée initiale dans C°(RY) et ayant des moyennes
strictement positives, explose en temps fini.

Dans cette partie, on étudie 'existence locale et ’explosion en temps fini de la solution pour
une classe de non linéarité de type non-locale en temps. Notre résultat sur I’explosion est similaire
a celui de Glassey.

Avant de présenter le premier résultat de cette partie, on a besoin de quelques notions, lemmes
et théorémes. On commence par définir les exposants o—admissibles.
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Définition 1.4.1 On dit que la paire d’exposants (q,r) est o—admissible si q,r > 2, (q,r,0) #
(2,00,1) et

1 o o

4l < 1.4.3

q r 2 ( )
Si dans (1.4.3) on a une égalité, on dit que (q,r) est o—admissible critique et on dit que (q,r) est

o—admissible non-critique dans le cas contraire. Particulierement, st o > 1, le point final
20
oc—1

Keel et Tao ont montré dans [30] une nouvelle version de l'estimation de Strichartz qui est

est o—admissible critique.

I'idée de base pour démontrer notre résultat sur ’existence de solutions locales.

Théoréme 1.4.2 (Keel et Tao [30])

Supposons que N > 2 et (q,r) et (q,7) sont deux paires d’exposants admissibles pour l’équation
des ondes, i.e. 0 = (N —1)/2, avec r,7 < 00. Si u est une solution faible du probleme (??) dans
RN x [0, T] pour un certain 0 < T < oo, alors

ullLagorszny +  Nulleqommmy + 110l eo.rye-1)

< T (uollme + lallmoms + 1w oz ) (1.4.4)

sous la condition d’analyse dimensionnelles ("gap" condition) suivante :

1 N N 1 N
E_M:__F__Q (1.4.5)

q r

ot C > 0 est une constante indépendante de T. Les exposants 7,§ sont les exposants conjuqués

de 7, q respectivement et L2 := LP(RY), 1 < p < cc.
Ici, on considére la solution douce définie par :

Définition 1.4.3 (Solution douce)
Soit 0 < T < oo et (ug,uy) € HHRYN) x HY(RN). On dit que u est une solution douce du
probleme (1.4.1) sur [0,T) si et seulement si (u,u;) € C([0,T); H*(RY) x HF=YRN)) et telle que
u vérifie I’équation intégrale

u(t) = K(tyug + K (t)ur + (K = J§,(Jul”))(t), t€[0,T], (1.4.6)
ot

sin(t|¢])
€]

K(t)g = cos((=A)"?t) := F~" (cos(t|€)) F(9)(€)),

pour toute fonction g assez réguliére.

K(tg = (o) sin((-a) 0 = 5 (2 r )
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Nous sommes maintenant en mesure de présenter notre premier résultat sur l'existence locale
d’une solution.

Théoréme 1.4.4 (Euxistence locale)
Supposons que (ug,u;) € HH(RN) x HHL(RN), N >2,0< u < N/2 et p > 1 tels que
2 o 2 .
+ T <p< = sip < NJ2,
1N N = 2p (1.4.7)
1 —l— p < 00 sip=N/2,

ou T est défini dans (5.3.4) du chapitre 5 ci-dessous. Alors, il existe un temps T > 0 et une unique
solution u du probleme (1.4.1) tels que (u,u;) € C([0,T], H*(RY) x H*1(RYN)).

La preuve de ce théoréme s’appuit sur le théoréme de point fixe de Banach et le théoréme 1.4.2.
Pour étendre la solution sur un intervalle de temps maximal, on prend p = 1. D’ou le

Corollaire 1.4.5 Supposons que (ug,u1) € HY(RY) x L2>(RN), N > 2 et p > 1 tels que

2 N
— st N > 2,
N= T N=2 (1.4.8)

<p< si N = 2.

—_

+ <p<

DN o

Alors, il existe un temps mazimal 0 < Tyax < 00 et une unique solution u du probléme (1.4.1)
tels que (u,u;) € C([0, Trax), H'(RY) x L*(RY)). De plus, si Tyax < 00 on a (|[ulco,m @y +
el (jo,,22®N))) — 00 lorsque t — Thnax.

Enfin, on donne le résultat d’explosion de la solution.

Théoréme 1.4.6 Supposons que (ug,ur) € H'(RY) x L*(RY), [y uo >0, [y ur >0, N > 2, et
p > 1 tels que

2 3—7 .
1+ =<p<1+ - =px st N > 2,
N=PEIT Ny T (1.4.9)
3 3 X
—SPS_ SiN:27
2 Y
ou
2 1 .
1+N§p<— st N > 2,
3 1 (1.4.10)
S<p< = si N =2,
2 gl

avec les conditions suivantes

2
<~v<l1 if N> 2,

(1.4.11)
0<y<l1 if N =2,
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ou
N_2< <
N TS Ni2

if N> 2,
(1.4.12)

2
3 if N=2,

respectivement. Alors la solution du probléeme (1.4.1) explose en temps fini.

0<~v<



tel-00437141, version 2 - 5 Dec 2009

Chapitre 2

Decay of mass for nonlinear equation with
fractional Laplacian

Ahmad Z. FINO and Gregorz KARCH
Abstract

The large time behavior of non-negative solutions to the reaction-diffusion equation dyu = —(—A)*/?u—
uP, (o € (0,2], p > 1) posed on R and supplemented with an integrable initial condition is
studied. We show that the anomalous diffusion term determines the large time asymptotics for

p > 1+ a/N, while nonlinear effects win if p < 1+ «/N.

Keywords : Large time behavior, fractional Laplacian, blow-up of solutions, critical exponent.

MSC : 35K55; 35B40; 60H99

2.1 Introduction

We study the behavior, as t — oo, of solutions to the following initial value problem for the
reaction-diffusion equation with the anomalous diffusion

du = —A%u+ P, reRN t>0, (2.1.1)
u(z,0) = wup(x), (2.1.2)

where the pseudo-differential operator A* = (—=A)*/2 with 0 < a < 2 is defined by the Fourier
transformation : /Ta\u(é‘) = |&|*u(§). Moreover, we assume that A € {—1,1} and p > 1.

Nonlinear evolution problems involving fractional Laplacian describing the anomalous diffusion
(or a-stable Lévy diffusion) have been extensively studied in the mathematical and physical litera-
ture (see [6, 14, 28] for references). One of possible ways to understand the interaction between the
anomalous diffusion operator (given by A® or, more generally, by the Lévy diffusion operator) and
the nonlinearity in the equation under consideration is the study of the large time asymptotics
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of solutions to such equations. Our goal is to contribute to this theory and our results can be
summarized as follows. For A = —1 in Eq. 2.1.1, non-negative solutions to the Cauchy problem
exist globally in time. Hence, we study the decay properties of the mass M(t) = [,y u(z,t) dz of
the solutions u = wu(z,t) to problem 2.1.1 and 2.1.2. We prove that lim; ., M(t) = M, > 0 for
p> 1+ «a/N (cf. Theorem 1, below), while M (t) tends to zero ast — o0 if 1 <p <1+ /N (cf.
Theorem 2). As a by-product of our analysis, we show the blow-up of all non-negative solutions
to 2.1.1 and 2.1.2 with A = 1 in the case of the critical nonlinearity exponent p = 1 + a/N (see
Theorem 3, below).

The idea which allows to express the competition between diffusive and nonlinear terms in
an evolution equation by studying the large time behavior of the space integral of a solution
was already introduced by Ben-Artzi and Koch [4] who considered the viscous Hamilton-Jacobi
equation u; = Au — |Vul? (see also Pinsky [44]). An analogous result for the equation u; =
Au+|VulP (with the growing-in-time mass of solutions) was proved by Laurencot and Souplet [39].
Such questions concerning the asymptotic behavior of solutions to the Hamilton-Jacobi equation
with the Lévy diffusion operator were answered in [28].

In the case of the classical reaction-diffusion equation ( i.e. Eq. 2.1.1 with o = 2), for p < 1+
2/N, Fujita [18] proved the nonexistence of non-negative global-in-time solution for any nontrivial
initial condition. On other hand, if p > 1 4+ 2/N, global solutions do exist for any sufficiently
small non-negative initial data. The proof of a blow-up of all non-negative solutions in the critical
case p = 1+ 2/N was completed in [23, 36, 51|. Analogous blow-up results for problem 2.1.1
and 2.1.2 with the fractional Laplacian (and with the critical exponent p = 1 + a/N for the
existence /nonexistence of solutions) are contained, e.g. in [8, 20, 21, 51].

2.2 Statement of results

In all theorems below, we always assume that v = u(x,t) is the non-negative (possibly weak)
solution of problem 2.1.1 and 2.1.2 corresponding to the non-negative initial datum ug € L*(RY)N
L®(RN). Let ug # 0, for simplicity of the exposition. We refer the reader to [14] for several
results on the existence, the uniqueness and the regularity of solutions to 2.1.1 and 2.1.2 as well
as for the proof of the maximum principle (which assures that the solution is non-negative if the
corresponding initial datum is so).

First, we deal with Eq. 2.1.1 containing the absorbing nonlinearity (A = —1) and we study the
decay of the “mass”

M(t) = /RN w(w, ) de = /RN o) d — /Ot /RN W?(z, 5) dds. (2.2.1)

Remark. In order to obtain equality 2.2.1, it suffices to integrate Eq. 2.1.1 with respect to x and
t. Another method which leads to 2.2.1 and which requires weaker regularity assumptions on a
solution consists in integrating with respect to x the integral formulation of problem 2.1.1 and
2.1.2 (see 2.3.8, below) and using the Fubini theorem.
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Since we limit ourselves to non-negative solutions, the function M (¢) defined in 2.2.1 is non-
negative and non-increasing. Hence, the limit M., = lim;_., M (t) exists and we answer the ques-
tion whether it is equal to zero or not.

In our first theorem, the diffusion phenomena determine the large time asymptotics of solutions
to 2.1.1 and 2.1.2.

Theorem 2.2.1 Assume that u = u(z,t) is a non-negative nontrivial solution of 2.1.1 and 2.1.2
with A = —1 and p > 1+ «/N. Then limy_,o, M (t) = M, > 0.
Moreover, for all ¢ € [1,00)
N

to (D u(t) — Mo Pa(t)]ly — 0 as t — oo, (2.2.2)

where the function P,(x,t) denotes the fundamental solution of the linear equation u; + A®u = 0
(cf. Eq. 2.3.3 below).

In the remaining range of p, the mass M(t) converges to zero and this phenomena can be
interpreted as the domination of nonlinear effects in the large time asymptotic of solutions to
2.1.1 and 2.1.2. Note here that the mass M (t) = [.n u(z,t) dz of every solution to linear equation
uy + A%u = 0 is constant in time.

Theorem 2.2.2 Assume that u = u(x,t) is a non-negative solution of problem 2.1.1 and 2.1.2
with A= —1 and 1 <p <1+ a/N. Then limy_..c M(t) = 0.

Let us emphasize that the proof of Theorem 2 is based on the so-called the rescaled test
function method which was used by Mitidieri and Pokhozhaev (cf. e.g. [40, 41| and the references
therein) to prove the nonexistence of solutions to nonlinear elliptic and parabolic equations.

As the by-product of our analysis, we can also contribute to the theory on the blow-up of
solutions to 2.1.1 and 2.1.2 with A\ = +1. Recall that the method of the rescaled test function
(which we also apply here) was use in [20, 21| to show the blow-up of all positive solutions to 2.1.1
and 2.1.2 with A = 1 and p < 1+ a/N. Here, we complete that result by the simple proof of the
blow-up in the critical case p = 1+ a/N.

Theorem 2.2.3 IfA=1, a € (0,2] and p =1+ /N, then any non-negative nonzero solution of
2.1.1 and 2.1.2 blows up in a finite time.

2.3 Proofs of Theorems 1, 2, and 3

Note first that any (sufficiently regular) non-negative solution to 2.1.1 and 2.1.2 satisfies

0< /[RN u(z,t)de = /[RN up(z) do + )\/Ot /[RN uP(z, s) dz ds. (2.3.1)

Hence, for A = —1 and ug € L*(RY), we immediately obtain

u € L®(]0,00), LY(RM)) N LP(RY x (0, 00)). (2.3.2)
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Proof of Theorem 1. First, we recall that the fundamental solution P, = P,(z,t) of the linear
equation dyu + A“u = 0 can be written via the Fourier transform as follows

1 - o
Pa(x, t) = t_N/aPa(.Tt_l/a, ].) = W /[RN 62x.§—t|§\ dg (233)

It is well-known that for each o € (0, 2], this function satisfies

Pu(1) € L°®RY) A LARY), Pu(a,t) >0, / Pu(w,t)do = 1, (2.3.4)

for all z € RY and t > 0. Hence, using the Young inequality for the convolution and the self-similar
form of P,, we have

[Pa(t) xull, < Ct=NOTVP/ gy, (2.3.5)
IVP.()]l, = CtNO-ywlast/e (2.3.6)
”Pa(t)*uonp < ||u0”pa (2.3.7)

for all p € [1,00] and ¢ > 0.
In the next step, using the following well-known integral representation of solutions to 2.1.1
and 2.1.2

u(t) = Py(t) * ug — /0 P,(t — s) xuP(s)ds, (2.3.8)

we immediately obtain the estimate 0 < u(xz,t) < P,(z,t) * ug(z). Hence, by 2.3.5 and 2.3.7 we
get

lu@ll; < [1Pa() * uoll}

<
< min {CtNED/ g, |17 luolln} = H(t,p, v, ug). (2.3.9)

Now, for fixed ¢ € (0,1], we consider the solution u® = u®(x,t) of 2.1.1 and 2.1.2 with the
initial condition eug(x). The comparison principle implies that 0 < u®(x,t) < wu(z,t) for every
x € RY and t > 0. Hence, it suffices to show that for small ¢ > 0, which will be determined later,
we have

M = lim u(x,t) dz > 0.

t—o0 RN

Note first the using equality (2.3.1) in the case of the solution u°, we obtain

ME —e {/RN o) dz — é/ooo /RN (u (2, 1)) da dt} | (2.3.10)

Now, we apply (2.3.9) with u replaced by u®. Observe that the function H defined in 2.3.9 satisfies
H(t,p,a,eug) = ePH(t, p, v, up). Hence

1 [~ 1 [
—/ / (u(x,t))? dedt < —/ H(t,p, o, eup) dt
€ 0 RN € 0
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e”_l/ H(t,p, o, up)dt.
0

It is follows immediately from the definition of the function H that the integral on the right-hand
side is convergent for p > 1 4+ «/N. Consequently,

1 o0
—/ / (u(x,t))’ dedt — 0  as &\, 0,
£ 0 RN

and the constant M2 given by (2.3.10) is positive for sufficiently small € > 0.
From now on, the proof of the asymptotic relation 2.2.2 is standard, hence, we shall be brief
in details. First we recall that for every ug € L'(RY) we have

lim || Po(t) # o — MP(t)][1 =0, (2.3.11)

where M = f[R ~ Uo(z) dzx. This is the immediate consequence of the Taylor argument combined
with an approximation argument. Details of this reasoning can be found in |6, Lemma 3.3].

Now, to complete the proof of Theorem 1, we adopt the reasoning from [39]. It follows from
the integral equation (2.3.8) and inequality (2.3.5) with p = 1 that

t
lu(t) — Pa(t —to) *x u(to)]1 < / |lu(s)||1ds for all t >ty >0.
to

Hence, using the triangle inequality we infer

[u(t) — Moo Po(t) |1 g/t [u(s)|: ds

+ [[Pa(t — to) * u(to) — M(to) Pu(t — to) |1 (2.3.12)
+ [|M (o) (Pa(t — to) — Pu(t))|l1
+ | Pa(®)ll1 [M (o) — Mool -

Applying first 2.3.4 and 2.3.11 with uy = u(ty), and next passing to the limit as ¢ — oo on the
right-hand side of 2.3.12, we obtain

lim sup [|u(t) — Moo Pa(t)]l1 < / lu(s) 1 ds + [M(to) — M.

t—o0 to

By letting ¢ty go to 400 and using 2.3.2 we conclude that
|u(t) — Moo Pa(t)][1 — 0 as t— 00. (2.3.13)

In order to obtain the asymptotic term for p > 1, observe that by the integral equation 2.3.8
and estimate 2.3.5, for each m € [1, 0o|, we have

()l < 11 Pa(t) * woll < Ct=NETH™/ g (2.3.14)
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Hence, for every ¢ € [1,m), using the Holder inequality, we obtain

[u(t) = Moo Pa(t)llq < [[u(t) = Moo Pa(®)[l1™° (lu(®)[15, + 1Moo Pa(t)]15,)
< CtNUVDu(t) — Mo Pa(t)ll1°,

with § = (1 —1/q)/(1 — 1/m). Finally, applying 2.3.13 we complete the proof of Theorem 1.

Proof of Theorem 2. Let us define the function ¢(z,t) = (¢1(x))" (p2(t))" where

2p — 1
é—ﬁ_l, 901(x)—¢<1|3i]|%), w(ﬂ—zﬂ(%), R >0,

and 1 is a smooth non-increasing function on [0, c0) such that

1 fo<r<i,
w“*‘{o ifr> 2.

The constant B > 0 in the definition of ¢, is fixed and will be chosen later. In fact, it plays some
role in the critical case p = 1+ a/N only while in the subcritical case p < 1+ /N we simply put
B = 1. In the following, we denote by €2; and €2, the supports of ¢ and ¢, respectively :

={zeR" : |z|<2BR}, Q={te[0,00) : t <2R"}.

Now, we multiply Eq. 2.1.1 by ¢(z,t) and integrate with respect to x and ¢ to obtain

/Ql ()0 (i, 0) da:—/ﬂ2 /Q (2, )l 1) dadt
= | [ e 0k 1w dea
-/ 2 / (e, )64 (2) ) drc (2.3.15)
O] e @ne @) dods
o [ e gt @) @00rgatt) dec

In 2.3.15, we have used the inequality A%p! < o™ A%p;, (see [13, Prop. 2.3] and [27, Prop. 3.3]
for its proof) which is valid for all @ € (0,2], £ > 1, and any sufficiently regular, non-negative,

IN

decaying at infinity function ;.
Hence, by the e-Young inequality ab < ea? + C(¢)b*~! (note that 1/p+ 1/(¢ — 1) = 1) with
e > 0, we deduce from 2.3.15

/uo() (2,0) dz — (14 2£e) / /Qlup(x,t)w(x,t)dxdt

{ / / o1oh [N dadt + / / o [Ohipal ! dxdt}.
Q2 /U 0

(2.3.16)
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Recall now that the functions ¢; and ¢o depend on R > 0. Hence changing the variables
£ = R'z and 7 = R™°t, we easily obtain from 2.3.16 the following estimate

/ wo(z) (e, 0) da — (1 + 202) / / (2, )z, £) dadt < CRNo-0(-), (2.3.17)
0 Qo J

where the constant C' on the right hand side of 2.3.17 is independent of R. Note that N 4+ o —
a(f —1) <0 if and only if p < 1+ a/N. Now, we consider two cases.

For p < 14+ a/N, we have N +a — a(f — 1) < 0. Hence, computing the limit R — oo in 2.3.17
and using the Lebesgue dominated convergence theorem, we obtain

My = / up(z) do — / / uP(z,t) dedt < 265/ / u? dxdt.
RN o JrN o Jry

Since u € LP(RY x (0, 00)) (cf. 2.3.2) and since € > 0 can be chosen arbitrary small, we immediately
obtain that M., = 0.

In the critical case p = 1 + a/N, we estimate first term on the right hand side of inequality
2.3.15 using again by the e-Young inequality and the second term by the Holder inequality (with
p=p/(p—1)=1L—1) as follows

/uo(x)gp(x,O)dx—/ / uPo(x,t) dedt
Q1 Q2 J
< Ee/ / uP(z,t) dedt
0. Jou
+0@ [ [ @) Ao dadt (2.3.18)
0. Jou
1/p
+/ (/ / up(x,t)dxdt)
03 Jou

p p _ 1/p
X (/Q /Q 90?’(3;)%05671)?(75) |at¢2(t)’p da:dt) ‘

Here, Q3 ={t € [0,00) : R* <t <2R*} is the support of 0;p,. Note that

//up(as,t)dxdt—>0 as R — oo,
Qs Jo

because u € LP(RY x [0,00)) (cf. 2.3.2).
Now, introducing the new variables £ = (BR) 'z, 7 = Rt and recalling that p = 1 + /N,
we rewrite 2.3.18 as follows

[ wretwoyds— [ [ e ndo—co [ [ e o

o (2.3.19)
< C,BN? (/ / uP(z,t) dmdt) + CyC(e)B™7,
Qs Jou
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where the constants C7, Cy are independent of R, B, and of ¢. Passing in 2.3.19 to the limit as
R — +00 and using the Lebesgue dominated convergence theorem we get

/ uo(x da:—/ / upxtda:dt—sf/ / uP(x,t) dedt
RN [RN RN (2.3.20)

< CyC .

Finally, computing the limit B — oo in 2.3.20 we infer that M, = 0 beacuse ¢ > 0 can be
arbitrarily small. This complete the proof of Theorem 2.

