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❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ❧❡s tr♦✐s ♣❡rs♦♥♥❡s q✉✐ ♠✬♦♥t ❡♥❝❛❞ré❡s ❞✉r❛♥t ❝❡ tr❛✈❛✐❧ ❞❡
t❤ès❡ ❡t q✉✐ ♦♥t ❢❛✐t ♣r❡✉✈❡ ❞✬✉♥❡ ❣r❛♥❞❡ ❡✣❝❛❝✐té ❞❛♥s ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧✳ ▼♦♥ ❞✐r❡❝t❡✉r ❞❡
❚❤ès❡ ●✉② ❱❛❧❧❡t ♣♦✉r s♦♥ s♦✉t✐❡♥ ❡t ❧❡s ♥♦♠❜r❡✉s❡s ❞✐s❝✉ss✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❡✉❡s✳ ■❧ ❛ t♦✉❥♦✉rs s✉
s❡ ♠♦♥tr❡r ❞✐s♣♦♥✐❜❧❡ ❡t à ❧✬é❝♦✉t❡ ❞❡ ♠❡s ✐❞é❡s✳ ❙♦♥ r❡❝✉❧ s✉r ❧❡ s✉❥❡t ❡t s❛ ♣é❞❛❣♦❣✐❡ ♦♥t é♥♦r♠é♠❡♥t
❝♦♥tr✐❜✉é à ❧✬é❧❛❜♦r❛t✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧✳ ▼♦♥ ❝♦✲❞✐r❡❝t❡✉r ❘♦❜❡rt ▲✉❝❡ q✉✐ ét❛✐t t♦✉❥♦✉rs ♣rés❡♥t ♣♦✉r
ré♣♦♥❞r❡ à ♠❡s q✉❡st✐♦♥s✳ ❊t ❡♥✜♥✱ ❧❡ Pr♦❢❡ss❡✉r ❈❤ér✐❢ ❆♠r♦✉❝❤❡ q✉✐ ♠✬❛ t♦✉❥♦✉rs ♦✉✈❡rt s❛ ♣♦rt❡
❡t s♦✉t❡♥✉ ❞❛♥s ♠♦♥ tr❛✈❛✐❧✳ ❙❡s ❣r❛♥❞❡s ❝♦♥♥❛✐ss❛♥❝❡s ♠✬♦♥t é❝❧❛✐ré s✉r ❧❡ s✉❥❡t✱ ❡t s❛ r✐❣✉❡✉r ❡t s♦♥
✐♥t✉✐t✐♦♥ ♠✬♦♥t ♣❡r♠✐s ❞✬é❝r✐r❡ ✉♥ tr❛✈❛✐❧ ❞✬✉♥❡ q✉❛❧✐té ❝❡rt❛✐♥❡✳ ❊♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ♠❡r❝✐ à t♦✉s ❧❡s tr♦✐s ✿
✈♦✉s ❛✈❡③ été ❞✬❡①❝❡❧❧❡♥ts ❢♦r♠❛t❡✉rs ❡t ♠✬❛✈❡③ ❞♦♥♥é ❧✬❡♥✈✐❡ ❞❡ ❝♦♥t✐♥✉❡r ❞❛♥s ❧❛ r❡❝❤❡r❝❤❡✳

❏✬❛❞r❡ss❡ ✉♥ ❣r❛♥❞ ♠❡r❝✐ ❛✉ Pr♦❢❡ss❡✉r ❘♦❣❡r ▲❡✇❛♥❞♦✇s❦✐ ❡t ❛✉ Pr♦❢❡ss❡✉r ❋r❛♥❝✐s❝♦ ●✉✐❧❧é♥
●♦♥③á❧❡③ q✉✐ ♠✬♦♥t ❢❛✐t ❧✬❤♦♥♥❡✉r ❞❡ r❛♣♣♦rt❡r s✉r ♠♦♥ ♠é♠♦✐r❡✳ ▼❡s ♣❡♥sé❡s ✈♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t
❛✉ Pr♦❢❡ss❡✉r ❘♦❣❡r ▲❡✇❛♥❞♦✇s❦✐ q✉✐ ❛ été ❞❡ très ❜♦♥s ❝♦♥s❡✐❧s q✉❛♥t à ❧❛ ré❞❛❝t✐♦♥ ❞✉ ♠é♠♦✐r❡✳
❏❡ ✈♦✉❞r❛✐s é❣❛❧❡♠❡♥t r❡♠❡r❝✐❡r ❧❡ Pr♦❢❡ss❡✉r ❇é♥é❞✐❝t❡ ❆❧③✐❛r② ♣♦✉r ❛✈♦✐r ❛❝❝❡♣t❡r ❞❡ ♣❛rt✐❝✐♣é à ❝❡
❏✉r②✳

▼❛ t❤ès❡ s✬❡st ❞ér♦✉❧é❡ ❛✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s ❞❡ P❛✉ ❡t ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r
s❡s ❉✐r❡❝t❡✉rs ▼♦❤❛♠❡❞ ❆♠❛r❛ ♣✉✐s ▲❛✉r❡♥t ❇♦r❞❡s ♣♦✉r ♠✬② ❛✈♦✐r ❛❝❝✉❡✐❧❧✐✱ ❛✐♥s✐ q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞✉
♣❡rs♦♥♥❡❧ ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ tr❛✈❛✐❧❧❡r t❛♥t ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❡♥s❡✐❣♥❡♠❡♥t q✉❡ ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳

❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦❝t♦r❛♥ts ❛✈❡❝ q✉✐ ❥✬❛✐ ♣❛rt❛❣é ❝❡s tr♦✐s ❛♥♥é❡s✱ ♣♦✉r ❧❡✉r
s♦✉t✐❡♥ ❡t ❧✬❛♠❜✐❛♥❝❡ q✉✐ ré❣♥❛✐t ❡♥tr❡ ♥♦✉s✳ ▲❡♥❛✱ ❥❡ ♥❡ t❡ ❞✐r❛✐ ❥❛♠❛✐s ❛ss❡③ ♠❡r❝✐ ♣♦✉r t♦✉t ❝❡ q✉❡
t✉ ❛s ❢❛✐t ♣♦✉r ♠♦✐✳ ❈❡tt❡ ❛♠✐t✐é q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♠♠❡♥❝é❡ ❡♥ ❉❊❆ ❡t q✉✐ ♥✬❛ ❢❛✐t q✉❡ ❣r❛♥❞✐r ❛✉ ✜❧
❞❡s ❛♥♥é❡s ♠✬❛ ❞♦♥♥é ❧❛ ❢♦r❝❡ ❡t ❧❡ ❝♦✉r❛❣❡ ❞✬❛✛r♦♥t❡r ❝❡s tr♦✐s ❞✉r❡s ❛♥♥é❡s ❞❡ t❤ès❡✳ ❚♦✐ ❡t t♦♥ ♠❛r✐
êt❡s ❞❡s ♣❡rs♦♥♥❡s ❞✬✉♥❡ très ❣r❛♥❞❡ q✉❛❧✐té ❡t ❥❡ ♠❡ s❡♥s ♣r✐✈✐❧é❣✐é ❞❡ ✈♦✉s ❛✈♦✐r ❝♦♠♠❡ ❛♠✐s✳

❊♥✜♥✱ ❥❡ t✐❡♥s à r❡♠❡r❝✐❡r ♠❛ ♠èr❡ ▼❛r✐❡✲❆❣♥ès q✉✐ ♠✬❛ ♣♦rté ❥✉sq✉✬✐❝✐ ❡t ❛ t♦✉❥♦✉rs ❝r✉ ❡♥ ♠♦✐✳
❊❧❧❡ ❛ t♦✉❥♦✉rs été à ♠❡s ❝ôtés ❞❛♥s ❝❡s ♠♦♠❡♥ts ❞✐✣❝✐❧❡s q✉✐ ❛✉r❛✐❡♥t ♣✉ ♠❡ ❢❛✐r❡ r❡♥♦♥❝❡r à ❧❛
t❤ès❡✳ ❏❡ ♥✬♦✉❜❧✐❡ ♣❛s ♠❛ s♦❡✉r ❙♦♣❤✐❡ ❡t ♠♦♥ ❢rèr❡ ❆❧❡①❛♥❞r❡ ♣♦✉r ♠✬❛✈♦✐r ❢❛✐t ♣❛rt❛❣❡r ❞✬❡①❝❡❧❧❡♥ts
♠♦♠❡♥ts✱ ❛✐♥s✐ q✉❡ ❧❡ r❡st❡ ❞❡ ♠❛ ❢❛♠✐❧❧❡ ❡t ❥✬❛❞r❡ss❡ ✉♥ ❝❧❡✐♥ ❞✬♦❡✐❧ à ❉❛✈✐❞✱ ❊♠② ❡t ❊♥③♦✳ ❏❡ t✐❡♥s
❞✬❛✐❧❧❡✉rs à ✈♦✉s ♣rés❡♥t❡r✱ à t♦✉s✱ t♦✉t❡ ♠❛ ❣r❛t✐t✉❞❡ ♣♦✉r ❢❛✐r❡ ❞❡ ♥♦tr❡ ❢❛♠✐❧❧❡ ✉♥❡ ❢❛♠✐❧❧❡ ✉♥✐❡✱
❛✐♠❛♥t❡✱ ❝❤❛❧❡✉r❡✉s❡✳ ❊❧❧❡ ❡st ♣♦✉r ♠♦✐ ✉♥ ❝❛❞❡❛✉ ❡①tr❛♦r❞✐♥❛✐r❡✳
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✷ ❲❡❛❦ s♦❧✉t✐♦♥s t♦ ❙②st❡♠ (SH)M ✷✸

✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✷✳✷ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
✷✳✸ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸ ❲❡❛❦ s♦❧✉t✐♦♥s t♦ (SH) ✇✐t❤ ❛ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ u3 ✸✺

✸✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✸✳✷ ❚❤❡ ❛♥✐s♦tr♦♣✐❝ s♣❛❝❡ H(∂x3

, Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✸✳✸ ❲❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✸✳✹ ❊q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ✭✷✳✶✺✮ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹ ❲❡❛❦ s♦❧✉t✐♦♥s t♦ (SH) ✇✐t❤ ❛ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ u3 ✹✾

✹✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾
✹✳✷ ❆ ✜rst ❝❛s❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ u3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶
✹✳✸ ❆♥ ✉♥❡①♣❡❝t❡❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ u3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

■■ ❆ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢ s♣❛❝❡ ✻✾

✺ ❋✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✼✸

✺✳✶ ❋✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✺✳✷ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W 1, 2

−α, x3
(R3

+) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✺✳✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ✜rst ♣r♦♣❡rt✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✺✳✷✳✷ ❆ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✺✳✷✳✸ ❚❤❡ ❞✉❛❧ s♣❛❝❡ W−1, 2

α, x3
(R3

+) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✺✳✷✳✹ ❚❤❡ ❝❛s❡ α = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✺✳✸ ❚❤❡ s♣❛❝❡s W 1, 2
−α, x3

(Bε) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻ ❲❡❛❦ s♦❧✉t✐♦♥s ✽✸

✻✳✶ ❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1, 2
−α, x3

(R3
+) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✷ ❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1, 2
−α (R3

+) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✺



✼ ❙tr♦♥❣ s♦❧✉t✐♦♥s ❢♦r x−α+2
3 g ✐♥ L2(R3

+) ✾✸

■■■ ❆ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✶✵✸

✽ ❋✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✶✵✼

✾ ❚❤❡♦r❡t✐❝❛❧ st✉❞② ✶✶✸

✾✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
✾✳✷ ❆ r❡❣✉❧❛r✐t② r❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹

✻



Prés❡♥t❛t✐♦♥ ❣é♥ér❛❧❡

❈❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❤②❞r♦st❛t✐q✉❡ ❞❡ ❙t♦❦❡s ❛✐♥s✐ q✉✬à ❧✬ét✉❞❡
❞✬✉♥❡ éq✉❛t✐♦♥ ❞é❣é♥éré❡ ♣♦sé❡ ❞❛♥s ❧❡ ❞❡♠✐✲❡s♣❛❝❡ R3

+✱ ♣✉✐s ❞❛♥s ✉♥ ♦✉✈❡rt Ω q✉❡❧❝♦♥q✉❡✳ ❊❧❧❡ s❡
❞✐✈✐s❡ ❡♥ tr♦✐s ♣❛rt✐❡✳

❉❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ♥♦✉s ❞♦♥♥♦♥s ❞❡ ♥♦✉✈❡❛✉① rés✉❧t❛ts s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❤②❞r♦✲
st❛t✐q✉❡ ❞❡ ❙t♦❦❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♥♦✉s ❥✉st✐✜♦♥s ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❧♦rsq✉❡
❧✬♦♥ ❝♦♥s✐❞èr❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❡t ❞❡s ❞♦♥♥é❡s ♥♦♥ ❤♦♠♦❣è♥❡s✳ ◆♦✉s ♣r♦✉✈♦♥s ❝❡ rés✉❧t❛t
❡♥ ré❞✉✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❤②❞r♦st❛t✐q✉❡ ❞❡ ❙t♦❦❡s à ✉♥ s②stè♠❡ ❞❡ t②♣❡ ❙t♦❦❡s✱ ❡♥ ét❛❜❧✐ss❛♥t ✉♥
❧✐❡♥ très ♣r♦❝❤❡ ❡♥tr❡ ❝❡s ❞❡✉① ♠♦❞è❧❡s✳ ❉ès ❧♦rs✱ ♥♦✉s s♦♠♠❡s ❛♠❡♥és à ét✉❞✐❡r ❝❡ ❞❡r♥✐❡r ♠♦❞è❧❡✱
❡t à ❞é♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡✱ ❡♥ ❝♦♥s✐❞ér❛♥t✱ ✐❝✐ ❡♥❝♦r❡✱ ❞❡ ♥♦✉✈❡❧❧❡s
s✐t✉❛t✐♦♥s✳
❈♦♠♠❡ ♥♦✉s ❧❡ ❥✉st✐✜❡r♦♥s ♣❧✉s t❛r❞✱ ❧❛ ❞✐✣❝✉❧té ❧✐é❡ à ❧✬ét✉❞❡ ❞❡ ❝❡s ❞❡✉① ♠♦❞è❧❡s ❝♦♥❝❡r♥❡ ❧❛ ❣é♦✲
♠étr✐❡ ❞✉ ❞♦♠❛✐♥❡ Ω q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡✱ ✈♦✐r ✭✶✮✳ P♦✉r tr❛✈❛✐❧❧❡r ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❧❡ ♣❧✉s ❣é♥ér❛❧❡
♣♦ss✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❛✈❡❝ ✉♥❡ ♣r♦❢♦♥❞❡✉r q✉✐ ♣❡✉t t❡♥❞r❡ ✈❡rs ✵✱ ♥♦✉s s♦♠♠❡s ❛♠❡♥és à ❝♦♥s✐❞ér❡r
✉♥ ❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡❧ ♣❛rt✐❝✉❧✐❡r✱ ❝♦♥st✐t✉é ❞✬❡s♣❛❝❡s ❛✈❡❝ ♣♦✐❞s✳ ❊♥✜♥✱ ❧❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞❛♥s ❝❡tt❡
♣r❡♠✐èr❡ ♣❛rt✐❡ s✬✐♥s♣✐r❡ ❞❡ rés✉❧t❛ts ❞é❥à ❡①✐st❛♥ts q✉❡ ♥♦✉s ♥♦✉s ♣❡r♠❡ttr♦♥s ❞❡ ✈✐s✐t❡r à ♥♦✉✈❡❛✉✳
P❛r ❛✐❧❧❡✉rs✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés à ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❞❡ ❧✬❛♣✲
♣r♦①✐♠❛t✐♦♥ ❤②❞r♦st❛t✐q✉❡ ❞❡ ❙t♦❦❡s✱ t♦✉❥♦✉rs ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ♦ù ❧❛ ♣r♦❢♦♥❞❡✉r t❡♥❞ ✈❡rs ✵✳ ▲❡
♣r♦❜❧è♠❡ r❡st❡ ♦✉✈❡rt✱ ♠ê♠❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ❝❛s ❛❝❛❞é♠✐q✉❡ ❞❡ ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ❤♦♠♦❣è♥❡s✳
❈✬❡st ❛❧♦rs ❡♥ ✈♦✉❧❛♥t ❛❞❛♣t❡r ❞❡s rés✉❧t❛ts ❞é❥à ❡①✐st❛♥ts✱ q✉❡ ♥♦✉s s♦♠♠❡ ♥❛t✉r❡❧❧❡♠❡♥t ❝♦♥❞✉✐t à
ét✉❞✐❡r ✉♥❡ éq✉❛t✐♦♥ ❞é❣é♥éré❡✱ ❝♦♠♠❡ ❝❡❧❧❡ q✉❡ ❧✬♦♥ ♣rés❡♥t❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡tt❡ t❤ès❡✳
◆♦✉s ♥❡ ❞é✈♦✐❧❡r♦♥s ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❝❡tt❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♣✉✐sq✉✬✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ très ❞ét❛✐❧❧é❡ ❞❡
❝❡tt❡ ♣❛rt✐❡ ❡st ❞♦♥♥é ❞❛♥s ❧❛ s✉✐t❡✳

▲❡s ♣❛rt✐❡s ✷ ❡t ✸ s♦♥t ❝♦♥s❛❝ré❡s à ❧✬ét✉❞❡ ❞✬✉♥ ♣r♦❜❧è♠❡ ❡❧❧✐♣t✐q✉❡ ❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥
q✉✐ ♣❡✉t ❞é❣é♥ér❡r✳ ❈❡ t②♣❡ ❞✬éq✉❛t✐♦♥s ✐♥t❡r✈✐❡♥t é❣❛❧❡♠❡♥t ❞❛♥s ❞❡s ♣r♦❜❧è♠❡s ❣é♦♣❤②s✐q✉❡s✱ q✉❡ ❝❡
s♦✐t ❞❡s q✉❡st✐♦♥s ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝✐r❝✉❧❛t✐♦♥ ❣❧♦❜❛❧❡✱ ♠❛✐s ❛✉ss✐ ❞❛♥s ❞❡s ♣r♦❜❧è♠❡s ❞✬✐♥✜❧tr❛t✐♦♥
❡t ❞❡ ♠✐❧✐❡✉① ♣♦r❡✉①✳ ▲❛ ♣❛rt✐❡ ✷ ❡st ❧❛ ♣❧✉s s✐❣♥✐✜❝❛t✐✈❡ ❞❡ ❝❡ tr❛✈❛✐❧✳ ❊❧❧❡ ❡st ❝♦♥s❛❝ré❡ ❛✉ ❞❡♠✐✲
❡s♣❛❝❡ R3

+ ❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥ ❡♥ 1/x3✱ ✈♦✐r ✭✹✳✸✽✮✳ ❈♦♠♠❡ ♥♦✉s ❧✬❡①♣❧✐q✉❡r♦♥s ❞❛♥s ✉♥❡
✐♥tr♦❞✉❝t✐♦♥ ❞ét❛✐❧❧é❡✱ ❝❡tt❡ éq✉❛t✐♦♥ s♦rt ❞✉ ❝❛❞r❡ ❞✬ét✉❞❡ st❛♥❞❛r❞ ♦ù ❧❡ ♣♦✐❞s✱ ✐❝✐ x3✱ ❡st ❜♦r♥é à
❧✬✐♥✜♥✐✳ ◆♦✉s ❝♦♥str✉✐s♦♥s ❞♦♥❝ ✉♥ ❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡❧ ❛❞éq✉❛t ❡t q✉✐ ♣r❡♥❞ ❡♥ ❝♦♥s✐❞ér❛t✐♦♥ ❞❡s ♣♦✐❞s
♥♦♥ ❜♦r♥és à ❧✬✐♥✜♥✐ ❡t t❡♥❞❛♥t ✈❡rs ✵ ❛✉ ❜♦r❞ ❞❡ R3

+✳ ❈❡s ❡s♣❛❝❡s✱ ❡t ❞✬❛✉tr❡s ✐♥t❡r✈❡♥❛♥t ❞❛♥s ❧❛
rés♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ▲❛♣❧❛❝❡ ❞❛♥s R3

+✱ s♦♥t ❛❧♦rs ❛❞❛♣tés à ❧❛ r❡❝❤❡r❝❤❡ ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té
❞❡ s♦❧✉t✐♦♥s ❢❛✐❜❧❡s ❞❡ ❝❡ ♣r♦❜❧è♠❡✳ ◆♦✉s ét❛❜❧✐ss♦♥s ❛✉ss✐ ❞❡✉① rés✉❧t❛ts ❞❡ ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s
❢❛✐❜❧❡s✳
❈❡rt❛✐♥❡s ❞❡s ✐❞é❡s ♠✐s❡s ❡♥ ♦❡✉✈r❡ ❞❛♥s ❧❛ ♣❛rt✐❡ ✷ ♥♦✉s ♦♥t ♣❡r♠✐s✱ ❞❛♥s ❧❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ ❡t ❞❡r♥✐èr❡
♣❛rt✐❡ ❞❡ ❧❛ t❤ès❡✱ ❞✬ét✉❞✐❡r ❧❡ ♣r♦❜❧è♠❡ ♣❧✉s ❣é♥ér❛❧ ✭✹✳✸✾✮✳ ▲❛ ❞✐✣❝✉❧té ❞✉ ❝❛❞r❡ q✉❡ ❧✬♦♥ ❝❤♦✐s✐t ♥❡
♣❡r♠❡t ❞✬❛✈♦✐r ❞❡s rés✉❧t❛ts ❛✉ss✐ ♦♣t✐♠❛✉① q✉❡ ❝❡✉① q✉❡ ❧✬♦♥ ♦❜t✐❡♥t ❞❛♥s ❧❡ ❝❛s ❞✉ ❞❡♠✐✲❡s♣❛❝❡✳ ❈❡❧❛

✼



ét❛♥t✱ ♦♥ ét❛❜❧✐t ✉♥ ❝❛s ❞✬❡①✐st❡♥❝❡ ❡t ❞✬✉♥✐❝✐té ❞❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❡t ✉♥ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ❛ss♦❝✐é✳

▲❡ tr❛✈❛✐❧ ❡✛❡❝t✉é ❞❛♥s ❧❛ ♣❛rt✐❡ ✶ ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥❡ ♣✉❜❧✐❝❛t✐♦♥ ❞❡ ♥✐✈❡❛✉ ❆ ❛❝❝❡♣té ❞❡r♥✐èr❡♠❡♥t
❞❛♥s ❧❛ r❡✈✉❡ s❝✐❡♥t✐✜q✉❡ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✳ ❈❡❧✉✐ ❞❡ ❧❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❢❛✐t
❧✬♦❜❥❡t ❞✬✉♥ ❛rt✐❝❧❡ ❡♥ ❝♦✉rs ❞❡ s♦✉♠✐ss✐♦♥✳ ❈✬❡st ♣♦✉rq✉♦✐ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬é❝r✐r❡ ❧❛ s✉✐t❡ ❞❡ ❝❡
♠❛♥✉s❝r✐t ❡♥ ❛♥❣❧❛✐s✳

✽



P❛rt ■

◆❡✇ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❤②❞r♦st❛t✐❝

❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥

✾





■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s✱ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❡t ✉s
❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R3 ❞❡✜♥❡❞ ❜②

Ω =
{
x = (x′, x3) ∈ R3 / x′ ∈ ω ❛♥❞ − h(x′) < x3 < 0

}
, ✭✶✮

✇❤❡r❡ ω ⊂ R2 ✐s ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥ ❛♥❞ ✇❤❡r❡ h ✐s ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s
♠❛♣ ♦✈❡r ω✱ ❝❤♦s❡♥ s✉❝❤ t❤❛t Ω ❤❛s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② Γ✳
❚❤❡ ❜♦✉♥❞❛r② Γ ✐s s♣❧✐t ✐♥t♦ t❤r❡❡ ♣❛rts✱ ❡❛❝❤ ♦♥❡ ✇✐t❤ ❛ ♥♦♥ ♥❡❣❛t✐✈❡ ♠❡❛s✉r❡✿ t❤❡ s✉r❢❛❝❡ ΓS ✱ t❤❡
❜♦tt♦♠ ΓB ✱ ❛♥❞ s✐❞❡✇❛❧❧s ΓL✱ ❞❡✜♥❡❞ ❜②✿

ΓS = ω × {0} , ΓB = {(x′,−h(x′)) / x′ ∈ ω} , ✭✷✮

ΓL =
{
x ∈ R3 / x′ ∈ ∂ω ❛♥❞ − h(x′) 6 x3 6 0

}
.

❋✐♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② n t❤❡ ✉♥✐t ♦✉t✇❛r❞ ✈❡❝t♦r ♥♦r♠❛❧ t♦ Γ✳

❋✐❣✉r❡ ✶✿ ❚❤❡ ❞♦♠❛✐♥ Ω

❚❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s✱ ✐s ❛ ♠♦❞❡❧ ✉s❡❞ ✐♥ ♦❝❡❛♥♦❣✲
r❛♣❤②✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ❧♦ts ♦❢ st✉❞② ❤❛✈❡ ❜❡❡♥ ❞❡❞✐❝❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ♦r t♦ ❣❡♥❡r❛❧✐③❡❞
✈❡rs✐♦♥s ❝♦♠❜✐♥✐♥❣ ♥♦♥ ❧✐♥❡❛r ❛♥❞ t✐♠❡ ❞❡♣❡♥❞❡♥t ❝❛s❡s✱ ♦r ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ✉♥❦♥♦✇♥s ♦t❤❡r t❤❛♥
t❤❡ ♦♥❡s ✇❡ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦✳ ●✐✈❡♥ f ′ = (f1, f2) : Ω → R2✱ ✐t ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ ❛ ✈❡❧♦❝✐t②

✶✶



u = (u′, u3) : Ω → R3 ❛♥❞ ❛ ♣r❡ss✉r❡ p : Ω → R s♦❧✉t✐♦♥ t♦✿

−∆u′ + ∇′p = f ′ ✐♥ Ω, ✭✸✮

∂p

∂x3
= 0 ✐♥ Ω, ✭✹✮

∇ · u = 0 ✐♥ Ω, ✭✺✮

u′ = 0, u3n3 = 0 ♦♥ Γ. ✭✻✮

■♥ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ∇′ = (∂x1
, ∂x2)

✶ ✐s t❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡s x1 ❛♥❞ x2✳
❚❤❡♥✱ ✇❡ ❞❡♥♦t❡ ❜② ∆ = ∂2

x2
1

+ ∂2
x2
2

+ ∂2
x2
3
t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ ❊q✉❛t✐♦♥s ✭✸✮ ❛r❡ t❤❡ ❤♦r✐③♦♥t❛❧

♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✳ ❊q✉❛t✐♦♥ ✭✹✮ ✐s ❝❛❧❧❡❞ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❤②♣♦t❤❡s✐s✳
❘❡❣❛r❞✐♥❣ t♦ t❤❡ ✉s✉❛❧ ❙t♦❦❡s ♣r♦❜❧❡♠✱ t❤❡ ❞✐s❛♣♣❡❛r❛♥❝❡ ♦❢ t❤❡ t❡r♠ −∆u3 ✐♥ ✭✹✮ ❝♦♥❢❡rs t♦

✭✸✮✲✭✻✮ ❛ ❞❡❣❡♥❡r❛t❡ ♥❛t✉r❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❡①♣❡❝t ❢r♦♠ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② u3 t♦ ❜❡ ❧❡ss r❡❣✉❧❛r t❤❛♥
t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② u′✱ ✇❤✐❝❤ ❡①♣❧❛✐♥s ✇❤② u3 ❛♥❞ u′ ❤❛✈❡ ❞✐✛❡r❡♥t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s
❝♦♠♠❡♥t ✇✐❧❧ ❜❡ ❝❧❡❛r❧② ❥✉st✐✜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡ st✉❞② ♦❢ s②st❡♠ ✭✸✮✲✭✻✮ ✐s ♠♦r❡ ♦r ❧❡ss ❞✐✣❝✉❧t ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r t❤❡ ♠❛♣♣✐♥❣ h s❛t✐s✜❡s
t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt②✿ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t α > 0✱ s✉❝❤ t❤❛t

inf
x′∈ω

h(x′) > α. ✭✼✮

■❢ ✐t ✐s t❤❡ ❝❛s❡✱ ✇❡ s❤❛❧❧ s❛② t❤❛t Ω ❤❛s s✐❞❡✇❛❧❧s✱ ❛♥❞ t❤❡♥ t❤❡ ♣✐❡❝❡ ♦❢ ❜♦✉♥❞❛r② ΓL ✐s ♥♦t ❡♠♣t②✳

▲❡t ✉s ❜r✐❡✢② r❡❝❛❧❧ t✇♦ ❛♣♣r♦❛❝❤❡s✱ t❤❛t ✇❡ ❝❛♥ ✜♥❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❛♥❞ t❤❛t ❡♥❛❜❧❡ t❤❡ st✉❞② ♦❢
✭✸✮✲✭✻✮✳ ❋✐rst❧②✱ Pr♦❜❧❡♠ ✭✸✮✲✭✻✮ ✐s t❤❡ ❧✐♠✐t✱ ✐♥ ❛ s❡♥s❡ t♦ ❜❡ ♣r❡❝✐s❡❞✱ ♦❢ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❙t♦❦❡s s②st❡♠
s❡t ✐♥ ❛ t❤✐♥ ❞♦♠❛✐♥✷✳ ■♥❞❡❡❞✱ ❧❡t ε ∈]0, 1]✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ t❤✐♥ ❞♦♠❛✐♥ Ωε ❞❡✜♥❡❞ ❛s ✐♥ ✭✶✮ ❜②

Ωε =
{
(x′, z) ∈ R3 / x′ ∈ ω ❛♥❞ − εh(x′) < z < 0

}
. ✭✽✮

❚❤❡ ♦♣❡♥ s❡t Ωε ✐s ❜♦✉♥❞❡❞✱ ❝♦♥♥❡❝t❡❞ ❛♥❞ ❤❛s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② Γε✳ ◆❡①t✱ ❢♦r ❛
❞❛t✉♠ F = (F ′, 0) : Ωε → R3 ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ❙t♦❦❡s s②st❡♠✿

{
−∆εvε + ∇πε = F , ∇ · v = 0 ✐♥ Ωε,

v = 0 ♦♥ Γε,
✭✾✮

✇❤❡r❡ ∆ε = ∂2
x2
1
+ ∂2

x2
2
+ ε2∂2

x2
3
st❛♥❞s ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇❛♥t t♦

❞❡r✐✈❡ ❢r♦♠ Pr♦❜❧❡♠ ✭✾✮ ❛ ❧✐♠✐t ♣r♦❜❧❡♠ ✇❤❡♥ ε ❣♦❡s t♦ ✵✳ ❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ♣r♦❝❡❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s❝❛❧✐♥❣

x3 = z/ε,

❛♥❞ ❧❡t ✉s s❡t

u′
ε(x) = v′

ε(x
′, z), uε3(x) =

vε3(x
′, z)

ε
, pε(x) = πε(x

′, z), f ′(x) = F ′(x′, z).

❚❤❡ ♥❡✇ ✉♥❦♥♦✇♥s uε ❛♥❞ pε ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❞♦♠❛✐♥ Ω ✭s❡❡ ✭✶✮✮✱ ❛♥❞ ❛r❡ ❢♦r♠❛❧❧② s♦❧✉t✐♦♥ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ s②st❡♠✿





−∆u′
ε + ∇′pε = f ′, −ε2∆uε3 +

∂pε
∂x3

= 0, ∇ · uε = 0 ✐♥ Ω,

uε = 0 ♦♥ Γ.
✭✶✵✮

✶❚❤r♦✉❣❤♦✉t t❤❡ r❡♣♦rt✱ ✇❡ ❞❡♥♦t❡ ❜② t❤❡ s②♠❜♦❧ ∂xi t❤❡ ♦♣❡r❛t♦r
∂

∂xi

✱ ✐♥ t❤❡ t❡①t s❡♥t❡♥❝❡s✳

✷❆ t❤✐♥ ❞♦♠❛✐♥ ❤❛s r❡❛❧❧② ❞✐✛❡r❡♥t ❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ s❝❛❧❡s✳

✶✷



❚❤❡♥✱ ❜② ❡st❛❜❧✐s❤✐♥❣ s✉✣❝✐❡♥t ❡♥❡r❣② ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❣❡t ❛♥ ❛s②♠♣t♦t✐❝ ♣r♦❜❧❡♠ ✇❤❡♥ ε ❣♦❡s t♦ ③❡r♦✱
t❤❛t ✐s ♣r♦❜❧❡♠ ✭✸✮✲✭✻✮✳

❚❤❡ r❡❛❞❡r ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣❤②s✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ s✉❝❤ ♣r♦❝❡❞✉r❡ ❝❛♥ r❡❢❡r t♦ t❤❡ t❤❡s✐s ♦❢ P✳
❆③ér❛❞ ❬✸❪ ✇❤❡r❡ ❤❡ st✉❞✐❡❞ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ t❤✐♥ ❞♦♠❛✐♥s✳ ❚❤❡ r❡❛❞❡r ✇✐❧❧ ✜♥❞ ❛
❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ♣r♦❝❡ss ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ✭s❡❡ ❈❤❛♣t❡r ✷ ♦❢ ❬✸❪✮✳ ■♥ ❛ ❢❡✇
❧✐♥❡s✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❛t P✳ ❆③ér❛❞ ❝♦♥s✐❞❡rs t❤❡ ❛♥✐s♦tr♦♣✐❝ t✐♠❡ ❞❡♣❡♥❞❡♥t ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s
✐♥st❡❛❞ ♦❢ ✭✾✮✱ ❛♥❞ r❡♥♦r♠❛❧✐③❡s ✐t✱ ❛s ✇❡ ❤❛✈❡ ❞♦♥❡ ✐t t♦ ❣❡t ✭✶✵✮ ❢r♦♠ ✭✾✮✳ ❆s ❤❡ ❡①♣❧❛✐♥s✱ t❤❡
r❡♥♦r♠❛❧✐③❛t✐♦♥ ❤❛s ❛❧s♦ ♣❤②s✐❝❛❧ s❡♥s❡✱ ❛s ✇❡❧❧ ❛s ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐ts ✇❤❡♥ ε ❣♦❡s t♦ ✵✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ P✳ ❆③ér❛❞ ❤❛s ❜❡❡♥ ❝❧♦s❡❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ✐♥ ❛ t❤✐♥ ❞♦♠❛✐♥✳ ■♥ ❤✐s t❤❡s✐s ❬✸❪✱ ❤❡ r❡❢❡rs t♦ t❤❡ ✇♦r❦s ♦❢ ❖✳ ❇❡ss♦♥✱ ▼✳ ❘✳
▲❛②❞✐ ❛♥❞ ❖✳ ❚♦✉③❛♥✐ ❬✼✱ ✾❪✱ ✇❤♦ ✐♥✐t✐❛t❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❙t♦❦❡s
❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ■♥ ❬✼❪✱ t❤❡ ❛✉t❤♦rs ❞❡r✐✈❡ ❢r♦♠ t❤❡ ✷❉ ✈❡rs✐♦♥ ♦❢ ✭✶✵✮ ❛ ❧✐♠✐t ♣r♦❜❧❡♠
❝❤❛r❛❝t❡r✐③❡❞ ❜② t✇♦ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥s✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛
✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ✷❉ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡ ♣r❡✈✐♦✉s ✇♦r❦ ✐s ✐♠♣r♦✈❡❞ ✐♥ ❬✾❪✱ ✇❤❡r❡ t❤❡
❛♥✐s♦tr♦♣✐❝ st❛t✐♦♥❛r② ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✐s ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ t❤✐♥ ❞♦♠❛✐♥ ❛s ✇❡❧❧ ❛s t❤❡ ❤②❞r♦st❛t✐❝
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✳ ❆❢t❡r ❡st❛❜❧✐s❤✐♥❣ s♦♠❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✈✐s❝♦s✐t② ❛♥❞ ❝♦♥✈❡❝t✐✈❡
t❡r♠s✱ ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ❡q✉❛t✐♦♥s✱ t❤❡② ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝
❛♣♣r♦①✐♠❛t✐♦♥ ❛s ❛ ❧✐♠✐t ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳

❚❤❡ ✇♦r❦ ♦❢ P✳ ❆③ér❛❞ ❝❧❡❛r❧② ❡♥r✐❝❤❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r❡✈✐♦✉s
♦♥❡s✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❞❡t❛✐❧❡❞ ♣❤②s✐❝❛❧ ❜❛❝❦❣r♦✉♥❞✱ t❤❡ r❡❛❞❡r ✇✐❧❧ s❡❡✱ ✐♥ ❈❤❛♣t❡r
✸ ♦❢ ❬✸❪✱ t❤❡ ✇❡❧❧✲♣♦s❡❞✲♥❡ss ♦❢ t❤❡ ❤②❞r♦st❛t✐q✉❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ❜② t❤❡ ♠❡❛♥ ♦❢ ❛♥ ❛♥❛❧②s✐s ✇❤✐❝❤
✐s ♥♦t ❜❛s❡❞ ✉♣♦♥ ❛ ❧✐♠✐t ♣r♦❝❡ss✳ ❚❤❡ r❡❛❞❡r ✇✐❧❧ ❛❧s♦ ✜♥❞ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ t❤✐s ♣r♦❜❧❡♠ r❡❧②✐♥❣
♦♥ ❛ st❛❜❧❡ ❤②❞r♦st❛t✐❝ ✜♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞✳ ■♥ ❛♥♦t❤❡r ❝❤❛♣t❡r t❤❡ ❛✉t❤♦r ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ♦❢
t✐♠❡✲❞❡♣❡♥❞❡♥t ❧✐♥❡❛r✐③❡❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡ ❛❞❞✐♥❣ ♦❢
t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥❝❡✱ ❡✈❡♥ ❢♦r t❤❡ ❧✐♥❡❛r✐③❡❞ ✈❡rs✐♦♥✱ ❜r✐♥❣s r❡❛❧ ❞✐✣❝✉❧t✐❡s t❤❛t P✳ ❆③ér❛❞ ❤❛♥❞❧❡s
❜② ✉s✐♥❣ ❛ ❝♦♠♣❛❝✐t② ♠❡t❤♦❞✱ ❜❛s❡❞ ♦♥ ❡♥❡r❣② ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s✳ ❚♦ ✜♥✐s❤✱ ❛ ❝♦♠♣❧❡♠❡♥t❛r② ✇♦r❦
✐s ❞♦♥❡ ✇✐t❤ ❋✳ ●✉✐❧❧é♥ ●♦♥③á❧❡③ ❬✹✱ ✺❪✱ ✉s✐♥❣ ❛ ❧✐♠✐t ♣r♦❝❡ss✱ ♦♥ t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ✐♥❝♦♠♣r❡ss✐❜❧❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❚❤❡② ♣r♦✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❡①✐st❡♥❝❡
t❤❡♦r❡♠ ❢♦r t❤✐s ♠♦❞❡❧ ❜② ♠❡❛♥s ♦❢ ❛♥✐s♦tr♦♣✐❝ ❡st✐♠❛t❡s ❛♥❞ ❛ ♥❡✇ t✐♠❡✲❝♦♠♣❛❝t♥❡ss ❝r✐t❡r✐♦♥✳

❚❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥ r❡❞✉❝✐♥❣ s②st❡♠ ✭✸✮✲✭✻✮ t♦ t❤❡ ❙t♦❦❡s✲t②♣❡ s②st❡♠ ✭✶✸✮✳ ■♥❞❡❡❞✱
t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥s ♦❢ ✭✸✮✲✭✻✮ ❛r✐s❡ ❢r♦♠ t❤❡ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ❤②♣♦t❤❡s✐s✿

∂p

∂x3
= 0 ✐♥ Ω, ✭✶✶✮

❡♥s✉r✐♥❣ t❤❛t pS ✱ t❤❡ ♣r❡ss✉r❡ ❛t x3 = 0✱ ✐s ✐♥ ❢❛❝t t❤❡ r❡❛❧ ✉♥❦♥♦✇♥✳ ▼♦r❡♦✈❡r✱ ❜② ✐♥t❡❣r❛t✐♥❣ ✇✐t❤
r❡s♣❡❝t t♦ x3 t❤❡ ✐♥❝♦♠♣r❡ss✐❜✐❧✐t② ❡q✉❛t✐♦♥✿

∇ · u = 0 ✐♥ Ω, ✭✶✷✮

❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦✈❡r u3✱ ✐t ❛♣♣❡❛rs t❤❛t t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② u3 ✐s
❣✐✈❡♥ ❜② t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② u′✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ✭✸✮✲✭✻✮ ❛r❡ r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠✿





−∆u′ + ∇′pS = f ′ ✐♥ Ω,

∇′ ·
✂ 0

−h(x′)
u′(x′, x3) dx3 = 0 ✐♥ ω,

u′ = 0 ♦♥ Γ.

✭✶✸✮

✶✸



❚❤❡♥✱ ✇❡ ❣❡t ❜❛❝❦ t♦ u3 ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♣r❡ss✉r❡ p ❜② s❡tt✐♥❣✿

x = (x′, x3) ∈ Ω, u3(x) =

✂ 0

x3

∇′ · u′(x′, ξ) dξ, p(x) = pS(x′). ✭✶✹✮

Pr♦❜❧❡♠ ✭✶✸✮ ✐s ❛ s✐♠♣❧✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧ ♦❢ t❤❡ Pr✐♠✐t✐✈❡ ❊q✉❛t✐♦♥s✱ ❞❡♥♦t❡❞
❜② P❊s ✐♥ t❤❡ s❡q✉❡❧✳

❚❤❡ st✉❞② ♦❢ t❤❡ P❊s ✐s ♦❢ r❡❛❧ ✐♥t❡r❡st ❛s ✇❡ ♣r♦♣♦s❡ t♦ ❞❡t❛✐❧ ✐t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡s✳ ■♥ ❛ ❣❡♥❡r❛❧
✇❛②✱ st✉❞②✐♥❣ s②st❡♠ ✭✶✸✮ ♦r t❤❡ P❊s ②✐❡❧❞s r❡❛❧ ❞✐✣❝✉❧t✐❡s ✇❤❡♥ t❤❡ ♠❛♣♣✐♥❣ h ✈❛♥✐s❤❡s ♦♥ ❛ ♥♦♥
♥❡❣❧✐❣✐❜❧❡ ♣❛rt ♦❢ ∂ω✳ ❚❤✐s ❡①♣❧❛✐♥s ✇❤② ♠♦st ♦❢ t❤❡ ✇♦r❦ ❞❡❞✐❝❛t❡❞ t♦ t❤❡✐r st✉❞② ✉s❡s ❛ss✉♠♣t✐♦♥
✭✼✮✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞② ♦❢ t❤❡ P❊s ✇❛s ✐♥✐t✐❛t❡❞ ❜② ❏✳▲✳ ▲✐♦♥s✱ ❘✳ ❚❡♠❛♠ ❛♥❞
❙✳ ❲❛♥❣ ✐♥ ❬✹✸❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❛❞❞r❡ss t❤❡ ❡①✐st❡♥❝❡ ♣r♦♦❢ ❢♦r ❣❧♦❜❛❧ ✇❡❛❦ s♦❧✉t✐♦♥s ❛♥❞ ❧♦❝❛❧
str♦♥❣ s♦❧✉t✐♦♥s✱ ❛♥❞ ♦❢ t✐♠❡ ❛♥❛❧②t✐❝✐t② ♦❢ t❤❡s❡ str♦♥❣ s♦❧✉t✐♦♥s✳

❚❤❡ ❡①✐st❡♥❝❡ ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s✱ ❣✐✈❡♥ ✐♥ ❬✹✸❪✱ ✐s r❡✈✐❡✇❡❞ ❜② ❘✳ ▲❡✇❛♥❞♦✇s❦✐ ✐♥ ❬✹✷❪ ✇✐t❤
❛♥♦t❤❡r ❛♣♣r♦❛❝❤✱ ✉s✐♥❣ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ tr✉♥❝❛t❡❞ tr❛♥s♣♦rts✳ ■♥ ❛❞❞✐t✐♦♥ t♦ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ♠♦❞✲
❡❧✐③❛t✐♦♥ ♦❢ t❤❡ P❊s✱ ❘✳ ▲❡✇❛♥❞♦✇s❦✐ st✉❞✐❡s ♦t❤❡r r❡❛❧✐st✐❝ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧s ❛♥❞ ✐♥tr♦❞✉❝❡s✱ ❛❣❛✐♥
✐♥ ❬✹✷❪✱ ❛ ❝♦✉♣❧❡❞ ♠♦❞❡❧ ♦❢ t❤❡ P❊s ✇✐t❤ t❤❡ ❣❡♦str♦♣❤✐❝♦ ❜❛r♦tr♦♣✐❝ s②st❡♠✳ ❲❡ ❝❛♥ ❛❧s♦ ✜♥❞ ✐♥ ❬✹✷❪
t❤❡ st✉❞② ♦❢ ❛♥ ✐♠♣r♦✈❡❞ ❤②❞r♦st❛t✐❝ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛❧s♦ t❤❡ s✉❜❥❡❝t ♦❢ t❤❡ ♣❛♣❡r ❬✷✵❪✳

■♥ t❤❡ ✇♦r❦ ♦❢ ❘✳ ❚❡♠❛♠ ❛♥❞ ▼✳ ❩✐❛♥❡ ❬✹✽❪✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ t❤❡ P❊s✱ ❛s ✇❡❧❧ ❛s ❛ r❡❣✉❧❛r✐t② r❡s✉❧t✳ ▼♦r❡ r❡❝❡♥t❧② ❈✳ ❈❛♦ ❛♥❞ ❊❞r✐ss ❙✳ ❚✐t✐ ❛❞❞r❡ss ✐♥ ❬✶✼❪✱
t❤❡ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ str♦♥❣ s♦❧✉t✐♦♥s t♦ t❤❡ ✸❉ ✈✐s❝♦✉s P❊s✱ ❢♦r ✇❤✐❝❤ ❧♦❝❛❧✲✐♥✲t✐♠❡
str♦♥❣ s♦❧✉t✐♦♥s✱ ✇✐t❤ H1 ❞❛t❛ ♦❢ ❛r❜✐tr❛r② s✐③❡✱ ✇❡r❡ ♦❜t❛✐♥❡❞ ❡❛r❧✐❡r ❜② ❋✳ ●✉✐❧❧é♥ ●♦♥③á❧❡③✱ ◆✳
▼❛s♠♦✉❞✐ ❛♥❞ ▼✳ ➪✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦ ✐♥ ❬✸✵❪✳ ❙❡❡ ❛❧s♦ ❬✸✸✱ ✸✹✱ ✹✵✱ ✹✶❪ ❢♦r ❝♦♠♣❧❡♠❡♥t❛r② r❡s✉❧ts ♦♥
t❤❡ st✉❞② ♦❢ str♦♥❣ s♦❧✉t✐♦♥s✳

❖t❤❡r ✇♦r❦s ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ✷❉ ❝❛s❡✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✶✷✱ ✶✸✱ ✶✹✱ ✸✶✱ ✸✷✱ ✸✻❪✳ ❚♦
✜♥✐s❤✱ ✇❡ ❛❧s♦ r❡❢❡r t♦ t❤❡ P❤❉ ❚❤❡s✐s ♦❢ ▼✳ ❊✳ P❡t❝✉ ❬✹✹❪ ✇❤♦ ❤❛s ✐♠♣r♦✈❡❞ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✳

❲❡ ✇♦✉❧❞ ♥♦t ❜❡ ❝♦♠♣❧❡t❡ ✇✐t❤♦✉t ♠❡♥t✐♦♥✐♥❣ t❤❛t ♦t❤❡r ♠❡t❤♦❞s ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ t♦ st✉❞②
t❤❡ ❤②❞r♦st❛t✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ■♥ ❬✷✼❪✱ ❋✳ ❖✳ ●❛❧❧❡❣♦ ✉s❡s ❛ s✉✐t❛❜❧❡ ♠♦♥♦t♦♥❡ r❡❣✉❧❛r✐③❛t✐♦♥
❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s ❛ ♥❡✇ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳ ❚❤❡ ♣r♦♦❢
r❡❧✐❡s ♦♥ ❛ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ❧❡♠♠❛✱ t❤❛t ❋✳ ❖✳ ●❛❧❧❡❣♦ ❡st❛❜❧✐s❤❡s ✐♥ ❬✷✻❪✳ ❚❤❡♥✱ ❊✳ ●r❡♥✐❡r
❣✐✈❡s ✐♥ ❬✷✾❪ ❛♥♦t❤❡r ❛♣♣r♦❛❝❤✱ ❝♦♥s✐st✐♥❣ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❤②❞r♦st❛t✐❝ ❡q✉❛t✐♦♥s st❛rt✐♥❣
❢r♦♠ ✷❉ ❊✉❧❡r ❡q✉❛t✐♦♥s✱ ❢♦❧❧♦✇✐♥❣ ❢♦r ✐♥st❛♥❝❡ ❬✶✵❪✳ ❚♦ ✜♥✐s❤✱ ❈❤❡♠✐♥ ❡t ❛❧✳ ❬✷✶❪ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡
t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ✇✐t❤ ✈❛♥✐s❤✐♥❣ ✈❡rt✐❝❛❧ ✈✐s❝♦s✐t②✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ✐♥✐t✐❛❧
✈❡❧♦❝✐t② ✐s sq✉❛r❡✲✐♥t❡❣r❛❜❧❡ ✐♥ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞ Hs ✐♥ t❤❡ ✈❡rt✐❝❛❧ ❞✐r❡❝t✐♦♥✱ t❤❡② ♣r♦✈❡
❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r s > 1/2 ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r s > 3/2✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s ✇♦r❦✱ ❉✳
■❢t✐♠✐é ❬✸✽❪ ❤❛s ❝❧♦s❡❞ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss✱ ♣r♦✈✐♥❣ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s
❢♦r s > 1/2✳

❆♠♦♥❣ t❤❡ ❡①t❡♥s✐✈❡ ✇♦r❦ ❞♦♥❡ ♦♥ t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s ♦r ◆❛✈✐❡r✲❙t♦❦❡s
❡q✉❛t✐♦♥s✱ t❤❡ ♣r♦❜❧❡♠ ✐s ♦♣❡♥ t♦ ❝♦♥s✐❞❡r ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ✈❡rt✐❝❛❧
✈❡❧♦❝✐t② u3 ♦r✴❛♥❞ ❛ ❝♦♠♣r❡ss✐❜❧❡ ❝♦♥❞✐t✐♦♥✳ ❚❤✐s ✐s ♣r❡❝✐s❡❧② t♦ ✇❤❛t ✐s ❞❡❞✐❝❛t❡❞ t❤❡ ✜rst ♣❛rt ♦❢
t❤✐s t❤❡s✐s✳ ●✐✈❡♥ f ′ = (f1, f2) : Ω → R2✱ Φ : Ω → R✱ ❛♥❞ g = (g′, g3) : Γ → R3✱ Φ ❛♥❞ g s❛t✐s❢②✐♥❣
❛❞❡q✉❛t❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ s❡❡ ✭✹✳✷✶✮ ♦r ✭✹✳✶✶✮✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
s②st❡♠✿

(SH)





−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u′ = g′, Bu3 = g3 ♦♥ Γ,

✶✹



✇❤❡r❡ Bu3 ❞❡✜♥❡s ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

u3 = g3 ♦♥ Γ, ♦r u3n3 = g3 ♦♥ Γ. ✭✶✺✮

❖✉r ♣r✐♥❝✐♣❛❧ ♣r❡♦❝❝✉♣❛t✐♦♥ ✐s t♦ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❙②st❡♠ (SH)✳ ❖✉r ✇♦r❦ ❡♥❛❜❧❡s ✉s t♦ ❝♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ Ω ✇✐t❤ ♥♦ s✐❞❡✇❛❧❧s✱ ❛♥❞ ❤❡♥❝❡
❛ ♠❛♣♣✐♥❣ h ✈❛♥✐s❤✐♥❣ ♦♥ ❛ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡ ♣❛rt ♦❢ ∂ω✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥ ✐♥❣❡♥✐♦✉s ❛rr❛②
♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤ts ❞❡♣❡♥❞ ♦♥ h✳ ❖✉r st✉❞② ✐s ❜❛s❡❞ ♦♥ r❡s✉❧ts ❛❧r❡❛❞② ❡①✐st✐♥❣✱
s✉❝❤ ❛s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✮✲✭✻✮ ❛♥❞ ✭✶✸✮ ✐♥ t❤❡ ❍✐❧❜❡rt✐❛♥ ❝❛s❡✱
❛♥❞ ✇❡ ❛❧❧♦✇ ✉s t♦ r❡✈✐s✐t ✐t ❛❧♦♥❣ t❤✐s ✇♦r❦✳

❆s ✇❡ s❤❛❧❧ s❡❡ ✐t ❧❛t❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ (SH) t♦ t❤❡ ❙t♦❦❡s t②♣❡ s②st❡♠ (SH)M ✱ ❞❡✜♥❡❞
❜❡❧♦✇✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ✉♥❦♥♦✇♥s u′ ❛♥❞ p ❛r❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿

(SH)M





−∆u′ + ∇′pS = f ′ ✐♥ Ω,

∇′ ·
✂ 0

−h(x′)
u′(x′, x3) dx3 = φ ✐♥ ω,

u′ = g′ ♦♥ Γ.

▼♦r❡♦✈❡r✱ ✇❡ ✇✐❧❧ ❛❧s♦ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ r❡❝♦✈❡r u3 ❛♥❞ p t❤❛♥❦s t♦ t❤✐s t✇♦ ✉♥❦♥♦✇♥s ♦♥❧②✱ ❜②
❡st❛❜❧✐s❤✐♥❣ ❛ r❡❧❛t✐♦♥ ❝❧♦s❡ t♦ ✭✶✹✮✳ ❚❤✐s ✐s ✇❤②✱ ❛ ♣❛rt ♦❢ t❤✐s ✇♦r❦ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ (SH)M ✱ ❛❧✇❛②s ✐♥ ❛ ❞♦♠❛✐♥ Ω ✇✐t❤ ♥♦ s✐❞❡✇❛❧❧s✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ✉s❡
♦❢ ✇❡✐❣❤t❡❞ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✐s t♦ t❛❦❡ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥✳

❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡rs✳ ■♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ r❡❛❞✐♥❣ ♦❢ ♦✉r ✇♦r❦
❡❛s✐❡r✱ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤❡ s❡q✉❡❧ t♦ ❞❡t❛✐❧ ❡❛❝❤ ❝❤❛♣t❡r ✇✐t❤ ❛ s❤♦rt s✉♠ ✉♣✳

❈❤❛♣t❡r ✶✳ ■♥ ❛ ✜rst ♣❧❛❝❡✱ ✇❡ ❣✐✈❡ s♦♠❡ ♥♦t❛t✐♦♥s ❛♥❞ ✇❡ s❡t t❤❡ ❜❛s✐❝ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ♦❢
t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1(Ω)✳ ❲❡ ❛❧s♦ r❡✇✐♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ H1/2

00 (Γ0) ✇❤❡♥ Γ0 ⊂ Γ✳
❚❤r♦✉❣❤♦✉t t❤❡ ✇♦r❦✱ ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ✐♥t❡❣r❛❧s ♦✈❡r Γ✳ ❋♦r ❣✐✈❡♥ ❣❡♦♠❡tr② ♦❢ Ω s❡❡ ✭✶✮✱ ❛♥② ✐♥t❡✲
❣r❛❧ ❞❡✜♥❡❞ ♦♥ ΓB ♦r ΓS ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ♦♥❡ ❞❡✜♥❡❞ ♦♥ ω✳ ❲❡ ❣❛t❤❡r ❢❡✇ ❡❧❡♠❡♥ts ♦❢ ❝♦♠♣✉t❛t✐♦♥
❤❡r❡✳
❋✐♥❛❧❧②✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ s♣❛❝❡s r❡❧❛t❡❞ t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ✇❡❧❧✲❦♥♦✇♥
❧❡♠♠❛ ♦❢ ❉❡ ❘❤❛♠✱ s❡❡ ▲❡♠♠❛ ✶✳✷✳

❈❤❛♣t❡r ✷✳ ❚❤✐s ❝❤❛♣t❡r ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ❙②st❡♠ (SH)M ✳ ❖✉r
✇♦r❦ ❡♥❛❜❧❡s t♦ ❝♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ Ω ✇✐t❤ ♥♦ s✐❞❡✇❛❧❧s ❛❧♦♥❣ ∂ω✱ ❤❡♥❝❡ t♦ ❛ss✉♠❡ t❤❛t h ✐s ✐❞❡♥t✐❝❛❧❧②
❡q✉❛❧ t♦ ✵ ♦♥ ❛ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡ ♣❛rt ♦❢ ∂ω✳ ■♥❞❡❡❞✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ ❛ ❢r❛♠❡✇♦r❦ ❜❛s❡❞ ♦♥ ✇❡✐❣❤t❡❞
▲❡❜❡s❣✉❡ s♣❛❝❡s ✭s❡❡ ✭✷✳✸✮ ❛♥❞ ✭✷✳✷✼✮✮✱ ✇✐t❤ ✇❡✐❣❤ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❛♣♣✐♥❣ h✳
❋✐rst❧②✱ ✇❡ r❡✈✐❡✇ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❤♦♠♦❣❡✲
♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❝❛s❡ ✭✶✸✮✱ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✷✼❪✳ ❚❤❡ ♣r♦♦❢ ✇❡ ❣✐✈❡
r❡♠❛✐♥s ❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❉❡ ❘❤❛♠✲❧✐❦❡ ❧❡♠♠❛✱ s❡❡ ▲❡♠♠❛ ✷✳✾❀ ✐t ✐s t❤❡r❡❢♦r❡ ♥❡❝❡ss❛r② t♦
st✉❞② ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦rM ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✷✳✹✮ ❛♥❞ r❡❝❛❧❧ s♦♠❡ ♥♦t❛t✐♦♥s ♦♥ ❞✐str✐❜✉t✐♦♥s
✐♥❞❡♣❡♥❞❡♥t ♦♥ x3 t❤❛t ✇❡ ❝❛♥ ✜♥❞ ✐♥ ❬✷✼❪✳
❙❡❝♦♥❞❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥❡✇ s✐t✉❛t✐♦♥ t♦ ❧✐❢t t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ,

✇❤❡r❡ φ ∈ L2
1/

√
h
(ω) ❛♥❞ g′ ∈ H

1/2

1/
√
h
(Γ)2✱ s❡❡ ✭✷✳✸✮ ❛♥❞ ✭✷✳✷✼✮✱ ❛♥❞ s❛t✐s❢② t❤❡ ❣♦♦❞ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✷✳✸✹✮✳ ❚♦ ❧✐❢t t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s✱ s❡❡ ▲❡♠♠❛ ✷✳✶✻✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❬✷✽❪ ❜② ❡st❛❜❧✐s❤✐♥❣
❜❡❢♦r❡❤❛♥❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ r❡❧❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦r ∇′ ·M ✱ s❡❡ ✭✷✳✶✸✮✳ ❚❤❡♥✱ s✐♥❝❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s

✶✺



❝❛s❡ ✐s ❛❧r❡❛❞② s♦❧✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡ ❛❜♦✈❡ ❧✐❢t✐♥❣ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss
♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ❙②st❡♠ (SH)M ✱ s❡❡ ❚❤❡♦r❡♠ ✷✳✶✼✳

❈❤❛♣t❡r ✸✳ ■♥ ❈❤❛♣t❡r ✸✱ ✇❡ st✉❞② t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ (SH) ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ u3 s❛t✐s✜❡s t❤❡
❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

u3n3 = 0 ♦♥ Γ. ✭✶✻✮

❚♦ ❜❡❣✐♥ ✇✐t❤✱ ✇❡ ❞❡✜♥❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✻✮ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❛♥✐s♦tr♦♣✐❝ s♣❛❝❡ H(∂x3 , Ω)
❛♥❞ ❜② r❡✈✐❡✇✐♥❣ ✉s❡❢✉❧ ♣r♦♣❡rt✐❡s r❡❧❛t❡❞ t♦ t❤✐s s♣❛❝❡ ❬✹✼❪✳
❚❤❡♥✱ ✇❡ r❡✈✐❡✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✮✲✭✻✮✱ ❜② ❢♦❧❧♦✇✐♥❣ t❤❡ t✇♦
❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ❣✐✈❡♥ ✐♥ ✐♥tr♦❞✉❝t✐♦♥✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❚❤❡♦r❡♠ ✸✳✹✱ ✇❡ ❣✐✈❡ ❛
❝♦♠♣❧❡t❡ ❛♥❞ ❥✉st✐✜❡❞ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙t♦❦❡s s②st❡♠ ✭✶✵✮✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱
✇❡ ❣✐✈❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ t♦ r❡❞✉❝❡ Pr♦❜❧❡♠ ✭✸✮✲✭✻✮ t♦ ✭✶✸✮✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✱ ✇❤✐❝❤
✐s ❛❧r❡❛❞② s♦❧✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳
❚♦ ✜♥✐s❤✱ ✇❡ ✇✐❧❧ r❡❞✉❝❡ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = 0 ♦♥ Γ,

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ,

s❡❡ ▲❡♠♠❛ ✸✳✶✽✱ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ (SH) ❛❧✇❛②s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✻✮✳

❈❤❛♣t❡r ✹✳ ■t ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧
(SH) ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ u3 s❛t✐s✜❡s ♦♥❡ ♦❢ t❤❡ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s ✭✶✺✮✳ ❋✐rst❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡
t❤❡ ♥❛t✉r❛❧ ❝❛s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

u3n3 = g3 ♦♥ Γ. ✭✶✼✮

❇② ❝♦♥s✐❞❡r✐♥❣ u3 ✐♥ t❤❡ s♣❛❝❡ HF (∂x3 , Ω)✱ s❡❡ ✭✹✳✶✹✮✱ ✇❡ ♣r♦✈❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹ t❤❛t (u3n3)|Γ
❜❡❧♦♥❣s t♦ L2(Γ)✳ ❚❤❡r❡❢♦r❡✱ ❜② ❡st❛❜❧✐s❤✐♥❣ ♥❡✇ ♣r♦♣❡rt✐❡s ♦♥ t❤❡ ♦♣❡r❛t♦r M ❛♥❞ F ✱ ✇❡ r❡❞✉❝❡✱ ✐♥
❛ s✉✐t❛❜❧❡ s✐t✉❛t✐♦♥✱ t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = g3 ♦♥ Γ,

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ. ✭✶✽✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ♣r♦✈❡ t❤❛t s♦❧✈✐♥❣ (SH) r❡❞✉❝❡s t♦ s♦❧✈❡ (SH)M ✱ ❢r♦♠ ✇❤✐❝❤ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✼✳ ❚❤✐s ❝♦♥st✐t✉t❡s ❛♥ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ (SH) ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✼✮✳
❚❤❡♥✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ✉♥❡①♣❡❝t❡❞ s✐t✉❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

u3 = g3 ♦♥ Γ. ✭✶✾✮

■♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ✇❡ ❤❛✈❡ ❤❛♥❞❧❡❞ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✼✮✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ r❡❞✉❝❡
t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u = g ♦♥ Γ,

t♦ ✭✶✽✮✱ ❢♦r ❛ ❞✐✛❡r❡♥t ❞❛t✉♠ φ✱ ❛♥❞ t❤❡♥ ✉s❡ ❚❤❡♦r❡♠ ✷✳✶✼✳ ■♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹ ❛♥❞ ✉♥❞❡r ❛ss✉♠♣t✐♦♥
✭✼✮ ♦♥❧②✱ ✇❡ ✇✐❧❧ s❡❡ t❤❛t ✐❢ u3 ∈ H(∂x3 , Ω) t❤❡♥ u3|Γ ❜❡❧♦♥❣s t♦ t❤❡ ✇❡✐❣❤t❡❞ s♣❛❝❡ L2(Γ, |n3| dσ)
❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ♠❛❦❡ t❤❡ ❛❜♦✈❡ r❡❞✉❝t✐♦♥ ✐♥ ▲❡♠♠❛ ✹✳✶✽✱ ❜② ♣r♦✈✐♥❣ ❛❞❞✐t✐♦♥❛❧
r❡s✉❧ts s✉❝❤ ❛s Pr♦♣♦s✐t✐♦♥ ✹✳✶✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✱ ❡st❛❜❧✐s❤✐♥❣ ♦♥❡ ♠♦r❡ t✐♠❡ ♥❡✇ ♣r♦♣❡rt✐❡s ❢♦r
t❤❡ ♦♣❡r❛t♦rs M ❛♥❞ F ✳ ❲❡ t❤❡r❡❢♦r❡ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
(SH) ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✶✾✮✱ ❛♥❞ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ Ω ❤❛s s✐❞❡✇❛❧❧s ❛❧♦♥❣ ∂ω✳

✶✻



❈❤❛♣t❡r ✶

❇❛s✐❝ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦

❚❤✐s ❝❤❛♣t❡r ❣❛t❤❡rs ♥♦t❛t✐♦♥s✱ ♥♦t✐♦♥s ❛♥❞ r❡s✉❧ts ♦❢t❡♥ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❆t ✜rst ♣❧❛❝❡✱ ✇❡ r❡❝❛❧❧
❜❛s✐❝ ♣r♦♣❡rt✐❡s r❡❧❛t❡❞ t♦ t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ H1(Ω) ❛♥❞ ✐ts s♣❛❝❡ ♦❢ tr❛❝❡s H1/2(Γ)✳ ❲❡ ✇✐❧❧ ❛❧s♦
r❡✈✐❡✇ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❛❧ tr❛❝❡s s♣❛❝❡ H1/2

00 (Γ0) ❢♦r ❛♥② Γ0 ⊂ Γ ✇✐t❤ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳ ❚❤❡♥✱
✇❡ ✇✐❧❧ ❣✐✈❡ s♦♠❡ r❡q✉✐r❡♠❡♥ts t♦ ❝♦♠♣✉t❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧s ♦♥ Γ✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❣❡♦♠❡tr②
♦❢ Ω ✭✷✮ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✉♥✐t ♦✉t✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r n✳ ❲❡ ✇✐❧❧ ❡st❛❜❧✐s❤ t❤❡r❡❢♦r❡ t❤❡
✐♠♣♦rt❛♥t r❡❧❛t✐♦♥s ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✳ ❚♦ ✜♥✐s❤✱ ✇❡ ✇✐❧❧ r❡❝❛❧❧ ❛♥ ❡ss❡♥t✐❛❧ r❡s✉❧t ✐♥ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠
t❤❡♦r②✱ s❡❡ ▲❡♠♠❛ ✶✳✷✱ ❝♦♠✐♥❣ ✇✐t❤ t❤❡ ✐s♦♠♦r♣❤✐s♠s ❣✐✈❡♥ ✐♥ ✭✶✳✽✮ ❛♥❞ ❛ ❧✐❢t ♦♣❡r❛t♦r ✐♥ Pr♦♣♦s✐t✐♦♥
✶✳✸✳

✶✳✶ ◆♦t❛t✐♦♥s ❛♥❞ s♣❛❝❡s

❲❡ ❞❡✜♥❡ D(Ω) t♦ ❜❡ t❤❡ ❧✐♥❡❛r s♣❛❝❡ ♦❢ ✐♥✜♥✐t❡❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s✱ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥
Ω✱ ❛♥❞ D′(Ω) t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡♥ ✇❡ s❡t✿

D(Ω) =
{
ϕ |Ω /ϕ ∈ D(R3)

}
.

