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Introduction.

La géométrie aléatoire remonte, comme la tradition le veut a I'expérience de I'aiguille
de Buffon en 1777, au paradoxe de Bertrand sur les probabilités géométriques, et a la
réplique fournie par H. Poincaré qui a conduit a la naissance de la géométrie intégrale
puis de la géometrie stochastique (terme introduit par D. G. Kendall, K. Krickeberg et
R. E. Miles en 1969). On pourra consulter par exemple les ouvrages classiques de H.
Solomon [84], L. A. Santalé [77]. et G. Matheron [48]. De nos jours ce domaine a pris
une telle extension, du fait notamment de ses innombrables implications dans les sciences
expérimentales qu’il n’est pas possible d’en donner une vue exhaustive dans un volume
raisonnable de lignes. Nous renvoyons pour cela aux excellents ouvrages de P. Hall [32],
D. Stoyan et alt. [86], I. S. Molchanov [62], B. D. Ripley [76], etc.

Dans cette these, nous avons abordé quatre domaines de la géométrie stochastique.

A. Les mosaiques de Poisson-Voronoi ;

B. les mosaiques de Johnson-Mehl;

C. les mosaiques poissoniennes d’hyperplans;
D. le modele de fissuration de Rényi-Widom.

A. Le principe de la construction de la mosaique de Voronoi est le suivant. On se donne
un sous-ensemble localement fini P d’un espace métrique sous-jacent (E,d), puis a tout
élément x € P (appelé germe), on associe la cellule

Cx) ={y € E;d(y,z) < d(y,2) V2’ € P},

constituée des points de E les plus proches de x. Dans le cas euclidien, on obtient ainsi
une partition de l'espace en polyedres convexes bordés par des portions d’hyperplans
médiateurs des segments entre germes. Cette mosaique fut introduite dans un cadre
déterministe en dimension deux par G. L. Dirichlet [18] en 1850, puis en dimension
supérieure par G. Voronoi [91] en 1908. Leur motivation était de résoudre des problemes
de minimisation de formes quadratiques prises sur des vecteurs a coordonnées entieres.
En 1953, dans le but de modéliser la formation de cristaux, J. L. Meijering [50] a
repris la construction de Voronoi avec un ensemble de germes aléatoires, plus exactement
un processus ponctuel de Poisson. Le modele obtenu, appelé la mosaique de Poisson-
Voronoi, est depuis largement utilisé pour modéliser différents phénomenes naturels. Selon
R. Van de Weygaert [90], les galaxies sont situées a la périphérie de cellules de Poisson-
Voronoi en modélisant les centres d’expansion de la matiere par un processus de Poisson.
De méme, M. Gerstein, J. Tsai et M. Levitt [22] ont approché la forme d’une molécule



de protéine en construisant les cellules de Voronoi associées a 1’ensemble aléatoire des
centres des atomes constituant cette molécule. Plus généralement, de nombreux problemes
concrets qui relevent de territoires de prédominance se modélisent a 1’aide de mosaiques de
Poisson-Voronoi, notamment en météorologie [11], écologie [74] ou encore épidémiologie
[49]. Citons enfin les applications aux télécommunications qui ont rencontré un grand
succes récemment. On pourra consulter notamment les travaux de F. Baccelli et alt.
2], [3], [4], de S. G. Foss et S. A. Zuyev [21] ou I. S. Molchanov et S. A. Zuyev [61]. Les
mosalques de Voronoi aléatoires jouent également un role essentiel depuis quelques années
en informatique dans les secteurs de la reconnaissance de formes [12] et de compression
d’images [51].

Dans de nombreux cas, le modele de Poisson-Voronoi apparait naturellement comme
le plus adapté. Il permet en outre d’utiliser certaines techniques propres au processus de
Poisson. Cependant, il n’est pas le seul modele possible de mosaique de Voronoi aléatoire
(voir par exemple I’étude générale conduite par J. Mgller des mosaiques de Voronoi sta-
tionnaires [65] ou les travaux de G. Le Caér et J. S. Ho [44]). On pourra se reporter a ce
sujet a 'ouvrage tres complet de Okabe et alt. [69]. Dans notre travail, nous ne traiterons
que le cas des mosaiques de Poisson-Voronoi.

Historiquement, les premiers travaux dans I’étude théorique de la mosaique de Poisson-
Voronoi remontent a 1961 et sont dus a E. N. Gilbert [23], qui I’a utilisée pour modéliser
la formation de cristaux et s’est intéressé aux propriétés de sa “cellule typique”. Il a en
particulier fourni le meilleur encadrement connu a ce jour de la queue de la loi du volume
de la cellule typique. Depuis, R. E. Miles [57] en 1970 et J. Mgller [63], [65] en 1994 ont
précisé la notion de cellule typique. Ils ont de plus calculé les premiers moments des aires
des faces k-dimensionnelles (k étant inférieur a la dimension de l'espace euclidien) et ont
décrit la démarche qui permet d’obtenir les seconds moments ainsi que les corrélations
s’exprimant par des formules assez compliquées. Tout récemment, A. Hayen et M. Quine
ont donné une formule intégrale pour le troisieme moment de 'aire en dimension deux
[34]. Cependant, peu de distributions explicites ont été obtenus jusqu’a aujourd’hui, ce qui
explique le recours intensif aux procédés de simulation (voir par exemple les résultats de
A. L. Hinde et R. E. Miles [36] ou de S. Kumar et S. K. Kurtz [43]). Quelques résultats sur
les lois ont été prouvés dernierement dans le cadre de problemes de télécommunications
par S. G. Foss et S. A. Zuyev [21], S. A. Zuyev [94] et Baccelli et alt. [3]. Ceux-ci ont
notamment déterminé un encadrement de la queue de la loi du rayon du disque circonscrit
a la cellule typique en dimension deux et la loi, conditionnée par le nombre d’hyperfaces,
du volume du “domaine fondamental”. Par ailleurs, dans le cadre de la stéréologie, les
propriétés des sections de la mosaique de Poisson-Voronoi par des sous-espaces affines
ont été étudiées successivement par L. Muche et D. Stoyan [67], S. N. Chiu, R. van de
Weygaert et D. Stoyan [13] et L. Heinrich [35].

Enfin, on peut définir une mosaique duale de la mosaique de Voronoi, appelée mosaique
de Delaunay en reliant par des segments les germes dont les cellules associées ont des
frontieres communes. On obtient alors une partition de I'espace en simplexes. On connait
la loi explicite de la cellule typique de cette mosaique [65] et on peut en déduire des
résultats sur I’angle typique ou la distance typique entre deux germes voisins (voir 'article
de L. Muche [66]).

Dans notre travail, nous exhibons dans le cas deux-dimensionnel les formules exactes de



la loi du nombre de cotés de la cellule typique [9] et des lois conditionnelles, connaissant le
nombre de cotés, de I'aire de la cellule, de son périmetre, de ’aire du domaine fondamental
et plus généralement du vecteur constitué des positions relatives des cotés [10]. Notons
que notre démarche s’applique également a la dimension supérieure, les formules qui en
résultent étant néanmoins peu explicites.

Par ailleurs, toujours en dimension deux, nous précisons la loi conjointe du couple
formé des rayons des disques (centrés a I’origine) inscrit et circonscrit de la cellule typique
et en déduisons le caractere “circulaire” des cellules de la mosaique ayant un grand rayon
de disque inscrit [8]. La technique employée repose sur des propriétés de recouvrement du
cercle qui ne s’étendent pas en dimension supérieure a deux.

Enfin, dans un travail en collaboration avec A. Goldman, nous nous sommes intéressés
aux propriétés vibratoires des cellules de la mosaique en toute dimension en étudiant le
spectre du Laplacien avec condition de Dirichlet au bord de la cellule typique. Nous relions
la fonction spectrale (ou transformée de Laplace de la fonction de répartition du spectre)
a la trajectoire du pont brownien et en déduisons en dimension deux une estimation loga-
rithmique de la loi de la premiere valeur propre [29], [30]. Le développement au voisinage
de 'origine de 'espérance de la fonction spectrale fournit également des informations sur
la géométrie des cellules.

B. Afin de représenter la formation de cristaux dans des systemes métalliques générés
par des germes en croissance, W. A. Johnson et R. F. Mehl [38] ont introduit en 1939 un
modele plus général que le précédent. En effet, si on place des germes au méme instant
dans I'espace R? en les faisant croitre ensuite & méme vitesse, on obtient naturellement
la mosaique de Voronoi associée. En revanche, si ces germes apparaissent a des instants
différents, la partition de I’espace obtenue n’est plus constituée de polyedres convexes
mais seulement de convexes étoilés bordés par des portions d’hyperboloides. La mosaique
obtenue est dite de Johnson-Mehl. Notons que le cas unidimensionnel présente également
un intérét non négligeable (voir par exemple le travail récent de S. N. Chiu et C. C. Yin
[14]). II sert en particulier de modele stochastique pour la réplication de ’ADN [17].

L’étude mathématique de la mosaique de Johnson-Mehl a été conduite par E. N.
Gilbert [23] et J. Mgller [64]. Théoriquement, il est possible de généraliser la plupart des
calculs de moments obtenus dans le cas Poisson-Voronoi. Cependant, il devient rapidement
ardu d’expliciter les intégrales en dimension supérieure a deux.

Dans cette these, nous avons cherché a prolonger I’étude du spectre du Laplacien des
cellules de la mosaique que nous avions menée dans le cas Poisson-Voronoi. De maniere
générale, on ne dispose pas d’informations précises sur les valeurs propres d’un domaine
fixé sans propriété particuliere (de convexité ou polyedrale par exemple). Dans ce contexte,
il est intéressant d’obtenir des résultats sur la fonction spectrale de la cellule typique
de Johnson-Mehl. Précisément, nous relions celle-ci au pont brownien et déterminons
un développement a deux termes au voisinage de l'origine via des conditions explicites
d’intégrabilité [29].

C. C’est dans le cadre physique tres précis de I'étude des trajectoires de particules dans
les chambres & bulles que S. A. Goudmit [31] a introduit en 1945 la mosaique poisso-
nienne d’hyperplans en dimension deux. En 1964, R. E. Miles utilise cette mosaique afin



de modéliser les fibres de papier. Il a fourni a cette occasion I'essentiel des résultats en loi
et des calculs de moments empiriques connus aujourd’hui [54], [55]. De maniere générale,
hormis quelques exceptions notables comme les travaux ultérieurs de R. E. Miles [56], [58]
et ceux de G. Matheron [48], la plupart des écrits sur la mosaique poissonienne d’hyper-
plans se limitent au cas deux-dimensionnel. Récemment, A. Goldman a étudié le spectre
du Laplacien des cellules [26] et a par ailleurs [28] précisé une ancienne conjecture die a
D. G. Kendall (voir par exemple [86]) selon laquelle les cellules dont l'aire est “grande”
ont une forme approximativement circulaire. Ce dernier travail a été prolongé depuis par
I. N. Kovalenko [42]. Ajoutons que K. Paroux a obtenu des théoremes centraux-limites
dans ce contexte [72].

Dans notre travail, nous donnons des formules explicites en dimension deux des lois
du nombre de c6tés de la cellule typique (resp. de la cellule contenant 1'origine) et des lois
conditionnelles, connaissant le nombre de cotés, de 'aire de la cellule, de son périmetre et
du vecteur constitué des positions des cotés de la cellule typique (resp. de la cellule conte-
nant 'origine) [10]. Comme dans le cas des mosaiques de Poisson-Voronoi, la technique
se généralise en toute dimension bien qu’il soit plus difficile d’expliciter les intégrales.

De plus, toujours en dimension deux, nous calculons la loi conjointe du couple formé
des rayons des disques (centrés a l'origine) inscrit et circonscrit de la cellule contenant
I'origine. Nous en déduisons une nouvelle vérification théorique de la conjecture de D. G.
Kendall [8].

Par ailleurs, nous prolongeons a toute dimension un résultat dit a R. E. Miles en di-
mension deux [59] en exhibant une réalisation explicite de la cellule typique a partir de sa
boule inscrite et de son simplexe circonscrit dont nous donnons les lois exactes [6]. Enfin,
nous retrouvons de maniere rigoureuse en toute dimension un résultat de R. E. Miles [54],
énoncé en dimension deux, concernant les mosaiques poissoniennes d’hyperplans épaissies

7).

D. On considére un systeme physique constitué d’un substrat recouvert d’un dépot
d’épaisseur négligeable comme, par exemple, une couche de terre sur un étang ou une
couche de peinture sur un mur. Lorsque l'on applique une force unidirectionnelle a cet
ensemble, on constate expérimentalement du fait de son inhomogénéité, la formation de
fissures (sur le plan du dépot) que 'on modélise en premiere approximation par des
droites paralleles entre elles. Etudier leur position revient a décrire ’ensemble constitué
des projections de ces droites sur un axe dirigé par la force de traction. La représentation
probabiliste de ce phénomene doit prendre en compte le principe physique de relaxa-
tion de la contrainte selon lequel aucune fissure ne peut apparaitre “a proximité” d’une
fissure préexistante. C’est pourquoi il est licite de choisir le modele de Rényi-Widom,
connu également dans la littérature sous le nom de modele “des places de parkings”. Plus
précisément, on dispose d’'une suite ordonnée de points que 1'on appelle les “positions
potentielles”, indépendants et identiquement distribués de loi uniforme sur un intervalle
fixé. Par ailleurs, on fixe r > 0. On conserve le premier point, puis de maniere récursive,
on décide de conserver le n*™ point, n > 1, lorsque sa distance aux points conservés
jusqu’a I'étape (n — 1) est supérieure a r. Dans le cas contraire, on le supprime et on
poursuit ’algorithme. Dans le cadre de notre modele, chaque point représente la position
d’une fissure.
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Il est a priori difficile de déterminer la loi (ou méme le premier moment) du nombre
de fissures effectivement construites sur l'intervalle lorsqu’on dispose d’un nombre fixe
(ou poissonien) de fissures “potentielles” au départ. Ainsi, les principaux résultats sur ce
sujet sont de nature asymptotique lorsque 1'on fait tendre la longueur de l'intervalle vers
Iinfini. En 1958, A. Rényi [75] a étudié le modele a saturation, c¢’est-a-dire lorsqu’il n’est
plus possible de rajouter de nouveau point sur l'intervalle. Il a obtenu en particulier une
formule explicite de l'intensité limite (nombre moyen de points par unité de longueur).
B. Widom [92] a par la suite calculé par des méthodes plus ou moins heuristiques, la
loi limite d’une “distance typique” entre deux points successifs lorsque le nombre de
points “potentiels” est proportionnel a la longueur de l'intervalle. Il parait donc naturel
de chercher a obtenir un processus ponctuel limite en loi sur la droite réelle lorsqu’on
étend les bornes de I'intervalle de départ a I'infini.

Dans un travail en collaboration avec A. Mézin et P. Vallois, nous définissons direc-
tement ’objet limite comme étant un processus ponctuel stationnaire et ergodique sur la
droite en associant a chaque position de fissure une seconde coordonnée qui correspond
au niveau de contrainte exact auquel elle apparait. Nous procédons a 1’étude statistique
de ce modele en déterminant explicitement l'intensité de fissuration et la loi conjointe
d’'un couple constitué de la “distance inter-fissures typique” et du “niveau de contrainte
typique associé”. Nous retrouvons en particulier les résultats de A. Rényi et B. Widom.
Nous revenons ensuite a une vision “locale” du processus point par point en déterminant
la loi conjointe des n premieres positions de fissures a droite de l'origine, n > 1. Nous
montrons en particulier qu’il s’agit de la loi des n premiers points d’un processus de re-
nouvellement conditionné et nous en déduisons un algorithme de simulation.

D’autres mosaiques aléatoires ont été étudiées dans la littérature. On peut tout d’abord
citer les nombreuses généralisations des mosaiques de Voronoi aléatoires [69], en consi-
dérant notamment les n plus proches voisins, n > 2 (voir [57] pour plus de détails), ou
en prenant une autre métrique que la métrique euclidienne (voir [37] pour une étude des
cellules de Voronoi sur des espaces hyperboliques). On peut aussi songer a des modeles ou
les arétes et non plus les germes croissent avec le temps (voir notamment le travail de E.
N. Gilbert [24]). Plus récemment, M. Schlather et D. Stoyan [78] ont mené 1’étude d'un
modele de fissuration bidimensionnel fourni par des mosaiques de Voronoi partiellement
effacées.
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Chapitre 1

La cellule typique comme moyen
d’étude statistique d’une mosaique
aléatoire stationnaire.

1.1 Introduction.

Dans ce travail, trois types de mosaiques aléatoires de I’espace euclidien R?, d > 2,
sont considérés :

(i) la mosaique de Poisson-Voronoi Vy;

(ii) la mosaique de Johnson-Mehl J;;

(iii) la mosaique poissonienne d’hyperplans P,.
(i) Rappelons que la mosaique de Poisson-Voronoi V, [50], [23], s’obtient en prenant un
processus ponctuel de Poisson ® sur R? de mesure d’intensité la mesure de Lebesgue
canonique notée Vj et en considérant la partition de 'espace R? constitué par les cellules

Cle) ={y eR%lly —al| < [ly — /||’ € ¥}, @€

Notons que pour tout z € ®, 'ensemble C(x) est un polyedre convexe borné.
(ii) Plus généralement, soit ® = {(z;,t;) € R? x Ry,4 > 1} un processus ponctuel de
Poisson dans l'espace R? x R, de mesure d’intensité V,(dx)A(dt), ou A est une mesure
localement finie sur R, satisfaisant les conditions “canoniques” imposées par J. Mgller
[64] :

A([0,00)) > 0, (1.1)

et
A= /p(t)A(dt) < 400 (1.2)

pl0) = exp (—wa [ (- wa(aw)) (13)

wy étant le volume de la boule-unité de R?.
On construit la mosaique de Johnson-Mehl de la maniére suivante : pour tout (x,t) €
®, un germe nait & la position x dans l'espace R? & linstant ¢ > 0. Puis il grossit a
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vitesse constante (prise égale & 1) de telle maniere qu'il atteint le point y € R? & I'instant

Ty (y) =t + [l = yl|.
On définit la cellule C'(z,t) associée au couple (x,t) comme I'ensemble

C(Z’,t) = {y S Rd; T(w,t) (y) S T(:E’,t’)(y)a (Zlf/, t/) € (I)}

L’ensemble de toutes les cellules non vides constitue la mosaigque de Johnson-Mehl Jy [23].
Lorsque A est une mesure de Dirac, c’est-a-dire que tous les germes apparaissent

simultanément dans R?, J; est une mosaique de Poisson-Voronoi. Cependant, dans le cas

contraire, les cellules sont des domaines bornés par des portions d’hyperboloides.
Remarquons par ailleurs que la condition (1.2) garantit que le nombre de cellules non

vides dont le germe associé appartient a un borélien fixé de mesure de Lebesgue finie, est

d’espérance finie [64].

(iii) Finalement, soit ® un processus de Poisson dans R? de mesure d’intensité

(A) =B 1(x) = /0 m /S Lyl w)dvu)dr, A € B(RY), (1.4)

Pour tout # € R%, on considere 'hyperplan polaire H(z) associé défini par
H(z) ={y e R% (y —z) -z =0}, (1.5)

ol - est le produit scalaire usuel de R?.
L’ensemble
H(®) = {H(x;); z; € P}

est appelé un processus poissonien d’hyperplans dans R? et la fermeture d’une composante
connexe de l’ensemble
Rd \ UmiG‘PH(xz)

une cellule associée a H. Alors presque surement, les cellules sont des polyedres convexes
qui constituent une partition de R? appelée la mosaique poissonienne d’hyperplans Py
[54], [55].

Ces trois types de mosaiques aléatoires sont stationnaires. Pour d’autres exemples de
mosaiques stationnaires, on pourra consulter [86] ou [69].

Afin de conduire ’étude statistique des mosaiques aléatoires stationnaires (en vue des
nombreuses applications, voir les deux ouvrages déja cités), on introduit classiquement la
notion de cellule typique. De fait, celle-ci a été définie de différentes manieres suivant les
modeles et les écoles mathématiques.

Ainsi, historiquement une premiere approche remonte au travail de C. Palm [70] dans
le domaine des télécommunications et consiste a associer a chaque cellule C' un point z(C)
(par exemple le centre de la boule inscrite dans C, son germe pour les mosaiques V; et Jy,
etc) de telle maniere que 1’ensemble des points choisis constitue un processus stationnaire
U d’intensité finie ). On définit ensuite la cellule typique C en loi : pour toute application
mesurable bornée h définie sur I’ensemble des connexes compacts de R?,

1
Eh(C) = WEIGW;:Z(C)MC(I) — ),
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olt B est un ensemble borélien fixé de R?, vérifiant 0 < Vy(B) < +oo0..

Cette définition ne dépend pas du borélien B choisi. La technique est usuellement
appliquée pour l'introduction des mosaiques de Poisson-Voronoi [63],[65] et de Johnson-
Mehl [64]. Intuitivement, ce procédé revient a “choisir une cellule au hasard” dans la
mosaique aléatoire.

Une seconde approche consiste a appliquer la technique empirique (I’échantillonage).
On considere une fonctionnelle h sur les connexes compacts de R? invariante par trans-
lation et on considére la moyenne empirique des h(C') prise sur toutes les cellules C' qui
interceptent la boule centrée en l'origine, de rayon R > 0. On prouve que ces moyennes
empiriques convergent quand R tend vers I'infini, vers une constante presque-stire, appelée
la moyenne empirique de h,

Une troisitme approche consiste a étudier une cellule particuliere (par exemple la
cellule Cy contenant 1’origine) en la renormalisant convenablement. La cellule Cy s’appelle
la cellule de Crofton dans le cas de la mosaique P;.

Contrairement au cas des mosaiques de Poisson-Voronoi et de Johnson-Mehl, I'étude
statistique des mosaiques poissoniennes d’hyperplans a été conduite par R. E. Miles [54],
[55], [59] (et son école [16], [48]) au moyen de la cellule empirique.

De fait, en ce qui concerne les mosaiques Vy; et 7, ces trois notions coincident et pour
ce qui est de la mosaique Py, il est possible de construire dans ce cas-la une cellule typique
par la méthode de Palm qui coincide également avec la cellule empirique de Miles comme
avec la cellule contenant ’origine convenablement renoramalisée.

Le fait que la cellule typique puisse étre vue de différentes manieres permet d’avoir
plusieurs angles d’attaque possibles de problemes ouverts. Il importe donc de prouver
rigoureusement 1’identité entre ces trois notions.

Concernant la mosaique V,, 1’égalité entre la cellule typique et la cellule Cy renor-
malisée a été prouvée par J. Moller ([65], Prop. 3.3.2). Par ailleurs, il est facile de voir
via le théoreme ergodique de Wiener que les moyennes empiriques existent et coincident
avec les moyennes prises sur C renormalisée. L’application du théoreme ergodique est
triviale. Cependant, une réelle difficulté apparait dans le traitement des éléments de la
mosaique qui coupent le bord de la boule de rayon R > 0. Cette question a été examinée
par R. Cowan en dimension deux [16], [15]. Le passage a la dimension supérieure présente
quelques difficultés supplémentaires que nous traitons.

Pour la mosaique J,;, 1’égalité entre la cellule typique et la cellule Cy renormalisée
n’apparait pas explicitement dans la littérature mais s’obtient facilement en reprenant
mot pour mot la méthode utilisée par Mgller pour V;. La cellule empirique n’a pas été
jusqua présent étudiée. Nous montrons son existence et 1’égalité avec Cj renormalisee
moyennant une hypothese d’intégrabilité portant sur la mesure d’intensité temporelle.

Concernant la mosaique Py, I'existence de la cellule empirique et son égalité avec la
cellule Cy renormalisée (c’est-‘a-dire le fait que les “effets de bord” sont négligeables)
a été également traité en dimension deux par R. Cowan [16], [15], et K. Paroux [71].
Le traitement que nous utilisons pour V,;, d > 3, s’applique via quelques modifications
mineures a la mosaique Py. L’idée que la cellule empirique puisse étre construite par
la méthode de Palm est nouvelle et nous permettra par la suite d’obtenir des résultats
originaux.
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Un des outils essentiels dans I’étude des mosaiques V; et J; est la formule de Slivnyak
[83]. Cette formule est en particulier tres utile pour réaliser la cellule typique. Dans le cas
de la mosaique Py, le fait que la cellule typique puisse étre construite via un procédé de
Palm mous permettra par la suite (voir chapitre 4) d’appliquer la formule de Slivnyak.

1.2 La formule de Slivnyak.

Soit ® un processus ponctuel de Poisson dans R? de mesure d’intensité

Mi(A)=E> 14(x).

Le processus ® est une application mesurable a valeurs dans I’espace M., des suites locale-
ment finies, ce dernier étant muni de la tribu cylindrique 7. engendrée par les applications

m:{M" — NU{+oo} ) ¢ pmY).

vy o #(ANy)

Pour toute fonction f positive mesurable définie sur I'espace produit (R%)" x M,, n € N*,
et invariante par permutation des n premieres coordonnées, on dispose de la formule de
Slivnyak (voir par exemple [65]) :

E Y 60 = [Bf €209 e, (1.6

§€§(n)
ou 501) désigne I’ensemble des parties de ® de cardinal n, et ou

AV (€) = AM(€1) - - dMy (&), €= {&,-- &} €D,

1.3 La mosaique de Poisson-Voronoi.

1.3.1 La cellule typique au sens de Palm.

Introduisons la notion de cellule typique C au sens de Palm. On considere pour cela
I'espace K des ensembles convexes compacts de R? muni de la topologie usuelle de Haus-
dorff. Fixons un ensemble borélien borné B C R? de mesure de Lebesgue non nulle.
Classiquement, la cellule typique C est définie par l'identité [65] :

EA(C) = ;- EB)E S W(C) — ),

zeBNP

ou h : K — R parcourt ’ensemble des fonctions numériques, mesurables et bornées.
Considérons par ailleurs la cellule

C(0) = {y e R% [lyll < [ly — «ll, = € 2},
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obtenue en rajoutant l'origine au processus ponctuel ®. On démontre alors en utilisant la
formule de Slivnyak (voir [65]) que C(0) coincide en loi avec la cellule typique C.

Par ailleurs, il est bien connu que C est reliée en loi a la cellule contenant 1’origine Cj
de la maniere suivante ([65], Prop. 3.3.2.) :

B 1 h(Cy)
ER(C) = E<1/vd<co>>E{vd<co> } (L7)

pour toute fonction mesurable bornée h : L — R invariante par translation.

1.3.2 Convergence des moyennes empiriques.

Montrons a présent la convergence des moyennes empiriques sur la mosaique V;. En
dimension d > 3, cette propriété est nouvelle. La preuve repose sur le théoreme ergodique
de Wiener [93]. Aussi, nous allons tout d’abord démontrer 'ergodicité de la mosaique .

On réalise {2 comme 'espace M, muni de la tribu 7Z.. ® est alors ’application identité
sur €.

Pour tout a € R? fixé, I'application

{zi;i> 1} — {z; + a;i > 1}
induit classiquement une transformation 7% : 2 — () préservant la mesure.
Proposition 1.3.1 T%, a € RY, préserve la mesure et est ergodique.

Preuve. L’invariance par translation de la mesure de Lebesgue sur R? implique que 7
preserve la probabilité P.

Pour prouver 'ergodicité, il suffit de vérifier que T est fortement mélangeante, c’est-
a-dire que pour tous A, B boréliens bornés de R? et tous k,l € N,

lim P{#@®NA) = k)N (T ®)NB) =)} = P{#(@NA) = k} - P{#(®NB) = 1}.

la]—+o00

(1.8)
Remarquons #(7-%(®) N B) = #(® N (B + a)) et que les ensembles A et B + a sont
disjoints pour |a| suffisamment grand. Par conséquent, les événements {#(® N A) = k}
et {#(T~*(®) N B) =1} sont indépendants. Nous avons donc

P{(#(@NA)=k)N(#T(®)NB) =1}
=P{#(@PNA) =k} -P{#(PN(B+a)) =1}
=P{#(®NA) =k} - P{#(T(®)NB) =1}
=P{#(®NA) =k} -P{#(®NB) =1},
la derniere égalité se déduisant du fait que ® est invariant par T~°.
On a donc bien prouvé I'égalité (1.8), ce qui implique l'ergodicité de la mesure .
O

Notons Cg (resp. Cy) l'ensemble des cellules de Vy; incluses dans la boule ouverte B(R)
centrée a l'origine et de rayon R > 0 (resp. interceptant la frontiere de B(R)) et Ngp = #Crg

(resp. N = #Cp).
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Lemme 1.3.2 (Ni + Ny,) est intégrable.

Preuve. Soit Ly le rayon du plus petit disque centré a l'origine qui n’intercepte pas &.
La loi de Ly est alors fournie par I’égalité
P{Ly>r} =" r>0,

oll wy est la mesure de Lebesgue de la boule-unité de R<.

Il est bien connu que conditionnellement & ’évenement {Lo = 7}, r > 0, ® est égal en
loi & &, U{Xy}, ou @, est un processus de Poisson de mesure d’intensité 1 B(r)e * Va et X
est un point indépendant uniformément distribué sur la sphere 0B(r).

Soit & € ® tel que C(x) N B(R) # 0, c’est-a-dire qu’il existe un point y € B(R) tel
que ||y — z|| < ||y — Xo||- Nous avons alors ||z|| < 2R + Ly, et donc

Nr+ Np <#(®ND(2R + Ly)). (1.9)

En prenant 'espérance de 1’égalité (1.9), nous déduisons que
“+oo
E(Ng + Ng) < / E{#(® N D(2R + Ly))|Lo = r}dwgr® e dr
0

+o0o
< / (wa(2R + )% = 1) + Ddwar® e dr < +o0.
0
O

Considérons h : K — R, une fonction mesurable, invariante par translation et bornée (
K, désignant une borne de |h|). En appliquant les égalités Co(T %) = Cy(w) —a, a € RY,
w € £, nous obtenons les identités presque-sires suivantes :

1 dx _ Np(w) 1 )
v(R) /B(R) Vi(Co(T—w)) —  w(R) + U(R)E(R’l’ ) (1.10)
L MG(T*w) , L “ 1 }
v(R) /B(R) Vd(CO(T_%))d o C%:Rh(cz( ))+U(R)5(R,h, ),  (1.11)
ot v(R) = Vy(B(R)), et
() = 3 we) HGEEE s,
CeCy,

En prenant l'espérance de (1.11), nous obtenons que

[A(Co) K /
E (Vd(Co)) < U(R)E(NRJFNR) < +o00.

Comme les transformations 7% a € R? sont ergodiques, nous pouvons appliquer le
théoreme ergodique de Wiener [93]. Par conséquent, en supposant que lorsque R — 00,
la contribution du reste (R, h,w) disparait, ¢’est-a-dire

e(R,h,-)/v(R) — 0 p.s. quand R — o0, (1.12)

nous disposons du théoréeme suivant.
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Théoreme 1.3.3 Pour toute application h mesurable, bornée et invariante par transla-
tion, presque surement,

L 1 B 1 h(Co)
B i 5 32 4O~ s (i) )

CeCr

En particulier, Eh = ER(C).

Afin de prouver le théoreme 1.3.3, il faut vérifier que la technique est valable, c’est-a-dire
que la convergence (1.12) est vraie. Nous avons p.s. I'inégalité

R, h,- N,
|€( ) 10y )| S Kh . R )

v(R) v(R)
Par conséquent, il suffit de montrer la proposition suivante qui est la difficulté principale
dans la construction des lois empiriques :

Proposition 1.3.4 Quand R — 400, on a :
Ni/v(R) — 0 p.s..

Preuve. Nous proposons ici une généralisation a toute dimension de I’argument fourni par
R. Cowan dans le cas deux-dimensionnel [15], [16]. Afin de prouver la proposition 1.3.4,
nous devons introduire quelques nouvelles notations. Considérons pour tout 0 < k < d :

(i) Ngry le nombre de faces de dimension k de V; incluses dans B(R);

(ii) Ny le nombre de faces de dimension k interceptant la frontiere de B(R);

(i) Sgryx la mesure de Hausdorff k-dimensionnelle de I'intersection de B(R) avec les

faces k-dimensionnelles de V.

On pourra se reporter a [65] pour une définition des faces k-dimensionnelles de V;. En
particulier, remarquons que Np = Ngpg4 (resp. Np = Np,). Nous allons prouver que
toutes ces variables sont intégrables. Puisque toute k-face de la mosaique est I'intersection
d’exactement (d + 1 — k) cellules, 0 < k < d, nous avons

/ ! \d+1—k
Ne+ NR) < (N + Np) p.S.. (1.14)

N Nipi) <
Nas+ R’k)—(d+1—k (d+1—k)!

La méme technique que dans la preuve du lemme 1.3.2 permet de montrer que E{(Ng +
Np)¥1'} < 400. Ainsi, nous déduisons de (1.14) que E(Ngy, + N ;) < +00, 0 < k < d.
Par ailleurs, nous avons clairement

Sk < wpRF(Npgy, + Ngi) p-s.,

donc Sg i est également intégrable pour tout 0 < k < d.
Afin de prouver la proposition 1.3.4, nous avons besoin de deux lemmes intermédiaires :

Lemme 1.3.5 Pour tout 0 < k < d, Sgx/v(R) converge p.s. vers une constante lorsque
R tend vers linfini.
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Lemme 1.3.6 Pour tout 0 < k < d, Ny, /v(R) converge vers 0 p.s. lorsque R tend vers
linfini.

En appliquant le lemme 1.3.6 a k£ = d, nous obtenons clairement la proposition 1.3.4.

Concentrons-nous a présent sur la preuve des deux lemmes :
Preuve du lemme 1.3.5. Fixons 0 < k < d et montrons le résultat intermédiaire
suivant :

/ Syr(T7Hw))dt < v(y)Spi(w) < / Sky(THw))dt ps., 0 <y < R. (1.15)
B(R—y) B(R+y)

En effet, en désignant par Fj, z 'ensemble des k-faces de la mosaique interceptant B(R)
et par p, r la mesure de Hausdorff k-dimensionnelle de la face I, F' € Fy g, nous avons

/B - Sye(THw))dt = / 15(r—y) (1) Z / 154)(8)1r(s + t)duy p(s + t)dt

FeFy r(w)
_ Z / Loy, / Loty (1 — )L ()t e ()t
< Z /[/ 150 u—t)dt] sy () L ()i ()

< ()-Sm( ) P,

ce qui prouve la partie droite de ’encadrement (1.15).
Par ailleurs, nous avons également

/B(R—i—y) ST (@)t = 2. /[/ 1B(R+y)(t)1B(y>(u—t)dt} 1p(u)dpe,r(w)

Fefk R+2y(w)

> Z /[/ 1y (U—t)dt] 1p(r) (u)1p(u)dpe,r(u)

FE}—kR

> ()'SR,k( ) P,

ce qui conclut la démonstration du résultat (1.15).
Revenons a présent a la preuve du lemme 1.3.5. L’encadrement (1.15) implique presque
stirement que

o(R—y) SlT=(w)) , _ Sralw) _ v(R+) 5, 1(T~())
o(y)o(R) /B<R o By TR S ww®) /B<R+y> o(Riy)

D’apres le théoreme ergodique de Wiener, les expressions a gauche et a droite tendent
vers
(E(Syx)/v(y)) p-s.. Ainsi, on en déduit la convergence presque-stire de Sg/v(R).
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Preuve du lemme 1.3.6. Nous allons montrer la convergence
(C) : Ngy/v(R) — 0 ps. quand R — o0,

en utilisant un raisonnement par récurrence sur k € [0, d.

Puisque N, = 0 p.s., (C')o est bien vérifiée. Supposons a présent que la convergence
(C)—1 est satisfaite pour un k fixé, 1 <k < d — 1 et montrons (C)y.

Considérons pour ce faire un réel y € (0, R) fixé. Si une k-face intercepte la frontiere
de B(R) de telle maniere que l'intersection de ses sous-(k —1)-faces avec I’ensemble B(R+
y) \ B(R) est vide, alors la mesure k-dimensionnelle de 'intersection de cette k-face avec
B(R + y) \ B(R) est au moins égale au volume d’une boule k-dimensionnelle de rayon
V(R +y)? — R?, cest-a-dire

Ap = w((R+y)? — R,
Par conséquent, en notant L, le nombre de tels k-faces, nous avons
Skryk — Sk = Ap - L, (1.16)
De plus, nous obtenons aisément la formule

Ly, = Ny, — #{k-faces ayant une de ses (k — 1)-faces qui intercepte B(R +y) \ B(R)}.
(1.17)
Par ailleurs, pour tout 0 < [ < I’ < d, une face [-dimensionnelle de V, est incluse
dans exactement (dl_,ljl) différentes faces I’-dimensionnelles (voir par exemple [65], Prop.
2.1.1.)).
En particulier, une (k — 1)-face fixée est incluse dans exactement (d — k + 2) k-faces.
Ce fait associé a (1.17) a pour conséquence que

Ly > Ngy — (d—k+2)#{(k — 1)-faces interceptant B(R +y)\ B(R)}. (1.18)

Il reste & voir que toute (k — 1)-face interceptant B(R + y) \ B(R) peut :

_ soit intercepter la frontiere de B(R + ) ;

_ soit intercepter la frontiere de B(R);

_soit étre incluse dans B(R + y) \ B(R).

Dans le dernier cas, nous remarquons que la (k — 1)-face a alors nécessairement une sous
0-face incluse dans B(R + y) \ B(R). Ainsi, nous obtenons que

#{(k — 1)-faces interceptant B(R +y) \ B(R)}
< Npyyio1 + Npjoy + #{(k — 1)-faces incluses dans B(R +y) \ B(R)}

d+1
< N;%-i-y,k—l + Npgoy + (kj: 1) - #{0-faces incluses dans B(R +y) \ B(R)}

d+1
< N;Z+y,k—1 + Npjy + (k: B 1) (SR+y,0 — Sro)- (1.19)
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En utilisant la convergence (C),_; ainsi que le lemme 1.3.5 appliqué & & = 0, nous
déduisons que

#{(k — 1)-faces interceptant B(R + y) \ B(R)}
v(R)

— 0 p.s. quand R — +o00.  (1.20)

En combinant les inégalités (1.16) et (1.18), nous obtenons

Ng 1 Sgiyk — Sr n d—Fk+2
v(R) — A v(R) v(R)

#{(k — 1)-faces interceptant B(R +y) \ B(R)}.
Compte tenu du lemme 1.3.5 et de (1.20), cette derniere inégalité implique la convergence
presque-sture (C)g. Le lemme 1.3.6 est ainsi démontré.

O

Remarque 1.3.7 Lelemme 1.3.4 implique en particulier que le reste £(R, 1, -) dans (1.10)
tend vers zéro p.s., c’est-a-dire

Np 1
— E .S. uwand R — —+o00.
o(R) (vdwo)) po

En reprenant mot pour mot la preuve du lemme 4 de [26] die & A. Goldman, nous
obtenons le corollaire suivant.

Corollaire 1.3.8 Soit h : K — R une application mesurable telle qu’il existe p > 1
satisfaisant E|h(C)[P < 4+00. Alors presque sirement,

= 1 h(Co)
B = Jim - 3 B (1/VACo)) (vd<co>) |

Nr CeCr

1.4 La mosaique de Johnson-Mehl.

1.4.1 La cellule typique au sens de Palm.

La cellule typique C au sens de Palm de J; a été introduite par J. Mgller par analogie
avec le cas Voronoi. Plus précisément, fixons un ensemble borélien borné B C R? de
mesure de Lebesgue non nulle. Notons ® I’ensemble des couples (z,t) tels que la cellule
associée est non vide. Classiquement, C est définie par 'identité [64] :

1
Eh(C) = WE( t); y hC((z,t)) — ),

ou h : K — R parcourt ’ensemble des fonctions numériques, mesurables et bornées.
Considérons par ailleurs un temps aléatoire 7 dont la loi a pour densité par rapport a
la mesure A, p(t)/A. Alors en utilisant la formule de Slivnyak [64], la cellule

C((0,7)) = {y € R%; To ) < T(a,1), (2,1) € @},
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obtenue en rajoutant le couple (0,7) au processus ponctuel ®, coincide en loi avec la
cellule typique C.

Par ailleurs, en adaptant mot pour mot le raisonnement de Mgller ([65], Prop. 3.3.2.)
sur les mosaique de Poisson-Voronoi, on obtient que la cellule C est reliée en loi a la cellule
contenant 1'origine Cy de la maniere suivante :

o h(Cy)
EhC) = Bivacn ™ { Val(Co) } ’

pour toute fonction mesurable bornée h :  — R invariante par translation.

1.4.2 Convergence des moyennes empiriques.

L’ergodicité de J; s’obtient de maniere analogue a celle de V. Par ailleurs, définissons
de méme que dans la preuve de la proposition 1.3.4 les grandeurs Ngy, Np, et Sgry,
0 <k <d, R>0. Le raisonnement complet conduisant a la convergence des moyennes
empiriques peut alors étre repris, a condition que toutes ces variables soient intégrables. On
peut facilement vérifier qu’il suffit de se donner ’hypothese de I'intégrabilité du coefficient
binomial (N RN E?). La proposition suivante fournit une condition explicite sur la mesure

d+1
A pour que cette hypothese soit vérifiée.

Proposition 1.4.1 S la condition

/0+oo (/:rK(t LK — S)dd/\(s))dﬂ (/ot(t _ s)d_ldA(ds)) pt)dt < 400 (1.21)

NR+N1/;(

est vérifice pour tout K > 0, alors E( i

) < 4oc.