Proof of Theorem 3. The proof proceeds by contradiction. Let u be a non-negative non-trivial
solution of 2.1.1 and 2.1.2 with A = 1. Take the test function ¢ the same as in the proof of Theorem
2. Repeating the estimations which lead to (2.3.19), we obtain

/Ql uo()¢(, 0) da:+/92 /Ql uP(z,t)(z, t) dudt

—66/ / uP(z,t) dzdt
Qs Jou

1/p
< C,BN/? (/ / up(x,t)dxdt) + Cy,C(e)B™°.
Qs Jo

Now, we chose ¢ = 1/(2() in 2.3.21 and we pass to the following limits : first R — oo, next
B — o0. Using the Lebesgue dominated convergence theorem, we obtain

1 oo
/ uo(z) dx + —/ / uP(z,t) dedt < 0.
RN 2 0 RN

Hence, u(z,t) = 0 which contradicts our assumption imposed on u.
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Chapitre 3

On certain time-and space-fractional
evolution equations

Ahmad Z. FINO and Mokhtar KIRANE
Abstract

In this article, we present first a new technique to prove, in a general case, the recent result of
Cazenave, Dickstein and Weissler [10] on the blowing-up solutions to a temporally nonlocal non-
linear parabolic equation. Then, we study the blow-up rate, and the existence of global solutions.
Furthermore, we establish necessary conditions for local or global existence.

Keywords : Parabolic equation, mild and weak solutions, local and global existence, blow-up, blow-up
rate, maximal regularity, interior regularity, Schauder’s estimates, critical exponent, fractional Laplacian,

Riemann-Liouville fractional integrals and derivatives.

MSC : 35Kb5; 26A33; 35B44; 74G25; 35B33; 74G40

3.1 Introduction

In this paper, we investigate the nonlinear parabolic equation with a nonlocal in time nonli-
nearity

1 t
w4 (AP = ﬁ/ (t—8) ulfu(s)ds xRN, t>0,
1) Jo (3.1.1)
u(z,0) = up(x) r€RY,
where uy € Co(RY), N > 1,0 < <2,0<~v<1,p>1and the nonlocal operator (—A)?%? is

defined by
(=2)u(x) == FH ([E]°F(0)(€)) (x)
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for every v € D((—A)%/?) = HP(RN), where H?(RN) is the fractional Sobolev space of order (3
defined by
HRY) ={ueS; (-A)Pue L*(RY)},

if 5 ¢ N, and by
HRY) = {u e L*RY); (-A)"*u e LX(RY)},

if B € N where &’ is the space of Schwartz distributions. F stands for the Fourier transform and
F~1 for its inverse, I is the Euler gamma function and Cy(R") denotes the space of all continuous
functions decaying to zero at infinity.

When Eq. (3.1.1) is considered with a nonlinearity of the form u?, it reads

Uy + (—A)ﬁmu = uP.

This equation has been considered by Nagasawa and Sirao [43], Kobayashi [35], Fino and Karch
[16], Birkner, Lopez-Mimbela and Wakolbinger [8], Guedda and Kirane [20], and by Kirane and
Qafsaoui [34].

The fractional Laplacian (—A)%/? is related to Lévy flights in physics. Many observations and
experiments related to Lévy flights (super-diffusion), e.g., collective slip diffusion on solid sur-
faces, quantum optics or Richardson turbulent diffusion, have been performed in recent years.
The symmetric f—stable processes (3 € (0,2)) are the basic characteristics for a class of jumping
Lévy’s processes. Compared with the continuous Brownian motion (8 = 2), symmetric f—stable
processes have infinite jumps in an arbitrary time interval. The large jumps of these processes
make their variances and expectations infinite according to 3 € (0,2) or § € (0, 1], respectively
(see [32]). Let us also mention that when § = 3/2, the symmetric f—stable processes appear in
the study of stellar dynamics (see [11]).

As a physical motivation, the problem (3.1.1) suggested to us the possibility of an interesting
physical model in which a superdiffusive medium is coupled to a classically diffusive medium. The
right-side of (3.1.1) might be interpreted as the effect of a classically diffusive medium that is
nonlinearly linked to a superdiffusive medium. Such a link might come in the form of a porous
material with reactive properties that is partially insulated by contact with a classically diffusive
material. For more informations see the recent result of Roberts and Olmstead [45].

Our article is motivated Mathematically by the recent and very interesting paper by Cazenave,
Dickstein and Weissler [10] which deals with the global existence and blow-up for the parabolic
equation with nonlocal in time nonlinearity

t
up — Au = / (t—s8) ulfu(s)ds xRN, t>0, (3.1.2)
0

where 0 < v < 1, p > 1 and ug € Co(RY), which is a particular case of (3.1.1); it corresponds to

8=2
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If we set
2(2 —7)

=1+
" (N—2+27);

and )
Dy = max{a,p,y} € (0, +o0],

where (- ), is the positive part, they proved that
(i) Ifv#0, p <p., and ug > 0, ug Z 0, then u blows up in finite time.

(ii) If v # 0, p > p., and uy € L% (RY) (where gs. = N(p — 1)/(4 — 27)) with ||uo|| pase sufficiently
small, then u exists globally.

If v = 0 then all nontrivial positive solutions blow-up as proved by Souplet in [49]. The study of
Cazenave, Dickstein and Weissler reveals the surprising fact that for equation (3.1.2) the critical
exponent in Fujita’s sense p, is not the one predicted by scaling.

This can be explained by the fact that their equation can be formally converted into

Dgjyur — D Au = |lulP~tu, (3.1.3)

where Dfj, is the left-sided Riemann-Liouville fractional derivative of order o € (0, 1) defined in
(3.2.7) below (we have set in (3.1.3), a =1—~ € (0, 1)).

Eq. (3.1.3) is pseudo parabolic equation and as is well known scaling is efficient for detecting the
Fujita exponent only for equations of parabolic type.

Needless to say that the equation considered by Cazenave, Dickstein and Weissler [10] is a genuine
extension of the one considered by Fujita in his pioneering work [18].

In this article, concerning blowing-up solutions, we present a different proof from the one presented
in [10], and for the more general equation (3.1.1). Our proof is more versatile and can be applied
to more nonlinear equations (see the Remark 3.4.4).

Our analysis is based on the observation that the nonlinear differential equation (3.1.1) can be

written in the form :
up + (—A) 20 = Jol (JulP~ ), (3.1.4)

where o :=1—+ € (0,1) and Jg, is the Riemann-Liouville fractional integral defined in (3.2.9).
We will show that :

(1) For ug > 0, ug # 0, and ug € Co(RY), if

B2—1) 1
PEIY N Gra, Py

then all solutions of problem (3.1.1) blow-up in finite time.

(2) For ug € Cy(RY) N LP<(RY), where py := N(p— 1)/8(2 = 7), if

B2 —7) .l}
N—-B+p67)+ )’

p>max{1+<
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and ||uo|prse is sufficiently small, then u exists globally.

The method used to prove the blow-up theorem is the test function method introduced by Miti-
dieri and Pohozaev [40, 41], then used by Kirane et al. [20, 33].

Furthermore, in the case § = 2, we derive the blow-up rate estimates for the parabolic equation
(3.1.1). We shall prove that, if ug € Co(RY) N L2(RY), ug > 0, ug # 0 and if u is the blowing-
up solution of (3.1.1) at the finite time 7% > 0, then there are constants ¢,C' > 0 such that
o(T* =)= <supgyu(-,t) <C(T*—t) ™ for 1 <p<142(2—7)/(N—24+2y),orl <p<1/y
and all t € (0,7*), where oy := (2—7)/(p—1). We use a scaling argument to reduce the problems
of blow-up rate to Fujita-type theorems (it is similar to blow-up analysis in elliptic problems to
reduce the problems of a priori bounds to Liouville-type theorems). As far as we know, this me-
thod was first applied to parabolic problems by Hu [24], and then was used in various parabolic
equations and systems (see [12, 15]). We notice that in the limiting case when v — 0, we obtain
the constant rate 2/(p — 1) found by P. Souplet [50].

For more informations, we refer the reader to the excellent paper of Andreucci and Tedeev [2] for
the blow-up rate by an alternative method

The organization of this paper is as follows. In section 3.2, we present some definitions and pro-
perties. In Section 3.3, we derive the local existence of solutions for the parabolic equation (3.1.1).
Section 3.4 contains the blow-up result of solutions for (3.1.1). Section 3.5 is dedicated to the
blow-up rate of solutions. Global existence is studied in Section 3.6. Finally, a necessary condition
for local and global existence is given in Section 3.7.

3.2 Preliminaries

In this section, we present some definitions and results concerning fractional Laplacians, frac-
tional integrals and fractional derivatives that will be used hereafter.
First, if we take the usual linear fractional diffusion equation

w4 (—A)PPu=0, B€(0,2, 2R, t>0, (3.2.1)
then, its fundamental solution Sz can be represented via the Fourier transform by
1 )
- — ix.E~t€]°
Ss(t)(z) = Sp(x,t) = o) 72 /[RN e dg. (3.2.2)
It is well-known that this function satisfies
Sp(1) € L¥(RM) N LY(RY),  Ss(x,t) >0, Sp(x,t)dr =1, (3.2.3)
RN

for all z € RY and ¢ > 0. Hence, using Young’s inequality for the convolution and the following
self-similar form Sg(z,t) =t~ N8S5(xt~/7 1), we have

1Ss(t) ¥ vll, < 75Dl (3.2.4)



tel-00437141, version 2 - 5 Dec 2009

3.2. PRELIMINARIES 35

forallv € L"(RY) and all 1 <r < ¢ < oo, t > 0.
Moreover, as (—A)%/? is a self-adjoint operator with D ((—A)%?2) = HP(RY), we have

/R () (~2)0(r) do = /R o) (~)u(a) dr, (3.2.5)

for all u,v € HP(RYN).
In an open bounded domain €2, we denote by A%/ ? the fractional Laplacian in €2 with Dirichlet
condition. We have

Lemma 3.2.1 Let A\, (k= 1,...,4+00) be the eigenvalues for the Laplacian operator in L*(2) and
let @i be the eigenfunction corresponding to A\p. Then

and

k=+o00
D(A%/2) = {u € L*(Q) such that HA%/zuHLQ(Q) = Z |)\’,f/2 <u,pp > 2 < —l—oo} :
k=1

So, for u € D(A%/z) we have

k=400

A%/Qu = Z /\f/2 < Uu,Pr > Pk,
k=1

and then we get the following integration by parts

/Qu(:c)Alﬁ)/2v(x) dx:/ﬂv(x)A%ﬂu(x) dzx, (3.2.6)

for all u,v € D(A%/z).

Next, if AC[0,T] is the space of all functions which are absolutely continuous on [0,7] with
0 < T < o0, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville fractional
f(t) and Dgj. f(t) of order o € (0,1) are defined by (see [32])

derivatives D%

0l
Dyf(t) = DI f(), (3.2.7)
Dirf(t) = —ﬁz}/t (5 — )~ f(s) ds, (3.2.8)

for all ¢ € [0,T], where D := d/dt is the usual derivative, and

Jof(t) = ! )/0 (t —s)*1f(s)ds (3.2.9)

(@)
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is the Riemann-Liouville fractional integral defined in [32], for all f € L%(0,T") (1 < g < 0).
Now, for every f,g € C([0,T1), such that D, f(t), Df;g(t) exist and are continuous, for all
t€[0,7],0 < a < 1, we have the formula of integration by parts (see (2.64) p. 46 in [46])

T
/0 (Dgef) (t / f(t) (Dfirg) (t) dt. (3.2.10)

Note also that, for any f € AC?0,T], we have (see (2.2.30) in [32])
—D.Dijrf = Dyt f, (3.2.11)

where

AC?[0,T) :={f :[0,T] — Rsuch that Df € AC[0,T]}.
Moreover, for all 1 < ¢ < oo, the following equality (see |32, Lemma 2.4 p.74])

oot = Ldraor) (3.2.12)

holds almost everywhere on [0, 7.
Later on, we will use the following results.
o Ifw(t)=(1-¢t/T)7,t>0,T>0,0>1, then

Dijpun(t) = d _F?;_OOETUU;L Do (1 — %) - (3.2.13)
DtoG:l ( ) _ (1 -« —;(2>(_0a_f()7§(0 + 1>T7(a+1) (1 . %) o : (3.2'14)

for all o € (0,1); so
(Dgpwr) (T) =0 5 (Dfipw) (0) =C T, (3.2.15)

where C' = (1 —a+ 0)['(6 + 1)/T'(2 — a + 0); indeed, using the Euler change of variable y =
(s —t)/(T —t), we get

) =~ { (s— 1) 1—?>d%

- I_QD[ r—e eyl

O

_ (1—&+0(B(1—)a0+ ) 7T — oo

where B(-;-) stands for the beta function. Then, (3.2.13) follows using the relation

I'l—a)l'(c+1)
r2—a+o)

B(l—wo;0+1)=
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Moreover, using (3.2.11) and (3.2.13), we obtain (3.2.14).
o If wy(t) = (1 —t2/T%)", T >0, £ > 1, then, using the change of variable y = (s — ) /(T — t),
we have

T—a 4 " l+k—a
ﬁTwQ(t) m Z Ol(f, k?, Oé) <]. - T ) (3216)
k=0
T-a-1 4 " l+k—a—1
D! = — 1—— 2.1
e = g ootk (-g) (32,17
forall =T <t <T, a € (0,1), where
Cr(l, k) 1= cf(1 — o + £ + k)2 H(—1)PEHEEeli0-0),
( CY) (g_‘_k_a)Cl(g?kaa)?
koo o .
Co = ThR
SO
(Diirws) (T) =0  (Dfgws) (=T) = Cs(€, k, ) T2, (3.2.18)
where
92t—o( ‘ T(k+¢+ 11— q)
= k
Cs(0, k, ) 1_@ Zc —a+l+k) Ny

k=0

3.3 Local existence

This section is dedicated to proving the local existence and uniqueness of mild solutions to
the problem (3.1.1). Let T(¢) := e #~2)"* As (=A)#/2 is a positive definite self-adjoint operator
in L2(RN), T(t) is a strongly continuous semigroup on L*(RY) generated by the fractional power
—(—=A)P/2 (see Yosida [53]). It holds T'(t)v = Ss(t)*v (see [42, Prop.3.3]), for allv € L2(RN),t > 0,
where Sz is given by (3.2.2) and u * v is the convolution of u and v. We start by giving the

Definition 3.3.1 (Mild solution)
Let up € L*(RY), 0 < <2, p>1and T > 0. We say that u € C([0,T], L®(RY)) is a mild
solution of the problem (3.1.1) if u satisfies the following integral equation

u(t) = T(t)ug +/O T(t - s)Jgs (JulP~"u) ds, ¢ €[0,T). (3.3.1)

Theorem 3.3.2 (Local existence)

Given ug € Co(RY) and p > 1, there exist a mazimal time Tpax > 0 and a unique mild solution
u € C([0, Thnax), Co(RY)) to the problem (3.1.1). Furthermore, either Tpa = 00 or else Tyayx < 00
and ||u| oo pxryy — 00 as t — Thax. In addition, if ug > 0, ug #Z 0, then u(t) > 0 for all
0 < t < Tax. Moreover, if ug € L™(RY), for 1 <r < oo, then u € C([0, Tyax), L"(RY)).
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Proof For arbitrary 7" > 0, we define the Banach space
Ep = {u e L®((0,7), Co(R™)); lully < 2luollz~},

where || [[1 := || | Lo (0,1, 20 (rN))- Next, for every u € Er, we define

U(u) = T(t)uo —l—/o T(t — s)Jgs (JulP~'u) ds.

As usual, we prove the local existence by the Banach fixed point theorem.
o V:Er — Er : Let u € Er, using (3.2.4), we obtain with [|- [|o := [|- || oo )

1 t s
v < o — o) P do ds|| oo
Wl < ool + =l [ [ 6= o) o) do sl

1 bt _
= Nl + =1l | [ 5= ) uto) e dsdoiman
0 o
T2
(I-72-7I1-7)
T2=727||uo |52

< lJuolloo +

lully

< luolloo +

thanks to the following formula I'(z + 1) = 2T'(z) for all x > 0. Now, if we choose T" small enough

such that
27722 |ugB !

L@ -7
we conclude that ||¥(u)||; < 2||ug)|co, and then ¥(u) € Er.

<1, (3.3.2)

e U is a contracting map : For u,v € E7, taking account of (3.2.4), we have
1 t S
- -1 -1
@) - ¥l < gl [ ] 5= )P (o) = o o) o do dsflom
I'l=v)"Jo Jo

1 t t
s _— — - P—l _ p—l o
el [ = o o) = bl (o) s dr o
2—

T _ _
Ll i 1
P p—1l2—y
-7
< Sluol
—||u —wv
= 9 1,
thanks to the following inequality
| JuP " — JoP o] < C(p)|u — o] (JulP~* + [o]PY); (3.3.3)

T is chosen such that

7279 ol max(2C (). 1)
— - < 1. 3.3.4
rG—7) . (334
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Then, by the Banach fixed point theorem, there exists a unique mild solution v € Ily, where
Iy := L>((0,T),Co(RY)), to the problem (3.1.1).

e Uniqueness of solution : If u,v are two mild solutions in Er for some T > 0, using (3.2.4)
and (3.3.3), we obtain

() — v(®)]le < 2p””ﬂ'““// o) u(o) — 0(0) oo dor ds

. %leff o) u(o) — 0(0)l|os ds do

Colalt [
R [ = 01 u(o) = w(o)

So the uniqueness follows from Gronwall’s inequality.

Next, using the uniqueness of solutions, we conclude the existence of a solution on a maximal
interval [0, Tinax) Where

Tmax :=sup {T > 0 ; there exist a mild solution u € Iy to (3.1.1)} < 4o0.
Note that, using the continuity of the semigroup 7'(t), we can easily conclude that
u € C([0, Trnax), Co(RY)).

Moreover, if 0 <t <t 4 7 < Tyax, using (3.3.1), we obtain

uwt+71) = T(r)u(t)+ ﬁ /OT T(1—s) /Os(s — o) P tu(t + o) do ds

1

+ m/o I(r - 5)/0 (t+s—0) ul"" u(o)dods. (3.3.5)

To prove that if T < 00, then ||ul|pe(yxry) — 00 as t — Tiax, We proceed by contradic-
tion. Suppose that u is a solution of (3.3.1) on some interval [0,7") with [[u|| 1o ((0,1)xrr) < 00 and
Tmax < 00. So, using the fact that the last term in (3.3.5) depends only on the values of u in the
interval (0,¢) and using again a fixed-point argument, we conclude that u can be extended to a
solution on some interval [0,7") with 7" > T. If we repeat this iteration, we obtain a contradiction
with the fact that the maximal time T,,,, is finite.

e Positivity of solutions : If uy > 0 and uy # 0, then we can construct a nonnegative solution
on some interval [0, T] by applying the fixed point argument in the set Ef: = {u € Ep; u > 0}. In
particular, it follows from (3.3.1) that u(t) > T'(t)up > 0 on (0, 77]. It is not difficult by uniqueness
to deduce that u stays positive on (0, Tyax)-

e Regularity of solutions : If uy € L"(RY), for 1 < r < oo, then by repeating the fixed point
argument in the space

Er, = {u € L*((0,T), Co(R") N L"(RY)); [lully < 2lluollze. [[ulloos < 2[uollz-},
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instead of Bz, where ||+ [|oo,r := || [| Lo (0,1, 7 (™)), and by estimating ||uP|| .- g~y by ||u||’£;1(RN)||uHLT(RN)
in the contraction mapping argument, using (3.2.4), we obtain a unique solution in Er,; we
conclude then that

u € C([0, Tinax), Co(RY) N L™ (RY)).

O
We say that u is a global solution if T},., = oo; when Tp., < 00, u is said to blow up in a finite
time and in this case we have ||u(-,t)|| Lo ry) — 00 as t — Tipax.

3.4 Blow-up of solutions

Now, we want to derive a blow-up result for Eq. (3.1.1). To do this, we show for later use that
a mild solution is a weak solution. Hereafter

T
/ :/ / dx dt, / :/ dx.
T 0 JRN RN RN

Definition 3.4.1 (Weak solution)
Let ug € L (RY), 0 < 3 <2 and T > 0. We say that u is a weak solution of the problem (3.1.1)
if u € LP((0,T), L% (RY)) and verifies the equation

[uw@e@o+ [ [ gu-tawnewn = [ [ w070

_ /OT/Qu(x,t)gpt(x,t), (3.4.1)

for all ¢ € CY([0,T), H?(RN)) such that Q :=suppyp is compact with o(-,T) = 0, where a :=
1—~€(0,1).

Lemma 3.4.2
Consider ug € L®(RN) and let u € C([0,T], L®(RY)) be a mild solution of (3.1.1), then u is a
weak solution of (3.1.1), for all0 < <2 and all T > 0.

Proof Let T > 0,0 < 3 < 2, up € L®(RY) and let u € C([0,T], L>(RY)) be a solution of
(3.3.1). Given ¢ € CL([0,T], H*(RY)) such that suppy =: 2 is compact with (-, T) = 0. Then
after multiplying (3.3.1) by ¢ and integrating over RY, we have

/Qu(q:,t)go(:c,t) :/QT(t)uo(:c)gp(x,t)—l—/Q (/OtT(t—s) o (julPu) (z.t) ds) ol 1).

So after differentiating in time, we obtain

u o otant) - / (T 0ug(a)el, 1)
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/dt/ $)Jgis ([ulP~tu) (2, 5) dsi(x, t).

