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Résumé

Le travail effectué dans cette these consiste a construire et adapter dans d’autres cadres des
objets issus de la géométrie algébrique.

Nous nous intéressons d’abord a la théorie des classes de Chern pour les faisceaux cohérents.
Sur les variétés projectives, elle est completement achevée dans les anneaux de Chow grace
a l'existence de résolutions globales localement libres et se ramene formellement & la théorie
pour les fibrés. Un résultat de Voisin montre que ces résolutions n’existent pas toujours sur des
variétés complexes compactes générales. Nous construisons ici par récurrence sur la dimension de
la variété de base des classes de Chern en cohomologie de Deligne rationnelle pour les faisceaux
analytiques cohérents en imposant la formule de Grothendieck-Riemann-Roch pour les immer-
sions et en utilisant des méthodes de dévissage. Ces classes sont les seules a vérifier la formule de
fonctorialité par pull-back, la formule de Whitney et la formule de Grothendieck-Riemann-Roch
pour les immersions ; elles coincident donc avec les classes topologiques et les classes d’Atiyah.
Elles vérifient aussi le théoreme de Grothendieck-Riemann-Roch pour les morphismes projectifs.

Notre second travail est ’étude des schémas de Hilbert ponctuels d’une variété symplectique ou
presque complexe de dimension 4. Ils ont été construits par Voisin et généralisent les schémas
de Hilbert connus pour les surfaces projectives. En utilisant les structures complexes relatives
intégrables introduites dans la construction de Voisin, nous pouvons étendre au cas presque com-
plexe ou symplectique la théorie classique. Nous calculons les nombres de Betti, nous construisons
les opérateurs de Nakajima, nous étudions ’anneau de cohomologie et la classe de cobordisme
de ces schémas de Hilbert, et nous prouvons dans ce contexte un cas particulier de la conjecture
de la résolution crépante de Ruan.

Mots-clefs

Variétés complexes, Faisceaux cohérents, Classes de Chern, K-théorie analytique, Théoreme de
Grothendieck-Riemann-Roch, Cohomologie de Deligne.

Schémas de Hilbert ponctuels, Opérateurs de Nakajima, Géométrie presque complexe, Variétés
de dimension 4, Orbifolds, Conjecture de la résolution crépante de Ruan.
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Abstract

In our thesis, we construct or adapt in other settings notions coming from algebraic geometry.

We first concern ourselves with the theory of Chern classes for coherent sheaves. For projective
manifolds, it is complete in the Chow rings via the existence of global locally free resolutions
and it is a formal consequence of the theory for algebraic bundles. A result of Voisin shows that
these resolutions do not always exist on general complex compact manifolds. We construct here
Chern classes in rational Deligne cohomology for coherent analytic sheaves by induction on the
dimension of the base manifold. To do so, we prescribe the Grothendieck-Riemann-Roch formula
for immersions and we use dévissage methods. The classes we obtain are the only ones which
verify the functoriality formula under pullback, the Whitney formula and the Grothendieck-
Riemann-Roch formula for immersions; they then coincide with the topological classes and the
Atiyah classes. Moreover, they satisfy the Grothendieck-Riemann-Roch theorem for projective
morphisms.

The second part of our work consists in studying the punctual Hilbert schemes of a symplectic or
almost-complex fourfold. These manifolds have been built by Voisin and generalize the already
known Hilbert schemes on projective surfaces. Using the relative integrable structures introduced
in Voisin’s construction, we can extend the classical theory to the symplectic or almost-complex
setting. We compute the Betti numbers, define Nakajima operators, study the cohomology ring
and the cobordism class of these Hilbert schemes, and we prove in this context a particular case
of Ruan’s crepant resolution conjecture.

Keywords

Complex manifolds, Coherent analytic sheaves, Chern classes, Analytic K-theory, Grothendieck-
Riemann-Roch theorem, Deligne cohomology.

Puncutal Hilbert schemes, Nakajima operators, Almost-complex geometry, 4-manifolds, Orb-
ifolds, Ruan’s crepant resolution conjecture.
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CHAPITRE 1

Introduction

1. Version francaise

La these qui est présentée ici se compose de deux articles, intitulés « Classes de Chern en
cohomologie de Deligne pour les faisceaux analytiques cohérents » et « Propriétés topologiques
des schémas de Hilbert ponctuels des variétés symplectiques de dimension 4 ». Ces deux sujets
relevent en fait d’'une méme problématique. Il s’agit de construire et d’adapter des objets issus
de la géométrie algébrique dans d’autres cadres : les variétés complexes non projectives dans le
premier cas et la géométrie presque complexe et symplectique dans le second.

1.1. Classes de Chern en cohomologie de Deligne pour les faisceaux cohérents.

Dans le premier article nous nous intéressons aux faisceaux analytiques cohérents et aux classes
de cohomologie qu’on peut leur associer. La théorie des faisceaux cohérents s’est développée si-
multanément dans les domaines algébrique et analytique [Se 1], [Ca], [Se 2|, [Ca-Se], [Gr-Re],
[Gr-Ri]. Sur une variété projective complexe, selon le principe GAGA de Serre [Se 2], la
catégorie des faisceaux algébriques cohérents est équivalente a la catégorie des faisceaux analy-
tiques cohérents, il n’y a donc pas lieu de distinguer les deux théories. En général, il se peut que
des résultats importants se formulent de la méme fagon pour des faisceaux cohérents algébriques
ou analytiques. Cependant les démonstrations sont souvent tres différentes. On peut citer trois
exemples de ce phénomene.

Le premier est le théoreme de finitude qui s’énonce de la maniere suivante :

THEOREME 1.1. Si X est une variété projective compleze (resp. complexe compacte) et si F est
un faisceau algébrique (resp. analytique) cohérent sur X, les H' (X, F) sont des espaces vectoriels
de dimension finie.

La preuve pour les faisceaux algébriques cohérents se réduit par dévissage a 1’étude du cas
particulier X = P" et F = O(k). Pour des faisceaux analytiques cohérents sur une variété
complexe, la démonstration, due a Cartan et Serre [Ca-Se|, [Gr-Re], utilise des méthodes
d’analyse.

Ce théoreme admet une version relative :
THEOREME 1.2. Soient X et Y des variétés algébriques (resp. complexes), f: X ——=Y un
morphisme algébrique (resp. holomorphe) et F un faisceau algébrique (resp. analytique) cohérent

sur X. Si f est propre sur le support de F, f,F ainsi que les images directes supérieures R' f,F
sont cohérents sur Y .

11



12 1. INTRODUCTION

Dans le cas algébrique, on procede & nouveau par dévissage [Bo-Se|. La preuve de Grauert
et Riemenschneider [Gr-Ri] pour les variétés complexes, beaucoup plus délicate, utilise des
théoremes de finitude pour les espaces de Fréchet nucléaires.

On peut prendre pour troisieme exemple I'un des résultats les plus importants de la théorie des
faisceaux algébriques cohérents : le théoreme de Grothendieck-Riemann-Roch.

THEOREME 1.3. Soient X etY des variétés quasi-projectives lisses, f: X ——=Y un morphisme
propre et F un faisceau algébrique cohérent sur X. Alors Uidentité suivante est vérifiée dans
l’anneau de Chow de Y :
Fo(eh(F)td(X)) = > (=1)' ch(R' £, (F)) td(Y).
i>0
Lorsqu’on prend pour X une variété projective et Y la variété réduite & un point, on obtient

la formule de Riemann-Roch-Hirzebruch, initialement établie par des méthodes de cobordisme
[Hirz] :

(X, F) = /X ch(F) td(X).

Si £ est un faisceau localement libre sur une variété complexe compacte X, la formule de
Riemann-Roch-Hirzebruch est encore valable pour £ et résulte de la formule d’Atiyah-Singer
qui calcule Iindice d’un opérateur elliptique, dans ce cas l'opérateur 9. Plus généralement,
Toledo et Tong ont montré cette formule pour un faisceau analytique cohérent arbitraire en
construisant un parametrix explicite pour 'opérateur d [To-To 1].

Lorsque X et Y sont des variétés complexes compactes et que les classes de Chern sont choisies
dans les anneaux de Hodge @ H *(X, Q%) et @ H (Y, Q) de X et Y, I'égalité de Grothendieck-

Riemann-Roch reste toujou;s vraie : la démoilstration en a été faite par O’Brian-Toledo-Tong
[OB-To-To]. Il reste cependant des situations ou le théoréme de Grothendieck-Riemann-Roch
n’est toujours pas établi, par exemple lorsque les variétés X et Y ne sont pas Kéhleriennes et
que les classes de Chern sont choisies dans H *(X,Q) et H*(Y, Q).

La théorie des classes de Chern est intéressante a comparer dans les cadres algébrique et ana-
lytique. Pour les faisceaux localement libres, ces classes peuvent toujours étre construites dans
les deux cadres par le principe de scindage de Grothendieck [Grot], [Vo 3]. Les anneaux de
cohomologie choisis sur les variétés algébriques sont les anneaux de Chow et ce sont les anneaux
les plus généraux possibles, alors que sur des variétés complexes non projectives la meilleure
théorie cohomologique connue est celle de Deligne-Beilinson [Es-Vi|, [Vo 3.

La théorie devient tres différente pour les faisceaux cohérents. Sur les variétés algébriques, la
construction des classes de Chern est completement achevée : elle est établie dans les anneaux de
Chow et se ramene, via l'existence de résolutions globales localement libres [Bo-Se], a la théorie
pour les faisceaux localement libres. Le contre-exemple suivant de Voisin interdit de transposer
cette méthode aux variétés complexes.

THEOREME 1.4. [Vo 4] Sur un tore générique complexe de dimension au moins 3, le faisceau
d’idéaur d’un point n’admet pas de résolution localement libre globale.

Avant notre travail, plusieurs théories de classes de Chern existaient déja dans différents an-
neaux de cohomologie spécifiques : les classes d’Atiyah-Hirzebruch dans H *(X, Z) [At-Hi], celles
d’Atiyah dans @ H*(X, Q%) [At] et celles de Green dans @ H* (X, Q)?Z) [Gre]|, [To-To 2].

i i
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Notre but dans « Classes de Chern en cohomologie de Deligne pour les faisceaux analytiques
cohérents » est de construire des classes de Chern unifiées pour des faisceaux analytiques cohé-
rents sur une variété complexe compacte, a valeurs dans la cohomologie de Deligne rationnelle
de la variété de base. Nous développons pour cela une nouvelle approche.

Le contre exemple de Voisin [Vo 4] montre que les variétés complexes possedent en général
beaucoup trop peu de fibrés holomorphes pour qu’on puisse espérer controler un faisceau cohérent
arbitraire a l’aide de tels fibrés.

Parmi les faisceaux cohérents figurent les faisceaux localement libres et, a 'opposé, les faisceaux
de torsion : ce sont les faisceaux cohérents supportés par des sous-ensembles analytiques propres
de la variété ambiante X. Si Z est une sous-variété lisse de X et F un faisceau de torsion supporté
sur Z de la forme i,,G ol G est cohérent sur Z, la formule de Grothendieck-Riemann-Roch pour
I'injection i,: Z——=X prédit I'égalité

. -1
et permet donc a priori de définir ch(F) par cette formule si ch(G) est connu. Cette observation

nous conduit a effectuer la construction des classes de Chern par récurrence sur la dimension de
X.

La formule de Grothendieck-Riemann-Roch permet ainsi de définir les classes de Chern pour
une classe spécifique de faisceaux de torsion. Un premier probleme se pose, car il n’est pas clair
que la définition de ch(F) est indépendante de Z. D’autre part, le support d’un faisceau de
torsion n’est pas a priori contenu dans une sous-variété lisse de X. La construction des classes
de Chern d’un faisceau de torsion général ne peut donc pas s’effectuer directement sur X. Il
apparait nécessaire de changer de base et de raisonner sur des modeles biméromorphes de X.
Le théoréme de désingularisation d’Hironaka permet de résoudre ces problemes et de batir une
théorie cohérente des classes de Chern pour les faisceaux de torsion.

Maintenant, si F est un faisceau cohérent quelconque et F,,, C F est le sous-faisceau des

éléments de torsion, on dira que F est localement libre modulo torsion si F/ . est localement
tor

libre. Si F est localement libre modulo torsion, la suite exacte

0 Fior F Flg —0

tor

conduit a définir ch(F) par la relation
ch(F) = ch(F,,) + ch [f/ 7 OJ .

Cependant, un faisceau cohérent n’est pas toujours localement libre modulo torsion. Par exemple,
si Z est un sous-ensemble analytique de X de codimension au moins 2, le faisceau d’idéaux J, est
sans torsion, sans étre localement libre. Pour définir les classes de Chern d’un faisceau cohérent
général de rang générique strictement positif, on utilise, et c’est un point clé de la construction,
le théoreme de désingularisation suivant :

THEOREME 1.5. [Ro] Soit F un faisceau cohérent sur X de rang générique r. Il existe alors un

morphisme biméromorphe  : X——=X obtenu par une suite finie d’éclatements de centres

lisses, et un faisceau localement libre Q sur X de rang r, tels que l'on ait une surjection
T*F——Q.

Ce théoreme peut s’énoncer de maniere intuitive sous la forme :
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St F est un faisceau cohérent, on peut par une succession d’éclatements convertir toute la sin-
gularité de F en torsion.

Ce résultat est une conséquence immédiate du théoreme de platification d’Hironaka [Hiro|. La
preuve antérieure de [Ro] repose uniquement sur le théoreme de désingularisation d’Hironaka.

A Daide des arguments exposés ci-dessus, nous pouvons définir ch(F) pour tout faisceau cohérent
JF sur une variété complexe de dimension n lorsque la théorie est connue pour les variétés de
dimension au plus n — 1. Les classes ainsi construites vérifient par définition la formule de
Grothendieck-Riemann-Roch pour I'immersion d’un diviseur lisse.

La récurrence impose de vérifier pour les classes construites un certain nombre de propriétés
telles que la fonctorialité par pull-back, la formule du produit et la formule d’additivité de
Whitney. Cette derniere formule signifie que pour toute suite exacte

0 F g H 0

de faisceaux cohérents, ch(G) = ch(F) + ch(H); elle n’est pas une conséquence formelle de la
construction. En effet, si X est projective et si F est un faisceau cohérent sur X de la formei,, G
ou Z est une hypersurface lisse de X, notre construction définit ch (z Z*Q) en imposant la formule
de Grothendieck-Riemann-Roch. D’autre part F admet une résolution globale localement libre.
Si la formule de Whitney est vérifiée, cela signifie qu’on a établi la formule de Grothendieck-
Riemann-Roch pour i,,G, ce qui ne saurait étre évident.

Nous obtenons finalement le résultat suivant :

THEOREME 1.6. Soit X une variété complexe compacte. Pour tout faisceau cohérent F sur X,
on peut définir un caractére de Chern ch(F) dans @pH%zl(X,Q(p)) tel que

(i) Pour toute suite exacte 0 F g H 0 de faisceauzr cohérents sur
X, on a ch(G) = ch(F) 4 ch(H). Le caractére de Chern ch: K(X)——H{ (X, Q) est
un morphisme d’anneau.

(ii) Si f: X——=Y est holomorphe et siy appartient a K(Y), alors ch(fTy) = f* ch(y). !

(iii) Si &€ est un faisceau localement libre, ch(E) est le caractére de Chern usuel en cohomo-
logie de Deligne rationnelle obtenu par le principe de scindage de Grothendieck.

(iv) Si Z est une sous-variété de X lisse et fermée et si F est un faisceau cohérent sur Z,
alors (iZ,}") vérifie le théoréeme de Grothendieck-Riemann-Roch, c’est-a-dire

ch(iz, F) =iy, (ch(]-') td(NZ/X)*l).

De par leur construction méme, les classes obtenues vérifient le théoreme de Grothendieck-
Riemann-Roch pour l'immersion d’une hypersurface lisse. Par éclatement, on en déduit le
théoreme de Grothendieck-Riemann-Roch pour I'immersion d’une sous-variété lisse de codi-
mension quelconque.

La forme la plus générale du théoreme de Grothendieck-Riemann-Roch que nous obtenons est
la suivante :

THEOREME 1.7. Le théoréme de Grothendieck-Riemann-Roch est valable en cohomologie de De-
ligne rationnelle pour des morphismes projectifs entre variétés complexes compactes.

1 La notation fT est définie page 46.
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Le résultat s’obtient en décomposant le morphisme f en une immersion i: X —=Y x PV et

la projection pry:Y x PN — Y. Le théoréme de Grothendieck-Riemann-Roch pour i est déja
établi. Pour la projection pry, l'article [Bei] permet de se ramener au cas ou Y est réduit & un
point.

Remarquons que si les variétés sont projectives, le Théoreme 1.7 est la formule de Grothendieck-
Riemann-Roch classique de [Bo-Se|. Les arguments que nous avons développés sont valables
dans les anneaux de Chow pour les variétés projectives et fournissent donc une nouvelle preuve
du théoreme de Grothendieck-Riemann-Roch dans le cas algébrique.

Il est maintenant naturel d’examiner 'unicité des classes de Chern ainsi construites. Nous mon-
trons un résultat d’unicité général.

Considérons une théorie cohomologique A, c’est-a-dire un foncteur contravariant X —— A(X)
défini sur les variétés complexes compactes a valeurs dans la catégorie des Q-algebres graduées
et satisfaisant les propriétés suivantes :

(a) Si o est 'éclatement d’une variété complexe compacte lisse le long d’une sous variété
lisse, o * est injectif.
(8) Si E est un fibré vectoriel holomorphe sur X et 7:P(E)——=X est le fibré projectif
associé, m* est injectif.
() Si X est une variété complexe compacte lisse et si Y est une sous-variété lisse de
codimension d, on dispose d’un morphisme de Gysin i,: A*(Y) — A*T4(X).
Le théoreme d’unicité s’énonce alors :
THEOREME 1.8. Supposons que l'on ait deux caractéres de Chern ch et ch’ pour les faisceaux

cohérents sur les variétés complexes compactes lisses, a valeurs dans une théorie cohomologique
A vérifiant (), (B) et (), tels que :

(i) ch et ch’ vérifient la formule de Whitney,
(ii) ch et ch’ vérifient la formule de fonctorialité,
(iii) si L est un fibré en droites holomorphe, alors ch(L) = ch’(L),
)

(iv) dans les deux théories, la formule de Grothendieck-Riemann-Roch est valable pour les
1MMErsIons.

Alors pour tout faisceau cohérent F, ch(F) = ch'(F).
Les classes de Chern déja construites dans des cohomologies plus faibles que la cohomologie de
Deligne vérifient la formule de Whitney et la formule de fonctorialité. Si ces classes vérifient

la formule de Grothendieck-Riemann-Roch pour les immersions, elles coincident donc avec les
classes que nous avons construites, et réciproquement.

On obtient le théoréeme de comparaison suivant :

THEOREME 1.9. Soit F un faisceau analytique cohérent sur X. Alors :
(i) Les classes ¢;(F) dans HE (X, Q(i)) et ¢;(F)*P dans H*(X,Z) ont la méme image
dans H*(X,Q).
(ii) L’image de ¢;(F) par le morphisme naturel de HE (X, Q(:)) dans H'(X, Q) est la
i-eme classe d’Atiyah-Chern de F.
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La formule de Grothendieck-Riemann-Roch pour les immersions a été prouvée par Atiyah et
Hirzebruch pour les classes topologiques dans [At-Hi] et par Toledo et Tong pour les classes
d’Atiyah dans [OB-To-To].

Meéme si des raisons de complexité calculatoire ont conduit & privilégier les classes de Chern
exponentielles, les résultats semblent pouvoir s’étendre a la cohomologie de Deligne entiére, et
donc prendre en compte les phénomémes de torsion.

Le résultat qui nous manque encore est la formule de Grothendieck-Riemann-Roch pour les mor-
phismes arbitraires entre variétés complexes compactes. Le probleme est certainement difficile,
puisqu’il est toujours ouvert dans le cas particulier de la cohomologie de Betti rationnelle sur
les variétés non Kéahleriennes (dans le cas des variétés Kéhleriennes, comme les classes de Chern
en cohomologie de Dolbeault et de Betti rationnelle sont compatibles via la décomposition de
Hodge, le résultat est une conséquence de [OB-To-To)).

1.2. Topologie des schémas de Hilbert presque complexes et symplectiques.

Notre deuxieme travail se place dans le cadre de la géométrie presque complexe. Cette géométrie
est d’abord apparue comme une extension de la géométrie complexe. Une structure presque
complexe sur une variété différentiable M est la donnée d’un endomorphisme du fibré tangent
TM de carré —id; elle est donc plus facile & manipuler qu’une structure intégrable, qui se définit
par cartes locales. D’apres le théoreme fondamental suivant

THEOREME 1.10. Sur une variété de dimension deuz, une structure presque complexe est tou-
jours intégrable

on peut en dimension 2 paramétrer les structures complexes de maniere remarquablement simple.
C’est ce qui constitue I'un des points de départ de la théorie de Teichmiiller. Sur des variétés de
dimension paire supérieure a 2, les structures presque complexes non intégrables apparaissent
effectivement. On peut alors donner une condition nécessaire et suffisante pour qu’une telle
structure soit intégrable : c’est le théoreme de Newlander-Nirenberg.

THEOREME 1.11. Soit M une variété C*° munie d’une structure presque complexe J. Alors J
est intégrable st et seulement si [TLOM,TLOM] cTYM.

Les structures presque complexes constituent un bon espace de parametres dans lequel on peut
étudier, a I’aide de ce théoreme, les structures qui sont intégrables. Cette approche est au coeur
de la théorie des déformations de Kodaira [Kod]. Dans cette théorie, le théoréme de Kuranishi
paramétrise par un sous-ensemble analytique de ’espace des structures presque complexes les
structures intégrables proches d’une structure intégrable initiale fixée.

Les structures presque complexes interviennent la comme espace de parametres, mais leurs pro-
priétés géométriques propres ne sont pas exploitées. L’approche change avec Gromov, qui n’uti-
lise pas ces structures sur des variétés complexes, mais sur des variétés symplectiques [Grom].

La notion utile pour cette étude est celle de structure presque complexe adaptée a une forme
symplectique :
DEFINITION 1.12. Si (X,w) est une variété symplectique, une structure presque complexe J sur

X est adaptée a w si Uapplication (u,v) —— w(u, Jv) est une métrique Riemannienne sur X.

Les structures adaptées forment un bon espace de parametres, qui est non vide et contractile
[Grom)]. Les objets géométriques associés a ces structures sont les courbes pseudo-holomorphes :
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DEFINITION 1.13. Une courbe pseudo-holomorphe sur (X,w,J), ot J est adaptée d w, est la
donnée d’une surface de Riemann X et d’une application f:3——(X,J) dont la différentielle

commute avec les structures complexes sur TY et T X. La premiere de ces structures est donnée
par la structure intégrable de 3 et la seconde par J.

Les courbes pseudo-holomorphes sont un outil tres efficace pour 'étude de la topologie des
variétés symplectiques (voir [McD-Sa]). Le non-squeezing théoreme de Gromov en est un
exemple :

THEOREME 1.14. Si u: B>*(r)——=R?" est un plongement symplectique d’une boule dans R*"
tel que u(B?(r)) C B%(R) x R*""?, alors r < R.

Les courbes pseudo-holomorphes permettent aussi de définir des invariants symplectiques qui
sont les invariants de Gromov-Witten. Ce sont des invariants énumératifs représentant le nombre
de courbes pseudo-holomorphes de genre et de classe d’homologie fixés intersectant des cycles
prescrits. Ces invariants ont été initialement considérés par Konsevitch et Manin [Ko-Ma] (voir
aussi [Fu-Pa] et [Ko-Va]) dans le cadre de la géométrie algébrique pour résoudre le probleme
suivant :

Calculer le nombre N, de courbes rationnelles de degré d passant par 3d — 1 points génériques
du plan.

En géométrie symplectique, ces invariants ont été introduits par Tian et Ruan [Ru-Ti| dans le
cas des variétés symplectiques semi-positives. L’un des principaux intéréts de ces invariants est
de déformer 'anneau de cohomologie d’une variété symplectique.

De maniere plus précise, soit (X, w) une variété symplectique et J une structure presque complexe
réguliere adaptée a w. Les invariants de Gromov-Witten les plus simples sont définis comme suit :

DEFINITION 1.15. Soit A € Hy(X,Z) et o, B, v € H*(X,Z)/iorsion des classes d’homologie
duales a des sous-variétés Z,, Z,y, Zs de X. L’invariant de Gromov- Witten GWO)fA,?)(a,ﬂ,’y) est

le nombre de courbes pseudo-homorphes rationnelles u: P! —— (X, J) telles que u, [IP’l] =Aet
telles que, pour un choiz générique de Z,, Zy, Zs, on ait u(0) € Z,, u(l) € Z, et u(co) € Zs,
chaque courbe étant comptée avec un signe spécifique (voir [McD-Sal ).

L’hypothese de régularité de J est une condition de transversalité. Les structures presque com-
plexes adaptées régulieres forment une partie dense et connexe de ’ensemble des structures
presque complexes adaptées [McD-Sa].

Si A est la classe d’homologie d'un point dans X,

GW(i(pt,3(a¢ﬁ)7) = /XOé/\ﬁ/\’y = (aUB,7).

On voit ainsi que les invariants de Gromov-Witten pour la classe d’un point combinés avec la

dualité de Poincaré décrivent le cup-produit dans H *(X,Z)/ torsion”

Si (€;) ;< €st une base de H*(X, Z)/iorsion €0 95 = / e; A\ e;, on définit les constantes
== X

N
de structure déformées ffj = Zglk Z GW§A73(ei,ej,ek)qw(A), ou w(A) :/ w et q est
I=1 A€H,(X,Z) A
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un parametre formel. Ces constantes permettent alors de définir le petit produit quantique sur
H*(X,Z) par la formule

axXgf= Z(Zﬁzaiﬂj>ek.
koo

Ce produit est associatif et il coincide pour ¢ = 0 avec le produit usuel [McD-Sa]. On peut
définir de facon plus générale un gros produit quantique, les parametres formels étant au nombre
de r ot r = rang(H,(X,Z)) [Fu-Pal, [Ko-Va], [McD-Sa).

La cohomologie quantique se développe également pour les invariants de Gromov-Witten en
genre supérieur [Ru-Ti], mais les constructions sont beaucoup plus délicates et nécessitent de
perturber les courbes pseudo-holomorphes.

/ torsion

La théorie de Gromov-Witten a ensuite été adaptée aux orbifolds. La premiere étape détermi-
nante est la construction par Chen et Ruan de 'anneau de cohomologie orbifold d’un orbifold
presque complexe. L’anneau H (X, Q) est en général différent de H *(X, Q) et fait intervenir la
cohomologie des secteurs tordus de I'orbifold [Ch-Ru 1], [Ad-Le-Ru], [Fa-Gd6]. Les invariants
de Gromov-Witten ont ensuite été définis par Abramovitch-Graber-Vistoli [Ab-Gr-Vi| et Chen-
Ruan [Ch-Ru 2|. L’anneau de cohomologie orbifold se déforme comme précédemment en un
anneau de cohomologie orbifold quantique.

Une des grandes conjectures actuelles reliant géométrie algébrique et symplectique est la conjec-
ture de la résolution crépante de Ruan :

CONJECTURE 1.1. [Co-Ru] Soient X une variété projective complexe Gorenstein a singularités

quotient et : X——=X une résolution crépante de X, ce qui signifie que X est lisse, que T
est un morphisme birationnel et que T Ky = K)?' Alors les grosses algébres de cohomologie

quantique de X et X sont isomorphes apres spécialisation des paramétres quantiques a des
valeurs spécifiques.

Pour des développements récents sur cette conjecture, voir [Co-Co-Ir-Ts|, [Co-Ir-Ts] et [Co].
La conjecture de Ruan a été formulée et beaucoup étudiée sur des variétés algébriques, comme
par exemple les espaces projectifs a poids [Co-Co-Le-Ts|, [Bo-Ma-Pe 1], [Bo-Ma-Pe 2] (les
singularités sont en effet difficiles & traiter en dehors de ce cadre). Un cas particulierement fécond
est celui des produits symétriques d’une surface projective lisse.

Si X est une surface projective complexe lisse et n un entier positif, le schéma de Hilbert ponctuel

[n]

X" est ensemble des 0-cycles de X de longueur n. Un point £ de X' est donc un faisceau

d’idéaux J de Oy tel que :

- O0y/ g est supporté en un nombre fini de points x,...,x;. Ces points constituent le support
de &.

k
- Z%(i) =mn,oul, (§) = dim¢ (OX/j)\g;_ est la longueur de £ en z;.
i=1 '
Le schéma de Hilbert X™ est une variété projective.

Le morphisme de Hilbert-Chow HC: X" —~§"X est défini par

HCE) = Y ()

zesupp(&)
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Ce morphisme est bijectif au dessus de la strate dense de S™X formée des n-listes de points deux
a deux distincts. Les deux théoremes fondamentaux sur les schémas de Hilbert ponctuels d’une
surface projective lisse sont ceux de Fogarty et Briangon :

[n]

THEOREME 1.16. [Fo| Si X est une surface projective lisse, X' est lisse de dimension 2n.

THEOREME 1.17. [Br] Si X est une surface projective lisse, pour tout x de X, HC *(nz) est
une variété algébrique irréductible de dimension n — 1.

Dans le cas n = 2, X 2 admet une description particulierement simple : c’est le quotient de
I'éclaté de X x X le long de la diagonale par ’action naturelle de Z/97 qui permute les facteurs ;
la fibre maximale du morphisme de Hilbert-Chow est alors isomorphe & P!. Si n > 3, cette fibre
maximale est irréductible par le théoréeme de Briancon, mais elle n’est plus lisse.

Le produit symétrique S™X est une variété projective singuliere Gorenstein. Le théoreme de

nj

Fogarty montre que X "] est une résolution des singularités de S™X. Cette résolution est de plus

crépante.

Bien avant que ne soit formulée la conjecture de la résolution crépante, les nombres de Betti des
schémas de Hilbert ponctuels ont été calculés par Gottsche (pour I'historique de cette formule,
voir [Na 2]) :

THEOREME 1.18. [G&], [G6-So] Si X est une surface quasi-projective lisse, et sin € N*,

i Zb ”] tz n __ ﬁ [(1 + ¢2m-1 m)(l _|_t2m+1qm)]bl(X) ‘
n—=0 i=0 _m:1 (1 — t2m=2¢m) (1 — t2m+2gm) (1 — ¢2mgm )b2(X)

Ce résultat se déduit également d’un résultat de Batyrev [Ba] qui démontre une version additive
de la conjecture de la résolution crépante.

Apres la contribution de Gottsche, les travaux de Nakajima [Na 1], puis ceux de Lehn [Le|, Li
Qin et Wang [Li-Qi-Wa 2], Lehn et Sorger [Le-So 1|, Fantechi et Gottsche [Fa-G6], ont permis
une étude approfondie de la structure multiplicative des anneaux de cohomologie H * (X [n],(@),
dont un aboutissement a été la preuve de la conjecture de la résolution crépante pour les schémas
de Hilbert ponctuels par Lehn et Sorger dans le cas ou X est une surface K3.

THEOREME 1.19. [Le-So 2] Si X est une surface K3, pour tout n € N*, on a un isomorphisme
d’anneaux gradués

H*(X™ Q) =~ HER (57X, Q).

L’étude des schémas de Hilbert s’est poursuivie au dela de la cohomologie. Ellinsgrud, Gottsche

[n]

et Lehn ont fourni une contribution importante en étudiant la classe de T X" en K-théorie.

THEOREME 1.20. [El-G6-Le] Soit X une surface projective lisse. Les nombres de Chern de x

se calculent par des formules universelles a partir des nombres de Chern de X.

Ce théoreme est équivalent a la propriété remarquable suivante :

n]

La classe de cobordisme algébrique de xM e dépend que de la classe de cobordisme algébrique

de X.

On voit donc que le schéma de Hilbert ponctuel a fourni un extraordinaire exemple pour ’étude
la conjecture de la résolution crépante. Cependant, I’hypothese algébrique n’est probablement
pas déterminante, et cette conjecture semble plutét de nature symplectique.
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Des exemples explicites de résolutions crépantes dans le cadre presque complexe et symplectique
sont fournis par les schémas de Hilbert ponctuels X "l $une variété symplectique ou presque
complexe X de dimension 4 qui sont des désingularisations des produits symétriques S™X. Ils

ont été construits par Voisin dans [Vo 1] et [Vo 2].

L’objet de notre travail dans le second article est d’étudier ces schémas de Hilbert presque
complexes et symplectiques. Pour adapter a notre cadre la théorie classique sur les surfaces
projectives, nous utilisons, au lieu d’une structure intégrable, les structures intégrables relatives
introduites dans la construction de Voisin.

DEFINITION 1.21. Soit (X, J) une variété presque complexe de dimension 4. Une structure rela-
tive intégrable paramétrée par S"X est une famille de structures intégrables (Jgg)gg cgny variant
de maniere C*™ avec x telle que, pour tout v € S"X, J soil une structure z'ﬁté_gmble sur un

ouvert W, de X contenant les points de x.

De telles structures existent et forment, si elles sont choisies suffisamment proches de J, un
ensemble contractile. Réciproquement, toute structure relative intégrable paramétrée par un
produit symétrique S™X définit une structure presque complexe sur X. Si J est une telle struc-
ture, le schéma de Hilbert presque complexe de Voisin est alors défini de facon ensembliste par

x |_| HO‘;’LJI(E)
zeS"X -

ou HCy, Win} —=S"W,_, est le morphisme de Hilbert-Chow associé a la structure intégrable
J, sur Wx._

Nous allons maintenant citer les principaux résultats obtenus. Les premiers concernent seulement
la structure additive de ’anneau de cohomologie des schémas de Hilbert presque complexes et
correspondent dans le cas des surface projectives lisses aux travaux de Gottsche et Nakajima
[G6], [G6-So], [Na 1].

THEOREME 1.22. Soit (X, J) une surface presque complexe compacte de dimension 4.

(i) Soit (bi (XM)> o4 la suite des nombres de Betti du schéma de Hilbert presque com-
1=Vu...4n

plexe xM . rq série génératrice de ces nombres de Betti est donnée par

co  4n 00 [(1+t2m71qm)(1+t2m+1qm)]b1(X)

(RN on _
Z Z bi(X )t 7 = H (1 _ t?‘m*?‘qm)(l _ t2m+2qm)(1 _ t2mqm)b2(X)'

(ii) On peut construire des opérateurs de Nakajima q;(cv), i € Z, o € H*(X,Q) tels que :

— les relations de Nakajima suivantes sont vérifiées :

V’L,] € Z7 VOé,ﬁ € H*(X7Q) [Q’L(a)7 QJ(ﬁ)] = i(si—f—j,O /Xaﬁ’

[ee]
— siH = GB H* (X[n}7(@), les opérateurs de Nakajima définissent une représentation
n=0
wrréductible de l’algebre de Heisenberg H(H*(X, Q)) dans H avec 1 comme vecteur
de plus haut poids.

Les opérateurs de Nakajima étant construits, on adapte la théorie de Lehn et Li-Qin-Wang pour
obtenir une description de la structure multiplicative de H *(X M,Q). La principale étape est le
calcul de l'opérateur de bord 0 défini par Lehn dans [Le].
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DEFINITION 1.23. Soit (X, J) une variété presque compleze et X" e schéma de Hilbert presque
complexe associé. L’opérateur de bord O est ’endomorphisme de H défini par
1

d(a) = —5[0x"] Ua,

ot 9X™ est Uensemble des schémas qui ne sont pas supportés en n points distincts et [8X

est la classe de cycle associée dans H? (X[n],(@).

[n] ]

Nous obtenons le résultat suivant, di a Lehn [Le] dans le cas intégrable :

THEOREME 1.24. Soit (X,w) une variété symplectique compacte de dimension 4 et J une struc-
ture presque complexe adaptée a w. Si 0 est l'opérateur de bord, alors pour tous n,m € Z et tous
a,f € H*(X,Q), on a lidentité :

000(@) = 0@, ()] = =1 {am(a8) = " 6 ([ 3008 ) i}

Nous supposons que X est symplectique pour pouvoir utiliser les résultats de Donaldson [Do].
Des arguments formels dus a Li-Qin-Wang [Li-Qi-Wa 1], [Li-Qi-Wa 3|, [Li-Qi-Wa 2] et
Lehn-Sorger [Le-So 1], [Le-So 2| nous permettent d’obtenir des conséquences importantes du
théoreme précédent :

THEOREME 1.25. Soit (X,w) une variété symplectique compacte de dimension 4. On suppose
que by (X) = 0.

(i) L’anneau de cohomologie H * (X[n},(@) du schéma de Hilbert symplectique x peut étre
construit par des formules universelles a partir de H*(X,Q), ¢;(X) et co(X).

(ii) Si la premiére classe de Chern de X est nulle dans H*(X,Q), H*(X[n],(@) est iso-
morphe a l'anneau de cohomologie orbifold H/p (S”X, (@) du produit symétrique S™X.

Dans le cas algébrique, la premiére partie du théoreme est due a Li, Qin et Wang [Li-Qi-Wa 3].

La conjecture de la résolution crépante de Ruan est ainsi vérifiée pour les produits symétriques
de surfaces symplectiques simplement connexes a premiere classe de Chern nulle. Ceci étend le
résultat obtenu par Lehn et Sorger pour les surfaces K3 [Le-So 2].

]

’ 7 . . . . N n .
Tous ces énoncés ne font intervenir que I’espace topologique sous-jacent a X " La construction

[

"l de structures plus riches que celle d’un espace topologique : X ] st une

]

de Voisin munit X
variété différentiable munie d’une structure presque complexe stable et X "] est symplectique si
X est symplectique [Vo 2]. Le fibré tangent 7T'X ] 4éfinit alors un élément k,, dans I’anneau de

K-théorie complexe de X ) et 1a classe de cobordisme presque complexe de X [
structure stable précédente est caractérisée par les nombres de Chern de ,,.

"l définie par la

Les nombres de Chern de X™ ont été étudiés dans le cas projectif par Ellinsgrud, Goéttsche et
Lehn dans [El-G6-Le], comme on I’a vu plus haut. Ils s’obtiennent de maniére universelle &
partir des nombres de Chern de X. La preuve de ce résultat utilise intensivement la K-théorie
des faisceaux cohérents. Nous généralisons cette démonstration au cadre presque complexe en
considérant des faisceaux cohérents relatifs sur des espaces topologiques fibrés en ensembles
analytiques associés a des structures relatives intégrables. Nous obtenons le

THEOREME 1.26. Soit (X, J) une variété presque complexe compacte de dimension 4 et xM e
schéma de Hilbert presque complexe associé. Si P est un polynome pondéré dans (@[Tl, e ,TQn]



22 1. INTRODUCTION

de degré 4n ou T est de degré 2i, il existe alors un polynome pondéré Pe Q[Tl,TQ] de degré 4
dépendant seulement de P et de n tel que

/[n]P(cl(XW),...,cgn(x[’”)) :/ P(ey(X), (X))
X X

[n]

Ce théoreme signifie que la classe de cobordisme de X" ne dépend que de la classe de cobordisme

de X.

Les structures relatives de Voisin permettent donc d’adapter la théorie classique aux variétés
presque complexes ou symplectiques, ce qui montre a posteriori que c’est bien dans ce cadre
qu’il convient de considérer les schémas de Hilbert ponctuels. Un prolongement de ce travail
pourrait étre le calcul des invariants de Gromov-Witten pour les schémas de Hilbert ponctuels
symplectiques ; ce probléme est posé dans [Vo 2.
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2. English version

The thesis we present here consists of two articles: “Chern classes in Deligne cohomology for
coherent analytic sheaves” and “Topological properties of punctual Hilbert schemes of symplectic
4-dimensional manifolds”. These two topics belong indeed to the same field of investigation, that
is to construct or to adapt some objects coming from algebraic geometry in other settings: non
projective complex manifolds in the first case, almost-complex and symplectic geometry in the
second one.

2.1. Chern classes in Deligne cohomology for coherent analytic sheaves.

In the first article, we concern ourselves with coherent analytic sheaves and their possibly asso-
ciated Chern classes. The theory of coherent sheaves developed at the same time both in the
algebraic and in the analytic contexts [Se 1], [Ca], [Se 2], [Ca-Se], [Gr-Re], [Gr-Ri]. On a
projective complex manifold, according to Serre GAGA principle [Se 2], the category of coher-
ent algebraic sheaves is equivalent to the category of coherent analytic sheaves, so that there
is no point in differentiating the two theories. In a more general case, some important results
can be formulated in the same terms for coherent algebraic or analytic sheaves. The proofs are
nevertheless often very different. Let us mention three examples.

The first one is the finiteness theorem, namely:

THEOREM 2.1. Let X be a complex projective (resp. complex compact) manifold and F a coherent
algebraic (resp. analytic) sheaf on X. Then the H (X, F) are finite dimensional vector spaces.

The proof for coherent algebraic sheaves is reduced by dévissage to the special case where X = P™
and F = O(k). For coherent analytic sheaves on a complex manifold, the proof, which is due to
Cartan and Serre [Ca-Se|, [Gr-Re], uses Montel’s theorem and functional analysis methods.

This theorem admits a relative version:

THEOREM 2.2. Let X and Y be algebraic (resp. complex) manifolds, f: X ——=Y an algebraic
(resp. holomorphic) morphism, and F a coherent algebraic (resp. analytic) sheaf on X. If f
is proper on the support of F, then f,F as well as the higher direct images R'f,F are coherent
algebraic (resp. analytic) sheaves on 'Y .

In the algebraic setting the result is obtained by dévissage again [Bo-Se]. The proof by Grauert
and Riemenschneider [Gr-Ri] for complex manifolds is much more difficult and uses finiteness
theorems for nuclear Fréchet spaces.

We can take as a third example one of the most important results in the theory of coherent
algebraic sheaves, namely the Grothendieck-Riemann-Roch theorem.

THEOREM 2.3. Let X and Y be smooth quasi-projective manifolds, f: X ——=Y a proper map
and F a coherent algebraic sheaf on X. Then the following identity holds in the Chow ring of ¥

Fo(ch(F)td(X)) = > (=)' ch(R'f,(F)) td(Y).
i>0
If we take for X a projective manifold and for Y the manifold reduced to a point, we obtain the
Riemann-Roch-Hirzebruch formula, which was established by cobordism methods in the first
place [Hirz|:

X(X,}"):/ ch(F) td(X).

X
If £ is a locally free sheaf on a complex compact manifold X, the Riemann-Roch-Hirzebruch

formula still holds for £. It is a consequence of Atiyah-Singer’s formula, which computes the



24 1. INTRODUCTION

index of an elliptic operator (in this case the ] operator). More generally, Toledo and Tong
have proved this formula for an arbitrary coherent analytic sheaf by constructing an explicit
parametrix for the 0 operator [To-To 1].

When X and Y are complex compact manifolds and the Chern classes are chosen in the Hodge
rings @@ H* (X , )l() and @@ H* (Y, Q{,) of X and Y, the Grothendieck-Riemann-Roch equality

still holds. The proof was carried out by O’Brian, Toledo and Tong [OB-To-To|. There are
nevertheless still some cases where the Grothendieck-Riemann-Roch theorem remains unproved,

for instance when the manifolds are non Kéhler and the Chern classes are chosen in H *(X, Q)
and H*(Y,Q).

It is interesting to compare the Chern classes theory in the algebraic and analytic settings. For
locally free sheaves, by Grothendieck’s splitting principle [Grot], [Vo 3], these classes can be
constructed in both contexts. The chosen cohomology rings on algebraic manifolds are the Chow
rings, and they are the most general possible, whereas on non projective complex manifolds, the
best cohomology theory which is known is the Deligne-Beilinson cohomology [Es-Vi], [Vo 3.

The theory becomes quite different for coherent sheaves. On algebraic manifolds, the construc-
tion of Chern classes is complete: it is done in the Chow rings and, via the existence of global
locally free resolutions, reduces to the theory for locally free sheaves. The following counter-
example of Voisin forbids to transpose this method to abstract complex manifolds.

THEOREM 2.4. [Vo 4] On a generic complex torus of dimension at least 3, the ideal sheaf of a
point does not admit a global locally free resolution.

Before our work, several Chern classes theories for coherent analytic sheaves were already existing
in different specific cohomology rings: the Atiyah-Hirzebruch classes in H *(X,Z) [At-Hi], the
Atiyah classes @ H'(X,Q%) [At] and the Green ones in @ H% (X, Q)?’) [Gre], [To-To 2].

i i

Our aim in “Chern classes in Deligne cohomology for coherent analytic sheaves” is to construct
unified Chern classes for coherent analytic sheaves on a complex compact manifold, with values
in the rational Deligne cohomology of the base. To do so, we develop a new approach.

Voisin’s counterexample [Vo 4] shows that complex manifolds possess so few holomorphic vector
bundles that it is not possible to think of studying an arbitrary coherent sheaf using such vector
bundles.

Among coherent sheaves we can consider on the one hand locally free sheaves and on the other
hand torsion sheaves; the latter are coherent sheaves whose supports are proper analytic subsets
of the base X. If Z is a smooth submanifold of X and F a torsion sheaf supported in Z of the
type i,,G where G is coherent on Z, the Grothendieck-Riemann-Roch formula for the injection

i,:Z4——=X predicts the equality:
. -1
ch(F) =iz, (ch(9) td(Ny/x) )

and thus allows us a priori to define ch(F) by this formula if ch(G) is known. This observation
leads us to perform the construction of the Chern classes by induction on the dimension of X.

So doing, we are able to define Chern classes for a specific class of torsion sheaves. A first
problem arises, for it is not clear whether ch(Z) is independent of Z. On the other hand, the
support of a torsion sheaf is not a priori included in a smooth submanifold of X. It follows that
the construction of the Chern classes of a general torsion sheaf cannot be performed directly
on X. At this point, it appears necessary to change the basis and to consider bimeromorphic
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models of X. Hironaka’s desingularization theorem then enables us to solve these problems and
to build a coherent theory of Chern classes for torsion sheaves.

Now if F is any coherent sheaf and if F,,, C F is the subsheaf of the torsion elements, F will
be said to be locally free modulo torsion if F/ F is locally free. If F is locally free modulo
or

torsion, the exact sequence

0 — Fiop —=F —=F/ —0

leads us to define ch (F) by the relation
ch(F) = ch(F,,,) + ch [f/ F OJ .

Nevertheless, a coherent sheaf is not always locally free modulo torsion. For instance, if Z is an
analytic subset of X of codimension at least 2, the ideal sheaf 7, is torsion-free but not locally
free. To define the Chern classes of a coherent sheaf of positive generic rank, we use, and this is
a key argument in the construction, the following desingularization theorem:

THEOREM 2.5. [Ro] Let F be a coherent sheaf on X of generic rank r. There exists a bimeromor-

phic morphism : X——=X obtained by a finite sequence of blowups with smooth centers, and a

locally free sheaf Q on X of rank r, such that there exists a surjective morphism m*F ——Q.

This theorem can be intuitively formulated in the following way:

If F is a coherent sheaf, it is possible to transform by a succession of blowups the whole singularity
of F into torsion.

This result is an immediate consequence of Hironaka’s flattening theorem [Hiro|. The initial
proof in [Ro] relies only on Hironaka’s desingularization theorem.

Using the arguments above, we are able to define ch(F) for any coherent sheaf F on a compact
manifold of dimension n when the theory is known for manifolds of dimension at most n — 1.
The so constructed classes satisfy by definition the Grothendieck-Riemann-Roch formula for the
immersion of a smooth divisor.

