N
N

N

HAL

open science

Interacting particle systems: stochastic order,
attractiveness and random walks on small world graphs.

Davide Borrello

» To cite this version:

Davide Borrello. Interacting particle systems: stochastic order, attractiveness and random walks on

small world graphs.. Mathematics [math]. Université de Rouen, 2009. English. NNT:

00444577

HAL I1d: tel-00444577
https://theses.hal.science/tel-00444577
Submitted on 6 Jan 2010

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://theses.hal.science/tel-00444577
https://hal.archives-ouvertes.fr

= DEGLI STUI

FA

b |

2 N7 =
ERVRE
D % i
2 A E UNIVERSTE DE ROUEN
BIGOCCA

Scuola di Dottorato di Scienze Ecole Doctorale Sciences Physiques
et Mathématiques
Dipartimento di Matematica e Applicazioni Laboratoire de Mathématiques Raphaél Salem

INTERACTING PARTICLE SYSTEMS:
STOCHASTIC ORDER, ATTRACTIVENESS
AND
RANDOM WALKS ON
SMALL WORLD GRAPHS

Ph.D. Thesis

Candidate:  Davide Borrello

Supervisors: Daniela Bertacchi, Italy
Ellen Saada, France






Ringraziamenti & Remerciements

Molte persone mi hanno aiutato e mi sono state vicine in questi tre anni.

Ringrazio la mia relatrice di tesi Daniela Bertacchi per avermi seguito durante tutto il mio
percorso, per tutto quello che mi ha insegnato e per I'attenzione e 'interesse dimostratomi
dal punto di vista professionale e umano.

Grazie anche a Fabio Zucca, per la sempre massima disponibilita e la piacevole presenza
che ha accompagnato diverse missioni.

Il dipartimento di Matematica e applicazioni dell’Universita di Milano Bicocca ha sempre
messo a disposizione tutto quello di cui ho avuto bisogno per svolgere al meglio il mio
lavoro: ringrazio il direttore del dipartimento Franco Magri; i responsabili amministrativi
e informatici, Giusy Cogliandro, Iside Marconi, Maria Teresa Mazzitelli, Ada Osmetti,
Amedeo Paolillo e tutti i membri. Un ringraziamento particolare al coordinatore del corso
di dottorato Gianmario Tessitore, per i molti e utili consigli all’inizio e durante il mio
percorso.

Grazie ai miei compagni d’ufficio, Franci, Hugo e Francesca, per le tante discussioni, i
dubbi, i consigli, i problemi e le gioie che abbiamo potuto e voluto condividere.

Voglio ricordare inoltre tutti i ragazzi la cui presenza ha allietato tante giornate: Cri,
Marco M., Laura, Benedetta, Roberto, Marco P., Tommaso.

Je désire remercier ma directrice de these Ellen Saada, qui m’a donné 'opportunité de faire
le doctorat en co-tutelle et de qui j’ai beaucoup appris, pour la disponibilité, les longues
discussions toujours utiles et pour I'attention vers moi et vers mon futur.

Je remercie le rapporteur Rinaldo Schinazi, pour les indications qu’il m’a données et qui
nous ont permis d’améliorer le travail.

Je remercie beaucoup Mustapha Mourragui qui m’a aidé quand je suis arrivé & Rouen et
qui a été présent a la soutenance de ma these.

Le Laboratoire de Mathématiques Raphaél Salem m’a accueilli trés chaleureusement: je
remercie le directeur Thierry de la Rue, le secrétariat, Edwige Auvray et Marguerite
Losada, le responsable des moyens informatiques Gérard Grancher, la bibliothécaire Is-
abelle Lamitte et les autres membres.
Je remercie également tous mes collégues doctorants: Jean-Charles, Vincent, Olivier D.,
Nadira, Olivier B., Saturnin, Editha.

Un grazie sincero alla mia famiglia per la fiducia e la liberta che mi ¢ sempre stata data.

Grazie agli amici di sempre, sui quali nonostante tutto so che potro sempre contare: Piro,
Pippo, Dario, Laura, Elena, Gabri, Laura, Casi.

E un grazie di cuore a Federica, per la presenza, il sostegno continuo, la pazienza e il
supporto che ogni giorno mi hanno aiutato a proseguire nel mio lavoro, e per tutto il resto,
quello che anche in una tesi intera non saprei mai spiegare.






The main subject of the thesis is concerned with interacting particle systems, which are
classes of spatio-temporal stochastic processes describing the evolution of particles in in-
teraction with each other.

The particles move on a finite or infinite discrete space and on each element of this space
the state of the configuration is integer valued. Configurations of particles evolve in contin-
uous time according to a Markov process. Here the space is either the infinite deterministic
d-dimensional lattice or a random graph given by the finite d-dimensional torus with ran-
dom matchings.

In Part I we investigate the stochastic order in a particle system with multiple births,
deaths and jumps on the d-dimensional lattice: stochastic order is a key tool to under-
stand the ergodic properties of a system. We give applications on biological models of
spread of epidemics and metapopulation dynamics systems.

In Part II we analyse the coalescing random walk in a class of finite random graphs
modeling social networks, the small world graphs. We derive the law of the meeting time
of two random walks on small world graphs and we use this result to understand the role
of random connections in meeting time of random walks and to investigate the behavior
of coalescing random walks.
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Chapter 1

Introduction

1.1 Introduction (francais)

1.1.1 Systemes de particules en interaction

Les systemes de particules en interaction sont des processus de Markov (n:)i>0 avec
n S — X, ol S est un ensemble de sites et X est un ensemble dénombrable d’états
possibles sur chaque site. Nous nous concentrons sur le cas S = Z% et X C N. Pour tout
x € S, soit (X, py, X,) un espace métrique séparable complet, ol p, est une métrique sur
X et X, est la tribu engendrée (par les ouverts de la topologie engendrée) par p,. Soit
Q = X° Uespace d’états du systéme de particules et X = [I.cs &z la tribu produit sur
Q. La valeur n(z) est I'état du site z € S a 'instant ¢ > 0 et 7, est la configuration du
systeme a linstant ¢ > 0. Ces processus de Markov décrivent 1’évolution d’un systeme de
particules sur S en interaction les unes avec les autres, et ils sont utilisés pour modéliser
des phénomenes d’épidémies, de dynamiques des populations ou des processus chimiques.

La premiere question est l’existence de tels processus. L’évolution temporelle de ces
systemes est décrite par des taux de transitions. Ces taux décrivent comment un processus
passe d'un état a un autre. Pour n € Q et £ € Q, ¢(n,&) est le taux de transition de la
configuration 7 a la configuration &, c’est-a-dire

n =
iy 270 =€)
h—0 h

= c(n,§)

ou P dénote la loi du processus partant de n. Le générateur infinitésimal L est un
opérateur déterminé a priori par ses valeurs sur I’ensemble des fonctions f sur  qui ne
dépendent que d’un nombre fini de coordonnées, défini par

Lfm) =Y cm,OIFE) — f).

£eQ

Afin d’assurer que £ est un opérateur bien défini, nous travaillons avec des interactions
locales: on supposera qu’il existe K tel que au plus [ < K sites changent d’état a chaque
instant ¢ et que les taux de transition dépendent uniquement de I’état d’un nombre fini de
sites voisins. Nous supposons aussi ¢(n, £) invariant par translation, c’est-a-dire

C(na E) = C(Um"?a 015)

pour tous z € S, ou (0;n)(z) = n(z + z) pour z € S.
Si X = {0,1,...,N} est fini, l'existence et l'unicité du processus ont été démontrées
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par Liggett [33] sous des conditions générales; une construction graphique alternative
a été démontrée par Harris [29] et reformulée par Durrett [22]. Si X est un ensemble
dénombrable fini ou infini, des conditions suffisantes d’existence et d’unicité sont données
par Chen [12, Chapitre 13].
En ce cas le processus a un espace d’états plus petit g C 2. Nous posons g = Q si X
est fini. Plus précisément, étant donnée une suite (k;),czq telle que Y 74k, < 0o, nous
définissons

Qo={ne: Z pz(0,1(z))ky; < oo} (1.1)

xcZ4

Pour n € Qq, soit E" l'espérance correspondant & P". Pour f € C(€y), 'ensemble des
fonctions continues sur €y, nous définissons

T(t)f(n) = E"f(m)-

Pour chaque probabilité p sur (o, X), uT'(t), la probabilité sur (29, X') définie par

/ FlduT (1) = / (T(t) ]

pour tous f € C(€p) (voir [33, Chapitre I]), est la loi & I'instant ¢ du processus de distri-
bution initiale p.

Une des questions principales concernant un systeme de particules en interaction est
I'existence d’une mesure invariante non triviale, soit une mesure y telle que P,(n, € A) =
p(A) pour tous t > 0, A € X, ot P, est la loi du processus de distribution initiale ;. Le
terme triviale signifie que la mesure est concentrée sur un état absorbant, s’il en existe un.
Soit Z I’ensemble de toutes les mesures invariantes du processus. Celui-ci est ergodique s’il
y a une unique mesure invariante et si le processus converge vers cette mesure pour toute
distribution initiale (voir [33, Définition 1.9]).

Afin d’étudier 'ergodicité d’un systéme, on peut le comparer avec d’autres processus

de comportements mieux connus. Le couplage est une technique qui consiste, a partir de
différents processus (1:)i>0 et (&)i>0 , & construire un processus couplé (n:, & )i>0, qui est
un processus de Markov avec espace d’états €2y x )y, tel que chaque marginale est une
copie du processus original.
Un outil fondamental pour les systémes de particules en interaction est 1’attractivité, une
propriété concernant la distribution au temps ¢ de deux processus avec le méme générateur
partant de distributions initiales différentes (voir la Section 2.1). L’attractivité correspond
a l'existence d’'un processus de Markov couplé (&, m¢)¢>0 tel que si &o(z) < mo(x) (pour
tout = € Z%) alors, pour tout ¢ > 0, & () < n(x) presque siirement.

Dans les applications biologiques, une particule représente un individu d’une espece sur
un site x et la configuration identiquement égale & 0 (notée 0) correspond a l’extinction
de l'espece; c’est souvent un état absorbant: un probleme important dans ce cadre est de
trouver des conditions sur les taux qui induisent soit une mesure invariante non triviale,
c’est-a-dire la survie de I'espece pour tous t > 0, soit 'ergodicité, c’est-a dire I'extinction
presque siire.

Il est donc utile de comprendre quand la population d’un systéme est toujours supérieure
(ou inférieure) au nombre d’individus d’une autre. Le résultat principal de la premiere
partie, le Théoreme 1.4 introduit dans la Section 1.1.3, donne des conditions nécessaires et
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suffisantes sur les taux de transition de deux systémes qui garantissent que sur chaque site
le nombre de particules d’un systéme est toujours plus grand que le nombre de particules
de l'autre.

Pour une large classe de systemes de particules en interaction nous obtenons des condi-
tions nécessaires et suffisantes sur les taux qui assurent 'attractivité comme corollaire du
Théoreme 1.4. L’attractivité est un instrument essentiel pour déterminer ’ensemble des
probabilités invariantes. Soivent ¥ et v les distributions limites respectives (quand ¢ tend
vers l'infini) du processus partant de la plus grande configuration initiale et de la plus pe-
tite, si 'espace d’états est compact; si le processus est attractif et 7 = v, alors le systeme
est ergodique: c’est 1'idée principale du critére d’ergodicité expliqué dans la Section 1.1.2.
Nous utilisons cette technique pour améliorer les conditions d’ergodicité pour un modele
d’épidémie déja bien étudié (voir la Section 1.1.3).

Dans la Section 1.1.2, nous expliquons la technique de comparaison avec la percolation
orientée. Dans la derniére section de la premiere partie de la these nous étudions plusieurs
modeles de dynamiques des populations, et nous utilisons les arguments de comparaison
pour démontrer ’existence de mesures invariantes non triviales.

Cette introduction est organisée comme suit. La Section 1.1.2 décrit les principales
techniques que nous utilisons, a savoir une breve définition du couplage, le critere d’ergo-
dicité et la comparaison avec la percolation orientée. Dans la Section 1.1.3 nous donnons les
conditions nécessaires et suffisantes qui garantissent 1’ordre stochastique et I'attractivité.
Les Sections 1.1.4 et 1.1.5 contiennent des applications a l'ergodicité et a ’existence de
mesures invariantes non triviales dans des modeles biologiques.

1.1.2 Techniques
Couplage

Cette technique trés puissante est utilisée dans de nombreux domaines de la théorie des
probabilités.

Etant donnés deux systémes de particules en interaction (n:)¢>0 et (&)i>0, respectivement
sur (Q,X1,Pq) et (Q, A, P2), de générateurs L et Lo, le processus couplé (ng,&)i>0 est
un processus de Markov sur (2 x Q, X} x A», IF)) de générateur L tel que chaque marginale
est une copie du processus original. En d’autres termes, pour tous A € X, B € Xy,

B((m,&) € (Ax Q) =Pi(ns € A)

B((m.&) € (@ x B)) =Pa(& € B)

ot P est une mesure de probabilité couplée. N
Une définition équivalente est donnée a partir du générateur infinitésimal £: pour tous
Aec X et Be Xy,

Llaxa(n,€) = L11a(n)
Llgwp(n,€) = L215(8).

Il y a plusieurs manieres de construire un processus couplé: nous présentons brievement
trois des couplages principaux utilisés.
Couplage indépendant

L f(,€) = [L1f (- O)](m) + [L2f (0, )](€)
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les deux processus se déplacent de maniere indépendante via des taux non couplés.
Couplage classique
Supposons L1 = Ly, on note g(n) = f(n,1) et A ={(1,§) € Q*:n=¢}.

ch(ﬁ, 5) = ]IAC (77’ g)EZf(na 5) + ]lA(n’ 5)519(77)

les processus se déplacent de maniere indépendante jusqu’a ce qu’ils se rencontrent, et
apres ils se déplacent ensemble.

Couplage de base

Pour 7, £ dans Q, soit I(n,&) = {¢ € Q:n+( € Qo, £+ € Lo} ot n+( est la configuration
définie par (n + ¢)(z) = n(x) + {(x) pour tous x € S

L&) = Y leamn+Q) Aeal&E+ ONfn+ ¢ €+ Q) — F(0,€))

Cel(n,€)

+ > famn+Q) -+ O (fn+¢.8 - f(n,9)
¢cel(n,g)

+ > e+ —al@E+ O (fn g+ = f(n.9)
Cel(n,8)

en ce cas les processus se déplacent ensemble autant que possible.

Comparaison avec la percolation orientée

Nous reprenons la présentation faite dans [22] du théoréme de comparaison afin de prouver
I’existence de mesures invariantes non triviales pour des systemes de particules d’espace
d’états non compact ). L’idée consiste a renormaliser le processus en espace et en temps,
et a faire une comparaison avec un modele de percolation orientée. Soit

N ={(z,n) € Z* : & +n is even,n > 0}.

Pour tout (z,n) € Z?, on place une aréte orientée de (z,n) vers (x + 1,n + 1) et de (z,n)
vers (x — 1,n —1). Soit w(z,n) une variable aléatoire qui indique si le site est ouvert (1)
ou fermé (0). On dit qu’un site (y,n) peut étre atteint & partir de (x,m) et on écrit

(z,m) — (y,n)
s’il existe une suite de points z,, = x,...,z, =y tels que |zx —zx_1| = 1l pourm < k <n
et w(xg, k) =1 pour m < k < n, c’est-a-dire une trajectoire de sites ouverts.

Nous disons que les w(x, n) sont M-dépendants de densité 1—+, si pour toute suite (z;,n;),
1 < <1 telle que ||(z4,ni) — j,n)||0c > M, pour i # j

P(w(z;,n;) =0for 1 <i<T) <Al
On se donne une condition initiale Wy C 2Z = {z € Z : (2,0) € N} et on définit le
processus de percolation orientée par
W,={y€Z: (x,0) = (y,n) pour un x € Wy}

autrement dit W, est 'ensemble des sites ouverts au temps n. Dans le cas on W = {0},
nous notons

Co ={(y,n) e N :(0,0) — (y,n)}

Iensemble des sites qui peuvent étre atteints par un chemin & partir de (0,0). Lorsque
P(|Cy| = ) > 0 on dit que la percolation se réalise. Le résultat suivant indique que, si
la densité de sites ouverts est assez grande, il y a percolation:
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Théoréme 1.1 [22, Théoréme 4.1] Siy < 674@m+D? " glors

P(|Co| < o0) < 1/20.

Afin de prouver 'existence d’une mesure invariante non triviale, on a besoin de montrer
que, si on part d’une “bonne configuration”, on peut obtenir une densité positive de sites
ouverts. Soit W une configuration initiale définie par: les sites de {z € 2Z,x € W[}, sont
ouverts indépendamment avec probabilité p. Alors

Théoréme 1.2 [22, Théoréme 4.2] Sip >0 et v < 674CEM+D*  glorg

liminf P(0 € W5 ) > 19/20.

n—oo

La relation entre le systeme de particules et le modele de percolation est donnée par le
théoreme de comparaison suivant. L’idée est de partitionner l’espace-temps en boites
spatio-temporelles et d’associer a chaque boite un bon événement Gy, ,, (m,n) € N.
Chaque fois que I’éveénement est réalisé on place une aréte orientée du site (m,n) vers les
sites (m+1,n+1) et (m—1,n+1).

Soit (1¢)¢>0 un processus invariant par translation et & portée finie construit a partir d’une
représentation graphique tel que n, : S — X = {0,1,...,N}. On fixe T > 0, L, ko et
Jjo des entiers positifs et M = max{kg, jo}. Pour (m,n) € N, nous définissons la boite
spatio-temporelle

R = (2mLey,nT) + {[—koL, koL]* x [0, joT]},

ou e; = (1,0,...,0).

Soit H un ensemble de configurations déterminé par les valeurs de ¢ sur [—L, L]¢. On dira
que (m,n) est occupé si N € Tompe, H.

Condition de comparaison. On suppose que pour tout (m,n) € N, il existe un
évenement G, n ne dépendant que de l’état du systeme dans la boite Ry, n, tel que
P(Gmpn) > 1 — 7 et tel que si (m,n) est occupé alors sur l'événement Gy, les sites
(m+1,n+1) et (m—1,n+1) sont aussi occupés, i.e.

N+ )T € O2(mi1)Ler H € Nnin)T € To(m—1)Les H-

Soit X,, = {m : (m,n) € N,nur) € 02mre, H} 'ensemble des sites occupés au niveau n.
La relation finale entre le systéme de particules et le modele de percolation est donnée par

Théoréme 1.3 [22, Théoréme 4.3] Si la condition de comparaison est satisfaite, alors
on peut trouver des variables aléatoires w(xz,n) telles que pour tout n > 0, X,, domine
l’ensemble des sites occupés W, d’un modéle de percolation orientée M -dépendant de den-
sité 1 — v, de configuration initiale Wy = X, i.e. X,, C Wy, pour tout n > 0.

Soit (1¢)r>0 un processus attractif de taux de transition invariants par translation. Soit
H = {¢:¢&@x) = 1pourunz € [~L,L]%}, et on suppose la condition de comparaison
vérifiée. Soit une configuration initiale 7o telle que 7o(y) = 1y,—) (y) pour un = € 7%, par
invariance par translation nous pouvons supposer x = 0. Par les Théoremes 1.3 et 1.1, si
« est suffisamment petit et ¢, est la mesure de Dirac concentrée sur n € €2,

litm inf 6,,T(t){n : n(z) > 0 pour un z € Zd} > P(|Co| = o0) >0 (1.2)
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c’est-a-dire l'existence d’un chemin infini de sites ouverts dans la percolation orientée
implique l'existence d’un chemin infini d’individus dans le systéme de particules.
Afin de construire une mesure invariante non triviale, on suppose 7n9(z) = N pour tout
x € Z%. Par I'attractivité

lim 6,,7'(t) =

t—o00

qui est une measure invariante.

Si la condition de comparaison est vérifiée, par le Théoreme 1.3, X,, domine un processus
de percolation orientée W2 tel que un site * € 27 est ouvert a I'instant 0 s’il existe
Yy € & + oomre, H tel que no(y) > 1. Puisque 19(z) = N pour tout z € Z¢, dans la
configuration initiale W] tous les sites sont ouverts, c’est-a-dire p = 1. Par le Théoréme
1.2

v{n:n(x) > 0 pour x € 2mLe;y + [~ L, L]*} >liminf §,,T(n){(m,n) est occupé}
>liminf P(0 € W) > 0 (1.3)

n—oo

ce qui implique que v se concentre sur des configurations avec une infinité d’individus.

Critere d’ergodicité

Cette technique donne des conditions suffisantes sur les taux de transition pour I'ergodicité
d’un processus attractif et invariant par translation. Elle a été utilisée par plusieurs auteurs
(voir [12], [13], [35]) pour des processus de réaction-diffusion.
Soit (7;)¢>0 un systeme attractif tel que 7, : Z¢ — X = {0,1,..., N} C N, et pour chaque
x € S soit F, : X x X — R une métrique sur X. Nous supposons que F} ne dépend pas de
z, c’est-d-dire F, = F pour tout = € Z%. Nous introduisons un ordre partiel sur = Xz,
Briévement, étant données deux configurations n € Q et £ € Q, n < ¢ si n(z) < (z) pour
tout x € Q (voir la Section 2.1 pour plus de détails).
La métrique sur X induit une métrique sur Q. A savoir, pour tous 7 et £ dans €2, nous
définissons

= Y E(n(@),{(x))a(x) (1.4)

xC€Z4

ot {a(z)},eza est une suite telle que a(x) € R, a(z) > 0 pour tout = € Z4 et

Z a(r) < oco. (1.5)

zeZd

Si X = N (c’est-a-dire “N = o0”), le processus doit étre construit sur un espace d’états
plus petit (voir [13])

Qo={ne: Z x) < 00}

x€Z4

Etant données deux probabilités 1 et pg sur (©, X), nous définissons la 1-distance de
Kantorovich

W (p1, p2) = i%f { /pa(n,£)15(dn, d&)}

ou P est dans I'ensemble de toutes les probabilités de couplage de marginales py et .
Soit P une probabilité de couplage sur (2 x Q, X} x Xs) et E l'espérance par rapport a P.
On note E™ = {n € Z% : n(z) = n pour tout = € Z%}, n € X. Soit n} le processus tel que
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776C € E*, k € X. L’attractivité et l'invariance par translation impliquent l'existence de
deux mesures invariantes 7 et v tels que

lim 0,~nT'(t) = v; lim 6,07 (t) = v.

t—o00

Encore par attractivité, si nJ < & < név on obtient
lim nf(z) < lim &(z) < lim 7 (x)
t—o0 t—o00 t—o0

pour tout z € Z¢, Pa.s. Si N = 0o une étape supplémentaire consiste a prouver I’existence
de lim,,_,c 0" pour tous t > 0. Enfin, si on démontre que 7 = v l'ergodicité suit.

L’idée principale consiste a choisir une bonne “métrique” F' sur X, a évaluer la distance
entre 1 et 1Y & chaque instant ¢ > 0 et & chercher des conditions sur les taux telles que
I’éspérance de la distance entre n* et 7 converge vers zéro uniformément par rapport &
x € S sit tend vers l'infini. Si on démontre que

E( Jim F(rf(2),n (2))) =0 (1.6)
uniformément par rapport & x € S, alors

W (v, ) <E( lim pa(nfn)) = E( lim > F(nf (@), n (2)a(x))
zeZs

< Z a(az)fE(tlim sup F(n?(x),niv(:c))) = (1.7)

00 d
zeZd TEZ

et lergodicité suit.
Nous allons utiliser les propriétés du générateur et le Lemme du Gronwall (voir la Section
3.1.1) pour prouver que s’il existe une métrique F et € > 0 tels que pour tout x € Z¢

E(LF(f @), (2))) < —eE(F(nf (2),nf" (@) (1.8)

alors (1.6) est vérifiée.
Dans [13, Théoréme 14.10] 'auteur utilise la métrique

F(k,) =Y uj— > uj|, klecX=N

j<k i<l
ou {ug}ren est une suite de réels positifs et on pose 20§j<0 uj = 0. La métrique

lk—1]—1

F(k,)=Tgzy > u; kleX=N (1.9)
j=0

a été utilisée dans [35] si 1 > uj; > v > 0 et dans [12] si 1 > u; > 0 pour obtenir des
conditions suffisantes d’ergodicité pour les processus de réaction diffusion.

Comme nous travaillons avec deux copies du méme processus, nous pouvons les cou-
pler et évaluer (1.8) par des couplages différents afin d’obtenir des conditions d’ergodicité
différentes: dans [12] 'auteur utilise plusieurs couplages et il donne le meilleur (par rapport
a un critére donné) pour 'ergodicité dans une classe de processus de réaction diffusion.
Si v # 6y, comme dans de nombreux processus de réaction-diffusion, on peut travailler
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avec des couplages différents (voir [12]); sinon 7 = 7 pour tout ¢ > 0 et on utilise le
couplage indépendant.

Apres avoir choisi une métrique (et un couplage), nous évaluons IE(EF (nf (x), i ())) et
nous cherchons des conditions sur les taux de transition qui assurent l'existence de {u;};cx
qui satisfait (1.8). Finalement, le probleme se réduit a l'existence d’une suite de réels qui
satisfont une condition sur les taux de transition, appelée u-critere.

1.1.3 Théoreme de comparaison et attractivité

Le résultat principal est un théoréme de comparaison entre différents systemes de partic-
ules en interaction, qui nous donne des conditions nécessaires et suffisantes d’attractivité
comme corollaire. Grosso modo, on dit quun processus est stochastiqguement plus grand
qu’un autre si nous pouvons coupler les deux processus de maniere a ce que le plus grand au
temps 0 reste toujours le plus grand, voir la Section 2.2 pour une définition plus rigoureuse:
nous donnons des conditions nécessaires et suffisantes sur les taux de transition d’un pro-
cessus qui garantissent qu’'un systéme est stochastiquement plus grand (ou plus petit)
qu’un autre.

On considere des systémes avec des naissances, des morts et des sauts de plus d’une
particule a la fois qui dépendent de la configuration de maniere tres générale. Soit X C N,
I'espace d’états du processus (1;)¢>0 est @ = X 2 Le générateur infinitésimal £ est donné,
pour une fonction locale f (c’est-a-dire une fonction qui ne dépend que d’un nombre fini
de coordonnées) par

crm =3 > el p) S (TE 5 (f(Seh*n) = Fn)+

+ (RS, + PE)(F(SEm) = Fm) + (R + PMY(F(ST ) — f))) - (1.10)
ou Xi’% est l'indicateur des configurations de valeurs («, ) sur (z,y), c’est-a-dire

1 sin(z)=aetn(y) =4
x’y —_
Xaﬂ(n) o { 0 autrement.

S, g’k, S;j et S k ot k > 0, sont des opérateurs locaux exécutant les transformations
chaque fois que c’est possible,

nx)—k siz=zetnz)—keXnly +keX

(Somkm)(z) =< ny)+k siz=yetnx)—keXny) +keX (1.11)
n(z) autrement

(Syn)(z) = { ZEZ; Tk asliltier:n é/nit n(y) +keX (1.12)

s = {0 E S e 139

et p(x,y) est une probabilité symétrique et invariante par translation sur Z¢.
Etant donnée une configuration n € €2, les taux de transition ont la signification suivante:
sur chaque site z nous pouvons avoir une naissance (une mort) de k individus qui dépend
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de T'état de la configuration sur le méme site n(z) avec taux P:(m) et qui dépend aussi

de I'état sur les autres sites y # x avec taux Rg’(];) n(z) p(y,x). Cela représente une regle

d’interaction différente entre individus de la méme population et individus de populations
différentes. De plus nous pouvons avoir un saut de k particules de y a x avec taux
I’Ig(y) n(w)p(y,x), qui représente la migration d'un groupe de particules (voir la Section
2.2). On note Hg‘f@ = Rg’,% + Pg pour tous (o, 3) € X2. N

Notons par S et S deux systemes de générateurs respectifs £ et £ et de taux {II” 5 r, 5}
et {IL;, T},

Théoreéme 1.4 (Théoréme 2.15, Section 2.2) Un S systéme de particules (n)i>o est

stochastiquement plus grand qu’un S systéme de particules (&)i>0 si et seulement si pour
tous (a, ), (7,0) € X? x X? avec (o, ) < (v, 9),

SoomE+ Y Th <>+ (1.14)

k>0—p0+11 kel, >0 el
~—k,0 T~k -1,0 l
DI Y TE> Y WY T, (1.15)
k>ky kely I>y—a+k1 lel.

pour tous choix de K, I,, I, I., I qui dépendent de K, ou I,, I, I. et I; sont des
ensembles d’indices donnés par la Définition 2.14.

En d’autres termes, nous obtenons des conditions sur les taux de transition qui car-
actérisent l'ordre stochastique dans la classe des systemes avec lesquels nous travail-
lons. Si & = &S I'énoncé du Théoreéme 1.4 donne les conditions nécessaires et suffisantes
d’attractivité.

L’analyse des systéemes de particules en interaction a commencé avec les Systéemes de
Spins, qui sont des processus d’espace d’états {0,1}2°. Nous nous référons a [33] et [34]
pour la construction et les résultats principaux. Les exemples les plus célebres sont le
modele d’Ising, le processus de contact et le modele du votant. Ces processus ont été
largement étudiés, en particulier leur attractivité (voir [33, Chapitre III, Section II].

De nombreux autres modeles avec plus d’1 particule par site ont été étudiés. Les proces-
sus de réaction-diffusion, par exemple, sont des processus d’espace d’états NZ* (donc non-
compact), utilisés pour modéliser des réactions chimiques. Nous référons a [12, Chapitre
15] pour une introduction générale et pour la construction de ces processus. Schinazi a
analysé un grand nombre de modeles pour des applications biologiques (de [39] a [44])
sur X Zd, ou X = {0,1,... N}. Dans ces processus de réaction-diffusion et modeles bi-
ologiques, seulement des naissances, morts ou sauts d’au plus une particule a la fois sont
permis: dans ce cas on obtient une caractérisation de I'ordre partiel et de ’attractivité de
les systéemes comme corollaire de notre résultat principal, voir la Section 2.3.5.

Mais parfois, le modele nécessite des naissances, des morts ou des sauts de plus d’une par-
ticule a la fois. C’est le cas de certains systémes biologiques d’extinction de masse ([41],
[43] ou processus de contact “multitype” ([23], [22], [36]). Une compréhension partielle
des propriétés d’attractivité se trouve dans [48] pour le processus de contact multitype.
Dans [27, Theorem 2.21] les auteurs ont trouvé des conditions nécessaires et suffisantes
d’attractivité pour un systeme de particules conservatif avec des sauts multiples sur NZ7
en d’autres termes ils travaillent avec un systéme avec des sauts de plus de 1 particule,
mais des naissances ou des morts ne sont pas possibles.
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Les modeles biologiques sont souvent tres compliqués: de nombreux modeles de dy-

namiques des populations sont réglés par des naissances, des morts et des migrations de
plus d’un individu & la fois (voir [28]).
Afin de comprendre les propriétés ergodiques d’un systeme, il est parfois utile de le com-
parer avec un autre systeme plus facile a étudier: donc une analyse de ’ordre stochastique
et de attractivité qui comprend tous ces systemes peut étre utile. Le Théoreme 1.4 donne
les conditions nécessaires et suffisantes pour comparer des systemes différents.

Dans la Section 2.1, nous rappelons quelques définitions classiques et propositions bien
connues dont on aura besoin dans la suite. Le systéme de particules est introduit avec
plus de détails dans la Section 2.2, ou nous expliquons les résultats principaux et nous
définissons le couplage utilisé pour démontrer le Théoreme 1.4. Une analyse détaillée du
mécanisme du couplage se trouve dans la Section 2.4.3. Dans la Section 2.3, nous ex-
plicitons les conditions sur plusieurs exemples. Finalement, la Section 2.4 est dédiée aux
preuves.

1.1.4 Un résultat d’ergodicité pour un modele d’épidémie

Le systeme de particules en interaction le plus étudié pour modéliser la propagation d’une
maladie contagieuse est le processus de contact, introduit par Harris [30]. Il s’agit d’un
systeme de spins réglé par les transitions

ne(z) =0 — 1 avec taux Znt(y)

y~z

ne(z) =1 — 0 avec taux 1

ou y ~ z est un des 2d voisins du site x (voir [33] et [34] pour une analyse exhaustive de
ce modele).

Afin d’étudier le role des regroupements sociaux dans la propagation d’une épidémie,
Schinazi [40] a introduit une généralisation du processus de contact. Apres, Belhadji [5] a
étudié certaines généralisations du modele. Sur chaque site dans Z? il y a un groupe de
N < oo individus: chaque individu peut étre sain ou infecté. Un groupe est infecté s’il
contient au moins une personne infectée, sinon il est sain. La maladie se déplace d’une
personne infectée a une personne saine avec taux ¢ si elles sont dans le méme groupe. Le
taux d’infection entre groupes différents est différent: 1’épidémie se déplace a partir d’un
individu infecté dans un groupe en y a un individu dans un groupe voisin en x avec le taux
A si x est sain et avec le taux [ si x est infecté.

Plus précisément, nous avons un processus de Markov (1;);>0 tel que n; : Z¢ — {0,1,..., N},
ot 1¢(z) est le nombre d’individus infectés sur le site z € Z? et N est un nombre maximal
fixé d’individus par site. Les transitions sont

m(x) =0—1 au taux )\Zn(y) +7,
Yy~

n(z) =1—i+1 au taux BZn(y)—{—i(;S, i=1,2,...,N—1, (1.16)
Yy~

n(z) =i—i—1 autaux i, i=1,2,...,N.

Puisque chaque individu guérit au taux 1, le processus est appelé modeéle a guérisons
individuelles. Le taux v représente une naissance pure de la maladie: dans le modele
classique a guérisons individuelles, on a v = 0.

Soit A, la valeur critique du processus de contact; Belhadji a prouvé que
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Théoréme 1.5 [5, Théoréme 14/

Pour tous ¢ > 0 et 8> 0, si A > A. une épidémie survient avec probabilité positive. Pour
tous X et (3 tels que B < X\ < 1/2d, il existe ¢.(\,B) € (0,00) tel que si ¢ < Pc(A, 3)
aucune épidémie n’est possible, tandis que si ¢ > ¢.(\, B) une épidemie peut survenir avec
probabilité positive.

Des conditions suffisantes d’ergodicité sont obtenues comme corollaire de [12, Théoreme
14.3]

Théoréme 1.6 [5, Théoréme 15]

Si

1-¢
AVE <=7

aucune épidémie n’est possible pour le processus, quelle que soit la taille N des regroupe-
ments.

En utilisant I'attractivité du modele et le u-critere expliqué dans la Section 1.1.2, nous
améliorons cette condition d’ergodicité. Notons qu’une dépendance en la taille N des
regroupements apparait.

Théoréme 1.7 (Théoréme 3.1.6, Section 3.1) Supposons

1-9¢

)\v6<72d(1_¢N)

(1.17)

avec ¢ < 1 et: soit i) v =0, soit ii) v >0 et §— X <~/(2d).
Alors le systeme est ergodique.

Si N =1et vy =0, le processus est le processus de contact et le résultat est bien connu
(et déja amélioré, voir par exemple [33, Corollaire 4,4, chapitre VI]); comme corollaire, si
N tend vers infini, nous obtenons le résultat d’ergodicité dans le cas non compact.

1.1.5 Dynamiques de métapopulations

Nous utilisons la technique de comparaison avec la percolation orientée pour analyser la
survie ou l'extinction de plusieurs modeles de dynamiques de métapopulations. Un modele
de métapopulations se réfere a de nombreuses populations locales liées par des migrations
dans un environnement fragmenté. Chaque population locale peut augmenter ou dimin-
uer, survivre, s'éteindre ou migrer & partir de son site de maniére trés compliquée (voir
Hanski [28] pour en savoir plus sur les métapopulations).

Il y a plusieurs facteurs qui influencent le taux de croissance d’une population, c¢’est-a-dire
la différence entre le taux de naissance et le taux de mort. L’hypothese classique considére
une croissance dépendante de la densité. Si la taille de la population croit le taux de
naissance et le taux de mort augmentent car il y a un nombre plus grand d’individus qui
peuvent, respectivement, se reproduire et mourir. De plus, les taux peuvent croitre de
manieres différentes. Si le taux de naissance est toujours plus grand que le taux de mort,
la population va grandir indéfiniment. Si le taux de naissance est toujours plus petit, la
population va disparaitre. La situation la plus intéressante est donnée par un taux de
naissance plus petit que le taux de mortalité au-dessus d’une taille particuliere N de la
population, et plus grand au-dessous. D’un point de vue biologique, cela signifie que si la
densité est trop grande les ressources ne sont pas suffisantes pour tous les individus et le
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taux de croissance diminue, puisque le taux de mort augmente. Dans les environnements
réels ce phénomene est progressif, ¢’est-a-dire que le taux de croissance diminue au-dessus
de N si la densité de la population augmente. Dans certaines de nos applications, nous
supposons qu’au-dessus de N le taux de croissance est nul. En ce cas, N est la capacité
du site, c’est-a-dire le nombre maximal d’individus qu’il peut contenir.

Une des stratégies les plus importantes pour augmenter la probabilité de survie d’une
espece est la migration de groupes d’individus. Lorsque la taille de la population est
grande, et donc les ressources sont rares, un ou plusieurs individus quittent leur pop-
ulation pour chercher de nouvelles ressources dans d’autres sites avec des populations
différentes.

Dans certains cas, un autre facteur peut faciliter Pextinction d’une espece: [’effet Allee.
Si une population est soumise a l'effet Allee, si la densité d’individus est petite le taux de
mortalité augmente. La raison est que si la densité est petite certains facteurs comme la
difficulté a trouver des compagnons causent une diminution de la fécondité et une aug-
mentation de la mortalité (voir [2], [15], [47], [45]).

Pour résumer, les dynamiques de populations sont gouvernées par de nombreux parametres.
Nous simplifions la structure réelle et nous traitons 4 modeles de métapopulations d’un
point de vue mathématique.

Le modele mathématique est un systeme de particules en interaction (n)¢>o sur =
XZd, oun X ={0,1,...,N} C Net N désigne la taille commune (capacité) des regroupe-
ments. La valeur de n(z), z € 74 est le nombre d’individus présents dans le groupe sur le
site x a l'instant ¢ > 0. Notons que N = oo dans le Modele TV.

Pour tous z,y € Z%, nous écrivons y ~ x si y est un des 2d voisins du site z. Le générateur
infinitésimal £ du processus est donné (pour une fonction locale f et un élément n € Q)
par

£ =3 { B@) (f(Stn) = fn) + D)) (S5 n(@)) = f(n))

zeX

+ 30D @) n(), k) (F(Sektn) — () } (1.18)

y~xr ke X

ot SF! et S;Z’k sont définis dans (1.11), (1.12) et (1.12 et B(-), D(-) sont des fonctions
positives de X dans R. Les roles de B(n(z)) et D(n(z)) sont respectivement le taux de
naissance et le taux de mort sur z, qui ne dépendent que de la configuration sur le site x.
Nous n’autorisons pas plus d’une naissance ou d’une mort a la fois.

On suppose que B(0) = 0, c’est-a-dire que §y est une mesure invariante.

La fonction J : X3 — R¥ est telle que J(n(z),n(y), k) correspond & une migration (saut)
et elle dépend de la configuration sur x et y. Notons qu’un saut de plus d’une particule
a la fois est possible. Nous appelons émigration de x un saut qui réduit le nombre de
particules sur x et immigration un saut qui 'augmente.

Lorsque X est fini, ce qui est le cas des Modeles I, II et III, nous nous référons a la
construction dans [33]; lorsque X est infini, dans le Modele IV, nous nous référons a [12]
et on exige des conditions supplémentaires sur les taux de transition (voir la Section 3.2.4).
On dit que la survie est possible si

P(|n| > 1 for allt >0) >0 (1.19)

ol |no| est fini et |n| est le nombre d’individus de (n4)i>0 @ Uinstant t.
On dit qu’il y a extinction de I’espece si pout toute configuration initiale finie ou infinie la
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loi du processus tend vers dg.
Modeéle I: le modéle de base.

Dans [43] Schinazi introduit le modele suivant pour analyser le role de 'agrégation
sociale dans 'extinction d’une espece: étant donné N < oo, sur chaque site de Z%, on peut

avoir 0,1,..., N individus. Les taux de transition du processus de Markov (7;):>0 sont
ne(x) — ne(x) + 1 au taux n¢ ()¢ + Ann (2, ne) si 0 <n(z) <N -1,
ne(x) — m(z) — 1 au taux 1 sil <m(x) <N,

ou ny(z,m) est le nombre de voisins y de = tels que n(y) = N. Autrement dit, chaque
individu cause une naissance sur le méme site avec taux ¢ et il meurt avec taux 1. Un
individu sur z cause une naissance d’'un nouvel individu sur un site y ~ x seulement si la
population sur x a atteint la capacité N. Il y a transition de phase sur la capacité N.

Théoréme 1.8 [43, Théoréme 2/

Supposons que d > 2, X\ > 0 et ¢ > 0. Il existe une valeur critique N.(X, ) telle que si
N > N (A, ¢), alors, sile processus a initialement un nombre fini d’individus, la population
a une probabilité strictement positive de survivre.

L’auteur compare ce résultat avec la transition de phase opposée qui apparait quand, au
lieu de la mort d’une seule personne avec taux 1, on consideére la mort de tous les individus
d’un regroupement avec taux 1, qu’il appelle modele en temps catastrophiques. Dans les
temps catastrophiques, voir [43, Théoreme 1], il existe N.(A, ¢) tel que si N > N.(A, ¢) la
population s’éteint.

La conséquence est que ’agrégation spatiale peut étre positive pour la survie d’une espece
en temps non catastrophiques. Dans ce cas, si N est petit, par exemple si N = 1, et
A < Ac (ou A est la valeur critique du processus de contact), 'espéce s’éteint: comme déja
remarqué, cela est cohérent avec 'effet Allee, puisque pour une petite densité la probabilité
de survivre devrait étre plus petite.

Nous voulons étudier le réle des migrations dans la survie d’une espéce, a partir de ce
modele. Nous commencons par un systeme tres proche du modeéle de Schinazi en temps
non catastrophiques: la seule différence est qu’au lieu d’une naissance d’un nouvel indi-
vidu on considére une migration d’un individu sur un site voisin. Il s’agit d’une petite
différence et on peut imaginer que cela ne change pas le comportement du modele, si N
est grand. De toute fagon, si N = 1, de nouvelles naissances ne sont pas possibles et le
processus s’éteint pour tout A: ce n’est certainement pas le cas du modele en temps non
catastrophiques avec N = 1, qui est le processus de contact.

Nous introduisons le Modele I. Nous avons choisi de fixer un taux de naissance 1 et
d’associer deux parametres aux taux de mort et de migration. Etant donnés & et \ des
nombres réels positifs, les taux de transition de naissance et de mort sont, pour tout x € S

() —m() + 1 an tantx 7 () L (o) < )
ne(z) —»m(x) — 1 au taux 0m; () Ljo<p, (2)<N}-
Pour tout z ~ y le taux de migration est
(me(@),m(y)) —(m(x) — Line(y) +1) au taux Ly, =Ny AM (ne(y))

ot M : X — R". Nous supposons M(l) décroissante en [, c’est-a-dire que les individus
essaient de se déplacer vers les sites avec moins individus (et plus de ressources). Nous
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supposons M (N) = 0: une migration de x a y n’est pas possible si n(y) = N.
Le premier résultat correspond au Théoréme 1.8 pour le modele en temps non catastro-
phiques et il est prouvé de maniere similaire.

Théoréme 1.9 (Théoréme 3.1/, Section 3.2.1)

Supposons d > 2, A > 0 et § < 1. Il existe une valeur critique N.(\,0) telle que si
N > N.(X,0), alors, a partir de ng € Q tel que |no| > 1 l’espéce a une probabilité positive
de survivre. De plus, si ng € EV, le processus converge vers une mesure invariante non
triviale avec probabilité positive.

Si on fixe la capacité N, nous prouvons qu’il existe une transition de phase aussi par
rapport au taux de mort §. Une preuve similaire a été utilisée dans [42] pour démontrer
une transition de phase pour un modele stochastique pour la dynamique des virus.

Théoréme 1.10 (Théoréme 3.18, Section 3.2.1)

i) Pour tout A > 0, 1 < N < oo, il existe 6:(\,N) > 0 tel que si § < 6:(\,N) le
processus a une probabilité positive de survivre.

ii) Il existe 62 > 0 tel que si § > 62 le processus s’éteint pour tous X, N.

iii) Pour tous A\ > 0, 1 < N < oo, il existe 6.(\,N) > 0 tel que, si § < d.(\,N) le
processus avec configuration initiale ny avec |no| > 1 a une probabilité positive de
survivre et si 6 > 6.(\, N) le processus s’éteint. Si 6 < 5.(\,N) et mg € EV le
Processus converge vers une mesure invariante non triviale.

Modeéle II: Deffet Allee.

On rajoute leffet Allee dans le Modele I. De Nombreuses études biologiques convien-

nent de l'existence de effet Allee dans les systémes biologiques (voir [2], [15], [47], [45]).
Dans une population soumise a effet Allee, si la densité des individus est petite le taux
de mort augmente.
Plusieurs techniques différentes ont déja été utilisées pour mettre en lumiere l'effet Allee
comme les équations différentielles stochastiques (voir [20]), les chaines de Markov a temps
discret (voir [3]) ou les processus de réaction-diffusion (voir [21]), mais aucun de ces modeles
n’a une structure spatiale.

Nous introduisons pour la premiére fois un modéle avec une structure spatiale pour
expliquer Deffet Allee.
Nous traduisons ’effet Allee en termes mathématiques dans un modele de métapopulations.
Comme dans le Modele I, on fixe une capacité N pour tous les sites, mais nous supposons
le taux de mort plus grand que le taux de naissance si la densité est petite.
A savoir, on fixe N4 < N un entier positif et d4, §, A des nombres réels positifs, les taux
de naissance et mort sont

ne(x) + 1 au taux I, o)< n—137:(%),
n(z) —1 au taux 04N () Uiy, y<nay + 016 (2) Uy <y (2) <N}

ne(x)
ne()

—
—
Pour tout z ~ y le taux de migration est

(ne(x), me(y)) —(ne(x) — 1L,me(y) + 1) au taux g, @=nyAM (7 (y)),



1.1. INTRODUCTION (FRANCAIS) 21

olt M : X — R™ est une fonction décroissante telle que M(N) = 0 comme dans le Modele
L.

Nous supposons d4 > 1 et 4 > 0, autrement dit si n(x) < N4, alors le taux de mort
dam(x) est supérieur ou égal au taux de naissance n;(x) a cause de Veffet Allee.

Sim(x) > Na, la situation la plus intéressante est donnée par un taux de mort o7 (x) plus
petit que le taux de naissance (), soit § < 1. Si § > 1, le taux de mort est toujours plus
grand que le taux de naissance et I’espece s’éteint comme on I’a prouvé dans le Théoreme
1.10 i1).

Si N4 = 0 (pas d’effet Allee) ou N4 = N (taux de mort toujours plus grand que le taux de
naissance), il y a un seul taux de mortalité et nous nous référons aux résultats du Modele I.

Théoréme 1.11 (Théoréme 3.20, Section 3.2.2)
Supposons §4 > 1.

i) Pourtous 6 <1, A > 0,0 < N < o0, 0 < Ng < N il existe 62(5,\, N, N4) tel que si
54> 024(8,\, N, N4) le processus converge vers la mesure invariante triviale dg pour
chaque configuration initiale ng € €.

i1) Si 6 > 1 le processus s’éteint pour tous 64 > 1, N, N4, X et pour toute configuration
initiale.

Autrement dit méme si on prend une population avec taux de migration et capacité tres
grands, il y a un effet Allee assex grand pour que ’espece s’éteint.

Afin de modéliser Deffet Allee on a requis 4 > 1 et § < 1. D’un point de vue
mathématique, il est intéressant d’étudier un modele avec d4 < 1 et § > 1. On fixe N, Ny
et A et nous démontrons que nous ne pouvons choisir ni §4 < 1 suffisamment petit pour
la survie de I'espece pour tous 6§, ni § > 1 suffisamment grand pour I'extinction de I’espece
pour tous d4.

Théoréme 1.12 (Théoréme 3.21, Section 3.2.2)
Supposons 64 <1 et §d > 1.

i) Pour tous 1 < Nop < N, A\ > 0, 6§ > 1, il existe 62(\, N4, N,8) tel que, si
0a < 5?()\, Ny, N,J), le processus a une probabilité positive de survivre pour chaque
configuration initiale ny avec |no| > 1.

ii) Pour tous 1 < Ny < N, A > 0, 4 < 1, il existe .(\,Na,N,d4) tel que, si
0 > 0c(A,Na,N,04), le processus s’éteint quelle que soit la distribution initiale.

Modele I1I: migration de masse.

Nous introduisons la migration de masse comme solution de l'effet Allee. La migration
est une des stratégies les plus importantes qu’une espece peut adopter pour améliorer ses
chances de survie (voir [47]). Nous avons déja observé dans le Modele I que la migration
d’un seul individu est positive en ’absence de 'effet Allee. Dans le Modele II, au contraire,
la migration d’un seul individu ne suffit pas si ’effet Allee est trop fort.

Nous démontrons que, au moins en théorie, des migrations de grands groupes d’individus
améliorent la probabilité de survie d’une espéce pour tous les effets Allee. Une migration
de nombreux individus évite une densité petite dans un nouvel environnement (qui n’est



22 CHAPTER 1. INTRODUCTION

pas favorable a la survie de l'espece).

Nous introduisons des parametres positifs 64, d, Na, N tels que 0 < Ng < N, 64 > 1,
6 > 0 et nous prenons les mémes taux de naissance et de mort que dans le Modele 11,

ne(z) + 1 au taux ﬂ{nt(m)SN—l}nt(x)’
nt(x) 1 au taux 5A77t(x)]1{nt(x)§NA} + 577t(.%')]1{NA<7)t($)§N}.

ne()
()

N
—
Etant donnés 0 < M < N, M € N, pour tout y ~ =z, nous introduisons le taux de
migration:

(me(2), me(y)) —(me(x) — k,me(y) + k) au taux J(n:(z), ne(y), k) (1.20)
oupourtousa € X, g€ X, ke{l,...,M}

A sia—k>N-Met3+kE<N

1.21
0 autrement ( )

e 58 =

c'est-a-dire que si k individus tentent de migrer de = a y et n.(y) + k > N, la migration
ne se produit pas.

Notons que si n:(z) < N — M le taux de migration est nul. Cela signifie que des individus
essayent de migrer seulement s’il y a plus de N — M individus sur un site. D’un point de
vue biologique, cela signifie que s’il y a peu d’individus les ressources sont suffisantes pour
tous et il n’y a pas de raisons de migrer.

Lorsque o > N — M il y a une probabilité positive de migrer et le nombre d’individus qui
migrent est croissante en la taille de la population. Si a = N — M + 1, nous permettons
une migration d’au plus 1 individu de z vers un site voisin, si « = N — M + 2, nous
permettons une migration d’au plus 2 individus et cetera. Siao = N = (N —M )+ M, nous
permettons une migration du plus grand groupe de M particules. Le taux de migration
est donné par A.

Nous prouvons que, pour tous les effets Allee nous pouvons prendre une taille de population
N et une taille maximale de migration de masse M suffisamment grande pour avoir la
survie de I’espece.

Théoréme 1.13 (Théoréme 3.23, Section 3.2.3)
Soit d > 2.

i) Pour tous 6 < 1, A > 0, Ny > 0, il existe N.(5,\, Na) tel que pour tout N >
N.(8,\,Ny4), il existe M(N4) tel que le processus de configuration initiale 1y avec
Ino| > 1 ait une probabilité positive de survie pour tous 54 < oo. De plus, siny € EV
le processus converge vers une mesure invariante non-triviale pour tous d4 < 0.

1) Sid > 1, pour tous N, Na, \, 04, M le processus s’éteint pour chaque configuration
initiale.

En d’autres termes, étant donnés N4, A et d, méme si 04 est le plus grand possible, si
l’espéce vit dans des populations assez grandes et migre en groupes assez grands la survie
est possible.
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Dans le Modele II on a montré qu'un effet Allee tres fort cause I'extinction méme d’une
population treés nombreuse. Le Théoréme 1.13 affirme que la stratégie qu’une espece doit
utiliser n’est pas 'augmentation du taux de migration, mais l'augmentation du nombre
d’individus qui migrent & la fois. De plus, la capacité de la population est importante et
I’agrégation spatiale est positive pour la survie de I'espece.

Modele 1V: équilibre écologique.

L’environnement réel n’a pas une limitation a priori sur la taille de la population, mais
il y a une sorte de mécanisme d’auto-régulation qui ne permet pas I'explosion du nom-
bre d’individus par site. L’équilibre écologique a été introduit dans [6] pour la “marche
aléatoire de branchement restrained”: certaines restrictions sur les taux de naissance don-
nent la survie sans explosion du nombre d’individus. Nous montrons qu’on peut avoir la
méme situation dans notre systeme avec un mécanisme différent.

Nous supposons que dans notre environnement il n’y a pas une taille maximale N
comme dans les modeles précédents, mais le taux de naissance est toujours positif. Nous
supposons également que, si la taille de la population est plus grande qu’une valeur fixée
N, le taux de croissance est négatif.

Nous pouvons changer chacun des modeles précédents de la fagon suivante lorsque le
nombre d’individus par site n;(z) est plus grand que N:

ne(x)
ne(x)

ne(x) + 1 au taux 7(z) Ly, (2)> Ny
ne(x) — 1 au taux 0n(x) gy, 2)>N+1}

—
—
ou d > 1, c’est-a-dire lorsque la densité est grande le taux de mort prévaut sur le taux de
naissance.

Afin de simplifier la notation et les preuves, nous travaillons sur le Modele I. Nous pouvons
obtenir des résultats similaires sur le Modele III. A savoir, nous prenons les taux de
naissance et de mort suivants

m(z) —ne(x) +1 au taux (),

ne(z)

—
—n(x) — 1 au taux 0 (z) Mg, <n,(2)<N} + 5~77($)Il{n(m)>N},

et pour tout xz ~ y le taux de migration est

(Ut(ﬂf)a nt(y)) —>(77t(x) —Lm (y) + 1) au taux ]l{ny})\M(nt(y))ll{m(x)zN}

ot M : X — R™ est une fonction décroissante telle que M(I) = 0 pour tous [ > N.

Cela signifie que si la taille de la population 7:(x) est plus grande que N le taux de mort
nt(az)g est plus grand que le taux de naissance n:(z). Une migration est accordée a partir
d’un site avec plus de N individus vers un site avec moins de N individus. Nous travaillons
sans aucune capacité a priori, donc nous nous référons a la construction dans les cas non
compacts et l'espace d’états est Qg C Q (voir [13, Chapitre 13]). On peut démontrer que
les conditions suffisantes pour 'existence du processus sont vérifiées (voir [13, Théoréeme
13.1]).