Now, using (3.2.5) and a property of the semigroup T'(¢) (|9, Chapter 3]), we have :

L%WWW,O) = / A(T(Hyuo(w)) o, t) + / T(t)uo(@)p(, 1)

Q

= /QT(t)u(](x)AQO(x,t)—i-/T(t)uo(x)%(fcyt)a

Q

41

(3.4.2)

(3.4.3)

/Q%/OtT(t—s)f(x,s)dsgo(x,t) _ /fxt (2, 1) // T(t - 5)f(x.5)) dsp(z,1)

+ /Q/OT(t—s)f(:c,s)dwt(wat)

_ /f(;c,t)go(a:,t)Jr//tT(t—S)f(%S)dsASO(N)

+ // (t — 8)f(x,s) dsgi(a, 1),

where f = Jg, (Jul"" u Yw) € C([0,T]; L*(%2)).
Thus, using (3.3.1), (3.4.3) and (3.4.4), we conclude that (3.4.2) imply

% Qu(x,t)go(a:,t) —/Qu(a:,t)Ago(I,t)—i—/

Q

ule, o, ) + / f(rt)p(e, ).

Finally, we conclude by integrating in time over [0, 7] and use the fact that ¢(-,7) = 0.

Theorem 3.4.3 Let uy € Co(RY) be such that ug > 0 and ug # 0. If

B2-v) 1
(N—pB+oy), Py

for all 5 € (0,2], then any mild solution to (3.1.1) blows-up in a finite time.
Note that in the case where p = p* and [ € (0,2) we take p > N/(N — () with N > (3.

p<1+

(3.4.4)

(3.4.5)

Proof The proof is by contradiction. Suppose that u is a global mild solution to (3.1.1), then u
is a solution of (3.1.1) in C([0,T], Co(RY)) for all T' > 0 such that u(t) > 0 for all ¢ € [0, T].

Then, using Lemma 3.4.2, we have

Ly to@ew 0+ | ' L, B 001 = [ [ G

-/ ' / o 500
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for all test function ¢ € C1([0,7T], H?(RY)) such that suppy is compact with ¢(-,T) = 0, where
a:=1—~v¢€(0,1).

Now we take ¢(z,t) = Djjy (#(z, 1)) == Dijy <(gpl(1‘))£ 9@2(75)) with ¢1(2) := @ (|z|/TV?) , pa(t) :=
(1—t/T)%, where £ > p/(p — 1), n > max{(ap+1)/(p — 1); @« + 1} and ® a smooth nonnegative
non-increasing function such that

1 ifo<r<i
O(r) = =TE5
(r) {o ifr>2,

0<® <1, [P (r) <Cy/r, for all r > 0. Using (3.2.15), we then obtain
[ uoo)Dgr(w.0)+ [ Jgu ()P
Q Qp
= / u(:c,t)(—A)ﬁ/QDt‘Tcp(az t) — / u(x,t) DDyjrp(z,t), (3.4.6)
T Qp

where

Qp:=[0,T] xQ for Q={xeRY ; |z| <27V}, /:/ dxr and = dx dt.
o Jo

Qr Qr

Furthermore, using (3.2.10) and (3.2.15) in the left hand side of (3.4.6), and (3.2.11) in the right
hand side, we conclude that

o7 / wl@el (@) + [ DyI5 ) (e,

:/ u(x,t)(—A)ﬁ/QDt‘Tcp(x t) + u(z, t)D1|T o(x,t). (3.4.7)

T

Moreover, using (3.2.12), we may write
| v s or [ w@de
= /Q ul)(-8) () D) + / (e D). (3.48)
So, Ju’s inequality (—A)%/2 (4f) < (o (=AY (¢1) (see the Appendix) allows us to write :
| v sworor [uwedde
<C [ ulet) 7@ (201 (@) D)
+ [ un el [Pliea)

=C /Q u(x,t) @PE Pt (2) [(—A) 21 (2) Dy rpa (1)
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+ /Q ule,t) G () | Dy ()| (3.4.9)

Therefore, using Young’s inequality

1 Pl _ _ -
ab < Q—ap + — bP where pp=p+p, a>0,0>0, p>1,p>1, (3.4.10)
p p

with

a = u(z,t) g7,

b= Pl (@) [(~2)*261 (2) Dy (t)
in the first integral of the right hand side of (3.4.9), and with

a=u(x,t) g7,
b= ¢ Pl (z)

Dgﬁ()‘%( ))
in the second integral of the right hand side of (3.4.9), we obtain

-4 / WP () B, 1)

p
L -

e / (1(2) 7 (2(6) 77 | (— D020 (2) Dipipalt)|]

p
D} s ()| (3.4.11)

tT

< C/Q (p1(2))" (a()) 71

as ug > 0. At this stage, we introduce the scaled variables : 7 = T~'¢t, ¢ = T-"Pz, use formula
(3.2.13) and (3.2.14) in the right hand-side of (3.4.11), to obtain :

/ uP(x,t) ¢(x,t) < C T, (3.4.12)

where 0 := (1 +a)p—1— (N/B), C = C(|Qs] , |23]), (|| stands for the measure of €2;, with

ngz{felRN; |£|§2} , Q3:={r>0; 7<1}.

Now, noting that, as

*

1 1

p<p" or p<— <= 06>0 or p<-—, (3.4.13)
Y g

we have to distinguish three cases :

e The case p < p* (6 > 0) : we pass to the limit in (3.4.12), as T" goes to oco; we get

T
lim / / uP(z,t) ¢(x,t) dedt = 0.
T=oo Jo  J|z|<2r1/8



tel-00437141, version 2 - 5 Dec 2009

44 CHAPITRE 3. ON CERTAIN TIME-SPACE FRACTIONAL EVOLUTION EQUATIONS

Using the Lebesgue dominated convergence theorem, the continuity in time and space of u and
the fact that @(z,t) — 1 as T'— oo, we infer that

/ / uP(z,t)dedt =0 — u=0.
0o JrN

Contradiction.

e The case p = p* (0 = 0) : using inequality (3.4.12) with T — oo, taking into account the fact
that p = p*, we have on one hand

u € LP((0,00), LP(RY)); (3.4.14)

on the other hand, we repeat the same calculation as above by taking this time ¢y (z) := @ (|z|/(B~Y/*T"#)) ,
where 1 < B < T'is large enough such that when T — oo we don’t have B — oo in the same
time, so we arrive at

/ W(2,1) Gz, t) < C BN 1 ¢ BN, (3.4.15)
X
thanks to the following rescaling : 7 = T~t, £ = (T/B)fl/ﬁ x, where
Sp=1[0,T] x {z € RN ; [z| <2B7YPTYP}  and / = / dx dt.
S Sr
Thus, using p > N/(N — (3) and taking the limit when 7" — oo and then B — oo, we get :

/ / uP(z,t)dedt =0 = u=0,
o JrN

which is a contradiction.
Note that, in the case § = 2 it is not necessary to take the condition p > N/(N — ) with N > §.
Indeed, from (3.4.9) with the new function p;, we may write

/Z uP(z,t) ¢(x,t)
<C [ ule.t) #7577 (1) [ Dl n(t)
+C [ ulat) P (@) |Asr(o) D). (3.4.16)

where

Ap=1[0,T] x {z eRY ; B*TY2 <|z| <2B7'?T'?} C 7 and / :/ dz dt.
Ap Ap
Moreover, using the following Young’s inequality

1 1 = - - ~
ab < —a? + = b? where pp=p+p, a>0,b>0, p>1,p>1, (3.4.17)
p p
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with
a=ulz,t) 3,
b= 5" (1(2))’ [Pl ea(t)]

in the first integral of the right hand side of (3.4.16), and using Holder’s inequality

1/p N\ VP
/ ab < (/ ap> </ bp> , where pp=p+p, a>0,b>0, p>1,p>1,
Ap Ap Ap

with
a=u(x,t) @ /p,
=97 (@) D) Digoatt)],

in the second integral of the right hand side of (3.4.16), we obtain

a-h / (2, t) Gz, t)

p

gc/z (21(2) (palt) 7T Dlﬁawz(t)ﬁ

ol K ?) v (/ (@) (ealt) [Asir@) Dira(0)) T )

Taking account of the scaled variables : 7 = T, £ = (T/B)_l/2 x, and the fact that 6 = 0, we
get

~ 1/p
/ wP(z,t) ¢(x,t) < C BN? 4 ¢ B %t (/ uf @) : (3.4.19)
ET A

B

Now, as

1/p
lim (/ u? @) =0 (from (3.4.14)),
Ap

T—o00

then, passing to the limit in (3.4.19), as T'— oo, we get

/ / uP(x,t)dedt < C B~N2.
o Jrw

We conclude that u = 0 by taking the limit when B goes to infinity, contradiction.

e For the case p < (1/7), we repeat the same argument as in the case p < p* by choosing the
test function as follows : ¢(z,t) = D, @(z,t) = Dt|T( 5(2)a(t)) where p3(z) = @ (|z|/R),
@4(t) = (1 —t/T)7 and R € (0,T) large enough such that in the case when 7' — oo we don’t have
R — oo at the same time, with the same functions ® as above. We then obtain

/ WPz, t) Blat) + C T / (3(2))" o)

Cr

< O [ ulet) BB (o)) | Dl
Cr
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+C [ ulwt) PR @) (80" 00l0) Diend)] . (3:420)
Cr
where
Cr:=[0,T]xC for C:={zeR"; |z| <2R}, /:/dx and / :/ dx dt.
C C Cr Cr

Now, by Young’s inequality (3.4.10), with

@ = u(z,t) G,
b= (es(@))’ [Dlfa(t)]

in the first integral of the right hand side of (3.4.20) and with

{azwmwww,

b=7""P(ps3(2))" " [(=A:)"Pps(x) Diipepa(t)|,

in the second integral of the right hand side of (3.4.20) and using the positivity of ugy, we get

(-0 [ ey < ¢ [ (@) @) D]

P Jer Cr

1

s 0 [ (@) T ) (-8 D
Cr
Then, the new variables £ = R™'z, 7 = T~ 't and (3.2.13) — (3.2.14) allow us to write the estimate
/ wP(z,t) Pz, t)dedt < C TP RN 4 ¢ pl-op RN=FP,
Cr

Taking the limit as T — oo, we infer, as p < 1/y <= 1 — ap <0, that

/OOO /cu($’ t)? (3(x))" dadt = 0.

Finally, by taking R — oo, we get a contradiction as u(x,t) > 0 for all z € RN, ¢ > 0. d
Remark 3.4.4
(1) We can extend our analysis to the equation
p 1
u = —(—A)P 2y + = e / Yl t ’ uls) ds, x€RN, (3.4.21)
- —s)7

where p>1, 3€ (0,2],0 <y <1 andy € Lt (RN x (0,00)), ¥(-,t) >0 for all t > 0,

Y(BTVPTVPE, Tr) > C >0 ifp<p’
Y(RE,TT)>C >0 ifp <1/,
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for any 0 < R,B<T, 7 €0,1] and £ € [0,2].

(2) If we take B = 2 and v(z,t) = (D(1 =)D (1 = 4)22, T(1 — 4)t) where u is a
solution of (3.1.1), we recover the result in [10] as a particular case.

(3)  We can take the nonlocal porous-medium spatio-fractional problem which is the real our
motivation to extend the paper of [10] :

t
w4+ (=AY u™ = ) / (t —s) ulftu(s)ds x € RNt >0,
0

(1 —»
u(z,0) = ug(x) reRY,

where 8 € (0,2, 0 <y <1,1<m <p, up >0 and ug Z 0.
The threshold on p will be

R [ VR B )

- (N =B+ 087)+ ot

3

3.5 Blow-up Rate

In this section, we present the blow-up rate for the blowing-up solutions to the parabolic
problem (3.1.1) in the case 5 = 2.
We take the solution of (3.1.1) with an initial condition satisfying

ug € Co(RM)YN LARY),  w(-,0) =ug >0, wug#O0. (3.5.1)
The following lemma will be used in the proof of Theorem 3.5.2 below.

Lemma 3.5.1 Let ¢ be a nonnegative classical solution of

o =0+ J (") inRY xR, (3.5.2)

—oolt
where v € (0,1), p > 1 and
1 1 '
—Y (P — )Y AP
P20 = i [ = ) ds

Then ¢ = 0 whenever

1
p<p" or p< S (3.5.3)

Proof We repeat the same computations as in Theorem 3.4.3 with (1 —¢*/T?)" instead of
(1 —t/T)% for p>> 1, using (3.2.16) — (3.2.18) and taking account of the following inequality

JLP) = T ().
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Moreover, we take ¢7/Po7 /" instead of G/P@=Y? (resp. B/Pp/P) in (3.4.9),(3.4.16) (resp. in
(3.4.20)) for £ > 1 to use the Young and Hélder’s inequality.
Note that here, we use rather the e—Young inequality

ab < ga”—l— C(e)b”
for 0 <e < 1. U

Theorem 3.5.2 Let uy satisfies (3.5.1). Forp < p* orp < (1/7), let oy :== (2—7)/(p—1) and
let u be the blowing-up mild solution of (3.1.1) in a finite time Ty := T*. Then there exist two
constants ¢, C' > 0 such that

C(T* - t)ial < Supu(' ,t) < C(T* - t)iala te (07T*) (354)

RN

Proof The proof is split into two parts :

e The upper blow-up rate estimate. Let

M(t):= sup u, te (0,77).

RN x(0,¢]

Clearly, M is positive, continuous and nondecreasing on (0,7*). As lim; 7« M(t) = oo, then for
all tg € (0,77), we can define

td == 1t"(to) := max{t € (to, T*) : M(t) =2M/(to)}.

Choose A > 1 and let
1

—1/(2a1)
we claim that

T*
A2 (to)(td —ty) < D, to € (T,T*> : (3.5.6)

where D > 0 is a positive constant which does not depend on t.
We proceed by contradiction. If (3.5.6) were false, then there would exist a sequence t,, — T™* such
that

/\EQ(tZ — tn) — 00,

where A\, = A(t,) and ¢ = t*(¢,). For each t, choose

~ ~ 1
(T, tn) € RY x (0,t,] such that w(Z,,t,) > §M(tn) (3.5.7)

Obviously, M (t,) — oo; hence, t, — T*. Next, rescale the function u as

P (y,8) = A uay + Ty Nas + 1), (y,8) € RY x L(T7), (3.5.8)
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where I,,(t) == (=\;%t,, \;2(t — t,,)) for all t > 0. Then > is a mild solution of
ps=ADp+J% o (¢7)  in RY x I,(T%), (3.5.9)

i.e., for G(t) := G(x,t) := (4mt)~N/2e~1#*/4 and « being the space convolution, we have
O (s) = G(s + N 2,) x oM (=A2,) + //\ L G(s—o0)x* Jf‘/\;m'(f((go’\")p) do (3.5.10)
- T_L tn
in RN x I,,(T*); whereupon, as ¢*(0,0) > A,
0< M < NMM(tF) = XM2M(t,) =4A  in RY x L,(t}),

thanks to (3.5.5) and the definition of ¢.
Moreover, as

o € C([=N%t,, T), Co(RM) N L2(RY))  for all T € I,(T%),
s0, as in Lemma 3.4.2, o™ is a weak solution of (3.5.9).
On the other hand, if we write p* as p*(s) = v(s) + w(s) for all s € I,,(T*), where

S

v(s) :=G(s + /\;272) * 90)‘"(—)\;2{;) and  w(s) := / G(s— o) * Jf/\;zma((gokn)p) do,

An ity
we have, see |9, Chapter 3|, for T' € I,,(T™)
v € C((=A 2, T); HA(RY)) N CH (=A%, T); LA(RY)) € LP((= %10, T); H'(RY))

and, using the fact that f(s) = J<,
regularity theory, we have

((*)P) € L2((=A\;2t,,T); L2(RN)) and the maximal

7 2tnls

w € WH((=A%0, T); LARY)) N L2 (=X, T)s HA(RY)) © L2((=A, %10, T); H'(RY)).

It follows that
90)\” € C([_)‘;%\m T]> LQ(RN)) N LQ((_A’7L2%\TL7 T)a W1’2<[RN>)§

so from the parabolic interior regularity theory (cf. [38, Theorem 10.1 p. 204]) there is p €
(0,1) such that the sequence ¢* is bounded in the Cﬁ;’é / >(R¥ x R)-norm by a constant that

does not depend on n, where C (RN x R) is the locally Holder space defined in [38]. Similar
uniform estimates for J¢ N2E ls(gop ) follow if y is sufficiently small. The parabolic interior Schauder’s
estimates (see [37, Th. 8.11.1 p. 130]), using the existence theorems in Holder’s space, imply now
that the 012;(’; At/ Q(IRN x R)-norm of ¢* is uniformly bounded. Hence, we obtain a subsequence

2,14 1/2
Ot +p/

converging in C) | (RY x R) to a solution ¢ of

Ps = A()O + Jgoo|s(¢p) in [RN X (—OO, +OO>7
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such that ¢(0,0) > A and 0 < p < 44 in RY x R. Wherefrom, using Lemma 3.5.1, we infer that
¢ =0in RY x (—o0, +00). Contradiction with the fact that ¢(0,0) > A > 1. This proves (3.5.6).
Next we use an idea from Hu [24]. From (3.5.5) and (3.5.6) it follows that

T*
(t& —to) < D(2A)Yr M (ty)~ Y/ for any ¢y € (T’T*> :

Fix to € (T*/2,T*) and denote t; = t§,ty, = t],t3 =1t;,.... Then

tiv1—1t; < D(2A>1/Q1M(tj)_l/a1,
M(tj) = 2M(ty),

j=0,1,2,.... Consequently,

T —ty = Y (i —1t;) < DRAYY " M(ty)~/™
j=0 Jj=0

= DA M(to)" ey 27/
j=0

Finally, we conclude that
U,(fL’,t()) S M(to) S C(T* - to)_al, \V/ t() € (O,T*)

where o
C =24 (DZQ‘”‘“) ;
j=0
consequently
supu(-,t) < C(T* —t)™™, Vite (0,T7).

RN

e The lower blow-up rate estimate. If we repeat the proof of the local existence of Theorem 3.3.2,

by taking ||u|l; < € instead of |Jul|; < 2||ug|| in the space Er for all positive constant § > 0 and
all 0 < ¢ < T, then the condition (3.3.2) of T" will be :

[ tg]| oo + CTZ776P < 6, (3.5.11)

and then, like before, we infer that ||u(t)||. < € for (almost) all 0 < ¢t < T. Consequently, if
|ug|lso + Ct*~70P < 6, then ||u(t)||o < 6. Applying this to any point in the trajectory, we see that
if0<s<tand

I Ol
— )2 =
(t—s)7 < Cor , (3.5.12)
then ||u(t)]|e <0, forall0 <t <T.
Moreover, if 0 < s < T* and ||[u(s)||o < 6, then :
0 — 00
(T* — 8)*77 > M. (3.5.13)

cor
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Indeed, arguing by contradiction and assume that for some 6 > ||u(s)||« and all ¢t € (s,T™*) we
e 9~ (s
o — [|u(s)]|co
(t—s)"7 < e
then, using (3.5.12), we infer that ||u(t)]|s < 0 for all ¢ € (s,T*); this contradicts the fact that
|u(t)||oo — 00 as t — T™.
Next, for example, by setting 0 = 2||u(s)|| in (3.5.13), we see that for 0 < s < T* we have :

(T* = )*77 > C|lu(s) |7,
and by the positivity and the continuity of u we get

co(T* —s)™* < sup u(z,s), Vse (0,T7). (3.5.14)

xzERN

3.6 Global existence

In this section, we prove the existence of global solutions of (3.1.1) with initial data small
enough. We give a similar proof as that in [10] just for the seek of completness. In the following,
we use the notation ps. := N(p—1)/8(2—7). As p* > 1+3(2—~)/N, we note that p > p* = p,. > 1.

Theorem 3.6.1 Let ug € Co(RY) N LP=<(RY) and 0 < 3 < 2. If
1 k
p > max{—;p*}, (3.6.1)
r’y

and ||uo||rse is sufficiently small, then u ezists globally.
Note that we can take |uo(z)| < C|z|=PE=1/®0=1) instead of ug € LP=.

Proof Asp > (1/7), then we have the possibility to take a positive constant ¢ > 0 so that :
94 1 N 1

<< —— q>p 3.6.2
p—=1 p pBg p-1 (362)
It follows, using (3.6.1), that
N(p—1
q> % > poe > 1. (3.6.3)
et N N 2 N
b= — =TT (3.6.4)
Bpse  Bg p—1 [Bq
Then, using (3.6.2) — (3.6.4), we conclude that
- N(p—1
b>—">0, pb<l, p )+(p—1)b+7:2. (3.6.5)
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As ug € LPs, using (3.2.4) and (3.6.4), we get, for all ¢ > 0,

sup tb||e_t(_A)B/2u0||Lq < (3.6.6)
>0
Set
== {u € L™=((0,00), LYRM)); supt®||u(t)||re < (5} : (3.6.7)
>0
where § > 0 is to be chosen sufficiently small. If we define
d=(u,v) = supt®||u(t) — v(t)| zq, Yu,v € =, (3.6.8)
>0

then (Z,d) is a complete metric space. Given u € Z, let’s set :

2 1 ! 2 [*
Bu)(t) = e Dy 4§ — L / e~ 1=3)(-8)% / (5 — o) |ulru(o) dods,  (3.6.9)
L(1—7) Jo 0

for all ¢ > 0. We have by (3.2.4), (3.6.6) and (3.6.7)

t S
Ple Ol < n+ [ (= 16D [ =)o),y dods

< 77+C(5pt”// (t—s)" i (s — o) 0" do ds. (3.6.10)

Next, using (3.6.2) and pb < 1, we get

N(p-1)
/ / S_Zq(p D o ds - (/01(1 —0)_70_1’7”(10) /Ot%ds
— o TER _ oph, (3.6.11)
for all t > 0. So, we deduce from (3.6.10) — (3.6.11) that
)| @ () (t)|| e < 1+ C6P. (3.6.12)

Therefore, if n and ¢ are chosen small enough so that n+ Cé? < §, we see that ® : = — =. Similar
calculations show that (assuming 1 and ¢ small enough) ® is a strict contraction, so it has a unique
fixed point u € = which is a solution of (3.1.1). Now, we show that u € C([0, 00), Co(RY)).

