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Introduction et présentation des
travaux

Nous présentons dans ce document les résultats obtenus au cours de cette de these sous la
direction de Jean Clairambault, Stéphane Gaubert et Benoit Perthame. Le travail suivant
se décompose selon deux axes mathématiques autour des équations aux dérivées partielles
d’évolution :

— I’étude de modeles de dynamique de population structurées concernant la division cel-

lulaire et la polymérisation (prion) dont fait 'objet de la premiere partie du manuscrit.

— I’étude de modeles de mouvements d’especes ol chacune se déplace plus en présence

de lautre (comportement représenté par un terme de diffusion croisée) a laquelle est
consacrée la seconde partie.
Il est motivé par trois themes issus des sciences du vivant :

— I’étude du cycle de division cellulaire entrainé de maniere périodique par ’horloge cir-

cadienne et la chronothérapie,

— la justification théorique d’un modele continu pour la dynamique du prion, basée sur

un modele discret,

— D’apparition ou non de ségrégation entre deux especes qui ont tendance a quitter les zones

ou 'autre est nombreuse mais restent confinées dans un espace clos ou elles doivent se
répartir.

L’importance de la périodicité : incidence et traitement du cancer

Dans le cadre que nous considérons, la période typique est la journée afin d’examiner les
effets des rythmes circadiens. Par circadien, on entend les rythmes ayant une période de 24h.
De tels rythmes s’observent jusque dans la brique de base des étres vivants : la cellule. Le
cycle cellulaire semble ainsi faire partie des mécanismes présentant une périodicité autour
de 24h (il a été montré que des déterminants du cycle cellulaire ont de tels rythmes [16]).
L’origine de notre intérét pour des modeles soumis a un environnement périodique en temps
est la cancérologie. La compréhension de tels phénomenes est en effet un enjeu de taille en
oncologie. D’une part la perturbation des rythmes circadiens est reconnue comme un fac-
teur aggravant de certains cancers (ceci est vérifiée de fagon statistique sur les personnes
travaillant & horaires décalés, comme les veilleurs de nuits, les infirmieres, qui se révelent
des populations & risque plus élevé ([33,53]) et de fagon expérimentale chez des animaux de
laboratoire [46] [45]). D’autre part, on peut tirer avantage des rythmes différents entre les
cellules saines et tumorales pour optimiser les traitements du cancer. On parle de chronothé-
rapie. L’idée consiste pour simplifier & donner le bon médicament a la bonne heure. Un des
avantages recherché est de minimiser les dommages sur les cellules saines, en administrant le
médicament au moment ou elle affecte le moins ces derniéres. On peut ainsi espérer a effets
constants sur les cellules tumorales, faire le moins de dégats possibles sur le patient. Rappe-
lons en effet que les traitements anticancéreux sont des traitements lourds pour le patient.
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En cancérologie, il existe également des modeles proposant non pas de profiter de la plus
grande sensibilité des cellules saines aux rythmes circadiens mais des périodes intrinseques
différentes entre cellules saines et tumorales (on parle de résonance [37, [I, [109]). On trouve
aussi de la périodicité a d’autres échelles de temps(l’année et les saisons pour les modeles
en agriculture, le mois pour les rythmes hormonaux ...). De fagon générale, les oscillations
intervenant dans le domaine de la biologie sont trés étudiées (voir par exemple [49] 47] pour
un panorama).

Croissance et valeurs propres.

Dans les deux premiers chapitres de cette thése nous nous intéressons a des modeles li-
néaires de type renouvellement qui ont un principe de positivité. En bons modeles linéaires,
ils ont tendance & croitre (ou décroitre, méme si c’est la croissance qui nous intéresse davan-
tage) de fagon exponentielle. Intervient alors un parametre A qui caractérise cette croissance
(en e* donc). La question que nous traitons est celle de I'influence de la périodicité sur ce
parametre (propriétés qualitatives, comparaison avec un milieu moyenné).

La réplication du prion : du discret au continu.

Le prion a fait son entrée dans le vocabulaire commun lors de la crise de ’encéphalopathie
spongiforme bovine (plus connue sous le nom de « maladie de la vache folle »). Les maladies &
prion sont caractérisées par 'accumulation d’une protéine (PrP ou Prion Protein) sous une
forme anormalement repliée (PrPres pour résistant ou PrPsc pour scrapie, la tremblante du
mouton). Elles ne font notamment pas intervenir I’ADN. Les liens entre I’étude du prion et
les mathématiques sont assez étroits, presque originels, puisque dés 1967, le mathématicien
J.S. Griffith propose dans [51] 'hypothese (admise dans cette thése) d’'un mécanisme pure-
ment protéique (Prion=Proteinaceous infectious only), hypothese confortée par les travaux
expérimentaux de Prusiner [96] en 1982. Dans le mécanisme que nous étudions, 'agent in-
fectieux est un oligomere capable de polymériser les monomeéres (pour simplifier, la présence
de polymeres de protéines mal repliées PrP"® aurait tendance a « contaminer » les protéines
normales PrP, qui viendraient se rattacher aux polymeres de protéines mal repliées PrP"¢*
présents). Notons que si cette hypotheése convaine encore aujourd’hui, elle n’en demeure pas
moins une hypothese et les difficultés expérimentales empéchent 1’étude in vivo du méca-
nisme de réplication du prion. C’est d’ailleurs d’une certaine facon cette difficulté, ainsi que
la longueur des temps d’incubation (dans le cas de 1’épidémie de Kuru en Papouasie Nou-
velle Guinée, on a observé jusqu’a quarante années d’incubation) qui rendent encore plus
nécessaire une approche théorique. Le travail effectué dans le chapitre [3| vise & justifier Iin-
troduction des EDP dans la modélisation de la réplication du prion comme approximation
d’un modele la décrivant par un systeme infini d’équations différentielles.

Ségrégation et mouvement.

Dans la seconde partie de cette thése, nous nous intéressons a des équations modélisant
le comportement d’especes qui se déplacent de fagon aléatoire (modélisé donc en EDP par
de la diffusion) et ont tendance & augmenter leur mouvement en présence de lautre espece
(diffusion croisée). La question que nous nous posons peut s’écrire ainsi : cet effet conduit-il
a la ségrégation des especes ou & un mélange homogene ? Dans le cas d’'un comportement sé-
grégatif, il se crée des zones ou 'une ou 'autre domine. C’est un cas de « pattern formation »
a la Turing.
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1 Dynamiques de populations

1.1 Les populations structurées

La dynamique de population la plus élémentaire consiste & estimer une population totale
P"™ et a voir par quel facteur a,, elle se multiplie & chaque instant (la population évolue
donc en P"*! = g, P™). L'une des idées de base de la dynamique de populations structurées
est de dire que cela est insuffisant (on peut imaginer qu’a population totale P™ fixée, une
population ne contenant que des nouveau-nés ne se reproduit pas de la méme fagon qu’une
population d’adultes). Pour remédier & ce probléme, on introduit une variable qui serait la
caractéristique essentielle d’un individu. Citons quelques exemples :

— le plus classique est I’age ou la maturité d’un individu : si on considere les naissances et
les morts, il semble naturel de considérer que les jeunes enfants se reproduisent moins
que les adultes et que les gens ont plus de chances mourir s’ils ont 100 ans que s’ils en on
40. On utilise également beaucoup 1’age en épidémiologie, il mesure alors I’avancement
de l'infection. Un individu qui vient d’étre infecté peut par exemple étre contagieux sans
que la maladie augmente ses chances de mourir (incubation). L’équation aux dérivées
partielles typique qui intervient est celle de McKendrick (c’est méme historiquement la
premiére EDP intervenant en dynamiques de populations) :

{ 8tn(t x)+a n(t x)+d( yn(t,z) =0,
= ;7 B(z)n(t, z)dx.

Cette équation modélise 1’évolution d’une population qui vieillit (terme de transport
O + 0,) meurent avec un taux d(x) qui dépend de leur age et donnent naissance & de
nouveaux individus (d’age 0) avec un taux de naissance B(z) qui dépend de leur age.
C’est a des équations d’évolution de ce type aux coefficients desquelles nous ajoutons
une dépendance en temps (i.e., d(z) — d(¢t,z), B(z) — B(t,z) que les deux premiers
chapitres de la these sont consacrés. Elles sont appelées équations de renouvellement.
Elles sont par ailleurs également utilisées en cancérologie dans la modélisation des mé-
tastases ([13] 36l 7).

— une autre variable tres utilisée en modélisation de la biologie est la taille ou la masse.
On peut par exemple représenter la croissance et la division cellulaire symétrique de
cellules croissant & vitesse v(x), x étant la taille par I’équation

on(t,x) + Oz [v(z)n(t,x)] + B(z)n(t,x) = 4B(2z)n(t, 2x), (1)

complétée si nécessaire par une condition au bord.
On appelle dynamique de populations structurées les EDP de ce type. On peut trouver
des approches semi-groupe pour leur étude dans les ouvrages de références [80] 108 55].

1.2 Comparaison de valeurs propres

Les deux premiers chapitres de cette these sont consacrés a des équations ou des systemes
d’équations représentant le cycle de la division cellulaire . Ces équations peuvent se résumer
de la fagon suivante. On considére un cycle cellulaire sans phase de repos (quiescence), olt
les individus sont caractérisés par la phase du cycle cellulaire i dans laquelle ils se trouvent
et I'age x qu’ils ont dans cette phase (autrement dit le temps écoulé depuis leur entrée dans
la phase). On est donc amené a regarder des densités de populations n;(t, z), soumises a la
dynamique suivante (on considére qu’il y a I phases et on utilise la convention I + 1 = 1),

Omi(t,x) + Opni(t,2) + (di(t,z) + Kimipr (t,2))ni(t,2) =0, 1<i<I
n;+1(t,0) fo K i1(t,z)ni(t, x)dx, <1, (2)

nq(t,0) =2 fooo Kr 1 (t,z)ng(t, z)d.
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Le modele peut étre décrit de la fagon suivante :

— les cellules vieillissent (terme de transport),

— meurent avec un taux d;(t, z) qui dépend de la phase i, de 'age x et du temps ¢,

— passent d’une phase i & la suivante ¢ + 1 avec un taux K;_,;1+1(t, ), ou elles entrent
a Page 0 (le compartiment proliférant du cycle cellulaire est généralement représenté
comme divisé en quatre phases),

— la derniére transition correspondant & la mitose (division proprement dite), les cellules
quittant la derniére phase donnent deux cellules d’dge 0 dans la premiére (et non une
comme dans les autres cas).

Division

M
(Mitose)
Croissance)
/nthese de I'ADN)
G2
(Croissance)

F1a. 1 — Représentation (tres) simplifiée du cycle cellulaire modélisée par .

Deux remarques sur ce type de modeles s’imposent. Ces modeles sont des cas particuliers
de systemes d’équation de renouvellement,

O (t, ) + Opni(t, ) + di(t, x)ni(t,x) =0, 1<i<]

=2 Iy Bij(t, x)n;(t, x)dz. (3)

auxquelles nous nous intéressons dans I’annexe |B| dans toute leur généralité. Un cas parti-
culier de ces équations est donné par ’équation de division cellulaire avec une structure en
age,

on(t,z) + Opn(t,z) + K(t,x)n(t,x) =0,
{ (4)

n(t,0) =2 [;° K(t,z)n(t, z)dz,

a laquelle est entierement dédié le chapitre 2] ainsi qu’une bonne partie du chapitre [T} Dans
toutes ces équations, nous gardons le méme fil directeur : la dynamique asymptotique de tels
systemes est décrite par la valeur propre de Floquet que nous noterons toujours Ap. Cette
valeur propre est caractérisée par 'existence de vecteurs propres positifs et périodiques
associés N, ¢ ou (N, ¢;)1<i<r) (nous les donnons pour le systéme (2)). Le vecteur (N;)1<i<r
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étant le vecteur propre direct,

AN (t,z) + 0uN;(t, ) + (Ar + di(t,z) + Kimiq (¢, 2)) Ni(t,2) = 0,
fo it )N (tx)dx, 0> 2,

Ny (t,0) = 2f0°° Kr_1(t,x)Ny(t, z)dx,

N; >0 voire N; > 0 dans la plupart des cas,

N; T-périodique en temps, i.e., N;(t+T,.) = N;(¢,.),

it foT Jo. Ni(t,w)dz =1,

le vecteur (¢;)1<i<r étant le vecteur propre adjoint,

—010i(t,x) — 0p0i(t, ) + (Ar + di(t,2) + Kimip1 (8, 2)) 9i(t, @) = Ki—iq1 (£, ) di11(£,0), i <

_at¢1(t7 iE) - am¢](t7 ‘T) + ()‘F + dl(tv LU) + KIHl(tﬂ (E))QS[(f, {E) = 2K[H1(t7 x)(bl (tv 0)7

¢; >0, T-périodique, > i [o° Ni(t, @)¢s(t, )dx = 1.
(6)
Ces vecteurs propres gouvernent la dynamique asymptotique du systéme qui croit en et

On a en effet (voir [82]), d’une part

I o A
;/0 m(t,x)@(t,x)dx:e/\m;/o ni(0,2)¢; (0, z)dx

(on rappelle que les ¢; sont positifs stricts et périodiques). On a également lattraction vers
les orbites périodiques

I e
3 / Ina(t, 2)e=>Ft — pNi(t, )| 6u(t, z)dz — 0,
i=170

oup=>, f )i (0, x)dx. La question qui guide les deux premiers chapitres est la
suivante : qu est ce qu1 change et qu’est ce qui ne change pas lorsqu’on a des coefficients
périodiques en temps par rapport au cas ou les coefficients ne dépendent pas du temps ?

Avant de s’intéresser directement a la chronothérapie, un des buts de tels modeles était
de questionner les résultats obtenus par Filipski et al. dans [45]. Ces résultats tendaient a
montrer que les cellules cancéreuses se développaient plus vite lorsqu’elles échappaient au
controle circadien. Plus précisément, en prenant des souris auxquelles on greffe une tumeur,
il a été mis en évidence que plus les rythmes circadiens sont perturbés, plus vite la tumeur se
développe. Un des choix de la modélisation était de représenter la perturbation du rythme
circadien par la moyennisation des coefficients, i.e., remplacer chaque coefficient (d;, K;—i+1)
par sa moyenne en temps sur une période. Au niveau des valeurs propres, il s’agissait donc
de comparer la valeur propre A\r associée aux coefficients « normaux » (dépendant du temps)
a la valeur Ap correspondant au systéme moyenné (P pour Perron quoiqu’elle soit notée Ag
pour stationnaire dans ’article dont nous parlons). Le résultat attendu était alors A\p < Ap,
une croissance plus importante pour les cellules non soumises a 'influence circadienne comme
dans l'expérience de Filipski. Cependant, le résultat obtenu fut le suivant :

Théoréme 1 (Clairambault, Michel et Perthame 2005) Si les coefficients de transi-
tion et division K;_,;11 ne dépendent pas du temps alors

AF > Ap.

I
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En d’autres termes, si les rythmes circadiens n’agissent que sur les taux de morts, la
population perturbée devrait grandir moins vite! Dans la premiere partie, nous confirmons
de facon théorique, a ’aide d’un contre-exemple que cette situation ne persiste pas dans le
cas de taux de transition dépendant du temps. Le contre-exemple est une simple équation
de division sans taux de mort,

{ 3tn(tv '7;) + 83;7?,(t, 33) + w(t)]l[a,oo[(x)n(t’ x) =0,
n(t,0) = 20(0) [2° nlt, 2)do.

Ayant fixé une fonction positive ¥ T-périodique non constante de moyenne (1) et en notant
Ar(a, ) Pexposant de croissance associé au systéme 7 on compare au systéme moyenné
arithmétiquement (on prend la moyenne arithmétique partout) dont 'exposant Ap(a) n’est
autre que Ap(a, (1)), et on obtient le résultat suivant :

(7)

Théoréme 2 (Clairambault, Gaubert et L.) Etant donné une fonction positive ¢ T-
périodique non constante, pour a dans un voisinage de T, on a

Ar(a$) = Ap(a),  poura=T,
Ar(a,v¥) > Ap(a) sia<T,
Ar(a, ) < Ap(a) sia>T.

Ceci nous donne un exemple simple montrant que lorsque 'on introduit de la périodicité
dans les coefficients de transition (ce qui correspond bien au cas du cycle cellulaire [16]), on
peut trouver toutes les configurations.

Le résultat énoncé dans le théoréme [I| a été expliqué dans [25] par des propriétés de
convexité. Si on considere le systeme

Oni(t,x) + Opni(t, z) + ((di) (z) + (Kimig1)(@))n(t,2) =0, 1<i<IT
ni(t,0) =[5 (Kimis1)g(@)(t, 2)n;(t, x)da, (8)
n1(t,0) = [i°(Kr—1)gni(t, z)dz,

1 (T
7?/0 ft,x)dx

désigne la moyenne arithmétique en temps et

T
()aa) = exp (} | s f(t,mdx) ,

désigne la moyenne géométrique, on a

Théoréme 3 (Clairambault, Gaubert et Perthame 2007) Si l’on désigne A\p l’expo-
sant de croissance du systeme original @) et Ay (pour géométrique) celui du systéme (@,

alors on a linégalité
Ap > )\g.

Nous généralisons cette inégalité a tous les systemes d’équations de renouvellement via
le résultat suivant

Théoréme 4 (Gaubert et L) Si l'on définit A\p comme lexposant de croissance associé
au systeme (@, alors, sur son domaine de définition, l’application

(dislog Bij)i<ij<r — Ar,

est convexe.
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Pour 1’écrire autrement, si on considére deux jeux de coefficients (ayant la méme période)
di?, B2 et les valeurs propres associées Ap> et I de le syste des
;B propres associées Az~ et que l'on regarde le systéme (3) avec des
pour coefficients df = 0d} + (1 —0)d7, BY; = (B};)?(B};)'~? (avec 6 € [0,1], on a, en notant

)\% la valeur propre associée , X ,
Ap < OAp + (1 — 0)A%. (9)

Il est & noter que ce résultat généralise un théoréme de Kingman sur la valeur propre domi-
nante des matrices ayant des coefficients hors-diagonaux positifs [62] qui affirme que cette
dernieére est convexe par rapport aux coefficients diagonaux et convexe par rapport aux loga-
rihtmes des autres. Notons que cette inégalité peut s’interpréter comme un argument positif
en faveur de la chronothérapie. Considérons 'effet un traitement n’agissant que de facon cy-
totoxique (i.e., dont l'effet consiste & tuer des cellules) sur une population de cellules saines.
Pour ce faire, on considere que les taux de transition et de division ne sont pas affectés par
le traitement, et que 'effet du traitement peut se modéliser par un taux de mort additionnel
dans chaque phase (on ajoute ainsi un taux de mort périodique lui aussi drug;(t, z) au taux
de mort naturel). Administrer le traitement 6 instants plus t6t revient a regarder leffet sur
la valeur propre de Floquet des taux de mort drug;(t — 6,x), on note alors Ap(drug, ) la
valeur correspondante. On compare cela & un traitement homogene au cours du temps, ce
qui correspondrait & remplacer drug;(t, ) par

T
(drug;)(z) = l/ drug;(t — 0, x)df.
T Jo

et on note Ar({drug)) la valeur propre associée. Nous nous intéressons a U'effet sur les cellules
saines. La toxicité d’un traitement peut alors se voir sur Ag. Plus I’exposant de croissance est
grand, plus vite la population de cellules saines croit. En conséquence, ’effet d’un traitement
sur A\g est le suivant : plus un traitement est toxique, moins Ag est élévé. Lorsqu’on souhaite
comparer l'effet d’un traitement moyen aux effets des différents traitements périodiques
possibles, la version continue 'inégalité de convexité @[) nous donne

Ar({drug)) < % /0 Ap(drug, 0)d6. (10)

Le traitement moyen est donc plus toxique que la moyenne des traitements. En conséquence
de Dinégalité (L0), on est toujours dans une des deux (idéalement les deux) configurations
suivantes :

- soit on a Ap(drug, ) > Ap({drug)) pour la majorité des 0, ce qui signifie que la majorité
des traitements disponibles est moins toxique qu'un traitement homogene (autrement
dit la probabilité qu’un traitement périodique soit plus efficace que le traitement moyen
est plus grande que 1/2),

- soit on a un ensemble de valeurs 6 ou I’avantage par rapport au traitement homogene
est substantiel.

Dans les deux cas, la chronothérapie semble étre une bonne approche d’un point de vue de
la toxicité minimale pour les cellules saines. On a la un argument théorique en faveur de ce
type d’approche thérapeutique.

1.3 Monotonie et asymptotique

Dans le chapitre [2 nous nous focalisons sur I’équation de division pour comprendre les
phénomenes que peut faire apparaitre l'introduction d’une périodicité temporelle. La plus
surprenante est sans doute la suivante :

Théoréme 5 (Gaubert et L.) Il existe des configurations ot l'on a

K*(t,z) > K3(t, ),
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et en méme temps
A < AZL

On peut ainsi trouver des cas ou la population qui a le taux de division le plus bas est celle
qui prolifere le plus! De telles situations ne peuvent arriver sans la dépendance en temps.
On trouve cependant le critére suivant de type FIFO (First In First Out) pour éviter ce
genre de situation,

Théoréme 6 (Gaubert et L.) Si pour tout t

t
v / K'(s,s —v)ds,
v
est une fonction croissante, alors pour tout K% > 0, si K' — K? a un signe, \' —\? a le
meéme.

L’interprétation en termes de probabilités serait la suivante : si deux cellules naissent aux
instants 1 > to, pour tout temps ¢, celle qui est né le plus tot est toujours celle qui a le plus
de chances de se diviser avant le temps t.

L’intérét pour la monotonie est venu d’une recherche de liens avec des systemes discrets
lorsque le taux de division devient tres grand.

Théoréme 7 (Gaubert et L.) 0n considére une équation de division avec un touz de di-
vision de la forme

K(t,z) = Kp(t) g oo, a > 0, 1-périodique,
— si 1) est minorée par un réel strictement positif, alors
Arp —log2/a, quand K — oo,

— si1 est de la forme 1 (g ;)47 alors la limite pour K — oo est donnée par la formule

A% (a) =

= TNoa]’ Nya = inf[r, 1] + NN Na,

ot [.] désigne la partie entiére supérieure.

Pour le deuxiéme point, on peut déterminer la limite en imaginant que le taux de division
prend au final deux valeurs 0 et 400, et donc la probabilité de se diviser prend donc les
valeurs 0 et 1. Si on part d’une cellule d’age 0 au temps 0, en suivant sa trajectoire, elle se
divise a l'instant a si ¥(a) = 1, puis & 'instant 2a si on a également 2a si ¢¥(2a) = 1 et ainsi
jusqu’au premier instant N,a ol la cellule est en age de se diviser (elle s’est divisée & I'instant
(Ny — 1)a et a donc 'age a) mais ou la date ne lui permet pas (¢(Ngza) = 0). La cellule
devra alors attendre jusqu’au prochain temps entier [Nya| pour se diviser. Partant d’une
cellule d’age 0 au temps 0, on en obtient donc 2V« au temps [N,a]. On a donc construit une
trajectoire périodique de période [N,a|. La formule pour Ap s’obtient alors en supposant
qu’on a la un vecteur propre (et donc e*r[Naal = oNa),

1.4 Méthodes utilisées

Mis a part pour la convexité, ol les outils essentiels sont les sous vecteurs propres, la clé de
toutes les démonstrations concernant les valeurs propres est une reformulation du modele.
Ainsi, dans le chapitre [1| le théoréeme se prouve en utilisant I’équation a retard vérifiée par
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le vecteur propre associé a . En intégrant ’équation vérifiée par le vecteur propre direct
de I’équation entre a et +o0o, on obtient I’équation a retard suivante :

W (O — G P() + 200t — a)e Pt — ).

En dérivant cette équation par rapport a a, on obtient le théoreme [2] Autre avantage de
cette formulation, elle permet de construire des solution non triviales aux probléme au valeurs
propres (i.e., dépendant du temps et de I’dge) pour le cycle cellulaire.

Pour prouver I’asymptotique ou la monotonie dans le chapitre |2 ’outil essentiel est une
reformulation trajectorielle (générationnelle) de 1’équation de division qui permet de suivre
I'heuristique dont dérive la formule du théoréme [7] et aussi de comprendre ce qui géneére les
contre exemples. On prend une donnée initiale n® et on regarde le systéme infini d’EDP

suivant :
Oeni + 0pni + K(t,x)n; =0, i >0,

nist(t,0) = / Kt )it z)da, (11)
0
no(t =0,z) =n’(x), n;(t=0,2) =0, fori>1.

Au lieu d’étudier un processus de division, on étudie un processus de passage de génération.
Les individus de la génération i passent a la génération i+ 1 avec un taux K (¢, x). On regarde
donc le coefficient K comme le coefficient de transition d’une génération a la suivante. Le
lien avec I’équation de division est donné par la remarque suivante :

o0
n= E 2'n; est la solution de I’équation de division avec donnée initiale n°.
i=0

Au lieu de regarder la valeur propre ou la population totale, on va pouvoir étudier a quelle
vitesse on passe a la génération i. Les contre-exemples peuvent étre vus alors comme des
cas oll augmenter K accélere (c’est toujours le cas) le passage dans la génération 1, mais
pénalise le passage de la génération 1 & 2 (on peut étre pénalisé d’étre entré trop tét en
génération 1 et se faire enfermer dans une mauvaise trajectoire).

1.5 Prion : des EDO aux EDP

Le chapitre [3| est consacré a la justification de I'utilisation d’EDP pour modéliser la ré-
plication du prion. Nous nous placons dans 'hypothese dite purement protéique introduite
par le mathématicien Griffith dans [51] et confortée par les observations de Prusiner [96],
c’est a dire qu’on considere que les prions sont des protéines mal repliées. Cette hypothese
suggere que la réplication du prion se fait de maniére auto catalytique en changeant la forme
saine de la protéine concernée PrPc (Protéine Prion cellulaire) forme infectieuse PrPsc ou
PrPres (sc pour scrapie, la tremblante du mouton ou res pour résistante). La représenta-
tion que nous considérons de la dynamique du prion est celle de la polymérisation nucléée.
Dans cette approche, les particules infectieuse sont des polymeres de PrPsc de différentes
tailles. L’apparition de tels polymeéres s’opere par un phénomene de nucléation (tres lent).
C’est 'agrégation de PrPsc qui permet sa stabilisation. La transconformation de PrPc en
PrPsc se fait ensuite par polymérisation. Les modeles suivants ne représentent que ce phé-
nomene (et pas celui de nucléation, en particulier ces modeles ne permettent pas I’apparition
spontanée d’un polymeres infectieux dans une population saine). En termes de modélisation,
cela correspond a considérer une population de monomeres et polymeres ol les monomeres
sont le compartiment sain (PrPc) et les polymeéres le compartiment infectieux. Ceci est
représenté par les équations suivantes introduites dans [79]
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dv > .
e A—vyv—2v Z Titk; + 2 Z Z ik; ;Bu;,
dui i=ng j=>no i<nog (12)
T Biwi — v(T3u; — Ti—1Ui—1) + 225;'1%,]'“;'7 for 7 > ng,
Jj>i

Ou v répresente la population de monomeres, u; la population de polymeres ( donc in-
fectieux) de taille ¢ > ng (on consideére que les trop petits polymeres ne sont pas stables).
Les coefficients représentent les taux de fragmentation (3;) polymérisation (7;), dégradation
(7, ;) et répartition des fragments (k;;). Ce modele a donc un pendant EDP introduit dans
[50] qui s’écrit

dVv

e A=~V — V/wo T(z)U(t,x)dz + 2/”8_1-0 /y—oo yk(y, ) B(x)U(t, z) dz dy, (13)

S = HOUD) ~ S ) -V V)42 [ Bk Ut i (1)

Les coeflicients gardent la méme signification & ceci prés qu’on regarde une densité de poly-
meres pour un continuum de tailles possibles (on a x €]zg, +oof aulieude i € {ng, no+1...}).
L’étude du systeme permet alors plus naturellement de regarder la distribution en taille des
polymeéres via des problémes aux valeurs propres [2I], [20]. Le probléme de Cauchy a été
étudié notamment dans [65],[106],[I02]. Nous nous sommes posés la question suivante : le
systeme continu peut-il se voir comme une approximation du systeme discret ?
Pour y répondre, nous avons adimensionné le systeme en vue d’identifier les échelles
caractéristiques intervenant dans le modele. Mathématiquement, cela correspond a faire ap-
paraitre un petit parametre € correspondant au rapport entre la taille des monomeres et celle
typique des polymeres (la taille moyenne par exemple). L’hypothese de travail sous-jacente
est donc que les polymeres sont de grande taille. On définit une solution faible de de
la fagon suivante

Définition 8 On dit que le couple (U, V') est une solution de ’équation préservant les mo-

noméres partant des données initiales (Uy, V) si elle satisfait , st U satisfait sous
forme faible : pour tout ¢ € C°((xg,00)), on a

/000 U(t, dz)p(x) — /OOO Uo(dx)p(x)
_ /Ot /OOO (@)U (s, da)o(x) ds — /Ot /Ooo B(x)U (s, da)p(x) ds
+f V() | @, anoewas

0 0
w2 / B (s, dy) / K(de, y)p(z) ds,

et le bilan de masse des monomeéres
V(t) —|—/ zU(t, dz) = W +/ zUp(dx)

’ FAL— Zt YV (s) ds — /O t /z m 2u(@)U (s, dz) ds. 1o
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On introduit donc un parametre de taille € et en notant v°, u$ les solutions du probleme
discret pour un parametre ¢ fixé, dont les coefficients sont de la forme O(Ki™) (avec des
exposants éventuellement distincts pour p;, 8;, 7). On a apres une mise a I’échelle appropriée
et sous des hypotheses de bornes uniformes en € sur les moments de u* que ’on peut résumer
ainsi : ~

/ (1+2'™*)uf(0,2)de < C, C ne dépendant pas de .
0

une compacité faible qui nous permet d’établir le résultat suivant :

Théoréme 9 (Doumic, Goudon et L.) On définit la fonction u® par

o0
u = Z Ui Xie, (i+1)e>

i=ng
alors a extraction pres, on a pour tout temps T > 0,

utr — U, in C([0,T]; M([0, oo[—faible — %),
ver =V uniformément sur [0,T],

ou (V,U) est une solution préservant les monoméres de (avec des coefficients obtenus
également par passage & la limite).

2 Mouvements de populations et ségrégation

2.1 Modéles

Dans la seconde partie de cette theése, nous nous intéressons a des équations modélisant le
mouvement aléatoire (diffusion) d’individus appartenant a plusieurs espéces qui ont tendance
a intensifier leur mouvement (diffusent plus en présence de l'autre espece, d’ou le nom de
diffusion croisée) dans un espace clos. Au niveau de la population, ce type de modeles dits
de diffusion croisée, introduit par Shigezada et Kawasaki dans [100], s’écrit typiquement de
la fagon suivante : les variables u;,7 = 1,2 représentant les densités spatiales des especes 1
et 2, Q) étant le domaine considéré

Opur — Alay (u1, u)ug] = f1(ug,uz), dans Q
Opug — Alag(uq, us)us] = fo(ug,us), dans Q
On(a1(u1, u9)ur) = Op(az(ur, ug)uz) =0, sur O
u?  données.

Les f; désignant des termes de réaction (naissances et morts). Ce sont donc des modeles
proches des modeles de réaction-diffusion. Habituellement, les auteurs s’intéressent plus a
une compétition entre les effets des termes de réaction et les termes de diffusion (croisée ou
non) (voir [56, 104, 87] par exemple).

On peut éventuellement écrire ce systeme sous forme condensée

U — AA(U) = F(U),

la matrice A’(U) n’étant généralement pas elliptique. Une des principales difficultés de ce
systeme réside alors dans la perte du principe du maximum. Des cas avec couplage faible ont
été traités dans [66] [67], avec couplage fort dans [22] & chaque fois avec la forme standard
des a; (voir plus bas). Au dela de ces difficultés techniques, il a été mis en évidence que
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I'introduction de termes de diffusion croisée peut faire apparaitre des équilibres inhomogenes
stables dans des cas ou méme en présence de diffusion aucun équilibre inhomogene ne pouvait
étre stable (J50]). L’objet de notre intérét est le comportement induit par le seul mouvement
(nous regardons donc le cas f; = 0). Dans ce cas, la population totale de chaque espece reste
inchangée au cours du temps.

vt > 0, /ui(t,m)dx = / u?.
Q Q

La question qui se pose naturellement est la suivante : les deux especes parviennent elles a
cohabiter 7 Ce qui mathématiquement se formule par la question de la stabilité de ’équilibre
homogeéne (u1,u2) = ({u1), (uz)), ot {u) désigne la moyenne spatiale de u,

1
(u) = IQ/Qu(a:)d:v

On parlera alors de ségrégation si cet équilibre n’est pas stable.
Le type de coefficients de diffusion croisée habituellement étudié est le suivant :

a;i(uy,u2) = d; + piruy + pigus,

avec d; > 0, p;; > 0. On peut avoir différentes situations : si I'un des deux coeflicients de
diffusion croisée est nul (cas triangulaire), (p12 ou p21), on n’a pas de ségrégation. Dans le cas
ol les deux coefficients sont strictement positifs, le cas a été traité dans [22] par I'utilisation
d’une entropie. En effet, on a alors I'inégalité suivante

d [ d d d d
E ]S ) + 2 g < —/ g il + 22V ] + |V e,
t Jao p12 P21 Q P12 P21

qui permet de conclure a la convergence exponentielle vers I’équilibre homogene par inégalité
de Sobolev logarithmique (Théoréme 1.2 de [22)) :

1 1 .,
—ur () = ()l pigey + — llua(t,.) — (ua)|| iy < Ce™™, 7> 0.