▲❡t ✉s r❡❝❛❧❧ t❤❛t L2(Ω) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ t❤❡ ✭❛❧♠♦st ❡✈❡r②✇❤❡r❡ ❝❧❛ss❡s ♦❢✮ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s
u s✉❝❤ t❤❛t

✁
Ω
u2 dx <∞✱ ✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ✉s✉❛❧ ♥♦r♠✿

‖u‖L2(Ω) =

(✂
Ω

u2 dx

)1/2

❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ s♣❛❝❡ L2
0(Ω) =

{
u ∈ L2(Ω) /

✁
Ω
u dx = 0

}
, ✇❤✐❝❤ ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ L2(Ω)✱

❛♥❞ ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ q✉♦t✐❡♥t s♣❛❝❡ L2(Ω)/R✳

❲❡ ❞❡♥♦t❡ ❜② H1(Ω) t❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡
{
u ∈ L2(Ω) /∇u ∈ L2(Ω)3

}
✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r

t❤❡ ♥♦r♠✿

‖u‖H1(Ω) =
(
‖u‖2

L2(Ω) + ‖∇u‖2
L2(Ω)3

)1/2

.

❙✐♥❝❡ Ω ❤❛s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② Γ✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ tr❛❝❡ u|Γ ❢♦r ❛♥② ❢✉♥❝t✐♦♥ u ∈ H1(Ω)✳
❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❞❡♥♦t❡ ❜② dσ t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ♠❡❛s✉r❡ ♦❢ ▲❡❜❡s❣✉❡ dx✱ ❛♥❞
✇❡ ❞❡♥♦t❡ ❜② L2(Γ) t❤❡ s♣❛❝❡ ♦❢ dσ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s µ : Γ → R sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❢♦r t❤❡ s✉r❢❛❝❡
♠❡❛s✉r❡ dσ✱ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖µ‖L2(Γ) = (

✂
Γ

µ2 dσ)1/2.

✶✼



❚❤❡r❡❢♦r❡✱ ❛♥❞ s✐♥❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ H1(Ω)✱ t❤❡ ♠❛♣♣✐♥❣

u 7→ u|Γ,

❞❡✜♥❡❞ ♦♥ D(Ω)✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ ❞❡♥♦t❡❞ ✐♥
t❤❡ s❛♠❡ ✇❛②✱ ❢r♦♠ H1(Ω) ✐♥t♦ L2(Γ)✳ ▼♦r❡♦✈❡r✱ ✐❢ u ❛♥❞ v ❜❡❧♦♥❣ t♦ H1(Ω)✱ ✐t s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣
●r❡❡♥✬s ❢♦r♠✉❧❛✿ ✂

Ω

u
∂v

∂xi
dx = −

✂
Ω

v
∂u

∂xi
dx+

✂
Γ

uvni dσ, 1 6 i 6 3.

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡♥♦t❡ ❜② H1/2(Γ) t❤❡ s♣❛❝❡ ♦❢ tr❛❝❡s ♦❢ H1(Ω) ❢✉♥❝t✐♦♥s✿

H1/2(Γ) =
{
µ ∈ L2(Γ) /∃u ∈ H1(Ω) s✉❝❤ t❤❛t u = µ ♦♥ Γ

}
.

▲❡t ✉s r❡❝❛❧❧ t❤❛t H1/2(Γ) ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠✿

‖µ‖H1/2(Γ) = inf
{
‖u‖H1(Ω) / u ∈ H1(Ω), u = µ ♦♥ Γ

}
,

❛♥❞ t❤❛t ✐t ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ L2(Γ)✿ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t✶ C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤
t❤❛t✿

∀µ ∈ H1/2 (Γ) , ‖µ‖L2(Γ) ≤ C ‖µ‖H1/2(Γ) .

❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

H1
0 (Ω) = D(Ω)H1

0(Ω) =
{
u ∈ H1(Ω) / u = 0 ♦♥ Γ

}
,

❛♥❞ ✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s H−1(Ω)✱ ❛s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ H1
0 (Ω)✳

❚♦ ✜♥✐s❤✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ s♣❡❝✐❛❧ s♣❛❝❡s ♦❢ tr❛❝❡s✳ ❲❡ r❡❢❡r t♦ ❬✷✷❪
❢♦r ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡s❡ s♣❛❝❡s✳ ❋♦r ❛♥ ♦♣❡♥ s❡t Γ0 ⊂ Γ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✱ ✇❡ ❞❡✜♥❡ t❤❡
s♣❛❝❡✿

H1
Γ0

(Ω) =
{
u ∈ H1(Ω) / u = 0 ♦♥ Γ\Γ0

}
,

✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ st❛♥❞❛r❞ H1(Ω) ♥♦r♠✳ ❚❤❡♥✱ ✇❡ ❞❡♥♦t❡ ❜② H1/2
00 (Γ0) t❤❡

tr❛❝❡s s♣❛❝❡ ♦❢ H1
Γ0

(Ω) ❢✉♥❝t✐♦♥s✿

H
1/2
00 (Γ0) =

{
g ∈ L2(Γ0) /∃u ∈ H1

Γ0
(Ω) s✉❝❤ t❤❛t u = g ♦♥ Γ0

}
,

✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠✿

‖g‖
H

1/2
00 (Γ0)

= inf
{
‖u‖H1(Ω) / u ∈ H1

Γ0
(Ω) ❛♥❞ u = g ♦♥ Γ0

}
.

❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ H−1/2(Γ0) ❛s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ H1/2
00 (Γ0)✳ ▲❡t ✉s ❛❧s♦ r❡❝❛❧❧ t❤❛t H1/2

00 (Γ0) ✐s
❞❡♥s❡ ✐♥ L2(Γ0)✱ s♦ t❤❛t L2(Γ0) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ ❛ s✉❜s♣❛❝❡ ♦❢ H−1/2(Γ0)✳

✶❲❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r C t♦ ❞❡♥♦t❡ ❛♥② ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳

✶✽



✶✳✷ ❙✉r❢❛❝❡ ❝♦♠♣✉t❛t✐♦♥s

■♥ t❤✐s ♣❛r❛❣r❛♣❤✱ ✇❡ ❣✐✈❡ s♦♠❡ r❡q✉✐r❡♠❡♥ts t♦ ❝♦♠♣✉t❡ s✉r❢❛❝❡ ✐♥t❡❣r❛❧s s✉❝❤ ❛s✿

✂
Γ

µni dσ, 1 6 i 6 3,

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ µ ❜❡❧♦♥❣s t♦ t❤❡ s♣❛❝❡ L1(Γ) ✭L1(Γ) ❜❡✐♥❣ ❞❡✜♥❡❞ s✐♠✐❧❛r❧② t♦ L2(Γ)✮✳ ❲❡ ✐♥tr♦❞✉❝❡
❜❡❢♦r❡❤❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣♦rt❛♥t ♥♦t❛t✐♦♥s✳ ❋♦r ❛♥② dσ✲♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ µ : Γ → R✱ ✇❡ ❞❡✜♥❡
t❤❡ ❢✉♥❝t✐♦♥s µS ❛♥❞ µB ❜② s❡tt✐♥❣✿

x′ ∈ ω, µS(x′) = µ(x′, 0), µB(x′) = µ(x′,−h(x′)). ✭✶✳✶✮

❋✐rst❧②✱ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❤✐❝❤ ❡♥❛❜❧❡s t♦ r❡♣❧❛❝❡ ❛♥② ✐♥t❡❣r❛❧ ❞❡✜♥❡❞ ♦♥ ΓS ♦r
ΓB ❜② ♦♥❡ ❞❡✜♥❡❞ ♦♥ ω✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ ▲❡t p = 1 ♦r 2✳ ❚❤❡ ♠❛♣♣✐♥❣ µ 7→ (µS , µB) ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢r♦♠ Lp(Γ)
✐♥t♦ Lp(ω)2✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❤❛s✿

✂
ΓS

µdσ =

✂
ω

µS dx
′ ❛♥❞

✂
ΓB

µdσ =

✂
ω

µB(1 + |∇h|2)1/2dx′. ✭✶✳✷✮

Pr♦♦❢✳ ▲❡t p = 1 ♦r ✷✳ ◆♦t✐❝❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧s ✐♥ ✭✶✳✷✮ ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ ω ✐s ❜♦✉♥❞❡❞✳ ❚❤❡♥✱
Pr♦♣♦s✐t✐♦♥ ✶✳✶ ❢♦❧❧♦✇s ❢r♦♠ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ ❣✐✈❡♥ t❤❡ ❣❡♦♠❡tr② ♦❢ Ω✱ s❡❡ ✭✷✮✳

❙❡❝♦♥❞❧②✱ ❛♥❞ ❣✐✈❡♥ t❤❡ ❣❡♦♠❡tr② ♦❢ Ω✱ s❡❡ ✭✷✮✱ ♥♦t❡ t❤❛t ni s❛t✐s✜❡s ❢♦r i = 1, 2✿

ni = 0 ♦♥ ΓS , ni = 1 ♦♥ ΓL, (ni)B(1 + |∇h|2)1/2 = − ∂h

∂xi
✐♥ ω,

❛♥❞ ❛❧s♦ t❤❛t t❤❡ t❤✐r❞ ❝♦♠♣♦♥❡♥t ❢✉❧✜❧❧s✿

n3 = 1 ♦♥ ΓS , n3 = 0 ♦♥ ΓL, (n3)B(1 + |∇h|2)1/2 = −1 ✐♥ ω.

❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❝♦♠❜✐♥❡ t❤❡s❡ ♣r♦♣❡rt✐❡s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✶✱ ✇❡ ♦❜t❛✐♥ ✐♠♠❡❞✐❛t❡❧②✱ ❢♦r µ ∈ L1(Γ)✱
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿ ✂

ΓB

µni dσ = −
✂
ω

µB
∂h

∂xi
dx′, i = 1, 2, ✭✶✳✸✮

✂
ΓS

µn3 dσ =

✂
ω

µS dx
′,

✂
ΓB

µn3 dσ = −
✂
ω

µB dx
′. ✭✶✳✹✮

❛♥❞ ✜♥❛❧❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❢♦r p = 1 ♦r ✷✿

∀µ ∈ Lp(Γ),

✂
Γ

µni dσ =

✂
ΓL

µdσ −
✂
ω

µB
∂h

∂xi
dx′, i = 1, 2, ✭✶✳✺✮

∀µ ∈ Lp(Γ),

✂
Γ

µn3 dσ =

✂
ω

µS dx
′ −

✂
ω

µB dx
′. ✭✶✳✻✮

✶✾



✶✳✸ Pr♦♣❡rt✐❡s ♦❢ s♣❛❝❡s r❡❧❛t❡❞ t♦ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r

❋♦r ❛♥② ✈❡❝t♦r ✜❡❧❞ v = (v1, v2, v3)✱ ✇❡ ❞❡✜♥❡ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ❜②✿

❞✐✈ v = ∇ · v =

3∑

i=1

∂vi
∂xi

.

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ❧❡♠♠❛ ♦❢ ❉❡ ❘❤❛♠✱ s❡❡ ▲❡♠♠❛ ✶✳✷✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥
t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ t❤❡♦r②✳ ❚❤✐s ❧❡♠♠❛ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ❛ ♣♦✇❡r❢✉❧ ❛♥❞ ❞✐✣❝✉❧t t❤❡♦r❡♠✱ ♦r✐❣✐♥❛❧❧②
♣r♦✈❡❞ ❜② ●✳ ❉❡ ❘❤❛♠ ✐♥ ❬✷✸❪✱ ❛♥❞ ✇❤✐❝❤ s❛②s ❡ss❡♥t✐❛❧❧②✿

■❢ ❛ ❞✐str✐❜✉t✐♦♥ ✜❡❧❞ T ∈ D′(Ω)3 s❛t✐s✜❡s✿

∀ϕ ∈ D(Ω)3 ✇✐t❤ ∇ · ϕ = 0, 〈T , ϕ〉D′(Ω)3,D(Ω)3 = 0,

t❤❡♥ T = ∇p ❢♦r s♦♠❡ ❞✐str✐❜✉t✐♦♥ p ∈ D′(Ω)✳

❚❤❡ ❛❞❛♣t❛t✐♦♥ ✇❡ ❣✐✈❡ ♥♦✇ ✐s ♣r♦✈❡❞ ✐♥ ❬✷✽❪✱ s❡❡ ▲❡♠♠❛ ✷✳✶ ♣❛❣❡ ✷✷ ♦❢ ❬✷✽❪✱ ✇✐t❤ ❛ ❞✐✛❡r❡♥t
❛♣♣r♦❛❝❤ ✐♥s♣✐r❡❞ ❜② ▲✳ ❚❛t❛r ✐♥ ❬✹✻❪✳ ❇❡❢♦r❡❤❛♥❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡✿

V =
{
v ∈ H1

0 (Ω)3 /∇ · v = 0 ✐♥ Ω
}
. ✭✶✳✼✮

▲❡♠♠❛ ✶✳✷✳ ■❢ f ∈ H−1(Ω)3 s❛t✐s✜❡s✿

∀v ∈ V , 〈f , v〉H−1(Ω)3,H1
0 (Ω)3 = 0,

t❤❡♥✱ t❤❡r❡ ✐s p ∈ L2(Ω) s✉❝❤ t❤❛t ∇p = f ✐♥ Ω✳ ❙✐♥❝❡ Ω ✐s ❝♦♥♥❡❝t❡❞✱ p ✐s ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡
❝♦♥st❛♥t✳

❖❜s❡r✈✐♥❣ t❤❛t ❢♦r ❛♥② v ∈ H1
0 (Ω)3 ♦♥❡ ❤❛s✿

✂
Ω

∇ · v dx = 0,

t❤❡ r❛♥❣❡ s♣❛❝❡ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦♣❡r❛t♦r ❞✐✈ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ L2
0(Ω)✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❛♥❞ ▲❡♠♠❛

✶✳✷ ②✐❡❧❞ t✇♦ ✐s♦♠♦r♣❤✐s♠s✿

∇ : L2(Ω)/R −→ V ◦ ❛♥❞ ❞✐✈ : V ⊥ −→ L2
0(Ω), ✭✶✳✽✮

❡st❛❜❧✐s❤❡❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✹ ♣❛❣❡ ✷✹ ✐♥ ❬✷✽❪✳ ❍❡r❡✱ V ⊥ ❞❡♥♦t❡s t❤❡ ♦rt❤♦❣♦♥❛❧ ♦❢ V ❢♦r t❤❡ s❝❛❧❛r
♣r♦❞✉❝t✿ ✂

Ω

∇u : ∇v dx =

3∑

i=1

✂
Ω

∇ui · ∇vi dx,

❛♥❞ V ◦ ❞❡♥♦t❡s t❤❡ ♣♦❧❛r s♣❛❝❡ ♦❢ V ✿

V ◦ =
{

f ∈ H−1(Ω)3 /∀v ∈ V , 〈f , v〉H−1(Ω)3, H1
0 (Ω)3 = 0

}
. ✭✶✳✾✮

❲❡ ✜♥✐s❤ t❤✐s ♣❛r❛❣r❛♣❤ ❜② ❣✐✈✐♥❣ ❛ ❧✐❢t ♦♣❡r❛t♦r ♦❢ ❜♦✉♥❞❛r② ✈❛❧✉❡s✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
t❤❡ s❡❝♦♥❞ ✐s♦♠♦r♣❤✐s♠ ✐♥ ✭✶✳✽✮✳ ❲❡ r❡♣❡❛t ❤❡r❡ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✷✳✷ ♣❛❣❡ ✷✹ ♦❢ ❬✷✽❪✳

✷✵



Pr♦♣♦s✐t✐♦♥ ✶✳✸✳ ▲❡t Φ ∈ L2(Ω) ❛♥❞ g ∈ H1/2(Γ)3 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

✂
Ω

Φ dx =

✂
Γ

g · n dσ. ✭✶✳✶✵✮

❚❤❡♥✱ t❤❡r❡ ✐s u ∈ H1(Ω)3 s✉❝❤ t❤❛t✿

∇ · u = Φ ✐♥ Ω, u = g ♦♥ Γ, ✭✶✳✶✶✮

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

‖u‖H1(Ω)3 6 C
(
‖Φ‖L2(Ω) + ‖g‖H1/2(Γ)3

)
.

✷✶



✷✷



❈❤❛♣t❡r ✷

❲❡❛❦ s♦❧✉t✐♦♥s t♦ ❙②st❡♠ (SH)M

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t f ′ : Ω → R2 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠ t♦ ✜♥❞ u′ : Ω → R2 ❛♥❞ pS : ω → R s✉❝❤ t❤❛t✿




−∆u′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = 0 ✐♥ ω,

u′ = 0 ♦♥ Γ,
✭✷✳✶✮

❛♥❞ ✇❤❡r❡ t❤❡ ♦♣❡r❛t♦rM ✐s ❞❡✜♥❡❞ ❛❢t❡r ✐♥ ✭✷✳✹✮✳ ■♥✐t✐❛❧ st✉❞✐❡s ♦♥ Pr♦❜❧❡♠ ✭✷✳✶✮ ♣r♦✈❡ t❤❛t ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ r❡❧✐❡s ❡ss❡♥t✐❛❧❧② ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥✱ s❡❡ ❘❡♠❛r❦
✷✳✶✹✳ ▼♦r❡ r❡❝❡♥t❧②✱ ❛ ♥❡✇ ❛♣♣r♦❛❝❤ ✐s ❣✐✈❡♥ ❜② ❋✳ ❖✳ ●❛❧❧❡❣♦ ✐♥ ❬✷✻❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ❡st❛❜❧✐s❤❡s
❛ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ▲❡♠♠❛ ✭s❡❡ ▲❡♠♠❛ ✶✳✷✮✱ ❛❞❛♣t❡❞ t♦ t❤✐s Pr♦❜❧❡♠ ♦r t♦ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♦♥❡✱
✐ss✉❡❞ ❢r♦♠ t❤❡ P❊s✱ t❤❛t ✇❡ ♣♦s❡ ✐♥ ✭✷✳✶✹✮✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐s✐t t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✮✱ ❜② ❢♦❧❧♦✇✐♥❣
t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤✳ ❚❤❡♥✱ ✇❡ ❣♦ ❢✉rt❤❡r ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ♥❡✇ s✐t✉❛t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❡st❛❜❧✐s❤
❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆u′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = φ ✐♥ ω,

u′ = g′ ♦♥ Γ,
✭✷✳✷✮

✇❤❡r❡ φ : ω → R ❛♥❞ g′ : Γ → R2 ❛r❡ s✉✐t❛❜❧❡ ❣✐✈❡♥ ❞❛t❛✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ t❤✐s ♣r♦❜❧❡♠
❜② (SH)M ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■✳

❆♥ ♦✉t❧✐♥❡ ♦❢ ❈❤❛♣t❡r ✷ ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❡❛s✐❡r ♣r♦♦❢ ♦❢ ❛
✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ▲❡♠♠❛✱ ❛❞❛♣t❡❞ ❢r♦♠ ❬✷✻❪✱ ❛♥❞ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✷✳✾✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧
✉s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ ❛❞❛♣t❡❞ t♦ ❛ ❣❡♥❡r❛❧ ❞♦♠❛✐♥ Ω ❢♦r ✇❤✐❝❤ ✭✼✮ ❞♦❡s ♥♦t ❤♦❧❞✳
❋✐rst❧②✱ ❛♥❞ ❛❢t❡r ❤❛✈✐♥❣ ✐♥tr♦❞✉❝❡❞ s♦♠❡ s✉✐t❛❜❧❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s ✭s❡❡ ✭✷✳✸✮✮✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ✐♥ ✭✷✳✹✮
t❤❡ ♦♣❡r❛t♦r M ❛♥❞ ✇✐❧❧ st✉❞② ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷ s♦♠❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♦♣❡r❛t♦r✳ ❚❤❡♥✱
✇❡ ✇✐❧❧ ♥❡❡❞ t♦ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥ ❬✷✻❪ ❝♦♥❝❡r♥✐♥❣ ❞✐str✐❜✉t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡
x3−✈❛r✐❛❜❧❡ ✭s❡❡ ❉❡✜♥✐t✐♦♥ ✷✳✹✮✱ s✉❝❤ ❛s ❛ r❡♣r❡s❡♥t❛t✐♦♥ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✺❀ t❤✐s r❡s✉❧t ❡①♣❧❛✐♥s
t❤❛t ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ t♦ ❛♥② ❞✐str✐❜✉t✐♦♥ T ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ x3−✈❛r✐❛❜❧❡ ✱ ❛ ❞✐str✐❜✉t✐♦♥ S ♦♥ t❤❡
s✉r❢❛❝❡ ω✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✼ ♦r ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✽✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ S
❞❡♣❡♥❞s ♦♥ t❤❡ ♦♥❡ ♦❢ T ✳ ❚❤❡ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✽ ❝♦♥❝❡r♥s ❛ ♥❡✇ s✐t✉❛t✐♦♥✱ ♥♦t ✐♥✈❡st✐❣❛t❡❞ ✐♥
❬✷✻❪✱ ❢r♦♠ ✇❤✐❝❤ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ ❡①♣❡❝t❡❞ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ▲❡♠♠❛ st❛t❡❞ ✐♥ ▲❡♠♠❛ ✷✳✾✳

✷✸



❲❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ ❙❡❝t✐♦♥ ✷✳✷✱ ❜② ❡st❛❜❧✐s❤✐♥❣ ♥❡✇ ✐s♦♠♦r♣❤✐s♠s r❡❧❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦rs ∇′ ❛♥❞ ∇′ ·M ✱
s❡❡ ▲❡♠♠❛ ✷✳✾✱ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✷✳✷✮✱ ❢♦r ✇❤✐❝❤ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡ ✇❡ ✐♥✐t✐❛t❡ t❤❡ st✉❞②✳

■♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ▲❡♠♠❛ ✷✳✾ t♦ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ ✭✷✳✶✮✱ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ t❤❡ s❡❝♦♥❞ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✭✷✳✶✸✮ ❛♥❞ t❤❡ ♣❛rt✐❝✉❧❛r
❝❤♦✐❝❡ ♦❢ ❛ ✇❡✐❣❤t❡❞ s♣❛❝❡ ❢♦r t❤❡ ❞❛t✉♠ g′ ✭s❡❡ ✭✷✳✷✼✮✮✱ ✇✐❧❧ ❡♥❛❜❧❡ ✉s t♦ ❧✐❢t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Ω,

❛♥❞ t❤❡r❡❢♦r❡ t♦ s♦❧✈❡ t❤❡ ♥❡✇ ♣r♦❜❧❡♠ ✭✷✳✷✮✳

✷✳✷ ▼❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥

▲❡t h ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ♦♥ ω✳ ■♥ t❤❡ ♠♦st ♣❛rt ♦❢ t❤❡ ✇♦r❦✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞
❛ss✉♠♣t✐♦♥ ✭✼✮✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ❝♦♥s✐❞❡r ❛ ♠❛♣♣✐♥❣ h t❤❛t ✈❛♥✐s❤❡s ♦♥ ❛ ♥♦♥ ♥❡❣❧✐❣✐❜❧❡ ♣❛rt ♦❢
∂ω✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦✛s❡t t❤❡ ❞❡❣❡♥❡r❛❝② ♦❢ t❤❡ ❞♦♠❛✐♥ Ω ❜② ✇♦r❦✐♥❣ ✇✐t❤ ✇❡✐❣❤t❡❞ s♣❛❝❡s✳ ▲❡t ✉s
st❛rt t❤✐s s❡❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ ❢♦r α ∈ {−1/2, 1/2}✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ ▲❡❜❡s❣✉❡✬s s♣❛❝❡✿

L2
hα(ω) =

{
p : ω → R / hαp ∈ L2(ω)

}
, ✭✷✳✸✮

✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠

‖p‖L2
hα (ω) = ‖hαp‖L2(ω) .

❆♠♦♥❣ t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ♣♦ss❡ss❡s t❤❡s❡ s♣❛❝❡s✱ ♥♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣s ❤♦❧❞✿

L2
1/

√
h
(ω) →֒ L2(ω) →֒ L2√

h
(ω),

❛♥❞ t❤❛t t❤❡ s♣❛❝❡ D(ω) ✐s ❞❡♥s❡ ✐♥ L2
hα(ω)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ L2

hα(ω) ❝❛♥ ❜❡
✐❞❡♥t✐✜❡❞ t♦ L2

h−α(ω)✳

❘❡♠❛r❦ ✷✳✶✳ ❆♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ p ❞❡✜♥❡❞ ♦♥ ω ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✐♥ Ω ❜② s❡tt✐♥❣ p(x) = p(x′)✱
❢♦r x ∈ Ω✳ ■♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥s✱ ✇❡ s❤❛❧❧ ✐❞❡♥t✐❢② ❛ ❢✉♥❝t✐♦♥ p ❞❡✜♥❡❞ ♦♥ ω ✇✐t❤ ♦♥❡ ❞❡✜♥❡❞
♦♥ Ω ❜② s❡tt✐♥❣

x ∈ Ω, p̃(x) = p(x′).

❚❤❡r❡❢♦r❡✱ ♥♦t❡ t❤❛t p ❜❡❧♦♥❣s t♦ L2√
h
(ω) ✐❢ ❛♥❞ ♦♥❧② ✐❢ p̃ ❜❡❧♦♥❣s t♦ L2(Ω) ❛♥❞ ❛❧s♦ t❤❛t

‖p‖L2√
h
(ω) = ‖p̃‖L2(Ω) .

❚❤❡♥✱ ❧❡t u ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ Ω✳ ■♥ ♦r❞❡r t♦ st✉❞② ❙②st❡♠ ✭✷✳✶✺✮ ♦r ✭✷✳✷✶✮✱ ✐t ✐s ♥❡❝❡ss❛r② t♦
✐♥tr♦❞✉❝❡ ❛♥❞ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r✿

x′ ∈ ω, Mu(x′) =

✂ 0

−h(x′)
u(x′, x3) dx3. ✭✷✳✹✮

▲❡t ✉s ❜r✐❡✢② r❡❝❛❧❧ t❤❛t ✐❢ ϕ ∈ D(Ω)✱ t❤❡♥ Mϕ ∈ C1(ω)✱ s✐♥❝❡ ♦♥❡ ❤❛s ❢♦r i = 1, 2 :

∂

∂xi
(Mϕ) = M(

∂ϕ

∂xi
) +

∂h

∂xi
(ϕ|Γ)B ✐♥ ω. ✭✷✳✺✮

✷✹



❚❤❡♥✱ ✐❢ ϕ ∈ D(Ω)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✿

∂

∂xi
(Mϕ) = M(

∂ϕ

∂xi
) ✐♥ ω. ✭✷✳✻✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❣✐✈❡s t❤❡ ✜rst ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦rM ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡①t❡♥❞ r❡❧❛t✐♦♥
✭✷✳✺✮ ❛♥❞ ✭✷✳✻✮ t♦ ▲❡❜❡s❣✉❡ ❛♥❞ ❙♦❜♦❧❡✈ ❢✉♥❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ▲❡t h ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ♦♥ ω✳ ❚❤❡ ♦♣❡r❛t♦r M ✐s ❧✐♥❡❛r
❛♥❞ ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2(Ω) ✐♥t♦ L2

1/
√
h
(ω)✱ ❢r♦♠ H1(Ω) ✐♥t♦ H1(ω) ∩ L2

1/
√
h
(ω)✱ ❛♥❞ ♦♥❡ ❤❛s ❢♦r

i = 1, 2✿

∀u ∈ H1(Ω),
∂

∂xi
(Mu) = M(

∂u

∂xi
) +

∂h

∂xi
(u|Γ)B ✐♥ ω; ✭✷✳✼✮

∀u ∈ H1
0 (Ω),

∂

∂xi
(Mu) = M(

∂u

∂xi
) ✐♥ ω. ✭✷✳✽✮

Pr♦♦❢✳ ▲❡t u ∈ L2(Ω)✳ ❚❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❣✐✈❡s ❢♦r ❛❧♠♦st ❛❧❧ x′ ✐♥ ω

|Mu(x′)|2
h(x′)

6

✂ 0

−h(x′)
|u(x′, x3)|2 dx3.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ Mu ∈ L2
1/

√
h
(ω) ❛♥❞ ♦♥❡ ❤❛s ❢♦r ❛♥② u ∈ L2(ω)

‖Mu‖L2
1/

√
h
(ω) 6 ‖u‖L2(ω) . ✭✷✳✾✮

◆❡①t✱ ❧❡t u ✐♥ H1(Ω) ❛♥❞ ψ ∈ D(ω)✳ ❖♥❡ ❤❛s ❢♦r i = 1, 2✿

✂
ω

Mu
∂ψ

∂xi
dx′ =

✂
Ω

u
∂̃ψ

∂xi
dx =

✂
Ω

u
∂ψ̃

∂xi
dx

= −
✂

Ω

∂u

∂xi
ψ̃ dx+

✂
Γ

uniψ̃ dσ.

❚❤❡♥✱ ❧❡t ✉s ❝♦♠♣✉t❡
✁
Γ
uniψ̃ dσ✳ ❙✐♥❝❡ ψ̃ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✱ ♦♥❡ ❤❛s ψ̃ = 0 ♦♥ ΓL✱ ❢r♦♠ ✇❤✐❝❤

❢♦❧❧♦✇s ❜② r❡❧❛t✐♦♥ ✭✶✳✺✮ t❤❛t✿
✂

Γ

uniψ̃ dσ = −
✂
ω

(u|Γ)B
∂h

∂xi
ψ dx′.

❈♦♥s❡q✉❡♥t❧②✱ ♦♥❡ ❤❛s ♣r♦✈❡❞ t❤❛t ❢♦r ❛♥② ψ ∈ D(ω)✱
✂
ω

Mu
∂ψ

∂xi
dx′ = −

✂
ω

[
M(

∂u

∂xi
) + (u|Γ)B

∂h

∂xi

]
ψ dx′.

❙✐♥❝❡ ∂xiu ∈ L2(Ω)✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t M(∂xiu) ∈ L2(ω)✱ ❛♥❞ s✐♥❝❡ u|Γ ∈ H1/2(Γ)✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶
❡♥s✉r❡s t❤❛t

(u|Γ)B ∈ L2(ω).

❚❤✉s ✭✷✳✼✮ ❤♦❧❞s ✐♥ D′(ω) ❛♥❞ ✐♥ L2(ω)✱ s✐♥❝❡ h ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❣✐✈❡ t❤❡
❝♦♥t✐♥✉✐t② ♦❢ M ❢r♦♠ H1(Ω) ✐♥t♦ H1(ω)✳
❲❤❡♥ u ❜❡❧♦♥❣s t♦ H1

0 (Ω)✱ t❤❡ ❢✉♥❝t✐♦♥ (u|Γ)B ✈❛♥✐s❤❡s ♦♥ ω✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❞❡❞✉❝❡ ✭✷✳✽✮ ❢r♦♠ r❡❧❛t✐♦♥
✭✷✳✼✮✳

✷✺



❘❡♠❛r❦ ✷✳✸✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ u ∈ H1(Ω) ✐s ♥♦t s✉✣❝✐❡♥t t♦ ❣❡t

(u|Γ)B
∂h

∂xi
∈ L2

1/
√
h
(ω),

❛♥❞ t♦ ❝♦♥❝❧✉❞❡ t❤❛t ∂xi(Mu) ❜❡❧♦♥❣s t♦ L2
1/

√
h
(ω) ✐♥ ✭✷✳✼✮✳

◆❡①t✱ ❧❡t v′ = (v1, v2) ❜❡ ❛ t✇♦✲✈❡❝t♦r ✜❡❧❞ ❞❡✜♥❡❞ ♦♥ Ω✳ ❋r♦♠ t❤❡ ♦♣❡r❛t♦r M ✱ ✇❡ ❞❡✜♥❡ t❤❡
❞✐✈❡r❣❡♥❝❡ ♠❡❛♥ ♦♣❡r❛t♦r ❜② s❡tt✐♥❣✿

∇′ ·Mv′ =
∑

i=1,2

∂

∂xi
(Mvi).

❲❡ ❜❡❣✐♥ t❤✐s ♣❛r❛❣r❛♣❤ ❜② ❡st❛❜❧✐s❤✐♥❣ ❛ ❉❡ ❘❤❛♠✲❧✐❦❡ ❧❡♠♠❛✱ ✇❤✐❝❤ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✶✳✷✳
❍❡r❡✱ ✇❡ ✉s❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t ♦♥ x3✱ ♣r♦✈❡❞ ❜② ❋✳ ❖✳ ●❛❧❧❡❣♦
✐♥ ❬✷✻❪✳ ❚❤✐s r❡s✉❧t ✐s ❛t t❤❡ ❤❡❛rt ♦❢ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t ∇′ ·Mu′ = 0✱
❛s ✐♥ ❙②st❡♠ ✭✷✳✶✺✮✳

❲❡ st❛rt ♦✛ ✇✐t❤ ❣✐✈✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✐str✐❜✉t✐♦♥s ✐♥❞❡♣❡♥❞❡♥t ♦♥ x3 ❛♥❞ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥
t❤❡♦r❡♠ ✭s❡❡ ❬✷✻❪ ❚❤❡♦r❡♠ ✶ ♣❛❣❡ ✸✸✼✮✳

❉❡✜♥✐t✐♦♥ ✷✳✹✳ ▲❡t T ∈ D′(Ω)✳ ❲❡ s❛② t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ T ✐s ✐♥❞❡♣❡♥❞❡♥t ♦♥ x3 ✇❤❡♥

∂T

∂x3
= 0 ✐♥ Ω.

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ✭❘❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✮▲❡t h ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ♦♥ ω✳
▲❡t T ∈ D′(Ω)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳
✶✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ T ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✳
✷✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❞✐str✐❜✉t✐♦♥ S ∈ D′(ω) s✉❝❤ t❤❛t

∀ϕ ∈ D(Ω), 〈T, ϕ〉D′(Ω),D(Ω) = 〈S, Mϕ〉D′(ω),D(ω) . ✭✷✳✶✵✮

❘❡♠❛r❦ ✷✳✻✳ ❋♦r ❛♥② ϕ ∈ D(Ω)✱ ♦♥❡ ❤❛s Mϕ ∈ D(ω)✳ ■♥❞❡❡❞✱ ❢♦r t❤❡ ✜rst ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦r❞❡r✱ t❤❡
❝♦♠♣❛❝t s✉♣♣♦rt ❛ss✉♠♣t✐♦♥ ❦✐❧❧s t❤❡ ❞❡❣❡♥❡r❛t❡❞ t❡r♠

∂h

∂xi
(ϕ|Γ)B , .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ∂xi(Mϕ) ∈ C1(ω) ❛♥❞ ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ ω✳ ❇② ❛ r❡❝✉rs✐✈❡ ❛r❣✉♠❡♥t ♦♥
t❤❡ ♦r❞❡r ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t ϕ ∈ D(ω)✱ ✇✐t❤ ❢♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① α ∈ N3✿

Dα(Mϕ) = M(Dαϕ) ✐♥ ω.

❇❡s✐❞❡s✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ S ❞❡♣❡♥❞s ♦♥ t❤❡ ♦♥❡ ♦❢ T ✭s❡❡ ❬✷✻❪ ▲❡♠♠❛ ✶ ♣❛❣❡ ✸✸✾✮✳

Pr♦♣♦s✐t✐♦♥ ✷✳✼✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ▲❡t T ∈ D′(Ω) ❛♥❞ S ∈ D′(ω) s❛t✐s❢②✐♥❣
✭✷✳✶✵✮✳ ■❢ T ∈ H−1(Ω)✱ t❤❡♥

S ∈ H−1(
◦
K), ❢♦r ❛♥② ❝♦♠♣❛❝t s❡t K ⊂ ω.

■❢ ♠♦r❡♦✈❡r✱ ❡ss infω h > 0✱ t❤❡♥ S ∈ H−1(ω)✳

✷✻



▲❡t ✉s ❣✐✈❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ S ✇❤❡♥ T ❜❡❧♦♥❣s t♦
L2(Ω)✱ ❛ ❝❛s❡ t❤❛t ✐s ♥♦t ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✷✻❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✽✳ ❲❡ ❦❡❡♣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✺✳ ■❢ T ∈ L2(Ω) t❤❡♥ S ∈ L2√
h
(ω), ❛♥❞ ♦♥❡

❤❛s

T = S̃ ✐♥ Ω.

Pr♦♦❢✳ ❋✐rst❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t S ❜❡❧♦♥❣s t♦ L2
❧♦❝

(ω)✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❝♦♠♣❛❝t s❡t K ⊂ ω✱ ❛♥❞ s❡t
δK = infx′∈K h(x′).❚❤❡♥✱ ❧❡t a ∈ D(R) s✉❝❤ t❤❛t

s✉♣♣ a ⊂ (−δK , 0), ❛♥❞
✂ 0

−δK

a(x3) dx3 = 1.

❚❤❡r❡❢♦r❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ r❡❧❛t✐♦♥ ✭✷✳✶✵✮✱ t❤❛t ❢♦r ❛♥② ψ ∈ D(ω) ✇✐t❤ s✉♣♣ ψ ⊂ K✿

∣∣∣〈S, ψ〉D′(ω),D(ω)

∣∣∣ =
∣∣∣〈S, M(a⊗ ψ)〉D′(ω),D(ω)

∣∣∣ =
∣∣∣∣
✂

Ω

T a⊗ ψ dx

∣∣∣∣
6 ‖T‖L2(Ω) ‖a⊗ ψ‖L2(Ω)

6 ‖T‖L2(Ω) ‖a‖L∞(R) ‖ψ‖L2(K) .

❲❡ ❞❡❞✉❝❡ t❤❛t S ∈ L2(K)✱ ❤❡♥❝❡ t❤❡ ❞✐str✐❜✉t✐♦♥ S ❜❡❧♦♥❣s t♦ L2
❧♦❝

(ω)✳ ❙❡❝♦♥❞❧②✱ r❡❧❛t✐♦♥ ✭✷✳✶✵✮ ❛❧s♦
❣✐✈❡s ❢♦r ❛♥② ϕ ∈ D(Ω) ✂

Ω

Tϕdx =

✂
ω

SMϕdx′ =

✂
Ω

S̃ϕ dx,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❣❡t T = S̃ ✐♥ L2(Ω)✳ ❚♦ ✜♥✐s❤✱ ✇❡ ✉s❡ ❘❡♠❛r❦ ✷✳✶ ❛♥❞ S ❜❡❧♦♥❣s t♦ L2√
h
(ω)✳

❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

V M =
{
v′ ∈ H1

0 (Ω)2 /∇′ ·Mv′ = 0 ✐♥ ω
}
.

❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✱ ✇❡ ❛r❡ r❡❛❞② t♦ st❛t❡ t❤❡ ❡①♣❡❝t❡❞ ❉❡ ❘❤❛♠✲❧✐❦❡ ❧❡♠♠❛✳ ◆♦t❡ t❤❛t
❛ ♠♦r❡ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ ❬✷✻❪ ♣❛❣❡ ✸✹✷ ▲❡♠♠❛ ✷✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♣r♦✈❡ ♦✉r r❡s✉❧t ✐♥ ❛♥
❡❛s✐❡r ✇❛②✳

▲❡♠♠❛ ✷✳✾✳ ▲❡t h ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ♦♥ ω✳ ■❢ f ′ ∈ H−1(Ω)2 s❛t✐s✜❡s

∀v′ ∈ V M ,
〈
f ′, v′〉

H−1(Ω)2,H1
0 (Ω)2

= 0,

t❤❡♥✱ t❤❡r❡ ✐s q ∈ L2√
h
(ω)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t✱ s✉❝❤ t❤❛t ∇′q̃ = f ′ ✐♥ Ω✳

Pr♦♦❢✳ ▲❡t ✉s s❡t f = (f ′, 0)✳ ❚❤❛♥❦s t♦ ✭✷✳✽✮ ❛♥❞ ✭✸✳✷✶✮✱ ❛♥② v ∈ V ✐s s✉❝❤ t❤❛t v′ ∈ V M ✳ ❆s ❛
❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ f ✐s ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✶✳✷✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
❢✉♥❝t✐♦♥ p ✐♥ L2(Ω)/R s✉❝❤ t❤❛t

∇′p = f ′ ❛♥❞
∂p

∂x3
= 0 ✐♥ Ω.

❚❤❡♥✱ s✐♥❝❡ ∂x3p = 0 ✐♥ Ω✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✺ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✽✱ t❤❛t t❤❡r❡ ✐s q ∈
L2√

h
(ω)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❛❞❞✐t✐✈❡ ❝♦♥st❛♥t ✐♥ t❤✐s ❝❛s❡✱ s✉❝❤ t❤❛t p = q̃✳ ❍❡♥❝❡ q s❛t✐s✜❡s ∇′q̃ = f ′ ✐♥

Ω✳

✷✼



▲❡♠♠❛ ✷✳✾ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠

∇′ : L2√
h
(ω)/R −→ V ◦

M , ✭✷✳✶✶✮

✇❤❡r❡ V ◦
M ✐s ❞❡✜♥❡❞ ❛s ✐♥ r❡❧❛t✐♦♥ ✭✶✳✾✮✳ ❚♦ ✜♥✐s❤ t❤❡ ♣❛r❛❣r❛♣❤✱ ✇❡ ✇❛♥t t♦ ❞❡r✐✈❡ t❤❡ ❞✉❛❧ ✐s♦♠♦r✲

♣❤✐s♠ t♦ ✭✷✳✶✶✮✳ ❋✐rst❧②✱ ♥♦t❡ t❤❛t

∇′ ·M : (V ◦
M )′ −→ (L2√

h
(ω)/R)′,

✐s t❤❡ ❞✉❛❧ ♦♣❡r❛t♦r t♦ ✭✷✳✶✶✮✳ ◆❡①t✱ ♦♥❡ ♣r♦✈❡s t❤❛t t❤❡ s♣❛❝❡ (V ◦
M )′ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ V ⊥

M ⊂
H1

0 (Ω)2✱ ❜② ✉s✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✹ ✐♥ ❬✷✽❪✳ ❚♦ ✜♥✐s❤✱ ❧❡t ✉s ❝❤❛r❛❝t❡r✐③❡
t❤❡ r❛♥❣❡ s♣❛❝❡ ♦❢ t❤❡ ♦♣❡r❛t♦r ∇′ ·M ✳ ❖♥❡ t❤❡ ♦♥❡ ❤❛♥❞✱ ♦❜s❡r✈❡ t❤❛t ●r❡❡♥✬s ❢♦r♠✉❧❛ ❛♥❞ ✭✷✳✽✮
②✐❡❧❞✿

∀v′ ∈ H1
0 (Ω)2,

✂
ω

∇′ ·Mv′ dx′ = 0.

❚❤✉s t❤❡ r❛♥❣❡ s♣❛❝❡ ♦❢ ∇′ ·M ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♣r♦♣❡r✱ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ L2
1/

√
h
(ω)✱ t❤❛t ✐s

L2
1/

√
h, 0

(ω) := L2
1/

√
h
(ω) ∩ L2

0(ω). ✭✷✳✶✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t❡ t❤❛t (L2√
h
(ω)/R)′ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ L2

1/
√
h
(ω) ⊥ R✱ t❤❡ ♦rt❤♦❣♦♥❛❧✐t②

t❛❦❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡

∀p ∈ L2
1/

√
h
(ω), 〈p, 1〉L2

1/
√

h
(ω), L2√

h
(ω) =

✂
ω

p dx′ = 0,

❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t L2
1/

√
h
(ω) ⊥ R ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ L2

1/
√
h, 0

(ω)✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❤❛s ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✶✵✳ ▲❡t h ❜❡ ❛ ♣♦s✐t✐✈❡ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ ♦♥ ω✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs ❛r❡
✐s♦♠♦r♣❤✐s♠s✿

∇′ : L2√
h
(ω)/R −→ V ◦

M ❛♥❞ ∇′ ·M : V ⊥
M −→ L2

1/
√
h, 0

(ω). ✭✷✳✶✸✮

❘❡♠❛r❦ ✷✳✶✶✳ ▲❡♠♠❛ ✷✳✾ ❣✐✈❡s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ V ⊥
M ✳ ■♥❞❡❡❞✱ ♦♥❡ ♣r♦✈❡s ❜② ❛❞❛♣t✐♥❣

t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✷✳✸ ♣❛❣❡ ✷✸ ✐♥ ❬✷✽❪ t❤❛t u′ ∈ V ⊥
M ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s q ∈ L2√

h
(ω) s✉❝❤ t❤❛t

−∆u′ = ∇q̃ ✐♥ Ω.

❇② ♥♦✇✱ ✇❡ ❛r❡ r❡❛❞② t♦ st✉❞② t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ❙②st❡♠ ✭✷✳✷✶✮✳

✷✳✸ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥

❚❤❛♥❦s t♦ t❤❡ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ▲❡♠♠❛ ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✷✻❪✱ ❛❞❛♣t❡❞ t♦ ♦✉r ♣r♦❜❧❡♠ ✐♥ ▲❡♠♠❛
✷✳✾✱ ❋✳ ❖✳ ●❛❧❧❡❣♦ ❣✐✈❡s ❛♥ ❡①✐st❡♥❝❡ ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ P❊s✿





−Au′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = 0 ✐♥ ω,

u′ = 0 ♦♥ ΓB ∪ ΓL, −∂u′

∂x3
= τ ′ ♦♥ ΓS ,

✭✷✳✶✹✮

✷✽



✇❤❡r❡ A ✐s ❛♥ ❛❞❛♣t❡❞ ♦♣❡r❛t♦r✱ ❛♥❞ ✇❤❡r❡ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✼✮ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞✳ ■♥❞❡❡❞✱ ❤❡ ♣r♦✈❡s
t❤❛t Pr♦❜❧❡♠ ✭✷✳✶✹✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ❢♦r ✇❤✐❝❤ ♦♥❧② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥
❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✳

❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❞❛♣t t❤✐s ❛♣♣r♦❛❝❤ t♦ ♦✉r ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✿




−∆u′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = 0 ✐♥ ω,

u′ = 0 ♦♥ Γ,
✭✷✳✶✺✮

❛♥❞ t❤❡r❡❢♦r❡ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✺✮✳ ❚❤✐s ✜rst
r❡s✉❧t ✐s ✐♠♣♦rt❛♥t ✐♥ ❛ ✈✐❡✇ t♦ ❞❡❛❧ ✇✐t❤ ❛♥♦t❤❡r ❣❡♥❡r❛❧✐③❡❞ ♣r♦❜❧❡♠✱ t❤❛t ✇❡ ♣♦s❡ ✐♥ ✭✷✳✷✶✮✱ ❛♥❞ ❢♦r
✇❤✐❝❤ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✇❡ ✐♥✐t✐❛t❡ t❤❡ st✉❞②✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ▲❡t f ′ ✐♥ H−1(Ω)2✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u′, pS) ✐♥ t❤❡ s♣❛❝❡ H1
0 (Ω)2×

(L2√
h
(ω)/R) t♦ Pr♦❜❧❡♠ ✭✷✳✶✺✮✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖u′‖H1(Ω)2 + ‖pS‖L2√
h
(ω)/R

6 C
∥∥f ′∥∥

H−1(Ω)2
. ✭✷✳✶✻✮

Pr♦♦❢✳ ▲❡t (u′, pS) ∈ H1
0 (Ω)2 × (L2√

h
(ω)/R) ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✺✮✱ ❛♥❞ ❧❡t v′ ∈ V M ✳ ❚❤❡♥✱ ♦♥❡ ❤❛s

t❤❛♥❦s t♦ ✭✷✳✽✮

〈∇′p̃S , v′〉H−1(Ω)2,H1
0 (Ω)2 = −

✂
Ω

p̃S ∇′ · v′ dx = −
✂
ω

pSM(∇′ · v′) dx′

= −
✂
ω

pS ∇′ ·Mv′ dx′ = 0,

s✐♥❝❡ ∇′ ·Mv′ = 0 ✐♥ ω✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ u′ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿




❋✐♥❞ u′ ∈ V M s✉❝❤ t❤❛t✿

∀v′ ∈ V M ,

✂
Ω

∇u′ : ∇v′ dx =
〈
f ′, v′〉

H−1(Ω)2,H1
0 (Ω)2

.
✭✷✳✶✼✮

❈♦♥✈❡rs❡❧②✱ ❛♥② s♦❧✉t✐♦♥ u′ ∈ V M t♦ ✭✷✳✶✼✮ ✐s s✉❝❤ t❤❛t

∀v′ ∈ V M ,
〈
∆u′ + f ′, v′〉

H−1(Ω)2,H1
0 (Ω)2

= 0.

❍❡♥❝❡ ∆u′+f ′ ✐s ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✷✳✾✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ pS ✐♥ (L2√
h
(ω)/R)

s✉❝❤ t❤❛t
∇p̃S = ∆u′ + f ′ ✐♥ Ω, ✭✷✳✶✽✮

✇❤❡r❡ u′ ✐s ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✳✶✺✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❛ ♣❛✐r (u′, p) ∈
H1

0 (Ω)2 × (L2√
h
(ω)/R) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✺✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u′ ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✼✮✳ ❚♦ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✺✮✱ ♥♦t❡ t❤❛t ▲❛①✲▼✐❧❣r❛♠✬s ❧❡♠♠❛ ♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ u′

✐♥ V M s❛t✐s❢②✐♥❣ ✭✷✳✶✼✮✳ ❚❤❡♥✱ ❜② t❛❦✐♥❣ v = u ✐♥ ✭✷✳✶✼✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖∇u′‖L2(Ω) 6 C
∥∥f ′∥∥

H−1(Ω)
. ✭✷✳✶✾✮

❚♦ ✜♥✐s❤✱ ▲❡♠♠❛ ✭✷✳✶✵✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✶✾✮✱ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

‖pS‖L2√
h
(ω)/R

6 C ‖∇p̃S‖L2(Ω)

6 C(
∥∥f ′∥∥

H−1(Ω)2
+ ‖∆u′‖H−1(Ω)2)

6 C
∥∥f ′∥∥

H−1(Ω)2
.

✷✾



❘❡♠❛r❦ ✷✳✶✸✳ ❚❤❡ r❡❛❞❡r ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ ❬✷✼❪ ❢♦r ❛♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s
▲❡♠♠❛ ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✷✻❪✳ ■♥❞❡❡❞✱ ✐♥ ❬✷✼❪✱ ❋✳ ❖✳ ●❛❧❧❡❣♦ st✉❞✐❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝
❛♣♣r♦①✐♠❛t✐♦♥✿ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② ❛r❡ ♣❡rt✉r❜❡❞ ✇✐t❤ ❛ ❝❡rt❛✐♥
♠♦♥♦t♦♥❡ ❡①♣r❡ss✐♦♥✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❧❡❛❞ t♦ ❛♥♦t❤❡r ❡①✐st❡♥❝❡ ♣r♦♦❢ ♦❢ ✭✷✳✶✹✮ ❛♥❞ t♦ ❛♥❛❧②③❡ ❛
♦♥❡✲❡q✉❛t✐♦♥ ❤②❞r♦st❛t✐❝ t✉r❜✉❧❡♥❝❡ ♠♦❞❡❧✳

❘❡♠❛r❦ ✷✳✶✹✳ ❆♥♦t❤❡r ❡①✐st❡♥❝❡ ♣r♦♦❢ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✹✮ ✇❛s ❣✐✈❡♥ ❡❛r❧✐❡r ❜② ❚✳ ❈❤❛❝ó♥
❘❡❜♦❧❧♦ ❛♥❞ ❋✳ ●✉✐❧❧é♥ ●♦♥③á❧❡③ ✐♥ ❬✶✾❪✱ ✇❤❡r❡ ❛ss✉♠♣t✐♦♥ ✭✼✮ ✇❛s ♥♦t ❝♦♥s✐❞❡r❡❞ t♦♦✱ s❡❡ ❚❤❡♦r❡♠ ✷
♣❛❣❡ ✽✹✹✳ ❚❤❡ ❛✉t❤♦rs ♣❡r❢♦r♠ ❛ ❞✐r❡❝t ❛♥❛❧②s✐s ♦❢ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s✱ ❜❛s❡❞ ✉♣♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❞✉❝❡❞ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ t❤❛t ✇❡ ❛❞❛♣t t♦ ♦✉r ♥♦t❛t✐♦♥s✿

sup
v′∈H1

0 (Ω)2−{0}

✁
ω
pS ∇′ ·Mv′ dx′

‖v′‖H1(Ω)2
> C ‖pS‖L2√

h
(ω)/R

,

❛♥❞ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✈❡rs✐♦♥ ♦❢ ❉❡ ❘❤❛♠✬s ▲❡♠♠❛ t❤❛t ✇❡ ❡st❛❜❧✐s❤ ✐♥ ▲❡♠♠❛ ✷✳✾✳

❋✳ ●✉✐❧❧é♥ ●♦♥③á❧❡③ ❛♥❞ ❛❧✳ ❤❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✸✺❪✱ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦
s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ✭✷✳✶✹✮✿





−∆u′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = φ ✐♥ ω,

u′ = 0 ♦♥ ΓB ∪ ΓL, −∂u′

∂x3
= 0 ♦♥ ΓS ,

✭✷✳✷✵✮

s❡❡ ❚❤❡♦r❡♠ ✷✳✺ ♣❛❣❡ ✽✶✷✳ ❚♦ ♣r♦✈❡ s✉❝❤ ❛ r❡s✉❧t✱ t❤❡ ❛✉t❤♦rs ♥❡❡❞❡❞ t♦ ✐♠♣♦s❡ ❛ss✉♠♣t✐♦♥ ✭✼✮✱ ❛♥❞
❤❡♥❝❡ t♦ ❝♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ Ω ✇✐t❤ s✐❞❡✇❛❧❧s ❛❧♦♥❣ ∂ω✳ ■♥ ❢❛❝t✱ t❤❡✐r ✐♥✐t✐❛❧ ♠♦t✐✈❛t✐♦♥ ✇❛s t♦ ❡st❛❜❧✐s❤
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ t♦ ✭✷✳✷✵✮✱ s♦ t❤❡② ❛❧s♦ ♥❡❡❞❡❞
t♦ st✉❞② t❤❡ str♦♥❣ s♦❧✉t✐♦♥s t♦ ✭✷✳✷✵✮✱ s❡❡ ❚❤❡♦r❡♠ ✷✳✶ ♣❛❣❡ ✽✶✵✳

❍❡r❡✱ ✇❡ ✇❛♥t t♦ ❣❡♥❡r❛❧✐③❡ ❚❤❡♦r❡♠ ✷✳✺ ♦❢ ❬✸✺❪✱ t♦ ❛ ❝❛s❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s ❡①❝❧✉s✐✈❡❧②✱
❛♥❞ ✇✐t❤ t❤❡ s✉♣♣❧❡♠❡♥t❛r② ❞✐✣❝✉❧t② ♦❢ ♥♦t ❤❛✈✐♥❣ t♦ ✐♠♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✼✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡
st✉❞② ♥♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿





−∆u′ + ∇′p̃S = f ′ ✐♥ Ω,
∇′ ·Mu′ = φ ✐♥ ω,

u′ = g′ ♦♥ Γ.
✭✷✳✷✶✮

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇′ ·Mu′ = φ ✐♥ ω, ❛♥❞ u′ = g′ ♦♥ Γ, ✭✷✳✷✷✮

❤❛✈❡ ♥❡✈❡r ❜❡❡♥ tr❡❛t❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✱ ❛♥❞ ❡✈❡♥ ✇❤❡♥ ✭✼✮ ❤♦❧❞s✳ ❲❡ ♣r♦♣♦s❡ t♦ ❤❛♥❞❧❡ t❤✐s ♥❡✇
s✐t✉❛t✐♦♥ ❜② ❜✉✐❧❞✐♥❣ ❛ ❧✐❢t ♦♣❡r❛t♦r r❡❧❛t❡❞ t♦ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ r❡❧②✐♥❣ ❡ss❡♥t✐❛❧❧② ♦♥ ▲❡♠♠❛
✷✳✶✵ ❡st❛❜❧✐s❤❡❞ ♣r❡✈✐♦✉s❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t s♦❧✈✐♥❣ ✭✷✳✷✶✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ✭✷✳✶✺✮
❢♦r ❛ ❣♦♦❞ ❞❛t✉♠ f ′✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✶✼✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡s ❛r❡✱ t❤❡r❡❢♦r❡✱ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ❧✐❢t ♦♣❡r❛t♦r ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✷✮✳ ❋✐rst❧②✱
s✐♥❝❡ ✇❡ ✇❛♥t t♦ ✜♥❞ u′ ∈ H1(Ω)2✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r g′ ∈ H1/2(Γ)2 ✐♥ ✭✷✳✷✷✮✳ ■♥ t❤✐s ❝❛s❡✱ ❛♥❞
s✐♥❝❡ ✭✷✳✼✮ ②✐❡❧❞s✿

∇′ ·Mu′ = M(∇′ · u′) + ∇′h · (g′)B ✐♥ ω,

✸✵



✇❡ ❤❛✈❡ t♦ ❝❤♦s❡ φ ∈ L2(ω) ✐♥ ✭✷✳✷✷✮✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❚❤❡♥✱ ❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r ω t❤❡
❛❜♦✈❡ r❡❧❛t✐♦♥✱ ♦♥❡ ❤❛s ❜② ✭✷✳✼✮✱ ✭✶✳✸✮ ❛♥❞ s✐♥❝❡ n′ = 0 ♦♥ ΓS ✿

✂
ω

∇′ ·Mu′ dx′ =

✂
ω

M(∇′ · u′) dx′ +

✂
ω

∇′h · (g′|Γ)B dx
′

=

✂
Ω

∇′ · u′ dx−
✂

ΓB

g′ · n′ dσ

=

✂
Γ

u′ · n′ dσ −
✂

ΓB

g′ · n′ dσ,

=

✂
ΓL

g′ · n′ dσ.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡s❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t✿

φ ∈ L2(ω), g′ ∈ H1/2(Γ)2, ✭✷✳✷✸✮
✂

ΓL

g′ · n′ dσ =

✂
ω

φdx, ✭✷✳✷✹✮

❛r❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧✐❢t✐♥❣ u′ ∈ H1(Ω)2 ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✷✮✳
❙❡❝♦♥❞❧②✱ ❧❡t ✉s s❡❡ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✸✮ ❛♥❞ ✭✷✳✷✹✮ ❛r❡ s✉✣❝✐❡♥t✳ ▲❡t g′ ∈ H1/2(Γ)2 ❛♥❞

v′ ∈ H1(Ω)2 s✉❝❤ t❤❛t v′ = g′ ♦♥ Γ✳ ❚❤❡♥✱ t❤❛♥❦s t♦ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✷✹✮ ❛♥❞ t❤❡ ❛❜♦✈❡
❝♦♠♣✉t❛t✐♦♥s✱ ♦♥❡ ❤❛s✿ ✂

ω

∇′ ·Mv′ dx′ =

✂
ΓL

g′ · n′ dσ =

✂
ω

φdx, ✭✷✳✷✺✮

❛♥❞
✁
ω
(∇′ ·Mv′ − φ) dx′ = 0✳ ❚❤❡♥✱ ✇❡ ✇❛♥t t♦ ❛♣♣❧② t❤❡ s❡❝♦♥❞ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✭✷✳✶✸✮ t♦ ❡①❤✐❜✐t

w′ ∈ H1
0 (Ω)2 s✉❝❤ t❤❛t ∇′ ·Mv′−φ = ∇′ ·Mw′ ♦♥ ω✱ ❛♥❞ u′ = w′−v′ ✇♦✉❧❞ ❜❡ t❤❡ ❡①♣❡❝t❡❞ ❧✐❢t✐♥❣✳

❯♥❢♦rt✉♥❛t❡❧②✱ ✇❡ ❝❛♥ ♥♦t ✉s❡ t❤✐s ✐s♦♠♦r♣❤✐s♠✱ s✐♥❝❡ ∇′ ·Mv′ − φ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L2
1/

√
h, 0

(ω)✱

❛♥❞ ❡✈❡♥ ✐❢ ✇❡ t❛❦❡ φ ∈ L2
1/

√
h
(ω)✳ ❲❡ r❡❢❡r ❤❡r❡ t♦ ❘❡♠❛r❦ ✷✳✸✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✸✮

❛♥❞ ✭✷✳✷✹✮ ❛r❡ ♥♦t s✉✣❝✐❡♥t t♦ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❧✐❢t✐♥❣ u′ ∈ H1(Ω)2✳

■t ✐s t❤❡r❡❢♦r❡ ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r ❢✉♥❝t✐♦♥s v′ ∈ H1(Ω)2 ❤❛✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉♣♣❧❡♠❡♥t❛r②
♣r♦♣❡rt②✿

∇′ ·Mv′ ∈ L2
1/

√
h
(ω). ✭✷✳✷✻✮

❚♦ t❤✐s ♣✉r♣♦s❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ s✉❜s♣❛❝❡ ♦❢ H1/2(Γ)✱ ❞❡♥♦t❡❞ ❛♥❞ ❞❡✜♥❡❞ ❜②✿

H
1/2

1/
√
h
(Γ) =

{
g ∈ H1/2(Γ) /

g√
h
∈ L2(Γ)

}
, ✭✷✳✷✼✮

❛♥❞ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤✐❧❜❡rt✐❛♥ ♥♦r♠✿

‖g‖
H

1/2

1/
√

h
(Γ)

=

(
‖g‖2

H1/2(Γ) +

∥∥∥∥
g√
h

∥∥∥∥
2

L2(Γ)

)1/2

.