First, we show that u € C([0,T], Co(RY)) if T > 0 is sufficiently small. Indeed, note that the
above argument shows uniqueness in =7, where, for any 7' > 0,

Er o= {u € L>®((0,T), LYRY)); sup t||u(t)]|z« < 5} :
0<t<T
Let @ be the local solution of (3.1.1) constructed in Theorem 3.3.2. Since uy € Co(RY) N LPs<(RY),
then, using the fact that ug € LI(RY) and (3.6.3), we have u € C([0, Tinax), LY(RY)) by Theorem
3.3.2. Tt follows that supg, ¢ t°||a(t)|| o < 6 if T > 0 is sufficiently small. Therefore, by uniqueness,
uw =1 on [0,7T], so that u € C([0, T], Co(RY)).
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Next, we show that v € C([T,00), Co(RY)) by a bootstrap argument. Indeed, for t > T, we
write

¢ T
u(t) — et APy = / e~ (t=9)(=8)7/” / (s — o) "ulP~tu(o) do ds
0 0

t s

N / o (s) (~8)/2 / (s — o) ul" " u(o) do ds
0 T

= L(t) + b().

Since u € C([0,T],Co(RY)), it follows that I; € C([T,00),Co(RY)). Also, by the calculations
used to construct the fixed point, using the fact that t° < T7° < oo and pqg > ¢, I, €
C([T,00), LY(RY)). Next, note that N(p/q — 1/q)/8 < 1 by (3.6.3). Therefore, there exists

r € (g, 00] such that N
p 1
5 (q 7‘> < 1. (3.6.13)
Let T < s < t (the case of s < T < t is obvious). Since u € L>((0, 00), LY(RY)), we have |u|P~'u €
L>((T,s), LY?(RN)), and it easily follows, using (3.2.4) and (3.6.13), that I, € C ([T, c0), L"(RN)).
As the terms e~ 2"y and I, both belong to C([T,00), Co(RY)) N C([T, 00), L4(RY)), we see
that u € C([T,00), L"(RY)). Tterating this procedure a finite number of times, we deduce that

u € C([T,00), Co(RY)). This completes the proof.

3.7 Necessary conditions for local and global existence

In this section, we establish necessary conditions for the existence of local or global solutions
to the problem (3.1.1); these conditions depend on the behavior of the initial condition for large
x.

Theorem 3.7.1 (Necessary conditions for global existence)
Let ug € L®(RY), up > 0,0 < 3 <2 and p > 1. If u is a global mild solution to problem (3.1.1),
then there is a positive constant C' > 0 such that

lim inf(uo(z)|z| 1) < C. (3.7.1)
Proof Let u be a global mild solution to (3.1.1), then u € C([0, R°], L>°(Byg)) for all R > 0
sufficiently large, where By stands for the closed ball of center 0 and radius 2R. So, we re-
peat the same calculation as in the proof of Theorem 3.3.2 (here in bounded domain) by taking
p(x,t) == Dijrp(x,t) = Dyr (p1(x/R)p2(t)) instead of the one chosen in Theorem 3.3.2, where

0< ¢ € D(A%/ 2) is the first eigenfunction of the fractional Laplacian operator A’%/ %in Bs, with
homogeneous Dirichlet boundary condition (see Lemma 3.2.1), associated to the first eigenvalue
A= /\[13/2, and po(t) == (1 — t/Rﬂ)i for £ > 1 large enough.

Then, as for the estimate (3.4.11), we obtain, with ¥ := [0, R°] x Byp,

/ u? odx dt + C Raﬁ/ up(z)p1(x/R) dx
2 2| <2R
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P
Dt1|;fggp2(t)‘ dz dt

<c / o1(/R) (pa(t)) "7
‘o / (o1 (2/R)) 7 (oa(t)) 7T

P
AN o1(x/R) Dijpopa(t)| dadt, (3.7.2)

where o := 1 — v and p := p/(p — 1). If we take the scaled variables 7 = t/R?, ¢ = 2/R and use
the fact that A%/Qcpl(x/R) = R7PXp1(x/R) in the right-hand side of (3.7.2), take into account the
positivity of u, we infer that

C R / uo(RE) o1 (€) de
1€1<2
< (R /I£ G
— C(R) A IR R 6

< C(R)(@2R)*H+)F- / REPI0D o (€) de

|€1<2

where C'(R) = RP~(1+98(C + C')), and so

/|£ - uo(RE) @1 (§) d§ < C /g . | RePU+0-P) (¢) de. (3.7.3)

Using the estimate

inf (ug(RE)|REPHHOPD) / |RE|PUHOP o (§) de < / uo(RE) 1 () dé
|€]>1 1<¢|<2

1€1<2

UQR 1 d
< /w (RE)pn (€) de

in the left-hand side of (3.7.3), we conclude, after dividing by fl£\§2 | R¢|PO+)=P) ) (€) dE that

Iélnfl(uo(Rf)]Rf]ﬁ(1+°‘)(5_l)) <C. (3.7.4)
>

Passing to the limit in (3.7.4), as R — oo, we obtain

lim inf (ug (z)]z|?HOP-D) < ¢,

|z|—o0

Corollary 3.7.2 (sufficient conditions for the nonexistence of global solutions)
Let ug € L®(RY), ug >0,0<3<2andp > 1. If

L B(2—7)
lim inf(ug(z)|x| »=1 ) = 400,

|z|—o00

then the problem (3.1.1) cannot admit a global solution. O
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Next, we give a necessary condition for local existence where we obtain a similar estimate of T’
founded in the proof of Theorem 3.3.2, as |z| goes to infinity.

Theorem 3.7.3 (Necessary conditions for local existence)
Let ug € L¥(RY), ug >0, 3 € (0,2] and p > 1. If u is a local mild solution to problem (3.1.1) on
[0,T] where 0 < T < 400, then we have

liminfuy(z) < C T_i%, (3.7.5)

|z|—o0

for some positive constant C' > 0.
Note that, if A := liminf,_o uo(x), then we obtain a similar estimate as that found in (3.3.4),

T AP

g S
Proof We take here, for R > 0 sufficiently large, ¢(z,1) := Dfj;¢(x,t) := Dijy (¢1(x/R)pa(t))
where po(t) := (1 — t/T)i instead of the one chosen in Theorem 3.7.1. Then, as (3.7.2), we obtain

/ u’ pdrdt+C T_O‘/ uo(z)p1(xz/R) dx
3

|z|<2R

Dtlﬁ;o‘gpg(t) ‘p dx dt

<c / o1(2/R) (a(t))" 7

2
—1

+C /E (@1 (2/R)) 7T (pa(t)) 7 |AY 01 (2/ R) Dgipepa(t) Y da dt. (3.7.6)

where ¥, := [0,7] x {z € RY; |z| < 2R}, a:=1—~ and p:= p/(p — 1). Now, in the right-hand
side of (3.7.6), we take the following scale of variables 7 = T~'t, £ = R~'z and we use the fact
that A%/ngl(x/R) = R™PXp1(x/R), while in the left-side we use the positivity of u, then we get

cre / uo(RE)p1(€) d < (C TP 4 CA T -°PR-7P) / £1(6) de;
|€1<2 |€1<2

and so

/KQUo(RE)le(S) d¢ < C(R, T)/ 01(€) de (3.7.7)

1€1<2

where C(R,T) = C T+ (=p) 4 ¢ T+a(1=p) R=5p,
Using the estimate

inf (un(RE)) /5 CGIE / IRCCSIIGEE

§1>1

< /{ PREGSEIGES

in the left-hand side of (3.7.7), we conclude, after dividing by fIE\SQ ©1(€) d€, that

inf uo(RE) < C(R,T). (3.7.8)

|€]>1
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Passing to the limit in (3.7.8), as R — oo, we obtain

lim inf ug(z) < ¢ TUHYEAP) — ¢ T

|z|—o0

Appendix

In this appendix, we give a proof of Ju’s inequality (see proposition 3.3 in [27]), in dimension
N > 1 where 6 € [0,2] and g > 1, for all nonnegative Schwartz function ¢ (in the general case)

(= Q)27 < gt (—A)* 2, (3.7.9)

The cases 6 =0, 0 =1 and = 2 are obvious.
e If§e(0,1), we have

U(z + 2) — Y(x)

(=AY 2ah(z) = —en () » s dz, VxecR"Y, (3.7.10)
where cy(0) = 6T((N +0)/2)/(27N/?+°T'(1 — §/2)). Then
N R B e
The case ¢ = 1 is clear. If ¢ > 1, then by Young’s inequality we have
@) (e +2) < @)+ )"

Therefore,

(W () (=A) P () >

—ex(®) [ W) = @@ L s
0 [ i - ) ()"

o Ifoe(1,2), we have
Plx+2) —p(x) - Vi(z).2

(—A)6/2¢($):—CN(5) 2[NS dz, VzeRV. (3.7.11)
Then
: x+ 2))1 — (P(x))1) — (Vip(x).2) (Y (x)) 7!
(@) (~2)p(x) > —en(S) /RNM( +2))" — (¥ |>>| N)+5( vl
_ (@) [ W +2)) = (@) = V(@)z
- B d
= AP
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Chapitre 4

On a certain time-fractional evolution
system

Ahmad Z. FINO and Mokhtar KIRANE
Abstract

In this paper, we investigate the local existence and the finite-time blow-up of solutions of a semi-
linear parabolic system with nonlocal in time nonlinearities. Moreover, we investigate the blow-up
rate of blowing-up solutions and the necessary conditions for local or global existence.

Keywords : Parabolic system, mild and weak solutions, local existence, blow-up, blow-up rate, maximal

regularity, interior regularity, Schauder’s estimate, Riemann-Liouville fractional integrals and derivatives.

MSC : 35Kb55; 26A33; 35B44; 74G40

4.1 Introduction

This article is concerned with the study of the following semilinear parabolic system with
nonlocal in time nonlinearities

1 t
u —Au:—/ t—s) v tu(s)ds xRNt >0,
: = [ =)
(4.1.1)
1 t
vy — Av = m/o (t —s)ult u(s)ds =€ RN t>0,
supplemented with the initial conditions
u(z,0) = uo(z), v(z,0)=uwe(x), v €RY, (4.1.2)

where ug, vy € Co(RY), 7,6 € (0,1) and p,q > 1.
Here u, stands for the derivative in time of u, —A for the Laplacian operator with domain D(—A) =
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H?(RY), where H?*(RY) is the standard Sobolev space, I is the Euler gamma function. The space
Co(RY) denotes the set of all continuous functions decaying to zero at infinity.
Our analysis is based on the observation that the nonlinear differential system (4.1.1) can be
written in the form :
up — Au = Jg, (jof~'v)  zeRM >0,
(4.1.3)
Ut—Av:Joﬁlt(|u|q_1u) reRY t>0,

where a:=1—7 € (0,1), 3:=1—-§ € (0,1), and Jg|t, is the Riemann-Liouville fractional integral
defined in (4.2.8) for 6 € (0, 1).

In the case of a single equation

1 t
—_ A = —_— — - p_l [RN
Uy u F(l—’Y)/()(t $) MulP" u(s)ds  x e RY >0,

u(z,0) = up(x) reRY,

(4.1.4)

where ug € Co(RY), v € (0,1), p > 1 and u € C([0,T], Co(RY)) for all 0 < T' < oo, Cazenave,
Deicktsein and Weissler [10] addressed the local existence, global existence and blow-up questions
while in the recent work of Fino and Kirane [17]|, one can find the blow-up rate of blowing-up
solutions and necessary conditions for the local or the global existence.

In the paper [10], it was shown that

(i) Ip<p.:=max{1/y; 1+22—7)/(N -2+ 2v);} and ug > 0, uy # 0, then u blows up in
a finite time.

(ii) If p > p. and ug € L9%<(RY) (where ¢, = N(p — 1)/(4 — 27)) with ||ug|| pese sufficiently small,
then u exists globally.

It was shown later in [17] that in the case p < 142(2—7)/(N —2+2v); or p < (1/7) and uy > 0,

ug Z 0, two positive constants ¢, C' > 0 exist such that

o(T* — t)fi%? < sup u(z,t) < C(T* — t)*f’%Y for all t € (0,77),
z€RN

where T™ denotes the maximal time of existence.

In this paper, we generalize the work of [10] and [17] to 2 x 2 systems. The main results of this
article are :

If ug, vg € Cy(RY) are such that ug, vy > 0 and ug, vy # 0, and if

M)
ﬂgmax{(2—5)p+(1—7)pq+1; (2—7)q+(1—5)pq+1}
2 pg—1 pg—1

or ] ]
p< = and q< -,
0 gl
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then any solution (u,v) to (4.1.1) — (4.1.2) blows-up in a finite time.
To understand the profile of (u, v) near the blow-up time, the first step usually consists in deriving
a bound for the blow-up rate. So in the case of the blowing-up in a finite time T}, := T™ solutions,

we have
i (T* — )7 <supu(-,t) <C(T" =)™, te(0,T)
RN
(T — )7 <supwv(-,t) < Co(T* —t)~*2, te (0, T,
RN

for four positives constants ¢;, C; (i = 1,2), where

p 2@ (220 + (22 9)g
pqg—1 pqg—1

under the condition that ug, vy € Co(RY) N L2(RY), ug, vg > 0 and ug, vy Z 0.

Y

The organization of this paper is as follows : In section 4.2, some preliminaries are set. In Section
4.3, a local existence theorem of solutions for the parabolic system (4.1.1) — (4.1.2) is proved.
Section 4.4 contains a blow-up result of solutions for (4.1.1) — (4.1.2). Section 4.5 is dedicated to
the blow-up rate of blowing-up solutions. Finally, necessary conditions for local or global existence
are presented in section 4.6.

4.2 Preliminaries

In this section, we present some definitions and results concerning fractional integrals and
fractional derivatives needed to prove the main results.
First, the fundamental solution of the heat equation

w—Au=0 xcRY t>0, (4.2.1)
is given by . .
=l

Gt(ﬂf) = G(t,x) = W@ 4, (422)

It is well-known that this function satisfies

G, e I°(RY) N LIRY), Gy(x) > 0, / i) d = 1, (4.2.3)

for all z € RY and ¢ > 0. Hence, using the Young inequality for convolution, it holds
1Gex ol < o]y, (4.2.4)

for any v € L"(RY) and any 1 <r < oo, t > 0.

The semigroup on L?(RY) generated by the laplacian A is e'?v := Gy xv for all v € L(RY), ¢t > 0
where u * v stands for the convolution of u and v. Moreover, as (—A) is a self-adjoint operator
with D(—A) = H*(RY), we have

/R u(x)(~ Do) dr = /R o) (- A)ule) dr, (4.2.5)
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for all u,v € H*(RY).

Next, if AC[0,T] is the space of all functions which are absolutely continuous on [0,7] with
0 < T < o0, then, for f € ACI0, T}, the left-handed and right-handed Riemann-Liouville fractional
derivatives Dg, f(t) and Dfj.f(t) of order o € (0,1) are defined by (see [32])

Dy f(t) = DJS\ta (), (4.2.6)
Dirft) = —gregD [ (=0 ds (4.2.7)

for all ¢ € [0, T], where D := d/(dt) is the usual derivative, and
Jo () = ﬁ /0 (t— 5)° f(s) ds (4.2.8)

is the Riemann-Liouville fractional integral defined in [32], for all f € L9(0,7") (1 < ¢ < 00).
Now, for every f,g € C([0,T1), such that D, f(t), Dfj;g(t) exist and are continuous, for all
t€[0,7], 0 < a < 1, we have the formula of integration by parts (see (2.64) p. 46 in [46])

/0T< ief) (5 / 1 (5) (Diirg) (s) ds. (4.2.9)

Note also that, for all f € AC?[0,T], we have (see 2.2.30 in [32])

Dirf = D f, (4.2.10)

{T

where

AC?0,T) :={f:[0,T] - Rand Df € AC[0,T]}.
Moreover, for all 1 < ¢ < oo, the following equality (see [Lemma 2.4 p.74][32])
ool = Ldra(o1) (4.2.11)

holds almost everywhere on [0, 7). Later on, we will use the following results.
o Ifw(t)=(1-1t/T)7,t>0,T>0,0> 1, where (- ) is the positive part, then

Dijpuwn(t) = c _F((IQJF—UOBTZ;L Do (1 - %) - (4.2.12)
+
D?I;lwl( ) = (1-«a —;(02)(_0(1—+a;1;(0 + 1)T—a—1 (1 _ %) 7 (4.2.13)
for all a € (0,1); so
(Dfigpwr) (T) =0 5 (Djfpuwn) (0) =C T, (4.2.14)

where C' = (1 —a+ 0)['(6 + 1)/T'(2 — a + 0); indeed, using the Euler change of variable y =
(s —t)/(T —t), we get

D () = —ﬁz} [/tT(s _ ) (1 - %)U ds]
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1 l-a+o _
= _—F(l—a)D{ —t) /0 “(1 7ds
(l—a+0)Bl—ao+1),
I'l—a) -7

where B(-;-) stands for the beta function. Then, (4.2.12) follows using the relation

I'(l1—a)l'(c+1)
r'2—a+o)

B(l—a;o+1)=

Moreover, (4.2.13) follows from (4.2.10) applied to (4.2.12).
o If wy(t) = (1— tQ/TQ)i, T > 0, £ > 1, then, using the change of variable y = (s —t)/(T — t),
we have

l+k—a
t
Dipws(t) = i —a) chek;a <1_T> , (4.2.15)
Ditewy(t) = T_alzc (,k, 1—3€+M1 4.2.16
o 2 r'(l—a) 2(6 k) T ’ (4.2.16)

Cr(l,k, ) = cf(1 — o + £ + k)2 H(— 1) EEEET0 ),
Co(l,kya) == (L +k —a)Cy (L, k, ),
k. 0! .
Cv = =)k
SO
(DﬁTUJQ) (T) = 0 3 (Dto‘éTw2) (_T> = C3(£7 ka Oé) Tﬁa? (4217)
where ,
92« Lk+0+ 1)1 - )
lka)=—— (1— 0+ k)20 k(—1)k .
Coll k) = 55 ZOC a2 ) g e —a

4.3 Local existence
In this section, we derive the existence of a local mild solution for the system (4.1.1) — (4.1.2).
First, we give the
Definition 4.3.1 (Mild solution)
Let ug,vg € L®(RY) and T > 0. We say that (u,v) € C([0,T], L(RY) x L>®(RN)) is a mild
solution of (4.1.1) — (4.1.2) if
t
u(t) = e®uy +/ 6(t_S)AJaS(|U|p_1U) ds, tel0,T],
0
(4.3.1)
v(t) = Py +/ (= SAJB Ju| ) ds,  t€[0,T).
0
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Theorem 4.3.2 (Local existence of a mild solution)

Given ug, vy € Co(RY) and p,q > 1, then there exist a maximal time Tyax > 0 and a unique mild
solution (u,v) € C([0, Trax), Co(RY) x Co(RY)) to the system (4.1.1) — (4.1.2).

Furthermore, either Thax = 00 or else Tax < 00 and (||ul|peo.nxry) + (0] Lo (0.0 xrN)) — 00
as t — Thax. If ug,v9 > 0, ug,vg Z 0, then u(t),v(t) > 0 for all 0 < t < Tyax. Moreover, if
ug, v € L"(RY) for 1 <r < oo, then u,v € C([0, Thax), L™ (RY)).

Proof For arbitrary T' > 0, we define the Banach space
Er = {{(,0) € L¥((0,), Co(R) x Goy(®™)); [l o)lll < 2 (luolloe + o0ll0)}  (4:3.2)
where |- [[o0 := || [[ o g~y and |[|[- ||| is the norm of Er defined by :
s )1 = Nl =+ ol = el oy + ol zomyery
Next, for every (u,v) € Ep, we define ¥ (u,v) := (¥ (u,v), ¥o(u,v)), where

t
Uy (u,v) = ePuyg +/ e(t_s)AJ&8(|v|p_1v) ds, te€(0,7T)
0

and .
Uy (u, v) = ey +/0 e(t_s)AJ(ﬁs(\uP_lu) ds, te€(0,7).

We will prove the local existence by the Banach fixed point theorem.
o UV:Er — Er: Let (u,v) € Er, using (4.2.4), we obtain

t S
o)l < Juolo +Cal / / (5 — o) [0(0)|I% do dsll o1y
t S
4 ool + Call [ [ (5= 00 ulo) e dor dsl o
Ot Ot
— Jluolloe + O / / (s — o) o) |2, ds dol| =)
Ot Ut
T+ loolleo + Cal / [ 5= ) (@)l ds dol oo

where

1 1
Cl - m, 02 - m.

