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Chapitre 1

Introduction

Dans cette thése, nous nous intéressons a divers problémes d’estimation fonctionnelle par
sélection de modeéles construits sur des partitions en intervalles ou rectangles dyadiques. La
procédure statistique que nous étudions s’inscrit plus généralement parmi les procédures non-
paramétriques possédant des propriétés d’adaptation spatiale au sens minimax, notions que
nous rappelons en début d’introduction. Puis nous exposons le principe de sélection de modele
sous-jacent & notre procédure et rappelons les principales collections de modéles utilisées jus-
qu’ici. Nous décrivons alors les collections de modeéles sur lesquelles sont basés les travaux des
chapitres suivants, en indiquant les quelques résultats déja établis & leur sujet. Nous poursuivons
par un état de 'art des diverses procédures spatialement adaptatives. Enfin, nous présentons
notre contribution, au regard des différentes procédures existantes.

I.1 Cadre général et exemples de référence

Dans cette introduction, nous nous placerons dans le cadre général suivant. Etant donné
un entier n > 1 fixé, on observe n variables aléatoires Y7,...,Y,, définies sur un méme espace
de probabilitée (£2,.4,P), a valeurs dans un borélien ) de R?, ou d € N*. La loi de probabilité
du vecteur Y = (Y3,...,Y},) est inconnue, mais appartient a une famille de lois {Ps}ses qu’on
appelle modéle. On suppose de plus que pour (s,t) € S?, P, = P, si et seulement si s = t. Sous
cette hypothése d’identifiabilité, il existe un unique élément s dans S tel que P;s soit la loi de
Y, et on utilisera indifféremment le terme de modeéle pour désigner {Ps}scs ou S. Par ailleurs,
le modéle est supposé non-paramétrique, au sens ou S n’est pas une partie d’'un sous-espace
vectoriel de dimension finie et indépendante de n. Notre objectif est alors d’estimer 1’élément
s de S tel que P; soit la loi de Y, c’est-a-dire de construire a partir de I'observation de Y une
« bonne approximation » de s. Plus précisément, il s’agit de déterminer §, fonction mesurable
de Y définie sur (€2, .4,P) et a valeurs dans S. Une telle fonction est appelée estimateur de
s. Nous considérerons en fait des estimateurs de s a valeurs dans un sous-ensemble M de S,
sans pour autant supposer a priori que s appartienne & M : ce sous-ensemble est un modele
approché pour s, que nous appellerons encore, pour simplifier, modeéle, et qui lui aussi pourra
étre non-paramétrique.

Décrivons deux problémes fréquemment étudiés en estimation non-paramétrique, et per-
mettant de ce fait de comparer les performances de différentes procédures statistiques. Dans
chacun de ces deux problemes, il s’agit d’estimer une fonction s a valeurs réelles définie sur
[0, 1]. Etant donnée une partition m de [0, 1] en un nombre fini d’intervalles, on peut considérer
comme modeéle approché pour s l'espace S,, des fonctions a valeurs réelles, définies sur [0, 1] et
constantes sur chaque intervalle de m, 'estimation de s se ramenant alors & celle d’un nombre
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12 INTRODUCTION

fini de parameétres. Bien que S;, soit de dimension finie, ce modéle peut étre non-paramétrique
dans la mesure ot m peut dépendre de n, notamment via le nombre ou la longueur des inter-
valles qui la composent. Un estimateur usuel & valeurs dans le modéle approché S,,, auquel
nous ferons réguliérement référence dans la suite, est ’histogramme construit sur la partition
m. Nous en rappelons la définition pour chacun des problémes suivants.

Probléme 1 : Estimation de densité.

Soit S l’ensemble des densités de probabilité par rapport a la mesure de Lebesgue p sur [0, 1].
On observe Y1, ..., Y, variables aléatoires indépendantes et de méme loi, admettant une densité
s € S inconnue, que l’on souhaite estimer. L’histogramme construit sur la partition m est défini

par
n= 3 1 Z” ,
Sm = ('I’LM(I) i=1 II(K)) ]II,

Iem

et 4 valeurs dans le modéle approché S N .Sy,.

L’histogramme $,, est en fait une version empirique de la projection orthogonale de s sur S,
pour la norme Lo.

Probléme 2 : Estimation de la fonction de régression.

Soient S ’ensemble des fonctions définies sur [0,1] a valeurs réelles et (x1,...,xz,) un vec-
teur déterministe de [0,1]" donné. On observe un vecteur aléatoire Y = (Y1,...,Y,) de R" a
coordonnées indépendantes tel que, pour une certaine fonction s € S,

Y; = s(x;) + ogi,i=1,...,n, (I.1.1)

avec 0 > 0 supposé connu et (£;)1<i<n variables aléatoires non observables, supposées indépen-
dantes et de lot normale centrée réduite. Il s’agit alors d’estimer la fonction de régression s.
L’analogue dans ce cadre de 'histogramme est le régressogramme construit sur la partition m

défini par
1 n
Sm = _ Yil;(z;) | 1.
Z (Zi:l 1 () ZZ:; >

Iem

Afin de pouvoir juger de la qualité d’un estimateur de s, il est d’'usage de se donner une
fonction de perte ¢, c’est-a-dire une fonction définie sur S x S & valeurs dans R,.. Généralement,
S est muni d’une semi-distance d et on considére une fonction de perte de la forme dP, ou p est
un entier naturel non nul. Lorsque Y suit la loi Ps, on note Py la loi de probabilité sur (€2, .4)
telle que, pour tout borélien B de ),

Py(B) =P;({w € Q t.q. Y(w) € B}).

On utilise alors comme critére de qualité d’un estimateur § de s son risque pour la fonction de

perte £, défini comme
se8— Eg[l(s,s)],

ou E; désigne l'espérance sous la loi P,. Par commodité, sous ’hypothése que S C Ly(][0,1]),
on considére souvent le risque quadratique intégré

seS— Eg [||s—§||2],

ou ||.|| désigne la norme usuelle sur Ly([0,1]). De maniére générale, pour ¢ > 1, on définit le
risque L, intégré par
seS—E, [HS — §||g] ,
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ou ||.||4 désigne la norme usuelle sur L, ([0, 1]).

Dans ’ensemble de cette thése, la lettre C' désigne un réel positif non nul, dont la valeur
peut changer d’une ligne a l'autre. La notation C'(#) indique que ce réel dépend éventuellement
d’un paramétre 6.

I.2 Adaptation au sens minimax, adaptation spatiale

Cette partie est consacrée au point de vue minimax en estimation non-paramétrique. Nous
évoquons en particulier quelques points fondamentaux tels que la décomposition biais-variance
du risque d’un estimateur basé sur un modéle, les limites de l’estimation basée sur un seul
modele, la notion d’oracle, et soulignons les liens étroits entre estimation minimax et théorie
de 'approximation.

1.2.1 Estimation basée sur un modéle et compromis biais-variance

Placons-nous tout d’abord dans le cadre d’estimation de densité introduit au paragraphe 1.1,
en supposant de plus les éléments de S de carré intégrable. Fixons une partition m de [0, 1],
notons Dy, la dimension de ’espace vectoriel S,, défini au paragraphe précédent (qui n’est
autre que le nombre d’intervalles de m) et s, la projection orthogonale de s sur S,,. D’aprés
le théoréme de Pythagore, le carré de la distance entre s et ’histogramme §,, est la somme
d’une erreur déterministe et d’une erreur stochastique :

s — §m“2 = s - Sm”2 +1[8m — SmH2-

Etant donnée I'expression de §,, et puisque les (Y;)1<i<n sont indépendantes, on en déduit la
décomposition du risque

. 1 Vary(I;(¥1))
Es [Is = 3ml?] = lls — s + = Y —0
[lls = 8ml*] = lls = smll” + —

= )
s 2y Jrs(oSrs)

Le premier terme, appelé terme de biais, correspond & une erreur d’approximation par le modéle
Sm, et le second, appelé terme de variance, a une erreur d’estimation au sein du modéle S;,.
Sous certaines hypothéses sur s, le terme de variance est exactement de l'ordre de D, /n. Plus
précisément, on peut montrer que

. D, -1 R D, —1
Is = sl + (jnf 5) 2222 < B[l = sl] < s = sl + NP2 (122)
0,1] n n
ou N(s) = 1 si la partition est réguliere (par un argument de convexité) et N(s) = ||s]loo

sinon. L’encadrement ci-dessus donne lieu & plusieurs commentaires. Afin que le terme de biais
soit faible, il est tentant de considérer S, de grande dimension, d’ou un terme de variance
élevé. En revanche, si S;, est de petite dimension, c’est le terme de biais qui est susceptible
d’étre grand. Aussi, choisir un modéle S, pour lequel le risque est faible nécessite de réaliser
un bon compromis entre ces deux erreurs, qui, typiquement, varient en sens contraire lorsque
la dimension de S,, croit. Soulignons que la nature du modéle S,, a également son importance
pour contrdler le terme de biais. En effet, & dimension fixée, un modéle associé & une partition
irréguliére, c’est-a-dire en intervalles de longueurs différentes, peut présenter une meilleure
qualité d’approximation pour s qu’un modeéle associé a une partition réguliére. Par ailleurs,
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méme si s appartient & un modele S,,/, auquel cas le risque E; [||s — §,,/[|?] se réduit a l'erreur
d’estimation de l'ordre de D,/ /n, il est parfois préférable de considérer un modeéle approché S,
ne contenant pas s. En effet, quitte & introduire une erreur d’approximation, on peut espérer
gagner en terme de risque en considérant un modéle S, pour lequel 'erreur d’estimation est
significativement plus faible que dans le vrai modéle S,,,/.

L’exemple précédent est en fait tout a fait représentatif d’une situation courante. Etant
donné un modéle M inclus dans S, un estimateur $p; a valeurs dans M, et une fonction de
perte £, il est fréquent d’obtenir, sinon une décomposition exacte du risque en une erreur
d’approximation et une erreur d’estimation proportionnelle a la dimension de M, du moins un
encadrement du type

dim (M)

n n

Ch (tienj‘f/fﬁ(s,t) + > < Es[l(s,5m)] < Co <tien1‘f/'I€(s,t) + M) . (I.2.3)
Différentes notions de dimension sont envisageables selon la nature de M, qui, toutes, per-
mettent de mesurer la difficulté a estimer au sein de ce modéle. Des majorations du risque
comme dans l'inégalité de droite sont démontrées par exemple pour les estimateurs linéaires
par ondelettes [HKPT98|, les estimateurs par minimum de contraste |[BM93; BM98a], les T-
estimateurs introduits par Birgé [Bir06a]. De méme que (I.2.2), les bornes de risque (1.2.3)
conduisent & chercher un modéle M réalisant un bon compromis entre la fidélité au vrai para-

meétre s et la difficulté a estimer au sein de ce modéle.

1.2.2 Estimation minimax

Pour juger de la performance d’un estimateur s de s, nous adopterons le point de vue
minimax, qui consiste a procéder de la maniére suivante. On choisit tout d’abord un sous-
ensemble F de S. Typiquement, si & est un espace fonctionnel, F est un sous-ensemble de
fonctions de S présentant la méme régularité. On définit alors le risque maximal de § pour s
appartenant & F, i.e. supycr Eq [((s, 5)], que 'on compare au risque minimax sur F

inf sup E; [£(s, 9)]
S seF

ou linfimum est pris sur I’ensemble des estimateurs § de s. Comme cet infimum n’est pas
nécessairement atteint et qu’on ne dipose généralement que de bornes pour le risque minimax,
nous nous fixerons pour objectif de trouver un estimateur s approximativement minimax sur
F, c’est-a-dire tel que

supE; [{(s, §)] < C(F)infsupE; [((s, 3)],

seF S seF
ou C'(F) est un réel positif qui peut dépendre de F mais pas de n. Nous rencontrerons également
des estimateurs minimax sur F & un facteur logarithmique prés, c¢’est-a-dire tels que

sup Eq [£(s, 3)] < C(F)In®(n) inf sup E, [¢(s, 8)] ,
seF S seF

pour un certain ¢ > 0.

Pourvu que la régularité des éléments de F soit suffisante, la construction d’un estimateur
5 approximativement minimax sur J repose essentiellement sur le choix d’un modéle linéaire
adapté a F. Donnons-en un exemple en revenant au probléme d’estimation de densité. Fixons
0<a<l,p>2,R>0cetp>0, et notons L(a,p, R, p) le sous-ensemble de S composé des
densités t telles que t > p,

1-h 1/p
t € Ly([0,1]) et, pour tout 0 < h < 1, ( / itz + h) — t(a:)]p,u(da:)> < RR. (12.4)
0
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Ainsi, les éléments de L(a, p, R, p) présentent une régularité lipschitzienne, d’ordre «, mesurée
dans la norme L,. Pour D € N*, notons mp la partition réguliére de [0,1] en D intervalles,
c’est-a-dire la partition de [0, 1] en D intervalles de méme longueur. D’apreés [DeV98| (inégalité
(3.12)), on dispose sur L(«,p, R, p) d'une majoration uniforme du terme de biais :

sup |5 — Smp||> < CR*D 2%, (I.2.5)
Seﬁ(a7p7R7p)

11 découle alors de la majoration donnée en (1.2.2) que

D
sup  Eg[|ls — .§m||2] <C <R2D_2°‘ + —) .
SEE(OC,IJ,R7P) n

Pour réaliser approximativement le meilleur compromis entre le terme de biais R2D 72 et le
terme de variance, il suffit de choisir D le plus grand possible tel que D/n < R?D~2%, Si
nR?> > 1, on peut définir Dy plus grand entier non nul inférieur ou égal a (nRQ)l/ (1420) of
choisir la partition réguliére m¢ en Dy intervalles. On obtient alors

sup By [[|s = 8me |I7] < Cla)(Rn~)2/(+20),
seL(a,p,R,p)

Or on dispose de la minoration suivante du risque minimax sur L(«,p, R, p), déduite par
exemple de [Mas07] (Proposition 7.16),

inf  sup B, [|ls - 52] > Clanp, p) (R )P 1+2), (1.2.6)

s Seﬁ(a7p7R7p)
pourvu que n~ Y2 < R < n®. Aussi, pour n=/2 < R < n®, I’histogramme 8, est un exemple
d’estimateur approximativement minimax sur L(«, p, R, p).

I.2.3 Adaptation au sens minimax et inégalité d’oracle

Un inconvénient de I'estimateur 8,,, précédemment défini est que le choix de m¢ nécessite
la connaissance d’un parameétre (o, R) tel que pour un certain p > 2 et un certain p > 0,
s € L(a,p, R, p). 1l s’agit 1a d’une condition assez restrictive et peu réaliste. De plus, quand bien
méme un tel parameétre serait connu, il est possible que s appartienne également & l’ensemble
L(d,p', R, p) avec o > a, p’ > 2. Autrement dit, s peut présenter une régularité plus grande,
éventuellement mesurée dans une norme L, plus faible que la norme L, au sens ou p’ < p
(¢f. paragraphe 1.3 ci-dessous). Si I'histogramme construit sur la partition mg(a/, R) atteint
bien approximativement le risque minimax sur £(c/,p', R, p), de Uordre de (Rn~®")%/(1422') 1,
partition me(a, R) n’est quant a elle plus adaptée d’un point de vue minimax. En effet, pourvu
que R > 2(@+1/2)=1/2 1] régulte de la minoration donnée en (1.2.2) que

> Cfa, p)(Rn~*)?/ 020,

. Dy —1
sup Es [HS - smo(mR)Hz] > p
s€L(o p/,R.p) n

de sorte que SUPse 2o/ p,R,p) Es (s — §m<>(a7R)||2] /infssupser(ar 7, p) Es [|ls — 5/|*] est minoré
par une fonction non bornée de n. Il serait donc souhaitable de construire un estimateur de s qui
soit approximativement minimax sur chacun des ensembles L(«,p, R, p) pour un large choix
de valeurs de (a,p, R, p). Aussi, nous nous intéresserons essentiellement dans la suite a des
estimateurs dits adaptatifs au sens minimax, c’est-a-dire simultanément approximativement
minimax sur chacun des éléments d’une famille {Fp,0 € ©} de sous-ensembles de S choisie
a priori. De tels estimateurs ont ’avantage d’étre presque aussi performants que si tous les
paramétres 6 € O tels que s € Fy étaient connus. De maniére générale, la construction d’un
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estimateur adaptatif au sens minimax repose sur une procédure de sélection parmi une famille
d’estimateurs approximativement minimax sur différentes classes de fonctions. Etant donnée
une telle famille d’estimateurs {$,, }mea, il suffit de construire un estimateur § vérifiant une
inégalité de la forme
Es[l(s,8)] < C inf Eg[l(s,5p)]. (1.2.7)
meM

Ce type d’inégalité est appelé inégalité d’oracle, pour reprendre la terminologie introduite par
Donoho et Johnstone [DJ94b|. Pourvu qu’on dispose de majorations du type (1.2.3) pour chaque
estimateur de la collection, une telle inégalité suffit & assurer que § réalise approximativement
le meilleur compromis biais-variance parmi les estimateurs de la collection, d’ou ses propriétés
d’adaptation au sens minimax.

I.2.4 Adaptation spatiale et non-linéarité

Le lecteur attentif aura noté que, dans ’exemple des paragraphes 1.2.2 et 1.2.3, nous nous
sommes limités & p > 2. Supposons maintenant 1 < p < 2, et a > 1/p — 1/2 de telle sorte
que l'ensemble L(a,p, R) des fonctions vérifiant la condition (I.2.4) est un sous-ensemble de
Lo ([0,1]). Pour s € Ly([0,1]) et M sous-espace vectoriel de Lg([0,1]), notons sps la projection
orthogonale de s sur M. D’aprés [LGM96] (Chapitre 14, Théoréme 1.1), pour tout D € N* et
tout sous-espace vectoriel M de Lo ([0, 1]) de dimension D,

sup  ||s — sar)|? > Cla, p) RED =20 F1/2=1/p) (I.2.8)
s€L(a,p,R)

de sorte que

1/(a+1-1/p)
) " (1.2.9)

sup  ||s — sa)® + p > C(ayp) (Rn_("“/z_l/p
s€L(a,p,R) n

ou la seconde inégalité est obtenue par minimisation sur D. Compte tenu de la minora-
tion (I.2.2), on ne peut guére espérer construire un seul histogramme, ni méme un estimateur
basé sur un seul modéle linéaire de dimension finie, dont le risque quadratique intégré atteigne
approximativement sur £(o, p, R, p) la vitesse (Rn~®)"/(142%)  Comme suggéré par la minora-
tion (I1.2.8) ci-dessus, cela tient essentiellement aux limites de ’approximation par un modeéle
linéaire. La fonction de perte considérée étant la perte Lo, on dit des fonctions dont la régularité
est mesurée dans une norme L, avec p < 2 qu’elles présentent une régularité non homogene.
Cette définition vaut également pour un risque mesuré dans une norme L, et une régularité
mesurée dans une norme L, avec p < ¢. Nous donnerons dans le paragraphe 1.3 des exemples
illustrant la pertinence de ce terme. Dans divers cadres statistiques, des résultats établissent
rigoureusement sur de telles classes de fonctions la sous-optimalité des estimateurs linéaires,
dont font partie les estimateurs basés sur un modéle linéaire usuels tels que ’histogramme (voir
par exemple [DJKP96] en densité ou [DJ98] en régression pour une borne inférieure similaire
a (1.2.9)). Nous dirons d’un estimateur qu'’il s’adapte spatialement s’il s’adapte au sens mini-
max sur une famille de sous-ensembles de S contenant notamment des fonctions de régularité
non homogeéne. De maniére générale, la construction d’un estimateur spatialement adaptatif
repose essentiellement sur deux ingrédients : une inégalité d’oracle telle que (I.2.7) et un peu
de non-linéarité. Par non-linéarité, nous entendons typiquement la possibilité de choisir, & di-
mension fixée, entre plusieurs modéles linéaires de méme dimension. Nous verrons par exemple
au paragraphe 1.5 qu’a dimension D fixée, on sait construire une famille finie M p de partitions
de [0,1] en D intervalles, éventuellement irrégulieres, possédant les qualités d’approximation
adéquates. En effet, chaque famille M p permet de retrouver une majoration uniforme du biais
sur la classe L(a,p, R, p), de la forme

sup inf ||s — s> < C(a,p)R2D ™2, (1.2.10)
s€L(p,Rp) MEMD
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pour p < 2 et a > 1/p —1/2 comme pour p > 2 et « > 0. Contrairement a (1.2.5), qui repose
uniquement sur le modele linéaire S, ,,, cette majoration fait intervenir le modele non-linéaire
UmempSm- Puis en choisissant Dg(a, R) comme au paragraphe 1.2.2, on en déduit que

sup inf g [||s — ,§m||2] < C(a7p)(Rn—oc)2/(l+2a)
seL(a,p,R,p) MEMD,

pourvu que R > n~/2. Par conséquent, si 'on sait construire un estimateur § vérifiant I'inéga-
lité d’oracle
Es[||ls — 3|?] < C inf Eg[||ls — ém|?
sllls =317 < € inf B [lls = 3]

ou M = Upen+Mp, alors § vérifie également, pour tout («,p) tel que p <2 et a > 1/p—1/2
0up22etoz>0,ettoutn_1/2§R§n",

sup - Eg[[s—3*] <C  sup inf B [[ls — $ml?]
SEE(avpvR?p) SEE(QJLR,p) mEMDQ (a,R)
< C(a, p)(Rn~)2/(1+2)

La minoration (1.2.6) étant toujours valable pour les valeurs de «a,p, R considérées ici, cet
estimateur § s’adapte donc spatialement.

I.3 Quelques classes de régularité usuelles

Rappelons tout d’abord la définition des espaces de Besov et des fonctions & a-variations
bornées. Soient o > 0,0 < p,q < oo et r = |a| + 1, ou |«a] est le plus petit entier inférieur ou
égal & a. Pour t € L,([0,1]), on définit les différences d’ordre r

Aj(t,x) = Z <Z> (=1)""*t(x + kh), pour h>0et 0 <z <1—7h
k=0

et le module de continuité d’ordre r

1-rh r P p .
SUPg<p<y < 0 |A}(t, )| ,u(da:)) si0<p< oo

wT’(t7 y)p =
SUP< <y SUPo<z<1—rh |A} (L, )| sip =00

en supposant de plus ¢ continue sur [0, 1] lorsque p = co. L’espace de Besov Bg'(IL,([0,1])) est
I'ensemble des fonctions t € L,([0,1]) telles que

e 1/q
(fo (ywr(t,y)p)? M) ! si0<g<oo

[t By @, (0, = . Y
Sup,~o ¥~ “wr(t,y)p si ¢ = o0

est finie, et I'on pose
£l 8o (L, (10,17)) = 1Ellp + [t Bo,(10,17))-
On notera que, pour 0 < a < 1, BY(L,([0,1])) n’est autre que l’ensemble des fonctions

vérifiant la condition de Lipschitz (1.2.4). Les propriétés de ces espaces qui nous seront utiles
sont regroupées dans la proposition ci-dessous, et démontrées par exemple dans [DeV98; Tri83].

Proposition 1 Soient o >0, 0 < p,g < oo et r=|a| + 1.

i) Sil < pgq < oo, ”-”Bg(Lp([OJ})) est une norme, et une quasi-norme sinon, [’inégalité
triangulaire n’étant plus vérifiée qu’a constante pres.
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i1) En remplagant w, par wi avec k > r, on obtient une (quasi-)norme équivalente sur
B (Lp([0,1])).

iii) Si g < g, alors quels que soient 0 < q1,q2 < 00,
Il g 1 0,11y = €01, 2001, @)1l 532 (1, 0.11)-
iv) A a et p firés, et pour tout ¢ > 0,
|t B (L, (10,11)) < C D, @)t Ba (1 ((0,1]))-
v) Sia>max{l/p—1/2,0}, alors By (L,([0,1])) est inclus dans 1.2([0,1]) et
[l < Cle, ps )|t Ba (1, ((0,17))-
vi) Sia>1/p, les fonctions de By (Ly([0,1])) sont continues, et
[tlloc < Clev, p, @Il Bg (L (10.1)-

Les fonctions de Bg(IL,([0,1])) présentent une régularité d’ordre o, mesurée dans la norme L.
Le paramétre ¢ n’est qu’un paramétre secondaire, d’aprés les points iii) et 1v) ci-dessus, et la
propriété 4v) justifie I'intérét porté a 'espace Bg(IL,([0,1])) pour ¢ = oo. Il existe essentielle-
ment deux maniéres de généraliser la définition des espaces de Besov & des fonctions & valeurs
réelles définies sur [0,1]¢, d > 2, selon que l'on autorise la régularité de la fonction a changer
selon la direction (espace de Besov anisotrope) ou non (espace de Besov isotrope). Ainsi, en
adoptant par exemple la définition de |Tri06], un espace de Besov anisotrope est caractérisé
par la donnée d'un d-uplet de réels strictement positifs @ = (aq, ..., aq), a; indiquant le degré
de régularité dans la ¢ direction, d’'un parameétre p indiquant la norme L, dans laquelle la
régularité est mesurée, et d’'un parameétre secondaire g. Pour 0 < a < 1, l'espace BV («) des
fonctions & a-variations bornées est 'ensemble des fonctions ¢ : [0,1] — R telles que

«

i
Va(t) =sup  sup D ltay) =t
i21 0<z0<...<zi<1 \ 5
est finie. Cette échelle de régularité est liée a 1’échelle des espaces de Besov par la propriété
suivante (cf. [Pee76], Théoréme 7).

Proposition 2 Pour tout 0 < a < 1,

Cr(a)- B (w1 u(0.1])) < Val) < Co()]|BeL, 0 (0,1]))-

L’échelle des espaces de Besov et des fonctions & a-variations bornées contient la plupart
des échelles de régularité « classiques ». Ainsi, pour a € N*, BX(IL,([0, 1])) contient I'espace de
Sobolev W*(L,([0,1])) des fonctions admettant o dérivées dans LL,,. L’espace des fonctions a-
holderiennes n’est autre que BS (Loo([0,1])). Par ailleurs, pour tout 0 < a < 1, toute fonction
constante par morceaux et toute fonction a-héldérienne appartiennent a BV («).

Supposons maintenant que ’on mesure la qualité d’approximation d’une fonction via la
norme ILo. Parmi les espaces de fonctions précédemment cités, les espaces de Holder décrivent
une régularité homogene, de méme que les espaces de de Besov By (L,([0,1])) avec p > 2 ou
BV (a) avec a < 1/2 (compte-tenu de la Proposition 2). En revanche, les espaces By (L, ([0, 1]))
avec p < 2 ou BV («) avec 1/2 < o < 1 décrivent une régularité non-homogene. Donnons deux
exemples illustrant la pertinence de cette derniére expression. Une fonction bornée sur [0, 1],
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présentant un nombre fini de discontinuités et holdérienne d’ordre o > 0 entre ces discontinui-
tés, appartient & tous les espaces By (L,([0,1])), pourvu que o < min{o,1/p} et 1 < p,q < 0
(cf. [Ren99] Lemme 2.2 ou [Mal98] Proposition 9.4). En particulier, l'indice de régularité «
peut prendre des valeurs d’autant plus grandes que le paramétre p est petit. Par ailleurs, en
pratique, l'espace BV (1) des fonctions & variations bornées, ou son analogue en dimension 2,
est couramment utilisé en théorie du signal et de I'image.

1.4 Sélection de modéle

Présentons maintenant le principe de sélection de modele introduit par Birgé et Mas-
sart [BM97], qui sera utilisé pour construire les estimateurs étudiés dans cette thése. Nous
abordons également dans cette partie la question du choix de la collection de modéles et décri-
vons les collections de modeéles usuelles.

I.4.1 Principe et objectif

La procédure de sélection de modele de |[BM97| peut étre décrite de la maniére suivante.
On se donne une famille finie de modeles approchés {S,, }merm inclus dans S, ou M dépend
éventuellement de n, et 'on choisit un contraste v, c’est-a-dire une fonction mesurable de Y
telle que t — E4[vy(t)] admette un minimum sur S en s. La perte considérée est la fonction
0:8 xS — RT telle que £(s,t) = E[y(t) —7(s)]. Puis on définit sur chaque modeéle un
estimateur §,, obtenu par minimisation du contraste 7 sur S,,. L’idéal serait alors de choisir,
parmi la famille {S,,, m € M}, le modeéle S,,, . pour lequel le risque de I'estimateur associé est
minimal, c’est-a-dire tel que

Es [€(s, 8m,, )] = nI»}él/I\lA Es [¢(s, 5m)] -
Ce modeéle idéal S,,,, , malheureusement impossible & déterminer puisqu’il dépend du parameétre
s inconnu, sera baptisé oracle. L’idée consiste alors & choisir un modele en se basant sur les
données. Pour cela, on se donne une fonction pen : M — RT appelée pénalité, et on considére
la procédure de sélection aléatoire, dépendant de Y,

m = argmin {v($,,) + pen(m)}.
meM
Puis on définit
5= ém, (L4.11)

appelé estimateur pénalisé, qui n’est plus un estimateur de la collection {3, }mer puisque le
modéle m sélectionné peut changer selon les données. L’objectif est de déterminer une pénalité
telle que le risque de s soit proche du risque de l'oracle, c’est-a-dire vérifie l'inégalité d’oracle
B, [((5,9)] < C_inf B, [f(s,5)],

qualifiée de non asymptotique puisque n est fixé et quelconque. Soulignons qu'une telle inégalité
assure sans aucune hypothése de régularité sur la fonction s que Pestimateur pénalisé s est
presque aussi bon que le meilleur estimateur de s parmi la collection {8, }mer. Par ailleurs,
comme expliqué au paragraphe 1.2, une inégalité d’oracle est un outil fort utile pour démontrer
que, sous certaines hypothéses de régularité et pourvu que la collection de modeéles soit bien
choisie, 'estimateur s s’adapte également au sens minimax.

En vue de prouver une inégalité d’oracle, on démontre tout d’abord un théoréme de sélection
de modéles, en proposant une forme de pénalité permettant de réaliser approximativement le
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meilleur compromis biais-variance parmi les estimateurs de la collection. Typiquement, une
pénalité convenable est telle que pen(m) se comporte comme une erreur d’estimation au sein
du modéle S,,, c’est-a-dire croit avec la dimension du modéle. Ce genre de théoréme repose
essentiellement sur des inégalités de concentration pour le supremum d’un processus empirique
inspirées de l'inégalité de Talagrand [Tal96]. Donnons un exemple de théoréme de sélection de
modeles dans le cadre de régression décrit au paragraphe I.1. Soit S ’ensemble des fonctions a
valeurs réelles définies sur [0, 1], muni de la semi-norme ||.||,, définie par

1 n
I#12 = — > ().
i=1

On considére le contraste
n

V() = =D (Vi — t(w))? (1.4.12)
i=1
associé a la fontion de perte
Us,t) = [ls —t]|7-

Etant donnée une famille finie {S,,, m € M} de sous-espaces vectoriels de S, on définit, pour
tout m € M, 5, = argmin,cg ~y(t) ot v est donné par (1.4.12), puis 5 comme en (1.4.11). Le
théoréme suivant est une version extrémement simplifiée du Théoréme 2 de [BM01], démontré
dans un cadre gaussien beaucoup plus général.

Théoréme 1 On considére le cadre de régression défini au paragraphe I1.1. Soit {S,,,m € M}
une famille finie de sous-espaces vectoriels de S de dimension finie. Soit { Ly, }menm une famille
de réels positifs tels que
Si= Y exp(—DmLm) <1, (1.4.13)
meM

ot Dy, = dim(S,,). Si la pénalité est de la forme
Dy,
pen(m) = o?(k1 + kaLy,) ==,
n

ol k1, ko sont des réels positifs suffisamment grands, alors [’estimateur pénalisé 5 vérifie

D 1
—_312] < i 2 2 --m _
Es [Ils = 3l5] < C(k1, k2) <£é1j1\14 <dn(s,Sm) +0°(1+4 Ly,) - > + n) :

ot dp(8,Sy) = infies, ||s — t|n-

Par ailleurs, sur chaque modele, le risque quadratique associé a la perte ||.||,, admet la décom-

position biais-variance
. D
Es [HS - Sm”%] = di(s,Sm) + ‘727”1-

Sous les hypothéses du Théoréme 1, on obtient donc I'inégalité

1+ M (1.4.14)

E, [||s — 3|12] < Cy(ky, k) [ 1 L in Eg [|ls — 82
[lls = 3l17] < Ci(ka, 2)( + max >n111él/1\1/1 [ls = 3mllz

Il s’agit bien la d’une inégalité d’oracle, a un reste prés Co(kq,k2)/n qui devient négligeable
dés que n est suffisamment grand, et & un facteur prés : 1 + maxeas L.

Il existe d’autres procédures de sélection de modéle, dont I'objectif est toujours d’établir
une inégalité de type oracle, mais avec une régle de sélection différente. Birgé [Bir(6a| propose
par exemple de sélectionner le meilleur modeéle par une procédure de tests multiples entre les
estimateurs de la collection (voir aussi [Bir07; BB09)).
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I.4.2 Choix de la famille de modéles

Le choix d’une famille de modéles doit notamment prendre en compte les éléments sui-
vants. Reprenons 1'exemple de la régression ci-dessus. Afin d’interpréter la contrainte (1.4.13),
décomposons la famille de modeéles en sous-familles de modéles de méme dimension

Mp ={m e M t.q. D,, = D}, pour D € N*.

Choisissons des poids { L, }mem qui ne dépendent du modeéle que via sa dimension et notons,
pour tout D € N* et m € Mp, L,, = L(D). Nous pouvons alors réécrire ¥ comme la somme,
finie par hypothése sur M,

Y= Z exp < — D(L(D) - D! 1H+(|MD|))>7

DeN*

ot Iny () = In(x) pour z > 1 et In (0) = 0. Pour que la condition (I.4.13) soit réalisée, il suffit
que, pour tout D € N*,
L(D)> D 'In, (IMp|) +1n2.

Aussi, pour obtenir une inégalité d’oracle, il suffit que le nombre de modéles par dimension soit
sous-exponentiel, autrement dit qu’il existe une constante absolue x > 0 telle que, pour tout
D e N,

IMp| < &P, (1.4.15)

En effet, un choix de poids convenable est alors
L(D) = In(2k), pour tout D € N*.

De maniére générale, la quantité sup pep« D~ Ing (J]Mp|) peut étre considérée comme un indice
de complexité de la collection de modéles, pour reprendre un terme déja employé dans [BBM99|
ou [Bir06b| par exemple. Plus cet indice est élevé, et plus la collection est complexe. Nous
dirons d’une collection de modéles qu’elle présente une complexité sous-exponentielle si la
condition (I.4.15) est vérifiée. Concernant maintenant la qualité d’estimation de § sur un sous-
ensemble F donné de S, on déduit de la majoration (I.4.14) que

N ) ) D Co(k1, k2)
E, [||s — 3|12] < Cy(ky, k f f d2(s, S, 21+ L(D)= = e
sup [lls = 8llz] < Cu(krs ko) inf <§1€1ng34[) n(5,5m) + 07 (14 L(D))— | + ——

Cette borne supérieure nous invite donc a considérer une famille de modeles a la fois suffisam-
ment riche, c’est-a-dire contenant suffisamment de représentants de chaque dimension pour
bien controler, a D fixé, les erreurs d’approximation, mais pas trop complexe, afin de ne pas
trop influer sur la taille des poids. C’est le role de la théorie de 'approximation de proposer
des familles de modéles réalisant un bon compromis entre complexité et qualité d’approxima-
tion. Nous reviendrons sur ces questions aux paragraphes [.4.3 et 1.5. Enfin, soulignons que la
complexité algorithmique liée au calcul des estimateurs de la collection impose également en
pratique des limites sur le nombre de modéles.

I.4.3 Collections de modéles usuelles

Décrivons les collections de modéles usuelles permettant d’obtenir des résultats d’adaptation
en estimation fonctionnelle. Elles sont liées & deux types d’approximation : approximation par
des polyndémes par morceaux ou approximation de certains termes de la décomposition dans
une base orthonormeée de La([0, 1]). Toutes ces collections sont des familles finies {Sy; }mem de
sous-espaces vectoriels de Lo ([0, 1]) de dimension finie, comportant un modeéle de dimension au
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plus n contenant tous les autres modeéles de la famille. On désigne par D,, la dimension de S,
et, comme dans le paragraphe précédent, par Mp la sous-famille des modéles de dimension D.

Collections de modéles réguliers. Ces collections vérifient au moins
— une hypothése sur le nombre de modeéles de méme dimension, satisfaite typiquement
lorsque celui-ci est au plus polynomial, c’est-a-dire lorsqu’il existe une constante absolue
k telle que
(Mp| < D

— une hypotheése liant les normes Lo et Lo, sur ces modeles, qui assure ’existence d’une
constante absolue ® > 0 telle que pour tout m € M et tout ¢t € Sy,

[tlloc < @/ Dpt]]-

Les modeles de polynémes par morceaux construits sur les partitions réguliéres de [0, 1], no-
tamment, sont des modéles réguliers. La complexité de ces collections est a fortiori sous-
exponentielle. Cependant, tous les exemples connus ne possédent de bonnes qualités d’approxi-
mation que pour des fonctions de régularité homogeéne. Par ailleurs, comme il n’y a en général
qu’un seul modéle par dimension, déterminer tous les estimateurs de la collection puis I’esti-
mateur pénalisé ne requiert qu'une complexité algorithmique linéaire en n. Nous renvoyons par
exemple a Baraud [Bar(00], Castellan [Cas00; Cas03], [BM97; Mas07], ainsi qu’a la bibliographie
de Fabienne Comte pour des résultats de sélection parmi des modéles réguliers généraux dans
différents cadres statistiques.

Collection de polyndmes par morceaux construits sur une grille dyadique. On se fixe deux
entiers naturels r et Jy, avec 27x < n. On définit M comme Pensemble des partitions construites
sur la partition réguliére de [0,1] en 27+ intervalles, c’est-a-dire I’ensemble des partitions en
intervalles de la forme [k277+,1277*] o k,[ sont des entiers, 0 < k < | < 27+, Chaque modéle
Sm est alors décrit comme ’espace des fonctions polynomiales de degré au plus r sur chaque
intervalle de la partition m. Construire une partition de m en D intervalles équivaut & choisir
D — 1 points sur la grille {k277;k =1,...,27* — 1}, de sorte que

Je _ T\ P

Mol = (5 7)< (55) e,
ou la majoration résulte par exemple de [Mas07] (Proposition 2.5). La complexité de cette
collection n’est plus sous-exponentielle au sens utilisé dans le paragraphe précédent puisque la
constante x est ici remplacée par en, ce qui incite par exemple a choisir des poids constants
égaux In(2en). On n’obtient donc avec cette collection que des inégalités de type oracle & un
facteur In(n) prés. On pourra pour cela consulter par exemple [BM97; BBM99; Cas00; Cas03;
RBO03; Sau02|. Cependant, a D fixé, les modeéles de dimension D possédent de bonnes qualités
d’approximation relativement a certaines fonctions de régularité éventuellement non homogéne,
telles que les fonctions a a-variations bornées (cf. [BBM99|, Corollaire 1). Cette collection
permet donc d’obtenir un estimateur spatialement adaptatif, souvent a un facteur In(n) pres.
Un estimateur pénalisé basé sur cette collection et un contraste de type moindres carrés a été
implémenté par E. Lebarbier [Leb02| dans le cadre de régression décrit au paragraphe I.1. 11
nécessite O(n?) calculs par un algorithme de programmation dynamique et pour une pénalité
bien choisie.

Collection de polyndmes par morceaux construits sur des partitions obtenues par l’algorithme
CART. La procédure Classification And Regression Trees (CART) de Breiman et al. [BFOS84]
peut étre présentée comme une procédure de sélection de modéle en adoptant le point de vue
de Gey et Lebarbier |GLO8| ou Lebarbier et Nédélec [LNO7|. Nous dirons dans la suite d’un
arbre binaire qu’il est complet si tous ses noeuds internes ont deux enfants, et parfait si de plus
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toutes ses feuilles sont & la méme distance de la racine. Placons-nous par exemple dans le cadre
de régression du Probléme 2, avec 0 = 1 < ... < x,, = 1. La premiére étape de CART consiste

& construire un arbre binaire parfait de racine {z1,...,x,}, dont chaque noeud est ensuite
obtenu par partitionnement récursif, en minimisant un critére local basé sur les données. On
considére alors la collection de toutes les partitions de {x1,...,z,} correspondant aux feuilles

dun quelconque sous-arbre binaire complet obtenu par élagage de cet arbre binaire parfait. La
deuxiéme étape de CART correspond en fait & la sélection d’une meilleure partition parmi cette
collection en utilisant un critére pénalisé. Comme le rappellent par exemple |[GLO08|, le nombre
d’arbres binaires complets & D feuilles, D € N*, ainsi construits n’est autre que le nombre de

Catalan
101 o
D\ D-1 -

Aussi, la complexité de cette collection de partitions est sous-exponentielle. Par ailleurs, la
complexité algorithmique de la procédure de sélection d’une meilleure partition peut, se réduit
a O(nln(n)) calculs dans le meilleur des cas(cf. [GLO8]). Cependant, le fait que cette collection
de partitions dépende, par construction, des données, rend son étude difficile d’un point de vue
théorique. En partageant ’échantillon, de maniére a utiliser une partie des données pour l’étape
de construction, et l'autre pour ’étape de sélection, il est possible d’obtenir des inégalités de
type oracle, mais conditionnellement au premier échantillon. Nous renvoyons a [GN05; Sau02|
en régression et a [LNO7] en estimation de loi discréte pour ce type de résultats. Cependant, les
qualités d’approximation de cette collection de partitions aléatoire demeurent inconnues, d’ou
I’absence de résultat d’adaptation.