Nous prouvons que la survie de ’espece est possible et la population sur chaque site
n’explose pas; dans les autres cas ’espece s’éteint.
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Théoréme 1.14 (Théoréme 3.25, Section 3.2.4)
Supposons que |no| > 1 et qu’il existe n < oo tel que no(x) < n pour tout x € Z4.

i) Pour tous A > 0, 1 < N < 00, € > 0 il eziste 65(A\,N) > 0 et K < oo tels que si
§ < 8L(\,N), le processus a une probabilité positive de survivre pour chaque § > 1 et
limy oo E(ny(2)) < K pour tous x € Z¢ et § > 1 +e.

ii) Il existe 02> > O tel que si 6 > 62, le processus s’éteint pour tous A\, N, §>1et
chaque configuration initiale.

iii) Pour tous A >0, 1 < N < oo, g, il existe d.(A, N, g) > 0 tel que si 6 < 0.(A, N, g) le
processus survit et si § > 6.(\, N,d) le processus s’éteint.
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1.1 Introduction

1.1.1 Interacting particle systems

Interacting particle systems are Markov processes (1;)¢>0, with 7, : S — X, where S is a
set of sites and X is a countable set of possible states on each site. We focus on cases where
S = 7% and X C N. For each z € S, let (X, X, pz) be a separable metric space, where
pz i a metric on X and X, is the o-algebra induced (by the open sets in the topology
induced) by p,. Let Q = X be the state space of the particle system and X = [Lcs X
the product o-algebra on Q. The value n,(z) is the state of site x € S at time ¢t > 0 and 7,
is the configuration of the system at time ¢. These Markov processes describe the evolution
of particles on S which interact with each other and which are used to model many real
systems involving spreads of diseases, population dynamics and chemical processes.

The first question is the existence of such processes. The evolution of the process
is ruled by infinitesimal transition rates, under which the system moves from a state to
another one. For n € Q and & € Q, ¢(n,&) is the transition rate from configuration 7 to
configuration &, that is

P =) _ o,

lim

h—0
where P denotes the law of the process starting at 1. Then the infinitesimal generator L
is an operator, defined a priori on functions f on €2 depending only on a finite number of
coordinates, given by

L) =Y cmOIFE) — f).

€eQ
In order to ensure that £ is a well defined operator, we work with local interactions: we
assume that there exists K such that at each time at most [ < K sites may change state
and that the transition rates depend only on the state of a finite number of neighbors of
these sites. We also suppose ¢(n, ) translation invariant, that is

C(na E) = C(Um"?a 015)

for each x € S, where (0,1)(z) =n(x + 2) for z € S.

If X ={0,1,...,N} is finite, existence and unicity of the process have been proved by
Liggett [33] under general conditions; an alternative graphical construction has been proved
by Harris [29] and reformulated by Durrett [22]. If X is a countable finite or infinite set,
sufficient conditions for existence and unicity are given by Chen [12, Chapter 13]. In this
case the process takes place in a smaller state space 2y C €. We set Qg = Q if X is finite.
Namely, given a sequence (k) ezd such that Y ;4 k, < 0o, we define

Qo={neQ: > ps(0,n(x))ky < oo}. (1.1)
xE€Z4d

For n € Qq, let E" be the expectation corresponding to P7. For f € C(Qp), the set of
continuous functions on €2y, we define

T(t)f(n) := E"f(m)-

For each probability measure p on (Qg,X), uT'(t), the probability measure on (g, X)
defined by

[ flaurien = [ nan
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for all f € C(Q0) (see [33, Chapter I]), is the distribution at time ¢ of the process with
initial distribution wu.

One of the main questions about an interacting particle system is the existence of a
non-trivial invariant measure, that is p such that P,(n, € A) = u(A) for each t > 0,
A € X, where P, is the law of the process starting from the initial distribution p. An
invariant measure is trivial if it is concentrated on an absorbing state when there exists
any.

Let Z be the set of all the invariant measures of the process. The latter is ergodic if there
is a unique invariant measure to which the process converges starting from each initial
distribution (see [33, Definition 1.9]).

In order to investigate the ergodic properties of a system, one can compare it with

different processes with well known behaviours. Coupling is a technique which consists,
starting from different processes (1:)i>0 and (&)i>0, in constructing a Markovian coupled
process (M, &)e>0, that is a Markov process with state space €y x €y, such that each
marginal is a copy of the original process.
A fundamental tool in interacting particle systems is attractiveness, which is a property
concerning the distribution at time ¢ of two processes with the same generator which start
with different initial distributions (see Section 2.1). Attractiveness corresponds to the ex-
istence of a Markovian coupled process (&, 7n¢)i>0 such that if §y < g (coordinate-wise)
then, for all ¢ > 0, & < ny a.s.

In biological applications a particle represents an individual from a species and the

empty configuration corresponds to the extinction of that species; it is often an absorbing
state: an important problem in this case is to find conditions on rates which give either a
non-trivial invariant measure, that is the survival of the species for each time, or ergodicity,
that is almost sure extinction. Therefore it is useful to understand when the population
in a system is always larger (or smaller) than the number of individuals of another one.
The main result of the first part, Theorem 1.4 introduced in Section 1.1.3, gives necessary
and sufficient conditions on transition rates of two systems which ensure that on each site
the number of particles of one system is always larger than the number of particles of the
other one.
For a large class of interacting particle systems we get necessary and sufficient conditions
on the rates to insure attractiveness as a corollary of Theorem 1.4. Attractiveness is a key
tool to determine the set of invariant probability measures. Let 7 and v be the limiting
distributions of the process as t goes to infinity starting respectively from the larger initial
configuration and from the smaller one in the case of a compact state space; if the process
is attractive and 7 = v, then the process is ergodic: this is the basic idea for the ergodicity
criterion explained in Section 1.1.2. We use this technique to improve ergodicity condi-
tions on a well studied epidemic model, see Section 1.1.4.

In Section 1.1.2 we explain a comparison with oriented percolation technique. To show
the existence of non-trivial invariant measures, in the last section of the first part of the
thesis we focus on several population dynamics models to which we apply these compari-
son arguments.

The rest of this introduction is organized in the following way. Section 1.1.2 describes
the main techniques we use, that is a brief definition of coupling, the ergodicity criterion
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and comparison with oriented percolation. In Section 1.1.3 we state necessary and sufficient
conditions for stochastic order and attractiveness. Sections 1.1.4 and 1.1.5 consist in some
applications to determine ergodicity and existence of non-trivial invariant measures in
biological models.

1.1.2 Techniques
Coupling

This very powerful technique is used in many different areas of probability theory.

Given two interacting particle systems (n¢)¢>0 and (§;)¢>0 respectively on (£2, X1,P;) and
(Q, X3, Py) with generators £1 and L9 and transition rates ¢ (-, -) and ¢a(-,-), the coupled
process (M, & )e>0 is a Markov process on (2 x Q, X} x XQ,]@S) with generator £ such that
each marginal is a copy of the original process. In other words, for each A € X}, B € Xs

B((m &) € (A x Q) =Py € A)

B((m.&) € (@ x B)) =Pa(& € B)

and P is a coupling probability measure. N
An equivalent definition can be stated starting from the infinitesimal general L: for each
A€ X and B € X,

EI[AXQ(%O = £1]1A(77)
Lloyp(n,€) = Lalp(€).

A coupled process can be constructed in several ways: we briefly introduce three of the
main couplings used.
Independent coupling

L' f(n,€) = [L1f () + [Laf (,)](€)

the processes move independently through uncoupled rates.
Classical coupling
Suppose L1 = Lo, denote by g(n) = f(n,7) and by A = {(n,€) € Q> : ) = &} Let

LEf(n,€) = Tac(n, &)L f(n,€) + La(n, €)L1g(n)

that is the processes move independently until they meet, and then they move together.
Basic coupling

For n,§ € Q, let I(n,§) ={C € Q:n+( € N+ € Q}, where n + ¢ denotes the
configuration defined by (n+ ¢)(z) = n(x) + ((z) for all x € S

cel(n,g)

+ > famn+Q) - e+ O (fn+¢.8 - f(n.9)
cel(n,g)

+ > femn+Q) —al&E+ QI (F s+ — f(n,9)
Cel(n,€)

that is the processes move together as much as possible.
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Comparison with oriented percolation

We follow the presentation in [22] of the comparison theorem (introduced in [10]) for
proving the existence of non-trivial invariant measures for particle systems with compact
state space 2. The idea consists in rescaling the process in time and space and then
making a comparison with an oriented percolation model. Let

N ={(z,n) € Z* :  + n is even,n > 0}.

For each (x,n) € Z?, we draw an oriented edge from (z,n) to (x+1,n+1) and from (x,n)
to (x —1,n —1). Let w(z,n) be a random variable that indicates whether the site (x,n)
is open (1) or closed (0). We say that (z,m) can reach (y,n) and write

(z,m) — (y,n)

if there exists a sequence of points z,, = z,...,x, = y such that |z — zx_1| = 1 for
m < k <n and w(zg, k) =1 for m < k < n, that is a path of open sites.

We say that the w(z,n) are M dependent with density at least 1 — v if whenever (x;,n;),
1 < < I is asequence such that |[(z;,n;) — (xj,n))]|cc > M, if i # j

P(w(x;,n;) =0for 1 <i < 1) <Al

We take as initial condition Wy C 2Z = {z € Z : (2,0) € N} and we define an oriented
percolation process by

W,={y€Z: (x,0) = (y,n) for some z € Wy}
that is W,, are sites which are open at time n. If Wy = {0}, we denote by
Co={(y;n) € N': (0,0) — (y,n)}

the set of all space-time points that can be reached by an open path from (0,0). If
P(|Cp| = o0) > 0 percolation occurs. The following result states that if the density of open
sites is large enough we have percolation:

Theorem 1.1 [22, Theorem 4.1] If v < 6~ 4CM+D* thep

P(|Co| < o0) < 1/20.

In order to prove the existence of a non-trivial invariant measure, we have to prove that
if we start from a particular configuration we can get a positive density of open sites. Let
W{ be the initial condition defined by: sites of {z € 2Z : x € W[} are open independently
with probability p. Then

Theorem 1.2 [22, Theorem 4.2] If p > 0 and v < 6~42M+D* ypep

liminf P(0 € W5 ) > 19/20.

n—oo
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The relation between the particle system and the percolation model is stated by the
following comparison theorem. The idea consists in constructing space-time blocks and
to associate to each of them a good event G, ., (m,n) € N. Each time the good event
happens, we put an oriented edge from (m,n) to (m+1,n+ 1) and to (m — 1,n + 1).
Let (n¢)t>0 be a translation invariant finite range process that is constructed from the
graphical representation such that n; : S — X = {0,1,...,N}. Let T, L, ko and jy be
positive integers and M = max{ko, jo}. Given (m,n) € N, the corresponding space time
cell is
Ronn = (2mLey,nT) + {[~koL, ko L]* x [0, 50T},

where e; = (1,0,...,0).
Let H be a set of configurations determined by the values of 79 on [~L, L]?. We say that
(m,n) is occupied if N, € Tompe, H.
Comparison assumption. We suppose that for each (m,n) € N there exists an event
Gm.n depending only on the configuration in Ry, p, so that P(Gr,pn) > 1 —7 and if (m,n)
is occupied then on Gy, the sites (m+1,n+1) and (m —1,n+1) are also occupied, that
18

Nt )T € 2(mt1)Ley H and 1y 11)7 € Oo(m—1)Le, H.

Let X,, ={m € Z : (m,n) € N,& € oamre, H} be the set of occupied sites at level n.
The final relation between particle systems and percolation is given by

Theorem 1.3 [22, Theorem 4.3] If the comparison assumption holds then we can define
random variables w(x,n) so that X,, dominates an M dependent oriented percolation pro-
cess with initial configuration Wy = Xo and density at least 1 —~, i.e. X, D W, for all
n.

Let (1¢)t>0 be an attractive process with translation invariant transition rates.

Let H = {¢: &(x) = 1 for some x € [~L, L]?} and assume that the comparison assump-
tion holds.

Given an initial configuration 7y such that 1o(y) = 1y,—,}(y) for some z € 7%, by transla-
tion invariance we can suppose x = 0. By Theorems 1.1 and 1.3, if ~y is sufficiently small
and ¢, is the Dirac measure concentrated on 7 €

litminf 85T () {n : n(x) > 0 for some x € Z} > P(|Co| = c0) > 0 (1.2)

that is the existence of an infinite path of open sites in the oriented percolation implies
the existence of an infinite path of individuals in the particle system.
To construct a non-trivial invariant measure, we assume ng(z) = N for each z € Z¢. By
attractiveness,

lim 6,,T(t) =7

t—o0

which is a invariant measure.

If the comparison assumption holds, by Theorem 1.3, X,, dominates an oriented percolation
process W} such that a site x € 27Z is open at time 0 if there exists y € @ + oomre, H such
that 79(y) > 1. Since no(z) = N for each z € Z¢, then in the initial configuration W} all
sites are open, that is p = 1. By Theorem 1.2

7{n : n(x) > 0 for some = € 2mLe; + [~L, L]*} >lim inf §,,T(n){(m, n) is occupied}
>liminf P(0 € W) > 0 (1.3)

n—oo

which implies that 7 concentrates on configurations with infinitely many individuals.
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Ergodicity criterion

This technique gives sufficient conditions on transition rates which yield ergodicity of an
attractive translation invariant process. It has been used by several authors (see [12], [13],
[35]) for reaction-diffusion processes.

Let (n:)i>0 be a translation invariant attractive process such that 7, : 74 - X =
{0,1,...,N} € N and for each z € S let F, : X x X — R be a metric on X. We
suppose F, does not depend on z, that is F,, = F for each x € Z%. We introduce a partial
order on 2 = X2, Briefly, given two configurations n € Q and £ € Q, n < £ if n(z) < ¢(x)
for each x € S (see Section 2.1 for more details).

A metric on X induces in a natural way a metric on 2. Namely, for each n and £ in 2 we

define
) =Y Fu(n(@), &(z)a(x) (1.4)

xC€Z4

where {a(z)},cza is a sequence such that a(z) € R, a(z) > 0 for each x € Z¢ and

Z a(r) < 0. (1.5)

xE€Z4

If X =N (that is “N = "), the process has to be constructed on a smaller state space
(see [13])
Q={ne: > n(x)a(z) <o}

xE€Z4

We define the Kantorovich 1-distance between probability measures p1 and p2 on (€2, X):

where P varies over all coupling measures with marginals p; and pa.

Let P be a coupling probability measure on (€2 x Q, &1 x &) and E the expected value
with respect to P.

Denote by E" = {n € Z% : n(z) = n for each x € Z9}, n € X. Let 5} be the process
starting from 77]5 € EF, k € X. Attractiveness and translation invariance imply the
existence of translation invariant measures 7 and v such that

lim 6,~T'(t) = lim d,07T'(t) = v.

t—00 t—o00 -

Again by attractiveness, if ) < & < név we get
lim 77(z) < lim &(z) < lim 7" (z)
t—o0 t—o0 t—o0

for each z € Z¢, P-a.s. Notice that if N = oo an additional step consists in proving the
existence of lim,,_,, 1" for each ¢ > 0. Finally if we prove that ¥ = v ergodicity follows.
The key idea consists in taking a “good metric” F on X to evaluate the distance between
n¥ and 7)) at each time ¢ > 0 and to look for conditions on the rates so that the expected
value of the distance between n}¥ and 1) converges to zero as t goes to infinity uniformly
with respect to x € S. If we prove that

E( Jim Frf (@), (2))) = 0 (1.6)



1.1. INTRODUCTION 31

uniformly with respect to x € S, then

W(v,7) <E( lim pa(nf.n)) =E( fim 3 F(nf(2).n (@)a(a))
zEZ?

<> a(@E( lim sup F(f(2),n (2) ) =0 (1.7)

{L'GZd oo lBEZd

and ergodicity follows.
We will use generator properties and Gronwall Lemma (See Section 3.1.1) to prove that if
there exists a metric F and e > 0 such that for each z € Z¢

E(LF(f(@),n (@))) < =B (P (). n () (18)

then (1.6) holds.
In [13, Theorem 14.10] the author uses the metric

F(k,)=|> uj— > u|, kleX=N

0<j<k 0<j<l

for a given sequence {uy}ren of real positive numbers and we set 20§j<0 uj = 0. The

metric
lk—1|—1

F(k,)=Tgy > u; kleX=N (1.9)
§=0

was used in [35] if 1 > u; > v > 0 and in [12] if 1 > u; > 0 to get sufficient ergodicity
conditions on reaction diffusion processes.
Since we are working with two copies of the same process, we can couple them and evaluate
(1.8) with different couplings in order to get different ergodicity conditions: in [12] the
author works with several couplings and he gets the best one (in some sense) for ergodicity
for a class of reaction diffusion processes.
When v # §p (where dy is the Dirac measure concentrated on the empty configuration),
as in many reaction diffusion processes, one can work with different couplings (see [12]);
otherwise 7Y = 1 for each ¢ > 0 and we use the independent coupling.

After choosing a metric (and a coupling), we evaluate INE(EF(n? (x), nﬁ(x))) and we look

for conditions on the transition rates which ensure the existence of {u;};ex which satisfies
(1.8). Finally the problem reduces to the existence of a sequence of real numbers which
satisfy a condition involving transition rates, called u-criterion.
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1.1.3 Comparison theorem and attractiveness

The main result is a comparison theorem between different interacting particle systems in
a large class of processes, which gives us necessary and sufficient conditions for attractive-
ness as a corollary. Roughly speaking, we say that a process is stochastically larger than
another one if we can couple the two processes in such a way that the initial larger one
stays always the larger, see Section 2.2 for a more rigourous definition: we give necessary
and sufficient conditions on transition rates of those processes which ensure that a system
is stochastically larger (or smaller) than the other one.

We consider systems with births, deaths and jumps of more than one particle per time
depending on the configuration in a very general way. Let X C N, the state space of the
process (n4)i>0 is @ = X Z*  The infinitesimal generator £ of the process is given, for a
local function f, that is a function depending only on a finite number of coordinates, and
for n € ), by

crm =3 > bl p) S (TE oSk n) = Fn)+

z,yeS a,feX k>0

+ (B, + PH(F(Sn) = F) + (R + IR (F(S55m) = f(n)  (1.10)

where Xi% is the indicator of configurations with values (a, 3) on (z,y), that is

0 otherwise

xﬁ%( ):{ 1 ifn(z) = a and n(y) = 3

Sz, Z’k, S;; and S k where k > 0, are local operators performing the transformations

whenever possible

nz)—k ifz=zandn(z)—keXnly +keX

(Sokkm)(2) =4 n(y) +k ifz=yand n(x) —ke€ X, n(y) +ke X (1.11)
n(z) otherwise
(S; " n)(2) = { Zg; —k Oltfhz ;v iyseand ny) —keX (1.13)

and p(z,y) is a symmetric translation invariant probability distribution on Z¢.

Given a configuration n € {2, the transition rates have the following meaning: on each site
x we can have a birth (death) of k individuals depending on the configuration state n(x) on
the same site with rate P:(x) and depending also on a state on another site y # x with rate

?]’(];) n(z) p(y,x). This represents a possible different interaction rule between individuals

of the same population and individuals from different populations. Moreover we can have

a jump of k particles from y to x with rate Fg(y) (@) p(y, x), which represents a migration

of a flock of individuals (see Section 2.2). Let Hg’kﬁ = Rg’% + Pg for each (a, 3) € X2.
Denote by S and S two systems with respective generators £ and L and rates {Ir; e r, 6}

and {ﬁ:::,fj,_},
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Theorem 1.4 (Theorem 2.15, Section 2.2). N
A S particle system (n4)¢>0 is stochastically larger than a S particle system (&§)i>o0 if and
only if for all (o, B), (7,6) € X2 x X2 with (o, B) < (7,06),

Soomh 3 Tk <> Hg’f(; +3 T (1.14)

k>6—p+1 kel, 1> el
~—k,0 Tk =10 !
SIS Ty > m ey or, (1.15)
k>kp kely I>y—atk; lel,

for each choice of K, I, Iy, 1., I; depending on K, where 1, I, I. and 15 are sets of
indexes given in Definition 2.14.

In other words we get conditions on transition rates that characterize the stochastic order
in the class of systems we work with. If § = S the claim gives necessary and sufficient
conditions for attractiveness.

The analysis of interacting particle systems began with Spin Systems, that are pro-
cesses with state space {0,1}%". We refer to [33] and [34] for construction and main results.
The most famous examples are Ising model, contact process and voter model. These pro-
cesses have been largely investigated, in particular their attractiveness (see [33, Chapter
I11, Section IIJ.

Many other models with more than 1 particle per site have been studied. Reaction diffu-
sion processes, for example, are processes with state space N2 (hence non compact), used
to model chemical reactions. We refer to [12, Chapter 13| for a general introduction and
construction of these processes. Schinazi analyzed many models for biological applications
(139] to [44]) taking place on X%, where X = {0,1,...N}. In such reaction diffusion
processes and biological models a birth, death or jump of at most one particle per time is
allowed: in this case we get a characterization of the partial order and attractiveness of
the systems as a corollary of our main result, see Section 2.3.5.

But sometimes the model requires births or deaths of more than one particle per time.
This is the case of some biological systems with mass extinction ([41], [43]) or multitype
contact process ([23], [22], [36]). A partial understanding of attractiveness properties can
be found in [48] for the multitype contact process.

In [27, Theorem 2.21] the authors found necessary and sufficient conditions for attractive-
ness for a conservative particle system with multiple jumps on NZ%: in other words they
work with a system with jumps of more than 1 particle, but no births or deaths.

Biological models are often very complex: many population dynamics are ruled by
births, deaths and migrations of more than one individual per time (see [28]).
In order to understand the ergodic properties of a system one may compare it with an-
other one easier to study: therefore an analysis of the stochastic order and attractiveness
behaviour which involve all these systems can be useful. Theorem 1.4 gives conditions on
transition rates to compare different particles systems.

In Section 2.1 we recall some classical definitions and well known propositions needed
in the sequel. The particle system is introduced with more details in Section 2.2, where
we also explain the main results and we define the coupling used to prove Theorem 1.4.
A detailed analysis of coupling mechanisms can be found in Section 2.4.3. In Section 2.3
we explicit the conditions on several examples. Finally Section 2.4 is devoted to proofs.
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1.1.4 Ergodicity result for an epidemic model

The most investigated interacting particle system that models the spread of epidemics is
the contact process, introduced by Harris [30]. It is a spin system (7;)¢>0 on {0, 132" ruled
by the transitions

n(xr) =0 — 1 at rate Znt(y)

y~zx

n(x) =1 — 0 at rate 1

where y ~ x is one of the 2d nearest neighbours of site z. See [33] and [34] for an exhaustive
analysis of this model.

In order to understand the role of social clusters in the spread of epidemics, Schinazi [40]
introduced a generalization of the contact process. Then, Belhadji [5] investigated some
generalizations of this model: on each site in Z¢ there is a cluster of N < oo individuals,
where each individual can be healthy or infected. A cluster is infected if there is at least one
infected individual, otherwise it is healthy. The illness moves from an infected individual
to a healthy one with rate ¢ if they are in the same cluster. The infection rate between
different clusters is different: the epidemics moves from an infected individual in a cluster
y to an individual in a neighboring cluster x with rate A if x is healthy, and with rate 3 if
x is infected.

More precisely we have a Markov process (1;);>0 such that 7, : Z¢ — {0,1,..., N}, where
n¢(x) is the number of infected individuals at site z € Z? and N is a fixed number of
individuals on each site. The transitions are

m(z)=0—1  atrate A m(y)+7,

y~zT
n(z)=1—1i+1 atrate ﬁZnt(y)—i—iqS, 1=1,2,...,N —1, (1.16)
Yy~
m(z)=1—1i—1 atrate ¢, 1=1,2,...,N.

Since each individual recovers with rate 1, the process is called a local recovery model. The
rate «y represents a positive “pure birth” of the illness: in the classical individual recovery
model we set v = 0.

Let A. be the critical value of the contact process; Belhadji proved that

Theorem 1.5 [5, Theorem 1]

For each ¢ > 0 and B > 0, if A > A: an epidemic occurs with positive probability. For
each A and 3 such that B < X\ < 1/2d, there exists a critical ¢.(X\,3) € (0,00) such that if
® > ¢c(N, B) an epidemic is possible and if ¢ < ¢.(N, B) we get extinction of the disease
almost surely.

Sufficient conditions for ergodicity are done as a corollary of [12, Theorem 14.3]

Theorem 1.6 [5, Theorem 15]
If
1-¢

AV G < 5g

(1.17)
the disease dies out for each cluster size N.

By using attractiveness of the model and the wu-criterion explained in Section 1.1.2, we
improve this ergodicity condition. Notice that a dependence on the cluster size N appears.
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Theorem 1.7 (Theorem 3.2, Section 3.1)
Suppose
1-¢
A 7Y
S saa =gy
with ¢ < 1 and either i) v =0, orii) v >0 and § — X < ~/(2d).
Then the system is ergodic.

If N =1 and v = 0 the process reduces to the contact process and the result is a well
known (and already improved) ergodic result (see for instance [33, Corollary 4.4, Chapter
VI]); as a corollary we get the ergodicity result in the non compact case as N goes to
infinity.

1.1.5 Metapopulation dynamics models

We use comparison arguments, with oriented percolation and with different processes,
to investigate survival and extinction in several models of metapopulation dynamics. A
metapopulation model refers to many small local populations connected via migrations
in fragmented environment. Each local population can increase or decrease, survive, get
extinct or migrate from its site in a very complicated way (see Hanski [28], for more about
metapopulations).

Many factors influence the growth rate, that is the difference between birth and death
rates, of a (local) population. The classical hypothesis considers a density dependent
growth rate. As the population size increases both the birth and the death rates increase
because there are more individuals that can respectively reproduce themselves and die.
By the way, the number of individuals can increase in different ways. If the birth rate is
always larger than the death rate the population will increase indefinitely. If it is always
smaller the population will get extinct. A more interesting situation is given by a birth
rate larger than the death rate under a particular population size N and smaller over that.
From a biological point of view this means that when the population density is too large
resources are not enough for all individuals and the growth rate decreases, since the death
rate increases.

In real environment this process is gradual, that is the growth rate decreases over N as
population density increases. In some of our applications we suppose that over N the
growth rate is null. In this case IV is the capacity of the site, that is the maximal number
of individuals that it can hold.

One of the most important strategies to ensure the survival of a species is the migration of
flocks of individuals. When the population size is large, that is resources are few, one or
more individuals leave their population, that is the site where they are located, and look
for new resources in other sites with different populations.

In some cases another factor can favor the extinction of a species: the Allee effect. When
a population is subjected to the Allee effect, if the density of individuals is small the death
rate increases. The reason is that at low density many factors (as difficulties in finding
mates) cause a decrease of fecundity and an increase of mortality (see [2], [15], [45], [47]).
To summarize, population dynamics is ruled by many parameters. We simplify the real
structure and we treat 4 metapopulation models from a mathematical point of view.

The mathematical model is an interacting particle system (7;)¢>0 on Q@ = X Zd, where
X =4{0,1,...,N} C Nand N denotes the common size (capacity) of the clusters, if finite.
The value 7;(z), € Z¢ is the number of individuals present in cluster z at time ¢ > 0.
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We will take N = oo in Model 1V.
For any z,y € Z¢, we write y ~ x if y is one of the 2d nearest neighbors of site z. The
infinitesimal generator £ of the process is given by

Lftn) =Y {B@)(F(Sn) = Fm) + D) (£(S5 n()) = £ n)

rzeX

+ 303 Te)nw). (S5 ) — fm) } (1.18)

y~r keX

where f is a local function, n € Q, S&' and S;];’k are defined in (1.11), (1.12) and (1.13),
and B(-), D(-) are positive functions from X to R. The respective birth and death rates
on z, B(n(z)) and D(n(z)), depend only on the configuration on site x. We allow at most
one birth or death per time.

We assume B(0) = 0, that is 0y is a trivial invariant measure.

The function J : X3 — RT is such that J(n(z),n(y), k) represents the migration (jump)
rate and it depends on the configurations on x and y. Notice that a jump of more than one
particle per time is possible. We call emigration from x a jump that reduces the number
of particles on = and immigration a jump that increases it.

When X is finite, which is the case in Models I, II and III, we refer to the construction
in [33]; when X is infinite, that is in Model IV, we refer to [12] and we require additional
conditions on the transition rates (see section 3.2.4).

We say that there is survival of the species if
P(|np:| > 1 for allt >0) >0 (1.19)
where |no| is finite and |n:| is the number of individuals of (nt)¢>0 at time t.

The species gets extinct if for each finite or infinite initial configuration the process
converges to dp.

Model I: the basic model.

In [43] Schinazi introduced the following model to investigate the role of social aggre-
gation in the extinction of a species: for a fixed N < 0o, on each site on Z¢ we may have

0,1,... N individuals. The transition rates of the Markov process (7;)i>0 are
m(z) — m(z) +1 at rate n; ()¢ + Ann(z, ne) for 0 < my(z) < N —1,
ne(x) — m(z) — 1 at rate 1 for 1 < my(x) < N,

where ny(x,n;) is the number of neighbors y of x such that n:(y) = N. In other words
each individual gives birth to another one on the same site with rate ¢ and dies with
rate 1. An individual on site x gives birth to a new individual in a site y ~ 2 only when
the population at x has reached the maximal size N. There is a phase transition on the
capacity N of sites:

Theorem 1.8 [/3, Theorem 2]

Assume that d > 2, X > 0 and ¢ > 0. There is a critical value N.(\, @) such that if
N > N.(\ @), then starting from any finite number of individuals, the population has a
strictly positive probability of surviving.
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The author compares this result with the opposite phase transition that appears when
instead of deaths of single individuals with rate 1 we consider the death with rate 1 of all
individuals in a cluster, that he calls catastrophic times. In catastrophic times, see [43,
Theorem 1], there exists N.(\, ¢) such that if N > N.(\, ¢) the population dies out.

The consequence is that cluster aggregation may be good in non catastrophic times. In
this case, if N is small, for example if N =1 and A < A. (where A, is the critical value for
the contact process), the species dies out: this is consistent with the Allee effect, since for
a small density the probability of surviving should be smaller.

We want to investigate the role of migration in the survival of a species, starting from
this model. We begin from a system very similar to Schinazi’s model in non catastrophic
times: the only difference is that instead of a birth of a new individual we take a migration
of one individual to a neighboring site. We could imagine that this small difference does
not change the behaviour of the model, if N is large. Whatever, if N = 1 no new births
are possible and the process gets extinct for any A: this is definitely not the case for the
non catastrophic times model for N = 1, which is the contact process.

We introduce Model I. We choose to fix a birth rate equal to 1 and to associate two
parameters to death and migration rates. Given § and A positive real numbers, the birth
and death transition rates are, for each x € S

77t(33) _)nt(x) + 1 at rate nt($)ﬂ{nt(m)<N}’
n(x) —me(x) — 1 at rate dn.(x).

For each x ~ y the migration rate is

(ne(x),me(y)) —(ne(z) — 1,me(y) + 1) at rate Ty, 2)=nyAM (0:(y))

where M : X — R* is such that M(l) is non increasing in I, that is individuals try to
move towards sites with less individuals (and more resources). We assume M(N) = 0,
that is a migration from z to y is not possible if n(y) = N.

The first result corresponds to Theorem 1.8 for non catastrophic times model and it is
proved in a similar way.

Theorem 1.9 (Theorem 3.14, Section 3.2.1)

Suppose d > 2, X > 0 and § < 1. There exists a critical value N.(\,0) such that if
N > N.(\,0), then starting from ny € Q such that |ng| > 1 the process has a positive
probability of survival. Moreover ifng € EN the process converges to a non-trivial invariant
measure with positive probability.

If we fix the capacity N, we prove that there is a phase transition also with respect to
the death rate 0. A similar proof has been used in [42] to show a phase transition for a
stochastic model for virus dynamics.

Theorem 1.10 (Theorem 3.18, Section 3.2.1)

i) For all A\ >0, 1 < N < oo, there exists 6:(\, N) > 0 such that if § < 6:(\, N) the
process has a positive probability of survival.

ii) There exists 6 > 0 such that if § > 62 the process dies out for all \, N.

iii) For all A > 0, 1 < N < o0, there exists d.(A\, N) > 0 such that, if § < d.(\, N) the
process starting from ng with |no| > 1 has a positive probability of survival and if
§ > 6.(\, N) the process dies out. Moreover if § < 6.(\, N) and ny € EN the process
converges to a non-trivial invariant measure with positive probability.
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Model II: the Allee effect.

We add the Allee effect to Model 1. Many biological investigations agree with the exis-
tence of the Allee effect in some biological systems (see [2], [15], [45], [47]). In a population
subjected to the Allee effect, if the density of individuals is small the death rate increases.
Different stochastic techniques have been already used to investigate the Allee effect like
stochastic differential equations (see [20]), discrete-time Markov chains (see [3]) or diffu-
sion processes (see [21]), but none of these models has a spatial structure.

We introduce for the first time a model with spatial structure for the Allee effect.
We translate the Allee effect into mathematical terms for a metapopulation model. As in
Model I, we fix a capacity N for all sites, but we assume that the death rate is larger than
the birth rate when the density is small. Namely, fix N4 < N a positive integer and § 4,
d, A positive real numbers; birth and death transitions are

ne(z) +1 at rate 1:(2) Ly, (2)<N—1}5
me(z) — 1 at rate 17:(2) (34l @)<vay + ILNa<m(2)})-

ne()
ne()

—
—
For each x ~ y, migrations are given by

(e(),me(y)) — (e (2) = 1,76 (y) + 1) at rate Ly, )=y AM (m:(y)),

where M : X — R* is a non increasing function such that M(N) = 0 as in Model 1.

We assume d4 > 1 and d4 > d; in other words if 1 (x) < N4 then the death rate §am(x)
is larger (or equal) than the birth rate n;(z) because of the Allee effect.

If n(xz) > N4, the most interesting situation is given by a death rate dn;(x) smaller than
the birth rate m(x), that is 6 < 1. If 6 > 1 the death rate is always larger than the birth
rate and the species gets extinct as proved in Theorem 1.10 7).

If N4 =0 (no Allee effect) or N4 = N (death rate always larger than birth rate) there is
only one death rate and we are back to Model I.

We prove that the Allee effect changes the behaviour of the system: for any possible
capacity N and migration rates there exists an Allee effect large enough for the species to
get extinct.

Theorem 1.11 (Theorem 3.20, Section 3.2.2)
Assume 64 > 1.

i) For all6 <1, A>0,0< N < 00,0 < Na < N there exists 62(5,\, N, N4) such
that if 64 > 5?(5, X, N, Ny) the process converges to the trivial invariant measure dy
for any initial configuration ng € €.

it) If 0 > 1 the process dies out for all 64 > 1, N, Ny, X and any initial configuration.

In other words as small as we take the death rate and as large as we take the population
size and the migration rate, there exists an Allee effect strong enough so that the species
gets extinct.

In order to model the Allee effect, we need 4 > 1 and 6 < 1. From a mathematical
point of view, it would be interesting to investigate a model where § and § 4 play symmetric
roles, that is 64 < 1 and § > 1.
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For fixed N, N4 and A we prove that we can choose neither 4 < 1 small enough for the

species to survive for each d nor § > 1 large enough for the species to get extinct for each
04.

Theorem 1.12 (Theorem 3.21, Section 3.2.2)
Assume 64 <1 and § > 1.

i) For alll < Ngo < N, A >0, 6 > 1 there exists 6:*(\,Na, N,0) such that, if 64 <
628\, Na, N, 6), the process survives for any initial configuration ng such that |no| > 1
with positive probability.

it) For all1 < Ny < N, A > 0, 04 < 1 there exists d.(\,Na,N,d4) such that, if
d > 0c(A\,Na,N,d4), the process dies out for any initial distribution.

Model III: mass migration.

We introduce mass migration as Allee effect solution. Migration is one of the most
important strategies that a species can adopt to improve its probability of survival ([11],
47)).

We have already observed in Model I that a migration of a single individual is good in
absence of the Allee effect. The model without migrations dies out, but if we add a pos-
sible migration of one individual there is a positive probability of survival. In Model II,
anyhow, a single individual migration may not be enough: even in the supercritical region
of § in Model I there exists an Allee effect strong enough so that the species gets extinct.
Which strategy may a species adopt to reduce the Allee effect?

We show that, at least in theory, migrations of large flocks of individuals improve the
probability of survival for any Allee effect. A migration of many individuals in a new envi-
ronment improves the probability of a successful colonization avoiding a small density in
that new environment which is influenced by the Allee effect.

We introduce positive parameters d4, d, Ny, N such that 0 < Ng < N, d4 > 1,5 >0
and we take birth and death rates as in Model 11, that is

ne(x) +1 at rate n:(z) Ly, (2)<N-1}
m(x) — 1 at rate 1¢(2) (0a iy, () <na) + (N, <n(@)})-

ne(x)
ne ()

—
—

Given M € N, 0 < M < N, for each y ~ x we introduce the migration rate

(ne(x),me(y)) —(ne(x) — kyne(y) + k) at rate J(n(x), m (), k) (1.20)

where foreach l € X, me X, ke {1,...,M}

AN Mfl—k>N-Mandm+k<N

0 otherwise (1.21)

J(,m, k) = {
that is if k individuals try to migrate from = to y but n:(y) + k£ > N, the migration does
not happen.

Notice that if n;(z) < N — M the migration rate is null. This means that individuals try
to migrate only when there are more than N — M individuals on a site. From a biological
point of view, this means that when there are few individuals resources are enough for all
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and there are no reasons to migrate.

When [ > N — M there is a positive probability of migration and the number of individuals
that migrate is increasing with the population size. If | = N — M + 1 we allow a migration
of at most 1 individual from x to a nearest neighbor site, when [ = N — M + 2 we allow
a migration of at most 2 individuals and so on. If [ = N = (N — M) + M we allow a
migration of the largest flock of M individuals. The migration rate is given by A.

We prove that for any Allee effect we can take a population size N and a maximal migration
flock size M large enough for the species to survive.

Theorem 1.13 (Theorem 3.23, Section 3.2.3)
Let d > 2.

i) For all 6 < 1, A > 0, Ny > 0, there exists N.(6,\,Na) such that for each N >
N.(8,\,Ny4), there exists M(Ny) so that the process starting from ny with |ng| > 1
has a positive probability of survival for each 54 < oo. Moreover if ng € EVN the
process converges to a non-trivial invariant measure for each d4 < 00.

i) If § > 1, for all N, Na, A\, 64, M the process dies out for any initial configuration.

In other words, for fixed N4, A, &, even if §4 is the strongest one, if the species lives in
large populations and migrates in large flocks, survival is possible.

In Model II we showed that a strong Allee effect dooms even a very large population
with a large migration rate. Theorem 1.13 states that the strategy that the species may
adopt to reduce the Allee effect is not an increase of the migration rate, but an increase of
the number of individuals which migrate. Moreover the population size is important and
spatial aggregation is good for the survival of the species.

Model IV: ecological equilibrium.

Real natural environments do not have any a priori bound on the population size,
but there is a kind of self-requlating mechanism that does not allow an “explosion” of
the number of individuals per site. Ecological equilibrium has been introduced in [6] for
restrained branching random walks: some restrictions on branching random walks birth
rates provides a survival through nonexploding populations. We show that this is also
possible in a system with a different mechanism.

We suppose that in our environment there is no maximal population size as in previous
models, and the birth rate is always positive. We also assume that when the population
size is larger than some value N the growth rate is negative.

We change each of the previous models in the following way when the number of individuals
per site n(x) is larger than N:

ne(z) —n(x) + 1 at rate 7;(2) I y<n, (2)}>
ne(z) —n(x) — 1 at rate 0m¢(2) Ly ny1<n, ()}

where § > 1, that is when the density is large the death rate prevales over the birth rate.
In order to simplify notation and proofs, we work on Model I. We can get a similar result
on Model III. Namely we take the following birth and death transition rates

ne(z) —m(x) + 1 at rate my(x),
ne(z) —m(x) — 1 at rate Ut(x)(fm{m(x)gN} + gﬂ{N<m(x)})7
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and for each x ~ y the migration rate is

(e(2),me(y)) —(me(x) — 1,me(y) + 1) at rate Ly oy AM (1:(y)) L, (2)> Ny

where M : X — R" is a non increasing function such that M () = 0 for each [ > N.
This means that when the population size 1 (x) is larger than N the death rate dn.(z)
is larger than the birth rate n;(x). A migration is allowed from a site with more than N
individuals to a site with less than N individuals. Since we are working without any a
priori bound, we refer to construction techniques in non compact cases and we restrict the
state space to 9 C 2 (See [13, Chapter 13]). One can check that sufficient conditions for
the existence of the process (see [13, Theorem 13.1]) are satisfied.

We prove that we can have survival of the species but on each site the population size
does not explode. In other cases the species gets extinct.

Theorem 1.14 (Theorem 3.25, Section 3.2.4)
Suppose |no| > 1 and there exists n < 0o such that no(x) < n for each x € Z.

i) For each A >0, 1 < N < o0, € > 0 there ezists 6;(A\,N) > 0 and K < co_such that
if § < 6L(X\, N), the process has a positive probability of survival for each 6 > 1 and
lim; oo E(n¢(2)) < K for each x € Z¢ and § > 1 + .

ii) There exists 62 > 0 such that if § > 62, the process dies out for each X, N, 6>1
and any initial configuration.

i11) For each A > 0,1 < N < oo, S there exists 6c(A, N, 5~) > 0 such that, if 6 < d.(\, N, 5~)
the process survives and if § > 6.(\, N, d) the process dies out.
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Chapter 2

Stochastic order and attractiveness

2.1 Background

We recall the definitions and results about attractiveness and couplings that we use.

Definition 2.1 Let W be a set endowed with a partial order relation.
A set V. C W is increasing if

VieV,meW, [I<m=meYV.
A set V. C W is decreasing if

VieV.meW, I>m=meV.
A function f: W — R is monotone if

Vi,me W, I<m= f(l) < f(m).

For instance if [ € W, then [; = {m € W : [ < m} is an increasing set, and D; = {m €
W : 1> m} a decreasing one.

Remark 2.2 Let J be a set of indexes. If {I;}jcs is a family of increasing sets on W,

then U I; is an increasing set. If {Dj}jer is a family of decreasing sets on W, then U D;
Jj€J JjeJ

s a decreasing set.

Remark 2.3 For any subset V € W,

Vis increasing < W\V'is decreasing < 1y is monotone.

Now we introduce the interacting particle system. Denote by S = Z¢ and let X C N. Let
(n¢)i>0 be a Markov process on 2 = X* with semi-group 7'(t) and infinitesimal generator
L. The set € is the state space, S is the set of sites and X is the set of possible states on
each site. We refer to [33] for the classical construction in a compact state space. Since we
are interested also in non compact cases, we assume that (1:);>0 is a well defined Markov
process on a subset g C €2, such that for any bounded local function f on (g,

) f(m)— fn)

. = Lf(n) < . (2.1.1)

v € {o,  lim

43
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Given two processes (& )¢>0 and ((¢)i>0, a coupled process (&, (t)¢>0 is a Markov process
with state space Qg x g such that each marginal is a copy of the original process.
We define a partial order on the state space:

VE,CEQ,  £<(e (Voe S i) < (@) (2.1.2)

We denote by M the set of all bounded, monotone continuous functions on 2. The partial
order on {2 induces a stochastic order on the set P of probability measures on €2 endowed
with the weak topology:

v, € P, v<v & (Vf e Mu(f) <V(f)). (2.1.3)
Remark 2.4 v </ is equivalent to V C Q, v(V) <V (V) for all increasing sets.

Indeed for any non-negative f € M and all s > 0,

{f= s} ={f(2) 2 s,Va} = ({f(2) = s} = (|J{f(2) <5})°

€N e

is an increasing set because it is the complement of a decreasing one, by Remark 2.2 and
Remark 2.3, and v(f) = [ v{f > s}ds. On the other hand use Remark 2.3.

Theorem 2.5 [33, Theorem I1.2.2] For the particle system (n4)i>0, the following two
statements are equivalent:

(a) f € M implies T(t)f € M for allt > 0.

(b) For v,/ € P,v <V implies vT'(t) < V'T(t) for all t > 0.

Definition 2.6 [33, Definition I1.2.3] The particle system (n;)i>0 is attractive if the equiv-
alent conditions of Theorem 2.5 are satisfied.

Attractiveness is a property concerning the distribution at time ¢ of two processes with the
same generator which start with different initial distributions. We are also interested in
comparing distributions of two processes with different generators starting with different
initial distributions. We slightly modify Theorem 2.5 and Definition 2.6 in order to get a
more general setting.

Theorem 2.7 Let (&)i>0 and ((t)e>0 be two processes with generators L and L and semi-
groups T'(t) and T (t) respectively. The following two statements are equivalent:

(a) f €M and & < (o implies T(t) f(&0) < T(t)f(Co) for all t > 0.

(b) For v,/ € P,v <V implies vT(t) < V'T(t) for all t > 0.

Definition 2.8 A process ((;)i>0 s stochastically larger than a process (& )¢>o if the equiv-
alent conditions of Theorem 2.7 are satisfied. In this case the process (§)i>0 is stochasti-
cally smaller than (¢¢)i>0 and the pair (&, (t)e>0 is stochastically ordered.

Notice that if T = T we get Theorem 2.5 and Definition 2.6.
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Theorem 2.9 [33, Theorem I1.2.}]. For v,V € P, a necessary and sufficient condition
for v < V' is the ewistence of a probability measure p on Q x Q, called a coupled measure,
which satisfies

(a) u{(&,¢): £ € A}y =v(A),u{(£,¢) : ¢ € A} =V'(A), for all Borel sets A € Q,

(b) p{(§, Q) : €< Ch=1.
In order to characterize the stochastic ordering of two processes, first of all we find nec-
essary conditions on the transition rates of the model. Then we construct a Markovian
increasing (we also say attractive) coupling, that is a coupled process (&, (¢)¢>0 which has
the property that &y < (y implies

PeSIg < G} =1,

for all t > 0. Here P(€-%) denotes the distribution of (&, (t)¢>0 with initial state (o, (o).
A characterization of attractiveness follows.

2.2 Main results

We look for necessary and sufficient conditions on the transition rates that yield stochastic
order or attractiveness of the following class of interacting particle systems with births,
deaths and jumps. Referring to notations in Section 1.1.3, the infinitesimal generator £
of the process (1;)>0 on = X* is given, for a local function f, by

crm =3 > bt n) S (T8 5(f Sk n) = Fn)+

z,yes a,feX k>0
+ (RS + PH((SEn) = ) + (R + TR (875 = f))) - (2:21)
where the rates have the following meaning;:

- p(x,y) is a symmetric translation invariant probability distribution on Z¢;

- I’l; Bp(x,y) is the jump rate of k particles from z, where n(xz) = a, to y, where

n(y) = 5

- Rg’zp(m,y) is the part of the birth rate of k particles in y such that n(y) = g
dependent on the value of 7 in = (that is «);

- R;%’Op(az,y) is the part of the death rate of k particles in x such that n(z) = «
dependent on the value of 7 in y (that is 3);

- Pﬁik is the birth/death rate of k particles in n(y) = [ dependent only on the value
of 7 in y: we call it an independent birth/death rate.

We call addition on y (subtraction from x) of k particles the birth on y (death on x) or
jump from z to y of k particles. The correspondent rate is called addition (subtraction)
rate.
By convention we take births on the right subscript and deaths on the left one: formula
(2.2.1) involves births upon 3, deaths from « and a fixed direction, from « to (3, for jumps
of particles. We define, for notational convenience
ka R ka k?. 7]?70 —— 7]?70 —k

)5 =R, 5+ Fg; 5 =R, 5 +P" (2.2.2)
We assume (2.1.1) and we will be more precise on the induced conditions on transition
rates in the applications. We state here only a common necessary condition on the rates.
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Hypothesis 2.2.1 We assume that for each (o, ) € X?

W(a, B) :=sup{n: Ty 5+ " op T H;%O > 0} < oo,

ZP§7B<OO; ZH36<OO ZH;]EO<OO

k>0 k>0 k>0

In other words, for each «, 0 there exists a maximal number of particles involved in birth,
death and jump rates. Notice that W (q, ) is not necessarily equal to W (/3, «), which
involves deaths from [, births upon « and jumps from (§ to a.

Definition 2.10 Given (a, 3),(7,6) € X2 x X2, the notation (o, 3) < (v,9) is equivalent
toa<~vyand f<9; (o, ), (7,0) are ordered if (o, 3) < (7,0) or (a, B) > (7, 9); they are
not ordered otherwise, that is when (o <y and > 0) or (> and 3 < 9).

Definition 2.11 Let (o, 3), (7,6) € X% x X2 be such that (o, 3) < (7,6). There is a
lower attractiveness problem on («, 3),(7,0) if there exists k such that 5+ k > § and
HO F 5+ Ik 0p > 0; (B,0) is a k-bad pair (of states) and k is a low-bad value (with respect
to (ﬁ, 0)). There is a hlgher attractiveness problem on (a, 3), (v, 9) if there exists k such
that v — k < o and H +Fk > 0; (a,7) is a k-bad pair (of states) and k is a high-bad
value (with respect to ( )) Otherwise (8,9) (resp. (,7)) is a k-good pair (of states)
and k is a low-good (resp high-good) value.

If either (3,0) or (a,7) is a bad pair there is an attractiveness problem on («, ), (7,0).

In other words we distinguish bad situations, where an addition of particles allows lower
states to go over upper ones (or upper ones to go under lower ones) from good ones, where
it cannot happen.

Notice that Definition 2.11 involves addition of particles upon 8 and subtraction of particles
from ~. If we are interested in attractiveness problems coming from addition upon « and
subtraction from § we refer to (3, ), (4,7).

Definition 2.12 Given (a, 3), (v,6) € X% x X? such that (o, 3) < (v,9), denote by

A={neN:B+n>0d and I} 5+ 1107 > 0} (2.2.3)

B::{nGNzw—n<aandI’,y75+H%5 > 0} (2.2.4)
supA  if A#£D

O P R (2.2.5)

Ulasoi0)={ 500 4570

N(a,8,7,0) = L(e, 8,7,6) V U(a, 8,7, 0)
M(a, B,7,0) := W(a, ) VW(y,0).

The notation L means Lower (configuration) and U means Upper (configuration).

(2.2.6)

Notice that L(«, 3,7,9) (resp. U(a, 3,7,9)) involves only rates that cause a lower (resp.
higher) attractiveness problem on (a, 3), (7,0). Therefore if L > § — f and U > v — «
then there are both a lower and a higher attractiveness problem, and N(«, 3,,9) is the
maximal bad value with respect to («,7), (3,0), while M («, 3,7, d) is the maximal change
of particles (good or bad value) involving all rates, even births on the higher configuration
(Hg’;) and deaths on the lower one (H;%’O), so that M(«a, 3,7,6) > N(a, 3,7,0).
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Remark 2.13 Hypothesis (2.2.3) implies that (2.2.5), (2.2.6), (2.2.7) and (2.2.8) are fi-
nite.

Definition 2.14 Given K € N, | := {l;}i<k, li € N, m := {m;}i<x, m; € N, k :=
{ki}ti<k, ki € N such that for each i < j, l; <l;, m; <mj, k; <k; let

K

L= I1K(m)= | J{k:mi=k>6-B+1} (2.2.9)
i=1
K

I:= IF(l,m) = U{l:v—a+mi2l>li} (2.2.10)
K

L= IE(km)= (J{l:mi>1>7—a+k} (2.2.11)
=1
K

Ipi= IX(km)= |J{k:6—-B+m>k>k} (2.2.12)
=1

We denote by § = S(I', R, P,p) = {T", 4, R, B3, PE*, p(2, 1) }a pex im0, 50, )52
the set of parameters that characterize the generator (2.2.1) of the system, and we will
identify the system with this set S. An S particle system is a process (1:)i>0 whose law is
given by generator (2.2.1) and we write n; ~ S.

Let S = S(I', R, P,p) and S = S(T', R, P, p) be two processes with different transition rates
(but the same p). The main result is

Theorem 2.15 A S particle system (1:)i>0 ts stochastically larger than a S particle sys-
tem (&)i>0 if and only if for all (o, B), (v,8) € X% x X? with (o, B) < (v,9),

Soomh 3 Th <>+ T (2.2.13)

k>0—[0+11 kel, >l lely
OIS IED SIF PR SIS LD 31 RN RS0
k>ky kely I>y—a+k1 lel.

for all choices of K, I, Iy, 1., 15 in Definition 2.14.

Remark 2.16 If § = S, Theorem 2.15 states necessary and sufficient conditions for
attractiveness of S.

We split the proof of Theorem 2.15 in two parts:

Proposition 2.17 If the particle system (n:)i>0 is stochastically larger than (& )i>0, then
for all (o, B),(7,6) € X? x X2 with (a,B) < (7,9), for all (z,y) € S%, Conditions
(2.2.13), (2.2.14) hold.

The other part of the proof of Theorem 2.15 is harder and is obtained by showing the exis-
tence of a Markovian coupling, which appears to be increasing under Conditions (2.2.13),
(2.2.14).

We fix two configurations £ and 7 such that £ < n and & ~ 5’, nt ~ 8. The first
step consists in proving that instead of taking all possible sites, it is enough to consider an
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ordered pair of sites (x,y) and to construct an increasing coupling concerning some of the
rates depending on n(z),n(y) and &(x),&(y) (remember that we chose to take births on y,
deaths on = and jumps from z to y) and a small part of the independent rates (by this,
we mean deaths from = with a rate depending only on 7(z) and £{(z) and births upon y
with a rate depending only on 7(y) and £(y)). We do not have to combine any “dependent
reaction” R, or jumps rate fé(m),g(y) on y with any rate Rn( or Fﬁ(z),n(y) if z is

&(x),€
different fr0r§1 ):U.(y)

2),m(y)

Definition 2.18 An ordered pair of sites (x,y) is an attractive pair for (g, S) if there ex-
ists an increasing coupling for (&, mt)e>0 where & ~ S(I', R, h(P),q), n+ ~ S(I', R, h(P), q)
and

| plx,y) ifz=z,w=y,
a(z,w) = { 0 otherwise;

and, for eachm € Q, k € N,

PE oplz,y) z=y P lplay) z=u
h(PE )y ={ T ’ WP k)= @ ’
( 77(2)) { O Othetrwise; ( 77(2)) 0 otheTwiSE.

For notational convenience we simply call these new systems S,y and Sz y)-

Notice that S, ) # S(y,z), because we take into account births on the second site and

deaths on the first one. In the same way we only take particles’ jumps from the first site

to the second one. However by symmetry and translation invariance the conditions on

S(z,y) and Sy ;) will be the same. The same remark holds for S, ).

In other words in order to see if a pair is attractive, we reduce ourselves to a system where

we only take part of the rates depending on two sites, and a part of the independent rates
~ k —k

depending on p(z,y) (P, p(z,y) and P, 2 p(x,y)).

Proposition 2.19 The process n; ~ S is stochastically larger than & ~ S if and only if

all its pairs are attractive pairs for (S,S).

The harder direction consists in proving that if two systems are ordered we are able to
construct an increasing coupling for each pair of sites. The final coupling will be formed
by superposing couplings for all possible pairs of sites.

From now on, we will work on a fixed pair of sites (z,y) € S? and on two configurations
(ne, &) € Q% for a fixed t >0,y ~ S, & ~ S such that & < and

&) =a, &y) =06, m(x)=~, nly) =0 (2.2.15)

Remark 2.20 With a slight abuse of notation, since («, 3) involves the lower system and
(,0) the upper one, we denote by

Hos=1as Tap=Tap

and S := (8, 8). Indeed, since rates on (a, 3) involve S and rates on (v,6) involve S we
omit the superscript ~ on the lower system rates.