(u1) (u2)

Pour le cas général, nous pouvons conclure pour les données petites en dimension 1 :

Théoréme 10 (Bendahmane, L. Marrocco et Perthame) S%l existe v > 0 tel que
a; > v pour tout i, et que les a; sont réguliers (C'), alors pour des données initiales petites
(en norme en dimension 1, on a existence globale et convergence exponentielle vers l’équilibre
homogeéne.

La présence de la dimension 1 est hélas cruciale (on utilise I'injection H' — L*). La
raison est que pour des données petites, le systéeme est en fait elliptique.

2.2 Le modele régularisé

Nous nous sommes intéressés a d’autres types de diffusion croisée, notre cas modele étant
2 2
a;=14wu3, ax=1+uj.

Le manque d’estimations a priori (nous suspectons une explosion en gradient pour certains
cas), nous force alors & régulariser le systéme de la fagon suivante. On considére que la
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diffusion dépend non pas uniquement de la concentration locale mais aussi des voisines de
la fagon suivante :
Oruy — Aay (i, Ug)uy = 0,

Opug — Aag(tiy, Ui2)ug = 0,
—(52A’l~11 + U1 = uq,
—8%2Adig + g = Uo,

6'yu1 = al,UQ = 8Vﬂ1 = 81,122 = 0,

u9

; données.

On a alors le théoréme d’existence suivant

Théoréme 11 (Bendahmane, L., Marrocco et Perthame) Si les a; sont réguliers, d
croissance sous polynomiale et que Va; est controlé par a pour unn < 1, alors les estima-
tions a priori permettent d’assurer l'existence et l’'unicité globale du systéme en dimension
1 et 2 pour des domaines réguliers.

Notons qu’on peut donner une interprétation biologique a une telle régularisation. Comme
pour R™ entier une telle régularisation correspondrait en dimension 1 a effectuer la convo-
lution suivante

~ 11762
@) = [ e~ ) Gy,

le parametre §2 représente ainsi la sensibilité aux variations locales de populations.

2.3 Instabilité de Turing et bifurcation

En nous restreignant & des cas sans auto diffusions (a1 (u1,u2) = a;(uz) et vice versa), on
effectue une analyse de Turing, de 1’équilibre homogene selon les valeurs de §. En examinant
la stabilité dans la direction des vecteurs propres du Laplacien avec conditions de Neumann,
on fait apparaitre les matrices

aj ({uz))(u1)
ar((uz)) W

Aol oy

M0, M) =

et le mode Ay est instable si det(M (4, Ax) < 0. On met alors en évidence une valeur critique
dp du parametre 0, dépendant de (u1), (u2) (et de la forme de a1, az) telles que pour § > dy
Péquilibre (u1), (ug) est stable, pour § < g il est instable dans la direction du premier
vecteur propre w; non constant du laplacien avec conditions de Neuman. Le point Jy est
alors caractérisé par det(M (dg, A1). L’'importance de ce point critique est vérifié également
grace a la théorie des bifurcations :

Théoréme 12 Sila premiere valeur propre non nulle du laplacien est simple, alors (8o, {(u1), (uz2))
est un point de bifurcation pour l'application

(8,u,v) — A ( ar(tiz)ur )

ag (Ul)UQ

Autrement dit, une nouvelle branche d’équilibres non constants se forme au point (g, (u1), (u2)).
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2.4 Estimations de dualité : ’outil clé

L’outil le plus important dans notre approche est ’estimation en temps-espace qui repose
sur la dualité des équations suivantes :

Oru — Aa(t,x)u =0,
u®donnée, (19)
On(au) = 0.

0w + a(t,x)Av = F(t,x),
o(T) =0,
Opv = 0.

On peut déterminer alors (ce qui est fait dans le chapitre 4) en multipliant la premiere
équation par v et la second par wu, la borne suivante :

IVaull2ory < COu’ | L2() + 2w IVal L2 (@r)-

Cela permet de dériver des estimations a priori pour des modeles généraux de diffusion
croisée. Prenons 'exemple d’'un modele avec

1 <ai(uy,up) <1+ |(ug,u2)l?.

Si p < 2, en sommant les deux estimations a priori, on obtient

T
(w1, u2)l[z2(@r) < C(1+ \// / uf + ubdaz,
o Ja

et via une inégalité d’interpolation de LP entre L' et L2, en utilisant la conservation de la
norme L', on obtient

_ 2
(w1, u2) 22y < CL+ T P/2 ) (ur, ua) |57,

un argument de bootstrap permet alors d’assurer que ||(u1,u2)| z2(g,) ne peut pas exploser
en temps fini. Si explosion il y a, on lattend ailleurs. Ceci permet d’amorcer la preuve
d’existence du systeme régularisé. En effet, via la régularité elliptique, on va pouvoir controler

T
/ / af + ubdr,
o Ja

par des normes L" de uy,us avec r petit. On aura alors le méme type de bootstrap qui nous
donne une borne a priori.

Cette estimation est généralisée & des semi-discrétisations en temps dans I'annexe[A] Ainsi,
en discrétisant ’équation de la fagon suivante,

n+l _ ,n

u u
— - Aa"u"tt =0,

on obtient I'estimation a priori discrete
Vi|[Varu 2. n) < CQ) + 2(w)VA[Va iz n)-

Une telle discrétisation a également ’avantage de ne pas poser probleme pour ce qui est de
la positivité (ce qui n’est pas évident sur le systéme lui méme).
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3 Conclusions et perspectives

3.1 Valeurs propres périodiques pour des modeles structurées en
taille

Une extension naturelle du travail sur le renouvellement avec périodicité en temps, serait
Pétude (pour commencer existence et unicité) de problémes aux valeurs propres pour d’autres
types de populations structurées. Nous avons typiquement en téte les équations structurées
en taille comme 1’équation de division cellulaire et 'équation d’agrégation-fragmentation
correspondant a avec V constant. La motivation est & la fois mathématique (étendre les
travaux de Diekmann et al. dans [38] en généralisant ceux de Michel et Doumic et Gabriel
[81, [40]) car les équations structurées en taille induisent des difficultés et des questions
différentes, dues au caractere non-local plus marqué, et applicative, I'idée serait & terme de
pouvoir proposer des protocoles de sonication pour le prion. Des techniques expérimentales
visent en effet a accélerer la polymérisation du prion en cassant les gros polymeres. Pour
schématiser, cela correspond & alterner entre période de fragmentation intense (on diminue
la taille des polymeres mais on aumgente leur nombre) et repos (on laisse les polymeres
s’allonger). Ceci se faisant dans un milieu saturé de monomeres, cela reviendrait a étudier
une version linéarisée de (14]) :

Opn(t, x) + Ox((r(x)n(t, x)) + () B(z)n(t, z) = 2 /OO P(t)B(y)k(z, y)dy.

Le coefficient d’amplification ¥ (t) serait pris périodique (grand pour les périodes de fragmen-
tation intense, petit pendant celles de repos). Produire le plus de prion possibles reviendrait
alors & maximiser la valeur de Floquet sous-jacente. On chercherait donc les meilleurs v
possibles. Ce probléme a été en partie traité dans [38], mais il serait utile de généraliser les
résultats plus récents de [81) 40]. Une des grosses différences avec les équations structurées
en age est que pour ces dernieres le cas stationnaires est assez simple (pour I’équation de
renouvellement & coefficients stationnaires, le vecteur propre satisfait en fait une équation
différentielle ordinaire), ce qui n’est pas du tout le cas des problémes structurés en taille (le
caractere nonlocal de I’équation fait que le vecteur propre vérifie déja une équation intégro-
différentielle non triviale).

3.2 Cycle cellulaire : couplage et compétition

Plusieurs points restent a étudier concernant le cycle cellulaire. Une premiere direction
consisterait & comprendre de quelle fagon 'effet sur les transitions peut étre modélisé. On
pourrait aussi, plutot que de regarder les transitions, introduire une vitesse de croissance
qui serait la cible de médicaments. Une autre direction pourrait étre I'introduction de non-
linéarités pour représenter d’une part la compétition pour les ressources entre cellules saines
et tumorales, d’autre part la phase quiescente (qui est une forme de controle du cycle cellu-
laire) que nous avons jusqu’ici négligée. Il serait également tres utile de pouvoir obtenir des
données sur la dynamique du cycle cellulaire (de type durée des phases, variabilité etc.), afin
de pouvoir paramétrer de fagon pertinente nos modeles, les nouveaux outils de marquage
par fluorescence étant trés encourageants sur ce point ([98] [99]).

3.3 Diffusion croisée

La question de la stabilité de I’équilibre homogene n’étant actuellement traitée que de
fagon linéaire, il semble logique de se pencher ensuite sur sa stabilité non-linéaire. Ainsi,
nous avons par exemple prouvé que I’équilibre homogene est 1'unique équilibre possible pour
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une régularisation trop forte (chapitre , nous aimerions savoir s’il est alors asymptotique-
ment stable, ce que semblent montrer les simulations numériques. Jusqu’ici, les simulations
semblent montrer que le parametre de régularisation critique définit une frontiere entre in-
stabilité et stabilité de I’'équilibre homogene, ce dernier étant asymptotiquement stable s’il
est localement stable. En ce qui concerne les bifurcations, nous voudrions étudier de fagon
plus précise et globale les nouvelles branches qui apparaissent. Un autre point important est
la compréhension du systeme non régularisé. L’énergie définie pour notre cas modele et les
simulations numériques nous font envisager qu’il y a bel et bien explosion (ce point n’est pas
montré) et que les gradients explosent mais pas la norme L.
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Chapitre 1

Comparaison de valeurs propres

Ce travail effectué en collaboration avec Jean Clairambault et Stéphane
Gaubert a d’abord pour but de répondre a la question de la généralisation
ou non de I'inégalité énoncée dans [26] entre les valeurs propres périodiques
(Floquet) et stationnaires (Perron). Nous répondons & cette question
par la négative en nous basant sur un contre exemple équivalent a une
équation & retard discret déja aperqu dans [I4]. Nous donnons ensuite
des arguments théoriques en faveur d’une modelisation multiphases de la
chronothérapie. Ce travail reprend article [24].

1.1 Cell cycle control and circadian rhythms

The cell division cycle is the process by which the eukaryotic cell duplicates its DNA content
and then divides itself in two daughter cells. This process is normally controlled by various
physiological mechanisms that ensure homeostasis of healthy tissues, that control genome
integrity (e.g. cyclins and cdks, p53, repair enzymes, etc.), launching programmed cell death
(apoptosis) if the DNA is irreversibly damaged (see [86] for a complete presentation). The
system of control has been extensively studied and modeled (see e.g. [48] [61], [89] or [105])
using ordinary differential equations. The cell division can be modeled through branching
processes (see [7]), integral equations, delay differential equations (see [14]) and also many
structured PDE models (for an overview, see [6l [8, 80]) where the structuring variables can
be age ([87]), size ([92]) or more recently cyclin content ([I8, 19} [39]).

Most living organisms exhibit circadian rhythms (from Latin circa diem, “roughly a day”)
which allow them to adapt to an environment that varies with a periodicity of 24h. These
rhythms can be observed even in the smallest biological functional unit, the cell. The problem
we are studying is the growth of cell populations (undergoing the cell division cycle described
above) under the pressure of circadian rhythms. Circadian rhythm effects on the cell cycle
turn out to be important in tumor proliferation. This is observed by several experiments
involving a major disruption of circadian rhythms in mice. In these experiments it can be
seen that the growth of tumors is significantly enhanced in mice in which the pacemaker
circadian clock has been drastically perturbed, either through neurosurgery, or through
light-dark cycle disruption (see e.g. [46l [45]). Moreover, in the clinic, taking advantage of
the influence exerted by circadian clocks on anticancer drug metabolism and on the cell
division cycle has led in the past 15 years to successful applications in the chronotherapy
of cancers, particularly colorectal cancer (see [70]). This motivates modeling the circadian

21
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rhythm in simple cell cycle models and studying these effects on the growth rate of a cell
population.

2000

1500 - /?’ 5
1000 /
,%/r
500 - //f%/f

Days

Tumor weight, mg
e

Figure 1.1: Effects of the perturbation of light-dark cycle on tumor proliferation (reproduced
from [45]). In clock-perturbed mice (black dots), the tumor proliferates much faster than in
control mice (white dots).(By courtesy of Elizabeth Filipski).

Contrary to our first idea, the growth rate of a cell population described by a physiolog-
ically structured PDE model with time-periodic control is not necessarily lower than in a
model of the same nature, but with a time-averaged control [25] [26] [27].

The goal here is twofold. Firstly we analyze how modeling assumptions lead to define
various growth rates under the effects of circadian rhythms. Secondly we model the effect
of chronotherapy on these growth rates.

In the second section we recall the definition of these various growth rates, in terms of
Perron and Floquet eigenvalues of a linear Von Foerster- Mc-Kendrick model. We also
discuss known inequalities between them. In the third section we study a simple division
model, for which we establish (in Theorem strict inequalities comparing the growth
rate in the stationary (Perron) and periodic (Floquet) cases. These inequalities are proved
by studying a related time delay system (which is similar to the one considered in [I4]).
This model is used to confirm the impossibility to derive a general comparison between the
Perron and Floquet eigenvalues defined in the second section. In the fourth section, we
give an argument for using multiphase models to represent chronotherapy, taking better
into account the structure of the cell cycle and particularly the existence of various phases.
We provide numerical simulations to illustrate our results. In a first appendix, we give the
detailed proof of the existence of the solution of the eigenproblem, by applying the Krein-
Rutman theorem. In a second appendix, we derive analytical formulaefor the eigenelements
in a specific multiphase case, which yield further information on their behavior and can be
used to validate numerical experiments.
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1.2 The model

1.2.1 The renewal equation

We base our study on a cell population that follows the classical renewal equation structured
in age with periodic coefficients representing the effect of circadian rhythms

{ Dn(t, ) + Zn(t,z) + d(t,z)n(t,x) = 0, (1.1)

n(t,x =0) = [;° B(t,z)n(t, x)dx.

Here n(t,z) represents the density of cells of age = in the cycle at time ¢, d(¢,z), B(t, z)
represent respectively the death rate, and the birth rate. Both these coefficients are T-
periodic in time. We define the growth rate of the population in terms of an eigenproblem.
The growth rate Ar (F for Floquet as for ODEs with periodic coefficients) is defined as the
unique real number Ag, such that there is a solution N to the problem

%N(t,x) + %N(t,x) + [Ar +d(t, x)|N(t,z) =0,
N(t,x =0) = [;° B(t,x)N(t,x)dz, (1.2)
N >0, T — periodic.

We refer to [82] for conditions of existence for Ar (and to the appendix for the case of
division models).

1.2.2 Comparison of eigenvalues

We use the following notations. For a T-periodic function f we define,

1 (T
(fy = T / f(t)dt the arithmetical average,
0
1 (T
(f)g = exp (T / log f (t)dt) the geometrical average, when f > 0.
0

It may seem natural to introduce the following stationary problem (Perron eigenproblem),
in which the death and birth rates are averaged

4 Np(z) + [\p + (d(2))]Np(z) = 0,
Np(0) = [7°(B(z))Np(z)dx = 1, (1.3)
Np(l‘) > 0.

It is shown in [26] 27] that, when B does not depend on time, the inequality Ap > Ap
holds. In the present paper, we show that this inequality does not carry over to the case
of a time dependent B. It should be noted, however, that there is a general inequality,
established in [25], which relates Ap with the solution of the following eigenproblem in
which an arithmetical average of the death rate is taken, whereas the geometrical average
of the birth rate is taken,

ANy (@) + [Ag + (d(@))]Ny(2) = 0,
Ng(0) = [ (B(2))gNy(z)dz =1, (1.4)
Ng(x) > 0.
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Theorem 1.2.1 ([25]) The eigenvalues defined in (1.4) and (1.4) satisfy
Ap > A,

This result suggests that there is no general inequality between Ap and Ap, because the
inequality which follows from convexity is Ar > A4. Moreover, it follows from the standard
arithmetico-geometrical inequality,

Ap > Aq.

Such a general comparison cannot hold between Ap and Ap, as shown in the next section.
To go further we use a more specific model.

1.3 A simple one-phase division model

1.3.1 Model and main results

We model the cell cycle with the following PDE which is a particular case of (1.1)),

{ Dn(t,z) + Zn(t,x) + [dt) + Ko (t)X(a, 100 (2)]n(t, 2) = 0,
n(t,0) = 2Kotp(t) [,” n(t, v)dw,

where Ky > 0 is a constant, ¢ > 0 is a T-periodic function with

(W) = L. (15)

The term Kot(t)X[a,+o0[ Tepresents the division rate, d(t) is the apoptosis rate (we assume
it to be T-periodic). We have denoted by xg the indicator function of set E. Finally, v (¢)
represents a nonnegative periodic control exerted on division. As before we look for the
growth rate Ag of such a system. It is defined so that there is a solution to the Floquet
eigenproblem,

EN(t,z)+ ZN(tz)+ [AF + d(t) + Ko (t) X{a,+00[(2)| N (t,2) = 0,
N(t,0) = 2Ko9(t f N(t (1.6)
N > 0, T-periodic,

and we normalize N by

T froo
/ / N(t,z)dxdt = 1.
o Jo

As we already know a general comparison result for the geometrical eigenvalue A\, defined
in (1.4)), we are now only interested in the comparison of Ap and Ap, the latter quantity
defined by requiring the existence of a solution to the Perron eigenproblem already defined

in (|1.3) which here reads
%Np(x) + [)\p + <d> + KOX[a,—&-oo[(x)]NP(f) = 0,
Np(0) = 2K, [;° Np(z)dz, (1.7)
Np >0,

and we normalize Np by

0) = 2K, /OO Np(z)dx =
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We are interested in evaluating the effect of the periodic control ¢(¢) on the growth of the
system. Therefore we denote by Ar(a, 1) and by Ap(a) the above defined eigenelements so
as to keep track of the problem parameters.

The following theorem implies that there is no possible general comparison between A\p
and A\p.

Theorem 1.3.1 For all continuous positive T -periodic functions ¢ satisfying , we have
Ar(a=T,4) =Ap(T) = Ap(a=T,1), (1.8)
and for a in a neighborhood of T, we have, provided ¢ % 1
Ar(a,¥) > Ap(a) = Ap(a,1) for a<T,
Ar(a,Y) < Ap(a) = Ap(a,1) for a>T.

The proof of this theorem is presented in the next sections. The computations done in
section 4.1 insure that, without loss of generality, we can suppose d = 0.

Numerical results are presented in figures[I.2|and [I.3]which illustrate this theorem. Graph-
ically, for fixed v, this predicts firstly that the curves of Ar(a, ) (Floquet curve) and Ap(a)
(Perron curve) must cross each other for a = T', secondly that the Floquet curve should be
above the Perron curve before (i.e., for a < T') the crossing and below this curve after it
(i.e., for a > T). A possible interpretation is that for a better adaptation (in the sense of
higher proliferation), the cell cycle should be shorter than 24h; an effect already observed in
[14].

1.3.2 Proof of Theorem 2, part 1 (a delay differential equation)

Throughout the proof, we use the shorter notations Ap and Ap instead of Ap(a,?) and
Ap(a) when there is no possible confusion.

To find more information on A\p we derive a delay differential equation.

We integrate with respect to age over [a, co[. We get

% /aoo N(t,z)dz + N(t,00) — N(t,a) + [A\r + Ko(t)] /aoo N(t,z)dz = 0.

From the formula of characteristics and the boundary condition in (L.6]),

N(t,a) = N(t —a,0)e e,
N(t,a) = 2Koe r(t —a) [° N(t — a,z)dx.

We set P(t) = [*° N(t,z)dx. Since we have N(t,00) = 0 (see the appendix) we obtain
the delay differential equation

P(t) + ()\F n Kow(t))P(t) — 2Kyt — a)P(t — a)e~ Fa, (1.9)

1.3.3 Proof of Theorem 2, part 2 (equality of growth rates for a = T)
The comparison between Ap and Ag is based on the following formula for Ap.
Lemma 1.3.2 For all a > 0, the Perron eigenvalue Ap defined in satisfies

Ap + K()e)\Pa

=1. 1.1
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Proof. From (1.7), we have, for > a, Np(x) = e~ (Ar+tKo)e+Koa We insert that in the
boundary condition and obtain

1=2K, /OO e*(/\PJrKO):PFKoadx’

b
Ap + Ky

7Apa

1=2K, e
O
Corollary 1.3.3 Foralla > 0, the Perron eigenvalue Ap defined in is strictly positive.

Proof. This follows from Lemma [1.3.2] and the remark

)\ + KO by ].
< @< —
Ya > 0,VA <0, Sk, e < 5
O
To obtain (1.8]), we divide (1.9) by P and find
P(t) P(t—a) _,
—= = =Ap — Koy(t) + 2Ko¢(t — a)—=——e "F°.
P(t) F 01/)( )+ 07/}( CL) P(t) €

When we take the average over a period, we get (since P is T-periodic in time by its definition
as N is)

P
Ar 4+ Ko o P(t—a)
FQTO%* = <¢(t— “)P(t)>' (1.11)

Now we consider the particular case a = T. As P is T-periodic P(t — a) = P(t). Hence, for
a =T, we arrive at

0=—(Ap+ Ko+ ZKOe/\F“<1/1(t - a)P(t(t)a)>,

A%{OK%AF@ _ <z/;(t _ a)P(Ii(_t)“)> — ) = 1. (1.12)

This equality is the same for Ag as the one described in lemma 1 for Ap. As we know that
the mapping

A+ Ko

Aa
5K, e,

A

is increasing on [—Kp,+oo[ from 0 to +oo and is negative elsewhere, there is only one

solution to (|1.12) which is also given by (1.10)) and the result (1.8]) is proved. 4

1.3.4 Proof of Theorem 2, part 3 (local comparison around a = T')
We fix ¢» # 1. We study the variations of %e”a around a = T. From 1) we know:

therefore
OANr+Ko ypa 2 P(t)
da 2K, ¢ B 3a<w(t)P(t+a) ’

0 — 0]
= (05 O pay )+ (PO s (P4 @) ).
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Recalling that P depends on a (as N and Ar do), we have

0 oP .
%P(t +a)= B —(t+a)+ P(t+a).

We then split the computations

;l)\pz-&[-(j(o Ara  _ <¢(t)g§(t)P(tl+a)> - <¢(t)]%(g]:(t+a) +P(t+a)>>7

1 (0P P(t) P
<¢(t)P(t +a) ( a0~ P(t +a) aatt a)> >
<¢( )PQJ(D(_: )P(t + a)>.

For a = T, the first term vanishes, and P(t + a) = P(t) i.e.,

O A+ Ko o _ _<¢(t) P(t) P(t)> = —<¢(t)P(t)>'

da 2K, P2(t) P(t)
To compute this we again make use of the ODE 1) which we multiply by %
P(t) - 2 P(t—&) —Ara
w(t)iP(t) = —App(t) — Kop(t) + 2Ko(t a)z/)(t)ip(t)
Averaging on a period we still get, for a = T,
P(t)\ _ 2 2\ —Ara
(B P ) = —Ar — Kal?) + 2Ka(u?)e "
Using (1.12)), we arrive at
P(t) N 2 2 _ 2y
VOFE) = —Ar = Kol + W0 +Ko) = An(W) - 1)
We now have the derivative at a =T,
A K
9 At Ko nea_ “Ar((?) —1). (1.13)

aa |a=T 2K0

We use here the notations N (T') for 2£ and Ap(T) = Ap(T) to recall that we are

| -
studying the local behavior of A\p and )\p around a =T, (¢ is fixed). We can directly

compute

0 Ar+ Ko 5, , et (T , Ko+ Ap(T)
— 20 A — N (T~ 4+ (N (T)T + Ap(T)) — L A (DT
e A€ e A

Therefore, using (1.8]) and (1.10]), we obtain

g )\F"’KO )\Fa:/\, (T) eAP(T)T
dal._r 2K, F 2Ky

so that, using (1.8)) and (1.13)), we have

+ T) + Ap(T),

—Ap(T)(¥?)
eAp(T)T °

Np(T) =
T+ 2Ko
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Similarly we have

—Ap(T)

eAp(T)T *
2K,

M) =
Therefore,
Ap(T)(2) 1)

A p(T)T
T + 2Ky

Thanks to corollary Ap(T) is positive. The assumption (1.5 leads to
%) -1=((-1)?) >0.

Np(T) = Np(T) =

Finally we obtain
Np(T) — Np(T) > 0, (1.14)

and the second statement of the theorem follows then immediately from (1.8) and (L.14).
O

1.4 Modeling chronotherapy

In the following we propose a model for chronotherapy by the introduction of a periodic
death rate due to the effect of a drug on our cell division cycle model.

1.4.1 Limit of single-phase division models

We consider a population of cells following a general division equation with apoptosis rate
d. As above, all coefficients are T-periodic with respect to time.

{ Dn(t,x) + Zn(t,x) + (d(t, ) + K(t,z))n(t,z) =0,
n(t,0) =2 [;° K(t,z)n(t,z)dz.
We consider the Floquet eigenproblem associated with this equation
%N(t, x) + %N(t,x) + (d(t,z) + K(t,z) + Ap)N(t,z) =0,
N(t,0) =2 [ K(t,z)N(t,z)dz,
N >0, [ [Nt a)dedt = 1.

We propose to model the effect of chronotherapy by adding a time T-periodic, age-independent
death rate 7(t) representing the effect of a drug (for instance we may consider « proportional
to the quantity of drug in the body). The cell population now follows the equation

{ %n(t,x) + %n(t,a:) + [d(t,z) + K(t,z) + v(t)]n(t,x) = 0,
n(t,0) =2 [;° K(t,x)n(t, z)dz.
The Floquet eigenproblem for this equation reads
SN(t,x) + ZNV(t,2) + (d(t, z) + K(t,z) +v(t) + Ap) NV (¢, z) = 0,
NY(t,0) =2 [[° K(t,x)N(t, x)da,

N7Y >0, T — periodic fOT fooo N7(t,z)dxdt = 1.
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Lemma 1.4.1 The Floguet eigenvalue X}, defined above satisfies
Ap=Ar = (7)-

Proof. We define ¥y = v — f s)ds. Noticing that T' is T-periodic, we define
the function M by M(t,a:) = N(t,x) I, It satisfies

SM(t,x)+ ZM(tz) + (dt,x) + K(t,2) +7(t) + Ap — (7)) M (t,2) =0,
M(t,0) =2 [;° K(t,z)
M >0, T — periodic.

M(t,x)dx,

Therefore A}, = Ap — () and up to a renormalization M = N7. 4

This result expresses that with such a simple model, chronotherapy is inefficient, since
changing the moment of administration of a drug (in symbols, changing ~(t) into (¢ + 0)
where 6 is a real number) has no effect on the growth rate. In other words, in such one-phase
models, this effects depends on (7). Only the total daily dose of the drug is relevant!

1.4.2 Using multiphase models

We now consider more realistic multiphase models. We use the additional ingredient that the
real cell division cycle is multiphasic because of the existence of checkpoints between phases
(mainly at the G1/S and G2/M transitions) at which it can be arrested if genome integrity
is not preserved. We consider a cell cycle model with I phases where I > 1 (for instance
I = 4 if we want to represent the classical phases G1-S-G2-M). We study I populations of
cells, n;(¢, ) being the density of cells of age x in phase i at time t. We use the convention
I+1=1

Zni(t, ) + Lnilt, @) + [Kimig (t, @) + di(t, 2)]ng(t, x) = 0,
n;+1(t,0) fo K1 (t, y)n(t, y)dy, 1<

ni(t,0) =2 [;° Kr—1(t,y)ni(t,y)dy,

(1.15)

n;(0,2) =nd(z) given.

Here K;_,;y1 represents the transition rate from phase i to ¢ + 1. At the end of phase I
division occurs with rate K;_,1. To be as general as possible, we have considered death rates
d; in phase i. As above, the coefficients are time T-periodic and we can consider the Floquet
eigenproblem

QNi(t,x) + iNi(t, Z‘) + [Ki—>i+1 (t,x) + di(t,$) + /\]Nl(t,x) =0,
Nit1(¢,0) fo Kiiv1(t,y)Ni(t, y)dy, 1<
Nl(tao) = 2f0 KI—)l(tvy)NI(tvy)dyv

N; >0, T — periodic, Zfol Jo" Nidadt = 1.

(1.16)

We also consider the adjoint eigenproblem
S10i(t,2) + Foi(t,2) — [Kiipa (t,2) + di(t,2) + Ny (t,2) = —Kimir19i41(t,0),
Lor(t,x) + Zor(t,x) — [Ki—1(t,z) + di(t, @) + Nos(t,2) = —2K1¢1(t,0),
¢;i >0, T —periodic, - IS Nigidadt = 1.
z (L.17)
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To model the effect of chronotherapy, we consider a cytotoxic drug acting only on a specific
phase (for instance 5-Fluorouracil acts on S-phase, see [69] for instance and the references
therein) and, as in the previous section we represent its action by an additional death rate
in phase j, v(t) (we replace in phase j d; by d; + ) . We also define eigenelements for the
modified equation (A7, N7, ¢7). We multiply the first line of (version with d; replaced
by dj +~, N; by N, and X by \7) by ¢;, and by N;. Summing over ¢ and integrating
over age and time, we obtain

1 oo 1 o]
()\—X’)Z /0 /0 N] ¢;dzdt = /0 () /0 N7 ¢;dadt. (1.18)

We shall not have here the problem encountered with one-phase models. We study the effect
of a death rate (¢t +6). We denote \*>, N5 the eigenelements associated to an additional
death rate ey(t 4 0) in phase j. We define F'(g,0) by

Jo er(t+0) [7° N5 P dwdt

F(e,0) =X -\ = ——
S Iy Joo Ny idadt

(1.19)

As we have A = A% for any 6, F(0,0) = 0. Particularly it does not depend on #. The

question is: does F'(g,0) depend on 6 for fixed £? To assess this question, we compute using

dominated convergence
OA(e, )

i FEO)
Oe =0T 0 &

1 00
0 0

Therefore if neither the function 7(.) nor the function [;° N;¢;(.,z)dx are constant (contrar-
ily to one-phase models, there are no compensating effect making fooo N;¢;(.,x)dx constant,

F(e,0)

it is not a constant function of €) and so is (at least for small €) F'(e,.). In this case the
Taylor first order approximation around 0 of \: A\(g,0) =~ A\ +¢ fol Y(t+0) [, Nj¢;dudt is
not a constant function of @ and neither is A(e, #), at least for small values of . We illustrate
this property numerically in the next section (see figure . It seems that the Taylor first
order approximation is a very good approximation of the growth rate for a reasonable range
of values of the amplitude .

see for instance the computations of the appendix), then lir% depends on 6 (we mean
E—

1.5 Numerical simulations

We illustrate the theorems proved above by several numerical simulations. We firstly present
the numerical scheme, then we give several algorithmic properties. Finally tests are pre-
sented.

1.5.1 Discretization

In our numerical simulations we consider a pure division model :
{ %ﬂ(t,ﬂ?) + %n(f,l‘) + K0¢(t)X[a,+oc[(x)n(t7x) =0,

1.21
n(t,0) = 2K (t) [ n(t, z)dz. (20

Consider time and age increments At, Az and denote by ; and ¥, the quantities x; =
KoX[a,+oo[(iAz) and ¥ = 1(kAt). Choosing first order finite differences, we obtain from
equation (1.21) the following approximation with an error of order O(|At| 4 |Az|)
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k+1 k k k
L L T k41, k+1 .
+ Ky n, =0, 1<:i:<]J
T N i i , 1<i<I,

where {0...I} is the set of all values of i to be considered in the discretization. Taking
At = Az (CFL = 1), we obtain the following compact discretization scheme:

k
k+1 _ i1 ;
Ny = T Ate gt 1<¢<1,

1.22
nEtl =2k S kmFAt. (1.22)
0<e<I

Assume v is periodic of period T > 0 and consider a grid over [0, T| x [0, I At], consisting of
squares with sides of length At = T'/Nrp, for some Ny € N (and [ large enough, particularly
IAt > a and I +1 > Np). Then, the populations at time (k 4+ 1)At for all ages in [0, IAt]
can be obtained from the corresponding populations at time kAt as follows:

n’é“ 2¢’€T0At cee 2Rk, At 29Fk At nlg

k+1 1 k

ny* TF AT Ir, 0 0 ny
= i . (1.23)

k+1 1 k

ny 0 TrAtFFIx, 0 ny

It is clear that the matrix in ([1.23) depends only on the time index k and is periodic
of period Ny. We denote M;, this matrix and the vectors respectively n* and n*t!. The
equation ([1.23) can be written nf+1 = Mynk.