Collection exhaustive des espaces engendrés par les sous-ensembles d’un systéme ortho-
normé. Etant donnée une famille orthonormale {¢y}rea de Lo([0,1]), avec |A| au plus d’ordre
n, on considére la famille M de tous les sous-ensembles de A. Chaque modele S, est alors
deéfini comme 'espace vectoriel engendré par les {¢)}rem. On vérifie aisément que cette col-
lection a la méme complexité que la collection de polynémes par morceaux construits sur une
grille dyadique. Les qualités d’approximation et donc d’adaptation dépendent du choix de la
base. Nous renvoyons par exemple a [BM97; BM01; Mas07| pour des résultats dans le modeéle
gaussien ou le modéle de densité.

Collection de modéles d’ondelettes inspirée de 'algorithme de compression de Birgé et Mas-
sart [BM00O]. Nous emploierons par la suite ’expression « stratégie Birgé-Massart » pour faire
référence au choix de cette collection. Soit {¢x}rca une base d’ondelettes orthonormale de
L2([0,1]). Dans cette base, il est d’usage d’écrire la décomposition de s par blocs

= > > B

JZ—1XeA(j)

ot A = U;>_1A(j), avec A(—1) ensemble fini et, pour j > 0, |A(j)| de Pordre de 27. Pour
J > —1, les J + 1 premiers blocs

Z > Bda

J=—1XeA(j)

donnent une approximation de s a la résolution 277, Pourvu que .J soit assez grand, une fonction
s globalement réguliére avec quelques singularités isolées peut étre fidélement reconstruite en
rajoutant a cette approximation grossiére certains « détails » percus grace aux résolutions plus
fines, c’est-a-dire quelques termes ()¢, correspondant aux niveaux de résolution A(j),j7 > J.
Notons de nouveau J, un entier naturel fixé a priori tel que 27+ < n. La collection de modéles
inspirée de [BMOO0] exploite les propriétés de ’analyse multirésolution en considérant la famille
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M des parties de A de la forme

J-1

U AG)

j=-1

Ji—J—-1
u[ U N +k)

k=0

ott A'(J + k) est un sous-ensemble quelconque de A(J + k) de cardinal |27 /(k + 1)3], Ien-
tier J étant autorisé & varier entre 0 et J, — 1. Chaque S, est alors défini comme ['espace
vectoriel engendré par les {¢) }rem. Non seulement cette collection ne compte qu’un nombre
sous-exponentiel de modéles de méme dimension (voir par exemple [Mas07|, paragraphe 4.3.5),
mais en plus elle dispose des qualités d’approximations adéquates en norme L, pour des fonc-
tions présentant une régularité de type Besov, homogeéne ou non, comme démontré par Birgé et
Massart [BMO00]. Par ailleurs, 'implémentation de 'estimateur pénalisé basé sur cette collection
et un contraste de type moindres carrés pénalisé ne nécessite que O(nlnn) opérations (voir par
exemple [DLT09]). Des inégalités de type oracle ainsi que des résultats d’adaptation ont été
obtenues grace a ce type de collection dans différents cadres statistiques : densité [BM97], ré-
gression a pas aléatoire avec erreurs sous-gaussiennes [Bar02; BCV01], intensité d’un processus
de Poisson [RB03|, modéle gaussien général [Mas07|, loi discréte [DLT09].

I.5 Collections de modéles basés sur des partitions en inter-
valles, cubes, rectangles dyadiques

Présentons maintenant les collections de modéles auxquelles nous nous intéressons dans
cette thése. Comme dans le paragraphe précédent, nous en donnons les principales caracté-
ristiques, fournissant ainsi les premiers éléments de comparaison avec les autres collections de
modeles. Par ailleurs, nous décrivons les résultats déja existants & leur sujet en estimation
fonctionnelle, pour la plupart trés récents, puisqu’obtenus parallelement a la préparation de
cette thése. Nous exposerons dans la partie 1.7 notre contribution.

1.5.1 Description des collections

Soit J, un entier fixé a priori, dont la valeur dépend du cadre statistique. Pour l'estima-
tion de fonctions & valeurs réelles définies sur [0, 1], nous utiliserons des modéles de fonctions
constantes, voire polynomiales, par morceaux sur les partitions de [0, 1] en intervalles dyadiques
de longueur au moins 277+, Ce sont toutes les partitions en intervalles de la forme

Ijo) = [0,277]

ouje{0,...,Ji}, ou ‘ ‘
Iy =1k277, (k +1)277],

onje{l,..., .}, ke€{0,...,27 — 1}, j pouvant varier d’un intervalle & un autre au sein de
la méme partition. L’ensemble de ces partitions peut également étre décrit a ’aide de 1’arbre
binaire A de racine (0,0) tel que

e pour tout j € {1,...,Ji}, les noeuds du niveau j sont indexés par les éléments de
AG) ={(,k);k =0,...,27 —1}; ‘

e pour tout j € {1,...,J,} et tout & € {0,...,27 — 1}, les branches gauche et droite issues
du noeud (j, k) conduisent respectivement aux noeuds (j + 1,2k) et (j + 1,2k + 1), qu’on
appellera les enfants du noeud (j, k).

L’ensemble des noeuds de A est A = U;-];OA(j), ou A(0) = {(0,0)}. Pour j € {0,...,J,} et
k € {0,...,27 — 1}, lintervalle dyadique I(j ) s'identifie alors au noeud (j,k) de A, et ses
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enfants sont les intervalles dyadiques associés aux enfants de (7, k). Toute partition de [0, 1] en
intervalles dyadiques de longueur > 27/ correspond aux feuilles d’un arbre binaire complet
obtenu par élagation de ’arbre A, la correspondance étant méme bijective. Précisons que par
« complet » nous faisons référence a un arbre binaire dont tous les noeuds, sauf les feuilles, ont
deux enfants. La figure 1.5.1 représente ’arbre binaire A4 de tous les intervalles dyadiques de
longueur au moins 2~/ pour .J, = 3. Les arbres des figures 1.5.2 et 1.5.3 fournissent des exemples
de partitions de [0,1] en intervalles dyadiques de longueur au moins 2~ 7*. Cette collection
de partitions est donc plus riche qu’une collection de partitions réguliéres, sans pour autant
contenir toutes les partitions construites sur la grille dyadique {k2=/;k = 0,...,27*}. Elle
posséde la méme structure en arbre qu’une collection de partitions produite par l'algorithme
CART, d’ou une complexité sous-exponentielle. Cependant, elle ne dépend pas des données
et sa structure, assez proche de celle de la collection de modéles associée a la stratégie Birgé-
Massart, laisse présager de qualités d’approximation similaires.

Pour I'estimation de fonctions a valeurs réelles définies sur [0,1]%, avec d > 2, il existe es-
sentiellement deux extensions possibles de la définition d’un intervalle dyadique. Ou bien ’on
considére les cubes dyadiques, c’est-a-dire les produits de d intervalles dyadiques de mémes
longueurs, ou bien 'on considére les rectangles dyadiques, c’est-a-dire les produits de d inter-
valles dyadiques, de longueurs éventuellement différentes. Les partitions en cubes dyadiques de
coté au moins 277+ sont en correspondance bijective avec les sous-arbres 2%-aires complets de
'arbre 2%-aire contenant tous les cubes de coté au moins 2=/, un arbre 2%-aire complet étant
un arbre dont tous les noeuds, sauf les feuilles, ont 2¢ enfants. Par ailleurs, toute partition
en rectangles dyadiques s’obtient & partir du cube unité [0,1]¢ par partitionnement récursif,
en choisissant & chaque étape une direction de coupure et en remplacant l'intervalle dyadique
correspondant par ses deux enfants. Une partition en D rectangles dyadiques, D € N*, est donc
caractérisée par la donnée d’une structure d’arbre binaire et d’une suite ordonnée de D — 1
entiers compris entre 1 et d correspondant & des directions de coupure. Dans les Figures [.5.4
a [.5.7, la direction 1 correspond a la verticale et la suite d’entiers se lit sur les feuilles de I’arbre
de gauche & droite et de haut en bas. Ces figures représentent deux partitions en rectangles
dyadiques différentes associées & la méme structure d’arbre.

1.5.2 Résultats existants

Méme s’ils ne relévent pas de la sélection de modéle, les travaux d’Engel sont la source
d’une premiére approche pour ce type de résultat concernant les collections de partitions en
intervalles, cubes ou rectangles dyadiques. Ils mettent en évidence et exploitent le lien entre
histogrammes dyadiques et analyse multirésolution, via ’estimation par projection sur la base
de Haar. En estimation de densité par exemple, Engel [Eng97| donne une condition néces-
saire et suffisante pour qu’un estimateur par projection sur un espace vectoriel engendré par
un ensemble d’ondelettes de Haar soit un histogramme : ce sous-ensemble doit correspondre
a un sous-arbre binaire, pas nécessairement complet, de I'arbre A décrit dans le paragraphe
précédent. Il définit un « histogramme multirésolution » possédant cette double nature, qui
par conséquent est également un histogramme dyadique. Dans le cadre de la régression gaus-
sienne, Engel |Eng94| obtient 'un des premiers résultats sur la vitesse de convergence des
régressogrammes dyadiques, pour le risque quadratique intégré et sur des classes de fonctions
lipschitziennes, cette vitesse correspondant bien a la vitesse minimax. Dans les deux cas, il pro-
pose un algorithme, justifié heuristiquement, pour sélectionner un estimateur adéquat a partir
des données.

Les premiers résultats d’adaptation spatiale en relation avec la collection des partitions en
rectangles dyadiques sont démontrés par Donoho [Don97|. Ce dernier s’inspire essentiellement
de I'argument de Engel et de travaux auxquels il a contribué sur la sélection d’une meilleure base
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FIG. 1.5.1 - Arbre binaire A des intervalles dyadiques de [0, 1] de longueur au moins 2=+, pour
Je = 3.

FiG. 1.5.2 — Exemple de partition réguliére de [0, 1] en intervalles dyadiques.

Fia. [.5.3 — Exemple de partition irréguliere de [0, 1] en intervalles dyadiques.
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1 1 1 11
.10 < 0,1] ]34 x5, 3]
FiG. 1.5.4 — Arbre dyadique dont les feuilles représentent une partition de [0,1]? en rectangles
dyadiques.

FiG. 1.5.5 - Partition de [0, 1]? en rectangles dyadiques correspondant aux feuilles de I’arbre 1.5.4
et a la suite (2,1,2,2).

orthogonale [Don93; Don96; D.J94a|, aussi bien en estimation qu’en théorie de I"approximation.
Donoho [Don97| se place dans un cadre de régression gaussienne, semblable au Probléme 2
décrit dans le paragraphe 1.1, si ce n’est que la fonction & estimer est définie sur le carré unité et
échantillonnée uniformément en z;, ;, = (i1/n,iz/n) pour 0 < i1,is < n— 1. Il baptise « CART
dyadique » une procédure de sélection parmi les modéles de fonctions constantes par morceaux
sur une partition de [0, 1]? en rectangles dyadiques, basée sur un critére de type moindres carrés
pénalisé. La pénalité associée & chaque partition correspond au nombre de rectangles de la
partition & un facteur prés, proportionnel & o2 In(n)/n. Par ailleurs, il introduit une famille de
fonctions de Haar anisotropes et la collection des modéles engendrés par les sous-familles de
fonctions de Haar vérifiant certaines contraintes. Ces contraintes, qualifiées d’héréditaires, sont
une extension directe au cadre multi-dimensionnel de celles décrites par Engel [Eng97|. L’astuce
utilisée par Donoho tient dans ’équivalence entre la procédure CART dyadique et une certaine
procédure de sélection parmi cette seconde collection, procédure dénommeée « Best Orthogonal
Basis with hereditary constraints ». En effet, alors que la définition méme de la procédure
CART dyadique la rend implémentable en temps linéaire, ses propriétés théoriques — inégalité
d’oracle et adaptation sur des espaces de Besov anisotropes de régularité non homogeéne a un
facteur In(n) prés — sont déduites de celles de la seconde procédure.

Si leur approche est inspirée de celles de Donoho, puisque basée sur des fonctions de type
Haar, Kolaczyk et Nowak [KNO04]| s’intéressent & un sujet différent. Ils proposent en effet un
cadre unifié pour I’étude de divers problémes de régression par maximum de vraisemblance
pénalisé. Ils considérent une collection de modéles de fonctions constantes par morceaux basées
sur des « partitions dyadiques récursives » qui ne sont autres que des partitions en intervalles
dyadiques. Pour l'estimation de la moyenne d’un signal gaussien, poissonien ou multinomial,
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FiG. 1.5.6 — Arbre dyadique dont les feuilles représentent une partition de [0,1]? en rectangles
dyadiques.

Fi1G. 1.5.7 - Partition de [0, 1]? en rectangles dyadiques correspondant aux feuilles de I’arbre 1.5.6
et a la suite (1,2,2,1).

ils obtiennent des résultats d’adaptation au sens minimax pour le risque quadratique associé
a la perte de Hellinger ou le risque quadratique intégré. Ces résultats, toujours a un facteur
logarithmique prés, concernent des fonctions a variations bornées ou présentant une régularité
de type Besov, éventuellement non homogéne.

Tout récemment, Klemeld [Kle09] emprunte lui-aussi la méme démarche que Donoho pour
I’estimation d’une densité multi-dimensionnelle. Il considéere un critére de types moindres carrés
pénalisé pour sélectionner un meilleur histogramme construit sur une partition en rectangles
dyadiques. Pour le risque quadratique intégré, il obtient des résultats d’adaptation au sens
minimax, encore & un facteur logarithmique preés, pour des classes de fonctions anisotropes
similaires & celles considérées par [Don97|, la régularité pouvant cependant étre mesurée dans
des normes L, qui différent selon la direction.

Les travaux de Willett et Nowak [WNO07| font partie des premiers a se démarquer de 1’ap-
proche de Donoho. Ils portent sur ’estimation de densité et I’estimation de l'intensité d’un
processus de Poisson, dans les cas uni- et multi-dimensionnels, par maximum de vraisemblance
pénalisé. Ils reposent uniquement sur la collection des partitions en intervalles ou cubes dya-
diques, aussi il n’y est pas question d’anisotropie. L’originalité de leur procédure tient au fait
qu’elle permet de choisir non seulement la meilleure partition en cubes dyadiques & partir des
données, mais aussi un meilleur polynome sur chaque cube dont le degré maximal dépend
lui aussi des données et non d’une limite fixée a priori par 'utilisateur. En dimension 1 par
exemple, leur estimateur reste implémentable, et nécessite O(nln(n)) calculs. D’un point de
vue théorique, ils étudient le risque quadratique associé a la distance de Hellinger en adoptant
clairement un point de vue asymptotique. Dans le cas unidimensionnel, leur estimateur n’at-
teint la vitesse minimax qu’a un facteur logarithmique prés, sur des classes de Besov dont la
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régularité peut étre arbitrairement grande pourvu que le nombre de données n soit suffisam-
ment grand. Ces classes de Besov contiennent certes des fonctions de régularité non homogéne,
mais nécessairement continues. Dans le cadre multidimensionnel, [WNO7] proposent un résultat
d’adaptation sur des classes de Hélder, toujours & un facteur logarithmique prés, mais pas de
résultat d’adaptation spatiale.

Blanchard et al. [BSRMO07] démontrent des inégalités de type oracle, éventuellement a
un facteur logarithmique prés, pour des histogrammes construits sur des partitions en rec-
tangles dyadiques dans les cadres suivants : en classification, pour l'estimation de la loi de
probabilité conditionnellement & la classe par moindres carrés ou maximum de vraisemblance
pénalisé, et estimation de densité par maximum de vraisemblance pénalisé. Leurs résultats
découlent d’un théoréme de sélection de modeéles général pour fonction de perte bornée da a
Blanchard et al. [BBMO0S]|. Ils obtiennent certes un résultat d’adaptation a l’anisotropie, mais
uniquement pour des fonctions héldériennes, n’exploitant donc pas les capacités d’adaptation
spatiale de la collection. En revanche, ils proposent une ameélioration de l'algorithme présenté
par [Don97; Kle09] dans un cadre multivarié. Leur étude par simulations montre notamment
que leur procédure se compare favorablement & ’algorithme CART en classification.

Enfin, Birgé [Bir06b] propose d’effectuer de la sélection d’histogrammes construits sur des
partitions en intervalles dyadiques en utilisant sa procédure de sélection basée sur des tests
multiples. Seront ainsi traitées l’estimation de densité [Bir06b|, de 'intensité d’un processus
de Poisson |Bir07| et de l'intensité d’'une mesure aléatoire par Baraud et Birgé [BB09]|. Dans
chacun de ces cas, la performance de I'estimateur est mesurée via le risque quadratique associé
a une distance de type Hellinger. C’est a Birgé |Bir06b| que ’on doit le rapprochement entre la
sélection de modeéle et le résultat d’approximation de DeVore et Yu [DY90] pour les espaces de
Besov, étendu dans [Bir07] aux fonctions & a-variations bornées. L’utilisation de cette famille de
partitions est en fait beaucoup plus ancienne en théorie de I’approximation, et remonte au moins
a Birman et Solomjak [BS67]. En effet, une maniére naturelle de construire une approximation,
disons constante par morceaux, d’une fonction a valeurs réelles définie sur [0, 1] consiste a partir
de la partition triviale {[0,1]}, puis & raffiner successivement la partition en remplagant un
intervalle bien choisi de la partition par ses deux enfants. Si les procédures définies dans |BirO6b;
Bir07, BB09| possédent des propriétés théoriques intéressantes (inégalité de type oracle et
adaptation spatiale, sans facteur logarithmique), en pratique, leur implémentation semble a ce
jour difficilement réalisable en raison d’une complexité algorithmique quadratique en la taille
de la collection de partitions (c¢f. [BB09|). Or, celle-ci est de ’ordre de 4™ lorsqu’on se restreint
a des intervalles de longueur au moins 1/n.

I.6 Autres procédures spatialement adaptatives au sens mini-
max

Parmi les procédures spatialement adaptatives au sens minimax autres que la sélection de
modele décrite aux paragraphes 1.4 et 1.5, nous distinguerons les procédures par seuillage dans
une base d’ondelettes, les procédures avec parametre de lissage variable inspirées de la méthode
dite de Lepski, et les procédures par régularisation. Nous nous attarderons un peu plus sur les
premiéres, qui sont devenues des procédures de référence, tant du point de vue théorique que
pratique, et font ’objet d’une abondante littérature.

Seuillage dans une base d’ondelettes. Ecrivons le développement de s € Ly([0, 1]) dans une
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base d’ondelettes caractérisée par une ondelette-pére ¢ et une ondelette-meére 1 sous la forme

s = Z Oqubk-i—z Z ﬁjJﬂﬁka

keA(-1) JENkeA())

ott A(—1) est un ensemble fini et, pour j > 0, |A(j)| est de I'ordre de 27. Les procédures de
seuillage coefficient par coefficient conduisent & des estimateurs de s de la forme

i= > ak¢k+z > 0Bk A (1.6.16)

keA(—1) J=0 keA(j)

ou les &y, et ﬁ}-’k sont les coefficients empiriques, auxquels on applique éventuellement une fonc-
tion de seuillage n. La fonction 1 a pour effet de remplacer par 0 les coefficients empiriques
du niveau de résolution j inférieurs en valeur absolue & un certain seuil \; et agit comme une
application contractante sur les autres coefficients. L’indice J, correspondant & la résolution la
plus fine est choisi a prior: et joue le méme role que celui défini au paragraphe 1.4.3. Dans le
cadre de régression décrit dans le Probléme 2, avec des x; déterministes uniformément répartis
sur [0, 1], Donoho et Johnstone [DJ94b| (voir aussi [DJKP95]) proposent U'estimateur VisuSh-
rink, basé sur la fonction de seuillage doux et un seuil universel, ne dépendant ni des données
ni du niveau de résolution, choisi de maniére a vérifier une inégalité d’oracle. Cet estimateur,
qui ne nécessite que O(n) calculs, posséde, pour le risque quadratique intégré, des propriétés
d’adaptation spatiale sur des boules de Besov de régularité a, a un facteur (In(n))2e/(1+22)
prés. Dans ce méme cadre, 'estimateur NeighCoeff de Cai et Silverman [CSO01], qui differe
légérement par le type de seuillage et le choix du seuil, posséde des propriétés similaires. Des
extensions de VisuShrink a des fonctions anisotropes sont proposées par Neumann [Neu00] et
Neumann et Von Sachs [NvS97|, dans le modeéle de bruit blanc gaussien et pour l’estimation du
spectre évolutif, toujours avec des propriétés d’adaptation spatiale & un facteur logarithmique
prés. En estimation de densité, Donoho et al. [DJKP96| proposent un estimateur par seuillage
fort, avec un seuil dépendant du niveau de résolution mais pas des données. Pour le risque L,
intégré, ¢ > 1, cet estimateur s’adapte a un facteur (In(n))?/0+42%) syr des boules de Besov
de régularité a, pourvu que les parameétres de l’estimateur soient bien choisis en fonction de
q et du rayon de la boule. Il existe des extensions de cet estimateur a des données censurées
(cf. Li |Li07]), ainsi qu’a des données dépendantes, proposées par Clémencgon |[Clé00a; Clé00b|
(densité stationnaire et densité de transition d’une chaine de Markov) et Gannaz et Wintenber-
ger [GWO09| (densité pour données faiblement dépendantes). Enfin, dans le cadre de régression
évoqué en début de paragraphe, deux procédures par seuillage s’adaptent spatialement sans
facteur logarithmique : 'estimateur SureShrink de Donoho et Johnstone [DJ95]| et celui défini
par Juditsky [Jud97]. Dans les deux cas, le choix du seuil dépend a la fois du niveau de résolu-
tion et des données, mais l'estimateur reste implémentable avec une complexité algorithmique
en O(nln(n)). Alors que la définition de SureShrink est basée sur lestimation sans biais du
risque quadratique de Stein, I'estimateur de Juditsky repose sur la méthode de Lepski [Lep91]
et ses performances sont mesurées via le risque L, intégré, ¢ > 1.

Une alternative au seuillage coefficient par coefficient est le seuillage par blocs : dans l’ex-
pression (1.6.16), au sein de chaque niveau de résolution A(j), les coefficients empiriques sont
d’abord regroupés par blocs, et c’est & ces derniers qu’on applique la fonction de seuillage.
De tels estimateurs sont initialement étudiés par Hall et al. en densité |[HKP9S8| et régres-
sion [HKP99|, pour le risque quadratique intégré, avec un seuil constant et des blocs de lon-
gueur O(In?(n)). Ils s’adaptent spatialement sur des classes de fonctions définies par super-
position d’une fonction présentant des irrégularités d’un certain type a une fonction de régu-
larité homogene. Cai [Cai02| en régression et Chicken et Cai [CC05| en densité montrent que
des estimateurs similaires, avec des blocs de longueur O(In(n)), s’adaptent aussi localement.
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L’estimateur BlockJS de Cai [Cai99], autre variante de [HKP99| avec des blocs de longueur
O(In(n)), et Vestimateur NeighBlock de [CS01] se calculent en temps linéaire et possédent des
propriétés d’adaptation spatiale sur les traditionnelles boules de Besov. Cependant, pour le
risque quadratique intégré et sur des boules de régularité a non homogeéne, mesurée dans la
norme L,, 'adaptation n’est obtenue qu’a un facteur (In(n))2(/P=1/2)/(1+20) pras qui se dé-
tériore donc lorsque p décroit. Mentionnons également ’approche unifiée de Chesneau [Che08|
— et ses conséquences [Che09; Che07]- qui étudie une variante de BlockJS pour le risque L,
intégré. Néanmoins, il apparait toujours un facteur logarithmique dans le cas ou la régularité
n’est pas homogéne. Nous terminerons la revue des méthodes d’ondelettes par la toute récente
procédure SureBlock de Cai et Zhou |CZ09] en régression, qui, comme son nom l'indique, est
une version « seuillage par blocs » de la procédure SureShrink [DJ95]. La taille des blocs ainsi
que les seuils dépendent du niveau de résolution et sont choisis & partir des données de maniére
a vérifier une inégalité d’oracle. La complexité algorithmique n’est pas mentionnée mais cet
estimateur est capable de s’adapter spatialement et sans facteur logarithmique.

Méthode de Lepski. Lepski et al. [LMS97|, dans le modeéle de bruit blanc gaussien, et
Goldenshluger et Nemirovksi [GN97|, dans le modéle de régression gaussien, proposent des
estimateurs avec parameétre de lissage variable inspirés de la méthode de Lepski [Lep91|. Etant
donnée une famille d’estimateurs & noyaux, le parameétre de lissage est choisi en fonction des
données de maniére & assurer des propriétés d’adaptation locale. Ces estimateurs s’adaptent
égalemant spatialement, sur des boules de Sobolev [GN97| ou de Besov [LMS97|, & un facteur
logarithmique prés. Une extension de [LMS97]| dans un cadre multidimensionnel est étudiée
par Kerkyacharian et al. [KLPO1], qui obtiennent des résultats d’adaptation spatiale a facteur
logarithmique prés sur des boules de Besov anisotropes.

Régularisation. Etant donné un entier k& € N* choisi a priori, Mammen et Van de
Geer( [MvdG97|) proposent, dans le cadre de régression du Probléme 2, d’estimer s en mi-
nimisant le critére de type moindres carrés pénalisé

n

> (¥ = twi)® + AV (D)

i=1

sur une certaine classe de fonctions. Ici, A désigne une constante, V; la semi-norme dans l’espace
des fonctions & variations bornées, et t(*=1) la dérivée d’ordre k — 1 de t. Ils obtiennent ainsi
un estimateur polynomial par morceaux sur une partition choisie en fonction des données. Cet
estimateur atteint notamment la vitesse minimax a constante prés pour les fonctions dont la
dérivée d’ordre k — 1 est a variations bornées. La complexité algorithmique est précisée dans
le cas k = 1, de I'ordre de nln(n) pour une valeur donnée de X et de l'ordre de n? pour toutes
les valeurs de A.

1.7 Présentation des résultats de la thése

Dans cette thése, nous nous proposons d’estimer diverses fonctions par sélection de poly-
nomes par morceaux construits sur des partitions en intervalles, cubes ou rectangles dyadiques,
a ’aide d’un critére de type moindres carrés pénalisé, les deux premiers chapitres étant consa-
crés a la sélection d’histogrammes. Les cadres statistiques que nous étudions sont les suivants.
Dans le Chapitre II, nous nous intéressons a ’estimation d’une loi de probabilité discréte. De
plus, 'estimateur que nous construisons est utilisé au cours de I’étape préliminaire d’une pro-
cédure de détection de ruptures. Dans les deux chapitres suivants, nous sommes confrontés a
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des parameétres de nuisance. En effet, le Chapitre I1I présente une approche unifiée pour l'es-
timation fonctionnelle basée sur des données éventuellement censurées. Le Chapitre IV porte
sur 'estimation de densité conditionnelle pour des données dépendantes, la structure de dépen-
dance étant en partie inconnue. Ces différents cadres statistiques ont été peu étudiés jusqu’ici
par des méthodes adaptatives, voire par des méthodes non-paramétriques, comme indiqué dans
la bibliographie propre & chaque chapitre. Cependant, certains problémes de référence, tels que
Iestimation de la fonction de régression et l'estimation de densité univariée ou multivariée,
correspondent & des cas particuliers des cadres considérés dans les Chapitres III et IV, ce qui
autorise la comparaison avec les diverses procédures statistiques existantes. Nous parvenons
dans tous les cas a établir des inégalités de type oracle ainsi que des propriétés d’adaptation
spatiale, pour une pénalité simplement linéaire en la dimension des modeéles. Ces résultats sont
obtenus sans le facteur logarithmique qui apparait dans la grande majorité des travaux évo-
qués dans cette introduction, dont ceux portant déja sur cette collection de partitions. Pour
cela, nous utilisons de maniere essentielle la structure en arbre de la collection de partitions
et les propriétés combinatoires qui en découlent, des arguments de concentration propres aux
modeéles non réguliers, ainsi que le résultat d’approximation de DeVore et Yu [DY90]. Cepen-
dant, chaque nouveau cadre nécessite de démontrer de nouveaux résultats d’approximation,
qui ont leur propre intérét. Par ailleurs, nous décrivons un algorithme de calcul exact de notre
estimateur, que nous formulons comme un simple algorithme de plus court chemin, et dont la
complexité est seulement linéaire en la taille de 1’échantillon.

Présentons plus précisément les différents problémes que nous étudions ainsi que les prin-
cipaux résultats établis.

Chapitre 1I. Les travaux de ce chapitre font 'objet d’'une publication dans la revue ESAIM :

Probability and Statistics, intitulée FEstimating a discrete distribution via histogram selec-
tion [Aka09|.

A partir de I’observation de n variables aléatoires indépendantes Y7, ...,Y, a valeurs dans
lensemble {1,...,7}, ol 7 est un entier naturel connu, r > 2, il s’agit d’estimer la loi de
probabilité s du vecteur (Y1,...,Y,). Cette loi s est vue comme une fonction a valeurs dans
R" dont la I® coordonnée, [ =1,...,r, est la fonction

ie{l,...,n}—P(Y; =1).

Nous considérons ici la collection M des partitions de {1,...,n} en intervalles dyadiques, en
supposant que n est une puissance de 2, chaque modéle S,,, m € M, étant constitué des
fonctions définies sur {1,...,n} a valeurs dans R" constantes par morceaux sur la partition m.
On obtient une collection d’estimateurs {8, }mear par minimisation sur chaque modele d’un
contraste de type moindres carrés v adéquat, comme expliqué dans le paragraphe [.4. Notre
étude porte alors sur 'estimateur pénalisé § = §,;, ot m = argmin,,c \({v(5m) + pen(m)}, pour
une pénalité de la forme

pen(m) = ¢D,,

ol ¢ désigne une constante et D,, le nombre d’intervalles de la partition m. Nous justifions
d’un point de vue théorique cette forme de pénalité en prouvant que § vérifie une inégalité de
type oracle et atteint effectivement la vitesse d’estimation minimax sur des classes de fonctions
présentant une régularité de type Besov ou & a-variations bornées. Pour ce faire, nous démon-
trons notamment un résultat d’approximation similaire & celui évoqué en (1.2.10), I’extension
de [DY90] & notre cadre n’étant pas immeédiate puisque les fonctions que nous étudions sont a
valeurs dans R", avec » > 2. Pour le calcul de 'estimateur §, il n’est pas nécessaire de déter-
miner tous les estimateurs de la collection, dont le nombre est exponentiel en n. En effet, nous
expliquons comment tirer profit de 'additivité du contraste et de la forme de la pénalité pour
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obtenir comme nouvelle caractérisation de la partition & sélectionner

m = argmin Z (L(I)+¢)

meM Iem

ou les quantités £(I) sont exprimées explicitement en fonction des données pour chaque inter-
valle dyadique I. Cette caractérisation permet d’utiliser un algorithme de plus court chemin
pour déterminer 7, dont la complexité en O(n) résulte essentiellement du nombre d’intervalles
dyadiques — également en O(n) — servant a construire toutes les partitions de la collection.
Gréace a une étude de simulations, nous proposons une maniére de choisir, en pratique, une
constante de pénalité c pertinente. De plus, pour ce choix de constante, notre estimateur se
compare assez favorablement & celui basé sur la stratégie Birgé-Massart étudié dans [DLT09].

Dans un deuxiéme temps, nous proposons une procédure hybride pour la détection de rup-
tures dans la loi s. Une difficulté de ce probléme réside dans le fait que nous ne disposons a
priori d’aucune information sur le nombre ou la position de ces ruptures. L’estimateur § seul
n’est pas tout a fait adapté a ce probléme étant donnée la contrainte sur la structure des par-
titions. Aussi, nous définissons une procédure hybride comme suit. On détermine tout d’abord
la partition m associée & §. Puis on considére la collection (aléatoire) des partitions construites
sur m, et I'on procéde a la sélection de la meilleure partition parmi cette collection & 'aide
d’un critére de type moindres carrés pénalisé. On en déduit également un nouvel estimateur
Spyp de s. Une qualité majeure de cette procédure est son temps de calcul extrémement réduit.
Par ailleurs, nous montrons que cet estimateur hybride conserve des propriétés d’adaptation
similaires & celles de ’estimateur initial. Nous implémentons cette procédure aussi bien sur des
données simulées que sur des données réelles de grande dimension. En effet, nous proposons
une application & la détection de ruptures dans une vraie séquence d’ADN.

Chapitre III. Ce chapitre présente une approche unifiée pour I'estimation fonctionnelle basée
sur des données éventuellement censurées, qui interviennent fréquemment en analyse des don-
nées de survie ou en fiabilité par exemple. Nous nous plagons dans le cadre général suivant.
Notre but est d’estimer une fonction s & valeurs réelles sur la base d’observations indépendantes
Z1 = (X1, Y1), ..., Z, = (X, Y,), n >3, ou X; € [0,1] peut étre considéré comme un instant
d’observation et Y; est a valeurs dans un espace ) donné. On désigne par P; la mesure de pro-
babilité sous-jacente et par Eg 'espérance associée, et on note Ly([0, 1]) Pespace des fonctions
de carré intégrable par rapport & une mesure de probabilité p, muni du produit scalaire et de
la norme usuels notés (., .) et ||.||. Nous considérons ici dans un premier temps une collection
finie quelconque M* de partitions de [0, 1] et définissons chaque modéle S, comme ’ensemble
des fonctions constantes par morceaux sur la partition m. Nous supposons que s appartient a
un sous-espace donné S de Ly([0,1]) et que, pour tout t € S,

%Zwm)tm)]

i=1

(t,s) =Eg

ou w : [0,1] x Y — R est une fonction mesurable donnée qui dépend éventuellement de
paramétres inconnus (par exemple, d’'un paramétre de nuisance di a la censure). Alors, s
minimise sur S
2 n
2 2 2
t — Eq llltll - Ezw(zi)t(Xi)] = |ls = t[|” = [Is]I",

1=1

donc nous considérons des estimateurs définis par minimisation du critére

1(0) = P = 2 3 el Z)H(x)

i=1
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sur les modeéles S,,, m € M?*, pour un estimateur donné w de w. L’estimateur § est alors
défini comme en 1.4, avec une fonction de pénalité qu’il reste & choisir. Nous illustrons la
pertinence de ce cadre général en détaillant les exemples suivants : estimation de la fonction
de régression, estimation de densité avec données censurées ou non, estimation du taux de
survie avec données censurées. Nous formulons de maniére concise des hypothéses générales
permettant de démontrer que l'estimateur s vérifie une inégalité de type oracle, éventuellement
a un facteur prés dépendant de m, pour une pénalité adéquate. Ces hypothéses portent sur
la structure de la collection de partitions, ’existence de moments exponentiels de certaines
variables aléatoires et la qualité de w en tant qu’estimateur de w.

Hypothése (P) I existe une partition m* sur laquelle sont construites toutes les partitions de
M* et telle que infrepx nu(l) > 1. De plus, pour tout I € m*, Iy € S.

Hypothése (M) I existe une constante positive a et une constante strictement positive v telles
que, pour tout I € m* et tout \ €] —1/a,1/al,

nopu(I)\2
2(1 —alAl)

IN

InE, [exp <)\§n: (w(Zi)][I(Xi) —E; [w(Zi)II(Xi)]>>:|

i=1

Hypothése (W) 11 existe un réel positif Ca, qui dépend éventuellement de w et s, tel que pour
tout I € m*,

n 2
1 X Ca
Es (m ;Zl(w - w)(Zi)]II(Xz‘)> S

Dans le cas particulier ou M* est la collection des partitions en intervalles dyadiques de
longueur suffisamment grande, une pénalité adéquate peut s’écrire sous la forme
MD,,
pen(m) = ¢ :
n

ol c est une constante, M est un estimateur d’un terme de variance et Dp,, le nombre d’inter-
valles de m. Nous explicitons dans de nombreux cas M en fonction des données. Nous montrons
alors des résultats d’adaptation spatiale sur des classes de fonctions & a-variations bornées ou
des classes de fonctions présentant une régularité de type Besov plus larges que celles habi-
tuellement considérées. En effet, la limite inférieure sur la régularité « est usuellement en 1/p
pour les fonctions présentant une régularité non-homogene mesurée dans une norme L, et nous
obtenons la condition moins restrictive

1/1 1 2+ 3p
—(Z-2) (1
a>2<p 2><+ 2—p>

pourvu que les fonctions d’une méme classe soient uniformément bornées. D’autre part, contrai-
rement a [DY90; Bir06a; Bir07; BB09|, nous devons prendre en compte la contrainte sur la taille
minimale des intervalles pour établir les qualités d’approximation de la collection de modéles
et la vitesse d’estimation qui en résulte.

Chapitre IV. Nous proposons dans ce chapitre une étude simultanée de ’estimation de la den-
sité et de la densité conditionnelle, lorsque les données sont dépendantes. Aussi, la fonction s a
estimer est définie dans ce chapitre sur [0, 1]d, ou d > 2. Etant donné un entier naturel 7, nous
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considérons tout d’abord une collection M* de partitions de [0, 1]% assez générale, et définissons
chaque modéle S,,, m € M*, comme ’ensemble des fonctions polynomiales par morceaux sur
m de degré au plus r en chaque coordonnée. Nous proposons différentes hypothéses de dépen-
dance, basées sur les coefficients de mélange ou une condition d’indépendance conditionnelle,
sous lesquelles les estimateurs sur un modéle ou 'estimateur pénalisé se comportent presque
aussi bien que dans le cas oul les données sont dépendantes. Puis, nous nous intéressons plus
particulierement aux collections de partitions en cubes dyadiques et en rectangles dyadiques.
Pour chacune de ces collections, nous proposons une pénalité de la forme

N (s, [)Dm

n

pen(m) = cd1n’(n)

Ici, ¢ désigne une constante positive et D,,, la dimension du modéle S,,. Le réel positif o
ainsi que J, qui vaut soit 0, soit 1, changent selon ’hypothése de dépendance. La quantité
N (s, f) dépend de s et de la densité f des variables de conditionnement, mais peut en pratique
étre remplacée par un estimateur adéquat. Chacune de ces collections permet d’obtenir des
résultats d’adaptation spatiale, sur des boules de Besov isotropes pour la premiére, et plus
généralement sur des boules de Besov anisotropes pour la seconde. Ce dernier résultat repose
notamment sur une extension de [DY90] & des fonctions présentant une régularité anisotrope.
Bien que [Don97; Kle09] aient étudié 'adaptation sur des espaces de ce genre, rappelons que
leur ligne de preuve, basée sur des ondelettes de Haar, est différente de celle que nous proposons
et se limite & des fonctions dont les degrés de régularité dans chacune des directions ne peuvent
étre supérieurs a 1.

En étoffant ainsi la liste des cadres statistiques étudiés, nous contribuons & montrer ['uni-
versalité de la procédure de sélection de partitions en rectangles dyadiques. Tout en étant
implémentable avec une complexité on ne peut plus raisonnable, cette procédure posséde des
propriétés d’adaptation qui s’étendent jusqu’aux fonctions de régularité & la fois non homogeéne
et anisotrope. A notre connaissance, il n’existe pas d’autre estimateur possédant ces qualités.
De plus, cette procédure semble pertinente en pratique. Ces différents résultats la rendent donc
tout & fait compétitive par rapport aux méthodes déja existantes, dont les méthodes d’onde-
lettes. D’autre part, les travaux présentés ici ouvrent des perspectives de recherche décrites en
fin de these.
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Chapter 11

Estimating a discrete distribution via
dyadic histogram selection

This chapter is a slightly modified version of the article Estimating a discrete distribution via
histogram selection by the author, to appear in ESAIM: Probability and Statistics.

