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Chapitre IIntrodution
Dans ette thèse, nous nous intéressons à divers problèmes d'estimation fontionnelle parséletion de modèles onstruits sur des partitions en intervalles ou retangles dyadiques. Laproédure statistique que nous étudions s'insrit plus généralement parmi les proédures non-paramétriques possédant des propriétés d'adaptation spatiale au sens minimax, notions quenous rappelons en début d'introdution. Puis nous exposons le prinipe de séletion de modèlesous-jaent à notre proédure et rappelons les prinipales olletions de modèles utilisées jus-qu'ii. Nous dérivons alors les olletions de modèles sur lesquelles sont basés les travaux deshapitres suivants, en indiquant les quelques résultats déjà établis à leur sujet. Nous poursuivonspar un état de l'art des diverses proédures spatialement adaptatives. En�n, nous présentonsnotre ontribution, au regard des di�érentes proédures existantes.I.1 Cadre général et exemples de référeneDans ette introdution, nous nous plaerons dans le adre général suivant. Etant donnéun entier n ≥ 1 �xé, on observe n variables aléatoires Y1, . . . , Yn dé�nies sur un même espaede probabilité (Ω,A,P), à valeurs dans un borélien Y de R

d, où d ∈ N
⋆. La loi de probabilitédu veteur Y = (Y1, . . . , Yn) est inonnue, mais appartient à une famille de lois {Ps}s∈S qu'onappelle modèle. On suppose de plus que pour (s, t) ∈ S2, Ps = Pt si et seulement si s = t. Sousette hypothèse d'identi�abilité, il existe un unique élément s dans S tel que Ps soit la loi de

Y , et on utilisera indi�éremment le terme de modèle pour désigner {Ps}s∈S ou S. Par ailleurs,le modèle est supposé non-paramétrique, au sens où S n'est pas une partie d'un sous-espaevetoriel de dimension �nie et indépendante de n. Notre objetif est alors d'estimer l'élément
s de S tel que Ps soit la loi de Y , 'est-à-dire de onstruire à partir de l'observation de Y une� bonne approximation � de s. Plus préisément, il s'agit de déterminer ŝ, fontion mesurablede Y dé�nie sur (Ω,A,P) et à valeurs dans S. Une telle fontion est appelée estimateur de
s. Nous onsidèrerons en fait des estimateurs de s à valeurs dans un sous-ensemble M de S,sans pour autant supposer a priori que s appartienne à M : e sous-ensemble est un modèleapprohé pour s, que nous appellerons enore, pour simpli�er, modèle, et qui lui aussi pourraêtre non-paramétrique.Dérivons deux problèmes fréquemment étudiés en estimation non-paramétrique, et per-mettant de e fait de omparer les performanes de di�érentes proédures statistiques. Danshaun de es deux problèmes, il s'agit d'estimer une fontion s à valeurs réelles dé�nie sur
[0, 1]. Etant donnée une partition m de [0, 1] en un nombre �ni d'intervalles, on peut onsidéreromme modèle approhé pour s l'espae Sm des fontions à valeurs réelles, dé�nies sur [0, 1] etonstantes sur haque intervalle de m, l'estimation de s se ramenant alors à elle d'un nombre11



12 Introdution�ni de paramètres. Bien que Sm soit de dimension �nie, e modèle peut être non-paramétriquedans la mesure où m peut dépendre de n, notamment via le nombre ou la longueur des inter-valles qui la omposent. Un estimateur usuel à valeurs dans le modèle approhé Sm, auquelnous ferons régulièrement référene dans la suite, est l'histogramme onstruit sur la partition
m. Nous en rappelons la dé�nition pour haun des problèmes suivants.Problème 1 : Estimation de densité.Soit S l'ensemble des densités de probabilité par rapport à la mesure de Lebesgue µ sur [0, 1].On observe Y1, . . . , Yn variables aléatoires indépendantes et de même loi, admettant une densité
s ∈ S inonnue, que l'on souhaite estimer. L'histogramme onstruit sur la partition m est dé�nipar

ŝm =
∑

I∈m

(
1

nµ(I)

n∑

i=1

1II(Yi)

)
1II ,et à valeurs dans le modèle approhé S ∩ Sm.L'histogramme ŝm est en fait une version empirique de la projetion orthogonale de s sur Smpour la norme L2.Problème 2 : Estimation de la fontion de régression.Soient S l'ensemble des fontions dé�nies sur [0, 1] à valeurs réelles et (x1, . . . , xn) un ve-teur déterministe de [0, 1]n donné. On observe un veteur aléatoire Y = (Y1, . . . , Yn) de R

n àoordonnées indépendantes tel que, pour une ertaine fontion s ∈ S,
Yi = s(xi) + σεi, i = 1, . . . , n, (I.1.1)ave σ ≥ 0 supposé onnu et (εi)1≤i≤n variables aléatoires non observables, supposées indépen-dantes et de loi normale entrée réduite. Il s'agit alors d'estimer la fontion de régression s.L'analogue dans e adre de l'histogramme est le régressogramme onstruit sur la partition mdé�ni par

ŝm =
∑

I∈m

(
1∑n

i=1 1II(xi)

n∑

i=1

Yi1II(xi)

)
1II .A�n de pouvoir juger de la qualité d'un estimateur de s, il est d'usage de se donner unefontion de perte ℓ, 'est-à-dire une fontion dé�nie sur S×S à valeurs dans R+. Généralement,

S est muni d'une semi-distane d et on onsidère une fontion de perte de la forme dp, où p estun entier naturel non nul. Lorsque Y suit la loi Ps, on note Ps la loi de probabilité sur (Ω,A)telle que, pour tout borélien B de Y,
Ps(B) = Ps

(
{ω ∈ Ω t.q. Y (ω) ∈ B}

)
.On utilise alors omme ritère de qualité d'un estimateur ŝ de s son risque pour la fontion deperte ℓ, dé�ni omme

s ∈ S 7→ Es [ℓ(s, ŝ)] ,où Es désigne l'espérane sous la loi Ps. Par ommodité, sous l'hypothèse que S ⊂ L2([0, 1]),on onsidère souvent le risque quadratique intégré
s ∈ S 7→ Es

[
‖s− ŝ‖2

]
,où ‖.‖ désigne la norme usuelle sur L2([0, 1]). De manière générale, pour q ≥ 1, on dé�nit lerisque Lq intégré par

s ∈ S 7→ Es

[
‖s− ŝ‖qq

]
,



Adaptation au sens minimax, adaptation spatiale 13où ‖.‖q désigne la norme usuelle sur Lq([0, 1]).Dans l'ensemble de ette thèse, la lettre C désigne un réel positif non nul, dont la valeurpeut hanger d'une ligne à l'autre. La notation C(θ) indique que e réel dépend éventuellementd'un paramètre θ.I.2 Adaptation au sens minimax, adaptation spatialeCette partie est onsarée au point de vue minimax en estimation non-paramétrique. Nousévoquons en partiulier quelques points fondamentaux tels que la déomposition biais-varianedu risque d'un estimateur basé sur un modèle, les limites de l'estimation basée sur un seulmodèle, la notion d'orale, et soulignons les liens étroits entre estimation minimax et théoriede l'approximation.I.2.1 Estimation basée sur un modèle et ompromis biais-varianePlaçons-nous tout d'abord dans le adre d'estimation de densité introduit au paragraphe I.1,en supposant de plus les éléments de S de arré intégrable. Fixons une partition m de [0, 1],notons Dm la dimension de l'espae vetoriel Sm dé�ni au paragraphe préédent (qui n'estautre que le nombre d'intervalles de m) et sm la projetion orthogonale de s sur Sm. D'aprèsle théorème de Pythagore, le arré de la distane entre s et l'histogramme ŝm est la sommed'une erreur déterministe et d'une erreur stohastique :
‖s− ŝm‖2 = ‖s− sm‖2 + ‖ŝm − sm‖2.Etant donnée l'expression de ŝm et puisque les (Yi)1≤i≤n sont indépendantes, on en déduit ladéomposition du risque

Es

[
‖s− ŝm‖2

]
= ‖s − sm‖2 +

1

n

∑

I∈m

Vars(1II(Y1))

µ(I)

= ‖s − sm‖2 +
1

n

∑

I∈m

∫
I s
(
1−

∫
I s
)

µ(I)
.Le premier terme, appelé terme de biais, orrespond à une erreur d'approximation par le modèle

Sm, et le seond, appelé terme de variane, à une erreur d'estimation au sein du modèle Sm.Sous ertaines hypothèses sur s, le terme de variane est exatement de l'ordre de Dm/n. Pluspréisément, on peut montrer que
‖s− sm‖2 +

(
inf
[0,1]

s

)
Dm − 1

n
≤ Es

[
‖s− ŝm‖2

]
≤ ‖s− sm‖2 +N (s)

Dm − 1

n
, (I.2.2)où N (s) = 1 si la partition est régulière (par un argument de onvexité) et N (s) = ‖s‖∞sinon. L'enadrement i-dessus donne lieu à plusieurs ommentaires. A�n que le terme de biaissoit faible, il est tentant de onsidérer Sm de grande dimension, d'où un terme de varianeélevé. En revanhe, si Sm est de petite dimension, 'est le terme de biais qui est suseptibled'être grand. Aussi, hoisir un modèle Sm pour lequel le risque est faible néessite de réaliserun bon ompromis entre es deux erreurs, qui, typiquement, varient en sens ontraire lorsquela dimension de Sm roît. Soulignons que la nature du modèle Sm a également son importanepour ontr�ler le terme de biais. En e�et, à dimension �xée, un modèle assoié à une partitionirrégulière, 'est-à-dire en intervalles de longueurs di�érentes, peut présenter une meilleurequalité d'approximation pour s qu'un modèle assoié à une partition régulière. Par ailleurs,



14 Introdutionmême si s appartient à un modèle Sm′ , auquel as le risque Es

[
‖s− ŝm′‖2

] se réduit à l'erreurd'estimation de l'ordre de Dm′/n, il est parfois préférable de onsidérer un modèle approhé Smne ontenant pas s. En e�et, quitte à introduire une erreur d'approximation, on peut espérergagner en terme de risque en onsidérant un modèle Sm pour lequel l'erreur d'estimation estsigni�ativement plus faible que dans le vrai modèle Sm′ .L'exemple préédent est en fait tout à fait représentatif d'une situation ourante. Etantdonné un modèle M inlus dans S, un estimateur ŝM à valeurs dans M , et une fontion deperte ℓ, il est fréquent d'obtenir, sinon une déomposition exate du risque en une erreurd'approximation et une erreur d'estimation proportionnelle à la dimension de M , du moins unenadrement du type
C1

(
inf
t∈M

ℓ(s, t) +
dim(M)

n

)
≤ Es [ℓ(s, ŝM )] ≤ C2

(
inf
t∈M

ℓ(s, t) +
dim(M)

n

)
. (I.2.3)Di�érentes notions de dimension sont envisageables selon la nature de M , qui, toutes, per-mettent de mesurer la di�ulté à estimer au sein de e modèle. Des majorations du risqueomme dans l'inégalité de droite sont démontrées par exemple pour les estimateurs linéairespar ondelettes [HKPT98℄, les estimateurs par minimum de ontraste [BM93; BM98a℄, les T-estimateurs introduits par Birgé [Bir06a℄. De même que (I.2.2), les bornes de risque (I.2.3)onduisent à herher un modèle M réalisant un bon ompromis entre la �délité au vrai para-mètre s et la di�ulté à estimer au sein de e modèle.I.2.2 Estimation minimaxPour juger de la performane d'un estimateur s̃ de s, nous adopterons le point de vueminimax, qui onsiste à proéder de la manière suivante. On hoisit tout d'abord un sous-ensemble F de S. Typiquement, si S est un espae fontionnel, F est un sous-ensemble defontions de S présentant la même régularité. On dé�nit alors le risque maximal de s̃ pour sappartenant à F , i.e. sups∈F Es [ℓ(s, s̃)], que l'on ompare au risque minimax sur F

inf
ŝ

sup
s∈F

Es [ℓ(s, ŝ)]où l'in�mum est pris sur l'ensemble des estimateurs ŝ de s. Comme et in�mum n'est pasnéessairement atteint et qu'on ne dipose généralement que de bornes pour le risque minimax,nous nous �xerons pour objetif de trouver un estimateur s̃ approximativement minimax sur
F , 'est-à-dire tel que

sup
s∈F

Es [ℓ(s, s̃)] ≤ C(F) inf
ŝ

sup
s∈F

Es [ℓ(s, ŝ)] ,où C(F) est un réel positif qui peut dépendre de F mais pas de n. Nous renontrerons égalementdes estimateurs minimax sur F à un fateur logarithmique près, 'est-à-dire tels que
sup
s∈F

Es [ℓ(s, s̃)] ≤ C(F) lnδ(n) inf
ŝ

sup
s∈F

Es [ℓ(s, ŝ)] ,pour un ertain δ > 0.Pourvu que la régularité des éléments de F soit su�sante, la onstrution d'un estimateur
s̃ approximativement minimax sur F repose essentiellement sur le hoix d'un modèle linéaireadapté à F . Donnons-en un exemple en revenant au problème d'estimation de densité. Fixons
0 < α ≤ 1, p ≥ 2, R ≥ 0 et ρ > 0, et notons L(α, p,R, ρ) le sous-ensemble de S omposé desdensités t telles que t ≥ ρ,

t ∈ Lp([0, 1]) et, pour tout 0 < h < 1,

(∫ 1−h

0
|t(x+ h)− t(x)|pµ(dx)

)1/p

≤ Rhα. (I.2.4)



Adaptation au sens minimax, adaptation spatiale 15Ainsi, les éléments de L(α, p,R, ρ) présentent une régularité lipshitzienne, d'ordre α, mesuréedans la norme Lp. Pour D ∈ N
⋆, notons mD la partition régulière de [0, 1] en D intervalles,'est-à-dire la partition de [0, 1] en D intervalles de même longueur. D'après [DeV98℄ (inégalité(3.12)), on dispose sur L(α, p,R, ρ) d'une majoration uniforme du terme de biais :
sup

s∈L(α,p,R,ρ)
‖s− smD

‖2 ≤ CR2D−2α. (I.2.5)Il déoule alors de la majoration donnée en (I.2.2) que
sup

s∈L(α,p,R,ρ)
Es

[
‖s− ŝm‖2

]
≤ C

(
R2D−2α +

D

n

)
.Pour réaliser approximativement le meilleur ompromis entre le terme de biais R2D−2α et leterme de variane, il su�t de hoisir D le plus grand possible tel que D/n ≤ R2D−2α. Si

nR2 ≥ 1, on peut dé�nir D♦ plus grand entier non nul inférieur ou égal à (nR2)1/(1+2α) ethoisir la partition régulière m♦ en D♦ intervalles. On obtient alors
sup

s∈L(α,p,R,ρ)
Es

[
‖s− ŝm♦

‖2
]
≤ C(α)(Rn−α)2/(1+2α).Or on dispose de la minoration suivante du risque minimax sur L(α, p,R, ρ), déduite parexemple de [Mas07℄ (Proposition 7.16),

inf
ŝ

sup
s∈L(α,p,R,ρ)

Es

[
‖s − ŝ‖2

]
≥ C(α, p, ρ)(Rn−α)2/(1+2α), (I.2.6)pourvu que n−1/2 ≤ R ≤ nα. Aussi, pour n−1/2 ≤ R ≤ nα, l'histogramme ŝm♦

est un exempled'estimateur approximativement minimax sur L(α, p,R, ρ).I.2.3 Adaptation au sens minimax et inégalité d'oraleUn inonvénient de l'estimateur ŝm♦
préédemment dé�ni est que le hoix de m♦ néessitela onnaissane d'un paramètre (α,R) tel que pour un ertain p ≥ 2 et un ertain ρ > 0,

s ∈ L(α, p,R, ρ). Il s'agit là d'une ondition assez restritive et peu réaliste. De plus, quand bienmême un tel paramètre serait onnu, il est possible que s appartienne également à l'ensemble
L(α′, p′, R, ρ) ave α′ > α, p′ ≥ 2. Autrement dit, s peut présenter une régularité plus grande,éventuellement mesurée dans une norme Lp′ plus faible que la norme Lp au sens où p′ ≤ p(f. paragraphe I.3 i-dessous). Si l'histogramme onstruit sur la partition m♦(α′, R) atteintbien approximativement le risque minimax sur L(α′, p′, R, ρ), de l'ordre de (Rn−α

′

)2/(1+2α′), lapartition m♦(α,R) n'est quant à elle plus adaptée d'un point de vue minimax. En e�et, pourvuque R ≥ 2(α+1/2)n−1/2, il résulte de la minoration donnée en (I.2.2) que
sup

s∈L(α′,p′,R,ρ)
Es

[
‖s− ŝm♦(α,R)‖2

]
≥ ρD♦− 1

n
≥ C(α, ρ)(Rn−α)2/(1+2α),de sorte que sups∈L(α′,p′,R,ρ) Es

[
‖s− ŝm♦(α,R)‖2

]
/ inf ŝ sups∈L(α′,p′,R,ρ) Es

[
‖s− ŝ‖2

] est minorépar une fontion non bornée de n. Il serait don souhaitable de onstruire un estimateur de s quisoit approximativement minimax sur haun des ensembles L(α, p,R, ρ) pour un large hoixde valeurs de (α, p,R, ρ). Aussi, nous nous intéresserons essentiellement dans la suite à desestimateurs dits adaptatifs au sens minimax, 'est-à-dire simultanément approximativementminimax sur haun des éléments d'une famille {Fθ, θ ∈ Θ} de sous-ensembles de S hoisiea priori. De tels estimateurs ont l'avantage d'être presque aussi performants que si tous lesparamètres θ ∈ Θ tels que s ∈ Fθ étaient onnus. De manière générale, la onstrution d'un



16 Introdutionestimateur adaptatif au sens minimax repose sur une proédure de séletion parmi une familled'estimateurs approximativement minimax sur di�érentes lasses de fontions. Etant donnéeune telle famille d'estimateurs {ŝm}m∈M, il su�t de onstruire un estimateur s̃ véri�ant uneinégalité de la forme
Es [ℓ(s, s̃)] ≤ C inf

m∈M
Es [ℓ(s, ŝm)] . (I.2.7)Ce type d'inégalité est appelé inégalité d'orale, pour reprendre la terminologie introduite parDonoho et Johnstone [DJ94b℄. Pourvu qu'on dispose de majorations du type (I.2.3) pour haqueestimateur de la olletion, une telle inégalité su�t à assurer que s̃ réalise approximativementle meilleur ompromis biais-variane parmi les estimateurs de la olletion, d'où ses propriétésd'adaptation au sens minimax.I.2.4 Adaptation spatiale et non-linéaritéLe leteur attentif aura noté que, dans l'exemple des paragraphes I.2.2 et I.2.3, nous noussommes limités à p ≥ 2. Supposons maintenant 1 ≤ p < 2, et α > 1/p − 1/2 de telle sorteque l'ensemble L(α, p,R) des fontions véri�ant la ondition (I.2.4) est un sous-ensemble de

L2([0, 1]). Pour s ∈ L2([0, 1]) et M sous-espae vetoriel de L2([0, 1]), notons sM la projetionorthogonale de s sur M . D'après [LGM96℄ (Chapitre 14, Théorème 1.1), pour tout D ∈ N
⋆ ettout sous-espae vetoriel M de L2([0, 1]) de dimension D,

sup
s∈L(α,p,R)

‖s− sM‖2 ≥ C(α, p)R2D−2(α+1/2−1/p), (I.2.8)de sorte que
sup

s∈L(α,p,R)
‖s − sM‖2 +

D

n
≥ C(α, p)

(
Rn−(α+1/2−1/p)

)1/(α+1−1/p)
, (I.2.9)où la seonde inégalité est obtenue par minimisation sur D. Compte tenu de la minora-tion (I.2.2), on ne peut guère espérer onstruire un seul histogramme, ni même un estimateurbasé sur un seul modèle linéaire de dimension �nie, dont le risque quadratique intégré atteigneapproximativement sur L(α, p,R, ρ) la vitesse (Rn−α)1/(1+2α). Comme suggéré par la minora-tion (I.2.8) i-dessus, ela tient essentiellement aux limites de l'approximation par un modèlelinéaire. La fontion de perte onsidérée étant la perte L2, on dit des fontions dont la régularitéest mesurée dans une norme Lp ave p < 2 qu'elles présentent une régularité non homogène.Cette dé�nition vaut également pour un risque mesuré dans une norme Lq et une régularitémesurée dans une norme Lp ave p < q. Nous donnerons dans le paragraphe I.3 des exemplesillustrant la pertinene de e terme. Dans divers adres statistiques, des résultats établissentrigoureusement sur de telles lasses de fontions la sous-optimalité des estimateurs linéaires,dont font partie les estimateurs basés sur un modèle linéaire usuels tels que l'histogramme (voirpar exemple [DJKP96℄ en densité ou [DJ98℄ en régression pour une borne inférieure similaireà (I.2.9)). Nous dirons d'un estimateur qu'il s'adapte spatialement s'il s'adapte au sens mini-max sur une famille de sous-ensembles de S ontenant notamment des fontions de régulariténon homogène. De manière générale, la onstrution d'un estimateur spatialement adaptatifrepose essentiellement sur deux ingrédients : une inégalité d'orale telle que (I.2.7) et un peude non-linéarité. Par non-linéarité, nous entendons typiquement la possibilité de hoisir, à di-mension �xée, entre plusieurs modèles linéaires de même dimension. Nous verrons par exempleau paragraphe I.5 qu'à dimension D �xée, on sait onstruire une famille �nieMD de partitionsde [0, 1] en D intervalles, éventuellement irrégulières, possédant les qualités d'approximationadéquates. En e�et, haque familleMD permet de retrouver une majoration uniforme du biaissur la lasse L(α, p,R, ρ), de la forme

sup
s∈L(α,p,R,ρ)

inf
m∈MD

‖s− sm‖2 ≤ C(α, p)R2D−2α, (I.2.10)



Quelques lasses de régularité usuelles 17pour p < 2 et α > 1/p − 1/2 omme pour p ≥ 2 et α > 0. Contrairement à (I.2.5), qui reposeuniquement sur le modèle linéaire SmD
, ette majoration fait intervenir le modèle non-linéaire

∪m∈MD
Sm. Puis en hoisissant D♦(α,R) omme au paragraphe I.2.2, on en déduit que

sup
s∈L(α,p,R,ρ)

inf
m∈MD♦

Es

[
‖s− ŝm‖2

]
≤ C(α, p)(Rn−α)2/(1+2α)pourvu que R ≥ n−1/2. Par onséquent, si l'on sait onstruire un estimateur s̃ véri�ant l'inéga-lité d'orale

Es

[
‖s− s̃‖2

]
≤ C inf

m∈M
Es

[
‖s − ŝm‖2

]oùM = ∪D∈N⋆MD, alors s̃ véri�e également, pour tout (α, p) tel que p < 2 et α > 1/p− 1/2ou p ≥ 2 et α > 0 , et tout n−1/2 ≤ R ≤ nα,
sup

s∈L(α,p,R,ρ)
Es

[
‖s− s̃‖2

]
≤ C sup

s∈L(α,p,R,ρ)
inf

m∈MD♦(α,R)

Es

[
‖s − ŝm‖2

]

≤ C(α, p)(Rn−α)2/(1+2α).La minoration (I.2.6) étant toujours valable pour les valeurs de α, p,R onsidérées ii, etestimateur s̃ s'adapte don spatialement.I.3 Quelques lasses de régularité usuellesRappelons tout d'abord la dé�nition des espaes de Besov et des fontions à α-variationsbornées. Soient α > 0, 0 < p, q ≤ ∞ et r = ⌊α⌋+ 1, où ⌊α⌋ est le plus petit entier inférieur ouégal à α. Pour t ∈ Lp([0, 1]), on dé�nit les di�érenes d'ordre r
∆r
h(t, x) =

r∑

k=0

(
r

k

)
(−1)r−kt(x+ kh), pour h ≥ 0 et 0 ≤ x ≤ 1− rhet le module de ontinuité d'ordre r

ωr(t, y)p =





sup0<h≤y

(∫ 1−rh
0 |∆r

h(t, x)|p µ(dx)
)1/p si 0 < p <∞

sup0<h≤y sup0≤x≤1−rh |∆r
h(t, x)| si p =∞en supposant de plus t ontinue sur [0, 1] lorsque p =∞. L'espae de Besov Bα

q (Lp([0, 1])) estl'ensemble des fontions t ∈ Lp([0, 1]) telles que
|t|Bα

q (Lp([0,1])) =





(∫∞
0 (y−αωr(t, y)p)

q µ(dy)
y

)1/q si 0 < q <∞
supy>0 y

−αωr(t, y)p si q =∞est �nie, et l'on pose
‖t‖Bα

q (Lp([0,1])) = ‖t‖p + |t|Bα
q (Lp([0,1])).On notera que, pour 0 < α < 1, Bα

∞(Lp([0, 1])) n'est autre que l'ensemble des fontionsvéri�ant la ondition de Lipshitz (I.2.4). Les propriétés de es espaes qui nous seront utilessont regroupées dans la proposition i-dessous, et démontrées par exemple dans [DeV98; Tri83℄.Proposition 1 Soient α > 0, 0 < p, q ≤ ∞ et r = ⌊α⌋+ 1.

i) Si 1 ≤ p, q ≤ ∞, ‖.‖Bα
q (Lp([0,1])) est une norme, et une quasi-norme sinon, l'inégalitétriangulaire n'étant plus véri�ée qu'à onstante près.



18 Introdution
ii) En remplaçant ωr par ωk ave k > r, on obtient une (quasi-)norme équivalente sur

Bα
q (Lp([0, 1])).

iii) Si α1 < α2, alors quels que soient 0 < q1, q2 ≤ ∞,

‖t‖Bα1
q1

(Lp([0,1])) ≤ C(α1, α2, q1, q2)‖t‖Bα2
q2

(Lp([0,1])).

iv) À α et p �xés, et pour tout q > 0,

|t|Bα
∞

(Lp([0,1])) ≤ C(α, p, q)|t|Bα
q (Lp([0,1])).

v) Si α > max{1/p − 1/2, 0}, alors Bα
q (Lp([0, 1])) est inlus dans L2([0, 1]) et

‖t‖ ≤ C(α, p, q)‖t‖Bα
q (Lp([0,1])).

vi) Si α > 1/p, les fontions de Bα
q (Lp([0, 1])) sont ontinues, et
‖t‖∞ ≤ C(α, p, q)‖t‖Bα

q (Lp([0,1])).Les fontions de Bα
q (Lp([0, 1])) présentent une régularité d'ordre α, mesurée dans la norme Lp.Le paramètre q n'est qu'un paramètre seondaire, d'après les points iii) et iv) i-dessus, et lapropriété iv) justi�e l'intérêt porté à l'espae Bα

q (Lp([0, 1])) pour q = ∞. Il existe essentielle-ment deux manières de généraliser la dé�nition des espaes de Besov à des fontions à valeursréelles dé�nies sur [0, 1]d, d ≥ 2, selon que l'on autorise la régularité de la fontion à hangerselon la diretion (espae de Besov anisotrope) ou non (espae de Besov isotrope). Ainsi, enadoptant par exemple la dé�nition de [Tri06℄, un espae de Besov anisotrope est aratérisépar la donnée d'un d-uplet de réels stritement positifs α = (α1, . . . , αd), αi indiquant le degréde régularité dans la ie diretion, d'un paramètre p indiquant la norme Lp dans laquelle larégularité est mesurée, et d'un paramètre seondaire q. Pour 0 < α ≤ 1, l'espae BV (α) desfontions à α-variations bornées est l'ensemble des fontions t : [0, 1]→ R telles que
Vα(t) = sup

i≥1
sup

0≤x0<...<xi≤1




i∑

j=1

|t(xj)− t(xj−1)|1/α


αest �nie. Cette éhelle de régularité est liée à l'éhelle des espaes de Besov par la propriétésuivante (f. [Pee76℄, Théorème 7).Proposition 2 Pour tout 0 < α ≤ 1,

C1(α)|.|Bα
∞

(L1/α([0,1])) ≤ Vα(.) ≤ C2(α)|.|Bα
1 (L1/α([0,1])).L'éhelle des espaes de Besov et des fontions à α-variations bornées ontient la plupartdes éhelles de régularité � lassiques �. Ainsi, pour α ∈ N

⋆, Bα
p (Lp([0, 1])) ontient l'espae deSobolev Wα(Lp([0, 1])) des fontions admettant α dérivées dans Lp. L'espae des fontions α-hölderiennes n'est autre que Bα

∞(L∞([0, 1])). Par ailleurs, pour tout 0 < α ≤ 1, toute fontiononstante par moreaux et toute fontion α-höldérienne appartiennent à BV (α).Supposons maintenant que l'on mesure la qualité d'approximation d'une fontion via lanorme L2. Parmi les espaes de fontions préédemment ités, les espaes de Hölder dériventune régularité homogène, de même que les espaes de de Besov Bα
q (Lp([0, 1])) ave p ≥ 2 ou

BV (α) ave α ≤ 1/2 (ompte-tenu de la Proposition 2). En revanhe, les espaes Bα
q (Lp([0, 1]))ave p < 2 ou BV (α) ave 1/2 < α ≤ 1 dérivent une régularité non-homogène. Donnons deuxexemples illustrant la pertinene de ette dernière expression. Une fontion bornée sur [0, 1],



Séletion de modèle 19présentant un nombre �ni de disontinuités et höldérienne d'ordre σ > 0 entre es disontinui-tés, appartient à tous les espaes Bα
q (Lp([0, 1])), pourvu que α < min{σ, 1/p} et 1 ≤ p, q ≤ ∞(f. [Ren99℄ Lemme 2.2 ou [Mal98℄ Proposition 9.4). En partiulier, l'indie de régularité αpeut prendre des valeurs d'autant plus grandes que le paramètre p est petit. Par ailleurs, enpratique, l'espae BV (1) des fontions à variations bornées, ou son analogue en dimension 2,est ouramment utilisé en théorie du signal et de l'image.I.4 Séletion de modèlePrésentons maintenant le prinipe de séletion de modèle introduit par Birgé et Mas-sart [BM97℄, qui sera utilisé pour onstruire les estimateurs étudiés dans ette thèse. Nousabordons également dans ette partie la question du hoix de la olletion de modèles et déri-vons les olletions de modèles usuelles.I.4.1 Prinipe et objetifLa proédure de séletion de modèle de [BM97℄ peut être dérite de la manière suivante.On se donne une famille �nie de modèles approhés {Sm}m∈M inlus dans S, où M dépendéventuellement de n, et l'on hoisit un ontraste γ, 'est-à-dire une fontion mesurable de Ytelle que t 7→ Es[γ(t)] admette un minimum sur S en s. La perte onsidérée est la fontion

ℓ : S × S −→ R
+ telle que ℓ(s, t) = Es [γ(t)− γ(s)]. Puis on dé�nit sur haque modèle unestimateur ŝm obtenu par minimisation du ontraste γ sur Sm. L'idéal serait alors de hoisir,parmi la famille {Sm,m ∈M}, le modèle Smor pour lequel le risque de l'estimateur assoié estminimal, 'est-à-dire tel que

Es [ℓ(s, ŝmor)] = min
m∈M

Es [ℓ(s, ŝm)] .Ce modèle idéal Smor , malheureusement impossible à déterminer puisqu'il dépend du paramètre
s inonnu, sera baptisé orale. L'idée onsiste alors à hoisir un modèle en se basant sur lesdonnées. Pour ela, on se donne une fontion pen :M→ R

+, appelée pénalité, et on onsidèrela proédure de séletion aléatoire, dépendant de Y ,
m̂ = argmin

m∈M
{γ(ŝm) + pen(m)} .Puis on dé�nit
s̃ = ŝm̂, (I.4.11)appelé estimateur pénalisé, qui n'est plus un estimateur de la olletion {ŝm}m∈M puisque lemodèle m̂ séletionné peut hanger selon les données. L'objetif est de déterminer une pénalitételle que le risque de s̃ soit prohe du risque de l'orale, 'est-à-dire véri�e l'inégalité d'orale

Es [ℓ(s, s̃)] ≤ C inf
m∈M

Es [ℓ(s, ŝm)] ,quali�ée de non asymptotique puisque n est �xé et quelonque. Soulignons qu'une telle inégalitéassure sans auune hypothèse de régularité sur la fontion s que l'estimateur pénalisé s̃ estpresque aussi bon que le meilleur estimateur de s parmi la olletion {ŝm}m∈M. Par ailleurs,omme expliqué au paragraphe I.2, une inégalité d'orale est un outil fort utile pour démontrerque, sous ertaines hypothèses de régularité et pourvu que la olletion de modèles soit bienhoisie, l'estimateur s̃ s'adapte également au sens minimax.En vue de prouver une inégalité d'orale, on démontre tout d'abord un théorème de séletionde modèles, en proposant une forme de pénalité permettant de réaliser approximativement le



20 Introdutionmeilleur ompromis biais-variane parmi les estimateurs de la olletion. Typiquement, unepénalité onvenable est telle que pen(m) se omporte omme une erreur d'estimation au seindu modèle Sm, 'est-à-dire roît ave la dimension du modèle. Ce genre de théorème reposeessentiellement sur des inégalités de onentration pour le supremum d'un proessus empiriqueinspirées de l'inégalité de Talagrand [Tal96℄. Donnons un exemple de théorème de séletion demodèles dans le adre de régression dérit au paragraphe I.1. Soit S l'ensemble des fontions àvaleurs réelles dé�nies sur [0, 1], muni de la semi-norme ‖.‖n dé�nie par
‖t‖2n =

1

n

n∑

i=1

t2(xi).On onsidère le ontraste
γ(t) =

1

n

n∑

i=1

(Yi − t(xi))2 (I.4.12)assoié à la fontion de perte
ℓ(s, t) = ‖s− t‖2n.Etant donnée une famille �nie {Sm,m ∈ M} de sous-espaes vetoriels de S, on dé�nit, pourtout m ∈ M, ŝm = argmint∈Sm

γ(t) où γ est donné par (I.4.12), puis s̃ omme en (I.4.11). Lethéorème suivant est une version extrêmement simpli�ée du Théorème 2 de [BM01℄, démontrédans un adre gaussien beauoup plus général.Théorème 1 On onsidère le adre de régression dé�ni au paragraphe I.1. Soit {Sm,m ∈M}une famille �nie de sous-espaes vetoriels de S de dimension �nie. Soit {Lm}m∈M une famillede réels positifs tels que
Σ :=

∑

m∈M

exp(−DmLm) ≤ 1, (I.4.13)où Dm = dim(Sm). Si la pénalité est de la formepen(m) = σ2(k1 + k2Lm)
Dm

n
,où k1, k2 sont des réels positifs su�samment grands, alors l'estimateur pénalisé s̃ véri�e

Es

[
‖s− s̃‖2n

]
≤ C(k1, k2)

(
min
m∈M

(
d2
n(s, Sm) + σ2(1 + Lm)

Dm

n

)
+

1

n

)
,où dn(s, Sm) = inft∈Sm ‖s− t‖n.Par ailleurs, sur haque modèle, le risque quadratique assoié à la perte ‖.‖n admet la déom-position biais-variane

Es

[
‖s − ŝm‖2n

]
= d2

n(s, Sm) + σ2Dm

n
.Sous les hypothèses du Théorème 1, on obtient don l'inégalité

Es

[
‖s− s̃‖2n

]
≤ C1(k1, k2)

(
1 + max

m∈M
Lm

)
min
m∈M

Es

[
‖s− ŝm‖2n

]
+
C2(k1, k2)

n
. (I.4.14)Il s'agit bien là d'une inégalité d'orale, à un reste près C2(k1, k2)/n qui devient négligeabledès que n est su�samment grand, et à un fateur près : 1 + maxm∈M Lm.Il existe d'autres proédures de séletion de modèle, dont l'objetif est toujours d'établirune inégalité de type orale, mais ave une règle de séletion di�érente. Birgé [Bir06a℄ proposepar exemple de séletionner le meilleur modèle par une proédure de tests multiples entre lesestimateurs de la olletion (voir aussi [Bir07; BB09℄).



Séletion de modèle 21I.4.2 Choix de la famille de modèlesLe hoix d'une famille de modèles doit notamment prendre en ompte les éléments sui-vants. Reprenons l'exemple de la régression i-dessus. A�n d'interpréter la ontrainte (I.4.13),déomposons la famille de modèles en sous-familles de modèles de même dimension
MD = {m ∈M t.q. Dm = D}, pour D ∈ N

⋆.Choisissons des poids {Lm}m∈M qui ne dépendent du modèle que via sa dimension et notons,pour tout D ∈ N
⋆ et m ∈ MD, Lm = L(D). Nous pouvons alors réérire Σ omme la somme,�nie par hypothèse surM,

Σ =
∑

D∈N⋆

exp

(
−D

(
L(D)−D−1 ln+(|MD|)

))
,où ln+(x) = ln(x) pour x ≥ 1 et ln+(0) = 0. Pour que la ondition (I.4.13) soit réalisée, il su�tque, pour tout D ∈ N

⋆,
L(D) ≥ D−1 ln+(|MD|) + ln 2.Aussi, pour obtenir une inégalité d'orale, il su�t que le nombre de modèles par dimension soitsous-exponentiel, autrement dit qu'il existe une onstante absolue κ > 0 telle que, pour tout

D ∈ N
⋆,

|MD| ≤ κD. (I.4.15)En e�et, un hoix de poids onvenable est alors
L(D) = ln(2κ), pour tout D ∈ N

⋆.De manière générale, la quantité supD∈N⋆ D−1 ln+(|MD|) peut être onsidérée omme un indiede omplexité de la olletion de modèles, pour reprendre un terme déjà employé dans [BBM99℄ou [Bir06b℄ par exemple. Plus et indie est élevé, et plus la olletion est omplexe. Nousdirons d'une olletion de modèles qu'elle présente une omplexité sous-exponentielle si laondition (I.4.15) est véri�ée. Conernant maintenant la qualité d'estimation de s̃ sur un sous-ensemble F donné de S, on déduit de la majoration (I.4.14) que
sup
s∈F

Es

[
‖s− s̃‖2n

]
≤ C1(k1, k2) inf

D∈N⋆

(
sup
s∈F

inf
m∈MD

d2
n(s, Sm) + σ2(1 + L(D))

D

n

)
+
C2(k1, k2)

n
.Cette borne supérieure nous invite don à onsidérer une famille de modèles à la fois su�sam-ment rihe, 'est-à-dire ontenant su�samment de représentants de haque dimension pourbien ontr�ler, à D �xé, les erreurs d'approximation, mais pas trop omplexe, a�n de ne pastrop in�uer sur la taille des poids. C'est le r�le de la théorie de l'approximation de proposerdes familles de modèles réalisant un bon ompromis entre omplexité et qualité d'approxima-tion. Nous reviendrons sur es questions aux paragraphes I.4.3 et I.5. En�n, soulignons que laomplexité algorithmique liée au alul des estimateurs de la olletion impose également enpratique des limites sur le nombre de modèles.I.4.3 Colletions de modèles usuellesDérivons les olletions de modèles usuelles permettant d'obtenir des résultats d'adaptationen estimation fontionnelle. Elles sont liées à deux types d'approximation : approximation pardes polyn�mes par moreaux ou approximation de ertains termes de la déomposition dansune base orthonormée de L2([0, 1]). Toutes es olletions sont des familles �nies {Sm}m∈M desous-espaes vetoriels de L2([0, 1]) de dimension �nie, omportant un modèle de dimension au



22 Introdutionplus n ontenant tous les autres modèles de la famille. On désigne par Dm la dimension de Smet, omme dans le paragraphe préédent, parMD la sous-famille des modèles de dimension D.Colletions de modèles réguliers. Ces olletions véri�ent au moins� une hypothèse sur le nombre de modèles de même dimension, satisfaite typiquementlorsque elui-i est au plus polynomial, 'est-à-dire lorsqu'il existe une onstante absolue
κ telle que

|MD| ≤ Dκ;� une hypothèse liant les normes L2 et L∞ sur es modèles, qui assure l'existene d'uneonstante absolue Φ > 0 telle que pour tout m ∈M et tout t ∈ Sm,
‖t‖∞ ≤ Φ

√
Dm‖t‖.Les modèles de polyn�mes par moreaux onstruits sur les partitions régulières de [0, 1], no-tamment, sont des modèles réguliers. La omplexité de es olletions est a fortiori sous-exponentielle. Cependant, tous les exemples onnus ne possèdent de bonnes qualités d'approxi-mation que pour des fontions de régularité homogène. Par ailleurs, omme il n'y a en généralqu'un seul modèle par dimension, déterminer tous les estimateurs de la olletion puis l'esti-mateur pénalisé ne requiert qu'une omplexité algorithmique linéaire en n. Nous renvoyons parexemple à Baraud [Bar00℄, Castellan [Cas00; Cas03℄, [BM97; Mas07℄, ainsi qu'à la bibliographiede Fabienne Comte pour des résultats de séletion parmi des modèles réguliers généraux dansdi�érents adres statistiques.Colletion de polyn�mes par moreaux onstruits sur une grille dyadique. On se �xe deuxentiers naturels r et J⋆, ave 2J⋆ ≤ n. On dé�nitM omme l'ensemble des partitions onstruitessur la partition régulière de [0, 1] en 2J⋆ intervalles, 'est-à-dire l'ensemble des partitions enintervalles de la forme [k2−J⋆ , l2−J⋆ ], où k, l sont des entiers, 0 ≤ k < l ≤ 2J⋆ . Chaque modèle

Sm est alors dérit omme l'espae des fontions polynomiales de degré au plus r sur haqueintervalle de la partition m. Construire une partition de m en D intervalles équivaut à hoisir
D − 1 points sur la grille {k2−J⋆ ; k = 1, . . . , 2J⋆ − 1}, de sorte que

|MD| =
(

2J⋆ − 1

D − 1

)
≤
(
e2J⋆

D

)D
≤ (en)D ,où la majoration résulte par exemple de [Mas07℄ (Proposition 2.5). La omplexité de etteolletion n'est plus sous-exponentielle au sens utilisé dans le paragraphe préédent puisque laonstante κ est ii remplaée par en, e qui inite par exemple à hoisir des poids onstantségaux ln(2en). On n'obtient don ave ette olletion que des inégalités de type orale à unfateur ln(n) près. On pourra pour ela onsulter par exemple [BM97; BBM99; Cas00; Cas03;RB03; Sau02℄. Cependant, à D �xé, les modèles de dimension D possèdent de bonnes qualitésd'approximation relativement à ertaines fontions de régularité éventuellement non homogène,telles que les fontions à α-variations bornées (f. [BBM99℄, Corollaire 1). Cette olletionpermet don d'obtenir un estimateur spatialement adaptatif, souvent à un fateur ln(n) près.Un estimateur pénalisé basé sur ette olletion et un ontraste de type moindres arrés a étéimplémenté par E. Lebarbier [Leb02℄ dans le adre de régression dérit au paragraphe I.1. Ilnéessite O(n3) aluls par un algorithme de programmation dynamique et pour une pénalitébien hoisie.Colletion de polyn�mes par moreaux onstruits sur des partitions obtenues par l'algorithmeCART. La proédure Classi�ation And Regression Trees (CART) de Breiman et al. [BFOS84℄peut être présentée omme une proédure de séletion de modèle en adoptant le point de vuede Gey et Lebarbier [GL08℄ ou Lebarbier et Nédéle [LN07℄. Nous dirons dans la suite d'unarbre binaire qu'il est omplet si tous ses noeuds internes ont deux enfants, et parfait si de plus



Séletion de modèle 23toutes ses feuilles sont à la même distane de la raine. Plaçons-nous par exemple dans le adrede régression du Problème 2, ave 0 = x1 < . . . < xn = 1. La première étape de CART onsisteà onstruire un arbre binaire parfait de raine {x1, . . . , xn}, dont haque noeud est ensuiteobtenu par partitionnement réursif, en minimisant un ritère loal basé sur les données. Ononsidère alors la olletion de toutes les partitions de {x1, . . . , xn} orrespondant aux feuillesd'un quelonque sous-arbre binaire omplet obtenu par élagage de et arbre binaire parfait. Ladeuxième étape de CART orrespond en fait à la séletion d'une meilleure partition parmi etteolletion en utilisant un ritère pénalisé. Comme le rappellent par exemple [GL08℄, le nombred'arbres binaires omplets à D feuilles, D ∈ N
⋆, ainsi onstruits n'est autre que le nombre deCatalan

1

D

(
2(D − 1)

D − 1

)
≤ 4D.Aussi, la omplexité de ette olletion de partitions est sous-exponentielle. Par ailleurs, laomplexité algorithmique de la proédure de séletion d'une meilleure partition peut, se réduità O(n ln(n)) aluls dans le meilleur des as(f. [GL08℄). Cependant, le fait que ette olletionde partitions dépende, par onstrution, des données, rend son étude di�ile d'un point de vuethéorique. En partageant l'éhantillon, de manière à utiliser une partie des données pour l'étapede onstrution, et l'autre pour l'étape de séletion, il est possible d'obtenir des inégalités detype orale, mais onditionnellement au premier éhantillon. Nous renvoyons à [GN05; Sau02℄en régression et à [LN07℄ en estimation de loi disrète pour e type de résultats. Cependant, lesqualités d'approximation de ette olletion de partitions aléatoire demeurent inonnues, d'oùl'absene de résultat d'adaptation.Colletion exhaustive des espaes engendrés par les sous-ensembles d'un système ortho-normé. Etant donnée une famille orthonormale {φλ}λ∈Λ de L2([0, 1]), ave |Λ| au plus d'ordre

n, on onsidère la famille M de tous les sous-ensembles de Λ. Chaque modèle Sm est alorsdé�ni omme l'espae vetoriel engendré par les {φλ}λ∈m. On véri�e aisément que ette ol-letion a la même omplexité que la olletion de polyn�mes par moreaux onstruits sur unegrille dyadique. Les qualités d'approximation et don d'adaptation dépendent du hoix de labase. Nous renvoyons par exemple à [BM97; BM01; Mas07℄ pour des résultats dans le modèlegaussien ou le modèle de densité.Colletion de modèles d'ondelettes inspirée de l'algorithme de ompression de Birgé et Mas-sart [BM00℄. Nous emploierons par la suite l'expression � stratégie Birgé-Massart � pour faireréférene au hoix de ette olletion. Soit {φλ}λ∈Λ une base d'ondelettes orthonormale de
L2([0, 1]). Dans ette base, il est d'usage d'érire la déomposition de s par blos

s =
∑

j≥−1

∑

λ∈Λ(j)

βλφλ,où Λ = ∪j≥−1Λ(j), ave Λ(−1) ensemble �ni et, pour j ≥ 0, |Λ(j)| de l'ordre de 2j . Pour
J ≥ −1, les J + 1 premiers blos

J−1∑

j=−1

∑

λ∈Λ(j)

βλφλdonnent une approximation de s à la résolution 2−J . Pourvu que J soit assez grand, une fontion
s globalement régulière ave quelques singularités isolées peut être �dèlement reonstruite enrajoutant à ette approximation grossière ertains � détails � perçus grâe aux résolutions plus�nes, 'est-à-dire quelques termes βλφλ orrespondant aux niveaux de résolution Λ(j), j ≥ J .Notons de nouveau J⋆ un entier naturel �xé a priori tel que 2J⋆ ≤ n. La olletion de modèlesinspirée de [BM00℄ exploite les propriétés de l'analyse multirésolution en onsidérant la famille
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M des parties de Λ de la forme

m =

[
J−1⋃

j=−1

Λ(j)

]
∪
[
J⋆−J−1⋃

k=0

Λ′(J + k)