The induction compels us to verify for the so constructed classes some properties such as func-
toriality under pullbacks, the product formula and the Whitney additivity formula. The latter
means that for any exact sequence

0 F g H 0

of coherent sheaves, ch(G) = ch(F) + ch(H); it is not a formal consequence of the construction.
Indeed, if X is projective and if F is a coherent sheaf on X of the type i,,G, where Z is a smooth
hypersurface of X, our construction prescribes the Grothendieck-Riemann-Roch formula while
defining ch (z Z*g). On the other hand, F admits a global locally free resolution. If the Whitney
formula holds, it means that the Grothendieck-Riemann-Roch formula has been established for
i,,.G, which is by no means obvious.

Finally, we obtain the following result:

THEOREM 2.6. Let X be a complex compact manifold. For any coherent sheaf on X, it is possible
to define a Chern character ch(F) in @pH%ZI(X,Q(p)) such that:

(i) for any exact sequence 0 F g H 0 of coherent sheaves on X,
we have ch G = ch(F) + ch(H),
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(ii) if f: X—=Y is holomorphic and if y is an element of K(Y), then ch(f'y) =
f*eh(y),”

(iii) of € is a locally free sheaf, then ch(E) is the usual Chern character in rational Deligne
cohomology obtained by Grothendieck’s splitting principle,

(iv) if Z is a smooth closed submanifold of X and if F is a coherent sheaf on X, then the
Grothendieck- Riemann-Roch theorem holds for (iZ,}'), i.e.

ch(i7.F) = iz (h(F) td(Nyx) ).

The Chern classes obtained in this way satisfy by their very construction the Grothendieck-
Riemann-Roch theorem for the immersion of a smooth hypersurface. By blowup, we deduce
the Grothendieck-Riemann-Roch theorem for the immersion of a smooth submanifold of any
codimension.

The most general form of the Grothendieck-Riemann-Roch theorem we obtain is the following:

THEOREM 2.7. The Grothendieck- Riemann-Roch theorem holds in rational Deligne cohomology
for projective morphisms between compact complex manifolds.

The result is obtained by decomposing the morphism f into an immersion i: X ——=Y x P¥ and

the projection pr;:Y x PN ——=Y. The Grothendieck-Riemann-Roch theorem already holds for
i. For the projection pry, using the article [Bei], we can reduce the proof to the case where Y
is a point.

Let us remark that if the manifolds are projective, Theorem 2.7 is the classical Grothendieck-
Riemann-Roch formula of [Bo-Se]. The arguments above hold in the Chow rings for projective
manifolds and so provide a new proof of the Grothendieck-Riemann-Roch theorem in the alge-
braic case.
Now the next point is naturally to examine the unicity of the so constructed Chern classes.
We prove a general unicity result. Let us consider a cohomology theory X ——= A(X) defined
on compact complex manifolds. We suppose that A(X) = @Y A41(X) is a graded Q-algebra
satisfying the following properties:
(o) For any holomorphic map f: X ——=Y, we are given a functorial pullback morphism
f*A(YY)——=A(X), which is a morphism of graded algebras.
(6) If o is a blowup of a smooth compact complex manifold along a smooth submanifold,
then o* is injective.
(v) If E is a holomorphic vector bundle on X and 7 : P(F)——=X is the associated
projective fiber bundle, then 7* is injective.
(6) If X is a smooth compact complex manifold and if Y is a smooth submanifold of
codimension d, there exists a Gysin morphism i,: A*(Y) —=A*T¢(X).
The unicity theorem is stated in the following way:

THEOREM 2.8. Suppose that ch and ch’ are two Chern characters for coherent sheaves on smooth
compact complex manifolds, with values in a cohomology theory verifying (o), (8), (v) and (9),
such that:

(i) the Whitney formula holds for ch and ch’,
(ii) the functoriality formula under pullbacks holds for ch and ch’,

2 For the definition of I, see page 46.
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(iii) if L is a holomorphic line bundle, then ch(L) = ch’(L),
(iv) in both theories, the Grothendieck-Riemann-Roch formula holds for immersions.
Then for any coherent sheaf F, ch(F) = ch’(F).

For the Chern classes already known in cohomologies weaker than Deligne cohomology, the
Whitney formula and the functoriality formula hold. If the Grothendieck-Riemann-Roch formula
for immersions holds for these classes, they coincide with the classes we have constructed, and
the converse is true.

We obtain the following comparison theorem:

THEOREM 2.9. Let F be a coherent sheaf on X. Then
(i) The classes ¢;(F) in HE (X, Q(i)) and ¢;(F)*P in H*(X,Z) have the same image in
H*(X,Q).
(ii) The image of c,(F) by the natural morphism from HZ(X,Q(i)) to H (X, Q%) is the
i-th Atiyah-Chern class of F.

The Grothendieck-Riemann-Roch formula for immersions has been proved by Atiyah and Hirze-
bruch for the topological classes in [At-Hi] and by Toledo et Tong for the Atiyah classes in
[OB-To-To].

Even if complexity reasons in the computations have led us to consider preferentially the expo-
nential Chern classes, it seems possible to extend the results to the integral Deligne cohomology,
and so to take account of the torsion phenomena.

One result is still missing, namely the Grothendieck-Riemann-Roch formula for any morphism
between complex compact manifolds. It is certainly a difficult problem, since it is still unsolved
in the particular case of the rational Betti cohomology on non Kéhler manifolds (in the case of
Kahler manifolds, the Chern classes in Dolbeault and rational Betti cohomology are compatible
via the Hodge decomposition and the result is a consequence of [OB-To-To)).

2.2. Topological properties of punctual Hilbert schemes of symplectic fourfolds.
Our second subject is carried out in the setting of almost-complex geometry. This geometry
first appeared as an extension of the complex geometry. An almost-complex structure on a
differentiable manifold M is given by an endomorphism of the tangent bundle 7'M whose square
is —id. It is then easier to deal with such a structure than with an integrable one, which is
defined by local charts. Using the following theorem:

THEOREM 2.10. On a two dimensional manifold, an almost-complex structure is always inte-
grable,

it is possible, in dimension 2, to parametrize the complex structures in an amazingly simple way.
This constitutes one of the starting points of Teichmiiller theory. On manifolds of even dimension
larger than 2, non integrable almost-complex structures do appear. Then it is possible to give
a necessary and sufficient condition for such a structure to be integrable: it is the Newlander-
Nirenberg theorem.

THEOREM 2.11. Let M be a C*° manifold endowed with an almost-complex structure J. Then
J is integrable if and only if [TI’OM,TLOM] cT™M.

The almost-complex structures form a good space of parameters in which, using this theorem, we
can study the integrable ones. This approach is at the core of Kodaira’s theory of deformations.
In this theory, Kuranishi’s theorem parametrizes by an analytic subset of the almost-complex
structures the integrable ones which are close to a given integrable structure.
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The almost-complex structures are used here as a space of parameters, but their own geomet-
ric properties do not interfere. The approach changes with Gromov, who does not use these
structures on complex manifolds, but on symplectic ones [Grom)].

The useful notion in this study is the almost-complex structure adapted to a symplectic form:

DEFINITION 2.12. If (X,w) is a symplectic manifold, an almost-complex structure is adapted to
w if the map (u,v) —— w(u, Jv) is a Riemannian metric on X.

The adapted structures form a good space of parameters, which is non-empty and contractible
[Grom]. The geometrical objects adapted to these structures are the pseudo-holomorphic
curves.

DEFINITION 2.13. A pseudo-holomorphic curve on (X,w,J), where J is adapted to w, is a pair
consisting of a Riemann surface ¥ and a map f:¥——(X,J) whose differential commutes with

the complex structures on T3 and T'X. The first of these structures is given by the integrable
structure on ¥ and the second by J.

The pseudo-holomorphic curves are a very useful tool to study the topology of symplectic ma-
nifolds (see [McD-Sa]). The nonsqueezing theorem of Gromov is an example of this:

THEOREM 2.14. If u: B?"(r)——=R?" s a symplectic imbedding of a ball into R™ such that
U(BQH(T)) C B*(R) x R*™ 2 then r < R.

The pseudo-holomorphic curves make it possible to define symplectic invariants, namely the
Gromov-Witten invariants. They are enumerative invariants which represent the number of holo-
morphic curves of fixed genus and homology class intersecting prescribed cycles. These invariants
were first considered by Konsevitch and Manin [Ko-Mal] (see also [Fu-Pa] and [Ko-Va]) in the
context of algebraic geometry to solve the following problem:

Compute the number N, of rational plane curves of degree d passing through 3d — 1 generic
points.

In the setting of symplectic geometry, these invariants have been introduced by Tian and Ruan
[Ru-Ti] for semi-positive symplectic manifolds. One of the main interests of these invariants is
to deform the cohomology ring of a symplectic manifold.

More precisely, if (X,w) is a symplectic manifold and J a regular almost-complex structure
adapted to w, the simplest Gromov-Witten invariants are defined in the following way:

DEFINITION 2.15. Let A € Hy(X,Z) and «, 3, v € H*(X,Z)/torsion e homology classes dual
to submanifolds Z,, Z,, Z; of X. The Gromov-Witten invariant GW(ffA’g (a, B8,7) is the number

of pseudo-holomorphic rational curves u: P! ——(X,.J) such that u, [P!] = A and that, for a
generic choice of Z,, Z,, Z3, u(0) € Z;, u(1) € Z, and u(oo) € Zs, each curve being counted
with a specific sign (see [McD-Sal).

The assumption that J is regular is a transversality condition. Regular adapted almost-complex
structures are dense and connected in the set of all the adapted almost-complex structures
[McD-Sa].

If A is the homology class of a point in X,

GWO),(pt,:s(aaﬂ,V) = /on/\ﬂ/\VZ (a U B,7).
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So we can see that the Gromov-Witten invariants for the class of a point together with the

Poincaré duality describe the cup-product in H *(X,Z)/ torsion”

If (€;) |,y is & basis of H*(X, Z) /¢ orsion @094 9i; = / e;\e;, the deformed structure constants
== b's

N

are defined by fl-];- = Zg”" Z GWO),(A,3 (ei,ej,ek)qw(A), where w(A) :/ w and ¢ is a formal
I=1 A€H,(XZ) A

parameter. With these constants we can define the small quantum product on H*(X,7Z)

by the formula '
axqgpf= Z(Zf;; aiﬂj)ek.
ko i

This product is associative and coincides for ¢ = 0 with the usual product [McD-Sa]. More
generally we can define a big quantum product, the number of formal parameters being equal to
r where r = rang(H,(X,Z)) [Fu-Pa], [Ko-Va], [McD-Sa).

Quantum cohomology can be developed too for Gromov-Witten invariants of superior genus
[Ru-Ti], but the constructions are much more difficult and one needs to perturb the pseudo-
holomorphic curves.

/ torsion

The Gromov-Witten theory has been adapted to orbifolds. The first decisive step is the con-
struction by Chen and Ruan of the orbifold cohomology ring of an almost complex orbifold.
The ring Hz(X, Q) is generally different from H *(X,Q) and takes into account the cohomol-
ogy of the twisted sectors of the orbifold [Ch-Ru 1], [Ad-Le-Ru], [Fa-G6]. The Gromov-
Witten invariants have been defined by Abramovitch-Graber-Vistoli [Ab-Gr-Vi| and Chen-
Ruan [Ch-Ru 2|. The orbifold cohomology ring can be deformed as before into a quantum
orbifold cohomology ring.

One of the great conjectures connecting algebraic and symplectic geometry is Ruan’s crepant
resolution conjecture :
CONJECTURE 2.16. [Co-Ru] Let X be a projective complex Gorenstein manifold with quotient

singularities and let mX—=X bea crepant resolution of X, which means that X is smooth,
m 45 a birational morphism and T Ky = KX" Then the big quantum cohomology algebras of X

and X are isomorphic after specialization of the quantum parameters to specific values.

For recent developments about this conjecture, see [Co-Co-Ir-Ts|, [Co-Ir-Ts| and [Co]. Ruan’s
conjecture was formulated and largely studied on algebraic manifolds, as for instance on the
weighted projective spaces [Co-Co-Le-Ts|, [Bo-Ma-Pe 1], [Bo-Ma-Pe 2] (singularities are
indeed difficult to deal with outside this context). A specially fruitful case is the case of the
symmetric products of a smooth projective surface.

If X is a smooth complex projective surface and n a nonnegative integer, the punctual Hilbert
scheme X" is the set of the 0-cycles of X of length n. A point £ of X ] is then an ideal sheaf
J of O such that

-0/ T is supported at a finite number of points x{,...,z,, which form the support of &.
k
- Zﬁx_(f) =n, where (, (§) = dimc(ox/j)|$, is the length of £ at x;.
i=1 '

The Hilbert scheme X™ is a projective manifold.
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The Hilbert-Chow morphism HC: X Ml . §nX s defined by

HCE) = ) L9
z€supp(€)
This morphism is bijective over the dense stratum of S™X formed of the n-tuples of distinct
points. The two fundamental theorems on punctual Hilbert schemes of a projective surface are
due to Fogarty and Briancon:

[n]

THEOREM 2.17. [Fol If X is a smooth projective surface, then X" is smooth of dimension 2n.

THEOREM 2.18. [Br| If X is a smooth projective surface, HC™'(nzx) is an irreducible algebraic
variety of dimension n — 1 for every x in X.

In the case n = 2, X 2 can be described in an especially simple way: it is the quotient of the
blowup of X x X along the diagonal by the natural action of Z/97 consisting in switching the
factors; the maximal fiber of the Hilbert-Chow morphism is then isomorphic to P!. If n > 3,
this maximal fiber is irreducible by Briancon theorem, but it is no longer smooth.

The symmetric product S™X is a singular Gorenstein projective manifold. Fogarty’s theorem

[n]

proves that X" is a resolution of the singularities of S™X. This resolution is moreover crepant.

A long time before the crepant resolution conjecture was formulated, the Betti numbers and the
punctual Hilbert schemes were computed by Gottsche (for a historical account of this formula,
see [Na 2]).

THEOREM 2.19. [G6], [G6-So] If X is a quasi-projective smooth surface and if n € N*, then

2 — O m— ma1b1 (X
Z ib,(x[n})tiqn: H [(1+ 2= 1g™) (1 + 2t g™)] 1(X) |
n=0 =0 Z m=1 (1 o t2m—2qm)(1 - t2m+2qm)(1 - tqum)bQ(X)

This result can also be obtained as a consequence of a result due to Batyrev [Ba|, which proves
an additive version of the crepant conjecture.

After Gottsche’s contribution, Nakajima’s work [Na 1], then Lehn’s [Le], Li, Qin and Wang’s
[Li-Qi-Wa 2|, Lehn and Sorger’s [Le-So 1], Fantechi and Gottsche’s [Fa-Go], have led to

look deeply into the multiplicative structure of the cohomology rings H *(X [n], Q). One of the
achievements of these investigations has been the proof by Lehn and Sorger of the crepant
conjecture for the punctual Hilbert schemes when X is a K3 surface.

THEOREM 2.20. [Le-So 2] If X is a K3 surface, there exists for every n € N* an isomorphism
of graded rings
H* (X" Q) ~ HER (57X, Q).

The study of Hilbert schemes went on beyond cohomology. The investigation of the class of
7x"in K -theory by Ellinsgrud, Goéttsche and Lehn has been a decisive step.

THEOREM 2.21. [El-G6-Le| Let X be a projective smooth surface. The Chern numbers of x
can be computed by universal formulae starting from the Chern numbers of X.

This theorem is equivalent to the following remarkable property:

The algebraic cobordism class of x depends only on the algebraic cobordism class of X.
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Thus we can see that the punctual Hilbert scheme provides an extraordinary example for the
study of the crepant resolution conjecture. Nevertheless, the algebraic hypothesis is probably
not crucial, and this conjecture seems rather of a symplectic kind.

Explicit examples of crepant resolutions in the almost-complex and symplectic settings are pro-
vided by the punctual Hilbert schemes X ) of a symplectic or almost-complex fourfold which
are desingularizations of the symmetric products S™X. They were built by Voisin in [Vo 1] and
[Vo 2].

Our aim in the second article is to study these almost-complex and symplectic punctual Hilbert
schemes. To adapt to our context the classical theory on projective surfaces, we use instead of
an integrable structure the relative integrable structures introduced in Voisin’s construction.

DEFINITION 2.22. Let (X,J) be an almost complex fourfold. A relative integrable structure
parametrized by S"X is a family of integrable structures (J$)$ cgny varying in a C>° way with

x such that, for every z in S"X, J_ is an integrable structure on an open subset W, of X
containing the points of z. - -

Such structures exist and form, is they are chosen sufficiently close to J, a contractible set.
Conversely, any relative integrable structure which is parametrized by a symmetric product
S™X defines an almost-complex structure on X. If J is such a structure, Voisin’s almost-complex
Hilbert scheme is defined as a set by

x — |_| HCV_VLJI(@
zeS"X - -

where HCy, T, W[ }—>S”W is the Hilbert-Chow morphism associated to the integrable

structures ch on Wx.

Here are now the main results we obtain in the paper “Topological properties of punctual Hilbert
schemes of symplectic 4-dimensional manifolds”. The first ones are only dealing with the additive
structure of the cohomology ring of the almost-complex Hilbert schemes. In the case of smooth
projective surfaces they are related to Gottsche’s [G6|, [G6-So], and Nakajima’s, [Na 1] works.

THEOREM 2.23. Let (X,J) be a an almost-complex compact fourfold.

(i) Let (bi (XM)) o be the sequence of the Betti numbers of the almost-complex Hilbert
1=V...4n
scheme X™. The generating series of the Betti numbers is given by
4 _ bi(X
i Zn:b ] tl " 10_01 [(1+t2m lqm)(1+t2m+1qm)] 1(X) -
vy s ot (1 _ t2m—2qm)(1 _ t2m+2qm)(1 _ t2mqm)b2(X)

(ii) We can define Nakajima operators q;,(c), i € Z, « € H*(X,Q), in such a way that
— the following Nakajima relations are valid:

Vi,jeZ, Va,pe€ H*(X,Q) [qi(a), qj(ﬂ)] =id;1j0 /Xaﬂ,

—4f H = @H n],(@ the Nakajima operators define an irreducible highest

weight representatzon of the Heisenberg algebra H(H*(X,Q)) i H with highest
weight vector 1.
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The Nakajima operators being built, we adapt Lehn’s and Li-Qin-Wang’s theory to obtain a

description of the multiplicative structure of H *(X M,Q). The main step is the computation of
the boundary operator 0 defined by Lehn in [Le].

]

DEFINITION 2.24. Let (X,J) be an almost-complex manifold and X "] the associated almost-

complex Hilbert scheme. The boundary operator 0 :H——=H is defined by

Va e H*(XM Q), 8(a) = —=[0x"]Ua,

1
2
where 9X™ is the set of the schemes which are not supported at n distinct points and [8X [n}]
is the associated cycle class in H? (X M,Q).

We obtain the following result, which is due to Lehn in the integrable case:

THEOREM 2.25. Let (X,w) be a symplectic compact fourfold and J an almost-complex structure
adapted to w. If O is the boundary operator, then for alln,m € Z, and for all o, 5 € H*(X,Q),
the following identity holds:

040(@) = 0@, (3)] = =1 gy n00) = " 6 ([ i(x008 ) i

We suppose that X is symplectic so that we can use to use Donaldson’s results [Do]. Formal
arguments due to Li-Qin-Wang [Li-Qi-Wa 1], [Li-Qi-Wa 3|, [Li-Qi-Wa 2| and Lehn-Sorger
[Le-So 1], [Le-So 2] allow us to obtain important consequences of the preceding theorem.

THEOREM 2.26. Let (X,w) be a symplectic compact fourfold. We suppose that b;(X) = 0.

(i) The cohomology ring H*(X[n],(@) of the symplectic Hilbert scheme X" can be cons-
tructed by universal formulae starting from H*(X,Q), ¢;(X) and cy(X).

(ii) If the first Chern class of X is zero in H*(X,Q), then H*(X[n],(@) s 1somorphic to
the orbifold cohomology ring HéR(S”X, Q) of the symmetric product S™X.

The first part of the theorem is due in the algebraic setting to Li, Qin and Wang [Li-Qi-Wa 3|.

Thus Ruan’s crepant resolution conjecture happens to be true for the symmetric products of
symplectic simply connected surfaces with first Chern class zero. This is a generalization of
Lehn’s and Sorger’s result for K3 surfaces [Le-So 2].

[n]

All these statements deal only with the underlying topological space of X"". Voisin’s construc-

]

tion endows X" with structures which are richer than the structure of a topological space:

]

X" is a differentiable manifold endowed with a stable almost-complex structure, and X [
is symplectic if X is symplectic [Vo 2|. The tangent bundle T'X " Jefines an element Ky, in

the complex K-theory of X " and the almost-complex cobordism class of X ") defined by the
preceding complex structure is characterized by the Chern numbers of «,,.

The Chern numbers of X™ have been studied in the projective case by Ellinsgrud, Gottsche
and Lehn in [El-G6-Le], as seen above. They are obtained in a universal way starting from the
Chern numbers of X. The proof of this result uses intensively the K-theory of coherent sheaves.
We generalize this proof in the almost complex case, considering relative coherent sheaves on
topological spaces fibered in analytic sets, which are associated to relative integrable structures.
We obtain the
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THEOREM 2.27. Let (X,J) be an almost complex compact fourfold and X" the associated
almost-complex Hilbert scheme. If P is a weighted polynomial in (@[Tl, e ,TQn] of degree 4n,

where T; is of degree 2i, then there exists a weighted polynomial P € Q[TI,TQ] of degree 4,
depending only on P, such that

/[n]P(cl(X[”]),...,CQn(XW)) :/ B(e)(X), p(X)).
X

X

This theorem means that the cobordism class of X" depends only on the cobordism class of X.

So Voisin’s relative structures make it possible to adapt the classical theory to almost-complex
or symplectic manifolds, which shows a posteriori that it is indeed in this context that punctual
Hilbert schemes have to be considered. A sequel of this work could be the computation of the

Gromov-Witten invariants for symplectic punctual Hilbert schemes; this problem is stated in
[Vo 2].
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CHAPITRE 2

Classes de Chern en cohomologie de Deligne pour les faisceaux
analytiques cohérents

Dans ce chapitre, nous présentons une version détaillée de l'article « Chern classes in Deligne
cohomology for coherent analytic sheaves ». Des compléments sur la cohomologie de Deligne
sont fournis dans le chapitre 3.

Chern classes in Deligne cohomology for coherent analytic
sheaves

ABSTRACT. — In this article, we construct Chern classes in rational Deligne cohomol-
ogy for coherent sheaves on a smooth complex compact manifold. We prove that these
classes satisfy the functoriality property under pullbacks, the Whitney formula and the
Grothendieck-Riemann-Roch theorem for projective morphisms between smooth complex
compact manifolds.

1. Introduction

Let X be a smooth differentiable manifold and E be a complex vector bundle of rank r on X.
The Chern-Weil theory (see [Gri-Ha, Ch. 3 §3]) constructs classes ¢;(E)*P, 1 < 4 < r, with
values in the de Rham cohomology H?(X,R), which generalize the first Chern class of a line
bundle in H?(X,Z) obtained by the exponential exact sequence. These classes are compatible
with pullbacks under smooth morphisms and verify the Whitney sum formula

(B ®F)® = 3 (B)P o (F)r.
it+j=Fk
There exist more refined ways of defining ¢;(F)'P in H*(X,Z). The first method is due to
Chow (see the introduction of [Gro 1]). The idea is to define explicitly the Chern classes of the
universal bundles of the grassmannians and to write any complex vector bundle as a quotient of
a trivial vector bundle. Of course, computations have to be done on the grassmannians to check
the compatibilities. Note that in the holomorphic or in the algebraic context, a vector bundle is
not in general a quotient of a trivial vector bundle. Nevertheless, if X is projective, this is true

after tensorising by a sufficiently high power of an ample line bundle and the construction can
be adapted (see [Br]).
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40 2. CLASSES DE CHERN POUR LES FAISCEAUX COHERENTS

A more intrinsic construction is the splitting method, introduced by Grothendieck in [Gro 1].
Let us briefly recall how it works. By the Leray-Hirsh theorem, we know that H *(P(F),Z) is a
free module over H *(X,7Z) with basis 1, c,...,a" !, where « is the opposite of the first Chern
class of the relative Hopf bundle on P(E). Now the Chern classes of E are uniquely defined by
the relation

o +prei(BE)P o 4 4 p P (E) a4 pre, (E)P = 0.
(see Grothendieck [Gro 1], Voisin [Vo 1, Ch.11 §2|, and Zucker [Zu, §1]).

The splitting method works amazingly well in various contexts, provided that we have

— the definition of the first Chern class of a line bundle,
— a structure theorem for the cohomology ring of a projective bundle considered as a
module over the cohomology ring of the base.

Let us now examine the algebraic case. Let X be a smooth algebraic variety over a field k of
characteristic zero, and E be an algebraic bundle on X. Then the splitting principle allows to
define ¢;(E)s

— in the Chow ring C H*(X) if X is quasi-projective,

~ in the algebraic de Rham cohomology group HZ; (X/k).
Suppose now that k = C. Then Grothendieck’s comparison theorem (see [Gro 3|) says that we
have a canonical isomorphism between H#,(X/C) and H? (X2, C). It is important to notice
that the class ¢;(E)*# is mapped to (2mv/—1)%c;(E)*P by this morphism.

Next, we consider the problem in the abstract analytic setting. Let X be a smooth complex
analytic manifold and E be a holomorphic vector bundle on X. We denote by AR?(X) the
space of complex differential forms of type (p,¢) on X and we put Ac(X) = @, , AF?(X). The
Hodge filtration on Ac(X) is defined by F'Ac(X) = D,>iq AZY(X). Tt induces a filtration

F'H*(X,C) on H*(X,C). For a detailed exposition see [Vo 1, Ch. 7 and 8]. Let Q% be
the holomorphic de Rham complex on X. This is a complex of locally free sheaves. We can
consider the analytic de Rham cohomology HF (X, Q)?Z) which is the hypercohomology of the

truncated de Rham complex. The maps of complexes Q;(>Z—>Q)'( and Q)'(>i—>(2 =]

give two maps HF(X, Q") ——=F'H*(X,C) and HF(X, Q") ——H¥(X,Q%). In the
compact Kahler case, the first map is an isomorphism, but it is no longer true in the general case.
We will denote by H”%(X) the cohomology classes in HPT9(X, C) which admit a representative
in A™(X).

If E is endowed with the Chern connection associated to a hermitian metric, the de Rham
representative of ¢;(E)™P obtained by Chern-Weil theory is of type (i,4) and is unique modulo
d(F'A%~Y). This allows to define ¢;(E) in H¥(X,Q%), and then in H%(X) and H'(X,Q%).
The notations for these three classes will be ¢;(E)*", ¢;(E)"d¢ and ¢;(E)%".

If we forget the holomorphic structure of E, we can consider its topological Chern classes ¢;(E)%P
in the Betti cohomology groups H?(X,7Z). The image of ¢;(E)"P in H?(X,C) is ¢;(E)Podse,
Thus c¢;(E)'*P is an integral cohomology class whose image in H%(X,C) lies in FIH*(X,C).
Such classes are called Hodge classes of weight 2i.
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The Chern classes of E in H*(X,Z), F'H*(X,C), H* (X, Q;fz) and H' (X, Q)’() appear in the
following diagram:

H*(X,Z) 3 ¢;(E)tP
ci(B)™ € HE(X, Q") ——=F'H*(X,C) 5 ¢;(E)hodee

G(E) € Hi(X, )

This means in particular that these different classes are compatible with the Hodge decomposi-

tion in the compact Kéhler case, and in general via the Hodge——de Rham spectral sequence.

an dolb

Furthermore, the knowledge of ¢;(E)*" allows to obtain the two other classes c;(F) and
c;(E)P°dee but the converse is not true. Thus ¢;(E)* contains more information (except tor-
sion) than the other classes in the diagram.

Recall now the Deligne cohomology groups HY (X, Z(q)) (see [Es-Vi, §1] and Section 3.1). We
will be mainly interested in the cohomology groups HZ. (X, Z(i)). They admit natural maps
to H*(X,7) and to H* (X, Q;fi), which are compatible with the diagram above. Furthermore,
there is an exact sequence

00— H2 1 (X, Q5571 / paia — Hp, (X, 2(i)) — H*(X,Z),

(X,Z)
(see [Vo 1] and Proposition 3.3 (i)). Thus a Deligne class is a strong refinement of any of
the above mentioned classes. The splitting method works for the construction of ¢;(E) in
H%"QI(X ,Z(1)), as explained in [Zu, §4], and [Es-Vi, §8]. These Chern classes, as all the others
constructed above, satisfy the following properties:

— they are functorial with respect to pullbacks.

—if 0 E F G 0 is an exact sequence of vector bundles, then for
all 4

G(F) = Y cp(E)ey(G).
p+g=1i
The last property means that the total Chern class ¢ = 1+ ¢y + -+ 4 ¢, is defined on the
Grothendieck group K (X) of holomorphic vector bundles on X and satisfies the additivity
property c(z + ') = ¢(x)e(x’).
Now, what happens if we work with coherent sheaves instead of locally free ones? If X is
quasi-projective and F is an algebraic coherent sheaf on X, there exists a locally free resolution

0 En En F 0.

(This is still true under the weaker assumption that X is a regular separated scheme over C by
Kleiman’s lemma; see [SGA 6, I, 2.2.7.1]). The total Chern class of F is defined by

o(F) = e(By)e(Ey_y) " e(By_y)- ..
The class ¢(F) does not depend on the locally free resolution (see [Bo-Se, §4 and 6]). More
formally, if K(X) is the Grothendieck group of coherent sheaves on X, the canonical map

1: K(X)——=K(X) is an isomorphism. The inverse is given by

[Fl—=[En] = [Exy_y] + [Ex_o] —- -
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In what follows, we consider the complex analytic case. The problem of the existence of global
locally free resolutions in the analytic case has been open for a long time. For smooth complex
surfaces, such resolutions always exist by [Sch]. More recently, Schréer and Vezzosi proved in
[ScVe]| the same result for singular separated surfaces. Nevertheless, for varieties of dimension
at least 3, a negative answer to the question is provided by the following counterexample of
Voisin:

THEOREM 1.1. [Vo 2] On any generic complex torus of dimension at least 3, the ideal sheaf of
a point does not admit a global locally free resolution.

Worse than that, even if F admits a globally free resolution E*®, the method of Borel and Serre
[Bo-Se] does not prove that c¢(Ey)c(Ey_;) te(Ey_5) ... is independent of E°. In fact, the
crucial point in their argument is that every coherent sheaf should have a resolution.

Nevertheless Borel-Serre’s method applies in a weaker context if we consider Chern classes in
H*(X,Z). Indeed, if F is a coherent sheaf on X and C% is the sheaf of real-analytic functions
on X, then 7 ®o, Cy admits a locally free real-analytic resolution by the Grauert vanishing
theorem [Gra]. We obtain by this method topological Chern classes ¢;(F)*P in H*(X,Z).

It is natural to require that ¢; should take its values in more refined rings depending on the
holomorphic structure of F and X. Such a construction has been carried out by Atiyah for the
Dolbeault cohomology ring in [At]. Let us briefly describe his method: the exact sequence

0—=FRQy —=p(F) —=F ——=0

of principal parts of F of order one (see [EGA IV, §16.7]) gives an extension class (the Atiyah
class) a(F) in Exté)x (F,F ®Q%). Then c,(F) is the trace of the p-th Yoneda product of a(F).
These classes are used by O’Brian, Toledo and Tong in [OB-To-To 1] and [OB-To-To 2] to
prove the Grothendieck-Riemann-Roch theorem on abstract manifolds in the Hodge ring. The
Atiyah class has been constructed by Grothendieck and Illusie for perfect complexes (see [I11, Ch.
5]). Nevertheless, if X is not a Kéhler manifold, there is no good relation between HP(X, Q%)

and H?" (X, Q)?p ), as the Frolicher spectral sequence may not degenerate at E; for example.

In this context, the most satisfactory construction was obtained by Green in his unpublished
thesis (see [Gre] and [To-To|). He proved the following theorem

THEOREM 1.2. [Gre|, [To-To] Let F be a coherent sheaf on X. Then there exist Chern classes
ci(F)C in the analytic de Rham cohomology groups H* (X, Q)?Z) which are compatible with
Atiyah Chern classes and topological Chern classes.

In order to avoid the problem of nonexistence of locally free resolutions, he introduced the notion
of a simplicial resolution by simplicial vector bundles with respect to a given covering. Green’s
basic result is the following:

THEOREM 1.3. [Gre], [To-To] Any coherent sheaf on a smooth complex compact manifold admits
a finite simplicial resolution by simplicial holomorphic vector bundles.

The next step in order to obtain Theorem 1.2 above, is to define the Chern classes of a simplicial
vector bundle. For this, Green uses Bott’s construction (see [Bott]) which can be adapted to the
simplicial context. Though, it is not clear how to extend Green’s method to Deligne cohomology.

Let us now state the main result of this article:
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THEOREM 1.4. Let X be a complex compact manifold. For every coherent sheaf F on X, we
can define a Chern character ch(F) in @pH%Z;I(X,Q(p)) such that:

(i) For every ezact sequence 0 F g H 0 of coherent sheaves on X,

we have ch(G) = ch(F) + ch(H). The induced Chern character
ch: K(X)—H},(X,Q)

s a Ting morphism.
(ii) If f: X —=Y s holomorphic and if f1: K(Y)——=K(X) is the pullback morphism in

analytic K -theory (see Section 2), then for any element y in K(Y'), ch(f Ty) = f*ch(y).
(iii) If € is a locally free sheaf, then ch(E) is the usual Chern character in rational Deligne
cohomology.
(iv) If Z is a smooth closed submanifold of X and F a coherent sheaf on Z, the Grothendieck-
Riemann-Roch (GRR) theorem is valid for (i,,F), namely

ch(i7,F) = iz (h(F) td(Nyx) ).

(v) If f: X——=Y s a projective morphism between smooth complex compact manifolds,
for every coherent sheaf F on X, we have the Grothendieck-Riemann-Roch theorem

ch (HF)) td(Y) = £,[ch(F) td(X)].

Here, f, is the Gysin morphism in analytic K -theory (see Section 2) and f, is the Gysin
morphism in Deligne cohomology (see Section 3.1 and Section 7 of Chapter 3)

Our approach is completely different from [Bo-Se]. Indeed, Voisin’s result prevents from using
locally free resolutions. Our geometric starting point, which will be used instead of locally free
resolutions, is the following (Theorem 4.10):

THEOREM 1.5. [Ro] Let F be a coherent sheaf on X of generic rank r. Then there exists a

bimeromorphic morphism mX—>=X anda locally free sheaf Q on X of rank r, together with

a surjective map w*F——Q.

It follows that up to torsion sheaves, 7TT[.7'_] is locally free. This will allow us to define our Chern
classes by induction on the dimension of the base. Of course, we will need to show that our
Chern classes satisfy the Whitney formula and are independent of the bimeromorphic model X.

The theorem above is a particular case of Hironaka’s flattening theorem (see [Hiro 2] and in
the algebraic case [Gr-Ra]). Indeed, if we apply Hironaka’s result to the couple (F,id), there

exists a bimeromorphic map o: X —=X such that o *F / (0*.7-' ) tor 18 flat with respect to the
identity morphism, and thus locally free. For the sake of completeness, we include an elementary

proof of Theorem 4.10, which is similar to the proof of [Ro].

Property (iv) of Theorem 1.4 is noteworthy. The lack of global resolutions (see [Vo 2]) prevents
from using the proofs of Borel, Serre and of Baum, Fulton and McPherson (see [Fu, Ch. 15
§2]). The equivalent formula in the topological setting is proved in [At-Hi|. In the holomorphic
context, O’Brian, Toledo and Tong ([OB-To-To 3]) prove this formula for the Atiyah Chern
classes when there exists a retraction from X to Z, then they establish (GRR) for a projection
and they deduce that (GRR) is valid for any holomorphic map, so a posteriori for an immersion
(see [OB-To-To 2]). Nevertheless, our result does not give a new proof of (GRR) formula
for an immersion in the case of the Atiyah Chern classes. Indeed, the compatibility between
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our construction and the Atiyah Chern classes is a consequence of the (GRR) theorem for an
immersion in both theories, as explained further.

Property (v) is an immediate consequence of (iv), as originally noticed in [Bo-Se], since the
natural map from K(X) ®, K(PY) to K(X x PV) is surjective (see [SGA 6, Exposé VI| and
[Bei]). Yet, we do not obtain the (GRR) theorem for a general holomorphic map between
smooth complex compact manifolds.

Remark that ¢,(F) is constructed in the rational Deligne cohomology group H%pel(X ,Q(p)) and
not in H%il(X ,Z(p)). The reason is that we make full use of the Chern character, which has
denominators, and thus determines the total Chern class only up to torsion classes. We think
that it could be possible to define ¢,(F) in H%il(X ,Z(p)) following our approach, but with huge
computations. For p =1, ¢;(F) can be easily constructed in H2 j(X,Z(1)). Indeed, it suffices
to define ¢1(F) = c1(det F), where det F is the determinant line bundle of F (see [Kn-Mul)).

It is interesting to compare the classes of Theorem 1.4 with other existing theories. This is
the purpose of Theorem 4.10. We prove that, for any cohomology ring satisfying reasonable
properties, a theory of Chern classes can be completely determined if we suppose that the GRR
formula is valid for immersions. More precisely, our statement is the following (Theorem 6.5):

THEOREM 1.6. Under the hypotheses («)-(6) of page 84 on the cohomology ring, a theory of
Chern classes for coherent sheaves on smooth complex compact manifolds which satisfies the
GRR theorem for immersions, the Whitney additivity formula and the functoriality formula is
completely determined by the first Chern class of holomorphic line bundles.

This theorem yields compatibility results (Corollary 6.7):

COROLLARY 1.7. The classes of Theorem 1.4 are compatible with the rational topological Chern
classes and the Atiyah Chern classes.

Nevertheless, since GRR for immersions does not seem to be known for the Green Chern classes
if X is not Kéhler, the theorem above does not give the compatibility in this setting. In fact,
the compatibility is equivalent to the GRR theorem for immersions for the Green Chern classes.

Let us mention the link of our construction with secondary characteristic classes.

We can look at a subring of the ring of Cheeger-Simons characters on X which are the “holo-
morphic” characters (that is the G-cohomology defined in [Es, § 4], or equivalently the restricted
differential characters defined in [Br, §2]). This subring can be mapped onto the Deligne co-
homology ring, but not in an injective way in general. When FE is a holomorphic vector bundle
with a compatible connection, the Cheeger-Simons theory (see [Ch-Si]) produces Chern classes
with values in this subring. It is known that these classes are the same as the Deligne classes (see
[Br| in the algebraic case and [Zu, §5] for the general case). When E is topologically trivial,
this construction gives the so-called secondary classes with values in the intermediate jacobians
of X (see [Na] for a different construction, and [Ber| who proves the link with the generalized
Abel-Jacobi map). The intermediate jacobians of X have been constructed in the Kéhler case
by Griffiths. They are complex tori (see [Vo 1, Ch.12 §1], and [Es-Vi, §7 and 8]). If X is not
Kaéhler, intermediate jacobians can still be defined but they are no longer complex tori.

Our result provides similarly refined Chern classes for coherent sheaves, and in particular, sec-
ondary invariants for coherent sheaves with trivial topological Chern classes.

The organization of the paper is the following. We recall in Part 3 the basic properties of
Deligne cohomology and Chern classes for locally free sheaves in Deligne cohomology. The
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necessary results of analytic K-theory with support are grouped in Appendix 7; they will be
used extensively throughout the paper. The rest of the article is devoted to the proof of Theorem
1.4. The construction of the Chern classes is achieved by induction on dim X. In Part 4 we
perform the induction step for torsion sheaves using the (GRR) formula for the immersion of
smooth divisors; then we prove a dévissage theorem which enables us to break any coherent
sheaf into a locally free sheaf and a torsion sheaf on a suitable modification of X; this is the key
of the construction of ¢;(F) when F has strictly positive rank. The Whitney formula, which is a
part of the induction process, is proved in Part 5. After several reductions, we use a deformation
argument which leads to the deformation space of the normal cone of a smooth hypersurface.
We establish the (GRR) theorem for the immersion of a smooth hypersurface in Part 4, in Part
6 we recall how to deduce the general (GRR) theorem for an immersion from this particular
case, using excess formulae, then we deduce uniqueness results using Theorem 4.10.

Acknowledgement. I wish to thank Claire Voisin for introducing me to this beautiful subject
and for many helpful discussions. I also thank Pierre Schapira for enlightening conversations.

2. Notations and conventions

All manifolds are complex smooth analytic connected manifolds. All the results are clearly valid
for non connected ones, by reasoning on the connected components.

Except in Section 3, all manifolds are compact. By submanifold, we always mean a closed
submanifold.

Holomorphic vector bundles

The rank of a holomorphic vector bundle is well defined since the manifolds are connected. If
E is a holomorphic vector bundle, we denote by £ the associated locally free sheaf. The letter
& always denotes a locally free sheaf.

Coherent sheaves

If F is a coherent analytic sheaf on a smooth connected manifold X, then F is locally free
outside a proper analytic subset S of X (see [Gra-Re]). Then U = X\S is connected. By
definition, the generic rank of F is the rank of the locally free sheaf '7:|U’ If the generic rank of
F vanishes, F is supported in a proper analytic subset Z of X, it is therefore annihilated by the
action of a sufficiently high power of the ideal sheaf 7. Conversely, if F is a torsion sheaf, F is
identically zero outside a proper analytic subset of X, so it has generic rank zero. The letter 7
always denotes a torsion sheaf.

Divisors

A strict normal crossing divisor D in X is a formal sum miDq + --- + myDy, where D;,
1 <7 < N, are smooth transverse hypersurfaces and m;, 1 < ¢ < N, are nonzero integers. If all
the coefficients m; are positive, D is effective. In that case, the associated reduced divisor Dred
is the effective divisor Dy + --- + Dj;. A strict simple normal crossing divisor is reduced if for
all 4, m; = 1. We make no difference between a reduced divisor and its support.

By a normal crossing divisor we always mean a strict normal crossing divisor. If D is an effective
simple normal crossing divisor, it defines an ideal sheaf 7, = Oy (—D). The associated quotient
sheaf is denoted by Op,.

We use frequently Hironaka’s desingularization theorem [Hiro 1] for complex spaces as stated
in [An-Ga, Th.7.9 and 7.10].

Tor sheaves
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Let f: X——=Y be a holomorphic map and F be a coherent sheaf on Y. We denote by
-1

Tor;(F, f) the sheaf Torif Oy (f7'F,04).

Grothendieck groups

The Grothendieck group of coherent analytic sheaves (resp. of torsion coherent analytic sheaves)
on a complex space X is denoted by K(X) (resp. K;,s(X)). If F is a coherent analytic sheaf
on X, [F] denotes its class in K(X). The notation K ,(X) is defined in Appendix 7. In order
to avoid subtle confusions, we never use here the Grothendieck group of locally free sheaves.

If f: X——=Y is a holomorphic map and F is a coherent sheaf on Y, the element f T[}"] in
K(X) is defined by fT[F] = Y20(=1)"[Tor;(F, f)]. The pullback map f': K(Y)—K(X)
is a ring morphism. For the ana_logous pullback map for analytic K-theory with support, see
Appendix 7.3.

If f: X——=Y is a proper holomorphic map and G is a coherent sheaf on X, the element f[G]
in K(Y) is defined by f,[G] = >";5¢(=1)'[R'f, G]. The Gysin morphism f,: K(X)—K(Y)
satisfies the projection formula f(z. ny) = fir.y.

3. Deligne cohomology and Chern classes for locally free sheaves

In this section, we will expose the basics of Deligne cohomology for the reader’s convenience.
For a more detailed exposition, see [Es-Vi, §1, 6, 7, 8], [Vo 1, Ch.12], and [EZZ].

3.1. Deligne cohomology.

DEFINITION 3.1. Let X be a smooth complex manifold and let p be a nonnegative integer. Then
— The Deligne complex Zp, (p) of X is the following complex of sheaves

24P
0 ZX( )OX d

d _
) _>Qi‘)’(1’

where Zy is in degree zero. Similarly, the rational Deligne complex Q D, ¢ (p) is the
same complex as above with Zy replaced by Q.

— The Deligne cohomology groups H- ]i:)el(X ,Z(p)) are the hypercohomology groups defined
by
Hpa (X, Z(p)) = H'(X, Zp x (p))-
The rational Deligne cohomology groups are defined by the same formula as the hyper-
cohomology groups of the rational Deligne complex.
— The same definition holds for the Deligne cohomology with support in a closed subset
Z:
Hpe,z(X, Z(p)) = Hz (X, Zp x(p))-
~ The total Deligne cohomology group of X is Hp5,(X) = @ HE (X, Z(p)). We will
k,p

denote by Hpj, (X, Q) the total rational Deligne cohomologyvgroup.

EXAMPLE 3.2.
~ H} (X,Z(0)) is the usual Betti cohomology group H'(X,Z).
~ Zp, (1) is quasi-isomorphic to O%[—1] by the exponential exact sequence. Thus we
have a group isomorphism H3(X,Z(1)) ~ H'(X,0%) ~ Pic(X). The first Chern
class of a line bundle L in H (X,Z(1)) is the element of Pic(X) defined by ¢1(L) =
{L}.
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~ H2_(X,Z(2)) is the group of flat holomorphic line bundles, i.e. holomorphic line bun-

dles with a holomorphic connection (see [Es-Vi, §1] and [Es]).
For geometric interpretations of higher Deligne cohomology groups, we refer the reader to [Ga].
Some fundamental properties of Deligne cohomology are listed below (for the proof as well as

detailed computations for the cup-product, see Chapter 3, Sections 2 and 3):

ProrosiTIiON 3.3.

(i) We have an ezact sequence 0 —— Q;fp_l[—l] —Zp x(p) —=Zx —=0.

In particular, H%il(X,Z(p)) fits into the exact sequence
H? Y(X,Z) —=H* (X, Q5" —— HZ (X, Z(p)) — HP(X,Z).

(ii) The complex ZD7X(p)[1] 18 quasi-isomorphic to the cone of the morphism

2im)P 4 .
Zyeapr 2N _qs

Thus we have a long exact sequence:
T Hkil(Xv C) - H]%el(sz(p)) - Hk(Xv Q).(?p) ©® Hk(Xv Z) - Hk(X7(C) -

and a similar exact sequence can be written with support in a closed subset Z.
(iii) A cup-product
Hiyo (X, Z(p)) @ Hpo (X, Za) —=Hp (X, Z(p + 0))
is defined and endows Hpy,(X) with a ring structure.
(iv) If f: X——=Y s a holomorphic map between two smooth complex manifolds, we have
a pullback morphism f*: Hy (Y, Z(p)) —=HY (X, Z(p)) which is a ring morphism.
(v) If X is smooth, compact, and if E is a holomorphic vector bundle on X of rank r, then
HE L (P(E)) is a free Hpy(X)-module with basis 1, ¢1(Og(1)),...,c1(Op(1)) L.
(vi) For everyt inP!, let j; be the inclusion X ~ X x {t} = X x P! . Then the pullback

morphism ji*: Hpj (X x PY)——=Hp (X)) s independent of t (homotopy principle).

The assertions (i) and (ii) are straightforward. The cup product in (iii) comes from a morphism
of complexes Z(p) ®, Z(q)—=Z(p+ q) , see [Es-Vi, §1]. This morphism if functorial with

respect to pullbacks, which gives (iv). Property (v) is proved by dévissage using the exact
sequence

0— Q§_1[_p] - ZD,X(p) - ZD,X(p -1)—=0

and the five lemma (see [Es-Vi, §8]). Property (vi) is a consequence of (v): if o is a Deligne
class in Hp5 (X x P), we can write oo = pry\ + prip.c (prg‘(’)Pl(l)). Thus j,'a = A
Remark that (vi) is false if we replace P1(C) by C, in contrast with the algebraic case. Indeed,

take an elliptic curve S and choose an isomorphism ¢: S ——=Pic’(S) . There is a universal line

bundle £ on 5 xS such that for all z in 5, Lg, , ~ ¢(z). Let m: C——=S be the universal
covering map of S. Consider the class a = ¢; [(id, 7) *£], then for all ¢ in C, j*a = ¢ [¢(7(t))].