Preuve. Considérons Ty le premier temps d’atteinte de 'origine par un germe en crois-
sance. La loi de T} est donnée par I’égalité [64]

P{Ty >t} = p(1), (1.22)

ou p est la fonction définie par (1.3).

De plus, on peut montrer que conditionnellement & I’évenement {71y = t}, ¢t > 0, le
processus ponctuel ® est égal en loi a &, U{(X,T)} ou :
(i) ®; est un processus ponctuel de Poisson sur R? x R, , de mesure d’intensité

1 (x, t)dzA(dt),

avec

Dt = {(SL’, S) € Rd X R+7T(ZE,S)(O> < t}7

(ii) (X, T) est un point indépendant du processus précédent, de loi uniforme sur la frontiere
du cone D;.
De plus, si la cellule associée a un germe (z, s) intercepte B(R), alors nécessairement,

s+ ([l = R) <To + R.
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Par conséquent,

e{(M )]
§/0+OOE ((#{(%8) €<I>;(|jlil|1+s §t+2R}))

g/o*“’E K<#{<x,s> ECI);HSiZH:lSStJrQR}Jrl)

T, = t| P{Ty € dt}

)} P{T} € dt}.(1.23)

Comme la variable #{(x,s) € ®;||z|| + s <t + 2R} est de Poisson de parameétre

t+2R
at,R = / 1{||x||+5§t+23}d{£/\(d$) = wd/ (t + 2R — S)d/\(ds),
0
on a

i1 )] = afj; + (d + 1)ag{R. (1.24)

De plus, a; g est croissant en R a t fixé et tend vers +oo quand R — +oo (en utili-
sant la condition (1.1)). Ainsi pour R suffisamment grand, il suffit d’apres le résultat
(1.24) que lintégrale [, alH'P{T} € dt} soit finie pour déduire de I'inégalité (1.23) que
E(N’jli%) < 400.

En remplagant la loi de Ty fournie par son expression (1.22), la condition précédente

se ramene a

/0+oo </0t+2R(t +2R — s)dclA(S))d+1 (/ot(t _ S)d_ldA(ds)) p(t)dt < +00,

ce qui est bien vérifié sous I'hyothese (1.21).

1.5 La mosaique poissonienne.

1.5.1 Convergence des moyennes empiriques.

La convergence presque-siire des moyennes empiriques en toute dimension est déja
connue (voir [26], [72]). Nous en proposons une autre démonstration qui se base sur les
idées développées par R. Cowan dans le cas de la dimension deux [15][16]. La technique que
nous allons adopter est analogue a celle employée pour la mosaique de Poisson-Voronoi
V.

Rappelons tout d’abord comment montrer 'ergodicité de la mosaique Pj.

On remarque que pour tout a € R?,

a+ H(x;) = H(t"(x;)) avec t*(x;) = <1 + ﬁ) x;, 1> 1.
Z;

23



En réalisant {2 comme l'espace M, muni de la tribu cylindrique 7, la correspondance
{zii = 1} /— {t%(2:);0 2 1}

induit classiquement une transformation 7 : 3 — € préservant la mesure [28].

Lemme 1.5.1 Pour tout a € R?, les transformations T® sont ergodiques.

Preuve. Il suffit de montrer que la mesure est fortement mélangeante, c’est-a-dire que
pour tous A, B € B(R?), k,1 € N, nous avons la convergence, lorsque n — 400,

P{#(T™(®) N A) =k} N{#(® N B) = 1}]
=P[{#(@Nt"(A)) =k} n{#(® N B) =1}]
S P{#(@NA) =k} -P{#@NB) =1}. (1.25)

Soit D, = {x € R |z - a] > a}, a > 0.
_ Supposons qu’il existe a > 0 tel que B C D,. Alors pour n suffisamment grand,
t"*(A) N B = (). Ainsi, comme ® est un processus poissonien, nous obtenons

P{#(@nNt"(A)) =k} n{#(®N B) =1}]
=P{#(@nt"(4)) =k} - P{#(2NB) =1}
=P{#(T (@) NA) =k} -P{#(@NB) =1}
—P{#(®NA) =k} -P{#(@NB) =1}

_Dans le cas général, soit € € (0, 1) et prenons a > 0 tel que I’événement E, = {PN DN
B = (0} satisfait

P(E,) >1—c¢. (1.26)
En appliquant le premier cas a B N D,, nous obtenons alors que pour n suffisamment
grand,

P{#(@nt"(A)) =k} n{#(®N B) =} N E,]
— P{{#(®Nt"(A)) = kY N {#(@N BN D) =1} N E]
P{#(®Nt"(A)) = k} N E.] - P{#(@NBND,) =1}. (1.27)

De plus, en utilisant (1.26), nous avons

[P{#(@N BN D) =1} —P{#(® N B) = 1}|
< |P{#(@NnBND,) =1} —P{#(P®NBND,) =1}NE,]
HP{#(® N B) = 1} N Ey] - P{#(®N B) = 1}
< 2e. (1.28)

Par ailleurs,
[PH#(®NE"(A) = k} N Eu] — P{4(® N A) = k}|
= |P{#(@Nt"(A)) =k} NE,] —P{#(@®Nt"(A) =k} <e. (1.29)
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Par conséquent, pour n suffisamment grand, en combinant (1.27), (1.28) et (1.29), nous
obtenons que

[PI{#(@Nt"(A)) = k}N{#(® N B) = [}] = P{#(®NA) = k} - P{#(®N B) = [}| < 4e,
ce qui prouve la convergence (1.25).

O

Notons Cg (resp. C) l'ensemble des cellules incluses dans B(R) (resp. interceptant la
frontiere de B(R)) et Ngp = #Cgr (resp. N = #Ch).

Prouvons I'intégrabilité de (Ng+Nj). L’ensemble des hyperplans de H(®) interceptant
B(R) divise presque stirement l'espace en exactement 2#(®"B() composantes connexes.
Par conséquent, puisque #(® N B(R)) est une variable de Poisson,

E(Ng + Nj,) < E2#@NBE) < 4 o0,

Considérons h : K — R, une fonction mesurable, invariante par translation et bornée.
De méme que pour Vg, les égalités Co(T %w) = Cy(w) — a, a € RY, w € Q, permettent
d’obtenir les identités presque-stures (1.10) et (1.11).

En supposant la contribution des restes négligeable, une application du théoreme er-
godique de Wiener nous fournit le théoreme suivant.

Théoreme 1.5.2 Pour toute application h mesurable, positive, bornée et invariante par
translation, presque surement,

Bh— lim 1 _ 1 h(Ch)
B 5 3200 = e () )

De méme que dans la partie 1.3.2, il suffit pour prouver le théor‘eme 1.5.2 d’établir la
proposition suivante.

Proposition 1.5.3 Quand R — 400, nous avons :
Ni/v(R) — 0 p.s..

Preuve. Nous reprenons les mémes notations Ng , N}’%’k et Spi, R>0,0<k <d, que
dans la preuve du lemme 1.3.4.
Prouvons que toutes ces variables sont intégrables. L’ensemble des hyperplans de H(P)

interceptant B(R) induit au plus (2#(‘1’03(}2)) (#(‘Ti(m))) k-faces de Py, 0 < k < d. Par
conséquent, puisque #(® N B(R)) est une variable de Poisson,

N B(R
E(Ngy + N,) <E (2#@”3@» (#( d”_ k( )))) < +00.

Par ailleurs, nous avons clairement 1'inégalité

g
Srr < ka(NR,k + Npy) P,

donc Sgi, 0 < k < d, est également intégrable.
On déduit la proposition 1.5.3 de deux lemmes intermédiaires :
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Lemme 1.5.4 Pour tout 0 < k < d, Sgpx/v(R) converge p.s. vers une constante lorsque
R tend vers linfini.

Lemme 1.5.5 Pour tout 0 < k < d, Ny, /v(R) converge vers 0 p.s. lorsque R tend vers
linfini.

La démonstration du lemme 1.5.4 est en tout point analogue a celle du lemme 1.3.5.
Quant a la preuve du lemme 1.5.5, elle est identique a celle du lemme 1.3.6, & ceci pres
que deux estimées different : presque surement, on a
#{(k — 1)-faces interceptant B(R+y)\ B(R)}
d
< Niyypo1 T Npjpor + 2“(

- 1) (Skty0 = Sro),

et

Ng» 1 Skiyk — Sk
v(R) ~ A, u(R)
2d—k+1)
v(R)

#{(k — 1)-faces interceptant B(R +y) \ B(R)}.

Remarque 1.5.6 Le lemme 1.5.3 implique en particulier que le reste e(R, 1, -) dans (1.10)
tend vers zéro p.s., ¢’est-a-dire

& ()
— E .S. uand R — +o0.
o(R) VaCo)) U1

A. Goldman ([26], lemme 4) a prouvé un corollaire important en dimension deux qui se
généralise aisément.

Corollaire 1.5.7 (Goldman, 1996) Soit h : K — R une application mesurable telle
qu’il existe p > 1 satisfaisant E(|h(Cy)[?/Va(Coy)) < 4+o00. Alors presque sirement,

Bh— lim 1 _ 1 h(Ch)
Bh = Jim 5 2 MO = gamae® <Vd<co>) |

CeCr

1.5.2 La cellule typique au sens de Palm.

L’objet obtenu par convergence des moyennes empiriques, communément appelé cellule
empirique, est relativement peu maniable. Remarquons que dans le cas de la mosaique
de Poisson-Voronoi Vy, une approche en terme de mesure de Palm a permis a l'aide de la
formule de Slivnyak de disposer d’une réalisation explicite de la cellule typique.

Aussi, par analogie, nous allons donner une nouvelle construction de cellule typique
au sens de Palm pour la mosaique poissonienne P, qui sera équivalente en loi a la cellule
empirique.

Pour ce faire, désignons par W le processus ponctuel constitué des centres des disques
inscrits dans les cellules de la mosaique. L’invariance de la mosaique P, par translation
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implique que ¥ est un processus ponctuel (localement fini) stationnaire. Fixons un borélien
B C R? vérifiant 0 < Vy(B) < +o0o0. La cellule typique C, prise au sens de Palm, est définie
par la formule :

Eh(C) — LB Y n(e() - 2), (1.31)

wdwd_ld Vd(B) z2e¥NB

ou h : K — R parcourt I'ensemble des fonctions mesurables bornées (la constante
wawg—1?/2¢ est Dintensité du processus ¥).

En reprenant le raisonnement de J. Mgller s’appliquant aux processus ponctuels sta-
tionnaires (voir [65], page 66), on obtient dans le cas ou h est également invariant par

translation, ’égalité
1 h
Eh(C) E ( (Co) ) .

T E(1/Va(Co) \Va(Co)

Avec le théoreme 1.5.2, on en déduit que :

Théoreme 1.5.8 Pour toute fonction h mesurable, invariante par translation et bornée,
on a

Eh = Eh(C).

L’identité en loi décrite par le théoreme précédent (associée a une utilisation du théoreme
de Slivnyak) aura de multiples conséquences sur nos connaissances des propriétés géomé-
triques de la cellule empirique de la mosaique poissonienne P, (voir le chapitre 4).
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Chapitre 2

Résultats sur les lois des
caractéristiques géométriques des
mosaiques de Poisson-Voronoi et
poissoniennes de droites dans le plan.

2.1 Introduction et présentation des principaux ré-
sultats.

2.1.1 Notations et contexte.

Dans cette partie, nous nous limiterons au cas de la dimension d = 2. On notera C la
cellule typique de Poisson-Voronoi et C'(0) la cellule associée a un germe placé en l'origine
lorsque 'on rajoute ce germe au processus de départ. Par ailleurs, C{, (resp. C') désignera
la cellule de Crofton (resp. la cellule typique) d’une mosaique poissonienne de droites.
Enfin, D(y,r) sera le disque centré en un point y € R?, de rayon r > 0, V;(-) le périmetre
d’un ensemble convexe compact et Ny(-) le nombre de sommets d’un polygone convexe.

Rappelons que la cellule typique de Poisson-Voronoi est équivalente en loi a la cellule
C'(0). Ainsi pour la décrire, il suffit de connaitre les positions relatives des médiatrices des
segments [0, z], z € ®, bordant C(0). De méme, pour connaitre la géométrie de la cellule
de Crofton C{j d'une mosaique poissonienne, nous devons étudier les positions relatives
des droites H(z), x € ¥, bordant Cj. Ainsi, on peut raisonnablement penser que des
techniques analogues peuvent s’appliquer dans les deux cas.

2.1.2 Résultats connus sur les lois des caractéristiques géomé-
triques fondamentales de la cellule typique de Poisson-Vo-
ronoi.

Jusqu’a présent, peu de lois explicites de caractéristiques de la cellule C ont été ob-

tenues, ce qui explique le recours intensif a des techniques de simulation (voir [69] pour
un état des lieux a peu pres exhaustif de I'ensemble des approximations déduites de si-
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mulation). Cela étant, il est facile de déterminer la loi du rayon R, du plus grand disque
centré en l'origine contenu dans C(0) :

2

P{R,>r}=¢"", r>0.

La question de la loi du rayon R); du plus petit disque centré a l’origine contenant C'(0)
est plus délicate. S. G. Foss et S. A. Zuyev ont obtenu un majorant de la queue de R,
dans le cadre de I’étude d'un réseau de télécommunications [21] :

P{Ry >r} < 76_’“"2, r >0,

ou mu = 2(sin(r/14) cos(bm/14) + 7 /7) = 1.09.
En 1961, E. N. Gilbert [23] a fourni le meilleur encadrement a ce jour de la queue de

Iaire de C :
t—1

et=1 —1’
Plus récemment, S. A. Zuyev [94] a prouvé en s’appuyant sur la formule de Russo que
conditionnellement & I’événement { No(C(0)) = k}, k > 3, l'aire du domaine fondamental
de C(0), c’est-a-dire de 'ensemble U cc0)D(2, ||x|]), suit une loi Gamma de parametres
(k,1). Enfin, A. Hayen et M. Quine [33] ont fourni une expression intégrale explicite pour
la probabilité P{Ny(C) = 3}.

Enfin, les deux premiers moments de ’aire, du périmetre et du nombre de sommets
ont été calculés [65].

e <P{L(C) >t} < t > 0. (2.1)

2.1.3 Résultats connus sur les lois des caractéristiques géomé-
triques fondamentales des cellules typique et de Crofton
d’une mosaique poissonienne de droites.

R. E. Miles a exhibé des 1963 [54] [55], au moyen de raisonnements en partie heuris-
tiques, les principaux résultats en loi connus actuellement : les rayons du disque inscrit
de la cellule typique C' et du plus petit disque centrés a lorigine inclus dans C{ sont
identiques en loi et suivent la loi exponentielle de parametre 27. Conditionnellement a
I'événement {Ny(C') = k}, k > 3, Vi(C’) suit une loi Gamma de parametres (k — 2, 1).
Plus récemment, 'estimation asymptotique des queues des aires de C’ et C{, a été étudiée
par A. Goldman [28], puis par I. N. Kovalenko [41], [42]. En particulier,

tiiinoot_m InP{V,(C') >t} = tiiinoot_lﬂ InP{V5(C}) >t} = —2y/T. (2.2)
Par ailleurs, les probabilités P{Ny(C) = 3} = 2 — 72/6, et P{Ny(C) = 4} ont respective-
ment été déterminées par Miles [54] et Tanner [89].

Ajoutons que les deux premiers moments de V2(C’) ont été calculés en 1945 par S. A.
Goudsmit [31], puis ceux de Vi (C’) et Ny(C') par Miles en 1964 [54]. Depuis, J. C. Tanner a
complété cette étude [89] en fournissant des moments d’ordre trois et quatre. Concernant
la cellule de Crofton Cf, G. Matheron [48] a déterminé les moyennes de Vi (Cy) et No(CY).

Enfin, signalons que des théoremes centraux-limites ont été obtenus dans ce contexte
par K. Paroux [72].
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2.1.4 Présentation des nouveaux résultats.
Formules intégrales pour les lois des principales caractéristiques géométriques.

Miles et Maillardet [60] ont donné par un argument heuristique une description “peu
maniable” de la loi de Ny(C) ne permettant pas de déboucher sur des expressions ana-
lytiques précises. En 2000, Hayen et Quine ont obtenu par une méthode différente une
expression intégrale de P{Ny(C) = 3}.

Dans un premier article, nous obtenons une formule intégrale analytique de la loi de
No(C). Pour cela, nous faisons appel a la formule de Slivnyak ainsi qu’a des arguments
géométriques décrivant la forme du domaine fondamental d’un polygone.

Ces formules permettent d’accéder, via I'implémentation appropriée des calculs inté-
graux sur ordinateur, aux valeurs numériques approchées des probabilités P{Ny(C) = k},
k > 3, avec la précision souhaitée. Jusqu’a présent, ces valeurs étaient obtenues par la
technique de simulation aléatoire de la mosaique, ce qui ne fournissait en aucun cas le
moyen d’estimer la marge d’erreur.

Dans un second article, une méthode analogue nous permet d’obtenir les lois explicites
du vecteur formé par les positions (angle d’inclinaison, distance a 1’origine) des cotés de
C(0) (resp. de C{y et C'), de l'aire et du périmetre de C (resp. de Cf et C’), de l'aire du
domaine fondamental de C'(0) et du nombre de cotés de Cf et C'. Plus précisément, nous
déterminons conditionnellement a { No(C'(0) = k}, k > 3 : les lois du vecteur des positions
des cotés, de Vo(C(0)), Vi(C(0)) et Va(Uzec(o)D(z, ||z||)). En particulier, nous retrouvons
le résultat de Zuyev selon lequel conditionnellement au nombre de cotés, I'aire du domaine
fondamental suit une loi Gamma.

La méme méthode s’applique a la cellule de Crofton Cj. Le réle joué par I'aire du
domaine fondamental intervenant dans la formule intégrale de la loi du nombre de cotés
de la cellule typique de Poisson-Voronoi est a présent tenu par le périmetre d’un polygone
a k cotés, k > 3. Son calcul en fonction des coordonnées polaires des cotés pose nettement
moins de difficultés. Nous obtenons ainsi une expression explicite de la loi du nombre de
cotés No(CY), et sachant {No(C}) = k}, k > 3 : les lois des positions des cotés bordant

0, de l'aire V5(CY) et du périmetre Vi(C{). En particulier, Vi (Cj) est de loi Gamma de
parametres (k,1).

Enfin, comme on dispose de la distribution conjointe du couple (Ny(Cp), Va(Ch)), on
peut utiliser I’égalité (1.30) reliant la loi de la cellule typique a celle de la cellule de Crofton
C{, pour obtenir dans le cas de C’, la loi du nombre de cotés et les lois conditionnelles déja
citées. En particulier, conditionnellement a {Ny(C') = k}, k > 3, on retrouve le fait da a
Miles selon lequel Vi (C’) suit une loi Gamma de parametres (k — 2, 1).

La loi de la plus petite couronne centrée en ’origine contenant le bord de C(0)
(resp. CY).

Afin d’étudier la forme de la cellule typique réalisée en C(0), on définit le rayon
R, (resp. Rys) du plus grand (resp. petit) disque centré a l'origine inclus dans (resp.
contenant) C(0). La frontiere de C'(0) est alors contenue dans la couronne (aléatoire)
D(0, Rar) \ D(0, Ryy,).
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Nous donnons la loi conjointe du couple (R,,, Rys) en reliant ce probléme & une ques-
tion de recouvrement du cercle par des arcs aléatoires indépendants et identiquement
distribués, dont les centres sont uniformément répartis et les longueurs suivent une loi
fixée v. Ce domaine des probabilités a été largement développé, notamment par W. L.
Stevens [85], A. F. Siegel [81], L. A. Shepp [79] et J. P. Kahane [39]. La loi conditionnelle
de Ry sachant {R,, = r}, r > 0, s’exprime en termes de probabilités de recouvrement du
cercle P(v,n) par n arcs i.i.d., n > 1, dont les longueurs ont pour loi v. Le calcul explicite
de P(v,n) est fourni par le travail de A. F. Siegel et L. Holst [82]. Néanmoins, la formule
est peu maniable. De ce fait, nous déterminons des encadrements de la queue de la loi de
Rys. Pour cela, nous sommes conduits a comparer des probabilités de recouvrement des
probabilités de recouvrement P(vq,n) et P(vq,n), ol 11 et v sont des lois distinctes de
méme espérance. Cela nous a amené a résoudre une conjecture de Siegel. En particulier,
nous obtenons

e <P{Ry >1r} < 47r7’2e_7rr2, r>a=~0.337,

et pour tous 0 < ¢ < 8/(3v/2), =1 < a < 1/3,
1 ez (1—3a)
P{Ry>r+—|R,=r1r}=0(e ), quand r — +o00.
/erl{

Ce dernier résultat implique que conditionnellement & {R,, = r}, la frontiére de la cellule
typique se trouve incluse avec une “forte probabilité”, lorsque r est “grand”, dans une
couronne d’épaisseur de l'ordre de r~1/3. Autrement dit, les grandes cellules de la mosaique
de Poisson-Voronoi, au sens ou elles ont un grand rayon de disque inscrit, ont une forme
approximativement circulaire. Ce fait peut étre observé lors des simulations.

Le méme raisonnement est valable pour 1'étude du couple (R, R},), ou R, (resp.
R),) est le rayon du plus grand (resp. petit) disque centré a I'origine contenu dans (resp.
contenant) la cellule de Crofton Cj).
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The explicit expression of the distribution of the

number of sides of the typical Poisson-Voronoi cell. *

Pierre Calkal

Abstract

In this paper, we give an explicit expression for the distribution of the number
of sides (or equivalently vertices) of the typical cell of a two-dimensional Poisson-
Voronoi tessellation. We use this formula to give a table of numerical values of the
distribution function.

1 Introduction and principal result.

Consider ® = {z,;n > 1} a homogeneous Poisson point process in R? with the two-
dimensional Lebesgue measure V5 for intensity measure. The set of cells

Clz) ={y eR%|ly—z|| <|ly—2||,2' € ®}, =z €,

(which are almost surely bounded polygons) is the well-known Poisson-Voronoi tessella-
tion of R?. Introduced by Meijering [8] and Gilbert [3] as a model of crystal aggregates,
it provides now models for many natural phenomena such as thermal conductivity [7],
telecommunications [1], astrophysics [14] and ecology [12]. An extensive list of the areas
in which the tessellation has been used can be found in Stoyan et al. [13] and Okabe et
al. [11].

In order to describe the statistical properties of the tessellation, the notion of typical
cell C in the Palm sense is commonly used [10]. Consider the space K of convex compact
sets of R? endowed with the usual Hausdorff metric. Let us fix an arbitrary Borel set
B C R? such that 0 < V5(B) < +o0o. The typical cell C is defined by means of the
identity [10]: X
Va(B)

Eh(C) = E Y h(C(z)—a),

xeBN®
where h : L — R runs throughout the space of bounded measurable functions.
Consider now the cell

C(0) = {y e R |yl < [ly — 2|,z € ¢}

* American Mathematical Society 2000 subject classifications.Primary 60D05; secondary 60G55.
Key words and phrases. Palm distribution, Poisson-Voronoi tessellation, stochastic geometry, typical cell.
t Postal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland, 50, avenue
Tony-Garnier F-69366 Lyon Cedex 07, France. E-mail: Pierre.Calka@univ-lyonl.fr
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obtained when the origin is added to the point process ®. It is well known [10] that C'(0)
and C are equal in law. From now on, we will use C'(0) as a realization of the typical cell
C.

The explicit distributions of the main geometrical characteristics of the typical cell, as
the area or the perimeter, are mainly unknown. Nevertheless, the law of the largest disk
centered at the origin and contained in C'(0) is easy to obtain and the distribution of the
radius of the smallest disk centered at the origin and containing C'(0) has been recently
calculated [2].

Let Ny(C) denote the number of sides (or equivalently vertices) of the typical cell C.
Miles and Maillardet [9] obtained integral formulas for P{Ny(C) = k}, k > 3, but did not
precisely evaluate them. These probabilities have been often estimated by simulation (see
for example [11], Table 5.5.13). Moreover, an explicit integral formula has been recently
obtained by Hayen and Quine [6] for P{Ny(C) = 3}. However, it seems to be difficult to
generalize their method for getting P{Ny(C) = k}, k > 4.

In this paper, we use a technique based on the famous formula due to Slivnyak (see
for example [10]) to provide an explicit expression of the distribution of Ny(C).

Theorem 1 For every k > 3, we have

2k b .
P{NO(C) = k} = ( k') /dUk(51, ce ,5k)/H€_H(5“p“p”1)1B(pi—1apz‘apz‘+1,5i—1,5i)pz‘dpia
’ i=1
(1)

where oy, is the (normalized) uniform measure on the simplex

{(81,---,01) € ]0,27); (2)

IIMw

with
B={(p, ¢, a,B) € (Ry)’ x (0,7)% psin(B) + rsin(a) > gsin(a + 3)}, (3)

with for every 6 € (0,7), p,q >0,

H(0,p,q) =

{(p2 +¢* — 2pq cos(é))g + pgsin(d) — Z%25111(25) — qzzsin(%)} ,
(4)

1
2 sin?(6)
and with the conventions pg = pr, Pr+1 = P1, and 6y = 0.

Remark 1. The method used in the proof of Theorem 1 also gives the joint distribution
of the respective positions of the k lines bounding the typical cell C conditionally to the
event {No(C) = k}, k > 3. This provides in particular a new proof of the following result
due to Zuyev [15]: conditionally to { No(C) = k}, the area of the fundamental domain of C
is Gamma distributed, of parameters (k,1). Besides, we can adapt the procedure in order
to get the distribution of the number of sides of the Crofton cell of an isotropic Poisson
line process in the plane. All these results will take place in a future paper.

Remark 2. We can rewrite P{Ny(C) = k}, k > 3, as an expectation . Let us
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k 3 4 3 6 7 8 9 10
P{Ny(C) =k} | 0.011 | 0.107 | 0.260 | 0.294 | 0.197 | 0.092 | 0.028 | 0.006

Table 1: Numerical values for P{Ny(C) = k}.

consider a random vector (Ag,---,Ag) uniformly distributed on the simplex given in
(2), and a vector (Q1,---,Qk) such that conditionally to {A; = 61, , A = 0},
@1, ,Q are independent and exponentially distributed, with respective parameters

f(01,61), f(02,61),- -, f(Ok, O—1) Where

fla,y) = 48%2(93) (a: - Sin(;x)) + 48152@) (y - Sin;2y)) .,y e 0,2r].

We then have that for every k > 3,

ey [ o (SRR VAGn) @
KO 2f(Ai, Ais) e

=1

P{No(C) = k} =

where the event E;, i > 1, is defined by

E; = {(v/Qi-1, \/@7 VQit1,Ni—1, ;) € B},

and with the conventions QQy = Qg, Qri1 = @1, and Ag = Ag.

Numerical values for P{Ny(C) = k}, 3 < k < 10, obtained by a Monte-Carlo procedure
using (5) are listed in Table 1. We notice that they are close to the results obtained by
simulation given in [11].

The rest of the paper will be devoted to the proof of Theorem 1.

2 Proof of Theorem 1.

For every x € R? let us denote by L(z) (respectively D(x)) the bisecting line of the
segment [0, z] (respectively the half-plane containing 0 delimited by L(z)).
We then define for all £ > 3, and 21, - - - , z;, € R?, the domain

D(xy, -, x) = N, D(xp).
Besides, we consider the set of (R?)*
A ={(z1,- ,25) € (RHF D(ay,- -+ ,23) is a convex polygon with k sides},  (6)
and for every (xy1,---,xy) € Ay, the Lebesgue measure
V(- ak) = Va [Usen(, o D@, [12]])] (7)

D(y,r) being the disk centered at y € R? and of radius r > 0.

35



Proposition 1 For every k > 3,
1
P{Ny(C) =k} = o /exp{—V(:cl, s x) fla, (2, - - ag)day - - dag. (8)

Proof. Using the equality in law C ' C(0),

P{N,(C)=k} = E > 4@ ) LD e0-co)

{1,z }Ce

= E Z La, (@1, ) L{L)nD (s, 20) =0 Vyed\ {1, 24 }}
{xlv"' 7xk}C<I>

Using Slivnyak’s formula [10], we obtain

1

P{NO(C) = ]{3} = E 1Ak (;Uh e ’;Uk)E (1{L(y)ﬂD(I1,---,xk):® Vy€<I>}) d:(;l e dl‘k

1
- E/]-Ak(xla ,l’k)
P{L(y)ND(x1, - ,xx) = 0Vy € ®}dzy - - - dxg. (9)

We can easily verify that for any z € R2,
L(z)ND(x1, - ,21) # 0 <= 2 € Ugep(ay- ) D(, ||2]]),
From this remark and the Poissonian property of ®, we get

P{L(y)ND(x1, - ,2) = 0¥y € 2} = P{®N [Usep(a, - ap Dl ||2]])] = 0}
= Ve, (10)

Inserting the equality (10) in (9), we deduce Proposition 1.

Our next task is to understand analytically the set A, k& > 3, and then calculate the area
V(xy, -+ ,xy) for (zq, -+ ,2,) € Ag. To this end, let us denote by (p;,6;), pi > 0,
0; € [0,27), the polar coordinates of x;, 1 <i < k. Supposing 0 < 6 <0y <--- <6, we
define §; = ;1 — 6; with the convention 0, = ¢ + 27. In particular, Zle 0; = 2.

The following lemma gives a necessary and sufficient condition for a vector to be in
the set Ay.

Lemma 1 For every vector (zy,- -+ ,xy) € (R)F such that 0 < 0, <0y < --- < 0,

Pi—18in(0;) + piv1sin(d;—q1) > p;sin(d; + 0;—1)

0<6, < V1l <1<k,

(x1,~-~,:ck)€Ak<:>{
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Proof. Let us first notice that having all the angles §;, 1 < ¢ < k, less than 7 is clearly
a necessary condition to obtain a bounded convex set. From now on, we suppose this is
verified.

D(xy,- -+ ,x) is then a convex polygon with k sides if and only if for every 1 < i < k,
the condition (C;) is satisfied, i.e. the intersection point of L(x;_1) and L(x;y;) is not
between L(z;) and the parallel line Ly(z;) containing the origin (with the conventions
o = x) and T = T1).

Because of the invariance by rotation, one may suppose that L(z;) has the equation
(x = p;i/2) and Lg(x;) is the y-axis. In that case, the equations of the lines L(z;,1) and
L(z;—1) are respectively (cos(d;)z + sin(d;)y — pi+1/2 = 0) and (cos(d;—1)x — sin(d;—1)y —
pi—1/2 =0). We then obtain that the first coordinate of the intersection of these two lines
is

Xi—l,i—l—l = (pi_H sin(éi_l) + pi—1 81n(52))/(2 sin(éi + 52'_1)).

Consequently, (C;) holds if and only if

Pi+18i0(0;—1) + pi—1 sin(d;)
2 sin(&- + 52'_1)

or equivalently,
Di+1 sin(éi_l) + Pi—1 SIII((S,) Z Pi sin(di + 51'—1)-

This proves Lemma 1.

(I
It remains to determine the area V(zy,--- ,xx), (1, -, %) € Ay, defined in (7). This is
the goal of the next lemma.
Lemma 2 For every (xy1, - ,xx) € Ay, such that 0 < 0y < by <--- <0,

N 5,
V(e a) = ; 53520, {(p? + i1 = 20pig1 €08(0:)) 5 + pipisa sin(6:)
_%22 sin(26;) — p,}l sin(25i)} .

Proof. Supposing that D(xy,--- ,z) is a bounded convex set with k sides, let us define

by Ly (respectively lp) the support line of D(zy,--- ,zx) orthogonal to the vector uy =
(cos(0),sin(f)) (respectively the distance between the origin and Lg).
We then notice the following equivalence (see [5] and [4] for more details):

2 € [Unep(rrm an D(@, [12I)] N (Ry - ug) <= [|2]] < 2Ip.

Integrating in polar coordinates, we get that

21 21y
Vi(zy, - ,x5) = / </ rdr) df
0 0

27
= 2/ lg2do. (11)
0
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It remains to determine the distance ly. Denoting by sq,--- , s, the consecutive vertices
of the polygon D(zy, -+, ), i.e. 8; = L(xi41) N L(x;), we have that

lo=s;-up VO € (Gi,9i+1), (12)

where - denotes the usual scalar product of R?. Besides, by elementar geometric argu-

ments,

i Di Lit1 Di+1
S; - = — and s, - = . 13
el = 2 M ] T 2 (13)

Inserting the equalities (13) in (12), we obtain that for every 6 € (6;,0;11),

Di 1 pisr cos(6;)pi\ .
— Dcos(0—6;) + - bi — 6, 14
lg 5 cos(f — 6;) (sin(éi) 5 Sn(0,) 2 sin(6 — 6;) (14)

Consequently, we combine the equality (11) with (14) to deduce

k 5;
Vizy, -, xp) = QZ/O 12,0.d0
=1

<o e (i - ) o

+& < L pin - COS(&DZ&) sin(QH)} do

2 \sin(9;) 2 sin(é;) 2
k
= Y i — 2 cos5) 2+ pipie sins)
£~ 9sin?(;) |0 T R Vg T ‘

2 2
—% sin(26;) — ]% sin(25i)} ,
which is the required result of Lemma 2.

O

Proof of Theorem 1. Using polar coordinates in the integral of the equality (8) of
Proposition 1, we obtain for every k > 3,

P{NO(C) = k} = H e—V(P1U917 Pk Qk)lAk(pluew e 7pku9k)
k
H 1¢p,>03 1{0<6,<2r} Pidpid0;
i=1

_ /e—V(Pwelv'“ka“%)lAk (pluel’ e 7pku€k)
k
Lio<or<-<tp<ar) | | Lipizoypidpidfi(15)

=1
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Inserting then the results of Lemmas 1 and 2 in (15), we deduce that

k
P{N(C) =k} = /[/H€_H(5i’pi’pi“)1B(pi—1>Pi,pz’+1,5i—1,5i)PidPi
i=1

1{51+...+6k71§2ﬂ}6kd51 A d(Sk_l
9 k
= (]? /dak(51>"' . Ok)

k
/H€_H(6i’pi’p”l)13(pi—1,Pi,pz’+1,5i—1,5i)pidpz',
=1

where the function H (resp. the set B) is defined by the equality (4) (resp. (3)).

This completes the proof of Theorem 1.
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Precise formulas for the distributions of the principal
geometric characteristics of the typical cells of a
two-dimensional Poisson-Voronoi tessellation and a
Poisson line process. *

Pierre Calka'

Abstract

In this paper, we give an explicit integral expression for the joint distribution
of the number and the respective positions of the sides of the typical cell C of a
two-dimensional Poisson-Voronoi tessellation. We deduce from it precise formulas
for the distributions of the principal geometric charateristics of C (area, perimeter,
area of the fundamental domain). We also adapt the method to the Crofton cell
and the empirical (or typical) cell of a Poisson line process.

1 Introduction and principal results.

1.1 The typical cell of a two-dimensional Poisson-Voronoi tes-
sellation.

Consider ® a homogeneous Poisson point process in R?, with the two-dimensional Lebes-
gue measure V5, for intensity measure. The set of cells

Clz)={y eR%|ly -zl <[ly— 2’|, € @}, z €,

(which are almost surely bounded polygons) is the well-known Poisson-Voronoi tessella-
tion of R?. Introduced by Meijering [8] and Gilbert [4] as a model of crystal aggregates,
it provides now models for many natural phenomena such as thermal conductivity [7],
telecommunications [1], astrophysics [17] and ecology [14]. An extensive list of the areas
in which the tessellation has been used can be found in Stoyan et al. [15] and Okabe et
al. [13].

In order to describe the statistical properties of the tessellation, the notion of typical
cell C in the Palm sense is commonly used [12]. Consider the space K of convex compact

* American Mathematical Society 2000 subject classifications.Primary 60D05; secondary 60G55.
Key words and phrases. Crofton cell, empirical cell, fundamental domain, Palm distribution, Poisson-
Voronoi tessellation, stochastic geometry, typical cell.

T Postal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland, 50, avenue
Tony-Garnier F-69366 Lyon Cedex 07, France. E-mail: Pierre.Calka@univ-lyonl.fr
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sets of R? endowed with the usual Hausdorff metric. Let us fix an arbitrary Borel set
B C R? such that 0 < V,(B) < 4o00. The typical cell C is defined by means of the
identity [12]:

Eh(C)

reBNP

where h : L — R runs throughout the space of bounded measurable functions.
Consider now the cell

C(0) = {y € R% [yl < [ly — zll, = € }

obtained when the origin is added to the point process ®. It is well known [12] that
C(0) and C are equal in law. From now on, we will use C'(0) as a realization of the
typical cell C. We will call a point y of ® a neighbor of the origin if the bisecting line of
the segment [0, y] intersects the boundary of C'(0). Let us denote by Ny(C) the number
of sides (or equivalently vertices) of the typical cell C. In [3], we provided an integral
formula for the distribution function of Ny(C). We extend the method to obtain the joint
distribution of the respective positions of the & lines bounding C'(0) conditionally to the
event {No(C(0)) =k}, k > 3.

Theorem 1 (i) For every k > 3, we have

P{N,(C) = k} — (2;) /dak(al,...,(sk)

k
/ H e PP g (pi o, pi, Piv, 011, 6:)padpi(1)

where oy, is the (normalized) uniform measure on the simplex

k
Se={(61,-+, ) € [0, 27]; Z (2)

with
B={(p, ¢, a,B) € (Ry)’ x (0,7)% psin(B) + rsin(a) > gsin(a + 3)}, (3)

with for every 6 € (0,7), p,q >0,

2 2
H(d,p,q) = {(p2 +¢* — 2pq cos(é))g + pgsin(d) — % sin(260) — qzsin(%)} ,

(4)
and with the conventions pg = pg, Prs1 = P1, and 6y = Og;
(i1) conditionally to {No(C(0)) = k}, let us denote by (Py,01),- -, (Pg, Ok) the polar
coordinates of the consecutive neighbors of the origin in the trigonometric order.
The joint distribution of the vector

1
2 sin?(6)

(Pla"' >Pk>@2_@l>”' a@k_@k—1>2ﬂ-+@1_@k>
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then has a density with respect to the measure

dl/k(pla © P 51) e 75k) = dpl e dpkdgk((sla e 75k)7 (5)
and its density py, is given by the following equality for every py,--- ,pr >0, (01, ,0k) €
Sk)

1 (2m)k
P{Ny(C) = k:} k!

ka(pla"' >pk>51>"' a(sk) =

le (Girpirpiv1) 1B(pl 17p27pl+1752 176>

A table of numerical values for the distribution function of Ny(C) has already been pro-
vided (see [3], table 1).
Let us denote by F(C(0)) the fundamental domain associated to C'(0), i.e.

F(C(0)) = Usecio)D(z, ||2]]),

where D(y,r) is the disk centered at y € R? and of radius r > 0.

Theorem 1 provides an easy way to obtain the distribution of the area of F(C(0))
conditionally to { No(C'(0)) = k}, k > 3, and explicit integral formulas for the distribution
of the area V5(C) and the perimeter V;(C) of C.

Corollary 1 Conditionally to the event {No(C) = k}, k > 3,
(i) the area Vo(F(C(0))) is Gamma distributed of parameters (k,1);
(i) the distribution of V5(C) is given by the following equality for every t > 0:

P{V,(C) > t|No(C) =k} = /(10,5 o)1, Dk 01, 0k)duk(Pr, - PRy 01, -, Ok),
where

Ct - {(pb : >pka51a 75 ) € (R-i-)k X (0>7T)k;
k

Z T sy D e $In(E) + papa sin(dies) — pisin(Bis +6)) 2 11(6)

(#i) the distribution of V1(C) is given by the following equality for every t > 0:

P{‘/I(C) Z t|NO(C) = k} = /(1Et : @k)(plv T 7pk7617 e 75k)d7/k(p17' T 7pk7517' T 76k)7
where

Et = {(p17 tU 7pk7617' te 76k> S (R+)k X (O,W)k7
k

% ; e @_11) o (it S8) - pis sin(Bis) — pisin(Bicy + 6)) = 1)
Remark 1 The point (i) was already obtained by Zuyev [18] with a different method
based on Russo’s formula. The result can be easily extended to a d-dimensional Poisson-
Voronoi tessellation, d > 3, in the following way: condtionally to the event {number of
hyperfaces of C'(0) = k}, k > d + 1, the Lebesgue measure of the fundamental domain of
C(0) is Gamma distributed of parameters (k, 1).
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1.2 The Crofton cell of a Poisson line process.

Let us now consider ® a Poisson point process in R? of intensity measure

J(A) = /0 m /0 s u)dodr. A€ BR)

Let us consider for all z € R?, H(z) = {y € R*(y —z) - x = 0}, (x - y being the
usual scalar product). Then the set H = {H(x);z € ®} is called a Poisson line process
and divides the plane into convex polygons that constitute the so-called two-dimensional
Poissonian tessellation. This tessellation is isotropic, i.e. invariant in law by any isometric
transformation of the Euclidean space.

This random object was used for the first time by S. A. Goudsmit [6] and by R. E.
Miles ([9], [10] and [11]). In particular, it provides a model for the fibrous structure of
sheets of paper.

The origin is almost surely included in a unique cell C{, called the Crofton cell. As in
Theorem 1, we can get the joint distribution of the number of sides Ny(C{) of Cf) and the
respective positions of its bounding lines.