]où Λ′(J + k) est un sous-ensemble quelonque de Λ(J + k) de ardinal ⌊2J/(k + 1)3⌋, l'en-tier J étant autorisé à varier entre 0 et J⋆ − 1. Chaque Sm est alors dé�ni omme l'espaevetoriel engendré par les {φλ}λ∈m. Non seulement ette olletion ne ompte qu'un nombresous-exponentiel de modèles de même dimension (voir par exemple [Mas07℄, paragraphe 4.3.5),mais en plus elle dispose des qualités d'approximations adéquates en norme Lq pour des fon-tions présentant une régularité de type Besov, homogène ou non, omme démontré par Birgé etMassart [BM00℄. Par ailleurs, l'implémentation de l'estimateur pénalisé basé sur ette olletionet un ontraste de type moindres arrés pénalisé ne néessite que O(n lnn) opérations (voir parexemple [DLT09℄). Des inégalités de type orale ainsi que des résultats d'adaptation ont étéobtenues grâe à e type de olletion dans di�érents adres statistiques : densité [BM97℄, ré-gression à pas aléatoire ave erreurs sous-gaussiennes [Bar02; BCV01℄, intensité d'un proessusde Poisson [RB03℄, modèle gaussien général [Mas07℄, loi disrète [DLT09℄.I.5 Colletions de modèles basés sur des partitions en inter-valles, ubes, retangles dyadiquesPrésentons maintenant les olletions de modèles auxquelles nous nous intéressons dansette thèse. Comme dans le paragraphe préédent, nous en donnons les prinipales araté-ristiques, fournissant ainsi les premiers éléments de omparaison ave les autres olletions demodèles. Par ailleurs, nous dérivons les résultats déjà existants à leur sujet en estimationfontionnelle, pour la plupart très réents, puisqu'obtenus parallèlement à la préparation deette thèse. Nous exposerons dans la partie I.7 notre ontribution.I.5.1 Desription des olletionsSoit J⋆ un entier �xé a priori, dont la valeur dépend du adre statistique. Pour l'estima-tion de fontions à valeurs réelles dé�nies sur [0, 1], nous utiliserons des modèles de fontionsonstantes, voire polynomiales, par moreaux sur les partitions de [0, 1] en intervalles dyadiquesde longueur au moins 2−J⋆ . Ce sont toutes les partitions en intervalles de la forme
I(j,0) = [0, 2−j ]où j ∈ {0, . . . , J⋆}, ou

I(j,k) =]k2−j , (k + 1)2−j ],où j ∈ {1, . . . , J⋆}, k ∈ {0, . . . , 2j − 1}, j pouvant varier d'un intervalle à un autre au sein dela même partition. L'ensemble de es partitions peut également être dérit à l'aide de l'arbrebinaire A de raine (0, 0) tel que� pour tout j ∈ {1, . . . , J⋆}, les noeuds du niveau j sont indexés par les éléments de
Λ(j) = {(j, k); k = 0, . . . , 2j − 1} ;� pour tout j ∈ {1, . . . , J⋆} et tout k ∈ {0, . . . , 2j − 1}, les branhes gauhe et droite issuesdu noeud (j, k) onduisent respetivement aux noeuds (j+1, 2k) et (j+1, 2k+1), qu'onappellera les enfants du noeud (j, k).L'ensemble des noeuds de A est Λ = ∪J⋆

j=0Λ(j), où Λ(0) = {(0, 0)}. Pour j ∈ {0, . . . , J⋆} et
k ∈ {0, . . . , 2j − 1}, l'intervalle dyadique I(j,k) s'identi�e alors au noeud (j, k) de A, et ses



Colletions de modèles basés sur des partitions en intervalles, ubes, retangles dyadiques 25enfants sont les intervalles dyadiques assoiés aux enfants de (j, k). Toute partition de [0, 1] enintervalles dyadiques de longueur ≥ 2−J⋆ orrespond aux feuilles d'un arbre binaire ompletobtenu par élagation de l'arbre A, la orrespondane étant même bijetive. Préisons que par� omplet � nous faisons référene à un arbre binaire dont tous les noeuds, sauf les feuilles, ontdeux enfants. La �gure I.5.1 représente l'arbre binaire A de tous les intervalles dyadiques delongueur au moins 2−J⋆ pour J⋆ = 3. Les arbres des �gures I.5.2 et I.5.3 fournissent des exemplesde partitions de [0, 1] en intervalles dyadiques de longueur au moins 2−J⋆ . Cette olletionde partitions est don plus rihe qu'une olletion de partitions régulières, sans pour autantontenir toutes les partitions onstruites sur la grille dyadique {k2−J⋆ ; k = 0, . . . , 2J⋆}. Ellepossède la même struture en arbre qu'une olletion de partitions produite par l'algorithmeCART, d'où une omplexité sous-exponentielle. Cependant, elle ne dépend pas des donnéeset sa struture, assez prohe de elle de la olletion de modèles assoiée à la stratégie Birgé-Massart, laisse présager de qualités d'approximation similaires.Pour l'estimation de fontions à valeurs réelles dé�nies sur [0, 1]d, ave d ≥ 2, il existe es-sentiellement deux extensions possibles de la dé�nition d'un intervalle dyadique. Ou bien l'ononsidère les ubes dyadiques, 'est-à-dire les produits de d intervalles dyadiques de mêmeslongueurs, ou bien l'on onsidère les retangles dyadiques, 'est-à-dire les produits de d inter-valles dyadiques, de longueurs éventuellement di�érentes. Les partitions en ubes dyadiques de�té au moins 2−J⋆ sont en orrespondane bijetive ave les sous-arbres 2d-aires omplets del'arbre 2d-aire ontenant tous les ubes de �té au moins 2−J⋆ , un arbre 2d-aire omplet étantun arbre dont tous les noeuds, sauf les feuilles, ont 2d enfants. Par ailleurs, toute partitionen retangles dyadiques s'obtient à partir du ube unité [0, 1]d par partitionnement réursif,en hoisissant à haque étape une diretion de oupure et en remplaçant l'intervalle dyadiqueorrespondant par ses deux enfants. Une partition en D retangles dyadiques, D ∈ N
⋆, est donaratérisée par la donnée d'une struture d'arbre binaire et d'une suite ordonnée de D − 1entiers ompris entre 1 et d orrespondant à des diretions de oupure. Dans les Figures I.5.4à I.5.7, la diretion 1 orrespond à la vertiale et la suite d'entiers se lit sur les feuilles de l'arbrede gauhe à droite et de haut en bas. Ces �gures représentent deux partitions en retanglesdyadiques di�érentes assoiées à la même struture d'arbre.I.5.2 Résultats existantsMême s'ils ne relèvent pas de la séletion de modèle, les travaux d'Engel sont la soured'une première approhe pour e type de résultat onernant les olletions de partitions enintervalles, ubes ou retangles dyadiques. Ils mettent en évidene et exploitent le lien entrehistogrammes dyadiques et analyse multirésolution, via l'estimation par projetion sur la basede Haar. En estimation de densité par exemple, Engel [Eng97℄ donne une ondition nées-saire et su�sante pour qu'un estimateur par projetion sur un espae vetoriel engendré parun ensemble d'ondelettes de Haar soit un histogramme : e sous-ensemble doit orrespondreà un sous-arbre binaire, pas néessairement omplet, de l'arbre A dérit dans le paragraphepréédent. Il dé�nit un � histogramme multirésolution � possédant ette double nature, quipar onséquent est également un histogramme dyadique. Dans le adre de la régression gaus-sienne, Engel [Eng94℄ obtient l'un des premiers résultats sur la vitesse de onvergene desrégressogrammes dyadiques, pour le risque quadratique intégré et sur des lasses de fontionslipshitziennes, ette vitesse orrespondant bien à la vitesse minimax. Dans les deux as, il pro-pose un algorithme, justi�é heuristiquement, pour séletionner un estimateur adéquat à partirdes données.Les premiers résultats d'adaptation spatiale en relation ave la olletion des partitions enretangles dyadiques sont démontrés par Donoho [Don97℄. Ce dernier s'inspire essentiellementde l'argument de Engel et de travaux auxquels il a ontribué sur la séletion d'une meilleure base
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]Fig. I.5.1 � Arbre binaire A des intervalles dyadiques de [0, 1] de longueur au moins 2−J⋆ , pour

J⋆ = 3.
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Fig. I.5.2 � Exemple de partition régulière de [0, 1] en intervalles dyadiques.
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Fig. I.5.3 � Exemple de partition irrégulière de [0, 1] en intervalles dyadiques.
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Fig. I.5.4 � Arbre dyadique dont les feuilles représentent une partition de [0, 1]2 en retanglesdyadiques.
Fig. I.5.5 � Partition de [0, 1]2 en retangles dyadiques orrespondant aux feuilles de l'arbre I.5.4et à la suite (2, 1, 2, 2).orthogonale [Don93; Don96; DJ94a℄, aussi bien en estimation qu'en théorie de l'approximation.Donoho [Don97℄ se plae dans un adre de régression gaussienne, semblable au Problème 2dérit dans le paragraphe I.1, si e n'est que la fontion à estimer est dé�nie sur le arré unité etéhantillonnée uniformément en xi1,i2 = (i1/n, i2/n) pour 0 ≤ i1, i2 ≤ n−1. Il baptise � CARTdyadique � une proédure de séletion parmi les modèles de fontions onstantes par moreauxsur une partition de [0, 1]2 en retangles dyadiques, basée sur un ritère de type moindres arréspénalisé. La pénalité assoiée à haque partition orrespond au nombre de retangles de lapartition à un fateur près, proportionnel à σ2 ln(n)/n. Par ailleurs, il introduit une famille defontions de Haar anisotropes et la olletion des modèles engendrés par les sous-familles defontions de Haar véri�ant ertaines ontraintes. Ces ontraintes, quali�ées d'héréditaires, sontune extension direte au adre multi-dimensionnel de elles dérites par Engel [Eng97℄. L'astueutilisée par Donoho tient dans l'équivalene entre la proédure CART dyadique et une ertaineproédure de séletion parmi ette seonde olletion, proédure dénommée � Best OrthogonalBasis with hereditary onstraints �. En e�et, alors que la dé�nition même de la proédureCART dyadique la rend implémentable en temps linéaire, ses propriétés théoriques � inégalitéd'orale et adaptation sur des espaes de Besov anisotropes de régularité non homogène à unfateur ln(n) près � sont déduites de elles de la seonde proédure.Si leur approhe est inspirée de elles de Donoho, puisque basée sur des fontions de typeHaar, Kolazyk et Nowak [KN04℄ s'intéressent à un sujet di�érent. Ils proposent en e�et unadre uni�é pour l'étude de divers problèmes de régression par maximum de vraisemblanepénalisé. Ils onsidèrent une olletion de modèles de fontions onstantes par moreaux baséessur des � partitions dyadiques réursives � qui ne sont autres que des partitions en intervallesdyadiques. Pour l'estimation de la moyenne d'un signal gaussien, poissonien ou multinomial,
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Fig. I.5.6 � Arbre dyadique dont les feuilles représentent une partition de [0, 1]2 en retanglesdyadiques.
Fig. I.5.7 � Partition de [0, 1]2 en retangles dyadiques orrespondant aux feuilles de l'arbre I.5.6et à la suite (1, 2, 2, 1).ils obtiennent des résultats d'adaptation au sens minimax pour le risque quadratique assoiéà la perte de Hellinger ou le risque quadratique intégré. Ces résultats, toujours à un fateurlogarithmique près, onernent des fontions à variations bornées ou présentant une régularitéde type Besov, éventuellement non homogène.Tout réemment, Klemelä [Kle09℄ emprunte lui-aussi la même démarhe que Donoho pourl'estimation d'une densité multi-dimensionnelle. Il onsidère un ritère de types moindres arréspénalisé pour séletionner un meilleur histogramme onstruit sur une partition en retanglesdyadiques. Pour le risque quadratique intégré, il obtient des résultats d'adaptation au sensminimax, enore à un fateur logarithmique près, pour des lasses de fontions anisotropessimilaires à elles onsidérées par [Don97℄, la régularité pouvant ependant être mesurée dansdes normes Lp qui di�èrent selon la diretion.Les travaux de Willett et Nowak [WN07℄ font partie des premiers à se démarquer de l'ap-prohe de Donoho. Ils portent sur l'estimation de densité et l'estimation de l'intensité d'unproessus de Poisson, dans les as uni- et multi-dimensionnels, par maximum de vraisemblanepénalisé. Ils reposent uniquement sur la olletion des partitions en intervalles ou ubes dya-diques, aussi il n'y est pas question d'anisotropie. L'originalité de leur proédure tient au faitqu'elle permet de hoisir non seulement la meilleure partition en ubes dyadiques à partir desdonnées, mais aussi un meilleur polyn�me sur haque ube dont le degré maximal dépendlui aussi des données et non d'une limite �xée a priori par l'utilisateur. En dimension 1 parexemple, leur estimateur reste implémentable, et néessite O(n ln(n)) aluls. D'un point devue théorique, ils étudient le risque quadratique assoié à la distane de Hellinger en adoptantlairement un point de vue asymptotique. Dans le as unidimensionnel, leur estimateur n'at-teint la vitesse minimax qu'à un fateur logarithmique près, sur des lasses de Besov dont la



Autres proédures spatialement adaptatives au sens minimax 29régularité peut être arbitrairement grande pourvu que le nombre de données n soit su�sam-ment grand. Ces lasses de Besov ontiennent ertes des fontions de régularité non homogène,mais néessairement ontinues. Dans le adre multidimensionnel, [WN07℄ proposent un résultatd'adaptation sur des lasses de Hölder, toujours à un fateur logarithmique près, mais pas derésultat d'adaptation spatiale.Blanhard et al. [BSRM07℄ démontrent des inégalités de type orale, éventuellement àun fateur logarithmique près, pour des histogrammes onstruits sur des partitions en re-tangles dyadiques dans les adres suivants : en lassi�ation, pour l'estimation de la loi deprobabilité onditionnellement à la lasse par moindres arrés ou maximum de vraisemblanepénalisé, et l'estimation de densité par maximum de vraisemblane pénalisé. Leurs résultatsdéoulent d'un théorème de séletion de modèles général pour fontion de perte bornée dû àBlanhard et al. [BBM08℄. Ils obtiennent ertes un résultat d'adaptation à l'anisotropie, maisuniquement pour des fontions höldériennes, n'exploitant don pas les apaités d'adaptationspatiale de la olletion. En revanhe, ils proposent une amélioration de l'algorithme présentépar [Don97; Kle09℄ dans un adre multivarié. Leur étude par simulations montre notammentque leur proédure se ompare favorablement à l'algorithme CART en lassi�ation.En�n, Birgé [Bir06b℄ propose d'e�etuer de la séletion d'histogrammes onstruits sur despartitions en intervalles dyadiques en utilisant sa proédure de séletion basée sur des testsmultiples. Seront ainsi traitées l'estimation de densité [Bir06b℄, de l'intensité d'un proessusde Poisson [Bir07℄ et de l'intensité d'une mesure aléatoire par Baraud et Birgé [BB09℄. Danshaun de es as, la performane de l'estimateur est mesurée via le risque quadratique assoiéà une distane de type Hellinger. C'est à Birgé [Bir06b℄ que l'on doit le rapprohement entre laséletion de modèle et le résultat d'approximation de DeVore et Yu [DY90℄ pour les espaes deBesov, étendu dans [Bir07℄ aux fontions à α-variations bornées. L'utilisation de ette famille departitions est en fait beauoup plus anienne en théorie de l'approximation, et remonte au moinsà Birman et Solomjak [BS67℄. En e�et, une manière naturelle de onstruire une approximation,disons onstante par moreaux, d'une fontion à valeurs réelles dé�nie sur [0, 1] onsiste à partirde la partition triviale {[0, 1]}, puis à ra�ner suessivement la partition en remplaçant unintervalle bien hoisi de la partition par ses deux enfants. Si les proédures dé�nies dans [Bir06b;Bir07; BB09℄ possèdent des propriétés théoriques intéressantes (inégalité de type orale etadaptation spatiale, sans fateur logarithmique), en pratique, leur implémentation semble à ejour di�ilement réalisable en raison d'une omplexité algorithmique quadratique en la taillede la olletion de partitions (f. [BB09℄). Or, elle-i est de l'ordre de 4n lorsqu'on se restreintà des intervalles de longueur au moins 1/n.I.6 Autres proédures spatialement adaptatives au sens mini-maxParmi les proédures spatialement adaptatives au sens minimax autres que la séletion demodèle dérite aux paragraphes I.4 et I.5, nous distinguerons les proédures par seuillage dansune base d'ondelettes, les proédures ave paramètre de lissage variable inspirées de la méthodedite de Lepski, et les proédures par régularisation. Nous nous attarderons un peu plus sur lespremières, qui sont devenues des proédures de référene, tant du point de vue théorique quepratique, et font l'objet d'une abondante littérature.Seuillage dans une base d'ondelettes. Erivons le développement de s ∈ L2([0, 1]) dans une



30 Introdutionbase d'ondelettes aratérisée par une ondelette-père φ et une ondelette-mère ψ sous la forme
s =

∑

k∈Λ(−1)

αkφk +
∑

j∈N

∑

k∈Λ(j)

βj,kψk,où Λ(−1) est un ensemble �ni et, pour j ≥ 0, |Λ(j)| est de l'ordre de 2j . Les proédures deseuillage oe�ient par oe�ient onduisent à des estimateurs de s de la forme
s̃ =

∑

k∈Λ(−1)

α̂kφk +

J⋆∑

j=0

∑

k∈Λ(j)

η(β̂j,k, λj)ψk, (I.6.16)où les α̂k et β̂j,k sont les oe�ients empiriques, auxquels on applique éventuellement une fon-tion de seuillage η. La fontion η a pour e�et de remplaer par 0 les oe�ients empiriquesdu niveau de résolution j inférieurs en valeur absolue à un ertain seuil λj et agit omme uneappliation ontratante sur les autres oe�ients. L'indie J⋆ orrespondant à la résolution laplus �ne est hoisi a priori et joue le même r�le que elui dé�ni au paragraphe I.4.3. Dans leadre de régression dérit dans le Problème 2, ave des xi déterministes uniformément répartissur [0, 1], Donoho et Johnstone [DJ94b℄ (voir aussi [DJKP95℄) proposent l'estimateur VisuSh-rink, basé sur la fontion de seuillage doux et un seuil universel, ne dépendant ni des donnéesni du niveau de résolution, hoisi de manière à véri�er une inégalité d'orale. Cet estimateur,qui ne néessite que O(n) aluls, possède, pour le risque quadratique intégré, des propriétésd'adaptation spatiale sur des boules de Besov de régularité α, à un fateur (ln(n))2α/(1+2α)près. Dans e même adre, l'estimateur NeighCoe� de Cai et Silverman [CS01℄, qui di�èrelégèrement par le type de seuillage et le hoix du seuil, possède des propriétés similaires. Desextensions de VisuShrink à des fontions anisotropes sont proposées par Neumann [Neu00℄ etNeumann et Von Sahs [NvS97℄, dans le modèle de bruit blan gaussien et pour l'estimation duspetre évolutif, toujours ave des propriétés d'adaptation spatiale à un fateur logarithmiqueprès. En estimation de densité, Donoho et al. [DJKP96℄ proposent un estimateur par seuillagefort, ave un seuil dépendant du niveau de résolution mais pas des données. Pour le risque Lqintégré, q ≥ 1, et estimateur s'adapte à un fateur (ln(n))qα/(1+2α) sur des boules de Besovde régularité α, pourvu que les paramètres de l'estimateur soient bien hoisis en fontion de
q et du rayon de la boule. Il existe des extensions de et estimateur à des données ensurées(f. Li [Li07℄), ainsi qu'à des données dépendantes, proposées par Clémençon [Clé00a; Clé00b℄(densité stationnaire et densité de transition d'une haîne de Markov) et Gannaz et Wintenber-ger [GW09℄ (densité pour données faiblement dépendantes). En�n, dans le adre de régressionévoqué en début de paragraphe, deux proédures par seuillage s'adaptent spatialement sansfateur logarithmique : l'estimateur SureShrink de Donoho et Johnstone [DJ95℄ et elui dé�nipar Juditsky [Jud97℄. Dans les deux as, le hoix du seuil dépend à la fois du niveau de résolu-tion et des données, mais l'estimateur reste implémentable ave une omplexité algorithmiqueen O(n ln(n)). Alors que la dé�nition de SureShrink est basée sur l'estimation sans biais durisque quadratique de Stein, l'estimateur de Juditsky repose sur la méthode de Lepski [Lep91℄et ses performanes sont mesurées via le risque Lq intégré, q ≥ 1.Une alternative au seuillage oe�ient par oe�ient est le seuillage par blos : dans l'ex-pression (I.6.16), au sein de haque niveau de résolution Λ(j), les oe�ients empiriques sontd'abord regroupés par blos, et 'est à es derniers qu'on applique la fontion de seuillage.De tels estimateurs sont initialement étudiés par Hall et al. en densité [HKP98℄ et régres-sion [HKP99℄, pour le risque quadratique intégré, ave un seuil onstant et des blos de lon-gueur O(ln2(n)). Ils s'adaptent spatialement sur des lasses de fontions dé�nies par super-position d'une fontion présentant des irrégularités d'un ertain type à une fontion de régu-larité homogène. Cai [Cai02℄ en régression et Chiken et Cai [CC05℄ en densité montrent quedes estimateurs similaires, ave des blos de longueur O(ln(n)), s'adaptent aussi loalement.



Présentation des résultats de la thèse 31L'estimateur BlokJS de Cai [Cai99℄, autre variante de [HKP99℄ ave des blos de longueur
O(ln(n)), et l'estimateur NeighBlok de [CS01℄ se alulent en temps linéaire et possèdent despropriétés d'adaptation spatiale sur les traditionnelles boules de Besov. Cependant, pour lerisque quadratique intégré et sur des boules de régularité α non homogène, mesurée dans lanorme Lp, l'adaptation n'est obtenue qu'à un fateur (ln(n))2(1/p−1/2)/(1+2α) près, qui se dé-tériore don lorsque p déroît. Mentionnons également l'approhe uni�ée de Chesneau [Che08℄� et ses onséquenes [Che09; Che07℄� qui étudie une variante de BlokJS pour le risque Lqintégré. Néanmoins, il apparaît toujours un fateur logarithmique dans le as où la régularitén'est pas homogène. Nous terminerons la revue des méthodes d'ondelettes par la toute réenteproédure SureBlok de Cai et Zhou [CZ09℄ en régression, qui, omme son nom l'indique, estune version � seuillage par blos � de la proédure SureShrink [DJ95℄. La taille des blos ainsique les seuils dépendent du niveau de résolution et sont hoisis à partir des données de manièreà véri�er une inégalité d'orale. La omplexité algorithmique n'est pas mentionnée mais etestimateur est apable de s'adapter spatialement et sans fateur logarithmique.Méthode de Lepski. Lepski et al. [LMS97℄, dans le modèle de bruit blan gaussien, etGoldenshluger et Nemirovksi [GN97℄, dans le modèle de régression gaussien, proposent desestimateurs ave paramètre de lissage variable inspirés de la méthode de Lepski [Lep91℄. Etantdonnée une famille d'estimateurs à noyaux, le paramètre de lissage est hoisi en fontion desdonnées de manière à assurer des propriétés d'adaptation loale. Ces estimateurs s'adaptentégalemant spatialement, sur des boules de Sobolev [GN97℄ ou de Besov [LMS97℄, à un fateurlogarithmique près. Une extension de [LMS97℄ dans un adre multidimensionnel est étudiéepar Kerkyaharian et al. [KLP01℄, qui obtiennent des résultats d'adaptation spatiale à fateurlogarithmique près sur des boules de Besov anisotropes.Régularisation. Etant donné un entier k ∈ N

⋆ hoisi a priori, Mammen et Van deGeer( [MvdG97℄) proposent, dans le adre de régression du Problème 2, d'estimer s en mi-nimisant le ritère de type moindres arrés pénalisé
n∑

i=1

(Yi − t(xi))2 + λV1(t
(k−1))sur une ertaine lasse de fontions. Ii, λ désigne une onstante, V1 la semi-norme dans l'espaedes fontions à variations bornées, et t(k−1) la dérivée d'ordre k − 1 de t. Ils obtiennent ainsiun estimateur polynomial par moreaux sur une partition hoisie en fontion des données. Cetestimateur atteint notamment la vitesse minimax à onstante près pour les fontions dont ladérivée d'ordre k − 1 est à variations bornées. La omplexité algorithmique est préisée dansle as k = 1, de l'ordre de n ln(n) pour une valeur donnée de λ et de l'ordre de n2 pour toutesles valeurs de λ.I.7 Présentation des résultats de la thèseDans ette thèse, nous nous proposons d'estimer diverses fontions par séletion de poly-n�mes par moreaux onstruits sur des partitions en intervalles, ubes ou retangles dyadiques,à l'aide d'un ritère de type moindres arrés pénalisé, les deux premiers hapitres étant onsa-rés à la séletion d'histogrammes. Les adres statistiques que nous étudions sont les suivants.Dans le Chapitre II, nous nous intéressons à l'estimation d'une loi de probabilité disrète. Deplus, l'estimateur que nous onstruisons est utilisé au ours de l'étape préliminaire d'une pro-édure de détetion de ruptures. Dans les deux hapitres suivants, nous sommes onfrontés à



32 Introdutiondes paramètres de nuisane. En e�et, le Chapitre III présente une approhe uni�ée pour l'es-timation fontionnelle basée sur des données éventuellement ensurées. Le Chapitre IV portesur l'estimation de densité onditionnelle pour des données dépendantes, la struture de dépen-dane étant en partie inonnue. Ces di�érents adres statistiques ont été peu étudiés jusqu'iipar des méthodes adaptatives, voire par des méthodes non-paramétriques, omme indiqué dansla bibliographie propre à haque hapitre. Cependant, ertains problèmes de référene, tels quel'estimation de la fontion de régression et l'estimation de densité univariée ou multivariée,orrespondent à des as partiuliers des adres onsidérés dans les Chapitres III et IV, e quiautorise la omparaison ave les diverses proédures statistiques existantes. Nous parvenonsdans tous les as à établir des inégalités de type orale ainsi que des propriétés d'adaptationspatiale, pour une pénalité simplement linéaire en la dimension des modèles. Ces résultats sontobtenus sans le fateur logarithmique qui apparaît dans la grande majorité des travaux évo-qués dans ette introdution, dont eux portant déjà sur ette olletion de partitions. Pourela, nous utilisons de manière essentielle la struture en arbre de la olletion de partitionset les propriétés ombinatoires qui en déoulent, des arguments de onentration propres auxmodèles non réguliers, ainsi que le résultat d'approximation de DeVore et Yu [DY90℄. Cepen-dant, haque nouveau adre néessite de démontrer de nouveaux résultats d'approximation,qui ont leur propre intérêt. Par ailleurs, nous dérivons un algorithme de alul exat de notreestimateur, que nous formulons omme un simple algorithme de plus ourt hemin, et dont laomplexité est seulement linéaire en la taille de l'éhantillon.Présentons plus préisément les di�érents problèmes que nous étudions ainsi que les prin-ipaux résultats établis.Chapitre II. Les travaux de e hapitre font l'objet d'une publiation dans la revue ESAIM :Probability and Statistis, intitulée Estimating a disrete distribution via histogram sele-tion [Aka09℄.À partir de l'observation de n variables aléatoires indépendantes Y1, . . . , Yn à valeurs dansl'ensemble {1, . . . , r}, où r est un entier naturel onnu, r ≥ 2, il s'agit d'estimer la loi deprobabilité s du veteur (Y1, . . . , Yn). Cette loi s est vue omme une fontion à valeurs dans
R
r dont la le oordonnée, l = 1, . . . , r, est la fontion

i ∈ {1, . . . , n} 7→ P(Yi = l).Nous onsidérons ii la olletion M des partitions de {1, . . . , n} en intervalles dyadiques, ensupposant que n est une puissane de 2, haque modèle Sm, m ∈ M, étant onstitué desfontions dé�nies sur {1, . . . , n} à valeurs dans R
r onstantes par moreaux sur la partition m.On obtient une olletion d'estimateurs {ŝm}m∈M par minimisation sur haque modèle d'unontraste de type moindres arrés γ adéquat, omme expliqué dans le paragraphe I.4. Notreétude porte alors sur l'estimateur pénalisé s̃ = ŝm̂ où m̂ = argminm∈M{γ(ŝm) + pen(m)}, pourune pénalité de la forme pen(m) = cDmoù c désigne une onstante et Dm le nombre d'intervalles de la partition m. Nous justi�onsd'un point de vue théorique ette forme de pénalité en prouvant que s̃ véri�e une inégalité detype orale et atteint e�etivement la vitesse d'estimation minimax sur des lasses de fontionsprésentant une régularité de type Besov ou à α-variations bornées. Pour e faire, nous démon-trons notamment un résultat d'approximation similaire à elui évoqué en (I.2.10), l'extensionde [DY90℄ à notre adre n'étant pas immédiate puisque les fontions que nous étudions sont àvaleurs dans R

r, ave r ≥ 2. Pour le alul de l'estimateur s̃, il n'est pas néessaire de déter-miner tous les estimateurs de la olletion, dont le nombre est exponentiel en n. En e�et, nousexpliquons omment tirer pro�t de l'additivité du ontraste et de la forme de la pénalité pour



Présentation des résultats de la thèse 33obtenir omme nouvelle aratérisation de la partition à séletionner
m̂ = argmin

m∈M

∑

I∈m

(L(I) + c)où les quantités L(I) sont exprimées expliitement en fontion des données pour haque inter-valle dyadique I. Cette aratérisation permet d'utiliser un algorithme de plus ourt heminpour déterminer m̂, dont la omplexité en O(n) résulte essentiellement du nombre d'intervallesdyadiques � également en O(n) � servant à onstruire toutes les partitions de la olletion.Grâe à une étude de simulations, nous proposons une manière de hoisir, en pratique, uneonstante de pénalité c pertinente. De plus, pour e hoix de onstante, notre estimateur seompare assez favorablement à elui basé sur la stratégie Birgé-Massart étudié dans [DLT09℄.Dans un deuxième temps, nous proposons une proédure hybride pour la détetion de rup-tures dans la loi s. Une di�ulté de e problème réside dans le fait que nous ne disposons apriori d'auune information sur le nombre ou la position de es ruptures. L'estimateur s̃ seuln'est pas tout à fait adapté à e problème étant donnée la ontrainte sur la struture des par-titions. Aussi, nous dé�nissons une proédure hybride omme suit. On détermine tout d'abordla partition m̂ assoiée à s̃. Puis on onsidère la olletion (aléatoire) des partitions onstruitessur m̂, et l'on proède à la séletion de la meilleure partition parmi ette olletion à l'aided'un ritère de type moindres arrés pénalisé. On en déduit également un nouvel estimateur
s̃hyb de s. Une qualité majeure de ette proédure est son temps de alul extrêmement réduit.Par ailleurs, nous montrons que et estimateur hybride onserve des propriétés d'adaptationsimilaires à elles de l'estimateur initial. Nous implémentons ette proédure aussi bien sur desdonnées simulées que sur des données réelles de grande dimension. En e�et, nous proposonsune appliation à la détetion de ruptures dans une vraie séquene d'ADN.Chapitre III. Ce hapitre présente une approhe uni�ée pour l'estimation fontionnelle baséesur des données éventuellement ensurées, qui interviennent fréquemment en analyse des don-nées de survie ou en �abilité par exemple. Nous nous plaçons dans le adre général suivant.Notre but est d'estimer une fontion s à valeurs réelles sur la base d'observations indépendantes
Z1 = (X1, Y1), . . ., Zn = (Xn, Yn), n ≥ 3, où Xi ∈ [0, 1] peut être onsidéré omme un instantd'observation et Yi est à valeurs dans un espae Y donné. On désigne par Ps la mesure de pro-babilité sous-jaente et par Es l'espérane assoiée, et on note L2([0, 1]) l'espae des fontionsde arré intégrable par rapport à une mesure de probabilité µ, muni du produit salaire et dela norme usuels notés 〈 . , . 〉 et ‖ . ‖. Nous onsidérons ii dans un premier temps une olletion�nie quelonqueM⋆ de partitions de [0, 1] et dé�nissons haque modèle Sm omme l'ensembledes fontions onstantes par moreaux sur la partition m. Nous supposons que s appartient àun sous-espae donné S de L2([0, 1]) et que, pour tout t ∈ S,

〈t, s〉 = Es

[
1

n

n∑

i=1

w(Zi)t(Xi)

]où w : [0, 1] × Y → R est une fontion mesurable donnée qui dépend éventuellement deparamètres inonnus (par exemple, d'un paramètre de nuisane dû à la ensure). Alors, sminimise sur S
t 7→ Es

[
‖t‖2 − 2

n

n∑

i=1

w(Zi)t(Xi)

]
= ‖s − t‖2 − ‖s‖2,don nous onsidérons des estimateurs dé�nis par minimisation du ritère

γ(t) = ‖t‖2 − 2

n

n∑

i=1

ŵ(Zi)t(Xi)



34 Introdutionsur les modèles Sm, m ∈ M⋆, pour un estimateur donné ŵ de w. L'estimateur s̃ est alorsdé�ni omme en I.4, ave une fontion de pénalité qu'il reste à hoisir. Nous illustrons lapertinene de e adre général en détaillant les exemples suivants : estimation de la fontionde régression, estimation de densité ave données ensurées ou non, estimation du taux desurvie ave données ensurées. Nous formulons de manière onise des hypothèses généralespermettant de démontrer que l'estimateur s̃ véri�e une inégalité de type orale, éventuellementà un fateur près dépendant de n, pour une pénalité adéquate. Ces hypothèses portent surla struture de la olletion de partitions, l'existene de moments exponentiels de ertainesvariables aléatoires et la qualité de ŵ en tant qu'estimateur de w.Hypothèse (P) Il existe une partition m⋆ sur laquelle sont onstruites toutes les partitions de
M⋆ et telle que infI∈m⋆ nµ(I) ≥ 1. De plus, pour tout I ∈ m⋆, 1II ∈ S.Hypothèse (M) Il existe une onstante positive a et une onstante stritement positive v tellesque, pour tout I ∈ m⋆ et tout λ ∈]− 1/a, 1/a[,

ln Es

[
exp

(
λ

n∑

i=1

(
w(Zi)1II(Xi)− Es

[
w(Zi)1II(Xi)

]))]
≤ nvµ(I)λ2

2(1− a|λ|) .Hypothèse (W) Il existe un réel positif C∆, qui dépend éventuellement de w et s, tel que pourtout I ∈ m⋆,
Es



(

1

nµ(I)

n∑

i=1

(ŵ − w)(Zi)1II(Xi)

)2

 ≤ C∆

n
.Dans le as partiulier où M⋆ est la olletion des partitions en intervalles dyadiques delongueur su�samment grande, une pénalité adéquate peut s'érire sous la formepen(m) = c

M̂Dm

n
,où c est une onstante, M̂ est un estimateur d'un terme de variane et Dm, le nombre d'inter-valles de m. Nous expliitons dans de nombreux as M̂ en fontion des données. Nous montronsalors des résultats d'adaptation spatiale sur des lasses de fontions à α-variations bornées oudes lasses de fontions présentant une régularité de type Besov plus larges que elles habi-tuellement onsidérées. En e�et, la limite inférieure sur la régularité α est usuellement en 1/ppour les fontions présentant une régularité non-homogène mesurée dans une norme Lp, et nousobtenons la ondition moins restritive

α >
1

2

(
1

p
− 1

2

)(
1 +

√
2 + 3p

2− p

)pourvu que les fontions d'une même lasse soient uniformément bornées. D'autre part, ontrai-rement à [DY90; Bir06a; Bir07; BB09℄, nous devons prendre en ompte la ontrainte sur la tailleminimale des intervalles pour établir les qualités d'approximation de la olletion de modèleset la vitesse d'estimation qui en résulte.Chapitre IV. Nous proposons dans e hapitre une étude simultanée de l'estimation de la den-sité et de la densité onditionnelle, lorsque les données sont dépendantes. Aussi, la fontion s àestimer est dé�nie dans e hapitre sur [0, 1]d, où d ≥ 2. Etant donné un entier naturel r, nous



Présentation des résultats de la thèse 35onsidérons tout d'abord une olletionM⋆ de partitions de [0, 1]d assez générale, et dé�nissonshaque modèle Sm, m ∈ M⋆, omme l'ensemble des fontions polynomiales par moreaux sur
m de degré au plus r en haque oordonnée. Nous proposons di�érentes hypothèses de dépen-dane, basées sur les oe�ients de mélange ou une ondition d'indépendane onditionnelle,sous lesquelles les estimateurs sur un modèle ou l'estimateur pénalisé se omportent presqueaussi bien que dans le as où les données sont dépendantes. Puis, nous nous intéressons pluspartiulièrement aux olletions de partitions en ubes dyadiques et en retangles dyadiques.Pour haune de es olletions, nous proposons une pénalité de la formepen(m) = cϑ lnδ(n)

N (s, f)Dm

n
.Ii, c désigne une onstante positive et Dm, la dimension du modèle Sm. Le réel positif ϑainsi que δ, qui vaut soit 0, soit 1, hangent selon l'hypothèse de dépendane. La quantité

N (s, f) dépend de s et de la densité f des variables de onditionnement, mais peut en pratiqueêtre remplaée par un estimateur adéquat. Chaune de es olletions permet d'obtenir desrésultats d'adaptation spatiale, sur des boules de Besov isotropes pour la première, et plusgénéralement sur des boules de Besov anisotropes pour la seonde. Ce dernier résultat reposenotamment sur une extension de [DY90℄ à des fontions présentant une régularité anisotrope.Bien que [Don97; Kle09℄ aient étudié l'adaptation sur des espaes de e genre, rappelons queleur ligne de preuve, basée sur des ondelettes de Haar, est di�érente de elle que nous proposonset se limite à des fontions dont les degrés de régularité dans haune des diretions ne peuventêtre supérieurs à 1.En éto�ant ainsi la liste des adres statistiques étudiés, nous ontribuons à montrer l'uni-versalité de la proédure de séletion de partitions en retangles dyadiques. Tout en étantimplémentable ave une omplexité on ne peut plus raisonnable, ette proédure possède despropriétés d'adaptation qui s'étendent jusqu'aux fontions de régularité à la fois non homogèneet anisotrope. A notre onnaissane, il n'existe pas d'autre estimateur possédant es qualités.De plus, ette proédure semble pertinente en pratique. Ces di�érents résultats la rendent dontout à fait ompétitive par rapport aux méthodes déjà existantes, dont les méthodes d'onde-lettes. D'autre part, les travaux présentés ii ouvrent des perspetives de reherhe dérites en�n de thèse.
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Chapter IIEstimating a disrete distribution viadyadi histogram seletion
This hapter is a slightly modi�ed version of the artile Estimating a disrete distribution viahistogram seletion by the author, to appear in ESAIM: Probability and Statistis.AbstratIn this hapter, our aim is to estimate the joint distribution of a �nite sequeneof independent ategorial variables. We onsider the olletion of partitions intodyadi intervals and the assoiated histograms, and we selet from the data the besthistogram by minimizing a penalized least-squares riterion. The hoie of the ol-letion of partitions is inspired from approximation results due to DeVore and Yu.Our estimator satis�es a nonasymptoti orale-type inequality and adaptivity prop-erties in the minimax sense. Moreover, its omputational omplexity is only linear inthe length of the sequene. We also use that estimator during the preliminary stageof a hybrid proedure for deteting multiple hange-points in the joint distributionof the sequene. That seond proedure still satis�es adaptivity properties and anbe implemented e�iently. We provide a simulation study and apply the hybridproedure to the segmentation of a DNA sequene.
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Introdution 39II.1 IntrodutionLet Y1, Y2, . . . , Yn be independent random variables taking values in the �nite set {1, . . . , r},where r is an integer and r ≥ 2. Let s be the joint distribution of (Y1, Y2, . . . , Yn), that weonsider as the R
r-valued funtion de�ned on {1, . . . , n} with l-th oordinate funtion

i ∈ {1, . . . , n} 7→ P(Yi = l),for l = 1, . . . , r. The aim of this hapter is to study a nonparametri estimator of the dis-tribution s. Referenes treating about this problem are so sare that we an only ite threeof them. Aerts and Veraverbeke [AV95℄ propose a kernel estimator, whose onvergene rateis given under a Lipshitz regularity ondition. More reently, Lebarbier and Nédéle [LN07℄and then Durot, Lebarbier and Toquet [DLT09℄ have studied proedures based on the modelseletion priniple introdued by Barron, Birgé and Massart [BBM99℄. Thus, all their resultsare nonasymptoti. In both ases, a family of linear spaes of real-valued funtions de�nedon {1, . . . , n} is given, and the proedures allow to selet from the data, by minimizing somepenalized riterion, one spae among that family in whih all the oordinate funtions of sare estimated. The hoie of the penalty is supported by an orale-type inequality. Lebarbieret al. [LN07℄ onsider two di�erent penalized riteria, one based on least-squares, the otherone on maximum-likelihood, and spaes of pieewise onstant funtions. Durot et al. [DLT09℄onsider only a penalized least-squares riterion, but provide an orale-type inequality that isvalid for almost all �nite families of linear spaes. Moreover, they are partiularly interestedin three families of spaes. The so-alled exhaustive indiator strategy orresponds with thefamily made up of all spaes of funtions pieewise onstant on some partition of {1, . . . , n}, afamily already enountered in [LN07℄; the exhaustive Haar and non-exhaustive Haar (or neH)strategies are based on families made up of spaes generated by some Haar wavelets. In thesethree ases, the resulting estimator is proved to have adaptivity properties. Due to the rihnessof the underlying families of spaes, both exhaustive strategies yield estimators that only satisfyan orale-type inequality up to a ln(n) fator, but the non-exhaustive one does not have thesame drawbak. Besides, implementing the �rst strategy requires O(n3) omputations, againstonly O(n ln(n)) for the other two.In this hapter, we study the penalized least-squares estimator de�ned as in [DLT09℄ butbased on a fourth family of linear spaes: in our ase, eah spae is omposed of funtionspieewise onstant on a partition of {1, . . . , n} into dyadi intervals. Thus, we will refer to ourestimator as the d-estimator. The olletion of linear spaes we onsider has been hosen forits potential qualities of approximation, as suggested by approximation results for real-valuedfuntions due to DeVore and Yu [DY90℄ and DeVore (f. [Bir07℄). Adapting the proofs to ourframework, we prove that our olletion of spaes has indeed good approximation qualities withrespet to R
r-valued funtions de�ned on {1, . . . , n} that either belong to Besov bodies � somedisrete analogues of balls in a Besov spae � or have bounded variation. On the other hand,the number of spaes per dimension is low enough to yield an orale-type inequality with noextra logarithmi fator. The onjuntion of both properties of our olletion allows to proveadaptivity results in the minimax sense. From a theoretial point of view, the d-estimator thussatis�es properties similar to those of the neH-estimator, and is also proved to be adaptive forfuntions with bounded variation. Moreover, the d-estimator an be implemented with only

O(n) omputations. Notie that a similar olletion of linear spaes has lately been used byBirgé [Bir06a; Bir07℄ and Baraud and Birgé [BB09℄ for estimation by model seletion in variousstatistial frameworks.As an appliation of our estimation proedure, we address the problem of multiple hange-point detetion in the distribution s. Our aim is then to estimate s by a funtion that ispieewise onstant on some partition of {1, . . . , n} with a number of intervals muh smaller



40 Estimating a disrete distribution via dyadi histogram seletionthan n. That issue has attrated muh attention due to its appliation to the segmentation ofDNA sequenes into regions of homogeneous omposition (f. the review [BM98b℄ by Braun andMüller). Owing to the length of sequenes suh as DNA ones, a speial attention must be paid tothe omputational omplexity of the statistial proedures. Braun, Braun and Müller [BBM00℄prove onsisteny results for the estimation of the hange-points and the number of hange-points when using a penalized quasi-deviane riterion, but their estimator su�ers from aheavy omputational omplexity, of order O(n3). The two-stage proedure proposed by Geyand Lebarbier [GL08℄ in a Gaussian regression framework an be adapted to the frameworkonsidered here (f. [Leb02℄, Chapter 7). The preliminary stage uses CART algorithm toselet a partition. In order to redue the size of the partition, the seond stage onsists inseleting a partition among the rougher partitions built on the previous one, by minimizing apenalized least-squares riterion. In the best ase, the number of omputations falls down toonly O(n ln(n)) for the �rst stage of the proedure. Last, a few linear time proedures exist,suh as the one proposed by Fu and Curnow [FC90℄ (f. [Cs¶04℄ for the implementation) andthe one studied by Szpankowski, Szpankowski and Ren [SRS05℄. We propose in this hapter ahybrid proedure similar to that of [GL08℄, where the �rst stage onsists this time in seletinga partition into dyadi intervals. In pratie, our hybrid proedure an be implemented quitee�iently. Moreover, unlike the CART-based hybrid estimator, our hybrid estimator is provedto enjoy some adaptivity properties, whih are similar to those of the d-estimator, up to amultipliative onstant. Notie that, ontrary to [BBM00℄, our aim is not to detet all thehange-points, but only the most relevant ones.The hapter is organized as follows. In Setion II.2, we desribe the statistial frameworkand introdue notation used throughout the hapter. The next setion is devoted to thetheoretial study of the d-estimator . Then, we present the subsequent hybrid proedure. Theperformane of these proedures are illustrated in Setion II.5 through a simulation study. Inpartiular, we disuss there the pratial hoie of the penalties onstants. Besides, we omparethe d-estimator with the neH-estimator introdued in [DLT09℄, and apply the hybrid proedureto a DNA sequene. The hapter ends with the proof of the approximation result needed toderive one of the adaptivity properties.II.2 Framework and notationII.2.1 FrameworkWe observe n independent random variables Y1, . . . , Yn de�ned on the same probability spae
(Ω,A,P) and with values in {1, . . . , r}, where r is an integer and r ≥ 2. We assume that n is apower of 2, n ≥ 2, and write n = 2N . The distribution of the n-uple (Y1, . . . , Yn) is representedby the r × n matrix s whose i-th olumn is

si =
(
P(Yi = 1) . . . P(Yi = r)

)T
, for i = 1, . . . , n.Observing (Y1, . . . , Yn) is equivalent to observing the random r×n matrix X whose i-th olumnis

Xi =
(
1IYi=1 . . . 1IYi=r

)T
, for i = 1, . . . , n.It should be notied that the distribution s to estimate is in fat the expetation of X.II.2.2 NotationAll along the hapter, we identify real-valued funtions de�ned on {1, . . . , n} with R

n-vetors,so that u = (u1 . . . un) ∈ R
n represents the funtion u : i ∈ {1, . . . , n} 7→ ui. In partiular,



The d-estimator 41for any subset I of {1, . . . , n}, we all indiator funtion of I, and denote by 1II , the R
n-vetorwhose i-th oordinate is equal to 1 if i ∈ I, and null otherwise. In the same way, we identify

R
r-valued funtions de�ned on {1, . . . , n} with elements of M (r, n), the set of real matrieswith r rows and n olumns. Given an element t ∈M (r, n), we denote by t(l) its l-th row andby ti its i-th olumn. Thus t ∈M (r, n) represents the funtion, also denoted by t, de�ned on
{1, . . . , n}, whose value in i is the R

r-vetor ti, while t(1), . . . , t(r) are the oordinate funtionsof t.The spae M (r, n) is endowed with the inner produt de�ned by
〈t, u〉 =

n∑

i=1

r∑

l=1

t
(l)
i u

(l)
i .That produt is linked with the standard inner produts on R

r and R
n, denoted respetivelyby 〈., .〉r and 〈., .〉n, by the relations

〈t, u〉 =

n∑

i=1

〈ti, ui〉r =

r∑

l=1

〈t(l), u(l)〉n.The norms indued by these produts on M (r, n), Rr and Rn are respetively denoted by ‖.‖,
‖.‖r and ‖.‖n. Another norm on M (r, n) appearing in this hapter is

‖t‖∞ := max
{
|t(l)i |; 1 ≤ i ≤ n, 1 ≤ l ≤ r

}
.Let us now de�ne some subsets of M (r, n) of speial interest. The set omposed of the

r × n matries whose olumns are probability distributions on {1, . . . , r} is denoted by P.Given a linear subspae S of R
n, the notation R

r⊗S stands for the linear subspae of M (r, n)omposed of the matries whose rows all belong to S.When the distribution of (Y1, . . . , Yn) is given by s, we denote respetively by Ps and Esthe underlying probability distribution on (Ω⊗n,A⊗n) and the assoiated expetation.Last, in the many inequalities we shall enounter, the letters C,C1, c1, . . . stand for positiveonstants. Sometimes, their dependene on one or several parameters will be indiated. Forinstane, the notation C(α, p) means that C only depends on α and p. The only onstantwhose value is allowed to hange from one line to another is denoted by C, with no index.II.3 The d-estimatorWe study in this setion the d-estimator of the distribution s, thus alled beause it takesvalues in the set of pieewise onstant funtions on some partition of {1, . . . , n} into dyadiintervals. We begin with the de�nition of the estimator, explain the underlying model seletionpriniple and justify the form of the involved penalty thanks to [DLT09℄. Then, we present themain result of this hapter, about the adaptivity of the d-estimator. They greatly rely on anapproximation result that will be proved later in the artile. Last, we desribe the algorithmused to implement that proedure and give its omputational omplexity.II.3.1 De�nition of the d-estimatorA partition of {1, . . . , n} into dyadi intervals is a partition of {1, . . . , n} into sets of the form{
kn2−j + 1, . . . , (k + 1)n2−j

}, where j ∈ {0, . . . , N} is allowed to hange from one interval



42 Estimating a disrete distribution via dyadi histogram seletionof the partition to another, and k ∈ {0, . . . , 2j − 1}. We denote by M the family of all suhpartitions of {1, . . . , n}. We onsider the olletion of linear spaes of the form R
r⊗Sm, where

m ∈M and Sm is the linear subspae of R
n generated by the indiator funtions {1II , I ∈ m}.In the sequel, the term `model' refers indi�erently to suh a subspae of M (r, n) or to theassoiated partition in M. For all m ∈ M, the least-squares estimator of s in R

r ⊗ Sm isde�ned by
ŝm = argmin

t∈Rr⊗Sm

‖X− t‖2.Over eah interval I ∈ m, ŝm is onstant and equal to the mean of the R
r-vetors (Xi)i∈I .Ideally, we would like to hoose a model among the olletionM suh that the risk of theassoiated estimator is minimal. However, determining suh a model requires the knowledge of

s. Therefore the hallenge is to de�ne a proedure m̂, based solely on the data, that selets amodel for whih the risk of ŝm̂ almost reahes the minimal one. In other words, the estimator
ŝm̂ should satisfy a so-alled orale inequality

Es

[
‖s− ŝm̂‖2

]
≤ C inf

m∈M
Es

[
‖s− ŝm‖2

]
.Besides, as often, the risk of eah estimator ŝm breaks down into an approximation error and anestimation error roughly proportional to the dimension of the model. Indeed, for all m ∈ M,the estimator ŝm satis�es

‖s− sm‖2 +
(
1− ‖s‖∞

)
Dm ≤ Es

[
‖s− ŝm‖2

]
≤ ‖s− sm‖2 +

(
1− 1

r

)
Dm, (II.3.1)where sm is the orthogonal projetion of s on R

r ⊗ Sm and Dm is the dimension of Sm(f. [DLT09℄, proof of Corollary 1). Reahing the minimal risk among the estimators of theolletion thus amounts to realizing the best trade-o� between the approximation error and thedimension of the model, whih vary in opposite ways. Therefore, we onsider the proedure
m̂ = argmin

m∈M

{
‖X− ŝm‖2 + pen(m)

}
,where pen :M→ R

+ is alled penalty funtion. The d-estimator s̃ of s is then de�ned as
s̃ = ŝm̂.Our hoie of penalty, that relies on results proved in [DLT09℄, is justi�ed by an oraleinequality, up to a quantity that depends on ‖s‖∞ (f. Inequality (II.3.4) below).Proposition 3 Let pen :M→ R

+ be a penalty of the formpen(m) = c0Dm, (II.3.2)where, for m ∈M, Dm is the dimension of Sm. If c0 is positive and large enough, then
Es

[
‖s − s̃‖2

]
≤ C(c0) inf

m∈M

{
‖s− sm‖2 +Dm

}
. (II.3.3)Moreover, if ‖s‖∞ < 1, then

Es

[
‖s − s̃‖2

]
≤ C(c0)(1− ‖s‖∞)−1 inf

m∈M
Es

[
‖s− ŝm‖2

]
. (II.3.4)Proof. For all 1 ≤ D ≤ n, we introdue the subolletion of models of dimension D:

MD = {m ∈M s.t. Dm = D}.In order to evaluate the ardinal ofMD, let us desribeM in a more onstrutive way. Let Tbe the omplete binary tree with root (0, 0) suh that:



The d-estimator 43� for all j ∈ {1, . . . , N}, the nodes at level j are indexed by the elements of the set
Λ(j) = {(j, k), k = 0, . . . , 2j − 1};� for all j ∈ {0, . . . , N − 1} and all k ∈ {0, . . . , 2j − 1}, the left branh that stems fromnode (j, k) leads to node (j + 1, 2k), and the right one, to node (j + 1, 2k + 1).The node set of T is N = ∪Nj=0Λ(j), where Λ(0) = {(0, 0)}. The dyadi intervals of {1, . . . , n}are the sets

I(j,k) =
{
k2N−j + 1, . . . , (k + 1)2N−j

}indexed by the elements of N . Hene we dedue a one-to-one orrespondene between thepartitions of {1, . . . , n} that belong toM and the subsets of N omposed of the leaves of anyomplete binary tree resulting from an elagation of T . The ardinal of MD is thus equal tothe number of omplete binary trees with D leaves resulting from an elagation of T . So it isgiven by the Catalan number D−1
(2(D−1)
D−1

) and upper-bounded by 4D. Therefore, hoosing forinstane L = ln(8), we get
∑

m∈M

exp(−LDm) =

n∑

D=1

|MD| exp(−LD) ≤ 1.Inequality (II.3.3) thus follows from Theorem 1 in [DLT09℄. Inequality (II.3.4) results from theupper-bound (II.3.3) and the lower-bound given in (II.3.1). �From now on, we will always assume that the d-estimator derives from a penalty of the formpen(m) = c0Dm, where the onstant c0 is positive and large enough to yield an orale-typeinequality. Choosing in pratie an adequate value of c0 is an issue that will be treated inSetion II.5. By way of omparison, let us mention that the neH-proedure studied in [DLT09℄satis�es the same kind of orale-type inequality (f. [DLT09℄, Proposition 3). But the similarproedure based on the exhaustive olletion of partitions of {1, . . . , n} only satis�es an orale-type inequality suh as (II.3.4) within a ln(n) fator, owing to the greater number of modelsper dimension (f. [DLT09℄, Proposition 1).Last, notie that s̃ does not neessarily belong to P. Nevertheless, sine the vetor (1 . . . 1)belongs to any Sm, for m ∈ M, the elements in a same row of s̃ sum up to 1. In order toget an estimator of s with values in P, we may onsider the orthogonal projetion of s̃ on thelosed onvex P, whose risk is even smaller than that of s̃.II.3.2 Adaptivity of the d-estimatorThough the orale-type inequality (II.3.4) ensures that, under a minor onstraint on s, theestimator s̃ is almost as good as the best estimator in the olletion {ŝm}m∈M, it does notallow to ompare s̃ with other estimators of s. Therefore, we now pursue the study of s̃adopting a minimax point of view. We onsider a large family of subsets of P, to be de�nedin the next paragraph. Let us denote by S some subset in that family. Our aim is to omparethe maximal risk of s̃ when s belongs to S to the minimax risk over S. We may rewrite theupper-bound (II.3.3) for the risk of s̃ as
Es

[
‖s − s̃‖2

]
≤ C(c0) inf

1≤D≤n

{
inf

m∈MD

‖s− sm‖2 +D
}
, (II.3.5)where we reall thatMD = {m ∈ M s.t. Dm = D} and sm is the orthogonal projetion of son R

r ⊗ Sm. Thus, the approximation qualities of our family of models with respet to eahsubset S remain to be evaluated. More preisely, for eah subset S, and eah dimension D, weshall provide upper-bounds for the approximation error infm∈MD
‖s− sm‖2 when s ∈ S.