1.5.2 Approximating the eigenvalue

The algorithm has already been discussed in [I03]. We recall that the growth rate is defined
as the unique real Ar such that (1.21)) admits solutions of the form N (¢, z)e*t with N > 0
and N(.,z) is periodic. We can approximate it thanks to:

Lemma 1.5.1 (Discrete Floquet theorem)
There exists a unique real X and a unique sequence of vectors (N*)pen , NF = (J\ff)
0
such that

<i<I

I
NF>0, Y M =1, (1.24)
=0
ki (N®) s  Np-periodic, (1.25)
nk,  defined by n* = N*eMAY s solution to (1.23)). (1.26)

Proof. The proof is standard and we recall it for the sake of completeness. It is based on
the Perron Frobenius theorem. First we prove uniqueness. Supposing there exists such n*,
we have

nt = Myn®,
n? = Mpn'= M Myun°,
(1.27)
nk Tt = Mynk = MyMy_y ... My Mon®, (1.28)

nNT = MNT_lMNT_2~'-M1M0nO. (129)
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We define
M= My, 1My, _2--- M My,

thus, (1.29) reads n’¥7 = Mn?.
Lemma 1.5.2 The matriz M is nonnegative and primitive (and therefore is irreducible).

Proof. The nonnegativity is obvious. To prove the primitivity, the key point is I +1 > Np
and IAt > a + 2At. For some € > 0 we have for any k, if we denote by Id; the identity

matrix of order k,
0...0 11
> pr—
Mk€< 1d, 0) eW.

Notice that W is the Wielandt matrix of order I + 1 which is known to be primitive (see
[54]). Therefore for some p, WP > 0 and thus for gNr > p,

M9 > sqNTWqNT >0,

which yields the primitivity of M, the spectral radius of which, denoted here by p is then
positive. We denote by p its spectral radius. We have p > 0.

Back to the proof of the discrete Floquet theorem, we have

NT — ANTANNT _ AT €O _ AT 0

Hence we have Min® = e*Tn0. This means that n® is a positive eigenvector of M associated
to a positive eigenvalue e*”. From the Perron-Frobenius theorem, e*” = p and n® = N0 is
the (unique) associated eigenvector. The solution is unique.

Conversely, if we know the Perron eigenvector V' and the Perron eigenvalue p of M, then the

keN
sequence (./\/ k) defined by

NO=V,
NHRHL = =AAE N Ark
satisfies (1.24),(1.25) and (1.26) for A = log(p(M)). O

For multiphase models, the idea is mainly the same. To compute p = e*” the spectral
radius of M, the power algorithm is used. It converges thanks to the primitivity of M.

1.5.3 Numerical results

First we present some numerical results to illustrate theorem We scale T = 1. We fix
the value of Ky to 2 and test various periodic function . We plot the curves

a — )\F(a/aw)v
a — Ap(a).

We recall that the eigenvalues for the Perron problem can be directly computed thanks to
lemma From theorem we know that these curves cross for z-coordinate a = T,
the second part of the theorem tells us that we expect (locally) the curve for Ag to be
above the curve for Ap for a < T and below it for a > T. We plot the curves A = Ap(a)
and A = Ap(a, ) for our functions ¢ and look at the crossing of curves around T (on the
simulations, T' = 1). We also give a more global view of Ap(a,sin) and Ap in figure
to illustrate the fact that the comparison is only local. Here, the parameters h and § are
respectively set to 3 and 0.3.
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Name of the function Formulation on the interval [0, 1] (¥?)
sq (square wave) L.8X0,1/2((t) + 0.1x[1/2,1] 1.81
Ypr (peak function) | 0.14- ht/dx[o,s1(t) + (2h — ht/0)x[s,261(t) | 1.99
Ysin (sinusoidal) 1+ 0.9 cos(27t) 1.405

Table 1.1: Functions % for the simulations

From the last part of the demonstration of theorem [1.3.1} we expect,

OAp(a, Ypr)

> 6}\1:*(0,, 1;[}9(1) > 8)\}7((1, d)sin)

da la=r

Ja la Oa lazr
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we give figure as a confirmation. Finally we give some simulations to illustrate our

remarks on chronotherapy.
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Figure 1.2: Crossing of the Perron and Floquet curves (detail) for ¢ = 1.

T T T
0.95 1.00 105 110 115
minimal age for division a

For the chronotherapy simulation we use the following parameter: we fix I = 3 (we
consider S and G2 as a single phase). The parameter v is a periodic function (with strong
variations on a period to have a stronger effect of the parameter 6 € (0,1)). We compute
the eigenvalue for a death rate in phase 2 (phase S-G2) having the value ey(t + ). We test
several value of € to determine whether or not the amplitude of the death rate changes the

relative behavior of the eigenvalue with respect to 6. The coefficients have the form:

Kiiv1(t, ) = Kihi(t)X(as,00[(2),

where K, a; are positive, 1; is a positive 1 periodic function. We give a simulation for the
case described in the appendix (a case for which we can compute explicitly fooo Noga(t, z)dx).
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—————— Perron
— Floquet
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Figure 1.3: Crossing of the Perron and Floquet curves for ) = gy

0,60

0.80 0.85 0.90 0.95 1.00 1.05 1.10 115 120

Figure 1.4: Crossing of the Perron and Floquet curves for ¢ = 1), (dash dot), ¥4, (dots)
and ¥,k (long dash).
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We fix K; = 10 for all i, a1 = 10/24, a5 = 12/24 = 0.5,a3 = 2/24, 9(t) = 1 + 0.9 cos(2nt)
and 1); defined from 1 as in the appendix. We choose 7(t) = cos®(27t). With these choices
of coefficients, we compute

/ Nags(t,z)dz = C — C’ sin(27t),
0

where C' and C’ are positive constants. Therefore, we have

)\5,0 0

lim — = C + C'sin(270).

e—0

o
153
=

04— epsilon=0.1

0.50—

/ -
g \silom 05
0.44— _—

042

Floquet eigenvalue

o o
S S
?_%

0.40
0.38
0367 epsilon=1
0.34
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0.0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0

thefa

Figure 1.5: Variation of the Floquet eigenvalue with respect to the parameter 6 for various
amplitude for fixed v and amplitude e = 0.1,0.5,1 (from left to right).

In figure we remark especially that the location of the optimal phase does not depend
on ¢ (since we have Ooptimal = i whatever the value of €) and corresponds exactly to the

value of # maximizing sin(276), i.e., minimizing fol Y(t+0) [;° Nagodadt.

1.6 Concluding remarks

The results of the present paper show that the periodic control on the transition rate K; ;41
of cell cycle models yields richer behaviors than in the case in which only the death rates d;
are subject to a periodic control [26], 27]. In particular, the inequality of [26] 27] does not
carry over. This is, to our knowledge, the first time that such results are shown -on special
cases of the control- analytically, thus confirming numerical results first shown in [26], 27].
Our results also indicate that multiphase cell proliferation models are the simplest can-
didates to represent the effects of chronotherapy. Indeed, as shown in section [1.4.1] in
single-phase models, in the simple case when only death rates d; are controlled by a peri-
odic forcing term, the growth rate A is modified by a term depending only on the average
over a period of the forcing term, so that no phase of the periodic control function can be
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relevant to account for differences in the resulting growth rate, contrary to what is observed
in chronotherapy [70]. Furthermore such multiphase models take into account the existence
of multiple checkpoints , and we know from cell cycle physiology that the minimal number
of checkpoints to consider is 2: at G1/S and G2/M.

We performed numerical and graphical results of section [L.5} on a 3-phase model with 1-
periodic control on all phase transition functions K;_,;11, where one represents chronother-
apy as a l-periodic death term ey of amplitude ¢ acting on the second phase (S/G2) only.
These preliminary computational results, in particular performed in a simple analytically
tractable case, seem to indicate that the effect of a chronotherapy on the growth rate A(e, 9)
highly depends on the amplitude € of the death rate but that the optimal phase 6 (related
to the best peak infusion phase) is independent on ¢ (see figure . In future work, we
intend to introduce also an effect of chronotherapy on the transition rates K; ;1.

From a more general point of view (i.e., independently of chronotherapeutic considera-
tions), Theorem analytically shows, at least in the single-phase case, that under the
control of a periodic function exerting its influence on cell division, a selective advantage
is given to those cells that are able to divide with a cell cycle duration slightly lower than
the control function period. But, as numerically illustrated on Fig. this cell cycle du-
ration should be not too much lower than the control period, or else the advantage is lost.
This leads to a biological speculation (or prediction): in a population of proliferating cells
with variable cycle duration times, all being under the control of a common 24 h-periodic
circadian clock, those cells that are well controlled by the clock, and endowed with a cycle
duration between say 21 h and 23 h should quickly outnumber the others. Hence in prolif-
erating healthy tissues (fast renewing tissues such as gut or bone marrow), an intrinsic cell
cycle time of 21 to 23 h should be observed (if such an observation is possible).

Now to explain the initial tumour growth data that first motivated this study, we can
speculate in the following way: tumour cells are less sensitive than healthy cells to circadian
clock control (indeed it is known from chronotherapeutics in oncology that “in contrast with
consistent rhythmic changes in drug tolerability mechanisms in host tissues, tumour rhythms
appear heterogeneous with regard to clock gene expression and rhythm in pharmacology
determinants as a function of tumour type and stage”[7(]), so that their proliferation is more
likely to be governed by a simple Perron eigenvalue rather than by one of the Floquet type.
Tumour surrounding healthy cells and host immune cells, in contrast with tumour cells, are
still under circadian control and they may thus have a selective advantage over cancer cells as
long as this circadian control is present. Circadian clock disruption by perturbed light-dark
cycle destroys this advantage, and these perturbed host cells oppose in a less efficient way
local tissue invasion by cancer cells, hence the resulting curves shown in the introduction. Of
course such speculation remains to be documented (in particular by investigating differential
circadian clock control on proliferation in tumour and healthy tissues), but this is our best
explanation so far for this phenomenon.

1.6.1 Existence theory for A

This part is dedicated to the demonstration of the existence of the Floquet eigenvalue.
Particularly, we try to prove it under general hypothesis on the periodic function 1. For
instance, a short adaptation of the demonstration given in [82] would be sufficient for the
case of a positive continuous periodic function 1, but one would like to have the possibility
of studying non smooth functions such as a square wave (which for instance could have value
1 during the day and 0 during the night). We give a proof of the existence of the Floquet
eigenvalue in the one-phase model. It can easily be adapted for a multiphase-model with
out death rates where the coefficients would have the form K;_,;41 = K;1; (t)X[ai,+oo[ with
the same hypothesis on the functions ;. We prove here existence of a solution to three
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eigenproblems: the direct eigenproblem
DN(t,2) + e (,2) + A+ K(E)X{a 1o ()N () = 0,
N(t,0) = 2Kvy(t) [ N(t, z)dz, (1.30)
N >0, Jo° Ndz =1,

the dual eigenproblem

{ 76}(,25(75,.%) - 8I¢(t7x) + ()‘ + Kw(t)X[a,+oo[(x))¢(ta :C) = QKw(t)X[a,oo[(x)gﬁ(t?O)v

¢ >0, fooo Nodx =1,
(1.31)
and the delay differential equation

P(t) = —(Kt(t) + N P(t) + 2Ke *)(t —a)P(t —a), P >0, /1 Pt)dt =1. (1.32)

We give a normalization for P to ensure uniqueness.

Theorem 1.6.1 For any positive T-periodic bounded function ¢ # 0, a > 0 here exists a
unique A\, N, ¢, P such that P > 0 is solution to (@ and N > 0 is solution to @ (N >0

if 1 is positive).

The proof is based on the Krein-Rutman theorem (see [32] for instance). We consider a
T-periodic nonnegative bounded function 1 # 0. We adapt the proof from [82] to our case.
First, using the methods of characteristics for the partial differential equations, we reduce the
eigenproblems to integral equations on N(¢,0), ¢(¢,0) and P. We consider three operators
depending on a parameter u. For a bounded T-periodic function M, we define N; = £;(M)
by

M) = 2K / Yt — z)e rem KIS v0=et9)ds Af(4 — 3 d, (1.33)
No(t) = QK/ P(t)e ro KIS el=ats)ds Af(p — g)d, (1.34)
Ns(t) = 2K / Yt 4 z)e He KT VEEd A (¢ 4 3 d. (1.35)

These operators are defined such that for = A, we get,

Pt) = Li(P)(),
N(t,0) = La(N(.0))(1),
¢(t70) = £3(¢<70))(t)

This means that the functions should be nonnegative eigenvectors of these three operators
associated to the eigenvalue 1.

Lemma 1.6.2 For u >0,
o L; maps Lp3,(0,T) into itself,

e L1, L3 are continuous compact operators on Cpe,(0,T),

e L1, L3 are strongly positive and Lo is nonnegative (strongly positive if ¥ > 0).
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Proof. For M bounded, one has, since for z > a, [ ¢(t)dt < () (z — a) + [[¢]|T,

. %]l Kjjgller _
1Li(M)oe <2 @) [Mlloe = ClIM]loo-

For continuity and compactness we only explicit the proof for i = 1, the case i = 3 is very
similar. We consider M continuous and h small,

Ni(t+h)

2K/ Yt + h — g)e re KT vEth=ats)ds Af(p 4 p — ) der,
a
o0
= 2K/ Y(t — a)e P =K [T ek s)ds Ay (¢ — 1) da,
a—h
= 2K/ Yt — a:)e_“(g”h)_Kf;M vt—a+s)ds \f(t — g)da
a—h

+ 2K / Wt — @)e M=K [T pl—et9)ds pg (4 ) dg,
= Ah
+ 2K /OO P(t — x)ero K [T vlt-ats)ds <e—”h—Kfoh' w(tts)ds _ 1) M(t — z)dx

+ 2K /OO Pt — x)e_”x_Kf: w(t_“'s)ds/\/l(t — x)dz,
= A +th + N1 ().
We have bounds on Ay and By,
[An| < 2K (|4 Ml[ocr,

[ Bil < K[[¢[lschlNilloo < CK|l)]lo0 M [sch-

Therefore, using ,, we obtain the continuity and the compactness of operator
L. Using the same techniques we can prove continuity and compactness of operator Ls.
The operator Lo needs regularity on % to be compact (and continuous). All these operators
are positive. We can apply the Krein-Rutman theorem (weak form [32]). We denote p1, p3
the spectral radii of respectively L1, L3. They are positive (since £(1) > & > 0, p1 > ¢€), so
are the associated nonnegative eigenfunctions. If M (t) = 0, then

Yt —z)My(t —x) =0, for = > a,
which leads to Yy M; = 0 and p; M7 = 0.Therefore M; and similarly M3 can not vanish.

Lemma 1.6.3 We have
Lo(YpM1) = prop M,

P1 = P3-

Proof. The first point is a straightforward computation. The second point uses the duality
of operators Lo and L3,

T T
/0 LolMy) (1), Ms(t)dt = / () My (£)L5(Ms ) (1)t

T T
o / POMOMsBdE = ps / B (8 M ()M (8)dt.
0 0
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The existence of a solution to (|1.9) is equivalent to the existence of a positive fixed point of
L for g = )\, therefore, we need to find p such that p;(u) = 1. For u = 0, we have

L3(1) =2.

Therefore p;(0) = 2. As p is a decreasing function of p and p;(c0) = 0, there exists some
positive A such that p1(A) = 1. The solution to (1.9)) is then given by such A and P = M;.
Then, the function N defined N (¢,0) = ¢(t)M;(t) and the characteristics

N(t2) = N(t — ,0)e— =) Kilt=at5)x(o,(s)ds

)

is solution to ([1.6)). We remark then, as A > 0, that N(¢,00) = 0. Similarly, we define ¢ by
B(t, ) = / Kt + 4 = )Xol (1) D(t + y — 2, 0)e ™ I ATEVIFTOXG0 (s gy
This is a solution to (1.31)).

1.6.2 Explicit solutions for the multiphase eigenproblem

In the following T = 1.

We give here explicit solutions to the eigenproblem in the multiple phases case. We do
not give details for the demonstration. We consider a 3 phase model without death terms,
where the transition terms have the form:

Kiip1(t, ) = Kihi(t)X[as,00[(T)-

Here, 1; is a positive 1-periodic function satisfying (1;) = 1. We consider the following very
specific case: we choose a1, as, a3 > 0 such that a; + as + a3 = 1, and we choose ¥; in the
following way, for a fixed positive 1-periodic function 1,

PYa(t) = P(t—az),
Y3(t) = P(t—a2—a3z).

To explain the form of the coefficients, we make the following remark: if we denote P;(t) =
[ Ni(t, z)dx (the same idea as for the one phase model), the 1-periodic functions P; satisfies
a éystem of delay differential equations and since a; + as + az = 1, the 1-periodic functions
Q; defined by Q1(t) = P1(t), Q2(t) = Pa(t + a2), Qs(t) = Ps(t + a2 + a3) satisfy a system of
ordinary differential equations.

d Q1(t) Ki(t) + A 0 —2K3e r4q)(t) Q1(t)
o7 Qa2(t) | = | —Kie22y(t)  Kop(t) + A 0 Q2(t)
Qs(t) 0 —Kaye 23ah(t)  Kath(t) + A Qs(t)

We denote M (t) the above matrix. Due to the special form of the functions ;, we have
Mt)M(t') = M(t')M(t), for all ¢,t'. Therefore we can write

Q) = e [ Ms)as) Q)

The vector Q(t) is 1-periodic, thus, Q(0) has to be a positive eigenvector of exp(fo1 M(s)ds)

associated to the eigenvalue 1. The matrix exp( fol M (s)ds) has eigenvalue 1 if and only if

(K1 + N (K + A\)(K3 + \) — 2K Ky Kze~Mataztas) — (1.36)
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This leads to Q;(t) = e*/o ¥(9)45Q,(0), where as in section 3, ¥(s) = 1h(s) — 1 and Q(0) is
a positive vector satisfying fol M(s)dsQ(0) = 0. Then, we can compute P;(t) and N;(t,0).
Finally, using the methods of characteristics, the eigenfunctions N; are given, up to a nor-
malization, by

Ni(t,x) = 2K3Usp(t +ar — x)e)‘fot_”al P(s)ds—Aa— [ Klw(t—ﬂﬂ"‘s)xlab“[(s)ds,
No(t, ) = K U (t — x)er o " P(&)ds—Ao— [ Kat(t—ats—a2)X(az 00((s)ds

N3(t, q;) _ K2U2,(/)(t oy x)@)\ j-Ot—:tfa2 @(s)ds—kz_j'oz K3q/;(t—z+s—a2—a3)x[a3Yoo[(s)ds,

where
Uy 1
U . Kye o2
e I By =52
1
3 2Kae— a1

The adjoint eigenfunctions are given by the formulas

¢1 (t, J)) _ e—)\fotiazfagimin(z’al)(1/)(5)—1)ds+)\ min(m,al)‘/17
t—min(z,ag) ) .
bo(t,z) = e~ o ' (¥(s)—1)ds+Amin(z,02) Y7,
t—ag—min(xz,ag) .
¢3(t, IL') _ 67)\ fo 2 37 (¢ (s)—1)ds+A mln(x,ag)‘/g’
where
Vi 1
Ki+X
‘/2 - Kle*x‘ll
2K3e "3
Vé Igs-i-/\

Basically, the ideas for the computations of ¢; are the same, based on the following remark,
as

¢i (t, aj) = / Ki—>i+l(t + Y, T + y)¢l+1(t + Y, 0)6_ foy A+Ki—>i+1(t+y/7m+y’)dy/dy’
0
(with a factor 2 for i = 3), we have ¢;(t,z) = ¢, a;) for a > a;. This leads to a dif-

ferential equation for ¢;(t,0). Details are left to the reader. In this case, we compute
IS Ni(t,2)¢i(t, x)dz. As we have ¢;(t, x) = ¢;(t, a;) for > a;,

Nitta)o(t.addo = [ Nt a)outt e + ot [ Nittod.
0 0 ai
We have
/ Ni(t,z)p(t,x) = (K +N)er™ / Y(t — 2+ ar)dx + Uy Vier®™,
0 0
/ Ny(t,x)po(t,x)de = (Ki+A)e ™ / U(t — x)dx + UsVae ®?,
0 0
[e%e} as
/ Na(t,z)ps(t,x)de = (K + \)er® / Y(t — ay — x)dx + UsVze s,
0 0

Particularly, in this case, [~ N;¢dx is not always constant. We denote ¥(t) = fg (¥(s)—1)ds,
it is a 1 periodic function. We also denote C; = U;V;e*,C = (K7 + )\)e)““, both these
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constants are positive,

/ TNt a)ei(ta) = Clan+U(t) — Ut +ar)) + O,
0

C(CLQ =+ \If(t — ag) — \I/(t)) =+ Cg,

/O ¥ Nt 2)ba(t, 2)

O(as + \I/(t + al) — \If(t — ag)) + Cs.

/O " Nyt 2) s (£ 2)da

For instance, using the parameters of the simulation, we have, ¥(t) = % sin(27t), as = 0.5,

/ Nopo(t, z)dx = (Cag + Cy) — 20? sin(2wt) = C' — C4 sin(27t),
0 0

1 oo 1 1
/ Y(t+0) / Nopo(t, x)dx = C'/ cos® (27 (t 4 0))dt — / cos® (27 (t 4 0)) sin(2nt)dt,
0 0 0 0
a short computation leads to

5

1 3 15
~(t) = 3 cos(67t) + 2 cos(4nt) + 32 cos(2nt) + I

therefore,
1 00
/ y(t + 9)/ Nogo(t, z)dw = C" — CY sin(270),
0 0
where C" > C§ > 0. Therefore, in this particular case, we find that

)\879 _ )\0
lim — = Y sin(2m6) — C".
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Chapitre 2

Monotonie et asymptotique de
la valeur propre de Floquet

Le travail présenté ici a été effectué en collaboration avec Stéphane
Gaubert. Le but original était uniquement de déterminer le comportement
asymptotique de la valeur propre de Floquet dans des cas dégénérés. En
cherchant a prouver les théoremes de la seconde partie, la nécessité s’est
fait sentir de prouver des propriétés de monotonie des équations de divi-
sion par rapport au taux de division. La non-stationnarité des coefficients
s’est avéré pouvoir produire des contre exemples a cette propriété. L’outil
introduit pour prouver des conditions suffisantes de monotonie a alors
permis d’établir une preuve des résultats asymptotique, en examinant le
systeme d’un point de vue trajectoriel.

2.1 Introduction

Periodicity in populations dynamics The introduction of time periodicity has been
quite early studied in population dynamics for describing the seasonal rhythms or cyclic
actions. For instance, one can think of the optimal harvesting problem, the spread of
diseases transmitted by mosquitoes. Periodicity may also be introduced for modelling a
cyclic action on a system which dynamics is not necessarily periodic but can be sensitive
to some periodic forcing (see recently [9]). More recently, periodicity appeared also to be
relevant at a smaller scale for cell population dynamics, especially in cancer modelling, either
by taking advantage of the difference of characteristic times of cancerous and healthy cells for
(this is the guideline of resonance therapy [37]) or looking at the importance of the sensitivity
of healthy cells to external 24-h rhythms (also called circadian rhythms), both for cancer
incidence and cancer therapy (chronotherapy). This motivates a big interest on equations
with periodic forcing in population dynamics. The introduction of time periodicity in linear
models gives rise to a generalization of Floquet theory for ordinary differential equation and
a study of eigenelements of the corresponding equations (see [38], 82] for instance).

43
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The model We consider the renewal-division equation for a population of cells structured
in age x described by the density n(t, x), following the pure division model

on  On
Bt + o + K(t,z)n(t,x) =0,
n(t,0) = 2 [ K(t,z)n(t, )dz, (2.1)

n(0,z) = n(x) given.

The dynamics of a population is governed by its first (Floquet) eigenvalue A and the
associated eigenvectors N, ¢. The former is the solution of the eigenproblem

ON ON
Eﬁ-%ﬂ-(K(t,x)-i-)\)N(t,x) —0,

N(t,0) =2 [° K(t,z)N(t,z)dz, (2.2)
N >0, T — periodic, N #0.

whereas the latter is the solution of the adjoint eigenproblem

¢ >0, T — periodic.

We normalize first the eigenvector N by

/ ' / " N(s, 2)dsdz =1 (2.4)

and then, the adjoint eigenvector ¢, by requiring
/ Nt 2)o(t,2)de =1, Wt (2.5)
0

(the latter integral is easily seen to be independent of t).

The importance of this eigenvalue can be illustrated through the General Relative Entropy
theory. We refer the reader to [02}[82] for more background. In particular, the quantity ne=*!
satisfies a kind of conservation law

/O ol 2)e Mot z)de /O (0, 2)6(0, 2)dz, (2.6)

(and for any integer p, fooo n(pT, z)$(0, z)dx = eP T fooo n(0,z)¢(0, x)dz, due to the period-
icity of ¢). We also have the following inequality

d oo

— In(t,z)e * — pN(t,z)|o(t, z)dx < 0, (2.7)
dt J,

where p = fooc n(0,z)$(0, x)dx. Actually, the latter integral is known to converge to zero as
t — oo[82].

Main results The purpose of the paper is to derive the asymptotics of the growth
rate when the division becomes instantaneous, meaning that in the expression K(¢,x) =
K1(t)B(2)1[4 4o0[(z) of the division rate, the parameter K tends to oo.

For that purpose, we study the monotonicity of the eigenvalue A\p with respect to the
division coefficient K (t,x). Surprisingly, increasing K(.,.) is not always a benefit for the
growth population.
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Theorem 2.1.1 There exists configurations such that
Y(t,x), 0 < K'(t,z) < K*(t,x),
and the corresponding eigenvalues satisfy
A > AF.

We give an explicit counterexample. However, the following theorem identifies a subclass of
transition rates for which the Floquet eigenvalue is a monotone function of the transition
rate.

Theorem 2.1.2 If K satisfies
t
v / K'(s,s — v)ds is nondecreasing for any t,
v

then for all K? >0,
(Y(t, o) K*(t,x) > K'(t,x)) = A= Ap,
(V(t,2)K*(t,z) < K'(t,z)) = Ap < Ap.

A typical division rate may have the form K(t,z) = Kv(t)B(2)lj4 too(7), where T, o
denotes the indicator function of the set [a,00[. Equation represents the aging and
division of cells. Due to the structure of K, cells can only divide after age a. Then, the
division rate is determined in particular by a periodic function (), which models the
circadian control. The period T represents one day.

The function B is assumed to be bounded, positive, of infinite integral,

Be L*[R%), B>0, B = +00 (2.8)
R+

We shall also need the technical condition

B —B-——0in L (RT), (2.9)

where 7, B(z) = B(x + h) if z + h > 0, 0 otherwise, which is used for the existence theory
for the Floquet eigenvalue (see the appendix). The reader should keep in mind for instance
that this is satisfied if B is continuous or BV|,c.

When inf4 > 0, the intuition predicts that the growth rate goes to the limit log2/a,
because every cell will divide shortly after reaching age a when the parameter K is large.
Our first result shows that this is the case.

Theorem 2.1.3 Suppose that 1 is a bounded T-periodic function with inf > 0, and that
B is a positive bounded function satisfying (2.8)),(2.9). Then, for all K > 0,

0 <Ap(K)< loga@), (2.10)
and

. log(2)

Jim Ap(K) = 2= (2.11)

When 9 vanishes, we show that complex synchronization phenomena appear. We shall
assume typically that ¢ has a square wave shape, i.e., that ¢ is a T-periodic function such

that, for some 0 < 7 < T,
1 fortel0,71)
t) = . 2.12
V) {O fort € [1,T) (2:12)
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Theorem 2.1.4 (Discrete limit) Suppose that the division rate is given by K(t,x) =
Kip(t)1q,00) (), where ¢ is given by . Denote W, = [1,T] + NT and

Nya = min W, N Na,
then the limit of A (a) when K — o0 is given by

A®(a) = fozv/ﬂT (2.13)

Moreover, we have the estimate

A% (a,7) > N (a,7) > A(a) (1 +log(1 — e K@) = A% (a)(1 — e K@) 4 o(e=Kr(@))),
(2.14)
with 0 < r(a) < [Nea/T|T — Nya if [Nea/T1T — Nya > 0.

The formula is derived intuitively in Section by introducing a simple discrete dy-
namical system, equipped with a multiplicative functional, the asymptotic geometric mean
of which yields A>(a). The existence of such a simple asymptotic formula reflects the fact
that the Perron-Frobenius operator describing the evolution of the population degenerates
as K — oco. The rate of convergence r(a) appears naturally throughout the proof of con-
vergence. One can remark a particular case where the formula can be rewritten in terms of
integer parts. If 7/T < 1/2, and 0 < a = pT + b where p € N and 0 < b < T, then, we have

oo () — _ 10/7]
A (a)—mlogl

When ¢ vanishes, we may consider ¥(t) := ¢(¢t) + &, with € > 0, and define the growth
rate A(e, K) with an obvious notation. A comparison of the previous theorems shows that
the limits in K and € do not commute

18 _ i lim A(e,K) # lim lim A(e, K) = \*(a) .

a e—0 K—o —00 e—0

2.2 Monotonicity with respect to the division rate

We first focus on the question of the monotonicity of the Floquet eigenvalue with respect to
the division rate. We begin with a counter example.

2.2.1 A counterexample

We next show that increasing the division rate may decrease the growth rate of the popula-
tion. It will be convenient to write

X(t) = Tp,a)4z(t)
for some « € (0,1). We assume that the division rate is of the form
K(tx) = x(t = 2) K1 (t) + (1 = x(t — 2)) K5 (1)
Thus,

e when an individual is born in [0, «[+Z, then the next division occurs with a rate K,

e when an individual is born in [a, 1[+7Z, then the next division occurs with a rate Ko,
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since with the characteristics, one can read this as:

n(t, z) = n(t —x,0)e” fol: Ki(tts)ds if t—azel0,a[+Z,
T n(t — x,0)e Jo Kaltrs)ds) if t—a e o, 1[+Z.

We may give some intuitive interpretation: we can for instance consider that x = 1 during
the day and x = 0 during the night. Being born during the night or the day influences the
behaviour. One could then consider that there are actually two subpopulations correspond-
ing respectively to individuals born in [0, «[+Z (the day), and individuals born in [«, 1[+Z
(the night). We have

ny(t, ) = n(t, z)x(t — ), na(t,x) = n(t,z)(1 — x(t — x)).
They satisfy the equations:

Oinq + Ognq + Kl(t)n

Oino + Ogna —|—K2( )

ni(t,0) = 2x(t) [;° (K m (t,z) + Ko(t)na(t, z))dz,
na(t, 0) =2(1 - x(1)) J, (K1 (t)na(t,x) + Ko (t)no(t, z))da,

which leads to the following system of ODEs: if P; = [~ n;(t, z)dx,
d( P\ _ [ G- DE) 2K () P
i ( P, ) = ( (2 - 2(0)K1(t) (1 - 2x(1)Ka(0) ) ( P, )

_ [ (2x() — 1)Ka(t) 2x () Ka(t)
v =( G aied o Sosan )

In order to simplify the computations, we choose K7, K5 of the special form
Ki(t) = aix(t) + b1(1 — x(t)),  Ka(t) = azx(t) + b2(1 — x(¢)),
and the coefficients a;, b; are constant. With this form of the coefficients, we obtain
_ aq 2(12 71)1 0
e =xo( 22 ) ra-xo( g )
An important point here, still with the above interpretation is the following: as and by could

be considered here in some sense as transition coefficients between populations n, and ns.
We let the reader check that

(a2 (1 -1 a0 1 e
M“‘(O —cm)‘(o “z?;;l)<0 _@)(o e
- 0 bl+b2 0 —b 0 2by 0

My={ g, 4, )= 2 e B T
1 2 1 1 2 b1+b2 1

Since the linear dynamics M (t) switches between the dynamics M, (which is exercised
during the interval [0, «)) and M, (during the interval [a, 1)), we get:

(Al) ) = e - ammesai) (o).

Using the above diagonalization, we compute

we denote

aal

. 001 _g—aag
exp(aM,) = 0 e—a&jgaz
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al

al

bl

bl

al b2 al

Figure 2.1: Values of K

e—(l—a)bl 0
eXp((l — Oé)Mb) = %, o(1—a)by _,—(1—a)by (1=a)bs .

b1+b2
To make it simpler, we fix @ = 2. We let the reader check that denoting R = exp(% M) exp(3M,),
we have
ay—ag+bg—b ay—b by —a aob b —b a —a
det(R):e1 . 1, TT(R):€121+6222+4 271 F ez ) (e T —e T

(a1 + az2)(by + b2) S

The spectral radius p(ai, ag, b1, bs) is given by

Tr(R) + /Tr(R)? — 4det(R)
2 )

,0(6117a2ab17b2) =

and is a continuous function of the coefficients. It is straightforward to see that p(10,0.1,0,0) =
e® and that

by—0.1 0.1
10,0.1, 00, by) = 4
p(10,0.1, 00,bp) = e 7= + (10.1)

e%(eg

—e 7)< eP2/2(0.96 + 5.84).

We may choose by small enough so that ¢®2/2(0.96 + 5.84) < % Then, p(10,0.1,0,0) >
p(10,0.1,00,b2). By the definition of the latter quantity, we can find b; > 0 such that
0(10,0.1,0,0) > p(10,0.1,by, by). Then, by continuity of p, we can find small enough parame-
ters b} and bj, which may chosen less than by and by, respectively, such that p(10, 0.1, b}, b5) >
p(10,0.1,b1,b2). It follows that p is not nondecreasing.

We give a numerical illustration of this phenomenon.