We will now consider more refined properties of Deligne cohomology.
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PROPOSITION 3.4 (see [EZZ, §2]).

(i) If X is a smooth complex manifold and Z is a smooth submanifold of X of codimension
d, there exists a cycle class {Z}, in H]%Cél,z(X7Z(d)) compatible with the Bloch cycle
class (see [Bl, §5], [Es-Vi, §6]) and the topological cycle class. If Z and Z' intersect
transversally, {Z N 2"}, = {Z}, . {Z'}p. If Z is a smooth hypersurface of X, the
image of {Z}, in H5(X,Z(1)) ~ Pic(X) is the class of Ox(Z).

(ii) More generally, let f: X ——=Y be a proper holomorphic map between smooth complex
manifolds and d = dimY — dim X. Then there exists a Gysin morphism

o HE (X, 2(q)) —Hpm (Y. Z(q + d))

compatible with the usual Gysin morphisms in integer and analytic de Rham cohomol-
ogy. If Z is a smooth submanifold of codimension d of X and i, : Z——X s the
canonical inclusion, then i, (1) is the image of {Z},, in HZ(X, Z(d)).

The detailed proof of this proposition can be found in Chapter 3, Sections 4, 5, 6 and 7. We
give here the outline of the proof.
The point (i) is easy to understand. By Proposition 3.3 (ii), since Ha" ' (X,Z) = 0, we have an
exact sequence

0 —— HE} 4 (X, Z(d) — HF'(X, 95¢") & HF(X, Z) — H'(X,C).
The couple ((2im){Z}g1oens {Z}top) is mapped to 0 in H2%(X,C) (see [Es-Vi, §7]). Therefore,
it defines a unique element {Z},, in H]%Cél,z(Xv Z(d)).

For (ii), we introduce the sheaves D];(,Z of locally integral currents of degree k as done in [EZZ,
§2], and [Gi-So, §2.2]. These sheaves are, in a way to be properly defined, a completion of the
currents induced by smooth integral chains on X (see [Ki, §2.1] and [Fe, §4.1.24]). Then

— D%, is a soft resolution of Z .

— D’;(’Z is a subsheaf of Dl)“( stable by push-forward under proper C*° maps, where Dl)“( is
the sheaf of usual currents of degree k on X.

Thus Z, y(p)[1] is quasi-isomorphic to the cone of the morphism
([2im)?,i): D% , ® F'Dy —Dx.

We will denote by Z D.X (p) this cone shifted by minus one. Since the sheaves D])C(,% FP D’)“( and
D% are acyclic, Rf,Z D, «(p)[1] is quasi-isomorphic to the cone of the morphism

([2i7r]p,i):f*D)'(7Z @ f,F'Dy —— f,Dy.
The push-forward of currents by f gives an explicit morphism
Foiflpy x(p)—=Zpy v (p + d)[2d]
and then a morphism
fi: Rf*ZQX (p) —>ZD,y(p + d)[2d]

in the derived category D? (Mod(ZY)). We get the Gysin morphism by taking the hypercoho-
mology on Y.
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We now state all the properties of the Gysin morphism needed here. The points (vi) and (vii)
use Chern classes of vector bundles. These classes are defined in the next section (Section 3.2)
and their construction uses only Proposition 3.3 (v) which has been already proved.

PROPOSITION 3.5.

(i) f, is compatible with the composition of maps and satisfies the projection formula.

fo(z. fry) = fax.y.
In particular, if I'y € X XY is the graph of f and if X is compact, then for every
Deligne class a in X,

foo = pa.(pia{Ts}p).

(ii) Consider the cartesian diagram

Z‘Y><Z
YXxZ—— X xZ

Yy = X
by
Then q%iy, =ty D"
(iii) If f: X ——=Y s proper and generically finite of degree d, then f,f* = d x id.
(iv) Consider the cartesian diagram, whereY and Z are compact and intersect transversally:

W&)y

’quf\[ 1%/

Z—s X
lz
e .
Then iy i, = USSR A
(v) Let f: X——=Y be a surjective map between smooth complex compact manifolds, and

let D be a smooth hypersurface of Y such that f_l(D) 1s a simple normal crossing
divisor. Let us write f*D = mlﬁl + - +mN]5N' Let f;: ]i—>D be the restriction
of f to lN?Z Then

N
=1

(vi) Let X be compact, smooth, and let Y be a smooth submanifold of codimension d of X .
Let X be the blowup of X along Y, as shown in the following diagram:

E—1.

1

Y —

7
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Then we have an isomorphism

d—1 B
HEa(X) & @ Hpa(Y) HE (X)
" d—1

(%, (Wi)1<izg1) ———p 2 + Z;j* {yl c1(On, . (—1))2_1} .

In particular, if a is a Deligne class on X such that j*a is the pullback of a Deligne
class on'Y, then « is the pullback of a unique Deligne class on X.

Moreover, if F' is the excess conormal bundle defined by the exact sequence

0,

0= F—=a"Ny)x —=Np 5

we have the excess formula p*i, o = j, (q*a cd_l(F*)).
(vii) If Y is a smooth compact submanifold of X of codimension d, we have the auto-
intersection formula

iy ly o = acd(NZ/X).
PROOF. Property (i) is a consequence of the functoriality of push-forward for currents. For
the projection formula, we use the complex Z D, «(.) for the variable z and the complex Z D7Y( J)

for the variable y. To prove the last formula of (i), we remark that po is proper since X is
compact. Then we write

f*a = pZ*(idv f)*Oé = pQ*(idv f)* [(1d7 f) *pl*a]
= P2« (pl*a . (ldv f)*(l)) = D2« (pl*a . {Ff}D)

For (ii), we can pull-back currents under p and ¢ since these morphisms are submersions. Then
p* and ¢* are defined for the complexes Z (. ) and (ii) is an equality of complexes morphisms.

The detailed proofs of (i) and (ii) can be found in Chapter 3, Proposition 7.1, page 122.

For (iii), it is enough by the projection formula to prove that f,(1) = d, which is well known.
Let us prove (iv). Let I',, (resp. FW/Y, resp. I‘W/Z) be the graphs of i, (resp. iy, _y, resp.
iw_y)in ZxX (resp. WxY,resp. WxZ),andT' = (iyy_,,id) I'yy € Z x Y. Since Z
and Y meet transversally in X, {T'},, = (id, i) "{T,}p. Let p; and py (resp. p} and p), resp.

pY] and pf) be the projections of Z x X (resp. Z x Y, resp. W x Y) on the first and second
factor. Then

iy ige o =iy Dy (P {T 1} p) by (i)
= pé*(id,iy)*(pf@- {FZ}D) by (ll)
= ph, (p'l *a. [(id, iy ) *{FZ}D]) by the projection formula

(p,1 o (iwog, id)*{FW/Y}D)
= pl, ((z woz.1d) Pl * a. {FW/Y}D> by the projection formula
= 5. (P "z @ Ty y}p)

, -
S Woystwoz ¢
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We now prove (v). We will define first some notations: Let I be the graph of i,,: D ——=Y
and T; be the graph of iy : Di ——=X. We define I} = (f;,id) (I';) € D x X. We call
p1:D XY ——=D and ps: D x Y ——=Y the first and second projections. In the same manner,
we define the projections pj: D x X ——=D, py: D x X ——=X, pj,: D; x X——=D;, and
p’27i:152- x X——=X.

N
We have (id, f)*{T'}, = ZmZ {T';} p. Indeed, in local coordinates, we can write

i=1

D ={(yy,...,y,) such that y; =0}
Ip={(ya:--+Yn>¥i,---+yp) such that y; =0 and y; = y; for i > 2}.

Now
dyy d d !
{T}g = yl A M A M (see Chapter 3, page 110).
Yy — Yy Yn — Yn
If f=1(f,- .. ,fn)7 there exist local coordinates z, ...,z on X such that f; = =] . xﬁN
Thus
( - f2) d(y, — fn)
id, Tr Ao N I In)
(d, )" T = L0 = L
N
Z f2)/\ . /\d(yn_fn).
_ f2 yn - fn

In D x X we have I', = {(yQ,...,ym,x) such that z; = 0, y; = f;(x) for j > 2}. This gives
N N

(id, /){T}g = Zmi{Fg}Bl and also (id, f)*{T'}p, = Zmi{Fg}Del since the Deligne cycle

i=1 =1
class is determined by the Bloch cycle class.
Then
fripea= f"py (pia.{T}p) by (i)
= p’z*(id H*(pf e AT}p) by (ii)
= Z m; p2* *a T }D) by the projection formula

_me* a. (f;id){T:}p)

= Z m; Ph i (01 Fi o AT} p) by the projection formula
i=1

N
:Zm«i~ fi
i D
=1

Before dealing with (vi), we prove (vii) when Y is a hypersurface. In the case of the étale
cohomology, it is possible to assume that o = 1 (see [SGA 5, Exposé VII, §4] and [SGA 43,
Cycle §1.2]). Remark that this is no longer possible here, for there is no purity theorem in
Deligne cohomology.
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We use the deformation to the normal cone, an idea which goes back to Mumford (see [LMS]
and [SGA 5, Exposé VII §9]). The aim was originally to prove the same formula in the Chow
groups. Let My/X be the blowup of X x P! along Y x {0}, X ~ X be the blowup of X along

Y, and My, = Y/X\)A(/. Then we have an injection F:Y x P! MQ/X over P! (see [Fu,

Ch.5] §5.1). We denote the inclusions Ny, Mg, and Y —— Ny/X by j, and i, the

Y/X Y/
projections of (Y X ]P’l) X M}O,/X (resp. Y x P!, resp. (Y X ]P’l) X Ny/X, resp. Y x Ny/X) on its
first and second factor by pr; and pry (resp pr; and pry, resp. prj and prj, resp. prf and pr}).
Besides, I' C Y x P! x M;’,/X is the graph of F', and IV C Y x Ny/X is the graph of 7. Finally,

I = (io,idNy/X)*F’ CY x P! x Ny v, where ig: Y x {0} &Y x P! is the injection of the
central fiber. Remark that pr, and prf are proper maps since Y is compact.

We have (io,idNy/X)*{I‘/}D — {I"},, and (idyx]plaj())*{r}D = {I"},. Let y = F*(ﬁ'rl*a).
Then

Jiv = g pra (priBr e {T}p) = prh, [ (idy pr o) “(oriBrfa. {T}p)] by (i)
= PIJQ* [(idyX]phjo) : prl*ffrfa . {F”}D}
= prh, (g, idNy/X)* ((z’o, idNY/X) " (idy ,p1,jo) " priprIa. {I‘/}D>
(by the projection formula)
= pry, (pr{*a . {I"}p) = i,a.
By the homotopy principle (Proposition 3.3 (vi)), the class F *'y|YX ( is independent of ¢. If
t # 0, we have clearly F*'y|YX{t} = iyiy,a. For t = 0, F*'V|Yx{0} = 1"jgv = 1", Let
T Ny/X—>Y be the projection of Ny/X on Y. Then a« = i*nw*«. Thus
i =i, ("1 ) =i (mFa {Y}p) = a.i*{Y},,
where {Y'}, is the cycle class of ¥ in Ny x-
Now {Y}, = cl(ONy/X(Y)), so that i*{Y'}, = ¢1 (Ny/Ny/X) = c1(Ny/x)-

We can now prove (vi). Its first part is straightforward using dévissage as in Proposition 3.3 (v)
and the analogous result in Dolbeault cohomology and in integer cohomology.

d—1
If o is a Deligne class on X, we can write v = p*z + Zj* [yl c1 (ONy/X(—l))Z_I] Since E is a
i=1
hypersurface of X, by the formula proved above
j*j* )\ = )\Cl (NE/)'Z) = A C1 (ONY/X (—1))

for any Deligne class A on E. We obtain

d—1
jfa=q%i e+ Z(—l)iyi c1 ((’)N (1))1.
i=1

Y/X

Since j *a = ¢*9, all the classes y; vanish by Proposition 3.3 (v). Thus a = p*z. By Proposition
3.5 (iii), z = p,a.
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For the excess formula, let o be a Deligne class on Y. We define g = j, (q*a Cd71(F*))- Then,
by Proposition 3.7 (i) and (ii),

JB= [q*a Cd—l(F*)] €1 (NE/)}) = q*[a Cd(NY/X)}'
By the discussion above, 8 comes from the base, so that
B=p*p.B=p"10.(¢"acg  (F*)) =p*i,[a q,(cq (F*))] = p*i
for g, (c,_1(F*)) =1 (see [Bo-Se, Lemme 19.b]).

— Proof of (vii). The formula is already true for d = 1. We blowup X along Y, use the excess
formula (vi) and we obtain:

q*z{/k'zY* o = j*p*zY* o = J* [J* (q*oz Cdfl(F*))]
=q"a g1 (F7) er(Ny g) = a"(aca(Nyyx))-
Since ¢* is injective, we get the result. O

3.2. Chern classes for holomorphic vector bundles. We refer to [Zu, § 4] and [Es-Vi,
§ 8] for all this section. From now on, we will suppose that X is smooth of dimension n. Let E
be a holomorphic bundle on X of rank r, and P(F) be the projective bundle of E endowed with
the line bundle O (1). Let v = ¢1(Op(1)). By property (v) of Proposition 3.3, we can define
(ci(E))1<i<r by the relation

o +p*ei(E)a" - +pre(B) =0 in Hpy(P(E),Z(r)).

Thus ¢;(E) is an element of H2 (X, Z(i)). The knowledge of the Chern classes ¢;(E) allows to
construct exponential Chern classes ch;(E), 0 < i < n, in HZ (X, Q(i)). These classes are ob-
tained as the values of certain universal polynomials with rational coefficients on ¢; (E), ..., c,(E)
(see [Hirz]). They can also be constructed with the splitting principle using projective towers
(see [Gro 1]). They are completely characterized by the following facts:

— they satisfy the Whitney additivity formula (Proposition 3.7 (i));

— they satisfy the functoriality formula under pullbacks (Proposition 3.7 (ii));

— if L is a line bundle, ch(L) = ¢“1(%) (see Definition 3.6).
In the same spirit, the Todd classes td;(E), 0 < i < n, are defined in H3. (X, Q(i)) and
characterized by the following properties

— they satisfy the Whitney multiplicativity formula (Proposition 3.7 (i));

— they are functorial under pullback by holomorphic maps (Proposition 3.7 (ii));

— if L is a line bundle, td(L) = lcﬂ (see Definition 3.6).

—e 41 (L)

DEFINITION 3.6. The total Chern (resp. Todd) class of E is the element ¢(FE) (resp td(F)) of
HJ,(X) defined by

cE)=1+c1(E)+ - +c.(F), (resp. td(E)=1tdo(E) + -+ td,(F)).

The Chern character of F is the element ch(F) of Hj (X, Q) defined by
ch(E) = cho(E) + -+ +ch,(E).
The splitting machinery gives the following proposition:

PROPOSITION 3.7.
(i) If 0 E F G 0 is an exact sequence of vector bundles on X, the
Whitney formula holds: ¢(F) = ¢(E)c(G), td(F) = td(E) td(G) and ch(F) = ch(F) +
ch(G).
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(ii) If f is a holomorphic map between X and Y and if E is a holomorphic bundle on'Y,
we have ¢(f*E) = f*c¢(E) and ch(f*E) = f*ch(E).
(iii) If E and F are two holomorphic vector bundles on X, ch(E ® F) = ch(E) ch(F).

NOTATION 3.8. From now on, if £ is a locally free sheaf and E is the associated holomorphic
vector bundle, we will denote by ch(€) the Chern character ch(E). Thus ch is well defined on
a basis of any dimension but only for locally free sheaves, and we will make use of it in our
construction.

4. Construction of Chern classes

The construction of exponential Chern classes ch,(F) in H%pel(X ,Q(p)) for an arbitrary coherent
sheaf F on X will be done by induction on dim X. If dim X = 0, X is a point and everything
is obvious.

Let us now precisely state the induction hypotheses (H,,):

(W,) If dimX < n and 0 F g H 0 is an exact sequence of analytic
sheaves on X, then ch(G) = ch(F) + ch(H). This means that ch is defined on K(X)
and is a group morphism.

(Fp) If dimX < n, dimY < n, and if f: X ——=Y is a holomorphic map, then for all y in
K(Y), ch(fTy) = /*ch(y).

(Cp) If dim X < n, the Chern classes are compatible with those constructed in Part 3 on
locally free sheaves, i.e. ch(F) = ch(F) for every locally free sheaf F.

(P,,) If dim X < n, ch is a ring morphism: if x, y are two elements of K(X), then ch(z.y) =
ch(z)ch(y) and ch(1) = 1.

(RR,,) If Z is a smooth hypersurface of X, where dim X < n, then the (GRR) theorem holds
for i,: for every coherent sheaf F on Z, ch(iy, F) =iy, (ch(F) td(NZ/X)_l).

For the definition of analytic K-theory and related operations we refer to [Bo-Se].
From now on, we will suppose that all the properties of the induction hypotheses (H,,_1) above
are true.

THEOREM 4.1. Assuming hypotheses (H,—1), we can define a Chern character for analytic co-
herent sheaves on compact complex manifolds of dimension n. Furthermore it satisfies (Py),
(Fn), RRn), (Wn) and (Cn).

Let us briefly explain the organization of the proof of this theorem. In §4.1, we construct the
Chern character for torsion sheaves. In §4.3, we construct the Chern character for arbitrary
coherent sheaves, using the results of §4.2. Properties (RR,,) for a smooth hypersurface and
(C,,) will be obvious consequences of the construction. In §5.3, we prove (W,,) and then (F,,)
and (P,) using the preliminary results of §5.1 and §5.2. Finally, we prove (RR,) in §6.

4.1. Construction for torsion sheaves. In this section, we define Chern classes for tor-
sion sheaves by forcing the Grothendieck-Riemann-Roch formula for immersions of smooth hy-
persurfaces. Let K, . (X) denote the Grothendieck group of the abelian category of torsion
sheaves on X. We will prove the following version of Theorem 4.1 for torsion sheaves:

PROPOSITION 4.2. On any n-dimensional complex manifold, we can define a Chern character
for torsion sheaves such that:

(i) (Wy) If O F g H 0 is an exact sequence of torsion sheaves on X with
dim X < n, then ch(G) = ch(F) + ch(H). This means that ch is a group morphism
defined on K, (X).
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(ii) (P,) Let &€ be a locally free sheaf and x be an element of K, .(X). Then
ch([€].z) = ch(&). ch(z).
(iii) (Fy) Let f: X ——=Y be a holomorphic map where dim X < n and dimY <mn, and F be a
coherent sheaf on'Y such that F and f*F are torsion sheaves. Then
ch(fTF]) = [ ch(F).
(iv) (RRy,) If Z is a smooth hypersurface of X and F is coherent on Z, then
ch(iy F) =iz, (ch(F)td(Ngx)™").

We will proceed in three steps. In §4.1.1, we perform the construction for coherent sheaves
supported in a smooth hypersurface. In §4.1.2, we deal with sheaves supported in a simple
normal crossing divisor. In §4.1.3, we study the general case.

4.1.1. Let Z be a smooth hypersurface of X where dim X < n. For G coherent on Z, we
define ch(i,,G) by the GRR formula ch(i,,G) = iy, (ch(G) td(Ny/x) '), where ch(G) is defined
by induction.

If 0 g’ g g" 0 is an exact sequence of coherent sheaves on Z, by (W,,_1),
we have ch(G) = ch(G’) + ch(G"”). Thus ch(iz*g) = ch(iZ*g’) + ch(iZ*g”). We obtain now a
well-defined morphism

~

K(Z)

HSel(Xv Q)
Remark that if G is a coherent sheaf on X which can be written i, F, then the hypersurface Z
is not necessarily unique. If Z is chosen, F is of course unique. This is the reason why we use
the notation ch,(G). We will see in Proposition 4.7 that ch,(G) is in fact independent of Z.

The assertions of the following proposition are particular cases of (C,,), (F,), and (Py,).

PROPOSITION 4.3. Let Z be a smooth hypersurface of X.
(i) For all x in K,(X), Ch(z}x) = 2; ch,(x).
(ii) If € is a locally free sheaf on X and x is an element of K ,(X), then

ch,([£].x) = ch(€). chy(x).
PROOF. (i) We have x = 2., [i,,0,] in K,(X), where z is defined in Appendix 7.2. Thus,

i3 chy(x) = iy, (ch(@)td(Ny ) )

= ch(@) td(Ny, ) e1(Ny)x) by Proposition 3.5 (vii)

— ch(7) [1 _ea (NZ/X)}

= ch(z) ch(i;iz*(’)z) by Proposition 7.6 (i) and (C,,—1)
= ch(z.i}i,,0y) by (Pn_1)

= ch(i}z) By Proposition 7.5.
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(ii) We have
chy ([€].2) = chy(iy, (i1[€]. 7))

O

4.1.2. Let D be a divisor in X with simple normal crossing. By Proposition 7.8, we have an
exact sequence:

@KDU(X) —>€BKD1-(X) — Kp(X) —0.

1<j

Let us consider the morphism € chp, . If F belongs to K (D;;), then
i

. . . —1 . —1
chp, (ip,+F) = ip.(chip o F)d(Np,x) ") =ip,. (h(F) td(Np, 1x) ")
because of (RR,_1) and the multiplicativity of the Todd class.
Thus chp, (iDij*f) = chp, (iDij*}"), and we get a map chp: K, (X)——=Hp,(X,Q) such that
the diagram
D K p, (X) —— Kpp(X) ——0

h
@chDi LC b
Hf)ke](X7 Q)
is commutative.
PROPOSITION 4.4. The classes chp have the following properties:
(i) If € is a locally free sheaf on X and x is an element of K (X), then
chp([€].x) = ch(€). chp(x).
(ii) Let D be an effective simple normal crossing divisor in X such that D™ = D. Then
chp(0p) =1 —ch(Ox(-D)).

(iii) (First lemma of functoriality) Let f: X ——=Y be a surjective map. Let D be a reduced
divisor in'Y with simple normal crossing such that f~1(D) is also a divisor with simple
normal crossing in X. Then for all y in K, (Y),

Chffl(D)(ny) = f*chp(y).

(iv) (Second lemma of functoriality) Let Y be a smooth submanifold of X and D be a reduced
divisor in X with simple normal crossing. Then for all x in K (X),

ch(ifa) =iy chp(z).

PROOF. We start with two technical lemmas which will be crucial for the proof of (ii) and

(i)
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LEMMA 4.5. Let D = m1 D1 +---+mpyDy be an effective simple normal crossing divisor in X,
and p be the element of H (X, Q) defined by

k-1 _
H= Z %(ml{Dl}D +--- +mN{DN}D)k 1-
k>1

Then there exist u; in Kp, (X), 1 <4 <N, and (;j in Hp(Dyj), 1 <i,j < N, i # j, such that
(a) U1 + T +uN - OD Zn KDred(X).
(b) Gj =—Cji, 1 <4, <N, i#j.

N
_ -1 . % . .
(C) ch(ul) td(NDZ/X) —m; ZDi H = E /LDij Di*C"j’ 1 <1< N.
Jj=1

j#i
PROOF. We proceed by induction on the number N of branches of D4,
_ -1 .
If N =1, we must prove that ch(@;) td(NDl/X) =myip, b, where uy = O, . In Kp (X)
m1—1 m1—1
we have O, p, = Z iDl*(NE?/qX), thus w = Z N;?/qx. Therefore
q=0 q=0
M1 —c1(Np, /x)
_ -1 —qa(Np, x) | 1—e 1
ch(u) td(Np /X) = Z e 1/
' q:() €1 (NDl/X)
1 _ efmlcl (NDl/X) %
= =miip, U.
‘ (NDl/X) '

Suppose that the lemma holds for divisors D" such that D ; has N — 1 branches. Let D =
miDi+---+myDy and D' = miDy+---+my_,Dy_,. By induction, there exist u} in Kp, (X),
1 <i< N-1,and (j; in Hpy(Dij), 1 <i,5 < N—1,4 # j, satisfying properties (a), (b), and (c)
of Lemma 4.5. For 0 < k < my, we introduce the divisors Z, = miDy1+---+my_Dy_+kDy.
We have exact sequences

O—>i,§N(’)X(—Zk) — 0y, ., Oy, 0.
Thus, in K ),.q(X), we have
My_1 My_1
Op =Op/ +ip . > ip Ox(=Z)| =Op +ip_.ip  |Ox(=D") > Ox(—4Dy)
q=0 q=0
My_1
We choose { "N~ 2.DN"‘Z.EN [OX(_D/) qzo Ox (_qDN)} Then (a) is true by construction.

up = U for1<i< N -—1.
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Let 7 be such that 1 < ¢ < N —1 and g’ the class defined in Lemma 4.5 for the divisor D’. Then
ch(w;) td(NDZ_/X) —mgip, pp = ch(a;) td(NDi/X) —mgip, ' +miip, (1 — p)

- , < (kL k-
- ZiDij%Di*Cij—’_mi ZEZ k! Z( j )(ml{Dl}D+"'
=1

k=1 Tog=1
J#

et mN—l{DN—l}D)k_l_j (mN{DN}D)j]

(by induction)

N-1 [e) (_1)k k—1 E—1
. 12 . - %
- Z ZDz’j—>Di*Cij +mi ZDiN—>Di*ZDiN [Z k! Z ( J >(m1{D1}D +oe
j=1

= k=1 Toj=1
J#i

el -
-+ my_1{Dy_1}p) TmiA{ Dy} ] .
For the last equality, we have used that
ip,(a{Dn}p) =ip,a{Din}p = iDiN D (iBiNa)
where {D,\}p is the cycle class of D,y in D;. This is a consequence of Proposition 3.4 (i) and
Proposition 3.5 (iv).
Let us define
Cij = ¢ if1<i,j<N—-1,1#j
e k-1
L (—1)* k—1

k=1 =1

<

ot le{DNl}DY“”mZV{DN}%l] if1<i<N-—1

(v = —Gn if1<j<N-L

Properties (a) and (b) of Lemma 4.5 hold, and property (c) of the same lemma hold for 1 <34 <
N — 1. For i = N, let us now compute both members of (c). We have

N-1 N—1 0 vk—1 k-1 B
> i ey Gt = X i, lz%z (5 ) omtpiip -
=1 =1 k=1 j=1
et mN1{DN1})k_1_jmgv{DN}i>l{Dl}]
L [T R k-1
(*) =ip, [;7/{' 2 < ; )(ml{D1}D+---

ki -
-+ my_1{Dy_1}p)" 'mp{Dn}} ] .
In the first equality, we have used

i, —=Dyx ip, a=1ip a{D}p=ip (a{Di}p).
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where {D, } is the cycle class of D,y in Dy.

Now,

_ —1 -
ch(uy) td(NDN/X) —myip, p

mN_1 _{D
g D = =y D) [ matDyy | Lo O
Py {Dy}
q=0 N
—myip p
by (Cpn—1) and Proposition 3.7 (ii) and (iii)
L] - o 1— e~mni{Dn}
=i e m1{D1} my_1{Dn_1} e —mp
. | S +q ! r qg—1
=1ip, ”%VEZ E: (mi{D1} + - +my_{Dn_1})" (my{Dy})
i r=0 g¢=1
_1 k-1
k—1
—mNZ ( i >(m1{D1}—i—---
k! =

4 mN_l{DN—l})k_l_j (mN{DN})j} :

In the first term, we put k = ¢+ r, p = ¢ — 1 and we obtain

myip li ki - ((pil)—<k;1)>(m1{z)l}+...

k=1 p=0
k—1—
(o) e tmy_1{Dy_1}) ! (mN{DN})p] :
k kE—1\ . k—1

Now — is equal to for p < k — 2 and to zero for p = k — 1. It suffices

p+1 D p+1
to put j = p+ 1 in the sum to obtain the equality of (x) and (). O
LEMMA 4.6. Using the same notations as in Lemma 4.5, let o in Hyyy(D;), 1 < i < N, be such
that i * b i = i; 5. Then there exist u; in K (X), satisfyingu; +---+uy = Op

ij > D; ij —=>Dj g

in Kp.a(X), such that
N

ZZD*<042 ch(w;) td (N D/X ) <ZmZzD* o )

=1
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Proor. We pick uq,...,uy given by Lemma 4.5. Then
Z’LD *(ozZ ch(w;) td(Np, /X ) (Zmzzp g )

B iV:ZD [az’ (Ch(ﬂi) td(Np, /) = miip, “)]

(by the projection formula)

&
I
—

(by the projection formula).
Grouping the terms (4, j) and (j,), we get 0, since (;; = —(ji. O
We now prove Proposition 4.4.

PROOF. (i) We write 2 = 1 + --- + 2y in K}),.q(X), where z; is an element of K, (X).
Then

N N
chp([€ Z Zc_h(é') .chp.(z;) by Proposition 4.3 (ii)
=1 i=1
= C_h( ).chp(z) by the very definition of chp(x).

(ii) We choose u1,...,uy such that Lemma 4.5 holds. Then
N N B N N
h(05) =Y ch(w) = ip, *(ch(ul)td( 5x) ) - (Z mi{Di}D) "
i=1 i=1 i=1

(iii) By dévissage we can suppose that D is a smooth hypersurface of Y. Let f; be defined by
the diagram

lA?:- — X

7. s

D——Y
and let y be an element of K(D). We put o; = 72* ch(y). By the functoriality property (F,—1)
we have i * ;=1 _ aj. We choose again uq,...,u, such that Lemma 4.6 holds.

D;j—=D; D;j —=D;
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N
By Proposition 7.7 of Appendix 7 we can write fTiD*y = Z(?;y).ﬁ_ u;. Thus
i=1

N
5(Fipw) =Y s, (b (Fly) (@) ta (V5 )7 by (Po-1)
z;l
— Zle* (al ch(a; td( 5. /X)_1> by (Fn—1)
z:lN
= ZmZ 151* ) W by Lemma 4.6
=1
N (D
= Lz;ml ZDi* Z- (y))] f* (%)
y 1—eD}p .
=f [zD* (ch(y)) . W] by Proposition 3.5 (v)
= fYip, (Ch(y) td(ND/Y)A) by the projection formula

= /" chp(ip.y).
n

(iv) We will first prove it under the assumption that, for all ¢, either Y and D, intersect transver-
sally, or Y = D,. By dévissage, we can suppose that D has only one branch and that Y and D
intersect transversally, or Y = D. We deal with both cases separately.

—If Y and D intersect transversally, then z;, [z 0 D] = |t Oyn D]. Thus, by Proposi-

[ YND—>Yx
tion 7.5 of Appendix 7,

ifo =il (z ., [iD*OD]):i;mD%D:C vop Loy Ovop)]

7 (iT E),
YND—=Yx*\YND—=D

and we obtain

(i) =i, (G A (Nypy) ) by (R, 1)

P * - % -1
YmD—>y*<zYmD_>DCh(m) 2yﬁD_>Dtd(ND/X) ) by (Fp-1)

= it ip. (h(@) td(Np,x) ) by Proposition 3.5 (iv)
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~HY =D, il [ip0p] = [0y] = [Ny/]. Thus il x =2 -2 . [Ny ] and
ch(ifx) = ch(z) — ch(@)ch(Ny ) by (Pn_1) and (Cp_1)
= ch(x) (1 —e (NY/X)>

= ch(®) td(Ny,x) " e (Ny,y)
=iy iy, (Ch@) td (NY/X)A) by Proposition 3.5 (vii)

= 'L;; Chy (l‘)
We examine now the general case. By Hironaka’s theorem, we can desingularize Y U D by a
succession 7 of k blowups with smooth centers such that 7=1(Y U D) is a divisor with simple

normal crossing. By first blowing up X along Y, we can suppose that 7=1(Y) = D is a subdivisor
of D =771(Y UD). We have the following diagram:

7~
Dj

b
Y Z—y> X
Then
q; ch(i;r,fz:) = ch(q;ri;r,ac) by (Fp—1)
=ch (i})jT T:L‘)
=1 Ej ch 5 (TT.T) since 133- and lNDZ intersect transversally, or Dj = lN)Z
=1 Z:)J_T* chp(x) by the first lemma of functoriality 4.4 (iii)

We can now write g; as 0 o pj, where E' is the exceptional divisor of the blowup of X along Y,
0: E——=Y s the canonical projection and p;: 133- ——F is the restriction of the last k£ — 1

blowups to ﬁj. Write 7 =1, 07, _; 0--- o7 where 7; are the blowups. Let us define a sequence
of divisors (EZ-)O <;<p DY induction: Ej, = E, and E,, is the strict transform of E; under 7, .

Since the E; are smooth divisors, all the maps 7,,,: F;,; ——F; are isomorphisms. There

exists j such that E), = Dj. We deduce that p; = 7 b, : Dj ——D is an isomorphism. Since ¢
is the projection of the projective bundle ]P’(Ny/X) —Y, 0" is injective. Thus ¢ = 70" is
injective and we get ch(i;r,fz:) =iy chp(x). O
Now, we can clear up the problem of the dependence with respect to D of chp(F).

PRrROPOSITION 4.7. If Dy and Dy are two divisors of X with simple normal crossing such that
suppF C D1 and supp F C Da, then chp (F) = chp, (F).
Proor. This property is clear if Dy C Dy. We will reduce the general situation to this

case. By Hironaka’s theorem, there exists 7: X —>X such that 771Dy U Dy) is a divisor
with simple normal crossing. Let D; = 77'D; and Dy = 77'D,. By the first functoriality
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lemma 4.4 (iii), since D; C D, we have T*chp (F) = chﬁ1 (r1[F)) = ChE(TT[f]). The same
property holds for Ds. The map 7 is a succession of blowups, thus 7* is injective and we get
chp, (F) = chp, (F). O

DEFINITION 4.8. If supp(F) C D where D is a normal simple crossing divisor, ch(F) is defined
as chp(F).

By Proposition 4.7, this definition makes sense.
4.1.3. We can now define ch(F) for an arbitrary torsion sheaf.

Let F be a torsion sheaf. We say that a succession of blowups with smooth centers 7: X——=X
is a desingularization of F if there exists a divisor with simple normal crossing D in X such
that T_l(supp(]: )) C D. By Hironaka’s theorem applied to supp(F), there always exists such
a 7. We say that F can be desingularized in d steps if there exists a desingularization 7 of F
consisting of at most d blowups. In that case, ch(r T[F]) is defined by Definition 4.8.

PROPOSITION 4.9. There ezists a class ch(F) uniquely determined by F such that
(i) If 7 is a desingularization of F, then T* ch(F) = ch(r T[F]).
(ii) If Y is a smooth submanifold of X, then ch (z;r,[}"]) = iy ch(F).

PRrROOF. Let d be the number of blowups necessary to desingularize F. Both assertions will
be proved at the same time by induction on d.

If d = 0, supp(F) is a subset of a divisor with simple normal crossing D. The properties (i) and
(ii) are immediate consequences of the two lemmas of functoriality 4.4 (iii) and (iv).

Suppose now that Proposition 4.9 is proved for torsion sheaves which can be desingularized in
d — 1 steps. Let F be a torsion sheaf which can be desingularized with at most d blowups. Let
(X,7) be such a desingularization. We write 7 as 7 o 71, where 7 is the first blowup in 7 with
FE as exceptional divisor, as shown in the following diagram:

X
A
i  ~
E—— X1
by

Then 71 consists of at most d — 1 blowups and is a desingularization of the sheaves Tor;(F,7),
0 < j < n. By induction, we can consider the following expression in Hp (X1, Q):

y(Xy, F) = zn: (—1)7 ch(Torj(f, ?)).

5=0
We have
igfy()?l,]:) = Z (—1)7 ch(z';g [Tor;(F, ?)]) by induction, property (ii)
j=0
= ch(if7[F)) by (Wa-1)
= ch(q Vil [F]) = ¢* ch (i) [F)) by (Fp_1).
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By Proposition 3.5 (vi), there exists a unique class ch(F,7) on X such that 'y(f(h}") =
T* Ch(j:,T). Now
T ch(F, 1) = 71*7()?1,.7:)

n

= Z (=1)7 ch (TlT [Tor;(F, ?)]) by induction, property (i)
=0

= ch(r71[F)) = eh(rT[F)).
Suppose that we have two resolutions. We dominate them by a third one, according to the
diagram:

w
N
X1 1) 5(:2
X
Then
§* ch(F, 1) = p* ch(rT[F])
=ch (MTTT[f ) by the first lemma of functoriality 4.4 (iii)

= ch(éT[]:]) = 0" ch(F,7) by symmetry.

The map §* being injective, ch(F, ) = ch(F,7), and we can therefore define ch(F) by ch(F) =
ch(F,7) for any desingularization 7 of F with at most d blowups.

We have shown that (i) is true when 7 consists of at most d blowups. In the general case, let

7:X1—=X bean arbitrary desingularization of F and 7 be a desingularization of F with at
most d blowups. We can find W, u and fi as before. Then

p* ch (TT[f]) =ch (5T[.7-"]) by the first functoriality lemma 4.4 (iii)
= ji*ch(¥ T[}"]) by the first functoriality lemma 4.4 (iii)
= 17" ch(F) since 7 consists of at most d blowups
= pu 1 ch(F).

It remains to show (ii). For this, we desingularize supp(F) U Y exactly as in the proof of the
second lemma of functoriality 4.4 (iv). We have a diagram

i X
X

q

<

—_—
ty

where ¢;" is injective for at least one 7. Then

q;" (iy ch(F)) = 57 Ch(F) =i ch(rT[F]) by (i)

= ch(: alva ) by the second lemma of functoriality 4.4 (iv)

1
'p.T
= ch(g il [F]) = g ch (i} [F]) by (Fuo1).
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Thus 45 ch(F) = ch(i,. [F]), which proves (ii). O
We have now completed the existence part of Theorem 4.1 for torsion sheaves.

We turn to the proof of Proposition 4.2. So doing, we establish almost all the properties listed
in the induction hypotheses for torsion sheaves.

PROOF. (i) Let (X, 7) be a desingularization of supp(F)Usupp(H) and D be the associated
simple normal crossing divisor. Then 77F, 771G and 7 "1 belong to K ,(X) and 7T F+71H = 71G
in K, (X). Thus, by Proposition 4.9 (i),

7*[ch(F) + ch(H)] = ch(r T[F]) + ch(7 [H]) = ch(71[G]) = 7* ch(G).
The map 7* being injective, we get the Whitney formula for torsion sheaves.

(ii) The method is the same: let z = [G] and let 7 be a desingularization of G. Then, by
Proposition 4.9 (i) and Proposition 4.4 (i),

7*ch([€].[G]) = ch(r1[€].7T[G]) = ch(71[€]) . ch(rT[G]) = 7*(ch(£). ch(G)).

(iii) This property is known when f if the immersion of a smooth submanifold and when f is a
bimeromorphic morphism by Proposition 4.9. Let us consider now the general case. By Grauert’s
direct image theorem, f(X) is an irreducible analytic subset of Y. We desingularize f(X) as an
abstract complex space. We get a connected smooth manifold W and a bimeromorphic morphism
7:W—— f(X) obtained as a succession of blowups with smooth centers in f(X). We perform
a similar sequence of blowups, starting from Y; = Y and blowing up at each step in Y; the

smooth center blown up at the i-th step of the desingularization of f(X). Let WY:}A}—>Y be

~

this morphism. The strict transform of f(X) is W. The map 7 : 7 (f(X)reg) — f(X)reg

is an isomorphism. So we get a morphism f(X)yeg —W which is in fact a meromorphic map

from f(X) to W, and finally, after composition on the left by f, from X to W. We desingularize
this morphism:

X

LN
Tx

X o -W

and we get the following global diagram, where 7y is a bimeromorphic map:

ot f iy

X w Y
J
X ——=[(X) Y

Now fomy = my 0 (iW o fv), and we know the functoriality formula for 7y, 7y and iy, by

Proposition 4.9. Since 7y is injective, it is enough to show the functoriality formula for f So
we will assume that f is onto.
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Let (7,Y) be a desingularization of F. We have the diagram

X xy Y Y
|,k
x—1 vy

where 7~ !(suppF) = D C Y is a divisor with simple normal crossing and X Xy Y—=X
is a bimeromorphic morphism. We have a meromorphic map X - > X Xy }7, and we desin-

gularize it by a morphism T ——=X X, Y. Therefore, we obtain the following commutative

diagram, where m: T ——= X is a bimeromorphic map:

r—1 .y
X / Y
Therefore we can assume that supp(F) is included in a divisor with simple normal crossing D.
We desingularize f~!(D) so that we are led to the case supp(F) C D, where D and f~1(D)
are divisors with simple normal crossing in Y and X respectively. In this case, we can use the

first lemma of functoriality 4.4 (iii). The proof of Proposition 4.2 is finished, since (iv) holds by
construction. U

4.2. The dévissage theorem for sheaves of positive rank. In this section, we consider
the case of sheaves of arbitrary rank. Let X be a complex compact manifold and F an analytic
coherent sheaf on X. We have seen in section 4.1 how to define ch(F) when F is a torsion sheaf.

Suppose that F has strictly positive generic rank. When F admits a global locally free resolution,
we could try to define ch(F) the usual way. As explained in the introduction, this condition on
F is not necessarily fulfilled. Even if such a resolution exists, the definition of ch(F) depends a
priori on this resolution. A good substitute for a locally free resolution is a locally free quotient
with maximal rank, since the kernel is then a torsion sheaf. Let F; . C F be the maximal torsion
subsheaf of F. Then F admits a locally free quotient £ of maximal rank if and only if F / Feor

is locally free. In this case, £ = F / Foor’

Unfortunately, the existence of such a quotient is not assured (for instance, take a torsion-free
sheaf which is not locally free), but it exists up to a bimeromorphic morphism thanks to the
following result:

THEOREM 4.10. [Ro] Let X be a complex compact manifold and F a coherent analytic sheaf

on X. There exists a bimeromorphic morphism o : X——=X , which is a finite composition of
blowups with smooth centers, such that o*F admits a locally free quotient of mazimal rank on
X. Such quotients are unique, up to a unique isomorphism.

PROOF. Let r be the rank of F. We define a universal set X by X = [ex Gr*(r,}]x)

where Gr*(r, Fi x) is the dual grassmannian of quotients of F|, with rank r. The set X is the

disjoint union of all the quotients of rank r of all fibers of . The canonical map o: X——=X is
a bijection on o1 (freg). We will now endow X with the structure of a reduced complex space.
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M

Let us first argue locally. Let OfU O|qU '7:|U 0 be a presentation of F on an

open set U. Here, M is an element of fmq,p((’)U). Then, for every x in U, we get the exact
sequence

cp M(x) o Ty

We have an inclusion

~

Gr*(r, F,) &= Gr*(r,C%) Gr(q —r,q)

given by
(67 Q) e @ O Ty, Q) e ker@ © ﬂx)v
where ¢ and Q appear in the following diagram:

c» M(x) Ca Ty

8
e

£

Therefore, we have a fibered inclusion o~ 1(U) &= U x Gr(q —r,q) . We know that

=)

o N U) = {(z,E) € U x Gr(q — ,q) such that ImM(z) C E}-
Let (e1,...,eq) be the canonical basis of C?, and ef, ... ,€, its dual basis. We can suppose that
ef,...,e,_, are linearly independent on E. We parametrize Gr(q — 7,¢) in the neighborhood
of x by a matrix A = (am) € M, 4—(C). The associated vector space will be spanned by the
columns of the matrix <1d§1_r>. Writing M = (M;) 1<i<q? Im(z) is a subspace of E if and only
1<i<
if for all 4, 1 < i < p, ’
q—r
(Mi@)er + -+ + Mi@)eg) A\ (er+ arieqrir + -+ + apieq) =0
=1
in A"+ C9. This is clearly an analytic condition in the variables = and a,;, thus o~ (U) is an
analytic subset of U x Gr(q — r,q). We endow o~ 1(U) with the associated reduced structure.

We must check carefully that the structure defined above does not depend on the chosen pre-
sentation.

Let us consider two resolutions of F on U

M s
Oy O T 0
’ M’ / !
(’)f’U (’)“’U Fr 0
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and a (¢, q) matrix a: (’)‘qU—>(9|qu, such that the diagram

M 7r
Ol O Pl 0
la lid
M/ ’ 7'("
e P S—
commutes. The morphism o 1(U) o~ 1(U)

UxGr(qg—r,q) —=U x Gr(¢ —r,q)

is given by (z, E) — (z, 7, 'm,(E)) according to the following diagram:
M (x) Ty
Cp C Tl 0
La(x) lid
cv ce F 0
M'(z) o \

Since 7}, (a(z)(E)) = m,(E), we have 7, 'm (E) = 7, 'n} (a(z)(E)). We can write this
7 1 (E) = a(x)(E) + ker ), = a(z)(E) + Im M’ (x).
If (zg, Ep) is an element of 0~ (U) x Gr(q—r, q), then a(zq)(Ey) +Im M’ (xq) belongs to Gr(q —

r,q"). We can suppose as above that e, ... , €q—p are linearly independent on Ep. Therefore, Ey

is spanned by ¢ — r vectors Ay, ..., A4, where
Ai = (0,...,1,... ;A1 Gy - - - ,aq_m-)T,
the first “1” having index ¢. Then a(z¢)(Ep)+Im M'(z¢) is spanned by the vectors (a(zg)(A;)+

M"(20)) 1<i<q-r , where the M'7 are the columns of M’. We can find ¢ — r independent vectors
1<j<p’

in this farmly, and this property holds also in a neighborhood of (zg, Fy). We denote these
vectors by (a(z)(4;,) + M7 (z ))1<k<q/7r. Let us define

F(Ar,. o Agp,w) = span(a(@)(A, ) + M7 (@), 0,

This is a holomorphic map from a neighborhood of (zg, Ep) to U x Gr(¢ — r,q'). On the
same pattern, we can define another map g on a neighborhood of f (l‘o,Eo) with values in
U x Gr(q —r,q). The couple (f, g) defines an isomorphism of complex spaces. This proves that
X is endowed with the structure of an intrinsic reduced complex analytic space (not generally
smooth).

We define a subsheaf N of ¢ *F by
N(V) = {s € c*F(V) such that V(z,{q,Q}) €V, s, € kergq}
Remark that N is supported in the singular locus of o *F.

LEMMA 4.11. N satisfies the following properties:

(i) N is a coherent subsheaf of o*F.
(ii) o*F/ s is locally free and rank (o *.7-"//\/) = rank(F).
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M

Proor. We take a local presentation OfU ol = '7:|U 0 of 7. Then ¢ *F has

1%
the presentation

= Oy = 0 Fgry —>0-

Let (x,FE)rH—— (fl(a:,E),...,fq(:L‘,E)) be a section of 0*F on V C o~ (U). Then s is a
section of N if and only if for every (z, E) in V, (fi(z, E), ..., fo(z, E)) is an element of E. Let
U,—r 4 be the universal bundle on Gr(q —r,q). Then U,—yqv is a subbundle of O‘qv and /\/|V

q
v— 0O} — > 0" Fl 1y - So N is

is the image of U lo=1(U) lo

a—rq|V by the morphism U,_

7,q|
coherent.

(ii) Let us define & by & = 0*F /. For all (z, F) in V, we have an exact sequence
Ny = Fo = Gapy =0

and a commutative diagram
E— (1

Lk

N .5y Fla

The first vertical arrow is the morphism Uq ——=N restricted at (z, F), so it is onto.