❚❤❡♥✱ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✺✳ ▲❡t u′ ∈ H1(Ω)2 s✉❝❤ t❤❛t u′|Γ ∈ H
1/2

1/
√
h
(Γ)2. ❚❤❡♥✱ ♦♥❡ ❤❛s

∇′ ·Mu′ ∈ L2
1/

√
h
(ω).

✸✶



▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖∇′ ·Mu′‖L2
1/

√
h
(ω) 6 C

(
‖u′‖H1(Ω)2 + ‖u′|Γ‖H1/2

1/
√

h
(Γ)2

)
. ✭✷✳✷✽✮

Pr♦♦❢✳ ▲❡t i = 1, 2✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ui|Γ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✶ ❡♥s✉r❡ t❤❛t (ui|Γ)B ∈ L2
1/

√
h
(ω)✱

❛♥❞ s✐♥❝❡ t❤❡ ♠❛♣♣✐♥❣ h ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✱ ♦♥❡ ❤❛s

(ui|Γ)B
∂h

∂xi
∈ L2

1/
√
h
(ω). ✭✷✳✷✾✮

❚❤❡♥✱ ❛s u ∈ H1(ω), ✐t ❢♦❧❧♦✇s ❢r♦♠ r❡❧❛t✐♦♥ ✭✷✳✼✮ t❤❛t

∂Mu

∂xi
∈ L2

1/
√
h
(ω).

◆❡①t✱ s✐♥❝❡ r❡❧❛t✐♦♥ ✭✶✳✸✮ ❣✐✈❡s

✂
ω

1

h

[
(ui|Γ)B

∂h

∂xi

]2
dx′ = −

✂
ΓB

(ui|Γ)2

h

∂h

∂xi
ni dσ 6

∥∥∥∥
ui|Γ√
h

∥∥∥∥
2

L2(Γ)

6 ‖ui|Γ‖2

H
1/2

1/
√

h
(Γ)

,

♦♥❡ ♦❜t❛✐♥s ✐♠♠❡❞✐❛t❡❧② ❜② ✭✷✳✾✮ t❤❛t
∥∥∥∥
∂Mui
∂xi

∥∥∥∥
L2

1/
√

h
(ω)

6

∥∥∥∥M(
∂ui
∂xi

)

∥∥∥∥
L2

1/
√

h
(ω)

+ ‖ui|Γ‖H1/2

1/
√

h
(Γ)

6 ‖ui‖H1(Ω) + ‖ui|Γ‖H1/2

1/
√

h
(Γ)

.

❇② s✉♠♠❛t✐♦♥ ♦♥ i = 1, 2✱ ✇❡ ❡st❛❜❧✐s❤ ✭✷✳✷✽✮✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤❡r❡ ✇❡ ❜✉✐❧❞ t❤❡ ❡①♣❡❝t❡❞ ❧✐❢t✐♥❣ ♦❢ ❝♦♥❞✐✲
t✐♦♥s ✭✷✳✷✷✮ ❛♥❞ ✇❤✐❝❤ ♣r♦♦❢ ❝♦♠❡s t♦ ❝♦rr❡❝t t❤❡ ♣r❡❧✐♠✐♥❛r② ❞r❛❢t ✇❡ ❤❛✈❡ ❞♦♥❡ ❜❡❢♦r❡✳

▲❡♠♠❛ ✷✳✶✻✳ ▲❡t g′ ∈ H
1/2

1/
√
h
(Γ)2 ❛♥❞ φ ∈ L2

1/
√
h
(ω)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✹✮✳

❚❤❡♥✱ t❤❡r❡ ✐s u′ ∈ H1(Ω)2 s✉❝❤ t❤❛t✿

∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ. ✭✷✳✸✵✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤ t❤❛t✿

‖u′‖H1(Ω)2 6 C

(
‖g′‖

H
1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)
. ✭✷✳✸✶✮

Pr♦♦❢✳ ▲❡t g′ ∈ H
1/2

1/
√
h
(Γ)2✳ ❚❤❡♥✱ t❤❡r❡ ✐s v′ ✐♥ H1(Ω)2 s✉❝❤ t❤❛t v′ = g′ ♦♥ Γ✱ ❛♥❞

v′
√
h
∈ L2(Γ)2. ✭✷✳✸✷✮

❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✷✺✮ ♦♥❡ ❛❧r❡❛❞② ❤❛s✿
✂
ω

∇′ ·Mv′ dx′ =

✂
ΓL

g′ · n′ dσ =

✂
ω

φdx′.

✸✷



▼♦r❡♦✈❡r✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✭✷✳✶✺✮ t❤❛t ∇′ ·Mv′ ❜❡❧♦♥❣s t♦ L2
1/

√
h
(ω)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

t❤❡ ❢✉♥❝t✐♦♥ ∇′ ·Mv′ − φ ✐s ✐♥ L2
1/

√
h, 0

(ω) ✭s❡❡ ✭✷✳✶✷✮✮✱ ❛♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❣✐✈❡♥ ✐♥ ✭✷✳✶✸✮ ♣r♦✈✐❞❡s

❛ ✉♥✐q✉❡ z′ ✐♥ V ⊥
M s❛t✐s❢②✐♥❣

∇′ ·Mz′ = ∇′ ·Mv′ − φ ✐♥ ω.

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤ t❤❛t

‖z′‖H1(Ω)2 6 C ‖∇′ ·Mv′ − φ‖L2
1/

√
h
(ω) .

❚❤❡♥✱ ♦♥❡ ❤❛s ❜② ✭✷✳✷✽✮ ❛♥❞ s✐♥❝❡ v′ = g′ ✐♥ H1/2

1/
√
h
(Γ)✿

‖z′‖H1(Ω)2 6 C

(
‖v′‖H1(Ω)2 + ‖v′|Γ‖H1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)

6 C

(
‖v′‖H1(Ω)2 + ‖g′‖

H
1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)
.

❇② t❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ♦♥ t❤❡ ❢✉♥❝t✐♦♥s v′ ∈ H1(Ω)2 s✉❝❤ t❤❛t v′ = g′ ♦♥ Γ✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖z′‖H1(Ω)2 6 C

(
‖g′‖

H
1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)
. ✭✷✳✸✸✮

❈♦♥s❡q✉❡♥t❧②✱ u′ = v′ − z′ s❛t✐s✜❡s ✭✷✳✸✵✮ ❛♥❞ ✭✷✳✸✶✮✳

❋✐♥❛❧❧②✱ ✇❡ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✳✷✶✮✳ ❘❡❝❛❧❧
t❤❛t ✇❡ ❤❛✈❡ ♣r❡❝✐s❡❧② ❜✉✐❧❞ t❤❡ ❧✐❢t✐♥❣ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✷✮ ✐♥ ▲❡♠♠❛ ✷✳✶✻ t♦ r❡❛❝❤ s✉❝❤ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳✶✼✳ ▲❡t f ′ ∈ H−1(Ω)2✱ φ ∈ L2
1/

√
h
(ω) ❛♥❞ g′ ∈ H

1/2

1/
√
h
(Γ)2 s✉❝❤ t❤❛t

✂
ΓL

g′ · n′ dσ =

✂
ω

φdx. ✭✷✳✸✹✮

❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛✐r (u′, p) ∈ H1(Ω)2 × (L2√
h
(ω)/R) s♦❧✉t✐♦♥ t♦ ✭✷✳✷✶✮✱ ❛♥❞ ❛ ❝♦♥st❛♥t C > 0

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤ t❤❛t

‖u′‖H1(Ω)2 + ‖pS‖L2√
h
(ω)/R

6 C

(∥∥f ′∥∥
H−1(Ω)2

+ ‖φ‖L2
1/

√
h
(ω) + ‖g′‖

H
1/2

1/
√

h
(Γ)2

)
.

Pr♦♦❢✳ ▲❡t f ′ ∈ H−1(Ω)2✱ φ ∈ L2
1/

√
h
(ω) ❛♥❞ g′ ∈ H

1/2

1/
√
h
(Γ)2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

✭✷✳✸✹✮✳ ❋r♦♠ ▲❡♠♠❛ ✷✳✶✻✱ t❤❡r❡ ✐s v′ ∈ H1(Ω)2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✸✵✮✳ ▼♦r❡♦✈❡r✱ ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛✐r (w′, pS) ✐♥ t❤❡ s♣❛❝❡ H1

0 (Ω)2 × (L2√
h
(ω)/R) ❝❤❡❝❦✐♥❣

−∆w′ + ∇′p̃S = f ′ − ∆v′ ✐♥ Ω, ∇′ ·Mw′ = 0 ✐♥ ω,

❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖w′‖H1(Ω)2 + ‖pS‖L2√
h
(ω)/R

6 C
∥∥f ′ + ∆v′∥∥

H−1(Ω)2
.

✸✸



▼♦r❡ ♣r❡❝✐s❡❧②✱ ❛s v′ s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ✭✷✳✸✶✮✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t

‖w′‖H1(Ω)2 + ‖pS‖L2√
h
(ω)/R

6 C
∥∥f ′ − ∆v′∥∥

H−1(Ω)2

6 C
(∥∥f ′∥∥

H−1(Ω)2
+ ‖∇v′‖L2(Ω)2

)

6 C

(∥∥f ′∥∥
H−1(Ω)2

+ ‖g′‖
H

1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)
. ✭✷✳✸✺✮

❚❤❡♥✱ u′ = w′ + v′ ❜❡❧♦♥❣s t♦ H1(Ω)2 ❛♥❞ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥✱ ✇✐t❤ pS ✱ t♦ t❤❡ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s
Pr♦❜❧❡♠ ✭✷✳✷✶✮✳ ❲❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❡ ❡st✐♠❛t❡s ♦♥ pS ✳ ❚❤❡ ♦♥❡ ♦♥ u′ ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ ✭✷✳✸✶✮ ❛♥❞
✭✷✳✸✺✮ ✐♠♣❧② t❤❛t

‖u′‖H1(Ω)2 = ‖v′ + w′‖H1(Ω)2 6 ‖v′‖H1(Ω)2 + ‖w′‖H1(Ω)2

6 C

(∥∥f ′∥∥
H−1(Ω)2

+ ‖g′‖
H

1/2

1/
√

h
(Γ)2

+ ‖φ‖L2
1/

√
h
(ω)

)
.

❘❡♠❛r❦ ✷✳✶✽✳ ❲❤❡♥ ❛ss✉♠♣t✐♦♥ ✭✼✮ ✐s ❝♦♥s✐❞❡r❡❞✱ ❚❤❡♦r❡♠ ✷✳✶✼ ❝❛♥ ❛❧s♦ ❜❡ st❛t❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡
s♣❛❝❡ L2

1/
√
h
(ω) ❜② L2(ω) ❛♥❞ H

1/2

1/
√
h
(Γ) ❜② H1/2(Γ)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ s✉♣❡r✜❝✐❛❧ ♣r❡ss✉r❡ pS ✐s ✐♥

L2(ω)✳

▲❡t ✉s ✜♥✐s❤ t❤✐s ❝❤❛♣t❡r ❜② s✉♠♠✐♥❣ ✉♣ t❤❡ ✇♦r❦ ✇❡ ❤❛✈❡ ❞♦♥❡✳ ❋✐rst❧②✱ ❛♥② r❡s✉❧t ✇❡ ❤❛✈❡ ♣r♦✈❡❞
❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❛ ❣❡♥❡r❛❧ ❞♦♠❛✐♥ Ω✱ ❢♦r ✇❤✐❝❤ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ✐♠♣♦s❡ ✭✼✮✳ ❚❤✐s ✐s ✇❤② ✇❡ ❤❛✈❡
❞❡✜♥❡❞ ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ ❜❛s❡❞ ♦♥ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ s❡❡ ✭✷✳✸✮ ❛♥❞ ✭✷✳✷✼✮✳ ❙❡❝♦♥❞❧②✱ ✇❡
❤❛✈❡ s❡t t❤❡ t♦♦❧s ♥❡❝❡ss❛r② t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✷✳✶✺✮ ❛♥❞ ✐ts ✐♥❤♦♠♦❣❡♥❡♦✉s ✈❡rs✐♦♥ ✭✷✳✷✶✮✳ ❲❡ ❤❛✈❡
s♦❧✈❡❞ Pr♦❜❧❡♠ ✭✷✳✶✺✮ ❜② ✉s✐♥❣ ❛ ❉❡ ❘❤❛♠✬s ❧✐❦❡ ❧❡♠♠❛✱ s❡❡ ▲❡♠♠❛ ✷✳✾✱ ♣r♦♣❡r ❢♦r t❤❡ r❡s♦❧✉t✐♦♥
♦❢ ❙t♦❦❡s t②♣❡ s②st❡♠✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ s♦❧✈❡❞ Pr♦❜❧❡♠ ✭✷✳✷✶✮ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥❡✇ s✐t✉❛t✐♦♥ t♦ ❧✐❢t
s✐♠✉❧t❛♥❡♦✉s❧② t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✷✷✮✱ ✐♥ ♦r❞❡r t♦ ❜r✐♥❣ ❜❛❝❦ t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t❤❡ ✉♥✐q✉❡♥❡ss ❛♥❞ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡
❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✸✳✶✮✳ ❲❡ ✇✐❧❧ ❛❧s♦
❣✐✈❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ t❤❛t ❡♥❛❜❧❡s t♦ r❡❞✉❝❡ ✭✸✳✶✮ t♦ ✭✷✳✶✺✮✱ t❤❛t ✇❡ ❤❛✈❡ ❛❧r❡❛❞② s♦❧✈❡❞
✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷❀ ❛♥❞ t❤✐s ✇✐❧❧ ❝♦♥st✐t✉t❡ ❛ s❡❝♦♥❞ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥
t♦ ✭✸✳✶✮✳ ❲❡ ✇✐❧❧ ❛❧s♦ s❡❡ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✸✳✷✸✮✱ ❜② r❡❞✉❝✐♥❣ ✐ts ❡q✉❛t✐♦♥s
t♦ ✭✷✳✷✶✮ ❢♦r ❛ ❣♦♦❞ ❞❛t✉♠ φ✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ s♦❧✈❡❞ ♣r❡✈✐♦✉s❧② ✐♥ ❚❤❡♦r❡♠ ✷✳✶✼✳

❲❡ ❢♦r❡s❡❡ ♥♦✇ t❤❛t t❤✐s r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ✐s t❤❡ ❦❡② ✇❤✐❝❤ ❤❛s ❡♥❛❜❧❡❞ ✉s t♦ ❣♦ ❜❡②♦♥❞ t❤❡
❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s ♦✈❡r u3✱ ❛s ✐t t❤❡ ❝❛s❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❛♥❞ t♦ tr❡❛t t❤❡ ♥❡✇
s✐t✉❛t✐♦♥ ♦❢ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦✈❡r u3✱ s❡❡ ❈❤❛♣t❡r ✹✳

✸✹



❈❤❛♣t❡r ✸

❲❡❛❦ s♦❧✉t✐♦♥s t♦ (SH) ✇✐t❤ ❛

❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ u3

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t f ′ : Ω → R2 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ♣r♦❜❧❡♠✿




−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = 0 ✐♥ Ω,

u′ = 0, u3n3 = 0 ♦♥ Γ.
✭✸✳✶✮

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✐s ✇❡❧❧ ❦♥♦✇♥✳ ❆ ✜rst ❛♣♣r♦❛❝❤ ❝♦♥s✐sts ✐♥
♣r♦✈✐♥❣ t❤❛t ✭✸✳✶✮ ✐s t❤❡ ❧✐♠✐t✱ ✐♥ ❛ ♣r❡❝✐s❡ s❡♥s❡✱ ♦❢ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❙t♦❦❡s s②st❡♠✳ ❚❤✐s ✐s ✇❤❛t ✐s
♣r♦♣♦s❡❞ ❜② ❖✳ ❇❡ss♦♥✱ ❘✳ ▲❛②❞✐ ❛♥❞ ▼✳ ❚♦✉③❛♥✐ ✐♥ ❬✼❪ ♦♥ t❤❡ ✷❉ ❝❛s❡✳ ❆ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✐s t♦
s♦❧✈❡ ✭✸✳✶✮ ✇✐t❤♦✉t ✉s✐♥❣ ❛ ❧✐♠✐t ♣r♦❝❡ss✱ ❛♥❞ ❢♦r ❡①❛♠♣❧❡✱ P✳ ❆③ér❛❞ ♣r♦♣♦s❡❞ ✐♥ ❬✸❪ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♣r♦♦❢ ❜❛s❡❞ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥✱ s❡❡ ❛❢t❡r ❘❡♠❛r❦ ✸✳✼✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ r❡✈✐s✐t t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ❜② ❢♦❧❧♦✇✐♥❣
t❤❡s❡ t✇♦ ❛♣♣r♦❛❝❤❡s✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛♥ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥ ❛s ✐♥ ❬✸❪✱ ✇❡ r❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥s
♦❢ ✭✸✳✶✮ ✐♥ ♦r❞❡r t♦ ❜r✐♥❣ ❜❛❝❦ t♦ ✭✷✳✶✺✮✱ ❢♦r ✇❤✐❝❤ ✇❡ ❦♥♦✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦
s♦❧✉t✐♦♥✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❚❤❡♥✱ ✇❡ ❦❡❡♣ t❤✐s s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦r❡
❣❡♥❡r❛❧ ♣r♦❜❧❡♠✿





−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u′ = g′, u3n3 = 0 ♦♥ Γ,
✭✸✳✷✮

❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ✐♥✐t✐❛t❡ t❤❡ st✉❞②✳

❆♥ ♦✉t❧✐♥❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥✿

u3n3 = 0 ♦♥ Γ, ✭✸✳✸✮

❜② r❡❝❛❧❧✐♥❣ s♦♠❡ r❡s✉❧ts ♦♥ ❛♥ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ s♣❛❝❡✳
■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ✇✐❧❧ ❣❡t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✸✳✶✮✳ ❯♥✐q✉❡♥❡ss

♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡❞ ❛t ✜rst ✐♥ ▲❡♠♠❛ ✸✳✷✱ ❛♥❞ t❤❡ ♣r♦♦❢ ✇❡ ❣✐✈❡ ✉s❡s t❤❡ ❣❡♥❡r❛❧✐③❡❞
●r❡❡♥✬s ❢♦r♠✉❧❛ ✭✸✳✻✮✳ ❘❡❣❛r❞✐♥❣ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛ ✜rst ♣r♦♦❢ ❜❛s❡❞
✉♣♦♥ ❛ ❧✐♠✐t ♣r♦❝❡ss✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✹✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❣✐✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ ❛♥ ❛♥✐s♦tr♦♣✐❝
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❙t♦❦❡s s②st❡♠✱ ✇❤✐❝❤ ❣♦❡s t♦ Pr♦❜❧❡♠ ✭✸✳✶✮✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ s❦❡t❝❤❡❞ ♦✉t t❤✐s ❛♣♣r♦❛❝❤ ✐♥ t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■✳

■♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇❡ ❣✐✈❡ ❛♥♦t❤❡r ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✸✳✶✮✱
❜② r❡❞✉❝✐♥❣ t❤❡ ❡q✉❛t✐♦♥s✿

∇ · u = 0 ✐♥ Ω, u′ = 0 ♦♥ Γ, u3n3 = 0 ♦♥ Γ,

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = 0 ✐♥ ω, u′ = 0 ♦♥ Γ,

❛♥❞ t❤✐s ✐s ♣r❡❝✐s❡❧② t❤❡ ♣✉r♣♦s❡ ♦❢ ▲❡♠♠❛ ✸✳✶✹✳ ❲❡ t❤❡r❡❢♦r❡ ♣r♦✈❡ t❤❛t s♦❧✈✐♥❣ Pr♦❜❧❡♠ ✭✸✳✶✮ r❡❞✉❝❡s
t♦ s♦❧✈❡ ✭✷✳✶✺✮✱ t❤✐♥❣ ❛❧r❡❛❞② ❞♦♥❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❖✉r ♠❛✐♥ ♣r❡♦❝❝✉♣❛t✐♦♥ ❤❡r❡ ✐s t♦ ❣✐✈❡ s♦❧✐❞
♠❛t❤❡♠❛t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ✇❤✐❝❤ ❡♥❛❜❧❡ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s✳ ❲❡ t❤❡r❡❢♦r❡ ✐♥tr♦❞✉❝❡
t❤❡ ♦♣❡r❛t♦r F ❞❡✜♥❡❞ ✐♥ ✭✸✳✶✽✮ ❢♦r ✇❤✐❝❤ ✇❡ ❣✐✈❡ s♦♠❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ❚❤❡♥✱
✇❡ ❣✐✈❡ ❛♥ ❡ss❡♥t✐❛❧ r❡s✉❧t ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ tr❛❝❡ (Fu)n3 ❢♦r
❢✉♥❝t✐♦♥s u ✐♥ L2(Ω)✱ ❛♥❞ ❢r♦♠ ✇❤✐❝❤ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ▲❡♠♠❛ ✸✳✶✹✱ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ t❤✐s r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ✐s t❤❡ ❦❡② t♦ ❤❛♥❞❧❡ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥s✱ s✉❝❤ ❛s
❞❡❛❧✐♥❣ ✇✐t❤ Pr♦❜❧❡♠ ✭✸✳✷✸✮ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♥❡✇ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = 0 ♦♥ Γ.

❲❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠✱ ❜② r❡❞✉❝✐♥❣ t❤❡
❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ,

✇❤❡r❡ φ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥ Φ ❛♥❞ g′✱ s❡❡ ▲❡♠♠❛ ✸✳✶✽✳ ❲❡ r❡❝♦❣♥✐③❡ ❤❡r❡ t❤❡ ❧❛st t✇♦ ❡q✉❛t✐♦♥s
♦❢ Pr♦❜❧❡♠ ✭✷✳✷✶✮ ✇❤✐❝❤ ✐s ❛❧r❡❛❞② s♦❧✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✼✳ ❚♦ ✜♥✐s❤✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❛ ❧❛t❡r r❡♠❛r❦✱
✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✸✳✷✸✮ ✇✐t❤ ❛ ♣r♦♦❢ ❜❛s❡❞ ♦♥ ❛♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ ❛♥ ❛❞❛♣t❡❞
❙t♦❦❡s s②st❡♠ ✭s❡❡ ✭✸✳✸✶✮✮✳

❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✸✳✸✮ ❛♥❞ ✇❡ ✇✐❧❧ s❛✈❡ t❤❡ ❝❛s❡ ♦❢
♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ u3 ❢♦r t❤❡ ♥❡①t ❝❤❛♣t❡r✱ s✐♥❝❡ ✐t r❡q✉✐r❡s ❛♥ ✐♠♣♦rt❛♥t ♠❛t❤❡♠❛t✐❝❛❧
✐♥✈❡st♠❡♥t✳

✸✳✷ ❚❤❡ ❛♥✐s♦tr♦♣✐❝ s♣❛❝❡ H(∂x3
, Ω)

▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ ❞❡✜♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✸✳✸✮✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❧❡❛♥ ♦♥ t❤❡ ✇♦r❦ ❞♦♥❡
❜② ❘✳ ❚❡♠❛♠ ✐♥ ❬✹✼❪✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

H(∂x3 ,Ω) =

{
u ∈ L2(Ω) /

∂u

∂x3
∈ L2(Ω)

}
,

✇❤✐❝❤ ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠

‖u‖H(∂x3
,Ω) = (‖u‖2

L2(Ω) + ‖∂x3
u‖2

L2(Ω))
1/2.

❚❤❡ s♣❛❝❡ D(Ω) ✐s ❞❡♥s❡ ✐♥ H(∂x3 ,Ω)✱ ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥ ♦❢ H(∂x3 , Ω) ❤❛s ❛ tr❛❝❡✱ ❛s ✐t ✐s st❛t❡❞ ✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❚❤❡ ♠❛♣♣✐♥❣
γ3 : u 7→ un3|Γ,

❞❡✜♥❡❞ ♦♥ D(Ω) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧ ❞❡♥♦t❡❞ γ3✱
❢r♦♠ H(∂x3

,Ω) ✐♥t♦ H−1/2(Γ)✳

✸✻



▼♦r❡♦✈❡r✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛✿




∀u ∈ H(∂x3 , Ω), ∀v ∈ H1(Ω),✂
Ω

u
∂v

∂x3
dx = −

✂
Ω

v
∂u

∂x3
dx+ 〈un3, v〉H−1/2(Γ), H1/2(Γ) .

✭✸✳✹✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ✉♥❞❡rst❛♥❞ ♥♦✇ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✸✳✸✮ ❤❛s t♦ ❜❡
t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ H−1/2(Γ)✳

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

H0(∂x3
, Ω) = D(Ω)

H(∂x3
,Ω)

. ✭✸✳✺✮

❚❤❡♥✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❤♦❧❞s✿

∀u ∈ H(∂x3 , Ω), ∀v ∈ H0(∂x3 , Ω),

✂
Ω

u
∂v

∂x3
dx = −

✂
Ω

v
∂u

∂x3
dx, ✭✸✳✻✮

❛s ✇❡❧❧ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ♦❢ P♦✐♥❝❛ré✿ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✱ s✉❝❤
t❤❛t

∀u ∈ H0(∂x3
, Ω), ‖u‖L2(Ω) 6 C

∥∥∥∥
∂u

∂x3

∥∥∥∥
L2(Ω)

. ✭✸✳✼✮

❚♦ ✜♥✐s❤✱ ❘✳ ❚❡♠❛♠ ❤❛s ❝❤❛r❛❝t❡r✐③❡❞ ❢✉♥❝t✐♦♥s ♦❢ H0(∂x3 , Ω) ❛s ❢✉♥❝t✐♦♥s ♦❢ ♥✉❧❧ tr❛❝❡s ♦♥ Γ ✭s❡❡
❬✹✼❪ ♣❛❣❡s ✸✼✻ ❛♥❞ ✸✼✼ ❚❤❡♦r❡♠ ✷✳✷✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

H0(∂x3 , Ω) =
{
u ∈ H(∂x3 , Ω) / un3 = 0 ✐♥ H−1/2(Γ)

}
.

✸✳✸ ❲❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❛s❡

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❤②❞r♦st❛t✐❝
❙t♦❦❡s Pr♦❜❧❡♠ ✭✸✳✶✮✳ ▲❡t ✉s st❛rt ❜② ♣r♦✈✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱
✇❡ ❞❡♥♦t❡ ❜② X0 t❤❡ s♣❛❝❡

X0 = H1
0 (Ω)2 ×H0(∂x3 ,Ω). ✭✸✳✽✮

▲❡♠♠❛ ✸✳✷✳ ❋♦r ❛♥② f ′ ∈ H−1(Ω)2✱ Pr♦❜❧❡♠ ✭✸✳✶✮ ❤❛s ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ (u, p) ✐♥ t❤❡ s♣❛❝❡
X0 × (L2(Ω)/R)✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ♣♦ss✐❜❧❡ s♦❧✉t✐♦♥ (u, p) r❡❧❛t❡❞ t♦ t❤❡ ❞❛t❛ f ′ = 0✳ ❇② ♠✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst
❡q✉❛t✐♦♥ ♦❢ ✭✸✳✶✮ ❜② u′✱ ❛♥❞ ❜② ✉s✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛✱ ♦♥❡ ❤❛s✂

Ω

∇u′ : ∇u′ dx =

✂
Ω

p∇′ · u′ dx = −
✂

Ω

p
∂u3

∂x3
dx,

s✐♥❝❡ ∇ · u = 0 ✐♥ Ω✳ ❆s u3 ∈ H0(∂x3 ,Ω) ❛♥❞ ∂x3p = 0 ✐♥ Ω✱ r❡❧❛t✐♦♥ ✭✸✳✻✮ ❣✐✈❡s✿✂
Ω

∇u′ : ∇u′ dx =

✂
Ω

u3
∂p

∂x3
dx = 0,

❛♥❞✱ t❤❡r❡❢♦r❡✱ ∇u′ = 0 ✐♥ Ω✳ ❙✐♥❝❡ u′ = 0 ♦♥ Γ ❛♥❞ s✐♥❝❡ Ω ✐s ❝♦♥♥❡❝t❡❞✱ ♦♥❡ ❤❛s u′ = 0 ✐♥ Ω✳ ❆s
∇ · u = 0 ✐♥ Ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ∂x3u3 = 0 ✐♥ Ω✱ ❛♥❞ ❢r♦♠ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✼✮ ✇❡ ❣❡t u3 = 0 ✐♥ Ω✳
❚❤❡♥✱ ❛s ∇′p = ∆u′ = 0 ✐♥ Ω✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t ∇p = 0 ✐♥ Ω✱ ❤❡♥❝❡ p = 0 ✐♥ L2(Ω)/R✱ s✐♥❝❡ ✇❡ r❡❝❛❧❧
t❤❛t Ω ✐s ❝♦♥♥❡❝t❡❞✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ♣r♦❜❧❡♠ (SH) ❤❛s ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ ✇❤❡♥ f ′ = 0 ✇❤✐❝❤ ✐s ✐s u = 0 ❛♥❞ p = 0✳
❈♦♥s❡q✉❡♥t❧②✱ Pr♦❜❧❡♠ ✭✸✳✶✮ ❤❛s ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ ✐♥ X0 × (L2(Ω)/R)✳

✸✼



❚❤❡♥✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮✳ ❍❡r❡✱ ✇❡ ❤❛✈❡ ❞❡❝✐❞❡❞ t♦ ❣✐✈❡ ❛♥ ❛s②♠♣t♦t✐❝
❛♥❛❧②s✐s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥✐s♦tr♦♣✐❝ ❙t♦❦❡s s②st❡♠✿





−∆u′
ε + ∇′pε = f ′, −ε2∆uε3 +

∂pε
∂x3

= 0, ∇ · uε = 0 ✐♥ Ω,

uε = 0 ♦♥ Γ,
✭✸✳✾✮

✇❤❡r❡ ε ∈]0, 1]✱ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■✳
❋♦r ❛♥② (uε, pε) ✐♥ t❤❡ s♣❛❝❡ H1

0 (Ω)3 × (L2(Ω)/R) s♦❧✉t✐♦♥ t♦ ✭✸✳✾✮✱ uε s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣
✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠✿

❋✐♥❞ uε ∈ V s✉❝❤ t❤❛t✿




∀v ∈ V✂
Ω

∇u′
ε : ∇v′ dx+ ε2

✂
Ω

∇uε3 · ∇v3 dx =
〈
f ′, v′〉

H−1(Ω)2, H1
0 (Ω)2

.
✭✸✳✶✵✮

✭s❡❡ ✭✶✳✼✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V ✳✮ ❈♦♥✈❡rs❡❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛♥② s♦❧✉t✐♦♥ uε ∈ V t♦ ✭✸✳✶✵✮✳ ❖♥❡ ❤❛s
❢♦r ❛♥② ϕ ∈ V ✿ 〈

∆u′
ε + f ′, ϕ′〉+

〈
ε2∆uε3, ϕ3

〉
= 0,

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ H−1(Ω)2, H1
0 (Ω)2✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ T = (∆u′

ε +
f ′, ε2∆uε3) ✐s ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✶✳✷✱ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ pε ✐♥ L2(Ω)/R
s✉❝❤ t❤❛t

∇pε = T ✐♥ Ω.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥② ♣❛✐r (uε, pε) ✐♥ t❤❡ s♣❛❝❡ H1
0 (Ω)3×(L2(Ω)/R) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✾✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢

uε s❛t✐s✜❡s ✭✸✳✶✵✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❡❛s✐❧② ❞❡❞✉❝❡✱ t❤❛♥❦s t♦ ▲❛①✲▼✐❧❣r❛♠✬s ❧❡♠♠❛✱ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡
uε ✐♥ V s❛t✐s❢②✐♥❣ ✭✸✳✶✵✮✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ❝♦♥s✐st✐♥❣
✐♥ ♣r♦✈✐♥❣ t❤❛t Pr♦❜❧❡♠ ✭✸✳✾✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (uε, pε) ✐♥ t❤❡ s♣❛❝❡ H1

0 (Ω)3 × (L2(Ω)/R)✳
❙❡❝♦♥❞❧②✱ ❧❡t ✉s ❣✐✈❡ s♦♠❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ♦♥ t❤❡ s♦❧✉t✐♦♥ (uε, pε)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ✉s ♣r♦✈❡

t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε✱ s✉❝❤ t❤❛t✿

‖u′
ε‖H1(Ω)2 + ε ‖uε3‖H1(Ω) + ‖uε3‖H(∂x3 ,Ω) + ‖pε‖L2(Ω)/R

6 C
∥∥f ′∥∥

H−1(Ω)2
. ✭✸✳✶✶✮

❇② t❛❦✐♥❣ v = uε ✐♥ ✭✸✳✶✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖∇u′
ε‖

2
L2(Ω) + ε2 ‖∇uε3‖

2
L2(Ω) 6 C

∥∥f ′∥∥
H−1(Ω)

‖∇u′
ε‖L2(Ω) ,

✇❤✐❝❤ ❧❡❛❞s t♦
‖∇u′

ε‖L2(Ω) + ε ‖∇uε3‖L2(Ω) 6 C
∥∥f ′∥∥

H−1(Ω)2
. ✭✸✳✶✷✮

❙✐♥❝❡ ∇ · uε = 0 ✐♥ Ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛♥❦s t♦ ✭✸✳✶✷✮ t❤❛t

∥∥∥∥
∂uε3
∂x3

∥∥∥∥
L2(Ω)

= ‖∇′ · u′
ε‖L2(Ω) 6 C

∥∥f ′∥∥
H−1(Ω)2

.

❆s uε3 ❜❡❧♦♥❣s t♦ H0(∂x3 ,Ω)✱ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭✸✳✼✮ ❛♥❞ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐♠♣❧② t❤❛t

‖uε3‖L2(Ω) 6 C
∥∥f ′∥∥

H−1(Ω)2
.

✸✽



❚❤❡♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡st✐♠❛t❡ ♦❢ ‖pε‖L2(Ω)/R
✳ ❚❤❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠

L2(Ω)/R ♦♥t♦ V ◦ ✭s❡❡ ✭✶✳✽✮✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s✐♥❝❡ pε ∈ L2(Ω)/R✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤
t❤❛t

‖pε‖L2(Ω)/R
6 C ‖∇pε‖H−1(Ω)

6 C(
∥∥f ′∥∥

H−1(Ω)2
+ ‖∆u′

ε‖H−1(Ω)2 + ε2 ‖∆uε3‖H−1(Ω))

6 C (
∥∥f ′∥∥

H−1(Ω)2
+ ‖∇u′

ε‖L2(Ω) + ε ‖∇uε3‖L2(Ω)),

❜② r❡❛❞✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ✭✸✳✾✮✱ ❛♥❞ s✐♥❝❡ ε 6 1✳ ❲❡ ❞❡❞✉❝❡ t❤❛♥❦s t♦ ✭✸✳✶✷✮ t❤❛t (pε)ε ✐s ❜♦✉♥❞❡❞ ✐♥
L2(Ω)/R✱ ❛♥❞ ✇❡ ❣❡t ✭✸✳✶✶✮✳

❘❡♠❛r❦ ✸✳✸✳ ❇② ✇r✐t✐♥❣ t❤❡ t❤✐r❞ ❡q✉❛t✐♦♥ ♦❢ ✭✸✳✾✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

∂pε
∂x3

= ε2∆uε3,

✇❡ ❞❡❞✉❝❡ t❤❛♥❦s t♦ ✭✸✳✶✷✮ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε s✉❝❤ t❤❛t
∥∥∥∥
∂pε
∂x3

∥∥∥∥
H−1(Ω)

6 ε ‖ε∇uε3‖L2(Ω) 6 εC. ✭✸✳✶✸✮

❋✐♥❛❧❧②✱ ❧❡t ✉s ✜♥✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐ts ❛s ε ❣♦❡s t♦ ✵ ✐♥ ✭✸✳✾✮✳ ❚❤❛♥❦s
t♦ t❤❡ ❡st✐♠❛t❡s ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✸✮✱ ✇❡ ♣r♦✈❡❞ t❤❛t (uε, pε) ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s♣❛❝❡ X0 × (L2(Ω)/R)
✭s❡❡ ✭✸✳✽✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ X0✮✳ ❙✐♥❝❡ ✐t ✐s ❛ r❡✢❡①✐✈❡ s♣❛❝❡✱ t❤❡r❡ ✐s ❛ ♣❛✐r (u, p) ✐♥ t❤❡ s♣❛❝❡
X0×(L2(Ω)/R) ❛♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (uε, pε)✱ ❞❡♥♦t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ t❤❛t ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦✇❛r❞s
t❤❡ ❝♦✉♣❧❡ (u, p) ✐♥ t❤❡ s♣❛❝❡ X0 × (L2(Ω)/R)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s

u′
ε → u′ ✐♥ L2(Ω)2 ❛♥❞ ∇u′

ε ⇀ ∇u′ ✐♥ L2(Ω)6,

uε3 ⇀ u3 ✐♥ L2(Ω) ❛♥❞
∂uε3
∂x3

⇀
∂u3

∂x3
✐♥ L2(Ω),

pε ⇀ p ✐♥ L2(Ω).

■♠♠❡❞✐❛t❡❧②✱ ✇❡ s❡❡ t❤❛t

−∆u′
ε + ∇′pε ⇀ −∆u′ + ∇′p = f ′ ✐♥ H−1(Ω)2.

❚❤❡♥✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ r❡❧❛t✐♦♥ ✭✸✳✶✸✮ t❤❛t

∂pε
∂x3

⇀
∂p

∂x3
= 0 ✐♥ H−1(Ω).

❚♦ ✜♥✐s❤✱ ♦♥❡ ❤❛s
∇ · uε ⇀ ∇ · u = 0 ✐♥ L2(Ω),

❚❤❡♥✱ t❤❡ ✇❡❛❦ ❧✐♠✐t (u, p) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ❛♥❞ s❛t✐s✜❡s ✭✸✳✶✹✮ ❜② t❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ❧✐♠✐t ✐♥
✭✸✳✶✶✮✳ ❲❡ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✷✱ ❡♥s✉r✐♥❣ t❤❛t (u, p) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮✳
❈♦♥s❡q✉❡♥t❧② ❛❧❧ t❤❡ s❡q✉❡♥❝❡ (uε, pε) ❝♦♥✈❡r❣❡s t♦ (u, p) ✐♥ X0 × (L2(Ω)/R)✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t f ′ ✐♥ H−1(Ω)2✳ ❋♦r ❛♥② ε > 0✱ ❧❡t (uε, pε) ∈ H1
0 (Ω)3 × (L2(Ω)/R) t❤❡ s♦❧✉t✐♦♥ t♦

Pr♦❜❧❡♠ ✭✸✳✾✮✳ ❚❤❡♥✱ t❤❡ s❡q✉❡♥❝❡ (uε, pε)ε ❝♦♥✈❡r❣❡s t♦ (u, p) ✐♥ t❤❡ s♣❛❝❡ X0 × (L2(Ω)/R)✱ ✉♥✐q✉❡
s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✸✳✶✮✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖u′‖H1(Ω)2 + ‖u3‖H(∂x3 ,Ω) + ‖p‖L2(Ω)/R
6 C

∥∥f ′∥∥
H−1(Ω)2

. ✭✸✳✶✹✮

✸✾



❘❡♠❛r❦ ✸✳✺✳ ❇② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐ts ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✵✮✱ ♦♥❡ ♦❜t❛✐♥s ❛ ✈❛r✐❛t✐♦♥❛❧
❢♦r♠✉❧❛t✐♦♥ ❢♦r Pr♦❜❧❡♠ ✭✸✳✶✮✿





❋✐♥❞ u ∈ V 0 s✉❝❤ t❤❛t✿

∀v ∈ V 0,

✂
Ω

∇u′ : ∇v′ dx =
〈
f ′, v′〉

H−1(Ω)2, H1
0 (Ω)2

,
✭✸✳✶✺✮

✇❤❡r❡ t❤❡ s♣❛❝❡ V 0 ✐s ❞❡✜♥❡❞ ❜②

V 0 = {v ∈ X0 /∇ · v = 0 ✐♥ Ω} .
❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭✸✳✼✮✱ ♦♥❡ ❤❛s

∥∥∥∥
∂u3

∂x3

∥∥∥∥
L2(Ω)

= ‖∇′ · u′‖L2(Ω) 6
√

2 ‖∇u′‖L2(Ω)3 ,

✇❤✐❝❤ ♣r♦✈❡s t❤❛t t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠

u, v ∈ V 0, (u, v) 7→
✂

Ω

∇u′ : ∇v′ dx,

✐s ❝♦❡r❝✐✈❡ ♦♥ V 0 ❢♦r t❤❡ ♥♦r♠ (‖u′‖2
H1(Ω)2 +‖u3‖2

H(∂x3
,Ω))

1/2✳ ❚❤✉s✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ u ∈ V 0

s✉❝❤ t❤❛t u′ s❛t✐s✜❡s r❡❧❛t✐♦♥ ✭✸✳✶✺✮✳ ❍❡♥❝❡✱ ♦♥❡ ❤❛s ❣✐✈❡♥ ❛♥♦t❤❡r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳

❘❡♠❛r❦ ✸✳✻✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✺✮ ❞♦❡s ♥♦t ❛❝t ♦♥ t❤❡
✉♥❦♥♦✇♥ u3✳ ❍❡r❡✱ u3 ✐s ✐♠♣❧✐❝✐t❧② ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s♣❛❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s✳ ❚❤✐s r❡♠❛r❦ s✉❣❣❡sts
t♦ ❝❤♦s❡ ❛♥♦t❤❡r s♣❛❝❡ ♦❢ t❡st ❢✉♥❝t✐♦♥s t❤❛♥ V 0✱ ♦♥❧② r❡❧❛t❡❞ t♦ u′✱ ❤❡♥❝❡ t♦ ❣✐✈❡ ❛♥ ❡q✉✐✈❛❧❡♥t
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ t♦ ✭✸✳✶✺✮✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

M =

{
u ∈ L2

0(Ω) /∃v ∈ H0(∂x3 , Ω) s✉❝❤ t❤❛t u =
∂v

∂x3

}
.

❚❤❡ s♣❛❝❡ M ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ L2(Ω)✱ ❛♥❞ t❤❛♥❦s t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ P♦✐♥❝❛ré✬s ✐♥❡q✉❛❧✐t② ✭✸✳✼✮✱
t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ v ∈ H0(∂x3

, Ω) s❛t✐s❢②✐♥❣ u = ∂x3
v ✐♥ M✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉❜s♣❛❝❡ ♦❢ H1

0 (Ω)2

❞❡✜♥❡❞ ❜②
V M =

{
u′ ∈ H1

0 (Ω)2 /∇′ · u′ ∈ M
}
,

✇❤✐❝❤ ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ H1
0 (Ω)2✳ ❚❤❡♥✱ ✇❡ ♣r♦✈❡ t❤❛t ✭✸✳✶✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦





❋✐♥❞ u′ ∈ V M s✉❝❤ t❤❛t✿

∀v′ ∈ V M,

✂
Ω

∇u′ : ∇v′ dx =
〈
f ′, v′〉

H−1(Ω)2, H1
0 (Ω)2

.
✭✸✳✶✻✮

■♥❞❡❡❞ ✭✸✳✶✻✮ ✐s ❛ ❢♦r♠✉❧❛t✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✸✳✶✮ ❛s ❞♦❡s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✐♥❣✳ ▲❡t (u, p) ✐♥ t❤❡
s♣❛❝❡ X0 × (L2(Ω)/R)✳ ❇② ✉s✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♣❛✐r (u, p) ✭s❡❡
▲❡♠♠❛ ✸✳✷✮✱ ♦♥❡ ♣r♦✈❡s t❤❛t u′ s❛t✐s✜❡s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✻✮✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t u′ ∈ V M
s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮✳ ❋✐rst❧②✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ V M✱ t❤❡r❡ ✐s u3 ∈ H0(∂x3 , Ω) s✉❝❤ t❤❛t

∇ · u = 0 ✐♥ Ω, u3n3 = 0 ♦♥ Γ.

❙❡❝♦♥❞❧②✱ ♦♥❡ ♣r♦✈❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ p s✉❝❤ t❤❛t −∆u′ + ∇′p = f ′ ✐♥ Ω✱ ❜② ♥♦t✐❝✐♥❣ t❤❛t t❤❡
❞✐str✐❜✉t✐♦♥ T = (∆u′ + f ′, 0) ✐s ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✶✳✷✳ ■♥❞❡❡❞✱ r❡♠❛r❦ t❤❛t ❢♦r ❛♥②
ϕ ∈ V ✱ ♦♥❡ ❤❛s ϕ′ ∈ V M✳ ❍❡♥❝❡✱ ♦♥❡ ❣❡ts ❢♦r ❛♥② ϕ ∈ V ✿

〈T , v〉H−1(Ω)3,H1
0 (Ω)3 =

〈
∆u′ + f ′, v′〉

H−1(Ω)2, H1
0 (Ω)2

=

✂
Ω

∇u′ : ∇v′ dx = 0.

✹✵



❘❡♠❛r❦ ✸✳✼✳ P✳ ❆③ér❛❞ ✉s❡s ✐♥ ❬✸❪ ❛♥♦t❤❡r ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ t♦ ❡st❛❜❧✐s❤ ❚❤❡♦r❡♠ ✸✳✹✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱
❤❡ ❣✐✈❡s ❛ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✸✳✶✮ t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ♣r❡ss✉r❡✳ ◆♦t❡ t❤❛t ✐♥ ✭✸✳✶✺✮ ♦r
✭✸✳✶✻✮ t❤❡ ♣r❡ss✉r❡ ❞✐s❛♣♣❡❛rs✳ ■♥❞❡❡❞✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡ Hp = H1

0 (Ω)2 ×H0(∂x3
, Ω)×L2

0(Ω)✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❧✐♥❡❛r ❢♦r♠ a(·, ·) ❞❡✜♥❡❞ ❢♦r U = (u, p) ❛♥❞ V = (v, q) ✐♥ Hp ❜②✿

a(U , V ) =

✂
Ω

∇U ′ : ∇V ′ dx−
✂

Ω

p∇ · v dx−
✂

Ω

q∇ · u dx,

❤❡ ❡st❛❜❧✐s❤❡s t❤❛t U ∈ Hp ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

∀V ∈ Hp, a(U , V ) = 〈F , V 〉H′
p,Hp

. ✭✸✳✶✼✮

❍❡r❡✱ F = (F ′, 0, 0)✳ ❚❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✭✸✳✶✼✮ tr❛❞✉❝❡s ❛ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡✱ s✐♥❝❡ ❤❡
♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✸ ♣❛❣❡ ✷✼ ♦❢ ❬✸❪✱ t❤❛t U ∈ Hp s❛t✐s✜❡s ✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ U ✐s ❛ s❡❧❧ ♣♦✐♥t ♦❢ ♦❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧✿

L(U) =
1

2
‖∇u′‖2

L2(Ω) −
✂

Ω

p∇ · u dx− 〈F , U〉H′
p,Hp

.

❚❤❡ ♣r❡ss✉r❡ p ✭r❡s♣ u3✮ ❝❛♥✱ t❤❡r❡❢♦r❡✱ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ▲❛❣r❛♥❣❡ ♠✉❧t✐♣❧✐❡r r❡❧❛t❡❞ t♦ t❤❡
❝♦♥str❛✐♥t −∇ · u = 0 ✭r❡s♣ ∂x3

p = 0)✳ ❚❤❡♥✱ ❜② ❡st❛❜❧✐s❤✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥✿

sup
V ∈Hp−{0}

a(U , V )

‖V ‖Hp

> C ‖U‖Hp
,

❤❡ s♦❧✈❡s ✭✸✳✶✼✮ t❤❛♥❦s t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ ▲❛①✲▼✐❧❣r❛♠✬s ❚❤❡♦r❡♠ ✐♥ t❤❡ ♥♦♥ ❝♦❡r❝✐✈❡ ❝❛s❡✱
✇❤✐❝❤ ❤❡ r❡✈✐❡✇s ✐♥ ❚❤❡♦r❡♠ ✶ ♣❛❣❡ ✷✷✳

❘❡♠❛r❦ ✸✳✽✳ ▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ ❛❜♦✈❡ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ ✭✸✳✾✮ ✇✐t❤ t❤❡ ♦♥❡ ✇❡ ❝❛♥ ✜♥❞ ✐♥ ❬✼❪✳
■♥ t❤❡ ♥♦t❡✱ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r ❛ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✱ ❛♥❞ t❤❡② ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡s ♦♥ uε
❛s ✇❡ ❞✐❞✳ ❚❤❡♥✱ t♦ ❣❡t t❤❡ ❡st✐♠❛t❡s ♦♥ t❤❡ ♣r❡ss✉r❡ pε✱ t❤❡② ✐♥✈♦❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❢✲s✉♣ ❝♦♥❞✐t✐♦♥✿

sup
v∈H1

0 (Ω)3−{0}

✁
Ω
pε∇ · v dx

‖v‖H1(Ω)3
> C ‖pε‖L2(Ω) ,

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✱ ✇❤✐❝❤ ✐s ✐♥ ❢❛❝t ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜rst ✐s♦♠♦r♣❤✐s♠ ♦❢
✭✶✳✽✮ ✭s❡❡ ❬✷✽❪✮✱ t❤❡ ♦♥❡ ✇❡ ❛❝t✉❛❧❧② ✉s❡✳ ❚❤❡♥✱ t♦ ❣♦ ❢✉rt❤❡r ✐♥t♦ t❤❡ ✇♦r❦ ♦❢ ❬✼❪✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❛t
t❤❡ ❛✉t❤♦rs ❣✐✈❡ ❛ ♠✐①❡❞ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❧✐♠✐t ♣r♦❜❧❡♠ ✭✸✳✶✮✱ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t②
❞✐s❛♣♣❡❛rs✱ ✐♥ t❤❡ s❛♠❡ s♣✐r✐t t❤❛♥ t❤❡ ♦♥❡ ✇❡ ❣✐✈❡ ❛❜♦✈❡✱ s❡❡ ✭✸✳✶✻✮✳

✸✳✹ ❊q✉✐✈❛❧❡♥❝❡ ✇✐t❤ ✭✷✳✶✺✮ ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s

■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✇❡ ❤❛✈❡ s❡❡♥ ❛ ✜rst ❛♣♣r♦❛❝❤ ♦❢ r❡s♦❧✉t✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✸✳✶✮✱ ❜❛s❡❞ ♣♦♥ ❛
❧✐♠✐t ♣r♦❝❡ss✳ ❆s ✇❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ Pr♦❜❧❡♠ ✭✸✳✶✮
t♦ Pr♦❜❧❡♠ ✭✷✳✶✺✮✱ ✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ✇❛②✱ ♠♦❞✉❧♦ r❡❧❛t✐♦♥ ✭✶✹✮✳ ❇✉t✱ ❢❛r ❢r♦♠ ♥♦✇✱ ✇❡ ❤❛✈❡ ♥♦t ❜r♦✉❣❤t
❛♥② ❥✉st✐✜❝❛t✐♦♥s✳ ❚❤✐s ✐s ✇❤②✱ ✇❡ ♣r♦♣♦s❡ ❛t ✜rst ♣❧❛❝❡ t♦ ❣✐✈❡ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ♦❢ s✉❝❤

✹✶



❛ r❡s✉❧t✳ ❲❡ ❣✐✈❡✱ t❤❡r❡❢♦r❡✱ t❤❡ s❡❝♦♥❞ ✉♥✐q✉❡♥❡ss ❛♥❞ ❡①✐st❡♥❝❡ ♣r♦♦❢✱ ❛♥♥♦✉♥❝❡❞ ✐♥ ♣❛r❛❣r❛♣❤ ✸✳✶✳
■♥ ❛ s❡❝♦♥❞ ♣❧❛❝❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s❛♠❡ ♣r♦❝❡ss t♦ r❡❞✉❝❡ ❛♥❞ s♦❧✈❡ ❛ ❣❡♥❡r❛❧✐③❡❞ ✈❡rs✐♦♥ ♦❢ Pr♦❜❧❡♠
✭✸✳✶✮ ✭s❡❡ ✭✸✳✷✸✮✮✳

▲❡t u ❜❡ ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ Ω✳ ❘❡❞✉❝✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✸✳✶✮ t♦ ✭✷✳✶✺✮ r❡q✉✐r❡s t♦ st✉❞② t❤❡
❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦rs✿

x ∈ Ω, Fu(x) =

✂ 0

x3

u(x′, ξ) dξ, ✭✸✳✶✽✮

x ∈ Ω, Gu(x) =

✂ x3

−h(x′)
u(x′, ξ) dξ.

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❡ss❡♥t✐❛❧❧② ❢♦❝✉s ♦♥ t❤❡ ♦♣❡r❛t♦r F ✳ ❚❤❡ ♦♣❡r❛t♦r G ✐s ✐♥tr♦❞✉❝❡❞ ♦♥❧② ❢♦r
t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✳ ❲❡ st❛rt ♦✛ ✇✐t❤ ❣✐✈✐♥❣ s♦♠❡ ❝♦♥t✐♥✉✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r F ✳

Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ❚❤❡ ♦♣❡r❛t♦r F ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2(Ω) ✐♥t♦ L2(Ω) ❛♥❞ t❤❡ ♦♣❡r❛t♦r
G ✐s t❤❡ ❛❞❥♦✐♥t ♦♣❡r❛t♦r t♦ F ✳ ◆❡①t✱

∀u ∈ L2(Ω), Fu ∈ H(∂x3
, Ω) ❛♥❞

∂

∂x3
(Fu) = −u ✐♥ Ω. ✭✸✳✶✾✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ❛t ♠♦st ♦♥ Ω s✉❝❤ t❤❛t

∀u ∈ L2(Ω), ‖u‖L2(Ω) 6 ‖Fu‖H(∂x3 ,Ω) 6 C ‖u‖L2(Ω) , ✭✸✳✷✵✮

❛♥❞ F ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2(Ω) ✐♥t♦ H(∂x3
, Ω)✳

Pr♦♦❢✳ ▲❡t u ∈ L2(Ω)✳ ❚❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠ ♦❢ ❋✉❜✐♥✐ ❛♥❞ s✐♥❝❡ ❢♦r ❛❧♠♦st ❛❧❧ x ∈ Ω

|Fu(x)|2 6 |x3|
✂ 0

x3

|u(x′, x3)|2 dx3

6 h(x′)

✂ 0

−h(x′)
|u(x′, x3)|2 dx3,

✇❡ ❞❡❞✉❝❡ t❤❛t Fu ∈ L2(Ω) ❛♥❞ ‖Fu‖L2(Ω) 6 ‖h‖∞ ‖u‖L2(Ω) . ❍❡♥❝❡ F ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢r♦♠
L2(Ω) ✐♥t♦ L2(Ω)✳

❚❤❡♥✱ G ✐s t❤❡ ❛❞❥♦✐♥t t♦ F ❢♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ♦❢ L2(Ω) s✐♥❝❡✱ t❤❛♥❦s t♦ ❋✉❜✐♥✐✬s t❤❡♦r❡♠✱ ♦♥❡
❤❛s ❢♦r ❛♥② u ❛♥❞ v ✐♥ L2(Ω)

✂
Ω

v Fu dx =

✂
ω

[✂ 0

−h(x′)

✂ 0

x3

u(x′, ξ) v(x′, x3) dξ dx3

]
dx′

=

✂
ω

✂ 0

−h(x′)
u(x′, ξ)

[✂ ξ

−h(x′)
v(x′, x3) dx3

]
dξ dx′

=

✂
Ω

uGv dx.

◆❡①t✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ϕ ∈ D(Ω)

✂
Ω

∂ϕ

∂x3
Fudx =

✂
Ω

uG(
∂ϕ

∂x3
) dx =

✂
Ω

uϕdx.

✹✷



❍❡♥❝❡ ✭✸✳✶✾✮ ❤♦❧❞s ✐♥ D′(Ω) ❛♥❞ ∂x3
(Fu) ∈ L2(Ω)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ Fu ∈ H(∂x3

, Ω)✳ ❆s u =
−∂x3(Fu)✱ ♦♥❡ ❤❛s

‖u‖2
L2(Ω) =

∥∥∥∥
∂(Fu)

∂x3

∥∥∥∥
2

L2(Ω)

6 ‖Fu‖2
H(∂x3

,Ω) ,

❛♥❞ s✐♥❝❡ F ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2(Ω) ✐♥t♦ L2(Ω)✱ ♦♥❡ ❤❛s

‖Fu‖2
H(∂x3

,Ω) = ‖u‖2
L2(Ω) + ‖Fu‖2

L2(Ω) 6 C ‖u‖2
L2(Ω) .

❚❤✉s ✇❡ ❡st❛❜❧✐s❤ ✭✸✳✷✵✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ♦♥❡ ❤❛s (Fu)n3 ✐♥ H−1/2(Γ) ❢♦r ❛♥②
u ∈ L2(Ω)✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇❛♥t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ tr❛❝❡ (Fu)n3✱ ❛♥❞ ❜❡❢♦r❡✱ ✇❡ r❡q✉✐r❡ t❤❡
❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✳ ▲❡t u ✐♥ H1(Ω)✱ ❛♥❞ s❡t G = u|Γ✳ ❚❤❡♥✿

i. M(
∂u

∂x3
) = GS − GB ✐♥ ω.

ii. F (
∂u

∂x3
) = G̃S − u ✐♥ Ω.

iii. G(
∂u

∂x3
) = u− G̃B ✐♥ Ω.

Pr♦♦❢✳ Pr♦♣♦s✐t✐♦♥ ✶✳✶ ✐♠♣❧✐❡s t❤❛t GS ❛♥❞ GB ❜❡❧♦♥❣s t♦ L2(ω)✳ ❚❤❡♥✱ ♦♥❡ ❣❡ts ❢r♦♠ r❡❧❛t✐♦♥ ✭✶✳✻✮✱
t❤❛t ❢♦r ❛♥② ψ ∈ D(ω)✿

✂
ω

M(
∂u

∂x3
)ψ dx′ =

✂
Ω

ψ̃
∂u

∂x3
dx =

✂
Γ

ψ̃ G n3 dσ

=

✂
ω

ψ GS dx′ −
✂
ω

ψ GB dx′.

=

✂
ω

(GS − GB)ψ dx′,

❛♥❞ ❈❧❛✐♠ i ✐s ♣r♦✈❡❞✳ ▲❡t ✉s ❞❡❛❧ ✇✐t❤ ❈❧❛✐♠ ii✳ ❇② ❘❡♠❛r❦ ✷✳✶✱ t❤❡ ❢✉♥❝t✐♦♥ G̃S − u ❜❡❧♦♥❣s t♦
L2(Ω)✳ ◆❡①t✱ Pr♦♣♦s✐t✐♦♥ ✸✳✾ ❛♥❞ ✭✶✳✻✮ ❛❣❛✐♥ ②✐❡❧❞✱ ❢♦r ❛♥② ϕ ∈ D(Ω)✿

✂
Ω

F (
∂u

∂x3
)ϕdx =

✂
Ω

∂u

∂x3
Gϕdx

= −
✂

Ω

uϕdx+

✂
ω

GS(Gϕ)S dx
′ −

✂
ω

GB(Gϕ)B dx.

❙✐♥❝❡ (Gϕ)S = Mϕ ❛♥❞ (Gϕ)B = 0 ✐♥ ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t
✂

Ω

F (
∂u

∂x3
)ϕdx = −

✂
Ω

uϕdx+

✂
Ω

G̃Sϕdx,

❢r♦♠ ✇❤✐❝❤ ♦♥❡ ❞❡❞✉❝❡s ❈❧❛✐♠ ii✳ ❚♦ ♣r♦✈❡ ❈❧❛✐♠ iii✱ ♥♦t❡ t❤❛t

Gu = M̃u− Fu ✐♥ Ω.

✹✸



❘❡♠❛r❦ ✸✳✶✶✳ ❲❡ ❛❧s♦ ♣r♦✈❡✱ ❜② ❛❞❛♣t✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡❛s♦♥✐♥❣ ✇✐t❤ ●r❡❡♥✬s ❢♦r♠✉❧❛ ✭✸✳✻✮ t❤❛t

∀u ∈ H0(∂x3 ,Ω), M(
∂u

∂x3
) = 0 ✐♥ ω, F (

∂u

∂x3
) = −u ✐♥ Ω. ✭✸✳✷✶✮

▲❡t ✉s ❣✐✈❡ ❛♥❞ ♣r♦✈❡✱ ♥♦✇✱ t❤❡ tr❛❝❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❛♥♥♦✉♥❝❡❞ ❢❡✇ ❧✐♥❡s ❛❜♦✈❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✳ ▲❡t u ∈ L2(Ω)✳ ❚❤❡♥✱ ♦♥❡ ❤❛s

1. (Fu)n3 = 0 ✐♥ H−1/2(Γ\ΓB).