Remark 2.2.1 The system does not enter the framework considered in Appendiz for the
existence of the Floquet eigenvalue. However we did study its behaviour through the study of
the spectral radius of R since there exists an adjoint positive eigenvector to M (t) thanks to
Floquet theory,

_%((bl ¢2)+>\(¢1 ¢2)+(¢1 9252)]\4@):07

and we have
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45: \
40{ \
35i
30;
25;

20 T

Figure 2.2: Growth exponent as a function of b when a; = 10,a2 = 0.1,by = 0.01,a = 0.5.
In this case, increasing b, (and that way increasing the division rate K) might decrease the
growth exponent

which can be read as, denoting ¢(t,x) = ¢1(t)x(t — x) + d2(t)(1 — x(t — x)),

d oo oo
&/0 n(t,z)o(t, x)dm:)\/o n(t,z)o(t, x)dz,

It is straightforward to check that if all the a;; are positive, so are ¢1, 2. In this case, there
exists M > m > 0 such that m < ¢(t,z) < M, and therefore,

me“/nodx < /n(t,m)dw < Me’\t/nodx.

The eigenvalue \ determinates the behaviour of the solutions.

2.2.2 A sufficient condition for monotonicity

To avoid the situation of the above counterexample, we need to forbid the situation of
7birthday penalty”. We introduce the following condition on the division coefficient:

t
(t,v) — / K(s,s —v)ds is nonincreasing in v. (2.15)

We can notice that this condition is fulfilled when K depends only on one of the two variables
t and x. It is also fulfilled if for any ¢, K (¢,.) is a nondecreasing function (and particularly,
in the case of separated variables K (t,2) = 1(¢)B(z) when B is nondecreasing).

Theorem 2.2.2 Provided K' or K? satisfies and K' > K2, then, for any n® €
LY(R,), if we denote n' the solution of with K = K*, we have, for any t > 0,

/ nl(t,x)d:rz/ n?(t, z)d.
0 0

Proof. We consider the following system of PDE:
8tni + 8xn1 + K(t, CL’)TLZ = 0, ) Z 0,

ma(t.0) = [ K(t. ot a)de, (2.16)

no(t =0,2) = n’(x), ni(t=0,2) =0, fori>1.
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We check easily that n = Y 2'n, is the solution to (2.1) and as before, we denote (n});,
(resp. (n?);) the solution to (2.16) with K = K* (resp. K = K?). We introduce also the

quantity S;:
Z/ nZ t x

>7

A short computation leads to

/Oo n(t,z)dx = So(t) + i 20718 (t)
0 =

Lemma 2.2.3 We have

o So(t) = So(0) = [y n°(x)da,

o Si(t) = [;Tn0(2)(1 — e~ Jo Klwte)de) g,

o S;(t) zfvt oMi—1(v,0)(1 —e™ Jo " K(vts.s)ds) dv—fo nj—1(v,0)P(t,v)dv for j > 2.
Proof. It is straightforward to show that for any j,

d

t
£Sj(t) =n,(t,0) and therefore, S;(t) = / nj(u,0)du
0

This leads immediately to the first statement (V¢ > 0,m0(¢,0) = 0). For the second state-
ment, we use the characteristics:

no(t,z) =0, ifz<t, no(t,x) = n’(x —t)e” Jo Kso—tts)ds — jf 0 > ¢,

Therefore, we have

/ / K u .13 m u>e Jo K(s,z— u+s)dsd$du _/ / K u u+m ( ) -J K(s,ac-&-s)dsdxdu7

S1(t) =/ / K(u,u+x)e” Jo" K (sszt9)ds gy g —/ n(z)(1 —e = Jo K(s, wt8)ds) gy
0 0

which is the second statement. We consider now j > 2. Again, using the characteristics, we
obtain

t u . : ‘ .
t) = / / K(u, aj)nj_l(u—g;, 0)67 IS K(“71+575)d5d$du _ / K(u’ x)nj_1(u—x, 0)67 fs K(U71+S7s)d8dud$.

=0 Ju=x

t t—x t t—v
t) = / K (v4a, x)nj_1(v,0)e” Jo K@Tss)ds gy gy — / TLj_l(U,O)/ K(v+z, x)e o KWtss)ds oy,
=0 Jv=0 v=0 =

which leads to the third statement.
We prove now the lemma implying theorem [2.2.2

Lemma 2.2.4 Suppose K' satisfies , then
o if K> K', then Vt,j S2(t) > Sj(t),

o if K*? <K', then Wt,j S3(t) < Sj(t).
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Proof. The proof is performed by induction on j. We remind the notation introduced in
lemma
Pk(t,v) =(1-e" o VK" (vts, S)ds)

It is straightforward thanks to Lemma to check that it is satisfied for j = 0,1. We use
for heredity the following computation for j > 2:

Si(t)—S3(t) = fo 0)PL(t,v)dv — fo (v,0)P%(t,v)dv,
= (n;,l(v,()) —n2_;(v,0))P'(t,0) dv+f0 (v,0)(P(t,v) — P2(t,v))dv,
= [(S}_1(v) = S7_1 () PH(t,0)]5 = fy (S =83 () &Pt v)
+ n§_1(v, 0)(P(t,v) — P?(m))dv,
=~ [3(s] — 821 ()L P(t,v) + [ n2_ 1 (v,0)(P(t,v) — P2(t,v))dv.

The condition (2.15) ensures the nonnegativity of d P1 (t,v), we can then conclude since, it
is straightforward that K2 > K' implies P? > P1

2.3 Asymptotics of the growth rate

2.3.1 When both vy and B are positive: proof of theorem [2.1.3

Under conditions we can define as in ([2.1) for K > 0, the Floquet eigenvalue Ap(K)
O NK(42) + ZNK(42) + A (K) + KOO B@) g e (2) N (1,2) = 0,
NE(t,0) = 2K (t) [ B(x)NE (¢, 2)da, (2.17)
NX > 0, T-periodic.

and we normalize NX by

/T /Oo NE(t,z)dzdt = 1, (2.18)

Proof. We introduce the stationary eigenvalues A%, and A\(K) associated respectively to
division coefficients K min(¢)B(x) and K max(¢)B(x). As we have obviously

K min()B(z) < K(t)B(x) < K max(1)B(x),

we have using the monotonicity property,

AMEK) < Ar(K) < MK). (2.19)
On the other hand, we have,
2 /OO K Hlln(d))B(g;)efé(K)memln(w) J; B(y)dy — 17
oo —
2/ K max () B(z)e MOwr—Kmax(¥) [7 Bly)dy  — 1

hence,
1< e_x(K)“Z/ K max(¢)B(z)e K max(®) [ Blw)dy 2~ AK)a,
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therefore A\(K) < @ which leads to the inequality. On the other hand from integration
by parts,

1 = 9 2(K)a +A(K) /00 o~ AK)o—K min(y) [ 7 By)dy gy

a

using dominated convergence, as A\(K) is bounded we have

)
o~ AE)z— K min(y) [ By)dy g, 0
a K—+4o00

and finally
—AM(K)a N
2e n 1

which gives (2.11)) and concludes the proof of the theorem.
We give a numerical illustration of this theorem in figure in the particular case B =

)

ll[a,JrOO['

2.3.2 When ¢ can vanish: proof of theorem [2.1.4

When ¢ can vanish, the conclusion of Theorem fails; its proofs uses strongly that
min(¢) > 0. Here we show that much more complicated behaviours appear. For instance
the limits K — +o0o0 and ¢ — 0 (locally) do not commute!

Intuitive derivation of the formula

We consider the original PDE ({2.1)), with d = 0, (we scale T' = 1, in all what follows)

%n(t,x) + a%n(t,x) + Ktp(t)Njg 00 (x)n(t, ) =0,
{ n(t,0) = 2K (t) [ n(t, z)dz. (220
where 1) is a 1-periodic square wave, such that if [t] is the integer part of ¢,
<7< %, =t N -((t = [t]). (2.21)

We want to derive the limit of the growth rate A when K — +oo (within this section, A
denotes the Floquet eigenvalue A\p(K)(a,)). Intuitively, whenever the cell is old enough in
the cycle (z > a)) and the time is favorable (0 < ¢t — [t] < 7) division occurs. The idea is
to consider that at time ¢ = 0, we have only cells of age 0 (n(0,.) = dy) we want to know if
for some integer N we have n(N,.) = udo for some p > 0, if this is the case, the limit of the
growth rate A*° should be k’%.

If we start from age 0 then, a division should occur at any a,2a...ka as long as all these
time are favorable. When, for the first time, we reach a possible division N,a time that
is not favorable, then the corresponding division occurs later, namely at the next period :
[Nya] (where [.] denotes the upper integer part. Then, at [N,a] the population divides
(for the NI time) and we have n([Nya],.) = 2MVa8y. Therefore, we expect

oo N
A% (a)[Naal _ 9Na 00 - ? _ log 2.
e , A%(a) Noa] og
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division possible division impossille

48, 46,

e

123, 25,

T e I |
1

time

Figure 2.3: Example of the derivation of the formula. Here 2a < 7 < 3a < 1 and we obtain
n(1,.) = 8n(0,.). Hence we expect A (a) = 3log(2)

Preliminaries: properties of A> and sketch of the proof

Lemma 2.3.1 For fived 7, the limit I(a) = limg .., \¥(a) satisfy the following properties:

l(a) = sup ¥ (a),
K>0

a— I(a),

is nondecreasing and rightcontinuous.

We already proved the monotonicity of the eigenvalue with respect to the division rate in
our case, we can state the following properties. Since A¥ (a) < log2/a, we have always, since
A (a) is increasing with K,
A¥(a) = sup \¥(a).
K>0
Furthermore, since for any fixed K, A% (a) is nonincreasing with a, so is I(a). Finally, since
for any fixed K > 0, AX(a) is continuous with respect to a, I(a) (seen as the supremum
of lower semi continuous functions) is lower semi continuous. Combined with monotonicity,
this leads to the very convenient property:
Ya > 0, l(a) =liminfl(z) = lim I(a).

T—a r—a+0

That is, [(a) = limg o, A% (a) is rightcontinuous!
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Lemma 2.3.2 For any 7 , A\> defined as in theoren{2.1.]] is rightcontinuous,
Proof. We remind the definition of A>°. Given the set W, = [r,1] + N, we denote

Nga =inf W, NNa = f(a), AX°(a)= No __ f(a) log 2.

[Naa] — alf(a)]

We want to investigate the rightcontinuity of this function. It is sufficient to prove that

f(a)
[f(a)]’

is rightcontinuous. If g(a) # 1, this means that f(a) # [f(a)], and therefore, for ¢ > 0
small enough, we can have f(a+¢) = f(a), and thereby g(a+¢) = g(a), which leads to the
rightcontinuity of g at a. If g(a) = 1, then, choosing & > 0 small enough, we can have f(a)
arbitrary large, and thereby g(a) arbitrary close to 1.

With this property, we can skip singularities: if we prove that lim AX and A> coincide if
a ¢ Q, then we can prove using rightcontinuity that they actually coincide everywhere.

We give here also a few hints to understand the proof. A point is important: if 7 > %, we
complete the heuristic showing that for any initial data the population is multiplied exactly
by 2N after time [N,a]. The proof is divided into a few steps:

gla) =

e prove that the limit is an upper bound for A% (a),
e fix 7 and choose a, such that there is no "singularities” (typically N,a € N),

e consider the generational formulation of the division equation with initial data N (0, z)
and show that at time [N,a] ™almost everybody” (where almost will be quantified in
terms of 1 — ¢ type) has reached generation N,.

e fill the "*blanks” using rightcontinuity.

2.3.3 Upper bound on \¥

The fact that the limit is an upper bound is actually a direct consequence of the derivation
of the formula. The heuristic gives in fact the earliest possible times for division. It is here
convenient to use the generational reformulation of the division equation in order to derive
A>°(a) as an upper bound. Let a > 0,7 €]0,1[, K > 0 be fixed. We take the eigenvector as
an initial data.

Ogny + Opny + Kq/}(t)]l[a,oo[(x)nl(ta SU) =0,
ni+1(t7 O) = qu}(t) faoo ni(tv .I)dd?,
no(x) = N¥(0, z).

We write I, (t) the maximal integer such that n; Z 0. At time ¢ = 0, we have I,,,4,(0) =
0. Then, because, cells need to have age bigger than a to change generation, we have
necessarily Ip,q.(t) <1 for ¢ < a and more generally,

Imar(t) <n, if t < na.

Lnan(t) < No  if t < (N,)a.

We introduce a notation p, + 1 = [N,a]. The integers N, p, are then the minimal integers
such that
Pa+7 < Nya <pg+1.



2.3. Asymptotics of the growth rate 55

We use now the properties of the equation: since no change of generation may occur between
times p, + 7 and p, + 1,we have

Lnasz(t) < N, ifp, +7 <t <p,+1.
Now, from the definition of N and \¥, we have
o0
Z 2in;(t,z) = eMNE(t, x).
i=0
In particular, for ¢t < p, + 1, we have

Imax (t) Ng

> 2nita) =Y 2ni(tx) = NN ().
1=0 0

We integrate with respect to x and obtain

Nll

oo oo Na o0
e’\t/ NE(t,2)de = ZQ’/ ni(t, x)dx < 2Ne Z/ n;(t, z)dx. (2.22)
0 0 o~ Jo

0

But we also have from the properties of the generational formulation and the definition of

Imawa

N, 0o [e%e] 0o [ee) [ee]
Z/ n;(t,x)dx = Z/ n;(t,x)dxr = / no(0, z)dz = / NE(0, z)dz. (2.23)
o Jo o Jo 0 0
Combining (2.22 , we get
K 9]
e’\t/ NE(t, z)dx < 2Ne / NE(0,z)dx, t<pg+1.
0 0
As K is fixed, we can use the continuity of fooo NE(t,x)dx. We have therefore
N Pat) / NE(py + 1, z)dzx < 2Ne / NE(0, z)dz.
0 0

As N¥(p, +1,2) = N¥(0,z), we have

K
e>‘ (pa+1) S 2Na-

And therefore, as expected

N,
K(q) < 2 _log2 = A\®(a).
Ne(a) < = log2 = A%(a)

O

2.3.4 Bounding )\ from below

A few more combinatorics We need now to give a lower bound on A¥. For this purpose,
we use the same idea: we consider generational formulation of the division equation with
NE(0,2) as initial data. Above, we prove that cells could enter at most generation N,
before reaching time p, + 1. In the following we prove that for a large parameter K most of
the cells enter generation IV, before reaching time p, + 1. The strategy is the following: we
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prove that even the cells that were the youngest at time 0 are pretty sure to reach generation
N, before reaching time p, + 1. As there can not be any birth between time —1 + 7 and 0,
we can say, thanks to a short study of the characteristics, that

NE(0,z) =0, for0<z<1-—r7.
Therefore,

/ NE(0,z)dx = NE(0, z)dz.
0 1-71

For this reason, it is important to study the trajectory of cells that have age 1 — 7 at time 0.
Let N, and p, be defined as in as the minimal integers such that

Pa +7 < Nga <p, +1

We ask the following question: how many division does a cell undergo before reaching time
t > 0 if it started at age x at time 0 (that is it was born at time —z)? We denote this
number D(z,t). From the definition and the heuristics for the formula, we already know
that

D(0,pa +1)=No—1,  D(0,p, +1+40) = N,.

With the same ideas, it is straightforward that
D(a,04+0) =1, D(a,ps +1) = N, D(a,ps+1+0) =N, +2.
Considering the trajectory of cells that have age 1 — 7 at time 0, we prove the following
Lemma 2.3.3 Suppose a € Q. Let N, and p, be defined as the minimal integers such that
Pa+7 < (Na)a <pg +1.
Let D(1 — 7,t) be defined as above, then ,
DA —-7,ps+1)=D(0,ps +1)+1=N,.

In words, the cells starting at age 1 — 7 undergo one more division than those starting at
age 0.

Proof. First, we consider the case 1 —7 > a. Then from the discussion made in the heuristic
justification, a division occurs at time 0. We have then

D(1—1,t) = D(a,t) = D(0,t + 1), for any ¢t > 0.

Now we shall consider the case 1 — 7 < a. From a monotonicity argument (older cells divide
sooner and therefore D(x,t) is nondecreasing with ), we can claim that

D(0,po+1) < D(1—7,pa+1) < D(a,p, +1) = D(0,p, + 1) + 1.
We introduce the notation N, p, defined as the minimal integers such that
pr+7<Nya—(1—-7)<p;+1.

The reader should keep in mind that time N,a — (1 — 7) corresponds to the first time when
cells that had age (1 —7) at time 0 want to divide and cannot. Notice that after time p, +1,
they divide and can then follow (with a shift of p, + 1) the periodic orbit of cells that have
age 0 at time 0. We can then predict that these cells will divide again at an integer time at
time (pr + 1) + (po + 1) > ps + 1. We have two possibilities: either we have p, = p, either
not. If we have p, = p,, then, noticing that since a ¢ Q, we have actually

Do +7 < Nga < pg + 1,
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we also have
Noa—(1=7)<pa+1—(1—7)=ps+T,

and in this case, we know that the N*" division should occur at time N,a—(1—7). Therefore,
D((1=7),pa+1) = D((1=7), (Naa — (1= 7)) ") = Ny +1 = D(0,po + 1) + 1,

we have D((1—7),p,+1) = D(0,p, + 1) + 1. In the other case, we can insure that the set of
integer division times for a cell starting with age (1 — 7), that is, the set p; + 1+ (p, + 1)N
does not contain p, + 1. Therefore there is no division at time p, 4+ 1 for cells starting with
age 1 — 7, which can be read as

D((1 = 17),pa+1) = D((1 = 7),(pa +1)*) = D(0, (pa +1)*) = D(0,pa + 1) + 1

and then D((1 —7),p, +1) = D(0,p, + 1) + 1.
O

The proof itself We consider a ¢ Q, for sake of simplicity. For fixed 7, we defined N, p,
as the minimal integers such that

pa+T§Naa§pa+1

as above, we have actually,
Pa+ 7T < Nya < pg + 1.

It is convenient to introduce (again) some new notations. If we follow heuristically the
trajectory of a cell starting with age 1 — 7, it divides exactly N, + 1 times before time p, + 1.
The idea is to compare to a trajectory on which we can give quantitative estimates. Consider
01,...0n,, satisfying the following properties:

91 2 1 —T+a,
ViSNa—17 9¢+1 _9i Za, (224)
Vie{l...N,} 0; < 0;] + 7.

Note that thanks the study of the trajectory of cells starting with age 1 —7, such (61,...0n,)
exist (we take the division time of cells starting with age 1 — 7, which gives actually the
minimal 6; satisfying such a constraint) and © is not empty. The reader should keep in
mind that © represents (through the division times) the set of all trajectories allowing N,
divisions before reaching time p, + 1 for a cell starting with age 1 — 7 at time 0. As for
the upper bound, we consider the generational reformulation of the system where we
take K(t,x) = K1p(t)1[, () and take the eigenvector N* (¢ = 0,z) as an initial data. We
denote O(a, ) the set of such 6;. From the definition, we have

S 2 (po + 1,2) = N5 (0, 2)X @ @et D),

Especially,

ZT/ ni(pe + 1, z)dr = e’\K(“)(p“H)/ NE(0,z)dz.
i 0 0

We recall that N¥(0,2) = 0 for z €]0,1 — 7[. As we want a bound from below, it is
sufficient to look at the individuals that are the youngest at the beginning, that is the
individuals starting at age (1 — 7). We can do that thanks to the comparison principle. As
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K(t,x) is nondecreasing with respect to z, we know that if we choose K'(t,z) < K(t,x) ,
and n) with obvious notations, then we have thanks to the comparison principle
o0 o0
Z Qi/ nj(pa + 1, 2)dx < A (@) (patl) / NE(0, 2)dz.
i 0 0

Given a trajectory (61 ...60n,) € ©(a, ), we denote

L@iJ + 7 701'

. >0,
(3

e = inf
K3
(the reader should notice that it is then lower than a), and consider

K ifte[f,60+¢], z>a
K'(t,z) =< K iftel[f;+(i—1)e6; +ic], z>a,
0 otherwise.

From the definition of (61, ...60y,) and &, we have K'(t,z) < K(t,x). We estimate now
. o
221/ n;(pe + 1, z)dx.
Z 0

For sake of simplicity, we omit the ' in the following. We look generation by generation.
No one can enter generation 1 before time ;. We look then at time 6; + . Thanks to the
study of characteristics, and to the fact that from the definition of 61, ¢, we have

no(t1 +e,2) = no(z — t)e_KE,

which leads to
o0 o0
/ no(ty + &, x)dr = e K¢ NE(0, z)dz.
0 0
In words, for K big, at time ¢; + ¢, there is almost nobody anymore in generation 0. And
we have from conservation law

Z/ ni(ty +e,z)de = (1 — eiKE)/ NE(0, z)dz.
=170 0

Actually, from the definition of the ¢, no cell has time to change twice its generation before
reaching time ¢; + €. Therefore, we have

oo 0o 00 00

Z/ ni(t1 +¢,x)dx = / ni(ty +¢)=(1— e_KE)/ N%(0,2)dz.

= Jo 0 0
At time 05 + ¢, since 05 — 0, > a, the cells that have entered generation 1 between time 6;
and 607 + €, have age greater than a and therefore can change again generation between time
02+ and 05 + 2¢. On the other hand, the other cells (which had staid in generation 0), can
not reach generation 2 before time 65 + 2¢. All the incomers in the generation 2 between

time 03 + € and time 65 4 2¢ did enter generation 1 between time 67 and time 6, + €. This
population is represented by the following integral

Li(t) = / ni1(t, z)dzx.
t—xz€[61,01+¢]

From the previous remark, we deduce that the total number of incomers in generation 2
is given by the loss term in population of cells that did enter generation 1 between time 6;
and time 6 + €.

/ 7?,2(924—25,1‘)(11‘211(92—}—8)—[1((92—1-25)
0
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99

As above, from the definition of 3 and &, we have

11(92 + 25) = 11(02 + €)€_K5u
which finally gives

/ na(fz + 2e,2)de = (1 — e K (0y +¢) = (1 — 67K€)2/ NE(0, z)dz.
0 0

With an induction we obtain for i < N,

/ n;(0; +ie,x)dr = (1 — e_Ka)i/ NE(0,z)dz.
0 0

This leads to

oNa / nn, (pa + 1,2)de = (1 — e K€)Na / NE(0,z)dz,
0 0
and then to
2Na<1 _ e_K5>Na < e/\K(a)(Pa-‘rl)_
This gives a lower bound

N,
K > a o — )\%© o
A% (a) > P log2(1 — Ke) = A*(a)(1 — log T 6).

O

We choose now (61 ...60x,) € © in order to maximize £ but since

On, > Nga — 1+,

we have, as stated above,

[Noal —1+7—0n, [Nya] — Nga

e < <
- N, - N,
And therefore, we have the stated bound on r(a). O
2.4 Numerical illustrations
—_K=10
—K=30
K=50
a8 log 2+ —K=100
© NG limit
E
8
o
2log 2
\\\\\ ‘
N\
log 2 - e

. -
0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
minimal age for division a

Figure 2.4: Convergence for 7 = 1/2.
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2 log 2+ __K=10

growth rate

log 2 NS

T T T T T T T T T T T T T T 1
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
minimal age for division a

Figure 2.5: Convergence for 7 =1/3

4 log 2+
K=10
—K=30
1 K=50
s1og 2N — limit
l \\\ \
2log 2+ ey . —\
log 2 . }— —
LR B S e B S R S A
02 03 04 0.5 06 07 08 09 1.0

minimal age for division (a)

Figure 2.6: Convergence for 7 = 2/3

2.5 Appendix
2.5.1 Existence theory for A
We use the following notations:
e 7,B =1 — B(x+ h), prolonged by zero on [0, h] if h < 0,

e L32.(0,T, X) is the space of bounded T-periodic functions taking values in X, similarly,
Cher(0,T, X) is the space of T-periodic continuous (with respect to the time variable)
functions taking values in X.

Theorem 2.5.1 Given a > 0, K > 0, b nonnegative, bounded, not identically zero and B
positive, bounded satisfying

v, / Ot — 2)B(a)ds = / Wt + 2) B(x)da = +oo, (2.25)
0 0
and the following property,
mB-B-—0 in L. (RY). (2.26)

there exists a unique A\p > 0 such that there exists (N, ¢) in L32,(0,T, L' (R")) X Cper(0, T, L>°(RT))
satisfying . Furthermore, ¢ is unique.
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Before starting the proof, we give a few remarks on the hypothesis:

e we do not need regularity assumptions on the function v,

e in the case min(¢)) > 0, the condition is equivalent to fooo B = +00, in the case
min(t) = 0 it is for instance satisfied if min(B) > 0 or at least liminf, B > 0, it is
not optimal but other conditions would need assumptions on a and K. It could be
replaced for instance by

vt, /00 Kq/)(tf:v)B(:L’)d:z:,/oo Ky(t + z)B(x)dz > log 2,

but, as we are studying asymptotic properties, we rather restrict the study to a case
where existence does not depend on a nor on K,

e the equicontinuity condition ([2.26)) is used for obtaining compactness of integral oper-
ators appearing in the proof, this is satisfied for instance in the following cases: B is
continuous and B € BVj,.(RT)

Proof. The proof is based on the method of characteristics and Krein Rutman Theorem
as in [82] but we need more precisions in order to relax the regularity assumptions on .
For the sake of simplicity we take K = 1. We denote P(t) = [ B(x)N(t,z)dz. Using the
methods of characteristics, we have the following integral equations

N(t,0) = 2 / ) D(O)B(@)N(t — x,0)e I V=t BEds gy — LMN(,0))(E),
P(t) = 2 / - Wt — ) B(2)P(t — x)e ol wt—at)Bl)ds gy — 2 (P)(¢),
o(t,0) = 2 / - Yt + ) B(2)p(t + x,0)e A S VBG40 — £2(6(.,0))(t).

We have defined three linear operators on L3¢, (0,7"). These operators are defined for any
A > 0. Moreover, we can see £ and £} as operators on the space Cper(0,T) of T-periodic

continuous functions. We have

Lemma 2.5.2 Under assumptions of theorem for any X > 0, L3 and L3 are nonneg-
ative, compact linear operators on Cper(0,T).

Proof. The non negativity and linearity are obvious. The operators Indeed, if we fix A\,a > 0
then for f continuous and T-periodic with || f|| < 1, if we write g = £3(f), we have

glt+h) =2 [ Gt +a)Blo — ) f(E+ )N I B gy,
a+h

gt +h) = 2/ G(t+ 2)B(a — h) f(t + z)e A0l VDB gy
a

a+h
<2 [ (e 0B B (e ) SR,
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this leads to
a+h v
glt+h)—gt) = _2/ Gt + 2)B(z — h) f(t + z)e AT ) Bls=hds g,
o0 x
b oo - 1) / Bt + 2)Bla — h)f(t + x)e o ien B Bls—his gy
a

+ 2 / Pt + 2)(B(x — h) — B(x)) f(t + x)e " arn v(tF)Bls=h)ds g,

+ 2/ Yt + 2)B(z) f(t + x)e (e_- atn P(E+s)Bls—h)ds _ o~ [7 ¢(t+S)B(S)dS> dz,

= 11+I2+13+I4.
We deal with the I; separately,

L] < 2]l Blleh, (2.27)

ean

A )

to make I3 small, we make the following remark: for any R > a,

12| < 2[|wlIBl(eX" 1) (2.28)

o0
13| < 2/[9 ||l B = Bllzi (a.my + 41¢1|B] /R N

taking R big enough and h small enough, we might prove thanks to (2.26)) and positivity of
A, the first term goes to 0 for R fixed and the second goes to 0 when R goes infinite.

|Is] <e for h small enough,

The same method can be applied to 4. Finally we have the equicontinuity of [,g‘ (B) where
B is the unit ball for the supremum norm. Thanks to Arzela-Ascoli theorem, £3 is compact.
We are now in position to apply Krein and Rutman theorem, there exist Us, Us nonnegative
eigenvectors of £3, L3 associated to their respective spectral radii pa(\), p3(\). We have
now

Lemma 2.5.3

pi()\), U; >0, (2.29)
L3 (Us) = pa(\)YUs, (2.30)
p3 = p2- (2.31)

Proof. The second statement is a straightforward computation, we prove the first by con-
tradiction: if U, vanishes, then, for some ¢,

2 / Yt — 2)B(z)Us(t — z)e A2 Ja wlt=ata)Bls)ds gp —

as B > 0, it would mean thanks to T-periodicity B = 0 which would lead to U; = 0.
Finally, as Uy does not vanish then £3(Us) > 0 and therefore, pa(\) > 0. The equality
comes from the duality of operators £; and L3, we have

T T T T
/)2/0 ¢(t)U2(t)U3(t)dt=/o 51(¢U2)-U3(t)dt=/0 1/)U2£3(U3)dtzﬂs/o Y(t)Us2(t)Us(t)dt,
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therefore py = p3 = p.
To end the proof, we need to find A such that p(A) = 1. Obviously, p is a decreasing function
that vanishes at infinity. We may also notice thanks to the remark

) /oo ,(/)(t N x)B(:B)e_ Iz w(t+s)B(s)dsdl, _ 2[6_ i w(t+s)B(s)ds]Zo =2,
a

that p — 2 at 0. Therefore there exists a unique A satisfying p(A\) = 1. Up to a renor-
malization, ¢ and P are unique, and therefore so is N. This ends the proof of theorem

251l
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Chapitre 3

Passage du discret au continu
pour des modeles de dynamique
du prion

Ce travail effectué en collaboration avec Marie Doumic et Thierry Goudon
adapte les techniques de [28] au modele de polymérisation nucléée pour
le prion. Nous faisons ici le lien théorique entre les modeles de [79] et [50]
par des méthodes de compacité faible. Via une adimensionalisation du
systeme, nous cherchons a mettre en évidence des échelles caractéristiques
qui permettent de voir le modele EDP de [50] comme une approximation
du modele EDO de [79]. Ce travail a été soumis & Communications in
Mathematical Sciences.

3.1 Introduction

The modelling of intracellular prion infection has been dramatically improved in the past
few years according to recent progress in molecular biology of this pathology. Relevant
models have been designed to investigate the conversion of the normal monomeric form of
the protein (denoted PrPc) into the infectious polymeric form (denoted PrPsc) according to
the auto-catalytic process :

PrPc + PrPsc — 2PrPsc,

in fibrillar aggregation of the protein. These models are based on linear growth of PrPsc
polymers via an autocatalytic process [42].

The seminal paper by Masel et al. [79] proposed a discrete model where the prion popu-
lation is described by its distribution with respect to the size of polymer aggregates. The
model is an infinite-dimensional system of Ordinary Differential Equations, taking into ac-
count nucleated transconformation and polymerization, fragmentation and degradation of
the polymers, as well as production of PrPc by the cells. This model consists in an aggrega-
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tion fragmentation discrete model. In full generality, it writes as follows :

dv - .
i A—yv—v Z Tiu; + 2 Z Z ik ;Bjuj,

i=ng j>ng i<nog (31)
dul-

dt = —iU; — ,Bluz — U(Tiui — Tifluifl) + 2Zﬂjki’j’u]‘, for 4 Z no,
Jj>i

(with the convention 7,,_1u,,—1 = 0). Here v represents the quantity of healthy monomers
(PrPc), u; the quantity of infectious polymers (PrPsc) of size i, i.e. formed by the fibrillar
aggregation of ¢ monomers. We thus have ¢ > ng > 2, where ng represents the minimal size
for polymers : smaller polymers are considered to be unstable and are immediately degraded
into monomers, as the last term of Equation for v expresses. Parameters v and p; are
the degradation rates respectively of monomers and polymers of size i. The parameter \ is
a source term : the basal synthesis rate of PrPc. The coefficient (; is the fragmentation rate
of a polymer of size 7, and the coefficient k;; is the repartition function for a polymer of
size 4 dividing into two polymers of smaller sizes j and ¢ — j. Finally, the quantity v7; is the
aggregation speed of polymers of size i, which is supposed to depend both on the available
quantity of monomers v and on a specific aggregation ability 7; of polymers of size 1.

In the original model [79], the degradation rate of polymers p; and the aggregation rate 7;
were assumed to be independent of the size 4, the fragmentation rate satisfied 5; = 8(j — 1)
for a constant § and k; ; was a uniform repartition over {1,...j — 1}, ie., k;; = ]%1 for
i€{1,...5— 1}, and 0 elsewhere. These laws express that all polymers behave in the same
way, and that any joint point of any polymer has the same probability to break. It allowed
the authors to close the system into an ODE system of three equations, which is quite
simple to analyze. However, following recent experimental results such as in [I01], and their
mathematical analysis in [21] [20], we prefer here to consider variable coefficients in their full
generality. Following the ideas of [30], we can consider, under reasonable growth assumptions
on the coefficients, the so called admissible solutions, i.e., solutions obtained by taking the
limit of truncated systems (see Appendix .

Recent work by Greer et al. analyzed this process in a continuous setting [50]. They
proposed a Partial Differential Equation to render out the above-mentioned polymeriza-
tion/fragmentation process. It writes

% = A—7V - V/x:o T(2)U(t,z) dz (3.2)
wf /y k()R () dr
a@—? = —u(x)U(t,z) — B(x)U(t, z) — V%(TU) (3-3)

2 / " Bk Ut y) dy.

The coefficients of the continuous model (3.2))(3.3) have the same meaning than those of the
discrete one ([3.1) ; however, some questions about their scaling remain, and in particular
about the exact biological interpretation of the variable x.