Abstract

In this chapter, our aim is to estimate the joint distribution of a finite sequence
of independent categorical variables. We consider the collection of partitions into
dyadic intervals and the associated histograms, and we select from the data the best
histogram by minimizing a penalized least-squares criterion. The choice of the col-
lection of partitions is inspired from approximation results due to DeVore and Yu.
Our estimator satisfies a nonasymptotic oracle-type inequality and adaptivity prop-
erties in the minimax sense. Moreover, its computational complexity is only linear in
the length of the sequence. We also use that estimator during the preliminary stage
of a hybrid procedure for detecting multiple change-points in the joint distribution
of the sequence. That second procedure still satisfies adaptivity properties and can
be implemented efficiently. We provide a simulation study and apply the hybrid
procedure to the segmentation of a DNA sequence.
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II.1 Introduction

Let Y7,Ys,...,Y, be independent random variables taking values in the finite set {1,...,7},
where r is an integer and r > 2. Let s be the joint distribution of (Y7,Y3,...,Y,), that we
consider as the R"-valued function defined on {1,...,n} with /-th coordinate function

ie{l,...,n} = PB(Y; =),

for | = 1,...,r. The aim of this chapter is to study a nonparametric estimator of the dis-
tribution s. References treating about this problem are so scarce that we can only cite three
of them. Aerts and Veraverbeke [AV95] propose a kernel estimator, whose convergence rate
is given under a Lipschitz regularity condition. More recently, Lebarbier and Nédélec |[LNO7|
and then Durot, Lebarbier and Tocquet [DLT09] have studied procedures based on the model
selection principle introduced by Barron, Birgé and Massart [BBM99|. Thus, all their results
are nonasymptotic. In both cases, a family of linear spaces of real-valued functions defined
on {1,...,n} is given, and the procedures allow to select from the data, by minimizing some
penalized criterion, one space among that family in which all the coordinate functions of s
are estimated. The choice of the penalty is supported by an oracle-type inequality. Lebarbier
et al. [LNOT7] consider two different penalized criteria, one based on least-squares, the other
one on maximum-likelihood, and spaces of piecewise constant functions. Durot et al. [DLT09|
consider only a penalized least-squares criterion, but provide an oracle-type inequality that is
valid for almost all finite families of linear spaces. Moreover, they are particularly interested
in three families of spaces. The so-called exhaustive indicator strategy corresponds with the
family made up of all spaces of functions piecewise constant on some partition of {1,...,n}, a
family already encountered in [LNOT7|; the exhaustive Haar and non-exhaustive Haar (or neH)
strategies are based on families made up of spaces generated by some Haar wavelets. In these
three cases, the resulting estimator is proved to have adaptivity properties. Due to the richness
of the underlying families of spaces, both exhaustive strategies yield estimators that only satisfy
an oracle-type inequality up to a In(n) factor, but the non-exhaustive one does not have the
same drawback. Besides, implementing the first strategy requires O(n?) computations, against
only O(nln(n)) for the other two.

In this chapter, we study the penalized least-squares estimator defined as in [DLT09] but
based on a fourth family of linear spaces: in our case, each space is composed of functions
piecewise constant on a partition of {1,...,n} into dyadic intervals. Thus, we will refer to our
estimator as the d-estimator. The collection of linear spaces we consider has been chosen for
its potential qualities of approximation, as suggested by approximation results for real-valued
functions due to DeVore and Yu [DY90| and DeVore (cf. |[Bir07]). Adapting the proofs to our
framework, we prove that our collection of spaces has indeed good approximation qualities with
respect to R"-valued functions defined on {1,...,n} that either belong to Besov bodies — some
discrete analogues of balls in a Besov space — or have bounded variation. On the other hand,
the number of spaces per dimension is low enough to yield an oracle-type inequality with no
extra logarithmic factor. The conjunction of both properties of our collection allows to prove
adaptivity results in the minimax sense. From a theoretical point of view, the d-estimator thus
satisfies properties similar to those of the neH-estimator, and is also proved to be adaptive for
functions with bounded variation. Moreover, the d-estimator can be implemented with only
O(n) computations. Notice that a similar collection of linear spaces has lately been used by
Birgé [Bir06a; Bir07] and Baraud and Birgé [BB09] for estimation by model selection in various
statistical frameworks.

As an application of our estimation procedure, we address the problem of multiple change-
point detection in the distribution s. Our aim is then to estimate s by a function that is
piecewise constant on some partition of {1,...,n} with a number of intervals much smaller
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than n. That issue has attracted much attention due to its application to the segmentation of
DNA sequences into regions of homogeneous composition (cf. the review [BM98b| by Braun and
Miiller). Owing to the length of sequences such as DNA ones, a special attention must be paid to
the computational complexity of the statistical procedures. Braun, Braun and Miiller [BBMO00]
prove consistency results for the estimation of the change-points and the number of change-
points when using a penalized quasi-deviance criterion, but their estimator suffers from a
heavy computational complexity, of order @(n3). The two-stage procedure proposed by Gey
and Lebarbier |GLO08| in a Gaussian regression framework can be adapted to the framework
considered here (cf. [Leb02], Chapter 7). The preliminary stage uses CART algorithm to
select a partition. In order to reduce the size of the partition, the second stage consists in
selecting a partition among the rougher partitions built on the previous one, by minimizing a
penalized least-squares criterion. In the best case, the number of computations falls down to
only O(nln(n)) for the first stage of the procedure. Last, a few linear time procedures exist,
such as the one proposed by Fu and Curnow [FC90] (c¢f. [Csti04] for the implementation) and
the one studied by Szpankowski, Szpankowski and Ren [SRS05|. We propose in this chapter a
hybrid procedure similar to that of [GLO08], where the first stage consists this time in selecting
a partition into dyadic intervals. In practice, our hybrid procedure can be implemented quite
efficiently. Moreover, unlike the CART-based hybrid estimator, our hybrid estimator is proved
to enjoy some adaptivity properties, which are similar to those of the d-estimator, up to a
multiplicative constant. Notice that, contrary to [BBMO00], our aim is not to detect all the
change-points, but only the most relevant ones.

The chapter is organized as follows. In Section I1.2, we describe the statistical framework
and introduce notation used throughout the chapter. The next section is devoted to the
theoretical study of the d-estimator . Then, we present the subsequent hybrid procedure. The
performance of these procedures are illustrated in Section I1.5 through a simulation study. In
particular, we discuss there the practical choice of the penalties constants. Besides, we compare
the d-estimator with the ne H-estimator introduced in [DLT09], and apply the hybrid procedure
to a DNA sequence. The chapter ends with the proof of the approximation result needed to
derive one of the adaptivity properties.

I1.2 Framework and notation

I1.2.1 Framework

We observe n independent random variables Yi,...,Y, defined on the same probability space
(Q, A, P) and with values in {1,...,r}, where r is an integer and r > 2. We assume that n is a
power of 2, n > 2, and write n = 2. The distribution of the n-uple (Y1,...,Y},) is represented
by the r x n matrix s whose i-th column is

si= (P(Y;i=1)...P(Y;=7))", fori=1,...,n.

Observing (Y7, ...,Y,,) is equivalent to observing the random r x n matrix X whose i-th column
is
XZ' = (I[yz:l v I[yi:r)T, for ¢ = 1, Lo, n.

It should be noticed that the distribution s to estimate is in fact the expectation of X.

II.2.2 Notation

All along the chapter, we identify real-valued functions defined on {1,...,n} with R"-vectors,
so that u = (uy...u,) € R™ represents the function w : i € {1,...,n} — w;. In particular,
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for any subset I of {1,...,n}, we call indicator function of I, and denote by 1;, the R"”-vector
whose i-th coordinate is equal to 1 if ¢« € I, and null otherwise. In the same way, we identify
R"-valued functions defined on {1,...,n} with elements of .#(r,n), the set of real matrices
with 7 rows and n columns. Given an element t € .#(r,n), we denote by t") its I-th row and
by t; its i-th column. Thus ¢t € .# (r,n) represents the function, also denoted by ¢, defined on
{1,...,n}, whose value in i is the R"-vector t;, while t1), ... ¢(") are the coordinate functions
of t.

The space .# (r,n) is endowed with the inner product defined by

(t,u) = z”: Zr: tz(l)ul(-l).

i=1[=1

That product is linked with the standard inner products on R" and R", denoted respectively
by (.,.)r and (.,.), by the relations

n T

(tou) =D (i) = 3 (0, ul),.

i=1 =1

The norms induced by these products on . (r,n), R” and R™ are respectively denoted by ||.|,
Il and ||.||.- Another norm on .# (r,n) appearing in this chapter is

[0 := max {[tV]; 1 <i<n,1 <1 <0}

Let us now define some subsets of .#(r,n) of special interest. The set composed of the
r X n matrices whose columns are probability distributions on {1,...,r} is denoted by Z.
Given a linear subspace S of R”, the notation R" ® S stands for the linear subspace of .Z (r,n)
composed of the matrices whose rows all belong to S.

When the distribution of (Y7,...,Y},) is given by s, we denote respectively by Ps and Eg
the underlying probability distribution on (Q%" A%") and the associated expectation.

Last, in the many inequalities we shall encounter, the letters C,C1, c1,. .. stand for positive
constants. Sometimes, their dependence on one or several parameters will be indicated. For
instance, the notation C(«,p) means that C' only depends on « and p. The only constant
whose value is allowed to change from one line to another is denoted by C, with no index.

11.3 The d-estimator

We study in this section the d-estimator of the distribution s, thus called because it takes
values in the set of piecewise constant functions on some partition of {1,...,n} into dyadic
intervals. We begin with the definition of the estimator, explain the underlying model selection
principle and justify the form of the involved penalty thanks to [DLT09]. Then, we present the
main result of this chapter, about the adaptivity of the d-estimator. They greatly rely on an
approximation result that will be proved later in the article. Last, we describe the algorithm
used to implement that procedure and give its computational complexity.

I1.3.1 Definition of the d-estimator

A partition of {1,...,n} into dyadic intervals is a partition of {1,...,n} into sets of the form
{k‘nZ_j +1,...,(k+ 1)n2‘j}, where j € {0,...,N} is allowed to change from one interval
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of the partition to another, and k € {0,...,2/ — 1}. We denote by M the family of all such
partitions of {1,...,n}. We consider the collection of linear spaces of the form R” ® S,,, where
m € M and S,, is the linear subspace of R™ generated by the indicator functions {1;,I € m}.
In the sequel, the term ‘model’ refers indifferently to such a subspace of .#(r,n) or to the
associated partition in M. For all m € M, the least-squares estimator of s in R" ® 5, is
defined by
8, = argmin | X — ¢°.
teR"®@Sm

Over each interval I € m, §,, is constant and equal to the mean of the R"-vectors (X;)ier.

Ideally, we would like to choose a model among the collection M such that the risk of the
associated estimator is minimal. However, determining such a model requires the knowledge of
s. Therefore the challenge is to define a procedure m, based solely on the data, that selects a
model for which the risk of §,; almost reaches the minimal one. In other words, the estimator
Sy should satisfy a so-called oracle inequality

a2 : _a 2
Euflls = 8al?] < C inf By[lls — 8]

Besides, as often, the risk of each estimator §,, breaks down into an approximation error and an
estimation error roughly proportional to the dimension of the model. Indeed, for all m € M,
the estimator §,,, satisfies

- 1
Is = sull? + (1= lIslloc) Do < Eu[lls = 8al”] < lls = sial® + (1= ) D (1L3D)

where s,, is the orthogonal projection of s on R" ® S,, and D,, is the dimension of S,
(cf. |DLT09], proof of Corollary 1). Reaching the minimal risk among the estimators of the
collection thus amounts to realizing the best trade-off between the approximation error and the
dimension of the model, which vary in opposite ways. Therefore, we consider the procedure

mh = argmin {||X — &, + pen(m)},
meM
where pen : M — R™ is called penalty function. The d-estimator 3 of s is then defined as
5= 8.

Our choice of penalty, that relies on results proved in [DLT09], is justified by an oracle
inequality, up to a quantity that depends on ||s||c (¢f. Inequality (I1.3.4) below).

Proposition 3 Let pen : M — R™ be a penalty of the form
pen(m) = c¢oDp, (I1.3.2)
where, for m € M, Dy, is the dimension of S,,. If cg is positive and large enough, then
~112 . 2
£, [lls ~ 8% < Cleo) inf {lls — sl + D} (113.3)
Moreover, if ||s||cc <1, then

B [lls = 51°] < Cleo)(1 = slloe) ™ inf Balls = 5l (IL3.4)

Proof. For all 1 < D < n, we introduce the subcollection of models of dimension D:
Mp ={m e M s.t. Dy, = D}.

In order to evaluate the cardinal of Mp, let us describe M in a more constructive way. Let 7
be the complete binary tree with root (0,0) such that:
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e for all j € {1,..., N}, the nodes at level j are indexed by the elements of the set
AG) = {G, k) k = 0,...,20 — 1}:

e forall j € {0,...,N —1} and all k € {0,...,2/ — 1}, the left branch that stems from
node (j, k) leads to node (j + 1,2k), and the right one, to node (j + 1,2k + 1).

The node set of 7 is N’ = UéV:OA(j), where A(0) = {(0,0)}. The dyadic intervals of {1,...,n}
are the sets | |
T = {k2V7 +1,... (b + 12V}

indexed by the elements of A. Hence we deduce a one-to-one correspondence between the
partitions of {1,...,n} that belong to M and the subsets of N’ composed of the leaves of any
complete binary tree resulting from an elagation of 7. The cardinal of Mp is thus equal to
the number of complete binary trees with D leaves resulting from an elagation of 7. So it is
given by the Catalan number D! (2(DD__11)) and upper-bounded by 4”. Therefore, choosing for
instance L = In(8), we get

Z exp(—LD,) = Z |IMpl|exp(—LD) < 1.

meM D=1

Inequality (IL.3.3) thus follows from Theorem 1 in [DLT09]. Inequality (II.3.4) results from the
upper-bound (I1.3.3) and the lower-bound given in (I1.3.1). W

From now on, we will always assume that the d-estimator derives from a penalty of the form
pen(m) = coD,,, where the constant cgis positive and large enough to yield an oracle-type
inequality. Choosing in practice an adequate value of ¢ is an issue that will be treated in
Section I1.5. By way of comparison, let us mention that the neH-procedure studied in [DLT09]
satisfies the same kind of oracle-type inequality (cf. [DLT09], Proposition 3). But the similar
procedure based on the exhaustive collection of partitions of {1,...,n} only satisfies an oracle-
type inequality such as (I1.3.4) within a In(n) factor, owing to the greater number of models
per dimension (c¢f. [DLT09], Proposition 1).

Last, notice that § does not necessarily belong to &. Nevertheless, since the vector (1...1)
belongs to any S,,, for m € M, the elements in a same row of § sum up to 1. In order to
get an estimator of s with values in &2, we may consider the orthogonal projection of § on the
closed convex &7, whose risk is even smaller than that of 5.

I11.3.2 Adaptivity of the d-estimator

Though the oracle-type inequality (I1.3.4) ensures that, under a minor constraint on s, the
estimator § is almost as good as the best estimator in the collection {$,,}menm, it does not
allow to compare § with other estimators of s. Therefore, we now pursue the study of s
adopting a minimax point of view. We consider a large family of subsets of 2, to be defined
in the next paragraph. Let us denote by S some subset in that family. Our aim is to compare
the maximal risk of § when s belongs to S to the minimax risk over S. We may rewrite the
upper-bound (I1.3.3) for the risk of § as

Eo[lls - 512 < Cleo) inf { inf |ls = snl®+ D}, IL3.5
sllls =8I°] < Cleo) dmf 'y inf lls —sml® + (IL.3.5)
where we recall that Mp = {m € M s.t. D,,, = D} and s,, is the orthogonal projection of s
on R" ® S,,. Thus, the approximation qualities of our family of models with respect to each
subset S remain to be evaluated. More precisely, for each subset S, and each dimension D, we
shall provide upper-bounds for the approximation error inf,epy, [|$ — 8m|/? when s € S.
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On the one hand, we consider subsets of & introduced in |[DLT09], whose definition is
inspired from the characterization in terms of wavelet coefficients of balls in Besov spaces. In
order to define them, we equip R™ with an orthonormal wavelet basis, the Haar basis.

Definition 1 Let ¢ : R — {—1,1} be the function with support (0,1] that takes value 1 on
(0,1/2] and —1 on (1/2,1]. Let A = U;V__IIA( ), where A(—1) = {(—1,0)} and

AGG) =1{(,k),k=0,...,22 =1}, forj=0,...,N — 1.

If A\ =(—1,0), ¢y is the R™-vector whose coordinates are all equal to 1/\/n.
If \= (j, k), where j # —1 and k € A(j), ¢x is the R"-vector whose i-th coordinate is

s 27/2 2]' b). foriz1
N = —— - — ort=1,...,n
()

The functions {px}rea are called the Haar functions. They form an orthonormal basis of R™

called the Haar basis.

Any element t € .#(r,n) can be decomposed into

t= Z > Bda

J=—1XeA(j)

where, for all A € A, () is the column-vector in R” whose [-th coefficient is ﬂ/(\l) =tV $y)y, for
l=1,...,r. So, we improperly refer to the 3)’s as the wavelet coefficients of ¢. Besov bodies
are then defined as follows.

Definition 2 Let o > 0, p > 0 and R > 0. The set composed of all the elements t € 4 (r,n)

such that
1/p
3 (B 5 o) 2

AEA(H)

where, forl=1,...,r, (l) = (tO, ¢\)n, is denoted by B(a,p, R) and called a Besov body. The
set of all the elements of P that belong to B(«, p, R) is denoted by BP(c, p, R).

We also consider subsets of & whose definition is inspired from functions of bounded a-
variation.

Definition 3 Let o« >0 and R > 0. Fort € .# (r,n), let

1<i<n—1 r0<...<T;
s.t. 1<zo<z;<n

i a
Vo(t) = sup sup { lte; — tmj1||71~/a} .
7j=1

The set composed of all the elements t € A (r,n) such that Vo (t) < R is denoted by ¥ (o, R).
The set of all the elements of & that belong to ¥ («, R) is denoted by ¥ P (a, R).

Notice that, for all t € .#(r,n), when a > 1,

{Zut i 1\\1/“}

so that V,(t) may be interpreted as the ¢; /,-norm of the ‘jumps’ of ¢.

For a wide range of values of the parameters (a,p, R) or (a, R), we are able to bound the
approximation errors appearing in (I1.3.5) uniformly over ZZ(a, p, R) and ¥ Z(a, R).
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Theorem 1 Let p € (0,2], « > 1/p—1/2 and R > 0. For all s € BP(c,p,R) and all
D e {1,...,n}, there exists a partition m € M such that D, = D and

s — sml|> < C(a,p)nR*D™2.

That result will be proved in Section II.6.

Theorem 2 Let o > 0 and R > 0. Let ki(a) = (1 — 27 (1F20)/Q) /(1 — 2=Y Q) For qil
s€VP(,R) and all 0 < j < N, there exists a partition m € M such that 1 < D, < k1(a)2?

and ‘
s — sml* < C(a)nR?272%7,

Proof.  The proof of Proposition 3 in [Bir07| can be readily adapted to our framework,
whatever a > 0. In the proof of that proposition, the assumption « € (0, 1] is only used to
bound k1 («) and C(a). B

Let us now come back to our initial problem, that is comparing the performance of s
with that of any other estimator of s. For « > 0, p > 0 and R > 0, the minimax risk over
BP(a,p, R) is given by

R%(aapa R) :qu sSup Es[||8_‘§||2]
S s€eBP(a,p,R)

where the infimum is taken over all the estimators § of s. We denote by Ry («, R) the minimax
risk over 7' #(«, R). Thanks to the above approximation results, we obtain, as stated below,
that, for a whole range of values of («, p, R) or (a, R), the estimator § reaches the minimax risk
over BY(a,p,R) and ¥ #(a, R) within a multiplicative constant. Therefore, § is adaptive
in the minimax sense not only over the same range of Besov bodies as the neH-estimator
(cf. [IDLT09], Corollary 4) but also on a wide range of sets in the scale {¥ Z(«, R) }a>0,r>0-

Theorem 3 For all p € (0,2] and o > 1/p —1/2, if =2 < R < n®, then

sup  E,[||ls — 5]%] < C(co, . p)Rz(c,p, R).
SEBP(a,p,R)

For all o > 0, there exists a real ko(a) € (0,1) such that, if R > n~"? and R < kay(a)n®, then

sup  Eq[lls — 5]°] < C(co, )Ry (a, R).
se€¥ P(a,R)

Proof. Letusfixp € (0,2],a > 1/p—1/2 and n~/? < R < n®. Combining Inequality (I1.3.5)
and Theorem 1 leads to

sup  E[ls = 5|*] < C(co,,p) inf {nR*D7**+ D}. (11.3.6)
SEBP(a,p,R) 1<D<n

In order to realize approximately the best trade-off between the terms nR2D~2% and D, which
vary in opposite ways when D increases, we choose D as large as possible under the constraint
D < nR?D~2. Let us denote by D* the largest integer D such that D < (nRQ)l/(HzO‘). One
can easily check that, given the hypotheses linking n and R, D* does belong to {1,...,n}.
Since 2D* > (nR?)Y/(14+2%) e deduce from Inequality (I1.3.6) the upper-bound

sup  E[|ls — 3]%] < C(co, . p)(nR?)V Gt
Seegﬂ(a,p,R)

The matching lower-bound for the minimax risk over % («, p, R) is proved in [DLT09] (The-
orem 3).
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Table 11.3.1: Algorithm for computing s

Step 1: Initialization
Set d(1) = 0 and p(1) = +o0.
Fori=2,...,n4+1,

set d(i) = +oo and p(i) = +o0.

Step 2: Determining the lengths of the shortest paths with origin 1
Fori=1,...,n,
for j € Ty,
if d(j) > d(i) + L(i, 7),
then do d(j) « d(i) + L(7,7) and p(j) « 1.

Step 3: Determining o shortest path P from 1 ton + 1

Set pred = p(n+1) and P = (n+ 1).

While pred # +o0,
replace P with the concatenation of pred followed by P,
do pred «— p(pred).

Step 4: Computing the d-estimator
Set D = length(P) — 1.
Fork=1,...,D,
fori=P(k),...,P(k+1)—1,
set §; = X(P(k) : P(k+1)).

In the same way, for @ > 0 and n=/2 < R < n®, we get

sup By [|ls — 3]%] < Clco, @) (nR?)M o+,
se¥ P(o,R)

The definition of k2(«) and the matching lower-bound for the minimax risk over ¥ (o, R),
for n=%/2 < R < ko(a)n®, are given in Proposition 8. W

I1.3.3 Computing the d-estimator

Since the penalty only depends on the dimension of the models, we denote by pen(D) the
penalty assigned to all models in Mp, for 1 < D <n. A way to compute § could rely on the
equality

. a2 _ . : a2
nl;rélfr\l/l{HX 8m|® + pen(m)} 1%371{771%1/1&11,3“)( S| +pen(D)}.

We should thus compute the best estimator for each dimension D € {1,...,n}, and choose one
among them by taking into account the penalty term, as in [Leb02] (Chapter 3) or [BBMO0O|.
But, even with Bellman’s algorithm, that requires polynomial time. Here, we shall see that we
can avoid such a computationaly intensive way by taking advantage of the form of the penalty.

Let us express more explicitly the criterion to minimize. The dyadic intervals of a given
partition m € M are denoted by {ig,...,ik11 — 1}, k= 1,..., Dy, with 1 =43 < ig... <
ip,,+1 = n+1. For all 1 <k < D,,, any column of §,, whose index belongs to {i,...,ix11—1}
is equal to the mean X (ij, : ir41) of the columns of X whose indices belong to the interval
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{iy...,ik+1 — 1}. Owing to the form of the penalty, and to the additivity of the least-squares
criterion, the whole criterion to minimize breaks down into a sum:

D,
IX = 8ml|* + pen(m) = > L(i, ig11), (IL.3.7)
k=1
where, for all 1 < k < D,,,
ihy1—1
Llig, k1) = co+ Y |1Xi = X(ix : ixr)[I7-
1=1f

By comparison with the method suggested in the previous paragraph, we are left with only one
minimization problem, with no dimension constraint, instead of n. We now turn to graph theory
where our minimization problem finds a natural interpretation. We consider the weighted
directed graph G having {1,...,n + 1} as vertex set and whose edges are the pairs (4, j) such
that {i,...,7 — 1} is a dyadic interval of {1,...,n} assigned with the weight £(7, ). We say
that a vertex j is a successor to a vertex 4 if (4, j) is an edge of the graph G and we associate to
each vertex i its successor list I';. For all 1 < D <n, a D+ l-uple (i1,12,...,ip+1) of vertices
of G such that i1 = 1, ipy1 = n+ 1 and each vertex is a successor to the previous one, will
be called a path leading from 1 to n+ 1 in D steps. The length of such a path is defined as
21?21 L(ik, ig+1). Determining m thus amounts to finding a shortest path leading from 1 to
n + 1 in the graph G. That problem can be solved by using a simple shortest-path algorithm
dedicated to acyclic directed graphs, presented for instance in [CLRSO01] (Section 24.2). For
the sake of completeness, we also describe it in Table I1.3.1. We have to underline that there
are only 2n — 1 dyadic intervals of {1,...,n}. Therefore, the graph G, with n+ 1 vertices and
2n — 1 edges, can be represented by only O(n) data: the weights £(4, ), for 1 < i < n and
j € I';, and the successor lists I';, for 1 < ¢ < n. In the key step of the algorithm, i.e. step
2, each edge is considered only once. When the time comes to consider the edges with origin
i, the variables d(i) and p(i) respectively contain the length of a shortest path from 1 to ¢
and a predecessor of 7 in such a path. Just before the edge (i, ), where j € I';, be processed,
the variables d(j) and p(j) contain respectively the length of a shortest path leading from 1
to 7 and a predecessor of j in such a path, based solely on the edges that have already been
encountered. Then dealing with the edge (i,7) consists in testing whether the length of the
path leading from 1 to j can be shortened by going via ¢ and updating, if necessary, d(j) and
p(j). What clearly appears from the above description of the algorithm is that its complexity
is only linear in the length n of the sequence.

I1.4 Hybrid procedure

We shall now apply the previous procedure to the detection of multiple change-points in the
distribution s. Let us give a first glimpse of what can be expected from the d-estimator for
that problem. In Figure I1.4, we plot the first coordinate function of a distribution s, €
M (2,1024) that is piecewise constant over a partition with only 3 segments together with the
first coordinate of a realization of s,. The value of ¢y has been chosen so as to minimize the
distance between s, and its estimator. If both change-points in s, are indeed detected, the
selected partition, due to its special nature, also points at irrelevant ones. In order to get rid
of them, we propose a two-stage procedure, that we name hybrid procedure. After describing
it, we provide an adaptivity result for that procedure and end this section with computational
issues.

In the sequel, we suppose that n > 4. We shall work with the set .Z(r,n/2) of r x (n/2)
real matrices and introduce other notation. For all t € .Z(r,n), we denote by t* (resp. t°)
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Figure I1.4.1: First coordinate functions of the distribution s, (thin black line) and of its d-estimator
Sq (thick yellow line).

the element of .#(r,n/2) composed of the columns of ¢t whose indices are even (resp. odd).
We equip . (r,n/2) with the norm analogous to the norm |.|| on .Z(r,n). For the sake of
simplicity, we also denote by [|.|| that norm on .# (r,n/2). For a partition m of {1,...,n/2}, we
denote by S/, the linear subspace of R™/2 generated by the indicator functions of the intervals
I € m and by D), its dimension. We are now able to describe the hybrid procedure. First, the
previous procedure based on X*® provide us with a random partition of {1,...,n/2} into dyadic
intervals denoted by m®. Then, we consider the random collection M® of all the partitions
of {1,...,n/2} that are built on m®. For each partition m of {1,...,n/2}, we define the
least-squares estimator of s° in R” ® S/, by

$%, = argmin || X° — t[|%.
teR™®S!,
Then we select
1m°® = argmin {[|X° — s°,||% + pen’(m)},

memM®
where the penalty pen® will be chosen in the next paragraph. That partition provide us with
the estimated change-points in the distribution s. As a matter of fact, we define the hybrid
estimator 5p,;, of s as the random r x n matrix whose submatrices composed respectively
of columns with even indices and of columns with odd indices are both equal to $°mo0. The
application of this procedure to s, is illustrated by Figure I1.5.4. Notice that other ways of
splitting the sample could be considered. This one has been chosen for ease of notation.

We obtain the following upper-bound for the risk of 55,
Theorem 4 Let D be the cardinal of m* and pen® : M* = R* be a penalty of the form
peti® (m) = (61 teyln (B/D;n))D;n, (I1.4.8)
where ¢1 and co are positive. If cg, c¢1 and co are large enough, then
~ 2 . 2 o 2
Eq[lls — 8nys|?] < 0(60761762)[77%2};4 {lls = smll* + D } +[Is° = s°| }

Thus, if s also satisfies ||s° — s®||* < Ainfper {|Is — sm[? + D}, then

Es[lls — 3npll?] < Clco,c1,e2,N) inf {lIs = sml®> + Dy, }. (I1.4.9)

Inequality (I1.4.9) must be compared with Inequality (II.3.3). In particular, provided s° and s*
are close enough, the adaptivity properties of the hybrid estimator are similar to those of the
d-estimator. The constant C(cg, ¢1,c2, A) in (I1.4.9) is expected to be larger than the constant
C(co) in  (I1.3.3), but we will see in Section I1.5.3 that, in practice, provided the penalty
constants are well chosen, the risk of 5, is not so far from that of 5.
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Proof. Foralll <D< ﬁ, the number ]VD of partitions in M?® with D pieces satisfies

~ D-1 eD\ P
Np = <= .
»=(5-1)= (%)
The above inequality results from a property of binomial coefficients that may be found
in [Mas07] (Proposition 2.5) for instance. So the weights defined by

L(D) = In(2¢) + In(D/D), for 1 < D < D,
are such that

D
Z Np exp(—DL(D)) < 1.
D=1

Moreover, given X*®, the penalty pen® given by (I1.4.8) fulfills the hypotheses of Theorem 1
in [DLT09| provided ¢; and cp are large enough. With a slight abuse of notation, for any
partition m of {1,...,n/2}, we still denote by t,, the orthogonal projection of an element
t € #(r,n/2) on R"® S! . Working conditionally to X*®, the collection M® is deterministic,
so we deduce from Theorem 1 of [DLT09]| applied to the estimator %40 of s° that

oo [[|5° — 520 |I21X*] < Cler, e2)[[I5° — %I + pen°(m®)]. (I1.4.10)

We recall that the d-estimator of s® is s* = $%4.. So, thanks to the triangle inequality, and
since an orthogonal projection is a shrinking map, we get

Is° = el < C(IIs® = *I* + [|s* — s°[|).-
By definition, D = Dl.., so
ﬁeﬁo(m') = ClD.

Taking into account the last two inequalities and integrating with respect to X°® leads
from (I1.4.10) to

Eo[lls” = 52 2] < Cler,ea) |15 = s*12 + Bea [lls* — 5*2] + Ege (D).
Besides, it follows from the definition of 55, that
ls = Bngsll* = lls* — 8% 1> + [|5° — e |I*-
Applying the triangle inequality, we then get
Is = Bnyoll®> < C(IIs* = 5°I1% + [|° = 8%0 ).
Consequently,

Ed[lls — Snysll?] < Clex, c2) [Hso — |2 B [s* — 0% + ES-(ﬁ)]. (IL4.11)

Let us denote by M’ the set of all partitions of {1,...,n/2} into dyadic intervals. For the risk
of s*, Inequality (I1.3.3) provides

Ege [||s* — s*[I*] < C(co) inf {lIIs* = st.|I* + Db, }- (I1.4.12)
memM’

In order to bound the term Es-(ﬁ), we need to go back to the proof of Theorem 1 in [DLT09]
(Section 8.1). As already seen during the proof of Proposition 3, we can choose a positive

constant L such that >\ exp(—LD;,) < 1. Let us fix a partition m € M’ and £ > 0.
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Using the same notation as in [DLT09|, we deduce from the proof of Theorem 1 in [DLT09]
that there exists an event Q¢(m) such that P (£2¢(m)) > 1 — exp(—¢) and on which

oD < C1|s* = sp||* + Ca(co) D)y, + CsD + Cié.
Therefore, if ¢g > C3, then
D < Cleo)(|Is* — si|I* + Dy, +€).
Integrating this inequality and taking the infimum over m € M’ then yields
Ege (D) < C(cp) nf {IIs* = st |I* + Dl }. (11.4.13)
Moreover, one can check that
. ° e (2 : 2
mlél/{/t, {lIs*=sol”+ Dy, } < mlgﬁA {lIs = smlI* + D} (I11.4.14)
Combining Inequalities (I1.4.11) to (I1.4.14), we finally get
By [lls = shupll?] < Cleo, cv,en) [I157 = 5"+ int {lls = smll® + Do} .

Regarding the computation of sj,,, we know from Section I1.3.3 that determining s* only
requires O(n) computations. On the other hand, since pen° is not linear in the dimension
of the models, m° has to be determined following the method suggested at the beginning of
Section I1.3.3 and using Bellman’s algorithm. Thus, the second stage requires (9(153) com-
putations. However, if s belongs to Z%(a,p, R) or ¥ Z(«,p, R), it follows from Inequali-
ties (I1.4.13) and (IL.4.14) and the proof of Theorem 3 that the expectation of D is of order
nt/(+20) Tp guch a case, the second stage of the hybrid procedure is thus expected to require
much less than O(n?) computations.

II.5 Simulation study

In the previous sections, our main concern has been to propose a form of penalty yielding,
in theory, a performant estimator. In this section, we study some practical choice of the
penalty for each procedure. Besides, we compare the d-estimator with the neH-estimator
proposed in [DLT09] on several simulated examples. We also compare on a DNA sequence our
hybrid procedure with that based on CART (¢f. [Leb02]) and that based on the neH-procedure
(cf. [DLT09], Section 7).

I1.5.1 Choosing the penalty constant for the d-estimator

We have examined some examples for r = 2 and r = 4, with different values of n = 2. For
r = 2, the distribution s is entirely determined by its first coordinate function, that is the only
one to be plotted (c¢f. Figure 11.5.2). For r = 4, examples sq to s; are plotted in Figure 11.5.3
(left column).

As already said in Section I1.3.1, the d-estimator has been designed for satisfying an oracle
inequality, what it almost does according to Proposition 3. Therefore, the risk of the oracle, i.e.
inf e Eg [Hs — §m|]2], serves as a benchmark in order to judge of the quality of s, and also of
the quality of a method for choosing a penalty constant. The different quantities introduced in
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Figure I1.5.2: Left column: first coordinate functions of s (thin black line) and § (thick orange line)
for s € {54, b, Sc }; Right column: first coordinate functions of s (thin black line) and 3. (thick green
line) for s € {sq, Sp, Sc}-
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Figure I1.5.3: For s € {54, Se, s¢}. Left column: Four coordinate functions of s; Center column: four
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Table I1.5.2: Performance of the d-estimator for different choices of the penalty constant.

S r| N | Q* Cj oj | Qj
Se || 2110 1.7 2419|0227
sp {2110 17119 20]02]21
Se |2 1132217 20]01]|18
sq 411021141 24]02]|14
Se || 4112 25|13 23|01]1.3
sp || 4132713 |25]|01]13

the sequel have been estimated over 500 simulations. Denoting by §(c) the d-estimator when
co takes the value ¢, we have first estimated

(s) = argrcnin E,[|ls — §(C)H2],

where, in practice, we have varied ¢ from 0 to 4, by step 0.1, and from 4 to 6 by step 0.5. We plot
in Table I1.5.2 an estimation of ¢* and the ratio @* between an estimation of E[||s — 5(c*)||?]
and the estimated risk of the oracle. In view of the results obtained here, it seems difficult to
propose a value of ¢y that would be convenient for any s. Therefore, as in [DLT09], Section 8,
we have tried a data-driven method, inspired from results proved by Birgé and Massart in a
Gaussian framework (cf. [BMO07]). Given a simulation of (Y7,...,Y},,), the procedure we have
followed can be decomposed into three steps:

e determine the dimension B(c) of the selected partition for each value c of the penalty
constant ¢y, where ¢ increases from 0, by step 0.1, until D(c) = 1;

e compute the difference between the dimensions of the selected partitions for two consec-
utive values of ¢y and retain the value ¢ corresponding to the biggest jump in dimension
under the constraint D(¢) < Dinaz, where Dy, is a prescribed maximal dimension;

e set ¢; = 2¢ and compute the d-estimator with pen(D) = ¢;D.

Here we have taken D4, = 60 when N = 10, D = 200 when N = 12 and D4, = 300
when NV = 13. We give in Table I[.5.2 the ratio @); between the estimated risk of § for that
procedure and the estimated risk of the oracle. We also give estimations of the mean value and
standard-error of ¢;, denoted respectively by ¢; and o;. One realization of each d-estimator
computed with that method is plotted in Figures I1.5.2 (left column) and I1.5.3 (center column).

Let us analyze the results of the simulations. The data-driven method really seems to adapt
to the unknown distribution s: in terms of risk, it is almost as good as if we knew the constant
that minimizes the risk of 5. Let us now compare the different values of @* (or Q). As foreseen
by the oracle-type inequality (I1.3.4), the ratio between the risk of the d-estimator and that
of the oracle depends on s. In particular, the ratios @* or ; reach their highest value for s,.
It should be noted that the first coordinate function of this example takes values very close to
1 on a large segment (cf. Figure 11.5.2), a critical case according to the oracle-type inequality.
However, for all examples studied here, the values of those ratios remain quite low, inferior or
close to 2, except for s,.

11.5.2 Comparing the d-estimator with the neH-estimator

For examples s, to sy, we have realized 500 simulations of the d-estimator and the neH-
estimator, using a data-driven penalty (cf. [DLT09], Section 8, and the previous paragraph).
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We provide in Table 11.5.3 the estimated risks of each procedure, denoted by risky and risk,ep.
Thanks to MATLAB ‘tic’ and ‘toc’ functions, we have measured the computational time of
those 500 simulations for each estimator, denoted by time; and timeper;. The ratio of those
computational times is given in Table I1.5.3. The neH-estimators of examples s, to sy are
plotted in Figures I1.5.2 and I1.5.3 (right columns).

Table I1.5.3: Comparison between the d-estimator and the neH-estimator.

s || 7| N | riskg | riskpen | riskq/riskper | timeg/timeperr
Se Il 2110 11.5 16.4 0.7 8.6
sp |l 2110 || 22.1 26.5 0.8 1.1
Se || 2] 13 || 40.2 36.2 1.1 0.5
sq |l 4] 10 14.0 19.4 0.7 1.2
Se || 4|12 ] 18.3 23.8 0.8 0.6
sp |l 4|13 | 33.0 37.7 0.9 0.3

Those results confirm that both procedures have about the same quality of estimation,
with a slight advantage though for the d-procedure for almost all the examples. As to their
computational time, let us recall that the neH-procedure requires O(nln(n)) computations,
against only O(n) for the d-procedure. That difference clearly appears through our simulations.
The d-estimator seems faster to compute if n is large enough, and else requires roughly the
same computational time as the neH-estimator. The only exception here occurs with s,, but
500 simulations of §, can be computed within a few minutes only.

I1.5.3 Choosing the penalty for the hybrid procedure

For the first stage of the hybrid procedure, the d-estimator has been computed using the
data-driven penalty. For the second stage, the practical choice of an adequate penalty is
more delicate, since the theoretical penalty depends in this case on two constants and on the
dimension D of the partition selected during the first stage. Since those two constants seem
difficult to determine, we have assigned to all partitions of {1,...,n/2} into D intervals the
penalty
pen’(D) = fD.

The value of B is determined once again according to the same process as ¢; (c¢f. Section I1.5.1),
varying the value of the constant by step 1, and taking Diey = D. Since that penalty is a
linear funtion of D, the second stage of the hybrid procedure can be implemented in that case
with the same algorithm as the d- procedure(cf Section I1.3. 3) As the graph associated with
all the partitions built on a partition with D intervals has O(DQ) vertices, the second stage thus
requires O(D2) computations, instead of O(D3) if we had used a penalty with two constants.

We have tested the hybrid procedure on examples s,, sp, sq and s.. The hybrid estimators of
these examples are plotted in Figures I1.5.4 and 11.5.5. In order to draw a comparison between
the hybrid procedure and the d-procedure, we give in Table I1.5.4 the following information for
distributions s,, sp, sq and se, still computed over 500 simulations. We first recall the dimension
D of the partition on which s is built. Then we indicate the estimated mean of the dimensions
Dy and ﬁhyb of the partitions selected respectively by the d-procedure and the hybrid procedure
with data-driven penalties, and give between parentheses their estimated standard errors. We
also give the ratio Qpyp.q between the estimated risk of the hybrid estimator and the estimated
risk of the d-estimator. The estimated means of ﬁhyb and ﬁd indicate that the dimension
of the partition selected by the hybrid procedure is much closer to the true one. Moreover,
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Figure I1.5.5: Coordinate functions of s (thin black line) and §py (thick yellow line) for s € {sq, sc}.

Figures 11.5.4 and I1.5.5 show that the most significant change-points are still detected and
quite close to the true ones, and that irrelevant change-points are much fewer with the hybrid
procedure. The only price to pay is an increase in risk, but only by a factor of the order of 2.

Table I1.5.4: Comparison between the hybrid estimator and the d-estimator.

s H D ‘ Dy ‘ Dy H Qhyb:d
sa | 3 95(3.3) | 2.9(0.4) | 1.6
sy || 8 [ 16.1(3.1) | 45(1.0) | 1.6
sa | 5| 8920 |30(08) | 17
se || 512321 [4911) | 17

11.5.4 Application to the segmentation of a DNA sequence

A DNA sequence of length n can be considered as a realization of a n-uple (Y1,...,Y,) of inde-
pendent categorical variables with values in {1,...,4}, when coding the set of bases {A,C,G,T}
by {1,...,4} for instance. We have tested our hybrid procedure on a DNA sequence taken
from the Bacillus subtilis genome. The whole genome of that bacterium (available on the
NCBI website, under accession number NC 000964 in the Genome database) is composed of
two complementary strands, each counting approximately 4 millions of bases. We have applied
our procedure on the DNA sequence composed of the first 22! = 2 097 152 bases of the strand
usually referred to as the (+) strand. For the sake of readability, we only represent on Fig-
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Table I11.5.5: Estimated proportions of bases A, C, G, T (in percentage) in the 18 first segments
obtained by applying our hybrid procedure to B. subtilis (+) strand.