Theorem 2 (i) For every k > 3, we have

(2m)*

PNCH) =k} = TL [donana

k
1—cos(d;) , 1—cos(d;_1)
—Pi sin(6; + sin(6,; o
/H€ ( n(o:) (i) >]—B(pi—1>piapi+1>6i—1a5i)dpia(7)
i=1

(i) conditionally to {No(C}) = k}, let us denote by (P[,0)),---,(P},0)) the polar co-
ordinates of the projections of the origin on the consecutive lines bounding C{ in the
trigonometric order.

The joint distribution of the vector

(Plla >Pl2>@/2_@/1>"' a@;g_ 2:—1727T+@/1_@;€)

then has a density with respect to the measure vy, (defined by (5)) and its density o), is
given by the following equality for every py,--- ,pr >0, (01, , %) € Sk,

1 (2m)k
’ e DR Ol 0p) =
N N (T
k . 1—cos(4;) 1—cos(d;_1)
H€ pl( W) m-1) )]—B(pi—lapiapi—l—la5i—1>5i)~
i=1

As for the Voronoi case, the point (i) of Theorem 2 provides numerical values estimated
by a Monte-Carlo procedure which are listed in Table 1.

We deduce from Theorem 2 the joint distributions of the couples (No(C}), V1(C})) and
(No(Co), Va(Cy)).
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k 3 4 ) 6 7 8 9
P{Ny(C{) =k} | 0.0767 | 0.3013 | 0.3415 | 0.1905 | 0.0682 | 0.0155 | 0.0052

Table 1: Numerical values for P{Ny(C{) = k}.

Corollary 2 Conditionally to the event {No(Cy) =k}, k > 3,
(i) the perimeter Vi(C}) is Gamma distributed of parameters (k,1);
(i) the distribution of Vo(Cy) is given by the following equality for every t > 0:

P{V5(Cy) = t|No(Cy) = k}
= /(10,5/4 ’ (p;c)(pla © Py 617 e ,5k)d7/k(p1, Pk 517 e a(sk)7
where the set Cy4 is defined by the equality (6).

Remark 2 The point (i) can be extended to any d-dimensional Poissonian tessellation,
d > 3, in the following way: conditionally to the event {number of hyperfaces of Cj = k},

k > d+ 1, the mean width of Cf is Gamma distributed of parameters (k, Fﬁf?).

1.3 The typical cell of a Poisson line process.

The notion of typical (or empirical) cell C' for the Poisson tessellation was first introduced
by Miles [9], [10] through the convergence of ergodic means and has been recently rein-
terpreted by means of a Palm measure [2]. The typical cell C’ is connected in law to the
Crofton cell by the following equality (see for example [2]):

N MCy)
A <v2<oa>) ’ ®)

for all measurable and bounded function A : X — R which is invariant by translation.
Besides, it is well known [15] that

B{1A(C)) = |5 <V<10>)] - ®)

Since Corollary 2 provides the joint distribution of the couple (No(Cp), Va(Cp)), we can
deduce from the equality (8) the law of the number of sides Ny(C’) and also generalize all
the results obtained for the Crofton cell.

o()

Theorem 3 (i) For every k > 3, we have

1—cos(8;) , 1—cos(d;_1)
k _pi< sin(d;) + sin(d; _1) )
I[i.e

Wk(ph c Dk 517 T 75k)
15(pi—1, Pis Dit1, 0i—1,0;)dpy - - - dpy, (10)

(2m)*

PN(C) =k} =

/dUk((Sl, e 75]6)
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where

Wi(p1, - ,pk,(sl,"' >5k)

= - ; (31 sin(8 )pz(pz 18in(0;) + piy1sin(d;—1) — pisin(d;—1 + 0;));

(i) Let
(Q,- -, Qi X1, Xg) € (R+)k X Sj

be a random vector which has a density 1 with respect to the measure vy (given by (5))
satisfying the following equality for every py,--+ ,px >0, (81, ,0) € Sk,

6k> - ay- 802(171, 7pk7617"' 76k)
’ Wk(plu"' 7Pk,517"' 75k).

where ar = (P{No(Cy) = k}/(mP{No(C") = k})).

Let us consider a random angle © independent of the preceding vector and uniformly
distributed on the circle. We denote by X1, Xo, - -+, Xy the points of the plane of respective
polar coordinates (Q1,0), (Q2,0 + 1), -+, (Qr,© + X1 + -+ -+ Xx_1). The typical cell
C' then is equal in law to the convex polygon bounded by the lines H(Xy), -+, H(X}).

¢k(p17 e 7pk7617 e

Numerical values for the distribution function of Ny(C’) using the point (i) and a Monte-
Carlo method are listed in Table 2. Let us remark that Miles [9] obtained that P{Ny(C') =
3}=2-— %2 and Tanner [16] get the exact value for P{Ny(C') = 4}.

As for the Crofton cell, we deduce from the preceding theorem a corollary about the
joint distributions of the number of sides and the perimeter V;(C’) (resp. the area V2(C'))
of the typical cell.

Corollary 3 Conditionally to the event {No(C') =k}, k > 3,
(i) the perimeter V1(C') is Gamma distributed of parameters (k — 2,1);
(ii) the distribution of V5(C') is given by the following equality for every k >3, t > 0:

P{‘/Q(C,) 2 t|N0(C,) = k} = /(1Ct/4'¢k)(pl> oy Pk 51? Tt >5k)dyk(pla 5 Pk 517 ot a(sk)a
where the set Cy4 is defined by the equality (6).

Remark 3 The point (i) was already obtained by R. E. Miles [9]. It can be extended to
any d-dimensional Poissonian tessellation in the following way: conditionally to the event
{number of hyperfaces of C' = k}, k > d+ 1, the mean width of C’ is Gamma distributed

of parameters (k d, iﬁﬁ )

In the paper, we first prove the resuls relative to the Poisson-Voronoi tessellation and
secondly the analogous facts for the Crofton cell of a Poisson line process. Let us remark
that Theorem 3 and Corollary 3 are direct consequences of Theorem 2 and Corollary 2
combined with (8) and (9).
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k 3 4 ) 6 7 8 9
P{Ny(C") =k} | 0.3554 | 0.3815 | 0.1873 | 0.0596 | 0.0129 | 0.0023 | 0.0004

Table 2: Numerical values for P{Ny(C') = k}.

2 Proofs of Theorem 1 and Corollary 1.

We use the same technique as in [3] based on Slivnyak’s formula (see e.g. [12]).

For every x € R?| let us denote by L(z) (respectively D(z)) the bisecting line of the
segment [0, z] (respectively the half-plane containing 0 delimited by L(z)).

We then define for all k£ > 3, and 21, - - -,z € R?, the domain

D(xy, - o) = N D(ay).
Besides, we consider the set of (R?)*
Ay ={(x1,--,2) € (R)*,D(xy,--- , 1) is a convex polygon with k sides},  (11)

and for every (z1,---,xx) € A, the Lebesgue measure of the fundamental domain of
D(l’l, cee ,l’k), i.e.

V(xla te axk) = %[F(D(xla e >xk))] = Vé [UwED(r1~7“wrk)D(x> ||l’||)] .
Let Ny be the set of all neighbors of the origin.

Proposition 1 For every k > 3 and every bounded and measurable function h : R¥ — R
wnvariant by permutation, we have

h(xla T >xk) exp{—V(xl, T axk)}
1a, (1, ,xp)day - - -dxg. (12)

E{l{No(C(O)):k}h(/\/’O)} = o

Proof. Let us decompose €2 over all possibilities for the set Nj.

E {1no(co)=ryh(No) }

=E Z h(z1, - 2p)La, (X1, 5 Tk) Lp(ar e ap)=C(0)}

=E Z h(wy, - o) 1a, (21, Z1) L{Lg)nD(er, - an) =0 Vyed\ (o1, o1} }
{z1,,2}CP

Using Slivnyak’s formula [12], we obtain

E {1(wvy(ct0)=} P(NO) }
1

= E h(l’l, ce ,l’k)lAk (l’1, ce ,l’k)E (1{L(y)ﬁ’D(:c1,~~,:ck):(z) Vy€<I>}) dxy---dxy
1
:E h(xy, - op)la, (21, 2p)

P{L(y)ND(zy, - ,xx) = 0Vy € ®}dxy - - - dry. (13)
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We can easily verify that for any z € R2,
L(z) N D(x1,- - ,xx) # 0 <= 2 € Ugep(ay- ) D(, ||2]]),
From this remark and the Poissonian property of ®, we get

P{L(y)ND(x1,--- ,2) =0Vy € 2} = P{®N [Usep(a, o D, |2]])] = 0}
= ¢V, (14)

Inserting the equality (14) in (13), we deduce Proposition 1.

O
We already expressed the set Ay analytically and calculated the area V(zy,---,z) in
function of the polar coordinates of z1,-- -,z (see [3], lemmas 1 and 2). Let us denote

by

(ph 91)7 IR (plm ek) € R-i- X [07 27T)7
the respective polar coordinates of z1,---,x; € R% Supposing that 6,--- .0, are in
growing order, we define §; = 0,11 — 0;, 1 <i < (k— 1), and 0, = 27 + 61 — 0. We then
have the two following results:

k

1Ak (Il, s 7$k) = H 1B(pi—17pivpi+17 0i—1, 51’)7 (15)
i=1

where the set B is defined by (3), and for every (z1,---,xx) € Ag,

k
1 0; .
Vg, - m) = Z %TQ((;) {(p? +p,2+1 — 2pipin1 008(51))5 + pipit1sin(d;)

7
2

>
—% sin(26;) — Z% sin(25,~)} . (16)

Proof of Theorem 1. Using polar coordinates in the integral of the equality (12), we
obtain for every k > 3,

E{1(ny )=k} 2 (N0)}

k
1 V(s e Dot
=51/ ¢ Voo o) (.14 ) (prugy, - - apkuek)H]—{piZO}1{0§6i§2n}pidpid9i
’ i=1
o LR (S PR TRt
k
Lio<or<-<o,<2n) | | Lipzoypidped6i,  (17)
i=1

where ug, 0 < 6 < 27, denotes the unit vector in the plane of rectangular coordinates
(cosf,sinf). Let us suppose that h is invariant under rotation, i.e. for all § € [0, 27],

h(p1U6+61> T ,pkuewk) = h(Pluel, T >pkU0k)-
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Inserting then the results (15) and (16) in (17), we deduce that
E{1{ny(c)=kyh(No)}

|:/ p1u0ap2u61a e >pkU61+~~~+6k,1)
k

H ~HORPEP) Y b (D1, piy Pit1s i1, 07)Pidp; 15, 4pop y<2m)OdOy - - - dop—q

= ]{;' /dak(él, ,5k> / h(p1u07p2u517 T 7pku51+"'+5k71)
k

[T e " Cr015(pims, pis pisa, 6icr, 6:)pidps,  (18)
i=1

where the function H is defined by the equality (4).
This last equality provides us the point (ii) of Theorem 1 and replacing h by 1, we
obtain the point (i).

([l
Proof of Corollary 1. Let us first notice that for every (xy,--- ,xy) € Ay,
V(D S (D1 SI0(6) + Pis SIn(6:_1) — pr sin(Gs_1 +31))
S i\Pi—1 S0 ) T Pi+1 SIN04—1 ) — Pi SIN(0j—1 1T 05 ) ),
2 Ty, 8 - Sin(0;_1) sin( 5)]9 Pi—1 Pi+1 1)—P 1
(19)
and
%(D($17 T axk))
1 1
=3 ; ) 56 (pi_1sin(&;) + pip1sin(;_1) — pisin(d;_1 + 6;)) (20)
k
1 1 —cos(d;) 1—cos(d;_1)
= - . 21
2 ;pl < sm(d,) + sin(5,~_1) ( )
The point (ii) (resp. (iii)) then is easily obtained by applying the equality (18) to
Wy, - 2k) = L )21
(resp. h(z1, -, %K) = Ly (D@1, ap))>t})- As for point (i), let us apply the equality (12)
to
h(:l?l, o >517k) — e—AV(l‘lw“,xk)’ > 0.

Let us notice that if Ny = {1, -+, xx}, we have V(xq,- -+, ) = Va(F(C(0))).
Consequently, we obtain

1 e
E {1010y e V2ECON Y _ H/e—(k—kl)v(xh Uy (2, )y - - - da,
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We take the change of variables x} = VA + 1z;, 1 <1i <k, to deduce that

11
E {1 ooyae 2O — m.H/e—V(m,---,wk)lAk(xl’... zp)day - - d
1
= P{Ny(C(0) =k}—.
N(CO) =k 57

So conditionally to the event {Ny(C'(0)) = k}, the Laplace transform of the distribution
of Vo(F(C(0))) is exactly (A+1)7F A >0, i.e. Vo(F(C(0))) is Gamma distributed with
parameters (k,1).

3 Proofs of Theorem 2 and Corollary 2.

For all z € R?, let us define D’(x) as the half-plane containing the origin delimited by the
line H(z). We then denote for every w1, -,z € R?

D'(xy, -+ ,x) = D(x))N---ND(x) =D(2xy,- - ,214).

Let A be the (random) set of all points z € ®’ such that H(x) intersects the boundary
of the Crofton cell Cj.

Proposition 2 For every k > 3 and every bounded and measurable function h : R¥ — R
wmwvariant by permutation, we have

1
E {1nvocp=nyh(NG) } = g/(h'lAk)(l"l, oo ag) exp{=Vi(D' (1, - - -, xp)) Yy - - - day..
(22)
Proof. As for Proposition 1, we apply Slivnyak’s formula to obtain

1

E {Lincp-nhN)} = 4

h(zy, - k) la, (21, 2p)
P{H(y)ND'(x1, - ,xx) = DVy € ®'}dxy - - - dy,. (23)
We can easily verify (see e.g. [5]) that

P{H(y) ﬂD/(xla e Tp) = 0vy e (I)/} = P{D/(xlu e my) C C(/)}
= ep{-Vi(D'(x1,--- )} (24)

Inserting the equality (24) in (23), we deduce Proposition 2.

Proofs of Theorem 2 and Corollary 2. Let us recall that

TR (1 ;E?;()&) Ll ;rcl:?;ﬁz)—l)) ’ (25)

1=1
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and

%(D/(J;lv e, T

=) AN Pi(Pie1 8N (8;) +pis sin(8i_1) —pi sin(;_1 +8;)).

=1
(26)
It then suffices to insert in (22) the results (15) and (25) to obtain the two points of
Theorem 2.
The proof of Corollary 2 is also analogous to the Voronoi case. In particular, point (i)

is deduced from a calculation of the Laplace transform of the distribution of the perimeter
of C{ conditioned by the event {Ny(C}) =k}, k > 3:

l\DI}—t

1

E { Lincp-re 1D} = P{No(CY) = k} oo 220
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The distributions of the smallest disks containing the
Poisson-Voronoi typical cell and the Crofton cell in the
plane. *

Pierre Calka'

Abstract

Denote by R, (respectively Rys) the radius of the largest (respectively smallest)
disk centered at a typical particle of the two-dimensional Poisson-Voronoi tessella-
tion and included within (respectively containing) the polygonal cell associated with
that particle. In this article, we obtain the joint distribution of R,, and Rj,;. This
result is derived from the covering properties of the circle due to Stevens, Siegel
and Holst. The same method works for studying the Crofton cell associated to the
Poisson line process in the plane. The computation of the conditional probabilities
P{Ry > r+ s|R,, = r} reveals the circular property of the Poisson-Voronoi typical
cells (as well as the Crofton cells) having a “large” in-disk.

Introduction and presentation of results.

Consider ® = {x,;n > 1} a homogeneous Poisson point process in R?, with the 2-
dimensional Lebesgue measure V5 for intensity measure. The set of cells

Cl@)={y eR%lly—al| <|ly—2|,a’ € @}, z€0,

(which are almost surely bounded polygons) is the well-known Poisson-Voronoi tessella-
tion of R?. Introduced by Meijering [12] and Gilbert [4] as a model of crystal aggregates,
it provides now models for many natural phenomena such as thermal conductivity [11],
telecommunications [1], astrophysics [26] and ecology [20]. An extensive list of the areas
in which the tessellation has been used can be found in Stoyan et al. [25] and Okabe et
al. [18].

In order to describe the statistical properties of the tessellation, the notion of typical
cell C in the Palm sense is commonly used [16]. Consider the space K of convex compact
sets of R? endowed with the usual Hausdorff metric. Let us fix an arbitrary Borel set

*American Mathematical Society 1991 subject classifications.Primary 60D05; secondary 60G55.
.Key words and phrases. Coverage of the circle, Crofton cell, Palm distribution, Poisson line process,
Poisson-Voronoi tessellation, stochastic geometry, typical cell.

t Postal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland, 50, avenue
Tony-Garnier F-69366 Lyon Cedex 07, France. E-mail: Pierre.Calka@univ-lyonl.fr
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B C R? such that 0 < V5(B) < +o0o. The typical cell C is defined by means of the
identity [16]:
1
E h(C(x) — x),
P X M@ -

zeBNP

EA(C) =

where h : L — R runs throughout the space of bounded measurable functions.
Consider now the cell

C(0) = {y e R |yl < [ly — 2|,z € ®}

obtained when the origin is added to the point process ®. It is well known [16] that C'(0)
and C are equal in law. From now on, we will use C'(0) as a realization of the typical cell
C.

The explicit distributions of the main geometrical characteristics of the typical cell
are mainly unknown. For example, we do not have any precise idea of the asymptotic
behaviour of the distribution function of the area of C and the best estimation up to now
was obtained by Gilbert [4] in 1961 (see also [18]):

e <P{WEC) >t} < ——, t>0. (1)

Nevertheless, the law of the radius R, of the largest ball centered at the origin and
contained in C'(0) can be obtained easily. Indeed:

P{R, >r} = P{D(r)c C(0)}
— P{®onNDEr)=0} =" >0,

where D(r), r > 0, denotes the closed disk centered at the origin of radius 7.

It is more difficult to determine the law of the radius Rj; of the smallest disk centered
at the origin containing C'(0). This problem was investigated by Foss and Zuyev [3] in
the framework of a mathematical modelization of a telecommunications network. They
obtained the following upper bound:

P{Ry >r}<7e " r>0, (2)

where p = 2(sin(7/14) cos(5r/14) + 7/7) = 1.09.
In this work, we obtain the exact distribution of R;.

Theorem 1 The law of Ry is given by the following equality

P{Ry =1} = e (1 -3 %5) Crso ®)

k>1

with

oA S fo F®dt o). ()

o4



and

sin?(wt) if0<t<1/2
Ft) = { 1 ift>1/2, 4)
where oy, denotes the (normalized) area measure of the simplex

k

{u = (Ul,"' ,uk) € [O, 1]k;2ui = 1},

1=1

The proof of Theorem 1 relies on the observation that P{Ry > r} can be expressed
in terms of probabilities of coverage of a circle by random independent and identically
distributed arcs. More precisely, for any probability measure v on [0, 1], let us denote by
P(v,n) the probability of the coverage of a circle of circumference one by n open random
arcs A;, 1 <i <n such that:

(i) the lengths 0 < L; < 1, 1 < ¢ < n, of the arcs are independent and identically

distributed random variables of law v;

(ii) The centers C;, 1 < i < n, of these arcs are independent and uniformly distributed
(on the unit circle) random variables;

(iii) The sequences {L;;i > 1} and {C;;7 > 1} are independent.
We show that
Theorem 2 For allr > 0,
o —Agr? (47TT2)n
P{Ry >r}= nZ%e T(l — P(vo,n)), (5)
where vy(dt) = 7sin(2mt) 112 (t)dt.

The probabilities P(v,n) (see formula (18)) were explicitely calculated by Siegel and Holst
[23]. By inserting their expressions in (5), we obtain Theorem 1.

Using Matlab, we obtain precise estimates for P(vy,n), n > 0 that we insert in (5). It
provides us numerical values for the distribution function of Rj; that are listed in Table
1.

Besides, we deduce from Theorem 2 theoretical lower and upper bounds for P{R,, >
r} that improve significantly the latest result (2) due to Foss and Zuyev:

Theorem 3 For all r > 0, we have

1
e (1 + 52 e_”2)

1
< omr2e ™ (2 — 2mr2e ™ 4 T L L
3 272

In particular, for r > o =~ 0.337,

2mrle ™ < P{Ry > r} < Amrle ™. (6)
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r 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
P{Ry>r} |1 0.999 | 0.995 | 0.983 | 0.946 | 0.874 | 0.758 | 0.604 | 0.441
r 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9
P{Ry >r} | 0.292 | 0.177 | 0.098 | 0.050 | 0.023 | 0.010 | 0.004 | 0.001 | O

Table 1: Numerical values for P{Ry; > r}.

These estimations, particularly essential when r is large, are difficult to obtain. In order
to do it, we use a conjecture of Siegel [22] which we deduce from a non-trivial result proved
by Huffer and Shepp [9].

Let us notice that Theorem 3 provides an upper bound for the distribution function
of the area of C which is better than Gilbert’s one (1) for 0 < ¢ < t* =~ 1.043 and worse
for ¢ > t*.

By the same method we obtain the conditional distributions

P{RJ\/] Zt‘Rm:T}, TZO,T,>O
as well as the corresponding asymptotic estimations.

Theorem 4 For allr,s > 0,

P{Ry >r+s|R, =71} = o~ 4m(s?+2rs)ars

—47T(s +2rs) (1 + Z 47T S _I—!2TS)) gk(r> S)) 7(7>

k>1

where, for all k > 1,

k+1
gk(r? S> B / 1{“1 >lr,s} H Frvs(ui) 64W(82+2TS) Zfill Ouz FT’S(t)dthk—i-l(u)
i=2
k ) | L
= [ |TL Bt | et st i [Zw - zr,s>+] dory (1),
=1 i—1
with
l,s = arccos(r/(r + s))/, (8)
(r+s)? .
t) fo<t<li
F?“S t = Vyp g 07t et 27‘8—‘,—82 Sln (7T iy = Urs 9
A =00 {1 it )
and

1
Qs = /tdl/r’s(t)
0

T S 1 s S 1
= 1 24 = 1— 1+ —)"(—— 10
2¢%¢1‘+r) + —arccos(1 = ——)(1+ 5)7'( 4S+2+4T)()
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orre 2" <cosl +

Theorem 5 For all 0 < ¢ < 8/(3v/2) and all fized —1 < o < 1/3,
1 o (1-3a)
P{Ry >7r+—|R,=1r}=0(" ),  when r — +00. (11)
T

The asymptotic result (11) follows from (7) and an inequality proved by Shepp (see [21]).
It means that the boundary of the cells such that the in-disk (centered at the nucleus
associated to the cell) has a “large radius” r, is included in the annulus A(r,r + 1/r%)
(with probability close to one). We observe, expressed in a different form, the circular
property of the large cells of the two-dimensional Poisson-Voronoi tessellation that we
already noticed in [7].

Besides, we can adapt the procedure to study the radius R}, of the smallest disk
centered at the origin containing the Crofton cell of the Poisson line process in the plane,
of intensity measure

H(A) = /0 +°O /0 1a(p,0)d0dp, A€ BR).

Theorem 6 The law of R, is given by the equality

P{R), >r} =" (1 - Z ﬂ@) , >0, (12)

|
= k!
where for any k > 1,

k

G = /[HG(%)] ' E GO o (),

i=1

and .
G(t):{ 1—COS(7Tt) ZZ?;;EI/Q (13)
Theorem 7 We have
PRy > ) =Y e BT Py m),
n>0 ’

where v)(dt) = msin(mt) L1/ (t)dt.

Theorem 8 We have

—2(mwcos1-1)r

) <P{R,, >r}

2rr

o (1 o 2, o2 —ar e 2r=br
< 2mre l—(m—=2)re ™" + —(m—3)re ™ + :
3 27r

Denoting by R/ the radius of the largest disk centered at the origin and contained in the
cell, we have:
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Theorem 9 For allr,s > 0,

P{R/ >+ R/ _ _ —27sbrs —27s _1\k (27T‘9)k
v s|R,, =r}=e +e 1+E (—1) i Ce(r,s) |,
E>1 ’

where for any k > 1,

k+1

H Gr,s (uz)

1=2

—/ Lljl G s(ui)

k+1 pug
627"321':1 0 Gr,s(t)dtdo_k+l(u)

Ck(r7 S) = / 1{ulzlr,s}

k

p2ms 2y Jo't Gros(t)dt [Z(uz — lr,s)-l—] doy(u),

i=1

) s (1 — cos(rt if 0<t <1,
Gr,s(t) = Vns([O’t]) - { 18 ( ( )) Z;t >l | (14>

and

1
brs = / tdv, (t)
0
= Q\/é(l—i-i)lﬂ—iarccos(l— i ). (15)
m

2r TS s+r

Theorem 10 For all 0 < ¢ < 8/(3v/2) and all fived 1/3 < o < 1,

1
5 (3a—1)
) when r — +OO

P{R,, >r+ R, =1} = O
This paper is structured as follows. We prove first Theorem 2 which connects the distri-
bution of R); to the coverage probabilities. From this we deduce Theorem 1. Then we
prove the conjecture of Siegel that the probability of coverage of the circle is an increasing
function of the concentration (about the mean) of the distribution of the arc lengths. This
result (which seems to be unknown) is derived quite easily from a comparison lemma of
Huffer and Shepp. It provides us Theorem 3. Then we apply the same method to deter-
mine the conditional distributions P{Ry; > r + s|R,,, = r}, r,s > 0 (Theorems 4 and 5).
Finally we conclude this article by using the same arguments in order to obtain similar
results in the case of the Crofton cell of the Poisson line process in the plane (Theorems
6 to 10).

1 Proofs of Theorems 1 and 2.

The probability of coverage of the circle by arcs of constant length equal to 0 < a <1
(corresponding to the choice v = d,) was obtained by Stevens [23]. A proof of the following
theorem can be found in [24].
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Theorem 11 (Stevens, 1939) For alln > 1, we have
n n .
Pl = (-0 () 1 = kalt (16
k=0
In particular, we deduce easily from Theorem 11 the following corollary.

Corollary 1 For all p € [0,1] and all n > 1, we have
PU=ptptn) = 1-(1=p"+ S ()= ka 1pp1-ka), ()
k=1

The formula (16) was extended to the general case by Siegel and Holst [23] under the
form:

Theorem 12 (Siegel, Holst, 1982) For any probability measure v on [0, 1] with F,, for
distribution function, we have

P =Y 04 (1) [

k=0

n—k

dop(u), neN*, (18)

[T 7w [Z /0 oL

where oy, k > 1, is the (normalized) uniform measure of the simplex

k

{u = (uyg,- - ,uk);Zui: 1}

1=1

The formula (3) giving the law of R, is derived directly from (5) and (18). It remains to
prove Theorem 2.
Let us fix r > 0 and notice first that the convexity of C'(0) implies that

Ry > r <= there exists © € C(0) such that ||z|| = r.
From the definition of the cell C'(0), we deduce the identity:

{By =7} = {32 CO); ||l =7}
= {3z |le]| = rand [lz —y|[ = r Vy € ®}
{3z;||z|| =r and ||z —y|| > Yy € PN D(2r)}, (19)

Let us define for all x € D(2r),
Az) = {y; llyll = r and [ly — || <7},

The sets A(x), € D(2r), are open arcs of the circle of radius r > 0 (see Figure 2).
From (19) we get:

{Ry >} = {3z ||z]| = and & € Uycanpen)A(y)}- (20)
Besides, let us recall that
PN D2r)={X,;1<n<N},

where:
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X1

A A(X)
2

A(X3)

X3

Figure 1: Covering the circle with the arcs A(X;), 1 <i<n.

(i) {X,;n > 1} is a sequence of independent and identically distributed random vari-
ables, taking values in D(2r), of law:

1

X;(P) = - 1pen(x)dz;
(ii’) N is a Poisson variable of mean EN = 47r? and independent of the sequence
{Xn;n>1}.
Let us note

1
A; 27WA(XZ), i>1

Then by an elementary geometrical argument, we deduce from (i’) that for all n > 1, the
sequence {A;;1 <i < n}, satisfies the conditions (i)-(iii) with

1 X; .
L; = — arccos (M) , 1>,
m 2

,
which corresponds to the fact that the law v of the arc lengths is
vo(dt) = 7rsin(27rt)1[07%](t)dt.
Finally applying the property (ii’) we obtain with (20):
PRy >r} = PIN=0}+ S P{N =n} x P{3u;[al| = r and & & Ui A(X,)}

n>1

= i (1 +3° Lﬂj)n (1 — P(w, n))) .

n>1
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This is the required result.

2 A result of comparison for probabilities of cover-
age.
A. F. Siegel introduced [22] the following notion of comparison of probability distributions.

Definition 1 (Siegel, 1978) Consider vy and vy two probability distributions on [0, 1]
with common expectation

1 1
/ tdin(t) = / tdin(t) =ec|0,1]. (21)
0 0
11 is said to be more concentrated (about the mean) than vy if

{ 11([0,t]) < 1([0,t])  fort<e
v1([0,t]) > 12([0,t])  fort>e

In particular, if 14 is more concentrated (about the mean) than vy, then v is less dangerous
than vy, which is written in modern notation as v; <p v» (see [17], p. 23).
Using simulation observations, A. F. Siegel conjectured [22] that

Theorem 13 If vy is more concentrated than vy, then we have
P(vy,n) < P(vg,n) ¥Yn>1. (22)

We are going to prove Siegel’s conjecture. Let us remark first that

P(l/l, n) = /F(ll, e, ln)dl/l(ll) s dl/l(ln), (23)
where P(ly,- -+ ,1,), 1, -+, 1, € [0,1], denotes the probability that the circle of circumfer-
ence one is covered by n arcs of lengths respectively equal to [y, - - - ,[,,, where the centers

of the arcs are independent and uniformly distributed (on the circle) random variables.
Moreover, Huffer and Shepp [9] proved the following non-trivial result.

Theorem 14 (Huffer, Shepp, 1987) The function
(l17”' 7ZTL> '—>?(l17 7ln)
s conver in each argument when the others are held fixed.

Besides, it is well known (see [17], pages 16-17, 23) that the comparison v; <p vy associ-
ated to (21) implies v <., 1%, i.e. comparison in the convex order of distributions, which
by definition ensures that for any convex function f on [0, 1], we have

/ F(t)di(t) < / F(t)dw(t). (24)
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Then applying Theorem 14 and (24), we obtain by successive iterations

/ [/F(ll,ZQ,... ,zn)dul(b)...d,jl(ln)} dn(ly)

g/ /?(ll,l2,~-~ n)dv(lo) - - -dul(ln)} dvs(ly)

-/ ?(ll, lg, e ,ln)dyg(ll)dl/l (lg) e dl/1 (ln>:| dl/1 (l2)

_ / Pllail, - I)dva(l)dvn () - -dul(ln)] (1)

< /F(ll,lz,--- L )dva(ly) - din(l,).

Consequently, using (23), we get

P(Vlan)gp(l/%n)a n21

3 Proof of Theorem 3.

The upper and lower bounds on the distribution function of Rj; given by Theorem 3 may
be obtained easily from the preceding comparison result. Actually, we have clearly

1/2 1
/tduo(t) = 7T/ tsin(27t)dt = 7
0

and besides 14([0,1/4]) = 1/2. So
Lemma 1 (i) The measure 814 is more concentrated than vy;
(it) The measure vy is more concentrated than (6 + 612).

Moreover, Stevens’s formula (Theorem 11) and Corollary 1 provide the following expres-
sions.

Lemma 2 We have for alln > 1,

1= P@yan) = n G)n_l _ (”2‘)

n

Consequently, it suffices to apply Theorems 2 and 13 as well as Lemmas 1 and 2.

62



4 Proofs of Theorems 4 and 5.

Proof of Theorem 4. Notice first the following identity
{®|R,, =7} '™ @, U {X,},
where

(i) ®, is a Poisson planar point process of intensity measure 1po)dx

(ii) Xo is a random variable uniformly distributed on the circle centered at the origin
of radius 2r, and independent of P,..

So we can apply word for word the arguments described in the proof of Theorem 1 by
replacing ® by the point process @, U {Xy}. We obtain
P{Ry >r+s|R,, =71}
=P{3z;||z|| =r + s and = & Uyea, uixo 1 AW) }
= P{N=n} x P{3z;[[z|| = r + s and = & Upi<, A(X;)}, (27)
n>0

where

(i) {Xn,mn > 1} is a sequence of random variables independent and identically dis-
tributed of law

Xi(P) = mlpa(rﬂ))w(m(ﬂf)d%
(i) N is a Poisson variable of mean EN = 47(s*+2rs) and independent of the sequence
{X,;n>1}.
The arcs 1
A = mA(Xi)a 1> 0,

are independent. The arc A is of constant length equal to
Lo =, s = arccos(r/(r + s)) /.
The arcs A;, 1 > 1, are of length L;, ¢ > 1, having the distribution

m(r + s)?
2rs -+ s2

Vps(dt) = sin(2mt) 1y, 1 (t)dt.

The corresponding probability of coverage is not contained in the framework of Siegel
and Holst’s formula. Nevertheless by adapting the proof of [23] to the case where one of
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the arcs has a constant length and the others have i.i.d. lengths, it is not too difficult to
obtain the formula

P{HZL’, ||l’|| =1 and xXr ¢ U0<Z’<n./4}

a'rs "+ Z 2 / 1{u1>lr s}

_/’“

k+1

HFT’S uz

rii/ s dt] doy41(u)

k

k wi n—k
[Z /0 Fr,s(t)dt] [Z(ui—zr,spl dog(u) y ,(28)

1=1

H Fr,s(ui)

i=1

where
a,s =EL = /tdym(t).

This last equality associated to (27) provides us (7).

O
Proof of Theorem 5. Fix r,s > 0. Remark that
L;<l.s as i>1.
Consequently, we obtain with Theorem 13 that
P{3z;||z]| =1and ¢ U A} < P{3x;||z|]| =1 and = ¢ U] A;}
= 1—-P(v,sn+1)
< 1= P(dg,,,n+1), n>0, (29)
where a,, = [ tdv, () denotes the expectation of v, 5 given by the formula (10).
Besides, Shepp [21] proved by using a stopping-time argument that
Lemma 3 (Shepp, 1972) If0 < a < 1/4, then we have
2(1 —a)*
1-P 6aa < a ) 2 L.
(%,m) < G —a—trdt+ (X —a)(1—2a)
With the choice /s > cos(m/12)/(1 — cos(7/12)), we have
1 1
a,s =EL <, ;= - arccos(ri ) < L
so in particular
1 1
0 —(1- T, Z ) Z 4.
4 n+1 ( n—l—l)a’ 0, vn
Then by using Lemma 3, we obtain for all n > 1,
2(1 —ay g n
1_P(5ars7n) S Qr,s ( a4 )
’ f (1—a,s—t)"dt + ( —ar5)(1 —2a,4)"
B 2(1 — a, )"
(1= an )™+ (3 — 5 — (1= Z5)ans) (1 = 2a,,0)"
2(n+1)(1 — a, )"t for n >4
<
- {1<2n+1 1—am)"_1 for n < 3. (30)
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Consequently, the identity (27) and the inequalities (29) and (30) imply that
P{Ry > 71+ s|R,, =7} < (87(s® + 2rs) + 4)6_4w(32+2rs)ar,s’
and with the choice s = 1/r%, 71t > cos(7/12)/(1 — cos(7/12)),
P{Ry >r+ ria|Rm =r} < (87r(r_2a + er—a) + 4)6—4n(r*2a+2r1*a)amﬁa. (31)

It remains to study the behaviour of a, /o, where —1 < a < 1/3 is fixed, and 7 goes to
infinity. We have

1 lta 1 1
A ro - kR 1 orita) /2
a 1/ 2\/§7rr ( + 2,,,1+a>
1 1 1 . r1+a 1 1
+; arccos(1 — m)(l + 27,1+a) (= 4 + 2 + W>
L +
~ - when r — 4+00.
3v2m et

This asymptotic result associated to (31) implies that for all 0 < ¢ < 8/(3v/2) and all
-1 <a<1/3,

1 .
P{RM >r+ ’["_O‘|Rm = 7"} — O(e—cr2( 3 )>’

which provides the result of Theorem 5.

5 The case of the Crofton cell of a Poisson line pro-
cess.

We are going to adapt our method to the study of the smallest disk centered at the origin
and containing the Crofton cell of a Poisson line process in the plane. Let us recall first
the required definitions.

Let U a Poisson point process in R?, of intensity measure

+o00 2
w0 = [ [ 1ap0)avap, e BE?) (32)
0 0
For all z € R?, let us consider
H(z) = {y € R* (y — x) -2 = 0},

the polar line associated to = (x - y being the usual scalar product). Then the set H =
{H(z);x € ®} divides the space into convex polyhedra that constitute the so-called two-
dimensional Poissonian tessellation.

In particular, this tessellation is isotropic, that means it is invariant by isometric
transformations of R%. The first results on this geometrical object date from the beginning
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of the forties. There are due to Goudsmit [8] and to Miles [13], [14] and [15]. Some recent
contributions can be found in [2], [6], [10], and [19].

Let us denote by Cy the cell of the tessellation containing the origin. It can be
proved [5] that the cell Cy (known as Crofton cell) is almost surely well defined. Denote
respectively by R, and R}, the radii of the largest disk centered at the origin included
in Cy and the smallest disk centered at the origin containing Cj.

Proofs of Theorems 6 and 7. We use the same method of proof as for Theorems 1
and 2. The definition of () provides us the following identity.

{Ry, >r}={3z;||z|]|=r/2 and ||z —y|| > 7/2 Vy € YN D(r)}. (33)

Moreover, classically
WA D) = X1 <n < N}, (34)

where:

(i) {Xn;n > 1} is a sequence of i.i.d. random variables taking their values in D(r) of

law: ]
Xi(P)=-—1 d
(P) = 5 g (2)dp(o);
(ii) N is a Poisson variable of mean EN = 27r and independent of the sequence
{Xn;n>1}.

Then by using (33) and (34), we obtain that
P{R), >r} =P{N =0} + ZP{N =n} x P{3x;||z|| =7/2 and = € U A(X;)}.

n>1

It can be easily verified that the arcs A(X;) are i.i.d. of respective lengths 7rL; where

L, = arccos(” ||) 1> 1,
T

I/(/)(dt) =T Sin(ﬂ't)l[(xl/g} (t)dt

We conclude as in the proof of Theorems 1 and 2.

has the distribution

O

Proof of Theorem 8. It consists in noticing that the law associated to the distribution
function G is less concentrated about the mean than 0,/, and more concentrated than

(1 — cos 1)dg + cos 101 /(x cos 1)-
Besides, by applying Stevens’s formula (16) and its corollary (17), we obtain

e (=) (08009

and on the other hand,

1 n—1
1 —P((1 —=cos1)dg+ cos 101 /(rcos1):n) = (1 —cosl)" +ncosl <1 — —) )
T

Then it remains to use Theorems 7 and 13.
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O

Proof of Theorem 9. The proof is based on the same arguments as for Theorem 4. We
remark first the following identity

{U|R, = '2 ¥, U{X,),
where

(i) W, is a Poisson planar point process of intensity measure 1p¢)edpu

(ii) X is a random variable uniformly distributed on the circle centered at the origin
of radius r and independent of ®,.

So we see that the procedure described in the proof of Theorem 4 can be applied. We
obtain that

P{R), >r+s|R,, =71}
=P{3z;||z|| =r + s and 2 € Uyew,uix1 AY) }
> P{N =n} x P{3z;|jz]| = r + s and 2 & Up<;<n A(X,)},

n>0
where

(i) {Xn,n > 1} is a sequence of i.i.d. random variables of law

1
X, (P) = 2—7'('8 1D(r+s)\D(T’) (.C(Z)d,u(l‘),

(ii) N is a Poisson variable of mean EN = 27s and independent of the sequence
{Xn;n>1}.
The arcs 1
= ———A(X), >0,
A m(r+s) AX),

are independent. The arc A is of constant length equal to
Ly =1, s = arccos(r/(r +s))/m.
The arcs A;, ¢ > 1, are of lengths L;, i > 1, of law

(r+ s)

V() = T

Sin(ﬂ't) 1[07”,3] (t)dt.

We conclude then as for Theorem 4 by using (28).
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Proof of Theorem 10. As for Theorem 5, we notice first that
P{3z;||z|| =7r/2 and v € U_  A(X;)} <1 — P(6,,,n+1), n=>0.
Besides, using Lemma 3 for /s > cos(m/12)/(1 — cos(mw/12)), we obtain that
1= P(y,.,n) <2(n+1)(1—b)"Y, n>1,

SO
P{R\, >r+s|R, =7} < (4ns + 4)e”2m0rs,

and with the choice s = r®, for 717® > cos(7/12)/(1 — cos(7/12)),
P{R), > 7+ 7% R, =1} < (4nr® + 4)e 2™ s, (35)

It remains to study the behaviour of b, ., a € (1/3,1), when r goes to infinity. We have

Vore® 1, ri@ 1
bppa = - (1+ 27"1—0‘) /2 _ — arccos(1 — T, rl—a)
4 1
~ when r — +00. (36)

3V 2m ri7®

Consequently, we obtain, considering (35) and (36) that for all 0 < ¢ < 8/(3v/2),

(30—
P{R), >r+1°R, =r}=0(@>""").
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Chapitre 3

La fonction spectrale des mosaiques
de Poisson-Voronoi et de

Johnson-Mehl.

