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ai(θ) = θ +
[(n − 1) − (n − 2)α]bi + α

∑
j �=i bj

n + α − 1
≡ θ + Bi, 0�� 
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v(a1, ..., an; s) = −(1 − α)
∑
i∈N

(ai − θ(s) − bi)
2 − α
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∑
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λ(s) + 2
∑
i∈N

μi(s)ai −
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vij(s)aiaj , ?���U@

4�
�
 ��
 λ# μi ��� vij ��
 �		 �
�	�
�	�
� 0�������& �0 ��
 &���
 �0 ��
 4��	�# s ∈ S� 8� �&


�&�	7 ��
�5
� ���� ��
 '�7�D 0������� ?���X@ ��� �
 4����
� �& ?���U@# 4���

λ(s) = −(1 − α)
∑
i∈N

(θ(s) + bi)2 ,

μi(s) = (1 − α)(θ(s) + bi) ,

vii(s) = vii = 1 ,

vij(s) = vij = − α

n − 1
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∣∣∣∣∣∣∣∣∣∣∣∣∣

1 − α
n−1 · · · − α

n−1

− α
n−1

� � �
� � �

���

���
� � �

� � � − α
n−1

− α
n−1 · · · − α

n−1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (1 − α)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 − α
n−1 · · · − α

n−1

1
� � �

� � �
���

���
� � �

� � � − α
n−1

1 · · · − α
n−1 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

= (1 − α)

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 − α
n−1 · · · − α

n−1

0 1 + α
n−1 0

���

���
� � �

� � � 0

0 · · · 0 1 + α
n−1

∣∣∣∣∣∣∣∣∣∣∣∣∣
= (1 − α)(1 +

α

n − 1
)n−1.
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−(1 − α)El

[
(al −

∑
j∈N

sj − bl)2
]− α

n − 1

∑
i�=l

El

[
(al − ai)2

]
, ?���K@
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al = (1 − α)

⎛
⎝∑

j∈Il

sj +
∑
j∈Il

E(sj) + bl

⎞
⎠+

α

n − 1

∑
i�=l

El(ai). ?���L@
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El(ai) =
∑
j∈Ii

α(n − 1 − rj)E(sj)
n − 1 − αrj

+
∑

j∈Ii∩Il

(1 − α)(n − 1)sj

n − 1 − αrj

+
∑

j∈Ii∩Il

(1 − α)(n − 1)E(sj)
n − 1 − αrj

+
∑
j∈Ii

E(sj) + Bi.
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∑
i�=l

El(ai) =

=
∑
i�=l

∑
j∈Ii∩Il

α(n − 1 − rj)E(sj)
n − 1 − αrj

+
∑
i�=l

∑
j∈Ii∩Il

α(n − 1 − rj)E(sj)
n − 1 − αrj

+
∑
i�=l

∑
j∈Ii∩Il

(1 − α)(n − 1)sj

n − 1 − αrj

+
∑
i�=l

∑
j∈Ii∩Il

(1 − α)(n − 1)E(sj)
n − 1 − αrj

+
∑
i�=l

∑
j∈Ii∩Il

E(sj) +
∑
i�=l

∑
j∈Ii∩Il

E(sj) +
∑
i�=l

Bi. ?����@
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∑
i�=l

El(ai) =
∑
j∈Il

rj
α(n − 1 − rj)E(sj)

n − 1 − αrj
+
∑
j∈Il

(rj + 1)
α(n − 1 − rj)E(sj)

n − 1 − αrj

+
∑
j∈Il

rj
(1 − α)(n − 1)sj

n − 1 − αrj
+

∑
j∈Il

(rj + 1)
(1 − α)(n − 1)E(sj)

n − 1 − αrj

+
∑
j∈Il

(n − 1 − rj) E(sj) +
∑
j∈Il

(n − 2 − rj) E(sj) +
∑
i�=l

Bi.

=
∑
j∈Il

rj(1 − α)(n − 1)sj + (n − 1)(n − 1 − rj)E(sj)
n − 1 − αrj

+
∑
j∈Il

(n − 1) E(sj) +
∑
i�=l

Bi. ?����@
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∑
i�=l

Bi =
α(n − 1)bl + (n − 1)

∑
i�=l bi

n + α − 1
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Uj = −(1 − α)V ar(aj −
∑
i∈N

si − bj) − (1 − α)[E(aj −
∑
i∈N

si − bj)]2

− α

n − 1

∑
m�=j

V ar(aj − am) − α

n − 1

∑
m�=j

[E(aj − am)]2.