So, using the fact that (u,v) € Er, we get

11 (o)l < uollo + C5T* 7|0}

+ Jvolleo + CoT**[Jul{
< (luolloe + olloo) + max {CsT* o]l CaT* > full } (Jolly + [lull2)
< (lluolloe + llvolle) + 27 (uo, vo) ([|uolloo + [|vollsc);
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where

Cl 1 CQ 1

GEU ey 6oy CTUoae_0) B

and
T (ug, vo) := max { C5T% 72" (|Jug|lso + [[volloc)? "5 C4T* 27 (JJttg]| o + 10 l0c)? '} -

Now, if we choose T' such that
2T(U0,Uo) S 1, (433)

we conclude that ||U(u,v)||; < 2(]|uolleo + ||volloo), and then V(u,v) € Erp.
e ¥ is a Contraction map : For (u,v), (u,v) € Er, we have
t s
190 = ¥@A < Gl [ [ =)l o(e) = [P50) o dor dslam
t s
+ Oy / / (s — 0)_6|||u|q_1u(0) — |ﬁ|q_1ﬂ(0)||ooda ds|| Lo (0,1)
0 Jo
t t
= O / / (s =) P~ v(o) = [0]P10(0)]| e ds do|| L= (0,7
0 Jo
t t
Gl [ [ =)l o) ~ 30 o ds dol o,
0 Jo

Now, by the same computations as above, we obtain

W (u,0) = W@ 0)[[] < CsT* [P~ v — [P0l 4+ CoT*°|[[ul™ u — ] ally
< Cp)CsT*(|[vllF~" + 1171l — ol
+ ClQCT*° (ull " + [fallf™)luw — ally
< 20(p, )T (uo, vo)|||(u, v) — (u, V)|
1 ~
< §|||(u,v) - (uamma

thanks to the standard estimate :

| ulP~tu — [v|P~ o] < O)|ju —v|(JulP~ + [v|P~?)  for every u, v and all p > 1, (4.3.4)
and the choice of T : .
HlaX{QO(p, Q), 1}T(u07 UO) S 5 (435)

Hence, by the Banach fixed point theorem, the system (4.1.1) — (4.1.2) admits a unique mild
solution (u,v) € Er.
Note, for later use, that it is sufficient to take the space

{(u,0) € L=((0,7), Co(R™) x Co(R™)); lullx < 2[|uolloc and [[o]l1 < 2]|vol| }
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instead of Ep and to choose T > 0 small enough so that

_ 1
C(p)2PCsT* " |lwo |5 < §||U0||oo7

(4.3.6)

_ 1
C(q)21Ca T |ug ||, < §||Uo||oo7

where 1 > 0 is a positive constant large enough so that

I'(1-9) (1 —7)
e C(g)2ratntatra—r 7 C(p)2ratnp+l)+r=a

AN
l\D'I —

Thus, the conditions (4.3.6) imply that

PIII(C () Co)1C ) T g2 < 1,
(4.3.7)
P (C{g)Ca Y O p) AT g 271 < 1.

e Uniqueness of solution : Let (u,v), (u,v) € Er be two mild solutions in Ep, for T > 0. So,
using (4.2.4) and (4.3.4), we have for t € [0,7T] :

Jut) =)+ o) =70 < GO@Z iz [ [ (5= o) o(o) = Tl o ds
+ el [ [ =0 o) o) do ds
= CEZlunl [ [ = alo) = 70)x dsdo

t t
L GO uo] / / (s — o) lfulo) — U(0)||ow ds do
0 o
C(p)2 o2

T T(2—7) /O(t—‘f) (o) = (o) ||e do

C(q)27||uollZ"

t
+ SR [ =) (o)~ (o) o
So, for
Ol Cl@)2 s
C" = max{ T@—)  T@—9) }
and for

_J min{y,d8} if(t—0)>1,
f(7,0) = { max{~, 8} if (t — o) < 1,

we conclude that

[u®) = u@) oo + [lv(t) = D)oo < C’/O(t—U)l‘f”"”HIU(U)—ﬂ(a)llooJr||v(0')—ﬁ(a)lloodov
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and by Gronwall’s inequality (see [9, Lemme 8.1.1]) we obtain the uniqueness.
Now, using the fact that the solution is unique, we conclude the existence of a unique solution
on a maximal interval [0, T},.x) where

Thnax = sup {T'(ug, vo) > 0: (u,v) is a solution to (4.1.1) — (4.1.2) in Er} < oc.
Moreover, a simple calculation allows us to prove that (u,v) € C([0, Tinax), Co(RY) x Co(RY)).
Furthermore, if 0 <t <t 4 7 < Tphax, using (4.3.1), we have

ult+71) = T(r)ut)+ ﬁ /OT T(T —s) /Os(s — o) Pt u(t + o) do ds

1 ' t “NolP~ (o) do ds
- F(1_7)/0 T(T—S)/O(HS—O’) 0P (o) do ds, (4.3.8)
and
v(t+T1) = T(T)v(t)—i—ﬁ/o T(7_5>/0 (s — o) [u" u(t + o) do ds
= g | Te9 [0 io) doas. (159

Note that the last terms in (4.3.8) and (4.3.9) depends only on the values of v and u respectively
in the interval (0,%). So, using again a fixed-point argument, we can easily deduce that if (u,v) is
a solution of (4.3.1) on some interval [0,T') and if |[u||foo(0.4)xry) < 00 and [|v|| oo ((0.xrY) < 00,
then (u,v) can be extended to a solution on some interval [0,7") with 77 > T. This shows that if
Thax < 00, then
([l o o,y x&vy + [Vl oo (0,0)x&N)) — 00 as = Tipax.

e Positivity of solutions : If ug, vy > 0 and ug, vy # 0, then we can construct a non-negative
solution on some interval [0, 7] by applying the fixed-point argument in the set F} = {(u,v) €
Er; u,v > 0}. In particular, it follows from (4.3.1) that u(t) > e*®uy > 0 and v(t) > e'®vy > 0 on
(0, 7). It is not difficult, by uniqueness and contradiction’s principle, to deduce that (u,v) stays
positive on (0, Tiyax)-

e Regularity of solutions : If ug,vy € L"(RY), for 1 < r < oo, then by repeating the fixed
point argument in the space

Er, = {(u,v) € L=((0,T),(Co(RM) N L"(RY)) x (Co(RY) N L"(RM))) :
|1 (w, 0)]]] < 2((|uol[zos + (lvollze ), [[[(w, V)| < 2(|Juol[zr + [[vollz-) }
instead of Er, where
1w, )l = [Jull oo o,7),Lr @)y + 1Vl oo (0,1), 7 ® YY)

and by estimating ||u”|| &~y by ||u||’£;1(RN)||u||Lr(RN), the same for v, in the contraction mapping
argument, using (4.2.4), we obtain a unique solution in Er,. Thus, we conclude that

(u,v) € C([0, Tnax), (Co(RY) N L"(RY)) x (Co(RY) N L™(RY))).
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0
We say that (u,v) is a global solution if T}, = 0o, while in the case of Ty, < 00, we say that
(u,v) blows up in a finite time and in this case we have

lim  (|lu(-, 8)|| ze@y) + Jo(-, )] Lo @y)) = o0.

t—Tmax

4.4 Blowing-up solutions

T
/ :// dxdt forall T > 0; / / dx.
Qr 0 RN

In this section, we prove a blow-up result for system (4.1.1) — (4.1.2). First we give the

Hereafter

Definition 4.4.1 ( Weak solution)
Let T > 0 and ug,vo € LY (RY). We say that

(u,v) € L((0,T), L. (RY)) x LP((0,T), LT, (RY))

is a weak solution of the problem (4.1.1) — (4.1.2) if

/ o / et //Q (z, ) Ap(x, 1)
/0 /91“@7”%(1%), (4.4.1)

/ (2, 0) + / / 2 (Jult ) (e, (e, 1) = —/T/QQU(x,t)Al/J(m,t)
/ /Q oz, Oz, 1), (4.4.2)

for all o, € C*[0,T], HX(RN)) with Q :=suppp, Qo :=suppyp (compact support) and o(-,T) =
Y(-,T)=0, wherea=1—~ and f=1-24.

and

Lemma 4.4.2 (Mild — Weak)
Let T > 0, ug,v9 € L®(RY) and U := (u,v), where u,v € C([0,T], L*(RN)). If U is a mild
solution of (4.1.1) — (4.1.2), then U is a weak solution of (4.1.1) — (4.1.2).

Proof Let T > 0, up,v9 € L¥(RY) and let U := (u,v) be a solution of (4.3.1) such that
u,v € C([0,T], L>®(RY)). For a compact support functions ¢,v € C*([0,T], H*(RY)) such that
suppy =: €y, suppy =: Qs and (-, T) = (-, T) = 0, we have, after multiplying the first (resp.
second) equation in (4.3.1) by ¢ (resp. ¥) and integrating over RY,

/Ql u(z, t)p(z,t) = /Ql T(t)uo(x)p(zx,t) /Ql/ Jols 0P~) (2, £) dsep(a, 1),
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and

/QQU(x,tW(x,t) / T(t P(x,t) /92/ (t—s J[)B'S (Jul" ) (x, t) dsi(, 1),

where o =1 —~ and § =1 — 4. So, after differentiation in time, we obtain

4 / (e el ) = / (T (0ug(a)pl, 1)

v [ / ). (1oP10) (2, ) dsg(e,8),  (44.3)
o, dt
and
G [ vanven = [ L @@u@ee.n)
o ng x, x,t) = i vo(x)(x,
t
+ / 4 / T(t — s)J5, (Jul'" ) (,s) dsy(z, t). (4.4.4)
Qo dt 0 ls
Now, using (4.2.5) and a property of the semigroup 7'(¢) (see [9, Chapter 3]), we get :

| gm0 = [ a@eue)ew s [ TouEedwn

1971

- /Q T(tuo () A, 1) + /Q TWuo()r(e,t),  (44.5)

>

(T(t)vo(x)) (x,t) d:(:—l—/ T(t)vo () (z,t)

Qo

T(#)uo(2) Atz 1) + /Q TWwo(x)n(z,t),  (44.6)

d t
| & [re-aneaasen = [ peneen // T(t = 3)fi(x,5)) dspla )

0
+ / / (t —s)fi(x, s) dsps(z,t)
21 J0

= o fi(z, )(x,t) + /91/0 T(t—s)fi(x,s)dsAp(z,t)
+ /91/0 T(t—s)fi(x,s)dspy(x,t), (4.4.7)

and, similarly,

d t t
/QZ%/O T(t_s)fQ(I,S)d8¢<x,t) = 0 fQ(x’t)q/}(xvt)_{—/QZ/o T(t—S)fQ(J),S)dSAw(:L',t)
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+ /Q /OtT(t — 5) falz, s) dsiy(z, 1), (4.4.8)
where
fi= Jgit (|U|P—1U) e O([O,T],LQ(Q1)) and fy 1= ‘]Oﬁ\t (|u|q—1u) S C([O,TL[}(QQ)).

Thus, using (4.3.1) and (4.4.5) — (4.4.8), we conclude that (4.4.3) and (4.4.4) imply

u(z, t)p(x,t) = /Qu(:v,t)Ago(x,t)—l—/ u(z, t)pi(x,t)

dt Jo, o
+ g filz, t)p(x,t), (4.4.9)
and
[ eenven = [ u@osvens [ oo
+ g folz, )y (z, ). (4.4.10)

Finally, after integrating in time over [0,7] and using the fact that o(-,7) = ¢(-,T) = 0, we
conclude the result. O

Theorem 4.4.3 Let ug, vy € Co(RY) be such that ug,vg > 0 and ug,ve Z 0. If

_ _ _ 1 —
N §max{<2 d)p+ (1 —7)pg +1 ; (2=7)g+( 5)pq+1} (4.4.11)
2 pq—1 pg—1
N <2 d <2 (4.4.12)
p S an q 5 4.

then any mild solution (u,v) to (4.1.1) — (4.1.2), blows-up in a finite time.

Proof The proof is by contradiction. Suppose that (u,v) is a global mild solution to (4.1.1) —
(4.1.2), then (u,v) is a solution of (4.1.1) — (4.1.2) where u,v € C([0,T], Co(RY)), for all T > 0,
such that u(t),v(t) > 0 for all ¢t € [0, T7.

Thus, using Lemma 4.4.2; we conclude that v and v verify (4.4.1) and (4.4.2), respectively, for all
compact support functions ¢, € C([0,T], H*(RY)) such that ¢(-,T) = (-, T) = 0.

Now, we take ¢(z,1) = D3 (§(z,1)) := Dgy ((gpl(x))ggpg(t)) and ¢(z,t) = Djj, ((x,t)), for
a:=1—~and §:=1-46 with pi(z) = & (|z|/(T"?)), a2(t) == (1 —¢/T)", where { >
pq/((p—1)(¢g—1)), n> 1,1 < B < T large enough such as in the case of ' — oo we don’t have
B — oo in the same time, and ® is a smooth nonnegative non-increasing function such that

1 ifo<r<i,
@(r)_{ 0 ifr>2
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0<® <1, | (r) < Cy/r, forall r > 0. So, using (4.2.14), we obtain

[ w@Direta.0+ [ I e 0D

Qp
__ / u(e, )ADS (. 1) — / u(ar, 1) DDGy 3, 1), (4.4.13)
Qr Qp
and
[ wle) Dt 0+ [ ) 0 Dgant
= —/Q v(x, t)ADtngp(x,t) —/Q v(x, t)DDt|T95( t), (4.4.14)
where

Qr:=1[0,T] xQ, for Q= {zeRY; [z <2T"?}, / :/ dx dt and /:/da:.
Qp Qp Q 9)

Furthermore, using (4.2.9) and (4.2.14) in the left hand sides of (4.4.13) and (4.4.14) while in the
right hand sides we use (4.2.10), we conclude that

cro / uo(0)gl (@) + [ DG (") (@, B, )

_ /Q u(w AD P 1) + /Q ua )D}53(e ), (4.4.15)
and

CT%/" /)Dm%u z,t)p(x, t)

- _/QT v(z, ) AD}, ¢(x, )+/QT v(x, ) Dy’ @, t). (4.4.16)

Moreover, from (4.2.11), we may write
| v s or [ w@ede)
Qr Q

_ /Q e Mgl (@) Dipoat) + | u(w. D5 (w.) (4.4.17)

and
/Q u(z,t) G t) + C T / w0(2) ! (@)

= — /Q v(, )AL () Dy (t) + / v(, ) Dy’ (x, 1), (4.4.18)

Qp
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Then, the inequality (—A) (¢%) < i (=A)p; allows us to write :
/Q vP(x,t) p(x,t) + C T_O‘/Quo(:v)gpf(x)
<c / e 1) 917 ()| (-A)p(2)Dlalr)
+ [ e el [Plieao)
¢ ) G0 ()| (A () D)

+/Q u(z,t) ¢ ‘Dtﬁ;“gog( )‘ (4.4.19)
and

/QTuq(x £ (a,t) dzdt + C T~ /Qvo(x)go(i(x)

<C [ o) 67 @) (A0 Dreatt)

+ [ vt el [Dfi et

=C [ v ) §T @) [ (=) (@) D)

+ / v(z,t) YPeT Pl (x) ‘Dtl,;%z( )‘ (4.4.20)
Qr

Therefore, as ug, vg > 0, using Holder’s inequality, we obtain

/Q ) glt) < ( / A @(x,w)l/q A, (1.421)

1/p
/ ul(z,t) gz, t) < (/ vP(x,t) gé(x,t)) B, (4.4.22)
QT QT
21“ l/zlv —z 1 g l/ii
A=C (/ 901902 ) 1 Dt1|;a902‘ ) +C (/Q 901_q902 . |Az901D§fT902| ) )

Qp
, 1/p _ 1 5 Il 1/p
B = C (/ @1802 t|T 902) ) + C (/ 801 p(pQ p—1 xSOIDtngDQ‘ ) 9
QT QT

with p:=p/(p—1) and q := q/ q — 1). Now, combining (4.4.21) and (4.4.22), we get

1-1/pq
( vP(x,t) oz t)) < BY1A,

1-1/pg
( oz t)) < AVPB.

where

l

and

(4.4.23)
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At this stage, we introduce the scaled variables : 7 = T~'t, & = T~'/2z; using formula (4.2.12)
and (4.2.13) in the right hand-side of (4.4.23), we obtain the estimates

( 1-1/pq
( R ¢<x7t>> <o,
Qr

(4.4.24)
1-1/pg
(/ ul(z,t) @(x,t)) < CT?,
\ Qr
where N N |
91::( (14+a)g+ 1+5) +( (1+08)p+ (1 +2))£, (4.4.25)
and N 1 N 1

c_,Al\D

Note that inequality (4.4.11) is equivalent to #; < 0 or 6 < 0. So, we have to distinguish three

cases :

e The case 0; < 0 (resp. 03 < 0): we pass to the limit in the first equation (resp. second equation)

n (4.4.24), as T goes to oco; we get

T
lim / / VP (z,t) p(z,t)dedt = 0.
T—oo Jo  Jiz|<2m/2

(resp.

T
lim// w(2,1) 3o, ) dz dt = 0.)
T—oo Jo  J|x|<211/2

Using the dominated convergence theorem and the continuity in time and space of v (resp. u), we
infer that

I
e

/ V(z,t)dedt =0 = v =

(resp.

Il
o
N

/ ul(x,t)drdt =0 — u

Moreover, from (4.4.22) (resp. (4.4.21)), we infer that

/ / Uz, t) p(x,t) dedt =0,
|36|<2T1/2

T
/ / (e, t) B(a,t) de dt = 0),
0 Jlz|<211/2

and by the same argument as above, we conclude that u = v = 0; contradiction.

(resp.
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e The case 0; = 0 (resp. 6, = 0): in this case, using (4.4.24) as T" — oo, we conclude that

v € LP((0, 00), LP(RY)), (4.4.27)

(resp.

u € L((0,00), LY(RY)). (4.4.28)
Now, we take ¢1(z) := @ (|z|/(B~"/*T"/?)) instead of the one chosen above, where 1 < B <
T is large enough such that when T" — oo we don’t have B — oo in the same time, then if

we repeat the same calculation as above and take account of the support of Ay;, we obtain
(as in (4.4.19) — (4.4.20))

[ e <o ugtetno@) Dl
EB EB
+ C/A u @G (o1 (2)) (= Ar)pr(x) Dijppa(t)] (4.4.29)
B
and
/ uq(ﬁ S C/ v¢1/ps5—1/p((pl(x))€’Dtll—zi—ﬂg@( )‘
EB EB
I C/A v FYPEHP () (2)) ‘(_Ax)gal(x) Df'TSOQ(t) : (4.4.30)
B
where
Spi=[0,T] x {x e RN ; |z| <2B7'27/2}, / :/ dx dt,
ZB EB
and

Ap:=[0,T] x {z € RN ; B7'2T'? < |z| <2B7'?T/?} / :/ dx dt.
Ap Ap

On the other hand, as (u,v) is a global solution, then wu (resp. v) verifies (4.4.1) (resp. (4.4.2))
locally and in particular on Ag. Thus, we obtain

/ we < C ugol/qgo 1/q( ‘Dil;a(m( ),
Ap Ap
+ C A u g1V (o1 (2)) T (= A2)er(x) Dijrea(t)], (4.4.31)
and
/ ul p < O/ v PGP () ‘Dt‘T ot )‘
Ap Ap
L C /A v GHpE1/p (@1@))@71‘(_%%(‘@) Djrea(t)] (4.4.32)
B

At this stage, we set
U, ::/ ul odxdt, U, ::/ u? @ dxdt,
XB Ap
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and
2 ::/ P pdxdt, Vs ::/ vP pdx dt.
YB AB

Then by using the Holder inequality in (4.4.29), (4.4.30), (4.4.31) and (4.4.32), we obtain

Vi <UYTA UG,
(4.4.33)
1/p 1/p
Z/{l S Vl Bl + VQ CQ,

and
Vo <UYI Ay + UG,
(4.4.34)

Us < VYPBy + V370,

Al:—C(/ wlwz“
Xp

AQ::C(/ 901902q1
Ap

81320(/ 901902p1
3B

semc ([
Ap

1/q
Cl =C (/A 901 ‘AxSOlDt\TSOQ‘ ) )

P 7 1/p
Co 3:C</ e1 Tt ) -
Ap

Combining (4.4.33) and (4.4.34), we obtain
Y, < Vll/qui/qu +V21/qu21/qA1

n V;/qu;/qcl_{_VQl/qu;/qcl (4.4.35)

where

D1|T P2

gj) 1/q

1 1/q
) S -’417

~) 1/p

1+a
Dt|T P2

1+
Dt|T ¥2

and

01D} 702

and

U, < 1/qu1/pB +u21/pqcll/p81
+ UM AYPC, + Uy, (4.4.36)

To estimate the first term in the right-hand sides of (4.4.35) and (4.4.36), we apply Young’s
inequality

1, o2

1 _
ab < —aP? + Ll
bq bq

p>1,qg>1, a>0,b>0.
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This yields
(1 pqm < BRI AR 4 Y/ [c;/qu + B, +c;/qc1} ,
and

(1- p—)w < AFIBPT 4yl [c}/%’l + AYPC, + cll/pcz,] .

Using the definition of ¢ and applying the following change of variables
r=T7"Y%  ¢=T"'2BY?,
in the integrals in A;, B; and C; for i = 1,2, we get

Vi < CT" w1 Bt V7 [OT% B + OT" B + OT* B%]

and
Uy < CT"w=1 BM a1 4 Uy [CT% B™ + CT%B™ + CT*B™]
where ( N 1 1 1 N 1 1
0 =——(—=+=), 09 :=—— —(—=+ =),
! 2(qp q) 2Ty 2(10 q)
N 1 1 1 N 1 1
b3 =1——(—=+=2), q=14-——(—=+ =),
\ 2(612? q> q 2<qp q)
and
( N(1+1) 1 N 1 1
m:=—-——=T=) m=———=—(=+ =),
2'pqg p P 2'pg p
N 1 1 1 N 1 1
n:zl———+:,n::1+———— =).
L ’ 2(pq p) ! p 2 D

Let us recall that 6; = 0 (resp. 3 = 0) imply that

Vi < OBt + V)P [OB% + CB% + CB"],
(resp.