2. (Fu)n3 = M̃un3 ✐♥ H−1/2(ΓB).

Pr♦♦❢✳ ▲❡t u ∈ L2(Ω)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✾✱ ♦♥❡ ❤❛s Fu ∈ H(∂x3
, Ω)✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ❡♥s✉r❡s t❤❛t

(Fu)n3 ∈ H−1/2(Γ).

❚❤❡♥✱ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ❣✐✈❡s ❢♦r ❛♥② v ∈ H1(Ω)✿

〈(Fu)n3, v〉H−1/2(Γ),H1/2(Γ) =

✂
Ω

∂v

∂x3
Fudx−

✂
Ω

uv dx

=

✂
Ω

uG(
∂v

∂x3
) dx−

✂
Ω

uv dx

=

✂
Ω

u (v − (̃v|Γ)B) dx−
✂

Ω

uv dx.

= −
✂
ω

(v|Γ)BMudx′.

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t

∀v ∈ H1(Ω), 〈(Fu)n3, v〉H−1/2(Γ), H1/2(Γ) = −
✂
ω

(v|Γ)BMudx′.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t

∀v ∈ H1(Ω), s✉♣♣ v|Γ ⊂ ΓS , 〈(Fu)n3, v〉H−1/2(ΓS),H
1/2
00 (Γ)

= 0,

❛♥❞ ❈❧❛✐♠ ✶ ✐s ♣r♦✈❡❞✳ ▲❡t ✉s ❢♦❝✉s ♦♥ ❈❧❛✐♠ ✷✳ ❙✐♥❝❡ ∂x3M̃u = 0 ✐♥ Ω✱ t❤❡ ❢✉♥❝t✐♦♥ M̃u ❜❡❧♦♥❣s t♦
H(∂x3 , Ω)✳ ❍❡♥❝❡✱ ♦♥❡ ❤❛s

M̃un3 ∈ H−1/2(Γ).

▼♦r❡♦✈❡r✱ ❢r♦♠ ●r❡❡♥✬s ❢♦r♠✉❧❛ ✭✸✳✹✮✱ ♦♥❡ ❣❡ts ❢♦r ❛♥② v ∈ H1(Ω)

〈
M̃un3, v

〉
H−1/2(Γ),H1/2(Γ)

=

✂
Ω

M̃u
∂v

∂x3
dx

=

✂
ω

MuM(
∂v

∂x3
) dx′.

❚❤❡♥✱ ♦♥❡ ✉s❡s Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ t♦ ❞❡❞✉❝❡
〈
M̃un3, v

〉
H−1/2(Γ),H1/2(Γ)

= −
✂
ω

Mu (v|Γ)B dx
′ +

✂
ω

Mu (v|Γ)S dx
′

= 〈(Fu)n3, v〉H−1/2(Γ),H1/2(Γ) +

✂
ω

Mu (v|Γ)S dx
′.

✹✹



❚❤❡r❡❢♦r❡✱ ♦♥❡ ❤❛s ❢♦r ❛♥② w ∈ H1(Ω) ✇✐t❤ s✉♣♣ v|Γ ⊂ ΓB

〈(Fu)n3, v〉H−1/2(ΓB),H
1/2
00 (ΓB)

=
〈
M̃un3, v

〉
H−1/2(ΓB),H1/2(Γ00)

,

✇❤✐❝❤ ♣r♦✈❡s ❈❧❛✐♠ ii✳

❲❡ ❝♦♠♣❧❡t❡ t❤❡ st✉❞② ♦❢ t❤❡ ♦♣❡r❛t♦r F ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✱ ✇❤✐❝❤ ✐s ❛♥ ✐♠♠❡❞✐❛t❡
❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✳ ❚❤✐s ❧❛st r❡s✉❧t ❡st❛❜❧✐s❤❡s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♦♣❡r❛t♦rs M ✭s❡❡
✭✷✳✹✮✮ ❛♥❞ t❤❡ ♦♣❡r❛t♦r F ✱ ✇❤✐❝❤ ✐s t❤❡ ❦❡② ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Pr♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ Pr♦❜❧❡♠
✭✷✳✶✺✮✳

❈♦r♦❧❧❛r② ✸✳✶✸✳ ▲❡t u ∈ L2(Ω)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

1. Mu = 0 ✐♥ L2
1/

√
h
(ω).

2. (Fu)n3 = 0 ✐♥ H−1/2(Γ).

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛r❡ ✐♥ ♣♦s✐t✐♦♥ t♦ ❡st❛❜❧✐s❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ Pr♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ Pr♦❜❧❡♠
✭✷✳✶✺✮✳ ❋✐rst❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✶✹✳ ▲❡t u ∈ H1
0 (Ω)2 ×H(∂x3

, Ω)✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t

✶✳ ∇ · u = 0 ✐♥ Ω, u3n3 = 0 ✐♥ H−1/2(Γ).

✷✳ ∇′ · (Mu′) = 0 ✐♥ ω, u3 = F (∇′ · u′) ✐♥ Ω.

Pr♦♦❢✳ ❆ss✉♠❡ ❝❧❛✐♠ ✶✳ ❚❤❡♥ r❡❧❛t✐♦♥ ✭✸✳✷✶✮ ❣✐✈❡

M(∇′ · u′) = 0 ❛♥❞ u3 = F (∇′ · u′).

▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ ✭✷✳✽✮ ♦♥❡ ❤❛s M(∇′ · u′) = ∇′ ·Mu′✱ ✇❤✐❝❤ ♣r♦✈❡s ❝❧❛✐♠ ✷✳ ❈♦♥✈❡rs❡❧②✱ ♦♥❡ ❤❛s
❜② r❡❧❛t✐♦♥ ✭✸✳✶✾✮

∂u3

∂x3
= −∇′ · u′ ❛♥❞ ∇ · u = 0 ✐♥ Ω.

❇❡s✐❞❡s✱ ❛♥❞ s✐♥❝❡ M(∇′ · u′) = 0✱ ❈♦r♦❧❧❛r② ✸✳✶✸ ❡♥s✉r❡s t❤❛t

F (∇′ · u′)n3 = 0 ✐♥ H−1/2(Γ),

❤❡♥❝❡ u3n3 = 0 ✐♥ H−1/2(Γ)✳

❘❡♠❛r❦ ✸✳✶✺✳ ❋✐rst❧②✱ ♥♦t❡ t❤❛t ▲❡♠♠❛ ✸✳✶✹ ✐s ❛❧s♦ tr✉❡ ✇❤❡♥✿

u′ ∈ H1(Ω)2, u′ = 0 ♦♥ ΓB ∪ ΓL,

s✐t✉❛t✐♦♥ t❤❛t ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥ t❤❡ ♣❛♣❡r ❬✷✵❪✱ s❡❡ ▲❡♠♠❛ ✷ ♣❛❣❡ ✺✸✶✳ ■♥st❡❛❞ ♦❢ ❝♦♥s✐❞❡r✐♥❣ ❛ ❞❡♥✲
s✐t② ❛r❣✉♠❡♥t t♦ ♣r♦✈❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ 2 ⇒ 1✱ ❛s ✐t ✐s t❤❡ ❝❛s❡ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡ tr❛❝❡ (Fu)n3 ❢♦r ❢✉♥❝t✐♦♥s u ∈ L2(Ω)✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✱ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ ❣♦
❢✉rt❤❡r ✐♥t♦ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦♣❡r❛t♦r F ✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛♣♣❡❛rs t♦ ✉s ♠♦r❡ ❝♦♥✈❡♥✐❡♥t✱ s✐♥❝❡ ❜②
✐♠♣❧✐❝❛t✐♦♥ 1 ⇒ 2 ✇❡ ❤❛✈❡ ♥❡❝❡ss❛r✐❧②✿ u3 = F (∇′ ·u′)✳ ❆♥❞ t❤❡r❡❢♦r❡✱ t❤❡ q✉❡st✐♦♥ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡
tr❛❝❡ u3n3|Γ ♥❛t✉r❛❧❧② ②✐❡❧❞s ✉s t♦ ❝♦♥s✐❞❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✳ ▼♦r❡♦✈❡r✱
♥♦t❡ t❤❛t ✇❡ ❞♦ ♥♦t ♥❡❡❞ ❛ss✉♠♣t✐♦♥ ✭✼✮✱ ♠❡❛♥✇❤✐❧❡ ✐t ✐s t❤❡ ❝❛s❡ ✐♥ ❬✷✵❪✳

❙❡❝♦♥❞❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✳✶✹ ❛♥❞ t❤❡ ❢❛❝t t❤❛t p ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✱ s❡❡ Pr♦♣♦s✐t✐♦♥
✷✳✽✱ s♦❧✈✐♥❣ Pr♦❜❧❡♠ ✭✸✳✶✮ r❡❞✉❝❡s t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✷✳✶✺✮✳ ❚❤❡♥✱ ✇❡ ❣❡t ❜❛❝❦ t♦ p ❛♥❞ u3 t❤❛♥❦s t♦
r❡❧❛t✐♦♥ ✭✸✳✷✷✮ ❣✐✈❡♥ ❜❡❧♦✇✳ ❲❡ st❛t❡ t❤✐s ✐♠♣♦rt❛♥t r❡s✉❧t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥✳

✹✺



Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✳ ▲❡t f ′ ∈ H−1(Ω)2✳ ❆ ♣❛✐r (u, p) ∈ X0 × (L2(Ω)/R) ✐s ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠
✭✸✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (u′, pS) ∈ H1

0 (Ω)2 × (L2√
h
(ω)/R) ✐s ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✷✳✶✺✮ ❛♥❞

x ∈ Ω, p(x) = p̃S(x′), u3(x) = F (∇′ · u′)(x). ✭✸✳✷✷✮

❘❡♠❛r❦ ✸✳✶✼✳ ❆s ✭✷✳✶✺✮ ✐s ❛❧r❡❛❞② s♦❧✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻ ❛
♥❡✇ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✹✳

❚❤❡ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss t❤❛t ✇❡ ❤❛✈❡ s❡t✱ ❛♥❞ t❤❛t ❧❡❛❞ ✉s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✱ ❡♥❛❜❧❡s ✐♥ ❢❛❝t t♦
s♦❧✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ Pr♦❜❧❡♠✿





−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u′ = g′, u3n3 = 0 ♦♥ Γ,
✭✸✳✷✸✮

✇❤❡r❡ Φ ∈ L2(Ω)✱ g′ ∈ H1/2(Γ)2 ❛♥❞ ♥❡❝❡ss❛r✐❧② s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

✂
Γ

g′ · n′ dσ =

✂
Ω

Φ dx. ✭✸✳✷✹✮

■♥❞❡❡❞✱ ♦❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤❡r❡ ✇❡ r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = 0 ♦♥ Γ, ✭✸✳✷✺✮

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ. ✭✸✳✷✻✮

▲❡♠♠❛ ✸✳✶✽✳ ▲❡t Φ ∈ L2(Ω)✱ ❧❡t g′ ∈ H
1/2

1/
√
h
(Γ)2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✷✹✮✳ ▲❡t

✉s s❡t✿

φ = MΦ + g′
B · ∇′h ✐♥ ω, U = −FΦ ✐♥ Ω. ✭✸✳✷✼✮

✶✳ ❚❤❡♥ φ ∈ L2
1/

√
h
(ω) ❛♥❞ s❛t✐s✜❡s ✇✐t❤ g′ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✹✮✳

✷✳ ❆♥② u ∈ H1(Ω)2×H(∂x3 , Ω) s❛t✐s✜❡s ✭✸✳✷✺✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u′ s❛t✐s✜❡s ✭✸✳✷✻✮ ❛♥❞ u3 = F (∇′ ·u′)+U
✐♥ Ω✳

Pr♦♦❢✳ ❈❧❛✐♠ ✶✳ ❇② ✭✼✮✱ ♦♥❡ ❤❛s MΦ ∈ L2
1/

√
h
(ω) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✮✱ ❛♥❞ r❡❧❛t✐♦♥ ✭✷✳✷✾✮ ❡♥s✉r❡s

t❤❛t g′
B · ∇′h ∈ L2

1/
√
h
(ω)✳ ❚❤✉s φ ∈ L2

1/
√
h
(ω)✳ ◆❡①t✱ ♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥ ✭✶✳✸✮

✂
ω

φdx′ =

✂
ω

MΦ dx+

✂
ω

g′
B · ∇′h dx′

=

✂
Ω

Φ dx−
✂

ΓB

g′ · n′ dσ.

=

✂
Γ

g′ · n′ dσ −
✂

ΓB

g′ · n′ dσ =

✂
ΓL

g′ · n′ dσ,

❛s ✭✸✳✷✹✮ ❤♦❧❞s ❛♥❞ s✐♥❝❡ n′ = 0 ♦♥ ΓS ✳

✹✻



❈❧❛✐♠ ✷✳ ❆s Φ ∈ L2(Ω)✱ g′ ∈ H
1/2

1/
√
h
(Γ)2 ❛♥❞ s❛t✐s❢② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✷✹✮✱ g =

(g′, 0) ∈ H1/2(Γ)3 ✭s❡❡ ✭✷✳✷✼✮✮ ❛♥❞ s❛t✐s✜❡s ✇✐t❤ Φ r❡❧❛t✐♦♥ ✭✶✳✶✵✮✳ ❚❤✉s✱ r❡❧❛t✐♦♥ ✭✶✳✶✶✮ ♣r♦✈✐❞❡s ❛
v ∈ H1(Ω)2 ×H1

0 (Ω) s✉❝❤ t❤❛t

∇ · v = Φ ✐♥ Ω, v′ = g′ ♦♥ Γ.

❚❤❡♥✱ t❤❡ ❢✉♥❝t✐♦♥ w = u − v ✐s ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✸✳✶✹✳ ❆s r❡❧❛t✐♦♥ ✭✸✳✷✺✮ ✐s
❡q✉✐✈❛❧❡♥t t♦✿

∇ · w = 0 ✐♥ Ω, w3n3 = 0 ✐♥ H−1/2(Γ),

♦♥❡ ❞❡❞✉❝❡s t❤❛t ✐t ✐s ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦✿

∇′ · (Mw′) = 0 ✐♥ ω, w3 = F (∇′ · w′) ✐♥ Ω. ✭✸✳✷✽✮

❚❤❡ ✜rst ♣❛rt ♦❢ ✭✸✳✷✽✮ ❜❡❝♦♠❡s✿

∇′ ·Mu′ = ∇′ ·Mv′ = M(∇′ · v′) + g′
B · ∇′h

= M(Φ − ∂v3
∂x3

) + g′
B · ∇′h

= M(Φ) + g′
B · ∇′h = φ,

t❤❛♥❦s t♦ r❡❧❛t✐♦♥s ✭✷✳✼✮ ❛♥❞ ✭✸✳✷✶✮✳ ❚❤❡♥✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ✭✸✳✷✽✮ ❜❡❝♦♠❡s✿

u3 = F (∇′ · w′) + v3 = F (∇′ · u′) − F (∇′ · v′) + v3

= F (∇′ · u′) − F (Φ − ∂v3
∂x3

) + v3

= F (∇′ · u′) − FΦ,

t❤❛♥❦s t♦ ✭✸✳✷✶✮✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❛r❡ ✐♥ ♣♦s✐t✐♦♥ t♦ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
Pr♦❜❧❡♠ ✭✸✳✷✸✮✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② Y 0 t❤❡ s♣❛❝❡✿

Y 0 = H1(Ω)2 ×H0(∂x3
, Ω). ✭✸✳✷✾✮

❚❤❡♦r❡♠ ✸✳✶✾✳ ▲❡t f ′ ∈ H−1(Ω)2✱ ❧❡t Φ ∈ L2(Ω) ❛♥❞ g′ ∈ H
1/2

1/
√
h
(Γ)2 s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✸✳✷✹✮✳ ❚❤❡♥✱ Pr♦❜❧❡♠ ✭✸✳✷✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, p) ✐♥ t❤❡ s♣❛❝❡ Y 0× (L2(Ω)/R)✱ ❛♥❞
t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✿

‖u′‖H1(Ω)2 + ‖u3‖H(∂x3
,Ω) + ‖p‖L2(Ω)/R

6 C

(∥∥f ′∥∥
H−1(Ω)2

+ ‖Φ‖L2(Ω) + ‖g′‖
H

1/2

1/
√

h
(Γ)2

)
✭✸✳✸✵✮

Pr♦♦❢✳ ❆s ❛❜♦✈❡✱ ▲❡♠♠❛ ✸✳✶✽ ❡♥❛❜❧❡s t♦ r❡❞✉❝❡ t❤❡ ❡q✉❛t✐♦♥s ♦❢ ✭✸✳✷✸✮ t♦ ✭✷✳✷✶✮✱ ❢♦r t❤❡ ❞❛t✉♠ φ
❞❡✜♥❡❞ ❜② ✭✸✳✷✼✮✳ ❚❤❡r❡❢♦r❡✱ Pr♦❜❧❡♠ ✭✸✳✷✸✮ ✐s s♦❧✈❡❞ ❜② ✈✐rt✉❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✼✳

❘❡♠❛r❦ ✸✳✷✵✳ ❋♦r ❛♥② ε > 0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿




−∆u′
ε + ∇′pε = f ′, −ε2∆uε3 +

∂pε
∂x3

= 0, ∇ · uε = Φ ✐♥ Ω,

u′
ε = g′, uε3n3 = 0 ♦♥ Γ.

✭✸✳✸✶✮

✹✼



❆♥♦t❤❡r ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✾ ❝♦♥s✐sts ✐♥ ❣✐✈✐♥❣ ❛♥ ❛s②♠♣t♦t✐❝ ❛♥❛❧②s✐s ♦❢ Pr♦❜❧❡♠ ✭✸✳✸✶✮✱ ❛s ✇❡ ❞✐❞
✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❋✐rst❧②✱ ❜② r❡❧❛t✐♦♥ ✭✶✳✶✶✮✱ t❤❡r❡ ✐s v ∈ H1(Ω)2 ×H1

0 (Ω) s✉❝❤ t❤❛t

∇ · v = Φ ✐♥ Ω, v′ = g′ ♦♥ Γ.

❚❤❡♥✱ ❜② tr❛♥s❧❛t✐♦♥✱ t❤❡ ♥❡✇ ✉♥❦♥♦✇♥ wε = uε − v s❛t✐s✜❡s ✭✸✳✾✮ ✇✐t❤ f ′ − ∆v′ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞
s✐❞❡ ♦❢ t❤❡ ✜rst ❡q✉❛t✐♦♥✱ ❛♥❞ ✇✐t❤ −ε2∆v3 ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥✱ ✐♥st❡❛❞ ♦❢ ✵✳
❚❤❡♥✱ ✇✐t❤ s✐♠✐❧❛r t❡❝❤♥✐q✉❡s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε✱ s✉❝❤ t❤❛t

‖w′
ε‖H1(Ω)2 + ε ‖wε3‖H1(Ω) + ‖wε3‖H(∂x3 ,Ω) + ‖pε‖L2(Ω)/R

6 C
∥∥f ′ − ∆v′∥∥

H−1(Ω)2
.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥❞ s✐♥❝❡ ε2∆v3 ❣♦❡s t♦ ✵ ❛s ε ❣♦❡s ✵✱ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ (wε, pε)ε ❝♦♥✈❡r❣❡s ✇❡❛❦❧②
t♦ w ∈ H1

0 (Ω)3 ❛♥❞ p ∈ L2(Ω)/R✱ ✇❤✐❝❤ ❛r❡ ✐♥ ❢❛❝t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦




−∆w′ + ∇′p = f ′ − ∆v′,
∂pε
∂x3

= 0, ∇ · w = 0 ✐♥ Ω,

w′ = g′, w3n3 = 0 ♦♥ Γ.

❚❤❡♥✱ u = w+v ✐s s♦❧✉t✐♦♥ ✇✐t❤ p t♦ Pr♦❜❧❡♠ ✭✸✳✸✶✮✳ ❇② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐ts ✐♥ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✱
❡st✐♠❛t❡s ✭✸✳✸✵✮ ❤♦❧❞s✳

❲❡ ✜♥✐s❤ ❜② ❣✐✈✐♥❣ ❛ s✉♠♠❛r② ♦❢ t❤❡ ♠❛✐♥ ♣♦✐♥ts ♦❢ t❤❡ ✇♦r❦ ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ❚❤❡
✐♥✐t✐❛❧ ♣✉r♣♦s❡ ✇❛s t♦ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮✳ ❚❤❡ ✜rst ♣r♦♦❢
✇❡ ❤❛✈❡ ❣✐✈❡♥ ✇❛s ❜❛s❡❞ ♦♥ ❛ ❧✐♠✐t ♣r♦❝❡ss✱ ✇❤❡r❡ ✭✸✳✶✮ ❛♣♣❡❛rs ❛s t❤❡ ❧✐♠✐t ♦❢ t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙t♦❦❡s
s②st❡♠ ✭✸✳✾✮✳ ❚❤❡♥✱ ✐♥ ♦r❞❡r t♦ ❣✐✈❡ ❛ s❡❝♦♥❞ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✱ ✇❡ ❤❛✈❡ ❣✐✈❡♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧
❥✉st✐✜❝❛t✐♦♥ t❤❛t ❡♥❛❜❧❡s t♦ r❡❞✉❝❡ ✭✸✳✶✮ t♦ ✭✷✳✶✺✮✱ ❛♥❞ t❤✐s ❧❛st ♣r♦❜❧❡♠ ✇❛s s♦❧✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s
❝❤❛♣t❡r✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❚♦ ✜♥✐s❤✱ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ✭✸✳✷✺✮ t♦ ✭✸✳✷✻✮✳
❚❤✐s ❡♥❛❜❧❡❞ ✉s✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✶✼✱ t♦ s♦❧✈❡ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✭✸✳✷✸✮✳

❋❛r ❢r♦♠ ♥♦✇✱ ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ✐♥t❡r❡st❡❞ ②❡t ✐♥ t❤❡ ❝❛s❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡
✉♥❦♥♦✇♥ u3✳ ❲❡ ❛r❡ ❧❡❛❞ ✉♣ t♦ ✇♦♥❞❡r ✐❢ s✉❝❤ ❛ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ✐s st✐❧❧ ❛♣♣❧✐❝❛❜❧❡✱ ❛♥❞ ❤❡♥❝❡ ✐❢ ✐t
✐s r❡❛s♦♥❛❜❧❡✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ r❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = g3 ♦♥ Γ,

❛♥❞ ❤♦✇ t♦ ❡①♣r❡ss ✐♥ t❤✐s ❝❛s❡ u3 ✇✐t❤ r❡s♣❡❝t t♦ Φ✱ g′ ❛♥❞ g3✳ ❲❡ ♣r♦♣♦s❡ t♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥
✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✹✽



❈❤❛♣t❡r ✹

❲❡❛❦ s♦❧✉t✐♦♥s t♦ (SH) ✇✐t❤ ❛ ♥♦♥

❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ u3

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ✇❡ ❤❛✈❡ ❣✐✈❡♥ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡
❙t♦❦❡s ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛❧✇❛②s ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ✉♥❦♥♦✇♥
u3✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✶✾✳ ❖✉r ♣r♦♦❢ ✇❛s ❜❛s❡❞ ♦♥ t❤❡ r❡❞✉❝t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✷✺✮ t♦ ✭✸✳✷✻✮✱ s❡❡
▲❡♠♠❛ ✸✳✶✽✳ ▲❡t ✉s st✉❞② ♥♦✇ ✇❤❛t ❤❛♣♣❡♥s ✐❢ ✇❡ ❛ ❝♦♥s✐❞❡r ❛ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥
♦✈❡r u3✳ ●✐✈❡♥ f ′ : Ω → R2 ✱ Φ : Ω → R ❛♥❞ g : Γ → R3✱ ✇❡ ♣♦s❡ ♥❛t✉r❛❧❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿





−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u′ = g′, u3n3 = g3 ♦♥ Γ.
✭✹✳✶✮

■♥t✉✐t✐✈❡❧②✱ ❛♥❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✜♥❞ u ∈ H1(Ω)2×H(∂x3 , Ω) ❛♥❞
p ∈ L2(Ω)/R s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ❢♦r t❤❡ ❞❛t❛✿

f ′ ∈ H1/2(Γ)2, Φ ∈ L2(Ω), g′ ∈ H1/2(Γ)2, g3 ∈ H−1/2(Γ),

♥❡❝❡ss❛r✐❧② ❢✉❧✜❧❧✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿
✂

Ω

Φ dx =

✂
Γ

g′ · n′ dσ + 〈g3, 1〉H−1/2(Γ), H1/2(Γ) .

■♥ ❛ ✈✐❡✇ t♦ s♦❧✈❡ Pr♦❜❧❡♠ ✭✹✳✶✮ ✐♥ t❤❡ ❛❜♦✈❡ s✐t✉❛t✐♦♥✱ ❧❡t ✉s s❡❡ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ♠♦r❡
❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = g3 ♦♥ Γ, ✭✹✳✷✮

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = φ, u′ = g′ ♦♥ Γ, ✭✹✳✸✮

✇❤❡r❡ φ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② Φ ❛♥❞ g ✭❛s ✇❡❧❧ ❛s t❤❡ ✉♥❦♥♦✇♥ u3✮✳ ■❢ ✇❡ s✉❝❝❡❡❞✱ t❤❡♥ ✇❡ ✇✐❧❧
s♦❧✈❡ Pr♦❜❧❡♠ ✭✹✳✶✮ ❜② ✈✐rt✉❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✼✳ ▲❡t ✉s ❛♣♣❧② t❤❡ ♦♣❡r❛t♦r M t♦ t❤❡ ❡q✉❛❧✐t② ∇·u = Φ
✐♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ❢✉♥❝t✐♦♥ φ ✐♥ ✭✹✳✸✮✳ ❲❡ ✇✐❧❧ t❤❡♥ ❛♣♣❧② t❤❡ ♦♣❡r❛t♦r F t♦ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥
t♦ s❡❡ ❤♦✇ ♥❡❝❡ss❛r✐❧② u3 ❞❡♣❡♥❞s ♦♥ u′✱ Φ ❛♥❞ g′✳ ❲❡ ❤❛✈❡ ❜② ✭✷✳✼✮✿

M(∇ · u) = M(∇′ · u′) +M(
∂u3

∂x3
) = ∇′ ·Mu′ −∇′h · g′

B +M(
∂u3

∂x3
),

✹✾



❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡✱ ❢♦r t❤❡ ♠♦♠❡♥t✱ t❤❛t φ ✐s ♥❡❝❡ss❛r✐❧② ❡q✉❛❧ t♦✿

φ = MΦ + ∇′h · g′
B −M(

∂u3

∂x3
) ✐♥ ω.

◆❡①t✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ❛❞❛♣t ❈❧❛✐♠ ✐ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ❛♥❞ ✇r✐t❡M(∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3✳ ❚❤❛♥❦s

t♦ ●r❡❡♥✬s ❢♦r♠✉❧❛ ✭✸✳✹✮✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ψ ∈ D(ω)✿
✂
ω

ψM(
∂u3

∂x3
) dx′ =

✂
Ω

ψ̃
∂u3

∂x3
dx =

〈
g3, ψ̃

〉
H−1/2(Γ), H1/2(Γ)

, ✭✹✳✹✮

❛♥❞ ❛s ✇❡ s❡❡✱ ✇❡ ❛r❡ ♥♦t ❛❜❧❡ t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇✐t❤♦✉t ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ♦♥ g3✳
◆♦t❡ t❤❛t t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❛♣♣❡❛rs ✇❤❡♥ ✇❡ ❛♣♣❧② F t♦ t❤❡ ❡q✉❛❧✐t② ∇ · u = Φ✳ ■♥❞❡❡❞✱ ♦♥❡ ❤❛s

F (∇ · u) = F (∇′ · u′) + F (
∂u3

∂x3
),

❛♥❞ ✐❢ ✇❡ ❛♣♣❧② ❈❧❛✐♠ ✐✐ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r ❛♥② ϕ ∈ D(Ω)✿
✂

Ω

ϕF (
∂u3

∂x3
) dx′ =

✂
Ω

∂u3

∂x3
Gϕdx = −

✂
Ω

u3
∂Gϕ

∂x3
dx+ 〈g3, Gϕ〉H−1/2(Γ), H1/2(Γ) . ✭✹✳✺✮

❍❡r❡ ❛❣❛✐♥✱ t❤❡ H−1/2(Γ) r❡❣✉❧❛r✐t② ♦❢ g3 ✐s ♥♦t s✉✣❝✐❡♥t t♦ ✇r✐t❡ F (∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3 ❛♥❞ u3✳

❆s ❛ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ❞✐s❝✉ss✐♦♥✱ t❤❡ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ♠❛② ♥♦t ❜❡ t❤❡ ❣♦♦❞ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡
Pr♦❜❧❡♠ ✭✹✳✶✮ ✐♥ t❤❡ ❛❜♦✈❡ s✐t✉❛t✐♦♥✱ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ H−1/2(Γ) r❡❣✉❧❛r✐t② ❢♦r t❤❡ ❞❛t✉♠
g3✳ ❖✉r ♣✉r♣♦s❡ ✐s ♥♦t t♦ st✉❞② t❤✐s ♦♣t✐♠❛❧ s✐t✉❛t✐♦♥✱ ❜✉t r❛t❤❡r t♦ ❞❡❛❧ ✇✐t❤ ♦t❤❡r ♦♥❡s ❢♦r ✇❤✐❝❤
t❤❡ r❡❞✉❝t✐♦♥ ♣r♦❝❡ss ✐s s✉❝❝❡ss❢✉❧✳ ❚❤✐s ✐s ✇❤② ❛♥ ♦✉t❧✐♥❡ ♦❢ ❈❤❛♣t❡r ✹ ✐s ❛s ❢♦❧❧♦✇s✳

■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ♣r♦✈❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ ✭✹✳✷✮ t♦ ✭✹✳✸✮ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ♦♥
g3✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✉♥❦♥♦✇♥ u3 ✇❡ ✇❛♥t t♦ ✜♥❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❣✐✈❡ ✐♥ ❚❤❡♦r❡♠ ✹✳✶ ❛♥
❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✶✮✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✉♥❦♥♦✇♥ u3 ✐♥ t❤❡ s♣❛❝❡ HF (∂x3 , Ω) ❞❡✜♥❡❞ ❤❡r❡ ❛❢t❡r ✐♥ ✭✹✳✶✹✮✱
✇❡ ♣r♦✈❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡ (u3n3)|Γ ✐♥ L2(Γ)✳
❚❤❡♥✱ ❜② ❡①t❡♥❞✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ t♦ ❛♥② u ✐♥ HF (∂x3 , Ω)✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ ❝♦♠♣✉✲
t❛t✐♦♥s ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ ❛♥❞ ✇r✐t❡ M(∂u3

∂x3
) ❛♥❞ F (∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3 = (u3n3)|Γ✱ s❡❡ Pr♦♣♦s✐t✐♦♥

✹✳✽✳
❋✐♥❛❧❧②✱ ❛♥❞ ❛❧✇❛②s ❜② ❝♦♥s✐❞❡r✐♥❣ u3 ∈ HF (∂x3

, Ω) ❛♥❞ g3 ∈ L2(Γ)✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ r❡❞✉❝❡ ✭✹✳✷✮ t♦
✭✹✳✸✮ ✐♥ ▲❡♠♠❛ ✹✳✶✵✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤✐s ❧❡♠♠❛ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✼ ❝♦♥st✐t✉t❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♣r♦♦❢ ❛♥♥♦✉♥❝❡❞ ❢❡✇ ❧✐♥❡s ❛❜♦✈❡✳

■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ♣r♦❜❧❡♠ s❡t ✐♥ ❛ ❞♦♠❛✐♥ ✇✐t❤ s✐❞❡✇❛❧❧s ❛❧♦♥❣ ∂ω✱ ✇❤❡r❡ ✇❡
❝♦♥s✐❞❡r ❛ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ u3✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss
♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦✿





−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u = g ♦♥ Γ,
✭✹✳✻✮

❢♦r ✇❤✐❝❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s a priori ♥♦t ❞❡✜♥❡❞✿

u3 = g3 ♦♥ Γ, ✭✹✳✼✮

❋✐rst❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡✱ ❢♦r ❛♥② u ∈ H(∂x3 , Ω)✱ t❤❡ tr❛❝❡
u|Γ ✐♥ t❤❡ ✇❡✐❣❤t❡❞ s♣❛❝❡ L2(Γ, |n3| dσ) ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮✱ ❛♥❞ ❤❡♥❝❡ t❤❛t ✭✹✳✼✮ ✐s ♠❡❛♥✐♥❣❢✉❧✳ ❚❤❡♥✱

✺✵



✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✶✼ ❛♥ ❡ss❡♥t✐❛❧ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ tr❛❝❡
(Fu)|Γ ❢♦r ❢✉♥❝t✐♦♥s u ∈ L2(Ω)✳
❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❡①t❡♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ t♦ ❛♥② u ✐♥ H(∂x3 , Ω)✱ ❛♥❞ ✇❡ ✇✐❧❧ ❣♦
❢✉rt❤❡r ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ ❜② ✇r✐t✐♥❣M(∂u3

∂x3
) ❛♥❞ F (∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3 = u3|Γ✱

s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✶✻✳ ❲❡ ✇✐❧❧ ❛❝❤✐❡✈❡ ❙❡❝t✐♦♥ ✹✳✸ ✇✐t❤ ▲❡♠♠❛ ✹✳✶✽✱ ❜② ♣r♦✈✐♥❣ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦
r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u = g ♦♥ Γ, ✭✹✳✽✮

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿
∇′ ·Mu′ = φ, u′ = g′ ♦♥ Γ, ✭✹✳✾✮

✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r u3 ∈ H(∂x3 , Ω) ❛♥❞ g3 ∈ L2(Γ, |n3| dσ)✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✹✳✶✽
❛♥❞ ❚❤❡♦r❡♠ ✷✳✶✼ ✇✐❧❧ ❝♦♥st✐t✉t❡ t❤❡ ❡①♣❡❝t❡❞ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
✭✹✳✻✮✳

✹✳✷ ❆ ✜rst ❝❛s❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ u3

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿




−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u′ = g′, u3n3 = g3 ♦♥ Γ,
✭✹✳✶✵✮

❛✈❛✐❧❛❜❧❡ ✐♥ ❛ ❣❡♥❡r❛❧ ❞♦♠❛✐♥ Ω ✇❤❡r❡ ✭✼✮ ✐s ♥♦t ♥❡❝❡ss❛r②✳ ■♥ ♦r❞❡r t♦ st❛t❡ t❤✐s ♠❛✐♥ r❡s✉❧t✱ ✇❡
r❡q✉✐r❡ t❤❡ s♣❛❝❡ HF (∂x3,Ω) ❞❡✜♥❡❞ ❛♥❞ st✉❞✐❡❞ ✐♥ t❤❡ ♥❡①t ♣❛r❛❣r❛♣❤✳ ❚❤❡♥✱ ✇❡ s❡t✿

XF = H1(Ω)2 ×HF (∂x3,Ω).

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t f ′ ∈ L2(Ω)2✱ Φ ∈ L2(Ω)✱ g′ ∈ H
1/2

1/
√
h
(Γ)2 ❛♥❞ g3 ∈ L2(Γ) s✉❝❤ t❤❛t g3 = 0 ♦♥

ΓS ∪ ΓL✳ ❆ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

✂
Ω

Φ dx =

✂
Γ

g′ · n′ dσ +

✂
ΓB

g3 dσ. ✭✹✳✶✶✮

❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛✐r (u, p) ∈ XF × (L2(Ω)/R) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✶✵✮ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡
❡st✐♠❛t❡✱

‖u′‖H1(Ω)2 + ‖u3‖H(∂x3 ,Ω) + ‖p‖L2(Ω)/R
6 C(

∥∥f ′∥∥
L2(Ω)2

+ ‖Φ‖L2(Ω)

+ ‖g′‖
H

1/2

1/
√

h
(Γ)2

+ ‖g3‖L2(Γ)),

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳

❚❤❡ s❡q✉❡❧ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❚❤❡ ♦♥❡ ✇❡ ❣✐✈❡ ✐s ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥
r❡❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, u3n3 = g3 ♦♥ Γ, ✭✹✳✶✷✮

✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ u3 ❜❡❧♦♥❣s t♦ t❤❡ ♥❡✇ s♣❛❝❡ HF (∂x3
, Ω) ❛♥❞ ✇❤❡r❡ g3 ❜❡❧♦♥❣s t♦ L2(Γ)✳ ❆s

✇❡ ♣r♦✈❡ ✐t ✐♥ t❤❡ s❡q✉❡❧✱ t❤❡ s♣❛❝❡ HF (∂x3 , Ω) ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✹✳✶✹✮✱ ❝♦♥st✐t✉t❡s ❛ s✉✣❝✐❡♥t ❢✉♥❝t✐♦♥❛❧

✺✶



❢r❛♠❡✇♦r❦ t♦ ❣♦ ❢✉rt❤❡r ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✳✽✱ ❛♥❞ ❡♥❛❜❧❡s t❤❡r❡❢♦r❡
t♦ r❡❞✉❝❡ ✭✹✳✶✷✮ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇′ ·Mu′ = φ, u′ = g′ ♦♥ Γ. ✭✹✳✶✸✮

❲❡ r❡❢❡r ❤❡r❡ t♦ ▲❡♠♠❛ ✹✳✶✵✳ ◆❡①t✱ s✐♥❝❡ t❤❡ ✉♥❦♥♦✇♥ p ♦❢ ✭✹✳✶✵✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✱ ✇❡ ❞❡❞✉❝❡
❢r♦♠ ▲❡♠♠❛ ✹✳✶✵ t❤❛t s♦❧✈✐♥❣ ✭✹✳✶✵✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ✭✷✳✷✶✮✱ ❢♦r ✇❤✐❝❤ ✇❡ ❦♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✼
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡ ♦❢ H(∂x3 , Ω) ❞❡✜♥❡❞ ❜②✿

HF (∂x3 ,Ω) =
{
u ∈ H(∂x3 , Ω) /∃v ∈ L2(Ω) s✉❝❤ t❤❛t u = Fv ✐♥ Ω

}
. ✭✹✳✶✹✮

❲❡ st❛rt ✇✐t❤ t✇♦ ♦❜✈✐♦✉s r❡s✉❧ts ♦♥ t❤❡ s♣❛❝❡ HF (∂x3
,Ω)✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ st❛t❡ t❤❛t HF (∂x3 ,Ω)

✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ st❛♥❞❛r❞ H(∂x3
, Ω) ♥♦r♠✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❡ ❣✐✈❡ ❛ ❞❡♥s✐t② ♣r♦♣❡rt②✱

✉s❡❢✉❧ t♦ ❜✉✐❧❞ ❛ tr❛❝❡ ♦♣❡r❛t♦r ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❲❡ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡s❡ r❡s✉❧ts ✐♥ ❛ r♦✇✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳ ❚❤❡ s♣❛❝❡ HF (∂x3
, Ω) ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ st❛♥❞❛r❞ H(∂x3

, Ω) ♥♦r♠✳

Pr♦♦❢✳ ❚❤❛♥❦s t♦ r❡❧❛t✐♦♥ ✭✸✳✷✵✮✱ F ✐s ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r ❢r♦♠ L2(Ω) ✐♥t♦ H(∂x3 , Ω)✳
▼♦r❡♦✈❡r✱ t❤❡ ✐♥❡q✉❛❧✐t②

‖Fu‖H(∂x3 ,Ω) > ‖u‖L2(Ω) ,

❛♥❞ ❝❧❛ss✐❝❛❧ ❝♦♠♣❧❡t✐♦♥ ❛r❣✉♠❡♥ts ❧❡❛❞ t♦ t❤❡ r❡s✉❧t✳

▲❡♠♠❛ ✹✳✸✳ ❚❤❡ s♣❛❝❡ F (D(Ω)) ✐s ❞❡♥s❡ ✐♥ HF (∂x3 , Ω) ❢♦r t❤❡ st❛♥❞❛r❞ H(∂x3 , Ω) ♥♦r♠✳

Pr♦♦❢✳ ■t ✐s ✐♠♠❡❞✐❛t❡ s✐♥❝❡ F ✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠ L2(Ω) ✐♥t♦ H(∂x3 , Ω)✱ s❡❡ r❡❧❛t✐♦♥ ✭✸✳✷✵✮✱ ❛♥❞ s✐♥❝❡
D(Ω) ✐s ❞❡♥s❡ ✐♥ L2(Ω)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✹✳ ❚❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣

γF : u 7→ un3|Γ

❞❡✜♥❡❞ ♦♥ F (D(Ω)) ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ ❞❡♥♦t❡❞ ✐♥
t❤❡ s❛♠❡ ✇❛②✱ ❢r♦♠ HF (∂x3,Ω) ✐♥t♦ L2(Γ)✳

Pr♦♦❢✳ ▲❡t u ∈ F (D(Ω))✳ ❚❤❡♥✱ t❤❡r❡ ✐s v ∈ D(Ω) s✉❝❤ t❤❛t u = Fv ✐♥ Ω✳ ▼♦r❡♦✈❡r✱ Fv ∈ C∞(Ω)
❛♥❞ s✉♣♣ (Fv)|Γ ⊂ ΓB ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥ ✭✶✳✹✮ ❛♥❞ s✐♥❝❡ (Fv)B = Mv ✐♥ ω✿

✂
Γ

(un3)
2 dσ =

✂
ΓB

(Fv)2 n2
3 dσ = −

✂
ω

(Mv)2 (n3)B dx
′

6 ‖Mv‖2
L2(ω)

6 C ‖v‖2
L2(Ω) .

◆❡①t✱ ♥♦t❡ t❤❛t v s❛t✐s✜❡s v = −∂x3
u ✐♥ Ω✱ t❤❛♥❦s t♦ r❡❧❛t✐♦♥ ✭✸✳✶✾✮✳ ❚❤❡r❡❢♦r❡✱
✂

Γ

(un3)
2 dσ 6 C ‖u‖2

H(∂x3 ,Ω) .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛♣♣✐♥❣ γF ❞❡✜♥❡❞ ♦♥ F [D(Ω)] ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ H(∂x3 , Ω)
♥♦r♠✳ ❇② ▲❡♠♠❛ ✹✳✸✱ ✇❡ ❝❛♥ ❡①t❡♥❞ γF ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧
❞❡♥♦t❡❞ ❜② γF ✱ ❢r♦♠ HF (∂x3,Ω) ✐♥t♦ L2(Γ)✳

✺✷



❘❡♠❛r❦ ✹✳✺✳ ▲❡t u ∈ HF (∂x3
,Ω)✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ❛♥❞ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✱ t❤❡

tr❛❝❡ un3|Γ s❛t✐s✜❡s✿
un3 = 0 ✐♥ L2(ΓS ∪ ΓL). ✭✹✳✶✺✮

❲❡ ✉♥❞❡rst❛♥❞ ♥♦✇ ✇❤② ✐t ✐s ♥❡❝❡ss❛r② t♦ ✐♠♣♦s❡ g3 = 0 ♦♥ ΓS ∪ ΓL ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳

❲❡ ❣✐✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛ ♦❢ t❤❡ tr❛❝❡ (un3)|Γ✱ ❢♦r u ∈ HF (∂x3 , Ω)✱
✈❡r② ✉s❡❢✉❧ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✶✵✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✳

∀u ∈ HF (∂x3 ,Ω), ∀v ∈ H1
ΓB

(Ω),

✂
ΓB

un3 v dσ =

✂
ω

M(
∂u

∂x3
) (v|Γ)B dx

′. ✭✹✳✶✻✮

Pr♦♦❢✳ ▲❡t u ∈ F (D(Ω)) ❛♥❞ v ∈ H1
ΓB

(Ω)✳ ❚❤❡♥✱ t❤❡r❡ ✐s w ∈ L2(Ω) s✉❝❤ t❤❛t u = Fw✳ ▼♦r❡♦✈❡r✱
♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥ ✭✶✳✹✮

✂
ΓB

un3 v dσ =

✂
ΓB

(Fw) v n3 dσ = −
✂
ω

MwvB dx
′,

=

✂
ω

M(
∂u

∂x3
) vB dx

′.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s ♣r♦✈❡❞ t❤❛t ✭✹✳✶✻✮ ❤♦❧❞s ❢♦r ❛♥② u ∈ F (D(Ω))✱ ❛♥❞ t❤❡♥✱ ❜② ❞❡♥s✐t②✱ ❢♦r
❛♥② u ∈ HF (∂x3 , Ω)✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✸✳

❘❡♠❛r❦ ✹✳✼✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛r❡ ✐♥ ♣♦s✐t✐♦♥ t♦ ❥✉st✐❢② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✳ ■t ❝♦♠❡s
❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s ❢♦r♠✉❧❛✿

∀u ∈ XF ,

✂
Ω

∇ · u dx =

✂
Γ

g′ · n′ dσ +

✂
ΓB

g3 dσ,

✇❤✐❝❤ ✐s s❛t✐s✜❡❞ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✹✳✹ ❛♥❞ ❘❡❧❛t✐♦♥ ✭✹✳✶✻✮✳

◆❡①t✱ r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ✐s ✇❛s ♥♦t r❡❛s♦♥❛❜❧❡ t♦ ❝♦♥s✐❞❡r u3 ∈
H(∂x3

, Ω) ❛♥❞ g3 ∈ H−1/2(Γ) ✐♥ ✭✹✳✷✮✱ t♦ r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✷✮ t♦ ✭✹✳✸✮✳ ■♥❞❡❡❞✱ ❛♥❞ ❛❝❝♦r❞✐♥❣
t♦ ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❡①♣r❡ss M(∂u3

∂x3
) ❛♥❞ F (∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3 ∈ H−1/2(Γ)✳ ■♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t ✐❢ u ∈ HF (∂x3 , Ω) ❛♥❞ g3 ∈ L2(Γ)✱ t❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣♦
❢✉rt❤❡r ♦♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇❡ ❤❛✈❡ ❞♦♥❡ ✐♥ ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ ❛♥❞ ❡①♣r❡ss M(∂u3

∂x3
) ✇✐t❤ r❡s♣❡❝t t♦ g3

❛♥❞ ❝♦♠♣✉t❡ ❡❛s✐❧② F (∂u3

∂x3
)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✽✳ ▲❡t u ✐♥ HF (∂x3
,Ω) ❛♥❞ s❡t G = un3|Γ✳ ❚❤❡♥✱ ♦♥❡ ❤❛s✿

i) M(
∂u

∂x3
) = GB(1 + |∇h|2)1/2 ✐♥ L2

1/
√
h
(ω).

ii) F (
∂u

∂x3
) = −u ✐♥ L2(Ω).

Pr♦♦❢✳ ▲❡t u ∈ HF (∂x3
,Ω) ❛♥❞ ψ ∈ D(ω)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ G ∈ L2(Γ)✱ ❤❡♥❝❡ GB ∈ L2(ω) ✐♥

❛❝❝♦r❞❛♥❝❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✶✳✶✳ ❚❤❡♥✱ s✐♥❝❡ ♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥ ✭✶✳✷✮✿

✂
ΓB

G ψ̃ dσ =

✂
ω

GB ψ (1 + |∇h|2)1/2 dx′,

✺✸



♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✹✳✶✻✮ t❤❛t ❢♦r ❛♥② ψ ∈ D(ω)✿
✂
ω

M(
∂u

∂x3
)ψ dx′ =

✂
ω

GB(1 + |∇h|2)1/2 ψ dx′.

❈♦♥s❡q✉❡♥t❧②✱ ❈❧❛✐♠ ✶ ❤♦❧❞s s✐♥❝❡ ∂x3
u ∈ L2(Ω) ❛♥❞ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ◆❡①t✱ ❧❡t ✉s ❡st❛❜❧✐s❤

❈❧❛✐♠ ✷✳ ▲❡t u ∈ L2(Ω) s✉❝❤ t❤❛t u = Fv✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❤❛s ❜② ✭✸✳✶✾✮

F (
∂u

∂x3
) = −Fv = −u ✐♥ Ω.

❘❡♠❛r❦ ✹✳✾✳ ◆♦t❡ t❤❛t t❤❡ ♠❛✐♥ ❛r❣✉♠❡♥t ✐♥ ❈❧❛✐♠ ✶ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✽ ✐s t❤❛t ✇❤❡♥ u3 ∈ HF (∂x3 ,Ω)
❛♥❞ g3 = (u3n3)|Γ ∈ L2(Γ)✱ t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ✐♥ ✭✹✳✹✮ ✐s ✐♥ ❢❛❝t ❛♥ ✐♥t❡❣r❛❧ ♦✈❡r ΓB ✱ ❛♥❞ ❤❡♥❝❡ ❛♥
✐♥t❡❣r❛❧ ♦✈❡r ω ❜② r❡❧❛t✐♦♥ ✭✶✳✷✮✳ ❇❡s✐❞❡s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r u3 ∈ HF (∂x3 , Ω) ❛♥❞ g3 ∈ L2(Γ) ✐♥ ✭✹✳✷✮✱ ✇❡
s❡❡ ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ r❡❛s♦♥✐♥❣ ❤♦❧❞ ✐♥ ✐♥tr♦❞✉❝t✐♦♥ t❤❛t ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ✐♥ ✭✹✳✸✮✿

φ = MΦ + ∇′h · g′
B − (g3)B(1 + |∇h|2)1/2 ✐♥ ω,

❛♥❞ u3 = F (∇′ · u′ − Φ) ✐♥ Ω.

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✶✷✮ t♦ ✭✹✳✶✸✮✳ ❇❡❢♦r❡ ♦❜s❡r✈✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣✱
r❡❝❛❧❧ t❤❛t t❤❡ s♣❛❝❡ H1/2

1/
√
h
(Γ) ✐s ❞❡✜♥❡❞ ✐♥ ✭✷✳✷✼✮✳

▲❡♠♠❛ ✹✳✶✵✳ ▲❡t Φ ∈ L2(Ω)✱ g′ ∈ H
1/2

1/
√
h
(Γ)2 ❛♥❞ g3 ∈ L2(Γ) s✉❝❤ t❤❛t g3 = 0 ♦♥ ΓS ∪ ΓL✳ ❆ss✉♠❡

t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮ ❛♥❞ s❡t✿

φ = MΦ − (g3)B(1 + |∇h|2)1/2 + g′
B · ∇h ✐♥ ω. ✭✹✳✶✼✮

✶✳ ❚❤❡♥ φ ∈ L2
1/

√
h
(ω) ❛♥❞ s❛t✐s✜❡s ✇✐t❤ g′ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

✂
ω

φdx′ =

✂
ΓL

g′ · n′ dσ. ✭✹✳✶✽✮

✷✳ ❆♥② ❢✉♥❝t✐♦♥ u ∈ XF s❛t✐s✜❡s ✭✹✳✶✷✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u′ ∈ H1(Ω)2 s❛t✐s✜❡s t❤❡ r❡❞✉❝❡❞ ❝♦♥❞✐t✐♦♥s
✭✹✳✶✸✮ ❛♥❞ u3 = F (∇′ · u′ − Φ) ✐♥ Ω✳

Pr♦♦❢✳ ❈❧❛✐♠ ✶✳ ❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✷✳✷✱ ♦♥❡ ❤❛s MΦ ∈ L2
1/

√
h
(ω)✳ ❚❤❡♥✱ ❈♦r♦❧❧❛r② ✹✳✽ ❣✐✈❡s

(g3)B(1 + |∇h|2)1/2 ∈ L2
1/

√
h
(ω).

❚♦ ✜♥✐s❤✱ ❛s g′ ∈ H
1/2

1/
√
h
(Γ)2✱ r❡❧❛t✐♦♥ ✭✷✳✷✽✮ ❡♥s✉r❡s t❤❛t g′

B · ∇h ∈ L2(ω)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡

❞❡❞✉❝❡s t❤❛t φ ❜❡❧♦♥❣s t♦ L2
1/

√
h
(ω)✳ ◆❡①t✱ ♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥s ✭✶✳✻✮ ❛♥❞ ✭✶✳✸✮

✂
ω

φdx′ =

✂
ω

MΦ dx′ −
✂
ω

(g3)B(1 + |∇h|2)1/2 dx′ +
✂
ω

g′
B · ∇h dx′

=

✂
Ω

Φ dx−
✂

Γ

g3 dσ −
✂

ΓB

g′ · n′ dσ.

✺✹



❆s ✭✹✳✶✶✮ ❤♦❧❞s✱ ♦♥❡ ♦❜t❛✐♥s
✂
ω

φdx′ =

✂
Γ

g′ · n′ dσ +

✂
Γ

g3 dσ −
✂

Γ

g3 dσ −
✂

ΓB

g′ · n′ dσ

=

✂
ΓS

g′ · n′ dσ +

✂
ΓL

g′ · n′ dσ.

❚♦ ✜♥✐s❤✱ s✐♥❝❡ n′ ✈❛♥✐s❤❡s ♦♥ ΓS ✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t φ s❛t✐s✜❡s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✶✽✮✳
❈❧❛✐♠ ✷✳ ❆ss✉♠❡ t❤❛t ∇ · u = Φ ❛♥❞ u3 = g3 ✐♥ L2(Γ)✳ ❘❡❧❛t✐♦♥ ✭✷✳✼✮ ❣✐✈❡s

∇′ ·Mu′ = M(∇′ · u′) − g′
B · ∇h

= M(Φ − ∂u3

∂x3
) − g′

B · ∇h

= MΦ −M(
∂u3

∂x3
) − g′

B · ∇h.

▼♦r❡♦✈❡r✱ ♦♥❡ ❛❧s♦ ❤❛s

F (∇′ · u′) = FΦ − F (
∂u3

∂x3
).

❇② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✽ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t✐❡s✱ ♦♥❡ ♦❜t❛✐♥s

∇′ ·Mu′ = φ, u3 = F (∇′ · u′ − Φ).

❈♦♥✈❡rs❡❧②✱ ❧❡t u′ ∈ H1(Ω)2 s❛t✐s❢②✐♥❣ ✭✹✳✶✸✮ ❛♥❞ ❧❡t u3 = F (∇′ · u′ − Φ)✳ ❚❤❡♥✱ u3 ❜❡❧♦♥❣s t♦
HF (∂x3 , Ω) ❛♥❞ s❛t✐s✜❡s✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✾✿

∂u3

∂x3
= −∇′ · u′ + Φ,

❛♥❞ ∇ · u = Φ ✐♥ Ω. ❋✐♥❛❧❧②✱ s✐♥❝❡ g3 = 0 ♦♥ ΓS ∪ ΓL✱ ❧❡t ✉s ❡st❛❜❧✐s❤ t❤❛t u3n3 = g3 ✐♥ L2(ΓB)✳ ▲❡t
µ ∈ H1

ΓB
(Ω)✳ ❚❤❡♥✱ r❡❧❛t✐♦♥ ✭✹✳✶✻✮ ❣✐✈❡✿

✂
ΓB

u3n3 µdσ =

✂
ω

M(−∇′ · u′ + Φ) (µ|Γ)B dσ.

◆❡①t✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ φ✱ ♦♥❡ ❤❛s

M(∇′ · u′ − Φ) = ∇′ ·Mu′ −∇h · u′
B −MΦ

= φ−∇h · g′
B −MΦ

= −(g3)B(1 + |∇h|2)1/2.

❍❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t
✂

ΓB

u3n3 µdσ =

✂
ω

(g3)B(1 + |∇h|2)1/2 (µ|Γ)B dx
′

=

✂
ΓB

g3 µdσ.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s u3n3 = g3 ✐♥ H−1/2(ΓB)✱ ❤❡♥❝❡ ✐♥ L2(ΓB)✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳

✺✺



Pr♦♦❢✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✶✵✱ ❛♥❞ s✐♥❝❡ p ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✽✮ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❛t s♦❧✈✐♥❣ ✭✹✳✶✵✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ✭✷✳✷✶✮ ❢♦r t❤❡ ❞❛t✉♠ φ ❞❡✜♥❡❞ ✐♥ ✭✹✳✶✼✮✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥
❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✶✼✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❚❤❡♦r❡♠ ✹✳✶ ✐s ♣r♦✈❡❞✳

▲❡t ✉s ✜♥✐s❤ t❤✐s t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts✳

❘❡♠❛r❦ ✹✳✶✶✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜s♣❛❝❡

L2
S,B(Γ) :=

{
g ∈ L2(Γ) / g = 0 ♦♥ ΓS ∪ ΓB

}
.

❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❡st❛❜❧✐s❤ t❤❛t t❤❡ tr❛❝❡ ♦♣❡r❛t♦r γF : u 7→ un3|Γ✱
❞❡✜♥❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✹✱ ✐s ♦♥t♦ ❢r♦♠ HF (∂x3 , Ω) ✐♥t♦ L2

S,B(Γ)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② g ∈ L2
S,B(Γ) ❛♥❞

❛♥② u ∈ HF (∂x3 , Ω) s✉❝❤ t❤❛t un3|Γ = g ✐♥ L2(Γ)✱ ♦♥❡ ❤❛s✿

‖u‖H(∂x3
,Ω) 6 C ‖g‖L2(Γ) .

❘❡♠❛r❦ ✹✳✶✷✳ ◆♦t❡ t❤❛t ❚❤❡♦r❡♠ ✹✳✶ ❣✐✈❡ ❛ ❧✐❢t ♦♣❡r❛t♦r ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✷✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t
Φ ∈ L2(Ω)✱ g′ ∈ H

1/2

1/
√
h
(Γ)2 ❛♥❞ g3 ∈ L2(Γ) s✉❝❤ t❤❛t g3 = 0 ♦♥ ΓS ∪ ΓL✳ ❆ss✉♠❡ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✳ ❚❤❡♥✱ t❤❡r❡ ✐s u ✐♥ XF s❛t✐s❢②✐♥❣✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ✐♥ Γ, u3n3 = g3 ✐♥ Γ,

❛♥❞ ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ❛t ♠♦st ♦♥ Ω s✉❝❤ t❤❛t✿

‖u′‖H1(Ω)2 + ‖u3‖H(∂x3
,Ω) + ‖p‖L2(Ω)/R

6 C

(
‖Φ‖L2(Ω) + ‖g′‖

H
1/2

1/
√

h
(Γ)2

+ ‖g3‖L2(Γ)

)
.

❲❡ s❡❡ ♥♦✇✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✱ ❛♥ ✉♥❡①♣❡❝t❡❞ s✐t✉❛t✐♦♥ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ✐♥ ✭✹✳✶✵✮ t❤❡
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ u3 = g3 ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ u3n3 = g3 t❤❛t ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥
t❤✐s s❡❝t✐♦♥✳ ❲❡ ❜✉✐❧❞ ❛♥ ❛❞❛♣t❡❞ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ t❤❛t ❡♥❛❜❧❡s t♦ r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✽✮ t♦
✭✹✳✾✮ ❛♥❞ t♦ s♦❧✈❡ ❛ ♥❡✇ ♣r♦❜❧❡♠✳ ❆s ✐t ✇✐❧❧ ❜❡ ❥✉st✐✜❡❞✱ s✉❝❤ ❛ s✐t✉❛t✐♦♥ ✐s ♦♥❧② ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ ✭✼✮
❤♦❧❞s✳

✹✳✸ ❆♥ ✉♥❡①♣❡❝t❡❞ ✐♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ u3

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❛t Ω ❤❛s s✐❞❡✇❛❧❧s✱ s❡❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛❜♦✈❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱
✇❡ ♠❛❦❡ t❤❡ ❛ss✉♠♣t✐♦♥✶ ✭✼✮ ♦♥ t❤❡ ♠❛♣♣✐♥❣ h✳ ◆♦t❡✱ ✐♥ t❤✐s ❝❛s❡✱ t❤❛t t❤❡ ❡q✉❛❧✐t✐❡s L2

hα(ω) = L2(ω)

❛♥❞ H1/2

1/
√
h
(Γ) = H1/2(Γ) ❤♦❧❞ ✭✇❡ r❡❢❡r t♦ ✭✷✳✸✮ ❛♥❞ ✭✷✳✷✼✮ ❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡s❡ ✇❡✐❣❤t❡❞ s♣❛❝❡s✮✳

✶❋❛r ❢r♦♠ ♥♦✇✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✇❛s ♥♦t ♥❡❡❞❡❞✳

✺✻



❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ❞♦♠❛✐♥ Ω ✇✐t❤ s✐❞❡✇❛❧❧s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦❜❧❡♠✿ 




−∆u′ + ∇′p = f ′,
∂p

∂x3
= 0, ∇ · u = Φ ✐♥ Ω,

u = g ♦♥ Γ,
✭✹✳✶✾✮

❛✈❛✐❧❛❜❧❡ ♦♥❧② ✇❤❡♥ ✭✼✮ ❤♦❧❞s✳ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣
♦❢ t❤❡ s❡❝t✐♦♥✱ ❛♥❞ ✇❡ r❡q✉✐r❡✱ ❜❡❢♦r❡❤❛♥❞✱ t❤❡ s♣❛❝❡ L2(Γ, |n3| dσ) ❞❡✜♥❡❞ ✐♥ ✭✹✳✷✹✮ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣
♥♦t❛t✐♦♥s✿

X = H1(Ω)2 ×H(∂x3 , Ω), ‖u‖X =
(
‖u′‖2

H1(Ω)2 + ‖u3‖2
H(∂x3 ,Ω)

)1/2

. ✭✹✳✷✵✮

❚❤❡♦r❡♠ ✹✳✶✸✳ ❆ss✉♠❡ ✭✼✮✳ ▲❡t f ′ ∈ H−1(Ω)2✱ Φ ∈ L2(Ω)✱ g′ ∈ H1/2(Γ)2 ❛♥❞ g3 ∈ L2(Γ, |n3| dσ)
s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿ ✂

Γ

g · n dσ =

✂
Ω

Φ dx. ✭✹✳✷✶✮

❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♣❛✐r (u, p) ∈ X × (L2(Ω)/R) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✶✾✮ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡
❡st✐♠❛t❡✱

‖u‖X + ‖p‖L2(Ω)/R
6 C

(∥∥f ′∥∥
H−1(Ω)2

+ ‖Φ‖L2(Ω) + ‖g′‖H1/2(Γ)2 + ‖g3‖L2(Γ,|n3|dσ)

)
,

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳

❚❤❡ s❡q✉❡❧ ✐s ❞❡❞✐❝❛t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✸✳ ❲❡ r❡♣❡❛t t❤❡ ♠❛✐♥ ❧✐♥❡s ♦❢ t❤❡ ♣r♦♦❢
♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ❛❞❛♣t❡❞ t♦ t❤❡ ♥❡✇ ❢r❛♠❡✇♦r❦ ✇❡ ✐♥tr♦❞✉❝❡ ❛❢t❡r✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♦❢ ✇❡ ❣✐✈❡ ✐s
❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ r❡❞✉❝✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u = g ♦♥ Γ, ✭✹✳✷✷✮

✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ u3 ❜❡❧♦♥❣s t♦ H(∂x3 , Ω) ❛♥❞ ✇❤❡r❡ g3 ❜❡❧♦♥❣s t♦ L2(Γ, |n3| dσ)✳ ❆s ✇❡ ♣r♦✈❡ ✐t
✐♥ t❤❡ s❡q✉❡❧✱ ❛♥❞ ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✼✮ ♦♥❧②✱ t❤❡ s♣❛❝❡ H(∂x3 , Ω) ❝♦♥st✐t✉t❡s ❛ s✉✣❝✐❡♥t ❢✉♥❝t✐♦♥❛❧
❢r❛♠❡✇♦r❦ t♦ r❡❞✉❝❡ ✭✹✳✷✷✮ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇′ ·Mu′ = φ, u′ = g′ ♦♥ Γ. ✭✹✳✷✸✮

✺✼



❲❡ r❡❢❡r ❤❡r❡ t♦ ▲❡♠♠❛ ✹✳✶✽✳ ◆❡①t✱ s✐♥❝❡ t❤❡ ✉♥❦♥♦✇♥ p ♦❢ ✭✹✳✶✾✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✱ ✇❡ ❞❡❞✉❝❡
❢r♦♠ ▲❡♠♠❛ ✹✳✶✽ t❤❛t s♦❧✈✐♥❣ ✭✹✳✶✾✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ✭✷✳✷✶✮✱ ❢♦r ✇❤✐❝❤ ✇❡ ❦♥♦✇ ❢r♦♠ ❚❤❡♦r❡♠ ✷✳✶✼
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳

❆❝❝♦r❞✐♥❣ t♦ ♦✉r s❝❤❡❞✉❧❡✱ ✇❡ st❛rt ❜② ❣✐✈✐♥❣ ❛ ♠❡❛♥✐♥❣ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

u3 = g3 ♦♥ Γ,

❚♦ t❤✐s ♣✉r♣♦s❡✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❤❡r❡ ❛❢t❡r t❤❡ ✇❡✐❣❤t❡❞ s♣❛❝❡ L2(Γ, |n3| dσ)✳ ❇❡❢♦r❡✱ r❡❝❛❧❧ t❤❛t n3 = 0
♦♥ ΓL✱ n3 = 1 ♦♥ ΓS ❛♥❞ n3 < 0 ♦♥ ΓB ✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ s✐♥❝❡ n3 ❤❛s ❛ ❝♦♥st❛♥t s✐❣♥ ♦♥ ΓB ✱ n3

❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✇❡✐❣❤t ❢♦r t❤❡ s✉r❢❛❝❡ ♠❡❛s✉r❡ dσ✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♠❡❛♥✐♥❣❢✉❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡
❡①♣❡❝t❡❞ ▲❡❜❡s❣✉❡ s♣❛❝❡✿

L2(Γ, |n3| dσ) =
{
µ : Γ → R, |n3| dσ −♠❡❛s✉r❛❜❧❡ / µ |n3|1/2 ∈ L2(Γ)

}
, ✭✹✳✷✹✮

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❤✐❧❜❡rt✐❛♥ ♥♦r♠

‖µ‖L2(Γ,|n3|dσ) =
∥∥∥µ |n3|1/2

∥∥∥
L2(Γ)

.