Therefore, when we refer to a coupling, we mean a coupling for this fixed pair (z,y)
and with fixed («, (), (7y,0) defined above. For this reason we write 5 (or 7) k-bad
instead of (3,9) (or (a,7)) k-bad and (see Definition 2.12) we call L := L(«,3,7,9),
U:=U(w,fB,7,9), N := N(o,3,7,90) and M := M(«,3,7,0). We drop in p(x,y) the
dependence on (z,y), and simply write p(x,y) =: p.
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For a given configuration, we call “higher birth rate” the positive birth rate giving the
maximal number of births, “higher death rate” the positive death rate giving the maximal
number of deaths, “higher jump rate” the positive jump rate giving the maximal number
of jumps. We speak of “higher rate”, if we are not interested in making any distinction
between births/deaths or jumps.

Our purpose is to construct an increasing coupling under Conditions (2.2.13) — (2.2.14).

We define a coupling rate that moves both processes only if we are dealing with an
attractiveness problem, otherwise we let the two processes move independently through un-
coupled rates. Since W(a, ) is finite, we can construct the coupling by a downwards
recursion on k, starting from M on rates that do not give attractiveness problems and
from N otherwise.

Suppose L = U = N and that there is a lower attractiveness problem on [, then
an addition of N particles upon  breaks the partial order, that is 3+ N > §. Such a
problem could come both from births (Hgﬁp) and from jumps (Fév ﬁp) rates. The coupling
construction takes place in three main steps. We just give an idea of these steps and we
will investigate them better going on.

Step 1) We begin from jump rates: in order to “solve the problem”, we could couple
I‘gﬁp with either a jump or a birth rate of the upper configuration. We give priority to
jump rates. We first couple it with Fjv\f sp, because a <7, « — N < v — N and the final
pairs of values are (¢« — N, + N) < (y—N,d + N).

Then while the attractiveness problem is not solved, we go on by coupling the remainder
of the lower configuration jump rate with the upper configuration jump rate with a de-
creasing change of particles | < N — 1, that is th sp at the It" step. The final pairs of
values we reach are (« — N, 3+ N), (v — [, + 1), which preserves the partial order on x
since « — N < v — [ when [ < N, but not necessarily on ¥, since 3+ N < § + [ only if
Il > N — 0 + 3. For this reason, we stop the coupling between jumps at the (N — ¢ + ﬁ)th
step. We will come back to jump rates later on, on Step 3. Notice that after Step 1 we
are left with only remaining parts of the involved rates.

If v is N-bad in order to solve the higher attractiveness problem given by I’fx 5P We con-
struct the coupling rates involving it in a symmetric way.

Step 2) We couple birth and death rates:

Step 2a) Another rate that causes an attractiveness problem is Hg’]gp. We cannot couple

it with the remaining part of a jump rate Ffmp with [ > v — a from Step 1, otherwise we
would reach (o, 8+ N),(y — 1,0 + 1) such that v — ! < «, which does not preserve the
partial order. So we choose to couple it with the births rate of the upper configuration
with larger change of particles, Hg’g/[p and going down we couple it with Hg:lép at ["'-step,
until l = v —a + 1.

We do not impose restrictions as in Step 1, that is we do not stop when Il = N — § + .
Thanks to attractiveness (which will follow from Conditions (2.2.13) — (2.2.14)), we will
see that we cannot reach pairs of values breaking the partial order 3+ N < + 1.

Step 2b) When [ < v — «, we can use both Hg’gp and the remainder of I‘fy sp from Step
1. We give priority to l-births rate, but after that we couple immediately with the l-jumps
rate, that is first Hg’}_ap, then the remainder of I‘://;ap from Step 1, then Hg’g_a_lp, then
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the remainder of I’::}ailp and so on.

If v is N-bad we construct the coupling terms involving H:{f;v’op in order to solve the higher
attractiveness problem given by this rate in a symmetric way.

Step 3) We come back to Step 1, where even if the remaining part of I‘g gD was still
positive at step N — § + 3, we decided to stop. We use the upper configuration reaction
rate remaining from Step 2 in order to solve the attractiveness problem we couple the
remainder from Step 1 of TN a.6P with the remainder from Step 2 of oM 5 P then with the

remainder of HW/’ p and so on downwards in [ with H%(Sp. As in Step 2, the pairs of
values (¢ — N, 3+ N), (v, +1) breaking the partial order (that is such that 5+ N > 0+1)
that we could reach a priori will be avoided by attractiveness.

If v is N-bad and we have a remainder of I‘fy\i sp from Step 1, we proceed in a symmetric way.

Once we constructed all the coupling rates involving I'*V ,6P> 1’ Np, FJVV spand II_ 5 p we
move to rates involving less than N particles. If 5 is (N —1)-bad (and /or 7 is (N ) bad)
in order to solve the lower (higher) attractiveness problems given by v ) 'p and I1, ’N !

(FN s pand H (N 10 p) (or their remainders from previous steps) we repeat Step 1, Step
2 and Step 3 for such terms. We proceed this way with the remainders of F aP and HO
(Flw;p and 1'[%(S %p) going downwards with respect to & (I) until (8, 8) is k—good ((a,y ) is

l-good). We call the part of Step 1 (resp. 2 or 3) involving rates I"O‘“[,ﬁp or Hg’zp when
(8,9) is k-bad for k < M Lower Step 1 (resp. 2 and 3) and the symmetric one when («, )
is [-bad Upper Step 1 (resp. 2 or 3).

If N=L >U (resp N=U > L) we begin the coupling construction from Lower Step 1
by I'L a,6P (resp. Upper Step 1 by I’U(Sp) Then since I'Y 5P =0 we skip Upper Step 1 and
we pass to Lower Step 2. Since H p = 0 we skip Upper Step 2 and we pass to Lower
Step 3 and so on until we reach the ﬁrst positive rate giving a higher attractiveness problem.

We couple an upper configuration jump rate I‘i/ sP with a lower configuration birth rate
Hg{’kﬁp if B+k >1 and o < vy—1 in order to solve a lower attractiveness problem, and with

a lower configuration death rate H;%’Op if a > ~v—1 in order to solve a higher attractiveness
problem: in other words we cannot couple the same higher jump rate both with lower birth
and death rates. A symmetric remark holds for lower jump rates.

Our purpose now is to describe a coupling for (§($7y), S(z,y)); that we denote by H(z,y)
(or simply H), which will be increasing under conditions (2.2.13) —(2.2.14). Coupling rates
are given below by downwards recursive relations

Definition 2.21

olf k<L andl <U,

kl ok Tl 1 ke b, —1,0
Jass =Ta,P — ZH B0 ZHaﬁ,%zS (2.2.16)
>l ">l
K kL 0,k,11
p= > Hojls = 0 Hag s (2.217)

k'>k k'>k
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Kl kL
e Jog N5 if (a>y—1lorB+k>0)
aBd = and (B+k<d+1) and (a —k <~ —1)
0 otherwise.
(2.2.18)
oIf k<L andl< M,
El 110k 0,k,0,l' 0,k,0,1!
By =Up =D Hygls— > Hygs (2.2.19)
>l UN(y—a)>l'>1
kil 0, 0,k,0,1 K k0,1
Bys =ILsp— Y HY5 5= D Hojrs (2.2.20)
K>k K>k
B ABRL B+ Ek>6
FOk0L _ ) By ABs 2.2.21
3,7, 0 otherwise ( )
k.l k.l k.l k.l k.l k.l .
0,k,1,1 [Bavﬁ —Byg A B%(S] A [‘]%6 ~Jap N Jv,é] fB+k>0
afd = onda<y—1
0 otherwise.
(2.2.22)
off k<M andl < U,
El _ 11—k,0 —k,0,—1',0 k0,11
Dy =Ty 5'p =Y Hogos ' =Y Hogos (2.2.23)
>l V>l
P A —k',0,—1,0 K k' —1,0
Dys =T — >  Hopls = ) o,B,6 (2.2.24)
E >k (6—B)AL>K' >k
CkO.— DFL A DF ifa>~y—1
H kvov lvo — CV,B "/,5 2225
3,7, 0 otherwise ( )
k.l k.l Kl k.l k.l k.l }
A (o = Jag NI SIN D sp—Dyg ADsl ifa>y =1
afrd — and B+k <6
0 otherwise.
(2.2.26)
oIf k<L andl< M,
El ik EEL k,k,0,
Tys=Tesp— > Hygys =Y Hgls (2.2.27)
U>k—6+8 >l
k.l k.l k.l kil -
ikl _ ) Tolg MBys = Bajg A Bosl i B+ k>t (2.2.28)
By, 0 otherwise.
off k<M andl < U,
El Kk k0,1
Ty =Thep— > Hajas— D Hogls (2.2.29)
E>l—yda K>k
kL okl k.l kil B
ottt Doy = Do ADygl AT o> =1 (2.2.30)
P 0 otherwise.
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The uncoupled terms are

k?70 > 071 .
i) HRR00 T,5 B+k>0, i) HOOH TW ify—1<a (2.2.31)
@ J§’2 otherwise; @Bird Jv’(l; otherwise; -
, 0,k,0,0 k0. . 0,000 _ 10,1,
i) Hygos=Byg it) Hygos=Bs; (2.2.32)
) _k‘7070’0 _k70' s 0707_170 _ _lyo
) Hogys =Dags i) Hyg. 5 =D . (2.2.33)

The notation J means jump, B birth, D death and T third, since this term is positive only
if we arrive to Step 3 of the coupling construction.

Remark 2.22 By Definition (2.2.18) coupling terms between jumps such that the final
pairs of states break the partial order are null.

kok,ll .
Hygos=0 if (B+k>d+1) or (a—k>~—1). (2.2.34)
By Definition (2.2.22) (resp. (2.2.26)) coupling terms between lower births (resp. upper
deaths) and upper (resp. lower) jumps such that the final pairs of states break the partial
order are null.

H&?ﬁ;{(s =0 ifa>vy—1 (2-2-35)
HS:Z’,;(S’O =0 if B+ k> 0. (2.2.36)

We will explain how this coupling construction works at the end of this section; see also
in Example 2.3.5 the easier case M = 1. We complete the proof of Theorem 2.15 by

Proposition 2.23 Under Conditions (2.2.13)-(2.2.14), 'H is increasing.

In order to prove Proposition 2.23, we define a new system S (in fact a new pair of systems

S := (8,S) by Remark 2.20), depending on S and H, whose rates are those of S to whom
we subtract the coupled rates of H involving the higher addition or subtraction of L or U
particles.

Definition 2.24 Given S, we define a new pair of systems S, through the transition rates

L L,L,l,1 L,L0,1 . .
Thop = > HoLME—N"HIM k=L and B is L-bad,
>0 >0

>
=k k,k,UU k,k,—U,0 .
Toop =9 TasP = Halgos — Halgls (k < L and v is U-bad)
or (k=L and (3 is L-good),
Tk op otherwise;
o~ S HESY - S =0 oty iU
l k>lol Ll 0 Lkl>l0
T l 1HHb,y 1l )
Cop=9 Ihep—Hy5) s —Hy 5 s (I < U and B is L-bad)

or (Il =U and ~ is U-good),
I‘lv 5P otherwise;
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0,L 0,L,0, 0,L,l,l .
—O,k Haugp o Z Ha767775 B Z Ha7ﬁ7775 kj - L,
I, gp = 1>0 1>0
%k h FO
a,3P otherunse;
=0l 0, 0,L,0,1 L,L,0,l .
H,Y76p _Hﬂﬁép o HC‘UBv’Yv(S o HC‘UBv’Yv(S for eaCh l’
—U,0 —k,0,—U,0 kk,—~U0 5
— 0 W=D Hygos ' =) Hygos' 1=U,
v P= k>0 k>0
’ H_l,o h . .
v P otherunse,
k0 k0O —k,0,—U,0 —k,0,U,U
Ha?ﬁ p _Haug p B Ha7ﬁ7775 o Ha7ﬁ7775 for ea/c}L k.

Our plan consists in working by induction on IV, L or U according to the situation. Denote

by

ZZL(aaﬁaWaéaE); U:U(a’ﬁ>’776a§);
N:N(a,ﬁ>’776a§); M:M(a’ﬁ>’776a§)'

In order to prove that Proposition 2.23 holds for a system & with N = n (resp. L =n
or U = n), we assume that Conditions (2.2.13)—(2.2.14) are satisfied and that Proposition
2.23 holds for each system S such that N(S) < n—1. We prove that if Conditions (2.2.13)~
(2.2.14) are satisfied on S then they hold on S: by induction hypothesis, if N < n — 1,
we get that H(S) is increasing from which we will deduce that H(S) is also increasing.
In other words we work by induction on the higher rate which causes an attractiveness
problem by defining at each step a new system and, if the induction basis is satisfied, we
get the result by the induction step as explained.

Since we need that N <n —1 (resp. L <n—1or U <n — 1) the following propositions
allow us to work by induction.

Proposition 2.25 i) If 3 is L-bad, then L < L — 1.
ii) If v is U-bad, then U < U — 1.

The harder part is:

Proposition 2.26 If S satisfies Conditions (2.2.13)(2.2.14), then the system S satisfies
Conditions (2.2.13)(2.2.14).

Proposition 2.27 If H := H(S) is increasing, then H(S) is increasing.
Finally, the first step of the induction is given by Lemmas 2.28, 2.29 below.

e By Definition 2.12, if both L = § — 8 and U = v — «, then there is no attractiveness
problem; the coupling H is the independent coupling, it consists in uncoupled terms and
it is increasing.

o If U =~ — « (that is 7y is U-good, which implies that « is (U — 1)-good) but L > § — 3,
then there is only a lower attractiveness problem, L < L — 1 by Proposition 2.25 i) and we
work by induction on L: by Proposition 2.26 and the induction hypothesis H is increasing
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and the claim follows from Proposition 2.27. The induction basis consists in proving the
result for a system with Ly = § — 8+ 1 (that is 8+ Lyp = ¢ + 1, the minimal lower
attractiveness problem) and no higher problem (see Lemma 2.28 i1)).

o If L =6 — [ (that is 8 is L-good, which implies that 3 is (L — 1)-good) but U > v — «,
then there is only a higher attractiveness problem, U < U — 1 by Proposition 2.25 4i) and
we work by induction on U as in previous case by using Propositions 2.26, 2.27 and the
induction hypothesis. The induction basis consists in proving the result for a system with
Uy =~ —a+1 (that is v — Uy = o — 1, the minimal higher attractiveness problem) and
no lower problem (see Lemma 2.28 4ii)).

e Suppose L > d — 8 and U > v — a: we have both a lower and a higher attractiveness
problem, N = max{L,U} < max{L —1,U — 1} = N — 1 by Proposition 2.25 and we work
by induction on N. We use the induction hypothesis as in previous cases, and we proceed
downwards with respect to NV by defining new attractive systems until we reach one of the
following cases in the final system Sp:

-l Ly=0—-pf+1and Uy =v—a+1,then Ng=(6—F+1)V(y—a+1) and the
induction basis is given by Lemma 2.28 i);

- If Ly > 6 — B and Uy = v— «, that is we reach a system without higher attractiveness
problem, then the induction basis is given by Lemma 2.29 i);

- If Ly =0 — B and Uy > v — «, that is we reach a system without lower attractiveness
problem, then the induction basis is given by Lemma 2.29 7).

Lemma 2.28 i) [f L=0— [+ 1 and U =y — a+ 1, Conditions (2.2.13), (2.2.14) reduce

to
0,L L 0,1 1
Mg+ Taplreny <Y s+ >, Ths (2.237)
>0 y—a+m1>1>0
—k,0 k —U,0 U
Z Ha’,ﬁ + Z FO(,B ZH'%(S + F'yﬁ]l{UEIC} (2238)
k>0 6—pB+m1>k>0

for each my. Under conditions (2.2.37)—(2.2.38), H is an increasing coupling.
i) IfL=6—0F+1, and a <~y —U, Conditions (2.2.13)—(2.2.14) reduce to

0,L 0,1 !
Mo+ T <D TG+ s (2:2.39)
>0 >0

Under condition (2.2.39), H is an increasing coupling.
i) IfU=~v—a+1, and B+ L <9, Conditions (2.2.13)(2.2.14) reduce to

—k,0 k —U,0 U
Z Haaﬁ + Z Faﬂ = H'y,é + Fﬂ/,é (2.2.40)
k>0 k>0

Under condition (2.2.40), H is an increasing coupling.

Lemma 2.29 i) If 5+ L > ¢ and o < v—U, under Condition (2.2.13) H is an increasing
coupling.
i) If B+ L <06 and o >y — U, under Condition (2.2.14) H is an increasing coupling.

In the last part of this section we explain how the coupling in Definition 2.21 works. We
begin by writing down explicitely the terms concerning the maximal sizes M and N for
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change. These terms will be important in order to prove stochastic order and attrac-
tiveness. We suppose L = U = N. Notice that by definition of M, all coupling terms
concerning addition or subtraction of a number of particles bigger than M are null.

Step 1) If k < N, [ < N, by (2.2.16), (2.2.17) and (2.2.18)

Hyyy = AT s)p ifB+N>dory—N<a (2241)
H(])évﬁNv’lg_ a,pP — ZH(]xVﬁNvlél 61)] fd<pf+N<d+lorvy—I<a«
>l
(2.2.42)
HMSNN 0k pl A D p = SO BEENN] ok <y-N<aor B4k >0
k'>k
(2.2.43)

Otherwise HNﬁN’l’l HS’Z fyv5N = 0. Notice that in (2.2.41) conditions & — N <y — N and
B+ N < 5+N éfe always satisfied since (o, 3) < (v,6); in (2.2.42) condition v — N < v —1
is always satisfied since | < N; in (2.2.43) condition S+ k < §+ N is always satisfied since
k < N. Such conditions are not always true in case L # U (see Remark 2.31).

If B is N-bad, we couple the N-particles jump rates by taking the minimum between I’év, P
and 'Y 5 sp (Formula (2.2.41)). After that, if the remainder of ry o3P is positive, we proceed
recurswely downwards by coupling it with I 5P when 8+ N < § + [, that is when the
final pair does not break the partial order (Formula (2.2.42)).

More precisely, looking for instance at (2.2.41), (2.2.42) when Fgﬂ > F]y\fé and + N <
6+ N — 1, we get the first coupling rates

N,N,NNN N N,N,N—1,N—1 N N-1
H =TI sp;  H = ()5 —TEsp AT p

,B,7,6 a,8,7,6
Then either HiVﬁNW]g LN=1 (I‘Nﬁ F 5)p, and with the two steps [ = N and [ = N —1
we have no remaining part of Fa gD, or Hévﬁj\;]g LN-1 FN 1y and we are left with
a remainder (I’gﬁ — I’fyv(; — I’fyvgl)p, to go on with | = — 2, ... until either we have

no remainder of Fg’ P or we have reached | = 0+ N — 5 with the remainder Fg’ gP —

l
Zlsz—éJrB F%(Sp-
Suppose v is N-bad. Then in a symmetric way we couple the jump rate fo sP with F(]IV, D
if we have not still done it (that is if 5 is not N-bad) and we proceed downwards in k
coupling the remainder of I’fyép with I’g gpuntil k < N —v+a (Formulas (2.2.41) and
(2.2.43)).

Remark 2.30 The coupling rates (2.2.42) and (2.2.43) are minima of expressions involv-
ing only sums of rates I'. p.

Remark 2.31 If N = L > U, we proceed in the same way by following Definition 2.21.

WegetI’Nﬁp/\I’ 5P = I‘aﬁp/\O:() Wehaveoz—L<7 U because L > U.

o If B+ L <~v+4 U, the first positive coupling term H ,l,g i Fé’ sP A Fgép, it is between

Jumps and involves the higher jump rates on the lower and on the upper configuration.
e IfB+ L >4+ U, we cannot couple a jump of L particles upon B with a jump of U or
less particles upon §, and coupling terms involving I’é’ 3P appear only in Step 3; if we look

at I’gﬁp, since B+ L > § + U by Definition 2.21 Formulas (2.2.16), (2.2.17) and (2.2.18)
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the terms Hk K, Ug are null until 6+ k <6+ U. The first positive coupling term in Upper

Step 1 is Hnggj, where k = U +§ — 3. To summarize, let

k:=LAU+6-p) (2.2.44)

then Hk;gg] 1s the first positive coupling term between jumps involving I’ﬁiép
Symmetric arguments hold in case L < U. Let
[:=UAN(L+~v-a) (2.2.45)

then HLé’l’lé is the first positive coupling term between jumps involving 'L a,6P-
In any case the construction starting from N holds and implies these remarks.

Step 2) (Birth rates). If 5+ N > 4, by (2.2.19), (2.2.20) and (2.2.21)

Hy st =5 AT )p (2.2.46)
0,N,0,l 0,N,0,I" ONl/l/ 0,
Hy s = aﬁp ZHaB'y, Z Hy g5 1AL sp). (2.2.47)
>l y—a>l'>l1

Otherwise Hy'y " = 0. If 3+ N > 4, by (2.2.19), (2.2.20) and (2.2.22)

0,N,N,N 0,N ONOl N N,N,N,N .
Hypng =Mygp— > Hyghs I A ep — Hyso 5] ify-N=a
USN
(2.2.48)
O,Nl _ 10,N OO 0,N, I/ l NN
Hyos=Magp— Y Hygls — D HyglsIAThep—Hpo5)  ify—1>a
>l y—a>l'>1
(2.2.49)
In other cases, HY N’,ly’g =0.

Step 2a) (Birth rates). If 3 is N-bad, we couple the N-births rate Hg’gp with the M-
births rate I Iy p through (2.2.46). If 1’ é\/[p < Ha 5P, we have to couple with another rate.
IfN <M there is no jump rate 1nvolv1ng M particles (see Definitions (2.2.7) and (2.2.8)),
hence we proceed downwards by coupling with H?{’lép with [ < M until either the problem

is solved or we have coupled with Ho’lép with [ = (Formula (2.2.47) when [ > N). If after

coupling with > i p the remaining birth rate > ﬁp Zl’>N H” Jﬁvoé is still positive, we

could also couple it with the remainder of the jump rate F% 5P, but only if the final pairs
of states do not break the partial order, that is if ¥ — N > « (Formula (2.2.48)). Indeed
if v — N < a we would reach a configuration such that n(z) =~v— N < a = {(z): hence
we do not couple with F]y\f sp and the next rate we use is Hg’,gv_lp. We proceed downwards

in [ by coupling with H?{’lép when ! < N—1 until y—I = « (Formula (2.2.47) when [ > v—a).

Step 2b)(Birth rates). If | = v — a, we take the minimum between IL ’V “p and
oy apP— Do —a Hg g ff) é After that, we couple the remainder of H(Ol 3D with the remainder
of IV J s b, that is r! 5O‘p HYNo-any—a (Formula (2.2.49) when | = v —«). If the problem

a,B,7,0
persists, we couple the remainder of I o f p with HO’7 o 1p, then with the remainder of
F:// 50‘ 1p and so on. In other words we couple lower configuration’s N-births only with

upper configuration’s [-births while I > v — « (Step 2a), and we alternate a coupling with
the upper configuration’s I-births rate and l-jumps rate if [ < v — « (Step 2b), giving
priority to births. Following this idea we get the recursive Formulas (2.2.47) and (2.2.49).
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Remark 2.32 We proceed downwards by coupling Hg’,]gp with upper configuration’s birth
and jump rates until | = 0, hence we do not stop when 0+ N > 6 + 1, that is when
=N —06+ 3. This means that a priori we could break the order between configurations,
but this will be not the case as consequence of Conditions (2.2.13)-(2.2.14).

Step 2) (Death rates). If y — N < a, by (2.2.23), (2.2.24) and (2.2.25)

—M,0,—N,0 N,0 M 0
Hoghs " =" AL )p (2.2.50)
—k,0,—=N,0 _rrp=k,0 —k',0,~N,0 _ k' k',—N,0
Ho s =M P AL 5 = 30 HL G2y >, Hypas Ul (2250)
k'>k 0—B>k'>k

In other cases H, 5" = 0. If y = N < a by (2.2.23), (2.2.24) and (2.2.26)

N,N,—N,0 _ N N,N,N,N —N,0 —K,0,—N,0 .
Hojos " =0gp = Hy o5 NI S = S 0 HO G 05 ™) i f+ N <6
K>N
(2.2.52)
k7k77N70 — k‘ k k NN
Ha7ﬁ7775 _[F ,ﬁp Haﬁ*y& ]
—NO R 0,-N0 k' k' ,—N,0 .
NILF = YT H SN = S HLE N gk <
k'>k §—B>k'>k
(2.2.53)

Otherwise Hkg )
Step 2a) (Death rates). If v is N-bad we proceed in a symmetric way with respect
to birth rates. We couple the death rate H:{f;v’op with H;]g’op (Formula (2.2.50)) and we

proceed downwards in k with H;g’op, when £ < M —1 until 5+ k > § (Formula (2.2.51)).

Step 2b) (Death rates) When 4+ k < § we couple the remalnlng death rate IT 5 Op—

Zk/z 53 H;]; 3 5 0 alternatively with the upper death rate Hm i p and with the remain-

ing jump rate F’;ﬁp Hz Z i:[(sN (Formula (2.2.53)). Remark 2.32 holds in a symmetric way

for death rates.

Step 3) If 3+ N > § and | < M, by (2.2.27) and (2.2.28)

N,N,0,l N NNl NNOl Ol 0,N,0,l
Hyog =Wagp— >, Hopog =) Hopos INIDap—Hyglsl  (2.2.54)

U>N—6+8 >l

Otherwise Hé\f’é?;’?él =0. Ify— N <aand k <M, by (2.2.29) and (2.2.30)

—k,0,N,N __ k,0 k,0,—N,0 N k' k' ,N,N —k,0,N,N
Hygos ™ =[5 p—H 50 s A sp— Y Hy g =Y Hy o5 (2.2.55)

kK'>N—~v+a k'>k

k,0,N,N
Otherwise H_ 5 Brys =0 /
Suppose we still have from Step 1 a remainder I’év,ﬁ — ZI’ZN—5+B Ffm > 0, we cou-
ple it with the remaining birth rate Hg’gp — Hg’g’f/)’é starting from [ = M and going
downwards (recursive formula (2.2.54)). In a symmetric way we get (2.2.55) in case
F]y\{é — ZR/ZNJHQ Fklﬁ > 0, that is if Step 1 is not enough to solve the higher attrac-

tiveness given by ny\f sp- Remark 2.32 holds in a similar way for Step 3.
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We focused on coupling terms concerning some particular rates, I'V .8 and HO’N if

B+ N > 6§ and FN5 and H NO if v — N < . These are the terms such that an addltlon or
a subtraction of N partlcles gives an attractiveness problem. The coupling construction in
Definition 2.21 works exactly in the same way for other terms. Roughly speaking, we couple
only when we have an attractiveness problem: if the problem comes from a jump rate of the
lower configuration, we couple as much as possible with upper configuration’s jump rates
(Step 1) and, only if necessary, with births or deaths rates (Step 3). If the problem comes
from a birth (death) rate, we alternate a coupling with the upper (lower) configuration’s
maximal birth (death) rate with a coupling with the upper (lower) configuration’s maximal
jump rate if it does not give any attractiveness problem (Step 2).

2.3 Examples

In the following examples we suppose S=8 , that is we consider necessary and sufficient
conditions for attractiveness.

2.3.1 Conservative dynamics

If HO ko= =0, for all (o, 8) € X2,k € N, we get a particular case of the model introduced
by Gobron Saada (see [27]), for which no particles births or deaths are allowed and the
particle system is conservative.

Suppose that in this model the number k of particles which make a jump together is
bounded by a constant and their rate Faﬁ(y — ) has the form I"O‘“[,ﬁp(y — x) that we
introduced in (2.2.1). Denote by

M := max{k : I’g’ﬁ(y —x) > 0 for each o, 3, x,y}.

Necessary and sufficient conditions for attractiveness for this model are given by [27,
Theorem 2.21]:

Z r¥ sy —x) < Z FW sp(y for each [ > 0 (2.3.1)
k'>6—B+1 >l
Z Fa Py — ) Z I‘y sp(y — ) for each k > 0 (2.3.2)
k'>k s ek

while (2.2.13) — (2.2.14) become
Z I‘klﬁp( —x) < Z I‘y sp(y — ) (2.3.3)

k'/ela l’e]b
> Tasply—a) =) Ty —2) (2.3.4)
k'ely Vel

for all 1,, Iy, I. and I given in Definition 2.14.

Proposition 2.33 Conditions (2.3.1)-(2.3.2) and Conditions (2.3.3)-(2.3.4) are equiva-
lent.

Proof .
Suppose (2.3.3) and (2.3.4) hold. By choosing m; = m, l; = [ for each i, m larger than M,
I,={M>F >0—-0+1}and I, = {M >1" > 1}, therefore

Yoty -2 =Y TEpy—2)< Y Ty —2)= T! sy —2)

k'>6—B+1 k'el, Ver, >l
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that is (2.3.1). By choosing k; = k for each ¢ and again m > M, [, = {M >k > y—a+k}
and Iy = {M >1' > k}. Then

14 1A k' 14
Y. Thply—a)=) Tiply—x)< Y Thgply—a) = T&py—=)
U'>y—a+k Vel k'ely k' >k

that is (2.3.2).
Now suppose (2.3.1)—(2.3.2) hold. If we take k > 0 — 3+ in (2.3.2) and we call k := m,
by subtracting (2.3.2) to (2.3.1) we get

Yo Thaply—a)= Y Thaply—2) <> Thply—o)— Y Ty —x)

k'>6—p+1 k'>m >l U'>y—a+m

that is for each choice of [ and m

Yoo TEay-2< Y Ty —a). (2.3.5)

m>k!>6—6+1 y—a+m>l'>1

If we take two pairs of values mq, l; and mg, ly in (2.3.5) and add the correspondent
inequalities, we get

Z Fgl,ﬁp(y —x)+ Z Pl;:ﬁp(y — )

mo>k'>0—[+l12 m1>k'>6—0F+11
< Y Dal-o+ Y ipy-).
y—a+mo >l >l y—a+m1 21>
(2.3.6)
Since
Ig :{m2 Zk‘/>5—ﬁ+l2}U{m1 Zk‘/>5—ﬂ—|—l1}
={y—a+ma >k >bLiu{y—a+m >k >}
then
N tEppy—2z) < Y. ThEply—x)+ > TEapy-z). (237)
k/elg mo>k!>0—[+l12 my1>k'>6—[+11

Iflgzv—a—kml,forlg andlg

oo o tapy-a+ > Thp = > 1! sp(y (2.3.8)

y—atmo>l'>1y y—a+m1>l'>1 l/GI2

hence by using (2.3.6), (2.3.7) and (2.3.8) we get (2.3.3).
If Iy < v — a+ mq, then Ig ={y—a+me>lU>h}and I2C {me >k >6—B+11}.
By using that and (2.3.5) with [ =1; and m = ma,

Z re. Py Z Fk Z P’Y sp(y

k'el? m22k’>5—5+11 rer?

We can repeat the same passages and prove the result for [ f and [ lf( with K > 2. Hence
condition (2.3.3) holds. We prove (2.3.4) in a similar way. O
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2.3.2 Multitype contact processes

If I’gﬁ =0, for all (a,3) € X2,k > 0, that is when jumps of particles are not present,
we get a generalization of the multitype contact process studied by Stover (see [48]). In
this multitype contact process, for a site x, n(x) = a causes on y ~ x with n(y) = 5 one
possibility of birth or death of one or more individuals. This means p(z,y) = (2d) 1,z

and that there exists at most one value k > 0 such that Hg’% > 0 and one value [ > 0 such
that 1% og > 0.

Followmg Stover’s notations, let Uz be the set of values of n(z) that induce a growth on
n(y) = B, and Dy be the set of values that induce a decrease on 7n(y) = §: if a € Ug there

exists at most one k, = ky(«, 3) such that Hg’kﬁ“ > 0 and if o € Dy there exists at most

one kq = kq(a, 3) such that I ﬁkd > 0.
Then [48, Definition 19] and [48 Theorem 19] state that the system is monotone if and

only if:
for each a, G, v, § € X,

- if B+ ky(a, B) > 0, then ky(7,d) is such that 8+ ky(«, 5) < § + ky(7,9) and
0,k (a 0 k:u 6
o ?) < b, (2.3.9)
- if 0 — kq(vy,0) < B, then ky4(«, B) is such that § — kg(a, ) < § — kgq(v,d) and
0,—kq(e,3) 0,—kq(7,9),
I, 5 > T s (2.3.10)

Proposition 2.34 Conditions (2.3.9)-(2.3.10) are equivalent to (2.2.13)—-(2.2.14).

Proof .
For the multitype contact process, which has no jumps, (2.2.13)—(2.2.14) become, for all
(Oé,ﬁ) € )(27 (’)’,(5) € )(27 k1 >0,1; >0,

S <y (2.3.11)

k'>6—p+1 >l
0,— k' 0,1’
PRI DI I (23.12)
k' >k U'>0—p+k1

There exists at most one possible positive birth (and death) rate involving a birth of
kyu(a, B) and ky (7, 0) particles (respectively kq(cv, ) and kq(7y, 0) particles). Hence (2.3.11)-
(2.3.12) become, for all [; and k; positive integers,

e (a, K (7,0
Wigos (ay>i—poriy o 5 O <l 5oy 0500 (2.3.13)

a, 0,—ka(7,8
ﬂ{kd(a6)>k1}ﬂa5 d( g 2> Wigy(v,0)>0—B+k 1 5 2(1:0) (2.3.14)

which are equivalent to Conditions (2.3.9)—(2.3.10). Indeed we prove the equivalence of
first conditions, the other ones can be proved in a similar way. If (2.3.9) holds, then if
we take [ such that k,(a,5) < § — 5+ 13, Condition (2.3.13) is trivially satisfied since
the left hand side is null. Suppose k,(a,3) > 6 — 3 + [, by using (2.3.9) we get that
ku(v,0) > ky(a,3) — 6 4+ B > 11, and (2.3.13) holds. Conversely, if (2.3.13) holds, then by
taking l1 = ky(y,0) we get

)
Lt (0, 8)>6—B+hu (1,0) Loy 5 Mg (1,8)>ku (1,001 Ly 5

That is 3 + ky(a, ) < §+ kyu(7, ). By taking {1 = 0 we get (2.3.9) and the equivalence is
proved. O

0,k (7,9) = 0.
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In [48, Theorem 21.1] the author gives only sufficiency conditions for attractiveness in our
more general setup. In this case necessary and sufficient conditions for attractiveness are
given by (2.3.11)—(2.3.12).

2.3.3 Reaction diffusion processes

If we consider births, deaths and jumps of at most one particle and Rg’fz; = 0 for each «, 3,
k, that is no dependent reaction rates, the model is the reaction diffusion process studied
by Chen (see [12]). Necessary and sufficient conditions for its attractiveness are given in
Section 2.3.5 below, where a general example with M = 1 is treated. When Rg’k =0,
Conditions (2.2.13)~(2.2.14) reduce to ’

PgJ + Ftlxﬂ SP(?J + ]:‘}Y,(S if=4§dand v > «
Pa—l,O + lex,ﬁ EP,Y—LO + F'ly,é if Y=o and § > B
that is
Lo <5 ify>a
lemi 21‘(1){75 if § > 3.

In other words we need F}L 5 to be non decreasing with respect to « for each fixed 8 and
non increasing with respect to § for each fixed a.

In [12], the author introduces several couplings in order to find ergodicity conditions of
reaction diffusion processes. All these couplings are identical to H on configurations with
attractiveness problems but differ from H on configurations where the two processes move
independently.

2.3.4 Minimal increasing coupling

We constructed a coupling on configurations for which a simultaneous change of the two
processes is necessary. For instance, if 54+ N < § and a < v — N, we do not have any
attractiveness problem and the two processes move independently. Hence, in some sense,
that we will specify later, this coupling characterizes attractiveness. Let us consider the
model introduced in [27]. If M < oo, the coupling they obtain (notice that in this case
the reaction is always null) is H in Definition 2.21 extended to the case §+ k < 4. But
the definition of coupling terms in these configurations is useless for our purposes, indeed
non-trivial coupling terms in Definition 2.21 are null.

If we consider the reaction-diffusion process studied by Chen (see [12]), in order to prove
sufficient conditions for ergodicity, he uses different couplings, but in bad pairs of values
all of them coincide with the coupling given by Definition 2.21, that is basic coupling
for M = 1 and null dependent reaction rates. In good pairs, where we use independent
coupling, he coupled in different ways and, inside the set of increasing couplings, he found
the best one (in some sense) for ergodicity.

Now we introduce the notion of minimal increasing coupling:

Definition 2.35 A coupling is a minimal increasing coupling for a system S if the fol-
lowing properties hold:

i) It is an increasing coupling for each possible probability distribution p(x,y), mazimum

. 0k 1y—k,0
jump rate M € N and rates {Fgﬂ,ﬂaﬂ,ﬂaﬁ H(a,8)ex2}-
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i1) If we replace some coupling rate by uncoupled moves for the two configurations, we
get a coupling that does not satisfy property i).

By construction, Definition 2.21 gives a minimal increasing coupling.

2.3.5 The case M=1
Conditions (2.2.13) and (2.2.14) become
0,1 1 0,1 1
Haug + Fa7ﬁ SHP%(S + F,Y76
-1,0 1 -1,0 1
Ha,ﬁ + Fa,ﬁ ZH%(S + Fv,é

ifg=0¢and v >« (2.3.15)

if y=aand 6 > g. (2.3.16)

Indeed, since M = 1, if § > (3, the left hand side of (2.2.13) is null; if 6 = g the only case
for which left hand side of (2.2.13) is not null is K = 1 and {; = 0, which gives

PRI DR RS PE I T N
k'>0 k'el, I'>0 Vel

where M =1, K =1, I, = {k' : my > k' > 0} and I, = {1} since we can suppose 7 > a.
If m; > 0, we get (2.3.15). We prove (2.3.16) in a similar way.
Notice that 3+ 1 > § only if 3 =0, and v — 1 < « only if v = «. Definition 2.21 becomes

1 1 ;
1111 (Tap AL s)p iff=dora=y
@,8,7,8 0 otherwise;
0,1 01y -
or01 _ J (g NI s)p if B=4
a,B:7,0 0 otherwise;
0,1 0,1,0,1 1 L1117 e n
o111 _ f [Mygp— Hyg sl AU sp— Hygosl iff=0andy>a
a,B,7,6 0 otherwise;
1,0 , =10y, -
—1,0,—1,0 _ (Ha,,@ N H’y,(S )p if = Yy
a.B:7,0 0 otherwise;
1 1,1,1,1 ~1,0 ~1,0-1,07 ¢ . _
8,7, 0 otherwise;
1 1,1,1,1 0,1 01,017 ¢ 5 _
vion _ fPapp = Holg sl AIap = Ho gyl 36 =0
a,B,7,6 0 otherwise;
~1,0 ~1,0,-1,014 1 L1117
—tonr Mo gp = Hosos 1T ADaop = Hojgsl ifa =7
.87, 0 otherwise;
0,1,0,0 _ 0,1 0,1,0,1 0,1,1,1 1,1,00 1 1,1,1,1 1,1,-1,0 1,1,0,1 .
Ha7ﬁ7’\/75 _Ha7ﬁp B Ha7ﬁ7’\/75 B a7ﬁ7’\/757 Ha7ﬁ7’\/75 _Fa7ﬁp B HCV’B,’Y’(S B Ha7ﬁ7’\/75 B a7ﬁ7’\/757
0,0,0,1 _ 10,1 0,1,0,1 1,1,0,1 0,0,1,1 1 1,1,1,1 0,1,1,1 ~1,0,1,1,
Ho e = sP = Holgas = Halgos Ho e =Ta6P = Holgye = Halgys = Hagnd s
~1,000 _—1,0 ~1,0,-1,0 “1,0,1,1,  £70,0,-1,0 _11—1,0 ~1,0,-1,0 1,1,-1,0
Hogrs “Mapg P~ Hagns ™ —Hogys s Hagys =g P—Haopgys ™ —Halgys

The definition of uncoupled terms ensures this is a coupling. We have to prove attractive-

ness.
Case a) =4 and v > «a.

i -1,0,1,1 _ ¢7—1,0,-1,0
In this case H, 3.5 =H,5.5

1,1
— g

a,B,y

7_170 —
B8 0
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e Suppose I’é,ﬁ > F}M' By Condition (2.3.15) we must have Hg’lﬁp < H?{’lﬁp, then

01,00 _
Hygp =0

1,1,1,1 1 0,1,0,1 0,1 0,1,1,1
Hygys =156 Higys=1gp,  Hyz)3=0

1,1,0,1 0,1 0,1
Hygos=1T0s =I5 0P ATy — I g)pl = (Tg 5 — T7 5)p
by Condition (2.3.15). Finally

1717070 _ 1 1 1 1 _
Hygyg=Tapp =150 —T45+17 50 =0.

e Suppose I’}LB < F}/ﬁ' Then Halé’};lﬁ/’lﬁ = I‘é,ﬁp and we get Hé’lﬁ’ov’lﬁ = H;’;’?/’% = 0. We

have to prove that Hg’g’(l/’oﬁ = 0.

01,00 _ 0,1 0,1 0,1 0,1 0,1 0,1 1 1
By using the relation
aN(c—cAb)=(a+b)Ac—bAc for a,b,c >0
with a = F}/ﬂp - F(lxﬂp, b= H?{:lﬁp and ¢ = Hg{’}ﬁp, we get by Condition (2.3.15),
0,1,0,0 _ 10,1 0,1 0,1 1 1 0,1 0,1 0,1 0,1
0,1 0,1
=11 gp — 11 g0 =0

Case b) a = and § > 3: we check that the coupling is increasing in the same way.

2.4 Proofs

2.4.1 Proof of Proposition 2.17

Let (&,17) € Q2 x Q be two configurations such that £ < n. Let V C Q be an increasing
cylinder set. If € € V orn ¢ V,

Iy (&) = Ty (n). (2.4.1)
Since 7 is stochastically larger than &, for all ¢ > 0,
(T()y)(€) < (T()Tv)(n)

by using Remark 2.4 and Theorem 2.7 (or Theorem 2.5 if we are interested in attractive-
ness). Combining this with (2.4.1),

(T 1)) = W (©)] < ¢ (T ) (n) — Ty ()],

which gives, by Assumption (2.1.1),

(L1y)(€) < (L1y)(n). (2.4.2)
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We have, by using (2.2.1),

L1)©) = 3 ply) 30 O D (Fhav (S5 - 1v(€)

z,yeS a,peEX k>0

+ I (I (S256) — Dy () + 15 (1 (82556) — 1w (€)))

—— 1 © Y sy 3 O <f§,5ﬂﬂ\v(5;5’k§)

z,yes a,BeX k>0
=0,k =, _
+ Hgﬂﬂn\v(sgjly%) + 11, o\ (Y, kﬁ))

+ la\v(§) Z p(z,y) Z Xﬁ’,%@)z <f§,ﬁﬂv(5;];’k§)

z,yes a,BeX k>0

+ 0K 1y (S0%e) + T, 51y (50 )). (2.4.3)

We write (L1y)(n) as in (2.4.3) by using the corresponding rates of S.
We fix y € S, (a.,7.,3,0) € X* with (a.,8) < (7.,0) for all z € S, z # y, and two
configurations (§,7) €  x Q such that £(2) = a,, n(z) = v, for all z € S, z # y,

£(y) = B, n(y) = 0. Thus £ <.

We define the set C;r of sites which interact with y with an increase of the configuration
on y,

k
Cf = {ZGS p(z, y)>OandE ﬁ—i-F 5+H0 ﬁ—i-H )>0}- (2.4.4)
k>0

Denote by x = (z1,...,24) the coordinates of each = € S. We define, for each n € N,
d

Cr(n)=Cfn{zeS: 30 |z —wyl <n}.

We may suppose C,f # 0, since otherwise (2.2.13)~(2.2.14) would be trivially satisfied.

Given K € N, we fix {pi’}igK,zeCJ such that for each for each i, z, pi € X and pi < £(2).

Moreover we fix {pZ}iSK such that pz > ¢, for each i. For n € N, let

K
= U {¢ce: ¢y zpé and ((z) > pi, for all z € C;r(n)}

By Example 2.2, I,(n) is an increasing cylinder set, to which neither £ nor 7 belong. We
compute, using (2.4.3),

5 ok
(ﬁfy(n))(@ = Z p(Z,y)Z(ﬂU {oz—k>pt B+k>pi} ]:yz,ﬁ*’ﬂuz {B+k>pi} az,ﬁ)

ZGC;(H) k>0
~k ~0,k

DN DY DUk, gpzpyy (Lae s + o)

2¢Cyf (n) k>0

0,l
LI, = 3, pED D (MYE o izpr srzp s T I orizp 1)
ZGC;(H) >0
+ Z p(z7y)zﬂufil{5+12pé}( 'yz,5+H )
2¢Cyf (n) >0

So, by setting

K
J(pzaaab) = J({pzz}ZSKaaab) - U{l ra—1 Zp;,b—i—l ZPZ}a
i=1
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and by (2.4.2), if pzl/ = mini{pé}, we get

Yooy Y Tha+ D IF)+ D ey Yo (IF+Th )

2€C (n) keJ(pz,az,ﬁ) k>py—B z¢c;(n) k>py—p
oz 0,l
< Z p(z,9)( Z Lot Z I Z p(z,9) Z (I 5+F 5)
2€C; (n) leJ(pz,'yz,zS) I>pl—9 2¢Cyf (n) I>p—o

Taking the monotone limit n — oo gives

Y0 > Thopt > WMEpew<d (> T+ > WY

2€8 keJ(pz,az,8) kZp -8 z€8 leJ(p=,72,0) 12171 g

By choosing the values a, = a, v, =7, p’ = p’,,

SooTEae Y ﬁg’,’gg oo+ Y H%. (2.4.5)

keJ(pa,o,B) k>pl—p leJ(payy,0) 1>p}—38

A similar argument with

C, ={z€S:p(z,y) >0 and Z oy (2) +F«,(sz +Haﬁ +H7k0) > 0}
k>0
subsets C (n),n € N, {pi}zecﬂn) i € X, {PLYi<k € X with p}, < a, for each i, p’ > §.,
for all z € C) (n), i < K, decreasing cylinder sets

K
n) = U {¢eQ:¢(z) <pl and {(2) <pl, forall z € G, (n)}

to the complement of which ¢ and 7 belong, and the application of inequality (2.4.2) to
&,n,Q\D(n) (which is increasing by Remark 2.3) leads to

STy S mhs Y e Y ont (46

keJ = (py,a,0) a—k<p} leJ = (py,7,9) y—I<p}
where pl = max;{p.},

K

T~ (pysa,b) = J~({p. tick,a,b) = | J{lra— 1 < pl,b+ 1< pl}.
=1

Finally, taking pé =5+1;+1,p, =a—m;in (24.5), pb = a —k; — 1, pg =0+ m; in

(2.4.6) gives (2.2.13)—(2.2.14). O

2.4.2 Proof of Proposition 2.19

Suppose that for each pair (z,y) we are able to construct an increasing coupling for
(g(Ly),S(x,y)) (cf. Definition 2.18). We fix { < 7 and we denote by H(, ) (S,S) such
a coupling on these configurations. We define a coupling for (g S) simply by taking
every single coupling for each pair (z,y) that is H(S,S) = {H ) (S, S)}ayex2- By
attractiveness of each coupling we get the attractiveness of the final one. We have to
prove that we actually get a coupling, by summing each marginal.

Consider a pair of systems (§(x,y),8(m7y)) and the jump rates for such a system. By
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Definition 2.18, all jump rates but Flg(m),g(y)p(x,y) and I’%(m)m(y)p(x,y) are null. Notice

that even jumps from y to x do not appear because q(y,x) =0.
Since Hy (S, S) is a coupling for (S(; ), S(z,y)), by summing all the marginals we get

~ 0,1 1,0 L pl Tk
2 Moy (Tea) ey Pty ) Fon@n) Pow) Doy Tneynw)) = ey P (@ 9)

0.k —Fk,0 Dk k 7l
3k o (Chay ) Betmrer): Betoh e Poiwy: Fecry Letne) = Tyt P& )-

If we consider (g, S), a jump rate depending on configurations on (z,y) gives coupling
terms only on H, (S, S), because q(w, z) = 0 for each (S, .y, S(w,2)) such that z # w
or y # z. Therefore

. o
SR ey ) = LMoo Te ey ) = e eP@v)

_ 1l
CrH Ty ) = 2k Hew Ty iy ) = Do) P 9)-

The same arguments hold for the dependent birth or death rates.
On the contrary the independent reaction rates take a small contribution for each pair.
On (S(m v)>S(z,y)), by Definition 2.18, all birth rates but P( )p(x y) and P( )p(x y) for

each k > 0, [ > 0 are null, even P( ¥4 p(z,y) = Pé( ¥4 p(z,y) = 0, and all death rates but

P( )p(x y) and P (y)p(az y) are null, even P( )p(x y) = n*(zl/)p(x,y) = 0. Therefore, for
each k£ > 0 and for each [ > 0,

> H ( () ) = Daex 2 Hm,y(ng(y)a ) =D ex ng(y)p(ﬂf,y) ng(y)
> H (P n(y)’ ) = Dex 2k Hmvy(Pyl](y)’ ) =D ex Pyl](y)p(x? y) = Prl,(y)-

The same result holds for the death rates,
S5—k S5—k Bk
Zl ( f(x)’ )= ZyeX Zl Hm,y(Pg(J;)a ) = ZyeX Pg(gg)p(x,y) = Pg(x)

Zk ( 77(93 : ) ZyEX Zk ( ,7(;,;) ) = ZyEX Pn_(;l,;)p(x’y) = Pn_(lm)-

2.4.3 Coupling properties

Now we focus on rates involving L or U particles (Definition 2.12) which cause an attrac-
tiveness problem involving the maximal possible number of particles.

Definition 2.36 Let

L=L-6+8 U=U-v+a (2.4.7)
and
REL - > Tt (2.4.8)
l>l>L
RYs = sp— > Thspl* (2.4.9)
kZIcZU

where | and k were defined in (2.2.45) and (2.2.44).
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Hence 3 is L-bad (resp. 7 is U-bad) is equivalent to L > 0 (resp. U > 0).
Formula (2.4.8) (resp. (2.4.9)) gives the remainder of Lower (resp. Upper) Step 1.
If L > U then Rg,ﬁ = [I‘é,ﬁp — ZUlef I’fmp]*' since [ = U, by Remark 2.31. In the

symmetric case, that is if U > L, we get 7?,{{5 = [F,(YJ(Sp = D LsEsT I’l; Bp]+ since k = L.
The aim of this section is to prove

Proposition 2.37 i) If 8 is L-bad and | < L then under Condition (2.2.13)

LLLL 70,000 _ 170,000 _ 1L L00
H s =Hypys=Hygys = Hylglh s = 0. (2.4.10)

i) If ~ is U-bad and k < U, then under Condition (2.2.14)

k,kUU __ —k,0,-U,0 k,k,—U0 _ —k,0,U,U __
Hygys =Hapys w = Hogas =Hagys =0 (2.4.11)

This is the most important proposition and it permits to prove that coupling H is increas-
ing for jumps, births and deaths involving L or U particles, under Conditions (2.2.13) and
(2.2.14) if 8 or/and v are bad values. Indeed Proposition 2.37 states that all coupling
terms that would break the order of configurations are equal to 0.

Going downwards from N (resp. L, U), to exhibit the indexes from which the attractive-
ness problem is solved, we introduce

Definition 2.38

max {1: Hygs = Jy5) ifL>0 and RE 5 =0

M+1 otherwise.

N =S L1 ifl>L>0and RE;>0 (2.4.12)
M+1 otherwise;
max{k Hzgggj:Jﬁg if(A/>0 and RVUﬁ =0
N =S -1 ifk>U>0and RU; >0 (2.4.13)
M—+1 otherwise;
0,L,0l _ pLl -
NB: max{l:Haﬁ’%(S—Ba’ﬁ lfL>0 (2414)
M+1 otherwise;
B _ ] max{l: Hygls = B — BUg ABYSY if L>0 and NP < (v —a) AU
M+1 otherwise;
(2.4.15)
—k,0,-U,0 _ kU 7T
ND _ max{k::Haﬂmé —DWS ifU >0 (2.4.16)
M+1 otherwise;
—k,k,—U,0 kU kU kU e 7T
wpd _ ) max{k: Hy 5o "" =Dy — Doy ADPg ) if U>0 and NP < (50— B) AL
M+1 otherwise;
(2.4.17)
l l o T
NdB _ ] max {l : Hivé’;?’k = Tiﬁ if L >0 and Réﬁ >0 (2.4.18)
M+1 otherwise;
. —]C,O,U,U — ka e TT U
NdD:{ max{k:.Haﬁmg =T } ifU >0 and RS 5 >0 (2.4.19)
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The superscript B means birth, D death, d* diffusion (jump) on the lower configuration,
d~ diffusion (jump) on the upper configuration, Bd birth and diffusion, dB diffusion and
birth, Dd death and diffusion, dD diffusion and death.

Notice that Definition (2.2.32) of Hg’é’g’g ensures that N2 is well defined if 3 is L-bad,

since 0 € {I : Hgf;% = Bi’g}. The same holds for all variables in Definition 2.38 by

using uncoupled terms in Definition 2.21. Each variable depends on the system, that is
N = N'(S), in particular on N(S), M(S), and L(S). We drop when not necessary the
dependence on S.

A first step towards the attractiveness of H is

Proposition 2.39 Under conditions (2.2.13), (2.2.14) the following inequalities hold:
i) if B is L-bad andRLﬁ—O then N4t > L;

i) if v is U-bad and Rg]ﬁ =0, then N©= > U,

i) if B is L-bad and NB > (y —a) AU, then NB > L; R

i) if B is L-bad and NP < (y —a) AU, then NB \//]\VBd >L;

v) if v is U-bad and NP > (6 — B) AL, then NP > U; R

vi) if v is U-bad and NP < (§ — ) A L, thenAND v NPd>U;

vii) if 8 is L-bad and Réﬁ >0, then N8B > L;

viit) if v is U-bad and RVU#; >0, then NP > U.

Proposition 2.39 ensures that we are able to solve all the attractiveness problems coming
from rates involving L or U particles by using coupling H. To prove Propositions 2.39 and
2.37, we detail how variables in Definition 2.38 are related to the coupling construction,
by following the main three steps.

Step 1) Suppose 3+ L > 4.

e We couple the lower configuration L-jump rate with the upper configuration U-jump
rate if U > L and L > U (hence | = U and k = L by (2.2.45) and (2.2.44))

HiévUU Jaﬁ/\JjaU—(FLﬁ/\F 5)D- (2.4.20)

eIfU<L (3+L>0+U)hence L>U (and U = [ by (2.2.45)), 3+ L > § + | for each
| < U and

Hyfot=0  foralll (2.4.21)

(see (2.2.34)). Since [ = U < L, by Definition 2.36,
RLﬁ Foz 6]9 >0

and we will come back to T'Z a,6P only in Step 3. In this case since RE a8 > 0 and [ < L then
N = M + 1 by Definition (2.4.12).

eIf L<U (a—L>~—U), thenl = L+~v—a by (2.2.45), L < U, ~ is also U-bad and the
first positive coupling term, such that v — 1 > o — L by (2.2.34) is, by Definition (2.2.18)

N (2.4.22)

Therefore if | < L we will come back to I’é’ 5P in Step 3 and if [ > L we proceed downwards
in { from [ with

HL =T AT ifl>1
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where since births and deaths are introduced only in Step 2,

L1 z KK L 0,k',1,1 !