Uy < CB™ w1 +U,™ [CB™ + CB™ 4+ CB™],)
Now, as v € LP(0, 00; LP(RY)), (resp. u € L(0, 00; L1(RY))), we have

lim VQ = 0

T—oo

(resp.
lim Uy =0,).

T—o00

(4.4.37)

(4.4.38)

(4.4.39)

(4.4.40)

(4.4.41)

Taking the limit as T'— oo in (4.4.40), respectively in (4.4.41), and taking account of the domi-

nated convergence theorem, we conclude that

/ / oP(z,t) dodt < CB 51
o JrN

(4.4.42)
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(resp.

Pq

a1 ) (4.4.43)

/ / wi(x,t)dedt < CB™
0o JrN

Finally, as 6; < 0 and 7y < 0, taking the limit as B — oo in (4.4.42), respectively in (4.4.43), and
using the continuity of u and v, we conclude that

v=0 or u=0,
and (4.4.33) implies that u = v = 0, which is a contradiction.

e The case p < (1/6) and ¢ < (1/7) : we repeat the same procedure as in the case (f; < 0 and 6, <

0) by choosing the following test function @(z,t) = (p1(2))" @o(t) where ¢1(z) = @ (|z|/R),
@a(t) = (1 —1t/T). , 7> 1and R € (0,T) large enough such that in the case of T'— oo we don’t
have R — oo in the same time, and with the same functions ® as above. Then, as in (4.4.23), we

obtain
¢ 1-1/pq
( / VP @(I,t)) < D,/'Dy,
Cr
(4.4.44)
1-1/pq
(/ ut @@,t)) < D,/"D,,
\ CT
where
CT = [O,T] X {1’ € |RN ; ’$‘ < 2R} / :/ dxdta
Cr Cr
PR P\ M fm —L ql/ii
D, :=C (/ P12 Dt\;a‘PZ ) +C (/ o1ty |Ax901D§fT902| > ’
CT CT
and
¢~ |~ P e - T g P P
Dy :=C (/ 192" | Dyr e ) +C (/ e1 s DeprDyrpa ) :
CT C1T
Then, the scaled variables £ = R™'z, 7 = Tt and (4.2.12) — (4.2.13) allow us to write :
( 1-1/pq
(/ vP Sb(xvt)> < CI(T7 R)J
Cr
(4.4.45)

1-1/pq
( / M(m)) < (T, R),
\ Cr

Ci(T,R) := CT* R 4 CT**R" 4 CT**R% 4+ CT* R™,

where

Co(T, R) := CT" R + CT™R* + CT®R% + CT" R,
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with
( 11 11
11 1 11 1
g = — :—5}4—[:—(14-0()], = — :—ﬂ}Jr{:—a],
\ q [ q q |p q
( 10 11 1
wim s [z-ra)| s [F-aen| wemr Eoara)+[5-4],
pLaq pLq p
S
101 1 11 1
V3=~ :—Oé}—i‘ :—(14‘5)}7 V4=~ :—06]4‘[:—5]7
\ P L9 p b lq p
( N N N N
pri==+—=, foi= =+ = —2,
pq q bq q
1[N N 1 (N N
PREY B APREY L
\ qlp qlp q
and ( N N N N
fri==—+—=, foi==—+ = —2,
qp p qap p
1[N N 1 (N N
633:—[7—2} =, 64:—{——2]4-——2
\ pPLY p pLYg b
Taking the limit as T" — oo, we infer, as
1 1 1 1
p< = <<= =—0<0 and ¢g<—- <= =—a<0,
0 p ¥ q

that

( oo 1-1/pq
</ / P p(x,t) dz dt) =0,
0 Jjz|<2R
oo 1-1/pq
(/ / u! ¢(x,t) de dt) = 0.
\ 0 |z|<2R

Finally, by letting R — oo, we get a contradiction with the fact that w(z,t) > 0 and v(x,t) > 0
for all z € RN, ¢t > 0. U

Remark 4.4.4 We can extend our analysis to the following system

pl
ut—l—(—A)a/Qu— PG ()ds reRY,t>0,
1— (t—s)7

wswq "u(s)
1— t—s

vt+(—A)°‘/2v— ds xRN t>0,
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7

where 1,1y € L (RN x(0,00)), ¥1(-,t),2(-,t) > 0 for allt > 0,9 # 0, and for all0 < R, B <

T, 7€0,1],£€10,2],p,g>1,0<a<2and0<~,§ <1. We have
Yy (B7YeTY e Tr) > C > 0,
Ua(B7VTYE, TT) > O > 0,

if (p,q) verifies (4.4.11), while
W (RE,TT) > C >0,

o(RE,TT) > C >0,

if (p,q) verifies (4.4.12).

4.5 Blow-up Rate

In this section, we study the blow-up rate of the blowing-up solutions of the parabolic system

(4.1.1) — (4.1.2) requiring the following on the initial data :
N 2(pN
up, Vo >0, ug,v9g Z0 and wg,vg € Co(R™) N L*(RY).
First, we give a lemma which will play a crucial role in the sequel.

Lemma 4.5.1 Let (u,v) be a nonnegative classical solution of

—oolt

u = Au+J70 (0P) in RY xR,
vy = Av + Ji;‘;t(uq) in RY x R,

where 7,6 € (0,1), p,g > 1 and

Jiooltf(t) = ﬁ/ (t—s)°"f(s)ds, forall fe L"(R)(1<r<o0).

Then, for
N 26 1— 1 (2— 1-96 1
—gmax{( )p+ (1 —7)pg + ;( 7)g+ (1 —d)pg + }
2 pq—1 pg—1
or
1 1
p <= and q < —,
0 v

we have u =v = 0.
Proof It is sufficient to observe that

J200) = T and TS () > T ().

(4.5.1)

(4.5.2)

(4.5.3)

(4.5.4)
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Then, by repeating the same computations as in Theorem 4.3.2 with @, (t) := (1 — */T%)" ,n > 1,
taking into account (4.2.15) — (4.2.17), and by taking

(pa(D)9i ()" (3(t) i (2)) "7 instead of VG

in (4.4.19) — (4.4.29) — (4.4.31) and

(p3()9 ()P (s(t) i (2)) 7 instead of VP17

in (4.4.20) — (4.4.30) — (4.4.32), where £ > 1 and p3(t) := (1 —t/T)" , with a use of Holder’s
inequality, we conclude the result.
We note that, here, we need also to use the fact that ¢3(¢)p%(z) < ¢(x,t) before the combination

as in (4.4.21) — (4.4.22) and (4.4.33) — (4.4.34). O
Theorem 4.5.2 Let

2-7)+2-6)p (2-0)+2-7)g

= d = 4.5.5
o v and — (4.5.5)
If
N 2-46 1— 1 (2— 1—46 1
—Smax{( )p+ (1 —7)pg + ; (2=)g+ (1 —0)pg+ }
2 pg—1 pq—1
or 1 1
p< - and qg< -,
0 g

and (u,v) is the blowing-up solution of (4.1.1) — (4.1.2) — (4.5.1) in a finite time Ty := T*, then
two constants ¢;, C; > 0, 1= 1,2, exist such that

1 (T* — )7 <supu(-,t) <CL(T* =)~ te (0, T,

RN

4.5.6

co(T* — )7 <supw(-,t) < Co(T* — )2, te (0, T7). ( )
RN

Proof It is split into two parts :

e The upper blow-up rate estimate : Let

M(t):= sup u and My(t):= sup v, te (0,77).
RN x(0,¢] RN x(0,¢]

First, we show that there is n € (0,1) such that

T*
n< M)V Myt)Y2 <npt te (T,T*) . (4.5.7)

Indeed, we proceed by contradiction, as in [15][Proof of (2.3)]. If (4.5.7) were false then there
would exists a sequence t,, — T™ such that

My(tn) ™ My (t) /4 — 0 or  My(t,) ™2 My () — 0. (4.5.8)
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We will study the first case in (4.5.8) while the second one can be treated by proceeding in the
same way. Then, using the fact that the condition (4.5.1) and Theorem 4.3.2 imply M, > 0, we
infer that M; diverges as t,, — T™. So, for each t,,, we choose

~ ~ 1
(T, tn) € RY x (0,t,] such that (T, t,) > §M1(tn). (4.5.9)
Obviously, M;(t,) — oo implies , — T*.
We rescale the solution (u,v) about the corresponding point (fn,tAn) with the scaling factor \, :=
Aty) == (1/(2A)My(t,)) ") for A > 1, as follows :

gp’\" (y,s) = )\io‘lu()\ny + T, )\is —1—%\71), (y,s) € RY x I,(T%), (4.5.10)
@ZJA"(y, s) = )\i”v()\ny + T, )\is +tAn), (y,5) € RN x L,(T™), (4.5.11)

where I,(t) := (= %t,, A\;2(t — t,,)) for all t > 0. Then (¢*,¢*) is a mild solution of the system

ps =Dp+J% o (¥F)  in RY x L(T), (4.5.12)

Wy = Ay + JEA,%A‘S(W) in RN x I,(T*), (4.5.13)

ie., for G(t) := G(z,t) := (4nt) N2~ 12F/1 e have

P () = Gls + \g2h) + M (< A2h) + / Gs — o) % I (WP)P) do,  (45.14)

R

S

M (s) = Gls + Ag200) + M (- A7) + / Gs — o) * I ap ((P™)) do,  (4.5.15)

-2t

in RN x I,,(T*) such that ¢*(0,0) > A, and

0 < M < NMM(t,) = 24,
0 < g < AR2My(t,) = (24)/% My (t) Ma (1) 2/,

in RY x (=\;2,,,0]; here  is the space convolution.

So, as in Lemma 4.4.2, (o™ 1*") is a weak solution of (4.5.12) — (4.5.13).

Now, invoking the interior regularity (cf. [38, Theorem 10.1 p. 204]), there exists p € (0, 1) such
that for any K > 0, the sequences p*»,¢* are bounded in the C*#/2(.S,)-norm by a constant
independent of n, where

Sk = {(z,t) e RY xR; |z| < K, —K <t <0}.

We notice, here, that we have used the maximal regularity to obtain a sufficient regularity for
(¢, 1*) to apply the interior regularity (for more precise information, see [17||Proof of Th. 3].
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Moreover, Schauder’s estimates imply that the C?*#1+1/2(;S ;) -norm of p*» 1p* is uniformly boun-
ded. Thus, there is a subsequence converging to a solution (¢, 1) of the following system

= Ap+ I, (07), =g+ (%), inRY x (—o0,0], (4.5.16)
such that ¢(0,0) > A, and

0< <24, 0<¢ < lim (24)*/* My(t,) M, (t,) "2/ = 0.

n—oo

Combining the last inequality with the system (4.5.16), we obtain ¢ = 0 on RY x (—o0,0]. This
contradicts ¢(0,0) > A. Consequently, (4.5.7) holds.

On the other hand, M;, M, are positive, continuous and nondecreasing on (0,7™). Moreover,
as limy_p+ M;(t) = oo, this allow us, for all ¢y € (0,7%), to define

td == t"(tg) := max{t € (to, T*) : My(t) = 2M;(to)}. (4.5.17)
Let
1 —-1/(2a1)
Ato) = (QAMl(t())) : (4.5.18)
We claim that .
A2t (t§ —to) <D, ty€ (%T) : (4.5.19)

where 0 < D < oo is a positive constant which does not depend on t,.
Indeed, if (4.5.19) were false, then there would exist a sequence ¢, — T™* such that

where \, = A(t,) and ¢ = t*(t,). For each t, choose (Z,,%,) as in (4.5.9) and rescale (u,v)
arround (Z,,%,) as in (4.5.10)-(4.5.11). Then (¢*,¢*) is a mild solution (so weak solution) of
the systems (4.5.12)-(4.5.13), in RY x I,(T*) such that ©(0,0) > A, and in RY x I,,(t}) we have
from (4.5.7) and the definition of ¢} the following inequalities

O < NV (EF) = A2M2M (t,) = 4A,
P < A Ma(t)
Ao o2 (M (t)) %2/ = (44)°2/ @02,

VAN VAR VAN

Interior regularity and uniform Schauder’s estimates for (¢o*», 9*) yield a subsequence converging
in CEHITHZ (RN« R) x CEFITH2(RN % R) to a solution (i, 1) of

(9)s = Do+ I, (07),  ()s = A+ 7, (¢7), ImRY xR, (4.5.20)
such that ¢(0,0) > A and

0 < <44, 0<y < (4A)042/0£177—a2.
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It follows from Lemma 4.5.1 that ¢ = ¢ = 0. This is a contradiction with ¢(0,0) > A > 1. Now
(4.5.19) is true.
Next we use an idea from Hu [24]. From (4.5.18) and (4.5.19) it follows that

T*
(tar — to) < D(QA)l/alMl(to)il/al for any to S <7,T*) .
Fix to € (T*/2,T*) and denote t; = tJ,to =t ,t3 =t ,.... Then

tis—t; < DEAYM ()Y,
Mi(tj41) = 2Mi(t),

7 =0,1,2,.... Consequently,

5=ty = Z(tj+1 — ;) < D(24)"/*™ Z My (t5) e
j=0 Jj=0

= D(2A) My (to) 7oy 27/,
j=0

We conclude that
U(.ﬁlﬁ,to) S Ml(to) § C(T* — to)_al, A to € (O,T*)

where o
Cy =24 <D22‘j/0‘1) ,
j=0
and consequently
supu(-,t) < CL (T —t)™, Vite (0,77).

RN

Finally, (4.5.7) implies
’U(I,to) S Mg(to) S OQ(T* — to)_a2, W t() € (O,T*)

where
Cy = n_O‘ZC’féz/al;

whereupon
supv(-,t) < Co(T™ — )72, Vite (0,77).

RN
e The lower blow-up rate estimate : If we repeat the same proof of the local existence in
Theorem 4.3.2, by taking ||u|l; < 6; and ||v||; < 65 instead of |||(u, v)||| < 2(||uolloo + ||v0]|oo) I
the space Er in (4.3.2) for all positive constants 61,0, > 0 and all 0 < t < T, then the condition
(4.3.3) on T will be :

[to]|oe + C5sT27765 < 6y and  ||vg||ee + C4T?209 < 6. (4.5.21)
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Then, by the same reasoning, we infer that ||[u(t)|le < 61 and |[v(t)|lec < 09 for all 0 < t < T.
Consequently, if
[uolloo + C5t® 7705 < 61 and  [|vo]leo + Cat?> 6] < 65,

then ||u(t)]|s < 601 and ||v(t)||cc < 62. Applying this to any point in the trajectories, we see that

if0<s<tand

o Bl 5 =)l
t—g) < X d (t—s)?>0< =2 10 4.5.22
( S) — 0365 al ( 8) —_ C«40i{ ? ( )
whereafter ||u(t)||co < 61 and [|v(t)]|co < 0o, for all 0 <t < T
Moreover, if 0 < s < T*, ||u(s)|leo < 61 and ||v(s)||co < 02, then :
O lus)] 5 =)l
T — )27 > 2 N2/l d (T*=s)?2 %> 22 1172/leo 4.52
( $)77 > ol and ( 5)70 > it (4.5.23)
Indeed, suppose to the contrary that for some 0; > ||u(s)||, 02 > ||v(s)|l and all t € (s,T*) we
e 01 — [lu(s)ll 02 — [lv(s)l
t— 27fy< 1= [J[US)||oo +_ 275< 2 — [|U\S)]|oo
=) s =—cgr o U= s T

then, using (4.5.22), we infer that ||u(t)||e < 01 or ||v(t)]|e < 02 for all ¢t € (s,T*). Contradiction
with the fact that ||u(t)||s — 00 and ||v(t)]|ec — 00 as t — T*.

Next, for example, letting 61 = 2||u(s)|c and 3 = 2||v(s)||e in (4.5.23), we see that for 0 < s < T*
we have :

o R 170 N
= > g ™ T > aeul)E

which, imply
a(T" =) <lu(s)]lo and  co(T" =)~ < |v(s)[[o;

where )

C1 = (2?(1+Q)C3O£)_Tl—l s Co 1= (2q(1+p)040§)_pq7—1 .

By the continuity and the positivity of v and v, we get

(T —s)™™ < sup u(z,s) and co(T" —s)"* < sup v(z,s), Vse(0,77). (4.5.24)

RN TzERN

U

4.6 Necessary conditions for local or global existence

A necessary condition for the existence of local or global solutions to the problem (4.1.1) —
(4.1.2) are presented in this section. We obtain that these conditions depend on the behavior of
the initial conditions at infinity.
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Theorem 4.6.1 (Necessary conditions for global existence)
Let ug,vg € L¥(RY), ug,v9 > 0 and p,q > 1. If (u,v) is a mild global solution to problem
(4.1.1) — (4.1.2), then there is a positive constant C > 0 such that

liminf (ug(x)|z|***) < C  and liminf(ve(x)|z[**?) < C, (4.6.1)

|| —o0 || —o0

where aq, e are defined in (4.5.5) and C' > 0 is a real positive number which may change from
line to line.

Proof Let (u,v) be a global mild solution to (4.1.1) — (4.1.2), then u € C([0, R]; L*°(B2r))
for all R > 1, where Bsyg stands for the closed ball of center 0 and radius 2R. So we repeat
the same computation as in the proof of Theorem 4.4.3 (here in bounded domain) by taking
Q(x,t) = @1 (x/R) pa(t) where ¢o(t) = (1 — t/<R2))i instead of the one chosen in Theorem
4.4.3, where 0 < ¢y € H?*(Bsy) is the first eigenfunction for —A, relative to the first eigenvalue
A1 = inf{||u||g1; ||u||lz2 =1 and w = 0in OBs}. Then, as in (4.4.19) — (4.4.20), we have

/ v pdrdt + C R up(x)e1(x/R) dx
1

|z|<2R

<c / w 315V, (2] R)
1

+ C/ U S51/q¢fl/q
31

Diisea(t)] duat

(—AL)er1(2/R) ng@(t)‘ dz dt, (4.6.2)

and

|z|<2R

/ u! @dxdt + C’Rzﬁ/ vo(z)p1(z/R) dx
¥

< ¢ [ vele

31

+ C/ v pYPHTIP
P

Dj|;§go2(t)‘ dx dt

(~A)¢1(a/R) Dijpoiea(t)| do dt. (4.6.3)

where v :=1—7, f:=1—0 and
Y= {(z,t) € RN x [0,00); |z| < 2R, t < R*}.

Hence, using Holder’s inequality, we get

Vs + CR2 / wo(2) o () R) d < UM [511/‘7 + ff/ﬂ , (4.6.4)
|z|<2R
and
Us + CR™ / vo(2) 1 (z/R) du < VP [55“’ + f;/p] , (4.6.5)
|z|<2R
where

Us ::/ u? ¢ dxdt, Vs ::/ v odxdt
21 E1
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& ::c(/ Q19 "
P}
52:20(/ 901902_pTl
31

Fi=C (/2 (1) a1 ‘(‘Aw)WlDﬁRQ@Z

- q 1/q

1, |P v
Diiis| dedt)

q 1/q
dx dt) ,

and B
1 Jé] p 1/p
Fo=C (/ (p1epg) 7T ‘(—Ax)gplDﬂRngQ dx dt) .

PN

Combining (4.6.4) and (4.6.5) we obtain

Vs + CR ™ / uo(@)er(e/R)de < VY | (&7 + 7P (67 + 7T, (a66)
|z|<2R
and
Us + CR™ / vo(x)r () R) dx < U™ {(5}/’75 + ff/p@) (521/5 + Fé/ﬁﬂ . (4.6.7)
lw|<2R

Moreover, using Young’s inequality in the right-hand side of (4.6.6) — (4.6.7), allows us to obtain

1

%+Gﬁh/ IMMMWMMSW+K$W+QM3@W+ﬁ®FT,

|z|<2R
and

Pq

vo(z)p1(x/R) de < Us + [(Sll/pg—i-fll/pg) (821/ﬁ+.7:21/ﬁ>}m_1 .

Us + CR™?8 /

lz|<2R

These imply

[ p—1 p=1 pla—1) pa=1)\ ]
CRZQ/|<2RU0($)<P1($/R) dx < (52’”"_1 —1—.7:2”q_1> <51"q_1 +.7:1”q_1) ; (4.6.8)

and

i q—1 q—1 q(p—1) a(p—1)\ ]
CR™ vo(z)p1(z/R)dx < (Ef’ql —i—ff’ql) (52”1 + Fyrt ) : (4.6.9)

|z|<2R

Now, if we take the scaled variables 7 = R™%t, £ = R~z and use the fact that (—A,)p1(z/R) =
R™2X\1p1(z/R), we arrive at

CR™ ™ uo(RE)py(€) dé < C1(R (&) dE, 4.6.10
LQ<5M@5 uﬁgwsg (4.6.10)
and
cr [ wrOa©de <) [ e (46.11)
l€]<2 [£<2
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where
p)+p(1+aq) 9)+q(1+8p)

Ci(R) == C’RfQ(lw pa-—1 and Cy(R):=CR~ plredly)
Inequalities (4.6.10)-(4.6.11) can be arranged into

/ wo(RE)er () < Ts(R) / o1(6) = Cy(R) / (REP™ [RE| 01 (€)
|£]<2 |e<2

|€<2

< C |RE| 2101 (€),

l§1<2

and

[ w@oe©<tm [ w@ = Tmw [ IrPRg =
[€]<2 |e<2

|£<2

< C Rg| 72
< /ﬂ§2| 220, (6),

85

(4.6.12)

(4.6.13)

where C3(R) := CR>*C(R) = CR™2* and C4(R) := CR*C,(R) = CR2*2, Using the estimate

int (uo(ROIRE) [ [RE*0() < /1<|£<2uo<Rf>sol<£>

|§|S2
= /| 1 )

inf (v (RE) e / R p0(6) < /Kmvomsm(a

l€1<2

J‘r\,

and

< /|€<2 vo(RE)w1(§)

in the right-hand side of (4.6.12) and (4.6.13), we conclude, after dividing by flé\SZ |RE| 21y

and f\£|S2 |RE| 2220 (€), that

inf (uo(REIREP™) < C,

and
inf (vo(RE)|REPP*2) < C.
€[>1

Passing to the limit in (4.6.14) — (4.6.15), as R — 00, we obtain

lim inf (uo(x)|z|***) < C,

|z|—o0

and
lim inf (vo(z)|2]?*?) < C.

|z|—o0

(€)

(4.6.14)

(4.6.15)
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Corollary 4.6.2 (sufficient conditions for the nonezistence of global solutions)
Let ug,vg € L®(RY), ug,v9 > 0 and p,q > 1. If

lim inf (ug(z)|2[***) = lim inf (vo()|2]**?) = +o0,

|x|—o00 z|—00

then the system (4.1.1) — (4.1.2) cannot admit a global solution. O

Finally, a necessary condition is given for local existence. We obtain a similar estimate of T" founded
in the proof of Theorem 4.3.2, as |x| goes to infinity.