Segment | 1 2 3 4 5 6 7 8 9 10
Begin 1 | 9730 | 14850 | 16386 | 22530 | 26626 | 29698 | 30210 | 35330 | 35842

A 32| 26 30 31 27 33 30 26 37 33
C 22 31 18 25 22 24 22 30 19 23
G 26 21 33 26 31 24 33 21 29 26
T 20 | 23 18 18 20 18 15 23 15 18

Segment 11 12 13 14 15 16 17 18
Begin | 49154 | 90114 | 101378 | 102402 | 114690 | 158722 | 159746 | 160770

A 31 26 37 31 31 24 26 26

C 24 30 20 25 23 20 21 30

G 26 22 27 26 27 40 34 21

T 19 22 16 18 19 17 19 22

ure 11.5.6, realized with MuGeN software [HNBO03|, the genes corresponding to the first 178 000
base pairs (bp) of B. subtilis genome. We shall mainly distinguish between two kinds of genes:
those coding for proteins and those coding for structural RNA. The first ones are represented
by cyan or magenta arrows, depending on their orientation, an unfilled arrow indicating that
the protein function is still unknown. The other ones are represented by red arrows if they
code for ribosomal RNA (rRNA), dark blue arrows if they code for transfer RNA (tRNA), and
by an empty box if they code for a small cytoplasmic RNA (scRNA). The rest of the sequence
corresponds to intergenic regions, that do not contain any gene.

Let us first analyze our results for the subsequence represented on Figure I1.5.6. Our hybrid
procedure delineates 19 segments : on Figure 11.5.6, the 18 corresponding change-points are
represented by the highest vertical bars, and numbered from 2 to 19 so that the number ¢
indicates the beginning of the i-th segment. The estimated proportions of bases A,C,G,T in
each segment are given in Table I1.5.5. Segments 2, 8, 12 and 18 clearly correspond with the
4 regions of the sequence composed at the same time of genes coding for rRNA and of genes
coding for tRNA. Table I1.5.5 shows that these segments have almost the same composition,
that differs from the composition of any other segment. Segments 3, 5, 16 and 17 correspond
with 4 regions mainly composed of protein coding genes oriented in the negative sense. We
detect all such regions except for the smallest one of about 300 bases (near 45 000 bp). All the
other segments are mainly composed of protein coding genes oriented in the positive sense. In
particular, segment 15 includes all the genes known to code for ribosomal proteins. Let us also
underline that segments 9 and 13 have similar compositions and are both situated just after
one of the 4 segments coding for rRNA and tRNA. But, as the function of the protein coded
by gene cstB in segment 9 is unknown, we do not know whether such similarities are related
to a biological feature.

Let us now compare our results to the aforementionned procedures. The hybrid procedures
based on CART and on the neH-procedures have been tested on the subsequences composed
respectively of the first 200 000 bases of B. subtilis (+) strand in [Leb02| (Section 7.2.3) and
of the first 22! bases of that same strand in [DLT09] (Section 7.2). On Figure I1.5.6, the
resulting change-points are represented by the smallest vertical bars, numbered from 2 to 10,
for the former procedure, and by the medium height bars, numbered from 2 to 17, for the
latter procedure. As |Leb02| and [DLT09], we detect all the regions composed of genes coding
for rRNA and tRNA. We recover the same changes of orientation as [DLT09], except for the
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Figure I1.5.6: Annotation of the first 178 000 base pairs (bp) of B. subtilis genome, and change-points
detected by the hybrid procedures based on CART (small bars), on the neH-procedure (medium bars)
and on the dyadic procedure (tall bars). Protein coding genes are represented by cyan or magenta
arrows, depending on their orientation, unfilled when the protein function is unknown. Red and dark
blue arrows represent genes coding respectively for rRNA and tRNA. The empty box stands for a gene

coding for scRNA.
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shortest region, and also detect another change (near 160 000 bp). The 15th segment obtained
with our dyadic based hybrid procedure can be compared with the 13th segment obtained
by [DLT09], that contains all genes known to code for ribosomal proteins except for the one
following gene sigH. Consequently, as [DLT09|, we slightly improve on the results obtained
by [Leb02]. Besides, unlike [Leb02] or [DLT09], we detect two segments that might be relevant
to the biologist. Moreover, our method is expected to be the fastest since its first stage has
the lowest computational complexity.

Let us end with a comparison of our results with those obtained in [NBM™02| by using
hidden Markov chain models on the whole (+) strand of B. subtilis genome. At the level of gene
detection, our procedure, that relies on the assumption that the bases are independent, cannot
rival with that used in [NBM™02|. But we can compare the biological features of the groups of
genes that our procedure highlights with those associated with the hidden states of the most
complex model fitted by [NBM102] (see their Figure 3). Our method does not seem to detect
neither intergenic regions and protein coding genes having a similar composition (called atypical
genes in [NBM102]), nor genes coding for hydrophobic proteins. But we detect the other four
features, since we delineate large groups of genes coding for structural RNA, groups of protein
coding genes with negative orientation, groups of protein coding genes with positive orientation,
and among them the group of genes coding for ribosomal proteins, described in [NBMT02] as
the main region composed of highly expressed genes. Notice also that the distinction between
those four features is not made by any of the less complex models tested by [NBMT02].

I1.6 Proof of the approximation result over Besov bodies

This section is devoted to the proof of Theorem 1, that extends the approximation result
of DeVore and Yu [DY90] (Section 3) to the approximation of R"-valued functions defined on
{1,...,n} by piecewise constant functions. For r = 1, that extension simply results from [DY90]
(Corollary 3.2) and Proposition 7 (¢f. Section I1.6.2), which is not the case anymore for r > 2.
We first describe the approximation algorithm adapted from [DY90]. Then, we give the main
lines of the proof and also demonstrate the key result, which is a direct consequence of the
approximation algorithm. The proofs of more technical points are postponed to the next
subsections.

I1.6.1 Approximation algorithm

Let us fix p € (0,2], « > 1/p—1/2, R >0 and D € {1,...,n}. In order to prove Theorem 1,
we look for an upper bound for
inf (|t — £,
ind I =t
uniformly over t € Z(«,p, R). Let I be a dyadic interval of {1,...,n}. The restriction of the
norm ||.|| to I is denoted by ||.||;. Let U be the linear subspace of R™ generated by the vector
(1...1), we denote by &(t, I) the error in approximating ¢ on I by an element of R" ® U, i.e.

gg(t,[) = ”t—CH].

inf
ceER"QU
Besides, both intervals obtained by dividing I into two intervals of same length are called
the children of I. The algorithm proposed by DeVore and Yu [DY90] (Section 2) proceeds as
follows. We fix a threshold € > 0. At the beginning, the set Z'(¢, €) contains Too) =11,...,n}.
If & (t, I(070)) < ¢, then the algorithm stops. Else, I(g ) is replaced in the partition T!(t, ) with
his children, hence a new partition Z2(¢,€) of {1,...,n}. In the same way, the k-th step starts
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with a partition Z¥(¢,€) of {1,...,n} into k dyadic intervals. If suprezr(t,e) E2(t, I) < ¢, then
the algorithm stops, else an interval I such that & (t,1) > € is chosen in Z¥(¢,¢) and replaced
with his children, hence a new partition Z#*1(¢,¢) of {1,...,n} into k + 1 dyadic intervals.
The algorithm finally stops, giving a partition Z(t,e). Denoting by S(t,€) the linear space
composed of the functions that are piecewise constant on Z(¢,€), the approximation A(t,¢€) of
t associated with this partition is defined as the orthogonal projection of ¢ on R" ® S(¢,¢€). So,
the approximation error of t by A(t,€) satisfies

It— AP = > (&(t1)° < [Z(te)
IeZ(t,e)

For any € > 0 such that the algorithm stops at the latest at step D, the approximation of ¢
that we get belongs to the collection {R" ® Sy, }mem,,. Therefore

inf ||t — |12 <|Z(t, €)|e2.
mé%D” mll” <|Z(t €)le

Let us denote by £p(t) the infimum of |Z(¢,€)|e* taken over all € > 0 satisfying |Z(t,€)| < D.
This is in fact the quantity that we shall bound, as indicated in Theorem 5 below.

Theorem 5 Let p € (0,2], « > 1/p —1/2 and R > 0. For all D € {1,...,n} and
t € #Bla,p, R),
Ep(t) < C(a,p)nRED™%,

We then get Theorem 1 as a straightforward consequence of Theorem 5.

I1.6.2 Proof of Theorem 5: the main lines

We shall prove Theorem 5 by following the path of DeVore and Yu in [DY90| (Section 3).
Here are the notions and notation that we will need along the proof. Let p > 0, « > 0 and
t € #(r,n). For every subset I of {1,...,n}, let

1/p
& =i — | .
e.0) = int (3l ol?)
kel
We define the vector t4%P in R" whose coordinates are

t?u,p _ SIup ]I]_(a+1/p)€p(t,l), fori=1,...,n,
o1

where the supremum is taken over all the dyadic intervals I of {1,...,n} that contain i. We
denote by ||.|l¢, the (quasi-)norm defined on R™ by

n 1/p
lle, = (Z\ui\p)

i=1

(that is a norm only for p > 1) and by ||.||¢, 7 its restriction to a subset I of {1,...,n}. We
define on R™ the discrete Hardy-Littlewood maximal function M, by

(M (w), = sup 1 ¥ 1. for i =1,....n.
>4

where the supremum is taken over all the dyadic intervals I of {1,...,n} containing i. Last,
we recall that every vector v € R™ is identified with the function v : ¢ € {1,...,n} — u;, hence
the meaning of notation such as u < v or u?, for v € R", v € R” and ¢ > 0.
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The beginning of the proof directly results from the way the algorithm works out. A
dimension D being fixed, choosing € > 0 as small as possible such that the algorithm generates
a partition with at most D intervals leads to a first comparison between the quantities Ep(t)
and D2 without making use of any particular hypothesis on ¢.

Proposition 4 Let a > 0 and p(a) = (a+1/2)7L. Forall1 < D €<n andt € .#(r,n),

Enlt) < C()|t-*2|2 D™

p(c)

Proof. 1If t#*2 = 0, then, whatever € > 0, & (t, [(0,0)) <€, 50 Ep(t) = 0, which completes the
proof in that case. Let us now assume that t%®2 is non-null, and let € > 0. If & (t, [(0,0)) <€,
then |Z(t,€)| = 1. Else, let I be a dyadic interval that belongs to Z(¢,€), then I is a child of a
dyadic interval T such that

€< & (t, j) .

Using the definition of t#*2 we get, for all i € I,
T Flot1l/2 40,2
52(t,1)§|1‘a t?a .
Since I C I, |I| = 2|I] and p(a) = (a4 1/2)~ !, the last two inequalities lead, for all i € I, to

e < 21/p(@)| |1 /p(e) hen?,

hence
@) < 23 (b)),
iel
Then we deduce by summing over all the intervals I in the partition Z(¢,¢) that

(¢, €)] < 2[tre2|p) i),

p(a)
Whether & (t, [(0,0)) < € or not, by choosing e = 21/P(@) Htﬁ’a’ZHZP(Q)D_l/p(a), we get a partition
Z(t,¢e) that contains at most D elements and satisfies

|I(t, €)|62 < D1—2/P(a)22/p(a) ||75ﬁ’a’2||§

pla)’

As p(a) = (a +1/2)71, we conclude that
2 .
Tt e)let < 4w 22y D

The proof of Theorem 5 now relies upon three inequalities. The first one allows to draw a
comparison between £p(t) and D~ via a term that does not depend on 2 anymore but
on th*P@) Tt is the discrete analogue of a particular case of Theorem 4.3. of [DS84].

Proposition 5 Let a > 0 and p(a) = (a+1/2)~L. For allt € . (r,n),

o2 < C(Q)Mp(a) (tﬁ’a’p(a)).

For a > 0, p(a) = (a +1/2)"" and D € {1,...,n}, Propositions 4 and 5 immediately lead to

2

I, ., D7

Ep(t) < C(a) HMp(a) (tﬁvayp(a))

p(a)
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Let us now fix p € (0,2]. By Jensen’s inequality, we have

HMp(a) (tﬁ’a’p(a)) He < pt/ple)=1/p HMp(a) (tﬁ’a’p(a)) Hz

pla) P

and
tﬁ7a7p(a) S tﬁya7p7

hence
Ep(t) < C(ayn 221D o) (#200)|[§ D=2,

The following maximal inequality (Inequality (II.6.15) below) ensures a control of u over its
maximal functions. It is in fact the discrete version of the Hardy-Littlewood maximal inequality,
that may be found in [BS88] (Theorem 3.10, p.125).

Proposition 6 Let g > 1. For all u € R",

1My (u)le, < Cla)ulle,-

Since the maximal function Mg, ¢ > 0, is related to M; by the property
My (u) = (Ml(uq))l/q,for all w € R",
Proposition 6 yields, for all » > ¢ > 0 and u € R",
Mg (u)lle. < C(r, q)lulle, - (I1.6.15)
Thus, when applied with u = t%®?, r = p and ¢ = p(c), this inequality leads to

Ep(t) < Ca, pn®@H/21n)|gher| 2 D=2,

Last, Proposition 7 below provides the adequate control of the £,-(quasi-)norm of theP by the
size of the wavelet coeflicients of ¢ and allows to complete immediately the proof of Theorem 5.

Proposition 7 Let p € (0,2] and o > 1/p —1/2. For all t € .4 (r,n),

N—1 1/p
[##P||, < C(a, p)n~ (o F1/2=1/P) ( > oiplatl/2=l/e) N IIﬁAII$> :
Jj=0 AeA(H)

where, for all A\ € A, B\ stands for the column-vector of R™ with [-th line ﬁy) = <t(l), dA)n, for
I=1,..,r

11.6.3 Proof of Proposition 5

The proof of Proposition 5 mostly relies on a lemma that we demonstrate after introducing
some notation. Let I be a dyadic interval of {1,...,n}, t € #(r,n), and p > 0. By a
compactness argument, there exists at least one vector in R”, denoted by v, (¢, I), satistying

1/p
&,(t.1) = (Z It — uyt, I)I!£> |
kel

We define the vectors uy(t,I) and therl in R™ whose coordinates are null outside of I and
given otherwise respectively by

(Up(f,]))i = ||t2 - Up(tvl)Hr’ for i € I’



62 ESTIMATING A DISCRETE DISTRIBUTION VIA DYADIC HISTOGRAM SELECTION

and
thord — gup | J|@HPIg (1), fori e I,
1D>J>i
where the supremum is taken over all dyadic intervals J of {1,...,n} that are contained in

I and contain 4. Last, for v € R"™, we denote by u* its decreasing rearrangement, i.e. the
R™-vector satisfying

uj >us > ... >wuy and {uf;1 <i<n}={|lul;1<i<n}

Lemma 1 Let « > 0, p > 0 and t € #(r,n). Let I be a dyadic interval of {1,...,n}
containing at least two elements. For all j € {1,...,|I|/2},

111/2
(up(t, I)) < C(a,p) ( Z ka—l(tﬂ,a,p,l);; 4o (tﬂ7a,p,1);>'

k=j

Proof. Wefix j € {1,...,|I]/2}. Let E be the set composed of all the indices 7 in {1,...,n}
satisfying (th*P1); > (tﬁ’a’p’j);. As |E| < j — 1, we only have to prove that

11/2
(up(t, 1)), < C(ev, p) ( D A e MY A );) (11.6.16)

k=j

for all the indices ¢ € {1,...,n}, except maybe for those belonging to E. Consider i € {1,...,n}
such that i ¢ E. If i ¢ I, then (up(t,l))i = 0, so Inequality (I1.6.16) is trivial. Suppose now
that ¢ € I and ¢ ¢ F, and let {I;};<;<,, be the sequence of dyadic intervals defined by

Iy =1, 114 is the child of I; containing ¢, and I,,, = {i},

where m > 2 because |I| > 2. Notice that, for all [ € {0,...,m — 1}, [I;;1] = 27'|I|. Let q be
the strictly positive integer such that

2~ 1) < j < 2791].
That definition implies, in particular, that 27%|I| > 1,hence ¢ < m. From the triangle inequal-
ity,
q
(up(t, 1)), < llvplt, 1) — vt 1) + Z oy (t, 1_1) — vp(t, )|, (11.6.17)
=2 l=q+1

with the convention that the first sum in Inequality (I1.6.17) is null for ¢ = 1. Let us fix
l€{2,...,m} and determine an upper-bound for the term ||v, (¢, l;_1) — vp(t, I;)|». We recall
that [; C I;_y and [[;_1| = 2|];|. Besides, for all p > 0, the (quasi-)norm ||.[|, satisfies a triangle
inequality within a multiplicative constant C(p), where we can take C(p) = 1 for p > 1, and
C(p) = 2/ for 0 < p < 1. Therefore, we get

Iyt Lim1) = wp(t, D)l < CEILITP (&t Lir) + E(E 1))

which leads to
ot i) = ot Tl < Cler |1 i (IL6.18)

Let us bound the first sum appearing in (I1.6.17). For all [ € {2,...,m}, we have

f,o.p, 1 fap,IN* ; f,cup,
it < () = 14h2n) (275
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a‘nda as ’Il—i-l‘ = ‘[l‘/27

141] Al
|L|* = C(a)/ 2 Vdz < C(a) Z koL,
] k=|I141]
Consequently, when g > 2, Inequality (I1.6.18) yields
q 1]
Zuup (t,I1) = vt D)llr < Clap) Y Y kT (ther Ty
1=2 1=2 k=|I, 44|
17]/2
-1 &y 71 *
< C(ayp) Z k¢ (tﬁap )k
P

Regarding the second sum appearing in (I1.6.17), we now use Inequality (II.6. 18) combined
with the following remarks. For all [ such that ¢+ 1 <1 < m, we have ming¢/, tﬁ’ Pl t?’a’p’l,
since I; contains i, and we recall that |I;| = 2=(¢=1|I|. Therefore,

m m
S ot i) = vyt T < Clan p)|T[ (0T), 3 2 (De
l=q+1 l=q+1

Furthermore, remember that 2=+ |I| < j and i ¢ E, so we finally obtain

m
D lop(t Iima) = vt D) < Cla, p)j® (5P 1)
l=q+1

We have thus proved inequality (II1.6.16) and Lemma 1. W

Let us now prove Proposition 5. Let a > 0, p(a) = (a + 1/2)7, t € #(r,n) and
i € {1,...,n}. From the definition of & (¢, I) for a subset I of {1,...,n}, and due to the fact
that &(t,{i}) = 0, we have

tﬁaz <sup|I|” 1/p(e HU (t7I)H€27
EY)

where the supremum is taken over all the dyadic intervals I of {1,...,n} that contain i, except
for {i}. We fix such an interval I. The sequence { (up(q)(t, I )% decreases and is null for

jhi<i<n
J > [I| + 1, hence
|11/2

[ep(a0 (£ 1) Hz <22( Up(a) ( *)2'

For 0 < p,q < 400, we denote by |||, , the Lorentz (quasi-)norm defined on R" by

1/q
|u||gpq—<Zz 1/pu > .

For all subset I of {1,...,n}, we denote by ||.|[¢, .7 the restriction of ||.||s, , to /. In particular,
notice that, for all u € R™ and 0 < p,q < 400,

”uHZp,p = ”uuép and ”u*HZp,q = ”qup,q’
From Lemma 1 and the definition of p(«), we get

2 < $= 1/2 S fap(). 1) * 2 top(a
Hup(a)(t’I)Hg2 = C(Oé) ZJ J Z k (t )k + H(t ) HZZ,(Q) 2
Jj=1

k=j
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Using a discrete version of Hardy’s inequality (c¢f. Proposition 11 in the Appendix) and noticing
that ¢hap(@).] < hap(@)  we are led to

[tp(e (8, D[, < C )| t2P

p(a),2:1

Last, since p(a) < 2, we conclude thanks to classical inequalities between Lorentz (quasi-)norms
(¢f. Proposition 10 in the Appendix) that

9% < O(a) sup [I| 7Y@,

I
1> p()

where the supremum is taken over all the dyadic intervals I of {1,...,n} that contain i.

11.6.4 Proof of Proposition 6

Let ¢ > 1 and w € R™. As M;(u) = M;(|u|), we can suppose that u has positive or null
coordinates. Let us first demonstrate that, for all ¢ € {1,...,n},

(M (u) ( -1 Zuk> (11.6.19)

If i = 1, then this inequality easily follows from the definitions of (M (u))7 and uj. Let us now
fix i € {2,...,n}. We can write u as u = v + w, where v and w are the R™-vectors whose
respective coordinates are

v = max{ug — u;,0} and wy = min{ug,u;}, for k=1,...,n.

From the triangle inequality, we deduce that M;j(u) < M;(v) + M;(w). Properties of discrete
decreasing rearrangements recalled in Proposition 9 then lead to

(My ()i < (My(0))Fi/9) + (Mi(w))7a)-
Moreover,
(M (w))]i2) < 1M1 (W)l < lwllew
and, from Proposition 9,
(M (0)Fy7 < 20 o]l

Consequently,
(My(w); < C>E Mol + [|wllee). (11.6.20)

Let I be the set of all the indices [ € {1,...,n} such that w; > w}. From the definitions of v
and w, we get

]

[vller + éllwllee < Zuk + (i = i = Zuk

which, given Inequality (I1.6.20), completes the proof of (I1.6.19). We now have

|4 @)1, < Cla) Z(*Zuk). (116.21)

Let us denote by ¢ the conjugate exponent of ¢ and introduce, for all k € {1,...,n},
Uy = k—1/ad 1/ qq/uz. We deduce from Holder’s inequality that

q n a/d’ i
> (7 30a) <3 () (3
i=1 k=1

=1
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Interchanging the order of the summations, we obtain

3 ( - zuk> )

=1

3

Consequently,
(M1 (1)) [le, < C(@)l[w*]le,,

hence Proposition 6.

11.6.5 Proof of Proposition 7

Let pe€ (0,2, «a >1/p—1/2 and t € #(r,n). For all i € {1,...,n} and all 0 < J < N, we
denote by I(J,4) the only dyadic interval of length n2~7 that is contained in {1,...,n} and
contains i. From the definition of t#*P_ we deduce

[herp < Z n~127 ap“Z( (t,1(.,1)) )p. (1L.6.22)

Let us first suppose that 0 < p < 1. From the definition of &,(t, I(J,)), we have

(& 1) < S0 e —tall

kel(J)

For all =1 < j < N — 1, the functions {¢x}recp(j) are constant over any dyadic interval of
length n2~U+1) . Therefore, if k belongs to I(.J,4), then

N-1
te—ti=_ > B(drk — dri)-

Jj=J XeA(y)

As 0 < p <1, we deduce from the classical inequality between £)-quasi-norm and ¢;-norm

n N-1
S (&t 100)))” < 202701227 37 9020 S gy
i=1 i=J AEA(H)

Interchanging the order of the summations, we get

N-1
||tﬁ7a,P||§p < C(a, p)nt—Ple+1/2) Z 9Iplat1/2=1/p) Z 1817
j=0 AEA())

Let us now consider the case 1 <p < 2. We fix 0 < J < N — 1 and define
N-1
=2 D B
Jj=J XeA(j)
Ast —T(J) is constant over any dyadic interval of length n2=7,

& (t, 1(J,4)) = E/(T (), 1(J,7)).
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This equality and the definition of &,(T'(J), (/7)) lead to

f:(é’(tIJz ) <Z ST,

i=1 i=1 kel(J3)
n
<’y ( > > Imiond)
J=J XeA(j
From (I1.6.22) and this last inequality, we get
n N-1 N— P
Htﬁvaypulzp < n—apz Z <2Ja Z Z ‘BAHTWM&’) ]
k=1 J=0 j=J AeA(j

Then, using one of Hardy’s inequalities (¢f. Proposition 10) and remembering that, for all
j€{~1,...,N — 1}, the functions {¢}recn(j) have disjoint supports, we conclude that

Htm ,pHP < C(a,p)n=F Z ojap Z HB/\HPZWAMP

AeA(j)

hence Proposition 7.

I1.7 Lower bound for the minimax risk over ¥ Z(«, R)

Proposition 8 For all o > 0, there exists a real ko(a) € (0,1) such that, if R > n~"/? and
R < ka(a)n®, then
Ry (e, R) > C(a)(nR?)Y @D,

Proof. Let R>0and 0<J < N. For 6 € {0,1}?", we use the notation § = (90, ceey B9 7).

The Hamming distance between two elements 6 and ¢’ in {0, 1} is §(6,6) = 22 oL 160k — 0L
The Kullback-Leibler divergence is denoted by K. We shall construct a family {39}969 of
clements of ¥ 2(a, R) indexed by a properly chosen subset © of {0,1}2". According to Birgé’s
version of Fano’s lemma (cf. [Mas07], Corollary 2.19), if maxg grco K (9, s9/) < £1n(|O]), where
K is a universal constant that belongs to (0, 1), then

1—
Ry (e, R) = —=1
where ?’]2 = minagle@’g;ﬁg/ HS@ — 89/H2. Let us fix 0 € {0, 1}2J. We define sy € %(T,n) by
sél) =1/2+ agy
s((f) =1/2—agy

sél):0f0r3§l§7‘,ifr23
where a = VZR27/ /4 and gg = Y0 (26, — D1y, Forall 1 <i<j<n,

Is0; = saillr = av2lga(5) — ga(9)].
Since gy is constant on any dyadic interval of length n/27 and takes values in {—1,1},

Va/®(sp) < 27(2v2a)/* < RV,
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s0 s € ¥ (a, R). Besides, as [|gglloo < 1, if we assume that 27/ < /2, then sy € Z. Let
us rather assume that v/2R2™*/ < 1. We can then apply Lemma 4 of [DLT09] and get, for all
0,0 € {0,1}%,

K (sg,59') < 456 — so[|”

Now, according to Varshamov-Gilbert’s lemma (cf. [Mas07|, Lemma 4.7, for instance), we can
choose © C {0, 1}2J such that, for any two distinct elements 6,6’ € O,

5(0,0") > 27 /4 (I1.7.23)
and In(|©]) > 27 /8. For all 6,60 € {0,1}, ||sg — s¢||> = 8a2n2778(6,6'), so, for all 6,6 € O,
K (sp,s9r) < 28a2n277 In(|©)|)

and
772 > 2na’.

Let us now set ko (a) = min (1/x/2%, (2°/k)*27(@+1/2)) and assume that n=1/2 < R < ky(a)n®.
We can then define J as the smallest integer in {0,..., N} such that 28a%?n277 <k, i.e.

J = min {O <j <N s.t. (5_125nR2)1/(2a+1) < 2j}.
Such an integer J does satisfy V2R27 < 1 and leads to

Ry (o, R) > C(k,a)(nR*)Y/2o+D),
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Appendix

We state here, for vectors in R", a few inequalities that are similar to classical inequalities for
functions of a continuous parameter. The proofs of the latter, which may be found in [BS8§|,
for instance, are easy to transpose to the finite-dimensional case.

Proposition 9 (Some properties of decreasing rearrangements) Let u and v be two
vectors in R™. For all X > 0, let I,(\) be the set of the indices k in {1,...,n} such that

i) For allie {1,...,n}, uf =sup{\ > 0s.t.|[,(\)| > i}.
i1) If, for alli € {1,...,n}, u; <w;, then, for alli € {1,...,n}, uf < v}.
iii) For alli,j € {1,...,n} such that 1 <i+j <n, (u+v)7; <uf +vj.

iv) Forallie {1,...,n}, (My(u))r <i | ull,.
Proof. See, for instance, |[BS88|, Proposition 1.7. and Theorem 3.3. B

Proposition 10 (Inequalities between Lorentz (quasi-)norms) Let p,q and ¢’ be posi-
tive reals and let u be a vector in R"™.

i) If p < q, then ||lull¢, .. < C(p,q)llulle,,-
i) If ¢ < q, then |lulle,, < C(p,q,d)|ulle, -

Proof. See, for instance, [BS88|, Proposition 4.2. W

Proposition 11 (Hardy’s inequalities) Let ¢ > 1 and let ¢ be a vector in R™ whose coor-
dinates are non-negative.

i) For all X <1,

n n

] (O S [
k=1

i=1 i=1

1) For all o> 0,

> (2” Zm) < Claq) Y (2)".
k=1

i=1 =1

Proof. See, for instance, [BS88], Lemma 3.9. B
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Chapter 111

Histogram selection based on possibly
censored data

That chapter presents a work in collaboration with Cécile Durot.
Abstract

We propose in this chapter a unified approach to functional estimation problems
based on possibly censored data. The general framework that we define allows for
instance to handle density and hazard rate estimation based on randomly right-
censored data, or regression. Given a collection of histograms, our estimation pro-
cedure consists in selecting the best histogram among that collection from the data,
by minimizing a penalized least-squares type criterion. For a general collection of
histograms, we obtain nonasymptotic oracle-type inequalities. Then, we consider the
collection of histograms built on partitions into dyadic intervals, a choice inspired
from an approximation result due to DeVore and Yu. In that case, our estimator is
also adaptive in the minimax sense over a wide range of smoothness classes, that con-
tain functions of inhomogeneous smoothness. Besides, its computational complexity
is only linear in the size of the sample.
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I11.1 Introduction

Reliability and survival analysis provide many functional estimation problems based on life-
times that can only be partly observed. For instance, in a clinical study devoted to the survival
times after an operation, some patients may live beyond the end of the study or die from a
cause unrelated to this operation. Hence, survival times may only be observed up to a so-called
censoring event, and are then considered as randomly right-censored data. However, assuming
they are identically distributed, one may still want to estimate their common density, or other
function of interest such as the hazard rate. The aim of this chapter is to provide a nonpara-
metric estimator of a function based for instance on such censored data, that also adapts to
the unknown and possibly inhomogeneous smoothness of the function.

Let us mention nonparametric methods already studied in related frameworks. We shall
focus on adaptive methods, in the sense that they do not require prior knowledge about the
smoothness of the function to estimate. We refer the reader to [BCO05] for a bibliography
over nonadaptive estimation with censored data. For estimating the density of i.i.d. survival
times under random right-censorship, Li [Li08] proposes an estimator based on wavelet block
thresholding, that improves on his wavelet hard thresholding estimator [Li07]. He provides
the estimation rates for the Ls-risk over a range of Besov classes composed of continuous
functions, but that may be of inhomogeneous smoothness, otherwise said whose smoothness
is measured in a LL,-norm with p < 2. He also considers Besov-type classes that may contain
discontinuous functions. Nevertheless, the threshold constant depends on the unknown survival
and censoring distributions. Estimators based on model selection via penalization have also
been proposed. Given a criterion and a collection of sets usually called models, such procedures
consist in defining the collection of estimators minimizing that criterion over each model and
then in choosing the best model by minimizing a penalized criterion. That is how Dohler
and Riischendorf [DR02]| estimate the log-hazard function based on censored data in presence
of covariates. They use a likelihood-based criterion and a penalty inspired from Vapnik’s
structural risk minimization approach. With models generated by splines, they obtain the best
estimation rate within a logarithmic factor over Holder smoothness classes, for a risk measured
with a distance equivalent to the LLo-distance. They also consider a more general type of
models. Contrary to the previous references, the next ones adopt a nonasymptotic point of view.
Using the model selection principle developed by Birgé and Massart since [BM97|, Reynaud-
Bouret |RB06] estimates the intensity of a counting process in the Aalen multiplicative intensity
model, that includes hazard rate with censored data. In her work, the selection is performed via
a least-squares type criterion based on a random norm and the risk is measured in a weighted
Lo-norm. That estimator reaches the minimax estimation rate over Holderian smoothness
classes when the models are spaces of piecewise constant functions on regular partitions. For
hazard rate estimation with censored data, Brunel and Comte, inspired from [BM97|, propose
two estimators based on penalized least-squares type criteria, linked either with the Kaplan-
Meier estimator of the survival function (c¢f. [BCO8]) or with the Nelson-Aalen estimator of the
cumulative hazard function (c¢f. [BC05|). Their results can be applied to various collections of
models, provided these models are nested linear spaces, and they obtain the expected estimation
rate for the Lo-norm over Besov classes of homogeneous smoothness when the models are
nested linear spaces generated by trigonometric or piecewise polynomials, splines or wavelets.
They also provide an oracle-type inequality up to a logarithmic factor, without estimation
rate, when considering a collection of models made up of piecewise polynomial functions over
irregular partitions. Last, a new model selection procedure has recently been proposed by
Baraud and Birgeé [BB09| for estimating the intensity of a random measure, examples of which
are hazard rate estimation with censored data, estimation of the mean of a random vector
or density estimation. Given a collection of partitions, they define histogram-type estimators
and select the best partition by performing tests between all pairs of histograms. For a risk
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measured via a random distance akin to the Hellinger distance and an adequate collection of
partitions, they obtain adaptivity results over Besov smoothness classes and for functions with
bounded variations. Nevertheless, their procedure seems difficult to implement in practice since
it requires a computational time which is quadratic in the size of the collection of partitions.

In this chapter, we propose a universal procedure for functional estimation based on possibly
censored data, that enjoys better theoretical performance and lower computational complexity
than the aforementioned estimators. We consider a model selection procedure based on a
penalized least-squares type criterion generalizing the one used in [BC05]|, for collections of
models made up of piecewise constant functions on some given partitions. We define a general
framework and provide several examples illustrating its relevance. Density and hazard rate
estimation with randomly right-censored data, for instance, are both embedded in such a
framework. As we do not require the data to be identically distributed, we can also deal with
regression. Besides, we believe that such a framework also allows to take into account many
other estimation problems with partly observed data, such as those studied in [BC05; BC06;
BCG09; BCO9] for instance. The properties of our estimator are studied for an adequate penalty
that does not require any prior knowledge about the function to estimate. Our estimator is
proved to be almost as good, for the Lo-risk, as the best histogram in the collection, up to a
multiplicative factor that may depend on n. The assumptions required for such a result to hold
are expressed in a clear and concise way, thanks to a recent concentration inequality due to
Adamczak [Ada08|. Then, we present a special collection of partitions, where each partition is
only composed of dyadic intervals, hence the name dyadic histograms given to the estimators
minimizing our least-squares type criterion over each model. Among the aforementioned works,
that collection of models has only been used in [BB09|, and cannot be handled by [BC08; BC05].
The subsequent penalized estimator is proved to be almost as good as the best dyadic histogram,
up to a multiplicative factor that does not depend on n anymore. At the same time, that
collection of models has good approximation qualities with respect to functions that belong
to some Besov spaces or have bounded variations, as shown in DeVore and Yu [DY90| and
Birgé [Bir07]. Thus our estimator reaches in that case a rate which is expected to be the
minimax one, up to some constant, over those classes. It should be noticed that the range of
smoothness classes we consider is wider than those considered in the aforementioned references
and that the estimation rate we obtain over Besov classes of inhomogeneous smoothness is
better than in |Li08|. Last, in practice, the procedure based on dyadic histograms can be
implemented with a computational complexity only linear in the sample size.

The chapter is organized as follows. We present in Section 1I1.2 a general framework that
allows to recover as special cases some classical estimation problems, such as regression and
density estimation with uncensored data, and density and hazard rate estimation with randomly
right-censored data. We also describe there the histogram selection procedure based on a
penalized least-squares type criterion. In Section II1.3, we state a histogram selection theorem
general enough to be applied in the framework described in Section I11.2 and with almost any
collection of histograms. Section III1.4 is devoted to the study of the penalized estimator based
on the collection of dyadic histograms. Most proofs are postponed to Section III.5.

I1I.2 Estimation procedure

In this section, we present our general statistical framework and the histogram-type estima-
tors. We then describe the histogram selection procedure based on a penalized least-squares
criterion. We end with some classical estimation problems covered by the general framework,
with censored or uncensored data.



Estimation procedure 75

I11.2.1 General framework and notation

Our aim is to estimate a real valued function s € Lo([0, 1]) on the basis of independent obser-
vations Z; = (X1,Y1), ..., Zp = (X, Ys), where n > 3 and for all i = 1,...,n, X; € [0,1]
can be viewed as an observation time and Y; takes values in a given space ). We denote
by (€,.A) the measurable space on which Z1,..., 7, are defined. As is customary, P, stands
for the underlying probability measure on (£2,.4) and E; for the corresponding expectation.
Moreover, we consider a probability measure p on [0, 1] and we denote by Lo(]0,1]) the set of
all measurable functions ¢ : [0,1] — R such that

/ t2dp < oo.
[0,1]

The scalar product and norm on Ly([0,1]) are respectively denoted by (., .) and ||.]|, while
for a real-valued function f defined and bounded on [0, 1], we use the notation

o(f) = essinf [f(z)]  and  |[f]lcc = essup [f(x)].

z€[0,1] xz€[0,1]

We assume that s belongs to a given subspace S of Ly ([0, 1]) and that

= E, l% ;w(Zi)t(Xi)] forall t € S, (II1.2.1)

where w : [0,1] x ) — R is a measurable function that possibly depends on unknown parame-
ters. Then, s minimizes

Iel* — [ Zw ] )| = lls —tl* = |Is]”

over t € S, so we consider estimators defined as the minimizer of the criterion

n

(1) = [It)* — %Z W(Z;)t(X;) (II1.2.2)

i=1

over a given space, for a given estimator w of w. If w is entirely known, we plainly set @ = w.
We choose the space over which we minimize v in such a way that the resulting estimator
admits a histogram-like expression. More precisely, we consider a partition m of [0, 1] into D,,
intervals, we denote by S, the set of all real-valued functions that are piecewise constant on
m and we set

Sm = argmin ().
tESm
To see that s, admits a histogram-like expression, let us denote by 1; the characteristic
function of an interval I, and define

Pla) = -3 () (X2), € 0,1],

n-
i=1

Then, P [0,1] — R is a cadlag step process that can jump only at points X;, i =1,...,n. In
view of (II1.2.1), it can be considered as an estimator of

P(z) = / sdp, = €10,1], (I11.2.3)
[0,2]
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and one has

. 1 & 1 )
Sm= D (m gw(zi)HI(Xi)> =7 (m /IdP(a;)) 1.

Iem i=1 Iem

Here, the Stieltjes integral [ 7 dp(:n) merely denotes the increment of P over I. Thus, in the
sequel, we call §,, a histogram estimator.

Now that we have defined the histogram estimator §,, based on a partition m, we would
like to select an adequate partition m. For this task, we consider a family M™* of partitions of
[0, 1] into intervals and we select from the data the partition

= argmin {v(8,,) + pen(m)},
meM*
where pen : M* — R7 is a so-called penalty function. We are concerned with the subsequent
penalized estimator:
5= 8.

Our aim is to propose, under fairly general assumptions on M*, a penalty function such that
the penalized estimator has good performances by comparison with the best histogram among
the family {8, }meam=. We will propose in Section II1.4 a collection M* such that 3 is easy to
implement and also has good performances with respect to any other estimator of s.

I11.2.2 Examples

Let us describe some classical estimation problems that fall within the general framework
described in Section II1.2.1. In each problem considered below, u is the Lebesgue measure on
[0, 1], and we denote the length p(I) of an interval I C [0,1] by |I|. We have at hand a cadlag
step estimator P of the function P defined by (IT1.2.3). This estimator can jump only at the
n distinct points X1,..., Xy, so we define @(Z;)/n as the height of the jump of P at point
X;, and we check that Condition (III.2.1) holds for a given w. Moreover, denoting by s,, the
orthogonal projection of s on S,,, we show that there are numbers ¢ and C such that

D D
c—" < Eyfllsm — ém|’] < C—. (111.2.4)
n n

From Pythagoras’ equality, this proves

m

D . D
lsm = sl1* + e=" < Es[lls = 8mll?] < lsm — sl + C=".
n n
Thus, in each problem under consideration, provided ¢ can be chosen positive, the risk of the
histogram §,, can decomposed into an approximation error and an estimation error of order
Dy, /n.

Regression. We observe a random vector Y = (Y7,...,Y,) € R™ whose coordinates are
independent and we aim at estimating the mean r = (rl,...,rn) of Y. This amounts to
estimate the function s : [0,1] — R that is constant on ((i — 1)/n,i/n] with s(i/n) = r; for
every i = 1,...,n and s(0) = s(1/n). With this notation one has

Y =s(i/n) +e;, fori=1,...,n,

where the ¢;’s are independent and centered variables. A cadlag step estimator of P is given
by

. 1 &
=1
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so we set Z; = (i/n,Y;) and w(z,y) = y for all (x,y) € [0,1] x R. Moreover, we define S
as the set of real-valued functions defined on [0, 1] that are constant on [0,1/n] and on every
(i = 1)/n,i/n], i = 2,...,n, and we assume S,, C S. Then, Condition (III.2.1) is satisfied
with w = w and §,, is the usual least-squares estimator of s based on m:

S = argmin {% Z(Yz - t(z/n))2}

teESm i=1

Otherwise said, §,, is the regressogram based on m. We get

Ea[l5m — 6ml?] = 3 n%m S Var (1)1 (i/n)
i=1

Iem

Thus, Inequalities (IT1.2.4) hold provided max; Varg(e;) < C' and min; Varg(g;) > c.