The aim of this article is to investigate the link between System (3.1]) and System (3.2))(3.3]).
We discuss in details the convenient mathematical assumptions under which we can ensure
that the continuous system is the limit of the discrete one and we establish rigorously the
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convergence statement. We also want to discuss possible biological interpretations of our
asymptotic analysis, and see how our work can help to define a proper boundary condition
at = zo for System (3.2)(3-3). Indeed, Eq. holds in the domain z > x¢ and, due
to the convection term, at least when V(t)7(z¢) > 0 a boundary condition is necessary to
complete the problem.

In Section we first recall general properties and previous results on the considered
equations. In Section [3.3] we rescale the equations in order to make a small parameter &
appear, and we state the main result : the asymptotic convergence of the rescaled discrete
system towards the continuous equations. Section [3.4] is devoted to its proof, based on
moments a priori estimates. Sections[3.5]and [3.6] discuss how these results can be interpreted
on physical grounds. We also comment the issue of the boundary condition for the continuous
model.

3.2 Basic properties of the equations

All the considered coefficients are nonnegative. We need some structural hypothesis on &
and k; ; to make sense. Obviously, the hypothesis take into account that a polymer can only
break into smaller pieces. We also impose symmetry since a given polymer of size y breaks
equally into two polymers of size respectively x and y — x. Summarizing, we have

ki’j 2 0’ k(.’L‘, y) Z 07 (3 4)
kij=0fori>j k(z,y) =0 for x >y, :

kij = kj—ii, k(x,y) =k(y — =, y), (3.5)

j—1 y
D kij=1, / k(z,y)dz = 1. (3.6)
i=1 0

(Note that (3.4) and (3.6 imply that 0 < k; ; < 1.) Classically, these two conditions lead
to a third one, expressing mass conservation through the fragmentation process :

]‘71 Y
2Ziki1j =7, 2/ zk(z,y)dz = y. (3.7)
i=1 0

The discrete equation belongs to the family of coagulation-fragmentation models (see
[10],[11]). Adapting the work of [10, [II] to this system, we obtain the following result. It is
not optimal but sufficient for our study.

Theorem 3.2.1 Let k; ; satisfy Assumptions 7. We assume the following growth
estimate on the coefficients : there exist K >0, « >0, m >0 and 0 < 8 <1 such that

0< B < Ki?, 0<p < Ki™, 0<7 <Ki’ (3.8)
The initial data v° > 0,u? > 0 satisfies, for o = max(1 +m,1+ 0, )
(oo}
Z i7u) < +o0.
i=ng

Then there exists a unique global solution to which satisfies for all t >0

oo

v(t) + Z iui(t) = v + Z iud + At —/O ~yu(s)ds —/0 Z ipiui(s) ds. (3.9)

1=no i=ng 1=np
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A sketch of the proof is given in Appendix Let us introduce the quantity

=o(t) + i du; (1), (3.10)

i:no

which is the total number of monomers in the population. Equation (3.9) is a mass balance
equation, which can be written as

d
= A—o(t Z ipgug(t (3.11)

’L’IL()

Similarly for the continuous model we define

o(t)y =V(t) + /00 2U(t,z) dx

0

The analogue of (3.11)) would be

o(t) — 0(0) = At 7/0 YV (s)ds 7/0 /Oo zu(z)U(t, x) d. (3.12)

In fact, the argument to deduce (3.12) from the system (3.2})(3.3) is two—fold : it relies both
on the boundary condition on {x = z¢} for (3.3) and on the integrability properties of the
fragmentation term

ox (2 BTy - BV (D),

the integral of which has to be combined to by virtue of . The question is actually
quite deep, as it is already revealed by the case where p = 0, 7 = 0 and g = 0. In this
situation it can be shown that (| . ) admits solutions that do not satisfy the conservation
law : [;° 2U(t,z)dz = [;° 2U(0,x) dz, see [41]. Hence, (3.12) has to be incorporated in the
model as a constramt to select the physically relevant solutlon as suggested in [41] and [65].
Nevertheless, the integrability of the fragmentation term is not a big deal since it can be
obtained by imposing boundedness of a large enough moment of the initial data as it will
be clear in the discussion below and as it appeared in [41] [65]. More interesting is how to
interpret this in terms of boundary conditions; we shall discuss the point in Section
(Note that in [65] the problem is completed with the boundary condition U (¢, x0) = 0 while
2o > 0, 7(x0) > 0.) According to [41l, [65] we adopt the following definition.

Definition 3.2.2 We say that the pair (U, V) is a “monomer preserving weak solution of

the prion proliferation equations” with initial data (Uy, Vo) if it satisfies (3.2) and if for any
¢ € C((zo,0)), we have

/ T U, de)ple) - / " Up(da)p ()

// U(s, dz)p ds—// B(x)U(s, dz)p(x) ds
+

/ )/ T(2)U(s, dx)dzp(x) ds
Bly

ef [

(3.13)

(s, dy) / " k(de,y)p() ds,
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and

V) + /00 2U(t, dz) = Vo+ /Oo xUp(dx)
o oy t poo (3.14)
+At —/0 YV (s)ds —/0 /xo zp(z)U(s, dzr) ds.

A break is necessary to discuss the functional framework to be used in Definition [3.2.2
We start with a set up of a few notation. We denote by M1!(X) the set of bounded Radon
measures on a borelian set X C R; M (X) stands for the positive cone in M*(X). The
space M!(X) identifies as the dual of the space Cy(X) of continuous functions vanishing
at infinity in X E| endowed with the supremum norm, see [76]. Given an interval I C R, we
consider measure valued functions W : y € I — W(y) € M!(X). Denoting W (y, dz) =
W (y)(dx), we say that W € C(I; M (X) — weak — %), if, for any ¢ € Co(X), the function
y— [y e(@)W(y, dz) is continuous on I. We are thus led to assume

U € ¢([0,T]; ML ([0,00)) — weak — ), V e C([0,T)),

with furthermore

supp(U(t,.)) C [zg,00), /OC 2U(t, dz) < oo,

0

which corresponds to the physical meaning of the unknowns. Hence, formula (3.13)) makes
sense for continuous coefficients

Hy ﬁa T € C([.TCO,OO))

Concerning the fragmentation kernel, it suffices to suppose

y — k(dz,y) € C([zo, oo);./\/li_([O, 00)) — weak — *).

3.3 Main result

This section splits into three steps : firstly, we set up precisely the scaling of the equations,
secondly we detail the assumptions on the discrete coefficients which will be used to define,
through a compactness argument, the coefficients of the limit equations, and thirdly we give
the main statement of the paper.

3.3.1 Notations and rescaled equations

We first rewrite system in a dimensionless form, as done for instance in [28] (see also
[63]). We summarize here all the absolute constants that we will need in the sequel :

— T characteristic time,

— U characteristic value for the concentration of polymers u;,

— V characteristic value for the concentration of monomers v,

— 7T characteristic value for the polymerisation rate 7,

— B characteristic value for the fragmentation frequency ;,

— dy characteristic value for the degradation frequency of polymers u;,

— T characteristic value for the degradation frequency of monomers -,
L characteristic value for the source term A,

1$ € Co(X) means hat ¢ is continuous and for any n > 0, there exists a compact set K C X such that
supx\ i |¢(z)| < 1. We denote Cc(X) the space of continuous functions with compact support in X.
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The dimensionless quantities are defined by

_ ot () () s B _ T
t_Ta U(E)_ v 9 U/,L(t_)— u ) ﬁl_ Ba T = ,]—a
SO SR W S
Nl_dou )‘_Lv P)/—F

We remind that k; ; is already dimensionless. The following dimensionless parameters appear

a:77 b= BT, c=TT, d=dyT,
U (3.15)
= —, =TTV.
S v v
Omitting the overlines, the equation becomes
dv .
i aX — cyv —vsv Y, Tu; + 2bs Z Z ik; ;B ,
P j>np i<ng
Uu; .
dtz = —d,uiui — bﬁluz — V’U(Tiui — Ti_lui_l) + 2b Zj>i ﬁjki7juj, for ¢ Z no.
(3.16)
The definition ((3.10)) of the total mass in dimensionless form becomes
v+ s Z iu; = p. (3.17)

i:no

The rationale motivating the scaling can be explained as follows. Let 0 < ¢ <« 1 be
a parameter intended to tend to 0. We pass from the discrete model to the continuous
model by associating to the u;’s a stepwise constant function, constant on each interval
(ei,e(i 4+ 1)). Then sums over the index ¢ will be interpreted as Riemann sums which are
expected to tend to integrals in the continuum limit while finite differences will give rise
to derivatives. Having in mind the case of homogeneous division and polymerization rates
B(x) = 2%, 7(x) = 2%, u(x) = ™, which generalizes the constant-coefficient case proposed
by [50], and their discrete analogue 3; = i, 7, = i, u; = i™, we shall assume that the
rescaled coefficients g;, u;, 7; fulfill . Therefore, we are led to set

s=¢€7,
so that (3.17) becomes
v—l—EZEi u; = p, (3.18)
i:no

to be compared to the definition of g in (3.12)). This scaling means that the typical concen-
tration of any aggregate with size i > ng is small compared to the monomers concentration,
but the total mass of the aggregates is in the order of the mass of monomers. Next, we set

a=1, b=¢c% c¢=1, d=¢em v=¢""1

The rescaled equations read

dv .
= = A — v — % 3 ru; + 22t Z Z Jkj.iBius,
i>ng j<no
du; ;
dtl — _€m,U/iui _ €a/67,'ui — 59*11](7-1-”1- — Tifluifl) + 2e¢ Zﬁjkiduﬁ for i > ng.

j>i

(3.19)
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Eventually, the threshold value ng also depends on the scaling parameter and we assume

iig(l) eng(e) = a0 > 0. (3.20)
This choice is discussed in Section [B.6.31

Equation (3.19)) is completed by an initial data (U?’E,UO’E) verifying, for some constants
My, p°, M1, independent of ¢ :

(oo}
05 4 g2 Z iu?"szpo < +00,
i:no(s)
oo
e Y ut < My < foo, (3.21)

i=ng(e)

gite Z iH"u?’E < Mit, < +00, 1+ 0 >max(l,a,1+m,1+0).

i=ng(e)

For any 0 < T < oo, Theorem guarantees the existence of a solution (u$,v¢) of (3.19).
Let us set

Xf(x) = Xlie,(i+1)e) (l'),
with x4 the indicator function of a set A. We introduce the piecewise constant function

oo

wlta) = Y ui(t)xi(@).

i=no(e)

On the same token, we associate the following functions to the coefficients

B =YY ),

=0 j=0 €
pi(x) = Y emuixi (),
i=ng(e)
By = Y eBixi(a),
izgg(ﬁ)
@)= Y g (a).
i=no(e)

This choice is made so that for all y, k%(-,y) is a probability measure on [0, y].

3.3.2 Compactness assumptions on the coefficients

For technical purposes we need further assumptions on the discrete coefficients. Let us
collect them as follows : there exists K > 0 such that

|Bis1 — Bi| < Ki*™t,
|Mz‘+1 - ,Ui‘ < Kim1, (3.22)

|Ti+1 — 7'1‘} < Kie_l,
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where the exponents «, 0, m are defined in (3.8]). For the fragmentation kernel we assume
furthermore that there exists K > 0 such that for any i, j

i—1p—1 i—1 p—1
‘ DD ke =YY k| S K. (3.23)
p=0r=0 p=0r=0

These assumptions will be helpful for investigating the behavior of (3.19) as £ goes to 0
since they provide compactness properties. We summarize these properties in the following
lemmata.

Lemma 3.3.1 Let (Zi)ieN be a sequence of nonnegative real numbers verifying
OSZZ'SKZ%, ‘zi—i-l_zi‘ SK’iﬁ_l

for some K > 0 and x > 0. For x > 0, we set 2°(x) = ), €"2ZiX[ei,e(i+1)) (). Then there
exist a subsequence £, — 0, and a continuous function z : x € [0,00) — z(x) such that z~
converges to z uniformly on [r, R] for any 0 < r < R < co. If k > 0, the convergence holds
on [0, R] for any 0 < R < 0o and we have z(0) = 0.

We shall apply this statement to the sequences 5, u°, 7. A similar compactness property
can be obtained for the fragmentation coefficients.

Lemma 3.3.2 Let the coefficients k;; satisfy Assumptions ,@) and , Then
there exist a subsequence (sn)neN and k : y € [0,00) — k(dz,y) € ML([0,00)) which
belongs to C([0,00); ML ([0, 00)) — weak — x) satisfying also and (@) (in their conti-
nuous version) and such that k°™ converges to k in the following sense : for every compactly
supported smooth function ¢ € C°([xg,00)), denoting

¢ (y) = /y() rae@)de, o) = [ Kanpela, (20

we have ¢°m — ¢ uniformly locally in [xg,+00).

The detailed proofs of Lemma and Lemma [3.3.2] are postponed to Appendix [3.7.2

3.3.3 Main results

We are now ready to state the main results of this article.

Theorem 3.3.3 Assume (3.8) and (3.22)). Suppose the fragmentation coefficient fulfill (3.4])—
(3.6) and (3.23).Then, there exist a subsequence, demoted (E”)nEN’ continuous functions
w, 7,3, and a nonnegative measure-valued function k(dx,y) verifying and (@, such
that

lugna T ) 66” ) ke — s T,y ﬁa k

in the sense of Lemma and Lemma[3.3.3
Let the initial data satisfy (3.21]). Then we can choose the subsequence (En)n
there exists (U, V') for which

en such that

utr — U, in C([0,T]; M'([0,00)) — weak — %)),
ver =V uniformly on [0, T].

We have xU (t,dz) € M1([0,00)), the measure U(t,dx) has its support included in [zq, +00)
for all time t > 0, and (U, V) satisfies (3.13])—(3.14]).
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Theorem 3.3.4 The limit (U, V) exhibited in Theoremm s a monomer preserving weak
solution (i.e. satisfies also Equation ) in the following situations :
i) xo =0 and either 0 > 0 (so that the limit T satisfies T7(0) = 0), or the rates T, = T are
constant.
it) xg > 0 and the discrete fragmentation coefficients fulfill the following strengthened
assumption : for any i,j we have

> (kirgar = k)

i<i

K K
< —, kij < —. 3.25
] iS5 (3.25)

3.4 Moment estimates

We start by establishing a priori estimates uniformly with respect to . These estimates will
induce compactness properties on the sequence of solutions. As described in [64] for general
coagulation fragmentation models, the model has the property of propagating moments.

Lemma 3.4.1 Let the assumptions of Theorem[3.5.3 be fulfilled. Then for any T' > 0, there
exists a constant C' < oo which only depends on My, My ,,p°, N\, K and T, such that for
anye >0 :

sup / (1+z 4 29 (t,z)dz < C, 0 <ve(t) <C.
t€[0,T] JO
Proof. For r > 0, we denote
M;(t) =e Y (i) ui(t).
’i:no

As in [28], we can notice that

/ (g) uf(t,x)de < M:(t) < / x"uf(t, x) da.
0 0
Therefore, we only need to control M (t), M{(t) and M{, ,(t). We notice the obvious but
useful inequality, for 0 <r <1+ o,
(ie)" < 1+ (ig)*e,

and therefore,
|M;| < |Mg| + [Mf |

In the sequel, we use alternatively two equivalent discrete weak formulations of Equation
(3.19) in the spirit of [65]. We multiply the second equation of (3.19) by ¢; and summing
over 7, we first obtain

% Z uipn = —e™ Y pafpi—e® Yy Biuses

i=ng 1=ng 1=ngo
o 0o
6—1 S5 € € e} €
—ePTUN ot (s — mau_y) @i+ 267 Y i Y Bk gus,
i=ng i=ng 7>

= —&™m i piugp; — * i Biusp; + 1o i T (Pit1 — i)

i:no i:no i:n(]
oo
€
+2e“ E ©i E ﬁjki’juj.
i=ng j>i

(3.26)
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Using the properties of k; ;, we rewrite the fragmentation terms as follows

- o j-1 .
S Busei = 20y ﬂjzikiﬁjui%J“ﬁ"Ouio%o

1=ng j=no+1 i=1
e} ©; no—1 QO
=2 > szuﬁﬂf 42 >N kb o+ Bugtsy P
Jj=no+1li=ng j=no+1 =1
- i
2Y ek = 2 Y Y ik
i=no 7> j=no+1li=ng
By using (3 7 we have ng = 22”0 L ki n, and we obtain
co mp—1 0
23 @Y Bk = Y Bt = 230 S ki
1=ng Jj>1 i=no j=ng i1=1 J

j=no+1i=ng

Replacing in the weak formulation we get

% Z ufp, = —e™m Z uiufcpﬂrse Lye Z Tiug (Pit1 — ©i)

1=ng 1=ng 1=ng
oo mp—1

Y sz”ﬁ] (‘pl—) 222 3N ki B0 E‘”j.

Jj=no+1li=ng j=np =1
(3.27)

This last formulation makes the estimates straightforward (the computations are formal but
can be understood as uniform bounds on solutions of truncated systems and therefore on
any admissible solution). Taking ¢; = ie, we obtain the first moment, that is, the previously
seen mass balance :

d o0 o0
T <v€ +&? Z zuf) = —yf —g2tm Z pitug + A <A (3.28)
1=ng 1=no
Therefore, we get (u$ and v° are nonnegative)
0<v(t) + M) <p°+ AT for0<t<T < o0,

and

/ 2+m2ulzu (s,z)ds < p° + AT for0<t<T < oc.

’Lno

To obtain an estimate on the Oth order moment, we take ¢; = €. The term with 7; vanishes.
Considering only the nonnegative part of the derivative, we derive from (3.27)

o) 7j—1 1
et 355 !

j=no+1i=ng

d

M5 (1)

IN

< 26t N Bus < 2KME().

j=no+1
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To give the bound on the (140)th moment, we choose ; = £(£i)!77 in the weak formulation.
Thanks to the mean value inequality, we have

((e(@+ 1) — (e0)'79) < (14 0)e(e(i +1))7 < (1 +0)27%(£i)°,
therefore yields

d

— M () + Y pi(e) g

6— . o - [oa
gy ¥ 1" Z Tiu§ x e x ((e(i+1))'*7 — (ei)'17)

i:’ﬂo i:no

IN

< v (1+0)27 Z elruse(ei)”
i:’ﬂo

< K(p°+MT)(1+ 0)27 MG, (t).

Since 0 < § < 1, and 1+ 0 > «a (a is the exponent characterizing the growth of the
fragmentation coefficient), denoting C' = max(K (p° + \T)(1 + 0)2°,2K), we are led to

(M504 1050 0) < 0 (350 + 15.,0)) <20 (M50 + M 1),

dt
and we conclude by the Gronwall lemma. It ends the proof of Lemma 341
Hereafter, we denote by C a constant depending only on T, My, p°, M1,,, K and X such
that
Mg, v, My, M;,, <C.

Lemma 3.4.2 Under the assumptions of Lemma[3.].1] the sequence of monomers concen-
tration (v%)esq is equicontinuous on [0,T].

Proof. We use the estimates of Lemma [B.4.1] to evaluate the derivative of v¢. We recall the
equation satisfied by v*®

dv®

o= A — v 4 el e Zﬂuf + 22t Z Z Jk;.iBius,

i>ng j<no

which implies

d €
‘ ;; < A+7C + KC? + 2eng(e) KME.
Since the sequence (M 2)6>0 is uniformly bounded with respect to € by Lemma (recall

that @ < 1+ 0), the sequence (v°)__ satisfies a uniform Lipschitz criterion on [0, T]. This
concludes the proof of Lemma O

Proof of Theorem By the Arzela-Ascoli theorem and Lemma [3.4.2] there exists a
function V' € C([0,T]) and a subsequence that we still denote v® such that

vE(t) — V(t) in C([0,T]).

In the same way, the moment estimates of Lemma give uniform boundedness for (1 +
x4+ 21 77)uf in M1([0,00)). Pick a function ¢ € C°([0,00)). We define

(i+1)e
©; = / ¢(r)dz,

Le
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oo
so that Zul o = / u®(t, x)p(x) dz, and also for y € [je, (§ + 1)e],

nope

Yy JjE J 90§
| o= [ e =Y kL
0 0 i=0

Thanks to the moment estimates of Lemma [3.4.1} and using (3.26]), we have

% /000 uf(t, x)p(x) dx

for some constant C' depending only on K, My, My, p°, A\, T. Therefore, for any function
¢ € C(]0,00)), the integral [ u®(-,z)¢(x)dz is equibounded and equicontinuous. Using a
density argument, we can extend this property to ¢ € Cy([0,00)), the space of continuous
functions on [0, 00) that tend to 0 at infinity. This means that ([, u®(.,z)p(z) dx)E belongs
to a compact set of C(0,T"). As in [28], by using the separability of Cy([0, 00)) and the Cantor
diagonal process, we can extract a subsequence u" and U € C([0, T]; M*([0, 00)) —weak —x),
such that the following convergence

/ u (t, z)p ;U—>/ U(t, dz)p(z),
0

as £, — 0, holds uniformly on [0, T7], for any ¢ € Co([0,0)). As u®(t,z) = 0 for z < eng(e),
we check that U(t,.) has its support in [xg,00[. It remains to prove that (U, V) satisfies

ED) D).

Let ¢ be a smooth function supported in [§, M] with g < § < M < 400, choosing

eno(e) + 2¢ < § (what is possible due to (3.20)). By using Lemma and Lemma [3.7.1}

we check that, for a suitable subsequence, one has

<Clleln+I¢l) and | [ )ote) ae] < Clel

/OO o () (b, 2) (@) de —— /°° (@)U (L, da)p(a),

en—0
/65“ un (L a)p(n) d — / B)U(t, dr)g(), (3.29)
| @ aos@as — [T o de).

uniformly on [0, 7]. Equation (3.26) can be recast in the following integral form
T u®(t, z)p(x) da = 7/ utus (t, x)p(z) de — va/ TEuF A% p(z) dz
0 0
(3.30)

—/Oooﬁaug(tx dx+2/ / u (1, )k (2, y) da dy

where we have defined

and thereby
(i+1)e -
/ Afp(z)dr = Pinn — 4
i€ €
In the right hand side of (3.30)), the first and third terms are treated in (3.29). Using (3.29)
again and remarking that |A®(z) — ¢'(z)| < €||¢”|| 00, We have

oo

/000 7o (z)u (t, 2) A p(z) de —— T(@)U(t, dz)¢' (), (3.31)

en—0 0
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uniformly on [0, T]. Let us now study the convergence of the last term in (3.30). To this end,
we use the notation ¢ and ¢° as defined in (3.24]) of Lemma and we rewrite

oo

2/: /w: p(z)k* (2, y)u(t,y) B (y) dvdy = 2/ W (t, ) 55 (y)oF (y) dy

Zo

Owing to (3.23]) we use Lemma which leads to

P ——— @ uniformly on [zg, R] for any R > 0,

en—0

and thus also
ﬂEn ¢€n _0) B¢ uniformly on [xo, R] for any R >0,
En—

for a suitable subsequence. Finally, we observe that ¢°» and therefore ¢ are bounded by
[l]loo- Thus, by using the boundedness of the higher order moments of u° in Lemma [3.4.1

with 1+ o > «, we show that the fragmentation term passes to the limit (see Lemma [3.7.1
in the Appendix). We finally arrive at

/OOU(t dz)e(z) — /:OU(O dz)(2)

0

// pU(t, dz)p(z) — /V(s)/mr(a:)U(s dz)¢/ (z)
_/OtAjﬁ(m) s, dz)(t, +2/ / By)U (s, dy)/yw(x)k(dx’y)7

which is the weak formulation (3.13]). Moreover, (3.28)) recasts as

vs(t)—k/oooee(aj)ug(t,:c)dx = UO’E(t)—i-/Ooe ()u®(0,2) dz

At / 5)ds — / / uE (s, ) da ds,

“(z) = Zf?i Xlie, (i+1)e) (T)-
i=0

Clearly ef(x) converges to = uniformly. Using the moment estimate in Lemma with
o > 0, we obtain

where

v (t) + /000 e (z)u (t,x) dz P—ry V() + /000 2U(t, dzx)

En—

uniformly on [0, 7] as well as

t e8]
/ / e (z)ptr (x)u (s, d:vds—0>/ / zp(z)U(s, dz)ds.
0 Jo o

We refer again to Lemma or a slight adaptation of it. As €, — 0 we are thus led to
(3.14).

Proof of Theorem [3.3.4. We rewrite the rescaled ODE as

A [ a2 [ F@Eey) [ @,
n npe 0

0€
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Depending on the value of xg defined in assumption (3.20]), we have to care about the last
term (zo > 0) or the next two last terms (o = 0). As already remarked in the proof of
Lemma [3.4.2] in case where ¢ = 0, the fragmentation term can be dominated by

22t Z Z JkjiBiu® < 2eng(e) KM,

i>ng j<ng

Hence this contribution vanishes as ¢ goes to 0 when lim._.geng(e) = g = 0. Nevertheless
for case i) we still have to justify that fooo 7¢(z)u(t, x) dz passes to the limit. We get

/OO Tyt (t o) de —— b TU(t, dz), in C([0,T7) (3.32)

no(en)en En = To

by using the strengthened assumption 0 < § < 1 in (3.2I). Indeed it implies that 7¢(z)
converges uniformly to 7(z) on any compact set [0, R] while these functions do not grow
faster than z at infinity. We can thus use Lemma to conclude.

In the situation ii), another difficulty comes from the fragmentation term since we have
to prove that

oo n0 (E'n En
2 [ e @i ) e () de dy
En

— 2 [ ks a).

The stronger compactness assumptions (3.25)) are basically Ascoli-type assumptions on the
repartition function associated to the kernels k°. Denoting, in a similar manner to Appendix
. (.2

Fe(a,y) = / ey ds  Clay) = / Fe(,y) dz,
0 0

Lemma (see Appendix [3.7.2)) ensures that F° — F uniformly on compact sets of
R4 X [z, +00). We also make the remark that

)k (z,y)dx — " zk®(x,y)dx| <e,
e / |

no T=nge nopé€
[ e = [irew] - [ e
0 0

=0
= (noE)Fa(n()E’ y) - Ge(n()E? y)

Thanks to Lemma [3.7.7, we know that the concerned quantities are uniformly bounded and
converge uniformly on compact sets, so that

NoEn Zo
/ e (2)k* (z,y) de —— zk(dz,y) uniformly on compact sets.
0

en—0 0

And as before this is sufficient to prove that

o[ e / ey
0 / Bly)U(t, dy) /mo wk(dz, y).
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3.5 Boundary Condition for the Continuous System

The discrete system only needs an initial condition prescribing the wu;’s and v at
time ¢ = 0 to be well-posed, as Theorem [3:2.7] states. It is different for the continuous
system : a boundary condition at * = ¢ is needed when 7(zg) > 0 (in which
case the characteristics associated to the “velocity” 7 are “incoming”). Even when 7(zg) =
0, difficulties might arise when z +— 7(z) is not regular enough to define the associated
characteristics. However, according to the analysis of [41], [65], we have seen that the notion
of “monomer preserving solution” appears naturally, inserting as a constraint. It leads
to the question of deciding how this condition is related to and and to determine
the corresponding boundary condition to be used at x = xg.

Let (U, V) be a “monomer preserving” solution. In this section we do not care about regu-
larity requirement, and we perform several manipulations on the solution (that is assuming
all the necessary integrability conditions). We suppose that the kernel k splits into a Dirac
mass at x = xg and a measure which is diffuse at xg :

k(da,y) = I(dz,y) + 0, _,+ (dz)y ™ (y) +,_,- (d2)p~ (y),
where for any y > 0, I([zo — 1, 0 + 7], y) — 0 as i goes to 0. We have defined here Oy DY

Vo € Cy([x0,0)), < Oyt & >= é(x0); Vo € Cp((0,20]), < Oyt @ >= é(x).

Both of them are actually a Dirac mass at zg, but we have to distinguish between z¢ and
xo because both their biological and mathematical interpretation are different. The Dirac
mass at xar means that polymers of size z( are formed, whereas the Dirac mass at z; is
interpreted as breakages of polymers of size zy going back to the monomers compartment V.
In terms of the asymptotic process, one can think of & g 35 the Dirac mass at xy produced
by using information from the left, that is defined from k°(x, y)X[0,n,e[(*) dz, and 5363 as the
Dirac mass at 2o produced by k°(, y) X|nye,y) (7) dz which relies on the information from the
right of xy. To give a simple example, the sequence with ky,_1; = % and the sequence with
kno+1,j = % would respectively lead to production of %6%_ and %5;1;3“ As shown below, the

mathematical treatment of each is different.
The time derivative of (3.14)) leads to

d dv 9 o0
pTidmiry /LO xaU(t,a:) dz = —/mo zu(x)U(t,x)de + X — 4V

In the left hand side, we can compute the derivative of the moment of U by using (3.3]). We
get

oo oo oo
— 2U(t,x)de = —/ zfBU dz — / zpU dz
dt J,,

o fo%e) a o o) [e%s)
- / v Ao (7)o 42 / v / (dz, ) B)U(t, ) dy.

In this equation, since (3.3)) is only written for = > z¢, only the diffuse part of the kernel k
appears. Integrating by parts, the convection term yields

o0 a oo

/ x—(7U) dax = —xo7(20)U(t, o) — / 7U d.
20 ox 2o

Now we use (3.2)), which writes

dv 0o 00 xo
i A=~V — V/I0 T(x)U(t,z)de +2 /II0 /y y l(dy, z)B(x)U(t, z) dz

=0
220 / @B () de
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then we obtain

2oV () r(20)U (¢, 20) — / " 2B@)U(t 2) da

0
w2 [ @) ( [ utay.a) + v (@) ao o
o 0
However, (3.7) is interpreted as

2/0v yl(dyv ZE) =+ 2'730X[$0700) (I)wi(l‘) =+ 23:0)((10,00)(J")w+ (1‘) = Z.
We are thus led to the relation :
20 (V(t)T(mo)U(t,xo) ) / T o @)B@) U ) dx) ~0

which suggests the boundary condition
2oV (20)U (1 ) = 20 / W+ (2)B(2)U (, 2) da. (3.33)
zo

(Note that written in this way it makes sense also when zo = 0.)

When zy > 0, the above calculation gives solid intuitive ground to choose Equation
as a boundary condition, defining the incoming flux by means of a weighted average of the
solution over the size variable. In particular if the Dirac part vanishes, that is if ¥/ (z) = 0,
we obtain

VT (zo)U(t, z0) =0,

the boundary condition proposed in [50], for constant coefficient 7. It is also the boundary
condition used in [65].

If 2y = 0, the problem is still harder, since Equation is empty. Dividing it by x¢ > 0
and passing formally to the limit would however give :

Vr(0)U(0) =2 /OOO Y1 (2)B(x)U(t, z) dz. (3.34)

Here again, it generalizes what has been proposed in [50] for 7 constant and k(x, y) = % Xz<y)

though without any rigorous justification, and if ™ = 0 it imposes a vanishing incoming
flux.

3.6 Discussion on the parameters and choice for ¢

The continuous model is easier to deal with than the discrete one, and thus its use is of
great interest both for mathematical analysis and numerical simulations. However, as the
above derivation shows, it is necessary to check precisely its range of validity. In this section,
we try to enlight some of the parameters requirements; a full biological discussion upon
their values can be found in [68]. It is based on [79] [78] and references therein.

3.6.1 Orders of magnitude

To carry out the previous scaling limit theorem, we made the following assumptions :

1
s=—==¢, v=—, lm .eng(e)=29, n=a=c=d=1
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Let us denote iy the average size of polymers. Even if there still exists much uncertainty
upon its value, we can estimate that the typical size of polymers ranges between 15 and
1000, so we can write

1

g1 =—< 1L

io
It is also known that the “conversion rate” of PrPc is around 5 to 10% at most (depending on
the experiment, on the stage of the disease, etc) ; it means that the mass of proteins present
in the monomeric form is much larger than the mass of proteins involved in polymers. In
terms of characteristic values, it writes

52:?<<1

Finally, we get :

U
e = v = /e160 K 1.

Hence, it legitimates the assumption on the parameters s and €. Concerning the parameter
a, we have a = % ~ %, which is in the order of 1. We have only dy < 5.1072 : this should
lead to neglect the degradation rate of polymers and simplify the equation.

For the fragmentation frequency, it is in the order of the exponential growth rate, found
experimentally to be in the order of 0.1; in the case of Masel’s articles [79] [78], it is supposed
that o = 1, so it seems relevant (it leads to a fragmentation frequency in the order of ¢).
However, it has to be precisely compared to the other small parameters which are given
by the typical size ig and the conversion rate to justify the approximation. Moreover, the
assumption of a linear fragmentation kernel 8 has to be confrounted to experiments.

Concerning the aggregation rate 7, and its related parameter v = 7V, as shown in [68],
in most cases we have % in the range of [0.01,0.1], so it seems justified to suppose it small;
what has to be explored is its link with the other previously seen small parameters.

3.6.2 Discussion on the fragmentation rates £; ;

To illustrate the central importance of a good estimate of the orders of magnitude, we
exhibit here a case where the limit is not the continuous System , but another one.
Our calculation is formal, but a complete proof should be deduced from what preceeds and
from [28].

