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Avant-Propos

Ma premiére prise de contact (si I'on peut dire) avec les problémes unilatéraux de la
mécanique des solides remonte au Contact Mechanics International Symposium organisé en
1994 & Carry-Le-Rouet par Michel JEAN, Jean Jacques MOREAU et Michel RAOUS. J’étais
alors un jeune Chargé de Recherche récemment recruté au CNRS en quéte d’un domaine de
recherche & investir. C’est Quoc Son NGUYEN, que je salue au passage, qui m’avait signalé la
mécanique du contact comme un champ de recherche intéressant et recelant de nombreuses
questions ouvertes (voire défis) intéressantes. Il m’avait alors proposé de I’accompagner a
Carry-Le-Rouet pour me faire ma propre idée.

J’en suis revenu enthousiaste. Il y avait 14 une communauté internationale, nombreuse et
dynamique, qui n’hésitait pas & convoquer les mathématiques chaque fois que les questions
de mécanique le requérait. Le frottement, en particulier, et son couplage a 1’élasticité avait
lair porteur d’une grande richesse mécanique (crissement) dont la compréhension était
balbutiante. L’analyse du probléme quasi-statique de contact avec frottement de Coulomb
en élasticité linéarisée, envisagée par Georges DUVAUT et Jacques-Louis LIONS dans les
Inéquations en Mécanique et en Physique, était trés largement inachevée.

Je mis un peu de temps & prendre la mesure de la difficulté des questions qui se posaient
et fus conduit a faire quelques détours. Intéressé par la question d’unicité de solution d’in-
clusion différentielle non-monotone, je lus avec intérét les articles de Michelle SCHATZMAN
sur la dynamique unilatérale discréte et constatait & cette occasion que les pathologies de
non-unicité qu’elle exihibait se retrouvaient dans la situation de 1’évolution quasi-statique en
présence de frottement de Coulomb. Je consacrais alors une parenthése de quelques années
a la dynamique unilatérale discréte et parvins a démontrer un résultat d’unicité conjecturé
pour la premiére fois en 1959 et conjecturé plusieurs fois ensuite. Les techniques mises en
jeu seront vraisemblablement & réutiliser lors de I’étude de 'unicité de solution au probléme
quasi-statique de contact avec frottement en élasticité linéarisée. Une autre parenthése a été
ouverte plus récemment aprés que j’ai remarqué que les difficultés rencontrées dans ’analyse
du probléme tridimensionnel disparaissent dans le cas des structures minces. On se retrouve
alors dans une situation épurée, trés proche de la plasticité parfaite, ot les points de vue
dégagés par Jean Jacques MOREAU et Pierre SUQUET 4 la fin des années 70, apparaissent
de fagon dépouillée. Cette parenthése n’est pas encore refermée. Je me suis également rap-
proché de Jifi JARUSEK qui dans sa thése encadrée par NECAS au tout début des années
80, avait obtenu un progrés remarquable dans le programme suggéré par Georges DUVAUT
et Jacques-Louis LIONS dans les Inéquations en Mécanique et en Physique, qui donnait en
particulier I'existence de solution au probléme dit « statique » (en fait, le probléme qui se
pose & chaque pas de temps, lors de l'introduction d’une discrétisation temporelle dans le
probléme d’évolution quasi-statique). Décidés a progresser conjointement sur la question
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de l'unicité, nous avons fait une investigation plus poussée (grace a ’analyse harmonique)
d’une géométrie particuliére : celle du demi-espace. Il s’agissait initialement de mettre en
évidence des solutions multiples dans le cas de coefficient de frottement arbitrairement pe-
tits. Les résultats obtenus nous orientent dorénavant vers la conjecture opposée : I'unicité
est probablement vraie pour le probléme « statique » lorsque le coefficient de frottement
est inférieur & une valeur critique.

On 'aura compris, il s’agit 1a d’un travail en devenir dont j’espére qu’il pourra déboucher
dans un futur proche sur I’objectif initial. Me sentant par moment plus proche que je n’étais
en fait, du but, j’ai probablement repoussé le moment de rédiger ce mémoire plus que je
n’aurais di.
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Premiére partie

Dynamique des systémes

de solides rigides






Chapitre 1

Contexte et motivation

Considérons une particule ponctuelle astreinte & se mouvoir le long d’une ligne. Sa
position sur la ligne & l'instant ¢ peut alors étre caractérisée par la connaissance d’un seul
nombre réel ¢(t) € R. Supposons que cette particule soit soumise & une force colinéaire & la
ligne dont 'amplitude f(¢) est une fonction prescrite du temps. Faisant un choix approprié
pour 'unité de masse, ’équation de la dynamique est :

v, q(t) = fb).

Si 'on se donne la position gg et la vitesse vy de la particule a un instant initial ¢ = 0, une
double intégration fournit une unique trajectoire t — ¢(t) (¢ € R*), sous la seule hypothese
que la fonction donnée f(t) soit une fonction localement intégrable.

Considérons maintenant la situation ou il existe un obstacle sur la ligne de sorte que la
particule est maintenant astreinte a rester sur une moitié de la ligne :

Vt,  q(t) <0. (1.1)

On décide de se poser le probléme de I'extension a cette nouvelle situation du résultat
d’existence et d’unicité de trajectoire a partir d’une condition initiale donnée. L’examen
de cette question nécessite le préalable d’une formulation précise du probléme de Cauchy
correspondant.

La réalisation de la liaison unilatérale (1.1) induit lexistence d’un effort de réaction
noté r de sorte que I’équation de la dynamique s’écrit dorénavant :

g=f+r. (1.2)

On suppose que l'interaction entre la particule et I’obstacle est de type contact, c’est-a-dire :
e il n’y a pas d’action a distance de ’obstacle sur la particule,
e leffort de réaction exercé par ’obstacle est un effort de répulsion, c’est-a-dire toujours
dirigé vers la demi-ligne ol se meut la particule.
Il résulte du premier point qu’une particule libre de force extérieure, initialement & distance
non nulle de 'obstacle avec une vitesse non nulle dirigée vers ’obstacle va nécessairement
arriver sur l'obstacle avec une vitesse non nulle. Le respect de la liaison unilatérale (1.1)
est alors incompatible avec l'existence d’une vitesse (dérivée par rapport au temps) au sens
classique a l'instant ot la particule rencontre I'obstacle. Il en résulte que I’équation de la
dynamique (1.2) ne peut certainement pas s’entendre au sens classique, mais seulement

3



4 CHAPITRE 1. CONTEXTE ET MOTIVATION

au sens des distributions. L’accélération ¢, et donc l'effort de réaction r doivent donc se
comprendre comme des distributions. Mais, en vertu du second point, la distribution r
doit étre négative, ce qui ne peut que signifier qu’elle prend une valeur négative ou nulle
sur toute fonction test C'*° & support compact qui soit positive ou nulle. Cette propriété
entraine alors classiquement que la distribution r est une mesure. Si on se limite au cas
ou la force extérieure f(t) est une fonction localement intégrable (identifiée & la mesure
absolument continue par rapport a la mesure de Lebesgue correspondante), les trajectoires
t — q(t) sont donc & chercher dans la classe MAM des mouvements & accélération mesure.
Il s’agit des distributions définies sur R* dont la dérivée seconde ¢ est une mesure. De telles
distributions s’identifient & des fonctions ¢(t) continues, admettant des dérivées au sens
classique ¢~ (t), ¢*(t) a gauche et a droite de tout ¢t > 0 et telles que les fonctions ¢~ (¢) et
¢t (t) soient localement & variation bornée.

Si l'on se donne une condition initiale compatible avec la liaison unilatérale (gg < 0 et
go = 0 = vg < 0), le probléme est alors de trouver ¢ € MAM tel que :

e q(0) = qo, G+ (0) = v,
o Vi, q(t) <0,

déf .. L
e 1 = §— f est une mesure négative,

e suppr C {t; q(t) = 0}.

Le probléme d’évolution ayant été ainsi formulé, on observe trés facilement qu’on ne peut
s’attendre & 'unicité de solution, en général. En effet, une particule libre d’effort extérieur
(f = 0), initialement & distance non nulle de 'obstacle et avangant vers lui & vitesse non
nulle, peut admettre n’importe quelle valeur de vitesse négative ou nulle aprés impact et
s’éloigner ensuite de 'obstacle en conservant cette valeur de vitesse indéfiniment. Tous les
mouvements correspondants fournissent une solution au probléme d’évolution ainsi que for-
mulé plus haut. En d’autres termes, et cette remarque avait été faite par Newton, I’équation
de la dynamique associée aux seules conditions de contact ne permet pas de prédire le mou-
vement. Cela vient du fait que ce qui gouverne effectivement le rebond d’un corps sur un
autre est la propagation des ondes dans ces corps qui sont nécessairement déformables. Le
niveau de description en terme de particule ponctuelle étant trop grossier pour permettre la
description de ces phénoménes de propagation d’ondes, il en résulte cette indétermination.
Sil’on veut s’en tenir & ce niveau de schématisation des corps en jeu, il faut donc, en suivant
Newton, réinjecter une partie de I'information perdue au travers d’une équation constitutive
des impacts, il s’agit d’une équation phénoménologique supplémentaire destinée & résumer
la complexité des phénomeénes en jeu lors de I'impact qui exprime la vitesse aprés impact
comme une fonction, supposée connue (par exemple empiriquement), de la vitesse avant
impact :

qt)=0 = ¢"(t)=F(a (1)

Le statut de cette équation constitutive d’impact est exactement le méme que celui de la loi
de comportement en mécanique des milieux continus. Notons que c’est I'unicité au probléme
de Cauchy qui guide implicitement son introduction pour lever une indétermination. Un
exemple classique d’une telle équation constitutive d’impact est I’équation élastique :

at) =0 = (t)=-q (1)



et qui est aussi celle que nous retiendrons dans la suite de cette discussion introductive.
On est alors amené & vouloir étudier le probléme de Cauchy suivant.

Probléme P. Trouver ¢ € MAM tel que :

o q(0)=4qo,  ¢7(0) =y,

o Vi, q(t) <0,

o r¥ G — f est une mesure négative,

e suppr C {t ;q(t) = 0},

e ¢)=0 = {(H)=-q ()

L’existence de solution pour ce type de probléme a été démontrée pour la premiére fois
par Michelle Schatzman [6] dans sa thése. Sous la faible hypothése f € L'(0,T;R), elle
introduit un probléme approché plus régulier en pénalisant la pénétration de la particule
dans l'obstacle, démontre les estimations nécessaires permettant de passer a la limite sur
la pénalisation (modulo 'extraction de sous-suites), et montre que la fonction limite est
bien solution du probléme unilatéral. A ma connaissance, Michelle Schatzman est aussi la
premiére & introduire la classe des mouvement & accélération mesure dans ce contexte, dans
le but de parvenir & une formulation cohérente du probléme d’évolution correspondant. Une
autre démonstration d’existence basée sur l'introduction d’une discrétisation du temps a
été donnée par la suite par Manuel Monteiro-Marques [3].

Dans sa thése, Michelle Schatzman a aussi fourni un contre-exemple frappant montrant
que, méme si la fonction f est C°°, il n’y a pas unicité de solution au probléme P, en
général. En fait, il semble qu'un tel contre-exemple ait été exhibé pour la premiére fois par
Aldo Bressan [2] en 1960.

Ce contre-exemple concerne le cas particulier ot la particule se trouve initialement au
repos et en contact avec ’obstacle (go = 0, v9 = 0), et ot la force, supposée étre une fonction
C du temps t, reste constamment dirigée vers 'obstacle (f > 0). L’immobilité (¢ = 0)
fournit alors une solution au probléme P correspondant et il s’agit d’ajuster alors la fonction
f de maniére & ce que le probléme P admette éventuellement une autre solution, distincte
de I'immobilité. On considére alors une suite infinie d’instants t,, décroissant strictement
vers 0. On coupe alors chaque intervalle |t,, 11, t,[ en deux :

]tn+1ytn[ = ]tn+1y7—n] U ]Tnatn[y

et on définit la restriction de la fonction f sur lintervalle |t,41,t,[, de sorte qu’elle soit
identiquement nulle sur la premiére partie et égale a une « bosse de Massin » (qui se raccorde
de fagon C'* avec 0) sur la deuxiéme partie :

O, sit c ]tn+l7Tn] N

f(t) =
fnexp<—m), SitG]Tn,tn[,

ou f, désigne le terme général d’une suite strictement positive pour lors encore arbitraire.
La fonction f ainsi définie est clairement C'*° sur |0, to]. Elle le sera sur [0, o], si la suite
fn décroit suffisamment vite quand n tend vers l'infini. On cherche alors & construire un
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mouvement ¢(t) associé a cette loi de force correspondant a un vol libre de la particule sur
I'intervalle |t,+1,t,[ avec des impacts élastiques en chaque instant ¢, :

q (tp) = vp = —q" (tn), (1.3)

ol v, désigne une nouvelle suite strictement positive encore arbitraire. La question est alors
d’ajuster les suites t,, fn, 7, et v, de maniére & garantir :

e f€ COO([OvtO] 7R)?

e § = f sur chaque intervalle ]t,,11,t,[ est cohérent ¢(t,) = 0 ainsi que (1.3).
Un tel ajustement est toujours possible (voir par exemple [1]), et, pour la fonction f associée
a cet ajustement, le probléme P correspondant admet au moins deux solutions : I'immobilité
et une solution avec accumulation infinie d’impacts & droite de ’origine des temps.

f(@)
>0
7.
f(t)
t
Q(t) tn—i—l tn tn—1
t

FiG. 1.1 — Le contre-exemple de Bressan-Schatzman.

La morale de ce contre-exemple spectaculaire est la suivante. L’équation constitutive
des impacts a été introduite de fagon a garantir I'unicité de solution du probléme en vitesse
(connaissant I'histoire du mouvement, il n’y a qu’une seule valeur possible pour la vitesse
a droite a 'instant ¢). Il se passe cependant que cette unicité de solution du probléme en
vitesse n’est pas suffisante pour garantir I'unicité de I’évolution.

La question est alors de savoir si cette non-unicité pose probléme. Rappelons d’abord
la situation posée par la mécanique « réguliére » gouvernée par le probléme de Cauchy :

G= f(q,4;t),

(1.4)
(4(0),4(0)) = (g0, vo),

dans R™. Si f est assez réguliére (par exemple de classe C') alors le théoréme de Cauchy-
Lipschitz garantit I’existence et 'unicité d’une solution maximale. Si f ne croit pas trop vite
lorsque le couple (g, ¢) tend vers I'infini, on peut montrer que la solution maximale est définie
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pour tout temps (dynamique dite « éternelle »). En revanche, si f est seulement supposée
continue, l'existence de solution au probléme (1.4) est encore garantie par le théoréme de
Peano, mais des exemples simples montrent que I'unicité de solution est perdue en général.
Il n'est pas restrictif du point de vue des applications de se limiter au cas ou f est C!
et le déterminisme de la mécanique classique & liberté finie qui résulte de cette analyse
mathématique est utilisé dans la définition classique de la stabilité d’un équilibre, ainsi que
dans la formulation méme des problémes de controle posés par la robotique.

Or, un nombre croissant de problémes posés par la robotique actuelle nécessite la for-
mulation de problémes de stabilité et de contréle de systémes & liberté finie avec conditions
unilatérales de non-pénétration, et donc susceptibles d’exhiber des impacts. On peut pen-
ser & I'exemple type de la commande d’un robot marcheur modélisé comme un assemblage
articulé de solides rigides qui ne peuvent évidemment pas pénétrer le sol.

La formulation méme de ces problémes de stabilité et controle réclame donc un pendant
du théoréme de Cauchy-Lipschitz dans la situation non-réguliére en jeu. Une idée pour y
parvenir a été suggérée par Percivale [5] qui a remarqué dans sa thése que le probléme P
formulé a la page 5, dont I'existence de solution est garantie par un théoréme de Michelle
Schatzman dés que f € L', admet une solution unique pour les fonctions f analytiques (ou
analytiques par morceaux, bien sir).

Je suis donc parti de cette remarque de Percivale pour essayer d’obtenir un résultat
d’existence et d’unicité pour le probléme de Cauchy associé & la dynamique d’une collection
finie de solides rigides en présence de liaisons unilatérales et impacts, suffisamment général
pour couvrir les applications. Je me suis bien siir restreint dans un premier temps, au cas des
liaisons unilatérales sans frottement et pense, dans ce cadre, avoir atteint 1’objectif que je
m’étais imparti. Ces résultats vont étre décrits dans le chapitre suivant (et la bibliographie
associée).
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Chapitre 2

Contributions a 'analyse des
problémes sans frottement

Dans cette partie, on se propose de faire une présentation générale de la dynamique des
systémes de solides rigides, articulés ou non, en présence de liaisons unilatérales parfaites
(sans frottement). L’objectif est de construire la théorie la plus générale possible permettant
d’assurer 'existence et 'unicité de solution au probléme de Cauchy correspondant.

La formulation de ce type de problémes repose sur les contributions antérieures es-
sentielles de Michelle Schatzman [11] et Jean Jacques Moreau [9], qui sont les premiers a
suggérer une formulation globale des équations de la dynamique en considérant la classe
des mouvements a accélération mesure. Les résultats d’existence de solution au probléme de
Cauchy qui étaient disponibles étaient ceux de Michelle Schatzman [11] et Manuel Monteiro-
Marques [8], et étaient restreints au cas d’une seule liaison unilatérale. Enfin, une remarque
astucieuse de Danilo Percivale [10] pour un probléme trés particulier & un seul degré de
liberté suggérait la possibilité de lever des pathologies connues de non-unicité en requiérant
la régularité analytique des données.

Pour I'anecdote, Michelle Schatzman [12] et moi, nous sommes posés en méme temps
(vers 1997), et indépendamment la question d’étendre le résultat de Percivale au cas général
a un degré de liberté (c’est-a-dire le cas o la force f(t) n’est plus une seule fonction du
temps, mais peut dépendre également de état actuel f(q,q;t)). En d’autres termes, il
s’agissait d’étendre le résultat d’unicité de Percivale au cas ou la force f(q, ¢;t) est supposée
étre une fonction analytique de ses arguments, et ce toujours dans le cas ¢ € R & un seul
degré de liberté. Nous avons chacun produit une démonstration différente, qui utilisait
I’existence d’une relation d’ordre sur la variété R des configurations, et qui donc ne pouvait
s’étendre & une situation plus générale.

J’ai réussi par la suite & construire une démonstration qui n’utilisait pas cette relation
d’ordre et ai alors été en mesure d’obtenir un résultat général d’existence et d’unicité
pour le probléme de Cauchy posé par la dynamique des systémes discrets avec liaisons
unilatérales parfaites. Une premiére version de cette théorie générale a été publié [1] en se
limitant & une équation constitutive des impacts, dite canonique, introduite par Moreau.
Mais le résultat d’existence et d’unicité n’utilise en fait que la propriété pour I'équation
constitutive des impacts de ne pas créer d’énergie cinétique au cours d’un impact. Dans
une référence ultérieure [2], j’ai donc pu exhiber toutes les équations constitutives d’impact
compatibles avec I'existence et I'unicité du probléme de Cauchy sous réserve d’analyticité

9



10 CHAPITRE 2. PROBLEMES SANS FROTTEMENT

des données. Ces résultats ont ensuite été rassemblés dans la référence [3| dont le présent
chapitre résume la premiére partie. La deuxiéme partie qui discute la prise-en-compte du
frottement sera évoquée au chapitre suivant. Une présentation sans recours au langage des
variétés de configuration et de la géométrie différentielle a récemment été publiée dans
[4]. Elle consiste a se placer dans une paramétrisation locale du systéme pour obtenir une
écriture des résultats dans R™. Ce point-de-vue est moins naturel et beaucoup plus lourd
& écrire, mais il a 'avantage d’étre accessible sans aucune connaissance du langage de la
géométrie différentielle.

2.1 Dynamique des systémes de solides rigides

2.1.1 Le solide rigide

La mécanique classique postule I'existence d’un espace affine Euclidien £, orienté, de
dimension 3, appelé parfois espace réel (Galiléen), et une chronologie absolue représentée
(aprés le choix d’une origine) par un nombre réel, souvent noté ¢. On notera E espace
vectoriel associé a £.

Un solide est représenté par sa configuration de référence dans [’espace réel qui n’est rien
d’autre qu’un lieu géométrique envisageable de tous ses points matériels dans £. L’hypotheése
de rigidité consiste alors & supposer que les seules configurations observables du solide dans
I’espace réel s’obtiennent & partir de la configuration de référence dans I’espace réel au moyen
d’isométries directes. Ainsi, une fois donnée la configuration de référence dans I'espace réel,
toute autre configuration dans ’espace réel est représentée par une isométrie directe q.
Comme toute isométrie directe de £ est la composée d’une translation et d’une rotation,
I’ensemble de toutes ces isométries directes s’identifie & E x SO3 (ot SO3 est I’ensemble de
toutes les rotations de F, muni de sa structure habituelle de variété différentiable). On dit
alors que E x SO3 est la variété de configuration (abstraite) du solide rigide. Comme cette
variété est de dimension 6, on dit que le solide rigide a 6 degrés de liberté (ddl).

D’autres idéalisations de solides rigides peuvent apparaitre : la barre rigide infiniment
fine dont la variété de configuration est £ x S2 (ot S2 est la sphére a deux dimensions
équippée de sa structure habituelle de variété différentiable) et la particule ponctuelle dont
la variété de configuration est simplement F.

Un mouvement du solide rigide est une courbe sur la variété de configuration @ (une
application d’un intervalle de temps I dans @). La dérivée du mouvement a l'instant ¢ est
notée ¢(t). On Pappelle vitesse (abstraite ou parfois, généralisée). C’est un élément du fibré
tangent T'Q de la variété de configuration. On rencontre le nom « d’espace d’état » pour
TQ, auquel cas ¢(t) est aussi appelé état du systéme.

La distribution de masse du solide rigide est la donnée d’une mesure de Radon sur
la configuration de référence de l’espace réel. Elle permet d’associer classiquement & tout
état du systéme, son énergie cinétique K(q,q), qui définit une forme quadratique définie
positive, sur chaque espace tangent & (), munissant ainsi la variété des configuration d’une
structure Riemannienne. La métrique Riemannienne correspondante est classiquement ap-
pelée métrique cinétique. Dorénavant, lorsque 'on parlera de variété de configuration, elle
sera toujours supposée équipée de sa structure Riemannienne.

Un systéme de solides rigides est une collection finie de solides rigides. La variété de
configuration d’un systéme de solides rigides est alors le produit Cartésien Q1 X Qa X - - X Qp,
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des variétés de configuration @); de chaque solide rigide constitutif du systéme.

Notations. Pour ) variété Riemannienne de dimension d, on note :
o TQ et T*(Q), les fibrés tangent et cotangent,
o Il et H*Q, les opérateurs de projection naturels de T'Q) et T*@Q),
e (-,-)q, le produit de dualité local entre 'espace tangent T,() et 'espace cotangent

T;Q,

® (-,-)g et [I]l,, le produit scalaire et la norme de 73Q (une * sera ajoutée dans le cas
des produits scalaires et norme sur 7%Q),
e b (et § = b~!, son inverse), I'isomorphisme de fibrés vectoriel entre TQ et T*Q,

naturellement induit par la métrique Riemannienne de ().
La vitesse abstraite ¢(t) € T'Q) d’'un mouvement ¢(t) sera notée alternativement (g(t), ¢(t)).
Cette notation est clairement redondante puisque le point de base ¢ = Il (¢) est contenu
dans la dérivée, mais cette notation facilite néanmoins la lecture. Plus généralement, un
élément v de T'Q) sera aussi noté (g, v) ou q est le point de base de wv.

Toute carte (locale) ¥ de la variété de configuration est appelée paramétrisation (lo-
cale). Pour toute configuration abstraite ¢ € @, ¥(q) est un élément de R? que I'on
notera (q',¢?,...,q%). On commettra systématiquement 1’abus de notation consistant a
confondre 1(q) et g, est on pourra ainsi écrire ¢ = (¢!, ¢?, ... ,qd). La base naturelle de T,Q
(resp. T,;Q) naturellement associée a la carte i est notée (e1(q),e2(q),-..,eq(q)) (resp.
(e*(q),€%(q), ..., e%(q))). Pour (¢,v) élément de TQ, on notera v’ (i = 1,2,...d) ses com-
posantes dans la base naturelle et on écrira :

v =1v'e(q).

La convention d’Einstein de sommation sur les indices répétés s’appliquera toujours, sauf
mentionné explicitement. Comme souvent, 9ij (q) seront les composantes covariantes de la
métrique dans la carte considérée et gij (q) ses composantes contravariantes ; F; k(q) seront
les symboles de Christoffel associés :

(o) = 300 (S0 + ) - P ).

Si q(t) désigne une courbe sur @ et v un champ de vecteur sur cette courbe, la dérivée
covariante de v suivant ¢(t) sera notée :

200 = (500 + Tiala@) 0 ) etate)

2.1.2 Formulation de la dynamique

Considérons un systéme de solides rigides de variété de configuration @), et un mouve-
ment ¢(t) de ce systéme. La puissance des efforts d’inertie a Uinstant ¢ est, par définition,
la dérivée par rapport au temps, a t, de ’énergie cinétique :

%K(M) _ %% (4(8), d(1)) g0y = <%q‘(t),q'(t)>q(t) = <%Q(t),q'(t)>q(t).

Ainsi, la puissance des efforts d’inertie a l'instant t fait apparaitre le vecteur cotangent
bDq(t)/dt € T;(t)Q. Comme les éléments de T, sont souvent appelés vitesse virtuelle du
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systéme dans la configuration ¢, la forme linéaire bDq(t)/dt est appelée puissance virtuelle
des efforts d’inertie.

L’analyse de la dynamique est amenée & prendre en considération des efforts extérieurs
et intérieurs au systéme. Ils définissent une forme linéaire f € T;7Q) sur chaque espace
tangent & la variété de configuration, que ’on appelle classiquement puissance virtuelle des
efforts extérieurs et intérieurs. La raison qui sous-tend cette modélisation des efforts par
dualité est que cela assure la cohérence de la modélisation des efforts avec la description
géométrique du systéme. La forme linéaire f(q,q;t) € T;Q est autorisée a dépendre du
temps, mais aussi de ’état actuel du systéme.

Le principe fondamental de la mécanique classique requiert que la puissance virtuelle
des efforts d’inertie soit égale, & chaque instant, & la puissance virtuelle des efforts extérieurs
et intérieurs :

Vi, bord(t) = Fla(0) (), ) (2.1)

On appellera dans la suite, ’équation (2.1), ainsi obtenue, I’équation du mouvement. Il s’agit
d’une équation différentielle du second ordre sur la variété de configuration. Pour I’exprimer
dans une paramétrisation donnée du systéme, la proposition suivante est utile.

Proposition 1 (Lagrange) Soient 1) une carte locale et q(t) un mouvement de classe C?
sur Q. Alors :

o300 = (0K 0(0.0) = 5K lal0).d(0) ) € a()

Se donnant une instant initial £y et un état initial (go, vo) € T'Q, la probléme d’évolution
associé a la dynamique du systéme de solides rigides est le probléme de Cauchy :

Probléme 1. Trouver T > tg et g € C*([to, T[; Q) tels que :
e (q(to),q(to)) = (qo,v0),

o ieln Tl boi(t) = Fla(t)d(0) 1)

2.1.3 Caractére bien-posé de la dynamique

Pour étudier le caractére bien-posé (existence et unicité de solution) du probléme I, il
faut se donner des hypothéses de régularité sur @ et f.

Contre-exemple 1. Considérons le probléme d’évolution

d? 1
@Q(t) =6q(t)[®

,0). On vérifie immédiatement
que les deux mouvement définis sur R ¢(t) = 0 et ¢(t) = t* fournissent deux solutions

distinctes.

Pour obtenir existence et unicité de solution au probléme de Cauchy, on est donc amené
a devoir faire des hypothéses supplémentaires. On distinguera deux classes de telles hy-
potheéses : les hypothéses dites constitutives, et les hypothéses dites de régularité. Une hy-
pothése constitutive est une hypothése qui véhicule un contenu physique, alors que les



2.1. DYNAMIQUE DES SYSTEMES DE SOLIDES RIGIDES 13

hypotheéses de régularité ne véhiculent aucun contenu physique et sont faites uniquement
en vue d’éliminer des pathologies mathématiques. L’hypothése de régularité suivante est
légérement plus forte que nécessaire.

Hypothése de régularité. La variété Riemannienne de configuration est de classe C? et
I'application f:TQ x R — T*Q est de classe C'.

Il faut souligner que la premiére partie de cette hypothése n’est, en fait, pas une hypo-
these. La variété de configuration du solide rigide tridimensionnel, ou de la barre infiniment
fine, ou de la particule ponctuelle, avec des disributions de masse arbitraires, définissent des
variétés Riemanniennes de classe C*° (ou méme, analytiques). La variété de configuration
d’un systéme de solides rigides (sans liaisons), étant produit Cartésien de telles variétés,
peut étre supposée de régularité arbitraire. Il ne s’agit ni d’une restriction sur la géomé-
trie du systéme, ni sur la distribution de masse, mais sur la classe des paramétrisations
admissibles.

Sous cette hypothése de régularité, on a le résultat d’existence et d’unicité suivant.
Théoréme 2 (Cauchy) Le probléme I admet une unique solution mazimale.

Plus précisément, le théoréme 2 exprime qu’il existe T,, > to (T), € R U {+0o0}) et
qm € C%([to, Tin[, Q) solution du probléme I telle que toute autre solution du probléme I
est une restriction de g,,. Bien str, on attend T, = +00, auquel cas la dynamique est dite
éternelle. Ce fait peut cependant étre mis en défaut.

Contre-exemple 2. Considérons le probléme d’évolution :

d? N2

@Q(t) = (4(?))

(¢ € R) a partir de la condition initiale (¢(0),4(0)) = (0,1). On vérifie aisément que la
solution maximale est définie seulement sur 'intervalle [0, 1].

Dans les cas rencontrés habituellement en mécanique, ’éternité de la dynamique est
assurée par la condition suffisante générale suivante.

Théoréme 3 La variété de configuration QQ est supposée étre une variété Riemannienne
compléte (aucune hypothése dans le cas d’un systéme de solides rigides sans liaisons). L’ap-
plication f est supposée satisfaire [’estimation suivante :

(@, vs )l < 1) (1 + dla.a0) + ], )

pour tout (q,v) € TQ et presque tout t € [tg, +oo[, ou d(-,+) est la distance Riemannienne
et I(t), une fonction (nécessairement positive) de L} (R;R).
Alors, la dynamique est éternelle : T,, = +o0.

La preuve du théoréme 3 repose sur le lemme de Gronwall.
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2.2 Liaisons bilatérales parfaites

Une liaison décrit un effort (extérieur ou intérieur) qui n’est pas pris en compte par
Papplication f. En effet, il est possible de spécifier (partiellement) des efforts par leurs effets
cinématiques. Ces effets cinématiques laissent, en général, les efforts associés indéterminés
et il faut ajouter des hypothéses phénoménologiques sur la maniére dont la liaison agit, au
travers d’une loi constitutive de la liaison.

2.2.1 Description géométrique

Une liaison bilatérale (holonome) est une restriction sur les mouvements admissibles du
systéme, qui s’exprime & ’aide d’un nombre fini n de fonctions numériques réguliéres ¢; sur
la variété de configuration @), définissant un ensemble S de configurations admissibles :

sz{qu | Vie{1,2,...,n}, %(q):o}. (2.2)

L’hypothése suivante est habituelle dans ce contexte.

Hypothése de régularité I. Les fonctions ¢; sont fonctionnellement indépendantes, ¢’est-
a-dire que, pour tout g € S, les dp;(q) (i € {1,2,--- ,n}) sont linéairement indépendants
dans T*Q).

Une conséquence immédiate de cette hypothése est que S est une sous-variété de @ de
dimension d — n. Il en résulte que S hérite de ) d’une structure Riemannienne. On dira
que S est la variété de configuration du systéme contraint.

2.2.2 Formulation de la dynamique

La réalisation de la liaison (2.2) exige nécessairement une modification de I’équation du
mouvement (2.1). Elle est acquise par I'ajotit & la puissance virtuelle des efforts extérieurs
et intérieurs f(q,q;t) d'un terme correctif inconnu R appelé puissance virtuelle des efforts

de réaction :
D .

vt bod(t) = fla(t)d(t),0) + RO,

On pourrait s’attendre a ce que R soit déterminé par la liaison géométrique (2.2). Ce n’est
pas le cas en général. Il faut ajouter des hypothéses phénoménologiques sur la maniére dont
la liaison agit. C’est [’équation constitutive de la liaison.

Hypothése constitutive II. La liaison bilatérale (2.2) est supposée parfaite (on dit aussi
idéale), c’est-a-dire que la puissance virtuelle des efforts de réaction R s’annule dans toute
vitesse virtuelle compatible avec le maintien de la liaison bilatérale :

Yo € {v eT,Q; Vie{l,2,--- ,n}, (dgoi(q),wq = 0} ~TS, (R,v)q=0.
Grace aux hypotheéses I et II, on peut écrire :

R(t) =Y Xi(t)dei(q),
=1
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pour certaines fonctions numériques ;.

On est maintenant en mesure de formuler le probléme d’évolution associé a la dynamique
des systémes de solides rigides avec liaisons bilatérales parfaites. La condition initiale est
supposée compatible avec la réalisation de la liaison : (g, v9) € T'S.

Probléme II. Trouver T' > tg, ¢ € C%([to, T[; Q) et n fonctions \; € CO([tg, T[;R) tels
que :

e (q(to),d(to)) = (qo,v0),
o Vtelty,T[, qt) €S,

Dg .
o Viel[to,T], bEQ(t) = f(a(t ) + Z)\ ) dei(q(t)).
On a utilisé ici la notation Dg/dt pour la dérivée covariante pour souligner le fait que la
dérivée covariante s’entend par rapport a la structure Riemannnienne de @ (et non par
rapport a celle de S).

Soit ¢ un point de @, v un vecteur de T;Q, et E un sous-espace de T,(@. La projection
orthogonale de v sur F pour le produit scalaire de 75 induit par la structure Riemannienne
de @ est noté Proj, [v; E]. De méme, Proj; [v*; E*] est la projection orthogonale du vecteur
cotangent v* sur le sous-espace E* de T, Q. Si () est une courbe sur la sous-variété S de
@ et v un champ de vecteur sur cette courbe, alors on a ([6], p. 54) :

Dgv . | Dguv
T = PI‘OJq [T7Tq5:| .
Ainsi, toute solution du probléme II est aussi solution du
Probléme II'. Trouver T > tg et ¢ € C?([to, T[; S) tels que :
e (q(to),d(to)) = (qo,v0),
Dgs . o ) "
o Vtelty,T|, bEQ(t) = Projy {f(Q(t%(J(t);t); q(t)S} .

Réciproquement, toute solution du probléme II' engendre une solution du probléme II : les
deux problémes d’évolution sont equivalents.

La forme linéaire (vecteur cotangent) Proj; [ fla,q:t); Ty S] se confond avec la restriction
de la forme linéaire f(q,q;t) sur l'espace T,S des vitesses virtuelles compatibles avec la
liaison bilatérale. C’est donc la puissance virtuelle des efforts extérieurs et intérieurs dans
toute vitesse virtuelle compatible avec la liaison.

2.2.3 Caractére bien-posé de la dynamique

Le probléme II’ a formellement la méme structure que le probléme I. Comme les pro-
blémes IT" et IT sont équivalents, les résultats de la section 2.1.3 donnent le caractére bien-
posé de la dynamique des systémes de solides rigides avec liaisons bilatérales parfaites.

Hypothése de régularité II1. La variété de configuration @) et les fonctions ¢; sont de
classe C? et l'application f: TQ x R — T*Q est de classe C.

Proposition 4 Les problemes II et II' admettent une solution mazximale q,,, unique.
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Un résultat d’éternité de la dynamique est fourni par le théoréme 3.
L’hypothése de régularité I peut sembler restrictive. Cependant, ne pas la faire peut
conduire & des ennuis.

Contre-exemple 3. Considérons une barre rigide de longueur [, et de masse volumique
homogéne. Les deux extrémités de la barre sont astreintes a rester sur un cercle fixe de
diameétre [. Les deux liaisons bilatérales correspondantes sont supposées parfaites. C’est
un exemple simple de liaison bilatérale ne satisfaisant pas I’hypothése de régularité I. A
I'instant initial, la barre est au repos. Une force constante de direction non colinéaire a la
barre est appliquée au point milieu de la barre. Le lecteur se convaincra que le probléme
d’évolution II correspondant, n’admet aucune solution.

Comme la modélisation des systémes de solides rigides sans liaisons ou avec liaisons
bilatérales parfaites conduit & la construction de structures mathématiques semblables, on
est amené a poser la définition suivante.

Définition 5 Un systéme mécanique discret est un couple (Q, f) ot :
o () est une variété différentiable Riemannienne appelée variété de configuration.
o f:TQ xR —T*Q est une application réguliere satisfaisant :

V(g,v) €eTQ, VteR,  IH(f(g,v;t)) =g,

appelée application d’efforts.

2.3 Liaisons unilatérales parfaites

La considération d’exemples élémentaires montre que la dynamique des systémes de so-
lides rigides peut conduire a des mouvements au cours desquels certains solides du systémes
s’interpénétrent dans 'espace réel. Cela doit, bien siir, étre exclu. On est ainsi trés souvent
amené a vouloir ajouter des conditions supplémentaires de non-pénétration dans 1’étude des
systémes mécaniques discrets. C’est un exemple simple de liaison unilatérale. Dans cette
section, on se propose de discuter la prise-en-compte systématique de liaison unilatérale
dans les systémes mécaniques discrets.

2.3.1 La description géométrique

On considére un systéme mécanique discret de variété de configuration Q. Une liaison
unilatérale est une restriction sur les mouvements admissibles du sytéme qui s’exprime a
I’aide d’un nombre fini n de fonctions numériques ;, réguliéres, définies sur la variété de
configuration @), de sorte que I’ensemble des configurations admissibles A est donné par :

A:{qu | Vie{1,2,...,n}, goi(q)§0}. (2.3)

L’ensemble de toutes les contraintes actives dans la configuration admissible ¢ € A est défini
par :

J(q) = {z € {1,2,....n} | ¢i(q) :o}.

L’hypothése suivante est & rapprocher de ’hypothése de régularité I de la section 2.2.1.



2.3. LIAISONS UNILATERALES PARFAITES 17

Hypothése de régularité I. Les fonctions ¢; sont fonctionnellement indépendantes dans
le sens on, pour tout ¢ € A, les dy;(q) (i € J(g)) sont linéairement indépendants dans 7%Q.

Considérons un mouvement ¢(t) dans A et supposons qu’il admette une vitesse a droite
¢t (t) € Ty)@ a Vinstant t. Alors ¢*(t) est nécessairement élément du cone convexe fermeé
V(q(t)) de Ty @Q, défini par :

V(a®) = {ve TwQ | ¥ieJ@w), (dala(t).v),, <0}.

On appelle V(q) le cone des vitesses a droite admissibles dans la configuration ¢. En parti-
culier,

qg€eA (ie. J(q) =92) = V(g =T,Q.
Si une vitesse a gauche ¢~ € T,Q existe, alors ¢~ € —V/(q).

2.3.2 Formulation de la dynamique

La formulation de la dynamique suit les lignes de MOREAU |[9)].

Equation du mouvement

Comme pour les liaisons bilatérales, la réalisation des liaisons nécessite un certain effort
de réaction R. On fait les hypothéses suivantes.

Hypothése constitutive II. Les liaisons unilatérales sont de type contact sans adhésion :

Yo € V(q), <R,v>q > 0.

Hypothése constitutive III. Les liaisons unilatérales sont parfaites :

Yo € {v € T,Q | Vi e J(q), <d<pi(q),v>q = 0}, <R,v>q =0.

Une conséquence facile des hypothéses constitutives II and III est :

iEJ(q) = X\ <0,

(). ER”, R = Nid;(q), et
Cdicaz Z; aila), e i¢J(q = \=0.

Ainsi, leffort de réaction R € T*Q est tel que :
* def - . .
—Re N*(q) = {Z Xidei(q) ;s Yie J(q), \i >0, Yi&J(q), \i = O} . (2.4)
i=1

N*(q) est un cone convexe fermé de Ty @ et c’est le cone polaire de V(g) dans la dualité
(TqQ,T; ), le cone polaire de V(g) pour la structure Euclidienne de T;,Q étant N(q) =

B(N*(q))-
(o]
Considérons maintenant un mouvement ¢(t), commencant en gy €A a 'instant ¢y avec

e]
la vitesse vg. Supposé continu, ¢(t) reste dans A pendant tout un voisinage a droite de .
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Par la formule (2.4), effort de réaction R s’annule identiquement pendant que ¢(¢) est dans

[}
A et le mouvement est alors gouverné par I’équation différentielle ordinaire :
(Q(t0)7 q(tO)) = (q()v UO))

Dg .

Supposons que la solution de ce probléme de Cauchy rencontre A & un instant ultérieur.
Notons T" le plus petit de ces instants. Le mouvement admet une vitesse & gauche vy en
T'. Bien str, il se peut que : v € V(¢(T)). Dans ce cas, aucun prolongement différentiable
du mouvement ne peut exister dans A au-dela de T'. Il faut donc abandonner 'exigence de
différentiabilité. Un instant tel que T est appelé un instant d’impact.

La vitesse n’est donc plus nécessairement une fonction continue du temps. En supposant
I'existence d’une vitesse a droite ¢* € V(q) a chaque instant, I’équation du mouvement :

+
Ddit = fla.d";t) + R,
doit donc s’entendre au sens des distributions. Comme la distribution R prend ses valeurs
dans un cone, en vertu de (2.4), c’est une mesure (vectorielle) plutot qu’une distribution
générale.

On note MAM(I; Q) (mouvements & accélération mesure) l'ensemble des fonctions conti-
nues ¢(t) de U'intervalle réel I dans Q admettant une vitesse a droite ¢ (¢) & chaque instant
t de I et telles que la fonction ¢*(t) soit localement & variation bornée sur I. Naturelle-
ment, la variation bornée n’est classiquement définie que pour les fonctions & valeur dans
un espace normé. Cependant, pour toute courbe absolument continue ¢(t) sur une variété
Riemannienne, le transport paralléle le long de ¢(t) permet classiquement lidentification
intrinséque des espaces tangents & différents points de la courbe, de sorte que la défini-
tion de variation bornée s’étend facilement a la situation en jeu (on trouve une définition
précise dans [1]). Tout mouvement ¢ € MAM(I; Q) admet une vitesse a gauche ¢~ et
une vitesse a droite ¢, au sens classique & chaque instant. De plus, & chaque mouvement
q € MAM(I;Q), on peut associer intrinséquement la mesure de Stieltjes D¢ de sa vitesse
a droite ¢7. L’équation du mouvement prend alors la forme :

bDG" = f(q,¢";t)dt + R,

ou dt est la mesure de Lebesgue. Il nous faut maintenant donner un sens précis a la condi-
tion (2.4) lorsque R est une mesure vectorielle.

Convention. On écrira :

Re—-N*(q(t)

pour signifier : il existe n mesures réelles négatives \; telles que :

R= Z)‘i dei(q(t)) et Vie{1,2,...,n}, SuppX; C {t|wi(q(t)) =0}. (2.5)
i=1

Avec cette convention, la forme finale de I’équation du mouvement est :

R=bDg" — f(q(t),q"(t);t) dt € —N*(q(t)) (2.6)
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Une conséquence immédiate de 1’équation du mouvement est qu'un impact (c’est-a-dire,
une discontinuité de la vitesse a droite ¢*) ne peut se produire qu’a un instant ¢ tel que
J(q(t)) # @. Ce fait justifie la définition suivante.

Définition 6 Un impact se produisant & un instant t est dit simple si J(q(t)) contient
exactement un seul élément. Si J(q(t)) contient au moins deuzr éléments, 'impact est dit
multiple.

L’équation constitutive des impacts

Commengons cette section par un exemple. On considére le systéme mécanique & un
degré de liberté dont la variété de configuration est R muni de sa structure Euclidienne
canonique. L’application d’effort f est supposée identiquement nulle et on considére la
liaison unilatérale représentée par la seule fonction ¢ (g) = ¢ de sorte que 'ensemble A des
configurations admissibles est R™. A I'instant initial ¢y = 0, le systéme est dans ’état initial
(go,vo) tel que gg < 0 et vy > 0. Il résulte immeédiatement de I’équation du mouvement (2.6)
qu'un impact se produit nécessairement a l'instant t = —qg/vp. A cet instant, la vitesse a
gauche est vg. La vitesse a droite peut alors prendre n’importe quelle valeur négative et
quoi qu’elle soit, elle est compatible avec I’équation du mouvement.

La raison de cette indétermination réside dans la nature phénoménologique de l'inter-
action du systéme avec I'obstacle. L’information manquante doit étre rajoutée.

Hypothése constitutive IV. L’interaction du systéme avec I'obstacle & l'instant ¢ est
complétement déterminée par la configuration courante ¢(t) et la vitesse a gauche courante
G~ (t). En d’autres termes, on postule I'existence d’une application F : T'Q) — T'Q décrivant
I'interaction du systéme avec ’obstacle au cours d’un impact :

vt () = F (a(t),q (1)) (2.7)

Pour assurer sa compatibilité avec 1’équation du mouvement (2.6), Papplication F doit

satisfaire :
F(g,v™) € Vi(g),
Vge A, Vv~ € =V (q), B B (2.8)
f(vi )_U € _N(Q)
On ajoute en plus 'exigence que I’énergie cinétique du systéme ne peut augmenter au cours
d’un impact :
Vge A, Vv € =V(q), H]—" (q,v_)Hq < Hv_Hq. (2.9)

Commentons un peu 'hypothése IV. Lorsque deux solides se percutent, leur rebond
est en fait gouverné par la propagation des ondes de déformations dans chacun de ces
deux solides. Mais, depuis le début, le choix a été fait de se placer dans le cadre ol les deux
solides ont été idéalisés comme rigides, c¢’est-a-dire, que par commodité, on a choisi de ne pas
prendre en considération les déformations éventuelles de ces solides. Il en résulte qu’on ne
peut évidemment pas attendre de la théorie qu’elle prédise I'issue d’une expérience d’impact.
Le but de I’hypothése constitutive IV est de réintroduire dans la théorie I'information
manquante. Bien str, en pratique, il faudra identifier 'application F. Comme pour toute
loi constitutive, cela pourra étre fait, soit au moyen d’expériences, soit en utilisant une
théorie plus fine. Par exemple, la théorie de I’élastodynamique pourrait étre utilisée pour
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calculer I'issue d'un impact dans chaque configuration d’impact. Le résultat serait alors
une proposition pour I'application F. Dans tous les cas, l'identification de ’application F
requiert un trés gros travail, qu’il soit théorique ou expérimental. C’est le prix & payer pour
décrire des phénomeénes physiques complexes dans un cadre de travail simplifié. En fait, ce
probléme se rencontre dans toute théorie mécanique, et quelle qu’elle soit la question se
pose de savoir quelle est la quantité d’information constitutive & rajouter dans la théorie.
La plupart du temps, le caractére bien posé du probléme d’évolution associé a la dynamique
sert de guide.

Définition 7 L’équation (2.7), ot Uapplication F satisfait les axiomes (2.8) et (2.9) est
appelée I’équation constitutive des impacts. Une équation constitutive des impacts qui assure
la conservation de l’énergie cinétique au cours d’un impact :

Vge A, Yv € =V(q), H}" (q,v_)Hq = Hv_Hq,
est dite élastique.

Il existe toujours beaucoup d’applications F satisfaisant les axiomes (2.8) et (2.9).

Exemple 4. Soit e : TQ — [0, 1] une fonction arbitraire. On vérifie facilement que Iappli-
cation F définie par :

f(q,v_) = Proj, [v_; V(q)] — e(q,v_)Projq[v_; N(q)], (2.10)

satisfait toujours les axiomes (2.8) et (2.9). L’équation constitutive des impacts associée
est souvent appelée ’équation constitutive canonique. Elle est élastique si et seulement si
e = 1. La fonction e est classiquement appelée le coefficient de restitution.

La raison pour laquelle I’équation constitutive canonique est distinguée est que dans les
situations ou seuls des impacts simples peuvent se produire (par exemple, si la contrainte
unilatérale est représentée par une seule fonction ¢1), alors, I’équation constitutive des im-
pacts ne peut étre que 1’équation canonique (c’est une conséquence directe des axiomes (2.8)
et (2.9)). Cependant, en cas d’impacts multiples I’équation canonique n’a plus de pertinence
physique. Un exemple simple d’impact multiple est fourni par le berceau de Newton. Le
principe de I'expérience est schématisé sur la figure 2.1.a. L’issue habituellement obser-
vée est représentée sur la figure 2.1.b. Elle est & comparer avec la prédiction de I’équation
constitutive canonique qui est schématisée sur la figure 2.1.c.

PRyl

a b Y

F1G. 2.1 — Le berceau de Newton.

La proposition suivante est une conséquence immédiate et utile des axiomes (2.8) et
(2.9).
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Proposition 8 Soit F une application constitutive satisfaisant les aziomes (2.8) et (2.9).
Alors, on a :
Vge A, Voo eV(gn(=V(g),  Flgv)=v".

On conclut cette section par un commentaire sur 'axiome (2.9). A premiére vue, il peut
paraitre superfétatoire. Le contre-exemple qui suit montre que, sans lui, il n’y a aucune
chance de pouvoir montrer une quelconque unicité de solution au probléme de Cauchy.

Contre-exemple 5. Considérons le systéme mécanique & un degré de liberté dont la variété
de configuration est R muni de sa structure Euclidienne canonique. L’application d’effort
est supposée constante : f(gq,¢;t) = 2. On lui ajoute la liaison unilérale décrite par la
seule fonction ¢1(q) = ¢, de sorte que A = R™. L’équation constitutive des impacts est
donnée par la formule (2.10) ou le coefficient de restitution est supposé étre la constante
1/2 : e(q,47) = 1/2. Ce systéme mécanique est une description formelle d’une particule
ponctuelle soumise a la gravité et rebondissant sur un sol rigide. On considére 1’état initial
(qo,v0) = (—1,0) a linstant ¢y = 0. Il est alors immédiat de vérifier que la fonction ¢ :
R*T — R~ definie par :

vt € [07 1]7 Q(t) = t2 - 17
Ve [B-mr -], at) =+ (—6+2)t+(B—5) B %),
Vit € [3, +o0], q(t) =0,

(n € N), appartient & MAM(R';R™) et satisfait :

e la condition initiale,

e l'équation du mouvement (2.6) (avec f(q,¢;t) = 2),

e l'équation constitutive des impacts (2.10) (avec e(q,q) = 1/2).
Le mouvement est représenté sur la figure 2.2. Remarquons au passage qu’il présente un
nombre infini d’impacts sur un intervalle de temps compact. On pourrait d’ailleurs montrer
qu’aucun mouvement, présentant un nombre fini d’impact sur tout sous-intervalle compact
de [0, +00], ne peut exister.

q(t)

/|

F1G. 2.2 — Mouvement d’une particule soumise a la gravité et rebondissant sur le sol.

Examinons maintenant ’effet d’'un renversement de ’écoulement du temps. Définissons
q par :

[ 0,4 — R-
q{ t = qd—t)
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Considérant 1’état initial (go,vo) = (0,0) & top = 0, il est facile de voir que ¢’ satisfait :

e la condition initiale,

e l'équation du mouvement (2.6) (avec f(q,q;t) = 2),

e l'¢quation constitutive des impacts (2.10) (avec e(q, §) = 2).
Mais, ¢” = 0 satisfait également les mémes condition initiale, équation du mouvement et
équation constitutive des impacts. Cet exemple montre que nous ne pouvons attendre d’uni-
cité au probléme de Cauchy en adoptant I’équation constitutive canonique (2.10) avec un
coefficient de restitution e = 2 (ou tout nombre réel strictement supérieur a 1). Mais, I’équa-
tion constitutive canonique avec coefficient de restitution coefficient strictement supérieur
a 1 viole 'axiome (2.9).

Le probléme d’évolution

On formule maintenant le probléme d’évolution général associé & la dynamique des
systémes de solides rigides avec liaisons bilatérales et unilatérales parfaites. La condition
initiale est supposée compatible avec la réalisation des liaisons : vg € V(qo).

Probléme III. Trouver T >ty et ¢ € MAM([to, T[; Q) tels que :
e (q(to),d" (to)) = (qo,v0),
o Vtelty,T[, q(t)e A,
o REDDGT — f(q(t), ¢t (0);1) dt € ~N*(g(1)),
o Vteto,T[, ¢ (t)=7F(at),q (t))-

L’équation du mouvement s’entend au sens de la convention (2.5) et I’équation constitutive
des impacts est supposée satisfaire les axiomes (2.8) et (2.9).

Pour l'instant, aucune hypothése de régularité n’a été faite sur 'application f. Ce sera
fait dans la prochaine section ol sera donné un résultat d’existence et d’unicité de solution
au probléme III. On peut cependant induire de la section 2.1.3 que f sera au moins supposée
de classe C'. On peut alors énoncér une propriété élémentaire de toute solution (s'il y en
a) du probléme III.

Proposition 9 (Inégalité de I’énergie) Toute solution (T, q) au probléeme III satisfait :

Vti,te € [to, T[, t1 < ta, K (q(t2), 4" (t2)) — K (q(t1), 4" (t1)) =

3l @), = 5 It @0, < [ (7 ()% 0:0) 7)), ds

Preuve. Puisque :

1. 2 1. 2
B} Hq+(t2)Hq(t2) ) Hq+(t1)Hq(t1) =

/ (0. f .t @) ae /] y <Q+%R>

1
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il suffit de montrer que la derniére intégrale est négative ou nulle. Posons :

D={telt] |q () #q®)}.

L’ensemble D est (au plus) dénombrable et donc Lebesgue-negligeable. Dun c6té, on a :

it +q _/ o _/ .
77R - 7R - 7R ’
/];17t2]\D< 2 >q ]t17t2]\D<q >q }tl,tz]\D<q >q

ou la seconde intégrale est positive en vertu de la convention (2.5) tandis que la troisiéme
est négative. Les trois intégrales sont donc nulles. De 'autre coté,

/D<q (t);q (t)’R>q(t) _ /D<q (t);rq (t)qu-+)q(t)7
= S (I @I i 01

teD

qui est négatif ou nul en vertu de 'axiome (2.9). O

2.3.3 Analyse du probléme de Cauchy

Pour étudier 'existence et I'unicité de solution au probléme III, il faut se donner des
hypothéses régularité sur les données. Au vu de celles de la section 2.2.3, on pourrait
espérer démontrer un résultat d’existence et d’unicité sous 'hypothése que les fonctions ¢;
et Papplication f sont de classes C? et C! respectivement. Le contre-exemple de Bressan-
Schatzman [5, 11, 1| évoqué au chapitre 1 montre que l'on ne peut pas espérer 'unicité
méme si les données sont de classe C'*.

Aldo Bressan [5] avait conjecturé que l'unicité pourrait étre prouvée si les données
étaient supposées polynomiales. Danilo Percivale [10] avait, par la suite, montré que c’était
vrai (en remplacant méme U'adjectif polynomiales par analytiques) dans un cas particulier
trés simple & un seul degré de liberté. Le fait que I'analyticité des données était susceptible
d’entrainer 'unicité de solution au probléme de Cauchy a aussi été conjecturé par Michelle
Schatzman [12] qui ’a montré pour le probléme & un seul degré de liberté.

Hypothése de régularité V. La variété Riemannienne de configuration, les fonctions ¢;
et Vapplication f: TQ x R — T*(Q sont analytiques.

La proposition suivante montre ’existence systématique d’une solution locale analytique.
Une preuve détaillée peut étre trouvée dans [1]. Elle repose sur le fait que I’on peut construire
un voisinage & droite de l'instant considéré sur lequel le statut de chaque liaison unilatérale
(actif ou non-actif) est invariant. Il faut signaler qu'une démonstration similaire dans un
cas un peu moins général avait été donné par Lotstedt [7] en 1982.

Proposition 10 Soient gy € A et vg € V(qo). Alors, il existe T, > to, une courbe analy-
tique gy : [to, Ta[ — Q et n fonctions analytiques \y; : [to, Ta[ — R tels que :
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o (a(0),4:(0)) = (qo,v0),

D . : -
o Vielto,Tal,  bgida(t) = f(4alt),da(t);?) + D Xailt) deiga(t),
i=1
Vi € [t()v T [7
, i Aai(t) <0, @i(qa(t)) <0, Aai(t) pi(ga(t)) = 0.
Vi=1,2,---,n,
De plus, la solution de ce probléeme d’évolution est unique au sens ot toute autre solution
analytique (T,q,A1,...,\n) est, soit une restriction, soit un prolongement analytique de

(Ta7 qa, /\ala RS )\an)'
Corollaire 11 Le probléme III admet une solution analytique (Ty, qa)-

Preuve. Considérons le mouvement ¢, fourni par la proposition 10. Il satisfait, de toute
évidence, la condition initiale, la liaison unilatérale et I’équation du mouvement. La seule
chose qui reste a prouver est donc qu’il satisfait I’équation constitutive des impacts. Comme
¢a est analytique and satisfait la liaison unilatérale, on a :

Vi€ lto, Tal,  da (t) = da (t) € V(ga(t)) N (=V(aa(t))),

et donc :
vt € ]t07Ta[7 q:(t) = Qa_(t) =F (qa(t)7qg(t)) )
par la proposition 8. 0O

Des résultats d’existence de solution préexistaient. Ils reposaient, soit sur 'introduction
d’une pénalisation de la liaison unilatérale (comme dans [11]), soit sur 'introduction d’une
discrétisation temporelle (comme dans [8]). La philosophie en était un peu différente de celle
du corollaire 11. Il sont plus généraux au sens ou ils travaillent sur un intervalle de temps
fixé a I'avance, et dans lequel la solution va éventuellement présenter des impacts. Mais
ils sont aussi moins généraux au sens oul I'une et I’autre approche requiérent que la liaison
unilatérale soit représentée par une seule fonction, ce qui est beaucoup trop réducteur pour
les applications & la mécanique.

Dans le corollaire 11, cette limitation est levée, mais la solution analytique qu’il four-
nit va évidemment cesser d’exister & l'instant du premier impact. Il importe alors d’en
construire un prolongement dans la classe MAM qui est justement assez large pour pouvoir
décrire les discontinuités de vitesse des impacts. Mais la discussion de la possibilité d’un tel
prolongement nécessite un résultat d’unicité local. C’est 'objet du théoréme suivant qui a
été prouvé pour la premiére fois dans [1].

Théoréme 12 Soient (T,,qa) la solution du probleme III fournie par le corollaire 11, et
(T, q) une solution arbitraire au probléme III. Alors, il existe un instant Ty (to < Ty <
min{7T,,T}) tel que :

q|[to,To[ = Qal[to,To[ -

En d’autres termes, il y a unicité locale de solution au probleme III.

L’unicité locale est la partie difficile de la démonstration du caractére bien-posé du pro-
bléme III. Pour la preuve détaillée, le lecteur est renvoyé a [1]. En fait, dans cette référence,
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la preuve est rédigée pour le cadre de travail de I’équation constitutive des impacts cano-
nique (2.10), mais un examen attentif de cette preuve montre que I’équation constitutive des
impacts canonique n’intervient qu’a travers I'inégalité de ’énergie (proposition 9). Comme
cette inégalité d’énergie est satisfaite dans le cas de n’importe quelle équation constitutive
des impacts satisfaisant les axiomes (2.8) and (2.9), il en est de méme pour l'unicité locale.

Corollaire 13 Le probleme III admet une solution mazrimale unique.

Il avait été remarqué ci-dessus que la solution analytique au probléme III, fournie par
le corollaire 11 cesse d’exister & l'instant du premier impact. Pour surmonter ce fait, il a
été ensuite prouvé qu’il y a unicité locale dans la classe plus large de mouvement MAM qui
permet de décrire les impacts. Mais, le doute subsiste que cette solution maximale puisse
éventuellement cesser d’exister en temps fini pour des raisons non-physiques. Le théoréme
suivant, qui devrait étre rapproché du théroréme 3 a pour objectif de lever ces doutes.

Théoréme 14 La variété de configuration Q) est supposée étre une variété Riemannienne
compléte et application d’effort f est supposée satisfaire l’estimation :

(g, v:0)l; < 1) (1 + d(g,q0) + ], )

pour tout (q,v) € TQ et presque tout t € [tg, +oo[, ou d(-,+) est la distance Riemannienne
et l(t), une fonction (nécessairement positive) dans L} (R;R).
Alors, la dynamique est éternelle, c’est-a-dire, que la solution mazimale du probléme I1I

est définie sur [tg, +00].

On trouvera une preuve détaillée dans [1]. La encore, I’équation constitutive des impacts
n’y intervient qu’au travers de I'inégalité de I’énergie.

Il est immédiat de vérifier que la fonction ¢ explicitée dans le contre-exemple 5 est
I'unique solution maximale du probléme III correspondant & la situation en jeu. Ce mou-
vement présente une accumulation d’impacts & gauche de l'instant ¢ = 3. Néanmoins, il
existe un voisinage a droite [t,t + n[ de chaque instant ¢t € R, tel que la restriction de ¢ a
[t,t + n[ soit analytique, ainsi que prédit par le corollaire 11. Une conséquence immeédiate
et générale de ceci est la suivante.

Proposition 15 Soit ¢ la solution maximale du probleme III founie par le corollaire 13.
Bien qu’une infinité d’impacts puissent s’accumuler ¢ gauche d’un instant donné, une telle
accumulation d’impacts ne peut jamais se produire & droite d’un instant quelconque. De
plus, dans le cas particulier ot I’équation constitutive des impacts est €lastique, les instants
d’impact sont isolés et donc en nombre fini dans tout intervalle de temps compact.