3.1 Présentation des résultats.

Les résultats présntés dans cette partie ont été obtenus en commun avec A. Goldman.

En 1996, A. Goldman a étudié le spectre du Laplacien avec condition de Dirichlet sur la
cellule typique d’une mosaique poissonienne de droites dans le plan [26]. Plus précisément,
il a établi une formule exprimant Iespérance de la fonction spectrale ¢o(t), t > 0, de cette
cellule en fonction de la transformée de Laplace du périmetre de I’enveloppe convexe W
de la trajectoire W d’un pont brownien entre 0 et 1, indépendant de la mosaique :

Bio(t) = g Bexp{ VAV (W)), (3.1)

ot E désigne I'espérance associée au pont brownien et \/1(\/7\\7) le périmetre de W.
Tout repose sur la relation entre la fonction spectrale ¢p(t), ¢ > 0, d'un domaine
convexe borné D C R? et W [87] :

ep(t) = W/DP{x +V2tW C D}dx, (3.2)
ot P désigne la probabilité associée au pont brownien.

A. Goldman a déduit de I’égalité (3.1) un développement en série de Epq(t) pour tout
t > 0, de méme qu’'un développement asymptotique au voisinage de zéro. Par ailleurs, il a
mis en évidence une correspondance entre certaines propriétés de la mosaique poissonienne
de droites dans le plan d’une part - caractere circulaire de la cellule typique lorsque son
volume est “grand”, estimée asymptotique de la transformée de Laplace de sa premiere
valeur propre- et I'enveloppe convexe de la trajectoire du pont brownien entre 0 et 1 d’autre
part - caractere circulaire de W lorsque la trajectoire est “petite”, estimée asymptotique
de la transformée de Laplace du périmetre de W (voir [27], [28] pour plus de détails).
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L’objectif de notre travail dans ce chapitre est de généraliser ces résultats aux mosai-
ques de Poisson-Voronoi d-dimensionnelles, d > 2, ainsi que, dans un certaine mesure,
aux mosaiques de Johnson-Mehl. Dans l'article qui suit, on s’intéresse uniquement aux
cellules de Voronoi. L’article placé en annexe (voir paragraphe 7.2) propose certaines
généralisations au modele de Johnson-Mehl.

Désignons par ¢(t), t > 0, la fonction spectrale de la cellule typique (aléatoire) C d’'une
mosaique de Poisson-Voronoi dans R?, c’est-a-dire

plt) =) e,
n>0

oul <A <A <--- <\, <--- sont les valeurs propres successives du Laplacien avec
condition au bord de Dirichlet sur C. En appliquant la relation (3.2) a C, on obtient pour
toute dimension d > 2,

1 — d —
BAl) = oo / B exp(—(20)Vi(W, 2))de, ¢ >0, (3.3)

ot V4(C,x) désigne pour tout domaine convexe borné C' de R la mesure de Lebesgue
d-dimensionnelle de I’ensemble

UyecB(y. lly — ])-

Afin d’estimer plus précisément espérance dans 1’égalité (3.3), il est nécessaire de calcu-
ler exactement le volume Vy(C,z), x € RY pour tout convexe borné C. Appliquant ces
formules au convexe particulier (aléatoire) \/7\\7, nous déduisons un développement asymp-
totique explicite a trois termes de E¢(t) au voisinage de zéro. En particulier, dans le cas
d = 2, on vérifie que

_EWC) EVE 1

It avig 57 (TEa™(€) —ENo(C) +2) + O(t™?), (3.4)

olt a~}(C) désigne la moyenne harmonique des angles de la cellule C. En d’autres termes,
le résultat (3.4) exprime le fait qu’il suffit de prendre l'espérance de chacun des termes
du développement en zéro de la fonction spectrale déterministe pour retrouver celui de
Ep(t).

Par ailleurs, toujours dans le cas deux-dimensionnel, la formule (3.3) permet d’obtenir
un équivalent logarithmique de la transformée de Laplace de la premiere valeur propre
A1, ainsi que de sa fonction de répartition :

Ep(t)

lim t=Y2InEp(t) = lim t= 2 InEe™™ = —4/7jo, (3.5)
et
limt mP{\, <t} = —4mjo?, (3.6)

ol jp est le premier zéro positif de la fonction de Bessel Jy. La preuve de ces deux derniers
résultats repose d’une part sur une estimation de la fonction de répartition du périmetre
de W die a A. Goldman [28] et d’autre part sur une application d’un lemme de T. W.
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Anderson [1]. Ce lemme affirme que la probabilité pour un vecteur gaussien de covariance
fixée d’appartenir a un ensemble convexe symétrique est maximale lorsque la moyenne du
vecteur est nulle.

Les estimées (3.5) et (3.6) sont identiques pour la premiere valeur propre A; de la cellule
typique C et pour la premiere valeur propre pu; de la plus grande boule centrée a 'origine
contenue dans C'(0) (égale en loi & C). Ainsi, cela permet en un certain sens de confirmer
que la cellule typique, lorsqu’elle a un volume “grand”, est de forme approximativement
circulaire. Un phénomene analogue, connu sous le nom de conjecture de D. G. Kendall
[86], se produit pour une mosaique poissonienne de droites dans le plan.

Enfin, certains des résultats précédemment énoncés dans le cas des mosaiques de
Poisson-Voronoi peuvent étre généralisés aux mosaiques de Johnson-Mehl. En particu-
lier, en désignant toujours par ¢(t), t > 0, la fonction spectrale de la cellule typique et en
notant A la mesure d’intensité temporelle de la mosaique, on a

Eoo(t) = W /OOO /R E {exp <— /Ooo ViYW, &, 1 — w)A(dw)) } daA(du),

ott Vy(v2tW,z,5), x € R%, s > 0, est la mesure de Lebesgue d-dimensionnelle de 1'en-

semble
U Bw.lly—=zl+s).

yeW
[ly—z||+s>0

On en déduit un développement a deux termes de Eg(t) au voisinage de 1'origine sous
certaines hypotheses précises d’intégration portant sur la mesure A.
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On the spectral function of the Poisson-Voronoi cells. *

André Goldman and Pierre Calkal

Abstract

Denote by ¢(t) =, <4 e~ Mt t > 0, the spectral function related to the Dirich-
let laplacian for the typical cell C of a standard Poisson-Voronoi tessellation in RY,
d > 2. We show that the expectation Ep(t), ¢ > 0, is a functional of the convex
hull of a standard d-dimensional Brownian bridge. This enables us to study the
asymptotic behaviour of Ep(t), when ¢t — 0T, +oo. In particular, we prove that in
the two-dimensional case (d = 2) the law of the first eigenvalue A; of C satisfies the
asymptotic relation In Ee= 1 ~ —t1/24ﬁj0, when ¢t — +o00, where jg is the first
zero of the Bessel function Jj.

Introduction.

Consider ® = {x,;n > 1} a homogeneous Poisson point process in R?, d > 2, with the
d-dimensional Lebesgue measure V; for intensity measure. The set of cells

Cla)={y eR%lly—al| <|ly—2|,a’ €}, ze€0,

(which are almost surely bounded polyhedra) is the well-known Poisson-Voronoi tessella-
tion of R%. Introduced by J. L. Meijering [15] and E. N. Gilbert [5] as a model of crystal
aggregates, it provides now models for many natural phenomena as thermal conductivity
[14], telecommunications [2], astrophysics [26] and ecology [21]. An extensive list of the
areas in which the tessellation has been used can be found in Stoyan et al. [24] and Okabe
et al. [20].

In order to describe the statistical properties of the tessellation, the notion of typical
cell C in the Palm sense is commonly used [17]. Consider the space K of convex compact
sets of R? endowed with the usual Hausdorff metric. Let us fix an arbitrary Borel set

* American Mathematical Society 2000 subject classifications. Primary 35P15, 60D05, 60J65; secondary
52A22, 60G5H5.
Key words and phrases. Brownian bridge, convex hull, eigenvalues, empirical distributions, Johnson-
Mehl tessellations, Laplace operator, Palm distribution, spectral function, stochastic geometry, Voronoi
tessellations.

tPostal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland,
50, avenue Tony-Garnier F-69366 Lyon Cedex 07, France. FE-mail: Andre.Goldman@univ-lyonl.fr,
Pierre.Calka@univ-lyonl.fr
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B C R4 such that 0 < Vy(B) < +oo. The typical cell C is defined by means of the identity
[17]:
1
E h(C(x) — x),
e 2 HCE -

zeBNP

ER(C) =

where h : L — R runs throughout the space of bounded measurable functions.
Consider now the cell

C(0) = {y e R% [yl < [ly — zll, = € ®}

obtained when the origin is added to the point process ®. It is well known [17] that C'(0)
and C are equal in law. On the other hand, the typical cell can also be characterized by
means of the empirical distributions. Indeed, let V; g be the set of all cells C(z), = € @,
included in the ball B(R) centered at the origin and of radius R > 0. Let us define
Np = #V,r and fix h : K — R an arbitrary bounded measurable function. Then (see

8]):

. 1
Eh(C) = lim o ) % hC(x) —x), as.
z d,R

Despite of its popularity, the distributional statistical properties of the Poisson-Voronoi
tessellation are mainly unknown and therefore have been intensively investigated by com-
puting simulation [13], [18].

In the present work we study the properties of the fundamental frequencies of the
typical cell C. More precisely let us consider 0 < A\ < Ay < ... < A, < ... the (random)
eigenvalues of the Laplacian under Dirichlet boundary conditions on C and denote by

p(t)y =Y e™ >0,
n>1

the associated spectral function. On the other hand let
W(t)eRY  te0,1],W(0)=W(1) =0,

be a d-dimensional Brownian bridge on the interval [0, 1] independent of the point process
®. Denote by
W={Wt);0<t<1}cR? (1)

the associated path and by W its closed convex hull. We show that the expectation
Ep(t), t > 0, is a functional of the Lebesgue measure of the sets

B(W;z) =U, By, lly—=[)), =eR

where B(y, R), R > 0 is the closed ball of R?, centered at y € R? and of radius R > 0.
This enables us to study the asymptotic behaviour of Ep(t), when t — 07 and when
t — —+o00 by using the properties of the closed convex hull W.

In what follows, we denote by P (respectively P) the probability associated with the
point process ® (respectively with the Brownian bridge W). Likewise the expectations E
and E will refer respectively to ® and W. For a set D C R? we define

B(D;z) = Uyen By, ly — =l)), B(D;x) = UyenBly, |ly — ),
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where B(y, R) = {z € R% ||z — y|| < R} is the open ball centered at y and of radius
R > 0. To simplify notations, Vy(D, z) will denote the d-dimensional Lebesgue measure
of the set B(D;x), i.e.

Va(D, z) = Vy(B(D; x)).

The values of the expectations of the principal geometrical characteristics of the typical
cell C are known [17]. In particular,

EV,(C) =1,

and denoting by V;_1(C) the (d — 1)-dimensional area of the boundary dC and by Ny(C)
the number of vertices of C we have

VAdD(2 — 1/d)T(d/2 + 1)7Y41(d/2)
((d+1)/2)T(d —1/2) ’
21 (=12 ((d? 4 1) /2)T(d/2 4 1)

ENo(C) = P (@/2T((d+1)/2) : (3)

EVi1(C)

In particular, for a two-dimensional tessellation, ENy(C) = 6.
Finally let us recall the value

0g = va(STY) = dwy = 27%?/T'(d/2),

of the (d — 1)-dimensional measure v of the unit sphere S~! = {z € R%; ||z|| = 1} where
wq = V4(B(1)) denotes the d-dimensional Lebesgue measure of the unit ball of R<.

The principal results of this paper were announced in [9]. Theorem 1 provides the
expression of the expectation of the spectral function of the typical cell Ep(t) as a function

of the convex hull of the Brownian bridge W.

Theorem 1 Ford > 2,

1 — 4.~
Ep(t) = (QW)Z/EeXp(—(%) Va(W, x))dx (4)
1 _ —
— Ohwi/Ea@@wa¢ﬂ“a@m% t>0.

In the two following theorems, we give the small ¢ asymptotics of Ep(t), and a large
deviation result (when ¢ goes to infinity) for the principal eigenvalue of the typical cell A;.

Theorem 2 In dimension d > 2, we have when t — 07,

E(Vi(C EV, 4 (C 1
Ego(t) = ( d( d)) - . l(dj + Cd,2 d +0 (d—a) ’
(4rt)z  4(4nt) =T (4m)d2ez! t
where
r3-—2 re-—2
Ca2 = <4dkdgd% - fd,zad(i_zd)>
dw, * dw, *

7



with

A / /ﬂw’ sin? 0 [e(zw —0) L] ]
= 20d—-104—2 ,
giﬂ;/ﬁg@ﬂ =g’ —p 2 6(7T - 9) tan 6

d—4

[sin® ¢ sin® ' — (cos§ — cos pcos ¢')?] 7 (cospcos ') sin g sin 'dfdipdy’.

2 2] — cost
0272:_”(/ ﬂdt_l), (5)
3 \Uo t

Theorem 3 Denote by py the first eigenvalue of the largest random disc centered at the
origin and included in C(0). We have

In particular, for d = 2,

tlim 2 InEp(t) = tlim t= 12 In Be~™
= tlim 712 In Ee~t

= —4y/mjo, (6)
and
li_T%tlHP{)\l <t} = lii%tlnP{ul <t}
= —4mjo?, (7)
where jo is the first positive zero of the Bessel function Jy.

In this work, we first give some useful preliminaries on the convex hull of the Brownian
bridge. We then prove in the second section Theorem 1 and some easy consequences.
The third (resp. fourth) section is devoted to the proof of Theorem 2 (resp. Theorem 3),
which provides the asymptotic behaviour of E¢(t) when ¢ — 0 (resp. when t — +00).
In the last section, we enumerate some concluding remarks about the main results of the

paper.

1 Preliminaries on the convex hull of the d-dimensio-
nal Brownian bridge.
We begin with the following elementary facts:

Proposition 1 Consider a bounded closed set C C R? and denote by C its closed convex
hull. Furthermore let D C C' be a countable, dense subset of C. We have

B(C;z) = B(Cix) (8)

ViD,z) = Vy(C,z)=Vy(B(D;z)), =R (9)
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Proof of (8). Let u € S™! be a unit vector such that
(z 4+ Ryu) N B(C;z) # 0.

It can be see easily that there exist a point z € x + Ryu and a support hyperplane H,, of
C perpendicular to u such that:

(i) (v +Ryw) N B(C;2) = 77,
where Tz = {Az + (1 — A\)z,0 < XA < 1} is the closed segment with bounding points
T, z;

(i) ly—2ll = lly—2ll, ¥yeH,NoC.

Moreover it is known ([23], corollary 18.3.1) that the intersection H, N dC' must contain
at least one point y € C'. Therefore

(z+Ryu)NB(C;z) € B(C;z) YueST,
which implies (8).
Proof of (9). Fix y € B(D;x). An elementary geometrical argument shows (the set D
being bounded) that
{AM+(1-Ny;0<A<1} C B(D;x).
Integrating then in spherical coordinates (with x as center) we obtain the equality
Vu(D, 2) = Vu(B(D: ).
Combining this with the obvious inclusions

B(D;z) € B(C;z) € B(C;z) € B(D;x), xe€R?,

we obtain the result.

Our next task is to give a useful estimate of the difference
Va(C, ) — wallz]|* = Va(B(C;2) \ B(|J]))

for sets C' C R? containing the origin. It follows from (8) that we may suppose that the
set C'is convex. Let us introduce a few notations. Fix x € R?\ {0} and define:

(i) H = {y ER: (y—2) 2= 0} the polar hyperplane of the point x;

(i) H" = {y ERYG(y—a) -2 < O} the half-space associated with H and containing the
origin;

(iii) St =S1n(H+ —2), S~ =S+1\S+;

(iv) Hy,, the hyperplane perpendicular to the vector u € S¢~! and containing the origin;
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(v) H, the support hyperplane of C' perpendicular to u and included in the half-space
Hi, ={y eR%y-u>0};

(vi) A(C,z) ={ueS;H,N(z+R,u)} # 0} (notice that H, N (x + Ryu) # () for all
u € ST);

(vii) m(z,u) = d(x, H,) the distance between = and H,,
p(x,u) = |z.u| = d(x, Hy,) the distance between = and H,,
h(u) = d(0, H,) the distance between H, and Hy,.

Remark 1 For all z € R?\ {0}, we have

m(z,u) = h(u) + p(x,u) if u e ST,
m(z,u) = |h(u) — p(x,u)] ifuesS, (10)
AC,z) = {ueS;h(u)—p(z,u) >0} .

Proposition 2 For x € R?, we have:

e —alel = 23 (1) [ e i)

d —
J= 2d
T [(A(u) = p(, w)) V O dva(u),  (11)
and in particular, ;
Va(C,0) = 2d /S h(w)dyg(u). (12)

Proof. For u € S%1 and x € R?\ {0}, three possibilities occur:

Case 1 u ¢ ST UA(C,z) and consequently

(z+ Ryu) N B(Crx) = (x+ Ryw) N B(||2]]) = {}.

Case 2 u € ST which implies that

(z+Ryu) N B(Crx) =7z, (2 +Ryu) N B(||z]]) = 22/,

with
|z — z|| = 2m(2,u), ||z —2|| = 2p(z,u).

Case 3 u € A(C,x) which implies that
(z +Ryu) N B(Cra) =72, (z+Ryu) N B(|lz]]) = {z},

with
||z — 2|[ = 2m(z, u).
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Then integration in spherical coordinates (with = as center) gives that

Va(C, z) — wal ]|

2m(x,u) 2m(x,u)
:/ / ri=tdr dl/d(u)+/ / 7l dr | dug(w)
St 2p(x,u) A(C,x) 0

= @/a) | [ o) ) +

A(C,z)

m(x, u)ddyd(u)} . (13)

From (10) we get that

m(z,u)* = p(z,u)* =" (4) h(w)plz,u)*, ueSt,

=1

and
(h(uw) — plae, ) V 0 = { s

Substituting these expressions in (13) we find the final result (11).
To prove (12), it suffices to notice that for all u € S*!, we have

with
|[2]| = 2h(u),

so integrating in spherical coordinates we obtain the result.

O

Let us now suppose that C' is a random convex set containing the origin and invariant (in
law) by rotations with the origin as center. Thus the random variables h(u), u € S,
are equal in law and we obtain:

Proposition 3 Suppose that C satisfies the above conditions and that E{h(u)?} < oo,
u € S, Fizing ug € ST, we then have

B (Va(Cz) —wallall”) = 3 Lasllel "B (h(wo))

2d

+d S—

E ([(h(u0) — p(x,w)) v 01") dg(u)

where
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Proof. Taking the expectation in (11) the result follows from the direct evaluation of the
integrals

/S+ p(z, w) T dvg(u) = ||z 1.

Remark 2 Under the conditions stated in Proposition 3 we obtain that
E (Va(eC,x) — wallz||?) ~ o Luaellz]| " Eh(uo).

In particular, in dimension d = 2, it follows from the Cauchy formula giving the perimeter
of a convex set that

alidl

B (Va(eC.) = llal|2) ~eo = N BV(C),

where V1(C') denotes the perimeter of the convex set C.

Choose now for C' the closed convex hull W ¢ R?, of the sample path of the d-dimensio-
nal Brownian bridge on the interval [0, 1]. Recall that W is invariant by rotations with
the origin as center. Hence the random variables h(u), u € S¥!, defined above coincide
in law with the maximum Mj of the 1-dimensional Brownian bridge. The law of M, is
explicitely known, namely [25]

P{My > u} = e 2. (14)
Hence all the moments of M, are finite, and we have
_ 1\" _ (2k +1)! /7
EMy* = (=) k!, EMH T =""2Y_  LecN
0 (2) ) 0 8kk" 2\/§a
In particular,

E(V W, 1) — wyllz d) ~eo Ll d_lﬁ.
fl ) — wal|z]| 0 Lae||z] NG

Now, denote by
M = sup [|y|| = sup [[W(s)]]

yeEW 0<s<1

the maximum of the radial part of the Brownian bridge
W(S):(Wl(s)7”' 7Wd(8))7 OSSS 1.

The components W;(s), 0 < s <1,i=1,---,d, are independent one-dimensional Brow-
nian bridges. Hence

P{M >s} < dP{sup |Wi(s)| > s/Vd}
0<s<1
< 2dP{M, > s/Vd}
2de= 214 5 >0, (15)

and _
EM* < +o00, Vk>0. (16)

As a consequence we deduce the following result:
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Proposition 4 For all k € N* there exists a constant 0 < ¢, < +00 such that
kd

E[Va(eW, ) — wallzl| )" < e Y ][,
i=k

e>0, z R
Proof. From Proposition 2 we have
d—1

S (@) (M)

ValeWW, ) = wallall!| < (2%/a) [ | ol ) + ey’

which by (16) implies the result.

2 Proof of Theorem 1 and consequences.

Proof of Theorem 1. Consider the spectral function
p(t) =) e t>0,

n>1

Let us recall first (see [6], [25]) that the spectral function ¢y (), t > 0, of any bounded
(17)

of the typical cell C.
domain U C R can be expressed in term of the Brownian bridge under the form:
/ P{z+V2tW C Ul}dz.
U

d
2

pu(t) = (4n1)

Applying the formula above to the domain
law
C(0) = {y € R ||yl < [ly — 2]|,= € @} = C,

1

and taking the expectation we obtain (by Fubini theorem)
Ep(t) = E/[P AW
o(t) CEIE / {z 4+ V2tW c C(0)}dz

Observe that
—2 +V2UW C C(0) < & N {—z + B(V2tW, )} = 0.

Therefore applying the property of the Poisson point process ® we obtain

P{—z + V2IW C C(0)} = exp{—V4(V2IW, 2)},
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and consequently

Ep(t) = W /Eexp {—Vd(\/Q_tW,x)} dx.

The obvious identity
Vi(V2AW, 2) = 20)Y?Vy(W,2/V2t), t >0,z € RY,

and an elementary change of variable provide the result.

O

In order to study the asymptotics of Ep(t), when t — 0%, we derive from (4) the following
suitable relation.

Theorem 4 For k > 1, the following asymptotic, when t — 0%, holds:

k-1
{25
Proof. Let us start with the formula

Ep(t) = ! /Eexp {—(Vd(@w,z)} dx

Ep(t) = /E{ Vd(\/7W z) — wyl|z||D) e _“’d”m”dd:)stO(tk/z)}.

(47rt)%
- (47r1t)% /EeXp {_(Vd(@v/‘\f@) - wd||$Hd)} eallall®qy(18)

Fix k£ > 1. Since -
Va(V2AW, 2) — wyl|z]|¢ >0, xR

we have

N
—_

CV (vatvaiw a) —wallal?)'

1!

| exp {— (vd(\@VAV, z) — wd||de> } _

@
i
o

< L (VW) — allell”) . (19)

By Proposition 4 we have
/E { [vd(\@v?,x) - wd||de]Z} e~wdllel’dy < 1o, Vi€ N,

and

B - k
J B[t ) ] e < 0<esip o)

where 0 < ¢}, < +00 is a constant. The result follows then from (18), (19) and (20).
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In the two-dimensional case d = 2, the result expressed by Theorem 4 can be reinforced
in the following form.

Theorem 5 For d = 2 there exists to > 0 such that:

Bolt) = 1 L [BOAVEW ) = wlalfpye P, 2y

At n!
n>0

for all 0 < t < ty, the series being absolutely convergent.

Proof. Regarding (4) it suffices to prove that there exists to > 0 such that
/Eexp(%(\/%w,x) —27||z||*)dx < +o0.
Using the obvious inclusion
B(V2tW;z) C B(2V2tM + ||z]|),
we obtain the inequality
Vy(VEEW, ) < (||| + 2V/2EM)? < 3§||xu2 + 2tr M. (22)
Hence,
/Eexp(Vz(\/Q_tV/\\’,ir) — 2rl|a]|*)dz < /Eexp(Vz(\/Q_tVV,ZB) - g||x||2)dx
< Eexp(24tmM?)

“+oo
/ e*P{24nM?* > s/t}ds + 1
0
+oo
< 1+ 4/ 686_8/(247Tt)d8,
0

by using (15). Thus it suffices to take t) < 5.
O

In the two-dimensional case d = 2 the formula (4) provides straightforwardly an identifi-
cation, in term of Brownian bridge, of the expectation of the distribution function of the
eigenvalues

N(t) = Z 1{)\n§t}7t > 0,

n>1

Indeed on one hand we have

“+oo
Ep(t) = t/ e_tsEZ Ii<syds, t>0.
0

n>1

On the other hand an elementary computation yields

1 _ t +o0o _ o~
/6—2tV2(W,x)dl, e ts (/P{QVQ(W,x) < s}d:L') ds.

R ~ 5 ),

So by injectivity of the Laplace transform and Theorem 1 we obtain
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Theorem 6 In dimension d = 2, the expectation of the distribution function N(s),s > 0,
is of the form
1 [_ —
EN(t) = g /P{QVQ(W,x) < t}dx.
T

3 Proof of Theorem 2.

Recall that H. Weyl established in 1911 [28] that for a bounded domain U C R? with
piecewise smooth boundary the spectral function ¢y (of the Dirichlet Laplacian on U)
satisfies the asymptotic relation

V(U
wu(t) ~t—o+ #-

For a bounded polygonal convex domain in R?, it was shown (see [11], [22], [27]) that
when t — 07,

_ W) W) n i(ﬂa—l(U) — Ny(U) +2) 4+ O(e™), (23)

t
u(?) Art  AAnt | 24

where
(i) VA(U) is the perimeter of U;
(ii) No(U) is the number of vertices of U;

(iii) o }(U) = Zizol(U) 1/a; is the harmonic mean of the inside-facing angles o ,...,an, @)
at the vertices of U,

(iv) ¢ > 0 is a positive constant independent of ¢ > 0.

At last, B. U. Fedosov [4] proved that for a bounded convex non-degenerate polyhedron
U CR?Y d> 3, we have when t — 07,

Ng_o(U

)
Va(U)  Va (U 1 1 (wi 7T) ( 1 )
t) = d T T d—2 | = Ve E+O — | 24
eolt) 2 4(4nt)"z 8(4wt) T ; s\m w) ¢ 2(F) 3 (24)

where

(i) Va—1(U) is the (d — 1)-dimensional measure of the boundary of U;

(i) F;,i=1,---,Nyz2(U) are the (d — 2)-dimensional faces of U;

(iii’) w; is the magnitude of the dihedral angle at the face Fj, 1 < i < Ny_o(U).

Returning now to the spectral function of the typical cell C, Theorem 4 and Proposition
3 tell us that for all £ > 1 we have the asymptotic relation (when ¢t — 07)

_ 1 k_lc 43 /2 k/2
Ep(t) ) {; 2it? + Ot )}. (25)
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Meanwhile the explicit computation of the coefficients c4; requires the values of the co-
u; € ST 1< 5 <4,

variances
Juj) = E(M,, -
M, = sup (u-W(s)), uecS

where
0<s<1
denotes the projection of the d-dimensional Brownian path W on the half-line R, u. To

our knowledge, only c(u,u’), u,u’ € S™!, is explicitely calculated (see [6]).

Proof of Theorem 2. Theorem 4 provides us the following expansion:

_ 1 g W) — wollzl[ el g
Belt) = o |1 [ EOUVEW )l
+5 [ BUOGUVEW, ) — wallal e i+ 000D 26)

Applying Proposition 3 to C' = V2tW we obtain

d
E(Va(V2AW,0) = wallall’) = 3 Luslloll* (20 EMy
+Z [ B(VEM, — pla,w) v 0 duafu)

-

Suppose d > 3. Since
/ E[(V2IM, — pla, ) V 01"dva(u) < (26)0,EM,

a7

EM, = VT and EM,* =
2v/2 2
then there exist ty > 0 and a constant K; > 0 such that the expression above is of the
(27)

Vit

||| T Ty A+ t]|2] |42 g0 + VA (2, 1),

form
E (Va(V2tW, ) = wila]|) = Y-
with
0< Ag(z,t) < Kq (1+]]2]|*7?), z€eR%Y 0<t <ty
For d = 2 let us note
2t M,
V2tMy t> 0,z € R\ {0}.
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We have

| BB, = plaa)) v 0P
— 2F {4t M,? arcsin (K (¢, ||z[|) A 1) + ||| [arcsin (K (¢, ||z]|) A 1)
Kt 2l /(T = K& [2)?) A0] — 4llallVatMy [1 = /(T = K&, [l«l)2) A 0| }
< 2E {4tMg arcsin (K (t, ||z||) A 1)
||| [axesin (K (2, o)) A 1) = K llal ) /(= K (& J12lD?) A 0] |

Considering the two cases K (t, ||z||) > (1/2)||z|| and K (¢, ||z]|) < (1/2)||x||, some elemen-
tary and somewhat lengthy calculations (using in particular the existence of a constant
a > 0 verifying

1
arcsin(r) < x +ax®, Vr €0, 5]
and the inequality /1 — 22 > (1 — 2?), 0 < x < 1) provide the following estimation

tvt

[zl

| EUEM, — pla. ) v OPd) < € (29)

where C' > 0 is a constant.
The inequality (29) shows that the formulas (27) and (28) are valid alike for d = 2.
Now we may write (11) on the form

‘/d(\/ﬂwu .CL’) - wdeHd = 2d\/§/ Mup(x7u)d_ldyd(u> + Rd(xu t)
S+

with
ot

0 < Ry(z,t) < Eadz (9) (V2t M) ||z||* I

j=2

Hence there exists ¢y > 0 and a constant K, > 0 such that
E{(w(\@w,x) - wd||de)2} — 40k |2|[222t + +VEG(2,1), x e RY, >0, (30)

with
1 _
b= b [ Bt wpo ) dva)dvat), (3
||| (S+)2
and
0< Galz,t) <Ky (14 |z]**%), zeRY 0<t<t,.

The covariances E(M,M, ) were calculated in ([6], IV.). Precisely, if 8 € (0,n] is the
angle spanned by the two vectors u, v € S, then

_ B _ sinf [0(27 —0) 1
B(M,My) = H(0) = == | 5e—4 + g |-

(32)
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Inserting (32) in the integral (31) some calculation yields:

ot a

4
kg = 4041042 A<@<¢’ / H(0)sinb [sin2 @sin® ¢’ — (cos @ — cos ¢ cos @')2} 2 do
SP>S 9:4,0/—@

' <m
(cos @ cos ') sin psin @'dedy’,  d > 3, (33)

2 1 [ 1—cosu
ko=— 14+ = —du ). 4
2 12( +2/0 u “) (34)

In order to obtain Theorem 2 it suffices now to insert formulas (27) and (30) in (26), and
to proceed to some elementary calculations thanks to (33) and (34).

O

Remark 3 The asymptotic result of Theorem 2 and the equation (23) suggest that we
may have

4
Con = %(wEa‘l(C) —EN,(C) +2).
By (3) and (34) this is equivalent to the equality
4 ("1 — cost
Ea '(C) = — / ST g, (35)
T Jo t

We did not find this result in the literature so for the sake of completeness we give its
proof in the Appendix.

4 Proof of Theorem 3.

The main object in this paragraph is to obtain for a two-dimensional Poisson-Voronoi
tessellation the precise estimate of the logarithmic equivalent of the Laplace transform of
the distribution of the square of the fundamental frequency (that means the first eigen-
value A\; of the Dirichlet-Laplacian) of the typical cell. This result yields by a Tauberian
argument, the asymptotic when t — 07 of the logarithm of the distribution function
P{\ <t}

Proof of (6). Observe that according to the obvious inequalities
e—tm < et < (p(t), t>0,

it suffices to prove that

Jim Y2 InEe™" = —4y/7jy (36)
and

limsupt /2 InEg(t) < —4/Tjo. (37)

t—+o00

In order to obtain the asymptotic (36), let us note that the random radius R,, of the
largest disc centered at the origin and included in C'(0) has the distribution

P{R, >r}=¢*" r>0.
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Thus using the fact that the first eigenvalue of a disc of radius r > 0 is equal to j2/r? it
comes that

o0 -2
Ee " = / Srre k4 gy
0
+00 j2
t1/2 / 8mr exp{—tl/2(—g + 47r?) Ydr,
0 r

and by Laplace method we obtain (36).
To prove (37) is more difficult. First, by Theorem 1 we have

1 o —
Ep(t) = o Ee 2V2(W@) gy
_ 1 [/ Ee—ZtVQ(/W,m)dx_'_/ Fe2V2(Wa) 7,
21 LS lal<ty {Ill[>¢}

Next, the obvious inequality
V(W) = nlle|”, = € R,

implies that

/ Fe2tv2(W.2) g, < / e—2tmllzl? g,
{llzl|>} {llzl|>}

™ —2mt3
= — t> 0.
(21&) €

lim ¢ 1/2 ln/ Ee_ztvz(w’x)dx = —00,
{llz[|>t}

Therefore

t——+o00

and consequently in order to obtain (37) it suffices to prove that

lim sup ¢~/ ln/ Ee22Wa) gy < —4/7jo. (38)
{ll=|I<t}

t—-+o00

The key estimations which enable us to derive the above asymptotic estimation are the
two following lemmas of independent interest.

Lemma 1 Denote by Vl(\/?\\/’) the perimeter of the convex hull W of the two-dimensional
Brownian bridge sample path. Fiz 0 < ¢ < 1. There exists yo > 0 such that

P (Vi(W) <) <exp (-2r%0%(1—€)*/y?), VO <y <y

Lemma 2 Fort >0, and x € RY,

Ee—QtVd(W,Z‘) S E6_2tvd(wvo). (39)



We will prove Lemma 1 and Lemma 2 at the end of the section. To complete the proof
of (6) let us notice that Lemma 2 implies the inequality

/ Ee 22Wa) gy < r2Fe~22(W0) ¢ (.
{llal|<t}

Therefore in order to prove (38), it suffices to have

lim sup ¢~ /2 In Ee 22 (W0 < _4, /7). (40)

t——+o0

By formula (12), the Cauchy-Schwarz inequality and the Cauchy formula giving the
perimeter of a planar convex set we get

Va(W,0) = /S <Zssvpvz u>2d1/2(u)
(/ Zssvlzfz u) alyg(u))2

W) (41)

SE R

Hence for yy > 0, we obtain

E€—2tv2(vAV,0) Ee—%vl(vAV)Z

<
4t 2t 2
— < -z Y
- P<V1(W) _y>€ ydy
4t 2t 9 oo — 2t 2
_ / P(Vl(W) y)e wyydy—i—/ P(Vl(W)gy)e 9y dy
m 0 Yo
4 _ ,
< otw M [ (Vl(W) < y) e~V ydy (42)
™ Jo

Let us fix now 0 < ¢ < 1 and let yy be as in Lemma 1. Then

Yo o Yo 27%2(1-¢)®
/ P (Vl(W) < y) e_%yZydy < / e 52 6_%y2ydy
0 0

+ 72i02(1_g)3
o (2 ialpeat)
< e v ydy,
0

and by Laplace method

too _ g2 0 2%ig20-0)3 .
/ izt ) yay ~ t% VA= hen t 1 doo,  (43)
0

where K is a positive constant.
Combining (42) and (43) we get (40) and (37). So the proof of (6) is now completed.
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Proof of Lemma 1. The proof is based on the estimate precising the asymptotic
behaviour of the Laplace transform of V3 (W) (see [7]):

t—00 2

B . 9 1/3
lim t~%*InEexp(—tVi(W)) = — (—77T2j02) : (44)

Let a = (%szoz)l/g and fix 0 < ¢ < 1. According to (44), choose uy > 0 such that

Eexp(—uVl(\/R\/’)) < e 1m0 gy > .
Therefore applying the Tchebychev inequality we obtain the estimation
P (VW) <y) < et (45
valid for all u > ug and all y > 0. Now, choosing
u=(2(1—e)a/3)°/y’, 0<y<yo
with
yo = (2(1 = e)a/(3ue'?)
and inserting this in (45) we find
P (%(VAV) < y) <exp{-2m7j5(1 —€)’/y’}, 0<y <y,

which proves Lemma 1.

O
Proof of Lemma 2. Let us fix z € R% The identity
Ee2Va(We) — oy /OOF (Vd(w, z) < u) e Hdu, t>0,
0
tells us that in order to prove Lemma 2, it suffices to show that
P (Vd(vAv, 7) < u) <P (Vd(vAv, 0) < u) . u>0. (46)

Note that the set B (\/7\\77 0) is not included in B (\/7\\7, x) so the above inequality is far from
obvious.
We need the following lemma:

Lemma 3 Fix N > 1 and u > 0. Then the set

A, = {Z: (Zla"' 7ZN) < (Rd)N;v? (UB(ZHHZZH)> < u}? d=2,

s convex and symmetric.
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Proof. Clearly A, is symmetric. To prove that A, is convex, fix
Z=(21,"-2n) €Aw, T=(y,- - oyn) € Au, 0<y <,

and define
U= (v, o) = (1 =7)z+y.

We note also zy = yo = v = 0.
From (12), we obtain

va (CJ B(v; ||v,-||)>
/gd ! { Py (0; U)]ddud(u)

/Sd : { Py (v2i - (1—7)yi-u)]ddud(u)

=0,

[7 / ( sup z,u>)ddud(u)+(1—v> / (ijﬁP,N(yi'“))ddVd(u)]

=Va (UB<zi,||zi||>> <U i llwill) )

i=1

Q~|‘\° &ll\é &I‘\é

<u
which proves the lemma.
O

We are now ready to prove the inequality (46). In order to do it, let us fix N > 2 ans
select 0 < ¢; < ... <ty < 1. The law of the random vector

W=W(t), - ,Wi(ty)) € RHY

is a centered Gaussian measure. Let us observe that

{vd (UB ) |W (it )—x||>> Su}:F{WeAquE} (47)

with T = (x,--- ,z) € (R)N.
The set A,, u > 0, being convex and symmetric we may apply Anderson’s lemma [1]
which gives
PWeA, +7} <P{WeA,}. (48)

Next take a countable set (¢;);>; dense in [0, 1]. By the continuity of the Brownian bridge
sample paths, the set D = (W (t;));>1 is a dense subset of W. Then by (9), we have

Va(D, ) = Va(W. ) = Va (OyenBly, Iy — ll) ), = € R
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Thus the increasing sequence Vy (UN B(y;, ||y — z|])), N > 1, converges to Vy(W, z) for
all z € R%, which implies

F{W(Vv,x)gu} —  lim F{Vd <OB(W(ti),||W(ti)—xH))gu}, u>0.

N—+o00 )
=1

Combining this with (48), we obtain the inequality (46) and the proof of Lemma 2 is
completed.

Proof of (7). Let us recall first that

jo’
AL < g = ek
the (random) radius R,, of the largest disc contered at the origin and included in C having
the law
P{R,, > u} = exp(—47wu?®), u >0.

Hence
—4mjo? = lim tInP{y; <t} <limsuplnP{)\; <t}.

t—0T t—0T
The upper bound

limsuptln P{)\; <t} = —4mjy?

t—0t

follows easily from the asymptotic (6) by applying the method described in the proof of
Lemma 1.

5 Concluding remarks.

(1) A part of the above arguments works in a more general setting of Johnson-Mehl
tessellation [3], [10], [16]. In that model the crystals start growing radially (in all direction
at fixed speed v > 0) at time ¢; from the nuclei z; in such a way that

d = {(z;,t;) € R x [0, +00)}

is a spatially-homogeneous Poisson point process. At the end of growth the whole space is
covered and the construction of the Johnson-Mehl tessellation is completed. The Poisson-
Voronoi tessellation corresponds to the particular case when all nuclei are born at the
same time. The Johnson-Mehl crystals are star-shaped but not necessarily convex, the
common boundary between two crystals, which is a part of a hyperboloid, may even be
disconnected.

It can be shown that for a process ® satisfying the canonical conditions of J. Mgller
[16] the expectation of the spectral function of the typical Johnson-Mehl cell can also be
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expressed in terms of Brownian bridge from which a two-terms expansion near the origin
can be obtained (see [8]).

(2) It would be interesting to obtain the geometric significance of the coefficients cq9
appearing in the asymptotic of Theorem 2. In view of (24) it is likely that ¢4 is con-

nected with
Ng_2(C)

B3 5 (U9 ) wamong

i=1

where
(i) Fi(C),i=1,---,N4—2(C) are the (d — 2)-dimensional faces of C;
(ii) wi(C) is the magnitude of the dihedral angle at the face F;(C), 1 < i < Nyz_2(C).

(3) To obtain the values of coefficients cq;, ¢ > 3, in (25) it is necessary to calculate
explicitely the covariances EM,, - - My, vy, uy € S4-1. j > 3, associated to the d-
dimensional Brownian bridge. At our knowledge this problem is open. Note also that for
a bounded convex polyhedron of R? the explicit expressions of the coefficients at order
k > 4 appearing in the asymptotic (near the origin) of the spectral function are unknown
(see [4]).

(4) The method used to prove Theorem 3 works in any dimension d > 2. Meanwhile
to get the final result it is necessary to know the value of the logarithmic equivalent
(at infinity) of the Laplace transform of the mean width of W. The mean width of W
is connected [7] with the d-dimensional measure of the empirical cell C of the Poisson
hyperplane tessellation introduced by R. E. Miles. In dimension d = 2 the asymptotic
of the area of the cell C is known (see [7],[12]) from which the estimation (44) follows.
Unfortunately no such result is known in dimension d > 3. This prevents us to extend
our result to the case d > 3.