8� 0�		�4& 0��� ?����@ ���� E(aj) =
∑

i∈N E(si) + Bj # &� 4
 ��

C

Uj = −(1−α)V ar(aj−
∑
i∈N

si)− α

n − 1

∑
m�=j

V ar(aj−am)−(1−α)[Bj−bj ]2− α

n − 1

∑
m�=j

[Bj−Bm]2.
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Uj − U ′
j = (1 − α)

(
V ar(a′j −

∑
i∈N

si) − V ar(aj −
∑
i∈N

si)

)

+
α

n − 1

⎛
⎝∑

m�=j

V ar(a′j − a′m) −
∑
m�=j

V ar(aj − am)

⎞
⎠ .
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V ar(aj −
∑
i∈N

si) = V ar

⎛
⎝∑

l∈Ij

α(n − 1 − rl)[E(sl) − sl]
n − 1 − αrl

+
∑
l∈Ij

[E(sl) − sl] + Bj

⎞
⎠ .
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V ar(aj −
∑
i∈N

si)

=
∑
l∈Ij

V ar

(
α(n − 1 − rl)sl

n − 1 − αrl

)
+
∑
l∈Ij

V ar(sl) =
∑
l∈Ij

(
α(n − 1 − rl)
n − 1 − αrl

)2

V ar(sl) +
∑
l∈Ij

V ar(sl)

=
∑

l∈Ij\{i}

(
α(n − 1 − rl)
n − 1 − αrl

)2

V ar(sl) +
∑

l∈Ij\{i}
V ar(sl) + 1[i ∈ Ij]

(
α(n − 1 − ri)
n − 1 − αri

)2

V ar(si)

+ 1[i ∈ Ij] V ar(si),
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�
 1[i ∈ Ij] �& �� ��������� 0������� ���� 
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V ar(a′j −
∑
i∈N

si) − V ar(aj −
∑
i∈N

si) = V ar(si)[
1[i ∈ I ′j ]

(
α(n − 1 − r′i)
n − 1 − αr′i

)2

+ 1[i ∈ I ′j] − 1[i ∈ Ij]
(

α(n − 1 − ri)
n − 1 − αri

)2

− 1[i ∈ Ij]

]
.
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V ar(aj − am) =
∑

l∈Ij∩Im

(
(1 − α)(n − 1)
n − 1 − αrl

)2

V ar(sl) +
∑

l∈Ij∩Im

(
(1 − α)(n − 1)
n − 1 − αrl

)2

V ar(sl)

=
∑

l∈(Ij∩Im)\{i}

(
(1 − α)(n − 1)
n − 1 − αrl

)2

V ar(sl) +
∑

l∈(Ij∩Im)\{i}

(
(1 − α)(n − 1)
n − 1 − αrl

)2

V ar(sl)

+
(

(1 − α)(n − 1)
n − 1 − αri

)2 [
1[i ∈ Ij ∩ Im] + 1[i ∈ Ij ∩ Im]

]
V ar(si).
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V ar(a′j − a′m) − V ar(aj − am)

= ((1 − α)(n − 1))2
[
1[i ∈ I ′j ∩ I ′m] + 1[i ∈ I ′j ∩ I ′m]

(n − 1 − αr′i)2
− 1[i ∈ Ij ∩ Im] + 1[i ∈ Ij ∩ Im]

(n − 1 − αri)2

]
V ar(si).
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(1 − α)

[
1[i ∈ I ′j]

(
α(n − 1 − r′i)
n − 1 − αr′i

)2

+ 1[i ∈ I ′j ] − 1[i ∈ Ij ]
(

α(n − 1 − ri)
n − 1 − αri

)2

− 1[i ∈ Ij ]

+ α(1 − α)(n − 1)
∑
m�=j

(
1[i ∈ I ′j ∩ I ′m] + 1[i ∈ I ′j ∩ I ′m]

(n − 1 − αr′i)2
− 1[i ∈ Ij ∩ Im] + 1[i ∈ Ij ∩ Im]

(n − 1 − αri)2

)⎤⎦V ar(si).
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Uj − U ′
j = α(1 − α)

(
n − 1 − r′i
n − 1 − αr′i

− n − 1 − ri

n − 1 − αri

)
V ar(si). ?���U@
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j = −(1 − α)2(n − 1)