Le fait qu’une infinité d’impacts puisse s’accumuler & gauche d’un instant donné mais
pas a droite est une spécificité du cadre analytique qui est perdue dans le cadre C*°, comme
le montre I'exemple de Bressan-Schatzman. En fait, ce contre-exemple montre que les pa-
thologies de non-unicité du cadre C'*° sont intimement liées a la possibilité d’accumulation
d’impacts a droite. Le fait que le cadre analytique empéche ces accumulations a droite est
la raison profonde qui a permis de montrer 1'unicité dans ce cas.
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On pourrait penser que ’ensemble de cette analyse réalise pour la dynamique des sys-
témes discrets avec impacts sans frottement exactement ce qu’améne le théoréme de Cauchy-
Lipschitz a la dynamique des systémes discrets réguliers.

En fait, il subsiste une différence de fond liée & la continuité de la dépendance a la
condition initiale.

2.3.4 Continuité de la dépendance a la condition initiale

Considérons un systéme mécanique & deux degrés de liberté dont la variété de configu-
ration s’identifie & R? muni de sa structure Euclidienne canonique. On lui ajoute la liaison
unilatérale décrite par les deux fonction v1(q1,q2) = q2 et 2(q1,92) = g1 + q2, de sorte que
I’ensemble A des configurations admissibles est caractérisé par :

g2 <0, g1 +q2 <0.

L’équation constitutive des impacts est supposée étre élastique. Cette propriété, associée
a l'axiome (2.8), la détermine en toute configuration du bord de A correspondant a un
impact simple et la seule indétermination qui subsiste se trouve en la seule configuration
correspondant & un impact multiple, & savoir ¢ = ¢ = 0.

% %

F1G. 2.3 — Dépendance non-continue de la solution par rapport a la configuration initiale.

Considérons une condition initiale telle que la trajectoire présente un impact multiple.
En modifiant un tout petit peu la configuration initiale, tout en laissant inchangée la vitesse
initiale, comme représenté sur la figure 2.3, on voit facilement que I'on peut obtenir des
trajectoires aprés impact trés différentes.

Cet exemple peut donner des doutes sur la pertinence de 'effort fourni pour garantir le
déterminisme de la dynamique (existence et unicité de solution au probléme de Cauchy). En
effet, si la dépendance de la solution par rapport a la condition initiale n’est pas continue au
sens de la topologie de la convergence uniforme sur tout intervalle de temps compact, comme
c’est le cas dans 'exemple considéré plus haut, alors le déterminisme associé a 'unicité de
solution au probléme de Cauchy est purement théorique et n’est porteur d’aucune pertinence
pratique. En particulier, une telle trajectoire, bien qu’unique, ne peut faire I’'objet d’aucune
méthode de calcul d’approximation, puisque toute erreur, aussi petite soit-elle, a de grosses
conséquences.

En fait, le lecteur se convaincra facilement que la pathologie exhibée provient du fait
que l'angle entre les deux liaisons unilatérales, au point ou elles se croisent, n’est pas un
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angle droit, et qu’en fait, un angle droit restaurerait la continuité. Ce fait a un caractére
général, comme le montre le théoréme ci-dessous, dont la démonstration se trouve aussi
dans la référence [1]. La notion d’angle droit est, bien sir, & analyser en terme du produit
scalaire local sur la variété Riemannienne de configuration, c’est-a-dire en terme du produit
scalaire induit par I’énergie cinétique. Pour fixer les idées, dans 'exemple d’'un billard (ou
bien du gaz de Boltzmann), on obtient un exemple d’impact non orthogonal, lorsque trois
boules se percutent au méme instant, et un impact orthogonal lorsque deux paires de boules
entrent en collision au méme instant, en deux endroits différents.

Théoréme 16 Soit (T, q) la solution mazimale du probleme III issue d’une condition ini-
tiale donnée (qo,vo) supposée compatible avec les liaisons a linstant initial tyg. On fait Uhy-
pothése d’orthogonalité de tous les impacts multiples que présente cette solution maximale :

vt € [to, T, (d%(Q(t)))ieJ(q(t)) est orthogonal dans T;(t)Q,

(avec la convention que l’ensemble vide est orthogonal). On considére une suite (Gon, Von)
de conditions initiales compatibles avec les liaisons et convergeant vers (qo,vo) dans TQ.
Pour tout n, on note (Ty,qn) la solution maximale du probléme III issue de la condition
initiale (qon,von) @ linstant tg. Alors :

e liminfT, > T,

n—-+o0o

e (qn) converge vers q, uniformément sur tout sous-intervalle compact de [to, T :

VT € [to, T, lim  sup d(gn(t),q(t)) =0,

n—-+4o0o te[toﬂ'}

o (qn(t),q,F(t)) converge vers (q(t),qT(t)) dans TQ, pour presque tout t appartenant
[t07 T[

Le théoréme 16 redonne du poids a I'existence et unicité au probléme de Cauchy III dans
la mesure ot les impacts non orthogonaux, et mémes multiples seraient, comme on peut
s’y attendre, des événements exceptionnels. Pour donner un statut mathématique précis a
¢a, il faudrait énoncer et démontrer un théoréme qui dirait, en substance, « pour presque
toute condition initiale, la solution maximale du probléme III ne présente que des impacts
simples ».
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Chapitre 3

Prise en compte du frottement —
Problémes ouverts et perspectives.

La théorie présentée dans le chapitre précédent est a la fois mathématiquement cohérente
et suffisamment générale pour englober les problémes concrets issus de la mécanique, du
moins tant que ceux-ci ne requiérent pas la prise en compte de frottement sec. Or, les
applications, qu’elles concernent le mouvement des milieux granulaires ou les problémes de
controle posés par la robotique, requiérent la prise en compte du frottement. Sans lui, un
robot marcheur sur un sol plat rigide et initialement au repos, est condamné & devoir rester
indéfiniment au méme endroit. . .

Il s’avére cependant que vouloir étendre la théorie pour qu’elle prenne en compte le
frottement sec, ne pose pas seulement des difficultés d’ordre mathématique. La formulation
méme de ces problémes ne va pas de soi. Ma conviction est que 'on ne peut pas séparer les
étapes de formulation et d’analyse du probléme d’évolution obtenu : il faut utiliser existence
et unicité de solution au probléme de Cauchy comme guide systématique de la formulation
de la dynamique.

3.1 Analyse d’un probléme modéle

Dans cette section, on considére un exemple simple de systéme discret avec contact
unilatéral et frottement de Coulomb. Cet exemple est en quelque sorte le plus simple qui
soit ou le contact unilatéral est couplé avec des conditions de frottement sec, et il a été
utilisé pour débroussailler I'analyse de stabilité d’une position d’équilibre en présence de
contact et frottement [3]. Dans cet exemple, la formulation de la dynamique ne pose pas
de difficulté. On montre alors que la stratégie basée sur 'analyticité des données permet ici
aussi d’obtenir existence et unicité de solution au probléme de Cauchy.

3.1.1 Description du probléme

Le systéme considéré est celui introduit par Klarbring [4] dans un autre contexte. Il
fournit un exemple simple de systéme avec obstacle ou 'opérateur de rigidité élastique
couple le degré de liberté normal & ’obstacle avec le degré de liberté tangentiel.

Soit m > 2 un entier. Une particule ponctuelle de masse unité dans R™ évolue dans un
potentiel quadratique d’énergie élastique représenté par une matrice de rigidité K symé-
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trique définie positive. Cette particule est astreinte & rester d’'un méme cété d’un hyperplan
(contact unilatéral) et est supposée satisfaire la loi de frottement de Coulomb lorsque le
contact avec 'hyperplan est actif. La dynamique est excitée par une force extérieure f, sup-
posée étre une fonction donnée du temps. Pour x € R", on note x, sa premiére composante

Fi1G. 3.1 — Le systéme de KLARBRING.

(« composante normale ») et x; le vecteur de R"~! formé par les n — 1 derniéres compo-
santes de x (« composantes tangentielles »). On s’est donné une matrice réelle symétrique
définie positive K d’ordre n (matrice de rigidité). On adopte la notation :

ky tw
K= ("
<W Kt> ’
ol ky € R, w € R* ! et K; est une matrice symétrique définie positive d’ordre n — 1. Les
deux propositions suivantes sont équivalentes.
(i) La matrice K est définie positive.
(ii) La matrice Ky est définie positive et k, > ‘w - Kt_1 -W.

Le terme w couple les degrés de liberté normaux et tangentiels et sera une source de
difficulté dans ’analyse du systéme.

On note MAM([0,T];R™) (mouvements & accélération mesure) l’espace vectoriel des
fonctions intégrables de [0, 7] dans R™ dont la dérivée seconde au sens des distributions est
une mesure. On rappelle qu'une fonction u dans MAM admet des dérivées & gauche et a
droite (au sens classique) u™ et u™', en tout point, les deux étant des fonctions & variation
bornée. Le probléme d’évolution correspondant s’écrit au fil de la plume :

Probléme P. Trouver u € MAM([0,T];R"™) et r € M([0,T];R") tels que :

e u(0)=uy ; ut(0)=vo (condition initiale),
e i+K-u=f+r, dans]0,7] (équation du mouvement),
o u, <0, 7, <0, uUyrn,=0 (contact unilatéral),

* /m re- (v—u) = Fry (v = [af]) >0, vveC0,T;R™") (Coulomb),

o uy(t)=0 = uf(t)=—enu,(t), dans]0,T] (équation des impacts),

n

ou f est une fonction intégrable donnée de [0, 7] dans R™ (force extérieure), F une constante
réelle positive ou nulle (coefficient de frottement), e € [0, 1] une constante réelle (coefficient
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de restitution) et (up, vp) une condition initiale, supposée compatible avec la liaison unila-
térale :
Umn <0 et upgn=0 = oo <0.

3.1.2 Existence et unicité de solution

Dans le cas ou la mesure r est absolument continue par rapport & la mesure de Le-
besgue, c’est-a-dire qu’elle s’identifie & une fonction intégrable, la loi de Coulomb admet la
formulation équivalente :

_ﬁt(t) € 81—.7—'7“,,(13).8 [rt(t)]v p.-p.-t.te [O,T],

ot R.B désigne la boule de rayon R dans R"~! Euclidien et Iz 5 sa fonction indicatrice
au sens de 'analyse convexe (elle vaut 0 en tout point de 'ensemble et 400 ailleurs), le
sous-différentiel I 5 s’entendant au sens de la structure Euclidienne canonique de R?~!,
Introduisant la fonction conjuguée I'g 3 (dite fonction d’appui du convexe R.B), cette for-
mulation est elle-méme équivalente & :

ri(t) € O _rp .8~ (t)], p. p. t. t € [0,T].

Exprimant ry en terme de u a ’aide de I’équation du mouvement, il vient alors I'inclusion
différentielle :

() + Ky - ug(t) + wun(t) — fi(t) € OT_ g, ).8[—e(t)], p.p. t. t €10,7T).

Le théoréme suivant, dont le lecteur trouvera une démonstration détaillée dans [2], four-
nit une solution analytique locale et est le pendant dans la situation en jeu du théoréme 10
cité dans le chapitre sur la dynamique des systémes discrets avec liaisons unilatérales sans
frottement.

Théoréme 17 Soit £ : [0,T] — R™ une fonction analytique. Alors, il existe T, > 0 et des
fonctions analytiques u, : [0, To[ — R™ et rap : [0, Ta] — R, solutions du probléeme :

o u,(0)=uy ; u(0)= vy,

o ian + knlan + W Uag = fo +7an,  dans [0, T,

o g + K Uat + Wttan — £ € O0_ gy, B[ —Uat],  dans [0,T4[,
® Uy <0, 7Tan <0, UanTan = 0.

De plus, toute autre solution analystique de ce probléeme d’évolution, est, soit une restriction,
soit un prolongement analytique de cette solution.

Comme dans le cas sans frottement, on peut montrer |2| 'unicité locale de cette solution

dans MAM.

Théoréme 18 Soient F : [0,T] — R™ une fonction analytique, u, : [0, T[] — R", la solu-
tion analytique locale du probléme P, fournie par le théoréme 17 et u € MAM([0,T]; R™),
une solution arbitraire du probléme P. Alors, u, et u sont identiquement égales sur un
voisinage ¢ droite det =0 :

3T <T,, Vtel[o,T'[, u,(t) = u(t).
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Le théoréme 18 fournit I'existence et 'unicité d’une solution maximale dans MAM pour
le probléme P. Exploitant le fait que la force extérieure :

f(u,l'l_;t) =f(t)—K-u,

ne croit pas plus vite que linéairement en fonction de (u, 1), comme dans les hypothéses du
théoréme 14 du chapitre précédent, on peut alors montrer [2] que la dynamique est définie
pour tout temps.

Corollaire 19 Si f : [0,T7] — R"™ est analytique (ou analytique par morceaux), alors, le
probléme P admet une unique solution dans MAM([0, T]; R™).

3.2 Extension aux systémes mécaniques discrets

Il ne fait aucun doute que les résultats de la section précédente peuvent s’étendre au cas
d’un nombre fini N de particules ponctuelles en interaction et obéissant & des conditions
de contact avec frottement de Coulomb vis-a-vis d’'un obstacle décrit par un nombre fini
de fonctions analytiques sur la variété de configuration EV (avec les notations du chapitre
précédent).

Dans le cas ol 'on a affaire & des solides rigides qui ne sont pas que des particules
ponctuelles, il apparait une difficulté que ’on va décrire au travers d’un exemple emprunté
a Jean Jacques Moreau. On considére une barre rigide de masse unité répartie de facon
homogéne, et astreinte & se mouvoir dans un plan sous l'effet de la gravité comme repré-
senté sur la figure 3.2. A linstant initial, la barre est au repos dans une configuration ot

FiG. 3.2 — Un exemple simple d’indétermination.

les deux extrémités sont en contact avec un obstacle en forme de coin & angle droit. En
plus des conditions de contact unilatéral, on souhaite prendre en compte des conditions
de frottement. Dans ce type de situation, il est d’usage d’écrire la loi de Coulomb en cha-
cune des deux extrémités de la barre. Si on se place dans la situation ou le coefficient de
frottement F est strictement supérieur & 1, alors on vérifie facilement que I'immobilité est
un mouvement possible de la barre, de méme que la chute en position horizontale. Il peut
y avoir également d’autres mouvements possibles. Cette indétermination ne peut pas étre
levée par des arguments de régularité.

Mon opinion concernant cette indétermination est la suivante. En mécanique classique,
les efforts sont, par nature, des cofacteurs de vitesse. Les puissances virtuelles systématisent
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ce point de vue, en assurant que la modélisation des efforts est cohérente (ni trop fine, ni
trop grossiére) avec la description géométrique adoptée. La barre décrite ci-dessus a trois
degrés de liberté (deux de translation et un de rotation). Par dualité, il y aura donc trois
composantes d’effort (deux de force et une de moment). La loi de frottement doit donc
pouvoir se traduire en terme de ces composantes d’effort généralisé. Ce n’est pas le cas de la
loi de frottement envisagée plus haut pour la barre. L’origine de I'indétermination évoquée
ci-dessus vient du fait que ’on mélange deux points de vue : un point de vue de milieu
déformable pour pouvoir parler de forces ponctuelles exercées sur les deux extrémités du
systéme et un point de vue de solide rigide. Il faut faire un choix.

e Soit on s’en tient au point de vue de solide rigide. L’effort de réaction généralisé a
alors trois composantes : une composante normale & I'obstacle et deux composantes
tangentielles. La loi de frottement doit étre formulée en terme de ces composantes.
La difficulté pratique qui se pose est que cette loi ne peut étre déduite de la loi de
Coulomb postulée ponctuellement.

e Soit on introduit un degré de liberté supplémentaire en modélisant la barre comme
un ressort dont la longueur totale est susceptible de varier. On récupére alors une
quatriéme composante d’effort généralisé et 'on a une relation biunivoque entre les
quatre composantes d’effort généralisé d’une part et le couple de réactions de ’espace
réel en chaque extrémité, d’autre part. Il est alors loisible d’identifier la loi de frot-
tement en terme des composantes d’effort généralisé a partir de la loi de Coulomb
postulée ponctuellement.

En d’autres termes, on ne peut discuter du coincement éventuel de la barre contre ’obstacle
sans donner un peu d’élasticité & la barre. Plus généralement, on ne peut pas vouloir le
beurre et I'argent du beurre. Si on s’en tient & un point de vue de solide rigide, la loi de
frottement s’écrira en terme de convexe admissible pour la réaction tangentielle, le convexe
en question étant dépendant de la réaction (généralisée) normale. La question de savoir
comment ce convexe dépend de la réaction normale est un probléme de loi constitutive
impossible & décider en restant dans le cadre du point de vue de systéme de solides rigides
et, en général, impossible & décider en utilisant la loi de Coulomb postulée ponctuellement.
Si on veut absolument utiliser cette loi de Coulomb postulée ponctuellement (parce que c’est
la seule information disponible, par exemple), alors il faudra introduire des degrés de liberté
supplémentaire en rendant (partiellement) déformables les solides rigides du systéme.

Cette confusion de point de vue me semble trés répandue, tant dans I’étude des milieux
granulaires que dans les problémes & liberté finie posés par la robotique.

La situation est encore pire si on pense au cas d’une liaison bilatérale avec frottement
de Coulomb. Dans le cas de la dynamique d’une particule ponctuelle astreinte & rester sur
une surface, le probléme d’évolution écrit naivement est un cas particulier de celui envisagé
ci-dessous (probléme P’). Il y a donc existence et unicité de solution au probléme de Cauchy.
Si on veut généraliser & un solide rigide non ponctuel comme la barre évoquée plus haut,
en écrivant une loi de Coulomb postulée ponctuellement comme dans ’exemple ci-dessus,
alors des exemples simples montrent que ’on peut ne pas avoir de solution au probléme de
Cauchy. Un tel exemple est décrit dans la référence [5].

Pour écrire de maniére systématique et cohérente, le probléme d’évolution associé a la
dynamique des systémes discret avec liaisons bilatérale et frottement, on revient aux no-
tations du chapitre précédent. On considére donc un systéme mécanique discret dont la
variété Riemannienne de configuration est ) dont la dimension est notée d. Ce systéme
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est astreint a satisfaire une liaison bilatérale (holonome) caractérisée par n fonctions ré-
guliéres ;, fonctionnellement indépendantes, de sorte que ’ensemble des configurations
admissibles :

S:{qu ‘ Vi=1,2,...,n, cpi(q)zo}

hérite d’une structure de variété Riemannienne de dimension d — n. La loi de frottement
est caractérisée par la donnée d'un sous-ensemble convexe fermé C(q,¢;r;t) de TS, dit
« convexe des réactions tangentielles admissibles », ol r est un élément de R™ destiné a
représenter l'intensité de la réaction normale. Sa fonction d’appui (au sens de la dualité
(T3S, Ty S)) et notée T'cq g1 €t le sous-différentiel de sa fonction d’appui 9sI'¢ (g :t;r) 011
le S rappelle que ce sous-différentiel s’entend au sens de la dualité (7,9, T, S). Se donnant
une condition initiale (gg,vg) € T'S, le probléme de Cauchy correspondant & la dynamique
du systéme discret avec liaison bilatérale et frottement s’écrit de la maniére suivante.

Probléme P’. Trouver T > tg, ¢ € W3 ([to, T[; Q) et N; € CO([to, T[;R) (i = 1,2,...,n)
tels que :

e (q(t0),d(to)) = (qo,v0),

o Vi€ [t07T[7 Q(t) € 57
o bgpl®) = Projo [ £(a(t) 40 1): Ty S] € 0T o i) [0

. bE:baq(t)+Proj;(t)[f(q(t),q(t);t);iEZBlegoi ]+ZA ) de; (q(t)),

En pratique, il suffit pour les applications (voir [1]) de postuler le convexe C(q, ¢;7;t)
sous la forme :

l
Cla,dstir) = {Zm ':cl,:cz,...,meM(q)-[sznz-(q,q;t;r)oi}},

1=1

ou :
e les ; sont m 1-formes dans TS, linéairement indépendantes,
e Cy est un convexe fermé donné dans R", éventuellement non borné et contenant

I’origine,

e les C; (i = 1,2...,1) sont des convexes fermés bornés donnés dansR", contenant
I'origine,

e M(q) est une matrice réelle, carrée d’ordre m, inversible, dépendant de fagon réguliére
deges,

o les r; : TQ x R x (R)™ — RT sont des fonctions réguliéres données.

Rappelant que le domaine Dom I'c(g 4:r:¢)
I' prend des valeurs finies, la condition initiale (go,v9) € T'Q est supposée compatible avec
la liaison bilétérale frottante :

est ’ensemble des points ol la fonction convexe

—vp € Dom FC(qo,vo;r;to) C TQOS,
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ou il suffit que I'inclusion soit satisfaite pour un » € R", pour ’étre pour tous les r € R™.
Sous ’hypotheése :

Hypothése de régularité. La variété de configuration Q est de classe C2, I'application
f:TQ xR — T*Q, les 1-formes «; et I'application M : g — M/(q) sont de classe C'. De
plus, les functions x; : TQ X R x (R)™ — R* sont localement lipschitziennes,

on a le résultat suivant dont la démonstration est détaillée dans [1].
Théoréme 20 Le probléeme P’ admet une unique solution mazximale.

Il ne fait guére de doute qu’en suivant la démarche de la section précédente, ce résultat
pourrait étre étendu au cas des liaisons unilatérales avec frottement, dans le cas ou les
données sont supposées analytiques.
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Deuxiéme partie

Problémes de contact avec frottement

en élasticité tridimensionnelle Iinéarisée
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Chapitre 4

Contexte et motivation

On considére un corps élastique tridimensionnel évoluant en présence d’un obstacle
rigide et fixe. On suppose réunies les conditions permettant de négliger I'accélération a
chaque instant de sorte que l'évolution sera une succession d’équilibres (évolution quasi-
statique). On supposera également toutes les transformations considérées infinitésimales
a partir de la configuration de référence dénuée de contrainte, justifiant 'utilisation des
équations de I'équilibre linéarisées.

Le probléme général de contact en élasticité linéarisée ainsi posé s’écrit alors comme
suit.

dive(u) +f? =0, dans Q,
u=uP, sur I'y,
t d:éfo- ‘n = tP, sur I'y, (4.1)

Up —g° <0, t, <0, (up—gP)tn =0,
sur I',.

et « conditions aux limites tangentielles »,

Ici, Q est un ouvert borné régulier donné dans R? ou R?, I',, UT; UT. = 09, une partition
de sa frontiére en trois sous-ensembles réguliers, et n la normale unitaire sortante. Comme
a l'accoutumée, u est le champ de déplacement (inconnu), o(u) la contrainte de Cauchy
qui lui est associée par la loi de comportement élastique linéarisée, et t = o - n les tractions
surfaciques. Pour tout champ de vecteur v defini sur une partie de la frontiére, on écrira
v = v,n + vy, sa décomposition en parties normales et tangentielles. Les conditions de
chargement sont définie par uP (déplacement de surface prescrit sur I',), tP (effort surfacique
prescrit sur I'), fP (forces volumiques), et gP (écart initial a 'obstacle).

Les conditions aux limites tangentielles sur I',. les plus simples que 1’on puisse considérer
sont celles associées & ’absence de frottement :

t; =0, on I,

auquel cas, le probléme (4.1) se réduit au probléme dit de Signorini. En lui donnant une
formulation faible appropriée en terme d’inéquation, Fichera démontra en 1964 'existence
et I'unicité de solution au probléme de Signorini sous des hypothéses adéquates de régularité
des données. Pendant que la théorie générale des inéquations variationnelles se développait
rapidement durant les années qui ont suivi, rendant possible la résolution d’une large classe
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de problémes dits a frontiére libre, la question de résoudre le probléme (4.1) avec des
conditions aux limites tangentielles plus générales apparit [4]. Un intérét tout particulier
se concentra autour de la loi de frottement sec de Coulomb :

’tt‘ < _ftn j '[:1t = 07
[ty < —Ft,, et,
[t = —Ftn = t; = —Au; avec \ € R+,

ou bien, et c’est équivalent :
Vv, ty - (v — ) — Ftn([v] — [mg]) > 0. (4.2)

Ici, F > 0 est le coefficient de frottement, supposé connu et le point signifie la dérivée
temporelle. A cause de cette dérivée en temps, le probléme (4.1) correspondant est un
probléme d’évolution, appelé parfois le probléme de Signorini avec frottement de Coulomb
quasi-statique. La résolution de ce probléme se révéla rapidement trés difficile, et beaucoup
d’effort fut d’abord consacré & la situation ou la vitesse tangentielle dans la loi de frottement
de Coulomb, est remplacé par le déplacement tangentiel :

Vv, te - (v—uy) — Ftn([v] — Jwl) > 0. (4.3)

La terminologie usuelle (sans doute pas trés heureuse, mais consacrée par 1'usage) est d’ap-
peler la loi (4.2), loi de Coulomb « quasi-statique » (ou tout simplement loi de Coulomb),
tandis que la loi (4.3) est appelée « loi de Coulomb statique ». La raison qui motive I’étude de
probléme de contact avec la loi de Coulomb statique est que c’est formellement le probléme
qui apparait & chaque pas de temps lorsque 'on introduit une discrétisation temporelle dans
I'analyse du probléme avec frottement de Coulomb quasistatique [5]. De plus, pour certains
problémes spécifiques ou modéles comme celui considéré par Spence [10] et sur lequel on
reviendra par la suite, la considération de la loi statique (4.3) rend possible la résolution
du probléme (4.1) avec la loi de frottement originale (4.2), en multipliant simplement la
solution statique par une fonction croissante du temps.

Il a été reconnu trés tot [4] que, si on remplace le seuil Ft,, par une fonction donnée G,
alors, le probléme correspondant (dit probléme de contact avec seuil de frottement donné)
peut étre résolu au moyen des techniques standards de I'optimisation qui fournissent exis-
tence et unicité de solution, sous les hypothéses de régularité appropriées pour les données.
Bien entendu, ce probléme de contact avec seuil de frottement donné a peu de pertinence
physique puisque le frottement peut se produire y compris sur les parties du bords qui ne
sont pas en contact actif avec I'obstacle. Mais, comme Ft, peut étre calculé & partir de
la solution du probléme de contact avec seuil de frottement donné, on est naturellement
conduit vers une stratégie de point fixe. Comme aucune propriété de contraction n’apparait
spontanément dans ’analyse, le théoréme de point fixe & appliquer s’oriente vers celui de
Schauder ou Tikhonov. Mais, cela nécessite de prouver des résultats techniques de régula-
rité pour la solution du probléme de contact a seuil de frottement donné. Ces résultats ont
été obtenus d’abord pour une bande infinie par Necas, Jarusek and Haslinger dans [9] en
utilisant une technique de translations tangentielles, puis étendues au corps de forme arbi-
traire par JaruSek, dans [7]. La conséquence en était la preuve de 'existence d’une solution
(solvabilité) pourvu que le coefficient de frottement soit suffisamment petit F < F.
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4.1 Le systéme de Klarbring

Pour éclairer I'analyse du probléme décrit précédemment, Klarbring a introduit dans
[8] sa contrepartie & nombre fini de degré de liberté la plus simple qui soit.
4.1.1 Le cas du probléme statique

Soit m > 2 un entier. Pour u € R”, on note u, sa premiére composante. On considére
le probléme suivant.

Probléme Psi,:. Trouver u,r € R” tels que :
e K-u=f+r, (équilibre),
e u, <0, 7, <0, uyrn=0 (contact unilatéral),
o WeR" r(v—u)—Fry(|v] - |Jul) >0, (loi de Coulomb statique),

ou les données sont f € R", le coeflicient de frottement F > 0 et la matrice de rigidité K
symétrique définie positive que I'on écrira sous la forme :

kn 'w
K="
<W Kt> ’
ol ky € R, w € R ! et K; est une matrice symétrique définie positive d’ordre n — 1. Les
deux propositions suivantes sont équivalentes.

(i) La matrice K est définie positive.

(ii) La matrice Ky est définie positive et ky, > ‘w- K- w.

Fi1G. 4.1 — Le systéme de KLARBRING.

Le terme w couple les degrés de liberté normaux et tangentiels et sera une source de
difficulté dans I’analyse du systéme.
La contrepartie du probléme & seuil de frottement imposé est alors la suivante.

Probléme Pgq. Trouver u,r € R" tels que :
e K-u=f+r, (équilibre),
o u, <0, 7, <0, uyrn=0 (contact unilatéral),

o WeR"™ ri-(v—uy)—G(|v|]—|ug) >0, (loi de Coulomb statique),
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ol G > 0 est le seuil de frottement supposé ici faire partie des données.

Proposition 21 Pour tout G > 0, le probléeme Psq admet une solution unique.

Preuve. Introduisant le sous-ensemble fermé convexe non-vide C de R™ défini par :
K@) = {xeR" | 2, <0, |x|<g},
le probléme Psq admet la reformulation équivalente :
e K-u=f+r,
e recK(G),
o VEEK(G), (f+r) K ' (f-r)2>0,
c’est-a-dire que r est la projection de —f sur K(G) au sens du produit scalaire K~ de R™.

On déduit alors la conclusion annoncée de la structure d’espace de Hilbert de R™. O

La résolution du probléme P¢q par la proposition 21 permet alors de définir ’application :

RT — RT
e
G — Frn

oll 7, est la premiére composante du vecteur r de la solution du probléme Py associé &
G. Il est alors clair que tout point fixe de © définit une solution du probléme Pyt et
réciproquement.

Proposition 22 L’application © est Lipschitzienne, de module de Lipschitz inférieur ou
égal a :

.7’-"‘Kt_1-w|7

ot | - | désigne la norme Euclidienne sur R,

Preuve. Soient 0 < G < G’. On note (u,r) et (u’,r’) les solutions des deux problémes Py
correspondants. Les vecteurs r et r’ sont donc les projections de —f au sens du produit
scalaire K1, respectivement sur (G) et X(G'). Mais, compte-tenu de la forme particuliére
de ces convexes, on vérifie aisément que r est la projection de r' € K(G') sur £(G). En
notant e un vecteur colinéaire & r arbitraire, on en déduit :

[ =l < 16"~ <|6' - g [K* - wl,

e =

K

w-e
L
qui donne la conclusion attendue. 0O

Corollaire 23 Sous la condition :
F ‘Kt_l -w| <1,

le probléeme Pgtar admet une solution unique.
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En fait, si on considére seulement 'existence de solution, on peut se passer de la condi-
tion restrictive sur le coeflicient de frottement.

Proposition 24 Quel que soit le coefficient de frottement F > 0, le probléme Pesay admet
toujours au moins une solution.

Preuve. On vérifie facilement :
vgeRT,  0<0G) < F((f)" + K wl[]),

ou (x) = max{x,0} désigne la partie positive. Il en résulte que la restriction de © & 'inter-
valle

n _
o7 (01" + 7wl
est une application Lipschitzienne, donc continue, & valeur dans ce méme intervalle. Elle
admet donc au moins un point fixe en vertu de théoréme de Brouwer. 0O

En se plagant dans le cas particulier n = 2 (o2 'on a w, Ky € R), il est alors facile de
compter le nombre de point fixe de © lorsque :

F|K w| > 1.

On constate alors que ce nombre de points fixes est strictement plus grand que 1 (non-unicité
de solution au Pyat) si et seulement si :

fa>0, et fo< K 'wfi <FK wfa,

dans le cas w > 0.

4.1.2 Cas du probléme quasi-statique

Le probléme quasi-statique associé au systéme de Klarbring s’écrit immédiatement.

Probléme Pyyasistat- Trouver u,r € WH1([0, T];R™) tels que :
e u(0) = uy,
o K.u(t)="1(t)+r(t), Vtel0,T],

o uy(t) <0, ru(t) <0, wun(t)ra(t) =0, Vtel0,T],

o WeR™ () (v—w(t) — Frat)(|v] — |0(t)]) >0, ppt.te[0,T],

ot la donnée initiale est choisie telle que la réaction initiale K - u(0) — £(0) est compatible
avec la loi de Coulomb. On supposera aussi f € W11([0,T];R™). La référence [3] contient
le premier résultat d’existence de solution pour ce type de probléme. Il est obtenu sous
la condition que le coefficient de frottement F est inférieur a une valeur qui s’exprime
uniquement en terme de la matrice de rigidité K. Pour le cas particulier qui nous occupe,
on a le résultat suivant [1] (qui donne une meilleure limite sur le coefficient de frottement

que [3]).
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Proposition 25 Sous la condition :

)\min
F< %, (4.4)
tw-K{-w

ot )\ﬂitn désigne la plus petite valeur propre de la matrice K¢ (pas de condition si w = 0),
le probléeme Pyuasistat admet au moins une solution.

Evidemment, la question de 1'unicité se pose. Dans [8], Klarbring dénombre les solutions
du probléme en vitesse associé a probléme Pguasistat dans le cas particulier de la dimension
n = 2. Lorsque la condition (4.4) est remplie (pour n = 2, elle se réduit & F < K;/|w|™!),
il montre 'unicité de solution pour le probléme en vitesse. Lorsque que cette condition est
violé, il exhibe des exemples de non-unicité de solution du probléme en vitesse ou bien de
non-existence, suivant les valeurs de la vitesse de chargement f.

Ces résultats peuvent conduire & penser que, lorsque la condition (4.4) est remplie, non
seulement le probléme Pquasistat admet une solution, mais que celle-ci est unique. En fait,
dans [1], j’ai montré que c’est vrai sin = 2 ou w = 0, mais, que c’est faux sinon, en général,
méme si f € C°([0, T]; R™).

Dans le cas w = 0, les problémes d’évolution qui gouvernent les degrés de liberté
normaux et tangentiels sont découplés. On résoud d’abord le probléme qui gouverne le degré
de liberté normal. Il s’agit, a chaque instant, d’une inéquation variationnelle justiciable du
théoréme de Lions-Stampacchia. Une fois ce probléme résolu, la fonction ry,(t) devient une
donnée dans I’étude du probléme tangentiel. Or, on constate assez facilement que celui-ci est
gouverné par un processus de rafle de Moreau. On montrera dans la partie 3 de ce mémoire
que cette structure et la stratégie correspondante se retrouvent de maniére systématique
dans les problémes de contact avec frottement pour les structures minces élastiques.

En revanche, dés que w # 0, le couplage entre degrés de liberté normaux et tangentiels
détruit la monotonie. Lorsque n = 2, la pauvreté de la géométrie contraint trop les choses
pour que ’on puisse exploiter ce fait pour construire des solutions multiples. En revanche,
dés que n = 3, on peut exploiter ’absence de monotonie pour augmenter I’écart entre deux
solutions durant un intervalle de temps de durée non nulle, en ajustant correctement le
chargement f(t). En réalisant ’accumulation d’une infinité de tels cycles de chargement sur
des intervalle [t;,41,t,] comme dans le contre-exemple de Bressan-Schatzman, on parvient
alors a fabriquer un probléme d’évolution admettant des solutions multiples, et ce, aussi
petit que soit le coefficient de frottement F > 0 (on trouvera une construction détaillée
dans [1]).

Je n’ai pas beaucoup de doute qu’en supposant l'analyticité de la donnée (), et en
mettant en ceuvre une stratégie similaire a celle que j’ai déployée en dynamique, on par-
viendrait vraisemblement & récupérer 'unicité de solution pour ce probléme d’évolution.
Je n’ai pas encore cherché a I’écrire, car cela ne me semble pas étre la question prioritaire
aujourd’hui comme je vais le développer dans la section suivante.

4.2 Retour au systéme de 1’élasticité

La stratégie de point fixe décrite plus haut est d’un usage courant dans la pratique
de construction d’approximation numérique du probléme de contact avec frottement de
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Coulomb. L’analyse du probléme statique discrétisé se méne exactement comme celle du
systéme de Klarbring et on montre ainsi 'existence d’un frottement critique F. pour le
probléme discrétisé en-dessous duquel une propriété de contraction garantit la convergence
de lalgorithme itératif vers I'unique point fixe cherché. Cependant, toutes les estimations
(par défaut, bien entendu) qui ont été obtenues a ce jour pour F, tendent vers zéro lorsque
la finesse du maillage (sur lequel est basée la discrétisation spatiale) augmente. Ce point
pose crucialement la question de 1'unicité de solution pour le probléme de contact (continu)
avec frottement de Coulomb statique, de coefficient suffisamment faible. Cette question est
toujours ouverte aujourd’hui. Hild [6] a bien exhibé des exemples de solutions multiples,
mais, & condition que le coefficient de frottement F soit assez grand. La question qui se
pose est donc, de tels exemples de solutions multiples peuvent-ils étre construits pour des
coefficients de frottement F arbitrairement petits, & géométrie fixée? Ou bien, existe-t-il
un coefficient de frottement F. en-dessous duquel le probléme de contact avec frottement
statique admettrait une solution unique ?

Cette problématique dépasse la simple justification de la statégie itérative de recherche
de point fixe pour calculer une approximation numérique de la solution.

Il est un fait d’expérience quotidienne qui est qu’une sollicitation lente d’un systéme
élastique avec frottement peut étre & méme d’exciter une réponse vibratoire : ce serait
l'origine des bruits (crissements) induits par frottement. Cependant, les résultats listés plus
haut concernant tant le systéme de 1’élasticité que le systéme de Klarbring rendent plausible
le fait que, lors de I’évolution d’un corps élastique au-dessus d’un obstacle en présence de
frottement de Coulomb, il pourrait exister une valeur critique du coefficient de frottement
(dépendant de la géométrie et des modules élastiques) en dessous de laquelle 'analyse quasi-
statique serait pertinente. Si tel est le cas (tout cela reste encore a prouver et a préciser),
il importe de pouvoir définir un coefficient de frottement critique vis-a-vis de ’analyse
quasi-statique.

C’est ce souhait qui avait conduit Jarusek a vouloir évaluer le coefficient de frottement
critique F. en dessous duquel fonctionnait la technique de point fixe permettant de mon-
trer la solvabilité du probléme de contact avec frottement statique. Dans [5], on trouve
une démonstration de solvabilité du probléme de contact avec frottement statique sous la
condition :

F < ﬂ, en dimension 2 (déformation plane),
2(1 -v)
3—4v
1—v’

F < % en dimension 3,
dans le cas de ’élasticité homogeéne isotrope (v désigne ici le coefficient de Poisson). Ces
conditions sont, bien entendu, des conditions suffisantes de solvabilité. Cependant, vouloir
définir un coefficient de frottement critique en terme de perte de solvabilité pour tout
chargement ne serait pas utilisable en pratique (aucun exemple de non existence de solution
pour le probléme continu n’a jamais pu étre exhibé & ce jour). Une définition en terme de
perte d’unicité serait beaucoup plus maniable (surtout si la perte d’unicité est associée a la
perte d’une propriété de contraction).

Toutes ces considérations rendent motivantes une investigation plus poussée de la ques-
tion d’unicité de solution pour le probléme de contact avec frottement statique. Ce sont
ces considérations qui ont conduit au travail présenté dans le chapitre suivant et mené en
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collaboration avec Jif{ Jarusek, sur la géométrie du demi-espace dont la simplicité permet
d’obtenir des résultats plus fins que ceux habituellement connus.
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Chapitre 5

Etude d’un probléme modéle

Dans cette partie, on considére le probléme de contact avec frottement de Coulomb
statique en élasticité linéarisée. On focalise 'attention sur I’exemple le plus simple qui soit :
le probléme de l'indentation du demi-espace bidimensionnel par un poingon plat rigide.
Ce probléme a déja fait 'objet d’'un travail trés astucieux de D.A Spence en 1973 [4]. La
puissance de l'analyse harmonique permet une investigation plus poussée de la question
d’unicité de solution pour cette géométrie particuliére. L’objectif initial consistait & essayer
d’exhiber des solutions multiples dans le cas de coefficient de frottement arbitrairement
petit. On a, en fait, constaté que toutes les solutions ont une structure simple identique : un
intervalle adhérent entouré de deux zones glissantes. En particulier, les solutions présentant
des mélanges fins de zones glissantes et adhérentes sont exclues. La frontiére étant franche,
il est alors pertinent de faire une étude asymptotique du déplacement et des tractions
surfaciques de part et d’autre de cette frontiére. Des singularités, plus douces que celles
de la mécanique linéaire de la rupture, sont exhibées explicitement. Elles ont une valeur
universelle (elles s’appliquent au cas de géomeétries réguliéres arbitraires).

5.1 L’opérateur de Dirichlet-Neumann du demi-espace élas-
tique bidimensionnel

5.1.1 Expression explicite

On considére un demi-espace élastique homogéne isotrope en transformation infinité-
simale. Un systéme de coordonnées Cartésiennes orthonormé (x,y,z) est choisi de telle
sorte que le demi-espace est défini par : y > 0. Comme on se limitera dans la suite aux
déformations planes, il sera commode de noter :

QZ{(w,y)ERQ; y>0},

une « tranche » du demi-espace. Le coefficient de Poisson du matériau élastique sera noté
v € ]—1,1/2][, et le choix des unités sera toujours fait de sorte que le module d’Young E = 1.

On va d’abord rappeler I’expression explicite de la solution fondamentale du probléme de
Neumann pour ce demi-espace restreint & la situation des déformations planes. En d’autres
termes, on va exhiber les champs de déplacement et de contrainte (indépendants de z) dans
le cas ou la sollicitation se réduit a une force homogéne (F, Fy), appliquée sur la ligne
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x = y = 0 du bord. Le déplacement sera noté u, le tenseur des déformations linéarisées
g(u), et le tenseur des contraintes de Cauchy o (u).

Théoréme 26 Soit (F,, F,) € R2. Toutes les distributions tempérées u € S’ (ﬁ; RQ) telles
que :

Ve Cé’o(ﬁ, R2)7 <0'ij(u)75ji(90)>8,8 = l'g 90:(:(07 0) + Fy (Py(070)7

(C (% Rz) est lespace des fonctions-test C° a support compact dans le demi-espace fermé
Q) sont données par :

Uy = Fngx(a:,y)—kFyUgy(az,y)+Dx—Qy+(1—1/2)Ex,
Uy = Fng?m(xyy)+FyUg?y(x7y)+Dy+Qx_V(1+V)Ey7

ot Dy, Dy, Q, ¥ sont quatre constantes réelles arbitraires, et uo., U:?y, ng, Ugy les quatre
fonctions de C*°(;R) définies par :
1—1?2 1+v P
0o _ 2, .2
Upe = — log(z” +y°) — T 24y
1—-2v)(1 1
Ugy = —( Y +v) arctanf—k —Hj.%,
T Yy s r+y
1-2v)(1 1
Ug(/)x _ _|_( v)(1+v) arctan£-|- —l-l/‘%’
™ Y T Tty
1—12 1+v P
0o _ 2, .2
Uy = — - log(z® 4+ y*) + PR BL

Le champ de contrainte correspondant est donné par les trois fonctions de C*°(€; R) définies
par :

2F, 23 2F, z%y
= —— " - —2 " 4
Oue() T (@2 +y2)? 7w (a2 4+y?)? M
2F, %y 2F, zy?
ory(W) = =g T2 - u2)2
T (22 +y?) T (22 +y?)
() 2F, xy? 2F, Y3
o) = - — -~ "4 _ I ___
vy T (1172 _|_y2)2 T (1172 _|_y2)2
En particulier, on peut prescrire la condition supplémentaire : limy o(u) = 0, qui fize

Y = 0 et détermine a(u) de fagon unique. L’arbitraire qui subsiste dans u, a travers les
trois constantes Dy, Dy, Q, peut étre interprété comme un déplacement rigide (linéarisé)
arbitraire.

Preuve. On prend la transformée de Fourier par rapport a la variable z, puis, on résoud
I’équation différentielle ordinaire en g ainsi obtenue, et enfin, on prend la transformée de
Fourier inverse. 0O

La connaissance explicite de la solution fondamentale permet de résoudre, par convolu-
tion, le probléme de Neumann avec distribution arbitraire de traction surfacique (¢;,%,), a
support compact :

T T
Uy = t:c*ng(xay)+ty*Ugy(xay)+Dx_an
Uy = tmiUSx(:an)"i'tyiUg?y(xyy)_‘_Dy_‘_Qx’
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ou la condition supplémentaire : lim., o(u) = 0, a été prescrite. En conséquence, le champ
de contrainte est déterminé uniquement. Il est dans C°°(£2;R?), mais n’est pas de carré
intégrable, en général. Il en résulte qu’aucune énergie élastique ne peut étre associée a cette
solution. On constate aussi que le déplacement est infini & I'infini, et, qu’aucune condition
du type : limy, u = 0, ne permet de fixer le déplacement rigide arbitraire. La seule possibilité
consiste a rajouter la condition :

u= O(log(x2 + y2)), quand 2 + y2 — 00,

pour fixer 2 = 0, ce qui sera toujours supposé fait dans la suite. Dans ce cas, le déplacement
de surface (7, ,) est donné par :

2(1 — 2 1—-2v)(1
Uy = —Mlog\xl*tx—( v)( +V)sgn(a;)>kty+Dx,
T
1-2v)(1 2(1 — 12
uy = +( V2)( +V)sgn(:n)*tx—wlog|:1:|>x<ty—|—Dy.
™

Pour éliminer les constantes arbitraires D,, D,, il est naturel de prendre la dérivée par
rapport a x.

On est alors amené a prendre la dérivée au sens des distributions de la fonction locale-
ment intégrable log |z|. Cette dérivée au sens des distributions ne peut pas étre la fonction
g(x) = 1/x qui, n’étant pas localement intégrable, ne définit pas une distribution. La dérivée
au sens des distributions de f(z) = log |z| est définie par l'identité :

X

o0 . o / ERT ¢ 0 (,D(l‘)
Ve CP(R;R), - ¢'(x) log |z|da = 11161+ + dz,
o0 e —co Je

(C° T'espace des fonctions-test C°° & support compact), ou la limite existe, grace a la
dérivabilité de ¢ en 0. Ainsi, on a, au sens des distributions :

dl 2] 1
— log |z| = pv —
Q08 pv s

ou pv1/x est la distribution sur R définie par :

1 [T o)
Vo € CP(R; R (pv—p) = 1 20 da.
p € C(R;R), pvoe)=tim )4 T de
La distribution pv 1/z est une distribution tempérée qui n’est ni une fonction, ni méme une
mesure. On adopte la notation :

o0 —€ o
y,[ P2) g 0 g / + / 2) 4o,
oo X e=0+ J_ Je x

et on parlera d’intégrale en valeur principale de Cauchy.
On obtient alors le théoréme suivant qui rend explicite 'opérateur de Dirichlet-Neumann
du demi-espace élastique isotrope bidimensionnel.

Théoréme 27 (N.I. Muskhelishvili) Pour t,,t, intégrables arbitraires, on considere le
probléme de Neumann pour le demi-espace élastique homogéne isotrope en déformation
plane, associé a :
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e tlractions surfaciques (tz,ty),
e pas de forces volumiques,
e les conditions suivantes & linfini :

limo(u) =0, u= O(log(:z:2 + y2)), quand % +y? — .

Alors, le déplacement de surface (uy(x),u,(z)) est donné par :

1 d _ L[ t(t) 1-2v
20— %) dz @~ %?{_lt—xdt_ 20 =) )

1 d_ 1t 1—2v
20— %) dz ¥ %f_lt—deQ(l—u) ta().

Dans toute la suite, on utilisera la notation :

1—2v

’Y:

5.1.2 Analyse de 'opérateur de Dirichlet-Neumann

A cause du fait que les solutions des problémes statiques posés sur le demi-espace
2D élastique sont en général d’énergie infinie (elles ne sont pas dans H'), les arguments
permettant de montrer existence et unicité de solution dans le cas des corps bornés ne se
transposent pas directement & la situation du demi-espace. Cela vaut, en particulier, pour
le probléme de Signorini du demi-espace dont les solutions ne sont jamais dans H?'.

L’expression explicite de 'opérateur de Dirichlet-Neumann du demi-espace, rappelée a
la section précédente, est utilisée couramment pour ramener sur le bord les équations de
problémes élastiques posés sur le demi-espace lorsque les forces de volumes sont nulles.

Connaissant ’expression explicite de 'opérateur de Dirichlet-Neumann du demi-espace,
donnée par le théoréme 27, on peut faire le produit scalaire des forces surfaciques avec le
déplacement de surface et intégrer sur le bord. Explicitant le déplacement de surface en
terme des tractions surfaciques, cela fournit une forme quadratique prenant en argument la
distribution des forces surfaciques. Le résultat suivant exprime que cette forme quadratique
définit un produit scalaire sur espace de Hilbert H~Y/2(]—1,1[) x H~/?(]—1,1]), qui induit
une norme équivalente a la norme H~'/2. Ce fait qui ne semble pas avoir été remarqué
jusqu’ici, a la vertu suivante. On a vu plus haut que le champ de contrainte de la solution
fondamentale n’est pas de carré intégrable. Il en résulte que les solutions de problémes
de Neumann sur le demi-espace élastique 2D sont, en général, d’énergie infinie. Tous les
résultats généraux obtenus sur les corps bornés en faisant usage de la forme bilinéaire de
I’énergie élastique ne se transposent donc pas directement. Cependant, le produit scalaire
induit sur H~Y/ 2(]—1, 1) par Popérateur de Dirichlet-Neumann peut jouer le role du produit
scalaire sur H'(€2) induit par I'énergie élastique (et I'inégalité de Korn) dans le cas du corps
borné. On verra un exemple de cela dans la suite pour I'analyse du probléme de Signorini
sur le demi-espace.

Un élément arbitraire f € H~Y/2(]—1,1[), prolongé par 0, définit une distribution de

H~'Y2(R), permettant de définir le produit de convolution f log |z| qui est dans Hllo/cz. On
a alors les résultats suivants dont les démonstrations précises pourront étre trouvées dans

[1].
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Théoréme 28 La forme bilinéaire symétrique définie sur H—/2(]—1,1[) x H=/2(]-1,1])
par :

b(f,g) = —%<f,g*log\x!>

H—1/27H1/27

est un produit scalaire qui induit une norme équivalente o celle de H=/?(]—1,1[).

On rappelle la notation :

L2 c90,3/4].

A0

Le résultat suivant jouera le méme role que 'inégalité de Korn pour le demi-espace 2D.

Théoréme 29 Sur H-Y2(]—1,1[) x H~Y2(]—1,1]), la forme bilinéaire symétrique :

def

1 Y
a[(pl,%), (p2, Q2)] = <p1,p2 * log |ZE|>H71/27H1/2 + —<p1,Q2 * Sgn($)>H71/27H1/2

T 2
1

~
- §<QI7P2 * Sgn(:E)>H,1/2’H1/2 - ;<(J17 g2 * log |x|>H*1/2,H1/2’

est continue et coercive. Ainsi, elle induit une norme équivalente o celle de H=Y2(]—1, 1[) x
HY2(-1,1]).

5.2 Application au probléme de Signorini sur le demi-espace

On considére le probléme de I'indentation sans frottement du demi-espace élastique de
la section précédente par un poingon plat rigide de largeur finie (voir figure 5.1). Le systéme
d’unité est supposé choisi de sorte que la largeur du poingon soit 2 et le module d’Young soit
1. Utilisant la connaissance explicite de 'opérateur de Neumann-Dirichlet du demi-espace
(théoréme 27) et étant donnée la force totale F' > 0 exercée sur le poingon, le probléme est
alors de trouver t,,u;, € L'(—1,1;R) tels que :

1 orhty(t 1
o _% y(t) dt = ul (x), pour p.t. x € |—1,1],
7T

o ty(x)>0, ty(ac){/ wy,(t)dt — min }/ uy, (t) dt} =0, pourpt. z€]-1,1[,
0 0

Le théoréme suivant fournit une unique solution explicite pour ce probléme. Il semble
qu’elle ait été exhibée par Muskhelishvili, qui a cherché a construire une solution réalisant
un contact actif partout sous le poincon. Le fait qu’elle soit unique résulte de 1’observation
faite & la section précédente de ce que 'opérateur de Dirichlet-Neumann induit une forme
quadratique définie positive, I’énergie élastique dans le demi-espace ne pouvant étre utilisée
a cet effet.
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Théoréme 30 1] existe une unique paire de fonctions t,,u!, € L'(—1,1;R) satisfaisant :

Y Py
1Yt () 1 ,
. ;y,[_lt_xdt:muy(az), pour p.t. x € |—1,1],
xr x
.« t,(x) >0, / ul (t)dt > 0, ty(:n)/ At =0,  pourpt z€]-11],
0 0

. /1 t,(t)dt = F.

-1

Elle est donnée par :

F , _
ty(z) = oy L uy(z) = 0.

Preuve. L’espace de Hilbert H~/2(]—1,1[) est equippé du produit scalaire :

b(f,g) = —%<f,g*log\fc!>

11—1/27111/27

en vertu du théoréme 28. On pose :
K={f e 2(=11]) | (£, 1)y 12 g2 = F.
and Ve H2(-1,1), @20, (f¢)20},

qui est clairement convexe fermé non-vide. Alors, toute solution du probléme en jeu est
solution de I'inéquation variationnelle :

Vp € Kv b(tyyty _p) < 07
c’est-a-dire, est une projection de 0 sur K. Cela fournit existence et unicité de la solution
t, € HY2(]—1,1]).

L’explicitation de cette solution s’appuie sur des résultats classique concernant certaines
équations intégrales singuliéres linéaires (voir [1]). O

b

|

7 x
|

|

Y

-1

+1 N
Y vy Y

FiG. 5.1 — Indentation sans frottement du demi-espace élastique par un poingon plat rigide.

Remarque 1. Remarquons que ¢, ¢ L?. Le déplacement de surface peut étre calculé



5.3. FORMULATION DU PROBLEME AVEC FROTTEMENT 53

(modulo une constante additive arbitraire) en utilisant le théoréme 27.

1-2v)(1 F
! v +v) arcsin(z), si|z| < 1,
_ s
ug(z) =
_(1 _ 2V)2(1 + V)F sgn(:n) si |£E| > 1.
0, si |z <1,
Uy(z) = 2
2(1 —vo)F .
—%leg<|$|+w/x2—l), sifz| > 1.

On voit que la composante normale du déplacement de surface est infinie a I'infini, avec
la conséquence que le déplacement d’ensemble du poincon rigide n’est pas défini. Ceci est
cohérent avec le fait que, le champ de contrainte n’étant pas de carré intégrable, aucune
énergie élastique ne peut étre associée a cette solution. Le probléme doit étre paramétrisé
par la force totale exercée sur le poincon, et non pas par son déplacement. Notons aussi que
le déplacement tangentiel se fait vers l’intérieur.

5.3 Formulation du probléme d’indentation avec frottement
de Coulomb

On rappelle la notation :
1—-2v

=———¢
7T o1 ) ]
Il sera également commode de poser :

1 1
u(z) = muy(ﬂf% v(z) = mux(w%

0,3/4[.

et, pour garder la cohérence des notations, p = t, et ¢ = ;. Etant donné le coefficient
de frottement F > 0, la composante normale P > 0 et la composante tangentielle () €
|—-FP,FP| de la résultante des efforts exercés par l'expérimentateur sur le poingon, le
probléme est de trouver p,q € L'(—1,1;R) et u,v € Wh!(—1,1;R) satisfaisant :

. /1p(t)dt:P, /1q(t)dt=Q,

-1 -1

1
lf ﬂdt+fyq(x):u’(a:), pour p.t. x € |—1,1],

s _1t—113
1Y gt

° _f &dt_/}/p(x):’ul(x)’ pour p.t. x € |—1,1],
s _1t—.Z'

e p(z) >0, u(z) >0, p(z)u(z) =0, pour p.t. x € |—1,1],
. ‘q(a:)‘ < Fp(x), wv(z)q(z) <0, [fp(a:) - ‘q(x)”v(x) =0, p.p.

Dans toute la suite, on se référera a ce probléme de contact avec frottement de Coulomb
(statique) en parlant du « probléme P ».
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Le probléme P est donc le probléme de contact avec frottement de Coulomb (statique)
pour un milieu continu élastique, le plus simple qui soit. Comme trés peu de choses sont
connues sur les solutions éventuelles de ce probléme (I'essentiel des résultats existant ne
concernent que les problémes discrets ou discrétisés), on se propose de mettre a profit cette
simplicité pour obtenir des résultats sur cette géométrie particuliére pour essayer de faire
progresser 'analyse du probléme général pour un corps de forme arbitraire.

5.4 Forme qualitative d’une solution arbitraire

Dans cette section, on montre que toute solution du probléme P présente un intervalle
adhérent d’intérieur non-vide entouré de deux zones glissantes avec glissement intérieur.
Ce résultat exclut en particulier les solutions qui présenterait des mélanges fins de zones
adhérentes et glissantes.

Plus précisément, on établit successivement les propositions suivantes dont les démons-
trations précises se trouvent dans [1].

Proposition 31 Toute solution du probléme P réalise un contact actif partout sous le
poingon :
Ve e]-1,1], u(z) = 0.

Proposition 32 Toute zone glissante associée a une solution du probléeme P atteint un
bord du poincon. Plus précisément :
e sila,b| est une composante conneze de l'ouvert {x € |—1,1[ |v(z) < 0}, alors b = 1.
e sila,b| est une composante connexe de lowvert {z € |—1,1[ |v(xz) > 0}, alors a = —1.
De plus, la restriction de v(z) a un tel intervalle est une fonction décroissante de x.

Proposition 33 La zone adhérente {x € |—1,1] |v(z) = 0} est un intervalle non-vide qui
ne se réduit pas a un singleton.

Proposition 34 La zone adhérente n’atteint aucun des bords du poingon :
{z €]-1,1[ | v(z) =0} = [a,b],
ot —1<a<b<l
Rassemblant les propositions 31, 32, 33 et 34, on a, en fait, le théoréme suivant.
Théoréme 35 Toute solution du probleme P réalise un contact actif partout sous le poin-

con (u = 0) et présente un intervalle adhérent [a,b] (—1 < a < b < 1) entouré de deux
zones glissantes,le glissement s’effectuant vers lintérieur :

{a: el-1,1[ | v(z) > 0} =]-1,al,
{z €]-1,1[ | v(z) = 0} = [a,b],
{z e]-1,1[ | v(z) < 0} =]b,1]

De plus, le déplacement tangentiel v(z) est une fonction décroissante de x € |—1,1].
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5.5 Estimations asymptotiques d’une solution quelconque

Le théoréme 35 permet d’affirmer que la frontiére entre zone adhérente et glissante
est « franche ». Les résultats de cette section permettent de décrire localement la solution
au voisinage d’une telle frontiére. Déplacement et tractions surfaciques y présentent des
singularités (douces). Compte-tenu du caractére elliptique des équations de 1’élasto-statique,
ces singularités sont universelles, c¢’est-a-dire se retrouvent dans le cas de toute géométrie
réguliére.

Théoréme 36 Toute solution du probléme P est telle que les fonctions p,q,v' sont conti-
nues sur |—1,1[ et leurs restrictions a chacun des intervalles ouverts |—1,al, |a,b| et ]b,1]
sont C*°. De plus, elles admettent les équivalents suivants aux bords du poincon :

Cy FC_4 , (14 F2)C4
p(':U) ~ (1 + $)1/2—C|{’ q(:E) ~ _(1 + x)1/2_a7 v (':U) ~ - (1 + x)l/z_a 7qd T — _1+7
C1 FCy , y(1+ F3HCy
p(@”ma Q(l’)’“ma U(w)N—m, gd r — 1—,
ou :

o= % arctanyF € ]0,1/2],

et C_1,C1 sont deux constantes strictement positives. De plus, on a les équivalents suivants
en a et b (transitions entre zones adhérente et glissante) :

A2

v'(z) ~ —Cy sinTa i (a— 15)1/2_&7 qd x — a—,

p() — pla) ~ ~Cy sinmaa )" o a,

pla) + a(a)/F ~ Cufar — )27 o .

p(x) = q(x)/F ~ Cylb — z)"/*~, gd x — b—,
1— 2

@)~ Gy sina L oy, e

p(x) — p(b) ~ —Cy sinma(z — b)/*~, qd x — b+,

ot Cq, Cy sont deuz constantes strictement positives. De plus, p(x) admet une dérivée a
droite strictement négative en x = a et une dérivée a gauche strictement positive en x = b.

Preuve. voir [1]. O

Le théoréme précédent permet de lire les régularités de n’importe quelle solution dans
les échelles de Sobolev et Holder.

Corollaire 37 Pour toute solution du probleme P, les fonctions p,q,v’ appartiennent a
L2/(=20)= "ot satisfont localement une condition de Hélder d’exposant 1/2 —«, ou :

a= % arctanyF € ]0,1/2].

Il est intéressant de remarquer que le frottement a un effet régularisant sur les singulari-
tés aux bords du poingon : plus le coefficient de frottement F est grand, plus les singularités
sont faibles. En particulier, les tractions surfaciques sont dans L? dés que le coefficient de
frottement F est strictement plus grand que zéro, tandis que, dans le cas sans frottement, il
a été constaté a la section 5.2 que les singularités aux bords ne sont pas de carré intégrable.
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5.6 Investigations sur 'unicité

Dans la section 5.4, il a été montré que, pour toute solution, il existe —1 < a < b < 1
tels que la zone adhérente soit exactement l'intervalle [a, b].

Pour I'instant, on n’est pas capable de démontrer qu’une telle solution est unique, méme
lorsque le coefficient de frottement F est suffisamment petit. Cependant, on va montrer
I’existence d’une constante F. > 0, dependant seulement du coefficient de Poisson v, telle
que, pourvu que F < F, les intervalles adhérents [a, b], [a,b] de deux solutions distinctes
ne peuvent pas se chevaucher, c¢’est-a-dire :

b<a, or b<a

Cela implique, en particulier, que le nombre de solution est au plus dénombrable, pour
F < Fe.