Ty =Thsp— > Hy g8 =Y Hyp s =T, p (2.4.23)
k'>L k'>L

Ll LLUIL L,L—l'0 _ gLL N

Tois =T, Helgs Hyts " = Tagp = D Holghs

>l >l >l
L U
=Tisp— Y. T (2.4.24)

U'>lVNd+

by (2.4.23) and Definition (2.4.12).

Suppose we begin from (2.4.20) and H L é géU FU sp- It implies that going downwards

there is no remaining part of F 5P and H ’ ' ’gj = 0 for each k < U. Since N%~ denotes
k k,UU k U k,U d—
thi ih("]stU value of k such that Haﬁws Jaﬁ A Jmé J“/5 , N7 = L. Similarly, if
) L d+ _
Ha,ﬁ,'y,(S =T a,6P then N7 =U.

Remark 2.40 Therefore if we start from (2.4.20) at least one term between N+ and N~
s equal to its mazimal possible value and, if L # U, it cannot be both.

This construction is detailed in Tables 2.1 and 2.2. While the minimum defining HQLBL ,ig

Table 2.1: L jump rate, N** £ M +1, RE ;=0,1> L

L, Ll | _ L,L,ll
! Ja,ﬁ A J’y,é . Ha B:7,8
l X
: Ll _ i
'Nd+ ) ) Jmé P'Mp
+ X
Ll ’
N+ x Jyg=Thmpp— >, Thp>0
. I>l'>Nd+
Nt —1 | x
: Ll
2 Ja,ﬁ =0
L X

is the second term, we still have a lower attractiveness problem and we go on downwards
in . As soon as the minimum is the first term, we have no remainder of I’é 5D SO the

problem is solved, and Nt corresponds to the first such . Then for [ smaller Ji’l =0.In

other words when [ > Nt the coupling term is the upper configuration I-jump rate, when
I = N% it is the remainder of the lower configuration L-jump rate, and when | < N9t
the coupling terms are null. Hence N is the index of the last term for which there is a
remainder of I’éﬁp

We have to distinguish between two situations:

Sif M +1 > N > L then Réﬁ = 0 (see Table 2.1), and we do not need Step 3, which
implies that

HaL’éf’é =H_ IgggU 0 for each k,[; (2.4.25)
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Table 2.2: L jump rate, N £ M + 1, Réﬁ >0,l>1

L, Ll | _ L,L,1
! Ja 8 A ‘]%5 _ Ha B:7,0
I X
: Ll _ 11
R J’M - Fv,ép
L X
Nt =71 —1

-if we do not reach N4t at L yet, that is the minimum given by HaLé,ylg 1s always the

second term, since we have decided to stop at Eth—step of the coupling construction, we put

N =1L —1. We need Step 3 in order to solve the attractiveness problem (Table 2.2 when
L

R, 5> 0).

In both cases, we have

HYPM =0 forl< L. (2.4.26)

e If L < 0 we have no lower attractiveness problem and we put N9t = M + 1.

Suppose v is U-bad. N R

e In a symmetric way we start from formula (2.4.20) if U > L and U < L. In this case
k= L.

o If U > L, that is v — U < a — L, then we will come back to I’ﬁiép at Step 3. Notice that
in this case RVU#; >0 and k < U, thus N~ = M + 1 by Definition (2.4.13).

oIfU < L,thatis B+ L >d+U, then k=U+6— [ by (2.2.44), U < L, 8 is L-bad also,
so that we start from

k.k,UU EU kU & U
Ha,ﬁ,'\/,(s :Jaﬂ A J’yﬁ = (Faﬂ A F%(S)p- (2427)

In both cases (2.4.20) and (2.4.27), that is if k > U, we go downwards in k from k,

kEUU kU . kU . N
Hogne =Jap Ny HE2U

kU ik kU kk,—U',0 _ +k
Jog =Tosp— D Hygs — D Hygos” =Thop (2.4.28)
'>U '>U
kU U KK UU 0.6\ UU _ U KK UU
Tys =Tep= 32 Hopas = 2 Hoghs =Toep— D> Hojls
E>k/'>k k'>k E>k/>k
U 4
=Ip— >, Taup (2.4.29)
E>E'>kVNd—

by (2.4.28) and Definition (2.4.13).
e If U < 0 we have no higher attractiveness problem, and we put N4~ = M + 1.

The construction starting from (2.4.20) or (2.4.27) is detailed in Tables 2.3 and 2.4.
We explained the meaning of formulas (2.4.12) and (2.4.13) in Definition 2.38. Notice
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Table 2.3: U jump rate, N~ £ M +1, RV, =0, k > U

7,6 T
kU kU | kk,UU
k J, A Jﬁ{ s | = Haﬁ o
k X
kU _ 1k
" Jop = LapP
41 X
Ni- x JEU U g > rEp>0
776 - 776]) Oé?/Bp -
. k>k'>Nd—
N —1 X
: kU _
U X

Table 2.4: U jump rate, N~ #£ M +1, Rgé >0, k> U

kU kU | k,k,UU
k Joz 8 N J’y,(S - HOé B.,0
k X
: kU _ 1k
L Jop = TagP
U X
N =0T -1

that the construction works if either (8 is L-bad and ~ is U-bad), by using Tables from
2.1 to 2.4, and if only one of them is bad, by referring to the corresponding tables.

Proof of Proposition 2.39 i)-ii).
Claims i) (resp. #i)) follow from Definition 2.38 of N+ (resp. N97), (2.4.8) and (2.4.24)
(resp. (2.4.9) and (2.4.29)). O

Step 2) We consider lower birth coupling rates when f is L-bad (death coupling rates if
v is U-bad work in a symmetric way). We refer to Tables 2.5 and 2.6.

Step 2a) Suppose [ > (7 — ) AU (notice that if v is U-bad then (y —a) AU =U). We
refer to Table 2.5: Hg’ép can be coupled only with Hg”lé ifl > (y—a)ANU. Ifl=(y—a)ANU
we can choose between a jump or a birth rate, but we give priority to births. Remember

that by Definition (2.2.21), H5% = B2, A B with

Ll 0] 0,k",0,l k' K'00 10,0
Bys =M5p = Z o6~ Z Hoprs =ysp (2.4.30)
k'>L k'>L
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Table 2.5: L birth rate, N® > (y —a) AU

L, Ll | _ 0,L,0,l
! Ba,ﬁ A Bmé — Ha B8.7.,6
M X
: Ll _ 0,
: : Bv,é - H%(;p
NB +1 X
B Ll _ +0,L 0,l!
N X By =Uggp— 3, Tsp=0
B I'’>NB
N® —1 X
: : Bl =0
(v—a)ANU | x
and by Definition (2.4.14) and (2.4.30)
Ll _+0,L 0,L,0,'/ __ 10,L 0,l/
Bys=Wggp— > Hygys =Togp— Y Togp (2.4.31)

>l I'>IVNB

when [ > (7 — a) AU by (2.2.19) because of Definition (2.2.6). While the minimum in
(2.2.21) is the second term we go on downwards in [. As soon as the minimum is the first
term, we have no remainder of Hg’ép, so the lower problem is solved and N corresponds

to this first such {. Then for [ smaller Bié = Hg’é’g’g = 0 and by Definitions (2.2.22) and
(2.2.21)

0,L,L1 L, 0,L,0,l _
Hy s < Bag = Hylglns =0 (2.4.32)

We can meet different situations:

-if we reach NB before or at (v — a) AU, we solve the attractiveness problem without
coupling with any upper configuration jump rate. We do not have to pass through Step
2b), then

Hg’é’fy’l(s =0 for each 1 (2.4.33)

and we set NB4 = M + 1, see Table 2.5.
-if we do not reach NP at (y — o) AU yet, we pass to Step 2b).

Step 2b) We refer to Tables 2.6 (a), (b) and Tables 2.7 (a), (b). By Definitions (2.2.21),
(2.2.22) and (2.4.30), if [ < (y —a) AU

0,L,0, L, 0,
Hy g s =By A (H%(;p) (2.4.34)
0,L,1,l L L 0,1 Ll Ll Ll
Hygos =By — Byg NI sp) A LTS5 — Jy05 A Js) (2.4.35)
We couple the remainder of Hg’%p after Step 2a), that is Hg’ép — Z Hg’gp, alter-
U>(y—a)NU

natively with upper configuration birth and jump rates.
When [ = (y—a) AU, and the minimum in (2.4.34) is the second term, we pass to (2.4.35),
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Table 2.6: L birth rate, N® < (y —a) AU and NP = NB4

L, Ll | _ 0,L,0,l

! Ba 8 A B'y L Ha B:7,0

(y—a)NU X

. . Ll 0,

: : BwS = stp

NB +1 X

a)

NB X BX >0

NB -1 X

: L,

: BYL =0

0 X

L, L, L, L L, L, _ 70,L,11
l [Bals = Balg NBysIN [y = Jals N Jos] = Hapns
(vy—a)NU X
: : Ll L L
. ° J’776 B Jaaﬂ /\ J’yvé
NB +1 X

b)

B _ a/Bd L1 L1 Ll
NB=N X BYL - BYLABY =0
NB -1 X
: L1 L1 Ll
: B~ BYLABM =0
0 X

and we couple the remainder of H(Ol’gp with the remainder of a jump rate from Step 1 (if

[ < L we did not pass Step 1, then we use the original rates). If the minimum is still the
second term, we come back to (2.4.34) with [ = (y —a) AU — 1 and pass to (2.4.35) if
necessary. We go on downwards in [ until either in (2.4.34) (see Tables 2.6 (a) and (b))
or in (2.4.35) (see Tables 2.7 (a) and (b)) the minimum is the first term, that is until we
solve the attractiveness problem. There NP (resp. NB?) corresponds to the I** step when
it happens for (2.4.34) (resp. for (2.4.35)).

Lemma 2.41 If NP < (y —a) AU
NBd > NB > NBd _q,

IfNP < (§-B)AL
NDdzNDzNDd_L

Proof .
Suppose N8B < (v —a) AU (otherwise NB¢ = M 4 1). By Definition (2.4.14)

L,NB L,NB L,NB _ L ,NB L,NB
Bap —Bap ABys =Bap —Bag =0
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Table 2.7: L birth rate, N® < (y —a) AU and N = NBd — 1

L, Li | _ 0,L,0,1

! Baﬁ A Bmé _ Ha B:7,0

(y—a)NU X

: : Ll __ 10,1

: : BwS = H%(Sp

NB +1=NBd X

a)
B Li _

N X B, 5= 0

NB -1 X

: L1

: Ba,ﬁ =0

0 X

L.l L.l L.l L1 L1 Ll _ 70,L11
! [Ba,ﬁ_Baﬁ/\B'M]A [‘]% p_Jaﬁ/\J'M] _Haﬁmé
(y—a)NU X
: : Ll 7Ll L,
: : J% P Jaﬁ A J’y,5
NBd 1 X
b)
Bd L, L.l

N X Baﬁ — Bv 5 >0
NbBd_1=N5 X
: L1 L1 Ll _
: Bap = Bap /N By =0
0 X

and Hg’é’iV:’NB = 0 by Definition (2.2.22). Therefore NP4 > N5,
Suppose N84 > NB. By Definitions (2.2.19), (2.2.20) and (2.2.22)

L,NBd_1 [ ,NBd 0,L,0,NBd 0,L,NBd NBd
By =By —Haphys —Haphs

__ pL,NB L,NBd L,NBd L,NB L,NBd L,NBd,
=B,y —B.s ABs  —(Byy —Bys AB )=0

Therefore NB > NBd — 1,
The relations between N” and NP? are proved in the same way. (]

Remark 2.42 [f the first choice of the first term is given by (2.4.34) (resp. (2.4.35)),
then at the next step HOLNPNT 0 and NB = NBd (resp. HOLONP=1 g gng NB =

,03,7,8 B8 b B
Bd y 07L707N 07L7N 7N
NP%—1). Hence by construction at least one term between H) 5 s and H) 5

must be zero.

Notice that once we solve the attractiveness problem, the remaining rates are null.

In other words if [ > NP then Hg’é”g”g = Hg’fép; if | = NP then H&ég’g = Bi’é and

. B 0,L,0,l . Bd 0,L,,l L, L, L,
if | < N°© then Haéﬁi,yﬁ = 0. Ll\l/Ioreox;elr if lL>l NP% then Ha,ﬁ,%é = J,Yé(;L:lJaﬁ A J%57
3 _ Bd by _— k] k] ’ 3 Bd 1Yy N

if | = NP? then Ha,ﬁ,w,(s = Ba,ﬁ — Ba,ﬁ /\BwS and if [ < NP% then Ha,ﬁ,’y,é = 0. The
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symmetric case for death rates is explained in Tables 2.8, 2.9 and 2.10.
We explained the meaning of formulas (2.4.14)—(2.4.15) for birth rates and (2.4.16)—

Table 2.8: U death rate, NP > (6 — B) A L

kU kU | —k,0,~U,0
L Dip N Dis | = H, 5
X
kU —k,0
" - Dy =U.5p
+1 X
D kU U0 )
N X D%5 :Hv,é p— Z Ha,ﬁ p=>0
b k'>ND
N¥Y —1 X
: : Dhy =0
(6—-B)ANL X

(2.4.17) for death rates in Definition 2.38. Remember that if 3 is not L-bad (resp. if v is
not U-bad) we set NP = NB4 = M + 1 (resp. NP = NP4 = M +1).

Proof of Proposition 2.39 iii)-iv )-v)-vi).

iii) We prove this result (and the following ones) by contradiction. Suppose [ > NZ >
(v — a) AU. By (2.4.30), Definition (2.4.14) of N¥ and (2.4.31)

Ll _ 00 170,L,0,l Ll _ 10,L 0,l'
B%5 —H%(;p - Ha,ﬁmé < By =M,sp - vaﬁp' (2.4.36)
>l

Suppose L > NB. Then Béé > Bﬁ’éL if and only if

0,L 0,1/
Moy — Y T >0 (2.4.37)
U>L
but this contradicts (2.2.13). Indeed by taking K = 1, m; = 0, l; = E: 1, since
L>NB>(y—a)ANU, I,={0>kK >L-1}=0,,={(y—a)AU>I'>L—-1} =

and Condition (2.2.13) reduces to

0,L 0!’
Ha,ﬁ S Z H%5'
>L

iv) Suppose NB < (y —a) AU and NB vV NBL < L. If (v — a) AU < L what we did for
i11) is still valid, hence a contradiction. Suppose (y —a) AU > L; by Definition (2.4.15)
of NB? (2.4.23) and (2.4.30), if | > NP4
0L, Ll 7Ll , 7L} ! Lyl !
Havﬂv’Y?é :Jyvé o Javﬁ /\ J’%é - F’Y76p o Javﬁ /\ (F’Y76p)
Ly Ly Ll _ pLl Lyl
<BM, — BYL A B = B, - B
=B, — 1%p. (2.4.38)
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Table 2.9: U death rate, N? < (§ — ) A L and NP = NP4

kU kU | —k,0,—U,0

k Daﬁ A D%5 — Haﬁ 7,6

(6—=B)ANL| x

: : kU _ y71—k,0

: Da,ﬁ = Ha,ﬁ P

NP +1 X

a)
D kU

N X D,y s =0

NP -1 X

: kU _

: DWS =0

0 X

kU kU kU kU kU kU gk k,—U0
k [‘]aﬁ A, /\Jaﬁ]/\ [Dmé — D /\Daﬁ] =H. 5
(6—-B)ANL X

kU kU kU
.NDd 1 Jaﬁ JWS A Jaﬁ
+ X
b)

Dd _ n7D kU kU kU
NP¢ =N X D%(S—D%(S/\DQB—O
NDPd _q X
: kU kU kU
b D%(S —DWS /\Daﬁ—O

X

We compute Bj’é. By (2.2.19), since I > NB? > NB by Lemma 2.41

Ll 10,1 0,L,0,/ 0,1l
By =l — Y Hygls— > Hyghs
>l UN(y—a)>U'>1
0L 0,/ Ll Ll . Ll
=lygp— > Wip— > (L5 — Ty MG ).
>l UN(y—a)>l'>1

Remark 2.43 When | > NB the term Hg’é’i;lé depends on Step 1 (see Tables 2.1 and
2.2). By (2.4.23),
-if 1> NU then JUi N5 = T and

7,0
Hy s = 0; (2.4.39)
ifl =N > T and Réﬁ =0 (see Table 2.1), then J(f’é, A J,YL’; = Jj’é
0,L,1,1 Ll L, v L.
Hygtls =T —Jog= Y. Thap—Tksp; (2.4.40)
>U'>Nd+

«,

Sif L <1< N then JUL A JLY = T2 = 0; hence

0Ll _ L1 _ i o di
Haﬁ,%é - ‘]%5 - F%(;p fL<I<N
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Table 2.10: U death rate, N? < (§ — 8) AL and NP = NP4 1

; N B U
(6—pB)ANL X
Dk,U _ ka,Op
NP 41=NPd| R
a)
NP X Db =0
NP -1 X
: kU _
b D%5 =0
X
kU kU kU kU kU kU _ g7k k,—U0
?6 TAT [Jaﬁ SR, /\Jaﬁ]/\ [D'M — D /\Daﬁ] =H. 5
— b)) A X
kU kU , kU
b Josg = Iy Nals
+ X
b)
Dd kU kU
N X D& — DEY >0
NDPd 1 =ND X
: kU kU kU _
: D&Y — DEV A DEY =0
0 X

-If Nt = M + 1, that is we did not pass Step 1, and if | > > U, then Hg’é’i’lé =0.

HOLYL e could have a null coupling

a767775’
rate, when solving the lower attractiveness problem left no remainder of Fihép. It means

In other words even if we choose the second term of

that positive coupling terms begin below N4t .
Therefore by previous remark, if [ > NB% and | > L
Ll 0L 0,l’ v L
By =Togp =D Tip— > {ﬂ{l’:Nd+2Z}( > Tip—Tgsp)
>l (y—a)AU>U'>1 I>U'>Nd+

+ H{Nd+>l/}r,ly/’5p}

_0,L 0,/ R v I
=11, 5P — Z ILsp — ]l{(v—a)/\UZNd*>(l\/(L—1))}( Z I sp = T'g sp)
>l [2l’2Nd+

- > I 5P

(y—a)AUA(N+—1)>1'>1

L, L, L, 1 L 4
J%(; - Ja,,@ A J%(; :]l{Nd+2l}{F7,5p - ll{l:N‘”}(Fa,,Bp - Z P'y,5p)}
I>l'>Nd+
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Hence if [ = L > NP4, (2.4.38) becomes

r L 0,L 0,l'
ﬂ{NdQZ}{Fmép - H{Nd+=i}(ra,ﬁp - Z P'y sP) } <ILygp - Z IL 5P
I>l'>Nd+ U>T

v L v
B Il{(W/—oz)/\UZNd+>E}( Z 6P = Tap) = Z Dhep (2441)
[>U'>Nda+ (v—)AUA(Nd+ -1)>1'>T,

e Suppose N4+ > L. R R
If (y =) AU > N > L or N** = L then (2.4.41) becomes

0,L y
U>T >U>L

which contradicts (2.2.13) with K =1, [} = L- 1, my =L.
If N+ > (y —a) AU > L then (2.4.41) reduces to

oty -S> m¥p— > ripso

> (y—a)AU>U>L

By adding Raﬁ = Féﬂp — Z I’lv/ﬁp > 0 (since N9t > E),

I>1'>Nd+
0, 0,l/
My Gp+Thgp — > T5p — > Il5p >0
>T {I>U'> N+ U{(v—a) AU>I'>L}

which contradicts (2.2.13) with K =2, [} = - 1, mi =0,ls =N my=1.

e Suppose N+ =T — 1.
In this case (2.4.41) becomes (2.4.37). Notice that N4t = L — 1 means RLB > 0, that is

FL 8P — Z P'y sp > 0. By adding this inequality to (2.4.37) we get a contradiction as in

>U>L
(2.4.42).
Claims v) and vi) are symmetric with respect to éi7) and iv) and we prove them in a
similar way by using symmetric Tables and Remarks. O

Remark 2.44 As a consequence, Tables 2.5 to 2.10 do not contain any coupling term
breaking the partial order between configurations.

Remark 2.45 By (2.4.39), if Nt = L—1 then H” é’l’l(s = 0 for each | > L (and for
each | > 0 by Definition (2.2.22)) but since NB > L, then NB = NB? qnd by Definition

(2.4.15)

L,NEB OL 0,L,l", I Ol
BLY = - > > Hypls =TG- > 10 (2.4.43)
I'>NB UAN(y—a)>I'>NB I'>NB

Step 3) Finally, we need to pass through Step 3 if Réﬁ >0 (Rﬁé > 0 in the symmet-
ric case). We refer to Table 2.11 (Table 2.12).  We couple the remainder of the lower
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Table 2.11: Third step, Réﬁ >0

L, L, Ll Ll | _ L,L,0,
l T, 5 N [B%(S — Baﬂ A B7 5| = Haﬁ 5
M X
: L L L
: : B,M—Baﬁ/\B%(S
NdB 41 X
dB L,
N X Ta,ﬁ Z 0
NiB 1| x
: Ll
: Ta,g =0
0 X
Table 2.12: Third step, Rf{’(; >0
kU kU kU kU —k,0,UU
k [Daﬁ—Da,gADw] N Toy = H, 55
M X
kU kU kU
- Dys = Dap AN D5
NP 41 X
NP X " >0
NdD 1 X
: kU
: T’y,5 =0
0 X

configuration L-jump rate with the remaining part of the upper configuration birth rate.

In other words, we begin from Hﬁéf}éw = Léw A [B,%M — B,];J’(;M A Bééw] Notice that

Tiéw = Ré’ﬁ by Definitions (2.2.29) and (2.4.8). If the minimum is the second term we

proceed downwards in [ with terms H ij, ﬁ’é = Taﬁ ’é A [BVL”é —BVL”(é /\Bi’é] until the minimum
is the first term, in which case there is no remainder of Féﬁp, so the problem is solved.
NIB corresponds to the I*" step when it happens. In other words when [ > N5 the
coupling term is the remainder of the upper configuration I-birth rate, when I = N it
is the remainder of the lower configuration L jump rate, and when [ < N the terms are
null.

If Réﬁ =0, that is if M +1 > N% > E, we put N8 = M + 1. We give it the same
value if 3 is not L-bad. The corresponding term for deaths rates is NP and we can do
the same remarks by using Table 2.12 involving symmetric rates.

So we explained Formulas (2.4.18) and (2.4.19) in Definition 2.38.

Proof of Proposition 2.39 vzzA)ﬂ)m)
vii) Since Réﬁ >0, N%* = [ — 1 and Remark 2.45 holds.



80 CHAPTER 2. STOCHASTIC ORDER AND ATTRACTIVENESS

Remark 2.46 Ifl > N9 then HLBL,% Bf’é —Bf’é /\Bi’é depends on Step 2. By using
Tables 2.5, 2.6, 27 and (2431)
Lfl > NP then B vy ABY =Bl and

L,L,0,l
H ,ﬁwé_o

-if l= NP and NP > (y —a) AU (see Table 2.5) or NBY = NB < (v —a) AU (see Table
2.6) then Byt A BYf = BL, and by (2.4.43)

LLOl _ Ll 0,
Hols =By = Baﬁ I 5p = B

=1y - 1y,

>l

-if l=NB = NBd _1 (sec Table 2.7) then B~ ﬁAB 5—B =0 and

7/6 -

L,L,0, 0L
Hygls = By = p:

-ifl < NB then Baﬁ/\BwS —Bi’é =0 and
L,L,0,l L)l
o550 = B = T

In other words even if we choose the second term of HLBL Oé, we could have a null coupling

rate, when solving the lower attractiveness problem left no remainder of H?{ sp- It means
that positive coupling terms begin below NP v NBe with NB v NBd > N4B,

If I > N9B By Definition (2.4.18) of N8, (2.4.30), (2.4.31) and Remark 2.46,

L,LO0l _ pLl Ll Ll _ 0

0,1 Ol
=TL'5p — ﬂ{,:NB}( ohp — Z H%(Sp) < Taﬂ. (2.4.44)
I'>NB

We compute T 1f I > N3, By Definition (2.2.27) and Remark 2.46

L, L 4 L,L0,
Ty =Thap— > Thsp—> Hys's (2.4.45)
>U>L >l
L ON
=Thsp— Y Thop =Y {MpansyIgp+ Loy Hygw )
>U>L >l
L
>U>L NB>['>]
0,NB
— oy (M55 p— (Gp — Y T05p)).
I'>NB

Suppose N8 < L. By (2.4.44)
0,L L 1 0,l'
I0sp — ﬂ{Z:NB} Ha 8P~ Z H’y 5P <I'ggP— Z I%sP = Z IL 6P
I'>NB >U>T NB>I>T

0,L
+ 1 yn gy (o p — > pr) (2.4.46)
l’ZNB
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Since NB > L, if either NB = L or NB > L then (2.4.46) is identical to
L 0,L 4 0,l’
Tagp+10gp > > Top— > Tp
>U>L U>L

that is a contradiction as in (2.4.42).

viii) is proved exactly as (vii) by using symmetric rates. O

Remark 2.47 As a consequence, Tables 2.11 and 2.12 do not contain coupling terms
breaking the partial order between configurations.

2.4.4 Proof of Proposition 2.37

i) Assume 3 is L-bad and [ < L. If | < L then HaL’éf/’g = 0 by Definition (2.2.18). We
refer to Tables 2.5, 2.6 and 2.7. R
e Suppose N2 > U A (y — ). If | < N then HOLOL — 0; since N > L by Proposition

a7ﬂ7’y76 -
2.39 4ii), then Hg’é’g’g = 0 for each [ < L. In this case Hg’é’fy’l(g = 0 for each [ by (2.4.33).
0.L,0,1 0,L,1,l .
° Supp/(\)se NB < (y —a)AU. If Il < NB = NB? then H) s = Ha,ﬁ/,'\y,é = 0. Since
NB > L by Proposition 2.39 iv) then Hg’é’g’g = Hg’é’fy’l(s =0 for each I < L.
If | < NP = NP4 1, that is | < NP9, then H, %% = H L = 0. Since NP4 > I by
Proposition 2.39 iv) then Hg’é’g’g = Hg’g’i;lé =0 for each [ < L.

If Réﬂ > 0, Proposition 2.39 vii) ensures that Hiévoé =0ifl < E, since N8B > T (see
Table 2.11).

i1) Assume v is U-bad and k < U. Relations involving deaths and jumps from « are
proved in the same way as in i) by using Proposition 2.39 i), v), vi) and viii) and Tables
2.8, 2.9, 2.10 and 2.12. 0

2.4.5 Proof of Proposition 2.25

i) If B is L-bad, we have to prove that fi,ﬁ =0= ﬁg’f;. By Definitions 2.24, (2.2.31) 1),
(2.2.19), (2.2.32) 4), (2.2.27) and by (2.4.10), (2.4.26) we get

=L L LLUY L,LOJ
Tapp =Tapp— D HU55 — > Hyshs

>0 >0
L L,L,1 I LLOJ _ 7L,L,0,0,
=Taap = D Hyogns = D HU5s = Hyglys
U>T I'>0
=0,L 0,L 0,L,0,l/ 0Ll
Ha?ﬁp :Hayﬁp o Z Ha7ﬁ7775 o Z Ha7ﬁ7775
>0 >0
0,L 0,L,0,// 0,L,I',/' _ £70,L,0,0
=Hogp =3 Hogys— D Hyughs = Hoghs
I'>0 (y—a)AU>1">0
Since B+ L > 0+0, by Proposition 2.37 i), 0 = Hj’BLLS’(? = Tiﬁp and 0 = Hg’g’g’g = ﬁg’ép.
i7) In a symmetric way, if v is U-bad we have to prove that fz 5§ = H;(g’ = 0. By Defi-
itions 2.24, (2.2.31) i) and (2.2.33) 4i t TU sp = HOOUY and T, 5% = g9 U0
nitions 2.24, (2.2.31) i) and (2.2.33) ii) we get 'y sp = H, 55 and IL, s"p = H 5. 5.
Since v — U < « + 0, by Proposition 2.37 ii), 0 = Hg’%’g’g = fg,(;p, and 0 = Hg’%’;%’o =
o5’ | O

7,6
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2.4.6 Proof of Proposition 2.26

We prove, by checking all possible cases, that the system S satisfies Conditions (2.2.13)-
(2.2.14), that is: for all I, Iy, I., I; in Definition 2.14,

S omh+ S T, <Y 5+ T, (2.4.47)

k>6—pB+11 kel, >0 lel,
——k,0 =k ——1,0 —
DMas + > Tap> Y My +) T (2.4.48)
k>k kely I>y—a+k lel,

We prove (2.4.47). Since, by using the symmetry of the system, the proof of (2.4.48) is
similar, we skip it.

Remark 2.48 Let A= {i < K :l; > E}, then for all i < j < K we have L <l and
Il{mjzk>5—6+lj}f§,ﬁ =0 by Table 2.1 and Definition 2.24. Let

P minA  if A#0
AT K+1 otherwise
given K >0, we define

Ka—1 Ka—1
r=Jmizk>6-8+4}, L= {v—a+mi>1>1L} (24.49)

i=1 i=1

then if
=0,k =k 770, Tl
Yo Mo+ Y Tap<d Wi+ > T
k>0—LB+11 k‘EIfA >0 ZEIZ(A
we have
—0,k —k —0.k —k —0,l =l
Yo Mp+ Y Tap= > Mg+ Y Tos<) T+ Ly
k>6—B+11 kel, k>6—pB+1 erfa A ler’e
—0,1 =l
< Z ILys + Z Lo
>0 eI

Hence we can suppose without loss of generality
L>Ig. (2.4.50)
As a consequence, by Proposition 2.39, if 8 is L-bad

(N e gy + NP Nims o)) A (NPDweon oy + (NP VNP ey o) > L>lg.

(2.4.51)
If v is U-bad the same remark involving U and variables Né= NP NP and N holds
symmetrically.

Let B={L+~y—a>1>U}, then ﬂ{leB}fi,,a = 0. We define

IP =[,U{L>k>U+6-0} (2.4.52)
P =n,uUB (2.4.53)
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then if
oMb+ Y T <Y+ Y T,
k>0—B+11 kelB >l lerp
we have
S I +Zfa5< Yoo +Zraﬁ<ZH +er
k>8—B+11 kel, k>6—B+11 kelB > lelp
- ZH T ZFW
>0 eI

Hence we can suppose without loss of generality
L={L>k>U+6-pByUIF (2.4.54)

where IX and If are given by Definition 2.14 and K <U 4§ — (.
Notice that if L < U (that is U—i—é—g > L), that is when we pass Step 1, nothing changed,
and this remark will be useful when L > U.

Remark 2.49 By choosing 6—0+1; = m; for alli =1,... K, by Definition 2.14 Condition

(2.2.13) becomes
dooomh<> i+ > (2.4.55)

k>6—pB+11 >l lely
A symmetric remark holds for Condition (2.2.14).

If L <0 (8+L < 6) then the left hand side of (2.4.47) is null and the inequality is trivially
satisfied.

Suppose L > 0 that is we have a lower attractiveness problem. Remember that if o — L <
7 —U we begin the coupling construction from (2.4.20) with [ = U, otherwise we start from
(2.4.22) with [ = L + v — «. In this case if there is a higher attractiveness problem, then
Ffi s can be coupled only with death rates in Step 3 of the construction. Notice moreover
that we pass Step 1 only if L= [ (see Step 1, Section 2.4.3).

By Proposition 2.25, ﬁg’é = 0 and by Definition 2.24, ﬁg’fﬁ = Hg”lﬁ for each I < L.

Therefore ok
=0, 0,k 0,L
> Tapp= > Togp—Togp (2.4.56)
k>6— B+ k>6— B+

By Proposition 2.25, F = 0. Moreover Hkg %JO =0foreachk>0—-08+1;>d— by
Definition (2.2.26). Then by Definition 2.24 and (2.4.50) we have

S Taap= Y. (Chep—HEEYY). (2.4.57)
kela kel \{L}

where I, \ {L} is the shorthand for I, lr¢7.1 + (Lo \ {L})Wrer, )

Case A Suppose (3 is L-bad and v is U-bad, that is U > v — a.
The right hand side of (2.4.47) is given by Definition 2.24,

=l 0,0 0,L,0,l L,L,0,l
S+ Y T ap = (Whp— HYLSS — HEL)

>l lel, >0

gL L,l,l 0,L,1,1
+ Z < ,ﬁ 7,0 —H,, .37, > (2.4.58)
leL,\{U}
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Notice that fgﬁ = 0 by Proposition 2.25 since v is U-bad; moreover Hg:é:fy’is = 0 if

| > v — a by Definition (2.2.22) and for all I if N® > v — a by (2.4.33). Since U > 0,
{y—a>1>1} C I then Z Hg’é’% = lnBoy—a} Z Hg’é’glé Moreover

{len,}n{I£U} y—a>l>l
using Tables 2.1, 2.5 and 2.6
0,1 0,L,0,1 0, 0,L,0,l\.
Z (Hﬂﬁép - HC‘UB(Y#S) = Z (H"{,(sp - HCV,B,’)/,(S)7 (2'4'59)
>l NB>[>1y
l L,L,1 l l _
Z (F'Mp - Ha,ﬁ,'y,é) = Z r 0P — Z Fv,ép]l{l21>Nd+}
lep,\{U} leL,\{U} lep,\{U}
L l
B Z (Fa,ﬁp o Z Fv,ép) Il{M+1>l=Nd+22}
len\{U} >1>Nd+
l l
= D D= > Thaplinar
len\{U} len\{U}

L !
_(Faﬂp_ Z Fv,ép)H{M+1>Nd+zi,Nd+elb\{U}}'

I>1>Nd+
(2.4.60)
Notice that (2.4.60) still holds if N4+ = L — 1, namely (sce Table 2.2)
l L, LI\ _ l l
Y. ap—Hygys)= Y Thp— > Dol (2.4.61)
leb,\{U} leL\{U} leL\{U}
and if N = M + 1, then Hé’éi’g = 0 for all {, thus
l L, LI\ _ l
S [@sp—Hyg) = Y. Thsp (2.4.62)
lenL\{U} len\{U}

Therefore using (2.4.25), (2.4.59) and (2.4.60) ((2.4.62) if N9* = M +1), (2.4.58) becomes

70, =l 0, 0,L,0,l 0,L,l,l
D M+ Top= > (Wep—Hygls) —Uneeyay > Hogls
>0 el NB>[>14 y—a>1>1y

l l
+ Z F%(;p o Z Fv,épﬂ{l’zl>Nd+}
ler\{U} ler\{U}

L !
- (Fa,ﬁp - Z r ﬁp) H{Nd+zE,Nd+er\{U}}
I>1>Nd+

—1 HELO (2.4.63)

{{Nd‘l’:i*l}U{Nd_'»:M*‘rl}} Z a,,@,%é'
>0

Since by Proposition 2.39, i) (resp. )), N® > L (resp. N¥ A NP4 > L), with |[NP —
NB <1and L >l > 1 by (2.4.50), we can suppose N2 > ;.
o If NB = NB4 by using Tables 2.5, 2.6 and Definition (2.2.19)

0,0 0,L,0,1 0,L,1,1
Yo (Wsp—Hygos) —Lnseoray D, Hyghs

NB>I>1 y—a>l>lh
o 0,0 L,NB 0,L,1,1
= D Wew—B5 ~Lnseywy > Hyghs
NB>[>ly y—a>I>NB
0,l 0,L
= Tp— T 5p. (2.4.64)

>0
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o If NB = NP4 _ 1, by using Table 2.7 and Definitions (2.2.19)(2.2.20), then

0,1 0,L,0,0 0,L,1,1
Yo W —Hypls) = Unser o) Y Highs

NB>I>lq y—a>1>1
o 0,0 0,L,1,l L,NBd L,NBd
= > Wp—Tyeey oy > Hghs—(Byy By )
NB>[>lq y—a>I>NBd
0,1 0,L
= T0%p — 110 5p. (2.4.65)
>0

A.1 Suppose l=L+~y—aor (I=U > L and N%~ = L). In these cases we pass Step

1. IfizL%—v—athenHi’Z’g’g:Oforeachk:§Lsincev—U<oz—L§oz—k(see

Definition 2.2.18). If [ = U, I’é’ﬁ > Fgé (by (2.4.13) and (2.4.20) since N9~ = L), then
Hﬁggfs] = 0 for each k < L (see Table 2.3). Therefore by (2.4.57)

SN Ths= Y ks (2.4.66)

kel, kel \{L}

A.1.1 Suppose RL ;= 0. Then M +1> N4 > L > I by (2.4.51). Notice that if [ = U,
then {U}U{l >1> N%} ={U > 1> Nt}

We use (2.4.56), (2.4.63), (2.4.64), (2.4.65) and (2.4.66) in different cases to rewrite Con-
dition (2.4.47), then we will check it is satisfied under Condition (2.2.13).

A.1.1.1 Suppose Nt ¢ Ip, that is N 4+ does not belong to any of the corresponding
sets of I. Since N > g, we have also N > v — a 4+ mg, hence since U > I,
L\ {{Uyu{l > 1 > N%}} = I, which implies that > ey T s1zss nvary = 0 and
Condition (2.4.47) becomes

D, Mip+ > Tap<d Tis+) I

k>0—B411 kel \{L} >l lely
which holds by Condition (2.2.13).
A.1.1.2 If N4 € I, then
v—a+mg >N >L >, (2.4.67)

hence (see Table 2.1) Condition (2.4.47) is

> ch’,];fr > Fi,ﬁézﬂgﬁ Do Ths— > T sl nen

k>0—p0B+11 kel \{L} >0 len,\{U} leL\{U}
~Tigt Y Ty
I>1>Nd+
0,
=y I+ > I s—Tkhs  (24.68)
>l 1e{L\{U}}U{I>I>Nd+}

A.1.1.2.1 Suppose [ =U or (I= L+~ —a and U ¢ I,), hence

{(L\{UYU{l>1> N}y =1,u{l >1> N
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o If L € I, (2.4.68) becomes

D MG+ Tes<d I+ 3 T

k>0—B+11 kel, >l le,u{l>I>Nd+}

which holds by (2.2.13).
o If L ¢ I,, then (2.4.68) is

ook S k<>t > s (2.4.69)

k>6—B+11 kel U{L} >0l lel,U{i>I>Nd+}

Denote by
I=I,U{L>1>6—B+(L—0+pB)}=L,U{L>1>L} (2.4.70)
I =L,U{L+~y—a>1>L—-§+p3} (2.4.71)

then by Condition (2.2.13) applied to I, I,

SRS WP DGR DI @72

k>0—p+11 kel, >0 e,

By (24.67), I, = L,U{L+~ —a > 1 > N%} and (2.4.72) is identical to (2.4.69) if
l=L+~v—a.Ifl=U then (2.4.72) implies (2.4.69).

A.1.1.2.2 Suppose [=L+y—a<U€cl,thenl=v—a+L<U<~vy—a+mg, that
is L < mg (and we also have (2.4.67)). By Condition (2.2.13) applied to

IV U{L>k>6-B+Ik} =1,
K Uy —a+ L>1>Ig) =1,

and (2.4.68)

Yoomh+ > Ths= > MG+ Thy

k>0—pF+11 kel,U{L} k>0—pF+11 kel,
0,1 l 0,1 l
<D M5+ T <y TG+ > s
I>i 1el, 1>l le{I,\ (U U{y—at L3> N+

since, by (2.4.67), Ig(*lu{v—a—kL >1l>Ilg} C Ig(flu{{w—a—km;( >1>Ig}\{U}}U
{(y—a+L>1>N"*}y={L,\{U}}U{y—a+ L >1> N%}. Therefore (2.4.47) holds
also in this case.

Remark 2.50 This is the key passage where a Definition of I, ... 15 as a single set instead
of a union of several sets does not work.

A.1.2 Suppose Réﬁ > 0, that is N9t = L — 1 since we pass Step 1.
By using (2.4.61), (2.4.63), Tables 2.2, 2.11 and (2.4.45), since N8 > L > I > I; by
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(2.4.51) and Proposition 2.39 vii) we get

ZH +ZF75P

>0 lelb
0,1 0,L 1 L ,L,0,0
=D Wp—Togp+ >, Tip— Hyps
1>l leI\{{UYU{I>I>1}} >h
L,LO0l L NaB
= T%p — 5p + > Chop— > Hygs =T
1>k leR\{UI{I>1>1}} I>NdB
=Y Wp—Mgp+ > Thp+ Y Tp—Tg
>l len\{UI{I>1>1}} >1>L
=> Wp—Tlgp + ) %50 =T gp
1>l le{,\{Uu{I>I>L}

and Condition (2.4.47) becomes (remember (2.4.66)) (2.4.68).

A121HfU=1lor (I=L+v—a<U¢I), then we proceed as in case A.1.1.2.1.
A.1.221fU > and U € I we work as in case A.1.1.2.2.

A.2 Suppose [ = U = N > T (which is excluded to case A.1 if L # U by Remark 2.40).
Again we pass Step 1. Therefore HL L, l% = 0 for each | < U by Definition (2.4.12) and

Table 2.1 and Hy'5" = 0 for each <Mby (2.4.25).

255

Hence (2.4.60) becomes,
LL,l,l
SIS SIV TV SRt 24
len\{U} lel\{U} len,\{U}

By using (2.4.56), (2.4.57), (2.4.58), (2.4.64), (2.4.65) (notice that those last two equalities
are still valid) and (2.4.73) then Condition (2.4.47) is identical to

0,k k k,k,U, U
Yo MG+ Y Chep-HUEUH) <Y MWrgp+ Y Thp  (2474)
k>0—pB+101 kEIa\{L} 1> lelb\{U}

We are left with evaluating the second term on the left hand side, that is (2.4.57). Since
N4t = U, then N~ < L by Remark 2.40. This means, see Tables 2.3 and 2.4 that if
k > N9 then Hkggg =TI* o,sP and working as for (2.4.60)

k kkUU k
Z (Faﬁp Haﬁvé Z Faﬁp_ Z Fa,ﬁpﬂ{fczk>Nd—}

kel \{L} kel \{L} kel \{L}
U

- Z (5P = Z Faﬁp) {k=Nd->0T}

kel \{L} E>k>Nd-

= > Thap— > Tosplgspsni
kel \{L} kel \{L}

U k

= Ui s na-er oy (TrsP — > Thgp). (24.75)

E>k>Nd—

Indeed, since k = L, by Remark 2.31, we begin the coupling from the maximal possible
jump and
{(k>k>N"}={L>k> NI} (2.4.76)
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A.2.1 Suppose N%~ € I, \ {L} and M +1 > N > U. Then there exists j < K such
that m; > N >6—p+ l;, and by (2.4.76), formula (2.4.75) is identical to

> Thg—T9s+ D Tap= > Tk 5~ Vs (2.4.77)

kelo\{L>k>N4—} L2k>Nd- kel U{L>k>6—6+1,}

Notice that since [ = U, then L+v—a > U. We denote by I, = Igflu{L >k >0—p4+1;},
then summing rates I’fm forl eI, = Igil U{L+~v—a>1>1}orforlec 1571 u{U >
[ > lj} is the same. Moreover m; > Ni= > U — v+ «, that is v —a +m; > U and
U=N">L>Ilg> l; by (2.4.51). Therefore vy —a+mj; > U > l; implies that summing
rates I ; for l € I, = IJ "OUE {fy—a+m; > 1> L}andforl € I 'U{U > 1> 1;} =1,
is the same. Therefore (2 4.74) becomes

Soomh 3 k-1 <S> s - Y ey, (2.4.78)

k>0—B411 kel, >l =

which holds both if U € I, and U ¢ I, by Condition (2.2.13) applied to sets 1, and I,

A.2.2 Suppose N%~ ¢ I, and N4~ > U, then by (2.4.75) Condition (2.4.74) is

Sooomdh+ > Ty <> IS+ T s =T syer,y  (2479)
k>6—pB+11 keI, \{L>k>Nd—} 1>l led,
Since N9~ ¢ I, either N~ < §— 3-+1; or there exists j such that 0—pB+1; > N > mj_1
(or possibly N9~ > mp).
If N9= < § — 34 1; the second sum on the left hand side of (2.4.79) is null by Definition
(2.2.9). By (2.2.13) with K =1, m; = 0 we get

>oomdh <>+ Yo (2.4.80)

k>6—L04+1 >0 y—a>l>l

Since v is U-bad, then U > v — « and (2.4.79) holds by Definition (2.2.10).

Suppose there exists j such that 6 — 8 +1; > Ni= > mj_1 (or possibly N~ > mg).
Then summing rates I";ﬁ for k e I, = 17! Ufij{mZ >k >d— 3 +1;} is bounded by
the sum onf rates I”;ﬂ for k € I7'U{L > k > N9 }. In case that N~ > my then
I, CI,U{L>k>N%} and the proof works by setting j = K + 1.

We treat separately the cases U> m;_1 and U < mj_1.

e If U > mj—1, then U >y —a+mj_1 and U ¢ I] . By Condition (2.2.13) applied to
27" and I] !

D, W+ > Tap= D I+ ) Tup

k>6—p+11 kel \{L>k>Nd4-} k>6—B+1 o
0, 0, v
SO WG+ D D<) WG+ Ths— slwen,
I>h lgjg_l >0 ey

which is (2.4.79).
e Suppose U < mj_1. Let I, = 7' U{L > k > N9}, then the second sum in the left
hand side of (2.4.79) satisfies

> Lo < > Ths=>) Ths— > TE (2.4.81)

k€l \{L>k>N4~} kel \{L>k>Nd—} kel, k>Nd-
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Since | = U, N —§+3<U—-6+6 < U. The set corresponding to f is fb = ijlu{L—l—
y—a > 1> N% —§+/3} and the sum of I'} Lo forl e T, or for [ GI] 'U{U > 1> N —5+3}
is the same. Notice that since N4~ > mj_1 > 0 — 3+ lj_1, then Ni= — 545 > L1
(hence U > § — B+ 1_1 > lj_1); moreover v —« + m;_; > U since U < mj_1. Therefore
U € I and the sum of I' ; for I € I, = I ' UUL {y —a+m; > 1 > I;} or for
le ng u{lu >1>1;} = T, is the same. Hence the second sum on the right hand side of

(2.4.79) is
Y s -Ths=> Ths T (2.4.82)
lely lefb

Remember that we are in case M + 1 > N9~ > (7, that is 7?,{{5 — 0, which by Definition

(2.4.13) and (2.4.29) means that I’VUﬁ — Z F’;ﬁ < I‘ixg_, implying that the right hand
~ E>k>Nd—
side of (2.4.82) satisfies, since k < L

Zrl 5= Z Ik 5 < Zrl%é ~-1Y5. (2.4.83)

ey, L>k>Nd4- e,

Condition (2.4.79) holds by (2.4.81), Condition (2.2.13) applied to sets I, and I, (2.4.83)
and finally (2.4.82).

A.2.3 Finally, if N©~ = U—1, by (2.4.74), (2.4.75) and (2.4.76) Condition (2.4.47) becomes

0,k 0,l
> Mg+ > Top <D Mg+ T —Tswery.  (24.84)
k>6—p+ kel \{L>k>Nd-} 1>l lely
o If N9~ € I, there exists j such that m; > Ni= > §— B+1;, that is y— a—i—mj >U~-12>1;.
We use arguments as in case A.2.2: by Condition (2.2.13) applied to I =5ty {Nd= >
kE>o0— ﬁ—i—l}—[ \{L >k > N }and[b—I] 1U{’y—a+Nd >k > 1;}, since
d— _
N —U—1and7—oz—i—mJ2U—12lj
0,k E o _ 0,k k
>, W+ D> Tap= ) Mg+ ) Tap
k>0—f+1 kel \{L>k>Nd—} k>0— 3+l kel,
0,l l
< Z HWS + Z 19
>h e} ' u{y—a+Ni=>k>1;}
J— 07l l
o Z Hw,é + Z L
I>h ler] " u{U-1>k>1;}
0,l U
<D s+ T = Mslwen)
l>l1 lEIb
and (2.4.84) holds.
e Suppose N9~ ¢ I, and there exists j such that 0=B+1l; > U—y+a—-1= Ni= > mj_1 (or
possibly N9~ > mp, in which case we set j = K+1). This means that U > y—a+mj_1+1,
that is U ¢ Igil and we get by Condition (2.2.13) on sets I " and 1]71
0,k ko 0,k
> Wi+ D> Tap= Y WG+ D Ti
E>6—B+1 kel \{L>k>Nd—} k>8—f3+1 keri!

<I MG+ > T <Y T s =T e,y

> le]] 1 el
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If N°= ¢ I, and N~ < 6 — 3+ 1y, then I, € {L > k > N%} and the second sum in
the left hand side of (2.4.84) is null. As in case A.2.2 we can start from (2.4.80) and treat
different cases exactly in the same way to check that (2.4.84) holds.

A.3 Suppose [ = U < f:, that is we do not pass Step 1 and N9 = M + 1. This means

that L > U + 6 — 8 = k. By (2.4.51), N8 > [ and by (2.4.21), Hjé% = 0 for all L.
.- L, L L ,L,0,0

Hence, by Definition (2.2.27) we get Ta7 =10 50— 2s1 Hy g s

Since by Proposition 2.39 iii), N® > L > U, by (2.4.33) then H>, ' =0 for all I. By

a,B,7,
(2.4.64), (2.4.65), Table 2.11 and since Nt = M + 1 then (2.4.63) becomes

S TWp+> Top= > (Wp—HES) + > Thw—> HILY

>0 lel NB>I>l len,\{U} >h
0,1 0,L L,L,0,l L,Nd4B
=Y Wrp—Toip+ >, Thap— > Husts— T
>l len\{U} |>NdB
0,L
=y mp-myip+ Y TLp-TE (2.4.85)
>0 len\{U}

By (2.4.56), (2.4.57) and (2.4.85), Condition (2.4.47) reduces to

>oomdhip+ > @k - HIET)) <> np+ > Thp. (2.4.86)

k>6—B+11 kela\{L} >0 len,\{U}

A.3.1 Suppose N4~ > U and remember that we are in case M + 1 > N9—.
e If N9~ € I,, as in case A.2.1, there exists j such that m; > N¥~ > § — 8 +1;. By
working as in (2.4.75) and (2.4.77), Condition (2.4.47) is equivalent to

S omhe Y m,sYwie Y e

k>6—p+10 k€I \{LYU{k>k>Nd-} I>h len\{U}

Notice that we can suppose I, = IXU{L >k > U+ — 3} by (2.4.54) and Ek=U+6-p,
thereforesummmgfkﬁ for ke I,u{k>k>N%"Yorforke I U{L>k>é— B+1}
is the same. Moreover m; > Ni= > U — v + a, hence m; + v —a > U and the sum of
Fl%é forlf[b or forlefg_lu{L+’y—aZl> l;} is the sameA,sinceAL—i—’y—a >L>U
(because L > U). Therefore, by Condition (2.2.13) applied to I, and I

> I+ > Ths= > MG+ > Il s

k>6—B+1 kel U{k>k>Nd=} k>6—f+h kel U{L>k>5—pB+1;}
0,l l
<O W+ ), Do
1>k ler] ' u{u>>1;}
Sy 3 rsery
1>l len,\{U}

and we are done.

o If N9= ¢ I, condition (2.4.86) is equivalent to
q

Z Hg’kﬁ n Z Pg,ﬁ < ZHOZ + eré _ »[y],zS]l{Uelb} (2.4.87)

k>6—5+1 kel \{k>k>Nd—} 1>l el
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by working as in case A.2.2 to get (2.4.79).

In order to check (2.4.87) and Condition (2.4.86) in case N9~ = U —1 we work respectively
as in case A.2.2 to check (2.4.79) and as in case A.2.3. We can repeat the same passages,
where we take I, \ {k > 1> N%} instead of I, \ {L > 1> N9} and, by (2.4.54), we can
use I2 U {L>1>U+¢— B} instead of I without loss of generality.

Case B Suppose § is L-bad and ~ is U-good, that is U > v — a.

B.1 If Nt < U =1, as in case A the first sum on the left hand side of (2.4.47) is
given by (2.4.56) and the right hand side by (2.4.63), (2.4.64) and (2.4.65). The different
term is in the second sum on the left hand side. Since the first coupling rate of Step 1
is FLﬁ A FU5 = I‘V 5> then the second term of the left hand side of (2.4.47) is given by

(2.4.66), and nothing changes with respect to the case in which v is U-bad, N4+ < U =1
and N%~ = L, since N9 did not play any role in that case. Therefore (2.4.47) can be
proved in the same way.

B.2 If N = = U, the left hand side is given by (2.4.56) and by (2.4.66) as in B.1.
By Definition 2.24 when « is U-good, the right hand side is

S Tp+ > T sp =D Mhp =S HYGY ~Uyoery D HEBE,

>0 lely >0 > (7704)/\U2l>ll
L,L,,l L,L,0,0
2 Thap = D H s = D Ho (2.4.88)
lelb lelb l>ll

Notice that the difference with respect to case A is that fg{ s has the same definition of

flj/ﬁ when k < U, and it could be null or not. Indeed by Proposition 2.25 only the higher
rates that cause an attractiveness problem must be null in the new system. Therefore this

is not the case for fg{ 5
We work as for (2.4.64) and (2.4.65) to get

YoMSp = HUG s~ Unoayay Y Hyghs=> TGp—T05p.

>0 >0 y—a>l>l >0
Since N = U > L, by Table 2.1 and (2.4.25)
l L LJJ L,L0l _ l L
D Thap =D Hushs =D Hasns = D Thop = Tasplwen)
lelb lEIb l>l1 lEIb
and Condition (2.4.47) becomes

Z kﬁ + Z Fa B Fa ﬁ]l{LeIa} < Z l(; + Z F Fé,ﬁﬂ{Uelb}-

k>6—B+1 kel, 1>l €T,

Since L > lg and B+ L <6+U,thenU > L > lg. If (L ¢ I, and U ¢ I,) or (L € I, and
U ¢ Iy) it holds by Condition (2.2.13). R
Suppose U € I andLgéI Since’yisUgood U<'y—a<L+’y—aandUZL>lK,

K
then By o o7y T% 5 = Lpsisy 55 < Luzisi 1Y 5 Therefore

Yo MG+ > Ths+Thss Y WG+ > Thg

k>6—0B4+11 kel, k>5—[+11 kel,U{L>k>L}

<O MW+ D D= Mg+ I

>0 lel,U{U>I>1k} >0 lely
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since U € Iy.

B.3 Suppose U < [. Since v is U-good and we do not pass Step 1, ﬁné = Fl%é for each
[ < U by Definition 2.24 and fzﬂ = I’gﬁ for each k < L, since fi,ﬁ = 0 by Proposition

2.25 7). Notice that (2.4.85) still holds with >, I’f{a instead of }_1cp\ (1 I‘i{(;. By
(2.4.56) Condition (2.4.47) is identical to

D, Mip+ D> Tap<d Hys+> I

k>6—p+0 kel \{L} 1>l lel,

which holds by Condition (2.2.13) and the proof of (2.4.47) is complete. O

2.4.7 Proof of Proposition 2.27

In order to prove that H is increasing, we have to show that all coupling rates breaking the
partial order between configurations are null. We denote by H the coupling of Definition
2.21 on the system S and we prove that H and H differ only on rates involving L or U
particles. The claim follows by hypothesis on H and by Proposition 2.37.