(
1

n − 1 − αr′i
+

α (ri + 1)
(n − 1 − αri)2

)
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i\L# i ∈ Im ��� i ∈ I ′mE

• 0�� 


�7 '	�7
� m ∈ Ri\L# i ∈ Im ��� i ∈ I ′m�

"���
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Uj − U ′
j = α(1 − α)2(n − 1)

(
r′i + 1

(n − 1 − αr′i)2
− ri + 1

(n − 1 − αri)2

)
V ar(si). ?���L@
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r′i+1

(n−1−αr′i)2
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 ��
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R′
i ∪ {i})| = n − 1 − ri − r′i + lE
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� m ∈ R′
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Uj − U ′
j = (1 − α)2(n − 1)

(
1

n − 1 − αri
+

α (r′i + 1)
(n − 1 − αr′i)2

)
V ar(si) > 0. ?����@
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� m ∈ Ri\L# i ∈ Im ��� i ∈ I ′m�
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 i ∈ Ii ��� i ∈ I ′i# $9������ ?���X@ 7�
	�& 
*���	7 ��
 &��
 ��D
�
��
 �& $9���

���� ?���U@� 6
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# 0�� '	�7
� i &��� ���� ri < r′i# 4
 ��

 Ui < U ′
i � ,��& ���'	
�
& ��


'���0 �0 ���'�&����� U�

������ 0���# �# 0��	��
�
�� !

 ��&��
� �4� ������������� �
�4��5& R = (Ri, R−i) ��� R′ = (R′
i, R−i)# &��� ����

r′i > ri ��� 	
� L = Ri ∩ R′
i# 4��� |L| = l� $* ���
 
*'
��
� 4
	0��
 �& ��
 &�� �0 
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W ′ =
∑
j∈R′

i

U ′
j +

∑
j∈N\(R′

i∪{i})
U ′

j + U ′
i .

[�
� ��
 ������������� �
�4��5 �& R# �� �& 2�

� �7C

W =
∑
j∈Ri

Uj +
∑

j∈N\(Ri∪{i})
Uj + Ui.

;&��2 ��
 0��� ���� 0�� �		 j ∈ L# Uj − U ′
j = Ui − U ′

i # 4
 4���
 ��
 ��D
�
��
 W − W ′ �&C

W − W ′ =
∑

j∈{i}∪L

[Uj − U ′
j] +

∑
j∈N\(Ri∪R′

i∪{i})
[Uj − U ′

j ] +
∑

j∈R′
i\L

[Uj − U ′
j] +

∑
j∈Ri\L

[Uj − U ′
j ].

[
 ��

 |{i} ∪ L| = l + 1# |R′
i\L| = r′i − l# |Ri\L| = ri − l ��� |N\(Ri ∪ R′

i ∪ {i})| =

n− 1− ri − r′i + l� ;&��2 $9������ ?���X@ �� ��
 &��
 4�7 �& �� ��
 '���0 �0 ���'�&����� U#

4
 ������C

W − W ′ = α(1 − α)(l + 1)
[

n − 1 − r′i
n − 1 − αr′i

− n − 1 − ri

n − 1 − αri

]
V ar(si)

+ α(1 − α)2(n − 1)(n − 1 − ri − r′i + l)
[

r′i + 1
(n − 1 − αr′i)2

− ri + 1
(n − 1 − αri)2

]
V ar(si)

− (1 − α)2(n − 1)(r′i − l)
[

1
n − 1 − αr′i

+
α (ri + 1)

(n − 1 − αri)2

]
V ar(si)

+ (1 − α)2(n − 1)(ri − l)
[

1
n − 1 − αri

+
α (r′i + 1)

(n − 1 − αr′i)2

]
V ar(si).
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 W − W ′ =

− (1 − α)3(n − 1)2V ar(si)
(n − 1 − αr′i)2(n − 1 − αri)2︸ ︷︷ ︸

<0

[
α2(r2

i (1 + r′i) − r′2i (1 + ri)) + 2α(n − 1)(r′i − ri) + (n − 1)2(r′i − ri)
]︸ ︷︷ ︸

x

.