❚❤❡♥✱ ❧❡t ✉s ♦❜s❡r✈❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❤❛t ❢♦r u3 ∈ H(∂x3
, Ω) ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❞❡✜♥❡ ❛ tr❛❝❡

u3|Γ ✐♥ L2(Γ, |n3| dσ)✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳ ❚❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣

γ : u 7→ u|Γ,

❞❡✜♥❡❞ ♦♥ D(Ω)✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ ❞❡♥♦t❡❞ ✐♥ t❤❡
s❛♠❡ ✇❛②✱ ❢r♦♠ H(∂x3 , Ω) ✐♥t♦ L2(Γ, |n3| dσ)✳

Pr♦♦❢✳ ▲❡t θ = θ(x3) ✐♥ D(R) s✉❝❤ t❤❛t

I[−‖h‖L∞(ω),−2α/3[ 6 θ 6 I[−‖h‖L∞(ω),−α/3[,

✇❤❡r❡ α ✐s ❞❡✜♥❡❞ ✐♥ ✭✼✮✳ ❚❤❡♥✱ ❧❡t ✉s s❡t

x ∈ Ω, θB(x) = θ(x3), θS(x) = 1 − θ(x3).

❚❤❡r❡❢♦r❡ |n3| θS = n3θ
S ❛♥❞ |n3| θB = −n3θ

B ♦✈❡r Γ✳ ◆❡①t✱ ❧❡t u ∈ D(Ω)✳ ❚❤❡♥
✂

Γ

u2 |n3| dσ =

✂
Γ

u2(θS + θB) |n3| dσ

=

✂
Γ

u2θSn3 dσ −
✂

Γ

u2θBn3 dσ

=

✂
Γ

u2(θS − θB)n3 dσ.

❋r♦♠ ●r❡❡♥✬s ❢♦r♠✉❧❛✱ ✇❡ ❞❡❞✉❝❡
✂

Γ

u2 |n3| dσ = 2

✂
Ω

(θS − θB)u
∂u

∂x3
dx+

✂
Ω

u2 ∂

∂x3
(θS − θB) dx

6 Cθ ‖u‖2
H(∂x3 ,Ω) ,

✇❤❡r❡ Cθ > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ θ✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠❛♣♣✐♥❣ γ ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r
t❤❡ ♥♦r♠ ♦❢ H(∂x3 ,Ω)✳ ❚❤❡ r❡s✉❧t ❤♦❧❞s ❜② ❛♥ ❡①t❡♥s✐♦♥ ❛r❣✉♠❡♥t✳

✺✽



■♥ ♦r❞❡r t♦ ❞❡r✐✈❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹ t❤❡ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❣✐✈❡♥ ✐♥ ✭✹✳✷✾✮✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t
t❤❡ ✐♥t❡❣r❛❧✿ ✂

Γ

uvn3 dσ,

✐s ♠❡❛♥✐♥❣❢✉❧ ❢♦r ❛♥② u, v ∈ H(∂x3 , Ω)✳ ▼♦r❡♦✈❡r✱ ✐t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ r❡♣❧❛❝❡ t❤❡ ❛❜♦✈❡ s✉r❢❛❝❡
✐♥t❡❣r❛❧ ❜② ♦♥❡ ❞❡✜♥❡❞ ♦♥ ω✱ ❛s ❞♦♥❡ ✐♥ r❡❧❛t✐♦♥ ✭✶✳✻✮✳ ❲❡ st❛t❡ t❤❡r❡❢♦r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✺✳ ❖♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✳
✶✳ ▲❡t µ ∈ L2(Γ, |n3| dσ)✳ ❚❤❡♥

i) µn3 ∈ L2(Γ), ❛♥❞ ‖µn3‖L2(Γ) 6 ‖µ‖L2(Γ,|n3|dσ) ; ✭✹✳✷✺✮

ii) µS ∈ L2(ω), ❛♥❞ ‖µS‖L2(ω) 6 ‖µ‖L2(Γ,|n3|dσ) ; ✭✹✳✷✻✮

iii) µB ∈ L2(ω), ❛♥❞ ‖µB‖L2(ω) 6 ‖µ‖L2(Γ,|n3|dσ) . ✭✹✳✷✼✮

✷✳ ▲❡t λ, µ ∈ L2(Γ, |n3| dσ)✳ ❚❤❡♥

λµn3 ∈ L1(Γ), λµn3 ∈ L2(Γ). ✭✹✳✷✽✮

Pr♦♦❢✳ ❈❧❛✐♠ ✶✳ ▲❡t µ ∈ L2(Γ, |n3| dσ)✳ ❙✐♥❝❡ |n3| 6 1 ❛❧♠♦st ❡✈❡r② ✇❤❡r❡ ♦♥ Γ✱ ♦♥❡ ❤❛s n2
3 6 |n3|✳

❚❤❡♥ ✂
Γ

(µn3)
2 dσ 6

✂
Γ

µ2 |n3| dσ = ‖µ‖L2(Γ,|n3|dσ) <∞,

❛♥❞ i✮ ✐s ♣r♦✈❡❞✳ ◆❡①t✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ r❡❧❛t✐♦♥s ✭✶✳✷✮ ❛♥❞ ✭✹✳✷✺✮ t❤❛t
✂
ω

µ2
S dx

′ =

✂
ω

µ2
S(n3,S)2 dx′ =

✂
ΓS

µ2n2
3 dσ 6 ‖µn3‖2

L2(Γ)

6 ‖µ‖2
L2(Γ,|n3|dσ) <∞.

▼♦r❡♦✈❡r✱ ♦♥❡ ❛❧s♦ ❤❛s✂
ω

µ2
B dx

′ = −
✂
ω

µ2
B(n3)S(1 + |∇h|2)1/2 = −

✂
ΓB

µ2n3 dσ

6 ‖µ‖2
L2(Γ,|n3|dσ) <∞.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❤❛s ❡st❛❜❧✐s❤❡❞ ii) ❛♥❞ iii)✳ ❚♦ ✜♥✐s❤✱ ❈❧❛✐♠ ✷ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❍ö❧❞❡r✬s
✐♥❡q✉❛❧✐t②✱ ❛♥❞ ♦❢ t❤❡ ❢❛❝t t❤❛t Γ ✐s ❜♦✉♥❞❡❞✳

❆s ❡①♣❡❝t❡❞✱ ✇❡ ❞❡r✐✈❡ ❢r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ D(Ω) ✐♥ H(∂x3 , Ω) ❛♥❞ ❢r♦♠ r❡❧❛t✐♦♥ ✭✹✳✷✽✮ t❤❡ ❢♦❧❧♦✇✐♥❣
●r❡❡♥✬s ❢♦r♠✉❧❛✿

∀u, v ∈ H(∂x3 , Ω),

✂
Ω

u
∂v

∂x3
dx = −

✂
Ω

v
∂u

∂x3
dx+

✂
Γ

uvn3 dσ. ✭✹✳✷✾✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙t♦❦❡s ❢♦r♠✉❧❛ ❤♦❧❞s✿

∀u ∈ H1(Ω)2 ×H(∂x3 , Ω),

✂
Ω

∇ · u dx =

✂
Γ

g · n dσ,

❛♥❞ ✇❡ ❛r❡ ♥♦✇ ❛❜❧❡ t♦ ❥✉st✐❢② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✷✶✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✷✻✮✱
✭✹✳✷✼✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✱ t❤❛t ❢♦r ❛♥② u, v ∈ H(∂x3 , Ω)✿

✂
Γ

uvn3 dσ =

✂
ω

(u|Γ)S(v|Γ)S dx
′ −

✂
ω

(u|Γ)B(v|Γ)B dx
′. ✭✹✳✸✵✮

✺✾



◆❡①t✱ ❧❡t ✉s ❣✐✈❡ ❛♥♦t❤❡r ❝♦♥s❡q✉❡♥❝❡ ♦❢ r❡❧❛t✐♦♥s ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✼✮✱ r❡q✉✐r❡❞ ✐♥ ❢✉rt❤❡r ❝♦♠♣✉t❛t✐♦♥s✳
●✐✈❡♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ n3 ❛♥❞ s✐♥❝❡ ω ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ t❤❡s❡ r❡❧❛t✐♦♥s t❤❛t ❢♦r ❛♥②
µ ∈ L2(Γ, |n3| dσ)✿

✂
Γ

µ |n3| dσ =

✂
ΓS

µdσ −
✂

ΓB

µn3 dσ.

❚❤❡♥✱ ✭✶✳✹✮ ✐♠♣❧✐❡s ♠♦r❡ ❣❡♥❡r❛❧❧② t❤❛t✿

∀µ ∈ L2(Γ, |n3| dσ),

✂
Γ

µ |n3| dσ =

✂
ω

µS dx
′ +

✂
ω

µB dx
′. ✭✹✳✸✶✮

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❡ ♦❜s❡r✈❡ ❛ s✐t✉❛t✐♦♥ ❝♦♠♣❧❡♠❡♥t❛r② t♦ t❤❡ ♦♥❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✽✱ ✇❤❡r❡
✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣♦ ❢✉rt❤❡r ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✭✹✳✹✮ ❛♥❞ ✭✹✳✺✮✱ ❛♥❞ t♦ ✇r✐t❡ M(∂u3

∂x3
) ❛♥❞ F (∂u3

∂x3
) ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ tr❛❝❡ u3|Γ✳ ❚❤❡ ❛❜♦✈❡ r❡s✉❧t ✐s✱ ✐♥ ❢❛❝t✱ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✵ ✇❤❡r❡ ✇❡
❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ♦❢ H1(Ω) ❢✉♥❝t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✻✳ ▲❡t u ✐♥ H(∂x3
, Ω)✱ ❛♥❞ s❡t G = u|Γ✳ ❚❤❡♥✿

i) M(
∂u

∂x3
) = GS − GB ✐♥ ω.

ii) F (
∂u

∂x3
) = G̃S − u ✐♥ Ω.

Pr♦♦❢✳ ❚❤❛♥❦s t♦ ❛ss✉♠♣t✐♦♥ ✭✼✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✱ t❤❡ ❢✉♥❝t✐♦♥ u|Γ ❜❡❧♦♥❣s t♦ L2(Γ, |n3| dσ)✳
❚❤❡♥✱ r❡❧❛t✐♦♥s ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✼✮ ❛♥❞ ❘❡♠❛r❦ ✷✳✶ ❣✐✈❡s

GS − GB ∈ L2(ω) ❛♥❞ G̃S − u ∈ L2(Ω).

✐✳ ❲❡ ❞❡❞✉❝❡✱ ❢r♦♠ ✭✹✳✷✾✮ ❛♥❞ ✭✹✳✸✵✮✱ t❤❛t ❢♦r ❛♥② ψ ∈ D(ω)✿

✂
ω

M(
∂u

∂x3
)ψ dx′ =

✂
Ω

ψ̃
∂u

∂x3
dx =

✂
Γ

ψ̃ G n3 dσ

=

✂
ω

ψ GS dx′ −
✂
ω

ψ GB dx′.

✐✐✳ Pr♦♣♦s✐t✐♦♥ ✸✳✾✱ r❡❧❛t✐♦♥ ✭✹✳✷✾✮ ❛♥❞ ✭✹✳✸✵✮✱ ♣r♦✈❡ t❤❛t ❢♦r ❛♥② ϕ ∈ D(Ω)✿

✂
Ω

F (
∂u

∂x3
)ϕdx =

✂
Ω

∂u

∂x3
Gϕdx

= −
✂

Ω

uϕdx+

✂
ω

GS(Gϕ)S dx
′ −

✂
ω

GB(Gϕ)B dx.

❙✐♥❝❡ (Gϕ)S = Mϕ ❛♥❞ (Gϕ)B = 0 ✐♥ ω✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

✂
Ω

F (
∂u

∂x3
)ϕdx = −

✂
Ω

uϕdx+

✂
Ω

G̃Sϕdx.

❇❡❢♦r❡ ❡st❛❜❧✐s❤✐♥❣ t❤❡ r❡❞✉❝t✐♦♥ ▲❡♠♠❛ ✹✳✶✽✱ ✇❡ ❣✐✈❡ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✐♠♣r♦✈❡❞ tr❛❝❡
(Fu)|Γ ❢♦r u ∈ L2(Ω) ✐♥ ❛ ❧❛st ♣r♦♣♦s✐t✐♦♥✳

✻✵



Pr♦♣♦s✐t✐♦♥ ✹✳✶✼✳ ▲❡t u ∈ L2(Ω)✳ ❚❤❡♥✱ ♦♥❡ ❤❛s

i) (Fu)|ΓS
= 0 ✐♥ L2(ΓS).

ii) (Fu)|ΓB
= M̃u ✐♥ L2(ΓB).

Pr♦♦❢✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t (Fu)|Γ ∈ L2(Γ, |n3| dσ)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ M̃u ∈
H(∂x3

, Ω)✱ ♦♥❡ ❛❧s♦ ❤❛s (M̃u)|Γ ∈ L2(Γ, |n3| dσ)✳ ❍❡♥❝❡ r❡❧❛t✐♦♥ ✭✹✳✷✽✮ ❣✐✈❡s✿

(Fu)|Γn3 ∈ L2(Γ), (M̃u)|Γn3 ∈ L2(Γ).

❚❤✉s✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶✷✱ s✐♥❝❡ H1/2
00 (ΓS) ✐s ❞❡♥s❡ ✐♥ L2(ΓS)✿

((Fu)|Γn3) |ΓS
= (Fu)|ΓS

= 0 ✐♥ L2(ΓS),

❛♥❞ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥s✱ ♦♥❡ ❛❧s♦ ❤❛s

((Fu)|Γn3) |ΓB
=
(
(M̃u)|Γn3

)
|ΓB

✐♥ L2(ΓB).

❚♦ ✜♥✐s❤✱ ❛s n3 6= 0 ♦♥ ΓB ✱ ♦♥❡ ❞❡❞✉❝❡s

(Fu)|ΓB
= M̃u ✐♥ L2(ΓB).

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✷✷✮ t♦ ✭✹✳✷✸✮✳ ❖❜s❡r✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✹✳✶✽✳ ▲❡t Φ ∈ L2(Ω)✱ g′ ∈ H1/2(Γ)2 ❛♥❞ g3 ∈ L2(Γ, |n3| dσ) s❛t✐s❢②✐♥❣ ✭✹✳✷✶✮✳ ▲❡t ✉s s❡t

φ = MΦ + (g3)B − (g3)S + g′
B · ∇′h ✐♥ ω, ✭✹✳✸✷✮

U = (̃g3)S − FΦ ✐♥ Ω. ✭✹✳✸✸✮

✶✳ ❚❤❡♥ φ ∈ L2(ω) ❛♥❞ s❛t✐s✜❡s ✇✐t❤ g′ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✷✳✸✹✮✳
✷✳ ❆♥② u ∈ X s❛t✐s✜❡s ✭✹✳✷✷✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u′ s❛t✐s✜❡s ✭✷✳✸✵✮ ❛♥❞ u3 = F (∇′ · u′) + U ✳

Pr♦♦❢✳ ❈❧❛✐♠ ✶✳ ❲❡ ✉s❡ t❤❡ ❛r❣✉♠❡♥ts ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✶✽ ❈❧❛✐♠ ✶✱ t♦ ♣r♦✈❡ t❤❛t MΦ + g′
B ·

∇′h ❜❡❧♦♥❣s t♦ L2
1/

√
h
(ω)✱ ❤❡♥❝❡ t♦ L2(ω) ❛s ✭✼✮ ❤♦❧❞s✳ ❚❤❡♥✱ r❡❧❛t✐♦♥ ✭✹✳✷✻✮ ❛♥❞ ✭✹✳✷✼✮ ✐♠♣❧② t❤❛t

(g3)B − (g3)S ∈ L2(ω)✱ ❛♥❞ φ ∈ L2(ω)✳ ◆❡①t✱ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❝♦♠❜✐♥❡❞ ✇✐t❤ r❡❧❛t✐♦♥ ✭✹✳✸✵✮ ❣✐✈❡
✂
ω

φdx′ =

✂
Ω

Φ dx+

✂
ω

(g3)B − (g3)S dx
′ +

✂
ΓB

g′ · n′ dσ

=

✂
Γ

g′ · n′ dσ +

✂
Γ

g3n3 dσ −
✂

ΓB

g′ · n′ dσ =

✂
ΓL

g′ · n′ dσ.

❈❧❛✐♠ ✷✳ ▲❡t u ∈ X s❛t✐s❢②✐♥❣ ✭✹✳✷✷✮✳ ❘❡❧❛t✐♦♥ ✭✷✳✼✮ ❣✐✈❡s

∇′ ·Mu′ = M(∇′ · u′) − g′
B · ∇′h = M(Φ − ∂u3

∂x3
) − g′

B · ∇′h

= MΦ −M(
∂u3

∂x3
) − g′

B · ∇′h.

✻✶



▼♦r❡♦✈❡r✱ ♦♥❡ ❛❧s♦ ❤❛s

F (∇′ · u′) = FΦ − F (
∂u3

∂x3
).

❇② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✶✻ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛❧✐t✐❡s✱ ♦♥❡ ♦❜t❛✐♥s

∇′ ·Mu′ = φ, u3 = F (∇′ · u′) + U.

❈♦♥✈❡rs❡❧②✱ ❧❡t u′ ∈ H1(Ω) s❛t✐s❢②✐♥❣ ✭✷✳✸✵✮ ❛♥❞ ❧❡t u3 = F (∇′ · u′) + U ✱ ✇✐t❤ U ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✸✮✳
❚❤❡♥✱ Pr♦♣♦s✐t✐♦♥ ✸✳✾ ❡♥s✉r❡s t❤❛t u3 ∈ L2(Ω), ❛♥❞ t❤❛t

∂u3

∂x3
= −∇′ · u′ +

∂U

∂x3
= −∇′ · u′ + Φ,

s✐♥❝❡ ♦♥❡ ❤❛s ♥♦t✐❝❡❞ t❤❛t (̃g3)S ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ u3 ❜❡❧♦♥❣s t♦ H(∂x3 , Ω)
❛♥❞ ∇ · u = Φ ✐♥ Ω. ❋✐♥❛❧❧②✱ ❧❡t ✉s ❡st❛❜❧✐s❤ t❤❛t u3 = g3 ✐♥ L2(Γ, |n3| dσ)✳ ❋✐rst❧②✱ ❧❡t ✉s ❝♦♠♣✉t❡
(u3|Γ)S ❛♥❞ (u3|Γ)B ✳ ◆♦t❡ t❤❛t v = ∇′ ·u′−Φ ❜❡❧♦♥❣s t♦ L2(Ω)✳ ❚❤✉s✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥
✹✳✶✼ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s

(Fv|Γ)S = 0, (Fv|Γ)B = M(∇′ · u′ − Φ) ♦♥ ω.

❚❤❡♥✱ ❜② ✇r✐t✐♥❣ u3 = Fv + (̃g3)S ❛♥❞ s✐♥❝❡
[
(̃g3)S

]
S

=
[
(̃g3)S

]
B

= (g3)S ✱ ♦♥❡ ♦❜t❛✐♥s✿

(u3|Γ)S = (g3)S , (u3|Γ)B = M(∇′ · u′ − Φ) + (g3)S . ✭✹✳✸✹✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ r❡❧❛t✐♦♥ ✭✹✳✸✹✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✹✳✸✶✮ t❤❛t ❢♦r ❛♥② µ ∈ L2(Γ, |n3| dσ)✿
✂

Γ

u3µ |n3| dσ =

✂
ω

(u3|Γ)SµS dx
′ +

✂
ω

(u3|Γ)BµB dx
′

=

✂
ω

(g3)SµS dx
′ +

✂
ω

(g3)SµB dx
′ +

✂
ω

M(∇′ · u′ − Φ)µB dx
′.

❚❤❡♥✱ ❜② ✉s✐♥❣ r❡❧❛t✐♦♥s ✭✷✳✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ φ ✐♥ ✭✹✳✸✷✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t✐❡s ❤♦❧❞✿

M(∇′ · u′ − Φ) = ∇′ ·Mu′ − u′
B · ∇′h

= φ− u′
B · ∇′h−MΦ =

= (g3)B − (g3)S .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t② t❤❛t
✂

Γ

u3µ |n3| dσ =

✂
ω

(g3)SµS dx
′ +

✂
ω

(g3)BµB dx
′

=

✂
Γ

g3µ |n3| dσ.

❚❤❡r❡❢♦r❡✱ u3 = g3 ✐♥ L2(Γ, |n3| dσ)✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✸✳

Pr♦♦❢✳ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✶✽✱ ❛♥❞ s✐♥❝❡ p ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x3 ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳✽✮ ✇❡ ❤❛✈❡ ♣r♦✈❡❞
t❤❛t s♦❧✈✐♥❣ ✭✹✳✶✾✮ r❡❞✉❝❡s t♦ s♦❧✈❡ ✭✷✳✷✶✮ ❢♦r t❤❡ ❞❛t✉♠ φ ❞❡✜♥❡❞ ✐♥ ✭✹✳✸✷✮✱ ❛♥❞ ❢♦r ✇❤✐❝❤ ✇❡ ❝❛♥
❛♣♣❧② ❚❤❡♦r❡♠ ✷✳✶✼✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❚❤❡♦r❡♠ ✹✳✶✸ ✐s ♣r♦✈❡❞✳ ▲❡t ✉s ✜♥✐s❤ ❜② ♠❛❦✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♠♠❡♥ts✳

✻✷



❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❧❡t ✉s ✜♥✐s❤ ✇✐t❤ s✉♣♣❧❡♠❡♥t❛r② ❝♦♠♠❡♥ts✳

❘❡♠❛r❦ ✹✳✶✾✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜s♣❛❝❡

L2
0(Γ, |n3| dσ) :=

{
g ∈ L2(Γ, |n3| dσ) /

✂
Γ

gn3 dσ = 0

}
.

❋r♦♠ ❚❤❡♦r❡♠ ✹✳✶✸✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ♠❛♣♣✐♥❣ γ : u 7→ u|Γ, ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✱ ✐s ♦♥t♦
❢r♦♠ H(∂x3 , Ω) ✐♥t♦ L2

0(Γ, |n3| dσ)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛♥② g ∈ L2
0(Γ, |n3| dσ) ❛♥❞ ❛♥② u ∈ H(∂x3 , Ω) s✉❝❤

t❤❛t u|Γ = g✱ ♦♥❡ ❤❛s
‖u‖H(∂x3 ,Ω) 6 C ‖g‖L2(Γ,|n3|dσ) .

❘❡♠❛r❦ ✹✳✷✵✳ ❆❧s♦ ♥♦t❡ t❤❛t ❚❤❡♦r❡♠ ✹✳✶✸ ❣✐✈❡s ❛ ❧✐❢t ♦♣❡r❛t♦r ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✭✹✳✷✷✮✳ ▲❡t
Φ ∈ L2(Ω)✱ g′ ∈ H1/2(Γ)2 ❛♥❞ g3 ∈ L2(Γ, |n3| dσ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✷✶✮✳ ❚❤❡♥✱
t❤❡r❡ ✐s u ✐♥ X s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u = g ✐♥ Γ,

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t✿

‖u‖X 6 C
(
‖Φ‖L2(Ω) + ‖g′‖H1/2(Γ)2 + ‖g3‖L2(Γ,|n3|dσ)

)
. ✭✹✳✸✺✮

✻✸



✻✹



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣r♦s♣❡❝t ♦❢ P❛rt ■

❆s ✇❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ ✐t✱ t❤❡ ❛✐♠ ♦❢ ♣❛rt ■ ✇❛s t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦
t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ✈❛r✐♦✉s ♥❡✇ ❝❛s❡s✳ ❋✐rst❧②✱ ✇❡ ❤❛✈❡ r❡✈✐s✐t❡❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s
❝❛s❡ ✭✸✳✶✮✱ s❡❡ ❚❤❡♦r❡♠ ✸✳✹ ❛♥❞ ❝♦♥s✐❞❡r❡❞ t❤❡ ♥❡✇ ♣r♦❜❧❡♠ ✭✸✳✷✮ s♦❧✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✶✾✳ ■♥ t❤❡s❡ t✇♦
❝❛s❡s✱ ✇❡ ❤❛✈❡ ❛❧✇❛②s ❝♦♥s✐❞❡r❡❞ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ u3✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞
t✇♦ ♦t❤❡r s✐t✉❛t✐♦♥s ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r❡❞ ❛ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ u3✱ s❡❡ ✭✹✳✶✮
s♦❧✈❡❞ ❚❤❡♦r❡♠ ✹✳✶✱ ❛♥❞ ✭✹✳✻✮ s♦❧✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✸✱ ❛♥❞ t❤✐s ❧❛st r❡s✉❧t ✐s ♣r♦✈❡❞ ✉♥❞❡r ❛ss✉♠♣t✐♦♥
✭✼✮ ♦♥❧②✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡s❡ r❡s✉❧ts✱ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞✱ ✐♥ ✈❛r✐♦✉s s✐t✉❛t✐♦♥s✱ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s✿

∇ · u = Φ ✐♥ Ω, u′ = g′ ♦♥ Γ, Bu3 = g3 ♦♥ Γ,

✇❤❡r❡ Bu3 ❞❡✜♥❡s ♦♥❡ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✺✮✱ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡s✿

∇′ ·Mu′ = φ ✐♥ ω, u′ = g′ ♦♥ Γ.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ❛♥② ♦❢ t❤❡ ♣r♦❜❧❡♠s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ r❡❞✉❝❡ t♦ Pr♦❜❧❡♠ ✭✷✳✷✮✱
s♦❧✈❡❞ ✐♥ ✷✳✶✼✳

❋❛r ❢r♦♠ ♥♦✇✱ ✇❡ ❤❛✈❡ ♥♦t ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦
t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ✇♦r❦ ❛❧r❡❛❞② ❞♦♥❡✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡
q✉❡st✐♦♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s Pr♦❜❧❡♠ ✭✸✳✶✮✱ ❛♥❞ ✇❤❡♥ ✭✼✮ ✐s ♥♦t ❛ss✉♠❡❞✳

❇② ♥♦t✐❝✐♥❣ t❤❛t ❢♦r ❛♥② ε > 0 ❛♥❞ ❢♦r f ′ ∈ L2(Ω)2✱ t❤❡ s♦❧✉t✐♦♥ (uε, pε) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✹
s❛t✐s✜❡s

uε ∈ H2(Ω)3, pε ∈ H1(Ω), ✭✹✳✸✻✮

✇❡ tr✐❡❞ t♦ ✐♠♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✮ ✐♥ ♦r❞❡r t♦ ❣❡t ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ♦♥ (u, p) s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮✳
❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ✇❡ ❤❛❞ t♦ ❝♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ Ω ♦❢ ❝❧❛ss C1, 1✱ ✇❤✐❝❤ ❡①❝❧✉❞❡s t❤❡ ❞❡✜♥✐t✐♦♥

✭✶✮✳ ❚❤❡♥✱ ✇❡ ✇♦✉❧❞ ❛❞❛♣t t♦ t❤❡ ❝❛s❡ ♦❢ Ω ❛s ✐♥ ✭✶✮✳ ❚❤✉s✱ ✇❡ tr✐❡❞ t♦ ❣❡t ❧♦❝❛❧ ❡st✐♠❛t❡s ♦♥ t❤❡ ♣❛✐r
(uε, pε)✱ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ❬✻❪✱ ❜② ❝♦✈❡r✐♥❣ Ω ✇✐t❤ ❡❧❡♠❡♥t❛r② ♦♣❡♥ s❡ts σ ♦❢ t❤✐❝❦♥❡ss t❤❡ ♣❛r❛♠❡t❡r
0 < λ 6 1✳ ❚❤✐s ♠❡❛♥s t❤❛t σ ❝❛♥ ❜❡ ❧♦❝❛t❡❞ ✐♥ ❛ ❤♦r✐③♦♥t❛❧ ❜❛♥❞ ♦❢ t❤✐❝❦♥❡ss λ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝♦♥❝❡r♥s ❡st✐♠❛t❡s ✐♥s✐❞❡ Ω✳ ❇❡❢♦r❡✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♥♦t❛t✐♦♥s✳ ❲❡
❞❡♥♦t❡ ❜② θ ❛ ❢✉♥❝t✐♦♥ ♦❢ D(R3) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ σ ⊂ Ω✳ ❚❤❡♥✱ ✇❡ s❡t vε = θuε ❛♥❞ qε = θpε✳
❚❤❡r❡❢♦r❡✱ ✐♥tr♦❞✉❝✐♥❣ t❤❡ q✉❛♥t✐t✐❡s

Lε(σ) := ‖v′
ε‖H2(σ)2 + ε ‖vε3‖H2(σ) + ‖∇vε3‖H(∂x3,σ)3 + ‖∇qε‖L2(σ)3 ,

Rε, λ(σ) :=
∥∥f ′∥∥

L2(Ω)2
+ λ ‖∇pε‖L2(σ)3 + λ ‖∇uε3‖H(∂x3,σ)3 ,

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ❤♦❧❞✳

✻✺



Pr♦♣♦s✐t✐♦♥ ✹✳✷✶✳ ▲❡t ε > 0 ❛♥❞ f ′ ∈ L2(Ω)2✳ ▲❡t (uε, pε) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✾✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠
✸✳✹ ❛♥❞ ✭✹✳✸✻✮✳ ▲❡t 0 < λ 6 1 ❛♥❞ ❛ss✉♠❡ t❤❛t θ ❤❛s ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ σ ⊂⊂ Ω✳❚❤❡♥✱ t❤❡r❡ ✐s ❛
❝♦♥st❛♥t Cθ > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ θ s✉❝❤ t❤❛t

Lε(σ) 6 CθRε, λ(σ).

❚❤❡♥✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❡st✐♠❛t❡s ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✱ ❜② ✢❛tt❡♥✐♥❣ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω✳ ❘❡❝❛❧❧
t❤❛t Ω ✐s ♦❢ ❝❧❛ss C1,1✳ ❚❤✐s ♠❡❛♥s ❤❡r❡ t❤❛t Ω ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ❧♦❝❛❧❧② s✐t✉❛t❡❞ ♦♥ ♦♥❡ s✐❞❡ ♦❢ ✐ts
❜♦✉♥❞❛r② Γ✱ ❛ ♠❛♥✐❢♦❧❞ ♦❢ ❝❧❛ss C1,1✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ ❛ ♣♦✐♥t P ∈ Γ✱ t❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs
λ ❛♥❞ b✱ ❛♥❞ ❛♥ ♦rt❤♦♥♦r♠❛❧✐③❡❞ s②st❡♠ ♦❢ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s x = (x′, x3) ✇✐t❤ ♦r✐❣✐♥ ❛t P ✱ ❛♥❞
❛ ❢✉♥❝t✐♦♥ ψ(x′) ❞❡✜♥❡❞ ❛♥❞ C1,1 ♦♥ t❤❡ s♣❤❡r❡

{
x′ ∈ R2 / |x′| 6 b

}
s✉❝❤ t❤❛t✿ t❤❡ ♣♦✐♥t x ❢♦r ✇❤✐❝❤

x3 = ψ(x′) ❜❡❧♦♥❣s t♦ Γ❀ t❤❡ ♣♦✐♥t x ❢♦r ✇❤✐❝❤ ψ(x′) < x3 < λ + ψ(x′) ❜❡❧♦♥❣ t♦ Ω❀ t❤❡ ♣♦✐♥t x ❢♦r
✇❤✐❝❤ −λ+ ψ(x′) < x3 < ψ(x′) ❜❡❧♦♥❣s t♦ R3\Ω✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❞❡✜♥❡ ❤❡r❡ t❤❡ s❡ts

σ =
{
x ∈ R3 / |x′| 6 b, −λ+ ψ(x′) < x3 < λ+ ψ(x′)

}
,

σ+ = {x ∈ σ / x3 > ψ(x′)} , ·
σ = {x ∈ σ / x3 = ψ(x′)} . ✭✹✳✸✼✮

▼♦r❡♦✈❡r✱ t❤❡ t❛♥❣❡♥t ♣❧❛♥❡ t♦ ∂Ω ❛t P ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ x′✲♣❧❛♥❡✱ s♦ t❤❛t ∇ψ(0) = 0✳ ❚♦ ✜♥✐s❤✱ ✇❡
❝❛♥ ❛ss✉♠❡ ✇✐t❤ ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t λ 6 1 ❛♥❞ b 6 1✳ ❚❤❡r❡❢♦r❡ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✷✳ ▲❡t ε > 0 ❛♥❞ f ′ ∈ L2(Ω)2✳ ▲❡t (uε, pε) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✾✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠
✸✳✹ ❛♥❞ ✭✹✳✸✻✮✳ ❚❤❡♥✱ t❤❡r❡ ✐s b > 0 s✉❝❤ t❤❛t ❢♦r ❛♥② θ ✐♥ D(R3) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ σ+ ∪ .

σ✿

Lε(σ
+) 6 CθRε, λ(σ

+),

✇❤❡r❡ Cθ > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ θ✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡s❡ ♦♣t✐♠❛❧ ❡st✐♠❛t❡s ♣r❡✈❡♥t ✉s t♦ ❝❤♦♦s❡ ❝♦rr❡❝t❧② t❤❡ ♣❛r❛♠❡t❡r λ✱ ❛♥❞ ❣❡t
str♦♥❣ ❡st✐♠❛t❡s ♦♥ t❤❡ ♣❛✐r (uε, pε)✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❜② t❤✐s ✇❛②✱ t♦ ❣❡t s♦♠❡ r❡❣✉❧❛r✐t②
♦♥ t❤❡ ♣❛✐r (u, p)✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ ✐♥ ❛ ❞♦♠❛✐♥ Ω ✇✐t❤ ❛ ❞❡♣t❤ h ✈❛♥✐s❤✐♥❣
♦♥ t❤❡ s❤♦r❡✱ ✐s st✐❧❧ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❝❧♦s❡st r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ r❡❣✉❧❛r✐t② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢
✭✷✳✶✺✮ ✇❤❡♥ t❤❡ ♠❛♣♣✐♥❣ h ♣♦ss❡s ❡s t❤❡ ♣r♦♣❡rt② ✭✼✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ❤❛♥❞ ❜♦♦❦
♦❢ ❘✳ ❚❡♠❛♠ ❛♥❞ ▼✳ ❩✐❛♥❡ ❬✹✽❪✱ s❡❡ ❚❤❡♦r❡♠ ✹✳✹ ♣❛❣❡ ✶✷✶✿

❚❤❡♦r❡♠ ✹✳✷✸✳ ❆ss✉♠❡ t❤❛t h s❛t✐s✜❡s ✭✼✮ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦♣❡♥ s❡t Ωε ❞❡✜♥❡❞ ✐♥ ✭✽✮✳ ▲❡t
(u′

ε, pS) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✺✮ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✷✳ ❚❤❡♥

u′
ε ∈ H2(Ωε)

2, pS ∈ H1(Ωε),

❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦♥ ε s✉❝❤ t❤❛t

‖u′
ε‖H2(Ωε)2 + ε ‖pS‖H1(ω) 6 C

∥∥f ′∥∥
L2(Ω)2

.

❚❤❡♦r❡♠ ✹✳✷✸✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❝❧♦s❡ ❧✐♥❦ ❜❡t✇❡❡♥ ✭✸✳✶✮ ❛♥❞ ✭✷✳✶✺✮✱ ❜r✐♥❣s ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ✐♥
t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❛♣♣✐♥❣ h s❛t✐s✜❡s ✭✼✮✳

✻✻



Pr♦♣♦s✐t✐♦♥ ✹✳✷✹✳ ❆ss✉♠❡ t❤❛t h s❛t✐s✜❡s ✭✼✮✳ ▲❡t f ′ ∈ L2(Ω)2 ❛♥❞ ❧❡t (u, p) ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦
✭✸✳✶✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✹✳ ❚❤❡♥

u′ ∈ H2(Ω)2, ∇u3 ∈ H(∂x3
, Ω)3, p ∈ H1(Ω),

❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖u′‖H2(Ω)2 + ‖∇u3‖H(∂x3
,Ω)3 + ‖p‖H1(Ω) 6 C

∥∥f ′∥∥
L2(Ω)2

.

❍❡r❡✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♠♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✷✸ ❛❧♦♥❣ t❤❡ ❧✐♥❡ ♦❢ ❬✹✽❪ ❜② ❝♦♥s✐❞❡r✐♥❣ ✇❡✐❣❤t❡❞
❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s✳ ❚❤✐s ♥❛t✉r❛❧❧② ❧❡❛❞s ✉s t♦ t❤❡ st✉❞② ♦❢ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥s s❡t ♦♥ t❤❡ s✉r❢❛❝❡ ω✱
✇✐t❤ ❛ ✇❡✐❣❤t h ❜❧♦✇✐♥❣ ✉♣✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ st✉❞② ♦♥❡ ♦❢ t❤❡s❡ ❡q✉❛t✐♦♥s✱ s❡t ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡
R3

+✳

✻✼



✻✽



P❛rt ■■

❆ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢

s♣❛❝❡

✻✾





■♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■■

❚❤✐s ✇♦r❦ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ s❡t ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ R3
+✳ ■t ✐s

✐♥s♣✐r❡❞ ❜② s❡✈❡r❛❧ ♠♦❞❡❧s ✐♥ ♦❝❡❛♥♦❣r❛♣❤② ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛ ❞♦♠❛✐♥ ✇✐t❤ ❛ ❞❡♣t❤ ✈❛♥✐s❤✐♥❣ ♦♥ t❤❡
s❤♦r❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❞❛t✉♠ g : R3

+ → R✱ ♦✉r ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ s❡❡❦✐♥❣ u : R3
+ → R ❢♦r♠❛❧❧②

s♦❧✉t✐♦♥ t♦✿

−❞✐✈

(
1

x3
∇u
)

= g ✐♥ R3
+, u = 0 ♦♥ Γ = R2 × {0} . ✭✹✳✸✽✮

❲❡ st❛rt ❢r♦♠ t❤❡ st✉❞② ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥✱ ♠❛❞❡ ❜② ❉✳ ❇r❡s❝❤✱ ❏✳ ▲❡♠♦✐♥❡ ❛♥❞ ❋✳ ●✉í❧❧❡♥✲
●♦♥③á❧❡③ ✐♥ ❬✶✶❪✳ ▲❡t ω ❜❡ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞♦♠❛✐♥✳ ●✐✈❡♥ h : ω → R ❛♥❞ g : ω → R✱ t❤❡ ❛✉t❤♦rs
❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✜♥❞✐♥❣ ψ ✐♥ H(ω) s♦❧✉t✐♦♥ t♦

−❞✐✈

(
1

h
∇Ψ

)
= g ✐♥ ω, Ψ = 0 ♦♥ ∂ω, ✭✹✳✸✾✮

✇❤❡r❡

H(ω) =

{
Ψ ∈ L2(ω) /

∇Ψ

h1/2
∈ L2(ω)2, Ψ = 0 ♦♥ ∂ω

}
,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ‖Ψ‖H(ω) =
∥∥ ∇Ψ
h1/2

∥∥
L2(ω)2

✳ ▼♦r❡♦✈❡r✱ t❤❡ ✇❡✐❣❤t h s❛t✐s✜❡s

h ∈W 1,∞(ω), h > 0 ✐♥ ω,

h(x) = ϕ(δ(x′)) ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ∂ω,

✇✐t❤ δ(x′) = ❞✐st(x′, ω)✳ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ s❛t✐s✜❡s s❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s✱ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✶✶❪ ❢♦r t❤❡
❝♦♠♣❧❡t❡ st❛t❡♠❡♥t✳

❆s ❞♦ ❡①♣❧❛✐♥ t❤❡ ❛✉t❤♦rs ✐♥ ❬✶✶❪✱ s✉❝❤ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✭✹✳✸✾✮ ♥❛t✉r❛❧❧② ❛♣♣❡❛rs ✐♥ ❞✐✛❡r❡♥t
♠♦❞❡❧s ✐ss✉❡❞ ❢r♦♠ ♦❝❡❛♥♦❣r❛♣❤② ✇❤❡♥ ❤②❞r♦st❛t✐❝ ♣r❡ss✉r❡ ✐s ❛ss✉♠❡❞✳ ■t ✐s t❤❡ ❝❛s❡ ♦❢ t❤❡ P❧❛♥❡t❛r②
❣❡♦str♦♣❤✐❝ ❡q✉❛t✐♦♥ ❬✶✻❪✱ t❤❡ ❱❡rt✐❝❛❧✲❣❡♦str♦♣❤✐❝ ❡q✉❛t✐♦♥s ❬✶✺❪✱ ❛♥❞ t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ♦r ◆❛✈✐❡r✲
❙t♦❦❡s ❡q✉❛t✐♦♥s ❬✺✱ ✽✱ ✶✽✱ ✶✱ ✹✽❪✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❛✉t❤♦rs ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♦❜t❛✐♥✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ♦♥
t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✢✉✐❞✬s ✈❡❧♦❝✐t②✱ ❛♥❞ t❤❡② ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✹✳✷✺✳ ▲❡t g ❜❡ s✉❝❤ t❤❛t δh1/2g ∈ L2(ω)✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Ψ ♦❢ ✭✹✳✸✾✮ s✉❝❤
t❤❛t Ψ ∈ H(ω) ❛♥❞

‖Ψ‖H(ω) 6 C
∥∥∥δh1/2g

∥∥∥
L2(ω)

.

▼♦r❡♦✈❡r✱ ✐❢ h1/2g ∈ L2(ω), t❤❡♥

h1/2∇(
1

h
∇Ψ) ∈ L2(ω)4,

∥∥∥∥h
1/2∇(

1

h
∇Ψ)

∥∥∥∥
L2(ω)4

6 C
∥∥∥h1/2g

∥∥∥
L2(ω)

.

✼✶



❚❤❡ ❛ss✉♠♣t✐♦♥s ❝❛rr✐❡❞ ♦♥ ω ❞♦❡s ♥♦t ❡①❝❧✉❞❡ t♦ ❝♦♥s✐❞❡r ω = R2
+✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ♥❛t✉r❛❧ t♦

❝♦♥s✐❞❡r ❛ ♠❛♣♣✐♥❣ h ❤❛✈✐♥❣ t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r t❤❛♥ x′ 7→ x2 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ∂ω = R × {0}✳
❆♥ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t② ✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣ h(x′) = x2 t❤❛t ✐s ♥♦ ❧♦♥❣❡r ✐♥ L∞(R2

+)✳
❚❤✐s ✐s ✇❤❛t ✇❡ ♣r♦♣♦s❡ t♦ ✐♥✈❡st✐❣❛t❡ ✐♥ t❤✐s ✇♦r❦✱ ❜② st✉❞②✐♥❣ Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ◆♦t❡ t❤❛t ✐t ✐s ❢♦r
t❡❝❤♥✐❝❛❧ r❡❛s♦♥s✱ ❡①♣❧❛✐♥❡❞ ❧❛t❡r✱ t❤❛t ✇❡ ❤❛✈❡ ❞❡❝✐❞❡❞ t♦ ♣r❡s❡♥t t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ✸✳

❖✉r ❣♦❛❧ ✐s t♦ r❡❛❝❤ ❛ s✐♠✐❧❛r r❡s✉❧t t♦ ❚❤❡♦r❡♠ ✹✳✷✺✱ ✐♥ ♦✉r ❢r❛♠❡ ✇♦r❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r
❛♥ ❛❞❛♣t❡❞ ✇❡✐❣❤t❡❞ s♣❛❝❡ H(R3

+) := W 1, 2

− 1
2 , x3

(R3
+) s❡❡ ✭✺✳✾✮✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✷✻✳ ▲❡t g ❜❡ s✉❝❤ t❤❛t x
3/2
3 g ∈ L2(R3

+)✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ♦❢ ✭✹✳✸✾✮ s✉❝❤
t❤❛t u ∈ H(R3

+) ❛♥❞

‖u‖H(R3
+) 6 C

∥∥∥x3/2
3 g

∥∥∥
L2(R3

+)
.

▼♦r❡♦✈❡r✱ ✐❢
√
x3g ∈ L2(R3

+), t❤❡♥

√
x3∇(

1

x3
∇u) ∈ L2(R3

+)9,

∥∥∥∥
√
x3∇(

1

x3
∇u)

∥∥∥∥
L2(R3

+)9
6 c ‖√x3g‖L2(R3

+) .

❋♦r t❤✐s✱ ✇❡ ♣r♦♣♦s❡ t♦ st✉❞② ✭✹✳✸✽✮ ✐♥ ❛ ♣❛rt✐❝✉❧❛r ❝♦♥t❡①t ♦❢ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡ ✇❡✐❣❤t
❞❡♣❡♥❞s ♦♥ x3✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❞❛t❛ g ❛♥❞ ❣✐✈❡ r❡s✉❧ts ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢
✇❡❛❦ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s t♦ ✭✹✳✸✽✮✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♣r❡s❡♥t s♦♠❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r ❞❛t❛ g ❛s ✐♥ ❬✶✶❪✱
t❤❛t ✐♥❝❧✉❞❡s ❚❤❡♦r❡♠ ✹✳✷✻✳

❚❤❡ ✐❞❡❛s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦✱ ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ RN+ ✲❝❛s❡ ✇❤❡r❡ N > 3✳ ■♥ t❤❡ R2
+✲❝❛s❡✱ ✐t ✐s

♥❡❝❡ss❛r② t♦ ✐♥tr♦❞✉❝❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤t✱ ✇❤✐❝❤ ❝♦♠♣❧✐❝❛t❡s ❛ ❜✐t ♠♦r❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥
♦❢ t❤❡ r❡s✉❧ts✳ ❚❤✐s ✐s ✇❤② ✇❡ ❧✐♠✐t ♦✉r st✉❞② t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ ✸✳

■♥ ♦✉r s❡♥s❡✱ t❤❡ ✐❞❡❛s ❝♦♥t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦ ✇♦✉❧❞ ❡♥❛❜❧❡ ✉s t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧t ❡st❛❜❧✐s❤❡❞ ✐♥
❚❤❡♦r❡♠ ❬✶✶❪✳

❲❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦r❣❛♥✐③❛t✐♦♥✳ ■♥ ❈❤❛♣t❡r ✺✱ ✇❡ ❜r✐❡✢② r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W 1, 2

α (R3
+)✳ ❚❤❡♥✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥❞ st✉❞② t❤❡ ❢❛♠✐❧② ♦❢ s♣❛❝❡s W 1, 2

−α, x3
(R3

+)
❢♦r ♥♦♥✲♥❡❣❛t✐✈❡ α✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦✈❡ ❛♥ ✐♥❡q✉❛❧✐t② ♦❢ ❍❛r❞② ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✽✱ ✉s❡❢✉❧ ❢♦r
st✉❞②✐♥❣ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ✐♥ t❤❡ s♣❛❝❡ W 1, 2

−α, x3
(R3

+)✳
❈❤❛♣t❡r ✻ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r Pr♦❜❧❡♠ ✭✹✳✸✽✮✿ ✐♥ ❚❤❡♦r❡♠ ✻✳✹✱ ❡①✐st❡♥❝❡

❛♥❞ ✉♥✐q✉❡♥❡ss ✐♥ W 1, 2
−α, x3

(R3
+) ✇❤❡♥ α ∈ [0, 3/2[✱ ❛♥❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✾✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ✐♥

W 1, 2
−α (R3

+) ❢♦r α ∈ [0, 1[✳
❚♦ ✜♥✐s❤✱ ✇❡ ♣r♦✈❡ ✐♥ ❈❤❛♣t❡r ✼✱ t✇♦ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ■♥ t❤❡ ✜rst ♦♥❡✱ st❛t❡❞ ✐♥

❚❤❡♦r❡♠ ✼✳✷✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❛t✉♠ g s✉❝❤ t❤❛t x−α+2
3 g ∈ L2(R3

+)✱ ❢♦r α ∈ [0, 3/2[✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱
s❡❡ ❚❤❡♦r❡♠ ✼✳✻✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❞❛t✉♠ g s❛t✐s❢②✐♥❣ x−α+2

3 g ∈ L2(R3
+)∩W−1, 2

0 (R3
+) ❢♦r α ∈ [3/2, 5/2[✳

✼✷



❈❤❛♣t❡r ✺

❋✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦

✺✳✶ ❋✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W 1, 2
α (R3

+)✳ ■♥
♦r❞❡r t♦ ❝♦♥tr♦❧ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ♦✉r ❢✉♥❝t✐♦♥s ❛♥❞ ❞✐str✐❜✉t✐♦♥s ❛t ✐♥✜♥✐t②✱ ✇❡ ❞❡✜♥❡ t❤❡ ✇❡✐❣❤t

x ∈ R3
+, ρ(x) =

√
1 + |x|2, ✭✺✳✶✮

✇❤❡r❡ |x| = (x2
1 +x2

2 +x2
3)

1/2 ✐s ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ x✳ ❋♦r α ∈ R✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞
❙♦❜♦❧❡✈ s♣❛❝❡

W 1, 2
α (R3

+) =
{
u ∈ D′(R3

+) / ρα−1u ∈ L2(R3
+) ❛♥❞ ρα∇u ∈ L2(R3

+)3
}
. ✭✺✳✷✮

✭s❡❡ ❛❧s♦ ❬✸✼❪ ♦r ❬✷❪✮ ■t ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W 1, 2
α (R3

+) =
(∥∥ρα−1u

∥∥2

L2(R3
+)

+ ‖ρα∇u‖2
L2(R3

+)3

)1/2

.

❚❤❡ ✇❡✐❣❤t ✐♥ ✭✺✳✶✮ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ s♣❛❝❡ W 1, 2
α (R3

+) s❛t✐s✜❡s t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳ ❖♥

t❤❡ ♦♥❡ ❤❛♥❞✱ D(R3
+) ✐s ❞❡♥s❡ ✐♥ W 1, 2

α (R3
+) ✭s❡❡ ❬✸✼❪✱ ♣❛❣❡ ✷✸✵ ❚❤❡♦r❡♠ ■✳✶✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡

❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐♥ W 1, 2
α (R3

+)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

∀u ∈W 1, 2
α (R3

+)/Pq, ‖u‖W 1, 2
α (R3

+) 6 C ‖ρα∇u‖L2(R3
+)3 ,

✇❤❡r❡ q = ♠✐♥(0,
[
−α− 1

2

]
) ✐s t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ W 1, 2

α (R3
+)✱ ✇✐t❤ t❤❡

❝♦♥✈❡♥t✐♦♥ t❤❛t Pq = {0} ✐❢ q < 0✳

◆♦t❛t✐♦♥ ✺✳✷✳ ❚❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✱ ✇❡ ❞❡♥♦t❡ ❜② C ❛♥② ♣♦s✐t✐✈❡ ❣❡♥❡r✐❝ ❝♦♥st❛♥t✳

❆s 1
ρ ✐s ❜♦✉♥❞❡❞✱ ♥♦t❡ t❤❛t ❢♦r ❛♥② α > β✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠❜❡❞❞✐♥❣✿

W 1, 2
α (R3

+) →֒W 1, 2
β (R3

+), ✭✺✳✸✮

✼✸



❛♥❞✱ ❢r♦♠ ❬✸✼❪ ♣❛❣❡ ✷✸✺ ❈♦r♦❧❧❛r② ■✳✷✱ t❤❡ ♠❛♣♣✐♥❣

u ∈W 1, 2
α (R3

+) 7→ ραu ∈W 1, 2
0 (R3

+), ✭✺✳✹✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✱ ♣r♦✈❡❞ ✐♥ ❬✸✼❪ ♣❛❣❡ ✷✺✽ ❚❤❡♦r❡♠ ■■✳✸✱ ✇❡ ❣✐✈❡ ❛ tr❛❝❡ ♦♣❡r❛t♦r ❢♦r t❤❡ s♣❛❝❡
W 1, 2
α (R3

+)✳ ❚❤❡ st❛t❡♠❡♥t r❡q✉✐r❡s t❤❡ s♣❛❝❡ W 1/2, 2
α (Γ) ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ✐♥ ❬✸✼❪ ♣❛❣❡ ✷✸✽ ❉❡✜♥✐t✐♦♥

■■✳✶✳

❚❤❡♦r❡♠ ✺✳✸✳ ❚❤❡ ♠❛♣♣✐♥❣ γ : u 7→ u(x′, 0) ❞❡✜♥❡❞ ♦♥ D(R3
+)✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛② t♦

❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② γ✱ ❢r♦♠ W 1, 2
α (R3

+) ✐♥t♦ W
1/2, 2
α (Γ)✳

❚❤❡♥✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ s♣❛❝❡

◦
W 1, 2

α (R3
+) := D(R3

+)
‖·‖

W
1, 2
α (R

3
+

) , ✭✺✳✺✮

✇❤✐❝❤ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

◦
W 1, 2

α (R3
+) =

{
u ∈W 1, 2

α (R3
+) / u = 0 ♦♥ Γ

}
.

❋r♦♠ t❤❛t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s W−1, 2
−α (R3

+) ❛s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢
◦
W 1, 2

α (R3
+)✳

❚❤❡♥✱ ♥♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠

u ∈
◦
W 1, 2

α (R3
+) 7→ ραu ∈

◦
W 1, 2

0 (R3
+). ✭✺✳✻✮

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ s❤❛❧❧ ♥❡❡❞ ❛♥♦t❤❡r ✇❡✐❣❤t❡❞ s♣❛❝❡ t❤❛t ✐s

W 2, 2
0 (R3

+) =

{
u ∈ D′(R3

+) /
u

ρ2
∈ L2(R3

+),
∇u
ρ

∈ L2(R3
+)3, D2u ∈ L2(R3

+)9
}
, ✭✺✳✼✮

❡♥❞♦✇❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W 2, 2
0 (R3

+) =

(∥∥∥∥
u

ρ2

∥∥∥∥
2

L2(R3
+)

+

∥∥∥∥
∇u
ρ

∥∥∥∥
2

L2(R3
+)3

+
∥∥D2u

∥∥2

L2(R3
+)9

)1/2

.

❍❡r❡ ✇❡ ❞❡♥♦t❡ ❜② D2u ❛♥② s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ u✳ ■♥ ❬✸✼❪✱ ✐t ✐s ♣r♦✈❡❞ t❤❛t
t❤❡ ♠❛♣♣✐♥❣ u 7→ ∂u

∂x3
(x′, 0) ❞❡✜♥❡s✱ ✐♥ ❛ s❡♥s❡ t♦ ❜❡ ♣r❡❝✐s❡❞✱ t❤❡ ✜rst✲♦r❞❡r tr❛❝❡ ❢♦r ❞✐str✐❜✉t✐♦♥s ♦❢

W 2, 2
0 (R3

+)✳ ❚❤❡♥✱ ✇❡ ❛❧s♦ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

◦
W 2, 2

0 (R3
+) := D(R3

+)
‖·‖

W
2, 2
0 (R

3
+

) , ✭✺✳✽✮

t❤❛t ✐s ❛❧s♦ ❝❤❛r❛❝t❡r✐③❡❞ ❜②✿

◦
W 2, 2

0 (R3
+) =

{
u ∈W 1, 2

0 (R3
+) / u =

∂u

∂x3
= 0 ♦♥ Γ

}
.

✼✹



✺✳✷ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W
1, 2
−α, x3

(R3
+)

✺✳✷✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ ✜rst ♣r♦♣❡rt✐❡s

▲❡t α ❜❡ ❛ ♥♦♥ ♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡r✳ ▲❡t ✉s ❞❡✜♥❡ ❛ ♥❡✇ ❢❛♠✐❧② ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

W 1, 2
−α, x3

(R3
+) :=

{
u ∈ D′(R3

+) /
u

xα+1
3

∈ L2(R3
+) ❛♥❞

∇u
xα3

∈ L2(R3
+)3
}
, ✭✺✳✾✮

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖W 1, 2
−α, x3

(R3
+) =

(∥∥∥∥
u

xα+1
3

∥∥∥∥
2

L2(R3
+)

+

∥∥∥∥
∇u
xα3

∥∥∥∥
2

L2(R3
+)3

)1/2

.

Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ▲❡t α > 0✳ ❚❤❡ s♣❛❝❡ W 1, 2
−α, x3

(R3
+) ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠ ‖·‖W 1, 2

−α, x3
(R3

+)✳

Pr♦♦❢✳ ▲❡t (uk)k ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢ W 1, 2
−α, x3

(R3
+)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts v ∈ L2(R3

+) ❛♥❞ w ∈
L2(R3

+)3 s✉❝❤ t❤❛t
uk

xα+1
3

→ v ✐♥ L2(R3
+),

∇uk
xα3

→ w ✐♥ L2(R3
+)3. ✭✺✳✶✵✮

❚❤❡♥✱ ❧❡t ✉s s❡t u = xα+1
3 v✱ ❛♥❞ ♣r♦✈❡ t❤❛t u ∈W 1, 2

−α, x3
(R3

+) ❛♥❞ t❤❛t

uk → u ✐♥ W 1, 2
−α, x3

(R3
+).

❋✐rst❧②✱ ✐t ✐s ❝❧❡❛r t❤❛t u
xα+1
3

= v ∈ L2(R3
+)✳ ▼♦r❡♦✈❡r✱ uk

xα+1
3

→ u
xα+1
3

✐♥ L2(R3
+)✳ ❙❡❝♦♥❞❧②✱ ♦♥❡ ❤❛s ✐♥

t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡
∇u
xα3

=
∇(xα+1

3 v)

xα3
= x3∇v + (α+ 1)ve3. ✭✺✳✶✶✮

❇❡s✐❞❡s✱ ♦♥❡ ❛❧s♦ ❤❛s

∇
(

uk

xα+1
3

)
=

1

x3

(∇uk
xα3

− (α+ 1)
uk

xα+1
3

)
,

✇❤✐❝❤ ✐♠♣❧✐❡s ❜② r❡❧❛t✐♦♥ ✭✺✳✶✵✮ t❤❛t

x3∇v = w − (α+ 1)ve3 ∈ L2(R3
+).

❚❤✉s ♦♥❡ ❞❡❞✉❝❡s ✐♥ ✭✺✳✶✶✮ t❤❛t ∇u
xα
3
∈ L2(R3

+) ❛♥❞ t❤❛t ∇uk

xα
3

→ ∇u
xα
3
✐♥ L2(R3

+)✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❤❛s ♣r♦✈❡❞

t❤❛t uk ❝♦♥✈❡r❣❡s t♦ u W 1, 2
−α, x3

(R3
+)✱ ❤❡♥❝❡ t❤❛t W 1, 2

−α, x3
(R3

+) ✐s ❛ ❝♦♠♣❧❡t❡ s♣❛❝❡✳ ❚♦ ✜♥✐s❤✱ ✇❡ ♣r♦✈❡
✇✐t❤ ♥♦ ❞✐✣❝✉❧t② t❤❛t

u, v ∈W 1, 2
−α, x3

(R3
+), (u, v) 7→

✂
R

3
+

u

xα+1
3

v

xα+1
3

dx+

✂
R

3
+

∇u
xα3

· ∇v
xα3

dx,

❞❡✜♥❡s ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ W 1, 2
−α, x3

(R3
+)✳

❘❡♠❛r❦ ✺✳✺✳ ❚♦ t❤❡ ❞✐✛❡r❡♥❝❡ ✇✐t❤ t❤❡ s♣❛❝❡sW 1, 2
−α (R3

+)✱ t❤❡r❡ ✐s ♥♦ ❡♠❜❡❞❞✐♥❣ ❝❤❛♥♥❡❧ ❛s ✐♥ r❡❧❛t✐♦♥
✭✺✳✸✮ ❢♦r t❤❡ ❢❛♠✐❧② ♦❢ s♣❛❝❡s W 1, 2

−α, x3
(R3

+)✳

✼✺



❘❡♠❛r❦ ✺✳✻✳ ▲❡t α > 0✳ ■♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✭✺✳✹✮✱ ❛♥② ❞✐str✐❜✉t✐♦♥
u ❜❡❧♦♥❣s t♦ W 1, 2

−α, x3
(R3

+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s x−α3 u ∈ W 1, 2
0, x3

(R3
+)✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✿

1

(3 + 2α2)1/2
‖u‖W 1, 2

−α, x3
(R3

+) 6 ‖xα3u‖W 1, 2
0, x3

(R3
+) 6 (3 + 2α2)1/2 ‖u‖W 1, 2

−α, x3
(R3

+) . ✭✺✳✶✷✮

✺✳✷✳✷ ❆ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t②

❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

◦
W 1,2

−α, x3
(R3

+) := D(R3
+)

‖·‖
W

1, 2
−α, x3

(R
3
+

)
. ✭✺✳✶✸✮

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❢♦r ❢✉♥❝t✐♦♥s ♦❢
◦
W 1,2

−α, x3
(R3

+)✱ ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ t♦ t❤❡
st✉❞② ♦❢ Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s s♣❛❝❡✱ ✇❡ ✜rst❧② ♣r♦✈❡ t❤❡ ✐♥❡q✉❛❧✐t② ❢♦r ❢✉♥❝t✐♦♥ ♦❢
D(R3

+)✳

▲❡♠♠❛ ✺✳✼✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∀u ∈ D(R3
+),

∥∥∥∥
u

xα+1
3

∥∥∥∥
L2(R3

+)

6 Cα

∥∥∥∥
∇u
xα3

∥∥∥∥
L2(R3

+)3
, ✭✺✳✶✹✮

✇❤❡r❡ Cα ✐s ❣✐✈❡♥ ❜②

Cα =
2

2α+ 1
. ✭✺✳✶✺✮

Pr♦♦❢✳ ❋♦r ❛❧❧ x′ ∈ R2✱ ♦♥❡ ❤❛s ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

✂ +∞

0

∣∣∣∣
u

xα+1
3

∣∣∣∣
2

dx3 =
1

2α+ 1

✂ +∞

0

1

x2α+1
3

∂u2

∂x3
dx3

=
2

2α+ 1

✂ +∞

0

(
u

xα+1
3

)(
1

xα3

∂u

∂x3

)
dx3

6
2

2α+ 1

(✂ +∞

0

∣∣∣∣
u

xα+1
3

∣∣∣∣
2

dx3

)1/2(✂ +∞

0

∣∣∣∣
1

xα3

∂u

∂x3

∣∣∣∣
2

dx3

)1/2

,

❛♥❞ ♦♥❡ ❞❡❞✉❝❡s t❤❛t
✂ +∞

0

∣∣∣∣
u

xα+1
3

∣∣∣∣
2

dx3 6

(
2

2α+ 1

)2 ✂ +∞

0

∣∣∣∣
∂u

∂x3

∣∣∣∣
2

dx3.