Let us take, instead of b = &%, the following scaling

_ ~a—1
b=¢e""",

and suppose also that the fragmentation kernel verifies

kii=kiovi=5(1—er),  kij=ckir, 2<i<j-2,
j—2
0
D k=1 ki = ki
i=2

It means that the polymers are much more likely to break at their ends than in the middle
of their chain. The rescaled equations (3.19)) are replaced by the following ones

dv .
i A —qv — e Y ru, + 261 Z Z JkjiBiwi,
i>ng j<no
du; _ _ - 3.35
dtz = —e™piu; — e By — P o(riug — Tioquin) + 26071 Bk jug, (3:35)

Jj>i
for ¢ > ng.
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The only changes in Equation (3.35) compared to (3.19)) are the fragmentation terms. In
order to make their limits clearly appear, we rearrange them as follows. First, in the equation
for v, we write

) 1
2eite Z Z JkjiBiug = ghte Z Biu; + et (ng — 1) BrgUng
i>no j<no iZno
_g2ta Z i By — g2ta (nO _ 1)7’noﬂnou"0

ian
min(ng—1,i—2)

42e2t Z Z jk?,mﬁiui~

i>no j=2

All the terms vanish when ¢ tends to zero, except the first one, similar to the aggregation term
€971 3" 13u;, and the last one, similar to the usual fragmentation term in Equation (3.19),
where 73 replaces 3 and k° replaces k. We now turn to the equation for u;, and we get :

1 —1 _ —1 —1
—e%7 Biu; + 2 E:ﬂjki,juj = =7 Biu; + &% Biyruit1 — €%Tip1fit1Uiv1
J>i
a 0O 2.,
15 E k‘i,jrjﬁju].
j>itl

The first two terms can be treated as a derivative, like the aggregation term —e?~!v(ru; —

Ti—1u;—1); the last two ones are similar to the usual fragmentation term, where r3 replaces
B3 and k° replaces k.

Hence, under Assumptions (3.23) on k7 ; and (3.22 ) on r; (with a constant as an upper
bound, so that its limit r should be in Cb) and 5], with o — 1 < 1+ o, denoting respectively
k°, r and B their limits in the sense of Lemma and Lemma |3.3.2] u the limit system

writes :

% :)\—'yv—v/ooT( VWU (t,z)dx
/ B(x)U(t, x) dﬂc—i—Z/OO / yk® (y, x)r(2)B(2)U (t, ) dy dz,
% = (@)Ut 2) — r(@)B@)U (t,2) — vf(TU
te 02 [ R @)W ) du

(3.36)
Notice also that (3.36) includes the case of “renewal” type equations (refer to [92] for ins-
tance), meaning that the ends of the polymers are more likely to break. A relevant case
corresponding to the above setting consists in assuming :

my; 7 . .
ko =k =" k9 = ki (1 —my) fori ¢ {ng,j —no},

11— nol 70, 2 ’

Z];i,j =1, k J = O(]l)
=2

with (m;) satisfying the assumptions of Lemma and k; b satisfying Assumption 1.'
We also define m(y) as the limit of m® defined as in Lemma Then Equation (3.36)
remains valid, and as in Section [3.5] the kernel k¥ splits into a Dlrac mass at £ = g and a
measure which is diffuse at xg :

KO (dz,y) = k(dz,y)(1 = m(y)) +6,_,+ (dz)m(y).
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We then refer to Section for a formal discussion on the choice of Equation (3.34)) as a
boundary condition. However, Theorems and do not apply, since such a fragmen-
tation kernel k does not satisfy Assumption (3.23).

Both of these cases mean that the ends of polymers are more likely to break. What changes
is the order of magnitude of what we mean by “more likely to break” : is it in the order of %,
in which case System is (formally) valid, but with a (formal) boundary condition
of renewal type ? Or is the difference in the order of 6%, in which case Equation
is more likely ? Refer to [68] for a more complete investigation of what model should be used
in what experimental context.

3.6.3 Discussion on the minimal size ng
We have seen above that to have xzo = 0, it suffices to make Assumption (3.20)). Having
also seen that the typical size ig is large, and that
s 1 M M
c il

<1,

io le’ le
it is in any case valid to suppose that

1
— =£°, 0<e<2.
20

Hence, Assumption (3.20)) can be reformulated as :

1
ng <K i . (3.37)
For ¢ = 1, it means ng < igp, which is true. On the contrary, if we suppose that zo > 0,
1

it means that ng ~ i§ : in most cases, where for instance io = 100 or iy = 1000, it seems
irrelevant.

To conclude this section (or open the debate), it seems that for each specific experiment,
like PMCA protocole, in vitro or in vivo measures, or yet for the case of recombinant PrP
(see [97]), the orders of magnitude of each parameter should be carefully estimated, in order
to adapt the previous model and stick to the biological reality - which proves to be very
different in in vivo, ex vivo or in witro situations, or yet at the beginning (when there are
still very few polymers) and at the end of experiments. The previous discussion illustrates
this idea, and gives some possible extensions to the model we have studied.

3.7 Appendix

3.7.1 Compactness of the coefficients

Proof of Lemma We refer to [28] for the case kK = 0. We prove here the case
k > 0. First, we show that z° is close to a subsequence satisfying the requirements of the
Arzela—Ascoli theorem on [r, R]. We define z° by

€

z ((E) — g“zi +€’iw(

x —ie) forie <z < (i 4 1)e.

We have
e c k i+l T 2 .
@)~ @) = | e,
< ez — i,
< eK(ei) ' < 2e(KrtT 4+ KRETY).
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Furthermore z¢ has a bounded derivative since

dze
dx

o i+l — %4
£

K(gi)" 1,

Kr* '+ KR!

)

<
<

Therefore, the family Z¢ satisfies the requirements of the Arzela—Ascoli theorem for any
interval [r, R] with 0 < r < R < 4+00. We can extract a subsequence converging uniformly
to z. The limit is continuous and satisfies z(z) < Kz". When & > 0 the convergence extends
on [0, R] owing to the remark

sup |(2° — 2)(z)| < 2Kr.
z€[0,r]

This concludes the proof. O

During the proof of Theorem |3.3.3| and Theorem [3.3.4] we made repeated use of the follo-
wing claim.

Lemma 3.7.1 Let z, converge to a continuous function z uniformly on [0, M] for any
0 < M < oo, with |z,(z)| < K(1+ 2"). Let (u”>neN be a sequence of integrable functions
which converges to U weakly-x in M*([0,00)). We suppose furthermore that

sup/ (1 + 2% |uy(z)]dz < C < co.
neNJo

Assuming 0 < k < £, we have

o

/OOO zn(@)up (z) de —— z(z)U(dz).

n—oo 0

Proof. First we notice that since for any compactly supported continuous function we have
| /000(1 + 2 Y (2)p(2) da| < Ol
we have, from weak star convergence with (1 + x')p(z) as a test function,
| [ 0+ ae@Uin)] < ol
and therefore (14 x*)U(dx) is a signed measure with total variation
(1 +2°)U(dz)|lvr = /000(1 +2)" |U|(dz) < C.

We denote as usual U(dz) = Ut (dz) — U~ (dz) and |U|(dz) = U (dz) + U~ (dz).
Let ¢ € C(]0,00)) such that 0 < ((z) < 1, {(x) = 1 on [0,R], 0 < R < oo and
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supp(¢) C [0,2R]. We split
‘/0 zn(xizbn(x)dx—/o z(x)U(dxo)O)
| [ @@ do - [ s@)i@u)
0 o0 0 oo
[ @1 - (@)unla) e~ [ 2(e) (1 () Uldo)
- 0
< [ @) = @)l @) o) o

_|_‘ /OOo z(x)¢(z) up(z)da — /OOO z(x)¢(2) U(dx)‘

+ / en(@)] (1 - (@) [un(@)|dz + / l2()] (1 - ¢(@)) [U)(da).

The two last integrals can be dominated by
L+y" - ¢ - ¢
Ksup | — sup (14 2% (Jup(z)|do + (14 29|U|(dz)
yw>r\1+y* n Jo 0
1+y~

< 2CK sup .
y>R 1+ ye

Since 0 < k < ¢, this contribution can be made arbitrarily small by choosing R large enough,
uniformly with respect to n. Moreover, we clearly have

0 < / " Jonl@) — 2()] Jun(@)] ¢(z) de

oo
< sup |zp(z) — 2(2)] sup/ |ty (z)| dz —— 0
0<z<2R m Jo n—oo

and of course

n—oo

/Ooo (2)C(@) un () da — /OOO +(2)¢(z) U(dz) —— 0.,

Combining all together these informations ends the proof.

3.7.2 Compactness of the fragmentation kernel

We look for conditions on the coefficients guaranteeing some compactness of k. We use
a few classical results of convergence of probability measures (see [15] for instance). Let us
introduce a few notations. Given a probability-measure-valued function y € R — k(.,y) €
M (R), we denote F(.,y) its repartition function : F(z,y) = [*__ k(s,y) ds and G(z,y) the
function ffoo F(z,y) dz. We shall deduce the compactness of k¢ from the compactness of
the associated G*. To this end, we need several elementary statements.

Lemma 3.7.2 Let {P™, n € N} be a family of probability measures on R, having their
support included in some interval [a,b]. We denote F™ the repartition function of P™, and
G" the functions defined by ffoo F™(s)ds. The following assertions are equivalent :

1. P* — P weakly, ie.,V f € C,(R), P,f — Pf,
2. F"(z) — F(x) for all z at which F is continuous,
3. G™ — G uniformly locally.

Lemma 3.7.3 (Conditions for F') Let F be a nondecreasing function on R. There exists
a unique probability measure P on R, such that F(x) = P(] — oo, z]), iff
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— F is rightcontinuous everywhere,
— limg— oo F(z) = 0,limy 4 oo F(x) = 1.
Furthermore P has its support included in [a,b] iff F =0 on] — c0,a[ and F(b) =

Lemma 3.7.4 (Conditions for G) Let G be a convex function on R. There exists a pro-
bability measure P on R, having its support included in [a,b], such that G(x f F(s
where F(x) = P(] — o0, )), iff

- G is increasing,

- forx >b, G(z) = G(b) + =z,

- G=0on]—o0,a.

Corollary 3.7.5 Let (G")nE a sequence satisfying the assumptions of lemma . Sup-
pose G™ — G uniformly locally on R, then G also satisfy these assumptions and we have
P" — P weakly.

Proof. We define the function F' as F( ) = limg_, o+ w, 1t is then easy to check
that F' satisfies assumptions of lemma and G(z f F(s 0

Proof of Lemma [3.3.2l We prove the following result, which contains Lemma [3.3.2

Lemma 3.7.6 Suppose that the discrete coefficients satisfy . Then there exist a sub-
sequence €, and k € C([0,00), M2 ([0, 00)) — weak — %) such that

— k satisfies (@, (and therefore ),

— for every y > 0, k*" (., y) — k(.,y) in law,

— for every ¢ € C2°([0,0)), ¢ — ¢ uniformly on [0, R] for any 0 < R < 0.

For any y >0, ke(x y) dx defines a probability measure on [0, 00), supported in [0, y]. We
set F(z,y) fo (2,y)dz and G*(z,y) = [ F*(z,y) dz. Let ¢ € C2°(R%). We start by
rewriting, owing to integration by parts,

&) = oly) - / " Fon @, )¢l (1) d = oly) — CF () (4) + / ' 6 (o, )¢ (@) o,

where we used the fact that F°(y,y) = foy k% (z,y) dz = 1. The proof is based on the following
argument : G¢ is close to a G¢ which satisfies the assumptions of the Arzela-Ascoli theorem.
Given z,y > 0 and € > 0, 4, j denote the integers satisfying « € [ie, (i+1)e[, y € [je, (+1)g]
and a short computation leads to

FE(x,js) = Si,j + %ki,j;
= € (v —ig)?
Ge(x, je) = ggsp,j (2 = i8)Siy + 585 + ki,
where -
Sig = knj. (3.38)
r=0
We define - '
l%f(x,y) — Wkg(mujg) + gk‘s(,@, (] + 1)5)
and we have
. i+ 1)e — —
) = YT e oy 1 Y a4 1),
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Observe that

G () — Go(ay)| = L5165, (G + 1)e) — G ()|

7o
L

IN

. g
‘8 (Spj+1 — Spj) + (x —1€)(Sij1 — Sij) + §(Si,j+1 — Sij)
p
(v —ig)?
2e

Due to ‘) we have 0 S k@j S 1 and thus |ki,j+1 - k¢7j| S 1. Slmllarly 0 S Si,j S 1 and
|S;.j+1 — Si ;| < 1. Hence, since (3.23]) can also be written

I
o

+ (Kij+1 — km)‘-

1—1
‘ > Syt — Sp,j’ <K,
p=0

it allows us to obtain
G5 (z,y) — G*(z,y)| < e(K +1+1/2+1/2) = (K +2).
We also deduce that

{6yés(w,y)| _ |GE($7j5) _is(xa (j+1)5)| < K42

while ~
|0.G*(z,y)| < 1.

Moreover, we have ~
|G (2, )| < 2e(i +2)

which is bounded uniformly with respect to ¢ and 0 < z,y < R < oo. As a consequence of
the Arzela-Ascoli theorem we deduce that, for a subsequence, G*» converges uniformly to a
continuous function G(z,y) on [0, R] x [0, R] for any 0 < R < oo. It follows that

Y

6 (y) —— dy) = o) — Cly.y)¢' (v) + / G2,y (z) dz

Ep—00 0

uniformly on [0, R]. We conclude by applying Lemma to the function z — G(z,y),
with y > 0 fixed. O

Lemma 3.7.7 Suppose that the discrete coefficients satisfy . Then F¢ and G° are

uniformly bounded and converge (up to a subsequence) uniformly on compact sets.

Proof. Assumption (3.25) rewrites

| =

K
< - ) kZ,] < )
J J

Sijr1 = Siy

where S;; is defined as in (3.38). So, with the same notation for F* as for G= and k¢, we get

- — 2K 3K
F2(e.y) = P ()| = LB P+ )2) = P o) < = < e
Similar considerations yield
- )+ 1)e — -7 2K 2K 2K
0, Fe| < UTemyy yodey e 2 2K 2K
3 € J€ no€ o
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where we have used Assumption (3.20), restricting the discussion to the case zy > 0 (see

case ii) in Theorem [3.3.4) and
_ 1 3K
0y F°| < —|F*(z, (j + 1)) — F*(z, je)| < —,
€ Y
which leads to Ascoli assumptions and therefore the suitable compactness.
With such assumptions, we can take into account any k of the form k(z,y) da = %k‘o (z/y) dz,

including Dirac mass. If we consider such a distribution on [0, 1] (taken symmetric), then we
can define k; ; as

=] 55 ]) + 3m({1)
sabo({5)) + dho({o})ar+ amo ({0}
with 63 the Kronecker symbol. With these notations, we have for p > j — 2,
- p 1 P
S, = ;ki,j — ko ([0, T )+ §ko<{ﬁ})
and Sj_1,; = S;; = 1, which leads to

Spj+1 — Spj = kO([g’ %D + %ko({g}) - %%({J%}), ifp<j—1,

Sj—1,j+1 — Sj—1,; = —ko G j];.l, 1}) - %ko({j];l})a Sjj+1 =555 =0,

as 0 <17 < j, we have for any p < 1,

-1

j-17 5

hS
I3

<

the intervals [?, 3%1[ and [prl, %[ are disjoint. This leads to

Ssn = (U D1 U - U2 =2

which gives the criterion 1) The limit is then obviously given by k(z, y)dz = iko (z/y)dx.

3.7.3 Discrete system

We discuss here briefly the existence theorem for the discrete system. It is mainly an
adaptation of theorem 5.1 in [64]. We define the truncated system. Let N > ng, consider the

system

N-1 N
dv .
o A—yv—v Z Tt + 2 Z Z ik; ;Bu;,
i=ng j=ng 1<ng
du N
n
dto = —HnoUny — /Bnouno —UTpy + 2 Z ﬁ]’kno’juﬁ
Jj=i+1
du; N
dtl = —pu; — Biug — v(Tity — Ti—1ui—1) + 2 Z Bjki juj, for ng <7 < N,
j=i+1
duN
@ Hwun - BNuN + VTN _1UN_1.

(3.39)
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Existence, uniqueness and nonnegativity are immediate, we have immediately the weak
formulation

N N N-1
d
T (U(t)q/’ + E Ui%) = M-y —v E HiUi s + v E Tiwi (Pitv1 — @i — V)
i:no i:no i:no

N j—1 (p 90
+2 Z Z iki7jﬁjUj (ZZ — J)

j=no+1li=ng J
N 71,071

+2 Z Z iki7j,8j’tl,j( — %)
j=no i=1
(3.40)
Let us denote U™ the infinite sequence of functions defined by UN = ul' if ng <i < N, U} =
0 otherwise. The weak formulation gives moment estimates (and the moment estimates done
in section 4 can then be thought as uniform bounds on truncated systems). This model has
the property of propagating moments.

With this type of initial condition, the proof of existence is based on the Ascoli theorem
for the continuous functions U}¥. Thanks all the moments controlled on the initial data and
the nice property of propagation of moments, we have bounds on the derivative of vV, U
and therefore, we can extract convergent subsequence. The limit satisfies the equation in an
integral form (see [I0] for a definition). For proving uniqueness, the procedure exposed in
[10] [64] applies, with a small modification due to death rates (the condition on the moment
of order 1+ m for the initial data insures the convergence of 3 ipu;u;).
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Deuxieme partie

Diffusion croisée et formation de
motifs
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Chapitre 4

Diffusions croisées et formations
de motifs par régularisation

Le travail présenté ici est issu d’une collaboration avec Mostafa Bendah-
mane, Americco Morocco et Benoit Perthame. On s’intéresse a des mod-
eles non standards de diffusion croisée en I’absence de termes de réaction.
Le but est de déterminer la stabilité de 1’équilibre homogene. La clé de
voute de ce travail est l'utilisation d’estimation de dualité qui permet-
tent d’amorcer les preuves d’existence dans certains cas. Ce travail a
été accepté dans le Journal des mathématiques pures et appliquées. Nous
avons conservé la notation 82 pour le paramétre de régularisation comme
dans la version publiée. Ce méme parameétre est appelée § dans les autres
chapitres.

4.1 Introduction

The dynamics of interacting population with cross-diffusion have been widely investigated
by several researchers. The concept of this phenomena was studied by Levin [72], Levin and
Segel, [71], Okubo [91], Mimura and Murray [84], Mimura and Kawasaki [83], Mimura and
Yamaguti [85], and many other authors. All these papers base the pattern formation on a
reaction term as prey-predator interactions.

Spatial patterns can however emerge from pure diffusions without reaction terms nor
oriented drift at the individual level. This is the case of N populations described micro-
scopically by a brownian process which intensity depends upon the macroscopic density
U = (Uy,...,Uyn) of the populations

AXp(t) = o (U(X, 1)) dWi(t), 1<k<N.

When set on a bounded domain with reflexion on the boundary, the corresponding models
for the population density are cross-diffusions

2U - AA(U) =0, inQ, W
2 AWU)=0 on a9, '

93
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where U = U(x,t) € RV, z € Q a smooth bounded domain of R?, n denotes the out-
ward normal to Q. Finally A : RV — R¥ is a nonlinearity related to the intensity of the
interactions by the relation

A(U) = Uax(U), (4.2)

and a,(U) = 304 (U).0L(U). We also complete the system with an initial data
Ut=0)=U"=(U},..,U%) with U >0.

The properties, and pattern formation capacity of such systems are better described by
introducing the more general form

ka — Z div[ Dy (U)VU;] = (4.3)

where Dy (U) are the components of a N x N matrix, the derivative of A in the case
(4.1). Boundary conditions have to be imposed and we consider here the case of Neumann
conditions

D(U).VU.n =0, on 0.

For such boundary conditions, mass conservation yields naturally

(U) =, vt=0,

1
U)m/QU:cdz

The Lotka-Volterra competition with cross-diffusion has recently received great attention.
They are many established results concerning the global existence of classical solutions (see
[107, [73] and the references therein) where most of the proofs rely on Amann’s theorem
[2, B]. We point out that standard parabolic theory is not directly applicable to our model
due to the presence of cross-diffusion terms.

In opposition with pattern formations, an important issue has been widely studied which
is to know in which circumstances the solutions exist globally and behave like in the case
a single heat equation, i.e., relax to a constant state as ¢t — oco. Typically three kinds of
special methods have been helpful in this scope. The first method is to rely on the maximum
principle. It can occur on certain combinations of the U; as in [2, B, [4]. Entropy methods
also applies to particular systems and has also been a useful tool because of the related
symmetrization of the system following [60, 34]. It provides a natural method both for
existence and relaxation to steady state as in the recent studies in [22] 23] of the Shigezada-
Kawasaki prey-predator system [I00], or for tumour models [62]. This method typically
applies in the special case of the square entropy when D is definite positive meaning that
there is v > 0 such that

where (U°) denotes the average

N
Z &Dr ()& > vle]?, Ve e RN, (4.4)

This strong positivity property gives the energy inequality

2dt/|U )|2da = ZVU,CDM )VU; < —y/\VU ) d.
k,l=1
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The third method, by duality, has been used in [I7] on a particular upper-diagonal diffusion
with Dirichlet boundary condition; we show here that the method can be extended to very
general systems with Neuman conditions.

Concerning instabilities, the interplay between diffusion and reaction terms has raised
surprising results in the spirit of the Turing instability mechanism [104]. The question to
know if cross-diffusion or self-diffusion gives an advantage to competing species is studied in
[r4, [75].

Our interest in this paper concerns instability mechanisms that may appear only from
the diffusion intensity and the lost of positivity in the second order matrix. We study in
which circumstances the increase of this intensity with higher density of the other species
can lead to a segregation phenomena. Of course such instability is incompatible with any
entropy inequality, and thus cannot hold. This raises several mathematical questions
which seem to be new in the domain of cross-diffusions. Can it still be that small solutions
exist globally even though the maximum principle does not hold in general? For large data,
what kind of regularity or ’blow-up’ can we expect? Finally, how do regularized systems
behave in the ’instability’ regime. We will study these questions with a model problem in
mind related to Shigezada-Kawasaki’s system and that represents two species with stronger
interactions

%Ul—A[U1<1+CL11U1p+a12U§)] =0, ,’EEQ, (4 5)
%UQ — A[Ug(l + aglUlp + G/QQU%])] =0,

still with Neumann boundary conditions. One can check that as soon as p > 1, the matrix
Dy, is negative for U large.

We approach these questions both theoretically and numerically. In particular we prove
existence for small initial data (section and we give a priori bounds in L}, for possible
solutions to thus showing that the break-down should come from the blow-up of gradient
estimates rather than usual L? norms (section. Our main tool here is a general estimate
due to M. Pierre [94] 93] in the context of semilinear parabolic systems (arising in population
dynamics or more generally reaction-diffusion systems) (see also [35]). In section these
bounds are extended to a relaxation system that takes into account a local measurement of
densities; we show that the method is well adapted to general (even not parabolic) cross-
diffusions and prove global existence for the relaxation system. For non-parabolic cases,
we show that Turing instability occurs in a certain range of data and for small relaxation
parameters. Numerical simulations of this relaxation system are performed in section
They show that the oscillatory initial regime reorganizes to create patches where one species
density dominates the other and interfaces are generated which width is related to the
relaxation length. The technical and general extension of M. Pierre’s estimate to bounded
domains for Neumann boundary conditions is kept for an Appendix as well as another
remarkable energy estimate which holds for particular cross-diffusion coefficients in .

4.2 Global solutions for small data

The lack of maximum principle for general diffusion systems is a major difficulty that arises

for systems as . Using stronger H! estimates, we can show in one dimension that for

small initial data there is global existence. Such solutions decay to the constant state for

large time and this is incompatible with the patterns formation we are interested in. This

indicates that large initial data are necessary for pattern formation as expected in general.
We consider the system under the form 7 and assume that

a, € CH(RY), (4.6)

ar(0) > v > 0. (4.7)
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Theorem 4.2.1 (Global small solutions in 1 dimension) In one dimension, under as-
sumptions @, , and for an initial data satisfying, with o small enough,

10 (@) + IVU° |20y < o,

there is a global solution U (t,x) to the cross-diffusion system (4 (-) (-) It satisfies for all
t>0
U ()] < Ca, VU 22(0) < a,

with C independent of t and
U(t) — (UY).

t—oo

Proof. Firstly, since (U(t)) is a priori conserved, we notice that
U@z~ < KUz + VIITU 220y < @+ VIAITU22(0y
Secondly, we multiply (4.1]) by the vector A’(U) and differentiate. We obtain
OVA) = V(A (U)0U) = V(A ()AAD)),

we multiply by VA(U) and integrate

|VA _ ,
- / / VAUV (A (U)AAU)) = /Q AAU) A'(U) AAU).  (4.8)

But from (4.2) and (4.7), we have A’(0)x = arr(0)dp, and thus for [|Ul|p~ ) < € small
enough, we have

XA (U)X > %IIXHz, VX eRY, (4.9)
2
A (U)X > %HXHQ, VX e RV. (4.10)
We now consider 7™ defined by
T* = sup{t > 0,||U()]| <e}.

For @ < ¢, then T* > 0. Suppose T* < oo, then for 0 < t < T™, we have, from (4.8) and

1.9,
/|VA(U(t))|2dx§/ IV A(U®)[2dz.
Q Q

Therefore,
/ A (U)VU(#)]? < / IVAU)|*da.
Using (4.10)), this leads to

/\VU(t)deg 32/ VAU Pdzx < %/ |VU°|?dz.
Q veJa Ve Jo
\/2C’|Q| €

5
Now, we choose a such that & < - and ~—— —, this ensures, ||U(t)| 1) < % and

C*-’)

thus, T™ is not maximal. Therefore T* = occ.
Finally, the existence of a solution for small times follows from standard parabolic theory
and the a priori bound above shows that these are global solutions.
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We now prove the time convergence to (U°). Because [,(U —(U"))? = [,U? — (U)?, we
compute

% Q(U— dt/UQ /AA /A’(U)VU.VU.

But as the solution stays in the domain |[U(t)|| ) < €, we have for some constant Co,

%/Q(U (U°))? /|VU|2 < 200/( —{U")?,

thanks to the Poincaré Wirtinger inequality. We conclude from Gronwall lemma that
IV = U 2@y < eV = (U°) ] 22(s-

O

4.3 A priori bounds for large data

For large initial data and when the condition (4.4)) does not hold, we cannot expect in general
the existence of solutions for the cross-diffusion system (4.3))—(4.2). For a single equation,
the corresponding situation is when A’(u) can be negative on some interval I C R, .

0

The situation is analyzed in [95] 90, 44] (see also the survey in [43]) and it is better analyzed
in term of relaxation systems, an approach which we will follow later. We expect that
oscillations or jumps occur at positive times, but a first issue is a priori control in L for
possible solutions. This follows from the maximum principle for a single equation (and
possibly from entropy constructions for relaxation systems, see [95]). For systems this is an
open question and we give here a first a priori bound

Theorem 4.3.1 Smooth solutions to 7 satisfy the a priori bounds

N
( / / S A4U) kadxdt) < UV 2 + Co (2, SSWVT. (a11)

k=1 k=1

Therefore if we assume in that
ar(U)>v >0 Vk=1,...,N, (4.12)
then we also have, with the notation Qr = Q x [0,T],
VUllz2(@r) < CHOIU 120y + Ca(@, (U)W (4.13)

In the particular case of model (4.5] ., we observe that the larger is p, the best is the bound
in - In particular, A(U) is always integrable. The L? estimate in is much weaker.

Proof. Our proof is based on a variant of a general duality argument due to [93] B3], that

N
is presented in Appendix A. We denote w = 3 Uy. We sum up the equations and we find
k=1

N
dyw — A " ag(U)Uy, =0,
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which we write

Oyw — Aa(t,r)w =0, a(t,z) = Y ak(g((tt’;))Uk(t’x) = a(U(t,z)).

We can use now (4.27) in Appendix A and obtain,

Ve wlizz@r) < C 1w’ L2() + 2(w’) Vel L2 @r)- (4.14)

In order to control the right hand side by ||/o w||2(g,), We use a truncation method.
Since the coefficients ay(U) are continuous, and Uy, are nonnegative, we may define for any
R >0,

sup a(U) := M(R) < +o0.
w<R

Furthermore, we may truncate w away from values less than R, a parameter to be fixed later
on, with the indicator function Iy,> gy and rewrite (4.14)) as

Ve w Isrylirz@r < CO) 1wl r2@)+2w) [Valys ryl L2 (@m +2(w’) [Va Tpw<rylln2r),

w
Ve w Tz ryllrz@r) < CE@)uw? 2@ +2(w”) Ve 7 Twemyllez@n +2@) IV M (R 12@r):

We choose R = 4(w®) and obtain

Ve w Taws ry ll220r) < 2000|120 + 4(w®)\/[2] T M(R).

Since we also know that

IVowlg<ryllL2(@r) < BVM(R)IQIT = 4(w’)/M(R)[QIT,

we conclude

Ve wllz2gr < 20(@))w’||L2(9) + Co((w’)) V9] T,
with Cy((w®)) = 8(w®)y/M (4{wO)). This is exactly the a priori estimate (4.11)).

The other statement is a simple and direct consequence. [

4.4 A relaxation system

If we assume that the intensity of the brownian motion depends on the density of the
populations measured with a space scale § > 0 and not at the exact location z, then the
system (4.5)) can be replaced by a cross-diffusion relaxation system

%uk — Alag(t)ug] =0, xeQ, k=1,.. N,
(4.15)

—(SQA’QJ.C + U = ug,

together with Neumann boundary conditions both on uj and ug. Relaxation procedures are
usual and several other examples for cross-diffusions can be found in [58, [5] and for phase
transitions see [56, 43} [05]. In terms of the ecological interpretation, it is also more realistic
than the initial system , because individuals are unlikely to be able to access a pointwise
density, but might estimate their environment from sensing at a smaller scale.

We can expect that the system is well-posed, and we first study this question. Then
we prove uniform bounds independent of § which indicates that instability should arise from
the blow-up of gradients. To tackle the question of instabilities, we show that the system
exhibits Turing patterns for § small, this is our second goal in this section.
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We keep in mind the example (4.5) and assume that for some p > 0 one has
0<v<ar(U) <Co(1+|UP), Vk e {1l,...,N}. (4.16)

For later purpose, we also introduce the assumption that for some constant K > 0 and some
n > 0, we have
‘ Vak(U)

205 ’ < K|VU|. (4.17)

We have in mind coefficients of the form (1 + ﬁjp) and then we can take n = %.

4.4.1 Uniform estimates for p < 2

We first extend the a priori estimate of section to this relaxation system. The coupling
induces a limitation on the possible growth of the nonlinearities a;(U) and we have the

Theorem 4.4.1 Assume that holds for some 0 < p < 2, then, the a priori bound
holds for a constant C independent of §

lullL2@ry < C([u’ll L2y, T), VT > 0.

This is weaker than the a priori bound in . The difficulty in the case at hand comes
from the dependency of ay (@) which we cannot lower bound from wu itself.

Proof. We denote by a; the quantity a(@). The estimate (4.27)) of Appendix A gives, for
all k e {1,..,N}

IV ukll 2@y < COupllz2@) + 2(u) |1V akl L2 (@r)-

The last term may be estimated as

T T
||\/ak|\%2(QT):/ /aksco/ /(1+Zﬂ%’)-
o Ja 0o Ja ;

Thanks to Holder inequality and direct estimate on the solution to the elliptic equation on
u;, we have,

/ Lt 0T lal g, < COTF s g,
Finally, back to the original inequality we arrive at
VY urll 2 @r) < COQ)6RllL2() + 2v/Co T 101w, ud)/Co(1QIT) T H“HLz
which leads to
Vil 2@r) < C@, 0]l 2y T) + C@, @NT [l £ o,

As p/2 < 1, this proves that [|u[|12(g,) is a priori bounded as by a constant depending only
on Q, T, ||[u°|| 20y and the two constants in (4.16). O
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4.4.2 Existence of solutions

We now show stronger estimates from which strong compactness of solutions follows. They
use fundamentally the regularity on « in by elliptic regularizing effects. Existence of
global solutions follow and the details are carried out in annex

The main result of this section is the following

Proposition 4.4.2 Assume that holds with p > 1, and p < 7% when d > 2. Then,
the a priori estimate holds

IVl z2qe < CG el inz@, T)- (4.18)

Furthermore, if we assume in dimension 1 with any n > 0, and in dimension 2 with
0 <n <1, then we have for all 1 < q < o0,

u(®)||Lae) < C(g, 0, ||’ L1nra(a), T), 0<t<T, (4.19)

T
/ / \Vu??2dzdt < C(q, 0, [ Lrnza), T)- (4.20)
0 Ja

Proof. We begin with the proof of (4.18)) which improves that of the theorem We use
again the estimate (4.27) applied to u; which yields

Viluillzzr < IV aiuillzar < CEON6 2@ + 2 1V ail L2 @r- (4.21)

We use the hypothesis (4.16]) to get

T T T
||@|L2<QT)S\/CO|Q|T+CO / / i < CQVT 4 / / il = /Col (VA T+ / lal2).
0 Q 0 Q 0

Thanks to elliptic regularity we also have

all, < C(6,7)lullr,

for any r > 1 satisfying also % >1_ % (particularly it is true for any r if d = 1,2). Then,

T
using interpolation inequality and choosing r < 2, we find successively

~ o(r o(r o(r
lally < C@ ) ulli™ " ull 750, = C@ )l ull?S,  00) = =2(1- ),

1-0(r 0(r)
Va2 @r) < VCo \/QT+\// (&, r)lluo &P ul )

T
= —0(r o (r
Va2 @r < VO (VT + 06, “W\/ / lu()IFoydt).  (4:22)

Now, if we may choose r such that §(r)p < 2, we get, thanks to Jensen’s inequality

T 2(p(r)/2) , T pO(r)/2
/0 ()55, dt / ()| Pde < 17 WQ(/O IIu(t)IIiQ(Q)dt) ;

which we rewrite as

T
/O Ju(OIZA dt < T2 2560)
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Replacing in (4.22)), we have
— 2—pO(r) po(r)
IVl 2y < VCVAT + €@, p, 6T 5 ull 2,
And replacing in (4.21)), we obtain
2-p6(r)

vlullz@ry < CONW 20y + C VT + CO,r,p, [T |lull 2,y — (4-23)

This concludes the first inequality when pf(r)/2 < 1, and it remains to find the range of p
in order to fulfill the constraints. These can be obtained choosing r close enough to 1 for
d=1,2. For d > 2, we need the conditions

{;>i—2, l<r<2,

d
p02(7’) =p(l-3) <1

We choose to satisfy the second line % > pp%l, but close to equality (which gives 1 < r < 2
as we check it a posteriori). This leads, in the first line, to the condition p < dQ—_dQ, but
close to equality (which imposes r < dQ—fz). The bound on ||ul[2(g,) gives then a bound on

[[Vaiuil £2(q.) thus concluding the proof of (4.18)).