—rq|U

Thus 7,(E) is the image of the morphism M @ E)—>.7:|$. Since we have an exact sequence

0—= m,(E) Fo—=Q 0

where (z, F) = (z,Q), then dimn (F) = dim 7, —r. Since dim 7 = dimm, (E) + dim&, o

we get dim 5| @B = We can see that A is a torsion sheaf, for £ is locally free of rank r. [

We can now finish the proof of Theorem 4.10. Using Hironaka’s theorem, we desingularize the

complex space X. We get a succession of blowups with smooth centers 7: X'— X where X’
is smooth. By the Hironaka-Chow lemma (see [An-Ga, Th.7.8]), we can suppose that 7 = cog
is a succession of blowups with smooth centers. Since &£ is locally free, the following sequence is
exact:

0——=0*N ——=71*F c*€& 0.

Therefore 7*F admits a locally free quotient of maximal rank. The unicity is clear. This finishes
the proof. 0

4.3. Construction of the classes in the general case. Let X be a complex compact
manifold of dimension n.
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4.3.1. Let F be a coherent sheaf on X which has a locally free quotient of maximal rank.
We have an exact sequence

0 T F & 0

where 7T is a torsion sheaf and & is locally free. Then we define ch(F) by ch(F) = ch(T) +ch(€),
where ch(7) has been constructed in part 4.1. Remark that ch(F) depends only on F, the exact
sequence 0 T F & 0 being unique up to (a unique) isomorphism.

We state now the Whitney formulae which apply to the Chern characters we have defined above.

ProrosiTION 4.12. Let 0 F g H 0 be an exact sequence of coherent
analytic sheaves on X. Then ch(F), ch(G) and ch(H) are well defined and verify ch(G) =
ch(F) 4 ch(H) under any of the following hypotheses:
(i) F, G, H are locally free sheaves on X.
(ii) F, G, H are torsion sheaves.
(iii) G admits a locally free quotient of maximal rank and F is a torsion sheaf.

Proor. (i) If 7, G, H are locally free sheaves on X, then ch(F) = ch(F), ch(G) = ch(G),
ch(H) = ch(H) and we use Proposition 3.7 (i).

(ii) This is Proposition 4.2 (i).

(iii) Let &€ be the locally free quotient of maximal rank of G. We have an exact sequence

0 T g & 0

where 7 is a torsion sheaf. Since F is a torsion sheaf, the morphism F ——= G ——=¢& is
identically zero. Let us define 7' by the exact sequence

0 T’ H & 0.
Then 7’ is a torsion sheaf and we have the exact sequence of torsion sheaves
0 F T T’ 0.
Thus H admits a locally free quotient of maximal rank, so that ch(H) is defined and
ch(H) = ch(&) + ch(7") = ch(€) + ch(T) — ch(F) by (ii)
= ch(G) — ch(F).

Let us now look at the functoriality properties with respect to pullbacks.

ProposITION 4.13. Let f: X ——=Y be a holomorphic map. We assume that
— dimY =n and dim X < n,
—ifdim X =n, f is surjective.
Then for every coherent sheaf on'Y which admits a locally free quotient of mazimal rank, the
following properties hold:
(i) The Chern characters ch(Tor;(F, f)) are well defined.
(i) f*ch(F) =) (—1)' ch(Tors(F, f)).

>0
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Proor. (i) If dim X < n, the classes ch(Tori(]: ) f)) are defined by the induction property
(Ep—1). If dim X = n and f is surjective, then f is generically finite. Thus all the sheaves
Tor;(F, f), i > 1, are torsion sheaves on X, so their Chern classes are defined by Proposition
4.2. The sheaf f*F admits on X a locally free quotient of maximal rank so that ch(f*F) is
well defined.

(ii) We have an exact sequence
0 T F & 0
where 7 is a torsion sheaf and £ is a locally free sheaf. Remark that, for i > 1, Tor;(F, f) ~
Tor;(7, f). Thus, by Proposition 3.7 (ii) and Proposition 4.2 (iii),
3 (1) eh(Tory(F, £)) = ch(f*€) +ch(f*T) + > (~1)ich (Torz-(’T, f))
i>0 i>1

= f*ch(E) + ch(f1[T]) = f*(ch(E) + ch(T)) = f* ch(F).

O
4.3.2. We consider now an arbitrary coherent sheaf 7 on X. By Theorem 4.10, there exists

o: X— =X obtained as a finite composition of blowups with smooth centers such that o*F
admits a locally free quotient of maximal rank. This is the key property for the definition of
ch(F) in full generality.

THEOREM 4.14. There exists a class ch(F) on X uniquely determined by F such that:

(i) If o: X——=X s a succession of blowups with smooth centers such that o*F admits
a locally free quotient of maximal rank, then

o* ch(F) =) (~1)"ch(Tory(F,0)).
i>0

(ii) If Y is a smooth submanifold of X, ch(i;r, [F]) = iy ch(F).
REMARK 4.15. By Proposition 4.13 (i), all the terms in (i) are defined.

PRrROOF. The proof of (i) will use Lemmas 4.16, 4.17, and 4.18. We will prove the result
by induction on the number d of blowups in o. If d = 0, F admits a locally free quotient of
maximal rank and we can use Proposition 4.13.

Suppose now that (i) and (ii) hold at step d — 1. As usual, we look at the first blowup in o

i

X

lal
E—"—>X; |o
[
Y X.
The sheaves Tor;(F, o) are torsion sheaves for j > 1 and o Torg(F,0) = o *F admits a locally

free quotient of maximal rank. Since o, consists of d — 1 blowups, we can define by induction a
class v(F) in Hj,(X1,Q) as follows:

Y(F) =3 (1) ch (Torj(]:, a')).

>0

ty
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LEMMA 4.16. oy(F) =Y (—1)’ ch(Tor;(F,0)).

i>0
ProoF. We have by induction
o UF) = D (=1)F b [Ton, (Torg(F,5),01)| = > (=1)7F9 ch(EF)
p,q=20 p,q=20
where the Tor spectral sequence satisfies
EP? = Tor,(Tory(F,o),01)
ELT = GrP Torpq(F,0).

All the EP? 2 < r < oo, are torsion sheaves except perhaps EX. Remark that no arrow d??
starts or arrives at ETO’O. Thus we have

Do (EOPHEP) = Y (—1)PHER = (—1)[Tory(F, 0)]
P,q P9 i>1
pt+g>1 ptg>1 -
in K,,,s(X). Using Proposition 4.12 (ii), we get
oy (F) = ch(EQO’O) + ch (Z (—1)¢ Tor;(F, o))

i>1

= Z (—1)i ch(TOYi(fa U))-

120

LEMMA 4.17. There exists a unique class ch(F,o) on X such that v(F) = c* ch(F, o).

Proor. We have
ii7(F) = i (D (=17 (Tor; (F,0)) )
J=0
= Z (—1)! ch(z';; [Tor;(F,0)]) by induction property (ii)
720

= ch(i}a1[F)) = ch(qli) [F]) = ¢* ch(i) [F)) by (Fp_1).

By Proposition 3.5 (vi), there exists a unique class ch(F, o) on X such that v(F) = d* ch(F, o).
O
Putting Lemma 4.16 and Lemma 4.17 together
o*ch(F,o0) =0 (F) = Z(—l)i ch(Tor;(F,0)).
i>0

LEMMA 4.18. The class ch(F, o) does not depend on o.

PROOF. As usual, if we have two resolutions, we dominate them by a third one, as shown
in the diagram
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Now
o*ch(F,o) = 01*7(.7:) by Lemma 4.17
= Z h(Tor;(F,0)) by Lemma 4.16.
i>0
By symmetry o * ch(F,5) = o*ch(F,d’) and we get the result. O

We proved the existence statement and part (i) of Theorem 4.14 if o consists of at most d
blowups. The general case follows using the diagram above.

We must now prove Theorem 4.14 (ii). Let Y be a smooth submanifold of X. We choose

o: X——=X such that o*F admits a locally free quotient of maximal rank and o~ (Y) is a
simple normal crossing divisor with branches D;. We choose as usual j such that ¢, is injective,
q; being defined by the diagram

D; N
y ¥ . x
We have
q; ch(i;[}']) = ch(qj zy[}']) = ch(igoT[}'])
= (=1)" ip, ch(Tory(F,0)) by Proposition 4.13 (ii).
>0

Now, by the point (i), we have Eizo(_l)i ch(Tor;(F,0)) = o * ch(F). Thus we get
q; ch(if [F]) = ify,0* ch(F) = g} (iy ch(F)).
Therefore ch (z;r, [F]) = iy ch(F) and the proof is complete. O
5. The Whitney formula

In the previous section, we achieved an important step in the induction process by defining the
classes ch(F) when F is any coherent sheaf on a n-dimensional manifold. To conclude the proof
of Theorem 4.1, it remains to check properties (W), (F,,) and (P,). The crux of the proof is
in fact property (W,). The main result of this section is Theorem 5.1. The other induction
hypotheses will be proved in Theorem 5.14.

THEOREM 5.1. (W,,) holds.

To prove Theorem 5.1, we need several reduction steps.

5.1. Reduction to the case where F and G are locally free and H is a torsion
sheaf.

PROPOSITION 5.2. Suppose that (W) holds when F and G are locally free sheaves and H is a
torsion sheaf. Then (W,,) holds for arbitrary sheaves.

PrRoOOF. We proceed by successive reductions.

LEMMA 5.3. [t is sufficient to prove (W) when F, G, H admit a locally free quotient of mazimal
rank.
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Proor. We take a general exact sequence 0 F g H 0.

Let 0: X— =X bea bimeromorphic morphism such that o*F, 0*G and o *H admit locally
free quotients of maximal rank (we know that such a o exists by Theorem 4.10). We have an
exact sequence defining Q and 73:

O\ /0
Q

/N
- —— Tory(G,0) — Tor1(H,0o) o*F o*g o*H 0

N4
T
/N
0 0

Remark that 77 is a torsion sheaf. By Proposition 4.12 (iii), Q admits a locally free quotient of
maximal rank and ch(o*F) = ch(7;) + ch(Q). Furthermore,

[71] — [Torl(H,a)] + [Torl(g,a)] — - =0in K4
Then by Proposition 4.9 (i) and Proposition 4.12 (ii),

o *(ch(F) 4 ch(H) — ch(G)) :Z(—l)i {ch (Tor;(F, o))+ ch(Tor;(H, o)) — ch(Tor(G, a))}
i>0
= ch(c*F) + ch(0*H) — ch(c*G) — ch(T7)
= ch(Q) + ch(c*H) — ch(c*G).

Since ¢ * is injective, Lemma 5.3 is proved. (]

(X).

LEMMA 5.4. It is sufficient to prove (W) when F, G admit a locally free quotient of mazimal
rank and H is a torsion sheaf.

ProoOF. By Lemma 5.3, we can assume that F, G, H admit a locally free quotient of maximal
rank. In the sequel, the letter “7” will denote a torsion sheaf and the letter “£€” a locally free
sheaf. Let & be the locally free quotient of maximal rank of H, so we have an exact sequence

0 T H & 0.
We define F; by the exact sequence
0 F1 g & 0.

Then we get a third exact sequence

0 F Fi T 0.
We have by definition ch(H) = ch(&;) + ch(77). Thus,
ch(F) + ch(H) — ch(G) = (ch(F) + ch(77) — ch(F1)) + (ch(F1) + ch(€1) — ch(G))
— (ch(Tq) + ch(&) — ch(H))
= (ch(F) + ch(71) — ch(F1)) + (ch(F1) + ch(&r) — ch(G)).
Let & be the locally free quotient of maximal rank of G. We define 75 by the exact sequence
0 T g & 0.
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The morphism from G to & (via H) induces a morphism £ ——=&; which remains of course
surjective. Let £ be the kernel of this morphism, then &5 is a locally free sheaf. We get an
exact sequence

0 T Fi &3 0.

Therefore 7 admits a locally free quotient of maximal rank and ch(F;) = ch(72) + ch(&3). On
the other hand, by Proposition 4.12 (i), ch(€1) + ch(€3) = ch(é’g), and we obtain ch(]-'l) +
ch(&1) — ch(G) = (ch(72) + ch(&3)) + (ch(&2) — ch(&3)) — (ch(Tz) + ch(&z)) = 0. Therefore,

ch(F) + ch(H) — ch(G) = ch(F) + ch(71) — ch(F1).

Since 77 is a torsion sheaf, we are done. O

We can now conclude the proof of Proposition 5.2.

By Lemma 5.4, we can suppose that F, G admit locally free quotients of maximal rank and H
is a torsion sheaf. Let & and & be the locally free quotients of maximal rank of F and G. We
define 77 and 73 by the two exact sequences

0 T F & 0
0 T g & 0.

The morphism F——=¢G induces a morphism 73 ——=75. We get a morphism & ——=&
with torsion kernel and cokernel. Since & is a locally free sheaf, this morphism is injective. In
the following diagram, we introduce the cokernels 73 and 7y:

0 0 0
0 T F & 0
0 T g & 0
T3 H Ty
0 0 0
By the nine lemma, 0 T3 H T4 0 is an exact sequence of torsion sheaves.

Then by Proposition 4.2 (i),
ch(F) 4 ch(H) — ch(G) = ch(77) + ch(&1) + ch(T3) + ch(73) — ch(Tz) — ch (&)
_ () + ch(Th) — ().
This finishes the proof. O

5.2. A structure theorem for coherent torsion sheaves of projective dimension
one. In section 5.1 we have reduced the Whitney formula to the particular case where F and G
are locally free sheaves and H is a torsion sheaf. We are now going to prove that it is sufficient
to suppose that H is the push-forward of a locally free sheaf on a smooth hypersurface of X.
The main tool of this section is the following proposition:
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PROPOSITION 5.5. Let ‘H be a torsion sheaf which admits a global locally free resolution of

length two. Then there exist a bimeromorphic morphism o : X——=X obtained by a finite
number of blowups with smooth centers, a simple normal crossing divisor D, D C X, and an

increasing sequence (DZ) of subdivisors of D such that o *H s everywhere locally isomorphic

1<i<r

PROOF. Let 0 & &y H 0 be a locally free resolution of H, such that
rank(é'l) = rank(é’g) = r. Recall that the kth Fitting ideal of H is the coherent ideal sheaf
generated by the determinants of all the k x k minors of M when M is any local matrix realization
in coordinates of the morphism & ——=¢&, (for a general presentation of the Fitting ideals, see
[Ei]). We have

Fitty (H) 2 Fitta(H) 2 --- D Fitt,.(H) 2 {0}.

These ideals have good functoriality properties. Indeed, if o : X—=X isa bimeromorphic

morphism, the sequence 0 ——= o0 *&1 ——= 0 *&; oc*H 0 is exact and Fitt; (U*H) =
o * Fitt;(H) (by o* Fitt;(H), we mean of course its image in Og). By the Hironaka theorem,
we can suppose, after taking a finite number of pullbacks under blowups with smooth centers,
that all the Fitting ideals Fitty(F) are ideal sheaves associated with effective normal crossing
divisors Dj.. Now, take an element x of X. Consider an exact sequence

O — O}, Hy 0

in a neighbourhood of x. The matrix M is a r X r matrix of holomorphic functions on U. Let
{(bl = 0} be an equation of Dq around z. Then we can write M = ¢1M; and the coefficients of
M generate O,. Thus, at least one of these coefficients does not vanish at z. We can suppose
that it is the upper-left one. By Gauss elimination process, we can assume

10 --- 0
0

M= ¢y ,

0
Then, since Fittk(]:)w = Fitt, (M), we get Fitta(M) = ¢ Fitty(Ms). Since Fitto(M) is princi-

pal, so is Fitt1(Ms) and we write Fitty(Ms) = (qbg). Then, by the same argument as above, we
can assume

¢ 0 o o 0
0 ¢ip2 0 --- 0
M = : 0
Ms
0 0
By this algorithm, we get
o1 0 0

0 616,
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and then Fy, = (OX /¢10X)‘U oo (OX /¢1“'¢TOX)|U. Thus, if Dy,...,D, are the
divisors of ¢1,¢1 ¢2,...,01¢2... ¢, we have Dy, = D; — D) _,, which shows that the divisors
Dy, are intrinsically defined by F. O

From now on, we will say that a torsion sheaf H is principal if it is everywhere locally isomorphic
T

to a fixed sheaf @ O/ 7, where the D; are (non necessarily reduced) effective normal crossing
i=1 i
divisors and D; < Dy < --- < D,. We will denote by v(H) the number of branches of D,

counted with their multiplicities.

PROPOSITION 5.6. It suffices to prove the Whitney formula when F and G are locally free sheaves
and H is the push-forward of a locally free sheaf on a smooth hypersuface.

PrROOF. We proceed in several steps.

LEMMA 5.7. Consider an exact sequence 0 F g iy & 0 where Y is a smooth
hypersurface of X, G is a locally free sheaf on X and & is a locally free sheaf on'Y. Then F is
locally free on X.

PROOF. Let m, be the maximal ideal of the local ring O,. By Nakayama’s lemma, it suffices
to show that for every = in X, Tor?z (F,, 0, /m,) = 0. Since Y is a hypersurface, iy, € admits
a locally free resolution of length two. Thus Tor?z (Fp, O, /my) =~ Tor?”((iy*é’ )ar Op/My) =
0. O
LEMMA 5.8. It suffices to prove (W) when F, G are locally free sheaves and H is principal.

PRrROOF. By Proposition 5.2, it is enough to prove the Whitney formula when F, G are locally
free sheaves and H is a torsion sheaf. So we suppose that F, G and H verify these hypotheses.
By Proposition 5.5, there exists a bimeromorphic morphism o : X—X such that o*H is

principal. We have an exact sequence

0 —— Tor;(H,0) o*F o*g o*H 0.

But Tory (H, o) is a torsion sheaf and o *F is locally free, so we get an exact sequence

0 oc*F c*G ——=oc*"H —— 0.

and we have Tor;(H, o) = 0 for i > 1. By Proposition 3.7 (i), we obtain the equalities ch(o *F) =
o *ch(F) and ch(c*G) = o *ch(G), and by Proposition 4.2 (iii) we get ch(c *H) = o * ch(H). Thus

o *(ch(F) + ch(H) — ch(G)) = ch(o *F) + ch(oc *H) — ch(c *G).
g

LEMMA 5.9. Suppose that (W,,) holds if F, G are locally free sheaves and H is the push-forward
of a locally free sheaf on a smooth hypersurface. Then (W,,) holds when F, G are locally free
sheaves and H s principal.

PROOF. We argue by induction on v(H). If v(H) =0, H=0and F ~G. lf v(H) =1, H is
the push-forward of a locally free sheaf on a smooth hypersurface and there is nothing to prove.

In the general case, let Y be a branch of D;. Since Y < DZ-Nfor every i with 1 < i <r, we can
see that & = 'H‘Y is locally free on Y. Besides, if we define H by the exact sequence

0 H H iy, & 0,
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~ T ~ ~
H is everywhere locally isomorphic to @ Ox/ Tp v Thus H is principal and v(H) = v(H) — 1.
i=1 i
We define £ by the exact sequence:
0 £ G iy, & — 0.

By Lemma 5.7, Eis locally free. Furthermore, we have an exact sequence

0 F £ H 0.
By induction, c_h(g) = ch(F) + ch(ﬁ) and by our hypothesis ch(G) = c_h(g) + ch(iy,£). Since
H, H and iy £ are torsion sheaves, ch(H) = ch(ﬁ) + ch(iy+&) and we get ch(G) = ch(F) +
ch(H). O
Putting the two lemmas together, we obtain Proposition 5.6. (]

5.3. Proof of the Whitney formula. We are now ready to prove Theorem 5.1.

In the sections 5.1 and 5.2, we have made successive reductions in order to prove the Whitney
formula in a tractable context, so that we are reduced to the case where F and G are locally
free sheaves and ‘H = iy, &, where Y is a smooth hypersurface of X and £ is a locally free sheaf
on Y. Our working hypotheses will be these.

Let us briefly explain the sketch of the argument. We consider the sheaf G on X x P! obtained
by deformation of the extension class of the exact sequence

0 F g H 0.

Then Gjxx oy ~ F @ H and Gjxxy ~ G for t # 0. It will turn out that G admits a locally free
quotient of maximal rank Q on the blowup of X x P! along Y x {0}, and the associated kernel
N will be the push-forward of a locally free sheaf on the exceptional divisor E, say N = ig.L.
Then we consider the class a = ch(Q) + ip«(ch(L) td(Ng/x) ') on the blowup. After explicit
computations, it will appear that a is the pullback of a form 3 on the base X x P!. By the
P'-homotopy invariance of Deligne cohomology (Proposition 3.3 (vi)), Bixx(t} does not depend
on t. This will give the desired result.

Let us first introduce some notations. The morphism F —— G will be denoted by . Let s

be a global section of Op, (1) which vanishes exactly at {0}. Let pr;: X x P'——=X be the
projection on the first factor. The relative O(1), namely Oy X Op, (1), will still be denoted by

O(1). We define a sheaf G on X x P! by the exact sequence

0

pri F pry F(1) @ pri G g 0.

(id ®s,v)
Remark that QVO ~F ®H and th ~Gift+#0.
LEMMA 5.10. There exist two exact sequences

(i) 0 — pry F(1) G pri H 0

(ii) 0—=G ——=pryG(1) ix M 0.

REMARK 5.11. (i) implies that G is flat over PL.
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PRrROOF. (i) The morphism pr; F(1) @ pr{ G — pr;/ G — pr;H induces a morphism

G — pr{ ‘H. If K is the kernel of this morphism, we obtain an exact sequence

0 pr{ F pri F(1) ® pr{ F K 0.

(id ®s, id)
Thus K = pr{ F(1).
(ii) We consider the morphism pr; F(1) @ pr; G — pr{ G(1)

f+g Y(f)—g®s.

It induces a morphism ¢: G ——pr; G(1). The last morphism of (ii) is just the composition

pry G(1) — z'Xo*g — iXo*H
The cokernel of this morphism has support in X x {0}. Besides, the action of ¢ on this cokernel
is zero. The restriction of ¢ to the fiber Xy = X x {0} is the morphism F & H——=G, thus
the sequence G——~ pryGg(l) —i Xox 't — 0 is exact. The kernel of ¢, as its cokernel,

is an Oy -module. Thus we can find Z such that ker¢ =iy  Z. Since X is a hypersurface
of X x P!, for every coherent sheaf £ on X x P!, we have Tory(L,i x,) = 0. Applying this to

L= QN/ and using Remark 5.11, we get
IxgeZ

Tor: (ix,. 2, ix,) € Tory(G,ix,) = {0}

But Torl(z'Xo*Z,z'XO):Z@N;;_O/Xxpl ~ Z, so Z ={0}. O

Recall now that H = i,-,& where Y is a smooth hypersurface of X and & is a locally free sheaf
on Y. We consider the space M, /X of the deformation of the normal cone of Y in X (see

[Fu]). Basically, My, is the blowup of X x P! along Y x {0}. Let o: My, —X X P! be
the canonical morphism. Then o*Xj is a Cartier divisor in M, /X with two simple branches:
E = ]P’(Ny/X &) OY) and D = Bly X ~ X, which intersect at ]P’(Ny/X) ~ Y. The projection of
the blowup from E to Y x {0} will be denoted by ¢, and the canonical isomorphism from D to
X x {0} will be denoted by .

We now show:

LEMMA 5.12. The sheaf o*G admits a locally free quotient with mazimal rank on M and

Y/X?
the associated kernel N is the push-forward of a locally free sheaf on E. More explicitly, if F is
the excess conormal bundle of g, N =i, (q*é’ ® F)

ProoOF. We start from the exact sequence
0—=G —=pryG(1) —= iy, ,H—=0.

We define Q by the exact sequence 0 ——= Q —— o * pr{ G(1) —— a*ixo*H —— 0. Since

0 *ix,H is the push-forward of a locally free sheaf on E, by Lemma 5.7, the sheaf Q is locally
free on M, /X" The sequence

0 —— Tory (iy,,H,0) c*G Q 0
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is exact. The first sheaf being a torsion sheaf, Q is a locally free quotient of G with maximal
rank. Besides, using the notations given in the following diagram

Z‘E'
BCe—E s M,

QL lcr
Y x {0} —— X x P!

by x {0}

we have Tory (iy, ,H,0) =ig, (¢*€®F) where F is the excess conormal bundle of ¢ (see [Bo-Se,
§15]. Be aware of the fact that what we note F' is F'* in [Bo-Se]). This finishes the proof. [

We consider now the exact sequence 0 N a*g Q 0 where Q is locally
free on My, and N =iy (¢*E®F) =iy, L. We would like to introduce the form ch(0*G), but

it is not defined since My is of dimension n + 1. However, 0*G fits in a short exact sequence
where the Chern classes of the two other sheaves can be defined. Remark that we need Lemma
5.12 to perform this trick, since it cannot be done on X x P!.

LEMMA 5.13. Let a be the Deligne class on My/X defined by

= . (= ~1
a=ch(Q)+ig, (ch(ﬁ) td(NE/My/X) )
(i) The class o is the pullback of a Deligne class on X x P!,
(ii) We have i}ya = p* ch(Go).
Proor. We compute explicitly 7.

i i, (C_h(ﬁ) td(NE/My/X)A) = ch(£) td(NE/My/xy1

“ (NE/My/X)

(by Proposition 3.5 (vii))

(by Proposition 3.7 (iii))

From the exact sequence 0 N o *(3 Q 0, we get the exact sequence of lo-
cally free sheaves on E: 0 ipN i o*G i5Q 0. Since i}, ch(Q)= ch(i}Q),
we obtain

ipa = ch(igQ) + ch(ipN) — h(L@ Nijy )

= ch(if0*G) — ch(L @ Nj

Y/X

= ch(q"iy F) + ch(q iy H) — ch(L@ Ny )

) by Proposition 3.7 (i)

=gq*ch(iyF) + ¢*ch(€) —ch(¢* € ® F ® NE*/My/X) by Proposition 3.7 (ii).
Recall that the conormal excess bundle F' is the line bundle defined by the exact sequence

0—>F —=q"Ny)y o0 —> Njiap,, . — 0.
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Thus, det(q*N{,“/XXpl) =F® NE/MY/x' Since det(q*NY*/XXpl) =q* det(NY*/XxP1)7 we get by
Proposition 3.7 (ii) again
0 = " [ F) + B(E) — B(E @ det (Vg xcp))].
This proves (i).
(ii) The divisors E and D meet transversally. Then, by Proposition 3.5 (iv),

ita =i (Q) +ibig, (c_h(ﬁ) td (N, /My/X)*1>
= h(ipQ) +i, o in (B AN, )7
= h(ipQ) +i, (DG L) td(Nnpp) ).
We remark now that i * L =1}~z N. Since dim(E N D) =n — 1, we obtain

END—=FE
ipa=ch(ipQ) +ch(i, ~_ igpN)=ch(ipQ) +ch(ipN).

We have the exact sequence on D: 0 7 1*7/\/ ino0*G 1HQ 0. Therefore

i o*G admits a locally free quotient of maximal rank and, p being an isomorphism,
ch(i5Q) + ch(ipN) = ch(if 0*G) = ch(u"Go) = p* ch(Go)-

]
We are now ready to use the homotopy property for Deligne cohomology (Proposition 3.3 (vi)).
Let a be the form defined in Lemma 5.13. Using (i) of this lemma and Proposition 3.5 (vi), we
can write = 0 *f. Thusif,a =i, 0" = p*ix (. By (ii) of the same lemma, i o = p* ch(go)
and we get iy B = ch(go). If t € P'\{0}, we have clearly |y, = ch(G). Since Bix, = Bx, we
obtain

ch(G) = ch(Go) = ch(F) + ch(H).

We can now establish the remaining induction properties.

THEOREM 5.14. The following assertions are valid:
(i) Property (Fy) holds.
(ii) Property (P,) holds.
PRrROOF. (i) We take y = [F]. Let us first suppose that f is a bimeromorphic map. Then

there exists a bimeromorphic map o: X —X such that (foo)*F admits a locally free quotient
of maximal rank. Then by Theorem 4.14 (i),

o*ch(f1[F]) =ch(o’ fT[F]) = (foo)*chF = o*[f*ch(F)].
Suppose now that f is a surjective map. Then there exist two bimeromorphic maps 7y :

)?—>X, WY:}A}—>Y and a surjective map ]?)?—>}7 such that:

— the diagram X N Y  is commutative.

e

X —Y
f



82 2. CLASSES DE CHERN POUR LES FAISCEAUX COHERENTS

— the sheaf myF admits a locally free quotient £ of maximal rank.
We can write 71;,[.7-"] = [] +7 in K(Y), where § is in the image of the natural map ¢ :
K

tors

(}7) —— K(Y'). The functoriality property being known for bimeromorphic maps, it holds
for 7y and 7. The result is now a consequence of Proposition 3.7 (ii) and Proposition 4.2 (iii).

In the general case, we consider the diagram used in the proof of Proposition 4.2 (iii)

X1 w5
X ——— f(X) Y

where j“v is surjective. Then the functoriality property holds for f by the argument above and
for iy, by Theorem 4.14 (ii). This finishes the proof.

(ii) We can suppose that z = [F], y = [G] and that F and G admit locally free quotients &1, &
of maximal rank. Let 7; and 73 be the associated kernels. We can also suppose that supp(77)
lies in a simple normal crossing divisor. Then

ch([F].1G]) = ch([&1]-[&]) + ch([€1].[T2]) + ch([&).[Tn]) + ch([T1].[72])
= ch(&))ch(&y) + ch(&y) ch(T2) + ch(&y) ch(Th) + ch([T1].[T3])

by (W,,), Proposition 4.2 (ii) and Proposition 3.7 (iii). By dévissage, we can suppose that 77
is a O, -module, where Z is a smooth hypersurface of X. We write [T1] =i, u and [T3] = v.
Then [71]. [T5] = iy (u.i}v). So

ch([Ti][T:]) = i (eh(u-ifv) td(Nzx) ")
— iy, (ch(u) i3 ch(v) td(Ny X)‘l) by (Pn_1) and Proposition 4.9 (ii)
=iy, (ch(u) td(Ny, X)*l) ch(v) by the projection formula
= ch(izu) ch(v) = ch([T1]) ch([T])

The proof of Theorem 4.1 is now concluded with the exception of property (RR,,).

6. The Grothendieck-Riemann-Roch theorem for projective morphisms

6.1. Proof of the GRR formula. We have already obtained the (GRR) formula for the
immersion of a smooth divisor. We reduce now the general case to the divisor case by a blowup.
This construction is classical (see [Bo-Se]).

THEOREM 6.1. Let Y be a smooth submanifold of X. Then, for ally in K(Y'), we have
ch(iy1y) = iy, (ch(y) td(NZ/X)fl).

Proor. We blow up Y along X as shown below, where E is the exceptional divisor.
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Let F' be the excess conormal bundle of g defined by the exact sequence

0—=F ——>q¢"Ny)x —>Nj o —0.

If d is the codimension of Y in X, then rank(F') = d — 1. Recall the following formulae:

(a) Excess formula in K-theory (Proposition 7.6 (ii)): for all y in K(Y),

pliy=ig(¢Ty. A\ F).

(b) Excess formula in Deligne cohomology (Proposition 3.5 (vi)): for each Deligne class
onY,
p* iy B =lp. (q*ﬁ Cd—l(F*))-
(c) If G is a vector bundle of rank r, then ch(A_;[G]) = ¢.(G*)td(G*)" ([Bo-Se, Lemme

18)).
We compute now
p* ch(iyyy) = ch(pTiyyy) = ch(ip(q'y. A [F])) by (Fp) and (a)
=g, (ch(qu AL [F)) td(N, /X)*l) by (GRR) for iy
—ip. (0" ch(y) b (A [F]) a"td(Ny/x) " td(F7)) by (Fa), (Pn) and
Proposition 3.7 (i)
= ip (0" (eh(y) td(Ny x) ) car(F)) by (c)
=p iy, (Ch(y) td(Ny/X) _1) by (b).
Thus ch(iyy) = iy, (ch(y) td(Ny, ) ). O

Now we can prove a more general Grothendieck-Riemann-Roch theorem:

THEOREM 6.2. The GRR theorem holds in rational Deligne cohomology for projective morphisms
between smooth complex compact manifolds.

PRrROOF. Let f: X ——=Y be a projective morphism. Then we can write f as the composition

of an immersion i: X ——=Y x PV and the second projection p: Y x P’ ——=Y. By Theorem
6.1, GRR is true for i. To prove the GRR theorem for p, we use the following result:

PROPOSITION 6.3. [Bei] For any complex manifold B and any N € N*, the canonical map
K(B) ®, K(PY) — K(B x PY) s surjective.
ProoOF. We introduce some notations:
— A CPN x PV is the diagonal,
— i:PN x B——=PN x PN x B is the diagonal injection over B,
— m: PN x B——=B is the second projection,

— p1, p2: PV x PV x B——=PY x B are the projections defined by pi(z,y,b) = (z,b)
and p2($7yab) = (y7 b)

If A € K(B x PV), then

A= (paoi) A= pariy(p1oi) A =pa(iriTpiA) = po1(pfX. Opspp).
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On PV x PV, we have a canonical resolution of © A by the Koszul exact sequence:

0 — QV(N)Xp O(—N) — - - —= Q1) K, O(—1) @ On 0.
We can pullback this exact sequence on PV x PV x B. This shows that in K (PN x PV x B),
Onyp = i\f:(—l)ip]:r (Qz(z) X Op) Qo pg (O(—i) Wy Op). We can now consider the diagram
=0
PN x PV x B—"—> PN x B
p?l/ lﬂ'

PV x B B

Then

NE

pz!(pf)\ Oaxg) =Y (1) pa (plT (X [Q(6) Kp Op]) -pzT(O(—’i) X OB))

0

-.
Il

(1) [O(=i) Ko Og] . pa1pl (A [Q(i) B OF))

M= 11>

@
Il
=)

(—=1)'[O(—i) Ko Op].7 " m (A [2(i) Kp Op))

I
.MZ

I
o

(—1)'O(=i) Ko m(X.[2'() Ko Opl)

which is in the image of the map K(B)®, K(PY) —— K(B x PV). O

Therefore, it is enough to prove GRR for p with elements of the form y.w, where y belongs to
K(Y) and w belongs to K (PV). By the product formula for the Chern character, we are led to
the Hirzebruch-Riemann-Roch formula for PV, which is well known. O

REMARK 6.4. This proof shows that the GRR theorem holds for p: Y x Z——=Y if Y is an
arbitrary complex compact manifold and Z is a complex compact manifold such that the class

of structure sheaf of the diagonal of Z x Z in K(Z x Z) lies in the image of the natural morphism
K(Z)®, K(Z) K(Z x Z). This is indeed the case for Z = PV.

6.2. Compatibility of Chern classes and the GRR formula. We will show that the
GRR formula for immersions combined with some basic properties can be sufficient to charac-
terize completely a theory of Chern classes. This will give various compatibility theorems.

We assume to be given for each smooth complex compact manifold X a graded commutative
cohomology ring A(X) = @dMX AY(X) which is an algebra over Q, Q C A%(X), with the
following properties:

(o) For each holomorphic map f: X——=Y, there exists a pull-back morphism f* :

A(Y)——=A(X) which is functorial and compatible with the products and the grad-
ings.

(B) If o is the blowup of a smooth complex compact manifold along a smooth submanifold,
then o* is injective.
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(v) If E is a holomorphic vector bundle on X and 7:P(F)——=X is the projection of the
associated projective bundle, then 7* is injective.
(6) If X is a smooth complex compact manifold and Y is a smooth submanifold of codi-
mension d, then there is a Gysin morphism i,: A*(Y)—=A*T(X).
The main examples are:
A(X) = Hj (X, Q(0), B*(X,Q%"), H'(X,Q%), F'H*(X,C), H*(X,Q) and H*(X,C).

Then we have the following theorem:

THEOREM 6.5. Suppose that we have two theories of Chern classes ¢; and ¢, for coherent sheaves
on any smooth complex compact manifold X with values in A'(X) such that co = ¢y =1 and
(i) The Whitney formula holds for the total classes ¢ and c'.
(i1) The functoriality formula holds for ¢ and ¢'.
(iii) If L is a holomorphic line bundle, then

c(L)y=1+c (L) = (L) =1+ (L).
(iv) In both theories, the GRR theorem holds for immersions.
Then for every coherent sheaf F, ¢(F) and ¢ (F) are equal.

REMARK 6.6.
1. The same conclusion holds for cohomology algebras over Z if we assume GRR without
denominators.
2. If X is projective, (i) and (iii) are sufficient to imply the equality of ¢ and ¢’ because
of the existence of global locally free resolutions.
3. In (iv), the Todd classes of the normal bundle are defined in A(X) since A(X) is a
Q-algebra.

PROOF. We start by proving that for any holomorphic vector bundle E, ¢(E) and ¢/(FE) are
equal. Actually, this proof is a variant of the splitting principle. We argue by induction on the
rank of E. Let m:P(F)——=X be the projective bundle of E. Then we have the exact sequence

0—= O0y(—1) m*E F 0

on P(E), where F' is a holomorphic vector bundle on P(E) whose rank is the rank of E minus one.
By induction, ¢(F) = ¢(F) and by (iii), ¢(Og(-1)) = ¢(Og(-1)). By (i), ¢(n*E) = (7 *E)
and by (i), 7*[c(E) — ¢(E)] = 0. By (7), o(E) = ¢(E).

We can now prove Theorem 6.5. As usual, we deal with exponential Chern classes. The proof
proceeds by induction on the dimension of the base manifold X.

Let F be a coherent sheaf on X. By Theorem 4.10 there exists a bimeromorphic morphism
o: X—=X which is a finite composition of blowups with smooth centers and a locally free
sheaf £ on X which is a quotient of maximal rank of ¢ *F. Furthermore, by Hironaka’s theorem,

we can suppose that the exceptional locus of ¢ and the kernel of the morphism ¢*F ——= €&

are both contained in a simple normal crossing divisor D of X. Thus

n

o [F] =Y (1) [Tory(F,0)] = [£] + Z [ Tor;(F,0)]

1=0
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and then o '[F] belongs to [£] + K D()? ). Now there is a surjective morphism
N - ~
G}lKDi(X) — Kp(X) .
1=

Moreover, by Proposition 7.2, K(D;) ~ K, (X). Remark that td(NDi/)?) = td,(NDi/X;)' By

the GRR formulae (iv) and the induction hypothesis, ch and ch’ are equal on each K Di(X ). By
the first part of the proof, ch(€) = ch’(£). Thus ch(oT[}']) = ch/(aT[]:]). By (i), o *[ch(F) —
ch/(F)] = 0. Since ¢ * is injective by (8), ch(F) = ch'(F). O

COROLLARY 6.7. Let F be a coherent analytic sheaf on X. Then:
(i) The classes c;(F) in HE (X, Q(i)) and c;(F)¥P in H*(X,Z) have the same image in
H*(X, Q).
(ii) The image of ¢;(F) via the natural morphism from HE (X, Q(i)) to H'(X, Q%) is the
i-th Atiyah Chern class of F

PROOF. If L is a holomorphic line bundle, then (i) and (ii) hold for L. Indeed, using the
isomorphism between Pic(X) and H3 (X, Z(1)), the topological and Atiyah first Chern classes
are obtained by the two morphisms of complexes

2im 2im

l ld/Qifr
Zx Qx

On the other hand, GRR for immersions holds for topological Chern classes by [At-Hi| and for
Atiyah Chern classes by [OB-To-To 3. O

REMARK 6.8. If X is a Kéhler complex manifold, the Green Chern classes are the same as the
Atiyah Chern classes and the complex topological Chern classes. If X is non Kahler, GRR does
not seem to be known for the Green Chern classes, except for a constant morphism (see [To-To]).
If this were true for immersions, it would imply the compatibility of ¢;(F) and ¢;(F)C", via the
map from HE,(X,Q(i)) to H*(X, Q)?Z) On the other hand, if this compatibility holds, it
implies GRR for immersions for the Green Chern classes.

7. Appendix. Analytic K-theory with support

Our aim in this appendix is to answer the following question: if f: X ——=Y is a morphism, F a
torsion sheaf on Y with support W, and Z = f~1(W), can we express the sheaves Tor;(F, f) in
terms of the sheaves Tor;(Fw, f|z)? Recall that Tor,(F, f) = Tor}_loy (f7'F,0y) is the i-th

left derived functor of the functor F': Mod(Oy ) —Mod(Oy ) given by F(F) = f_1f®ffl(')y Ox.
These derived functors exist thanks to the existence of global flat resolutions for any sheaf of
rings (see [Ka-Sc| page 110). Furthermore, if F is coherent on Y, the sheaves Tor;(F, f) are

coherent on X. This result is the consequence of the existence of locally free resolutions of finite
rank of F.

7.1. Definition of the analytic K-theory with support. Let X be a smooth compact
complex manifold and Z be an analytic subset of X. We will denote by coh,(X) the abelian
category of coherent sheaves on X with support in Z. Then, X being compact,

coh,(X) = {F, F € coh(X) such that Z;F = 0 for n > 0}
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DEFINITION 7.1. We define K ,(X) as the quotient of Z [coh;(X)] by the relations: F+H =G
if there exists an exact sequence 0 F g H 0 with F, G and H elements
of coh,(X). In other words, K,(X) is the Grothendieck group of coh,(X). The image of an
element F of coh,(X) in K,(X) will be denoted by [F].

We first prove
PROPOSITION 7.2. The map iz.: K(Z)——=K,(X) is a group isomorphism.

PRrROOF. We consider the inclusion coh(Z) C coh,(X). If F is in coh,(X), we can filter F
by the formula F'F = Z,F. This is a finite filtration and the associated quotients F'.F/ FitlE

are in coh(Z). Therefore, the proposition is a consequence of the dévissage theorem for the
Grothendieck group, which is in fact valid for all K-theory groups (see [Qui, §5, Theorem 4]).
For the sake of completeness, we give here the details of the proof in this particular case.

If F is an element of coh,(X), we define I(F) as the smallest n > 1 for which ZF = 0. We
define ¢:Z[coh 4 (X)] —=K(Z) by

G(F) =Y Gr'(F),
>0
and Gri(F) = Igf/zéﬂ =

where F is filtered by (Z,F),-,

Let O F g H 0 be an exact sequence of elements of coh,(X). We want
to show that ¢(F) + ¢(H) = ¢(G).
=1

Step 1. I(F) =1(G) = l(H) = 1. This means that F, G and H are sheaves of O,-modules. Then
0 iy F iG iyH 0 is exact, and ¢(F) + ¢(H) = ¢(G).
Step 2. [(H) = 1. We proceed by induction on [(F) +1(G). We have an exact sequence

0 N P H 0.

Since I(N) =1(G,,) = U(H) =1, ¢(G,;) = ¢(N) + ¢(H). Besides, we have an exact sequence
0—>T,6—>F >N —>0,

and by induction ¢(F) = ¢(Z,G) + ¢(N). We finally obtain ¢(G) = ¢(F) + ¢(H) by remarking
that 6(0) = 6(G,;) + H(T,0).

Step 3. General case. We proceed by induction on [(H). We have an exact sequence
0——71,6NF 7,6 ,H 0.
By induction ¢(Z,G) = ¢(Z,G N F) + ¢(Z,H). We have an exact sequence

By Step 2, ¢(G) = ¢(N) + ¢(H/ IZH)' Remark that we have another exact sequence, namely

Let N = I(H). Since I]ZVQ C F, we have Z(Izg/zzg ﬁ]:) < N —1=1I(H)— 1. By induction

dWN) = ¢(F) + qb(IZQ/IZg A7) and ¢(Z,G) = ¢(Z,GNF) +<]5(IZQ/IZQ A 7)- Collecting all
these relations, we get ¢(G) = ¢(F) + ¢(H). O
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7.2. Product on the K-theory with support. Let Z be a smooth submanifold of X.
Recall that K(Z) is a commutative unitary ring, the product being defined by

_ 1y i
£1.16) = Y1) [Torb, (7.6)],
(2
The unit element is the class of O,. For any x in K,(X), by Proposition 7.2, there exists a
unique z in K(Z) such that i,z = .
DEFINITION 7.3. We define a product K(Z) ®; K;(X) — K4(X) by 2.,y =i, (2.7).
'z

In other words, the following diagram is commutative:

K(Z) @g K 4(X)

)

K(2) @7 K(Z)

REMARK 7.4. Definition 7.3 has some obvious consequences:
1. For any z in K(Z), ig,x =2 ., [iy,Op].
2. More generally, iy, (v.y) =2 ., izY.
3. The product ., endows K,(X) with the structure of a K(Z)-module.

7.3. Functoriality. Let f: X——=Y be a holomorphic map, W a smooth submanifold of
Y and Z = f~1(W). We can define a morphism fT: Ky, (Y)——=K,(X) by the usual formula
FTK] = Y is0 (—1)1[Tory(K, f)]. Let f be the restriction of f to Z, as shown in the following
diagram:

lz

Z X
1
w Y

iW
Then we have the following proposition:

PROPOSITION 7.5. Suppose that Z is smooth. For all x in K(W) and for all y in Ky, (Y), we
have

i@, v)=Flz., fly.
Proor. We consider the functor F——= f*iy,, F from Mod(Oy;,) to Mod(Oy).
[ liwF) = i F D10, Ox = igf F @10, Ox
=iy ] F Qr-10, /11, (Ox /Ty .Ox)
=iy F ®, 1 (Ox /™ Ty .Ox).

Thus Torép,loY (ffliw*]:, (’)X) = TOI"ZZ*?*OW (iz*ffl}',Z/l) for « > 1. Now we can filter the

sheaf U as in the proof of Proposition 7.2 by F'U = I%Z/l . We have exact sequences

00— Py Flu Gr'td ——=0
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Remark that F'U/ is a sheaf of iy *7*1(’)W-modules. Then we obtain a long exact sequence of
coherent sheaves supported in Z:

- I+1 k . - !
..—>T01"Z 710, (ZZ*f lr F u)—>TOriZ*?*10W(fLZ*f 1.7-_,FZ/{)
k Lo k1 Lo 141
_>ToriZ*?710W(zZ*f LF G U) —>TorZ 7o, (igof 1F,FTU) —

Thus, in K,(X), we have f1[i,, F] = > (-1) [Torjzj_l o, (igf ~'F,Gr'U)]. The graded

i,1>0
pieces Gr! U are sheaves of i 2.0 ,-modules. If K is any coherent sheaf of O,-modules on Z, then
. -1 . ) e
ZZ*f f®i2*?710W ZZ*IC =1z (f f®OZ ’C)

Therefore we have a spectral sequence such that

EP =i, Tor%z (Torq?_low (?_1}_7 OZ)”C)

ERI =Gr? Torl,ﬂ—q?flo (iZ*?il}—’ i7.K).
w

Z*

This gives in K,(X) the equality

;H)i [Tor! = 1 (i7" FrigK)] = i (T'17].[K]) = T'Fle li.K].
Applying this to K = Gr' U, we obtain
iz =Y FFL, Gl U] = 7
1>0
We choose F = Oyp,. Then U = f1[iy,, O] so that f1[i,, F] = ?T[}'].ZfT[iW*OW]. Thus
Vo e K(W),Vy € Ky, (Y), we have
£, ) = Filiwa@i) = F @), £ iw.On]
= (F'e 7). liw.owl = o (5. f1liw.Ow))

=Fla, fliw.y) =F'z, fly.

77, .

Z

O
Recall that if E is a holomorphic vector bundle on X, A_;[E] is the element of K (X) defined
by
Aa[E] =1 [El+ [N E] - [N E] +
PROPOSITION 7.6. (In the algebraic case, see [Bo-Se, Proposition 12 and Lemme 19 c.])
(i) If Z is a smooth submanifold of X, then for all x in K(Z), 1; i, =2. 1] Z/X]

(ii) Consider the blowup X of X along a smooth submanifold Y, and let E be the exceptional
divisor as shown in the following diagram:

E—>X

|

Y — X

7
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Let F' be the excess conormal bundle on E defined by the exact sequence

0 — F —=q*Ny N7 0.

Then for all z in K(Y), pli,z = j,(¢Tz. A_1[F]).
The assertion (ii) of Proposition 7.6 is the excess formula in K-theory.