❚❤❡♥✱ ✐♥t❡❣r❛t❡ ✇✐t❤ r❡s♣❡❝t t♦ x′ t♦ ❡st❛❜❧✐s❤ t❤❛t

∀u ∈ D(R3
+),

∥∥∥∥
u

xα+1
3

∥∥∥∥
L2(R3

+)

6
2

2α+ 1

∥∥∥∥
∇u
xα3

∥∥∥∥
L2(R3

+)3
.

❚❤❡♥✱ ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

✼✻



Pr♦♣♦s✐t✐♦♥ ✺✳✽✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∀u ∈
◦
W 1, 2

−α, x3
(R3

+),

∥∥∥∥
u

xα+1
3

∥∥∥∥
L2(R3

+)

6 Cα

∥∥∥∥
∇u
xα3

∥∥∥∥
L2(R3

+)3
. ✭✺✳✶✻✮

❚♦ ✜♥✐s❤✱ ❧❡t ✉s ❝❤❛r❛❝t❡r✐③❡ t❤❡ s♣❛❝❡
◦
W 1, 2

−α, x3
(R3

+) ❛s ❛ s♣❛❝❡ ♦❢ ♥✉❧❧ tr❛❝❡s ❢✉♥❝t✐♦♥s✳ ❋r♦♠ t❤❡
❡♠❜❡❞❞✐♥❣

W 1, 2
−α, x3

(R3
+) →֒W 1, 2

−α (R3
+), ✭✺✳✶✼✮

❤♦❧❞✐♥❣ s✐♥❝❡ x3 6 ρ✱ ❛♥② ❞✐str✐❜✉t✐♦♥ u ∈ W 1, 2
−α, x3

(R3
+) ❤❛s ❛ tr❛❝❡ u|Γ ✐♥ W

1/2, 2
−α (Γ)✳ ❚❤✉s ❧❡t ✉s

❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

W =
{
u ∈W 1, 2

−α, x3
(R3

+) / u = 0 ♦♥ Γ
}
.

Pr♦♣♦s✐t✐♦♥ ✺✳✾✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❤♦❧❞s ❛❧❣❡❜r❛✐❝❛❧❧②

◦
W 1, 2

−α, x3
(R3

+) = W.

Pr♦♦❢✳ ❆s W ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ W 1, 2
−α, x3

(R3
+)✱ ✐t ✐s ❝❧❡❛r t❤❛t

◦
W 1, 2

−α, x3
(R3

+) ⊂W.

◆♦✇ ❧❡t ✉s ♣r♦✈❡ t❤❡ ♦t❤❡r ✐♥❝❧✉s✐♦♥✳ ❋♦r u ∈ W ✱ ✇❡ ♣r♦✈❡ ✐♥ t✇♦ st❡♣s t❤❛t t❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡
(uk) ⊂ D(R3

+) ❝♦♥✈❡r❣✐♥❣ t♦ u ✐♥ W 1, 2
−α, x3

(R3
+)✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

Hc(R
3
+) =

{
u ∈W / s✉♣♣ u ❝♦♠♣❛❝t ⊂ R3

+

}
.

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ♣r♦✈❡ t❤❛t Hc(R
3
+) ✐s ❞❡♥s❡ ✐♥ W ✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❡st❛❜❧✐s❤

t❤❛t D(R3
+) ✐s ❞❡♥s❡ ✐♥ Hc(R

3
+)✱ ✇❤✐❝❤ ❧❡❛❞ t♦ t❤❡ ✐♥❝❧✉s✐♦♥

W ⊂
◦
W 1, 2

−α, x3
(R3

+).

❙t❡♣ ♦♥❡✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t Hc(R
3
+) ✐s ❞❡♥s❡ ✐♥ W ✳ ▲❡t ϕ ∈ D(R3

+) s✉❝❤ t❤❛t 0 6 ϕ 6 1✱ ϕ(x) = 1 ✐❢
|x| 6 1✱ ϕ(x) = 0 ✐❢ |x| > 2✳ ❚❤❡♥✱ ❧❡t ✉s s❡t ❢♦r ❛♥② ✐♥t❡❣❡r k > 0

x ∈ R3
+, ϕk(x) = ϕ(

x

k
), ❛♥❞ ψk = ϕk|R3

+
.

❋♦r u ∈W ✱ ❧❡t ✉s ❡st❛❜❧✐s❤ t❤❛t uk = uψk ∈ Hc(R
3
+) ❛♥❞

lim
k→+∞

‖uk − u‖W 1, 2
−α, x3

(R3
+) = 0. ✭✺✳✶✽✮

❙✐♥❝❡ u
xα+1
3

❜❡❧♦♥❣s t♦ L2(R3
+)✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t

uk

xα+1
3

= ψk
u

xα+1
3

∈ L2(R3
+).

❚❤❡♥✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ∇uk

xα
3

∈ L2(R3
+)3✳ ❖♥❡ ❤❛s

∇uk
xα3

= ψk
∇u
xα3

+
u

kxα3
(∇ψ)k.

✼✼



❆s ∇u
xα
3

∈ L2(R3
+)3✱ ♦♥❡ ♦❜t❛✐♥s ψk∇u

xα
3

∈ L2(R3
+)3✳ ❚♦ ✜♥✐s❤✱ ♥♦t❡ t❤❛t s✉♣♣ (∇ψ)k ⊂ {k 6 |x| 6 2k}✱

❛♥❞ s✐♥❝❡ ♦♥❡ ❤❛s ❢♦r ❛♥② x ∈ R3
+ s✉❝❤ t❤❛t k 6 |x| 6 2k

∣∣∣∣
u(x)

kxα3
∇ψ(

x

k
)

∣∣∣∣ 6 C

∣∣∣∣
u(x)

xα+1
3

∣∣∣∣ ,

♦♥❡ ❞❡❞✉❝❡s t❤❛t u
kxα

3
(∇ψ)k ❜❡❧♦♥❣s t♦ L2(R3

+)✳ ❚❤✉s uk ∈W 1, 2
−α, x3

(R3
+)✳ ❋✐♥❛❧❧②✱ ♦♥❡ ❤❛s uk = 0 ♦♥ Γ

❛♥❞ s✉♣♣ uk ⊂ R3
+✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t uk ∈ Hc(R

3
+)✳ ❚❤❡♥✱ ❧❡t ✉s ❢♦❝✉s ♦♥ ✭✺✳✶✽✮✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱

✂
R

3
+

|uk − u|2

x
2(α+1)
3

dx =

✂
R

3
+

|ψk − 1|2 u2

x
2(α+1)
3

dx =

✂
{|x|>k}

|ψk − 1|2 u2

x
2(α+1)
3

dx

6 2

✂
{|x|>k}

∣∣∣∣
u

xα+1
3

∣∣∣∣
2

dx, ✭✺✳✶✾✮

❛♥❞✱ ✐♥ t❤❡ s❛♠❡ ✇❛②✱ ♦♥❡ ❤❛s

✂
R

3
+

|ψk∇u−∇u|2
x2α

3

dx =

✂
R

3
+

|ψk − 1|2 |∇u|2
x2α

3

dx 6 2

✂
{|x|>k}

∣∣∣∣
∇u
xα3

∣∣∣∣
2

dx. ✭✺✳✷✵✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞
✂

R
3
+

|u∇ψk|2
x2α

3

dx =

✂
{k6|x|62k}

|(∇ψ)k|2
u2

k2x2α
3

dx 6 C

✂
{k6|x|62k}

∣∣∣∣
u

xα+1
3

∣∣∣∣
2

dx. ✭✺✳✷✶✮

❇② ❝♦❧❧❡❝t✐♥❣ r❡❧❛t✐♦♥s ✭✺✳✶✾✮✱ ✭✺✳✷✵✮ ❛♥❞ ✭✺✳✷✶✮✱ ♦♥❡ ❞❡❞✉❝❡s ✭✺✳✶✽✮✱ t❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠ ♦❢ ▲❡❜❡s❣✉❡✳

❙t❡♣ t✇♦✳ ❲❡ ♣r♦✈❡ t❤❛t D(R3
+) ✐s ❞❡♥s❡ ✐♥ Hc(R

3
+)✳ ▲❡t u ∈ Hc(R

3
+)✳ ❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡

❡①t❡♥s✐♦♥ ♦❢ u ❜② 0 t♦ R3 ♦✉ts✐❞❡ R3
+✱ t❤❛t ✐s t❤❡ ❢✉♥❝t✐♦♥ ũ✳ ❚❤❡♥✱ ❛s u = 0 ♦♥ Γ✱ ũ ♣♦ss❡ss❡s t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s
ũ

|x3|α+1 ∈ L2(R3),
∇ũ
|x3|α

∈ L2(R3)3.

❚❤❡♥✱ ❢♦r θ > 0✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ uθ ❞❡✜♥❡❞ ❜②

x ∈ R3, uθ(x) = ũ(x− θe3). ✭✺✳✷✷✮

▲❡t ✉s ♥♦t✐❝❡ t❤❛t✱ s✐♥❝❡ u = 0 ♦♥ Γ✱ t❤❡♥ (∇u)θ = ∇uθ✳ ❚❤❡r❡❢♦r❡✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✺✳✶✶✱ ♣r♦✈❡❞
❤❡r❡ ❛❢t❡r✱ ❛♣♣❧✐❡❞ t♦ v = u ✇✐t❤ α+ 1 ❛♥❞ ∇u ✇✐t❤ α✱ ♦♥❡ ❤❛s uθ ∈W 1, 2

−α, x3
(R3

+) ❛♥❞

uθ → u ✐♥ W 1, 2
−α, x3

(R3
+), ✇❤❡♥ θ → 0.

❚❤✉s✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦❧❧✐✜❡r s❡q✉❡♥❝❡ (ρε)ε✱ t❤❡ ❢✉♥❝t✐♦♥ uθ ⋆ ρε|R3
+
∈ D(R3

+) ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤

❛♥❞ ❝♦♥✈❡r❣❡s t♦ u ✐♥ W 1, 2
−α, x3

(R3
+)✱ ❛s ε ❛♥❞ θ ❣♦ t♦ ✵✳ ❈♦♥s❡q✉❡♥t❧②✱ D(R3

+) ✐s ❞❡♥s❡ ✐♥ Hc(R
3
+)✳

❘❡♠❛r❦ ✺✳✶✵✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✾ ❛♥❞ ❢r♦♠ ✭✺✳✶✼✮ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠❜❡❞❞✐♥❣ ❤♦❧❞s

◦
W 1,2

−α, x3
(R3

+) →֒
◦
W 1,2

−α(R3
+). ✭✺✳✷✸✮

✼✽



▲❡♠♠❛ ✺✳✶✶✳ ▲❡t α > 0✱ ❧❡t v ∈ D′(R3
+) ❛♥❞ s✉❝❤ t❤❛t v

xα
3

∈ L2(R3
+) ✳ ❋♦r ❛♥② θ > 0✱ ❧❡t ✉s

❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ vθ ❞❡✜♥❡❞ ✐♥ r❡❧❛t✐♦♥ ✭✺✳✷✷✮✳ ❚❤❡♥✱ ♦♥❡ ❤❛s vθ

xα
3

∈ L2(R3
+), ❛♥❞ t❤❡ s❡q✉❡♥❝❡

( vθ

xα
3
)θ ❝♦♥✈❡r❣❡s t♦ v

xα
3

✐♥ L2(R3
+) ❛s θ ❣♦❡s t♦ ✵✳

Pr♦♦❢✳ ▲❡t α > 0✳ ❋✐rst❧②✱ ✇❡ ❝❤❡❝❦ t❤❛t vθ

xα
3
∈ L2(R3

+)✱ s✐♥❝❡

✂
R

3
+

∣∣∣∣
vθ
xα3

∣∣∣∣
2

dx =

✂
R

3
+

∣∣∣∣
v

(x3 + θ)α

∣∣∣∣
2

dx 6

✂
R

3
+

∣∣∣∣
v

xα3

∣∣∣∣
2

dx <∞.

◆❡①t✱ ❧❡t ✉s ❡st❛❜❧✐s❤ t❤❛t ( vθ

xα
3
)θ ❝♦♥✈❡r❣❡s t♦ v

xα
3
✐♥ L2(R3

+)✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ✐♥t❡❣r❛❧s

I1θ =

✂
R

3
+

∣∣∣∣vθ
(

1

xα3
− 1

(x3 − θ)α

)∣∣∣∣
2

dx, I2θ =

✂
R

3
+

∣∣∣∣
vθ

(x3 − θ)α
− v

x3

∣∣∣∣
2

dx,

♦♥❡ ♦❜t❛✐♥s ✂
R

3
+

∣∣∣∣
vθ − v

xα3

∣∣∣∣
2

dx 6 2(I1θ + I2θ).

❋✐rst❧②✱ ❧❡t ✉s ❡st❛❜❧✐s❤ t❤❛t I1θ → 0✳ ❇② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✱ ♦♥❡ ❤❛s

I1θ =

✂
R

3
+

∣∣∣∣
v

xα3

(
xα3 − (x3 + θ)α

(x3 + θ)α

)∣∣∣∣
2

dx,

❛♥❞ I1θ → 0 ❜② t❤❡ t❤❡♦r❡♠ ♦❢ ❇❡♣♣♦✲▲❡✈✐✳ ❚❤❡♥✱ I2θ → 0 ❜② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ tr❛♥s❧❛t✐♦♥ ✐♥ L2(R3
+)✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ s❡q✉❡♥❝❡ ( vθ

xα
3
)θ ❝♦♥✈❡r❣❡s t♦ v

xα
3
✐♥ L2(R3

+)✳

✺✳✷✳✸ ❚❤❡ ❞✉❛❧ s♣❛❝❡ W−1, 2
α, x3

(R3
+)

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥sW−1, 2
α, x3

(R3
+) ❛s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢

◦
W 1,2

−α, x3
(R3

+)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ W−1, 2

α, x3
(R3

+)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✷✳ ❆♥② ❞✐str✐❜✉t✐♦♥ g ∈ D′(R3
+) ❜❡❧♦♥❣s t♦ W−1, 2

α, x3
(R3

+)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s f0 ∈
L2(R3

+) ❛♥❞ f ∈ L2(R3
+)3 s✉❝❤ t❤❛t

g =
f0

xα+1
3

+ ∇ ·
(

f

xα3

)
✐♥ R3

+.

Pr♦♦❢✳ ▲❡t f0 ∈ L2(R3
+) ❛♥❞ f ∈ L2(R3

+)3✳ ❚❤❡♥✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ϕ ∈ D(R3
+)

∣∣∣∣∣

〈
f0

xα+1
3

+ ∇ ·
(

f

xα3

)
, ϕ

〉

D′(R3
+),D(R3

+)

∣∣∣∣∣ =
∣∣∣∣∣

✂
R

3
+

f0

(
ϕ

xα+1
3

)
dx−

✂
R

3
+

f ·
(∇ϕ
xα3

)
dx.

∣∣∣∣∣

6 ‖f0‖L2(R3
+)

∥∥∥∥
ϕ

xα+1
3

∥∥∥∥
L2(R3

+)

+ ‖f‖L2(R3
+)

∥∥∥∥
∇ϕ
xα3

∥∥∥∥
L2(R3

+)3

6 C ‖ϕ‖W 1, 2
−α, x3

(R3
+) .

✼✾



❚❤✐s ♣r♦✈❡s t❤❛t t❤❡ ♠❛♣♣✐♥❣

ϕ 7→
〈

f0

xα+1
3

+ ∇ ·
(

f

xα3

)
, ϕ

〉

D′(R3
+),D(R3

+)

,

✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ D(R3
+) ❢♦r t❤❡ ♥♦r♠ ‖·‖W 1, 2

−α, x3
(R3

+)✱ ❛♥❞ ♦♥❡ ❞❡❞✉❝❡s ❜② ❞❡♥s✐t② t❤❛t

f0

xα+1
3

+ ∇ ·
(

f

xα3

)
∈W−1, 2

α, x3
(R3

+).

❈♦♥✈❡rs❡❧②✱ ❧❡t g ∈W−1, 2
α, x3

(R3
+)✱ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣

u 7→ (
u

xα+1
3

,
∇u
xα3

),

❢r♦♠
◦
W 1, 2

−α, x3
(R3

+) ✐♥t♦ L2(R3
+)4✳ ❚❤✐s ♠❛♣♣✐♥❣ ✐s ✐s♦♠❡tr✐❝❀ t❤✉s ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r

◦
W 1, 2

−α, x3
(R3

+) ❛s
❛ ❝❧♦s❡❞ s✉❜✲s♣❛❝❡ ♦❢ L2(R3

+)4✳ ❚❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠ ♦❢ ❍❛❤♥✲❇❛♥❛❝❤✱ ✐❢ g ∈ W−1, 2
α, x3

(R3
+)✱ ♦♥❡ ❝❛♥

❡①t❡♥❞ g t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ L2(R3
+)4✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❘✐❡s③

r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❛t t❤❡r❡ ✐s (f0, f) ∈ L2(R3
+)4 s✉❝❤ t❤❛t✿

∀u ∈
◦
W 1, 2

−α, x3
(R3

+), g(u) =

✂
R

3
+

f0

(
u

xα+1
3

)
dx−

✂
R

3
+

f ·
(∇u
xα3

)
dx,

❛♥❞ ♦♥❡ ❞❡❞✉❝❡s t❤❛t✿

g =
f0

xα+1
3

+ ∇ ·
(

f

xα3

)
✐♥ R3

+.

❘❡♠❛r❦ ✺✳✶✸✳ ▲❡t α > 0✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✶✷ ❛♥❞ ❘❡♠❛r❦ ✺✳✻✱ ❛♥② ❞✐str✐❜✉t✐♦♥ g ❜❡❧♦♥❣s t♦
W−1, 2
α, x3

(R3
+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ g s❛t✐s✜❡s xα3 g ∈W−1, 2

0 (R3
+)✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❤♦❧❞✿

1

(3 + 2α2)1/2
‖g‖W−1, 2

α, x3
(R3

+) 6 ‖xα3 g‖W−1, 2
0 (R3

+) 6 (3 + 2α2)1/2 ‖g‖W−1, 2
α, x3

(R3
+) . ✭✺✳✷✹✮

❘❡♠❛r❦ ✺✳✶✹✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✽✱ t❤❡ ♠❛♣♣✐♥❣ u 7→
∥∥∥∇u
x

α
3

∥∥∥
L2(R3

+)3
, ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥

◦
W 1, 2

−α, x3
(R3

+)

❡q✉✐✈❛❧❡♥t t♦ ‖·‖W 1, 2
−α, x3

(R3
+) ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r

∀u ∈
◦
W 1, 2

−α, x3
(R3

+), ‖u‖W 1, 2
−α, x3

(R3
+) 6 (1 + C2

α)1/2
∥∥∥∥
∇u
xα3

∥∥∥∥
L2(R3

+)3
. ✭✺✳✷✺✮

❚❤❡r❡❢♦r❡✱ ❛ ❞✐str✐❜✉t✐♦♥ g ❜❡❧♦♥❣s t♦ W−1, 2
α, x3

(R3
+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s f ∈ L2(R3

+)3 s✉❝❤ t❤❛t

g = ❞✐✈

(
f

xα3

)
✐♥ R3

+.

✽✵



✺✳✷✳✹ ❚❤❡ ❝❛s❡ α = 0

Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✳ ❚❤❡ s♣❛❝❡
◦
W 1, 2

0, x3
(R3

+) ✐s ❡q✉❛❧ t♦
◦
W 1, 2

0 (R3
+) ❛♥❞ t❤❡✐r ♥♦r♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✳ ❲❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✺✳✷✸✮ ❢♦r α = 0✳ ▲❡t ✉s ♣r♦✈❡ t❤❛t
◦
W 1, 2

0 (R3
+) ✐s ✐♥❝❧✉❞❡❞ ✐♥

◦
W 1, 2

0, x3
(R3

+)✳ ▲❡t u ∈
◦
W 1, 2

0 (R3
+) ❛♥❞ (uk)k ❛ s❡q✉❡♥❝❡ ♦❢ D(R3

+) ❝♦♥✈❡r❣✐♥❣ t♦ u ✐♥
◦
W 1, 2

0 (R3
+)✳ ❚❤❛♥❦s

t♦ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✶✹✮✱ t❤❡ s❡q✉❡♥❝❡ (uk

x3
)k ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ L2(R3

+)✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r
t❤❛t uk

x3
→ u

x3
✐♥ D′(R3

+)✱ t❤✉s t❤❛t u
x3

∈ L2(R3
+)✳ ❆s ✇❡ ❛❧s♦ ❤❛✈❡ ∇u ∈ L2(R3

+)3✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞

t❤❛t
◦
W 1, 2

0 (R3
+) ✐s ✐♥❝❧✉❞❡❞ ✐♥

◦
W 1, 2

0, x3
(R3

+)✳ ❚❤✉s✱ t❤❡② ❛r❡ t❤❡ s❛♠❡ s♣❛❝❡s✳ ❚❤✐s ♠❡❛♥s ✐♥ ♣❛rt✐❝✉❧❛r
t❤❛t t❤❡ ✐❞❡♥t✐t②

◦
W 1, 2

0, x3
(R3

+)
i→

◦
W 1, 2

0 (R3
+),

✐s ❛ ❝♦♥t✐♥✉♦✉s ❜✐❥❡❝t✐✈❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣✳ ❆s
◦
W 1, 2

0, x3
(R3

+) ❛♥❞
◦
W 1, 2

0 (R3
+) ❛r❡ ❜♦t❤ ❇❛♥❛❝❤ s♣❛❝❡s✱ ✐t

❢♦❧❧♦✇s ❢r♦♠ ❇❛♥❛❝❤ t❤❡♦r❡♠ t❤❛t i ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✺✳✶✻✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✾ t❤❛t D(R3
+) ✐s ❞❡♥s❡ ✐♥

◦
W 1, 2

0 (R3
+)

❢♦r t❤❡ ♥♦r♠ ‖·‖W 1, 2
0, x3

(R3
+)✱ ❛♥❞ t❤❛t ❛♥② u ∈

◦
W 1, 2

0 (R3
+) s❛t✐s✜❡s t❤❡ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t②

∀u ∈
◦
W 1, 2

0 (R3
+),

∥∥∥∥
u

x3

∥∥∥∥
L2(R3

+)

6 ‖∇u‖L2(R3
+)3 . ✭✺✳✷✻✮

❘❡♠❛r❦ ✺✳✶✼✳ ❘❡❝❛❧❧ t❤❛t ❛♥② ❞✐str✐❜✉t✐♦♥ F ❜❡❧♦♥❣s t♦W−1, 2
0 (R3

+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s f0 ∈ L2(R3
+)

❛♥❞ f ∈ L2(R3
+) s✉❝❤ t❤❛t

F =
f0
ρ

+ ∇ · f ✐♥ R3
+.

❚❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞ t❤❛t F ❜❡❧♦♥❣s t♦ W−1, 2
0 (R3

+) ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s
f0 ∈ L2(R3

+) ❛♥❞ f ∈ L2(R3
+) s✉❝❤ t❤❛t

F =
f0
x3

+ ∇ · f ✐♥ R3
+.

❘❡♠❛r❦ ✺✳✶✽✳ ▲❡t ✉s ❞❡✜♥❡✱ t❤❡ s♣❛❝❡

W 2, 2
0, x3

(R3
+) =

{
u ∈ D′(R3

+) /
u

x2
3

∈ L2(R3
+),

∇u
x3

∈ L2(R3
+)3 ❛♥❞ D2u ∈ L2(R3

+)9
}
.

■t ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠

‖u‖W 2, 2
0, x3

(R3
+) =

(∥∥∥∥
u

x2
3

∥∥∥∥
2

L2(R3
+)

+

∥∥∥∥
∇u
x3

∥∥∥∥
2

L2(R3
+)3

+
∥∥D2u

∥∥2

L2(R3
+)9

)1/2

.

❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r
◦
W 2,2

0, x3
(R3

+) := D(R3
+)

‖·‖
W

2, 2
0, x3

(R
3
+

)
.

✽✶



❋✐rst❧②✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t

◦
W 2,2

0, x3
(R3

+) =

{
u ∈W 2, 2

0, x3
(R3

+) / u =
∂u

∂x3
= 0 ♦♥ Γ

}
,

❜② ❛❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✾✳ ❙❡❝♦♥❞❧②✱ t❤❡ ❛r❣✉♠❡♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✶✺ ❛❧❧♦✇s

t♦ ❡st❛❜❧✐s❤ t❤❛t
◦
W 2,2

0, x3
(R3

+) ✐s ❡q✉❛❧ t♦
◦
W 2,2

0 (R3
+) ✭s❡❡ ✭✺✳✽✮✮✳ ▼♦r❡♦✈❡r✱ t❤❡✐r ♥♦r♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

✺✳✸ ❚❤❡ s♣❛❝❡s W
1, 2
−α, x3

(Bε)

❋♦r ❛♥② ε > 0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡t ♦❢ R3
+

Bε =
{
x ∈ R3 / x3 > ε

}
,

❛♥❞ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢W 1, 2
−α, x3

(R3
+) ❛♥❞

◦
W 1, 2

−α, x3
(R3

+) t♦ t❤❡ s♣❛❝❡sW 1, 2
−α, x3

(Bε) ❛♥❞
◦
W 1, 2

−α, x3
(Bε)✳

❖❜✈✐♦✉s❧②✱ ❡✈❡r② ♣r♦♣❡rt✐❡s ♦❢ W 1, 2
−α, x3

(R3
+) ❛r❡ tr✉❡ ❢♦r W 1, 2

−α, x3
(Bε)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❢♦❧❧♦✇✐♥❣

❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❤♦❧❞s

∀u ∈
◦
W 1, 2

−α, x3
(Bε),

∥∥∥∥
u

xα+1
3

∥∥∥∥
L2(Bε)

6 Cα

∥∥∥∥
∇u
xα3

∥∥∥∥
L2(Bε)3

, ✭✺✳✷✼✮

✇❤❡r❡ Cα✱ ❣✐✈❡♥ ❜② ✭✺✳✶✺✮✱ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ ε✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤❛❧❧ ❛❧s♦ r❡q✉✐r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

∀u ∈
◦
W 1, 2

−α, x3
(Bε), ‖u‖W 1, 2

−α, x3
(Bε) 6 (1 + C2

α)1/2
∥∥∥∥
∇u
xα3

∥∥∥∥
L2(Bε)3

. ✭✺✳✷✽✮

❚♦ ✜♥✐s❤✱
◦
W 1, 2

−α, x3
(Bε) ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛ s♣❛❝❡ ♦❢ ♥✉❧❧ tr❛❝❡s ❢✉♥❝t✐♦♥s✿

◦
W 1, 2

−α, x3
(Bε) =

{
u ∈W 1, 2

−α, x3
(Bε) / u = 0 ♦♥ ∂Bε

}
.

❘❡♠❛r❦ ✺✳✶✾✳ ▲❡t α > 0✳ ▲✐❦❡ ✐♥ ❘❡♠❛r❦ ✺✳✻✱ ❛♥② u ❜❡❧♦♥❣s t♦ W 1, 2
−α, x3

(Bε) ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s

x−α3 u ∈W 1, 2
0, x3

(Bε)✱ ✇✐t❤ ✭✺✳✶✷✮ ❛❞❛♣t❡❞ t♦ Bε✳

❘❡♠❛r❦ ✺✳✷✵✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐t ✐♥ ❘❡♠❛r❦ ✺✳✺✱ t❤❡r❡ ✐s ♥♦ ❤✐❡r❛r❝❤② ❢♦r t❤❡ s♣❛❝❡s W 1, 2
−α, x3

(R3
+)✳

■t ✐s ✐♥ t❤✐s s❡♥s❡ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢❛♠✐❧② ♦❢ s♣❛❝❡s W 1, 2
−α, x3

(Bε)✱ ❢♦r t❤❡ ♣❛r❛♠❡t❡r α✱ s✐♥❝❡ ❢♦r
❛♥② α > β > 0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠❜❡❞❞✐♥❣s ❤♦❧❞

W 1, 2
−α, x3

(Bε) →֒W 1, 2
−β, x3

(Bε). ✭✺✳✷✾✮

◦
W 1, 2

−α(Bε) →֒
◦
W 1, 2

−β, x3
(Bε). ✭✺✳✸✵✮

✽✷



❈❤❛♣t❡r ✻

❲❡❛❦ s♦❧✉t✐♦♥s

✻✳✶ ❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ W
1, 2
−α, x3

(R3
+)

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ✐♥ t❤❡ s♣❛❝❡ W 1, 2
−α, x3

(R3
+)✱ ✇✐t❤ 0 6 α <

3/2✳ ❲❡ ✇✐❧❧ st❛rt ♦✛ ✇✐t❤ t❤❡ ❝❛s❡ α = 0✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1, 2
0 (R3

+)✱
❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✳ ❋r♦♠ t❤❡ ❝❛s❡ α = 0 ❢♦❧❧♦✇s t❤❡ ❝❛s❡ α = 1✱ ❛♥❞ t❤❡♥ ✇❡ ✜♥✐s❤ ✇✐t❤
t❤❡ ❝❛s❡ 0 6 α < 3/2✳ ■♥ ❢❛❝t✱ s✐♠✐❧❛r❧② t♦ ▲❡♠♠❛ ✻✳✻✱ ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠ ✐s t♦ ✜♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥
❛♥② s♣❛❝❡ W 1, 2

−α, x3
(R3

+) ❢♦r α > 3/2✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❧❡t ✉s st❛rt ♦✛ ✇✐t❤ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝❛s❡ α = 0✳ ❍❡r❡✱ ✇❡ s❡❡❦ ✇❡❛❦ s♦❧✉t✐♦♥s
t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ✐♥ t❤❡ s♣❛❝❡ W 1, 2

0 (R3
+) ❜② ✇r✐t✐♥❣ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿





−∆u+
1

x3

∂u

∂x3
= f ✐♥ R3

+,

u = 0 ♦♥ R2,
✭✻✳✶✮

✇❤❡r❡ f = x3g✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✳ ▲❡t f ∈ W−1, 2
0 (R3

+)✳ ❚❤❡♥✱ Pr♦❜❧❡♠ ✭✻✳✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ✐♥ t❤❡ s♣❛❝❡
◦
W 1, 2

0, x3
(R3

+) ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

‖u‖W 1, 2
0, x3

(R3
+) 6

√
5 ‖f‖W−1, 2

0 (R3
+) . ✭✻✳✷✮

Pr♦♦❢✳ ❋♦r ❛♥② u ∈
◦
W 1, 2

0 (R3
+)✱ ♦♥❡ ❤❛s ❜② ❘❡♠❛r❦ ✺✳✶✼

1

x3

∂u

∂x3
∈W−1, 2

0 (R3
+),

❛♥❞ ❢♦r ❛♥② v ∈
◦
W 1, 2

0 (R3
+)✱
〈

1

x3

∂u

∂x3
, v

〉

W−1, 2
0 (R3

+),
◦
W 1, 2

0 (R3
+)

=

✂
R

3
+

∂u

∂x3

v

x3
dx.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ u ∈
◦
W 1, 2

0 (R3
+) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✻✳✶✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❜❡❧♦✇





∀v ∈
◦
W 1, 2

0 (R3
+),✂

R
3
+

∇u · ∇v dx+

✂
R

3
+

∂u

∂x3

v

x3
dx = 〈f, v〉

W−1, 2
0 (R3

+),
◦
W 1, 2

0 (R3
+)
.

✭✻✳✸✮

✽✸



◆❡①t✱ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠

u, v ∈
◦
W 1, 2

0 (R3
+), a(u, v) =

✂
R

3
+

∇u · ∇v dx+

✂
R

3
+

v

x3

∂u

∂x3
dx.

❚❤❛♥❦s t♦ ✭✺✳✷✻✮✱ ✐t ✐s ❝❧❡❛r❧② ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ ♦♥❡ ❤❛s ❢♦r ❛♥② u ∈ D(R3
+)

✂
R

3
+

u

x3

∂u

∂x3
dx =

1

2

∥∥∥∥
u

x3

∥∥∥∥
2

L2(R3
+)

. ✭✻✳✹✮

❆s D(R3
+) ✐s ❞❡♥s❡ ✐♥

◦
W 1, 2

0 (R3
+) ❢♦r t❤❡ ♥♦r♠ ‖·‖W 1, 2

0, x3
(R3

+) ✭s❡❡ ❘❡♠❛r❦ ✺✳✶✻✮✱ r❡❧❛t✐♦♥ ✭✻✳✹✮ ❤♦❧❞s ❢♦r

❛♥② u ∈
◦
W 1, 2

0 (R3
+)✳ ❍❡♥❝❡ a(·, ·) ✐s ❝♦❡r❝✐✈❡ ♦♥

◦
W 1, 2

0 (R3
+)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠

♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

0 (R3
+) s♦❧✉t✐♦♥ t♦ ✭✻✳✸✮✱ ❤❡♥❝❡ t♦ Pr♦❜❧❡♠ ✭✻✳✶✮✳ ❚♦ ✜♥✐s❤✱ ♥♦t❡ t❤❛t u

s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ✐♥❡q✉❛❧✐t②

‖∇u‖2
L2(R3

+)3 +
1

2

∥∥∥∥
u

x3

∥∥∥∥
2

L2(R3
+)

= 〈f, u〉
W−1, 2

0 (R3
+),

◦
W 1, 2

0 (R3
+)
, ✭✻✳✺✮

✇❤✐❝❤ ✐♠♣❧✐❡s✱ ❜② r❡❧❛t✐♦♥ ✭✺✳✷✺✮

‖∇u‖2
L2(R3

+)3 +
1

2

∥∥∥∥
u

x3

∥∥∥∥
2

L2(R3
+)

6 ‖f‖W−1, 2
0 (R3

+) ‖u‖W 1, 2
0, x3

(R3
+)

6
√

5 ‖f‖W−1, 2
0 (R3

+) ‖∇u‖L2(R3
+)3

6
5

2
‖f‖2

W−1, 2
0 (R3

+) +
1

2
‖∇u‖2

L2(R3
+)3 ,

❛♥❞ ♦♥❡ ❞❡❞✉❝❡s ❡st✐♠❛t❡ ✭✻✳✷✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ ✇❡ st✉❞② ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1, 2
−1, x3

(R3
+)✱ ❜② ✉s✐♥❣ ❛ ❞✉❛❧✐t②

❛r❣✉♠❡♥t✱ ❛s ✐t ✐s ❞♦♥❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ▲❡t g ∈ W−1, 2
0 (R3

+)✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

−1, x3
(R3

+) s♦❧✉t✐♦♥ t♦ ✭✹✳✸✽✮
❛♥❞

‖u‖W 1, 2
−1, x3

(R3
+) 6 6

√
10 ‖g‖W−1, 2

0 (R3
+) .

Pr♦♦❢✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ t❤❡ ♦♣❡r❛t♦r

P :
◦
W 1, 2

0 (R3
+) → W−1, 2

1, x3
(R3

+)

u 7→ −❞✐✈

(
1

x3
∇u
)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❛ s❡❧❢ ❛❞❥♦✐♥t ♦♣❡r❛t♦r✳ ■♥❞❡❡❞✱ ♦♥❡ ❤❛s ❢♦r ❛♥② u ∈
◦
W 1, 2

0 (R3
+) ❛♥❞

❛♥② v ∈
◦
W 1, 2

−1, x3
(R3

+)✿
〈
−❞✐✈

(
1

x3
∇u
)
, v

〉

W−1, 2
1, x3

(R3
+),

◦
W 1, 2

−1, x3
(R3

+)

=

✂
R

3
+

∇u ·
(

1

x3
∇v
)
dx

=

〈
u, −❞✐✈

(
1

x3
∇v
)〉

◦
W 1, 2

0 (R3
+),W−1, 2

0 (R3
+)

.

✽✹



❆s ❛ ❝♦♥s❡q✉❡♥❝❡ P ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠
◦
W 1, 2

−1, x3
(R3

+) ✐♥t♦ W−1, 2
0 (R3

+)✳ ❍❡♥❝❡✱ ❢♦r ❛♥② g ∈
W−1, 2

0 (R3
+)✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈

◦
W 1, 2

−1, x3
(R3

+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛
❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖u‖W 1, 2
−1, x3

(R3
+) 6 C ‖g‖W−1, 2

0 (R3
+) . ✭✻✳✻✮

❚♦ ✜♥✐s❤✱ ✇❡ ✉s❡ ▲❡♠♠❛ ✻✳✻✱ ♣r♦✈❡❞ ❤❡r❡ ❛❢t❡r✳ ❇② ❘❡♠❛r❦ ✺✳✻✱ ♥♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ u/x3 ❜❡❧♦♥❣s

t♦
◦
W 1, 2

0 (R3
+)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛s ❛r❡ ❥✉st✐✜❡❞✿

〈
−❞✐✈

(
1

x3
∇u
)
,
u

x3

〉

W−1, 2
0 (R3

+),
◦
W 1, 2

0 (R3
+)

=

✂
R

3
+

∇u
x3

· ∇
(
u

x3

)
dx

=

∥∥∥∥
∇u
x3

∥∥∥∥
2

L2(R3
+)

− 1

2

✂
R

3
+

1

x3
3

∂u2

∂x3
dx

=

∥∥∥∥
∇u
x3

∥∥∥∥
2

L2(R3
+)

− 3

2

∥∥∥∥
u

x2
3

∥∥∥∥
2

L2(R3
+)

.

❈♦♥s❡q✉❡♥t❧②✱ u s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡q✉❛❧✐t②✿

∥∥∥∥
∇u
x3

∥∥∥∥
2

L2(R3
+)

=

〈
g,

u

x3

〉

W−1, 2
0 (R3

+),
◦
W 1, 2

0 (R3
+)

+
3

2

∥∥∥∥
u

x2
3

∥∥∥∥
2

L2(R3
+)

.

❚❤❛♥❦s t♦ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✶✻✮ ❢♦r α = 1✱ ♦♥❡ ❤❛s
∥∥∥ u
x2
3

∥∥∥
2

L2(R3
+)

6 4
9

∥∥∥∇u
x3

∥∥∥
2

L2(R3
+)
, ❛♥❞ ✐t ❢♦❧❧♦✇s

t❤❛t ∥∥∥∥
∇u
x3

∥∥∥∥
2

L2(R3
+)

6 3 ‖g‖W−1, 2
0 (R3

+)

∥∥∥∥
u

x3

∥∥∥∥
W 1, 2

0 (R3
+)

.

❚❤❡♥✱ ♦♥❡ ❤❛s ❜② r❡❧❛t✐♦♥ ✭✺✳✷✺✮

∥∥∥∥
u

x3

∥∥∥∥
W 1, 2

0 (R3
+)

6
√

5

∥∥∥∥∇
(
u

x3

)∥∥∥∥
L2(R3

+)3
6

√
5(1 +

2

3
)

∥∥∥∥
∇u
x3

∥∥∥∥
L2(R3

+)3
6 2

√
5

∥∥∥∥
∇u
x3

∥∥∥∥
L2(R3

+)3
,

❛♥❞ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s

∥∥∥∥
∇u
x3

∥∥∥∥
L2(R3

+)

6 6
√

5 ‖g‖W−1, 2
0 (R3

+) .

❚♦ ✜♥✐s❤✱ ✇❡ ✉s❡ r❡❧❛t✐♦♥ ✭✺✳✷✺✮ t♦ ♣r♦✈❡ ✭✻✳✻✮✳

❚❤❡♥✱ ❧❡t ✉s st✉❞② ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ W 1, 2

− 1
2 , x3

(R3
+)✱ t❤❛t ✐s t❤❡ ❝❛s❡ α = 1/2✳

Pr♦♣♦s✐t✐♦♥ ✻✳✸✳ ▲❡t g ∈W−1, 2
1
2 , x3

(R3
+)✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈

◦
W 1, 2

− 1
2 , x3

(R3
+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠

✭✹✳✸✽✮ ❛♥❞ s❛t✐s❢②✐♥❣

‖u‖W 1, 2

− 1
2

, x3
(R3

+) 6 3 ‖g‖W−1, 2
1
2

, x3
(R3

+) . ✭✻✳✼✮

✽✺



Pr♦♦❢✳ ❋♦r ❛♥② u ∈
◦
W 1, 2

− 1
2 , x3

(R3
+)✱ ♦♥❡ ❤❛s ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✷

−❞✐✈

(
1

x3
∇u
)

∈W−1, 2
1
2 , x3

(R3
+),

❛♥❞ ❢♦r ❛♥② v ∈
◦
W 1, 2

− 1
2 , x3

(R3
+)✱

〈
−❞✐✈

(
1

x3
∇u
)
, v

〉
=

✂
R

3
+

∇u√
x3

· ∇v√
x3

dx,

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢W−1, 2
1
2 , x3

(R3
+)✱

◦
W 1, 2

− 1
2 , x3

(R3
+)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ u ∈

◦
W 1, 2

− 1
2 , x3

(R3
+)

✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✹✳✸✽✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s t❤❡ ❢♦r♠✉❧❛t✐♦♥ ❜❡❧♦✇




∀v ∈
◦
W 1, 2

− 1
2 , x3

(R3
+),✂

R
3
+

∇u√
x3

· ∇v√
x3

dx = 〈g, v〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)
.

✭✻✳✽✮

◆❡①t✱ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠

u, v ∈
◦
W 1, 2

− 1
2 , x3

(R3
+), a(u, v) =

✂
R

3
+

∇u√
x3

· ∇v√
x3

dx,

✐s ❝❧❡❛r❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥
◦
W 1, 2

− 1
2 , x3

(R3
+) t❤❛♥❦s t♦ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✶✻✮✳ ❆s ❛ ❝♦♥s❡✲

q✉❡♥❝❡✱ ▲❛①✲▼✐❧❣r❛♠✬s t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

− 1
2 , x3

(R3
+) s❛t✐s❢②✐♥❣ ✭✻✳✽✮✱ ❤❡♥❝❡ ❛ s♦❧✉t✐♦♥

t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ❚♦ ✜♥✐s❤✱ ♥♦t❡ t❤❛t u s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ✐♥❡q✉❛❧✐t②
∥∥∥∥
∇u√
x3

∥∥∥∥
2

L2(R3
+)3

= 〈g, u〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)
, ✭✻✳✾✮

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛♥❦s t♦ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✷✺✮
∥∥∥∥
∇u√
x3

∥∥∥∥
L2(R3

+)3
6

√
2 ‖g‖W−1, 2

1
2

, x3
(R3

+) ,

❛♥❞ ✭✻✳✷✮ ❜② ✭✺✳✷✹✮✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✹✳ ▲❡t 0 6 α < 3/2 ❛♥❞ g ∈ D′(R3
+) s✉❝❤ t❤❛t

x−α+1
3 g ∈W−1, 2

0 (R3
+).

❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

−α, x3
(R3

+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t
C > 0✱ ❞❡♣❡♥❞✐♥❣ ❛t ♠♦st ♦♥ α✱ s✉❝❤ t❤❛t

‖u‖W 1, 2
−α, x3

(R3
+) 6 C

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)
. ✭✻✳✶✵✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥❡ ❝❛♥ ❝❤♦s❡

C =
2
(
1 + C2

α

)1/2

1 − (2α− 1)Cα

√
5.

✽✻



❘❡♠❛r❦ ✻✳✺✳ ❘❡❝❛❧❧ t❤❛t Cα = 2
2α+1 ✭s❡❡ ✭✺✳✶✺✮✮ ❛♥❞ ♥♦t❡ t❤❛t (2α − 1)Cα < 1 s✐♥❝❡ α < 3/2✳

▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✺✳✶✸✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ x−α+1
3 g ∈ W−1, 2

0 (R3
+) ❜② g ∈ W−1, 2

−α+1, x3
(R3

+)
✇❤❡♥ 0 6 α < 1✱ ❛♥❞ ✐♥ t❤✐s ❝❛s❡✱ t❤❡ ❡st✐♠❛t❡ ✭✻✳✶✵✮ ❜❡❝♦♠❡s

‖u‖W 1, 2
−α, x3

(R3
+) 6 C

(
3 + 2α2

)1/2 ‖g‖W−1, 2
−α+1(R

3
+) . ✭✻✳✶✶✮

■t ✐s ♥♦ ♠♦r❡ t❤❡ ❝❛s❡ ✐❢ 1 6 α < 3/2✱ ❛s t❤❡ s♣❛❝❡
◦
W 1, 2

α−1, x3
(R3

+) ✐s ♥♦t ❞❡✜♥❡❞✳

❇❡❢♦r❡ ❣✐✈✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✱ ❧❡t ✉s ❣✐✈❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳ ❚❤✐s ❧❡♠♠❛ ✉s❡s t❤❡ s♣❛❝❡s
◦
W 1, 2

−α, x3
(Bε) ✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ❛♥❞ ❜r✐❡✢② st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳

▲❡♠♠❛ ✻✳✻✳ ▲❡t g ∈ D′(Bε) s✉❝❤ t❤❛t

x−α+1
3 g ∈W−1, 2

0 (Bε),

❛♥❞ ❧❡t uε ∈
◦
W 1, 2

−α, x3
(Bε) ❜❡ ❛ s♦❧✉t✐♦♥ t♦

−div

(
1

x3
∇uε

)
= g ✐♥ Bε.

❚❤❡♥✱ uε s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s

‖u‖W 1, 2
−α, x3

(Bε) 6
2
(
1 + C2

α

)1/2

1 − (2α− 1)Cα

√
5
∥∥x−α+1

3 g
∥∥
W−1, 2

0 (Bǫ)
. ✭✻✳✶✷✮

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✺✳✶✾✱ ♦♥❡ ❤❛s uε

xα
3
∈

◦
W 1, 2

0 (Bε)✳ ❚❤❡♥✱ ❛s x
−α+1
3 g ∈W−1, 2

0 (Bε)✱ ♦♥❡ ❤❛s

〈
−x−α+1

3 ❞✐✈

(
1

x3
∇uε

)
,
uε
xα3

〉
=

✂
Bε

∇uε
x3

· ∇
(

uε

x2α−1
3

)
dx

=

∥∥∥∥
∇uε
xα3

∥∥∥∥
2

L2(Bε)

− 2α− 1

2

✂
R

3
+

1

x2α+1
3

∂u2
ε

∂x3
dx

=

∥∥∥∥
∇uε
xα3

∥∥∥∥
2

L2(Bε)

− 2α− 1

Cα

∥∥∥∥
uε

xα+1
3

∥∥∥∥
2

L2(Bε)

,

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ W−1, 2
0 (Bε),

◦
W 1, 2

0 (Bε)✱ ❛♥❞ ✇❤❡r❡ Cα ✐s ❣✐✈❡♥ ❜② r❡❧❛t✐♦♥
✭✺✳✶✺✮✳ ❈♦♥s❡q✉❡♥t❧②✱ uε s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡q✉❛❧✐t②✿

∥∥∥∥
∇uε
xα3

∥∥∥∥
2

L2(Bε)

=

〈
x−α+1

3 g,
uε
xα3

〉

W−1, 2
0 (Bε),

◦
W 1, 2

0 (Bε)

+
2α− 1

Cα

∥∥∥∥
uε

xα+1
3

∥∥∥∥
2

L2(Bε)

. ✭✻✳✶✸✮

❋r♦♠ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✷✼✮ ♦♥❡ ❣❡ts

[1 − (2α− 1)Cα]

∥∥∥∥
∇uε
xα3

∥∥∥∥
2

L2(Bε)3
6
∥∥x−α+1

3 g
∥∥
W−1, 2

0 (Bε)

∥∥∥∥
uε
xα3

∥∥∥∥
W 1, 2

0 (Bε)

.

✽✼



❚❤❡♥✱ ♦♥❡ ❤❛s t❤❛♥❦s r❡❧❛t✐♦♥s ✭✺✳✷✽✮ ❛♥❞ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✷✼✮

∥∥∥∥
uε
xα3

∥∥∥∥
W 1, 2

0 (Bε)

6
√

5

∥∥∥∥∇
(
uε
xα3

)∥∥∥∥ 6
√

5

(∥∥∥∥
∇uε
xα3

∥∥∥∥
L2(Bε)3

+ α

∥∥∥∥
uε

xα+1
3

∥∥∥∥
L2(Bε)

)

6 (1 + αCα)
√

5

∥∥∥∥
∇uε
xα3

∥∥∥∥
L2(Bε)3

,

❛♥❞ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡ ❜❡❝♦♠❡s
∥∥∥∥
∇uε
xα3

∥∥∥∥
L2(R3

+)

6
(1 + αCα)

1 − (2α− 1)Cα

√
5
∥∥x−α+1

3 g
∥∥
W−1, 2

0 (Bε)
.

❚❤❡♥✱ ♥♦t✐❝❡ t❤❛t 1 + αCα 6 2✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ✭✻✳✶✷✮ t❤❛♥❦s t♦ ✭✺✳✷✽✮✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✳ ❲❡ ❞✐✈✐❞❡ ✐t ✐♥t♦ t✇♦ st❡♣s✳

❙t❡♣ ♦♥❡✳ ❋♦r g ∈ D(R3
+) ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈ W 1, 2

−α, x3
(R3

+) s♦❧✉t✐♦♥ t♦ ✭✹✳✸✽✮✳ ❆s

g ∈ D(Bε) t❤❡♥ g ∈W−1, 2
1, x3

(Bε)✱ ❛♥❞ ❜② ❛❞❛♣t✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ uε ∈
◦
W 1, 2

0 (Bε)
s✉❝❤ t❤❛t

−❞✐✈

(
1

x3
∇uε

)
= g ✐♥ Bε.

❚❤❡r❡❢♦r❡✱ ❜② r❡❧❛t✐♦♥ ✭✺✳✸✵✮✱ t❤❡ ❢✉♥❝t✐♦♥s g ❛♥❞ uε ❛r❡ ❡①❛❝t❧② ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✻✳✻✳ ❚❤✉s✱
t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ❛t ♠♦st ♦♥ α s✉❝❤ t❤❛t

‖uε‖W 1, 2
−α, x3

(Bε) 6 C
∥∥x−α+1

3 g
∥∥
W−1, 2

0 (Bε)
6 C

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)

✭✻✳✶✹✮

❚❤❡♥✱ ❧❡t ✉s ❝♦♥s✐❞❡r ũε t❤❡ ❡①t❡♥s✐♦♥ ❜② ✵ ♦❢ uε ♦✉ts✐❞❡ Bε t♦ R3
+✳ ❆s uε = 0 ♦♥ ∂Bε✱ ♦♥❡ ❤❛s

∇ũε = ∇̃uε ✐♥ R3
+.

❍❡♥❝❡ ũε ∈
◦
W 1, 2

−α, x3
(R3

+) ❛♥❞

‖ũε‖W 1, 2
−α, x3

(R3
+) = ‖uε‖W 1, 2

−α, x3
(Bε) 6 C

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)
. ✭✻✳✶✺✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡ ✐s u ∈
◦
W 1, 2

−α, x3
(R3

+) s✉❝❤ t❤❛t ũε ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ u ✐♥
◦
W 1, 2

−α, x3
(R3

+)✳ ■♥
t❤❡ s❡q✉❡❧✱ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ t❤❛t u ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✸✽✮✳ ▲❡t ϕ ∈ D(R3

+)✳ ❆s ϕ ❤❛s ❛ ❝♦♠♣❛❝t
s✉♣♣♦rt ✐♥ R3

+✱ t❤❡r❡ ✐s ε0 > 0 s✉❝❤ t❤❛t s✉♣♣ ϕ ⊂ Bε0 ✳ ❚❤❡♥✱ ❢♦r ❛♥② ε < ε0✱ ✐t ✐s ❝❧❡❛r t❤❛t

✂
R

3
+

1

x3
∇ũε · ∇ϕdx =

✂
Bε

1

x3
∇uε · ∇ϕdx = 〈g|Bε

, ϕ〉D′(Bε),D(Bε)

= 〈g, ϕ〉D′(R3
+),D(R3

+) .

❙✐♥❝❡ ( 1
xα
3
∇ũε)ε ❝♦♥✈❡r❣❡s ✇❡❛❦❧② t♦ 1

xα
3
∇u ✐♥ L2(R3

+)3 ❛s ε ❣♦❡s t♦ ✵✱ ❛♥❞ s✐♥❝❡ 1
xα−1
3

∇ϕ ∈ L2(Bε)
3✱

♦♥❡ ❞❡❞✉❝❡s t❤❛t ✂
R

3
+

1

x3
∇ũε · ∇ϕdx −→

ε→0

✂
R

3
+

1

x3
∇u · ∇ϕdx.

✽✽



❋✐♥❛❧❧②✱ u ∈
◦
W 1, 2

−1, x3
(R3

+) s❛t✐s✜❡s

−❞✐✈

(
1

x3
∇u
)

= g ✐♥ R3
+,

❛♥❞ ❜② t❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ❧✐♠✐t ✐♥ ✭✻✳✶✺✮✱ ♦♥❡ ❣❡ts

‖u‖W 1, 2
−α, x3

(R3
+) 6 C

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)
,

✇❤❡r❡ C ✐s ❡①❛❝t❧② t❤❡ ❝♦♥st❛♥t ❛♣♣❡❛r✐♥❣ ✐♥ ✭✻✳✶✷✮✳ ❚❤❡r❡❢♦r❡✱ u ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠
✭✹✳✸✽✮✱ s✐♥❝❡ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ②✐❡❧❞ u = 0 ✐❢ ✇❡ t❛❦❡ g = 0✳

❙t❡♣ t✇♦✳ ▲❡t (gk)k ⊂ D(R3
+) ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t (x−α+1

3 gk)k ❝♦♥✈❡r❣❡s t♦ x−α+1
3 g ✐♥ W−1, 2

0 (R3
+)✳

❚❤❛♥❦s t♦ t❤❡ st❡♣ ♦♥❡ ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ uk ∈
◦
W 1, 2

−α, x3
(R3

+) s✉❝❤ t❤❛t

−❞✐✈

(
1

x3
∇uk

)
= gk ✐♥ R3

+,

❛♥❞ ❛❧s♦ s❛t✐s❢②✐♥❣
‖uk‖W 1, 2

−α, x3
(R3

+) 6 C
∥∥x−α+1

3 gk
∥∥
W−1, 2

0 (R3
+)
.

❈♦♥s❡q✉❡♥t❧② (uk)k ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢
◦
W 1, 2

−α, x3
(R3

+) ❛♥❞ ❝♦♥✈❡r❣❡s t♦ ❛ ❣✐✈❡♥ u ∈
◦
W 1, 2

−α, x3
(R3

+)✳
❇② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s k ❣♦❡s t♦ ✵ ♦♥❡ ❞❡❞✉❝❡s t❤❛t

−❞✐✈

(
1

x3
∇u
)

= g ✐♥ R3
+,

✇✐t❤ t❤❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ✭✻✳✶✵✮✳ �

❘❡♠❛r❦ ✻✳✼✳ ■❢ α > 3/2 ❛♥❞ x−α+1
3 g ∈ W−1, 2

0 (R3
+)✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✹✳✸✽✮ ✐s ❛♥

♦♣❡♥ ♣r♦❜❧❡♠✳

✻✳✷ ❲❡❛❦ s♦❧✉t✐♦♥s ✐♥ W
1, 2
−α (R3

+)

Pr♦❜❧❡♠ ✭✻✳✶✮✱ t❤❛t ✇❡ r❡❝❛❧❧ ❜❡❧♦✇




−∆u+
1

x3

∂u

∂x3
= f ✐♥ R3

+,

u = 0 ♦♥ R2,

❧❡♥❞s ✐ts❡❧❢ ✇❡❧❧ t♦ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ t❤❡ s♣❛❝❡s W 1, 2
−α (R3

+)✱ ❢♦r ✈❛❧✉❡s ♦❢ α ∈]0, 1[ ✭♥♦t❡
t❤❛t t❤❡ ❝❛s❡ α = 0 ✐s ❛❧r❡❛❞② tr❡❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✺✳✾✮✳ ■♥❞❡❡❞✱ ♦♥❡
❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s✳

▲❡♠♠❛ ✻✳✽✳ ▲❡t 0 < α < 1✳ ▲❡t f ∈ W−1, 2
−α (R3

+) ❛♥❞ u ∈ W 1, 2
−α (R3

+) ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✻✳✶✮✳
❚❤❡♥ u s❛t✐s✜❡s t❤❡ ❡st✐♠❛t❡ ❜❡❧♦✇

‖u‖W 1, 2
−α (R3

+) 6
1 + α

α(1 − α)
‖f‖W−1, 2

−α (R3
+) ,

✽✾



Pr♦♦❢✳ ▲❡t f ∈W−1, 2
−α ❛♥❞ u ∈

◦
W 1, 2

−α(R3
+)✳ ❚❤❛♥❦s t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ ✭✺✳✻✮✱ ♦♥❡ ❤❛s u

ρ2α ∈
◦
W 1, 2

α (R3
+)✳

❚❤❡♥✱ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s

∆

(
1

ρα

)
= − 3α

ρα+2
+ α(α+ 2)

|x|2
ρα+4

,
∂

∂x3

(
1

x3ρα

)
= −ρ

2 + αx2
3

x2
3ρ
α+2

,

♦♥❡ ❞❡❞✉❝❡s t❤❛t ✂
R

3
+

∇u · ∇(
u

ρ2α
)dx

=

✂
R

3
+

∣∣∣∣
∇u
ρα

∣∣∣∣
2

dx− 1

2

✂
R

3
+

∆(
1

ρ2α
)u2 dx

=

✂
R

3
+

∣∣∣∣
∇u
ρα

∣∣∣∣
2

dx+ 3α

✂
R

3
+

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx− 2α(α+ 1)

✂
R

3
+

|x|2
ρ2α+4

u2 dx, ✭✻✳✶✻✮

❛♥❞
✂

R
3
+

u

x3ρ2α

∂u

∂x3
dx = −1

2

✂
R

3
+

∂

∂x3

(
1

x3ρ2α

)
u2 dx =

1

2

✂
R

3
+

(
ρ2 + 2αx2

3

x2
3ρ

2α+2

)
u2 dx

=
1

2

✂
R

3
+

u2

x2
3ρ

2α
dx+ α

✂
R

3
+

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx. ✭✻✳✶✼✮

◆♦✇✱ ❧❡t ✉s ♠✉❧t✐♣❧② ❜② u
ρ2α ∈

◦
W 1, 2

α (R3
+) t❤❡ ❡q✉❛t✐♦♥ ♦❢ Pr♦❜❧❡♠ ✭✻✳✶✮ ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r R3

+✳ ❇②
❝♦❧❧❡❝t✐♥❣ ✭✻✳✶✻✮ ❛♥❞ ✭✻✳✶✼✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡q✉❛❧✐t②

✂
R

3
+

∣∣∣∣
∇u
ρα

∣∣∣∣
2

dx+ 4α

✂
R

3
+

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx+
1

2

✂
R

3
+

∣∣∣∣
u

x3ρα

∣∣∣∣
2

dx,

=

〈
f,

u

ρ2α

〉

W−1, 2
−α (R3

+),
◦
W 1, 2

α (R3
+)

+ 2α(α+ 1)

✂
R

3
+

|x|2
ρ2α+4

u2 dx. ✭✻✳✶✽✮

❚❤❡♥✱ ♥♦t❡ t❤❛t ✂
R

3
+

|x|2
ρ2α+4

u2 dx =

✂
R

3
+

|x|2
ρ2

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx 6

✂
R

3
+

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx,

❛♥❞ t❤❛t α ✐s s✉❝❤ t❤❛t 2α(α+ 1) 6 4α✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✻✳✶✽✮ t❤❛t

✂
R

3
+

∣∣∣∣
∇u
ρα

∣∣∣∣
2

dx+ 2α(1 − α)

✂
R

3
+

∣∣∣∣
u

ρα+1

∣∣∣∣
2

dx 6 ‖f‖W−1, 2
−α (R3

+)

∥∥∥∥
u

ρ2α

∥∥∥∥
W 1, 2

α (R3
+)

. ✭✻✳✶✾✮

❚❤❡♥✱ ❛s
∥∥∥∥
u

ρ2α

∥∥∥∥
W 1, 2

α (R3
+)

6

∥∥∥∥
u

ρα+1

∥∥∥∥
L2(R3

+)

+

∥∥∥∥ρ
α∇
(

u

ρ2α

)∥∥∥∥
L2(R3

+)

6

∥∥∥∥
u

ρα+1

∥∥∥∥
L2(R3

+)

+

∥∥∥∥
∇u
ρα

∥∥∥∥
W 1, 2

α (R3
+)

+ 2α

∥∥∥∥
x

ρ

u

ρα+1

∥∥∥∥
L2(R3

+)

6 2(1 + α) ‖u‖W 1, 2
−α (R3

+) ,

✾✵



♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✻✳✶✾✮ t❤❛t

‖u‖W 1, 2
−α (R3

+) 6
1 + α

α(1 − α)
‖f‖W−1, 2

−α (R3
+) ,

s✐♥❝❡ 2α(1 − α) < 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻✳✹ ✭s❡❡ t❤❡ r❡♠❛r❦ ❜❡❧♦✇✮ ❛♥❞ ❝♦♥❝❡r♥s ✇❡❛❦
s♦❧✉t✐♦♥s ❤❛✈✐♥❣ ❛♥ ✐s♦tr♦♣✐❝ ❜❡❤❛✈✐♦r✳

Pr♦♣♦s✐t✐♦♥ ✻✳✾✳ ▲❡t 0 < α < 1 ❛♥❞ ❧❡t f ∈ W−1, 2
−α (R3

+). ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

−α(R3
+)

s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✻✳✶✮ ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡

‖u‖W 1, 2
−α (R3

+) 6
1 + α

α(1 − α)
‖f‖W−1, 2

−α (R3
+) .