This estimate leads to the stronger a priori bounds (4.19) that we prove now. We go back
to the equation and write

% uq—l—C’q/&\qu/zP = —C’;/UQ/QVU”/QV&.

From this equality, and writing a|Vu?/?| = |V (a'/?u9/?) —u?/?Va'/?|, we derive directly the
inequality
Cqy [~ C ~ val?
Gt G AV« G V@A) < of fulE (120
< C, [u?|Val|?a®—1.

We show separately how in dimensions 1 and 2 this allows us to control any L? norm for
q < +00.

The case d = 1. The proof is easier for d = 1 because there exists a constant C' (depending
only on § and ) such that

Jillim(oy + IVllime < € [ lul < Ol

Therefore from (4.24)) we deduce
d
¢ [z, fu

We conclude thanks to Gronwall lemma.

The case d = 2. In dimension 2, we divide the proof into two steps.

Step 1, 1 < ¢ < 2. We first focus on small values of the exponent ¢ namely 1 < g < 2 and
21 < 1+ £ (the limitation 7 < 1 comes from choosing ¢ close to 2). From and using
successively and Holder inequality, we obtain

4 [yl SCS’/uq&Q/2|VQ\2.
< Colluvalf; [IVal3,

< C(a,,) Va2, ull,
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thanks to elliptic regularity, with

Choosing 7 = 2 then —— = 1 — £ and we arrive at
q m
& [ ut < CE, ) luvallslulls,
= 0 2(1-6
< C@ ) [uv/allgul2 ul 2 o)

< O, 7)|luvalgluldllul 3z,

because, as we have % < % < %, we may interpolate m between ¢ and 2 with

[ I
N}
|
h

q
5

[
[
2

We finally obtain by Young’s inequality,
d =
G [ < €l n) | 1aValE + ol | el

and we may then conclude with Gronwall lemma using the estimates on fOT |luval3 and

fOT lul? in 1' By interpolation, this also gives a priori bound for any L? norm for
q € [1,2[. This ends step 1.

Step 2 We now focus on L? norms for ¢ > 2. We notice that now, controlling any L9
norm for g < 2, we control by elliptic regularity any L9 norm of V4 except the L°° norm.
We also control the L> norm of @ and therefore of a. We go back to (4.24)) and conclude

rl uq+c/|vuq/2\2 <0 [url¥3 < (5,4, T) [ut| Vil

< C(6, q,7,T)|ul[3,-

We use now interpolation: for any s > r > 1, we have

1 _ 1 1_1
lallgr < llullg™"lullgs 6= F—F = +—
q qs s

Using Young’s inequality, we obtain for & small (to be chosen later)

d

G [wrsc [IvuP < oot oluly + lulf.
We have by Poincaré Wirtinger inequality

lullds = llut’2l13, < 2u’? — (ua/2)3, + 2/[(u?/?) |13,

< C(Q,s,v) [ |Vul?? + C(9, 3)”“”3/2

< C(Q,5,v) Jo VUt + C(9, 5) [lullf + llullg],
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from interpolation and Young’s inequality. We fix s as above, choose € small enough and we
obtain

d
o [ v < O allullf + [lufig]-

And we conclude (4.19) by Gronwall lemma. The last estimate (4.20]) also follows from
@24). o

4.4.3 Turing patterns

In order to go further and study the instability occurring in the regularized model, we
consider the following particular system:

Oru— Au(l+9?)) =

o — Av(l+a?)) =
(4.25)

—02A0 + @ = u,

—02AD+ D =,

still with Neumann boundary conditions and initial data u°, v°.

It is rather intuitive that for § large, diffusion is dominant; this is also the case for small
initial data thanks to the argument in section Therefore, the appearance of patterns
depends upon a relation between the average densities of populations v and v and the
parameter d. In order to study this in details, we begin with some notations

e the only possible constant steady state of the system is given by u = @ = (u") and
v="1=(v0),

e we denote by (A > 0, w) the non-zero solutions to the Neumann eigenproblem
—Aw = \w, Opw =0 on 0N
we also denote by \; the first eigenvalue for the Laplacian.

In order to investigate when the (in)stability of the constant steady state occurs, we study
the linearized system:

0w — (14 (00)2)Au — 2(u®) (v°) AT = 0,
O — (1 + (u®))Av — 2(u®) (v*)Aw = 0,
—PAT+ T =u,
—82A0 + 0 = v.
As usual, we look for solutions of type e#!(a, b, c,d)w. Such solutions should satisfy

d= 1%

c= [E P

pa+ Aa(l+ (1°)2) + A2(u®) () b = 0,
11+ Ab(1 4 (u®)?) 4+ A2(u®) (v°) ;7% = 0,
which may be written under the matrix form
uo ’UO
() 2 ( “ )

2(u) (°
A 1)’
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We denote by M = M ({u"), (v°), 8, \) this symmetric matrix.

The question of the stability of the constant steady state can now be formulated in terms of
eigenvalues of the matrix M. It is unstable if 1 > 0 and thus if M has negative eigenvalues.
In this case, local behavior around the equilibrium should lead to segregation since the
associated eigenvector to —pu /A should satisfy a.b < 0. We have the following

Lemma 4.4.3 If the initial populations (u®) and (v°) are large enough and the relazation
parameter & is small enough, then the constant steady state is linearly unstable. More pre-
cisely, it occurs under the conditions

v = 4w (") — (1+ (u?) (14 (%)?) >0,

20u°) (1) — /(1 + (u0)2) (1 + (20)?)
Auy/(1+ (@0)2) (1 + (00)2)

52 < (4.26)

The domain influences instability only through the smallness condition on §?\;(£2) when
the initial data are such that v > 0.

Notice that the first condition ensures that the limiting system (§ = 0) has a negative
"diffusion’ matrix D in the setting .
Proof. As mentioned earlier, the constant steady state is unstable if the symmetric matrix
M admits negative eigenvalues, i.e., if det(M) < 0. We calculate

4 ’LLO 2 ’UO 2
det(81) = ~ T + (A O+ (00 2 .

As det(M) is a non-decreasing function of §, with limit v as § — 0 we first need v > 0
that is our first condition. The second condition gives the upper bound on ¢ to satisfy this
inequality.

4.5 Numerical results

The theoretical results indicate that solutions of the relaxation system remain bounded
in L2. Therefore, we expect that the instability obtained for large initial data or a small §
(through Turing mechanism) should lead to stiff gradients.

We present several numerical tests for the particular cubic system . They aim at
showing that (i) the conditions of Lemma are accurate and describe the numerical
transition to instability, (ii) stationary patterns are indeed obtained in this range of data
with stiff gradients. These numerical results also show the variety of possible steady state,
an interesting phenomena widely studied theoretically ([75] and the references therein). We
have performed both 1D and 2D simulations in the following domains

e In interval Q = [0,1] (1D simulation)
e In rectangle Q = [0,2] x [0,0.5] (in both cases || = 1)
e In unit square Q =|0, 1[?

In 2D, the computations use an unstructured grid and a mixed finite element method for
space and backward Euler scheme for time. The method is already presented in [77].

We recall the eigenvectors of Laplace operator with Neumann boundary condition: for
Q= [0,1], en(x) = cos(nrx) and particularly, the first nonzero eigenvalue is 72, associated to
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the eigenvector cos(m*x). For Q = [0,2] x [0,0.5], the eigenvectors are given by ey (z,y) =

cos(25%) cos(2mmy), the first nonzero eigenvalue is 2 /4.

We compare the theoretical formula of Lemma [£.4.3] and the numerical stability of the
steady state. In all simulations we take (u®) = 2, (v") = 1. In this case, instability might
occur, since

y=16-10=6>0

and the limiting values of §y are given in the table

Domain Q=]0,1[ | Q =]0,2[x]0,0.5[ | £ =]0,1[?
Critical value d5 | 0.02684 0.1073644 0.02684

Table 4.1: Critical value of the parameter ¢y for Turing instability, computed from formula
(14.26]).

Therefore, in a first series of numerical tests, we choose the parameters §% = 0.025 < 62
in 1D and for 6% = 0.1 < 63, and 62 = 0.11 > 43 in 2D. In both cases, we have obtained
relaxation to constant equilibrium when § is taken larger than the critical value (for all the
initial data we have tested), and instability of the constant equilibrium when ¢ is smaller
than the critical value.

We illustrate the instability case with steady states in figure for 1D simulations and
in figure for 2D simulations. For the 1D simulation, we took v = 1 and u® = 1.9 +

OQI{]O.LO‘G[}-

DENSITE ESPECE U (R DENSITE ESPECE V DENSITE ESPECE U (R DENSITE ESPECE V
Moa. @ 10262 M. @ 1124 Mia. @ 72224 Mo 15121

- 5 2574 Max: 11.501 Mox: 1.3477 Max: 2. 4784

(a) Intital condition (b) Steady state

Figure 4.1: Initial condition (left) and steady state (right) in 2D simulations. The relaxation
parameter 62 = .1 is small enough to fulfill condition (4.26]). The scales for the solutions are
not the same in the two figures.

Next we study the singularity that occurs on the transients for small relaxation parameter
0. Numerical solutions show that strong oscillations occur. In figure we depict, for the
same initial data, the effect of § on the solution at a given time.
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VARI ABLES U ot Vv

VARI ABLES U ot v

25.0 25
18. 8_| 18. 8_|
12.5_] 12.5_]
6.3 _| 6.3 _|
1 . 1
0.0 L [ o. Lo
0. 00 0.55 1. 0. 0o 1.
COUPE 0. 5000E+00 - 0. 5000E- 01 0. 5000E+00 0. 1050E+01 COUPE 0. 5000E+00 - 0. 5000E- 01 0. 5000E+00 0. 1050E+01
| NRI.A marrocco LE 081021 ex I.NRI.A rmarrocco  LE 081021 exc
(a) 62 = 2. 10 (b) 62 = 2. 10
VARI ABLES U et V. VARI ABLES U et V.
25.0 25.0
18. 8_| 18. 8_|
12.5_| 12. 5_|
6.3 _| 6.3 _|
0.0 4 Mo T o.
0. Go 055 1 0. co 1
COUPE 0. 5000E+00 - 0. S000E- 01 0. S000E+00 0. 1050E+01 COUPE 0. 5000E+00 - 0. S000E- 01 0. S000E+00 0. 1050E+01

|.N.RI.A rmrrocco

LE 081022

I.N.RI.A rmrrocco LE 081021 _ext

(c) 62 =5.10"5
Figure 4.2:

(d) 62 =2.10"5

Cuts, at a given time, in the y direction and in the middle of the domain

Q = (0,1)? in 2D. The piecewise initial condition is also represented in dashed line. As
expected strong oscillations occur with species segregation. These oscillations are stronger

when § is smaller.
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220 220
115 2.15 115 2.15
110 2.0 110 2.0
10%° 208 108 208
100 2oy [ wy 2o — o
0885 185, 085 185,
080 180 080 180
085 185, 08s 185,
T T T TT T T T TTT 1 Wt T rrrrrrrrorrrrrrr1 08t vroro v rrrrror o1 W@ty oyt r ot
00 01 02 03 04 0506 07 08 09 10 00 01 02 03 04 0506 07 08 09 10 00 01 02 03 04 0506 07 08 09 10 00 01 02 03 04 0506 07 08 09 10
(a) time t =0 (b) time t =2
220 220
115 215 115 215
110 210 110 210
105 205 105, 205
mn/ znn\ 100 200
085 185, 085 185,
080 1480, 080 1480,
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00 01 0203 040508 07 0308 10 00 01 02 03 04 0506 07 03 09 10 00 01 02 03 04 0506 07 03 08 10 00 01 020304 050607 03 08 10
(c) time t =5 (d) time t =9

Figure 4.3: Time evolution for a 1D simulation for 6% = 0.025 < §3. This figure shows
how a small perturbation is amplified. Because ¢ is large (close to dg) there are not strong
oscillations as in the case of smaller values.

4.6 Appendix: Michel Pierre’s estimate

Consider the problem
{ Oru — Ala(t, x)u] =0,

u(t = 0) = u’,

together with Neumann boundary condition in a bounded domain 2. We denote Qp =
(0,T) x Q). We assume that a(t,z) > 0 is smooth and u is a weak solution. We can also
assume withour lack of generality that (u°) > 0. Then we have the a priori estimate

Lemma 4.6.1 For any T > 0, we have

IVaull 2@ < CO)u’lL2 () + 2(u®)[Vall L2 (@r)» (4.27)
where C(Q) is the constant of Poincaré Wirtinger’s inequality.

Proof. Consider smooth functions F'(t,z) and the solutions to the adjoint problem

O+ a(t, v)Av = F(t, z),
{ (4.28)

v(t=T)=0,
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still with Neumann conditions. We have

d
— uv:/Fu,

and thanks to the final condition for the adjoint problem,

_/QUOUOZ/OT/QFU. (4.29)

Multiplying (4.28) by Av, we get

/8thv+/a|Av|2:/FAv,
Q Q Q

integrating by parts on ) , we obtain,

d 2 F?
_4 [Vl +/ alAv[? g/(—+9|m}|2),

which gives after integration in time, using again v(T') = 0,

T T F2
o [ fomrs [ [ 2
Q 0o Ja 0o Ja @

and by consequence,

F
[V 2(0) < H%HL?(QT)v (4.30)
F
[VaAv| r2(g,) < ||%HL2(QT)- (4.31)

We need additionally a bound on [ v° that we derive as follows. We use again (4.28) to find

|/Qv0|=|/OT/QaAv—F|</OT/Q¢6(\/6|AU|+55),

which gives, thanks to the Cauchy Schwarz inequality and (4.31]),

L

Finally, we get using Poincaré-Wirtinger ineqality, (4.32)) and then (4.30)),

0] < |-l [

F
C(Q)HUOHL2(Q)||VUOHL2(Q) + 2<U0>||\/aHm(QT)H%HL?(QT)

F
< 2”\/5'”L2(QT)”%”L2(QT)' (4.32)

IN

IA

F F
C(Q)HUOHLZ(Q)||ﬁ||L2(QT) + 2<U0>||\/5HL2(QT)H%HLZ(QT)-

Back to (4.29)), we conclude that

L=l L

which is equivalent to (4.27).

F
< (COMPNzzia) + 20N Vel ) Iz
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4.7 Enmergy for a particular cross-diffusion system

A particular choice of cross-diffusion terms in (4.5) permits for an energy inequality even for
negative second order matrices. This is the case of the system

OU — AU+ V?)) =

OV — A(V(1+TU2) =0 (4.33)

still with Neumann boundary conditions and initial data U°, V°.
For this system, the energy is given by

E(z,t) == (1+U*(1+V?).
One can easily check that it holds

%E(x t) =201+ VHAUA + V) +2(V(1 +U?))A(V(1 4+ U?)),

which leads immediately to

d

p (1+U2)( +v2_—2/|v U(l+V?)) /|v (1+U»)?<o0.

It follows an a priori estimate in the space L (L2) that completes the LY, bound proved in
section 3

The system is not always elliptic. This is related to the non-convexity of this energy
(still for large data), an important difference with the Shigezada-Kawasaki prey-predator
system which comes with a convex entropy functional ([22]).
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Chapitre 5

Solutions stationnaires du
systeme de diffusion croisée
régularisé

Nous présentons ici une collaboration entamée avec Salomé Martinez.
Nous examinons le systeme régularisé étudié au chapitre [4| sous I'angle
de la théorie des bifurcations.

In this chapter we consider again the relaxed cross diffusion system presented in chapter
We adopt the point of view of bifurcation theory. We first prove that, as expected, for large
values of the relaxation parameter, only the homogeneous solution is the only steady state.
We also prove that the critical value of the relaxation parameter appearing in the Turing
analysis determines also a bifurcation point. This open the route of the local analysis of the
behaviour of solutions.

5.1 Uniqueness of steady states for large value of the
relaxation parameter o

We consider the steady states of the system

8tUk—A[ak(U)Uk] =0, nQ, 1<k<N

—5Aﬁk+UkZUk, in Q

) (5.1)
% - 83% =0,
Ug(t =0) =U;.

Here, Q) is a bounded smooth domain. We make the following assumptions on the coefficients
ag.
Vi, ap € CYRY), Jv>0,Vk, YU RN, ap(U)>v. (5.2)

The wellposedness of the problem is established under the additional assumptions: the space
dimension is 1 or 2 and the a, satisfy condition (4.1614.17). We remind a key property of

111
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the system: the preservation of population,

Vi, Vit, /Uk(t,x)dxz/U,S(x)dm.
Q Q

We study the steady states of the system (5.3)) for given total populations. More precisely
we prove

Lemma 5.1.1 Let the ay, satisfy conditions and € be a smooth bounded domain. Given
I, > 0 (for 1 <k < N), for ¢ large enough, the constant steady state (I./|)1<k<n is the
unique steady state (Vi.)1<p<n € (H*(Q))N of system satisfying

/Vk:Ik, 1<k<N.
Q

Proof. Let (Vi)1<k<n € (H'(Q))Y be a steady state of the system (5.1)). It satisfies

—A[ak(V)Vk} = 0, n Q, 1 S ) < N
—6Af/k+f/k:Vk, nQ 1<i<N

Db = 9% =0, on 002, 1<i<N.

The steady states of the system should satisfy Aay (V)V}, = 0, for any i, and therefore satisfy
for certain constants C), depending on V', such that

Ck

Vi = iy

They also satisfy [U = [ Uy = I.. As above, we denote (u) the average value of a function
u. From Markov inequality, it follows that for any o > 1 and any function v € L*(2), we

have | (w)|
u > alu

;Sa7
1€2]

and therefore,
lu < afu)| = Q1 —1/a).

This gives for the Vj,
{Ve < alVi} = 1211 - 1/a).

We also have N N
{0 <a>0nf] = 01w, (5.4
k=1 k=1

L=Vl =[Vi=][ akc(’{;)

Cr
2 Jisx, vican i, i (V)

Ck
N ~ Yk
2 |1 = Q) sy gcarilu i oy
This leads to
I, « i %
Va>1, Oy < o el

9/ a =15y Hicax, (i)
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This gives a bound on Cj, depending only on « and (Ix)1<kx<n, namely,

Ik (6] ~
Cp(V) < CY := inf = inf ar (V).
P as1]Qla -1 vy Vi<ay ), (i)

By (5.2), we have
0
Vk S %7

v
and by the maximum principle, we also have

5 0
Vk§&~

v
Now, we go back to the equation on Vi It can be written in the form

—0AV;, 4V = %,
ak(V

CSATh — (Vi) + (Vi — (V) = —Z5 (13,

Integrating against (Vi — (V) gives

o [ 1w+ [ -l = [ ( ai—wmﬁ(%—wm)zj(@3—c)wk4m»

ak(V) ak(V

for any constant C' since [ (Vi — ((Vi)) = 0. We choose

Ck
C = .
ar((V))
We have since Vi, Vi < 0727
G G| gp— vy,
ak(V) ak(<v>)
where
K = sup |Day (V)]

Vi <CO/v, 1<k<N

does not depend on § and depend only on (I;)1<k<n. Therefore, summing up,

SIVVIE+ IV = (VI3 < K[V — (V)]5.
Using Poincaré Wirtinger inequality, we conclude

SIVVIE+ IV = (VI3 = (L+ 8V — (V)3
which leads to the inequality
(L+ 0|V = (V)5 < K[V — (V)]13,
which for § large (precisely 1+ 0A; > K), is fulfilled only if
IV =3 =0.

thatis V =V = (V). For large values of d, the homogeneous steady state is the unique
steady state of the relaxed system in (H*(€2))" satisfying for k=1...N, [, Vi =I;. O
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5.2 From Turing instability to bifurcation

5.2.1 The critical point J,
We consider here the following two-species cross diffusion system in a smooth domain 2
Orur — Aay (t2)uy =0,
Opug — Aag(tig)ug = 0,
—0ATy + U = uy,
with Neumann boundary condition, u{ given.

The functions ay satisfy the hypothesis ensuring well posedness of the system, they are,
as usual taken nondecreasing. As it was done in chapter 4] one can investigate the linear
stability of the homogeneous equilibrium,

up = U = {ug).
As in chapter [d] the linearised system around this equilibrium reads
Orur — Aaq ((ug))ur — Adf ({ug)){ur)ae =0,
Oruz — Aaz((u1))uz — Aay({u1))(uz)ia =0,
—0ATy, + Uy = up,
with Neumann boundary condition,.

We look again for solutions of type (u1, us, @1, 42) = et (aq, ag, 31, B2)w, where w is the first
nonconstant eigenvector of the laplacian with Neumann boundary condition (we denote as
before A1 the associated positive eiegenvalue). Such solutions should satisfy, firstly

1
B = Tt on 0
secondly,
ji7e%] + )\1@1(<U2>)a1 + )\1(1/1(<UQ>)<U1>1_3752>\1 = 0,
pas + Aras({ug))as + )\1@’2(<U1>)<U2>1_ﬁ761)\1 =0
That is

ar((u)) ARl (al):_u<a1)
Sl o) J\e ) A\ e

The question of linear stability can now be related to the eigenvalues of the above matrix
M(5,M1). As in chapter |4 the steady state is stable if 4 < 0 (the matrix has no negative
eigenvalue) and unstable if p > 0 (the matrix has a negative eigenvalue). The matrix
M (6, A1) admits a negative eigenvalue if and only if det(M (4, A1)) < 0,

aq ((uz))ay((ua)){ur) (ua)

N <0.

a1 ({uz))az({u1))

We remark that for fixed ay, (ux), the function
0 — det M (4, A1),

decreases from det My to aq((uz))az({u1)) > 0. If det My > 0 the equilibrium is Turing
stable for any J > 0, otherwise there exists a unique dg such that det Ms, = 0. In this case,
the homogeneous steady state is stable for § > dy and unstable for § < dg.
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5.2.2 Bifurcation at the critical value ¢,

In this section, we prove that the critical value also characterizes the appearance of a new
branch of equilibria. We suppose additional smoothness of the functions ay: at least

a € Cc? (RN).
For two give positive constants (u1), (us), we denote w = (wq, we) F the function defined by

_ ( Aar({uz) + w2)({u1) + w1)
F(0,w) = ( Aas({ur) + w1)((uz) + wo) ) '

We study this function on R} x E?, where the space E is defined as

E={f e W*2(Q), / £ =0, 0nf = 0}.
Q

In this formula we denote
—0AW + W = w,

and therefore the dependency on 4 is hidden in w;, wy. We remark that for any d, w satisfying
F(6,w) =0, if we denote uy, = (ug) + wg, then (ui,us) is a steady state of the system (5.5).
The nonnegativity comes from the remark that F'(§, w) = 0 implies

a1 (t2)ur = Cy, as (1 )ug = Cy,

as we assumed ag > v > 0, we can claim that u; has a constant sign, the one of C, and
since its average (uy) is positive, so is wuy.
We prove now the following theorem

Theorem 5.2.1 Assume the domain § is smooth and that the first nonzero eigenvalue A\
of the Neumann-laplacian in Q is simple. Assume also that for k = 1,2, a;, € C*(R) and

satisfies
a1 ((ug))aa((ur)) — ay ((uz))as((ur)){u1)(uz) <0,

(so that §¢ exists) and let §g be characterized by

a ((u2))az((u1)){ur) (uz)

(1+ 0o )2 =0

a1 ((uz))az((u1)) —

Then the point (d9,0) is a bifurcation point for F. That is, in some neighbourhood of (g, 0),
the set {(6,w); F(6,w) = 0} consists of two continuous curves intersecting only at (g, 0).

Proof. The proof is based on Crandall-Rabinowitz theorem (see [29, [88] for instance). To
prove the theorem, we need to prove that, using notation

oF
Fz = .

0z
1. the kernel of F,,(8p,0) has dimension 1, and is spanned by a vector ¢ = (1, ¢2) € E?,

2. the range of F,(dp,0) has codimension 1,

3. the cross derivative Fy,, = 886% satisfies Fs,(0,0)(¢) & R(F(do,0).
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Proof of point 1. Linearising the system gives immediately

Fi(6,0)(0) = ( A(a’ ((ug))(u1)02 + Aaz((u1))v1 )
o Al ((ur)) (us)o1 + Aay ((uz))vs )

We project on the basis of Neumann-laplacian eigenvectors of the homogeneous space LQ(Q),
(ex)k>1, (we start at k = 1 to take into account the fact that for the complete space L?(2),
one should add the constant eigenvector which is associated to the eigenvalue 0). We denote

this decomposition
oo
v; = Zvi(k)ek.
k=1

146N

We have then

vi (k) (k)

and thereby,
Fy(8,0)(v)1(k) = =k (a ((u2)) (ur) g v2 (k) + az({ur))o (k))
Fy(8,0)(v)2(k) = =i (a5 ((u1)) (u2) 75,01 () + a1 ((uz))v2 (k)
It is here convenient to write it in a matrix way:
v) =— 3 v (k) e
F,(5,0)(v) ;)\kM(d, Ae) < oalk) > "

where M (9, Ai) is the matrix

ay ((uz))(u1)
14 6A

az({u1))

a1 ({uz))

ay((u1))(uz)
146X

We want to know the dimension of ker(F,(d,0)). The spectral decomposition gives imme-

diately, since A\ # 0 for any k > 1,

v € ker(Fy(6,0)) < Vk > 1, ( Z;EZ; ) € ker M (5o, Av).

The assumption on the simplicity of A\; is here crucial: from the definition of §; and since
Ar > Aq for k > 1, it follows that

Yk >2, det M (5o, \) > 0.

Therefore, for k > 2, ker M (5o, Ax) = {0}. As, from the definition of dy, det M (dg, A1) = 0,
we know that dim ker M (dg, A1) > 1 and since it is a 2 X 2 matrix different of the zero matrix,
we have actually dim ker M (dp, A1) = 1. The kernel can be described as

ker M (80, A1) = Span ( o >
(€5

which can be normalized by

B o — ~a1({u2)) (1 + doM) _ ay((u1))(us2)
a =1 a ay ((ug))(us) az({u1))(1+ doA1) (56)
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and therefore we can write,

v € ker(Fi(6,0)) < Vk > 2,( zﬁg ) _ ( ’ ) ( Z;EB ) e span< o )

and finally dim ker(F,(5,0)) =1 and

ker(F,,(5,0)) = Span(y), ¢ = ( o )el.

Q2

Proof of point 2.
We focus now on R(F,(d,0)). Using the same decomposition, we have immediately,

U1 (k)
Uz(k)

For the very same reason as before, for £ > 2, to impose

v € R(Fy(6,0)) < Vk > 1, ( ) € R(M (50, \)).

( Z;EZ; ) € R(M(do, \p)) = R?,

is always possible. Therefore,
ve RE.0) & (1)) € RO

As dimker R(M(dp, 1)) = 1, there exists a unique (up to multiplication by a constant)
nonzero real vector (1, O2) such that

R(M (60, M1)) = (B1, B2) ",

which can be normalized for instance as

_ __a((ug)) (A +6d0A1)  af({uz))(u1)
Br=L B = = ) ) @) (L + d0A)" (5.7)

We have then,

va(1)
and then R(F,(0,0)) has codimension 1.

v e R(F,(5,0) & Vk > 1,< on(h) ) € (B, Bo)* & v e (Brer, foer)*,

Proof of point 3.
We need now to prove that

Fé,w((sv 0) (90) € R(Fw(av O))

This is equivalent using the above characterization of R(F,(d,0)) to

(ﬁlel, 5261).F57w((5, 0)((,0) 75 0.

We differentiate Fy,(8,0) with respect to ¢ directly in the spectral decomposition

SN, v1(k)
F.4(80,0)(v) = f};A@M@ Ak) < vs(k) ) o
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We compute then

*/\k

0 7 sy () m)

alﬁim“é“ww 0

0

This leads to

2 0 a/1(<U2>)<’U,1> a1
F5.4,(00,0) () = _(1‘*‘/\51)\1)2 < ) < ) 7

and finally,

M

(6161, ﬂ261)~F6,w(6a 0)(90) = _m

(ch(tuahur)ansh -+ (G uahon e ).

Using the formulas (5.6}5.7)), we have immediately
a1 <0, azB <0,

and since
a1 ((ug))aa((ur)) — ay ((uz))as((ur)){u1)(ua) <0,

we have

ay((uz)) >0, ay((u1)) > 0.

Combining these together we obtain

a’y ((u2))(ur)aafr + a5 ((ur))(uz)ar B

and then as needed
(Bre1, fae1).Fi,(0,0)(p) # 0,

that is Fys ,,(00,0)(¢) & R(F\(d0,0)), which ends the proof of the theorem.

5.3 Illustrations

We give here numerical illustrations on our model case on the intervall |0, 1[.

ar(u2) =1+uj, as(ur)=1+ui.

The hypothesis of our theorem are then satisfied.
We choose as in chapter {] (u1) = 2, (ug) = 1. As in chapter |4} we start from the initial
conditions

Uy = 1.9 + 0'2]1[0.1,0.6]) U2 = 1.

We plot the final steady state obtained ( the smaller ¢ is, the further the curves are from
constant steady state).
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24
2.2+

N Toee— —

Figure 5.1: Steady states of the function u; (upper curves) and us (lower curves). The
parameter ¢ takes values 0.0255,0.26,0.261,0.263,0.264, 0.265, the final steady state is closer
to the constant steady state when 4 is bigger.
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Annexe A

Existence et unicité pour le
systeme régularisé

Nous prouvons ici 'existence et 'unicité pour le systeme de diffusion
croisée régularisé. Cette preuve se base sur une discrétisation semi
implicite en temps qui conserve les estimations a priori obtenues aux
chapitre Ayant prouvé toutes les bornes nécéssaires, on applique le
théoréeme d’Aubin-Lions pour construire une solution. Nous prouvons
également 'unicité d’une solution vérifiant les estimations a priori.

We build a solution to the relaxed cross diffusion system of chapter [dl We use a time
semi discretization. The proof is organized as follows: firstly, we prove that Michel Pierre’s
estimate derived in chapter [4] has a discrete time analogue. Secondly, we build a discrete
time scheme satisfying the bounds derived in chapter |4l Then, we apply compactness result
to extract a solution to our system. Finally, we give a proof of uniqueness.

A.1 Adapted time discretization for duality estimates

Suppose the functions a, are given such that a,, > v > 0, for n = 0, N — 1 and ug is given,
nonnegative. We consider the sequence u,,, v, defined by

Upy 1 — Uy, _
== — A(antng1) =0,

%(anunJrl) = 07 (Al)

up =u’ >0 given.

A.1.1 Nonnegativity preservation

This scheme is obviously preserving [, u,. With this discretization, positive coefficients a,
and initial data u° lead to nonnegative solutions: thanks Stampacchia truncation argument,
we define f_ = min(f,0), we multiply (A.1) by apn(unt1)— = (antnt1)— and we obtain

/ G (ttns1)? — / i (ttng1)—ti = —h / IV (i)
Q Q Q
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/Qan(un+1)2_ S/Qan(un)Z_.

A.1.2 Discrete duality estimate

This leads to

The question is: can we get on estimates analogue to(4.27) for the continuous case on v?
The answer is given in the

Lemma A.1.1 The following a priori estimates holds

N—-1
B Y [ adi < O@luoluz + 20 (A2)
n=0
Proof. As for the continuous case, the proof is based on a dual problem
W% + anAUn = L'n+1,
ou — ), (A.3)

vy =0, Fpqy1 given.
We can notice that both are implicit schemes. We also have,
Up4+1VUn41—UpUp = UnJrl(UnJrl_Un)+(un+1_un)vn = hun+1Fn+1_hanun+1Avn+h/UnAanun+l7

Therefore, a space integration leads to

/(unJrlanrl - unvn) - h/ unJranJrla
Q Q

Summing from 0 to N — 1 we have, since vy = 0,

N-1
—/UO’UQ = Z ]’L/ un+1Fn+1. (A4)
Q 5 Q
Let us multiply (A.3)) by Av™ and integrate over €.