(5) It is interesting to note the significance of Lemma 2. The inequality (29) can be
rewritten under the form

EP*{T > u} < EPYT >u}, u>0,

where T" denotes the first exit time of the Brownian bridge from the cell C'(0), the notation
P* expressing the fact that the Brownian path is starting at the point = € R, If we replace
the Brownian bridge by the standard Brownian motion in R? in the proof of Theorem 2
we obtain the corresponding inequality

EP*{r > u} < EP%7 >u}, u >0,
for the first Brownian exit time 7 of C(0).

(6) It is well known that “the larger regions have smaller eigenvalues” and therefore
the equalities (6) and (7) express that in some sense the large Voronoi cells are nearly
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circular. An analogous phenomenon (known under the name of D. G. Kendall conjecture)
occurs for the polygons determined by a standard Poisson line process in the plane (see
[7], [12]).

Appendix. Proof of (35).

Let us recall that by associating to each vertex s of the planar Poisson-Voronoi tessellation
the triangle T'(s) whose vertices are the nuclei of the three cells containing s (and whose
center of circumdisc coincides precisely with s), we obtain the dual tessellation, called the
Delaunay tessellation (see [17]). The typical Delaunay cell D is defined (in Palm sense)
by the following formula [17]:

En(D) = onz E > T (49)

seSNB

for all measurable function h: K — R, and where:
(i) B C R? is an arbitrary fixed Borel set such that 0 < V5(B) < +oc;
(ii) S is the set of vertices of the Poisson-Voronoi tessellation.

Note that the mean number of vertices per unit area is equal to 2 (see [17]).

The distribution of the typical cell D, which is a triangle noted 22523, is known
explicitely by means of the distributions of the radius p(D) of the circumdisc of D and of
the three angles 3,(D) = Z1pza, B2(D) = Zapz3, B3(D) = Zipz, where p is the center of
the circumdisc of D (see [17], p. 104, for an expression of these distributions valid in any
dimension and [19], p. 249, for a rewriting in dimension 2). In particular, these angles are
identical in law and independent of p(D). This implies that the angles a; (D), aa(D), a3(D)
spanned in p by any two edges of the Voronoi tessellation, are independent of p(D) and
of common distribution (see for example [19]):

a1 (D) (P)(dt) = % sint(sint — t cost)1jg.- (t)dt. (50)

Thus from (50) we get the following result:

1 2 1 — cost
E = — —dt.
a1(D) 37?/ t

Lemma 4 We have:

Let us consider now the set A of angles of the Poisson-Voronoi tessellation and for each
a € A, let s(a) be the associated vertex. Then noticing that the mean number of angles
per unit area is equal to six we can define a typical angle @ on the following lines:

Elpg(@) = 6V2 Z log(a), 0<t<m, (51)

( )eB

where B is a fixed Borel set of R? such that 0 < V,(B) < oo.
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The typical angle @ can be connected, on one hand to the angles of the Voronoi typical
cell C, and on the other hand to the angles oy (D), as(D), a3(D) of the Delaunay typical
cell D. More precisely, we have:

Lemma 5 (i) The angles @ et a1(D) are identical in law.

(i) for any measurable function f : [0, 7] — R, we have

where ac;, 1 < i < No(C), denote the inside-facing angles of the typical cell C.

Proof. (i) Consider 0 <t < 7 and B € B(R?), V5(B) = 1.
Then by definition (49) of D, we have

3

B 1gg(@(D) = B Y <Z 1[%1(%’(5)))

i=1 seSNB \i=1

where a;(s), as(s), as(s) are the three angles associated with the vertex s in the tessel-
lation.
Moreover, by definition of the typical angle (see (51)),

éE Z (1[07t}(a1(s)) + 1[07t}(a2(s)) + 1[0,t](0z3(3))) = El[oﬂ (a)

seSNB

We conclude then by using the identity in law of the three angles a;(D), as(D) and
Oég(D).

(ii) The proof is similar to that of Prop. 3.2.2. of J. Mgller [17] which connects, for
1 < k < d,, the k-dimensional typical face of the Voronoi tessellation to the k-dimensional
faces of the typical cell.

(I
From Lemmas 4 and 5, we deduce that
1 1 4 [*1—cost
Ea '(C) =6E | = ) = 6E = — dt
e =08 (3) = (o) =5 [
which completes the proof of (35).
O
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Chapitre 4

Quelques conséquences de I’identité
entre cellule typique et cellule
empirique pour la mosaique
poissonienne d’hyperplans
d-dimensionnelle.

4.1 Présentation des résultats.

Dans toute cette partie, & désignera un processus ponctuel de Poisson de mesure
d’intensité u, C la cellule typique de la mosaique poissonienne d’hyperplans d-dimension-
nelle, et W le processus ponctuel (stationnaire) constitué des centres des disques inscrits
dans les cellules de la mosaique. On notera a4 laire de la boule-unité de R? et B(y,r) la
boule de centre iy € R? et de rayon r > 0.

Rappelons que nous avons montré que la cellule empirique peut étre interprétée en
terme de mesure de Palm :

pour toute application h : K — R mesurable bornée,

BhO) =2 LB Y w2
wdwd_ld Vd(B) z€UNB ’

olt B C R? est un borélien fixé vérifiant 0 < V(B) < +o0.

La définition au sens de Palm autorise en particulier I'utilisation de certains résultats
qui n’ont jamais été exploités dans ce contexte. On peut citer notamment la caractérisation
de la mesure de Lebesgue de R? comme seule mesure invariante par toute translation (&
coefficient multiplicatif prés) et la la formule de Slivnyak (voir le paragraphe 1.2).

Rappelons qu’elle a permis en particulier dans le cas de la mosaique de Poisson-
Voronoi de réaliser explicitement la cellule typique comme la cellule C'(0) associée a un
germe placé en 'origine lorsque 'on rajoute ce germe au processus de départ. Ce fait a
été déterminant pour obtenir des informations sur la cellule typique (voir les chapitres
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2 et 3). De la méme maniére, on peut esérer de réaliser concrétement la cellule typique
d’une mosaique poissonienne d’hyperplans en utilisant cette formule.

R. E. Miles a déja obtenu en 1973 une construction explicite de la cellule empirique
en dimension deux a partir de son disque inscrit et de son triangle circonscrit, dont les
lois exactes sont connues [59]. Sa méthode reposant sur la notion de circuit convexe dans
le plan, semble difficile a généraliser en dimension supérieure.

Dans le travail qui suit, on détermine un moyen concret de réaliser la cellule typique.
Considérons une boule B(0, R;) ou R; suit la loi exponentielle de parametre 4. La cellule
C est alors égale en loi a 'intersection de :

(i) le simplexe circonscrit a cette boule et indépendant de R; tel que la densité de la
loi conjointe des vecteurs unitaires orthogonaux aux hyperfaces est proportionnelle
au volume du simplexe formé par ces vecteurs;

(ii) la cellule de Crofton de la mosaique poissonienne construite a partir d’un processus
ponctuel de Poisson de mesure d’intensité 1p(-dp conditionnellement a {R; = r},
r > 0.

Remarquons que la loi du simplexe circonscrit a C rappelle celle de la cellule typique d’une
mosaique de Poisson-Delaunay d-dimensionnelle (voir [63],[65]).

On déduit de ce premier résultat une formule explicite pour P{N;_1(C) = d + 1}, ou
N4_1(C) désigne le nombre d’hyperfaces de C. On généralise ainsi en toute dimension les
calculs effectués par Miles en dimensions deux et trois [56].

Par ailleurs, en utilisant le résultat de Miles selon lequel une section par un sous-
espace affine de R? d’une mosaique poissonienne reste une mosaique poissonienne & une
homothétie pres [56], la formule de Slivnyak nous permet d’une part de retrouver le calcul
de la moyenne de I’“aire” k-dimensionnelle des k-faces de C, 0 < k < d, obtenu par
G. Matheron [48] en 1975, et d’autre part de déterminer le premier moment du nombre
de faces k-dimensionnelles de la cellule typique. Ce dernier résultat n’était connu jusqua
présent qu’en dimensions deux et trois (voir [56]).
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Poissonian tessellations of the Euclidean space. An
extension of a result of R. E. Miles. *

Pierre Calka'

Abstract

In 1973, R. E. Miles obtained an explicit characterization of the typical cell of the
planar Poissonian tessellation, by means of the distributions of the indisc and the
triangle circumscribed to the cell. In this paper, we propose a different proof, using
Xthe classical formula of Slivnyak for Poisson point processes. Not only the method
is simple and rigorous, but it also extends the result of Miles to any dimension
d > 2. We deduce from it some other properties of the geometrical characteristics
of the typical cell.

Introduction.

Let ® be a Poisson point process in R?, d > 2, of intensity measure

w(A) = /0+OO /Sdl 14(r, w)dvg(u)dr, A € BR?),

where v, is the area measure of the unit-sphere S%1.

Let us consider for all x € RY, H(z) = {y € R%; (y — x) -2 = 0}, (z - y being the usual
scalar product). Then the set H = {H (x);x € ®} divides the space into convex polyhedra
that constitute the so-called d-dimensional Poissonian tessellation. This tessellation is
isotropic, i.e. invariant in law by any isometric transformation of the Euclidean space.

This random object was used for the first time by S. A. Goudsmit [7] and by R. E.
Miles ([10], [11] and [13]). In particular, it provides a model for the fibrous structure of
sheets of paper.

Miles introduced in particular the notion of empirical (or typical) cell associated to
the tessellation. Recent contributions about the law of the area of the typical cell and the
famous D. G. Kendall conjecture were provided by A. Goldman [5] and I. N. Kovalenko
[8]. The fundamental frequencies of the cells have been studied by A. Goldman [4] and

* American Mathematical Society 2000 subject classifications. Primary 60D05; secondary 60G55.
Key words and phrases. Empirical distributions, Palm distribution, Poissonian tessellations, stochastic
geometry. Running head. Poissonian tessellations.

t Postal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland, 50, avenue
Tony-Garnier F-69366 Lyon Cedex 07, France. E-mail: Pierre.Calka@univ-lyonl.fr
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have been useful to obtain informations about the frequencies of the cells of the Poisson-
Voronoi tessellation [6]. Central limit theorems have been provided by K. Paroux [17]
in this context. Besides, we have obtained the explicit distribution of the radius of the
smallest disk centered at the origin containing the Crofton cell in the plane [2].

Miles obtained [13] in the two-dimensional case the explicit distributions of the indisk
radius and the circumscribed triangle of the typical cell, which has provided numerous
results concerning the area, the perimeter and the number of vertices. His method (see
[13]) essentially relies on the concept of convex circuit in R? and the ergodic properties of
the tessellation (see also [3]); Nevertheless, it can not be generalized to any dimension.

In this work, we propose a new approach which is easier and can be extended to any
dimension d > 2. It consists to use famous Slivnyak’s formula which is a fundamental
tool for the study of Poisson-Voronoi tessellations [15]. Nevertheless, to use this formula
in our context, we need to describe the typical cell of R. E. Miles with a Palm procedure
[16]. In the first section, we actually obtain such a description via the (stationary) point
process of the centers of inballs of the cells constituting the tessellation. We then prove in
the second section the principal result concerning the construction of the typical cell via
the law of the inball radius and the circumscribed simplex. In the last section, we show
how to obtain some new informations about the geometric characteristics of the typical
cell by using Slivnyak’s formula.

All the results presented here were announced in a previous note [1].

1 Preliminaries.

Let ® be a Poisson point process in R? of intensity measure
pA) =EY 14().

The process ® is a measurable application which takes values in the space M, of the
locally finite sets of R? endowed with the cylindric o-field 7, generated by the applications

o { M, — NU{+oo}
Tl o #An)
For any positive measurable function f on the product space (R%)" x M,, n € N*, which

is invariant by permutation of the first n coordinates, we have Slivnyak’s formula (see for
example [16]):

A € B(R%).

B f60)= [Ef 60U, 0

é_ea(n)

where ™ denotes the space of sets of ® with cardinal n, and where

di" (€) = dp(&) - dp(&a), € ={& &} €T,

Let us now take the measure
“+oo
p = [ i), AeBR) 2)
0 Sdfl
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and consider the associated Poissonian tessellation [12]. We will note Cy the cell of the
tessellation containing the origin. We show [4] that the cell Cy (called the Crofton cell)
is a.s. well-defined. Let us denote by Cg the set of cells included in the open ball B(R)
centered at the origin, with radius R > 0 and Ngr = #Cg. Besides, we consider the
space K of the convex compact sets of R? endowed with the usual Hausdorff topology and
h : K — R a translation-invariant, bounded measurable function.

We have the following result [4]:

Theorem 1 The means

1
N > h(C), R>0, (3)

CeCr

converge a.s. to a constant Eh (the empirical mean) satisfying

e 1 < h(Co) )
E (1/Va(Co)) ~ \Va(Co) )’
where Vy denotes the d-dimensional Lebesgue measure.

Let us define ¥ as the point process constituted with the centers of the inballs of the cells
of the tessellation. The invariance by any translation of the Poissonian tessellation [4]
implies that W is a stationary (locally finite) point process. We fix a Borel set B C R¢
verifying 0 < Vy(B) < 400. The typical cell C, in the Palm sense, then is defined by the
following formula:

BH(C) = —— L g S ) -2, (@)

where h : K — R runs throughout the set of bounded measurable functions and where
wq is the Lebesgue measure of the unit-ball of R? (the constant Wawg_1% / 24 is the intensity
of the process V).
More generally, the definition of C implies that the following formula, called Campbell’s
formula, is satisfied:
2d
—BYF(C(2) = 2.2) 9

zev

[ EsC.iy -

WaWd

for all measurable function f: K x R — R,
Repeating word for word the method of J. Mgller described in [16], page 66 (applying to
any stationary point process), we show the identity

_ 1 h(Co)
O = B vacon ® (vd<co>) ' ©)

Comparing (6) with Theorem 1, we deduce that:

Theorem 2 For all translation-invariant, bounded measurable function h, we have

Eh = Eh(C).
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2 The principal result.

For all z € ¥, we note B(z) the inball of the cell C(z) and S(z) the simplex constructed
with the support hyperplanes of C' (z) which are tangent to B(z). Besides, let us consider

the point process associated to the hyperplanes which do not intersect B(z) (taking the
point z as new origin).

Then, denoting by Cy(®P,) the Crofton cell associated to the hyperplanes H(y), y € ®,,
we have easily

C(z) = S(z) N (2 + Co(®.))- (7)

Let us consider a random couple (S, @), where S is a (random) simplex and dis a point
process such that the joint distribution is given by the formula (analogous to (4)):

E Z h(S(2) — 2)1{a.na=0y, (8)

ze¥VNB

E{h(S)l{%A:@}}

WaWd— 1dVd

satisfied for every positive measurable function h : K — R, and every fixed Borel set
A € R%:B C RY such that 0 < Vy(B) < +o00.

Applying (8) to a function g(S, <AI>) =h(SN C'O(EI\))), where h is translation-invariant, we
obtain thanks to (7), the equality

Eh(S N Cy(®)) = ER(C),

which means R
C'% SN Cy(D). (9)

It then remains to determine the distribution of the couple (S, ZI\D)

To this end, let us consider the set A4 of all the subsets £ C R?, #¢ = d + 1, such that
the associated hyperplanes H(x), x € £, form a (d + 1)-simplex of RY. For all £ € A, let
us denote by S(§) (resp. B(€) and ¢(€)) the simplex associated to & (resp. the inball of
S(€), and the center of this ball).

Besides, we define
1)

Ap = {€ €T "V N ABENH(z) =0 Ve b},

The set Ag is in one-to-one correspondence with the set of the points of ¥ via the
application £ — ¢(§); it is also in one-to-one correspondence with the set {S(z);z € U}
via the application S. Using (8) it implies that

B E > MSE) — e(©))16(c(€) 140 (€) Lo, na-0)-

ccd @D

E{h(s)l{%A:@}} Wi 1dVd

Applying now Slivnyak’s formula (1), we get from the preceding equality

d
B{MS) sy} = T T M) — A Lale ) 140

P{H(z) N B(§) =0, Vo € &; Do) N A = B}da™™V (£)10)
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It remains to explicit this integral via appropriated change of variables, and we deduce
the principal result:

Theorem 3 (1) Let us consider a ball of center zero and (random) radius Ry of law
P{R[ > t} = exp{—adt}, t> O,

where o4 = v4(S471).

(2) Let us construct a simplex S circumscribed to this ball such that the (d+1) directions
Ug, -+, Uy € ST from the center to the intersecting points are independent from Ry and
have a joint distribution given by:

d
(U V)(P)w) = 7 1gljd2wd_1dA(U0, UL W), (1)

where dvg ) (u) = dvg(ug)...dva(uq), u = (ug, ..., ug) € (S¥1H)d+1
A= {(ug, - ,uq) € (Sd_l)d“; no half-sphere contains ug, - - - , uq}, (12)

and A(zg, ..., 1q), Tg,...,xqg € RY, denotes the d-dimensional Lebesque measure of the
simplex with vertices at xq, - -+ ,xq.

(3) Let us take a point process o independent from Uy, --- , Uy such that conditionally to
Ry=r,r>0, ® is distributed as a Poisson point process of intensity measure 1p(yedp.
Then we have the following equality in law:

C'% SN Cy(D).

Proof. The following lemma provides a formula of change of variables of Blaschke-
Petkantschin type (see for example [14]):

Lemma 1 We have:
14(6)da V(&) = dIA(u)14(uv)dzd RATZ\ ) (u).

Proof of Lemma 1. We first remark that A is in bijection with R? x R% x A (where A
is defined in (12)) by associating to each £ = {&o,--- ,&a} € A, z = ¢(§), the radius R of
B(&) and the unit-directions wuq, - - - , uq from c(&) to &, - - - , £y respectively.

Let us define for all 0 <i < d, p; = ||&]] and v; = &;/p; € S¥1 such that

dp(&:) = 1p>odpidva(v;).
It is easy to prove that

_ _ w2 < pi
pi = R+ (2w, U’_{ —u; else
So the jacobian of the one-to-one correspondence

(Z,R,U(),"' ,Ud) — (pOa"' , Pd, Vo, - avd)
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is

J:

A B
C D |’

where C' = 0, D = I4(441) is the unit-matrix,

260 0
ugt 1 0 2t
A= |, and B=
ugt 1 0
0 0 2z

Consequently, J = det A = d!A(ug, - ,uq)-
O

Let us go back to the proof of Theorem 3. Applying the preceding change of variables to
the calculation of the integral in the equality (10), we obtain

2d
wdwd_ldVd(B) (d + 1)

E{h(S) L0} = / T()A(w)La(w)d7z (), (13)

I(u) = /0+°° h(S(Ruo, - - - , Ruq))

/ P {H(x) N(z+ B(R)) = 0; (:B — ﬁ(m . z)) ¢ AVzr € <I>} dzdR.
B
Let us notice that

{(H(@ —2)NB(R) = 0 (:c— ﬁ(:c : z)) ¢ AVzr € cp}

= {1 (e ptr-a) B =0 (e~

Besides, the set {x - ﬁ(m cz2);x € (ID} is distributed as @ (see for example [5]). Conse-
quently, we deduce from (14) and the Poissonian property of ® that for all z € R?

P{(H(az) — 2)N B(R) = 0 <:)§— ﬁ(x-z)) ¢ AVr € <1>}

=P{®N(B(R)UA) =0} = exp{—p(A\ B(R))} exp{—0cd})
Inserting (15) in the equation (13), we get that:
_ the inball radius of S is exponentially distributed with parameter o .
_ the directions from the origin to the points of tangency of § with its inball have a joint
distribution given by (11) and are independent from the inball radius.
_ Conditionally to the fact that the inball radius of S is equal to r, r > 0,  is distributed
as a Poisson point process of intensity measure 1p(edj.

So the property (9) provides us the required construction of C.

(z z)) ¢ AVr € cp} (14)
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3 Some consequences of the method concerning ge-
ometric characteristics of the Poissonian tessella-
tion.

In this section, we show how to use the same method to obtain new (or not) informations
about the typical cell.

As an example, let us denote by Ng(C) (resp. Vi(C)) the number of k-dimensional
faces (resp. the k-dimensional Hausdorff measure) of the typical cell C, 0 < k < d.

Theorem 4 Wed }che:
(1) BVi(C) = =)

wg—1Fwy’
(2) ENu(C) = 275 ()
d+1 u —
(3) P{Nu1(C) = d+ 1} = gz J oy La(w)dvg®* (u),
where b(u), u € A, denotes the mean width of the simplex which admits u as the set of its

contact points with its inball.

Proof. (1) Let us first recall a well-known result due to R. E. Miles [12]:

Lemma 2 (Miles, 1969) The intersection of a Poisson hyperplane process of R¢ of in-
tensity measure given by (2) with a affine sub-space of RY of dimension k, 0 < k < d, is
equal in law to a Poisson hyperplane process of R* of intensity measure . 4 given by:

wdl

/ /Sk 1 (r,u)dvg(u)dr, A e B(RF). (16)

Let us show the following intermediary lemma:

Lemma 3 Let us consider for all 0 < k < d, the measure Ay defined by

,de
wk 1

AB)=E Y Wi(BNF), BeBRY,
FeFy
where Fj, denotes the set of all k-dimensional faces of the tessellation and Vj, is the k-

dimensional Hausdorff measure.
Then the equality

Ak = Ck,d . Vd (17)
is satisfied, cx.q being the mean k-dimensional measure of the tessellation per unit of
volume such that p e

WawWd—1"
Chd = —_—. 18
ot <l{3) u)k2d_k ( )

Proof of Lemma 3. The result (17) comes from the fact that the measure Ay is invariant
by any translation in R¢, so is proportional to the Lebesgue measure of R¢.

Let us show the result (18) by a reasoning of induction: it is clearly verified for k& = d.
Let 0 <k < d— 1. Taking B equal to the unit-ball of R?, we have

Ak(B) = ck7dwd
= E Y ViBNH(@)N N H(za)

{z1, 241 }€P
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Applying Slivnyak’s formula (1), we obtain

Aw(B)
1

= (d— k)_! /Vk(B NH(zy)N---N H(:Ed—k))dﬁ(d_k)(x) (19)

— ﬁ //Vk{[B NH(z) NN H(xg_1-5)] N H(za—p) Ydp(za_y,)du—=9 (z).

Applying Lemma 2 to the section of the tessellation with the (k + 1)-dimensional space
H(xy)N - H(xg__1), we obtain:

1 Wd—1

Ax(B) = (- k)wdck+1,d o

Ck,k-i—l- (20)

Besides, applying (19) to k = d — 1, we get that

1
Ci—1d = w—d Vd_l(BﬁH(tu))dthd(u)
B
1
- wd‘lad/ 1-)%at=2¢
Wd 0 2

Consequently, inserting the equality g1 = or41/2 in (20), we deduce the following

relation of induction:
c . k + 1 w WE+1 c

which, after iteration, gives us the formula
d\ wawg—147F
Chd = —_—
i k kad_k

Let us go back to the determination of EV,(C), 0 < k < d: repeating an argument of
Mogller (see [16], page 62), we consider for all convex polyhedron P, &(P) the set of all
k-dimensional faces of P. If B C R? is a fixed Borel set such that 0 < V(B) < 400, we
then have

O

Va(B)era = E Z Vi(BNF)
FeF;

- %EZ > W(BNF),

2V Fe&,(C(2))

the last equality being due to the fact that any k-dimensional face of the tessellation is
in the boundary of exactly 2¢=* different cells.
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Using formula (5) we obtain that

Va(B)cra = et 9d— k/ Z Vi(BN F)d

od
Feé‘k C+SC

— WdC;cClll o k/ Z V(BN (F + x))dz
Fe&gg(C

wdwd—l
= Vi(B)E Z Vi(F
Feé‘k(C)

the last equality being deduced from Fubini’s theorem. Consequently, we deduce that

_ 24
EVk(C) = 2d ka7deWd 1d
_ 2@
B Wd—lkwk.

(2) We consider the proces ¥y, 0 < k < d, of the centers of the inballs of the k-dimensional
faces of the tessellation. W is stationary and we will note )\, its intensity. Besides, we
define for any z € Wy, F(z) as the unique k-dimensional face associated to z.

Then the typical k-dimensional face Cj 4 associated to the tessellation is well-defined by
the following formula:

En(Cra) = E Z h(F

zeViNB

for all bounded measurable function h and any fixed Borel set B C R? satisfying
0 < Vu(B) < +o0.

Let us notice in particular that the typical d-face C;q4, is the classical typical cell C as-
sociated to the tessellation. The following lemma gives a characterization of the law of
the typical k-face and can be easily deduced from a joint use of Slivnyak’s formula and
Lemma 2:

Lemma 4 Cy, 4 is equal in law to the typical cell of a Poissonian tessellation in R with
intensity measure given by the formula (16).

A direct consequence of the preceding lemma and the point (1) of Theorem 4 is that

Qk WE—1 b
EVilCra) = WEWg—1" 8 (Wd_1>
2k
= . 21
wWrpwg—1" ( )

Following the same method as Mgller [16] (prop. 3.2.2) for Voronoi tessellations, we can
show that:
EVi(Cr.a) = EVi(C)/EN,(C). (22)
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Consequently, from (21) and (22), we obtain:

EN,(C) = 2¢7* <Z) :

(3) Considering the construction of C obtained in Theorem 3, and denoting by ®,., r > 0,
a Poisson point process of intensity measure 1pg(,)edpu, we have

P{Na-1(€) =d+1}
> —oalt —(d+1
= W Do /P{#(éDmS(Ru)) = 0}e "R A(u)14(u)dRdrg ™ (u).

Let us then notice that it is well-known (see for example [4]) that

P{#(@, N S(Ru)) = 0} = exp { =R (Zb(u) — o) |

where b(u) denotes the mean width of the simplex S(u). Consequently, after an integration
with respect to R, we deduce

P{Nd—l(c) =d+ 1} = d(d _|_21)—;§wd_1d / ﬁ((uu)) lA(u)dV_ddH(u).

O

Remark 1 Let us remark that it is possible to use the point (1) of Theorem 4 to obtain
the expression of the intensity A4 of the process W of the centers of the inballs of the cells,
and more precisely to show that \; has the same value as the intensity ¢ 4 of the process of
the vertices of the tessellation: actually, we could define the typical cell by associating to
each cell constituting the tessellation its lowest vertex (which exists a.s.) and by replacing
the process W of the centers of the inballs by the process A of the lowest vertices. It is easy
to notice that any vertex of the tessellation is the lowest vertex of exactly one cell, which
means that A can be exactly identified to the process of the vertices of the tessellation,
of intensity cp4. We can also remark that the two definitions of the typical cell provide
the same law because in the two cases, the equality (6) is satisfied.
Repeating the argument of Mgller [16] (page 62), we obtain that:

E‘/d(C) == )\d_l == Cg’d_l.
Remark 2 The formula (1) of Theorem 4 was previously obtained by Matheron [9]. The
equalities (2) and (3) were given by R. E. Miles [12] when d = 2,3; for any d > 3, they

are new.

Aknowledgement. I thank Professor A. Goldman for having suggested me the idea of
using Slivnyak’s formula in order to generalize the theorem of Miles to any dimension.
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Chapitre 5

Une preuve rigoureuse d’un résultat
de R. E. Miles sur les mosaique
poissoniennes épaissies.

5.1 Introduction.

Dans cette partie, ® désignera un processus ponctuel de Poisson sur R d > 2, de
mesure d’'intensité p (définie par (1.4)), H lensemble des hyperplans polaires associés a
® (voir (1.5)).

Rappelons que les mosaiques poissoniennes de droites dans le plan modélisent en par-
ticulier la répartition des fibres d’une feuille de papier. En 1964, prenant en compte le
fait que dans la réalité les fibres ont une épaisseur non nulle, R. E. Miles s’intéresse aux
mosaiques poissoniennes épaissies. Cela lui donne par ailleurs un moyen de montrer que
le rayon du disque inscrit de la cellule typique d’une mosaique poissonienne suit une loi
exponentielle. Plus précisément, on épaissit chaque hyperplan de H d’une épaisseur fixée
e > 0 et l'on s’intéresse a ’ensemble des composantes connexes du complémentaire dans
I'espace euclidien R? de ces hyperplans épaissis. Miles affirme que les moyennes empiriques
limites sur ces nouvelles cellules qui sont aussi des polyedres, existent et sont les mémes
que dans le cas d’une mosaique poissonienne classique.

Sa démarche originale est néanmoins heuristique et insatisfaisante au niveau mathéma-
tique (de notre époque...). En effet, la convergence des moyennes ergodiques des mosaiques
épaissies n’a pas été démontrée et il n’est pas clair que la limite obtenue soit indépendante
de I’épaisseur choisie.

Nous prouvons cette convergence a épaisseur fixée en suivant une technique analogue
a celle du paragraphe 1.5.1. Le fait que la limite obtenue soit indépendante de 1’épaisseur
provient directement de l'invariance de la mesure p par translation radiale. En d’autres
termes, pour tout » > 0, 'application

{Rd\{o} — R )

z — (el +7) - 5.

envoie la mesure y sur la mesure 1g(g,)edu.
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Nous concluons ce travail en précisant 1'idée de Miles permettant de déterminer la loi
empirique du rayon de la boule inscrite a partir de la propriété évoquée ci-dessus.

116



A rigorous proof of a result of R. E. Miles concerning
the thickened Poisson hyperplane process in R?. *

Pierre Calka'

Abstract

R. E. Miles introduced in [12] the notion of empirical distribution and associated
typical cell for a Poisson line process in the plane. In [10], he gave to each line of the
process a fixed width and claimed that the empirical means of the polygon aggre-
gate comprising the interstices between these thick lines were independent from the
thickness. Nevertheless, his results were based on certain heuristic considerations:
on one hand, he did not consider the “edge effects” for showing the convergence of
empirical means, on the other hand he did not formalize the definition of empirical
cell in the thick-lines case.

In this paper, we give detailed proofs for a Poissonian tessellation in any dimen-
sion of the two following points: the insignificance of “edge regions”, which provides
the existence of the empirical distributions, and the equality in law of the typical
cells in the classical and in the thickened Poissonian tessellations.

Introduction.

Let ® be a Poisson point process in R%, d > 2, of intensity measure

w(A) = /0+OO /Sdl 14(r, w)dvg(u)dr, A€ BR?),

where v, is the area measure of the unit-sphere S%1.

Let us consider for all z € R, H(z) = {y € R% (y — x) - & = 0}, (z - y being the usual
scalar product). Then the set H = {H (x);x € ®} divides the space into convex polyhedra
that constitute the so-called d-dimensional Poissonian tessellation. This tessellation is
isotropic, i.e. invariant in law by any isometric transformation of the Euclidean space.

*American Mathematical Society 2000 subject classifications.Primary 60D05; secondary 60G55.
Key words and phrases. Empirical distributions, stochastic geometry, thickened Poisson hyperplane
process, typical cell.
Running head. A rigorous proof of a result of Miles about thickened Poisson hyperplane process.

t Postal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland, 50, avenue
Tony-Garnier F-69366 Lyon Cedex 07, France. E-mail: Pierre.Calka@univ-lyonl.fr, Phone number: 433
(0) 4 37 28 74 47
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This random object was used for the first time by S. A. Goudsmit [8] and by R. E.
Miles ([10], [11] and [12]). In particular, it provides a model for the fibrous structure of
sheets of paper.

Miles introduced in particular the notion of empirical (or typical) cell associated to
the tessellation. Recent contributions about the law of the area of the typical cell and the
famous D. G. Kendall conjecture were provided by A. Goldman [6] and I. N. Kovalenko
[9]. The fundamental frequencies of the cells have been studied by A. Goldman [5] and
have been useful to obtain informations about the frequencies of the cells of the Poisson-
Voronoi tessellation [7]. Central limit theorems have been provided by K. Paroux [14] in
this context. Besides, we have obtained a new interpretation of the typical cell by means
of a Palm measure [1], and the explicit distribution of the radius of the smallest disk
centered at the origin containing the Crofton cell in the plane [2].

If we give to each hyperplane of H a fixed thickness e, the connex components of the
remaining parts of R? constitute a new set of cells. Since in reality fibers of sheets of
paper always have a width, this thickened Poisson line process provides a more accurate
model. Besides, Miles used it to determine the empirical law of the indisk radius. He
claimed in [10] that for the two-dimensional case the associated empirical distributions
do not depend on the thickness e. The goal of this paper is to prove this fact precisely in
any dimension.

In the first section, we give a rigorous proof of the convergence of the empirical means
of a classical Poissonian tessellation of R?, taking the “edge effects” into account (for
a proof of a more precise fact in dimension two using an other method, see papers of
Paroux [13], [14]). We here follow essentially the method described by R. Cowan in [3]
and [4] in dimension two. The treatment of the d-dimensional case, d > 2, raises some
new difficulties of geometrical nature (see in particular Lemma 3).

We then consider in the second section the thickened Poissonian tessellation introduced
by Miles [10] and we use the tools of the preceding section to show that the law of the
empirical cell is independent of the thickness. We conclude with an easy consequence of
the thickening, following an idea given by Miles [10] for the dimension two: the empirical
law of the inball radius is exponential. Let us notice that this result was a part of a more
general theorem in the note [1], obtained by completely different methods.

1 The empirical distributions and the typical cell of
the Poissonian tessellation.

In this section, we recall how to define the empirical distributions of the d-dimensional
Poissonian tessellation. The main result , i.e. the treatment of the edge effects, is con-
tained in Proposition 1.

Let ® be a Poisson point process in R? of intensity measure

w(A) = EZ 1a(z) = /0+OO /Sd1 14(r, u)dvg(u)dr, A € B(R?).
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For all z € RY, let us define the polar hyperplane at x
H(z)={y e R, (y —x) - =0},
where - is the usual inner product in R
We call the set
H(®) = {H(z); z; € O}
a Poisson hyperplane process in R? and the closure of a connex component of the set
R\ UseaH (z;)

a cell associated to H. Then almost surely, the cells are bounded convex polytopes which
constitute a tessellation of R?, called a Poissonian tessellation.
Moreover , if x € R? is fixed, then almost surely no hyperplane of H contains x, so we will
denote by C,(®) the cell containing the point z. In particular, we call Co(®) the Crofton
cell.

We realize (2 as the space M, of the locally finite sets of R endowed with the cylindric
o-field

7. generated by the applications

_{MJ — NU{+o0}
Ay — #(Any)

® then is the identity application on €.
For all @ € R?, let us remark that

A € B(R%).

a+ H(z;) = H(t*(z;)) with t*(x;) = (1 + T HC;) xi i > 1.
z;

The correspondence
{z;0 > 1} — {t%(zy);i > 1}
induces classically a transformation 7% : 2 — 2 preserving the measure [6].
It is well-known that:
Lemma 1 For all a € R?, the transformations T® are ergodic.

Proof. It suffices to show that the measure is strongly mixing, which means that for any
bounded A, B € B(R?), k,l € N, we have when n — +o0,

P{#(T (@) N A) =k} N{#(® N B) = 1}]
=P[{#(@nt"(A)) =k} n{#(® N B) = 1}]
—P{#(PNA) =k} - P{#(PNB)=1}. (1)
Let D, = {z € R% |z -a| > a}, a > 0.
_ Supposing there exists o > 0 such that B C D,, then for n large enough, t"*(A)NB = (),
and so we have by the Poissonian property of ®,

P[{#(® N " (4)) = k} N {#(® 1 B) = 1}
= P{#(®N 1" (4)) = k} - P{#(® N B) = 1}
— P{#(T"(®) N A) = k} - P{#(@®N B) = 1}
= P{#(®NA) =k} - P{#(®NB) =1}
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_ In the general case, we consider ¢ € (0,1) and take a > 0 such that the event E, =
{®N DN B =0} satisfies
P(Ey) >1—¢. (2)

Applying the first case to B N D,, we then have for n large enough,
P[{#(@Ni"(A)) =k} n{#£(®NB) =1} N E]
=P{#(@Nt"(A)) =k} N{#(PNBND,) =1}NE,]
PH{#(@Nt"(A) =k}NE, -P{#@NnBND,) =1}. (3)

Moreover, using (2), we have

[P{#(®N BN D,) =1} = P{#(® N B) = 1}|
< |P{#(@NBND,) =1} —P{#(P®NBND,) =1}NE,]
HP{#(® N B) =1} N Ey] - P{#(®N B) = 1}
< 2e. (4)

Besides,

[P{#(2 N " (A)) = k} N Ey] = P{#(® N A) = k}|
= [P{#£(@ Nt (A)) = k} N Eu] = P{#(® N1"(A)) = k}| <e. (5)

Consequently, for n large enough, using (3), (4) and (5), we get that
[P{#(@Nt"(A)) = k} {72 N B) = I}] - P{#(®NA) = k} - P{#(®N B) = I}| < 4e,
which proves the convergence (1).

O

Let us denote by Cg (resp. Cg) the set of cells included in the open ball B(R) centered at
the origin, with radius R > 0 (resp. intersecting the boundary of B(R)) and Nr = #Cr
(resp. N = #Cp).

Let us prove the integrability of (Ng + Nj). The set of the hyperplanes of H(®)
intersecting B(R) divides the space into 2#(®"B(%) connex components. Consequently,
since #(® N B(R)) is a Poisson variable,

E(Ng + Nj) < E2#®NBR) < 4o,

Besides, we consider the space K of the convex compact sets of R? endowed with the
usual Hausdorff topology and h : K — R a translation-invariant, positive and bounded
measurable function. We will note K, > 0 a bound for A.

By applying the equalities Co(T %) = C,(w)—a, a € R, w € Q, we get the identities:

1 dx ) 1 }
v(R) /Bm) VG — o e b (6)
L[ MG(T ) ] R

v(R) /B(R) Vd(CO(T—:cw))d o C%:Rh(cz( ))+U(R)5(R,h, ), (7)
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where Vj is the d-dimensional Lebesgue measure of R¢, v(R) = Vy(B(R)), and
Vi(C N B(R))
e(R,h,-) = h(C) ————= a.s..
(R = 3 me)- HEEE

CeCh

Taking the expectation of (7), we get that

h(Ch) Ky, ,
E (V,d(co)) S U(R)E(NR+NR) < +00.

Because of ergodicity of the transformations 7% a € R?, we can apply Wiener’s ergodic
theorem [15] and so, assuming that when R — 400, the contribution of the rest (R, h,w)
disappears, i.e.

e(R,h,-)/v(R) — 0 a.s. when R — +o0, (8)

then the empirical mean of h, that means the almost sure limit

Bh— lim — > h(C) (9)

is well defined and coincides with {E (1/V;(C))} " E (h(Cy)/Va(Co)).

It remains to see this process is well justified, i.e. the convergence (8) is true. We have
a.s. the inequality

e(ft,h, ) Ve
oB) =B Sy

As a consequence, it suffices to show the following proposition, which is the main difficulty
in the construction of the empirical distributions:

Proposition 1 When R — 400, we have:
Np/v(R) — 0 a.s..

Proof. We propose here a generalization to any dimension of the argument exposed by
R. Cowan [3], [4] in the two-dimensional case. In order to prove Proposition 1, we have
to introduce some new notations. Let us consider for every 0 < k < d:

(i) Ngyj the number of faces of dimension £ of the tessellation included in B(R);
(ii) Ng, the number of faces of dimension & intersecting the boundary of B(R);

(i) Sgryx the k-dimensional Hausdorff measure of the intersection of B(R) with the k-
dimensional faces of the tessellation.

In particular, let us notice that Ng = Np4 (resp. N = Np ;). Let us prove that all these
random variables are integrable. The set of the hyperplanes of H(®) N B(R) induces at
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most ( 2#(®NB(R) (#@;ﬁg(@))) k-faces, 0 < k < d, in the tessellation. Consequently, since
#(® N B(R)) is a Poisson variable,

N B(R
E(Ngy + N,) <E (2#@”3@» <#( d”_ k( )))) < +00.

Moreover, we have clearly
o
Sk < ka(NR,k + Npi) as.,
so Sg is also integrable for all 0 < k < d.
To prove Proposition 1, we need two intermediate lemmas:
Lemma 2 For every 0 < k < d, Sgx/v(R) converges a.s. to a constant when R goes to
infinity.
Lemma 3 For every0 < k < d, Ny, /v(R) converges to zero a.s. when R goes to infinity.

Applying Lemma 3 to k = d, we clearly obtain Proposition 1.

Let us now focus on the proof of the two lemmas:
Proof of Lemma 2. Let us fix 0 < k < d and show the following intermediary result:

/ Sy,k(T_t(w))dt < v(y)Srr(w) < / Skvy(T_t(w))dt as,0<y<R. (10)
B(R—y) B(R+y)

Denoting by Fj g the set of k-faces of the tessellation intercepting B(R) and by fu, r the
k-dimensional Hausdorff measure of the face F', F' € Fj r, we actually have

/B(R_y) Syr(T™H(w))dt = /1B(R_y)(t) Z /1B(y)(8)1F(8—|—t>d,uk,F(S+t)dt

FefkyR(w)

= 1p—y) (1) | 1pw)(w—1)1p(uw)dps,p(u)dt
> [ ]

FeFy r(w

< Z / [/ 1y (u — t)dt] 1p(r) (u)1p(u)dpg r(u)

FE]:k’R(w)
< o(y)- Sap) as.

which proves the right part of the estimation (10).
Moreover, we have also

Jopy St = 55 [ [ty o 0| 1w

FeFy ry2y(w)

> )/ [/ Lpy) (u _t)dt} 1pr) (u)1r(w)dpg r(u)

FE./F']C’R(W
> v(y) - Spx(w) as.,

v
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which completes the proof of the result (10).
Going back to the proof of Lemma 2, (10) implies that a.s. we have

o(R—y) Sl T(w)) ,  Sralw) _ v(R+ ) 5, u(T(w)
o(y)o(R) /Bm_y) WB—y) "= T0R) S uly)(R) /B<R+y> oRiy)

Using Wiener’s ergodic theorem, the left and right expressions tend to (E(S,x)/v(y)) a.s..
So the proof of the a.s. convergence of Sgx/v(R) is completed.