Pr♦♦❢✳ ▲❡t (fk)k ⊂ D(R3
+) ❝♦♥✈❡r❣✐♥❣ t♦ f ✐♥ W−1, 2

−α (R3
+)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ ❧❡t uk ∈

◦
W 1, 2

0 (R3
+) →֒

◦
W 1, 2

−α(R3
+) ✭s❡❡ ✭✺✳✸✮✮ s✉❝❤ t❤❛t

−∆uk +
1

x3

∂uk
∂x3

= fk ✐♥ R3
+.

❖♥❡ ❞❡❞✉❝❡s ❢r♦♠ ▲❡♠♠❛ ✻✳✽ t❤❛t

‖uk‖W 1, 2
−α (R3

+) 6
1 + α

α(1 − α)
‖fk‖W−1, 2

−α (R3
+) . ✭✻✳✷✵✮

❋r♦♠ t❤✐s ✐♥❡q✉❛❧✐t②✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t t❤❡ s❡q✉❡♥❝❡ (uk)k ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢
◦
W 1, 2

−α(R3
+)✳ ❍❡♥❝❡✱

t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

−α(R3
+) s✉❝❤ t❤❛t (uk)k ❝♦♥✈❡r❣❡s t♦ u ✐♥

◦
W 1, 2

−α(R3
+)✳ ❚❤❡♥✱ ❜② t❛❦✐♥❣ t❤❡

❧✐♠✐t ✇❤❡♥ k ❣♦❡s t♦ +∞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥ ❛♥❞ ✐♥ t❤❡ ❡st✐♠❛t❡s✱ ♦♥❡ ♣r♦✈❡s t❤❛t u s❛t✐s✜❡s ✐♥
t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡

−∆u+
1

x3

∂u

∂x3
= x3g ✐♥ R3

+,

❛♥❞ t❤❛t u s❛t✐s✜❡s t❤❡ ❡①♣❡❝t❡❞ ❡st✐♠❛t❡s✳ ❇② ▲❡♠♠❛ ✻✳✽ u ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠
✭✻✳✶✮✳

❘❡♠❛r❦ ✻✳✶✵✳ ▲❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠❡♥ts✳
✐✮ ■❢ α > 1 ❛♥❞ f ∈W−1, 2

−α (R3
+)✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✻✳✶✮ ✐s ❛♥ ♦♣❡♥ ♣r♦❜❧❡♠✳

✐✐✮ ▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ x−α+1
3 g ∈ W−1, 2

0 (R3
+) ✐s ❡q✉✐✈❛❧❡♥t t♦ x−α3 f ∈ W−1, 2

0 (R3
+)✳ ❆♥❞✱

✐❢ f s❛t✐s✜❡s t❤✐s ❧❛st ❛ss✉♠♣t✐♦♥✱ ✇❡ ❡❛s✐❧② ♣r♦✈❡ t❤❛t f ∈ W−1, 2
−α (R3

+) ✭t❤❡ ❝♦♥✈❡rs❡ ❛ss❡rt✐♦♥ ❜❡✐♥❣
♥♦t tr✉❡✮✳ ❚❤✐s ♠❡❛♥s t❤❛t ✇❤❡♥ 0 < α < 1✱ t❤❡ ❛ss✉♠♣t✐♦♥ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻✳✹ ✐s str♦♥❣❡r t❤❛♥
t❤❡ ♦♥❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✻✳✾✳

✾✶



✾✷



❈❤❛♣t❡r ✼

❙tr♦♥❣ s♦❧✉t✐♦♥s ❢♦r x−α+2
3 g ✐♥ L2(R3

+)

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ u ∈
◦
W 1, 2

−α, x3
(R3

+) t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻✳✹✱ ✇✐t❤ 0 6 α <

3/2✳ ❚❤❡♥✱ ❧❡t ✉s ♠✉❧t✐♣❧② ❜② x−α+2
3 t❤❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✳ ❲❡ r❡❛❞✐❧② s❡❡ t❤❛t u

s❛t✐s✜❡s

x−α+1
3 ∆u+

1

xα3

∂u

∂x3
= x−α+2

3 g ✐♥ R3
+, u = 0 ♦♥ Γ.

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ 1
xα
3

∂u
∂x3

∈ L2(R3
+)✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

x−α+2
3 g ∈ L2(R3

+) ⇒ x−α+1
3 ∆u ∈ L2(R3

+).

❚❤✉s✱ ❜② t❛❦✐♥❣ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ g✱ ✇❡ ❡①♣❡❝t t❤❛t x−α+1
3 D2u ∈ L2(R3

+)✱ ✇❤❡r❡ D2u ❞❡♥♦t❡s ❛♥②
s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ u✳

❘❡♠❛r❦ ✼✳✶✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ g ✐s r❡❧❡✈❛♥t✳ ■♥❞❡❡❞✱ ❛♥② ❞✐str✐❜✉t✐♦♥ g ♦♥ R3
+ s✉❝❤

t❤❛t
x−α+2

3 g ∈ L2(R3
+),

s❛t✐s✜❡s x−α+1
3 g ∈W−1, 2

0 (R3
+)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
.

❚❤❡♦r❡♠ ✼✳✷✳ ▲❡t 0 6 α < 3/2 ❛♥❞ g ∈ D′(R3
+) s✉❝❤ t❤❛t

x−α+2
3 g ∈ L2(R3

+).

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ u ∈W 1, 2
−α, x3

(R3
+) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻✳✹ s❛t✐s✜❡s

x−α+1
3 D2u ∈ L2(R3

+),

❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

∥∥x−α+1
3 D2u

∥∥
L2(R3

+)
6 C

∥∥x−α+2
3 g

∥∥
L2(R3

+)
.

✾✸



Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t x−α+2
3 g ∈ L2(R3

+)✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✼✳✶ t❤❡ ❞✐str✐❜✉t✐♦♥ g s❛t✐s✜❡s

x−α+1
3 g ∈ W−1, 2

0 (R3
+)✳ ❚❤✉s✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✻✳✹✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈

◦
W 1, 2

−α, x3
(R3

+) s♦❧✉t✐♦♥ t♦
✭✹✳✸✽✮ ❛♥❞ ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖u‖W 1, 2
−α, x3

(R3
+) 6 C

∥∥x−α+1
3 g

∥∥
W−1, 2

0 (R3
+)

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
. ✭✼✳✶✮

◆♦✇✱ ✇❡ s❡t v = x−α+1
3 u ✳ ❚❤❡♥ v s❛t✐s✜❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡

−∆v = −x−α+1
3 ∆u− α(−α+ 1)

u

xα+1
3

− 2(−α+ 1)
1

xα3

∂u

∂x3

= x−α+2
3 g − α(−α+ 1)

u

xα+1
3

+ (2α− 3)
1

xα3

∂u

∂x3

= T.

❙✐♥❝❡ u ∈
◦
W 1, 2

−α, x3
(R3

+) ✐t ✐s ❝❧❡❛r t❤❛t T ∈ L2(R3
+)✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✹ ♦❢ ❬✷❪

♣❛❣❡ ✷✼✹✱ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ w ∈W 2, 2
0 (R3

+) s✉❝❤ t❤❛t

−∆w = −∆v ✐♥ R3
+, w = 0 ♦♥ Γ,

❛♥❞ ❛ ❝♦♥st❛♥t C > 0 s❛t✐s❢②✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T ❛♥❞ t❤❛♥❦s t♦ ✭✻✳✶✵✮✿

‖w‖W 2, 2
0 (R3

+) 6 C ‖T‖L2(R3
+) 6 C

∥∥x−α+2
3 g

∥∥
L2(R3

+)
. ✭✼✳✷✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ❘❡♠❛r❦ ✺✳✻✱ ♦♥❡ ❤❛s v ∈
◦
W 1, 2

−1, x3
(R3

+) ❛♥❞ t❤❡♥ v ∈
◦
W 1, 2

−1 (R3
+) ❜② ✭✺✳✷✸✮✳ ❚❤✉s✱

z = v − w s❛t✐s✜❡s
∆z = 0 ✐♥ R3

+, z = 0 ♦♥ Γ,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t z = 0 ✭s❡❡ ❬✷❪ ♣❛❣❡ ✷✼✷ ❚❤❡♦r❡♠ ✸✳✷✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ v = w ❜❡❧♦♥❣s t♦
W 2,2

0 (R3
+)✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ♦♥❡ ❤❛s ❢♦r i, j = 1, 2, 3

∂2

∂xi∂xj
(x−α+1

3 u) ∈ L2(R3
+). ✭✼✳✸✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✼✳✷✮✱ ♦♥❡ ♦❜t❛✐♥s✿
∥∥∥∥

∂2

∂xi∂xj
(x−α+1

3 u)

∥∥∥∥
L2(R3

+)

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
. ✭✼✳✹✮

❆s ♦♥❡ ❤❛s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡

∂2

∂xi∂xj
(x−α+1

3 u) = x−α+1
3

∂2u

∂xi∂xj
+ (−α+ 1)(δj3

1

xα3

∂u

∂xi
+ δi3

1

xα3

∂u

∂xj
)

− δj3δi3α(−α+ 1)
u

xα+1
3

,

❛♥❞ s✐♥❝❡ u ∈W 1, 2
−α, x3

(R3
+)✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✼✳✸✮ t❤❛t

x−α+1
3

∂2u

∂xi∂xj
∈ L2(R3

+),

❛♥❞ ❢r♦♠ ✭✼✳✹✮ ❛♥❞ ✭✼✳✶✮ t❤❡ ❡①♣❡❝t❡❞ ❡st✐♠❛t❡s✳

✾✹



❚❤❡♦r❡♠ ✼✳✷ ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r α = 3/2✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ g t♦
♣r♦✈✐❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s✳ ❋✐rst❧②✱ ❧❡t ✉s r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝ r❡s✉❧ts ♦♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧
q✉♦t✐❡♥t t❡❝❤♥✐q✉❡✳

◆♦t❛t✐♦♥ ✼✳✸✳ ❋♦r ❛♥② η ∈ R2 × {0} ✇✐t❤ η 6= 0✱ ❛♥❞ ❛♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ u ❞❡✜♥❡❞ ♦♥ R3
+✱ ✇❡

s❡t

x ∈ R3
+, τηu(x) = u(x+ η), Dηu(x) =

τηu(x) − u(x)

|η| .

❋♦r ❛♥② ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s u ❛♥❞ v ❞❡✜♥❡❞ ♦♥ R3
+✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿

Dη(uv) = τηuDηv + v Dηu. ✭✼✳✺✮

❛♥❞ ❢♦r ❛♥② u, v ∈ L2(R3
+) : ✂

R
3
+

uDηv dx =

✂
R

3
+

v D−ηu dx. ✭✼✳✻✮

❇❡s✐❞❡✱ ❢♦r ❛♥② u ∈ H1(R3
+)✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s

‖Dηu‖L2(R3
+) 6 ‖∇′u‖L2(R3

+)2 . ✭✼✳✼✮

❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✇❤♦s❡ ♣r♦♦❢ ✐s ❛♥ ❡①❡r❝✐s❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳✹✳ ▲❡t u ∈ L2(R3
+) s✉❝❤ t❤❛t

∀η ∈ R2 × {0} ✇✐t❤ η 6= 0, ‖Dηu‖L2(R3
+) 6 C,

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ η✳ ❚❤❡♥

∇′u ∈ L2(R3
+)2 ❛♥❞ ‖∇′u‖L2(R3

+)2 6 C
√

2.

❚❤❡♥✱ ❧❡t ✉s st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✼✳✺✳ ▲❡t g ∈ D′(R3
+) s✉❝❤ t❤❛t

√
x3g ∈ L2(R3

+) ∩W−1, 2
0 (R3

+).

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ u ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✸ s❛t✐s✜❡s ❛❞❞✐t✐♦♥❛❧❧②✿

∇′u

x
3/2
3

∈ L2(R3
+)2,

√
x3∇(

1

x3
∇u) ∈ L2(R3

+)9. ✭✼✳✽✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t
∥∥∥∥∥
∇′u

x
3/2
3

∥∥∥∥∥
L2(R3

+)2

+

∥∥∥∥
√
x3∇(

1

x3
∇u)

∥∥∥∥
L2(R3

+)9
6 C ‖√x3g‖L2(R3

+) .

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t
√
x3g ∈W−1, 2

0 (R3
+) ✐s ❡q✉✐✈❛❧❡♥t t♦ g ∈W−1, 2

1
2 , x3

(R3
+)✳ ❚❤✉s✱ ❜② ✈✐rt✉❡ ♦❢ Pr♦♣♦s✐t✐♦♥

✻✳✸✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

− 1
2 , x3

(R3
+) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮✳ ▼♦r❡♦✈❡r✱ u s❛t✐s✜❡s ✭✻✳✽✮✳ ❚❤❡♥✱

❢♦r ❛♥② η ∈ R2 × {0} ✇✐t❤ η 6= 0✱ ♦♥❡ ♣r♦✈❡s t❤❛t Dηu ∈
◦
W 1, 2

− 1
2 , x3

(R3
+)✳ ■♥❞❡❡❞✱ ♦♥❡ ❤❛s

Dηu

x
3/2
3

= Dη

(
u

x
3/2
3

)
,

∇ (Dηu)√
x3

= Dη

( ∇u√
x3

)
,

✾✺



❛♥❞ Dηu = 0 ♦♥ Γ✳ ❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ♦♥ Dηu ♣r♦✈❡s t❤❛t D−ηDηu ∈
◦
W 1, 2

− 1
2 , x3

(R3
+)✱ s♦ t❤❛t ✇❡ ❝❛♥

❝♦♥s✐❞❡r t❤❡ t❡st✲❢✉♥❝t✐♦♥ v = D−ηDηu ✐♥ ✭✻✳✽✮✳ ❆s r❡❧❛t✐♦♥ ✭✼✳✻✮ ❣✐✈❡s✿

✂
R

3
+

1

x3
∇u · ∇(D−ηDηu) dx =

∥∥∥∥
Dη(∇u)√

x3

∥∥∥∥
2

L2(R3
+)3

,

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s

∥∥∥∥
Dη(∇u)√

x3

∥∥∥∥
2

L2(R3
+)3

= 〈g, D−ηDηu〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

1
2

, x3
(R3

+)
. ✭✼✳✾✮

◆❡①t✱ ❧❡t ✉s ❜♦✉♥❞ ❝♦rr❡❝t❧② t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✼✳✾✮✳ ❋✐rst❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t Dηg ∈W−1, 2
1
2 , x3

(R3
+)

✐✳❡✳
√
x3Dηg ∈W−1, 2

0 (R3
+)✳ ❙✐♥❝❡

√
x3g ∈ L2(R3

+) ✐t ✐s ❝❧❡❛r t❤❛t
√
x3Dηg ∈ L2(R3

+)✱ ❛♥❞ ♦♥❡ ❤❛s ❢♦r
❛♥② ϕ ∈ D(R3

+) ❛♥❞ t❤❛♥❦s t♦ ✭✼✳✼✮

∣∣∣∣∣

✂
R

3
+

ϕ
√
x3Dηg dx

∣∣∣∣∣ =
∣∣∣∣∣

✂
R

3
+

√
x3g D−ηϕdx

∣∣∣∣∣ 6 ‖√x3g‖L2(R3
+) ‖D−ηϕ‖L2(R3

+)

6 ‖√x3g‖L2(R3
+) ‖∇ϕ‖L2(R3

+)3

6 ‖√x3g‖L2(R3
+) ‖ϕ‖W 1, 2

0 (R3
+) ,

❛♥❞ ✇❡ ❣❡t t❤❡ r❡s✉❧t ❜② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡
◦
W 1, 2

0 (R3
+)✳ ❍❡♥❝❡✱ ♦♥❡ ❤❛s t❤❛♥❦s t♦ ✭✺✳✷✹✮ ❢♦r α = 1/2

‖Dηg‖W−1, 2
1
2

, x3
(R3

+) 6

√
7

2
‖√x3Dηg‖W−1, 2

0 (R3
+) 6 2 ‖√x3g‖L2(R3

+) . ✭✼✳✶✵✮

❙✐♥❝❡✱ ✐♥ ❛❞❞✐t✐♦♥✱ g ❜❡❧♦♥❣s t♦ W−1, 2
1
2 , x3

(R3
+)✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ❢♦r ❛♥② v ∈

◦
W 1, 2

− 1
2 , x3

(R3
+)

〈Dηg, v〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)
= 〈g, D−ηv〉

W−1, 2
1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)
. ✭✼✳✶✶✮

▲❡t v ∈
◦
W 1, 2

− 1
2 , x3

(R3
+) ❛♥❞ (vk)k ⊂ D(R3

+) ❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ v ✐♥ W 1, 2

− 1
2 , x3

(R3
+)✳ ❚❤❡♥✱ ♦♥❡

♦❜t❛✐♥s t❤❛t

〈Dηg, v〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)
= lim
k→+∞

〈Dηg, vk〉
W−1, 2

1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)

= lim
k→+∞

✂
R

3
+

vkDηg dx

= lim
k→+∞

✂
R

3
+

g D−ηvk dx.

◆❡①t✱ ❛s ∇vk/
√
x3 ❝♦♥✈❡r❣❡s t♦ ∇v/√x3 ✐♥ L2(R3

+)✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t D−η(∇vk/
√
x3) ❝♦♥✈❡r❣❡s t♦

D−η(∇v/
√
x3) ✐♥ L2(R3

+)✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ D−ηvk ❝♦♥✈❡r❣❡s t♦ D−ηv ✐♥ W 1, 2

− 1
2 , x3

(R3
+) ❛♥❞ r❡❧❛t✐♦♥

✭✼✳✶✶✮ ❤♦❧❞s✳ ❙❡❝♦♥❞❧②✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ r❡❧❛t✐♦♥ ✭✼✳✶✶✮✱ ✭✼✳✶✵✮ ❛♥❞ r❡❧❛t✐♦♥ ✭✺✳✶✻✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✾✻



❡st✐♠❛t❡s
∣∣∣∣∣〈g, D−ηDηu〉

W−1, 2
1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)

∣∣∣∣∣ =
∣∣∣∣∣〈Dηg, Dηu〉

W−1, 2
1
2

, x3
(R3

+),
◦
W 1, 2

− 1
2

, x3
(R3

+)

∣∣∣∣∣

6 ‖Dηg‖W−1, 2
1
2

, x3
(R3

+) ‖Dηu‖W 1, 2

− 1
2

, x3
(R3

+)

6 2
√

2 ‖√x3g‖L2(R3
+)

∥∥∥∥
∇(Dηu)√

x3

∥∥∥∥
L2(R3

+)3
.

❚♦ r❡s✉♠❡✱ ❜② ❛♣♣❧②✐♥❣ t❤❡s❡ ❡st✐♠❛t❡s ✐♥ ✭✼✳✾✮✱ ♦♥❡ ♣r♦✈❡s t❤❛t
∥∥∥∥
∇(Dηu)√

x3

∥∥∥∥
L2(R3

+)3
6 2

√
2 ‖√x3g‖L2(R3

+) .

❍❡♥❝❡✱ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✭✺✳✶✻✮ ②✐❡❧❞s

∀η ∈ R2 × {0} ✇✐t❤ η 6= 0,

∥∥∥∥
∇(Dηu)√

x3

∥∥∥∥
L2(R3

+)3
+

∥∥∥∥∥
Dηu

x
3/2
3

∥∥∥∥∥
L2(R3

+)

6 4
√

2 ‖√x3g‖L2(R3
+) . ✭✼✳✶✷✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✹✱ ♦♥❡ ♦❜t❛✐♥s ❢♦r i = 1, 2

1√
x3

∇(
∂u

∂xi
) ∈ L2(R3

+)3,
1

x
3/2
3

∂u

∂xi
∈ L2(R3

+), ✭✼✳✶✸✮

✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ ❡st✐♠❛t❡s✳ ▼♦r❡♦✈❡r✱ ❜② ✇r✐t✐♥❣ ❡q✉❛t✐♦♥ ✭✹✳✸✽✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

√
x3

∂

∂x3

(
1

x3

∂u

∂x3

)
= −

∑

i=1, 2

1√
x3

∂2u

∂x2
i

−√
x3g,

♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✼✳✶✸✮ ❛♥❞ ✇❤❛t ♣r❡❝❡❞❡s t❤❛t

√
x3

∂

∂x3

(
1

x3

∂u

∂x3

)
∈ L2(R3

+),

✇✐t❤ t❤❡ ♠❛t❝❤✐♥❣ ❡st✐♠❛t❡s✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✼✳✻✳ ▲❡t 3/2 6 α < 5/2✳ ▲❡t g ∈ D′(R3
+) s✉❝❤ t❤❛t

x−α+2
3 g ∈ L2(R3

+) ∩W−1, 2
0 (R3

+).

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ u ∈
◦
W 1, 2

−α+1, x3
(R3

+) ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻✳✹ s❛t✐s✜❡s

∇′u

xα3
∈ L2(R3

+)2, x−α+2
3 ∇(

1

x3
∇u) ∈ L2(R3

+)9. ✭✼✳✶✹✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t
∥∥∥∥
∇′u

xα3

∥∥∥∥
L2(R3

+)2
+

∥∥∥∥x
−α+2
3 ∇(

1

x3
∇u)

∥∥∥∥
L2(R3

+)9
6 C

∥∥x−α+2
3 g

∥∥
L2(R3

+)
. ✭✼✳✶✺✮

✾✼



Pr♦♦❢✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t✇♦ st❡♣s✳
❙t❡♣ ♦♥❡✳ ❲❡ ♣r♦✈❡ t❤❛t ❢♦r g ∈ D(R3

+) t❤❡ s♦❧✉t✐♦♥ u ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✻✳✹ s❛t✐s✜❡s ✭✼✳✶✹✮ ❛♥❞
✭✼✳✶✺✮✳ ◆♦t❡ t❤❛t 1/2 6 α − 1 < 3/2✳ ❚❤❡♥✱ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✹✱ ❙t❡♣ ♦♥❡✱ t❤❡r❡ ✐s ❛

s❡q✉❡♥❝❡ (uε)ε ⊂
◦
W 1, 2

0 (Bε) ♦❢ s♦❧✉t✐♦♥s t♦ Pr♦❜❧❡♠ ✭✹✳✸✽✮✱ s❛t✐s❢②✐♥❣ ❜② r❡❧❛t✐♦♥ ✭✻✳✶✹✮ t❤❡ ❢♦❧❧♦✇✐♥❣
❡st✐♠❛t❡

‖uε‖W 1, 2
−α+1, x3

(Bε) 6 C
∥∥x−α+2

3 g
∥∥
W−1, 2

0 (Bε)
, ✭✼✳✶✻✮

❛♥❞ s✉❝❤ t❤❛t (ũε)ε ❝♦♥✈❡r❣❡s t♦ u ✐♥ W 1, 2
−α+1, x3

(R3
+) ❛s ε ❣♦❡s t♦ ✵✳ ■❢✱ ❢♦r i = 1, 2, ✇❡ ♣r♦✈❡ t❤❛t ũε

s❛t✐s✜❡s ∥∥∥∥
1

xα3

∂ũε
∂xi

∥∥∥∥
L2(R3

+)2
+

∥∥∥∥x
−α+1
3 ∇(

∂ũε
∂xi

)

∥∥∥∥
L2(R3

+)6
6 C

∥∥x−α+2
3 g

∥∥
L2(R3

+)
, ✭✼✳✶✼✮

t❤❡♥ ✇❡ ♣r♦✈❡ ✭✼✳✶✹✮ ❛♥❞ ✭✼✳✶✺✮✳ ■♥❞❡❡❞✱ ✐❢ ✭✼✳✶✼✮ ❤♦❧❞s✱ ♦♥❡ ❤❛s ✐♠♠❡❞✐❛t❡❧②

1

xα3

∂u

∂xi
∈ L2(R3

+), x−α+1
3 ∇(

∂u

∂xi
) ∈ L2(R3

+)3,

∥∥∥∥
1

xα3

∂u

∂xi

∥∥∥∥
L2(R3

+)2
+

∥∥∥∥x
−α+1
3 ∇(

∂u

∂xi
)

∥∥∥∥
L2(R3

+)6
6 C

∥∥x−α+2
3 g

∥∥
L2(R3

+)
,

❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t

x−α+2
3

∂

∂x3
(

1

x3

∂u

∂x3
) = −

∑

i=1, 2

1

xα−1
3

∂2u

∂x2
i

− x−α+2
3 g ∈ L2(R3

+),

∥∥∥∥x
−α+2
3

∂

∂x3
(

1

x3

∂u

∂x3
)

∥∥∥∥
L2(Bε)

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
.

❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ❡st❛❜❧✐s❤ ❡st✐♠❛t❡s ✭✼✳✶✼✮✳ ❆s
√
x3g ∈ L2(R3

+)∩W−1, 2
0 (R3

+)✱ ✇❡ ❛✉t♦♠❛t✐❝❛❧❧② ❞❡❞✉❝❡✱
❜② ❛❞❛♣t✐♥❣ ❚❤❡♦r❡♠ ✼✳✺ t♦ t❤❡ ♦♣❡♥ s❡t Bε ✱ t❤❛t uε s❛t✐s✜❡s

∇′uε

x
3/2
3

∈ L2(Bε)
2,

√
x3∇(

1

x3
∇uε) ∈ L2(Bε)

6. ✭✼✳✶✽✮

❚❤❡♥✱ ❧❡t ✉s s❡t vε = ∂uε

∂xi
✱ ❢♦r i = 1, 2✳ ❋✐rst❧②✱ ♦♥❡ ❤❛s vε ∈

◦
W 1, 2

− 1
2 , x3

(Bε) →֒
◦
W 1, 2

−α+1, x3
(Bε). ❙❡❝♦♥❞❧②✱

vε s❛t✐s✜❡s ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡

−❞✐✈

(
1

x3
∇vε

)
=

∂g

∂xi
✐♥ Bε.

▼♦r❡♦✈❡r✱ x−α+2
3 g ∈ L2(Bε) ✐♠♣❧✐❡s x−α+2

3
∂g
∂xi

∈ W−1, 2
0 (Bε)✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥✲

❞❡♥t ♦♥ ε > 0 s✉❝❤ t❤❛t ∥∥∥∥x
−α+2
3

∂g

∂xi

∥∥∥∥
W−1, 2

0 (Bε)

6 C
∥∥x−α+2

3 g
∥∥
L2(Bε)

.

◆♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥t C > 0 ❝♦♠❡s ❢r♦♠ t❤❡ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✭✺✳✶✮✳ ❆s
❛ ❝♦♥s❡q✉❡♥❝❡✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✷ ❛❞❛♣t❡❞ t♦ Bε✱ t❤❛t

‖vε‖W 1, 2
−α+1, x3

(Bε) 6 C

∥∥∥∥x
−α+2
3

∂g

∂xi

∥∥∥∥
W−1, 2

0 (Bε)

6 C
∥∥x−α+2

3 g
∥∥
L2(Bε)

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
,

✾✽



t❤✉s ♦♥❡ ♦❜t❛✐♥s ❢♦r i = 1, 2

∥∥∥∥
1

xα3

∂uε
∂xi

∥∥∥∥
L2(Bε)

+

∥∥∥∥
1

xα−1
3

∇(
∂uε
∂xi

)

∥∥∥∥
L2(Bε)3

6 C
∥∥x−α+2

3 g
∥∥
L2(R3

+)
.

❙✐♥❝❡ ♦♥❡ ❤❛s ✐♥ R3
+

1

xα3

∂ũε
∂xi

=
1

xα3

∂̃uε
∂xi

,
1

xα−1
3

∇(
∂ũε
∂xi

) =
1

xα−1
3

˜
∇(

∂uε
∂xi

),

♦♥❡ ❞❡❞✉❝❡s ✭✼✳✶✼✮✳ ❚❤✐s ❛❝❤✐❡✈❡s t❤❡ ✜rst st❡♣ ♦❢ t❤❡ ♣r♦♦❢✳
❙t❡♣ t✇♦✳ ▲❡t (gk)k ⊂ D(R3

+) ❛ s❡q✉❡♥❝❡ s✉❝❤ t❤❛t (x−α+2
3 gk)k ❝♦♥✈❡r❣❡s t♦ x−α+2

3 g ✐♥ W−1, 2
0 (R3

+)∩
L2(R3

+)✳ ❚❤❛♥❦s t♦ t❤❡ st❡♣ ♦♥❡ ♦❢ t❤❡ ♣r♦♦❢✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ uk ∈
◦
W 1, 2

−α+1, x3
(R3

+) s✉❝❤ t❤❛t

−❞✐✈

(
1

x3
∇uk

)
= gk ✐♥ R3

+,

❛♥❞ ❛❧s♦ s❛t✐s❢②✐♥❣ ✭✼✳✶✹✮ ❛♥❞ ✭✼✳✶✺✮✳ ❈♦♥s❡q✉❡♥t❧② (uk)k ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢
◦
W 1, 2

−α+1, x3
(R3

+) ❛♥❞

❝♦♥✈❡r❣❡s t♦ u ∈
◦
W 1, 2

−α+1, x3
(R3

+) ❛❧s♦ s❛t✐s❢②✐♥❣ ✭✼✳✶✹✮ ❛♥❞ ✭✼✳✶✺✮✳ ❇② t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s k ❣♦❡s t♦ ✵
♦♥❡ ❞❡❞✉❝❡s t❤❛t

−❞✐✈

(
1

x3
∇u
)

= g ✐♥ R3
+,

✇✐t❤ t❤❡ ♣r❡❝✐s❡ ❡st✐♠❛t❡s ✭✼✳✶✺✮✳

✾✾



✶✵✵



❈♦♥❝❧✉s✐♦♥ ❛♥❞ ♣r♦s♣❡❝ts ♦❢ P❛rt ■■

▲❡t ✉s ❜r✐❡✢② r❡✈✐❡✇ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ t❤✐s ✇♦r❦✳ ■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✭✹✳✸✽✮✱
✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞✱ ✐♥ ❈❤❛♣t❡r ✷✱ ❛ s✉✐t❛❜❧❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ ❝♦♥st✐t✉t❡❞ ❜② t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈

s♣❛❝❡s W 1, 2
−α, x3

(R3
+) ❛♥❞

◦
W 1,2

−α, x3
(R3

+) ✭s❡❡ ✭✺✳✾✮ ❛♥❞ ✭✺✳✶✸✮✮✳ ❆♠♦♥❣ t❤❡ ♣r♦♣❡rt✐❡s t❤❛t ♣♦ss❡ss❡s t❤❡

s♣❛❝❡
◦
W 1,2

−α, x3
(R3

+)✱ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❛ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✽✱ ♥❡❝❡ss❛r② t♦ st✉❞②

t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✹✳✸✽✮✳ ❇❡s✐❞❡s✱ ❛s t❤❡ s♣❛❝❡s
◦
W 1,2

0, x3
(R3

+) ❛♥❞
◦
W 1,2

0 (R3
+) ❛r❡ t❤❡ s❛♠❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✮✱ ✇❡ ❤❛✈❡ ❛❧s♦ ♣r♦✈❡❞ ❛ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❢♦r ❢✉♥❝t✐♦♥s

♦❢
◦
W 1,2

0 (R3
+) ✭s❡❡ r❡❧❛t✐♦♥ ✭✺✳✷✻✮✮✳

■♥ ❝❤❛♣t❡r ✸✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ st✉❞② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✹✳✸✽✮ ✐♥ t❤❡ s♣❛❝❡
W 1, 2

−α, x3
(R3

+) ❛♥❞ r❡s♣❡❝t✐✈❡❧② ✐♥ W 1, 2
−β (R3

+)✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦
s♦❧✉t✐♦♥ ✇❤❡♥ α ∈ [0, 3/2[ ❛♥❞ r❡s♣❡❝t✐✈❡❧② ✇❤❡♥ β ∈ [0, 1[ ✭s❡❡ ❚❤❡♦r❡♠ ✻✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✳✾✮✳
❚❤❡ ♣r♦❜❧❡♠ ✐s st✐❧❧ ♦♣❡♥ ❢♦r α > 3/2 ❛♥❞ β > 1✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❈❤❛♣t❡r ✹ t✇♦ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ u ❣✐✈❡♥ ❜②
❚❤❡♦r❡♠ ✻✳✹✳ ■♥ t❤❡ ✜rst ♦♥❡✱ s❡❡ ❚❤❡♦r❡♠ ✼✳✷✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ❛ ❞❛t✉♠ g s✉❝❤ t❤❛t x−α+2

3 g ∈
L2(R3

+) ❢♦r α ∈ [0, 3/2[✳ ■♥ t❤❡ s❡❝♦♥❞ ♦♥❡✱ s❡❡ ❚❤❡♦r❡♠ ✼✳✻✱ ✇❡ ❤❛✈❡ ✉s❡❞ ❛ ❞❛t✉♠ g s❛t✐s❢②✐♥❣
x−α+2

3 g ∈ L2(R3
+) ∩W−1, 2

0 (R3
+) ❢♦r α ∈ [3/2, 5/2[✳

▲❡t ✉s ❣❡t ❜❛❝❦ t♦ t❤❡ ❣♦❛❧ s❡t ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✱ t❤❛t ✇❛s t♦ ❡st❛❜❧✐s❤ ❚❤❡♦r❡♠ ✹✳✷✻✳ ■♥ ❢❛❝t✱
✇❡ ❤❛✈❡ ♣r♦✈❡❞ ❛♥❞ ✐♠♣r♦✈❡❞ ❚❤❡♦r❡♠ ✹✳✷✻✳ ❋✐rst❧②✱ t❤❡ ✜rst ♣❛rt ♦❢ ❚❤❡♦r❡♠ ✹✳✷✻ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡
♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✸✳ ■♥❞❡❡❞✱ ✐t s✉✣❝❡s t♦ ♥♦t✐❝❡ t❤❛t ✐❢ g s❛t✐s✜❡s x3/2

3 g ∈ L2(R3
+)✱ t❤❡♥ g ∈ W−1, 2

1
2 , x3

✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶✷✮✳ ❚❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ ❡q✉✐✈❛❧❡♥t t♦
√
x3g ∈ W−1, 2

0 (R3
+)✱ s❡❡ ❘❡♠❛r❦

✺✳✶✸✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ✐❢ ♠♦r❡♦✈❡r g s❛t✐s✜❡s
√
x3g ∈ L2(R3

+)✱ t❤❡♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡
✜rst✲♦r❞❡r ❤♦r✐③♦♥t❛❧ ❞❡r✐✈❛t✐✈❡s ♦❢ u ✐s ✐♠♣r♦✈❡❞ ✭s❡❡ ❚❤❡♦r❡♠ ✼✳✺✮✳

❘❡♠❛r❦ ✼✳✼✳ ❆s ❛ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ ❛ str♦♥❣❡r r❡s✉❧t t❤❛♥ ❚❤❡♦r❡♠
✹✳✷✻✱ ❛♥❞ ✇❡ ❤❛✈❡ ❡①t❡♥❞❡❞ t❤✐s r❡s✉❧t t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❞❛t❛ g ✭s❡❡ ❚❤❡♦r❡♠ ✼✳✻✮✳

❚❤✐s st✉❞② ❧❡t ✉s t❤✐♥❦ t❤❛t ❚❤❡♦r❡♠ ✹✳✷✺ ✐s ♥♦t ♦♣t✐♠❛❧✳ ❲❡ ♣r♦♣♦s❡ t♦ ✐♥✈❡st✐❣❛t❡ t❤✐s ✐♥ ❛
❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✱ ✇❤❡r❡ ✇❡ s❤❛❧❧ st✉❞② Pr♦❜❧❡♠ ✭✹✳✸✾✮ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ t❤❡ ✇♦r❦ ✇❡ ❤❛✈❡ ❞♦♥❡ ❤❡r❡✳
▼♦r❡♦✈❡r✱ ✇❡ s❤❛❧❧ ❛❧s♦ ❝♦♥s✐❞❡r ❛ ✇❡✐❣❤t h ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ L∞(R3

+)✳

✶✵✶
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❆ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥ ✐♥ ❛ ❜♦✉♥❞❡❞

❞♦♠❛✐♥

✶✵✸





■♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■■■

❚❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥✱ s❡t ✐♥ ❛ ❜♦✉♥❞❡❞ ❛♥❞
r❡❣✉❧❛r ❞♦♠❛✐♥ Ω ⊂ R3✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❞❛t✉♠ g : Ω → R✱ ❛♥❞ ❛ ✇❡✐❣❤t h : Ω → R ✈❛♥✐s❤✐♥❣ ♦♥
t❤❡ ❜♦✉♥❞❛r② Γ = ∂Ω✱ ♦✉r ♣r♦❜❧❡♠ ❝♦♥s✐sts ✐♥ ✜♥❞✐♥❣ u : Ω → R s♦❧✉t✐♦♥ t♦✿

−❞✐✈

(
1

h
∇u
)

= g ✐♥ Ω, u = 0 ♦♥ Γ = ∂Ω. ✭✼✳✶✾✮

❘❡❝❛❧❧ t❤❛t✱ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ P❛rt ■■✱ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ❣✐✈❡♥ t❤❡ ♠♦t✐✈❛t✐♦♥ ♦❢ t❤❡ st✉❞② ♦❢
Pr♦❜❧❡♠ ✭✼✳✶✾✮✳ ❆s ✇❡ ❤❛✈❡ ♠❡♥t✐♦♥❡❞ ✐t✱ t❤✐s ♣r♦❜❧❡♠ ✐s st✉❞✐❡❞ ✐♥ ❬✶✶❪ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥
✷✱ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ✇❡✐❣❤ts h✳

■♥ ❛ ✈✐❡✇ t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts ✐♥ ❬✶✶❪✱ ✇❡ ❝♦♥s✐❞❡r ❛ ✇❡✐❣❤t h ✜❣✉r✐♥❣ ❛♠♦♥❣ t❤❡ ♦♥❡s ♣r♦♣♦s❡❞
✐♥ t❤✐s s❛♠❡ ♣❛♣❡r✳ ❋♦r t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ♦♥ h✱ s❡❡ ✭✽✳✶✮✲✭✽✳✸✮✳ ❆♠♦♥❣ t❤❡ ✐♠♣r♦✈❡♠❡♥ts ✇❡
♣r♦♣♦s❡✱ ✇❡ ❣✐✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ✭✼✳✶✾✮✱ ❢♦r ❛ ❞❛t✉♠ g ✐♥ ❛
♥❡❣❛t✐✈❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡✳ ❲❡ ❛❧s♦ ♣r♦✈❡ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t✱ ❜② r❡❧❛①✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥
t❤❡ ✇❡✐❣❤t h ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞♦♠❛✐♥ Ω✳ ■t ✇✐❧❧ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤❡s❡ r❡s✉❧ts t♦ t❤❡
♦♥❡s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ R3

+✲❝❛s❡ ♦❢ P❛rt ■■✳
❍❡r❡✱ ✇❡ ♣r❡s❡♥t t❤❡ ❝❛s❡ ♦❢ ❞✐♠❡♥s✐♦♥ ✸✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ R3

+✲❝❛s❡✳ ■♥ ❢❛❝t✱ t❤❡s❡ r❡s✉❧ts ❛r❡
❛❧s♦ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞✐♠❡♥s✐♦♥ N > 2✳ ❋♦r t❤✐s r❡❛s♦♥ ❛♥❞ t❤❡ ♦♥❡ st❛t❡❞ ❛❜♦✈❡✱ ✐t ✇✐❧❧ ❜❡
♣♦ss✐❜❧❡ t♦ ❝♦♠♣❛r❡ ♦✉r r❡s✉❧ts t♦ t❤❡ ♦♥❡s ♣r♦✈❡❞ ✐♥ ❬✶✶❪✳

P❛rt ■■■ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ❝❤❛♣t❡rs✳ ■♥ ❈❤❛♣t❡r ✽✱ ✇❡ s❡t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦✱ ❜② ✐♥tr♦❞✉❝✐♥❣
✇❡✐❣❤t❡❞ s♣❛❝❡s ✭s❡❡ ✭✽✳✹✮ ❛♥❞ ✭✽✳✺✮✮✱ ❛❞❛♣t❡❞ t♦ t❤❡ st✉❞② ♦❢ ✭✼✳✶✾✮✳ ❲❡ ❡st❛❜❧✐s❤ ❢♦r t❤❡ s♣❛❝❡ ✭✽✳✺✮
❛ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t②✱ ❛♥❞ ✇❡ ❝❤❛r❛❝t❡r✐③❡ ✐t ❛s ❛ s♣❛❝❡ ♦❢ ♥✉❧❧ tr❛❝❡ ❢✉♥❝t✐♦♥s✳ ■♥ ❈❤❛♣t❡r ✾✱ ✇❡ ♣r♦✈❡
t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧t ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧t ♠❡♥t✐♦♥❡❞ ❢❡✇ ❧✐♥❡s
❛❜♦✈❡✳

✶✵✺



✶✵✻



❈❤❛♣t❡r ✽

❋✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦

▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ⊂ R3 ✇✐t❤ ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❜♦✉♥❞❛r② Γ✳ ❚❤❡ ✇❡✐❣❤t ✇❡
✉s❡ ✐♥ ♦✉r ✇♦r❦✱ ✐s ❛ ♠❛♣♣✐♥❣ h ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

h > 0 ✐♥ Ω, ✭✽✳✶✮

h ∈W 1,∞(Ω). ✭✽✳✷✮

▼♦r❡♦✈❡r✱ ✇❡ ❝♦♥tr♦❧ t❤❡ ✇❡✐❣❤t ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ❜② ❛ss✉♠✐♥❣ t❤❛t✿

h = δ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Γ, ✭✽✳✸✮

✇❤❡r❡ ❢♦r x ∈ Ω✱ δ(x) ✐s t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ x t♦ Γ✱ ❞❡✜♥❡❞ ❛s ✉s✉❛❧ ❜②✿

δ(x) = inf
y∈Γ

|x− y| .

◆♦t❡ t❤❛t δ ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ♥❡❛r t❤❡ ❜♦✉♥❞❛r② Γ✱ ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ss✉♠♣t✐♦♥ ✭✽✳✷✮✳

❚❤❡♥✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t❡❞ s♣❛❝❡✿

W 1, 2

− 1
2 , h

(Ω) :=

{
u ∈ D′(Ω) /

u

h3/2
∈ L2(Ω) ❛♥❞

∇u
h1/2

∈ L2(Ω)3
}
, ✭✽✳✹✮

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❤✐❧❜❡rt✐❛♥ ♥♦r♠✿

‖u‖W 1, 2

− 1
2

, h
(Ω) =

(∥∥∥ u

h3/2

∥∥∥
2

L2(Ω)
+

∥∥∥∥
∇u
h1/2

∥∥∥∥
2

L2(Ω)3

)1/2

.

◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡

◦
W 1,2

− 1
2 , h

(Ω) := D(Ω)
‖·‖

W
1, 2

− 1
2

, h
(Ω)

. ✭✽✳✺✮

❚❤❡ ✜rst r❡s✉❧t ✇❡ ❡st❛❜❧✐s❤ ❝♦♥❝❡r♥s ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♣❛❝❡
◦
W 1,2

− 1
2 , h

(Ω)✳ ■t ✐s t❤❡ ♠❛tt❡r ♦❢ ❛ ❍❛r❞②✬s

✐♥❡q✉❛❧✐t② ✇❤✐❝❤ ✐s ❡ss❡♥t✐❛❧ t♦ st✉❞② Pr♦❜❧❡♠ ✭✼✳✶✾✮✳ ❆ s✐♠✐❧❛r r❡s✉❧t ✐s st❛t❡❞ ❛♥❞ ♣r♦✈❡❞ ✐♥ ❬✶✶❪ s❡❡
▲❡♠♠❛ ✷✳✸ ♣❛❣❡ ✻✳

✶✵✼



❲❡ ♣r♦✈❡ ♦✉r ✐♥❡q✉❛❧✐t② ✇✐t❤ t❤❡ ❧♦❝❛❧ ♠❛♣s t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ r❡q✉✐r❡s t♦ ✐♥tr♦❞✉❝❡✱ ❜❡❢♦r❡❤❛♥❞✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✳ ●✐✈❡♥ t✇♦ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs a ❛♥❞ b✱ ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ψ ❞❡✜♥❡❞
♦♥ t❤❡ s♣❤❡r❡

{
x′ ∈ R2 / |x′| 6 b

}
❛♥❞ s❛t✐s❢②✐♥❣ ∇′ψ(0) = 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts✿

σ =
{
x ∈ R3 / |x′| 6 b, −a+ ψ(x′) < x3 < a+ ψ(x′)

}
,

σ+ = {x ∈ σ / x3 > ψ(x′)} , σB = {x ∈ σ / x3 = ψ(x′)} . ✭✽✳✻✮

❚❤❡♥✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✷✷✱ ✷✹❪✮✱ ❛♥② ♣♦✐♥t
P ∈ Γ ✐s t❤❡ ❝❡♥t❡r ♦❢ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ σ✳ ❚❤❡r❡❢♦r❡✱ ❛♥❞ s✐♥❝❡ Γ ✐s ❝♦♠♣❛❝t✱ ✇❡ ❝❛♥ ❝♦✈❡r Γ ❜② ❛
✜♥✐t❡ ❢❛♠✐❧② ♦❢ ♦♣❡♥ s❡ts (σi)i=1,..,I ✱ ✇❤❡r❡ ❛♥② σi ♣♦ss❡ss❡s ✐ts ♦✇♥ s②st❡♠ ♦❢ ❝❛rt❡s✐❛♥ ❝♦♦r❞✐♥❛t❡s
xi = (x′i, x

3
i )✱ ✇✐t❤ ♦r✐❣✐♥ ❛t Pi✱ ❛♥❞ ✐s ❞❡✜♥❡❞ ❜② ✐ts ♦✇♥ ♠❛♣♣✐♥❣ ψi✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤❛❧❧ ❛ss✉♠❡

t❤❛t ❛♥② σi ❤❛s t❤❡ s❛♠❡ s✐③❡s a ❛♥❞ b✱ ❧❡ss ♦r ❡q✉❛❧ t♦ ✶✱ ✇✐t❤ ♥♦ ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❲❡ ❛❞❞ t♦ t❤✐s
❝♦✈❡r✐♥❣ ♦❢ Γ ❛♥ ♦♣❡♥ s❡t σ0 ⊂⊂ Ω✱ s✉❝❤ t❤❛t (∪σi)i=1,..,I ∪σ0 ❝♦✈❡rs Ω✳ ❚♦ ✜♥✐s❤ t❤✐s s❤♦rt ♣❛r❛❣r❛♣❤
♦❢ ♥♦t❛t✐♦♥s✱ ✇❡ s❤❛❧❧ ❡♥❧✐❣❤t❡♥ t❤❡ r❡❛❞✐♥❣ ♦❢ t❤❡ ✇♦r❦ ❜② ❛❣r❡❡✐♥❣ t❤❛t σ r❡❢❡rs t♦ ❛♥② ♦♣❡♥ s❡t ♦❢
t❤❡ ❢❛♠✐❧② (σi)i=1,..,I ✳

❲❡ ❛r❡ ♥♦✇ ✐♥ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✽✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

∀u ∈ D(Ω),
∥∥∥ u

h3/2

∥∥∥
L2(Ω)

6 C

∥∥∥∥
∇u
h1/2

∥∥∥∥
L2(Ω)3

, ✭✽✳✼✮

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳

Pr♦♦❢✳ ▲❡t u ∈ D(Ω)✳ ❚❤❡ ✐♥t❡r✐♦r ❡st✐♠❛t❡ ✐s ♦❜✈✐♦✉s s✐♥❝❡ ❢♦r σ0 ⊂⊂ Ω✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦s✐t✐✈❡
❝♦♥st❛♥ts h0 ❛♥❞ h∞ s✉❝❤ t❤❛t h0 6 h 6 h∞ ✐♥ σ0✳ ❚❤❡r❡❢♦r❡✱ ❧❡t ✉s ❢♦❝✉s ♦♥ t❤❡ ❡st✐♠❛t❡ ♥❡❛r
t❤❡ ❜♦✉♥❞❛r② Γ✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦♣❡♥ s❡ts σ ❛♥❞ σ+ ❛s ✐♥ ✭✽✳✻✮✳ ❋✐rst❧②✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣
✐♥❡q✉❛❧✐t②✿ ✂

σ+

u2

|x3 − ψ(x′)|3
dx 6

✂
σ+

|∇u|2
|x3 − ψ(x′)| dx. ✭✽✳✽✮

❋♦r ❛♥② |x′| < b ❛♥❞ ❛♥② z 6 ψ(x′) + a✱ ♦♥❡ ❤❛s t❤❛♥❦s t♦ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③
✐♥❡q✉❛❧✐t②✿

✂ z

ψ(x′)

u2

|x3 − ψ(x′)|3
dx3 =

1

2

✂ z

ψ(x′)

1

|x3 − ψ(x′)|2
∂u2

∂x3
dx3

=

✂ z

ψ(x′)

(
u

|x3 − ψ(x′)|3/2

)(
1

|x3 − ψ(x′)|1/2
∂u

∂x3

)
dx3

6

(✂ z

ψ(x′)

u2

|x3 − ψ(x′)|3
dx3

)1/2(✂ z

ψ(x′)

1

|x3 − ψ(x′)|

∣∣∣∣
∂u

∂x3

∣∣∣∣
2

dx3

)1/2

,

❢r♦♠ ✇❤✐❝❤ ✇❡ ❞❡❞✉❝❡ t❤❛t
✂ z

ψ(x′)

u2

|x3 − ψ(x′)|3
dx3 6

✂ z

ψ(x′)

1

|x3 − ψ(x′)|

∣∣∣∣
∂u

∂x3

∣∣∣∣
2

dx3.

❚❤❡♥✱ ✭✽✳✽✮ ❢♦❧❧♦✇s ❜② ✐♥t❡❣r❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ x′✳ ❙❡❝♦♥❞❧②✱ ❛s ψ ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✱ ✐t ✐s
♣r♦✈❡❞ ✐♥ ❬✸✾❪ ✭♣❛❣❡ ✷✹ ❘❡♠❛r❦ ✹✳✼✮ t❤❛t ❢♦r ❛♥② x ∈ σ+✱

x3 − ψ(x′)

1 + Lψ
6 δ(x) 6 x3 − ψ(x′), ✭✽✳✾✮

✶✵✽



✐♠♣❧②✐♥❣ t❤❛t t❤❡ q✉❛♥t✐t✐❡s h(x) = δ(x) ❛♥❞ x3 −ψ(x′) ❛r❡ ❡q✉✐✈❛❧❡♥t ♦♥ σ+✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❞❡❞✉❝❡s
t❤❛t ✂

σ+

u2

h3
dx 6 C

✂
σ+

|∇u|2
h

dx,

❛♥❞ ✇❡ ❣❡t ✭✽✳✼✮✱ ❜② ✉s✐♥❣ t❤❡ ❝♦✈❡r✐♥❣ ♦❢ Ω ✐♥tr♦❞✉❝❡❞ ❛❜♦✈❡✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛
✽✳✶✳

❘❡♠❛r❦ ✽✳✷✳ ❋r♦♠ ▲❡♠♠❛ ✽✳✶✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤ t❤❛t✿

∀u ∈
◦
W 1, 2

− 1
2 , h

(Ω),
∥∥∥ u

h3/2

∥∥∥
L2(Ω)

6 C

∥∥∥∥
∇u
h1/2

∥∥∥∥
L2(Ω)3

. ✭✽✳✶✵✮

▼♦r❡♦✈❡r✱ t❤❡ ♠❛♣♣✐♥❣ u 7→
∥∥ ∇u
h1/2

∥∥
L2(Ω)3

❞❡✜♥❡s ❛ ♥♦r♠ ♦♥
◦
W 1, 2

− 1
2 , h

(Ω) ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡

❝♦♠♣❧❡t❡ ♥♦r♠ ‖·‖W 1, 2

− 1
2

, h
(Ω)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡s ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s♣❛❝❡
◦
W 1, 2

− 1
2 , h

(Ω)✳ ❋✐rst❧②✱

✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ♥♦t❡ t❤❛t ✐❢ u ∈ W 1, 2

− 1
2 , h

(Ω) ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✱ t❤❡♥ u ∈
◦
W 1, 2

− 1
2 , h

(Ω)✳

■♥❞❡❡❞✱ ❢♦r u ∈W 1, 2

− 1
2 , h

(Ω) ✇✐t❤ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✱ ❧❡t ✉s ❝♦♥s✐❞❡r ũ ✭r❡s♣✳ h̃✮ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ u

✭r❡s♣✳ h✮ ❜② ✵ ✭r❡s♣✳ ❜② ✶✮ t♦ R3 ♦✉ts✐❞❡ Ω✳ ❚❤❡♥✱ ũ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

ũ

h̃3/2
∈ L2(R3),

∇ũ
h̃1/2

∈ L2(R3)3.

❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❛ ♠♦❧❧✐✜❡r s❡q✉❡♥❝❡ (ρε)ε✱ ♦♥❡ ♣r♦✈❡s t❤❛t ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤ (ρε ⋆ ũ)|Ω
❝♦♥✈❡r❣❡s t♦ u ✐♥ W 1, 2

− 1
2 , h

(Ω)✳ ❙❡❝♦♥❞❧②✱ ❧❡t ✉s ❝❤❛r❛❝t❡r✐③❡ t❤❡ s♣❛❝❡
◦
W 1, 2

− 1
2 , h

(Ω) ❛s ❛ s♣❛❝❡ ♦❢ ♥✉❧❧

tr❛❝❡s ❢✉♥❝t✐♦♥s✳ ❋r♦♠ t❤❡ ❡♠❜❡❞❞✐♥❣✿

W 1, 2

− 1
2 , h

(Ω) →֒ H1(Ω), ✭✽✳✶✶✮

❤♦❧❞✐♥❣ s✐♥❝❡ h ∈ L∞(Ω)✱ ❛♥② ❞✐str✐❜✉t✐♦♥ u ∈ W 1, 2

− 1
2 , h

(Ω) ❤❛s ❛ tr❛❝❡ u|Γ ✐♥ H1/2(Γ)✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s

♠❡❛♥✐♥❣❢✉❧ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡ ♦❢ H1
0 (Ω)✿

W (Ω) =
{
u ∈W 1, 2

− 1
2 , h

(Ω) / u = 0 ♦♥ Γ
}
.

❲❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢
◦
W 1, 2

− 1
2 , h

(Ω)✳

Pr♦♣♦s✐t✐♦♥ ✽✳✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ❤♦❧❞s ❛❧❣❡❜r❛✐❝❛❧❧②✿

◦
W 1, 2

− 1
2 , h

(Ω) = W (Ω). ✭✽✳✶✷✮

Pr♦♦❢✳ ❆s W (Ω) ✐s ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ W 1, 2

− 1
2 , h

(Ω)✱ ✐t ✐s ❝❧❡❛r t❤❛t

◦
W 1, 2

− 1
2 , h

(Ω) ⊂W (Ω).

✶✵✾



❇② ♥♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♥❝❧✉s✐♦♥✳ ▲❡t u ∈ W (Ω) ❛♥❞✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦t❛t✐♦♥s ✇❡ ❤❛✈❡
❛❞♦♣t❡❞ ❜❡❢♦r❡✱ ❧❡t (σi)i=1,..,I ∪ σ0 ❜❡ ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ ♦❢ Ω✳ ◆❡①t✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t②
(θi)i=1,..,I ∪ θ0 s✉❜♦r❞✐♥❛t❡ t♦ t❤❡ ❛❜♦✈❡ ❝♦✈❡r✐♥❣✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡✿

u =

I∑

i=1

uθi + uθ0 =

I∑

i=1

ui + u0 ✐♥ Ω.

❚❤❡r❡❢♦r❡✱ t❤❡ ❞✐✣❝✉❧t② ✐s r❡❞✉❝❡❞ t♦ ♣r♦✈❡ t❤❛t u0 ❛♥❞ ❛♥② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ui ❜❡❧♦♥❣ t♦
◦
W 1, 2

− 1
2 , h

(Ω)✳

▲❡t ✉s st❛rt ✇✐t❤ u0✳ ■t ✐s ❝❧❡❛r t❤❛t u0 ∈W 1, 2

− 1
2 , h

(Ω) ❛♥❞ ❛❧s♦ t❤❛t u0 ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥❝❧✉❞❡❞

✐♥ Ω✳ ❚❤❡r❡❢♦r❡✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐t ❢❡✇ ❧✐♥❡s ❛❜♦✈❡✱ t❤❡ ❢✉♥❝t✐♦♥ u0 ❜❡❧♦♥❣s t♦
◦
W 1, 2

− 1
2 , h

(Ω)✳ ❚❤❡♥✱ ❧❡t

✉s ❞❡❛❧ ✇✐t❤ ui✱ ✇❤✐❝❤ ✐s ❛ ❜❡❛t ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ❇② s❛❦❡ ♦❢ ❝❧❛r✐t②✱ ✇❡ ❞r♦♣ t❤❡ ✐♥❞❡① i ❛♥❞ ❞❡♥♦t❡
❜② σ t❤❡ ♦♣❡♥ s❡t σi✳ ❚❤❡ ✐❞❡❛ ✇❡ ❢♦❧❧♦✇ ❝♦♥s✐sts ✐♥ ✢❛tt❡♥✐♥❣ t❤❡ ♣✐❡❝❡ ♦❢ ❜♦✉♥❞❛r② σB ✭s❡❡ ✭✽✳✻✮✮✱
❛s ✐t ✐s ❞♦♥❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✻❪✱ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s y = H(x) ❣✐✈❡♥ ❜②✿

y′ = x′, y3 = x3 − ψ(x′).

◆♦t❡ t❤❛t t❤❡ ✐♥✈❡rs❡ ♠❛♣ x = H−1(y) ✐s ❣✐✈❡♥ ❜② x′ = y′ ❛♥❞ x3 = y3 + ψ(x′)✳ ❆❧s♦ ♥♦t❡ t❤❛t✱ s✐♥❝❡
ψ ✐s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ H ❞❡✜♥❡s ❛ ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❞✐✛❡♦♠♦r♣❤✐s♠ ❡st❛❜❧✐s❤✐♥❣ ❛
❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ σ+ ∪ σB ❛♥❞ Q+ ∪QB ✱ ✇❤❡r❡✿

Q+ = H(σ+) =
{
y ∈ R3 : |y′| < b ❛♥❞ 0 < y3 < a

}
,

QB = H(σB) =
{
y ∈ R3 : |y′| < b ❛♥❞ y3 = 0

}
.

■♥ t❤❡ s❡q✉❡❧✱ ✐❢ ϕ ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ♦♥ σ+✱ ✇❡ ❞❡♥♦t❡ ❜② ϕ t❤❡ ❢✉♥❝t✐♦♥ ϕ(x) ✇r✐tt❡♥ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ y ✈❛r✐❛❜❧❡s✱ ✐✳❡✳ ϕ(y) = ϕ ◦H−1(y)✳
❇❡❢♦r❡ ❣❡tt✐♥❣ ❜❛❝❦ t♦ ♦✉r ♣✉r♣♦s❡✱ ❧❡t ✉s ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧ r❡♠❛r❦✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥
h s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥s ✭✽✳✶✮✲✭✽✳✸✮✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ Q+✱ s✐♥❝❡ r❡❧❛t✐♦♥ ✭✽✳✾✮ ❤♦❧❞s ❛♥❞ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

y3
1 + Lψ

6 h(y) 6 y3, ❢♦r ❛♥② y ∈ Q+. ✭✽✳✶✸✮

❚❤❡r❡❢♦r❡✱ ✐t ✐s ♠❡❛♥✐♥❣❢✉❧ t♦ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡W 1, 2

− 1
2 , h

(Q+)✳ ❚❤❡♥✱ ✇❡ ♣r♦✈❡ t❤❛t ❢♦r ϕ ∈W 1, 2

− 1
2 , h

(σ+)

❛♥❞ ψ ∈W 1, 2

− 1
2 , h

(Q+)✱ ♦♥❡ ❤❛s ϕ ∈W 1, 2

− 1
2 , h

(Q+) ❛♥❞ ψ ◦H ∈W 1, 2

− 1
2 , h

(σ+)✱ ✇✐t❤ t❤❡ r❡❧❛t❡❞ ❡st✐♠❛t❡s✿

‖ϕ‖W 1, 2

− 1
2

, h
(Q+) 6 C ‖ϕ‖W 1, 2

− 1
2

, h
(σ+) , ‖ψ ◦H‖W 1, 2

− 1
2

, h
(σ+) 6 C ‖ψ‖W 1, 2

− 1
2

, h
(Q+) .

■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ H s✇✐t❝❤❡s t❤❡ s♣❛❝❡s W 1, 2

− 1
2 , h

(σ+) ❛♥❞ W 1, 2

− 1
2 , h

(Q+)✳ ❚❤✐s r❡♠❛r❦

❜❡✐♥❣ ♠❛❞❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r v = ui✳ ❖♥❡ ❤❛s v ∈ W 1, 2

− 1
2 , h

(Q+) ❛♥❞ ❛❧s♦ v ∈ W 1, 2

− 1
2 , y3

(Q+)✱ ❛❧✇❛②s ❜②

✭✽✳✶✸✮✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠ ❡q✉✐✈❛❧❡♥❝❡ ♦♥ W 1, 2

− 1
2 , h

(Q+)✿

C1 ‖v‖W 1, 2

− 1
2

, h
(Q+) 6 ‖v‖W 1, 2

− 1
2

, y3
(Q+) 6 C2 ‖v‖W 1, 2

− 1
2

, h
(Q+) . ✭✽✳✶✹✮

◆❡①t✱ r❡❝❛❧❧ t❤❛t ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✾✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t②✿

◦
W 1, 2

− 1
2 , y3

(R3
+) =

{
u ∈W 1, 2

− 1
2 , y3

(R3
+) / u = 0 ♦♥ R2 × {0}

}
.