/(Un+1 —vn)Avn—Fh/ an|Avy,|? zh/ Foi1Av,,
Q Q Q

we have thanks to Young’s inequality,

2 2
/(,UnJrl - 'Un)A’Un = / |V'Un|2 —Vu,Vuui1 > / |an| _ |vv”+1| .
“ o 2 2

Which leads to,

2 2
Jo g = T b [ anlAva? < b [ Fusa v,

‘Fn+1|2 an‘A“n‘z
th 2an + 2

IN

After a summation, as vy = 0, we have as for the continuous case,

2 ply 2 ply |F +1|2
Vuol® + h/an Av,|* < h/ni.
| vl S [t < S0 [
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We introduce the following notations:

uh

(t, )

Fh(tax) Zn 0 n+1( )]l[nh,(n+1)h[(t)a
(t, )
(t, )

t,x = Zn 0 un+1( )]l[nh,(n+1)h[(t)a

(A.5)
o (tx) = N 0 (@) L, gy (1),
a(t,x) =N an (@) U, (g yng(8)-
If we choose Fy,41(z) = + fVEZH)h F(t,x)dt, we have thanks convexity,

(n+1)h
Foii(z)? < E/ F(t,z)%dt,

S f B [ g

IVah A" || 12y, Vool L2y < |l

and we have proved

\/*HLQ(QT)

We have also,

\vao| = |thganAvn —Foq| = |f0T anhAvh — F|,

< IV liaion) (VG A san) + Il )
<2V |l 2ol 7= 2 @n)-

As for the continuous case, equation (A.4]) reads

T=Nh
/ /thdxdt:—/ UVo-
0 Q Q

Therefore, we obtain the exact equivalent of Michel Pierre’s estimate: since
| [ uovol < | [uo(vo — (vo)| + [{uo) [vol < C(N)[uollrz)IVoollz2(e) + (uo)l [o vol,

< (CQ)luollz2(0) + 2(uo)IVa" | 12(@r) | Fox

ah

L2(QT)"
By duality, we have obtained (A.2]).

A.2 Application to the cross diffusion relaxed system:
getting the a priori estimates

Now we apply this to the relaxed cross diffusion system:

oU* — Aak(U)U* = 0,

—SAU* 4+ U+ = U*,

aur _ au* -0,
on ~ on

Uit =0)=U}.
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with the assumptions considered in chapter [ for k =1... N,

ar € CYRN), 0 < v < ap(U) < K1+ |UP), A
A7
|Var(U)| < Ka(U)|VU|  for some n € [0,1].

2 is a smooth bounded domain in dimension 1 or 2. (A.8)

As for the continuous case, we detail the proof for a single equation, but it extends to As
above, we introduce the time semi discretization,

Ui, — Ul )
% Aa'(U,)U} 4 =0,

—0AU + U = U,
Ui

n=

7
0o="U§
we also use the notations introduced above:

= ZUn+1 ) U, (ng1)n((t)-
n>0
A.2.1 A priori bounds

As for the continuous case, we treat the case of a single equation (satisfied by a function u),
since we only need a summation to adapt the following to the case of systems.

Lemma A.2.1 With assumptions ,, we have the following bounds:
o u” is uniformly bounded in L>(0,T; L(S2)), for any q < +o0,
e " is uniformly bounded in L>=(0,T; W24(Q)), for any q < +oo,
o " is uniformly bounded in L>(0,T;W'>()), and therefore, so is a”,
e u” is uniformly bounded in L?(0,T; H'(Q)),

Proof.

We only need to prove the first and the last bounds, since the second and the third
consequence of the first by elliptic regularity and Sobolev embeddings. The second implies
the third from Sobolev embeddings (choose ¢ > 2). The proof follows the steps of the a
priori bounds on solutions derived in chapter

Firstly, we prove a bound on |[u”{|12(q,.). We introduce the integer N such that (N—1)h <
T < Nh. We have thanks to ,

” \ ahuh||L2(QNh) < C(Q)||uo||L2(Q) + 2<’U,0>|| \ a’h”L2(QNh)’

C() ]| 2y + 2{u mezvmzn 3 Jo(in)pdz,

—1h |~
< Q)] 20y + 2(u) K (+/IQIN + /R + o/ 5~ " | 1p),

< COQ|u] 20 + 2O) K (VIQINR + AT + 1/ fy la»[5)-

Since Q1 C Qnp, we also have

IVaru"|[ L2y < CQ)u°||L2() + 2(u) K (V/|QINR + \/Bl[@0||} + \/ IIUhII
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which can be summarized as

IVahu" |2 ry < CO[uL2(0) + VRO (2, u°) + 2(u®) K (/T + 4/ Jo lar ),

with the same constants as for the continuous case (up to the corrective term of order v/h).
With the same computations as in the continuous case, we obtain

—pG(T) 9 2
vutllz2@r < COu0 ra) + C VT + C(6,r,p, [ul|)T 7 [ult[155/3
As in the continuous case, we choose r so that pf(r)/2 < 1, and obtain
lu"llz2(@r) < C(2,u°,6,h,T). (A.9)

And the constant decreases to a limit when h goes to zero (it should be the constant used
for the continuous case). For ¢ > 1, we multiply 1] by u?llll, we have

q qg—1 _ q—1
fQ Upyq — Unly g =h fQ Up 1 AU 11,
_ g—1
=—h [, Vul i Vapuni1,

We remind that, using Young’s inequality, we have for any p > 1

p
Up iy — Unll n+1 >y — ?” - (1 — p) glq+ Dp/(p=1)

and choosing p = ¢, we obtain,

ul q
q -1 Up41 Uy,
U —upul T > - —.
n+1 nYn41 =
q q

Therefore, we have,

ul q _
41 Up q—1
fQ e —h fQ Vul 1 Vagtn i,

—h fQ(q - n+1an|vun+1| - th njr21vun+1van-

We detail now only what differs between the discrete and continuous cases. We arrive (with
almost the same constants as the ones involved in the continuous version) to:

1 C ~ -
i L=+ G [ eVt S [ (Ve e < € [ oIV Pa@)
Q Q Q

Still almost with the same constant as in the continuous case, we have for 1 < ¢ < 2 and
>2m-1,
2—
%fﬂ(ugl-i-l —ul) <C(qg,6, T)HVanun+1||gr‘|“n”3”un”2 !
< C(0, )lllVanunt1ll3 + llunll3]lluallg,

which gives an a priori bound thanks to Gronwall lemma (discrete form). We use the same
procedure than for the continuous case for bigger exponent ¢ > 2. We have then proved the
first bound. The last bound comes, as for the continuous case, from the case ¢ =2. O
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A.2.2 Compactness

We introduce now the interpolated function u”, defined by

_ DA —
ul (1) = ¢ hnhunH + %un on [nh, (n+ 1)hl[.

We have then , on |nh, (n + 1)h]

atu?n = w = AapUpi1 = Aaul. (A.10)

We prove the following compactness on u”,.

Lemma A.2.2 The functions ul , il satisfy:

e ul is relatively compact in C(0,T; H-1(Q)) and in L?(0,T; L*(Q)), where H=1(Q) is

m

the dual space of H' (),
e @l is relatively compact in C(0,T;C*(Q)).

Proof. We first notice that by construction u”,, %" are bounded in the same spaces as
u”, 4", Particularly, we have

V1< g <4oo, |lull~mrLi) < Clg,T), (A11)

V1 < q < +o0, HUZHLw(o,T;WM(Q)) <C(q,T), (A.12)

g || Lo 0,752 () < C(T). (A13)

The notation C(T) (resp. C(q,T)) denotes any constant depending only on T (resp.
T,q) and ©,6,u’. We want to apply Aubin-Lions lemma. Therefore, we need bounds
on dyul,, 9,ul, Equation (A.10) in a weak form reads

/(%uﬁlga: —/ Vanun+1 Ve,
Q Q

[0cul | -1y < [IVa"u"| 120,

which leads to

which gives a uniform bound
0vult | L2 (0,75 -1(2) < C(T), (A.14)

since a” is bounded in L>(0,7; W%>(Q) and u" is bounded in L2(0,T; H(f2)).
Similarly, we have

/5|vata;g|2+/ |9l |> = —/ Vant, 1 Vol
Q Q Q

which gives

1) 1
/ 7|V8tﬂff,,|2 +/ |5‘tﬂﬁn|2 S 7/ |Vanun+1 2
Q2 Q 20 Jo

we deduce the uniform bound d,a”,

0vil | £2 0,11 (02)) < C(T). (A.15)

We are in position to apply Aubin-Lions lemma. We summarize the bounds we know on
Uy,
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e @ is uniformly bounded in L>(0,T; W%¢(Q)) for any q €]1, 00|,
e " is uniformly bounded in W2(0,T; H'(12)),
e u" is uniformly bounded in L>(0,T; L(Q)) for any g €]1, o0,
e u" is uniformly bounded in W12(0,T; H=1(Q)).
Let us consider a fixed ¢ > 2. Sobolev embeddings give
W2(Q) <, CL(Q) — H(9),

therefore @, is relatively compact in C(0,7;C*(Q)) and also in C(0,T; H'(f2)).
Similarly,
HY(Q) —c L*(Q) — HH(Q),

ul, is relatively compact in L2(0,T; L?(2)) and in C(0,T; H-1()). O

m

A.2.3 Extraction of a solution
We first notice that u”, is close to u” is the following sense:

Lemma A.2.3 We have
[u" = ul 22y = O(Vh),

[@" — al || L2 0,7 w22 (0)) = O(V).
Proof. First, we recall that for ¢ € [nh, (n + 1)h[, we have
Jo lul, —ul? < [ (ung1 — un)?,
h fo, V(antng1)V(tngpr — up).
Therefore, since a,, is bounded in L>=(C*(Q)) (by C(T)), we have

IN

T
/l/mgﬂﬂwﬂugcam§:@/mMﬂwwﬁrﬂmuwmwmvmwrmmumw/ﬁm—w%
0 Q Q Q

n>1

the right hand side is then controlled by the L?(0,7; H'(Q)) bound on u" and we have,
since u” is uniformly bounded in L?(Q2),

h/h“—wwgcwm.
Q

Finally we have obtained (we still denote the constant by C(T') even if it also depends on
uO? Q’ 6)7

/T/ |ul, —uh2dzdt < C(T)h,
which is the first bound, the se?conéz bound is then a consequence of elliptic regularity. 4
Lemma A.2.4 Up to the extraction of a subsequence, we have
ul —wu  in C(0,T; H-1(Q)) N L2(0,T; L*())  (strongly),
ul —wu in L2(0,T; L2(Y))  (strongly),

al, —a  in C(0,T; HY(Q)) N L2(0,T; W22(Q2))  (strongly),

where u is a solution to (A.0).
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Proof. First and last statement are immediate consequences of the compactness result
proved in lemma We extract a subsequence such that
ul —wu in C0,T; H™Y) mLQ(O,T; L*(Q)) (strongly),
a consequence of the bound is that
u" —wu in L*(0,T; L*(Q)) (strongly). (A.16)
We can choose the subsequence such that

i, —u in C(0,T;CY(Q) [ L*(0,T; H'(Q)) (strongly).

The bounds on u”

— ul, gives then immediately,
a" — @ in L*(0,T; H'(Q)) (strongly).
As u" is bounded in L?(0,T; H(£2)), we can choose the subsequence such that
u" —~u in L2(0,T; HY(Q)).
Furthermore, as 9;ul, is bounded in L2(0,T; H=1(£)), we also can assume

Opttyh — Oy in L2(0,T; HH(Q)).

Now we prove that u is a solution of the equation. We already now that

T T T
/ (6tufn,<p)dt+/ ulp = —/ /ahVutho—/ /uhVahV<p,
0 Q 0o Ja 0o Ja

for any function ¢ € H'(Q). The notation (J;u,¢) is the duality product H~! x H'. We
have then

T T
/ (Oul, p)dt — / (Opu, p)dt.
0 0
We have,
I [y avuh Ve — [T [ a"VuhVe = [T [ (a" — a)Vu'Ve + [T [, a(Vut - Vu)Ve

The first integral goes to zero thanks the bounds on Vu” and the strong convergence of
a" to a in L2(0,T;L%(Q)). The second goes to zero using weak convergence of u” in
L?(0,T; H'(Q)). We have therefore,

T T
/ / a"Vu'Ve — / / aVuVy for any ¢ € H'(Q).
0o Ja o Ja

We need now to prove that

T T
/ / u"Va'"Vp — / / uVaVe for any ¢ € H'(Q).
o Ja 0o Jo

This can be reduced, thanks the bounds on a” and the convergence of u" to u in L2(Q7) to

proving
T T
/ / uVa'"Vp — / / uVaVe for any ¢ € H'(Q).
o Jo 0o Ja

which is obtained using the strong convergence of @" — @ in L?(0,7; H'(2)) and of v — w.
We have build a solution of the equation:

u € L*0,T; H(Q)),00u € L*(0,T; H ).
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A.3 Uniqueness

We prove here the uniqueness of the solution build in the above procedure.

Theorem A.3.1 With the assumptions on ag, for Q bounded and smooth, there is
at most one solution U to satisfying

N
Vg € [l,400, UE€ <Lf§c([07+oo[;Lq(Q))) , (A.17)
N
Uec (L%OC([O, +00[; Hl(Q))> . (A.18)

Proof. The reader may notice, that the solution build using the above procedure also
satisfies the a priori bounds derived in chapter [d] We only gave the bounds that are needed
to prove uniqueness. The fact that U belongs to those spaces can be written in such a form,

VI >0, 1<q<oo, UML) <Cla,T), (A.19)

VT >0, VU ]gm < C(D), (A.20)

where the constants C'(g,T),C(T) also depend on ¢ and U°. We also remind that thanks
to elliptic regularity in dimension 1,2, we have

V 1<g<oo, |[VUllria) <C(q,0)|U|r20)
U)o < CO)Ul2
Finally, we also have a general bound
IVU o < C(T,U°, 5)

VUl 2(gr) < C(T,U?)

Now, consider two solutions Uy, Us of equation (A.6). We may write (we argue again at the
level of one equation but a summation is needed at the end).

4 (LU —Us2)?* =— [, V(Ui — axUz)V(Uy — Uy)
=~ Jqai[V(U1 = U2)? = (U1 = U2)Var V(U - U2) (a21)
— o UaV(a1 — a2)V(Uy — Us) — [, (a1 — a2) VUV (Uy — Us)
=—(L+L+II+1)

The term I; has a sign and plays a crucial role. We have

_.[2 = — fQ(ul — UQ)VG1V('LL1 — UQ)

< Jolur —u2)? 9l e [0y |V (ur — ug)[?

28(11
< Cle, T, Up) fQ(ul - ’LL2)2 +ely
This term will be controlled by I; and Gronwall lemma. Next, we write

I3 =~ [, UsV(a1 — a2) V(Ui — Us)

< [oUn)2¥aze2l 4 o [0y V(U — Uy))?

2eaq

<& foarl V(U = U2)? + fo Zo(|a'(O)(V (01 = Do) + |a(0h) — o/ (02) 2V D),

gaq

<el) + O(E)I5 + O(E)I(;



130 Annexe A. Existence et unicité pour le systéme régularisé

where
s = [ U @90 - D)
Q
I = / U2l (T1) — ' (U2) 2|V T 2.
Q
Since a is C', , then the L™ bound on U allows us to write
|a/(U)V (U = Us)|* < C(T)|V(Uy — U) .

Therefore, ~ }
Iy <O(T) [ou3|V(Ui - U2)?

< C(D)|U2]13, IV (U1 = T2) 13,
C'(T,p, UO)IV (U1 = Ua)13,
< C'(T,p,U°)C(6,2p") UL — Ualf3-

And thus I5 will contribute in (A.21)) to a Gronwall argument. Finally, we have to control
Is

Is < C(T)||a'(U1) — ' (U) |2 < C/(T,U°)||Uy — Ua|%, < C(T, U, 6)|Us — Ual|3

Similarly, we have

2

a —a

I < / (o= gmf) (Vusl* +ely < ely + C(T,U°,0)|[Ur = U3 Va5
Q

We might summarize all these inequalities after summation (with a suitable choice of € in
order to get rid of I7) into

d
10 =G5 < C(T,U°,8)(1 + [V |5)[[Ur - Ul3

As ||[VU;||3 is integrable, we may apply Gronwall lemma so that the solution is unique.



Annexe B

Convexité de la valeur propre
de Floquet

B.1 Context of the result: Kingman’s inequality

A theorem of Kingman ([62], see [I2] for a proof analogue to this one) on nonnegative
matrices, states that, given two nonnegative d x d matrices A, B, and denoting by p(A), p(B)
their respective spectral radii, by A% the matrix (A?]) for « > 0 and by A o B the Schur
product A;;B;j, we have

Va € [0,1]p(A% 0 B'™*) < p(A)*p(B)' .
This result can be extended to essentially nonnegative matrices (matrices with nonnegative
offdiagonal entries) in the following way: the dominant eigenvalue r(A) of such a matrix
A is defined as the eigenvalue which is real and is bigger than the real part of any other
eigenvalue (its existence is insured by Perron Frobenius theorem). It can also be defined
as 7(A) = log(p(exp(A))) (essentially nonnegative matrices have nonnegative exponential).
Then, we have the following result: given two essentially nonnegative d x d matrices A, B
denoting r(A) and r(B) their respective dominant eigenvalue, for any « € [0, 1], if we define
C(a) by
Cij(e) = ASBL7® ifi # j, Cii(a) = ady; + (1 — a)By,
then we have
r(C(a)) <ar(A)+ (1 —a)r(B).
We extend this result to the case of periodic dynamical systems. First we extend this
to system of ordinary differential equations with periodic coefficients, secondly we extend
these results to the case of discrete dynamical systems, thirdly, we generalize this to the
case of renewal equations. Finally, we discuss the consequences of such a convexity result.
Particularly, this provides a theoretical argument for chronotherapy.

B.2 Differential systems

Let t +— A'(t), t — A%(t) be two periodic maps with value in R?*¢  integrable on [0, 7.

We assume that for i # j, we have A:J’-z (t) > 0 for almost every t. We introduce the (first)

Floquet eigenvalue A% (k = 1,2) which can defined by means of the following eigenproblem:

there exists a T—periodic function X with values in R%, non identically zero that satisfies
ax*

— = AFOXR () - XpXE(D). (B.1)
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Notice that if A* satisfies some irreducibility properties, then X is unique up to a normal-
ization. However, it can also be considered as

A = sup{), 3X,> 0, T-periodic X # 0, X(t) < A1) X (t) — AX(t)}. (B.2)
The inequality holding component by component. We can also define it as
AR = inf{)\, 3X >0, T-periodic X # 0, X(t) > A*(t)X (t) — AX(t)}. (B.3)

With this definition, we do not need irreducibility property. We introduce an averaged
version of the systems with matrices A', A%2. We define, for 6 € [0, 1], the matrix A? by

AP ()i = 0A (1) + (1 — 0) A% (1),
{ AP(t)iy = (AM6)i)  (AZ(0) =9, if i # j.

The map t — A%(t) satisfies the same hypothesis (except eventual irreducibility properties).
We introduce its Floquet eigenvalue )\%. The result can then be stated as follows:

Theorem B.2.1 We have always
A < ONE + (1 —0)N5.

Proof. The proof is based on the construction of a subsolution to the eigenproblem. We
prove the property in the case Ai»“j (t) > 0 for every t and i # j. In this case, the eigenfunctions
defined in satisfy X;(t) > 0 for every t,i. Given the eigenelements A%, X* defined in
, we claim the following: let X¢ be defined by X(t) = (X*(¢))?(X2(t))!=?, then, we
have

ax’

— < AP XO(t) — (0N F + (1 — )AL X (1).

Since, XF(t) > 0 for any ¢,4, we can write the equation on In XF(#):
d Xkt

)
5t
X = 440 =+ A0 T

Since we have
X’ =0lnX"+(1-0)nX?
we have

X1t X2(t
AmXL) = 0(AL(E) = AR) + (1= 0)(AZ () = A3) + 3, 045 (D) i + (1 — )AL () o

) (1-9)
X1(¢) X2 (t)
<OAL0 + (- 0A%0) + T, (405G ) (20F)
thanks to the arithmetic-geometric inequality, which can be formulated as

L X9(1), < AL(E) — (ONp + (1 - 0)X2) + Y A e
dt b= F P o X0

Multiplication the equation by X? gives

dx?’
— < AP XO(t) — (00 % + (1 — AL X (1). (B.4)
Combining (B.4) and (B.3) leads to the result (if we do not have irreducibility properties,

we can state the result by considering A* () + & with ¢ > 0 and let € go to zero).
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B.3 Discrete dynamical system

The same proof allows to treat discrete dynamical systems. Given two sequences of nonnega-
tive p-periodic matrices (A'(n)),ez, (A%(n))nez with values in R9*?, we define the averaged
sequence of p—periodic matrices (A%(n)),ez by the following:
VnezZV1 <ij<d, (A%(n))i; = (A'(n);(A%(n))i; "

The reader may notice that we take the geometrical average everywhere. We define then
respectively AL, A% and A% as the dominant eigenvalues associated to A', A% and AY. The
first Floquet eigenvalue is then defined as the maximal real number such that there exists a
non identically zero p—periodic solution with values in Ri to the eigenproblem

M XE(n 1) = A(n) X (n). (B.5)

We also have discrete equivalent of ,.

A = sup{)\, 3X >0, p-periodic X # 0, AX*(n + 1) < A*¥(n)X*(n)}. (B.6)
The inequality holding again component by component.

A —inf{\, 3X >0, p-periodic X # 0, AX*(n+ 1) > A¥(n)X*(n)}. (B.7)
The convexity result is then stated as
Theorem B.3.1 We have again

A < ONE + (1 —0)N5..

Proof. The proof is actually very similar to the case of differential systems. Since the
dominant eigenvalue is a continuous functions of the matrix, it is sufficient to show the
inequality when every entry of A'(n), A%(n) is positive. In this case, the eigenfunctions X*
(k = 1,2) associated to Ak are positive and are unique (up to a normalization). We build
again a subsolution X to the eigenproblem. We define X by

6 1-6
Xt = (xtm) (x200)
We write the equations satisfied by XF k=1,2,i=1,...d.
d
NpXE(n+1) =3 AFn)X] (n),
j=1
We divide this equation by X% (n + 1) and average.

X} (n+1)

d xim) )’ x2m \"7Y
2 Zj:l (Azl(n) X'ngn+1)> (A%(n) ngn+1)> )

as before from the arithmetic geometric inequality. This reads again

X2(n)

d
OAp+(1=0)\% = Zj:l 0A;(n) X2(n+1)

+(1—-0)A%(n)

AL+ (1— 002 >0 A9 ()2
Ft( AR =205 ij(n)Xf(n+1)'
And multiplicating it by X?(n + 1), we obtain

(OXF + (1= 0)AF) X (n+ 1) > A%(n) X% (n),

combining this with (B.7) gives the result. &
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B.4 Renewal equations

We consider here the case of renewal equations:

{ Opni(t, x) + Opni(t, ) + di(t, 2)n;(t, ) =0, O<z, 1<i<I,
(B.8)

ni(t,0) = [° Bij(t, x)n;(t, x)da.

Where the coefficients B;j and d; are taken bounded, nonnegative and T —periodic with
respect to t. For sake of clarity, we write it in a condensed form: n = (n;)1<;<s is the
solution vector, B(t,z) = (B;;(t,x))1<i<r is the birth rate matrix and D(¢,z) is the I—
diagonal matrix with Dy;(¢,z) = d;(¢,x). With these notations, the system writes in

a condensed form
{ o+ Ogn+ Dn =0,

n(t,0) = [;° B(t,z)n(t, z)dx.

We consider two sets of nonnegative bounded T—periodic coefficients (B!, D), (B2, D?).
We assume there exists positive Floquet eigenelements, that is there exist ()\’}7 Nk, (;Sk), for
k = 1,2 such that

O Nk + 0, N¥ + (DF + ML )Nk =0, 0<az, 1<i<I,
NEk(t,0) = [° B¥(t,z)N¥(t,z)dz, (B.9)
NF >0, T-periodic,
and NF is integrable over [0,7] x [0, 4+oc[. The dual problem writes
— 0 F (t,z) — 020" (t,2) + (DF(t,x) + AE)o" (¢, 2) = ¢"(t,0)B*(t, ). (B.10)

and ¢ is bounded for every i. Notice that this is satisfied for instance when B, d¥ are

130 1
Lipschitz and
J

11 (/ (D_inf By (t, z)e Jo = dj(t’y)dy)> > 1.
i=1 \7/0 J t
We define the averaged birth coefficients BY by

Biej (tv Cﬂ) = (B’Llj (tv x))e (B’sz (tv x)) 170;

and the averaged death coefficients by
d(t,x) = 0d;(t,x) + (1 — 0)d3 (t, z).

Here again, we average geometrically the birth rate and arithmetically the death rates. The
dominant eigenvalue )\% of the corresponding system can be defined by the existence of

eigenelements N?, ¢? satisfying (replacing k by 6 everywhere) 1} or by a Collatz
Wielandt type formulation. We say that a triple A\, N, ¢ is a subsolution to the eigenproblem

if
AMeR  N>0€e (L2, .(0,7;L'([0,00[)!, ¢ >0 € (L,.(0,T; L*([0,00]))!,  (B.11)

per per

satify
0N (t,z) + 0, N(t,z) + (D’ (t,x) + \)N(t,z) > 0,

N(t,0) > [;° B(t,x)N(t,x)dz, (B.12)
—0p — Dup + (D° + N)¢ > ¢(t,0) B (t, ).
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We may define then A% using a Collatz Wielandt type formulation

A9 =inf{\, (N, ¢), (A N,o) satisfy (B.11)), (B.12)}.

Theorem B.4.1 We have again
A < ONE + (1—0)AT.
Proof. The proof is base on the very same argument as before. Taking the logarithm and
averaging, as for the case of differential systems, one can prove easily that if we define N7, ¢?
as the pointwise geometrical averages of (N1, ¢!) and (N2, ¢?), that (AL +(1—0)A%, N9, ¢)
satisfy (B.11),(B.12)). Taking the logarithm, one prove immediately that
ONO(t,z) + 0, NO(t,z) + (DO (t,z) + O\ + (1 — O)NL)NO(t, ) = 0.
Applying Holder’s inequality give also for every 1 < j <1,
1-6
<Z Io” Bl (t,x)N'(t, x)dm) <Z Jo” B(t, ) N(t, x)dx)
0

>3, I (B (t, )N (¢, m)) (ij(t,m)NQ(t,x)) “dx.

This can be written as, using the condensed form,

NO(t,0) > /OO B(t,x), N(t,z)d.

0

For the dual equation we have

~0,n(t, ) — By In ¢l (t,x) + d (t, ) Ze ((?) + (1= 60)Bj(t,2) iﬁjg

Then, using the arithmetic geometric inequality, we have

¢1(t,0 ¢3(t,0) ¢1(t, 00\ [, 02,00\ o H(0
ZeBﬂlwi Lo OB, >Z;(B}i¢§(t,x>> () =S

J

Therefore we have

-0, 1n¢e(t x) — 0, 1n¢‘-9(t x) -|—d?9(t x) > ZBQ.d)g(t’O)
t i\Y x 7\ 1\ = - JZ(bf(t,x)’

and mutliplicating it by ¢?(¢,z), we obtain

~0:0"(t,x) — 0.0+ (D° + N)o > ((B”)*,6(t,0)),

and we have proved that (0% + (1 — 0)A%, N, ¢) satisfy (B.11)),(B.12) which ends the proof
of the theorem.




136 Annexe B. Convexité de la valeur propre de Floquet

B.5 Consequences and interpretation of the convexity
property

This result is actually an improvement of the results stated in [26] 25], which are special cases
of the above inequality. Superconvexity properties of the spectral bound have been firstly
stated in [62] for matrices and in [59] for positive operators. The convexity with respect to
the death rates in periodic setting is know for reaction diffusion equations ([3I]). In this
framework, the spectral bound is question of speed of the travelling waves. First we can
notice that this generalizes not only Kingman’s theorem but also the inequality observed
in [25] which gave the result for time averaging instead of simple averaging. That is if
we take arithmetical average for diagonal coefficients and geometrical result for offdiagonal
coefficients, then the corresponding eigenvalue eigenvalue ), satisfies

Ay < Ap.

For instance for the case of ordinary differential equations, with the matrix A(t), we average
(continuously) on the matrices A(t 4+ «) over a period.

1 [T 1 [T
T/ aii(a)da, Qij = exp(f/ log(ai;(a))da),i # j.
0 0

Qi =
If we denote \, the eigenvalue associated to A, we have

1 /7
< —
A < T/o Ar(a)da,

where Ap(a) is the dominant eigenvalue associated to A(. 4+ «). Since we have obviously
Ar(a)Ap(0), the former inequality reads

>\s S AF(O)v

which is exactly the inequality derived in [25].

There is also a possible biological interpretation of these convexity results. Consider a
cell cycle system for instance . If we want to model the effect of a cytotoxic drug in
such a system, we can model it by the introduction of additional death rates d;. If we are
considering the case of chronotherapy such death rates should be taken time T—periodic
(where the period T is one day). Suppose now that the drug acts only at the level of one
phase i. We could compare the effect of the periodic delivery with a shift 6 (for instance
replacing d;(t) by d;(t — 6), § = 1h, would represent the fact that the drug is delivered an
hour later). As in chapter we denote Ap(#) the dominant eigenvalue associated to a shift
6, and we denote \ the dominant eigenvalue associated to a averaged death rate (d;). The
convexity inequality gives us the following comparison:

_ 1 [T
A< /O A (6)d0. (B.13)

Consequently, we are in one of the following situations

e cither for most values of 0, Ar () > A, that is [{6 € [0, 7], \p(0) > \}| > T/2, and it
means that it is rare for this type of periodic delivery to be more toxic, (in this case
the relative advantage could be small even at maximum see figure ,

e or the set of # satisfying Ap(f) > X is small (that is |[{6 € [0, 7], \r(0) < \}| > T/2),
in this case, we need a compensation, that is on this set, we need to reach relatively
high value for Az () in order to achieve the inequality (see figure [B.2)).
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Figure B.1: Long basis, low peak: in this case mose of the @ leads to Ap(6) > \.

Ar(0)

Figure B.2: Short basis, high peak: if the eigenvalue Ap(6) is often lower than A then on
the set where it is bigger, it has to be "really” bigger.
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Résumé

Cette these est consacré a ’analyse de modeles de croissance et de mouvement intervenant
en biologie et en écologie. Nous regardons en particulier deux types de modeles : des équations
de dynamique de populations structurées et des modeles de diffusion croisée.

Dans une premiere partie consacrée au travail sur les populations structurées, nous étu-
dions d’abord des modeéles linéaires de croissance en environnement périodique en temps. Ces
modeles sont caractérisés par ’existence d’un exposant de croissance, appelé valeur propre
de Floquet, dont nous comparons les propriétés avec celui qui apparait en environnement
stationnaire. Nous mettons en évidence grace a un contre exemple le fait qu’il n’y a pas de
comparaison générale possible entre ’exposant de croissance en milieu périodique et celui
associé a un milieu moyenné. Les résultats de convexité de Kingman sur le rayon spectral des
matrices positives sont étendus a la valeur propre de Floquet. Nous étudions également le
comportement de cette valeur propre dans des cas dégénérés, ou certains parametres peuvent
s’annuler ou exploser. Dans cette partie est également exposé une justification de la dériva-
tion d’'un modele d’équations aux dérivées partielles pour la réplication du prion. Ce modele
est vu comme approximation d’un systéme infini d’équation différentielles ordinaires. Ceci
se fait grace a des résultats de compacité faible et la preuve permet de proposer des pistes
pour un modele plus complet.

La deuxieme partie est consacrée a ’étude de modeles de diffusion croisée. Nous nous
plagons dans le cas d’un domaine bornée et en absence de termes de réactions. Le but est
de questionner la stabilité de I’équilibre homogene. L’application de techniques de dualité
utilisées pour les systéeme de réaction-diffusion permettent d’obtenir des bornes qui servent
elles-méme ensuite, combinées a la régularité elliptique a obtenir 'existence globale pour
une version régularisée du systeme. Ladite régularisation est dépendante d’un parametre
dont les valeurs déterminent la stabilité ou 'instabilité linéaire de ’équilibre homogene. La
valeur critique du parametre de régularisation est d’ailleurs une valeur de bifurcation pour
les équilibres.

Abstract

This work is devoted to the analysis of some growth and collective motion models
arising in biology or ecology. We especially investigate two categories of models : structured
populations dynamics and cross diffusion models.

The first part focuses on structured population dynamics. We first consider some linear
renewal models with periodic forcing. Such models are characterized by a growth exponent
called the Floquet eigenvalue. We compare the properties of this exponent with periodic
or stationary forcing. We point out, through a counterexample that no general order exists
between those two eigenvalues. Kingman’s results on the convexity properties of the spectral
radius of nonnegative matrices is here extended to the Floquet eigenvalue. We also investigate
the behavior of the Floquet eigenvalue in some degenerate cases where parameters can
vanish or blow up. In this part, we also present a justification of the derivation of a partial
differential equations system modelling the prion replication dynamics. This model is seen as
the approximation of a system of infinite number of ordinary differential equations through
weak compactness tools. The proof also allows some hints for improving this models.

In the second part we consider cross diffusion models without reaction terms in a bounded
domain. The aim is to investigate the stability of the homogeneous steady state. Duality



tools used in the framework of reaction diffusion, together with elliptic regularity allow us
to derive sufficient a priori estimates to get a global existence theorem in dimension 1,2 for
a regularized version of the system. The regularization of the system involves a parameter
which value determines the Turing stability or instability of the system. The critical value
of this paramater also characterizes a bifurcation point for the steady states.
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