"�	
��2 x = 0 �� α 7�
	�& ��
 0�		�4��2 ��&���������C 4(n−1)2(r′i−ri)2(1+ri)(1+r′i) ≥ 0�

[
 ��

 x ≥ 0 �0 ��� ��	7 �0 α ∈ [α1, α2]# 4��� α1 =
(n−1)[1−

√
(1+ri)(1+r′i)]

(1+ri)(1+r′i)−1 ��� α2 =
(n−1)[1+

√
(1+ri)(1+r′i)]

(1+ri)(1+r′i)−1 � -��� ri ≥ 1 ��� r′i ≥ 2# 4
 �
���
 ���� α1 < 0� -��� ri ≤ n − 2

��� r′i ≤ n − 1# ��� ��
 0��� ���� α2 �& �
��
�&��2 �� ri ��� r′i# 4
 �
���
 ���� α2 > 1�

"���
 α ∈ (0, 1)# x �& �	4�7& &�����	7 '�&���

� 6
��
# W < W ′�

����+� 0���# �# 2������ �

 ��&��
� �� 
9��	������ �� 4���� 
��� '	�7
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�	& ��& �7'
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�& �� Ri ⊆ N\{i}�
[������ 	�&& �0 2
�
��	��7# �&&��
 ���� 
��� '	�7
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��& �� 


�7 '	�7
� j ∈ Ri ��


�
&&�2
 mj
i = m 4�
� ��& �7'
 �& si ��� ��
 �
&&�2
 mj

i = m 4�
� ��& �7'
 �& si#

��� &
��& ��
 &��
 �
&&�2
 4���


� ��& �7'
 �� '	�7
�& ���&��
 Ri� V�
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9��	������ ������& ��
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�
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 0��� ��& 
9��	������ ������������� &����
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� -��&�# �&&��
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� �%& ���
 �7'
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�7 '	�7
� i ∈ R1 ∪ {1} �& 2�

� �7

ai =
∑

j∈Ii\{1}

α(n − 1 − rj)E(sj) + (1 − α)(n − 1)sj

n − 1 − αrj
+
∑
j∈Ii

E(sj) + Bi

+
α(n − 1 − r1)E(s1) + (1 − α)(n − 1)s1

n − 1 − αr1
, ?��I�@
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� i /∈ R1 ∪ {1} �& 2�

� �7

ai =
∑
j∈Ii

α(n − 1 − rj)E(sj) + (1 − α)(n − 1)sj

n − 1 − αrj
+

∑
j∈Ii\{1}

E(sj) + Bi + E(s1).?��I�@
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� �0 '	�7
�& M ⊆ R1# ��
� &
����2 �
&&�2
 m ��&�
�� �0 m �� '	�7
�& �� M ?��� ���

�

�����2 ��4���& ��
 ���
� '	�7
�&@�	� 1
� m = |M |# ��� �
���
 �7 (a′i)i∈N ��
 '��:	
 �0

'	�7
�&% ������& �0�
� ���& �

������� $

�7 '	�7
� i ∈ M ����&
& ������ a′i = ai# 4���� �&

2�

� �7 �
'	����2 s1 �7 s1 �� ?��I�@� ,�
 ������ a′i �0 


�7 '	�7
� i ∈ N\(M ∪ {1}) �&
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 �& ���� �� ��
 ���2���	 
9��	������� �	�7
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���� &��2
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a′1 = (1 − α)

⎛
⎝ ∑

j∈I1\{1}
sj + s1 +

∑
j∈I1

E(sj) + b1

⎞
⎠+

α

n − 1

∑
i�=1

E1(a′i). ?��I�@

;&��2 ��
 &��
 �
�&����2 �& ���� �&
� �� ������ 
*'�
&&��� ?����@# 4
 ��

C

∑
i�=1

E1(a′i) =
∑
j∈I1

rj
α(n − 1 − rj)E(sj)

n − 1 − αrj
+
∑
j∈I1

(rj + 1)
α(n − 1 − rj)E(sj)

n − 1 − αrj

+
∑

j∈I1\{1}
rj

(1 − α)(n − 1)sj

n − 1 − αrj
+

m(1 − α)(n − 1)s1

n − 1 − αr1

+
(r1 − m)(1 − α)(n − 1)s1

n − 1 − αr1
+

∑
j∈I1

(rj + 1)
(1 − α)(n − 1)E(sj)

n − 1 − αrj

+
∑
j∈I1

(n − 1 − rj)E(sj) +
∑
j∈I1

(n − 2 − rj) E(sj) +
∑
i�=1

Bi. ?��II@

�	�22��2 ?��II@ ���� ?��I�@# �&��2 ?����@ ��� &��'	�07��2# 4
 ������C

a′1 =
∑

j∈I1\{1}

α(n − 1 − rj)E(sj) + (1 − α)(n − 1)sj

n − 1 − αrj
+
∑
j∈I1

E(sj)