✶✶✵



■♥ ❢❛❝t✱ t❤✐s ❡q✉❛❧✐t② st✐❧❧ ❤♦❧❞s ✐❢ ✇❡ r❡♣❧❛❝❡ R3
+ ❜② Q+ ✭r❡♣❡❛t st❡♣ t✇♦ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥

✺✳✾✮ ❛♥❞ t❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✿

◦
W 1, 2

− 1
2 , y3

(Q+) =
{
u ∈W 1, 2

− 1
2 , y3

(Q+) / u = 0 ♦♥ ∂Q
}
. ✭✽✳✶✺✮

❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ v = 0 ♦♥ ∂Q+✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✽✳✶✺✮ t❤❛t v ∈
◦
W 1, 2

− 1
2 , y3

(Q+)✱ ❛♥❞ ✐t ❢♦❧❧♦✇s ❢r♦♠

t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ✭✽✳✶✹✮ t❤❛t v ∈
◦
W 1, 2

− 1
2 , h

(Q+)✳ ❚♦ ✜♥✐s❤✱ ❜② tr❛♥s♣♦rt✐♥❣ v ♦♥ σ+✱ ♦♥❡ ❞❡❞✉❝❡s✱

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ❣❡♥❡r❛❧ r❡♠❛r❦✱ t❤❛t ui = v◦H ❝♦♠❡s ❢r♦♠ ❛ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ❛ ❢✉♥❝t✐♦♥s ♦❢

W 1, 2

− 1
2 , h

(σ+) ✇✐t❤ ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ σ+✳ ❚❤❡r❡❢♦r❡✱ ui ❜❡❧♦♥❣s t♦
◦
W 1, 2

− 1
2 , h

(σ+)✱ ❛♥❞ ui ∈
◦
W 1, 2

− 1
2 , h

(Ω)✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✸✳

❘❡♠❛r❦ ✽✳✹✳ ■❢ t❤❡ ♦♣❡♥ s❡t Ω ✐s ♥♦t ❜♦✉♥❞❡❞✱ ✇❡ ❜r✐♥❣ ❜❛❝❦ t♦ t❤❡ ❝❛s❡ ♦❢ Ω ❜♦✉♥❞❡❞ ❜② tr✉♥❝❛t✐♦♥✳
■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❛❞❛♣t ✇✐t❤ ♥♦ ❞✐✣❝✉❧t② t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳✾ st❡♣ ♦♥❡✱ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛♥②
u ∈W (Ω)✱ t❤❡ s❡q✉❡♥❝❡ uk = uϕk ∈W (Ω) ❤❛s ❛ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω ❛♥❞ t❤❛t✿

lim
k→+∞

‖uk − u‖W 1, 2

− 1
2

, h
(Ω) = 0,

✇❤❡r❡ ϕk ✐s ❛ tr✉♥❝❛t✐♥❣ ❢✉♥❝t✐♦♥✳

❋r♦♠ t❤❡ s♣❛❝❡
◦
W 1, 2

− 1
2 , h

(Ω)✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s W−1, 2
1
2 , h

(Ω) ❛s t❤❡ ❞✉❛❧ s♣❛❝❡

♦❢
◦
W 1, 2

− 1
2 , h

(Ω)✳ ▲❡t ✉s ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ W−1, 2
1
2 , h

(Ω) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✽✳✺✳ ❆♥② ❞✐str✐❜✉t✐♦♥ g ∈ D′(Ω) ❜❡❧♦♥❣s t♦ W−1, 2
1
2 , h

(Ω)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s f0 ∈ L2(Ω)

❛♥❞ f ∈ L2(Ω)3 s✉❝❤ t❤❛t

g =
f0
h3/2

+ ∇ ·
(

f

h1/2

)
✐♥ Ω.

▼♦r❡♦✈❡r ♦♥❡ ❝❛♥ t❛❦❡ f0 = 0✳

Pr♦♦❢✳ ▲❡t f0 ∈ L2(Ω) ❛♥❞ f ∈ L2(Ω)3✳ ❙✐♥❝❡ 1
h ❜❡❧♦♥❣s t♦ L∞

❧♦❝
(Ω)✱ f0

h3/2 ❛♥❞ f

h1/2 ❛r❡ ❞✐str✐❜✉t✐♦♥s
♦♥ Ω✳ ❚❤❡♥✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ϕ ∈ D(R3

+)✿
∣∣∣∣∣

〈
f0
h3/2

+ ∇ ·
(

f

h1/2

)
, ϕ

〉

D′(Ω),D(Ω)

∣∣∣∣∣ =
∣∣∣∣
✂

Ω

f0

( ϕ

h3/2

)
dx−

✂
Ω

f ·
( ∇ϕ
h1/2

)
dx.

∣∣∣∣

6 ‖f0‖L2(Ω)

∥∥∥ ϕ

h3/2

∥∥∥
L2(Ω)

+ ‖f‖L2(Ω)

∥∥∥∥
∇ϕ
h1/2

∥∥∥∥
L2(Ω)3

6 C ‖ϕ‖W 1, 2

− 1
2

, h
(Ω) .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ ♠❛♣♣✐♥❣

ϕ 7→
〈

f0
h3/2

+ ∇ ·
(

f

h1/2

)
, ϕ

〉

D′(Ω),D(Ω)

,

✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♦♥ D(Ω) ❢♦r t❤❡ ♥♦r♠ ‖·‖W 1, 2

− 1
2

, h
(Ω)✱ ❛♥❞ ♦♥❡ ❞❡❞✉❝❡s ❜② ❞❡♥s✐t② t❤❛t✿

f0
h3/2

+ ∇ ·
(

f

h1/2

)
∈W−1, 2

1
2 , h

(Ω).

✶✶✶



❈♦♥✈❡rs❡❧②✱ ❧❡t g ∈W−1, 2
1
2 , h

(Ω)✱ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛♣♣✐♥❣

u 7→ (
u

h3/2
,
∇u
h1/2

),

❢r♦♠
◦
W 1, 2

− 1
2 , h

(Ω) ✐♥t♦ L2(Ω)4✳ ❚❤✐s ♠❛♣♣✐♥❣ ✐s ✐s♦♠❡tr✐❝✱ ❛♥❞ ♦♥❡ ❝❛♥ ❝♦♥s✐❞❡r
◦
W 1, 2

− 1
2 , h

(Ω) ❛s ❛ ❝❧♦s❡❞

s✉❜✲s♣❛❝❡ ♦❢ L2(Ω)4✳ ❚❤❛♥❦s t♦ t❤❡ t❤❡♦r❡♠ ♦❢ ❍❛❤♥✲❇❛♥❛❝❤✱ s✐♥❝❡ g ∈ W−1, 2
1
2 , h

(Ω)✱ ♦♥❡ ❝❛♥ ❡①t❡♥❞ g

t♦ ❛ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ L2(Ω)4✳ ❚❤❡♥✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❛t t❤❡r❡ ✐s
(f0, f) ∈ L2(Ω)4 s✉❝❤ t❤❛t✿

∀u ∈
◦
W 1, 2

− 1
2 , h

(Ω), g(u) =

✂
Ω

f0

( u

h3/2

)
dx−

✂
Ω

f ·
( ∇u
h1/2

)
dx,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t✿

g =
f0
h3/2

+ ∇ ·
(

f

h1/2

)
✐♥ Ω.

❚♦ ❝♦♠♣❧❡t❡ t❤✐s ♣r♦♦❢✱ ♥♦t❡ t❤❛t ❘❡♠❛r❦ ✽✳✷ ❡♥❛❜❧❡s t♦ ❝❤♦s❡ f0 = 0✱ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐s♦♠❡tr✐❝
♠❛♣♣✐♥❣✿

u 7→ ∇u
h1/2

,

✐♥st❡❛❞ ♦❢ t❤❡ ♦♥❡ ✇❡ ❝♦♥s✐❞❡r ❛❜♦✈❡✳

✶✶✷



❈❤❛♣t❡r ✾

❚❤❡♦r❡t✐❝❛❧ st✉❞②

✾✳✶ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥

❲❡ ❜❡❣✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ st✉❞② ♦❢ Pr♦❜❧❡♠ ✭✼✳✶✾✮✱ ❜② ✐♥✈❡st✐❣❛t✐♥❣ ❛ ❝❛s❡ ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss
♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✳ ❆ s✐♠✐❧❛r r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ ❬✶✶❪ ✇✐t❤ ❛ ❞❛t✉♠ g s❛t✐s❢②✐♥❣ h3/2g ∈ L2(Ω)✳ ❍❡r❡✱
✇❡ ❝♦♥s✐❞❡r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞❛t✉♠ ✐♥ ❛ ♥❡❣❛t✐✈❡ ✇❡✐❣❤t❡❞ s♣❛❝❡✳ ❆s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ ✇❡ s❛✈❡ t❤❡
❛ss✉♠♣t✐♦♥ h3/2g ∈ L2(Ω) t♦ ♣r♦✈❡ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t✱ ❝♦♠♣❧❡♠❡♥t❛r② t♦ Pr♦♣♦s✐t✐♦♥ ✾✳✶✳

Pr♦♣♦s✐t✐♦♥ ✾✳✶✳ ▲❡t g ∈ W−1, 2
1
2 , h

(Ω)✳ ❚❤❡♥✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

− 1
2 , h

(Ω) s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠

✭✼✳✶✾✮ ❛♥❞ s❛t✐s❢②✐♥❣

‖u‖W 1, 2

− 1
2

, h
(Ω) 6 C ‖g‖W−1, 2

1
2

, h
(Ω) . ✭✾✳✶✮

Pr♦♦❢✳ ❋✐rst❧②✱ t❤❡ ❝❤♦✐❝❡ ♦❢ g ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ u ∈
◦
W 1, 2

− 1
2 , h

(Ω)✳ ■♥❞❡❡❞✱ ✐❢ ✇❡ s❡t

f = ∇u
h1/2 ✱ t❤❡♥ f ∈ L2(Ω)3 ❛♥❞ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✺ t❤❛t

−❞✐✈

(
1

h
∇u
)

= −❞✐✈

(
f

h1/2

)
∈W−1, 2

1
2 , h

(Ω).

▼♦r❡♦✈❡r✱ ♦♥❡ ❤❛s ❢♦r ❛♥② v ∈
◦
W 1, 2

− 1
2 , h

(Ω)✱

〈
−❞✐✈

(
1

h
∇u
)
, v

〉

W−1, 2
1
2

, h
(Ω),

◦
W 1, 2

− 1
2

, h
(Ω)

=

✂
Ω

∇u
h1/2

· ∇v
h1/2

dx.

❚❤❡r❡❢♦r❡✱ u ∈
◦
W 1, 2

− 1
2 , h

(Ω) ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✼✳✶✾✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ u s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧

❢♦r♠✉❧❛t✐♦♥✿

∀v ∈
◦
W 1, 2

− 1
2 , h

(Ω),

✂
Ω

∇u
h1/2

· ∇v
h1/2

dx = 〈g, v〉
W−1, 2

1
2

, h
(Ω),

◦
W 1, 2

− 1
2

, h
(Ω)

. ✭✾✳✷✮

◆❡①t✱ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a(·, ·) ❞❡✜♥❡❞ ❜②

u, v ∈
◦
W 1, 2

− 1
2 , h

(Ω), a(u, v) =

✂
Ω

∇u
h1/2

· ∇v
h1/2

dx.

✶✶✸



✐s ❝❧❡❛r❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥
◦
W 1, 2

− 1
2 , h

(Ω) ❛❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✽✳✷✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ▲❛①✲

▼✐❧❣r❛♠✬s t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

− 1
2 , h

(Ω) s❛t✐s❢②✐♥❣ ✭✾✳✷✮✱ ❛♥❞ ❤❡♥❝❡ ❛ s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠

✭✼✳✶✾✮✳ ❚♦ ✜♥✐s❤✱ ✐❢ ✇❡ ❞❡♥♦t❡ ❜② C > 0 t❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t✿

|a(u , u)| > C ‖u‖2
W 1, 2

− 1
2

, h
(Ω) ,

♦♥❡ ❞❡❞✉❝❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡✿

‖u‖W 1, 2

− 1
2

, h
(Ω) 6

1

C
‖g‖W−1, 2

1
2

, h
(Ω) ,

❜② t❛❦✐♥❣ v = u ✐♥ ✭✾✳✷✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✶✳

✾✳✷ ❆ r❡❣✉❧❛r✐t② r❡s✉❧t

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ u ∈
◦
W 1, 2

− 1
2 , h

(Ω) t♦ Pr♦❜❧❡♠ ✭✼✳✶✾✮ ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶✳ ❚❤❡ ❧❛❝❦ ♦❢

r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♠❛♣♣✐♥❣ h✱ s❡❡ ❛ss✉♠♣t✐♦♥ ✭✽✳✷✮✱ ♣r❡✈❡♥t ✉s t♦ ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ 1
h∆u ✐♥ t❤❡ ❝❧❛ss✐❝❛❧

❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✱ ❛♥❞ ❤❡♥❝❡ t♦ ✇r✐t❡✿

❞✐✈

(
1

h
∇u
)

=
1

h
∆u− ∇h

h3/2
· ∇u
h1/2

✐♥ Ω. ✭✾✳✸✮

❚❤✉s✱ ✇❡ ♥❡❡❞ t♦ ❣✐✈❡ ❛ ✇❡❛❦❡r ♠❡❛♥✐♥❣ t♦ t❤❡ ❛❜♦✈❡ ❝♦♠♣✉t❛t✐♦♥s✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ D1(Ω)
❝♦♥st✐t✉t❡❞ ✇✐t❤ ❢✉♥❝t✐♦♥ ϕ ∈ C1(Ω) ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω✳ ■♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ✇❡ ❞❡✜♥❡ t❤❡
s♣❛❝❡ ♦❢ ❞✐str✐❜✉t✐♦♥s D′(Ω)✱ ✇❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s♣❛❝❡ ♦❢ ✜rst✲♦r❞❡r ❞✐str✐❜✉t✐♦♥s D′

1(Ω)✱ ❛s t❤❡ s❡t ♦❢
t❤❡ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢♦r♠ ♦♥ D1(Ω)✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ D′(Ω) ❛r❡ ❛❧s♦ tr✉❡ ❢♦r D′

1(Ω) ✭s❡❡ ❬✹✺❪✮✱
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♣r♦❞✉❝t θT ❢♦r θ ∈ C1(Ω) ❛♥❞ T ∈ D′

1(Ω) ❜② s❡tt✐♥❣✿

∀ϕ ∈ D1(Ω), 〈θT, ϕ〉D′
1(Ω),D1(Ω) = 〈T, θϕ〉D′

1(Ω),D1(Ω) .

▲❡t ✉s ❣❡t ❜❛❝❦ t♦ t❤❡ r❡❛s♦♥✐♥❣ ✇❡ ✇❡r❡ ❤♦❧❞✐♥❣✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C1, 1✱ ❛♥❞ ❧❡t ✉s
❝♦♥s✐❞❡r t❤❡ ❡①tr❛ ❛ss✉♠♣t✐♦♥✿

h ∈W 2,∞(Ω). ✭✾✳✹✮

❚❤❡♥✱ h ∈ C1(Ω) ❛♥❞ t❤❡ ❡q✉❛❧✐t② ✭✾✳✸✮ ❤♦❧❞s ✐♥ D′
1(Ω)✳

❘❡♠❛r❦ ✾✳✷✳ ❆❝❝♦r❞✐♥❣ t♦ ❬✷✹❪✱ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ δ ♥❡❛r Γ ✐s ❣✐✈❡♥ ❜② t❤❡
r❡❣✉❧❛r✐t② ♦❢ Γ✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ Γ ✐s C1, 1✱ δ ✐s C1, 1 ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Γ ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
❛ss✉♠♣t✐♦♥ ✭✾✳✹✮✳

◆❡①t✱ ✐❢ ✇❡ ♠✉❧t✐♣❧② t❤❡ ❡q✉❛t✐♦♥ ♦❢ ✭✼✳✶✾✮ ❜② h3/2✱ ✇❡ r❡❛❞✐❧② s❡❡ t❤❛t u s❛t✐s✜❡s✿

−h1/2∆u+ ∇h · ∇u
h1/2

= h3/2g ✐♥ Ω, u = 0 ♦♥ Γ. ✭✾✳✺✮

❙✐♥❝❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ ∇u
h1/2 ∈ L2(Ω)3✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

h3/2g ∈ L2(Ω) ⇒ h1/2∆u ∈ L2(Ω).

❚❤✉s✱ ❜② t❛❦✐♥❣ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ g✱ ✇❡ ❡①♣❡❝t t❤❛t h1/2D2u ∈ L2(Ω)✱ ✇❤❡r❡ D2u ❞❡♥♦t❡s ❛♥② s❡❝♦♥❞
♦r❞❡r ❞❡r✐✈❛t✐✈❡ ♦❢ u✳

✶✶✹



❘❡♠❛r❦ ✾✳✸✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ s✉❝❤ ❛ ❞✐str✐❜✉t✐♦♥ g ✐s r❡❧❡✈❛♥t✳ ■♥❞❡❡❞✱ ✐❢ g s❛t✐s✜❡s h3/2g ∈ L2(Ω)✱
t❤❡♥ g ∈ W−1, 2

1
2 , h

(Ω)✱ ❜② Pr♦♣♦s✐t✐♦♥ ✽✳✺✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω

s✉❝❤ t❤❛t✿
‖g‖W−1, 2

1
2

, h
(Ω) 6 C

∥∥∥h3/2g
∥∥∥
L2(Ω)

.

❚❤❡ ❛♣♣r♦❛❝❤ ✇❡ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ❤❡r❡✱ ❡♥❛❜❧❡s ✉s t♦ ♣r♦✈❡ ❛ ♥❡✇ r❡❣✉❧❛r✐t② r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡
✇❡❛❦ s♦❧✉t✐♦♥ u ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✇❡ ❝♦♥s✐❞❡r ♦♥ g✱ t❤❛t ✐s h3/2g ∈ L2(Ω)✱ ✐s
✉s❡❞ ✐♥ ❬✶✶❪ t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ u✳ ❲❤❡r❡❛s t♦ ❣❡t ❛ r❡❣✉❧❛r✐t② r❡s✉❧t✱ t❤❡ ❛✉t❤♦rs
♥❡❡❞ t♦ ❝♦♥s✐❞❡r h1/2g ∈ L2(Ω) ❛♥❞ Ω ♦❢ ❝❧❛ss C3✱ s❡❡ t❤❡ r❡♠❛r❦ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✾✳✹✳ ❆ss✉♠❡ t❤❛t Ω ✐s ❛ ♦❢ ❝❧❛ss C1, 1 ❛♥❞ t❤❛t h s❛t✐s✜❡s ✭✽✳✶✮✲✭✽✳✸✮ ❛♥❞ ✭✾✳✹✮✳ ▲❡t
g ∈ D′(Ω) s✉❝❤ t❤❛t

h3/2g ∈ L2(Ω).

❚❤❡♥✱ t❤❡ s♦❧✉t✐♦♥ u ∈W 1, 2

− 1
2 , h

(Ω) ❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶ s❛t✐s✜❡s ❛❞❞✐t✐♦♥❛❧❧②✿

h1/2D2u ∈ L2(Ω)9,
∥∥∥h1/2D2u

∥∥∥
L2(Ω)9

6 C
∥∥∥h3/2g

∥∥∥
L2(Ω)

,

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω✳

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t h3/2g ∈ L2(Ω)✳ ❆❝❝♦r❞✐♥❣ t♦ ❘❡♠❛r❦ ✾✳✸✱ t❤❡ ❞✐str✐❜✉t✐♦♥ g ❜❡❧♦♥❣s t♦
W−1, 2

1
2 , h

(Ω)✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖g‖W−1, 2
1
2

, h
(Ω) 6 C

∥∥∥h3/2g
∥∥∥
L2(Ω)

.

❚❤✉s✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✾✳✶✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ u ∈
◦
W 1, 2

− 1
2 , h

(Ω) s♦❧✉t✐♦♥ t♦ ✭✼✳✶✾✮ ❛♥❞ ❛ ❝♦♥st❛♥t

C > 0 s✉❝❤ t❤❛t
‖u‖W 1, 2

− 1
2

, h
(Ω) 6 C ‖g‖W−1, 2

1
2

, h
(Ω) 6 C

∥∥∥h3/2g
∥∥∥
L2(Ω)

. ✭✾✳✻✮

◆♦✇✱ ✇❡ s❡t v = h1/2u ✳ ❚❤❡♥ v ∈ H1(Ω) ❛♥❞ ✇❡ ✇❛♥t t♦ ♣r♦✈❡ ✐♥ t❤❡ s❡q✉❡❧ t❤❛t ∆v ∈ L2(Ω) ✐♥ t❤❡
s❡♥s❡ ♦❢ ✜rst✲♦r❞❡r ❞✐str✐❜✉t✐♦♥s✳ ❋✐rst❧②✱ ♥♦t❡ t❤❛t ∆v ∈ D′

1(Ω)✳ ❚❤❡♥✱ ♦♥❡ ❤❛s ❢♦r ❛♥② ϕ ∈ D1(Ω)✿

〈∆v, ϕ〉 = −
✂

Ω

h1/2∇u · ∇ϕdx− 1

2

✂
Ω

u

h1/2
∇h · ∇ϕdx

= −
✂

Ω

∇u · ∇(h1/2ϕ) dx+

✂
Ω

∇u · ∇(h1/2)ϕdx− 1

2

✂
Ω

u

h1/2
∇h · ∇ϕdx,

✇❤❡r❡ t❤❡ ❞✉❛❧✐t② ✐s t❛❦❡♥ ✐♥ t❤❡ s❡♥s❡ ♦❢ D′
1(Ω)✱ D1(Ω)✳ ◆❡①t✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ∆u ∈ D′

1(Ω)✱ h1/2ϕ ∈
D1(Ω) ❛♥❞ u

h1/2∇h ∈ L2
❧♦❝

(Ω)✱ ♦♥❡ ❞❡❞✉❝❡s t❤❛t✿

〈∆v, ϕ〉 =
〈
∆u, h1/2ϕ

〉
+
〈
∇u · ∇(h1/2), ϕ

〉
+
〈
❞✐✈ (

u

h1/2
∇h), ϕ

〉
.

❋✐♥❛❧❧②✱ ♦♥❡ ♦❜t❛✐♥s t❤❛t✿

∆v = h1/2∆u+ ∆(h1/2)u+ 2∇(h1/2) · ∇u =: T, ✭✾✳✼✮

✐♥ t❤❡ s❡♥s❡ ♦❢ ✜rst✲♦r❞❡r ❞✐str✐❜✉t✐♦♥s ♦♥ Ω✳ ◆❡①t✱ ♦❜s❡r✈❡ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥s t❤❛t
∆(h1/2)u ❛♥❞ ∇(h1/2) · ∇u ❜❡❧♦♥❣ t♦ L2(Ω)✱ s✐♥❝❡ u ∈W 1, 2

− 1
2 , h

(Ω) ❛♥❞ h ∈W 2,∞(Ω)✿

∆(h1/2)u =
h∆h

2

u

h3/2
− |∇h|2

4

u

h3/2
, ∇(h1/2) · ∇u =

∇h
2

· ∇u
h1/2

.

✶✶✺



❚♦ ✜♥✐s❤✱ ♥♦t✐❝❡ t❤❛t h1/2∆u ∈ L2(Ω) t❤❛♥❦s t♦ r❡❧❛t✐♦♥ ✭✾✳✺✮✱ ❛♥❞ ∆v ∈ L2(Ω)✳ ■❢ ✇❡ s✉♠ ✉♣✱ v
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

v ∈ H1(Ω), ∆v ∈ L2(Ω), v = 0 ♦♥ Γ,

✐♠♣❧②✐♥❣ ✜♥❛❧❧② t❤❛t v ∈ H2(Ω)✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ Ω s✉❝❤
t❤❛t✿

‖v‖H2(Ω) 6 C ‖T‖L2(Ω) 6 C

(∥∥∥h3/2g
∥∥∥
L2(Ω)

+ ‖u‖W 1, 2

− 1
2

, h
(Ω)

)

6 C
∥∥∥h3/2g

∥∥∥
L2(Ω)

, ✭✾✳✽✮

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T ✐♥ ✭✾✳✼✮ ❛♥❞ t❤❛♥❦s t♦ ✭✾✳✻✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♦♥❡ ❤❛s ❢♦r i, j = 1, 2, 3✿

∂2

∂xi∂xj
(h1/2u) ∈ L2(Ω), ✭✾✳✾✮

❛♥❞ ❢r♦♠ ✭✾✳✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t✿
∥∥∥∥

∂2

∂xi∂xj
(h1/2u)

∥∥∥∥
L2(Ω)

6 C
∥∥∥h3/2g

∥∥∥
L2(Ω)

. ✭✾✳✶✵✮

❙✐♥❝❡ ♦♥❡ ❤❛s ✐♥ t❤❡ ✜rst✲♦r❞❡r ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡✿

∂2

∂xi∂xj
(h1/2u) = h1/2 ∂2u

∂xi∂xj
+ u

∂2(h1/2)

∂xi∂xj
+
∂h1/2

∂xi

∂u

∂xj
+
∂h1/2

∂xj

∂u

∂xi
,

❛♥❞ s✐♥❝❡ u ∈W 1, 2

− 1
2 , h

(Ω) ❛♥❞ h ∈W 2,∞(Ω)✱ ♦♥❡ ❞❡❞✉❝❡s ❢r♦♠ ✭✾✳✾✮ t❤❛t

h1/2 ∂2u

∂xi∂xj
∈ L2(Ω),

❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ❡st✐♠❛t❡ ❢♦❧❧♦✇s ❢r♦♠ ✭✾✳✶✵✮ ❛♥❞ ✭✾✳✻✮✳

❘❡♠❛r❦ ✾✳✺✳ ❋r♦♠ ❚❤❡♦r❡♠ ✾✳✹✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ✐❢ h3/2g ∈ L2(Ω)✱ u s❛t✐s✜❡s

h3/2∇
(

1

h
∇u
)

∈ L2(Ω)9,

∥∥∥∥h
3/2∇

(
1

h
∇u
)∥∥∥∥

L2(Ω)9
6 C

∥∥∥h3/2g
∥∥∥
L2(Ω)

.

❘❡♠❛r❦ ✾✳✻✳ ▲❡t ✉s ❛ss✉♠❡ ♥♦✇ t❤❛t Ω ✐s ♦❢ ❝❧❛ss C3 ❛♥❞ t❤❛t h1/2g ∈ L2(Ω)✳ ❇② ❛♣♣❧②✐♥❣ t❤❡
❞✐✛❡r❡♥❝❡ q✉♦t✐❡♥t t❡❝❤♥✐q✉❡ ❛❞❛♣t❡❞ t♦ ✇❡✐❣❤t❡❞ s♣❛❝❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❛s ✐♥ ❬✶✶❪ t❤❛t t❤❡ s♦❧✉t✐♦♥ u
❣✐✈❡♥ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶ s❛t✐s✜❡s ❛❞❞✐t✐♦♥❛❧❧②✿

h1/2∇
(

1

h
∇u
)

∈ L2(Ω)9,

∥∥∥∥h
1/2∇

(
1

h
∇u
)∥∥∥∥

L2(Ω)9
6 C

∥∥∥h3/2g
∥∥∥
L2(Ω)

,

✇❤✐❝❤ ✐s ❛ s✉♣♣❧❡♠❡♥t❛r② st❡♣ ♦❢ r❡❣✉❧❛r✐t② ❢♦r t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ u✳

✶✶✻



Pr♦s♣❡❝ts

❈♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ✇♦r❦ ❞♦♥❡ ✐♥ t❤❡ R3
+✲❝❛s❡✱ s♦♠❡ q✉❡st✐♦♥s ❛r❡ st✐❧❧ ♦♣❡♥✳ ■♥ t❤❡ R3

+✲❝❛s❡✱ ✇❡
✇❡r❡ ❛❜❧❡ t♦ ✇r✐t❡ ✭✹✳✸✽✮ ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛②✱ s❡❡ ✭✻✳✶✮✱ ✇❤✐❝❤ ❡♥❛❜❧❡❞ ✉s t♦ ♣r♦✈❡ ♦t❤❡r ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ❝❛s❡s ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✹✳✸✽✮✳ ❲❡ r❡❢❡r t♦ Pr♦♣♦s✐t✐♦♥ ✻✳✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✳✷✳ ■♥ ❛
s✐♠✐❧❛r ✇❛②✱ ✇❡ ❛r❡ ❧❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

−∆u+
∇h
h

· ∇u = f ✐♥ Ω, ✭✾✳✶✶✮

✇❤❡r❡ f = hg✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✻✳✶✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✜♥❞ ❛ ✇❡❛❦
s♦❧✉t✐♦♥ t♦ Pr♦❜❧❡♠ ✭✾✳✶✶✮ ✐♥ t❤❡ s♣❛❝❡ H1

0 (Ω)✱ ❛♥❞ ❢♦r ❛ ❞❛t✉♠ f ∈ H−1(Ω)✳

❘❡♠❛r❦ ✾✳✼✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ hg ∈ H−1(Ω) ❞♦❡s ♥♦t ✐♠♣❧② g ∈ W−1, 2
1
2 , h

(Ω) ♦t❤❡r✇✐s❡ t❤❡

q✉❡st✐♦♥ ✐s s♦❧✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✾✳✶✱ s✐♥❝❡
◦
W 1, 2

− 1
2 , h

(Ω) ⊂ H1
0 (Ω)✳

❚❤✐s q✉❡st✐♦♥ ✐s st✐❧❧ ♦♣❡♥✱ ❛♥❞ ✇❡ ❣✐✈❡ ✐♥ t❤❡ s❡q✉❡❧ ❢❡✇ ❡❧❡♠❡♥ts ♦❢ ✐♥✈❡st✐❣❛t✐♦♥✳ ❚♦ ❜❡❣✐♥ ✇✐t❤✱
t❤❡r❡ ✐s ♥♦ s✉✐t❛❜❧❡ ❢♦r♠❛❧ ❡st✐♠❛t❡s ♦♥ u✳ ■♥❞❡❡❞✱ ❜② ♠✉❧t✐♣❧②✐♥❣ ✭✾✳✶✶✮ ❜② u ❛♥❞ ❜② ✐♥t❡❣r❛t✐♥❣ ♦✈❡r
Ω✱ ✐t ❛♣♣❡❛rs t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠✿ ✂

Ω

❞✐✈

(∇h
h

)
u2 dx,

✇❤✐❝❤ ✐s ♦✉t ♦❢ ❝♦♥tr♦❧✳ ❇❡s✐❞❡s✱ ✐t ❞♦❡s ♥♦t s❡❡♠ r❡❛s♦♥❛❜❧❡ t♦ r❡✐♥❢♦r❝❡ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✇❡✐❣❤t
h ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ s✉❝❤ ✐♥t❡❣r❛❧✳

❚❤❡r❡❢♦r❡✱ ✇❡ ✇❡r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❏✳ ❉r♦♥✐♦✉✱ ✇❤♦ st✉❞✐❡s ✐♥ ❬✷✺❪ ❛ s✐♠✐❧❛r ♣r♦❜❧❡♠ t♦
✭✾✳✶✶✮✱ t❤❛t ✐s✿

−∆u+ B · ∇u = f ✐♥ Ω, ✭✾✳✶✷✮

✇✐t❤ B ∈ L∞(Ω)3 ❛♥❞ f ∈ H−1(Ω)✳ ❚❤❡ ❛✉t❤♦r r❡❛❝❤❡s t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛
✇❡❛❦ s♦❧✉t✐♦♥ u ∈ H1

0 (Ω) t♦ ✭✾✳✶✷✮ ❜② st✉❞②✐♥❣ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠✿

−∆v − ❞✐✈ (vB) = f∗ ✐♥ Ω.

❙t✐❧❧✱ ✇❡ ❛r❡ ♥♦t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ Pr♦❜❧❡♠ ✭✾✳✶✷✮✱ s✐♥❝❡ B = ∇h
h ✐s ♥♦t ✐♥ L∞(Ω)3 ❜✉t ♦♥❧② ✐♥

L∞
❧♦❝

(Ω)3✱ ❛♥❞ ❤✐s ✇♦r❦s ❞♦ ♥♦t ❣✉❛r❛♥t② ②❡t t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♦✉r
♣r♦❜❧❡♠✳ ●✐✈❡♥ t❤❛t✱ ❜② ❝♦♥s✐❞❡r✐♥❣ h + ε ✐♥st❡❛❞ ♦❢ h ✐♥ ✭✾✳✶✶✮✱ ❢♦r ε > 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ uε t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

−∆uε +
∇(h+ ε)

h+ ε
· ∇uε = f ✐♥ Ω.

❚❤❡ ✐❞❡❛ ✐s t❤❡♥ t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐ts ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s st✐❧❧ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳
❖♥❝❡ t❤✐s ♣r♦❜❧❡♠ s♦❧✈❡❞✱ ✐t ✇♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡ t♦ ❢♦r❡s❡❡ ♦t❤❡r ❝❛s❡s ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ✐♥ ❞✐✛❡r❡♥t

✇❡✐❣❤t❡❞ s♣❛❝❡s✱ s✐♠✐❧❛r t♦ t❤❡ ♦♥❡s ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ✐♥ P❛rt ■■ ✭s❡❡ ✭✺✳✾✮✮✳ ▼♦r❡♦✈❡r✱ ✇❡ ✇♦✉❧❞
❛❞❛♣t ❚❤❡♦r❡♠ ✾✳✹ t♦ ♦❜t❛✐♥ ♥❡✇ ❝♦♠♣❧❡♠❡♥t❛r② r❡❣✉❧❛r✐t② r❡s✉❧ts✳

✶✶✼



■♥ ❛ s❡❝♦♥❞ t✐♠❡✱ ✐t ✇♦✉❧❞ ❜❡ ❝♦♥❝❡✐✈❛❜❧❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ✇♦r❦ t♦ ❛ ❝❧❛ss ♦❢ ✇❡✐❣❤ts ♦❢ t❤❡ ❦✐♥❞
♦❢ h✳ ❲❡ ❤❛✈❡ ❜r✐❡✢② t❤♦✉❣❤t ❛❜♦✉t ❝♦♥s✐❞❡r✐♥❣ ❛ ♠❛♣♣✐♥❣ h > 0 t❤❛t ❜❡❧♦♥❣s t♦ W 1,∞

❧♦❝
(Ω) ❛♥❞ t❤❛t

s❛t✐s✜❡s✿
h = δα ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ Γ,

❢♦r ❛ ❣✐✈❡♥ r❡❛❧ ♣♦✇❡r α > 0✳ ❚❤❡♥✱ ❢♦r α > 1 t❤❡ ♠❛♣♣✐♥❣ h ✐s ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❢♦r 0 < α < 1
✐t ✐s ♦♥❧② ❝♦♥t✐♥✉♦✉s✱ ✇❤✐❝❤ ❜r✐♥❣s ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t②✳ ❆ ♣r✐♦r✐✱ ❡✈❡r② r❡s✉❧ts ✇❡ ❤❛✈❡ ❣✐✈❡♥ ✐♥
t❤✐s ♣❛rt ❛r❡ tr✉❡ ❢♦r t❤✐s s♣❡❝✐❛❧ ✇❡✐❣❤t✱ ❡①♣❡❝t❡❞ ❚❤❡♦r❡♠ ✾✳✹ ✇❤❡r❡ ✇❡ ♥❡❡❞ α > 1✳

✶✶✽



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❋✳ ❉❛❤♦✉♠❛♥❡✱ ❘✳ ▲✉❝❡✱ ❛♥❞ ●✳ ❱❛❧❧❡t✳ ❖♥ t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ❛♣♣r♦①✐♠❛t✐♦♥
✇✐t❤ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✷✵✶✵✱ t♦
❛♣♣❡❛r✳

❬✷❪ ❈✳ ❆♠r♦✉❝❤❡ ❛♥❞ ❙✳ ◆❡č❛s♦✈á✳ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢ s♣❛❝❡ ✇✐t❤ ❛ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s
❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ▼❛t❤❡♠❛t✐❝❛ ❇♦❤❡♠✐❝❛✱ ✶✷✻✭✷✮✿✷✻✺✕✷✼✹✱ ✷✵✵✶✳

❬✸❪ P✳ ❆③ér❛❞✳ ❆♥❛❧②s❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡♥ ❜❛ss✐♥ ♣❡✉ ♣r♦❢♦♥❞ ❡t ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
tr❛♥s♣♦rt✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ◆❡✉❝❤❛t❡❧✱ ✶✾✾✻✳

❬✹❪ P✳ ❆③ér❛❞ ❛♥❞ ❋✳ ●✉✐❧❧é♥✳ ❊q✉❛t✐♦♥s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡♥ ❜❛ss✐♥ ♣❡✉ ♣r♦❢♦♥❞✿ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❤②❞r♦st❛t✐q✉❡✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ❙ér✐❡✳ ✶✱ ✭✸✷✾✮✿✾✻✶✕✾✻✻✱ ✶✾✾✾✳

❬✺❪ P✳ ❆③ér❛❞ ❛♥❞ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✳ ▼❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥
✐♥ t❤❡ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s ♦❢ ❣❡♦♣❤②s✐❝❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✳ ❙■❆▼ ❏✳ ▼❛t❤s ❆♥❛❧✳✱ ✸✸✭✹✮✿✽✹✼✕✽✺✾✱
✷✵✵✶✳

❬✻❪ ❍✳ ❇❡✐r❛̃♦ ❞❛ ❱❡✐❣❛✳ ❆ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ t❤❡ L2✲r❡❣✉❧❛r✐t② t❤❡♦r❡♠s ❢♦r ❧✐♥❡❛r st❛t✐♦♥❛r② ♥♦♥❤♦✲
♠♦❣❡♥❡♦✉s ❙t♦❦❡s s②st❡♠s✳ P♦rt✉❣❛❧✳ ▼❛t❤✳✱ ✺✹✭✸✮✿✷✼✶✕✷✽✻✱ ✶✾✾✼✳

❬✼❪ ❖✳ ❇❡ss♦♥✱ ▼✳ ▲❛②❞✐✱ ❛♥❞ ❘✳ ❚♦✉③❛♥✐✳ ❯♥ ♠♦❞è❧❡ ❛s②♠♣t♦t✐q✉❡ ❡♥ ♦❝é❛♥♦❣r❛♣❤✐❡✳ ❈✳ ❘✳ ❆❝❛❞✳
❙❝✐✳ P❛r✐s ❙ér✳ ■ ▼❛t❤✳✱ ✸✶✵✭✾✮✿✻✻✶✕✻✻✺✱ ✶✾✾✵✳

❬✽❪ ❖✳ ❇❡ss♦♥ ❛♥❞ ▼✳ ❘✳ ▲❛②❞✐✳ ❙♦♠❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❛♥❞ ❢♦r t❤❡ ❍②❞r♦✲
st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳ ▼✷❆◆✱ ✷✻✭✷✼✮✿✽✺✺✕✾✻✺✱ ✶✾✾✷✳

❬✾❪ ❖✳ ❇❡ss♦♥ ❛♥❞ ▼✳ ❘✳ ▲❛②❞✐✳ ❙♦♠❡ ❡st✐♠❛t❡s ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s ❛♥❞ ❢♦r
t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❘❆■❘❖ ▼♦❞é❧✳ ▼❛t❤✳ ❆♥❛❧✳ ◆✉♠ér✳✱ ✷✻✭✼✮✿✽✺✺✕✽✻✺✱ ✶✾✾✷✳

❬✶✵❪ ❨✳ ❇r❡♥✐❡r✳ ❍♦♠♦❣❡♥❡♦✉s ❤②❞r♦st❛t✐❝ ✢♦✇s ✇✐t❤ ❝♦♥✈❡① ✈❡❧♦❝✐t② ♣r♦✜❧❡s✳ ◆♦♥❧✐♥❡❛r✐t②✱ ✶✷✭✸✮✿✹✾✺✕
✺✶✷✱ ✶✾✾✾✳

❬✶✶❪ ❉✳ ❇r❡s❝❤✱ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✱ ❛♥❞ ❏✳ ▲❡♠♦✐♥❡✳ ❆ ♥♦t❡ ♦♥ ❛ ❞❡❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ✇✐t❤
❛♣♣❧✐❝❛t✐♦♥s ❢♦r ❧❛❦❡s ❛♥❞ s❡❛s✳ ❊❧❡❝tr♦♥✐❝ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✷✵✵✹✳

❬✶✷❪ ❉✳ ❇r❡s❝❤✱ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✱ ◆✳ ▼❛s♠♦✉❞✐✱ ❛♥❞ ▼✳ ❆✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦✳ ✷❉ ♣r✐♠✐t✐✈❡ ❡q✉❛✲
t✐♦♥s ✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❢r✐❝t✐♦♥ ♦♥ t❤❡ ❜♦tt♦♠✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ▼❡❡t✐♥❣ ♦❢ ❆♥✲
❞❛❧✉s✐❛♥ ▼❛t❤❡♠❛t✐❝✐❛♥s✱ ❱♦❧✳ ■■ ✭❙♣❛♥✐s❤✮ ✭❙❡✈✐❧❧❛✱ ✷✵✵✵✮✱ ✈♦❧✉♠❡ ✺✷ ♦❢ ❈♦❧❡❝❝✳ ❆❜✐❡rt❛✱ ♣❛❣❡s
✶✻✶✕✶✻✾✳ ❯♥✐✈✳ ❙❡✈✐❧❧❛ ❙❡❝r✳ P✉❜❧✳✱ ❙❡✈✐❧❧❡✱ ✷✵✵✶✳

❬✶✸❪ ❉✳ ❇r❡s❝❤✱ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✱ ◆✳ ▼❛s♠♦✉❞✐✱ ❛♥❞ ▼✳ ❆✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦✳ ❖♥ t❤❡ ✉♥✐q✉❡♥❡ss
♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s✳ ❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s✱
✶✻✭✶✮✿✼✼✕✾✹✱ ✷✵✵✸✳

✶✶✾



❬✶✹❪ ❉✳ ❇r❡s❝❤✱ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✱ ◆✳ ▼❛s♠♦✉❞✐✱ ❛♥❞ ▼✳ ❆✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦✳ ❯♥✐q✉❡♥❡ss ♦❢
s♦❧✉t✐♦♥ ❢♦r t❤❡ ✷❉ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s ✇✐t❤ ❢r✐❝t✐♦♥ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❜♦tt♦♠✳ ■♥ ❙❡✈❡♥t❤ ❩❛r❛❣♦③❛✲
P❛✉ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✭❙♣❛♥✐s❤✮ ✭❏❛❝❛✱ ✷✵✵✶✮✱ ✈♦❧✉♠❡ ✷✼ ♦❢
▼♦♥♦❣r✳ ❙❡♠✐♥✳ ▼❛t✳ ●❛r❝í❛ ●❛❧❞❡❛♥♦✱ ♣❛❣❡s ✶✸✺✕✶✹✸✳ ❯♥✐✈✳ ❩❛r❛❣♦③❛✱ ❩❛r❛❣♦③❛✱ ✷✵✵✸✳

❬✶✺❪ ❉✳ ❇r❡s❝❤✱ ❏✳ ▲❡♠♦✐♥❡✱ ❛♥❞ ❏✳ ❙✐♠♦♥✳ ❆ ❣❡♦str♦♣❤✐❝ ♠♦❞❡❧ ✇✐t❤ ✈❡rt✐❝❛❧ ❞✐✛✉s✐♦♥✳ ◆♦♥❧✐♥❡❛r
❆♥❛❧②s✐s✱ ❚❤❡♦r②✱ ▼❡t❤♦❞s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✸✭✹✮✿✹✹✾✕✹✼✵✱ ✷✵✵✶✳

❬✶✻❪ ❉✳ ❇r❡s❝❤ ❛♥❞ ▼✳ ❙②✳ P♦r♦✉s ❝♦♥✈❡❝t✐♦♥ ✐♥ r♦t❛t✐♥❣ t❤✐♥ ❞♦♠❛✐♥s✿ t❤❡ ♣❧❛♥❡t❛r② ❣❡♦str♦♣❤✐❝
❡q✉❛t✐♦♥s✱ ✉s❡❞ ✐♥ ❣❡♦♣❤②s✐❝❛❧ ✢✉✐❞ ❞②♥❛♠✐❝s✱ r❡✈✐s✐t❡❞✳ ❈♦♥t✳ ▼❡❝❤✳ ❚❤❡r♠♦❞②♥✳✱ ✶✺✭✸✮✿✷✹✼✕✷✻✸✱
✷✵✵✸✳

❬✶✼❪ ❈✳ ❈❛♦ ❛♥❞ ❊✳ ❙✳ ❚✐t✐✳ ●❧♦❜❛❧ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✈✐s❝♦✉s ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s
♦❢ ❧❛r❣❡ s❝❛❧❡ ♦❝❡❛♥ ❛♥❞ ❛t♠♦s♣❤❡r❡ ❞②♥❛♠✐❝s✳ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✭✷✮✱ ✶✻✻✭✶✮✿✷✹✺✕✷✻✼✱ ✷✵✵✼✳

❬✶✽❪ ❚✳ ❈❤❛❝ó♥ ❛♥❞ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✳ ❆♥ ✐♥tr✐♥s✐❝ ❛♥❛❧②s✐s ♦❢ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❤②❞r♦✲
st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ❙ér✐❡ ✶✱ ♣❛❣❡s ✽✹✶✕✽✹✻✱
✷✵✵✵✳

❬✶✾❪ ❚✳ ❈❤❛❝ó♥ ❘❡❜♦❧❧♦ ❛♥❞ ❋✳ ●✉✐❧❧é♥ ●♦♥③á❧❡③✳ ❆♥ ✐♥tr✐♥s✐❝ ❛♥❛❧②s✐s ♦❢ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r
t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ❙ér✳ ■ ▼❛t❤✳✱
✸✸✵✭✾✮✿✽✹✶✕✽✹✻✱ ✷✵✵✵✳

❬✷✵❪ ❚✳ ❈❤❛❝ó♥ ❘❡❜♦❧❧♦✱ ❘✳ ▲❡✇❛♥❞♦✇s❦✐✱ ❛♥❞ ❊✳ ❈❤❛❝ó♥ ❱❡r❛✳ ❆♥❛❧②s✐s ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛✲
t✐♦♥ ✐♥ ♦❝❡❛♥♦❣r❛♣❤② ✇✐t❤ ❝♦♠♣r❡ss✐♦♥ t❡r♠✳ ▼✷❆◆ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✸✹✭✸✮✿✺✷✺✕✺✸✼✱
✷✵✵✵✳

❬✷✶❪ ❏✳✲❨✳ ❈❤❡♠✐♥✱ ❇✳ ❉❡s❥❛r❞✐♥s✱ ■✳ ●❛❧❧❛❣❤❡r✱ ❛♥❞ ❊✳ ●r❡♥✐❡r✳ ❋❧✉✐❞s ✇✐t❤ ❛♥✐s♦tr♦♣✐❝ ✈✐s❝♦s✐t②✳
▼✷❆◆ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✸✹✭✷✮✿✸✶✺✕✸✸✺✱ ✷✵✵✵✳ ❙♣❡❝✐❛❧ ✐ss✉❡ ❢♦r ❘✳ ❚❡♠❛♠✬s ✻✵t❤
❜✐rt❤❞❛②✳

❬✷✷❪ ❘✳ ❉❛✉tr❛② ❛♥❞ ❏✳✲▲✳ ▲✐♦♥s✳ ❆♥❛❧②s❡ ♠❛t❤é♠❛t✐q✉❡ ❡t ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ♣♦✉r ❧❡s s❝✐❡♥❝❡s ❡t ❧❡s
t❡❝❤♥✐q✉❡s✳ ▼❛ss♦♥✱ ✶✾✽✽✳

❬✷✸❪ ●✳ ❞❡ ❘❤❛♠✳ ❱❛r✐étés ❞✐✛ér❡♥t✐❛❜❧❡s✳ ❋♦r♠❡s✱ ❝♦✉r❛♥ts✱ ❢♦r♠❡s ❤❛r♠♦♥✐q✉❡s✳ ❆❝t✉❛❧✐tés ❙❝✐✳ ■♥❞✳✱
♥♦✳ ✶✷✷✷ ❂ P✉❜❧✳ ■♥st✳ ▼❛t❤✳ ❯♥✐✈✳ ◆❛♥❝❛❣♦ ■■■✳ ❍❡r♠❛♥♥ ❡t ❈✐❡✱ P❛r✐s✱ ✶✾✺✺✳

❬✷✹❪ ▼✳ ❈✳ ❉❡❧❢♦✉r ❛♥❞ ❏✳✲P✳ ❩♦❧és✐♦✳ ❙❤❛♣❡s ❛♥❞ ❣❡♦♠❡tr✐❡s✱ ✈♦❧✉♠❡ ✹ ♦❢ ❆❞✈❛♥❝❡s ✐♥ ❉❡s✐❣♥ ❛♥❞ ❈♦♥✲
tr♦❧✳ ❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✭❙■❆▼✮✱ P❤✐❧❛❞❡❧♣❤✐❛✱ P❆✱ ✷✵✵✶✳ ❆♥❛❧②s✐s✱
❞✐✛❡r❡♥t✐❛❧ ❝❛❧❝✉❧✉s✱ ❛♥❞ ♦♣t✐♠✐③❛t✐♦♥✳

❬✷✺❪ ❏✳ ❉r♦♥✐♦✉✳ ◆♦♥✲❝♦❡r❝✐✈❡ ❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ P♦t❡♥t✐❛❧ ❆♥❛❧✳✱ ✶✼✭✷✮✿✶✽✶✕✷✵✸✱ ✷✵✵✷✳

❬✷✻❪ ❋✳ ❖✳ ●❛❧❧❡❣♦✳ ❖♥ ❞✐str✐❜✉t✐♦♥s ✐♥❞❡♣❡♥❞❛♥t ♦❢ xN ✐♥ ❝❡rt❛✐♥ ♥♦♥✲❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥s ❛♥❞ ❛ ❉❡
❘❤❛♠ ❧❡♠♠❛ ✇✐t❤ ❛ ♥♦♥✲❧♦❝❛❧ ❝♦♥str❛✐♥t✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳✱ ✺✾✭✸✮✿✸✸✺✕✸✹✺✱ ✷✵✵✹✳

❬✷✼❪ ❋✳ ❖✳ ●❛❧❧❡❣♦✳ ❘❡❣✉❧❛r✐③❛t✐♦♥ ❜② ♠♦♥♦t♦♥❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢
◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✳ ▼❛t❤✳ ▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳ ❙❝✐✳✱ ✶✹✭✶✷✮✿✶✽✶✾✕✶✽✹✽✱ ✷✵✵✹✳

❬✷✽❪ ❱✳ ●✐r❛✉❧t ❛♥❞ P✳ ❆✳ ❘❛✈✐❛rt✳ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ✈♦❧✉♠❡ ✺
♦❢ ❙♣r✐♥❣❡r ❙❡r✐❡s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱ ✶✾✽✻✳

❬✷✾❪ ❊✳ ●r❡♥✐❡r✳ ❖♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❤②❞r♦st❛t✐❝ ❡q✉❛t✐♦♥s✳ ▼✷❆◆ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳
❆♥❛❧✳✱ ✸✸✭✺✮✿✾✻✺✕✾✼✵✱ ✶✾✾✾✳

✶✷✵



❬✸✵❪ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③✱ ◆✳ ▼❛s♠♦✉❞✐✱ ❛♥❞ ▼✳ ❆✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦✳ ❆♥✐s♦tr♦♣✐❝ ❡st✐♠❛t❡s ❛♥❞
str♦♥❣ s♦❧✉t✐♦♥s ♦❢ t❤❡ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s✳ ❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s✱ ✶✹✭✶✶✮✿✶✸✽✶✕✶✹✵✽✱
✷✵✵✶✳

❬✸✶❪ ❋✳ ●✉✐❧❧é♥✲●♦♥③á❧❡③ ❛♥❞ ▼✳ ❆✳ ❘♦❞rí❣✉❡③✲❇❡❧❧✐❞♦✳ ❘❡❣✉❧❛r✐t② ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❛
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❤②❞r♦st❛t✐❝ ♣r♦❜❧❡♠✳ ■♥ ❆❝t❡s ❞❡s ❱■èmes ❏♦✉r♥é❡s ❩❛r❛❣♦③❛✲P❛✉ ❞❡ ▼❛t❤é♠❛✲
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❘és✉♠é ✿

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♦♥ ét✉❞✐❡ q✉❡❧q✉❡s ♣r♦❜❧è♠❡s ❞✬éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❡❧❧✐♣t✐q✉❡s q✉❡ ❧✬♦♥
r❡♥❝♦♥tr❡ ❞❛♥s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✬é❝♦✉❧❡♠❡♥ts ré❡❧s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❝✐r❝✉❧❛t✐♦♥ ♦❝é❛♥✐q✉❡ ❣❧♦❜✲
❛❧❡✳ ▲❛ t❤ès❡ ❡st ❞✐✈✐sé❡ ❡♥ tr♦✐s ♣❛rt✐❡s✳ ▲❛ ♣❛rt✐❡ ✶ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❙t♦❦❡s
❞✐t ✓ ❤②❞r♦st❛t✐q✉❡ ✔ ❡♥ ❞✐♠❡♥s✐♦♥ tr♦✐s ♣♦sé ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❜♦r♥é ♥♦♥ ♥é❝❡ss❛✐r❡♠❡♥t ❝②❧✐♥❞r✐q✉❡✳
▲✬♦r✐❣✐♥❛❧✐té ❞❡ ❝❡s tr❛✈❛✉① ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❞❡s ❞♦♥♥é❡s ♥♦♥ ❤♦♠♦❣è♥❡s✱ t❛♥t ❞❛♥s
❧✬éq✉❛t✐♦♥ ❞❡ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧❛ ♠❛ss❡ q✉❡ s✉r ❧❛ ❝♦♥❞✐t✐♦♥ ❛✉① ❧✐♠✐t❡s ♣♦rté❡ s✉r ❧❛ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡✳
P♦✉r tr❛✐t❡r ❝❡tt❡ ♥♦✉✈❡❧❧❡ s✐t✉❛t✐♦♥✱ ♦♥ s❡ r❛♠è♥❡ ♣❛r éq✉✐✈❛❧❡♥❝❡ à rés♦✉❞r❡ ✉♥ s②stè♠❡ ❞✬éq✉❛t✐♦♥s
♣r✐♠✐t✐✈❡s ❧✐♥é❛r✐sé❡s ♥♦♥ ❤♦♠♦❣è♥❡s✱ q✉❡ ❧✬♦♥ rés♦✉t ❛✈❡❝ ✉♥❡ ❛♣♣r♦❝❤❡ ❡♥t✐èr❡♠❡♥t ❢♦♥❝t✐♦♥♥❡❧❧❡ ❡t
♦♣t✐♠❛❧❡ ❣râ❝❡ ❛✉ ❝❛❞r❡ ❢♦♥❝t✐♦♥♥❡❧ q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡✳ P❛r ❝♦♥séq✉❡♥t✱ ♦♥ ♠♦♥tr❡ ❞❡✉① ❝❛s ❞✬❡①✐st❡♥❝❡
❡t ❞✬✉♥✐❝✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❙t♦❦❡s ❤②❞r♦st❛t✐q✉❡ ❛✈❡❝ ❝♦♥❞✐t✐♦♥s ♥♦♥ ❤♦♠♦❣è♥❡s✳
▲❡s ♣❛rt✐❡ ✷ ❡t ✸ s♦♥t ❝♦♥s❛❝ré❡s à ❧✬ét✉❞❡ ❞✬✉♥ ♠♦❞è❧❡ ❡❧❧✐♣t✐q✉❡ ❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t ❞❡ ❞✐✛✉s✐♦♥ q✉✐
♣❡✉t ❞é❣é♥ér❡r✳ ❈❡ t②♣❡ ❞✬éq✉❛t✐♦♥s ✐♥t❡r✈✐❡♥t é❣❛❧❡♠❡♥t ❞❛♥s ❞❡s ♣r♦❜❧è♠❡s ❣é♦♣❤②s✐q✉❡s✱ q✉❡ ❝❡ s♦✐t
❞❛♥s ❞❡s q✉❡st✐♦♥s ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝✐r❝✉❧❛t✐♦♥ ❣❧♦❜❛❧❡✱ ♠❛✐s ❛✉ss✐ ❞❛♥s ❞❡s ♣r♦❜❧è♠❡s ❞✬✐♥✜❧tr❛t✐♦♥
❡t ❞❡ ♠✐❧✐❡✉① ♣♦r❡✉①✳ ❖♥ ét✉❞✐❡ ❧❡ ❝❛s ❞✉ ❞❡♠✐✲❡s♣❛❝❡ ♣♦✉r ❧❡q✉❡❧ ♦♥ ♦❜t✐❡♥t ✉♥❡ t❤é♦r✐❡ ♦♣t✐♠❛❧❡ ❞❡
ré❣✉❧❛r✐té ❞❡s s♦❧✉t✐♦♥s ❢❛✐❜❧❡s✳ ❖♥ tr❛✐t❡ ❡♥✜♥ ❧❡ ❝❛s ❣é♥ér❛❧ ♣♦✉r ❧❡q✉❡❧ ♦♥ ♦❜t✐❡♥t ✉♥ ❝❛s ❞✬❡①✐st❡♥❝❡
❡t ❞✬✉♥✐❝✐té ❞❡ s♦❧✉t✐♦♥ ❢❛✐❜❧❡ ❡t ✉♥ rés✉❧t❛t ❞❡ ré❣✉❧❛r✐té ❛ss♦❝✐é✳

▼♦ts ❝❧és ✿ ❛♣♣r♦①✐♠❛t✐♦♥ ❤②❞r♦st❛t✐q✉❡ ❞❡ ❙t♦❦❡s✱ ❝♦♥❞✐t✐♦♥s ♥♦♥ ❤♦♠♦❣è♥❡s✱ éq✉❛t✐♦♥s ♣r✐♠✐t✐✈❡s
❧✐♥é❛r✐sé❡s✱ ✐♥é❣❛❧✐té ❞❡ t②♣❡ ❍❛r❞②✱ ❧❡♠♠❡ ❞❡ t②♣❡ ❉❡ ❘❤❛♠✱ ❞❡♠✐✲❡s♣❛❝❡✱ ❡s♣❛❝❡s à ♣♦✐❞s✱ t❤é♦r✐❡ ❞❡
ré❣✉❧❛r✐té✳

❖◆ ❚❍❊ ❍❨❉❘❖❙❚❆❚■❈ ❙❚❖❑❊❙ ❆PP❘❖❳■▼❆❚■❖◆ ❆◆❉ ❆ ❉❊●❊◆❊❘❆❚❊❉

❊◗❯❆❚■❖◆

❆❜str❛❝t ✿

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② s♦♠❡ ❡❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♣r♦❜❧❡♠s ♠♦❞❡❧❧✐♥❣ ✢✉✐❞ ♠♦t✐♦♥✱
s✉❝❤ ❛s ❣❧♦❜❛❧ ♦❝❡❛♥♦❣r❛♣❤✐❝ ❝✐r❝✉❧❛t✐♦♥✳ ❚❤❡ t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t❤r❡❡ ♣❛rts✳ P❛rt ✶ ✐s ❞❡❞✐❝❛t❡❞
t♦ t❤❡ s♦ ❝❛❧❧❡❞ ✓ ❤②❞r♦st❛t✐❝ ✔ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ ❞✐♠❡♥s✐♦♥ t❤r❡❡✱ s❡t ✐♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♥♦♥
♥❡❝❡ss❛r✐❧② ❝②❧✐♥❞r✐❝❛❧✳ ❚❤❡ ♦r✐❣✐♥❛❧✐t② ♦❢ t❤✐s ✇♦r❦ r❡❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✇❡ ❝♦♥s✐❞❡r ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s
❞❛t❛✱ ♥♦t ♦♥❧② ✐♥ t❤❡ ♠❛ss ❝♦♥s❡r✈❛t✐♦♥ ❡q✉❛t✐♦♥ ❜✉t ❛❧s♦ ✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❝❛rr✐❡❞ ❜② t❤❡
✈❡rt✐❝❛❧ ✈❡❧♦❝✐t②✳ ❚♦ ❤❛♥❞❧❡ t❤✐s ♥❡✇ s✐t✉❛t✐♦♥✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❞✐✣❝✉❧t② ✐s r❡❞✉❝❡❞ t♦ s♦❧✈❡ ❛
♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r✐③❡❞ ♣r✐♠✐t✐✈❡ ❡q✉❛t✐♦♥s s②st❡♠✱ t❤❛t ✇❡ s♦❧✈❡ ✇✐t❤ ❛♥ ❡♥t✐r❡❧② ❢✉♥❝t✐♦♥❛❧ ❛♥❞
♦♣t✐♠❛❧ ❛♣♣r♦❛❝❤ ❣✐✈❡♥ t❤❡ ❢r❛♠❡✇♦r❦ ✇❡ ❝♦♥s✐❞❡r✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣✐✈❡ t✇♦ ❝❛s❡s ♦❢ ❡①✐st❡♥❝❡ ❛♥❞
✉♥✐q✉❡♥❡ss ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ❤②❞r♦st❛t✐❝ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s✳
P❛rt ✷ ❛♥❞ ✸ ❛r❡ ❞❡❞✐❝❛t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❛♥ ❡❧❧✐♣t✐❝ ♠♦❞❡❧ ✇✐t❤ ❛ ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❤❛✈✐♥❣ ❛
♣♦ss✐❜❧❡ ❞❡❣❡♥❡r❛t❡❞ ❜❡❤❛✈✐♦r✳ ❲❡ ❝❛♥ ❛❧s♦ ✜♥❞ t❤❡s❡ ❡q✉❛t✐♦♥s ✐♥ ❣❡♦♣❤②s✐❝❛❧ ♣r♦❜❧❡♠s✱ s✉❝❤ ❛s ✐♥
❣❧♦❜❛❧ ❝✐r❝✉❧❛t✐♦♥ ♠♦❞❡❧❧✐♥❣ q✉❡st✐♦♥s ♦r s❡❡♣❛❣❡ ❛♥❞ ♣♦r♦✉s ♠❡❞✐❛ ♣r♦❜❧❡♠s✳ ❲❡ st✉❞② t❤❡ ❤❛❧❢✲s♣❛❝❡
❝❛s❡ ❢♦r ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧ r❡❣✉❧❛r✐t② t❤❡♦r② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡
❣❡♥❡r❛❧ ❝❛s❡ ❢♦r ✇❤✐❝❤ ✇❡ ❡st❛❜❧✐s❤ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♣r♦♦❢ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥✱ ❥♦✐♥t❧② ✇✐t❤
❛ r❡❣✉❧❛r✐t② r❡s✉❧t✳

❑❡②✇♦r❞s ✿ ❙t♦❦❡s ❤②❞r♦st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ♥♦♥ ❤♦♠♦❣❡♥❡♦✉s ❝♦♥❞✐t✐♦♥s✱ ❧✐♥❡❛r✐③❡❞ ♣r✐♠✐t✐✈❡
❡q✉❛t✐♦♥s✱ ❍❛r❞② t②♣❡ ✐♥❡q✉❛❧✐t②✱ ❉❡ ❘❤❛♠✲❧✐❦❡ ❧❡♠♠❛✱ ❤❛❧❢✲s♣❛❝❡✱ ✇❡✐❣❤t❡❞ s♣❛❝❡s✱ r❡❣✉❧❛r✐t② t❤❡♦r②✳