PROOF. (i) We write z; 'Z* :z}( iy [i,0,])=2. i;[iz*(’)z]. Now, by [Bo-Se, Proposition

12], Tor(i,,0,,i,) = N'N 7/x and we are done.
(ii) The equality p [i*OY] = j,(A_1 [F]) is proved in [Bo-Se, Lemme 19.c|. Thus
plie=pi(z ., [i*Ov]) = ¢z o p'[i,Ov] = ¢'w oo j.(AA[F)) = 4, (¢Tx. Aa[F]).
(]

We will now need a statement similar to Proposition 7.5, with the hypothesis that Z is a divisor
with simple normal crossing.

Let f: X——=Y be a surjective holomorphic map, D be a smooth hypersurface of Y, and

D = f*(D). We suppose that D is a divisor of X with simple normal crossing. Let D,,

1 < k < N, be the branches of Dred. We denote by f the restricted map f: Dy——=D. We

can generalize Proposition 7.5 as follows:

PROPOSITION 7.7. For all elements uy, in K (X)) such that [05] =up+ - +uy in KE(X)
k

and for all y in K(D),

N
Fip.y) = Z?;I(y) ‘B, Uk

PROOF. Let f = f\f) : D—=D and let F be a coherent sheaf on D. By the proof of
Proposition 7.5,
HlipFl= 3 (=)' [T, —, (ip,f "7, Gi'u)]
i1>0 D+ b

in KB(X)’ where U = OX/f . Here f 7YZ,.0, = 1, so that U = O5. Let us

11,.0y
consider the map I': Z[coh(D)] —K5(X) defined by
LK) =) (-1) [Tor! o, (ipf " Frig,K)].
i>0 Dx
By the long Tor exact sequence, I' induces a map K (D) — K 5 (X). We will still denote it by
I". By the proof of Proposition 7.2, the inverse ¢ of the map iz, : K(f)) — K- (X) is given by

$(G) =D [Cr'G,]. Thus > [Gr'U] =iy, ¢(U)) = i 8([05)) and f'[iz F] =T (([05))).

1>0 1>0
Now [05] =up 4 Uy inKﬁi(X) Let u; € K(D,) be such that ’LD u; = u;. Then

iz Fl=T [@f)(iﬁi/ﬁﬁl) +o ¢(i5i/5*@v)}-
If £ is a coherent sheaf on IND then

iﬁ*f*1f® [,:i~*(ff.7:®oﬁi L).

i~
f Lo, "Dy* D,
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Then we have a spectral sequence which satisfies

Ept =iy Torl, (Torl
7,>'< Di fz

D. IOD(?iilf’ 052)7£>

Pd — P TorP e i~ flF i~
El% = Gr Torz‘f)j*lOD(zﬁ*f f,’LDi*E)

This gives in K]BA(X ) the equality

SV Torl sy, (5,7 Foip L)) ~ip, Fl17). 1),

>0 D=

T

Therefore, I'([¢ E_*L]) =1 5_*(_ [F].[£]). This formula is valid if we replace £ by any element
of K (51) This yields

N

N
MipF) =Y ip A ) = Y F P v

i=1 i=1
O
7.4. Analytic K-theory with support in a divisor with simple normal crossing.
Let X be a smooth complex compact manifold and D be a reduced divisor with simple nor-
mal crossing. The branches of D will be denoted by D,,...,Dy and D;; = D; N D;. By a
dévissage argument, the canonical map from ;_; K (X) to K(X) is surjective. If x belongs
to Kp,_ (X), then the element (z,—x) of K (X) ® Kp, (X) is in the kernel of this map. We

will show that this kernel is generated by these elements:

PROPOSITION 7.8. There is an exact sequence:

@i<j Kp (X) —=D; KDZ-(X) — Kj(X) ——=0.

ij
Proor. We will deal with the exact sequence
®i<j K(Dij) - @zK(DZ) — K(D) —=0.

By the dévissage theorem 7.2, this sequence is isomorphic to the initial one. We proceed by
induction on the number N of the branches of D. Let D’ be the divisor whose branches are
D,,...,Dy_;. We have a complex

(%) K(D'NDy) —= K(D')® K(Dy) == K(D) —=0

where the first map is given by «+— (a,—a). Let us verify that this complex is exact.
Consider the map ¢ : Z[coh(D)]——=K(D')® K(Dy) / K(D'NDy) defined by (F) =
lipyF| + [IpF]. Remark that T, is a sheaf of Op -modules, namely the sheaf of ideals of
D'N Dy in Dy extended to D by zero. Let us show that ¢ can be defined in K-theory.

We consider an exact sequence 0 F g H 0 of coherent sheaves on D. Let us
define the sheaf A/ by the exact sequence
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It is clear that N is a sheaf of Op,-modules with support in D’ N Dy. Furthermore, [i},G] —

[i}F) —[i}H] = —[N] in K(D'). Let us consider the following exact sequence of complexes:
0— =TI, F—=F—=i F—=0
0 Y g iG 0

o

0 I,H H inH 0

Let C be the first complex, that is the first column of the diagram above. It is a complex of
ODN—modules. If we denote by H*(C), 0 < k < 2, the cohomology sheaves of C, we have the

long exact sequence

0 —= HO(C) 0 N HL(C) 0 0 H2(C) — 0.

Since H!(C) is a sheaf of ODN—modules, N is also a sheaf of ODN—modules. Therefore, N is a
sheaf of Op, D}\;modules.

In K(Dy) we have [Z,,F] — [ZpG] + [IpH] = [H°(C)] — [H'(C)] + [H?(C)] = —[N]. Thus
W(F) —(G) + (H) = (IN],—[N]) = 0 in the quotient.

If F belongs to K(D), then [F| = [i};,,F] + [I,F] in K(D). This means that 7 o9 = id. We
consider now H in K(D') and K in K (D). Then

P(n(H,K)) = (lipH] + [ipK]) @ (ZpH] + [ZpK]) = ((H] + K| pinp ) @ Zpinp, K-
Remark that [Zp,p K] = [K] = [K|pp, | in K(Dy). Thus
((H] + K\ pap J) @ (K] = [Kjpap ) = [H] @ [K]  modulo K(D'N Dy),
so that 1) o w = id. This proves that (x) is exact.

We can now use the induction hypothesis with D’. We obtain the following diagram, where the
columns as well as the first line are exact:

(T) 0
K(D'nDy) "~ K(D')®& K(Dy) —— K(D) —0

@iy K(D;y) —= B,y K(Di) & K(Dy)

t
@i<j<N K(Dij)

The map @, K(D;) —— K (D) is clearly onto. Let a be an element of @, K(D;) such that
m(a) = 0. Then u(p(a)) = 0, so that there exists § such that r(8) = p(a). There exists v such
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that ¢(vy) = 8. Then p(a—s(v)) = p(a)—7r(g(y)) = 0. So there exists d such that o = s(v)+1(6).

It follows that « is in the image of €P,_; K(D;;). Hence we have the exact sequence

s+t

@, K(D;) —— K(D)

@i<j K (Dij)
which finishes the proof. O

0,
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CHAPITRE 3

Compléments sur la cohomologie de Deligne

1. Introduction

Le but de cette section est d’expliquer la construction du morphisme de Gysin en cohomologie
de Deligne. Si X est une varieté complexe et Z C X un cycle localement intersection complete de
codimension d, on dispose d’une classe de cycle canonique {Z} dans H{ (X,Q¢) [Gr], [Ka-Sc].

Il est montré dans [Bl] que le morphisme naturel H% (X, Q)?d) ——=HE(X, Q%) est injectif
et que {Z} est élément de szd (X , Q)?d). Cette classe, notée {Z }Bl, est la classe de Bloch de
Z. Le morphisme naturel

HY (X, Q") —=H¥(X,0Q%) ~ HZ(X,C)

envoie {Z }Bl sur (2i7r)d{Z }top, ou {Z }top est la classe de cycle topologique de Z. La suite
exacte

2im)®,—1
0 (2im)

0

H¥ (X, Zp, x(d)) HZ(X,Z) o HY (X, Q%% HZ(X,C)

montre que ({Z } top’ {Z }Bl) provient d'un élément canonique dans HZ (X ZLp, X(d)). L’image
de cet élément dans H%%I(X ) Z(d)), notée {Z } p» est la classe de Deligne de Z.

Plus généralement, si f: X——=Y est un morphisme holomorphe propre entre variétés com-
plexes et si d = dimY — dim X, il existe un morphisme de Gysin canonique

fo: iy (X, 2(p)) —Hpii (Y, Z(p + d))
compatible avec les morphismes de Gysin usuels
foH(X,Z)—=H"2(Y,Z) et fH(X,Q%7) —=H"2(y, 0377+,

Cette construction est esquissée dans [EZZ], 'idée étant de réaliser le morphisme f, au niveau
des complexes. Pour ceci, on résout le faisceau constant Z y par un sous-complexe de de Rham des
courants sur X qui est le complexe des courants entiers [Kil, [Fe]. Cette résolution est également
utilisée dans [Gi-So] pour construire un morphisme d’image directe par une submersion dans le
cadre des caracteres différentiels de Cheeger-Simons.

L’organisation et les références utilisées pour ce chapitre sont les suivantes :

Définition de la cohomologie de Deligne.
Références [Es-Vi], [Vo.

97
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La structure d’anneau. On décrit le cup-produit pour les complexes de Deligne en suivant
[Es-Vi] et on étend ces formules a d’autres complexes quasi-isomorphes au complexe de Deligne.

Classe de Bloch
Références [Bl], [Ka-Sc].

La classe de cycle en cohomologie de Deligne Dans cette section, si Z est une sous-variété
lisse (ou localement intersection complete) de codimension d d’une variété complexe compacte
X, on calcule le complexe RT Z(Z D, X(p)). Ceci permet de retrouver la classe de cycle de Z

en cohomologie de Deligne dans H2% (X,Z(d)) [EZZ], [Es-Vi], mais également de construire

un morphisme de Gysin i, : H]i)el(Z, Z(p)) —>ngl2d (X ,Z(p + d)) sans recourir aux courants

entiers.

Courants normaux, courants rectifiables, courants entiers. On rappelle des notions de
base de la théorie géométrique de la mesure, la référence étant le livre de Federer [Fe]. Le but est
d’expliquer la maniere dont est construite la résolution du faisceau constant Z y par les faisceaux
de courants entiers.

Morphisme de Gysin en cohomologie de Deligne. En utilisant les résultats de la section 6,
on construit le morphisme de Gysin f, comme indiqué dans [EZZ]. On montre la compatibilité
entre cette construction et la construction de la section 5 dans le cas ol f est l'injection i, d'un
cycle lisse Z de X. Enfin, en utilisant les formules de cup-produit établies dans la section 3,
on montre la formule de projection ainsi qu’une formule de commutation entre image directe et
image inverse dans un cas sans exces.

Remerciements. Je tiens a remercier Thierry de Pauw et Pierre Schapira pour m’avoir pa-
tiemment expliqué les courants rectifiables pour le premier et les faisceaux BZ‘ y ainsi que la
théorie des hyperfonctions pour le second.

2. Définition de la cohomologie de Deligne
Soit X une variété complexe compacte et lisse, et soit p un entier.

DEFINITION 2.1. Le complexe de Deligne entier de X de niveau p est le complexe de faisceaux
Zp x(p) suivant
2P
0 7, %0, 4ol Qrt

ou Zy est en degré zéro. On définit de méme le complexe de Deligne rationnel de X de niveau
p en remplacant Z par Q.

DEFINITION 2.2. Les groupes de cohomologie de Deligne entié¢re et rationnelle de X sont définis
par les formules

{Hzel(moo)) =¥ (X,Zp, < ()
Hpo(X,Q(p)) = HY (X, Qp x(p))-
On pose alors

HD*el(X7Z) = ) H%el(X7Z(p))
P

HD*el(X7 Q) = ]je ngl(X7 Q(p)) :
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0;
OnaZp (0) =Zyx, et Zp x(1) = Zy em) Oy est quasi-isomorphe & O%[—1] par la suite

exacte exponentielle. On en déduit le fait fondamental suivant :
H?*(X,Z(1)) ~ H'(X,0%) ~ Pic(X).

On ne consideére pour les classes de Chern que les groupes H%il (X , Q(p)). Cependant, d’autres
groupes de cohomologie de Deligne ont un intérét géométrique. Par exemple, Deligne établit un
isomorphisme entre H3 (X ,Z(Q)) et les fibrés holomorphes en droites munis d’une connexion
holomorphe. L’isomorphisme est construit de la maniere suivante : Zp, +(2) est quasi-isomorphe

a ( s Tog Qk )[—1]. Un 1-cocycle de Cech est alors donné par des fonctions holomorphes

. . d ..
9ij inversibles sur Uij et des 1-formes holomorphes w; sur U, telles que % = w; — wj. Les g;;
ij
définissent un fibré en droites holomorphe avec une trivialisation sur chaque U;, les w; sont alors
les 1-formes de connexion associées a la trivialisation. La suite exacte

00— Q%[-2] —=Zp x(2) —=Zp x(1) —=0
fournit la suite longue :
HO(X, Q%) — H2(X,Z, (2)) — Pic(X) 24 H1(X,0%),

ou la derniere fleche est la classe d’Atiyah. On retrouve ainsi le fait qu’un fibré en droites
holomorphe peut étre muni d’une connexion holomorphe si et seulement si sa classe d’Atiyah
est nulle. La premiere fleche associe & une 1-forme holomorphe globale w le fibré trivial avec la
connexion d + wA.

La cohomologie de Deligne permet de concilier des données cohomologiques holomorphes et
des données topologiques. Le prototype de ce phénomene est la notion de classe de Hodge :
Hdg® (X, 7Z) est Pensemble des éléments de H2P(X,Z) qui peuvent étre représentés comme classe
de H*(X,C) par une forme fermée de type (p,p).

LEMME 2.3. Si X est une variété Kdhlérienne, on a une suite exacte

00— J?* Y (X) — HZP (X, Z(p)) — Hdg™(X,Z) —0

S (xX) = BV (X, C) /(H2p_1(X,Z) L FPE*Y(X,C))

est la p'®™° jacobienne intermédiaire.

DEMONSTRATION. La suite exacte

e<p—1
0—>QXP (1] —=Zp x(p) —=Zx —0

)

fournit la suite longue
H* NX,Z) — B X,Q 1) — HE (X, Z(p)) — HP(X,Z) — H> (X, Q7).
Comme X est une variété Kahlérienne, H'(X,Q ;fp) = FPH(X,C) = H(X,C) et ainsi
HY(X, Q57 = HU(X,C) / po i x. ¢y

d’ou le résultat. O
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Les groupes H%il (X ) Z(p)) sont donc plus riches que les groupes Hdg?” (X,Z) car ils contiennent
des informations secondaires du type Abel-Jacobi.

La définition initiale du complexe de Deligne est la plus simple que ’on puisse donner, mais il
est souvent plus agréable sur le plan théorique de le voir comme un cone :

LEMME 2.4. ZD7X(p) est quasi-isomorphe au cone du morphisme Zy @ Q)?p e Q;(

décalé de -1.

Rappelons pour fixer les conventions de signe que si f: A——= B est un morphisme de complexes,
le mapping cone de f est le complexe Mc(f) = B @ A[l], muni de la différentielle

8(bk, ags1) = (b + (=1)* f(ag11), Sar11).
On a une suite exacte 0 —= B — Mc(f) — A[1l] ——= 0 donnée par les deux applications

b+— (b,0) et (b,a) —a.

DEMONSTRATION. Le complexe Mc( Zy & QFP 0% )[—1] s’écrit

—(2im)P, 4

06Zy — 0y 3 {0} — k@ {0} — - — Q8?0 {0} — Q¥ ' e Qf — ..
ou Zy est en degré 0 et les différentielles sont données par

6(0,m) = ((2im)Pm,0)

6(8,0) = (d,0) si d®(0) <p—2
5(8,0) = (dB + (-1)¥"Pa,da) sid°(B) >p—1.
On définit alors deux morphismes de complexes u, et v,
Zpx == Mo(Zy ® Q" —— 0% )[-1
Up
par
(0,z) sid(xz) =0 a sid’(a)=0
up(z) = < (z,0) si0<d®(z) <p et vp(B,) =¢ B sid®(B)<p-—1
(x,(=1)Pdz) sid°(z)=0p 0 sinon.

On a évidemment v, ou, = id. Montrons que u, et v, sont des quasi inverses. Il suffit de montrer
que u,, induit un isomorphisme en cohomologie, le seul degré a vérifier est le degré p. Soit (3, ) un
élément de Q§_1@§2§ tel que dow = 0 et dB+(—1)P"'a = 0. Alors (3, ) = (8, (—=1)dB3) = u,(B),
donc [up] est surjectif. Si § appartient a Qifl et si [up|(B) = 0, alors 3 = d, donc [up] est
injectif. (]
COROLLAIRE 2.5. On a une suite longue

- H*N(X,C) — HE (X, Z(p)) — HF(X,Q7P) @ H*(X,Z) — H*(X,C) — - --
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3. La structure d’anneau

Dans cette section, on construit en détail le cup-produit sur les groupes de cohomologie de
Deligne, en donnant toutes les formules explicites selon les représentants des complexes utilisés.

Rappelons pour fixer les conventions de signe que si R est un anneau commutatif et A et B sont
deux complexes bornés a gauche de R-modules, le complexe A ® 5 B est défini par

(A®gB), = P Ai@gB;
i+j=k
et la différentielle est définie par

Sla®b)=da®b+ (—1)T@a o db.
On a alors un isomorphisme de complexes A ® ;B ~ B ® , A donné par
0 & b (— 1) @O g
Pour éviter d’écrire de nombreux facteurs (2i7)*, on raisonnera sur le complexe Z'p x(p) suivant :

d

] 1 p—1
Zx Ox Qx o Qx
qui est isomorphe & Zp, x(p).
Le cup-produit en cohomologie de Deligne est défini de la maniére suivante : soit

U = tpg: Lp x(p) ®7 L x (@) —=Zp x(p + q)

défini par
xy sid®(x) =0
Plxey) =< zAdy sid®(z) >0 etd°(y)=gq
0 sinon

Vérifions que ¢ est bien un morphisme de complexes. On étudie les différents cas
1. Supposons que d°(z) = 0. Alors ¥(z ® y) = zy.
(i) Sid°(y) = q,
S(W(xoy) =cdy et Y(z®y)+Y(z®dy) =rxdy car 5y = 0.
(ii) Sid°(y) <gq,
S(W(z®@y)) =xdy et Y0z ®@y)+ (z ®dy) = Y(z ®y) = x dy.
2. Supposons que d°(z) > 0.

(i) Sid°(y) =g et d°(z) <p,
Yoy =zAdy et §(Y(z®y)) =dzAdy
Yoz @ y) + ()Y @z @ dy) = Y(0x @ y) = da A dy.
(ii) Sid°(y) =qet d°(z) =p, (¢ (z ®y)) =0, dz = 0 et Pautre terme vaut aussi 0.

) =
(iii) Sid()? N P(Eey)=0,1Y0x®y)=0ect Y(zr®dy) =0 mémesid°(y) =qg—1
car T /A 0.
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LEMME 3.1. Les deur morphismes
Y =pq: Zp x(p) @7 Zp x(¢)—=Zp x(p + ) et

- "
Zlp x(p) @7 Ly x (@) — Zlp, x(q) ©5, L, x () —=> Zlp, x(p+ q)

sont homotopes.
DEMONSTRATION. On définit un morphisme d’homotopie h par
L I A
Montrons que
gz @y) + (~1)T Ty (@ 2) = 5(h(z @ y)) + h(5(z @ y)).
On pose
= ~tpg(@y) + (DT gy (yoa) et

B=6hz®y)) +h(zey)+(-1)Y@h@ e dy).

On distingue les différents cas
1. d°(x) > 0 et d°(y) > 0. On a alors
B=(-1)¥Y@sx Ay) + (-1 @5z Ay + 2 A dy.

(i) Sid°(z) <petd®(y) <gq, Aest nul et

B=(-1)"®dzny—andy— (-1)T@dz Ay +2zAdy=0.
“(z) =pet d°(y) <gq,

)do(:v )d®(y )y A dx

ii) Sid
(-1
()T @d(z Ay) + 2 A dy car 0z =0
(-
Sid

=

i)

(i
A
B

DY@z Ay = (=1)T@ ()T WDy A dg = (—=1)T @y A dy
(iii) Sid°(z) <pet d°(y) = q,
A=—azAdy et B=(-DT@d@ny)+ ()@ deny = —2Ady.
d°(z) =0et d°(y) > 0. Alors A =B = —
d°(x) > 0et d°(y) = 0. Alors A = B = ya.
4. do(ac) =0etd°(y) =0. Alors A= —zy+yx=0et B=0.

Le morphisme 1), induit un morphisme en cohomologie de Deligne
Hi,o (X, Z(p)) ®4 Hp\y (X, Z(p)) — Hp (X, Z(p + q))

noté a®; B+—= a U . Le lemme 3.1 montre que a U 8 = (—1)Y3U a.
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Remarquons que les fleches HE (X, Z(p)) — HE,(X,Z) et HE, (X, Z(p)) M H* (Q)?p)

sont des morphismes d’anneaux. Pour la deuxieme fleche, il suffit d’écrire en se placant au niveau
des complexes

(—=1)Pdz, en degré p
m(x) = .
0 ailleurs,
d’apres la description explicite de u, et v, faite dans la preuve du lemme 2.4. Si z appartient a
Zp x(p) et y appartient a Zp, x(q),

m(z) A(y) = (=1)PTdz, A dy, = (—1)PT9d(zp A dy,)
= (_1)p+qd[¢pq($ ® y)]p+q = W(wpq(l“ ® y))
Vérifions enfin que le cup-produit est associatif.

LEMME 3.2. On a
Vptar (@bpq ® idz'D,X(r)) = Up.gtr (idZ'D’X(p) ®1/1qr)-

DEMONSTRATION. On a

xy sid®(xz) =0
Ypg(r @y) =z Ady sid®(z)>0etd(y) =¢q
0 sinon.
Alors
xyz sid°(z) =d°(y) =0
Uptar(Upg(z @ y) @ 2) = hpy(x @ y) Adz sid°(z) +d°(y) >0et d°(2) =7
0 sinon.
Le deuxieme cas se décompose en plusieurs sous-cas :
xy Ndz sid®(x) =0, d°(y) >0, d°(2) =7

xANdyNdz sid°(z) >0, d°(y) =q, d°(z) =7
0 sinon.
D’autre part,
T Ygr(y ® 2) sid(x) =0
Upatr (T @ Uar(y ®2)) = (o Adpgr(y®2) sid°(x) >0, d°(y) = ¢, d°(2) =7

0 sinon.
On obtient
TYz sid°(z) =d°(y) =0
xy Ndz sid°(z) =0, d°(y) >0, d°(z) =7
xANdyNdz sid®(z) >0, d°(y) =q, d°(z) =7
0 sinon.

COROLLAIRE 3.3. Si o € Hi (X, Z(p)), B € H) (X, Z(q)), v € HE (X, Z(r)),
(@UB)Uy=aU(BU7).
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Nous allons maintenant étendre le produit aux complexes Mc(Zy & Q)?p — Q%)[-1] de
maniere compatible. On définit

Upg i Mc(Zy ® Q3P = Q%) [-1] @, Mc(Zy @ Q371 = Q%) [-1] — Mc(Zy @ Q77T = Q%) [-1]

de la facon suivante :

(1) Upg[(B,0) @ (8,0)] = ()T @B A and)
(2) Upg[(0,m) @ (B, 0/)] = (nf3',0)

(3) Jpq[(ﬂu a) ® ( ,n)] = (0,0)

(4) Upq [(0:m) @ (0,7")] = (0,nn)

LEMME 3.4. Jpq est un morphisme de complexes.
DEMONSTRATION. On envisage successivement les quatre cas précédents.

Cas (1)
Do [8(8,0) @ (8,0) + (=) (8,0) @ (8, )]

. [(dﬁ + (1) O da) @ (8,0)] + ()T, | (8,0) @ (7,dd)]
= ( N(dB+ (—1)¥Pa) Ao/ + (~1)F@+C@HE A do/ da Ao

+ (-1)¥@a A do/)

- ((—1)d°<a’>d(5 Aa) + (=13 @Oy A o/ d(a A o/))

o

(FDT@ A aana) =63p|(5.0) @ (5,0

Cas (2)
B [8(0,0) @ (8,0) + (0,m) © 6(5', )|
= Uy (0,0) @ (8, 0)| + G [ (0,m) @ (a8 + (1), de)|
= ((-1)"@nd/,0) + (ndB' + (-1)*@Ina’, 0)
= (ndf',0) = 6(nd',0) = 5 U, [(o, n) @ (3, o/)]
Cas (3)

Ty [5(6,0) © (0,1) + (~1)* ) (8,0) @ 5(0, ')
= Uy (A8 + (~1)* P, da) @ (0,0)] + (~1)*" @y | (8.0) @ (0',0)]

Cas (4)

Jpq [(0, n) @ (n', 0)} = (nn/,0) = (51@7(} [(0, n) @ (0, n’)]
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LEMME 3.5. Le diagramme

up®ugq
Zp x(P) @3 Zp x(0) ——— Mc(Zy © Q377 —= Q%) [-1] ®, Me(Zy © Q! — Q%) [-1]
¥pgq ¥pq

Up+gq

Zpxp+q) ————— Mc(Zy ® QT —— Q%) [-1]
commute.

DEMONSTRATION. Soit x un élément de Z7, x(p) et y un élément de Z, (g). On distingue
plusieurs cas :

1. Supposons que d°(z) = 0.

(i) Sid°(y) >0, up(x) = (0,2) et uq(y) = (y,?). D’onr
Jpq (Up(x) ® uq(y)) = (2y,0) = up-l—q(?/)pq( ® y))
(i) Sid°(y) =0, ug(y) = (0,y) et

2. Supposons que d°(z) > 0.

(i) Sid®(y) = 0, ug(y) = (0,y). Donc
Vg (Up(7) @ tg(y)) = 0 = tp 4 (Ypg(z @ 1))

(i) Si d°(y) < g, ug(y) = (3 0). Done
Vg (up(2) @ uq(y)) = 0 = tpiq(Ypg(z @ y)).

(iif) Sid°(y) = ¢, ugly) = (y, (~1)%dy).

(@) $1 d°(2) < p, up() = (2,0) ct
Vg (p(@) © tg(y)) = (x A dy,0) = tpiq (g (@ ® ).
(B) Sid°(z) = p, up(x) = (z,(—1)Pdz) et donc
Jpq(up(x)®uq(y)) = (zAdy, (=1)P"dz Ady)) = (2 Ady, (—1)PT9d(z Ady)) = tuptq(pe(z@7Y)).
g

Ceci montre que Jpq induit en cohomologie le cup-produit défini par ¢, via les isomorphismes

U, et Ug-

rq

Nous aurons besoin dans la suite des cup-produits « mixtes » au niveau des complexes, ce qui
signifie que ’on utilise le complexe de Deligne usuel pour une variable et le complexe de Deligne
donné par un cone pour 'autre variable. Soit

bpq : Lo x(p) @y Me(Z ® QP! —= Q%) [-1] Me(Z & Q7 — Q%) [-1).

Jpq (up®id)
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On a alors
(z3,0) sid®(x) =0
bpg(z @ (B, ) = ¢ ((-1)T @)z Ao/, 0) si0<d®(x)<p
((—1)d°(°‘/)a: Ad,(=1)Pdz A o!)  sid®(z) =p.
et / .
ameo) = {07 00

On a également dans 'autre sens le produit

T Me(Z @ Q32— Q%) [~1] ©, 2, () Me(Z @ Q77— Q%) [-1].

Vg (id ®ug)

donné par :

o si d°(y) <gq
qu((ﬂ,a) & y) = {(ﬂ Ady, (—1)%a A dy) sid®(y) =¢
et

ny,0) sid° 0
Ty ((0,n) ®y) = {Eoynyi . dogi i 0.

On admet provisoirement le résultat suivant, qui sera établi dans la section 6 :

PROPOSITION 3.6. Soit D% le compleze de de Rham des courants sur X. Il existe alors un
(] [ ] .. \ s, .
sous-complexe DX7Z de Dy quasi-isomorphe 4 Zx formé de faisceauxr mous.

On en déduit que Z’D7 ¢ (p) est quasi-isomorphe au complexe Mc (D)'( 5 ®FPDY —— D)'() [—1]
et que la cohomologie des sections globales de ce complexe en degré k est H{gel (X ,Z(p)). Une
classe de cohomologie dans H{%el (X , Z(p)) est donc représentée par un triplet (S,7 @ U) tel que
SeDY ', TeDk, UecFrD et

dS+ (-1)*"Y (=T +U)=0, dT =dU =0.
On définit maintenant

A : Mc(Dy 4 ® FPDy —= Dy ) [-1] €4 Z), x(q)

Mc (D5, 5 ® FPHDY, — DY) [-1]

en posant
(0,yT) sid®(y) =0

A[(S, T®U),y] =< (T Ay,0) si0<d°(y) <q

(TAy+SAdy, (-1)2U Ady) sid®(y) =g

LEMME 3.7. A est un morphisme de complexes.

DEMONSTRATION. On doit montrer
A[6(S,TaU)ey] + (DI TA[(S,TaU) 28y =6 A[(S, T U)@y].
Soit (S,T @ U) un élément de degré k. On note (S", 7" ®U’) = (S, T ® U). On a
S =dS+ (-)NT-U), T =dI, U =dU.

On considere les différents cas :



3. LA STRUCTURE D’ANNEAU 107

1. d°(y) = 0. Alors
A[S.T'eU)®y| = (0,yT") = (—1)*yT,ydT) + (-1)* " (yT,0)
=A[(S,TaU)®y] + (-1 TA[(S,T o U) @ dy].
2. 0 < d°(y) < q. Alors
A[S,T'oU")®@y] = (T' ANy,0) = (d(T Ay),0) + (—1) 1T Ady,0)
=0A[S,TelU)ey] + (-1 A[(S,TaU) ®dy].
3. d°(y) = ¢q. Alors
A[(S"\T'aU )@y = (T"Ny+ 5 ANdy,(-1)7U" A dy)
(dT Ay + (dS + (—1)F(T = U)) A dy, (—1)2dU A dy)
|

AT Ay + S Ady) + (—)F (17U A dy], (~1)9d(U A dy))
Al(S,TeU)®y|.

LEMME 3.8. Le diagramme suivant commute :

Mc(Zy @ Q)?p = Q%) -1 @4 Z) x(q) MC(D).(,Z ® FPDY — D) [-1] ®, Z x(9)

Tpq A

Mc(Zy ® Q7T —— Q%) [-1] Mc (D%, 5 & FP+iDy ——= DY) [—1]

DEMONSTRATION. On distingue les cas :
1. Sid°(y) < g,
(i) Tpe((B,0) ®y) =0et A((B,0®a)®y) = 0.
(ii)

Ty ((0,m) 0 ) = {Egynzi et A(0nB0)ey) = {Egyn;);

selon que d°(y) est strictement positif ou bien nul.
2. Sid°(y) = q,
(i) Tpe((B,0) @ y) = (BAdy, (1)1 A dy) = A((8,0 0 a) ©y)
(i) Tpe((0,n) @ y) = (ny,0) = A((0,n ®0) ®y).

COROLLAIRE 3.9. A induit le cup-produit en cohomologie.
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4. Classe de Bloch

Soit X une variété analytique complexe lisse et Z inclus dans X un cycle localement intersection
complete de codimension d.

PROPOSITION 4.1. La cohomologie locale de O a support dans Z est concentrée en degré d.

DEMONSTRATION. Comme on raisonne localement, on peut supposer que X est une variété
de Stein. Si d =1, X \ Z est aussi une variété de Stein et le lemme est conséquence de Cartan
B. Montrons maintenant le cas général. On écrit Z = {f; =0} N---N{f,; =0}. Soit U = X \ Z
et U; ensemble des = de X tels que f;(x) # 0. Les U; forment un recouvrement de Stein de
U. La cohomologie de Oy peut donc se calculer en prenant la cohomologie du complexe de
Cech associé aux U; (par Cartan B). Ce complexe est concentré en degré au plus d — 1, donc
Hi(U, OX) = 0 pour ¢ > d. Par suite H%(X, OX) = 0 pour ¢ > d.

On utilise maintenant le résultat suivant [Sche] : Soit X une variété compacte et A un sous-
ensemble analytique de codimension au moins r. Alors pour tout faisceau localement libre S sur
X et tout entier ¢ tel que ¢ < r — 2,

HY(X,S) —= HY(X \ A,S).
Ceci montre que Hi(U, OX) =0 pour i <d— 2, d’ou H%(X, OX) =0 pour:<d-—1. (]
On a un résultat analogue pour la cohomologie locale algébrique a support dans Z. Rappelons
que
j
Alors

PROPOSITION 4.2. Le compleze RF[Z](OX) est concentré localement en degré d.

DEMONSTRATION. — Eerivons Z = Z; N -++N Zg4 ou les Z; sont des hypersurfaces. Alors
RT(7(Ox) = Rz, --- RT 1, (Ox)-
Si F est un Oy-module (non nécessairement cohérent) et W = {f = 0} une hypersurface, alors
j

RF[Z] (F) est concentré en degrés au plus 1 car O/ jg‘v est quasi-isomorphe & Oy AN Oy .
De cela on déduit que T\’,I‘[Z} ((’)X) est concentré en degrés au plus d.

—On a Ext?ox (OX/j%-,(’)X) = 0 pour j < codim(supp((’)x/jé-)) = d, donc RF[z}(OX) est
concentré en degrés au moins d. O
NOTATION 4.3. On pose B = H'(RT(,1(Ox)) et By = HY(RL;(Ox)).

On a donc RI', (Oy) ~ BZlX[—d] et R, (Oy) =~ BETX[—d]. Les préfaisceaux

U—lim Ext$ (U, OX/jé-,OX) et U—HL(U,Oy)
j
sont des faisceaux, ce sont BZ‘ et BETX. Les faisceaux BZ‘ et BE‘OX ne sont pas de type fini
sur Oy. Ce sont des D y-modules, BZ‘  est cohérent sur Dy, contrairement a B§|°X qui n’est
méme pas de type fini sur Dy ([Bj] section 2.5 et [Ka] section 3.4).
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PROPOSITION 4.4. RI',, (Q)?p) est quasi-isomorphe a
P p+1
( By ®o Q% —= B ®p Oy — - —=BxX ®, Q% )[=d],
les différentielles étant induites par d. Dans cette écriture, Q% est en degré p.

DEMONSTRATION. On présente deux preuves de ce résultat.
1. La premiere preuve utilise la théorie des Dy -modules et m’a été communiquée par P. Schapira.
Rappelons que le complexe de Spencer de Dy, noté Sp (D X), est donné par

Dy ®p N'TX — -+ —>Dx Q¢ _ AN TX —= Dy

ou Dy est en degré 0 et les fleches sont définies par

k
(5[P®7)1 VAN /\vk] = Z(—l)jil(ij)vl N Vi1 ANvjpr Ao A Vg,
j=1

Le complexe Sp (D X) est en coordonnées locales le complexe de Koszul de Dy associé a la suite
réguliere 0/y., N ,0/ Oz il est donc quasi-isomorphe a sa cohomologie en degré 0 qui est
D = 0Ox.
X /D)y, +-+Dxdfy, = Ox

Le complexe Sp (D X) est ainsi une résolution D y-libre de Ox.

Le complexe Sp (Dx)gfp est obtenu en supprimant les p derniers termes. Alors
<— o>
RHomp (Sp(Dx)~ ", 0x) ~ Q7.
On en déduit
R, Q377 ~ RT; RHomy, (Sp(Dx)S 7, Oy)

~ RHomp,_(Sp(Dx)S ¥, RT, Ox)
~ RHomeX (Sp (DX) g_pu BETX [_d])
~ RHomp (Sp(DX)g_p, BETX) [—d].

2. La deuxieme preuve se base sur le lemme suivant :

LEMME 4.5. Soient C et C' deux catégories abéliennes admettant suffisamment d’injectifs et F
un foncteur exact a gauche de C dans C'. Soit A® un complexe borné de C et d un entier tel que

Vi #d, ¥, RIF(A7) =0. Alors R F(A®) ~ RIF(A®)[—d).

DEMONSTRATION. La preuve se fait par récurrence sur la longueur de A®. On peut supposer
que A est concentré en degrés positifs. Si A® est concentré en degré zéro, REF(A®) est concentré
en degré d et est donc quasi-isomorphe & sa cohomologie en degré d, & savoir RYF(A®). Si A*®
est concentré en degrés plus petits que j, on considere le diagramme de triangles distingués

RF(A7)[~j] RF(A*) RF (A1) s

; L

RIF(A)=d — j| —= RP(A")[~d) —= RIF (4" ") =
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ou le dernier quasi-isomorphisme vertical est construit par récurrence. Il existe donc un mor-
phisme RF(A®)——=RIF(A®)[~d] qui est par suite un quasi-isomorphisme. O
Le résultat de la proposition 4.4 est alors conséquence du lemme 4.5 et de la proposition 4.1. [

Nous allons maintenant passer a la construction de la classe de Bloch proprement dite. On
reprend ’expression

— 1 d .
Le théoréme de dualité locale (voir [Gri-Ha)) fournit un isomorphisme
d Ar*
Ext%x (04,0x) ®o, NNz /x =0y
On considere la chaine de morphismes

d Arx d
Oy —= Eatly (04,0x) ®p, NNz /x —= Eatl (05, 0x) ®p, N Uz
d
—&atl (04,0x) ®p N QU —=Eath (04,0x) ®p Q% — By y ®o 2%

Ce morphisme définit une section globale de BZ‘ x ®o, Q)d( appelée la classe fondamentale de
Z.

LEMME 4.6. Soient Z et W deux sous-variétés transverses de codimensions d et d' dans X. Alors
le morphisme de cup-produit a support H%(Qj‘l{) ®o, H{'f{, (Q)d(l) —_— H‘é‘;‘é{, (Qf{rd ) envoie les
classes fondamentales de Z et W sur la classe fondamentale de Z "W

DEMONSTRATION. On écrit

Z={fi=0n---n{f;=0} et W={g=0n---N{gs =0}
Alors
BZ‘X ~ B{f1:0}|X ®OX - ®OX B{fdzo}‘X
BW\X ~ B{91:0}|X ®OX . ®OX B{gd,=0}\X-

Via ces isomorphismes, les classes fondamentales de Z et W sont données par

1 1 1 1

— @@= Qdff A Adfy et — @ ® —@dg, A--- ANdgy

I3 7 1 d P 9 1 d

(voir [Kal], section 3.4).

Le cup-product a support B Z|X ®0X BW| y—B ZOW|X est un isomorphisme donné par les

isomorphismes

BZ\X Do, BW\X = (B{f1:0}|X Qo - ®o, B{fdzo}\X) ®o (B{91:0}|X ®o,--- o, B{gd/ZO}IX)

~ Byaw|x
Par consequent, le produit des classes fondamentales de Z et W est
1 1 1 1
SRR ®— @@ —@dfy A ANdfy Adgy A Ndgy
3 7 » 1 d 1 d
qui est la classe de cycle de ZNW. (]

LEMME 4.7. La classe fondamentale s’envoie sur 0 via le morphisme

d dt1
Byix ®o, Qx — By x @0, Q"
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DEMONSTRATION. Ecrivons Z = Z; N-+-N Zy. On a Byix = By x ®0_+ ®p,_ By, x-
Via cet isomorphisme, la classe fondamentale de Z est
1 1 p p
<E®®E> ® fI/\"'/\ fd-
Elle est donc fermée. O

On dispose donc d’un morphisme
Oy — (BZ|X ®o Qf —= — By x ®o, Q)@) [d]
ou jS( est en degré d, et donc une classe de cohomologie dans

d
H <X7 Byix ®0, Qf — - Byix ®o, % )

qui est la classe de Bloch algébrique de Z. En composant avec les morphismes canoniques
2,—Q0, et BZ|X—>B§<|>X’ on obtient par la proposition 4.4 un morphisme

Z,—2d) —= RT (X, Q57

qui est le morphisme de Bloch, ainsi qu'une classe {Z} 5, dans H2 (RF 7 (Q)?d)) = H4 (X , Q)?d)
qui est par définition la classe de Bloch analytique de Z.

LEMME 4.8. Si Z est lisse, limage de {Z} 5, dans H3(X, Q%) = HZ(X,C) est (2im){Z }iop-

DEMONSTRATION. 11 suffit de raisonner localement car U — HZ4(U,C) est un faisceau.
SiZ=7ZiN---NZy, on a localement {Z}Bl = {Zl}Bl e {Zd}Bl et {Z}top = {Zl}top - {Zd}top~
On peut donc supposer que Z est une hypersurface. La théorie de Leray fournit un diagramme

commutatif :
4

HY(U,C) HZ(X,C)
H' (A% (log Z)) ——— H°(Z,C)

ou U = X \ Z. D’autre part, on a un diagramme

d

HY (U, Q") HZ (X, Q%)

| |

H\(U,C) H%Z(X,C)

Comme Res (df /f ) = 1, on obtient le résultat. O

5. La classe de cycle en cohomologie de Deligne
Rappelons que
_ *>p o \[_
Zp,x(p) = Mc (ZX Sy i Qx)[ 1]

PROPOSITION 5.1. Soit Z un cycle localement intersection compléte de codimension d. Alors

RT;(Zp x(d)) = Zy[—2d] & (BETX — By ®o Qx = — By ®p Qgc_l) [—d —1].
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DEMONSTRATION. Le lemme 4.8 montre que le diagramme suivant est commutatif :

Z, = RT,(Zy)[2d]
Bll l(zm)r’
RT,(Q%7)[2d) RTz(Cy)l2d

On peut donc écrire
RT;(Zp x(d)) = Me(Zy[-2d) @ RT,(Q37) —= RT,(23))[-1],
lafleche Z, — RT Z(Q)’() [2d] étant obtenue par 'opposé du morphisme de Bloch analytique.
Le morphisme de complexes dont on prend le cone est donné d’apres le lemme 4.4 par
Zy® By ®o Q% —= By ®p Q% — -

! l

d d+1
BZlx ®o, Uk Bylx ®o, Qx" ——

[e'e) d—1
o ” BZ|X ®0X Qx

ou Zy est en degré 2d, et la fleche verticale est donnée par (—Bl,id).

1. Vérifions que le complexe
Me(Zy[-2d) @ RT,(Q37") —= RT,(2%))[-1],

est exact en degré supérieur ou égal a 2d+1. Soit k > d, et (3, «) un couple tel que [ appartienne
a BE‘OX ®o ., QF et o appartienne & B§|°X ®o,, Q)]zﬂ. On suppose que §(F,«) = 0. Alors §5 +
(=1)%*a =0 et da = 0. On en déduit que (3, ) = §(0, (—1)*1q).

2. On regarde maintenant ce qui se passe en degré 2d. Soit (3, n+«) tel que §5— (a—n{Z}Bl) =0
et da = 0. Les éléments exacts sont du type (47, 0) ou v appartient & B ETX ®OX ch_?. La coho-

mologie peut donc s’identifier a | B ETX ®0X Qf{l / 5 ( )] ® Z, via I'application

00 d—2
Bzix ®o, Qx
(B,n+ o) — (B,n) . En effet, si (8,n) est donné, il suffit de définir & = 65 + n{Z}y, et
alors da = 0 car 6{Z}p = 0. Le morphisme naturel
ZZ[—2d]@<B§<|>X — By @ Uy~ —= Bgiy ®p_ Q;i{l)[—d —1] — RT,(Z 4 (d))
est donc un quasi-isomorphisme. O
COROLLAIRE 5.2. Il existe une classe de cycle canonique {Z} |, dans H3(X, Zp x (d)) qui est en-
voyée sur{Z}g, et sur (2im)? {Z}top par les morphismes HZ (X, ZD,X(d)) — HZ(X, Q;(?p).
et HZ (X, Zp x(d)) — HZ (X, Zy)
REMARQUE 5.3. Pour obtenir le corollaire 5.2, on peut raisonner uniquement en cohomologie

et non au niveau des complexes. Cependant la propriété précédente est plus intéressante car elle
permet d’écrire le scindage

RUz(Zp x(d)) =~ Zz[-2d) ® F[-2d] oi F=Bgy®o Q%" /5(BZ|X 9o, 2)
X
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Cette approche permet également de construire lorsque Z est lisse un morphisme
. k+2d
AT ngl(z7 Z(p)) —>HZJ7FD (Xa Z(p + d))

comme expliqué dans le corollaire 5.5.

PROPOSITION 5.4. Sip >d, RI', (ZD7X(p)) est quasi-isomorphe a
-1
Me(Z[-2d) — { By — Bgfy ©p Q% — -+ —= By 8o 0% ' }-d]) [-1],
le morphisme 7., — BZOTX ®Ox Qj‘l( étant 'opposé du morphisme de Bloch.
DEMONSTRATION. Comme avant, RT", (Z D. X(p)) est quasi-isomorphe au céne du morphisme

de complexes suivant :

+1
Ly By @p Q —= Bijy ®p QF " —— -

| |

> By ®p QU — - —= B ®p QO —> B\ O (] AR
décalé de —1, ou Z, est en degré 2d. La cohomologie est ainsi concentrée en degrés au plus d+p—
1. On sait que RI', (%) ~ RI',(Cy) ~ C,[—2d]. La cohomologie du complexe BZix ®o. Q%
se situe donc sur le terme B ETX ®o ., Q)d(. Le complexe RI', est ainsi quasi-isomorphe au cone

du morphisme
Lz

|

. 00 d . 00 p—1
= B7ix ®o, Q% — = Bzix ®o, Qx

COROLLAIRE 5.5. Supposons Z lisse. On dispose alors d’un morphisme canonique

ize:Zp x(p)—=RL;(Zp x(p + d))

qui induit en cohomologie un morphisme de Gysin compatible avec le morphisme de Gysin to-
pologique.

DEMONSTRATION. Le morphisme s’écrit au niveau des complexes
1 p—1
Z, Q7 ... 9]

| | |

L ® By ®o Q% —= By o Q%M —— - ——= B 90 O}

La premiere fleche verticale est donnée par (id,Bl). Les autres sont obtenues par le procédé
suivant. Si Z = Z1N--- N Zg, BETX = BZOf\X ®OX ®OX BZ"X. On prolonge localement tout

élément w de % en un élément w de Q)’( et ensuite on suit la fleche

, 4 .
V% e (BZfx ®o, %) ®o Q%

o0 d+i
Bax ®o, Qx
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Deux prolongements de w different d’un élément de 'idéal engendré par f1,..., fq,df1,...,dfq.

Comme Bg? v = j*OX\Zk/OX et {Z}g =1/fi® - @1/fqdfv N+ Ndfg, les fr, comme les
3 i R d+i . PP

dfy, annulent {Z}g,. Le morphisme Q% B7lx o, Q"™ est donc bien défini. O

6. Courants normaux, courants rectifiables, courants entiers

Le but de cette section est d’établir 'existence d’une résolution molle explicite du faisceau
constant Z . Cela permettra ensuite de définir le morphisme de Gysin en cohomologie de Deligne

pour une application holomorphe f: X——=Y entre variétes compactes. La résolution sera
obtenue par des faisceaux de courants rectifiables spéciaux, appelés courants entiers.

Soit X une variété. On note A%, le faisceau des m-formes différentielles C* sur X a support
compact.
DEFINITION 6.1. Le faisceau Dy, des courants de degré m sur X est défini de la maniére

suiante : pour tout owvert U de X, D,,(U) est l'ensemble des applications T : A7 (U)——C

telles que pour tout compact K inclus dans U, il existe | € N et C > 0 tels que Voo € AT'(U) tel
que supp(er) C K, | <T, a0 > | < Cllal|,-

Commencons par rappeler les résultats suivants :
PROPOSITION 6.2.
(i) Si X est une variété réelle C*°, le complexe (D;(, d) est quasi-isomorphe a Cy .
(ii) Si X est une variété complexe, pour tout p le compleze (Dg}",g) est quasi-isomorphe
a QF.
Ces résultats sont classiques et sont les généralisations des lemmes de Poincaré et Dolbeault-

Grothendieck pour les courants. On détaille ci-dessous la preuve du point (i) de la proposition
6.2 car on I'adaptera ensuite aux courants rectifiables. Avant cela, précisons les notations.