Case A Suppose ( is L-bad and « is U-bad for S, then by Proposition 2.25, N =
max{L,U} < max{L —1,U — 1} = N — 1. In other words

—L,Lll =L, L,—1,0 ==L,L0] ——=kkUU =0kUU =—=—FkO0UU
Hopre=Haprs =Haprys=Haopgys =Hopgrs =Haprs =0

for each k and I. Remember that [=UifL< U, otherwise | = L+ — o, and k = L if
L > U, otherwise k =U +6 — f3.
Step 1. We begin from Step 1. Suppose 3 is (L—1)-bad for S. Therefore ﬁéfﬁbﬁ;—l’_l’o =0

for each I by Definition (2.2.26), and by Table 2.1, Definition 2.21 on S and Definition
224,if U > 1> L, we get

—L-1,L-1,,] =L—1 —L-1,L-1'  =—=L—1,L—1,—I',0 —1
Heypq6 =[Cosp— Z (Ha,ﬁmé +Hophs )] A [P'MP]

—1>U'>1
pL—1 L-1,L-1,UU L—1,L—1,-U,0 —L—1,L—1,I',/
=lasP—Hopas —H, 555 - > Hapys )
—1>U'>l1
! L,LLl 0,11,
NI = Hylglhs = Holgly sl (2.4.89)

e If [ = U then the first coupling term between jumps in the new system is

L-1L-1U-1U~1 11 L-1,L-1UU L-1,L—1,-U,0
Ho6.0 =Casr—Hops —Hyg0 ]
U-1 LLU-1,U—1 0,L,U-1,U-1
NI P = Hylgls —Hyghs ]
L-1,L-1,U-1,U-1
—H ML (2.4.90)

We get the same conclusion if we suppose v to be (U — 1)-bad for S by starting from
Formula (2.2.18).

elf | =L++vy—a<Uthena—L >+—U implies « — (L —1) > v — (U — 1), that
is Figﬁf{LU*LU*l = HaLglﬁ;L(S_l’U_l’U_l = 0 by Definition 2.21. By (2.4.89) the first
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positive term is

—L—-1,L—-1,-1,]-1 =L—-1 —L—1,L-1,')l'!  —=L-—1,L—1,-1',0 —=i—1
H =Capp— > (Hapys = +Hapls AT, 5P)

a7ﬁ7’y76
U>1—1
_pL—-1 -1 L,Ll-1,1-1 0,L,1—1,1—-1
=Cas PN sp—Hygh s —Hyghs™ ]
L—1,L—1,1—-1,1-1
a,B,7,0 :
—L—1,L—1,1,1 —k,k,U—1,U—1
In both cases all terms H, 5 5 for {—1>1>L—1 and Haﬁ»yé for
—L—1,L—1,]-1,—1

L—1>k>U-—1 are defined recursively starting from H, 3 5 Since the
higher terms are equal to the original ones, all terms defined downwards recursively start-
ing from that are also equal.

Therefore Hiﬁlf L — Héﬁl,yL(S LEL for each T —1 > 1> L — 1 and HZ%Z(SlU -
Hk’k’U_l’U_l, foreach k—1>k>0U — 1.

a7ﬁ7’y76

In a similar way one can prove that if y is (U—1)-bad then HZ IZ;({/ 51 vt Hi’g’ggl’(]_l,

foreachk—leZU—l. i
Notice that if 3 is (L — 1)-good (respectively v is (U — 1)-good), then H, 525 " =0 =
Higylw’g_l’l’l for any [ > 0 (Fi’;’ggl’lj_l =0= Hfé;g’ LU for any k > 0) by Definition
2.21.

Therefore we proved that if either L>00r U > 0, or both, then

—L—1,L—1,1,l L—1,L—1,l,]
Hyp5 =H, 5.5 for each [ > 0 (2.4.91)
+k,k,U-1,U-1 k,k,U-1,U-1
H, 55 =H, 55 for each k > 0. (2.4.92)
—0,L,0,1

Step 2. We now consider birth rates. We begin from Step 2a). Remember that H, 5. s =

Fiégfs = 0. Suppose 3 is (L — 1)-bad for S. We get

—0,L-1,0, o L—1 o L—1,0,l' —0,L—1,I',I! —0,l
Hegns =Mag p—Y Hogos - > Hypas " 1AL sp)
>l (U-DA(y—a)>l">1
L1 OL 1,0,/ —0,L—1,U")l/ 0,1 0,L,0,l LLOl
oy p—Y Haprs — > Hogas "IN sp = Hy s — Hy,
>l (U-DA(y—a)>l'>1
If | = M then
—50,L—1,0,M 0,L—1 OM 0,L,0,M L,L,0,M 0,L—1,0,M
Hygas =My oA p—Hy s —Hyshs 1= Hagy s

This implies, by recursion, that Hgg 71501 = HOL 10 for cach U A (v—a)<I<M.

a,B3,7,0
L, —L,L,11
Now we move to Step 2b). In a similar way we notice that Hg B~ =Hy s, 5=0and

FOLLLL _ 0L 0Ll N N — —L—1,L-1,,
Hygos =Mag p=Y Hogs - > Hygqrs 1INy sp—Hoprs 7
>l (U=1)A(r—a)>1'>
0, L 1 FOL-10 —0,L—1,1',1
=[5 ' p=> Hips — > Hypys ']
>l (U-DA(y—a)>l'>1
! 0 L,l,l L,Lll L—1,L—1,,0
Chsp = Haghs = Halshe = Hagrs -
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If ] =~ — «, then

_OyLilyfyiafyia _ O,Lfl 07L71707ll
H 55 =My P = D Hygog ']

I'>N
Y& OyLyfyiayPY*a LyLy’Y*CVKY*CV L*l,L*l,’“{*O{,“{*O{
A= Hagys ' — Holghls " — Holgs ]
0,L—-1y—a,y—«
_H ) ) ) X

- avﬁv’%é

As in Step 1 they are equal on each term defined downwards recursively starting from the

—0,L—1,1,1 0,L—1,1,1 +70,L—1,0,1 0,L-1,0,1
first ones. Therefore H, 5., 5" = H, 5 5" and H, 55" = IZ’OEB,IPYSSl ; for each I <y — o
. = i —70,L—1,0, 0,L—1,0,0
If OBLls 1(lLl —1)-good for S, by Definition 2.21 we know that H, 55" =0=H,; ;" and
TV L— L, 0,L—1,1,1
HOC,ﬁ,’Y,é = 0 = Ha7B7775 :
In a symmetric way we prove that F;’%LS’(;_(U_U’O = H;g/[jyog_w_l)’o, which implies
=—k0,—(U—-1),0 _ 1—k,0,—(U—1),0
7,0 = Haops
for each k > 0 — (8 and that ﬁiyf;ﬁgﬁ’f(ljﬂ)’o = Hifﬁﬁfgﬁ’fwfl)’o, which implies
_7]‘:7077([]71)70 _ _k707_(U—1),0 —k7k7,(U71)’0 _ k?,k‘,—(U—l),O
Ho b5 = Ha g v Hapgys T =Hogs
for each k < § — (.
If v is (U — 1)-good for S, by Definition 2.21, F;Z’%”;(U_l)’o =0= H;];’g’gw_l)’o and
FZ’Z’;}(;J*I)’O =0= Hi’;’;%Uﬁl)’o. In other words we proved that if 8 is L-bad and + is
U-bad for &
—0,L—1,0,1 0,L—1,0,0 ——0,L—1,1,1 0,L—1,1,1
Hygqs =H 5.5 Hyprs =Hys. 3 for each [ > 0, (2.4.93)
H;/ES;IS(U—U@ :H;l;g,g(U—l)n’ Fl;:l;,;,(g—l),o :HSZZZ;%U_M,O for cach k > 0. (2.4.94)
—L,L,0,l ——k,0,U,U

Step 3. Finally we consider Step 3. Remember that H,'5.'s = H, 3,5 = 0. By
Definition 2.21 and (2.4.90) in Step 1, if 3 is (L — 1)-bad for S

—L-1,L-1,00 ~—=L—1 —L—1,L—1,I'l/ —L—1,L-1,0,/
Hyghs o =Magp— D, Haps =Y Hapis ]
I'>L—1-6+p U'>1
—00  ==0,L—1,0,
NI sp—Hypqs ]
L1 L—1,L—-1 —=L—1,L—1,0,/
_[Faug p B Z Ha7ﬁ7775 - Z HQ,IB;\/’(; ]
U>L—1-5+8 >l

0, L,L0,l 0,L,0,1 0,L—1,0,1
ANILsp = Hygh s = Hygls = Hog s -

Il = M,
—L-1,L-1,0M 11 L1, L—1,00
Ha7ﬁ7776 _[Fa7ﬁ p o Z HC‘UB(%(S ]
U>L—1—6+8
0,M L,L,0,M 0,L,0,M 0,L—1,0,1
NILS P =Hyghs —Hogys —Hagys ]

7 L—1,L-1,0,M
- a7ﬁ7’y76 :
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—=—M,0,U-1,U-1 —M,0,U-1,U—1

By symmetric arguments we prove that H, B.y.0 = H, 5 . This implies
by recursion as in previous steps that
_L—l,L—l,OJ L—l,L—l,OJ
Ho .6 =846 for each [ > 0,
——k,0,U-1,U—-1 _ r—k,0U-1,U—1
Ho gy _Ha,,@,%é for each £ >0

which holds also if 3 is (L — 1)-good and v is (U — 1)-good for S by Definition 2.21 as in
previous steps.

Since H and ‘H are defined recursively by using the same rules, the equality of the higher
terms implies the equality of all terms. Thus

kKLU ok kL . +70,6,0,l _ ;70,k,0, .
Ha,ﬁ7f\/76 _Ha,ﬁ,’y,5 k < L7 l < U’ Ha,ﬁ7f\/76 _Haﬂ,'y,(S k < L’ l S M’
=0.k0L1 1,0k, . 7 k0,-10 . —k0,—1,0 .
Ha,ﬁ’%(; —Ha,g,»y,zs k<L, l<U, Haﬂm(; _Haﬂ,%(g k<M, I<U,
-7k.k,—1,0 1k k,—1,0 . -7k.k0,L 1k k,0, .
Hopnys =Hogns k<L, I<U;  Huogys=H, 5 k<L, I<M;

—7—k,0,5,l k0,
Ha,ﬁ7f\/76 _Haﬂ,'y,(S k S M’ l < U'

Since by hypothesis H is increasing, those terms for H do not break the partial order
between configurations. Fot the higher terms involving L or U, we use Proposition 2.37.
Hence, for each k,l such that 6+ k>d+lory—I<a—k

Hk,k,l,l _ HO,k,O,l :Ho’k’l’l5 _ 0;

a767’y76 a7ﬁ7’\/75 a7ﬁ7’\/7
k0,10 prkk—1,0 _ prkk00  pr—k00l
Hogye =Hagys =Hapys = Hapgys =0

Case B Suppose ( is L-bad, but v is U-good for S (which implies v — I < « for each ).
In this case we do not have to couple death rates and the coupling is easier. The system
S is such that L < L — 1 by Proposition 2.25. Therefore

—=L,Lll  =0,L,00 =0,Lll  =L,L0,1

Hopys=Hapgys=Haprs =Haprs=0  foreachl.
We can repeat the same but easier steps of case A. Since v is U-good, then [ = U and
(2.4.90) holds. This implies (2.4.91). We consider Step 2 only for birth rates and we get
as in previous case

—0,L—1,0,1 _ —0,L—1,1,1 _
q _ gOL-101, q _ 0L

a’/B”Y’é CV,B,’)/,(S ’ Oé,/B,’Y,é a,,@,w,é fOI‘ eaCh l > 0‘

We move to Lower Step 3 (since 7 is good we do not have to do the Upper one), which
works in the same way. We get ﬁﬁﬁ,’yﬁ{l’o’l = HOCL;;W”L{I’O’I for each [ > 0. Since H
and H are defined recursively by using the same rules, the equality of the higher terms
implies the equality of all terms. We get the result by using the induction hypothesis and

Proposition 2.37 as in case A.

Case C Suppose § is L-good but v is U-bad for §. This is symmetric to Case B and it
is proved in a symmetric way. ([l
2.4.8 Proof of Lemma 2.28

i) Since L = 1, if l; > 0 then ﬂ{k>6—6+l1}(rgﬁ + Hg’kﬁ) = 0 and (2.2.13) is satisfied.
Suppose I; = 0, then

0,k k _ 0,L L
DoIG+ Y Tas =105+ Lpery Il s
k>6—0 kel,
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By taking K = 1, (2.2.13) becomes (2.2.37). Since >, <, 5 5 I’I;B =Y ker, T a,@’ Con-
dition (2.2.13) holds for any K > 1. By symmetric arguments we get Formula (2.2.38).
The explicit formulation of H is given by Definition 2.21. We prove that it is increasing.

By Proposition 2.37 i) we get HaLé,ig Hog’gl Hg é’fy’l(s HLéfé = 0 for any [ such

that [ < L. Since L is the only k such that 8+ k& > ¢ then all the lower attractiveness

problems are solved.
By Proposition 2.37 ii) we get Hk;i/](lsj = H;E’%EU’O = Hz,g,;go H;ZggU = 0 for any

k such that k < U. Since U = 1 is the only ! such that v —1 < «a then all the higher
attractiveness problems are solved and the attractiveness of H follows.
i7) Formula (2.2.37) holds as in 7). Here U < 0 implies that

Y, =T

y—a+m1>1>0 >0

for all my. Therefore if m; > L then (2.2.37) becomes (2.2.39), which implies

Hop <D s+ T

>0 >0

that is the case my < L.

Coupling H is given by Definition 2.21. We prove it is increasing. We only have to check
tha tHLL’l’l HOéOZ = OL’Z’Z :HLBLSZ 0 for any [ such that [ < L since L is
the only k‘ Such tha;c 7B7—|— k> 5 ThlS follows by Proposition 2.37 Formula (2.4.10). Since
U < 0, there is no higher attractiveness problem.

i71) This is the symmetric of i) and we can proceed exactly in the same way by using

Proposition 2.37 and (2.4.11). O

2.4.9 Proof of Lemma 2.29

i) Since U < 0 there are no higher attractiveness problems and (2.2.13)(2.2.14) reduce to
(2.2.13). We prove that H is increasing by induction on L. If L= 1, this is true by Lemma
2.28 ii). Suppose the result holds for all systems S with L(g) := L < L—1. Starting from
S we can define a new system S by Definition 2.24 (in case U< 0). By Proposition 2.25
then L < L — 1 and S satisfies the Condition (2.2.13) by Proposition 2.37. We define a
coupling for S as in Definition 2.21 and by induction hypothesis it is increasing. We call
such a coupling H. By Proposition 2.27 the attractiveness of H follows.

i7) This is the symmetric case and we prove it in a similar way by using Lemma 2.28 ii7)
as induction basis. O

2.4.10 Proof of Proposition 2.23

If 8 is L- good or v is U-good the attractiveness of H is given by Lemma 2.29. Suppose
L>0and U > 0. We work by induction on N = max{L,U}. Suppose the result holds
for each system S such that N (S ) N < N —1. We define a new system S by Definition
2.24. By Proposition 2.25 this is a system such that N < N — 1 which satisfies Condition
(2.2.13)—(2.2.14) by Proposition 2.37. We define a coupling H for S as in Definition 2.21
and by induction hypothesis it is increasing. By Proposition 2.27 the attractiveness of H
follows if the induction basis is satisfied.

Notice that the induction basis is not always given by the case N = 1.

At each step j = 1,...,n we define a new system S; such that 3 is L;-bad and ~y is U;-bad
and N; < N1 — 1 until:
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i) L, =90—p+1and U, =~ — a+ 1. In this case the induction basis is given by Lemma
2.28 7).

i1) Ly, > 0 — 3 and U,, = v — «. In this case the induction basis is given by Lemma 2.29 7).
iii) L, =6 — B and U,, > v — a. In this case the induction basis is given by Lemma 2.29
i7). O
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Chapter 3

Applications

3.1 Individual recovery epidemic model

Generalizations of the contact process have been studied to understand the spread of a
disease in different settings. Schinazi [40], in order to investigate the role of social clusters
in the transmission of diseases, introduced a model with a population of N individuals
on each site in Z? with different infection rates within and between groups. The recovery
mechanism is global: after an exponential time all individuals in the same cluster recover.
Belhadji [5] worked with modifications of this model in compact and non compact state
spaces.

We focus on one of them, the individual recovery epidemic model in a compact state space:
each sick individual recovers after an exponential time and each cluster contains at most
N individuals.

The model is a continuous-time Markov process in which the state at time ¢ is a function
ne: 2% — {0,1,...,N} C N, where N denotes the common size of the clusters and 7;(x)
counts the number of particles present in the cluster located at site x at time t > 0. We
denote by S = Z? the set of possible sites, X = {0,1,..., N} the set of possible states for
each site and we call Q = X the space of configurations.

A particle represents an infected individual. The cluster at site y € Z% is said healthy at
time ¢ > 0 if 4 (y) = 0, and infected otherwise. Given A, v, 5 and ¢ real positive numbers,
the state of site y flips according to the transitions given in (1.16): a healthy cluster gets
infected at rate A times the numbers of infected individuals present in the neighbouring
clusters plus v which represents a spontaneous birth of the infection. If there are 7 infected
individuals in cluster y, then a new individual gets infected in y at rate § times the number
of infected individuals in the neighbourhood plus i¢, that is ¢ times the number of infected
individuals in the same cluster. Finally, each individual recovers at rate 1 regardless of
the number of infected individuals in its cluster.

Referring to notations in Section 1.1.3, the infinitesimal generator £ of the process (1:)i>0
on Q = X% is given, for a local function f and for n € Q, by

£5) = > { D=0y A Y- 0(=) + ) (S = 1)) +nw) (£S5 m) = £()

yeS 2y

+ Uv- 120213 (B Y 0(2) +n(y)9) (f(Sén) - f(n)) } (3.1.1)

zZ~oy

99
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In other words for each n(x) € X, n(y) € X,

i@ =0 forallkeN (3.1.2)
2dMn(xz) k=1andn(y)=0

RyG) ey =9 2dPn(x) k=1and 1<n(y) <N 1 (3.1.3)
0 k>2and k< -1
0 k=1and n(y) =0

k ¢n(y) k=1land1<n(y) <N -1
0 |k| > 2
p(z,y) = zdﬂ{yw} for cach (z,y) € 5%, (3.1.5)

By setting v = 0, we get the epidemic model in [5], where the author analyses the system
with N < oo and N = oo and shows [5, Theorem 14] that different phase transitions occur
with respect to A and ¢. Finally, as an application of [12, Theorem 14.3], one can prove
Theorem 1.6 (see [5, Theorem 15]).

In Section 3.1.1 we use the u-criterion (Section 1.1.2) to improve the sufficient condition
in Theorem 1.6 and we get a condition dependent on the cluster size; in Section 3.1.2 we
give some ergodicity results for the model with v > 0.

First of all we observe that

Proposition 3.1 Generator (3.1.1) defines an attractive system for all \, 3, v, ¢, N

Proof . We refer to notation of Section 2.2. Since M = 1, Conditions (2.2.13)—(2.2.14)
reduce to (2.3.15)—(2.3.16) in Section 2.3.5. Namely, given two configurations n € §2, £ €
with £ < 7, necessary and sufficient conditions for attractiveness are

+ P

0,1 0,1 ]
R < Ry n(y)’

(1) ew) T . £(y) n(z),n(y)

é(y) =

if {(x) < n(z) and {(y) = n(y), {
n(y)”

If (y) = nly) = 1, 2dBE¢(x) < 2dBn(z); if £(y) = n(y) = 0, 2dA{(z) < 2dAn(z). In all
cases the condition holds since £ < 7. O

The transitions of at most one particle per time make the attractiveness conditions easier
to understand. The key point for attractiveness is that Rg’(lm) n(y) 18 increasing in n(x).

The main result, that we will prove through wu-criterion, is

Theorem 3.2 Suppose
1-¢
2d(1 - ¢N)’
with ¢ < 1 and either i) v =0, orii) v >0 and § — X < ~/(2d).
Then the system is ergodic.

AV B < (3.1.6)

Notice that if v > 0 and 3 < X hypothesis i7) is trivially satisfied.

Given (a(z)),cza a sequence which satisfies (1.4), for all n and &, po(n,§) = p(n, §) defined
by (1.5) is a well defined metric on S if F(-,-) is a metric on X.

We need a good choice of F(-,-) to get good ergodicity conditions.



3.1. INDIVIDUAL RECOVERY EPIDEMIC MODEL 101

Given € > 0 and {u;(€)}jcx such that w(e) > 0 for alll € X, let F: X x X — RT be
defined by
ly—=|—1
Fe(x,y) = ﬂ{a&#y} Z uj(e) (3.1.7)
7=0

for all z,y € X. Since u;(e) > 0, this is a metric. When not necessary we omit the

ly—z|-1
dependence on € and we simply write F'(z,y) = Ty, Z Uj.
=0
As explained in Section 1.1.2, we look for conditions on transition rates such that
E( Jim F((e),n (@) =0 (3.1.8)
—00

uniformly with respect to x € S, where E is the expected value with respect to a coupling
probability measure ﬁ, n) € E° and név e EN.

Since F(-,-) depends on a sequence {u; };cx, the idea is to take a sequence which gives the
best sufficient conditions for ergodicity. The following properties will be useful,

Lemma 3.3 The metric F(-,-) satisfies:
If z,y belong to X,
i) F(z,z) =0;
”) F(.%',y) - F(07y_1') = F(y—x,O)
If v,y,k,x + k,y + k belong to X,
iii) F(z + k,y+ k) = F(z —k,y — k) = F(z,y).
If x,y,2 + 1,y — 1 belong to X,
w) Flx+1,y) — F(z,y) = F(z,y — 1) — F(z,y) = —uy—z-1;
v)F(x +1,y—1) = F(z,y) = —uy—p—1 — Uy—z—2.
If v,y,x — 1,y + 1 belong to X,
vi) F(z —1,y) — F(z,y) = F(z,y + 1) — F(2,y) = tuy—z;
UM) F(.%' - 1’y + 1) - F(.%',y) = Uy—z—1 + Uy—g -

The proof follows by direct computation starting from Definition (3.1.7). By Lemma 3.3
i1) with a slight abuse of notation we write F'(y — x) instead of F(z,y) = F(y — ,0).
The sequences {u;(€) };cx in Definition (3.1.7) are given by

Definition 3.4 Given € > 0 and U > 0, we set ug(e) = U and we define (u;)ijex recur-
sively through

-1
w(e) = %( - e;uj(e) UV B)2dl + lul,l(e)) for each 1€ X,1#0. (3.1.9)

Proposition 3.5 If ¢ <1 and

1—9¢ 1—9¢
— < AVB<
2d b 2d(1 — o)
then there exists € > 0 such that u;(€) is positive, decreasing inl and in € for each | € X
and 0 < € < €.

In order to prove Proposition 3.5 we work by induction in . We need the following lemma
to use the induction hypothesis:
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Lemma 3.6 If forl e X,
1-9¢
24(1— )
and there exists € such that ug(€) > 0 for each k <1 —1 and 0 < € < €, then there exists
0 < €* < € such that
up—1(€")

AV B <

U< ———=. 3.1.10
<240V 3) (3.1.10)
Proof of Lemma 3.6.
We prove by a downwards induction on 0 < k <[ — 1 that:
if there exists 0 < €* < € such that
J(k,e*) = —AVB)2dU (A + ¢+ ...+ %) +wg_1(e") > 0 (3.1.11)

then J(k —1,€¢*) > 0.

Indeed, if k = — 1 then (3.1.11) is the assumption (A V 3)2d(1 — ¢!) < 1 — ¢.

Suppose there exists 0 < € < € such that J(k,e*) > 0. By Definition 3.4, (3.1.11) is
equivalent to

— S P ui (@) + U= k= D)(= UNV B)2d + uja(<"))

—(AVB)2dU (1+. . .+¢")+ >0

o —k—2)
that is
I—k—2
—AVERAUI—k-1)[1+... +¢Mp+1] —€ Y ui(e) + (1 —k — Du_p_a(e”) > 0.
7=0
Therefore
N N
J(k—=1,6) > =(AVE)2dU (1L + ¢+ ... + ") + g o(e*) > - uj(€”)
=0

Since by hypothesis u;j(e) > 0 for each 0 < € < €, then J(k —1,€¢*) > 0 and by induction
(3.1.11) holds for each 0 < k <1 —1.
By taking k£ = 0 we get

—(AV 3)2dU + u_1(€*) > 0

which is the claim. O

Proof of Proposition 3.5.
We prove by induction on [ € X that there exists € such that for each 0 < € < € and for

each 0 < j <[ then u;(e) is positive, decreasing in j, U < #(\E/)ﬁ) and
d )
0> Euj(e) > —Cuy(y) (3.1.12)
with Cy(j) the solution of
Cu(j—1)+U

(3.1.13)
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that is
U — 1-¢
Co(j)=—A+¢p+¢*+.. 4+ ) =U——"— 3.1.14
() = 55 )=Usis (3.1.14)
hence u;(€) > 0 is also decreasing in e.
We prove the induction basis when [ = 1. By Definition 3.4
—eupg — U(AV 3)2d + ug —e—(AVpB)2d+1
ui(e) = 5 = ug 5 .

Since (A V 3)2d > 1 — ¢ we can take € < € small enough to have 1 — (A V 3)2d — e < ¢,
that is ui(e) < up = U; since (AV $)2d < 1 then U < U/(2d(A V 3)) and by taking
€ < €} small enough u;(€) is positive; moreover notice that uj(e) is decreasing in € and
%ul(e) = —% = —Cp(1) for each e. Hence the induction basis as well as the hypothesis
of Lemma 3.6 are satisfied for [ = 1: there exists €, = €; A €] such that if ¢ < & then
U > ui(e) > 0, uj(e) is decreasing in € and (3.1.10) holds.

Suppose there exists €_7 > 0 such that for each 0 < € < §_1, then 0 > %uj(e) > —Cy(y),
u;(€)
2d(AV B)
First of all we prove that there exists ¢, > 0 such that if 0 < € < ¢ then w;(e) < uj—1(€).

By Definition 3.4

u;(€) is decreasing in j for each j <1 —1,U < and u;(e) > 0 for each j <1—1.

-1 (€) — uj—1€
—e> i ouj€) —UV B)2dl + w1 ( )), (3.1.15)

dluy_1(€)

By induction hypothesis, if € < €_; then U > u;(e) > 0 for each j <1 —1 and we get

uy(€) = uj—1(e) <

—eY i hui(e) = UV B)2dl + lu_1(e)  —U(AV B)2dl + luy_y (€)

Sl (e) < Sl (e)
%_ (A \/(f)2d .

that is u;(e) < u;—1(e) by (3.1.15) and we set ¢ = €_1.
By (3.1.14), Cy(j) is always positive and increasing in j. We prove that (3.1.12) holds for
j = 1. By Definition 3.4

d 1 d =2 = d
=5 ( — e ; uj(e) — ; uj(e) + l%ul,l(e)) . (3.1.16)

We begin from the right inequality involving the derivative of w;(¢) in (3.1.12). By induc-
tion hypothesis, if 0 < € < €_1 by (3.1.13), (3.1.14) and (3.1.16) on the one hand

¢z%ul(e) >—ex0—1U—1Cy(l—1) = —Cy())ls.

and on the other hand

d 1-1 -1 d
olocule) <e ) Culy) — Zuj(f) + i (e)
7=0 7=0
NPT -1
<ey U— G
UG L
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since 0 < € < €_1 and u;(€) is positive and decreasing in €, as € approaches 0 the first sum
on the right hand side goes to 0, while the second sum is positive and increasing: therefore
for each j <[ — 1, we can take ¢ small enough so that %ul(e) < 0 for each 0 < e < ¢.
Now we prove that there exists ¢ > 0 such that w;(e) > 0 for each 0 < ¢ < ¢/. By
Definition 3.4, w;(e) > 0 if

-1
—UAV B)2dl + luy_1(€) > € ¥ _ uje), (3.1.17)
j=0

By induction hypothesis, assumptions of Lemma 3.6 are satisfied, then there exists 0 <
€* < §_1 such that (3.1.10) is satisfied. Hence —U (A V (3)2dl + lu;—1(€*) > 0 and we can
choose € < €* such that

—U(AV B)2dl + luy_1(€") > lU (3.1.18)
Ife < GT(S Elfl)
—UAV B)2dl + luj—1(e) > = UV B)2dl + lu;—1(€)

-1

-1
>e/lU > ¢f Z uj(€) > € Z u;(€)
=0

J=0

which is (3.1.17).
By taking 0 < e < € A...§_1 Né A€, then u(e) > 0 and is decreasing in [ and € and the
claim follows. 0

Now we treat separately the cases v = 0 and v > 0.

3.1.1 Individual recovery model without spontaneous birth

A spontaneous birth of the infection is not possible, that is v = 0 which implies that the
Dirac measure §y concentrated on the configuration 7° € E is an invariant measure.

We denote by P the independent coupling measure and we choose P = P. Moreover we
denote E(-) = E(-).

We know that if (1.17) holds then the system is ergodic, see Theorem 1.6, Section 1.1.4.
This is true either in non compact cases or in compact cases with cluster size N. Here we
improve the sufficient condition for ergodicity in a compact state space: if v = 0, Theorem
3.2 becomes

Proposition 3.7 Assume ¢ < 1 and (3.1.6), then the system is ergodic.
Remark 3.8 As N goes to infinity, Condition (3.1.6) converges to (1.17).

The key result is:

Proposition 3.9 (u-criterion) If there exists € > 0 and a sequence {u;(€)};ex such that
foranyle X

-1
Plug(e) — lug_1(e) < —€ Y _u;(e) — u(e) (A v B)2dl
§=0

uy(e) >0

(3.1.19)

where u(€) := max uy(€), we write by convention u_1 = 0 and ug = U > 0, then the system
€

is ergodic.
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Proof . We fix x € S and we compute the generator (3.1.1) on F(0,7 (z)) = F(n (x)) in
Definition (3.1.7), where {u;(€) };ex satisfies Hypothesis (3.1.19). Let ¢t > 0, we denote by
nY(x) = 1. By Lemma 3.3 iv) and v) and (3.1.19)

L0, (2) =£F (1) = Ty [A S 0¥ () (F(1) = F(0))]
Yy~

+ Ipcien 1y | (830 () +16)(F(1+1) = FO) + UF( = 1) = F))]

y~zT
+ 1oy [N(F(N 1) - F(N))}

=110y [AZUfV( UO} + N<i<n— 1}[ BY nl(y) +1¢)u — ZUH]
Yy~ Yy~
+ 1y—ny [ - NUN—l}
<lg- o}[ AZ% )+ lo)u — luy— 1} + ]l{1<l<N}{ ﬁZm )+ 1d)u — lul—l}

y~zx y~zx

<]1{O<l<N}[ (AVB) Zm )+ 1d)u — luz—1}

Y~T
<AVREY 0 (y) + Udw —wy)
Yy~
<AV n(y —eZu] (A V B)2dal. (3.1.20)
Yy~

Let )’ € EV. By translation invariance and Definition (3.1.7)

N (z)-1
E(LFO (@) <E(AV )Y 0 (y) = > uy— (A B)2dun ()
y~x 7=0

=E((\V ga2dn) (z)) — B(F(n (2))) — E((A v 9)2dan (z))

that is
d

ZEF (2)) = B(LF (5" (2))) < —eB(F (5" (2)).
By Gronwall’s Lemma (see [13])
E(F(n" (x))) < E(F(nf (z)))e” Y < aNe =Y

since n)’ € EN. As t goes to infinity

E(lim sup F(ngv(x))) < limsupE<F(ngV(x))) < limsup aNe =1 = (3.1.21)

t—o00 t—o0 t—o0

uniformly with respect to x. Therefore, by (1.7) and (3.1.21)
Ep(0, lim 7\) <0
t—o0

and ergodicity follows since p(-,-) is a metric and the dynamics is attractive: this implies
in particular that lim; .. n{v exists. O
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Hence we are left with checking the existence of € > 0 and positive {u;(€)};cx which satisfy
(3.1.19). Such a choice is not unique.

Remark 3.10 Given U =1 > 0, if wi(e) = 1 for each | € X then Condition (3.1.19)
reduces to the existence of € > 0 such that ¢l — 1 < —el — (A\V (3)2dl for alll € X, that is
e<1—¢—(AV )2, thus Condition (1.17). Notice that in this case

ly—z|-1

Flz,y)= Y 1=|y—=l.

J=0

Definition (3.1.9) gives a better choice of {u;(€)};cx, indeed the u-criterion is satisfied
under more general conditions.

Proof of Proposition 3.7.
Let {u;(€) }iex be given by Definition (3.1.9). By Proposition 3.5 we can choose 0 < € < €
such that u;(€) > 0 for each | € X and Proposition 3.7 follows from Proposition 3.9. O

3.1.2 Individual recovery model with spontaneous birth

A spontaneous birth of the infection is possible, that is v > 0 which implies that 4y is
not any more an invariant measure. In this case we use the metric F' in Definition (3.1.7)
to evaluate the distance between the process starting from & € E? and the one starting
from 19 € EV coupled in a particular way: by attractiveness we know that they converge
respectively to the lower and the upper invariant measure. Theorem 3.2 becomes

Proposition 3.11 Ifv > 0 and

) AV <2

< SaT =g i) B—A< —— (3.1.22)

the process (n¢)i>0 with generator (3.1.1) is ergodic.

Notice that if v > 0 and 8 < A, then 8 — X < 0 < v/(2dN) and Condition (3.1.22) i) is
satisfied. From a biological point of view it makes sense to assume § > A, since A and [
are the infection rates from infected clusters respectively to healthy and to infected ones.
In this case if the pure birth rate 7 is large enough the process is ergodic, that is there is
only one invariant measure. Since v > 0 this does not mean the extinction of the disease.
First of all we prove

Lemma 3.12 Let (§)t>0, (mt)t>0 be two processes with generator (3.1.1) such that & < ng
and

Y
A<
p A_QdN

Let F as in (3.1.7) with {u;};cx non increasing in 1, and let x € Z¢. Then

LE(& (), m(x)) <A (m(y) — &)ty )—g, (o)

y~zx

+ (@) = &(2)) (P (@) &y (2) — Un(a) &4 (2)—1)- (3.1.23)
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Proof. We couple the two processes through basic coupling, which gives the detailed
coupling rates

( @) — €@+ L) +1) AT, E0) +1
nw) =0 €)@ 1) AT i) — £
S €@ + L) 0
B ) €@ (@) — (€ + 1) AT, &b) +4
=0 E { — (@) 1) nx)
= (€(@),n(z) +1) B, .n(y) +n(z)d
L @) — €@+ L) A, W)+
@) =N { — (€@ n) 1) o)
( (€@ @) — €@+ L) +1) B, ) +E)s
€@ ) L) B lny) — £
(o) — £@) 6
W) < N €@+ L) 0
e E() — Lnla) 1) &
€)= 0 S €)@ — 1) [le) — €@
£x) < N S €@) - L) 0
E@) @) — E@)+ L) BT, ) +E@)o
n(z) =N — (§(z) —Lin(z) — 1) &(z)
S €@ — 1) ) — @
@) - L) 0

By Definition (3.1.1) and Lemma 3.3, if we denote by k = &(x), | = (i(x) := n(x) —
&(x) and k41 = n(x),

LF(&(x), () =Lip=i=0y {)\ Z Ct(y)ul] + Lp—0,0<i<n-13 [()\ Z & ()

Yy~ Yy~

+ ) (—ue1) + (@) (—u1) + (B m(y) + 10 ul}

Y~

+ Lp—0,=N} [()\ Z &(y) +7)(—w-1) + N(_UN—l)]

y~zx

+ Dps0 k+1<N-1} [(ﬁ > Gy) + 1) + l(—Uz_1)]

y~zx

+ Lip<N—1,k+1=N} [(ﬂ D &) + &(@)o)(—w) + l(_ul—l)} :

y~z

(3.1.24)
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e We prove that
LF(k,k+1) Sﬂ{k=0,0<l§N71}[ )\Z& +y)u—1 —lug + 527715 ) +id)u

y~zx y~zx

+ L r—0,0<1<N-1}c} [()\ Vv B) Z Ce(y)ug + Ly — lulq} : (3.1.25)

y~zx

Notice that if £k = 0 then n(z) =k+1=1.
Ifl=0and k = N, that is &(z) = m(x) = N, then (3.1.24) is null and we get

0=1<8> Gy)u=08>_ Gy)w +lpu —lu_y.

Yy~ Yy~

If k>0and k+1= N, again

—p Z §(y)ui—1 — &(z)puy—1 —lu—y < Z G (y)wr + ldug — lug_y.
Yy~ Yy~
Ifk=0and =0,
A G =N Gy + lpug — lug_y.

y~z y~z

Ifk=0andl=N

A G = (v Ny < 8 Gly)u + I — lu—y

y~zx Y~z

Therefore (3.1.25) holds.
e Since u; is non increasing in [ then

)\Z& )+ w1 < — AZ&(ZIH‘V)W

y~zx y~zx

Suppose 3 < A:

—(AD &) + My — luy + (B m(y) + 16w

y~a v
§l¢ul——hu,1+-A§£:CKy)ul

y~z

and by (3.1.25) the claim follows.
Suppose 3 > A:

lup —lup—y + B m(y)u — XY &(y)w—1 —yu

y~r y~z

=lpu; — lu;_1 + )\Z CG(y)u + <(ﬁ ) Znt(y) - ’y)ul. (3.1.26)

y~zx y~zx

Since B—A < v/(2dN), then (B—X) >_, ., n:(y) —7 < 0 and the claim follows from (3.1.25)
and (3.1.26). O
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The key result to prove Proposition 3.11 is

Proposition 3.13 (u-criterion) If there exists € >0, U > 0 and a sequence {u;(€)}iex,
non increasing in | such that u;(e) > 0 and

( —€ uj(€) — AU2dl + lul_l(e)) (3.1.27)
j=0
for each | € X, then the process with v > 0 is ergodic.

Proof . Let (&, m4)+>0 be a coupled process through the basic coupling probability measure
P such that & € E° and 19 € EV. We fix x € Z% and we denote by k = & (z), | = (;(z) :=
n(x) — &(x) and k + 1 = n(x). By Lemma 3.12, (3.1.27) and translation invariance

IE(LF(k, k+ l)) §I~E(l¢ul —lu A Ct(y)ul)

o~
<E(-e li wj = AU2dL+ A Y G)U)
=0 Yy~
_— eE(F(k, k+ l)).
Therefore p
ZE(F(G@) < —B(F(G@)

and the claim follows by Gronwall’s Lemma, translation invariance and attractiveness as
in proof of Proposition 3.9. U

Proof of Proposition 3.11.
Let {w;}1ex be given by Definition 3.4. Since

1-¢
A< ——
T 2d(1 - M)’
the sequence {u;};cx is positive, non increasing in | by Proposition 3.5 and satisfies Hy-
pothesis (3.1.27). Ergodicity follows from Proposition 3.13. O

3.2 Metapopulation dynamics models

We investigate survival and extinction of species in many models of metapopulation dy-
namics. See Section 1.1.5 for a biological introduction to the problem and the main
notations.

We recall the infinitesimal generator £ of the Markov process (7:)>0. Given n € Q,

Lfm) =" {BO@)(£(Sim) — ) + Dn(@)) (£(S5 " n(@)) = f(n))

zeX

303 T@)ny), k) (F(Sektn) — fon) } (3.2.1)

y~xr keX
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where B(-), D(:) and J(-,-,-) were introduced in Section 1.1.5.
We focus our analysis on 4 different models:

Model I: We take the birth rate larger than the death rate, but we fix a capacity N so that
more than N individuals are not allowed on a site. A migration of one individual from
some site x towards a nearest neighbor site is allowed when the population on x reaches
the maximal number of individuals. We prove that in some cases we can have coexistence
and in other cases extinction.

Model II: We introduce the Allee effect in Model 1. Each site has a capacity N, but the
death rate is larger than the birth rate for small densities. Migration works exactly as in
Model I. We prove that for all possible capacities, growth and migration rates there exists
an Allee effect large enough for the species to get extinct.

Model III: We introduce mass migration as Allee effect solution. In Model II we proved
that for all parameters we are able to find an Allee effect large enough for the species to get
extinct. This is not true if we allow a migration of flocks of M individuals. A migration of
large flocks avoids small densities in a new environment which are bad for survival. Indeed
we prove that even if the Allee effect is the strongest one, if the species lives and migrates
in flocks large enough survival is possible.

Model IV: Instead of fixing a capacity N, we consider a little more realistic model. In
any environment there is not a maximal size, but there is a kind of self-mechanism of
birth control such that the death rate is larger when the number of individuals oversize
a population size N. In other words if there are less than N individuals birth rate is
larger than death rate, otherwise death rate is the larger one. A migration of one or more
individuals is allowed when there are more than /N individuals in a site towards a site with
few individuals. We prove that in some cases we can have coexistence but on each site the
population does not explode even if there is no capacity. Namely on each site the expected
value of the number of individuals is finite. In other cases the species gets extinct.

3.2.1 Model I

We begin from the easier model. Let N < oo be a positive integer and X = {0,1,...,N},
Model I is an interacting particle system (7n)¢>0 on Q@ = X Z* with births, deaths and
migrations of at most one particle per time. Birth and death rates at time ¢ in a cluster
x depend only on the size n;(x), but when a population reaches the maximal capacity N,
a migration of one individual is possible.

Let 6 > 0 and A > 0 be real numbers. Referring to Definition (3.2.1), the dynamics is
ruled by the transition rates

B(l) = l]l{lSNfl}
D(l) := ol (3.2.2)
J(l,m, k) == AM(m)1y_pny.

We assume M () non increasing in [ and M (IN) = 0. See Section 1.1.5 (Model I: the basic
model) for more about the biological motivations.

Since we are dealing with births, deaths and migrations of at most one particle per time
and the migration rate from n.(z) to m(y) is increasing in 7;(x) and decreasing in n(y),
attractiveness conditions are satisfied (see Section 2.3.3).
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We prove that in some cases there exists at least one non-trivial invariant measure.

The first result corresponds to Theorem 1.8 for non catastrophic times model and it is
proved in a similar way.

Theorem 3.14 Suppose d > 2, A > 0 and § < 1. There exists a critical value N¢(), )
such that if N > N.(X,0), then starting from ng € § such that |no| > 1 the process has a
positive probability of survival. Moreover if ng € EN the process converges to a non-trivial
mvariant measure with positive probability.

Proof . We skip it, since the result is a corollary of Theorem 3.23 in Section 3.2.3. We
can get an easier proof that the process has a positive probability of surviving by slightly
modifying [43, Proof of Theorem 2|. The differences are that we consider a migration
instead of a birth from z to y ~ x and the migration rate from x to y is non increasing in
n¢(y). Such changes are not relevant for the proof. O

As we can expect aggregation is good for Model I, as in non catastrophic times model.

Remark 3.15 If N = 1 the process dies out, since each individual can only migrate or
die.

This suggests that there exists a critical value N, (depending on X and §) such that if
N > N¢(X,6) the process survives and if N < N.(X,0) it dies out. However since a mi-
gration s allowed only when the population size reaches the capacity N, we do not have
a monotonicity property with respect to N. Namely, given N1 < N, it is not possible to
couple two processes (M )e>0 with capacity N1 and (&)i>0 with capacity No in such a way
that ny(x) < &(x) for each x, t > 0.

The model admits a phase transition with respect to the death rate ¢ for each N > 2: if
migrations are not allowed the process dies out almost surely. This means that migrations
are good for survival of a species. This is not surprising, since contact interactions are also
good. Contact interactions and migrations work in a similar way, but small differences are
present. From a mathematical point of view in this model an increase of migration rate
does not favor ergodicity.

Notice that the system has the following monotonicity property.

Proposition 3.16 Let & and 1, be two processes with respective parameters (81, A\ N) and
(62, A, N) such that 61 < da. Then & is stochastically larger than n;.

Proof . We prove that if g < &y, then n, < & for each ¢t > 0.

This is an application of Theorem 2.15; since M = 1 we check Conditions (2.3.15) and
(2.3.16) in Section 2.3.5. Given p(z,y) = (2d) ',y the corresponding rates for the
process (1:)¢>0 are

0,1 _pl  _ . -1,0 _ p-1 _ )
Hm(x)w(y) - Pnt(y) = 1Y) N, () <v-1}; Hm(x),m(y) = Pnt(m) = 2 (2) Ly, (i) <Y

1
L@y = 20AM (1 (y) Ly, ()= -

The rates of (§)¢>0 are the same with J; instead of d.
If m(y) = &(y) and m(x) < &(z), Condition (2.3.15) is

0t (W) Lo y<n—13 + 2dAXM (e (1)) D)=y < EeW) e, iy <nv—13 + 2dAM (&:(1)) e, ()=}
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that is 1, )=~} < lye,(@)=n7}, Which is true since n:(z) < &(x). Condition (2.3.16) is

611 (2) W, ()< N—13 F2dAM (0 (Y) L, (@)=N3 = 02€¢(2) Uge, () <v—13 F2dAM (§4(y)) Uie, (2)=N}

which holds since §; > d2 and 2dAM (1¢(y)) Uy, (0)=ny = 2dAM (&(y)) Uge,(0)=n} because
M (-) is non increasing,. O

Corollary 3.1 Given (nf)tzo such that 778 = (, then
IP)(|77§| >1 for allt >0)
is decreasing in § for each ¢ € €.

Remark 3.17 There is no stochastic order between systems with different values of N or
A. Indeed in these cases conditions of Theorem 2.15 are not satisfied.

The system admits a critical value J., namely

Theorem 3.18 i) For all A > 0, 1 < N < oo there exists 6:(\, N) > 0 such that if
§ < 8L(\, N) the process has a positive probability of survival.

ii) There exists 62 > 0 such that if § > 62 the process dies out for all \, N.

iii) For all A > 0, 1 < N < oo there exists 6.(A\, N) > 0 such that if § < 6.(\,N) the
process starting from ng with |no| > 1 has a positive probability of survival and if
§ > 6:(\, N) the process dies out. Moreover if § < 6.(\, N) and ny € EV the process
converges to a non-trivial invariant measure with positive probability.

Proof . i) We use the comparison technique with oriented percolation explained in Section
1.1.2 as in [42]. We think of the process as being generated by the graphical representation,
see [22] for such a construction. Suppose d = 2. The proof in higher dimension is similar
but the notation more complicated. Denote by

e1 = (1,0), N = {(m,n) € Z* : m +n is even}
B = (—4L,4L)?> x [0,T), B, = (2mLe1,nT) + B
I=[-L,L)? I, =2mLe; + I

where L and T are integers to be chosen later.

In other words By, ,, is the cube that we get by applying a translation of (2mLe;,nT’) to
B and I,,, is the square that we get by applying a translation of 2mLe; to I. Roughly
speaking, the idea consists in constructing boxes large enough so that with large probability
the species survives inside a box, and then to compare this evolution with an oriented
percolation model (see Section 1.1.2).

We say that (m,n) is wet if the process restricted to B, , and starting at time nT" with
at least one individual in I, is such that there is at least one individual in I,,,_1 and one
individual in I,,,11 at time (n + 1)T. Otherwise the site is dry. In other words, if (m,n)
is wet with large probability a site in state 1 at time nT is duplicated at time (n + 1)T in
Ipn—1 and I, 1. We want to prove that we can choose L and T such that the probability
of a site (m,n) being wet can be made arbitrarily close to 1. By translation invariance it
is enough to show it for site (0,0).

We start by setting § = 0. This means that each individual survives forever.

Let (1¢)t>0 be the process defined by generator (3.2.1) and rates given by (3.2.2). We
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fix L > 0. Assume that at time 0 there is at least one site of I in state 1, that is a
site (4,7) € Z? with —L < i < L, =L < j < L in state 1 at time 0. After a sum of
independent exponential times with rates 1,2,..., N — 1 we get N individuals and again
after an independent exponential time with rate AM (0) a migration from (4, j) to an empty
neighboring site occurs. Let {B;}1<j<n—1 be such that B; ~ Exp(j) are independent
random variables and W = Zj\f:—ll Bj. The law of W is the hypoexponential distribution
(see Appendix A).

We choose a preferential path (i,7),(i+1,7),...,(L, ), (L+1,j) and we prove that there
exists T' such that with large probability there is at least one individual in (L + 1,j) at
time 7.

Each time ¢ the population in x = (4, j) € Z? reaches size N, there is at least one individual
on (i +1,§) =y € Z? either if n:(y) > 1 or if a migration from = to y happens, that is
if the clock of an exponential random variable Y, ~ Exp(AM(0)) rings before the clock
of all the other migrations, which is distributed as X, (n;) ~ Exp( D mzaty AM (¢(2))),
since the minimum of independent exponential distributions is still exponential with rate
given by the sum of all rates.

Notice that if X ~ Exp(a) and Y ~ Exp(3) are independent then

P(X <Y)= (3.2.3)

a+f3
Denote by v(n:) = P(Y, < Xz (n:)|n:(z) = N). Therefore, for each n

- AM (0) N AM (0) _ oy
") =310 + S oy MM(mi(2)) = AM(0) + A(2d — 1)M(0) _ 2d

Denote by Z ~ Geom(1/2d) and Z,, ~ Geom(y(n:(x))), then P(Z < k) < P(Z,, < k).
Let 7;; be the time of the first migration from (i,j) = = to (¢ +1,j) = y. Then the
first time 7(y) such that n:(y) > 0 is smaller or equal than 7; ;. We get 7; ; by summing
W (the time needed to reach N), Z,, times an exponential random variable X, (n:) (the
time spent to migrate to z ~ xz, z # y) followed by By_; (the time needed to return
to N on site x after this migration), and finally the time of the migration on y with
law Y,. Let {Bn_1(i)}ien be independent identically distributed random variables such
that By_1(i) ~ By—1 and let {X,(7)};eny be independent identically distributed random
variables such that X, (i) ~ Exp((2d—1)AM (0)). Therefore P(X, (i) < s) < P(X5(n) < s)
for each 7 and we get

Znt
P(rij < 8) =P(W + Y ((Xo(m))(i) + By-1(i)) + ¥, < 5)
=0

Z
>P(W + ) (Xo(i) + By-1(i) + ¥, < s)
=0

k
SP(W + ) (Xao(i) + By-1(d)) + Y, < s)P(Z < k).
=0

k
For each € > 0, since for each k < oo the random variable W + Z(BN_l(i) + X, (1)) +Y,
i=0
is a sum of a finite number of independent random variables with finite mean, we can take

k and s = T large such that P(Z < k) > 1 —¢/2 and P(W + Zf(BN,l(i) + X.(1) +Y, <
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T) > 1 — &/2. Therefore for each € there exists T large such that
P(r(y) <T)>P(ri; <T) >1~-¢ (3.2.4)

Now we consider one individual at site (i,j) € Z2. For each § > 0, we define 77(6)
(respectively 77 (4)) to be the random variable which measures the time to reach (L +1, j)
(resp. (—(L +1),7)); since we are in case 6 = 0, we denote by 77, := 77,(0).

After the first migration from (4, j) to (41, j), we wait for another migration from (i+1, j)
to (i +2,7) and so on until we reach (L + 1, 7). We prove that for all e > 0 we can choose
T sufficiently large so that the probability that the position of the rightmost particle is
after L is larger than 1 —e. Let Ry(t) (respectively Ry (t)) be the position of the righmost
(leftmost) particle at time ¢.

Notice that P(Ry(t) > L) > P(r, < t). Therefore by (3.2.4) for each L > 0 and ¢ > 0
there exists T = LT such that

2L
P(Ry(LT) > L) >P(r;, < LT) > P(me < LT)
k=0
2L
>T] IP’(erJ < T) > (1— g%k
k=0
>1—€/4

In a similar way we prove that by taking the same T the probability that the leftmost
particle reaches (—(L +1),7) is as large as we want. We conclude that if § = 0 for each
€ > 0 there exists T'= LT such that

IP’((O, 0) is wet|d = 0) >1—¢/2. (3.2.5)

Now we show that for each A > 0 and 0 < N < oo there exists (A, N) > 0 such that if
0 < 4(A, N), then (3.2.5) holds.

We start with one individual at site (0,0). Let Ay be the time of the first death on one
of the sites (4,0), —L < i < L. The random variable Ay, is the minimum of at most 2L
independent exponential random variables with rate at most dN: therefore P(Ay > t) >
exp(—0N2Lt). We take T' = LT large in order to get

IP’((0,0) is Wet> z[@({m(a) <TYN{r(6) <T}N{A; > T})
>P({r1(0) < T} N {74(0) < THAL > T)P(4y, > T)
21@((0, 0) is wet|d = 0) g~ 20NLT
>(1 — ¢/2)e” 2NLT, (3.2.6)

By taking 0 > 0 small so that e 2VLT > 1 — ¢/2 then (3.2.6) is larger than 1 — e. Hence
there exists 61(\, N) > 0 such that if § < §1(\, N)

IP’((0,0) is Wet> >1—e (3.2.7)
For each ¢ > 0 we can fix L, T and 6! such that for each (m,n) € N the event

Gmn = {(m,n) is wet} satisfies P(G,, ) > 1 —e. Moreover by construction Gy, , de-
pends only on the graphical construction in B, .
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Now we are ready to compare the process with an oriented percolation process (see Section
1.1.2) and we can choose € small enough so that percolation occurs, by Theorem 1.2.
By (1.2) this implies the survival of the process for any § < 61(\, V).

ii) Assume § > 1 and ng(z) = N for each x € Z%. By using generator (3.2.1) with
rates (3.2.2) and translation invariance on Z?

E(Lnr(2) =B (@) Ly ar2n-1y = () + D AM () Ly =)

Y~z

- Z AM(nt(y))ﬂ{m(m):N}) = E(??t(fﬂ)ﬂ{m(x)gzvq} - 577t(l“)>

y~z

<1 = 8)E(m(x)).
Since § > 1, there exists € > 0 such that for each ¢ > 0

%E(nt(az)) = E(Lni(z)) < —eE(m(z))

and by Gronwall’s Lemma the process converges to 0 uniformly with respect to z, therefore
the process dies out (see Section 1.1.2). We conclude by Proposition 3.1 that the process
dies out for each § > 1 =: §2.

i71) The claim follows from Proposition 3.1, Theorem 3.18 4) and ¢i) and from the
attractiveness of the model.
Starting from 79 € EV, the existence of the upper non-trivial invariant measure follows
from step ), the comparison technique and (1.3) in Section 1.1.2. O

Remark 3.19 The effect of a migration is to move an individual from a site in state N,
where there is no possibility to give birth to other individuals, to a site with less than N
individuals, where it may reproduce itself. Therefore even if there is no monotonicity with
respect to X\ (cf Remark 3.17), this suggests that an increase of X is good for survival.

3.2.2 Model II: the Allee effect

We introduce the mathematical version of the Allee effect in Model I (see Section 1.1.5).
As in Model I, we fix a capacity N for all sites, but we assume the death rate to be larger
than the birth rate when the density is small.

Namely, by referring to Definition 3.2.1, for a fixed N4(< N) positive integer and d4, d,
A positive real numbers the transitions are given by

B(l) :=llyen_1
D(l) ::l(éA]l{lgNA} + 5]1{NA<1}) (3.2.8)
J(l,m, k) =AM (m)1g_n

where the function M is defined as in Model I. We assume 04 > 1, 64 > 9,0 < N4 < N.
Notice that if 64 = d the process reduces to Model 1. See Section 1.1.5 (Model II: the Allee
effect) for more about the biological meaning of the model.