+
αm(1 − α)s1 + (n − 1 − αm)(1 − α)s1 + α(n − 1 − r1)E(s1)

n − 1 − αr1
+ B1.?��I�@
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 �
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 &
�����&��2
 2��
@� �	�7
� 1

��)� �+����$����� 	�( ����	�� �4 �� ��� �+����$���� �	�� �� ����������� 	� �*	���( m �� m




��L �������

 
�����

��
�� ��������

��
& ��� �

���
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�& �� M �0 V ′
1 − V1 ≤ 0� [
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C

V ′
1 − V1 = (1 − α)E

[
(a1 −

∑
i∈N

si − b1)2 − (a′1 −
∑
i∈N

si − b1)2 | s1

]

+
α

n − 1

(∑
i∈M

E
[
(a1 − ai)2 − (a′1 − ai)

2 | s1

]

+
∑

i∈R1\M
E
[
(a1 − ai)2 − (a′1 − ai)2 | s1

]
+

∑
i∈N\(R1∪{1})

E
[
(a1 − ai)2 − (a′1 − ai)2 | s1

]⎞⎠ .
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1 −V1

��� �&
 ��
 0�		�4��2 �������� 0�� i �= 1C

zi =
∑

j∈(I1∩Ii)\{1}

(1 − α)(n − 1)(sj − E(sj))
n − 1 − αrj

+
∑

j∈(I1∩Ii)\{1}

(1 − α)(n − 1)(E(sj) − sj)
n − 1 − αrj

+ B1 − Bi.

;&��2 ?��I�@# ?��I�@ ��� ?��I�@ ��� ��
 0��� ���� E[zi | s1] = B1 − BiC

∑
i∈M

E
[
(a1 − ai)2 − (a′1 − ai)

2 | s1

]
=
∑
i∈M

E

[
z2
i −

(
zi +

(1 − α)(n − 1 − αm)(s1 − s1)
n − 1 − αr1

)2
∣∣∣∣∣ s1

]

= −2
(

(1 − α)(n − 1 − αm)(s1 − s1)
n − 1 − αr1

)∑
i∈M

(B1 − Bi) − m

(
(1 − α)(n − 1 − αm)(s1 − s1)

n − 1 − αr1

)2

.?��IX@

∑
i∈R1\M

E
[
(a1 − ai)2 − (a′1 − ai)2 | s1

]
=

∑
i∈R1\M

E

[
z2
i −

(
zi − (1 − α)αm(s1 − s1)

n − 1 − αr1

)2
∣∣∣∣∣ s1

]

= 2
(

(1 − α)αm(s1 − s1)
n − 1 − αr1

) ∑
i∈R1\M

(B1 − Bi) − (r1 − m)
(

(1 − α)αm(s1 − s1)
n − 1 − αr1

)2

.?��IU@
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∑
i∈N\(R1∪{1})

E
[
(a1 − ai)2 − (a′1 − ai)2 | s1

]
=

∑
i∈N\(R1∪{1})

E

[(
zi +

(1 − α)(n − 1)(s1 − E(s1))
n − 1 − αr1

)2

−
(

zi +
(1 − α)αms1 + (1 − α)(n − 1 − αm)s1 − (1 − α)(n − 1)E(s1)

n − 1 − αr1

)2
∣∣∣∣∣ s1

]

= 2
(

(1 − α)αm(s1 − s1)
n − 1 − αr1

) ∑
i∈N\(R1∪{1})

(B1 − Bi) + (n − 1 − r1)
(

(1 − α)(n − 1)(s1 − E(s1))
n − 1 − αr1

)2

− (n − 1 − r1)
(

(1 − α)αms1 + (1 − α)(n − 1 − αm)s1 − (1 − α)(n − 1)E(s1)
n − 1 − αr1

)2

.