Density estimation with uncensored data. The observed random variables X7i,...,X,, are
assumed to be independent and identically distributed, with values in [0, 1], and to admit
a density s € Lo([0,1]) with respect to the Lebesgue measure. Considering the empirical
distribution function P, we set S = Lo([0,1]), Z; = (X;,1) and w(z,1) = 1 for all z € [0,1]
(note that the choice Y; = 1 is arbitrary). Then, Condition (III.2.1) is plainly satisfied with
w = w. The criterion satisfying Condition (II1.2.2) is the well-known contrast

n

1(8) = e = 2 3 4(x)

i=1
and, for every partition m, §,, is the usual histogram based on m. We get
1 1
~ 2 _ _
Es[llsm — 3ml*] = Z mvars(]ll(Xi)) = Z —I|<Sa I )(s, Lo\ 1 )-

n|
Iem Iem

Thus, Inequalities (I11.2.4) hold provided [|s]|oo < C and ¢ < «(s)(1 — D;;1).

Density estimation with censored data. Let Th,...,T, be independent random variables
having the same density f with respect to the Lebesgue measure on RT. Let C1,...,C), be
i.i.d. random variables in R* independent of the T}’s. The T}’s represent for instance survival
times and the C;’s censoring times. The observed random variables are

X; =min(7;,C;) and Y; = Ipn<c,, fori=1,...,n. (I11.2.5)

Basing ourselves on these censored observations, we aim to estimate the restriction s of f to
[0,1], assuming s belongs to S = La([0,1]). Without loss of generality, possibly replacing C;
by C; A1, we assume C; € [0,1]. Our choice of w relies on the Kaplan-Meier estimator P of
the distribution function P. Let us denote by Zy),..., Z(,) the rearrangement of Z1,...,Z,
such that X(y),..., X(,) is the increasing rearrangement of Xi,..., X,. The Kaplan-Meier
estimator of P is given by

Py =1- [[ (1 éf(’“

KXoy <o n—k+1

when x > X(q) and equal to 0 otherwise. The Kaplan-Meier estimator G of the distribution
function G of the C;’s is defined in the same way, just replacing Y; with 1 —Y; for all ¢. In fact,
P is a cadlag step estimator, with jump

Yy

’I’L(l — G_(Xk))
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in X, for k=1,...,n, where G~ is the left-continuous version of G. Consequently, we assume
G~ (1) < 1 where G~ denotes the left-continuous version of G and we set
Y A Y
w(z,y) = ————— and w(z,y) = ——=—,
@) === (@) 1-G-()

for all (z,y) € [0,1] x {0,1}. Then, Condition (II1.2.1) is fulfilled and one has:

Proposition 12 Assume that infre,, |[I| > 1/n. If G~ (1) < 1, s is bounded and s is bounded
away from zero, then Inequalities (I111.2.4) hold provided

2[|slo C(s,G)
>
“=1=¢m " b,

and
Dy —1  C(s,G)

2D, D,, ’
where C(s,G) only depends on ||s]|, ||$]lco, Ps(Th < 1) and G~ (1).

c < (s)

Hazard rate estimation with censored data. Here again, the observed random variables are
given by (I11.2.5) where the T}’s are i.i.d. with density function f on RT and the C;’s belong to
[0,1], are i.i.d. and independent of the T;’s. We denote by F' and G respectively the distribution
functions of 7; and C;. We aim to estimate the restriction s to [0, 1] of the hazard rate

I
1—F’
assuming s belongs to § = L([0,1]) and F/(1) < 1. Our choice of @ relies on the Nelson-Aalen
estimator P of the cumulative hazard rate P. In fact, P is a cadlag step estimator, with jump
Yy
n(1— H-(Xy))

A\ =

in Xg, for K =1,...,n, where H~ is the left-continuous version of the empirical distribution
function of the X;’s, that is, for all x € R,

. 1
T) = - Z o0y (X
=

Consequently, we assume that the left-continuous version H~ of the distribution function H
of X; satisfies H~ (1) < 1 and we set

Y > _
T H () and w(z,y) = i)

for all (x,y) € [0,1] x {0,1}. Since
1-H=(1-F)(1-G),

w(xvy) =

Condition (III.2.1) is then fulfilled and the criterion v in (II1.2.2) is similar to the one considered
in [BC05|. Moreover, one has:

Proposition 13 If s is bounded and bounded away from zero, then Inequalities (111.2.4) hold

provided
6]|s Hoo on(H—(1))"
> —— 4 2|8 ———

and

e < 80— ) - B
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II1.3 A general histogram selection theorem

In this section, we are concerned with the choice of the penalty for a general collection of

partitions M*. We would like the resulting penalized estimator to be almost as good as the

best estimator in the collection {$,,}merr, and more precisely to satisfy the nonasymptotic
oracle inequality

Es[lls — 3?] < C inf E[[|s — &l I11.3.6

s =317 < it By[ls — sl (IT1.3.6)

for some positive constant C. In the histogram selection theorem stated hereafter (Theorem 6),
we shall in fact provide a form of penalty yielding an inequality close to

Dy,
E[lls — §[]’] <C inf {Hs — sml? + —} (I11.3.7)
meM* n

However, as recalled in Section I11.2.2, the risk of each histogram §,, can usually be decomposed
into the approximation error ||s — s,,||? and an estimation error roughly proportional to D,, /n.
Therefore, an inequality like (IT1.3.7) is expected to lead to an inequality like (II1.3.6). We
state our assumptions and results in Section I11.3.1, and we show in Section III1.3.2 that those
assumptions are fulfilled in all the examples introduced in Section I11.2.2.

I11.3.1 The oracle-type inequality

In order to prove our histogram selection theorem, we require only three assumptions: one
about the structure of the collection of partitions, one about the existence of exponential
moments of some random variables, and the last one about the quality of w as an estimator of
w.

Assumption (P) There exists a partition m* such that any partition m € M* is built on m*
and l, := infrepm nu(l) > 1. Moreover, for all I € m*, Iy € S.

Assumption (M) There exist a nonnegative constant a and a positive constant v such that,
for all I € m* and all A € (—1/a,1/a),

s [exp <)\Zn: <w(Zi)][I(Xi) —Es [w(Zi)][I(Xi)])>] = %.
i=1

Assumption (W) There ezists a nonnegative real Ca, that may depend on w and s, such that
for all I € m*,

n 2
E, (LZ(w_w)(zi)Il(XiO <@

nu(l) pat n

Remarks: Assumption (P) ensures that Equality (I11.2.1) holds for every t € S,,, whatever
m € M*. Assumption (M) has been chosen with a view to applying the results of this section
to the collection of dyadic partitions described in Section III.4. But [Bar00] shows for instance
i a regression framework that, for a collection of reqular partitions, that assumption can be
weakened.
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The properties collected in Proposition 14 below are fundamental in proving the histogram
selection theorem to follow. Hereafter, we denote by M a positive number such that for all
partitions m built on m* and all (ar)rem € [0,1]P™ such that Y., a7 =1,

M > %;:;Vars (Z \/%w(zi)ﬂf()(io . (II1.3.8)

Iem

It should be mentioned that in every example introduced in Section II1.2.2, we are able to
choose M independent of n. If the X;’s are possibly random, then the upper bounds we obtain
below also depend on a real number b that may depend on n. It should be noticed that b can
also be chosen independent of n in those examples (see Section I11.3.2).

Proposition 14 Assumptions (P) and (M) are supposed to be fulfilled. Let

by = inf {)\ >0 s.t. Es[exp ( max \w(ZZ)]/)\ﬂ < 2},

1<i<n
and, for all partitions m of [0, 1], let

. RS
Sm= (nu(I) Zw(ZZ-)II(XZ-)> 1;.

Iem =1

Then, by is finite and there exist nonnegative absolute constants ki, ko, k3, kq, k5, a nonnegative
real kg and some set Q. € A such that, for all partitions m built on m*, and all x > 0,

P, <n||8m — §m||2]IQ* > M(k:le + kox + 2k3 \/k‘lk‘gDmx)> < kyexp(—x) (IT1.3.9)

and .
P,(QS) < €—5nexp (—kely) . (IIL.3.10)
*
For instance, the values k1 = ko =ky =4, k3 =1, ks =2 and
M2
ke =C—————
6 b(bv + aM)’

where b > by and C is a small enough absolute constant, suit. If the X;’s are non-random,
then the values k1 = ky = 1, ko = 4, k3 = 2v/2, ks = 2 and k¢ = v/(2a?) suit, and one can set
ks = 0 if, moreover, a = 0.

Let us now state the histogram selection theorem. The penalty we suggest involves an estimator
M of M which, obviously, can be taken equal to M if M is entirely known. In that case, one
can take A =Q, C4 =0 and k7 = kg = 1 in Theorem 6.

Theorem 6 Assumptions (P), (M) and (W) are supposed to be fulfilled and the notation are
those of Proposition 1. We also assume that there exist an estimator M of M, a set A € A,
a positive constant k7 and a nonnegative real C'4 that may depend on w and s such that

M<kMonA and Py(A°) < % (I11.3.11)

Let { Ly, }mem be a family of nonnegative reals, that may depend on n, such that

Si= Y exp(—LmDm) < 1. (I11.3.12)
meM*
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i) If pen satisfies, for all m € M*,

MD,,
pen(m) > K(k’7, Lm) n
where
K(k‘7, Lm) = 6k7(1 + kg) (k‘l + kng) ~+ 2ks\/k1ko Ly,
then
- . CsM + C
Eofls =312 < _inf {Cills = sml® + CoE, [pen(m)La] } + Sk
meM* n
where Cy,Cy, Cs are positive constants and
2\ [Fs
Cy= | Cla,v) +|s] E—n?’ exp(—kgly) + Ca + 12CA.
Here, C(a,v) only depends on a and v, and increases with a and v.
it) Let us also assume that, for some positive constant kg,
M < ksM on A. (111.3.13)

If pen satisfies, for all m € M*,

—

M D,

9
n

pen(m) = <co +ei/Iom + cQLm) (I11.3.14)

where cg, c1, co are nonnegative and large enough constants, then

~112 < . 2 m 4 3
Es [HS SH ] 05 (1 77m162}\31(* Lm> mlen/\f;t* {Hs smH n } n ’ (IH & 15)

where C5 is a positive real that only depends on kg, cg, c1, co.

Inequality (I11.3.15) shows that, provided the penalty is well-chosen, and M and Cy are bounded
independently of n, § satisfies an oracle-type inequality akin to (II1.3.7), up to a multiplicative
factor that may depend on n through the weights {L,, }mear+, and may also depend on w and
s.

I11.3.2 Examples (continued)

Let us now come back to the examples presented in Section II11.2.2. Hereafter, we assume that
there exists a partition m* such that any partition m € M™* is built on m* and we consider
a penalty of the form (II1.3.14), where ¢, c1, co are nonnegative constants, the weights L;,’s
satisfy (I11.3.12), and M remains to be chosen. In all the examples under consideration but
regression, we will use the following proposition in order to check that (III1.3.15) holds.

Proposition 15 Assume that

e 71,...,Zy, are independent and identically distributed;

e w is nonnegative, bounded, Cy, = inf ¢ 11xy{w(2) s.t. w(z) # 0} > 0, and W vanishes
whenever w does;

e s is lower bounded by a positive real and upper bounded;



82 HISTOGRAM SELECTION BASED ON POSSIBLY CENSORED DATA

o Assumption (P) is satisfied and, for all I € m*, n|I| > In*(n);

e the estimator w s such that

) 0(Zi) — w(Z;
E2A < 98 phere A = max [2ZD Zw(Z)] (I11.3.16)
n 1<i<n w(Z;)
with the convention 0/0 = 0.
Setting
_ Lo 12 V= L .
M = max mES [w*(Z)1;(X;)] and M = max ;w (Z)11(X3), (II1.3.17)

and choosing a penalty of the form (I111.3.14) with large enough nonnegative constants cy, c1, ca,
we get (111.3.15) where C5 only depends on cg,c1,co and Cy only depends on Cy, ||w]lso, t($),
|slloc, C'x, is a decreasing function of Cy, and (s) and an increasing function of ||w|ec, |S]lco
and C\. Moreover, M < ||w||so]|5|lco-

In the sequel, we denote by C(#) some positive real whose value may change from one line
to another and that only depends on the parameter 6.

Regression. In the regression setting, we provide an oracle-type inequality under a condition
on the exponential moments of the errors that includes subgaussian errors (case a = 0 in
Condition (II1.3.18) below). More precisely, we assume that there exist a positive real v and a
nonnegative real a such that, for all 1 <i <mn and all A € (—1/a,1/a),

vA?
InE | exp(Xe;)] < 5 (I11.3.18)

(1 —alA))

Moreover, we assume that infre,«n|I| > 1 when a = 0 and infre,,» n|I| > In?(n) otherwise,
and that I; € S for all I € m*. Thus, Assumptions (P) and (W) are satisfied with Ca = 0.
The Lebesgue measure |I| of any interval I € m* coincides here with Y | I7(i/n)/n, so
Assumption (M) follows from Condition (I11.3.18) and the independence of e1, ..., &,.

Since the X;’s are non-random and (III.3.18) holds, we have for all partitions m built on
m* and all I € m,

Var, (2_; w(ZZ-)][I(XZ-)> < no?|1|,

where
2

= i) < w.
o Jnax. Varg(e;) <wv
Hence, Condition (II1.3.8) is fulfilled with M = o2, and, if 0 is known, then we can set M = o2

and choose pen of the form

oD,
-

pen(m) = (co + cl\/ﬂ + CQLm>

Consequently, Theorem 6 with the values of ks, kg provided in Proposition 14 and large enough
nonnegative constants cg, c1, co yields

2D /
_312] < : e 2.9 Pm _( 2)
Es[lls — 5[] < C(co,c1,02)<1+n?é%*Lm> mlel}\f/l*{ﬂs smll” + - + 1+ s,
(I11.3.19)
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where €’/ = 0 if @ = 0 and C’ only depends on v and a otherwise. In particular, the lower
bound for the risk of each histogram given in Section I11.2.2 yields

ES[HS — §H2] < C”<1 + max Lm> inf ES[HS — §mH2]
meM* meM*

When a = 0, C” only depends on ¢, ¢1, c2, max; Varg(g;) and min; Vars(e;). When a is non
null, C” also depends on a, v and ||s||. It should be noticed that we thus improve on the result
proved by Sauvé [Sau09]. As a matter of fact, when the £}s are not subgaussian, the penalty
suggested by Theorem 1 in [Sau09| to obtain an inequality similar to (II1.3.19) also depends
on ||sloo-

Density estimation with uncensored data. In this setting, w = @w = 1 and the assumptions
of Proposition 15 are fulfilled with C,, = 1 and Cy = 0, provided ¢(s) > 0, ||s|loc < 00 and

n|I| > In%(n) for all I € m*. Defining M and M as in (II1.3.17), i.e

(s, 1)
M = M T (
pax g end pax T nm Z (X

we get with a penalty of the form (III1.3.14) with large enough nonnegative constants ¢y, ¢, co

_ ) D C(s)
]Es 2 < 1 Lm f — Sm 2 HSHOO m
[ls = 3)°] < C(co,c1,02)< + max. )mlel}\/t* {Hs Smll” + - + ,

n

where C(s) only depends on ¢(s) and ||s||co, is a decreasing function of ¢(s) and an increasing
function of ||s||oo- In particular, the lower bound for the risk of each histogram given in
Section I11.2.2 yields

]ES _~2<C ’ ’ ) ’ [e’] 1+ Lm> f ES _Am27
s =317 < Clevsexcanslo) ol (14 s L) inf B[l = 5]

where my is the trivial partition of [0, 1].
Density estimation with censored data. Assume that G~ (1) < 1, fols < 1, s is bounded
and bounded away from zero, and inf;c,,» n|I| > In?(n). Here, w satisfies

1

Cy=1 and |w]ex = T

and, according to the proof of Proposition 12, Assumption (I11.3.16) on A is satisfied with

where C is a positive constant and 1 — H~ (1) = (1 — fol s)(1 — G~ (1)). Let us define M and
M as in (IIL.3.17), i.e

1 s M Ly Y
M = max L 1 d M= a Tr(Xo),
s (g b) rem: "W;<1—G_(Xi))2 o

and still choose pen of the form (II1.3.14) with large enough nonnegative constants co, ci, 2.
We then deduce from Proposition 15 that

Bl = 817] < Clenscnca) (14 e L) ing, {ls =P+ 1l S0

me (1 n
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where C(s,G) only depends on fol s, 1(s), ||s]leo and G (1), C(s, Q) is an increasing function
of fol S, |$lloo; G (1), and a decreasing function of ¢(s).

Hazard rate estimation with censored data. Assume that G™(1) < 1, F(1) < 1, s is bounded
and bounded away from zero, and inf;cp,» n|I| > In?(n). Here, w satisfies

1

Co=1 and ||w|e = 1-H-(1)

Using Dvoretzky-Kiefer-Wolfovitz inequality [DKW56; Mas90], we obtain as in the proof of
Proposition 12 that Assumption (III.3.16) on A is satisfied with
C
Ch=——"—
ST -H- )™

where C'is a positive constant. In that case, we can also write M and M defined in (IT1.3.17)
as

1 S
M = —<7,11> d M= 1(X5).
tem INT—m- 1" ?éixmﬂz Ao T

Choosing anew pen of the form (II1.3.14) with large enough nonnegative constants co,c1, ¢,
we deduce from Proposition 15 that

) . D C(s, F,Q)
E,[||s — 3|2 < 1 L) inf dfs— sy N2l p—
[lls — 3[I°] _0(00701,02)< + max >mle“M*{”3 sl Tyt w

where C(s, F,G) only depends on ¢(s), ||$||cc, F(1), G (1), is an increasing function of ||s||c,
F(1), G~ (1), and a decreasing function of ¢(s). Besides, given the lower bound for the risk of
each histogram given in Section 111.2.2, we immediately obtain, when n is large enough,

ES[\\S—§\\2] §C(co,cl,62,s,F,G)<1+ max L > il}\f/I ES[\\3—§m\\2].
meM meM*

ITI1.4 Dyadic histogram selection

From now on, we turn our attention to the collection of partitions of [0, 1] into dyadic intervals.
In that case, the penalized estimator admits a simple description that allows to implement
it with a low computational complexity. Besides, we are able not only to provide an oracle-
type inequality but also to evaluate the estimation rate of the estimator over various classes
of smoothness. We illustrate the qualities of our estimator on the examples introduced in
Section II1.2.2.

II1.4.1 Presentation

In the rest of the chapter, p is the Lebesgue measure on [0, 1] and, as in Section I11.2.2, the
length p(I) of a subinterval I of [0, 1] is denoted by |I|. We consider the collection M* made
up of all the partitions of [0, 1] into dyadic intervals whose measure is at least 277+, where .J,
is an integer such that 27+ is at most of order n. Thus, each partition in M* only contains
intervals of the form [0,277] or (k277,(k + 1)277], where j € {0,...,J,} may change from
one interval to another, and k € {1,...,27 — 1}. Besides, each partition in M* is built on
the regular partition of [0,1] into 27+ intervals, that we will denote by m*. We call dyadic
histogram any histogram §,, built on some partition m € M*.
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Let K be some nonnegative constant. When choosing the penalty defined on M* by

MD
pen(m) = K iy
n

whose form we will justify in the next section, the penalized estimator can be determined as
follows. First, straightforward computations lead to

Y(8m) = —|[5m]?, for all m € M*.
Therefore, the partition to select is

m = argmin {y($,,) + pen(m)}
meM*

= argmin Z L(I),

meM* Iem

where, for all m € M* and all I € m,

n 2
L(I) = _ﬁ (Z w(Zi)]II(XZ-)> + KT

i=1

That allows to turn the determination of 7 into a shortest-path problem, that can be solved
with the algorithm described for instance in [CLRSO01]|, Section 24.2., or in [Aka09|, Section
3.3. Since all the partitions in M* are built from 27+ — 1 intervals of [0, 1], that algorithm
only requires here O(n) computations. Of course, an adequate value of the penalty constant
K remains to be chosen. One way consists in using the heuristic method explained in [BMO07|
(Section 4), which has already been successfully implemented in various frameworks.

I11.4.2 Performance

We adopt in both theorems below the notation introduced in Section III.3, and in particular
in Proposition 14 and Theorem 6.

Theorem 7 Assumptions (P), (M) and (W) are supposed to be fulfilled. Let M be an
estimator of M satisfying Conditions (I11.3.11) and (I111.3.13). If the penalty satisfies, for all
m € M~
MD
pen(m) = K =,
n

where K is a nonnegative and large enough constant, then

3 : MD,, C
Es[lls — 8)1°] <Ce inf {HS_SmH2+ }+_47
meM* n

n

where Cy is defined in Theorem 6 and Cg is a positive constant that only depends on ks and K.

Proof. For all D € {1,...,27+}, let M% = {m € M* s.t. D, = D} and let L,,, = In8 for
all m € M*. We have

27+

E:DE::lexp (—D<1n8— %))

In order to evaluate the cardinal of M7, let us describe the collection M* with the help of a
complete binary tree. Let 7 be the binary tree with root (0,0) such that
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o for all j € {1,...,J.}, the nodes at level j are indexed by the elements of the set
AGG) ={(.k),k=0,...,20 — 1}

e forall j€{1,...,J,} and all k € {0,...,27 — 1}, the left branch that stems from node
(4, k) leads to node (j + 1,2k), and the right one, to node (j + 1,2k + 1).

The node set of 7 is Ay, = U;-];OA(]'), where A(0) = {(0,0)}. The dyadic intervals of [0, 1]
whose measure is at least 277+ are the sets

Ijo)=[0,277] and Ij; ) = (k277, (k + 1)277] for k > 1 (II1.4.20)

indexed by the elements of Ay . The leaves of 7 correspond with the intervals in m*. More
generally, there is a one-to-one correspondence between the partitions in M* and the subsets of
A, composed of the leaves of any complete binary tree resulting from an elagation of 7. So the
cardinal of M7, is equal to the number of complete binary trees with D leaves resulting from

an elagation of 7. It is given by the Catalan number D_1(2(g__11)), and thus upper-bounded
by 4P, so ¥ < 1. Theorem 7 then follows from Theorem 6. W

Let us assume that M and Cj4 can be bounded independently of n, which is indeed the case
in all the examples introduced in Section II1.2.2, as proved in Section I11.3.2. Then, we obtain
here an oracle inequality akin to (III.3.7), up to a multiplicative factor that may depend on s
and several nuisance parameters, but does not depend on n.

We can also evaluate here the approximation qualities of (J,,,c v« Sm with respect to func-
tions with bounded variations or with Besov-type smoothness, and then deduce from Theorem 7
the estimation rate of the penalized estimator for such functions. Let us define those smooth-
ness classes. For a >0, p > 1 and s: [0,1] — R, let Vi (s) and |s|pg _ be the a-variations and
the Besov semi-norm of s defined by

Va(s) =sup  sup (ZZ; I5(x;) — S(xj_l)ll/OC)a

121 0<zp<...<x;<1 j=

and
1/p

1-h
g = supa s [ [ Ity + )~ s ]
>0 0<h<z 0

For 0 < a <1, and positive R, we consider the sets
V(a, R) = {s:]0,1] = R s.t. V,,(s) < R}
and for p > 1, max{1/p — 1/2,0} < a < 1 and positive R,
B(a,p,R) = {s:[0,1] — Rs.t. |s|ps_ < R}.

Let us also introduce some parameter sets of interest for studying the estimation rates. For
0 € {0,1}, let

OV1(8) = {(a,R);0 < a < 1/2,n~ Y2 < R < (In(n)) 00202}
OVy(8) = {(, R);1/2 < a < 1,n~ Y2 < R < (In(n)) ~0(F1/G) 1/ (Ba)y
OB1(8) = {(e, p, R);p > 2,0 < a < 1,n~ 2 < R < (In(n))00+20) poy,
©B2(0) = {(a,p,R);1 <p<2,0p <@ < 1,n_1/2 <R< (ln(n))_éq(a’p)n(q(a’p)_l)p},
OB5(8) = {(a,p, R);1 <p < 2,1/p—1/2 < a < a, (In(n)) ~24@P)pa(@P)=1/2 < R < (In(n)) 00 +20) oy
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where, for 1 <p<2and 1/p—1/2<a<1,

1 1\1+4+ 2« 1/1 1 24 3p
= - =—(==2)(14,/ .
q(a, p) <a+2 p> 5 and ay 2<p 2>< + 2—p>

Let us underline that, for 1 <p < 2and 1/p —1/2 < o < 1, we have o, € (1/p —1/2,1/p),
q(o,p) € (0,1 + 2a), and that g(a,p) > 1 if and only if & > ;. Notice that V(«, R) and
B(a, p, R) with a < 1/p contain discontinuous functions. Besides, V(«, R) for (a, R) € ©Vs(9),
and B(a,p, R) with (a,p, R) € ©By(d) U ©B3(d) are composed of functions whose smoothness
is measured in a L,-norm, with p < 2. It is known that such functions cannot be well approxi-
mated in the Lo-norm when considering the collection of nested models described in [BC08]. In
particular, we could not reach the adequate rate over such classes by considering only regular
partitions. We provide in Theorem 8 below the estimation rate over the previous classes.

Theorem 8 Assume that M and Cy are bounded by positive reals that do not depend on n.
Let 6 =0 when ks =0 and 6 = 1 otherwise, and choose J, such that

enln~2(n) < 27+ < CnIn~%(n)

for some absolute positive constants ¢ and C'. Under the assumptions of Theorem 7,

o if s € V(a, R) with (a, R) € ©V1(6) UOVa(0), then

E, [”S — 5”2] < C'7C(a)(Rn_°‘)2/(1+2a);

o if s € B(a,p, R) with (o,p, R) € OB1(5) UOBy(), then

Es[|ls — 5]|°] < C7C(a, p)(Rn~)%/ (142,

e if s € B(a,p, R) with (o, p, R) € ©B3(0), then

E.[lls — 3%] < C7C(cr, p) R (1 (m)n 1)t 1/2-1/p),

where C7 = Cs(1 + M 4 Cy) and C(«) (resp. C(w,p)) is a positive real that only depends on
a (resp. o and p).

Let us underline that, on classes akin to B(«,p, R) with 1 < p < 2 and a > 1/p, [Li08] only
reaches the estimation rate n=2%/(112%) within a logarithmic factor. Besides, when considering
the collection of all the partitions built on m*, one only obtains the aforementionned rates
within a logarithmic factor (c¢f. [BC05|, Section 4.4). In the case of Besov balls with 1 < p < 2,
we observe a change in the rate of approximation that results in a change in the rate of
estimation, already reported by Birgé [Bir04| in a Gaussian regression framework.

II1.4.3 Examples (end)

Let us end with the examples presented in Section I11.2.2. In each case, we work under the
same assumptions as in Section I11.3.2, with the same values for M and M. We just replace
all the weights L,,, m € M*, with the same constant, obtaining thus a penalty of the form
pen(m) = K MD,, /n. Since we have already proved that M and Cjy are bounded independently
of n, there is indeed not much left to be done, except for choosing the number 27+ of intervals
in the regular dyadic partition m*. Then, the reader will easily write the resulting oracle-type
inequalities and upper-bounds for the estimation rate of s.
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Regression. We assume that n = 2N where N > 4. We choose J, such that 2/« = n2—No
where Ng = max{k € Ns.t. 28 < N2}. Then, S+ C S and infjepn|I| > 20 so that
Assumption (P) is satisfied. Besides, 27+ is of order n/In%(n) so that Theorem 8 applies with
§ = 1 and C7 that only depends on K, a,v,02,]s|| and increases with ||s||. If we know that
a = 0 (case when the errors are subgaussian), then we can choose 2/ = n and Theorem 8
applies with 6 = 0 and C7 that only depends on K and o2.

Density and hazard rate estimation with censored or uncensored data. In the other three
examples, the following proposition, which is a straightforward consequence of Proposition 15,
ensures that Theorem 8 applies.

Proposition 16 Let J, = max{j € N s.t. 2/ < n/In*(n)}. Under the assumptions of Propo-
sition 15, the resulting penalized estimator s satisfies Theorem 8 with 6 = 1 and C% that only
depends on K,Cy, |w]|co, t(5), ||s]lecs Ch, s a decreasing function of Cy, and u(s) and an in-
creasing function of ||w||eo, ||8]|oc, C' -

I11.5 Proofs

All along the section, C' denotes an absolute constant and for a given parameter 6, C'(6) denotes
a positive real number that only depends on 6. The values of C' and C(#) are allowed to change
from one line to another.

IT1.5.1 A useful lemma

Lemma 2 Let Xy,...,X,, be random variables on a probability space (2, A, P) with values in
0,1], h : [0,1] — [0,1] a cadlag process on Q, and h : [0,1] — [0,1] a cadlag non-decreasing
function. Denote by h~ and h™ respectively the left-continuous versions of h and h. Assume
1—h~(X;)>1/n foralli=1,...,n, h~ (1) < 1, and there are positive numbers K and r such
that

P <||ﬁ — hlloo > x) < K exp(—kna?) (I11.5.21)

for all x > 0. If A is a random variable such that

. 1
0 <A <|h—h|o max

ax —————— (I1L5.22)
1<i<n 1 — h— (Xz)

then, for all ¢ > 1, there exists C(q) that only depends on q such that

q K ! 1
E[A%] < Clg)— <H3q(1 ()% ma(1= h—(l))2q> '

Proof. Fix g > 1. We proceed in the same way as Brunel and Comte in [BC05] (proof of
Proposition 4.1) and introduce the subset of €2

Q,={2(h" —h7)<1-h"(1)}.
On Qp, 2(1 —h™) >1—h=(1), so

All, < i~ Bl

2
1—h (1)
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From (II1.5.21), there exists C'(¢q) such that

E[lh—nl2] = [ 2022 'B(h - b dz <
= h12) = [ 200 B = bl > ) < Cla) o

hence, there exists C(q) such that

K

E[AQq]IQh] <C(q) (kn)2(1 — h—(1))20"

In order to bound E[Aqugi], we use that 1 — h~(X;) > 1/n for all i, |h — hljec < 2 and
Qf C {2|[h — hlloc > 1—h~(1)}. We then deduce from (II1.5.21) and (II1.5.22) that

E[Aqugi] < K(2n)* exp (—rn(l— h™(1))?/4).

For all positive u, exp(—u) < (3¢/u)3?, so there exists C(q) such that

K
k314 (1 — h—(1))6¢’

E[A* o] < C(q)

and the result follows. W

I11.5.2 Proof of Proposition 12

In the density estimation problem with censored data,

Ey[lsn = 5l = 3 (1500 = 6771 10) = . 10)?)

Iem

3 ﬁ(@, 1)1 = {s,17)) + (G~ (1= G) 7 11)
Iem

hence I ) Isl b
m < = 2 < Siloo _m 5
o) = < Bs[llsm —ml’] < 752 0 n (I11.5.23)
Let A be defined by
A= max —w(Zi) —w(Z)
1<i<n, st T,<Cr | w(Z;)

Since w > 0, for every x € I,
(5m (@) = 5m(@))” < A2 (30())” < 282 | (50(@) = 5 (2))” + 52,(2)] -
It thus follows from Cauchy-Schwarz inequality that
By [l15m — 5mll?] < 2( )2 + B [llsm — 5l '] )EL2[A1].

But A satisfies Ps-almost surely (II1.5.22) with A = G anf h = G. Moreover, according to the
Dworetzky-Kiefer-Wolfowitz type inequality proved by [BLM99], for all nonnegative z,

P(|(G — G)(1 — F)||ls > z) < 2.5exp(—2na® + kov/nz),

where k¢ is an absolute constant and F' is the distribution function of 7;. Therefore, there
exists an absolute constant C such that, for all z > 0,

IP’(||(C~¥ —G)(1 = F)lleo > :17) < C’exp(—nx2),
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whence (I11.5.21) holds for all z > 0 with K an absolute constant and x = (1 — F(1))%. From
Lemma 2, one gets
Cla)
E[A%7] <
N
forall ¢ > 1, where 1 — H7(1) = (1 — F(1))(1 — G~ (1)). By Jensen’s inequality,

1
Ey[|[5m — 510]l*] g/o Ey[sm(z) — 3m(x)|*da.

The random variables {w(Z;)1;(X;) h<i<n are i.i.d. so we derive from (II1.2.1) and the defini-
tion of s,, and $,, that

s [llsm—3ml*] < ﬁ <3n(" — 1)Varl (w(Z)11(X,)) + nEs (w(Z:)11(X;) — Es(w(Zi)]II(Xz')))4> :

Iem

But s is bounded and |I| > 1/n for all I € m, so

E;/2[||Sm —&m]] < (IT1.5.24)

1-G=M)*V n
Since D, < n, we get
C(s,G)

Es[”§m - ém”2] S T

where C(s,G) only depends on ||s||, ||s]lcc, G~ (1) and F(1). But for all real numbers a and
b, one has (a + b)? < 2a? + 2b% and (a + b)? > a?/2 — b?, so Proposition 12 then follows from
Inequalities (I11.5.23) and (IIL5.25).

I1I1.5.3 Proof of Proposition 13

For all = € [0,1], let

s*(x) = s(0)ix, >2p and  P(z) = /Ox s*(u) du.

Let sy, be the orthogonal projection of s* onto S,. From Cauchy-Schwarz inequality, we get

mm%—&mﬂzgiﬁﬁJKAdwm&W@woﬁ
< Z </182(u) du)ES [ﬁ/l][{x(n)d} du]

Iem
< |lsI* (H-(1)". (I11.5.25)

From Theorem 2 p. 312 in [SW86|, for instance, P — P® is a square integrable and centered
martingale, with predictable variation process

> p* = x—ﬂ{x(n)zy} S or
(PP = [ s v, o€ 0.1

Therefore, for every fixed I € m and every z € I,

E, [(ém(:n) . s;n(x))ﬂ _ n|11|2 /IIES [%}S(y) dy (I11.5.26)

1 1-H s(y)
< —=Eg| sup = / dy.
n|I|? [[O,X(n)] 1—H—] r1—H(y)
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By integrating the inequality

1-H
Pyl sup ——— >z | <exexp(—x), for x > 1,
[0.X(m] 1 = H~

that may be found in [SW86] (Inequality (d), p. 318), we get

1-H
Es| sup - <3. (IT1.5.27)
0.X(m] 1= H~

On the other hand, for all y € [0, 1],

E, [ ][{X@Zy}

1 H_(y)} >Py(X(y >y) >1— (H-(1)" (II1.5.28)

We then deduce from (II1.5.26) to (II1.5.28) that

) (1= (1)) 2 < B s = shlP] < 3 2

(111.5.29)

But for all real numbers a and b, one has (a + b)? < 2a® + 2b? and (a + b)? > a?/2 — b>. The
result thus follows from (II1.5.25) and (II1.5.29).

I11.5.4 Proof of Proposition 14

The proof of Proposition 14 relies on Theorem 9 below. This theorem extends a recent con-
centration inequality due to Adamczak |[Ada08|, that itself extends Talagrand’s concentration
inequality (Theorem 1.4. in [Tal96]) to families of functions which are not uniformly bounded.
In the sequel, the norm ||.||y, is defined for every real-valued random variable U by

1Ully, = inf {A > 0 s.t. E[exp(U]/A)] < 2}.
Theorem 9 Let Uy,...,U, be independent random wvariables taking values in a measurable

space (U, B). Let F be a countable family of real-valued and measurable functions defined on U
such that, for all 1 <i <mn, |[supsez |f(Ui)|lly, is finite. Let

> (1) - ELf0)

i=1

Z = sup
feF

)

n

2
0° = sup Var( f(U; and B = H max sup | f(U;
sup > Ve (£(U1) i sup |7 (0)

v

Then B is finite and there exists a constant k such that, for all 0 < x < (20/kB)?,
P(Z > 2E[Z] + 20\/5> < 4exp(—z),

and, for all z > (20/kB)?,

P(Z > 2E[Z] + /me) < 4exp(—x).
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The proof of Theorem 9 is not given here since it follows almost the same lines as that of
Theorem 4 in |[Ada08|.

Let us prove that by is finite. For all 1 < ¢ < n, and all positive A, a convexity argument
leads to

exp (Alw(Z H exp (Aw(Z)|1;(X;)) P, — a.s.
Iem*

< > exp (ADpes [w(Z)|11(X;)) / Do
Iem*

Besides, it follows from Assumption (M) that there exists A > 0 such that for all 1 <i <n
and all I € m*, Es[exp (ADm+|w(Z;)|1;(X;))] is finite. Lemma 2.2.2. in [vdVW96] then allows
to conclude that by is finite since

bo < C'ln(n) max [Jw(Z)]],,

for some absolute constant C.

Let us fix some partition m built on m* and note that s,, = E($,,). Let .7}, be some
countable and dense subset of {(a;) € RP™ s.t. ., a3 =1} and, for all a € .7, let f, be
defined on [0, 1] x ) by

; f w(z,y) ().

From Cauchy-Schwarz inequality and its equality case,

[8m — smll = Z (1) (8m — 5m)? g
Iem
= sup Zam/
a€Sm IEm
- asel-g?n ZZ:; (fa(ZZ) - ES [fa(ZZ)]> ‘7

where the supremum is reached by @ = (ar)renm such that, for all I € m,

ar =/ p m = Sm)L1/||$m — sml-

Yet, we shall not apply Theorem 9 to [|$,,, — s || but to some truncated version of that variable:
as Castellan [Cas00] (Proposition 4.3), our aim is to exhibit the subgaussian behaviour of
I3 — sm|| on some subset of Q. Let

Q= {5 = swelloe <.

where e = 4M /kb for some b > by. Let z be a positive real, to be chosen later, and 7, be a
subset of {a € /7, s.t. maxrem |ar|/\/u(I) <e/z}. We consider

Enj (fa(zz-) ~E, [fa(Zi)]) ‘

1=1

W(m) = sup
aEm

Since W (m) < ||8m — sm||, we obtain by concavity of the square-root function that

Es[W(m)] < \/ESH|§m — sml|?].
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It follows from the definition of M and the independence of Z1, ..., Z, that

1 n
. 21 . ,
%%Es [n][(8m — sm) L1 [°] = max (D) izgl Var, [w(Z;)1(X;)] < M,

hence
MD,,
Es[W(m)] < n
Besides,
02 = sup f:Var(fa(Zi)) < M and B, := H max sup |fa(ZZ-)|‘ < .
a€om 54 n 1<i<n ge g, Y1 nz

Let us fix z € (0, (20, /kBy)?]. We deduce from Theorem 9 that there exists a set Q(x) € A
such that Ps(Q%(z)) < 4exp(—z) and on which

VW (m) < 24/MD,, + 2V M.

Since m is built on m*, we have ||3,, — sm|loc < € on Q4. Thus, on Qe N {|[8m — s > 2},
max |ar|/v/u(I) < /2,

so that ||3,,, — sm|| and W(m) coincide on that set. By setting z = 24/Mz/n, we obtain on
Q(z)

Villdm — sml|la, < 2¢/MD,, + 2V Mz,

which proves (I11.3.9) for all « € (0, (20,,,/kB)?]. Let us now fix > (20,,/kB,,)%. We deduce
this time from Theorem 9 that there exists a set Q(x) € A such that P, (Q°(x)) < 4exp(—z)
and on which

keb
VnW(m) < 2/MD,, + Wx

We obtain (I11.3.9) for such x by setting again z = 2/ Max /n.

Arguments similar to those used Section 2.2.3 in [Mas07] show that

M2
P, () < 2D,,» —o—2 ),
() < P ( C’b(bv +aM) £*>

where Dy« < n/l,, hence (111.3.10).
In the case where the X;’s are non-random, one can consider 2, = Q if a = 0 or

Q= {”ém* — 8m+ [l < v/a}

otherwise, and conclude with the same arguments as in Sauvé [Sau09], Lemma 1.

I11.5.5 Proof of Theorem 6

We will use the following lemma.

Lemma 3 Assumptions (P) and (M) are supposed to be fulfilled. There exists C(a,v) that
only depends on a and v such that

ES[Hsm* — §m*|]4] < C(a,v).