44 Estimating a disrete distribution via dyadi histogram seletionOn the one hand, we onsider subsets of P introdued in [DLT09℄, whose de�nition isinspired from the haraterization in terms of wavelet oe�ients of balls in Besov spaes. Inorder to de�ne them, we equip R
n with an orthonormal wavelet basis, the Haar basis.De�nition 1 Let ϕ : R → {−1, 1} be the funtion with support (0, 1] that takes value 1 on

(0, 1/2] and −1 on (1/2, 1]. Let Λ = ∪N−1
j=−1Λ(j), where Λ(−1) = {(−1, 0)} and

Λ(j) = {(j, k), k = 0, . . . , 2j − 1}, for j = 0, . . . , N − 1.If λ = (−1, 0), φλ is the R
n-vetor whose oordinates are all equal to 1/

√
n.If λ = (j, k), where j 6= −1 and k ∈ Λ(j), φλ is the R

n-vetor whose i-th oordinate is
φλ i =

2j/2√
n
ϕ

(
2j
i

n
− k
)
, for i = 1, . . . , n.The funtions {φλ}λ∈Λ are alled the Haar funtions. They form an orthonormal basis of R

nalled the Haar basis.Any element t ∈M (r, n) an be deomposed into
t =

N−1∑

j=−1

∑

λ∈Λ(j)

βλφλwhere, for all λ ∈ Λ, βλ is the olumn-vetor in R
r whose l-th oe�ient is β(l)

λ = 〈t(l), φλ〉n, for
l = 1, . . . , r. So, we improperly refer to the βλ's as the wavelet oe�ients of t. Besov bodiesare then de�ned as follows.De�nition 2 Let α > 0, p > 0 and R ≥ 0. The set omposed of all the elements t ∈M (r, n)suh that

1√
n

(
N−1∑

j=0

2jp(α+1/2−1/p)
∑

λ∈Λ(j)

‖βλ‖pr

)1/p

≤ R,where, for l = 1, . . . , r, β(l)
λ = 〈t(l), φλ〉n, is denoted by B(α, p,R) and alled a Besov body. Theset of all the elements of P that belong to B(α, p,R) is denoted by BP(α, p,R).We also onsider subsets of P whose de�nition is inspired from funtions of bounded α-variation.De�nition 3 Let α > 0 and R ≥ 0. For t ∈M (r, n), let

Vα(t) = sup
1≤i≤n−1

sup
x0<...<xis.t. 1≤x0<xi≤n

{
i∑

j=1

‖txj − txj−1‖1/αr

}α
.The set omposed of all the elements t ∈M (r, n) suh that Vα(t) ≤ R is denoted by V (α,R).The set of all the elements of P that belong to V (α,R) is denoted by V P(α,R).Notie that, for all t ∈M (r, n), when α ≥ 1,

Vα(t) =

{
n∑

i=2

‖ti − ti−1‖1/αr

}αso that Vα(t) may be interpreted as the ℓ1/α-norm of the `jumps' of t.For a wide range of values of the parameters (α, p,R) or (α,R), we are able to bound theapproximation errors appearing in (II.3.5) uniformly over BP(α, p,R) and V P(α,R).



The d-estimator 45Theorem 1 Let p ∈ (0, 2], α > 1/p − 1/2 and R ≥ 0. For all s ∈ BP(α, p,R) and all
D ∈ {1, . . . , n}, there exists a partition m ∈M suh that Dm = D and

‖s− sm‖2 ≤ C(α, p)nR2D−2α.That result will be proved in Setion II.6.Theorem 2 Let α > 0 and R ≥ 0. Let k1(α) =
(
1 − 2−(1+2α)/(2α)

)
/
(
1 − 2−1/(2α)

). For all
s ∈ V P(α,R) and all 0 ≤ j ≤ N , there exists a partition m ∈M suh that 1 ≤ Dm ≤ k1(α)2jand

‖s− sm‖2 ≤ C(α)nR22−2αj .Proof. The proof of Proposition 3 in [Bir07℄ an be readily adapted to our framework,whatever α > 0. In the proof of that proposition, the assumption α ∈ (0, 1] is only used tobound k1(α) and C(α). �Let us now ome bak to our initial problem, that is omparing the performane of s̃with that of any other estimator of s. For α > 0, p > 0 and R ≥ 0, the minimax risk over
BP(α, p,R) is given by

RB(α, p,R) = inf
ŝ

sup
s∈BP(α,p,R)

Es

[
‖s− ŝ‖2

]where the in�mum is taken over all the estimators ŝ of s. We denote by RV (α,R) the minimaxrisk over V P(α,R). Thanks to the above approximation results, we obtain, as stated below,that, for a whole range of values of (α, p,R) or (α,R), the estimator s̃ reahes the minimax riskover BP(α, p,R) and V P(α,R) within a multipliative onstant. Therefore, s̃ is adaptivein the minimax sense not only over the same range of Besov bodies as the neH-estimator(f. [DLT09℄, Corollary 4) but also on a wide range of sets in the sale {V P(α,R)}α>0,R≥0.Theorem 3 For all p ∈ (0, 2] and α > 1/p − 1/2, if n−1/2 ≤ R < nα, then
sup

s∈BP(α,p,R)
Es

[
‖s− s̃‖2

]
≤ C(c0, α, p)RB(α, p,R).For all α > 0, there exists a real k2(α) ∈ (0, 1) suh that, if R ≥ n−1/2 and R ≤ k2(α)nα, then

sup
s∈V P(α,R)

Es

[
‖s − s̃‖2

]
≤ C(c0, α)RV (α,R).Proof. Let us �x p ∈ (0, 2], α > 1/p−1/2 and n−1/2 ≤ R < nα. Combining Inequality (II.3.5)and Theorem 1 leads to

sup
s∈BP(α,p,R)

Es

[
‖s− s̃‖2

]
≤ C(c0, α, p) inf

1≤D≤n

{
nR2D−2α +D

}
. (II.3.6)In order to realize approximately the best trade-o� between the terms nR2D−2α and D, whihvary in opposite ways when D inreases, we hoose D as large as possible under the onstraint

D ≤ nR2D−2α. Let us denote by D⋆ the largest integer D suh that D ≤ (nR2)1/(1+2α). Onean easily hek that, given the hypotheses linking n and R, D⋆ does belong to {1, . . . , n}.Sine 2D⋆ > (nR2)1/(1+2α), we dedue from Inequality (II.3.6) the upper-bound
sup

s∈BP(α,p,R)
Es

[
‖s− s̃‖2

]
≤ C(c0, α, p)(nR

2)1/(2α+1).The mathing lower-bound for the minimax risk over BP(α, p,R) is proved in [DLT09℄ (The-orem 3).



46 Estimating a disrete distribution via dyadi histogram seletionTable II.3.1: Algorithm for omputing s̃Step 1: InitializationSet d(1) = 0 and p(1) = +∞.For i = 2, . . . , n+ 1,set d(i) = +∞ and p(i) = +∞.Step 2: Determining the lengths of the shortest paths with origin 1For i = 1, . . . , n,for j ∈ Γi,if d(j) > d(i) + L(i, j),then do d(j)← d(i) + L(i, j) and p(j)← i.Step 3: Determining a shortest path P from 1 to n+ 1Set pred = p(n+ 1) and P = (n+ 1).While pred 6= +∞,replae P with the onatenation of pred followed by P ,do pred← p(pred).Step 4: Computing the d-estimatorSet D̃ = length(P ) − 1.For k = 1, . . . , D̃,for i = P (k), . . . , P (k + 1)− 1,set s̃i = X̄(P (k) : P (k + 1)).In the same way, for α > 0 and n−1/2 ≤ R ≤ nα, we get
sup

s∈V P(α,R)
Es

[
‖s− s̃‖2

]
≤ C(c0, α)(nR2)1/(2α+1).The de�nition of k2(α) and the mathing lower-bound for the minimax risk over V P(α,R),for n−1/2 ≤ R ≤ k2(α)nα, are given in Proposition 8. �II.3.3 Computing the d-estimatorSine the penalty only depends on the dimension of the models, we denote by pen(D) thepenalty assigned to all models inMD, for 1 ≤ D ≤ n. A way to ompute s̃ ould rely on theequality

min
m∈M

{
‖X − ŝm‖2 + pen(m)

}
= min

1≤D≤n

{
min

m∈MD

‖X − ŝm‖2 + pen(D)

}
.We should thus ompute the best estimator for eah dimension D ∈ {1, . . . , n}, and hoose oneamong them by taking into aount the penalty term, as in [Leb02℄ (Chapter 3) or [BBM00℄.But, even with Bellman's algorithm, that requires polynomial time. Here, we shall see that wean avoid suh a omputationaly intensive way by taking advantage of the form of the penalty.Let us express more expliitly the riterion to minimize. The dyadi intervals of a givenpartition m ∈ M are denoted by {ik, . . . , ik+1 − 1}, k = 1, . . . ,Dm, with 1 = i1 < i2 . . . <

iDm+1 = n+1. For all 1 ≤ k ≤ Dm, any olumn of ŝm whose index belongs to {ik, . . . , ik+1−1}is equal to the mean X̄(ik : ik+1) of the olumns of X whose indies belong to the interval
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{ik, . . . , ik+1− 1}. Owing to the form of the penalty, and to the additivity of the least-squaresriterion, the whole riterion to minimize breaks down into a sum:

‖X − ŝm‖2 + pen(m) =

Dm∑

k=1

L(ik, ik+1), (II.3.7)where, for all 1 ≤ k ≤ Dm,
L(ik, ik+1) = c0 +

ik+1−1∑

i=ik

‖Xi − X̄(ik : ik+1)‖2r .By omparison with the method suggested in the previous paragraph, we are left with only oneminimization problem, with no dimension onstraint, instead of n. We now turn to graph theorywhere our minimization problem �nds a natural interpretation. We onsider the weighteddireted graph G having {1, . . . , n + 1} as vertex set and whose edges are the pairs (i, j) suhthat {i, . . . , j − 1} is a dyadi interval of {1, . . . , n} assigned with the weight L(i, j). We saythat a vertex j is a suessor to a vertex i if (i, j) is an edge of the graph G and we assoiate toeah vertex i its suessor list Γi. For all 1 ≤ D ≤ n, a D+ 1-uple (i1, i2, . . . , iD+1) of vertiesof G suh that i1 = 1, iD+1 = n + 1 and eah vertex is a suessor to the previous one, willbe alled a path leading from 1 to n + 1 in D steps. The length of suh a path is de�ned as∑D
k=1L(ik, ik+1). Determining m̂ thus amounts to �nding a shortest path leading from 1 to

n+ 1 in the graph G. That problem an be solved by using a simple shortest-path algorithmdediated to ayli direted graphs, presented for instane in [CLRS01℄ (Setion 24.2). Forthe sake of ompleteness, we also desribe it in Table II.3.1. We have to underline that thereare only 2n− 1 dyadi intervals of {1, . . . , n}. Therefore, the graph G, with n+ 1 verties and
2n − 1 edges, an be represented by only O(n) data: the weights L(i, j), for 1 ≤ i ≤ n and
j ∈ Γi, and the suessor lists Γi, for 1 ≤ i ≤ n. In the key step of the algorithm, i.e. step2, eah edge is onsidered only one. When the time omes to onsider the edges with origin
i, the variables d(i) and p(i) respetively ontain the length of a shortest path from 1 to iand a predeessor of i in suh a path. Just before the edge (i, j), where j ∈ Γi, be proessed,the variables d(j) and p(j) ontain respetively the length of a shortest path leading from 1to j and a predeessor of j in suh a path, based solely on the edges that have already beenenountered. Then dealing with the edge (i, j) onsists in testing whether the length of thepath leading from 1 to j an be shortened by going via i and updating, if neessary, d(j) and
p(j). What learly appears from the above desription of the algorithm is that its omplexityis only linear in the length n of the sequene.II.4 Hybrid proedureWe shall now apply the previous proedure to the detetion of multiple hange-points in thedistribution s. Let us give a �rst glimpse of what an be expeted from the d-estimator forthat problem. In Figure II.4, we plot the �rst oordinate funtion of a distribution sa ∈
M (2, 1024) that is pieewise onstant over a partition with only 3 segments together with the�rst oordinate of a realization of s̃a. The value of c0 has been hosen so as to minimize thedistane between sa and its estimator. If both hange-points in sa are indeed deteted, theseleted partition, due to its speial nature, also points at irrelevant ones. In order to get ridof them, we propose a two-stage proedure, that we name hybrid proedure. After desribingit, we provide an adaptivity result for that proedure and end this setion with omputationalissues.In the sequel, we suppose that n ≥ 4. We shall work with the set M (r, n/2) of r × (n/2)real matries and introdue other notation. For all t ∈ M (r, n), we denote by t• (resp. t◦)
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Figure II.4.1: First oordinate funtions of the distribution sa (thin blak line) and of its d-estimator
s̃a (thik yellow line).the element of M (r, n/2) omposed of the olumns of t whose indies are even (resp. odd).We equip M (r, n/2) with the norm analogous to the norm ‖.‖ on M (r, n). For the sake ofsimpliity, we also denote by ‖.‖ that norm on M (r, n/2). For a partition m of {1, . . . , n/2}, wedenote by S′

m the linear subspae of R
n/2 generated by the indiator funtions of the intervals

I ∈ m and by D′
m its dimension. We are now able to desribe the hybrid proedure. First, theprevious proedure based on X• provide us with a random partition of {1, . . . , n/2} into dyadiintervals denoted by m̂•. Then, we onsider the random olletion M̂• of all the partitionsof {1, . . . , n/2} that are built on m̂•. For eah partition m of {1, . . . , n/2}, we de�ne theleast-squares estimator of s◦ in R

r ⊗ S′
m by

ŝ◦m = argmin
t∈Rr⊗S′

m

‖X◦ − t‖2.Then we selet
m̂◦ = argmin

m∈M̂•

{
‖X◦ − ŝ◦m‖2 + p̂en◦(m)

}
,where the penalty p̂en◦ will be hosen in the next paragraph. That partition provide us withthe estimated hange-points in the distribution s. As a matter of fat, we de�ne the hybridestimator s̃hyb of s as the random r × n matrix whose submatries omposed respetivelyof olumns with even indies and of olumns with odd indies are both equal to ŝ◦m̂◦ . Theappliation of this proedure to sa is illustrated by Figure II.5.4. Notie that other ways ofsplitting the sample ould be onsidered. This one has been hosen for ease of notation.We obtain the following upper-bound for the risk of s̃hyb.Theorem 4 Let D̂ be the ardinal of m̂• and p̂en◦ : M̂• → R

+ be a penalty of the formp̂en◦(m) =
(
c1 + c2 ln

(
D̂/D′

m

))
D′
m, (II.4.8)where c1 and c2 are positive. If c0, c1 and c2 are large enough, then

Es

[
‖s− s̃hyb‖2

]
≤ C(c0, c1, c2)

[
inf
m∈M

{
‖s− sm‖2 +Dm

}
+ ‖s◦ − s•‖2

]
.Thus, if s also satis�es ‖s◦ − s•‖2 ≤ λ infm∈M

{
‖s − sm‖2 +Dm

}, then
Es

[
‖s − s̃hyb‖2

]
≤ C(c0, c1, c2, λ) inf

m∈M

{
‖s− sm‖2 +Dm

}
. (II.4.9)Inequality (II.4.9) must be ompared with Inequality (II.3.3). In partiular, provided s◦ and s•are lose enough, the adaptivity properties of the hybrid estimator are similar to those of the

d-estimator. The onstant C(c0, c1, c2, λ) in (II.4.9) is expeted to be larger than the onstant
C(c0) in (II.3.3), but we will see in Setion II.5.3 that, in pratie, provided the penaltyonstants are well hosen, the risk of s̃hyb is not so far from that of s̃.



Hybrid proedure 49Proof. For all 1 ≤ D ≤ D̂, the number N̂D of partitions in M̂• with D piees satis�es
N̂D =

(
D̂ − 1

D − 1

)
≤
(
eD̂

D

)D
.The above inequality results from a property of binomial oe�ients that may be foundin [Mas07℄ (Proposition 2.5) for instane. So the weights de�ned by

L̂(D) = ln(2e) + ln(D̂/D), for 1 ≤ D ≤ D̂,are suh that
D̂∑

D=1

N̂D exp(−DL̂(D)) ≤ 1.Moreover, given X•, the penalty p̂en◦ given by (II.4.8) ful�lls the hypotheses of Theorem 1in [DLT09℄ provided c1 and c2 are large enough. With a slight abuse of notation, for anypartition m of {1, . . . , n/2}, we still denote by tm the orthogonal projetion of an element
t ∈M (r, n/2) on R

r ⊗ S′
m. Working onditionally to X•, the olletion M̂• is deterministi,so we dedue from Theorem 1 of [DLT09℄ applied to the estimator ŝ◦m̂◦ of s◦ that

Es◦
[
‖s◦ − ŝ◦m̂◦‖2|X•

]
≤ C(c1, c2)

[
‖s◦ − s◦m̂•‖2 + p̂en◦(m̂•)

]
. (II.4.10)We reall that the d-estimator of s• is s̃• = ŝ•m̂• . So, thanks to the triangle inequality, andsine an orthogonal projetion is a shrinking map, we get

‖s◦ − s◦m̂•‖2 ≤ C
(
‖s◦ − s•‖2 + ‖s• − s̃•‖2

)
.By de�nition, D̂ = D′

m̂• , so p̂en◦(m̂•) = c1D̂.Taking into aount the last two inequalities and integrating with respet to X• leadsfrom (II.4.10) to
Es

[
‖s◦ − ŝ◦m̂◦‖2

]
≤ C(c1, c2)

[
‖s◦ − s•‖2 + Es•

[
‖s• − s̃•‖2

]
+ Es•(D̂)

]
.Besides, it follows from the de�nition of s̃hyb that

‖s− s̃hyb‖2 = ‖s• − ŝ◦m̂◦‖2 + ‖s◦ − ŝ◦m̂◦‖2.Applying the triangle inequality, we then get
‖s − s̃hyb‖2 ≤ C

(
‖s• − s◦‖2 + ‖s◦ − ŝ◦m̂◦‖2

)
.Consequently,

Es

[
‖s− s̃hyb‖2

]
≤ C(c1, c2)

[
‖s◦ − s•‖2 + Es•

[
‖s• − s̃•‖2

]
+ Es•(D̂)

]
. (II.4.11)Let us denote byM′ the set of all partitions of {1, . . . , n/2} into dyadi intervals. For the riskof s̃•, Inequality (II.3.3) provides

Es•
[
‖s• − s̃•‖2

]
≤ C(c0) inf

m∈M′

{
‖s• − s•m‖2 +D′

m

}
. (II.4.12)In order to bound the term Es•(D̂), we need to go bak to the proof of Theorem 1 in [DLT09℄(Setion 8.1). As already seen during the proof of Proposition 3, we an hoose a positiveonstant L suh that ∑m∈M′ exp(−LD′

m) ≤ 1. Let us �x a partition m ∈ M′ and ξ > 0.



50 Estimating a disrete distribution via dyadi histogram seletionUsing the same notation as in [DLT09℄, we dedue from the proof of Theorem 1 in [DLT09℄that there exists an event Ωξ(m) suh that Ps•(Ωξ(m)) ≥ 1− exp(−ξ) and on whih
c0D̂ ≤ C1‖s• − s•m‖2 + C2(c0)D

′
m + C3D̂ + C4ξ.Therefore, if c0 > C3, then

D̂ ≤ C(c0)
(
‖s• − s•m‖2 +D′

m + ξ
)
.Integrating this inequality and taking the in�mum over m ∈M′ then yields

Es•(D̂) ≤ C(c0) inf
m∈M′

{
‖s• − s•m‖2 +D′

m

}
. (II.4.13)Moreover, one an hek that

inf
m∈M′

{
‖s• − s•m‖2 +D′

m

}
≤ inf

m∈M

{
‖s− sm‖2 +Dm

}
. (II.4.14)Combining Inequalities (II.4.11) to (II.4.14), we �nally get

Es

[
‖s − s̃hyb‖2

]
≤ C(c0, c1, c2)

[
‖s◦ − s•‖2 + inf

m∈M

{
‖s− sm‖2 +Dm

}]
.

� Regarding the omputation of s̃hyb, we know from Setion II.3.3 that determining s̃• onlyrequires O(n) omputations. On the other hand, sine p̂en◦ is not linear in the dimensionof the models, m̂◦ has to be determined following the method suggested at the beginning ofSetion II.3.3 and using Bellman's algorithm. Thus, the seond stage requires O(D̂3) om-putations. However, if s belongs to BP(α, p,R) or V P(α, p,R), it follows from Inequali-ties (II.4.13) and (II.4.14) and the proof of Theorem 3 that the expetation of D̂ is of order
n1/(1+2α). In suh a ase, the seond stage of the hybrid proedure is thus expeted to requiremuh less than O(n3) omputations.II.5 Simulation studyIn the previous setions, our main onern has been to propose a form of penalty yielding,in theory, a performant estimator. In this setion, we study some pratial hoie of thepenalty for eah proedure. Besides, we ompare the d-estimator with the neH-estimatorproposed in [DLT09℄ on several simulated examples. We also ompare on a DNA sequene ourhybrid proedure with that based on CART (f. [Leb02℄) and that based on the neH-proedure(f. [DLT09℄, Setion 7).II.5.1 Choosing the penalty onstant for the d-estimatorWe have examined some examples for r = 2 and r = 4, with di�erent values of n = 2N . For
r = 2, the distribution s is entirely determined by its �rst oordinate funtion, that is the onlyone to be plotted (f. Figure II.5.2). For r = 4, examples sd to sf are plotted in Figure II.5.3(left olumn).As already said in Setion II.3.1, the d-estimator has been designed for satisfying an oraleinequality, what it almost does aording to Proposition 3. Therefore, the risk of the orale, i.e.
infm∈M Es

[
‖s− ŝm‖2

], serves as a benhmark in order to judge of the quality of s̃, and also ofthe quality of a method for hoosing a penalty onstant. The di�erent quantities introdued in
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Figure II.5.2: Left olumn: �rst oordinate funtions of s (thin blak line) and s̃ (thik orange line)for s ∈ {sa, sb, sc}; Right olumn: �rst oordinate funtions of s (thin blak line) and s̃neH (thik greenline) for s ∈ {sa, sb, sc}.
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Figure II.5.3: For s ∈ {sd, se, sf}. Left olumn: Four oordinate funtions of s; Center olumn: fouroordinate funtions of s (thin blak line) and s̃ (thik orange line); Right olumn: four oordinatefuntions of s (thin blak line) and s̃neH (thik green line).



Simulation study 53Table II.5.2: Performane of the d-estimator for di�erent hoies of the penalty onstant.
s r N c⋆ Q⋆ c̄j σj Qj
sa 2 10 1.7 2.4 1.9 0.2 2.7
sb 2 10 1.7 1.9 2.0 0.2 2.1
sc 2 13 2.2 1.7 2.0 0.1 1.8

sd 4 10 2.1 1.4 2.4 0.2 1.4
se 4 12 2.5 1.3 2.3 0.1 1.3
sf 4 13 2.7 1.3 2.5 0.1 1.3the sequel have been estimated over 500 simulations. Denoting by s̃(c) the d-estimator when

c0 takes the value c, we have �rst estimated
c⋆(s) := argmin

c
Es

[
‖s− s̃(c)‖2

]
,where, in pratie, we have varied c from 0 to 4, by step 0.1, and from 4 to 6 by step 0.5. We plotin Table II.5.2 an estimation of c⋆ and the ratio Q⋆ between an estimation of Es

[
‖s− s̃(c⋆)‖2

]and the estimated risk of the orale. In view of the results obtained here, it seems di�ult topropose a value of c0 that would be onvenient for any s. Therefore, as in [DLT09℄, Setion 8,we have tried a data-driven method, inspired from results proved by Birgé and Massart in aGaussian framework (f. [BM07℄). Given a simulation of (Y1, . . . , Yn), the proedure we havefollowed an be deomposed into three steps:� determine the dimension D̂(c) of the seleted partition for eah value c of the penaltyonstant c0, where c inreases from 0, by step 0.1, until D̂(c) = 1;� ompute the di�erene between the dimensions of the seleted partitions for two onse-utive values of c0 and retain the value ĉ orresponding to the biggest jump in dimensionunder the onstraint D̂(ĉ) ≤ Dmax, where Dmax is a presribed maximal dimension;� set ĉj = 2ĉ and ompute the d-estimator with pen(D) = ĉjD.Here we have taken Dmax = 60 when N = 10, Dmax = 200 when N = 12 and Dmax = 300when N = 13. We give in Table II.5.2 the ratio Qj between the estimated risk of s̃ for thatproedure and the estimated risk of the orale. We also give estimations of the mean value andstandard-error of ĉj , denoted respetively by c̄j and σj . One realization of eah d-estimatoromputed with that method is plotted in Figures II.5.2 (left olumn) and II.5.3 (enter olumn).Let us analyze the results of the simulations. The data-driven method really seems to adaptto the unknown distribution s: in terms of risk, it is almost as good as if we knew the onstantthat minimizes the risk of s̃. Let us now ompare the di�erent values of Q⋆ (or Qj). As foreseenby the orale-type inequality (II.3.4), the ratio between the risk of the d-estimator and thatof the orale depends on s. In partiular, the ratios Q⋆ or Qj reah their highest value for sa.It should be noted that the �rst oordinate funtion of this example takes values very lose to1 on a large segment (f. Figure II.5.2), a ritial ase aording to the orale-type inequality.However, for all examples studied here, the values of those ratios remain quite low, inferior orlose to 2, exept for sa.II.5.2 Comparing the d-estimator with the neH-estimatorFor examples sa to sf , we have realized 500 simulations of the d-estimator and the neH-estimator, using a data-driven penalty (f. [DLT09℄, Setion 8, and the previous paragraph).



54 Estimating a disrete distribution via dyadi histogram seletionWe provide in Table II.5.3 the estimated risks of eah proedure, denoted by riskd and riskneH .Thanks to MATLAB `ti' and `to' funtions, we have measured the omputational time ofthose 500 simulations for eah estimator, denoted by timed and timeneH . The ratio of thoseomputational times is given in Table II.5.3. The neH-estimators of examples sa to sf areplotted in Figures II.5.2 and II.5.3 (right olumns).Table II.5.3: Comparison between the d-estimator and the neH-estimator.
s r N riskd riskneH riskd/riskneH timed/timeneH
sa 2 10 11.5 16.4 0.7 8.6
sb 2 10 22.1 26.5 0.8 1.1
sc 2 13 40.2 36.2 1.1 0.5

sd 4 10 14.0 19.4 0.7 1.2
se 4 12 18.3 23.8 0.8 0.6
sf 4 13 33.0 37.7 0.9 0.3Those results on�rm that both proedures have about the same quality of estimation,with a slight advantage though for the d-proedure for almost all the examples. As to theiromputational time, let us reall that the neH-proedure requires O(n ln(n)) omputations,against only O(n) for the d-proedure. That di�erene learly appears through our simulations.The d-estimator seems faster to ompute if n is large enough, and else requires roughly thesame omputational time as the neH-estimator. The only exeption here ours with sa, but500 simulations of s̃a an be omputed within a few minutes only.II.5.3 Choosing the penalty for the hybrid proedureFor the �rst stage of the hybrid proedure, the d-estimator has been omputed using thedata-driven penalty. For the seond stage, the pratial hoie of an adequate penalty ismore deliate, sine the theoretial penalty depends in this ase on two onstants and on thedimension D̂ of the partition seleted during the �rst stage. Sine those two onstants seemdi�ult to determine, we have assigned to all partitions of {1, . . . , n/2} into D intervals thepenalty p̂en◦(D) = β̂D.The value of β̂ is determined one again aording to the same proess as ĉj (f. Setion II.5.1),varying the value of the onstant by step 1, and taking Dmax = D̂. Sine that penalty is alinear funtion of D, the seond stage of the hybrid proedure an be implemented in that asewith the same algorithm as the d-proedure(f. Setion II.3.3). As the graph assoiated withall the partitions built on a partition with D̂ intervals has O(D̂2) verties, the seond stage thusrequires O(D̂2) omputations, instead of O(D̂3) if we had used a penalty with two onstants.We have tested the hybrid proedure on examples sa, sb, sd and se. The hybrid estimators ofthese examples are plotted in Figures II.5.4 and II.5.5. In order to draw a omparison betweenthe hybrid proedure and the d-proedure, we give in Table II.5.4 the following information fordistributions sa, sb, sd and se, still omputed over 500 simulations. We �rst reall the dimension

D of the partition on whih s is built. Then we indiate the estimated mean of the dimensions
D̂d and D̂hyb of the partitions seleted respetively by the d-proedure and the hybrid proedurewith data-driven penalties, and give between parentheses their estimated standard errors. Wealso give the ratio Qhyb:d between the estimated risk of the hybrid estimator and the estimatedrisk of the d-estimator. The estimated means of D̂hyb and D̂d indiate that the dimensionof the partition seleted by the hybrid proedure is muh loser to the true one. Moreover,
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Figure II.5.4: First oordinate funtions of s (thin blak line) and s̃hyb (thik yellow line) for s ∈
{sa, sb}.
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Figure II.5.5: Coordinate funtions of s (thin blak line) and s̃hyb (thik yellow line) for s ∈ {sd, se}.Figures II.5.4 and II.5.5 show that the most signi�ant hange-points are still deteted andquite lose to the true ones, and that irrelevant hange-points are muh fewer with the hybridproedure. The only prie to pay is an inrease in risk, but only by a fator of the order of 2.Table II.5.4: Comparison between the hybrid estimator and the d-estimator.
s D D̂d D̂hyb Qhyb:d
sa 3 9.5 (3.3) 2.9 (0.4) 1.6
sb 8 16.1 (3.1) 4.5 (1.0) 1.6
sd 5 8.9 (2.0) 3.0 (0.8) 1.7
se 5 12.3 (2.1) 4.9 (1.1) 1.7II.5.4 Appliation to the segmentation of a DNA sequeneA DNA sequene of length n an be onsidered as a realization of a n-uple (Y1, . . . , Yn) of inde-pendent ategorial variables with values in {1, . . . , 4}, when oding the set of bases {A,C,G,T}by {1, . . . , 4} for instane. We have tested our hybrid proedure on a DNA sequene takenfrom the Baillus subtilis genome. The whole genome of that baterium (available on theNCBI website, under aession number NC_000964 in the Genome database) is omposed oftwo omplementary strands, eah ounting approximately 4 millions of bases. We have appliedour proedure on the DNA sequene omposed of the �rst 221 = 2 097 152 bases of the strandusually referred to as the (+) strand. For the sake of readability, we only represent on Fig-



56 Estimating a disrete distribution via dyadi histogram seletionTable II.5.5: Estimated proportions of bases A, C, G, T (in perentage) in the 18 �rst segmentsobtained by applying our hybrid proedure to B. subtilis (+) strand.Segment 1 2 3 4 5 6 7 8 9 10Begin 1 9730 14850 16386 22530 26626 29698 30210 35330 35842A 32 26 30 31 27 33 30 26 37 33C 22 31 18 25 22 24 22 30 19 23G 26 21 33 26 31 24 33 21 29 26T 20 23 18 18 20 18 15 23 15 18Segment 11 12 13 14 15 16 17 18Begin 49154 90114 101378 102402 114690 158722 159746 160770A 31 26 37 31 31 24 26 26C 24 30 20 25 23 20 21 30G 26 22 27 26 27 40 34 21T 19 22 16 18 19 17 19 22ure II.5.6, realized with MuGeN software [HNB03℄, the genes orresponding to the �rst 178 000base pairs (bp) of B. subtilis genome. We shall mainly distinguish between two kinds of genes:those oding for proteins and those oding for strutural RNA. The �rst ones are representedby yan or magenta arrows, depending on their orientation, an un�lled arrow indiating thatthe protein funtion is still unknown. The other ones are represented by red arrows if theyode for ribosomal RNA (rRNA), dark blue arrows if they ode for transfer RNA (tRNA), andby an empty box if they ode for a small ytoplasmi RNA (sRNA). The rest of the sequeneorresponds to intergeni regions, that do not ontain any gene.Let us �rst analyze our results for the subsequene represented on Figure II.5.6. Our hybridproedure delineates 19 segments : on Figure II.5.6, the 18 orresponding hange-points arerepresented by the highest vertial bars, and numbered from 2 to 19 so that the number iindiates the beginning of the i-th segment. The estimated proportions of bases A,C,G,T ineah segment are given in Table II.5.5. Segments 2, 8, 12 and 18 learly orrespond with the4 regions of the sequene omposed at the same time of genes oding for rRNA and of genesoding for tRNA. Table II.5.5 shows that these segments have almost the same omposition,that di�ers from the omposition of any other segment. Segments 3, 5, 16 and 17 orrespondwith 4 regions mainly omposed of protein oding genes oriented in the negative sense. Wedetet all suh regions exept for the smallest one of about 300 bases (near 45 000 bp). All theother segments are mainly omposed of protein oding genes oriented in the positive sense. Inpartiular, segment 15 inludes all the genes known to ode for ribosomal proteins. Let us alsounderline that segments 9 and 13 have similar ompositions and are both situated just afterone of the 4 segments oding for rRNA and tRNA. But, as the funtion of the protein odedby gene sfB in segment 9 is unknown, we do not know whether suh similarities are relatedto a biologial feature.Let us now ompare our results to the aforementionned proedures. The hybrid proeduresbased on CART and on the neH-proedures have been tested on the subsequenes omposedrespetively of the �rst 200 000 bases of B. subtilis (+) strand in [Leb02℄ (Setion 7.2.3) andof the �rst 221 bases of that same strand in [DLT09℄ (Setion 7.2). On Figure II.5.6, theresulting hange-points are represented by the smallest vertial bars, numbered from 2 to 10,for the former proedure, and by the medium height bars, numbered from 2 to 17, for thelatter proedure. As [Leb02℄ and [DLT09℄, we detet all the regions omposed of genes odingfor rRNA and tRNA. We reover the same hanges of orientation as [DLT09℄, exept for the
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58 Estimating a disrete distribution via dyadi histogram seletionshortest region, and also detet another hange (near 160 000 bp). The 15th segment obtainedwith our dyadi based hybrid proedure an be ompared with the 13th segment obtainedby [DLT09℄, that ontains all genes known to ode for ribosomal proteins exept for the onefollowing gene sigH. Consequently, as [DLT09℄, we slightly improve on the results obtainedby [Leb02℄. Besides, unlike [Leb02℄ or [DLT09℄, we detet two segments that might be relevantto the biologist. Moreover, our method is expeted to be the fastest sine its �rst stage hasthe lowest omputational omplexity.Let us end with a omparison of our results with those obtained in [NBM+02℄ by usinghidden Markov hain models on the whole (+) strand of B. subtilis genome. At the level of genedetetion, our proedure, that relies on the assumption that the bases are independent, annotrival with that used in [NBM+02℄. But we an ompare the biologial features of the groups ofgenes that our proedure highlights with those assoiated with the hidden states of the mostomplex model �tted by [NBM+02℄ (see their Figure 3). Our method does not seem to detetneither intergeni regions and protein oding genes having a similar omposition (alled atypialgenes in [NBM+02℄), nor genes oding for hydrophobi proteins. But we detet the other fourfeatures, sine we delineate large groups of genes oding for strutural RNA, groups of proteinoding genes with negative orientation, groups of protein oding genes with positive orientation,and among them the group of genes oding for ribosomal proteins, desribed in [NBM+02℄ asthe main region omposed of highly expressed genes. Notie also that the distintion betweenthose four features is not made by any of the less omplex models tested by [NBM+02℄.II.6 Proof of the approximation result over Besov bodiesThis setion is devoted to the proof of Theorem 1, that extends the approximation resultof DeVore and Yu [DY90℄ (Setion 3) to the approximation of R
r-valued funtions de�ned on

{1, . . . , n} by pieewise onstant funtions. For r = 1, that extension simply results from [DY90℄(Corollary 3.2) and Proposition 7 (f. Setion II.6.2), whih is not the ase anymore for r ≥ 2.We �rst desribe the approximation algorithm adapted from [DY90℄. Then, we give the mainlines of the proof and also demonstrate the key result, whih is a diret onsequene of theapproximation algorithm. The proofs of more tehnial points are postponed to the nextsubsetions.II.6.1 Approximation algorithmLet us �x p ∈ (0, 2], α > 1/p − 1/2, R > 0 and D ∈ {1, . . . , n}. In order to prove Theorem 1,we look for an upper bound for
inf

m∈MD

‖t− tm‖2uniformly over t ∈ B(α, p,R). Let I be a dyadi interval of {1, . . . , n}. The restrition of thenorm ‖.‖ to I is denoted by ‖.‖I . Let U be the linear subspae of R
n generated by the vetor

(1 . . . 1), we denote by E2(t, I) the error in approximating t on I by an element of R
r ⊗ U , i.e.

E2(t, I) = inf
c∈Rr⊗U

‖t− c‖I .Besides, both intervals obtained by dividing I into two intervals of same length are alledthe hildren of I. The algorithm proposed by DeVore and Yu [DY90℄ (Setion 2) proeeds asfollows. We �x a threshold ǫ > 0. At the beginning, the set I1(t, ǫ) ontains I(0,0) = {1, . . . , n}.If E2(t, I(0,0)) ≤ ǫ, then the algorithm stops. Else, I(0,0) is replaed in the partition I1(t, ǫ) withhis hildren, hene a new partition I2(t, ǫ) of {1, . . . , n}. In the same way, the k-th step starts



Proof of the approximation result over Besov bodies 59with a partition Ik(t, ǫ) of {1, . . . , n} into k dyadi intervals. If supI∈Ik(t,ǫ) E2(t, I) ≤ ǫ, thenthe algorithm stops, else an interval I suh that E2(t, I) > ǫ is hosen in Ik(t, ǫ) and replaedwith his hildren, hene a new partition Ik+1(t, ǫ) of {1, . . . , n} into k + 1 dyadi intervals.The algorithm �nally stops, giving a partition I(t, ǫ). Denoting by S(t, ǫ) the linear spaeomposed of the funtions that are pieewise onstant on I(t, ǫ), the approximation A(t, ǫ) of
t assoiated with this partition is de�ned as the orthogonal projetion of t on R

r ⊗ S(t, ǫ). So,the approximation error of t by A(t, ǫ) satis�es
‖t−A(t, ǫ)‖2 =

∑

I∈I(t,ǫ)

(
E2(t, I)

)2 ≤ |I(t, ǫ)|ǫ2.For any ǫ > 0 suh that the algorithm stops at the latest at step D, the approximation of tthat we get belongs to the olletion {Rr ⊗ Sm}m∈MD
. Therefore

inf
m∈MD

‖t− tm‖2 ≤ |I(t, ǫ)|ǫ2.Let us denote by ED(t) the in�mum of |I(t, ǫ)|ǫ2 taken over all ǫ > 0 satisfying |I(t, ǫ)| ≤ D.This is in fat the quantity that we shall bound, as indiated in Theorem 5 below.Theorem 5 Let p ∈ (0, 2], α > 1/p − 1/2 and R > 0. For all D ∈ {1, . . . , n} and
t ∈ B(α, p,R),

ED(t) ≤ C(α, p)nR2D−2α.We then get Theorem 1 as a straightforward onsequene of Theorem 5.II.6.2 Proof of Theorem 5: the main linesWe shall prove Theorem 5 by following the path of DeVore and Yu in [DY90℄ (Setion 3).Here are the notions and notation that we will need along the proof. Let p > 0, α > 0 and
t ∈M (r, n). For every subset I of {1, . . . , n}, let

Ep(t, I) = inf
v∈Rr

(∑

k∈I

‖tk − v‖pr
)1/p

.We de�ne the vetor t♯,α,p in R
n whose oordinates are

t♯,α,pi = sup
I∋i
|I|−(α+1/p)Ep(t, I), for i = 1, . . . , n,where the supremum is taken over all the dyadi intervals I of {1, . . . , n} that ontain i. Wedenote by ‖.‖ℓp the (quasi-)norm de�ned on R

n by
‖u‖ℓp =

( n∑

i=1

|ui|p
)1/p(that is a norm only for p ≥ 1) and by ‖.‖ℓp,I its restrition to a subset I of {1, . . . , n}. Wede�ne on R

n the disrete Hardy-Littlewood maximal funtion Mp by
(
Mp(u)

)
i
= sup

I∋i
|I|−1/p‖u‖ℓp,I , for i = 1, . . . , n,where the supremum is taken over all the dyadi intervals I of {1, . . . , n} ontaining i. Last,we reall that every vetor u ∈ R

n is identi�ed with the funtion u : i ∈ {1, . . . , n} 7→ ui, henethe meaning of notation suh as u ≤ v or uq, for u ∈ R
n, v ∈ R

n and q > 0.