Proof of Lemma 3. We prove the convergence
(C)x: Ngy/v(R) — 0 as. when R — +oo,

by a reasoning of induction on k € [0, d].

Since Np, = 0 a.s., (C)o is true. Let us suppose (C'),_; is satisfied for a fixed
1<k <d-1and show (C).

Let us consider a fixed y € (0, R). If a k-face intersects the boundary of B(R) in such
a way that the intersection of its sub-(k — 1)-faces with the set B(R+y)\ B(R) is empty,
then the k-dimensional measure of the intersection of this k-face with B(R+y) \ B(R) is
at least equal to the volume of a k-dimensional ball of radius \/(R + y)? — R2, i.e.

A = wi((R+y)? — R,

where wy, is the k-dimensional Lebesgue measure of the unit-ball in RF.
Consequently, denoting by L, the number of such k-faces, we have

Skhiyk — SrE = A - Lg, (11)
Moreover, we easily get the formula

Ly = Npgy — #{k-faces having one of its (k — 1)-faces
which intersects B(R+y)\ B(R)}.  (12)

Besides, for every 0 <[ <[’ < d, a fixed [-dimensional face of the Poissonian tessellation
is included in exactly 2V~ (C‘Z__ll,) different [’-dimensional faces.

In particular, a fixed (k — 1) face is included in exactly 2(d — k + 1) k-faces. A direct
consequence of this fact and (12) is that

Ly > Ngy —2(d —k+ 1)#{(k — 1)-faces intersecting B(R+y)\ B(R)}.  (13)

It remains to see that a (k — 1)-face intersecting B(R + y) \ B(R) may:
_ either intersect the boundary of B(R + y);

_ either intersect the boundary of B(R);

_or be included in B(R+y) \ B(R).
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In the last case, we notice that the (k — 1)-face has a 0-face included in B(R+y) \ B(R).
So we obtain that

#{(k — 1)-faces intersecting B(R+y) \ B(R)}
< Npiyro1 + Nppo1 + #{(k — 1)-faces included in B(R+y) \ B(R)}

< Nigiyw1 T Npjy + 2k_1< ) - #{0-faces included in B(R +y) \ B(R)}

E—1

d
< Npgypot + Npgjog + 2571 <k: B 1) (Sk+y.0 = Sro)- (14)

Using the convergence (C')z_; and Lemma 2 applied to k = 0, we deduce that

#{(k — 1)-faces intersecting B(R +y) \ B(R)}
v(R)

— 0 a.s. when R — +00. (15)

Combining inequalities (11) and (13), we get
Np 1 Spyyk — ek
v(R) — A v(R)
2(d—k+1)

(R #{(k — 1)-faces intersecting B(R +vy) \ B(R)},

which by Lemma 2 and (15), implies the a.s. convergence (C')g. This completes the proof
of Lemma 3.

O

Remark 1 Lemma 1 implies that the rest ¢(R, 1,-) in (6) tends to zero a.s., which means

U](Vg) S E (Vd(lco)) a.s. when R — +o0. (16)

Remark 2 In [1], we provided a way to define a random variable C (called the typical cell)
with values in C such that for any translation-invariant, positive and bounded measurable
function h on K, we have

E(h(C)) = lim — h(C), a.s.. (17)

2 The thickened Poissonian tessellation.

We now introduce the notion of thickened Poissonian tessellation and we prove that the
empirical distributions of this new tessellation are the same as in section 1.
Consider e > 0 and for all z € R?, the polar hyperplane with thickness e at x by

He(z)={yeR% —¢/2< (y—2) -z <e/2}.
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We call the set
H(®) = {H(x); 2 € P}
a thickened Poisson hyperplane process in R?, and the closure of a connex component of

the set
£ =R\ Up,ea H(;)

a cell associated to H,.
Moreover, we define if z € RY, C¢ as the cell containing x if x & U,,ce H(;) and () else.
As in the classical case, we can introduce the set C§ (resp. C%') of cells included in B(R)
(resp. intersecting the boundary of B(R)) and N§ = #C% (resp. N§' = #C%').

It is immediate that a.s., Nj + Ng' < Nr + Nj, so Ni and N§' are integrable.
Moreover, using Proposition 1, we have

v(R) ~ v(R)

— 0 a.s. when R — +o00. (18)

We prove in the following lemma that the empirical means on the thickened tessellation
exist as in (9) and do not depend on the thickness e > 0:

Theorem 1 Let h : K — R, be a translation-invariant, positive and bounded measur-
able function. Then:
(i) imp— o NLR Z(Jecg h(C) ezists a.s. and is a constant.

(i) This limit is independent of e > 0.

Proof. (i) Following the case without thickness, we apply the equalities C§(7T w) =
Cé(w) —a, a €& w e to get the identities:

1 da _ N 1. }
v(R) /B(R)nge Vy(Ce(T—2w)) o’ T um°© (R, 1,w) (19)
1 MGTw) o] L op
v(R) /B(R)mge Vd(CS(T_xw))d v(R) C%C:f? h(C) + U(R)g (R, h,w), (20)
where e B
(i) = 3 OIS as.
cecg’

Taking the expectation in (20) and using the integrability of (N§ + N§'), we obtain as in
the no-thickness case that
E {156(0)h(05)
Va(C§)

Let us notice that the term (R, h,-)/v(R) tends to zero a.s. when R goes to infinity, by
using (18) and the inequality (R, h,-) < K, Ng'.
Consequently, we can use Wiener’s ergodic theorem, as in the preceding section to

obtain that e L (O)
li R _pgl -t s. 929
Rtoo 0(R) {vdw@}’ 0 22)

} < +o00. (21)
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and

o - ) SR

R cecy
(ii) Let us notice that it suffices to show that for all bounded and measurable function h,

| WO (0)) - [ h(CD)
P0c 66}E{ Va(C5) } -k { Vd<08>} | 249

Actually, we will deduce the equality of the two limits in (9) and (23) by applying (24)
first to h = 1, then to any h.
Noticing that
{0 &} ={B(e/2)ND =0}, (25)

we deduce easily that ® conditioned by the event {0 € £}, is distributed as ®/,, where
®,./, is a Poisson point process of intensity measure 1pc/2)-dp. Consequently,

h(C5)
B{fde) {Gitee) )

26
Ploee] Vi(Cs(@2) 20
Besides, let us consider the transformation
RI\ B(e/2) — R4
Pe/2: 9\ 4 — r_ &z
2 [|=||”
and remark that _
Cg<q)e/2) = CO((I))v (27>

where @ = {/2(yi); s € Oepat.
It is easy to verify that & is distributed as ®. Combining (26) with (27), it then shows
the equality (24), and so completes the proof of the point (ii) of Theorem 1.

3 The empirical distribution of the inball radius.

In this section, we make an easy use of Theorem 1 to obtain the empirical law of the
inball radius of the Poissonian tessellation in RY, following an idea of Miles [10] for the
dimension two. Let us define R;(C) the inball radius of the typical cell of the Poissonian
tessellation.

Theorem 2 R;(C) is exponentially distributed, of parameter o4, where o4 denotes the
area of S1.

Proof. We notice that a cell has its inball radius more than ¢, ¢ > 0, if and only if it is
not recovered when we thicken each hyperplane by 2¢. So, applying (17) to h = 1{g,>¢
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and using the fact the N7, is negligible compared to Ng a.s. when R — +o00, we obtain
a.s.

N2t
PURC) 2 1) = i 3

Moreover, combining (16), (22) and (24) applied to A = 1, we obtain

PR 20 = Jm N
- o)) = ()
— P{0e&¥}. (28)

Using (25) and the Poissonian property of ®, we have

P{0c &} = P{®dNB(t) =0}
e~HB®) — p—oat (29)

Inserting the equality (29) in (28), we deduce Theorem 2.
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Chapitre 6

Modélisation stochastique d’un
phénomene unidirectionnel de
fissuration.

6.1 Introduction et présentation des résultats.

Les résultats présentés dans cette partie ont été obtenus en commun avec A. Mézin et
P. Vallois.

La détermination de la loi du rayon Rj; du plus petit disque centré a ’origine contenant
la cellule typique de Poisson-Voronoi ou la cellule de Crofton dans le plan nous a conduit
a étudier des problemes de recouvrement du cercle par des arcs aléatoires indépendants
identiquement distribués, dont les centres sont uniformément répartis sur le cercle et les
longueurs suivent une loi v fixée.

Il existe d’autres modes de recouvrement aléatoire (du cercle ou de la droite réelle)
plus complexes. En particulier, le modele connu dans la littérature sous le nom de modele
des parkings [46], [68], [73], se présente de la maniere suivante : on dispose d’une suite
infinie {A;};>1 d’arcs de cercle de longueur fixée 2a > 0 et dont les centres {X;;i > 1}
sont i.i.d. de loi uniforme sur le cercle. On place A;, puis on décide que 'on place A si et
seulement si son centre Xo & A;. Dans le cas contraire, on rejette cet arc et 'on considere
Ajs. L’algorithme de recouvrement a I’étape n > 2 consiste a placer 'arc A,, sur le cercle si
X, & Uiep, A;, E, désignant I'ensemble des indices d’arcs qui ont été effectivement placés
sur le cercle entre les étapes 1 et (n — 1). Si la condition précédente n’est pas vérifiée, on
élimine l'arc A, et on pose E,,1 = E,,.

La complexité de modele vient du fait que l'on impose un ordre d’apparition des
arcs, contrairement au recouvrement i.i.d. de base présenté dans la partie 2. Autrement
dit, il faut non seulement traiter ’aléatoire qui intervient dans la position des arcs mais
également prendre en compte une donnnée temporelle. En général, le probleme a été
considéré sur un intervalle de longueur fixée L > 0. Les deux questions centrales soulevées
par la définition du modele des parkings sont :

(i) d’étudier le nombre N (L) d’'intervalles (qui subsistent) sur [0, L] ainsi que leur

répartition lorsqu’on poursuit l'algorithme a linfini (c’est-a-dire jusqu’a satura-
tion). Dans cette situation, tous les arcs retenus recouvrent completement l'intervalle
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[0, L];
(ii) d’étudier le nombre d’arcs conservés sur [0, L] lorqu’on interrompt l'algorithme
a ’étape n, ainsi que leur répartition et la mesure de Lebesgue de la partie non
occupée de l'intervalle [0, L].
La plupart des travaux dans la littérature traite le probleme (i). Notons qu’a saturation,
les distances entre les centres des intervalles conservés sur [0, L] sont comprises entre a et
2a. Avec le choix a = 1, A. Renyi [75] a fourni en 1958 un développement asymptotique
de EN(L) lorsque L tend vers 'infini.
Pour tout n > 1,
EN(L)=cL—(1—c¢)+0O(1/L"), (6.1)

+o00 t 1 —e v
c= / exp <—2/ du) dt ~ 0.748. (6.2)
0 0 u

La convergence (6.1) a été obtenue indépendamment par A. Dvoretzky et H. Robbins
[20] qui ont de plus prouvé un théoreme central-limite. P. E. Ney [68] a prolongé cette
étude en considérant des longueurs d’intervalle aléatoires. Par ailleurs, D. Mannion [46] a
prouvé un théoreme limite (en probabilité) portant sur les lois empiriques des distances
entre centres d’intervalles successifs. Plus récemment, M. D. Penrose [73] a obtenu une
extension de ces résultats dans un cadre multidimensionnel.

En revanche, le probleme (ii) a été peu abordé jusqu’a présent. La question de la loi
du nombre d’intervalles conservés sur [0, L] (ou le cercle) lorsqu’on pousse I’algorithme
jusqu’a I'étape n > 1 est encore ouverte. On ne sait d’ailleurs méme pas déterminer
I'espérance de cette variable (voir cependant en annexe 7.3 une piste possible de calcul).
Le travail essentiel sur la question (ii) remonte & 1966 et est du a B. Widom [92]. Celui-ci
a montré par des méthodes plus ou moins heuristiques que le nombre moyen des distances
de longueur donnée (I + dl) entre centres d’intervalles successifs sur [0, L] satisfait une
équation différentielle qu’il a résolue, lorsque n, L tendent vers l'infini, et n/L étant fixé.

Dans le travail qui suit, nous proposons une généralisation du modele des parkings a R
tout entier qui permet de retrouver le résultat de Widom et d’obtenir de nouveaux calculs
explicites sur les lois conjointes des distances entre deux centres d’intervalles successifs.
Plus précisément, nous définissons un processus stationnaire A, sur la droite réelle ayant
la propriété suivante : l'intersection de A. avec l'intervalle [0, L] est identique en loi a
I’ensemble des centres d’'un modele des parkings lorsqu’on interrompt ’algorithme décrit
plus haut & une étape aléatoire, de loi de Poisson de moyenne LF'(¢), I étant une fonction
dérivable croissante fixée.

L’intéret de disposer d'un processus stationnaire sur la droite toute entiere est que ’'on
peut utiliser tous les outils qui existent déja pour I'étudier statistiquement : l'intensité
(nombre moyen de points par unité de longueur) et la notion de distance typique entre
deux points successifs au sens de Palm.

Pour aboutir a I’étude du processus A., notre approche de départ a été de modéliser
un phénomene de fissuration. Plus précisément, considérons un ensemble composé d’un
substrat et d'un dépot d’épaisseur négligeable (par exemple, une couche de peinture sur
un mur ou de vase sur un étang). Lorsqu’on applique une force de traction unilatérale
d’intensité € a 'ensemble, le dépot se craquele et les fissures formées sont toutes paralleles.

ou
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Aussi, il suffit de considérer leurs projections sur un axe fixé, ce qui nous ramene a ’étude
d’un processus ponctuel unidimensionnel.

Prenant pour hypothese que la formation d’une fissure se fait indépendamment des
fissures déja existantes, A. Mézin et P. Vallois [53] ont fourni comme premier modele pour
I’ensemble des couples (position d’une fissure, niveau de contrainte exact auquel celle-ci
se crée) un processus de Poisson ® sur R x R, de mesure d’intensité f(y)1r, (y)dzdy, ou
f = F’ est une fonction dépendant des données physiques du systéme étudié.

En fait, un certain nombre de travaux physiques [5], [25], [45], [52] montre que les
fissures ne se forment pas indépendamment les unes des autres car la création d’une
fissure sur le dépot implique la relaxation de la contrainte sur tout un voisinage de la
position. Par conséquent, on se donne pour hypothese dans I’ensemble du travail le fait
suivant : lorsqu’il existe une fissure en un point x € R, aucune nouvelle fissure ne peut se
former par la suite dans U'intervalle [x — 7,z + r], ot r > 0 est une constante fixée.

Suivant cette hypothese, on construit le processus bi-dimensionnel ¥ sur R x R, des
couples (position d’une fissure, niveau de contrainte auquel celle-ci apparait) en effacant
par une procédure bien précise certains points du processus ®. On obtient que 1’ensemble
des positions des fissures, lorsqu’on applique une force d’intensité e, est modélisé par le
processus stationnaire et ergodique

A.={z eR;Jy € 0,¢]| (z,y) € V}.

Tout d’abord, nous faisons une étude statistique du processus A.. On considere \. I'inten-
sité de A, et le couple (D, L.) constitué de la distance inter-fissures typique et du niveau
de contrainte typique associé définis au sens de Palm. Nous déterminons ’expression ex-
plicite de A. et de la loi conjointe de (D,, L.) en résolvant une équation intégrale. Nous
retrouvons en particulier les résultats que Widom avait obtenu dans un contexte moins
précis mathématiquement.

De plus, nous construisons le processus AT = {X,;n > 1} sur R, (modélisant 1'en-
semble des fissures sur un dépot unilatéral) par le méme procédé que A.. Nous déterminons
la loi de A point par point : en particulier, nous calculons explicitement la loi conjointe
des positions des n premieres fissures Xy, -+, X, et de leurs niveaux de contrainte as-
sociés, Y1,---,Y,, n > 1. Nous en déduisons par des arguments utilisant les résultats de
convergence a 1’équilibre des chaines de Harris que (X,,,Y;,) converge en loi vers (D, L.).
De plus, le vecteur (Xi,---,X,) suit la loi des n premiers points d’un processus de re-
nouvellement explicite conditionné par un évenement que nous explicitons également.

Enfin, en faisant tendre ¢ vers I'infini, nous retrouvons ’ensemble des résultats énoncés
ci-dessus. En particulier, A. converge vers la constante de Renyi ¢ fournie par ’égalité
(6.2). Ainsi, notre modele permet d’unifier dans une certaine mesure les approches des
problemes distincts (i) et (ii) présentés au début de cette introduction.
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Stochastic modelling of a unidirectional multicracking
phenomenon.”

Pierre Calkal André Mézintand Pierre Vallois®

Abstract

We work out a stationary process on the real line to model the unidirectional mul-
tiple cracking phenomenon that is observed in certain composites materials (coating
on a ductile substrate, brittle fibres in a matrix,etc) when submitted to a uniaxial
strain. The position X? of the crack and the value Y, of the strain € at which
it forms constitute the two coordinates of the bi-dimensional point process under
consideration. The stress relaxation around the cracks is taken into account thanks
to an adequate erasing procedure, so that no new crack is allowed to form within
a distance r around every existing crack. For a fixed strain e, we calculate the
intensity of the process and the distribution of the intercrack distance in the Palm
sense. An explicit expression of the quantities of interest can be obtained. Another
point of view is developed, where the points X are described from a fixed origin.
The distribution of {(X?,Y),1 < i < n} is a conditioned renewal process. The
approaches “in the Palm sense” and “fixed origin” merge for n — +oc.

Introduction.

Situations where the presence of many different cracks can be observed in the same struc-
ture are not rare. Geology provides numerous examples of three-dimensional crack net-
work [4],[7]. Mud cracking, crazing of ceramics or cracks in paintings [3] are typical
familiar examples of two-dimensional networks. Cracking of coatings, which is of partic-
ular interest in material science, also may be considered a two-dimensional phenomenon
9].

In this work, we consider the particular case in which the crack network consists of
rather long and parallel cracks [2],[6],[11], which may be analyzed as a one-dimensional
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problem. This situation may result from a natural cause [2] or correspond with a partic-
ular mechanical sollicitation [6],[11] of a given physical system. Consider for instance the
multiple cracking test of brittle coatings. A uniaxial, regularly increasing strain (elon-
gation), denoted ¢, is applied to a specimen consisting of a substrate covered with the
coating to be studied, which results in the formation of parallel cracks in the coating,
orthogonal to the strain direction [6],[11]. Consequently, the geometrical aspect of the
problem practically reduces to the intersections of the cracks with a predefined line in the
direction of the strain axis.

Mézin and Vallois [12] considered the purely theoretical case where an existing crack
does not influence the formation of the new ones. Fixing the specimen length to L > 0,
they described the multiple cracking phenomenon through a Poisson point process on
0, L], of intensity F'(¢), where F'is a positive, increasing and derivable function depending
on the physical properties of the coating [1]. They also represented the set of the couples
formed by the position of a crack and the exact strain level at which it appeared by a
Poisson point process on [0, L] x Ry, of intensity measure 1g, (y)f(y)dxdy, where f = F".

In actual fact, the cracks do not form independently from each other, because the
formation of a crack in the coating results in a relaxation of the stress in the vicinity of
the crack [2],[6],]9],[11]. So no new crack can form close to an existing crack because the
stress is very low in this area. We here propose a stochastic model that takes into account
this phenomenon of relaxation of stress.

Denoting by L > 0 the length of the coating, we assume that no new crack can form
in an interval of length » > 0 around each existing crack. We then take on the one
hand a sequence {X;;i > 1} of independent and uniformly distributed variables on the
segment [0, L] and on the other hand a Poisson variable denoted N, of mean value LF'(¢),
independent of the preceding sequence. We then throw successively Xi,---, Xy on the
segment but keeping only some of them according to the following procedure. Suppose
N > 2, we take X; and after we erase X if and only if X, is in the interval of radius r
around X;. Having decided if Xs,---, X, are kept or not, for a fixed n > 2, such that
n < N — 1, we erase X, if it belongs to the union of all the intervals.

We observe that this well-defined model is difficult to deal with, particularly in the
absence of any idea about the law of the number of the preserved cracks.

Instead of throwing a Poissonian number of uniform variables, Rényi [17] in 1958
worked out a model where cracks are placed on the segment up to saturation. He obtained
the asymptotic behaviour of the mean number of cracks on [0, L], when L goes to infinity.
This question, known as the car-parking problem, has been largely investigated (see for
example [10], [15], [16]).

Fixing the number N of thrown variables, Widom [19] in 1966 demonstrated by heuris-
tic methods that the mean number of inter-crack distance of given length satisfies a dif-
ferential equation and provided formulas for the empirical distribution function of the
inter-crack distances when N, L — +o0, with N/L fixed.

The stochastic approach that we propose in this paper is based on previous results
[12] related to the simple situation of no stress relaxation. As in [12], we start with
a Poisson process ® on R x R} with intensity measure 1g, (v)f(y)dzdy. An erasing
procedure is defined so that every crack closer that r from an existing crack is eliminated,
which leads to a countable subset ¥ of ®. The two-dimensional character of the problem,
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rather than being a complication, here is an asset towards the solution. A point (X,Y)
of ¥ corresponds to the position X of the crack and to the strain Y at which it forms
respectively. For every given ¢ > 0,

A.={zeR;Iyc0,¢](z,y) € ¥},

is the projection on the z-axis of ¥ N (R x [0, ¢]).

In section 2, we demonstrate that the process A, is stationary. In particular, the mean
crack number ., the couple (D, L.) of the inter-crack distance and the strain level in
the Palm sense are defined precisely, and another different notion of inter-crack distance
I§ is given. The results are expressed through two unknown functions G and H.

We demonstrate in section 3 that the function G satisfies an integral equation that can
be solved, which allows in turn the function H to be determined. An explicit expression
of A; and of the law of (D., L.) (resp. I§) thus can be obtained.

For getting a better understanding of the process A., an alternative point of view is
considered in section 4, that consists in describing the points X; from a fixed origin

0<Xi<X5<---<X:, n>1

It appears that, due to the complexity of the erasing procedure, (XZ),>1 is not a renewal
process, but a conditioned renewal process. The two approaches “in the Palm sense” and
the present “fixed origin” merge in that (X: ; — X, Y) converges in law as n — +o0,
to a r.v. of same law as (D, L.).

Section 5 presents the saturation case already considered by Renyi. Having defined
the process A, associated to saturation, we demonstrate that \. tends to A\, as ¢ — +oo.
In the same way, D, (resp. I§, L.) converges in distribution to Do, (resp. I5°, Lo,). We
also give a complete description of the law of (X °,Y,>°),>; and a result of convergence
in law of (X729,,Y,>°) to (Doo, Loo).

1 A stationary model with relaxation of stress.

In this section, we define a stationary process A. on R that for a given strain ¢ represents
the positions of the cracks, in the case where the stress is relaxed on an interval of radius
r > 0 around every existing crack.

To this end, we introduce a two-dimensional point process ¥ on R x R, such that the
first and the second coordinates of a point W represent the position of a crack and the
strain level at which the crack formed respectively. A. is the projection on the x-axis of
N (R x[0,¢]):

A= {z e Ry e 0, | (z,y) € ). (1)

Considering a two-dimensional point process is a convenient way to order the cracking
positions as in the case of the segment [0, L], by associating with any position an “arrival
time” of the crack. To define ¥, we start with the process ® associated with the cracking
phenomenon without stress relaxation. ® is a Poisson point process on Rx R, , of intensity
measure v:

v(de,dy) = 1r, (y) f(y)dzdy, (2)
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where f = F' [12].

Since v is absolutely continuous with respect to the Lebesgue measure, then a.s. if
(x,y) and (2/,y’) are two points in ®, y is not equal to y'.

For any point (z,y) € R x Ry, we define the corresponding domain of relaxation:

R(z,y) =z —rz+r] x[y,+00) CR x R,.

We construct ¥ as a sub-process of ® by using the following recursive algorithm.
Initialization.We start with taking any couple (x, y) in W, such that y is a local minimum,
ie.

oN([z—rz+r]x[0,y)=0.
Let us denote by W, the set of these points and by ®; the subset of ® obtained by erasing

all the points that are in the domains of relaxation associated to the points of ;. This
means

(bl =oN (U(x,y)e\I/1R(x> y))c .

Iteration. Suppose that for a fixed n € N*, the processes ®1,---, P, and Uy, --- , ¥, are
constructed.

We then take in ¥, the points (z,y) of ®, such that y is a local minimum. We define
®,,,1 as the set of the points of ®,, not erased by the domains of relaxation associated to
the points of ¥, 1. In mathematical terms,

{ U, ={(z,9) € D; P, N[z —7r,x+71] x[0,y) =0}
(I)n—l—l = (I)n N (U(x,y)E\I/n+1R(x7 y))
We then define

U= Uy U, (3)

From now on the points of U will be named erasers, and the points of ® \ U that are
deleted by the domains of relaxation associated to the erasers, will be named erased. So,

P\ = {(z,y) € ®;3(z,y/) € ¥ | (x,9) € R(«",y)}.

The point process ¥ can also be seen as the complementary set in ® of the erasing tree
A(®), where
A(P) = U e (fz —rz+ 1] x (y, +00)). (4)
We say that any point of R x R, is erased if it is contained in the erasing tree A(®).
The first properties of ¥ are stated in the following proposition.

Proposition 1 (i) Almost surely the projections of the points of W on the x-azxis are
separated by a distance at least equal to r.

(ii) W s infinite a.s..

(iii) W is invariant under horizontal translations.

(iv) ¥ is ergodic.

Proof. (i) Let us consider two points (z,y), (2/,y") € ¥ and suppose that

(r,y) € ¥, and (2',9) € ¥,,, m > n.
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Then (2/,y) & R(x,y), so |2’ — x| > r.
(ii) It suffices to show that W, is infinite. Let us denote C,, for every n € Z, the event
“the minimum of the second coordinates of the points of ® N [3nr,3(n + 1)r] x R, is
reached at a point of [(3n+ 1)r, (3n + 2)r] x Ry”.

Let us remark that

Co C{¥oN[Bn+1)r,3n+2)r] xRy #0}, neZ.

Since ® is a Poisson point process, the events C), are mutually independent and have the
same positive probability. So using Borel-Cantelli’s lemma,

P{limsupC,} =1,

which proves that W is infinite.

(iii) Let us consider the set M, (R?) of the locally finite sequences of R?, endowed with the
o—field generated by the applications ¢ — #(¢p N A), ¢ € M,(R?), where A € B(R?).
We define for any x € R,

e, { M) )
U A{@n vt — {2y b
Then it immediately appears that like for ®, U is invariant in law under the applications
T, z € R.
(iv) To prove the ergodicity, it suffices to show that ¥ is strongly mixing for the applica-
tions 1%, which means that for any bounded Borel sets A, B of R x R, and all k£, > 0,
when |z| goes to infinity,

P{#(¥NA) = k}n{z4(T*(V)NB) = I}] — P{#(¥NA) = k} - P{#(¥NB) =1}. (5)
Since U is invariant by 7%/2, we have

P{(#( N A) = k) N (#(T~(¥) N B) = 1)}
— P{(#(T"(V) N A) = k) N (#(T"2(¥) 1 B) = 1)}
= P{(#(U N (A—2/2)) = k) N (#(T N (B+2/2)) =)}, (6)

In order to prove the asymptotic independence of {#(W¥ N (A — z/2)) = k} and {#(¥ N
(B + x/2)) = l}, we are going to express these two events with the two independent
processes @ and &~ where

T =dN(Ry xR,) and & =&nN(R_xR,). (7)

Let Z, (respectively Z_) be the minimum (respectively the maximum) of the first coordi-
nates of the points of Wy contained in the domain [r, +00) x R (respectively (—oo, —r] X
R;). In other words, Z_ (respectively Z_) is the minimal (respectively maximal) first
coordinate of the points of ®* (respectively ) such that " N[z —r,z+7r|N[0,y) =0
(respectively @~ N[z —r,x+7]N[0,y) = 0). So Z, and Z_ are two independent variables.
Besides, let us remark that defining the erasing trees A(®*) and A(P~) as for ¢, we

have
A(@+) (1 ([Zs, +00) X B,) = A(®) (1 ([Zs, +00) X Ry), ®)
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and
A(@7) N ((—o0, Z_] x Ry ) = A(®) N ((—o0, Z-] X Ry). (9)

For n € N, let x be such that /2 + inf p;(B) > n and —z/2 + supp;(4) < —n, where
p1(A) denotes the projection on the z-axis of A. Let us consider the events

Ey ={Z, €[0,n];#(¥ N (B +2/2)) = I}
and
By = {7 € [-n, 014V N (A — /2)) = k).
Then E and E,, are independent because the equalities (8) and (9) imply that

By ={Z: € [0,n); #(2T N[A(®T) N [Z4, +00) x RN (B + 2/2)) =1},
and
E, ={Z- € [-n,0l;#(2” N[A(®7) N (=00, Z_] x Ry]"N (A —2/2)) = I}.
Consequently, let us fix n > 0 and choose n € N such that
P{Z.,Z_€[0,n]} >1—n/3.

Then for x > 2sup{(n —inf p;(B)), (n+sup p;(A))}, using the invariance of ¥ under 7/
and the independence of Ef and E,, we have

[P{(#WNA)=k)NEFHT(Y)NB) =10} - P{#VNA) =k} - P{#(VNB) =1}
< [P{F(PN(A-2/2) =k)NFH(YN(B+2/2) =1} - P{E; NE, }|
+[P(EDP(E,) — P{#(¥ N (A—12/2)) = k}P{#(®N (B +2/2)) = I}
< g +2- g =1.

So the required convergence (5) is proved.

2 The mean crack number and typical inter-crack
distance.

Let us consider for a fixed € > 0, the set A. of the cracks given by the equality (1).
Due to Proposition 1, A, is stationary and ergodic. As explained in the introduction,
we can define directly the formation of cracks on a fixed interval [0, L]. Unfortunately,
calculations in this setting are untractable.

We are interested in two physical quantities, the mean crack number and typical inter-
crack distance that using the stationarity of A, we are able to define precisely. First, the
mean crack number )., i.e. the mean number of cracks per unit of length is the intensity
of A.. Secondly, we can define two different characteristic distances:

(i) the typical inter-crack distance D, is the “empirical mean” of points in A., namely it
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is the mean, in the Palm sense, of the distance between two successive cracks.

(ii) for any x € R, let us denote by I: the smallest interval whose bounds are in A, and
that contains z (it is unique almost surely). Since A. is stationary, the distribution of |IZ]
does not depend on x.

In this section we start with a precise definition of A\, and D.. We express the distri-
bution of |I§| via the law of D.. In particular, D, and |I§| are not identically distributed.
This leads us to determine A\, and the distribution of D.. In a first step we prove that A,
and the probability distribution function of D, write down as an integral of two functions
G and H. The calculation of G and H is postponed in section 3.

Let us define A\, and D.. The application that associates to any Borel set B C R, the
value E(#(A: N B)) is a measure invariant by translations, so it is proportional to the
Lebesgue measure on R denoted by | - |. Consequently, we can define the intensity A. of
the process A, by the equality

E(#(A. 1 B)), (10)

where B C R is a fixed Borel set verifying 0 < |B| < +00.
The law in the Palm sense of the typical inter-crack distance D, is defined as follows
(see section 3 of [13] or section 2 of [14] for a complete survey on Palm distributions of
stationary point processes on the real line).

For any measurable function h : R, — R, and all fixed Borel set B C R,

1
Eh(D,) = )\E|B|E {ze%;m h(v(z, A.) — x)} , (11)
where
v(z, ) =inf{l'N (z,400)} =inf{s € ;s >z}, =z €R, (12)

for any non-empty subset I' of R, with the convention inf () = +oco.
We deduce immediately from Proposition 1 that

P{D.>r}=1.

Besides, using the same argument as Mgller in [13], page 62, we obtain that D, is integrable
and ]
ED. = —. 13
- (13)
We now establish a connection between the distributions of D, and |I§|. Recall that I¢ is
the smallest interval containing x and whose bounds are elements of A.. Let Z7, L > 0,
be the set of the intervals IS that are totally included in the segment [—L, L], and Nj the
cardinal of 77, i.e.
Np =#Ip = #{A-N[-L, L]} - 1), .

The following proposition connects D, to the interval I containing 0, and also to the
empirical means of the intervals of Z7.
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Proposition 2 (i) For any positive measurable function h on R,

1 (D
Eh(De)‘E(l/uswE( ;] ) (14

(ii) If there exists p > 1 such that E(h(D.)P) < 400, then when L goes to infinity,

= S n(lI) — BA(D.) as (15)

L rer;

Proof. (i) It suffices to combine (13) with the argument used by Mgller in [13], Prop.
3.3.2., for the typical cell of a Voronoi tessellation on R generated by a stationary point
process.

(ii) Let us denote for all x € R,

~ | M,(R) — M,(R)
! { {witis1 +— {mi+ )iz,

where M, (R) is the set of locally finite sequences of R.
According to Wiener’s ergodic theorem [20], if E(h(|[5])/|I5|) < +oo, then when L

goes to infinity,
) a.s. (16)

L I <)) S e 10 19 1
2L ), I d‘"’”‘zL/-L Y

Moreover, by taking h = 1, we easily verify that

N§ 1
2—£ — E (‘]OE‘) , a.s. when L — +4o00.

(h(llél)
|15

We suppose that h satisfies the condition (ii). Applying the argument used by Goldman
in the case of Poissonian tessellations (see [8], lemma 4), we demonstrate that

1/L h(|I2]) 1
— — eV — — h(|I|) — 0, when L — +oc.
ot L, i o X

O

A and D, are two characteristics that describe the statistical properties of the process A,

and are useful in applications. So from now on, our goal is to determine \. and the law
of D,.
For this purpose, the following lemma is an essential intermediate result.
Lemma 3 (i) \. = [; P{(0,v) &€ A(®)} f(v)dv.
(ii) For everyt > 0,
1 €
PD. 2t} = 1 [ P{0.0) £ A@)0(0.A0) = 1 (0)do
e Jo

where A, is the cracking process based on ® N (R x [0,¢]) U {(0,v)} and v(0,A.,)
is defined by the equality (12).
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Proof. In order to prove these two equalities, the essential tool is Slivnyak’s formula (see
for example [13]) satisfied by ®:
For any positive measurable function h defined on R? x M, (R?), we have

E Z h((z,y), :/E(h((u,v),@U{(u,v)}))y(du,dv). (17)

(z,y)e®
Let us fix L > 0. Then using successively (1), (10) and (17), we have

1
)\a = EE [#(Ae N [O> L])]

1
= EE Z@lou )10.6(¥) 1 a@)e (7, y)
(x,y)

1
-1 / du / P{(u,v) & A(® U{(u,v)})}f(v)dv
_ / P{(0,0) & A(®)}f(v)dv

the last equality resulting from the invariance under horizontal translations of ® and from

the equality between the two events {(0,v) € A(® U {(0,v)}} and {(0,v) & A(P)}.

The result (i) then is demonstrated.

The same is done for (ii) by using the equality (11) defining D, in law and formula
(17).

Let us consider the continuous function
G(z,y) =P{®" N ([0,2] x [0,y]) C A(®T)}, x€[0,7],y >0, (18)

where ®* is defined by (7).

G(z,y) represents the probability that the points of the rectangle [0, ] x [0, y] contained
in ® are erased by erasers from the right (i.e. belonging to ®).

More generally, we define the continuous function

H(z,y,2',y') = P{OTN([0,2] x [0,y]\ [0,2'] x [/, y])) € A(®T)},

0<a<x<r0<y <y. (19)

H(z,y,2',y’) is the probability that the points of the set ([0, z] x [0,y])\ ([0, 2] x [¢/,y])
contained in ® are erased by erasers from the right.

The following proposition gives the expression of A. and the law of D, as a function
of the values of G and H.

Proposition 4 We have:
(i) Ae =[5 G(r,v)*f(v)dv;
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(ii) For everyt > 2r,

P20~ (
(iii) For everyt € [r,2r],

P{D. >t} — Ai / G, o) H(r, e, 2r — t,0)e PO £(0)du, (21)
e JO

Proof. (i) According to the point (i) of Lemma 3, it suffices to demonstrate the equality
P{(0,v) € A(®)} = P{(0,v) not erased } = G(r,v)?, Vov €[0,¢]. (22)

Besides, the point (0,v) is not erased if and only if there is no eraser in [—r, ]| x [0, v],
which means if the points of ® N ([—r, 7] x [0,v]) have been erased themselves.

In that case, the points of ®N ([0, 7] x [0, v]) (respectively of &N ([—r, 0] x [0,v])) could
have been erased only by erasers on the right (respectively on the left).

So we have the equivalence

SO (0] x [0.0])  C A@Y)
0.0z Al®) = { o0 ([=r,0] x [0,0]) C A(®). (23)

Consequently, using the independence of &+ and &, we obtain
P{(0,v) & A(®)} = P{&* N ([0,7] x [0,0]) C A@)}-P{&~ N ([~r,0] % [0,v]) C A®")}.
Let v be in [0,¢]. Equality (22) is a direct consequence of:

P{O" N ([0,7] x [0,0]) C A@)} = P{d~ N ([—r,0] x [0,v]) € A@)} = G(r,0).

(ii)(iii) In order to determine the law of D., from point (ii) of Lemma 3, it is sufficient to
calculate the expression

P{(0,v) & A(P);v(0,A.,) >t}, t>r,vel0e].
We proceed as for (i) and we obtain the equality
{(0,v) not erased ;v(0,A.,) >t} = A" NA], (24)
where A~ and A; are two independent events defined by

A7 = {®nN([-r0] x [0,v]) erased by the left},
Af = {2n([0,7] x [0,v] U [r,t] x [0,¢]) erased by the right}.

Let us remark that

P(A7) = G(r,v). (25)
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Consequently we obtain the formula
P{(0,v) & A(®);v(0,A.,) >t} = G(r,v) - P(4)). (26)

It then remains to determine P(A;). The computation of this probability depends
whether ¢ > 2r or t € [r, 2r].

First case: t > 2r.
Since v < ¢ and a point of & can be erased only by an eraser located at a distance
smaller than r on the z-axis, we can rewrite the event A; in the following terms:

Af ={on([0,7]x[0,v]U[r, t—7]x[0,€]) = O}N{@N([t—7r,t] X [0, ]) erased by the right},
(27)

the two events of the intersection being independent.
The Poissonian property of ® provides the equality

P{(I) N ([07 T] X [O’ ’U] U [T, t— 7’] X [07 6]) — @} — e—u([O,r]X[O,v]U[r,t—r}X[O,s]) _ 6_(t_2T)F(€)€_TF(v).
(28)
® being invariant under horizontal translations T'~", we have

P{®nN ([t —rt] x [0,e]) erased by the right} = G(r,¢). (29)
So we deduce from formulas (27), (28) and (29):
P(A) = G(r,e)e " TWet=21FE)
Relation (20) follows immediately.

Second case: t € [r, 2r].
We rewrite the event A} as the intersection of two independent events:

A ={on([0,t—7]x[0,v] = OIn{PN([t—r,t] x[0,€]\[t—7, 7] X [v, €]) erased by the right}.
The invariance under horizontal translations of ® implies that
P{®N ([t —rt] x[0,e]\ [t =7 7] X [v,€]) erased by the right } = H(r,e,2r —t,v),
and we then have the equality
P(Af) = H(r,e,2r — t,v)e F®E),

By using (26), we can reach the same conclusion as in the first case.
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3 Explicit expression of the mean crack number and
distribution function of the typical inter-crack dis-
tance.

In order to obtain explicitely the mean crack number and the distribution of D, (resp.

|I§|), we have to determine the functions G and H. We prove in subsection 3.1 that G

verifies an integral equation. The key point is the explicit calculation of G in subsection

3.2. This allows the function H to be determined. Since A\, and the distributions of

D, (resp. |I§|) are expressed through G and H, we calculate these quantities. We also

consider the typical strain level L. for the points of A., defining the joint distribution of
the couple (D., L) in the Palm sense:

1
E{h(DavLa)} = ——E Z h('U(ZL',Aa) _l’,y) ) (30)
Ae| Bl (z,y)€PN(Bx[0,e])

for any measurable h : (R;)?> — R, and all fixed Borel set B C R.
We prove that (D., L.) has a density and we determine it.

3.1 A functional equation satisfied by G.

Let us denote
Gi(z,y) =Gz, F ' (y), 0<z<ry>0.

Then G satisfies the following functional equation.

Proposition 5 For every 0 < ax <r,y >0,

z oy
Gi(z,y)=1- e‘my/ / Gi(r —u,y —v)e" (1 4+ uv)dudv. (31)
o Jo

Proof. Let us recall first that for every fixed z € [0, 7] and y € [0, ], we have the equality
in law
o N ([0,2] x [0,y]) = {(X,,Y);1 < i < N},

where:

(3’) {(X;,Y;);i > 1} is a sequence of independent and identically distributed variables,
of density (1/(2F(y)))1j0.(t) 10,1/ (0):

(ii’) N is a Poisson variable of mean value EN = zF(y), independent of the preceding
sequence.