— On note Dy, le dual de A% (m-formes C*), et on pose D% =Dy 4 x -

— Les indices placés en bas correspondent a 'indexation homologique, et les indices placés
en haut a l'indexation cohomologique.

— Le degré d’un courant est son degré homologique.

On passe maintenant a la preuve du point (i).

DEMONSTRATION. Soit U = B(0,7) la boule de centre 0 et de rayon r de R™, et soit T un
élément de D,,(U) tel que dT' = 0. En multipliant 7" par une fonction plateau, on peut supposer
que T est & support compact et que dI' = 0 dans B(0,7") ou 0 < 7/ < r. On consideére alors le
courant S obtenu par la construction du cone :

Soit h:[0,1] x B(0,7)——B(0,r) définie par h(t,x) = tx et soit [[0, 1]] le courant d’intégration
sur [0, 1]. Rappelons que le produit de deux courants est défini par
<Ty x Ty, w @wg >=<T7, wy >< Ty, wy >-
On pose S = h,([[0,1]] x T). Alors sur B(0,7”)
dS = h, (d[[0,1]] x T+ (=1)"[[0,1]] x dT) = ha([0(1y — dg0y] x T)-
On a oy x T = iy, X, olt g : {t} x X ——=[0,1] x X est I'injection naturelle. On en déduit
h, (5{t} X T) = (h o it)*T. Pour ¢t = 1 on obtient 7', pour ¢t = 0, on obtient 0, d’'ou dS =T7T. 0O
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On passe maintenant a la notion de courant normal.

DEFINITION 6.3.
(i) Soit U un ouvert de R™ et T un courant de degré m sur U. La masse de T sur U, notée
M(T), est définie par
M(T) = sup (T, ).
acA™(U), |la|<1
(ii) Soit X une variété différentiable paracompacte. Un courant T est dit de masse localement

finie sur X si pour tout x dans X il existe un voisinage U, de x difféomorphe a un ouvert de
R™ tel que M(T|U ) soit finie.

Les courants de masse localement finie forment un faisceau.
Le théoreme de représentation de Riesz permet d’identifier localement les courants de degré m

et de masse localement finie avec des mesures de Radon vectorielles sur X. Plus précisément, si

S s . AN
T est un tel courant, il s’écrit dans un ouvert de coordonnées T' = Z| I=n—m M1 dz! |, ou les py
sont des mesures de Radon sur U.

DEFINITION 6.4.
(i) Un courant T sur un ouvert U de R™ est normal si T' et dI' sont de masse finie.

(ii) Soit X une variété differentiable paracompacte et T un courant sur X. On dit que T est
localement normal si pour tout point x de X il existe un ouvert de coordonnées U, contenant x
tel que T|U soit normal.

Les courants localement normaux forment un faisceau, noté No°.

DEFINITION 6.5.
(i) Un sous ensemble M de R™ est m-rectifiable si M est inclus dans un ensemble de la forme

NU <-U1 f(45)) oi
J:
— La mesure de Hausdorff m-dimensionnelle de N est nulle.

— Pour tout j, A; est un sous ensemble de R™ et les applications f;: Aj——=DM sont

lipschitziennes.

(ii) Soit X une variété paracompacte. Un sous-ensemble M de X est dit localement m-rectifiable
si pour tout point x de X il existe un ouvert de coordonnées U, contenant x tel que M NU,, soit
m-rectifiable.

Soit (X, g) une variété riemannienne et H% , 1a mesure de Hausdorft m-dimensionnelle associée
sur X. Si M est un sous-ensemble de X localement rectifiable, on note 7y , la mesure trace de
e g sur M. C’est une mesure de Radon.

EXEMPLE 6.6.
(i) Toute sous-variété de dimension m de R™ est localement rectifiable.

(i) Soit (z,) un suite de points de R? et (ry,) une suite de nombres positifs telle que la série
de terme général v, converge. Si D(z,,7,) désigne le disque de R? centré en x, et de
rayon 1y, Uensemble |J 0D(xy,ry,) est rectifiable.

n>0
Les ensembles rectifiables sont caractérisés par le fait qu’ils admettent presque partout (au
sens de la mesure trace de H™) un espace tangent de dimension m. Introduisons la définition
suivante :
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DEFINITION 6.1. Soit z € R", y une mesure sur une boule B(z,r) et v une mesure non nulle
sur R”™. On dit que p est tangente a v en z §'il existe des suites numériques (p;);>q et (¢;);5;
vérifiant

= lim;_, pj = 00,

— st hj: R"——R" est I’homothétie de centre x et de rapport pj, pour toute fonction

f:R*"——R continue a support compact,

limcj/ fohjdu:/ fdv.
)0 B(z,r) R™

)

REMARQUE 6.7.
(i) Sij est assez grand, supp(f oh;) C B(x,r) et le membre de gauche est bien défini.
(i) La définition n’est pas symétrique en p et v. En effet, si0 <1’ < r et si JlB(mﬂ/) désigne
la fonction charactéristique de la boule B(x,r"), p est tangente d v en x si et seulement

st JIB(:B,T,) u est tangente a v en x. Cependant, si p est tangente en x a deux mesures
vy et vy, il existe ¢ > 0 tel que vy = cvy.

EXEMPLE 6.8.
(i) Soit C = {(z,y) eR*/ 0<a <1 ety=a} et pu la mesure d’intégration sur C. Si f

est a support compact dans R? et p > 0,

1
fohpduz/O f(px,pr)dle/opf@,”—Q) du

[0,1] p p

o0
donc lim p/(f oh,)du = / f(u,0)du. La mesure p est donc tangente en (0,0) a
J—00 0

la mesure d’intégration sur Rt x {0}.

(ii) Si M est une sous-variété de R™ et @ € M, la mesure d’intégration sur M est tangente
a la mesure d’intégration sur l’espace tangent T, M, vu comme sous-espace affine de
R™.
REMARQUE 6.9. Si¢: B(x,r)——=B(z,7") est un difféomorphisme local en x et si u est tangente
a v en z, la mesure ¢, est tangente a D¢, v. Si v est une mesure linéaire, c’est-a-dire si
v(f) = [y, f(@)d\(x) ot W, est un sous-espace affine de R"™ passant par x et d\ une mesure
de Lebesgue non nulle sur Wy, alors D¢, v est également linéaire. Le fait qu’une mesure [ soit
tangente a une mesure linéaire en x ne dépend donc pas des coordonnées locales utilisées au
voisinage de x.

THEOREME 6.10. Soit M un sous-ensemble m-rectifiable de R™. Pour p7;-presque tout x dans
M, p%; admet une mesure linéaire tangente en x donnée par un sous-espace affine T, M de
dimension m de R™.

Pour la démonstration, voir [Fe], 3.2.25.

On souhaite maintenant définir des courants associés aux ensembles rectifiables par intégration.

Commencons par le cas le plus simple. Soit M une sous-variété de dimension m de R"™. Pour
pouvoir intégrer sur M une m-forme, il faut disposer d’une orientation sur M, qui peut s’in-
terpréter comme une application continue &: M ——=A""TM telle que ||£|| = 1. On définit alors

le courant d’intégration [M] sur X par

(M), a) = /M<a,5> .
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Ceci motive la définition suivante :

DEFINITION 6.11. Soit X une variété paracompacte munie d’une metrique riemannienne g.

(i) Un courant T localement rectifiable sur X est un courant de la forme

T.0) = [ (a0 duty,
M
o1
— M C X est localement m-rectifiable,
— Vapplication &: M —— \""TX est une section uﬂy—mesumble de N TM tel que
€], =1 Iy g-Presque partout,
— Dapplication ©: M ——=7 est u”]\}[y-mesumble.

(ii) Un courant T est localement entier si T' et dT' sont localement rectifiables.

La deuxiéme condition du point (i) ci-dessus signifie que pour tout point x de M, £ est en
coordonnées locales une application de M N U, dans A\™ R™ telle que

— pour pfy -presque tout y dans M N U, &(y) € A" T,M, o T, M est le sous-espace
vectoriel associé au sous-espace affine T, M.

— pour ujy ~presque tout y dans M NU,, |[{(y)|| =1, ot R" ~ T, X est muni du produit
scalaire g, .

Les courants localement rectifiables et localement entiers seront notés RIS et Z1o¢.

REMARQUE 6.12.

(i) On peut en fait choisir n’importe quel sous-anneau A de C et prendre © a valeurs dans

A. On parle alors de courant rectifiables a coefficients dans A. Nous n’utiliserons que
les cas A =7 ou A= Q.

(ii) Si T est localement rectifiable, =T aussi. Si T et T' sont localement rectifiables, on a
avec des notations évidentes

(T+T, )= / (@, &) © dufy, + / (o, ") © dufy, = / (0, £0 1y +£ O L) dui
M M’ MuUM’
Sur M N M, on peut écrire {' = €€, o e: M NM'—={-1,1} est uj; -mesurable.
Alors €O + 0" =€£(O© +e0'). Si on pose
g: f]lM/c +§/1M’ et (:'j = @]le(MmM/)c +(@ =+ 5@/) ]lMﬂM’ +®/1M/0(M0M/)c,

on a&O1,,+£0'1,, = €0, ce qui montre que T +T' est rectifiable.
(iii) Si U est un ouvert de X et si T est rectifiable sur X, alors T|U est rectifiable sur U.

PROPOSITION 6.13. Soit X une variété paracompacte. Le préfaisceay U —— RL?LC(U) est un
faisceau mou sur X.

DEMONSTRATION. Comme D,,(U) est un faisceau, le préfaisceau U —— R,,,(U) satisfait
l'axiome d’unicité. Vérifions ’axiome de recollement. Soit U; une famille d’ouverts de X. On
suppose donné pour tout ¢ un courant rectifiable 7; sur U; tel que pout tout couple (i,7) T; et
Tj coincident sur U;;. Ecrivons T; = fM¢<"§i> ©; dujy ,- Comme T;y,. = Tjy,;, on a

{Mi NU;; = M; NU;; On note cet ensemble M;;

gi@i‘Mij = £j®j|Mij M4 4 Presque partout.
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Il existe donc M localement rectifiable tel que pour tout i, M‘U_ = M;. Définissons © par
O, = |©;]. Comme ||&|] = 1, ‘@i“Uij = |C—)j||Uij7 et la définition a un sens. On peut écrire
O; = |0;], ol &; est uﬂg—mesurable. On a alors &; Eijy,, = & iUy, On peut donc recoller ces
fonctions en une fonction globale &, et

v, Ou, = (fi € \@i\) = (& @i)‘Uij-

Le courant localement rectifiable T' défini par le triplet (M, &, ©) vérifie donc T\Ui =1T;.

|Usj

Considérons maintenant un fermé Z de X et un courant 7" localement rectifiable sur un voisinage
U de Z. Ecrivons T = (M, &, ©). M est localement rectifiable dans U mais pas nécessairement
dans X (c.f. Remarque 6.14). Soit U’ un voisinage de Z tel que U’ C U. Soit M’ = M N U,
¢ = §ar o = ©p- Alors Ty, est associé au triplet (M, ¢, ©); M’ est localement rectifiable
dans U’ mais également dans X. Le triplet (M, ¢, ©) définit donc un courant S localement
rectifiable sur X qui vérifie S|U’ = T‘ U O

REMARQUE 6.14. Le faisceau Rfjﬂf n’est pas flasque. En effet, si U est un ouwvert de X, un sous
ensemble A de U, localement rectifiable dans U, peut ne pas étre localement rectifiable dans X .
Par exemple, l'image de la courbe

[0,1] —= C, t——texp(i/(1 —1))

est localement rectifiable dans la boule unité ouverte de R?, mais pas dans R? car sa mesure de
Hausdorff 1-dimensionnelle est infinie au voisinage de tout point de la sphére unité de R2.

PROPOSITION 6.15. Soit X une variété compacte. Le faisceau T1°¢ est mou sur X.

DEMONSTRATION. La preuve est plus délicate que pour les courants rectifiables. En effet,
en reprenant les notations de la proposition 6.13, si 1" est localement entier sur un voisinage U
de Z et si U’ est un voisinage de Z relativement compact dans U, T‘U/ est localement rectifiable
dans X mais on ne peut rien dire a priori de d(T|U,).

Pour remédier a ce probleme, on utilise la théorie du slicing pour les courants normaux. Soit
f:R"——R lipschitzienne, ry € R et T" un courant normal sur un voisinage de I’ensemble des
points z de R™ tels que f(x) <ry. Sir < ry, la tranche < T, f,r > est définie par

<T.fir>= L swy<ry — AT e/ s@<n]
Soit dA la mesure de Lebesgue sur R. Le point essentiel est que pour dA-presque tout r < 7,
< T, f,r > est de masse finie ([Fe] 4.2.1).

Dans notre cas, X est une variété différentiable compacte que ’'on peut supposer plongée dans
R™ par le theoreme de Whitney. Soit W un voisinage tubulaire de X dans R", m: W ——X
la projection associée et i: X ——=W I’injection. Le courant ¢, T est alors localement entier en
tant que courant sur 7 (U).

On applique ce qui précede a la fonction f:R™——=R définie par f(z) = dist(x, F'), qui est
1-lipschitzienne. Si r; > 0 est suffisamment petit, ¢,7" est normal sur un voisinage de I’ensemble
{z € R"/f(z) < ry}. Pour r €]0,ry[ en dehors d’'un ensemble de mesure de Lebesgue nulle, le
tranche < ¢, T, f,r > est donc un courant de masse bornée.

Ceci implique que i*ﬂ{xeRn/f(x)gr} est normal‘. Pz?r suite T|{a:€R"/f(a:)§r} est normal, car 7 est
propre sur le support de T|{a:ean/f(ac)§r} et m o1 = id. Le courant T|{a:ean/f(ac)§r} est un courant
rectifiable et normal sur U, donc entier ([Fe] 4.2.16 (2)). Soit F = {x e R"/f(z) <r}NX CU.
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Alors F' est un fermé qui contient un voisinage de Z et T| 7~ est un courant localement entier sur
U. Le courant T| 7 est alors localement entier sur X, ce qui termine la démonstration. O

PROPOSITION 6.16. Soit f: X ——=Y wune application lipschitzienne propre. Alors le morphisme

J«: Dy x—=D,,y envoie RL"%":X dans Rﬁcy

Pour la preuve, voir [Fe] 4.1.25 et 4.1.26.

REMARQUE 6.17. Comme d(f,T) = f.dT, les courants localement entiers sont préservés par
[« Le morphisme f,:D,, y—=D,, \ envoie I}ﬁfx dans I}ffy-

Pour terminer cette section, on montre le résultat suivant :

PROPOSITION 6.18. Sin est la dimension de X, on a la suite exacte
d

loc loc loc
O ZX ITL,X I —1,X tt I(LX O.

n

DEMONSTRATION. Il faut tout d’abord montrer un lemme de Poincaré local pour les fais-
ceaux I,lfc. On reprend la preuve faite au début de la section 6. Seuls quelques points sont a
justifier.

— En appliquant 'argument de slicing utilisé dans la démonstration de la proposition 6.15 a
la fonction u(z) = ||z||, on obtient que pour presque tout r’ dans |0,r[, T~ est entier sur

[B(0,r")
B(0,r).

— Il faut montrer que le courant S défini par S = h,([[0,1]] x T') est un courant localement
entier. Pour cela, on voit facilement que [[0,1]] x T" est localement rectifiable dans R x B(0, )
associé au triplet

[0,1] x M, (t,x) — % NE(T) O(t,z) = O(z).

Comme supp([[0, 1]] x T') est compact, h, ([[0,1]]x T') est localement rectifiable par la proposition
6.16. .S est donc localement rectifiable. Comme dS =T, S est localement entier.

: 3 . 7loc loc 9 : : I
Il reste maintenant a montrer le noyau de d 'Zn, e —>In717 y s’identifie canoniquement a Z .

Si T appartient a I}Z"C , une orientation de X sur U fixée permet d’écrire
(T,adzy A--- Ndzy) = / Qadz' A--- Adz",
M

ou ©: M ——=7 est mesurable. On peut d’autre part identifier T" a une distribution sur U =
B(0,r). Dans ce cas 9T/0x; = 0 pour tout ¢ et T est donc constante. Il existe donc ¢ € C tel
que
(T,adxy A--- Ndzy) :c/ adr Ao A da™.
M
On en déduit © = ¢ py, g-presque partout. O

Les courants localement entiers permettent de travailler avec une résolution molle de Z - stable
par image directe. Ce formalisme est donc particulierement bien adapté aux morphismes de
Gysin.
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Soit f: X ——=Y une application lipschitzienne propre. Comme les faisceaux Z°° sont mous,
pour i > 1, R'f, (I}ﬁbc) = 0 et par suite Rf*( I};;:X —>I}i(;f_1’x — —>I(1f§( ) est
quasi-isomorphe a

loc loc loc
f*IdX,X i f*IdX—l,X o ’ f*IO,X :

Ce complexe s’envoie par push-forward sur le complexe Z°¢., —  Tloc — > ... Tloc
p parp b dy,Y dy—1,Y 0,Y

et par suite sur le complexe I};}’iy — I}i(;f—l,y —_— s — I}f{} [dimY — dim X]. Ceci four-

nit dans la catégorie dérivée un morphisme Rf,Zy — Zy[dimY —dim X] qui induit en

cohomologie le morphisme de Gysin. En effet, si Co"8(X) et Ca$(Y) sont les m-cochaines sin-
gulieres lipschitziennes sur X et Y, on a un diagramme commutatif :

() T(X)
CiE(Y) The(Y)

7. Morphisme de Gysin en cohomologie de Deligne

On commence par fixer les notations. Si X est une variété analytique complexe lisse, on introduit
les faisceaux suivants :

— D&- est le faisceau des courants de degré 2dim X — i.

- D, = IR« . x (voir section 6) est le faiscecau des courants entiers de degré
2dim X — 3.
Py r,s
- F'Di = @ DY
r4+s=1
r>p

On a alors les résultats suivants :
1. D 5 est une résolution acyclique de Zy.
2. F? D)'( est un complexe acyclique quasi-isomorphe & F” Q;(
3. D} est une résolution acyclique de C .

De plus, si f: X ——=Y est holomorphe propre et si d = dimY — dim X, on a trois morphismes
d’images directe donnés par le push-forward des courants :

e (2im)*

. ° ° fs ° ° (Ziﬂ)df*
f*DX,Z DY,Z[2d]7 f*FpDX - FerdDX [Qd]? f*DX

DL [2d].

Rappelons que Zp, x(p) ~ Mc (Zy & Q)?p — Q%) [—1]. Par suite, Zp x (p) est quasi-isomorphe
& Mc(D5 ; ® FPDy — Dy)[-1]. Ainsi Rf,Zp (p) ~ Mc(f, D% 5 ® f,FPDy — DX )[-1].
On en déduit un morphisme dans la catégorie dérivée

Rf.Zp x(p) —=Zp y(p + d)[2d].

DEFINITION 7.1. Le morphisme induit en cohomologie H (X, Z(p)) — H5 24 (Y, Z(p + d))
est noté f,. C’est le morphisme de Gysin associé a f.
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Dans la section 5, on a déja construit un morphisme de Gysin dans le cas d’'une immersion

i, 4~ X alaide des faisceaux BZ|X.
PROPOSITION 7.2. Supposons que Z est une sous-variété lisse de X de codimension d. Alors le
morphisme

H} (X, Z(p)) —= HE (X, Z(p + d)) —= HE (X, Z(p + d))

construit dans la section 5 coincide avec le morphisme de Gysin i,,.
DEMONSTRATION. Soit By le faisceau des hyperfonctions sur X [Schal]. C’est un faisceau
: : L BPY _ P RP;e ; : P
Izl)ansquce1 qui contient Dy. Si By" = By ®0X QY BY® est une résolution flasque de Q% [Ko].
n a donc

Biix[~d] = RT7(Ox) ~ RT(By*®) =T (Bx*) = Hd(FZ(B ))[—d]-

Donc pour tout p, By ®¢ 0F ~ Hd (FZ(B)%')),

LEMME 7.3. L’isomorphisme H% (I‘Z (B;-")) — BZix ®o, Q¢ envoie (2im)? [Z] sur {Z}‘Bl,
ou [Z] est le courant d’intégration sur Z.

DEMONSTRATION. On considére le complexe de Koszul K*® associé¢ aux parametres locaux
2,...,%, définissant Z. Alors

RHome (OX/j ,Qjé) ~ Homg (K*,0%) ~ Homgp (K*,D .)

min(d,k) de %

En degré k, ce complexe est égal a @, Rc A" C%, la différentielle étant donnée par

l
S(TerAoche) = (1) 5 Tey A Aeg A ne+ (=) D 8T ey Al Ag
=0
ou d°(T") désigne le deuxieme indice du bidegré de T'. Montrons que les éléments (dz1 A
dzy) ey A ... Aey et (2im)?[Z] different d’un bord. On calcule

d —rd
{dzyN. . Ndzg} e A Neg = 5({%/\@2 . ./\dzd} ey .. ./\ed> +8<%/\. : ./\dzd> ea ... Neg.
1 1

On ag(ﬁ A

21

Qiﬂ([Zl]/\dzl.../\dzd)62/\.../\ed:(QiW)izl*(dZQ/\.../\dzd)eQ/\.../\ed

:2i7r<—5<izl*(dz—z?/\.../\dzd) 63/\.../\ed) +5<’izl*<dz—?/\---/\dzd)>63/\---/\€d>

= d
et 8(2'21*(2%2 /\.../\dzd)) = (2im)ig,, (d23 A...Ndzy), ot Zg = {z; = 0} N{z, = 0}. On arrive

A dzd) = 2in[Z ] Ndzy A ... Ndzy, out Z; = {z; = 0}. On recommence :

en définitive a (2im)4[Z,], c’est-a-dire (2i7)?[Z]. On obtient ainsi la compatibilité. O

On peut réaliser le quasi-isomorphisme BgTX[—d] ®o, Q->p I ( P 83() au niveau des

complexes de la manieére suivante :

Bgy[-d]@p Q7 == (T,(BY")) @0 Q77 —=H(T,(FP BY))
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~— 750, (FP B) —= T (F? BY)

Montrons qu’on a un diagramme commutatif :

o> o> o> .
() () 9} FPBS
(2im)di,,
S QP . 1A(T, (FPYB2))[12d SAp(Frtd Be)2d T, (Fr+iBe)[2d
Zixl=d]@p Q57— H(T 4( %)) [2d) < 73T ( )[2d] =Ty ( %) [2d]

Ceci revient par le lemme 7.3 & montrer que si w € € % et si @ est une extension locale de w,
(2im)? [Z] A& = (2im)% 5w, ce qui est évident. En prenant les cones, on obtient la compatibilité
entre les deux constructions. O

On peut maintenant établir le résultat suivant :
ProproOSITION 7.1.

(i) Le morphisme f, est fonctoriel et satisfait la formule de projection.

(ii) Soit g: E——=X wune submersion holomorphe et Y une sous-variété de X (E, X etY
ne sont pas nécessairement compacts). Soit F' le produit fibré de Y et E au dessus de
X. Alors, en utilisant les notations données par le diagramme suivant

F(Z—F>E

') |
Ye——— X
by
on aq¥iy, =ipp*.
DEMONSTRATION. (i) La fonctorialité est évidente. Montrons la formule de projection. On
utilise le morphisme A construit a la section 4. Montrons que le diagramme de complexes suivant

est commutatif :

° f.®id ° ° °
DX) -1 S Me (DYZ ® Frripy — DY> [~1] [2d]

R, |Mc(D5 ;& FPD%

®Zf71ZD,y(Q)} ®ZZD,Y(Q)
idef*

Rf, [Mc(D5 ;& FPDY, —= Dy ) [-1]

Y

Rf,| Me(D5, ® FPrD% — D3 )[-1] | —— Me (Py, @ FrroraDy — Dy ) [-1] 24

®ZZD,X(Q)]

On part d'un élément (S,7 @ U) ® y et on distingue les différents cas :
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1. d°(y) = 0.
— En passant par le coin en bas a gauche du diagramme, on obtient :
S, Tol)@y ~=(S,ToU)®y ~ (0,yT) ~~ (0,yf.T)
— En passant par la droite on trouve :
S Tal)®y ~ (f.5 LT+ f.U)®y ~~ (0,yf.T)
2. 0<d’(y) <gq
— gauche

— droite
S ToU)@y ~~ (.5 LT fU)®y ~~ (f,T Ny,0)
3. d°(y) =¢
— gauche
S, TelU)®y (S, ToU)® f*y
~mmes (T A fry + S Ad(f*y), (1)U Ad(f*y))
(£.(T A Fry+S A (dy)., £.((=1)0 A f*(dy))
= (f,T ANy + f.S Ndy, (1)U A f* A dy)
— droite

(S, ToU)oy ~(£.5,£T® fU)®dy ~ (f,T Ay + f.S Ady, (~=1)1f,U A dy)
Ceci termine la preuve de (i).

Pour (ii), on peut tirer en arriére un courant 7" sur X par la submersion ¢ en posant : (¢*T, a) =

(T, q,a) o g,a = f« est I'intégrale de a sur la fibre de ¢. On a alors ¢*iy, T =i, p*T. O
q
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CHAPITRE 4

Propriétés topologiques des schémas de Hilbert ponctuels des
variétés symplectiques de dimension 4

Ce chapitre contient une version détaillée de I’article « Topological properties of punctual Hilbert
schemes of symplectic 4-dimensional manifolds ».

Topological properties of punctual Hilbert schemes of
symplectic 4-dimensional manifolds

ABSTRACT. — In this article, we study topological properties of Voisin’s almost-complex
and symplectic punctual Hilbert schemes of a 4-manifold. We describe the ring structure
and the cobordism class of these Hilbert schemes and we prove in this context a particular
case of Ruan’s crepant conjecture.

1. Introduction

Our aim in this paper is to extend some properties of punctual Hilbert schemes on smooth
projective surfaces to the case of almost-complex or symplectic compact manifolds of dimension
four.

Let X be a smooth complex projective surface. For any integer n € N*, the punctual Hilbert

[n]

scheme X' is defined as the set of all O-dimensional subschemes of X of length n. A theorem

of Fogarty [Fo| states that X " is a smooth irreducible projective variety of complex dimension
2n and that the Hilbert-Chow map HC': X" ——S"X defined by HC(€) = Y ycqupp(e) b (€)

is a desingularization of the symmetric product S”X. This implies that the varieties X ) can
be seen as smooth compactifications of the sets of distinct unordered n-tuples of points in X.
The cohomological and K-theoretical properties of these varieties X " have been intensively
studied in the last few years: see for instance the references [El-Go6-Le|, [Fa-G&|, [G6 2],
[G6 1], [Ja-Ka-Ki|, [Le], [Le-So-2], [Li-Qi-Wa-1], [Na], which provide main motivations for

the present article.

127
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It is proved in [El-G6-Le| that the complex cobordism class of X ] depends only on the
complex cobordism class of X. This is what motivated Voisin to construct in [Vo 1] the Hilbert

[n]

scheme X" when X is only supposed to be a smooth almost-complex compact fourfold. This

construction of Voisin produces almost-complex Hilbert schemes X "l which are differentiable
manifolds of dimension 4n endowed with a stable almost-complex structure. Moreover there

n]

the fibers of the Hilbert-Chow map in the integrable case. When X is furthermore assumed to
n]

exists a continuous Hilbert-Chow map HC': X "l . §nX whose fibers are homeomorphic to

be symplectic, X ] is also symplectic, hence in particular almost-complex [Vo 2].

In this paper, using ideas of Voisin concerning relative integrable structures, we generalize to
the almost-complex or symplectic setting many results already known in the integrable case,
presenting at the same time an overview of the existing theory.

We begin by computing the Betti numbers of X ]

Gottsche’s formula [G6 1], [G6-So].

, thus extending to the almost-complex case

THEOREM 1.1. Let (X, J) be an almost-complex compact fourfold and, for any positive integer

n, let (bi (X[n])). o be the sequence of Betti numbers of the almost-complex Hilbert scheme
i=0,...,4n
X" Then the generating function for these Betti numbers is given by the formula
4 — b1 (X
= g et (1 $2m— 2 )(1 _ t2m+2 )(1 _ t2mq )bg(X)

The proof of Theorem 1.1 relies on a topological version for semi-small maps of the decomposition
theorem for DGM sheaves of [De-Be-Be-Gal.

The second part of the paper is devoted to the definition and the study of the Nakajima operators
¢;(a), 1 € Z, o € H*(X,Q) of an arbitrary almost-complex compact fourfold X. We prove in
this context the Nakajima commutation relations:

THEOREM 1.2. For any pair (i,j) of integers and any pair (o, 3) of cohomology classes in
H*(X,Q) we have

[Qi(a)vcb'(ﬁ)] :i5i+j70 Aﬂﬂ

The third part focuses on the computation of the boundary operator in the case where X is now
supposed to be symplectic. The motivation for this study comes from the work of [Le]: this

computation is the essential step in the understanding of the ring structure of H * (X ] , Q) in the

classical theory. The boundary operator is the cup product operator with the class —% [OX [n]}

in H2(X [n],(@), where 0X™ cCX ] consists of all the schemes which are not supported by
n distinct points; this is also the exceptional divisor of the Hilbert-Chow map. In order to
derive the formula for the boundary operator, we use the symplectic assumption via Donaldson’s
symplectic Kodaira theorem [Do] which provides many J-holomorphic curves, where J is a
suitable small perturbation of J. The main result of Part 4 is the following:

THEOREM 1.3. Let (X,w) be a compact symplectic fourfold and J be a compatible almost-complex
structure on X. If O is the boundary operator, then for any pair of integers (n,m) and any pair

(a, B) of classes in H*(X,Q),

000(@) = 0@t (3)] = =1 {am(a8) = " 0o ([ ci(x)as ) ia
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Part 5 deals with the ring structure of the almost-complex Hilbert schemes of a symplectic
compact fourfold with vanishing first Betti number. In the algebraic case, Lehn’s work [Le]

describes completely the subring of H *(X M,Q) generated by the Chern classes of F M, where
] ]

FE is an arbitrary vector bundle on X and EM s the associated tautological bundle on X ],
These computations have been further developed in [Li-Qi-Wa-1], [Li-Qi-Wa-3|, [Le-So-2]
and [Le-So-1] in order to describe explicitely the ring H * (X M,Q). Here is the main theorem
of Part 5:

THEOREM 1.4. Let (X,w) be a compact symplectic fourfold with b,(X) = 0.

(i) The cohomology ring H*(XM,Q) of the symplectic Hilbert scheme X can be con-
structed by universal formulae starting with H*(X,Q), ¢, (X) and cy(X).

(ii) If ¢;(X) = 0 in H*(X,Q), H*(X[n],(@) is isomorphic to the orbifold cohomology ring
HCfR(S”X, @) of the symmetric product S™X.

The first part of this theorem is due to Li, Qin and Wang [Li-Qi-Wa-3| in the algebraic case,
see also [Le-So-2|.

The assumption by (X) = 0 in this theorem allows us to avoid the formalism of virtual Chern
characters developed in [Li-Qi-Wa-2|. The second point of Theorem 4 solves Ruan’s crepant
resolution conjecture for symplectic symmetric products. In the algebraic case, X is a K3 surface
or an Enriques surface, and Ruan’s conjecture has been proved by Lehn and Sorger in [Le-So-1].

So far, we have concentrated on the cohomology ring on X " We study in Part 6 the class

[TX M] in K (X M), where X is an arbitrary almost complex compact fourfold. We obtain in
this context the already mentioned result of [El-G6-Le]:

THEOREM 1.5. Let (X,J) be an almost-complex compact fourfold and X[n}, n > 0, be the
]

associated almost-complex Hilbert schemes. Then the almost-complex cobordism class of x
depends only on the almost-complex cobordism class of X.

[n]

This theorem means that the function X ——=X is defined at the level of cobordism and

therefore fulfills the initial motivation of [Vo 1].

Acknowledgement. I want to thank my advisor Claire Voisin whose work on the almost-
complex punctual Hilbert scheme is at the origin of this article. Her deep knowledge of the
subject and her numerous advices have been most valuable to me. I also wish to thank her for
her kindness and her patience.

2. The Hilbert schemes of an almost-complex compact fourfold

2.1. Definition and basic properties. In this section, we recall briefly Voisin’s construc-
tion of the almost-complex Hilbert scheme and establish some complementary results. Let (X, J)
be an almost-complex compact fourfold. The symmetric product S™X will be endowed with the
sheaf Cgny of C* functions on X™ invariant by &,,. Let us introduce the incidence set

(5) Z, =A{(z,p) € S"X x X, such that p € z}.

If W is a small neighbourhood of Z,, in S"X x X, we consider the space B of relative integrable
complex structures J ! on the fibers of pri: W ——=S"X depending smoothly on the parameter

z in "X and close to J in C9 norm. The space B is contractible.
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Let m: (WM J*—~8"X be the relative Hilbert scheme of (W, J™) over S"X. The fibers

rel ?

of m are the smooth analytic sets (Win} J), z € S"X. Let HC 4: WH—>S§‘€1W be the

Yy rel

relative Hilbert-Chow morphism.

DEFINITION 2.1. The topological Hilbert scheme (X[n], J™) s (m,pry o HC )™t (Agny), where
Agny is the diagonal of S™X. More explicitely,
(x" ey = {(&, 2) such that @ € §"X, ¢ € (W, 1™ and HO() = = }.

r %%

To put a differentiable structure on (X [n], J rel), Voisin uses specific relative integrable structures
which are invariant by a compatible system of retractions on the strata of S™X. These relative
structures are differentiable for a differentiable structure ®; on S™X which depends on J and
is weaker than the quotient differentiable structure, i.e. ©; C CSZX. The main result of Voisin
is the following:

THEOREM 2.2. [Vo 1], [Vo 2]

(i) XM is a 4n-dimensional differentiable manifold, well-defined modulo diffeomorphisms
homotopic to identity.

(ii) The Hilbert-Chow map HC': x_ (S"X,D,) is differentiable and its fibers HC’_I(E)
are homeomorphic to the fibers of the usual Hilbert-Chow morphism for any integrable
structure near x.

(iii) X" can be endowed with a stable almost-complex structure, hence defines an almost-

complex cobordism class. When X s symplectic, (X[n], Jrel) is symplectic.

The first point is the analogue of Fogarty’s result [Fo| in the differentiable case. In our context,

except in Part 6 where we will study the tangent bundle T'X ]

[

, we will not use differentiable

properties of X " bt only topological ones, which allows us to work with (X [n], J rel) for any

J™ in B. Without any assumption on .J rel, the point (i) in Theorem 2.2 has the following
topological version:

PROPOSITION 2.3. If J™€ B, (XM, J™ is a An-dimensional topological manifold.

PRrOOF. Let 2, € S"X. There exist holomorphic relative coordinates (z,,w,,) for J' in a

neighbourhood of z ; which depend smoothly on z. For z near z j, the map p—— (z:z(p)7 wz(p))

is a biholomorphism between (W, J,, el) and its image in C? with the standard complex structure.
Let us write (2,(p), ws(p)) = é(z,p), where ¢ is a smooth function defined for z near a lift
of z, invariant by the action of the stabilizer of z, in &,,.
We write 5 = (y1,...,Y1,---, Yk, ---,Yx) Where the points y; are pairwise distinct and each
y; appears n; times. We will identify small distinct neighbourhoods of y; in X with distinct
balls B(yj,e) in C2. ¢ is defined on B(y1,&)™ x -+ x B(yg,e)"* x U?ZIB(yj,E) and is &, X
- X &, invariant. We can also suppose that ¢(x,, .) = id. We introduce new holomorphic
coordinates by the formula ¢(z,p) = ¢(x,p) — D; d(zg,yj)(x — zg) if p € B(yj,e). Let I':

B(y1,e)™ x -+ x B(yy, &)™ —(C*)" be defined by

F(l‘l, s 7xn) = (Qb(l'l, s ,.Z'n,xl), cee 75(3;1)' .- axnvwn))‘
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The map I' is &, X --- x &, equivariant and has identity differential at x,, so it induces
a local homeomorphism 7 of S"X around z,. The image of the chart of (X [n], J™ above a

neighbourhood of o Will be the classical Hilbert scheme (CZ)[n] above a neighbourhood of 0
The chart and its inverse are given by the formulae p(§) = ¢(z, . )., where HC({) = z, and

e 1(n) = ((y, -)"").n, where y =y~ H(HC(n)). O

REMARK 2.4. Let Jorel and Jlrel be two relative integrable complex structures, and let ¢g, ¢1,
~o and 4, be defined as above. Then (X" Jo) and (X . J[) are homeomorphic above a
neighbourhood of z . If ¢(z,p) = (151_1(71_170@), ¢o(x,p)) and y(x) = 71_170@), then there is a
commutative diagram

n re _ s —1/17 n re
(X", Jg) ——HC (V) === HOTY(V, ) = (X1 )

A S S

S"X 2 Va S"X

2o ~ Ly

<
N

and +y is a stratified isomorphism.

2.2. Computation of the Betti numbers. We will now turn our attention to the coho-
mology of (X M, J rel). The first step is the computation of the Betti numbers of X " We recall
the proof of Gottsche and Soergel ([G6-So]), then we show how to adapt it in the non-integrable
case.

Let X and Y be irreducible algebraic complex varieties and f:Y ——= X be a proper morphism.
We assume that X is stratified in such a way that f is a topological fibration above each stratum
X,. We denote by d,, the real dimension of the largest irreducible component of the fiber. If
Y, =f4X,), L, = R [.Qy, will be the associated monodromy local system on X,,.

DEFINITION 2.5. — The map f is a semi-small morphism if for all v, codimy X, > d,,.
— A stratum X, is essential if codimy X, = d,,.

We will say that Y is rationally smooth if the dualizing complex w, with coefficients in Q is
quasi-isomorphic to Qy [2dim Y]. This is the case if Y is smooth.

THEOREM 2.6. [De-Be-Be-Ga] If Y is rationally smooth and f:Y ——X is a proper semi-
small morphism, there exists a canonical quasi-isomorphism

Rf*QY — @ ju* ICYU (Eu)[_du]u

v essential
where IC’7 (L,) is the intersection complex on X, associated to the monodromy local system

L, and j,: X, —=X s the inclusion. In particular, H*(Y,Q) = IH"% (X,.L,).

v essential
REMARK 2.7. A simple proof of Theorem 2.6 is in [LP]. Furthermore, this proof shows that
Rf.Qy~ & J,.I1C; (£,)[—d,] under the following weaker topological hypotheses:

v essential
—Y is a rationally smooth topological space,

— X is a stratified topological space,
— f:Y——=X is a proper map which is locally equivalent on X to a semi-small map between
complex analytic varieties.
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Unfortunately, the notes [LP] have not been published. We provide Le Potier’s proof of the
decomposition theorem in Appendix II.

If X is a quasi-projective surface, the Hilbert-Chow morphism is semi-small with irreducible

n]

fibers, so that the monodromy local systems are trivial, and X ' i smooth. The decomposition

theorem gives Gottsche’s formula for b; (X M). We now show that Gottsche’s formula holds more
generally for almost-complex Hilbert schemes.

THEOREM 2.8 (Gottsche’s formula). If (X, J) is an almost-complex compact fourfold, then for

any mtegmble complex structure J rel

3 by (X, e = r [(1+ £2m=1gm)(1 4 $2m+1gm)] 1)
Z Z - H (1 — t2m=2gm)(1 — t2m+2gm)(1 — 2mgm )bQ(X)'

n=0 =0 m=1

PrROOF. By Remark 2.7, it suffices to check that HC: (X [n], J rel) ——=S"X s locally equiv-

alent to a semi-small morphism. The proof of Proposition 2.3 shows that (X [n}, J 1"31) —=5"X

sition theorem applies and the computations are the same as in the integrable case. O

— - Sy where U is an open set in C?. Thus the decompo-

is locally equivalent to HC: U [

2.3. The homeomorphism type of almost-complex Hilbert schemes. Theorem 2.8
implies in particular that the Betti numbers of (X [n}, J™ are independent of J™. We now
prove a stronger result, namely that the Hilbert schemes corresponding to different relative
integrable complex structures are homeomorphic.

rel
PROPOSITION 2.9. Let (J, )tEB(O,r)QR"
neighbourhood of Z,, varying smoothly with t, and € > 0. Then there exists a continuous map
Y (t,z,p)—=1, . (p) defined for ||t|| <e, (z,p) in a neighbourhood of Z,, with values in X,
such that:
(i) 1z is a biholomorphism between a neighbourhood of x and a neighbourhood of S™pr 4 ()

with the structures Jrel and Jrf; 2@

(iii) vt € B(0,¢), the map x——=S");,(x) 1s a homeomorphism of S"X.

be a family of smooth relative complex structures in a

PROOF. We can choose a family of maps 6, varying smoothly with ¢ such that Vo € S"X
and Vt € B(0,r), 0, is a biholomorphism between two neighbourhoods of z endowed with

the structures Jtril and Jorzl, and such that vz € S"X, HO,x = id. We take, as in the proof of

Proposition 2.3, a system (qbé) of holomorphic relative coordinates for Jore1 with respect to

1<i<N

a covering ((72) of S™X such that §—>S”¢>§3(§) is a homeomorphism between [72 and

1<i<N

its image ‘72 in S"C?. We define holomorphic relative coordinates (gbig) for J' by the

1<i<N
formula (bi’g:(p) = ¢. (Ht@(p)). For small ¢, after shrinking IZ if necessary, §—>S”¢§’$(£) is
still a homeomorphism: indeed the map z——S ”(bix(g) is obtained from the &,, x---x &,

equivariant smooth map

(21,... ,:cn)—>(¢t(x1, e Ty L), ,(bt(:vl,...,xn,xn)) .
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Then we use the fact that a sufficiently small smooth perturbation of a smooth diffeomorphism
remains a smooth diffeomorphism.

Let Zn C S™C? x C? be the incidence variety of C2. The map ¢i: (z,p)— (S”(bt x( ), ¢l I( )

is a homeomorphism between two neighbourhoods of Z,, and Zn above ﬁZ and VZ If we define
Ui (2,p) — (S”Q/)t x( ), Yra(p )), condition (ii) of the proposition means that ¢ o1, o (%)71 is

of the form (y,p)—— (S”uny(g), uty(p)) where y € YZ and v, , is a biholomorphism between

a neighbourhood of y and its image (both endowed with the standard complex structure of
C?), varying smoothly with ¢ and y. The condition (i) means that v, , = id. Thus (1/}t)||tH<E
can be constructed on small open sets of S"X. Since biholomorphisms close to identity form

a contractible set, we can, using cut-off functions, glue together the local solutions on S"X to

obtain a global one. The map r——S nl/)t@(g) is induced by a smooth &,-equivariant map

of X™ into X™ (and is a small perturbation of the identity map if ||¢|| is small enough), thus a
&,- equivariant diffeomorphism of X”. We have therefore defined a family of maps (wt)ll <e
satisfying the conditions (i), (ii) and (iii).

Proposition 2.9 has important consequences:

PRroproOSITION 2.10. Let (Jtrel) be a smooth family of smooth relative complex structures.

teB(0,r)
Then the relative Hilbert scheme (XM, {Jtrel}teB(O T)) is a topologically trivial fibration.

Proor. We have

(X" AT e pon) = {(&y) such that z € S"X, t € B(0,r), & € (W™, 7% }

A trivialization near zero is given by the map I': (X[n], Jorel) x B(0,e) —— (XM, {Jtrel}teB(() 6))
defined by I'(§, x,t) = (1/1m*§ W4y (), t). This proves that the relative Hilbert scheme is locally
topologically trivial over B(0,r), hence globally trivial. O

ProrosiTiON 2.11. If Jorel and erl are two relative integrable complex structures close to J,

then H* ( [n],JOrel,Q) (resp. K(X[n],JOrel)) and H*(X[n],Jlrel,Q) (resp. K(X[n],Jlrel)) are
canonically isomorphic.

PROOF. Proposition 2.10 shows that (X M, Jorel) and (X [n], erl) are homeomorphic. If we

rel
o<t<1 and (Jl,t )ogtgl

integrable complex structures close to J is contractible, we can find a smooth family (JS tl) 0<s<1
0<t<1

which is an homotopy between the two paths. The relative associated Hilbert scheme over
[0, 1] x [0, 1] is locally topologically trivial, hence globally trivial since [0, 1] x [0, 1] is contractible.
This shows that the homeomorphisms between (X [n], Jorel) and (X [n], Jlrel) constructed by the
procedure above belong to a canonical homotopy class. O

consider two paths (Joril) between Jom1 and erl, since the set of relative

As a consequence of this proposition, there exists a ring H *(X ] ,Q) (resp. K(X M)) such that
for any J™ close to J, H*(X[n],(@) (resp. K(XM)) and H* (X[n J™ Q) (resp. K(X xm, Jreh)
are canonically isomorphic.

In the sequel, we will deal with products of Hilbert schemes. We can of course consider products
of the type (X [n],Jﬁel) X (X [m},Jnﬁel), but in practice it is necessary to work with pairs of
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relative integrable complex structures parametrized by (z,y) in S"X x S™X. Let us introduce
the incidence set

(6) Zem = {(x,y,p) in (S"X x S™X) x X such that pe z Uy}

Let W be a small neighbourhood of Z,,.,, and let J"™ and J*™ be two relative integrable
complex structures on the fibers of pri: W ——=85"X x S™X .

DEFINITION 2.12. The product Hilbert scheme (X [n}x[m], Jhrel g 2’rel) is defined by

(X[n}x[m],Jl’ml,J2 rel) {(f n,x,y) such that z € S"X, y € S"X, € € ( in;,J; ;el),

ne (WL, HO() =, HC() =y}

a:y’ (By

The same definition goes for products of the type (X[nl}xmx[nk}, Jhrel Jk’rel).

If there exist two relative integrable complex structures .J,,* ! and Jm in neighbourhoods of Z,,

and Z,, such that J ;;el = J;el nd J 2 rel = J;f; in small neighbourhoods of  and y, we have

(X[n]x[m}7J1,rel7J2,rel) _ (X[n]7Jrel) (X[m] Jrel)
If (Jtl,relyjf,rel)tEB(07T)

. 1,rel
family (X Mx[m], {Jt ¢
0 is given by

is a smooth family of relative integrable complex structures, then the

}teB(O ") {Jf’rel}teB(o r)) is topologically trivial. A trivialization around

(X[n]x[m]’ J&,rel7 Jg,rel) x B(0,¢) (‘X[n}x[m]7 {Jtl,rel}tEB(Om)7 {JtZ,rel}tEB(Oﬂ)

(5 "7733 y)Xt'—>(wt$,y*£ ¢t$y*7775 wt$y( ) S ¢t$y( ) )

where

()FOIPEW Wehaveq/}Oxy( ) ¢)Oxy( ) b-
(ii) The map 1/1t vy (resp. Dy ) is a biholomorphism between a neighbourhood of z U y

and a neighbourhood of S”¢t = y( x)U S, o y( ) (resp. S"¢, " y( r)US™ ¢, o y( )) with

the structures J& ;e; and Jt1§31¢t o @S™, W) (resp. Jg ;e; and Jf;il% (D576, y(y))'

(iii) The map (z,y)—= (5", w,y( x), Sml/)twy(_)) is a homeomorphism of S™X x S™X.