?��IK@

8� ��������# �&��2

ā1 − a′1 =
(1 − α)αm(s1 − s1)

n − 1 − αr1
,

���

ā2
1 − a′1

2 =
(

α(n − r1 − 1)E(s1) + (1 − α)(n − 1)s1

n − 1 − αrl

)2

−
(

αm(1 − α)s1 + (n − 1 − αm)(1 − α)s1 + α(n − r1 − 1)E(s1)
n − 1 − αr1

)2

+ 2

⎛
⎝ ∑

j∈I1\{1}

α(n − rj − 1)E(sj) + (1 − α)(n − 1)sj

n − 1 − αrj
+
∑
j∈I1

E(sj) + B1

⎞
⎠(

(1 − α)αm(s1 − s1)
n − 1 − r1

)
,

4
 ������C

E

[
(ā1 −

∑
i∈N

si − b1)2 − (a′1 −
∑
i∈N

si − b1)2
∣∣∣∣∣ s1

]

= E
[
ā2

1 − a′1
2
∣∣∣ s1

]
− 2E

⎡
⎣(ā1 − a′1)(

∑
i∈N\{1}

si + s1 + b1)

∣∣∣∣∣∣ s1

⎤
⎦

=
(

α(n − r1 − 1)E(s1) + (1 − α)(n − 1)s1

n − 1 − αr1

)2

+ 2 (B1 − b1 − s1)
(

(1 − α)αm(s1 − s1)
n − 1 − αr1

)

−
(

αm(1 − α)s1 + (n − 1 − αm)(1 − α)s1 + α(n − r1 − 1)E(s1)
n − 1 − αr1

)2

. ?��IL@

!
*�# 4
 '	�2 ?��IX@# ?��IU@# ?��IK@ ��� ?��IL@ ���� V ′
1 − V1 ��� &��'	�07� ,� &��'	�07



��� �������

 
�����

��
�� ��������

��
 '��� �0 ��
 ��D
�
��
 V ′
1 − V1 ���� �
�	& 4��� ���&
&# ���
 ����C

B1 − Bi =
(1 − α)(n − 1)(b1 − bi)

n + α − 1
��� B1 − b1 =

−α(n − 1)b1 + α
∑

j �=1 bj

n + α − 1
.
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V ′
1 − V1 =

2α(1 − α)2(n − 1)(s1 − s1)
(n + α − 1)(n − 1 − αr1)

(∑
i∈M

bi − mb1

)
− α(1 − α)2m(n − 1 − αm)(s1 − s1)2

(n − 1 − αr1)2
.

6
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 s1 = s1 ��
& ��� �

���
 �7 	7��2 �� '	�7
�& ��M ⊆ R1 �0 V
′
1−V1 ≤ 0#

��
�C

−
(

b1 −
∑

i∈M bi

m

)
≤ (n − 1 + α)(n − 1 − αm)

2(n − 1)(n − 1 − αr1)
(s1 − s1). ?��I�@
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b1 −
∑

i∈M bi

m
≤ (n − 1 + α)(n − 1 − αm)

2(n − 1)(n − 1 − αr1)
(s1 − s1). ?����@
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�7 R′′
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C

∣∣∣∣∣bi −
∑

k∈R′′
i
bk

r′′i

∣∣∣∣∣ ≤ (n − 1 + α)(n − 1 − αr′′i )
2(n − 1)(n − 1 − α(ri + 1))

(si − si). ?����@
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 R′
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���� ��
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n − 1 − α(r′i + 1)
n − 1 − α(ri + 1)

≥ n − 1 − αr′i
n − 1 − αri

⇐⇒ α2(ri − r′i) ≥ 0, ?����@
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����% �% .�������� I! 1
� Ti = Ri ∪ R̃i� -�� T ′
i ⊆ Ti# 	
� R′

i ⊆ Ri ��� R̃′
i ⊆ R̃i �
 &���

���� T ′
i = R′

i ∪ R̃′
i� "���
 Ri ��� R̃i �� ��� �

�	�'# 4
 ��

C

∣∣∣∣∣bi −
∑

k∈T ′
i
bk

t′i

∣∣∣∣∣ ≤ max

{∣∣∣∣∣bi −
∑

k∈R′
i
bk

r′i

∣∣∣∣∣ ,
∣∣∣∣∣bi −

∑
k∈R̃′

i
bk

r̃′i

∣∣∣∣∣
}

.
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∣∣∣∣∣bi −
∑

k∈T ′
i
bk

t′i

∣∣∣∣∣ ≤ max
{

(n − 1 + α)(n − 1 − αr′i)
2(n − 1)(n − 1 − αri)

(si − si),
(n − 1 + α)(n − 1 − αr̃′i)

2(n − 1)(n − 1 − αr̃i)
(si − si)

}

≤ max
{

(n − 1 + α)(n − 1 − α(r′i + r̃i))
2(n − 1)(n − 1 − α(ri + r̃i))

(si − si),
(n − 1 + α)(n − 1 − α(r̃′i + ri))

2(n − 1)(n − 1 − α(ri + r̃i))
(si − si)