Since only births, deaths and migrations of at most one particle are allowed and the migra-
tion rate from n:(x) to m(y) is increasing in 7:(z), attractiveness conditions are satisfied.
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One can prove that Proposition 3.1 still holds for Model II either with respect to d4 or §.

We prove that the Allee effect changes the behaviour of the system: for any possible
growth and migration rates there exists an Allee effect large enough for the species to get
extinct.

Theorem 3.20 Assume 64 > 1.

i) For all6 <1, A>0,0 < N < o0, 0 < Ny <N there exists 62(5,\, N,N4) such
that if 54 > 02(5,\, N, N4) the process converges to the trivial invariant measure oo
for any initial configuration ng € 2.

it) If 0 > 1 the process dies out for all 64, N, Na, A and any initial configuration.

Proof . We follow the proofs of [44, Theorem 4] and [50, Theorem 4.4] and we compare our
system with a subcritical percolation process. We think of the process as being constructed
through the graphical representation, see [22] for such a construction. We prove i) when
d = 2 in order to simplify the notation (the same proof works for all d > 1).

Let § > 1 and (74)+>0 be a process with generator (3.2.1), rates (3.2.8) and ny(z) = N for
all x € S. We define the space-time regions

A=[-2L,2L* x [0,2T);  B=[-L,L]* x [T, 2T).
We call C the boundary of A and

Cp ={(m,n,t) € A:t =0}
Cs ={(m,n,t) € A:|m|=2L or |n| =2L}
C=C,UCs = {(m,n,t) € A:|m|=2L or |n| =2L or t = 0}.

We construct a percolation process on N' = Z? x Z, starting from (m¢)¢>0. We say that

a site (k,m,n) € N is wet if the process (ni)¢>o restricted to A+ (k,m,n)
has no indwviduals in B + (k,m,n) regardless of the configuration (3.2.9)
on the boundary C + (k,m,n).

Therefore it must be true even if all sites in C+(k, m,n) are in state N for all ¢. Indeed a site
in state N in C + (k, m,n) improves the probability of a migration to a site » € [-2L, 2L]?
and reduces the probability of emigrations from [—2L,2L]?, which are null since all sites
on the boundary are full. A site is dry if it is not wet.

In order to have one individual in B+ (k,m,n), it must exist a path of individuals starting
either at Cp or at Cs.

e First of all notice that the process (1:)¢>0 is stochastically smaller than a birth and death
process (7;)i>0 on {0,1,... N} with rates:

E(l) ::l((SAIl{lgNA} + 5]1{NA<I})' (3.2.10)

In other words the birth rate of 7, (x) is the original birth rate plus the largest immigration
rate on 7(z), and the death rate of 7,(x) is the original death rate plus the smallest



3.2. METAPOPULATION DYNAMICS MODELS 117

emigration rate on 7;(x), which is null. Since M = 1, we check Conditions (2.3.15) and
(2.3.16). They are satisfied because, for each n € Q,

B(n(y)) + J(n(x),n(y),1) <hgyey<n-13(0(y) + 2dAM(0)) = B(n(y))
Therefore if ny = 7, then n(z) < 7,(x) for each x € S and t > 0. Let 0 < 4 < co. First

of all we prove that there exists a time W at which with large probability there is at most
1 individual per site on [-2L,2L]2. Denote by

Sy =

{s:0< s <W and 7,(x) = 0,7, (x) > 0}‘

the random variable which counts the number of visits to 0 of 7,(z) before W. Then for
each ¥ € [-2L,2L)?

1@( ) ZP(nw > 1|SW_k) (SY = k). (3.2.12)

Since 7, () is a birth and death process on a finite interval X, we can take W large enough
so that

P(SY =0) < : 2.1
We split the remainder of (3.2.12) in two parts:
o K
Zp( z) > 1|8V = k:) ZP( >1|SW_k) (SW = k)
k=1 k=1
+ Z P (T () > 1|8 = k;)P(S;V — k)
k=K+1
=0+ 1

We begin with I,. Notice that in order to have more than K hits to 0 we must have
at least K births at 0, that is at least K births when 7,(x) = 0 for s < W. Denote
by Zx ~ Er(K,2d\M(0)) the sum of K independent exponential variables with rate
2dA\M (0), which is an Erlang random variable. For each € > 0 and W there exists K such
that

K-1

(2 M
L <P(Zxg <W)<1 —2dAM ()W Z dA W)
7=0
- >\ (2dAM(0)W)7 .
SeTHONBY : .2.14
B 2 ! = 12(4L)? (3.2.14)

j=K

since for each W we can take K large enough for the queue of the sum to be as small as
we want.

We now consider I. In order to have at least two individuals in a site after a visit to 0, it
must happen that an exponential clock with rate 1+2dAM (0) (the birth rate if 7,(x) = 1)
rings before an exponential clock with rate d4 (the death rate if 7j,(z) = 1). Let {Y;}ien
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and {X;}ien be two collections of independent identically distributed random variables
such that Y; ~ Exp(1 4+ 2dAM (0)) and X; ~ Exp(d4) for each i € N.

K
I8 :ZP<ﬁW(x) > 1SV = k)P(SgV = k)

k=1
K
. 1+ 2dAM(0)
<) PEie{l,2,...k}:Y; < X;) < K? 3.2.15
and for each ¢ > 0 and K we can take d4 large enough for I; < -5—~5. Denote by

12(4L)2 "
Br(t) = {All paths such that n;(z) < 1 for each z € [-2L,2L)?}. By (3.2.13), (3.2.14)
and (3.2.15) for each € > 0, L > 0 there exists W and d4 large enough so that

P((BL(W))) < (4L)>  sup Py (z) > 1) < ¢/4. (3.2.16)
x€[—2L,2L]?

Therefore with large probability at time W the process (7;(x)):>0 and hence the process
(n:(z))¢>0 is smaller or equal to 1 for each = € [-2L, 2L]?.

Now we fix a time W and we prove that we can take d4 large enough so that the
probability that after W all individuals in [—(3/2)L, (3/2)L]? die before any immigration
from the boundary Cs and any birth is large. This is the probability that (3L)? exponential
clocks with rate 64 ring before the minimum between (4L)? exponential random variables
with rate 2dAM (0) + 1.

Let By (t) = {All paths such that n;(z) = 0 for each z € [—(3/2)L, (3/2)L]?},Y ~ Exp(64)
and X ~ Exp((QdAM(O) + 1)(4L)2>, then for each € > 0 there exists d4 large enough for

PBLW + W) BLW)) > (P < ) 0 O S e
(BLOV +W)|BL( ))—< (V< )> - <5A+(2d)\M(O)+1)(4L)2) =1-e/d
Therefore for each € > 0 there exists 04 large enough so that

P(ny, 37 () > 0 for some x € [—L, L|*|BL(W)) < ¢/4 (3.2.17)

(L and A are fixed).
Let T = W + W, by (3.2.16) and (3.2.17) for all € > 0, L there exists 64 and W large
enough for

P((BL(T))) =P((BL(T))*| BL(W))P(BL(W))
+P((BL(D))|(BLW)))P((BL(W)))
<e/d+e/t=¢€/2 (3.2.18)

Therefore nr(x) = 0 for each z € [—(3/2)L, (3/2)L]? with large probability at time T
Since B(0) = 0, the only way to get an individual in [~L, L]? from time T to 27T is that
a migration from y € ([—(3/2)L,(3/2)L)?)¢ gives birth to a chain of individuals which
reaches [—L, L]? in a time smaller than 7. The number of migrations M, from a site y to
a site x ~ y in a large but finite time 7" is larger than a finite number K with probability
smaller than ¢/(48L). Each time that a migration from y to x € [—(3/2)L, (3/2)L]? occurs,
with probability smaller than 5
A
da+ 14 2dAM(0)
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there is a new birth or a new immigration at z before th death of the individual. Therefore,
by taking 04 large enough for K (1 + 2dAM(0))/(64 + 1 4+ 2dAM(0)) < €/4 we get
P((0,0,0) is dry ) <PP((0,0,0) is dry |Br(T)) + €¢/2
1+ 2dAM(0)
2
oatlv 2dAM(0)> el
<e/2+4¢€/2 =€ (3.2.19)

<12L (P(Mym >K)+ K

e Now we can construct a locally dependent percolation model such that the probability
of a site to be wet is as large as we want. For each (k,m,n) and (z,y,2) in N such that
n < z and the intersection between (kL,mL,nL)+ A and (zL,yL,zL) + A is not empty
we draw an oriented edge.

Notice that by (3.2.9) the probability of a site to be wet depends only on the graphical
construction inside 4 and the events that depend on disjoint regions on the graphical
construction are independent. Moreover the number of sites connected with a site (z,y, z)
is a fixed finite number for each site. This means that percolation on A is dependent
but it has an interaction with only a finite number of sites. For this model a path of dry
sites is a chain of connected oriented edges which moves along dry sites only. We follow
[50, Proof of Theorem 4.4] to prove that there exists a random time after which there will
never be any individual.

We call graph theoretic distance between two sites the distance on the undirected graph,
that is the graph N with the same but non-oriented edges. Because of the finite range of
the interactions, there exists a constant C depending only on the dimension d so that any
set of sites with distance larger than C between any pair of sites are independent.

Let € Z? and let T, be the supremum of all times such that 7;(x) > 0. By translation
invariance we can take without loss of generality x = 0. Suppose Ty > TS, then there
exists m such that (0,0,m) is the endpoint of an oriented dry path of A/ with starting
point (x,y,0) for some pair of sites (z,y) € Z2.

Notice that there exists positive finite constants §, v such that the number of self-avoiding
paths on A having length r at any given endpoint is no larger than ¢".

Moreover any self-avoiding path of length r contains at least vr sites such that the distance
between any pair of which is larger than C. Let v = P((0,0,0) is dry), then

P(Ty>TS)< Y Y & (3.2.20)
m>S—1r>m

By (3.2.19) we can choose J. small enough such that if 4 > 6. and S > 2 the right hand
side of (3.2.20) is finite. In this case the right hand side approaches to 0 as S — oco. This
means that Ty is a.s. finite. Let I be a finite subset of Z¢ and T} := max{T,, = € I}. Since
T, is a.s. finite for each € I and [ is finite, 17 is a.s. finite. By construction, 77 may be
chosen uniformly in the initial configuration .

Denote by B(y, R) the ball with radius R centered at y € Z%. Therefore for all ny € ,
y € Z%and R < oo,

(€ e Q:&(x) >0 for some z € B(y, R)) = 0.

Let D= {y € Z%: y = {2Ry1,2Rys, ..., 2Ry4} and let g € EV: by translation invariance,
v(Q\ {0}) :17< U {£ € Q:&(x) > 0 for some z € B(y,R)})
yeD

< Z (€€ Q:&(x) >0 for some z € B(y, R)) = 0.
yeD
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By attractiveness the claim follows for any initial configuration.

i) If =1+ € and 4 = 0 the process reduces to Model I. By Theorem 3.18 4i) this
process dies out. By the monotonicity property in d4 (cf Proposition 3.16) the process

dies out for each d4 > 14 €. Since we can take e arbitrarily small the process dies out for
all § > 1, 64 > 1 for all Nyg,N, A O

Now we change the roles of 4 and 6 and we prove
Theorem 3.21 Assume 64 <1 and 6 > 1.

i) For all1 < No < N, A >0, 6 > 1 there exists 62(\, N4, N,8) such that if 64 <
628\, Na, N, 6) the process survives for any initial configuration ng such that |no| > 1
with positive probability.

it) For all 1 < Ny < N, A\ > 0, 4 < 1 there exists 0.(\,Na,N,54) such that if
d > 0c(N, Na,N,54) the process dies out for any initial distribution.

Proof . We work as in proof of Theorem 3.18 and we compare the process to an oriented
percolation model (see Section 1.1.2). We suppose d = 2. If d # 2 the proof works in a
similar way. Denote by

e1 = (1,0), N = {(m,n) € Z* : m +n is even}
B = (—4L,4L)?> x [0,T), B, = (2mLe;,nT) + B
I=[-L,L)7? I, =2mLe; + I.

where L and T are integers to be chosen later. We say that (m,n) is wet if the process
restricted to B, , and starting at time nT" with at least one individual in I, is such that
there is at least one individual in I,,,_; and one individual in I,,,41 at time (n 4+ 1)T. A
site is dry if it is not wet. We prove that we can choose L and T such that the probability
of a site (m,n) being wet can be made arbitrarily close to 1.

We suppose 4 = 0 and we start with one individual at = (i,5) € I. We fix L > 0 and
we define 7; ; to be the random variable which measures the time of the first migration
from (7,7) to (i + 1,7).

After a time Y identical to the sum of N4 independent exponential random variables with
mean 1 we get ny(z) = Ng + 1. Since d4 = 0, A= {Na,Ns+1,...,N} is an absorbing
set for (1;(2))s>0 for each x € Z4.

Moreover the process (n:(z))¢>0 on A is stochastically smaller than a birth and death
process (£:(x))i>0 on A with birth rate &(z) and death rate 6&;(z) when Na < &(z) < N;
when & (z) = N4 after an exponential time with mean 1 the process comes back to N4+ 1
and when & (z) = N the process comes back to NV —1 after an exponential time with mean
0+ 2dAM(0). One can check Conditions (2.3.15) and (2.3.16) to prove that n; < &, where
(&)1>0 is defined by independent copies of (&(x))i>o for each = € Z9.

By Lemma A.1, & (x) starting at N4 + 1 reaches N before N4 with probability 71 (§) =
(1—0)/(1 — 6N =Na))_ If this is not the case, & reaches N4 before N, after an exponential
time with mean 1 it comes back to N4+ 1 and it tries to reach /N again. When the process
reaches N, by (3.2.3), with probability m2(6) = A/((2d — 1)\ + J) a migration to (i + 1, )
occurs. Let Ta(j) be the time of the first meeting of N4 or N corresponding to the j™*
visit to N4 + 1, which is a.s. finite by Lemma A.2.

Let K(t) be the number of visits to N4 before ¢. Since the chain is recurrent for each
€1 > 0 and M > 0 there exists ¢ large such that P(K(t) > M) > 1 —¢;. Let G be a
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geometric random variable with parameters 7(J) = 71(0)m2(d), which is the probability
that & reaches N then migrates to (i + 1,j) before hitting N4. Then after the sum of
G random variables independent identically distributed with law T'4(j) a migration from
(7,7) to (i + 1,4) occurs. For each €y > 0 there exists W and M large such that

]P’(TZ‘J < W) ZP(Ti,j < W‘K(W) > M)]P’(K(W) > M)
>P(G < M)(l —€)>1-¢

by taking 4 large.

We choose a preferential direction (7, j), (i4+1,7),...,(L,j) (and the symmetric ones from
(i,7) to (—L, 7)), we repeat the same calculations for each (k, j) where i < k < L to prove
that for each ¢y > 0 there exists €y, W, M and T' = 4LW such that nr(x) > N4 for each
x € [-2L,2L]. Therefore

P((0,0) is wet|d4 = 0) > 1 — €.

e Now we suppose d4 > 0. We start from one individual at = = (i,5) € I, by taking d4
small, with large probability n;(x) reaches N4+ 1 before the first death. As in case d4 = 0,
ne < &. Each time & hits N4, with probability 1/(1 + d4) there is a b irth before a death
and & comes back to Ng + 1. Thus for each € there exists W, M large and §4 small such
that

1 \M
P(ri; <W) 2P(7; < W|K(W) > M)P(K(W) > M)<1 + 5A>

Z]P’(G < M)(l — 61)(1 — 62) >1—¢.

We can work as in case 64 = 0, choose a preferential direction from (¢,5) to (L, j) (and
symmetrically to (—L,j)) and prove that for each € > 0 there exists €, M, W, T = 4LW
and d4 such that get

P((0,0) is wet) > 1 —e.

Therefore for each L and ¢ > 0 we can take 7 and 04 large such that for each (m,n) € N/
the event Gy, ,, = {(m,n) is wet} is dependent only on the configuration on B,,, and
P(G,n) > 1 — €. By comparison arguments with oriented percolation (see Section 1.1.2)
we get the result.

1) We work as in proof of Theorem 3.20.

The idea is that even if d4 is small, there exists § large so that the probability that the
population size reaches N and then one individual migrates is small. We suppose d = 2
and we define the space-time regions

A=[-2L,2L?%x [0,2T);  B=|[-L,L)* x [T,27T).
We call C the boundary of A, that is
C ={(m,n,t) € A:|m|=2L or |n| =2L or t = 0}.

We construct a percolation process on N = Z2 x Z,. A site (k,m,n) € N is wet if the
process (1:)¢>0 restricted to A + (k,m,n) has no individuals in B + (k,m,n) regardless
of the configuration on the boundary C + (k,m,n). In order to have one individual in
B+ (k,m,n), it must exist a path of individuals starting from C. A site is dry if it is not
wet.
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The process (1;)i>0 is stochastically smaller than a birth and death process (7;)¢>0 on
{0,1,... N} with rates given by (3.2.10).

One can prove that there exists a time W such that with large probability there are at
most N4 + 1 individuals per site on [~2L,2L)? at time W by repeating the same steps we
used to prove (3.2.16): the difference is that we replace 1 with N4 + 1.

Therefore with large probability 7y (z) < N4 + 1 for each z € [-2L,2L]?.

Now we prove that there exists 7= W + W such that nr(z) = 0 for each z € [-L, L]%.
Let 0, (resp. 6,) be the first time such that 75 (z) = 0 (vesp. ng, (x) = 0) if Gp(z) = Ny
(resp. no(x) = N4). Then 6, < 0,.

Let z € [—~L, L] such that 7y, () = Na+1; there is a death before a birth with probability
smaller than v = (14+2dAM(0))/(1+2dAM (0)+6), which is as small as we want by taking

0 large. By Lemma A.1, 7,(x) starting at N4 reaches N4 + 1 before 0 with probability

1— (84/(1 4 2dAM(0))) ™

1—m(0a)=1- 1— (84/(1 4 2dAM (0))) ¥4

If this is not the case, 7;(z) reaches 0 before N4 + 1, with probability 7;(54). When the
process reaches N4 + 1, with probability v there is a death before a birth. Let T)4(j) be
the first hitting time to 0 or N4 + 1 corresponding to the j visit to N4, which is a.s.
finite by Lemma A.2.

As in Step i), let K(t) be the number of visits to N4 + 1 before ¢. Since the chain is
recurrent for each ¢; > 0 and M > 0 there exists ¢ large enough for P(K(t) > M) > 1—e¢;.
Let G be a geometric random variable with parameter 71(d4), which is the probability
that 77, (x) reaches 0 before hitting N4 + 1. Then if there is a death before a birth for each
visit to Ny + 1, after the sum of G random variables independently identically distributed
with law T'4(j) the process hits 0. For each € > 0 there exists €, €,), W and M large
enough for

P(6, < W) >P(6, < WIK(W) > M)P(K(W) > M)y

SP(G < M)(1—e)(1—e) >1—¢

by taking ¢ large. Therefore for each € > 0 there exists €, K, M, W, W and ¢ large such
that

_ (3L)2
P(6, < W for each z € [—(3/2)L, (3/2)L]?) > (1 - g) >1—¢ (3.2.21)

which implies that P(6, < W for each x € [—(3/2)L, (3/2)L]?) > 1 —e.

Fixed W, W and € > 0, the number of migrations from a site y ¢ [—(3/2)L, (3/2)L]? to
a site z € [—(3/2)L, (3/2)L]% after W and before W + W is smaller than M with large
probability. Hence n;(z) may reach N a large but finite number of times M with large
probability. Therefore we can choose § large such that M times a death occurs before
the migration to a neighbor site with large probability each time the process reaches N.
We can repeat the same calculations that we used to prove (3.2.19) to get that with large
probability there are no migrations to a site z € [~L, L]? after W and before W + W. By

(3.2.21), for each L, € > 0 there exists T = W + W and § large such that
P((0,0) is wet) >1 —e. (3.2.22)

The comparison with a locally dependent percolation gives the result as in proof of The-
orem 3.20. O
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3.2.3 Model III: Mass migration as Allee effect solution

We propose mass migration as a biological solution to the Allee effect. We show that, at
least in theory, migrations of large flocks of individuals improve the probability of survival
for any possible Allee effect.

We define positive parameters d4, 6, N4, N such that 0 < Ny < N, 0< 4§ <1< y4. The
infinitesimal generator of the process is (3.2.1) and the transition rates are given by

B(l) :=llg<n_1y

D(l) :=l (5A]1{1§NA} + 5]1{NA<Z}) (3.2.23)
X ifl-k>N-Mandm+k<N,

J(lm, k) '_{ 0 otherwise.

In other words we take birth and death rates as in Model IT and a local population n(z) =1
does not migrate if [ < N — M. See Section 1.1.5 (Model III: mass migration) for more
about the biological motivations.

We prove that if the population size NN is large enough, for any death rate d4 > 1, there
exists M such that if we allow a migration of M individuals the process converges to a
non-trivial invariant measure.

First of all we prove that the process is attractive.

Proposition 3.22 The process (n;)t>0 defined by generator (3.2.1) with rates (3.2.23) is
attractive.

Proof . We check sufficient conditions of attractiveness given by Theorem 2.15. Referring
to notations in Section 2.2, we suppose p(z,y) = 1/(2d), thus birth and death rates are
given by

_— 864 ifk=1and <Ny
H%:{ﬁ ifk=land S<N  pok_ ) 35" itk —1and 8> N4

0 th . a,f T .
otherwise; 0 otherwise.

The migration rates are

ko 2d\N fa—k>N-Mand +k<N
a0 otherwise.

We evaluate the terms in Condition (2.2.13). The birth rates give

0,k 0,1
> I =Ny s = Blis_si,—o)
k>6—L04+11

0,l 0,1
Z I s =T 005 = Bl —oy
>l
thus
0,k 0,1
oo Il <> T (3.2.24)
k>6—B+I11 >l
The death rates give

-1,0 -1,0
Yo I =y ainll s :ﬂhm,kl:o}(%ﬂ{vszvﬁ+5ﬂ{NA<w})
I>y—a+k1

Z H;’ZO :]1{1>k1}H;720 = Oéll{klzo} <5A]l{a§NA} + 5]1{NA<a}>
k>k1
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therefore
—1,0 —k,0
ooty mhi (3.2.25)
I>y—a+k; k>kq

Now we consider the migration rates

S OTE 5= 2d\a pon-mgikent = Y 20Nk (ae N4IDAN-5))

kel, kel, kel,
D Ths =) 20 an—arssieny = Y 20 1<(- N AN -a)}-
el lely lely

By Definition 2.14, setting [ = k — 4§ + (3

> 2\ <o N AN-0)}
kel,

K
=2d\ U{mi2k>5—6+li}ﬁ{5—6§k§(a—N—i—M)/\(N—B)}'
=1

K
—2d\ U{mi—5+62l>li}ﬁ{0§l§(a—N+M—5+B)/\(N—5)}‘
=1
K
<2d\ U{W—a+m¢2l>li}ﬂ{0§l§(7—N+M)/\(N—6)}‘
=1
=20\ < (- N+ aA(N—0)}
lely

since 6 > 3 and v > «. Therefore
Tk s (3.2.26)
kel, lely

In a similar way we notice that

Y Tas =2 2\ gciansanaw-p)}

k‘e]d k?eld
D s =Y 2d\uciy Nanav-)
lel. lel.

then, if k =1—~v+ a,

> 20 < (N A (-3))

lel.

K

=2d\ || J{mi > 1>v—a+k}n{y—a<I<(y—N+ M)A (N -6)}
=1

K
=20\ || J{mi—v+a>k>k}n{0<k<(a-N+M)A(N-6—v+a)}
=1

K
<2d\ U{é—ﬁ—kmi2k>ki}ﬂ{0§k§(a—N+M)/\(N—6)}‘

=1
= Z QdA]l{kS(afN+M)/\(N76)}
kel
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since N —§ — v+ a < N — (. Therefore

SNThs=> T (3.2.27)

]CEId lel,

We get Condition (2.2.13) from (3.2.24) and (3.2.26), Condition (2.2.14) from (3.2.25) and
(3.2.27) and the claim follows. O

As in Models I and II there is a monotonicity property with respect to the death pa-
rameters, namely Proposition 3.1 still holds with respect to d4 and 6.

The main result is

Theorem 3.23 i) For all 6 <1, A > 0, Ny > 0, there exists N.(d,\, Na) such that
for each N > N.(6,\, N4), there exists M(N4) so that the process starting from ng
such that |no| > 1 has a positive probability of survival for each 64 < oo. Moreover if
no € EN the process converges to a non-trivial invariant measure for each §5 < co.

ii) If 6 > 1, for all N, Na, A, 64, M the process dies out.

In order to prove Theorem 3.23 we use largely the preliminary results about gambler’s ruin
problem in Appendix A.2. We follow the idea of the proof of [43, Theorem 2]. On each
site if we do not consider migrations the process moves as a birth and death process on a
finite interval. Migration rates are different from 0 to N — M, where only immigrations
are possible and from N — M to N, where one can have either an immigration or an
emigration. Hence we treat the two regions in different ways.

Proof of Theorem 3.23.

Let A={y € X :y < Na}. Suppose “64 = 00”. Such a notation refers to a process with
the maximum possible Allee effect. In other words a birth on a site z with n,(z) € A is
not possible and the effect of a migration of k individuals from a site x to y such that
n(y) + k € A is the death of k individuals at .

Namely the set of the initial configurations of the process is given by

Qoo :={ne€Q: forall z € 2% n(x) = §(2) Mg (py>n,y for some € € Q};

the transitions are

ne(x) — m(z) +1 at rate 1:(2) 1N, <n, (z)< N}
ne(w) — m(z) — 1 at rate 6n¢(2) Uy, 41<n(2))
ne(x) = 0 at rate 01(2) Ly s 11=n (@)}
and if y ~ x,
(me(@),me(y)) — (me() = kymey) + k) at vate J(1(2), 06 (Y)s ), (2)—k>Name(y)+5>Na}
(ne(2),0) — (m(x) — k,0) at rate J(n:(2), 0t (Y), )L, (2)—k>Nam(y)+ k<Na}
(me(2),me(y)) — (0,me(y) + k) at rate J(ne(2), 1t (Y)s k) Ui, (2)— k< Name(y)+k>Na)
(ne(x),0) — (0,0) at rate J(n(2), 0t (Y), k)L, ()~ k<N A e (y)+k<Na}-
Roughly speaking when n.(x) reaches the state N4, m:(x) becomes immediately 0. The

only way for the population on x to leave the state 0 is an immigration of N4 + 1 individ-
uals from a neighboring site.
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We take N, M such that N — M > N4. We fix z € Z% and we start from an initial
configuration ng(z) = N — M and ny(z) = 0 for each z # xz. We prove that starting from
1o, after a finite time there is a migration of the largest flock of M (Ng < M < N — Ny4)
individuals into a site y ~ x which will give birth to N — M individuals in the new site
with large probability regardless of the configuration on z ~ x, z # y. By monotonicity
the result will be true for each §4. The proof is composed by several steps.

For each € Z? the process (1;(x));>0 is always larger than a birth and death process
(&t)t>0 with birth rate & and death rate given by 0§; plus the maximal emigration rate of
n¢(x). The transitions are

& —&+ 1 at rate £t]l{NA<5t§N,1}
é.t Hé.t -1 at rate §t (5A]1{5t§NA} + 5]1{NA<&}) (3228)
& >N —M at rate 2dM Ale,~ N nry-

In other words we can couple 7;(x) and & in such a way that each emigration of 0 < k < M
particles from n;(z) corresponds to a multiple death, which we call mass death, on & and
the birth and death process comes back to the size N — M. The rate of the mass death
is the maximal emigration rate of n(z), which is 2dM X and corresponds to the migration
rate when m(x) = N, that is the minimum of 2dM exponential random variables with
rate A.

One can check that the stochastic order conditions are satisfied and & < n:(x). We show
that the number of visits to IV of & before reaching N4 is large.

I. First of all we prove that the number of visits to N — M + 1 before reaching N4 is large.
Since we do not allow births of more than one particle, & must visit N — M + 1 before
visiting N. Once it reaches N — M + 1 there are three possibilities:

-At N — M + 1 there is a birth and & reaches N and a mass death happens in N before
visiting N — M. In particular this means that it reaches N without any mass death before
the last one, since the effect of each mass death on a population of size N — M + k is to
come back to state N — M.

-At N — M +1 there is a birth, but & reaches N — M before the largest mass death of M
individuals in state N.

-At time N — M + 1 there is a death or a mass death of just one individual.

This means that & comes back to N — M after visiting N — M + 1 with probability 1. Let
Ty be the random variable which measure the time that & needs to come back to N — M.
Since each time there is a mass death, & comes back to N — M, the law of T}, satisfies,

P(Ty > t) < e~ 24MX (3.2.29)

which is the rate of the mass death of k individuals on N — M + k with the effect to come
back to N — M.

Since after visiting N — M + 1 the random walk comes back to N — M in a time smaller
than an exponential random variable, we count the number of visits to N — M + 1 of the
process (C¢)e>0 on {N4,Ng +1,...N — M + 1} with the same rates of & but reflecting
state at N — M + 1. This is a birth and death chain such that neither mutiple births nor
mass deaths are possible, since & < N — M. Let R§V7 141 (N = M) be the random variable
which counts the number of visits of ((;);>0 to N — M + 1 before reaching N, starting
at N — M. Since after each visit to N — M + 1 the process & will come back to N — M,
eventually by hitting some more times N — M + 1,

P(R_p 1 (N = M) > 7) <P(Ry_y 0y (N = M) > 1) (3.2.30)
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where R?V_MH(N—M) counts the number of visits of (§;)¢>0 to N —M +1 before reaching
Ny starting at N — M.

We prove that by taking N large enough the number of visits to N — M + 1 of (; before
reaching N4 is large with large probability. By using (3.2.30) and Lemma A.2 with r =
Nagyro=N-M-+1,i=N — M, we get

Jlim P(RS i (N — M) > N%) =1. (3.2.31)

II. Step I states that by taking N large & visits N — M + 1 at least N3 times before
reaching N4 with large probability. Now we prove that the number of visits to IV are at
least N2 with large probability. Each time the walker hits N — M + 1 it tries to reach N
before coming back to N — M, which is possible only if there are no mass deaths. We drop
the explicit dependence on the initial state and on £ when not necessary and we simply
write Ry = Ry (N — M +1) and Ry_nr1 = Ry_ 01 (N — M). Let o(1) be such that
limy_ 0(1) = 0. By (3.2.31)

P(Ry < N?) =P(Ry < N?|Rn_n41 > N3)P(Ry_pr41 > N?)
+P(Ry < N} Ry_n+1 < N*)P(Ry_pr41 < N®)
=P(Ry < N*|Ry_ar11 > N*)P(Rn_pre1 > N3) +0(1)
=P(Ry < N*|Rn_pr41 > N3) +0(1) (3.2.32)

hence we are left with evaluating the probability of more than N3 visits to N — M +1 but
less than N2 to N. This is the probability that at least N — N2 times the walk starting
at N — M + 1 reaches N — M before N.

Now we show that such an event has small probability. When N — M +1 <& < N, we
can have births, deaths and mass deaths. The probability of reaching N without any mass
death depends on the time the walk spends between N — M and N.

We consider the process without mass deaths, that is we only take into account the rings
of birth and death clocks.

By (3.2.3), the probability to have a birth before a death is p = 1/(1 + ). Let 7n be
the number of steps that a random walk on {N — M,..., N} with p = 1/(1 + ) and
q = 6/(1 4+ ) needs to reach N starting at N — M + 1 without visiting N — M and let
TN—M be the number of steps that the random walk needs to reach N — M starting at
N — M + 1 without visiting N. Let 7* be the minimum between 7n and 7x_ps, that is in
the gambler’s language the duration of the game. Thus

P(r* > N/?) :P<{TN > NY2 n{ry < TN—M})
+]P’<{TN_M > N1/2} N {TN > TN—M})-

Moreover by Lemma A.2 withg=1—-p,n=M,r, = N—M,ry = N and a = 1—(p"+¢"),
we get

N1/2

P({TN > N2 0 {7y < TN,M}) <P(r* > NV/?2) < o'w (3.2.33)

which converges to zero as N goes to infinity.

The probability of a mass death, if N — M 4+ 1 < & < N, is given by the probability that
an exponential clock with rate 2dAM rings before the minimum between two exponential
clocks with rates d&; and &. By (3.2.3) this is equal to

2d\M
(1+06)& +2dA\M "
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Denote by Ay = {A mass death clock rings before that the process & reaches N }, and
remember that 7 involves the process without mass death clocks. Then

2d\M _ Cld A\ M, 5)
(1+6)(N — M) +2d\M —  NI/2

P(Ay|m* < NY/2) < N1/2 (3.2.34)

which tends to zero as N goes to infinity. Therefore P(Ay|r* < N/?) is as small as we
want by taking N large.

Let {7/}i>1 be a family of random variables such that at time 7 there is the first visit
to N or N — M corresponding to the i*" visit to N — M + 1 without mass deaths. Then
7. are independent identically distributed random variables with the same law of 7*. We
define independent identically distributed random variables

B = 1 if (ft)t;O such that {§g = N — M + 1 reaches N before N — M, (3.2.35)
0 otherwise.
RN_p+1
This means that P(Ry < N2) = ]P’( Y Bi< N2) and
i=1
RN_m41 N3
P(Ry < N*|Ry a1 > N?) :P( > Bi<N’|Ry_m1 > N3> < P<ZB@' < N2>
i=1 i=1

(S <[z

NS
; < N? F < N2 ib). (3.2
+P<{;BZ<N }ﬂ{T < N2 for all z}) (3.2.36)

By (3.2.33)

N3 v
P B; < N? di: i*ZN1/2 < P( ¢*2N1/2)
({(Xm<wfnfsim=ne) < e
— N3P(r* > N/?) < N3 N'/?/M (3.2.37)

which converges to zero as N goes to infinity. Hence

N3 N3
< 2) = ; 2 T 12 for all i o(1). 2.
P<;BZ<N) P({;BZ<N}H{Z§N for all })+ 1).  (3.2.38)

Let Y ~ Bin <N3,IP’(B¢ =1 < N1/2)), by (3.2.33)

N3 N3
P(ZBZ- < N2> :IP(ZBZ- < N?|r7 < N2 for all i)P(Ti* < NY2 for all z> +o(1)
=1 2;31
:IP(ZBZ- < N?|r7 < N2 for all z) +0(1)
1=1
=P(Y < N?) +0(1) (3.2.39)
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since with large probability 7 < N 1/2 for all i. Notice that
P(B; = 0|7] < NY2) =P({B; = 0} N Ax|r} < N'?) + P({B; = 0} N A§|7} < N'/?)
=P(An|r} < NY2) +P({B; = 0} N A%|7; < NY/?). (3.2.40)
The second sum of the right hand side, that is P({B; = 0} N A% |77 < N'2) is the
probability that the final state of a gambler’s game with 1y = N — M, ro = N starting at

N — M+ 1is N — M, under the condition that the duration of the game is smaller than
N2, By Lemma A.1 and (3.2.33)

P({B; =0} N A%) < 1-1/6 1
P(ry < N1/2)  —1-(1/6)M1-o0(1)
1-1/5

T1=(1/0M

Therefore, by (3.2.34), (3.2.40) and (3.2.41)

C(d,\, M, ) 1-1/6

P({Bi - 0} N AS | < N1/2> <

+o(1) (3.2.41)

_ * 1/2
P(B; =0l < N'?) < =23 /5 o
and
1-96 C(d,\, M, 0)
=1 _ * 1/2 > _ ) 7Ny ) _ )
p(N) = 1-P(B; = 07f < N'*) >— 015N o(1)
Since the right hand side converges to % as N goes to infinity, for NV large enough there

exists p < 1 such that 1 —P(B; = 0|7 < NY2) > 5.

Eet (Bi)ien be a family of independent identically distributed random variables such that
B; ~ Bernoulli(p) with mean p and variance o2 for each i. Notive that p and ¢ do not
depend on N. Denote by Y ~ Bin(N3,p). Since p < p(NN), for each N large enough,

P(Y < N?) <P(Y < N?). (3.2.42)
By the central limit theorem

3 —
valei—N?’ﬁ

o JIN? — Z ~ N(0,1).
Therefore
N3 N3 & 3 2 3=
P(ZE<N2) :P<Zi:13i—Nﬂ< N2 — N3p )
— J\/5]\[3/2 ;5(1 —p)\/iN?’/?

IA

3 —
P<Z§V13i — N3pu - CN?(1 — N)>
oV/2N3/2 N3/2
:IP’<Z < ONY2(1 - N)) +o(1) (3.2.43)
which converges to zero as N goes to infinity since C' is a constant which does not depend

on V.
Finally, by (3.2.32), (3.2.36), (3.2.38), (3.2.39), (3.2.42) and (3.2.43)

P(Ry < N?) =P(Ry < N*|Ry_n41 > N3) +0o(1)
N3
=P( 3" Bi < N?) +o(1) = P(Y < N?) + o(1)
=1

<P(Y < N?)+o0(1) <P(Z < CN'2(1 — N)) + o(1)
=o0(1).
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This implies that for each z € Z¢ the process (1;);>0 satisfies

lim P(R1™ > N?) > lim P(RS, > N?) =1 (3.2.44)

N—oo N—oco

where R;(,(x) counts the number of visits to N of the process (1:(x))i>0.

In other words for each € > 0 we are able to take N large enough such that with probability
larger than 1 — € we reach N at least N2 times. We prove that in this case, with large
probability there is a migration of M individuals from z to y at least N'/2 times.

III. Each time (n¢(x))s>0 visits N there are three possibilities: we may have a migration of
M individuals from the site x onto the site y (at rate A), a death at x or a migration onto
z ~ x, z # y at rate smaller than N0+ AM (2d — 1) + A(M — 1), that is the death rate plus
the migration rate on a site z # y or a migration on y with less than M particles. Thus,
by (3.2.3) the probability of a migration to y before n;(x) leaves the state N is larger than

A
(M — 1A+ Né’

Moreover, at each visit to IV the first exponential clock which rings is independent of what
has happened at the preceeding visit. Let Ex = En(z,y) be the number of emigrations

from z onto y of M particles before n;(x) reaches N4. Conditioning on {R?\;m) > N2}, Ex
is larger than a binomial random variable Vy with parameters N2 and m. For
all a > 0 real value,

I Var(Vn) . N? A (M —2)\+ N§

im ————> = lim

N NTF2a N NTF2a (M — DA+ N6 (M — DA+ No
N2

=N Oyt =0

where C' is a constant which does not depend on N.
Therefore, as N goes to infinity,

E(VN — E(VN))2 _ VCZ?“(VN)
N1/2+a N1+2a

and (Vy — E(Vy))/(NY/?12) converges to 0 in L? and hence in probability. In particular,

lim IP’(VN > E(Vy) — N1/2+“) — 1.

N—oo

We choose a € (0,1/2) such that
lim P(Vy > NY2) =1.
N—oo

We conclude that, since

P(Ex > NY?) >P(Ey > N'2|R1™ > N*)P(RT™ > N?)
>P(Vy > NY2)PRI™ > N?)

and since each term on the right hand side converges to 1 as N goes to infinity,

lim P(Ey > NY/2)=1.
N—oo
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IV. We show that given that there are at least N/2 emigrations at site y, at least one
of these flocks of individuals generates, by internal births only, N — M + 1 individuals so
that y eventually reaches the state N. Every time there is a migration of M individuals
to y, since M(N4) > N4, a birth and death chain (&;); > 0 with transition rates:

§— &+ 1 atrate §llin, ce,<N—m41}
§— & — 1  atrate {0l y, <e,<N—M+1)

starts. Take the same chain on {Ng4,...,00}. Since § < 1, the chain is a transient birth
and death chain (see [38, Proposition 1.4.1]) and therefore there is a positive probability
q(9) that starting at n > N4 the chain will never be in state N4 and will go on to infinity.
Thus, the probability that the process on y reaches N is at least as large as the probability
that one of the birth and death chains goes to infinity.

For x and y nearest neighbors, let E., be the event that, given that z starts in state
N — M + 1, it gives birth to at least one individual on y whose associated birth and death
chain is transient. We have

P(Eyy) >P(Eyy|Ex > NY2)P(Ey > NY/?)
>(1— (1= g(0)N"*)P(Ey > N'/?).

As N goes to infinity P(E,,) converges to 1. Therefore for each € > 0 there exists N such
that

P(E.) >1—e. (3.2.45)

V. Now we consider the time T, , that the process (7;);>0 needs to reach on y ~ z a
configuration with N — M individuals starting at  with N — M individuals at time 0,
namely

Toy = if{t :mi(y) = N — Mlno(z) = N — M}

By Step I with large probability there are at least N3 visits to N — M + 1. After each
visit, the process needs a time T smaller than an exponential random variable with rate
2dAM (see (3.2.29)) to come back to N — M.

Let {Th(i)}ieny be a family of independent identically distributed random variables such

that Ty (7) < T for all 4, that is the return time to N — M corresponding to the it? visit to
N — M +1. Denote by Tx_ps the time that the process needs to reach N — M + 1 starting
at N — M. The law of Tiy_ s satisfies (A.1) for a game with 71 = Ny and 7o = N — M +1.
For all z € Z%, denote by Iy = {{R?V(”C) > N2 ({RI,, L > N3}}, then by (3.2.31) and
(3.2.44)

P(Tyy > £) <P(Toy > HIy )P(I) + P(Tuy > t(In)° ) P(In))

:P(Tw > t|IN) +o(1).

We know that if Ry_pr+1 > N3 and Ry > N2, with large probability one of the visit to
N on z gives births to a walk on y that reaches N — M. Suppose this is the last visit.
We get an upper estimation of P(T} , > t) by summing the time that the process needs to
visit the state Ry_ 41 at least N3 times (for which we use (A.1)), the time to come back
to N — M at least N3 times (for which we use (3.2.29)) and the time Ty to reach N — M in
the new chain on y. Such a time is smaller (since we could have some immigration) than
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the ending time of a game with rq = N4, ro = N — M starting at N4 + 1 with a success
of the player 2. By (A.1) R
P(T, > t) < olt/N]

where a =1~ (p" +¢"), p = 115, 4= 1 —p.

Therefore,
P(T,, > t) gp( f(TNM(i) + Ty (6) + T, > t)
Z:1\1/3 N3 N3
gl@(?)ZTN,M(z') > t) + P(3ZTM(Z') > t) + IP’(?)ny(i) > t).
=1 =1 =1

Since each term on the right hand side has an hypoexponential distribution, for each N
fixed, for each € > 0 we can take t large enough such that

P(Ty, <t)>1—e. (3.2.46)

VI. Now we make a comparison with an oriented percolation model. As in [43, proof of
Theorem 2] we follow [32]. Suppose d > 2. Between any two nearest neighbor sites x and y
in Z% we draw a directed edge from z to y. We declare the directed edge open if the event
E.y, happens. Remember that E., happens when, given that 7 (x) is in state N — M,
there exists a migration from x to y of M particles which gives birth to N — M individuals
on y in state 0. By construction such a probability is as large as we want. This defines
a locally dependent random graph since the event E,, depends only on the graphical
representations on I, = {(x,y) : y ~ x}. Moreover the probability of the directed edge xy
to be open is the same for all edges xy and E,, and E.; are independent if x # z.

Given I C I, let p(I) be the probability that each edge in I is closed. We call p(-) the
zero function of the locally dependent random graph, which we denote by (G, p).

We say that percolation occurs if there exists an infinite path of directed open edges in
YA

We begin from one individual at 2 € Z?. For each 64 < oo, with positive probability 7;(x)
reaches N — M before 0 and we can start our construction.

Suppose there are N — M individuals at site « and there is an infinite path of open sites for
the percolation model starting at x, that we call {(z,z1) = e1, (z1,22) = €2,..., €k, ...}
If e; is open, the species reaches IV, migrates to x1 and gives birth to N — M individuals
on x; before dieing out. Then also e is open, therefore if x; is in state N — M there
is an individual which reaches xo and gives birth to N — M individuals. But z; reached
state N — M since e; was open. By going on in this way we notice that the existence
of an infinite path in the percolation model implies the existence of an infinite path of
individuals. Now we prove that the existence of an infinite path in percolation model has
positive probability if P(E,,) is large enough.

We follow [32, Theorem 3.2]) and we compare the process to a a site percolation model.
Here we need d > 2, otherwise the construction does not work.

We define a new locally dependent random graph (G’,q) on Z%. Each pair of edges (z,)
and (z,t) are independently open if x # z with the same distribution, but a dependence
is present if x = z. We fix wy ~ 0 and wy ~ 0 non collinear vertices and we denote by
e1 = (0,w;1) and ey = (0,w2) the corresponding edges. Let I C I, then the zero function
q(+) satisfies

q(I) =1 ifIﬂ{el,eg}:(D
a(T) =P((E.)) i 101 {er, e} £0.
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In other words each edge different from e; and ey is closed with probability one; if either
e1 € I or ey € I, the probability that each edge in I is closed is 1 — P(E,,).
Now we compare the zero functions of (G,p) and (G'q): if either e; € I or ey € I then
p(I) =P( ﬂ (Ezy)) < P((Egy)°) = q(I), otherwise p(I) <1 = q(I).

(z,y)el
Therefore p(I) < ¢(I) and by [32, Theorem 2.1], if percolation occurs for (G’,q) then
percolation occurs for (G, p).
Notice that (G’,q) is essentially the oriented site percolation model on the square lattice
with both edges from a site open with probability 7 = 1 — P((E,,)¢), which is as large
as we want. It is known that for such a model percolation occurs if 7 is large enough.
Let P™(|Cy| = oo) be the probability of an infinite path of open sites containing 0. If

no(y) = gy—oy(y) we get

litm inf noT'(t){n : n:(z) > 0 for some z € Z} > P™(|Co| = o) > 0 (3.2.47)

and a survival is possible.
Assume 19 € EV, then there exists an invariant measure 7 which is not concentrated on
the Dirac measure dy by (3.2.47) and the claim follows.

i7) The proof is similar to the one of Theorem 3.18 4i), then we skip it. g

Remark 3.24 The proof states that in order to have survival we can take M(Ny) =
Nao+1. If Ny =0, by taking M(Na) = Na+ 1 =1, if N sufficiently large the survival
is possible. Notice that if No = 0 and M (N4) = 1, only a migration of one individual is
possible and the process reduces to a Model I type process with M(l) = 1 for each | € X.
This proves Theorem 3.14 when M(l) =1 for each l € X. One can work in a similar way
to prove that Theorem 3.14 holds for a general non increasing function M(-).

3.2.4 Model IV: ecological equilibrium

Finally in Model IV we do not impose a maximal size on each site, but after a population
size N the death rate is always larger than the birth rate. Migrations are allowed only when
there are more than NN individuals on a site towards sites with less than NN individuals.
Given 4,  and A positive real numbers such that § > 1, the generator of the process is
given by (3.2.1) and the transition rates are

B(l) =l

D(l) :l(5]1{l§N} + 511{1>N})
J(l,m, k) :)‘M(m)]l{IZN,kzl}

where M : X — R is a non increasing function such that M(l) = 0 for each | > N. See
Section 1.1.5 for a biological interpretation of the process.

As explained is Section 1.1.5 the process takes place on a set Q5 C € since the state space
is non compact, see Definition (1.1) Section 1.1.1.

One can check that sufficient conditions for the existence of the process on £ (see [13,
Theorem 13.1]) are satisfied.

Since births, deaths and migrations involve only one particle and the migration rate is
increasing in 7;(z) and decreasing in 7;(y) the process is attractive as in Model I.

As in previous models a monotonicity property (see Proposition 3.1) holds in § and in 5
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for each initial configuration ¢ € €.

We prove that in some cases the process survives but it does not explode, that is it
does not die out but the expected value on each site is finite.

Theorem 3.25 Suppose |no| > 1 and there exists n < oo such that no(z) < n for each
z € 7%

i) For all X\ > 0, 1 < N < oo there exists 6;(A\,N) > 0 and K < oo such that if
§ < 6L(\,N) the process has a positive probability of survival for each § > 1 and
limy—.o0 E(n¢(2)) < K for all x € Z°.

ii) There exists 52 > 0 such that if 6 > 62 the process dies out for all A\, N, 5>1 and
any initial configuration.

iii) For all A >0, 1< N < oo, § there exists 5.(\, N,8) > 0 such that, if § < 5.(\, N,0)
the process survives and if § > 6.(\, N, d) the process dies out.

Proof . i) Let & = &(&', ') be a process defined by (3.2.1) with rates given by (3.2.2),
that is a Model I type process. Let n; = n:(0,, ) be a Model IV type process. If § = ¢’
and A = X the process (1:):>0 is stochastically larger than (&)¢>¢ and the claim follows
by Theorem 3.18.

Now we prove that the expected value is finite.

Let (n/¥);>0 be a process with N immortal particles with transition rates

ny (x)
ny (x)

—nl(z) +1 at rate 7 (z)

—pN(z) -1 at rate 5771{V(55)Il{n§(m)>N}-

Given an initial configuration ) € Q such that N < nl¥(z) < n for each z € Z%, each
process (7)Y (x))¢>0 is a birth and death process independent of the configurations on the
other sites with state space X" = {z € N: 2z > N}. Moreover (n});>0 is stochastically
larger than (7:)¢>o0.

If we prove that lim;_., E(n}¥(z)) < co we are done. N

Let (& )t>0 be a birth and death process on N with birth rate NV + &, death rate 6(N +

&) e, 0y and & = 1)’ (z) — N. Then n¥(z) L & + N for each z € Z¢ and

DB () < Bl& + N) —3B((E + N)1go0) < N — (3 DEE)

and by Gronwall’s Lemma,

E(¢) < E(&) + N/(6 - 1).

Therefore if £y < n there exists M = M (n, N,d) such that E(§;) < M for each ¢ > 0 and

lim E(&) < M.
t—oo

By taking K = M + N we get limy ..o E(n}¥) < M + N = K and the claim follows for

(m¢)e=0-
i1) We can take ¢ > 1 and prove the result as in Model I, Proposition 3.18, ).

i1i) It follows from step ), 7i) and the monotonicity with respect to 4. O
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Remark 3.26 In a similar way we can consider a Model III type process without any
a priori bounds by adding a death rate 5 > 1 when the number of individuals in a local
population is larger than N. By comparison arguments, even if a strong Allee effect is
present a mass migration of large flocks of individuals leads to the survival of the species
through non-exploding local populations.
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Chapter 1

Introduction

1.1 Introduction et résultats principaux (francais)

Plusieurs structures réelles peuvent étre modélisées par des graphes avec des connexions
aléatoires entre les sites: la connectivité d’internet, le graphe des collaborations des ac-
teurs, des réseaux neuronaux et sociaux. Dans plusieurs réseaux réels il y a beaucoup de
connexions entre les individus dans la méme région; de plus, il y a aussi des connexions
entre des sites éloignés, qui causent une diminution de la distance moyenne entre les indi-
vidus.

On peut construire un graphe aléatoire a partir d’un graphe déterministe soit en rajoutant
des connexions aléatoires, comme dans notre modele, soit en enlevant des connexions au
hasard, comme dans le modele de percolation.

Les graphes small world sont des graphes aléatoires tels que chaque site peut avoir soit
des connexions avec des sites dans son voisinage (aléatoires ou déterministes), appelées
connexions short-range soit des connexions avec des éléments choisis au hasard dans le
graphe, appelées connexions long-range.

En suivant cette idée, avec plusieurs constructions différentes, on peut obtenir un graphe
aléatoire ou la distance moyenne entre les sites est petite.

Bollobas et Chung [9] ont noté qu’en rajoutant une connexion aléatoire dans un cycle, on
peut réduire le diametre, qui est la distance moyenne entre les sites. Watts et Strogatz
[51] ont introduit un modele pour des applications biologiques (WS small world). Ils ont
pris un anneau avec n sommets et ils ont connecté chaque paire de sommets de distance
mutuelle plus petite que m avec une connexion short range: les connexions long range ont
été construites a partir d’'une connexion short range en remplacant avec probabilité p un
site de la connexion avec un autre site choisi au hasard uniformément dans le graphe.
Un modele plus étudié est le graphe introduit par Newmann et Watts [37] (NW small
world): ils ont pris les méme connexions short range que pour le WS small world, mais ils
ont rajouté une densité p de connexions long range aléatoires entre les sites.

La distance moyenne entre les sites et le coefficient de regroupement du graphe small world
ont été déja bien examinés ([1], [4], [51]). Voir [24] pour une introduction historique aux
graphes small world et les résultats principaux.

Récemment des auteurs ont travaillé sur des processus sur les graphes small world.
Durrett et Jung [25] ont étudié le processus de contact. Ils ont considéré une version du
small world donnée & partir du tore d-dimensionnel A%(L) = Z¢ mod 2L avec des con-
nexions short range entre chaque paire de sommets de distance plus petite que m. Ils
ont choisi une partition de 2L sommets en L paires avec probabilité uniforme: pour cette
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raison il faut avoir un nombre pair de sommets. En connectant chaque paire de la partition
nous obtenons un graphe small world possible.

Nous allons travailler sur le méme graphe aléatoire, que nous appelons BC' small world,
puisque c’est une généralisation du modele de Bollobas et Chung (voir la Section 2.1 pour
plus de détails sur la construction). Puisque tous les individus ont le méme nombre de con-
nexions short et long range, le modéle est moins réaliste que le modele de Watts et Strogatz,
mais cette propriété rend le graphe homogene et donc plus facile a étudier. L’avantage
principal d’une telle construction est que nous pouvons associer au graphe aléatoire un
graphe non-aléatoire invariant par translation, appelé big world (BW) (voir [25] ou le big
world a été introduit). Voir la Section 2.2.1 pour plus de détails sur ce graphe et sur sa
relation avec le small world.

Nous sommes intéressés par les marches aléatoires coalescentes sur les graphes small
world. Grosso modo, les marches aléatoires coalescentes sur un graphe G sont des proces-
sus de Markov dans lesquelles n particules exécutent des marches aléatoires indépendantes
soumises a la regle: si une particule saute sur un site déja occupé, les deux particules
s’unissent et ils deviennent une seule particule. Si G est fini et connecté, apres un temps
fini 7 appelé temps de coalescence le processus qui a initialement une particule sur chaque
site se réduit a seulement une particule.

La premiere variable aléatoire que nous devons étudier pour comprendre le comportement
des marches aléatoires coalescentes est le temps de rencontre de deux particules.

Le temps de rencontre de marches aléatoires a été étudié sur plusieurs graphes finis et
infinis. En ce qui concerne la marche aléatoire simple symétrique en temps continu (X3 ):>0
sur le tore d-dimensionnel A%(L) qui part de z € A4(L), Cox [16, Théoréme 4] si d > 2 a
prouvé le résultat suivant sur le temps dont une seule particule a besoin pour retourner a
I’origine

Théoréme 1.1 [16, Théorém 4]
Supposons d > 2, a;, — oo et ar, = o(L) pour L — oo. Si d =2 on suppose en plus que
arIog L)L — oco. Alors uniformément ent >0 et 2, € AY(L) avec |zr| > ar,

PP (W /s > t) — exp(—t/G) (1.1)
2/m d=2,

a=] & [ L?logL d=2,
1 Do p™0,0) d=3. 5L =
n=0

Le d> 3.

On peut obtenir le méme résultat pour la marche aléatoire de distribution initiale uniforme
(cela a été prouvé dans [26, Théoreme 6.1] en temps discret) comme corollaire.