3. Incidence varieties

3.1. Definitions and basic properties. If J i 1s an 1ntegrab1e complex structure on X, the

incidence variety X miml 5 classically defined by x {{ e X n], geX ) such that £ C

5/}' x5 never smooth unless 7/ = n 4+ 1. We have three maps A: Xl }—>XM, v
x4 — X and p: XM 7K given by A(6,€) = € v(€,€) = € and p(&,€) =
supp(I§ /Igl)' Furthermore, (A, v) is injective.

using the relative construction. Let J rel( ) bea

in S"X x §"T"X x X

If J is not integrable, we can define X o]

relative integrable complex structure in a neighbourhood of an(

(see (6)).

n’—n)
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DEFINITION 3.1. The incidence variety (X [nin], Jrel

nx(n’—n)
(X[n Tn] Jrel

nx(n’—n)

) is defined by
) = {(5,5/,@@ such that z € "X, y € SYrX, € e (W, Wi J;il(n/ n), y)v

¢ e W) ece, HOE© =5 ple€) =y}

Let Jrfil , be a relative integrable complex structure in a neighbourhood of Z,  , such that for

every u € S"X and v € srenx gl =g v Then

nxn/ u,ulUv nx(n'—n),u,

(X[n(n}’Jrel ) (X[n}x[n] Jrel Jrel )

nx(n’—n) > mxn’ “nxn/

If {Jtrfllm } teB(0.r) is a family of relative complex structures, we take a trivialization of

[n]x[n'] el el —_
(X ’{Jtrnxn’}teB(O,T)’ thnxn’}teB(O T)). We can suppose Q/Jt@g = (bt@g. If we define
the relative integrable complex structure J, le (n'—n) 33 J;le (W —m)uw = Jtrim/u uUv then

I«

the subfamily ( [yl {J rel is sent by this trivialization to the product U" [y

t,nx(n'—n) }tEB(O,'I‘))
B(0,¢), where U is an open set of C2. This means that the pair (X s} , X [n]x [’ }) is topologically

trivial when put in families. The morphism (X [ n}, Jgre )—>S nX x V"X s locally

nx(n’—n)
equivalent above S™X x SY "X to the morphism U mnl ___§n{7 % "' -"U . This enables

us to define a stratification on X™" by patching together the analytic stratifications of a
collection of Ui[n’ "l (if Z is an analytic set, the analytic stratification of Z is given by Z, = Z;®,

. 1
Zy = (Z\ Zy)™® and so on). In this way, (X Xl I (n/—m)

such that for each stratum S, dim(S\S) < dim S — 2. Let us introduce the following notations:

) becomes a stratified CW-complex

(i) The inverse image of the small diagonal of "X by HC': (X" J5)—~5nX will be
denoted by (X([)m7 Jﬁel).
(ii) The inverse image of the small diagonal of S n'=nx by p: (X [l ) rel

nx(n’—n)

)_)Sn’—nX

will be denoted by (X([)n:n], Jrfel(n,fn)).

In the integrable case, X, mim]

is stratified by analytic sets ( ) defined by

>0
(7) = {(6,¢) € X" such that if & = p(¢, &), — 1}

Zy is irreducible of complex dimension n’ +n + 1, and all the other Zl have smaller dimensions.
By the same argument as above, this stratification also exists in the almost complex case. We
prove the topological irreducibility of Z, in the following lemma:

LEMMA 3.2. Let [ ] be the fundamental homology class of Zo Then

Hyp s 1) (X xg J;il(n L) =7.[Z).

PRrROOF. It is enough to prove that the Borel-Moore homology group H o(n/+n Jrl)(ZO, 7)is Z,

since all the remaining strata (Z;),., have dimensions smaller than 2(n’ +n + 1) — 2. Let

>1

Zo = {(&m.z,p) such that € S"X, pe X, €€ (WY, il )y HOE) =2,

ne (W, (n %) ,Jiil(n_n)@ w—mp)s HC(m) = (' _n)p}

Zz,
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There is a natural inclusion Z,“~ Zo given by (¢,&,,(n/ —n)p) —>(§,§"p,§,p) . Remark

that Z, is compact. Since dim(Z,\Z,) < 4n +2(n' —n —1) = 2(n’ +n — 1), it suffices

to show that H2(n/+n+1)(

(X[n], Jnrel) X (X(gnlfn], Jrf/ein). Since (X(gnlfn], Jnr,eln) is by Briangon’s theorem [Br] a topological
fibration on X whose fiber is homeomorphic to an irreducible algebraic variety of complex

dimension n’ —n — 1, we obtain the result. O

Zy, L) = 7. Zy is a product-type Hilbert scheme homeomorphic to

3.2. Nakajima operators. We are now going to define the Nakajima operators ¢, («),
which play an essential part in the study of the cohomology rings of the Hilbert schemes X ],

If n’ > n, let us define

(8) Q[nfn} :EO C (X[n]x[n/} Jrel Jrel ) x X,

y¥mxn’r Ynxn’

where the last map is given by the relative residual morphism p(, &) = supp (I5 / IE’) and Z; is

defined by (7). Since the pair (Q[n: n],X <l o x ) is topologically trivial when J;iln, varies,
the cycle class [Q[n:n}] € H2( (X s x" s x , Z) is independent of Jrfel

n'4+n+1) xn'*

DEFINITION 3.3. Let o € H*(X,Q) and j € N*. We define g;(a) and g_;(a) as follows:
ge): @H(X"Q — @HE"Q
n n
T s PD! [pr2* ( [Q[”“’”}] N(priayU prl*T))}

¢;(@): @HX"T Q) —— @H X", Q)

n

T > PD! [prl*([Q[nH’nq N (pria UpTQ*T))}

where pr;, pry and pr; are the projections from X ) X" % X to each factor and PD is the
Poincaré duality isomorphism between cohomology and homology. We also set gy(a) =0

REMARK 3.4. Let [a| be the degree of a, then ¢;(«) maps Hi(XM,Q) to Hi+‘a|+2j_2(X[n+j], Q).
We now prove the following extension to the almost-complex case of Nakajima’s theorem [Na]:

THEOREM 3.5. Fori, j € Z and o, f € H*(X,Q) we have

0:(0)g;(8) — (—1) g, (B)gs(0) = 61150 ( /X aﬂ) id

ProOOF. We adapt Nakajima’s proof to our situation. The most interesting case is the
computation of [¢_;(«),q;(8)] when i and j are positive. We introduce the classes [Pij], resp.

[Q”] in
H.(x™, Q) & 1, (X" Q) & H,(X" ™ Q) & H,(X,Q) ® H,(X,Q),  resp.
a,(x" Q) e H (X" Q) @ H,(x" 7 Q) 2 H,(X,Q) @ H,(X,Q),

as follows:

[Pij] ‘= D13« [pfm [Q[n’n_ﬂ] 'p2*35 [Q[n_iﬂ’n_ﬂ”, resp.

Q4] = pis pia [@9] - pig Q57041
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where Q[T’S] is defined in (8). Then ¢;(3)g_;(), resp. q_;(a)q;(B), is given by

7+——> PD7! {pr:.)* ( [PZJ] N (prg‘ﬂ UprjfaU p?”l*T))} , resp.

T—— > pPD! [prg* ([Qi;] N (preaupris U p?“fT))] :

First we deform all the relative integrable complex structures into a single one parametrized
by S"X x S"TIX x S" T X x §2X. We take a relative integrable complex structure .J ril

nXx(n—i)

on S"X x §"'X x X defined in a neighbourhood of Z, . (n—i)" Then we can find a relative

integrable complex structure Jorel ) such that

X (n—i) X (n—i+5) in a neighbourhood of Z

X (n—i)x (n—i+j

Vr e S"X, Vye S"TUX, Yz e S"TX, g0 =J

nx(n—i)x(n—i+j),z,y,z — “nx(n—i)zy

in a neighbourhood of zUy. In the same way, if Jrfilz 4jisa relative integrable complex structure

in a neighbourhood of Z,,_,, ., we can find a structure j;zl>7<r§rlLfi)><(n7i+j) such that

—q n—i+j T 1,rel _ grel
VE € SnX7 Vg c Ss" ZX, VE €s X, Jnx(nfi)x(nfiJrj),z,g,i - JnfiJrjvf

in a neighbourhood of z. In this way, using product Hilbert schemes introduced in Definition
2.12, we obtain the equality between (X Mx[n_i], Jrel Jrel ) X (X n=itg] | grel ) and

nx(n—i)’ “nx(n—1i) ' n—itj
[n]x[n—i]x[n—i+j] FO,rel T0,rel T 1,rel
(X ) Jnx(nfi)x(nfiJrj)’ nx(n—i)X(n—i+j)’ Jnx(nfi)x(nfzﬁrj) :
Let (j t’rel)o <4< be asmooth path between J% and J5 There exists a topological fibration

X over [0,1] such that X, = (X[n]x[nfﬂx[nfi“], Jbrel jtrel jl’rel) x X. As already seen, the cou-
ple (Q[n}x[n%], %) is topologically trivial over [0,1]. We can find a structure j;lr il(n_i)x(n_i X2

in a neighbourhood of an( X (i) x2 which satisfies:

n—i)

V(E’ g’ E’ ﬂ) € SnXX SnilX XSn7i+jX XSQX7 jrel — jl,rel

nx (TL—Z) X (n—Z+j) X 2)2)%75)2 nx (n—z) X (”_i+j)7fﬂg,f

in a neighbourhood of z Uy U z. We can finally deform j; il(nii)x (n—iti)x2 to any relative

structure J in a neighbourhood of Z Let

nx(n—i)x (n—i+j)x2 nx (n—4i)x (n—i+j)x2’
y — (X[n}x[nfi]x[nfiJrj}X[l}><[1} Jrel

»Jnx(n—i)x(n—itj)x2 O times)

be the product Hilbert scheme obtained by taking the same structure J;il( five

n—i)X(n—i+5)x2
times (see Definition 2.12), where J;il(nii)x(nii +i)x2 is identified with its pullback by

p:S"X X STTEX x STTHIX x X x X ——=8"X x STTIX x S"H X x §2X.
Then, via the canonical isomorphism,

H,(Y,Q) ~ H, (X" Q) H,(x"" Q) ® H, (X" Q) ® H,(X,Q) ® H,(X,Q),

the class piy, [Q[n’n_i}] is the homology class of the cycle

A={(&,€.¢",5,1) such that ¢ C ¢ and p(¢,€) = s }-

In the same way, pyss [Q[nﬂ'ﬂ ’nii]] is the homology class of the cycle

B = {(fyf',f”,s,t) such that ¢ C ¢” and p(¢,¢") = t}'
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We now study the intersection of the cycles A and B. Let p € AN B. We choose relative

coordinates ¢, , _ _, for J:il(n i)x(n—itj)x2 Such that

(E Q z t) — (Sn¢x Y558 t( ) Sn qu T,Y,2,8 t( ) Sn7i+j¢§7g,5s,t(z)7 (bg,g,z,s,t(s)v qbg,g,f,s,t(t))

is a local homeomorphism. The associated map given by

/ 7 /1 gn—itj "
(57 E? 5 7%7 5 )E? 87 t) — (¢£’g,z,s7t*§7 ¢£’E’E’S’t*§ 9 S ¢£’E’E’S’t*§ 9 ¢£’E’E’S’t(8)’ ¢$’y7z,s7t(t))

is a homeomorphism from a neighbourhood of p to its image in ((CQ)[n] X ((CQ)[n_ﬂ X (CQ)[H_Hj Ix
[n,n—1] and pggls)Q[nfer],nfz}.
the integrable case, we know that in the open set {s # t}, p124 =il ond p2_315Q
intersect generically transversally. By the argument above, this is still true in our context. If

In
[n_i'i—j’n_ﬂ

C? x C? which maps A and B to the classical cycles prEIQ

(AN B)S# C;;, we can write [A] - [B] = [Cij] + ¢, R where ¢: Y,y Y is the natural
injection and R € H2(2n7i+j+2) (Y{S:t}, Q). We can do the same in
. [n] X [n+7]x [n—i+j]x[1]x[1] 7rel .
Y' = (X / >Jnf<(n+j)><(nfi+j)><2 =5 tlmes)

with the cycles A" and B’ defined by
= {(6,€,¢",5,1) such that ¢ €€, p(&,€) =5}
B' = {(6,€,€",5,t) such that €" C ¢, p(",€) =1 }-
We put D;; = (A'N B’)S#. Then [A'] - [B'] = [Dy;] + (. R, where (' : }/{,s:t}c—> Y’ is the

injection and R’ € Hyon_ivjt2) (Y{,s:t}’ Q). The class R (resp. R') can be chosen supported in

ANBNY_y (resp. in AN B'N Y{,s:t})’
The following lemma describes the situation outside the diagonal {s = t}.
LEMMA 3.6. P1345*([C_ij] N (prspu pr4*a)> = (_1)|a‘ W|P1345*<[Dij} N (prya Uprjﬂ)) :

PRrRoOOF. Let us introduce the incidence varieties

T={(z..2,51) € S"X x S"7X x "X x X x X such that & =y +is, z=y+jt}

T = {(E’Q’Evs’t) € 8"X x S X x S X x X x X such that y=x+js zg—l—it}

Let Q, Q' be two small neighbourhoods of 7' and 77 and W a neighbourhood of Z s (it ) %2

such that if (z,y,2,s,t) € Q (vesp. ),y € W, ;. Let J;il(n i+j)x2 be a relative integrable
complex structure on W. After shrinking Q and ' if necessary, we can consider two relative
structures J™ o and J™ such that
nX(n—i)X(n—itj)x2 nXx(n+j7)x(n—i+j)x2
rel _rrel
V(l‘ Y. %8 t) €Q, J nx(n—i)X(n—i+j)x2,z,y,2,5t Jnx(n—i-l—j)x?,z,z,s,t’
! rel _ grel
V(E Y,z 8 ) SR Jnx(n-{—j)x(n i+7) X2,2,y,2,5,t Jnx(n i+7)X2,2,2,8,t°
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Let U (resp. U’) be the points of Y (resp. Y’) lying above Q (resp. ©'). We define two maps u
and v as follows:

u: U —= (X[n}x[n i+7]x[1]x[1] J;il(n )2 4 times), (5’5/,5//’ s,t) s (575//’ S,t),

v U — (X[n}x[n i+7]x [1]x[1] J;il(n i 4 times), (&,€,¢" 5,t) — (£,€" ) 5,1)

These maps can be extended to global ones which are in the homotopy class of p,5,5 after taking

homeomorphisms between X <X =i+x[Ux[1] yfalx bl xln—itilx 11X elndxln—i+)x 1)<

and XM x x=1 x=itily x2 xloly xIntily xn=itily x2 xly x =l %2 Agin the
integrable case, there is an isomorphism ¢ : C;; = D,; given as follows: if (§,¢',£",s,t) € C;
with HC'(¢') = Y, HC(&) = y+is, HC(E") = y—i—jt we put ¢(&, f’ € s,t) = (£,€,€", 1, s) where
€ is defined by £|p =&, ifpe y, p & {s,t}, 5‘5 = ¢, and £|t = &"|;. All these schemes
are considered for the structure J'¢ Let 0C;; = Ci; \C, OD,; = Dj; \DU and

n><(n i+j)x2,2,2, Ut” )
S =u(9C;;) = v(dD,;). Let m:Y'——=Y" be defined by 7(£,¢',¢",s,t) = (5,5/,5//,15,8). We
have the following diagram, where all the maps are proper:

Y\0C,; 2 G D,; C Y\0D,

\/

n]>< n—i+j]x[1]x[1] \S

Thus we obtain in HQ(% i+i+2) (X[n]x[nfiﬂ}xmxm\& Q) the equality

u, ([Cij] N (preBUpria)) = v ([Dy] N (priBUpria)).
Since dim S < 2(2n — i+ j 4+ 2) — 2, we have

)(X[n]x[n*iJrﬂX[ﬂXm\S Q) ~ H

H2 22 A+.+2)(X[n]x[nfiﬂ}x[l}x[ﬂ Q)
n—i+j ’ ’

(2n—i+j+2
and we get P1345*([Cij} N (prg‘ﬂ Upr4*a)> = (_1)|a‘ W|P1345*<[D—ij} N (prf;ko‘ Uprfﬂ)). O

By this lemma, in [q_i(a),qj(ﬁ)], the terms coming from C—zy and D—U cancel out. It remains
to deal with the excess intersection components along the diagonals Y{ s=t} and Y{ s=t}" We
introduce the locus

= {({, z," 2,5, t) € x D= AT g ch that s = ¢, £|p = {"’p for p # s
and HC(&") = HC(&) + (j —i)s if j > i, HC(¢) = HC(&") + (i — j)s if j < z'}-

I' contains u(A N B) and v(A' N B’). As before, the dimension count can be done as in the
integrable case: dimT' < 2(2n — i+ j +2) if i # j and if i« = j, T’ contains a 2(2n + 2)-
dimensional component, namely A Sl X Ay. All other components have lower dimensions.
Thus, if i # j, piaus.(t,R) = 0 and pygys5, (KL R') = 0 since they are supported in I' and have
degree 2(2n — i + j + 2). If i = j, then py545, (¢, R) and pi3as (¢, R') are proportional to the

fundamental class of AX[”J x Ay. Now p45*([AX[n] X AX] N (prja Uprg"ﬂ)) = /X af. [AX["]]
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and we obtain [qfi(a), qi(ﬁ)] =u / af.id where p € Q. The computation of the multiplicity
X
i is a local problem on X which is solved in [Gr], [El-St]. It turns out that u = —i. O

REMARK 3.7. The proof remains quite similar for ¢ > 0, 5 > 0. There is no excess term in this
case. Indeed, Y = xPPx[tixintitix[x] po_ ylntitinl o glnlxntalxntitiIx<QIxQl g
dimT =2(2n+i+j+1) <2(2n+i+j+2).

3.3. Representations of Heisenberg and Virasoro algebras. We recall in this section
how to combine Nakajima’s commutation relations and the Go&ttsche formula for the Betti

numbers of Hilbert schemes to prove that the full cohomology algebra of the Hilbert schemes is
a highest weight representation of the Heisenberg algebra of H *(X).

Let us recall that a super vector space over a field k is a vector space V over k together with
a decomposition V =V @V~ Forve VE let o] =0ifv e VFand o] =1ifv e V™. A
bilinear form <, > on V is supersymmetric if Vo,w € V¥, < w,v >= (—1)‘1)‘ ol v,w >. If
(V, < . >)is a super vector space with a bilinear supersymmetric form, the Heisenberg algebra
H (V) is an infinite-dimensional graded algebra defined by generators and relations as follows:
DEFINITION 3.8. The algebra H(V) is the quotient of the free algebra generated by the symbols
cand h;(v) (i € Z*, v € V) by the ideal spanned by the relations

(i) Vie Z*, Y\, p ek, Vv, v € V, h,(Av+ pv') = Ah,(v) + ph; (V).

(i) Vie Z*,Yv eV, c.h;(v) = h;(v) .c.

(iii) Vi,j € Z*, Vo,o’ € VE, hy(v). hy(v) — (=)o) By (0) =06, 50 < 0,0 > e
The Nakajima operators constructed in the previous section define a representation of the Heisen-

berg algebra H(H *(V,Q)) in H := Hi(XM,Q), obtained by sending h;(«) to ¢;(a) and ¢ to

id.
ProposITION 3.9. [Na] H is an irreducible H(H *(X,Q))-module generated by the vector 1.

PRrROOF. Let V = H*(X,Q) and W, =V ® tQt]. If 7 is the left ideal of H (V') generated
by the h_;(v) (v € V, i € N*), H(V) /7 is an irreducible H(V')-module which turns out
to be isomorphic to the supersymmetric algebra S*W, of W,. We consider the morphism

of H-modules H——=H given by hy, (ay)...hn, () —=an, (a1) ... qn, (ay).1. It induces a
morphism S*W, ——H. By Schur’s lemma, it is either 0, which is impossible, or injective.

Furthermore, the graded pieces (S *W. +)n inH, = H*(X [n],(@) have the same dimensions since,
by Gottsche’s formula,

o0 )2b1(X)
Zdlm S VVJr ZdlmH H 2+b2(X)
n=0 m=
This implies S*W, ~ H, and H becomes an irreducible H(H )—module with highest
weight vector 1. O

We define now the Virasoro operators. They are formally deduced from Nakajima’s ones and
will play an important part in the sequel.

First, we introduce some notations:

(i) If p € N*, 8, is the diagonal inclusion X = X? and 7,: H*(X,Q)— H*(X,Q)*"
is the Gysin morphism 4, combined with the Kiinneth isomorphism.
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(ii) Ifny,...,n; € Z, the generalized Nakajima operator gy, . . . qnH (X, Q)®k—>End(H)
is defined by gy, ... qn, (7 @ - ®@ ay) = gn (1) 0+~ 0 qn, (ag).
(iii) We use the physicists’ normal ordering convention : gn ...qn : = Gn, - n, where
K2 Zk

{1,....k}——{iy, ..., i} is a permutation such that n; >--->n; .

DEFINITION 3.10. For o € H*(X,Q), the Virasoro operators (L,(c)) are the elements of

End(H) defined by £,(a) = 3 > : ¢,¢,_, : To(e).
vEL

neL

ProrosiTiON 3.11.

(i) [‘Cn(a)7Qm(B)] =-m QHer(aﬂ)'
713 —MNn
() [£ala)£n(3)]) = (0= 1) Eoinad) = "6 0 ([ cX)as)

ProoOF. This is a consequence of Nakajima’s relations. For the detailed computations see
[Le|, Theorem 3.3. O

4. The boundary operator

4.1. Tautological bundles. We begin with preliminary material about tautological bun-
dles on Hilbert schemes. In the classical case, let E be a algebraic vector bundle on an algebraic
surface X. For n € N, we consider the incidence diagram

xil % x

/

Let Y, C X ") % X be the incidence locus, then p|y Y, —X s finite. The tautological

vector bundle E™ is defined by gl — Dy (q*E ® OYn)' For every £ € X[n], E[&] =H° (f,igE).
Our first aim is to generalize this construction in the almost-complex case.

Let (X,J) be an almost-complex compact fourfold, Z, C S"X x X the incidence locus, W
a small neighbourhood of Z, and Jﬁel a relative integrable structure on W. The fibers of
pri: W——=5"X are smooth analytic sets. We endow W with the sheaf Ay, of continuous

functions which are smooth on the fibers of pr;. We can consider the vector bundle A(I)/{/lrel

of relative (0,1)-forms on W, which satisfies Vo € S"X, AI(/)I}lreHW = .AI(/)I}I el - We have a

I —rel . -
relative d-operator &' s Ay —>A191}1re1 which induces for each x € S"X the usual operator

0: 'AWI —>.A191}i given by the complex structure Jnre; on Wg.

DEFINITION 4.1. Let E be a complex vector bundle on X.
(i) A relative connection 5;1 on E compatible with Ji!is a C-linear morphism of sheaves
Op : Ay (prsE) —>A8[}1 (prsE) satisfying 551@08) = @5;818 + 5relg0 ® s for all
sections ¢ and s of Ay, and Ay, (prQ* E) respectively.
(ii) A relative connection 5;;61 is integrable if (5;;1)2 =0.

If 5;;81 is an integrable connection on E compatible with Jﬁel, we can apply the Kozsul-Malgrange
integrability theorem with continuous parameters in S"X [Vo 3]. Thus, for every z € S"X, Eyw.
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is endowed with the structure of a holomorphic vector bundle over (va J;e;) and this structure

. . . =rel . . .
varies continuously with z. Furthermore, ker 8;; is the sheaf of relative holomorphic sections
of E. Therefore, there is no difference between relative integrable connections on F compatible
with J,*! and relative holomorphic structures on E compatible with J,*.

Taking relative holomorphic coordinates for Jrfel, we see that relative integrable connections
exist on W above small open sets of S™X. By a partition of unity on S"X, we can build global
ones. The space of holomorphic structures on a complex vector bundle above a ball in C? is
contractible. Therefore, the space of relative holomorphic structures on E compatible with NAS
is also contractible.

We proceed now to the construction of the tautological vector bundle E ") on (X [n}, Jﬁel). Let

= rel . .
8; be a relative holomorphic structure on E adapted to JXe'. We can construct a vector bundle

E[rz]l over Wr[;] such that for every z in S"X, E[rz}l\w["] = E|[m]/[n], where E|Wz is endowed with

. . S rel . . . .
the holomorphic structure given by 6;;696 For this, we take holomorphic relative coordinates for

»r

E: if U is a small open set of S™X, they are trivializations z, (2),...,2.(z) of By, forxzelU

. . = rel . . .
which satisfy 8533(2'1@)) =0 for 1 < i <r. We can also take relative coordinates (wy, ws)

for the structure J, on the base: for x € U, wy(x) and wy(z) are holomorphic coordinates on

(W J rel) In this way we obtain a diagram

Ty Yn.x

r
Il Ew ——UxT,
zelU -

|

H W$CT U x (CZ
zelU B
where T, = C2xC" is the trivial complex bundle of rank r on C?, ¥(z, p) = (z,w, (z)(p), wy(z)(p))

and D™ (z,p), Ay, .., A) = A2 (@) (p)+- -+ A2, (z) (p). The map I is relatively holomorphic
over S"X. Then we get another diagram

]_[ E ——= U x T/
xEU =

l

W0 )
zeU pl"!

The vector bundle Er[Zl} is defined as a set by E er] = H E[n . A local chart for Er[zl] over
zeS"X =

S"X is given by .

DEFINITION 4.2. Let 4: (X [n], J,fel) —>Wr[:1] be the canonical injection. The complex vector

bundle (E™, 75 957 on (XM, 75 is defined by B = i*E[.

rel
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In the sequel, we consider the class of E " in K (X [n]), which we prove below to be independent
of the structures used in the construction.

ProproSITION 4.3. The class ofE[n] n K(X[n]) 1s independent of (Jﬁel,géel).

—rel el . .
PROOF. Let (Jor(;l,c(?;o) and (Jf’;l,agl) be two relative holomorphic structures and let

(thzl, 55&) be a smooth path between them. Let W el] be the relative Hilbert scheme over S™X x
[0,1] for the family (thzl)ogtgr There exists a vector bundle (EQ, {thzl}ogtgl’ {Egelt ogtgl)
—=rel

over Wr[:l} such that ¥t € [0, 1], Er[(;]|W["] = (Er[:1]> thZIﬁE,t)- X = (XM> {thle}oﬁg) < Wr[«?l}

rel,t

n

is the relative Hilbert scheme over [0, 1], EM isa complex vector bundle on X whose restriction

rel | X
to X, is (E [n], thff,ﬁgi). Now X is topologically trivial over [0,1] by Proposition 2.10. Since
K(%X, % [0,1]) ~ K(X,), we get the result. O

Let T = X x C be the trivial complex line bundle on X and 90X ] cX " be the inverse image
of the big diagonal of S™X by the Hilbert-Chow morphism. We have dim 90X ) = 4n — 2 and
H4n_2(8XM,Z) ~ 7 (this can be proved as in Lemma 3.2).

LEMMA 4.4. cl(T[”]) =—3 PD‘l([aXW]).

PROOF. The line bundle T™ is canonically trivial above X M\@X M; this implies that
cl(’]I‘[n]) = ,uPD_l([8XM]) where 1 € Q. To compute u, we argue locally on S™X around
a point in the stratum S = {g € S"X, such that z; # z; except for one pair {i, j}} This re-
duces the computation to the case n = 2. Then U 2= pi AU xU)/Zy, where U C X is endowed
with an integrable complex structure and A is the diagonal of U. If E C Bl, (U x U) is the
exceptional divisor and m: Bl, (U x U)—>U[2] is the projection, then 7 *([0U?]) = 2[E] and
7*ey(T) = ¢ (n*T) = ¢, (O(—E)) = —[E] in H2(BIA(U x U),Z). This gives p = —1/2. O

We want to compare the universal bundles E ") and Y through the incidence variety X n+1n]

In the integrable case, X L0l ig smooth. If D € X" s the divisor Z, (see (7)), then we
have an exact sequence [El-G6-Le], [Le], [Da]:

) 0—>p EQO y,(~D) —= v B o xrpl

where A x" bl x (] , Ut xttnl _ xIn ) and p: xMHnl X are the two natural
projections and the residual map.

[n+1,n]

In the almost-complex case, X is a topological manifold of dimension 4n + 4. If we choose

a relative integrable structure Jnrfrll with additional properties as given in [Vo 1], X m+Lnl can
be endowed with a differentiable structure, but we will not need it here.
Let Jo® and J,ﬁll be two relative integrable structures in small neighbourhoods of Z,, and Z, , ;.

We extend them to relative structures J,® and j,fill in small neighbourhoods of Z (n+1)"
Then (X" gt ey = (XU gty e (XY, ). 1607 s a relative integrable

structure in a small neighbourhood of Z

o (ns1) A0d J s defined by J'¢, = g™

nx1,z,p nx(n+l),z,zUp’
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then we have a diagram:

(")

pry

(X[n+1,n] Jrel )C (X[n}x[nJrl}’Jrel Jrel )

[n]x[n+1] jrel jrel
»nx1 nx(n+1)’ “nx(n+1) (X ’Jne 7Jnj—1)

pry

( X[n} Jrfel)
where ¢ is a homeomorphism uniquely determined up to homotopy. We will denote by D

the inverse image of the incidence locus of S”X x X by the map X mtinl___gnx x X so

that D = Z,, where Z; is defined by (7). The cycle D has a fundamental homology class

in Hy,, o(X [n+1’n],Z). There exists a unique complex line bundle F' on X 1] Such that

PD(c,(F)) = —[D].

PROPOSITION 4.5. In K (X"™™) we have the identity: v*E" = \*EM 4 p*E@ F.

el el Srel . . .
PrOOF. Let 8;”“, 8;71 and 8;71 11 be relative holomorphic structures on £ compatible

with J;ill, Jr and J;ﬁ_ll. For each (z,p) € S"X x X, we consider the exact sequence (9)
—rel

on (W el ) for the holomorphic vector bundle (E|sz, 0 mel@p). Putting these exact

z,p’ “nXxl,z,p

[n+1,n]

sequences in families over S™X x X, and considering the restriction to X , we get an

exact sequence 0 —— p*E ® G A B 0, where G is a complex line bundle on

X" and A and B are two vector bundles on X such that Y(z,p) € S"X x X:
_ [n+1] mrel rel . [n] mrel rel
(10) Alé,é’@p - (E\Z' ’aE,nXLEvP’Jnil,E,p>’ B\é,é/@p - (E|T§Z vaE,nxl,z,pv‘Inil,g,p)'

% p[n+1] ( [n+1] ! rel )
1€,¢z,p \wE,Eup*é”aEmH,S +1w£’ﬁup(zup)’ JnJrl,SnJrle{Up(EUp) )

* [n] _ [n] el rel
AMNEle e pe = (E\ %Eup*&’aE,mS"%,ﬁuP(z)’Jn,S”%Ew(g))'

As in Proposition 4.3, the classes A and B in K (X [n+1’n]) are independent of the structures used
1 % rel =rel
to define them. If J 'S (nt1) = Joby and V(z,p) € S"X x X, OB nx1zp

¥, = id in a neighbourhood of v. Thus A = v*E"On the other way, if Jrfil

—rel
= 8E,nxl7zup, we can take

(n+1) — jffel
and Y(z,p) € "X x X, gﬁlnxlwm = 5glnx in a neighbourhood of z, we can take ¢, , = id
in a neighbourhood of u. Thus B = A*E™. This proves that yr It \ gt = p*E®G
in K(X[n+1’n]). If T is the trivial complex line bundle on X, u*’]I‘[nH] ~ )\*’]T[n] @ p*T on

X[nﬂm\D. Thus G is trivial outside D. This yields PD(cq(G)) = u[D], where u € Q and the
computation of y is local, as in Lemma 4.4. This gives p = —1. O
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The same proof can be used for higher incidence varieties. If n,n’ € N with n’ > n, let

el . . . . . .
af;nx(n/,n) be a relative holomorphic structure on E compatible with a relative integrable

rel
structure Jnx(n/in).

nin] I[nf n|

DEFINITION 4.6. }[E is the complex vector bundle on X (2] whose fiber I, ey is

ker |: (E[n’] = rel rel

n] —=rel r
13 » OB, nx(n'—n), 2,y Jnx(n/fn)vag) - (E[ .9 % m,y) }

|f ’ E,nx(n/*n)vag’ nx(n/fn

Thus I][g:n} = ker( A——B ), where A and B are vector bundles on X" defined by similar

—rel

formulae as in (10). The class of Ij[gf "in K (X 3 n}) is independent of J™ and g 5, (n/—n)-

nx(n’—n)
A x™ o xand w X L X are the usual maps, then IE”M — g\ gl

in K(X[n:n]). Ifn =n+1, Igz:n] = p*E ® F, but there is no such nice description for other
values of n’.

4.2. Holomorphic curves in symplectic fourfolds. Until now, we have only considered
integrable structures in small open sets of (X, J). In the sequel, it will be necessary to construct
pseudo-holomorphic curves in X with respect to almost-complex structures close to J. To do
so we use the following theorem of Donaldson [Do], which is a symplectic version of Kodaira’s
imbedding theorem:

THEOREM 4.7. [Do| Let (V,w) be a symplectic manifold of dimension 2n such that w is an
integral class. If h is a lift of w in H*(V,Z), then, for k > 0, the classes PD(kh) € Hy, _o(V,Z)
can be realized by homology classes of symplectic submanifolds. More precisely, if J is an almost-
complex structure on' V- compatible with w, we can write for k large enough PD(kh) = [Sk] where
Sy, is a Jy-holomorphic submanifold in' V- and ||J;, — J|| 50 < C/Vk.

We apply this theorem to our situation:

COROLLARY 4.8. Let (X,w) be a symplectic compact fourfold and J an adapted almost-complex
structure on X. Then there exist almost-complex structures (Ji)1<i<N arbitrary close to J and
J;-holomorphic curves (Ci)1<i<N such that for all i, the classes [C] span Hy(X,Q) and J; is

integrable in a neighbourhood of C;.

Proor. We pick aq,...,ay in H?(X,R) such that the w + a;’s are symplectic forms in
H?(X,Q) which generate H?(X,Q). There exist almost-complex structures (jl)1 <;<n adapted
to (w+ «;);<;<y arbitrary close to J if the a;’s are small enough. For m > 0, the symplectic
forms m(w + ai) are integral and Donaldson’s theorem applies. We obtain J;-holomorphic
curves (C;);<;< where J; is arbitrary close to J; and [Ci] = k;(w+ ;). Let U; be a small
neighbourhood of the zero section of N¢./x. We identify U; with a neighbourhood of C; in X.
Since dim C; = 2, Jj| ¢, is integrable. Since C; is J;-holomorphic, Ne./x is naturally a complex
vector bundle over the complex curve C;, so that we can put a holomorphic structure on it. This
gives an integrable structure J; on U, such that J; \c; = Jijc;- We glue together J; and J! in an
annulus around C;. The resulting almost-complex structure can be chosen arbitrary close to J;
if U, is small enough. U

4.3. Computation of the boundary operator. Our aim now is to study the multiplica-
tive structure of H *(X M,Q). In order to apply the results of Section 4.2, we will suppose that
(X,w) is a symplectic compact fourfold, and J an adapted almost-complex structure.
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DEFINITION 4.9.
(i) If T is the trivial line bundle on X, the boundary operator 9 is defined by

0:@H*(x" Q) —=@H(x" Q)

() png —— (a1 (T™) Uay,), o

(i) If H = @,H*(X" Q) and A € End(H), the derivative A’ of A is defined as the
commutator A’ =[0,A] =00 A— Aod.

A fundamental step in the study of the cohomology rings of Hilbert schemes is the explicit
computation of 9. It has been achieved by Lehn in [Le]. We now generalize Lehn’s result in our
situation:

THEOREM 4.10. Let (X,w) be a compact symplectic fourfold. Then:

O (@ @) = {aren(on) -0 ([ acoas) i)

(i dh(0) = nLy(a) - 2= D)

where L, () is introduced in Definition 3.10.

an (Cl (X)a) ’

ProOOF. We adapt the proof of [Le]. First, we prove that property (i) implies (ii). Indeed,
by Proposition 3.11, property (i), and the Nakajima relations of Theorem 3.5, we can check that
the commutator between the right hand side of (ii) and g,,,(3) is the right hand side of (i). The
representation of the Heisenberg algebra ’H(H (X, (C)) in H ®q C is irreducible by Proposition

3.9. By Schur’s lemma, any operator which commutes to the Nakajima operators is a scalar.

Thus we conclude that the difference ¢}, (a) — nL,, (o) + W ¢n(c1 (X)) must be a scalar

which is obviously zero for degree reasons.

We turn to the proof of (i). A crucial point is that correspondences behave well under derivation:

LEMMA 4.11. Let u € H, (X[n,’ n},(@) and u,: H* (XM,Q) —>H*(X[n/], Q) be the associated

correspondence map. Then (u*)/ = [u Nc (Iq[rn/’ n])} where Iq[l-nl’ "l s defined in 4.6.

Proor. Let \: X"~ x and v x™ " L X be the usual maps. We have the
identity v *TI™ =\l = 71" i /e (xT°™). Thus
()7 = e (T Uuyr —u, (e (TM) U T)
= PD7! (v (wn A*n) N (T) = v, (un A% (e (TP U 7)) |
= PD7! v, (wn [(v7e (T") = Arey (T)) Ua*7] )|
= PD 7w ([une ()] nar).
(]

Using Lemma 4.11, (i) can be seen as the commutation of two correspondences. Let us explain
the main steps in the computation of [qL (a),q; (ﬁ)] The strategy is the same as in the proof
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of Theorem 3.5; we will keep the same notations. By Lemma 4.11, [q’_i(a), qj (B)] is induced by
the class

Pis- [pf% [Q[”*'j’n]} ’ (p2*35 iQ[n+j7n+j_i]] N p2*3 Cq (Iq[rnﬂ’nﬁ_ﬂ))]

— D13« |:<p1*24 Q™= N py ey (]?[T”’”*ﬂ» P [QinJrjfi,nfi}] ’

g [rIx il x =it x[1]x (1] x [rIxn=ilxfn—itj]x[1]x[1]

the two terms being computed in and in with
suitable relative integrable structures as in the proof of Theorem 3.5. The difference with the

computation of [q_i(a), qj (ﬁ)] lies in the classes ¢, (Irj[l-nﬂ’nﬂ_ﬂ) and ¢; (Iq[rn’n_i]). The natural
morphism ¢* pjy Iq[ﬁg_’ﬁﬂ i —>I?[Tn"giﬂ is an isomorphism. Thus ¢ *¢; (p3; Iq[rnﬂ et 71}) D, =
(%) iJ )

o (P Iq[rn’n_i]) 1, Since the degrees of all the classes have been decreased by two, S is no

longer negligible in the computations (for the definition of S, see the proof of Theorem 3.5).
This problem is solved in [Le| by considering the following cycles C;; and D,;:

Ci; = {({,{’,{”, s,t) € AN B such that either s # t or s =t and &,£” are curvilinear}

IN)ij = {({,{’,{”, s,t) € AN B such that either s #¢ or s =t and ¢’ is curvilinear}

The isomorphism ¢ can be extended to (;NS: @j = ﬁij L IES = u((?@j) = v(@ﬁij), then

dim S < 2(2n—i+j+2) —4. Since we work with homology classes of degree 2(2n—i+ j+2)—2,
S can be neglected. o o
— In the case ¢ # j, I' contains Q[n’nﬂﬂ} if i > j (resp. Q[nﬂﬂ’n] if i < j), and all other

[n7n_Z+Ji ~
2n—i+j+1)(Q ,Z) = L.
This proves that [qli(a),qj(ﬁ)] = f1;j 4—i+j(aB3), where p;; € Q. The computation of j;; is a
local question, so Lehn’s argument gives p,;; = j.

/

~Ifi=j, [q_i(a),qj(ﬂ)] is induced by a class in Hy(gy,11) (AX[”J X AX,Q) which turns out to
be of the form [Ax[n]] ® ¢, where ¢,, € Ha(X,Q) (see [Le], Proposition 4.13); ¢

a local datum. We must now compute c,. In the projective case, c, lies in the Neron-Severi
group NS(X) of X. Since the intersection pairing on NS(X) is non-degenerate, ¢, is uniquely
determined by the numbers ¢, . [C] where C runs overs a basis of NS(X). Remark that this
argument already fails if X is integrable but not projective. Indeed, the intersection pairing on
NS(X) is no longer non-degenerate for non-algebraic surfaces. In our situation, we will compute

components have lower dimensions. Recall that, by Lemma 3.2, H. 5

, 1S no longer

¢, - [C] where C is a pseudo-holomorphic curve for an almost-complex structure J close to J,
integrable in a neighbourhood of C. The intersection pairing on H?(X, Q) being non-degenerate,
by Corollary 4.8, ¢, is uniquely determined by the numbers ¢,, . [C].

If v € H*(X) is a class of even degree, we define the vertex operators (S,,(7))

formula > (S, () t" = exp (Zn>0 (_17):71 a,(7) t"). Since 7 is of even degree, the operators

by the

m>0

(qi(7))z‘>0 commute in the usual sense, and the definition of S,,(y) is valid.

LEMMA 4.12 (In the integrable case, [Na|, [Gr]). Let J be an almost-complex structure close
to J, C a J-holomorphic curve. Suppose that J is integrable in a neighbourhood of C'. Then
[CM] = 5,([C)) .1, where [C] and [CM] are the cohomology classes of C' and ™ in H?(X,Q)

and H*™ (XM , (@) respectively.
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ProOOF. Let U be a small neighbourhood of C' such that J is integrable in U. Then, for
n/, n € N, n’ > n, we can suppose that X [nl], XM and x '] are the usual Hilbert schemes with
the integrable structure J over S"'U , S™"U and S™U x Sy respectively. Since Lemma 4.12
holds in H?" (UM,Q), we are done. O

To obtain the value of ¢, . [C], we compute in two different ways I = / [X(gn]] [oC M], where

ac™ = ¢ ax™ . Since ¢ and aX™ intersect generically transversally, by Lemma 4.12,

[act] =[] [ox™] = (s"((c]) 1) . (=26 (T™) ) = —25,([C]) 1.

We have the general formula / : ][X([)n}] o= / q_p(1).a, thus I = —2/ q_,(1) S, ([C]) - 1.
X" X X

Now S, ([C]) .1 is a linear combination of terms of the form %, ey ... qgk ([ey-.. 4, ([c) 1
where the indices 4, are positive and i; 4 --- 4 iy = n. When we apply ¢_,,(1), we obtain

~IfN=1andi; =N, q_,(1)q,([C]) .1 = [q_,(1),q,([C])] .1 = —/ c,-[C].

~IfN>1 x

¢, (1) q, ([C]) ---a, (IC]) - q; ([C) - 1 = q;, ([C]) - [a- (D) g5, ([C))]gs, , ([C]) -4, (IC) -1
= i g (1) "'Qikfn([c]) Ty (... QiN([C]) 1

This is zero, unless N = 2, and in this case we obtain a multiple of [C]2. This yields the formula
I=21c,.[C]+ (3)[C]? (see [Le] Lemma 3.18 for the explicit computations of the constants).

On the other hand, I can be computed geometrically. Let A:C —>C(gn] be the natural iso-

morphism. Remark that X([)n} and C™ intersect generically transversally, the intersection being

A(C). Then I = /X I o) fox ) = /X [a@)] [ox™) = /C [a@)] o]

since degA(C) (OX["] (8XM) | U[n]) ‘
Recall that J is integrable in U. By the adjunction formula, K, = K ulc ® Ne U and we obtain
deg K, = —¢;(X).[C] + [C]%. This gives ¢, = —3 n*(n — 1)¢; (X). O

o= dega (e (OC["] (OC[n]))‘C. Thus I = —n(n — 1) deg K.

COROLLARY 4.13. When « runs through a basis of H*(X,C), the operators 6 and q,(«) generate
H from the vector 1.

Proor. If m > 0, [¢j(a),q,(1)] = —mgm41(a). Thus we can obtain all the positive
Nakajima operators from 0 and g;. U

5. The multiplicative structure of H*(X[" Q)

Let (X,w) be a symplectic compact fourfold. From now on, we will suppose that b;(X) =0. If E
is a complex vector bundle on X, we can define canonical elements EMin K (X [n]) as explained in

section 4.1. If 0 E F G 0 is an exact sequence of complex vector bundles

on X, we have g F G =0 in K(X[n]). Thus we have a map K(X)——D K(XM)

which sends E to (E[n})nx].
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LEMMA 5.1. There exists a map H*(X,Q) —— @H*(XM,Q) such that for all n € N the

n

D G(a;n)

n

(07

L[]

diagram K(X)®, Q K(X[n]) ®, Q commutes.

ch l ch

H*(X,Q) G("n) H*(X[n],(@)

ProOOF. The surjectivity of ch: K(X)®, Q — H*(X,Q) holds when b,;(X) = 0. Let
in K(X) ®, Q be such that ch(z) = 0. We prove by induction that Vn > 1, ch(a:[n}) = 0. Let
A x el x Il and e xR x I e the canonical maps. Then, by Proposition

4.5, A R S L prx . [F]. If ch(x[n}) = 0, then V*ch(ac[nﬂ]) = 0. Since v is locally

[n+1]

topologically equivalent to a generically bijective algebraic map over X , v,v* =1id, and we

get ch(a:[m'l}) =0. O

DEFINITION 5.2. Let o € H*(X,Q) be a homogeneous cohomology class. Then
(i) G,(a,n) denotes the (|| + 24)-th component of G(«,n).
(ii) &,(a) denotes the operator H which acts on H*(X[n],(@) by cup product with G, («a, n).

PROPOSITION 5.3. Va, 8 € H*(X,Q), Vk € N, [6,(a),q,(8)] = & ¢\F (ap).

PROOF. This is a consequence of Theorem 4.10 (i), Proposition 4.5 and Lemma 4.11 (see
[Le], Theorem 4.2 for the detailed computations). O

We can now state some significant results on the cohomology rings of Hilbert schemes of symplec-
tic fourfolds. These results are known in the integrable case and are formal consequences of the
various relations between ¢, (a), 0, £, (a) and &,(«) (see e.g. Theorem 2.1 in [Li-Qi-Wa-3]),
even if there is a lot of nontrivial combinatorics involved in the proofs. Thus the following results
are formal consequences of Theorem 3.5, Proposition 3.11, Theorem 4.10 and Proposition 5.3.
Recall that (X,w) is a symplectic compact fourfold which satisfies b,(X) = 0.

THEOREM 5.4. The classes G;(ca,n), where 0 < i < n and « runs through a fized basis of
H*(X,Q), generate the ring H*(XM,Q).

This result was initially proved in [Li-Qi-Wa-2] using vertex algebras. For other proofs, see
[Li-Qi-Wa-1| and [Li-Qi-Wa-3].

THEOREM 5.5. Let ay, ..., o, be homogeneous classes in H*(X,Q), n,ky,...,k, positive inte-
gers. Then [[;_, de (ay,m) is a universal combination of terms of the form

sign(e, I). g;(1) o+~ 0qy(1) oqp (Tn, (510411)) °--oqy (TNj (z-:joqj)),

m times

where I runs through the partitions .Of{l’ ...,n}, j is the number of blocks in I, ap = Hz‘elk Qy,
er € {1,1(X), 1 (X)?, (X))}, [Thy a; = sign(a, I)[[;_, o; (for other notations, see page
140) such that if N, = Zielk i,

. 3 .
(i) |Ik|_%<2+Zielkkif0r1<k<]y
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MQ
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(iii)

.3
Il
—

For the proof, see [Li-Qi-Wa-3]. These theorems show that the ring H *(X [n],(@) can be built
by universal formulae starting from H*(X,Q), ¢;(X) and ¢y (X).

COROLLARY 5.6. Let X, Y be two symplectic compact fourfolds with by(X) = b,(Y) = 0 such that
there exists an isomorphism of rings ¢:H*(X,Q) — H*(Y,Q) satisfying ¢(c;(X)) = ¢;,(Y),
i=1,2. Then, ¥n >0, H*(X" Q) ~ H*(Y™", Q).