}

≤ (n − 1 + α)(n − 1 − αt′i)
2(n − 1)(n − 1 − αti)

(si − si),
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max

{∣∣∣∣∣bi −
∑

k∈R′
i
bk

x

∣∣∣∣∣ : |R′
i| = x,R′

i ⊆ Ri

}
≤ (n − 1 + α)(n − 1 − αx)

2(n − 1)(n − 1 − αri)
Δ, ∀ x = 1, . . . ri.
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{∣∣∣∣∣bi −
∑

k∈R′
i
bk

x

∣∣∣∣∣ : |R′
i| = x,R′

i ⊆ Ri

}
= max

{∣∣∣∣∣bj −
∑

k∈R′
j
bk

x

∣∣∣∣∣ : |R′
j | = x,R′

j ⊆ Rj

}
.

-��� rj ≥ ri 4
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(n−1+α)(n−1−αx)
2(n−1)(n−1−αri)

Δ ≤ (n−1+α)(n−1−αx)
2(n−1)(n−1−αrj ) Δ 0�� 
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max

{∣∣∣∣∣bj −
∑

k∈R′
j
bk

x

∣∣∣∣∣ : |R′
j | = x,R′

j ⊆ Rj

}
≤ (n − 1 + α)(n − 1 − αx)

2(n − 1)(n − 1 − αrj)
Δ, ∀ x = 1, . . . ri.
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max

{∣∣∣∣∣bj −
∑

k∈R′
j
bk

x

∣∣∣∣∣ : |R′
j | = x,R′

j ⊆ Rj

}
≤
∣∣∣∣bi −

∑
k∈Ri

bk

ri

∣∣∣∣ ≤ (n − 1 + α)
2(n − 1)

Δ.

;&��2 (n−1+α)
2(n−1) Δ ≤ (n−1+α)(n−1−αx)

2(n−1)(n−1−αrj ) Δ 0�� 


�7 x = ri, . . . rj 4
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max

{∣∣∣∣∣bj −
∑

k∈R′
j
bk

x

∣∣∣∣∣ : |R′
j | = x,R′

j ⊆ Rj

}
≤ (n − 1 + α)(n − 1 − αx)

2(n − 1)(n − 1 − αrj)
Δ, ∀ x = ri, . . . rj.
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∑
i∈R′ bi

|R′|
∣∣∣∣ ≤ (n − 1 + α)(n − 1 − α|R′|)

2(n − 1)(n − 1 − αr)
Δ ��� (B) |bj − bk| ≤ (n − 1 + α)(n − 1 − α)
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σi(si) = ci(si) 0�� �		 i ∈ N ��� si ∈ Si# ��� ���&��
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mi �= ci(si) 4�
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 �& si� ,� &�''��� ���& 
9��	������# 4
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0 μi
j(mi) = μi(mi) = max{ti ∈ Si : mi ∈ Mi(ti)} 0�� 


�7 j �= i 4�
� bi ≤ b#

��� μi
j(mi) = μi(mi) = min{ti ∈ Si : mi ∈ Mi(ti)} 0�� 


�7 j �= i 4�
� bi ≥ b� ��������2
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& � '	�7
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 '��:���	
 �& ���� 0�� �		 s−i ∈ S−i#

[
ai(a−i(θ(μi(mi), s−i)); θ(s))

]2 − α

n − 1

∑
j �=i

[
aj(θ(μi(mi), s−i))

]2
≤ [ai(a−i(θ(s)); θ(s))]2 − α

n − 1

∑
j �=i

[aj(θ(s))]2.
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[
(1 − α)(θ + bi) +

α

n − 1

∑
j �=i

aj(θ(μi(mi), s−i))
]2 − α

n − 1

∑
j �=i

[
aj(θ(μi(mi), s−i))

]2
≤
[
(1 − α)(θ + bi) +

α

n − 1

∑
j �=i

aj(θ(s))
]2 − α

n − 1

∑
j �=i

[aj(θ(s))]2.
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[
θ(μi(mi), s−i) − θ(s)

][
θ(s) − θ(μi(mi), s−i) + 2

(n − 1)bi −
∑

j �=i bj

n + α − 1

]
≤ 0. ?I���@
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j(m
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i ) = max{ti ∈ Si : mj

i ∈ Mi(ti)} 4�
�
bi ≤ bj # ��� μi

j(m
j
i ) = min{ti ∈ Si : mj

i ∈ Mi(ti)} 4�
� bi ≥ bj �
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[
(1 − α)(θ + bi) +