Théoréme 38 On suppose F < Fc, ou F. est une constante strictement positive dependant
seulement de v. Alors, les intervalles adhérents [a,b],[a,b] de deuzx solutions distinctes ne
peuvent pas se chevaucher.

Preuve. On considére deux solutions distinctes du probléme P d’intervalles adhérents
[a,b] et [a,b]. On va supposer que ces intervalles se chevauchent, ¢’est-a-dire, sans perte de
généralité :
def _
l=b—a>0,
et essayer d’exhiber une constante F., dependant seulement de v, telle qu'une contradiction
apparaisse pour F < F..
Introduisant la forme bilinéaire du théoréme 29, on constate immédiatement que :

o|0:0) - 0. (0) - (p0)] <7 [ 11 [p(2) = p(@)] [Jo(@)] = [o()]] da.

On note ¢ le milieu de a et b. Par le théoréme 35, on sait que v et © sont positives sur |—1, ¢[
et négatives sur |c, 1[. Dés lors :

o|w.a) - B, o) - Ga)] < F /_ 1 [p(z) = p(@)] [v(z) — o(z)] dz
1
= [ [pte) 5] [ola) - o(@)]
= ,7-"<p — p,sgn(z)  [sgn(c — z) (v — v')] >H*1/2,H1/27
< CF Hp - ﬁHH—l/Z HUI - T),HH—l/2a

pour une certaine constante universelle C. Maintenant, le théoréme 29 entraine :
Hp_ﬁHH*1/2 S Cla|:(p7q)_(ﬁ7Q)7(p7Q) - (ﬁuq)]7

[0 =7y < Coa|.0) = 3.0 (p.0) — (3,0,

pour des constantes strictement positives C; et Cy dependant seulement du coefficient de
Poisson v. Mais, comme a[(p,q) — (P, q), (p,q) — (P,q)] > 0 pour deux solutions distinctes,
une contradiction est atteinte dés que CC1CYyF < 1. 0O
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Chapitre 6

Conclusions et perspectives

De nombreux domaines d’applications nécessitent de décrire les couplages entre 1’élas-
ticité et le frottement sec au bord. Ces couplages semblent receler une importante richesse
physique. En effet, le crissement des freins suggére que dans ces systémes, une réponse vi-
bratoire puisse étre excitée par des chargements variants arbitrairement lentement au cours
du temps, au moins dans la circonstance ot le coefficient de frottement est suffisamment
élevé.

Ces phénoménes ne sont pas compris aujourd hui.

Un objectif envisageable & court ou moyen terme serait la définition (et le calcul) d’un
coefficient de frottement critique (dépendant de la géométrie, du comportement et, peut-
étre, de la sollicitation) en dessous duquel 'analyse quasi-statique ferait sens. Cet objectif
nécessite un progrés dans ’analyse du probléme mathématique posé par I'évolution quasi-
statique d’un corps élastique en transformation infinitésimale au-dessus d’un obstacle rigide
en présence de frottement de Coulomb.

Rappelons I’état de I'art. Aprés introduction d’une discrétisation de ’échelle de temps,
on est amené a étudier le probléme avec loi de Coulomb dite « statique ».

Ce probléme « statique » est lui-méme encore imparfaitement compris. La contribution
historique de Duvaut & Lions a consisté a remarquer que si le seuil de frottement est
donné (probléme statique avec frottement donné), alors les théorémes généraux sur les
inéquations variationnelles donnent immédiatement existence et unicité de solution. Cette
solution contient en particulier la composante normale de la réaction exercée par I'obstacle,
ce qui permet de réévaluer le seuil de frottement par la loi de Coulomb et suggére une
stratégie de point fixe. Cette statégie de point fixe est d’ailleurs utilisée sans justification
tangible dans le calcul numérique de solution approchée.

Comme la propriété de contraction attendue n’apparait pas spontanément dans I’analyse
du probléme, le théoréme de point fixe & invoquer s’oriente vers celui de Schauder ou
Tikhonov. C’est Jarusek, dans sa thése encadrée par Necas, qui a réussi le premier a montrer
I’existence d’un tel point fixe, et donc 'existence d’une solution, pourvu que le coefficient de
frottement soit suffisamment petit. Par la suite, il a obtenu des bornes explicites (en terme
des modules d’élasticité) pour le coefficient de frottement. Ces bornes ne donnent que des
conditions suffisantes de solvabilité. Il n’existe pas a ce jour d’évidence de non-solvabilité du
probléme statique pour un coefficient de frottement assez grand, et le résultat de Jarusek
ne permet pas de définir de cofficient de frottement critique vis-a-vis de ’analyse quasi-
statique.

59
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En revanche, un exemple de solution multiple pour le probléme statique a grand co-
efficient de frottement a été exhibé [1]. L’analyse qui précéde, dont l'objectif initial était
d’exhiber des solutions multiples, dans le cas de coefficient de frottement arbitrairement
petit, rend plausible qu'un résultat d’unicité de solution pour le probléme statique soit vrai
lorque le coefficient de frottement est suffisamment petit. Utilisant la situation du demi-
espace comme guide de pensée, nous espérons parvenir & une démonstration dans un futur
proche.

Un tel résultat ouvrirait la voix vers la définition d’un coefficient de frottement critique
vis-a-vis de I'analyse quasi-statique et peut-étre un premier pas vers la compréhension du
crissement.
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Troisiéme partie

Problémes de contact avec frottement

pour les structures minces élastiques
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Chapitre 7

Contexte et motivation

Les difficultés rencontrés dans ’analyse des problémes de contact avec frottement en
élasticité tridimensionnelle, viennent de ce que les équations de I’équilibre (méme linéarisées)
couplent composantes normales et tangentielles du déplacement de surface et des forces
surfaciques.

On peut alors penser aux structures minces rectilignes élastiques telles que fil, barre,
membrane, plaque pour lesquelles les équations de I'équilibre linéarisées découplent les
composantes normales et tangentielles des forces exercées et déplacements. On peut donc
s’attendre a ce que ’étude de I’évolution d’une telle structure, dans le contexte restreint de
I’hypothése de la transformation infinitésimale, au-dessus d’un obstacle rigide en présence
de frottement de Coulomb, présente moins de difficulté que dans le cas d’une structure
tridimensionnelle.

Compte-tenu du découplage sus-mentionné, les équations qui gouvernent la composante
normale du déplacement sont les mémes que dans la situation plus usuelle oul le frottement
est négligé. Il s’agit donc, a chaque instant, d’une inéquation variationnelle dans l'espace
de Hilbert H'. Sa résolution fournit la composante normale de la réaction exercée par
lobstacle (qui dépend de l'espace et du temps). Dans I’étude du probléme d’évolution
qui gouverne la composante tangentielle du déplacement, la réaction normale (et donc le
seuil de la loi de frottement) peut donc étre supposée connue. Cela restaure la monotonie
et rend formellement le probléme trés proche de 1'élasto-plasticité parfaite. On ne sera
donc pas étonné de constater [1] que ce probléme fournit un exemple archétypal de rafle
par un convexe mobile dans I'espace de Hilbert H! dont la théorie avait justement été
développée par Moreau [2| en vue de 'analyse de ’élasto-plasticité parfaite. Compte-tenu
de l'existence bien connu des surfaces de glissement en plasticité parfaite qui sont des
surfaces de discontinuité pour le champ des vitesses [3], on ne sera donc pas non plus
étonné de mettre en évidence des discontinuités spatiales mobiles pour le champ des vitesses
tangentielles pour le probléme de contact avec frottement des structures minces élastiques,
alors méme que les données peuvent étre aussi réguliéres que 'on veut.
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Chapitre 8

Problémes de contact et frottement
des structures minces élastiques et
solutions faibles de processus de rafle

8.1 Position du probléme

L’équilibre sans frottement d’un fil ou d’une poutre élastique (ou membrane ou plaque)
au-dessus d’un obstacle rigide fournit un exemple archétypal d’inéquation variationnelle,
dont la théorie a été développée dans les années 70. On s’intéresse ici a la situation ou le
frottement sec entre la structure élastique et ’obstacle doit également étre pris en compte.
Plus précisément, on se restreindra & la circonstance ot les équations d’équilibre linéarisées
sont utilisables et on considérera le probléme d’évolution quasi-statique associé a la loi de
frottement de Coulomb. Une spécificité (confortable) de ces problémes est que les équations
d’équilibre linéarisées ne couplent pas les composantes transverses et longitudinales des
déplacements. Il en résulte que le probléme qui gouverne le déplacement transverse est le
méme que dans le cas sans frottement, & savoir une inéquation variationnelle & chaque
instant. Sa résolution fournit la composante normale de la réaction exercée par l'obstacle
et donc le seuil de la loi de frottement de Coulomb, qui dépend naturellement, en général,
de la position et du temps. On constate alors que le probléme d’évolution gouvernant le
déplacement longitudinal fournit un exemple archétypal de processus de rafle dans un espace
de Hilbert (en l'occurrence H'), dont la théorie a été développée par Moreau [2] dans les
années 70, en vue de ’étude de I’évolution des systémes élasto-plastiques.

8.2 Forme générale du probléme d’évolution

Considérons un fil élastique, uniformément tendu dans sa configuration de référence, et
une base orthonormale (e, e,) telle que e, soit colinéaire a la direction du fil. Un obstacle
rigide et fixe est décrit par la fonction y = ¥ (x). Le fil est chargé par une distribution
de force extérieure fe, + ge,, tandis que les déplacements uf) e, + vj ey, uj e; + vi e,
sont prescrits aux extrémités x = 0,1. On note ue, + vey le champ de déplacement et
r e, + s e, la distribution de force de réaction exercée par 1'obstacle sur le fil. En supposant
les équations d’équilibre linéarisées légitimes, ’évolution quasi-statique du fil au-dessus de
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I’obstacle avec contact unilatéral et frottement de Coulomb, est gouvernée, sur I'intervalle
de temps [to,T], par :

W =0, dans 0, 1] x [to, T,
r(a—a)+ Fs(ja| — [a]) >0, VaeR, dans ]0,1[ x [to, T,
u(0) = ug, u(l) = ul, dans [tg, T,

(8.1)
V' +g+s=0, dans ]0,1[,
v—1 >0, s>0, s(v—1)=0, dans ]0,1[ x [to, T,
v(0) = vg, v(1) = of, dans [tg, T.

ou F est le coefficient de frottement, supposé donné.

Les trois derniéres lignes du systéme (8.1) gouvernent la composante transverse v du
déplacement, et ne sont pas couplées avec les autres équations du systéme (8.1). De ce
fait, v obéit, a chaque instant, & la méme inéquation variationnelle que dans le cas plus
usuel d’absence de frottement. Supposant ce probléme résolu, la composante normale s de
la réaction est maintenant une donnée dans I’étude du probléme longitudinal, c’est-a-dire,
celui des trois premiéres lignes du systéme (8.1). L’analyse détaillée du probléme transverse
gouverné par l'inéquation variationnelle permet d’établir la régularité que ’on peut attendre
pour s. Comme on le verra dans la suite, la régularité de s joue un role crucial dans I’analyse
du probléme longitudinal.

Introduisant, pour tout ¢ € [tg, T], le sous-ensemble convexe fermé de H'(0,1;R) défini
par :

C(t):{u€H1|u(x:0):u8, u(z =1) = ul,

et Vo € HY, <u”+f, 90>H71 il < <7'—3, |(’0|>H*1 H1}7
EER1) 10

(8.2)
et munissant H' du produit scalaire :

1
(0 19) 1 = /0 (@) ¥ (@) dx + 9(0) $(0) + (1) ¥(1),

?(z) = p(x) — 9(0) — z(p(1) — ¢(0)) € Hy,

le probléme d’évolution qui gouverne le déplacement longitudinal u peut s’écrire [1] sous la
forme concise :

—Z'L(t) S 8fc(t) [u(t)],

aprés élimination de la force de réaction inconnue r. Dans cette inclusion différentielle, on a
noté Ic ([ la fonction indicatrice de C(t) (qui vaut 0 en tout point de C(t) et +oo ailleurs),
et Ol¢(y) ] son sous-differentiel au sens du produit scalaire de H 1 défini ci-dessus, c’est-a-
dire, le cone de toute les normales sortantes a C(t) (qui est vide en tout point n’appartenant
pas a C(t), et est réduit a {0} en tout point intérieur, s’il y en a).
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8.2.1 Solutions faibles de processus de rafle

Soit H un espace de Hilbert et C(t) une application multivoque définie sur l'intervalle
de temps [tg, T| et dont les valeurs sont convexes fermées non vide. Un processus de rafle
est le probléme d’évolution défini par :

—a(t) € Ole [u(t)], dans [to, T,
u(to) = o,

ot ug € C(tp) est une condition initiale donnée. Ce probléme d’évolution abstrait a été
introduit et étudié par Jean Jacques Moreau [2] en vue de P'analyse des systémes élasto-
plastiques. En termes cinématiques, C(t) est un convexe mobile et u(t) un point dans cet
ensemble (u(t) € C(t) puisque Ol¢()[-] est vide en tout point hors de C(t)). Le probléme
d’évolution en jeu a donc une interprétation géométrique particuliérement claire lorsque
C(t) est d’intérieur non-vide. En effet, lorsque u(t) est un point intérieur, Ol [u(t)] est
réduit & {0} et le point u(t) reste au repos jusqu’a ce qu’il soit rejoint par le bord de C(t).
Il avance alors suivant une direction normale intérieure, comme poussé par la frontiére de
C(t) de maniére a rester dans le convexe. Le nom de « processus de rafle » donné par Jean
Jacques Moreau, se référe a cette expressive interprétation géométrique.

Pour discuter de 'existence de solution d'un processus de rafle, il faut se donner des
hypotheéses de régularité pour application multivoque C(t). En fait, cette régularité n’est
requise que dans les phases ou le convexe C(t) se rétracte, entrainant alors potentiellement
le point u(t). Jean Jacques Moreau a défini et étudié la classe des applications multivoques
C(t) a rétraction bornée [2|. En particulier, les applications multivoques C(t) & rétraction
bornée admettent une limite & gauche C(t—), au sens de Kuratowski, pour tout ¢ € |to, T
et une limite a droite C(t+), pour tout ¢ € [to, T.

Si on se donne une subdivision (partition finie en intervalles de toutes sortes) arbitraire P
de [to, T], et notant I; les intervalles correspondants (indicés suivant I’ordre successif) d’ori-
gine t; (extrémité gauche appartenant ou non a I;), on construit ’approximation constante
par morceaux Cp de C & 'aide de la définition :

C(tz) sit; € 1,
C(tri-) si t; Q [i-

Etant donnée la condition initiale ug € C(tg), l'algorithme de « rattrapage » s’appuie sur
les projections successives :

uir1 = proj (ui, Cip1),

pour construire I"approximation constante par morceaux up : [tg, 7| — H, définie par :
u p([z) = Uj;.

11 s’agit tout simplement d’une version de ’algorithme d’Euler implicite adaptée a I’inclusion
différentielle en jeu. Supposant I'application multivoque C(t) & rétraction bornée, Moreau
montre dans [2] que la suite généralisée up (P parcourant toutes les subdivisions de [tg, T]),
converge fortement dans H, uniformément pour t € [ty, T|, vers une fonction u : [tg,T] — H
que Moreau baptise solution faible du processus de rafle. Il prouve ensuite que cette solution
faible u : [tg,T] — H est a variation bornée et est solution du processus de rafle au sens
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des « mesures différentielles » [2]. Si C(t) est non seulement & rétraction bornée, mais a
rétraction absolument continue, alors la solution w : [tg,T] — H est absolument continue
et est alors solution forte du processus de rafle au sens o :

—u(t) € dleq [u(t)], pour presque tout ¢ € [to, T].

L’évolution quasi-statique du fil élastique au-dessus d’un obstacle rigide en présence
de frottement de Coulomb fournit un exemple naturel de processus de rafle dans I'espace
de Hilbert H = H'. Dans certains cas, il s’avére que le convexe mobile du processus
de rafle sous-jacent satisfait la condition de rétraction bornée, et les résultats de Moreau
garantissent la convergence de 'algorithme de rattrapage vers une solution faible qui est
aussi forte, au sens des mesures différentielles. Plus intéressant, il est facile d’exhiber un
probléme d’évolution pour le fil élastique ol le convexe mobile sous-jacent ne satisfait pas
la condition de rétraction bornée. Conservant le point-de-vue du calcul numérique, de tels
exemples requiérent ’extension de la définition de solution faible de processus de rafle pour
une classe d’application multivoque C(t) plus large que celles a rétraction bornée. Comme
I’algorithme de rattrapage requiert ’existence d’une limite a droite C(t+), il s’avére que la
classe des C(t) appropriée pour définir la notion de solution faible de processus de rafle en
général est exactement la classe des applications C(t) a valeurs convexes fermées admettant
une limite & gauche, au sens de Kuratowski, pour tout ¢ € |tg,T] et une limite a droite
C(t+), pour tout t € [tg, T[. De telles applications sont caractérisées par la condition que,
pour tout x € H, la fonction :

t +— proj[z; C(t)]

est réglée (c’est-a-dire, limite uniforme d’une suite de fonctions constantes par morceaux,
ou bien—et c’est équivalent—admettant une limite & gauche et a droite en tout point).
Ces applications multivoques sont exactement les applications multivoques réglées pour
une topologie métrisable et compléte sur la classe des parties convexes fermées non-vides
de H, appelée topologie de Wijsman (c’est la topologie la moins faible rendant continues
toutes les fonctions d’ensemble C' — d(z,C') quand z parcourt H). On les appellera, en
bref, applications multivoques Wijsman-réglées.

Les solutions faibles de processus de rafle basés sur des applications Wijsman-réglées
satisfont & toutes les propriétés générales établies par Moreau dans le cas plus restreint des
applications multivoques & rétraction bornée. Un exemple de solution faible de processus
de rafle basé sur une application Wijsman-réglée, qui n’est pas une fonction a variation
bornée sera donnée dans la suite de ce texte. En revanche, on peut exhiber des applications
Wijsman-réglées C(t) telles que le processus de rafle associé puisse ne pas avoir de solution
faible [1].

8.3 Problémes de contact avec frottement pour le fil élastique

On rappelle que le déplacement longitudinal du fil élastique est gouverné par un pro-
cessus de rafle par le convexe mobile (8.2). On peut montrer [1] qu'une condition suffisante
pour que cette application multivoque C(t) soit a rétraction bornée est :

ufy,u} € BV([to, T|;R),
f € BV([t(]vT]aH_l)v
s € BV([to, T}; M).
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Si les deux premiéres lignes concernent la régularité des données du probléme d’évolution,
la derniére ligne concerne la régularité de la solution du probléme transverse et ne peut
donc étre controlée directement. On va maintenant présenter un exemple de probléme ou
cette derniére condition est satisfaite, puis, aprés, un exemple ou cette condition ne l’est
pas.

8.3.1 Un exemple ou s € BV([ty, T]; M)

Il peut arriver que la condition s € BV([tg, T]; M) soit spontanément satisfaite et dans
ce cas les résultats de Moreau fournissent une unique solution :

u € BV([to, T H').

Si la régularité des données permet de remplacer « variation bornée » partout par « absolue
continuité », alors il en est de méme pour la solution, et dans ce cas, la vitesse 1 est dans
H'(0,1;R), pour presque tout t € [tg, T], et est donc spatialement continue.

Considérons I'évolution d’'un fil élastique au dessus d’'un coin rigide et fixe. A Iinstant
t = 0, le milieu du fil est en contact affleurant avec le sommet de I'obstacle. Entre les
instants ¢ = 0 and ¢t = 1, on impose un déplacement « vertical » d’amplitude y = —1/4 a
chacune des deux extrémités du fil. Puis, entre les instants ¢ = 1 and ¢ = 2, un déplacement
« horizontal » vers la droite est prescrit aux deux extrémités a vitesse constante (voir la
figure 8.1).

FiG. 8.1 — Fil élastique en contact frottant avec un coin rigide.

Plus précisément, cela revient & étudier le probleme d’évolution quasi-statique du fil
avec les données : Y(z) = —|z — 1/2], et :

t

ub(t) =0, o) =,
; pour 0 <t <1,

url)(t) =0, U?(t) = _Zv

t—1 1

B =" =g
pour 1 <t < 2.

pr =1 prn 1L

ul(t)—T, U1(t)—_17

On vérifie aisément que 'unique solution de ce probléme d’évolution est donnée par :

v(z,t) = —<|ov— = u(z,t) =0,

s:téle/g, 7’:0,
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pour 0 <t <1,

1 1 t—1 1
v(x,t):—§|:n—§|, u(zx,t) = 5 | §|,
8= 0y=1/2, 7= (1—1) 0p—1/2,
pour 1 <t < min(2, 1 +.7-"), et enfin, dans le cas F < 1 :
1 1 1 F 1
fu(a;,t):—g‘m—§, u(w,t)=1<t—l—f>+§|x—§,
§ = 51‘:1/27 r=-F 5:(::1/27

pour 1+ F <t < 2. On vérifie alors que le convexe mobile C(t) sous-jacent, est de rétration
absolument continue (et méme Lipschitzienne, voir [2]), et u est solution forte (au sens de
Moreau) du processus de rafle associé.

Comme le frottement sec est une loi indépendante du temps physique, il est naturel de
vouloir concentrer les épisodes de déplacement prescrit des extrémités en les instants isolés
t = 0,1. Posant uf(0) = u}(0) = v§(0) = v} (0) = 0, cela revient & considérer les données
suivantes :

1
ug(t) =0, Ug(t) :_Zv
1 for0 <t <1,
url)(t) =0, U{)(t) = _Zv
1 1
ug(t) = Z? Ug(t) = Zv
1 1 for1 <t<2.
de)=7  EO=-7
Le mouvement du fil est maintenant donné par :
1 1
v(x,t):—§‘$—§|, u(x,t) =0,
8§ = 0z=1/2; r =0,
par 0 < t < 1, puis, dans le cas ou F < 1, par :
1 1 1 1
v(:n,t):—§|x—§‘, u(x,t):§|x—§‘,
s = 6:(::1/27 r= —0z=1/2,

pour 1 <t < 2, et enfin, dans le cas ou F > 1, par :

1 1
v(x,t) = —E‘x ~3

s = 51‘:1/27 r=-F 5:(::1/27

) u(w,t):i<1—}“>+§|x_%

)

pour 1 < ¢t < 2. Dans cette situation, le convexe C(t) ne subit que deux translations
rigides instantanées. La convexe mobile est a rétraction bornée, continue a droite, mais la
rétraction n’est plus absolument continue, et la fonction u est solution du processus de rafle
seulement au sens des « mesures différentielles » (voir [2]). Dans le cas F < 1, les épisodes
de non-glissement puis glissement, se retrouvent concentrés dans l'instant ¢ = 1. L’état final
résultant de ces deux épisodes concentrés au méme instant est obtenu par projection sur la
nouvelle position du convexe C(t).
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8.3.2 Un exemple ou s & BV([ty, T]; M)

Il peut arriver que la condition s € BV([ty,T]; M) tombe en défaut. Un exemple est
fourni par le probléme suivant. On considére un fil rectiligne tendu juste au-dessus d’un sup-
port rigide plat. L’extrémité amont x = 0 est encastrée. Une force ponctuelle d’amplitude
unité est alors exercée au milieu du fil. Supposant le coefficient de frottement assez grand
(supérieur a 2), un déplacement d’une unité vers l’aval est prescrit sur l'autre extrémité
x = 1 du fil. La force ponctuelle est alors déplacée vers 'amont & vitesse constante (voir la

[P —

@

Fia. 8.2 — Contact frottant d’un fil élastique sur un sol rigide.

figure 8.2).

Plus précisément, cela revient & étudier le probléme de I’évolution quasi-statique du fil
avec les données suivantes : ¢ = 0, uf) = vf = v} = 0 et u} est la fonction qui prend la
valeur 0 & t = 0 et 1 pour tout ¢ > 0. On considére également la distribution de force
extérieure :

f= z=1/2—t*
L’unique solution du probléme transverse est donnée par v = 0, qui entraine s = —f.
Comme, pour tout t; < t2 € ]0,1] :
H‘Stz_‘stlHM = 2

160, = 6|l y-r = Vi2—tiv/1—(t2—t1),

on dispose pour s de la régularité suivante :

s ¢ BV ([0,1/3]; M), s¢ BV([0,1/3];H"),
s ¢ C°([0,1/3; M), s€C([0,1/3; H ).

Cette regularité n’est pas assez forte pour garantir que le processus de rafle sous-jacent soit
a rétraction bornée et donc pour utiliser les résultats de Moreau. Il est cependant toujours
possible de considérer une subdivision arbitraire de [tg,T], de procéder aux projections
successives de l'algorithme de rattrapage, puis d’essayer de passer a la limite sur les sub-
divisions. Dans I'exemple en jeu, on obtient une convergence forte dans H', uniforme par
rapport a [tg, T], vers la fonction :

0, si 0<z<1/2—t,

w(@,t) =| g 4t—1/2

i 1/2-t<a<l.
tr12 0 [2-tses
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qui est donc solution faible du processus de rafle. Cependant, le champ des vitesses associé :

0, si 0<x<1/2—1t,
u(x,t) = 1— 2

. si1/2—-t<z<1
(t+1/2)% =

présente une discontinuité spatiale localisée sous la charge (voir la figure 8.3). De ce fait,
cette solution faible n’est pas dans BV([O, 1/3]; H 1), et 'application multivoque C(t) sous-
jacente ne peut donc pas étre a rétraction bornée dans l'espace de Hilbert H'. Notons au
passage que la valeur de la vitesse juste sous le chargement n’est pas définie, de sorte que
I’on ne peut vérifier que la loi de Coulomb est satisfaite ponctuellement.

FiG. 8.3 — Déplacement et vitesse longitudinaux a 'instant initial et & un instant ultérieur
(pointillés).

Le concept de solution faible correspond & l'introduction de subdivisions de l'intervalle
de temps et aux positions discrétes de la charge associées & ces subdivisions. Un maniére
alternative de procéder est « d’étaler » un peu la charge, au moyen d’une convolution spatiale
avec une approximation de l'identité. Cela suffit a obtenir s € BV([ty,T]; M) et donc a
garantir que le convexe mobile sous-jacent est a rétraction bornée (et méme lipschitzienne)
et donc & assurer ’existence d’une solution forte, dont la vitesse est, en particulier, dans
H' (et donc continue) & chaque instant. Cela pose naturellement la question de I’existence
d’une limite, lorsque la régularisation tend vers I'identité, et de I’éventualité que cette limite
coincide avec la solution faible, c¢’est-a-dire la limite des problémes discrétisés en temps.

A ce sujet, considérons 'exemple d’un chargement d’amplitude 1 /(2¢), homogene sur
I'intervalle spatial [1/2 —t —¢,1/2 —t+¢], o 0 < € < 1/6. On vérifie facilement que la
solution forte du processus de rafle sous-jacent est :

0, si0<ax<xz(t),
F 2 . 1
ue(z,t) = E(az—xg(t)) , size(t) <z < 3 —t+e,
F /1 1
1+2—€<§—t+a—xa(t)>(az—1), sig—t—i-sga:gl
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ou :

\/ 1 2 4e 1 1

ze(t) =1— <§+t—a) +f € [g—t—a,g—t—ka .

On constate alors sur cet exemple que u. converge vers u quand ¢ tends to 0, fortement
dans H', uniformément par rapport a ¢t € [0,1/3].

L’étude de ue fournit une explication d’une particularité étonnante de la solution u du
probléme non-régularisé : bien que le coefficient de frottement ait été choisi assez grand
pour empécher tout glissement, I’énergie élastique associée & u décroit strictement au cours
du temps. Ce fait peut s’expliquer de la maniére suivante. La solution u. du probléme
régularisé présente toujours du glissement, et on peut vérifier que la dissipation accumulée
(Iintégrale sur le temps de la puissance de la force de frottement) tend, quand € — 0, non
pas vers zéro, mais vers une valeur finie. Il est donc cohérent que la solution faible v du
probléme « limite » conserve une trace de cette dissipation, bien que ne présentant pas de
glissement elle-méme.

8.4 Remplacer le fil par une poutre

Remplacer le fil par une poutre élastique dans le probléme d’évolution (8.1) laisse in-
changées les trois premiéres lignes, les modifications n’affectant que le probléme gouvernant
le déplacement transverse v. En particulier, I’équation d’équilibre satisfaite par v est mainte-
nant d’ordre 4. La composante normale s de la force de réaction, qui est maintenant obtenue
par la résolution d’une inéquation variationnelle associée & [’opérateur biharmonique, peut
dorénavant étre « une masse de Dirac mobile » alors méme que toutes les données du pro-
blémes sont C*° par rapport a l’espace et au temps (comme dans I’exemple représenté sur
la figure 8.4). Cela signifie en particulier que, dans le cas de la poutre, il faut s’attendre

F1G. 8.4 — Contact frottant d’une poutre simplement appuyée.

a l'apparition spontanée de discontinuités mobiles de vitesse longitudinale alors méme que
les données sont aussi réguliéres que 'on veut.

L’utilisation de résultats fins sur la régularité des solutions d’inéquation variationnelle
associée & 'opérateur biharmonique permettent d’établir que si les données :

uf, ul, vy, 07 :[to, T) — R, 1
f).g :[t07T]—>H_7

sont des fonctions réglées, alors le convexe mobile C(t) associé au processus de rafle gouver-
nant le probléme longitudinal, est Wijsman-réglé, de sorte que I'on peut poser le probléme
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de l'existence d’éventuelle solution faible. Ce résultat vaut d’ailleurs aussi bien dans le cas
du fil que de la poutre. Cependant, ces hypothéses de régularité sont trop faibles pour
permettre de garantir I’existence d’une solution faible.
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Chapitre 9

(Questions ouvertes et perspectives

Ce travail est en cours. Il reste & montrer que ce qui a été observé ici sur 'exemple de
la charge ponctuelle mobile sur le fil a bien une portée générale. Plus précisément, il s’agit
de montrer que sous des hypothéses de régularité des données « raisonnables », la solution
e du probléme régularisé, fournit par la théorie de Moreau des rafles a rétraction bornée,
converge, fortement dans H', uniformément par rapport au temps, vers une limite v qui
est solution faible du processus de rafle Wijsman-réglé, c’est-a-dire, que les approximations
up, fournies par I’algorithme de rattrappage, convergent, fortement dans H', uniformément
par rapport au temps, vers u. On peut aussi conjecturer que la vitesse % est alors, & chaque
instant, une fonction & variation bornée de .

L’ensemble de ces résultats devraient pouvoir s’étendre au cas des membranes et des
plaques élastiques. On s’attend alors a ce que la vitesse @ soit alors, & chaque instant, une
fonction & déformation bornée de x comme en élasto-plasticité parfaite (voir [1]).
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10.2. AUTRES ACTIVITES LIEES AU METIER DE CHERCHEUR 81

10.2.3 Actions de formation, hors enseignement supérieur

Intervenant et membre du comité scientifique d’une Ecole thématique du CNRS (sections
1 et 9) intituléee Dynamique non-linéaire organisée par M. SCHATZMAN & Praz-sur-Arly
(Haute-Savoie) du 3 au 7 Juin 2002.

Idem pour la réédition & Autrans (Isére) du 27 au 31 Octobre 2003.

10.2.4 Transfert technologique et valorisation

Participation au projet Européen SICONOS : Modelling, Simulation and Control of Nons-
mooth Dynamical Systems (European Project 1sT 2001-37172, from September 1, 2002, to
August 31, 2006), en tant que membre de 1'équipe AC3 (modélisation mathématique en
dynamique non-réguliére), coordonnée par M. SCHATZMAN.

10.2.5 Evaluation de projets d’articles

European Journal of Mechanics, A/Solids (4),
ASME Journal of Applied Mechanics (2),
Quarterly Journal of Mechanics and Applied Mathematics (1),
Archive of Applied Mechanics (1),
Nonlinear Analysis, Theory, Methods € Applications (1)
Compte-Rendus a I’Académie des Sciences, Série 11 (3)
Philosophical Transactions of the Royal Society, A (2)
Material Science & Engineering, A (1)
International Journal for Numerical Methods in Engineering (1)
Egalement expertise de demande de financement ANR. (projets jeunes chercheurs) et
ACI (« interface des mathématiques »). Participation aux jurys de thése d’Adrien Petrov
(2002) et Florent Cadoux (2009).



82

CHAPITRE 10. NOTICE SCIENTIFIQUE



Chapitre 11

Liste de publications

11.1 Livres

[1]

P. BALLARD ET A. MILLARD (2009), Poutres et arcs élastiques, Editions de I'Ecole
Polytechnique, distribué par Ellipses (300 pages).

11.2 Chapitres dans des ouvrages

2]
3]

P. BALLARD (2009), Frictionless unilateral multibody dynamics. In Micromechanics of
Granular Materials (B. Cambou, M. Jean, and F. Radjal, eds.), ISTE Ltd, pp. 317-341.

P. BALLARD (2002), Formulation and well-posedness of the dynamics of rigid bo-
dies systems with unilateral or frictional constraints. In Advances in Mechanics and
Mathematics (D. Y. Gao and R. W. Ogden, eds.), Kluwer Academic Publishers, Dor-
drecht/Boston/London, pp. 3-88.

11.3 Articles

[4]

[5]

(6]

7]

8]

P. BALLARD AND J. JARUSEK (2010), Indentation of an elastic half-space by a rigid
flat punch as a model problem for analysing contact problems with coulomb friction.
Journal of Elasticity (37 pages, soumsis).

P. BALLARD (2009), Frictional contact problems for thin elastic structures and weak
solutions of sweeping process. Archive for Rational Mechanics and Analysis (46 pages,
a paraitre).

P. BALLARD AND S. BASSEVILLE (2005), Existence and uniqueness for dynamical
unilateral contact with coulomb friction : a model problem. Mathematical Modelling
and Numerical Analysis 39, no. 1, pp. 59-78.

P. BALLARD (2001), Formulation and well-posedness of the dynamics of rigid-body
systems with perfect unilateral constraints. Philosophical Transactions of the Royal
Society, A 359, pp. 2327-2346.

P. BALLARD (2000), The dynamics of discrete mechanical systems with perfect unila-
teral constraints. Archive for Rational Mechanics and Analysis 154, pp. 199-274.

83



84 BIBLIOGRAPHIE

[9] P. BALLARD (1999), A counter-example to uniqueness in quasi-static elastic contact
problems with friction. International Journal of Engineering Science 37, pp. 163—178.

[10] P. BALLARD (1999), Dynamique des systémes mécaniques discrets avec liaisons unila-
térales parfaites. Compte-Rendus a I’Académie des Sciences, Série IT 327, pp. 953-958.

[11] P. BALLARD, K. DANG-VAN, A. DEPERROIS, AND I. PAPADOPOULOS (1995), High
cycle fatigue and a finite element analysis. Fatigue & Fracture of Engineering Materials
& Structures 18, no. 3, pp. 397—411.

[12] P. BALLARD, J. FRELAT, Y. ROUGIER, AND D. GIRARDOT (1995), Plastic strain and
residual stress fields induced by a homogeneous impact over the boundary of an elastic-
plastic half-space. European Journal of Mechanics, A/Solids 14, no. 6, pp. 1005-1016.

[13] P. BALLARD AND A. CONSTANTINESCU (1994), On the inversion of subsurface residual

stresses from surface stress measurements. Journal of the Mechanics and Physics of
Solids 42, no. 11, pp. 1767-1787.

[14] P. BALLARD AND A. CONSTANTINESCU (1994), Sur linversion d’un champ de

contraintes résiduelles en fonction des contraintes mesurées en surface. Compte-Rendus
a I’Académie des Sciences, Série II 318, pp. 859-863.

[15] P. BALLARD, A. CONSTANTINESCU, AND M. BULIGA (1994), Reconstruction d'un
champ de contraintes résiduelles & partir des contraintes mesurées sur des surfaces

successives. existence et unicité. Compte-Rendus a I’Académie des Sciences, Série II
319, pp. 1117-1122.

[16] R. FABBRO, J. FOURNIER, P. BALLARD, D. DEvAUX, AND J. VIRMONT (1990),
Physical study of laser induced plasma in confined geometry. Journal of Applied Physics
68, no. 2, pp. 775-784.

11.4 Colloques

Les conférences |26, 25, 23, 27, 29| sont invitées (avec prise en charge des frais).

[17] P. BALLARD, Frictional contact problems for thin elastic structures and weak solu-
tions of sweeping process. In Proceedings of the fifth Contact Mechanics International
Symposium (G. Stavroulakis, ed.), Kluwer. Chania, Greece, April 2009.

[18] P. BALLARD, Frictional contact problems on elastic strings/beams and weak solutions
of sweeping processes. 7" Euromech Solid Mechanics Conference, Lisboa (Portugal),
September 2009.

[19] P. BALLARD, Problémes de contact avec frottement dans les structures minces élas-
tiques et solutions faibles de processus de raSSes. In Actes du 19éme Congrés Frangais
de Mécanique (AUM, ed.), cédérom. Marseille, France, Aott 2009.

[20] P. BALLARD, Frictional contact problems on elastic strings as a paradigm of moreau’s
sweeping process. International Conference on Mathematics and Continuum Mecha-
nics, Porto, Portugal, February 2008.

[21] P. BALLARD, Investigations on uniqueness of solutions for elastic contact problems
with coulomb friction. Unilateral problems in structural analysis, Sizth Meeting, Sira-
cusa, Italy, June 2007.



BIBLIOGRAPHIE 85

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

P. BALLARD, Uniqueness for contact problems with (static) coulomb friction in elasti-
city : study of a model problem. Huitiéme colloque Franco-Roumain de Mathématiques
Appliquées, Chambéry, August 2006.

P. BALLARD, Unicité pour les problémes de contact avec frottement de coulomb (sta-
tique) en élasticité linéarisée : étude d’un probléme modéle. Workshop Inequality and
Contact Problems in Mechanics, Besancon, June 2006.

P. BALLARD, A. LEGER, AND E. PRATT, Stability of discrete systems involving shocks
and friction. In Proceedings of the fourth Contact Mechanics International Symposium
(P. Wriggers, ed.), Kluwer. Hannover, Germany, July 2005.

P. BALLARD, Non-uniqueness of solutions for elastic problems with coulomb friction
at the boundary. Workshop Free Boundary Problems, Saint-Etienne, September 2003.

P. BALLARD, Formulation and well-posedness of impact problems in solid mechanics.
277. Heraeus Seminar on contact and fracture problems, Bad Honnef (Deutschland),
May 2002.

P. BALLARD, Dynamique des systémes de solides rigides avec liaisons unilatérales ou
frottement. Workshop Problémes de contact et frottement, Nice, September 2001.

P. BALLARD, Formulation and well-posedness of unilateral multibody dynamics. In
Proceedings of the third Contact Mechanics International Symposium (J. Martins and
M. Monteiro-Marques, eds.), Kluwer, pp. 25-32. Peniche, Portugal, June 2001.

P. BALLARD, Non-unicité dans les problémes quasi-statiques avec frottement. Collogue
Instabilité du frottement, Chambéry, September 1999.

P. BALLARD, Well-posedness of the dynamics of discrete mechanical systems with
perfect unilateral constraints. Furomech 397 Impact in Mechanical Systems, Grenoble,
June 1999.

A. CONSTANTINESCU AND P. BALLARD, On the reconstruction formulae of subsur-
face residual stresses after matter removal. In Proceedings of the Fifth International
Conference on Residual Stresses (T. Ericsson, M. Oden, and A. Andersson, eds.),
pp. 703-708. Link&ping, Sweden, December 1997.

P. BALLARD AND A. CONSTANTINESCU, On the inversion of subsurface residual
stresses from surface stress measurements. In Proceedings of IUTAM Symposium on
Variations of Domain and Free-Boundary Problems in Solid Mechanics (P. Argoul,
M. Frémond, and Q. S. Nguyen, eds.), Kluwer Academic Publishers, pp. 285-292. Pa-
ris, April 1997.

P. BALLARD, H. D. Bui, A. DEPERROIS, AND K. DANG-VAN, On a discontinuity
relation between stresses and plastic strains at the interface of a bidimensional plastic
body. In Proceedings of the International Symposium on Micromechanics, Homogeni-
zation, Heterogenization and Strength. 1991.

P. BALLARD, J. FOURNIER, R. FABBRO, AND J. FRELAT, Residual stresses induced
by laser-shocks. In Proceedings of Dymat 91, Journal de physique IV, pp. 487-494.
Strasbourg, October 1991.



86

BIBLIOGRAPHIE

11.5 Séminaires

[35]

[36]

[37]

[38]

[39]

[40]
[41]

[42]

P. BALLARD, A propos d’unicité de solution des problémes élastiques avec frottement
de coulomb au bord. Séminaire de Mécanique Théorique. Laboratoire de Modélisation
en Mécanique., Laboratoire de Modélisation en Mécanique, Université Pierre et Marie
Curie, Paris, Avril 2005.

P. BALLARD, A propos d’unicité dans les problémes élastiques avec frottement de
coulomb au bord. Séminaire d’analyse appliquée., Laboratoire d’Analyse, Topologie et
Probabilités, Marseille, Novembre 2004.

P. BALLARD, Non-unicité de solution pour les problémes élastiques avec frottement de
coulomb au bord. Journée du programme thématique prioritaire Rhone-Alpes : Mathé-
matiques appliquées auzx systemes dynamiques complexes., INSA de Lyon, Avril 2004.

P. BALLARD, Non-unicité de solution des problémes élastiques de contact avec frot-
tement de coulomb. Séminaire du LMA (Laboratoire de Mécanique et d’Acoustique),
Marseille, Juillet 2003.

P. BALLARD, Formulation et analyse des problémes d’impact en mécanique des solides.
Séminaire de MAPLY (laboratoire d’analyse numérique de l'université Lyon-I), Lyon,
Février 2002.

P. BALLARD, Formulation et analyse des problémes d’impact en mécanique des solides.
Séminaire CMAPX-LMS, Palaiseau, Jannvier 2002.

P. BALLARD, Formulation et analyse des problémes d’impact en mécanique des solides.
Journéee EDF spéciale Dynamique non-linéaire, Clamart, Décembre 2001.

P. BALLARD, Dynamique des systémes mécaniques discrets avec liaisons unilatérales
parfaites. Séminaire CRESPO de I'INRIA, Rocquencourt, Février 1999.



International
Journal of
Engineering
Science

PERGAMON International Journal of Engineering Science 37 (1999) 163-178

A counter-example to uniqueness in quasi-static elastic
contact problems with small friction

Patrick Ballard *

Laboratoire de Mécanique des Solides, Ecole Polytechnique, 91128 Palaiseau Cédex, France
Received 22 January 1998

(Communicated by E. SOOS)

Abstract

It is often conjectured that the existence and uniqueness of solutions to the quasi-static Signorini
problem with Coulomb friction should hold, provided that the friction coefficient is lower than a critical
value. Recently, the existence of solutions to the quasi-static Signorini problem with non-local Coulomb
friction was shown (M. Cocu, E. Pratt, M. Raous, Int. J. Engng. Sci. 34 (1996) 783-798) in functional
spaces of type W'(0, T) and for a sufficiently low friction coefficient. In this paper, it is proved that
uniqueness does not hold, in general, for an arbitrarily small friction coefficient. © 1998 Elsevier
Science Ltd. All rights reserved.

1. Introduction: the Signorini problem with Coulomb friction

The problem of the equilibrium of a linear elastic body submitted to unfrictional unilateral
contact conditions with a rigid obstacle was first considered by Signorini [1] and solved by
Fichera [2]. Fichera’s existence and uniqueness proof was followed immediately by general
results on abstract variational inequalities [3]. These results allowed the solution of many non-
linear boundary problems [4—6].

From a mechanical point of view, the will to incorporate friction in Fichera’s analysis of the
Signorini problem rapidly emerged [7] and what is often called the Signorini problem with
Coulomb friction began to be considered. This problem is not an equilibrium problem any
more but an evolution problem. This problem faced great mathematical difficulties. For this
reason, only an equilibrium problem (the so-called static one), obtained by a simplification of
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the equations, was first considered [4]. Having introduced a regularization (the non-local
friction law), existence and uniqueness of the solution to the regularized static problem was
shown by Duvaut [8-10] under a condition on the friction coefficient: it must be lower than a
critical value. This result was followed by an existence result of the static problem without
regularization and under a similar condition on the friction coefficient [11,12]. The results
concerning the static problem allowed Klarbring to prove the existence and uniqueness of
solutions of the rate problem associated with the regularized (by non-local friction law) quasi-
static problem [13]. This result was still obtained under the condition on the friction coefficient.
It is worth underlining that, as far as systems with a finite number of degrees of freedom (dof)
are considered, the non-local regularized problem reduces to the unregularized one. To stress
the importance of the condition on the friction coefficient, Klarbring [15] performed the
complete analysis of the rate problem associated with a 2 dof quasi-static problem and
exhibited explicitly the condition on the friction coefficient for which existence and uniqueness
for the rate problem was achieved. He showed that as soon as this condition is violated, non-
uniqueness of solution to the evolution problem may be observed. From a mechanical point of
view, the non-uniqueness for great friction coefficient is attributed to the physical irrelevancy of
the model, since inertia forces are neglected.

These results have led the community to conjecture that, provided the condition on the
friction coefficient, existence and uniqueness of solutions to the quasi-static Signorini problem
with Coulomb friction should hold. A first step towards this direction was accomplished
recently by Cocu et al. [14] who proved the existence of solutions to the non-local regularized
quasi-static problem in functional spaces of type W'2(0, T).

In this paper, an n dof problem is considered. A complete analysis of this problem is
provided. For n = 2, this problem reduces to Klarbring’s one [15]. In this case, it is proved
that, under Klarbring’s condition, existence and uniqueness of the solution to the evolution
problem is achieved in an appropriate functional framework (let us recall that Klarbring
proved only the existence and uniqueness for the associated rate problem). For the case n > 3,
existence is proved under a condition which generalizes Klarbring’s one. A counter-example is
constructed which shows that in this case, uniqueness does not hold, in general, for an
arbitrarily small friction coefficient.

2. Presentation of the problem and a statement of the results
2.1. Description of the problem and notations

Let n (n>2) be an arbitrary integer (the interesting cases will be n = 2 and n = 3). (0, ey,
erl,..., €7, — 1)) is an orthonormal coordinate system in euclidean R". A punctual particle,
whose position at time ¢ is given by U(z) = Up(t)exy+U(?), is considered, where U(7) is the
orthogonal projection of U4(f) on the subspace of R" spanned by (e, er2,..., €7 —1)). All
inertia effects are neglected. The particle is “kept” by a system of linear springs (see Fig. 1) so
that the force exerted by the springs on the particle is (after linearization) —KU(¢), where K is a
symmetric positive definite matrix of order n (the stiffness matrix). Reciprocally, if K is an
arbitrary symmetric positive definite matrix, it always corresponds to such a system of springs.
An external force F(7), varying with time, is also applied on the particle. Moreover, the particle
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Fig. 1. Geometry and notations.

is supposed to obey to unilateral contact conditions with the half-space Uy>0 and Coulomb
friction law. Denoting by R(?) = Ry(f)ey+R#(¢) the instantaneous reaction exerted by the
obstacle on the particle, the equations of movement are given by:

KU=F+R (equilibrium)
Unv<0,Ry<0,UyRy =0 ' (unilateral contact) (1)
vV e R, Rp(V —=Up) — uRN(IIV]l — |[Uz)>0 (Coulomb friction)

where Uy denotes the time derivative of Uy (supposed regular enough), u the friction
coefficient and |-l the usual norm in euclidean R"!.

The variational formulation in part three of Eq. (1) of the Coulomb friction law was
introduced by Duvaut & Lions [4] and Moreau [16]. It is equivalent to the classical
formulation. Note that Eq. (1) has formally the same structure as the equations of the
Signorini problem with Coulomb friction for a continuum. The stiffness matrix K plays the
role of the elastic energy bilinear form. In the sequel, K will be written under the form:

kN lwy
k=% o) @
where w is an element of R"~' and K is a real matrix of order n — 1. Note that the positive

definiteness of K is equivalent to demand:

ky—'w-K;'-w>0, and Kr symmetric positive definite. (3)
2.2. Statement of problem

Let T be an arbitrary strictly positive real number and F an arbitrary element of
w0, T; R") (1 < p < oo) such that F(0) = 0. The following problem is considered:
Problem P,: find U and R in W'*(0, T; R"), such that:

U@0)=0
KU(¢?) = F(?) + R(?), vt e |0, T] )
Un(1) <0, Ry(1) <0, Un()Rn(1) = 0, vt [0, T]

RV — Ur(0)) — uRx@O(IV] = U =0, VV € R"! and for a.a. ¢ € [0, T].
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2.3. Statement of the results obtained from existing literature

It is known from existing literature that:

e There exists a critical value u. of the friction coefficient depending on the stiffness matrix K,
such that for a strictly lower friction coefficient p, there exists a unique solution to the rate
problem associated with problem P, [13]. With the notations introduced above, the
condition on the friction coefficient can be written:

)vmin
n< $,
‘/kfv—l- lw]|?

amin

where Ax'" denotes the lowest eigenvalue of the stifness matrix K.

e There exists a critical value p. of the friction coefficient depending on the stiffness matrix K,
such that for a strictly lower friction coefficient u, there exists at least one solution in
w0, T; R") x W'(0, T; R") of problem P, [14]. The condition on the friction coefficient
is expressed by condition (5).

e Under the condition:

)

Kr
lw|’

< (6)

the rate problem associated with problem P, (note that in the case n = 2, w and K7 reduce
to real numbers) admits a unique solution in R? If condition (6) is violated, then, the
existence of the solution for the rate problem may be lost for certain load rates and
uniqueness may also be lost for some other load rates [15]. In the case where condition (6) is
violated, Klarbring gives also an example of a load history for which an infinite number of
solutions to the evolution problem P, are possible.

2.4. Statement of the results obtained in this paper

min

Denoting by 4k, the lowest eigenvalue of the matrix Kz, and assuming that the following
condition hold:

imin
p< |t (7
Iy . K}l -W

then, problem P, admits at least one solution in W0, T: R") x W'?(0, T; R"). Moreover, if
n =2 or w = 0 this solution is unique and, if n>3 and w# 0 uniqueness does not hold, in
general, whatever the strictly positive friction coefficient u fulfilling condition (7) is.
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2.5. Comments

Problem P, is a particular case of the general quasi-static Signorini problem with Coulomb
friction considered in Ref. [14]. For this particular case, condition (7) on the friction coefficient
for which existence holds is always less restrictive than condition (5) under which Cocu et al.
proved the existence in the general case. This demonstrates that the Cocu et al. condition is not
optimal. However, condition (7) is not optimal either in general. From a mechanical point of
view, it is interesting to precise the optimal value of the critical friction coefficient, since it is
related to a transition of the qualitative behaviour of the system. However, even for the simple
system which is considered here, this optimal critical value cannot be explicitly expressed, in
general, in terms of the matrix K.

When the condition on the friction coefficient holds, uniqueness of the solution of Signorini
problem with Coulomb friction is often conjectured since one knowns from Ref. [13] that the
associated rate problem is well posed. The aim of this paper is to show that one has to answer
by the negative to this conjecture, at least in the functional framework W'”(0, T; R") in which
the problem is usually considered.

3. Proof of the announced results
3.1. Solution for the normal degree of freedom

Proposition 1. Assuming that condition (7) holds the existence (respectively uniqueness) of a
solution of problem P, is equivalent to the existence (respectively uniqueness) of a solution of the
following problem:

Problem 7', _ : find Uy and Ry in W'P(0, T; R" "), such that:

U7(0) =0
K7U7(f) = - Un(t)w + Fr(¢) + Rp(2), . vVt e |0, T]
ROV — Ur()] + [S(t) — p'w - K7 - ROV = [UAD)[)=0, VYV e R"" and for a.a. t € [0, T]
®)
where:
Un(1) = — (Fy(0) ="' w-K7' - Fr(n)”,

ky —'w-K7'-w
S(t) =p(Fy(t) =" w- Kz' - Fr())™.

If x is a real number, (x) " =max(x, 0) and (x)” =max(—x, 0) denote, respectively, the positive

and negative parts of x.

Proof. First, one considers a solution U, R of problem P, and it is going to be proved that
their tangential part U7 and R4 form a solution of problem 7', _ . Let us define:

F*(r) = K~'F(r), R*(t) =K 'R(1). (10)
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It is clear that F* and R” belong to W'*(0, T; R"). The coordinate Ry of R" along e is:

Ry(t) =" w- K7 Ry(0)
lcN—’w-K}l ‘W

Ry(1) = (11)

Moreover, part four of Eq. (4) implies:
Vie[0,T], [IRr()I< — uRN(D). (12)

Since Ry(?) is negative, it is deduced from Egs. (11) and (12):

1+ ulK7' - wi oo L pllKE - wl
vt € [0, T), Ry(H)<Ry(1) < Ry(2). 13
0.7 ey RO SRV S £ PR R () (13)
It is readily seen that condition (7) implies:
K W < 1. (14)

Multiplying each members of Eq. (13) by Ua(¢) which is negative, and using condition (14),
one obtains, thanks to part three of Eq. (4):

Viel0, 7], Un()<0, Ry0<0, Un(HR(t)=0, (15)
This, coupled with

Vie[0, 7], Un(t) = Fy() + Ry(1) (16)
leads to the following variational inequality:

Viel0, 7], VVeR™, UxOV— Un0]=FyOV — Un®)] (17)

The use of Lions—Stampacchia theorem [3] allows us to conclude that there exists a unique
negative function Upx(?) satisfying Eq. (17). Actually, one necessary has:
1
ky —'w-K7'-w
1
ky—'w-K;'-w

Un(t) = — (Fy(0))” = — (Fx(t) =" w-K' - Fr()~,

Ry(t) = — (Fy())" = — (Fy(t) =" w- K" - Fr()*.

A standard result ([6], Theorem A.l) shows that the functions Upn(f) and Ru(7) given by
Eq. (18) belongs to W'(0, T; R). Then, it is easily seen that the tangential parts Uz and Ry of
U and R constitute a solution of problem P’, _ ;.

Reciprocally, let Uz and Rz be a solution of problem P’, _ ;. From part three of Eq. (8), it
is readily seen that, for all 7 in [0, 7], S(7) — u'w-K7'- R(7) is positive. Let us define:

Ry(h) = —i[sm KGR0, (19)

which clearly belongs to W'”(0, T; R). Then, it is readily seen that the functions U and R
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whose tangential parts are Uy and Ry and normal parts are given respectively by Egs. (9) and
(19), constitute a solution of problem P,

3.2. Existence of a solution for problem P’ _,

Proposition 2. Assuming that condition (7) holds, problem P!, admits at least one solution in
whro, T; R x W0, T; R"™"). Moreover, if n = 2 or w = 0, this solution is unique.
Proof. First, notice that K; defines a scalar product on R""!, the associated norm being
denoted by [l
Let us introduce the following closed convex sets of R"~!:
E(r) ={x € R"™!/|Ix]| + p'w- K" - x < S(1))

B(t,1) =[x € R"/|Ix|| < (S(1) — p'w - K7 - 1))
One obviously has:
Vr e E(t), re B(,r). (21)

Owing to Eq. (14), E(¢) is a closed set bounded by an ellipsoid with one focus at the origin,
and B(z, r) is a ball centered at the origin. E°(f) and dE(f) denoting as usual the interior and
the boundary of E(f), one defines the multivocal operator A(t) by:

{0} if x € E°(f)
A(f)x = UKyx/2 e RT)  if x € 9E(1) (22)
0 if x ¢ E(f)

whenever S(7) # 0 [that is, E(7) # {0}]. When S(¢) = 0 [that is, E(r) = {0}], 4(¢) is defined by:

R ifx € E(t) = {0}

AX= 5" s g EQ).

(23)
With these notations, problem P)_, is easily seen to be equivalent to one or the other of the
two following problems:

R;(0) =0
“Ry(t) — Fr(1) € A(t) - Ug(t) for aa. t €[0.T] (24)
K7U7(t) = —Un()w + F7(1) + Ry (2), VYt € [0,T]

R7(0) =0
—RT(l) — FT(t) IS aK;IIB[t,RT(t)] . RT(Z) for a.a. te [O,TJ (25)
KrUr(1) = —Un(O)W + Fr(1) + R7(2), vVt € [0,7],

where 0g.lp. g, 18 the subdifferential of the indicatrix function of B[z, R(?)] for the scalar
product K7'. To obtain formulations (24) and (25), we have used the fact that S(7) # 0 implies
Ux(r) = 0. One may also obtain equivalent formulations by using unknown U(7) instead of
R (7). For this, we define:



170 P. Ballard | International Journal of Engineering Science 37 (1999) 163—178

K(t) = {x € R"™ ' /Kyx + Un(t)w — F1(1) € E(1)},

C(t,u) = {x € R /Kyx + Un(t)w — F(1) € Bt, Kyu + Un()w — F(0)]}. (26)
One has:
Yu e K(1), ue C(t,u). (27)

The multivocal operator B(7) is defined by:

{0} if x € K°(1)
B()x = {A[Kzx + Un()w — Fr(9)]/4 € RT}  if x € 9K(7) (28)
¥ if x ¢ K(1)

whenever S(7) # 0. When S(¢) = 0, B(?) is defined by:

R ifx € K(1)

BOx= 5" irx ¢ K.

(29)

With these notations, problem 7', _; is easily seen to be equivalent to one or the other of the
two following problems:

U7(0)=0
—Ux(1) € B(t)- Uz(2) for a.a. re[0,7] (30)
K7U7r(t) = =Un(t)w + F7(t) + Rp(¢) V¢t € [0,7]

U7(0) =0
—UT(Z) S BKTIC[,,UT(I)] . UT(Z) for a.a. e [O,T], (31)
K7Ur(t) = —Un(O)W + Fr + R7(7), Vi € [0,7]

where 0g Iy, v, is the subdifferential of the indicatrix function of C[z, Uz(?)] for the scalar
product Kr.

Note that, in general, part two of problem (30) is not monotone except for the cases
n=2 or w=0. For these cases, a standard argument gives uniqueness of a solution in
whro, T: R"~ ). Now, it is going to be proved that problem (31) admits a solution by use of
the Leray—Schauder fixed point theorem.

Let H[-, -] denote the Hausdorfl' distance associated with the norm |[-llx, in R (for the
definition and properties of the Hausdorff distance, see, for example, Ref. [6]).

Lemma 1. Let t be an element of [0,T] and U, and U, be in K(t). One has:

H[C(z, Uy), C(z, Un)]|<o||U; — Usllg, (32)
where:
w. Kz
a:u-ﬁjérz<L (33)

Kr
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Proof. Let S;, S, be two positive real numbers and C;, C, be the sets defined by:

Ci={xeR""/|Kx|<S}, i=12 (34)
From the properties of the Hausdorff distance, one has:

H[C1, G < ul Sy — Si| Max ] k., (35)
where the maximum runs over the set of u such that [[Kzull = 1. This maximum is readily seen
to be 1//2%." and inequality (35) is actually an equality. Hence,

u

2min

ga

H[C([’ U])? C(tv UZ)] =

(U —Uyp) - wl. (36)

The Cauchy—Schwartz inequality ends the proof of Lemma 1.

Lemma 2. There exist three positive real constants A, B and C, such that, for every U in
whro, T; R"~ 1

Vs, 1 €[0, T] H[C(@, Ur(t), C(s, Ur($)] < AIIF (1) = Fr(s)ll k, + BIUn(1) — Un(9)|
+ CIS(1) = S + 2 Ur(1) = Ur(s) &

Proof. The proof is straightforward by use of the following properties of the Hausdorff
distance:

H[C + {x}, CI<|Ix]l g,
HI[Cy, C3]<H[Cy, Co] + H[C, C3]

and inequality (35). One may choose:

A=l4
P
B =1+ |w|,,
1
C= (39)

Now, one can prove proposition 2. The proof is adapted from that of Monteiro Marques [17]
who considered a similar problem. Let C ([0, 7], R" ~ ') be the Banach space of the continuous
functions from [0, 7] into R"~!, equipped with the uniform convergence norm (relative to the
norm [-lg,) denoted by l-lx,, . Var(f; a, b), where f belongs to whr©, T; R" =" and a, b to
[0, T] will be the classical variation of the function f over the interval [a, b] in the sense of the
norm |[lg,. Let K be the subset of C ([0, 7], R" ™ ", constituted by the elements u such that
u(0) = 0 and:

A B C
VO<s<t<T, [lu(?) —u(s)llg, < mvar(FT; s, )+ T—4 Var(Uy; s, 1) + mVaT(S; s, ).
(40)
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It is obvious that X is non-empty, closed and convex. Moreover, it is equibounded (since Fr,
Uy and S have bounded variation over [0, 7] and equicontinuous by Eq. (40) (since F7, Uy
and S are absolutely continuous); thus, by the Ascoli—Arzela theorem, K is a compact subset
of C ([0, T}, R" ).