Theorem 4.6.3 (Necessary conditions for local existence)
Let ug,vg € L®(RN), ug,v9 > 0 and p,q > 1. If (u,v) is a local solution to system (4.1.1) — (4.1.2)
on [0,T] where 0 < T < oo, then we have the estimates

liminfug(z) < CT™*  and liminfug(x) < C T2, (4.6.16)

for some positive constant C' > 0. Note that, if A := liminf ;. uo(z) and B := liminf ;. vo(2)
then we obtain, a similar estimate to the one founded in (4.3.7),

C~pa=D)pR=1+2=0p gpa—1 < 1
¢~ =D pR=0)+@-apgra—1 < 1
Proof Take here, for R > 0 sufficiently large, ¢(x,t) := ¢1(x/R)pa(t) where po(t) := (1 — t/T)Z+

instead of the one chosen in Theorem 4.6.1. Then, as for (4.6.8) — (4.6.9), we obtain, with ¥, :=
{(z,t) € RN x [0,00); [2] < 2R, t < T},

i p(g=1) plg=1\ ]
C’T_O‘/ up(z)p1(x/R) dx < ( it +H ) (g;’“ + M, ) , (4.6.17)
|z|<2R L i

and
r -1 a(p—1) a(p=1) \ ]
CTﬁ/ vo(z)p1(z/R) dx < ( i —|—H ) (Qg”q_l +H2"q_1) : (4.6.18)
|z|<2R L i
where -
1/q
G ::C(/ golgoz"l D1|T V2 dxdt) ,
Yo
B 15
gQ =C </E ¥1 @2 t|T 902 dl‘ dt) )
L ~ 1/q
M= C ([ (oroa) 71 |-A0e Dl det)
P
and

7 1/p
(—Ax)gpngng‘ dx dt) )

Hy:=C (/ (901902)7”%1
P
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witha:=1—v3:=1-=6,p:=p/(p—1) and ¢ := ¢/(q — 1). If we take the scaled variables
7 =T %, & = R 'z, taking into account the fact that (—A,)p1(z/R) = R™?X\1¢1(x/R), then
(4.6.17) — (4.6.18) implies

cr [ w(rgp©de<CurT) [ pi@de (4.6.19)
|§1<2 <2
and
et [ wrn©de <CurT) [ prle)de (4.6.20)
|§1<2 |6<2
where
C3(R,T) :=C (T—iﬁf + T R‘%) (T—% + T‘W}g‘ﬁﬂ) :
and 1-a) (1+8p) (1-p(1-8))
— 1tag 1-gq(l—«a 2q 1+Bp)g 1-p(1—-pB))q 2pq
C4(R, T) =C (Tqufl T pa—1 prq*1> (Tﬁ pa—1 4 T pg—1 R7ﬁ> .
Thus
| wree@ e <TirT) [ aite)de (46.21)
|€]<2 le<2
and
| wrga@d<tirn [ a@d (4.6.22)
|€]<2 le<2
where

O5(R,T) := CT*Cs(R,T) and C4(R,T):=CT°Cy(R,T).

Using the estimate

§1>1

inf (up(RE)) /5 CGEE / IRCCSIIGEE

IA

/g PRACSEICES
(resp.

inf (0o(RE)) /5 CGEE / IRCESRIOLE

l§1>1

< /{ PRUCSEIOLS

in the left-hand side of (4.6.21) (resp. (4.6.22)), we conclude, after dividing by the term

/ uo(RE)pn (€) d. (resp./ vo(RE) o1 (€) dE).
|£]<2 |g]<2
that
inf uy(RE) < Cs5(R,T), (4.6.23)

[€]>1
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and

é‘nfl vo(RE) < Co(R,T). (4.6.24)

Passing to the limit in (4.6.23) — (4.6.24), as R — oo, we arrive at

lim inf ug(z) < C T™,

|z|—o0

and
liminfvy(z) < C T,

|z|—o0
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Chapitre 5

Hyperbolic equation with a nonlocal
nonlinearity

Ahmad Z. FINO, Vladimir GEORGIEV and Mokhtar KIRANE
Abstract

In this article, we study the existence of local solutions to a hyperbolic equation with a nonlocal
in time nonlinearity. Moreover, we give a blow-up theorem under some conditions on the initial
data and the exponents of the nonlinear forcing term.

Keywords : Hyperbolic equation, mild and weak solutions, local existence, Strichartz estimate, blow-up,

Riemann-Liouville fractional integrals and derivatives.

MSC : 58J45; 26A33; 35B44

5.1 Introduction

We investigate the following nonlinear hyperbolic equation which contains a nonlocal in time
nonlinearity

1 t
utt—Au:—/ (t—s) u(s)|Pds xRNt >0,
Fa=2)Js (5.1.1)
U(O,Z‘) - UO(JT), ut(O,x) - ’LL1<CU) YIS [RN7

where (ug,u1) € HH(RY) x HFY(RY), 0 < pu < N/2, N >2,0 <~y < 1, p> 1, Ais the usual
laplacian and wuy stands for the second in time derivative of u, I' is the Euler gamma function and
H*(RY) is the homogeneous Sobolev space of order p defined by

H*RY) ={ue 8 (—A)"?ue L*(RY)},

if 4 € N, and by
H*RY) = {u e L*(RY); (-A)*u e LX(RY)},
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if 1 € N, where &' is the space of Schwartz’ distributions and (—A)*/? is the fractional laplacian
operator defined by
(—2)"2u(x) == FH (€[ F(u)(€)) (x)

for every u € D((—A)*?) = HH(RN). F and F~! are the Fourier transform and its inverse, res-

pectively.

The study of the non-existence (blow-up) of global solutions to semilinear wave equations has
been initiated in the early sixties and intensively developed since then. An approach for the non-
existence of global solutions has been initiated by Keller, then by John and Kato. It is based on an
averaging method for positive solutions, usually with compact support. Much has been devoted
to the case of the equation

ug — Au = |ul’, p>1. (5.1.2)

For p = p. > 1, where p,. is the positive root of
(N—-1)p* -~ (N+1)p—-2=0,

John first proved in [26] that if 1 < p < p,, there exist smooth initial data arbitrarily small in
C>(RY) such that no corresponding global solution exists. Actually, when N = 3, John’s result
states that when 1 < p < 1+ +/2 all solutions with initial data in C°°(RY) blow-up in finite time.
Later on, the initial value 1 + /2 was included in Glassey’s proof [22| under the additional as-
sumption that ug and u; have both positive average. Glassey’s technique is to derive differential
inequalities which are satisfied by the average function t — fue v u(z,t)de.

Some other cases were considered by Sideris [48] and Schaeffer [47] who gave extensions of Glas-
sey’s result for different dimensions but with the same conditions on initial data as in Glassey’s
work (compact support and positive average).

A sharp result under a weaker assumptions was obtained by Kato [29] with an easier proof. In
particular, Kato pointed out the role of the exponent py = (N 4+ 1)/(N — 1) for N > 2 in order to
have more general initial data, but still with compact support. The fact that the support of u(., t) is
included in a cone {z; |z| < t+ R} plays a fundamental role in deriving the differential inequalities.

In this paper, we prove the local existence and the non-existence of global mild solutions of a
new type of class of equations (4.1.1) with nonlocal in time nonlinearities. Note that our blow-up
result is similar to that of Glassey.

Our analysis is based on the observation that Eq. (5.1.1) can be written in the following form :

u — Au = Jg,([ul?), (5.1.3)

where the left-sided Riemann-Liouville fractional integral Jg, of order a € (0,1), defined in

(5.2.16), plays a crucial role in the proof of the theorem on the blow-up; we have set in (5.1.3)
a=1—v¢€(0,1). We have three results :
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— If (ug,u;) € HHRN) x H*"Y(RN), N > 2,0 < p < N/2 and p > 1 verifies the condition
(5.3.5) below, then there exist 7" > 0 and a unique mild solution u to the problem (5.1.1) such
that (u,u;) € C([0,T], H*(RY) x H*1(RN)).

— If (up,u1) € HY(RY) x LA RY), N > 2 and p > 1 verifies condition (5.3.19) below, there exist
a maximal time Ty, > 0 and a unique maximal mild solution u to the problem (5.1.1) such that

(u,uz) € C([0, Thnax), HY(RY) x L2(RN)).

— If (up,uy) € HY(RY) x L2(RY) have a positive average, N > 2 and let p > 1 be such that

3—7

2
1+ —=<p<l4+-——"—:=px it N>2
N=P= (N=2+7)4 P 5.1.4
3 3 (5.1.4)
2 v
or 9 1
I+ Sp<- i N>2
3 .7 (5.1.5)
S<p< = if N =2,
2 gl

where (-) is the positive part and v verifies the conditions (5.4.11) or (5.4.12) (respectively)
below, then the solution of (5.1.1) blows up in finite time.

In the proof of the existence of the local mild solution, we use Strichartz’ estimate founded in
[30], while in the proof of the blow-up of solution we use the method of Pohozaev [40] based on a
rescaling of the variables of the test function in the weak formulation.

The organization of this paper is as follows. In section 5.2, we give some properties, results and
notations that will be used in the sequel. In Section 5.3, we present the local existence result of

solutions for the hyperbolic equation (5.1.1). Section 5.4, contains the blow-up result of solutions
for (5.1.1).

5.2 Preliminaries, notations

In this section, we present some definitions, notations and results concerning the wave operator,
fractional integrals and fractional derivatives that will be used hereafter. For more information see
[1], [19], [32] and [46].

Let us consider the inhomogeneous wave equation

{utt_Au:fa (.T,t)ERNX(O,T), (521)

u(z,0) = ug(z), w(r,0) =u(z), =R,

We define K (t) and K(t) by K(t) := w'sinwt and K (t) := coswt where w™" is the inverse of the
fractional laplacian operator w := (—A)'?2 of order 1/2 defined above. The solution of the Cauchy
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problem (5.2.1) can be written, according to Duhamel’s principle, as u = v + w, where v is the
solution of the homogeneous equation

(5.2.2)

vy — Av =0 (z,t) € RY x (0,7),
v(r,0) = ug(z), ve(x,0) = uy(z) xR,

namely

o(t) = K(tuo + KO (w(t) = K(8)Aug + K(t)u )

which is denoted by H(t)Uy = (v(t),v:(t)) where Uy := (ug,u;); and w is the solution of the
inhomogeneous equation with zero initial data

wtt_Aw:f7 (JZ,t)G[RNX(O7T), (523)
w(x,0) =0, wy(x,0) =0, z€RY, o
which can be written, for t > 0, as
t t .
w(t) :/ K(t—s)f(s)ds =: K * f(t) (wt(t) :/ K(t—s)f(s)ds =: K f(t)) :
0 0
The initial data Uy = (ug, u1) of the problem (5.2.1) will be taken in the space
Y# = H*(RY) x H*'(R"). (5.2.4)

In addition, for (u,v) € Y#, we define the norm of (u,v) by

1, )y := [lwl[e + (0] s

The important case is the one of ;4 = 1 which is encountered in physics’.

Next, we give the admissible version of the Strichartz estimates due to Keel and Tao [30]. Before
we state the theorem of Strichartz estimate, we give the definition of o—admissible pair for the
wave equation for o = (N —1)/2.

Definition 5.2.1 (see Definition 1.1 in [30]) We say that the exponents pair (q,r) is c—admissible
if g,r > 2, (¢,7,0) # (2,00, 1) and

+2< % (5.2.5)

|
=19

If equality holds in (5.2.5), we say that (q,r) is sharp o—admissible, otherwise we say that (q,r)
18 nonsharp o—admissible. Note in particular that when o > 1 the endpoint

p= (2, 20 )
oc—1

18 sharp o—admissible. O
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Theorem 5.2.2 (see Corollary 1.3 in [30]) Suppose that N > 2 and (q,r) and (q,7) are wave-
admissible pairs (i.e. 0 = (N —1)/2) with r,7 < co. If u is a (weak) solution to the problem (5.2.1)
in RN x [0,T] for some data ug,uy, f and time 0 < T < oo, then

lullLaorszny  +  Nulleqomymmy + 1|0l co.ry;e-1y

< T (Iluollam + lhaall s + 1 ooz (5:2.6)

under the assumption that the dimensional analysis (or "gap") condition
N
qg T

holds, where C' > 0 is a positive constant independent of T.

We denote by 7',q the conjugate exponents of T,q and by LP := LP(RY) the standard Lebesque x
space for all 1 < p < .

Conversely, if (5.2.6) holds for all ug,uy, f, T, then (q,7) and (q,7) must be wave-admissible and
the gap condition must hold.

When r = 0o, the estimate (5.2.6) holds with the L. norm replaced with the Besov norm Br,g, and
similarly for ¥ = occ. d

Corollary 5.2.3 (Strichartz estimate for ug)
Suppose that N > 2 and (q,r) is a wave-admissible pair (i.e. 0 = (N — 1)/2) with r < oco. If u is
a (weak) solution to the problem (5.2.1) with uy = f =0 in RN x [0,T] for 0 < T < oo, then

1 (E)uoll oo,y gy + I (Euolloqoryamy + AK (¢)uoll oo rismn—1) < Clluo]|n, (5.2.8)

under the assumption that the dimensional analysis (or "gap") condition

L y_ N (5.2.9)
q r 2 a o

holds, where u = K (t)ug, u; = AK (t)ug and C > 0 is the constant of (5.2.6). O
Corollary 5.2.4 (Strichartz estimate for uy)

Suppose that N > 2 and (q,r) is a wave-admissible pair (i.e. 0 = (N — 1)/2) with r < oco. If u is
a (weak) solution to the problem (5.2.1) with ug = f =0 in RN x [0,T] for 0 < T < oo, then

1K (t)un | ooy + HE (B lloqorymm + 1K () ooy < Clluall g, (5.2.10)
under the assumption that the dimensional analysis (or "gap") condition

1 N N
- — = — — 5.2.11
q+ T 2 H ( )

holds, where w = K (t)uy, uy = K (t)uy.
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Corollary 5.2.5 (Strichartz estimate for f)

Suppose that N > 2 and (q,r) and (q,7) are wave-admissible pairs (i.e. o = (N —1)/2) with
7,7 < oo. If u is a (weak) solution to the problem (5.2.1) with ug = u; = 0 in RN x [0,T] for
0<T < o0, then

HK * f( )HLQ([OT )y + HK * (t)HC([O,T];HM) + HK * f(t)HC([O,T];HH—l)
< CHfHL&“’([U,T];L‘g’)a (5.2.12)

under the assumption that the dimensional analysis (or "gap") condition

1 N N 1 N

R A (I P 5.2.13

q - r 2 M q N ! ( )
holds, where u = K * f(t), u; = K * f(t). O

On the other hand, if AC|0, T] is the space of all functions which are absolutely continuous on [0, T']
with 0 < T < o0, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville
fractional derivatives Dg, f(t) and Df;.f(t) of order a € (0,1) are defined by (see [32])

0|tf() = DJé\ta (1), (5.2.14)
Drf(t) = _ml)/t (s — 1)~ f(s) ds, (5.2.15)

for all t € [0, 7], where D := 4 and
Jof(t) = ﬁ/o (t — ) f(s) ds (5.2.16)

is the Riemann-Liouville fractional integral (see [32]), for all f € L4(0,T") (1 < g < 0).
Furthermore, for every f,g € C([0,T]), such that Dg.f (1), t|Tg( ) exist and are continuous, for
all t € [0,7], 0 < @ < 1, we have the formula of integration by parts (see (2.64) p. 46 in [46])

/OT( ief) (5 / 1 (5) (Dijrg) (s) ds. (5.2.17)

Note also that, for all f € AC™™1[0,T] and all integer n > 0, we have (see 2.2.30 in [32])

(—=1)"D".Djyf = Dyt f, (5.2.18)

¢

where

AC™M0,T) :=={f :[0,T] — Rand D"f € AC[0,T]}

and D" is the usual n times derivative.
Moreover, for all 1 < ¢ < oo, the following equality (see [Lemma 2.4 p.74][32])

oeJole = Idraom) (5.2.19)
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holds almost everywhere on [0, 7.
Later on, we will use the following results.
Ifw (t)=(1—t/T),t>0,T>0,0>>1, then

(1—a+o)'(c+1)

Dipwnt) = oot g T T =0T (5.2.20)
Dt (1) (1-a J; (‘;)(_Ua_f()j?(g D o - O i (5.2.21)
ot _ (Q—-a+to)lo—a)lc—a—-Dl(c+1) _, a1
DiFun(t) = e ato T=(T — )71, (5.2.22)
for all € (0,1); so
(Dfipwr) (T) =0 5 (Dfipwr) (0) =C T, (5.2.23)
and
(D;T;Iw1> (T)=0 ; (D§;1w1> (0) = C 1771, (5.2.24)
where
_ (l-a+4o0)(c+1) ~ (l—-a+o)lc—a)l(c+1)
O T Tecare M CO= T2—a+o) '

Indeed, using the Euler change of variable y = (s —t) /(T — t), we get

Dipn(t) = —ﬁD MT(S —ie (1-2)' ds]

T l-a+o ' —a(1 — )% ds
— e [T [ e
_ _i_(l—a—l—lleB(_la—)a;a—i-1)T_U(T_t)a_a7

where B(-;-) stands for the beta function. Then, (5.2.20) follows using the relation
I'l—a)l'(c+1)

B(l-ajo+1) =
(1-ajo+1) I'2—a+o)
Furthermore, (5.2.21) and (5.2.22) follows from the formula (5.2.18) applied to (5.2.20). O
Finally, note that
/ o(z) (= A)u(z) dx = / (@) (= A)o(z) da, (5.2.25)
RN RN

for all u,v € H*(RY).

5.3 Local existence

In order to prove the existence of a local mild solution for the problem (5.1.1), we convert it
into
U — AU = F(U) re RN t>0,
(5.3.1)
U(z,0) = Up(z) = "(uo(x),us(z)) x € RY,



tel-00437141, version 2 - 5 Dec 2009

96 CHAPITRE 5. HYPERBOLIC EQUATION WITH A NONLOCAL NONLINEARITY

0
o (lul?)

0

here U = A=
where (u, uy), A 0

and F(U) :=

] with a:=1—~ € (0,1).

Definition 5.3.1 (Mild solution of (5.1.1)) We say that u is a mild solution of (5.3.1) if and only
if (u,uy) € C([0, T];Y*) and u verifies the integral equation

u(t) = K(t)ug + K (t)u; + (K * Jo([ul?)(@), te€l0,T]. (5.3.2)
Definition 5.3.2 (Mild solution of (5.3.1)) We say that U = (u,v) is a mild solution of (5.3.1)
if and only if U € C([0,T];Y*) and verifies the integral equation

U(t) =

R (t)uo + K () (5 T () (1) |
AK@%+K®MI [m»ﬁﬂwmﬂ]-ﬂw%+ﬂmw, (5.3.3)
for all t € 0,T7.

Lemma 5.3.3 Let U = (u,u;) € C([0,T];Y*). Then u is a mild solution of (5.1.1) if and only if
U is a mild solution of (5.3.1).

Now, for later use, let 7, ¢ two constants such that

g 2r — 4

1 N—-1 N-1 N 1 N

with 2 <7 < 00, ¢ > 2 and (q,7, (N —1)/2) # (2,00, 1).

Theorem 5.3.4 (local existence of mild solution of (5.1.1))
Given (ug,u1) € Y#, N >2 0 < pu < N/2 and let p > 1 be such that

<p< ifu < N/2
N N = 2p / (5.3.5)

1
1+=<p<oo if = N/2,
T

where 7 is defined in (5.3.4) below. Then, there exist T > 0 and a unique solution u to the problem

(5.1.1) such that (u,u;) € C([0,T],Y*).

Proof To prove the local existence of solution of (5.1.1), its sufficient to prove the local existence
of solution of (5.3.1). Let T > 0 and consider the following Banach space, with the same C as
above,

E:={U = (u,v) € C([0,T]: Y"; [[U|lg < 2C (lluollru + [[r | szn—1) = 2C||Up|lyn } ,
where Uy = (ug, vg) and

1Ulle = [I(w, )l = llulleqorymm + vlloqoryme—r
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and d(U,V) := ||U — V|| g is the distance on E, for all U,V € E.
In order to use the Banach fixed point Theorem, we introduce the following map ® on F defined
by

SU)(t) .= Ht)Uy + I(U)(1).