Durrett (voir [17, Théoreme 2]) a démontré un résultat dans le cas 2-dimensionnel sous
des conditions plus générales sur le point de départ et sur la matrice de transition pour
la marche aléatoire en temps discret. A savoir, la matrice de transition est p(z,y) =
(1 =)y +vqly — ), (z,y) € A2(L) x A*(L), 0 < v < 1 o ¢(z) est une distribution
de probabilité sur Z? avec domaine fini, symétrique, irréducible telle que ¢((0,0)) = 0 et
a(2) = a(~2).
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Théoréme 1.2 [17, Théoréme 2/
Supposons que d = 2 et xy satisfait limy o (logt |z1])/log L = & € [0,1]. Alors, pour
tout t > 0, pour L — oo, uniformément en v € (0,1],
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prr <T08§L > t) — dexp(—mvo’t) (1.2)

0'[)4 0'2 = Z(Zl,ZQ)EZQ Z%q(z)

Le cas d = 1 est 1égerement différent; le résultat suivant a été démontré par Flatto, Odlyzko
et Wales [26, Théoréem 6.1] pour le temps de retour Wy, de la marche aléatoire en temps
discret de distribution initiale uniforme 7 sur A(L),

Théoréme 1.3 [26, Théorém 6.1]
Soit d = 1. Pour tout t > 0,

< exp ( — 27%(n +1/2)%t
IPW(I/VL/I? > t) - (2/7T2) Z < (’I’L + 1/2)2 )

n=0

(1.3)

Nous pouvons obtenir les Théoremes 1.2 et 1.3 en temps continu en travaillant comme
dans la preuve du Lemma 2.38 (voir la Section 2.4.1).

Notons que, par I'invariance par translation de la marche aléatoire considérée sur le tore,
on peut montrer que le temps de rencontre 77, de deux marches aléatoires indépendantes
X; et Yy sur le tore, telles que Xy = x et Yy = y, coincide avec la loi (par rapport & une
marche qui part de  — y) de 2W. Donc les Théoreémes 1.1, 1.2 et 1.3 donnent aussi les
comportements asymptotiques du temps de rencontre de deux particules.

Notons que le BC' small world est un tore d-dimensionnel avec des raccourcis: donc
nous nous attendons a ce que 1’ “effet small world” apparaisse comme un temps de rencon-
tre plus petit que sur le tore.

Pour expliquer l'idée plus clairement, soit S” une des réalisations possibles du graphe
small world S et soit S* (ﬁ) 'ensemble de toutes les réalisations possibles de ST. Nous
introduisons une matrice de transition Pgr qui dépend de ST On note ]P’gf la loi des
deux marches aléatoires indépendantes X; et Y; gouvernées par Pgr sur S* de proba-
bilités initiales p et v sur A%(L) (voir la Section 2.1). Puisque les marches sont définies
sur un graphe aléatoire, tout d’abord nous devons fixer une réalisation possible du graphe
et ensuite regarder le processus sur cette réalisation. Nous pouvons chercher des résultats
sur chaque graphe S dans un ensemble de grande probabilité (point de vue “quenched”):
notons qu’il n’est pas possible d’obtenir des résultats pour tout S) ou des résultats en
moyenne sur toutes les réalisations S du graphe (point de vue “annealed”). Nous étudions
les marches aléatoires en temps soit discret soit continu. Dans la Section 2.1 nous donnons
les définitions formelles.

Durrett [24, Chapitre 6] a étudié les marches aléatoires coalescentes sur une version 1-
dimensionnelle du BC' small world. Il a prouvé, pour une grande classe de graphes
aléatoires avec N sommets, que pour chaque suite {S"}y dans un ensemble de grande
probabilité le temps de rencontre T de deux particules de distribution initiale uniforme
converge vers la loi exponentielle, a savoir il existe C' > 0 (qui dépend de la structure
locale du graphe) tel que

N—oco _¢

PQ}’J(CLN >t) V=00 ot (1.4)
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En particulier (1.4) est vérifiée pour le BC small world 1-dimensionnel avec N = 2L.
Nous utilisons la technique de la transformée de Laplace (comme dans [16]) pour prouver
des résultats plus précis sous des conditions initiales plus générales sur le temps de rencon-
tre T7,. De tels résultats seront utiles pour avoir une meilleure comparaison avec le temps
de rencontre de deux particules sur le tore et pour obtenir des résultats sur les marches
aléatoires coalescentes.

Un instrument fondamental consiste a construire une application aléatoire du graphe big
world sur le graphe aléatoire small world. Comme nous 'expliquons dans la Section 2.2.1,
A travers cette application nous pouvons associer & chaque site 2 € A%(L) un site partic-
ulier +(x) dans le big world. De plus nous associons achaque marche aléatoire sur le small
world, une marche aléatoire sur le big world et nous notons sa loi Ppyy.

Le résultat suivant est valable en temps soit discret soit continu et concerne le temps de
rencontre de deux particules qui partent de 0 et x7,. Nous donnons la loi limite de T}, /(2L)%
pour L qui tend vers l'infini pour un point de départ 27, € A%(L) tel que |zz| tend vers
I'infini et pour x;, = x qui ne dépend pas de L.

Théoréme 1.4 1. (Limite annealed, v — x). Soit x;, € A(L) pour tous L tels que
xy, = x pour tout L suffisamment grand. Alors si x # 0, uniformément en t > 0

eno (1L Logo (4 G(+(z),0) o [t
P (g > 0) = (- T ) oo (aow) 09
Si x = 0 alors uniformément ent >0
0,0 17, Lo 1 oxp [ — t
* (g7 > 1) = cager (-zom) 0

2. (Limite annealed, v — o). Si ay, — 00, alors uniformément ent > 0 et xy, tels
que |zr| > ar,

PO <(2§L)d > t> — exp (-%) . (1.7)

3. (Limite quenched, x, — x). Soit x1, € A(L) pour tous L tels quet x;, = x # 0 pour
tout L suffisamment grand. Soit t > 0: pour tout € > 0

P (S e StQ): |pi’ <(2TTL)d > t)

> 5) =20, (1.8)

Stz =0 alors

P(SestQ): P& >t) - - > 0.
< RSN <<2L)d 7)™\ e/ ") T
(1.9)
4. (Limite quenched, x, — o0). On choisit ar > (loglog L)?. Soit t > 0: pour tout
e>0
~ TL t L—oo
P(SeSHHN): sup ]P’xL’O< >t>—exp (— >‘>5 — 0
( {zr:ds(0,xr)>ar} o (2L)d G(an)

(1.10)
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st la marche aléatoire sur le small world

S PL (X2 = 0)
n=0

se déplace en temps discret,

st la marche aléatoire sur le small world

I 4
5 O P (X0 =0)
n=0

L se déplace en temps continu,
ot avec 0 on denote +(0) et dg(0,z) est la longueur de la trajectoire la plus petite qui joint
x a 0 sur le graphe small world S.

On peut utiliser des techniques similaires pour obtenir des résultats sur le temps de retour
a origine d’une seule particule (voir la Section 2.4.1, Théoremes 2.37 et 2.37). Comme
corollaire nous obtenons la loi du temps de rencontre de deux marches aléatoires et la
loi du temps de retour a l'origine d’'une seule marche de distribution initiale uniforme
(voir la Section 2.4.1, Corollaire 2.39). Notons que si nous travaillons avec une chaine de
Markov réversible sur un graphe invariant par translation nous pouvons facilement obtenir
des résultats sur le temps de rencontre de deux marches aléatoires a partir du temps de
retour d’une seule marche, mais ce n’est pas le cas. La clé dans les preuves est que 'on
peut construire une application aléatoire entre le big world et le small world qui est une
bijection sur la structure locale du graphe small world.

Le Théoreme 1.4 établit que pour avoir la convergence du temps de rencontre renor-

malisé sur le small world, nous devons renormaliser par un facteur (2L)¢. En comparant
avec les résultats sur le tore, si d < 2 l'effet small world est évident (la convergence a un
taux plus rapide); si d > 3 leffet small world n’est pas si évident, puisque la convergence
a le méme taux et nous devons avoir plus d’informations sur la constante. L’effet de rac-
courcis est plus grand si la dimension est petite et moins évident si d est grand.
Soit G4 (0,0) P'espérance du nombre de retours a l'origine d’une marche aléatoire simple
symétrique en temps discret sur Z¢ qui part de 0 € Z?. Le tableau suivant donne une
comparaison entre la marche aléatoire simple symétrique en temps continu sur le tore et
celle sur le BC small world:

Facteur de renormalization R Constante C
Point de départ d R(Tore) | R(SW) C(Tore) | C(SW)
Distribution uniforme 1 L? L 1/2 Gpw(0,0)
(log™ |zr|)/log L — & ou
lzz| > ap, ap YL o0 | 2 L?logL | L? 72 /6 Gpw(0,0)
lzr| > ar, ap, — 00 > 3 Ld L4 G4(0,0) | Gpw(0,0)
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Notons que si d = 1 alors Wr,/(C(Tore)R(Tore)) et Wr,/C(SW)R(SW)) convergent

vers des lois différentes (voir les Théorémes 1.3 et 1.2): une comparaison est possible
puisque les facteurs de renormalization sont différents.
Si d > 3 la lois limite et les facteurs de renormalisation sont identiques, donc nous devons
comparer les constantes G74(0,0) et Gpw (0,0). L’ordre relatif dépend de la probabilité
0§ de la marche aléatoire de prendre une connexion long range. Nous avons le résultat
suivant pour 3 petit ou grand.

Proposition 1.5 Supposons d > 3.
i) 1l existe 31 > 0 tel que G54(0,0) < Gpw (0,0) pour tout 5 € [B1,1].
i1) 1l existe 2 > 0 tel que G74(0,0) > Gpw(0,0) pour tout B € (0, F2].

En d’autres termes si § est petit nous avons toujours 'effet small world. Si § est grand

le temps de rencontre sur le small world est plus grand que sur le tore. De plus, la

preuve de la Proposition 1.5 (voir la Section 2.4.2) établit que G (0,0) A0 G74(0,0) et

Gpw(0,0) 7= 5. Donc la fonction Gpw (0,0) n’est pas une fonction monotone en f3.

Dans [24, Chapitre 6], 'auteur esquisse une preuve que le nombre de particules d’un

processus de n marches aléatoires coalescentes (c’est-a-dire avec n particules au temps
0) renormalisées qui partent de la distribution stationnaire sur le BC small world 1-
dimensionnel avec connexions entre plus proches voisins converge vers un processus co-
alescent de Kingman (voir la Section 3). Briévement, le coalescent de Kingman est un
processus de Markov qui a initialement N individus sans structure spatiale: pour chaque
couple il y a une horloge exponentielle avec taux 1 et si celle-ci sonne les deux particules
s’unissent et elles deviennent une.
Nous utilisons le Théoreme 1.4 pour obtenir de nouvelles informations sur le nombre
de particules (|&:(A)|)t>0 des marches aléatoires coalescentes (& (A)):>o qui partent de
A={xy,...,x,}, z; € A%L) pour 1 < i < n en temps continu, généralisant le résultat
précédent aux graphes small world d-dimensionnels avec probabilités de transition et dis-
tance initiale entre les particules plus générales. Le résultat est

Théoréme 1.6 (Théoréme 3.6 Section 3)

Soit hy, > (loglog L)? tel que limy oo M" /(2L)% = 0, alors pour tout A = {x1,...,z,} C
AY(L) tel que |z; — x| > hy, pour i # j il existe une suite d’ensembles {Hp}y, de graphes
small world telle que P(Hp) b2y e pour toutes les suites {St}y, S¥ € Hyp, uni-
formément ent > 0

‘ng (|53Lt(,4)| < k:) ~p, (Dt < k)( L=po g, (1.11)

ot s;, = (20)Gpw(0,0)/2, M est une constante qui dépend du nombre de connexions
short range par site et Dy est le nombre de particules du processus coalescent de Kingman
a linstant t > 0.

Nous avons travaillé sur des graphes avec une seule connexion long range par site. On peut
montrer de fagon similaire les mémes résultats pour des graphes aléatoires avec un nombre
K > 1 (qui ne dépend pas de L) connexions long range. On conjecture que la limite
exponentielle aura un parametre différent qui serait le temps de retour sur un graphe big
world avec une structure différente.

Le Théoreme 1.6 concerne le temps de coalescence de n (qui ne dépend pas de L)
particules. Un développement ultérieur consiste a travailler avec un processus de marches
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aléatoires coalescentes sur small world qui part avec une particule par site. La loi du temps
de coalescence pour un tel processus donne des informations sur le temps de consensus du
modele du votant, qui est la variable aléatoire qui mesure le temps dont le modele du
votant sur small world a besoin pour atteindre une configuration de tous 1’s ou tous 0’s.
Voir [33] pour plus de détails sur le modele du votant et la relation de dualité entre le
modele du votant et les marches aléatoire coalescentes.

La deuxieme partie est organisée comme suit: dans la Section 2.1 nous donnons les
définitions nécessaires dans la suite et nous construisons le graphe aléatoire. Dans la
Section 2.2 nous expliquons les techniques utilisées. Pour obtenir des résultats sur le
temps de rencontre de deux particules, nous utilisons la technique de la transformée de
Laplace et nous traitons la loi de la marche aléatoire de fagon différente pour les temps
petits et pour les temps grands. Pour les temps petits, la structure du graphe aléatoire
resemble au big world. Dans la Section 2.2.1 nous présentons 'application du big world
sur le small world: la Proposition 2.10 établit qu’ils ne different pas dans une boule de
rayon loglog L si L est sufisamment grand. Pour les temps grands la loi de la marche
aléatoire est proche de la distribution stationnaire. Dans la Section 2.2.3 nous rappelons
des estimations bien connues qui donnent des informations sur la vitesse de convergence a
I’équilibre d’une marche aléatoire, concernant la constante isopérimetrique.

Une estimation utile de la constante isopérimetrique pour un ensemble de graphes small
world avec grande probabilité est donné par le Théoreme 2.13, Section 2.2.2.

Dans la Section 2.3 nous utilisons la comparaison avec le big world pour les temps petits et
la convergence vers ’équilibre pour les temps grands pour démontrer les lemmes principaux
concernant la transfomée de Laplace du temps de rencontre de deux particules. Nous
donnons les résultats en temps continu et en temps discret dans des paragraphes différents
de cette section.

Le résultat principal sur le temps de rencontre de deux particules est prouvé dans la Section
2.4.1. Ici nous donnons aussi un résultat similaire sur le temps de retour d’une seule marche
aléatoire et un corollaire concernant des marches aléatoires qui partent de la distribution
uniforme. Dans la Section 2.4.2 nous prouvons la Proposition 1.5 qui nous permet de
comparer nos résultats avec ceux sur le temps de rencontre sur le tore d-dimensionnel avec
d > 3. Dans la Section 3 nous introduisons le processus des marches aléatoires coalescentes
et nous prouvons le théoreme de convergence vers le coalescent de Kingman.
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1.1 Introduction and main results

Many real world structures can be modelized by graphs with random connections between
sites: the connectivity of Internet, the collaboration graph of film actors, some neural and
social networks. In many real networks there are many connections between individuals
in the same area; moreover, there are also some connections between distant sites, which
leads to a small mean distance between individuals.

One can construct a random graph starting from a deterministic graph either by adding
random connections, as in our model, or by removing some connections randomly, as in
percolation.

Small world graphs are random graphs such that each site can have both connections with
another site in the neighbourhood (random or deterministic), called short range connec-
tions, and connections with some elements chosen at random from the graph, called long
range connection.

By following this idea, with several different constructions, we can get a random graph
with small mean distance between sites.

Bollobas and Chung [9] first noted that by adding a random matching in a cycle, one can
reduce the diameter, defined as the average distance between sites. Watts and Strogatz
[51] introduce a model with biological applications (WS small world). They start from a
ring of n vertices and connect each pair of vertices with distance less than m with a short
range connection: the long range connections are constructed by taking the short range
connections and by moving with probability p one of the end sites at random to a new one
chosen uniformly from the graph.

A more studied model is the graph introduced by Newmann and Watts [37] (NW small
world): they take the same deterministic short range connection of the WS small world,
but they add a density p of long range connections between random sites.

Average distance between sites and clustering coefficient of small world graphs have been
well investigated ([1],[4], [51]). See [24] for a historical introduction of small world graphs
and main results.

Recently some authors have been focusing on processes taking place on small world
graphs.
Durrett and Jung [25] have studied the contact process. Their version of the small world
is given by the d-dimensional torus A%(L) = Z¢ mod 2L with short range connections
between each pair of vertices with distance less than m. They take with uniform prob-
ability a partition of the 2L vertices in L pairs: for this reason the number of vertices
is required to be even. Connecting each pair of the partition we get a possible small
world. We are going to work on the same random graph, which we call BC' small world,
since it is a generalization of Bollobas and Chung model (see Section 2.1 for more details
about the construction). Since all individuals have the same number of short and long
range connections, the model is less realistic than the Watts and Strogatz version, but this
property makes the graph homogeneous and then easier to study. The main advantage of
such a costruction is that we can associate to the random graph a non-random translation
invariant graph, called big world (BW)(see [25] where the big world was first introduced).
See Section 2.2.1 for more details on this deterministic graph and on its relationship with
the small world.

We are interested in the coalescing random walk on the small world. Roughly speak-
ing, the coalescing random walk on a graph G is a Markov process in which n particles
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perform independent random walks subject to the rule that when one particle jumps onto
an already occupied site, the two particles coalesce to one. If G is finite and connected,
after a finite time 7 called coalescing time the process starting from one particle on each
site coalesces to only one particle.

The first random variable we need to investigate in order to understand the behaviour of
the coalescing random walk is the meeting time of two particles.

Meeting time of random walks has been studied on several finite and infinite graphs.
For the simple symmetric continuous time random walk (X;);>( on the d-dimensional torus
A?(L) starting from 2 € A%(L), Cox [16, Theorem 4] for d > 2 proved the following result
on the time a single particle needs to hit the origin Wi, = inf{s > 0: X; = 0}.

Theorem 1.1 [16, Theorem 4]
Ifd > 2, a, — o0 and ar, = o(L) as L — oo. For d = 2 suppose in addition that
arvIog L)L — oo. Then uniformly int > 0 and xy, € AY(L) with |x1| > ar,

P*L (W /s, > t) — exp(—t/Q) (1.1)
where
2/m d=2,
G o/o _ L?logL d=2,
) 0,0 dxs LIV dxs
n=0

One can also get the same result for the random walk starting from the stationary distri-
bution (this was proved in [26, Theorem 6.1] in discrete time) as a corollary.

Durrett (see [17, Theorem 2]) proved a result in the 2 dimensional case under more gen-
eral conditions on the starting point and on the transition matrix for a discrete time
random walk. Namely, the transition matrix is p(z,y) = (1 — v)l—yy + vq(y — 2),
(z,y) € A%(L) x A%(L), where ¢(z) is a symmetric finite range irreducibile probability
distribution on Z? such that ¢((0,0)) = 0 and ¢(z) = q(—2).

Theorem 1.2 [17, Theorem 2]
Suppose that d = 2 and xy, satisfies limp,_,oo(log™ |z1])/log L = 6 € [0,1]. Then, for any
t >0, as L — oo uniformly for v € (0,1],

T WL 2
P L<TogL > t) — Jexp(—mvo“t) (1.2)

where o2 = 2(21722)622 22q(2).

The case d = 1 is slightly different; the following result has been proved by Flatto, Odlyzko
and Wales [26, Theorem 6.1] for the hitting time Wy, of the discrete time random walk
starting from the uniform distribution 7 on A'(L),

Theorem 1.3 [26, Theorem 6.1]
Let d=1. For each t > 0,

o exp ( —27%(n +1/2)%t
PT(WL/L? > t) — (2/7°) < SV )
n=0
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We can get Theorems 1.2 and 1.3 in continuous time working as in proof of Lemma 2.38
(see Section 2.4.1).

Note that, by the translation invariance of the considered random walks on the torus, it
is easy to show that the meeting time 77, of two independent random walks X; and Y; on
the torus, with respect to Xg = x and Yy = y, coincides with the law (with respect to a
starting site  —y) of 2Wp,. Therefore Theorems 1.1, 1.2 and 1.3 give also the asymptotic
behaviors of the meeting time of two particles.

Notice that the BC small world is a d-dimensional torus with shortcuts: therefore we
expect that the small world effect appears as a smaller meeting time with respect to the
one on the torus.

To explain the idea more clearly, let S” be one of the possible realizations of the small
world graph S” and let S* (ﬁ) be the set of all possible realizations of S*. We introduce a
transition matrix Pgz depending on S”. We denote by IP”;,L" the law of the two independent
random walks X; and Y; ruled by Pgr on S” starting from the probability distributions s
and v on A%(L) (see Section 2.1). Since the walkers are on a random graph, first of all we
have to fix a possible graph and then move the process on it. We can look for results for
each graph S in a set of large probability (“quenched” point of view: note that it is not
possible to obtain results for all S) or average results on all realizations S of the graph
(“annealed” point of view). We study random walks both in discrete and continuous time.
In Section 2.1 we give the formal definitions.
Durrett [24, Chapter 6] studied the coalescing random walk on a one dimensional version
of BC small world. He proved, for a large class of random graphs with N vertices, that
for each sequence of {SV}xy in a set of large probability the rescaled meeting time T
of two particles starting from the stationary distribution converges to the exponential
distribution, namely there exists C' > 0 (depending on the local structure of the graph)
such that

ng’;(CLN > t) N=go ot (1.4)
In particular (1.4) holds for the 1 dimensional BC' small world with N = 2L.
We use the Laplace transform technique (as in [16]) in order to prove more accurate re-
sults under more general initial conditions on the meeting time T7. Such results will be
useful both for a better comparison with the meeting time of two particles on torus and
for getting results on coalescing random walk.
A fundamental tool consists in constructing a random map from the deterministic big
world graph onto the small world random graph. As we explain in Section 2.2.1, through
this map we can associate to each site z € A%(L) a particular site +(z) in the big world.
Moreover we associate to the random walk on the small world, a random walk on the big
world, and we denote its law by Pgyy.
The following result holds both in discrete and continuous time and involves the meeting
time of two particles starting from 0 and 7. We give the limit law of 7y /(2L)¢ as L
goes to infinity both for starting points x;, € A4(L) such that |z | goes to infinity and for
xy, = x which does not depend on L.

Theorem 1.4 1. (Annealed limit, x;, — x). Let x1, € A(L) for all L such that xj = x
for all L sufficiently large. Then if x # 0, uniformly int >0

et <<2jg>d g t) = (1 - %) X (‘ a0 o>> - 9
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If x = 0 then uniformly int > 0

TL L—oo 1 t
Po0 t — . 1.6
(e >t) = cwo = (~enm) .
2. (Annealed limit, x;, — o0). If af, — oo, then uniformly in t > 0 and x5, such that
lzr| > ar,
Ty, t
prL0 >t —-— ). 1.7
<<2L)d )Hexp< G<0,0>> 17

3. (Quenched limit, v, — x). Let x1, € A(L) for all L such that x;, = x # 0 for all L
sufficiently large. Let t > 0: for all € > 0

P<Se$%§):ﬂ?°@§5d>t>
(- Zn) e (e )| 7 9) o a9
Ifz =0 then
P <SGSL(§) ;PP ((272)d > t> — G(;,O) exp <_G(£,O)>‘ >e> Lzpep,

4. (Quenched limit, x;, — o0). Choose oy, > (loglog L)2. Let t > 0: for all ¢ > 0

~ TL t L—oo
P(SeSHN): sup IF’“’O< >t>—exp <— >‘>5 — 0
( {zr:ds(0,zr)>ar} o (2L)d G(Oa 0)
(1.10)
where
( OO
ZPEW (X2, =0) if the random walk on the small world
n=0
mowves in discrete time,
G(+(x),0) =

I o= (e
3 Z IP’EE/V) (X, =0) if the random walk on the small world
n=0

moves in continuous time,

by 0 we denote +(0) and dg(0,x) is the length of the shortest path connecting x to 0 in
the small world S.

Using similar techniques we get results about the return time of a single particle to the
origin (see Section 2.4.1, Theorems 2.37 and 2.37). As a corollary we get the law of the
meeting time of two random walks and the law of the hitting time to the origin of a single
walker starting from the uniform distribution (see Section 2.4.1, Corollary 2.39).

Note that if we work with a reversible Markov chain on a translation invariant graph
we can easily get results on meeting time of two random walks from the results on the
hitting time of a single random walk, but this is not the case. The key in the proofs is
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that in most sites the local structure can be mapped through a bijection into the big world.

Theorem 1.4 states that in order to have convergence of the rescaled meeting time in

the small world, we need to rescale with (2L)?¢. Comparing with the results on the torus,
if d < 2 the small world effect is clear (convergence has a faster rate); if d > 3 the small
world effect is not so evident, since the convergence has the same rate and we need to know
more about the rescaling constant. As we can expect, the effect of shortcuts is larger for
lower dimension and less evident when d is large.
Let G74(0,0) be the expected number of returns to the origin of a discrete time simple
symmetric random walk on Z¢ starting from 0 € Z¢. The following table gives a comparison
between the continuous time simple symmetric random walk on the torus and the one on
the BC small world:

Rescaling Factor R Constant C
Starting points d R(Torus) | R(SW) C(Torus) | C(SW)
Uniform distribution 1 L? L 1/2 Gpw(0,0)
(log™ |zp|)/log L — & or
] > ar, apSEL o0 | 2 L’logL | L? w2 /6 Gpw(0,0)
lzr| > ar, ap — oo >3 L L G74(0,0) | Gew(0,0)

Comparison Table

Note that if d = 1 then W, /(C(Torus)R(Torus)) and Wi, /C(SW)R(SW)) converge

to different laws (see Theorems 1.3 and 1.2): a comparison is possible since the rescaling
factors are different.
If d > 3 the limit laws and the rescaling factors are identical in both cases, thus we need
to compare the constants G4(0,0) and Gpw (0,0). The relative order depends on the
probability 8 to move across a long range connection. We have the following result for
either small or large.

Proposition 1.5 Suppose d > 3.
i) There exists 31 > 0 such that G74(0,0) < Gpw(0,0) for each 8 € [51,1].
i1) There exists B2 > 0 such that G4(0,0) > Gpw(0,0) for each B € (0, B2].

In other words if 3 is small we still have the small world effect. If 3 is large the meeting
time on the small world is larger than on the torus. Moreover the proof of Proposition 1.5

(see Section 2.4.2) states that Gpw (0,0) =P G4(0,0) and Gpw(0,0) 72 5. Therefore
the function G g (0,0) is not monotone in (.

In [24, Chapter 6], the author sketches a proof that the number of particles of a nor-
malized n-coalescing random walk (that is with n particles at time 0) starting from the
stationary distribution on one dimensional BC nearest neighbors small world converges to
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the Kingman’s coalescent (see Section 3). Briefly, the Kingman’s coalescent is a Markov
process starting from N individuals without spatial structure: each couple has an expo-
nential clock with mean 1 after which the two particles coalesce.

We use Theorem 1.4 to get new information about the number of particles (|§:(A)])t>0
of the coalescing random walk (£,(A));>o starting from A = {x1,...,7,}, »; € AY(L)
for 1 < ¢ < n in continuous time, extending the previous result to d-dimensional BC
small world with general transition probabilities and more general initial distance between
particles. The result is

Theorem 1.6 (Theorem 3.6 Section 3)
Let hy, > (loglog L)? such that limy o, M" /(2L)? = 0, then for each A = {x1,...,2,} C
AY(L) with |z; — xj| > hy, for i # j there exists a sequence of sets {Hp}1, of small world

graphs such that P(Hp) L=eoq and for each sequence {S*}p, S* € Hy, uniformly int >0
‘PgL (ygsLt(A)y < k) _ P, (Dt < k)( L=po g, (1.11)

where s, = (20)Gpw (0,0)/2, M is a constant depending on the number of short range

connections per site and Dy is the number of particles in a Kingman’s coalescent at time
t>0.

We work on graphs with a single long range connection per site. One can show the
same results for random graphs with fixed K > 1 (not depending on L) random long range
connections in the same way. The exponential limit will have a different parameter which
we guess would be the return time on a different big world structure.

Theorem 1.6 involves the coalescing time of n (which does not depend on L) particles.
A further development consists in working with a coalescing random walk on small world
which starts with one particle per site. The law of the coalescing time for such a process
gives some information on the voter model consensus time, that is the random variable
which measures the time that the voter model on small world needs to reach a configu-
ration of all 1’s or all 0’s. See [33] for more details on the voter model and the duality
between the voter model and the coalescing random walk.

We proceed as follows: in Section 2.1 we give the definitions needed in the sequel and
we construct the random graph. In Section 2.2 we explain the techniques used. In order
to get results on the meeting time of two particles, we largely use the Laplace transform
technique and we treat the law of the walkers in different ways for small or large time.
For small time, the random graph structure is similar to the big world. In Section 2.2.1
we introduce the map from the big world graph onto the small world: Proposition 2.10
states that they do not differ when L is large in a ball with radius loglog L. When time is
large the law of the random walk is close to the stationary distribution. In Section 2.2.3
we remind some well known estimations for the speed of convergence to equilibrium of a
random walk, involving the isoperimetric constant. A useful estimation of the isoperimetric
constant for a set with large probability of small world graph is given by Theorem 2.13,
Section 2.2.2.

In Section 2.3 we use the comparison with the big world for small time and the convergence
to equilibrium for large time to prove the main lemmas involving the Laplace transform
of the meeting time of two particles. We give results in continuous time and in discrete
time in different paragraphs of this section.

The main result on the meeting time of two particles is proved in Section 2.4.1. Here
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we also give a similar result for the hitting time of a single random walk and a corollary
involving random walks starting from the uniform distribution. In Section 2.4.2 we prove
Proposition 1.5 which allows us to compare our results with the ones on the meeting time
on the d-dimensional torus with d > 3. In Section 3 we introduce the coalescing random
walk and we prove the convergence theorem to Kingman’s coalescent.



Chapter 2

Meeting time of random walks

2.1 BC Small world

The vertices of the random graph are the ones of the d-dimensional torus, which we denote
by
A(L) = A(L,d) = (Z mod 2L)¢,

when there is no ambiguity, we will omit the dependence on d.

The set of edges £¥ of the graph is partly deterministic (short range connections) and
partly random (long range connections). Note that we consider nonoriented edges, that
is, if (z,y) € £ then also (y,x) € £ (thus we identify edges with subsets of order two).

We will consider two kinds of short range connections, one between neighbours (i.e. ver-
tices x, y such that ||z —y|[; = 1), and the other between vertices z,y such that ||z —yl/c <
m: the corresponding neighbourhoods are

N(@) ={y e ML) : |z =yl = 1}, z € A(L),
N (@) ={y € ML) : [lx = ylloo <m}, x € A(L).

For all z,y € A(L) we denote by d(x,y) the graph distance between x and y. Let Q be the
set of all partitions of the set of A(L) into (2L)¢/2 subsets of cardinality two. Let P be
the uniform probability on P(ﬁ): the random choice of & € represents the choice of the
set of long range connections (some of which may coincide with short range ones). Note
that both Q and P depend on L.

Definition 2.1 Let Gy, be the family of all graphs with set of vertices A(L). The small
world 8% is a random variable S¥(@) : Q@ — G, such that S*(@) = (A(L),EX(@)), where

Er@)=ou{{z,y}:x € A(L),y € N(x)}.
The set of edges of the small world SL(Q)m is defined as
En@) =0U{{z,y}x e ML),y € N (2)}.
We denote by S*(Q) = {SF(@) : ©@ € Q} and by SL(Q) = {Sk(@) : © € Q}.
For any fized @, given two short range meighbours x and y, we write x ~ y; if they are

long range neighbours we write x ~ y (it may happen that x ~y and x —~ y at the same
time).

153
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Note that P clearly defines a probability measure on Gr: with a slight abuse of notation
we denote this measure with P as well. Given w, we will also call “small world” the graph
ST(@). For the sake of simplicity we will focus here on the case S¥, but our proofs can be
adapted to S%. Moreover, when there is no ambiguity, we will write S and S,, instead of
St and Sk.

Remark 2.2 We note that the small world could be defined imposing that we consider
as probability space © C (), the family of partitions where no_couple is a short range
connection (thus the random graph has fized degree), instead of Q.

Given a small world, we consider a random walk on it. We assume that the discrete
time random walk is assigned through a family of adapted (i.e. transition from z to y
may occur only if they are connected by an edge), symmetric transition matrices {Ps =
(ps(z, y))x,yEA(L)}SeSL(ﬁy with the property that ps(0,y) = ps(x,x + y) whenever y and
x+y are short range neighbours of 0 and z respectively (which implies that the probability
from a site towards its long range neighbour is fixed as well), with the assumption that
the transition probabilities towards a short range neighbour which is also a long range
neighbour is the sum of the two corresponding probabilities.

The transition matrix Pg we will consider is given by

1—-2dp—p3 ifx=y,

P ifx~y, andz Ay

ps(z,y) =4 B ifx ~y, and z £y (2.1.1)
p+ 0 ifz~y, and x ~y
0 otherwise,

where p € (0,1/2d) and 3 € (0,1 — 2dp] (on S,,, substitute |N5°(0)| for 2d). Nevertheless
our results hold also for transition matrices with a different distribution among short range
neighbours (we only need symmetry and translation invariance).

Definition 2.3 Given a probability measure p on A(L), a small world S = S(w) and a
transition matriz Pg, we denote by ]P’g the law of the discrete time random walk on S with
initial probability p and transitions ruled by Ps. If j = 65, we write Pg’.

Definition 2.4 Given a probability measure g on A(L), and a family of transition matri-
ces {PS}SESL(QV we denote by P* the product of P and P, that is

PH(A,C(zo, ... xn)) = Y P(S)pu(zo)ps(zo, x1) - ps(Tn-1, Tn),
SeA
where A C Gy, and C(xg, ..., x,) is the cylinder with base (xq,...,xy).

We construct the continuous time version X; of the random walk X; by continuization.

In other words we define )N(t :i Xy, where N; has Poisson distribution with mean ¢
independent of X;

Definition 2.5 Given a probability measure p on A(L) and a discrete time random walk
X with law P’é on S the law of the continuous time random walk Xy on S is given by

. etk

P (X = y) (2.1.2)
k=0
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We define a family of translations on Q.

Definition 2.6 Let h € A(L). The map Ty : Q@ — Q is such that
{Ul,UQ}GTh((T)) <:>3{81,82} cw,v;=8+h,i=1,2.

The sum is in (Z¢ mod 2L)*. With a slight abuse of notation we denote by Ty(S) the
random graph Tp,(S)(w) := S(Ty(@)).

From now on the family of transition matrices {Ps}g_ st 1S considered fixed. It is
not difficult to prove the following proposition: the first four assertions follow from the
symmetry of Pg; the last two from the fact that it depends only on the “type of relation”
between the two sites (short range and/or long range neighbours). The continuous time
claims follow from the discrete ones and Definition 2.5.

Proposition 2.7 Let X; and Y; be two discrete time random walks on S and let w be the
uniform probability on A(L). Then the following hold:

1. P*(X, =y) =PY(X; = x);
2. PPY(Xy =Y, =P ( Xy = v);
8. m is the stationary probability measure;

4 PTT(Xy =Yy) = gy

5 PY(X; =x)=P)X; =y —x);
6. PPY(X; = Y;) = POV—2(X, = Y;).

The same statements hold for two continuous time walks )NQ and f/t

2.2 Techniques

2.2.1 The mapping into the big world

The small worlds S* and S,% (which are random graphs) can be mapped into a non-random
graph, the big worlds B" and B respectively, as in [25]. We recall here its construction.
The sites are all vectors £(z1,...,2,), with n > 1 components, z; € Z¢ and zj # 0 for
j < n. The edges in B are drawn between +(z1,...,2,) and +(z1,..., 2, +y) if and only
if y € N(0); for BL we consider y € NS°(0) (these edges correspond to the short range
connections). The same is done for vectors with a minus sign.

Moreover +(z1,..., z,) has a long range neighbour, namely

+(21,...,2n,0) if z, #0,
+(2z1,. -y 2n-1) if 2z, =0,
—(0) if z, =0,n = 1.

Analogously one defines the long range neighbour of —(z1,..., z,). Note that the big world
is a vertex transitive graph (i.e. the automorphism group acts transitively). We denote
by |z| the graph distance on the big world from z to 4+(0) and we also write 0 instead of
+(0). To each small world we associate a map onto it, from the big world.
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Definition 2.8 Given a small world S and x € A(L), let LRs(x) be the long range
neighbour of x. The map ¢ : ) — A(L)BL is recursively defined as follows:

H@)(+(2)) > mod (2D),
P(w)(—(2)) = LR5)(0) +2 mod (2L),
(@) (E£(z1,...y20)) = LRs (p(@)(£(215---y2n-1)) + 2n mod (2L).

Note that the transition matrix P = (p(,y)), yepe, defined by

1—-2dp—( ifx=y,

P if x and y are short range neighbours

p(z,y) =1 B if z and y are long range neighbours
p+ 0 if z and y are short and long range neighbours
0 otherwise,

naturally induces the transition matrix in (2.1.1) on the small world S. Analogously one
can proceed on B if the neighbouhood relation used in Z? is the one given by N°°.
The random walk (B%, P) is symmetric and translation invariant; moreover the discrete
version is aperiodic if 8 € (0,1 — 2dp), with period 2 if 3 = 1 — 2dp and it is not difficult
to prove that for all z € BY and n € N,
P%w(XZn = O) < P%w(XZn = 0);
Pl (Xont1 = 0) < Py (Xan = 0),
Indeed using Cauchy-Schwarz’s inequality, the symmetry and the translational invariance
of the walk,

IP’BW X2n—0 ZP ) %W(Xn:o)
\/Z X =w) \/Z ))2

= \/P%W(X% = x)\/PBW(XQH = 0) = Phyy (Xon = 0).

(2.2.1)

On the other hand

Phw (Xans1 = 0) = > Py (Xan = w)Phy (X1 = 0)

w

< Py (Xon = 0) ZP%W(XI = w) = Py (X2n = 0).
w
Using (2.1.2) we get for each ¢ > 0 on the continuous time version

ED%W()?ZIT =0) < ﬁ%w()z% =0). (2.2.2)

We denote by Gw (x,0) := > 7 i PEy (X, = 0) the expected number of visits to 0 of
the discrete time random walk on the big world (starting from z and associated to {Ps}s);
by GE (2,0) := >  Phy (X2n = 0) the expected number of visits to 0 made in an even
number of steps. We can prove, starting from (2.1.2), that

GBw(x,O) :/ ~%W(Xt = O)dt
0

1 0o __
5Gow (2,0) = / P2, (Xor = 0)dt.
0
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Clearly G%/' (¢,0) < Gpw(x,0) and they coincide if the random walk has period 2
(in which case they are nonzero only if |z| is even). Note that in all the cases considered
here, for all z, Gpw(x,0) is finite since the random walk on the big world is transient.
Indeed if m =1 and d = 1 the big world is the homogeneous tree T3 and any translation
invariant random walk on it is transient (the big world is a free product - Zgy x Zg * Zy -
and the random walk is adapted, see for instance [52]).
If m = 1 and d > 2 then the big world is the Cayley graph of Z?xZ, and again the random
walk is transient. If m > 2 the big world is the Cayley graph of 74 « Zso, where Z4 has the
m-neighbourhood relation, and one has the same result (this can be proven via the flow
criterion, see [52]).
Moreover, by (2.2.1), GEi* (x,0) < G%7(0,0).

We are interested in the event where locally the small world does not differ from the
big world.

Definition 2.9 If z € A(L) and t > 0, we denote by I(x,t) the event in

I(x,t) := {gb\Baw(r,t) is injective},
where Bpw (z,t) is the ball of radius t centered at x in the big world.

Clearly P(I(z,t)) does not depend on .

Proposition 2.10

C M3loglogL I

CM™ =" Looo
Ld

where C' and M are positive constants depending on the neighbourhood structure we con-

sider.

P(I(x,loglog L)) > 1 — 1,

Proof Denote by K; the number of long range connections in Bpw (0,t), and by J; the
total number of sites in Bpy (0,t). Clearly K; < J; and [{x € A(L) : d(0,2) < t}| < J;.
Since each site has M neighbours (M = (2m + 1)? in BL and M = 2d + 1 in BL),
then J; < CM?!. Enumerate the long range connections in Bpw(0,t) from 1 to K; and
construct the mapping ¢. Note that 1(0,¢) contains the set A of @ such that the long
range connections in the image of By (0,t) in the small world S are all sites at distance
at least 2t on A(L). Thus P(1(0,¢)) > P(A) and

(2L)% = Jay (2L)* = 2J;  (2L)" — (K; — 1) Jo

P(A) > L AL . oDy
fat i Ty ! i Ty
-1l <1‘ <2f>d> - (2 o8 (1 ) <2f>d>> |

Pick € > 0 and note that log(1 —z) > —(1 +¢)z if x € (0,Z.). Choosing t = loglog L we
get

CM3loglogL oo
) ok
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By ds(z,y) we denote the (random) graph distance between z and y. Depending on
w, x and y, it may happen that ds(z,y) = d(z,y) or ds(x,y) < d(z,y). The following
proposition provides probability estimates of these events.

Proposition 2.11 a. If d(0,z) < loglog L, then

CM3loglogL
b. If d(0,x) > loglog L, then
CM3loglogL
P(ds(0,2) > loglog L) > 1 — —————. (2.2.4)

Proof

a. It suffices to note that the event (ds(0,x) = d(0,x)) contains the event A of the previous
proposition.

b. We note that the event (ds(0,z) > loglog L) contains C, which is the event that all
the 2Kjog10g . long range connections in B (0,loglog L/2) and Bpw (x,loglog L/2)
are mapped by ¢ into vertices of A(L) at distance at least loglog L from each other and
from the balls of radius loglog L centered at 0 and at = in A(L). As in the previous
proposition, we write ¢ = loglog L and estimate

(20)* — 2., (2L)% —3J,  (2L)* — (2K, — 1)J;
(2L)4 ery® (2L)4

P(C;) >

Proceeding as in the previous proposition, we get the thesis.

O

We will compare the random walk on the small world with the associated random walk
on the big world, whose law we denote by Pgyy.

2.2.2 Isoperimetric constant

Estimates of the distance between the random walk and the equilibrium measure involve
the isoperimetric constant. Thus we will get bounds for the edge isoperimetric constant

C
(= min M, (2.2.5)

Visn/2 |V
where n is the total number of vertices in the graph and e(V, VC) is the total number of
edges between V' and Ve,

The following result is essentially Theorem 6.3.2 of [24]: there it was stated that there
is a lower bound for ¢ on the complement of a set whose probability is o(1). We slightly
modify the proof in order to get a “bad set” of probability which is o(n™!) for I positive
integer.

Proposition 2.12 Consider a random reqular graph of n vertices and degree r. Then for
all I € N there exists oy > 0 independent of n and r (one may choose oy = 1/101) such
that P(1 < ay) = o(n™") (P being the probability associated to the choice of the graph,).
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Proof Let P(u,s) be the probability that there exists a subset of vertices U such that
[U| = u and e(U,U®) = s. Note that

Pt <o) < Z P(u, s) < Coyn® / sup / P(u,s).
1/ap<u<n/2

usn/2 1<s<aqu

s<aqu

By equations (6.3.2), (6.3.3), (6.3.4) and (6.3.5) in [24] we have the upper bound

9 s u (rn—ru—s)/2
Plu,s) < Cy/met (e ru> (E)y (1 B Tu+s> 7
s

n ™

Wherewz%(l—i) —%. Let

U

2ru\® s u\ru ru+s (rn—ru—s)/2
s =e — 11— )
Gs(w) = ¢ < s ) <n> < n >

it suffices to prove that there exists oy > 0 such that for all 1 < s < qqu

sup  Gs(u) = o(n=72/?).
1/aqg<u<n/2

First we write G4(u) as a function of & = s/ru (note that 2/rn < a < «a;/r):

l—a_ 1

Gs(u) =" <£>(m <E)W(T_F) (1 - %(1 + a)) (1)

« n

In [24] it is shown that G is convex, so it is enough to estimate it in n/2 and 1/qy. It is
easy to show that for some C € (0, 1)

Gs(n/2) <C™,

while

Gs(1/ay) < on!mar /27,
Choosing a; < 1/(7 + 21) (for instance oy = 1/101) we get the thesis. O

Now we use this result to prove the analog for the BC small world. The ideas are taken
from Theorem 6.3.4 of [24].

Proposition 2.13 Consider the small world S* and its (random,) edge isoperimetric con-
stant v. Then for all 1 € N if a; = 1/101 then P(1 < ay) = o(L™%).

Proof First, we partition the set A(L) in n = |(2L)%/3] subsets of cardinality three (let
{1j}j—1 be their collection) plus eventually one subset of cardinality one or two. We
associate to S the random regular graph of degree three and n vertices: join j with k
whenever there exist € I; and y € I}, such that x is the long range neighbour of y.

Given A C A(L) define J4 as the family of indices j such that I; N A # (). Note that
A CUjes, 1> |Jal = [A]/3 and that if there is an edge between J4 and JEl in the random
regular graph then there is a long range connection between A and AL,

Suppose that |J4| < n/2, then by Proposition 2.12, outside a set of probability o(n~!) =
o(L~%) we have

e(A, AL
A

In the case that |J4| > n/2 we exchange J4 with Jg and we are done. O

e(Ja, J3) . 3aulJa|
Al [Jal

>
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2.2.3 Convergence to equilibrium

Note by symmetry that the reversible distribution of the walk on S is the uniform prob-
ability.

We recall that given a discrete time random walk on a finite set, with transition matrix
P and reversible measure the uniform measure m, a result of Sinclair and Jerrum [46] gives
an estimate of the speed of convergence to equilibrium. Indeed in this case P has all real
eigenvalues, namely 1 = X\g > Ay > -+ > A\,_1. Let A =max{|\;| :i=1,...,n—1}. It is
well known that A < 1. Let Ng = {n € Z : n > 0}; then for all ¢ € Ny

max P (a,y) —m(y)| <A < exp(—t(1—N)),

where p(®) (z,y) is a t-step probability of the walk.
We are interested in estimates for A. If A = A; then the following (which is known as
Cheeger’s inequality (see [24, Theorem 6.2.1]), is useful

1 2
s < min p(x,y)) <1-—X <2 (2.2.6)
2 \zyp(zy)>0

A sufficient condition for A = Ay is that all the eigenvalues are positive, which for instance
holds when we consider a lazy random walk, that is one which stays put with probability
1/2.

It is thus clear that for any small world S such that ¢(S) > «, a random walk X; on S
with symmetric transition matrix Pg such that A = Ay,

max [P(X; = y) - (y)| < exp(~ca’t), (2.2.7)
:B7y

where ¢ depends only on ming y.,.(z.)>0Ps(®,y). Moreover by Proposition 2.12 with
/
o=/l

max [P*(X; = y) — 7(y)] < Y P(S) max [P§(X; = y) — 7(y)|
1’7y S 1’7y

< exp(—c(dJ1)*OP (e > /1) + 2P (L < ¢ /1)

< exp(—c(c/1)?t) 4+ o(L™"). (2.2.8)
It is easy starting from (2.1.2) to prove that (2.2.7) and (2.2.8) still hold in continuous
time with a different constant in the exponential. Namely, one has to replace cozl2 with
1 — exp(—ca?).

2

max|P5(X; = y) = n(y)| < exp (= (1—e)p) (2.29)
max P*(X, = y) — W(y)‘ <exp(—(1- 6_6“2)15) +o(L™%). (2.2.10)

We are able to prove that (2.2.7) and (2.2.8) hold for any random walk (not just for the
lazy one). The following proposition is the analog of the result of Sinclair and Jerrum for
a general discrete time random walk.

Proposition 2.14 Let X = {X;}ien, be the random walk on the small world S*, defined
by the family of transition matrices {PS}SGSL(Q)' There exists ¢ > 0 such that for alll € N

and hy = c/1?

max (P*(X; =y) — < exp(—thy) + o(L~%). (2.2.11)

T,y (2L)d
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Moreover, for any fived small world S such that 1(S) > «, there exists ¢ > 0 such that

L1 < exp(—(1 — e, (2.2.12)

Z — —
max |P5(Xe =) — 5

Proof We couple X with a random walk Y = {Y;};>¢ with transition matrix @ such
that ¢(z,z) = (1 + p(z,2))/2, q(z,y) = p(z,y)/2: let {B;};>1 be a Bernoulli process of
parameter 1/2, independent of X. We move Y along with X when the corresponding
Bernoulli equals 1, otherwise we stay put. Formally, Yy = X, ¥; = X7, where T; =
2;:1 Bj. Note that the uniform measure is the reversible probability for @ as well.

Let Z; be the total number of Os in the Bernoulli process, before the t-th success: then

oo
Xe=y) = JVur=v,Z = k),

k=0
and the union is disjoint. Thus
[e.e]
t+k—1\__
(X =) =Z (Yerk =) < i >2 rHk
k=

— t+k—1\, _
> PS)D PE(Yirr =) ( L >2 (5,
S k=0

Now we use the estimate for the random walk Y.

. t+k—1\__
IP*(X; =) \<ZP ZyPS Y;Jrk—y)—w(y)]( L )z (t+k)
k=0
> t+k—1
< —dl 2 —(t+k)
<o(L™%) + Z Zexp c(t+ k) l)< p )2
S:u(S)>o =0

< o(L™%) + exp(—calt).

Clearly the proof may be repeated for any small world S with ¢(S) > «, to obtain (2.2.12).
O

2.3 Laplace transform estimates

Let Tr, = inf{s > 0 : X5 = Y} be the first time, after time 0, that two independent
random walks X; and Y; on the random graph S meet. Clearly the law of 77, (with respect
to either Pg or IP) depends on the starting sites of the walkers. Without loss of generality,
we assume that Yy = 0 and Xy = = (if we need to stress the dependence on L, we write
X() = xL).

We consider the following (annealed) Laplace transforms in discrete time, defined for
A> 0

9] o

=> e MPX =Y;) =) e MPT(Xy = 0),
t=0 t=0
9] 9]

Fr, (CE, )\) = Z e_)‘t]P’x’O(TL = t) = Z G_Atpx’O(TL = t),

t=0 t=1
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Let TVL = inf{s > 0 : )Z's = ?3} be the continuous time version of 17, we introduce the
following (annealed) Laplace transforms in continuous time,

Gz, ) = / e MBTO(X, = Vi)t = / e MP(Xyy = 0)d,
0 0

Fr(z,\) = / e NPT (TY, € dt),
0

where P*0 denotes the product law of the two walkers.
We define two other (quenched) transforms, both in discrete and continuous time: given
S € SH(Q)

[e o]

Gi(z,\) =Y e MPY(X, =Yy,  Gi(a,)) = / e MPYY(X, = Yy)dt,
t=0 0

FP(x,)) = Z ef)‘tIP’g’O(TL =1), FP(x,)) = / ef)‘tﬁg’o(ﬁ; € dt).
t=0 0

With a slight abuse of notation we omit the superscript ~ on the continuous time random
walk when not necessary and we use X¢, Y3, T, P, G7 (2, A) and F7(z, ) both in discrete
and continuos time version of the process.

We are interested in the asymptotic behaviour, as L — oo, of T1,/(2L)% in discrete and
continuous time, thus we study the the Laplace transforms

vz 7 (v aw) - () 7% (o)

2.3.1 Estimates for G: discrete time

We first note that the evaluation of the limit of the annealed transforms can be done
considering only small worlds with large isoperimetric constants. Given « > 0, we define

Q% = (S € S¥(Q) : () > ) (2.3.1)

Let £ := {K C R:inf K > 0}.

L—oo

Lemma 2.15 There exists o > 0 such that P(Q¢) "— 1. Moreover if

e e}

_ At
gr= ) P(S)) e CLTPE(Xy =0),
SeQs t=0
N
fri= )0 P(S)Y e CoTBE(Ty = 1),
SeQs t=0

then gr, L2200 and fr Lzpe (for each K € K, uniformly for A € K ).
Proof We choose a = 1/20: by Proposition 2.13 we have P(1 < as) = o(L~2¢). Moreover

(2?0{ (1+0(1)) "= 0.

. at
0< fr<gr <P(QF)) e 07 =P(Qf)
t=0
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The limit of the sum defining G, from |[loglog L| to infinity does not depend on the
sequence of small worlds, provided that they are chosen with large isoperimetric constant.
From now on, if not otherwise stated, we write t;, = |loglog L] and Qr = (S € S* :
t(S) > 1/20).

Lemma 2.16 If for all L we choose S € Qr, and xy, € A(L), then for all A > 0

©© At
lim e CLIPE(Xy =0) = —
L—oo Z S ( 2 )
t=tr,
Moreover, the convergence is uniform with respect to the choice of the sequences S € Q,

xr, € A(L) (and of \).

Proof Note that

_ At
Z e (2L)d ]PygL (XZt — 0)

t=tr,

(2.3.2)
1
- S G S (0 - ).
t=tr, t=tr, (2L)
The limit of the first term is uniform in A:
1 en _1
ngréo G (I+0(1)) = S (2.3.3)

We now consider the second term of (2.3.2). Since S is chosen in Qr, by (2.2.12) there
exists a constant ¢ > 0 such that

— - T o 1 - —5a —ca?t
e D IPE(Xq =0) — W < Z e Lo
t=tr, t=tr,

e_(A/(QL)d-I—con)tL
<
= /e Tread)”

which tends to 0 as L goes to infinity (uniformly with respect to all the choices of the
statement). O

Recall that, given a vertex x € A(L), there is a unique vertex +(x) in the big world. If L
is sufficiently large, for a wide choice of S (i.e. S in a set with P- probability which tends to
1 as L increases to infinity), we have that G7 (zr, A/(2L)?) is close to § + GRS (+(x 1), 0).

Theorem 2.17 Let

i(A) = |Gz, A/ (2L)7) — X — G (+(z1),0)|-

For all e > 0 there exists L such that forall \, 1, and L > L we have that QrNI(0,2tr) C
(S: hf()\) <e).
If ds(0,21) > 2ty then Qr C (S : hf()\) <e).

Proof 1f S € 1(0,2t1) or dg(0,z1) > 2t7, (in this second case both terms are zero) we have
tr, tr,

ot _ At
Z e (L) PEL (X2t — 0) — Z e (L)@ ]P)E%/L)(XQt = 0)
t=0 =0
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Then if either S € 1(0,2¢1,) or ds(0,zr) > 2tr,

EZe<wﬂWLX%-o—~—+§:P““ (Xo = 0)
t=tr, t=tr,
127 At
+ 31— ENPLEE Xy = 0).
t=0

By Lemma 2.16, if S € @y, the first term is smaller than /3 if L is sufficiently large. By
the Dominated Convergence Theorem and (2.2.1), the second and the third term are both
smaller than ¢/3 if L is sufficiently large. O

Theorem 2.18 For all K € K, € > 0 there exists L such that for all L > L, zy, € A(L),
and A € K,

Gr(p, \/(2L)%) — X — G (+(2r),0)| < e.

Proof Recall that

Gr(zr, A/ (2L)") = P(S)GE (w1, A/ (20)).
S

By Theorem 2.17 there exists L such that for all L > Z,

1
> P(S)Gf(l“La)\/(QL)d)—X Gaw' (+(z1),0)| < /3.
SEQLOI(OQtL)

Thus, since P(Q}) and P(I(0,2¢1,)¢) are both small if L is large, we may choose L such
that for all A € K

1
> P(S) <X + %’Vev"(Jr(xL),O)) <e/3.
SeQTUI(0,2t1))°
Now we only need to prove that

Y P(S)GE(zL, M (2L)T) < /3.