Moreover, C(a,v) is an increasing function of a and an increasing function of v.
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Proof. By Jensen’s inequality,

1
Ey || — e [1] g/o By [sme () — e ()4l

Since Sy = Eg(8+) and mingep,« nu(l) > 1, we get
D 1 - !
E, [Hsm* — §m*H4] < Zmr max E, (ﬁ Z(W(Zi)]II(Xi) — Es[w(Zi)]I](Xi)]))
=1

By Assumption (M), for all I € m* and all A € (—1/a,1/a),

vA2

lnEs[exp <WZ ( ) — E, [w(ZZ-)]II(Xi)Dﬂ < STl

Integrating this inequality, one obtains that there exists C'(a,v) that increases with a and v
such that

4
( N Z - Es[w(Zi)]II(XZ-)])> < Cla,v). (II1.5.30)

Besides, D,,» < n/l, <n, hence Lemma 3. B

Let us first introduce some notation. For all t € S, let

ve(t) = n Z (w(Zi)t(Xi) - Es{w(ZZ)t(XZ)])
i=1

R() = 30— w)(Z)H(X)
1=1

Let us fix some partition m € M*, and set

Xc(m) = sup |v.(t)] and xgr(m)= sup |R(t). (II1.5.31)
i i

Notice that, from Cauchy-Schwarz inequality and (II1.2.1),
Xe(m) = |8m — sm|l  and  xr(m) = ||8m — $ml|- (I11.5.32)
From the definitions of m and §,,, we get

(8m) + pen(m)
(sm) + pen(m).

v(8) + pen(m) <
<7
On the other hand, for all t,u € S,

Y(#) = y(u) = s = t]* = [Is = ull® = 2(ve + R)(t — ).

So
s — 31> < ||Is — sm|* + pen(m) + 2(ve + R)(3 — spn) — pen(i). (I11.5.33)

In the sequel, for all partitions m’ € M*, we denote by m Um/’ the roughest partition built on
m and m’. We recall that, for all positive § and all nonnegative a and b,

1
2ab < §a2 + 0b%, (I11.5.34)



Proofs 95

We deduce from the triangle inequality and the last inequality, applied several times, with
0 =1/2or # =1, that

2(ve + R)(S — Sm) 15 = smll (xe(m U 1) + xr(m U m))

2
2(Ils = 8l + lIs = smll) (xe(m U 1) + xr(m Un))
< %Hs — &2+ |Is = sml® + 6x2(m U M) + 6xF(m Um).  (1IL5.35)
As M* only contains partitions built on m*, S,,us is a subspace of Sy,«, S0
Xh(mUm) < xh(m®). (I11.5.36)
Combining Inequalities (I11.5.33), (II1.5.35) and (II1.5.36) yields
s — 3|2 < 4||s — sml|® + 2pen(m) + 12x%(m U ) — 2pen(in) + 12x%(m*).  (111.5.37)
We shall first look for an upper-bound for the risk of § on the set 2, N A. Let us fix some

positive ¢. For all partitions m’ € M*, let

Tm! = Lm’Dm’ + Ca

Qc(m,m’) = {nxg(m um/lg, < M(k‘l(Dm + Dyr) + kot + 2ks/kiko(Dyy + Dm/)xm/) }

and

Q(m)= (] Qlm,m).

m/eM*
For all partitions m’ € M*, Assumption (P) ensures that m Um’ is a partition built on m*,
so we deduce from Proposition 14, Inequality (II1.3.9), that

P (Qz(m,m/)) < kyexp(—zpy),
so that 2¢(m) is a set with probability
Ps(Qc(m)) > 1 — kg exp(—()X. (I11.5.38)

Using repeatedly that, for all nonnegative a and b, va+ b < v/a + v/b, and applying several
times Inequality (I11.5.34) with § =1, we get on the set Q¢(m)

nM % (m U m) g,

< k1(Dy + Dypy) + ko (Dyn Ly + ¢) + 2ks/kika(Din + D) (Do Ly, + €)
< (kl ¥ koL + 2@@) Dy + k1 Dy + ko€

+ ks (\/lemc + \/ka Dy, Link1 Dy + \/klpmk2g)

< (1 + koL + 2ks /Taka L ) Dy + Fa Dy + ks

+ ks (k1 D+ BaC + koD L+ k1 Do + b Do+ i)

< Ky (K1, k2, k3, L) Dy + Ka(k1, k3) Dy + K3(ko, k3)(,

where, for all partitions m’ € M*,
Kl(k’l, ko, k3, Lmr) = (1 + k‘3)(k’1 + k’ng/) + 2k3+/k1ko L,y

Ko(k1, k) = ki (1 + 2k3)
K3(k2, k) = ka(1 + 2k3).
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Since, on the set A, M < /<;7]\/4\, we deduce from Inequality (II1.5.37), the assumption on pen
and the last inequality that, still on the set Q¢(m),

s — 3% Mo,na < 4]|s — sm]?

MD,,
+ 2pen(m)][A + 12]437K2(k’1, k‘3)

I
+ 12M K3 (o, k3)% + 12x% (m*)Iq, 4.

Since K1(ki,ka, ks, L) > k1(1 + k3), we notice that

MD,,
12k7K2(]€1,k3) o I[A < K4(k3)pen(m)]IA,

where
1+ 2k3

14 ks

Ky(ks) =2

Consequently, still on the set €2-(m), we have
HS — §H2][Q*QA < 4H8 — Sm”2 + (2 + K4(/<:3))pen(m)1[,4

+ 12M K3 (o, kg)% + 12x% (m*) Ig, na.

Finally, after integrating with respect to ¢, and taking the infimum over m € M*, we get the
following upper-bound for the risk of 5§ on Q, N A:

E,[||s — gu?ngm} < inf {Clﬂs — $pn|2 + Ca(ks)Eq [pen(m)]IA]}

MY
+ C3(ka, k3, 1<:4)T + 12E, [xF(m*) Lo, na]- (I1L.5.39)

Let us now bound the risk of § on the complementary set of 2, N A. First, Pythagoras’
equality leads to
Is = 81 = [Is = smll® + s — 3al*.
Besides, it follows from the triangle inequality and the expressions of x. and xr (c¢f. (I11.5.32)
and (IT1.5.31)) that for any 6 > 0,

(xe(ri) + xR ()
(1+67")x2(m*) + (14 0)xH(m*).

185 — & l* <
<

Therefore,
Is = 31I* < llsl* + (1 4 07H)x2(m*) + (1 + O)xF (m").
Let us denote by p, the Ps—measure of 2§ U A°. Applying Cauchy-Schwarz inequality, we get
Eq [[|s— 81 Tocuac] < pullsl®+ 14071 v/ pE A (m*)]+ (1+0)Es[xr(m*) Toguac]. (111.5.40)

It follows from Proposition 14 and the assumption on A that

*

1 /k
Pr < 3 <£—5n3 exp(—kely) + CA) .

Since p, < 1 and as E[x%(m*)] < Ca/n under Assumption (W), the first part of Theorem 6
follows from (II1.5.39), Lemma 3 and (II1.5.40) where we set §# = 11. The second assertion in
Theorem 6 is an easy consequence of the first one.
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I1I1.5.6 Proof of Proposition 15

According to Bernstein’s inequality as stated in [Mas07| (Section 2.2.3), Assumption (M) is
satisfied for instance when, for all integers k > 2,

=

ZE lw(Z)F1(X;)] < ?nvmak_z
As w is bounded, for all integers k > 2,
ZE [lw(Z)[FLr(X;)] < nM|I|||w]|55

so that Assumption (M) is satisfied with v = M and a = ||w||oo/3. Moreover, from (II[.2.1),
for all I € m*,

2 n 2
1
(X)) | <A — Z)1(X;) — Eg[w(Z) 1 (X; | -
(mzrz i ( >> < (n‘ 77 2 (A1) ~ Euful )06 + s )
It thus follows from Cauchy-Schwarz inequality that Assumption (W) is fulfilled with

Ca =204 (v/C(a,v) + |Is[I3),

where C'(a,v) is defined as in (II1.5.30).
Let us check that Conditions (II1.3.11) and (II1.3.13) are fulfilled. Let # = 1/2 and

-

Iem*

3 (wz(z,.)nf(xi) —E, [w2(zi)]11(xi)])‘ < eMnm}

i=1

On A, we immediately obtain the inequalities M < (1 — 6)"'M and M < (1 + 6)M. Let us
now bound P4(A€). For all I € m*, we introduce the sum of centered i.i.d. variables

n

S =3 (w200 (X0) — By [w*(Z) 11(X0) )

i=1

and the sets

Fr = {Isil > 0210111} ana 61 = {| @ ) (200060 > 0727001}

Moreover, we introduce

[? — w?|

A’ = max (Z;)

i<i<n  w?

with the convention that 0/0 = 0. For all I € m*

‘Zw —wh)(Z)1(X;)

< A’(SI + Mnm)

so, for all positive c,

Grc{a >clu {s, > (0/(2¢) — 1)Mn|1|}.
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Choosing ¢ so that 8/(2¢) —1=60/2,ie. c=0/(0+2) =1/5, we get

Acc{A' >0/(0+2)}u | Fr.

Iem*

Using the aforementionned version of Bernstein’s inequality so as to bound Pg(Fr) and the
inequality Dy~ < n/l,, we obtain by summing over I € m* that

> B < Znesp ( - cM—e*)

2

where C' is an aboslute constant. Moreover, since w satisfies Condition (III.2.1) and is nonneg-
ative, we get, for all I € m*,

Cu(s, Ir) < Egw®(Z0)11(X1)] < [|wlloo(s, Ir),

hence
Cut(s) £ M < [|w]loc || 8]|oo-

Since A’ < A% + 2A, it follows from the assumption on A that

(CA)* + C(Cus [, 1(5))
n2

Ps(A°) < C x

9

where C' is an absolute constant and C(Cly, | w| o, t(s)) is a decreasing function of ¢(s) and
Cy and an increasing function of ||w||o. Consequently, Conditions (III.3.11) and (II1.3.13) in
Theorem 6 are satisfied with k7 = 2 and ks = 3/2 and we can set b = ||w||oo/In(2). Oracle-
type inequality (II1.3.15) then follows, where we can take ki,..., ks absolute constants and
ke = cCyi(s)/||w||%, for some small enough absolute constant ¢ > 0.

I11.5.7 Proof of Theorem 8

First, we obtain as a straightforward consequence of Theorem 7 that

D
E,[lls — 5)|?] < Cs(1 + M inf —smll?+ =28,
s =317 < Cott+ 21+ o) inf, {lls = sl + 2

Then, for all m € M*, it follows from the definition of s,, and the triangle inequality that, for
all t € Sy,

Is = smll* < 2(lls — s l|* + [lsme — t]),

hence, by taking the infimum over t € S, and m € M*,

D D
inf — sl 2 <2s — s[4+ 2 inf { inf |lspe —¢])F+ =2 5. (IIL5.41
mler}vl* {HS SmH * n } a ||8 sm H + mler}vl* té%m ||3m H + n ( )

Let us first assume that s € V(a, R), with 0 < a < 1 and R > 0. For any subinterval I of
[0, 1], we denote by s; the mean value of s over I and define

Va(s, 1) —sup  sup (Z|s<xj>—s<xj_1>|1/a>.
i>1 r0<...<x;

(@0yeeyzy ) ETTTL j=1
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Remembering that the dyadic intervals of [0,1] of length 277+ are the {I(J*7k)}k:0

275 —1
(cf. (II1.4.20)), we have
2% 1
s = smelI* < > M mlllts = 5105, ) 105, 40 15
k=0
2% 1
<27 N VE(s, I, )
k=0
We then deduce from classical inequalities between £,-norms that
9J% _1 2a
Is = sme 1> < 2"*((1_2"”_1)( > VJ“(SJ(@,@)) :
k=0
As V,(s,.) is subadditive and V,(s) < R, we get
s — spr||? < 2717200+ =D B2, (I11.5.42)

Let us now bound V,(s;«). Let i be a positive integer and 0 < zp < ... < z; < 1. For
all 0 < j <4, let Iz, ;) be the only dyadic interval of length 2~/ that contains xj. Since
1/a > 1, we deduce from Jensen’s Inequality that

i i 1/27% 1/a
Sl (5) = sme )V = 30 [27 [ st @2 ) = s+ kG - 127 |da
j=1 j=1 0
1/27 i 1/«
< 2‘]*/ Z‘s(m—i—k(jﬂ_‘]*) —s(z+k(j—1)277)| do
0 s
< Val(s),

hence, by taking the supremum over all finite increasing sequences with values in [0, 1],
Va(sm*) < Va(s) < R.

We can thus apply Proposition 3 of |Bir07]| to s;,«. So, for all nonnegative integers j, there
exist a partition m; of [0, 1] into dyadic intervals and a function t; € S,; such that

Dy, < c1(a)2? and |[spe — t]|? < ca(@)R?2729,

where ¢;(a) and ca(«) are positive reals whose precise values are given in [Bir07]. Moreover,
since s,,~ is piecewise constant over m*, by construction, each m; € M*. Therefore,

D Dy,
inf ¢ inf [lsye —t*+ =" < inf =P+ =
b L o =+ Y <, {lone — 42

Y]

< C(a) inf {RQZ_Q‘” + —}. (111.5.43)
0<j<Jx n

Let Jo be the greatest integer such that 270 /n < R?272%%0 _j.¢. such that 270 < (nR?)Y/1+2),

If 1/n < R? < 27+(+20) /iy then 0 < Jy < J, and R?272¢%0 4 200 /p < C(a)(Rn~®)%/(1+20)

Therefore, for 0 < o < 1/2 and 1/n < R? < 27+(0+429) /p we deduce from Inequalities (II11.5.41)

to (II1.5.43) that

D
inf — $m 2 m{ < 22—204J* —a\2/(142a)
inf {Hs Sml|” + — } < C(a)(R + (Rn™?) )

< C(a)(Rn—a)2/(1+2a) )
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For 1/2 < a <1and 1/n < R? < 27+(429) /n we deduce this time from Inequalities (II1.5.41)
o (I11.5.43) that

D

inf s 24 2m < 29T —an2/(1420)
{1 sl 22 L < Cla) (e (e,

so that when 1/n < R? < 2/+(41/(Q) /5y we still have

inf {Hs — smll® + %} < C(a)(Rn—)2/(1420)
meM* n

Let us now assume that s € B(a,p, R) for some R >0, p>1and 1/p—1/2 < a < 1. Let
(Hy)xea be the Haar basis on IL2([0,1]), indexed by A = U]> 1 A(j) where

AG) ={(. k), k=0,...,27 —1}.
Otherwise said, H(—l,o) — ][[071} and
Hjp(x) = 22H(22 — k), for j e N,0<k <2/ —1and z € [0,1],

where H = N1 /9) — T1/9,1)- Let Ay, 1 = Uj:__llA( /). Developing s in the Haar basis yields

s=> BHy and spe= Y BH

AEA AEA s, -1
Moreover, we recall that for all p > 1 and all 0 < o < 1,
1/p
sup 20 (/2RI [N gy P < Cla,p)lslpg (II1.5.44)
720 AEA() |

(cf. [DL92], Section 2.3, for instance). Using classical inequalities between £,-norms and In-
equality (II1.5.44), the error in approximating s by $,,» can be upper bounded as follows:

s = smel®> =2 > 16

]>J*)\€A(
1/p\ 2
-5 (waoeon (5 o))
§>Js AEA()
1/p\ 2
< Z 2—2j(a—(1/2—1/p)7) <2j(a+1/2—1/p ( Z ‘5/\‘19) ) )
i>Jx AEA(H)
< Cla,p) 22 2j (a—(1/2-1/p)- )|S|2
j>Js
< Cla,p)2~ 2 (e=(/2=1/p)-) 2 (IIL5.45)

Let us now prove that s,,~ belongs to the space C}' equipped with the seminorm |[.|co, as

defined in [DY90], Section 3. The function (Sm*)g,p (cf. [DY90]) is in fact piecewise constant

over m*, hence
2(]*

| Sy ’I()Jg =2 Z ((Sm*)g,p(iz_J*))p~

i=1
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Besides, that semi-norm can be linked with |s]| Bg .- Let us denote by v the R2”™_vector whose

i-th coordinate is v; = 8,,+(i277%), for i = 1,...,27*, and consider the R2” _vector vP P defined
as in [Aka09|, Section 6.2. It can easily be checked that, for i =1,...,27

(Sm*)ﬁ (iQ_J*) — 2aJ*U§70l7p7

aip
so that
27+
[ (B = 27PN (0F) P, (I11.5.46)
! i=1
Let us equip R2™ with the scalar product
2(]*

(a,b) = Z a;bi,
i=1

and denote by {hy}xea,,_, the Haar basis of R2”™ orthonormal for that scalar product. For
all A € Ay, 1 and all 1 < i < 27+ the i-th coordinate of hy satisfies

hys = 2772 Hy(i277%).

Therefore, decomposing v in the Haar basis of R2"™ gives

’U:2J*/2 Z ﬁ)\h)\.

AEA S, 1

From Proposition 5 of [Aka(09], that still holds whatever p > 1, we get

27+ Ji—1
Z (vf’“’p)” < C(a,p)2~7+(ep=D) Z gip(at1/2-1/p) Z ENE (I11.5.47)
i=1 =0 AEA())

Combining Inequalities (I11.5.46), (I11.5.47) and (II1.5.44) then leads to
’Sm*’CE‘ < C(aap)’S’B‘;’w < C(aap)R

Since s« € Cy, it follows from Corollary 3.2. of [DY90] that, for all 1 < D < 27+ there exist

a partition mp of [0,1] into D dyadic intervals and a function tp € S,,, such that

l[sm* — tp||* < C(a,p)RZD ™2 (I11.5.48)

Moreover, since s, is piecewise constant over m*, the partitions mp, 1 < D < 27 pro-
vided by the approximation algorithm described in [DY90| belong to M*. From Inequal-

ities (IT1.5.41), (II1.5.45) and (I11.5.48), we deduce as previously that, for 1/n < R? <
2J*(1+2a) /n7

D D
inf {Hs—sm|]2+—m} <2||s — s> +2 inf {Hsm* —tDH2+—}
meM* n 1<D<27+ n

<C 2—2J*(a—(1/2—1/p),)R2 inf R2D—2a D
< C(a,p)( +1SII)DS2J*{ +D/n})

< C(a,p)(1n26(n)n_1)2(‘1_(1/2_1/13)*)R2 + (Rn—a)z/(1+2a))_

Therefore, for p > 2 and 1/n < R? < (In(n))~200+20) 20

D
inf — s, 2 m | —a 2/(1+2a)'
nf {”S Sml|” + - } < C(a,p)(Rn™%)

For 1 < p < 2, two cases have to be distinguished since (In?(n)n~—1)2a+1/2-1/PR2 <
(Rn~)2/(429) if and only if R? < n(@P)=1/(In(n))?e(*P),
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Chapter IV

Conditional density estimation based
on dependent data

This chapter presents a work in collaboration with Claire Lacour.
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IV.1 Introduction

In this chapter, we are concerned with conditional density estimation. Such a model is ex-
pected to bring more information than the regression model, and also contains classical density
estimation as a special case. Although statisticians often consider independent observations,
it seems more natural to assume that the observed quantities are realizations of dependent
random variables. There are many ways to quantify this dependence, and we will mainly work
with mixing and Markovian data. Besides, our aim is to provide a nonparametric estimator
that adapts to the unknown and possibly inhomogeneous smoothness of the function, as well
as to its possible anisotropy. Otherwise said, the risk being measured in a L,-norm, our esti-
mator should perform well for functions whose smoothness is measured in a L,-norm, where p
is allowed to be smaller than ¢, and whose degree of smoothness may vary with the direction.

Many works have already been devoted to adaptive density estimation for stationary de-
pendent observations. Tribouley and Viennet |TV98| study an estimator based on wavelet
thresholding for absolutely regular data. Comte and Merlevede [CM02| consider absolutely
regular as well as strongly mixing stationary processes, in discrete or continuous time, and
provide adaptive estimators based on model selection via least-squares penalization. Density
estimation has also been studied in the framework of Markovian observations. A major work
in this context is due to Clémencgon [Clé00a|. He gives optimal rates of convergence for the
estimation of the stationary density of a Markov chain, and proposes a wavelet based estima-
tor reaching this bound up to a logarithmic factor. Recent works consider weakly dependent
data instead of mixing data. Gannaz and Wintenberger [GW09] study a wavelet thresholding
method for a wide class of weakly dependent data. Lerasle [Ler09| estimates the density from
7-dependent observations, as defined by [DP05], via model selection and gives oracle inequal-
ities in probability. Among the aforementionned works, only [CM02|, [Clé00a| and [GWO09|
can cope with inhomogeneous smoothness, and these procedures are then optimal only up to a
logarithmic factor. Even in density estimation based on independent data, few methods can do
so. Let us cite block thresholding methods after |[HKP98]|, for instance. Recently, three papers
have proposed model selection procedures based on penalized minimum contrasts that consist
in selecting from the data a best piecewise polynomial built on a partition into dyadic cubes
or rectangles. Willett and Nowak [WNO07| select best piecewise polynomials built on partitions
into dyadic cubes via a penalized maximum likelihood contrast. Klemeld |Kle09]| and Blan-
chard et al. [BSRMO7] select best histograms based on partitions into dyadic rectangles via a
penalized criterion based either on the Lo distance or on Kullback-Leibler divergence. Only
the first two papers prove adaptivity results on inhomogeneous smoothness classes, both up to
a logarithmic factor, [Kle09] being also able to adapt to anisotropy.

References about conditional density estimation are fewer, even for nonadaptive procedures
based on independent data. Let us begin with some examples of nonadaptive estimators. For
independent data, we can cite for instance Gyorfi and Kohler [GKO07] for a histogram based
procedure, or Faugeras [Fau07| for a copula-based kernel estimator. For dependent data, let
us mention De Gooijer and Zerom [DGZ03| or Fan and Yim [FY04] for kernel methods. We
refer to [Lac07] for a bibliography about nonadaptive estimation for the transition density of
a Markov chain. Regarding now adaptive estimation of conditional density based on indepen-
dent data, three recent papers give oracle inequalities and adaptivity results in the minimax
sense for functions with anisotropic but homogeneous smoothness. Efromovich |Efr07; Efr08|
uses a Fourier decomposition to build a blockwise-shrinkage Efromovich-Pinsker estimator,
whereas Brunel et al. [BCLO7| perform model selection based on a penalized least-squares cri-
terion. Up to our knowledge, only two papers study adaptive estimators of the conditional
density based on dependent data, and both are only concerned with Markovian observations:
Clémencon [Clé00b] and Lacour [Lac07].
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In this chapter, we lead a simultaneous study of conditional density and density estimation.
The last problem, already widely studied, will serve as a benchmark to measure the performance
of our procedure. Given a collection of partitions, we propose an estimator of the conditional
density that selects from the data the best partition among that collection and then provides
the best piecewise polynomial estimator built on that partition. To do so, we use a penalized
least-squares criterion. To deal with the possible dependence of the observations, we mainly use
[-mixing coefficients and their coupling properties. Thus, our dependence assumptions, while
being satisfied by a wide class of Markov chains, are not restricted to Markovian assumptions.
We first provide nonasymptotic oracle type inequalities fulfilled by any collection of partitions
satisfying some mild structural conditions. We then consider the collections of partitions into
dyadic cubes and dyadic rectangles, as in [WNO7] or [Kle09; BSRMO07|. In those two cases,
we obtain oracle-type inequalities and adaptivity results in the minimax sense over a wide
range of Besov smoothness classes, without logarithmic factor. Those classes contain functions
with inhomogeneous smoothness, isotropic for the first collection, and possibly anisotropic
for the second. For the collection of partitions into dyadic cubes, adaptivity relies on an
approximation result due to Devore and Yu [DY90], not used in the aforementioned references.
For the collection of partitions into dyadic rectangles, we prove an approximation result for
functions with anisotropic smoothness inspired from [DY90], which is of independent interest.
Moreover, determining in practice the penalized estimator based on that collection only requires
a computational complexity linear in the size of the sample, up to a logarithmic factor.

The chapter is organized as follows. We begin by describing the framework and the esti-
mation procedure, and present in Section IV.3 the dependence measures used in the sequel.
In Section IV.4, estimation on one model is detailed. This study allows to understand the
role of the dependence assumptions in our framework and what bound for the LLo-risk we
seek to obtain. The choice of a penalty yielding an oracle-type inequality is the topic of Sec-
tion IV.5. Sections IV.6 and IV.7 are devoted to the collections of partitions into dyadic cubes
and dyadic rectangles, and adaptivity results are proved for the associated penalized estimator.
Most proofs are deferred to Section IV.8.

IV.2 General framework and estimation procedure

Let {Z;}icz = {(Xi,Y;) }iez be a strictly stationary process defined on the measurable space
(Q, F,P), where, for all i € Z, X; and Y; take values respectively in [0,1]% and [0,1]%, with
dy € N and dy € N*. We set [0,1]% = {0} when d; = 0. Given some integer n > 2, our aim
is to estimate, on the basis of the observation of (Z1,...,Z,), the marginal density s of ¥;
conditionally to X;. Let us mention two special cases of interest. If d; = 0, which amounts to
no conditioning, then s is just the marginal density of Y;. The expression "density estimation"
will refer to that case. If (X;);ez is a homogeneous Markov chain of order 1, and Y; = X;4+1
for all ¢ € Z, then s is the transition density of the chain (X;);cz. When d; € N*, we assume
that the conditioning variables (X;);cz admit a bounded marginal density f with respect to
the Lebesgue measure. When d; = 0, we set f equal to 1.

Let us introduce some standard notation. For any real-valued function ¢ defined and
bounded on some set D, we set

t(t) = inf |t(x)] and ||t||cc = sup [t(z)].
z€D z€D

For k € N, we denote by sy the Lebesgue measure on [0, 1] if k is positive, and the Dirac
measure at 0 otherwise. We denote by Ly ([0,1]% x [0,1]%2) the set of all real-valued func-
tions which are square integrable with respect to pg, ® pa,, and by (.,.) and |.|| the usual
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scalar product and norm on Lg([0,1]% x [0,1]%2). Since f is bounded, we can also define on
Ly ([0,1]% x [0,1]%) the scalar product

(t,u)y = / (e, y)u(e, 9) f (2, (02) 1ay (dy)
[0,1]%1 x[0,1]%2

and the associated norm ||.|;. When di = 0 (i.e. [0,1]% = {0}), Lo ([0, 1]% x [0,1]%) is
identified with Ly ([0,1]%) and ||.||s coincides with |.||.

We consider the empirical criterion + inspired from [BCL07] and defined on
]L‘Q ([07 1]d1 X [07 1]d2) by

n

YORESY [ /W £2(Xs, y)tay (dy) — 26(X;, Y7)

i=1

It satisfies, for all ¢ € Lo ([0, 1]% x [0,1]42),

Es[y(t) —(s)] = lls — t,

so that s minimizes t — Eg[vy(t)]. Given the aforementioned conventions, when d; = 0, i.e. for
estimating the marginal density of (Y;);cz, we recover the usual least-squares criterion

/ 2 (y)pa, (dy) — 24(Y)
0,1)%

i=1

When (X;)iez is a Markov chain and Y; = X;41, we recover the contrast introduced in [Lac07]
for transition density estimation,

(1) =~ Z [/[0,1}d2 t2(Xs, y)a, (dy) — Zt(XiaXi—i-l)] :

Let us now fix some nonnegative integer r. For a partition m of [0,1]% x [0,1]% into
rectangles, we denote by .S, the space of all real-valued piecewise polynomial functions on
[0,1]% x [0,1]%2 which are polynomial with coordinate degree < r on each rectangle of m. We
define a best estimator of s in the model S, by setting

Sm = argmin ().
tESm
We give ourselves a finite collection M of partitions of [0, 1]% x [0, 1]% into rectangles. Then, in
view of choosing from the data the best estimator among the collection {5, }merm, we consider
the random selection procedure

m = argmin {y($,,) + pen(m)}
meM
and the penalized estimator
5= 8,
where pen : M — RT is a so-called penalty function that remains to be chosen so that 3
performs well.

In order to provide useful characterizations for §,, and m in practice, we need to introduce
some adequate basis of each S,,, for m € M. We set d = dy + dy. Assume that d; € N*. For
K rectangle in [0, 1]% let (@K1 k1 )k ef0,.. .y DE @ basis of the space of piecewise polynomial
functions with support K; and coordinate degree < r, which is orthonormal for the norm |.]|.
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In the same way, we choose for each rectangle Ky C [0,1]92 a basis (VKo k) kyefo,... a2 Of the
space of piecewise polynomial functions with support Ky and coordinate degree < r, which is
orthonormal for the norm |.|. For K rectangle in [0,1]%, we shall denote by K; and Ko the
rectangles in [0,1]% and [0, 1]% such that K = K; x Ks. For k € {0,...,r}¢, we shall denote
by k1 and ko the multi-indices in {0,...,r}% and {0,...,7}9 such that k = (ky, k2). For any
rectangle K € [0,1]¢ and any multi-index k € {0,...,7}%, we then define ®x ; by

(I)K,k(xa y) = Ky ke (x)wKz,kz (y)

for z = (z,y) € [0,1]" x [0,1]%. Thus, for a partition m of [0,1]¢ into rectangles, the family
((I)Kvk)KEm,kE{O,...m}d is a basis of Sy, orthonormal for the norm ||.||. We will mention no index
k when 7 = 0 and, when dy = 0, we will identify the rectangle K with K», the index k with
k2, ¢k, k, with the constant 1 and ®g ;, with 1k, r,. We denote by

S = E E ax kPK K

Kemke{ov"'yr}d
the decomposition of 8y, in the basis (P r)kemkefo,.rpa- For all K € m, we define the
matrices

A = (a’Kv(klvlﬁ))(kl,kz)e{o,...,r}dl x{0,...,r}d2

Tk = ( Z¢K17k1 Q/)Kz,kz(}/)) ’

(Fk1k2) €40, 181 x{0,...,7} 92

and

( ZéKl,kl ) Prcy 10 (X ))

Since ¢x, k, and ¢r, 1, (resp. Yk, k, and ¥y, ,) have disjoint supports when Ky # Ly (resp.
Ky # L) and (¢K27k2)k26{07m7r}d2 is orthonormal, we obtain after some computation that, for
all K € m, Ag is given by

(k1 01)€{0,wersr} 1 x{0,...,r 1

Gr, Ak = Tk. (IV.2.1)

Let us mention some special cases where we obtain explicit (and familiar) expressions for §,,.
In the case of density estimation, i.e. when d; = 0, we recover the projection estimator over

Sm
dm= > Y (% Z‘M{,k(ﬁ')) Dk
i=1

Kemke{o,...r

and thus, when r = 0, the usual histogram

. 1 ¢
Sm= (W(K)Z]IK(YZ-)) Ig.

Kem i=1

For conditional density estimation with d; # 0 and when r = 0, we set, for all rectangle K,

Sl = ]IK if some X; € K1,
" :udz(K2) Zz 1][K1 Z '

and §,,1x = 0 otherwise.
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IV.3 Measures of dependence

Let us introduce the notions of dependence used in the sequel. For two sub-o-fields A and B
of F, the a-mixing (or strong mixing) coefficient between A and B is defined by

a(A,B)= sup |P(ANB)—-P(APB),
AcA,BeB

the [S-mixing (or absolute regularity) coefficient by

B(A,B) = E |sup [P(B|A) - P(B)|| ,
BeB

and the p-mixing (or maximal correlation) coefficient by

(A, B) = sp VXL

X,y y/Var(X)Var(Y)

where the supremum is taken with respect to all real-valued random variables X and Y that
are respectively A and B-measurable and square integrable. We recall that «, 8 and p-mixing
are among the weakest forms of mixing conditions, in the sense that both § and p-mixing
are implied by ¢-mixing (uniform mixing) and imply a-mixing (see for instance [Dou94|). In
particular,

0<2a(A,B)<pB(A,B) and 0<4a(A,B) < p(A,B). (IV.3.2)
Besides, in general, p-mixing does not imply S-mixing, and f-mixing does not imply p-mixing.

In the sequel, the letter 8 stands for «, 8 or p. For all j € N*, let

07 = 0(0(Z;,i <0),0(Z;,i > j))-
The process (Z;)icz is said to be #-mixing when lim;_, 6’]-2 = 0. In particular, (Z;)ez is
geometrically #-mixing with rate b, b > 0, if there exists a positive constant a such that, for all
j €Ny,
Z .
05 < aexp(—bj).
We shall also use the 2-mixing coefficients 6(c(Zy),0(Z;)), that satisty, for all j € N*,

0(0(Z0),0(2;)) < 0F (IV.3.3)
and, if (Z;);cz is a Markov chain,

0(c(Zo),0(Z;)) = 67. (IV.3.4)

Let us give sufficient conditions for (Z;);cz to be #-mixing. First, if (X;);cz is a strictly
stationary #-mixing process, and Y; = X, for all i € Z, then (Z;);cz also is f-mixing since,
for all j > 2,

z b'e

In the sequel, we will mainly be concerned with mixing assumptions possibly involving p-mixing
and f-mixing or p-mixing and a-mixing at the same time. Under adequate hypotheses, Markov
chains (always assumed to be homogeneous of order 1) provide examples of such processes.

Ezample (M1): 1f (Z;)ez is a Markov chain, then (Z;);cz is geometrically p-mixing if and
only if it is p-mixing (in fact, (Z;)icz is geometrically p-mixing as soon as ,ojz < 1 for some
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positive integer j) (c¢f. |Bra05], Theorem 3.3). Up to our knowledge, there is no such property
for the 8-mixing coefficients.

Exzample (M2): 1If (Z;);cz is a strictly stationary Harris ergodic Markov chain (aperiodic,
irreducible, positive Harris recurrent), then (Z;);cz is geometrically S-mixing if and only if it
is geometrically ergodic (cf. [Bra05], Theorem 3.7).

Exzample (M3): If (Z;)icz is a strictly stationary Harris ergodic Markov chain that is
also reversible and geometrically ergodic, then (Z;);cz is both geometrically p-mixing and
geometrically S-mixing (cf. [Jon04], Theorem 2).

Exzample (M}): 1If (Z;)icz is a strictly stationary, ergodic and aperiodic Markov chain
satisfying the Doeblin condition, then (Z;);cz is uniformly ergodic, hence both geometrically
p-mixing and geometrically G-mixing (cf. [Bra05], 119-121, or [MT93], Section 16.2).

We refer to [DG83; Mok90; DT93; Dou94; AN9S| for examples of stationary processes that
are geometrically S-mixing or both geometrically § and p-mixing among commonly used time
series such as nonlinear ARMA or nonlinear ARCH models.

IV.4 Upper-bounds for the risk on one model

In this section, we review dependence assumptions allowing to recover an upper-bound for the
risk of each estimator 3, similar to the one obtained in the independent case, up to a constant
or logarithmic factor. We recall that d = d; + da. We also use the following notation for each
partition m of [0,1]% x [0,1]% into rectangles. We denote by |m/| the number of rectangles in
m and by D,, the dimension of S,,, so that D,, = (r + 1)¥/m|. The notation s,, stands for
the orthogonal projection of s on Sy, for the norm ||.||. Besides, we say that the partition m
is regular when all its rectangles have the same Lebesgue measure, i.e. when for all K € m,

pa(K) = 1/[ml.

We consider the following dependence assumptions. Except for the last one, they are related
to some rate of mixing. Some only involve 2-mixing coefficients or also impose conditions on
the partition m.

Assumption (Da(m)) For all K € m, uq(K) > 1/n, and (Z;)icz is geometrically a-mizing,
with a > 0 and b > 0 such that, for all j € N*,

osz < aexp(—bj).

Assumption (D2-a(m)) The partition m is regular and the series So., =
> jen+ (0(Z1),0(Zjt1)) converges.

Assumption (Dp) The series S, =}y p2Zj converges.
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Assumption (D2-p) The series Sa.p = ey p(0(Z1),0(Zj+1)) converges.

Assumption (Dcong) For all j > 2, Z; is independent of Zy conditionally to X;.

Assumptions (D2-a(m)) and (D2-p) are satisfied for instance if the involved 2-mixing co-
efficient decays as 57, with b > 1, whereas Assumption (Dp) is satisfied for instance when
,ojz decays as ln_b(j), with & > 1. In special cases, there are links between some of those
dependence assumptions. For a regular partition m, it follows from (IV.3.3) and (IV.3.2) that

(Da(m)) = (D2-a(m)) and (D2-p) = (D2-a(m)).
If (Z;)iez is a Markov chain, then according to Example (M1), (IV.3.3) and (IV.3.2)

(Da(m)) if mingep, pg(K) > 1/n

(D2-p) < (Dp) = { (D2-a(m)) if m is regular.

On the other hand, Assumption (Dg¢ong) does not imply any of the others. For instance, if
(Xi)iez is a Markov chain and Y; = X1 for all ¢ € Z, then Assumption (Dcond) is satisfied,
but (X;)iez, and therefore (Z;);ez, can be chosen non mixing. (cf. [DP05] for instance).

Let us first give some upper-bounds for the risk of §,, in the density estimation problem,
which is already a widely studied problem under various dependence assumptions, and thus
will serve as a benchmark. In that case, (Z;);ez can be identified with (Y;);cz. We recall that
when (Y;);ez is a sequence of independent and identically distributed random variables,

D,
Es [|Is — 3ml*] < |Is — sml> + N (s)(2r + 1)d7, (IV.4.6)

where N (s) = 1 if the partition m is regular, and N(s) = ||s||c otherwise. A major interest of
such a bound is that it allows to prove the optimality of §,, from the minimax point of view for
a well-chosen partition m. Roughly speaking, when s has regularity o measured in a L,-norm

with p > 2, the bias term ||s — s,,,||? is at most of order D2 for any regular partition m. For
a regular partition m realizing a good compromise between the bias and the variance terms, i.e.
such that D;ﬁg/ 4 and D,,,/n are of the same order, the estimator §,, then reaches the optimal
estimation rate n—20/(20+d) According to Proposition 17 below, that result still holds if (Y;);ez
only satisfies the a-mixing assumption (D2-a(m)). But when s has regularity o measured in
a Ly-norm with p < 2, one can only ensure that the bias term ||s — s, % is at most of order
D;L%/ “ for some possibly irregular partitions m (see for instance Sections IV.6 and IV.7). In
the independent case, a well chosen irregular partition m such that D,, is of order nd/ (20+d)
will still provide an estimator 3,, reaching the optimal estimation rate n—20/(2o+d) According
to Proposition 17, that result still holds under Assumptions (Dp) or (D2-p), and also, up to
a logarithmic factor, under Assumption (Da(m)).

Proposition 17 Assume that dy = 0, so that s is the marginal density of (Y;)icz. Let m be a
partition of [0,1]4. Let N'(s) = 1 if the partition m is regular, and N'(s) = ||s||oo otherwise. If
one of the assumptions (Da(m)), (D2-a(m)), (Dp), (D2-p) is satisfied, then there exist
0, C1 and Cy nonnegative reals that do not depend on n such that

Dy, Dy,
Es [|Is = 8ml*] < [Is = sml|* + C1N(s)(1 + ln(n‘s))T + CQ?. (IV.4.7)
Suitable values for §, C1 and Cy are

e 0 =1/b, C; =9(2r + 1)? and Cy = 12(2r + 1)%a under Assumption (Da(m)) ;
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e 0=0,C1 =2(1+28.,)(r +1)%2r +1)? and Cy = 0 under Assumption (D2-c(m));
e =0, C; =250 H]U:O%? n] <1 + pfgj/gJH) and Co = 0 under Assumption (Dp);
e 5=0,Cy = (1425,)(2r + 1)? and Cy = 0 under Assumption (D2-p).

Notice that Assumption (Deong) amounts in that case to (Y;);cz being independent, case al-
ready covered by Assumption (D2-p) with Sa., = 0. Up to our knowledge, under Assumption
(Da(m)), the bound (IV.4.7) does not appear in the literature, but it relies on a classical cou-
pling property. Under Assumption (D2-a(m)), such a bound is proved for instance in [Rio00].
Assumption (Dp) is classical for proving Central Limit Theorems, and in that case, we use
an inequality for the variance of partial sums first proved by [Pel82]| (Lemma 3.4). Under As-
sumption (D2-p), Inequality (IV.4.7) results immediately from the definition of the p-mixing
coefficients.