Let us define for all n > 1,

(M™ MMy = (inf X;, inf Y)).

1<i<n 1<i<n
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It is easily verified that the law of the couple (M™, M{™) is given by

" F(v)\"
PIM™ > MM >0} = (1 - 9) (1 . ) . wel0,a]vel0y. (32)
The key point is the following: let (M™,Yy) (respectively (Xo, M{™)) be the point of @,
of first coordinate M™ (resp. of second coordinate M{™).
The points of ®* N ([0, 2] x [0,y]) cannot be erased by more than one eraser (X,Y).
Since (X,Y) has to erase (M\™,Y;) (resp. (Xo, Mi™)), then X < M™ +r (resp. ¥ <

M(”))
2 .

Consequently, that happens if and only if:
1. either N = 0.

2. or N =n, n > 1, and there is an eraser in ([z, Mln) + 7] x [0, Mz(n)])
This argument associated with the formula (32) provides the following calculation of

G.

G(z,y)
=P{®" N ([0, z] x [0,y]) erased by the right}
— P{N =0}
+ Z P{N = n}P{®" N ([z, M"™ + r] x [0, M{]) not totally erased by the right}
n>1
— o 2F ()

1+Z // (1-@G u+r—xv))P(M1"€duM2"€dv)]
4 —aF(y) o (2 F(y))"
1—e yZn 771'

7 /x /y Glu+r—=x,v) (1 — g)n_l (1 — ?EZ;)H_I f(v)dudv
_ ] e FW)

/ / Glu+r — z,v)e e WEOFON G 4 (p —u)(F(y) — F(v)))f(v)dudv.

Taking the change of variables (in the integral) ' = x — u, v' = F(y) — F(v), we deduce
relation (31) from the preceding equality.

O

Let us consider the bounded operator L on the space of continuous functions C([0, r] x
R, ) (endowed with the topology of uniform convergence on any compact set) defined by

Ty
LQ) : (z,y) — e‘””y/ / Q(r —u,y —v)e" (1 4+ wv)dudv, =z € 0,7,y >0, (33)
o Jo
where @ € C([0,7] x R}).
The following theorem provides uniqueness of the solution of the functional equation

(31) in the space C([0,7] x R, ).
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Proposition 6 We have

Gr = S (=1L (1), (34)

n>0

the convergence of the series being uniform on [0,r] x [0, k], for any k > 0.
Proof. Equation (31) can be rewritten as
Gi+L(Gy) =1, GLeC([0,7] x Ry). (35)
Let us remark that
L) (z,y)=1—e*, zel0,r],y€Ry. (36)

Consider k£ > 0. We deduce easily that the restriction of L on the space of continuous
functions on [0, r] x [0, k] has an infinite norm equal to (1 — e"*).
Consequently, if I denotes the identity operator on the space C([0,r] x [0, k]), the

series

n>0

converges normally and is the inverse of (I + L). So we obtain the result (34).

O

The functional equation (31) is the key point to calculate the expressions of the functions
G and H. We then will deduce from Proposition 4 the mean crack number and distribution
function of the typical inter-crack distance.

3.2 Explicit expression of \. and P{D. > t}, t > r.

From now on we denote « the function on R, defined by

rs 1 _ —t
a(s) = exp {—/ te dt} , s>0.
0

Let us remark that « satisifies the two following identities:

(a®t) = al)e™, (37)
-
alt) = er—texp {~Ei(L,rt)}, t>0, (38)
where «y is Euler’s constant and Ei(n,z) = f1+°° e ds.

Proposition 7 For0 <z <r, y > 0,

Y 1 —e 5T Y TS _ —t 1 — 5%
Gi(z,y) =1 —/ als) © ds=1 —/ exp {—/ ¢ dt} °  ds.
0 S 0 0 t S

In particular,

v

Gi(ry) = aly) = exp {— /Ory L= 6_vdv} | (39)
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Proof. Let us recall that Proposition 6 provides uniqueness of the solution of the integral
equation (31) in the space C'([0,7] x R;). So it suffices to verify that the continuous
function

1—e™%*

S

Y
U<x,y>=1—v<x,y>=1—/ o(s) ds, we0,r]y>0,
0

satisfies the identity U + L(U) = 1, or equivalently using (36),
L(V)(SL” y) = U(I, y) —e . (4())

We need to calculate L(V'), L being the operator defined by (33).
For z € [0,7] and y > 0 fixed, we have

L(V)(z,y) = / / / 1= w1 4w dudods

_ / / ylme ™ - on_s e“”(1+uv)dv] dsdu
_ o /0 T l/o (y—s)(1 _e—s(r—u))eu(y—s)du:| ds
_ /0 @ {6 e (y— g)e % } is
_ _/Oy@u_e—mms
([ a0 [Mawas)

1—e %Y Y , Yy
= U(:)s,y)—l—T (/0 (y — s)a (s)ds—/o a(s)ds
= Ulr,y) —14+(1—e) =U(z,y) —e ™.

N———

We then obtain (40), which implies Proposition 7.

O

Let us define the process of the cracks on the positive half-line in the following way: we
construct an intermediary process U on (R, )? with the same method as at the beginning
of the first section for ¥, replacing the two-dimensional process ® by its intersection ®+
on (R;)?. Then AT is a point process on R, given by the equality

A ={zeRy;Fye (0| (z,y) € ¥} (41)
Let us consider the first positive crack position at the strain level ¢,
Xi=inf A, (42)

The calculation of the law of X, € > 0, is essential to obtain the explicit expression of the
function H(r,-,-, ) defined in (19). The following theorem provides the exact distribution
of X7.
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Theorem 8 The law of X| is absolutely continuous with respect to the Lebesgue measure
of R, with density px= such that

F(e)a(F(e))e FEE=  4f g >
px; () = { OF(e) a(v)e " dv if x € [0,7]. (43)
Proof. Using Proposition 7, it suffices to verify that
P{X] >z} = { g((f’_i))F(a)a(F(g)) iii ; [B,r] (44)
Let us notice the equality of events
{®" N ([0, 2] x [0,¢]) erased by the right } = {X] > x}. (45)

The formula (44) for x € [0, 7] follows directly from (45) and (18).
When z > r, using (45) and the invariance by any horizontal translation of ®*, we
have

P{X] >z}
=P{®" N ([0, z] x [0,¢]) erased by the right }
=P{(®" N ([0, —7r] x [0,¢]) =0) N (®* N ([x — r,z] x [0,¢]) erased by the right )}
=P{® N[0,z —r] x [0,¢]) =0} - P{®T N ([0, 7] x [0,¢]) erased by the right )}
= e~ @FEOG(r ¢).
This proves the second part of (44). In particular,

P{®" N ([0,7r] x [0,¢]) erased by the right } = P{X; > r} = a(F(¢)). (46)

O
Proposition 9 For every 0 <z <r,0<y <g¢g,
H(re,x,y) = a(F(y))—e*f® /F(E) a(s)ﬂd&
F(y) 5
Proof. Let us remark the equality of events
{7 N ([0,7] x [0,¢] \ [0, ] x [y,€]) erased by the right } = A; U A,,
where
Ay = {X{ €lr,x+r]}
Ay = {27 N ([0,2] x [0,y]) =0;®" N ([x,7] x [0,€]) erased by the right}.
So we obtain the following formula which is the key point of the proof of Theorem 9:
H(r,e,x,y) =P(A1) + P(4y) —P(A1 N Ay). (47)
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Using Theorem 8, we have

p(a) - | " Pl )e Ty = a(F)(1— W), (48)

Moreover, the invariance of ®* by any positive translation and Theorem 7 imply that

P(Ay) = P{2" N ([0,2] x [0,y]) = 0}
P{®T N ([0,7 — x| x [0,¢]) erased by the right}
= WG — z,¢)

F(e) 1— —s(r—zx)
— oW (1— / a(s)+ds). (49)
0

It remains to determine P(A; N Ay). To this end, we remark that the law of the process
d* conditioned by the event {®T N ([0,z] x [0,y]) = 0} is the same as T*(PT).
Consequently,

P(AiNA) = P{X}€[r,z+7r]|®"N([0,2] x [0,y]) = 0}
P{@" N ([0,2] x [0,y]) = 0}
= P{XVec[r—ar]} e W
e FOP{XY > r — 2} —P{XV > 1r})

F(y) —(r—z)v _ ,—rv
= e‘xF(y)/ a(v)6 ‘. (50)
0 (%

Inserting formulae (48), (49) and (50) in (47), we get

F(e) 1— e—s(r—x)
H(re,xz,y) = a(F(y)(1—e W) 4@ 1~ / afs) ———ds
0 S

F(y) —s(r—z) _ ,—rs
—/ a(s)S < ds} (51)
0 s
We calculate the last integral in the following way:

F(y) —s(r—zx) _ ,—rs F(y) —s( o F(y) 1 TS
/ a(s) ‘  _ds = / als) ——— ¢ ds + / € s
0 0 0

S

F(e) 1— —s(r—x) F(e 1_ —s(r—z)
_ / als) = s — / s

F(y) 0

Combining the equalities (51) et (52), we obtain Proposition 9.
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O

Returning to Proposition 4, we get from Propositions 7 and 9 the following expressions
for the mean crack number and distribution function of the inter-crack distance.

Theorem 10 We have

(i) A = [y ¥ alv)?dv;

(ii) D. has a density pp. with respect to the Lebesgue measure on |r,+00) such that

(@) = BOE a(F(e)2e@20FC) if g > 2r
oD /\—25 OF(E) e~ @ v (v)udy  ifr < x < 2r.
Remark 11 (i) The points (i)-(ii) of Theorem 10 were previously obtained in a very
different form through heuristic methods by Widom (see [19], page 3893, results (37)-
(39)).

(ii) Let us remark that the distribution of D, has a decreasing density on [r, +00), with
a transition at 2r. Actually, in the interval [2r, +00), the law is exponential which means
that D, has all its moments finite. Applying Proposition 2, we obtain that for all n > 1,

1
A Z [II" — E(D!), when L — +o0.

L rer,

Besides, it is easy to verify that the first moment of D, satisfies the equality (13), as we
already noticed.

Proof. The point (i) follows immediately from Proposition 7.
To prove the point (ii), it suffices to demonstrate that

F(E)a(F(E))2€_(t_2T)F(€); if ¢ > 2r

P{D.>t} =14 ¢ 5. 53
(D2 1) { 2 (FO gw)2e=t=rlvgy — 1 if t € [r,2r]. (53)

Due to Proposition 4 and (37), we have when ¢ > 2r,

P{D. >t} — (Oz(};(ﬁ)) /Ea(F(U))e_TF(v)f('U)d'U) . e~ (t=2r)F(e)

F(e)
_ Q(F(g))/ a(v)e—rvdv . e—(t—2r)F(e)
0

Ae
. a(F(E)) [va(v)]g(a) e~ (t=2r)F(e)

£

_ F)EE) a(F(a))ze_(t_%)F(e).
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Let us now focus on the case where t € [r,2r|. Using Propositions 7 and 9, we obtain:

F(e) Fe) ] _ o(t=r)s
P{D.>t} = — / Je~ U= & () — et / ) ————ds | dv

F(e)
_ _/ 2 —(t rvd,U
F(E 1 _ (t 7‘)3 s
——/ —t [/ v )dv]d
0
F(& F(&) 1_ (t r)s
= —/ )Ze= vy — )\5/0 a(s )%sa(s)ds

F(e)
— _/ )Ze= vy — 1.

This completes the proof of the equality (53) and consequently of Theorem 10.

O
A direct consequence of Theorem 10 is the explicit distribution of |I§].
Proposition 12 The law of |I§| has a density ¢z on [r, +00) such that
(2) = F(€)2 (F(e)) pe~@2EE)if x> 2
PIGINE 2x fo e~ @M o(v)2udv ifr <a<2r
Proof. Relation (13) and equality (14) applied to h(x) = x give that
1
B ( : ) Y
|15
We conclude easily by inserting the result (ii) of Theorem 10 in (14).
O

We conclude this section by generalizing point (ii) of Theorem 10: we determine the joint
density of the couple (D., L.) (defined in the Palm sense by (30)).

Theorem 13 We have:
(i) L. has a density @ such that

or.() = 3ol F ) F () 1 (0); (54)

)

(ii) the law of D. conditionally to L. has a density 11P=(L.;-) such that for every y €
[0,¢],u >0

F(e)
af

HDE (y; u) = 1{u>2r}

B>
Neg
N—
\_/m

(u=r)F(y) AL (u=r)
+1lcy<om § F Tl + —luemmy dv p. (55
{r<u<ar} (y>€ (F(y)) /F(y) € Oé(’U) v ( )
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Proof. Fixing t > r,s € [0, ], we use the definition (30) of (D., L.) and apply Slivnyak’s
formula (17) as in the proof of Lemma 3 to obtain that

P{D.>t:[. <5} — %/OSP{(O,U) ¢ A(®): 0(0,A.,) > £} f(v)dv.

£

Consequently, we get as in Proposition 4 that

G(re) (s —rF(v) ) o —(t—2r)F(e) TS
P{D. >t L. <s}— { e Jo G(r,v)e f(v)dv_F(j(t_r) %ft > 2r
3 Jo Glr,v)H(r,e,2r —t,v)e fv)dv iftel]r, 27"](. |
56
It then suffices to insert the expressions of G and H (cf Propositions 7 and 9) into (56)
to deduce that

P{De >t L. < S}

ABED P(s)a(F(s))e =27 if t > 2r
= L [T a()(2e " —1)dy
—7F(S)O)‘\(€F(s)) If((s? a(v)il_efit#)v dv if t € [r,2r].

Points (i) and (ii) of Theorem 13 are easy consequences of this last equality.

4 The law of the successive cracks on the half-line.

We got a good understanding of A, through Palm interpretation. Another description
of A is possible by considering the one-sided process AT defined in (41) on the positive
half-line. We fix arbitrarily an origin and we enumerate the points of AT as follows.

Al ={X5in e N}
where 0 < X7 < X5 <--- < XP <o, n>1
Let Y7 be the positive real number such that

(X5, Y5) € U N (Ry x [0,2]).

n’ n

In the preceding section, we determined in Theorem 8 the distribution of X§{. The aim
of this section is the description of the distribution of {(X7,Y7);1 < i < n} for any
n > 1. A first answer is given by a recursive algorithm (cf Theorems 14 and 15): we
compute the distribution of (X§,Yy) and the distribution of (X:,, Y7, ;) conditionally to
(X5, YE, -+, X2, Y5). We interpret this result using a Markov chain model (cf Theorem
16) and we prove the convergence in law of the couple (X , — X3, Y}) to (D., L.) (cf
Theorem 17).

We observe in particular that {XZ;n > 1} is not a renewal sequence, for instance
(X5 —X7) is not independent of X§. However we prove (cf Theorem 18) that {X2;n > 1}
is a conditioned renewal process.

We start with the density of (X7, Yy).
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Theorem 14 The law of the couple (X5, YY) is absolutely continuous with respect to the
Lebesgue measure of R?, with density ©(xz ve) such that for every u,v € R,

pixeye) (W, 0) = (Lsrye O™ 0 4150, pe™ ) a(F(v)) f(0)Ljocveey. (57)

Proof. Let x > 0 and 0 < y < e. It suffices to prove that:

?Ega(F(y))e_(x_’")F(a) if v >r
P{X{>x;Y7 <y} =4 1—a(F(y))
_ fOF(y) aE}v) (1 _ e—xv)dv + ]‘;Egga(F(y)) otherwise.
(58)

We notice that

P{X{>uzYS <y} = P{X]{>uzX]=X/}
= P{X! > X] = X/}

+00
_ / P{XT = XV|XY = u}P{XY € du}. (59)
Moreover, {X{ = X{} if and only if there is no positive eraser in ([0, X7] X [y, £]), which
means that for every u > 0,

1 fu<r

e _ vYI VY — _
P{XT =X{|X{ =u} = { P{®N[0,u—7r]x [y,e] =0} otherwise.

Since ® is a Poisson point process,

PO = XX =uh = { fuorror ) oghenme (60)

Inserting equalities (43) and (60) in (59), we get the result (58), via (52).
O
The following theorem provides the law of the couple (X7, — X7, Y7 ) conditionally

to (X5, YE, -+, X2, YE).

n’ - n

Proposition 15 Let n > 1. Conditionally to (X{,Y?F, -+, X2, Y?), the couple (X7, —

X2, Y ) has a density 6°(Y,5; ), where for every y € [0, ¢]:
0 (g0, 0) = [LpusanyLipcucye @) =20

+1licucory {Logogyye” “TFWeF0)

() g=(u=n)F)1] a(F(v)) f).

+1icp<are”
tysvssl a(F(y))
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Proof. Weset Z, = (X§,YF, -+, XZ, Yo )and 2z = (21, -+, Tp_1, %, Y1, * , Yn—1,Yy) Where

n’-n

0<z < - <zpq<zandyy, - ,Y,_1,y belong to [0,¢]. It suffices to demonstrate

P{X, . — X, 2wV, <v|Z, =z}

(e~ "FW) F(v —(u—9r )
S Fp(F ) r o it > 2
—(u=r)F(y) _ p—rF(y)LW)Fw) | —rF(y) ol w))Fv) .
(e Ve ) FEm T aFe)FE if TC’1§ u < 2r
and v <y,
T\ e @wnFW (61)
*TF( ) F(v _ als Flv )
j {Fé: ey dS_I'O‘(F(U))(l_FEsg)} ifr<u<2r
0 and v > y.

Our approach is based on the two properties:

(i) conditionally to Z,, the law of ® = T—X4(®, )N (R,)? is the same as @, conditionally
to {®; N ([0,7] x [0,Y,7]) erased by the right}.

(i) (X7, —X;—r, Y ) is the first point on the right of the point process T="(®)N (R, )2
Using this remark, (39) and (46), we get

P{X; 1 — X, 2w Y, <v|Z, =z}
~ P{®,.n([0,7] x [0,y]) erased by the right; X7 (T~ (®4)) > u —r; Y (T7"(P1)) < v}
N P{®. N ([0,7] x [0,y]) erased by the right}

— a(F(y))P{(I)Jr N ([0,7] x [0,y]) erased by the right;

Xi(T7(®4) 2 u—r Y7(T7(24)) <w},  (62)

where (X{(T77(®4)), Y7 (T77(P4))) is the first point on the right of the process 77" (P )N
(R )?, distributed as (X, YY).

First case: u > 2r.
We then have

{®,. N ([0,7] x [0,y]) erased by the right; X{(T7"(®4)) > u—r; Y (T (P1)) < v}
— {04 N ([0,7] X [0,y]) = 0} N {XFT () = u— 7 YE(T7 (@) < v},
the two events of the intersection being independent.
Using this remark, (62) and the law of (X{ (7" (®4)), Y£(T~" (P, ))) given by (58), we
obtain
P{X; 1 — X, 2wV, <v|Z, =z}
_ P{o, N ([0,r] x [0,y]) =0} - P{X] > u—1r; Y} < v}
a(F(y))

o F(v))e~(w2nEE), (63)

B e PO F(v)
~a(F(y) F(e)

Second case: r < u < 2r.
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The independence property is not valid anymore, but (X§(77"(®4)), Y7 (T7"(P4))) is
still distributed with density ¢x: ys) given by (57).
Going back to (62), we get

P{X:,, — X:>w Y7, <v|Y, =y}

1 /-l-oo /v
- 7F dw ‘l 'UJ,t, % w,t dt’ 64

where for every w > 0,0 < y,t < ¢,

A(w, t,y)
=P{d, N ([0,r] x [0,y]) erased by the right |X;(T7"(®,)) =w, Y (T (P4)) = t}.

It remains to determine the function A. To this end, let us notice that ([0, 7] x [0, y]) has
a non-empty intersection with the domain of relaxation R(w + r,t) if and only if w < r
and t < y. Consequently, we obtain

e~ WFW)—r—w)F®)  if iy <y and t <y

A = { (65)

otherwise.

Inserting formulas (65) and (57) in (64), we deduce the result (61), via (37), which com-
pletes the proof of Theorem 15.

O
We explicit the distribution of {(X?,Y?);1 < i < n} starting with the law of {Y7;i > 1}.
Theorem 16 (Y?),>1 is a homogeneous Markov chain such that:
(i) YT has a density ys such that

e TFy) 1 e FW)

pre) = (S + ) A )L

(ii) the transition kernel of {Y.5;n > 1} admits a transition probability density T1¥(y; )
such that for every y,v € [0, ¢,

—r(F(y)+F(v)) 1 — e TF®
e e
HY,e . — (1 e 1 ; —rF(v)
(y;v) ( (00} ™ Fry + Lio<uzyye TFy)
1— e PON a(F(v))
+1gycpeye W ) f(v); (66
{y<v<e} F(U) a(F(y)) ( ) ( )

(i11) the stationary law of (Y,?)n>1 is the distribution of L. (cf (54));
(i) conditionally to (X5,YF,- -, X5, Y?) the rv. (X, — X:) has a density which

n’-n

depends only on Y and is equal to 1IP=(Y?;-) (recall that TIP=(y;-) is given by

(55)).
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Proof. The points (i), (ii) and (iv) follow easily from Theorems 14 and 15. A straight-
forward calculation shows that for every v € [0, ¢],

a(F )P0 = [ I (g )l F () f () dy,

0
which implies the point (iii).
O

Due to Theorem 15, (X:,Y?),>1 is a Markov chain. It seems natural to investigate

its limit distribution. More precisely, we have the following result.

Theorem 17 The couple (X; , —X:,Y,?) converges in law when n — 400, and the limit

distribution coincides with the law of (De, L.) (cf Theorem 13).

Proof. Let us begin by proving the convergence of the Markov chain (Y7),>; to its
stationary distribution p, the law of L.. The transition probability of (¥,?),>; has a
density I1V¢(y; ),

y € [0,¢] (see point (ii) of Theorem 16) such that the function (y,v) —— II¥¥(y;v) is
continuous and everywhere positive on (0, £]?. Consequently, following [5] (example 6.2.
of the fifth section), we deduce that (Y,?),>1 is a Harris chain. Moreover, as we proved the
existence of a stationary distribution (see point (iii) of Theorem 16), it is also recurrent
(see [5], exercise 6.11. of section 5). Due to the beginning of the section 5.6.c of [5],
(Y5),>1 is a aperiodic recurrent Harris chain. Consequently, applying the theorem of
convergence of Harris chains (see [5], Theorem (6.8)), we deduce that (Y,?),>1 converges
to u in the sense of the total variation distance || - || (let us notice that the note following
Durrett’s theorem garantees that the starting law of (Y7),>; given by the point (i) of
Theorem 16 satisfies the required hypothesis for the convergence). We recall that the
variation distance between two probability measures p;, e with support in [0, €] is:

[t~ [ sans

where f belongs to the set of measurable functions defined on [0, €], with values in [0, 1].
In particular, (Y,?),>1 converges in distribution to pu.
We now prove the convergence in distribution of (X:,, — X;,Y). Let us consider a

continuous bounded measurable function h : Ry x [0,] — R. Using the point (iv) of
Theorem 16, we get for every n > 1,

)

|11 — pa|| = sup
f

B - b= [ 7 b )Py s pvzean  on

But y — [," h(z,y)IIP:(y; z)dz is a bounded and continuous function, therefore

n—-+o0o

€ +oo
i B - X0 = [ | [ e s Pizoe . (o)
o LJo
Due to Theorem 13, the right hand-side of (68) is equal to E{h(D., L.)}.
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Let us introduce three probability densities on R, :

on(z) = %(1[0,@(%)+1(n+oo)(x)€_(””‘””€)),
eol@) = %yoﬁmﬂxx

1
pp(z) = Wl[ove}(z)a(F(x))f(x).

In the next theorem, we prove that the process {X:;n > 1} is a conditioned renewal
process. In particular, it is not a renewal process.

Theorem 18 Let {A;;i > 1}, {ni;1 > 1}, {pi;t > 1} and {p};i > 1} be four mutu-
ally independent sequences of i.i.d. wvariables with densities exponential, ©,, @, and
respectively. Consider also the events

By = {An = (a A7) (F(pn) V Fpn1)) +7(F(pn) A F(pn-1))},
B, = {Anz (m Ar)(F(p) V Fpn-1)) +r(F(p,) A F(pn1)},

with the convention pg =0 a.s.. Then
i) The law of the vector (X§,YF) is the law of (n1, p}) conditioned by BY;
1011 1 1
(ii) For every n > 2, the law of the vector
(Xf> YlE’ ‘)(2(E - Xf’ Y2€> e ’XZ - sz—l? Yna)
is the distribution of (1, p1,7 + N2y P2, T 4 N1, Pu—1, T + N, p,) conditioned by the
event

B=nN!"'B;NB.,.

Remark 19 We set 7, = (X{, Yy, -, X5, Y5) and Z/, = (m,p1, -+, (n— )r +m +

n n

“+ -+ Ny, pn). Point (ii) of Theorem 18 implies

1 -
= "D 69
QOZn P (B) € @Zn ? ( )

where ¢z, (resp. ¢z ) denotes the density function of Z,, (resp. Z)) and I',, is a positive
function. In particular, ¢z, < ﬁap%.

We may apply the Hit or Miss Monte-Carlo Method (cf. chapter 4 of [18]). We first
simulate Z/ = ¢ and we keep it with probability p = e™ 17, Otherwise we simulate a
new independent copy of Z/ and so on.

It turns out that this recursive procedure gives a new erasing algorithm based on the
renewal sequence (01, p1, 7+ M2, P2, 7+ D1y Pr-1,7 + 1y ph,).  After a calculation, we
obtain that

Fn(xh Yi, - 7xnyn) = V(U?:lD(xi7 yl))’
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where

D(z1,y1) = ([(x1 = 7) VO, 21 + 7] x [0,31]) \ R(22,y2)
D(xi,yi) = (v — 2 + 7] X [0,36]) \ [R(%io1, yio1) U R(Tig1, Yiga)]
if2<i<(n-—1)

D(xn,yn) = ([xn =7, 20] X [0,40]) \ B(n-1,Yn-1)-

In other words, U ,D(x;,y;) is the domain of the possible erasers of the points (x;,v;),
1 <4 < n, and the probability p decreases with the r-measure of this domain.

Proof. (i) Using Theorem 14, it suffices to obtain that for any measurable bounded
function h on R?,

E{h(m,p'l)lBi} = P(B{)/h(u,v)ap(xiyls)(u,v)dudv. (70)
Taking the conditional expectation of h(n1, p})1p; with respect to o (1, p}), we have

E{h(m,p’l)lgi} = E{h(n, p})e (771/\7“)F(p1)}

+oo
= / du/ (u,v) (Lo, (uw)e —uF)

+1( 1o00) (w)e™ (“_T’)F(E)e_’"F(”)) a(F(v))f(v)dv

— // u,v QO(XE Ys (u 'U)dudv

where C'is a positive constant. Consequently, we get equality (70).
(i) Let g and h be two Borel bounded functions defined on R?", respectively R?. Let us
prove the following equality, for any n > 1:

E{g(nlv P17 N2, P2, T+ T, pn)h(r + Mn+1, p;—l—l)lﬂ;;lBilB;L}
=C'E {9(771, P17+ N2, P2, T+ M, pn)lﬂ?:lBla(F(pn))

/ h(u,v)ef(pn;u,v)dudu}, (71)

where C’ is a positive constant.
We notice that using a reasoning by induction and Theorem 15, (71) implies the result
(ii) of Theorem 18.

Since

F(e)
fOF(E) a(v)dv
the right hand side of (71) is equal to

() = a(F(2))py(x),

C'E {g(m,pl,r + M2y P2, T Ay ) 1A By /h(u,v)@a(p;;u,v)dudv} .
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Let us prove (71).
We take the conditional expectation with respect to a(ny, p1, A1, My Pny An):

E{g(nlv P1,T + N2, P2, T + TIn, pn)h(r + Mn+1, p/n—i-l)lﬂzlleilBh}
=E {9(7717 P, T+ M2, P2, T+ T,y pn)lﬂf”:lBiE(h(r + M1, p;L—l—l)lB;Jpn)} : (72>

Moreover,

E(h(r + ns1s Prs1) 18,1 0n)
_ / / B(r + u, v)e- A EGVFE) -1 EONFO0) o (), (0)dudy

—+00 £
— K/ du/ h(u’ 'U) []—r§u§2r {1U>pn6_(u_r)F(U)_7’F(Pn) + 1U§pn6_(u_r)F(Pn)_rF(v)}
r 0
+1u>2re—(u—2r)F(a)e—r(F(pn)JrF(v))} a(F(v))f(v)dv

= K//h(u,v)@a(pn;u,v)a(F(pn))dudv a.s., (73)

where K is a positive constant. Inserting the equality (73) in (72), we get (71).

5 The saturation case
Let us define the process
Ao ={z € R; 3y > 0(z,y) € ¥},

where W is the point process on R x R, defined in the first section. A, is a saturation
model in the sense that no new crack can be added.

It is immediate that A, converges in law [14] to A, when ¢ — +00. We prove that .
tends to the mean crack number Ao, and D, (resp. |[§|, L.) converges in distribution to
Dy (resp. |I$°], Leo).

Let us define in the same way the saturation process AT of the cracks on the posi-
tive half-line, X°,---, X>°, .- being the successive crack positions of this process and
Y, .- Y .. the corresponding strain levels at which they occur. We determine the
joint distribution of

{(X>, V)1 <i<n}, n>1.

We also provide a result of convergence in distribution of (X5, —X:°,Y,>°) when n — +o0.
Let us start with Ao and Dy, (resp. |I§°], Loo)-

Theorem 20 When € goes to infinity (saturation), we have

(i) Ae = Ao = O+OO a(v)?dv;
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(ii) a) (D., L.) converges in distribution, as e — 400, to (Deo, Loo). The two-dimensio-
nal 7.v. (Do, Loo) has a density:

(Do) (Y5 1) = r (Y)TTP= (y; w), (74)

where o (resp. 11P=(y;-)) is the density of Ls (resp. the conditional density of
Do given {Ls =y}) and

pro) = 3-aF@) )1, ) (75)
7= (y;u) = Lprcuson {F (y)e I 4 b / - e_w_r)va(v)d”}m)
a(F(y)) F(y)
b) In particular the density pp., of Do is:
9 +oo
¢, (T) = gl[rﬂr} (:E)/O e~ @ ya(v)dv; (77)

(ii) |I5| converges in distribution to [I5°| of density ¢|je| such that
+o0o
Pzl (w) = 2:5/ e~ e (v)?dv - .00 (2). (78)
0

Remark 21 (i) In a different theoretical context, Rényi gave an equivalent formulation
of the point (i) in [17] (see result (0.10)). He obtained that the mean crack number at
saturation is 0.748 approximately (for r = 1). To our knowledge, the other results of
Theorem 20 are new.

(ii) Let us notice that the distribution of D, has a decreasing density on [r,2r] and an
easy calculation provides the following equality, similar to (13):

1
EDy = —.
Aso

Proof. The point (i) is immediate.

As for point (ii), let us determine an equivalent of «(t), when ¢ — +o0.

We decompose in «(t), the integral over [0, ] as a sum of an integral over [0, 1] plus
an integral over [1,t]. We obtain:

a(t) ~ %, when ¢ — 400, (79)

where ag = (1/r)exp { = [} 2=+ [ s
The point (ii) of Theorem 20 then follows easily from Theorem 13 and (79). Taking

the limit in the result of Proposition 12, we deduce (iii).

160



By taking the limit when ¢ — +o00 in the formulas of Theorems 14 and 15, we then get
the following results in the saturation case concerning the distribution of {(X>®,¥;*);1 <
i<n},n>1.

Theorem 22 (i) (X7°,Y) is a two-dimensional r.v. with density:

Pxpevpe) (U, v) = €_UF(U)04(F(U))f(U)1{0§u§r}1{v20};
(1) Conditionally to (X7°,---, X2, V™, -+ Y>®), the couple (X5, — X:°,Y,>%,) has a
density 0> (Y,>°; ) such that for every y,u,v > 0:
0> (y;u, v)

a(F(v
— (6_(U_T)F(y)6_TF(v)]-{OSUSy} + 6—rF(y)e—(u—r)F(v) ( ( ))

L{vsy)) mf(v)l{rSuszr}-

Remark 23 (i) Since the process Al corresponds to saturation, we obviously have

X° <rand (X5, —X0)€r,2r], Vn>1 as.

n

However we are not able to prove, as we did in Theorem 18, that (X °),>1 is a conditioned
renewal process.
(ii) As in the non-saturated case, it suffices to have the law of (X{°,Y™®) on the one hand

and the law of (Y,>°),,>1 on the other to determine the positions (X2°),>1.

Theorem 16 can be easily generalized in the following way.
Theorem 24 (Y,°),>1 is a homogeneous Markov chain such that:
(i) Y has a density oys such that
1— e "FW
pype(y) = W@(F W) (W) 1r, (y);

(i) the law of Y23, conditionally to {Y° =y}, y > 0, is independent from n and has a
density TIY°°(y; -) such that for every v >0,

I (y; v)

A ) — e TFON o(F(v
L0 alr)

= Lococyy (1 — "7 + 1pyemye " FW
( szl Ry e F(v) ) a(F(y))
(iii) the stationary law of (Y,0°),>1 is the distribution of Lo, with density given by (75);

(i) conditionally to (X7°,Y®, -+, X2, Y>), the distribution of the r.v. (X35, — X>°)
has a density which depends only on Y,*° and is equal to T1P>=(Y®:.) (recall that
1P (y;-) is given by (76)).

We finally generalize Theorem 17.

Theorem 25 The couple (X725, — X2, Y,>°) converges in law when n — 400, and the
limit distribution is the law of (Dwo, Loo) (cf Theorem 20).
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Chapitre 7

Annexes.

7.1 An elementary proof of the equality ENy(C) = 6.

Let ® be a homogeneous Poisson point process of intensity measure the Lebesggue
measure on R2. Let us recall that for every n € N,

OND0,n) " {Xy,-, Xn, },

where {X;;i > 1} is a sequence of i.i.d random variables which are uniformly distributed
on the disk D(0,n), and N, is an independent Poisson variable of mean value 7n?.

Let I' be the Voronoi diagram constructed with the set of nuclei N' = {X;,---, Xy, }.
We will denote by C(z) the cell associated to € N.

Lemma 7.1.1 C(x) is not bounded if and only if x is on the boundary of the convex hull
of N.

Proof. Suppose C(z) is not bounded and let D, = (x + Ryuy) be a half-line included
in C'(x) (where uy is a unit vector of direction 6 € [0,2n)). If x is not on the boundary
of the convex hull of N, let [y, z] be the segment of the boundary that D, cuts. As the
angle (77, 72) is less that 7, the bisecting line of either [z,y] or [z, 2] cuts Dy. So Dy is
not completely contained in C'(z), which is absurd.

Conversely, if z is on the boundary of the convex hull of NV, let D; and Dy be the two
half-lines starting from = which are outer normal to the two sides of the boundary contai-
ning x. The cone between D; and Dj then is contained in C'(x) because x is the projection
on the convex hull of every point of the cone. Consequently, C'(x) is not bounded.

O

We denote by B, the number of unbounded cells, V,, the number of vertices of the graph
I' and F, the number of edges. We have two relations connecting these numbers : le
us first recall that the Voronoi diagram is normal, in the sense that a particular vertex
(respectively edge) belongs to exactly three (resp. two) cells. Consequently, we have

2E, = 3V, + B,. (7.1)
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Secondly, let us add a point at infinity and connect each unbounded side to this point.
We then get a connected planar graph I' with (V,, + 1) vertices, E,, edges and N,, connex
domains. Applying Euler’s formula, we deduce that

V,+1—E, + N, =2. (7.2)
Inserting (7.1) in (7.2), we deduce that when N,, > 3,

3V, B, 6

Let us focus on the two last terms of the right-hand side of (7.3). Since N, is a Poisson

variable of mean value mn?,

1
— 20 when n — 400, (7.4)

where = denotes the convergence in probability. In addition, conditionally to {N,, = k},
k > 3, B, is equal in law to the number C} of points on the boundary of the convex
hull of k& points uniformly distributed on a disk. We know from [47] that there exists a

constant a > 0 such that
k

akl/3
In particular, let us fix € > 0. We deduce from (7.5) that

L, 0 when n — +oc. (7.5)

P{%ze}ﬁOWhenk‘ﬁjLoo,

so let K > 3 be such that P {CTK > 5} < ¢/2. We then obtain that

Bn Ck _ 2(7Tn2)k
— > > = — > T
P{N _5|Nn_3} g P{k_e}e i

n k>3

IN

CK —n2 K (7T7’L2)k
P{fz‘f}“ 2

0

K 2\k
< % 4™ kZ:O (WZ!) < ¢ when n is large enough.

Consequently, we have proved that

B
Fn P, 0 when n — +oo. (7.6)

Inserting the results of convergence (7.4) and (7.6) in (7.3), we get that 3V}, /N,,, which is
more or less the number of vertices per cell in the disk D(0,n) converges in probability,
ie.

3Vn P

— 6 when n +00.
N, — 0w —
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On the spectral function of the Johnson-Mehl cells.

André Goldman and Pierre Calkal

Abstract

Denote by o(t) = >, 4 e~ Mt t > 0, the spectral function related to the Dirich-
let laplacian for the typical cell C of a Johnson-Mehl tessellation in R%, d > 2. As in
the particular Voronoi case (see [5]), we show that the expectation Eg(t), t > 0, is
a functional of the convex hull of a standard d-dimensional Brownian bridge. This
enables us to study the asymptotic behaviour of E¢(t), when ¢t — 01 under suitable
integrability conditions.

Introduction.

The Johnson-Mehl tessellation was introduced in 1939 [6] as a spatial model for crystals
in metallic systems generated by growing random nuclei. Thus, consider a space-time
point process

d={a; = (z;,t;) ERIXx R, i > 1}, d>2.

A nucleus z; € R? is born at time ¢; > 0 and then starts to grow with a constant speed
v > 0, so that y € R? is reached at time

Ti(y) = ti + [lz: — yll /v. (1)

Let
Ci={y e R4 Ti(y) < Tj(y) Vj#i}. (2)

be the associated cell. The set of non-empty cells C; constitutes the Johnson-Mehl tes-
sellation [2]. Throughout this work, ® is assumed to be a Poisson point process with
intensity measure drA(dt), where dz denotes the Lebesgue measure on R? and A is a
locally finite measure satisfying the “canonical” conditions of J. Mgller [9]:

A(]0,00)) >0 (3)

* American Mathematical Society 2000 subject classifications. Primary 35P15, 60D05, 60J65; secondary
52A22, 60G5H5.
Key words and phrases. Brownian bridge, convex hull, eigenvalues, empirical distributions, Johnson-
Mehl tessellations, Laplace operator, Palm distribution, spectral function, stochastic geometry, Voronoi
tessellations.

tPostal address: Université Claude Bernard Lyon 1, LaPCS, Bat. B, Domaine de Gerland,
50, avenue Tony-Garnier F-69366 Lyon Cedex 07, France. FE-mail: Andre.Goldman@univ-lyonl.fr,
Pierre.Calka@univ-lyonl.fr
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A= /p(t)A(dt) < 0 (4)
where

pl0) = exp (—vtas [ (0= )G

and wy = 7¥2/T'(1d + 1) is the volume of the unit ball B(1) in R?. Without any loss of
generality we will choose v = 1.

The condition (4) means that the number of non-empty cells, whose associated nuclei
belong to an arbitrarily fixed Borel subset of R? of finite d-dimensional Lebesgue measure,
has finite expectation.

Remark that in the particular case when A is a Dirac measure, that means in the
case when all nuclei are born at the same time, we obtain the classical Poisson-Voronoi
tessellation [8],[10],[12]. Let us note also that the case d = 1, that trivializes the geomet-
ric structure of cells (which become intervals) is of some interest too; for example as a
stochastic model for DNA replication [1].

A systematic and rigorous study of fundamental properties of the Johnson-Mehl tes-
sellation has been done by J. Mgller [9]. Though, the explicit distributions of principal
geometrical characteristics of the tessellation are still unknown and therefore simulation
procedures have been developed [11].

Throughout this work, we investigate the expectation of the spectral function of the
Johnson-Mehl typical cell by using a method relying on the Brownian motion and devel-
oped in [5] for the Poisson-Voronoi tessellation.

Denote by

p(t) = _exp(—th,),t >0, (5)

n>1

the spectral function of the Johnson-Mehl typical cell C C R? where
D<M <A< <A\ <y

are the (random) eigenvalues of the Laplacian under Dirichlet boundary conditions. Clear-
ly, the spectral function o(t), t > 0, coincides with the Laplace transform of the distribu-
tion function of eigenvalues:

N(t) = 1<yt >0, (6)
n>1
Besides, let
(Wt(s))ogsgta Wt(O) = VVt(t) = O,t > 0, (7)

be a d-dimensional Brownian bridge on the interval 0 < s < ¢, starting at the origin and
independent of the Johnson-Mehl tessellation. Consider then

W(t) = {W,(s);0 < s <t} CR? (8)

the associated path and W(t) its closed convex hull. If t = 1, we note W(1) = W.
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Moreover, for all Borel set C' C RY, let us denote by Vy(C,z,s), x € RY s € R, the
d-dimensional Lebesgue measure of the set

LJ lg(y,Hy-—-$||+-$%

yeC
[ly—z||+s>0

where B(z,r) is the euclidean ball centered at x € R? and of radius r > 0.
We note also Vy4(C,z) = V4(C, z,0).
We prove that the expectation of the spectral function has the following form:

Eo(t) = W /OOO /RE {exp (— /OOO Vi(VEW, 2, u — w)A(dw)) } deA(du), (9)

where E is the expectation associated to the Brownian bridge.