Note that if ue K then u is absolutely continuous [and even in W0, T; R" "] and by
lemma 2, t — C[¢, u(¢)] is an absolutely continuous function. More precisely:

Var(C; s, )< A Var(Fr; s, t) + B Var(Uy; s, t) + C Var(S; s, t)

A B C
a—aVar(FT; s, 1)+ %Var(UN; s, 1)+ la_—aVar(S; s, 1)

+1_

A B C
<——Var(Fr; s, t) + ——Var(Uy; s, t) + —— Var(S; s, 7). (41)
I —a l1—ua 1 —«

Hence, by Moreau’s results on sweeping processes [18], to every ue K one may associate
d(u) = v, the unique absolutely continuous solution to the sweeping process:

v(0)=0
{ (1) € g, Iy - V(1) for aa. £ € [0, T, (42)

In order to apply the Leray—Schauder fixed point theorem, we have to prove that ¢(u) € K and
that u — @(u) is continuous in K. In fact, @(u) is a continuous function, @(u)(0) = 0, and by
Ref. [18] and Eq. (41), the following estimate holds:

[ P(u)(7) — P(u)(s)llx, < Var(C; s, 1)
A B C
< ——Var(Fyz; s, 1) + ——Var(Uy; s, t) + —— Var(S; s, 1), (43)
I —a l—o l—o
showing that @(u)e/C. To prove that @ is continuous, let u and v be two elements of /. By the

results of moreau on the dependence of solutions to sweeping processes on the data [18], we
have:

|P(u(t) — di(v)(l)llfq <2m(t)(Var[C(s, u(s)]; 0, ) + Var{C[s, v(5)]; 0, t}), (44)

where m(t) is the least upper bound of H{C[s, u(s)], C[s, v(s)]} for se€[0, 7]. By lemma 1,
m(t) < ollu — vllg .0, which, by Eq. (41) gives:

4o
D) — PW)%,.00 < T [AVar(Fr; 0, T) + BVar(Uy; 0, T) + CVar(S; 0, T)]lu — vl x, oo,
(45)

which shows the continuity of &.
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From the Leray—Schauder theorem, there is a function Uze K such that &(Ur) = Uz

Clearly, Uze W'P(0, T; R" ') [because of Eq. (40)] and is a solution of problem (31) and,
therefore of problem P/, _,.

3.3. A counter-example to uniqueness

In this section, we consider problem P5 with the following particular form of the stiffness matrix:

K=|e¢e
0

(46)

S =
—_ o O

where e is a given real number in the open interval ]0,1[. Given an arbitrary element F in
whr©, T; R~ ') such that F(0) = 0, it is known from Section 3.1 and 3.2 that there exists at
least one solution of this particular case of problem P; provided that the following condition
holds:

1
w<-—. (47)
e

Now, a load history F(¢z) in W'"(0, T: R?) is going to be constructed for an arbitrary x in 10,1/
e[. For this load history, two distinct solutions of problem P5 in W'>(0, T; R®) are going to
be exhibited. This construction is not specific to the particular form of Eq. (46). Actually, such
a construction can be performed whenever n >3 and w#0. This particular case has been
chosen for the sake of simplicity.

We start from the problem P/, associated with the particular form of Eq. (46) of the stiffness
matrix. It has been seen that this problem can be written as:

R7(0)=0
—Ry(t) — Fr € A(r) - R¢(2), fora.ate[0, T (48)
Ur(?) = —Un()W + Fr() + Ry(2), Vi €0, T,

where A(7) is, in this case the multivocal operator defined by:

{0} if x € E°(7)
A()x = Rtx  if x € dE(7) (49)
@ if x & E(1),

whenever E(¢) # {0}. For E(t) = {0} , A(¢) is defined by:
R, ifx e E() = {0}

ADX =0 " v ¢ EQ). (50)
Let us recall that E(7) is the closed convex set:
E(1) = {(x1, x2) € R*/{/x} + 33 + ex1 < S(1)}. (51)

We are now going to construct a function S(r) in W'>(0, 1; R) such that S(0) = 0 and a
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function Fx{(7) in W0, 1; R?), such that F;{0) = 0 and two distinct solutions R%{¢) and
R’{(?) of the associated problem (48). Then, as stated in proposition 1, these solutions will be
used to construct two distinct solutions of problem P; associated with the particular form of
Eq. (46) of the stiffness matrix.

Let us begin to introduce the following notation:

1 —+1—¢2

b=t

(52)

p is readily seen to be strictly greater than one.

Lemma 3. Let T;, T, (T;<7T5,), be two real numbers. Let S(t). (T;<t<T,) be a constant
function on [T;, T>] with value S (S >0). Then, there exists a function ¥' in L= (T;, T>; R?)
and two solutions R% and Ry in W' (T,, T>; R?) of problem:

—R (1) — F'i(t) € A(1) - Ry(t), fora.a.tel[T), Tl (53)
with initial conditions:

RY(T1) = (0,0) RUT) = (—%ﬁ 0), (54)
and such that the following holds:

R§(T) = (0.0) RYUT) = (=S7==.0) (55)

Proof. It is easy to check that one may choose:

Fo) = - Tzsz, (0, 1) Vie [T, Th+ 250

Pt =~ (0.55) vie [T+ B, 7y + 2500

o0 = =3 (- b - 1 - 1) i [T+ HEEI 7
Fo(0) = — 725 (e — 1) Vie [T +30 7y 4 AT

Fi() = — 55 (1e; 1 ;*) Vie [T+ 42T 1
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as well as the functions R%(7) and R{(7) defined by the linear interpolations of the values:
[ RH(T1) =(0,0)

b _of_1_e
Ri(T) = S( bl 0)

R“T(T1 +%) — 500, 1)

b Hh—T\_¢(_1 e

R (Ti+225) = S(~ 7420 1)
[ L AT = T))

Ry[ 7 + 2T — 50, 1)

RY[ 7y 4+ 202 = T ( . 1+1_v1_ez)

i 3(Tr, — T1)T — &
RT_T1+%_: <_%1_Le2’_% 1 ez)

i — 7 2
7+ 3T :S<_<1+1) e _1 [4—e +1—«/1—e2)

>

IS}

>

R7

N}

[ AT, -T)] _
R T +=5—|=S(—2752 212

R”T_T1+M_=S<_§ e 1 4_ez>

| 5
RY(T>) = (0, 0)
RH(T2) = (-

0>. (57)

1 —¢’

The corresponding evolution of the segment [R%, R%] is sketched on Fig. 2. The step function
F7(¢) and the functions R%(7) and R%(r) defined by Egs. (56) and (57) will be denoted in the
sequel by F (T, T, S; t), RUT,, T», S; t) and Rb(Tl, T>, S; t) (T)<t<T,). It should be
noted that there exists a constant C(e) depending only on e such that:

Vie[T\, Tol, IIF(T), T S;0)l<

7 € (58)

Now, the intervals [1/(™ * '), 1/, where m is an arbitrary integer, define a partition of the
interval ]0,1[. For every m in N, we define the function S'(r) on [1/™ * !, 1/ by:

2 ifze[ﬁl ! [“2”[

m—+1° pm+1
S'(t) = b (59)

: 1 +1 1
0 ifre |:ﬁm+lﬂT’W|:

Hence, the function S'(¢) is defined all over the interval ]0,1[, it is clearly measurable, bounded
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0
:

t="T, R
! t=T1+T2 T

:
0

T,-T T,-T

t=T, +2 t=T, +3

\/
-

:

).

T,-T, t=T,

t=T +4 3

Fig. 2. Evolution of the two solutions constructed in lemma 3.

and therefore integrable. Let S(7) be the absolutely continuous function defined by:
t
S(1) :J S'(s) ds. (60)
0

The function S(7) is easily seen to belong to W'"“>(0,1; R), to be positive and such that
S(0) = 0. Moreover, one has:

I p+1 1 1
V. N, Vie|——,— S(t) =—. 61
me N, € |:ﬁm+l 2 ﬁm:|’ ( ) ﬁm ( )
Similarly, we define the function F/(¢) on the interval [1/” * ', 1/8™[ by:
. +1
0 ifre |:ﬁn}+l ’ ﬁn}Jrl ﬂ 2 |:

(62)

7:< ml-i-lﬁzaﬂlm,ﬂlm,l) 1fte[ ml+1ﬁz,ﬁlm[

=)
=)
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The function F4/(¢) is defined all over ]0,1[. From Eq. (58), it is bounded:

Ve 1 IFOIS 5 Clo) (63)

Since F/(7) is clearly measurable, it is integrable and F4(¢) will be defined by:

F(f) = JO F'/(s) ds. (64)

F1(7) clearly belongs to W0, 1; R?) and is such that Fz(0) = 0, and F(r) = F'7(f) almost
everywhere in [0, 1]. Finally, R%(7) and R{(¢) are defined by:

(0,0 ifte [ﬁnhlvﬁn}ﬂﬁ;l[
RS = (65)

a 1 +1 1 1. . 1 +1 1
R (lgm-HT»TMW,t) ift e [ﬁmHﬁT’ﬁ_’”[

=]

1 e : 11 p+1

(ﬁm-&-ll_eez»o> 1fte[ﬁm+l,ﬁm+lﬁ2 [

R(1) = )
b 1 B+1 1 1. . 1 B+11
R(ﬁm+1 2 aW,W,t) lfle[ﬁm‘HTW’[

where R (T}, T», S; 1) and R? (T4, T», S; 1) are the functions defined by lemma 3. R1)
and R%(¢) are readily seen to belong to W'*(0, 1; R?. Moreover, one checks that
R4(0) = R%(0) = 0 and also that one has:

—Ry(¢) — F7(t) € A(t) - Ry(r) fora.a. €]0,1], (67)

where R7{(7) may be either Rr) or R5(¢). R% and R% lead to two solutions of problem P with
the particular form of Eq. (46) of the stiffness matrix and the particular choices of the
functions Fz and S(¢) constructed above. These solutions are distinct since:

Vm e N, R‘;(ﬁlm) —(0,0), Rf;(ﬁlm> - (ﬁl]_:z o). (68)

Using this result and proposition 1, one may easily construct two distinct solutions of problem
P5 with the particular form of Eq. (46) of the stiffness matrix. Let U%(7), U(1), UK1), UN0),
R4(1), RA(f) and Fx() be the functions defined on ]0,1[ by:
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U(1) = U(t) = 0,
) =R7+Fr,
U(1) =R} +Fr,

(1) = Ry(1) = ——S(f)
Fn(t) = ;S(l) + eFr(1), (69)

where F7(7) is the first component of F{(¢). Defining F(z) by F(r) = Fn(t)ey+ Fri(t)er +
Fr(f)er» and U% U°, RY R®, similarly, one gets two distinct solutions in W'>(0, 1; R®) of
problem P; with the particular form of Eq. (46) of the stiffness matrix. These two solutions
exist for any value of the friction coefficient in the interval ]0, 1/e[.

Therefore, the solution of a quasi-static Signorini problem with Coulomb friction is
not unique, in general, at least in the functional framework W'*°(0, T), [and therefore in

w20, T)).
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The Dynamics of Discrete Mechanical Systems
with Perfect Unilateral Constraints
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Abstract

The dynamics of discrete mechanical systems with perfect unilateral constraints
is formulated in a very general setting. The well-posedness of the resulting evolution
problem is studied. It is proved that existence and uniqueness of a maximal solution
is ensured provided strong assumptions are made on the regularity of the data: they
are supposed to be analytic. Simple examples show that this regularity assumption
may not be relaxed. Sufficient conditions to ensure that the maximal solution is
defined for all time are supplied. The continuous dependence of the solution on
initial conditions is also studied and the numerical computation of the solution is
discussed.

1. Introduction

The aim of the Dynamics of Discrete Mechanical Systems (sometimes called
Rational Mechanics or, after Lagrange, Analytical Mechanics) is the prediction of
the motion of collections of bodies supposed to be perfectly indeformable. The
theory classically distinguishes two types of interactions between the bodies them-
selves and between the bodies and the rest of the universe: the efforts and the con-
straints. The constraints are kinematical specifications of the motion with which
some efforts are associated. A constraint is said to be perfect or ideal if the associ-
ated efforts do not dissipate energy. A constraint is said to be bilateral, or unilateral,
if the kinematical specification gives rise to equalities, or inequalities respectively.
A typical occurrence of unilateral constraints is the handling of non-penetration
conditions.

When all the constraints are bilateral and perfect, the motion is classically
governed by a second-order ordinary differential equation on a finite dimensional
Riemannian manifold. When the data are smooth enough, the Cauchy-Lipschitz
theorem guarantees that a unique motion is associated with any given initial state
of the system.
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When dealing with the dynamics of discrete mechanical systems with unilateral
constraints, there is no such theorem, although many steps in this direction have
been made during the past twenty years. To my knowledge, the first investigation
of this question using modern mathematical tools (i.e., introducing motions whose
acceleration is a measure with respect to time) is that of SCHATZMAN [18]. She
studied the particular case where the configuration space is R? equipped with its
canonical Euclidean structure and the admissible configuration set is convex. Her
setting was also limited to the elastic impact constitutive equation. Using Yosida-
type regularization and compactness arguments, she was able to prove the existence
of solutions under very weak regularity assumptions. She also discussed uniqueness
but proved it only in a very specific case. Further investigation on uniqueness was
performed by PERCIVALE in [14] and [15]. He is the first to introduce analyticity
hypothesis in this respect. But, his results apply also only to very specific cases. The
formulation of the problem with completely inelastic impacts has been extensively
studied by MOREAU [12]. An existence result was proved by MONTEIRO MARQUES
[10] in the particular case in which the configuration space is Euclidean R? and
the unilateral constraints are described by a single smooth function. Very recently,
SCHATZMAN [19] studied the general one-degree-of-freedom problem with arbi-
trary impact constitutive law. In this case, she proved uniqueness under analyticity
assumption on the data.

None of these results has the generality required by Mechanics. The existence
and uniqueness results are proved under assumptions which are obviously not ful-
filled in most discrete mechanical systems which may generally be encountered,
except the last result of Schatzman, but it is limited to the one-degree-of-freedom
problem.

In this paper, the dynamics of discrete mechanical systems with perfect unilat-
eral constraints is formulated in a very general setting. To reach full generality, the
configuration space is supposed to be an arbitrary Riemannian manifold instead of
an Euclidean space. However, only the most elementary level of differential geome-
try is needed. The resulting general evolution problem is studied. The existence and
uniqueness of a solution associated with given initial condition is proved provided
the data are analytic.

In Section 2, we give a precise mathematical definition of what we call discrete
mechanical system and system of bilateral constraints. We also recall some basic
results connected to these definitions that we shall use subsequently.

In Section 3, a formulation of the equations of the dynamics of discrete me-
chanical systems with perfect unilateral constraints is presented. The content of this
section follows very closely the work of MOREAU [12]. It is included since Moreau
restricts himself to completely inelastic impacts. More generality, including the
case of elastic impacts, is obtained here with no supplementary difficulty.

In Section 4, we prove a local existence and uniqueness result concerning the
general problem of the dynamics of discrete mechanical systems with perfect uni-
lateral constraints, under the single assumption that the data are analytic. Existence
and uniqueness of a maximal solution follows immediately. A sufficient condition
to ensure that this maximal solution is defined for all time is also presented.
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In Section 5, three examples are discussed. One is due to Moreau and another
one to Schatzman. They are included for the sake of completeness. The aim of these
examples is to show that the regularity assumptions made in the previous section
are, in some sense, minimal.

In Section 6, we illustrate the generality of the theorems of Section 3 in applying
them to simple examples issuing from Mechanics.

In Section 7, the continuous dependence of the solution on initial conditions is
discussed. Dependence on initial conditions is seen to be not continuous in general.
However, a restrictive case where continuity holds is exhibited.

In Section 8, the numerical computation of the solution is discussed. Problems
arise in connection with non-continuous dependence on initial conditions. How-
ever, we recall an algorithm, which was first described by Moreau, and prove its
convergence in some restrictive cases.

The main results in this paper were announced in BALLARD [3].

2. Discrete mechanical systems and perfect bilateral constraints

The aim of this section is to give a precise definition of what we call a dis-
crete mechanical system, to introduce notation and to recall some basic results that
we shall use later on. For a comprehensive presentation, the reader is referred to
ARNOLD [2] and ABRAHAM & MARSDEN [1].

2.1. Discrete mechanical systems

Definition 1. A discrete mechanical system is:

— A Hausdorff, smooth (of class C? with 2 < p < oco) connected manifold Q of
dimension d whose topology has a countable basis.
The manifold Q is called the configuration space of the discrete mechanical
system; d is its number of degrees of freedom. The tangent bundle 7 Q of Q is
called the phase space or the state space. A point g of Q is a configuration of the
system and a point of T Q a state of the system. The cotangent bundle is denoted
by T*Q; Mo : TQ — Qand H*Q : T*Q — Q are the natural projections. The
tangent space at ¢ will be denoted by T, O, and, to designate an element v of T Q,
we shall often use the redundant notation (g, v) whereg = Ilg(v) andv € T, Q.
A curve on Q (i.e., a continuous mapping from a real interval I to Q) is also
called a motion of the system. If a motion ¢ : I — Q admits a tangent vector
at ¢, it will be denoted by (g (¢), ¢(¢)). This notation is an abuse consecrated by
tradition. The dot will also be used in general to denote a derivative with respect
to time. A local chart on Q is also called a local parametrization of the system.

— A Riemannian metric on Q denoted by (-, -),. The mapping

TO — Rt

(@.v) = 5, v)g = 3 V]2

ey

is the kinetic energy of the system.
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— A real interval I and a smooth (of class C?" with 1 < p’ < p) mapping f :
TQ x I — T*Q such that

Vigv)eTQ, Vtel T(flg,vit) =Tl v)=gq.

The mapping f is called the virtual power of internal, external and inertial efforts
acting on the system or, in short, the efforts mapping. We will denote by (-, -),
the local duality product on 77Q x T, Q and b (and § = b~ its inverse) the
isomorphism of vector bundles from 7 Q onto T* Q canonically associated with
the Riemannian metric on Q.

The Fundamental Principle of Dynamics asserts that any motion of the system
is of class C? and has to satisfy

Viel, b Z(’) = [, 4(0): 1), @)

where % denotes the operator of covariant derivation along ¢ (¢) canonically asso-
ciated with the Riemannian metric of Q.

In what follows, for (U, ¥) a local chart on Q, (e1(q), e2(q), - - , e4(g)) and
(e'(@). €*(q), -+, e(¢)) will denote the dual basis of 7, Q and 7,*Q naturally
associated with the considered chart; 1/ (g), which we shall abusively continue to
denote by ¢, is an element (ql Lg%, qd) of R?.If ¢ (¢) is a smooth motion on Q,
(c}l (1), ¢%@), -, c}d(t)) will be the components of its tangent vector (also called
velocity) in the local basis:

G() =4¢' (ei(q1)),

where Einstein’s summation convention applies. It will always apply unless explic-
itly stated. No confusion induced by this notation should be expected since

. d .
Vi 1,2,---.,d}, q'(t)=—q"' ).
i€ b.,ooq'@® dtél()

In general, we shall use the same notation to denote a function and its representative
in a chart. As usual, g;; (q) will denote the covariant components of the metric in
the considered chart and g’/ (¢) its contravariant components, while I': k(q) will be
the associated Christoffel symbols:

1 d
ri(q) = ”%q)( Mgy + g”( g”‘( >) 3)

Proposition 2 (Lagrange). Let (U, ) be a local chart and q(t) a C 2 motion on
Q. One has

D4 d 9 d |
’ Zt(t) <_—K(q(t) q(t))——K(q(t) q(t))) e'(q(1)).

dt 0qg*
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Proof. It is straightforward since

Dg d N
ar = \gd! + T

d.; 1 0gni O8nk 0K\ .k.1\ i
—o.. [ = ]_|__ jh —ont  Tonk ok i
8ij (dtq 2g g 3! ag" q4q9 )e
d.; 1 0gn  0gnk 08K\ .k -
— - j _8h Jont Tohk  VSKL k-l i
(gudtq +2’(8qk+ 3l 9g" q°q |e

d .. 0gij.;. 10gjk . .
Joy Z8W sk 220K s sk) i
(gzjdt + aqkq q 2 aq,-q q |e

d 0 1 d 1 ; O
dl‘ 8q Zq gjkq 8 7 2‘] gjkq

Coming back to the equation of motion (2), suppose we are given in supplement
an element #( of I, called the initial instant, and an element (gg, vg) of T Q, called
the initial state. Then, we obtain the following Cauchy problem C on Q:

b

c D4 = £ (q(0),4(); 1)
(q(t0), 4 (o)) = (qo, v0) -

The Cauchy-Lipschitz theorem guarantees existence and uniqueness of a maximal
C? solution (Jm> gm) where Jy, is an open subinterval of / including #g, and ¢,, a
C? motion defined on J,. This expresses the fact that any other solution (J/, ¢) of
C is necessarily a restriction of gy,

JCJy and gmyy =gq.

This result allows us to associate with any discrete mechanical system a dynamical
system, that is, a two-real-parameters collection Fy; of mappings from 7 Q into
T Q such that

Fl‘3,12 o thqtl = Ft},tl and F[,t =Id.

To illustrate these basic definitions and results, we give a simple example that
we shall reuse later on in a slightly different context. Consider a plane system of two
homogeneous rigid bars 1 and 2. The bar 1, of length /1 and mass m is connected
to a fixed support by means of a perfect ball-and-socket joint equipped with a spiral
spring of stiffness k1. The bar 2, of length /; and mass m, is connected to the free
extremity of the bar 1 by means of another ball-and-socket joint also equipped with
a spiral spring of stiffness k. A force acts on the free extremity of the bar 2. This
force remains parallel to the direction of the bar 2 and is of constant magnitude
A > 0 (see Fig. 1). With this system is associated the following discrete mechanical
system:

— The configuration space is R? equipped with its canonical structure of C* man-
ifold (it is not the 2-torus since we have to count the “number of turns” because
of the spiral springs). This manifold may be represented by a single chart; in
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Fig. 1. Geometry of the double pendulum.

other words, there exists a global parametrization of the system. In the sequel,
we shall only use the chart (¢!, g?) defined by the angular measures associated
with each of the joints.

— The kinetic energy is

I m 2
K = %f (') ds
o b

(q‘)2 42 (q2)2 + 20y cos (q‘ . qz) c]]q'2> ds
+

Il

NI
7N
W —

G-

~

—o
N

Q

This kinetic energy defines a Riemannian structure on the configuration space.
The expression of the metric tensor in the considered chart is

gii(¢'.q%) = (%ml + my) 13,
g12 (¢, ¢%) = malil cos (6]1 - 6]2) = g1 (6]1, 6]2> ,
g2 (q'.q%) = %mzl%.
— The efforts mapping has for expression in the considered chart:
flq g0 = [#hsin(q' = ¢7) = (ki +ka) g' +hag? | @)

+ [kqu — kzqz] (q).
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Proposition 2 allows us to form easily the equation of motion in the considered
chart:

.. . . .2

(%"ﬂ +m) 3G + %mzlllz cos (¢! —¢?) §* + %mzlllz sin (¢! — ¢%) (¢%)°,

= Alj sin (ql — q2) — (ki + k2) ¢ + kog?

1 2

~¢%)§" + 3mal3§* — smalilysin (q' —¢%) (¢')

=k (¢' —4?).

%mzlllz cos (q

“4)

The deterministic conclusion of the Cauchy-Lipshitz theorem on the dynamic
evolution of the system is illusive. Indeed, if we add to the differential system (4)
the initial condition

q'(0) = ¢%0) = ¢'(0) = 4*(0) =0,

it is easily seen that the maximal solution is the identically vanishing function on
the real line. But, Poincaré-Lyapunov theory shows that this solution is unstable for
some value of A and the real motion will differ in this case from this trivial solution.
The correct analysis of the motion should in this case refer to some investigation of
topological nature on the dynamical system generated by the equation of motion. In
any case, one has to abandon the objective of predicting exactly the motion of the
system. One has to be content with only partial information on this motion: this is a
consequence of the over-idealization made during the modelling process. However,
the Cauchy-Lipschitz theorem is at the basis of any further analysis which has to be
performed on the equation of motion. This fact will be discussed with more details
in Section 7 in the context of the dynamics of discrete mechanical systems with
perfect unilateral constraints.

2.2. Bilateral constraints

One may introduce on a discrete mechanical system another type of effort,
not taken into account by the efforts mapping f. Indeed, one may specify some
efforts by their kinematical effects: one speaks of constraint. A constraint induces
a restriction on the admissible motions of the system which is expressed by means
of a finite number n of smooth real functions defined on Q:

The word constraint in the singular will be used indifferently to refer to either
a constraint specifically associated with a single function ¢; or to the constraint
associated with all the functions ¢; . In this terminology, a set of constraints is still a
constraint. In formula (5), the constraint is said to be holonomic (because it applies
on the configuration and not on the state), scleronomic (because it does not depend
explicitly on time) and bilateral (because it is expressed only by equalities and not
inequalities). We denote by S the following subset of Q:

S={q€Q9VI€{15277n}’ ¢1(4)=0},
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and we add the assumption that the functions ¢; are functionally independent:
for all g in S, the dy;(q) (i € {1,2,---,n}) are linearly independent in T*Q.
As a consequence, S is a submanifold of Q of dimension d — n. The realization
of kinematical specifications (5) necessarily involves a virtual power of reaction
efforts mapping R taking values in 7* Q. It is a priori unknown.

Now, consider an initial instant #y in / and an initial state (qg, v9) compatible
with the constraint (i.e., (go, vo) € TS C T Q). The evolution problem associated
with the discrete mechanical system with bilateral constraint is: find 7 > #p, g €
C?%([to, T[; Q) and R € C° ([to, T[; T*Q) such that

Vieln, T, b240 = fg@), 4@); 1) + R@),
Vtelt, T[, q() €S,
(q(t0), 4(t0)) = (qo, vo)-

These equations fail to determine the motion of the system: one has to supply addi-
tional information on the mapping R by means of a phenomenological assumption
on the way the constraint acts. A constraint will be said to be perfect if the associ-
ated reaction efforts do not produce work in any virtual velocity compatible with
the constraint

VvelveTuM Vie{l,2,---,n}, (dgi(q),v)g =0} ~TS, (R, v);=0.

As a result:

n
3 (Ai)iz12, 0 €ER" R= ZMG’%‘(Q)
i=1
Therefore, if the bilateral constraint is perfect, the evolution problem may be written
as: find T > 19, g € C2([ty, T[; Q) and (Ai)i=1.2,-.n € (CO ([to, T'[; R))n such
that

Vieln,Tl, bD%—‘f(’) = fq(t),q@); 1) + Y i , 2 (1)dei(q(1)),
EoyVtelt, T, q) €S,

(g(t0), q(t0)) = (qo, vo),

where % is the operator of covariant derivation on Q.

Let g be a point of O, v a vector of T, O, and E a subspace of T; Q. The orthog-
onal projection of v on E for the scalar product of 7, Q induced by the Riemannian
structure of Q will be denoted by Proj, [v; E]. Similarly, Proj} [v*; E*] will de-
note the orthogonal projection of the 1-form v* on the subspace E* of Tq* Q. Then,
consider the evolution problem Es: find T > fgp and ¢ € C 2 ([to, T'[; S) such that

Vel Tl b2 = Projs, [ ). q:n: Ty, S].

(g(t0), 4(t0)) = (qo, vo),
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where 7S is considered as a subspace of 7,7 Q and 5 is the operator of covariant
derlvatlon on S equipped with the Rlemanman structure inherited from that of Q.
We have:

Proposition 3. Problems £g and Es are equivalent: any solution of £g generates
a solution of Es and vice versa. Moreover, if Q and the functions ¢; are of class C?
(p 2 2),and f of class CP~', then the unique maximal solution of Eg and Es is of
class CP.If Q, f and the ¢; are analytic functions, then so is the maximal solution
of Eg and Es.

Proof. First, let us identify 7, S and Tq*S as subspaces of T, O and Tq* Q. We have
;S = b(Tq S). Also TS and @B’_, Rdgi(g) are complementary orthogonal
subspaces of T; Q and (see CHAVEL [7, p. 54])

Dsq . [Dog
— =P — T,S5].
dt rojq[ dr 1 ]

Now, let g be a solution of £g:

L[.D , : S
Proj, [ qu T, S} = Proj, {f(q,q; N+ ridei(q): Tq*S} :

i=1

But,
n
Proj, [f(q, G0+ Y hdei(q): Tq*S} = Projj, [f(q, g 1); Tq*S] ,
i=1
and,
| DPog . [ Dog Dsq
* _ . _
PrOJq |: o ;T S] = bProj, [7 TqS] = b?’

which show that ¢ is a solution of &g.
Reciprocally, let g be a solution of £s. From

Dgq D
bd_zq =p—2 Qq +Zald¢>l(q)

Proj [f(q, q:1); Tq*S] = flg.¢:0) + Zﬁidwi(q),
i=1

we deduce the existence of n functions A; : [fy, T[— R such that

D
ﬂ = f(q.4: z>+2x dei(q).

i=1
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It follows that
-1

)\.i = "‘(d(ﬂi(‘])a.dfﬂj(‘I))q"' (de—%q—f(q,é;t),dwi(q))q :

where the Gram matrix is invertible because of the assumption on the functions
@;. This shows that the functions A; are uniquely determined and that they are
continuous. Therefore, g generates a solution of £¢.

The second part of Proposition 3 follows from standard results on ordinary
differential equations (see, for example, CODDINGTON & LEVINSON [8]).

The moral of Proposition 3 is that adding a perfect bilateral constraint to a
discrete mechanical system generates another discrete mechanical system with
smaller number of degrees of freedom.

3. Discrete mechanical systems with perfect unilateral constraints

This section deals with the formulation of the equation of motion of a discrete
mechanical system when some perfect unilateral constraints are added. All the basic
ideas of this section are due to MOREAU [12]. It is included since Moreau restricts
himself to the special case of completely inelastic impacts and also because Moreau
does not consider the general case of an arbitrary configuration manifold equipped
with an arbitrary Riemannian structure.

3.1. Kinematical setting

Consider a discrete mechanical system according to Section 2.1 and suppose
that a finite number n of unilateral constraints are taken into account:

Vie{l.2,---.n}, ¢i(q) =0, (6)
where the ¢; : 0 — Rare C! functions. The closed subset A of Q defined by
A={geQ Vie{l,2,---.,n}, @i(g) 0}
is called the admissible configuration set. We define the mapping J by
0—->P{L2--.n),
g — J@)={ie{l,2,---.n} ¢i(q) 20},

where P ({1, 2, --- ,n}) denotes the set of all subsets of {1,2,---,n}. The set
J (g) is called the set of all active constraints in the configuration g. As in the case
of bilateral constraints, a functionally independence assumption is made on the
functions @;:

Vg €A, (d¢i(q))icy) islinear independent in Tq*Q. @)
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As an easy consequence of the regularity assumptions made on the functions ¢;,
o
the boundary d A and the interior A of A in Q are such that

A C Ul o (10D, (8)
A= T (0)). ©)

Consider a motion in A (i.e., a continuous mapping from a real interval 7 to
A) and assume that a right velocity §7(¢) € T,(1) Q exists for all instant # of 1. We
necessarily have

Vie(l,2,---,n}, Viel, ¢i(q0)=0= (dpi(qn)), 4" 1)gu) S0
or, equivalently,
Vie{l.2..-.n}, Viel. ¢i(q(t)=0= (Vei(g().4"(1),, =0
where Vg;(g) is the gradient of ¢; at ¢ defined by
Voi(q) = 1 (dei(q)) .

Thus, if the system has configuration ¢, then the right velocity ¢ is necessarily in
the closed convex cone V (q) of T, O defined by:

Vi) ={veT,0 VYiel(@), (dpi(g) v)q<0}.

The cone V(g) is called the cone of admissible right velocities at the configuration
q - In particular,

qg €A (e J(q)=0) = V(g) =T40.
Similarly, if a left velocity g~ € T, Q exists, then,

g €—=V(g.

3.2. Equation of motion

As for bilateral constraints, the realization of the constraints induces some re-
action effort R. The following hypothesis are made:

— H1: the unilateral constraints are of type contact without adhesion:

YveV(g), (R,v)y20,

— 7H2: the unilateral constraints are perfect:

VoefveTuM: Viel(q), (dpi(@).v)g =0}, (R ,v)q=0.
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There results from hypothesis H1 and H2 and Farkas’ lemma (see, e.g., ROCK-
AFELLAR [16], p. 200) the following:

n
3 Mi)ic12m €R', R=) " 1idpi(9),

i=I
i€J(g) = <0,
i ¢J(q) = =0.

Thus, the reaction effort R € T*Q must be such that

n
—ReN*(q)“g{indmw Viel(g). h 20, Yig @) /\,:0},
i=1

(10)
where N*(q) is a closed convex cone of Tq*Q and the polar cone of V(g) in the

duality (Tq o, Tq* Q) . We will also have to consider the polar cone N(g) of V(g)
for the Euclidean structure of T, Q:

N(q)={2x,w,~(q) Viellq), w20, ViglJq), x,:O}.

i=1

o
Now, consider a motion ¢ (#) starting at gy €A at time #y with velocity vyp.
o
Assumed to be continuous, g (¢) remains in A on a right neighborhood of #y. By

formula (10), the reaction effort R vanishes as long as g () is in ,Z and the motion
is governed by the ordinary differential equation:

D )
bqfdt = f(q.4;1),

(q(10), 4(10)) = (qo. vo)-

Suppose that the solution of this Cauchy problem meets d A at some instant greater
than fy. Denote by T the smallest of these instants. The motion admits a left velocity
vector v, at time 7. Of course, it may happen that v, & V(¢(T)). In this case, no
differentiable prolongation of the motion can exist in A for ¢ greater than 7. The
requirement of differentiability has to be dropped. An instant such 7 is called an
instant of impact. However, we are still going to require the existence of a right
velocity vector gV (t) € V(g(t)) at every instant ¢. The right velocity need not be
a continuous function of time and the equation of motion,
Dg™*

b—— = LG + R,
T flg.q" D)+

should be understood in the sense of Schwartz’s distribution. Actually, we require
R to be a vector valued measure rather than a general distribution. We denote by
MMA (/; Q) (motions with measure acceleration) the set of all absolutely contin-
uous motions ¢ (¢) from a real interval I to Q admitting a right velocity ¢* (¢) at
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every instant ¢ of I and such that the function ¢ (¢) has locally bounded variation
over /. Naturally, bounded variation is classically defined only for functions taking
values in a normed vector space. However, for any absolutely continuous curve
q () on a Riemannian manifold, parallel translation along ¢ (¢) classically provides
intrinsic identification of the tangent spaces at different points of the curve and so,
the definitions can easily be carried over to this case. The precise mathematical
setting is postponed to the appendix. The reader will notice from the appendix that
with any motion ¢ € MMA (/; Q) is intrinsically associated the covariant Stieljes
measure D¢ of its right velocity ¢ . The equation of motion takes the form

bDGT = f(q.¢T;t)dt + R,

where dt denotes the Lebesgue measure. We have to give a precise meaning to
condition (10) with R being a vector valued measure. By convention, we shall take

R e —N*(q(1)

to mean: if 6 € LlloC (I, q,|R|; T*Q) is the density of measure R with respect to

its modulus measure |R| defined by Proposition 25 of the appendix, then
0(t) € —N*(g(t)) for |R|-ae.t €. (11

This requirement is easily seen to be equivalent to the requirement of the existence
of n nonpositive real measures A; such that

R=7)"7_2xidgi(q()),

) (12)
Vie{l,2,---,n}, Supph; C{r;¢i(g))=0}.
Using this convention, the final form of the equation of motion is:
R=bDg" — f(q(t),¢T(1);1)dt € —N*(¢q (1)) (13)

3.3. The impact constitutive equation

We begin this section with an example. Consider the one-degree-of-freedom
mechanical system whose configuration space is R equipped with its canonical
Euclidean structure. The efforts mapping f vanishes identically and the unilateral
constraint is represented by the single function ¢;(g) = ¢ so that the admissible
configuration set A is R™. Atinitial time 7y = 0, we consider an initial state (g, vg)
such that go < 0 and vg > 0. It is readily seen from the equation of motion (13)
that an impact necessarily occurs at time t = —qo/vo. At this time, the left velocity
is vg. But, the right velocity can take any negative value and whatever it is, it is
compatible with the equation of motion.

The reason for this indetermination lies in the phenomenological nature of the
interaction of the system with the obstacle. Thus, we are led to make the following
general hypothesis:
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— 'H3: the interaction of the system with the obstacle at time ¢ is completely
determined by the present configuration g (¢) and the present left velocity g ~(¢).
In other words, we postulate the existence of a mapping 7 : TQ — TQ
describing the interaction of the system with the obstacle during an impact:

Vi, ¢t =F(q).¢~ ). (14)

To ensure compatibility with the equation of motion (13), the mapping F should
satisfy:

F(q.v7) € Vig),

Vq e A, Vv € _V(CI)’ ].'(q v_) — vV € —N(Q)

15)

First, consider the particular case of a motion with no more than one active
constraint at any time (V ¢, CardJ(g(¢)) < 1). The normal cone N (g(t)) is either
{0} or a half-line and hypothesis #3 is equivalent to postulating the existence of an
impact function ¢ : T Q — R such that

Vi, ¢ =¢" 0 —[1+¢(q®), 4 ®)]Projge [¢7®); Ng)]. (16)

Equation (16) admits the equivalent form:

Gt (@) =Projgs [¢7@); V(g®)] — ¢ (q(1), ¢~ () Projge [~ @); N(g@))].
(17)

For the general case where more than one constraint may be active at a time,
we recall the following (MOREAU [11]):

Lemma 4 (Moreau). Let V and N be two closed convex polar cones of a real
Hilbert space H . Then,

Vx € H, x =Projlx; V]+ Projlx; N] and (Proj[x; V], Projlx; N])y = 0.

As a consequence, the ‘impact constitutive equations’ (16) and (17) still make
sense and are still equivalent when more than one constraint may be active at a
time. Therefore, it is natural to retain only the particular forms (16) and (17) of the
general impact constitutive equation (14). As a result of this further hypothesis, the
phenomenology of the interation of the system with the obstacle during an impact
is described by the single impact function ¢ : TQ — R. The impact function
is also often called the “restitution coefficient”. Naturally, the impact function ¢
cannot be arbitrary and has to satisfy some consistency conditions. For example,
the normality condition in (15) requires

Yg.q7, ¢(q.47)=—1.

But, this is not enough, we have to impose supplementary conditions on ¢ in order
to ensure that

g~ €=V =q" €Vg. (18)

With respect to this, we have:
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Proposition 5. Let V and N be two closed convex polar cones of a real Hilbert
space H. Consider v~ € —V such that Proj[v™; N] # 0 and ¢ € R. Then,

[vF =v" — (1 +¢)Projlv ;N1 € V] < [¢ 2 0].

Proof. For the “if” part, suppose ¢ = 0. By Lemma 4, one gets
Proj[v™; N] =v~ — Proj[v—; V] e— V.
But,
vt =Projlv™; V]+ ¢ (—Projlv™; N]),

and therefore, v € V, since V is a convex cone.
For the “only if” part, we have by hypothesis,

Proj[v™; V] — ¢Proj[v™; N] e V.
Evaluating the scalar product with Proj[v™; N] and using Lemma 4, one gets
S 2
—¢ |[Projlv™; N[y, 0,
and therefore the desired conclusion ¢ = 0. 0O

There results from Proposition 5, the requirement that the impact function ¢
should be nonnegative. This consistency assumption ensures that conditions (15)
and (18) will automatically be fulfilled.

At this stage, it should be underlined that hypothesis H3 implies the general
forms (16) or (17) for the impact constitutive equation only in the restrictive case
where only at most one constraint is active at a time. In case of multiple impacts, the
choice we made is only motivated by aesthetic considerations and also to fix ideas,
since the concept of restitution coefficient is so firmly anchored in people’s minds.
We shall discuss more completely the relevance of that choice in Section 6.4.

Now, let us look at another example. Consider the one-degree-of-freedom dis-
crete mechanical system whose configuration space is R equipped with its canonical
structure of Riemannian manifold. The efforts mapping is supposed to be constant:
f(q, gq; t) = 2.To this discrete mechanical system, we add the unilateral constraint
described by the single function ¢;(g) = ¢g. Thus, A = R™. The impact constitu-
tive equation is given by formula (16) where the impact function is supposed to be
the constant 1/2: ¢ = 1/2. This mechanical system is a formal description of the
physical occurence of a single particle subjected to gravity and bouncing on the
floor. Consider the initial instant 7o = 0 and the initial state (go, vo) = (—1,0). It
is readily seen that the function ¢ : Rt — R~ defined by

Vielo,1], q(t) =1*—1,

vt ell, 2], qg(t) =1* =3t +2,

Vte[3—2n%l,3—%], q(t):t2+(—6+2%)t+<3—2n%1)(3—2%,),
Vit e [3, +o0l, q(t) =0
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(n € N) belongs to MMA (R™; R™), satisfies the equation of motion (13) and also
the impact constitutive equation (16). Note, by the way, that this motion exhibits an
infinite number of impacts on a compact time subinterval. It could easily be proved
that no motion, defined on [0, +oo[, with finite number of impact on every compact
interval can exist. Now, we are going to analyse what happens when the flow of
time is reversed. Let us define ¢’ by

[ 10,41 - R™

q
t =g —1).

Considering the initial state (go, vo) = (0,0) at fo = 0, it is easily seen that ¢’
satisfies both the equation of motion and the impact constitutive equation as soon
as the impact function is replaced by ¢’ = 2. But, g” = 0 is also seen to satisfy the
same initial condition, the equation of motion and the impact constitutive equation.
To eliminate this pathological nonuniqueness, we are led to add the following
hypothesis:

— H4: the kinetic energy of the system can not increase during an impact:
Vi, 3 latolg, < 3la ol (19
209 Wlgoy =219 Wllgy -

Taking into account the impact constitutive equation (16), condition (19) can be
rewritten as

Proj, [¢7; V]2 + ¢*Proj, [¢7: N]2 < Projq [¢7; V]2 + Projg [¢7; N]Z,

which implies ¢ < 1 as soon as Proj, [¢7; N] # 0.
The final form of the impact constitutive equation is therefore:

Vi, ¢T0)=q¢ 0 —[1+¢(q(). 4~ ®)]Projgu) [¢7®): N(g@)],

where the impact function ¢ is an arbitrary function from 7 Q to [0, 1]. The two
extreme cases ¢ = 0 and ¢ = 1 are called, respectively, the completely inelastic
and the elastic impact function.

3.4. Formulation of the evolution problem

In this subsection, the results of the previous subsections are brought together
in order to formulate the resulting evolution problem which will be studied in the
subsequent sections. We add an assumption on the regularity of the data: they are
supposed to be real-analytic. This assumption will be motivated by the counterex-
amples of Section 5. The precise mathematical setting is:

— Q is an analytic Riemannian manifold of dimension d.



Discrete Mechanical Systems with Unilateral Constraints 215

— @i i=1,2,---,n) are n real analytic functions defined on Q. We define

J@)={ie{l,2,---,n} ¢i(q) 20},
A=lqeQ Vie{l,2,---,n}, ¢i(q) S0},

Vig)={veT,0 Viellg, (dpi(q).v)q <0},

TAT ={(g,v) eTQ geAandve V(g)},

TA” ={(q,v)€eTQ; ge€Aandv e —-V(q)},

N*(q) = {Zkidrpi(q); Viell@, »z20, Viglq), i
i=1

o]
N(g) = :Zkiwi(q); Viell@, »z20, Viglq), i =0}.
i=1

The functions ¢; are assumed to be functionally independent in the sense that

Vg e A, (dgi(q))icyq Islinearly independent in Tq*Q. (20)

— The impact function ¢ is an arbitrary function from 7'A~ into [0, 1]. No regu-
larity assumption is made on ¢.

— [ is areal interval and O an open neighborhood of TA™ in T'Q and the efforts
mapping is supposed to be an analytic mapping from O x I into T*Q such that

V(g,v) e 0, Vtel, ITE2 (f(g.,v; 1) =Tg(g,v) =q.

— We are given an initial time #y in / such that / contains a right neighborhood of
fo and an initial state (gg, vg) in TA™.

According to the previous subsections, the evolution problem associated with
the dynamics of discrete mechanical systems with perfect unilateral constraints can
be formulated as:

Problem P:. find T € 1U{+o0}, T > tyand g € MMA([to, T[; Q) such that:

* (q(10), 4" (10)) = (qo. vo), Q1)
eVie(,T[ (q().4%() eTAT, (22)
e R=0D¢" — f(q,4%;t) dt € —N*(q) for |R|-ae.t €[to, T[, (23)
eVielo, Tl, ¢ =4~ —[1+¢(g,¢7)]Projy [¢7 N(g)], (24)

where equation (23) is to be understood in the sense of convention (11).

The existence and uniqueness of solutions for problem P will be studied in
Section 4. Before studying this question, let us state two almost obvious results.

Proposition 6. Any solution (T, q) of problem P satisfies:
— Supp R C {t € [to, T[; q(t) € 0A}.
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— For all open subinterval J of [ty, T such that q(J) CIZ, q|s is analytic and

Dq(1)
dt

b =f(q®),q();t), Vtel.

Proof. Let J be an open subinterval of [y, T [ such that ¢(J) C /ci By equality (9),
we have

Vteld, N*@g(t)) ={0}.

As a consequence of relation (23) and convention (11), we get:

VoeCl(1.qs:TQ). /J(w(t),qu(z) =0,

whichis R|; =0 or Supp R C [fg, T[\J. The first item of Proposition 6 follows.
We have

bDGy = f(q.4%; 0 dt,
which is,
Dy =to f(g.¢T50)dr.
Proposition 28 shows that ql‘; is locally absolutely continuous, and, therefore,

Vield. ¢ =4¢"(1)=q,
by Proposition 32. We get

D- D-+
bd_tq = bd_qt = f(q,q;t), fordt-ae.telJ,

again by Proposition 28. The conclusion follows by use of classical results on
ordinary differential equations. O

Proposition 7 (Energy inequality). Any solution (T, q) of problem P satisfies the
following

Vi, eln, T, t1 Sn,

K (q(0). 4T (1)) — K (q(t1). 4T (1))

at @, = 3 lat e,

5]
/ (f (q(s). a1 ()5 5), 4T (5))q0) ds.
n

A
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Proof. We have the following equality between real measures:
-+ t P t -+ t [ t
<q () +4q (),Dq+> _ <q () +q~ (1)
2 q() 2
.+ t L— t
+<q 1) +4 ()’R> .
2 4(0)

Integrating over ]z, #,] and using Propositions 30 and 32, we get

f (g, d* @ t)> dr

q(1)

. 2 . 2
ol CAKCYI el § LARCR] i

_ gt +4 @) . > J
/]‘11,t2]< 2 ’f(q(t)’q (t),t) q(1) t (25)

-+ L
n / <ﬂ dR> _
111,121 2 q

-t R
D = {f G]f],fz]; M

Consider
= 6}+(t)} ;
D is (at most) countable and therefore Lebesgue-negligible. The result is

- .
L(M,f(q<t>,q'+(t>;r)> dt = 0.

2 q(1)
Similarly,
gt +4 @ L
fﬁf(cm),q (1); 1) dt
1t1,61\D q(t)

19}
- / 0 f (0. 3F0):1)), ) di

Let us denote by 0 the density of measure R with respect to its modulus
measure |R| provided by Proposition 26. Since

PO +q" 1) _

Vit elt, ]\ D, 5

gty =4,

we get

MOETNO) :
/ <% dR> = / G (1), 0k (1)), ) dIR]
It1,1\D q() lt1.21\D

= 17 (), 0 d|R|. (26
/M’Q]\D(q (1), 6(1)), ) d IR]. (26)

But

Or(t) € —N*(q(t)) for |R|-ae.t €]t;, ]\ D,
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and therefore the second integral in (26) is nonnegative whereas the third is non-
positive since V(g (¢) and N*(g(¢)) are polar cones. As a consequence:

-+ t‘ P t
/ <M J R> _o.
11,00\D 2 a()

The following integral,

/<‘?+(’)+q_(’),d1e> :/ <q+(r>+q‘—(r>7Dq.+>
D 2 g JD 2 G

1 . .
=32 (lat ol ~ i ol,).

teD

is nonpositive by virtue of hypothesis 4.
The proposition results from equation (25) and from the estimation of these
four integrals. O

4. Existence and uniqueness of solutions for problem P

This section is devoted to proving existence and uniqueness of a maximal so-
lution for problem P. Sufficient conditions to ensure that this maximal solution
is defined for all time are also given. More precisely, we are going to prove the
following results.

Theorem 8. There is local existence and uniqueness of solution of problem P in
the sense that:

— There exists a solution (T, q) of problem P . Actually, there exists T > ty and an
analytic function q : [to, T[— Q which is a solution of problem P.
— If (T1, q1) and (T», q2) are two solutions of problem P, then

AT, 1t < T < min{T, T»}, Q. TI = 92I[10, T -

Then, a standard argument yields:

Corollary 9. Problem P admits a unique maximal solution (Ty,, qm) (fo < Ty <
+00) in the sense that if (T, q) denotes an arbitrary solution of problem P, then

T=Tn and q = qm.7[-

Moreover, for each t € [ty, Ty[, there exists a right neighborhood [t,t + n[ of t
such that the restriction of qn, to [t, t 4+ n[ is analytic.

We shall say that the maximal solution of problem P is global if it is defined on
I N [tg, +ool.
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Theorem 10. Assume that the configuration space Q is a complete Riemannian
manifold and that the efforts mapping f admits the estimate:

Y(q,v) € TAY, fordt-ae.t € 1N ty, 400,
If(g.v:n)ll, £ 1) (1+d(g.q0) + lIvll,) .

where [(t) is a (necessarily nonnegative) function of LlloC (R; R). Then, the maximal
solution of problem P is global.

Let us say a word about how the proof of these results is going to be structured.
First, we construct 7, > #y and an analytic function ¢q, : [t, T,[— Q such that
(T, q4) is a solution of problem P: this is the object of Section 4.1. In Section 4.2,
we prove thatif g € MMA([1y, T[; Q) is any other solution, then g and ¢, coincide
identically on a right neighborhood of #y. This is the most difficult part to prove but
it is also the crucial one. For the proof of Theorem 10, we first notice that for g €
MMA ([t0, T[; Q) (T finite) satisfying the equation of motion (23), boundedness
of ¢ implies finiteness of Var (c}+; [to, T[): this is the object of Proposition 18 of
Section 4.3. Note that the impact constitutive equation (24) plays no role in this
property. Then, Theorem 10 is deduced from the energy inequality (Proposition 7)
and the Gronwall-Bellman lemma.

In the proof of these results, we shall use the following notation. If J is any
subset of {1, 2, - -+ , n}, Gram(J) will be the Gram matrix:

Gram(J) = | -+- (Vei(q0). V;(q0)),,, -

i,jel
If x is an arbitrary element of R’ whose components are x; withi € J,then (x;);c,
will denote the columm matrix,

(Xi)ies = | Xi )
ieJ
and 7(x;);c, the associated row matrix,

T(-xi)ie.] — ( X; “-)iEJ .

4.1. Proof of local existence

Local existence is rather easy to prove in the setting of analytic data. The proof
is a little bit lengthy but involves no specific difficulty. We begin with technical
lemmas.

Let X (¢) be a C* vector field along a C* curve ¢g(z) on Q. The covariant
derivative d—DIX (1) of X along g defines a C* vector field along ¢. So, one may

consider its covariant derivative along ¢ which will be denoted by %X (). By

induction, we get the definition of D—ti-X () (i € N*). We have:
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Lemma 11. Let X be a C*® vector field on Q and q", ¢"' two C* curves on Q.
With m being a nonnegative integer, one assumes that

q'(t0) = ¢" (1), ¢'(1) = ¢"(n),

and

Viell,? 12t = 2 ),
l s Lyttt My, - —_—
dt’q 0 dth 0

Then,

. D! D! I
Vie{l,2,--- ,m+1}, WX(CJ (to))— X(é] (10))-
Proof. Consider a local chart at ¢'(z0) = ¢"(t0). If ¢(¢) is either ¢'(¢) or ¢"(¢):

q(1) =4'Dei(q®),
X(q(®) = X' (g)ei(g®)),

D .
X)) = [(vx @0),40) +Ti@O)X @) (r)} (g ().
1 q(t)
Then,
DX@w) = [(BVX @), 4(), + (VX @), Ba0),

+(Yh@.d0)  XTg@nd“o
+T(q@) (VX (q(t)), 4(0) ) 4"

+ T (g ()X (q (1) ((Dq( )" - F,"m(qa))q’(r)qm(t))
+ gy (22’ qk(t)} ei(q(0)).

which gives the desired conclusion for the case m = 1. For arbitrary m, an easy
induction based on the same type of computation in a local chart shows the existence
of functions h; : (TQ)' ™' — TQ independent of the considered curve ¢ (¢) and
such that

D"X(q(t))

Dq(r) D"—lcm))
dt? '

( .4, e

Exactly the same technique applies to prove

Lemma 12. Let X : TQ x I — T Q a C*™ mapping such that: Tlg (X (q, v; t)) =
Mo(g, v) = q,where I denotes a real interval containing ty. Let m be an arbitrary
nonnegative integer and q", g two C* curves on Q such that

¢'(t0) = ¢" (1), ¢'(1) = ¢" (1),
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and
D! D!
Vief{l,2,---,m}, —dq'(ty) = —q"(1).
i €f m} 7,79 () = 74" (t0)
Then,
i

. D I a o\ D 1 0, .
vie(t.2m) X (g0 ¢' i) = —X (4" ). 4" (o) ).

Lemma 13. Consider (qo, vo) € TA™ and J C J(qo) an arbitrary subset of

{i € J(q0); (dgi(q0), v0)gy = 0}

We denote by q, and q. some local solutions of problems:

€ b2t — f(qu, gus 1),
(qu(t0), gu(t0)) = (g0, Vo),
b2 = F(qer dei 1) + Xie gy M (D (ge),
e |Yiel a@=0.
“Nvies@n\J r@) =0,
(qc(t0)3 qC(tO)) = (q01 UO)?

furnished respectively by the Cauchy-Lipschitz theorem and Proposition 3. Then,

d? d?
Gram(J (qo)) (1i (10))ic1(qy) = (WW (gc(10)) — 229 (qu(fo))> .
i€J(qo)

Morover, if

di
Im e N, Vi=0.1-.m—1 Vjel@). -ki0)=0.

then

d’n
Gram(J (40)) (—mum)
dt ieJ (qo)

( m—+2 m—+2
= -5%iq:() — ——5%iq (to))> .
drm+2 e dpm+2 T ied (o)

Proof. First, from
(qu(t0), Gu(t0)) = (gc(t0), 4c(t0)) = (qo, vo),

it follows that

) D D
VieJ(qo), —Veilqut) = —Vei(ge)),
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on one hand, and

D D
—dulto) = —delto) == Y Xi(t))Vei(q0),

i€J(qo)

on the other hand. Therefore, for all i € J(qo),

2 d2

dt Z(Pz (%(lo)) 2<Pz (CIu(IO))

D
(EV% (gc(t0)), vo) (pr, (gc(10)), qc(to)>

q0

DV '
- (E @i (qu(to)), UO)

q90

D
(V(/)l (CIu (IO)) CIM (10))

q0

Y 2i(0) (Yei(q0). Vi (qo)),,

j€J(qo)

q90

which is the announced result.
Second, assume that

. . d'
Vjed(q), VYi=0,1,---,m—1, ij(ro)zo.
An easy induction based on Lemmas 11 and 12 gives, foralli = 1,2,--- ,m,

i

D!
—qu(to) = QC(IO)

dr!
m+l Dm+1 ) am
) = —erge0) = Y0 - ki0) Ve (o),

JjeJ(qo)

and,

. . D' D'
Vi€Jgo), Vi=12- m+l —Vei(qut) = < Vi(qe(t).

Therefore, Vi € J(qo),

m+2 m+2
pITEEAL (gc(10)) — IS (qu(t0))

dm
= D ki) (Vo) Vo), . B

J€J(qo)

Proposition 14. Considering the data of problem P, we denote by P’ the following
evolution problem.
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Problem P': findT € I (T > ty), an analytic curve q : [to, T[— Q and n analytic
functions X; : [to, T[— R such that:

e vielon 7l o210 = g0, 400 + Y ke,
i=l1

o el 0 S0 e S0, KWeg@) =0

o (q(t0), q(t0)) = (qo, vo)

Then, problem P’ admits a solution (T, q, A1, - - - , A,y) unique in the sense that any
other solution is either a restriction or an analytic extension of (T, q, A1, -+ , An).

Proof. First, let us state, once and for all, that the meaning of an analytic function
on a not necessarily open set S is that there is an analytic extension to an open set
O containing S.

Step 1. Construction of some functions q and A; .
Define

Jo={ie{l,2,---,n} ¢i(q0) =0 and (dg;(qo), vo)g = O},

and Iy = Ko = ¥. We denote by ¢! a solution of the Cauchy problem:

o [PPE = Fa@. 4@,
({100, 00) = g0, ).

Define

cO={0H eRM Vieldy, <0 andVie Ko, Af =0} = (R7)”,
cW = |(uf) eR"Viel, pf=0 andViely, uf<0}=R")".

Let (AEU)_ L€ €™ be the solution of the variational inequality
iedy

v (x),., eCc®,

iedy
d?
(7). Gramt) (3 =37 2 7(=gzea@n) (a7 =2"),
ieJy iedy dt iedo ieh

furnished by the Lions-Stampacchia theorem (see [9]). Let (ufl)). y e C be
L€
defined by ’

(1 — A0 d_2 (gD
(1), = Gram(o) (3 )’€J0+< Se@V@)) e

iedy
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and I, Ji, K| by
h=nhulien »"<0 andu" =ol,
n=lien »V=0 andu =0},
Ki=Koulied =0 andp <o}.

Now suppose g™, ()»5")), (Mf") ) ,1,,, J, and K, are constructed. Then, g+

is defined to be a local solution of the Cauchy problem:
; . ) (t—tg) !
ot [PZHE = @) 40 + Yje g, Yy A Y dei g (1),
(q(t0), q(10)) = (qo, vo).

cth =t eR? Vied,, AF<0, andVieK,, rf=0},
l 1 1

cortD {(M;F) eRM Viel, u'=0, and¥iel, u< 0].
Also (AE"H)). p € €D js defined to be the solution of the variational inequality
1eJo

Y ()ieyy € TV

T(A(”“)) Gram(Jo) (A;‘ — A ‘))
J ieo

iedy

- dn+2 |
> (— Tameia"t Hm)))

icdo iely’
(M§"+l)) e C+ s defined by
ieJy
(n+1) (n+1) dn+2 (n+1)
( — Gram(J, (x ) (gD (s :
('u’ )ieJo (Jo) (A4 ik * <dt”+2(pl(q (t0)) iy

and I, 11, Juy1, Ky by

1

List = I, U {i el A" 20 and OV = 0}’
J}'H—l = {l c Jn )\‘l(n-ﬁ-l) — 0 and MEYH-U — 0} ,
Kp+1 =K U {l € Jn X§n+1) =0 and ,U,EHH) < O} .

Thus, the sequences g™, (kf")) , (/ﬁ")) , I, J, and K, are defined by
iedy ieJy

1

induction for n € N* and for all n in N*, I,,, J,,, K, is a partition of Jy. Moreover,
one has:
In - In+1’
VneN, Jo+1 C I,
Kn C Kn+1-
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Define
o o0 o0
1=U1,,, J:ﬂJn, K:UK,,.
n=0 n=0 n=0

It is readily seen that I, J, K form a partition of Jy. We denote by (g, (Xi)ics) a
local solution of the evolution problem

bPLD = f(g(1). 4(1): 1) + Xes M (i (q (1)),
Civiel, ¢i(q@1) =0,
(q(10), q(t0)) = (qo, vo),
furnished by Proposition 3. The functions ¢ and A; are analytic. For any i in

{1,2,---,n}\ I, the functions A; are defined to be the identically vanishing func-
tion:

Vie{l,2,---,n}\ I, X =0.

Step 2. We have:
. . d' i+
Vjedy, VieN, E ](IO)Z)\.j s
. . d'+? @i+1)
Vied, VieN —mmeilqt) =u .

Indeed, applying Lemma 13 to Cauchy problems C!) and C yields, thanks to equa-
tion (27),

2
1= L)) = Gram(iy) (YRR NCO)
J dt? ieh 7 jedo
But, by definition of /,

L cIcCJ\Ki,

and so,
Vjel, i = %(ﬂj(Q(to)) =0,
Viedh\1 ) =2xt0) =0.
Therefore,
(4" = 1) Gram(ip) (A” = 2@)) =0,
j€do Jj€do

and the conclusion follows for i = 0, since the Gram matrix is positive deﬁnite.'For
i 2 1, we only have to apply successively lemma 13 to Cauchy problems C¢+!
and C.

Step 3. The functions q and A; define a solution of problem P'.
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By construction of the real numbers )»Ej ) and ,u}j ) and by step 2, we have:
4" n
Viel, 3n;eN, W)Li(to) <0 andVn <n;, W)»i(to) =0,
and,
ni n
VieK, dn; 22, FI ¢i(q(t0)) <0 and Vn <nj, ﬁfpi(q(to)) =0,

n

d
VieJo\K, VneN, Wgoi(q(to))=0-

Each function X;(¢) and ¢, (¢ (¢)) being real-analytic, there results:
Ja >0, Vteln,fo+al, Vied, 2@ <0, andg(g()) Z0.
Actually, o > 0 is assumed to be sufficiently small to ensure:
Vie{l,2,---,n}\ Jo, Vteln to+al, ¢i(@k) <0,

which is possible simply by continuity.
Now, it is easily seen that (to +a,q, (A)ie(1,2, - ,,,}) defines a solution of prob-
lem P'.

Step 4. Uniqueness part of the proposition.

By the Cauchy-Lipshitz theorem, g is uniquely determined by the functions A;
(j =1,2,---, n). Being analytic, these functions A; are uniquely determined by
the collection of real numbers dikj (to)/dti,(i eN,je{l,2,---,n}). Therefore,
to prove uniqueness, one has only to show that these real numbers are determined
by the data of the evolution problem.