This is a consequence of Theorem 5.3 and 5.5.

There is a geometrical approach to the ring structure of H * (X ] , Q) through orbifold cohomol-
ogy. If J is an adapted almost-complex structure on X, S™X is an almost-complex Gorenstein
orbifold. We can therefore consider the associated Chen-Ruan (or orbifold) cohomology ring
Hip (S "X, Q) which is Z-graded and depends only on the deformation class of J (see [Ch-Rul],
[Ad-Le-Ru], [Fa-G&]).

After works by Lehn-Sorger and Li-Qin-Wang, Qin and Wang developed a set of axioms which
characterize H¢ip (S™X, Q) as a ring (see [Ad-Le-Rul):

THEOREM 5.7. [Qi-Wa] Let A be a graded unitary ring and (X, J) an almost-complex compact
fourfold. We suppose that

(i) A is an irreducible H(H *(X,C))-module and 1 is a highest weight vector.
(i) Yoo € H*(X,C), Vi € N, there ezist classes O,;(a,n) € Al queh that if ©,(a) is the

operator of product by @ O,(a,n) and (1) = 0 is the derivation,

(1) Va,ﬂ € H*(X7C)7 vk € N! [:Dk(a)vch(ﬂ)] - Q1 ( B)

(2) Z RN (t31x) = —60 (for the notations, see page 140).
141y +1,=0

Then A is isomorphic as a ring to Hjp (S”X, (C).

We apply this theorem to prove Ruan’s conjecture for the symmetric products of a symplectic
fourfold.

THEOREM 5.8. Let (X,w) be a symplectic compact fourfold such that b;(X) =0 and ¢;(X) = 0.

Then Ruan’s crepant conjecture holds for S"X, i.e. the rings H*(X[n],(@) and HéR(S"X, Q)
are isomorphic.

ProOOF. Let O, (a,n) = k!GS;(a,n). Then (1) is exactly Proposition 5.3. The relation
(2) is a formal consequence of the Nakajima relations and of the formulae [g}, (), gm(3)] =

—nm qn—l—m(aﬁ)a Q;z(a) = nﬁ“n(a) U

In the algebraic context, X is a K3 surface or an Enriques surface and the result of the theorem
has been proved by Lehn and Sorger in [Le-So-2] (see also [Qi-Wa], Theorem 5.11).
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6. The cobordism class of X"

In this section, (X, J) is an almost-complex compact fourfold, no symplectic hypotheses being

required. The almost-complex Hilbert schemes X " are endowed with a stable almost complex
structure (see [Vo 1]), hence define almost-complex cobordism classes. By results of Novikov

]

[No| and Milnor [Mi], the almost-complex cobordism class of X ) s completely determined

by the Chern numbers / » P(c, (XM), e ,ch(XM)) where P runs through all polynomials
X n

P €Q[Ty,...,T,,] of weighted degree 4n, where deg(T},) = 2k. Our aim is to prove the following
result:

THEOREM 6.1. The almost-complex cobordism class of xm

cobordism class of X.

depends only on the almost-complex

This means that if P is a weighted polynomial in Q[Tl, . ,TQn] of degree 4n, there exists a
weighted polynomial ﬁ[T 1,1 2] of degree 4, depending only on P and n, such that
/Xw Pley (X, g, (X)) = /Xﬁ(cl(X),cQ(X)).

This result has been proved by Ellinsgrud, Géttsche and Lehn in [El-G6-Le] when X is pro-
jective. We adapt their proof in our situation.

Let J be a relative integrable structure in a neighbourhood W of Z,, satisfying the additional
conditions listed in [Vo 1] page 711. Then (X [n],Jf{el) is smooth. If J' is arbitrary, by
Proposition 2.3, (X [n},Jrfel) is only a topological manifold. Thus TX " does not exist any
longer. However, the construction of the almost-complex structure on X " done in [Vo 1]

shows that [TX [n]] = [TrelWﬂ‘ X["]] in K(X [n]). The advantage of using T' relWEZI] is that

this complex vector bundle is defined for any relative integrable complex structure Jre Let
K = [TWM] € KWL 7). Then & e K(x" 75y ~ K (X" and the image

rel rel’ n| (X[”] 7]591)

is independent of J rfel' Thus, for any relative integrable structure, Ko (xIm)_grely = [T X [n]]

The main idea in [El-G6-Le] is to use the diagram

x bl xm

(v,id) (A,p,id)
Pl =

X xm (X % X)) x xm

Then, for every cohomology class a on X o x m

1
= A, p,id id) *or.
[ = [ i

Therefore, after practising n times this operation, it is possible to express |[ ) (v as | n @ Where

@ is obtained by successive pull-backs and push-forwards by (v,id) and (A, p,id) form = 1,... ,n.
In order to apply this formula, it is essential to compare v*T X P and A TX ™ i K (X [nH’n]).
In the almost-complex situation, we can use relative tangent bundles TWJ:I} and T WY[SH], but
we must perform homotopies between the various relative integrable structures involved. These
homotopies do not change the K-theory classes.
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]

Another difficulty appears. In the integrable case, T'X i prisHom o : (jn,(’)n), where
D' n

! XX
J,, is the ideal sheaf of the incidence locus Y, C X " % X and O,, is the structure sheaf of Y,,.
This shows the necessity of considering in this problem coherent sheaves and not only vector
bundles.

In Appendix 7, we develop a general formalism for relatively coherent sheaves on spaces X/B
fibered in smooth analytic sets over a differentiable basis B with quotient singularities, such as

o1 - These spaces carry a sheaf Oareel which is the sheaf of smooth functions holomorphic in the

fibers. Intuitively, a relatively coherent sheaf F on X/B is a family of coherent sheaves (]:b)b cB
on (%b) pep varying smoothly with b. If we take relative holomorphic coordinates on X, the local
model for X is Z x V, where Z is a smooth analytic set and V' is an open subset of the base B.
Then the local model for a relatively coherent sheaf on Z x V' is pry g ®pr_1 o CSO , where G is
a coherent analytic sheaf on Z. The usual operations on coherent sheaves, 1SUCf1 that pull-back,
push-forward and the associated derived operations, can be performed on relatively coherent
sheaves for smooth morphisms holomorphic in the fibers satisfying some triviality conditions
(in the case of the push-forward, there is also a triviality condition for the sheaf itself). In the
sequel, it will be necessary to consider coherent sheaves in K-theory. This is achieved by the
following proposition:

PROPOSITION 6.2. If F is a relatively coherent sheaf on X/B and X' is relatively compact in X,

then F° = F ®(’)”1 C;O admits a resolution on X' by complex vector bundles (Ei)1<i<N' The
x <i<

element [F*°] := Zi]il(—l)i_l[Ei] in K(X') is independent of E, and depends only on the class
of F in Krel(%), where Krel(%) is the Grothendieck group of the abelian category of relatively
coherent sheaves with strict morphisms (see Definition 7.11).

For the proof, see Corollary 7.8, Proposition 7.9 and Proposition 7.15 in Appendix 7.

The usual operations f, and f Tin analytic K-theory as well as the product F .G and the dual
morphism F——=F" still exist in relative K-theory (see page 164).

We are now going to introduce the relatively coherent sheaf O which will be a fundamental

object in the proof of Theorem 6.1. Next, we will compute its Chern classes in Proposition 6.3.

Let W be a small neighbourhood of Z, ; in (S"X x X) x X and J;ill a relative integrable
complex structure on W such that Vo € S"X, Vp € X, J;ill rp = J;e; in a neighbour-
hood of z, where J,, is a relative integrable structure in a neighbourhood of Z, (the defi-

nitions of the incidence varieties are given by (5) and (6)). Let X = (W[n+1’n] Jrel ) and

rel 1 “nxl

X = (W[n]xm Jgret el ). These spaces lie above S"X x X. We have a natural map

rel »“nx1r“nxl
o™ Xx——=% given by o' (¢, ¢, x,p) = (€, p(€,€),x,p). Let Y, C X' be the incidence locus
defined by Y,, = {({ ,w, T, p) such that w € supp({)} ‘and D, € X be the relative exceptional
divisor defined by D, = {(£, &, 2,p) such that p,(&,&') € supp(§) }. Taking relative holomor-
phic coordinates for J;ill, we see that there exist two relatively coherent sheaves Oﬁel and jnrel

on X’ and a relative holomorphic vector bundle (’)rel(—Drel) on X such that V(z,p) € S"X x X,

. 1 . rel - % rel
2(117717) O:;:e = OYm(r,P)’ ,L(;,p)jne = an;(z.,P) and Z(:Bﬂp)o ‘ (_Drel) - OW[nJrl"n] (_(D rel) Re-
x z x z x z.p

mark that supp(O,,) =Y,,. Let
(11) l=c (Orel(_Drel))‘XWl,n] € HQ(X[nJrl,n}’Q)

zp)-
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and let o: X"~ ¥ o X be the restriction of o™ to X"

PROPOSITION 6.3. ([El-G6-Le| Lemma 1.1) For all i in N*, o,(I') = (—1) cl.(oﬁel""’)‘ Kl

PROOF. In the integrable case, Jy, has homological depth 1. This proves that in our case
jnrel’oo locally admits a free resolution of length 2 on X', hence, by Proposition 7.9, a global
locally-free resolution of length 2. We denote it by 0 A B jnrel’oo —0.
Let 7:P(B*)——=X%' be the projective bundle of B*, P(B*) = P(B*) X gny, x (X" x X), &

the natural map P(B*)—=P(B*) and s the section of 7*A* ® o C

c P(B*)(l) given by the
P(B *)

morphism 7*A — 1*B —C5 (1) .

LEMMA 6.4.
[n+1,n]
rel

(ii) The section 6*s of 6*(m*A* ® o C];?B*)(l)) is transverse to the zero section.
P(B *)

(i) The zero locus of s is canonically isomorphic to W

PROOF. (i) We take holomorphic relative coordinates above V' C S™X x X for W. This gives
trivializations Q ~ W s v and @ & W x W x V for open sets Q and €' in X and X’ ,where

W is an open set in C2. We consider a free resolution (0 —= O, —— O of the
W xw Winlx W

ideal sheaf an on WW X W We can suppose that the associated local resolution of jnrel’oo on

) is a sub-resolution of the global one. If T = Ci’f[n] — , we have a diagram where all lines
W xWxV

and columns are exact:

0 0 0
M 1 rel,0o
0 T" T+ T —0
id
o] rel,co
0 A B Jnm, 0
A 0
0 0
o .
Here, M € MT’+1,T’<OW[7L+11”]> and @ € GL,, (CW[”]xva>' We can suppose that Q = id.

We take a global splitting A ~ T7 @ T™. This gives a splitting B ~ T""! @ T™ such that

¢ = (]\04 1(()i> . In local coordinates, the section s is given by s(u, z,v) : («a, 5) — u(M(z)c, B)
where z € WM X WN/, v € V, u lies in an affine chart of ]P’”’m(C)*’ o € C" and B € C™. Then
Z(s) = {(u, z,v) such that uicm =0 and Vo € C7, u(M(z)a) =0}
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In the integrable case, we know that il - P(Jy,) (see [Da]). Thus Z(s) ~ wintel V,
which is isomorphic to €.

(ii) We can be more precise in the integrable case: P(jyn) is smooth and the section s used to
define it is transverse to the zero section (see [Ch], [Ti]). Taking the same notations as above,
if w e P(C)*, uy = U orat and uy = u|cm, we have in local coordinates s(u, z,v)(a, §) =

(3(uq, z,v) (@), uy(B)). This gives the result. O

Now (ii) implies that the homology class of Z(s) in Hg, 4(P(B*),Q) is Poincaré dual to the

top Chern class of m*A* ® C];? B*)(l)7 since P(B*) is rationally smooth. Let us consider the
B(B *)

rel

d
class € = cl(C];?B*)(l)) € H?*(P(B*),Q). We have PDfl([W[nH’n}]) = Zw*ck(A*) g4k,
k=0

where d is the complex rank of A. We consider now the diagram P(B*)<——X2 D . The
j

ﬂ-l
T rel

%l
map o, is proper. Hence
d d
0re:(€") = PD7H m, (XN )] =) ep(A)m, (e777F) =3 e(A%)s; 1 (BY)
k=0 k=0
— (A" = B*) = (=1)’c;(O5)  (sce [Fu]).
To conclude, we use the diagram X<—>X 4Ll and the formula [ = o *e. U

)

¥ —oxmMyx

The classes p; ,, == ¢; (Oﬁel’oo €eH*(X Il x ,Q) will play an essential role in the sequel.

)|X["]><X

n]

"] X gny W—>W1[“el over

Let us now compute r,, in terms of (’)Tiel. We consider the map p: W

S™X. The important point is that p is not proper but that, if Y, C Wﬂ X gny W is the relative
incidence locus, Py, is proper.

PROPOSITION 6.5 ([El-G&-Le| Proposition 2.2). In K™ (W 57X we have

rel?
rel rel V rel rel V
ﬂn:p!(on +0 -0,5.0, )

[n]
rel

PROOF. We have TW (Jrfel,(’)ﬁel) and the higher direct images

— p* Hom O rel

W[rZ%xSnXW
[n]

vanish. Indeed, in the integrable case T'X"" = pry, Hom . (T, O,,) and pry is flat on Y.
xMxx

Then we can apply the argument of [El-G6-Le], Proposition 2.2, but we do not perform the
last computation since p is not proper. O

Let W be a neighbourhood of Z,,,; and J,,; be a relative integrable complex structure on w.
Let us consider the following maps over S"X x X:

% Prel WEZ;L L] —>Wrel is the residual map.
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*

. . 1, i n+1, i

rel rel

[n+1 n|

arn+1, n]

« p is the first projection W_, X gnyx X W —s Wia

W I foX X, wedefine fi; = f X gny x1d: X X guyyx W—=% Xgnx, x W.
\ /
S"X x X
. Wr’;il’”}—ﬁi’;‘i”, G Wit — Wi

rel
We introduce the following relatively coherent sheaves:

- . . ~ Slnt
« O and O,ffﬁl are the universal relative incidence structure sheaves on Wﬁ and VV}EZIJr !

x L= Orel(—Drel), where D, C /V[V/I[:;fr L) i the relative exceptional divisor.
x A is the relative diagonal in Wrel X gnx s X Wrel and Ogel | is the associated structure
sheaf.

Then we have the following properties which are immediate consequences of the same results in
the integrable case:

3 . ~k * 1 7 74 +1) 7 74
(1) ]*E = p £ ® prel,WorAerel on W[n n] XSnXXX W

rel

(ii) We have an exact sequence on WN/EZIJF Ll s SnX % X w:
0 oL by OFL | —— oy O —— 0.
Orel T Orel rel T 6rel d T 6rel e (’9"rel
(iii) Prelw A =~ Pra,wYA o Q/’W nt1 = VY Opyq an by On™ = by O
We will suppose that J rill is of the form Jnr'ill o JrffrlL 2Up Then we have maps
it n] winti] wintin] Wit w
bW " =W U Wi " Xgnxwx W —s> Wi Xgnt1y W
S1X x X —2= Sy S"X x X = SnHlx

and o7, OF | = o O Let &, = [TWI / 57X x X] € K™ (W), We now prove the
proposition:

PROPOSITION 6.6. ([El-G&-Le] Proposition 2.3) In K™ (W™ ™) we have

rel
Q/)Tﬁn-yl _ QNST%n+£+£v-pielKI/r{?1V_pIel(Orel TrelW+Kr61V)
—L.GTorY — Yo pl Kt Flor.

rel

Proor. By Proposition 6.5, menH = Q/JTp!(O:;(il + (’)Tlﬁlv - (’);ﬁl . (’)Tiilv) We have the
diagram

Yy W

W[n—f—l,n}

rel

117 n+1]
Wrel X sntlx

5l lp

W[n—f—l,n] P W[n-{—l}

rel rel

Xgnxxx W
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where the first column lies above S™X x X and the second one above S""'X. We can apply
the base change formulae as in the integrable case and we obtain:

wT’%nJrl :5'7%1/-[/( rel1 + O;ii/ _ O;il O;ii/) :5'511/‘1/(6re1 + 6rel\/ N @'ﬁel .671;61\/)

[~ 1 v~ 1 1
—I—p,[p E'prel,WOXe +5'LY. prelwoge\l/ T(ﬁ £'). prelW(OX) L0x)

rel rel
~ 1 ~ ~t 1 ~
B TL : prel,W re ¢) O’fiel -b [’ piel w re Y (b Oéel]
by properties (i) and (ii) page 155.
If g is the projection Wﬁ X gnx x X W—>/W/£21] , then K,, = q!(@fbel +OFY ot (’3ﬁelv) SO

that by base change again, ¢'%, = p,oh (On + O3 — O3 . OF'Y). We also consider the
diagram

Srln+1,n) = Praw = =

" !

P rel o

W[n—f—l,n} W

rel

where all the terms are above S™X x X. This gives

wT’%n-l-l = gT%n + L. pielr!ogel ol + cv. prelr'Ogele\/ - pielrl(ogel : Ogel\/)

rel rel

— L0 el"“" by Op!Y) — £V, ﬁ'[(pielw rell) By @iel]

rel

Now r, Ogel = %1 | Orelv = Kﬁflv and if §: W ——=W X gnyx x W is the diagonal injection,

rel rel

pIeLW (’)Xi: = pIeLW 0, K;T/elv = j!prel KWQW, thanks to the diagram

17 n+1,n] J 37 n+1,n] fn
Wrel Wrel Xgnxxx w
lprel lprel,W
w g W x w

SPX x X

O

We want now to express in the cohomological setting all the identities we have obtained in
K-theory. Recall that p,, = c-((’)ﬁel’oo) € HQi( xM X, Q). By Lemma 7.16, p, ,, is

ekl
rel

|x M x

independent of the relative structure chosen on W We consider the following maps:

LEMMA 6.7.
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(1) ci(017,) = Are;(x").
(ii) ¢ (gb;[, (’)rel) ] (A 1d) "ty -
(iii) ¢ ( TOrel) LX["“’"] =0 iy
)
)

1777 *
(iv) ¢;(piy T™ W)‘X[n-‘—l,n] = p*c;(X).

(v

Ci (Pielw Ogel l)oo] | xInl x T (P, id)*ci(CK’X)

PROOF. The first three points are consequences of Lemma 7.16 in the appendix. For (iv),

we consider the map 0: X—>ﬁ7rel given by d(x) = x € WN/{I .}, We have a diagram

W[nJrl n] Prel

rel w
Ja
X[n-i—l, n] . X

When we restrict the family WN//S”X x X to §(X) ~ X, we obtain a neighbourhood W of Ay
in X x X. Therefore c; (pfelTrelW)|X[n+1,n] =p*i*e (T]rel W) = p*c;(X).

For (v), we extend the structure J5 ><1 to a relative integrable structure J X1X1 in a neighbour-
hood W of Z, 1, such that for any (z,p,q) € S"X x X x X near the incidence locus p = g,

we have Jnillxl opa = J;ill e’ Then we consider the diagram
N[n+17n} i Prel,w i o
[n+1,n]x1 Pre¥1d
weee W Xgnywuxxx W
xttnl o x , XXX
(p,id)
where the second line is taken over S™X x X x X with the relative integrable structure JnX1X1
and the morphism S"X x X ——=5"X x X x X is the diagonal injection. This proves the
result. O

REMARK 6.8. By [At-Hi|, d, :=¢; (CZOX) € H*(X x X, Q) is a polynomial in ¢, (X) and cy(X).
PROPOSITION 6.9.

(i) Vi,n € N*, (v,id) *p; g — (Asid) "p;,, = Zprl 1* (p,id)* d;_s,, where | is defined in (11).
(ii) Vi,n € N*, v*¢, (X[nﬂ]) — A, (X[n]) is a universal polynomial in the classes I, p*c,(X)
and o* ;.

ProoF. This is a consequence of Lemma 6.7, of relations (i) and (ii), page 155 and of
Proposition 6.6 g
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We are now going to perform the induction step.

PrOPOSITION 6.10. ([El-G6-Le| Proposition 3.1) If n,m € N*, let P be a polynomial in the
following classes on xH s xm

1
prie, (XY Gt prindi, prici(X), 1<k I<m.
Then there exists a polynomial P depending only on P, in the classes analogously defined on
xM X™L such that pP= p
Xty xm x [y xmt

Proor. We consider the incidence diagram

xtrrtelse xm
(v,id) (0,id)
/ \
X s xm (X" % x) x xm

Since (v,id) and (o,id) are generically finite of degrees n + 1 and 1,

1
/ p— / (0,id). (v,id) * P’
X[n+1] x Xm n -+ 1 X[n] x xm+1

By Proposition 6.9 (ii), (v,id) * pri ¢; (X[M'H) —(o,id) * pri ¢, (X[n]) is a polynomial in the classes
pro l, (o,id)* pri¢;(X) and (o,id)* prg) g, ,,- By Proposition 6.3, (o,id), 1P = (=1)ipry i -

Thus, (o,id), (v,id)* pr§ ¢, (X[nﬂ]) is a polynomial in prg, u,; , and pr{ ¢;(X). By Proposi-
tion 6.9 (i), (v,id)" pray, pipy1 — (0,1d) " proyyy #;,, s a polynomial in the classes prg ! and
(oid)*pr{, d;. Then we can use Proposition 6.3 again. To conclude, we use the relations
(v,id) " pry, d; = (0,id) *pry, 1 1y d; and (v,1d) " prj} ¢, (X) = (0,id) " pry, ¢;(X). O

We can now finish the proof of Theorem 6.1. We write

i ) _ 5 _ 5_ . _ [ 5
/X[n]P<c1(X ). con(X )) _/X[n_l]xxpl_/xln_Q]XXQPQ_ _/nP

where P is a polynomial in the classes pry c;(X) and prj; d;. Since d; is a polynomial in ¢, (X)
and c2(X), we are done.
U

7. Appendix I: relative coherent sheaves
In this appendix, we develop a general formalism for relative coherent sheaves over a differen-
tiable basis.
Let (%, (’);eel,ﬂ, B) be such that
. (% O;Eel) is a ringed topological space,
o B= M/, where M is a smooth manifold, G is a finite subgroup of Diff(M), and B is
endowed with the sheaf C;O =p, (C]T/(;)G, where p: M —— B is the projection,

s m:X——PB is a continuous surjective map,



7. APPENDIX I: RELATIVE COHERENT SHEAVES 159

e Vz € X, there exist a neighbourhood U, of x in X, a smooth analytic set Z and an
isomorphism of ringed spaces

(U, Oaree\le) (ZxV, O;‘iv)

N
(V.cv)

where V' is an open set of B and Ogiv is the sheaf of functions in C;Oxv which are
holomorphic in the first variable.
The sheaf (’);eel is the sheaf of smooth functions on X whis are holomorphic on the fibers of .
A typical example of such an objet is (X, O;Eel,w,B) = (W[n] (’);Sl[n],w, S”X).

rel’
rel

We consider a triplet (X, 7, B). For all b € B, the fiber X, = 7r_1(b) is a smooth analytic space.
Our aim is to glue together coherent analytic sheaves on these fibers.

DEFINITION 7.1. A sheaf F of Orxel—modules is relatively coherent if, for all z in X and for
all trivialization ¢: Z x V——=U, of X in a sufficiently small neighbourhood U, of x, there
exists a coherent analytic sheaf G on Z such that gb*l}' ~ pry g ®p7’1_1(92 (’)giv as sheaves of

1
O .-modules.

LEMMA 7.2. If F and G are relatively coherent sheaves on X, so are F@Orelg and Homorel (F,G)
. . x X

as well as Tor' . (F,G) and Ext’_.,(F,G) fori > 1.
O% O%

PROOF. Let x € X and let ¢: U,——=2Z x V' be a trivialization of X on a neighbourhood
U, of z. Then ¢~ 1F ~ prflf ®pr;102 O;eiv and 071G ~ prflg ®pr;102 Oéeiv. Therefore,
since (’)3]?31 ~ (15*1(’)28;‘/, we have
1 N oA rel
¢ (’7: ®(’);€el g) = (’7:® g) ®prfloz Oz
— T 7 rel
o Hor g 7.0) = Homo, (F.9) €, 1o, O3
By Lemma 7.7 (ii), O;eiv is flat over pr; 10, and we get
— i - i (T rel
o1 (Toro;el (F,G)) ~pry 1 (Toroz (F.,9)) ®p7"1_10z orl,
— i i T 7 rel
¢) 15xt0;e|(f7g) ~ E.Ttoz (f, g) ®P7'1_IOZ OZXV
O
LEMMA 7.3. Let f: X/B——=X'/B’ be a smooth map holomorphic in the fibers such that for
all x in X we can find trivializations around x and f(x) in which f: Z xV—=27'x V' 1is
of the form (z,v) —= (g(z),h(v)) . Then for any relatively coherent sheaf F on X', the sheaf

[*F = f'F ®f_10;e/1 (’);Eel is relatively coherent, as well as Tor® (f~L'F, (’);Eel) fori>1.

oy
Proor. We have

-1 -1 rel rel —1/ * rel
f (prl 9 ®prio, OZ’XV’) Dpox L, Ozxy =P (979) @p-10, Ozsy
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By Lemma 7.7 (ii) again, we obtain

1 -1 rel rel ~ -1 ) -1 rel
—1¢rel (f [pry g®prloZ,OZ/xV/]’Ova)—prl Torgfloz,(g g’02)®p7~;10202xv'

zZ!'xv!

Torf
U
COROLLARY 7.4. Ifb e B and i,: X, /{b} —=X/B is the injection of the fiber X, then for any

relatively coherent sheaf F on X, iy F is a coherent analytic sheaf on X,.

Proor. We apply Lemma 7.3 to i,. Then 7, F is a relatively coherent sheaf on X,. Since
the basis of X, is reduced to the point {b}, i;F is coherent on X,. O

For direct images, it is necessary to consider trivializations in bigger open sets.

DEFINITION 7.5. Let f: X/B——=X'/B be a smooth map over B holomorphic in the fibers
and F be a relatively coherent sheaf on X. We say that F is relatively coherent for f if for all
2/ in X’ there exist a trivialization of X’ in a neighbourhood U, of ' and a trivialization ¢ of
X in a neighbourhood of f~'(U,,) Nsupp(F) in which f: Z x V—=2' x V' is of the form
(z,0) —= (g9(2),v) and ¢ 'F ~ pr{'G Dpr1o, (’)geiv where G is coherent on Z and g, ¢ is
proper.

LEMMA 7.6. Let f:X/B——=X'/B be a smooth map over B holomorphic in the fibers and F

be a relatively coherent sheaf for f on X. Then f,F as well as the higher direct images R'f,F
are relatively coherent sheaves.

Proor. We have a diagram

~

W p ZxV
fl l(gvid)
U, 7 7'xV

where W is a neighbourhood of f~1(U_,) Nsupp(F). Then
ORI Fipw,y = O TR Fiy = Ri(g.1d).0 T F = RU(g,id). [pri G ©, 1, O]
—1 % rel
= pTl (R . g) ®p7‘1_IOZ/OZIXV.
Since g is proper on supp(G), the sheaves R'g, G are coherent and we are done. O

We now focus our attention on the K-theoretical aspects of relatively coherent sheaves. If F is
a relatively coherent sheaf on X, we define 7> := F @, rel C;O . Our aim is to construct locally
X

free resolutions of F°° on any relatively compact open set in X. We need the following flatness
lemma:

LEMMA 7.7. Let U CR"™, G a finite group acting smoothly on U and Z a smooth analytic set.
Then

(1) C?XU/G is flat over prit0,.

(ii) OgeiU/G is flat over pritO,.
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PrOOF. (i) Let 6:U——=U/ be the projection map and M a sheaf of pry 1O ,-modules.
Then

C 1N — (9] CN— 0 G C 1y — 0 G
(6,i0) " (M@0 Crpy,) = (0,1 M@, 000 (€)= [(0,id) 7 2,10, €]

Since the functor F——=F© is exact, it suffices to prove that C?XU is flat over pr; IOZ. We
use the notation C“ for real analytic functions. Then C; is flat over O, ngU is flat over
pri'C, and Cy.,,; is flat over Cy,;; by a theorem of Malgrange ([Mal, see [At-Hil).

(i) As in (i), it suffices to prove that O, is flat over pry'O,. This follows from [Ma, Th.
2.bis . O

COROLLARY 7.8. If F is a relatively coherent sheaf on X, then for all x in X, F*° admits a
finite free resolution in a neighbourhood of x.

PROOF. Let us write locally, ¢~ 1F ~ pry e ®pr;1 0, Ogeiv. Then G admits locally a finite
O ,-free resolution and we are done by Lemma 7.7. O

We now prove a general result about C™ resolutions:

PROPOSITION 7.9. Let M be a smooth manifold, G a finite group acting smoothly on M andY =
M/ Let H be a sheaf of C;O—modules which admits a finite free resolution in a neighbourhood
of any point y € Y. Then
(i) H admits a finite locally free resolution in a neighbourhood of any compact set of Y.
(ii) Two resolutions of H in a neighbourhood of a compact set are sub-resolutions of a third
one.

ProoOF. We will use several times the following lemma:

LEMMA 7.10. LetY = M/G and let 0 F g H 0 be an exact sequence of
C;O—modules on an open set U CY such that 'H is locally free. Then this exact sequence globally
splits.

PROOF. It is sufficient to prove that EXtéoo(U,H,f) = 0. The £zt = Ext spectral se-
Y
quence satisfies
By = P[0, Eatl (n.7)]
EPY = GrP Extgtoq(U, H, F).
Y
Since H is locally free, Ext4(H,F) = 0 for ¢ > 0 and since Hom (H,F) is a fine sheaf, Eg’o =0
Y
for p > 1. Therefore all the terms EY'? vanish except ES’O. This implies Extéoo (UH,F)=0. O
Y
Let us prove (i). Let K CY be a compact. We argue by induction on the least non zero integer
N such that for all y in K, H admits a locally free resolution of length < N in a neighbourhood

of y. We choose a finite covering (Ui)1<i<d of K and open sets (VZ) such that U; C V; and
H v, admits a finite free resolution of length < N:

1<i<d

Let x; be a smooth function on Y such that x; = 1 on U; and supp(x;) € V;. Then we have a
complex of sheaves on Y, which is exact on U;:
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d d
Let m; = xiM;y. We define E = @ (Cy )" and 7 = @ ;. We have a surjective morphism
i=1 i=1

n: E——H . Let N, = ker; and N = ker 7. Then we have an exact sequence

0 N Ny, B 0
Ve

By Lemma 7.10 Ny, is isomorphic to NV; @ (cy )Zj #"11  Furthermore N, admits a finite free
resolution of length N — 1. Thus A admits a finite free resolution of length at most N — 1 in a
neighbourhood of every point in K. By induction N admits a finite global locally free resolution
in a neighbourhood of K.

(ii) Let (Ei)ISZSN and (FZ.)ISZ,SN
K. Suppose that we have constructed (GZ)

be two finite locally free resolutions in a neighbourhood of

1<i<i and injections E,———G_ and F,—G,

Then we have two diagrams

0 E, Gy, Qy 0 and 0 F, Gy, R, 0
0—E,_—G,,—Q,_,—0 0 Fe 4 G4 R4 0
0 E, G, Q, 0 0 F, G, R, 0
0 H H 0 0 H H 0
0 0 0 0
where all the lines and the columns are exact and Q4,...,Q;, R;,..., R, are locally free. Let

N, =ker(E, — Ey_), N =ker(F, — Fy,_), N/ = ker(G), — Gy, _4), ka = ker(Q), —~ Q4_1)
and Rk = ker(Rk — kal)' By breaking the exact sequences of the two last columns into

short exact sequences, we obtain that @k and Rk are locally free. We have two exact sequences

0 N, N} Q, 0 and 0 N} N} R, 0. By Lemma
710, N/ ~ N, & Q,, ~ N} & Ry, and we define G, = (E,,, ® Q,) ® (F,,, ® R,). We put
G 41 = Ny to end the resolution G, . O

Let F be a relatively coherent sheaf on (i{, Oareel,ﬂ, B), where B = M/. Then we have
X = (Z-E xXg M ) /¢ and X xp M is smooth. We have seen that F * admits locally finite
C;O -free resolutions. By Proposition 7.9 (i), F™ admits a global locally C;O -free resolution
E, on any relatively compact open subset U CC X. By Proposition 7.9 (ii), the element

Ef\; ((=1)![E;] € K(U) is independent of the chosen resolution E,. We will denote it by [F°].
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DEFINITION 7.11. Let F and G be relatively coherent sheaves on X and u € Hom ol (F,QG).
x

We say that w is a strict morphism if for every & € X we can choose trivializations ¢ 'F ~

prflf ®p7’1_1(92 Oéeiv and ¢ 1G ~ prflg ®pr1_102 Ogeiv such that u € Homoz (]:,Q).

LEMMA 7.12. The category of relatively coherent sheaves where morphisms are strict morphisms

s an abelian category.

Proor. We define the kernel, cokernel, image, coimage as the usual ones in the abelian
category Mod((’)rel ). Let u: F——=@G be a strict morphism. Then we can take trivializations

rel
¢—1Jf~ —1?® Orel d qb lg 1g® Orel
=Ph prito, DZxv. Al =Ph pri 'Oy T2V

such that u € Homg, (F,G). By Lemma 7.7 (ii), (’)giv is flat over pr; 10, so that

o ker(u: F—G ) = pri ker(w:F—G ) @, 1 o,
“eoker (u: F—=G ) ~ pri coker (u: F—=G ) B, O v
o m(w F—=G ) ~pritim(wF—G ) ®, o Opy
¢~ cotm (u: F—G ) = pri teoim(u: F—G ) & 1, OFky

Thus keru, cokeru, imwu and coimwu are relatively coherent. Furthermore, the morphisms
keru —=F , F ——coimu, imu——G and G —— cokerwu are strict morphisms. Fi-

nally, coim u ~ im u since Mod((’)rel) is an abelian category. O

The associated Grothendieck group of this abelian category will be denoted by K rel(i{)

DEFINITION 7.13. Let f:X/B——=X'/B be a smooth map over B holomorphic in the fibers
and F, G be two relatively coherent sheaves for f on X. A morphism u in Hom o (F,Q) is
strict for f if for all ' € X' there exist a trivialization of X’ in a neighbourhood of U,, of
2’ and a trivialization ¢ of X in a neighbourhood of f~1(U,/) N (supp.F U suppG) in which
[:ZxV——=2Z"xV' is of the form (z,v) — (g(z),v) such that the morphism

1= 1 _ = 1
pbry 1f ®p7‘1_1(’)z O;eXV - 1f ¢ 1g =pry 1g ®p7‘1_1(92 O;eXV
belongs to Homy, (F.9).

The category of relatively coherent sheaves for f with strict morphisms for f is also an abelian
category. We will denote it by K 1rel(%).

The usual operations still exist in relative K-theory and are listed in the following definition:

DEFINITION 7.14.
(i) If F and G are relatively coherent sheaves on X, F .G is defined in K™ (%) by

F.G= Z )¢ Tor® rel(]: Gg).

(i) If F is a relatively coherent sheaf on X, FV is defined in K™ (%) by
rel
FY=> (-1) Sa:torel(}",Ox ).

i
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(iii) If f:X/B——=X'/B’ satisfies the hypotheses of Lemma 7.3, then for every relatively
coherent sheaf F on X', fTF is defined in K™ (X) by
FIr=>"(-1 ) Tor',_, (', oxh.
f

120
(iv) If f: X/B——=X'/B’ and if F is relatively coherent for f, f,F is defined in K ™(X’)
by
f'j:. Z RZ f*
>0
The product in (i) endows K ™ (X) with a structure of a unitary commutative ring. The map f '

in (ii) induces a ring morphism f1: K™ (X')—= K™ (X). The map fi in (iii) induces a map
f| rel( ) Krel(:{/)'

PROPOSITION 7.15. Let X' be a relatively compact open subset of X. The map which associates
to any relatively coherent sheaf F on X the class [F°] in K(X') induces a ring morphism

K™(x)—=K(X') .

Proor. We must show that if 0 F g H 0 is a strict exact sequence
of relatively coherent sheaves, then [F *°]—[G *°]+[H *°] = 0. This sequence is locally isomorphic
to

-1 rel -17 rel —177 rel
0——=pri F 10, Ogxy —pr1 9 Oprrlo, Ogxy —>pr1 H Oprrlo, Ozxv =0,

and is obtained by extension of the structure sheaves from an exact sequence of coherent analytic

sheaves 0 F g H 0 on Z. We can construct locally free resolutions £ Fo

E?,o’ Eﬁ. of F, G, H related by an exact sequence 0 —— E?,. E?,o Eﬁ,. 0.

Using cut-off functions again, we patch these exact sequences together step by step and obtain
resolutions Efoo7., Egooﬂ, EHOO,- of F°, G, H> on X’ related by an exact sequence

00— Eroy—> Bgo y —> Ejyoc y — 0.
O

We finally state a result which will allow us to move relative integrable structures without
modifying the classes in K-theory.
LEMMA 7.16. Let F be a relative coherent sheaf on X x [0,1]/B x [0,1], and for all t in [0,1],
let i,: X/B x {t}——=X x [0,1]/B x [0,1] be the canonical injection. Then for all X' CC X,
[if F*] € K(X') is independent of t.

PROOF. We take a resolution E, of F*° in X'. Then, since F is flat over [0,1], ¢E, is a
resolution of i 7. This gives the result. U
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8. Appendix II: the decomposition theorem for semi-small maps

In this appendix, we provide Le Potier’s unpublished proof of the decomposition theorem for
semi-small maps. For the formalism of the six operations in the derived category of constructible
sheaves, we refer to [Di] and [Ka-Sc].

Let X be a complex irreductible quasi-projective variety endowed with a stratification X,,. For
k € N, we define U, = |_|COdlm(X )>k X,. The U,’s form an increasing family of open sets in X.
For any constructible complex C'* on X, we define C}? = C‘ U

Let us recall the definition of the intersection cohomology ([GO-McP]).

DEFINITION 8.1. Let £ be a local system of Q-vector spaces on U,. The intersection complex
IC(L) associated to £ with the middle perversity is a bounded constructible complex on X
satisfying the following conditions:

(i) IC(£L)g =
(ii) HY(IC(L)y) =01ifi>0
(i) If j > 1 and j > k, 'HJ(IC'(E) )=0
(iv) If k> 1 and i:U,——=U,; is the canonical injection, then the morphism

. .71 o .
I,y —Ri, i I, =Ril,
is a quasi-isomorphism in degrees < k.

In the bounded derived category of Q-constructible sheaves on X, IC(L) is unique up to a
unique isomorphism.

For any stratum S of codimension k in X, let jg: S——=X be the corresponding inclusion. If
1:U,_; —U, is the canonical injection, we have the adjunction triangle

D s islC(L) —=IC(L), — Ri, IC(L);_, Eh
S, codimS=k

The conditions (iii) and (iv) imply that H*(j{IC(L)) = 0if i < k.

Let f:Y——=X be a semi-small map between complex irreducible algebraic varieties. Recall
that X is stratified in such a way that if Y, = f~1(X,), f, = fiy,Y,—X,, s a topological
fibration. If d, is the maximal real dimension of an irreducible component of the fiber, the
semi-smallness condition means that for all v we have codimy X, > d,. By definition, the
equality occurs for essential strata. The local systems £, =R% fV*QYV are the monodromy local

systems on the strata X, and j,: X ,——X are the canonical injections. We suppose that Y

is rationally smooth, which means that wy, ~ Q,/[2 dimY].

THEOREM 8.2. [Decomposition theorem| Under the hypotheses above, there exists a canonical
quasi-isomorphism

Rf*QY @ jz/* IOX (EV)[_dV]

v essential v
PRrROOF. The main tool of the proof is the following lifting lemma:

LEMMA 8.3. Let D be the bounded derived Q-constructible category on X, A®, B® and C*® three
complezes in D and f: B®*——=C* a morphism in D such that
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(i) A® is concentrated in degrees < k,
(ii) f induces in cohomology a morphism which is bijective in degrees < k—1, and injective
in degree k.

Then

(i) The morphism ¢ : Homp(A®, B®)——=Homp(A®,C*) induced by f is injective.

(ii) The image of ¢y consists of morphisms g: A*——=C* in D such that the induced

morphism HF(A®) —= H¥(C®) factors through H*(B*®).
REMARK 8.4. When f induces in cohomology a bijective morphism in degrees < k, this is the
proposition of page 95 of [GO-McP].
ProOOF. Let M * be the mapping cone of f. From the distinguished triangle
B* ce M*

+1

and the hypotheses, H!(M*®) = 0 for ¢ < k — 1. Therefore Hom,(A®, M *[—1]) = 0. Now, we
have a distinguished triangle

RHomp(A®, B*) — RHom[(A®*,C*) — RHomj(A®, M *) i

This gives the long exact sequence
®
Hom ,(A*®, M *[—1]) — Hom,(A*, B*) —> Hom,(A*,C*) — Hom,(A*, M *)
which proves (i).

For (ii), remark that M ® is concentrated in degrees > k and that A® is concentrated in degrees
< k, so that Hom,(A®, M *) ~ Homp(H*(A*®),H*(M*)). Thus

Im¢,= {9 € Homp(A®,C*) / the induced morphism H*(A®) — H*(M*®) vanishes}-
From the exact sequence 0 — H*(B*) ——= H*(C'*) ——= H*(M*), we get the result. [

We now turn to the proof of the decomposition theorem. The quasi-isomorphism

Rf*QY - @ jz/* ICY (‘Cu)[_du]

v essential v

will be constructed by induction on the increasing family of open sets U; associated to the
stratification on X.

On U,, the quasi-isomorphism reduces to R f, QYO ~ L, which is the definition of L.
Suppose now that we have constructed a quasi-isomorphism
Apq (Rf*@Y)kq — @D Jn IOY (£,)=d,]
v essential v

d,<k—1

We introduce the following notations:

(1) S = @ ju* ICYV (ﬁy)[_du]a

v essential
d,<k—1

(ii) 4:Uj,_y—=U, is the injection,
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(i) A* = (Rf.Qy),, B*=38;, C*=RiS, ,,
(iv) f:B*——=C'"* is the adjunction morphism 8§, — Ri,i"'8, = Ri, 8, , .
We have a morphism g: A*——=C'® given by the chain of morphisms

Ri A,

(Rf*QY)k RZ*Z_I(Rf*QY)k = RZ* (Rf*QY)k,1 RZ* Skfl

We now check the hypotheses of the lifting lemma.

— (R f*QY) . 1s concentrated in degrees < k since the fibers of f over U, have real dimension
< k, and by base change, for every x in X, (Rf*(@y)w = RI‘(ffl(x),Q).

— Let S be a stratum of codimension k£ in X and X, an essential stratum with d, < k — 1.
Then S # X, and we have either S ¢ X, or SN X, = 0 (which is irrelevant). Let jq: S ——X

be the injection of the stratum S in X and jg S—>YV be the injection of S in YV. The

cartesian diagram
id

S——S
jS,ul/ l]s
Yl/ H)(

Jv

gives j& ji. IC_ (L,)[-d,] = é. IC_ (L,)[~d,]. We have H(js., Ic (£,)[-d,]) = 0 if
qg—d, < codimy S=k—d,ie g<k Thus H'(j&8) =0 for ¢ <k.

. . ) S f o
Let us now write the adjunction triangle jg, jo 8, —= 8, —— Rig, ig S - The pre-
vious result proves that f is a quasi-isomorphism in degrees < k —1 on S, and then on U,.. In

degree k, since H* (js* jé Sk) =0, the induced map H*(f) is injective.

We can also remark that Hk(Sk) = 0. Indeed, on U, N Y,,, all strata have codimension at most
k —d,, so that H’ (Icfy(ﬁ”)wkmfu) =0ifj>k—d,.
— We want to lift g to a morphism Xk: A®*——=B*. Since H*(B*) = 0, the condition (ii) of

the lifting lemma means that the map H*(g) vanishes.

We will prove a stronger result, namely that the map @ : (Rk fs Qy) e RFi, (R fe QY) b1
vanishes. Let F) = U, \ U,_, be the closed set consisting of all k-codimensional strata in X and
let j: F), ——=U, be the inclusion. The vanishing of 6 is equivalent to the surjectivity of the
map

¢:H*(j, j' Rf. Qy) —=H" (RS, Qy),

Let X, be a stratum in F). We consider the following cartesian diagram:

Z'l/
Y, —“>Y

fyl lf

Yo,
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If D is the Verdier duality functor, then
o Rf.Qy = Rf,.i,Qy = Rf,, i, wy[-2dimY] by hypothesis
= Rf,,wy [-2dimY] = D(Rf,, Qy )[-2dimY]
= RHom@XV (Rf,.Qy ,Qx )[2dim X, — 2dim Y] since X, is smooth.

Now H*(j, Rf,Qy) = Homg (R*M™Y 28 %ke Q. Qy ). Since k = dim X — dim X,
XV v v

we obtain

L} if X, is essential

H*(j, Rf. Qy) = Hom@XV (R f,. Qy ,Qx ) = {

0 otherwise

Remark that the fibers of f, are projective varieties, so that £, ~ £;,. This gives

P .
Hk(]*].Rf* QY) = @ .]1/*[’1/'
v essential
codim (X, )=k

This isomorphism can be interpreted in the following way: if we consider the canonical morphism
(Rf, Qy)k — (R*f, Qy)k[—k] , then Hl}k (RS, Qy)k — Hl}k (R f, QY[—k])k is a quasi-

isomorphism. Therefore, in the following diagram,

M (REQy), — e, (FH£,0y),
/| |-

the map ¢ is an isomorphism, in particular, it is surjective. So we can apply the lifting lemma

and we get a canonical morphism Xk: (R I Qy) ,——3S; such that the diagram

(Rf.Qy), Ri.(Rf.Qy)y

;kl lRi* Aoy

S, - Ri, 8,

commutes. We look now at the following morphism of distinguished triangles:

v,c, =k
Jux ]ul}:kl )‘kl :lRi* Ap—1

v,c,=

where ¢, = codimy(X,).

— Since j, (Rf*(@y)k ~ RHomg (Rf*QY ,Qy )[—Qk], the complex j, (Rf*(@y)k is concen-
trated in degrees > 2k — d,,. The semi-smallness of f implies k = ¢, > d,,. Thus j, (R f*Qy) p 18
concentrated in degrees > k.

— The complex jV! 8, is concentrated in degrees > k + 1.
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This shows that Xk is a quasi-isomorphism in degrees < k — 2.

+1 +1

and A’ B’ c’ the two distin-

If we denote by A B C
guished triangle above, we get a diagram

0 — H*"Y(B) —— H*1(C) — H¥(A) — H*(B)

]

O Hk*l(B/) Hk*l(cl)

We have seen that the map H¥(A) —— H¥(B) is a quasi-isomorphism. This implies that
H*Y(B) ~ H*1(C) and proves that Xk is a quasi-isomorphism in degree k — 1.

Let .: (Rf, QY)k;—> (R f, Qy)l=kl= @D Jj. L[k . We define

v essential
d,=k

M= Mom) t (REQy), —= @ G L[k

v essential
d, <k
Then A, is a quasi-isomorphism in degrees < k — 1 and also in degree k. It is zero in degrees
> k. Therefore A\, is a quasi isomorphism and the induction step is completed. This finishes the

proof of the decomposition theorem.
O






[Ad-Le-Ru]
[At-Hi]

(Br]
[Ch-Ru]

[De-Be-Be-Ga
(Ch]
[Da]

(D]
[Do]

[El-G6-Le]
[EL-St]
[Fa-Go)
[Fol

(Fu]
[GO-McP]
(Go 1]

[G6 2]
[G6-So]

[Gr]
[Ja-Ka-Ki]

[Ka-Sc]
[Le]

[Le-So-1]

[Le-So-2]
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