60 Estimating a disrete distribution via dyadi histogram seletionThe beginning of the proof diretly results from the way the algorithm works out. Adimension D being �xed, hoosing ǫ > 0 as small as possible suh that the algorithm generatesa partition with at most D intervals leads to a �rst omparison between the quantities ED(t)and D−2α, without making use of any partiular hypothesis on t.Proposition 4 Let α > 0 and p(α) = (α+ 1/2)−1. For all 1 ≤ D ∈≤ n and t ∈M (r, n),
ED(t) ≤ C(α)‖t♯,α,2‖2ℓp(α)

D−2α.Proof. If t♯,α,2 = 0, then, whatever ǫ > 0, E2(t, I(0,0)) ≤ ǫ, so ED(t) = 0, whih ompletes theproof in that ase. Let us now assume that t♯,α,2 is non-null, and let ǫ > 0. If E2(t, I(0,0)) ≤ ǫ,then |I(t, ǫ)| = 1. Else, let I be a dyadi interval that belongs to I(t, ǫ), then I is a hild of adyadi interval Ĩ suh that
ǫ < E2

(
t, Ĩ
)
.Using the de�nition of t♯,α,2, we get, for all i ∈ Ĩ ,

E2
(
t, Ĩ
)
≤
∣∣Ĩ
∣∣α+1/2

t♯,α,2i .Sine I ⊂ Ĩ, |Ĩ| = 2|I| and p(α) = (α+ 1/2)−1, the last two inequalities lead, for all i ∈ I, to
ǫ < 21/p(α)|I|1/p(α)t♯,α,2i ,hene
ǫp(α) < 2

∑

i∈I

(
t♯,α,2i

)p(α)
.Then we dedue by summing over all the intervals I in the partition I(t, ǫ) that

|I(t, ǫ)| ≤ 2‖t♯,α,2‖p(α)

ℓp(α)
ǫ−p(α).Whether E2(t, I(0,0)) ≤ ǫ or not, by hoosing ǫ = 21/p(α)‖t♯,α,2‖ℓp(α)

D−1/p(α), we get a partition
I(t, ǫ) that ontains at most D elements and satis�es

|I(t, ǫ)|ǫ2 ≤ D1−2/p(α)22/p(α)‖t♯,α,2‖2ℓp(α)
.As p(α) = (α+ 1/2)−1, we onlude that

|I(t, ǫ)|ǫ2 ≤ 4α+1/2‖t♯,α,2‖2ℓp(α)
D−2α.

� The proof of Theorem 5 now relies upon three inequalities. The �rst one allows to draw aomparison between ED(t) and D−2α via a term that does not depend on t♯,α,2 anymore buton t♯,α,p(α). It is the disrete analogue of a partiular ase of Theorem 4.3. of [DS84℄.Proposition 5 Let α > 0 and p(α) = (α+ 1/2)−1. For all t ∈M (r, n),
t♯,α,2 ≤ C(α)Mp(α)

(
t♯,α,p(α)

)
.For α > 0, p(α) = (α+ 1/2)−1 and D ∈ {1, . . . , n}, Propositions 4 and 5 immediately lead to

ED(t) ≤ C(α)
∥∥Mp(α)

(
t♯,α,p(α)

)∥∥2

ℓp(α)
D−2α.



Proof of the approximation result over Besov bodies 61Let us now �x p ∈ (0, 2]. By Jensen's inequality, we have
∥∥Mp(α)

(
t♯,α,p(α)

)∥∥
ℓp(α)

≤ n1/p(α)−1/p
∥∥Mp(α)

(
t♯,α,p(α)

)∥∥
ℓpand

t♯,α,p(α) ≤ t♯,α,p,hene
ED(t) ≤ C(α)n2(α+1/2−1/p)

∥∥Mp(α)(t
♯,α,p)

∥∥2

ℓp
D−2α.The following maximal inequality (Inequality (II.6.15) below) ensures a ontrol of u over itsmaximal funtions. It is in fat the disrete version of the Hardy-Littlewood maximal inequality,that may be found in [BS88℄ (Theorem 3.10, p.125).Proposition 6 Let q > 1. For all u ∈ R

n,
‖M1(u)‖ℓq ≤ C(q)‖u‖ℓq .Sine the maximal funtion Mq, q > 0, is related to M1 by the property

Mq(u) =
(
M1(u

q)
)1/q

, for all u ∈ R
n,Proposition 6 yields, for all r > q > 0 and u ∈ R

n,
‖Mq(u)‖ℓr ≤ C(r, q)‖u‖ℓr . (II.6.15)Thus, when applied with u = t♯,α,p, r = p and q = p(α), this inequality leads to

ED(t) ≤ C(α, p)n2(α+1/2−1/p)‖t♯,α,p‖2ℓpD−2α.Last, Proposition 7 below provides the adequate ontrol of the ℓp-(quasi-)norm of t♯,α,p by thesize of the wavelet oe�ients of t and allows to omplete immediately the proof of Theorem 5.Proposition 7 Let p ∈ (0, 2] and α > 1/p − 1/2. For all t ∈M (r, n),
‖t♯,α,p‖ℓp ≤ C(α, p)n−(α+1/2−1/p)

(
N−1∑

j=0

2jp(α+1/2−1/p)
∑

λ∈Λ(j)

‖βλ‖pr

)1/p

,where, for all λ ∈ Λ, βλ stands for the olumn-vetor of R
r with l-th line β(l)

λ = 〈t(l), φλ〉n, forl = 1,. . . , r.II.6.3 Proof of Proposition 5The proof of Proposition 5 mostly relies on a lemma that we demonstrate after introduingsome notation. Let I be a dyadi interval of {1, . . . , n}, t ∈ M (r, n), and p > 0. By aompatness argument, there exists at least one vetor in R
r, denoted by vp(t, I), satisfying

Ep(t, I) =

(∑

k∈I

‖tk − vp(t, I)‖pr
)1/p

.We de�ne the vetors up(t, I) and t♯,α,p,I in R
n whose oordinates are null outside of I andgiven otherwise respetively by

(
up(t, I)

)
i
= ‖ti − vp(t, I)‖r , for i ∈ I,
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t♯,α,p,Ii = sup

I⊃J∋i
|J |−(α+1/p)Ep(t, J), for i ∈ I,where the supremum is taken over all dyadi intervals J of {1, . . . , n} that are ontained in

I and ontain i. Last, for u ∈ R
n, we denote by u⋆ its dereasing rearrangement, i.e. the

R
n-vetor satisfying

u⋆1 ≥ u⋆2 ≥ . . . ≥ u⋆n and {u⋆i ; 1 ≤ i ≤ n} = {|ui|; 1 ≤ i ≤ n}.Lemma 1 Let α > 0, p > 0 and t ∈ M (r, n). Let I be a dyadi interval of {1, . . . , n}ontaining at least two elements. For all j ∈ {1, . . . , |I|/2},
(
up(t, I)

)⋆
j
≤ C(α, p)

( |I|/2∑

k=j

kα−1
(
t♯,α,p,I

)⋆
k

+ jα
(
t♯,α,p,I

)⋆
j

)
.Proof. We �x j ∈ {1, . . . , |I|/2}. Let E be the set omposed of all the indies i in {1, . . . , n}satisfying (t♯,α,p,I)i > (t♯,α,p,I)⋆j . As |E| ≤ j − 1, we only have to prove that

(
up(t, I)

)
i
≤ C(α, p)

( |I|/2∑

k=j

kα−1
(
t♯,α,p,I

)⋆
k

+ jα
(
t♯,α,p,I

)⋆
j

) (II.6.16)for all the indies i ∈ {1, . . . , n}, exept maybe for those belonging to E. Consider i ∈ {1, . . . , n}suh that i /∈ E. If i /∈ I, then (up(t, I))i = 0, so Inequality (II.6.16) is trivial. Suppose nowthat i ∈ I and i /∈ E, and let {Il}1≤l≤m be the sequene of dyadi intervals de�ned by
I1 = I, Il+1 is the hild of Il ontaining i, and Im = {i},where m ≥ 2 beause |I| ≥ 2. Notie that, for all l ∈ {0, . . . ,m− 1}, |Il+1| = 2−l|I|. Let q bethe stritly positive integer suh that

2−(q+1)|I| < j ≤ 2−q|I|.That de�nition implies, in partiular, that 2−q|I| ≥ 1,hene q < m. From the triangle inequal-ity,
(
up(t, I)

)
i
≤

q∑

l=2

‖vp(t, Il−1)− vp(t, Il)‖r +
m∑

l=q+1

‖vp(t, Il−1)− vp(t, Il)‖r, (II.6.17)with the onvention that the �rst sum in Inequality (II.6.17) is null for q = 1. Let us �x
l ∈ {2, . . . ,m} and determine an upper-bound for the term ‖vp(t, Il−1)− vp(t, Il)‖r. We reallthat Il ⊂ Il−1 and |Il−1| = 2|Il|. Besides, for all p > 0, the (quasi-)norm ‖.‖ℓp satis�es a triangleinequality within a multipliative onstant C(p), where we an take C(p) = 1 for p ≥ 1, and
C(p) = 21/p for 0 < p < 1. Therefore, we get

‖vp(t, Il−1)− vp(t, Il)‖r ≤ C(p)|Il|−1/p
(
Ep(t, Il−1) + Ep(t, Il)

)
,whih leads to

‖vp(t, Il−1)− vp(t, Il)‖r ≤ C(α, p)|Il|α min
k∈Il

t♯,α,p,Ik . (II.6.18)Let us bound the �rst sum appearing in (II.6.17). For all l ∈ {2, . . . ,m}, we have
min
k∈Il

t♯,α,p,Ik ≤
(
t♯,α,p,I

)⋆
|Il|

= min
1≤k≤|Il|

(
t♯,α,p,I

)⋆
k
,



Proof of the approximation result over Besov bodies 63and, as |Il+1| = |Il|/2,
|Il|α = C(α)

∫ |Il|

|Il+1|
xα−1 dx ≤ C(α)

|Il|∑

k=|Il+1|

kα−1.Consequently, when q ≥ 2, Inequality (II.6.18) yields
q∑

l=2

‖vp(t, Il−1)− vp(t, Il)‖r ≤ C(α, p)

q∑

l=2

|Il|∑

k=|Il+1|

kα−1
(
t♯,α,p,I

)⋆
k

≤ C(α, p)

|I|/2∑

k=j

kα−1
(
t♯,α,p,I

)⋆
k
.Regarding the seond sum appearing in (II.6.17), we now use Inequality (II.6.18) ombinedwith the following remarks. For all l suh that q+1 ≤ l ≤ m, we have mink∈Il t

♯,α,p,I
k ≤ t♯,α,p,Ii ,sine Il ontains i, and we reall that |Il| = 2−(l−1)|I|. Therefore,

m∑

l=q+1

‖vp(t, Il−1)− vp(t, Il)‖r ≤ C(α, p)|I|α
(
t♯,α,p,I

)
i

m∑

l=q+1

2−(l−1)α.Furthermore, remember that 2−(q+1)|I| < j and i /∈ E, so we �nally obtain
m∑

l=q+1

‖vp(t, Il−1)− vp(t, Il)‖r ≤ C(α, p)jα
(
t♯,α,p,I

)⋆
j
.We have thus proved inequality (II.6.16) and Lemma 1. �Let us now prove Proposition 5. Let α > 0, p(α) = (α + 1/2)−1, t ∈ M (r, n) and

i ∈ {1, . . . , n}. From the de�nition of E2(t, I) for a subset I of {1, . . . , n}, and due to the fatthat E2(t, {i}) = 0, we have
t♯,α,2i ≤ sup

I∋i
|I|−1/p(α)‖up(α)(t, I)‖ℓ2 ,where the supremum is taken over all the dyadi intervals I of {1, . . . , n} that ontain i, exeptfor {i}. We �x suh an interval I. The sequene {(up(α)(t, I)

)⋆
j

}
1≤j≤n

dereases and is null for
j ≥ |I|+ 1, hene

∥∥up(α)(t, I)
∥∥2

ℓ2
≤ 2

|I|/2∑

j=1

((
up(α)(t, I)

)⋆
j

)2
.For 0 < p, q < +∞, we denote by ‖.‖ℓp,q the Lorentz (quasi-)norm de�ned on R

n by
‖u‖ℓp,q =

( n∑

i=1

i−1(i1/pu⋆i )
q

)1/q

.For all subset I of {1, . . . , n}, we denote by ‖.‖ℓp,q ,I the restrition of ‖.‖ℓp,q to I. In partiular,notie that, for all u ∈ R
n and 0 < p, q < +∞,
‖u‖ℓp,p = ‖u‖ℓp and ‖u⋆‖ℓp,q = ‖u‖ℓp,q .From Lemma 1 and the de�nition of p(α), we get

∥∥up(α)(t, I)
∥∥2

ℓ2
≤ C(α)

( |I|/2∑

j=1

j−1

(
j1/2

|I|/2∑

k=j

kα−1
(
t♯,α,p(α),I

)⋆
k

)2

+
∥∥(t♯,α,p(α),I

)⋆∥∥2

ℓp(α),2

)
.



64 Estimating a disrete distribution via dyadi histogram seletionUsing a disrete version of Hardy's inequality (f. Proposition 11 in the Appendix) and notiingthat t♯,α,p(α),I ≤ t♯,α,p(α), we are led to
∥∥up(α)(t, I)

∥∥
ℓ2
≤ C(α)‖t♯,α,p(α)‖ℓp(α),2,I .Last, sine p(α) < 2, we onlude thanks to lassial inequalities between Lorentz (quasi-)norms(f. Proposition 10 in the Appendix) that

t♯,α,2i ≤ C(α) sup
I∋i
|I|−1/p(α)‖t♯,α,p(α)‖ℓp(α),Iwhere the supremum is taken over all the dyadi intervals I of {1, . . . , n} that ontain i.II.6.4 Proof of Proposition 6Let q > 1 and u ∈ R

n. As M1(u) = M1(|u|), we an suppose that u has positive or nulloordinates. Let us �rst demonstrate that, for all i ∈ {1, . . . , n},
(M1(u))

⋆
i ≤ C

(
i−1

i∑

k=1

u⋆k

)
. (II.6.19)If i = 1, then this inequality easily follows from the de�nitions of (M1(u))

⋆
1 and u⋆1. Let us now�x i ∈ {2, . . . , n}. We an write u as u = v + w, where v and w are the R

n-vetors whoserespetive oordinates are
vk = max{uk − u⋆i , 0} and wk = min{uk, u⋆i }, for k = 1, . . . , n.From the triangle inequality, we dedue that M1(u) ≤ M1(v) +M1(w). Properties of disretedereasing rearrangements realled in Proposition 9 then lead to

(M1(u))
⋆
i ≤ (M1(v))

⋆
⌈i/2⌉ + (M1(w))⋆⌊i/2⌋.Moreover,

(M1(w))⋆⌊i/2⌋ ≤ ‖M1(w)‖ℓ∞ ≤ ‖w‖ℓ∞ ,and, from Proposition 9,
(M1(v))

⋆
⌈i/2⌉ ≤ 2i−1‖v‖ℓ1 .Consequently,

(M1(u))
⋆
i ≤ C

(
i−1‖v‖ℓ1 + ‖w‖ℓ∞

)
. (II.6.20)Let I be the set of all the indies l ∈ {1, . . . , n} suh that ul > u⋆i . From the de�nitions of vand w, we get

‖v‖ℓ1 + i‖w‖ℓ∞ ≤
|I|∑

k=1

u⋆k + (i− |I|)u⋆i =

i∑

k=1

u⋆k,whih, given Inequality (II.6.20), ompletes the proof of (II.6.19). We now have
‖(M1(u))

⋆‖qℓq ≤ C(q)

n∑

i=1

(
i−1

i∑

k=1

u⋆k

)q
. (II.6.21)Let us denote by q′ the onjugate exponent of q and introdue, for all k ∈ {1, . . . , n},

u⋆k = k−1/qq′k1/qq′u⋆k. We dedue from Hölder's inequality that
n∑

i=1

(
i−1

i∑

k=1

u⋆k

)q
≤

n∑

i=1

(
q′i−1/q

)q/q′(
i−1

i∑

k=1

k1/q′(u⋆k)
q

)
.



Proof of the approximation result over Besov bodies 65Interhanging the order of the summations, we obtain
n∑

i=1

(
i−1

i∑

k=1

u⋆k

)q
≤ C(q)

n∑

k=1

(u⋆k)
q.Consequently,

‖(M1(u))
⋆‖ℓq ≤ C(q)‖u⋆‖ℓq ,hene Proposition 6.II.6.5 Proof of Proposition 7Let p ∈ (0, 2], α > 1/p − 1/2 and t ∈ M (r, n). For all i ∈ {1, . . . , n} and all 0 ≤ J ≤ N , wedenote by I(J, i) the only dyadi interval of length n2−J that is ontained in {1, . . . , n} andontains i. From the de�nition of t♯,α,p, we dedue

‖t♯,α,p‖pℓp ≤
N−1∑

J=0

(n−12J )αp+1
n∑

i=1

(
Ep
(
t, I(J, i)

))p
. (II.6.22)Let us �rst suppose that 0 < p ≤ 1. From the de�nition of Ep(t, I(J, i)), we have

(
Ep
(
t, I(J, i)

))p
≤

∑

k∈I(J,i)

‖tk − ti‖pr .For all −1 ≤ j ≤ N − 1, the funtions {φλ}λ∈Λ(j) are onstant over any dyadi interval oflength n2−(j+1). Therefore, if k belongs to I(J, i), then
tk − ti =

N−1∑

j=J

∑

λ∈Λ(j)

βλ(φλ k − φλ i).As 0 < p ≤ 1, we dedue from the lassial inequality between ℓp-quasi-norm and ℓ1-norm
n∑

i=1

(
Ep
(
t, I(J, i)

))p
≤ 2n2−p/22−J

N−1∑

j=J

2jp(1/2−1/p)
∑

λ∈Λ(j)

‖βλ‖pr .Interhanging the order of the summations, we get
‖t♯,α,p‖pℓp ≤ C(α, p)n1−p(α+1/2)

N−1∑

j=0

2jp(α+1/2−1/p)
∑

λ∈Λ(j)

‖βλ‖pr .Let us now onsider the ase 1 < p ≤ 2. We �x 0 ≤ J ≤ N − 1 and de�ne
T (J) =

N−1∑

j=J

∑

λ∈Λ(j)

βλφλ.As t− T (J) is onstant over any dyadi interval of length n2−J ,
Ep
(
t, I(J, i)

)
= Ep

(
T (J), I(J, i)

)
.



66 Estimating a disrete distribution via dyadi histogram seletionThis equality and the de�nition of Ep(T (J), I(J, i)
) lead to

n∑

i=1

(
Ep
(
t, I(J, i)

))p
≤

n∑

i=1

∑

k∈I(J,i)

∥∥(T (J)
)
k

∥∥p
r

≤ n2−J
n∑

k=1

(N−1∑

j=J

∑

λ∈Λ(j)

‖βλ‖r|φλ k|
)p
.From (II.6.22) and this last inequality, we get

‖t♯,α,p‖pℓp ≤ n
−αp

n∑

k=1

N−1∑

J=0

(
2Jα

N−1∑

j=J

∑

λ∈Λ(j)

‖βλ‖r|φλ k|
)p
.Then, using one of Hardy's inequalities (f. Proposition 10) and remembering that, for all

j ∈ {−1, . . . , N − 1}, the funtions {φλ}λ∈Λ(j) have disjoint supports, we onlude that
‖t♯,α,p‖pℓp ≤ C(α, p)n−αp

N−1∑

j=0

2jαp
∑

λ∈Λ(j)

‖βλ‖pr
n∑

k=1

|φλ k|p,hene Proposition 7.II.7 Lower bound for the minimax risk over V P(α, R)Proposition 8 For all α > 0, there exists a real k2(α) ∈ (0, 1) suh that, if R ≥ n−1/2 and
R ≤ k2(α)nα, then

RV (α,R) ≥ C(α)(nR2)1/(2α+1).Proof. Let R ≥ 0 and 0 ≤ J ≤ N . For θ ∈ {0, 1}2J , we use the notation θ = (θ0, . . . , θ2J−1).The Hamming distane between two elements θ and θ′ in {0, 1}2J is δ(θ, θ′) =
∑2J−1

k=0 |θk− θ′k|.The Kullbak-Leibler divergene is denoted by K. We shall onstrut a family {sθ}θ∈Θ ofelements of V P(α,R) indexed by a properly hosen subset Θ of {0, 1}2J . Aording to Birgé'sversion of Fano's lemma (f. [Mas07℄, Corollary 2.19), if maxθ,θ′∈ΘK(sθ, sθ′) ≤ κ ln(|Θ|), where
κ is a universal onstant that belongs to (0, 1), then

RV (α,R) ≥ 1− κ
4

η2where η2 = minθ,θ′∈Θ,θ 6=θ′ ‖sθ − sθ′‖2. Let us �x θ ∈ {0, 1}2J . We de�ne sθ ∈M (r, n) by




s
(1)
θ = 1/2 + agθ

s
(2)
θ = 1/2 − agθ
s
(l)
θ = 0 for 3 ≤ l ≤ r, if r ≥ 3where a =

√
2R2−αJ/4 and gθ =

∑2J−1
k=0 (2θk − 1)1II(J,k)

. For all 1 ≤ i < j ≤ n,
‖sθ j − sθ i‖r = a

√
2|gθ(j)− gθ(i)|.Sine gθ is onstant on any dyadi interval of length n/2J and takes values in {−1, 1},

V 1/α
α (sθ) ≤ 2J(2

√
2a)1/α ≤ R1/α,



Lower bound for the minimax risk over V P(α, R) 67so sθ ∈ V (α,R). Besides, as ‖gθ‖∞ ≤ 1, if we assume that R2−αJ ≤
√

2, then sθ ∈ P. Letus rather assume that √2R2−αJ ≤ 1. We an then apply Lemma 4 of [DLT09℄ and get, for all
θ, θ′ ∈ {0, 1}2J ,

K(sθ, sθ′) ≤ 4‖sθ − sθ′‖2.Now, aording to Varshamov-Gilbert's lemma (f. [Mas07℄, Lemma 4.7, for instane), we anhoose Θ ⊂ {0, 1}2J suh that, for any two distint elements θ, θ′ ∈ Θ,
δ(θ, θ′) > 2J/4 (II.7.23)and ln(|Θ|) > 2J/8. For all θ, θ′ ∈ {0, 1}2J , ‖sθ − sθ′‖2 = 8a2n2−Jδ(θ, θ′), so, for all θ, θ′ ∈ Θ,

K(sθ, sθ′) ≤ 28a2n2−J ln(|Θ|)and
η2 ≥ 2na2.Let us now set k2(α) = min

(√
κ/25, (25/κ)α2−(α+1/2)

) and assume that n−1/2 ≤ R ≤ k2(α)nα.We an then de�ne J as the smallest integer in {0, . . . , N} suh that 28a2n2−J ≤ κ, i.e.
J = min

{
0 ≤ j ≤ N s.t. (κ−125nR2)1/(2α+1) ≤ 2j

}
.Suh an integer J does satisfy √2R2−αJ ≤ 1 and leads to

RV (α,R) ≥ C(κ, α)(nR2)1/(2α+1).

�
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Appendix 69AppendixWe state here, for vetors in R
n, a few inequalities that are similar to lassial inequalities forfuntions of a ontinuous parameter. The proofs of the latter, whih may be found in [BS88℄,for instane, are easy to transpose to the �nite-dimensional ase.Proposition 9 (Some properties of dereasing rearrangements) Let u and v be twovetors in R

n. For all λ ≥ 0, let Iu(λ) be the set of the indies k in {1, . . . , n} suh that
|uk| ≥ λ.
i) For all i ∈ {1, . . . , n}, u⋆i = sup{λ ≥ 0 s.t. |Iu(λ)| ≥ i}.

ii) If, for all i ∈ {1, . . . , n}, ui ≤ vi, then, for all i ∈ {1, . . . , n}, u⋆i ≤ v⋆i .
iii) For all i, j ∈ {1, . . . , n} suh that 1 ≤ i+ j ≤ n, (u+ v)⋆i+j ≤ u⋆i + v⋆j .

iv) For all i ∈ {1, . . . , n}, (M1(u))
⋆
i ≤ i−1‖u‖ℓ1 .Proof. See, for instane, [BS88℄, Proposition 1.7. and Theorem 3.3. �Proposition 10 (Inequalities between Lorentz (quasi-)norms) Let p, q and q′ be posi-tive reals and let u be a vetor in R
n.

i) If p ≤ q, then ‖u‖ℓp,∞ ≤ C(p, q)‖u‖ℓp,q .
ii) If q′ ≤ q, then ‖u‖ℓp,q ≤ C(p, q, q′)‖u‖ℓp,q′

.Proof. See, for instane, [BS88℄, Proposition 4.2. �Proposition 11 (Hardy's inequalities) Let q > 1 and let ψ be a vetor in R
n whose oor-dinates are non-negative.

i) For all λ < 1,
n∑

i=1

i−1

(
i1−λ

n∑

k=i

k−1ψk

)q
≤ C(λ, q)

n∑

i=1

i−1(i1−λψi)
q.

ii) For all α > 0,
n∑

i=1

(
2iα

n∑

k=i

ψk

)q
≤ C(α, q)

n∑

i=1

(2iαψi)
q.Proof. See, for instane, [BS88℄, Lemma 3.9. �
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Chapter IIIHistogram seletion based on possiblyensored data
That hapter presents a work in ollaboration with Céile Durot.AbstratWe propose in this hapter a uni�ed approah to funtional estimation problemsbased on possibly ensored data. The general framework that we de�ne allows forinstane to handle density and hazard rate estimation based on randomly right-ensored data, or regression. Given a olletion of histograms, our estimation pro-edure onsists in seleting the best histogram among that olletion from the data,by minimizing a penalized least-squares type riterion. For a general olletion ofhistograms, we obtain nonasymptoti orale-type inequalities. Then, we onsider theolletion of histograms built on partitions into dyadi intervals, a hoie inspiredfrom an approximation result due to DeVore and Yu. In that ase, our estimator isalso adaptive in the minimax sense over a wide range of smoothness lasses, that on-tain funtions of inhomogeneous smoothness. Besides, its omputational omplexityis only linear in the size of the sample.
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Introdution 73III.1 IntrodutionReliability and survival analysis provide many funtional estimation problems based on life-times that an only be partly observed. For instane, in a linial study devoted to the survivaltimes after an operation, some patients may live beyond the end of the study or die from aause unrelated to this operation. Hene, survival times may only be observed up to a so-alledensoring event, and are then onsidered as randomly right-ensored data. However, assumingthey are identially distributed, one may still want to estimate their ommon density, or otherfuntion of interest suh as the hazard rate. The aim of this hapter is to provide a nonpara-metri estimator of a funtion based for instane on suh ensored data, that also adapts tothe unknown and possibly inhomogeneous smoothness of the funtion.Let us mention nonparametri methods already studied in related frameworks. We shallfous on adaptive methods, in the sense that they do not require prior knowledge about thesmoothness of the funtion to estimate. We refer the reader to [BC05℄ for a bibliographyover nonadaptive estimation with ensored data. For estimating the density of i.i.d. survivaltimes under random right-ensorship, Li [Li08℄ proposes an estimator based on wavelet blokthresholding, that improves on his wavelet hard thresholding estimator [Li07℄. He providesthe estimation rates for the L2-risk over a range of Besov lasses omposed of ontinuousfuntions, but that may be of inhomogeneous smoothness, otherwise said whose smoothnessis measured in a Lp-norm with p < 2. He also onsiders Besov-type lasses that may ontaindisontinuous funtions. Nevertheless, the threshold onstant depends on the unknown survivaland ensoring distributions. Estimators based on model seletion via penalization have alsobeen proposed. Given a riterion and a olletion of sets usually alled models, suh proeduresonsist in de�ning the olletion of estimators minimizing that riterion over eah model andthen in hoosing the best model by minimizing a penalized riterion. That is how Döhlerand Rüshendorf [DR02℄ estimate the log-hazard funtion based on ensored data in preseneof ovariates. They use a likelihood-based riterion and a penalty inspired from Vapnik'sstrutural risk minimization approah. With models generated by splines, they obtain the bestestimation rate within a logarithmi fator over Hölder smoothness lasses, for a risk measuredwith a distane equivalent to the L2-distane. They also onsider a more general type ofmodels. Contrary to the previous referenes, the next ones adopt a nonasymptoti point of view.Using the model seletion priniple developed by Birgé and Massart sine [BM97℄, Reynaud-Bouret [RB06℄ estimates the intensity of a ounting proess in the Aalen multipliative intensitymodel, that inludes hazard rate with ensored data. In her work, the seletion is performed viaa least-squares type riterion based on a random norm and the risk is measured in a weighted
L2-norm. That estimator reahes the minimax estimation rate over Hölderian smoothnesslasses when the models are spaes of pieewise onstant funtions on regular partitions. Forhazard rate estimation with ensored data, Brunel and Comte, inspired from [BM97℄, proposetwo estimators based on penalized least-squares type riteria, linked either with the Kaplan-Meier estimator of the survival funtion (f. [BC08℄) or with the Nelson-Aalen estimator of theumulative hazard funtion (f. [BC05℄). Their results an be applied to various olletions ofmodels, provided these models are nested linear spaes, and they obtain the expeted estimationrate for the L2-norm over Besov lasses of homogeneous smoothness when the models arenested linear spaes generated by trigonometri or pieewise polynomials, splines or wavelets.They also provide an orale-type inequality up to a logarithmi fator, without estimationrate, when onsidering a olletion of models made up of pieewise polynomial funtions overirregular partitions. Last, a new model seletion proedure has reently been proposed byBaraud and Birgé [BB09℄ for estimating the intensity of a random measure, examples of whihare hazard rate estimation with ensored data, estimation of the mean of a random vetoror density estimation. Given a olletion of partitions, they de�ne histogram-type estimatorsand selet the best partition by performing tests between all pairs of histograms. For a risk



74 Histogram seletion based on possibly ensored datameasured via a random distane akin to the Hellinger distane and an adequate olletion ofpartitions, they obtain adaptivity results over Besov smoothness lasses and for funtions withbounded variations. Nevertheless, their proedure seems di�ult to implement in pratie sineit requires a omputational time whih is quadrati in the size of the olletion of partitions.In this hapter, we propose a universal proedure for funtional estimation based on possiblyensored data, that enjoys better theoretial performane and lower omputational omplexitythan the aforementioned estimators. We onsider a model seletion proedure based on apenalized least-squares type riterion generalizing the one used in [BC05℄, for olletions ofmodels made up of pieewise onstant funtions on some given partitions. We de�ne a generalframework and provide several examples illustrating its relevane. Density and hazard rateestimation with randomly right-ensored data, for instane, are both embedded in suh aframework. As we do not require the data to be identially distributed, we an also deal withregression. Besides, we believe that suh a framework also allows to take into aount manyother estimation problems with partly observed data, suh as those studied in [BC05; BC06;BCG09; BC09℄ for instane. The properties of our estimator are studied for an adequate penaltythat does not require any prior knowledge about the funtion to estimate. Our estimator isproved to be almost as good, for the L2-risk, as the best histogram in the olletion, up to amultipliative fator that may depend on n. The assumptions required for suh a result to holdare expressed in a lear and onise way, thanks to a reent onentration inequality due toAdamzak [Ada08℄. Then, we present a speial olletion of partitions, where eah partition isonly omposed of dyadi intervals, hene the name dyadi histograms given to the estimatorsminimizing our least-squares type riterion over eah model. Among the aforementioned works,that olletion of models has only been used in [BB09℄, and annot be handled by [BC08; BC05℄.The subsequent penalized estimator is proved to be almost as good as the best dyadi histogram,up to a multipliative fator that does not depend on n anymore. At the same time, thatolletion of models has good approximation qualities with respet to funtions that belongto some Besov spaes or have bounded variations, as shown in DeVore and Yu [DY90℄ andBirgé [Bir07℄. Thus our estimator reahes in that ase a rate whih is expeted to be theminimax one, up to some onstant, over those lasses. It should be notied that the range ofsmoothness lasses we onsider is wider than those onsidered in the aforementioned referenesand that the estimation rate we obtain over Besov lasses of inhomogeneous smoothness isbetter than in [Li08℄. Last, in pratie, the proedure based on dyadi histograms an beimplemented with a omputational omplexity only linear in the sample size.The hapter is organized as follows. We present in Setion III.2 a general framework thatallows to reover as speial ases some lassial estimation problems, suh as regression anddensity estimation with unensored data, and density and hazard rate estimation with randomlyright-ensored data. We also desribe there the histogram seletion proedure based on apenalized least-squares type riterion. In Setion III.3, we state a histogram seletion theoremgeneral enough to be applied in the framework desribed in Setion III.2 and with almost anyolletion of histograms. Setion III.4 is devoted to the study of the penalized estimator basedon the olletion of dyadi histograms. Most proofs are postponed to Setion III.5.III.2 Estimation proedureIn this setion, we present our general statistial framework and the histogram-type estima-tors. We then desribe the histogram seletion proedure based on a penalized least-squaresriterion. We end with some lassial estimation problems overed by the general framework,with ensored or unensored data.



Estimation proedure 75III.2.1 General framework and notationOur aim is to estimate a real valued funtion s ∈ L2([0, 1]) on the basis of independent obser-vations Z1 = (X1, Y1), . . . , Zn = (Xn, Yn), where n ≥ 3 and for all i = 1, . . . , n, Xi ∈ [0, 1]an be viewed as an observation time and Yi takes values in a given spae Y. We denoteby (Ω,A) the measurable spae on whih Z1, . . . , Zn are de�ned. As is ustomary, Ps standsfor the underlying probability measure on (Ω,A) and Es for the orresponding expetation.Moreover, we onsider a probability measure µ on [0, 1] and we denote by L2([0, 1]) the set ofall measurable funtions t : [0, 1]→ R suh that
∫

[0,1]
t2dµ <∞.The salar produt and norm on L2([0, 1]) are respetively denoted by 〈 . , . 〉 and ‖ . ‖, whilefor a real-valued funtion f de�ned and bounded on [0, 1], we use the notation

ι(f) = essinf
x∈[0,1]

|f(x)| and ‖f‖∞ = essup
x∈[0,1]

|f(x)|.We assume that s belongs to a given subspae S of L2([0, 1]) and that
〈t, s〉 = Es

[
1

n

n∑

i=1

w(Zi)t(Xi)

] for all t ∈ S, (III.2.1)where w : [0, 1]×Y → R is a measurable funtion that possibly depends on unknown parame-ters. Then, s minimizes
‖t‖2 − Es

[
2

n

n∑

i=1

w(Zi)t(Xi)

]
= ‖s− t‖2 − ‖s‖2over t ∈ S, so we onsider estimators de�ned as the minimizer of the riterion

γ(t) = ‖t‖2 − 2

n

n∑

i=1

ŵ(Zi)t(Xi) (III.2.2)over a given spae, for a given estimator ŵ of w. If w is entirely known, we plainly set ŵ = w.We hoose the spae over whih we minimize γ in suh a way that the resulting estimatoradmits a histogram-like expression. More preisely, we onsider a partition m of [0, 1] into Dmintervals, we denote by Sm the set of all real-valued funtions that are pieewise onstant on
m and we set

ŝm = argmin
t∈Sm

γ(t).To see that ŝm admits a histogram-like expression, let us denote by 1II the harateristifuntion of an interval I, and de�ne
P̂ (x) =

1

n

n∑

i=1

ŵ(Zi)1I[0,x](Xi), x ∈ [0, 1].Then, P̂ : [0, 1]→ R is a adlag step proess that an jump only at points Xi, i = 1, . . . , n. Inview of (III.2.1), it an be onsidered as an estimator of
P (x) =

∫

[0,x]
sdµ, x ∈ [0, 1], (III.2.3)



76 Histogram seletion based on possibly ensored dataand one has
ŝm =

∑

I∈m

(
1

nµ(I)

n∑

i=1

ŵ(Zi)1II(Xi)

)
1II =

∑

I∈m

(
1

µ(I)

∫

I
dP̂ (x)

)
1II .Here, the Stieltjes integral ∫I dP̂ (x) merely denotes the inrement of P̂ over I. Thus, in thesequel, we all ŝm a histogram estimator.Now that we have de�ned the histogram estimator ŝm based on a partition m, we wouldlike to selet an adequate partition m. For this task, we onsider a familyM⋆ of partitions of

[0, 1] into intervals and we selet from the data the partition
m̂ = argmin

m∈M⋆

{
γ(ŝm) + pen(m)

}
,where pen :M⋆ → R

+ is a so-alled penalty funtion. We are onerned with the subsequentpenalized estimator:
s̃ = ŝm̂.Our aim is to propose, under fairly general assumptions onM⋆, a penalty funtion suh thatthe penalized estimator has good performanes by omparison with the best histogram amongthe family {ŝm}m∈M⋆ . We will propose in Setion III.4 a olletionM⋆ suh that s̃ is easy toimplement and also has good performanes with respet to any other estimator of s.III.2.2 ExamplesLet us desribe some lassial estimation problems that fall within the general frameworkdesribed in Setion III.2.1. In eah problem onsidered below, µ is the Lebesgue measure on

[0, 1], and we denote the length µ(I) of an interval I ⊂ [0, 1] by |I|. We have at hand a adlagstep estimator P̂ of the funtion P de�ned by (III.2.3). This estimator an jump only at the
n distint points X1, . . . ,Xn, so we de�ne ŵ(Zi)/n as the height of the jump of P̂ at point
Xi, and we hek that Condition (III.2.1) holds for a given w. Moreover, denoting by sm theorthogonal projetion of s on Sm, we show that there are numbers c and C suh that

c
Dm

n
≤ Es

[
‖sm − ŝm‖2

]
≤ CDm

n
. (III.2.4)From Pythagoras' equality, this proves

‖sm − s‖2 + c
Dm

n
≤ Es

[
‖s− ŝm‖2

]
≤ ‖sm − s‖2 + C

Dm

n
.Thus, in eah problem under onsideration, provided c an be hosen positive, the risk of thehistogram ŝm an deomposed into an approximation error and an estimation error of order

Dm/n.Regression. We observe a random vetor Y = (Y1, . . . , Yn) ∈ R
n whose oordinates areindependent and we aim at estimating the mean r =

(
r1, . . . , rn

) of Y . This amounts toestimate the funtion s : [0, 1] → R that is onstant on ((i − 1)/n, i/n] with s(i/n) = ri forevery i = 1, . . . , n and s(0) = s(1/n). With this notation one has
Yi = s(i/n) + εi, for i = 1, . . . , n,where the εi's are independent and entered variables. A adlag step estimator of P is givenby

P̂ (x) =
1

n

n∑

i=1

Yi1Ii/n≤x,



Estimation proedure 77so we set Zi = (i/n, Yi) and ŵ(x, y) = y for all (x, y) ∈ [0, 1] × R. Moreover, we de�ne Sas the set of real-valued funtions de�ned on [0, 1] that are onstant on [0, 1/n] and on every
((i − 1)/n, i/n], i = 2, . . . , n, and we assume Sm ⊂ S. Then, Condition (III.2.1) is satis�edwith w = ŵ and ŝm is the usual least-squares estimator of s based on m:

ŝm = argmin
t∈Sm

{
1

n

n∑

i=1

(Yi − t(i/n))2

}
.Otherwise said, ŝm is the regressogram based on m. We get

Es

[
‖sm − ŝm‖2

]
=
∑

I∈m

1

n2|I|
n∑

i=1

Vars(εi)1II (i/n) .Thus, Inequalities (III.2.4) hold provided maxiVars(εi) ≤ C and miniVars(εi) ≥ c.Density estimation with unensored data. The observed random variables X1, . . . ,Xn areassumed to be independent and identially distributed, with values in [0, 1], and to admita density s ∈ L2([0, 1]) with respet to the Lebesgue measure. Considering the empirialdistribution funtion P̂ , we set S = L2([0, 1]), Zi = (Xi, 1) and ŵ(x, 1) = 1 for all x ∈ [0, 1](note that the hoie Yi = 1 is arbitrary). Then, Condition (III.2.1) is plainly satis�ed with
w = ŵ. The riterion satisfying Condition (III.2.2) is the well-known ontrast

γ(t) = ‖t‖2 − 2

n

n∑

i=1

t(Xi)and, for every partition m, ŝm is the usual histogram based on m. We get
Es

[
‖sm − ŝm‖2

]
=
∑

I∈m

1

n|I|Vars(1II(Xi)) =
∑

I∈m

1

n|I| 〈s, 1II 〉〈s, 1I[0,1]\I 〉.Thus, Inequalities (III.2.4) hold provided ‖s‖∞ ≤ C and c ≤ ι(s)(1 −D−1
m ).Density estimation with ensored data. Let T1, . . . , Tn be independent random variableshaving the same density f with respet to the Lebesgue measure on R
+. Let C1, . . . , Cn bei.i.d. random variables in R

+ independent of the Ti's. The Ti's represent for instane survivaltimes and the Ci's ensoring times. The observed random variables are
Xi = min(Ti, Ci) and Yi = 1ITi≤Ci , for i = 1, . . . , n. (III.2.5)Basing ourselves on these ensored observations, we aim to estimate the restrition s of f to

[0, 1], assuming s belongs to S = L2([0, 1]). Without loss of generality, possibly replaing Ciby Ci ∧ 1, we assume Ci ∈ [0, 1]. Our hoie of ŵ relies on the Kaplan-Meier estimator P̂ ofthe distribution funtion P . Let us denote by Z(1), . . . , Z(n) the rearrangement of Z1, . . . , Znsuh that X(1), . . . ,X(n) is the inreasing rearrangement of X1, . . . ,Xn. The Kaplan-Meierestimator of P is given by
P̂ (x) = 1−

∏

k|X(k)≤x

(
1− 1

n− k + 1

)Y(k)when x ≥ X(1) and equal to 0 otherwise. The Kaplan-Meier estimator G̃ of the distributionfuntion G of the Ci's is de�ned in the same way, just replaing Yi with 1−Yi for all i. In fat,
P̂ is a adlag step estimator, with jump

Yk

n
(
1− G̃−(Xk)

)



78 Histogram seletion based on possibly ensored datain Xk, for k = 1, . . . , n, where G̃− is the left-ontinuous version of G̃. Consequently, we assume
G−(1) < 1 where G− denotes the left-ontinuous version of G and we set

w(x, y) =
y

1−G−(x)
and ŵ(x, y) =

y

1− G̃−(x)
,for all (x, y) ∈ [0, 1] × {0, 1}. Then, Condition (III.2.1) is ful�lled and one has:Proposition 12 Assume that infI∈m |I| ≥ 1/n. If G−(1) < 1, s is bounded and s is boundedaway from zero, then Inequalities (III.2.4) hold provided

C ≥ 2‖s‖∞
1−G−(1)

+
C(s,G)

Dm
,and

c ≤ ι(s)Dm − 1

2Dm
− C(s,G)

Dm
,where C(s,G) only depends on ‖s‖, ‖s‖∞, Ps(T1 ≤ 1) and G−(1).Hazard rate estimation with ensored data. Here again, the observed random variables aregiven by (III.2.5) where the Ti's are i.i.d. with density funtion f on R

+ and the Ci's belong to
[0, 1], are i.i.d. and independent of the Ti's. We denote by F and G respetively the distributionfuntions of Ti and Ci. We aim to estimate the restrition s to [0, 1] of the hazard rate

λ =
f

1− F ,assuming s belongs to S = L2([0, 1]) and F (1) < 1. Our hoie of ŵ relies on the Nelson-Aalenestimator P̂ of the umulative hazard rate P . In fat, P̂ is a adlag step estimator, with jump
Yk

n
(
1− Ĥ−(Xk)

)in Xk, for k = 1, . . . , n, where Ĥ− is the left-ontinuous version of the empirial distributionfuntion of the Xi's, that is, for all x ∈ R,
Ĥ−(x) =

1

n

n∑

j=1

1I[0,x)(Xj).Consequently, we assume that the left-ontinuous version H− of the distribution funtion Hof Xi satis�es H−(1) < 1 and we set
w(x, y) =

y

1−H−(x)
and ŵ(x, y) =

y

1− Ĥ−(x)
,for all (x, y) ∈ [0, 1] × {0, 1}. Sine

1−H = (1− F )(1−G),Condition (III.2.1) is then ful�lled and the riterion γ in (III.2.2) is similar to the one onsideredin [BC05℄. Moreover, one has:Proposition 13 If s is bounded and bounded away from zero, then Inequalities (III.2.4) holdprovided
C ≥ 6‖s‖∞

1−H−(1)
+ 2‖s‖2n(H−(1))n

Dmand
c ≤ ι(s)

2

(
1− (H−(1))n

)
− ‖s‖2n (H−(1))

n

Dm
.



A general histogram seletion theorem 79III.3 A general histogram seletion theoremIn this setion, we are onerned with the hoie of the penalty for a general olletion ofpartitions M⋆. We would like the resulting penalized estimator to be almost as good as thebest estimator in the olletion {ŝm}m∈M⋆ , and more preisely to satisfy the nonasymptotiorale inequality
Es

[
‖s− s̃‖2

]
≤ C inf

m∈M⋆
Es

[
‖s− ŝm‖2

] (III.3.6)for some positive onstant C. In the histogram seletion theorem stated hereafter (Theorem 6),we shall in fat provide a form of penalty yielding an inequality lose to
Es

[
‖s − s̃‖2

]
≤ C inf

m∈M⋆

{
‖s − sm‖2 +

Dm

n

}
. (III.3.7)However, as realled in Setion III.2.2, the risk of eah histogram ŝm an usually be deomposedinto the approximation error ‖s−sm‖2 and an estimation error roughly proportional to Dm/n.Therefore, an inequality like (III.3.7) is expeted to lead to an inequality like (III.3.6). Westate our assumptions and results in Setion III.3.1, and we show in Setion III.3.2 that thoseassumptions are ful�lled in all the examples introdued in Setion III.2.2.III.3.1 The orale-type inequalityIn order to prove our histogram seletion theorem, we require only three assumptions: oneabout the struture of the olletion of partitions, one about the existene of exponentialmoments of some random variables, and the last one about the quality of ŵ as an estimator of

w.Assumption (P) There exists a partition m⋆ suh that any partition m ∈M⋆ is built on m⋆and ℓ⋆ := infI∈m⋆ nµ(I) ≥ 1. Moreover, for all I ∈ m⋆, 1II ∈ S.Assumption (M) There exist a nonnegative onstant a and a positive onstant v suh that,for all I ∈ m⋆ and all λ ∈ (−1/a, 1/a),
ln Es

[
exp

(
λ

n∑

i=1

(
w(Zi)1II(Xi)− Es

[
w(Zi)1II(Xi)

]))]
≤ nvµ(I)λ2

2(1 − a|λ|) .Assumption (W) There exists a nonnegative real C∆, that may depend on w and s, suh thatfor all I ∈ m⋆,
Es



(

1

nµ(I)

n∑

i=1

(ŵ − w)(Zi)1II(Xi)

)2

 ≤ C∆

n
.Remarks: Assumption (P) ensures that Equality (III.2.1) holds for every t ∈ Sm, whatever

m ∈M⋆. Assumption (M) has been hosen with a view to applying the results of this setionto the olletion of dyadi partitions desribed in Setion III.4. But [Bar00℄ shows for instanein a regression framework that, for a olletion of regular partitions, that assumption an beweakened.