In the Voronoi case [5], we obtained a theoretical expansion of E¢(t) when ¢ — 0F
at any order which is explicit for the first three terms. In the general case of Johnson-
Mehl tessellations, the study of volume Vy(v/2tW (1), x, s) is a more delicate matter so
we limited our investigation to the second order. For measures A satisfying some mild
regularity conditions including usual cases, we prove that:

E@(t):)\(;ﬁ)% _ % / { / 5)i 1A(ds)}2p(t)dt+0(t%%). (10)

It is well-known (see [7], [13], [16]) that for a bounded domain D C R? the associated
spectral function has asymptotic expansion of the form

Va(D) _ T(FI(

(47t)2 It

V(D) +0(5), ast— 0% (1)

op(t —
D( ) 47T%(d— 1) 2 t2—

where V;_1(D) denotes the (d — 1)-dimensional Hausdorff measure of the boundary of D.
Consequently we may anticipate the geometric significance of the two coefficients of
the expansion (10). Indeed, we recover from Mgller’s work [9] that for the Johnson-Mehl

typical cell
el AR ARG R

E(Vi(C) = 5, B(Vaa(0) =

1 Preliminaries.

1.1 The Johnson-Mehl tessellation.

The conditions of J. Mgller (3) et (4) imply (see [9] Prop.3.1.) that the following consis-
tency conditions are verified:
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(P1) For any (c,t) € ® and any vector u € R? there exists (y, s) € ® with
(y—x) -u>ov(s—1),
where - is the usual inner product in R
(P2) Ifi,5 > 1,i # j, then t; # T;(x;).
(P3) (d+ 1) distinct nuclei are always affinely independent.

(P4) A fixed point x € R? can be reached at the same time by at most (d + 1) growing
nuclei.

The non-empty cells C;, defined by (2), are then almost surely closed, bounded and star-
shaped sets; all of them are almost surely convex if and only if A is a Dirac measure. The
set of these cells constitutes a tessellation of R?, that means:

e the cells are space-filling: |J, C; = R%
e they have disjoint interiors;
e they are regular: C; = cl(int C;).

Moreover, for 1 < k < d, any non-empty k-dimensional face (or k-face) defined as the
intersection of (d — k + 1) cells, has Hausdorff dimension & (see [9] Prop. 3.1.). This
implies in particular the normality of the tessellation, that means any non-empty k-
dimensional face is contained in the boundary of exactly (d k“) non-empty [-dimensional
faces, 0 <k <[l <d.

1.2 The Johnson-Mehl typical cell.

Let K be the set of compact sets of R? d > 1, endowed with the usual Hausdorff metric.
The Johnson-Mehl typical cell C is a K-valued random variable whose distribution (the
Palm measure), is well defined by the formula (see [9]):

Eh(C) — Wdl(B)E EBZC#@}L(CZ-—@), (13)

for all measurable function h : K — R, and Borel sets B C R, 0 < V(B) < oo, where
Vi(B) denotes the d-dimensional Lebesgue measure of B.
More generally, we have Campbell’s formula:

/Ef(C y)dy = —E > (G =i m), (14)

:C;#£0

for all measurable function f: K x R — R,
Consider a random “birth time” 7 > 0 independent of the process ® and whose
distribution is (p(t)/A)A(dt). The typical cell can be interpreted (see [9], 3.7.) as the cell
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C ((0,7)|®,U{(0,7)}) associated with a nucleus starting to grow at the origin at time
7 > 0 when we add the point (0,7) to the conditional process

O, = {®| the origin is not covered by any growing nucleus at time 7}.

Remark that this result includes the well-known fact that the typical cell of the Poisson-
Voronoi tessellation (corresponding to the choice A = dy) coincides in law with the cell
associated with the nucleus based at the origin when we add the origin to the point process
o.

For all Borel set A C R? x € R? and t € R, we define Vy(A, z,t) = Vy(A — 2,0,t) as
the d-dimensional area of the set

U Bl.lly -zl +1).

yeA
lly—z||+t>0

We have then:

Proposition 1 Consider a bounded Borel set A C R?. Then

1 o o
P{ACC} = X/ exp {—/ V(A 0,1 — w)A(dw)} Aldu).
0 0
Proof. Let us recall first that for all fixed u > 0, the conditioned process
®,, = {P| the origin is not covered at time u},
is a Poisson point process of intensity measure

L{(zw)eRIxR ||| [+w>u} A2 A (dw).

Using the equality in law
¢ C((0,m)]®, U {(0,1)}),

we have that
P{AcC(C}

- ["piac oo (o0 s

> > p(u)
:/0 eXP{—/Rd/O 1{||y—z||+w<y||+u,VyeA}1{z+w>u}A(dW)dZ} = Aldu)

- /OOO exp {— /OOO Va(A,0,u — w)A(dw) + /Ou wa(u — w)dA(dw)} %A(dw

:%/Omexp{—/OOOVd(A,O,u—w)A(dw)}A(du).

S >
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The values of the expectations of the principal geometrical characteristics of the typical
cell are known [9]. We call V;_(C) the (d — 1)-dimensional area of the boundary 0C =
cl(C)\ int (C) and Ny(C) the number of 0-dimensional faces of C (defined in [9]). We
have (see [9] and [10]):

Proposition 2 (i) EV,4(C) = 1,

(ii) EV;1(C) = §F( 2rta %(d_i I { St = s)-1A( dS)}Qp(t)dt,

1 d+1
(i) BNG(C) = 2412 I o f ey gyi-tn(ds) ) p(t)e

A @+ (£)r(dar )

We can notice that the condition (4) implies that EVy(C) < 400 and E(V;_1(C)) < oo,
that means the (d — 1)-dimensional area of the boundary 9C of the typical cell is, in mean,
finite. Besides, the condition

(Co) /0 N ( /0 t(t - s)d‘lA(ds))de(t)dt <

implies that the number of vertices of the typical cell C is finite in mean.

In the case when A is a Dirac measure (the Poisson-Voronoi case) or a finite linear
combination of Dirac measures, the condition (CO) is satisfied. It is also satisfied with
the choice A(dt) = at’"'dt, « > 0, v > 0 considered by J. Mgller in [9] (the case a = 1,
v = 0 being treated by E.N. Gilbert [2]) with the following numerical values:

_ al'(v/(d+ 7))
(d +7)lowafB(d + 1,7)]7
/OOO {/Ot(t — s)d_lA(ds)}me(t)dt
r ((d+v)g7l:1)—m)

= (af(d, 7))m+1 (@) (mt)—m ’ 1<m <d,
(d+Y)]owaf(d+1,7)]

where (., .) denotes Euler’s beta function .

On the other hand we can connect the typical cell with the cell Cy containing the
origin. More precisely, for all z € R? and for all w € Q, let C(z,w) be the cell containing
the point z. We will note also C(0,w) = Cy(w). For all fixed w, C(z,w) is well defined
if = is not contained in the union of the boundaries of the cells | J, 0C;, which, according
to what has been said, has d-dimensional Lebesgue measure equal to zero. Moreover, if
r € R? is fixed, then we can see easily, by using the point (i) of Proposition 2 and J.
Mpgller’s argument in [10], p.67, that C(z,w) is well defined almost surely. Thus, Cj is
almost surely well-defined and the result proved by Mgller ([10], Prop. 3.3.2.) in the case
of Voronoi tessellations can be generalised to any Johnson-Mehl tessellation, namely:
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Lemma 1 We have:

1 h(Cy) )
Eh(C) = E ) 15
= e ® (7 )

for all measurable and translation-invariant function h : I — R,
In particular,
1

E =\ 16
(Vd(CO)) (16)

We now give the analogue to Proposition 1 for Cj,.

Proposition 3 Consider a bounded Borel set A C RY, containing the origin. Then

P{A C Co} _/ /exp( /vd (A, 2, — )A(dw)) dzA(du).

Proof. By Campbell’s formula (14) we obtain

/P{—a? +ACCHdx = XE ;ﬂ Li—zitacci—a:)

1

It suffices now to use Proposition 1 to get the result.

From Proposition 3 we derive the following consequence:

Proposition 4 We have:
E‘/d(oo) < Q.

Proof. Indeed, by applying the preceding theorem to the Borel set {0} U {y}, y € R,
we obtain:

EV,(Co) = / P{y € Co}dy

- /O h / exp (- /O TVAOY U b — w)A(dw)) dydzA(du).  (17)

Consider now Ty > 0 such that A([0,7p]) > 0. Then, on one hand, we have:

/ OO [ew (— | vattoyu e w)A(dw)) dydiA(du)
< / °° [ew (—wd / [y = ol +u— w)t v (ol + 6 — w>d1A<dw>) dydA(du)
- / °° [ew (—wd / Il + 5 = w) v (flal| + u - w>d]A<dw>) dydzA(du)

<2 /T:O /{Hy<H$H}exp (—u)d /Ou(||a;u +u— w)dA(dw)) dydzA(du)

< Q/TO /1y<x}exp (—wdeH A([0, u]) — wd/o (u—w) A(dw)) dydzA(du)
= Cam Ty < (13
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where 0 < C' < +00.
On the other hand,

/OTO / exp (— /0 h Va({0} U {y}, z,u— w)A(dw)) dydazA(du)
—9 /OTO /{yll<x}exp (— /Ooo Va({0} U {y + 2}, 7, u — w)A(dw)) dydzA(du)

To : |||+
< 2/ / exp (—wd/ (||z|] +u— w)dA(dw)> dydzA(du)
0 JH{llylI<Il=[I} 0
< 20(0,T3)) { / dydz
{lyll<llz||<2To}

[lz||
+wd/ ||:)3||dexp (—wd/ (||=]| — w)dA(dw)> d:v}
{l|=]|>2To} 0

<Ot / p2i=te=eu(3) MOTD gy < o, (19)

2T

where 0 < " < 400 and 0 < C” < 400 are constants.
The points (17), (18) and (19) imply the required result.

O

1.3 Some geometric estimations for the d-dimensional Brownian
bridge.

Let us denote by Vy(C,z) = V4(C,x,0) for any bounded Borel set C C R? and = € R,

d > 2. We obtained a precise formula for V;(C, z) when C' is a convex set [4]. Moreover,

we proved that there exists ty > 0 and a positive constant Ly > 0 such that for every
t € (0,tp), and x € RY,

E (Va(W(21),2) — walall”) — 20022 o

I'(d-1/2)
-1 a-12P((d—=1)/2) 4o -3
—2471(d — 1)x(d=V/ NCEY t|x||97% < Latvt(1 + ||z]|73)(20)

In addition, there exists an explicit constant k; > 0 such that
E{(Va(W(20), 2) = walll|)? } = 42l **2ka2t < LatVi(1 +||2]*2). (21)
In order to study the asymptotic behaviour of V;(W(2t), x, s), when T' — 0T, the principal

idea is to compare the d-dimensional areas V(W (2t), z, s) and Vd(\/ﬁ(gt)7 5(x),0), where
fix)=z+ sﬁ. We obtain:
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Lemma 2 There exists to > 0 and a positive constant K; > 0 such that:

B{VA(W(20),2,5) — Va(W(21), ()} < Kt (||:cud—3 n ﬁ) A (22

for all v € R and s € R, satisfying ||z|| + s > 0.

Lemma 3 There exists ty > 0 and a positive constant K}, > 0 such that:
— _ 2
B { [VaW(20),5) ~ V(W 20), 7))} < Katllal 4+ 11+ s

for all z € RY and s € R, such that ||z|| + s > 0.

The proofs of these results are somewhat lengthy and technical. So, we postponed them
to the Appendix.
Finally, as a consequence of Lemma 2 and (20), we obtain

E {Va(W(21), 2, 5) — wa(llz]| + )"} ~i—o EMoLaa V2t f*(2)]|, (23)

which will be useful in the next section.

2 The spectral function of the Johnson-Mehl typical
cell C.

Let A, n > 1, be the (random) eigenvalues of the Dirichlet laplacian for the Johnson-Mehl
typical cell C. Consider
p(t) =D exp(—tA,),t >0,

n>1

its spectral function. Besides, consider a Brownian bridge
(Wt(s))OSSSt7 Wt(O) = Wt(t) = O,t Z O,

independent of the Johnson-Mehl tessellation. Using the notations of the section, we will
see that the expectation of the spectral function p¢(t) is connected with the “geometry”
of the set W (2t). The probability associated with the Brownian bridge is still noted P.
Let us recall first (see [3], [15]) that the spectral function ¢p(t), t > 0, of any bounded
domain D C R? can be expressed by means of the Brownian bridge under the form:

ep(t) = /DF{x +V2tW C D}dz. (24)

(47t)2

(24) implies in particular the inequality

pp(t) < Va(D). (25)

d
2

(4rt)
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Theorem 1 The following identity holds:

Eoo(t) = W /OOO /R E {exp (— /Ooo ViYW, &, 1 — w)A(dw)) } daA(du).

Proof. Applying (24) to the typical cell C and using Proposition 1, we obtain:

Eo(t) = WE / P{z+ VAW C Clde

_ WE //Ow exp {— /Ooo Vi(VIEW, 2,1 — w)A(dw)} Adu)dz,

which completes the proof of theorem 1.

O

Theorem 1 and the estimations of subsection 1.3 provide the second-order asymptotic
expansion of the function Ep¢(t), t > 0, when t — 0%

Theorem 2 If A satisfies the two conditions

e [ / / WS = 0 - A A}

A([0,¢])p(t)dt < oo,
<cz>/0 /RdE{A([IIxII T, fe| 4w+ MI)2 MY (|2l + w)daA(du) < oo,

then we have the following expansion when t — 07 :

E(Vu(C)  T(HHI(
(47t)s  Ax:(d—1)!

d
B (t) = ;Z E(V1(C)) + O(=m). (26)

¢l
Proof. First let us establish the following intermediate lemma:

Lemma 4 If A satisfies (C1) and (C2), then we have in the neighborhood of the origin:

{/ /Rd (1 - (/ Va(V2tW, 2,1 — w)A(dw)

l|@|[+u
—/0 wa(||z|| +u — w)dA(dw))> p(||z|| + u)d:)sA(du)} + O(t).

)\(47rt) 2Ep(t)

Proof of lemma 4. Write first Ep(¢), t > 0, on the following lines

A(4rt) 2E<p / /exp{/ Va(V2AW, z, u — w)A(dw)
B /0||m||+uwd(||xH +u— w)dA(dw)}p(HxH + u)dzA(du),
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and let us prove that we can replace the exponential term above by the two first terms of
its expansion.
Let us consider

D(2t,z,u) = / Va(W(2t), z,u — w)A(dw)
0
]| +u
—/ wa(||z|] + v —w)*A(dw), t>0,7€ R u>0.
0
Then, using Taylor’s formula with integral rest, we obtain that

exp{—D(2t,7,u))} — 1+ D(2t,z,u) < =[D(2t, x,u)]*.

N —

As a consequence, it suffices to show that the following integrals,

7, = /OOO /RE { (ATH VAW (28), 2,1 — w)A(dw))2} p(l[2]] + w)dzA(du),

00 l|o||+u —~
7, = /0 /RdE </0 [Va(W(2t), z,u — w) — Vag(W(2t), f“‘w(x))U\(dw))

p(||2] + w)dzA(du),

) . [|]|+u . 4 2
n-[ [E (/ (Va2t, £ (@) = o]+ w — w) >A<dw>>

p(|2]| + w)dzA(du),

2

are O(t) when t — 07. Let us focus on the first integral Z;:

0o [|z||4+u+DM(2t)
A Va(W (2t), z,u — w)A(dw) = / Va(W (2t), z,u — w)A(dw)

x||4+u z||4+u
< Va(W(2t), 2, =[] )A([l]]] + u, [[«]] + u+ M (2t)])
< wa(2M (20)) A([ll=]] + w, ll=]] +u+ M(20)]),  (27)

where M (2t), t > 0, is the maximum of the radial part of the Brownian bridge on the
interval 0 < s < 2t. So, using (27), and the identity in law M (2t) e V2tM (1) = 2t M,

we obtain for t < % that

7, < (2t)° /OOO/R A% PE LA ([)o]] + u, | |2]] + w + M(1)])* M(1)**} p(|2|| + w)dzA(du).

Therefore, using the condition (C2), we have that

7, =0@%, t— 0" (28)
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Now we take into consideration Z,. By using successively the Cauchy-Schwarz inequality
and Lemma 3, we obtain:

o |||+ —
1, < / / E{ / |w<w<2t>,x,u—w>—vd<w<2t>,f“-W<x>>|2A<dw>}

A, el |+ (] + w)deA(du)
o 2]+
<eac[ [l ( | - w|2d—2>A<dw>>
A, ol -+ (] + w)deA(du).

where 0 < A < 0o is a constant.
Thus since A satisfies (C1), we deduce from the preceding inequality that

I, =0(), t— 0. (29)

Besides, we treat likewise the third integral Z3 by using first the Cauchy-Schwarz inequal-
ity, then (21) which specifies the deviation [Vd(W(Qt), fe(x)) — wa(l|z|| + u — w)d] in
quadratic mean, and finally the fact that A satisfies condition (C1). Thus,

I;=0(t), t—0". (30)

In conclusion, (28), (29) and (30) imply the statement of Lemma 4.

Returning now to the proof of Theorem 2, we remark that (27) implies too that

/1. {/mm W (20).0 = w)Aw) b alal] + o) = O, ¢ — 0%

(31)
Thus, we deduce from (31) and Lemma 4 that, when ¢ — 07,

(47Tt) AEp(t)
||| +u
g / /R { / (Va(W(28), 2,4 — w) — wal(l]| + u — w)") A(dw)}
p(|]z|| + w)dxA(du) + O(t).

Now, using the same arguments as in the proof of (29) and Lemma 2, we obtain when
t— 0t

/0 / E{ / m<w<2t>,x,u—w>—vd<w<2t>,f“—w<x>>|A<dw>}

p(||z]| + w)dzA(du) = O(2),
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and finally, (20) and Proposition 2 (ii) imply that

[|]|4u e
//Rd {/ Va(W (2t)>fu_w($))—wd(||$||+u—w)d)A(dw)}

p(llz|] 4 u)dzA(du)
2T (HHT(G)
 (d—-1)!

VINE(V,_1(C)) +O(t), t— 07,

which completes the proof of Theorem 2.

O

Remark 1 The conditions (C1) and (C2) are both satisfied in the usual cases considered
in section 1.2. In the case when A # ¢y, the boundary of Johnson-Mehl cells is the union
of parts of hyperboloids and admits discontinued tangent hyperplanes . For such domains
there is no results (to our knowledge) related to the third term of the asymptotic of
©p(t), t > 0. Consequently it would be interesting to manage, at least for some particular
measures A # &y and even in dimension d = 2, the three-order expansion.

Appendix

Proofs of Lemmas 2 and 3.
The case s > 0.

Let us introduce first some new notations. For y € \/7\\7(215), uw € S and x € R?, we
consider:

(i) H,. the hyperplane perpendicular to u containing y;
(i) £(u) = {y € W(20); o 0 (f*(2) + Rou) # 0);
i) () = { g1/ o) S0 SEC,

I

if not

(iv) p(y,u) the distance between f*(x) and the point of intersection of the ball B(y, ||y —
x|| + s) with the half-line f5(x) + R u;

(v) r(y,u) = p(y,u) — 2l(y,u) > 0;
(Vi) lma:c(u) = Supyef)\v(gt) l(yv U)7
(Vii) Pmazx (u) = Supyg\/ﬁ(gt) p(y> u)

Notice that the following inclusions are satisfied:

U Bw|y-r@hc U Buly-sl+9c U Bully—al+s). (32

yEW (2t) yEW (2t) yeW (2t)
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We can determine the d-dimensional area of the set

U Bwlly—=l+9\| U B

yeW (2t) yeW (2t)

y— @]

by integrating (as in the case s = 0 studied previously [5]) in spherical coordinates (taking
f*(z) for the origin):

vi| U Bwlly-all+9| -va| U Bw.|ly-rw|

—

yEW (2t) yeW (2t)
pras() 1 d d
:/ / rdrdvg(u) < / = sup (p(y,u)* — (2U(y,w))?) dvg(u). (33)
841 J2maq (u) sd=1 &y eW (21)

For u € S ! and y € £(u), we have:

r(y,u)® + 2y, w)r(y,u) = (ly — 2/l + 5)* = |ly = f*(2)|?
= 2|ly — z[[s(1 - cos B(y)),

where 3(y) denotes the angle spanned by the vectors 77 and 20.
If y ¢ E(u), we have also

r(y, w)® + 2U(y, —w)r(y, u) = 2|y — |s(1 - cos B(y)).
Remark that ((y) satisfies the following inequality:
||z sin B(y) < [|yl| < M(2¢), (34)

where M (2t) denotes the maximum of the radial part of the Brownian bridge.
Elsewhere, let My(2t) be the maximum of the projection of the Brownian bridge

Wgt(S), _

0 < s < 2t, on the oriented line ROx orientated by that vector. If My(2t) < ||z||, then

B(y) € [-5, 5] and (34) implies that

) M (2t)?
(1= cos () < s 50 < 210
In conclusion, for all y € \/7\\7(215), we get
5 M(2t)?
T‘(y, u) —+ 2l(y, U)T(y, u) S 1{M(2t)§||:c||}2<M(2t> + HSL’H)SW + 1{M(2t)>HxH}8M(2t)8
2
< Leo<)jalp4 ) $ + L{nrat)>(121y8M (21)s. (35)

||
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Now using (32), (33) and (35), the equivalence in law M (2t) = /2t M, My(2t) = /2t M,
the fact that the moments of M are finite, and finally the obvious estimation I(y,u) <
(||z|| + s + M(2t)), it follows that

E{Va(W(2t),z,5) — Va(W(2t), f*(2))}

= /gdl éE { Sup (Z () r(y, U)i(Ql(y, U))d_Z) } dvg(u)

yeEV2EW(1) \i=1
d i
< K{E {hqum <M2<||x|| ) 08 e+ 0 (W) )
+ L)) ((S RN zd: et mmd_i(sm;) }
<tA <||x||d_3 + ||17H) (s+s7Y), zeRY s>0, t<1/2,

where K and A are positive constants.

Consequently, Lemma 2 is proved for s > 0.

In the same way, we obtain the following inequality valid for all ¢ > 0 chosen small
enough:

B [Viwan.2.) - va(Ween. )] |
< KE {1{mM<||x||} (t?M‘*me A e () )

d
—|— 1{\/%M>H$H} (t(s _'_ M)d_252M2 + Zt(s + M)2d_2i(8M)i> }

1=2
<tA(||lz|P2+ DA+ 5272, 2eRY s>0, t<1/2,

where K and A are positive constants. Thus Lemma 3 follows.

The case s < 0 with ||z|| +s > 0.
Note that we have

U Bwlly-=l+sc [J Blylly— @l

yeW (2t) yeW (2t)
[ly—z||+s>0

Consider a vector u € St such that H, N (f*(x) + R u) # 0. Then the hyperplane
H, contains at least one extreme point of V/\\7(2t). This fact implies (according to [14],
corollary 18.3.1) that H, contains at least one point of the Brownian path W(2t). Fix
then a point y, € H, N W(2t) and notice that

By |lyu — [ +5) 0 (f*(z) + Ryu) # 0
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if and only if
(lye = @[+ 9)* = [lyu — f*(@)|]> = m(f*(z),u)*,
which means

m(f*(x), u)* = 2|s]]|yu — @[|(1 = cos B(yu))- (36)

Moreover, if B(yy, ||yu — || +5) N (f*(x) + Ryu) # 0, then that intersection is a segment
whose extremities are respectively at distance r(u) and 2m(f*(z),u) — r(u) from f*(x).
When the intersection is empty, we will note r(u) = m(f*(x), u).

From the obvious inequality

2m(f* (z),u)—r(u)
Vi(W(28), 7, 5) > / - / L dpdvg(u)
STUA(W (2t),f5(x)) J 7(u)

we deduce that

/\

W(2t), f Va(W
T(u 2m(f* (x),u)
< / o ldp + / oLdp | dva(u)
STUA(W (2t),f4 (2)) 2m(fs (x),u)—r(u)
1 d
< / ' ( +2 <‘z>r<u>fq<u>d-l> dvy(u), (37)
STUA(W (2t),£5 (z)) i1

where q(u) = 2m(f*(z),u) — r(u).
Let us estimate the length r(u):

(@) If B(yu, ||y — || + 5) N (f*(x) + Riu) # 0, we obtain (proceeding in the same way
as in the case s > 0) that

r(w)? + 2(q(u) — m(f* (), u))r(u) = —r(w)* + 2m(f*(z), u)r(u)
= 2l[yu — [[|s|(1 = cos B(yu)),

which implies that

2 M(2t)?
r(u)” + 2q(u)r(u) < Len<=n Kls|——— T2l + Lnens iz K |s|M(2t),  (38)

where K, K’ are positive constants.
(B) I B(yus |lyu — =[| + 5) 0 (f*(x) + Ryu) = 0, then
m(f*(x),u)* = r(u)® < 2(1 = cos B(ya))|slllyu — =],

and consequently, the majoration (38) is still valid.

182



Now using (38), the inequality ¢(u) < 2(||z|| + M(2t)) and the equivalence in law due to

the

scaling-property of Brownian bridge, we infer from (37) that:
E{V(W(2t), f*(2)) = Va(W(2t), 2, 5)}

d
— _ i_ i i _3i
< KtE{l{\/ﬂM(l)gHmn} <|5|M2||$Hd St g (2t)2 Y |s|/2 M| ]| 2) +
=2

M1 .22 27172 3
Laint (1> lal ) <‘ ‘( )\/— +;‘3W(t) NGT )}

1
W) (sl +1s1*™"), z€R% s <0, |lal[+5 <0, t<1/2,

< At (||a:||d—3 ;

where K and A are positive constants.

So Lemma 2 is proved for s < 0. The proof of Lemma 3 is analogous to that presented

in the case s > 0.
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7.3 A new calculation of the moments of the unoc-
cupied part of a circle by a random covering of
i.i.d. intervals of fixed length.

Let us consider for a fixed p € N*, p i.i.d random variables Uy, ---, U, p uniformly
distributed on the circle of circumference one. Considering a given symmetric relation R
on the set {1,---,p} (or equivalently a graph I' on a set with p vertices), we want to
calculate the probability

fr(R) = f.(I') =P{|U; — Uj| > r Vi, j such that iRj}, r >0,

where |z — y| denotes the arc length between two points = and y of the circle C.
The following lemma provides some elementary properties of the function f,.

Lemma 7.3.1 (i) f. is a decreasing function for the inclusion of the symmetric relations ;
(ii) Let T = | |I" T be the decompostion in connex components of the graph T'. Then

fr(r) = Hfr(rz)v

i=1

(iii) Let Iy be the graph connecting any couple of points (i,j7), i # j. Then

fr(To) = (1 —pr)i . (7.7)

Proof. The points (i) and (ii) are clear. It remains to demonstrate the point (iii).

To this end, we fix a reference point ug on the circle C' and we consider the random
permutation © (which is unique almost surely) such that Ugy, - - -, Ug(p) are in trigono-
metric order from ug. We denote by L;, 1 < i < p, the arc length between Ug(;41) and
Us(;) (with the convention O(p + 1) = ©(1)).

Since the distribution of the vector (Ui,---,U,) is exchangeable and invariant by
translation on the circle, © is uniformly distributed on the set S, of the permutations of
p elements and the distribution of (Ly,---, L,) is the (normalized) uniform measure o,

on the simplex
p

() € 0173 1 =1}

i=1

Consequently, we have

fr(Lo) = P{|U; = U;| > rVi# j}

p
= /H 1(7’,1](lz)d0'p(l17 e 7lp)-
i=1

We calculate the last expression by classical integration methods in order to obtain the
formula (7.7).
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The following proposition provides in some cases the explicit calculation of the function

fr-

Proposition 7.3.2 Let I' be a graph such that two connected points cannot be connected
by a path without edges. Then

FT) = = > (1= e

TES)

where nr(T) denotes the number of edges we meet when we follow the circuit T(1), 7(2),
-, 7(p), T(1).

Proof. © and L,,---, L, being as in the preceding proof, we have

£(T) = Y P{|U; - Uj| > rVi,j such that iRj; © = 7}

TES)

1 o i -
= ZP{\UZ-—Uj\ > r Vi, j such that iRj|© = 7} (7.8)

T TES,
We have to calculate for each fixed 7 € S, the probability
P{|U; — U;| > r Vi, j such that iRj|© = 7}.

Let us denote by I.(R) the set {1 < i < p; 7(i) R7(i + 1)} and nr(7) = #I.(R). We
then have

P{|U; — U;| > r Vi, j such that iRj|© =7} =P{L; > rVie I.(R)}. (7.9)

Indeed, conditionally to {© = 7}, if |U; — U;| > r for all ¢, j such that ¢Rj, in particular
we have |Uy 41y — Ury)| = L; > r for all i in the set I.(R).

Conversely let us suppose that L; > r for all ¢ € I.(R) and consider a couple of
integers (i, 7) such that i = 7(k), j = 7(), k < [, and iRj.

There then exists m € [k,l) such that m € I[(R) because otherwise 7(k),7(k +
1),--+,7(l) would be a path without edge between i and j, which is excluded. Conse-
quently since L,, > r, a fortiori |U; — U;| > r. The equality (7.9) then is proved.

It remains to determine the probability P{L; > r Vi € I,(R)}. The distribution of the
vector (Lq,---,L,) being the measure o,, we obtain after some calculation that

P{LZ >rVi S IT(R)} == / H 1(r71}<li>d0'p(l1, e ,lp)

i€l (R)
= (1—#I(R) xr)"!
= (1 —np(r)r)r L. (7.10)

Inserting the result (7.10) in the equality (7.8), we deduce Proposition 7.3.2.
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Let us now consider the following problem : we place at each point U;, 1 < ¢ < p, an
interval of the circle A(U;) centered at U; and of length 2r. We want to determine the
different moments of the Lebesgue measure L(Uy,--- ,U,) of the unoccupied part of the
circle. These calculations have already been completed by Siegel [80]. We here provide in
the next theorem a new way to obtain the results of Siegel by using Proposition 7.3.2.

Theorem 7.3.3 For every n € N, we have

s (7]) B Qe

with the convention (7) =0 if s > r.

Proof. Let us consider a sequence {V;;i > 1} of i.i.d. variables uniformly distributed on
the circle, and independent of the sequence {U;;1 < i < p}.

Using Fubini’s theorem, we can rewrite the n-th moment of L(Uy,---,U,) in the
following way.

E (LU, -, U)") = P{Vi,---,V, & U_ AU}
= P{|V; - Ui| >rVi,j;1 <i<p1<j<n}
= Jr(Anp), (7.11)

where A, , is the graph with n + p vertices separated into two parts A; and A, such that
#A1 = n and #A, = p, every vertex of A; is connected by an edge to every vertex of A,
and there is no connection between two vertices of a same part.

Applying then Proposition 7.3.2 whose hypothesis is clearly satisfied by A, ,, the
equality (7.11) implies that

1

E(L(Uy, -, Up)") = m+p)! Z (1 —na,, (7)) P!
= 2 Ml 1 (712

where N, ,(1), I > 0 denotes the number of paths which contain exactly [ edges.

Let us remark that the definition of A, , implies that the number of edges that a path
crosses is exactly the double of the number of travellings from from A; to As. Consequently,
N, (1) is different from zero if [ is even and 2 <[ < 2min(n,p).

For every 1 < k < min(n,p). let us denote M,,(k) (respectively M/ (k)), m > k, the
number of ways to sort m elements and divide the sorted elements into k classes, where
we suppose the first element can (respectively cannot) be in the same class as the last.

We then have the equality

Nop(2k) = M, (k) x M.(k) + M., (k) x M,(k). (7.13)
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In addition, we can determine the expression of M,,(k) (respectively M/ (k)), m >k >1:

Mo, (k) = m! (7]’;) and M’ (k) = m! (TZ__ll) (7.14)

Inserting the result (7.14) in the equation (7.13), we then obtain

nl(n—1)pl(p —1)!

Nap(2k) = Kl(k—1)!(n—k)!(p—k

)!(n+p).

Using (7.12), we deduce that

) 1 PP i — 1)Ipl(p — 1) n-p—1
E(L(Uy,---,U)") = mtp—1D) ; k[(k_1)!(n—/{:)!(p—/€)!(1_2/{:7’)+

Y S -

k=1

This completes the proof of Theorem 7.3.3.
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Probléemes ouverts.

Chapitre 2.

2.2. et 2.3. (i) Les résultats de ces parties concernent uniquement des mosaiques deux-
dimensionnelles. Cependant, les propositions fondamentales (Propositions 1 et 2 du second
article) se généralisent aisément aux dimensions supérieures. Dans le cas de la mosaique
poissonienne d’hyperplans, le role qu’avait le périmetre du polygone dans la formule (22)
est tenu en dimension n > 3, par le diametre moyen d’un polyedre. La difficulté pour
expliciter les différentes lois est donc d’ordre purement géométrique : pour ce qui est
de la mosaique de Poisson-Voronoi, il faut savoir exprimer en fonction des coordonnées
sphériques des voisins de l'origine le volume du domaine fondamental associé au polyedre
formé par les hyperplans médiateurs entre 1'origine et ses voisins. Pour cela, nous dispo-
sons de la formule théorique fournie par la proposition 2 de I'article 3.2 qui est valable
en toute dimension. Le grand nombre de parametres (toutes les coordonnées sphériques
des voisins), rend ardu le calcul intégral. Il en va de méme dans le cas de la mosaique
poissonienne d’hyperplans pour exprimer explicitement le diametre moyen du polyedre
formé par tous les hyperplans polaires qui bordent la cellule de Crofton.
(ii) Les formules obtenues en dimension deux sont exactes et permettent le calcul numé-
rique approché aussi précis que désiré. Elles sont cependant peu maniables, plus parti-
culierement 1’expression des lois de l'aire et du périmetre. Il parait difficile par exemple
de retrouver a partir de ces formules les valeurs des moments connus par ailleurs. Les
résultats de 'article 2.3 ne permettent pas non plus a priori d’obtenir une estimation
asymptotique précise des queues des lois.
(iii) Rappelons que A. Goldman a obtenu par des techniques tout a fait différentes un
équivalent logarithmique de la queue de 'aire de la cellule typique (resp. de la cellule de
Crofton) d’une mosaique poissonienne de droites. Il serait intéressant d’avoir un résultat
équivalent pour la cellule typique de Poisson-Voronoi. En effet, on pourrait ainsi comparer
les lois des aires de la cellule C et du plus grand disque inscrit dans C et en déduire une
forme équivalente de la conjecture énoncée par D. G. Kendall dans le cas des mosaiques
poissoniennes de droites : lorsque l'aire de la cellule typique est “grande”, sa forme est
“approximativement circulaire”.

Toujours dans le cadre de cette conjecture, il serait intéressant de prouver que le
nombre de cotés de la cellule typique “croit” avec son volume et de fournir une estimation
de sa vitesse de croissance.
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2.4. (i) De méme, on peut se demander s’il serait possible de prolonger les résultats
obtenus sur la loi conjointe des rayons R,, et Rj; en dimension supérieure. En effet,
la liaison fondamentale fournie par le théoreme 2 du paragraphe 2.4 entre la fonction
de répartition de R, et le recouvrement du cercle par des arcs aléatoires indépendants
et identiquement distribués peut se généraliser en conservant les mémes arguments de
démonstration. En dimension d > 3, il faut alors considérer le recouvrement de la sphere
(d — 1)-dimensionnelle par des calottes i.i.d. dont les centres sont de loi uniforme sur la
sphere et dont les rayons suivent une loi que l'on peut expliciter. Cependant, on ne dis-
pose pas de beaucoup de résultats sur ce nouveau modele de recouvrement. Le cas ou les
calottes ont des rayons constants et tous égaux a été abordé notamment par P. Hall [32],
mais nous n’avons aucun moyen de comparaison avec les recouvrements par des calottes
de rayons aléatoires.

(ii) Par ailleurs, notons R; (resp. R¢) le rayon du plus grand (resp. petit) disque inclus
dans (resp. contenant) la cellule typique C. En d’autres termes, R; et Rc sont les vrais
rayons de disque inscrit et circonscrit de C. Leur définition est intrinseque a la cellule
typique et ne dépend pas de la réalisation C(0), contrairement aux rayons R,, et Ry;. On
a trivialement les inégalités

R,, < R; < Rc < Ry,

mais la question de la détermination de la loi de R; ou R¢ reste ouverte. On sait tout
de méme en utilisant le résultat asymptotique donné par le théoreme 5 que pour tout
—l<ac<i

3

lim P{Rc>r+ i|Rm =r}= lim P{Ry >r+ i|Rm =r}=0.
r—-+00 re r——+00 ro

(iii) Enfin, le théoreme 5 exprime 'idée qu’avec une “forte probabilité”, quand le rayon
R, est “grand”, la frontiere de la cellule typique se trouve dans une couronne d’épaisseur
de l'ordre de Ry, Cependant, cela ne résout pas totalement la conjecture de D. G.
Kendall citée plus haut. En effet, il peut arriver que la cellule C'(0) soit de forme tres
effilée, c’est-a-dire avec une aire grande mais un rayon R, petit. Il faudrait donc justifier
rigoureusement que 1’on se trouve dans de tels cas avec une probabilité “faible”.

Chapitre 3.

Les problemes ouverts concernant le spectre du Laplacien de la cellule typique de
Poisson-Voronoi sont présentés dans la derniere partie de I'article 3.2. Principalement, il
reste a :

(i) comprendre la signification géométrique du troisieme terme du développement de
I’espérance de la fonction spectrale au voisinage de ’origine pour les dimensions supérieures
a trois;

(ii) tenter de poursuivre le développement en calculant certaines covariances associées au
pont brownien ;

(iii) prolonger le résultat asymptotique sur la transformée de Laplace de la premiére valeur
propre en dimension supérieure a deux.
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Comme il est dit dans l'article (partie 5, (iv)), il suffirait pour obtenir le point (iii) ci-
dessus de disposer d’un équivalent logarithmique de la fonction de répartition du diametre
moyen de ’enveloppe convexe de la trajectoire du pont brownien. Une autre méthode se-
rait d’estimer la transformée de Laplace du volume de cette enveloppe convexe en la
comparant a la saucisse de Wiener pour laquelle des résultats asymptotiques précis ont
été obtenus [19], [88].

Chapitre 6.

(i) Le modele de fissuration proposé est unidirectionnel. Il serait intéressant de proposer

une généralisation au moins deux-dimensionnelle de la construction des positions des
fissures qui tiendrait compte de la relaxation de contrainte. On peut songer au réseau
aléatoire, proposé par M. Schlather et D. Stoyan [78], obtenu en réduisant les arétes d'une
mosaique de Poisson-Voronoi.
(ii) La zone de relaxation choisie est constante dans notre travail. Il serait plus cohérent de
la prendre aléatoire pour chaque fissure, d’autant plus que cette zone dépend également
de la longueur de la fissure elle-méme sur le dépot (rappelons que dans notre modele,
nous avons supposé les fissures toutes paralleles et de longueur infinie). Il serait donc
intéressant d’associer a chaque position de fissure “potentielle” une distance de relaxation
aléatoire suivant une loi fixée. Dans ce contexte, la construction du processus stationnaire
des fissures sur la droite réelle avec hypothese de relaxation de contrainte est toujours
possible, de méme que 'application de la formule de Slivnyak conduisant & une expression
simplifiée de I'intensité du processus et de la loi de la distance inter-fissures typique (voir
la proposition 4 de l'article). La généralisation de 1’équation fonctionnelle est plus difficile
et on ne peut donc pas dire s’il est envisageable d’obtenir des formules explicites comme
dans le cas ol la zone de relaxation est de longueur constante.

On peut aussi songer a adopter un modele dynamique dans lequel cet intervalle gros-

sirait progressivement avec le temps jusqu’a atteindre une valeur limite. Les mosaiques
de Johnson-Mehl unidimensionnelles pourraient jouer un role dans ce contexte.
(iii) Certaines questions restent ouvertes sur notre modele proprement dit. Par exemple,
on ne sait toujours pas déterminer, a niveau de contrainte fixé ou a saturation, la loi (ni
méme la moyenne) du nombre de fissures dans l'intervalle [0.L]. Par ailleurs, le calcul
de la loi de la premiere fissure a droite de 'origine dans le modele bilatéral (c’est-a-dire
inf{A. "R, }, € >0, n’a pour 'instant pas abouti.

Autres problemes (non abordés dans cette these).

La mosaique de Poisson-Voronoi est utilisée classiquement pour modéliser les matériaux
biphasés et étudier leurs propriétés physiques par des techniques de simulation [40]. Il se-
rait intéressant dans ce contexte de disposer d’un théorie de la conductivité thermique. Ce
probleme est lié a I’étude de la trajectoire d’'un mouvement brownien dans la mosaique de
Poisson-Voronoi, indépendant de cette mosaique et “changeant de vitesse” lorsqu’il tra-
verse une frontiere. On pourrait également songer a exploiter le comportement (récurrence
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ou transience) d’une marche au hasard simple sur I’ensemble des germes, c’est-a-dire la
mosaique duale de Delaunay.
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