It is sufficient to prove that ® is an application from E to E and is a contraction on F.
e ®: E— E: Let U = (u,v) € E, using Strichartz’s estimates (5.2.8), (5.2.10) and (5.2.12),

we have
|2z < T (uolln + e lrss + 165 ) o o 2102 ) (5.3.6)

where 7 and ¢ are given in (5.3.4). As

[0 () 2 o707y < ||Jo|t(||UI|’£pr N o))
and as the condition
2 2 2u 2 N
e+ <p< = if u < N/2
P FtNSPSEy g, e<N/ (557)
2 1 ) e
§<1+§§p<oo if u=N/2,

imply the following Sobolev imbedding

H*(RY) — L™ (RY),

we get

[e@)lz < T (Wolleqomsrn + CENTg el o) - (5:38)
where (] is the positive constant of the Sobolev imbedding. Using the fact that U € E, we have

1
. 1-n+1/q
HJOH(HuHH# RN) )HL‘I ([0, 7)) < (1 n (1 — 7)@7)1/5/{\(2 _ ’Y)T HUHC(OT] JHH):
So
[2@)lls < T (Wolleurya + T fully 1)

< C (HU(JHC([O,T};W) + 2C,CP T !|U0||%Z$,T};mHU0||C([0,TJ;W>> :

where

Cy = Cf
2T A+ (1 —))YITR2 )

Now, if we choose T' > 0 small enough such that

21)0261’ (1=7)+1/¢ ||U0||p B Ty < <1,

we conclude that ®(U) € E, andso ®: E — E.
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e & is a Contraction map : For U = (u,v),V = (u,v) € E, using the Strichartz estimate
(5.2.12) for f = Jg,(|lu[" — |u[’), we have

[o(U) —2(WV)llz < CllJg(Jul” = [@") | o o 7az)
< CECIG NI =@ (ul”™" + 1@zl o7 (5.3.9)

thanks to the inequality

[l = [ | < Cp)l Jul = [al [ (Jul”=" + [al"=") < Cp)lu =l (jul"~" + ") .
Now, we have to distinguish 2 cases : (u = N/2 or u < N/2).
— If p = N/2, then using the Holder inequality

(=) (JulP~" + [7~)

iy Slu—w B o O P42

we obtain

[2(U) —e(V)]z <

Tl =g (NPl + 1P|

= il (el sy + 120 ) |

L7(0,T)

L7 (0,T) '
Moreover, as
1
27 > 2 and p21+$ — 27(p—1)>2
imply the Sobolev imbeddings
H*(RYN) — L (RY) and H*(RY) — L7 ®-D(RN), (5.3.10)
respectively ; we then conclude that

|8(U) ~ &(V)ll < CsCF C)T || lls — e (el + 351 | (5.3.11)

L@ (0,T)’

where C3 and Cy are the constants of the two Sobolev’s imbeddings in (5.3.10), respectively.
So, using the fact that U,V € E, we conclude that

[o(U) —@(V)|e < CsCi ' Cp)C 2" Uit iy IV = Viieqomyye) HJSTJHLa/mT)
< G2 CP TN U0 U = Voo mvm), (5.3.12)

for

0305710(]))

T A TR =)

In this case, we choose T > 0 such that

1
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in order to obtain
1
[@(U) —2(V)|le < §HU — Vlleqo,myn- (5.3.13)

— If 4 < N/2, then using the Holder inequality

o =) (™ ™) gy < = ™ e
L2 —(N=2p)7

we arrive at

o(U o (llulf? )H 5.3.14
() — B(V) | < . (| o (53.14)
where -
2N d 2N7(p—1)
§1 1= and s := —
TN — 2 2T ON - (N —2u)r"
Moreover, the critical Sobolev exponent, and the condition on p
+ 21 <p< 2_N — 2<5, < 2N
7 TN =SPEEN o =2=N "9,
imply that
H"(RY) — L¥*(RY) and H*(RY) — L2(R"), (5.3.15)

respectively ; we then conclude, as above, that

[e(U) - &(V)ls < c%lcTﬂvﬂmwmwwﬂwnU—vmmmw> (5.3.16)
< §HU — Vllewriym, (5.3.17)
for .
Cp 1= C7C5 C(p)
I+ (A =MIT(2 —)
where C; and C} are the constants of the two Sobolev imbeddings in (5.3.15), respectively ; Thanks
7 g ) p Y
to the choice of T' > 0 :

1
Cs2P~ 10 T(l Y4+1/7 ||U0||p A < 5

Hence the general choice of T is :
2" max{Cy, Cs, Cs }C TV || Ug |18 0 yiyy < 1 (5.3.18)

So, by the Banach fixed point theorem, there exists a unique solution U € E, i.e. U € C([0,T]; Y*)

is a solution to (5.3.3) such that [|U||z < 2C||Us||c(o,ryvm)-

Finally, as U = (u,v) € C([0,T],Y*") is a solution of (5.3.3), so it is easy to see that u €

C ([0, T); H*(RN)) verifies (5.3.2). Thus, using (5.2.2) and the fact that K (0) = 0, u; € C([0, T]; H*"1(RY))
and verifies the second line in (5.3.3) and by the uniqueness of U in E we deduce that (u,u;) =

U e C([0,T];Y*). So, using Lemma’s 5.3.3, we deduce the result. O

Next, we give a local existence of the maximal mild solution for the problem (5.1.1) in the case

w=1.



tel-00437141, version 2 - 5 Dec 2009

100 CHAPITRE 5. HYPERBOLIC EQUATION WITH A NONLOCAL NONLINEARITY

Corollary 5.3.5 (Case of p=1)
Given (ug,uy) € HY(RYN) x L2(RY) (i.e. p=1), N > 2 and let p > 1 be such that

—_

+ <p<

2
— if N > 2
N7 T N=2 (5.3.19)

<p< if N =2.

[\CR V]

Then, there exist a maximal time 0 < T < 00 and a unique maximal mild solution u to the
problem (5.1.1) such that (u,u;) € C([0, Thnax), HH(RY) x L*(RY)). Moreover, if Tyax < 00, we
have (||ullcoq,mr®yy) + 1wl cqo.g,02@yy) — 00 when t — Thax.

Proof From theorem’s 5.3.4 there exist T" > 0, small enough, and a unique solution u to the
problem (5.1.1) such that (u,u;) € C([0,T],Y"). To extend this solution to a maximal interval, we
need a uniqueness result. Indeed, if u and v are 2 mild solutions of (5.1.1) such that (u,u,), (v,v;) €
C([0,T"],Y?!) for arbitrary 7" > 0, using the corollary 5.2.3, 5.2.4 and 5.2.5, we conclude that

lu(®) —v@®llm@yy < ClIG(ul = W)l o)
< CECNgll(w = v) ([~ + "Dl | 0.0

where

1+N—1<N—1 d N 1+N 5
= p all _ M= T 4
i T4 2 NTFTF
with 2 <7 <00, ¢ > 2 and (g,7, (N —1)/2) # (2,00, 1).
As p =1, thus by taking ¥ = 2 and ¢ = oo, we conclude that
[u(t) = o)l @yy < CE)CITGM (= o) (Jul~ + o7l zz |20, (5.3.20)

So, using (5.3.19) and the Sobolev imbedding (5.3.10) in the case N = 2, respectively (5.3.15) in
the case N > 2, we get

lu() = v lmiwyy < ClIgluls) = v(s)lm Qullin’ + lollFa) Iz o

// s — o) (o) — o(0)]| dods

c /Oof— o) ulo) — v(o)||m do,

IN

for all ¢t € [0, T'], and by Gronwall’s inequality we conclude the result.
By this uniqueness result, we can extend the solution to a maximal interval [0, T}y ) Where

Timax :=sup{T > 0 ; there exist a solution u to (5.1.1) with (u,u;) € C([0,T];Y1)}.

O
We say that u is a global solution of (5.1.1) if Ty.x = 00, while in the case of Ty < 00, we say
that u blows up in finite time.
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5.4 Blow-up of solutions

This section is devoted to the blow-up of solutions of the problem (5.1.1), with x4 = 1, under
some conditions on the initial data (ug,u;) and the exponents v and p of the nonlinear term. To
do this, we have to introduce the definition of the weak solution of (5.1.1) and prove that mild
solutions are weak solutions of (5.1.1). Hereafter

T
/ = / / drdt forall T >0, / = / dx.
T 0 JRN RN RN

Definition 5.4.1 (Weak solution) Let ug,u; € Lt (RN). We say that u is a weak solution of
(5.1.1) if and only if u €€ LP((0,T), LY (RN)) satisfying the following

/ | )@ 0s@0 + [ w@iee0 - [ w0
// (@, o (1) — // (2. 1) Ap(a, 1) (5.4.1)

for all compact support function o € C*([0,T] x RY) such that Q :=suppp and o(-,T) = 0, where
a:=1—~v¢€(0,1).

Lemma 5.4.2 (Mild — Weak)
Given (ug,uy) € Y, N > 2 and p > 1 verifies (5.3.19). If u is the mild solution of (5.1.1) with
(u,us) € C([0,T], YY), then u be a weak solution of (5.1.1), for all T > 0.

Proof Let T > 0, u be a mild solution of (5.1.1) and ¢ € C%([0,T] x RY) be a compact support
function such that suppy =: 2 and ¢(-,7") = 0. Then, using Lemma 5.3.3 and (5.3.3), we have

u(t) = K(tyuo + AK (£)us + (K * J§,([ul?)) (1), (5.4.2)

and
up(t) = AK (t)uo + K (H)us + (K Jg, (|ul”))(2). (5.4.3)

So, after multiplying (5.4.3) by ¢ and integrating over R, we obtain

/Qut(:zc,t)go(x,t) - /AK() o(z, ) /K ui(2)p(z, )

// K(t - )72, (juP) (x, s) dsp(z, 1),

Then, after differentiating in time, we obtain

% u(z, 1) p( /AK uop(x)p(z,t) + %/Qk(t)ul(x)go(x,t)



tel-00437141, version 2 - 5 Dec 2009

102 CHAPITRE 5. HYPERBOLIC EQUATION WITH A NONLOCAL NONLINEARITY

/dt/ K (t — 5)J5i,(lul’) (z, 5) dse(, t). (5.4.4)

Now, using (5.2.2) and the fact that the Laplacian is a negative self-adjoint operator, we have :

| K@@ + 5 [ K@

dat Jo
_ /Q A [K(t)uo(x)—l—K(t)ul(x)} oz, 1) + /Q [AK(t)uo(x)+K(t)u1(x)] oo, 1)
— /Q [K(t)uo(x)uqt)ul(x)} Ap(a,t) + /Q [AK(t)uo(xHK(t)ul(x)} iz, 1),

(5.4.5)

and

/%/tk(t—s)f(x,s)dsw(m)
/fxt (1) // K(t — ) f(x,5)) dsp(z,t)
N / / K(t — s)f(x,s) dspi(a, 1)

_ / F ol 1) + / () DA ) + / (K * Pa.tgula,t)  (5.46)

where f = Jg, (|ul’) € C([0,T]; L3(2)).
Thus, using (5.4.2) — (5.4.3) and (5.4.5) — (5.4.6), we conclude that (5.4.4) implies that

c;i u(z, t)p(x,t) = /Qu(:c,t)Anp(x,t)+/Qut(:c,t)%(:c,t)
/Qf(m,t)go(m,t). (5.4.7)

Next, after integrating in time (5.4.7) over [0, 7] and using the fact that ¢(-,7") = 0, we conclude

that
T
/ul( (x,0) //u:)stAgowt // u(z, t)u(z,t)
0o Ja

/uo(:c oi(x,0) + /f:t:t (x,t). (5.4.8)
Q
[
Theorem 5.4.3 Let (ug,uy) € Y, [oxuo >0, gy ur >0, N >2, and let p > 1 be such that
2 3—7 .
1+ =<p<1+ " =px if N >2
NPty T -
3 3 (5.4.9)
-<p<-— ZfN:27
2 gl
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or 5 )
1+ N <p<-— if N>2
3 . (5.4.10)
- <p<-— if N =2.
2 ¥
with the following conditions
N —2
N <~v<1 if N>2
(5.4.11)
0<y<l1 if N =2,
o N -2 N
—_— f N > 2
N ST Nz UM
(5.4.12)
2

respectively. Then the solution of (5.1.1) blows up in finite time.

Proof The proof proceeds by contradiction. Let u be a global mild solution of the problem
(5.1.1), then u is a solution of (5.1.1) in C([0,T], H*(RV))NC([0, T], L*(RY)) for all T > 1 large
enough.

Then, using Lemma 5.4.2, we have

/o /suppgo Tl et &)+ /suppso el 0)de = /supIN? wlDae0)

= /OT /suppgp u(z, t)pu(z,t) — /OT /suppw u(z, t) Ap(z,t) (5.4.13)

for all compact support function ¢ € C?([0,T] x RY) such that (-, T) = 0, where a ;=1 — v €
(0,1).
For some reason that will be precised below, we have to distinguish three cases :

e The case p < p* : Let o(z,t) = Djjr (6(z,1)) := Dy, <(<,01(x))e g@(t)) with ¢ (z) = @ (|z|/T),
@a(t) == (1 —t/T)" , where £, > 1 large enough and ® be a smooth non-increasing function

such that
1 ifo<r<i1
d(r) = -
(r) {0 ifr>2,

0<® <1, |d(r) <Cy/r, for all r > 0. Then, we have

/ 78 (1ul?) (2, ) DB, 1) + / () D B, 0) — / wo(2) D DSy 3, 0)

Qr Q Q
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:/Q u(z, t)Dth‘T@(ZE t) — /Q u(z, t) ADjro(x, 1), (5.4.14)
where

Qr =0,T] x Q for Q::{xG[RN; |x|§2T}, / :/ dx dt, /:/dm.
Qr Qr Q Q

Moreover, from (5.2.17), (5.2.18), (5.2.23) and (5.2.24) we may write

/ Do\t O|t‘u|p(:5 + CTQ/{)(@l(x))ZUO(fﬁ) + 5Ta1/g(@1(37))eul($)
= [ ula@) Dite) + [ w0 (@) D) (5.4.15)
So, (5.2.19) and the formula A () = €p{ " Ay + €€ — 1)¢| 2| Vip; | will allow us to write :

|owre s e [y u + Ert [ ) u)

-cf o) Dl - © / a0 A () Dirialt)

-c ulp @) V@) Dialt)

<cf me 1D3|;%2< )| + ¢ [ @) [ Diseato)

+0 [ (@@ 1@ [Direatd) (5.4.16)
Therefore, as

/RN o >0 /[RN u >0 = / b (¢1(2))" uo(x) > 0, /S - (1(2)) wi(2) >0, (5.4.17)

(here suppy; = 2), we obtain
| wrE < o[ @ o) D)
T T

+ C/Q [ul §7PGP (o1(2)) " | Avpr () Dijrepa(t)]

=0 [ W EIE (o) Vel D] (5419
Qr
So, using the Young inequality
1 Pl _ B N
ab < Q—ap+ — bP  where pp=p+p, p>1,p>1, a>0,b>0, (5.4.19)
p p
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with
a=lul 37,
b= 37 (1 (@) | DI ea(t)|.

in the first integral of the right hand side of (5.4.18),

a = |u| p'/P,
b=G " (p1(@) " [Aapr(a) Dipeea(t)|.

in the second integral of the right hand side of (5.4.18) and with

@ = Jul 37,
b= 5 (1)) [Vn(a)? [ Djpeea(t)].

in the third integral of the right hand side of (5.4.18), we obtain

P
D3 (t)|

/Q u(@, ) ,t) < C | (pa(@) (a(t)) 7

Qr

v o (@1(2) 7 (02() 777 |Appr (2) Ditpepa(t) [

rcf (01(2) 7 (22(1)) 77 [Vipn (2) [ | Digripa (1) (5.4.20)

At this stage, we introduce the scaled variables : 7 = T~'t and £ = (T')~'x; using formulas (5.2.20)
and (5.2.22) in the right hand-side of (5.4.20), we obtain :

/ u(z, )P 3z, 1) < C T, (5.4.21)
Qp
where 6 ;== (2+a)p—1— N, C = C(|Q], |Qs]), (|92 stands for the measure of €;, for i = 2, 3),

with
Q={CeRY; |¢|<2} |, Q:={r>0; r<1}.

Passing to the limit in (5.4.21), as T" goes to oo, and taking into account the fact that p < px
(<= ¢ > 0), we conclude that

T
lim / / |u(z, t)|? @(x,t)dxdt = 0.
0 Jal<or

T—o0

Using the dominated convergence theorem, we infer that

/ |u(z,t)|P dzdt =0 — u=0 for all ¢t and a.e. .

This Contradicts with [y uo > 0.
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e The case p = p* : In this case, we take (z,t) = (¢1(x)) @o(t) with @y (z) := ® (|z|/B~'T),
@a(t) == (1 —t/T)"] , instead of the one used in the last case, where £,7 > 1 and 1 < B < T large
enough such that when T" — oo, we don’t have B — oo in the same time. Here ® is the same

function used above.
So, by repeating the same computations as in the case p < p*, we obtain

/EB ul?¢ + T /QB (p1(2) uo(z) + C T /QB (1(2)) i (2)
< C’/EB |ul 61/13%0 1/p (901(x))£ ‘Dtgl;aw (t ))

e /A ] GGV (01(2))' ™ |Anipr(2) Dipepa(t)]
B

e /A ] GG (0 (2)) 2 [Vior (2)? [ Diirepa(®)]

where

Sy = [0,7] x Qg = [0,7] x {z € RY ; |a] < 2B}, / :/ da dt, / :/ da
paPS Yp Qp Qp

and

Ap:=1[0,T|x{zeRY ; B'T' <|z| <2B7'T}, / :/ dz dt.
Ap Ag
Moreover, using the Young inequality

1 1 = - ~ -
ab < —a? + = b? where pp=p+p, p>1,p>1, a>0,b>0, (5.4.23)
p p

with

{ a=lul @
b= 5 (o) | D2 ),

in the first integral of the right hand side of (5.4.22), and using Hoélder’s inequality

1/p N\ /P
/ ab < (/ ap> </ bp> , p>1L,p>1, a>0,b>0,
Ap Ap Ap

with

a=|ul ¢
{ b= 5 (@) [Aror(x) Dientt)

in the second integral of the right hand side of (5.4.22) and with

a=lul ¢
{ b= tr (sﬁl(w))Z*Q!Vsol(w)\Q‘DﬁTst(t) :
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in the third integral of the right hand side of (5.4.22), and taking account of (5.4.17), we obtain

/E ju(z, )P Bz, )
D2 pq(t)

<c / (1(2))’ (2(8)) 77 [ D2

we(f ) () @) T (a0 |Ax301(x)Df|‘T902(t)|ﬁ) v
« </AB [uf S5) ; (/AB (91(2)) 7 (02(8) 777 [Vipu () | Difppa () > l/ﬁ.(5.4.24)

Taking account of the scaled variables : 7 = T, € = (T/B) ™' z, the formulas (5.2.20), (5.2.22)
and the fact that p = p*, we get

p

1/p
/ lu(z,t)|P p(z,t) < C BN + C B> % (/ lu(z, )P cﬁ(m,t)) . (5.4.25)
XB Ap
Now, from (5.4.21) and the fact that (p = px <= § = 0), we have the following implication

T [ fu(e )P G < ¢ = [ Ju@nP <
- Z:B ro

and so

T 1/p
lim (/ |u|P > (hm / / lulP @ — lim / / |ul|? @) = 0.
T—oo \Jap T—oo |z|<2B-1T T—oo |z|<B-1T

Thus, passing to the limit in (5.4.25), as T — oo, we get
o0
/ lu(z,t)[Pdedt < C BV,
0o JrM

Then, taking the limit when B goes to infinity, we obtain u = 0 for all ¢ and for almost everywhere
x; contradiction with the fact that f[R ~ Ug > 0.

e The case p < (1/7) : We repeat the same argument as in the case p < p* by choosing the
following function @(z,t) = (p1(z))" pa(t) where () = @ (|z|/R) , pa(t) = (1 — t/T)}, t,n>1
and R € (0,7T) large enough such that when T' — oo we don’t have R — oo in the same time,

with the same function ® as above. We then obtain

WP+ o1 / (1(2) uolz) + C T / (1) s (2)

Cr

< C/ |u| ~1/p6 1/19( ‘Di;aSOQ( )}
Cr

+C [ ful @Y7 (p1(2) 7 |Aspr(z) Dijra(t)]
Cr
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+C [l @ @) V@) Direa(d)]. (5.4.26)
where

Cr=1[0,T] x C:=[0,T] x {w € RY ; |o| < 2R}, / :/ drdt /:/dx'
CT CT ¢ C

Now, by Young’s inequality (5.4.19), with the same a and b as above and using (5.4.17), we get

D
D3 ea(t)|

WPE < C / (01(2))" (pa()) 77

CT CT

e /C (01(2)7 (2(8)) 77 | Auipr () Difpepa(d)|”

* C/C (1 (@) (2(8) 77T [Veor (2)]* | Difrepa ()]
T
Then, the new variables £ = R™'x, 7 = T~'t and formulas (5.2.20) and (5.2.22) allow us to obtain
lu(x, t)|P §(x,t) < C TP RN 4 ¢ TP RN=2,
Cr

Taking the limit as T" — oo, we infer, as p < %y (<= 1—ap<0), that
/ /|“(33ﬂf)|p (p1(x)) dedt =0.
o Jc
Finally, by taking R — oo, we get a contradiction. 0]
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