80 Histogram seletion based on possibly ensored dataThe properties olleted in Proposition 14 below are fundamental in proving the histogramseletion theorem to follow. Hereafter, we denote by M a positive number suh that for allpartitions m built on m⋆ and all (aI)I∈m ∈ [0, 1]Dm suh that ∑I∈m a
2
I = 1,

M ≥ 1

n

n∑

i=1

Vars(∑
I∈m

aI√
µ(I)

w(Zi)1II(Xi)

)
. (III.3.8)It should be mentioned that in every example introdued in Setion III.2.2, we are able tohoose M independent of n. If the Xi's are possibly random, then the upper bounds we obtainbelow also depend on a real number b that may depend on n. It should be notied that b analso be hosen independent of n in those examples (see Setion III.3.2).Proposition 14 Assumptions (P) and (M) are supposed to be ful�lled. Let

b0 = inf
{
λ > 0 s.t. Es

[
exp

(
max
1≤i≤n

|w(Zi)|/λ
)]
≤ 2
}
,and, for all partitions m of [0, 1], let

šm =
∑

I∈m

(
1

nµ(I)

n∑

i=1

w(Zi)1II(Xi)

)
1II .Then, b0 is �nite and there exist nonnegative absolute onstants k1, k2, k3, k4, k5, a nonnegativereal k6 and some set Ω⋆ ∈ A suh that, for all partitions m built on m⋆, and all x > 0,

Ps

(
n‖sm − šm‖21IΩ⋆ ≥M

(
k1Dm + k2x+ 2k3

√
k1k2Dmx

))
≤ k4 exp(−x) (III.3.9)and

Ps(Ω
c
⋆) ≤

k5

ℓ⋆
n exp (−k6ℓ⋆) . (III.3.10)For instane, the values k1 = k2 = k4 = 4, k3 = 1, k5 = 2 and

k6 = C
M2

b(bv + aM)
,where b ≥ b0 and C is a small enough absolute onstant, suit. If the Xi's are non-random,then the values k1 = k4 = 1, k2 = 4, k3 = 2

√
2, k5 = 2 and k6 = v/(2a2) suit, and one an set

k5 = 0 if, moreover, a = 0.Let us now state the histogram seletion theorem. The penalty we suggest involves an estimator
M̂ of M whih, obviously, an be taken equal to M if M is entirely known. In that ase, onean take A = Ω, CA = 0 and k7 = k8 = 1 in Theorem 6.Theorem 6 Assumptions (P), (M) and (W) are supposed to be ful�lled and the notation arethose of Proposition 14. We also assume that there exist an estimator M̂ of M , a set A ∈ A,a positive onstant k7 and a nonnegative real CA that may depend on w and s suh that

M ≤ k7M̂ on A and Ps

(
Ac
)
≤ CA

n2
. (III.3.11)Let {Lm}m∈M⋆ be a family of nonnegative reals, that may depend on n, suh that

Σ :=
∑

m∈M⋆

exp(−LmDm) ≤ 1. (III.3.12)



A general histogram seletion theorem 81i) If pen satis�es, for all m ∈M⋆,pen(m) ≥ K(k7, Lm)
M̂Dm

n
,where

K(k7, Lm) = 6k7(1 + k3

)(
k1 + k2Lm

)
+ 2k3

√
k1k2Lm,then

Es

[
‖s− s̃‖2

]
≤ inf

m∈M⋆

{
C1‖s− sm‖2 + C2Es

[pen(m)1IA
]}

+
C3M + C4

n
,where C1, C2, C3 are positive onstants and

C4 =

(
C(a, v) + ‖s‖2

)√
k5

ℓ⋆
n3 exp(−k6ℓ⋆) + CA + 12C∆.Here, C(a, v) only depends on a and v, and inreases with a and v.ii) Let us also assume that, for some positive onstant k8,

M̂ ≤ k8M on A. (III.3.13)If pen satis�es, for all m ∈M⋆,pen(m) =
(
c0 + c1

√
Lm + c2Lm

)M̂Dm

n
, (III.3.14)where c0, c1, c2 are nonnegative and large enough onstants, then

Es

[
‖s − s̃‖2

]
≤ C5

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆

{
‖s− sm‖2 +

MDm

n

}
+
C4

n
, (III.3.15)where C5 is a positive real that only depends on k8, c0, c1, c2.Inequality (III.3.15) shows that, provided the penalty is well-hosen, andM and C4 are boundedindependently of n, s̃ satis�es an orale-type inequality akin to (III.3.7), up to a multipliativefator that may depend on n through the weights {Lm}m∈M⋆ , and may also depend on w and

s.III.3.2 Examples (ontinued)Let us now ome bak to the examples presented in Setion III.2.2. Hereafter, we assume thatthere exists a partition m⋆ suh that any partition m ∈ M⋆ is built on m⋆ and we onsidera penalty of the form (III.3.14), where c0, c1, c2 are nonnegative onstants, the weights Lm'ssatisfy (III.3.12), and M̂ remains to be hosen. In all the examples under onsideration butregression, we will use the following proposition in order to hek that (III.3.15) holds.Proposition 15 Assume that� Z1, . . . , Zn are independent and identially distributed;� w is nonnegative, bounded, Cw := infz∈[0,1]×Y{w(z) s.t. w(z) 6= 0} > 0, and ŵ vanisheswhenever w does;� s is lower bounded by a positive real and upper bounded;



82 Histogram seletion based on possibly ensored data� Assumption (P) is satis�ed and, for all I ∈ m⋆, n|I| ≥ ln2(n);� the estimator ŵ is suh that
E

1/2
s [∆4] ≤ C ′

∆

n
where ∆ = max

1≤i≤n

|ŵ(Zi)− w(Zi)|
w(Zi)

, (III.3.16)with the onvention 0/0 = 0.Setting
M = max

I∈m⋆

1

|I|Es
[
w2(Zi)1II(Xi)

] and M̂ = max
I∈m⋆

1

n|I|
n∑

i=1

ŵ2(Zi)1II(Xi), (III.3.17)and hoosing a penalty of the form (III.3.14) with large enough nonnegative onstants c0, c1, c2,we get (III.3.15) where C5 only depends on c0, c1, c2 and C4 only depends on Cw, ‖w‖∞, ι(s),
‖s‖∞, C ′

∆, is a dereasing funtion of Cw and ι(s) and an inreasing funtion of ‖w‖∞, ‖s‖∞and C ′
∆. Moreover, M ≤ ‖w‖∞‖s‖∞.In the sequel, we denote by C(θ) some positive real whose value may hange from one lineto another and that only depends on the parameter θ.Regression. In the regression setting, we provide an orale-type inequality under a onditionon the exponential moments of the errors that inludes subgaussian errors (ase a = 0 inCondition (III.3.18) below). More preisely, we assume that there exist a positive real v and anonnegative real a suh that, for all 1 ≤ i ≤ n and all λ ∈ (−1/a, 1/a),

ln Es

[
exp(λεi)

]
≤ vλ2

2(1− a|λ|) . (III.3.18)Moreover, we assume that infI∈m⋆ n|I| ≥ 1 when a = 0 and infI∈m⋆ n|I| ≥ ln2(n) otherwise,and that 1II ∈ S for all I ∈ m⋆. Thus, Assumptions (P) and (W) are satis�ed with C∆ = 0.The Lebesgue measure |I| of any interval I ∈ m⋆ oinides here with ∑n
i=1 1II(i/n)/n, soAssumption (M) follows from Condition (III.3.18) and the independene of ε1, . . . , εn.Sine the Xi's are non-random and (III.3.18) holds, we have for all partitions m built on

m⋆ and all I ∈ m, Vars( n∑

i=1

w(Zi)1II(Xi)

)
≤ nσ2|I|,where

σ2 := max
1≤i≤n

Vars(εi) ≤ v.Hene, Condition (III.3.8) is ful�lled withM = σ2, and, if σ2 is known, then we an set M̂ = σ2and hoose pen of the formpen(m) =
(
c0 + c1

√
Lm + c2Lm

) σ2Dm

n
.Consequently, Theorem 6 with the values of k5, k6 provided in Proposition 14 and large enoughnonnegative onstants c0, c1, c2 yields

Es

[
‖s− s̃‖2

]
≤ C(c0, c1, c2)

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆

{
‖s − sm‖2 +

σ2Dm

n

}
+
C ′

n

(
1 + ‖s‖2

)
,(III.3.19)



A general histogram seletion theorem 83where C ′ = 0 if a = 0 and C ′ only depends on v and a otherwise. In partiular, the lowerbound for the risk of eah histogram given in Setion III.2.2 yields
Es

[
‖s − s̃‖2

]
≤ C ′′

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆
Es

[
‖s − ŝm‖2

]
.When a = 0, C ′′ only depends on c0, c1, c2, maxiVars(εi) and miniVars(εi). When a is nonnull, C ′′ also depends on a, v and ‖s‖. It should be notied that we thus improve on the resultproved by Sauvé [Sau09℄. As a matter of fat, when the ε′is are not subgaussian, the penaltysuggested by Theorem 1 in [Sau09℄ to obtain an inequality similar to (III.3.19) also dependson ‖s‖∞.Density estimation with unensored data. In this setting, w = ŵ = 1 and the assumptionsof Proposition 15 are ful�lled with Cw = 1 and C ′

∆ = 0, provided ι(s) > 0, ‖s‖∞ < ∞ and
n|I| ≥ ln2(n) for all I ∈ m⋆. De�ning M and M̂ as in (III.3.17), i.e.

M = max
I∈m⋆

〈s, 1II〉
|I| and M̂ = max

I∈m⋆

1

n|I|
n∑

i=1

1II(Xi),we get with a penalty of the form (III.3.14) with large enough nonnegative onstants c0, c1, c2
Es

[
‖s− s̃‖2

]
≤ C(c0, c1, c2)

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆

{
‖s− sm‖2 +

‖s‖∞Dm

n

}
+
C(s)

n
,where C(s) only depends on ι(s) and ‖s‖∞, is a dereasing funtion of ι(s) and an inreasingfuntion of ‖s‖∞. In partiular, the lower bound for the risk of eah histogram given inSetion III.2.2 yields

Es

[
‖s− s̃‖2

]
≤ C(c0, c1, c2, ι(s), ‖s‖∞)

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆\{m0}
Es

[
‖s− ŝm‖2

]
,where m0 is the trivial partition of [0, 1].Density estimation with ensored data. Assume that G−(1) < 1, ∫ 1

0 s < 1, s is boundedand bounded away from zero, and infI∈m⋆ n|I| ≥ ln2(n). Here, w satis�es
Cw = 1 and ‖w‖∞ =

1

1−G−(1)
,and, aording to the proof of Proposition 12, Assumption (III.3.16) on ∆ is satis�ed with

C ′
∆ =

C

(1−H−(1))6
,where C is a positive onstant and 1 −H−(1) = (1 −

∫ 1
0 s)(1 −G−(1)). Let us de�ne M and

M̂ as in (III.3.17), i.e.
M = max

I∈m⋆

1

|I|
〈 s

1−G−
, 1II

〉 and M̂ = max
I∈m⋆

1

n|I|
n∑

i=1

Yi

(1− G̃−(Xi))2
1II(Xi),and still hoose pen of the form (III.3.14) with large enough nonnegative onstants c0, c1, c2.We then dedue from Proposition 15 that

Es

[
‖s − s̃‖2

]
≤ C(c0, c1, c2)

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆

{
‖s− sm‖2 +

‖s‖∞Dm

(1−G−(1))n

}
+
C(s,G)

n
,



84 Histogram seletion based on possibly ensored datawhere C(s,G) only depends on ∫ 1
0 s, ι(s), ‖s‖∞ and G−(1), C(s,G) is an inreasing funtionof ∫ 1

0 s, ‖s‖∞, G−(1), and a dereasing funtion of ι(s).Hazard rate estimation with ensored data. Assume that G−(1) < 1, F (1) < 1, s is boundedand bounded away from zero, and infI∈m⋆ n|I| ≥ ln2(n). Here, w satis�es
Cw = 1 and ‖w‖∞ =

1

1−H−(1)
.Using Dvoretzky-Kiefer-Wolfovitz inequality [DKW56; Mas90℄, we obtain as in the proof ofProposition 12 that Assumption (III.3.16) on ∆ is satis�ed with

C ′
∆ =

C

(1−H−(1))6
,where C is a positive onstant. In that ase, we an also write M and M̂ de�ned in (III.3.17)as

M = max
I∈m⋆

1

|I|
〈 s

1−H−
, 1II

〉 and M̂ = max
I∈m⋆

1

n|I|
n∑

i=1

Yi

(1− Ĥ−(Xi))2
1II(Xi).Choosing anew pen of the form (III.3.14) with large enough nonnegative onstants c0, c1, c2,we dedue from Proposition 15 that

Es

[
‖s− s̃‖2

]
≤ C(c0, c1, c2)

(
1+ max

m∈M⋆
Lm

)
inf

m∈M⋆

{
‖s− sm‖2 +

‖s‖∞Dm

(1−H−(1))n

}
+
C(s, F,G)

n
.where C(s, F,G) only depends on ι(s), ‖s‖∞, F (1), G−(1), is an inreasing funtion of ‖s‖∞,

F (1), G−(1), and a dereasing funtion of ι(s). Besides, given the lower bound for the risk ofeah histogram given in Setion III.2.2, we immediately obtain, when n is large enough,
Es

[
‖s− s̃‖2

]
≤ C(c0, c1, c2, s, F,G)

(
1 + max

m∈M⋆
Lm

)
inf

m∈M⋆
Es

[
‖s− ŝm‖2

]
.III.4 Dyadi histogram seletionFrom now on, we turn our attention to the olletion of partitions of [0, 1] into dyadi intervals.In that ase, the penalized estimator admits a simple desription that allows to implementit with a low omputational omplexity. Besides, we are able not only to provide an orale-type inequality but also to evaluate the estimation rate of the estimator over various lassesof smoothness. We illustrate the qualities of our estimator on the examples introdued inSetion III.2.2.III.4.1 PresentationIn the rest of the hapter, µ is the Lebesgue measure on [0, 1] and, as in Setion III.2.2, thelength µ(I) of a subinterval I of [0, 1] is denoted by |I|. We onsider the olletion M⋆ madeup of all the partitions of [0, 1] into dyadi intervals whose measure is at least 2−J⋆ , where J⋆is an integer suh that 2J⋆ is at most of order n. Thus, eah partition in M⋆ only ontainsintervals of the form [

0, 2−j
] or (k2−j , (k + 1)2−j

], where j ∈ {0, . . . , J⋆} may hange fromone interval to another, and k ∈ {1, . . . , 2j − 1}. Besides, eah partition in M⋆ is built onthe regular partition of [0, 1] into 2J⋆ intervals, that we will denote by m⋆. We all dyadihistogram any histogram ŝm built on some partition m ∈M⋆.



Dyadi histogram seletion 85Let K be some nonnegative onstant. When hoosing the penalty de�ned onM⋆ bypen(m) = K
M̂Dm

n
,whose form we will justify in the next setion, the penalized estimator an be determined asfollows. First, straightforward omputations lead to

γ(ŝm) = −‖ŝm‖2, for all m ∈M⋆.Therefore, the partition to selet is
m̂ = argmin

m∈M⋆
{γ(ŝm) + pen(m)}

= argmin
m∈M⋆

∑

I∈m

L(I),where, for all m ∈M⋆ and all I ∈ m,
L(I) = − 1

n|I|

(
n∑

i=1

ŵ(Zi)1II(Xi)

)2

+KM̂.That allows to turn the determination of m̂ into a shortest-path problem, that an be solvedwith the algorithm desribed for instane in [CLRS01℄, Setion 24.2., or in [Aka09℄, Setion3.3. Sine all the partitions in M⋆ are built from 2J⋆ − 1 intervals of [0, 1], that algorithmonly requires here O(n) omputations. Of ourse, an adequate value of the penalty onstant
K remains to be hosen. One way onsists in using the heuristi method explained in [BM07℄(Setion 4), whih has already been suessfully implemented in various frameworks.III.4.2 PerformaneWe adopt in both theorems below the notation introdued in Setion III.3, and in partiularin Proposition 14 and Theorem 6.Theorem 7 Assumptions (P), (M) and (W) are supposed to be ful�lled. Let M̂ be anestimator of M satisfying Conditions (III.3.11) and (III.3.13). If the penalty satis�es, for all
m ∈M⋆, pen(m) = K

M̂Dm

n
,where K is a nonnegative and large enough onstant, then

Es

[
‖s− s̃‖2

]
≤ C6 inf

m∈M⋆

{
‖s− sm‖2 +

MDm

n

}
+
C4

n
,where C4 is de�ned in Theorem 6 and C6 is a positive onstant that only depends on k8 and K.Proof. For all D ∈ {1, . . . , 2J⋆}, let M⋆

D = {m ∈ M⋆ s.t. Dm = D} and let Lm = ln 8 forall m ∈M⋆. We have
Σ =

2J⋆∑

D=1

exp

(
−D

(
ln 8− ln(|M⋆

D|)
D

))
.In order to evaluate the ardinal ofM⋆

D, let us desribe the olletion M⋆ with the help of aomplete binary tree. Let T be the binary tree with root (0, 0) suh that



86 Histogram seletion based on possibly ensored data� for all j ∈ {1, . . . , J⋆}, the nodes at level j are indexed by the elements of the set
Λ(j) = {(j, k), k = 0, . . . , 2j − 1};� for all j ∈ {1, . . . , J⋆} and all k ∈ {0, . . . , 2j − 1}, the left branh that stems from node
(j, k) leads to node (j + 1, 2k), and the right one, to node (j + 1, 2k + 1).The node set of T is ΛJ⋆ = ∪J⋆

j=0Λ(j), where Λ(0) = {(0, 0)}. The dyadi intervals of [0, 1]whose measure is at least 2−J⋆ are the sets
I(j,0) =

[
0, 2−j

] and I(j,k) =
(
k2−j , (k + 1)2−j

] for k ≥ 1 (III.4.20)indexed by the elements of ΛJ⋆. The leaves of T orrespond with the intervals in m⋆. Moregenerally, there is a one-to-one orrespondene between the partitions inM⋆ and the subsets of
ΛJ⋆ omposed of the leaves of any omplete binary tree resulting from an elagation of T . So theardinal ofM⋆

D is equal to the number of omplete binary trees with D leaves resulting froman elagation of T . It is given by the Catalan number D−1
(2(D−1)
D−1

), and thus upper-boundedby 4D, so Σ ≤ 1. Theorem 7 then follows from Theorem 6. �Let us assume that M and C4 an be bounded independently of n, whih is indeed the asein all the examples introdued in Setion III.2.2, as proved in Setion III.3.2. Then, we obtainhere an orale inequality akin to (III.3.7), up to a multipliative fator that may depend on sand several nuisane parameters, but does not depend on n.We an also evaluate here the approximation qualities of ⋃m∈M⋆
D
Sm with respet to fun-tions with bounded variations or with Besov-type smoothness, and then dedue from Theorem 7the estimation rate of the penalized estimator for suh funtions. Let us de�ne those smooth-ness lasses. For α > 0, p ≥ 1 and s : [0, 1]→ R, let Vα(s) and |s|Bα

p,∞
be the α-variations andthe Besov semi-norm of s de�ned by

Vα(s) = sup
i≥1

sup
0≤x0<...<xi≤1

( i∑

j=1

|s(xj)− s(xj−1)|1/α
)αand

|s|Bα
p,∞

= sup
x>0

x−α sup
0≤h≤x

[ ∫ 1−h

0
|s(y + h)− s(y)|p dy

]1/p
.For 0 < α ≤ 1, and positive R, we onsider the sets

V(α,R) = {s : [0, 1]→ R s.t. Vα(s) ≤ R}and for p ≥ 1, max{1/p − 1/2, 0} < α < 1 and positive R,
B(α, p,R) = {s : [0, 1]→ R s.t. |s|Bα

p,∞
≤ R}.Let us also introdue some parameter sets of interest for studying the estimation rates. For

δ ∈ {0, 1}, let
ΘV1(δ) = {(α,R); 0 < α ≤ 1/2, n−1/2 ≤ R ≤ (ln(n))−δ(1+2α)nα},

ΘV2(δ) = {(α,R); 1/2 < α ≤ 1, n−1/2 ≤ R ≤ (ln(n))−δ(1+1/(2α))n1/(4α)},
ΘB1(δ) = {(α, p,R); p ≥ 2, 0 < α < 1, n−1/2 ≤ R ≤ (ln(n))−δ(1+2α)nα},

ΘB2(δ) = {(α, p,R); 1 ≤ p < 2, αp ≤ α < 1, n−1/2 ≤ R ≤ (ln(n))−δq(α,p)n(q(α,p)−1)/2},

ΘB3(δ) = {(α, p,R); 1 ≤ p < 2, 1/p−1/2 < α < αp, (ln(n))−δq(α,p)n(q(α,p)−1)/2 ≤ R ≤ (ln(n))−δ(1+2α)nα},



Dyadi histogram seletion 87where, for 1 ≤ p < 2 and 1/p − 1/2 < α < 1,
q(α, p) =

(
α+

1

2
− 1

p

)
1 + 2α

α
and αp =

1

2

(
1

p
− 1

2

)(
1 +

√
2 + 3p

2− p

)
.Let us underline that, for 1 ≤ p < 2 and 1/p − 1/2 < α < 1, we have αp ∈ (1/p − 1/2, 1/p),

q(α, p) ∈ (0, 1 + 2α), and that q(α, p) > 1 if and only if α > αp. Notie that V(α,R) and
B(α, p,R) with α ≤ 1/p ontain disontinuous funtions. Besides, V(α,R) for (α,R) ∈ ΘV2(δ),and B(α, p,R) with (α, p,R) ∈ ΘB2(δ) ∪ΘB3(δ) are omposed of funtions whose smoothnessis measured in a Lp-norm, with p < 2. It is known that suh funtions annot be well approxi-mated in the L2-norm when onsidering the olletion of nested models desribed in [BC08℄. Inpartiular, we ould not reah the adequate rate over suh lasses by onsidering only regularpartitions. We provide in Theorem 8 below the estimation rate over the previous lasses.Theorem 8 Assume that M and C4 are bounded by positive reals that do not depend on n.Let δ = 0 when k5 = 0 and δ = 1 otherwise, and hoose J⋆ suh that

cn ln−2δ(n) ≤ 2J⋆ ≤ Cn ln−2δ(n)for some absolute positive onstants c and C. Under the assumptions of Theorem 7,� if s ∈ V(α,R) with (α,R) ∈ ΘV1(δ) ∪ΘV2(δ), then
Es

[
‖s − s̃‖2

]
≤ C7C(α)(Rn−α)2/(1+2α);� if s ∈ B(α, p,R) with (α, p,R) ∈ ΘB1(δ) ∪ΘB2(δ), then

Es

[
‖s − s̃‖2

]
≤ C7C(α, p)(Rn−α)2/(1+2α);� if s ∈ B(α, p,R) with (α, p,R) ∈ ΘB3(δ), then

Es

[
‖s− s̃‖2

]
≤ C7C(α, p)R2(ln2δ(n)n−1)2(α+1/2−1/p),where C7 = C6(1 +M + C4) and C(α) (resp. C(α, p)) is a positive real that only depends on

α (resp. α and p).Let us underline that, on lasses akin to B(α, p,R) with 1 ≤ p < 2 and α > 1/p, [Li08℄ onlyreahes the estimation rate n−2α/(1+2α) within a logarithmi fator. Besides, when onsideringthe olletion of all the partitions built on m⋆, one only obtains the aforementionned rateswithin a logarithmi fator (f. [BC05℄, Setion 4.4). In the ase of Besov balls with 1 ≤ p < 2,we observe a hange in the rate of approximation that results in a hange in the rate ofestimation, already reported by Birgé [Bir04℄ in a Gaussian regression framework.III.4.3 Examples (end)Let us end with the examples presented in Setion III.2.2. In eah ase, we work under thesame assumptions as in Setion III.3.2, with the same values for M and M̂ . We just replaeall the weights Lm, m ∈ M⋆, with the same onstant, obtaining thus a penalty of the formpen(m) = KM̂Dm/n. Sine we have already proved thatM and C4 are bounded independentlyof n, there is indeed not muh left to be done, exept for hoosing the number 2J⋆ of intervalsin the regular dyadi partition m⋆. Then, the reader will easily write the resulting orale-typeinequalities and upper-bounds for the estimation rate of s̃.



88 Histogram seletion based on possibly ensored dataRegression. We assume that n = 2N where N ≥ 4. We hoose J⋆ suh that 2J⋆ = n2−N0where N0 = max{k ∈ N s.t. 2k ≤ N2}. Then, Sm⋆ ⊂ S and infI∈m⋆ n|I| ≥ 2N0 , so thatAssumption (P) is satis�ed. Besides, 2J⋆ is of order n/ ln2(n) so that Theorem 8 applies with
δ = 1 and C7 that only depends on K,a, v, σ2, ‖s‖ and inreases with ‖s‖. If we know that
a = 0 (ase when the errors are subgaussian), then we an hoose 2J⋆ = n and Theorem 8applies with δ = 0 and C7 that only depends on K and σ2.Density and hazard rate estimation with ensored or unensored data. In the other threeexamples, the following proposition, whih is a straightforward onsequene of Proposition 15,ensures that Theorem 8 applies.Proposition 16 Let J⋆ = max{j ∈ N s.t. 2j ≤ n/ ln2(n)}. Under the assumptions of Propo-sition 15, the resulting penalized estimator s̃ satis�es Theorem 8 with δ = 1 and C7 that onlydepends on K,Cw, ‖w‖∞, ι(s), ‖s‖∞, C ′

∆, is a dereasing funtion of Cw and ι(s) and an in-reasing funtion of ‖w‖∞, ‖s‖∞, C ′
∆.III.5 ProofsAll along the setion, C denotes an absolute onstant and for a given parameter θ, C(θ) denotesa positive real number that only depends on θ. The values of C and C(θ) are allowed to hangefrom one line to another.III.5.1 A useful lemmaLemma 2 Let X1, . . . ,Xn be random variables on a probability spae (Ω,A,P) with values in

[0, 1], ĥ : [0, 1] → [0, 1] a adlag proess on Ω, and h : [0, 1] → [0, 1] a adlag non-dereasingfuntion. Denote by ĥ− and h− respetively the left-ontinuous versions of ĥ and h. Assume
1− ĥ−(Xi) ≥ 1/n for all i = 1, . . . , n, h−(1) < 1, and there are positive numbers K and κ suhthat

P

(
‖ĥ− h‖∞ > x

)
≤ K exp(−κnx2) (III.5.21)for all x ≥ 0. If ∆ is a random variable suh that

0 ≤ ∆ ≤ ‖ĥ− h‖∞ max
1≤i≤n

1

1− ĥ−(Xi)
, (III.5.22)then, for all q ≥ 1, there exists C(q) that only depends on q suh that

E
[
∆2q

]
≤ C(q)

K

nq

(
1

κ3q(1− h−(1))6q
+

1

κq(1− h−(1))2q

)
.Proof. Fix q ≥ 1. We proeed in the same way as Brunel and Comte in [BC05℄ (proof ofProposition 4.1) and introdue the subset of Ω

Ωh =
{
2(ĥ− − h−) < 1− h−(1)

}
.On Ωh, 2(1− ĥ−) ≥ 1− h−(1), so

∆1IΩh
≤ 2

1− h−(1)
‖ĥ− h‖∞.



Proofs 89From (III.5.21), there exists C(q) suh that
E
[
‖ĥ− h‖2q∞

]
=

∫ ∞

0
2qx2q−1

P(‖ĥ− h‖∞ > x) dx ≤ C(q)
K

(κn)q
,hene, there exists C(q) suh that

E
[
∆2q1IΩh

]
≤ C(q)

K

(κn)q(1− h−(1))2q
.In order to bound E

[
∆2q1IΩc

h

], we use that 1 − ĥ−(Xi) ≥ 1/n for all i, ‖ĥ − h‖∞ ≤ 2 and
Ωc
h ⊂

{
2‖ĥ − h‖∞ ≥ 1− h−(1)

}. We then dedue from (III.5.21) and (III.5.22) that
E
[
∆2q1IΩc

h

]
≤ K(2n)2q exp

(
− κn(1− h−(1))2/4

)
.For all positive u, exp(−u) < (3q/u)3q , so there exists C(q) suh that

E
[
∆2q1IΩc

h

]
≤ C(q)

K

κ3qnq(1− h−(1))6q
,and the result follows. �III.5.2 Proof of Proposition 12In the density estimation problem with ensored data,

Es

[
‖sm − šm‖2

]
=
∑

I∈m

1

n|I|
(
〈s(1−G−)−1, 1II 〉 − 〈s, 1II 〉2

)

=
∑

I∈m

1

n|I|
(
〈s, 1II 〉(1− 〈s, 1II 〉) + 〈sG−(1−G−)−1, 1II 〉

)hene
ι(s)

Dm − 1

n
≤ Es

[
‖sm − šm‖2

]
≤ ‖s‖∞

1−G−(1)

Dm

n
. (III.5.23)Let ∆ be de�ned by

∆ = max
1≤i≤n, s.t.Ti≤Ci

∣∣∣∣
ŵ(Zi)− w(Zi)

w(Zi)

∣∣∣∣ .Sine w ≥ 0, for every x ∈ I,
(ŝm(x)− šm(x))2 ≤ ∆2 (šm(x))2 ≤ 2∆2

[
(sm(x)− šm(x))2 + s2m(x)

]
.It thus follows from Cauhy-Shwarz inequality that

Es

[
‖ŝm − šm‖2

]
≤ 2
(
‖s‖2 + E

1/2
s

[
‖sm − šm‖4

])
E

1/2
s

[
∆4
]
.But ∆ satis�es Ps-almost surely (III.5.22) with h = G anf ĥ = G̃. Moreover, aording to theDworetzky-Kiefer-Wolfowitz type inequality proved by [BLM99℄, for all nonnegative x,

P
(
‖(G̃ −G)(1 − F )‖∞ > x

)
≤ 2.5 exp(−2nx2 + κ0

√
nx),where κ0 is an absolute onstant and F is the distribution funtion of Ti. Therefore, thereexists an absolute onstant C suh that, for all x ≥ 0,

P
(
‖(G̃ −G)(1− F )‖∞ > x

)
≤ C exp(−nx2),



90 Histogram seletion based on possibly ensored datawhene (III.5.21) holds for all x ≥ 0 with K an absolute onstant and κ = (1 − F (1))2. FromLemma 2, one gets
E
[
∆2q

]
≤ C(q)

nq(1−H−(1))6qfor all q ≥ 1, where 1−H−(1) = (1− F (1))(1 −G−(1)). By Jensen's inequality,
Es

[
‖sm − šm‖4

]
≤
∫ 1

0
Es|sm(x)− šm(x)|4dx.The random variables {w(Zi)1II(Xi)}1≤i≤n are i.i.d. so we derive from (III.2.1) and the de�ni-tion of sm and šm that

Es

[
‖sm−šm‖4

]
≤
∑

I∈m

1

n4|I|3
(
3n(n− 1)Var2s(w(Zi)1II(Xi)) + nEs (w(Zi)1II(Xi)− Es(w(Zi)1II(Xi)))

4
)
.But s is bounded and |I| ≥ 1/n for all I ∈ m, so

E
1/2
s

[
‖sm − šm‖4

]
≤ ‖s‖∞

(1−G−(1))2

√
6Dm

n
. (III.5.24)Sine Dm ≤ n, we get

Es

[
‖ŝm − šm‖2

]
≤ C(s,G)

nwhere C(s,G) only depends on ‖s‖, ‖s‖∞, G−(1) and F (1). But for all real numbers a and
b, one has (a + b)2 ≤ 2a2 + 2b2 and (a+ b)2 ≥ a2/2 − b2, so Proposition 12 then follows fromInequalities (III.5.23) and (III.5.25).III.5.3 Proof of Proposition 13For all x ∈ [0, 1], let

s•(x) = s(x)1I{X(n)≥x} and P •(x) =

∫ x

0
s•(u) du.Let s•m be the orthogonal projetion of s• onto Sm. From Cauhy-Shwarz inequality, we get

Es

[
‖s•m − sm‖2

]
=
∑

I∈m

1

|I|Es
[(∫

I
s(u)1I{X(n)<u} du

)2
]

≤
∑

I∈m

(∫

I
s2(u) du

)
Es

[
1

|I|

∫

I
1I{X(n)<1} du

]

≤ ‖s‖2
(
H−(1)

)n
. (III.5.25)From Theorem 2 p. 312 in [SW86℄, for instane, P̂ − P • is a square integrable and enteredmartingale, with preditable variation proess

〈P̂ − P •〉(x) =

∫ x

0

1I{X(n)≥y}

n
(
1− Ĥ−(y)

)s(y) dy, for x ∈ [0, 1].Therefore, for every �xed I ∈ m and every x ∈ I,
Es

[
(ŝm(x)− s•m(x))2

]
=

1

n|I|2
∫

I
Es

[
1I{X(n)≥y}

1− Ĥ−(y)

]
s(y) dy (III.5.26)

≤ 1

n|I|2 Es

[
sup

[0,X(n)]

1−H
1− Ĥ−

] ∫

I

s(y)

1−H(y)
dy.



Proofs 91By integrating the inequality
Ps

(
sup

[0,X(n)]

1−H
1− Ĥ−

≥ x
)
≤ ex exp(−x), for x ≥ 1,that may be found in [SW86℄ (Inequality (d), p. 318), we get

Es

[
sup

[0,X(n)]

1−H
1− Ĥ−

]
≤ 3. (III.5.27)On the other hand, for all y ∈ [0, 1],

Es

[
1I{X(n)≥y}

1− Ĥ−(y)

]
≥ Ps

(
X(n) ≥ y

)
≥ 1− (H−(1))n. (III.5.28)We then dedue from (III.5.26) to (III.5.28) that

ι(s)
(
1− (H−(1))n

)Dm

n
≤ Es

[
‖ŝm − s•m‖2

]
≤ 3

‖s‖∞
1−H−(1)

Dm

n
. (III.5.29)But for all real numbers a and b, one has (a+ b)2 ≤ 2a2 + 2b2 and (a+ b)2 ≥ a2/2 − b2. Theresult thus follows from (III.5.25) and (III.5.29).III.5.4 Proof of Proposition 14The proof of Proposition 14 relies on Theorem 9 below. This theorem extends a reent on-entration inequality due to Adamzak [Ada08℄, that itself extends Talagrand's onentrationinequality (Theorem 1.4. in [Tal96℄) to families of funtions whih are not uniformly bounded.In the sequel, the norm ‖.‖ψ1 is de�ned for every real-valued random variable U by

‖U‖ψ1 = inf
{
λ > 0 s.t. E

[
exp(|U |/λ)

]
≤ 2
}
.Theorem 9 Let U1, . . . , Un be independent random variables taking values in a measurablespae (U ,B). Let F be a ountable family of real-valued and measurable funtions de�ned on Usuh that, for all 1 ≤ i ≤ n, ‖ supf∈F |f(Ui)|‖ψ1 is �nite. Let

Z = sup
f∈F

∣∣∣∣
n∑

i=1

(
f(Ui)− E[f(Ui)]

)∣∣∣∣,

σ2 = sup
f∈F

n∑

i=1

Var(f(Ui)
) and B =

∥∥∥ max
1≤i≤n

sup
f∈F
|f(Ui)|

∥∥∥
ψ1

.Then B is �nite and there exists a onstant κ suh that, for all 0 < x ≤ (2σ/κB)2,
P
(
Z ≥ 2E[Z] + 2σ

√
x
)
≤ 4 exp(−x),and, for all x > (2σ/κB)2,

P
(
Z ≥ 2E[Z] + κBx

)
≤ 4 exp(−x).



92 Histogram seletion based on possibly ensored dataThe proof of Theorem 9 is not given here sine it follows almost the same lines as that ofTheorem 4 in [Ada08℄.Let us prove that b0 is �nite. For all 1 ≤ i ≤ n, and all positive λ, a onvexity argumentleads to
exp

(
λ|w(Zi)|

)
=
∏

I∈m⋆

exp
(
λ|w(Zi)|1II(Xi)

)
Ps − a.s.

≤
∑

I∈m⋆

exp
(
λDm⋆ |w(Zi)|1II(Xi)

)
/Dm⋆ .Besides, it follows from Assumption (M) that there exists λ > 0 suh that for all 1 ≤ i ≤ nand all I ∈ m⋆, Es

[
exp

(
λDm⋆ |w(Zi)|1II(Xi)

)] is �nite. Lemma 2.2.2. in [vdVW96℄ then allowsto onlude that b0 is �nite sine
b0 ≤ C ln(n) max

1≤i≤n

∥∥w(Zi)
∥∥
ψ1for some absolute onstant C.Let us �x some partition m built on m⋆ and note that sm = Es(šm). Let Sm be someountable and dense subset of {(aI) ∈ R

Dm s.t. ∑I∈m a
2
I = 1

} and, for all a ∈ Sm, let fa bede�ned on [0, 1] × Y by
fa(x, y) =

∑

I∈m

aI

n
√
µ(I)

w(x, y)1II(x).From Cauhy-Shwarz inequality and its equality ase,
‖šm − sm‖ =

√∑

I∈m

µ(I)(šm − sm)21II

= sup
a∈Sm

∣∣∣∣∣
∑

I∈m

aI
√
µ(I)(šm − sm)1II

∣∣∣∣∣

= sup
a∈Sm

∣∣∣∣
n∑

i=1

(
fa(Zi)− Es

[
fa(Zi)

])∣∣∣∣,where the supremum is reahed by ǎ = (ǎI)I∈m suh that, for all I ∈ m,
ǎI =

√
µ(I)(šm − sm)1II/‖šm − sm‖.Yet, we shall not apply Theorem 9 to ‖šm−sm‖ but to some trunated version of that variable:as Castellan [Cas00℄ (Proposition 4.3), our aim is to exhibit the subgaussian behaviour of

‖šm − sm‖ on some subset of Ω. Let
Ω⋆ =

{
‖šm⋆ − sm⋆‖∞ ≤ ε

}
,where ε = 4M/κb for some b ≥ b0. Let z be a positive real, to be hosen later, and Am be asubset of {a ∈ Sm s.t. maxI∈m |aI |/

√
µ(I) ≤ ε/z

}. We onsider
W (m) = sup

a∈Am

∣∣∣∣
n∑

i=1

(
fa(Zi)− Es

[
fa(Zi)

])∣∣∣∣.Sine W (m) ≤ ‖šm − sm‖, we obtain by onavity of the square-root funtion that
Es[W (m)] ≤

√
Es[‖šm − sm‖2].



Proofs 93It follows from the de�nition of M and the independene of Z1, . . . , Zn that
max
I∈m

Es

[
n‖(šm − sm)1II‖2

]
= max

I∈m

1

nµ(I)

n∑

i=1

Vars[w(Zi)1II(Xi)
]
≤M,hene

Es[W (m)] ≤
√
MDm

n
.Besides,

σ2
m := sup

a∈Am

n∑

i=1

Var(fa(Zi)) ≤ M

n
and Bm :=

∥∥∥ max
1≤i≤n

sup
a∈Am

|fa(Zi)|
∥∥∥
ψ1

≤ ε

nz
b.Let us �x x ∈ (0, (2σm/κBm)2]. We dedue from Theorem 9 that there exists a set Ω(x) ∈ Asuh that Ps

(
Ωc(x)

)
≤ 4 exp(−x) and on whih

√
nW (m) < 2

√
MDm + 2

√
Mx.Sine m is built on m⋆, we have ‖šm − sm‖∞ ≤ ε on Ω⋆. Thus, on Ω⋆ ∩ {‖šm − sm‖ ≥ z},

max
I∈m
|ǎI |/

√
µ(I) ≤ ε/z,so that ‖šm − sm‖ and W (m) oinide on that set. By setting z = 2

√
Mx/n, we obtain on

Ω(x) √
n‖šm − sm‖1IΩ⋆ < 2

√
MDm + 2

√
Mx,whih proves (III.3.9) for all x ∈ (0, (2σm/κBm)2]. Let us now �x x > (2σm/κBm)2. We deduethis time from Theorem 9 that there exists a set Ω(x) ∈ A suh that Ps

(
Ωc(x)

)
≤ 4 exp(−x)and on whih √

nW (m) < 2
√
MDm +

κεb√
nz
x.We obtain (III.3.9) for suh x by setting again z = 2

√
Mx/n.Arguments similar to those used Setion 2.2.3 in [Mas07℄ show that

Ps(Ω
c
⋆) ≤ 2Dm⋆ exp

(
− C M2

b(bv + aM)
ℓ⋆

)
,where Dm⋆ ≤ n/ℓ⋆, hene (III.3.10).In the ase where the Xi's are non-random, one an onsider Ω⋆ = Ω if a = 0 or

Ω⋆ =
{
‖šm⋆ − sm⋆‖∞ ≤ v/a

}otherwise, and onlude with the same arguments as in Sauvé [Sau09℄, Lemma 1.III.5.5 Proof of Theorem 6We will use the following lemma.Lemma 3 Assumptions (P) and (M) are supposed to be ful�lled. There exists C(a, v) thatonly depends on a and v suh that
Es

[
‖sm⋆ − šm⋆‖4

]
≤ C(a, v).Moreover, C(a, v) is an inreasing funtion of a and an inreasing funtion of v.



94 Histogram seletion based on possibly ensored dataProof. By Jensen's inequality,
Es

[
‖sm⋆ − šm⋆‖4

]
≤
∫ 1

0
Es|sm⋆(x)− šm⋆(x)|4dx.Sine sm⋆ = Es(šm⋆) and minI∈m⋆ nµ(I) ≥ 1, we get

Es

[
‖sm⋆ − šm⋆‖4

]
≤ Dm⋆

n
max
I∈m⋆

Es



(

1√
nµ(I)

n∑

i=1

(w(Zi)1II(Xi)− Es[w(Zi)1II(Xi)])

)4

 .By Assumption (M), for all I ∈ m⋆ and all λ ∈ (−1/a, 1/a),

ln Es

[
exp

(
λ√
nµ(I)

n∑

i=1

(
w(Zi)1II(Xi)− Es

[
w(Zi)1II(Xi)

]))]
≤ vλ2

2(1 − a|λ|) .Integrating this inequality, one obtains that there exists C(a, v) that inreases with a and vsuh that
Es



(

1√
nµ(I)

n∑

i=1

(w(Zi)1II(Xi)− Es[w(Zi)1II(Xi)])

)4

 ≤ C(a, v). (III.5.30)Besides, Dm⋆ ≤ n/ℓ⋆ ≤ n, hene Lemma 3. �Let us �rst introdue some notation. For all t ∈ S, let

νc(t) =
1

n

n∑

i=1

(
w(Zi)t(Xi)− Es[w(Zi)t(Xi)]

)

R(t) =
1

n

n∑

i=1

(ŵ − w)(Zi)t(Xi).Let us �x some partition m ∈M⋆, and set
χc(m) = sup

t∈Sm
‖t‖=1

|νc(t)| and χR(m) = sup
t∈Sm
‖t‖=1

|R(t)|. (III.5.31)Notie that, from Cauhy-Shwarz inequality and (III.2.1),
χc(m) = ‖šm − sm‖ and χR(m) = ‖šm − ŝm‖. (III.5.32)From the de�nitions of m̂ and ŝm, we get

γ(s̃) + pen(m̂) ≤ γ(ŝm) + pen(m)

≤ γ(sm) + pen(m).On the other hand, for all t, u ∈ S,
γ(t)− γ(u) = ‖s− t‖2 − ‖s− u‖2 − 2(νc +R)(t− u).So

‖s − s̃‖2 ≤ ‖s − sm‖2 + pen(m) + 2(νc +R)(s̃− sm)− pen(m̂). (III.5.33)In the sequel, for all partitions m′ ∈M⋆, we denote by m∪m′ the roughest partition built on
m and m′. We reall that, for all positive θ and all nonnegative a and b,

2ab ≤ 1

θ
a2 + θb2. (III.5.34)



Proofs 95We dedue from the triangle inequality and the last inequality, applied several times, with
θ = 1/2 or θ = 1, that

2(νc +R)(s̃− sm) ≤ 2‖s̃ − sm‖
(
χc(m ∪ m̂) + χR(m ∪ m̂)

)

≤ 2
(
‖s− s̃‖+ ‖s − sm‖

)(
χc(m ∪ m̂) + χR(m ∪ m̂)

)

≤ 1

2
‖s − s̃‖2 + ‖s− sm‖2 + 6χ2

c(m ∪ m̂) + 6χ2
R(m ∪ m̂). (III.5.35)AsM⋆ only ontains partitions built on m⋆, Sm∪m̂ is a subspae of Sm⋆ , so

χ2
R(m ∪ m̂) ≤ χ2

R(m⋆). (III.5.36)Combining Inequalities (III.5.33), (III.5.35) and (III.5.36) yields
‖s− s̃‖2 ≤ 4‖s − sm‖2 + 2pen(m) + 12χ2

c(m ∪ m̂)− 2pen(m̂) + 12χ2
R(m⋆). (III.5.37)We shall �rst look for an upper-bound for the risk of s̃ on the set Ω⋆ ∩A. Let us �x somepositive ζ. For all partitions m′ ∈M⋆, let

xm′ = Lm′Dm′ + ζ,

Ωζ(m,m
′) =

{
nχ2

c(m ∪m′)1IΩ⋆ < M
(
k1(Dm +Dm′) + k2xm′ + 2k3

√
k1k2(Dm +Dm′)xm′

)}and
Ωζ(m) =

⋂

m′∈M⋆

Ωζ(m,m
′).For all partitions m′ ∈ M⋆, Assumption (P) ensures that m ∪m′ is a partition built on m⋆,so we dedue from Proposition 14, Inequality (III.3.9), that

Ps

(
Ωc
ζ(m,m

′)
)
≤ k4 exp(−xm′),so that Ωζ(m) is a set with probability

Ps

(
Ωζ(m)

)
≥ 1− k4 exp(−ζ)Σ. (III.5.38)Using repeatedly that, for all nonnegative a and b, √a+ b ≤ √a +

√
b, and applying severaltimes Inequality (III.5.34) with θ = 1, we get on the set Ωζ(m)

nM−1χ2
c(m ∪ m̂)1IΩ⋆

≤ k1(Dm +Dm̂) + k2(Dm̂Lm̂ + ζ) + 2k3

√
k1k2(Dm +Dm̂)(Dm̂Lm̂ + ζ)

≤
(
k1 + k2Lm̂ + 2k3

√
k1k2Lm̂

)
Dm̂ + k1Dm + k2ζ

+ 2k3

(√
k1Dm̂k2ζ +

√
k2Dm̂Lm̂k1Dm +

√
k1Dmk2ζ

)

≤
(
k1 + k2Lm̂ + 2k3

√
k1k2Lm̂

)
Dm̂ + k1Dm + k2ζ

+ k3

(
k1Dm̂ + k2ζ + k2Dm̂Lm̂ + k1Dm + k1Dm + k2ζ

)

≤ K1(k1, k2, k3, Lm̂)Dm̂ +K2(k1, k3)Dm +K3(k2, k3)ζ,where, for all partitions m′ ∈M⋆,
K1(k1, k2, k3, Lm′) = (1 + k3)(k1 + k2Lm′) + 2k3

√
k1k2Lm′

K2(k1, k3) = k1(1 + 2k3)

K3(k2, k3) = k2(1 + 2k3).



96 Histogram seletion based on possibly ensored dataSine, on the set A, M ≤ k7M̂ , we dedue from Inequality (III.5.37), the assumption on penand the last inequality that, still on the set Ωζ(m),
‖s − s̃‖21IΩ⋆∩A ≤ 4‖s− sm‖2

+ 2pen(m)1IA + 12k7K2(k1, k3)
M̂Dm

n
1IA

+ 12MK3(k2, k3)
ζ

n
+ 12χ2

R(m⋆)1IΩ⋆∩A.Sine K1(k1, k2, k3, Lm) ≥ k1(1 + k3), we notie that
12k7K2(k1, k3)

M̂Dm

n
1IA ≤ K4(k3)pen(m)1IA,where

K4(k3) = 2
1 + 2k3

1 + k3
.Consequently, still on the set Ωζ(m), we have

‖s− s̃‖21IΩ⋆∩A ≤ 4‖s − sm‖2 +
(
2 +K4(k3)

)pen(m)1IA

+ 12MK3(k2, k3)
ζ

n
+ 12χ2

R(m⋆)1IΩ⋆∩A.Finally, after integrating with respet to ζ, and taking the in�mum over m ∈ M⋆, we get thefollowing upper-bound for the risk of s̃ on Ω⋆ ∩A:
Es

[
‖s − s̃‖21IΩ⋆∩A

]
≤ inf
m∈M⋆

{
C1‖s− sm‖2 + C2(k3)Es

[pen(m)1IA
]}

+ C3(k2, k3, k4)
MΣ

n
+ 12Es

[
χ2
R(m⋆)1IΩ⋆∩A

]
. (III.5.39)Let us now bound the risk of s̃ on the omplementary set of Ω⋆ ∩ A. First, Pythagoras'equality leads to

‖s− s̃‖2 = ‖s− sm̂‖2 + ‖sm̂ − ŝm̂‖2.Besides, it follows from the triangle inequality and the expressions of χc and χR (f. (III.5.32)and (III.5.31)) that for any θ > 0,
‖sm̂ − ŝm̂‖2 ≤

(
χc(m̂) + χR(m̂)

)2

≤ (1 + θ−1)χ2
c(m

⋆) + (1 + θ)χ2
R(m⋆).Therefore,

‖s − s̃‖2 ≤ ‖s‖2 + (1 + θ−1)χ2
c(m

⋆) + (1 + θ)χ2
R(m⋆).Let us denote by p⋆ the Ps−measure of Ωc

⋆ ∪Ac. Applying Cauhy-Shwarz inequality, we get
Es

[
‖s− s̃‖21IΩc

⋆∪A
c

]
≤ p⋆‖s‖2+(1+θ−1)

√
p⋆Es[χ4

c(m
⋆)]+(1+θ)Es[χ

2
R(m⋆)1IΩc

⋆∪A
c ]. (III.5.40)It follows from Proposition 14 and the assumption on A that

p⋆ ≤
1

n2

(
k5

ℓ⋆
n3 exp(−k6ℓ⋆) + CA

)
.Sine p⋆ ≤ 1 and as Es[χ

2
R(m⋆)] ≤ C∆/n under Assumption (W), the �rst part of Theorem 6follows from (III.5.39), Lemma 3 and (III.5.40) where we set θ = 11. The seond assertion inTheorem 6 is an easy onsequene of the �rst one.



Proofs 97III.5.6 Proof of Proposition 15Aording to Bernstein's inequality as stated in [Mas07℄ (Setion 2.2.3), Assumption (M) issatis�ed for instane when, for all integers k ≥ 2,
n∑

i=1

Es

[
|w(Zi)|k1II(Xi)

]
≤ k!