Proof: Let us consider the orthnormal basis (®x ) kem defined from the Legendre poly-
ke{0,...,r}¢
nomials as explained in Section IV.8.1. From Pythagoras’ equality and the expressions of §,,

and s, in the basis (Px ) Kem , We get

kc{0,...,r}¢
Es [||s - '§m||2} =|s — SmH2 + Es [||§m - 3m||2}
n
= |ls — smll® + Z Z —Vars (Z @K,k(yi)> :
" Kem kefo,.r i=1

Under Assumption (Da(m)), we apply Inequality (IV.8.54) in Lemma 9 to each ®x 1, K € m,
k € {0,...,r}* and with ¢, = [3In(n'/®)]. Since mingem pa(K) > 1/n and || @)% <
(2r + 1)?/uq(K) (cf. Section IV.8.1), we get

Eq [[3m — sml?] <3(14+3mn"") Y>> > Var,(@xr(11)) +12(2r + 1)%a
Kem ke{0,...,r}d
Under Assumption (D2-a(m)), we apply Inequality (IV.8.55) and use the bound
D% < (2r + 1)%m|1k, for all K € m,k € {0,...,7}%, (IV.4.8)

that results from the definition of those functions and the regularity of the partition m. We
thus obtain

L 2
Es [Hsm S| ] < 2(1+255.4) oax Z P i
ke{0,...,r}d

2(1+ 282.0)(2r + 1) (r +1)*|m|.

o0

Under Assumption (Dp), Lemma 8.15 in [Bra07] provides, for all K € m and k € {0,...,r}?,
—Vars (Z (I)Kk ) < Cl\/ars ((I)K k(Yl)) (IV.4.9)

with O} = 250HL10g2 n] <1 + Péj/ﬂﬂ)' Under Assumption (D2-p), we immediately deduce

from the definition of the p-mixing coefficients and the stationarity of (Y;);cz that, for all
Kem, ke{0,...,r}%and 1< j<n -1,

|Covs (P (Y1), P (Yier)) | < p(o(V1), 0 (Vir)) Vars (i (V1)) -
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Thus,

n n—1 .
%Vars (Z @K,k(n)> = Var, (O (Y1) +2 ) <1 — %) Covy (P (Y1), Prc 1o (Yis1))

i=1 Jj=1

n—1
< (1423 plo1), oY1) | Var, (@xu(¥)).- (1V.4.10)
j=1

Last, for all K € m and k € {0,...,r}¢, (I)%(,k < (2r 4+ 1) /ug(K), so

S0 Var(@xe()) < @r+ D)+ 1)1 Y0 6 K)oy 4 19N (5) Dy,

Kem ke{o,...,r}d Kem

which completes the proof. B

Remarks:

e For a regular partition m, the underlying property of the space .S, that allows to keep
the variance term Eg [||8,, — sm||?] of the same order as in the independent case under
Assumption (D2-a(m)) is

[t]12, < C(r,d)Dy,|[t]|?, for all t € S, (IV.4.11)

where C(r,d) only depends on r and d (cf. (IV.4.8)). That property is also used in [Vie97]
to obtain the estimation rate of §,, for a regular partition m (and more generally of
projection estimators) under a §-mixing condition stronger than (D2-a(m)). But In-
equality (IV.4.11) does not hold in general for an irregular partition.

e Asshown by (IV.4.9) and (IV.4.10), a sufficient condition to ensure that E, [||8m — sm?]
is of the same order as in the independent case is that for some constant C' and all t € S,,,,

Var (Zn: t(YZ)> < CnVar (t(Y1)) . (IV.4.12)

1=1

Assumptions (Dp) and (D2-p) are optimal for obtaining such an inequality in the
following sense. Let us assume that (Y;);en is a strictly stationary Harris ergodic and
reversible Markov chain satisfying (IV.4.12) for all real-valued function ¢ defined on [0, 1]%.
Then the chain is variance bounding in the sense of [RR08|, which implies that there is
a spectral gap in Lo(s) := {t : [0,1]% — R s.t. {t,s) = 0 and ||t||s < oo} (Theorem 14
in [RRO8]). This leads to the geometrical ergodicity of the chain (Theorem 2.1 in [RR97]),
which, given the reversibility assumption, implies that the chain is p-mixing (¢f. Example
(M3)). As a conclusion, a strictly stationary Harris ergodic and reversible Markov chain
(Y;)iez satisfies (IV.4.12) for all real-valued function ¢ defined on [0, 1]¢ if and only if it
is p-mixing.

e Another assumption of dependence is used for instance by |[Bos98| (Theorem 2.1) to prove
that, asymptotically, the quadratic risk of kernel density estimators reaches the minimax
rate (see also [CM02]).

Assumption (Lip) For all j € N*, (Y1,Yj41) admits a density s; with respect to the
Lebesgue measure on [0,1]% x [0,1]¢, and g;(y1,y2) = 5;(y1,y2) — s(y1)s(ye) satisfies

|gj(y1,y2) - gj(yi’yéﬂ < EHy - y/HRM’ fOT’ all y= (ylyy2)7y/ = (yi’yé) € [07 1]d X [0’ 1]d7
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for some nonnegative real £. Moreover, there exist a > 0 and b > 0 such that, for all
j e N,
a(o(V1), (Y1) < aj ",

Then, according to [Bos98| (Lemma 1.3),
lojlee = (Vir® + 0¥3) (o (1), 0(002)) /240,

where V; denotes the volume of the unit ball in R?. Therefore, for all measurable, real-
valued and bounded functions ¢, u defined on [0, 1],

[Cov, (4(¥1),u(¥ye) | < (Vi + 6v2) alo(¥1), oY) /4D ( /mud“’) ( /[W‘“’)'

(IV.4.13)
But, according to [Bra07| (Theorem 4.4), the usual 1-mixing coefficient ¢ (A, B) between
two sub o-fields A, B of F satisfies

| [Cov(w, V)

VA B) = S V]

where the supremum is taken over all real-valued and bounded random variables U and
V that are respectively A and B- measurable. Therefore, if ¢(s) > 0, then (IV.4.13) and
the usual inequality between p(A, B) and ¢ (A, B) (see for instance [Dou94|) imply

plo(¥1),0(¥51)) < U(0(11),0(Yi41)) < (V24 £V2) 2 (s)a(o(V1), oY1) /@D,

Therefore, when s is bounded from below by a positive constant, Assumption (Lip) is
much than stronger than Assumption (D2-p), which is enough for obtaining the optimal
estimation rate from the minimax point of view.

Let us now consider conditional density estimation, with a nondeterministic conditioning
variable. When d; € N*, a natural semi-norm to evaluate the risk of 3§, is the random semi-
norm ||.||,, defined, for all ¢ € Ly([0, 1]% x [0, 1]92), by

t)? = / d
il Z 5 ]d2 Y)ha, (dy)-

We obtain the analogue of Proposition 18, provided (X;);ecz satisfies some mixing property.

Proposition 18 Assume that di € N*. Let m be a partition of [0,1]% built on a regular
partition m} x m%, where m% and m} are reqular partitions of [0,1]% and [0,1]% into cubes
such that

Im1

’ < L
U md(n)
Assume that s and f are bounded, and that f is also bounded from below by a positive constant.

Assume that (X;)iez is geometrically a-mizing, with ax > 0 and bx > 0 such that, for all
JeN,

and |m}* x |m3| < n?.

aff < axexp(—bxj).

If one of the assumptions (Da(m)), (D2-a(m)), (Dp), (D2-p), (Dcond) is satisfied, then
there ezist nonnegative reals §, C1 and Cy that do not depend on n such that

Dpn 1
Es [lls — $mll2] < 2lls — smll7 +11C1(1 + ln(né))T +Co. (IV.4.14)

Suitable values for § and Cy are
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e 0 =1/b and C1 = 9||sfleot L (f) under Assumption (Da(m)) ;

o §=0 and Cy = 8(1 + 252.4)(r + 1)4(2r + 1)471(f) under Assumption (D2-c(m));

d =0 and C; = 250 H]L:%Q e (1 + pfzj/gJH) ||s|loo under Assumption (Dp);

d=0and C; = (14+252.,)|5||cc under Assumption (D2-p);

0 =0 and C1 = ||8]|lco under Assumption (Dcond)-
In those five cases, Cy only depends on r,d,ax,bx,t(f), || floo, ||$]lco-

A proof of that Proposition is given in Section IV.8.

Remark : The same proposition holds assuming that (X;);cz is only arithmetically a-mixing
with a fast enough mixing rate and under more restrictive conditions on m* .

IV.5 Choice of the penalty

Ideally, we would like to choose a penalty pen such that s is almost as good as the best estimator
in the collection {3,,}menm, in the sense that

E. [|ls — 87] < € min E [|ls — 3m[7] (IV.5.15)

for some positive constant C'. The following theorem suggests a form of penalty yielding an
inequality akin to

~ . D
E, [||s — 3]2] < on%%{ns—smn%%‘}. (IV.5.16)

Yet, as recalled in the previous section, for each m € M, E, [HS - §m||3v] is expected to be of

order ||S—Sm||3z—|—Dm/’l’L. So, Inequality (IV.5.16) is expected to be almost as good as Inequality
(IV.5.15). In order to deal with a large collection M that may contain irregular partitions, we
impose a minor structural condition on M, assume that s and f are bounded and that (Z;)cz
at least satisfies some [-mixing assumption.

Assumption (P) All the partitions in the collection M are built on the product partition
m* = m¥ x mj, where m} and m% are regular partitions of [0,1]% and [0,1]% into cubes such
that

n
mr < —1 msl <n and |mi|x|mil < ———.
‘ 1’ > 1113(71) d17#£05 ‘ 2‘ = ‘ 1’ | 2‘ = ln4(n)

Assumption (B) For some positive constants L, L, /¢,

min{|[s fllcc, [Islloc} = L, s<L and £<f<L

Assumption (Dg) The process (Z;)icz is geometrically B-mizing, with a > 0 and b > 0 such
that, for all j € N*,

B7 < aexp(—bj).
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We then obtain the following model selection theorem, proved in Section IV.8.3.

Theorem 10 Let M be a collection of partitions satisfying Assumption (P) and {Ly,}mem
be a family of nonnegative reals such that

> exp(~LmDp) < 1. (IV.5.17)
meM

Assume that (Z;)icz satisfies Assumption (DB) and s, f satisfy Assumption (B). Let § and ¥
be defined by

e 0 =1 and ¥ = 1, without further assumption on {Z;}icz;

e 5 =0 and 9 = 250 HJUE%Q ] (1 + pLZ2J/3J+1> under Assumption (Dp);
e =0 and ¥ = (14 2S53.,) under Assumption (D2-p);

e 6 =0 and ¥ = 1 under Assumption (Dcond)-

Let Ni(s, f) be defined by

Ni(s, ) = ||slloc when =0 and Ni(s,f) =|sf|o/t(f) otherwise.

i) If the penalty satisfies, for allm € M,

pen(m) > COAG (5, £)(1 +2L) ¥ (m) 2,

for some large enough nonnegative constant C, then
E, [lls — 812] <3 min {lls ~ sl + pen(m)}

é
Lo, (3t 4 ) T ) G

n nln(n)

where C1 is a nonnegative constant and Co is a nonnegative real that only depends on
a7 b7 57 T? d17 d27 L? L7 £7 g'

i1) In particular, if the penalty satisfies, for all m € M,

Dy,

pen(m) = CON,(s, f)(1 + 2L,,) lné(n)7, (IV.5.18)
where Na(s, f) is an upper-bound for Ni(s, f) and C a large enough nonnegative constant,
then

D
Es [||s — §)?] < 1 Ly, | mi — smll% 4+ In’(n) =2 . IV.5.1
s =312 < Co (1 ma ) i {1 = sl 4wl 22 w5

where Cs is a positive constant that only depends on C, ¥, C1, 6, a, b, v, d1, do, L, L, £, £.

For density estimation, i.e. when d; = 0, m* can be taken as a regular partition of [0, 1]%
into cubes such that
Im*| <

In*(n)
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and pen can be chosen of the form

pen(m) = CINy(s)(1 + 2L,,) 1@(@%

where N3(s) is an upper-bound for ||s]|s and C some large enough nonnegative constant. For
conditional density estimation, with d; € N*, m] and m} can be chosen as regular partitions
of [0,1]% and [0,1]% into cubes such that

* ndl/d *
Imi| < e and |m3| <n

(n)

da/d

and pen can be chosen of the form

pen(m) = CINa(s, f)(1 + 2L,,) ln‘;(n)%

where N3 (s, f) is an upper-bound for NV (s, f) and C some large enough nonnegative constant.
In practice, Na(s) and Na(s, f) can be replaced with estimators of Ni(s, f), as in [BM97]
(Proposition 4) for instance.

Let us now comment on Inequality (IV.5.19), which is similar to (IV.5.16), up to the
factors Cs, that does not depend on n, (1 + maxy,eaq L) and In®(n). In fact, in most cases of
dependence considered here, the logarithmic factor just vanishes. Besides, we describe in the
next two sections interesting collections of partitions for which the factor (1 + max,,ea L)
can be bounded by a constant.

IV.6 Selection among partitions into dyadic cubes

We call dyadic cube of [0,1]¢ any product of d dyadic intervals of [0, 1] with same lengths, i.e.
any set of the form I; x ... x I where, for all 1 <1 < d,

I = [k277, (ky +1)277] (IV.6.20)

with 7 € N and k € {0,...,27 — 1}. For the sake of readability, we use in (IV.6.20) a slight
abuse of notation : in order to build a real partition of [0, 1], we should use for instance left-
open dyadic intervals, except for those beginning at 0. In this section, we are concerned with
the collection of partitions of [0, 1] into dyadic cubes with sidelength > 27/ where .J, € N will
be chosen in Theorem 11 below. We denote by M€ that collection of partitions. It should
be noticed that a partition of M€ may be composed of dyadic cubes with different Lebesgue
measures. For such a collection, we obtain as a straightforward consequence of Theorem 10
that the estimator § is almost as good as the best estimator in the collection {8, },,,c pqeute -

Theorem 11 The notation are those of Theorem 10. Assumptions (B), (DB) are supposed
to be fulfilled, and also, possibly, one of the Conditions (Dp), (D2-p) or (Decond)-
Let w(n) = (In(n))* if d; =0 and w(n) = (In(n))*¥% otherwise. Assume that n > w(n), let

J, = max {k €N s.t. 2F < (n/w(n))l/d}

and let pen be given on M4 by

pen(m) = CONa (s, f) Ind (n) 22

n
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where C is some positive constant. If C is large enough, then

meMecube

In°(n) Dy,
Es [||s — 3)2] < Cs min {Hs — smllF + %} (IV.6.21)

where Cy s a positive real that only depends on C, 9, Ci, 6, a, b, r, di, do, L, L, ¢, L.

Proof: We define m?, i = 1,2, as the partition of [0,1]% into cubes with sidelength 277
Thus, with our choice of J,, Assumption (P) is satisfied. Let D € N*. The partitions of [0, 1]%
into D dyadic cubes are in one-to-one correspondence with plane 2%-ary trees with D leaves.
According to [HP91], if D = (2¢ — 1)k + 1 for some integer k, the number of such partitions is
given by the generalized Catalan number

D
p 1 29K\ 1 (2%
= < - —
2 =il ) SD\ T2

Otherwise, there are no such partitions. Therefore, Condition (IV.5.17) is fulfilled for weights
Ly, all equal to the same constant, for instance

d2d cube
Lm = ﬁ +1 ln(2), for all m € M .

Inequality (IV.6.21) is then a straightforward consequence of Theorem 10. H

It should be noticed that, in most cases, Inequality (IV.6.21) is an oracle type inequality up to
a factor that does not depend on n.

For such a collection, we also study the estimation rate of § under various smoothness
assumptions on s. For that purpose, let us introduce the following notation. Let o € (0,7 +
1),p > 0,R > 0. For a real-valued function t € L,([0,1]%), let us denote by wy41(g,.), the
7+ 1-th modulus of smoothness as defined in [DL93| (Chapter 2), for instance. Let us also set

[tlopoo = sy wrta(ty)p and tlopoo = Itllp + [tlop,co,
y>

where |||, stands for the usual norm (or quasi-norm when p < 1) on L,([0, 1]%). We consider
the Besov balls
B(a,p, 00, R) = {t 0,1)7 S R st [[topoe < R}.

Let

_d+20 (o 1 1 _d /1 1 2+3p
q(o,d,p) = > <E+§_]_9> and O'd7p—§<§—§> <1+ 2—p>' (IV.6.22)

It is worth mentioning that, for 0 < p < 2 and 0 > 1/p — 1/2, 04,/d € (1/p—1/2,1/p),
q(o,d,p) € (0,14 20/d), and that g(o,d,p) > 1 if and only if 0 > o04,. We obtain the
following results, proved in Section IV.8.5.

Theorem 12 The notation are those of Theorems 10 and 11, and the assumptions those of
Theorem 11. Assume that the parameters o,p, R satisfy one of the two following sets of condi-
tions

e p>2,0<0<min{r+1/p,r+1} and In’(n)/n < R? < n*/41n°(n)/(w(n))+20/d)

e 0 < D < 2, oap < o < min{r + 1/p,r + 1} and
ln‘s(n)/n < R? < nd(o,d,p)—1 lné(n)/(w(n))q(a,d,p)’
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then there exists some positive real C(o,r,d,p) that only depends on o,r,d,p such that

o\, 24/(d+20)
~ n
swp B, s 312) < CuClord )l (R () -
seB(o,p,00,R) In (n)

The estimation rate (Rn~7/%)24/(4+29) i5 expected to be the minimax rate over B(o,p, o, R),
in view of lower bounds for the minimax risk given for instance in [YB99] for density estimation
based on independent data or in [Clé00a| for density and transition density of a Markov chain.
Thus, Theorem 12 indicates that, for a wide range of smoothness assumptions on s, § is also
almost as good as the best estimator of s. The limiting condition o > 04,, equivalently
expressed as ¢(o,d,p) > 1, is similar to that described by [Kle09] (Theorem 1), but in our
case o is allowed to be larger than 1 since we consider piecewise polynomial estimation with
arbitrary order. That limiting condition is satisfied in particular for o > d/p. Thus, for
functions with isotropic smoothness, our estimator achieves better performances than all the
estimators mentioned in the introduction, due to a smaller or no logarithmic factor and the
wider range of smoothness covered by Theorem 12.

IV.7 Selection among partitions into dyadic rectangles

In this section, we are concerned with a collection of partitions that contains M€ but is also
adapted to possible anisotropy of the function s. We call dyadic rectangle of [0,1]? any set of
the form I; x ... x I; where, for all 1 <1 < d,

I = [k279, (kg + 1)277]

with j; € Nand k; € {0,...,2%—1}, with the same abuse of notation as in (IV.6.20). Otherwise
said, a dyadic rectangle of [0,1]? is defined as a product of d dyadic intervals of [0, 1] that may
have different lengths. We consider the collection of partitions of [0, 1]¢ into dyadic rectangles
with sidelength > 2_‘]*, where J, is a nonnegative integer chosen according to Theorem 13
below. We denote by M"“* such a collection of partitions. Here also, let us underline that a
partition of M" may be composed of rectangles with different Lebesgue measures. We first
study the theoretical properties of the penalized estimator for that collection, and then provide
an algorithm to implement it.

IV.7.1 Theoretical properties of the penalized estimator based on M"*!

We deduce again from Theorem 10 that the penalized estimator based on that collection satisfies
an oracle-type inequality, similar as in the isotropic case, for a suitable penalty.

Theorem 13 The notation are those of Theorem 10. Assumptions (B), (DB3) are supposed
to be fulfilled, and also, possibly, one of the Conditions (Dp), (D2-p), (Decond)-
Let w(n) = (In(n))* if dy = 0 and w(n) = (In(n))* ¥4 otherwise. Assume that n > w(n), let

J, = max {k €N s.t. 2F < (n/w(n))l/d}

and let pen be given on M"t by

pen(m) = CONa(s, f) Ind (n) 22

n
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where C is some positive constant. If C is large enough, then

In°(n)D
E, [||s — 5|I?] < C i — sml|? + —2—1 IV.7.23
[Is — 5[l7] < 4m£ggect{lls SmllF + - } ( )

where Cy s a positive real that only depends on C, 9, C1, 6, a, b, r, di, do, L, L, ¢, L.

Proof: Let D € N*. Building a partition of [0,1]? into D dyadic rectangles amounts to
choosing a vector (I1,...,lp—1) € {1,...,d}P~1 of cutting directions and growing a binary
tree with root corresponding to [0,1]¢ and with D leaves. Since the number of binary trees
with D leaves is given by the Catalan number

1/2(D-1) _ 4P
D\ D-1 )~ D
(see for instance [HP91]), the number of such partitions is at most (4d)”. Therefore, Condi-
tion (IV.5.17) is fulfilled for weights L, all equal to the same constant, and a possible choice
is

Ly, = In(8d), for all m € M",
Inequality (IV.7.23) is then a straightforward consequence of Theorem 10. H

For the penalized estimator based on the collection M"®!, we can indeed prove that it
adapts to anisotropic smoothness by providing its estimation rate over anisotropic Besov balls.
We denote by (eq,...,eq) the canonical basis of R%. For all o = (071,...,04) € (0,7 + 1), all
p>0,alltelL,(0,1]%), all >0 and all 1 <[ < d, setting R = [0,1]4, we define

R((r+ 1)he)) = {z € [0,1]? s.t. z,2 + hey, ...,z + (r + 1)he; € R},

r+1
A;;fllt(x) = Z (T + 1) (=) 1Ft(x 4 khey), for x € [0,1]¢ such that =+ (r+1)he; € [0,1],

k
k=0
W (9, R), = sup ||ATTHT llp, for y >0
r+1 » Y, p = P he; R((r+1)he;)llp> ory = U,
0<h<y
d o) 1/p
—a (1 »dy
rtra,p,p=2</0 ol (R, g) and  tlopp = 1lly + ltlops
=1

For o = (01,...,04) € (0,7 + 1) R >0, p > 0, we consider the anisotropic Besov balls

B(o,p,p,R) = {t : [0,1]" > Rs.t. [[tlopp < R},

we set o = min;<j<q0; and denote by H (o) the harmonic mean of o1, ..., 0q, i.e.
11 Zd: 1
H(o) d — o
In particular, if 0y = ... = 04 = o, then H(o) = o and, for all p > ¢, the isotropic Besov

ball B(o,p, 00, R) (as defined in Section IV.6) is contained in B(eo,q,q, R') for some R’ > 0
(cf. [Tri06], Theorem 5.30). The estimation rate over those anisotropic Besov balls relies on
the following approximation result, proved in Section IV.8.6. Theorem 14 below extends the
results of DeVore and Yu [DY90], that are only devoted to functions with isotropic smoothness.
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Theorem 14 Let R > 0, 0 = (01,...,04) € (R such that r+1 > maxi<;<qo; and p > 0
such that
H(o)/d > max{1/p —1/2,0}.

Assume that s € B(o,p,p, R). Then, for all J € N and all k € N, there exists some partition
m of [0,1]¢ that only contains dyadic rectangles with edge-length at least 2772/9 i the I-th
direction, | = 1,...,d, and such that

m| < C(d, p, o)2"

and
||8 . 3m||2 < C'(d,p,?", O')R2 (2—2Jd(H(a')/d+1/2—1/p)g/H(0') + 2—2kH(0')) ]

Let

H(o) H(o) d 2 p

be the anisotropic counterpart of the real ¢(o, d, p) defined by (IV.6.22). Contrary to [Kle09], we
have chosen a parameter J, that does not depend on the unknown smoothness of s, hence the
factor o/ H (o) in the above definition. That factor, which is inferior or equal to 1 with equality
only in the isotropic case, may be interpreted as an index measuring the lack of isotropy.

4o d,p) = 24T 2H(0) (H(a)+1 1>

Theorem 15 The notation are those of Theorems 10 and 13, and the assumptions those of
Theorem 13. Let 0 < p <2 and o = (01,...,04) € (R)? such that max;<j<40; <+ 1 and
H(o)/d > 1/p —1/2. If q(o,d,p) > 1 and In’(n)/n < R? < n?@EP)=11nd(n)/(w(n))2(@dp)
then there exists some positive real C(o,r,d,p) that only depends on o,r,d,p such that

B n
w8 [ls 318 < il sl R (s
s€B(o,p,p,R) n®(n)

Proof: Since, for all l = 1,...,d, ¢ < o7, Theorem 14 applied with J = J, only provides
partitions that belong to M"*. Thus, with 7 = H(o")/d + 1/2 — 1/p, we obtain

1 )
min {||s—sm||2+W}

meMrect

g kd
< C(d7p7 7‘,0’) <R22_2J*dTG/H(U) + ]inlf\‘I {R22—2kH(a') + m})
€ n

< C(d,p, 7‘,0’) R22—2J*d7'g/H(o) + (R < )) >
n

In®(

by choosing k as the greatest nonnegative integer such that ln‘;(n)2kd /n < R?272kH (@) in order
to reach approximately the infimum over k£ € N. We only retain the values of R for which the
first term in the upper-bound is smaller than the second. B

The case p > 2 may de deduced from the above theorem for p = 2 and the continuous em-
beddings between anisotropic Besov spaces (cf. |Tri06]). The rate (Rn_H(")/d)2d/(d+2H(a)) is
expected to be the minimax one given the lower bounds proved for instance in [YB99] for
density estimation based on independent data, or in |[Lac07| for transition density estimation
of a Markov chain. Let us underline that, among the references cited in the introduction,
only [Kle09| can deal simultaneously with anisotropy and inhomogeneous smoothness. Theo-

rem 15 improves on [Kle09] by allowing to approximately reach the minimax risk up to a factor
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that does not depend on n in most cases and considering smoothness parameters possibly larger
than 1.

Remarks :

e From continuous embeddings between Besov spaces, for all ¢ < p, the anisotropic coun-
terpart B(o,p, 00, R) of B(o,p, o0, R) is contained in some Besov ball B(e,q, q, R(p,q)).
Thus, Theorem 15 can be extended to some Besov balls B(o, p, o0, R).

e In the isotropic case, Theorem 15 also improves in some sense on Theorem 12. As a
matter of fact, thanks to Theorem 14, the upper-limit for the ¢;’s is always r + 1, instead
of r+1/p when p > 1 in Theorem 12.

IV.7.2 Computing the penalized estimator based on M"*

We keep the same notation as in Section IV.2. Thanks to Formula (IV.2.1), one can check
that, for all m € M"e¢,

Y(8m) = — Z Z (AK) (k1 ko) (YK (1 k)

Kem kE{O,...m}d

We shall consider a penalty pen of the form

Dy,
pen(m) = CYNa(s, f) In’ (n)="=, (IV.7.24)
as in Theorem 13. With such a penalty, m is given by
m = argmin Z L(K) (IV.7.25)

where, for all rectangle K|

LK)= > (-(AK)(kl,kz)Zq)Kk(Zi)+Cl9/\/2(87f)1n6(n)>-

kE{O,...m}d i=1

That characterization allows to determine r without having to compute all the estimators of
the collection {8, },neaqrect. More precisely, we can adapt to our estimation framework either
the algorithm proposed by [Don97; Kle09], or the one proposed by [BSRM07|. With our choice
of Ji (¢f. Theorem 13), the computational complexity is at most of order nlog2(2d) in) the first
case, and at most of order nlnd+1(n) in the second case, which may be more interesting for
large values of d.

IV.8 Proofs

IV.8.1 Notation and preliminary lemma
In all the proofs, the letter C' denotes a real that may change from line to line. The notation
C(0) means that the real C' may depend on 6.

Let us first introduce some adequate bases of S,,, for m partition of [0, 1]% x [0, 1]% into
rectangles. Let (Q;)jen be the orthogonal family of the Legendre polynomials in Lo ([—1,1]).



Proofs 123

Assume that d; € N*. For K; = HZ 1[ug, ;] rectangle of [0,1]9, ki = (k1 (1),...,ki(d1)) €

{0,...,7}" and z = (21,...,24) € [0,1]% we set
2z — u; — v
2 — |1 .
ki (0) = mﬂx/ B0+ 1 Qun () 1 0)

For all j € N, we recall that @Q; also satisfies

2

oo =1 d % = )
Q] and [|Qy| @+ 1)

Therefore, for K; rectangle in [0,1]%, (9K k1) kyeqo,...,,pn 1S a basis of the space of piecewise
polynomials functions with support Ky and coordinate degree < r, which is orthonormal for
the norm ||.|| and satisfies

T /“‘Ldl(Kl) :

For K> rectangle in [0, 1]% and ks € {0,...,7}%, we define in the same way 1, x, on [0,1]%2.
For K rectangle in [0,1]¢, we still denote by K; and K3 the rectangles in [0,1]% and [0, 1]
such that K = K; x Ky. For k € {0,...,r}¢, we still denote by k; and ks the multi-indices
in {0,...,7}% and {0,...,7}% such that k = (ki,ks). For any rectangle K € [0,1]¢ and any
multi-index k € {0,...,r}? we define O 1 by

Dy i, (r,y) = K ey (x)wKzJﬁz (y)

for z = (z,y) € [0,1]% x [0,1]2. Thus, for a partition m of [0,1]? into rectangles, the family
(Prk) kem ke{o,...ryd 1S @ basis of Sp, orthonormal for the norm II|l. For each rectangle K

of [0,1]%, let (QS;{l’kl)klE{ow.’r}ii be the orthonormal family for the norm |.||; deduced from
(@K1,k1 k1 f0,....ry¢ DY applying the Gram-Schmidt orthonormalization algorithm. Setting

O (2,9) = 0, 4 (D)Vke ks ()

for any rectangle K C [0,1]%, k € {0,...,7}?, and z = (2,9) € [0,1]" x [0,1]%, we obtain a
basis (@};k)Kem,ke{o,m,r}d orthonormal for the norm ||.||;.

For all t € Ly([0, 1]% x [0,1]%), let ||.]|, be the empirical semi-norm defined by

2 = Z / W)ty (),

and let (.,.), be the associated semi-scalar product. Notice that, when d; =0, ||.||,, and (., .),
coincide with ||.| and (.,.). For all ¢ € Ly ([0, 1]% x [0,1]%) and all z = (x,y) € [0,1]% x [0, 1]%2
let

T(t,2) = t(x,y) - / (2, w)s (2, u)jaa, (du),

[0,1]42

and let v be the empirical process defined on Lg([0, 1] x [0,1]%) by

1 n
== Z I'(t, Z;).
1=1

For all ¢, Es[['(¢, Z;)| X;] = 0, so that v is centered.

We will use several times the following lemma to bound some variance terms.
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Lemma 4 Let g € N*. For all t € Ly([0, 1]% x [0,1]92),

q

Varg <Z I'(t, ZZ-)> < ¢ Var, (T(t, Z1)) (IV.8.26)
i=1

where

e 6 =1 and ¥ = 1, without further assumption;

e §=0and ¥ =250]];C bgz ] (1 + pw/gJH) under Assumption (Dp);

0 =0 and ¥ = 1+ 2S5, under Assumption (D2-p);

e 0 =0 and ¥ =1 under Assumption (Dcond)-

Besides,

Var, (D(t, Z1)) < Eq [t*(Z1)] < min{]s|lso[l£17, [Isflloc ]} (IV.8.27)

Proof: Since I'(t, Z;) = ¢(Z;), where ¢, is some real-valued and measurable function on [0, 1]¢
that only depends on ¢, Inequality (IV.8.26) under Assumptions (Dp) or (D2-p) follows from
the arguments already used in the proof of Proposition 17. By stationarity,

Varg <§q: I'(¢, Z,)) = ¢qVarg (I'(t, Z1)) qz (g —j)Covs (I(t, Z1),T'(t, Zj41)) -

i=1 j=1
For all j € {1,...,q — 1}, Schwarz inequality and the stationarity of (Z;);cz lead to

Covy (I'(t, Z1),T(t, Zj41)) < Vars (I'(t, Z1)) ,
whereas under Assumption (Decond)
Covs (L(t, Z1),L(t, Zjs1)) = Eg [T(t, Z1)Es [T'(¢, Zj11)| Z1, Xj+1]] = O,
hence Inequality (IV.8.26) in the other two cases. Besides,
Var, [D(t, 21)] = Var, [H(Z0)] + By [Ey | (Bt(Z0)] - Eft(20)1X1))° 1% ||

2
<EfE) =[] Rt S )

IV.8.2 Proof of Proposition 18

Since §,, = argmin 7y(t), we have v(8,,) < 7(sm). The contrast + satisfies, for all t,u €
teSm

LQ([Ov 1]d1 X [0’ 1]d2)7

V() = y(u) = 1t = sll7 = lu = 87 = 2v(t - w),

hence
s — §m||$L <|s— Sm||12’L +2v(8m — Sm)-
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Let

xf(m) = sup v(t),
tESm
[t =1

and let 6 be some positive constant, to be chosen later, then
20(8m — sm) < 2[|8m — smllrxr(m)
< 2 lm — smll} + 6x3(m).
Let us fix k > 0, to be determined later, and define
Q. ( {For all t € S,,\{0}, ||t||f K|t } (IV.8.28)

We deduce from the triangle inequality that, on ,(m),

~ R ~
20(8p — $m) < —||Sm — Smllz + HX;(m)

2/{

< s = mll2 + = lls = sl + 03 0m) (IV 8.29)

2K I
0
Consequently, provided 6 > 2k,

% . 2K
(1= ) s = sl 0,y < (1455 ) s = sl + 3,

so that

2K R 2K
(1= 5 ) B s = sm2Tn ) < (145 ) s = sl + 65, [ )]

Let us provide some upper-bounds for E; [X?c(m)] under the dependence assumptions.
Since v is linear, we deduce from Cauchy-Schwarz inequality and its equality case that

- Z Z v? <(I>§(k> ;
Kem ke{0,...,r}d

so that

nEq [Xff(m)]:%z > Var (Zr Kk ) (IV.8.30)

Kemke{0,...,r}d

Besides, by linearity of v and as |.||*> < HHf/L( ), we obtain X%(m) < x%(m)/u(f) where
x(m) = supes,, v(t). So we may also use
l[¢ll=1

nE, [x7(m)] < Z > \@(ZF Dpp, Z ) (IV.8.31)

KEm ke{0,...,r}4¢

Under Assumptions (Dp), (D2-p) or (Decond), by applying Lemma, 4 to each <I>§<k and with
q = n, we deduce from Equality (IV.8.30) that

nlts [X?”(m)] < V[slloc Drm

where ¥ is defined as in Lemma 4. Under Assumption (Da(m)), Inequality (IV.8.31) and
Inequality (IV.8.54) applied, for each K € m and each k € {0,...,7}¢, with g = ['(®x ,.) and
q = [31In(n'/*)] yield

nEs [x}(m)] <9 (1—+ln<nlﬂﬁ) s lloot™ () D + 12(2r + 1)%ar™ ' (f) Dy /.
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Under Assumption (D2-a(m)), Inequalities (IV.8.31) and (IV.8.55) lead to

nk, M(m)]émif)z >, Var (ZF‘I’K'« )

Kemke{0,...,r}d

2

<2 (HA+2%) | D Y IN(@xk Z)

d
Kemke{0,...,r} 0

(2r +1)¢

—1
<2 (N0 +280) E

Yo D (Ix(Z) +Es [Ix(Z1)|X1))

ke{o,...r}d Kem
< 81+ 289.0)(2r 4+ 1D)(r + 1)4D,y,.

e e}

In order to bound the risk of §,, on Q¢(m), we use the following two lemmas, proved just
below.

Lemma 5 Assume that di € N* and that s is bounded. Let m be a partition of [0, 1]% x [0, 1]
into rectangles built on a regular partition mj x m3, where m; and mj are regular partitions of
[0,1]% and [0,1]%2 into cubes. Then

ls = &mll® < 20lsll3 +2(r + 1)% (2r + 1) |m3|.

Lemma 6 Let m* = m% x m%, where m% and m} are reqular partitions of [0,1]% and [0, 1]
into cubes. Let ¢ € N*, k > 1, Q.(m*) be defined by (IV.8.28). Then there exists an absolute
constant C such that

12 —1/k)%n o C(r, dy)|m*|aX
P*Qﬂ"””f“xr+lfm”q‘&“p<_1mm%lix:23ﬂmﬂ>'%Wﬂafﬁlj?ﬂ5lq)'

We now choose k = 7/6, 0 = 7 and ¢ = [3In(n'/?)]. Since m is built on m* = m% x m3,
Q. (m*) C Q(m). Given the conditions on m} and m3, we then obtain
B [lls = $mll3 T my] < 2 (HsllZ + ( + 1) (2 + 1) m3| ) B, (Q (m"))
< C(r7d17aX7bX787f)/n7

where C(r,d1,ax,bx,s, f) is a nonnegative real that only depends on r, di, ax, bx, ||$|lcc,
o(f) and [[f -
Let us end with the proofs of Lemmas 5 and 6.

Proof of Lemma 5: We shall use the notation

e |.|[rn defined for v = {v;}1<i<n € R" by |Jv|lgn = > 14 Z/n

o for t € Ly([0,1]% x [0,1]%) and y € [0,1]%, tX(y) = {t(Xi,y) }1<i<n € R™;

e VX(y) = {tX(y),t € S,,,} and Pyx(y) the orthogonal projection of R™ on VX (y).

For all y € [0,1]92, let us also define the R™-vector

() =14 Y. . (Y,

Jema je{0,...,r}92 1<i<n
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As [Lac07] (Proposition 2.1), we can prove that §X(y) = Pyvx () (0m(y)) - Using the triangle

inequality and the shrinking property of Pyx ), we get

Is=snlly = [, 1% 0) = S5 0lornn ()

)

<2 / 155 () 2oty (dy) + 2 /
[0,1]2 [0,1)4

From the orthonormality of {1y} e, jefo,... 142, We deduce that
X 1N
| Mm@l =23 S Y 3,00,
[0,1]¢2 i=1 Jema j€{0,...,r}92

Besides, by grouping the ¢ ;; having the same support, we get

o Nom @)1 ras (dy).

2 2 d d :
Do 2 | Swmaxll 30wl <@ DR+ )%/ min pg,()),

J€m2 je{ov--'vr}dz jE{O,.._,r}dZ

o0 o0

hence Lemma 5. W

Proof of Lemma 6: The proof follows almost the same lines as the proof of Proposition 8
in [Lac07]. Let v/ be the centered empirical process defined for u € Lo([0, 1] x [0,1]%2) by

) — LN Wl X, _
Vi(u) =~ > </[071]d2 (Xi, y)a, (dy) /

i=1 [0,1]41 x[0,1]%2

u(w,y) f(x)pa, (dw)udz(dy)> :

Since ||t||? = v/(t?) + HtHff for all t € Lo([0, 1]% x [0,1]%), ¢/ is linear and x > 1, we get

tesm* /”t”f:1

Qf(m*) C { sup Wt >1- 1//{} .

By construction of (Px k) kemr kefo,..rye, for all K,L € m* and k,l € {0,...,7} and all

ie{l,...,n},

/[0 » P (Xiy ) Pr i (X, ) ptay (AY) = Okcy 1y (Xi)Or 00 (Xi) (VKo ko> VLo lo)
s 2

= Tk, =1, WKy o) = (Lo 10) PR k1 PLy 11 (X))

Let t € S,,+\{0}, and for K1 € m} and k; € {0,...,7}% let

aKlJﬁ = Z Z <t7 q)K1XK27(k17k‘2)>2/||tH‘

Ka€m} koel0,...r 12

It follows from (IV.8.32) and Schwarz inequality that

‘V/(t2)‘ < HtH2 Z Z aKlJflaKl,ll‘V/,(¢K17k1¢K1711)‘

Kiemi k1, €{0,...,r}41

where " is the centered empirical process defined on L ([0, 1]%) by

" = l u i) — u\x T x .
V)= > ( K= [ )@ >>

(IV .8.32)
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Consequently
/ t2 <1 " 7
teSmS/uHIlalle () < (f) %163% Z Z aKl,klaKlyll‘V (¢K17k1¢K1,11)‘

Kiemi kq,1;€{0,...,r}%

Y 2 .
where A = {a = (@K k1) Ky em ki €0,y S5 2ok emy Dok ef0,. b Ok by = 1} . Let us in-

troduce B = (BK1,k1,l1)Kleml,kl,lle{o,...,r}dl and V' = (VK1,k17l1)Kleml,kl,lle{o,...,r}dl defined
respectively by

BKl,kLll = ||¢K17k1¢K1,l1||00 and VKLlil = ||¢K17k1¢K1,l1||'

Let us set

ﬁ(B) = sup Z Z |aK1,k1||aK1,l1|BKlvklvll’
€A K Emi ky 11 €0,...r}

define p(V) in the same way, and set L(¢) = max{p?(V), p(B)}. Then, Schwarz inequality and
the properties of the family (¢x, k1) rc, emy ki efo,... 3 Tecalled in Section IV.8.1 provide

L(¢) < C(r,dy)|m]). (IV.8.33)
Let
o A -1/k)
100g][ f |0 L ()
and

2
A= N {|u”<¢m,k1 drer)| < 3 <\/2q||f||oo:cvxl,k1,h ; —qBKl,kl,hx) } -

3
Ki1ems k1,11 €{0,...,r}4

One can easily check that, on A, sup;cg . /j4|,=1 |V (t?)] < 1 —1/k, so that QS(m) C A°.
Lemma 6 then follows from Proposition 22 in the Appendix.

IV.8.3 Proof of Theorem 10

Let us fix m € M. For all m’ € M, we will denote by m Um’ the roughest partition built on m
and m’. We also fix k > 1 and #; > 0, to be determined at the end of the proof. By definition
of m and §,,,

v(3) + pen(m) < ¥(3m) + pen(m)
< v(8m) + pen(m). (IV.8.34)

Using the same arguments as in the proof of Proposition 18, we deduce from (IV.8.34) that
Is =3[ < lls = smll7 + pen(m) + 2v(3 — s,,) — pen(in).