Consider an arbitrary analytic solution (7, ¢, A1, --- , A,) of problem P’. A
repeated use of Lemma 13, similar to the one of Step 2 yields:

i

. . d "
Vi€l VieN. i) =t

Moreover,

di
and the conclusion follows. O

Proof of the local existence part of Theorem 8. Let (7,, g, ké, -+, Al) be an
analytic solution of problem P’. It is readily seen that (7, g,) is a local solution
of problem P. O
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4.2. Proof of local uniqueness

Local uniqueness is the most difficult part of Theorem 8. First, we recall a
standart result:

Lemma 15 (Gronwall-Bellman). Consider two functionsmy € BV ([0, T]; R) and
my € LI(O, T; R) such that

forae.t €10, T[, my() = 0.

Let ¢ € BV ([0, T1; R) such that

t
Vielo,Tl, ¢(t>§m1(r>+/ ma(s)$ (s) ds.
0
Then,

4 t
Viel0,T], ¢@) < mi()+ / mi(syma(s)ehs (@47 g,
0

We have the following corollary of the Gronwall-Bellman lemma:

Lemma 16. Let m be a nonnegative integer, and ¥ : [0, T] — R an integrable
Sunction. If ¢ : [0, T] — R is any absolutely continuous function such that ¢ (t) =
o(t"™ 1) when t tends towards O and such that there exists a nonnegative real
constant C such that

fordt-a.e.t €10, T[, t%qﬁ(t) S(A+m+CoHe@)+"2y@),

then,

t
Viel0,T], () < et / (s)eC" ds.
0

Proof. This is almost obvious. Dividing each member of the inequality by 12,

we obtain:

for dt-a.e.t €]0, T, % <%) < Cf:n%)l + Y (1).

After integration, the Gronwall-Bellman lemma yields:

vt (1) < ! ! C(t—s) §
€0, T, P A v(s)ds + A Ce A Y(o)do ds.

Then, an integration by part gives the desired conclusion. O
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Proof of the local uniqueness part of Theorem 8. Consider, on one hand, the
analytic solution (7, gq, A\ , M) of problem P supplied by Proposition 14,

PR
and on the other hand, an arbitrary solution (7', g) of problem P. We have to prove

that ¢ and ¢, identically coincide on a right neighborhood of 7.

Step 1. Parametrization of the problem and notations.

Consider a local chart ¥ : U ¢ Q — R? on Q centered at g such that the
cardJ(qo) first components of ¥ (q) are (¢i(q));ic (g - Recall that such a chart
exists since (dg;(qo));c 7(q0) is linearly independent in T(;(‘)Q. We choose o > 0,
sufficiently small to have:

eVt e[, ty+ual, q.(t) e U, g(t) e U, (28)

d
o Vi€ J(q). Vteln.to+al —¢i(qa) = (dgi(qa(®)), Ga®)g,) =0
o Vie{l,2,--- ., n}\ J(qo0), Vi€t 1o+l ¢i(qa() <0, ¢i(g(r)) <O0.

Such a choice for « is possible because:

— the functions g, () and ¢; (g, (t)) are real analytic,
— the functions ¢g(¢) and ¢; (¢(¢)) are continuous.

We denote by f; the components of f in the natural basis (¢) associated with the
chart under consideration. Since g, is an analytic local solution of problem P, we
have
Vie{laz?.”9d}5 VSE[IO,IO—F(X],
{8110 (@ + T @0dkdl) = fitaedai )} =200, @9)

after appropriate renumbering of the functions k;. In what follows, dp will stand
for cardJ (qo). The result of these choice is that

Vi>dy, A =0.

We denote by |.| the standard Euclidean norm on R¢. Confusing (abusively) ¢ and
¥ (g), we shall write

d

lqI* = Z(qi>2,

i=1
and
d

|q+|2 _ Z (q+i>2_

i=1
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Step 2. There exists some positive real constants C1 and Co such that the following
estimate:

! 2
Vi€t to+al, /(Iq—qalz(s)+|c]+—4a| (s))ds

o

d
1 t s 40 . .
b ecz(t—s)/ E )L;(g)(f"l(o)dads. (30)
C to to

A

i=1

holds.
To prove this assertion, we first write the equation of motion (23) in the chart
under consideration using Proposition 29:

Vie{l,2,---,d}, YVteln th+aol,
. d()
8@ (dd™ + T @q™qdr) = fiq. d*:0dr+ Y s,
j=1

where the ; are nonpositive real measures. But, by Propositions 29 and 30,

d (% (4% = db) suita) (477 - qz))
_ <q’ +q'+i

- qz;) 2@ (dq™7 =l dr + @™ (i db) dr).

Therefore,

d (5 (4% - db) g (a7 - qé))
= (4" =db) fitq.a s nde = (3% = ab) 8@ (@l + Tl dl) ar
d yo=i 1 gti
g +4qt
+Z(T—qé>uj.
j=1
But,

Vj€{1729"'9d0}7 316](40)1 Vle[t01t0+a]9

ey 4 <
qa(t) = dt(pz(CIa(t)) =0,

by formulae (28), and,
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which is a nonpositive real measure by Proposition 7. Therefore,

d<§(4+f—qz)&j@)(q+f—qi))
< (a7 = db) fitg.ati0 — (67 = ab) suto) (3 + T (@)d™aL) ) dr

in the sense of ordering of real measures. Integrating over |1, t] (¢ € [to, 0 + o)),
we get

§ (4 —db) gy @ (4% - ad)
é1:«fﬁﬁﬁﬁm@ﬂw—@“—d)%wmﬂ+rwmfwﬂ)w.

The term within the integral sign is an analytic function of the three variables ¢,
g™ and s. Therefore, it is also an analytic function of the three variables ¢ — g,

G+ — G, and s. It is written in the form

(0% = ab) Fi@ =4 d™ = dus o)-
But, each function F; can be decomposed in the following manner:
Fi(q = 4a: 4" = Gai$) = F;(0,055) + Gi(q — 4as 4" — dai 9),

where the G; are analytic and G; (0, 0; s) = 0. Hence, there exist d positive con-
stants M; such that, for all s € [1y, o + «],

|Gi(q()=qa(s), 4+ (s)=qa(s): 5)| < Mi\/lq(S) — 4a @I+ |37 ) — da(s)|-

Defining M to be the maximum of the constants M;, we have proved that, for all
t € [1o, 1o + o,

$ (a7 —al) st (477 - dd)

< /m’ {(QH - q},) (fi(qa, das 8) = 8ij(qa) (r‘z‘,{ + r,{,(qa)ng'é»

. . . .2
+Md gt — §al \/Iq —qal* + |4t — da| }ds.
Moreover, by a compactness argument,

ACy >0, Vteln, to+al,

2

’

§ (4 —db) g @ (6% —dd) = €1 ld* — da
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and therefore, for all ¢ € [tg, ty + «],

it @ — da)*
L[ (é“ - éé) (fi(qa,éa; s) — 8ij(qa) (qa +T l(qa)qaqa))d

<
=3
d [, ) . .2
—/ 67 = G| \/Iq —qal* + |4 — Ga| ds.
fo
Moreover, by use of the Cauchy-Schwartz inequality,

t
Vielo+al 190 —qun) < a/ 147 (5) — ()| ds.
0]

We obtain, for all ¢ € [fg, tg + «],
. .12
lg — qal”> ) + |47 = Ga|” (©)
Md ! . .2
< <c_+“>/ (1 = ga &)+ [a* = dal* @) ds
1

&

(31)
where formulae (29) have been used. We define

t do

g o) (4% = at) as.

Notice that, actually
Vie(l,2,---,do}, gl =0,
and, so, by the analyticity of functions ¢/, and A/,

Vie{l,2,--,do}, Ag.=0.
Multiplying both terms of inequality (31) by e~€2’ and integrating, we get

! 2
[ (g =P ©+la* - d] (s)) ds
fo
0
< €209 § A (0)gT (o) do ds,

o j=1

<__

for all ¢ € [tg, tp + o], which is nothing but estimate (30).
Step 3. Estimate (30) implies that the function t +— Zdo M (t)q'“ (t) vanishes

identically on a right neighborhood of t;.
Indeed, by estimate (30),

t s do
Yt e [, o+ al, / e 2 / Z A (@) g (0)dods 0,
o o

i=1
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which is, after integration by parts,

; d t s do
[ rodoas [ [ doleds @)
f 1 o fo

i= i=1
But, since,
Vie{l,2,---.do}., Vsel.to+al, A(s)<0 and ¢'(s) £0,

the two members of inequality (32) are nonnegative and, therefore, the inequality
is preserved when taking the absolute value of each member. We get:

Vi€ lt, to+al

; do t s do
fi e rodwas (oo [V ldo]|io] s
0] i=1 fo o j=1
tops do . ..
g/ / e~ C20 Z ql(o')‘ )Ja(o)’ dods.
fo Jio i=1

We define
Q'(s) = —e~2H0gl (s + 19),
L'(s) = —Al(s +19).
With this notation, we obtain:
¢t do

t K do
Vi e[0,al, fZL"(s)Ql'(s)dsgf f Z
0 0 Jo i

i=1

L"'(s)‘ 0 (s)do ds, (33)

where the L’ are nonnegative real-analytic functions and the Q' are nonnegative
continuous functions which all vanish at # = 0 and which are differentiable at the
origin. We are going to prove that inequality (33) implies that

3B €10,a]l, Vre[0,al, Vie{l,2,---,do}, L'(t)Q'(r)=0.

The functions L’ being nonnegative real-analytic, there exist nonnegative integers
ny <ny<---<ny,apartition Iy, I, --- , I, of {1, 2, --- , dp}, and nonnegative
real-analytic functions G* such that

Vike(l,2,---,m), Yiel, Li(s)=s"G(s),
with either G'(0) > 0 or G = 0. Inequality (33) may be rewritten as:

t m
Vi e [0, al, / Y>> 0™G ()0 (0)do
0

k=1iely

< /I/SZana"lei(o)Qi(a)da ds
090 y—1ier
[
0

0 k=tick

Gi(a)‘ 0'(6)do ds.
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But, by the analyticity of the functions G,
38>0, IN>0, Vielq), Yoeclo Bl ‘Gi(o)) < NG (0).

Therefore, for all ¢ € [0, 8],

/Otifo”kG'mQ"(a)do < | ' / '3 S oG (0)0 (o) do ds

k=1iely k=liely

t ps M
+Nt// 2> o™ 7'GH(0)Q (o) do ds.
0J0

k=1iely

Integrating by parts the left member of the inequality, we obtain, for all ¢ € [0, B8],
t m
t / > oG (0)Q (o) do
0

k=1iely
t s m
é/ / > o+ Do G (0) Q' (o) do ds
0 JO

k=1iely

s m

t
+sz / D> o™ TGH(0)Q (o) dods.  (34)
0 JO

k=1iely

Since each function G’ () Q' (o) /o is bounded over [0, 8], there exists a nonneg-
ative real constant H such that

Vk€{1729"'9m}7 Vte[()?ﬁ]’
[ § . .
/ / Zank_lG’(a)Q'(a)da ds < Hi™ 2,
0 JO

iel
Inequality (34) gives
t . .
z/ > "G (0)Q (o) do
0 ien
t N
S +n +Nt)f / Zo"‘_lG’(o)Q’(o)dads+Hlt"2+2,
0 JO

iel

for all # € [0, B], where H; is a non negative real constant. As a consequence of
Lemma 16, we obtain

t s
/ / Zo"l—lGi(a)Qi(o)da ds = 0(1"1?).
0 JO

el
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Coming back to inequality (34), we get, for all ¢ € [0, 8],
t/ > " 1Gi(0) 0 (0) do
0 k=liel

t S 2 . .
<d+n+ Nt)/ / >3 o 1GH0) Q' (0) do ds + Hat" 2.
0 JO

k=liel
Applying once more Lemma 16, we obtain
l s 2 . .
/ / ZZU""_IG'(U)Q’ (0)do ds = O(1™™?).
070 4—iier
Proceeding inductively, we obtain
t psm—l
/ / > oG (0)Q () do ds = 0" ).
0 J0 1 —1ien
But, by inequality (34), for all ¢ € [0, 8],

t/tZZa”lei(a)Qi(a)da
0

k=1iely

t s m
< (1 +npy, +Nt)f / Zzo"k—lci(a)gf(o)dads.
0 JO

k=liely

Using Lemma 16 for the last time, we get

t ps M
Vi e [0, B, aavel H(o)do ds =0,
t €10, B] /O/OZZG (©)Q'(0) do ds

k=1iely
which implies
Vie{l,2,---,do}, Vtel0,B], G()Q(t)=0,
which is nothing but

Vie{l,2,---,do}, Ytelw to+pl, Ar)g' () =0.
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But, the analyticity of the functions A, implies
Vie(l,2,---.do}, Viel,to+pl, r(0)§™(0)=0,

and the assertion of Step 3 is proved.

Step 4. Conclusion of the proof of local uniqueness. Bringing together the results
of Steps 2 and 3, we get:

t

Vi€l to+ Bl /(|q—qa|2(s>+!q‘+—q‘a|2(s))dsgo,

fo

which gives the desired conclusion:

Vielw, to+Bl, q@) =q.0). o

4.3. Global solutions: proof of Theorem 10

First, we recall a classical lemma whose proof may be found, for example, in
[5, p. 157].

Lemma 17. Let m be in L1(0, T: R) such that m(t) 2> 0 for almost all t in 10, T
and a be a real nonnegative constant. Consider ¢ € BV ([0, T]; R) such that

t
Viel0,T], 3¢°(t) < 3a®+ / m(s)$(s) ds,
0
then

t
Vtel0,T], lop@®)| Za +/ m(s)ds.
0

Proposition 18. The Riemannian manifold Q is assumed to be complete. Let (T, q)
be a solution of problem P such that:

- T 6; (and, in particular, T # +00),
- HCJJF(I)H(I(I) is bounded:

IV, Vtelt, Tl ||c}+(t)||q(t)§Vm.

Then ¢ has bounded variation over [to, T|:

Var (cf'; [t0, T[) < 00.

Proof. We denote by d the distance function associated with the metric space Q.
Since,
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— Vsi,s2 €lto, L s1 = 52, d(q(sl),qm))g/ lgt @

s

q(o)

- Voeln TL [§*@)],4,) S Vi
— Q is complete,

we deduce that lim,_, 7- g (¢) exists in Q. It is denoted by
gr = lim g().
t—>T-

Let (U, ¥) be a local chart at g7 on Q such that the cardJ (g7) first components
of ¥ (g) in R are (¢; (9))ieJ(gr)- Consider a compact neighborhood K of g7 in O
such that

- KcCU,
- VgqeK, J(g CJgr).

We define
to=min{r € [0, T[ Vselt,T[, q(s) € K}.
Since [1, t(’)] is compact, we have
Var (¢ [t0, 15]) < oo.
Therefore, it remains only to prove:
Var (¢ 11, T[) < oo.

Here, A™® and A™" will denote the maximum and the minimum of, respectively,
the greatest and least eigenvalue of the matrix (g,-j (q)) 4 When g wanders
in K. With this notation, we obtain immediately:

|gij(q)gt (t>| < Jamaxy,,

i,j=1,2,

Vie{l,2,---,d}, Vtely,TI, (35)

o) < W

We denote by B, (0, V,,) the closed ball of 7, O with radius V,,, and centered at the
origin. Considering the following compact subset K’ of T Q,

= B4(0, Vi),

qgeK

we define the following nonnegative real constant,

F = max max lfilg, vs DI,
i€(1.2..d) (qunek x[(),T]

and

G = max max
i,j.ke{l,2,--.d} qeK

0gij(q)
gk |’
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Writing inclusion (23) in the local chart (U, 1), we obtain:
Vie (1.2 .d), (@) (40 + D@ ™ q dr) = filq.a"i 0 dt 4,

where the A; are d nonpositive real measures on ]¢); T'[. Expressing the Christoffel
symbols in terms of the metric, we have

Vie{l,2,---,d},
lagkl(CI) +k +1
2 aq !

= filg,¢T ) dt + A, (36)

gu(q)d +i + —— dt — dt

glj(q) +/ +k
q
dg*
or, equivalently,
Viefl,2,---,d},

7\ _ 1 0gr(q)
4 (sy@i*) = 3EBELG G  di 4 filg. g i diba @)

We deduce:
Vi€{1727“'9d}5 VSI’SZE[t(/),T[y s < 82,

/] ] (=2i) = i (@(s1)g T (s1) — &ij(q(s2))¢ ™ (52)
51,82

2 1 dgu(q)
+/ (ﬁ(q,q 0+ 3= =gt gt ) ar
S1

d’Gv?
< 24/amaxy, 4 (F + ) (s2 — 51). (38)

2)\‘m1n

The result is that the A; are d bounded measures on ]t(’), T'[. Thanks to equation (36),
it is readily seen that the measures dq+’ are also bounded measures on ]t(’), TI[.
Therefore, the d functions q*l .]to, T[— Rhave bounded variation over the interval
1ty. T[. By Proposition 29, we have the result that g™ has also bounded variation
over |t), T[. O

Proof of Theorem 10. We assume that the maximal solution g of problem P is

o
defined on [#g, T'[ with T in I and try to obtain contradiction. By Proposition 7, this
maximal solution satisfies:

t
Vel T, %I!q+(r>||§<t>—%||vo||§0 < / (f(q($), g1 ()1 8), 47 ())g(s)ds.
to

Thus,
Vieln, Tl

t
Hatoll, < 3wl + f | f@().aF i, 1a7 6], ds
fo
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By Lemma 17, we obtain

t
Vieln. TL [¢7 O, 4 = lvolly + /!!f(q(S),é+(S);S)Hq(s)ds
fo

which gives, using the hypothesis of the theorem,
Vi eln, TI,

t
|30 < ool + [ 16 (1 #0200 + [ 0] ) s
14}

But,

Vieln TL dq), qo><f [+ )], ) ds.
therefore, for all ¢ € [t, T,
d(q(0),q0) + |4+ ®]
< ol + [ 16)ds + / (14160 (da(s). o) + |37, ) s
By the Gronwall-Bellman lemma (Lemma 15), we get:

Vi e, TI,
t . )
d(q®), q0) + [dT @], (||U0||q0 + /0 l(s)ds) o IH1ENds,

which shows that the function ¢ — ¢ (1) Hq (1) is bounded over [fo, T'[. By the
completeness of Q, we deduce, on one hand that

qr = ,Er;l— q(t)
exists in Q and, on the other hand, that
Var (¢ [to, T[) < oo,
thanks to Proposition 18. Thus,
(gr.vp) = lim (q(0).47 (1) existsin TQ.
Define
vr = v — [1 +¢(gr, v7)] Projg, [vr: N(gr)].

Then, Theorem 8 furnishes 77 € I with T’ > T and a prolongation of ¢ on [T, T'[
suchthatg €e MM A ([to, T'[; Q) is a solution of problem P. But, this contradicts
the definition of 7. 0O
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5. Three counterexamples

The existence and uniqueness of solution for problem P has been proved under
the assumption of functional independence for the constraint and of analyticity for
the data. The three examples which are developed in this section aim at showing
that these assumptions cannot be weakened very much. In Example 1, we show that,
in the case where the functional independence of the constraints does not hold, the
existence of solution may be lost. For the question of the regularity assumptions on
the data, the existence of solution can be proved with much weaker assumptions.
However, the uniqueness of solutions is generally lost in such a case as seen in
Examples 2 and 3. In these examples, the data are supposed to have only regularity
C® and two different solutions can be exhibited.

Example 1 is extracted from MOREAU [12] and Example 2 is due to SCHATZMAN
[18], but an earlier counterexample in the same spirit is also to be found in BRESSAN

[4].

5.1. Example 1

Consider a discrete mechanical system whose configuration space is Euclidean
IR3. The unilateral constraints are kinematically described by the three following
functions (n = 3):

o1(q) = —q",

0@ =q"—q*.q°,
03(q) = —4* — ¢°,

where ¢ = (¢', g%, ¢°) € R3. The initial instant is supposed to be 7o = 0 and the
initial state is given by go = (0, 0, 0) and vo = (0, 2, —1). It follows that

J(q0) ={1,2, 3},
V(go) = ’v:(vl,vz,v3)eR3; v! =0 and v2+v3§0}.

It is readily seen that vy belongs to V (go).
Let now @ > 0 be an arbitrary positive real number. Any motion ¢g(¢) in
MMA([0, «; R3) compatible with this initial data may be written as:

q't) = o),
g% (t) = 2t + o(1),
¢>@t) = —t +0().

Therefore,

P1(q(1) + 2(q (1) = 21> + o(1?),

which cannot be compatible with

Viel0,al, @i(g®)+¢2q(1)) =0.
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We deduce that no motion in MMA ([0, «[; R3) can be compatible with this initial
data whatever o > 0 is.

Note that, in this particular case, d¢1(qo) = —d@2(qo) and the unilateral con-
straints are not functionally independent.

5.2. Example 2

Consider a discrete mechanical system whose configuration space is R equip-
ped with its canonical structure of Riemannian manifold. This is the configuration
space of a particle with unit mass constrained to move along a line. A fixed obstacle
at the origin is taken into consideration. It gives rise to a unilateral constraint
kinematically described by the single function (n = 1)

p1(q) =q.
Therefore, the admissible configuration setis A = R™. Itis assumed that the impact
constitutive equation is the elastic one, ¢ (q, c}_) = 1, and that the efforts mapping
f does not depend on the state but only on time. It will be denoted by f (¢). The initial
instantis fo = 0 and the initial state is (g, vo) = (0, 0). Denoting by RCLBV(/; R)
the space of right continuous functions with locally bounded variation from a real

interval I to R, problem P admits here the equivalent formulation:
Find T > 0 and v € RCLBV ([0, T[; R) such that:

e v(0)=0,

t
e g =/ v(s)ds e€R™, Vrel0,T],
0
e R=dv— f(t)dt isanonpositive real measure such that
SuppR C {r € [0, T[; ¢(1) =0}
q() #0=v@) =v (1),
vVt €]0, T,
q(t) =0=v(t) =—v ().

We investigate uniqueness under the assumption that f is of class C*°. Suppose,
in addition, that f is nonnegative:

VieRY,  f@) =0.

It is readily seen that the null function v = 0 on R™ is a solution of problem P
whatever is the nonnegative C* function f. Now, we are going to construct an
explicit example of such a function f in such a way that the associated problem P
admits another solution, different from the identically vanishing one.

First, let us define a function p by:

R — R,

0 if x €]—00,0]U[1, +o0[,

1

X = ex(x—1)
———— if x €10, 11.
fol ex6-D dx
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We have:
p € C®(R; R),
Suppp = [0, 1],
da" d" (39)

VneN, W,o(O) = dx”p(]) =0
1
2/ (1 —=s)p(s)ds = 1.
0

The last assertion comes from the fact that

1 1
/sp(s)ds=/ (1= $)p(s) ds.
0 0

S0,

! 1! 1
/Osp(s)ds=§/0 p(s)ds:z.

Consider also the real convergent series:

[ (n +5)2 }
(n+ 1D +2)n+3)n+4) |ey

We define

T

% (n+5)% o
S+ DO +Dn D0 +4

i (i +5)%
O+ DE+DE+3)0 +4)

Clearly,ap = T and the sequence (a,,),cn decreases strictly and converges towards
0 when n tends toward infinity. Actually,

1
a, ~ — whenn — 400 (40)
n

by a very classical and elementary argument. We denote by (8,),cn, (fn)nens
(Un),en the real sequences defined by

5 n+5 (e 8 n+3( ) )
= 1e.,8, = —— (a, — a <a, —a s
n (n+1)(n+2)(n+4) n n+s n n+1 n n+1

1
f}’l__'9

n.

1

v, =



242 PATRICK BALLARD

and by f(¢), v(z) the functions from [0, T'[ to R defined by

f0) =
0 if 1€ [ant1, ans1 +8[, (41)
f@ = %p (%) if 1€ [anit + 8n.
and
v(0) =0,

Un+1 if te [an+la anp+1+ 511[»
- ! —tn 78n .
v() Upt1 + & o (M;]) ds if t € [an+1 + 6,4, an[.

2 Apt1+68n an—an4+1—0,

(42)
First, we claim that the function f belongs to C* ([0, T[; R).
Proof. The only thing which is not obvious is that f is C* at 0. Since
Vt € [an—‘rlsan]a |f(t)| S ﬁ max |IO(S)| ’
— 2 sel0.1]

then, lim,_, g+ f(t) = 0 and f is continuous at 0. Now, we are going to prove

VreN, i Ld f@) =0 (43)

r , im —— =
1—0+ t dt”
which will imply by an easy induction that f € C* ([0, T'[; R) and
dr
VreN, —f(0)=0.
r 1O

Let us fix an arbitrary r in N. We have

1 dr
tdtr

In (n+5)
~ 2ap41 2" (ap — an+1) s€[0,1]

d" p(s)
dt”

Vi e [an+l, an] s

* o

(t)‘ :
Therefore, to prove (43), it suffices to verify

So(n +5)"
lim =0,
n—00 ap 1 (ay — an—i—l)

but, by estimate (40), we have

fn(n +5)r N n3r+l

an41 (an — an—i—l)r n!
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Second, we claim that:

— v € RCLBV([0, T[;R),

— dv — f(t)dt is a real nonpositive measure on [0, T whose support is {0} U
{an; n € N*},

— v is continuous on [0, T[\ {a,; n € N*} and Vn € N* v(a,) = —v ™ (a,).

Proof. It is clear that v is continuous on each interval Ja,+1, a,[ and right contin-
uous on [0, T'[. Moreover,

ap _ _8
vi(an):‘un-‘,-l—i_ﬁ/ p(san#) ds
a

2 n+1+0n ap — an41 — 8”

/i
= Up41 + En (an — apy1 — Op)

1 +l n+5

T o+ R+ D +2)(n+3)n+4)
1

T 3

= —v(ay).

Since v is nondecreasing on each interval [a,+1, ax[,

o]

Var(v: [0, TD) = Y ([v(@ni1) = v (@n)| + |v(@ns1) — v (@n)))
n=0
= Z (—=3vp41 — vn)
=0
_3 =1 =1
- XZ:O (n+ 4! +,§)(n+3)z < oo

Denoting by §; the dirac measure located at ¢, we have

8a,
(n+3)!

dv— f(tydt=-2)
n=1

which is a (bounded) nonpositive measure whose supportis {0} U{a,; n € N*}. O

Third, we claim that: If g is defined by

t
Vtel0, T[, q() =/ v(s)ds,
0

then

Vte[0,T[ q() =0,
(tel0,T[ q(t)=0}=1{0}U {ayneN}.
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Proof. An easy calculation using the last assertion of formulae (39) shows that

Qn
/ v(s)ds =0
Qn+1

t
/ v(s)ds <0 V¢t €layt1,anl. m]
a,

n+1

We deduce that, if we make the choice described by relations (41) for the func-
tion f,then the function v defined by relations (42) is a solution of the corresponding
problem P whereas the identically vanishing function is also a solution. Therefore,
the uniqueness of solution does not hold in general if f and the functions ¢; are
supposed to be of class C* only.

5.3. Example 3

In Example 2, we considered a particle at rest at the initial instant and in contact
with the obstacle. Then, a force acts on the particle, constantly pushing it against the
obstacle (f = 0). For the particular choice of the function f we made, immobility
is a possible motion whereas a bouncing motion is also possible. It is intuitively
clear that the assumed elastic impact constitutive equation plays a central role in
such a phenomenon. The question arises as to whether such a pathology is possible
with the completely inelastic impact constitutive equation ¢ (g, ¢~ ) = 0.

Sticking to the notation of Example 2, the evolution problem takes in this case
the form:

Find T > 0 and v € RCLBV([O, T[; R) such that

e v(0)=0,
t

. q(z‘)=/ v(s)ds €R™ Vielo, Tl
0

e R =dv— f(t)dt isanonpositive real measure such that
SuppR C {t € [0, T[; q(t) =0},
q(t) #0=v@) =v" (1),

e Vrel0, Tl {
q)=0=v() =0,

If we still assume in this case that f is nonnegative, then it is easy to see that

the only possible motion is immobility.
Indeed, if, 312, q(12) < 0,definet; = inf{r € R*;Vs €lt,n] q(s) <0}.Then,
by continuity of g: #{ < t, and g(¢#;) = 0. By the completely inelastic impact
constitutive equation, we get: v(t;) = 0, and, so: g(#2) = ttlz fttl f(s)dsdt =0,
which is absurd.

Nevertheless, we are going to construct an example similar to Example 2, which
shows that, even in the case of the completely inelastic impact constitutive equa-
tion and f of class C*°, we can obtain multiple solutions for the corresponding
problem P. Of course, f should not be of constant sign.
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The function f assumes the form:

f(©0) =0,
t—
—f1np <T’;+) if 1€ [# L +81,n[,
’ (44)
@ =0 ifte[+1+81,,,n 820
1
t— -+ 68,
n

where n € N*; (f1.0),, cnpe (F2.n) yenye (81.0) ,epys a0d (82.1),, .y are positive real
sequences which are to be determined. We demand:

1/1 1 1 /1 1
I and &, -|--— .
2 n—+1 2 n+1

These sequences are to be determined in such a way that the corresponding prob-
lem P admits two distinct solutions v' and v™I. We demand that v!, v and the
corresponding functions ¢!, ¢'! are such that :

q'(3) =0 ") =~an
| if n is even,
o) = ' (3) = v
1 Iy _ o
(’;) qu(”) if n is odd,
() = () =0

where (gn),en+ and (v,),en+ are positive real sequences which are to be deter-
mined.
Cons1der the time interval [ e ] for some n = 2. Under the action of f on

[nl?, aTt 81,01, the position of a particle which is at ¢ = —gy41 with velocity

V= vp4 attime t = ﬁ should increase from —g,, 4+ to 0. This is written as

1 2
—Gn+1 + Vnt181.0 — 3 f1.087, =0,

where 81 , has to be the smallest root of this second degree equation

2
Un+1 — \/Un+1 =2 f1,nqn+1
’ fl,n

We have also to express that, under the action of f on [

(45)

g —] a particle at rest

with position ¢ = 0 at time t = m should have position ¢ = —g, and velocity
v =1v, attime t = %.Thatis:

Up = _fl,n(sl,n + f2,n52,n»

1 1
—qn =_§fl,n812,n_f1,n81,n (m_gl,n> 2f2n 20
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which is

Up = _fl,nal,n + f2,n52,n7

1 1 1 1
—qn = §f1,n512,n - fl,n‘sl,nm + §f1,n51,n82,n + jvn(SZ,m

Now, let us try to make the following choice:

1
VI’lEN*, q":W

Formula (45) yields the result that, for sufficiently great n,

1 . . 4n3
3 o+ D

’

Sl,n =

which gives the estimate
1
S1.n ™~ — when n — oo.
n

Equations (46) allow us to determine 8 , and f> ,:

2n? 302 2
=81 —n 51,;1 -3

80 = n+1
o 14 1381, ’
S1,n Un
f2,n = fl,n — + s
52,n 62,11

which provide the estimates

82”1 ~ —

3 when n — 00.

Son ~ W

From estimates (49) and (50), we get

1

2n(n+ 1)’
1

2n(n+1)°

0<5l,n<
Ang, nZ=ny =
0<82,n<

sy Unp = —, fl,n:_~

(46)

(47)

(48)

(49)

(50)
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We define T = % .In exactly the same way as for example 2, it is readily seen from

estimate (50) that f € C*°([0, T[; R). Define

W0y =0, ;u0)=0, andforn > no:

t 1
STt . 1 1
() = Upt1 —fl,n/1 /0(5—) ds ift €l 757 +0ial,

I.n

n+1 1 1
0 lfte[m—i-CS]’n,ﬁ[,
' S 1 1
n+
_fl,n/l ,0( s )ds t € [ a7 01l
=y Ln
1 1
ull(r) = | —f1.n81,n 1 € [73g +01n, 5 — 02l
' 1
S—=+8n 1 1
_fl,nal,n+f2,n/ p("—)ds te[ﬁ_SZ,n, 2[7
%752',[ 62,}1

and
vI0) =0, 10) =0,

i) = ul@)

. L N
o) = ull(r) ift € [5577. 5,1 2P 2 no),

Vi) = ull(r)

ift €[, 7 (2p—12n),
UH(f) — MI([) 2p’ 2p—1

Proceeding as in Example 2, we readily see that the two functions v! and v!' belong
to RCLBV ([0, T'[;R) and furnish two distinct solutions of the problem P associated
with the C* function f defined by equations (44).

6. Illustrative examples and comments

6.1. Punctual particle subjected to gravity and bouncing on the floor.
Accumulation of impacts

Let us come back to the example of Section 3.3. The configuration space is
R equipped with its canonical structure of Riemannian manifold, the unilateral
constraint is described by the single function ¢|(gq) = ¢ (which gives A = R7).
The efforts mapping is supposed to be constant, f (g, g;t) = 2, and the impact
function (restitution coefficient) is the constant 1/2: ¢ = 1/2. Considering the
initial instant 7o = 0 and the initial state (gg, vo) = (—1,0), we have seen in
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Section 3.3 that the function g : RT™ — R~ defined by
Vi elo,1], gy =1*—1,
Viell, 2], q(t) =1> =3t 42,
vie[3-gha- k] =24 (64 3)i+(3-5) B %)
Vit e [3, 4o, q(t) =0
(Vn € N)belongs to MMA (R*; R™) and is readily seen to be the maximal solution,
according to Corollary 9, of the corresponding problem P. The solution g (¢) is

represented in Fig. 2. It is seen that infinitely many impacts accumulate in any left
neighborhood of instant = 3.

q()

v 3 t

Fig. 2. Motion of a punctual particle subjected to gravity and bouncing on the floor.

However, as predicted by corollary 9, for each instant ¢+ € R™, there exists a
right neighborhood [z, ¢ + 5[ of ¢, such that the restriction of ¢ to [z, ¢ + n[ is
analytic. A straightforward and general consequence of this is the following.

Proposition 19. Let g be the maximal solution of problem P furnished by corol-
lary 9. Although infinitely many impacts can accumulate at the left of a given
instant, this phenomenon can never occur at the right of any instant. Morover, in the
particular case where the impact constitutive equation is the elastic one (¢ = 1),
the instants of impact are isolated and therefore in finite number in any compact
interval of time.

Proof. Since foreachinstants € [ty, T'[,there exists a right neighborhood [z, f + [
of ¢, such that the restriction of g to [z, ¢ 4 n[ is analytic, we get the first part of
the proposition. For the second part, let T be an arbitrary instant in ]7o, 7'[ and
consider the problem P associated with the initial condition (g(t), —¢ (7)), the
elastic constitutive impact equation and the effort mapping g(g, v; t) defined by

glg,v;t) = f(g,—v;T—1)
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which is analytic. By Theorem 8, there exists an analytic function ¢, : [0, T,[— QO
which is a solution of this problem P. Another solution of problem P coincides with
qq on aright neighborhood of t = 0. Actually, as seen in the proof of local unique-
ness (Section 4.2), a little bit more is proved: any function ¢’ € MMA([0, T[; Q)
satisfying the initial condition (21), the unilateral constraint (22), the equation of
motion (23) and the energy inequality (Proposition 7) has to coincide with g, on a
right neighborhood of + = 0. But, it is readily seen that the function

g () =qx—1), tel0,7—1f

fulfill these requirements. Thus, ¢’ cannot have right accumulation of impacts at
t = t and, therefore, g cannot have left accumulation of impacts at t = t and the
instants of impact are isolated. Of course, if ¢ is the maximal solution defined on
[fo, T[, impacts can still accumulate at the left of 7', as seen on simple examples.
]

The fact that infinitely many impacts can accumulate at the left of a given instant
but not at the right is a specific feature of the analytical setting that is lost in the
C° setting as seen in Counter-examples 2 and 3. Actually, these counter-examples
show that pathologies of nonuniqueness in the C* setting are intimately connected
to the possibility of right accumulations of impacts. The fact that the analytical
setting prevents such right accumulations is the true reason why we could prove
uniqueness in this case.

6.2. The double pendulum

In this section, we come back to the double pendulum described in Section 2.1
but we add to the system a rigid obstacle on the vertical coordinate axis as repre-
sented in Fig. 3. This obstacle may be represented by two analytic functions whose
expressions in the global chart of Q described in Section 2.1 are

‘Pl(ql,qz) = - Sinq1 <0,
02(q",¢») = —lising' —Lsing? 0.

It is readily seen that, except in the particular case where /1 = I, these con-
straints are functionally independent:

Vge A, (d¢i(q))icsq Islinear independent in Tq*Q.

These unilateral constraints are assumed to be perfect and we consider an impact
function ¢ supposed to be constant on 7 A™:

Vg, v )eTA™, ¢@ v )=¢ec]0,1].

The constant ¢ is often called the restitution coefficient (of normal velocities). We
recall that the particular cases ¢ = 0 and ¢ = 1 describe the completely inelastic
and the elastic impact constitutive equations.

An initial state (go, vo) € TA™ is given at time #p = 0. This initial state is
represented in the considered chart by four real numbers (qé , qg; vé, v%) .According
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Fig. 3. Double pendulum with obstacle.
to Section 3, the motion of the system is governed by the evolution problem: Find
T €]0, +o0] and ¢ € MMA([O, T[; Q) such that:
(4(0). 4™ (0) = (0. v0).

Vielo, T, (q(t).4" (1) eTA",

R=bDg" — f(q(t), 4" (t);t) dt,e —N*(¢q(t)) for |R|-ae.t € [0, T],

e Vrel0,T[, ¢(1)=¢ ) — (14 ¢)Projyu [¢7@): Ng®))],

where the Riemannian structure on Q and the mapping f are those described in
Section 2.1. Corollary 9 ensures existence and uniqueness of a maximal solution.
Now, we are going to check that assuptions of Theorem 10 are satisfied so that the
maximal solution is defined all over R*.

First, Q is a complete Riemannian manifold since the quotient topology on the
torus 72 derives from a Riemannian structure and T2 is compact and therefore
complete. Second, we have the estimate

Vg, v)eTQ, lvl, Zal(,v)l, (51)
where
SmimaBE + s
= T2, m 2
gmali + (5 +m2) [
Indeed,

’

. 2
[0l 2 2™ (q) |, o)
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where A™"(g) is the least eigenvalue of the matrix (gl ] (q))l =12 But
: 1/1 m
5, min B _m12+<_+m>12
@) =3 (3 205 3 2) 4

4 (§mimal}3 + Im3313 — ym3133 cos(q! — ¢?))

x|1— |1-
(3mal3 + (4 +m2) 1)’
Using
Vx elo,1], 1-@3%,
we get
A () > 14 (gmimalils + ym3115 — gm3lL cos(q" — g°)) > g2,

4 gmglg (T + mz) 112

which achieves the proof of estimate (51). Now, let g1, g1 be two points of QO
represented by their components in the considered chart (qI1 , qlz) and (qIII, qﬁ). 0
being complete, there is a geodesic g : [s1, s2] — Q of minimal length between
them. We have

52

52
d(qr, qn) = / 1) gy ds 2 / o l3(s)] ds

51 51

2 2)2
z \/ ‘111 ‘11 _‘111) .

Moreover, recalling

fi(q", q2) = My sin(g' — ¢?) — (ki + k2)q" + kag?,
f(q', %) = kaq' — K¢,

we have
If @l < Amm( ;1A I
Therefore,
1
If@lly < ~ 107 )
1
< - 101+ 1+ k) ‘ql‘ Yo ‘ql‘ + 2k ‘qz‘]
1
< — [a + 4k + ko) |(@d ad)| + 401 + ko) @' — b a® —ad)]
1 +
< LT+ 41+ @l @[]+ 2E 200 400, vae ol
o Ol

By virtue of Theorem 10, the motion of the system is defined for all ¢ € R*.
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6.3. Boltzmann’s gas

Consider a collection of N rigid homogeneous balls of mass m and radius R
in a rigid rectangular box. The balls cannot interpenetrate. The balls are free of
internal or external forces except for the reaction efforts induced by the unilateral
constraints. The impact constitutive equation is supposed to be the elastic one. Such
a system was introduced by Boltzmann to model the interactions between molecules
in a gas in order to perform a statistical analysis to connect the microscopical and
macroscopical point of view.

Let us describe the discrete mechanical system associated with this situation.
The configuration space is R>" . Indeed, any configuration is described by the
coordinates of the center of the balls in the three-dimensional ambient space equip-
ped with an origin. Strictly speaking, the configuration space should be R3V x
(S OS)N to incorporate the possible rotations of the balls. But, in this case, it would
be readily seen that the rotation velocity of any ball in any motion of the system keeps
its value at the initial instant. Therefore, rotations play no role in the motion of the
system and we may consider only the restricted configuration space R*" equipped
with its canonical Riemannian structure. The forces mapping vanishes identically
f(q,qt;t) =0.There are N(N 4+ 11)/2 functions ¢;, since N(N — 1)/2 of them
are necessary to express the non-interpenetration constraints,

. N\ 2 . N 2 . A 2
Vijell 2N, i (f—x) 4 (v -y )+ (=) 2 R
and 6N of them are necessary to express that the balls remains inside the box:

—a+R<x'<a—R,
Vi,je{l,2,---N}, —b+R<y <b—R,
—c+RZ7Z<c—R,

where 2a, 2b and 2c are the lengths of the sides of the box. The functions ¢; are
defined by arbitrary numbering. They are easily seen to be analytic and functionally
independent. Adding the elastic impact constitutive equation ¢ (¢, ¢~) = 1, and an
initial condition at time 79 = 0, the corresponding evolution problem turns out to
belong to the class of problem P formulated at the beginning of Section 4. Then,
Corollary 9 and Theorem 10 state that, to any initial condition compatible with
the constraints, there corresponds a unique maximal motion and it is defined all
over R*. By Proposition 19, we may also state that there are at most finitely many
impacts on any bounded time interval. As a conclusion, the results developed in
this paper allow us to associate a dynamical system with Boltzmann’s gas.
Related to this question, let us mention Boltzmann’s famous ergodic hypothesis.
Roughly speaking, Boltzmann postulated that in any motion of the system, time
averages can be replaced by space averages. The modern mathematical transcript
is: for almost every initial condition in an energy level set of the phase space, the
associated phase curve spends an amount of time in every measurable piece of the
level set proportional to the measure of that piece. Whether Boltzmann’s gas is
ergodic, or not, is still an open question. However, a positive answer was given in
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1970 by Sina1 [20] for a two balls gas in a plane rectangular box. Let us underline
that this question makes sense only when we are able to associate a dynamical
system with Boltzmann’s gas.

6.4. Newton’s balls and the impact constitutive equation

In Section 3.3, we used two phenomenological assumptions 73 and H4 to show
that the general constitutive impact equation

¢t =F(q.47) (52)

should satisfy:

F(g.v7) € Vi),
VgeA, Vv e-V(g), Flg.v7)—v €=N(q), (53)
|7 (@ o), = v, -

In the particular case of a motion with no more than one active constraint at any
time (V#, CardJ(g(¢)) < 1),ithasbeen seen in Section 3.3 that the general impact
constitutive equation (52) necessarily takes the form

gt =Projg [¢7: V@] — b (g,47) Projg [¢7s N@)]. (54)

with ¢ an arbitrary function taking values in the interval [0, 1]. Actually, (54) makes
sense even in the case of multiple impacts and it is a simple example of an impact
constitutive equation satisfying requirements (53). For the sake of simplicity, we
have adopted this particular form of the impact constitutive equation even in the
case where multiple impacts occur. However, the reader should keep in mind the
arbitrariness of this choice and we shall show that it could be irrelevant in some
cases. A simple occurrence of multiple impact is Newton’s balls experiment.

a b c

Fig. 4. Newton’s balls experiment.

The principle of Newton’s balls experiment is well known. It is sketched in
Fig. 4a. As a result of this multiple impact experiment, we have the familiar picture
drawn in Fig. 4b. But, testing the simple impact constitutive equation (54) (with
¢ = 1) to predict the outcome of the experiment, we get the situation drawn in
Fig. 4c.
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The question arises as to whether the results of Section 4 remain true if we
abandon the simple impact constitutive equation (54) and adopt the general impact
constitutive equation (52) defined by an arbitrary function F fulfilling require-
ments (53). Actually, a careful examination of the proofs of Section 4 shows that
the impact constitutive equation is only used through the energy inequality (Propo-
sition 7). Moreover, it is readily seen that Proposition 7 still holds when the simple
impact constitutive equation (24) is replaced by a general one (equation (52)) pro-
vided requirements (53) hold true. As a result, all the results of Section 4, and in
particular, Theorem 8, Corollary 9 and Theorem 10 remain true if we adopt an
arbitrary impact constitutive equation instead of equation (24) in the definition of
problem P.

A general impact constitutive equation will be said to be elastic if the last
requirement in (53) is replaced by:

Vge A, Vv e-V(g), |F(q. v_)Hq = ”v_Hq'

It is readily seen that Proposition 19 still holds with an arbitrary impact constitutive
equation. In particular, for a solution of problem P with an arbitrary elastic impact
constitutive equation, the impacts are isolated.

7. Continuous dependence on initial conditions

The theory developed in the previous sections allows us to replace the anal-
ysis of the motion of a collection of rigid bodies subjected to perfect constraints
either bilateral or unilateral by the analysis of the motion of a point in a piece
of a d-dimensional manifold bounded by analytic hypersurfaces which intersect
transversally. With appropriate regularity assumptions on the data, the motion is
completely determined by the initial condition.

The picture seems to be fairly good and the generalization of the dynamics
of discrete systems with bilateral constraints to the case of unilateral constraints
seems to be achieved. However, there remains a big difference between unilateral
and bilateral dynamics of discrete systems that we want to underline in this section.

A pleasant feature of a dynamical system generated by the flow of an ordinary
differential equation is that it is smooth. More precisely, if F; 4, is the mapping
which associates the state of the system at time ¢ with an arbitrary initial condition
at time 7o, then the mapping F; 4, is alocal diffeomorphism. In particular, the state of
the system at a given instant t depends in a differentiable way of the state at time fy.
Of course, this smooth dependence may be stiff. In such a case, a small uncertainty
on the initial state will produce a big one on the actual state and the motion of
the system may turn out to be quantitatively unpredictable from both the physical
and the numerical point of view for large time. In certain circumstances, the theory
of smooth dynamical systems allow us to get some qualitative information on the
motion for large time.

As we shall see, the picture is strongly different in the case of the dynamics of
discrete systems with perfect unilateral constraint. The theorems of Section 4 allow
us to define a mapping F; ;, similar to the flow generated by an ordinary differential
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\ A
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Fig. 5. The generated dynamical system is not continuous in general.

equation. But, the mapping F; 4, is not smooth any more, it is not even continuous
in general. In other words, the generated dynamical system does not belong to the
large class of topological dynamical systems.

Let us check this assertion on a simple example. Consider as a configuration
space R? supplied with its canonical structure of Riemannian manifold. A config-
uration is denoted by a pair (x, y). No forces act on the system: f = 0. Consider
a unilateral constraint associated with the two functions

p1(x,y) =y <0,
»x,y)=x+y=0,

and the elastic impact constitutive equation ¢ = 1. At time #9 = 0, we consider the
following set of initial conditions:

{(=14+¢e,-1;1,1); e €] —1,1[}.

A straightforward calculation gives the state of the system for all instant in R™. In
particular, for ¢ greater than 1, one gets:

Foo(—=1+¢-1L1,)=(1+e+1t,1—1,1,-1) ifee]-1,0[,
Fio(=l+e—-1;1,)=(0—-t,1—e—t,—1,—1) ifeel0,1[.

It is readily seen on this example that, if 7 is greater than 1, the mapping F; ¢ is not
continuous at initial condition (—1, —1, 1, 1) (see Fig. 5). Coming back to the two
examples of Section 6, such a situation occurs if, during the motion of the double
pendulum, the two bars hit the obstacle at the same time. In the case of Boltzmann’s
gas, the pathology occurs when three balls hit at the same time. Let us underline that
if we consider an initial condition such as the one in the above example, the solution
of the associated problem P has no physical meaning. In such a case, one has to
abandon any hope of predicting the motion of the system: this is a consequence of
the over-idealization made in the indeformability assumption.

However, in the particular case of the one-degree-of-freedom problem, where no
multiple impacts are possible, SCHATZMAN [19] proved that continuous dependence
on initial conditions holds. In the general case, her result admits the following
generalization which is proved along the same lines:
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Theorem 20. Consider the problem P described in Section 3.4. Assume further-
more that the impact function ¢ is constant. Consider the initial condition (qo, vo) €
T A" at initial instant ty, and denote by (T, q) the corresponding maximal solution
of problem P . Make the following hypothesis:

Vi elto, T, (dei(q(®)))iesqqy) is orthogonalin T, Q,

(with the convention that the empty set is orthogonal). Consider a sequence
(gon, von) of elements of T AT converging towards (g0, vo). For all n, we denote by
(T, gn) the maximal solution of the problem P associated with the initial condition
(gon, von) at instant to. Then,
(D) liminf T, 2 T,

n——+00
(2) g, converges towards q uniformly on every compact subset of [to, T[:

VtelTl lim sup d(g,(t),q(t)) =0,

n—=>+0 ey, 7]
(3) (gn(t), g;F (1)) converges towards (q(t), ¢ (1)) in T Q for almost all t in [ty, T|.

Proof. The proof of Theorem 20 is divided into five steps. Before describing these
steps, let us introduce a some new notation.

We fix, once for all, an arbitrary t in [#y, T[ and a compact neighborhood K’
of the compact subset g ([f9, T]) of Q. We define:

V=1+ sup [¢"0],, -

telty, ]
and,
K={(@.veTQ:qgeK and |v|, <4V}.
The subset K of T Q is compact in T Q. We define also:

F:]+ max ]”f(qu’t)“q!

(q,v;0)eK x[1o,T

and

do = min  d(q’,q()).
(q',1)€edK x[tg,7]

. (V do
S=min|—,— ).
F 6V

Step 1. Consider t; € [to, T[. We denote q(t1) by g1 and ¢ (t1) by vi. Consider an
element (q{, v}) of TA™ such that

and

Notice that we have § > 0.

d
d(q1,q1) = ZO and |vi], <2v.
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Then, the maximal solution q' of the problem P associated with the initial condition
(qi, vi) at initial instant t) is defined on an interval containing [t1, min(z, t; + §)]
and is such that

Vit € [y, min(z, f; + 8], (q’(t), q'/+(t)) cK

Let us denote by [7q, T{[ the maximal definition interval of ¢’. Define

) = sup{t el T/ Vs eln. 1], (q’(s),cj’+(s)) c K}.
We have to prove
t{ 2 min(z, 1 +9).
Assume the contrary is true:
1{ <min (7,1 +9).

By Proposition 7 and Lemma 17, we have:

vieln, gl

t
)g! +/ Fds
14|
S2V+F(tp —11)

< 3v.
We deduce
1 <T|,

by Proposition 18, and

<3V,

= hm
q (1 ) t—>t

qa) = q'(®

by Proposition 32. Moreover,
d(q'a),q1) <d(q'a). q)) +d (g}, q1)

d
<3V( _“HZO
34
47"

By the continuity of the function ¢t +— d(g'(¢), q1) and the right-continuity of the

A

function ¢ —

tj’+ () H , we have
q'(t)

3a>0, Viellf+al, (40,47 0) ek

But, this contradicts the definition of ¢ and achieves the proof of Step 1.

Step 2 For n large enough, q, is defined on (an interval containing) the interval
[0, min(z, to + §)]. Moreover, there exists a subsequence of (g,), also denoted by
(gn), such that:
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— gn converges uniformly on [ty, min(t, to + 8)] towards a function q\im belonging
to MMA ([tp, min(z, o + §)]; Q),

— (gn(1), ¢, (1)) converges towards (qiim (1), c}ﬁ'm(t)) in T Q for almost all t in
[to, min(z, 1y + &)].
For all ¢ in K" N A, there exists a compact neighborhood K’ of ¢ which is

included in the domain Uj; of a local chart (Uy, ¥4) at g such that:

- Vq' eU,, J(q)CJ(g),
- Vq' € U,, thecardJ(q) firstcomponents of yr,(¢q") are the ; (¢) (i € J(g)).

Being compact, K "M A can be covered by a finite number, say L, of K’,,. We denote
by A™#X and A™" the maximum and the minimum of, respectively, the greatest and
least eigenvalue of the matrix (gl | (q)) 4 When g wanders in K 'gy and [ in

i,j=1,2,
{1,2,---, L}. We define
0
G = max g,] (61)
i,j,ke{1,2,-,d} qeK’y,
le{1,2,---,L}

We pick an integer Ny, large enough to ensure:

do
<%
Vi > No. d(qo, qon) = 7

lvon llgo, =2V
By Step 1,
T, = min (7,70 +9),
Vn 2 No, )
Vi€ [to,min(t, 50 +8)], (q.(1). 4,5 (1)) €
By a compactness argument, we have

Ja >0, Viefl,2,---,L}, VqedK,, 3, B(q,a)CK/q],.

As aconsequence, for n larger than Ny, the interval [#o, min(z, 7o+ )] is the disjoint
union of a finite number, say N,,, of intervals I,,; such that

Vie{lvzv"'vN}’l}a 316{1725”'51‘}7 Qn(lnz)CK/ql'
Moreover, the intervals I,,; can be constructed in such a way that:

4V5
Yn=Nyg, N,<1+

Furthermore, recalling

n
Vn, bDG} = f(qn. gy i t)dt+ Y hnidgign(t)), (55)
i=1
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where the ),,; are nonpositive real measures on [y, min(z, ty 4 )], and performing
the same job as in the proof of Proposition 18 (estimate (38)), we obtain

Vn= Ny, VYief{l,2,---N}, Vje{l,2,-- Ny},

d*G(4V)?
(=) < 2V3(4V) + <F + #> 5
Inj 2)min
There results:
VnzN(), Vl€{1,2,N}, (56)
4vs d*G(4V)?
/ (=) = [1 + —:| [Zx/kmax(4V) + <F + #) 5} .
[0, min(7.70+5)] o 2 min

The measures A,; are uniformly bounded with respect to n. Using the equation
of motion (55), we find that the real numbers Var (q,‘f s [to, min(z, 1o + 8)]) are
uniformly bounded with respect to n, for n larger than Ny. The assertion of Step 2
is now a direct consequence of Proposition 34.

Step 3 The function q\im constructed in Step 2 satisfies the equation of motion:
Riim = bDgi — f (qiim: dif: 1) dt € —=N*(qtim).
Moreover, the real measure (R, (c}ffm + q,i‘m)>qnm is a nonpositive measure on
the interval [ty, min(t, fy + §)[.
We denote by My ([a, b], R) the Banach space of all bounded real measures

on an interval [a, b]. By estimate (56), we can find N bounded real measures X;jim
such that

lim A;; = Ajtim in Mp([tg, min(z, 1y + §)], R) weak*,

n——+00

where another subsequence has been extracted, if necessary. Writing the equation
of motion (55) in local charts, we have

lim dg, " =dgf’ in Mp weak*.

n—>—+00 lim
Furthermore,
: -+, _ .ot :
ngr}_loof (q,,, q,; t) dt = f (qhm, G t) dt  in M, weak*,

by Lebesgue’s Dominated Convergence Theorem. Therefore, we obtain easily:
n
bDGE = f (qtim- i 1) dt + D itimd 9 (qim)
i=1
the weak* topology being Hausdorff. Now, by formulae (12) we have to prove
Suppiitim C {t € [f0, min(z, 1o + 8)]; @i (qiim (1)) = 0}. (57
Consider la, b[C [tg, min(zt, tg + §)] such that

Vs €la,bl, ¢i(qim(s)) <O0.
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The interval ]a, b[ is the union of the compact intervals K; = [a + 1/j,b — 1/j]
(j € N*). Fix j € N*, For n large enough,

VS € K]a ‘pl(Qn(S)) < 05

SO Ajn|k; = 0. We deduce:

Vg e CHK;:R), intk;gdhiim = 0.

Therefore, A1im|ja,pf = O and this achieves the proof of inclusion (57) and therefore
of the first assertion of Step 3.
For the second assertion of Step 3, we are going to prove actually:

thr t2 € [t()s min(‘[s t() + 8)[5 tl < t27 / <R11m, (q‘htn + q.]?m))qlim g 0
In.2]
(58)

Fix such #1, t» and arbitrary ¢ > 0. We have

. J. . 2 . 2
/]t , ](Rlim» (ql-i~_m + qlim))qlim = ||qﬁ_m (12) HlIlim(Tz) - ”ql-i‘_m(tl)“qlim(tl)
1,2

5]
2 / OF (@im (). it (03 1) 2 it (1)) i,
n

By the right-continuity of the function ¢ +— ”%Tm () ||q1, ® and the results of

Step 2, we can find 11, #;, € [fo, min(t, 1o +8)[ (t{ < 5) and an integer Ny such that

&
l‘i§tl~/§ti+8V—F, and

iz No, |ldit ol

Glim (t;

RN € .
)~ law @l =5 =12

Moreover, by Lebesgue’s Dominated Convergence Theorem, Ny may be assumed
large enough to ensure:

Vn 2 No,
/f [ (@im @), G (03 1) s i @) = (F (an (1), G ()5 1) ¢ () }di | < %
i
It is easily deduced that
Yn 2= Ny, <e.

[ R+ i = [ B+
111,121 111,151

Since ¢ is arbitrary and f]tl/‘lé](Rn, (q;[ +q, )>(1n is nonpositive (Proposition 7),
the conclusion (assertion (58)) follows.
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Step 4. Consider an arbitrary instant ty €lty, min(z, to + 8)[ such that
(doi (qiim (tg)))iej(qum(tg)) is orthogonal in Ty, Q.
Then, qiim satisfies the impact constitutive equation at instant tg:
q.]Jirm(tg) = éﬁm(tg) -1+ ¢)Pr0quim([g) [C}]?m(tg)§ N(QIim(tg))] .
Consider a local chart (U, ¥) centered at gjim(t;) such that:

— the cardJ (qiim (%)) first components of ¥ (g) are ;@i (q) (i € J(qum(tg))),
where the o; are some fixed positive real constants,

- Vq € U7 J(CI) - J(‘]lim(tg))a
— the matrix (g,- i (lim (tg))) is the identity matrix

(8ij Gim () = 8ij.
We have to prove
G (1) = =it (1), 1 < i < CardJ (qiim (L)),

. _ (59)
it () = G (tg), CardJ (qiim () + 1 S i < d.

First, we are going to prove:
Ve>0, INy,n>0, Vn=Ny, Vi, eltg—n,tg+nl, 1 <t

g7 ()| < g ()| + e,
(60)

and
Ve>0, 3INo,n>0, VYn2Ny, Vti,nbeltg—nts+nl, H <t,

Vieltinl, ¢l <0} = {|gF ) — ¢ )| =e}.
(61)

Fix & > 0 arbitrary, and pick a positive real number 1 small enough and an integer
Ny large enough to ensure:

Vielty—ntg+nl, VYn=No, qim() €U and gu(1) € U.

Let V' be a positive real constant, large enough to majorize all the quantities

g @] and Var (¢ 1t = n. 10+ 1)

when i, and n wander respectively in the sets {1,2, --- ,d}, [t, — n, g +n] and
{n € N; n = No}. We may assume that 7 is small enough and N large enough to
ensure:

Vielty—nte+nl. Yn=No. |gij(qa(®) — 8] < min | — e
€ g —n,tg+1l, nZ No, |gij(gn(®)) ij| = min W,W .
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Multiplying the equation of motion (36) by (¢, Ly g, 7)/2 and integrating over
1#1, t2], we obtain easily:

Vn2 Ny, Vt,nelty—ntg+nl, 1 <t,

+i Ly, [? 3 2qv2) |+
n(tl)‘+2<2> +/t F+2d°GV*™) |4,

i(s)

. 1
Slaref <5 ds,
which gives,

Vn2 Ny, Vt,nelty—ntg+nl, 1<t

Qi w)|

; 3 3
q,'l“ (tl)‘ + 3 + 2n (F + EdeV2> ,

by Lemma 17 and the desired conclusion (60) for sufficiently small 7. For the
second assertion (61), suppose we have in addition

Vielt.nl, gt <0.
The result is that X;, vanishes on [1, 2] and integration of the equation of mo-
tion (37) gives

; 3
g (1) — (n)‘ -+ 27 (F + devz)

and therefore the desired conclusion (61) for sufficiently small 7.
Now, let us come back to the proof of assertions (59). Fixi € {1,2,---,d}.
Only the following four cases are possible:

Case 1: CardJ (qiim(ty)) +1 =i = d;

Case 2: 1 < i < CardJ(giim(t)) and q.l;r;(tg) =0;

Case 3: 1 i < CardJ (qiim(2,)), ql;;(tg) >0 and ¢ =0;
Case 4: 1 < i < CardJ(qiim(tg)), qhm(tg) >0 and ¢ > 0.

We examine them successively.

Case 1. CardJ(qiim(fy)) +1=i <d.
Fix ¢ > 0 arbitrary. By assertion (61), we can pick a positive real number 7,
small enough and an integer Ny large enough to ensure that

Vn> Ny, Vt,neltg—nt,+nl, t<t, |§5t) -4 @) e,
since
Vieltg—ntg+nl, Vn=No, gh(t) <0,

by the choice of the chart we made. Actually, n can be assumed small enough to
ensure:

Vielty =il | = dimo| < e

Vil g+l [imo - )| e
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by Proposition 32. By Step 2, we can find t; € [t; —n, t,[ and 1, €]t,, t; +n] such
that

s Aty A —
Jim g @) = i (k=1.2)

and, therefore, Ny can be assumed large enough to ensure:

Yn Z No,

QW) — | = e k=12
Then, we have

i 1) — i 1)| < |dith ) = dih o) + [aith ) = 457 (2)]

a5t 02) = 47 )] + | () = i o)
+ Jaith e — din t)|
< 5e.
Since ¢ is arbitrary, we get the desired conclusion:
G (1) = Gim (7).
Case2. 1 =<i < CardJ(qim(tg)) and G (t5) = 0.