2
nv|I|ak−2.As w is bounded, for all integers k ≥ 2,

n∑

i=1

Es

[
|w(Zi)|k1II(Xi)

]
≤ nM |I|‖w‖k−2

∞ ,so that Assumption (M) is satis�ed with v = M and a = ‖w‖∞/3. Moreover, from (III.2.1),for all I ∈ m⋆,
(

1

n|I|
n∑

i=1

(ŵ − w)(Zi)1II(Xi)

)2

≤ ∆2

(
1

n|I|
n∑

i=1

(w(Zi)1II(Xi)− Es[w(Zi)1II(Xi)]) + ‖s‖∞
)2

.It thus follows from Cauhy-Shwarz inequality that Assumption (W) is ful�lled with
C∆ = 2C ′

∆(
√
C(a, v) + ‖s‖2∞),where C(a, v) is de�ned as in (III.5.30).Let us hek that Conditions (III.3.11) and (III.3.13) are ful�lled. Let θ = 1/2 and

A =
⋂

I∈m⋆

{∣∣∣∣
n∑

i=1

(
ŵ2(Zi)1II(Xi)− Es

[
w2(Zi)1II(Xi)

])∣∣∣∣ ≤ θMn|I|
}On A, we immediately obtain the inequalities M ≤ (1 − θ)−1M̂ and M̂ ≤ (1 + θ)M . Let usnow bound Ps(A

c). For all I ∈ m⋆, we introdue the sum of entered i.i.d. variables
SI =

n∑

i=1

(
w2(Zi)1II(Xi)− Es

[
w2(Zi)1II(Xi)

])and the sets
FI =

{
|SI | > (θ/2)Mn|I|

} and GI =

{∣∣∣
n∑

i=1

(ŵ2 − w2)(Zi)1II(Xi)
∣∣∣ > (θ/2)Mn|I|

}
.Moreover, we introdue

∆′ = max
1≤i≤n

|ŵ2 − w2|
w2

(Zi)with the onvention that 0/0 = 0. For all I ∈ m⋆

∣∣∣
n∑

i=1

(ŵ2 − w2)(Zi)1II(Xi)
∣∣∣ ≤ ∆′

(
SI +Mn|I|

)
,so, for all positive c,

GI ⊂
{
∆′ > c

}
∪
{
SI > (θ/(2c)− 1)Mn|I|

}
.



98 Histogram seletion based on possibly ensored dataChoosing c so that θ/(2c) − 1 = θ/2, i.e. c = θ/(θ + 2) = 1/5, we get
Ac ⊂

{
∆′ > θ/(θ + 2)

}
∪
⋃

I∈m⋆

FI .Using the aforementionned version of Bernstein's inequality so as to bound Ps(FI) and theinequality Dm⋆ ≤ n/ℓ⋆, we obtain by summing over I ∈ m⋆ that
∑

I∈m⋆

Ps(FI) ≤
2

ℓ⋆
n exp

(
− C Mℓ⋆
‖w‖2∞

)where C is an aboslute onstant. Moreover, sine w satis�es Condition (III.2.1) and is nonneg-ative, we get, for all I ∈ m⋆,
Cw〈s, 1II〉 ≤ Es[w

2(Z1)1II(X1)] ≤ ‖w‖∞〈s, 1II〉,hene
Cwι(s) ≤M ≤ ‖w‖∞‖s‖∞.Sine ∆′ ≤ ∆2 + 2∆, it follows from the assumption on ∆ that

Ps(A
c) ≤ C × (C ′

∆)2 + C(Cw, ‖w‖∞, ι(s))
n2

,where C is an absolute onstant and C(Cw, ‖w‖∞, ι(s)) is a dereasing funtion of ι(s) and
Cw and an inreasing funtion of ‖w‖∞. Consequently, Conditions (III.3.11) and (III.3.13) inTheorem 6 are satis�ed with k7 = 2 and k8 = 3/2 and we an set b = ‖w‖∞/ ln(2). Orale-type inequality (III.3.15) then follows, where we an take k1,. . . , k5 absolute onstants and
k6 = cCwι(s)/‖w‖2∞ for some small enough absolute onstant c > 0.III.5.7 Proof of Theorem 8First, we obtain as a straightforward onsequene of Theorem 7 that

Es

[
‖s− s̃‖2

]
≤ C6(1 +M + C4) inf

m∈M⋆

{
‖s− sm‖2 +

Dm

n

}
.Then, for all m ∈M⋆, it follows from the de�nition of sm and the triangle inequality that, forall t ∈ Sm,

‖s− sm‖2 ≤ 2(‖s − sm⋆‖2 + ‖sm⋆ − t‖2),hene, by taking the in�mum over t ∈ Sm and m ∈M⋆,
inf

m∈M⋆

{
‖s− sm‖2 +

Dm

n

}
≤ 2‖s− sm⋆‖2 + 2 inf

m∈M⋆

{
inf
t∈Sm

‖sm⋆ − t‖2 +
Dm

n

}
. (III.5.41)Let us �rst assume that s ∈ V(α,R), with 0 < α ≤ 1 and R ≥ 0. For any subinterval I of

[0, 1], we denote by sI the mean value of s over I and de�ne
Vα(s, I) = sup

i≥1
sup

x0<...<xi

(x0,...,xi)∈I
i+1

( i∑

j=1

|s(xj)− s(xj−1)|1/α
)α
.



Proofs 99Remembering that the dyadi intervals of [0, 1] of length 2−J⋆ are the {I(J⋆,k)

}
k=0,...,2J⋆−1(f. (III.4.20)), we have

‖s − sm⋆‖2 ≤
2J⋆−1∑

k=0

|I(J⋆,k)|‖(s − sI(J⋆,k)
)1II(J⋆,k)

‖2∞

≤ 2−J⋆

2J⋆−1∑

k=0

V 2
α (s, I(J⋆,k)).We then dedue from lassial inequalities between ℓp-norms that

‖s− sm⋆‖2 ≤ 2J⋆((1−2α)+−1)

(
2J⋆−1∑

k=0

V 1/α
α (s, I(J⋆,k))

)2α

.As Vα(s, .) is subadditive and Vα(s) ≤ R, we get
‖s− sm⋆‖2 ≤ 2J⋆((1−2α)+−1)R2. (III.5.42)Let us now bound Vα(sm⋆). Let i be a positive integer and 0 ≤ x0 < . . . < xi ≤ 1. Forall 0 ≤ j ≤ i, let I(J⋆,k(j)) be the only dyadi interval of length 2−J⋆ that ontains xj . Sine

1/α ≥ 1, we dedue from Jensen's Inequality that
i∑

j=1

|sm⋆(xj)− sm⋆(xj−1)|1/α =

i∑

j=1

∣∣∣2J⋆

∫ 1/2J⋆

0

[
s
(
x+ k(j)2−J⋆

)
− s
(
x+ k(j − 1)2−J⋆

)]
dx
∣∣∣
1/α

≤ 2J⋆

∫ 1/2J⋆

0

i∑

j=1

∣∣∣s
(
x+ k(j)2−J⋆

)
− s
(
x+ k(j − 1)2−J⋆

)∣∣∣
1/α

dx

≤ V 1/α
α (s),hene, by taking the supremum over all �nite inreasing sequenes with values in [0, 1],
Vα(sm⋆) ≤ Vα(s) ≤ R.We an thus apply Proposition 3 of [Bir07℄ to sm⋆ . So, for all nonnegative integers j, thereexist a partition mj of [0, 1] into dyadi intervals and a funtion tj ∈ Smj suh that

Dmj ≤ c1(α)2j and ‖sm⋆ − tj‖2 ≤ c2(α)R22−2αj ,where c1(α) and c2(α) are positive reals whose preise values are given in [Bir07℄. Moreover,sine sm⋆ is pieewise onstant over m⋆, by onstrution, eah mj ∈M⋆. Therefore,
inf

m∈M⋆

{
inf
t∈Sm

‖sm⋆ − t‖2 +
Dm

n

}
≤ inf

0≤j≤J⋆

{
‖sm⋆ − tj‖2 +

Dmj

n

}

≤ C(α) inf
0≤j≤J⋆

{
R22−2αj +

2j

n

}
. (III.5.43)Let J0 be the greatest integer suh that 2J0/n ≤ R22−2αJ0 , i.e. suh that 2J0 ≤ (nR2)1/(1+2α).If 1/n ≤ R2 ≤ 2J⋆(1+2α)/n, then 0 ≤ J0 ≤ J⋆ and R22−2αJ0 + 2J0/n ≤ C(α)(Rn−α)2/(1+2α).Therefore, for 0 < α ≤ 1/2 and 1/n ≤ R2 ≤ 2J⋆(1+2α)/n, we dedue from Inequalities (III.5.41)to (III.5.43) that

inf
m∈M⋆

{
‖s− sm‖2 +

Dm

n

}
≤ C(α)

(
R22−2αJ⋆ + (Rn−α)2/(1+2α)

)

≤ C(α)(Rn−α)2/(1+2α).



100 Histogram seletion based on possibly ensored dataFor 1/2 < α ≤ 1 and 1/n ≤ R2 ≤ 2J⋆(1+2α)/n, we dedue this time from Inequalities (III.5.41)to (III.5.43) that
inf

m∈M⋆

{
‖s− sm‖2 +

Dm

n

}
≤ C(α)

(
R22−J⋆ + (Rn−α)2/(1+2α)

)
,so that when 1/n ≤ R2 ≤ 2J⋆(1+1/(2α))/n, we still have

inf
m∈M⋆

{
‖s − sm‖2 +

Dm

n

}
≤ C(α)(Rn−α)2/(1+2α).Let us now assume that s ∈ B(α, p,R) for some R ≥ 0, p ≥ 1 and 1/p − 1/2 < α < 1. Let

(Hλ)λ∈Λ be the Haar basis on L
2([0, 1]), indexed by Λ =

⋃
j≥−1 Λ(j) where

Λ(j) = {(j, k), k = 0, . . . , 2j − 1}.Otherwise said, H(−1,0) = 1I[0,1] and
H(j,k)(x) = 2j/2H(2jx− k), for j ∈ N, 0 ≤ k ≤ 2j − 1 and x ∈ [0, 1],where H = 1I[0,1/2] − 1I(1/2,1]. Let ΛJ⋆−1 = ∪J⋆−1

j=−1Λ(j). Developing s in the Haar basis yields
s =

∑

λ∈Λ

βλHλ and sm⋆ =
∑

λ∈ΛJ⋆−1

βλHλ.Moreover, we reall that for all p ≥ 1 and all 0 < α < 1,
sup
j≥0

2j(α+1/2−1/p)

( ∑

λ∈Λ(j)

|βλ|p
)1/p

≤ C(α, p)|s|Bα
p,∞

(III.5.44)(f. [DL92℄, Setion 2.3, for instane). Using lassial inequalities between ℓp-norms and In-equality (III.5.44), the error in approximating s by sm⋆ an be upper bounded as follows:
‖s− sm⋆‖2 =

∑

j≥J⋆

∑

λ∈Λ(j)

|βλ|2

≤
∑

j≥J⋆

(
|Λ(j)|(1/2−1/p)+

( ∑

λ∈Λ(j)

|βλ|p
)1/p)2

≤
∑

j≥J⋆

2−2j
(
α−(1/2−1/p)−

)(
2j(α+1/2−1/p)

( ∑

λ∈Λ(j)

|βλ|p
)1/p)2

.

≤ C(α, p)
∑

j≥J⋆

2−2j
(
α−(1/2−1/p)−

)
|s|2Bα

p,∞

≤ C(α, p)2−2J⋆

(
α−(1/2−1/p)−

)
R2. (III.5.45)Let us now prove that sm⋆ belongs to the spae Cαp equipped with the semi-norm |.|Cα

p
, asde�ned in [DY90℄, Setion 3. The funtion (sm⋆)♯α,p (f. [DY90℄) is in fat pieewise onstantover m⋆, hene

|sm⋆ |pCα
p

= 2−J⋆

2J⋆∑

i=1

(
(sm⋆)♯α,p(i2

−J⋆)
)p
.



Proofs 101Besides, that semi-norm an be linked with |s|Bα
p,∞

. Let us denote by v the R
2J⋆ -vetor whose

i-th oordinate is vi = sm⋆(i2−J⋆), for i = 1, . . . , 2J⋆ , and onsider the R
2J⋆ -vetor v♯,α,p de�nedas in [Aka09℄, Setion 6.2. It an easily be heked that, for i = 1, . . . , 2J⋆ ,

(sm⋆)♯α,p(i2
−J⋆) = 2αJ⋆v♯,α,pi ,so that

|sm⋆ |pCα
p

= 2J⋆(αp−1)
2J⋆∑

i=1

(
v♯,α,pi

)p
. (III.5.46)Let us equip R

2J⋆ with the salar produt
〈a, b〉 =

2J⋆∑

i=1

aibi,and denote by {hλ}λ∈ΛJ⋆−1
the Haar basis of R

2J⋆ orthonormal for that salar produt. Forall λ ∈ ΛJ⋆−1 and all 1 ≤ i ≤ 2J⋆ , the i-th oordinate of hλ satis�es
hλ i = 2−J⋆/2Hλ(i2

−J⋆).Therefore, deomposing v in the Haar basis of R
2J⋆ gives

v = 2J⋆/2
∑

λ∈ΛJ⋆−1

βλhλ.From Proposition 5 of [Aka09℄, that still holds whatever p ≥ 1, we get
2J⋆∑

i=1

(
v♯,α,pi

)p ≤ C(α, p)2−J⋆(αp−1)
J⋆−1∑

j=0

2jp(α+1/2−1/p)
∑

λ∈Λ(j)

|βλ|p. (III.5.47)Combining Inequalities (III.5.46), (III.5.47) and (III.5.44) then leads to
|sm⋆ |Cα

p
≤ C(α, p)|s|Bα

p,∞
≤ C(α, p)R.Sine sm⋆ ∈ Cαp , it follows from Corollary 3.2. of [DY90℄ that, for all 1 ≤ D ≤ 2J⋆ , there exista partition mD of [0, 1] into D dyadi intervals and a funtion tD ∈ SmD

suh that
‖sm⋆ − tD‖2 ≤ C(α, p)R2D−2α. (III.5.48)Moreover, sine sm⋆ is pieewise onstant over m⋆, the partitions mD, 1 ≤ D ≤ 2J⋆ , pro-vided by the approximation algorithm desribed in [DY90℄ belong to M⋆. From Inequal-ities (III.5.41), (III.5.45) and (III.5.48), we dedue as previously that, for 1/n ≤ R2 ≤

2J⋆(1+2α)/n,
inf

m∈M⋆

{
‖s − sm‖2 +

Dm

n

}
≤ 2‖s − sm⋆‖2 + 2 inf

1≤D≤2J⋆

{
‖sm⋆ − tD‖2 +

D

n

}

≤ C(α, p)
(
2−2J⋆(α−(1/2−1/p)−)R2 + inf

1≤D≤2J⋆

{
R2D−2α +D/n

})

≤ C(α, p)
(
ln2δ(n)n−1)2(α−(1/2−1/p)−)R2 + (Rn−α)2/(1+2α)

)
.Therefore, for p ≥ 2 and 1/n ≤ R2 ≤ (ln(n))−2δ(1+2α)n2α,

inf
m∈M⋆

{
‖s− sm‖2 +

Dm

n

}
≤ C(α, p)(Rn−α)2/(1+2α).For 1 ≤ p < 2, two ases have to be distinguished sine (ln2δ(n)n−1)2(α+1/2−1/p)R2 ≤

(Rn−α)2/(1+2α) if and only if R2 ≤ nq(α,p)−1/(ln(n))2δq(α,p).
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Chapter IVConditional density estimation basedon dependent data
This hapter presents a work in ollaboration with Claire Laour.
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Introdution 105IV.1 IntrodutionIn this hapter, we are onerned with onditional density estimation. Suh a model is ex-peted to bring more information than the regression model, and also ontains lassial densityestimation as a speial ase. Although statistiians often onsider independent observations,it seems more natural to assume that the observed quantities are realizations of dependentrandom variables. There are many ways to quantify this dependene, and we will mainly workwith mixing and Markovian data. Besides, our aim is to provide a nonparametri estimatorthat adapts to the unknown and possibly inhomogeneous smoothness of the funtion, as wellas to its possible anisotropy. Otherwise said, the risk being measured in a Lq-norm, our esti-mator should perform well for funtions whose smoothness is measured in a Lp-norm, where pis allowed to be smaller than q, and whose degree of smoothness may vary with the diretion.Many works have already been devoted to adaptive density estimation for stationary de-pendent observations. Tribouley and Viennet [TV98℄ study an estimator based on waveletthresholding for absolutely regular data. Comte and Merlevède [CM02℄ onsider absolutelyregular as well as strongly mixing stationary proesses, in disrete or ontinuous time, andprovide adaptive estimators based on model seletion via least-squares penalization. Densityestimation has also been studied in the framework of Markovian observations. A major workin this ontext is due to Clémençon [Clé00a℄. He gives optimal rates of onvergene for theestimation of the stationary density of a Markov hain, and proposes a wavelet based estima-tor reahing this bound up to a logarithmi fator. Reent works onsider weakly dependentdata instead of mixing data. Gannaz and Wintenberger [GW09℄ study a wavelet thresholdingmethod for a wide lass of weakly dependent data. Lerasle [Ler09℄ estimates the density from
τ -dependent observations, as de�ned by [DP05℄, via model seletion and gives orale inequal-ities in probability. Among the aforementionned works, only [CM02℄, [Clé00a℄ and [GW09℄an ope with inhomogeneous smoothness, and these proedures are then optimal only up to alogarithmi fator. Even in density estimation based on independent data, few methods an doso. Let us ite blok thresholding methods after [HKP98℄, for instane. Reently, three papershave proposed model seletion proedures based on penalized minimum ontrasts that onsistin seleting from the data a best pieewise polynomial built on a partition into dyadi ubesor retangles. Willett and Nowak [WN07℄ selet best pieewise polynomials built on partitionsinto dyadi ubes via a penalized maximum likelihood ontrast. Klemelä [Kle09℄ and Blan-hard et al. [BSRM07℄ selet best histograms based on partitions into dyadi retangles via apenalized riterion based either on the L2 distane or on Kullbak-Leibler divergene. Onlythe �rst two papers prove adaptivity results on inhomogeneous smoothness lasses, both up toa logarithmi fator, [Kle09℄ being also able to adapt to anisotropy.Referenes about onditional density estimation are fewer, even for nonadaptive proeduresbased on independent data. Let us begin with some examples of nonadaptive estimators. Forindependent data, we an ite for instane Györ� and Kohler [GK07℄ for a histogram basedproedure, or Faugeras [Fau07℄ for a opula-based kernel estimator. For dependent data, letus mention De Gooijer and Zerom [DGZ03℄ or Fan and Yim [FY04℄ for kernel methods. Werefer to [La07℄ for a bibliography about nonadaptive estimation for the transition density ofa Markov hain. Regarding now adaptive estimation of onditional density based on indepen-dent data, three reent papers give orale inequalities and adaptivity results in the minimaxsense for funtions with anisotropi but homogeneous smoothness. Efromovih [Efr07; Efr08℄uses a Fourier deomposition to build a blokwise-shrinkage Efromovih-Pinsker estimator,whereas Brunel et al. [BCL07℄ perform model seletion based on a penalized least-squares ri-terion. Up to our knowledge, only two papers study adaptive estimators of the onditionaldensity based on dependent data, and both are only onerned with Markovian observations:Clémençon [Clé00b℄ and Laour [La07℄.



106 Conditional density estimation based on dependent dataIn this hapter, we lead a simultaneous study of onditional density and density estimation.The last problem, already widely studied, will serve as a benhmark to measure the performaneof our proedure. Given a olletion of partitions, we propose an estimator of the onditionaldensity that selets from the data the best partition among that olletion and then providesthe best pieewise polynomial estimator built on that partition. To do so, we use a penalizedleast-squares riterion. To deal with the possible dependene of the observations, we mainly use
β-mixing oe�ients and their oupling properties. Thus, our dependene assumptions, whilebeing satis�ed by a wide lass of Markov hains, are not restrited to Markovian assumptions.We �rst provide nonasymptoti orale type inequalities ful�lled by any olletion of partitionssatisfying some mild strutural onditions. We then onsider the olletions of partitions intodyadi ubes and dyadi retangles, as in [WN07℄ or [Kle09; BSRM07℄. In those two ases,we obtain orale-type inequalities and adaptivity results in the minimax sense over a widerange of Besov smoothness lasses, without logarithmi fator. Those lasses ontain funtionswith inhomogeneous smoothness, isotropi for the �rst olletion, and possibly anisotropifor the seond. For the olletion of partitions into dyadi ubes, adaptivity relies on anapproximation result due to Devore and Yu [DY90℄, not used in the aforementioned referenes.For the olletion of partitions into dyadi retangles, we prove an approximation result forfuntions with anisotropi smoothness inspired from [DY90℄, whih is of independent interest.Moreover, determining in pratie the penalized estimator based on that olletion only requiresa omputational omplexity linear in the size of the sample, up to a logarithmi fator.The hapter is organized as follows. We begin by desribing the framework and the esti-mation proedure, and present in Setion IV.3 the dependene measures used in the sequel.In Setion IV.4, estimation on one model is detailed. This study allows to understand therole of the dependene assumptions in our framework and what bound for the L2-risk weseek to obtain. The hoie of a penalty yielding an orale-type inequality is the topi of Se-tion IV.5. Setions IV.6 and IV.7 are devoted to the olletions of partitions into dyadi ubesand dyadi retangles, and adaptivity results are proved for the assoiated penalized estimator.Most proofs are deferred to Setion IV.8.IV.2 General framework and estimation proedureLet {Zi}i∈Z = {(Xi, Yi)}i∈Z be a stritly stationary proess de�ned on the measurable spae
(Ω,F ,P), where, for all i ∈ Z, Xi and Yi take values respetively in [0, 1]d1 and [0, 1]d2 , with
d1 ∈ N and d2 ∈ N

⋆. We set [0, 1]d1 = {0} when d1 = 0. Given some integer n ≥ 2, our aimis to estimate, on the basis of the observation of (Z1, . . . , Zn), the marginal density s of Yionditionally to Xi. Let us mention two speial ases of interest. If d1 = 0, whih amounts tono onditioning, then s is just the marginal density of Yi. The expression "density estimation"will refer to that ase. If (Xi)i∈Z is a homogeneous Markov hain of order 1, and Yi = Xi+1for all i ∈ Z, then s is the transition density of the hain (Xi)i∈Z. When d1 ∈ N
⋆, we assumethat the onditioning variables (Xi)i∈Z admit a bounded marginal density f with respet tothe Lebesgue measure. When d1 = 0, we set f equal to 1.Let us introdue some standard notation. For any real-valued funtion t de�ned andbounded on some set D, we set

ι(t) = inf
x∈D
|t(x)| and ‖t‖∞ = sup

x∈D
|t(x)|.For k ∈ N, we denote by µk the Lebesgue measure on [0, 1]k if k is positive, and the Dirameasure at 0 otherwise. We denote by L2

(
[0, 1]d1 × [0, 1]d2

) the set of all real-valued fun-tions whih are square integrable with respet to µd1 ⊗ µd2 , and by 〈., .〉 and ‖.‖ the usual



General framework and estimation proedure 107salar produt and norm on L2([0, 1]
d1 × [0, 1]d2). Sine f is bounded, we an also de�ne on

L2

(
[0, 1]d1 × [0, 1]d2

) the salar produt
〈t, u〉f =

∫

[0,1]d1×[0,1]d2

t(x, y)u(x, y)f(x)µd1(dx)µd2(dy)and the assoiated norm ‖.‖f . When d1 = 0 (i.e. [0, 1]d1 = {0}), L2

(
[0, 1]d1 × [0, 1]d2

) isidenti�ed with L2

(
[0, 1]d2

) and ‖.‖f oinides with ‖.‖.We onsider the empirial riterion γ inspired from [BCL07℄ and de�ned on
L2

(
[0, 1]d1 × [0, 1]d2

) by
γ(t) =

1

n

n∑

i=1

[∫

[0,1]d2

t2(Xi, y)µd2(dy)− 2t(Xi, Yi)

]
.It satis�es, for all t ∈ L2

(
[0, 1]d1 × [0, 1]d2

),
Es[γ(t)− γ(s)] = ‖s− t‖2f ,so that s minimizes t 7→ Es[γ(t)]. Given the aforementioned onventions, when d1 = 0, i.e. forestimating the marginal density of (Yi)i∈Z, we reover the usual least-squares riterion

γ(t) =
1

n

n∑

i=1

[∫

[0,1]d2

t2(y)µd2(dy)− 2t(Yi)

]
.When (Xi)i∈Z is a Markov hain and Yi = Xi+1, we reover the ontrast introdued in [La07℄for transition density estimation,

γ(t) =
1

n

n∑

i=1

[∫

[0,1]d2

t2(Xi, y)µd2(dy)− 2t(Xi,Xi+1)

]
.Let us now �x some nonnegative integer r. For a partition m of [0, 1]d1 × [0, 1]d2 intoretangles, we denote by Sm the spae of all real-valued pieewise polynomial funtions on

[0, 1]d1 × [0, 1]d2 whih are polynomial with oordinate degree ≤ r on eah retangle of m. Wede�ne a best estimator of s in the model Sm by setting
ŝm = argmin

t∈Sm

γ(t).We give ourselves a �nite olletionM of partitions of [0, 1]d1×[0, 1]d2 into retangles. Then, inview of hoosing from the data the best estimator among the olletion {ŝm}m∈M, we onsiderthe random seletion proedure
m̂ = argmin

m∈M
{γ(ŝm) + pen(m)}and the penalized estimator
s̃ = ŝm̂,where pen : M → R

+ is a so-alled penalty funtion that remains to be hosen so that s̃performs well.In order to provide useful haraterizations for ŝm and m̂ in pratie, we need to introduesome adequate basis of eah Sm, for m ∈ M. We set d = d1 + d2. Assume that d1 ∈ N
⋆. For

K1 retangle in [0, 1]d1 , let (φK1,k1)k1∈{0,...,r}d1 be a basis of the spae of pieewise polynomialfuntions with support K1 and oordinate degree ≤ r, whih is orthonormal for the norm ‖.‖.



108 Conditional density estimation based on dependent dataIn the same way, we hoose for eah retangle K2 ⊂ [0, 1]d2 a basis (ψK2,k2)k2∈{0,...,r}d2 of thespae of pieewise polynomial funtions with support K2 and oordinate degree ≤ r, whih isorthonormal for the norm ‖.‖. For K retangle in [0, 1]d, we shall denote by K1 and K2 theretangles in [0, 1]d1 and [0, 1]d2 suh that K = K1 ×K2. For k ∈ {0, . . . , r}d, we shall denoteby k1 and k2 the multi-indies in {0, . . . , r}d1 and {0, . . . , r}d2 suh that k = (k1, k2). For anyretangle K ∈ [0, 1]d and any multi-index k ∈ {0, . . . , r}d, we then de�ne ΦK,k by
ΦK,k(x, y) = φK1,k1(x)ψK2,k2(y)for z = (x, y) ∈ [0, 1]d1 × [0, 1]d2 . Thus, for a partition m of [0, 1]d into retangles, the family

(ΦK,k)K∈m,k∈{0,...,r}d is a basis of Sm, orthonormal for the norm ‖.‖. We will mention no index
k when r = 0 and, when d1 = 0, we will identify the retangle K with K2, the index k with
k2, φK1,k1 with the onstant 1 and ΦK,k with ψK2,k2. We denote by

ŝm =
∑

K∈m

∑

k∈{0,...,r}d

âK,kΦK,kthe deomposition of ŝm in the basis (ΦK,k)K∈m,k∈{0,...,r}d . For all K ∈ m, we de�ne thematries
AK =

(
âK,(k1,k2)

)
(k1,k2)∈{0,...,r}d1×{0,...,r}d2

,

ΥK =

(
1

n

n∑

i=1

φK1,k1(Xi)ψK2,k2(Yi)

)

(k1,k2)∈{0,...,r}d1×{0,...,r}d2

,and
GK1 =

(
1

n

n∑

i=1

φK1,k1(Xi)φK1,l1(Xi)

)

(k1,l1)∈{0,...,r}d1×{0,...,r}d1

.Sine φK1,k1 and φL1,l1 (resp. ψK2,k2 and ψL2,l2) have disjoint supports when K1 6= L1 (resp.
K2 6= L2) and (ψK2,k2)k2∈{0,...,r}d2 is orthonormal, we obtain after some omputation that, forall K ∈ m, AK is given by

GK1AK = ΥK . (IV.2.1)Let us mention some speial ases where we obtain expliit (and familiar) expressions for ŝm.In the ase of density estimation, i.e. when d1 = 0, we reover the projetion estimator over
Sm

ŝm =
∑

K∈m

∑

k∈{0,...,r}d

(
1

n

n∑

i=1

ΦK,k(Yi)

)
ΦK,kand thus, when r = 0, the usual histogram

ŝm =
∑

K∈m

(
1

nµd(K)

n∑

i=1

1IK(Yi)

)
1IK .For onditional density estimation with d1 6= 0 and when r = 0, we set, for all retangle K,

ŝm1IK =
1

µd2(K2)
∑n

i=1 1IK1(Xi)

n∑

i=1

1IK(Zi) if some Xi ∈ K1,and ŝm1IK = 0 otherwise.



Measures of dependene 109IV.3 Measures of dependeneLet us introdue the notions of dependene used in the sequel. For two sub-σ-�elds A and Bof F , the α-mixing (or strong mixing) oe�ient between A and B is de�ned by
α(A,B) = sup

A∈A,B∈B
|P(A ∩B)− P(A)P(B)| ,the β-mixing (or absolute regularity) oe�ient by

β(A,B) = E

[
sup
B∈B
|P(B|A)− P(B)|

]
,and the ρ-mixing (or maximal orrelation) oe�ient by

ρ(A,B) = sup
X,Y

|Cov(X,Y )|√Var(X)Var(Y )where the supremum is taken with respet to all real-valued random variables X and Y thatare respetively A and B-measurable and square integrable. We reall that α, β and ρ-mixingare among the weakest forms of mixing onditions, in the sense that both β and ρ-mixingare implied by φ-mixing (uniform mixing) and imply α-mixing (see for instane [Dou94℄). Inpartiular,
0 ≤ 2α(A,B) ≤ β(A,B) and 0 ≤ 4α(A,B) ≤ ρ(A,B). (IV.3.2)Besides, in general, ρ-mixing does not imply β-mixing, and β-mixing does not imply ρ-mixing.In the sequel, the letter θ stands for α, β or ρ. For all j ∈ N

⋆, let
θZj = θ (σ(Zi, i ≤ 0), σ(Zi, i ≥ j)) .The proess (Zi)i∈Z is said to be θ-mixing when limj→+∞ θZj = 0. In partiular, (Zi)i∈Z isgeometrially θ-mixing with rate b, b > 0, if there exists a positive onstant a suh that, for all

j ∈ N
⋆,

θZj ≤ a exp(−bj).We shall also use the 2-mixing oe�ients θ(σ(Z0), σ(Zj)), that satisfy, for all j ∈ N
⋆,

θ(σ(Z0), σ(Zj)) ≤ θZj (IV.3.3)and, if (Zi)i∈Z is a Markov hain,
θ(σ(Z0), σ(Zj)) = θZj . (IV.3.4)Let us give su�ient onditions for (Zi)i∈Z to be θ-mixing. First, if (Xi)i∈Z is a stritlystationary θ-mixing proess, and Yi = Xi+1 for all i ∈ Z, then (Zi)i∈Z also is θ-mixing sine,for all j ≥ 2,

θZj = θXj−1. (IV.3.5)In the sequel, we will mainly be onerned with mixing assumptions possibly involving ρ-mixingand β-mixing or ρ-mixing and α-mixing at the same time. Under adequate hypotheses, Markovhains (always assumed to be homogeneous of order 1) provide examples of suh proesses.Example (M1): If (Zi)i∈Z is a Markov hain, then (Zi)i∈Z is geometrially ρ-mixing if andonly if it is ρ-mixing (in fat, (Zi)i∈Z is geometrially ρ-mixing as soon as ρZj < 1 for some



110 Conditional density estimation based on dependent datapositive integer j) (f. [Bra05℄, Theorem 3.3). Up to our knowledge, there is no suh propertyfor the β-mixing oe�ients.Example (M2): If (Zi)i∈Z is a stritly stationary Harris ergodi Markov hain (aperiodi,irreduible, positive Harris reurrent), then (Zi)i∈Z is geometrially β-mixing if and only if itis geometrially ergodi (f. [Bra05℄, Theorem 3.7).Example (M3): If (Zi)i∈Z is a stritly stationary Harris ergodi Markov hain that isalso reversible and geometrially ergodi, then (Zi)i∈Z is both geometrially ρ-mixing andgeometrially β-mixing (f. [Jon04℄, Theorem 2).Example (M4): If (Zi)i∈Z is a stritly stationary, ergodi and aperiodi Markov hainsatisfying the Doeblin ondition, then (Zi)i∈Z is uniformly ergodi, hene both geometrially
ρ-mixing and geometrially β-mixing (f. [Bra05℄, 119�121, or [MT93℄, Setion 16.2).We refer to [DG83; Mok90; DT93; Dou94; AN98℄ for examples of stationary proesses thatare geometrially β-mixing or both geometrially β and ρ-mixing among ommonly used timeseries suh as nonlinear ARMA or nonlinear ARCH models.IV.4 Upper-bounds for the risk on one modelIn this setion, we review dependene assumptions allowing to reover an upper-bound for therisk of eah estimator ŝm similar to the one obtained in the independent ase, up to a onstantor logarithmi fator. We reall that d = d1 + d2. We also use the following notation for eahpartition m of [0, 1]d1 × [0, 1]d2 into retangles. We denote by |m| the number of retangles in
m and by Dm the dimension of Sm, so that Dm = (r + 1)d|m|. The notation sm stands forthe orthogonal projetion of s on Sm for the norm ‖.‖. Besides, we say that the partition mis regular when all its retangles have the same Lebesgue measure, i.e. when for all K ∈ m,
µd(K) = 1/|m|.We onsider the following dependene assumptions. Exept for the last one, they are relatedto some rate of mixing. Some only involve 2-mixing oe�ients or also impose onditions onthe partition m.Assumption (Dα(m)) For all K ∈ m, µd(K) ≥ 1/n, and (Zi)i∈Z is geometrially α-mixing,with a ≥ 0 and b > 0 suh that, for all j ∈ N

⋆,

αZj ≤ a exp(−bj).

Assumption (D2-α(m)) The partition m is regular and the series S2-α :=∑
j∈N⋆ α(σ(Z1), σ(Zj+1)) onverges.Assumption (Dρ) The series Sρ :=

∑
j∈N

ρZ2j onverges.



Upper-bounds for the risk on one model 111Assumption (D2-ρ) The series S2-ρ :=
∑

j∈N⋆ ρ(σ(Z1), σ(Zj+1)) onverges.Assumption (Dcond) For all j ≥ 2, Zj is independent of Z1 onditionally to Xj .Assumptions (D2-α(m)) and (D2-ρ) are satis�ed for instane if the involved 2-mixing o-e�ient deays as j−b, with b > 1, whereas Assumption (Dρ) is satis�ed for instane when
ρZj deays as ln−b(j), with b > 1. In speial ases, there are links between some of thosedependene assumptions. For a regular partition m, it follows from (IV.3.3) and (IV.3.2) that

(Dα(m))⇒ (D2-α(m)) and (D2-ρ)⇒ (D2-α(m)).If (Zi)i∈Z is a Markov hain, then aording to Example (M1), (IV.3.3) and (IV.3.2)
(D2-ρ)⇔ (Dρ)⇒

{
(Dα(m)) if minK∈m µd(K) ≥ 1/n

(D2-α(m)) if m is regular.On the other hand, Assumption (Dcond) does not imply any of the others. For instane, if
(Xi)i∈Z is a Markov hain and Yi = Xi+1 for all i ∈ Z, then Assumption (Dcond) is satis�ed,but (Xi)i∈Z, and therefore (Zi)i∈Z, an be hosen non mixing. (f. [DP05℄ for instane).Let us �rst give some upper-bounds for the risk of ŝm in the density estimation problem,whih is already a widely studied problem under various dependene assumptions, and thuswill serve as a benhmark. In that ase, (Zi)i∈Z an be identi�ed with (Yi)i∈Z. We reall thatwhen (Yi)i∈Z is a sequene of independent and identially distributed random variables,

Es

[
‖s − ŝm‖2

]
≤ ‖s− sm‖2 +N (s)(2r + 1)d

Dm

n
, (IV.4.6)where N (s) = 1 if the partition m is regular, and N (s) = ‖s‖∞ otherwise. A major interest ofsuh a bound is that it allows to prove the optimality of ŝm from the minimax point of view fora well-hosen partition m. Roughly speaking, when s has regularity σ measured in a Lp-normwith p ≥ 2, the bias term ‖s−sm‖2 is at most of order D−2σ/d

m for any regular partition m. Fora regular partition m realizing a good ompromise between the bias and the variane terms, i.e.suh that D−2σ/d
m and Dm/n are of the same order, the estimator ŝm then reahes the optimalestimation rate n−2σ/(2σ+d). Aording to Proposition 17 below, that result still holds if (Yi)i∈Zonly satis�es the α-mixing assumption (D2-α(m)). But when s has regularity σ measured ina Lp-norm with p < 2, one an only ensure that the bias term ‖s − sm‖2 is at most of order

D
−2σ/d
m for some possibly irregular partitions m (see for instane Setions IV.6 and IV.7). Inthe independent ase, a well hosen irregular partition m suh that Dm is of order nd/(2σ+d)will still provide an estimator ŝm reahing the optimal estimation rate n−2σ/(2σ+d). Aordingto Proposition 17, that result still holds under Assumptions (Dρ) or (D2-ρ), and also, up toa logarithmi fator, under Assumption (Dα(m)).Proposition 17 Assume that d1 = 0, so that s is the marginal density of (Yi)i∈Z. Let m be apartition of [0, 1]d. Let N (s) = 1 if the partition m is regular, and N (s) = ‖s‖∞ otherwise. Ifone of the assumptions (Dα(m)), (D2-α(m)), (Dρ), (D2-ρ) is satis�ed, then there exist

δ, C1 and C2 nonnegative reals that do not depend on n suh that
Es

[
‖s− ŝm‖2

]
≤ ‖s − sm‖2 + C1N (s)(1 + ln(nδ))

Dm

n
+ C2

Dm

n2
. (IV.4.7)Suitable values for δ, C1 and C2 are� δ = 1/b, C1 = 9(2r + 1)d and C2 = 12(2r + 1)da under Assumption (Dα(m)) ;



112 Conditional density estimation based on dependent data� δ = 0, C1 = 2(1 + 2S2-α)(r + 1)d(2r + 1)d and C2 = 0 under Assumption (D2-α(m));� δ = 0, C1 = 250
∏⌊log2 n⌋
j=0

(
1 + ρY

⌊2j/3⌋+1

) and C2 = 0 under Assumption (Dρ);� δ = 0, C1 = (1 + 2S2-ρ)(2r + 1)d and C2 = 0 under Assumption (D2-ρ).Notie that Assumption (Dcond) amounts in that ase to (Yi)i∈Z being independent, ase al-ready overed by Assumption (D2-ρ) with S2-ρ = 0. Up to our knowledge, under Assumption
(Dα(m)), the bound (IV.4.7) does not appear in the literature, but it relies on a lassial ou-pling property. Under Assumption (D2-α(m)), suh a bound is proved for instane in [Rio00℄.Assumption (Dρ) is lassial for proving Central Limit Theorems, and in that ase, we usean inequality for the variane of partial sums �rst proved by [Pel82℄ (Lemma 3.4). Under As-sumption (D2-ρ), Inequality (IV.4.7) results immediately from the de�nition of the ρ-mixingoe�ients.Proof: Let us onsider the orthnormal basis (ΦK,k) K∈m

k∈{0,...,r}d
de�ned from the Legendre poly-nomials as explained in Setion IV.8.1. From Pythagoras' equality and the expressions of ŝmand sm in the basis (ΦK,k) K∈m

k∈{0,...,r}d
, we get

Es

[
‖s− ŝm‖2

]
= ‖s − sm‖2 + Es

[
‖ŝm − sm‖2

]

= ‖s − sm‖2 +
1

n

∑

K∈m

∑

k∈{0,...,r}d

1

n
Vars( n∑

i=1

ΦK,k(Yi)

)
.Under Assumption (Dα(m)), we apply Inequality (IV.8.54) in Lemma 9 to eah ΦK,k, K ∈ m,

k ∈ {0, . . . , r}d and with qn = ⌈3 ln(n1/b)⌉. Sine minK∈m µd(K) ≥ 1/n and ‖ΦK,k‖2∞ ≤
(2r + 1)d/µd(K) (f. Setion IV.8.1), we get

nEs

[
‖ŝm − sm‖2

]
≤ 3(1 + 3 ln(n1/b))

∑

K∈m

∑

k∈{0,...,r}d

Vars(ΦK,k(Y1)
)

+ 12(2r + 1)da
Dm

n
.Under Assumption (D2-α(m)), we apply Inequality (IV.8.55) and use the bound

Φ2
K,k ≤ (2r + 1)d|m|1IK , for all K ∈ m,k ∈ {0, . . . , r}d, (IV.4.8)that results from the de�nition of those funtions and the regularity of the partition m. Wethus obtain

nEs

[
‖ŝm − sm‖2

]
≤ 2(1 + 2S2-α) max

K∈m

∥∥∥∥∥∥
∑

k∈{0,...,r}d

|ΦK,k|

∥∥∥∥∥∥

2

∞

≤ 2(1 + 2S2-α)(2r + 1)d(r + 1)2d|m|.Under Assumption (Dρ), Lemma 8.15 in [Bra07℄ provides, for all K ∈ m and k ∈ {0, . . . , r}d,
1

n
Vars( n∑

i=1

ΦK,k(Yi)

)
≤ C1Vars (ΦK,k(Y1)) (IV.4.9)with C1 = 250

∏⌊log2 n⌋
j=0

(
1 + ρY

⌊2j/3⌋+1

). Under Assumption (D2-ρ), we immediately deduefrom the de�nition of the ρ-mixing oe�ients and the stationarity of (Yi)i∈Z that, for all
K ∈ m, k ∈ {0, . . . , r}d and 1 ≤ j ≤ n− 1,

∣∣Covs(ΦK,k(Y1),ΦK,k(Yj+1)
)∣∣ ≤ ρ(σ(Y1), σ(Yj+1))Vars (ΦK,k(Y1)) .



Upper-bounds for the risk on one model 113Thus,
1

n
Vars( n∑

i=1

ΦK,k(Yi)

)
= Vars(ΦK,k(Y1)

)
+ 2

n−1∑

j=1

(
1− j

n

)Covs(ΦK,k(Y1),ΦK,k(Yj+1)
)

≤


1 + 2

n−1∑

j=1

ρ(σ(Y1), σ(Yj+1))


Vars (ΦK,k(Y1)) . (IV.4.10)Last, for all K ∈ m and k ∈ {0, . . . , r}d, Φ2

K,k ≤ (2r + 1)d1IK/µd(K), so
∑

K∈m

∑

k∈{0,...,r}d

Vars(ΦK,k(Y1)
)
≤ (2r + 1)d(r + 1)d

∑

K∈m

〈s, 1IK〉
µd(K)

≤ (2r + 1)dN (s)Dm,whih ompletes the proof. �Remarks:� For a regular partition m, the underlying property of the spae Sm that allows to keepthe variane term Es

[
‖ŝm − sm‖2

] of the same order as in the independent ase underAssumption (D2-α(m)) is
‖t‖2∞ ≤ C(r, d)Dm‖t‖2, for all t ∈ Sm, (IV.4.11)where C(r, d) only depends on r and d (f. (IV.4.8)). That property is also used in [Vie97℄to obtain the estimation rate of ŝm for a regular partition m (and more generally ofprojetion estimators) under a β-mixing ondition stronger than (D2-α(m)). But In-equality (IV.4.11) does not hold in general for an irregular partition.� As shown by (IV.4.9) and (IV.4.10), a su�ient ondition to ensure that Es

[
‖ŝm − sm‖2

]is of the same order as in the independent ase is that for some onstant C and all t ∈ Sm,Var( n∑

i=1

t(Yi)

)
≤ CnVar (t(Y1)) . (IV.4.12)Assumptions (Dρ) and (D2-ρ) are optimal for obtaining suh an inequality in thefollowing sense. Let us assume that (Yi)i∈N is a stritly stationary Harris ergodi andreversible Markov hain satisfying (IV.4.12) for all real-valued funtion t de�ned on [0, 1]d.Then the hain is variane bounding in the sense of [RR08℄, whih implies that there isa spetral gap in L2(s) := {t : [0, 1]d → R s.t. 〈t, s〉 = 0 and ‖t‖s < ∞} (Theorem 14in [RR08℄). This leads to the geometrial ergodiity of the hain (Theorem 2.1 in [RR97℄),whih, given the reversibility assumption, implies that the hain is ρ-mixing (f. Example

(M3)). As a onlusion, a stritly stationary Harris ergodi and reversible Markov hain
(Yi)i∈Z satis�es (IV.4.12) for all real-valued funtion t de�ned on [0, 1]d if and only if itis ρ-mixing.� Another assumption of dependene is used for instane by [Bos98℄ (Theorem 2.1) to provethat, asymptotially, the quadrati risk of kernel density estimators reahes the minimaxrate (see also [CM02℄).Assumption (Lip) For all j ∈ N

⋆, (Y1, Yj+1) admits a density sj with respet to theLebesgue measure on [0, 1]d × [0, 1]d, and gj(y1, y2) = sj(y1, y2)− s(y1)s(y2) satis�es
|gj(y1, y2)− gj(y′1, y′2)| ≤ ℓ‖y − y′‖R2d , for all y = (y1, y2), y

′ = (y′1, y
′
2) ∈ [0, 1]d × [0, 1]d,



114 Conditional density estimation based on dependent datafor some nonnegative real ℓ. Moreover, there exist a ≥ 0 and b > 0 suh that, for all
j ∈ N

⋆,
α(σ(Y1), σ(Yj+1)) ≤ aj−b.Then, aording to [Bos98℄ (Lemma 1.3),

‖gj‖∞ ≤
(
V −2
d + ℓ

√
2
)
α(σ(Y1), σ(Yj+1))

1/(2d+1),where Vd denotes the volume of the unit ball in R
d. Therefore, for all measurable, real-valued and bounded funtions t, u de�ned on [0, 1]d,

|Covs (t(Y1), u(Yj+1)) | ≤
(
V −2
d + ℓ

√
2
)
α(σ(Y1), σ(Yj+1))

1/(2d+1)

(∫

[0,1]d
|t|
)(∫

[0,1]d
|u|
)
.(IV.4.13)But, aording to [Bra07℄ (Theorem 4.4), the usual ψ-mixing oe�ient ψ(A,B) betweentwo sub σ-�elds A,B of F satis�es

ψ(A,B) = sup
U,V

|Cov(U, V )|
E[|U |]E[|V |]where the supremum is taken over all real-valued and bounded random variables U and

V that are respetively A and B- measurable. Therefore, if ι(s) > 0, then (IV.4.13) andthe usual inequality between ρ(A,B) and ψ(A,B) (see for instane [Dou94℄) imply
ρ(σ(Y1), σ(Yj+1)) ≤ ψ(σ(Y1), σ(Yj+1)) ≤

(
V −2
d + ℓ

√
2
)
ι−2(s)α(σ(Y1), σ(Yj+1))

1/(2d+1).Therefore, when s is bounded from below by a positive onstant, Assumption (Lip) ismuh than stronger than Assumption (D2-ρ), whih is enough for obtaining the optimalestimation rate from the minimax point of view.Let us now onsider onditional density estimation, with a nondeterministi onditioningvariable. When d1 ∈ N
⋆, a natural semi-norm to evaluate the risk of ŝm is the random semi-norm ‖.‖n de�ned, for all t ∈ L2([0, 1]

d1 × [0, 1]d2), by
‖t‖2n =

1

n

n∑

i=1

∫

[0,1]d2

t2(Xi, y)µd2(dy).We obtain the analogue of Proposition 18, provided (Xi)i∈Z satis�es some mixing property.Proposition 18 Assume that d1 ∈ N
⋆. Let m be a partition of [0, 1]d built on a regularpartition m⋆

1 × m⋆
2, where m⋆

1 and m⋆
2 are regular partitions of [0, 1]d1 and [0, 1]d2 into ubessuh that

|m⋆
1| ≤

n

ln3(n)
and |m⋆

1|2 × |m⋆
2| ≤ n2.Assume that s and f are bounded, and that f is also bounded from below by a positive onstant.Assume that (Xi)i∈Z is geometrially α-mixing, with aX ≥ 0 and bX > 0 suh that, for all

j ∈ N,
αXj ≤ aX exp(−bXj).If one of the assumptions (Dα(m)), (D2-α(m)), (Dρ), (D2-ρ), (Dcond) is satis�ed, thenthere exist nonnegative reals δ, C1 and C2 that do not depend on n suh that

Es

[
‖s− ŝm‖2n

]
≤ 2‖s − sm‖2f + 11C1(1 + ln(nδ))

Dm

n
+ C2

1

n
. (IV.4.14)Suitable values for δ and C1 are



Choie of the penalty 115� δ = 1/b and C1 = 9‖sf‖∞ι−1(f) under Assumption (Dα(m)) ;� δ = 0 and C1 = 8(1 + 2S2-α)(r + 1)d(2r + 1)dι−1(f) under Assumption (D2-α(m));� δ = 0 and C1 = 250
∏⌊log2 n⌋
j=0

(
1 + ρZ

⌊2j/3⌋+1

)
‖s‖∞ under Assumption (Dρ);� δ = 0 and C1 = (1 + 2S2-ρ)‖s‖∞ under Assumption (D2-ρ);� δ = 0 and C1 = ‖s‖∞ under Assumption (Dcond).In those �ve ases, C2 only depends on r, d, aX, bX, ι(f), ‖f‖∞, ‖s‖∞.A proof of that Proposition is given in Setion IV.8.Remark : The same proposition holds assuming that (Xi)i∈Z is only arithmetially α-mixingwith a fast enough mixing rate and under more restritive onditions on m⋆ .IV.5 Choie of the penaltyIdeally, we would like to hoose a penalty pen suh that s̃ is almost as good as the best estimatorin the olletion {ŝm}m∈M, in the sense that

Es

[
‖s− s̃‖2f

]
≤ C min

m∈M
Es

[
‖s − ŝm‖2f

] (IV.5.15)for some positive onstant C. The following theorem suggests a form of penalty yielding aninequality akin to
Es

[
‖s− s̃‖2n

]
≤ C min

m∈M

{
‖s − sm‖2f +

Dm

n

}
. (IV.5.16)Yet, as realled in the previous setion, for eah m ∈ M, Es

[
‖s− ŝm‖2f

] is expeted to be oforder ‖s−sm‖2f+Dm/n. So, Inequality (IV.5.16) is expeted to be almost as good as Inequality(IV.5.15). In order to deal with a large olletionM that may ontain irregular partitions, weimpose a minor strutural ondition onM, assume that s and f are bounded and that (Zi)i∈Zat least satis�es some β-mixing assumption.Assumption (P) All the partitions in the olletion M are built on the produt partition
m⋆ = m⋆

1 ×m⋆
2, where m⋆

1 and m⋆
2 are regular partitions of [0, 1]d1 and [0, 1]d2 into ubes suhthat

|m⋆
1| ≤

n

ln3(n)
1Id1 6=0, |m⋆

2| ≤ n and |m⋆
1| × |m⋆

2| ≤
n

ln4(n)
.Assumption (B) For some positive onstants L,L, ℓ, ℓ,

min{‖sf‖∞, ‖s‖∞} ≥ L, s ≤ L and ℓ ≤ f ≤ ℓ.