SEQSUI(0,2tr)°

By Lemma 2.15 we know that ZSeQi P(S)GS (21, \/(2L)Y) < ¢/6 for all L > L and
A > 0. Finally, by Proposition 2.10 and Lemma 2.16, for some C' > 0 and L sufficiently
large

S PS)G (e, MDY

SeQNI(0,2ty)e

Lo S VI
= > P D e @IPE(Xy =0)+ Y e CLTPYE(Xy = 0)

SeQLNI(0,2tr)e t=0 t=tp

g(m+§+0)mﬂa%mﬂgda
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2.3.2 Estimates for G: continuous time

We prove the same result in continuous time

Lemma 2.19 Let

o0 At
gL = > P(9) / e CLIPL(Xo = 0)dt,
5eQs 0

~ oo At
fr="> P(S) /0 e eriPY(Ty € dt),

SeqQs
then gr, L2220 and fL Lz (for each K € K, uniformly for A € K ).
Proof By Proposition 2.13 we have P(: < a) = o(L~2%). Moreover

~ 0 A 2Ld e
o< fsm<P@) [ ¢ era=ren Pt =
0

Lemma 2.20 If for all L we choose S € Qr, and xy, € A(L), then for all A > 0

- X eriper 1
lim e CLIPLH( Xy = 0)dt = T

L—oo tL

Moreover, the convergence is uniform with respect to the choice of the sequences S € Qp,

xr, € A(L) (and of \).

Proof We repeat the proof of Lemma 2.16, by taking integrals instead of sums and by
using estimation (2.2.7) in continuous time. O

Theorem 2.21 Let

RSN = |GE (a2, ML) — 5 = 3G (+(21),0)|.

For all e > 0 there exists L such that forall \, z;, and L > L we have that QLOI(O,t%) -
(S: hf()\) <e).
If ds(0,21) > t2 then QL C (S : hZ(\) <e¢).

Proof Notice that

1 1 [ i@ ® e
5 Gw (+(x1),0) = 2 / PEEE) (X, = 0)dv = / PETE) Xy = 0)dt (2.3.4)
0 0

Let Z(t) be the Poisson random variable which counts the number of rings of exponential
clocks before t. By Markov’s inequality

P(Z(t) > k) < = (2.3.5)
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If dg(0,21) > t2 or S € I(0,t2) we have

tL At tL At H(z) 9 2
/O e BT (Xy = 0)dt — /0 ¢ ET P (thzo)dt‘ <oMmPZ(D) > 1) <
(2.3.6)

since if dg(0,z1) > t2 (if S € I(0,t2)) the probabilities on S and on the big world differ
only if the clock rings at least 2 times in a time ¢,
Then if either S € I(0,t2) or ds(0,z1) > t2
tr At
e (2L)d
J

+ cw]P’“”’(X =0)dt " 1 — e Et )Pt (x,, —
BW ot = 0)dt + (1—e )Pry (Xor = 0)dt.
0

tr

S VA 1
/ ¢ LT P (Xy = 0)dt — X‘ +
tr,

B (M) < (PE (Xar = 0)dt — P (Xoy = 0)) dt

By Lemma 2.20, if S € @y, the first term is smaller than /4 if L is sufficiently large. By
(2.3.6) the second term is smaller than £/4. By the Dominated Convergence Theorem and
(2.2.1), the second and the third term are both smaller than /4 if L is sufficiently large.
O

Theorem 2.22 For all K € K, € > 0 there exists L such that for all L > L, x1, € A(L),
and A € K,

G (0, A/ (2L)Y) — % _ %GBWH(xL),O) <e

Proof We repeat the proof of Theorem 2.18 by using Theorem 2.21. O

2.3.3 From G to F: discrete time
We note that if 21, # 0 then G (z1,A/(2L)%) may be written as

X O s 0
SN e TPy (X =2) Y e CIPE(T, =5, X, = 2), (2.3.7)
z q=0 5=0

while GE (0, (2%)(1) is equal to

X g s
14D ) e COTPE(Xyy = 2) 3 e COTP(TL = 5, X, = 2).
z t=0 t=0

Define Hy, Hy and Hs (which depend on S, zz, and L) by

22 Y] 22 __As
Hy:=Y Y e CoiPy(Xy, =2) Y e ColPE(T, =5 X, = z)

z q=0 s=0
22 g 0 __As 0
. d — d DTL, — —
Hy:=Y > e CIPY(Xpg=2) Y e CIPFT, =5 X, =2)
z q=0 s=tr,+1

i _ g o° __As
Hj = Z Z e CLIPY( Xy, = 2) Ze (2L)? IP’EL’O(TL =s5,Xs=2).
z q:tL+1 s=0
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By Lemma 2.15, if xp, # 0 for all L sufficiently large and if the limit exists,

. A .
ngrolo GrL <mL, W) = ngréo P(S)(H, + Hy + H3). (2.3.8)

SeQr

Clearly if z;, = 0 for all L sufficiently large we only need to add 1 to the previous limit.
We now study each of the three summands separately, in order to obtain the limit of FJ,
as a function of the limit of G,.

Lemma 2.23 If S € 1(0,2ty,) and x1, € A(L), then

tr
Ze (2L)d]P> w(Xag =0 Ze (2L)d[p>$Lv (Tr, = s). (2.3.9)
t=0

This equality also holds whenever dg(0,xy) > 2tp, in which case Hy = 0. Moreover,
uniformly with respect to the choice of the sequence {xr}, and of A,

22 _ g O s
lim > PS> e eiP(Xpy =2) Y e CLTPE(T, =5, X, = 2) = 0.

L—oo
Se(1(0,2t,))e z t=0 t=0

(2.3.10)

Proof Since in Hy, z is the site where the two random walks X; and Y; meet at a time
s €[0,tr], and since S € 1(0,2ty) or dgs(0,x1) > 2tr, then

P5(Xoq = 2) = P%W(X% =0),
which proves (2.3.9). Note that for some C' > 0

2 __Aa_ s
S PE)Y S e TPy (Xay = 2) Y e CLIPE(Ty = 5, X, = 2)

S€I(0,2ty)e z t=0 t=0
< Ctp P(I(0,2t1)°) Fr(zp, \/(20)%),

(2.3.11)

which, by Proposition 2.10 and since F7(z,A) <1 for all A and z, goes to 0, uniformly in
xzr, and A, as L goes to infinity. This proves (2.3.10). O

Lemma 2.24 For all K € IC, € > 0 there exists L such that for all L > E, xr and A\ € K,

123 __\q > __ s
DSTP(S)Hy =Y e CLTPYy (Xag=0) Y P(S) Y e CoTPE(T, =) <e.
SeQr t=0 SeQr s=tr+1

(2.3.12)
Proof Note that } g, P(S)H2 can be written as
122 __2g 0 __As
Yo D> PO e tIPi(Xyg=2) Y e CoTPE(T, =5, X, = 2)
z SeQrni(z,2tr) q=0 s=tr+1
tL . e __As
Y Y R R, - 3 R -
z SGQLOI(Z,QtL)C q=0 s=tr,+1

= Hy1+ Hop.
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We prove that H o — 0, indeed since exp(—Aq/(2L)4)P% (X2, = 2) < 1 then

|log L] e
Hy»p <1f Z Z P(9) Z e ()i IP"'EL’O(XS =Y, =2)
z SeQrnl(z,2tr)e s=tr+1
e __As
+ Y e PUTPYNX =Y =2) ¢ = Hopu + Hago.
s=|log L]+1
Note that H27271 is
llog L],
DL s A
z SGQLOI(Z,QtL)C s=tr,+1
|log L | e
<ty > P(S) D e CUTPEO(X, =)
SeQr s=tr,+1
[log L],
=ip Y P(S) D e COTPY(Xy = xp).
SEQL s=tr,+1

We write P4 (Xo, = z1) < |IP’%(X25 =) — 1/(2L)d‘ + 1/(2L)?, which by (2.2.12) is
smaller or equal to e~ +1/(2L)¢ for some ¢ > 0. It is thus only a matter of computation
to show that Ha o1 goes to zero (uniformly in z7, and \) as L goes to infinity.
Now we consider Hs 2 9, that is
s As
ty . > P Y e eTPEYX, =Y, = 2)ds.
z SeQrnI(z2tr)e s=|log L]+1

Note that by symmetry of the random walk
PE0(Xs = Vs = 2) = PE(X, = 0)PE(Y: = ).
Write 1 1
P Xs=0)=Ps(Xs=0) — —— + ——
S( s ) S( s ) (2L)d + (2L)d
and do the same for P%(Y, = xr). Using (2.2.12) and Proposition 2.10, we have that Hy 2 2
is smaller or equal to

> -2 —cs 1 ?
SN0 SR U D] (P
z SeQpniI(z,2tr)e s=|log L]+1

M* & — s 1 2e7
< Ct Ld (2L)d —2cs
s O 7d Z e <e + (212 + (2L)d>
s=|log L]+1
which goes to 0 (uniformly in 7, and A € K for each K € K) as L — oc.
We now consider Hp;. As already observed, if S € I(z,2t;) and ¢ € [0,¢1], then
P%(Xog = 2) = P4y (Xog = 0), thus

tr, g
q=0

oY P i e*JTsngvO(TL:s,XS:z).

Z SeQuNI(z2tr) s=tr+1
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We split
e As
o> P ) e e PRI, =5, X, =2)
z SeQrnl(z2tr) s=tp+1
o As
=D D P(8) Y e PPN =5 X, =2)
SeQr =z s=tr+1
s As
-3 > P(S) Y e CoTPENT, =5, X, =2).
z SeQrnl(z2tL)e s=tp+1
The first summand is
o0 As
YOPS) Y e eTPE(Ty, =),
SeEQr s=tr,+1

while the second summand converges to 0 by the same arguments we used to prove that
Hj 5 converges to 0. This completes the proof. ]

Lemma 2.25 Define

23 __Aq o° __As
a}(S) i=Hy =Y e COTPRy (Xog=0) Y e ColPE(T), =s). (2.3.13)
q=0 s=tr+1

Then aL > 0 and aL — 0 in probability (for each K € K, uniformly in Tr and \ € K),
that is for oll K € K, € > 0 and § > 0 there exists L such that for all L > L and zp,

P(A5(K)):=P(S:a}(S) <e, YA€ K)>1-4.

Proof We first note that for all z and S, P%(Xoq = 2) > P%;, (X2, = 0), hence aL(S) 0.
Suppose by contradiction that there exist &, ¢ > 0 and § > 0 such that P(A7 (K)) <1-4
infinitely often. Then infinitely often

ZP ) > de.

By Lemmas 2.24 and 2.15, there exists L such that > s P(S)a} (S) < ée for each L > L,
xr, A € K, whence the contradiction. O

Lemma 2.26 For all K € K and & > 0 there exists L such that for all L > E, S eqQr,
xr and A € K,

s — ~FS(an, M (21)Y)| < e

X (2.3.14)

Proof By (2.2.12) we have that for some ¢ > 0,

e 1,

P%(XQQ =2z)—

1
e~
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thus
1 ~ G .- ~ G peL0
H=Y Y (Pstte=2)- amy )¢ e BRI = 5. X, = 2)
zZ q= tL+1 s=0
+ Z FL(CUL’)‘/@L) )-
g=tr+1

Then the modulus of the first member of (2.3.14) does not exceed

> P VI il 0
Z DL Z e CLIPN(TL =s) < Cexp(—ctr).
s=0

q=tr+1

The claim follows since for L sufficiently large

Z et _ L <€/2.

q tp+1

Theorem 2.27 Let

A > G (+(x2),0) + 1 — Loy (+(zL)) .

b (9) := FS< ,
£(5) ‘ L\ 20y Ger(0,0) + 4

Then b% — 0 in probability, for each K € K uniformly in x;, € A(L) and X\ € K, namely
foralle >0, (S:b}(S) <e, VA€ K)DQrLNI0,2t)N (A€/2( K)) for all L sufficiently
large.

Moreover for all ¢ > 0, (S :b2(S) <¢e) D QLN (S :ds(0,21) > 2tr) N AaL/z(K) for all L
sufficiently large.

Proof Consider
S d even 1 S d
G5 (@, M (2L)Y) = 100y (+(21)) - ( 2(0,0) + ;) Ff (e, M(20)).

Writing G (zz, A/ (2L)%) = 1(oy(+ (1)) +H1 + Ha+ Hs, using Lemmas 2.23, 2.25 and 2.26
it is not difficult to prove that the previous difference is smaller than € when L is sufficiently
large and S € QN 1(0,2t;) N A*(K) or S € QN (S : dg(0,21) > 2t,) N AY*(K). By
Theorem 2.17 we have the conclusion. U

Theorem 2.28 For each € > 0, K € K there exists L such that for each L > E, AeK
and for each sequence {xp}r such that xj € A(L)

b G (0,0) 1 & <
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Proof To keep notation simple we deal only with the case +(z1) # 0 (the case +(zr) =0
is completely analogous). Let

= {8 <e}, (2.3.15)

(b} was defined in Theorem 2.27). By Theorem 2.27 there exists L such that for all L > L
we have P(QQL) > 1 —e. Then since both Fy(xy,\/(2L)?) and GEB;VEV:USCE%L)J;“ are in
0,1], forall L> L

s A _G%}ﬁfbm‘( )0)+>\
ZS:P(S) ki (””L’ (2L)d> G (0,0) + 5

<2P((Q}))°) + ¢ < 3e.

0

Remark 2.29 Clearly zf W (ZZ)US,?EE%)_J}{O}H(“)) has a limit f(\) then we have that
A

Fr, (ac L (2%)» has limit f(\). Regarding F LS we can have existence of the limit provided
that the sequence of small worlds S is chosen wisely. Indeed let K, = [1/n,+00). For all
n we know that there exists L, such that P(S : b2 (S) < 1/n,VA € K,,) for all L > Ly,.
Thus if for all L € [Ly, L, + 1) we choose S € (S : b)(S) < 1/n,¥\ € K,,) we get
that also F? <:cL, ﬁ) has limit f(X) for all X > 0 (uniformly with respect to xp if

G (+(20),0)+ 5 —1i0y (+(zL))
G (0,0)+ 1

converges uniformly with respect to xr,).

2.3.4 From G to F: continuous time

Suppose xy, # 0. As in discrete time G7 (21, \/(2L)?) may be written as
o0 X\g R Xs
Z/ e CLIPY( Xy, = z)dq/ e (QL)dIP’mL’ (Tp, € ds, X5 = 2). (2.3.16)
0 0

If Gf <0, ﬁ) is equal to

0 X X As gy
1+ Z/ e CLIPE(Xyy = z)dq/ e CLIPI(Ty € ds, X, = z).
0 0

We define the continuous versions of Hy, Ho and Hj3 (which depend on S, z7, and L) by

Agq As

tr, tp
Hy = Z/ ¢ ELTPY(Xy, = z)dq/ e eI PIN(Ty € ds, X, = 2)
0

tr, g O Xs 0
Hy = Z/ e CLIPE(Xgy = z)dq/t e CLIPNTY € ds, Xy = 2)
L
O Xs
Hj := Z/ e (QL)dIP’Z (Xoq = z)dq/ e (QL)dIP’mL’ (Ty, € ds, X5 = 2).
0
By Lemma 2.19, for all L sufficiently large and if the limit exists,

Lh—r»%oGL <:Ebﬁ> = lim Z P(S)(Hy, + Hy + Hs). (2.3.17)

L—oo

SeQL

Clearly if z;, = 0 for all L sufficiently large we only need to add 1 to the previous limit.
We now study each of the three summands separately as in discrete time case.
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Lemma 2.30 If S € 1(0,t2) and z, € A(L), for each ¢ > 0 there exists L such that for
each L > L then

tr, Aq

_ tr,  xs
0 0

(2.3.18)

This inequality also holds whenever dg(0,xy) > t%. Moreover, uniformly with respect to
the choice of the sequence {xr}r and of A,

t _ xg 00 s 0
lim Z/ e CLIPY(Xy, = z)dq/ e CLIPEY(Ty € ds, Xy = z) = 0.
L~>oo 0
Se(I(o, t2)
(2.3.19)

Proof Since in Hy, z is the site where the two random walks X; and Y; meet at a time
s €[0,t1], and since S € I(0,t2) or dg(0,z1) > t2, then

P%(Xoq = 2) — Pl (Xog = 0)] <P(Z(t) > 17) <

b?tt:| Do

__As
which proves (2.3.18), since f(fL e (D¢ IP)EL’O(TL = s)ds < 1. Formula (2.3.19) is proved as
in discrete time case. U

Lemma 2.31 Forall K € IC, € > 0 there exists L such that forall L > E, xr and A € K,

tL, g 00 s
> P(S)H; - / e TPy (Xog = 0)dg > P(S) / e eI PIN(Ty € ds)| <.
Seqr 0 SeQr te

(2.3.20)

Proof As in discrete case } g, P(S)Hz can be written as

tL g o0 s
Z Z P(S)/ e CLIPY (X, = z)dq/ e @0 ]P’xL’ (Tr, € ds, X = 2)
0

t
Z SeQrni(z,t2) L

tL g [e%¢)
+Y. > P©) /0 e CDTP%L( Xy, = 2)dg / e <2L>d]p>% (Ty € ds, X, = 2)

2 SeQuNI(zt2)e 22
= Hy1+ Ha».

We prove that Hy o — 0, indeed since exp(—Aq/(2L))P% (X2, = 2) < 1 then

IOgL __As
Ho<tY Y P(S){ [ e, v, = s
tr

z SeQrni(zt2)e

oo __As
+/ e CLTPEY (X, =Y, = z)ds} =: Hy21 + H2p.
log L

We can repeat the discrete time proof in order to show that Hs 21 and Hs 22 go to zero
(uniformly in z7, and \) as L goes to infinity: the only differences are that we work on



2.3. LAPLACE TRANSFORM ESTIMATES 173

I(2,t%) instead of I(z,2t) and we use estimation (2.2.7) in continuous time.
We now consider Ha ;.

t, g
0

O As
>y P(S)/ e CLTPE(Ty € ds, X, = 2).

t
z SeQrnl(zt2) L

We split

O Xs
Z Z P(S)/ e (2L)dIP)xL’ (Tp, € ds, X5 = 2)

Z SeQrnI(zt2) tr
As
- Y YR(s / e TP, € ds, X, = 2)
SeQr 2
X Xs
XX P[RR m e s Ko=)
Z SeQLNI(zt2)e tr

the second summand converges to 0 by the same arguments we used to prove that Ha o
converges to 0; we replace the first one in Hs; and we get

tL g X s
| Ry = 2 3 P(s) [ ¢ TRR T € d).
0 SeqQr, tr

If S € I(z,t3) and g € [0,¢1], then |P%(Xag = 2)—P%y, (Xog = 0)] < P(Z(tr) > 3) < 2/t2,
thus

i g 0 s
(/ e CUTPE(Xyy = 2)dg ), P(S) / e GLTPGO(T) € ds)
0

SeQr b
tr _Aqg 00 s
‘/ e L PRy (Xa = 0)dg Y P(S) / e COTPG(Ty € ds)
0 S€qQr tr,
i X 0 as
S/ ¢ BLT [P ( Xy = 2)dq — Plyy (Xag = 0)|dg Y P(S) / e CLTPG(Ty € ds)
0 SeqQr tr,
2
< = F(xr, A/(20)%)
tr,
which can be taken as small as we want if L is large. O
Lemma 2.32 Let
tr _Aq 0O Xs
a}(S) := Hy —/ e CLOIPYLL(Xa, :0)dq/ e (QL)dIP’JCL’ (Ty, € ds). (2.3.21)
0 tr,

Then aL > 0 and aL — 0 in probability (for each K € K, uniformly in Tr and \ € K),
that is for oll K € K, € > 0 and § > 0 there exists L such that for all L > L and z1,

P(AS(K)) :=P(S:a)(S) <e, VA€ K)>1—6.

Proof We get the result by contradiction with Lemma 2.31 as in proof of Lemma 2.25.
O
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Lemma 2.33 For all K € K and € > 0 there exists L such that for all L > E, Seqr,
xr and X € K,

Hjz — %Ff(x,;, 2N (@2L)Y| <e. (2.3.22)

Proof Nothing change with respect to the proof of Lemma 2.26. U

Theorem 2.34 Let

_|ps A 3Gaw (+(21),0) + 5 — Loy (+(21))
b%(s) = ‘FL <$L, (2L)d> -2 %GBW(0,0) +§ .

Then bé — 0 in probability, for each K € K uniformly in xy, € A(L) and X\ € K, namely
foralle >0 (S:03(S) <e,VAe K)DQrnI(0,t2) ﬁAaL/z(K) for all L sufficiently large.
Moreover for alle > 0, (S: b} (S) <&, VA€ K) D QN (S :ds(0,x) > t2) ﬂAiﬂ(K) for
all L sufficiently large.

Proof Notice that

tL g 1 [t __w
/0 e COIPY (X, = 0)dg :5/0 e 2eLIPY (X, = 0)dv

:%GBW(0,0) + o(1)

by Dominated Convergence Theorem and we get the result on S € QL N1(0,t2) ﬂAsL/Q(K)
or S e€QrN(S:ds(0,z) > t%)ﬂAeLﬂ(K) by using Lemmas 2.30, 2.32, 2.33 and Theorem

2.21 as in discrete time case. O

Theorem 2.35 For each ¢ > 0, K € K there exists L such that for each L > Z, AeK
and for each sequence {xr}r such that xj € A(L),

i (m A )_%GBW<+<:CL),0)+%—1{0}<+<:cL))
F\"P 2y 1GBw(0,0) + N

Proof The proof is completely analogous to the one of Theorem 2.28 starting from Theorem
2.34. O

Notice that Remark 2.29 still holds in continuous time.

2.4 Hitting time of random walks

2.4.1 The limit in law of T /(2L)4

It is clear that, if GZ/ (+(x 1), 0) has a limit as L goes to infinity, then Theorems 2.27 and
2.28 provide the results for the limit of Fy (zp,A\/(2L)?) and Fy(zr,A\/(2L)%). The limit
of GEi* (+(x1),0) exists for instance in two particular cases: xy = x for all L sufficiently
large, or |zrz| — oo. In the first case clearly limy_..c GZ (+(x),0) = GZ (+(x),0).
In the second case, since G/ (4+(zr),0) = ZQn:‘xL‘p(Q")(—i—(xL),O), by the Dominated
Convergence Theorem, limz .o G%ii? (+(21),0) = 0. Similar remarks hold in continuous
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time case for Gpw (+(zL),0).
We are now ready to prove Theorem 1.4.
Proof We prove the claim in discrete time. The proof in continuous time works in a similar
way.
1. By Theorem 2.28 we know that for all A > 0
A\ oo AGEW (+(2),0) +1 = ALy (+(2))
B .
L\ (2r)d AGS%n(0,0) + 1
Since for each L, F7 is a monotone function of A and so is the right hand side of
(2.4.1), which is also continuous in A, it follows that (2.4.1) holds uniformly in A > 0.
Thus, if  # 0, T1,/(2L)¢ converges in law (with respect to P*0) to
Geven 0 Geven 0 1
CHPCHEL05, 1 (1 CHECELO) oy (o).
GEw' (0,0) G (0,0) G (0,0)

while if = 0 then it converges to

(2.4.1)

1 1 1
—— ] .
<G%f5&‘<o,o>> " o0, <G%f5&‘<0,0>>
Then (1.5) and (1.6) hold, and by monotonicity they hold uniformly in ¢ > 0.
2. It follows as in the previous step using the fact that GZ7/ (+(xr),0) — 0 uniformly
in {x} such that |x;| > ar. Indeed

?W(-F(x[/),()) = Z ]l{n2|$L\/2}POBW(X2n = +(zr)),

which goes to 0 by the Dominated Convergence Theorem since P%,-(Xo, = +(z1)) <
Py (Xo = 0) and >, PYy (Xon = 0) = G57(0,0) < oo. Thus

G (+(20),0) < Y Phy(Xan = 0).

n>ar /2

3. As said in Remark 2.29, choosing for all L € [L,,, Ly,+1) the corresponding set of
small worlds S € Hy, = (b}(S) < 1/n,V\ € [1/n,00)), we have that for all A > 0

A\ Dooo AGLER(+(2),0) + 1
S _Z BW ’ . 2.4.2
L (“’ (2L)d> TGS (0,0) +1 (2.4.2)

This, by an argument as in step 1, proves that
]P,J:L,O T, ¢ L—o0 1 G?W(—F(CE),O) 3
S (2L)d > - - Geven(o O) €xp _Geven(o 0) )
BW \*» BW \*»

uniformly in ¢ > 0. Thus if L € [L,, Ly4+1), the event in (1.8) contains Hy and
P(Hp) "= 1 implies the assertion.

4. Choosing S as in previous step, uniformly with respect to {z1} such that either
|z > ar or dg(0,xr) > ar we get

IP)”‘“L’O< >t) — e
s \(20)? - P\ T Gee(0,0) )

uniformly in ¢t > 0. This proves the claim.
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Remark 2.36 Theorem 1.4.4 holds if we fit 0 € A(L) and we consider the supremum over
all possible xy, € A(L) such that ds(xr,0) > ar. We can repeat the same proof to show that
the result still holds if we take the supremum over all possible pairs (xr,yr) € A(L) x A(L)
such that ds(xr,yr) > ar. Namely, choose oy, > t% m continuous time and oy > tr in
discrete time. Lett > 0, then for alle > 0

e (e >1) - ()| ) o
(2.4.3)

P <S e SHQ) - sup
(rr,yr)eNL)?:ds(zr,yr)>arL

We observe that the same technique we employed to determine the asymptotic be-
haviour of the first encounter time of two random walkers, one starting at x; and the
other at 0, may be used to obtain similar results for the first time that a single random
walker starting at xy, hits 0.

Theorem 2.37 Let Wi, be the first time that a random walk starting at xy hits 0, in
discrete or continuous time.

1. (Annealed limit, x;, — x). Let x;, € A(L) for all L such that x;, = = for all L
sufficiently large. Then if x # 0, uniformly int >0

WL<E2—>QIi?(1-§ﬂﬁi@ﬁ9>@m< ——i——>. (2.4.4)

(2L) Gpw (0,0) ~ Gpw(0,0)
If x = 0 then uniformly int >0
WL L—oo 1 t
PO t —_— — . 2.4.
(@87>1) = oo (“amom) 249

2. (Annealed limit, x;, — o0). If af, — oo, then uniformly int > 0 and x5, such that

lxr| > ar,
Wi, t
P —— — _ . 2.4.
<<2L>d>t> eXp( GBW<0,0>> (2:4.6)

3. (Quenched limit, x;, — x). Let xy, € A(L) for all L such that x;, = x # 0 for all L
sufficiently large. Lett > 0: for alle > 0

P (S e SHQ) : |P% <(;/VTL)d > t)
_ (L‘G2¥;ﬁf5m>€“p<‘cgwkxm>‘>€>Léwo (2.4.7)
Ifz =0 then
P <S e SH(Q) : |PY ((;/VTL)d > t> - m@cp <—m>' > 5> b=poy,

(2.4.8)

4. (Quenched limit, x;, — oo). Choose ay, > t% m continuous time and oy > tr in
discrete time. Lett > 0: for each € > 0

PE- ((;/VTL)d > t> — exp (—W)' > 5) k=20,
(2.4.9)

zp:ds(zr,0)>ar

P (S e SHQ) sup
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Proof (Discrete time) The proof is analogous to the one of Theorem 1.4 but easier, since
we consider the return time of one walk instead of the meeting time and we do not have
to use chains with return time on even steps. Notice that in this case the constant is the
expected number of visits to 0 of the discrete time random walk on the big world starting
at 0. .

(Continuous time) By coupling we can show that, given W, the first time that a continuous
time random walk hits 0, namely

—_—~ Wi,
WL =) X,
j=1

where {X;}—1,. .00 are independent identically distributed exponential random variables
with mean 1, then

Lemma 2.38 If Wy /a; % X, then W /a5 X.

Proof By Slutsky First Theorem it is enough to prove that

We=Wp ay
ar,
Notice that
W, — Wi 1 & Zng(Xj —1) WL1/2
Wi LS 1) = DO
ar, ar i W; ar,

We observe that W]i/ 2 Jar < 0. Indeed, for each x > 0

W2 114
P( aL > ) = IP’(—L > arz?)
L ar,

and for each M > 0, since aj, — oo, there exists L such that apz® > M

PYL S ar0?) < PYE S M) 2R B(X > M)
ay, Qg

which is as small as we want by taking M large.
By Slutsky Second Theorem we are left with proving that there exists the limit in law of

ij;L1(Xj - 1)
1/2
w)/

We note that, as L — o0,

P(Wy < g ]) = P(
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= Z P(# §x> P(Wr, =n) 4+ o(1)
‘

n=|
— (X —1) Wi, n
Zl LalL eJ al+e (’I’L)]P <T S X
1+e a [tar | ]
/L 1 ‘o (Z]f (X; - 1) _
|

|tay|1/2

x) dvr,(t) + o(1)

alLfej/aL

where vy, (t) is such that VE(%) = P(Z/—LL = 4-) for all n. Notice that tar > s henie
for each § > 0 there exists L such that for all ¢ € [|a} ¢|/ay, [ajt¢|/ar] and for all L > L,

SeteG -y
‘P ( TR x) o

<9

and

|tay|1/?

. ‘@(m) </0La1;ej/% dvr (1) +/L:+€J/a duL(t)> +5(

where ®(z) is the law of the standard normal distribution. Since ¢ is arbitrarly small and
by (2.4.10) we get

oo ltar | .
/0 P (zf:l &~ 1) < ;c) dvr(t) — ®(x)

Weix;—1
Z]l(l/JQ )i./\/’(o,l)
W
L

and we are done. O
For claims 1, 2, 3 and 4 we repeat the proof of Theorem 1.4. U

As a corollary of Theorems 1.4 and 2.37 we get a similar convergence result for random
walkers starting from the stationary distribution 7, both in discrete and in continuous time.

Corollary 2.39 1. Uniformly int >0

- ((;’VTL)d > t) L= oxp GW) (2.4.11)

P" <(2TTL)d > t> b290 exp (— G(é,0)> . (2.4.12)
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2. Forallt>0 ande >0
~ WL t L—oo
P L) P t) — S S — 2.4.1
<S€S () S((?L)d g > exp( GBW<0,0)>‘> > -0 (2413
P(sest@): |pr(—L >t)—exp(——0t > e ) F=0 (2.4.14)
e\ ey P\7G0,0 -

Proof 1) Let t;, = loglog L, by Theorem 2.37 (2) for each € > 0 there exists L such that

foreach L > L

(%

1473
(2L)¢

(> ) e~ (

= prr >t —exp | —
L <<2L>d (L)
< 1 (WL

— d

:L'L:d(O,ZL'L)<tL (2L) (2L)
1 Wi,

PL _

oD <<2L>d )

:L'L'd(o :L'L)th
2(2tp,)
~ (2n)d

+e/2<e/24+¢/2=c¢.

t
t _ - 0
” ) eXp( Gow (0,0)

)

t
P (‘ Gpw (0,0)

)

since (2t1)?/(2L)¢ — 0 as L goes to infinity. We can prove the result involving the meeting

time in a similar way by using Theorem 1.4 and Remark 2.36.

2) The proof is slightly different. Let 1,
for each € > 0, there exists L large such that for each L > L

Wi,
PSGSL:]P”T< >t> e ( )‘
< s\ L) P GBW( 0) )
< P(S e sk, ( oo < > -
x:ds (0,2 )<tr,  z:ds OxL)>t
Mt Wi,
<P(Sest: + sup IP’”(
( QL) @0y o \(2L)4
Wi, t
<P(Sest sup L( >t>—exp<—7
( {zp:d(z,0)>tL} (2L)d GBW( )
Mt
L.
+P(S €St G > 5/2)

since we can choose L large such that £ (2L)d <4/2.

t
t _ -
~ ) eXp( Gow (0,0)

=loglog L. We fix § > 0. By Theorem 1.4.4,

1

)l
)|>)

w5)| )

¢
P <_ Grw(0,0)

2L)¢

We can prove results involving the meeting times in a similar way by using Theorem 1.4

and Remark 2.36.

0

>5)
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2.4.2 Comparison with the d-dimensional torus

As we observed in the introduction, in order to have convergence of the rescaled meeting
time on the d-dimensional torus and on the small world with d > 3 the rescaling factor
is (2L)?. In order to understand whether two particles meet faster on the torus or on the
small world, we need to compare the constants G4(0,0) and Ggw (0,0). Proposition 1.5
gives some information in this direction.

Proof of Proposition 1.5

i) Since P%;; (Xa, = 0) > 3" we get

> 1
Gew(0,0)>) 7" = - —
n=0

Since d > 3, G4(0,0) < oo therefore there exists $; > 0 close to 1 such that # >
G74(0,0) for each 3 € [1,1] and the claim follows. In particular

lim Gpw(0,0) = occ.
B—1~
i1) Given an irreducibile Markov chain (Y, Q) we define
G(z) = PV, =0)z"
n=0
F(z) :ZPO(Yn =0,Y; #0 for all s <n)z".
n=0

By [52, Proposition 9.10], there exists 7 > 0 and a function ®(-) such that
G(z) = ®(2G(2)), z € 0,r). (2.4.15)

Moreover there exists ® and ®" and ®(-) is strictly increasing and strictly convex.

Let P be the transition matrix on the big world defined in Section 2.2.1 in nearest neighbor
case. We denote by ®za,7, , ®za and ®z, the functions which satisfiy (2.4.15) respectively
for the Markov chain (X, P) on the big world, for the simple random walk on Z? and for
the simple random walk on Z.

The function ®z,(t) can be computed explicitly,

By, (1) = %(1 V114,
By [52, Theorem 9.19]
D,(0) = 51+ VI T APE) + Bgal(1 - )1) — 1.

By choosing t = Gya,z,(1) we get ®za4,5 (t) = t by (2.4.15). We denote by Gg =
GZd*Zg(l) = Ggw(0,0), then

1 1
Gs = -5 4 5@4— Pz4((1 - B)Gp).
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We denote by G = Gza(1) = G4(0,0). By (2.4.15), G is a fixed point of ®;a, then
lim Gz = G. Notice that as 8 — 0

B—0
V1 +462G% = 1+ 20°G3 + o(B°G)).

and by Taylor series of ®,a centered at G with Lagrange form of the remainder:
1 1"
Pza((1 = B)Gp) = Pza(G) + Pa(G) [(1 = B)Gp — Gl + 5Ppa(y)(y — G)°,

where y is between G and (1 — 3)Gg. Two useful formulas for " and ®" can be found in
[52, p. 99]:

"

(1) =1/(z+G(2)/C'(2)), (1) = (G()/(G(2) + 2G'(2))*F (=),
where z is such that ¢t = 2G(2). If t = G then

G/
(0 = g
where G’ = £ G4(2)|,—1-. By convexity ®" > 0. Moreover
" G 3 1
(@) = (gya) IO
Therefore

G, 1 1"
Gy = G5+ G + 5 [Go = G =BG + 500 - ) + o(5°GE)
Since (y — G)? < (Gg — G — BGg)? we get

e e
o SPC-BGs g +0s (G =G)?+8G3~ 286 5(G—G) +o(5°G)

(Gp=G)
where Cg = %@%d(y)(y — @)% Thus
!

a+a
e , e
(G - G) [m +07(y)3G — Cy(G — G)| < —BGy [G—w + BGa(1+ Cp + o(8G)]

G "
(Gs = G) | g + Valy)BGs] < =BG

+C3(Gs — G)* + B*°G3(1 + Cg + 0o(BGp)

By continuity of @;d we get that @%d (y) =0 @%d(l), then the coefficient of (G —G) on the
left hand side as 8 — 0 is asymptotically %, which is strictly positive; the coefficient
of BGg on the right hand side is asymptotically —G’/(G + G”), which is strictly negative
and the claim follows. O]
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Chapter 3

Coalescing random walk on small
world

The goal of this chapter is to prove a convergence result for coalescing random walk of n
particles on BC small world. From now on we refer to continuous time process.

Let Z(n) = {{z1,...,2n} : 7; € A(L),x; # x;}. Given A € Z(n),let {(X{ (2:))1>0}u;ca
be a family of independent random walks on small world S € S” such that (X} (x;))e>0
starts from z;. We define for each (z;,2;) € A(L) x A(L) and S € St

7s(i,7) :==inf{s > 0: Xf(:r:l) = Xf(:v])} (3.1)
and for each A € Z(n)
Ts(A) = {xi,i;crggA{TS(i’j)}' (3.2)

We fix A € Z(n), S € S* and we move n random walks starting from z; € A, i =1,...,n
independently until the time 7g(A), that is until a couple reaches the same site. After the
meeting, the two particles coalesce and move together. We remain with n — 1 walks that
move independently until two of them reach the same site and proceed this way until we
get only one particle. The time that all particles need to coalesce into one is the coalescing
time and the process is the coalescing random walk.

The Kingman’s coalescent is a Markov chain Dy on {0,1,...,n}, where n < oo, with

n
n — n — 1 at rate <2>

The law P,(D; = k) = ¢, 1(t) is given by

(®) :z": (=1)7*F(2) = 1) + k= 2)!(}) o (_t@)) |

= kI(k — DI — k)"

1)J+k 2 —1 k—2 '
(2 —1(i + )! eXp(_t<J>>_
— DI —k)! 2
See [16], [18] and [49] for more about Kingman’s coalescent.
We define

transition mechanism

M

QOok: =

AE(h,n) ::{A €L, :d(x;,x;) > h, for all i # j} (3.3)
AL(h,n) ::{A € T, : ds(ws, x;) > h, for all i £ j} (3.4)

183
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the set of n-uples with distance larger than h respectively on A(L) and on a fixed small
world S. Notice that AL(h,n) C AE(h,n) for all S € SE. Given A € AL(h,n), we

introduce
D(A) ;:{s e &L Ae AX(h,n) \Ag(h,n)}. (3.5)

Remember that we focus on the nearest neighbor case, but all the results can be extended
to the case with neihbourhood structure given by N,°.

From now on when not necessary we omit the dependence on S and we simply write
X¢(x;), 7(i,7) and 7(A).

Given a probability measure p on A(L)"™, we denote by IF”é the law of the coalescing random
walk on S with initial probability u and transition ruled by Ps. If u = §4 with |A| = n,
we write ]P’é.

In [24, Theorem 6.9.4] the author sketched a proof that coalescing random walk on one
dimensional small world starting from the stationary distribution converges to Kingman’s
coalescent. We follow the same idea in order to prove a slightly more general result. A
similar approach has been used to prove [16, Theorem 5] and in [18].

We begin from n particles in A € A”(h,n). We prove that by taking a particular h := hr,
and L large we get that A € Ag(h, n) with large probability. We assume

hy >t (3.6)
Mhe
lim —— = .
A s =Y (37)

where M = (2m +1)% or M = 2d + 1 depending on the neighbourhood structure we work
with.

Remark 3.1 If hy, = t2 hypothesis (3.6) and (3.7) are satisfied.

Lemma 3.2 Let hy, be such that (3.6) and (3.7) hold. For eachn < N < 0o, € > 0 there
exists L such that for each L > L and A € A*(hp,n),

P(D(A)) <e. (3.8)

Proof Let A € A¥(hp,n). Notice that if S € D(A), then there exists at least one pair of
elements (x;,2;) € A x A, i # j, such that dg(x;, ;) < hr. By (3.5) and (2.2.4)

P(D(A)) =P(S € X : 3(w;,25) € Ax A dg(wi,x;) < hy)

<> > P(Se&lids(wizg) < hp,(2i,75) € Ax A)
=1 j=1,j#1

CM"
Ld

<n?

Since n is fixed, by hypothesis (3.7) we can take L large such that the claim follows. O
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Therefore if we fix A € A¥(hr,n), we know that with large probability A € AL(hr,n).

By Remark 2.36, there exists a sequence {Hp}; with H; C S” such that P(Hp) Lzpe
and for each sequence {S*}, with S* € H

#e ()~ (o)

where aj, > t%. Notice that (3.9) still holds for the sequence {Qr N Hr}r and P(Qr N

Hp) Lzpe 1. In order to avoid cumbersome notations, we write Hy, instead of H;, N Q.
The following lemma states that, starting from 4 particles in a set of small world with
large probability, when two particles meet the others are distant.

L—oo
sup

(zr,yr):ds(zr,yr)>ar

0 (3.9)

Lemma 3.3 Suppose hp, satzsﬁes (3.7) and limy,_,oo hy, = c0. For each € > 0 there exists
L, 5 >0 such that for each L > L, S € Hy, and A € AL(hr,4),

/OO ]P’é (T(1,2) S dS,ds(XS(.%'l),Xs(m'g)) < hL> <€, (3.10)

0

/OOO ]P’é (T(LQ) € dS,ds(XS(.%'g),X (1‘4)) < hL> < €. (3.11)

Proof We prove (3.10). We can obtain (3.11) in a similar way. We follow the idea of
[16, (3.5)].
Let y=1-— e—c® > 0, where ¢ and « are introduced in Section 2.2.3. We split the integral

in two parts. By Theorem 1.4.4 and by hypothesis (3.7), there exists L such that for each
L>1L

g log(2L) % log(2L)
/ P4(7(1,2) € ds, ds(Xs(z1), Xs(23)) < hr) < / P¢(r(1,2) € ds)
0 0
— 1,02 < = — 1,22 <
Fs <TL - ylog(%)) Fs ((2L)d ~ y(2L)d )
2dlog(2L)
-1— —
exp wGBw<0,0><2L)d) * e/
<€/6+¢€/6 =¢/3. (3.12)
The second part is
iy P 1:2) € s () o) < )
log(2L)
- /., PA(r(L2) € ds Xy =) Y PA(X.(w) = 2)
log(2L) GA(L z:dgs(y,z)<hp,
o . 1
<] PAr(LY) € ds Xule) =9) D [PR(X=2)~ g
v log(2L) yGA(L z:dg(y,z)<hr
& 1
+/ ( (1,2) € ds, X¢(x1) = y) Z STAL =1(1) 4+ 1(2).
log(2L) GA(L z:dg(y,2)<hp
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Notice that the number of sites z such that dg(y, z) < hr, is at most M". for each y € A(L).
Hence

o " Mhe > " Mhe
[(2) S/d g PS (7(172) € dS7XS(1'1) = y) (2L)d S /d ]PS (7(1,2) S~ dS)W
5 log(2L) yeA(L) 5 log(2L)
d Mhe pMhe
— L1,T2 - <
P2 (T, > S log(2L))—(2L)d S TG <e€/3 (3.13)

by (3.7). By (2.2.9) and since if s > %log(ZL) then e™7% < ﬁ the last term is

=[Oy Ry eaXe =) Y [R5

%1og(2L) yeA(L) z:dg(y,2)<hp
< / S PA(r(L,2) €ds, Xy(m) =y) > e
¥ log(2L) yeA(L) z:dg(y,2)<hp
oo Mhe Mhe
5 108(2L) ye(r)
and the claim follows by (3.12), (3.13) and (3.14). O

Remark 3.4 Lemma 3.3 holds if for all L we choose S € Hy,; therefore it is still true if
for all A € A¥(hp,n) we choose S € Hy, N D(A)°. Moreover by Lemma 1.4 and Lemma
3.2

P((HLND(A))) <P(H})+P(D(A)) (3.15)

which is as small as we want by taking L large.

Let {&(A)}1>0 be the coalescing random walk starting from A € Z(n) on S € S* and
let |€7(A)| be the number of particles of &°(A) at time ¢. Since S is a fixed small world
on Hp, we will omit the dependency on S. We prove that the number of particles in the
coalescing random walk at time syt, where s, = (2L)G g (0,0)/2 converges in law to the
number of particles of a Kingman’s coalescent {D;};>¢. We prove the result by induction
on the number of particles n. If n = 2, the induction basis is given by Theorem 1.4.4. The
following lemma shows that the assertion is true before the first collision of two particles.

Lemma 3.5 Assume Hypothesis (3.6) and (3.7). For each n € N, A € A¥(hg,n), and
€ > 0 there exists L such that for each L > L, S € H, N D(A)¢ and t > 0,

‘Pg(|£sLt(A)| — 1) —exp ( _ (Z) t)( <e
where s;, = (2L)Gw (0,0)/2.

Proof We follow the proof of [16, Equation (3.1)]. Notice that Pg(|¢s,+(A)] = n) and

exp (— (;) t) are non-increasing monotone ¢ functions. We define, for each couple {i,;j} C
{1,2,...,n},

Ht(i>j) = {T(Za])
@ = q(A) =P(r(A

IN

st} (3.16)
st). (3.17)

IN
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For all S € H, N D(A)¢,

P (Hy(i,5)) =P§(r =7(i,§) < spt) + Y /OSL P§(r = 7(k,1) € ds, (i, 5) < srt)

{kl12{0}
(3.18)

We begin from the second term on the right hand side,

st
/ P4 (1 =7(k,1) € ds, (i, 5) < srt)
0

— /OSL ZZIP)?(T =7(k,1) € ds, Xs(z;) =y, Xs(xj) = 2,7(1,J) < sLt)

st
= / ZZP?(T =1(k,1) € ds, Xs(z;) =y, Xs(x;) = 2)PL* (T, < spt —s).
0
Yy z
By Lemma 3.3 for all L sufficiently large

/OSL Z Z ]P’?(T =7(k,l) € ds, Xs(x;) =y, Xs(zj) = 2,7(4,7) < sLt)

Y Z:dS(y7Z)§hL

< /OOO P?(T = 7(k,1) € ds,ds(Xs(z;), Xs(z;)) < hr) < ¢/(8n?)

for all choices of S € H, N D(A)°, {i,j} C{1,...n} and ¢t > 0.

By Remark 2.36, [P%*(Ty, < spt —s) — 1+ exp(—t+s/sp)| < ¢/(8n*) for all L sufficiently
large and for all choices of S € Hr, N D(A)¢, y and z such that ds(y,z) > hr, 0 < s < t.
Then evaluate the remaining part of the integral, it does not differ by more than ¢/(8n*)
from

= /OSL Z Z Pé(T =1(k,1) € ds, Xs(z:) = y, Xs(zj) = 2) <1 —exp(—t+ S/SL))

Y z:dg(y,z2)>hg
spt
= / ZP?(T =1(k,1) € ds, Xs(z;) = y, Xs(z;) = 2) (1 —exp(—t+ s/sL))
0 Yz
spt
= / ]P’é(r = 1(k,1) € ds) (1 —exp(—t+ s/sL)). (3.19)
0
Integrating by parts and changing variables, we get
spt
/ P?(T =1(k,1) € ds) <1 —exp(—t+ s/sL))
0
/SLt]PA( (k1) < )1 < t+s/ )d
= T=71(k1)<s)—exp| —t+s/sp)ds
) S s1 p L

= /Ot ]P’é (7- =7(k,l) < sLu) exp ( —(t— u))du (3.20)

For all L sufficiently large P4 (Hy(4,j) <t) — (1 —e ") <e/(4n?) for all S € H, ND(A)°,
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(1,7) € {1,...n} and t > 0. Summing over all pairs of ¢ and j on (3.18) and using (3.20)

= Z Pé(T =71(i,j) < sLt)

{i,5}
st
:ZIP?(Ht(i 7) Z Z / - P?(T =71(k,1) €ds,7(i,j) < SLt)
i, {i.5} {k,1}#{40,5}
=Y (-ehH=> > /PST_Tkl)<sLs) “ds+ R
{i,g} {i,g} {k.13#{40,5}

:<Z> (1—et) - ((Z) - 1) et /th(s)esds +R

where the modulus of R, for all L sufficiently large for all choices of S € Hr, N D(A)¢, y
and z such that dg(y,z) > hr and t > 0 is smaller than £/2. We know (see [18, Lemma

2]) that if
Wl () = <Z>(1 C ety (<Z> —1)et /Ot W (s)e*ds + R

the for L sufficiently large u” () does not differ by more than /2 from u(t) the solution of

u(t) = (Z)u et ((Z) - 1)e*t /0 tu(s)esds

which is

and the claim follows. O
We can restate Theorem 1.6 as follows.

Theorem 3.6 Under hypothesis (3.6) and (3.7), for each A € AX(hp,n) and e >0 there
exists L such that for each L > L, S € Hy N D(A)¢ and t > 0

P4 (Ieeni(A)] < k) = Pu(Dr < k)| <2 (3.21)
where s;, = (2L)Gw (0,0)/2.

Proof We fix A € A¥(hy,n) and we show (3.21) by induction. Notice that if k = n the
proof is given by Lemma 3.5, because P2 (|5, 1(A)] < n) = 1 — P4 (|&,¢(A)| = n).

We work by induction on n. Theorem 1.4 gives the result when n = 2 for all k£ (in this
case the only possible value for k is 2) and Lemma 3.5 gives the result for n and k£ = n.
Suppose the result holds for n — 1 for all k. We have to prove it for n and k < n.

P (A)] < ) = / TRA(r € ds, [Eu ()] < B)

/ > PA(r e ds &(4) = BIPE (6,0 o(B)] < K).

Bel(n-1)
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Using Lemma 3.3 we can only consider the sets B € AL(hp,n —1). Indeed, if B ¢

AL(hp,n —1), for all L sufficiently large

/OsL Z P4(7 € ds,&(A) = B)PE(|€s,1—s(B)| < k)

BgAL(hp,n—1)

- /OSL Z Pé('r c ds,£s(A) = B)

B¢AL(hL,n 1)

-> [ PA(r = 7(i.J) € ds,&,(4) = B)
{i.5} B¢AL(hL,n 1)

S PA(r(i.j) € ds.&(4) = B)
{i.5} B¢AL(hL,n 1)

_ {2}/ (i, 5) € ds, 3k, 1} # {3, 5} - ds(Xs(wr), Xs(z1)) < hr)
1,]

spt

<Y Y[R € dsds(Xum). X < hi) <3
{i,g} {k,1}#{i,5}

since n is fixed, for each S € H, N D(A)°, t > 0.
Changing variables, setting s = spv, we have

/ Z IPA (reds, &(A) = B)IP’E(ESLFS(B” < k)

Bel(n—1)

/0 S PA(r € spdv, €4,0(A) = BIPE(IEu, 4y (B) < b).

Bel(n—-1)

By induction hypothesis, for all L sufficiently large

IPS (1€, () (B)| < k) = P (De—s < k)| < /3

for B € A%(hr,n — 1) and for each S € H, N D(A)¢ and 0 < s < t. Thus the last term of

the previous integral differs at most by ¢ from

t
/P?(—de) "— 1(Dt U<k‘)
0 SL

Integrating by parts

/OIP’A(—edu) o 1(Dyy < )

SL

— Py (g < t)Pn_l(Do <k)— /0 ]Pﬂ“(g < v) CZ}Pn_l(Dt_v < k)dv

d
— [ (L <)\LP, (D < k)d
/0 45, ”)dv 1(Di-y < K)dv

since for k < n we have P,,_1(Dy < k) = 0.

Since v — P,,_1(Dy—, = k) is a continuous function, by definition of Kingman’s coalescent
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and because the right hand side P,(D; < k) is finite, we get (see [16])

PA(|€,,1(A)] < k) Z/ ( >exp (Z)v)Pn_l(Dt_U = k)dv+ R

:ZPn(Dt —k)+R

where the modulus of R, for all L sufficiently large for all choices of S € Hr, N D(A)¢ and
t > 0 is smaller than e. O

Remark 3.7 In Theorem 3.6 we fix A € AL(hp,n) and the result holds in a sequence
of small world graphs depending on A. One can prove that the same result holds for the
sequence (Hp,)r, uniformly in AL(hL, n) and S € Hy,. Namely, under hypothesis (3.6) and
(3.7), for each € > 0 there exists L such that for each L > L, S € Hy,, A € AL(hp,n) and
t>0

(PA(ygsLt( )| < k) (Dt < k)( (3.22)

Remark 3.8 By summing over all small worlds, we can use Theorem 3.6 to prove the
annealed result: assume hypothesis (3.6) and (3.7), for each A € A¥(hp,n) and & > 0
there exists L such that for each L > L and t >0

P(l¢,,:(A)| = k) — P(Dy < k)| < <. (3.23)



Appendix A

Hypoexponential law and ruin
problem

A.1 Hypoexponential law

Let I C N be a set of indexes with |I| = N and {Yj};cr a family of independent random
variables such that Y; ~ Exp(u;) for each j € I. Denote by 6 = (1,0,...,0) a row vector
of size N, I a column vector of 1’s with size IV,

[ — U1 1251 0 0 0
0 — M2 U2 0 0
0= -
0 0 —un-1 pN-1
L 0 0 —HUN ]

The law of the hypoexponential random variable W = =1 Y; is
P(W <t)=1—0e°1

and satisfies
1 N I
E(W) = E - = E E ,U_

1
where 9t = Z —(01)". We write W ~ Hexp(O).
n

n=0
If pj = p for all j € I then the random variable has an Erlang distribution. Namely

P(W <t) = *”tz

and we write W ~ Er(N, p).

191



192 APPENDIX A. HYPOEXPONENTIAL LAW AND RUIN PROBLEM

A.2 Ruin problem

We give some classical results involving random walks on a finite interval. Let X; be a
discrete time random walk on {0,1,...,n} with absorbing state 0 such that

i — i + 1 with probability p ie{l,...,n—1}
i — i — 1 with probability ¢ ie{l,...,n}.

then

Lemma A.1 (Ruin Problem Formula) Let P,(j) be the probability that the random

walk starting at j € {1,...,n — 1} reaches the state n before reaching the absorbing state
0 and let Py(j) be the probability that the random walk visits the state 0 before n. Then
L 1—(q/py
Paly) =8
1—(q/p)

Po(j) =1 = Pa(j).

Proof . See proof in [38, (4.4), Section 1.4]. O

We call 0 and n respectively r; and ro, that is the ruin of the first and the second players.
The game ends when either the random walk reaches n or it reaches 0.

Lemma A.2 (Problem 6.1, Chapter 1.6 of [38]) . Let 7,(i) be the number of steps
that a random walk needs to reach n starting from i without visiting 0 and To(i) be the
number of steps that a random walk need to reach 0 starting from i without visiting n. Let
T = 7n(2) A 10(@), that is the duration of the game. Then

P(r > t) < aldl (A.1)
where oo =1 — (p™ + q") < 1 and [z] is the integer parts of x.

Lemma A.3 Let R, (i) be the random variable which counts the number of visits to n
before reaching O starting at i € {1,...,n}. Suppose p > q, then for each i =n—k > 0,
holds

lim P(R,(i) > n?) = 1. (A.2)

n—0o0

Proof . The probability that, starting at n—k, the random walk returns to n before visiting
0 is given by Lemma A.1

_ n—k
a(p,n —k):=Py(n—k) = %

Since n is a reflecting state, the walk comes back to state n — 1. The probability that,
starting at n — 1, the random walk returns to n before visiting 0 is given by

_ n—1
a(pn—1):=P,(n—1) = %
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By the Markov property
P(Ru(n — k) >r) = a(p,n — k)a(p,n —1)""".

Notice that a(p,n — 1) > 1 — (¢/p)"(¢/p)~" > 1 — (¢/p)"(q¢/p)”* and a(p,n — k) >
1 — (q/p)"* since p > q. Therefore

P(Ru(n— k) > 1) > (1— (gfp)" )" = "8 (=@ > =Criv/a”

and the claim follows. O
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