Fix ¢ > 0 arbitrary. By assertion (60), we can pick a positive real number 7,
small enough and an integer Ny large enough to ensure:

Vn2=No, Vt,trelty—n.te+nl, 1 <t,

Qi w)| <

g | +e.
Exactly as in case 1, i is assumed sufficiently small to ensure that

Vi€ [ty — 1, tgl, ‘c}“ﬁi}(t)‘ <e,

Vil to bl |anm — gt <e.
and Ny large enough to have

Yn = No,

G =) <o k=12,
for some 11 € [t; — 1, tg[ and some 1, €]t,, 1, + n]. We get
ittt < |aith o) — G| + |dimi @) — 4 )| + g )]
< g ()] + 3¢
< Se,
which gives the desired conclusion
Giim (1) = 0,

since ¢ is arbitrary.
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Case3. 1 =i = CardJ (qiim (1)), qhm(tg) >0and ¢ =0.
Fix ¢ arbitrary in ]O, qﬁ—rfl(zg) /16]. We pick n and Ny such that both asser-
tions (60) and (61) hold. Actually,  is assumed small enough to ensure that

@ @)

Vit e [ -, lg[ Sim llm(tg)
t—tg

Vielt —n.tl |Gt =g <e.

Vi Eltg. g+ . it = difiap| < e

and, by Step 2, Ny is assumed large enough to get

Vn 2 Ny, Vtelty—mn,ts+nl,

44(0) = gy )] = .

Vn = No,

G ) = i an| .

Vn 2 N,

G 1) = i ()| < e,

for some fixed #1 € [t, — 1/2,t, —n/4] and t, € [t, + 31/4, t, + nl. From these
inequalities, it is easily deduced that

177n._;

; 157,
162‘111m( Ig) < Giim (1) < - i

16 46]11m( Ig),

and therefore,

10 2
Vn 2 No, — gt (te) £ gh(t) £ —

16 6 nqhm (tg). (62)

Furthermore,
+i > > 4.
Tt 2 g () — 26 2 quim(tg)- (63)

Then, by estimates (62) and (63) and assertion (61), it is readily seen that
Vn >Ny, 3ty €lti,ti+nl,  ¢.t) =0.

But, since ¢ = 0, we have

Vn >Ny, ¢ () =0,
and, therefore,

iz No, |arie)| <
by assertion (60). We deduce:

i o)| < 3,

and the desired conclusion qﬂ:; (tg) = 0, since arbitrarily small ¢ can be chosen.
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Cased. 1 <i < CardJ (qum(tg)), gy (g) > 0and ¢ > 0.

—1
lim

Fix ¢ arbitrary in ]O0, qbc]li_rfl (tg)/16]. We pick 17, No, t1 and 1, exactly in the same

way as for case 3. As in step 3, we have
VnzNo, 3ty €l i+l gy(t) =0,

but, here, it is readily seen that #, is the unique instant in [t1, f, + 7] such that
g}, (t,) = 0. Now, we obtain

i (t) + B (to)| < |dith ) = 47 )| + |5 (2) = g7 )| +

¢ |G, (t) — ¢ (t)| + ¢
< 6e,

G ) — dihay)|

by use of assertion (60). Since ¢ can be arbitrarily small, we have the desired
conclusion:

G (1) = —pdp (ty).

This achieves the Proof of Step 4.

Step 5. Conclusion of the proof of Theorem 20.
First, we are going to prove:

Vit € [to, min(t, fo + 8)].  qim(?) = q(1). (64)
Define:
ty =sup{t € [to, min(t, to + )] Vs €lto,t], qim(s) =q(s)}.

Notice that the set in the above definition is non empty, since it contains fy. By
continuity, we have

Vielto, 1],  qim(t) = q(@).
Now, assume:
t1 < min(t, tg + §).

By the assumption made on ¢ in the theorem and by Step 4, the function gjip, is
readily seen to satisfy the impact constitutive equation at instant #; . Therefore,

(qiim (1), Gy, (1) = (g (1), 4 (1))

Furthermore, we have seen in Step 3 that gjiy, satisfies the equation of motion and
that (Riim, (41, + Gpim ) qum 1S @ nonpositive real measure. But, the proof of local
uniqueness (Theorem 8) uses nothing more than that. We deduce that there exists
a right-neighborhood of #; on which the functions gji, and g coincide identically.
But, this contradicts the definition of #; and achieves the proof of assertion (64). As
a result, the function gjin, is uniquely determined and the conclusions of Step 2 are
valid not only for a subsequence but for the whole sequence (gy,).
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Now, if 1o + 8 < t, we pick 1, € [t + 8/2, to + 8[ such that

lim (. (t9), 4 (1)) = (a9, 47 (1)) -

n—
Performing the same job for instant 7 instead of 7, we extend the conclusion to
interval [tp, min(z, tp + 35/2)]. Processing so inductively a large enough number
of times, we obtain the desired conclusion. 0O
Remark. A straightforward modification of the proof of Step 4 shows that the

conclusions of theorem 20 hold if we only assume that ¢ is continuous and constant
on each fiber:

Vg, Yv,nel,Q, ¢(q, vi)=0¢(q, v).

The conclusions of Theorem 20 also hold if ¢ is only assumed continuous and if,
moreover, we have

Vi€, T[, CardJ(q()) = 1.

8. Indications on the numerical computation of the solutions

Consider the problem P described in Section 3.4. Assume furthermore, for the
sake of simplicity, that the impact function ¢ is constant. The maximal solution
associated with the initial condition (go, vo) at time 7y = 0, is denoted by (7, q).
We consider a local chart (U, ¥) at go and a positive real number 7 such that

Vte[0,T], q@)eU.
By assumption (20), we may assume:
Vg eU, (d¢i(q))icyq Islinear independent in Tq*Q,

taking a smaller U if necessary. We consider a sequence of approximants, defining
foreveryn = 1:

o h,=2""T,

o ftyny=kh,=k27"T (k=0,1,2,---,2"),

® (1.0, Vn,0) = (0, v0),

® Gnk=qnik-1+thavpk—1 (k=12,---,2"),
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oo
® Vuk = VUpik—1

+ I:gaﬂ(‘h,k)fﬂ (‘In,lw Un,k—15 tn,k) - F%y (QrL,k)v,f,k_lv;k_l] hy
k=1,2,---,2", a=12,---,d),

o Uy = v/n,k —(1+¢) Pronn,k [v/n,k’ N(Qn,k)] k=12, ---, 2"),

Unk, ift € ltyi, thikr1lwithk=0,1,-.-2" —1,

o uy(t) = .
n( ) vn,2"9 lft = T = tn,2”7

t
an(0) = o + /O on(s) ds.

Actually, it may happen that the function g,, cannot be defined on [0, T'] if there
exists an integer k, such that g, ¢, +1 € U .In such a case, the function g, is defined
only on [0, #, x, 1.

This type of algorithm was introduced by Moreau and used without further
justifications. It should be stressed that one cannot hope that the sequence of ap-
proximants (g,) converges in general towards the solution g, since continuous
dependence on initial condition does not hold in general. Actually, it is easy to
build an explicit example, in the spirit of the example of Section 7, where the se-
quence (g, ) does not converge pointwisely towards any function at all. However,
in the special case where all the multiple impacts are orthogonal, things behave
nicely and we have:

Theorem 21. Suppose that the solution q is such that all multiple impacts are
orthogonal:

Viel[0,T], (dei(q())icsqu isorthogonal in Tq*(t)Q,

(with the convention that the empty set is orthogonal). Then, there exists an integer
No such that the function qy is well defined on [0, T] for n = Ng. Moreover, the
sequence (qn) converges uniformly on [0, T] towards q (or more precisely towards

Y(q))-

Theorem 21 can be proved along the same steps as those of the proof of Theo-
rem 20. The necessary adaptation of the details is left to the reader.

Appendix: the class of motion MMA (/; Q)

In this section, we are going to define the concept of vector field with bounded
variation along a locally absolutely continuous curve on a Riemannian manifold.
The definition and basic properties of absolutely continuous functions and functions
with bounded variation from a real interval to a finite-dimensional normed vector
space are supposed to be known. The reader is refered to RUDIN [17] and MOREAU
[13]. These concepts are intimately connected with measure theory. Two expositions
of measure theory compete: the set-theoretic approach (see for example RUDIN [17])
and the duality approach (see for example BOURBAKI [6]). These approaches are
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connected by Riesz’s representation theorem. In this paper, we stick to the duality
approach. If I is areal interval and E areal finite-dimensional normed vector space,
C Q(I ; E) will denote the space of continuous functions from / to E with compact
support. A measure on / with values in E (or E*) will be any linear form p on
C S (I; E*) (or,respectively, C ? (I; E)) satisfying the following continuity property:

VYa,b €I, a<b 3IM,, =20, V¢ withSuppe C [a, b],
(@) = My pmaxer o) -

When the constant M, , can be found independent of a and b, the measure w is
said bounded. For everything concerning measure theory, the reader is referred to
BourBaki [6] where he will note the definition of the support Supp © of a measure
« (BOURBAKI [6], p. 64).

The following list of definitions and propositions aims at carrying these concepts
over Riemannian manifolds. The cornerstone is, of course, the identification of
tangent spaces at different points of a curve by means of parallel translation.

This appendix is also an occasion to state precisely the classical theorems which
are used in this paper.

Definition 22. Let / be a real interval and ¢ : I — Q a curve on Q. The curve ¢
is said to be locally absolutely continuous if, for all ¢ in I, there exists a compact
neighborhood J of 7 in I and a chart (U, ¥) such that:

-q(J)CU,
- Y oq:J — R is absolutely continuous.

Since Q can be covered by a countable collection of chart domains, Lebesgue’s
theorem yields the result that g () admits a tangent vector g(t) € T, Q for dt-
almost all ¢ in I where dt denotes the Lebesgue measure on the real line (and also
its restriction on 7). The Riemannian structure on Q and the Cauchy-Lipschitz-
Caratheodory theorem allow us to define classically a parallel translation operator
along g, 15 : Ty5) Q — Ty(r) O (see, for example, CHAVEL [7],p. 7). 7y s is defined
for all (s, 1) € 1.

Definition 23. Let g be alocally absolutely continuous curve from / to Q. A vector
field X on ¢(¢) (or a 1-form field X* on ¢(¢)) is a mapping from I to T Q (resp.
T* Q) with the property

Viel, Tg(X(1) =q() (resp. ITh (X*(0) = g(1)).

A vector field X on g(¢) (or a 1-form field X™* on ¢ (¢)) will be said to be locally ab-
solutely continuous (resp. absolutely continuous, or locally with bounded variation,
or with bounded variation) if there exists fg in I such that the mapping

6, I — T4 Q resp. 0 I — Tq*(to)Q
s = 1. (X(s)) “|'s > bo (o X*(s))
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is locally absolutely continuous (resp. absolutely continuous, or locally with
bounded variation, or with bounded variation). If X has bounded variation on 1/, its
variation over [ is by definition:

Var(X (s); I) = Var(zyy,s (X (5)); 1). (65)
From the identity:

Vs, 82,1, €1,
”Ttl,Sl (X(51)) = Try.s0 (X(SZ))”q(zl) = “T’LSI (X(s1)) — T (X(S2))”q(tz) ’

it is easily deduced that the above definition is independent on a particular choice
of 1y and so is the real number Var(X (s); I).
The covariant derivative of a locally absolutely continuous vector field X along
g can be defined for d¢-almost every ¢ in [ by:
DX (1) _ d

= (‘L’I’S(X(S)))LY:I fordt-ae.t € 1.

Definition 24. Let (/, ¢) be a continuous curve on Q. We denote by C?(I ,q; TQO)
(or C?(I, q; T*Q)) the space of continuous functions ¢ from I to T Q (resp. T* Q)
with compact support and such that:

Viel, Tg(p®)=q@) (resp. Iy (p(1) = q()).

We define a measure on the curve (I, q) taking values in 7 Q (or T* Q) as any linear
form p on CS(I, q; T*Q) (or C?(I, q; T Q)) enjoying the following continuity
property:

Va,bel, a<b IMyp =0, Ve withSuppe C [a,b],
(@) < My p I?EaIX le@ g -

The real number 1 (p) will also be defined by f, (@), di)gq)-

Proposition 25. Let (1, q) be a continuous curve on Q and (1 a measure on q taking
values in T* Q. For any nonnegative function f of CS(I ; R), we define

/ () du
1

where the supremum is finite thanks to the continuity properties included in the
definition of measures. For arbitrary f in C?([ ; R), we define

Il () = Il (A7) = 1l (A7),

where (x)* = max{%x, 0} are the classical positive and negative parts.
Then, the functional || is a real measure called the modulus measure of |i.

[l (f) = sup
geC2(1.4:TQ)
gy )

)
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The proof is omitted since it is completely identical to the proof of the similar
statement for complex measures (see BOURBAKI [6, p. 54]).

The support Supp 1 of a measure w on ¢g(¢) taking values in 7*Q is, by defini-
tion, the support Supp || of its modulus measure.

We define LIIOC(I, q, il ; T*Q) by the space of functions 6 defined for |u|-
almost all 7 in 7, taking values in 7*Q and such that:

- l'I*Q(Q(t)) = q(t) for |u|-almost every ¢t € I,
- VoeClI,q;:TQ), tr (p),0)gn € L'U, |ul; R).

Proposition 26. Let 1 be a measure on q(t) taking values in T*Q. Then, there
exists a unique (class of) function l,, € LIIOC(I, q,d|ul; T*Q) such that:

- HZ(ZM(I)) = q(t) for d |u|-almost every t € I,
- VoelClil,q;TQ), [le®),diw)gay = [1{p®), 1(D)qwd .

This fact will be denoted by: djp = 1,d |u|. We shall say that l,, is the density of
measure |1 with respect to measure |4|.

Proof. For measure taking values in a finite-dimensional vector space, the above
statement is a classical direct consequence of the Lebesgue-Radon-Nikodym the-
orem (see RUDIN [17]). It is readily carried over manifolds by means of a locally
finite partition of unity modelled on chart domains.

Definition 27. Let X be a vector field with locally bounded variation on an abso-
lutely continuous curve (I, ¢) and #y an arbitrary element of /. We denote by d;, X
the Stieljes measure (see MOREAU [13]) associated with the mapping with locally
bounded variation:

I — TQ(tO)Q’
1
s = 1y s (X ().

ForY € C?(I, q;TQ)and Y* € C?(I, q; T*Q), the linear forms

Y »—>/I(r,o,s(y(s)),d,ox)q(to) and Y* »—>/I(r,o,s(uoY*(s)),d,ox)q(to)

turn out to be independent of a particular choice of 7y and define measures on ¢
taking, respectively, values in T*Q and T Q. They are denoted by bDX and DX
and called the covariant and contravariant representative of the covariant Stieljes
measure associated with X.

Proposition 28. If X is a locally absolutely continuous vector field on a locally
absolutely continuous curve from I to Q, then

DX
dt
Reciprocally, if X is locally with bounded variation and such that its covariant

Stieljes measure DX admits a density with respect to the Lebesgue measure, then
X is locally absolutely continuous and relations (66) hold.

DX
DX = —~dt and bDX =b—=d1. (66)
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Proof. This is an immediate consequence of Definition 27 and of the similar state-
ment for functions taking values in a finite-dimensional normed vector space.

Proposition 28 ensures the consistency of our notation. Let us now turn to
practical calculations in charts.

Proposition 29. Ler (U, ) be a chart on Q, (1, q) an absolutely continuous curve
on Q such that ¢(I) C U and X a vector field on (I, q). The components (X")
(i =1,2,---d)of X inthe natural chart of T Q associated with { are real functions
defined on I. The vector field X is locally absolutely continuous (resp. absolutely
continuous, or locally with bounded variation, or with bounded variation) if and
only if every function X' is locally absolutely continuous (resp. absolutely contin-
uous, or locally with bounded variation, or with bounded variation). Moreover, in
such a case, we have:

DX = (dX' + Tl (gD X7 (DG (1) dr ) ei(g (1),
PDX = gij () (dX7 + T, (@)X 0 (1) dr) € (g()).

Proof. This is an immediate consequence of Definition 27.

Proposition 30. Ler X be a vector field with locally bounded variation of an abso-
lutely continuous curve (I, q). Then, for any ty in I, the two limits limt%tof X(t)
and limt_>t()+ X (t) exist in T Q and are such that

1§ 05) <lim X(t)) =Tlp (lim X(t)) = q(t).
1=ty 1=t

These limits are denoted by X~ (ty) and X (to) and can be different only on an at
most countable subset of 1. The mapping

{I—)R"'

t e S IXOI,

has locally bounded variation and

1 X~ Xt
d (E ||X(t)||§(t)> = (M DX) :
q()

Proof. Itisadirect consequence of the similar statement for functions taking values
in Euclidean R (see MOREAU [13]) and of Definition 27.

Definition 31. We denote by MMA (I ; Q) (motions with measure acceleration) the
set of all locally absolutely continuous motions ¢ (¢) from I to Q such that the right
velocity ¢ (¢) exists for all ¢ in I and defines a vector field with locally bounded
variation on ¢(t).
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Proposition 32. Let g bein MMA(I; Q).Then, " : I — T Q isright continuous:
Viel, (¢T®0)" =4
Moreover, q(t) admits a left velocity vector at each instant of I and

viel, ¢ ®=(q"®) .

Proof. Use the Mean Value Inequality in a local chart.
Proposition 33. Let g € MMA(I; Q) with g(I) C U domain of a chart. Then,

v+ -+
bDG* = (daK(Q(f.)vf] (1)  9K(g(1).47 @) dt
dgti dg!

) e (q(1)).

Proof. Reproduce the proof of Proposition 2 with the help of Proposition 29.

Proposition 34. Let (g,),cn be a sequence of elements of MMA([O, T]; Q) such
that:

— there exists a compact subset K of T Q such that

VneN, Viel0,T], (q.(t), 4, 1) €K,

- 3IM >0, VneN, Var(gF;[0,T]) <M.
Then, there exists a subsequence of (q,),cN, also denoted by (qn),cn, such that:

— (gn)nen converges uniformly on [0, T] for the Riemannian metric towards a
function qiim belonging to MMA([O, T']; Q),

— The sequence (q,, 1), 4, (t)) converges towards (qnm (1), c}ﬁLm (t)) in T Q for al-
mostallt in 0, T|.

Proof. This is a generalization of Helly’s theorem to the case of a Riemannian
manifold. The set K’ = ITo(K) being compact, there exists ¢ > 0 such that (cf.
CHAVEL [7, p. 23]):

— forallginK',B(q,¢) (= {q' € K’;d(q,q') < ¢})is the domain of a chart v, ,
— forall ¢ in K’, the distance defined by |1/fq (q1) — ¥y (q2)| and the Riemannian
distance d are equivalent on B(q, ¢).

First, we extract a subsequence of (g, ), also denoted by (g,), such that:
lim_(g(0), ¢, (0)) = (g0, vo) inTQ,
n——+00
and there exists Ny € N large enough to have

&
Vn = No, d(qo,qa(0) < 7
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Now, by:

Viel0,T[, VYneN, |4, O, = la O], o + Var (4, :[0.T1),
(67)

there exists ap (0 < ag < T') small enough to have:
&
Vip€[0,T], Vi€ lto,min(T,10+ao)l, VneN, d(gn(),quo)) < 3

Then, it is easily checked that the functions ¥4, (g1 (1))0.a07 (# 2 Np) satisfy the
hypothesis of Helly’s theorem and therefore the conclusion of the proposition holds
on [0, ag].

Now, choose 71 € [ap/2, ag] such that:

im (gn(), 4,7 () = (qim (1), iy (1)) 0 TQ,
and Np large enough to have:
€
Vnz N, d(qim(1), ga(0)) < 3.

Performing the same job as above on the chart of domain B(gjim (1), €), we find
that the conclusion of the proposition holds on [0, min(7, 3cg/2)]. Processing so
inductively a large enough number of times, we obtain the desired conclusion. O

Remark. If the Riemannian manifold Q is assumed to be complete, the first hy-
pothesis in Proposition 34 can be weakened and replaced by:
there exists a compact subset Ko of T Q such that

VneN, (.04, 0) € Ko.
Indeed, this hypothesis allows us to extract a subsequence of (g,) such that
Jim (400,47 0) = (qo.v)  inTQ.
By estimate (67), we get:

iD>0, Vte[0,T], VneN, ||q,,+(t)||q o = D, and d (qo. ga(1) = D.
The Riemannian manifold Q being complete, by the Hopf-Rinow theorem (cf.
CHAVEL [7, p. 26]), the functions (g, q;“ (t)) take values in a compact subset K of

TOQ.

Acknowledgements. 1would like to thank particularly MICHELLE SCHATZMAN for her always
relevant remarks. The final form of this article owes very much to her circumspect and
disinterested advice.



274 PATRICK BALLARD

References

. R. ABRAHAM & J. E. MARSDEN, Foundations of Mechanics (Addison-Wesley, 1985).

2. V.1. ARNOLD, Mathematical Methods of Classical Mechanics (Springer-Verlag, 1978).

11.

12.

13.

14.
15.
16.
17.
18.
19.

20.

. P. BALLARD, Dynamique des systemes mécaniques discrets avec liaisons unilatérales
parfaites. Compte-Rendus a I’ Académie des Sciences, Série 11,327, (1999) pp. 953-958.

. A. BRESSAN, Incompatibilita dei Teoremi di Esistenza e di Unicita del Moto per un
Tipo molto Comune e Regolare di Sistemi Meccanici, Annali della Scuola Normale
Superiore di Pisa, Serie 111, 14, (1960) pp. 333-348.

. H. Brezis, Opérateurs Maximaux Monotones et Semi-groupes de Contrations dans les
Espaces de Hilbert (North-Holland Publishing Company 1973).

. N. BOURBAKI, Intégration, Hermann, Paris, chaps 1, 2, 3, 4 (2nd ed., 1965), chap. 5
(1956), chap. 6 (1959).

. I. CHAVEL, Riemannian Geometry: a Modern Introduction (Cambridge University Press
1993).

. E.A. CoppINGTON & N. LEVINSON, Theory of Ordinary Differential Equations
(McGraw-Hill Book Company 1955).

. J.L. LioNs & G. STAMPACCHIA, Variational inequalities. Communications on Pure and
Applied Mathematics, 20, (1967) pp. 493-519.

. M. D.P. MONTEIRO MARQUES, Differential Inclusions in Nonsmooth Mechanical Prob-

lems (Birkhduser, Basel, Boston, Berlin 1993).

J.J. Moreau, Décomposition orthogonale d’un espace hilbertien selon deux cones

mutuellement polaires, Compte-Rendus a I’académie des Sciences de Paris,255,(1962)

pp- 238-240.

J.J. MoREAU, Standard inelastic shocks and the dynamics of unilateral constraints, in

Unilateral problems in structural analysis (G. Del Piero & F. Maceri Eds, Springer-

Verlag, Wien, New-York 1983), pp. 173-221.

J.J. MoREeAU, Bounded variation in time, in Topics in Non-smooth Mechanics (J.J.

Moreau, P.D. Panangiatopoulos, G. Strang, Eds., Birkhduser Verlag, Basel-Boston-

Berlin 1988), pp. 1-74.

D. PercIVALE, Uniqueness in the Elastic Bounce Problem, 1, Journal of Differential

Equations, 56, (1985) pp. 206-215.

D. PErcIvALE, Uniqueness in the Elastic Bounce Problem, I, Journal of Differential

Equations, 90, (1991) pp 304-315.

R.T. ROCKAFELLAR, Convex Analysis (Princeton University Press 1970).

W. RUDIN, Real and complex analysis (McGraw-Hill 1966).

M. ScuATZMAN, A Class of Nonlinear Differential Equations of Second Order in Time,

Nonlinear Analysis, Theory, Methods & Applications, 2, (1978) pp. 355-373.

M. ScHAaTZMAN, Uniqueness and continuous dependence on data for one dimensional

impact problems, Mathematical and Computational Modelling, 28, (1998) pp. 1-18.

Y. G. SiNa1, Dynamical systems with elastic reflexions, Russian Mathematical Surveys,

25, (1970) pp. 137-189.

Laboratoire de Mécanique des Solides
Ecole Polytechnique
91128 Palaiseau Cédex
France
e-mail: ballard@1ms.polytechnique.fr

(Accepted April 18, 2000)
Published online September 18, 2000 — (© Springer-Verlag (2000)



Downloaded from rsta.royalsocietypublishing.org on 26 October 2009

PHILOSOPHICAL THE ROYAL
TRANSéETIONS SOCIETY

Formulation and well-posedness of the dynamics of rigid-body
systems with perfect unilateral constraints

Patrick Ballard

Phil. Trans. R. Soc. Lond. A 2001 359, 2327-2346
doi: 10.1098/rsta.2001.0854

i Respond to this article
Rapld response http://rsta.royalsocietypublishing.org/letters/submit/roypta;359/1789/2327

i i i Receive free email alerts when new articles cite this article - sign up in the box at the top
Email alertmg service right-hand corner of the article or click here

To subscribe to Phil. Trans. R. Soc. Lond. A go to: http://rsta.royalsocietypublishing.org/subscriptions

This journal is © 2001 The Royal Society


http://rsta.royalsocietypublishing.org/letters/submit/roypta;359/1789/2327
http://rsta.royalsocietypublishing.org/cgi/alerts/ctalert?alertType=citedby&addAlert=cited_by&saveAlert=no&cited_by_criteria_resid=roypta;359/1789/2327&return_type=article&return_url=http://rsta.royalsocietypublishing.org/content/359/1789/2327.full.pdf
http://rsta.royalsocietypublishing.org/subscriptions
http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org on 26 October 2009

[l THE ROYAL
10.1098 /rsta.2001.0854 ]G SOCIETY
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the dynamics of rigid-body systems
with perfect unilateral constraints

By PATRICK BALLARD
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91128 Palaiseau Cédezx, France (ballard@lms.polytechnique.fr)

The classical theory of rigid-body systems dynamics with perfect bilateral constraints
is extended in order to take perfect unilateral constraints into account. A systematic
formulation of the dynamics is derived and the most general admissible form of the
impact-constitutive equation is obtained. Well-posedness of the evolution problem is
proved under the assumption that the data are analytic.

Keywords: analytical dynamics; non-smooth mechanics; impact

1. Introduction

Rigid-body systems dynamics with perfect bilateral constraints has been well estab-
lished on firm mathematical foundations for a long time. In this paper, we aim at
giving such a status to the dynamics of rigid-body systems with perfect unilateral
constraints.

Any mechanical theory relies on a geometric description of the system under study.
This is always a schematization. As a consequence, most of the time, the equation of
motion has to be completed with some constitutive equation. A constitutive equation
conveys the physical information that has been removed by the over-schematization
of the geometric description. In fact, the well-posedness of the dynamics generally
serves implicitly as a guideline to the identification of the general form of the con-
stitutive law, although thermodynamic considerations can also play an important
part.

The dynamics of rigid-body systems with perfect unilateral constraints necessarily
involves an impact-constitutive equation. We shall try to identify the most general
form of the impact-constitutive equation that is compatible with the well-posedness
of the dynamics. Thus, we shall build the theory step by step, justifying the necessity
of each hypothesis by a counter-example. These hypotheses will be classified into two
categories. Those which convey a physical assumption will be called ‘constitutive’
hypotheses and the others, whose aim is to prevent mathematical pathologies, will be
called ‘regularity’ hypotheses. Since one aim is to obtain general forms of constitutive
laws, one has to make sure that the constitutive laws do not depend on any particular
parametrization of the system. For this reason, we are going to try to obtain intrinsic
formulations of dynamics, that is, formulations which do not rely on a particular
choice for the parametrization of the system. This necessarily requires the use of
the language of differential geometry. However, only the most elementary level of
differential geometry is needed.
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2. The dynamics of rigid-body systems
(a) The geometric assumption: rigidity

Classical mechanics postulates the existence of a three-dimensional oriented affine
Euclidean space &, sometimes called the (Galilean) real world, and an absolute
chronology represented (after the choice of an origin) by a real number, generally
denoted by t. The vector space associated with £ will be denoted by FE.

A solid is represented by its real world reference configuration, which is nothing but
a possible geometric locus of all the material points of the solid in £. The geometric
assumption of rigidity can be stated as follows: the only real-world configuration of
that solid which can be observed are obtained from the real-world reference configu-
ration by direct isometries. Therefore, once the real-world reference configuration has
been fixed, any real-world configuration of the solid is represented by a direct isom-
etry ¢. Since any direct isometry on £ can be split into a translation and a rotation,
the set of all direct isometries can be identified with F x SO3 (where SO3 denotes
the set of all direct orthogonal endomorphisms on F, endowed with its standard
manifold structure). It is said that E x SQ3 is the (abstract) configuration manifold
of the rigid solid. Since its dimension is 6, we say that the rigid solid has six degrees
of freedom (DOF).

Other idealizations of rigid solids can appear: the infinitely thin rigid bar whose
configuration manifold is E x S2 (S2 denotes the two-dimensional sphere equipped
with its standard manifold structure) and the punctual particle whose configuration
manifold is simply F.

A motion of a rigid solid is a curve on its configuration manifold @ (a mapping from
a time-interval I into Q). The derivative of the motion at instant ¢ is denoted by ¢(t).
This is called the abstract (or, sometimes, generalized) velocity and is an element
of the tangent bundle T'Q) of the configuration manifold. One often encounters the
name ‘state space’ for TQ, in which case ¢(t) is also called a state of the system.

The mass distribution in the rigid solid is a bounded positive measure on the real-
world reference configuration. It allows, classically, the association of any state of the
system with its kinetic energy K(q,q). It defines a positive-definite quadratic form
on each tangent space of (), endowing the configuration manifold with a Riemannian
structure. This Riemannian metric is naturally called the kinetic metric. From now
on, whenever we speak of a configuration manifold, it will always be supposed to be
equipped with its Riemannian structure.

A rigid-body system is a finite collection of rigid bodies. The configuration manifold
of a rigid-body system is the cross-product @1 X Q2 X --- X @, of the individual
configuration manifold @; of each rigid body of the system.

Notation. For @) being a smooth Riemannian manifold of dimension d, we shall
denote by

(i) TQ and T*Q, the tangent and cotangent bundles;
(ii) IIg and II}, the natural projection mappings of T'Q) and T*Q;

(iii) (-,-)q, the local duality product between tangent space T,Q and cotangent
space 17 ();
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(iv) (-,+)q and ||-][,, the local scalar product and norm on TyQ (a * will be added
when referring to the scalar product and norm on T*Q);

(v) b (and § = b~1, its inverse), the isomorphism of vector bundles from T'Q onto
T*@Q naturally associated with the Riemannian metric of Q).

The abstract velocity ¢(t) € TQ of a motion ¢(t) will alternatively be denoted
by (q(t),q(t)). This is clearly a redundant notation since the base-point ¢ = IIg(q)
is contained in the derivative, but I believe that this notation will be an aid to
understanding. More generally, an element v of T'Q will also be denoted by (q,v)
with ¢ being the base-point of v.

Any (local) chart ¢ on the configuration manifold is called a (local) parametriza-
tion. For an abstract configuration q € Q, 1(q) is an element of R? that we denote by
(¢4, 4%, ...,q%). Each time a given parametrization will be under consideration, we
shall write ¢ = (¢*, 4%, ...,q%). The natural basis of T,Q (respectively, T;Q) natu-
rally associated with the chart v is denoted by (e1(q),e2(q), ..., eq(q)) (respectively,
(e'(q),e%(q),...,e%(q))). For (g,v) belonging to T'Q, we denote by v’ (i = 1,2,...,d)
its components in the natural basis and we shall write

v =1v'e(q).

Einstein’s summation convention will always apply, unless explicitly stated otherwise.
As usual, g;; (¢) will be the covariant components of the metric in the considered chart
and g (q) its contravariant components; I'j; (¢) will be the associated Christoffel

symbols:
, 4 Ognk 0gjn 9g;r
7 _ 1 ih J o J
k(@) =39 ((D( ¢ (q) + o (9) " (9) )

For ¢(t) being a curve on @ and v being a vector field on that curve, the covariant
derivative of v along ¢(t) is denoted by

200 = (500 + Tha@)? (0 0 )exta).

(b) Formulation of the dynamics

Consider a rigid-body system of configuration manifold @ and a motion ¢(¢) of that
system. The power of inertial forces at instant ¢ is, by definition, the time derivative
at t of the kinetic energy:

d 1d D D
) = 150,00 = (ga0.a0) = (Daw.a0) .

q(t) q(t)
Hence, it is seen that the power of inertial forces at time ¢ defines the cotangent
vector bDq(t)/dt € T, Q. An arbitrary element T,Q is often called a virtual velocity
of the system in the configuration g. Then, the linear form bD¢(t)/dt is called the
virtual power of inertial forces.

The analysis of the dynamics has to take into account external and internal efforts.
They define a linear form f € T;7Q) on each tangent space of the configuration
manifold, which is classically named the virtual power of external and internal efforts.
The reason for such a modelling of efforts by duality is that it ensures the consistency
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of the modelling of the efforts with the geometric description of the system. The linear
form f(q,q;t) € T;Q is allowed to depend not only on time but also on the current
state of the system.

The fundamental principle of classical mechanics asserts that the virtual power of
inertial forces should equal at every instant the virtual power of external and internal

efforts: D
v, b@Q(t) = f(Q(t>v q.(t>v t)' (2'1>

Equation (2.1) is referred to as the equation of motion. It is a second-order differential
equation on the configuration manifold. To express it in a particular parametrization
of the system, the following is useful.

Proposition 2.1 (Lagrange). Let ¢ be a local chart and q(t) a C? motion on
Q. One has

10 = ( 55 2 K00 — 5 K(a(0.d) ) at).

We are given an initial instant ¢, and an initial state (qo,v9) € TQ. Then, the
evolution problem associated with the dynamics of a rigid-body system is the Cauchy
problem, as follows.

Problem I. Find T > ¢y and ¢ € C?([to, T[; Q) such that
(i) (a(to),d(to)) = (qo,v0),

(11) vVt € [to,T[, bB

22000 = (a0, d(0).1).

(¢) Well-posedness of the dynamics

To study the well-posedness (existence and uniqueness of solution) of problem I,
we have to specify regularity assumptions on ) and f.

Counter-example 1. Consider the evolution equation

—za(t) =6la®)]'*  (qeR)

with initial condition (¢(0),¢(0)) = (0,0). It is readily checked that the two motions
defined on RT ¢(t) = 0 and ¢(t) = t> provide two distinct solutions.

To get well-posedness, we are led to make further hypotheses. Throughout this
paper, we shall distinguish two classes of hypotheses: the constitutive hypotheses
and the regularity hypotheses. A constitutive hypothesis is one which conveys phys-
ical meaning. A regularity hypothesis conveys no physical meaning and is stated to
eliminate mathematical pathologies. The following regularity hypothesis is slightly
stronger than necessary.

Regularity hypothesis. The Riemannian configuration manifold is of class C?
and the mapping f: TQ x R — T*Q is of class C*.
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It should be pointed out that the first part of this hypothesis is actually no hypoth-
esis at all. The configuration manifold of the three-dimensional rigid solid, of the
infinitely thin rigid bar or of the punctual particle, with arbitrary mass distribution
is C° (or, even more, analytic) Riemannian manifolds. The configuration manifold
of a rigid-body system (with no constraints), being a cross-product of such manifolds,
can be assumed to have arbitrary regularity. This is not a restriction either on the
geometry nor on the mass distribution of the system, but on the class of admissible
parametrizations.

Under this regularity assumption, we have the following well-posedness result.

Theorem 2.2 (Cauchy). There exists a unique maximal solution for problem I.

More precisely, theorem 2.2 states that there exists T, > to (T, € RU {+o0})
and q,, € C%([to, Tim|[, @), being a solution of problem I such that any other solution
of problem I is a restriction of ¢,,. Of course, we expect that T,, = +o0o, in which
case the dynamics is said to be eternal. This situation cannot be taken for granted,
in general.

Counter-example 2. Consider the evolution equation

< alt) = (1))

(¢ € R) with initial condition (¢(0),4(0)) = (0,1). It is readily checked that the
maximal solution is defined on the interval [0, 1].

In the usual cases encountered in mechanics, eternal dynamics is ensured by the
following general sufficient condition.

Theorem 2.3. The configuration manifold () is assumed to be a complete Rie-
mannian manifold (this is no hypothesis in the case of rigid-body system with no
constraints). The mapping f is supposed to admit the following estimate,

1 (g v D)llg < U@L+ d(g; q0) + [[vllg),

for all (q,v) € TQ and almost all t € [ty,+oc[, where d(-,-) is the Riemannian
distance and I(t) is a (necessarily non-negative) function of LL _(R;R). Then, the
dynamics is eternal: T,, = +o0.

The proof of theorem 2.3 relies on Gronwall’s lemma.

3. Perfect bilateral constraints

A constraint describes a type of effort which is not taken into account by the efforts
mapping f. Indeed, it is possible to specify (partly) some efforts by their kinemat-
ical effects. In general, these kinematical effects leave the associated efforts partly
undetermined and we have to add phenomenological assumptions about how the
constraint acts through a constitutive law of the constraint.

(a) The geometric description

A (holonomic) bilateral constraint is a restriction on the admissible motions of
the system which is expressed by means of a finite number n of smooth real-valued
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functions ¢; on the configuration manifold @, defining a set S of admissible config-

urations:
S={qe@Vie{l,2,....n}, pi(q) =0} (3.1)
The following hypothesis is usual in this framework.

Regularity hypothesis I. The functions ¢; are functionally independent, that
is, for all ¢ € S, the dp;(q) (i € {1,2,...,n}) are linearly independent in T*Q).

A straightforward consequence of this hypothesis is that S is a submanifold of @
of dimension d —n. As a result, S inherits a Riemannian structure from ¢). We shall
say that S is the configuration manifold of the constrained system.

(b) Formulation of the dynamics

The realization of the constraint (3.1) necessarily involves a modification of the
equation of motion (2.1). This is done by adding to the virtual power of efforts
f(q,¢;t) a corrective unknown term R called the virtual power of reaction efforts:

Vi, brdlt) = Fla(t),d(0),6) + R)

We might expect R to be determined by the geometric constraint (3.1), but, in
general, this does not work. We have to add phenomenological assumptions on the
way the constraint acts. This is the constitutive law of the constraint.

Constitutive hypothesis II. The bilateral constraint (3.1) is supposed to be
perfect (one also says synonymously ideal), that is, the virtual power of the reaction
efforts R vanishes in any virtual velocity compatible with the bilateral constraint:

Vo e {veTyQ;Vie{l,2,...,n}, (dpi(q),v)q =0} =TS, (R,v)q = 0.
Thanks to hypotheses I and II, we can write

= Z Ai(t) dei(q),

for some real-valued functions \;.

Now, we formulate the evolution problem associated with the dynamics of rigid-
body systems with perfect bilateral constraints. The initial condition is assumed to
be compatible with the realization of the constraint (go,vo) € T'S.

Problem II. Find T > to, ¢ € C%([to, T[; Q) and n functions \; € C°([te, T[; R)
such that

(i) (q(to),q(to)) = (qo,v0),
(ii) Vt € [to, T, q(t) € S,

(iff) V¢ € [to, TT, b%q(t):f( +Z>\ ) dgi(q(t).

Here, we used the notation Dg/d¢ for the covariant derivative to underline the fact
that the covariant derivative is understood with respect to the Riemannian structure
of @ (and not to that of ).
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Let ¢ be a point of @), v a vector in T,(), and E a subspace of T;(Q). The orthogonal
projection of v on E for the scalar product of T, induced by the Riemannian struc-
ture of @, is denoted by Proj,[v; E]. Similarly, Proj;[v*; E*] denotes the orthogonal
projection of the cotangent vector v* on the subspace E* of Ty Q. If ¢(t) is a curve
on the Riemannian submanifold S of @) and v a vector field on that curve, then we
have (see Chavel 1993, p. 54)

Ds’U . DQ’U
F = PrOJq |:dt7 TqS:| .

Therefore, any solution of problem II is seen to be a solution of the following problem.

Problem II'. Find T > tq and q € C%([tp, T[; S) such that
(i) (q(to), q(to)) = (a0, vo),

(i) it € [to, 71, 55(1) = Proijy [F(a(t) (1) ): T ).

Reciprocally, any solution of problem II' is readily seen to generate a solution of
problem II: the two evolution problems are equivalent.

The linear form (cotangent vector) Proj;[f(q, ¢;t); T, S] equals the restriction of
the linear form f(q, ¢;t) on the space TS of virtual velocities compatible with the
bilateral constraint. Therefore, it is the virtual power of external and internal efforts
in any virtual velocity compatible with the constraint.

(¢) Well-posedness of the dynamics

Problem IT" has formally the same structure of problem I. Since problems II' and II
are equivalent, the results of §2c¢ give the well-posedness of the dynamics of rigid-
body systems with perfect bilateral constraints.

Regularity hypothesis III. The configuration manifold () and the functions ¢;
are of class C? and the mapping f: TQ x R — T*Q is of class C'.

Proposition 3.1. Problems II and IT' have a unique maximal solution q,,.

The analysis of the eternity of the dynamics is provided by theorem 2.3.
Regularity hypothesis I could seem very restrictive. However, dropping it would
lead to difficulties.

Counter-example 3. Consider a rigid homogeneous bar of length [. The two
extremities of the bar are constrained to remain on a fixed circle of diameter [. The
two corresponding bilateral constraints are supposed to be perfect. This is a simple
occurrence of a bilateral constraint, which does not satisfy regularity hypothesis I.
At the initial instant, the bar is at rest. A constant force is applied at the middle
point of the bar. This force is directed in the plane of the circle but not along the bar.
The reader will be convinced that the corresponding evolution problem II admits no
solution.

Since the modelling of a rigid-body system with no constraint or with perfect
bilateral constraint leads to the construction of mathematical structures of the same
type, we state the following definition.
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Definition 3.2. A simple discrete mechanical system is a pair (Q, f), where

(i) @ is a finite-dimensional smooth Riemannian manifold called the configuration
manifold.

(ii) f:TQ xR — T*Q is a smooth mapping satisfying
V(g,v) € TQ, YteR,  I5(f(gv;t)) =g,
called the efforts mapping.

4. Perfect unilateral constraints

The consideration of elementary examples shows that the dynamics of rigid-body
systems can lead to some prediction of the motion where some bodies of the sys-
tem owerlap in the real world. Of course, this should not be allowed. Hence, very
often, one has to add the statement of non-penetration conditions to a simple dis-
crete mechanical system. This is a simple occurrence of unilateral constraint. In this
section, we shall discuss the consideration of perfect unilateral constraints in simple
discrete mechanical systems.

(a) The geometric description

Consider a simple discrete mechanical system with configuration manifold Q. A
unilateral constraint is a restriction on the admissible motions of the system, which
is expressed by means of a finite number n of smooth real-valued functions ¢; on the
configuration manifold @, so that the set of all admissible configurations A is given
by

A={geqQ¥ie 1,2, .. ,n}, ¢ilg) <O} (4.1)

The set of all active constraints in the admissible configuration ¢ € A is defined by
The following hypothesis should be compared with regularity hypothesis I of §3a.

Regularity hypothesis I. The functions ¢; are functionally independent in the
sense that, for all ¢ € A, the dp;(q) (i € J(q)) are linearly independent in T*@Q.

Consider a motion ¢(t) in A and assume that a right velocity ¢*(t) € T,4)Q exists
at instant ¢; then ¢*(f) necessarily belongs to the closed convex cone V(g(t)) of
Ty1)@ defined by

V(Q(t)) = {U € Tq(t)QQVi € J(q(t))’ <d4pi(q(t))vv>q(t) < O}

V(q) is called the cone of admissible right velocities at the configuration ¢. In par-

ticular, )
ge A (ie. J(q) =0) = V(g) = T,Q.

Similarly, if a left velocity ¢~ € T,Q exists, then = € =V (q).

(b) Formulation of the dynamics

The formulation of the dynamics follows Moreau (1983).
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(i) Equation of motion

As for bilateral constraints, the realization of the constraints induces some reaction
effort R. The following hypotheses are made.

Constitutive hypothesis II. The unilateral constraints are of type contact with-
out adhesion:
Vo € V(‘])a <R,U>q 2 0.

Constitutive hypothesis III. The unilateral constraints are perfect:
VYo e {v e TyQ; Vi e J(q), (dpi(q),v)q = 0}, (R,v)q = 0.
As an easy consequence of constitutive hypotheses II and III, we get

iedJ(@ = X\ <0,
=0

3(>\i)i:1,2,.4.,n e R", R:Z/\z’d%@), and i&'J(q) =\

i=1

Thus, the reaction effort R € T*(@ must be such that

~ReN*(q) & {i Aidwi(q);Vi € J(q),\i 20, Vid J(q), i = 0}- (4.2)

=1

N*(q) is a closed convex cone of T;@ and it is the polar cone of V(g) in the dual-
ity (7,Q,T,;Q), the polar cone of V(g) for the Euclidean structure of 7,Q being
N(g) = #(N*{0)) a

Now, consider a motion ¢(t) starting at o € A at time ¢y with velocity vo. Assumed
to be continuous, ¢(t) remains in A on a right neighbourhood of ¢y. By formula (4.2),
the reaction effort R vanishes as long as ¢(¢) is in A and the motion is governed by
the following ordinary differential equation.

(q(to), d(to)) = (qo,vo),
Di
ng = f(g,&:1).

Suppose that the solution of this Cauchy problem meets JA at some instant greater
than to. Denote by 7" the smallest of these instants. The motion admits a left velocity
vector vy at time T'. Of course, the following may happen: v € V(¢(7T')). In this
case, no differentiable extension of the motion can exist in A for ¢ greater than 7.
The requirement of differentiability has to be dropped. An instant such as T is called
an instant of impact.

However, we are still going to require the existence of a right velocity vector ¢7(t) €
V(q(t)) at every instant ¢. The right velocity need not be a continuous function of
time and the equation of motion,

Dg*
dt
should be understood in the sense of Schwartz’s distribution. Actually, we require R

to be a vector-valued measure rather than a general distribution.

We denote by MMA(7; Q) (motions with measure acceleration) the set of all abso-
lutely continuous motions ¢(t) from a real interval I to @) admitting a right velocity

b = f(q,q";t) + R,
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gt (t) at every instant ¢ of I and such that the function ¢*(t) has locally bounded
variation over I. Naturally, bounded variation is classically defined only for func-
tions taking values in a normed vector space. However, for any absolutely continuous
curve ¢(t) on a Riemannian manifold, parallel translation along ¢(¢) classically pro-
vides intrinsic identification of the tangent spaces at different points of the curve
and, therefore, the definitions can easily be carried over to this case (for the precise
mathematical setting, see Ballard (2000)). Any motion ¢ € MMA(I; Q) admits a
left and a right velocity, ¢~ and ¢*, in the classical sense at any instant. Moreover,
the covariant Stieltjes measure D™ of its right velocity ¢ is intrinsically associated
with any motion ¢ € MMA(T; Q). The equation of motion takes the form,

bDGT = f(g,¢";t)dt + R,

where dt denotes the Lebesgue measure. We have to give a precise meaning to con-
dition (4.2) with R being a vector-valued measure.

Convention. We shall write
R e —N"(q(t))

to mean that there exist n non-positive real measures A; such that
R=Y Ndpi(q(t)) and Vie{1,2,...,n}, SuppX; C {t;¢i(q(t)) =0} (4.3)
i=1

Using this convention, the final form of the equation of motion is
R=5Dg" — f(q(t),q*(t);t)dt € —N"(q(t)). (4.4)

A straightforward consequence of the equation of motion is that an impact (that
is, a discontinuity of the right velocity ¢7) can only occur at an instant ¢ such that
J(q(t)) # 0. This fact is a justification for the following definition.

Definition 4.1. An impact occurring at time ¢ is said to be simple if J(q(t))
contains exactly one element. If J(g(t)) contains at least two elements, the impact
is said to be multiple.

(ii) The impact-constitutive equation

We begin this section with an example. Consider the one-degree-of-freedom mech-
anical system whose configuration space is R equipped with its canonical Euclidean
structure. The efforts mapping f vanishes identically and the unilateral constraint
is represented by the single function ¢;(q) = ¢ so that the admissible configuration
set A is R™. At initial time to = 0, we consider an initial state (qo,vp) such that
go < 0 and vg > 0. It is readily seen from the equation of motion (4.4) that an impact
necessarily occurs at time ¢t = —¢qo/vg. At this time, the left velocity is vo. But, the
right velocity can take any negative value and whatever it is, it is compatible with
the equation of motion.

The reason for this indetermination lies in the phenomenological nature of the
interaction of the system with the obstacle. This missing information has to be
added.
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Constitutive hypothesis I'V. The interaction of the system with the obstacle at
time ¢ is completely determined by the current configuration ¢(¢) and the current left
velocity ¢~ (t). In other terms, we postulate the existence of a mapping F : TQ — TQ
describing the interaction of the system with the obstacle during an impact:

vt () = F(q(t).q (1)) (4.5)

To ensure compatibility with the equation of motion (4.4), the mapping F should
satisfy

Flg,v™) € Vig),
F(q,v~)—v~ € =N(q).

Moreover, we add the assumption that the kinetic energy of the system cannot
increase during an impact.

Vge A, Vo e-Vig),  IF(gv7)llg <o llg: (4.7)

Vge A, Yo~ € =V (q), (4.6)

Let us comment on hypothesis IV. When two solids hit, their bouncing is actually
governed by the propagation of deformation waves in each of the two solids. But,
from the very beginning, we have adopted the simple framework in which each solid
is supposed to be rigid, that is, for the sake of simplicity, we have chosen not to take
into consideration any phenomena relying on the deformation of the solids. Thus, we
cannot expect the theory to be able to predict the outcome of an impact experiment.
The aim of constitutive hypothesis IV is to introduce the missing information into the
theory. Of course, in practical situations, we have to identify the unknown mapping
F. This can be done either by means of experiments or by use of a refined theory.
For example, the theory of elastodynamics could be used to predict the outcome
of an impact in every impact configuration. The result would be an identification
of the mapping F. In any case, there is a very large amount of work in precisely
identifying F. This is the price we have to pay for describing sophisticated physical
phenomena in a very simple framework. Actually, this issue is faced in any mechanical
theory (for example, the theory of elasticity). Naturally, in each mechanical theory,
the question arises as to what amount of missing constitutive information should
be introduced. Most of the time, well-posedness of the resulting evolution problem
serves as a guideline to stating the constitutive hypotheses.

Definition 4.2. Equation (4.5), with mapping F satisfying requirements (4.6)
and (4.7) is called the impact-constitutive equation. An impact-constitutive equation
which ensures the conservation of kinetic energy during an impact,

Vge A, Yo e-V(g), IF(gv)lg=1v"lg
is called elastic.
There always exist many mappings F satisfying requirements (4.6) and (4.7).

Example 4.3. Let e : TQ — [0,1] be an arbitrary function. The mapping F
defined by
F(q,v™) =Proj,[v7;V(q)] — e(q,v™) Proj,[v; N(q)], (4.8)

is easily seen to satisfy requirements (4.6) and (4.7). The associated impact-constitu-
tive equation is often called the canonical impact-constitutive equation. It is elastic
if and only if e = 1. The function e is classically called the restitution coefficient.
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Figure 1. Newton’s cradle.

The reason why the canonical impact-constitutive equation is distinguished is that,
in situations where only simple impacts can occur (for example, if the unilateral con-
straint is represented by a single function (1), then the impact-constitutive equation
must be the canonical one (this is a simple consequence of requirements (4.6) and
(4.7)). However, in the case of multiple impacts, the canonical impact-constitutive
equation has no specific physical relevance. A simple occurrence of a multiple impact
is provided by Newton’s cradle. The principle of the experiment is sketched in fig-
ure la. Its outcome is sketched in figure 1b. It should be compared with the prediction
of the canonical elastic impact-constitutive equation, which is sketched in figure 1c.

The following proposition is a straightforward and useful consequence of require-
ments (4.6) and (4.7).

Proposition 4.4. Let F be a constitutive mapping satisfying requirements (4.6)
and (4.7). Then, we have

Vge A, Yo~ e V(g)N(=V(q)), Flg,v)=v".

We conclude this section by a comment on requirement (4.7). At first glance, it
could seem to be unnecessary. The following counter-example proves that if it were
omitted, then uniqueness of solution for the resulting evolution problem would surely
not hold.

Counter-example 4. Consider the one-degree-of-freedom discrete mechanical
system whose configuration space is R equipped with its canonical Euclidean struc-
ture. The efforts mapping is supposed to be constant: f(q,q;t) = 2. To this simple
discrete mechanical system we add the unilateral constraint described by the single
function ¢1(q) = ¢. Thus, A = R~. The impact-constitutive equation is given by
formula (4.8), where the restitution coefficient is supposed to be the constant 1/2:
e(q,¢~) = 1/2. This mechanical system is a formal description of the physical occur-
rence of a single particle subjected to gravity and bouncing on the floor. Consider
the initial instant ¢ty = 0 and the initial state (go,v9) = (—1,0). It is readily seen
that the function ¢ : R™ — R~ defined by

vt € [0, 1], q(t) =t* — 1,

1 1 3 1 1
t -3 = )y =t>4+ -6+ — |t — —
wefam gl A wo—en (con D)en (-5 ) (- 1),
Yt € [3, 400, q(t)

=0
(n € N) belongs to MMA(RT;R™) and satisfies

(i) the initial condition,
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q (0
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v t

Figure 2. Motion of a punctual particle subjected to gravity and bouncing on the floor.
(ii) the equation of motion (4.4) (with f(q,q;t) = 2),
(iii) the impact-constitutive equation (4.8) (with e(q, ¢) = 1/2).

This motion is pictured in figure 2. Note, by the way, that it exhibits an infinite
number of impacts on a compact time subinterval. It could easily be proved that no
motion, defined on [0, +oo[, with finite number of impacts on every compact interval
can exist.

Now, we are going to analyse what happens when the flow of time is reversed.
Define ¢’ by

, [ [0,4] — R~
{ t—q(4—1t).

Considering the initial state (qo,v9) = (0,0) at tg = 0, it is easily seen that ¢’ satisfies
(i) that initial condition,
(ii) the equation of motion (4.4) (with f(q,q;t) = 2),

(iii) the impact-constitutive equation (4.8) (with e(q, ¢) = 2).

However, ¢’ = 0 is also seen to satisfy the same initial condition, equation of
motion and impact-constitutive equation. This example demonstrates that we cannot
expect uniqueness of solution when adopting the canonical impact-constitutive equa-
tion (4.8) with restitution coefficient e = 2 (or any real number strictly greater than
1). However, the canonical impact-constitutive equation with a restitution coefficient
strictly greater than 1 violates requirement (4.7).

(iii) The evolution problem I

Now, we formulate the evolution problem associated with the dynamics of rigid-
body systems with perfect bilateral and unilateral constraints. The initial condition
is assumed to be compatible with the realization of the constraint vy € V(qo)-

Problem III. Find T > ty and ¢ € MMA([to, T[; Q) such that
(i) (a(to), 4" (t0)) = (g0, o),
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(ii) Vt € [to, T, q(t) € A,

(i) R DDt — f(q(t), gt (6);t) dt € —N*(q(t)),
(iv) Vit €]to, T), ¢+ (8) = Fla(t), 4~ (1))

The equation of motion is understood in the sense of convention (4.3) and the impact-
constitutive equation is supposed to fulfil requirements (4.6) and (4.7).

No regularity assumption has yet been made on the mapping f. This will be done
in the next section, where the well-posedness of problem III is studied. However, we
can infer from §2c that f will be assumed to be at least of class C'. We can state
an elementary property of any solution (if there are any) of problem III.

Proposition 4.5 (Energy inequality). Any solution (T,q) of problem III sat-
isfies

\V/t17t2 € [thT[a tl g t27

K (q(t2), ¢ (t2) = K(a(t), ¢ (1)) = 5lld (t2)[5e,) — 3ld™ (t) 500,

< / (F(a(5), 67 (); ), 4(5) ey ds.

Proof. Since
sldt )50, — sla™ tDl50,) =

[0 saeni g [ (TR

we have only to prove that the last integral is non-positive. Set

D = {telti,ta2]; 47 (t) # 7 (D)}-

D is (at most) countable and, therefore, Lebesgue-negligible. On the one hand, we

have .
g +4q- . .
/ <27R> :/ <q+7R>q:/ <q 7R>q7
Jt1,t2]\D q Jt1,t2\D Jt1,t2\D

where the second integral is non-negative by convention (4.3), whereas the third
integral is non-positive. As a consequence, the three integrals vanish. On the other

hand,
-+ fyp— .+ p—
D 2 awy D 2 at)
1 . .
=3 2 Ud O30 —li~ Ol3):
teD
which is non-positive by virtue of requirement (4.7). [ |
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(c) Well-posedness of the dynamics

To study the well-posedness of problem III, we need to state regularity assumptions
on the data. Looking at those of §3 ¢, we could expect to be able to prove the well-
posedness of problem III under the assumption that the functions ¢; and the mapping
f are of class C? and C, respectively. The following counter-example originally due
to Bressan (1960) and Schatzman (1978) shows that uniqueness does not hold in
general even if the data are supposed to be of class C'°.

Counter-example 5. Consider a simple discrete mechanical system whose con-
figuration space is R, equipped with its canonical Euclidean structure. This is the
configuration space of a particle with unit mass constrained to move along a line. A
fixed obstacle at the origin is taken into consideration. It gives rise to a unilateral
constraint described by the single function:

v1(q) = q.

Therefore, the admissible configuration set is A = R™. The impact-constitutive equa-
tion is supposed to be elastic. Here, the geometry is so poor that this statement
determines completely the impact-constitutive equation. It is necessarily the canon-
ical one with restitution coefficient e = 1. The efforts mapping f is supposed not to
depend on the state but only on time. It will be denoted by f(t). The initial instant
is to = 0 and the initial state is (go,v9) = (0,0). The corresponding problem III
admits here the following simple formulation.
Find T > 0 and ¢ € MMA([0, T[; R) such that

(i) (¢(0),¢*(0)) = (0,0),
(i) vt € [0,T], q(t) <0,
(iii) R Lrag+ — f (t) dt is a non-positive real measure such that

Supp R C {t € [0,T;q(t) = 0},

q(t) 0= ¢ (t) =4 (1),
q(t) =0=¢"(t) = —¢" (1)
Here dg™ is merely the classical Stieltjes measure associated with the function

with locally bounded variation ¢*. We investigate uniqueness under the assumption
that f is of class C'*° and non-negative:

vt e RY, f(t)>0.

(iv) Vt €]0, T, {

Then, it is readily seen that the null function ¢ = 0 on R™ is a solution of that

problem, whatever is the non-negative C'*° function f. Now, we are going to construct

an explicit example of such a function f in such a way that the associated evolution

problem III admits another solution, distinct from the identically vanishing one.
First, define a Massin function p by

R—R
0 if x €] —00,0]U[1,+00],
Cel/*@=1 if 2 €]0, 1],

p
x —
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where C' is a real constant which is chosen to get fj;o p(z) dz = 1. Define

(n+5)2

T:;(n+1)(n+2)(n+3)(n+4)’

and, for every n € N,

o . 2
i+ 1) +2)(+3)(i+4)
n+5 n+3

On = ie. 0p = n — Un n — Un )
(n+1)(n+2)(n+4) <le n 35 0n T 1) <a a“)
1

fn = 7|7
n!

1
Up = — .
(n+ 3)!
Now, the functions f(t) and v(t), from [0,T] to R, are defined by
f(0) =0,

0, ifte [an+1>an+1 + 571[7

f(t): éfnﬂ(t_an+1_6n

, ifte Oy O,
an—an+1—5n> ' [@n+1 4 0n, an]

and
v(0) =0,

Vnt1, if t € [any1, @ng1 + Onl;
v(t) = t S—a - 5 .
(*) Un+t1 + éfn/ p(an) ds, if t € [ant1 + On, anl-

an+1+6n an — an+1 - 6”

Finally, the function ¢ : [0,7[— R is defined by

o(t) = /Otv(s) ds.

The graph of the functions f(t) and ¢(t) is sketched in figure 3. The reader will easily
check that

(i) f(t) is a C*° non-negative function on [0, T,
(ii) (T,q) is a solution of the considered evolution problem,
(iii) the only instants at which ¢(t) = 0 are 0 and the a,,.

Therefore, ¢ and ¢ provide two solutions of the evolution problem. These two solutions
do not coincide on any open subinterval of [0, T[. Therefore, uniqueness of solution for
problem III cannot be asserted, even in the case where the data are supposed to be of
class C*°. Percivale (1985) was the first to notice that, in the above example, if f(t) is
supposed to be analytic, then uniqueness of solution does hold. Recently, a complete
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Figure 3. Bressan—Schatzman counter-example.

discussion of the one-degree-of freedom problem was obtained by Schatzman (1998).
The general case is treated in Ballard (2000) and is now recalled. Let us just mention
that prior existence results had been obtained, but they were limited to the case
where the unilateral constraint is represented by a single function (see Schatzman
1978; Monteiro Marques 1993).

Regularity hypothesis V. The Riemannian configuration manifold, the func-
tions ¢; and the mapping f: TQ x R — T*Q are analytic.

The proof of the following proposition can be found in Ballard (2000). An earlier
proof can also be found in Lotstedt (1982).

Proposition 4.6. Let qo € A and vy € V(qo). Then, there exist T, > to, an
analytic curve q, : [to, Ta[ — @ and n analytic functions \,; : [to, To[ — R such that

(i) (4a(0), 43 (0)) = (g0, v0),

() Vi € fto, Tl brda(t) = F(au(t),da(0)30) + D Aslt) dulaal),

(111) vt S [t07Ta[’ VZ - ]-7 27 ey N, Aaz(t) < 07 ¢l(qa(t)) < 07 Aaz(t)@l(Qa(t)) =0.