Assumption (Dβ) The proess (Zi)i∈Z is geometrially β-mixing, with a ≥ 0 and b > 0 suhthat, for all j ∈ N
⋆,

βZj ≤ a exp(−bj).



116 Conditional density estimation based on dependent dataWe then obtain the following model seletion theorem, proved in Setion IV.8.3.Theorem 10 Let M be a olletion of partitions satisfying Assumption (P) and {Lm}m∈Mbe a family of nonnegative reals suh that
∑

m∈M

exp(−LmDm) ≤ 1. (IV.5.17)Assume that (Zi)i∈Z satis�es Assumption (Dβ) and s, f satisfy Assumption (B). Let δ and ϑbe de�ned by� δ = 1 and ϑ = 1, without further assumption on {Zi}i∈Z;� δ = 0 and ϑ = 250
∏⌊log2 n⌋
j=0

(
1 + ρZ

⌊2j/3⌋+1

) under Assumption (Dρ);� δ = 0 and ϑ = (1 + 2S2-ρ) under Assumption (D2-ρ);� δ = 0 and ϑ = 1 under Assumption (Dcond).Let N1(s, f) be de�ned by
N1(s, f) = ‖s‖∞ when r = 0 and N1(s, f) = ‖sf‖∞/ι(f) otherwise.

i) If the penalty satis�es, for all m ∈M,pen(m) ≥ CϑN1(s, f)(1 + 2Lm) lnδ(n)
Dm

n
,for some large enough nonnegative onstant C, then

Es

[
‖s− s̃‖2n

]
≤3 min

m∈M

{
‖s− sm‖2f + pen(m)

}

+ ϑC1

(
3b−1 + 1

)δ
L ℓℓ−1 lnδ(n)

n
+

C2

n ln(n)where C1 is a nonnegative onstant and C2 is a nonnegative real that only depends on
a, b, δ, r, d1, d2, L, L, ℓ, ℓ.

ii) In partiular, if the penalty satis�es, for all m ∈M,pen(m) = CϑN2(s, f)(1 + 2Lm) lnδ(n)
Dm

n
, (IV.5.18)where N2(s, f) is an upper-bound for N1(s, f) and C a large enough nonnegative onstant,then

Es

[
‖s− s̃‖2n

]
≤ C3

(
1 + max

m∈M
Lm

)
min
m∈M

{
‖s − sm‖2f + lnδ(n)

Dm

n

}
. (IV.5.19)where C3 is a positive onstant that only depends on C, ϑ, C1, δ, a, b, r, d1, d2, L, L, ℓ, ℓ.For density estimation, i.e. when d1 = 0, m⋆ an be taken as a regular partition of [0, 1]d2into ubes suh that

|m⋆| ≤ n

ln4(n)



Seletion among partitions into dyadi ubes 117and pen an be hosen of the formpen(m) = CϑN2(s)(1 + 2Lm) lnδ(n)
Dm

nwhere N2(s) is an upper-bound for ‖s‖∞ and C some large enough nonnegative onstant. Foronditional density estimation, with d1 ∈ N
⋆, m⋆

1 and m⋆
2 an be hosen as regular partitionsof [0, 1]d1 and [0, 1]d2 into ubes suh that

|m⋆
1| ≤

nd1/d

ln4(n)
and |m⋆

2| ≤ nd2/dand pen an be hosen of the formpen(m) = CϑN2(s, f)(1 + 2Lm) lnδ(n)
Dm

nwhere N2(s, f) is an upper-bound for N1(s, f) and C some large enough nonnegative onstant.In pratie, N2(s) and N2(s, f) an be replaed with estimators of N1(s, f), as in [BM97℄(Proposition 4) for instane.Let us now omment on Inequality (IV.5.19), whih is similar to (IV.5.16), up to thefators C3, that does not depend on n, (1 + maxm∈M Lm) and lnδ(n). In fat, in most ases ofdependene onsidered here, the logarithmi fator just vanishes. Besides, we desribe in thenext two setions interesting olletions of partitions for whih the fator (1 + maxm∈M Lm)an be bounded by a onstant.IV.6 Seletion among partitions into dyadi ubesWe all dyadi ube of [0, 1]d any produt of d dyadi intervals of [0, 1] with same lengths, i.e.any set of the form I1 × . . .× Id where, for all 1 ≤ l ≤ d,
Il = [kl2

−j , (kl + 1)2−j ] (IV.6.20)with j ∈ N and kl ∈ {0, . . . , 2j − 1}. For the sake of readability, we use in (IV.6.20) a slightabuse of notation : in order to build a real partition of [0, 1]d, we should use for instane left-open dyadi intervals, exept for those beginning at 0. In this setion, we are onerned withthe olletion of partitions of [0, 1]d into dyadi ubes with sidelength ≥ 2−J⋆ , where J⋆ ∈ N willbe hosen in Theorem 11 below. We denote by Mcube that olletion of partitions. It shouldbe notied that a partition ofMcube may be omposed of dyadi ubes with di�erent Lebesguemeasures. For suh a olletion, we obtain as a straightforward onsequene of Theorem 10that the estimator s̃ is almost as good as the best estimator in the olletion {ŝm}m∈Mcube .Theorem 11 The notation are those of Theorem 10. Assumptions (B), (Dβ) are supposedto be ful�lled, and also, possibly, one of the Conditions (Dρ), (D2-ρ) or (Dcond).Let ω(n) = (ln(n))4 if d1 = 0 and ω(n) = (ln(n))4d/d1 otherwise. Assume that n ≥ ω(n), let
J⋆ = max

{
k ∈ N s.t. 2k ≤ (n/ω(n))1/d

}and let pen be given onMcube bypen(m) = CϑN2(s, f) lnδ(n)
Dm

n



118 Conditional density estimation based on dependent datawhere C is some positive onstant. If C is large enough, then
Es

[
‖s− s̃‖2n

]
≤ C4 min

m∈Mcube

{
‖s− sm‖2f +

lnδ(n)Dm

n

} (IV.6.21)where C4 is a positive real that only depends on C, ϑ, C1, δ, a, b, r, d1, d2, L, L, ℓ, ℓ.Proof: We de�ne m⋆
i , i = 1, 2, as the partition of [0, 1]di into ubes with sidelength 2−J⋆ .Thus, with our hoie of J⋆, Assumption (P) is satis�ed. Let D ∈ N

⋆. The partitions of [0, 1]dinto D dyadi ubes are in one-to-one orrespondene with plane 2d-ary trees with D leaves.Aording to [HP91℄, if D = (2d − 1)k + 1 for some integer k, the number of suh partitions isgiven by the generalized Catalan number
C(k, 2d) =

1

(2d − 1)k + 1

(
2dk

k

)
≤ 1

D

(
2d2

d/(2d−1)

2d − 1

)D
.Otherwise, there are no suh partitions. Therefore, Condition (IV.5.17) is ful�lled for weights

Lm all equal to the same onstant, for instane
Lm =

(
d2d

2d − 1
+ 1

)
ln(2), for all m ∈Mcube.Inequality (IV.6.21) is then a straightforward onsequene of Theorem 10. �It should be notied that, in most ases, Inequality (IV.6.21) is an orale type inequality up toa fator that does not depend on n.For suh a olletion, we also study the estimation rate of s̃ under various smoothnessassumptions on s. For that purpose, let us introdue the following notation. Let σ ∈ (0, r +

1), p > 0, R > 0. For a real-valued funtion t ∈ Lp([0, 1]
d), let us denote by ωr+1(g, .)p the

r+ 1-th modulus of smoothness as de�ned in [DL93℄ (Chapter 2), for instane. Let us also set
|t|σ,p,∞ = sup

y>0
y−σωr+1(t, y)p and ‖t‖σ,p,∞ = ‖t‖p + |t|σ,p,∞,where ‖.‖p stands for the usual norm (or quasi-norm when p < 1) on Lp([0, 1]

d). We onsiderthe Besov balls
B(σ, p,∞, R) =

{
t : [0, 1]d → R s.t. ‖t‖σ,p,∞ ≤ R} .Let

q(σ, d, p) =
d+ 2σ

σ

(
σ

d
+

1

2
− 1

p

) and σd,p =
d

2

(
1

p
− 1

2

)(
1 +

√
2 + 3p

2− p

)
. (IV.6.22)It is worth mentioning that, for 0 < p < 2 and σ > 1/p − 1/2, σd,p/d ∈ (1/p − 1/2, 1/p),

q(σ, d, p) ∈ (0, 1 + 2σ/d), and that q(σ, d, p) > 1 if and only if σ > σd,p. We obtain thefollowing results, proved in Setion IV.8.5.Theorem 12 The notation are those of Theorems 10 and 11, and the assumptions those ofTheorem 11. Assume that the parameters σ, p,R satisfy one of the two following sets of ondi-tions� p ≥ 2, 0 < σ < min{r + 1/p, r + 1} and lnδ(n)/n ≤ R2 ≤ n2σ/d lnδ(n)/(ω(n))(1+2σ/d) ,� 0 < p < 2, σd,p < σ < min{r + 1/p, r + 1} and
lnδ(n)/n ≤ R2 ≤ nq(σ,d,p)−1 lnδ(n)/(ω(n))q(σ,d,p),



Seletion among partitions into dyadi retangles 119then there exists some positive real C(σ, r, d, p) that only depends on σ, r, d, p suh that
sup

s∈B(σ,p,∞,R)
Es

[
‖s− s̃‖2n

]
≤ C4C(σ, r, d, p)‖f‖∞

(
R

(
n

lnδ(n)

)−σ/d
)2d/(d+2σ)

.The estimation rate (Rn−σ/d)2d/(d+2σ) is expeted to be the minimax rate over B(σ, p,∞, R),in view of lower bounds for the minimax risk given for instane in [YB99℄ for density estimationbased on independent data or in [Clé00a℄ for density and transition density of a Markov hain.Thus, Theorem 12 indiates that, for a wide range of smoothness assumptions on s, s̃ is alsoalmost as good as the best estimator of s. The limiting ondition σ > σd,p, equivalentlyexpressed as q(σ, d, p) > 1, is similar to that desribed by [Kle09℄ (Theorem 1), but in ourase σ is allowed to be larger than 1 sine we onsider pieewise polynomial estimation witharbitrary order. That limiting ondition is satis�ed in partiular for σ > d/p. Thus, forfuntions with isotropi smoothness, our estimator ahieves better performanes than all theestimators mentioned in the introdution, due to a smaller or no logarithmi fator and thewider range of smoothness overed by Theorem 12.IV.7 Seletion among partitions into dyadi retanglesIn this setion, we are onerned with a olletion of partitions that ontainsMcube but is alsoadapted to possible anisotropy of the funtion s. We all dyadi retangle of [0, 1]d any set ofthe form I1 × . . . × Id where, for all 1 ≤ l ≤ d,
Il = [kl2

−jl , (kl + 1)2−jl ]with jl ∈ N and kl ∈ {0, . . . , 2jl−1}, with the same abuse of notation as in (IV.6.20). Otherwisesaid, a dyadi retangle of [0, 1]d is de�ned as a produt of d dyadi intervals of [0, 1] that mayhave di�erent lengths. We onsider the olletion of partitions of [0, 1]d into dyadi retangleswith sidelength ≥ 2−J⋆ , where J⋆ is a nonnegative integer hosen aording to Theorem 13below. We denote by Mrect suh a olletion of partitions. Here also, let us underline that apartition ofMrect may be omposed of retangles with di�erent Lebesgue measures. We �rststudy the theoretial properties of the penalized estimator for that olletion, and then providean algorithm to implement it.IV.7.1 Theoretial properties of the penalized estimator based on MrectWe dedue again from Theorem 10 that the penalized estimator based on that olletion satis�esan orale-type inequality, similar as in the isotropi ase, for a suitable penalty.Theorem 13 The notation are those of Theorem 10. Assumptions (B), (Dβ) are supposedto be ful�lled, and also, possibly, one of the Conditions (Dρ), (D2-ρ), (Dcond).Let ω(n) = (ln(n))4 if d1 = 0 and ω(n) = (ln(n))4d/d1 otherwise. Assume that n ≥ ω(n), let
J⋆ = max

{
k ∈ N s.t. 2k ≤ (n/ω(n))1/d

}and let pen be given onMrect bypen(m) = CϑN2(s, f) lnδ(n)
Dm

n



120 Conditional density estimation based on dependent datawhere C is some positive onstant. If C is large enough, then
Es

[
‖s− s̃‖2n

]
≤ C4 min

m∈Mrect

{
‖s− sm‖2f +

lnδ(n)Dm

n

} (IV.7.23)where C4 is a positive real that only depends on C, ϑ, C1, δ, a, b, r, d1, d2, L, L, ℓ, ℓ.Proof: Let D ∈ N
⋆. Building a partition of [0, 1]d into D dyadi retangles amounts tohoosing a vetor (l1, . . . , lD−1) ∈ {1, . . . , d}D−1 of utting diretions and growing a binarytree with root orresponding to [0, 1]d and with D leaves. Sine the number of binary treeswith D leaves is given by the Catalan number

1

D

(
2(D − 1)

D − 1

)
≤ 4D

D(see for instane [HP91℄), the number of suh partitions is at most (4d)D. Therefore, Condi-tion (IV.5.17) is ful�lled for weights Lm all equal to the same onstant, and a possible hoieis
Lm = ln(8d), for all m ∈Mrect.Inequality (IV.7.23) is then a straightforward onsequene of Theorem 10. �For the penalized estimator based on the olletion Mrect, we an indeed prove that itadapts to anisotropi smoothness by providing its estimation rate over anisotropi Besov balls.We denote by (e1, . . . , ed) the anonial basis of R

d. For all σ = (σ1, . . . , σd) ∈ (0, r + 1)d, all
p > 0, all t ∈ Lp([0, 1]

d), all h > 0 and all 1 ≤ l ≤ d, setting R = [0, 1]d, we de�ne
R((r + 1)hel) = {x ∈ [0, 1]d s.t. x, x+ hel, . . . , x+ (r + 1)hel ∈ R},

∆r+1
hel

t(x) =
r+1∑

k=0

(
r + 1

k

)
(−1)r+1−kt(x+khel), for x ∈ [0, 1]d suh that x+(r+1)hel ∈ [0, 1]d,

ω
(l)
r+1(t, y,R)p = sup

0<h≤y
‖∆r+1

hel
t1IR((r+1)hel)‖p, for y ≥ 0,

|t|σ,p,p =

d∑

l=1

(∫ ∞

0

[
y−σlω

(l)
r+1(t, y,R)p

]p dy

y

)1/p and ‖t‖σ,p,p = ‖t‖p + |t|σ,p,p.For σ = (σ1, . . . , σd) ∈ (0, r + 1)d, R > 0, p > 0, we onsider the anisotropi Besov balls
B(σ, p, p,R) = {t : [0, 1]d → R s.t. ‖t‖σ,p,p ≤ R},we set σ = min1≤l≤d σl and denote by H(σ) the harmoni mean of σ1, . . . , σd, i.e.

1

H(σ)
=

1

d

d∑

l=1

1

σl
.In partiular, if σ1 = . . . = σd = σ, then H(σ) = σ and, for all p > q, the isotropi Besovball B(σ, p,∞, R) (as de�ned in Setion IV.6) is ontained in B(σ, q, q,R′) for some R′ > 0(f. [Tri06℄, Theorem 5.30). The estimation rate over those anisotropi Besov balls relies onthe following approximation result, proved in Setion IV.8.6. Theorem 14 below extends theresults of DeVore and Yu [DY90℄, that are only devoted to funtions with isotropi smoothness.



Seletion among partitions into dyadi retangles 121Theorem 14 Let R > 0, σ = (σ1, . . . , σd) ∈ (R+
∗ )d suh that r + 1 > max1≤l≤d σl and p > 0suh that

H(σ)/d > max{1/p − 1/2, 0}.Assume that s ∈ B(σ, p, p,R). Then, for all J ∈ N and all k ∈ N, there exists some partition
m of [0, 1]d that only ontains dyadi retangles with edge-length at least 2−Jσ/σl in the l-thdiretion, l = 1, . . . , d, and suh that

|m| ≤ C(d, p,σ)2kdand
‖s − sm‖2 ≤ C(d, p, r,σ)R2

(
2−2Jd(H(σ)/d+1/2−1/p)σ/H(σ) + 2−2kH(σ)

)
.Let

q(σ, d, p) =
σ

H(σ)

d+ 2H(σ)

H(σ)

(
H(σ)

d
+

1

2
− 1

p

)be the anisotropi ounterpart of the real q(σ, d, p) de�ned by (IV.6.22). Contrary to [Kle09℄, wehave hosen a parameter J⋆ that does not depend on the unknown smoothness of s, hene thefator σ/H(σ) in the above de�nition. That fator, whih is inferior or equal to 1 with equalityonly in the isotropi ase, may be interpreted as an index measuring the lak of isotropy.Theorem 15 The notation are those of Theorems 10 and 13, and the assumptions those ofTheorem 13. Let 0 < p ≤ 2 and σ = (σ1, . . . , σd) ∈ (R+
∗ )d suh that max1≤l≤d σl < r + 1 and

H(σ)/d > 1/p − 1/2. If q(σ, d, p) > 1 and lnδ(n)/n ≤ R2 ≤ nq(σ,d,p)−1 lnδ(n)/(ω(n))q(σ,d,p),then there exists some positive real C(σ, r, d, p) that only depends on σ, r, d, p suh that
sup

s∈B(σ,p,p,R)
Es

[
‖s− s̃‖2n

]
≤ C4C(σ, r, d, p)‖f‖∞

(
R

(
n

lnδ(n)

)−H(σ)/d
)2d/(d+2H(σ))

.Proof: Sine, for all l = 1, . . . , d, σ ≤ σl, Theorem 14 applied with J = J⋆ only providespartitions that belong toMrect. Thus, with τ = H(σ)/d+ 1/2− 1/p, we obtain
min

m∈Mrect

{
‖s− sm‖2 +

lnδ(n)|m|
n

}

≤ C(d, p, r,σ)

(
R22−2J⋆dτσ/H(σ) + inf

k∈N

{
R22−2kH(σ) +

lnδ(n)2kd

n

})

≤ C(d, p, r,σ)


R22−2J⋆dτσ/H(σ) +

(
R

(
n

lnδ(n)

)−H(σ)/d
)2d/(d+2H(σ))


by hoosing k as the greatest nonnegative integer suh that lnδ(n)2kd/n ≤ R22−2kH(σ) in orderto reah approximately the in�mum over k ∈ N. We only retain the values of R for whih the�rst term in the upper-bound is smaller than the seond. �The ase p > 2 may de dedued from the above theorem for p = 2 and the ontinuous em-beddings between anisotropi Besov spaes (f. [Tri06℄). The rate (Rn−H(σ)/d

)2d/(d+2H(σ)) isexpeted to be the minimax one given the lower bounds proved for instane in [YB99℄ fordensity estimation based on independent data, or in [La07℄ for transition density estimationof a Markov hain. Let us underline that, among the referenes ited in the introdution,only [Kle09℄ an deal simultaneously with anisotropy and inhomogeneous smoothness. Theo-rem 15 improves on [Kle09℄ by allowing to approximately reah the minimax risk up to a fator



122 Conditional density estimation based on dependent datathat does not depend on n in most ases and onsidering smoothness parameters possibly largerthan 1.Remarks :� From ontinuous embeddings between Besov spaes, for all q < p, the anisotropi oun-terpart B(σ, p,∞, R) of B(σ, p,∞, R) is ontained in some Besov ball B(σ, q, q,R(p, q)).Thus, Theorem 15 an be extended to some Besov balls B(σ, p,∞, R).� In the isotropi ase, Theorem 15 also improves in some sense on Theorem 12. As amatter of fat, thanks to Theorem 14, the upper-limit for the σl's is always r+1, insteadof r + 1/p when p ≥ 1 in Theorem 12.IV.7.2 Computing the penalized estimator based on MrectWe keep the same notation as in Setion IV.2. Thanks to Formula (IV.2.1), one an hekthat, for all m ∈Mrect,
γ(ŝm) = −

∑

K∈m

∑

k∈{0,...,r}d

(AK)(k1,k2)(ΥK)(k1,k2).We shall onsider a penalty pen of the formpen(m) = CϑN2(s, f) lnδ(n)
Dm

n
, (IV.7.24)as in Theorem 13. With suh a penalty, m̂ is given by

m̂ = argmin
m∈Mrect

∑

K∈m

L(K) (IV.7.25)where, for all retangle K,
L(K) =

∑

k∈{0,...,r}d

(
−(AK)(k1,k2)

n∑

i=1

ΦK,k(Zi) + CϑN2(s, f) lnδ(n)

)
.That haraterization allows to determine m̂ without having to ompute all the estimators ofthe olletion {ŝm}m∈Mrect . More preisely, we an adapt to our estimation framework eitherthe algorithm proposed by [Don97; Kle09℄, or the one proposed by [BSRM07℄. With our hoieof J⋆ (f. Theorem 13), the omputational omplexity is at most of order nlog2(2d) in the �rstase, and at most of order n lnd+1(n) in the seond ase, whih may be more interesting forlarge values of d.IV.8 ProofsIV.8.1 Notation and preliminary lemmaIn all the proofs, the letter C denotes a real that may hange from line to line. The notation

C(θ) means that the real C may depend on θ.Let us �rst introdue some adequate bases of Sm, for m partition of [0, 1]d1 × [0, 1]d2 intoretangles. Let (Qj)j∈N be the orthogonal family of the Legendre polynomials in L2([−1, 1]).



Proofs 123Assume that d1 ∈ N
⋆. For K1 =

∏d1
i=1[ui, vi] retangle of [0, 1]d1 , k1 = (k1(1), . . . , k1(d1)) ∈

{0, . . . , r}d1 and x = (x1, . . . , xd1) ∈ [0, 1]d1 , we set
φK1,k1(x) =

1√
µd1(K1)

d1∏

i=1

√
2k1(i) + 1Qk1(i)

(
2xi − ui − vi
vi − ui

)
1IK1(x).For all j ∈ N, we reall that Qj also satis�es

‖Qj‖∞ = 1 and ‖Qj‖2 =
2

(2j + 1)
.Therefore, for K1 retangle in [0, 1]d1 , (φK1,k1)k1∈{0,...,r}d1 is a basis of the spae of pieewisepolynomials funtions with support K1 and oordinate degree ≤ r, whih is orthonormal forthe norm ‖.‖ and satis�es

‖φK1,k1‖2∞ =

∏d1
i=1(2k1(i) + 1)

µd1(K1)
.For K2 retangle in [0, 1]d2 and k2 ∈ {0, . . . , r}d2 , we de�ne in the same way ψK2,k2 on [0, 1]d2 .For K retangle in [0, 1]d, we still denote by K1 and K2 the retangles in [0, 1]d1 and [0, 1]d2suh that K = K1 × K2. For k ∈ {0, . . . , r}d, we still denote by k1 and k2 the multi-indiesin {0, . . . , r}d1 and {0, . . . , r}d2 suh that k = (k1, k2). For any retangle K ∈ [0, 1]d and anymulti-index k ∈ {0, . . . , r}d, we de�ne ΦK,k by

ΦK,k(x, y) = φK1,k1(x)ψK2,k2(y)for z = (x, y) ∈ [0, 1]d1 × [0, 1]d2 . Thus, for a partition m of [0, 1]d into retangles, the family
(ΦK,k)K∈m,k∈{0,...,r}d is a basis of Sm, orthonormal for the norm ‖.‖. For eah retangle K1of [0, 1]d1 , let (φfK1,k1

)k1∈{0,...,r}d
1
be the orthonormal family for the norm ‖.‖f dedued from

(φK1,k1)k1∈{0,...,r}d
1
by applying the Gram-Shmidt orthonormalization algorithm. Setting

Φf
K,k(x, y) = φfK1,k1

(x)ψK2,k2(y)for any retangle K ⊂ [0, 1]d, k ∈ {0, . . . , r}d, and z = (x, y) ∈ [0, 1]d1 × [0, 1]d2 , we obtain abasis (Φf
K,k)K∈m,k∈{0,...,r}d orthonormal for the norm ‖.‖f .For all t ∈ L2([0, 1]

d1 × [0, 1]d2), let ‖.‖n be the empirial semi-norm de�ned by
‖t‖2n =

1

n

n∑

i=1

∫

[0,1]d2

t2(Xi, y)µd2(dy),and let 〈., .〉n be the assoiated semi-salar produt. Notie that, when d1 = 0, ‖.‖n and 〈., .〉noinide with ‖.‖ and 〈., .〉. For all t ∈ L2([0, 1]
d1× [0, 1]d2) and all z = (x, y) ∈ [0, 1]d1× [0, 1]d2 ,let

Γ(t, z) = t(x, y)−
∫

[0,1]d2

t(x, u)s(x, u)µd2(du),and let ν be the empirial proess de�ned on L2([0, 1]
d1 × [0, 1]d2) by

ν(t) =
1

n

n∑

i=1

Γ(t, Zi).For all i, Es[Γ(t, Zi)|Xi] = 0, so that ν is entered.We will use several times the following lemma to bound some variane terms.



124 Conditional density estimation based on dependent dataLemma 4 Let q ∈ N
⋆. For all t ∈ L2([0, 1]

d1 × [0, 1]d2),Vars( q∑

i=1

Γ(t, Zi)

)
≤ ϑq1+δVars (Γ(t, Z1)) (IV.8.26)where� δ = 1 and ϑ = 1, without further assumption;� δ = 0 and ϑ = 250

∏⌊log2 n⌋
j=0

(
1 + ρZ

⌊2j/3⌋+1

) under Assumption (Dρ);� δ = 0 and ϑ = 1 + 2S2-ρ under Assumption (D2-ρ);� δ = 0 and ϑ = 1 under Assumption (Dcond).Besides, Vars (Γ(t, Z1)) ≤ Es

[
t2(Z1)

]
≤ min{‖s‖∞‖t‖2f , ‖sf‖∞‖t‖2}. (IV.8.27)Proof: Sine Γ(t, Zi) = ϕt(Zi), where ϕt is some real-valued and measurable funtion on [0, 1]dthat only depends on t, Inequality (IV.8.26) under Assumptions (Dρ) or (D2-ρ) follows fromthe arguments already used in the proof of Proposition 17. By stationarity,Vars( q∑

i=1

Γ(t, Zi)

)
= qVars (Γ(t, Z1)) + 2

q−1∑

j=1

(q − j)Covs (Γ(t, Z1),Γ(t, Zj+1)) .For all j ∈ {1, . . . , q − 1}, Shwarz inequality and the stationarity of (Zi)i∈Z lead toCovs (Γ(t, Z1),Γ(t, Zj+1)) ≤ Vars (Γ(t, Z1)) ,whereas under Assumption (Dcond)Covs (Γ(t, Z1),Γ(t, Zj+1)) = Es [Γ(t, Z1)Es [Γ(t, Zj+1)|Z1,Xj+1]] = 0,hene Inequality (IV.8.26) in the other two ases. Besides,Vars [Γ(t, Z1)] = Vars [t(Z1)] + Es

[
Es

[(
Es[t(Z1)]− Es[t(Z1)|X1]

)2|X1

]]

≤ Es[t
2(Z1)] =

∫

[0,1]d1

∫

[0,1]d2

t2(x, y)s(x, y)f(x)µd1(dx)µd2(dy).

�IV.8.2 Proof of Proposition 18Sine ŝm = argmin
t∈Sm

γ(t), we have γ(ŝm) ≤ γ(sm). The ontrast γ satis�es, for all t, u ∈
L2([0, 1]

d1 × [0, 1]d2),
γ(t)− γ(u) = ‖t− s‖2n − ‖u− s‖2n − 2ν(t− u),hene
‖s− ŝm‖2n ≤ ‖s− sm‖2n + 2ν(ŝm − sm).



Proofs 125Let
χf (m) = sup

t∈Sm
‖t‖f =1

ν(t),and let θ be some positive onstant, to be hosen later, then
2ν(ŝm − sm) ≤ 2‖ŝm − sm‖fχf (m)

≤ 1

θ
‖ŝm − sm‖2f + θχ2

f (m).Let us �x κ > 0, to be determined later, and de�ne
Ωκ(m) =

{For all t ∈ Sm\{0}, ‖t‖2f ≤ κ‖t‖2n} . (IV.8.28)We dedue from the triangle inequality that, on Ωκ(m),
2ν(ŝm − sm) ≤ κ

θ
‖ŝm − sm‖2n + θχ2

f(m)

≤ 2κ

θ
‖s− ŝm‖2n +

2κ

θ
‖s− sm‖2n + θχ2

f (m) (IV.8.29)Consequently, provided θ > 2κ,
(

1− 2κ

θ

)
‖s− ŝm‖2n1IΩκ(m) ≤

(
1 +

2κ

θ

)
‖s− sm‖2n + θχ2

f (m),so that
(

1− 2κ

θ

)
Es

[
‖s − ŝm‖2n1IΩκ(m)

]
≤
(

1 +
2κ

θ

)
‖s − sm‖2f + θEs

[
χ2
f (m)

]
.Let us provide some upper-bounds for Es

[
χ2
f (m)

] under the dependene assumptions.Sine ν is linear, we dedue from Cauhy-Shwarz inequality and its equality ase that
χ2
f (m) =

∑

K∈m

∑

k∈{0,...,r}d

ν2
(
Φf
K,k

)
,so that

nEs

[
χ2
f (m)

]
=

1

n

∑

K∈m

∑

k∈{0,...,r}d

Var( n∑

i=1

Γ(Φf
K,k, Zi)

)
. (IV.8.30)Besides, by linearity of ν and as ‖.‖2 ≤ ‖.‖2f/ι(f), we obtain χ2

f (m) ≤ χ2(m)/ι(f) where
χ(m) = supt∈Sm

‖t‖=1
ν(t). So we may also use

nEs

[
χ2
f (m)

]
≤ 1

nι(f)

∑

K∈m

∑

k∈{0,...,r}d

Var( n∑

i=1

Γ(ΦK,k, Zi)

)
. (IV.8.31)Under Assumptions (Dρ), (D2-ρ) or (Dcond), by applying Lemma 4 to eah Φf

K,k and with
q = n, we dedue from Equality (IV.8.30) that

nEs

[
χ2
f (m)

]
≤ ϑ‖s‖∞Dmwhere ϑ is de�ned as in Lemma 4. Under Assumption (Dα(m)), Inequality (IV.8.31) andInequality (IV.8.54) applied, for eah K ∈ m and eah k ∈ {0, . . . , r}d, with g = Γ(ΦK,k, .) and

q = ⌈3 ln(n1/b)⌉ yield
nEs

[
χ2
f (m)

]
≤ 9

(
1 + ln(n1/b)

)
‖sf‖∞ι−1(f)Dm + 12(2r + 1)daι−1(f)Dm/n.



126 Conditional density estimation based on dependent dataUnder Assumption (D2-α(m)), Inequalities (IV.8.31) and (IV.8.55) lead to
nEs

[
χ2
f (m)

]
≤ 1

nι(f)

∑

K∈m

∑

k∈{0,...,r}d

Var( n∑

i=1

Γ(ΦK,k, Zi)

)

≤ 2ι−1(f)(1 + 2S2-α)

∥∥∥∥∥∥
∑

K∈m

∑

k∈{0,...,r}d

|Γ(ΦK,k, Z1)|

∥∥∥∥∥∥

2

∞

≤ 2ι−1(f)(1 + 2S2-α)
(2r + 1)d

minK∈m µd(K)

∥∥∥∥∥∥
∑

k∈{0,...,r}d

∑

K∈m

(1IK(Z1) + Es [1IK(Z1)|X1])

∥∥∥∥∥∥

2

∞

≤ 8ι−1(f)(1 + 2S2-α)(2r + 1)d(r + 1)dDm.In order to bound the risk of ŝm on Ωc
κ(m), we use the following two lemmas, proved justbelow.Lemma 5 Assume that d1 ∈ N

⋆ and that s is bounded. Let m be a partition of [0, 1]d1× [0, 1]d2into retangles built on a regular partition m⋆
1×m⋆

2, where m⋆
1 and m⋆

2 are regular partitions of
[0, 1]d1 and [0, 1]d2 into ubes. Then

‖s− ŝm‖2 ≤ 2‖s‖2∞ + 2(r + 1)d2(2r + 1)d2 |m⋆
2|.Lemma 6 Let m⋆ = m⋆

1 ×m⋆
2, where m⋆

1 and m⋆
2 are regular partitions of [0, 1]d1 and [0, 1]d2into ubes. Let q ∈ N

⋆, κ > 1, Ωκ(m
⋆) be de�ned by (IV.8.28). Then there exists an absoluteonstant C suh that

Ps(Ω
c
κ(m

⋆)) ≤ C(r + 1)2d1 |m⋆
1|
(

exp

(
− ι2(f)(1− 1/κ)2n

100‖f‖∞C(r, d1)q|m⋆
1|

)
+
‖f‖∞C(r, d1)|m⋆

1|αXq
ι2(f)(1− 1/κ)2

)
.We now hoose κ = 7/6, θ = 7 and q = ⌈3 ln(n1/b)⌉. Sine m is built on m⋆ = m⋆

1 × m⋆
2,

Ωκ(m
⋆) ⊂ Ωκ(m). Given the onditions on m⋆

1 and m⋆
2, we then obtain

Es

[
‖s − ŝm‖2n1IΩc

κ(m)

]
≤ 2

(
‖s‖2∞ + (r + 1)d2(2r + 1)d2 |m⋆

2|
)

Ps(Ω
c
κ(m

⋆))

≤ C(r, d1, aX , bX , s, f)/n,where C(r, d1, aX , bX , s, f) is a nonnegative real that only depends on r, d1, aX , bX , ‖s‖∞,
ι(f) and ‖f‖∞.Let us end with the proofs of Lemmas 5 and 6.Proof of Lemma 5: We shall use the notation� ‖.‖Rn de�ned for v = {vi}1≤i≤n ∈ R

n by ‖v‖Rn =
∑n

i=1 v
2
i /n;� for t ∈ L2([0, 1]

d1 × [0, 1]d2) and y ∈ [0, 1]d2 , tX(y) = {t(Xi, y)}1≤i≤n ∈ R
n;� VXm(y) = {tX(y), t ∈ Sm} and PVXm(y) the orthogonal projetion of R

n on VXm(y).For all y ∈ [0, 1]d2 , let us also de�ne the R
n-vetor

v̂m(y) =




∑

J∈m2

∑

j∈{0,...,r}d2

ψJ,j(Yi)ψJ,j(y)





1≤i≤n

.



Proofs 127As [La07℄ (Proposition 2.1), we an prove that ŝXm(y) = PVXm(y) (v̂m(y)) . Using the triangleinequality and the shrinking property of PVXm(y), we get
‖s− ŝm‖2n =

∫

[0,1]d2

‖sX(y)− ŝXm(y)‖2Rnµd2(dy)

≤ 2

∫

[0,1]d2

‖sX(y)‖2Rnµd2(dy) + 2

∫

[0,1]d2

‖v̂m(y)‖2Rnµd2(dy).From the orthonormality of {ψJ,j}J∈m2,j∈{0,...,r}d2 , we dedue that
∫

[0,1]d2

‖v̂m(y)‖2Rnµd2(dy) =
1

n

n∑

i=1

∑

J∈m2

∑

j∈{0,...,r}d2

ψ2
J,j(Yi).Besides, by grouping the ψJ,j having the same support, we get

∥∥∥∥∥∥
∑

J∈m2

∑

j∈{0,...,r}d2

ψ2
J,j

∥∥∥∥∥∥
∞

≤ max
J∈m2

∥∥∥∥∥∥
∑

j∈{0,...,r}d2

ψ2
J,j

∥∥∥∥∥∥
∞

≤ (2r + 1)d2(r + 1)d2/ min
J∈m2

µd2(J),hene Lemma 5. �Proof of Lemma 6: The proof follows almost the same lines as the proof of Proposition 8in [La07℄. Let ν ′ be the entered empirial proess de�ned for u ∈ L2([0, 1]
d1 × [0, 1]d2) by

ν ′(u) =
1

n

n∑

i=1

(∫

[0,1]d2

u(Xi, y)µd2(dy)−
∫

[0,1]d1×[0,1]d2

u(x, y)f(x)µd1(dx)µd2(dy)

)
.Sine ‖t‖2n = ν ′(t2) + ‖t‖2f for all t ∈ L2([0, 1]

d1 × [0, 1]d2), ν ′ is linear and κ > 1, we get
Ωc
κ(m

⋆) ⊂
{

sup
t∈Sm⋆/‖t‖f =1

|ν ′(t2)| > 1− 1/κ

}
.By onstrution of (ΦK,k)K∈m⋆,k∈{0,...,r}d , for all K,L ∈ m⋆ and k, l ∈ {0, . . . , r}d, and all

i ∈ {1, . . . , n},
∫

[0,1]d2

ΦK,k(Xi, y)ΦL,l(Xi, y)µd2(dy) = φK1,k1(Xi)φL1,l1(Xi)〈ψK2,k2, ψL2,l2〉

= 1IK1=L11I(K2,k2)=(L2,l2)φK1,k1φL1,l1(Xi). (IV.8.32)Let t ∈ Sm⋆\{0}, and for K1 ∈ m⋆
1 and k1 ∈ {0, . . . , r}d1 , let

aK1,k1 =

√ ∑

K2∈m⋆
2

∑

k2∈{0,...,r}d2

〈t,ΦK1×K2,(k1,k2)〉2/‖t‖.It follows from (IV.8.32) and Shwarz inequality that
|ν ′(t2)| ≤ ‖t‖2

∑

K1∈m1

∑

k1,l1∈{0,...,r}d1

aK1,k1aK1,l1|ν ′′(φK1,k1φK1,l1)|where ν ′′ is the entered empirial proess de�ned on L2([0, 1]
d1 ) by

ν ′′(u) =
1

n

n∑

i=1

(
u(Xi)−

∫

[0,1]d1

u(x)f(x)µd1(dx)

)
.
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sup

t∈Sm/‖t‖f =1
|ν ′(t2)| ≤ ι−1(f)max

a∈A

∑

K1∈m1

∑

k1,l1∈{0,...,r}d1

aK1,k1aK1,l1|ν ′′(φK1,k1φK1,l1)|,where A =
{
a = (aK1,k1)K1∈m1,k1∈{0,...,r}d1 s.t. ∑K1∈m1

∑
k1∈{0,...,r}d1 a

2
K1,k1

= 1
}
. Let us in-trodue B = (BK1,k1,l1)K1∈m1,k1,l1∈{0,...,r}d1 and V = (VK1,k1,l1)K1∈m1,k1,l1∈{0,...,r}d1 de�nedrespetively by

BK1,k1,l1 = ‖φK1,k1φK1,l1‖∞ and VK1,k1,l1 = ‖φK1,k1φK1,l1‖.Let us set
ρ̄(B) = sup

a∈A

∑

K1∈m1

∑

k1,l1∈{0,...,r}d1

|aK1,k1||aK1,l1|BK1,k1,l1,de�ne ρ̄(V ) in the same way, and set L(φ) = max{ρ̄2(V ), ρ̄(B)}. Then, Shwarz inequality andthe properties of the family (φK1,k1)K1∈m1,k1∈{0,...,r}d1 realled in Setion IV.8.1 provide
L(φ) ≤ C(r, d1)|m⋆

1|. (IV.8.33)Let
x =

ι2(f)(1− 1/κ)2

100q‖f‖∞L(φ)and
∆ =

⋂

K1∈m⋆
1,k1,l1∈{0,...,r}

d1

{
|ν ′′(φK1,k1φK1,l1)| < 3

(√
2q‖f‖∞xVK1,k1,l1 +

2

3
qBK1,k1,l1x

)}
.One an easily hek that, on ∆, supt∈Sm⋆/‖t‖f =1 |ν ′(t2)| ≤ 1 − 1/κ, so that Ωc

κ(m) ⊂ ∆c.Lemma 6 then follows from Proposition 22 in the Appendix. �IV.8.3 Proof of Theorem 10Let us �x m ∈M. For all m′ ∈M, we will denote by m∪m′ the roughest partition built on mand m′. We also �x κ ≥ 1 and θ1 > 0, to be determined at the end of the proof. By de�nitionof m̂ and ŝm,
γ(s̃) + pen(m̂) ≤ γ(ŝm) + pen(m)

≤ γ(sm) + pen(m). (IV.8.34)Using the same arguments as in the proof of Proposition 18, we dedue from (IV.8.34) that
‖s− s̃‖2n ≤ ‖s− sm‖2n + pen(m) + 2ν(s̃− sm)− pen(m̂).As s̃− sm ∈ Sm∪m̂ ⊂ Sm⋆ , we obtain in the same way as Inequality (IV.8.29) that, on the set

Ωκ(m
⋆) de�ned as in (IV.8.28),

2ν(s̃ − sm) ≤ 2κ

θ1
‖s− s̃‖2n +

2κ

θ1
‖s− sm‖2n + θ1χ

2
f (m ∪ m̂).Consequently, provided θ1 > 2κ,

(
1− 2κ

θ1

)
‖s− s̃‖2n1IΩκ(m⋆) ≤

(
1 +

2κ

θ1

)
‖s− sm‖2n1IΩκ(m⋆) + pen(m) + θ1χ

2
f (m∪ m̂)− pen(m̂).(IV.8.35)



Proofs 129Sine the data are β-mixing, we an introdue blokwise independent data. More preisely,let qn be some positive integer, to be determined later, and let (dn, rn) be the unique oupleof nonnegative integers suh that n = dnqn + rn and 0 ≤ rn < qn. For the sake of simpliity,we assume in the sequel that rn = 0 and dn = 2pn ∈ N
⋆, but the other ases an be treated ina similar way. For l = 0, . . . , pn − 1, let us set

Al = {Zi}2lqn+1≤i≤(2l+1)qn and Bl = {Zi}(2l+1)qn+1≤i≤(2l+2)qn .As realled for instane in [Vie97℄ (proof of Proposition 5.1), we an build, for l = 0, . . . , pn−1,
A•
l = {Z•

i }2lqn+1≤i≤(2l+1)qn and B•
l = {Z•

i }(2l+1)qn+1≤i≤(2l+2)qnsuh that, for all l = 0, . . . , pn − 1,� Al, A•
l , Bl and B•

l have the same distribution;� Ps(Al 6= A•
l ) ≤ βZqn and Ps(Bl 6= B•

l ) ≤ βZqn ;� (A•
l )0≤l≤pn−1 are independent random variables, and so are (B•

l )0≤l≤pn−1.We set
Ω• =

n⋂

i=1

{Z•
i = Zi}.The proof of Theorem 10 heavily relies on the following onentration inequality satis�ed bythe random variables χ2(m′), for m′ partition built on m⋆. The proof of that proposition isdeferred to Setion IV.8.4.Proposition 19 For all retangle K ⊂ [0, 1]d1 × [0, 1]d2 , let µf (K) =

∫
K f(x)µd1(dx)µd2(dy).Let δ, ϑ and N1(s, f) be de�ned as in Theorem 10, and let θ be some positive real. Under theassumptions of Theorem 10, there exists some set ΩT ∈ F suh that

Ps(Ω
c
T ) ≤ 4(r + 1)d|m⋆| exp

(
−C(θ, r, d, ϑ)N1(s, f)ι(f)

n

q2−δn |m⋆|

) (IV.8.36)and, for all partition m′ built on m⋆ and all positive x,
Ps

(
nχ2

f (m
′)1IΩ•∩ΩT

≥ 2(1 + θ)2ϑqδnN1(s, f) (Dm′ + 2x)
)
≤ 2 exp(−x). (IV.8.37)Let ΩT be de�ned as in Proposition 19. We shall �rst bound the quadrati risk of s̃ on

Ωκ(m
⋆)∩Ω• ∩ΩT . Let us �x θ2 > 0, to be determined later. Let ξ be some positive real, and,for all m′ ∈M, let xm′ = Lm′Dm′ + ξ and
Ω(ξ,m,m′) =

{
nχ2

f (m ∪m′)1IΩ•∩ΩT
≤ 2(1 + θ2)

2ϑqδnN1(s, f) (Dm +Dm′ + 2xm′)
}
.Aording to Proposition 19 applied to eah partition m∪m′, for m′ ∈M, the event Ω(ξ,m) =⋂

m′∈M Ω(ξ,m,m′) happens with probability
Ps(Ω(ξ,m)) ≥ 1− 2 exp(−ξ).Moreover, we dedue from Inequality (IV.8.35) that, on Ω(ξ,m),

(
1− 2κ

θ1

)
‖s− s̃‖2n1IΩκ(m⋆)∩Ω•∩ΩT

≤
(

1 +
2κ

θ1

)
‖s − sm‖2n + pen(m) + 2θ1(1 + θ2)

2ϑqδnN1(s, f)
Dm

n

+ 2θ1(1 + θ2)
2ϑqδnN1(s, f)

(1 + 2Lm̂)Dm̂

n
− pen(m̂)

+ 4θ1(1 + θ2)
2ϑqδnN1(s, f)

ξ

n
.