As § — sy € Spuum C Sie, we obtain in the same way as Inequality (IV.8.29) that, on the set
Q. (m*) defined as in (IV.8.28),

- 2K _ 2K R
20(5 — sm) < 9—1||8 — 3%+ 0_1”3 — smlln + 613 (m U ).
Consequently, provided 61 > 2k,

2K . 2K . .
(1= 57 ) =080y < (1457 ) 5= 50 )+ penm) + 6033 m Ure)  penn).
(IV .8.35)
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Since the data are G-mixing, we can introduce blockwise independent data. More precisely,
let ¢, be some positive integer, to be determined later, and let (d,,r,) be the unique couple
of nonnegative integers such that n = d,q, + 7, and 0 < 1, < g,. For the sake of simplicity,
we assume in the sequel that r, = 0 and d,, = 2p, € N*, but the other cases can be treated in
a similar way. For [ =0,...,p, — 1, let us set

Ay ={Zi}og+1<i<@+1)q, and B = {Zi}(141)qu+1<i<(2+2)qn -

As recalled for instance in [Vie97| (proof of Proposition 5.1), we can build, for [ = 0,...,p, —1,

Al =1{Z} Yog,r1<i<@+1)gn  and B = {Z7 } 2141)gn+1<i<(204+2)qn

such that, forall [ =0,...,p, — 1,

e A;, A7, By and B} have the same distribution;
o Py(A # A}) < BF and Py(B; # BY) < B ;

e (A})o<i<p,—1 are independent random variables, and so are (B})o<i<p,—1-

We set .
Qo= ({25 = Z}.

i=1
The proof of Theorem 10 heavily relies on the following concentration inequality satisfied by
the random variables x2(m/), for m’ partition built on m*. The proof of that proposition is
deferred to Section 1V.8.4.

Proposition 19 For all rectangle K C [0,1]% x [0,1]%, let pp(K) = [} f(2)pq, (dz)pa, (dy).
Let 0, ¥ and Ni(s, f) be defined as in Theorem 10, and let 6 be some positive real. Under the
assumptions of Theorem 10, there exists some set Qr € F such that

Py(Q5) < 4(r + 1)%m*| exp (—C’(@,r, d, 9N (s, f)u f)L> (IV .8.36)

gi °|m*|
and, for all partition m' built on m* and all positive x,

P, <nxf( NMaunay > 21+ 0)29¢3 N1 (s, f) (D + 23;)) < 2exp(—z). (IV.8.37)

Let Q7 be defined as in Proposition 19. We shall first bound the quadratic risk of § on
Qu(m*) N Qe NQp. Let us fix 3 > 0, to be determined later. Let £ be some positive real, and,
for all m’ € M, let x,,y = L,y D,y + £ and

Q,m,m') = {nxfc(m Um)Tg,na, < 2(1 4 02)29¢3N1 (5, f) (D + Dy + 2xm/)} .

According to Proposition 19 applied to each partition mUm’, for m’ € M, the event Q(&,m) =
e (&, m,m') happens with probability

Ps(Q2(&,m)) = 1 — 2exp(—§).
Moreover, we deduce from Inequality (IV.8.35) that, on (&, m),

2K 2K D,,
(1= 2 s = 8120, v < (14 55) s = sl pentm) + 2611+ 62043 5. 1) 22
1+2L:)D,, .
2001+ 00) 20 (s, 1) U2 o)

4011+ 020N 5, )
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Choosing pen such that, for all m’ € M,

1+ 2L, ) Dy
pen(m’) > 201 (1 + 62)?9¢° N1 (s, f)HT)’

we obtain, still on Q(&,m),

3 |

2K N 2K
(1= 27 ) =302 Do ey < (1457 ) Lo s+ 2pen(in) 4463 (146220655 (5.1
We recall that, for all real-valued random variable V',
BV <EV'] = [ RO 2 6
0

where VT stands for the positive part of V. Besides, for all deterministic function ¢ €
Lo([0,1]% x [0,1]92), E[|It]|2] = Ht”? Using these two properties, we conclude that

2K - 2K
(1 - 9—1> E; [[ls — 817 Lo, (m+)n0unor] < <1 + 9—1> Is = sl + 2pen(m)
1
+ 801 (1 + 02)0¢° N (s, )= (IV.8.38)

Let us now bound the quadratic risk of § on Qf(m*) UQSUQS. Lemma 5 can be extended
to the case di = 0. As a matter of fact, when d; = 0, we deduce from the triangle inequality
and the convexity of the square function that, for all partition m,

s =sml? <2s? 42> [%Z@K,m
i=1

Kem ke{o,...,r}d

<o+ 23 S Y whm)

Kem ge{0,...,r}d i=1

2

<2s|® +2max | D @y

d
kG{O,...,r} 0

Consequently, we deduce from Lemma 5 extended to the case d; = 0 and applied to m that
s — 3]1> < 2||s||2, + 2(r + 1)%(2r + 1)%2|m}|. (IV.8.39)
A straightforward upper-bound for the P,-measure of Qf(m*) U Qg U Q5 is
PL (5 (m*) U Q5 U Q%) < PL(Q(m*) N Q4) + Py () + Py(05).
One easily deduces from one of the properties of the A?’s and B}'’s that

Py(QS) < 2pnfZ = qﬁ z (LV .8.40)

qn’
n

If dy =0 and k > 1, then Q.(m*) = Q, so Ps(Q%(m*) N Q) = 0. Otherwise, in order to bound
P, (Q%(m*) N Q), we follow the proof of Lemma 6. Thus there exists some constant C(r,d;)
that only depends on d; and r such that

AHA -1/ n

P,(QC (m*) N Q) < 4(r + 1)24|m¥| exp <—C(r, di) ) . (IV.8.41)
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Combining Inequalities (IV.8.39) to (IV.8.41) and (IV.8.36) then provides for

Es |||s — §”%]Iﬂz(m*)uggug%:| the upper-bound

C(r,dv,ds, T)m3| <qﬁﬁf + |m*|exp <—C’(92,19,7", d,g@%)

n élm*l

+ |mf|][d121 exXp <—C(/{ T, dl,f f) |m |> > (IV.8.42)
an 1

Last, let us choose
K=T/6, 01=17 0,=2/25 and gq,= [3In(n'/")].
Under Assumption (IV.5.17) on mJ] and m}, we deduce from (IV.8.38) and (IV.8.42) that
E, [|ls = 3112) <3{ls = sml3 + pen(m)}
+ 1000M; (s, £)(3In(n'/?) + 1)° % G T;fl;’(f)’ LLLY

Theorem 10 then follows by taking the minimum over m € M.

IV.8.4 Proof of Proposition 19

We define on Ly ([0, 1]% x [0,1]92) and for all m’ € M

1
V()= SN2 and X3 = swp ()
1 m/

¢l y=1

n
1=

pn—l (2l+1 qn

Z Z (¢, Z) and X}’(l)(m'): sup v/(}(t)
1=0 i=2lgn+1 Ifltellizll

pn—1 (2l+2 dn

1 ° L ]
Vi) (t = Z Z (¢, Z}) and Xf’(z)(m')— Sup vy (t).

1=0 i=(20+1)gn+1 Illttelli /1
Notice that v =v*® = 1/( T 1/( 5y on Q,, hence
2 2
Gta, <2 ({0} + {G0m}) 1o (IV 5.3

We shall first prove concentration inequalities for Xzi) (m’), i € {1,2}, defined by

For i € {1,2}, let
ﬂ ﬂ {|V(.i)(q)K,k)| <e ,ud(K)}
Kem* ke{0,...,r}4

where

31962 lIsf1loo
200+ 3)(2r +1)2d gl-0 ~

€ =
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On the set Qp(1), we have, for all K € m' and all k € {0,... ¥,

vl (x| < €/ (r+ 1)ua(K).

As a matter of fact, for K € m/ and k € {0,...,r}%, decomposing @ in the basis
(®L1) Lems iefo,....rpa BlVes

(I)K,k = Z Z aL7l<I>L7l with Z Z a%’l =1

L 1€{o,...r}d L 1€{o,...,r}e

where the sum on L is only on disjoint rectangles L € m* whose union is K. Hence, it follows
from the linearity of V('l) and Schwarz inequality that, on the set Qp(y),

‘V(l ((I)Kk ’ < Z’V (I)Ll

<e [> (L)
\ I

< e/ (r + ) pa(K).

We shall take advantage of two expressions for x?),(m’). On the one hand, it follows from
Schwarz inequality, its equality case, and the linearity of l/( i that

X = | > > {V(.l)(CI)K,k)}sz(.l)(t*) (IV.8.44)

Kem! ke{0,...,r}?

where t* is the random element of {¢t € S, s.t. ||t|| = 1} defined by

-y ¥

Kem/ ke{o,...,r}d

V.l)(<1>K,k)

- K k-
X(l)(m/)

On the other hand, according to the definition of le)(m’ ), we can write

pn—1

Xy (m') = sup > gi(A}), (IV.8.45)

ESm’ 1=0
[It]=1

where, for all t € S/, g; is defined on ([0, 1]% x [0, 1]42)% by

qn

1
gt(zly- .. ’an) = ; Zr(t7 Zj)'

J=1

_ Jog 2T,

We introduce a countable and dense subset A, of {t € S,/ /||t|]| = 1, |[t]leo < €(2r 4+ 1)%¢/2},
define

Let us fix z > 0 and set



Proofs 133

and set
pn—1
o2, = sup ZV&rS (9:(A7)) and by = sup ||gtlloo-
tEAm/ 1=0 tE.Am/

Since n = 2p,qy,, we deduce from Lemma 4 that
2 s 1
Om < ﬁ”sfuooqn%

As, for all ¢ € Lo([0,1]% x [0,1]%2) and z € [0,1]% x [0,1]%, [T'(, 2)| < 2|[t]|c0, We get

2d
b, < 22+ )%
nz

Thanks to Talagrand’s inequality (as stated for instance in [Mas07|, Inequality (5.50)), there
exists a set Q(x) € Q such that Ps(Q(z)) > 1 — exp(—z) and on which

Won') < (146) (B ()] + ol |t ).

Let us now come back to XZI)(m’). Given expression (IV.8.45) for le)(m’) and the definition
of A,,1, we have W(m/') < le)(m’). Moreover, given expression (IV.8.44) for le)(m’) and the
definition of A/, W(m') and le)(m’) coincide on Q7 1y N {le)(m’) > z}. As a matter of fact,
since ®x ) has support K, we get

1
[ ]lc0 < = max max [y} (Px k)| 1k k]
> X(l)(m/) Kem/ ke{0,...,r}d M) ke{g;r}d =

so that t* € A, when the event Q1) N {le)(m’) > z} happens. Besides, we deduce from
expression (IV.8.44), the convexity of the square function, the independence of the A}’s and
Lemma 4 that

Eg[le)(m/)] < Z Z Vars[v(y) (Pk )]

Kem! ke{o,...,r}4

< Z_Z Z Z Varg (i F((I)K,k,Zi))

Kem' ke{0,...,r}d i=1
D,
<9605 loe 52

Therefore, we conclude that, on the set Q(z),

.« (o I5flloc (/D x
X(i)(m)]IQT(i)S(l—i_e)\/ﬁqu 5 . 2; :

Since (), i = 1,2, is linear and .17 < HH?/L(f),

{X}’(i)(m/)}2 = % {Xfi>(m’)}2.

With the same arguments, we obtain similar concentration properties for XZ2) (m/ )]IQT(z) . Given
Inequality (IV.8.43), we finally obtain (IV.8.37) with Qr = Qp(1) N Qp). In order to bound
Ps(Q%), it is enough to bound, for all K € m* and k € {0,...,r}%,

Ps(

pn—1

> Uiy
=0

- ne
VIim* )



134 CONDITIONAL DENSITY ESTIMATION BASED ON DEPENDENT DATA

where Ug 1) = ZEZ;;}I‘TI I'(®k k, Z7). For that purpose, we apply Bernstein’s inequality, as

stated for instance in [Mas07], to the variables (Uix x))o<i<p,—1, Which are independent by
construction of (A})o<i<p,—1, centered and satisty

U < 24/(2r + 1)4|m*
omnax Ukl < 24/ (2r + 1)m*|gn
and, thanks to Lemma 4,
pn—1 §
Oqpllsf
Z Var, (Ui g)1) < Mn
1=0

Assume now that » = 0. The functions (@};)Kem/ introduced in Section IV.8.1 as a basis
of Sy, orthonormal for the norm ||.||; can simply be expressed as

O = g/ \/pp(K), for all K € m'.

In that case, we obtain directly a concentration inequality for X}(l)(m’ ) by using the basis

(@jf() kem' and the same arguments as previously, which explains why the penalty does not
depend on f. W

IV.8.5 Proof of Theorem 12

Let us fix p > 0, o such that d. max{1/p — 1/2,0} < ¢ < min{r + 1/p,r + 1}, R > 0, and
assume that s € B(o,p, 00, R). We shall use the following lemma, proved at the end of that
subsection.

Lemma 7 Let p > 0, o such that d. max{1l/p —1/2,0} < ¢ < min{r + 1/p,r + 1}, R > 0.
Let (x)4 denote the positive part of a real x. For all s € B(o,p, 00, R), there exists a function
Ty, (s) € Spur such that

IT7.(5)lop.oe < Clr,d, p)R

and

Is = Ty (s)II* < C(o,r, d, p)R?2~ 24/ d=(U/p=1/2)1),
Let T, (s) be given by Lemma 7. It follows from the triangle inequality that, for all partition
m € Mcube

s = sl < 2 (1l = T0 )P + inf 172.05) ol

hence,
. In®(n)D
min {Hs - smH% 4 M}
meMcube n
. . . In®(n)D
< flloolr+ 1 [ Is T2+ min { min inf [T, (s) — t)? + D
1§D§2dJ* meMcube tESm
|m|<D

Let us fix 1 < D < 2%+ Since Ty, (s) € B(o, p, 00, C(r,d,p)R), we deduce from Corollary 3.2
in [DY90] that there exist some partition mp(s) of [0,1]¢ into at most D dyadic cubes and
some function §p, piecewise polynomial with coordinate degree < r + 1 over that partition,
such that

|5, (s) = sp|* < C(o,r,p,d)R* D74,
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Besides, as Ty, (s) € Sm», the partition mp(s) generated by the algorithm described in [DY90]
(Section 2) only contains dyadic cubes with sidelength > 277+, Otherwise said, mp(s) € M4,
hence
. . 42 =2 21)—20/d
min inf || Ty, (s) —t||° <||Ts,(s) —5p||* < C(o,r,p,d)R*D .
mEMcube teSH

|m|<D
Let us now choose D* as the greatest integer D such that Dln5(n)/n < R?D~%/4 The
assumptions over R ensure that 1 < D* < 2‘“*, and such a choice of D leads to

_ 2d/(d+20)
n’(n)D o/d
min min  inf || Ty, (s) — tH2 + R\ (n) <C(o,d) | R (#) '
1<D<27+ mle/|\4<cgbe tE€Sm n In°(n)

We then deduce from Lemima 7 that

In°(n) Dy,
min {||s—sm||}+%}

meMcube

o /d\ 24/(d+20)
_ o /d—(1/p— n
< 2 flloo(r + 1)*Cor d,p) | RE272(/4-01r ”””*(R <—1n6<n>> )

and then only retain the values of R for which the first term in the upper-bound is smaller
than the second, hence Inequality (IV.6.23).

We end with the proof of Lemma 7. We shall use the same notation as in [DP88], that we
will not redefine formally here, and apply their results with r replaced with r+1 and « replaced
with o. Let us first assume that p < 2. For all k € N, let Tj(s) be defined as in [DP88] (4.20),
by taking A =1 in [DP88] (3.5). For all k € N, let tx(s) = Ti(s) — Tx—1(s), with T_1(s) =0
and let Dy ([0, 1]%) be the set of all dyadic cubes of [0, 1]¢ with sidelength > 27%. In L, ([0, 1]9),
we have the equality

s—Tr(s)= > t(s).

k>Je+1

By construction, each Tj(s) is polynomial with coordinate degree < r on each dyadic cube in
D;([0,1]%), and thus, so is t(s). For all I € Dy([0,1]%), Markov Inequality for polynomials
(see for instance |[DL93|, Theorem 2.7, Chapter 4) provides

[tk () Lr|| < C(r, d, p)2 2=V [ty ()1 [
So, by using the usual inequality between ¢,-norm and /¢>-norm, we get
It ()[* < C(r,d, )22 /P12 |11y (5) 5.

Using the B-spline decomposition of tx(s) given in [DP88] (5.6)

te(s) = Y k() Nuk,

veA(k)
and their Lemma 4.2 to bound ||tk(8)||12,, we get

1/p

ltk(s)]| < C(r,d,p)2 W/ TH2TPI2R N, i (s) P27
veA(k)
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Let Ny4(s) be defined as in [DP88|, Corollary 5.3. From the triangle inequality, we deduce that
ls = Tr ()l < > Ntw(s)| < Clo,r,d,p)Ny(s)2~ W/ dH1/2=1/m),
k>Jo+1
Last, since 0 < o < r + 1, the proof of Corollary 5.3 in [DP88| provides
N4(5) < C(T7 dvp)HSHUJLW
hence the second inequality in Lemma 7. According to [DP88] (4.21),
1T7.(s)llp < C(r; d)]slp-

For all £k € N, let ¥ be the space of splines with coordinate degree < r associated to the
collection Dy([0,1]¢) defined as in [DP88], Section 4. For all k € N and all f € L,([0, 1]%, let
sk (f)p be the approximation error of f by 3 in L,-norm, as defined by [DP88| (4.27). Given
the definition of Ty, (s), we obtain that sx(Ty,(s)), = 0if k > J,. For k < J,, we apply the
quasi-triangle inequality (cf. [DP88|, Section 2) and Corollary 4.7 of [DP88| to get

s1(T1,(s))p < C(r,d,p)(87.(5)p + 8(s)p) < C(r,d,p)si(s)p.
Let Nj be defined as [DP88|, Theorem 5.1, we then deduce that
Ni(Ty.(s)) < Ni(s).

According to Theorem 5.1 in [DP88|, N; is equivalent to ||.||,pp when o < min{r+1/p,r+1},
which concludes the proof for p < 2. The case p > 2 follows from the case p = 2 since
[-llo2,2 < C(o,d, p)||-llop,p when p > 2.

IV.8.6 Proof of Theorem 14

We consider a special subcollection of dyadic rectangles adapted to an anistropic smoothness
measured by the parameter o. Such rectangles, or similar ones, have been used by [Lei03]
and [Hoc02] for instance to study wavelet approximation in anisotropic Besov spaces. Let o
be defined by o = min;<<q0;. For j € N, we define D}’ as the set of all dyadic rectangles

I1 x ... x I; C [0,1] such that, for all 1 <1 < d,
I = le—UQ/UzJ, (ky + 1)2—ng/UzJ ’

with k; € {0,...,2U9/9) — 1} Let j € N and K € DY, we call children of K all the dyadic
rectangles of D7, that are included in K, and also refer to K as the parent of its children. It
should be noticed that the children of K form a partition of K into

d
[[ 20+ De/orl=liz/a) < gdgde/i(e) (IV.8.46)
=1

dyadic rectangles from DY, ;. We set D7 = U;enDy .

We shall use the following approximation algorithm, adapted from [DY90|. Let ¢t €
L2([0,1]¢). For any rectangle K C [0, 1]%, let

52(t7K) = Pien; ”(t_P)I[K”7

where 2, stands for the set of all polynomial functions on [0, 1]¢ with coordinate degree < r.
We fix some threshold € > 0. At the beginning of the algorithm, the set Z'(t, €) contains [0, 1]%.
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If £5(t, [0, 1]¢) < e, then the algorithm stops. Else, [0, 1]¢ is replaced with his children in Z'(¢, €),
hence a new partition Z2(t,¢). In the same way, the k-th step begins with a partition Z*(¢, ¢) of
[0,1]% into dyadic rectangles that belong to D. If max 7k (¢ ¢) E2(t, K) < €, then the algorithm

stops. Else, a dyadic rectangle K € Z*(t,¢) such that & (¢, K) > e is chosen and replaced with
his children in Z¥(¢,¢), hence a new partition Z¥*1(t,€). Since t € Ly([0,1]%), & (¢, K) tends
to 0 when pg(K) tends to 0, so the algorithm finally stops. The final partition Z(¢,€) only
contains dyadic rectangles that belong to D and such that maxgez(s ) E(t, K) < e. For all
K € I(t,e), let Pk (t) be the polynomial function on K with coordinate degree < r such that
|(t — P (t))1x]|| = E(t, K). We define A(t,€) by

At = S Pxlo),

KeZ(t.e)

and then have
[t— A OI> = Y It —Pe®)Ik|? < |Z(t €)|e” (IV.8.47)
KeZ(t.e)

For that algorithm, a first approximation result can be stated as follows.
Proposition 20 Let k€ N, R >0,0<p <2, 0 = (01,...,04) € (RN and t € Ly([0,1]%).

Assume that

H(o)/d>1/p—1/2

and that
1/p

sup 9jd(e/H(a))(H(e)/d+1/2—-1/p) Z Sg(t,K) < R. (IV.8.48)
JEN KeDy

Then, there exists some partition m of [0,1]¢ that only contains dyadic rectangles from D and
such that
m| < Ci(d, p, or)2"

and
[t =t < Ca(d, p, o) R?272KH(@),

where t,, is the orthogonal projection of t on S,,. Besides, if for some J € N, t is polynomial
with coordinate degree < r over each rectangle of DY, then m only contains dyadic rectangles
from U}-IZOD;-’.

The following proof is inspired from [DPW08| (Lemma 2.1).
Proof: For k =0, we can just choose m as the trivial partition of [0, 1] since
It = tm|* = €3(¢,10,1]) < R”.
Let us now fix k > 1, set
T=H(o)/d+1/2—1/p and X= 2(1+(1+TP)Q/H(”))d/p,

and choose
€ = )\R2—k‘d(7'+l/p)'

If Z(t,€) is trivial, then (IV.8.47) provides

[t — A(t, €)||> < |Z(t, €)|e® < A2R?27 2k (o)
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Let us now assume that Z(¢,€) is not trivial and fix j > 1 such that Z(t,e) N D is not empty.
If K € Z(t,e) N DY, then K is a child of a dyadic rectangle K e D7_, such that

€ < &(tK),

hence
e < 9= Ddvre/H(@)9(i-Ndpra/H(e) gP(¢ K.

By grouping all the rectangles K € Z(¢,¢) N DY having the same parent in Df_;, and taking
into account Remark (IV.8.46), we obtain

IZ(t,€) N DT[eP < 9d(1+(1+p7)a/H(a))9—jdpTa/H (o) pp.

Replacing € by its value, we deduce that
Z(t,e) N DT| < 2kdHprig=idpre/Hie), (IV.8.49)
Besides, for all j > 1, '
[Z(t,) N DY < DF| < 27/ H(e),
Let us denote by J the greatest integer 7 > 1 such that

ojde/H(o) < okd(1+pr)9—jdpre/H (o)

)

1.e. such that
2jdg/H(0') < 2kd'

Since o/H (o) < 1, the last inequality is satisfied by & > 1 for instance, so that J is well-defined.
Besides, J is characterized by

2Jdg/H(a') < okd < 2(J+1)dg/H(0')‘
Therefore,
IZ(t,€)| = > |Z(t,e) N DY
j=1
J
< Z gjde/H(o) 4 okd(1+pT) Z 9—jdpra/H (o)
Jj=1 j>J+1
< Cl(d7p7 U)de
where
odo/H (o) 1

Cl(dapa U)

~ 9do/H(o) _ | + 1 — 9—dpra/H(o)’
Moreover, we deduce from (IV.8.47) that

[t — A(t,e)||> < |Z(t, €)|e® < Cy(d, p, o) R2272H (o),

where

02(d7p7 U) = Cl(d7p7 0-))‘2
We then set m = Z(t,€), so that A(t,€) = tp,.

The last assertion in Proposition 20 is a straightforward consequence of the approximation
algorithm. W

We also need the following lemma, relating Assumption (IV.8.48) to Besov type smoothness.
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Lemma 8 Let o0 = (01,...,04) € (0,7 + 1) and 0 < p < 2 such that H(o)/d > 1/p — 1/2.
Then BE (L,([0,1]%)) C Ly([0,1]%). Besides, for all J € N and all t € BZ(Ly,([0,1]%)), there
exists ty, polynomial with coordinate degree < r over each dyadic rectangle of D, such that

Ht N tJH2 < C(d,p, T70_)2—2Jd(H(a')/d+1/2—1/p)g/H(o-)‘t‘ap’p

and
1/p

sup 2/4(@/H(e))(H(e)/d+1/2=1/p) Z EV(ts, K) < C(d, p,7,0)|tlopp-
jeN KeD?

Proof:  According to [Iri06| (Theorem 5.30, Embeddings (1.299) and Equality (1.2)), if
0<p<2and H(o)/d>1/p—1/2, then

BE(Ly(0,11%) € BY(La([0,1]%) = La([0, 11%).

Let us fix j € N and K € D7 . For all k > j, we denote by Cr(K) the set of all rectangles
from Dy that are included in K. Hence, C;(K) is reduced to {K}, Cj+1(K) is the set of all the
children of K, etc. ... For any rectangle I C [0,1]?, we denote by

Et,I) = inf ||(t —Q)1f],,
p( ) Qe ”( Q) I”p
and by Q(t) a polynomial function on I with coordinate degree < r such that

It - Ql(t))I[I”p = Ep(t, I).

For all k > j, we set

Set, K)= Y Qi)
1eCk(K)
and
er(t, K) = Pé%i [(t = P)k|lp,

where IIj ,. is the set of all functions that are polynomial with coordinate degree < r over each
rectangle in Dy . It should be noticed that

1/p
IECk(K)
Besides, for all y > 0 and 1 <[ < d, we define wffll(t, y, K)p as wffll(t, v, [0,1]%),,, just replacing
0,1]? with K, and

d

Sl S pdy\
Itla,p,p,K=Z</0 [y lwﬁll(t,y,K)p] ?> .

=1

In particular, [t|5,, 01]¢ coincides with [t|ep . The sequence (Sk(t, K))g>; converges to t1
in L. As a matter of fact, we can prove as Theorem 3.5 in [DS84] when p > 1, and as Theorem
3.1 in [Hoc02] when 0 < p < 1, that, for all dyadic rectangles I € Df,

gp(tv I) é C(d7p7 0-)2_kg|t|0'7P7P7['
Therefore,

It = Sk(t, ) Ig B < Y €2(t, 1) < C(d.p,o)27PFe D7 [tf
IeDg 1€DY



140 CONDITIONAL DENSITY ESTIMATION BASED ON DEPENDENT DATA

Besides , DY is a partition of [0, 1]¢, so by using the equivalence between the modulus of

(0

smoothness w,’ and the averaged modulus of smoothness, as explained for instance in [Hoc02]
(Section 2.2), we obtain

Z |t| 7P7P,I - d D, O )|t|;g',p,p7 (IV850)
IeDy
hence
en(t, K) < C(d,p, )2 "< |t| 5 p.p —0 (IV.8.51)

Let us now fix k > j. Using Markov Inequality for polynomials on dyadic rectangles (see for
instance |Hoc02|, Lemma 5.1), we obtain

ISksa(t, K) = Skt KNP = > [(Skya(t, K) = Sk(t, K)) ||

Ieck+1(K)

<C(dpr) Y pa(D)ZIPT (S (8 K) = Sk(t, K) |
Ieck+1(K)

< C(d, p,r)2°FHDA/P=De )N (S (¢, K) = Sk(t, K) )7

Ieck+1(K)
(IV.8.52)

Let us also fix I € Cxy1(K). Then
(Sk41(t, K) = Sp(t, K)Ir = (Qr(t) — Q7(t) 1z

where I € C;(K) is the parent of I. Let s(p) = 2'/7 if p < 1, and k(p) = 1 otherwise. From
the quasi-triangle inequality, we then get

1(Sks1(8, K) = Si(t, K)) Uil < w(p) (It = Q) rllp + (¢ — Q7 (8))Lsl)
< k(p) (Ep(t, 1)+ gp(t’i)> )

hence

(S (8. 5) = Sl KD E < 26 (p) (€2, 1) + €2(¢1))

By grouping all the rectangles I € Cp11(K) that have the same parent, we obtain

> Sk (6 E) =St NI < 262(p) | > E2(t, 1)+ 2404e/H @) N g2(1 1)
IECk+1(K) IECk+1(K) [Eck( )

Since p < 2, the classical inequality between ¢, and fs-norms provides

S ISkt K) = Silt, K)LE < 262(p) (€111, K) + 20042/ @D (1 ) )
Ieck+1(K)

Then, it follows from (IV.8.52) that for J > j,

J J+1
Z ”Sk—i-l(ta K) - Sk(t7 K)” < C(d7p7 r, U) Z 2kd(1/p_1/2)g/H(U)ek(t7 K)
k=j k=j

From (IV.8.51), we then deduce that

J J+1
D Ski1(t, K) = Sp(t, K)|| < C(d,poryor) | Y 27 ME@EZARIHEN ) g g
k=j k=j
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Since H(o')/d+1/2—1/p > 0, (Sk(t, K))i>; also converges in Ly to tIx. From the definition
of &(t, K) and the triangle inequality, it follows that

&, K) < [|(t — Qx () 1kl
< Z ||Sk+1(t7 K) - Sk(t7K)||
k>j
< C(d,p,r,0)|t|gppc2 () d+1/2=1/p)a/H o) (IV.8.53)

For all J € N, let us set

ty =Syt = > Qk()

KeD9g

Since ||t —t/]|? = ZKe’D‘} I(t — Qr(t))Tx||?, the first inequality stated in Lemma 8 results
from (IV.8.53), the usual inequality between £, and fy-norms for p < 2 and (IV.8.50). Let us
fix anew j € N, K € D7 and k > j. Since ¢y is polynomial with coordinate degree < r on each
rectangle from U;> D7, ex(ty, K) = 0 for k > J. Let us now assume that k < J. Then, the
quasi-triangle inequality, the definition of ¢; and the inclusion Il , C II;, provide successively

er(ts, K) (It =t Ikllp + ex(t, K))
(es(t, K) + ex(t, K))

(p)ek (tv K)

< k(p
<k(p
< 2k

\_/\_/

Therefore, we obtain as (IV.8.53) that
E(ty, K) < C(d,p,r, U)‘t‘a’p7p7K2—jd(H(a)/d+1/2—l/p)g/H(o)_
mce D7 18 a partition of |0, 1|%, Inequality .. allows to complete the proot.
Since DY i ition of [0, 1]%, I lity (IV.8.50) all lete th f. W

We can now prove Theorem 14. If p > 2, then Theorem 5.30 in [Tri06] provides the

continuous embedding
By (Ly([0,1]%)) — B (La([0, 1])),

so it is enough to prove Theorem 14 for p < 2. Let k € N and s; be given by Lemma 8.
According to Proposition 20, there exists a partition m into dyadic rectangles from U}-IZOD;’
such that

im| < C(d, p, 5)2"
and

inf sy — 1 < C(d,p,r o) 227240,

So, we deduce from the triangle inequality and the upper-bound for ||s—s/||? given in Lemma 8
that for all t € S,

ls = #lI* < 2 (Ils = 517 + llss — ¢lI*)

<o, p,r, a)R2 (2—2Jd(H(0')/d+1/2—1/p)g/H(o-) 4 2—2kH(a)>

)

which completes the proof.
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Appendix

Proposition 21 (Coupling property) Let (Wy,...,W,,) be real-valued and bounded random
variables. We can redefine the vector (Wq,...,W,) on a richer probability space together with
an independent sequence of random variables (W7, ..., W2) with the following properties, for
each 1 <k <n,

o W7 has the same distribution as Wy;
e W2 is independent of c(Wy, ..., Wi_1);
o E[|W), — W2 < 4[Wiocalo(Wh, ..., Wi_1),0(Wg)).

We refer to [Rio00] (Lemma 5.2 and proof of Theorem 6.1) (beware of the definition of «f.,.))
or [Pel02] (Theorem 2) for a proof.

Lemma 9 (Variance of partial sums) Let (W;);cz be a strictly stationary process, defined
on the probability space (0, F,P), with values in VW C RP, p € N*. Let n € N* and ¢ € N*.
Then

i) for all bounded function g : W — R,
1 n
gVar (Z g(WZ)) < 3¢Var (g(W1)) + 12n||g||goozqw. (IV.8.54)

1) for all finite family (gr)1ez of real-valued and bounded functions defined on W

_Zvar<zgj )<21+252a Z‘QIW1’

Iez 1€

2
(IV.8.55)

[e.9]

where Sp.q =) jens a(c(Wh),c(Wj1)).

Proof:

Proof of Inequality (IV.8.54): Let (d,r) be the unique couple of nonnegative integers such that
n=dq+r and 0 <r < q. Let us assume, for instance, that d =2p + 1, p € N. The case when
d is even can be treated in a similar way. For [ € N, let us set

A= (Wi)agri<i<@it)g and  Br = (Wi) i 1)g+1<i<(2142)q-

For all v = (v1,...,v4) € WY, let us set Sy(v) = >7_; g(v;). Since (W;);ez is strictly stationary,
so are (A;)eny and (By)ien, and (Bp)en is distributed as (A;)jen. Therefore, using also the
convexity of the square function and the stationarity of (W;);cz, we deduce that

p—1 n

ar <ZQ(Wi)> =Var [ Y Se(A)+ Y Se(B)+ Y g(Wi)
1=1 =0 =0

i=(2p+1)g+1

o ($55000) v () v (50|

=0

< 3 |dVar (S,(Ap)) + Var (Zg(wi)> +2chov (o), Sy(A))

1=1 =1
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and
q
Var (Sy(Ag)) < gE [Z Wi)l)zl = ¢*Var (9(W1)),
i=1
hence
n p
ar (Z g(W,)) < 3ngVar (g(W7)) + 6d Z Cov (S4(Ao), Sg(A1)) -
i=1 I=1

According to Proposition 21, foralll = 1,...,p, we can build a random variable S;’l distributed

as Sg(A;), independent of Sy(Ap) and such that E [|Sg(Al) - S;’lq < 4)|gllooger)¥. Therefore,
we get, for all l € {1,...,p},

|Cov (Sy(Ao), Sg(An)| = |E [Sy(Ao) (Sg(Ar) = 57,)]]
< 4¢*|lgl%ag”

hence Inequality (IV.8.54).

Proof of Inequality (IV.8.55): The argument is used by |Rio00] in the proof of Theorem 1.3. We
reproduce it here for the sake of completeness. Let (e7);e7 be independent random variables
such that, for all I € Z, P(e; = 1) = P(e; = —1) = 1/2. Assume moreover that (e1)re7 is
independent of (W;)iez. The random variables (3, ergr(W;)) o7 are centered, uncorrelated
and such that, for all I € Z, Var (31, ergr(W;)) = Var (31, g1(W;)) , so

ar(ZZn:&?IgI( ) ZV&r(ZgI )

1€ i=1 Iel

Let us denote by U some random variable uniformly distributed over [0,1]. According
to [Rio00] Corollary 1.1 and Section 1.4.4, for all real-valued strictly statlonary process
(X1 )rez, there exist measurable functions a~! and (Qk)kez such that 2f0 “Yx)dz <
1423 e a(0(X1), 0(Xj11)), Q2(U) is distributed as X7 and

. (z Xk) <13 E OO,
k=1 k=1
hence

Var <Z Xk) <2(1+42) a(o(X1),0(Xj41)) Z X kl12.-

JEN*

Therefore,

vir (3 ernt

(er IeI) < 2n(1 +252.0) D ergr(Wh)
1=1 1€l

IeT

< 2n(1+2852.4) || > lgr(W1)]
IeT

which completes the proof. B

Proposition 22 (Bernstein-type inequality) Let (W;);cz be a strictly stationary process,
defined on the probability space (0, F,P), with values in W C RP, p € N*. Let n € N*, ¢ € N*
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and g be a real-valued and bounded function defined on V. Let 03 = Var(g(Wh)). Then, for all

x>0,
P ( >3 (\/2qn0§w + 2QI|9||oow/3)>

<2exp(—z)+ 4n||g||oooqu/ max {2q||g||oo:17/3, \ /2qn03x} . (IV.8.56)

Z (9(Wi) — E[g(W3)])

1=1

The proof uses the same arguments as Theorem 6.1 in [Rio00| and relies on the Bernstein
inequality for independent random variables as stated in [Mas07| (Section 2.2.3), for instance.






Perspectives

Selecting a best partition into dyadic intervals or dyadic rectangles seems to provide in theory a
highly interesting estimation procedure in many frameworks. Besides, the simulations realized
in Chapter II tend to confirm those qualities in practice. These are promising results that
could be pushed further by considering several questions linked with the choice of the penalty.
We could for instance try to provide a more refined one, of the form

pen(m) = = >~ p(1)

Iem

for the problems treated in Chapters III and IV, where ¢ is a positive constant and {p(I)}r
is an adequate collection of penalties associated with the dyadic rectangles. When all the
p(I)’s are equal, we recover the penalty proposed in the previous works. From a practical
point of view, that would only amount to change the definition of the weights assigned to
each dyadic rectangle in the shortest-path algorithm used to compute the penalized estimator.
Thus, the computational complexity would still be linear in the sample size. Another piece of
work consists in realizing an extensive simulation study, so as to propose an adequate choice
of the penalty constant, that would thus make the procedure really usable in practice. In
particular, regarding the density estimation framework with possibly dependent data, where
a factor depending on the unknown dependence structure appears in the penalty, it would be
interesting to study whether the data-driven choice of the constant proposed in Chapter II
still performs well. Last, beginning with the classical density estimation framework, several
reference procedures, and among them spatially adaptive ones, should be implemented together
with our estimator so as to provide a comparative study for various sample sizes and various
measures of estimation accuracy.

The estimation problems we have studied also lead to new ones, that require a different
treatment. Thus, copula density estimation can be viewed as an estimation problem with
ill-observed data that does not fit into the framework defined in Chapter III, but can indeed
be tackled via model selection based on an adequate contrast. Regarding estimation based
on dependent data, it would be interesting to provide spatially adaptive estimators under
weaker conditions of dependence, such as a-mixing conditions or weak dependence conditions
as defined for instance in [DL99; DP05|. Yet, the lack of smoothness of piecewise polynomial
functions seems to be a real drawback, even to study the quadratic risk of one histogram built
on an irregular partition. Therefore, in such cases, the use of the collection of wavelet-based
models inspired from the compression algorithm of Birgé and Massart [BM00; Mas07] should
be considered, and extended to multivariate functions with possible anisotropic smoothness.
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ESTIMATION ADAPTATIVE PAR SELECTION DE PARTITIONS EN RECTANGLES DYADIQUES

Résumé

Dans cette thése, nous étudions divers problémes d’estimation par sélection d’estimateurs constants
ou polynomiaux par morceaux sur des partitions en intervalles ou rectangles dyadiques, en utilisant
un critére de type moindres carrés pénalisé adéquat. Nos travaux portent sur trois sujets différents.
Nous nous intéressons tout d’abord & I’estimation d’une loi de probabilité discréte, ainsi qu’a une ap-
plication & la détection de ruptures multiples. Puis, nous proposons un cadre unifié pour 'estimation
fonctionnelle basée sur des données éventuellement censurées. Enfin, nous étudions simultanément ’es-
timation de densité multivariée et de densité conditionnelle pour des données dépendantes. Le choix
de la collection de partitions en intervalles ou rectangles dyadiques s’avére intéressant aussi bien en
théorie qu’en pratique. En effet, notre estimateur pénalisé vérifie dans chacun des cadres une inégalité
de type oracle non-asymptotique, pour une pénalité bien choisie. Il atteint également la vitesse minimax
a constante prés sur de nombreuses classes de fonctions, dont la régularité est éventuellement a la fois
non homogeéne et non isotrope. Cette propriété, qui & notre connaissance n’a été démontrée pour aucun
autre estimateur, repose sur des résultats d’approximation dont les preuves sont inspirées d’un article
de DeVore et Yu. Par ailleurs, le calcul de notre estimateur dans un cadre univarié est basé sur un
algorithme de plus court chemin dont la complexité est seulement linéaire en la taille de I’échantillon.

Mots-clefs : sélection de modéle, histogramme, inégalité d’oracle, adaptation au sens minimax; ap-
proximation non-linéaire, régularité non-homogéne, espace de Besov, fonctions & a-variations bornées;
détection de ruptures, données censurées, données dépendantes.

ADAPTIVE ESTIMATION BY SELECTING A BEST PARTITION INTO DYADIC RECTANGLES
Abstract

In this thesis, we study several estimation problems by selection of a best piecewise constant
or piecewise polynomial estimator built on a partition into dyadic intervals or rectangles, using an
adequate least-squares type criterion. Our works are devoted to three topics. First, we are concerned
with discrete distribution estimation and provide an application to multiple change-point detection.
Then, we propose a unified approach to functional estimation problems based on possibly censored
data. Last, we lead a simultaneous study of multivariate density and conditional density estimation
based on dependent data. The choice of the collection of partitions into dyadic intervals or rectangles
reveals highly interesting in theory and in practice. As a matter of fact, our penalized estimator satisfies
in each framework a nonasymptotic oracle-type inequality for a well-chosen penalty. It also reaches the
minimax rate, up to a constant, over a wide range of classes of functions that may have inhomogeneous
and anisotropic smoothness. Such a property, that, up to our knowledge, has never been proved for any
other estimator, follows from approximation results whose proofs are inspired from a paper by DeVore
and Yu. Besides, in a univariate framework, our estimator can be determined via a shortest-path
algorithm whose computational complexity is only linear in the sample size.

Keywords : model selection, histogram, oracle inequality, adaptive estimation in the minimax sense;
nonlinear approximation, inhomogeneous smoothness, Besov space, functions with bounded a-variation;
multiple change-point detection, censored data, dependent data.