Moreover, the solution of this evolution problem is unique in the sense that any
other analytic solution (T, q, A1, ...,\,) is either a restriction or analytic extension
of (Taa Ga, )\ala cee 7)\an)-

Corollary 4.7. There exists an analytic solution (T,,q,) for problem III.

Proof. Consider the motion ¢, furnished by proposition 4.6. It obviously satisfies
the initial condition, the unilateral constraint and the equation of motion. The only
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thing which remains to be proven is that it satisfies the impact-constitutive equation.
Since ¢, is analytic and satisfies the unilateral constraint, we have

vt €lto, Tal,  da (t) = 4 (1) € V(aa(t)) N (=V(qa(1))),

and, therefore,

vt e]tO?Ta[v q;(t) = QaT(t) - F(Qa(t)7q;(t))v
by proposition 4.4. [ ]

Naturally, the analytic solution furnished by corollary 4.7 will cease to exist at
the first instant of impact. This is the reason why we have considered the wider
class MMA, which contains motions that are not differentiable in the classical sense.
Considering motions in MMA will allow us to extend the solution beyond the first
instant of impact. But we must make sure that admitting the wider class of solutions
MMA will not introduce parasitic solutions. This is the aim of the following theorem.

Theorem 4.8. Let (T,,q,) be the solution for problem III furnished by corol-
lary 4.7, and (T, q) be an arbitrary solution for problem III. Then, there exists a real
number Ty (tg < Ty < min{T,,T}) such that

4|[to, To| = Yal[to,Tol:
In other words, there is local uniqueness for problem III.

Local uniqueness is the difficult part in the study of the well-posedness of prob-
lem III. A detailed proof of the local uniqueness theorem 4.8 can be found in Ballard
(2000). It is written in the framework of the canonical impact-constitutive equa-
tion (4.8), but careful examination of the proof shows that the canonical impact-
constitutive equation is only used through the energy inequality (proposition 4.5).
Since the energy inequality holds for any impact-constitutive equation satisfying
requirements (4.6) and (4.7), so does local uniqueness.

Corollary 4.9. There exists a unique maximal solution for problem III.

It was noticed above that the analytical solution for problem III furnished by
corollary 4.7 stops existing at the first instant of impact. To overcome this fact,
we have proved that local uniqueness still holds in the wider class of motion MMA
which allows impacts. But this does not guarantee that the maximal solution for
problem III is not going to stop to exist at finite time for unphysical reasons. In
other terms, we still do not know if the class MMA is wide enough. Actually, it
is wide enough as shown by the following theorem which should be brought aside
theorem 2.3.

Theorem 4.10. The configuration manifold @) is assumed to be a complete Rie-
mannian manifold and the mapping f is supposed to admit the following estimate,

1f (g o3 t)llg <1 +d(g, q0) + [lvllg),

for all (q,v) € TQ and almost all t € [tg,4oo[, where d(-,-) is the Riemannian
distance and l(t), a (necessarily non-negative) function of L] (R;R).
Then, the dynamics is eternal, that is, the maximal solution for problem III is

defined on [tg, +o0l.

For detailed proof the reader is referred to Ballard (2000). Here also, the impact-
constitutive equation is only used through the energy inequality.
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(d) Comments

It is readily seen that the function ¢ displayed in counter-example 4 is the unique
maximal solution of problem III corresponding to the situation under consideration.
This solution exhibits an accumulation of impacts on the left side of instant ¢ = 3.
However, as predicted by corollary 4.7, for each instant ¢t € R, there exists a right
neighbourhood [¢,t + n[ of ¢, such that the restriction of ¢ to [t,t + 5[ is analytic. A
straightforward and general consequence of this is the following.

Proposition 4.11. Let ¢ be the maximal solution of problem III furnished by
corollary 4.9. Although infinitely many impacts can accumulate at the left of a given
instant, such an accumulation of impacts can never occur at the right of any instant.
Moreover, in the particular case where the impact-constitutive equation is elastic,
the instants of impact are isolated and therefore in finite number in any compact
interval of time.

Proof . Since for each instant t € [tg, T'[, there exists a right neighbourhood [¢, t+n[
of t, such that the restriction of ¢ to [t,¢ 4+ n[ is analytic, we get the first part of
the proposition. For the second part, let 7 be an arbitrary instant in |to, 7| and
consider the problem IIT associated with the initial condition (g(7), —¢~ (7)), the
elastic constitutive impact equation and the effort mapping g(q, v;t) defined by

g(q,v,t) = f(q7 —UT _t)7

which is analytic. By theorem 4.8, there exists an analytic function ¢, : [0, T.[ — Q
which is a solution of this problem III. Any other solution of problem III coin-
cides with ¢, on a right neighbourhood of ¢ = 0. Actually, as seen in the proof
of local uniqueness (theorem 4.8), a little bit more is proved: any function ¢’ €
MM A([0,T]; Q) satisfying the initial condition, the unilateral constraint, the equa-
tion of motion (4.4) and the energy inequality (proposition 4.5) has to coincide with
@a on a right neighbourhood of t = 0. But, it is readily seen that the function defined
by
qt)=q(r—1t), tel[0,7—to,

fulfil these requirements. Thus, ¢’ cannot have right accumulation of impacts at ¢t = 7
and, therefore, ¢ cannot have left accumulation of impacts at t = 7 and the instants
of impact are isolated. Of course, if ¢ is the maximal solution defined on [to, T,
impacts can still accumulate at the left of T, as seen in simple examples. |

The fact that infinitely many impacts can accumulate at the left of a given instant
but not at the right is a specific feature of the analytical setting that is lost in
the C'*° setting as seen in counter-example 5. Actually, this counter-example shows
that pathologies of non-uniqueness in the C°° setting are intimately connected to
the possibility of right accumulations of impacts. The fact that the analytical set-
ting prevents such right accumulations is the fundamental reason why we can prove
uniqueness in this case.
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Chapter 1

DYNAMICS OF RIGID BODIES SYSFTEMS WITH
UNILATERAL OR FRICTIONAL CONSTRAINTS

Formulation And Well-Posedness

Patrick Ballard

Laboratoire de Mécanique des Solides, Ecole FPolytechnique,
91128 Palaiseau Cédex, France
baliard@Ims.polytechnique.fr

Abstract The classical theory of rigid bodies systems dynamics is extended into two di-
rections. First, systematic formulation of the dynamics of systems undergoing
perfect unilateral constraints is derived. The general admissible form of the im-
pact constitutive equation is obtained. Well-posedness of the evolution problem
is proved under the assumption that the data are analylic. Second, systematic
formulation of systems undergoing frictional bilateral constraints is discussed.
Well-posedness of the associated evolution problem is also demonstrated.

Keywords:  Analytical Dynamics, Non-smooth Mechanics, Impact, Friction

Introduction

The point of departure of any mechanical theory is a geometric description
of the system under study and all its possible (or, more exactly, admissible)
evolutions. This is always a schematization. Linear forms on the space of
admissible (virtual) velocities define on turn the most general representation of
internal and external forces which is consistent with the geometric description.
Naturally, obtaining their precise expression for a given system remains a part
of the modelling process. The mass distribution leads to the definition of the
kinetic energy of the system which is a positive definite quadratic form on the
space of velocities. Taking a time derivative, we obtain the expression of the
virtual power of inertia forces (or acceleration) in any virtual velocity. The
Fundamental Principle of Classical Mechanics asserts that the virtual power
of inertia forces should equal the virtual power of external and internal forces

3
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in any admissible virtual velocity. As a consequence, we derive the equation
of motion, For some class of geometric descriptions, the equation of motion,
associated with some initial conditions, determines completely the subsequent
motion of the system. We shall say that the evolution problem associated with
the dynamics is well-posed. On the opposite, there are many examples of
mechanical theories in which initial conditions and equation of motion are not
enough to determine the subsequent motion of the system. This is generally
attributed to the excess of schematization of the geometric description. The
missing physical information is added through a constitutive law. Actually,
well-posedness of the resulting evolution problem serves generally implicitly
as a guideline to identify the general form of the constitutive law, although some
thermodynamical considerations can also play an important part.

In this paper, we are concerned with the dynamics of rigid bodies systems.
Speaking of rigid bodies systems is, actually, the geometric description of the
system. It could be said that this is the most simple geometric description of
solids. Working in the framework of rigid bodies system means that we are
not interested in the prediction of the deformation of the bodies. It does not
mean that we do not consider physical situations in which bodies deformability
play arole. Let us illustrate this by examining the impact of two billiard balls.
Billiard balls are always deformable. But, generally we are not interested in the
deformations of the balls but only on their ‘gilobal’ motion. Thus, we shall use
a geometric description based on the rigidity assumption. However, we know
that impacts are governed by deformation wave propagation in each of the balls.
So, we can not expect the simple theory based on the geometric assumption of
rigidity to be able to predict the outcome of an impact experiment. We must
expect that some indetermination will remain. To get well-posedness of the
theory (this is necessary to make predictions which is the final aim of any me-
chanical theory), we are led to add to the theory an impact constitutive equation.
This is nothing but injecting back in the theory the outcome of the impact, since
the physical phenomena which governs the impact have been eliminated. Of
course, in practical situations, we have to identify the impact constitutive equa-
tion. The choices are, either to make experiments or to use a refined theory (the
elasticity theory which is based on a refined geometric assumption) in order to
get the outcome of each situation of impacts. In some situations, identifying
the impact constitutive equation can represent a huge amount of work. In such
a case, depending on the desired precision of the predictions of the theory, one
may be led to question the relevance of the simple geometric assumption that
has been adopted. The use of one geometric description or another to model a
given real situation is always a compromise between the desired precision of
the predictions, the amount of computation which is possible and the physical
informations on the system which are available.
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Since in this case, no constitutive law has to be identified, the main field of

| application of rigid bodies dynamics has been for a long time, celestial mechan-

ics where remarkable precision of the predictions was reached. Recently, some
new fields of application of rigid bodies dynamics have emerged: robotics,
granular dynamics, virtual reality,. .. All these fields have in common that de-
termining the deformation in the bodies is of no interest. Nevertheless, in these
applications, impacts are possible events that have to be incorporated in the
theory. Very often, precision of the predictions is not so important and one may
accept very approximate impact constitutive equations. Hence, the need has
emerged to enrich the well-established theory of rigid bodies dynamics with
the modelling of more complicated phenomena like impacts or friction, some
of them relying physically on the deformation of the bodies. This new field is
often called, after Jean Jacques Moreau, Non-smooth mechanics.

Actually, those more complicated phenomena are taken into account through
constraints. A constraint js a kinematical specification of the motion with which
some forces are associated: the reaction forces. In general, the kinematical
specificationin itself is notenough to determine the reaction force: aconstitutive
law of the constraint has to be added. It conveys some physical assumption on
the way the constraint acts.

At the time being, it seems that only the rigid bodies dynamics with perfect
holonomic bilateral constraints has firm mathematical foundations in the sense
that the theory ensures the well-posedness of the evolution problem describing
the dynamics. In this paper, we are concerned by the systematic formulation
and well-posedness of the evolution problem describing the dynamics of sys-
tems involving more general constraints such as unilateral or frictional ones.
As seen above, this program will necessarily involve the discussion of some
constitutive law. Our aim will not be to try to identify any realistic one but Just
to characterize the general forms of constitutive laws that are compatible with
the well-posedness of the theory. My opinion is that well-posedness should
be considered as a requirement of any theory in classical dynamics. With this
idea in mind, the discussion of well-posedness is intimately connected with the
discussion of constitutive laws. Actually, we shall consider well-posedness as
the final aim of the theory. After having written the Fundamental Principle
of Classical Dynamics, we shall look for the supplementary hypotheses that
are necessary to get well-posedness. Each time an hypothesis will be made,
we shall try to motivate it by a counter-example. These hypotheses will be
classified into two categories. Those which convey physical assumption will
be called ‘constitutive’ hypotheses and the other one whose aim is to prevent
from mathematical pathologies will be called ‘regularity’ hypotheses. Since
one aim is to obtain general forms of constitutive laws, one has to make sure
that the constitutive laws do not depend on any particular parametrization of the
system. For this reason, we are going to try to obtain intrinsic formulations of
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dynamics, that is, formulations which do not rely on a particular choice for the
parametrization of the system. This necessarily requires the use of the language
of differential geometry. But, only the most elementary level of differential ge-
ometry is required.

The major enhancement of mathematical consistency which seems to be de-
sired at the time being concerns the modelling of impacts and that of friction.
These two subjects are the major concerns in this paper and I believe that a
mathematically satisfactory theory is obtained on both points-of-view of gen-
eral formulation as well as well-posedness. However, the task is far from being
achieved. In this paper, we examine the cases of impacts and friction sepa-
rately. There remains to mix the two theories to discuss, for example, frictional
unilateral constraints, which is not done here. The result would be a general
theory of the evolution of mechanisms consisting of rigid bodies.

Section 1 recalls briefly the basics of intrinsic formulation and well-posedness
of the dynamics of rigid bodies systems. The aim of this section is to provide
precise description of the framework and notations. Section 2 contains also
only well-known material. It shows that superimposing perfect holonomic bi-
lateral constraints does not modify the structure of the theory. In Section 3,
perfect unilateral constraints are discussed. The general form for the impact
constitutive equation is provided and the general formulation for the evolution
problem is derived. Well-posedness is fully discussed. In Section 4, the case
of general perfect non-holonomic bilateral constraints is examined. Actually,
this type of constraint is a particular case of non-firm constraints which are
the concern of Section 5. A complete theory of non-firm constraints is derived,
including systematic formulation and well-posedness. In Section 6, the formal-
ism of non-firm constraints is applied to the description of frictional bilateral
constraints. The underlying idea is that friction should be considered as a dis-
sipation mechanism obeying the Principle of Maximal Dissipation. In some
cases (for example, systems of punctual particles), we recover standard dry
friction laws such as Coulomb friction and, in some cases, we do not. Section 7
provides a brief description of the situations that are not contained in the above
theories and the extensions of the content of the paper that could be done later
on.

1. The dynamics of rigid bodies systems

11 The geometric assumption: rigidity

Classical mechanics postulates the existence of a three-dimensional oriented
affine Euclidean space £, sometimes called the (Galilean) real world, and an
absolute chronology represented (after the choice of an origin) by a real number,
generally denoted by ¢. The vector space associated with £ will be denoted by
B _
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A solid is represented by its real world reference configuration which is
nothing but a possible geometric locus of all the material points of the solid in
&. The geometric assumption of rigidity can be stated as follows: the only real
world configuration of that solid which can be observed are obtained from the
real world reference configuration by direct isometries. Therefore, once the real
world reference configuration has been fixed, any real world conguration of the
solid is represented by a direct isometry g, Considering a material point of the
solid identified by its location M € £ in the real world reference confi guration,
the current location of that material point in the confi guration defined by q is:

m(M,q) = q(M). (1.1)

Since any direct isometry on £ can be split into a translation and a rotation, the
set of all direct isometries can be identified to E x SO3 (where SQ3 denotes the
set of all direct orthogonal endomorphisms on £, endowed with its standard
manifold structure). It is said that E x SO3 is the (abstract) configuration
manifold of the rigid solid. Since its dimension is 6, we say that the rigid solid
has 6 degrees of freedom (dof). Any (local) chart on the configuration manifold
is called a (local) parametrization. The configuration manifold is generally
denoted by () and a configuration (an element of the configuration manifold),
by ¢. A local chart (parametrization) will be denoted generally by 1. Thus, for
a rigid solid, the symbol 1/(g) denotes an element of R .

Other idealizations of rigid solids can appear: the infinitely thin rigid bar
whose configuration manifoldis £ x S2 (S2 denotes the two-dimensional sphere
equipped with its standard manifold structure) and the punctual particle whose
configuration manifold is sirthply E.

A motion of a rigid sohid is a curve on its confi guration manifold (a mapping
from atime interval £ into Q). The derivative of the motion atinstant ¢ is denoted
by ¢{t). It is called the (abstract or sometimes, generalized) velocity. It is an
element of the tangent bundle T'Q of the configuration manifold. One often
encounters the name ‘state space’ for 7'Q, in which case q(t) is also called a
state of the system. Since the mapping mn defined by formula (1.1) is obviously
smooth, the material velocities are expressed in terms of the (abstract) velocity
by:

where 9;m(M, q) is a linear operator from the tangent space T, into 7}, =

‘The mass distribution in the rigid solid is specified on the real world reference
configuration. It is a bounded positive measure on €. Tt is denoted by p.
Considering an arbitrary motion (7, g(t)) of the rigid solid, the kinetic energy
K at instant ¢ is by definition:

1
K =3 [ Il au(n) (13)
£
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Combining formulae (1.2) and (1.3), we obtain easily the expression of the
kinetic energy in terms of the (abstract) velocity. Then, it is easily noticed that
the kinetic energy defines a nonnegative quadratic form on each tangent space
T, of the configuration manifold. The mass distributionis said to be consistent
with the geometric description if this quadratic form is positive definite. The
following are easily proved:

» A mass distribution g in the three-dimensional solid E x S03 is consistent
if and only if its support Supp u contains at least three non-aligned points.

m A mass distribution  in the infinitely thin bar £ x S2is consistent if and
only if Supp p contains at least two distinct points,

= A mass distribution 4 in the punctual particle E is consistent if and only
if Supp p is non-void.

>From now on, we shall assume that the mass distribution is always consistent
with the geometric description. As a result, the kinetic energy defines a scalar
product on each tangent space of @, endowing the configuration manifold with
a Riemannian structure. This Riemannian metrjc is naturally called the kinetic
metric. From now on, whenever we speak of a configuration manifold, it will
always be supposed to be equipped with its Riemannian structure.

A rigid bodies system is a finite collection of rigid bodies. The configuration
manifold of a rigid bodies system is the cross-product @y x Q2 X - - - X {y, of
the individual configuration manifold }; of each rigid body of the system.

The fundamental idea which is behind these definitions is that the config-
uration manifold conveys all the necessary information on the system and no
more. For example, we should keep aware that the kinetic metric conveys all
the relevant information about the mass distribution but, one can not, generally,
recover the mass distribution from the kinetic metric.

Remark 1. The reéader who is not familiar with elementary differential ge-
ometry could have the feeling that we have expressed very simple (and well
known) things in a complicated way. Such a reader would probably prefer a
presentation where the parametrization of the system is introduced at first and
each definition (the abstract configuration, the kinetic metric, ...) is made in
terms of real matrices. Such a presentation should then precise what are the
effects on these matrices of a change of parametrization. This leads to heavy
and boring formulae and is often left aside, but this is not the main reason why
I have chosen the above presentation. The possibility of defining every concept
without any reference to a given parametrization ensures that all what has been
defined is intrinsic (that is, does not depend on the particular parametrization
under consideration). This fact is particularly crucial when one deals with con-
stitutive equations and introducing constraints necessarily involves constitutive
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equations. In the end, I believe that the intrinsic presentation, making appar-
ent the structure of the theory, provides deeper understanding. However, the
reader who feels more comfortable with it, might consider that the configura-
tion manifold () is an open subset of R? equipped with a ‘variable’ symmetric
positive definite matrix {g;;(g)), which is nothing but considering a particular
parametrization of the system. The following convention notations are made
on that purpose.

Notations. For () being a smooth Riemannian manifold of dimension d, we
shall denote by: :

» T'Q and T*Q, the tangent and cotangent bundles,
= g and IT;,, the natural projection mappings of Q) and T*Q,

m (., -)q, thelocal duality product between tangent space T, (? and cotangent
space T;Q),

(+,-)q and ||-[[q, the local scalar product and norm on T,Q (a* will be
added when referring to the scalar product and norm on T* ),

b (and § = b~1, its inverse), the isomorphism of vector bundles from 7°Q
onto T* () naturally associated with the Riemannian metric of Q.

For ¢(t) being a curve on ‘Q, we have decided above to denote the derivative
at t by ¢(t) € TQ. In order to be consistent with the suggestion made in
remark 1; we shall alternatively use the notation (g(t), ¢(¢)) as often as it will
not be too heavy or confusing. This is clearly a redundant notation since the
base-point ¢ = Tly(4) is contained in the derivative, but I believe that this
notation may help the understanding. More generally, an element » of T'Q) will
also be denoted by (g, v) with g being the base-point of v. For ¢ being a local
chart on ), 1{g) is an element of R? that we denote by (', ¢ ..., q%). Sdll
to be consistent with the snggestion of remark 1, we shall sometimes keep the
notation g to refer to 46(g). Thus, for g being an abstract configuration, we might
write ¢ = (¢',4%,...,¢%). More generally, each time it will not be confusing,
we will keep the same notation for an object and its representative in a chart. As
usual, the natural basis of T,Q (resp. 17 Q) naturally associated with the chart
¢ is denoted by (e1(g), e2(q), - -, ea(q)) (resp. (¢X(q), €2(q), .., €%(q))). For
(g,v) belonging to TQ, we denote by v* (t = 1,2,.. . d) its components in the
natural basis and we shall write:

v = v'e;(qg).

Einstein’s summation convention will always apply unless explicitly stated. For
q(t) being a curve, we shall write:

q(t) = ¢ (t)ei(q(r)),
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and ¢*(t) is the derivative at time ¢ of the real-valued function q*(t). As usual,
gi3(q) will be the covariant components of the metric in the considered chart and
g* (g) its contravariant components; I; .(q) will be the associated Christoffel
symbols:

: 1, 8 g4 ag;
i _ ik Ghk dih _ Gik
riete) = 30(0) (2200 + ko) - @)
For ¢(t) being a curve on @ and v a vector field on that curve, the covariant
derivative of v along ¢(t) is denoted by:

Do) = (S0 + TpaOIOF 0 ) exta®)

1.2 Formulation of the dynamics

Consider a rigid bodies system of configuration manifold @ and a motion
g(t) of that system. The power of inertial forces at instant £ is, by definition,
the time derivative at £ of the kinetic energy:

1d

SK(@d) = 330,000

(Fawaw)

D
(b2iwrd))
q{t)
Hence, it is seen that the power of inertial forces at time ¢ defines the cotangent
vector bDg(t) /dt € T;(t) (. An arbitrary element T, is often called a virtual
velocity of the system in the configuration g. Then, the linear form bDg(2)/d¢
is called virtual power of inertial forces.

The analysis of the dynamics has to take into account external and internal
forces. They are usiJallly given as a force distribution on the current real world
configuration. This is an E-valued measure which may depend on the current
state (g,¢) and on time ¢. We shall denote it by ¢(g,g;¢) The power of the
internal and external forces at time # in the motion g(?) is:

[E (ri, A, 4: ) (m (M, 0)))

- [S (Om(M, q) - 4, dd(a, & 1) (M, ) p

which also defines a linear form f(g, ¢;t) on T,Q by:

(Fla, 60,9, < [8 (@;m(M, q) - v, ddlg, & D) (m(M, 9))) g
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for any virtual velocity v € T,Q. This linear form f(g,4,t) € T;Q is called
virtual power of external and internal forces. The reason for such a modelling
of forces by duality is that it ensures the consistency of the forces modelling
with the geometrical description of the system. The virtual power mapping
f(g,4,t) extracts from the force field ¢ only the information which is relevant
to the dynamics analysis in the framework of the geometrical assumption of
rigidity.

The fundamental principle of classical mechanics asserts that the virtual
power of inertial forces should equal at every instant the virtual power of external
and internal forces:

Ve bodlt) = J(a(t) d),). a4

Equation (1.4) is referred to as the equation of motion. It is a second-order
differential equation on the configuration manifold. To express it in a particular
parametrization of the system, the following is useful.

Proposition 1 (Lagrange) Let + be a local chart and q(t) a C? motion on Q.
One has:

i) = (G 0.40) - 5K al®) 10 ) e

Proof. It is straightforward since:
D, d ., TPANY
b& = g (aqj + Pﬂ;qkqt) e,

d.; 1 5, 0gn | Ogne g\ x4\
— I Y | =ik _ k-l )
9ii (dt + 29 (qu + dqg' dgh A

d @ fl, 4\ 8 (1, ).
(avai (70nt") - 5 (s ) ¢
O

We are given an initial instant £y and an initial state (go, vg) € T'Q. Then,
the evolution problem associated with the dynamics of rigid bodies system is
the Cauchy problem:

Problem L. Find T' > tg and g € C?([tg, T[; Q) such that:

. (Q(tﬂ)’Q(tﬂ)) = (QD,‘UU);
o Vielio Tl bodlt) = flglt), i), 0).
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1.3 Well-posedness of the dynamics

To study the well-posedness (existence and uniqueness of solution) of prob-
lem I, we have to specify regularity assumptions on Q and f.

Counter-example 1. Consider the evolution equation

d?2 1
_d—v?—Q(t) = 6q()|3

(g € IR) with initiat condition (g(0), ¢(0)) = (0, 0). It is readily checked that
the two motions defined on BF g(t) = 0 and ¢(t) = > provide two distinct
solutions.

To get well-posedness, we have to make further hypotheses. Throughout this
paper, we shall distinguish two classes of hypotheses: the constitutive hypothe-
ses and the regularity hypotheses. A constitutive hypothesis is an hypothesis
which conveys physical meaning. A regularity hypothesis conveys no physical
meaning and is stated to eliminate mathematical pathologies. The following
regularity hypothesis is slightly stronger than necessary.

Regularity hypothesis. The Riemannian configuration manifold is of class C?
and the mapping f : TQ x R — T*Q is of class C'.

It should be pointed out that the first part of this hypothesis is actually no hy-
pothesis at all. The configuration manifold of the three-dimensional rigid solid,
of the infinitely thin rigid bar or of the punctual particle, with arbitrary consis-
tent mass distribution are C"® (or, even more, analytic) Riemannian manifolds.
The configuration manifold of a rigid bodies system (with no constraint), being
a cross-product of such manifolds, can be assumed to have arbitrarily regularity.
This is a restriction neither on the geometry nor on the mass distribution of the
system, but on the class of admissible parametrizations.

Under this regularity hypothesis, we have the following well-posedness re-
sult.

Theorem 2 (Cauchy) There exists a unique maximal solution for problem 1.

More precisely, theorem 2 states that there exists To, > to (T, € RU{+00})
and g € C2([to; Trn, Q) being a solution of problem I such that any other
solution of problem I s a restriction of gy, . Of course, we expect that Tm = +00,
in which case the dynamics is said to be efernal. This situation can not be taken
for granted, in general.

Counter-example 2. Consider the evolution equation

d2
@q

() = (4(t))*

HO COMNY

¥{q,




Unilateral Multibody Dynamics 13

(g € R) with initial condition (¢(0),¢(0)) = (0,1). It is readily checked that
the maximal solution is defined on the interval {0, 1].

In the usual cases encountered in mechanics, eternal dynamics is ensured by
the following general sufficient condition.

Theorem 3 The configuration manifold @ is assumed to be a complete Rie-
mannian manifold (this is no hypothesis in the case of rigid bodies system with
no constraints). The mapping [ is supposed to admit the following estimate:

Vig,v) €TQ, foralmostallt € [ty, +co],
£ (a0 )15 < 162) (1 + g a0) + ol )

where d{-, -) is the Riemannian distance and I(t), a (necessarily nonnegative)

function of L, .(B; R).
Then, the dynamics is eternal: T, = +oo.

The proof of theorem 3 relies on the Gronwall-Bellman lemma which is now
recalled.

Lemma 4 (Gronwall-Bellman) Lerm, € BV ([tg, T]; Ryandmy € L(ty, T; R)
be two functions such that:

Jor almost all t €)tg, T, ma(t) > 0.

Let ¢ € BV ([to, T); R) be such that:

wEWﬂ,wﬂgmm+[mmMM@.

Then,
i .
Vie [t[), T], (,'b(t) < my (t) + my (S)mz(s)eﬁ mz(c) do ds.

to

Lemma § Let m be in L'(ty, T;R) such that m(t) > 0 for almost all t in
lto, T[ and a be a real nonnegative constant. Consider ¢ € BV ([tg, T); R)
such that;

1,

Vi€ [ty,T], %cﬁz(t) < g¢ + :m(s)qb(.s) ds,

Vie [ty T], |¢() <a+ tm(s) ds.
tn
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Elementary proofs of lemmas 4 and 5 can be found in BREZIS (1973), p. 156.

Proof of theorem 3. Suppose T}, is finite. From the equation of motion (1.4},
we have, for all t € [ty, T,

t
3 Wm0 = 5 oollsy < | (F(am(), ;515D 05

t
< [ 19 (14 (51, 20) + (3N DMy 05

0

which gives, by lemma 5,

1
”‘-jm(t)”qm(t} < ”vO:”qo +/t I(s) (1 + d(gm(s), qo0) -+ ”‘jm(s)”qm(s)) ds.
)

But, by definition of the Riemannian distance,

Vi€ [0, Tl dlgm(t)0) < f PRETIEH
therefore,
VEE [0, Tonl,  dlam(®),a0) + im0 <
ol + [ 4shds-+ [ (141069 (dante) a0+ lin ) O

By lemma 4, one gets:

t t
0,00 + 16Ol < (Il + [ 16)) 0%
0

which shows that the function ¢ — [|dp(£)]] o(t) is bounded over [te, Tim[- By
the completeness of (), we deduce that

gr = lim gm(t)

t—Tm

exists in Q. Then, it is an easy matter to deduce that
of forces

(gr,vr) = lim {(gn(t),dm(t)) exists inT'Q, - reaction
t—Ty s

and that the function g,,,, extended by continuity at T, satisfies the equation of

motion on [tg, Tr,]. Then, theorem 2 furnishes T!, > Tp, and an extension of :

gm. belonging to C2([tg, T",[; Q) and being a solution of problem 1. But, this We might
contradicts the definition of T}y,. O : not work
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B), p. 156.
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2. Perfect holonomic bilateral constraints

A constraint describes a type of forces which are not taken into account by
the forces mapping f. Indeed, it is possible to specify (partially) some forces
by their kinematical effects. These kinematical effects leave in general the
associated forces partially undetermined and we have to add phenomenological
assumptions on the way the constraint acts, through a constitutive law of the
constraint.

21 The geometric description

A holonomic bilateral constraint is a restriction on the admissible motions
of the system which is expressed by means of a finite number n of smooth
real-valued functions ¢; defined on the configuration manifold Q:

Vie{1,2,,n}, wilg)=0. (1.5)

The word constraint in the singular will be used indifferently to speak either of
a constraint specifically associated with a single function ¢; or of the constraint
associated with all the functions ¢;. In this terminology, a finite collection
of constraints is still a constraint. We denote by S the set of all admissible
configurations:

S={¢eQ;Vvie{L,2,---,n}, @i(g) =0}
The following hypothesis is usual in this framework.

Regularity hypothesis L. The functions ; are functionally independent, that
is, for all ¢ € S, the dy;(g) ¢ € {1,2,--- ,n}) are linearly independent in
™Q.

A straightforward consequence of this hypothesis is that S is a submanifold
of Q of dimension d — n. As a result, S inherits a Riemannian structure from
(. We shall say that S is the configuration manifold of the constrained system.

2.2 Formulation of the dynamics

The realization of the constraint (1.5) necessarily involves a modification
of the equation of motion (1.4). This is done by adding to the virtual power
of forces f(g,q;t) a corrective unknown term R called the virtual power of
reaction forces:

Ve, i) = flale) 0,1 + R()

We might expect t to be determined by the geometric constraint (1.5). It does
not work in general. We have to add phenomenological assumptions on the
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way the constraint acts. This is the constitutive law of the constraint. At this
point, we restrict ourselves to the following.

Constitutive hypothesis II. The holonomic bilateral constraint (1.5) is sup-
posed to be perfect (one also says synonymousl y ideal), that is, the virtual
power of the reaction forces R vanishes in any virtual velocity compatible with
the bilateral constraint:

Vo€ {'u ETyQ; Vie{1,2,--- ,n}, {(dpilg),v), =0} ~ TS,
(R,’U)q:

Hypotheses Iand ITimply that there exists n real-valued functions A;, unique,
such that:

R(t) = X(t) depi(g)
i=1

Now, we formulate the evolution problem associated with the dynamics of
rigid bodies systems with perfect bilateral constraints. The initial condition is
assumed to be compatible with the realization of the constraint: (go,v) € T'S.

Problem IL Find T > tg,q € C?(to, T|; Q) and n functions A; € C%([to, T} R)
such that:

o (g(to),4(to)) = (g0,v0),
s Vie([to, T[, q(t) €S,

o Vel Tl bo2q() = f(alt), it t)+ZA )deslal®):

Here, we used the notation Dg/dt for the covariant derivative to underline
the fact the covariant derivative is understood with respect to the Riemannian
structure of ¢) (and not to that of 5).

Let g be a point of Q. v a vector in T,(), and E a subspace of T,(}. The
orthogonal pr0]ect10n of v on E for the scalar product of T, 1nduced by the
Riemannian structure of Q is denoted by Proj, [v; E]. Slmllarly, Proj; fv*; £7]
denotes the orthogonal projection of the cotangent vector v* on the subspace
E* of Ty Q. If q(t) is a curve on the Riemannian submanifold S of ¢ and v a
vector field on that curve, then we have (CHAVEL (1993), p. 54):

Dgv . | Dov
A —e%.T,9].
dt ijq[ dt ‘*‘S]

Unilatera
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Unilateral Multibody Dynamics

Therefore, any solution of problem II is seen to be a solution of

Problem IT. Find T > ¢ and ¢ € C?([ty, T'[; ) such that:

g (Q(t0)5q(t0)) = (qO:'UO):
o Vil Tl b2 = Projy [Flale).d(hi 0TS,

Reciprocally, any solution of problem II' is readily seen to generate a solution
of problem II: the two evolution problems are equivalent.

The linear form (cotangent vector) Proj; [ fla,q;t); Tq*S] equals the restric-
tion of the linear form f (g, ¢; t) onthe space T, S of virtual velocities compatible
with the bilateral constraint. Therefore, it is the virtual power of external and
internal forces in any virtual velocity compatible with the constraint.

2.3 Well-posedness of the dynamics

Problem II' has formally the same structure of problem I. Since problems II'
and II are equivalent, the results of Section 1(1.3) give the well-posedness of
the dynamics of rigid bodies systems with perfect bilateral constraints.

Regularity hypothesis ITI. The configuration manifold ¢) and the functions 7.5
are of class C? and the mapping 7 : TQ x R — T*#Q is of class C,

Proposition 6 Problems Il and II' have a unique maximal solution qm. More-
over, if () and the functions @; are of class CP (p > 2), and f of class CP1
then gm, is of class CP. If Q, f and the ; are analytic functions then so is m-

The second part of proposition 6 follows from standard results on ordinary
differential equations (see, for example, CODDINGTON & LEVINSON (1955)).

The analysis of the eternity of the dynamics is provided by theorem 3.

The regularity hypothesis I could seem very restrictive. However, dropping
it would make us run into troubles.

Counter-example 3. Consider a rigid homogeneous bar of length {. The two
extremities of the bar are constrained to remain on a fixed circle of diameter {.
The two corresponding bilateral constraints are supposed to be perfect. Thisisa
simple occurrence of bilateral constraint which does not satisfy hypothesis L. At
initial instant, the bar is at rest. A constant force is applied at the middle point
of the bar. This force is directed in the plane of the circle but not along the bar.
The reader will convince himself that the corresponding evolution problem II
admits no solution.
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24 Ilustrations and comments

The configuration manifold ¢ of the rigid body system with no constraint is
often referred to as the primitive configuration manifold, whereas the subman-
ifold § is called the reduced configuration manifold. In practice, the reduced
configuration manifold can be often constructed directly, without introducing
first a primitive configuration manifold. In such a case, the forces mapping is
directly introduced with respect to the reduced configuration manifold.

Example 4. Consider a plane system of two homogeneous rigid bars 1 and 2.
The bar 1, of length I; and mass m; is connected to a fixed support by means of
a perfect ball-and-socket joint equipped with a spiral spring of stiffness k1. The
bar 2, of length I; and mass m; is connected to the free extremity of the bar 1
by means of another ball-and-socket joint also equipped with a spiral spring of
stiffness ko. A force acts on the free extremity-of the bar 2. This force remains
parallel to the direction of the bar 2 and is of constant magnitude A > 0 (see
Figure 1.1).

Figure 1.1.  Geometry of the double pendulum.

» The configuration space is R? equipped with its canonical structure of
(> manifold (it is not the 2-torus since the spiral springs impose to be
able to count the ‘number of turns’). This manifold may be represented
by a single chart; in other terms, there exists a global parametrization of
the system. In the sequel, we shall only use the chart (¢*,¢”) defined by
the angular measures associated with each of the joints.

defined f(
constant ¢
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Unilateral Multibody Dynamics

a The kinetic energy is:

_1 iy g g 1 f2myry, 2
K = 5/{] Ts (q) ds+§/0 E(Il(q)

+ 52 (é2)2 + 2lyscos (¢' — ¢%) qlqg) ds,

(%mllf (q’r1)2 + mol} ((jl)z

+ %mglg (6%)° + malyly cos (¢' — %) é1d2) -

This kinetic encrgy defines a Riemannian structure on the configuration
space. The expression of the metric tensor in the considered chart is:

g {a',¢%) = (in?)—l +m2) 2,

1
912 (¢*. ¢°) §m21112 cos (g' — 7°) = gn (¢',¢%),

1
g2 (¢*, ¢%) §mzl%-

= The forces mapping has for expression in the considered chart:

Flagt) = [Masin(g! —6%) = (ki + k) ¢ + kag?] X (g)
+ [k2g' — k2¢%] €%(q).

The equations of motion in the chart under consideration is easily formed by
use of proposition 1:

. , W2 | m . .o\ 2
(% + ma) 13" + Z201l5 cos (a' — %) ¢* + malyly sin (¢' ~¢°) (¢°)
= Misin (¢' — ¢°) — (k1 + k2) ¢" + kag?,
i 2 . 2142
22h1ly cos (g' — ¢%) ¢ + mi3 — =l lysin (g' — ¢*) (¢")
= ky (" — qz) ‘
By proposition 6, one can conclude that a unique maximal motion is associated
with any initial condition. Moreover, this maximal motion is analytic and is

defined for all time. Indeed, it is easily seen that there exists a positive real
constant C, depending only on (i3, 15, m,, mg) such that:

1@l < [Azl Ak + k) [(gd, )] + 4(ky + Ko)l(g, qo)},
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where |-| denotes the canonical Euclidean norm on 2. Therefore, the assump-
tions of theorem 3 are satisfied.

It should be underlined that the framework of perfect bilateral constraints
does not require that there should be no energy dissipation physically associated
with a constraint. Indeed, such an energy dissipation can be described, in some
cases, in terms of internal forces. For example, suppose that, in the system
described above, some viscous damping with coefficients 7y and 1 is associated
with each ball-and-socket joint. Then, it is incorporated in the forces mapping
f which should be changed into

f(q? g; t) = [).ll sin (q]‘ — q2) — (kl + kz) ql + k2q2
— (m +m2) ¢" + ned®] €'(q)
+ [k2g* — k2g® + g — m2d®) €2(q).

The above remark does not apply to the case of Coulomb type friction.

Remark 2. As problems II and I are equivalent, we see that the dynamics of
the constrained system depends only on the geometry of the submanifold S and
not on the particular choice of the functions ¢; used to define it. In other words,
consider a constraint, say constraint 1, defined by n functionally independent
functions ; and another constraint, say constraint 2, defined by n functionally
independent functions . Suppose, in addition, that:

S={q€Q; Vi, pi(q) =0}={g € Q; Vi, ¢i(qg) = 0}.

Then, the dynamics of the system subjected to constraint 1 is identical to the
dynamics of the system subjected to constraint 2. Moreover, the reaction forces
in the motion are the same in both cases.

Since the modelling of rigid bodies system with no constraint or with per-
fect holonomic bilateral constraint leads to the construction of mathematical
structures of the same type, we state the following definition.

Definition 7 A simple discrete mechanical system is a pair (Q, f) where:

» () is afinite-dimensional smooth Riemannian manifold called the config-
uration manifold.

s [:7Q xR = T*Q is a smooth mapping satisfying:
Vigv) €TQ, YieR,  TH(flg.vt)) =g,

called the forces mapping.

systemt
function

sense th :
Q.

exists at i
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Unilateral Multibody Dynamics

3. Perfect unilateral constraints

The consideration of elementary examples shows that the dynamics of rigid
bodies systems can lead to some prediction of the motion where some bodies
of the system overlap in the real world. Of course, this should not be allowed.
Hence, very often, one has to add the statement of non-penetration conditions
to a simple discrete mechanical system. This is a simple occurrence of uni-
lateral constraint. In this section, we shall discuss the consideration of perfect
unilateral constraints in simple discrete mechanical systems.

3.1 The geometric description

Consider a simple discrete mechanical system with configuration manifold
Q. A unilateral constraint is a restriction on the admissible motions of the
system which is expressed by means of a finite number n of smooth real-valued
functions ¢; defined on the configuration manifold Q:

Vi€ {1,2,--- ,n}, wilg) <0 (1.6)

We denote by A the set of all admissible configurations:

A={q€Q;V’iE{1,2,-",ﬂ}, ‘Pa(Q’)SU}

The set of all active constraints in the admissible configuration g € A is defined
by:
J(Q) = {?’ € {1?2:" * :n} ) ‘Pi(Q) = O}

The following hypothesis should be brought aside regularity hypothesis T of
Section 2.2.1.

Regularity hypothesis I. The functions ; are functionally independent in the
sense that, for all ¢ € A, the dy;{q) (i € J(g)) are linearly independent in
Q.

Straightforward consequences of this hypothesis are:

®  Ais aclosed subset of @,

s A C UL, ;! ({0}) (DA is the boundary of A),

n A= J! ({0}) (;1 is the interior of A).

Consider a motion ¢{#) in A and assume that a right velocity §¥ (¢) & Tyn@

exists at instant ¢, then we necessarily have:

Vie (o), (deia(t),q* (), <O,
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or, equivalently, LN
eq Y N*(q) i3

VieJ(g®), (Veilg(®),d"(®) 0 <0, duality
where Vig;(q) is the gradient of ; at ¢ defined by Vip;(g) = Ii (dei(9)). Thus

if the system has configuration ¢ and if a right velocity gt exists, then ¢t
necessarily belongs to the closed convex cone V (g) of T,() defined by:

={veT,Q;VieJ(q), (dpilg),v), <0}

V(q) is called the cone of admissible right velocities at the configuration ¢. In
particular,

g€A (e J(@ =0 = V(g =T,Q
Similarly, if a left velocity ¢~ € T,Q exists, then ¢~ € —V(g)

3.2 Formulation of the dynamics

The formulation of the dynamics follows the lines of MOREAU (1983,
1988a). '

3.21 Equation of motion.  As for bilateral constraints, the realization
of the constraints induces some reaction force R. The following hypotheses are
made.

Constitutive hypothesis IL The unilateral constraints are of type contact with-
out adhesion:
YoeV(g), (Rv),20.

Constitutive hypothesis ITI. The unilateral constraints are perfect:
Vv e {fu ET,Q; Vie J(g), {dei(q),v)q = 0}, (R,v)q =0.

As an easy consequence of constitutive hypotheses Il and III, we get: velocity

‘ n ) bounded
’ n eJ = XN <0, :

3 iz €F, B=Y Mgl ma | (570 T UE0 0 onlyfor
=1 '

Thus, the reaction force B € T*() must be such that:

—R e N*(g {EAdcp,q) Vie Jg), M>0, Vig J(g), =0

i=1

(1.7)
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N*(q) is a closed convex cone of T;Q and it is the polar cone of V (g) in the

duality (T,Q,7;Q). We will also have to consider the polar cone N{g) of
V(q) for the Euclidean structure of T,Q):

N(g) = {Z»\N%(Q) iVieJg) 420, VidJ(g), Aizo}.

=1

Now, consider a motion ¢(?) starting at gy €4 at time # with velocity .
(=]
Assumed to be continuous, ¢(f) remains in A on a right neighbourhood of to.

By formula (1.7), the reaction force R vanishes as long as ¢(%) is in A and the
motion is governed by the ordinary differential equation:

(q(t0), d(%0)) = (g0, v0),
2L = f(a,0).

Suppose that the solution of this Cauchy problem meets dA at some instant
greater than £y. Denote by T the smallest of these instants. The motion admits a
left velocity vector vy, at time T'. Of course, there may happen: vy & V(g(T)).
In this case, no differentiable prolongation of the motion can exist in A for #
greater than 7. The requirement of differentiability has to be dropped. An
instant such T is called an instant of impact.

However, we are still going to require the existence of a right velocity vec-
tor ¢*(t) € V{q(t)) at every instant ¢. The right velocity need not to be a
continucus function of time and the equation of motion

s+
deit = flg,¢";t) + R,
should be understood in sense of Schwartz’s distribution. Actually, we require
R to be a vector valued measure rather than a general distribution.

We denote by MMA(I; () (motions with measure acceleration) the set of all
absolutely continuous motions ¢(£) from a real interval [ to Q admitting a right
velocity ¢ (t) at every instant ¢ of I and such that the function ¢+ (t) has locally
bounded variation over I. Naturally, bounded variation is classically defined
only for functions taking values in a normed vector space. However, for any
absolutely continuous curve ¢(t) on a Riemannian manifold, parailel translation
along g(t) classically provides intrinsic identification of the tangent spaces at
different points of the curve and so, the definitions can easily be carried over
to this case. The precise mathematical setting is postponed to Appendix A,
The reader will notice from Appendix A that any motion g € MMA(I;Q)
admits a left and right velocity, ¢~ and ¢, in the classical sense at any instant.
Moreover, with any motion ¢ € MMA(I; Q) is intrinsically associated the
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covariant Stieltjes measure Dg of its right velocity ¢T. The equation of motion
takes the form:
DGt = f(q,47;t)dt+ R,

where di denotes the Lebesgue measure. We have to give a precise meaning to
condition (1.7) with R being a vector valued measure.

Convention, We shall write:
R e -N*(q(t))

to mean: there exist n nonpositive real measures A; such that:

R=> Xidegig(t)),
=1

Vi E. {1521 e 7n} ’ SuPP ’\‘L - {t ? ‘Pl(Q(t)) = O} ' (18)

Using this convention, the final form of the equation of motion is:
R =bD¢" — f(q(t),¢" (¢);t) dt € —N"(q(?)) 1.9)

A straightforward consequence of the equation of motion is that an impact
(that is, a discontinuity of the right velocity ¢t by proposition 43) can only
occur at an instant ¢ such that J(g(#) # @. This fact is a justification for the
following definition.

Definition 8 An impact occuring at time 1t is said simple if J(g(t) contains
exactly one element. If J(q(t)) contains at least two elements, the impact is
said multiple.

3.2.2 The impact constitutive equation. We begin this section by
an example. Consider the one degree-of-freedom mechanical system whose
configuration space is R equipped with its canonical Euclidean structure. The
forces mapping f vanishes identically and the unilateral constraint is repre-
sented by the single function ¢ (g) = g so that the admissible configuration set
Ais R—. Atinitial ime o = 0, we consider an initial state (gp, vp) such that
go < 0 and vg > 0. Tt is readily seen from the equation of motion (1.9) that an
impact necessarily occurs at time £ = —¢o/vg. At this time, the left velocity is
vg. But, the right velocity can take any negative value and whatever it is, it is
compatible with the equation of motion.

The reason for this indetermination lies in the phenomenological nature of
the interaction of the system with the obstacle. This missing information has
to be added.

Constitutive hypothesis IV. The interaction of the system with the obstacle
at time ¢ is completely determined by the present configuration ¢(t) and the
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present left velocity ¢~ (). In other terms, we postulate the existence of a

mapping F : TQ — T describing the interaction of the system with the
obstacle during an impact:

Vi, ¢F () = F (at),d (1)) . (1.10)

To ensure compatibility with the equation of motion (1.9), the mapping F
should satisfy:

VgEA, Vv e-V(g), ig 3:; < L/_(qe)’_'N(q). (1.11)

Moreover, we add the assumption that the kinetic energy of the system can not
increase during an impact:

Vge A, Vv~ €-V(q), ||}‘ (q,'v‘)”q < ”v‘”q. (1.12)

Let us comment on hypothesis IV. When two solids hit, their bouncing is
actually governed by the propagation of deformation waves in each the two
solids. But, from the very beginning, we have adopted the simple framework
in which each solid is supposed to be rigid, that is, for sake of simplicity, we
have chosen to do not take under consideration any phenomena relying on the
deformation of the solids. Thus, we cannot expect the theory to be able to predict
the outcome of an impact experiment. The aim of constitutive hyposthesis IV
1s to introduce in the theory the missing information. Of course, in practical
situations, we have to identify the unknown mapping F. This can be done
either by means of experiments or by use of a refined theory. For example, the
theory of elastodynamics could be used to predict the outcome of an impact
in every impact configuration. The result would be an identification of the
mapping F. In any case, there is a very big amount of work to get a precise
identification of F. This is the price we have to pay to describe sophisticated
physical phenomena in a very simple framework. Actnally, this issue is faced in
any mechanical theory (one could think of the theory of elasticity). Naturally,
in each mechanical theory, the question arises to know what amount of lacking
constitutive information should be introduced. Most of the time, well-posedness

of the resulting evolution problem serves as a guideline to state the constitutive
hypotheses.

Definition 9 Equation(1.10), withmapping F fulfilling both requirements {1.11)
and (1.12) is called the impact constitutive equation. An impact constitutive
equation which ensures the conservation of kinetic energy during an impact:

Vged, YoTe-Vig, ||F(g07)|, = lo~ 1, »

is called elastic.
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There always exist many mappings F satisfying requirements (1.11) and
(1.12).

Example 5. Lete : T'Q — [0,1] be an arbitrary function. The mapping F
defined by:

F(g,v7) =Proj, [v7;V(g)] —e(g,07) Proj, [v7; N(g)],  (113)

is easily seen to satisfy requirements (1.11) and (1.12). The associated impact
constitutive equation is often called the canonical impact constitutive equation.
Ttiselasticifand only if e = 1. The function eis classically called the restitution
coefficient.

The reason why the canonical impact constitutive equation is distinguished
is that in situations where only simple impact can occur (for example, if the
unilateral constraint is represented by a single function ¢;), then the impact
constitutive equation must be the canonical one (it is a simple consequence
of requirements (1.11) and (1.12)). However, in case of multiple impacts, the
canonical impact constitutive equation has no specific physical relevance. A
simple occurence of multiple impact is provided by Newton’s cradle. The
principle of the experiment is sketched on Figure 1.2.a. Its outcome is sketched
on Figure 1.2.b. It should be compared with the prediction of the canonical
elastic impact constitutive equation which is sketched on Figure 1.2.¢.

-

a X b

Figure [.2. Newton’s cradle.

»

The following proposition is a straightforward and useful consequence of
requirements (1.11} and (1.12).

Proposition 10 Let F be a constitutive mapping satisfying requirements (1.11)
and (1.12). Then, we have:

Vq € A: Vo~ € V(Q) n (_V(Q)): f(qvv_) = .

result.

We
glance,
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Proof. Define v* = F(g,v™). By requirement (1.11), we have v~ — v+
N{q). Since v~ € V(g) N (—V (q)), we obtain:

(’U_ — o7, v-)q = 0,

(o+,57), = o .

The use of Cauchy-Schwarz inequality and requirement (1.12) gives the desired
result. ‘ 0

that is,

We conclude this section by a comment on requirement (1.12). At first
glance, it could seem to be unnecessary. The following counter-example proves
that if it was omitted, then, uniqueness of solution for the resulting evolution
problem would surely not hold. '

Counter-example 6. Consider the one degree of freedom discrete mechanical
system whose configuration space is R equipped with its canonical structure
of Riemannian manifold. The forces mapping is supposed to be constant:
f(g,4;t) = 2. Tothis simple discrete mechanical system, we add the unilateral
constraint described by the single function w1{g) = g. Thus, A = R~. The
impact constitutive equation is given by formula (1.13) where the restitution
coefficient is supposed to be the constant 1 /2: e(g,¢™) = 1/2. This mechanical
system is a formal description of the physical occurence of a single particle
subjected to gravity and bouncing on the floor. Consider the initial instant
tg = 0 and the initial state (go,vp) = (—=1,0). It is readily seen that the
function g : R* — R~ defined by:

vie[0,1], q(t) =12~ 1,
Vi e [1: 2]1 Q(t) =t - 3t + 2,
e[ hr -] o) =2 (- A)t+ B ) 6 )
Vi € (3, 4o0f, q(t) =0,
(n € N) belongs to MMA(R™; R~ ) and satisfies:
w the inttial condition,
m  the equation of motion (1.9) (with f(qg, ¢; t) =2),
= the impact constitutive equation (1.13) (with e(q,¢) = 1/2).

This motion is pictured on Figure 1.3. Note, by the way, that it exhibits an
infinite number of impacts on a compact time subinterval. It could easily be
proved that no motion, defined on [0, cof, with finite number of impact on every
compact interval can exist.
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if

qt)

t
L
>

A 4 3

Figure 1.3.  Motion of a punctual particie sabjected to gravity and bouncing on the floor.

Now, we are going to analyse what happens when the fiow of time is reversed.

Define ¢ by:
] 10,4 - R
? t o q(4—1)
Considering the initial state (gg, vo) = {0,0) at o = 0, it is easily seen that q
satisfies:

» that initial condition,
» the equation of motion (1.9) (with f(q,g;t) = 2),
= the impact constitutive equation (1.13) (with e(g, §) = 2).

But, ¢" = 0is also seen to satisfy the same initial condition, equation of motion
and impact constitutive equation. This example demonstrates that we cannot
expect uniqueness of solution when adopting the canonical impact constitutive
equation (1.13) with restitution coefficient ¢ = 2 (or any real number strictly
greater than 1). But the canonical impact constitutive equation with restitution
coefficient strictly greater than 1 violates requirement (1.12).

3.23 The evolution problem.  Now, we formulate the evolution prob-
lem associated with the dynamics of rigid bodies systems with perfect bilateral
and unilateral constraints. The initial condition is assumed to be compatible
with the realization of the constraint: vg € V(go).

Problem IIL Find T > t; and ¢ € MMA([tg, T[; Q) such that:

(Q(tO)sq"'-(tU)) = (qu UD):
Viefto,T[, q(t) €A,

RE DG — fat), ¢+ (0:0) dt € ~N"(a(t),

Veelt, T, ¢ (t) =F (¢(t),q(2).

of class
any) of

Proposi
lem I11.

Vit
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The equation of motion is understood in sense of convention (1.8) and the impact
constitutive equation is supposed to fulfill requirements (1.11) and (1.12).

Yet, no regularity assumption has been made on the mapping f. This will
be done in the next section where well-posedness of problem IIT is studied.
However, we can infer from Section 1.1.3 that f will be assumed to be at least
of class C''. We can state an elementary property of any solution (if there are
any) of problem IIL

Proposition 11 (Energy inequality) Let (T, q) beanarbittary solution of prob-
lem HI. Then, it satisfies:

th,tz € [thT[r tl S t?: K (Q(t2)1 q+(t2)) - K (Q(tl)lq-l_(tl)) =
to !

3 1670 oy =5 1+ @0y < [0 (00006 (6)59) 676D 0

Proof. We have the following equality between real measures:

g () +4 (¢ . it +q ()
< y J (t)’t)>q(t) G < 2 °R>qm '

Integrating over ]t,, 5] and using proposition 41 of Appendix A, we get:

1,. 3 1,.
5 it @), — 5 18 @l =

¢t () + ¢ (¢) o gt +¢” >
.AMK——jr——J@mg(mﬂkmmﬁémx~jrﬁﬂq.

Consider

D=&amm;ﬁ@§£@¢¢w@.

D is (at most) countable and therefore Lebesgue-negligible. We obtain:
1. 2 1 2
+ .+ -
5 147 @) = 5 o )50, =

t by e
h(ﬁmewamm@m+AmKi§iﬁh.

Therefore, to prove proposition 11, there remains only to prove:

Y
/ <q—+—q,R> <0. (1.14)
Jt1,t2] 2 q
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But, on one hand,

gt + ¢ > / o / .
— R = q 1R = q :R )
/m,tz]\a < 2 ¢ Jt)\D (@ 8, Jt1 t2]\D (@R,

where the second integral is nonnegative by convention (1.8) whereas the third
integral is nonpositive. As a consequence:

-+ L
/ <__q +d ,R> 0. (1.15)
1t \D 2 g

On the other hand,

gt () +47(t) _ gt +4 () .4
L( 9 : 1R)q(t) ./D( ) ,Dg )q(t),

1 [ i~
2 2 (I @l ~ a0l

te D
< 0, (1.16)

by virtue of formula (1.12). Bringing together formulae {1.15) and (1.16), we
get inequality (1.14). O

33 Well-posedness of the dynamics

To study the well-posedness of problem 11, we need to state regularity as-
sumptions on the data. Looking at those of Section 2.2.3, we could expect to be
able to prove well-posedness of problem III under the assumption that the func-
tions ¢; and the mapping f are of class C? and C* respectively. The following
counter-example originally due to BRESSAN (1960) and SCHATZMAN (1978}
shows that uniqueness does not hold in general even if the data are supposed to
be of class C™.

Counter-example 7. Consider a simple discrete mechanical system whose
configuration space is R equipped with its canonical structure of Riemannian
manifold. Thisis the configuration space of a particle with unit mass constrained
to move along a line. A fixed obstacle at the origin is taken into consideration.
It gives rise to a unilateral constraint described by the single function:

wi{g) = ¢

Therefore, the admissible configuration set is A = R~ . The impact constitutive
equation is supposed to be elastic. Here, the geometry is so poor that this state-
ment determines completely the impact constitutive equation. It is necessarily
the canonical one with restitution coefficient ¢ = 1. The forces mapping f is
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supposed not to depend on the state but only on time. It will be denoted by
f(t). The initial instant is £y = 0 and the initial state is (q0,v0) = (0,0). The
corresponding problem T admits here the simple formulation:

find T > O and ¢ € MMA({0, T'[; R) such that:

* (4(0),47(0) = (0,0),
* Vie[0,T, qft) <0,

e« R¥ dgt — f(t) dt is a nonpositive real measure such that:

Supp R C {t € [0,7; ¢(t) = 0},

at) 0 = g+
o Vtelo,T], {q(t)=o = 4" ()

-

g7 1)
=—¢~ (%)

Here dg™ is merely the classical Stieltjes measure associated with the func-
tion with locally bounded variation ¢+. We investigate uniqueness under the
assumption that f is of class C° and nonnegative:

viteRT, f(z) >0.

Then, it is readily seen that the nu!l function g = 0 on R is a solution of that
problem, whatever is the nonnegative (’°° function f. Now, we are going to
construct an explicit example of such a function £ in such a way that the associ-
ated evolution problem I admits another solution, distinct from the identically
vanishing one,

First, define a Massin function p by:

R - R

0 if z€]—o00,0]U[L,+oo]

r 1
Ce=G=0 if z€0,1]

where C'is a real constant which is chosen to get:

f+m plz)dz = 1.

—0

Define:

_ ad (n + 5)2
T_Z(n+1)(n+2)(n+3)(n+4)’

n=0
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and, forevery n € N,
. i (i + 5)2
o izn(i+1)(z‘+2)(z‘+3)(i+4)’
n+5 ( n+3
1.€. Op =

(a-n, - an+l)) 3 mention
(1n+ 1)(n + 2)(n + 4} n+35 the case

— MONTEI
n!
1

(43
Now, the functions f{¢) and v(t), from [0, T to R, are defined by:
f(0)=0

0, ' if t€ [aﬂ+1, ap4+1 + On[

f@) = %;Cfﬁsﬁ),ﬁtemﬂ+%ﬁd

dn

fa

Un

Qn—an41 —&n

and:

v(0) =0,
Un+1, ; ifte [an+1, dn41 + Jn[
= —tn —'611 .
vit) Upt1 + fﬁ el (ijl—-—)ds, if £€ [op41+ Ons G|

2 a'n+1+6n. a““a“+1_6"

Finally the function g : [0, T[— Ris defined by:

q(t) = fotv(s) ds.

The graph of the functions f () and ¢(t) is sketched on Figure 1.4. The reader
will easily check that:

m f(¢) is a C* nonnegative function on [0, T,
s (T,q) is a solution of the considered evolution problem, An earlig
m the only instants at which ¢(t} = 0 arc 0 and the ay.

Therefore, ¢ and § provide two solutions of the evolution problem. These B
two solutions do not coincide on any open subinterval of [0,T7[. Therefore, i analyic
uniqueness of solution for problem III cannot be asserted, even in the case i that:
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where the data are supposed to be of class C°°. PERCIVALE (1985, 1991) was
the first to notice that, in the above example, if f(#) is supposed to be analyric,
then uniqueness of solution does hold. Recently, a complete discussion of the
one-degree-of freedom problem was obtained by SCHATZMAN (1998). The
general case is treated in BALLARD (2000) and is now recalled. Let us just
mention that prior existence results had been obtained, but they were limited to
the case where the unilateral constraint is represented by a single function (see
MONTEIRO MARQUES (1993) and SCHATZMAN (1978)).

f(t) >~E—>

Figure 1.4, Bressan-Schatzman counterexample.

Regularity hypothesis V. The Riemannian configuration manifold, the func-
tions ; and the mapping [ : TQ x R — T”Q are analytic.

The proof of the following proposition can be found in BALLARD (2000).
An earlier proof can also be found in LOTSTEDT (1982).

Proposition 12 Let gy € A and vg € V(q). Then, there exist T, > ty, an
analytic curve g, : [tg, Ta[— @Q and n analytic functions Xy : [to, Ta{— R such
that:
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. (qa(O)JQJ(O)) = (QU,'UO),

s Vi€ [tDsTa[s b%qa(t) = f(qa(t), da(t);t) + Z /\az’(t) do;i(ga(t)),

i=1

Vi € [to, T,
Vi [1?2, a[ n Aai(t) €0, ilga(t)) <0, Aas(t) pi(qal(t)) = 0.