α

n − 1

∑
j �=i

aj(θ(μi
j(m

j
i ), s−i))

]2 − α

n − 1

∑
j �=i

[
aj(θ(μi

j(m
j
i ), s−i))

]2

≤
[
(1 − α)(θ + bi) +

α

n − 1

∑
j �=i

aj(θ(s))
]2 − α

n − 1

∑
j �=i

[aj(θ(s))]2,
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[
(1 − α)θ +

α

n − 1

∑
j �=i

θ(μi
j(m

j
i ), s−i) + Bi

]2 −
[
θ + Bi

]2

+
α

n − 1

[∑
j �=i

θ2 − (θ(μi
j(m

j
i ), s−i))

2
+ 2Bj(θ − θ(μi

j(m
j
i ), s−i))

]
≤ 0.

1
����2

T ≡
( α

n − 1

)2(∑
j �=i

θ(μi
j(m

j
i ), s−i)

)2
+

2α(1 − α)
n − 1

θ
∑
j �=i

θ(μi
j(m

j
i ), s−i)

− α

n − 1

∑
j �=i

[θ(μi
j(m

j
i ), s−i)]

2 − α(1 − α)θ2,

��
 ��������� 0����
� &��'	�:
& ��

T + 2αθ

(∑
j �=i bj + αbi

n + α − 1
− Bi

)
+

2α
n − 1

∑
j �=i

θ(μi
j(m

j
i ), s−i)(Bi − Bj) ≤ 0

⇔ T +
2α(1 − α)
n + α − 1

∑
j �=i

[
bi − bj

][
θ(μi

j(m
j
i ), s−i) − θ

] ≤ 0.
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COMMUNICATION STRATEGIQUE ET RESEAUX

Jeanne Hagenbach

Abstract

Depuis une dizaine d’années, l’étude des réseaux est une branche très active de la recherche
en économie. Il est désormais largement admis que ceux-ci jouent un rôle central dans la
transmission décentralisée des informations entre les individus. Les informations communiquées
par ces derniers concernent aussi bien les opportunités d’emplois que l’état du marché dans
lequel une équipe de travailleurs évolue. Cette thèse propose une nouvelle approche du lien
entre la manière dont les agents transmettent stratégiquement leurs informations privées et la
structure du réseau dont ils font partie.

La théorie des jeux non coopérative a été appliquée à l’étude des réseaux sociaux et économiques
dans les deux branches suivantes: d’une part, les Jeux en Réseaux considèrent que les joueurs
sont les membres d’un réseau donné et analysent la manière dont les comportements stratégiques
et les résultats économiques sont influencés par l’architecture de ce réseau ; d’autre part, les
Jeux de Formation de Réseaux modélisent la construction stratégique des connections entre
les individus. Ce travail apporte une contribution à ces deux domaines de recherche. Dans la
première partie de ma thèse, que forme le Chapitre 1 intitulé Centralisation des Informations
dans les Réseaux, les joueurs appartiennent à un réseau qui affectent leur manière de trans-
mettre leurs informations. Dans la seconde partie, constituée des Chapitres 2 et 3 et intitulée
Réseaux de Communication Stratégique, la structure des liens entre les agents découle de leur
communication stratégique.

Mots-Clés: Réseaux Economiques et Sociaux, Communication, Information, Théorie des Jeux,
Graphes.

Abstract

During the past decade, the study of networks has been a very active area of research
in economics. It is now largely admitted that they play a central role in the decentralized
transmission of information among individuals. Information pieces that agents communicate
about range from vacant job opportunities to the state of the market a team of workers is facing.
This thesis aims at shedding a new light on the link between the way agents strategically share
private information and the structure of the networks they are arranged in.

The application of non-cooperative game theory to the study of social and economic net-
works has mainly been twofold: on the one hand, Network Games consider that players are the
members of a given network and investigate how strategic behaviors and economic outcomes are
influenced by the architecture of this network; on the other hand, Network Formation Games
model the strategic building of connections between players. The present work yields new in-
sights in these two research areas. In the first part of my thesis, made up of Chapter 1 entitled
Centralizing Information in Networks, players belong to a given network which affects the way
they transmit private information items. In the second part, made up of Chapters 2 and 3
and entitled Strategic Communication Networks, the network structure is derived from strategic
communication between players.

Keywords: Social and Economic Networks, Communication, Information, Game Theory, Graphs.
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