130 Conditional density estimation based on dependent dataChoosing pen suh that, for all m′ ∈M,pen(m′) ≥ 2θ1(1 + θ2)
2ϑqδnN1(s, f)

(1 + 2Lm′)Dm′

n
,we obtain, still on Ω(ξ,m),

(
1− 2κ

θ1

)
‖s−s̃‖2n1IΩκ(m⋆)∩Ω•∩ΩT

≤
(

1 +
2κ

θ1

)
‖s−sm‖2n+2pen(m)+4θ1(1+θ2)

2ϑqδnN1(s, f)
ξ

n
.We reall that, for all real-valued random variable V ,

E[V ] ≤ E[V +] =

∫ ∞

0
P(V + ≥ ξ)dξ,where V + stands for the positive part of V . Besides, for all deterministi funtion t ∈

L2([0, 1]
d1 × [0, 1]d2), Es[‖t‖2n] = ‖t‖2f . Using these two properties, we onlude that
(

1− 2κ

θ1

)
Es

[
‖s− s̃‖2n1IΩκ(m⋆)∩Ω•∩ΩT

]
≤
(

1 +
2κ

θ1

)
‖s− sm‖2f + 2pen(m)

+ 8θ1(1 + θ2)
2ϑqδnN1(s, f)

1

n
. (IV.8.38)Let us now bound the quadrati risk of s̃ on Ωc

κ(m
⋆)∪Ωc

• ∪Ωc
T . Lemma 5 an be extendedto the ase d1 = 0. As a matter of fat, when d1 = 0, we dedue from the triangle inequalityand the onvexity of the square funtion that, for all partition m,

‖s− ŝm‖2 ≤ 2‖s‖2 + 2
∑

K∈m

∑

k∈{0,...,r}d

[
1

n

n∑

i=1

ΦK,k(Yi)

]2

≤ 2‖s‖2 +
2

n

∑

K∈m

∑

k∈{0,...,r}d

n∑

i=1

Φ2
K,k(Yi)

≤ 2‖s‖2 + 2 max
K∈m

∥∥∥∥∥∥
∑

k∈{0,...,r}d

Φ2
K,k

∥∥∥∥∥∥
∞

.Consequently, we dedue from Lemma 5 extended to the ase d1 = 0 and applied to m̂ that
‖s− s̃‖2n ≤ 2‖s‖2∞ + 2(r + 1)d2(2r + 1)d2 |m⋆

2|. (IV.8.39)A straightforward upper-bound for the Ps-measure of Ωc
κ(m

⋆) ∪ Ωc
• ∪ Ωc

T is
Ps(Ω

c
κ(m

⋆) ∪ Ωc
• ∪ Ωc

T ) ≤ Ps(Ω
c
κ(m

⋆) ∩ Ω•) + Ps(Ω
c
•) + Ps(Ω

c
T ).One easily dedues from one of the properties of the A•

l 's and B•
l 's that

Ps(Ω
c
•) ≤ 2pnβ

Z
qn =

n

qn
βZqn . (IV.8.40)If d1 = 0 and κ ≥ 1, then Ωκ(m

⋆) = Ω, so Ps(Ω
c
κ(m

⋆)∩Ω•) = 0. Otherwise, in order to bound
Ps(Ω

c
κ(m

⋆) ∩ Ω•), we follow the proof of Lemma 6. Thus there exists some onstant C(r, d1)that only depends on d1 and r suh that
Ps(Ω

c
κ(m

⋆) ∩ Ω•) ≤ 4(r + 1)2d1 |m⋆
1| exp

(
−C(r, d1)

ι2(f)(1− 1/κ)2

‖f‖∞
n

qn|m⋆
1|

)
. (IV.8.41)



Proofs 131Combining Inequalities (IV.8.39) to (IV.8.41) and (IV.8.36) then provides for
Es

[
‖s− s̃‖2n1IΩc

κ(m⋆)∪Ωc
•∪Ωc

T

] the upper-bound
C(r, d1, d2, L)|m⋆

2|
(
n

qn
βZqn + |m⋆| exp

(
−C(θ2, ϑ, r, d, L, ℓ)

n

q2−δn |m⋆|

)

+ |m⋆
1|1Id1≥1 exp

(
−C(κ, r, d1, ℓ, ℓ)

n

qn|m⋆
1|

))
. (IV.8.42)Last, let us hoose

κ = 7/6, θ1 = 7, θ2 = 2/25 and qn = ⌈3 ln(n1/b)⌉.Under Assumption (IV.5.17) on m⋆
1 and m⋆

2, we dedue from (IV.8.38) and (IV.8.42) that
Es

[
‖s− s̃‖2n

]
≤3
{
‖s − sm‖2f + pen(m)

}

+ 100ϑN1(s, f)(3 ln(n1/b) + 1)δ
1

n
+
C(a, b, δ, r, d1 , d2, L, L, ℓ, ℓ)

n ln(n)
.Theorem 10 then follows by taking the minimum over m ∈M.IV.8.4 Proof of Proposition 19We de�ne on L2([0, 1]

d1 × [0, 1]d2) and for all m′ ∈M

ν•(t) =
1

n

n∑

i=1

Γ(t, Z•
i ) and χ•

f (m
′) = sup

t∈Sm′

‖t‖f =1

ν•(t)

ν•(1)(t) =
1

n

pn−1∑

l=0

(2l+1)qn∑

i=2lqn+1

Γ(t, Z•
i ) and χ•

f,(1)(m
′) = sup

t∈Sm′

‖t‖f =1

ν•(1)(t)

ν•(2)(t) =
1

n

pn−1∑

l=0

(2l+2)qn∑

i=(2l+1)qn+1

Γ(t, Z•
i ) and χ•

f,(2)(m
′) = sup

t∈Sm′

‖t‖f =1

ν•(2)(t).Notie that ν = ν• = ν•(1) + ν•(2) on Ω•, hene
χ2
f (m)1IΩ•

≤ 2

({
χ•
f,(1)(m)

}2
+
{
χ•
f,(2)(m)

}2
)

1IΩ•
. (IV.8.43)We shall �rst prove onentration inequalities for χ•

(i)(m
′), i ∈ {1, 2}, de�ned by

χ•
(i)(m

′) = sup
t∈Sm′

‖t‖=1

ν•(i)(t).For i ∈ {1, 2}, let
ΩT (i) =

⋂

K∈m⋆

⋂

k∈{0,...,r}d

{
|ν•(i)(ΦK,k)| ≤ ǫ

√
µd(K)

}where
ǫ =

3ϑθ2

2(θ + 3)(2r + 1)2d
‖sf‖∞
q1−δn

.



132 Conditional density estimation based on dependent dataOn the set ΩT (1), we have, for all K ∈ m′ and all k ∈ {0, . . . , r}d,
|ν•(1)(ΦK,k)| ≤ ǫ

√
(r + 1)dµd(K).As a matter of fat, for K ∈ m′ and k ∈ {0, . . . , r}d, deomposing ΦK,k in the basis

(ΦL,l)L∈m⋆,l∈{0,...,r}d gives
ΦK,k =

∑

L

∑

l∈{0,...,r}d

aL,lΦL,l with ∑

L

∑

l∈{0,...,r}d

a2
L,l = 1where the sum on L is only on disjoint retangles L ∈ m⋆ whose union is K. Hene, it followsfrom the linearity of ν•(1) and Shwarz inequality that, on the set ΩT (1),

|ν•(1)(ΦK,k)| ≤
√∑

L,l

|ν•(1)(ΦL,l)|2

≤ ǫ
√∑

L,l

µd(L)

≤ ǫ
√

(r + 1)dµd(K).We shall take advantage of two expressions for χ•
(1)(m

′). On the one hand, it follows fromShwarz inequality, its equality ase, and the linearity of ν•(1) that
χ•

(1)(m
′) =

√√√√
∑

K∈m′

∑

k∈{0,...,r}d

{
ν•(1)(ΦK,k)

}2
= ν•(1)(t

∗) (IV.8.44)where t∗ is the random element of {t ∈ Sm′ s.t. ‖t‖ = 1} de�ned by
t∗ =

∑

K∈m′

∑

k∈{0,...,r}d

ν•(1)(ΦK,k)

χ•
(1)(m

′)
ΦK,k.On the other hand, aording to the de�nition of χ•

(1)(m
′), we an write

χ•
(1)(m

′) = sup
t∈Sm′

‖t‖=1

pn−1∑

l=0

gt(A
•
l ), (IV.8.45)where, for all t ∈ Sm′ , gt is de�ned on ([0, 1]d1 × [0, 1]d2)qn by

gt(z1, . . . , zqn) =
1

n

qn∑

j=1

Γ(t, zj).Let us �x x > 0 and set
z =

√
ϑqδn
‖sf‖∞
n

x.We introdue a ountable and dense subset Am′ of {t ∈ Sm′/‖t‖ = 1, ‖t‖∞ ≤ ǫ(2r + 1)2d/z},de�ne
W (m′) = sup

t∈Am′

pn−1∑

l=0

gt(A
•
l ),



Proofs 133and set
σ2
m′ = sup

t∈Am′

pn−1∑

l=0

Vars (gt(A
•
l )) and bm′ = sup

t∈Am′

‖gt‖∞.Sine n = 2pnqn, we dedue from Lemma 4 that
σ2
m ≤ ϑ‖sf‖∞qδn

1

2n
.As, for all t ∈ L2([0, 1]

d1 × [0, 1]d2) and z ∈ [0, 1]d1 × [0, 1]d2 , |Γ(t, z)| ≤ 2‖t‖∞, we get
bm′ ≤ 2ǫ(2r + 1)2dqn

nz
.Thanks to Talagrand's inequality (as stated for instane in [Mas07℄, Inequality (5.50)), thereexists a set Ω(x) ∈ Ω suh that Ps(Ω(x)) ≥ 1− exp(−x) and on whih

W (m′) ≤ (1 + θ)

(
Es[W (m′)] +

√
ϑ‖sf‖∞qδn

x

n

)
.Let us now ome bak to χ•

(1)(m
′). Given expression (IV.8.45) for χ•

(1)(m
′) and the de�nitionof Am′ , we have W (m′) ≤ χ•

(1)(m
′). Moreover, given expression (IV.8.44) for χ•

(1)(m
′) and thede�nition of Am′ , W (m′) and χ•

(1)(m
′) oinide on ΩT (1) ∩{χ•

(1)(m
′) ≥ z}. As a matter of fat,sine ΦK,k has support K, we get

‖t∗‖∞ ≤
1

χ•
(1)(m

′)
max
K∈m′

max
k∈{0,...,r}d

|ν•(1)(ΦK,k)|
∑

k∈{0,...,r}d

‖ΦK,k‖∞so that t∗ ∈ Am′ when the event ΩT (1) ∩ {χ•
(1)(m

′) ≥ z} happens. Besides, we dedue fromexpression (IV.8.44), the onvexity of the square funtion, the independene of the A•
l 's andLemma 4 that

E
2
s[χ

•
(1)(m

′)] ≤
∑

K∈m′

∑

k∈{0,...,r}d

Vars[ν•(1)(ΦK,k)]

≤ pn
n2

∑

K∈m′

∑

k∈{0,...,r}d

Vars( qn∑

i=1

Γ(ΦK,k, Zi)

)

≤ ϑqδn‖sf‖∞
Dm′

2n
.Therefore, we onlude that, on the set Ω(x),

χ•
(i)(m

′)1IΩT (i)
≤ (1 + θ)

√
ϑqδn
‖sf‖∞

2

(√
Dm′

n
+

√
2
x

n

)
.Sine ν•(i), i = 1, 2, is linear and ‖.‖2 ≤ ‖.‖2f/ι(f),

{
χ•
f,(i)(m

′)
}2
≤ 1

ι(f)

{
χ•

(i)(m
′)
}2
.With the same arguments, we obtain similar onentration properties for χ•

(2)(m
′)1IΩT (2)

. GivenInequality (IV.8.43), we �nally obtain (IV.8.37) with ΩT = ΩT (1) ∩ ΩT (2). In order to bound
Ps(Ω

c
T ), it is enough to bound, for all K ∈ m⋆ and k ∈ {0, . . . , r}d,

Ps

(∣∣∣∣∣

pn−1∑

l=0

U(K,k),l

∣∣∣∣∣ >
nǫ√
|m⋆|

)
,



134 Conditional density estimation based on dependent datawhere U(K,k),l =
∑(2l+1)qn

i=2lqn+1 Γ(ΦK,k, Z
•
i ). For that purpose, we apply Bernstein's inequality, asstated for instane in [Mas07℄, to the variables (U(K,k),l)0≤l≤pn−1, whih are independent byonstrution of (A•

l )0≤l≤pn−1, entered and satisfy
max

0≤l≤pn−1
|U(K,k),l| ≤ 2

√
(2r + 1)d|m⋆|qnand, thanks to Lemma 4,

pn−1∑

l=0

Vars(U(K,k),l) ≤
ϑqδn‖sf‖∞

2
n.Assume now that r = 0. The funtions (Φf

K)K∈m′ introdued in Setion IV.8.1 as a basisof Sm′ orthonormal for the norm ‖.‖f an simply be expressed as
Φf
K = 1IK/

√
µf (K), for all K ∈ m′.In that ase, we obtain diretly a onentration inequality for χ•

f,(1)(m
′) by using the basis

(Φf
K)K∈m′ and the same arguments as previously, whih explains why the penalty does notdepend on f . �IV.8.5 Proof of Theorem 12Let us �x p > 0, σ suh that d.max{1/p − 1/2, 0} < σ < min{r + 1/p, r + 1}, R > 0, andassume that s ∈ B(σ, p,∞, R). We shall use the following lemma, proved at the end of thatsubsetion.Lemma 7 Let p > 0, σ suh that d.max{1/p − 1/2, 0} < σ < min{r + 1/p, r + 1}, R > 0.Let (x)+ denote the positive part of a real x. For all s ∈ B(σ, p,∞, R), there exists a funtion

TJ⋆(s) ∈ Sm⋆ suh that
‖TJ⋆(s)‖σ,p,∞ ≤ C(r, d, p)Rand

‖s− TJ⋆(s)‖2 ≤ C(σ, r, d, p)R22−2dJ⋆(σ/d−(1/p−1/2)+).Let TJ⋆(s) be given by Lemma 7. It follows from the triangle inequality that, for all partition
m ∈Mcube,

‖s− sm‖2 ≤ 2

(
‖s− TJ⋆(s)‖2 + inf

t∈Sm

‖TJ⋆(s)− t‖2
)hene,

min
m∈Mcube

{
‖s− sm‖2f +

lnδ(n)Dm

n

}

≤ 2‖f‖∞(r + 1)d


‖s − TJ⋆(s)‖2 + min

1≤D≤2dJ⋆





min
m∈Mcube

|m|≤D

inf
t∈Sm

‖TJ⋆(s)− t‖2 +
lnδ(n)D

n






 .Let us �x 1 ≤ D ≤ 2dJ⋆ . Sine TJ⋆(s) ∈ B(σ, p,∞, C(r, d, p)R), we dedue from Corollary 3.2in [DY90℄ that there exist some partition mD(s) of [0, 1]d into at most D dyadi ubes andsome funtion s̄D, pieewise polynomial with oordinate degree ≤ r + 1 over that partition,suh that

‖TJ⋆(s)− s̄D‖2 ≤ C(σ, r, p, d)R2D−2σ/d.



Proofs 135Besides, as TJ⋆(s) ∈ Sm⋆ , the partition mD(s) generated by the algorithm desribed in [DY90℄(Setion 2) only ontains dyadi ubes with sidelength ≥ 2−J⋆ . Otherwise said,mD(s) ∈Mcube,hene
min

m∈Mcube

|m|≤D

inf
t∈Sm

‖TJ⋆(s)− t‖2 ≤ ‖TJ⋆(s)− s̄D‖2 ≤ C(σ, r, p, d)R2D−2σ/d.Let us now hoose D⋆ as the greatest integer D suh that D lnδ(n)/n ≤ R2D−2σ/d. Theassumptions over R ensure that 1 ≤ D⋆ ≤ 2dJ⋆ , and suh a hoie of D leads to
min

1≤D≤2dJ⋆





min
m∈Mcube

|m|≤D

inf
t∈Sm

‖TJ⋆(s)− t‖2 +
lnδ(n)D

n




≤ C(σ, d)

(
R

(
n

lnδ(n)

)−σ/d
)2d/(d+2σ)

.We then dedue from Lemma 7 that
min

m∈Mcube

{
‖s− sm‖2f +

lnδ(n)Dm

n

}

≤ 2‖f‖∞(r + 1)dC(σ, r, d, p)


R22−2dJ⋆(σ/d−(1/p−1/2)+) +

(
R

(
n

lnδ(n)

)−σ/d
)2d/(d+2σ)


and then only retain the values of R for whih the �rst term in the upper-bound is smallerthan the seond, hene Inequality (IV.6.23).We end with the proof of Lemma 7. We shall use the same notation as in [DP88℄, that wewill not rede�ne formally here, and apply their results with r replaed with r+1 and α replaedwith σ. Let us �rst assume that p ≤ 2. For all k ∈ N, let Tk(s) be de�ned as in [DP88℄ (4.20),by taking A = 1 in [DP88℄ (3.5). For all k ∈ N, let tk(s) = Tk(s) − Tk−1(s), with T−1(s) = 0and let Dk([0, 1]

d) be the set of all dyadi ubes of [0, 1]d with sidelength ≥ 2−k. In Lp([0, 1]
d),we have the equality

s− TJ⋆(s) =
∑

k≥J⋆+1

tk(s).By onstrution, eah Tk(s) is polynomial with oordinate degree ≤ r on eah dyadi ube inDk([0, 1]
d), and thus, so is tk(s). For all I ∈ Dk([0, 1]

d), Markov Inequality for polynomials(see for instane [DL93℄, Theorem 2.7, Chapter 4) provides
‖tk(s)1II‖ ≤ C(r, d, p)2dk(1/p−1/2)‖tk(s)1II‖p.So, by using the usual inequality between ℓp-norm and ℓ2-norm, we get
‖tk(s)‖2 ≤ C(r, d, p)22dk(1/p−1/2)‖tk(s)‖2p.Using the B-spline deomposition of tk(s) given in [DP88℄ (5.6)

tk(s) =
∑

ν∈Λ(k)

αν,k(s)Nν,k,and their Lemma 4.2 to bound ‖tk(s)‖2p, we get
‖tk(s)‖ ≤ C(r, d, p)2−dk(σ/d+1/2−1/p)2σk


 ∑

ν∈Λ(k)

|αν,k(s)|p2−kd



1/p

.



136 Conditional density estimation based on dependent dataLet N4(s) be de�ned as in [DP88℄, Corollary 5.3. From the triangle inequality, we dedue that
‖s− TJ⋆(s)‖ ≤

∑

k≥J⋆+1

‖tk(s)‖ ≤ C(σ, r, d, p)N4(s)2
−dJ⋆(σ/d+1/2−1/p).Last, sine 0 < σ < r + 1, the proof of Corollary 5.3 in [DP88℄ provides

N4(s) ≤ C(r, d, p)‖s‖σ,p,p,hene the seond inequality in Lemma 7. Aording to [DP88℄ (4.21),
‖TJ⋆(s)‖p ≤ C(r, d)‖s‖p.For all k ∈ N, let Σk be the spae of splines with oordinate degree ≤ r assoiated to theolletion Dk([0, 1]

d) de�ned as in [DP88℄, Setion 4. For all k ∈ N and all f ∈ Lp([0, 1]
d, letsk(f)p be the approximation error of f by Σk in Lp-norm, as de�ned by [DP88℄ (4.27). Giventhe de�nition of TJ⋆(s), we obtain that sk(TJ⋆(s))p = 0 if k ≥ J⋆. For k < J⋆, we apply thequasi-triangle inequality (f. [DP88℄, Setion 2) and Corollary 4.7 of [DP88℄ to getsk(TJ⋆(s))p ≤ C(r, d, p)(sJ⋆(s)p + sk(s)p) ≤ C(r, d, p)sk(s)p.Let N1 be de�ned as [DP88℄, Theorem 5.1, we then dedue that

N1(TJ⋆(s)) ≤ N1(s).Aording to Theorem 5.1 in [DP88℄, N1 is equivalent to ‖.‖σ,p,p when σ < min{r+1/p, r+1},whih onludes the proof for p ≤ 2. The ase p ≥ 2 follows from the ase p = 2 sine
‖.‖σ,2,2 ≤ C(σ, d, p)‖.‖σ,p,p when p ≥ 2.IV.8.6 Proof of Theorem 14We onsider a speial subolletion of dyadi retangles adapted to an anistropi smoothnessmeasured by the parameter σ. Suh retangles, or similar ones, have been used by [Lei03℄and [Ho02℄ for instane to study wavelet approximation in anisotropi Besov spaes. Let σbe de�ned by σ = min1≤l≤d σl. For j ∈ N, we de�ne Dσ

j as the set of all dyadi retangles
I1 × . . .× Id ⊂ [0, 1]d suh that, for all 1 ≤ l ≤ d,

Il =
[
kl2

−⌊jσ/σl⌋, (kl + 1)2−⌊jσ/σl⌋
]
,with kl ∈ {0, . . . , 2⌊jσ/σl⌋ − 1}. Let j ∈ N and K ∈ Dσ

j , we all hildren of K all the dyadiretangles of Dσ
j+1 that are inluded in K, and also refer to K as the parent of its hildren. Itshould be notied that the hildren of K form a partition of K into

d∏

l=1

2⌊(j+1)σ/σl⌋−⌊jσ/σl⌋ ≤ 2d2dσ/H(σ) (IV.8.46)dyadi retangles from Dσ

j+1. We set Dσ = ∪j∈NDσ

j .We shall use the following approximation algorithm, adapted from [DY90℄. Let t ∈
L2([0, 1]

d). For any retangle K ⊂ [0, 1]d, let
E2(t,K) = inf

P∈Pr

‖(t− P )1IK‖,where Pr stands for the set of all polynomial funtions on [0, 1]d with oordinate degree ≤ r.We �x some threshold ǫ > 0. At the beginning of the algorithm, the set I1(t, ǫ) ontains [0, 1]d.



Proofs 137If E2(t, [0, 1]d) < ǫ, then the algorithm stops. Else, [0, 1]d is replaed with his hildren in I1(t, ǫ),hene a new partition I2(t, ǫ). In the same way, the k-th step begins with a partition Ik(t, ǫ) of
[0, 1]d into dyadi retangles that belong to Dσ. If maxK∈Ik(t,ǫ) E2(t,K) < ǫ, then the algorithmstops. Else, a dyadi retangle K ∈ Ik(t, ǫ) suh that E2(t,K) ≥ ǫ is hosen and replaed withhis hildren in Ik(t, ǫ), hene a new partition Ik+1(t, ǫ). Sine t ∈ L2([0, 1]

d), E2(t,K) tendsto 0 when µd(K) tends to 0, so the algorithm �nally stops. The �nal partition I(t, ǫ) onlyontains dyadi retangles that belong to Dσ and suh that maxK∈I(t,ǫ) E2(t,K) < ǫ. For all
K ∈ I(t, ǫ), let PK(t) be the polynomial funtion on K with oordinate degree ≤ r suh that
‖(t− PK(t))1IK‖ = E2(t,K). We de�ne A(t, ǫ) by

A(t, ǫ) =
∑

K∈I(t,ǫ)

PK(t),and then have
‖t−A(t, ǫ)‖2 =

∑

K∈I(t,ǫ)

‖(t− PK(t))1IK‖2 < |I(t, ǫ)|ǫ2. (IV.8.47)For that algorithm, a �rst approximation result an be stated as follows.Proposition 20 Let k ∈ N, R > 0, 0 < p ≤ 2, σ = (σ1, . . . , σd) ∈ (R+
∗ )d and t ∈ L2([0, 1]

d).Assume that
H(σ)/d > 1/p− 1/2and that

sup
j∈N

2jd(σ/H(σ))(H(σ)/d+1/2−1/p)


 ∑

K∈Dσ

j

Ep2 (t,K)




1/p

≤ R. (IV.8.48)Then, there exists some partition m of [0, 1]d that only ontains dyadi retangles from Dσ andsuh that
|m| ≤ C1(d, p,σ)2kdand

‖t− tm‖2 ≤ C2(d, p,σ)R22−2kH(σ),where tm is the orthogonal projetion of t on Sm. Besides, if for some J ∈ N, t is polynomialwith oordinate degree ≤ r over eah retangle of Dσ

J , then m only ontains dyadi retanglesfrom ∪Jj=0Dσ

j .The following proof is inspired from [DPW08℄ (Lemma 2.1).Proof: For k = 0, we an just hoose m as the trivial partition of [0, 1]d sine
‖t− tm‖2 = E2

2 (t, [0, 1]d) ≤ R2.Let us now �x k ≥ 1, set
τ = H(σ)/d+ 1/2 − 1/p and λ = 2(1+(1+τp)σ/H(σ))d/p,and hoose

ǫ = λR2−kd(τ+1/p).If I(t, ǫ) is trivial, then (IV.8.47) provides
‖t−A(t, ǫ)‖2 ≤ |I(t, ǫ)|ǫ2 ≤ λ2R22−2kH(σ).



138 Conditional density estimation based on dependent dataLet us now assume that I(t, ǫ) is not trivial and �x j ≥ 1 suh that I(t, ǫ) ∩Dσ
j is not empty.If K ∈ I(t, ǫ) ∩ Dσ

j , then K is a hild of a dyadi retangle K̃ ∈ Dσ
j−1 suh that

ǫ ≤ E2(t, K̃),hene
ǫp ≤ 2−(j−1)dpτσ/H(σ)2(j−1)dpτσ/H(σ)Ep2 (t, K̃).By grouping all the retangles K ∈ I(t, ǫ) ∩ Dσ

j having the same parent in Dσ

j−1, and takinginto aount Remark (IV.8.46), we obtain
|I(t, ǫ) ∩ Dσ

j |ǫp ≤ 2d(1+(1+pτ)σ/H(σ))2−jdpτσ/H(σ)Rp.Replaing ǫ by its value, we dedue that
|I(t, ǫ) ∩Dσ

j | ≤ 2kd(1+pτ)2−jdpτσ/H(σ). (IV.8.49)Besides, for all j ≥ 1,
|I(t, ǫ) ∩Dσ

j | ≤ |Dσ

j | ≤ 2jdσ/H(σ).Let us denote by J the greatest integer j ≥ 1 suh that
2jdσ/H(σ) ≤ 2kd(1+pτ)2−jdpτσ/H(σ),i.e. suh that

2jdσ/H(σ) ≤ 2kd.Sine σ/H(σ) ≤ 1, the last inequality is satis�ed by k ≥ 1 for instane, so that J is well-de�ned.Besides, J is haraterized by
2Jdσ/H(σ) ≤ 2kd < 2(J+1)dσ/H(σ).Therefore,

|I(t, ǫ)| =
∑

j≥1

|I(t, ǫ) ∩ Dσ

j |

≤
J∑

j=1

2jdσ/H(σ) + 2kd(1+pτ)
∑

j≥J+1

2−jdpτσ/H(σ)

≤ C1(d, p,σ)2kdwhere
C1(d, p,σ) =

2dσ/H(σ)

2dσ/H(σ) − 1
+

1

1− 2−dpτσ/H(σ)
.Moreover, we dedue from (IV.8.47) that

‖t−A(t, ǫ)‖2 ≤ |I(t, ǫ)|ǫ2 ≤ C2(d, p,σ)R22−2kH(σ),where
C2(d, p,σ) = C1(d, p,σ)λ2.We then set m = I(t, ǫ), so that A(t, ǫ) = tm.The last assertion in Proposition 20 is a straightforward onsequene of the approximationalgorithm. �We also need the following lemma, relating Assumption (IV.8.48) to Besov type smoothness.



Proofs 139Lemma 8 Let σ = (σ1, . . . , σd) ∈ (0, r + 1)d and 0 < p ≤ 2 suh that H(σ)/d > 1/p − 1/2.Then Bσ
p (Lp([0, 1]

d)) ⊂ L2([0, 1]
d). Besides, for all J ∈ N and all t ∈ Bσ

p (Lp([0, 1]
d)), thereexists tJ , polynomial with oordinate degree ≤ r over eah dyadi retangle of Dσ

J , suh that
‖t− tJ‖2 ≤ C(d, p, r,σ)2−2Jd(H(σ)/d+1/2−1/p)σ/H(σ)|t|2σ,p,pand

sup
j∈N

2jd(σ/H(σ))(H(σ)/d+1/2−1/p)


 ∑

K∈Dσ

j

Ep2 (tJ ,K)




1/p

≤ C(d, p, r,σ)|t|σ,p,p.Proof: Aording to [Tri06℄ (Theorem 5.30, Embeddings (1.299) and Equality (1.2)), if
0 < p ≤ 2 and H(σ)/d > 1/p − 1/2, then

Bσ

p (Lp([0, 1]
d)) ⊂ B0

2(L2([0, 1]
d)) = L2([0, 1]

d).Let us �x j ∈ N and K ∈ Dσ

j . For all k ≥ j, we denote by Ck(K) the set of all retanglesfrom Dσ

k that are inluded in K. Hene, Cj(K) is redued to {K}, Cj+1(K) is the set of all thehildren of K, et. . . . For any retangle I ⊂ [0, 1]d, we denote by
Ep(t, I) = inf

Q∈Pr

‖(t−Q)1II‖p,and by QI(t) a polynomial funtion on I with oordinate degree ≤ r suh that
‖(t−QI(t))1II‖p = Ep(t, I).For all k ≥ j, we set
Sk(t,K) =

∑

I∈Ck(K)

QI(t)1IIand
ek(t,K) = inf

P∈Πk,r

‖(t− P )1IK‖p,where Πk,r is the set of all funtions that are polynomial with oordinate degree ≤ r over eahretangle in Dσ

k . It should be notied that
ek(t,K) = ‖(t− Sk(t,K))1IK‖p =


 ∑

I∈Ck(K)

Epp (t, I)




1/p

.Besides, for all y ≥ 0 and 1 ≤ l ≤ d, we de�ne ω(l)
r+1(t, y,K)p as ω(l)

r+1(t, y, [0, 1]
d)p, just replaing

[0, 1]d with K, and
|t|σ,p,p,K =

d∑

l=1

(∫ ∞

0

[
y−σlω

(l)
r+1(t, y,K)p

]p dy

y

)1/p

.In partiular, |t|σ,p,p,[0,1]d oinides with |t|σ,p,p. The sequene (Sk(t,K))k≥j onverges to t1IKin Lp. As a matter of fat, we an prove as Theorem 3.5 in [DS84℄ when p ≥ 1, and as Theorem3.1 in [Ho02℄ when 0 < p < 1, that, for all dyadi retangles I ∈ Dσ

k ,
Ep(t, I) ≤ C(d, p,σ)2−kσ|t|σ,p,p,I.Therefore,

‖(t− Sk(t,K))1IK‖pp ≤
∑

I∈Dσ

k

Epp (t, I) ≤ C(d, p,σ)2−pkσ
∑

I∈Dσ

k

|t|p
σ,p,p,I.
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k is a partition of [0, 1]d, so by using the equivalene between the modulus ofsmoothness ω(l)
r and the averaged modulus of smoothness, as explained for instane in [Ho02℄(Setion 2.2), we obtain ∑

I∈Dσ

k

|t|p
σ,p,p,I ≤ C(d, p,σ)|t|pσ,p,p, (IV.8.50)hene

ek(t,K) ≤ C(d, p,σ)2−kσ|t|σ,p,p −−−−→
k→+∞

0. (IV.8.51)Let us now �x k ≥ j. Using Markov Inequality for polynomials on dyadi retangles (see forinstane [Ho02℄, Lemma 5.1), we obtain
‖Sk+1(t,K)− Sk(t,K)‖2 =

∑

I∈Ck+1(K)

‖(Sk+1(t,K)− Sk(t,K))1II‖2

≤ C(d, p, r)
∑

I∈Ck+1(K)

µd(I)
−2(1/p−1/2)‖(Sk+1(t,K)− Sk(t,K))1II‖2p

≤ C(d, p, r)22(k+1)d(1/p−1/2)σ/H(σ)
∑

I∈Ck+1(K)

‖(Sk+1(t,K)− Sk(t,K))1II‖2p.(IV.8.52)Let us also �x I ∈ Ck+1(K). Then
(Sk+1(t,K)− Sk(t,K))1II = (QI(t)−QĨ(t))1IIwhere Ĩ ∈ Ck(K) is the parent of I. Let κ(p) = 21/p if p < 1, and κ(p) = 1 otherwise. Fromthe quasi-triangle inequality, we then get

‖(Sk+1(t,K)− Sk(t,K))1II‖p ≤ κ(p)
(
‖(t−QI(t))1II‖p + ‖(t−QĨ(t))1II‖p

)

≤ κ(p)
(
Ep(t, I) + Ep(t, Ĩ)

)
,hene

‖(Sk+1(t,K)− Sk(t,K))1II‖2p ≤ 2κ2(p)
(
E2
p (t, I) + E2

p (t, Ĩ)
)
.By grouping all the retangles I ∈ Ck+1(K) that have the same parent, we obtain

∑

I∈Ck+1(K)

‖(Sk+1(t,K)−Sk(t,K))1II‖2p ≤ 2κ2(p)


 ∑

I∈Ck+1(K)

E2
p (t, I) + 2d(1+σ/H(σ))

∑

Ĩ∈Ck(K)

E2
p (t, Ĩ)


 .Sine p ≤ 2, the lassial inequality between ℓp and ℓ2-norms provides

∑

I∈Ck+1(K)

‖(Sk+1(t,K)− Sk(t,K))1II‖2p ≤ 2κ2(p)
(
e2k+1(t,K) + 2d(1+σ/H(σ))e2k(t,K)

)
.Then, it follows from (IV.8.52) that for J ≥ j,

J∑

k=j

‖Sk+1(t,K)− Sk(t,K)‖ ≤ C(d, p, r,σ)

J+1∑

k=j

2kd(1/p−1/2)σ/H(σ)ek(t,K).From (IV.8.51), we then dedue that
J∑

k=j

‖Sk+1(t,K)− Sk(t,K)‖ ≤ C(d, p, r,σ)



J+1∑

k=j

2−kd(H(σ)/d+1/2−1/p)σ/H(σ)


 |t|σ,p,p,K.



Proofs 141Sine H(σ)/d+ 1/2− 1/p > 0, (Sk(t,K))k≥j also onverges in L2 to t1IK . From the de�nitionof E2(t,K) and the triangle inequality, it follows that
E2(t,K) ≤ ‖(t−QK(t))1IK‖

≤
∑

k≥j

‖Sk+1(t,K)− Sk(t,K)‖

≤ C(d, p, r,σ)|t|σ,p,p,K2−jd(H(σ)/d+1/2−1/p)σ/H(σ). (IV.8.53)For all J ∈ N, let us set
tJ = SJ(t, [0, 1]

d) =
∑

K∈Dσ

J

QK(t)1IK .Sine ‖t − tJ‖2 =
∑

K∈Dσ

J
‖(t − QK(t))1IK‖2, the �rst inequality stated in Lemma 8 resultsfrom (IV.8.53), the usual inequality between ℓp and ℓ2-norms for p ≤ 2 and (IV.8.50). Let us�x anew j ∈ N,K ∈ Dσ

j and k ≥ j. Sine tJ is polynomial with oordinate degree ≤ r on eahretangle from ∪j≥JDσ
j , ek(tJ ,K) = 0 for k ≥ J . Let us now assume that k < J . Then, thequasi-triangle inequality, the de�nition of tJ and the inlusion Πk,r ⊂ ΠJ,r provide suessively

ek(tJ ,K) ≤ κ(p) (‖(t− tJ)1IK‖p + ek(t,K))

≤ κ(p) (eJ(t,K) + ek(t,K))

≤ 2κ(p)ek(t,K).Therefore, we obtain as (IV.8.53) that
E2(tJ ,K) ≤ C(d, p, r,σ)|t|σ,p,p,K2−jd(H(σ)/d+1/2−1/p)σ/H(σ).Sine Dσ

j is a partition of [0, 1]d, Inequality (IV.8.50) allows to omplete the proof. �We an now prove Theorem 14. If p > 2, then Theorem 5.30 in [Tri06℄ provides theontinuous embedding
Bσ

p (Lp([0, 1]
d)) →֒ Bσ

2 (L2([0, 1]
d)),so it is enough to prove Theorem 14 for p ≤ 2. Let k ∈ N and sJ be given by Lemma 8.Aording to Proposition 20, there exists a partition m into dyadi retangles from ∪Jj=0Dσ

jsuh that
|m| ≤ C(d, p,σ)2kdand

inf
t∈Sm

‖sJ − t‖2 ≤ C(d, p, r,σ)R22−2kH(σ).So, we dedue from the triangle inequality and the upper-bound for ‖s−sJ‖2 given in Lemma 8that for all t ∈ Sm
‖s− t‖2 ≤ 2

(
‖s− sJ‖2 + ‖sJ − t‖2

)

≤ C(d, p, r,σ)R2
(
2−2Jd(H(σ)/d+1/2−1/p)σ/H(σ) + 2−2kH(σ)

)
,whih ompletes the proof.
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Appendix 143AppendixProposition 21 (Coupling property) Let (W1, . . . ,Wn) be real-valued and bounded randomvariables. We an rede�ne the vetor (W1, . . . ,Wn) on a riher probability spae together withan independent sequene of random variables (W •
1 , . . . ,W

•
n) with the following properties, foreah 1 ≤ k ≤ n,� W •

k has the same distribution as Wk;� W •
k is independent of σ(W1, . . . ,Wk−1);� E [|Wk −W •

k |] ≤ 4‖W1‖∞α(σ(W1, . . . ,Wk−1), σ(Wk)).We refer to [Rio00℄ (Lemma 5.2 and proof of Theorem 6.1) (beware of the de�nition of α(., .))or [Pel02℄ (Theorem 2) for a proof.Lemma 9 (Variane of partial sums) Let (Wi)i∈Z be a stritly stationary proess, de�nedon the probability spae (Ω,F ,P), with values in W ⊂ R
p, p ∈ N

⋆. Let n ∈ N
⋆ and q ∈ N

⋆.Then
i) for all bounded funtion g :W → R,

1

n
Var( n∑

i=1

g(Wi)

)
≤ 3qVar (g(W1)) + 12n‖g‖2∞αWq . (IV.8.54)

ii) for all �nite family (gI)I∈I of real-valued and bounded funtions de�ned on W
1

n

∑

I∈I

Var( n∑

i=1

gI(Wi)

)
≤ 2(1 + 2S2-α)∥∥∥∥∥∑

I∈I

|gI(W1)|
∥∥∥∥∥

2

∞

(IV.8.55)where S2-α :=
∑

j∈N⋆ α
(
σ(W1), σ(Wj+1)

)
.Proof:Proof of Inequality (IV.8.54): Let (d, r) be the unique ouple of nonnegative integers suh that

n = dq + r and 0 ≤ r < q. Let us assume, for instane, that d = 2p+ 1, p ∈ N. The ase when
d is even an be treated in a similar way. For l ∈ N, let us set

Al = (Wi)2lq+1≤i≤(2l+1)q and Bl = (Wi)(2l+1)q+1≤i≤(2l+2)q .For all v = (v1, . . . , vq) ∈ Wq, let us set Sg(v) =
∑q

i=1 g(vi). Sine (Wi)i∈Z is stritly stationary,so are (Al)l∈N and (Bl)l∈N, and (Bl)l∈N is distributed as (Al)l∈N. Therefore, using also theonvexity of the square funtion and the stationarity of (Wi)i∈Z, we dedue thatVar( n∑

i=1

g(Wi)

)
= Var p∑

l=0

Sg(Al) +

p−1∑

l=0

Sg(Bl) +
n∑

i=(2p+1)q+1

g(Wi)




≤ 3

[Var( p∑

l=0

Sg(Al)

)
+ Var(p−1∑

l=0

Sg(Bl)

)
+ Var( r∑

i=1

g(Wi)

)]

≤ 3

[
dVar (Sg(A0)) + Var( r∑

i=1

g(Wi)

)
+ 2d

p∑

l=1

Cov (Sg(A0), Sg(Al))

]



144 Conditional density estimation based on dependent dataand Var (Sg(A0)) ≤ qE
[

q∑

i=1

(
g(Wi)− E[g(Wi)]

)2
]

= q2Var (g(W1)) ,hene Var( n∑

i=1

g(Wi)

)
≤ 3nqVar (g(W1)) + 6d

p∑

l=1

Cov (Sg(A0), Sg(Al)) .Aording to Proposition 21, for all l = 1, . . . , p, we an build a random variable S•
g,l distributedas Sg(Al), independent of Sg(A0) and suh that E

[
|Sg(Al)− S•

g,l|
]
≤ 4‖g‖∞qαWq . Therefore,we get, for all l ∈ {1, . . . , p},

|Cov (Sg(A0), Sg(Al))| =
∣∣E
[
Sg(A0)

(
Sg(Al)− S•

g,l

)]∣∣

≤ 4q2‖g‖2∞αWqhene Inequality (IV.8.54).Proof of Inequality (IV.8.55): The argument is used by [Rio00℄ in the proof of Theorem 1.3. Wereprodue it here for the sake of ompleteness. Let (εI)I∈I be independent random variablessuh that, for all I ∈ I, P(εI = 1) = P(εI = −1) = 1/2. Assume moreover that (εI)I∈I isindependent of (Wi)i∈Z. The random variables (
∑n

i=1 εIgI(Wi))I∈I are entered, unorrelatedand suh that, for all I ∈ I, Var (
∑n

i=1 εIgI(Wi)) = Var (
∑n

i=1 gI(Wi)) , soVar(∑
I∈I

n∑

i=1

εIgI(Wi)

)
=
∑

I∈I

Var( n∑

i=1

gI(Wi)

)
.Let us denote by U some random variable uniformly distributed over [0, 1]. Aordingto [Rio00℄ Corollary 1.1 and Setion 1.4.4, for all real-valued stritly stationary proess

(Xk)k∈Z, there exist measurable funtions α−1 and (Qk)k∈Z suh that 2
∫ 1
0 α

−1(x)dx ≤
1 + 2

∑
j∈N⋆ α(σ(X1), σ(Xj+1)), Q2

k(U) is distributed as X2
k andVar( n∑

k=1

Xk

)
≤ 4

n∑

k=1

E
[
α−1(U)Q2

k(U)
]
,hene Var( n∑

k=1

Xk

)
≤ 2


1 + 2

∑

j∈N⋆

α(σ(X1), σ(Xj+1))




n∑

k=1

‖Xk‖2∞.Therefore, Var( n∑

i=1

∑

I∈I

εIgI(Wi)
∣∣∣(εI)I∈I

)
≤ 2n(1 + 2S2-α)∥∥∥∥∥∑

I∈I

εIgI(W1)

∥∥∥∥∥

2

∞

≤ 2n(1 + 2S2-α)∥∥∥∥∥∑
I∈I

|gI(W1)|
∥∥∥∥∥

2

∞whih ompletes the proof. �Proposition 22 (Bernstein-type inequality) Let (Wi)i∈Z be a stritly stationary proess,de�ned on the probability spae (Ω,F ,P), with values in W ⊂ R
p, p ∈ N

⋆. Let n ∈ N
⋆, q ∈ N

⋆



Appendix 145and g be a real-valued and bounded funtion de�ned on W. Let σ2
g = Var(g(W1)). Then, for all

x > 0,
P

(∣∣∣∣∣
n∑

i=1

(g(Wi)− E[g(Wi)])

∣∣∣∣∣ ≥ 3
(√

2qnσ2
gx+ 2q‖g‖∞x/3

))

≤ 2 exp (−x) + 4n‖g‖∞αWq /max
{
2q‖g‖∞x/3,

√
2qnσ2

gx
}
. (IV.8.56)The proof uses the same arguments as Theorem 6.1 in [Rio00℄ and relies on the Bernsteininequality for independent random variables as stated in [Mas07℄ (Setion 2.2.3), for instane.





Perspetives
Seleting a best partition into dyadi intervals or dyadi retangles seems to provide in theory ahighly interesting estimation proedure in many frameworks. Besides, the simulations realizedin Chapter II tend to on�rm those qualities in pratie. These are promising results thatould be pushed further by onsidering several questions linked with the hoie of the penalty.We ould for instane try to provide a more re�ned one, of the formpen(m) =

c

n

∑

I∈m

p(I)for the problems treated in Chapters III and IV, where c is a positive onstant and {p(I)}Iis an adequate olletion of penalties assoiated with the dyadi retangles. When all the
p(I)'s are equal, we reover the penalty proposed in the previous works. From a pratialpoint of view, that would only amount to hange the de�nition of the weights assigned toeah dyadi retangle in the shortest-path algorithm used to ompute the penalized estimator.Thus, the omputational omplexity would still be linear in the sample size. Another piee ofwork onsists in realizing an extensive simulation study, so as to propose an adequate hoieof the penalty onstant, that would thus make the proedure really usable in pratie. Inpartiular, regarding the density estimation framework with possibly dependent data, wherea fator depending on the unknown dependene struture appears in the penalty, it would beinteresting to study whether the data-driven hoie of the onstant proposed in Chapter IIstill performs well. Last, beginning with the lassial density estimation framework, severalreferene proedures, and among them spatially adaptive ones, should be implemented togetherwith our estimator so as to provide a omparative study for various sample sizes and variousmeasures of estimation auray.The estimation problems we have studied also lead to new ones, that require a di�erenttreatment. Thus, opula density estimation an be viewed as an estimation problem withill-observed data that does not �t into the framework de�ned in Chapter III, but an indeedbe takled via model seletion based on an adequate ontrast. Regarding estimation basedon dependent data, it would be interesting to provide spatially adaptive estimators underweaker onditions of dependene, suh as α-mixing onditions or weak dependene onditionsas de�ned for instane in [DL99; DP05℄. Yet, the lak of smoothness of pieewise polynomialfuntions seems to be a real drawbak, even to study the quadrati risk of one histogram builton an irregular partition. Therefore, in suh ases, the use of the olletion of wavelet-basedmodels inspired from the ompression algorithm of Birgé and Massart [BM00; Mas07℄ shouldbe onsidered, and extended to multivariate funtions with possible anisotropi smoothness.
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Estimation adaptative par séletion de partitions en retangles dyadiquesRésuméDans ette thèse, nous étudions divers problèmes d'estimation par séletion d'estimateurs onstantsou polynomiaux par moreaux sur des partitions en intervalles ou retangles dyadiques, en utilisantun ritère de type moindres arrés pénalisé adéquat. Nos travaux portent sur trois sujets di�érents.Nous nous intéressons tout d'abord à l'estimation d'une loi de probabilité disrète, ainsi qu'à une ap-pliation à la détetion de ruptures multiples. Puis, nous proposons un adre uni�é pour l'estimationfontionnelle basée sur des données éventuellement ensurées. En�n, nous étudions simultanément l'es-timation de densité multivariée et de densité onditionnelle pour des données dépendantes. Le hoixde la olletion de partitions en intervalles ou retangles dyadiques s'avère intéressant aussi bien enthéorie qu'en pratique. En e�et, notre estimateur pénalisé véri�e dans haun des adres une inégalitéde type orale non-asymptotique, pour une pénalité bien hoisie. Il atteint également la vitesse minimaxà onstante près sur de nombreuses lasses de fontions, dont la régularité est éventuellement à la foisnon homogène et non isotrope. Cette propriété, qui à notre onnaissane n'a été démontrée pour auunautre estimateur, repose sur des résultats d'approximation dont les preuves sont inspirées d'un artilede DeVore et Yu. Par ailleurs, le alul de notre estimateur dans un adre univarié est basé sur unalgorithme de plus ourt hemin dont la omplexité est seulement linéaire en la taille de l'éhantillon.Mots-lefs : séletion de modèle, histogramme, inégalité d'orale, adaptation au sens minimax; ap-proximation non-linéaire, régularité non-homogène, espae de Besov, fontions à α-variations bornées;détetion de ruptures, données ensurées, données dépendantes.Adaptive estimation by seleting a best partition into dyadi retanglesAbstratIn this thesis, we study several estimation problems by seletion of a best pieewise onstantor pieewise polynomial estimator built on a partition into dyadi intervals or retangles, using anadequate least-squares type riterion. Our works are devoted to three topis. First, we are onernedwith disrete distribution estimation and provide an appliation to multiple hange-point detetion.Then, we propose a uni�ed approah to funtional estimation problems based on possibly ensoreddata. Last, we lead a simultaneous study of multivariate density and onditional density estimationbased on dependent data. The hoie of the olletion of partitions into dyadi intervals or retanglesreveals highly interesting in theory and in pratie. As a matter of fat, our penalized estimator satis�esin eah framework a nonasymptoti orale-type inequality for a well-hosen penalty. It also reahes theminimax rate, up to a onstant, over a wide range of lasses of funtions that may have inhomogeneousand anisotropi smoothness. Suh a property, that, up to our knowledge, has never been proved for anyother estimator, follows from approximation results whose proofs are inspired from a paper by DeVoreand Yu. Besides, in a univariate framework, our estimator an be determined via a shortest-pathalgorithm whose omputational omplexity is only linear in the sample size.Keywords : model seletion, histogram, orale inequality, adaptive estimation in the minimax sense;nonlinear approximation, inhomogeneous smoothness, Besov spae, funtions with bounded α-variation;multiple hange-point detetion, ensored data, dependent data.