Moreover, the solution of this evolution problem is unique in the sense that
any other analytic solution (T',q, M1, - - , Ap) Is either a restriction or analytic
extension of (T, qa, Aal; " " 5 Aan)-

Corollary 13 There exists an analytic solition (T,, q,) for problem Il

Proof. Consider the motion g, furnished by proposition 12. It obviously sat-
isfies the initial condition, the unilateral constraint and the equation of motion.
The only thing which remains to prove is that it satisfies the impact constitutive
equation. Since g is analytic and satisfies the unilateral constraint, we have:

Vtelto, Tal, 45 (&) = &7 (t) € Vi(ga(®)) N (—V{a(D)))

and therefore,

Vi€l T, 6 () = d (1) = F (aalt),&; (1)),
by proposition 10. (W}

Naturally, the analytic solution furnished by corollary 13 will cease to exist
at the first instant of impact. This is the reason why we have considered the
wider class MMA which contains motions which are not differentiable in the
classical sense. Considering motions in MMA will allow to extend the solution
beyond the first instant of impact. But, it must be made sure that admitting the
wider class of solutions MMA will not introduce parasitic solutions. This is the
aim of the following theorem.

Theorem 14 Let (T, q,) be the solution for problem III furnished by corol-
lary 13, and (T, q) be an arbitrary solution for problem IIl. Then, there exists
a real number Tj (tg < Ty < min{T;,T}) such that:

Q|[t0,T0[ = Qa[[to,To[ B
In other terms, there is local uniqueness for problem 1.

The proof of theorem 14 makes extensive use of the following corollary of
Gronwall-Bellman lemma (lemma 4).
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Lemma 15 Ler m be a nonnegative integer, and 1 : [0, T) — R an integrable
function. If ¢ : [0,T] — R is any absolutely continuous function such that
B(t) = o{t™ 1) when t tends towards 0 and such that there exists a nonnegative
real constant C such that:

for almost all t €]0, T, t%qﬁ(t) S (1 +m+ Ct) o) + t™F2p(4),

then, .
Vte[0,T], () < mHeCt / (s)e~Cods.
0

Proof. This is almost obvious. Dividing each member of the inequality by
™12 we obtain: '

for almost all ¢ €]0, T, % (%%) <C :f,f?l + (1)

After integration, Gronwall-Bellman lemma yields:

t i t s 5
vVt €]0,7], td:rf+)1 5/0 ¢(s)ds+/0 Cetlt )/ﬂ (o) do ds.

Then, an integration by part gives the desired conclusion.

Proof of theorem 14.
Step 1. Parametrization of the problem and notations.

We denote by dp < d the number of elements of J(gg). Consider a local
chart 1 : U C @ ~ R on () centered at gq such that the dy first components of
P(q) are (0;(q)};c J(qo)- Such a chart exists since (dy;i(go));c J(go) 18 linearly
independent in T4, Q by regularity hypothesis 1. Next, choose o > 0, sufficiently
small to have, for all ¢ € [ty, ¢y + o],

e q.(t)elU, ¢t)el,

v VieJw), Teia®) = @dela) ildge <0, 117)

o Vie {1,2,--- ,n}\ J(g), eila(®) <0, wilq(t)) <0.(1.18)

Such a choice for e is possible because the functions w;{g,(2)) are analytic and
the functions ¢;{g(t)) are continuous. We denote by f; the components of f
in the natural basis (e*) associated with the chart under consideration. Since Ga
and g are local solutions for problem III, we have, for all i € {1,2,--- ,n},

915 (a0) (& + D105t} = fildardoit) + Ao (1.19)

9i5(a) (46* + TL(@)d *4dt) = filg, 450 de 4, (1.20)
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where the ),; and y; are respectively d nonpositive analytic functions on [to,to+
a] and d nonpositive measures on [y, to + «]. Note incidentally that the Ay
and u; vanish identically for ¢ > dy, by (1.18). We denote by |.| the standard
euclidean norm on R¢. Confusing (abusively) g and 1(g), we shall write:

d d

g2 =3"(¢)", amd it =3 ()"

i=1 i=1
Step 2. There exist some positive real constants Cy and Cy such that the
following estimate:

t
[ (la- a6+l = il @) ds <
to
‘ t s do .
-G [ 1) 13" Nilo) (o) dods. (1.21)
to

o ;=1

holds for all t € [to,to + .
By proposition 41 of Appendix A, we have:

d (% (7 ~ d2) 91s(a) (677 — )) =

q—’i + q',+‘i
(5

i) o) (09 - e+ T (¥ - ) @),
and, therefore, using equation of motion (1.20),
d (§ (6% — &) gis(@) (¢ — Qi)) =
(6% — ) fila a3t — (67 — &) 0us(@) (& + @)™ )
do vk -k
qg "+ ;
+3° (-—2q— - q;‘) k-
k=1
But, each ¢¥ s, is a nonnegative measure by (1.17), and,

. e ek K = gt
+4q qg tgq
S, = (T4 R)
q

Moreove

2 2

k=1
is a nonpositive real measure by proposition 11. Therefore,

(3 - d oo - )) <

(4~ ) Fia,*st) - (% = &) 9 (@) (& + Thtayq**d) | at
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inthe sensc of ordering of real measures. Integrating over|tg, ] (¢ € [to, fo+a)),
we get:

% (6% — &) gi(q) (¢ — ¢f)

| |
[ 16+ - @ 5tad59) - % - ) ate) (& + Th@)i* )| s

iy

The term within the integral sign is an analytic function of the. three variables q,
g* and s. Therefore, it is also an analytic function of the three variables g — g,
g* — ¢y and s. Tt is written under the form:

(67— ¢2) Fi(q — gar ¢ — dui ).
But, each function F; can be decomposed under the form:
Fi(q - Q’a,(f - q‘a;s) = E(anis) + G'b(q - Q‘a;&"+ - da; 3):

where the (7; are analytic and G;(0,0;s) = 0. Hence, there exists a positive
constant M such that, for all ¢ € [tg, g + «},

|Gilg(s) — qals), 4T (s) — du(s); 8)] <
My/la(s) — () + Ji* () — da(s)]?

Hence, we have proved:
5 (67 =) 9i(9) (¢ - &) <

ft {6 =) [Hlaw o) - gtan (& + T (e)dkdl) |

+Md Iq+ - d’al \/Iq - Qa|2 + [gt - ‘jalz} ds.

Moreover, by a compactness argument, there exists a positive constant mn such
that for all t € [ty, t + «,

Lo i i . .2

5(67 =) 9i5(9) (47 — @) Z2mld* —dl”

We obtain :

2 Md [* o (s A+ _ o261 ds
@ —alf @ < T8 (le-al@+1it - al ()

m

1 [t & .
> xails) (61 — &) ds,

bo §=1
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where equation of motion (1.19) has been used. Note that, actually:
Vie{1,2,--- ,do}, Augi=0,

and, so, by the analyticity of functions ¢ and Ay;:
Vie {1,2,---,do}, Hudi=0.

By use of Cauchy-Schwarz inequality, we get:
lg— @l () + |§" —dl* () <

(%Jra)/ (Ig = gl (8) + |4 — a]” (s))d.s—— ZAmq ids,

fo =i

Defining:
Md

CL = ) o= — +a,
m

1
m
multiplying each term of the above inequality by e~C2t and integrating, we
obtain estimate (1.21).
Step 3. Estimate (1.21) implies that the function t v Zfﬂl AL () ¢1(t) van-
ishes identically on a right neighbourhood of &

Indeed, by estimate (1.21):

Vie [t(),t[) + a / —Cas Z)\a; 0’) q'“(a) dods < 0

fo =1

which is, after integration by parts:

/ —C‘zsz,\m(s)q (s)ds < [ /t: dol (o) dor ds.

(1.22)
But, since,

Vie{l,2,--- ,do}, Vs€[to,fo+al, Xuls) <0 and ¢'(s) 0,

the two membe:rs of inequality (1.22) are nonnegative and, therefore, the in-
equality is preserved when taking the absolute value of each member. We get:

do
/; —Czsz,\%(.s (s)ds < / —Czs[sZ|q o')l ail ‘dcrd.s
o im1
t
/ / _C”Z|q (J ldads
ig Jip

i=1




TICS: 2002

rating, we
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i dods,
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Unilateral Multibody Dynamics

Define:

_Cz(s-i-to]q (s + tg),

With these notations, we obtain:

vt € [0, / ZL’ ) Qi(s)ds < / / Z L’:(s)‘ Q*(s)do ds,
=1
_ _ (1.23)
where the L are nonnegative real-analytic functions and the (J* are nonnegative
continuous functions which all vanish at ¢ = 0 and are right-differentiable at
t = 0. We are going to prove that inequality (1.23) implies that:

aﬁ E]O?a]a vVie [O:)B]a Vie {1721' o 1d0}a Li(t) Qi(t) =0

The functions L* being analytic nonnegative, there exist nonnegative integers
ny <ng < - < np,apartition fy, Iy, -+ , Iy, of {1,2,--- ,dp}, and analytic
nonnegative functions &* such that:

Vke{l,2,---,m}, Vi€l Li(s) = sn"G’:(s),

with either G*(0) > 0 or G* = 0. Inequality (1.23) may be rewritten as:

fOZZJ sGHo) Qo) do <

k=1iel,,

fotfo Zanan’“ 1GH o) Q' (o) do ds

k=11l

[ [T |eo)|@erdras
k=11l

But, by the analyticity of the functions G*:

3>0, IN>0, Vie J(g), Yoel0,d, Gi(a)‘ < NG(a).
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Therefore, for all ¢ € [0, 3],
t m . X
[ YT o)<
0 porier,
t ps M .
[t
o Jo

k=1icly

+ Nt /Ot /: i > o™ G o) @ () do ds.

k=11l

Integrating by parts the left member of the inequality, we obtain:

t M
ny—1 io, io. o
t[ 33 o6 0) @io)do <

k=licl,

i ps M
[ ST vemeaieas

k=11l

+ Ni /: /OS i Z o 1G o) Qo) dods. (1.24)

k=11iCl}

Since each function G* (¢)@* (o} /o is bounded over [0, 3], there exists a nonneg-
ative real constant H such that, forall & € {1,2,--- ,m} and forall € [0, ],

t s
/ / Z ™13 (o) Qo) do ds < H™ 2,
0 Jo

i€l

Since it can be assumed that 3 < 1, inequality (1.24) gives, for all ¢ € [0, ],

t 1 —1 i i
t/o ZO’ GYHo) Q' (o)do £

el

r

t ps A
(1+mn +Nt)f / Zam_lGi(o) Q' (o) do ds + Hyt™2 72,
o Jo

i€l

where H, is a non negative real constant. Applying lemma 15, we get:

/t /S Z oM 1@ o) Qo) do ds = O(t"212).
0 J0

[T 1

Unilaterd
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7) dods.

5. (1.24)

b d nonneg-

te|o, 3],

rltrz-ﬁ—ﬁj

Unilateral Multibody Dynamics

Coming back to inequality (1.24), we get, for all £ € [0, 3],

t 2 . .
t[ 3o 0) Qi) do <

k=14cl}

t g 2 . .
(1 + na + Nt) f / 33" o™ G 0) Qio) do ds + Hat™ 2,
0 Jo

k=14i€l,

Applying once more lemma 15, we obtain:
1 s 2 - .
_/ / Z Z gﬂk—lG%(g) Q%(O') dods = O(tn3+2).
0 90 k=1icl, |
Proceeding inductively, we obtain:
t s m—1 - '
-/ / Z Z o-nk—lG"(U) Q*{o)dods = O(tﬂm+2)_
0 0 k=1 ‘iEIk

But, by inequality (1.24), for all ¢ € [0, 4],
t m . .
tf Z Z el ey Q*(o)do <
0

k=14¢cI}
t ps M
=l (5) Qo) do ds.
(1+nm+Nt)/O/OZZa G'(o) Q' (o) do ds

k=1iely
Using lemma 15 for the last time, we get:
it ps ) o
vien s, [ [T om0 @iy drds =0
D70 k—1icr,
which implies:
vie{l,2,---,do}, Vie[0,8), G{)Qi(t) =0,

which is nothing but;

Vie{l,2,--- ,do}, Vi€ [to,ty+}f) Aai(t) ¢4 (t) = 0.

But, the analyticity of the functions Ay implies:

Vie {1,2,-- ,do}, Vte [ty,to+ 8l Aai{t) ¢THE) = 0,
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and the assertion of step 3 is proved.
Step 4. Conclusion of the proof of local uniqueness.
Bringing together the results of steps 2 and 3, we get:

vielot+al, [ (lo-al @ +]i* -l ) ds <0,

to

which yields the desired conclusion:

vt e lto,to+ 8,  gq(t) = qult).

Corollary 16 There exists a unique maximal solution for problem I

Tt was noticed above that the analytical solution for problem III furnished by
corollary 13 stops to exist at the first instant of impact. To overcome this fact,
we have proved that local uniqueness still holds in the wider class of motion
MMA which allows impacts. But, this does not guarantee that the maximal
solution for problem TII is not going to stop to exist at finite time for unphysical
reasons. In other terms, we still do not know if the class MMA is wide enough.
Actually, it is wide enough as shown by the following theorem which should
be brought aside theorem 3.

Theorem 17 The configuration manifold Q) is assumed to be a complete Rie-
mannian manifold and the mapping [ is supposed to admit the following esti-
mate:

V(g,v) € TQ, foralmostallt € [ty,+ool,
1 (g < 168) (1 + dla. ) + 1ol )

where d(-,") is the Riemannian distance and I(t), a (necessarily nonnegative)

function of L}, (R; R).
Then, the dynamics is eternal, that is, the maximal solution for problem I
is defined on [to, +o0.

Proof. We proceed as for the proof of theorem 3. We assume that the maximal
solution ¢ is defined on [tg, T'[, with 71" finite and try to obtain a contradiction.
Step 1. The function t = ||g*(t) ] oty 18 bounded over [to. T

3V >0, Vté€E[to, T, |iq+(t)||q(t) < V. (1.25)

By proposition 11, we have:

1. 1 ! : o
1t Ol < 5ol + [ [1aeat 639 "6 2

Unilateral

Applying

exists in

(s (Q))ieJ
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(1.25)
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Unilateral Multibody Dynamics

Applying lemma 5, we get:

t
|67 @] 0y < llwolly, + ft [1£(a(s), 4* (s): )[4 s,

which yields, by virtue of the hypotheses of the theorem:

" gy < ol + | 265 (1-+ ) an) + 4+ 6} ) s
But, |
4
Vel Tl digtm) < [ [§06)] g 4o

therefore,
o). o) + |4 O] <

L t
llvoll,, + fo l)ds+ | (1+1(5) (4(a(s),q0) + 67 (5}l ) s

By Gronwall-Bellman lemma (lemma 4), we have, for all ¢ € [¢o, T:

¢ i
) an) + 10* O < (Il + [ 1600 a0

which yields (1.25).
Step 2. The right velocity ¢ has bounded variation over [tg, T|:

Var (47, [to, T[) < co. (1.26)
By step 1, we have:
Vsi,s2 € [to, T,  d(q(s1),q(s2)) <V sy — 5.
Since (} is assumed to be complete, we deduce that:
gr = lim g(%)

exists in 7'Q). We denote by dr the number of elements of J(gr). Let (U, 1)
be a local chart on @ at gr such that the dy first components of (q) in R? are
(©i(9))ic s(gr)- Consider a compact neighbourhood K of ¢ in Q such that:

s KCU,
" YgeEK, J(g)CJigr).
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Define:
# = min{t € [to,T[; Vs € [L,T[, ¢(s) € K}.

Since [£g, fp) is compact, one has:
Var (7 [to, to]) < o0,
therefore, it remains only to prove:
Var (¢%;]t0, T[) < o0
Denote by A™ (resp. AT the maximum (resp. the minimum) of the greatest

(resp. least) eigenvalue of the matrix (gi;(q)); =12, d when ¢ wanders in K.
It is readily seen that:

' |gi ()™ ()| < VAV,

ViE{l,Z,--- :d}’ VtE[tG,T[a « i v
1 < .
IOl

(1.27)

We denote by B,(0, V) the closed ball of T,Q with radius V and centered at
the origin. Considering the following compact subset K’ of TQ:

K’ = | ] B,(0,V),
qeEK

we define the following nonnegative real constants:

F= max |fila, v )]
(gaustye K x[ty.T], .
?:E{Lg:“'sd} ‘
and:
G = 39&;‘5:1) ‘
iikeligdh | 94
geK

Writing the equation of motion (1.9) in the local chart (U, 1), we obtain:

vie{1,2,: ,d},
g5 (9) (dé” + 17, () g dt) = filg, g t) dt + X,

where the \; are d nonpositive real measures on Jiy; 7'[. Expressing the Christof-
fel symbols in terms of the metric, we have:

gij(q)dcj” + a_gij(k_Q)q-i-jqﬁkdt — E@.’“(__q)q+kq+ldt = filg, rj+;t)dt + X,
oq 2 oO¢ (128)
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Unilateral Multibody Dynamics

or, equivalently,

o 18 k. ;
d (gij{g)dt?) = -2-9—;;E=q—)q+’“q+‘ dt + fi(g, ¢ 8 dt + ;.

We deduce:
f] M) = alaloi () - g ale)d ¥ (s2)

+ f (ff(q,q'*;t) + 5——69“@)&““@“) dt
&1

2 gt
2
< 2vumnv:+(fu+%§§;)(@-&L

forall i € {1,2,--- ,d} and all s1,s9 € [th, T with s; < so. There results
that the ); are d bounded measures on J¢y, T{. Thanks to equation (1.28), it
is readily seen that the measures dg** are also bounded measures on 1to, T'[.
Therefore, the d functions ¢** :]¢), T[— R have bounded variation over the
interval |ty, T'[. Then, corollary 36 of Appendix A yields the desired result.
Step 3. Conclusion of the proof of theorem 17.

By Steps 1 and 2 and by proposition 38 of Appendix A,

(QT, UQ_") = tll;l%l_ (g(t), qﬁ- ()

exists in 7'Q2. Define:
vr = F (g7, v7)
Take it as a new initial condition at ¢ = T'. Then, theorem 13 furnishes 70 > T

and an extension of g on [T, 7"[ such that g € MM A ([tg, T'[; Q) is a solution
of problem IIL. But, this contradicts the definition of 7. O

34 lllustrative examples and comments

It is readily seen that the function ¢ displayed in counter-example 6 is the
unique maximal solution of problem IIT corresponding to the situation under
consideration. This solution exhibits an accumulation of impacts on the leff
side of instant ¢ = 3. However, as predicted by corollary 13, for each instant
t € R, there exists a right neighbourhood [t, t+n[ of ¢, such that the restriction
of g to [t, £ + #] is analytic. A straightforward and general consequence of this
is the following.

Proposition 18 Let g be the maximal solution of problem II furnished by corol-
lary 16. Although infinitely many impacts can accumulate at the left of a given
instant, such an accumulation of impacts can never occur at the right of any
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instant. Moreover, in the particular case where the impact constitutive equation
is elastic, the instants of impact are isolated and therefore in finite number in
any compact interval of time.

Proof. Since for each instant ¢ € [to,T'], there exists a right neighbourhood
[t,t + [ of t, such that the restriction of g to [t,¢ + 7| is analytic, we get the
first part of the proposition. For the second part, let T be an arbitrary instant
in Jto, T| and consider the problem IIT associated with the initial condition
(g(7), —4~ (1)), the elastic constitutive impact equation and the force mapping
g(g,v; t) defined by:

glg,v;t) = flg,—v;7 — 1)

which is analytic. By theorem 14, there exists an analytic function g, : [0, Tol—
@ which is a solution of this problem III. Any other solution of problem III
coincides with g, on a right neighbourhood of ¢ = 0. Actually, as seen in the
proof of local uniqueness (theorem 14), a little bit more is proved: any function
q € MMA([0,T[; Q) satisfying the initial condition, the unilateral constraint,
the equation of motion (1.9) and the energy inequality (proposition 11} has to
coincide with g, on a right neighbourhood of £ = 0. But, it is readily seen that
the function defined by:

q’(t) :':Q(T"_t)! te [O:T—tO[

fulfill these requirements. Thus, ¢’ can not have right accumulation of impacts
at t = 7 and, therefore, ¢ can not have left accumulation of impacts at# = 7
and the instants of impact are isolated. Of course, if g is the maximal solution
defined on [y, T[, impacts can still accumulate at the left of T', as seen on simple
examples. I

The fact that infinitely many impacts can accumulate at the left of a given
instant but not at the right is a specific feature of the analytical setting that is
lost in the (' setting as seen in counterexample 7. Actually, this counterexam-
ple shows that pathologies of nonuniqueness in the C setting are intimately
connected to the possibility of right accumulations of impacts. The fact that
the analytical setting prevents from such right accumulations is the thorough
reason why we could prove uniqueness in this case.

We conclude this section by a come back to the double pendulum of exam-
ple 4. The aim of the following example is to illustrate the generality of the
above theory.

Example 8. Consider the double pendulum described in example 4 and add a
rigid obstacle on the vertical coordinate axis as represented on Figure 1.5. This
obstacle may be represented by two analytic functions whose expressions in

rations 4
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Unilateral Multibody Dynamics

the global chart of ¢ described in example 4 are:

e1(¢',¢%) = —lhsing' <0,
pa(g',4") = —lising' ~lsing? <0,

k q

ATy

Figure 1.5. Double pendulum with cbstacle.

It 1s readily seen that, except in the particular case where 11 = I, these
constraints are functionally independent, that is, they satisfy regularity hypoth-
esis L. An arbitrary initial state (go,vo) such that vy € V{go) is given at time
tp = 0. To fix ideas, we adopt the canonical constitutive equation with arbi-
trary restitution coefficient e{q, ¢~ ). Then, writing the evolution problem in the
chart under consideration is straightforward. By corollary 16, we get a unique
maximal solution for this evolution problem. By theorem 17, we can state that
this maximal solution is defined all over RY, that is, the dynamics is eternal.

4, Perfect non-holonomic bilateral constraints

In this section, we come back to simple discrete mechanical systems. Perfect
holonomic bilateral constraints were defined to be constraints on the configu-
rations of type:

pi(g) = 0.
Constdering an arbitrary motion satisfying the constraint and differentiating
with respect to time, gives:

(d(Pi(‘I)a Q>q =0.
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Thus, the constraint may be viewed as acting on the velocity. There are practical
situations where the constraint is given in this way. A typical occurence is the
“rolling without slipping”. Thus, we are led to consider general constraints of

type:

{ai(a), d)q = 0,
where the a;(q) are cotangent vector fields (we say also 1-form) on the config-
uration manifolds.

The reason that makes here desirable the study of non-holonomic constraints
is that the “rolling without slipping” can be seen as a frictional bilateral con-
straint with a friction of infinite magnitude. Therefore, this section prepares the
full discussion of frictional constraints in the sequel.

4.1 The geometric description

A non-holonomic bilateral constraint is a restriction on the admissible mo-
tions of the system which is expressed by means of a finite number n of smooth
1-form «; defined on the configuration manifold:

vie{l,2,---,n}, (oi{q), @), = 0 (1.29)

As in the case of holonomic constraints, the constraints are required to be
independant in the following sense:

Regularity hypothesis 1. For all g in Q, the a;(g) G € {1,2,--- ,n}) are
linearly independent in T* ().

A straightforward consequence of this hypothesis is that the set E of all
admissible velocities:

B={(gv) €TQ; Vi€ {1,2,,n}, (aalg) )y =0},  (130)

is a tangent subbundle of Q (that is, a vector bundle over  which is also a
submanifold of T'Q) of dimension 2d — n.

Of course, the terminology is a little bit confusing (but itis classical) since 2
non-holonomic constraint may turn out to be holonomic (*holonomic” is greek
for ‘integrable’). A trivial example is provided in the case n = 1 when the
1-form ey is exact (that is, there exists ¢ such that dg; = «). In this case,
the non-holomomic constraint is equivalent to the holonomic one: 1 (q) =
constant. The constant is determined by the initial configuration go. The non-
holonomic constraint defined by ¢ may turn out to be holonomic even in the
case where ¢; is not exact. Indeed, even if c; 1s not exact, there may exist some
real valued function h(g) such that h(g)ex (q) is exact. We shall say that the
non-holonomic constraint defined by the c; is holonomic if there exist (locally)
n real-valued functions ; such that (1.29) is equivalent to:
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Deciding, in the general case, whether a non-holonomic constraint is holonomic
or not, is a difficult issue. One answer is provided by Frobenius’ theorem (see,
for example, ABRAHAM & MARSDEN (1985), p. 93).

Theorem 19 (Frobenius) The non-holonomic constraint defined by the o; (i €
{1,2,--- ,n}) is holonomic if and only if for any two vector fields X and Y
defined on open sets of (} and which take values in E, the Lie bracket [X,Y]
takes values in E as well. -

Hence, the study of non-holonomic bilateral constraints is more general than
the study of holonomic ones, since the former contains formally the latter,
However, the handling of holonomic constraints is simpler since it allows im-
mediately the elimination of the redundant parameters in any parametrization.
So, each time a non-holonomic constraint turns out to be helonomic, it should
be integrated. ‘

4.2 Formulation of the dynamics

Here also, the realization of the constraints necessarily involves some reac-
tion forces R which should be specified throngh a constitutive assumption,
Constitutive hypothesis II. The non-holonomic bilateral constraint (1.29) is
supposed to be perfect, thatis, the virtual power of the reaction forces R vanishes
in any virtual velocity compatible with the bilateral constraint:

V{g,v) € E, (R,v)},=0.

Hypotheses I and ITimply that there exists n real-valued functions J;, unique,
such that:

R(#) =Y x(t) aila).
i=1

Now, we formulate the evolution problem associated with the dynamics of
rigid bodies systems with perfect bilateral constraints, either non-holonomic
or holonomic (the holonomic constraint is included in the definition of the
configuration manifold (). The initial condition is assumed to be compatible
with the realization of the constraint: (qq,vp) € E.

ProblemIV.Find T > ty, ¢ € C*([ty, T']; Q) and n functions ); € CO([to, T[; R)
such that:

. (Q(tULQ(tO)) = (QU:UU)?
e Vte[t,Tl, (qt),d(t)) € E,

T

o VEeln, Tl bTd(0) = Flal) a8+ 3 Aft) culaln).

i=1




50 ADVANCES IN MECHANICS AND MATHEMATICS: 2002

4.3 Well-posedness of the dynamics

By similarity with that of Section 2.3, we state the following regularity hy-
pothesis.

Regularity hypothesis ITI. The configuration manifold Q is of class C?, the
mapping f : TQ x R — T*Q and the 1-forms o; are of class cl

The fundamental reason why problem IV is well-posed, is, that it reduces
to a (first order) ordinary differential equation on T'E. To describe how this is
realized, we need to introduce some new notations and definitions.

In Section 1.2, it has been stated briefly that the equation of motion:

2 4tt) = o 7 (aft),4(0), ) (.30

is a second order differential equation on the configuration manifold Q. We are
going to express more precisely what is meant by that. Consider a local chart
1+ U — RE. With ¢, we associate a natural local chart W Hal(U) — %
on T'Q) by:

Q(Q?U) (ql?"'?qd7ﬁ1""7’vd)7
= (@) 9@ ([ (@), Vs - (@9%(g),0)e)

Actually, & = T is nothing but the classical tangent map of ¢ (see, for
example, ABRAHAM & MARSDEN (1985), p. 45). We find it convenient to
write the basis of tangent spaces to T'Q) at points of Hél (U) by:

9 6 8 9
Bgl’ " Bg? Bl Bt

(this notation is standard and expresses the fact that tangents can be viewed as
derivation operators, on real valued functions and reciprocally). It is easy to
write equation (1.31) in the chart 1) as a first order differential equation:

d
at?
r d : B : .
& = ~Ti (@) + g7 (g} fi(a, 3 t).
Hence, the solution of equation (1.31) is nothing but an integral curve (se¢

ABRAHAM & MARSDEN (1985), Section 2.1) of the time-dependent vector
field G(-;¢) defined on IT;'(U) by:

i t
v ?

] ) .8 iy a
— b T Jak ij ) AN
g(t) =v aq,; jk(Q)’U i avé +g (Q)f_?(%vu t) av" .

defined

This last]

where r
orthogon
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Since the geodesic equations are independent of the choice of coordinates on
@, we conclude that G(-; t) defines a global time-dependent vector field on TQ.
Now, if 2 -], B{— T'Q is any integral curve of G(-;¢) and w is the curve on @
defined by w = IIg o {2, then it is readily seen that:

d

ELU:Q.

This last property is easily seen to be equivalent to the following property of G:

Vig,v) €TQ, Tl (G(g,v;1) = (g,v),
and motivates the following definition.

Definition 20 Let Q be a manifold and E any tangent ‘subbundle of Q. A
time-dependent vector field X (-;t) on E is said to determine a second-order
differential equation on Q if:

THQ(X(;t)) = idp

Now, E will be the tangent subbundle of the configuration manifold defined
by formula (1.30). We denote by E; the fiber over ¢ € Q. We define a map Pg
by:

P { TQ - E
E ((L 'U) = (Q7 PI'qu['U; EQ'])

Recall that Proj q['v; E,;] was defined in Section 2.2 to be the orthogonal projec-
tion of v on the subspace E, of TyQ). The tangent map TPg of Pg maps the
second tangent bundle T'T'Q of ¢} onto TE. Thus, TPy (G(+;1)) isa C! vector
ficld on E (we have used regularity hypothesis III). It is readily seen that the
vector field T Pg (G(-;¢)) determines a second-order differential equation on

Theorem 21 Any solution of problem IV defines an integral curve of the time-
dependent vector field T Pg (G{-; t)) on E and reciprocally.

Proof. Let ¢(t) be an arbitrary solution of problem IV. We shall denote by
Q(t) = (g(t), 4{t)) the corresponding curve in E. We have:

%q-(t) =t o F(a(t), 4(t), 1) + 7 (2),

where r : [tg, T[— T'Q is such that, for all ¢, r(t) = r(t) 8/3¢* lies in the
orthogonal complement of £y in Ty(;)Q). As a result,

d
0 = 9(Q8)t) + R(),
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where R(t) is the curve in 7' E which is expressed by R(t) = ri(t)d/Ovt inany
local chart. By Pg(r(t)) = 0, we getimmediately T Pg(R(t)) = 0. Moreover,
since §2(t) is in E for all £, we have:

d d
aﬂ(t) = Tngﬂ(t)
= TPg(G(Q);1)) + TPE(R(1))

= TPp(G(Q@)1),

and, therefore, the first part of the proposition. Reciprocally, let 2 be an integral
curve of TPg (G(+;1))). We define g(t) by:

g(t) = H(R(t)

Since T'Pg (G(+; 1)) determines a second-order differential equation on ¢}, we

have:
(g(t),4(¢)) = t) € E.

Moreover, we easily have:

Vm.%(%ﬂﬂ—hfwﬁﬂ&ﬂ)=m

which yields the desired result. O

Corollary 22 Problem IV admits a unique maximal solution ¢y, Moreover, if
Q is of class CP (p > 2), and f and the o; are of class CP~1 then gy, is of class
C?. If Q, f and the «; are analytic functions then so are gy, and the functions
Ai-

Similarly to theorem 3, we have:

Theorem 23 The éonﬁguration manifold Q is assumed to be a complete Rie-
mannian manifold and the mapping f is supposed 1o admit the following esti-
mate:
Y (g,v) € TQ, foralmostallt € [to, +oaf,
£ (g w300 < 1) (1 + dlg,00) + el )

where df-,-) is the Riemannian distance and 1(t), a ( necessarily nonnegative)

function of L, .(B; R).
Then, the dynamics is eternal, that is, Gm is defined on [to, +00.

Theorem 23 is proved exactly along the same lines as theorem 3.
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Unilateral Multibody Dynamics
4.4 Ilustrative example and comments

Example 9. In the usual three-dimensional space, consider a rigid homoge-
neous ball of radius R and mass M. The center of the ball is constrained to
remain at distance R of a given fixed affine plane (perfect holonomic bilateral
constraint). The ball is initially at rest and a prescribed punctual force applies
at the center of the ball. Also, the ball is constrained to roll without slipping on
the plane (perfect non-holonomic bilateral constraint). The holonomic bilateral
constraint is taken into account by using the reduced configaration manifold
Q = P x 508 where P is the affine plane containing the center of the ball.
There is no global parametrization of that system. As a local chart at the initial
configuration, we can use some Cartesian orthonormal coordinates (z, ) in P
and some Euler angles (1, 8, ¢} (the ball is supposed to lie ‘above the plane in
the z-direction’ and the initial configuration has Euler angle 4/ = 0, @ = 7/2
and ¢ = 0} in SO8. The kinetic energy in the considered chart is given by:

2

K(q,d) = (5 + ) + 2 (2 402 4 4 42 cos 01

which provides immediately the components g;;(g) of the kinetic metric on .
The force mapping f({) is given by:

f(t) = Fe(t) dz + Fy(t) dy,

where F},(t), F,(t) are the components of the real world force along z, y. The
non-holonomic constraint is obtained in the given chart, by writing that the
real world velocity of the contact point must vanish. It is readily seen that we
need two 1-forms oy and o to express this. They are given in the chart under
consideration by:

a1 = dz— Rsintydé + R cosv sinfdg,
az = dy+ Rcosydf+ R siny sin@dg,

which are clearly independent. Using a covering of the manifold @ by such
charts, these definitions are easily globalized. Using the results of the present
section, it is easy to form the evolution problem associated with the dynamics
of this system. Straightforward application of corollary 22 allows to conclude
to the existence of a unique maximal motion, provided F,(t) and Fy(t) are of
class C*. By corollary 23, we have that this maximal motion is defined for all
time. _

Given two arbitrary configuration ¢; and ¢ 7 in @, it can be proved that there
is a smooth motion ¢(t), starting at ¢;, ending at gy and satisfying the non-
holoenomic constraint at every instant:

Vi, (enla(®): 4@y = {2(e(t), 4(t)) g = 0.




54 ADVANCES IN MECHANICS AND MATHEMATICS: 2002

This fact demonstrates that the non-holonomic constraint defined by oy and
a3 is not holonomic. An alternative way 1o see it would have been to apply
Frobenius theorem (theorem 19).

To conclude this example, let us write the evolution problem in the parame-
trization described above. We have to find smooth functions z(t), y{1), ¥(t),
0(t), ¢(t), M1 (t) and Ao(2), satisfying the initial condition and such that:

Mi = Fy+ A,
My = Fy+)\2,

(«Jj +cosf— sin@ééﬁ) 0,
IMR?

2MR?

(é+sin9¢qf>) _Rsint A + R costh Ag,

IMR2 /. . ..
R (¢+cos9¢—sino¢9) R cos® sin@ Ay + R sine sinf s,

i— Rsing@+ Rcosy sinf¢ = 0,
y+Rcos1/;9+Rsin¢sin9qﬁ = 0,

To solve this system, we can eliminate the unknown functions A1 (¢) and Xz (2) in

order to get a first order differential equation with unknown (z, y, ¥, 8, $, 1,6, @)

It turns out that this is nothing but particularizing the proof of theorem 21 to
the given system with the particular chart under consideration. The intrinsic
point-of-view has provided a valuable guide to perform this in a systematic way.
Moreover, it has allowed to lighten the notations very much.

Remark 3. A comment similar to remark 2 can be made here. The dynamics of
the constrained system depends only on the geometry of the tangent subbundle
E and not on the particular choice of the 1-forms c; used to define it.

5. Non-firm bilateral constraints

In Section 4, we have discussed general perfect bilateral constraints on simple
discrete mechapical systems. They are described by means of a finite number
n of linearly independent smooth 1-forms «; defined on the configuration man-
ifold. The reaction forces were seen to have general expression:

R) = 3 M) eula),
i=1

where the ); are a priori unknown smooth real valued functions of time. Once
the evolution problem associated with the dynamics is solved, they are umiquely
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determined. Actually, to write the evolution problem associated with the dy-
namics, we have implicitly assumed that the constraint is firm in the following
sense.

Definition 24 A general perfect bilateral constraint is said to be firm if any
value of the associated reaction force can be assumed by the system.

In some cases, it may turn to be physically relevant to deal with non-firm
bilateral constraints. This is the object of this section.

51 Formulation of the dynamics

We are given an arbitrary simple discrete mechanical system according to
definition 7 and a general perfect bilateral constraint defined by n linearly
independent smooth 1-forms «; defined on the configuration manifold Q. The
general expression for the reaction force associated with that constraint is given
by:

R=3) Xalg), (1.32)
=1

where (A, Ag,..., Ap) is an arbitrary element of R" in the case where the
constraint is assumed to be firm. To discuss the case of non-firm constraints, it
is natural to introduce a closed convex subset Cp of R, containing the origin,
and to require the following restriction for the reaction force:

()\1, Ag, ..., An) € Cy.

Actually, to get more generality and in view of discussing dry friction, it will
be convenient to allow that the convex of admissible reaction forces can depend
on time and also on the state. We state in the following constitutive hypothesis,
the general form of the dependency that we allow. It will be enough for our
purpose. ‘

Constitutive hypothesis L. The bilateral constraint defined by the n linearly
independent 1-forms ¢; is non-firm in the sense that the associated reaction

force R = 377 | A; a;(g) can not assume values out of the subset ('(g, ¢; ) of
T () defined by:

Clg, ¢;t) = {Z Aiai(g) ;
i=1

(A, A2, 20) € M(q) - [Co + > il d; t)C} } ;

i=1
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Cp is a given closed convex subset of R", possibly unbounded and con-
taining the origin,

the C; (i = 1,2...,m) are given bounded closed convex subsets of R”,
containing the origin,

the 11; : TQ x R — R* are given functions whose regularity will be
stated later on,

M(q) is a given invertible square real matrix of order n, which depends
smoothly on q.

It is readily seen that C(g,4; t) isa closed convex subset of 77 Q which contains
the origin. .

Naturally, this formalism contains the case of firm constraints as a particular
case: take m = 0 and Co = K.

Of course, this restriction on the admissible reaction forces will not be com-
patible any more, in general, with the kinematical realization of the constraint:

vie{l,2,...,n}, {ai(g),d);=0 (1.33)

which, therefore, should be relaxed. But relaxing the constraint is equivalent to
admit some dissipation of energy associated with the reaction force. The follow-
ing constitutive hypothesis gives precise information on the way the constraint
is relaxed.

Constitutive hypothesis I1. The non-firm bilateral constraint obeys to the so-
called Principle of Maximal Dissipation:

VRECat), (i 2- () .

In the particular case where m = 0 and Cy = R (firm bilateral constraint),
constitutive hypothesis II implies nothing but the realization (1.33) of the con-
straint. In the general case, constitutive hypothesis II specifies the way the
constraint is reJaxed. Hence, the general firm perfect bilateral constraint, as
discussed in Section 4, appears as a particular case of non-firm bilateral con-
straints as discussed in this section. Constitutive hypothesis II can be given a
synthetic formulation by use of elementary convex analysis and its notations
(see Appendix B

—g € 6IC((,],(;'[;t) (R)<

where #lc is the subdifferential (in the sense of the duality (T,Q, T;Q)) of
the indicator function of the closed convex subset C of T;Q. Introducing the
support function Sc(q,¢:) of Cld: & t) (that is, the conjugate or dual function

follows.

Problent
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of Ig,4:) In the duality (1,0, T; (2)), we have the equivalent formulation (see
Proposition 48 of Appendix B).

B € 85¢(4,4:1)(—9)-

Now, given any initial condition (gy, vg) € T'Q) compatible with the non-firm
constraint:

—vo € Dom Sy v0;t0) (1.34)

the evolution problem associated with the dynamics of siniple discrete me-

chanical systems subjected to non-firm bilateral constraints is formulated as
follows.

Problem V. Find T > %, and ¢ € W2%°([ty, T'[; Q) such that:

e (g(to), 4(t0)) = (0, v0),
* b%d(t) = F(a(2),4(2); 1) € BSc(qrey, ey (—4(2))-

The reason why we look for solutions in the Sobolev class W™ which is
larger than the usual class C? will be made clear later on (Section 5.2 and
example 10).

52 Well-posedness of the dynamics

Regularity hypothesis ITI. The configuration manifold Q is of class C'2, the
mapping f : TQ X R — T*Q, the 1-forms c; and the mapping M : ¢ — M(q)
are of class C'1. Also, the functions p; : T7Q x R — R are Iocally lipschitzian
(in the sense that the representative in a local chart at an arbitrary (go,vg) is
locally lipschitzian with respect to (g, ¢; t) € R2d+1),

Then, we can prove well-posedness for problem V.
Theorem 25 There exists a solution (T, q) for problem V.

Proof. First, we are going to write the evolution equation (actually, inclusion)
in a local chart. Let (U, 9} be a local chart on @ at g. Also, taking U smaller
if necessary, we can complete the o;(g) so as to get a basis of T7Q at each g.
Now, define a new basis (w™ (q)) of Ty () by:

d
w™{q) = Z M;i(g)a;(q),
i=1

where the matrix M (g), which has been defined as a real matrix of order 11, 18
transformed into a matrix of order d by adding zeroes everywhere except on
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the diagonal where we add some ones. Define a basis (w;(g))} of T5Q to be the
dual basis of (w® (g)). If ¢ is any element of T, @, then we have:

(j = ni‘wi (Q)v with Tfl = Aij(Q)an

where A(g) is an invertible real matrix of order d, depending smoothly on g.
Tts inverse matrix will be denoted by B{g). Hence, the R4 -valued mapping
(q%,...,a% 7", .., n%) defines a vector bundle local chart on TQ at (go, vo)-
We shall write: .
fla, ¢t) = filg,n thw* (g);

where the f; are C 1 functions defined on an open set of R24+1 The C; which
have been defined as closed subsets of K™ are now seen as closed subsets of
R?. We denote by S; their support functions which are, thus, defined on R?.
We define some convex functions @; (i = 0,1, ...,m) on B¢ by:

wilg, ) = Si(n)-

We shall keep the same notation for the ; and their representatives in the chart
(g, 7). With these notations, the evolution inclusion takes the following form in
the chart under consideration, thanks to propositions 44 and 47 of Appendix B:

—G(g): (_‘jﬁ) —F(g,mt) € dpolg, —m)+ D _ pilg,m, t)0ilg, —n)- (1.35)

=1

In evolution inclusion 1.35, we used the following notations.

_(Hd 0
Glo) = (0 !B(g) - 9{9) 'B(Q)) ’

where g(q) is the real matrix of order d defined by the g;; (g). Itis clear that the
real matrix of order 2d G{(q) is symmetric positive definite for all g. Moreover,
itis a O function of the variable ¢. Also, we have denoted by F(q,n,t) the
element of ®?¢ defined by:

d
Fi(@':nvt) = — Z sz(q)nja
j=1
9B(g)

Farilgymt) = filg,mt) + Bjila)gix(a) [—aq?"an(Q)ﬂlﬂn

+ T (@)Bin(0) Bro(@)"7°

fori =1,2,...,d. Itis clear that the function F is of class C'1. To express the
initial condition, we introduce rjg which is easily expressed in terms of go and vo-

values 11
Find (g,

e (g

u solves
problem
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Next, we are given a positive real number R such that the closed ball B(go, R) C
R is contained in /(I/). We denote by B the closed ball of R2¢ centered at
(g0, —70) with radius R. Given a function (g, —7) € W19 (5, T; R2%), taking
values in B, consider the following evolution problem:

Find (g, —n) € W1 (¢, T; R??) such that:

o (alto}, —n(t0)) = (g0, —0),
o forae. te [ty, T,

_G(g) ) (_q,q) - F(é: ﬁ:' t) € a‘PU(Q: —"?) + Z f-"b(é: ﬁ’ t)aﬁaz(Q? —?7)
=1

This evolution problem falls exactly into the type of those which are studied
in proposition 52 of Appendix B. Hence, it admits a unique solution. Using
estimate {1.B.1) (proposition 52 of Appendix B), we can easily construct a
T > tp depending only on R, G, F', y, the p; and the ;, which ensures that
the solution of the above evolution problem takes values in B. In the sequel
of the proof, we adopt the notation u = (g, —n). We define by induction a
sequence of such functions . First, ug is the constant function (gg, —n). The
function u; is defined to be the solution of the above well-posed evolution
problem with the choice {§, —7) = up. Going on inductively, we have built a
sequence u . By use of estimate (1.B.2) of proposition 52 of Appendix B, we
prove easily by induction:

(c)¥

Vie[to, T]  [unsi(t) —un(t) < max [u1(s) — uo(s)l,

s€[ty ,T]
where |- is the standard norm on R?? and C denotes a real constant independent
on N. Therefore, the sequence uy converges towards a limit 7 in the Banach
space C°([tq, T]; R?¢). Moreover, use of estimate (1.B.1) of proposition 52 of
Appendix B together with the definition of T shows that the sequence ||y || oo
is bounded. Thus, we have u € Wh™(ty, T;R*). Also, reproducing the
reasoning of the proof of proposition 52 of Appendix B, we can conclude that
u solves evolution inclusion (1.35) and so, we have constructed a solution for
problem V. (W

Theorem 26 There is local uniqueness for problem V, that is, if (T1,q1) and
(T2, g2) are two solutions of problem V, then, there exists Ty < min{T}, 75}
such that:

A |fto, o] = L2|[te.To[

Proof. We stick to the notations of the proof of theorem 25. The real number
T > tg being defined as in the above proof, define Ty = min{T, T3, T5}. The
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two solutions g; and go define two solutions u; = (g1, —m) anduz = (g2, —12)
in WL (tg, Tp; B24) of evolution inclusion (1.35). Use of estimate (1.B.2) of
proposition 52 of Appendix B yields:

t
vt € [to, Tol, [ug(t)—ul(t)ISCft lua(s) — uy(5)] ds,

where C is a positive real constant. Now, use of Gronwall lemma (lemma 4)
yields the claim. O

Corollary 27 There exists a unique maximal solution for problem V.

Proposition 28 (Energy inequality) Let (T, q) beanarbitrary solution of prob-
lem V. Then, we have:

Vit € [to, T, 1<t K (g(t2), 4(t2)) — K (g{t1), 4(01)) =

1,. 9 | 9 t2 . .
3 a2l — 35 llg(t M lgeey < _/;1 (f (g(5),4{(s); ) . d(8Ng(s) 48

Proof. Forallw € 8SC(q(t),q(t);t)(—fi(t)),

(w, (D)) < Sctaawn(0) — Scatayn (—d) <0,

since Scg(qg(t),g(t);t) CAD only take nonnegative values. O

Corollary 29 The configuration manifold Q is assumed to be a complete Rie-
mannian manifold and the mapping f is supposed to admit the following esti-
mate:

Y{q,v) € TQ,  for almost all t € [to, +oo;
£ (@l < 168) (1 + dlasao) + el

where d(-,) is the Riemannian distance and 1(£), a (necessarily nonnegative)
function of L}, .(R; ).

Then, the dynamics is eternal, that is, the maximal solution for problem V is
defined on [to, +00l.

53 Hlustrative examples and comments

Non-firm bilateral constraints have been introduced principally in view of
discussing dry friction. This is postponed to next section. However, we shall
provide here a simple example where a non-firm constraint appears naturally.
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Example 10. Consider the back wheel of a bicycle and its gear. We shall
provide a simple model of their assembly in which appears naturally a non-firm
constraint according to the above formalism.

Two homogeneous disks, with mass M, M> and radius Ry, By are con-
strained to rotate around the same axis, passing through the centers of the disks
and perpendicular to their common plane. The configuration manifold is the
2-torus and we shall use the global parametrization defined by the two angular
measures (61, 8). The kinetic energy is given by:

K= iMl RI? + %MzRgég

The forces is supposed to be a constant torque I'; applied on the disk 1. This
defines a simple discrete mechanical system according tq definition 7. Next, we
want to describe the fact that the relative velocity of disk 1 with respect to disk 2
has constant sign. To do this, introduce the non-firm bilateral constraint defined
by the 1-form a; = d6; — df. Sticking to the notations of the beginning of the
present section, choose m = 0, Co = R~ and M(g) = Id. The corresponding
evolution problem V can be written in the parametrization under consideration
in the following manner.

Find 81,0, € W2(0,T;R) and A € L>(0, T; R) such that, for almost every
te[0,T):

1 ..
EMlRfﬁl (t) =T1 + A(t),

%MQR%@Q (t) = —,\(t),
M) <0,

o 01(t) —62(t) <0,

e 2@ (B0 - b)) =0,

e 1 initial conditions.

By corollaries 27 and 29, we know that this evolution problem admits a unique
solution whatever is T" > (. Next, choose:
81(0) = —1 and f5(0) = 0,

as initial conditions. Suppose, in addition, that T'; > 0. Then, it is readily seen
that the solution of the dynamics is given by:
M\R?

: 2Ty . .
bi(t)= -1+ 5t 6y(t) =0, fo<t< ,
1(t) +M1Rf’ 2 (%) fost< 5n

. . ary M R . M R?
= = i— ft > .
0.(2) = () M R? + MyR2 ( o, )0 M2 op
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The acceleration does not depend continuously on time. This example illustrates
the fact that we can not require, in general, that the solution of problem V belongs
to C2([0,7): Q)-

Also, this example explains the reason why we have allowed one of the C;
in the general theory, to be unbounded.

More generally, it is seen that the formalism of non-firm constraints can
handle those cases where the constraints appears as inequalities applying on
the velocity.

6. Bilateral constraints with dry friction

Usually, the dynamics of rigid bodies systems involving dry friction is for-
mulated in terms of the real world reactions. However, this standard approach
leads to two major difficulties.

= In case where the contact between two solids occur at more than two
points, the real world reactions are generally not defined. The only reac-
tion force which makes sense is the generalized reaction. With respect
to this, the reader is referred to example 12.

Such a formulation leads to situations where the dynamics is ill-posed.
There may happen non-uniqueness of solutions and even non-existence
(see LOTSTEDT (1981)). As stated in the introduction, my opinion is
that well-posedness should be a requirement for any theory in classical
dynamics.

In this section, the formalism of non-firm constraints is applied to derive
a general formulation of the dynamics of rigid bodies systems involving dry
friction associated with a bilateral constraint. This formulation relies on the
following principles. First, we consider a holonomic bilateral constraint. The
associated reaction forces define the so-called ‘normal reaction’. Next, we ar¢
given in addition a general non-holonomic bilateral constraint. The as sociated
reaction forces define the ‘tangential reaction’. This supplementary constraint
is supposed to be non-firm and the tangential reaction is required to belong to
a closed convex set depending on the magnitude of the normal reaction. Then,
as for the general case of non-firm constraints, the flow rule is supposed to be
governed by the Principle of Maximal Dissipation.

As illustrated by example 11, whenever we study systems of punctual par-
ticles, this new formulation encompass the usnal formulation (for example,
Coulomb friction law), since, in that case, the real world reactions are compo-
nents of the generalized reaction.

Formulation and well-posedness of the dynamics are first derived. Next, we
discuss in length, through many examples, how the theory is to be applied in
practical situations.
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6.1 Formulation of the dynamics

Consider a simple discrete mechanical system according to definition 7.
First, we superimpose a perfect holonomic bilateral constraint described by a
single function ¢y as in Section 2. Hence, the motion is required to take place
in the submanifold:

S={qe@; pi(g) =0}.

The equation of motion was seen to be:

b3 d(6) = F(a(t), 4(8);1) + Ma(8) dir (g2)),

where A is a priori unknown, but it is completely determined once the evolution
problem has been solved. Physically, it could be said that. || A(£) dey (g(£)) || a(t)
is a measure of ‘how much the system is constrained’ at instant ¢ to remain in
S. It was also noted in Section 2 that the equation of motion can be written as:

b2 (1) = Projy [ F(a(t),d(t)s 8 Ty S|

Then, g(t) being the motion of the system, we have:

29,t) = b5 4(6) + Profg [£(a(8), d(8): ) Rl ()]
+ Xa(t) di (a()).

To describe the physical phenomenon of dry friction, we shall superimpose
a non-firm, non-holonomic bilateral constraint whose threshold depends on
the magnitude ||A;(¢) der (q(t))f!q(t) of the normal reaction. More precisely,
consider a non-holonomic constraint described by n 1-forms ay; € T*S. This
constraint will be supposed to be non-firm. According to the formalism of
Section 5, we are given:

» abounded closed convex subset Cy of B”, containing the origin,

® aninvertible square real matrix M (g) of order n., which depends smoothly
on g,

® asmooth function 5 : T7Q x R x Rt — R¥.

Define:

C Q: Q': t 1'“ {Z)\ az /\laAZ: A ) € M(Q) . [Hl((b (j; t; T)GI]}

Then, following the formalism of Section 5, the equation of motion of the
system subjected to the frictional bilateral constraint ¢, is written as:
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q(t) € 5,
Ds . % . *
VDS js) ~ Projgey | F(att) (e ) Ty S|
€ 3sSc(g(t),air) (—4(t)),

(8) = 22 (1) + Projy [ (a(t) (81 Rl (4]

Dy .
at !

+ A1(t) depr (alt)),
r(t) = [ A () der(g)llge »

where the S in 8 recalls that the subdifferential is to be understood in the
sense of the duality (TS, T, S).

Now, we are going to obtain a generalization to the case of a frictional bilateral
constraint described by { smooth and functionally independent functions ;.
The submanifold S containing the constrained motions is now defined by:

S={ge@;Vi=12,....,1, wi{g) = 0}.

The other data are as follows.

«; are n linearly independent 1-forms in 75,

C) is a given closed convex subset of R™, possibly unbounded and con-
taining the origin,

the C; (i = 1,2...,m) are given bounded closed convex subsets of R",
containing the origin,

M(q) is a given invertible square real matrix of order n, which depends
smoothly on g.€ S,

the 5; : TQ x R x (R)} — R+ are given functions whose regularity will
be stated later on.

How these data dre to be constructed in practical situations will be seen throu gh
the examples of Section 6.3. Next, we define:

Clg,4:t;7) = {Z A ai(q) ;
i=1

()\11)\27' .. ;)‘n) € M(Q) : [CU + Zﬁ:l(q:QﬂfJT)C{l } .

i=1

chanical
follows.

Problem
(1=1,2,
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The closed convex subset C{q, ¢; ¢;7) of T; S could be called ‘the set of all
admissible tangential reactions’.
Now, given any initial condition (gg, vo) € T'Q compatible with the frictional
constraint:
—vg € Dom SC(qo,Uo;to) C Ty S,

the evolution problem associated with the dynamics of simple discrete me-
chanical systems subjected to frictional bilateral constraints is formulated as
follows.

Problem VL Find T' > ty, ¢ € W®([ty,T[;Q) and A; € CO[ty, T[; R)
(i =1,2,...,D such that;

2

(g(to). 4(t0)) = (g, vo),
q(t) € S: Vi S [t07T[1
Do . - ) "
b3 4(2) = Proizey [£(a(8), 4(8);0): T 5]
€ BsS0(g(t).att)tra () (—4(E)),
LIP.

i
3 9(8) = b/ 4(®) + Projy, [f(q(t), 4(t); ¢); (D Rdy; (q(t))}
i=1

1
+ Z Ai(t) depig(t)), forae. t € [ty, T,
i=1

ralt) = (A1(8), A2(t), ..., Mi(2)).

6.2 Well-posedness of the dynamics

Regularity hypothesis I. The configuration manifold @ is of class C?, the
mapping f : TQ xR — T*Q), the 1-forms o; and the mapping M : g — M (¢)
are of class C''. Also, the functions x; : 7Q x R x (R+)' — R* are locally
lipschitzian,

Theorem 30 There exists a unique maximal solution Jor problem VI,

Proof. We are going to prove that problem VI reduces to a problem V on S,
Then, corollary 27 will yield the claim.

First, consider an arbitrary chart (Us,s) at gy on §. We shall denote
¥s(g) € B9 by (g1, ¢*12, . .. ¢%). Next, we construct a local chart at go ON:

Sii={ge@Q;Vi=12..,1-1, w;(q) = 0},
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by use of the flow of the vector field

Vi(g)
IVeu(a)l?

on S;_;. The supplementary coordinate is denoted by g* and itis readily checked
that:

¢ = pilg).

Repeating that construction successively on Sy_a,...,51,50 = Q, we obtain
a chart (U, %) at go on () such that:

= the [ first coordinates of 1(¢) are the p;(g) ¢ = 1,2,...,0).

s forall ¢ € S, the 3/d¢* (i = 1,2,...,1) are orthogonal to the d/o¢’
G=l+11+2,...,d).

As a consequence, the representative of the metric tensor in that chart satisfies:
Vge 8§, Vie{l,2,...,l}, Vj€ {i+1,1+2,...,d},
gii{q) = g (g) = 0.

Writing the evolution problem in the chart under consideration gives:

A = g (T, (g)d" ¢ — filg, 4 1),

fori = 1,2,...,1. Therefore, r,(t) is determined by (q,g;t) € TS x R
Moreover, the induced mapping r, : TS x R — (R} is clearly locally
Lipschitzian. Defining:

pilg, §;1) = ki (g, d: ;7 (g: 45 1))

we see that the evolution problem reduces to a problem V on S. Thus, the
existence and unigueness of a maximal solution for problem VI is provided by
corollary 27. il

Proposition 31 The configuration manifold Q is assumed to be a complete
Riemannian manifold and the mapping f is supposed to admit the following
estimate:

V(g,v) € TQ, foralmostallt € [to,+oo],
1 (a0 < 10) (1+ dlg,00) + 1ol

where d(-,+) is the Riemannian distance and 1(-) a nonnegative function in
Lioe (R R).
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Then, the dynamics is eternal, that is, the maximal solution for problem VI
is defined on [ty, +o0[.

Proof. If () is complete, then so is 5. Moreover, we have;
Vi(gv;t) €TS xR, |[Projg [f(g,vit): T7 S0 < 11 £ (g w5 )y

Therefore, use of corollary 29 in the proof of theorem 30 yields the claim, O

6.3 IMNustrative examples and comments

Our general formulation of dry friction relies on the Principle of Maximal
Dissipation through the formalism of non-firm constraints. In some cases, it
is the same that the usual formulation of Coulomb fricition, as seen on next
example.

Example 11. Consider a punctual particle of mass 1 moving in the vsual
Euclidean R®. This particle is free of external forces but is constrained to move
in a two-dimensional submanifold of R?. In order to simplify the equations, we
shall assume that this submanifold can be represented by the Cartesian equation:

z=s(x,y) (thatis, p1(z,y,2) = z — s(z,y)).
The associated ‘normal reaction’ has general expression:

= A (—@dx—§d -f-dz)
J1+ @5]02)% + @s/0y)? \ 0z oy Y ’

In order to express that this bilateral constraint is frictional, we shall superim-
pose a non-firm constraint of immobility on the constrained submanifold. So,
we have to introduce two 1-form fields to express that the tangential velocity
vanishes. It could be natural to use dz and dy, but to stick to our formalism of
non-firm constraint, we project them on the orthogonal complement of

ds Os
= - dr -2y
dey g dz 3y y+dz

Ry

1 Os
T @500 (d:z; + 3 dz) ;

1 Os
\/W (dy+ @dz) .

These 1-form fields have been normalized for sake of simplicity (this normal-
ization could also have been done by introducing appropriate matrix M (g)
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in the definition of C(g, Ry} below). Postulating the following convex set
of admissible “tangential reactions’ associated with the non-firm constraint of
immobility:

Clx,y,2,A) = {)\1051 + doarg ; \/A% + )\% < ,u|}\|} ,

where p is a positive real constant (the so-called Coulomb friction coefficient),
it is now an easy matter to write the equation of motion in the parametrization
(z,y, z). Writing the corresponding evolution problem V1, the reader will check
that one recovers the usual formulation of Coulomb friction. It is of interest
to notice, that whenever the function s is not linear, some frictional dissipation
can be activated during the motion even if the particle is free of external forces.

Many authors prefer to write directly the usual Coulomb friction law in
any case rather than coming back to the Principle of Maximal Dissipation as
we did. This method necessarily requires that the evolution problem should
be written in terms of the ‘real world reactions’ instead of the ‘generalized
reaction’ as in our formulation. At first glance, this makes it easier to identify
the constitutive equations in practical situations. But, it should be stressed that
the concept of ‘real world reaction’ is in general meaningless in the framework
of rigid bodies system. Indeed, the whole theory relies on the rigid geometric
description which determines the structure of the space of all virtual velocities.
By duality, through the Virtual Power Principle, we obtain the representation of
forces as linear forms on the space of virtual velocities. This is the most general
representation of forces which is consistent with the geometric description of
the system.

We are going to try to illustrate these general considerations by examining
some more complicated examples.

Example 12. Consider a rigid four-feet table lying upon a plane floor. The
extremity of each of the feet is supposed to be constrained to remain on the
floor. This is a holonomic constraint which is described by three independent
smooth functions. Some external forces are applied on the table. We aim at
writing the evolution problem associated with the dynamics, with some dry
friction between the table and the floor taken into account. In this example, the
‘real world’ reactions in each of the feet of the table are undetermined and we
have actually no other choice than using the generalized reactions to ¢Xpress
the dry friction.

We use the coordinates (z,y, z) of the ‘center’ of the table and Euler angles
(1,8, ¢) to parametrize the system in such a way that the initial configuration
is given by:

T
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Figure 1.6.  Four-feet table on a frictional floor.

and the holonomic constraint is described by:

T
z=0, 0= o ¢ =0,
(see Figure 1.6). The asscciated reaction force (normal reaction) admits the
general form:
Ry = R,dz+ Ryd@ + Ry d¢.

To describe the dry friction with the floor, we superimpose the non-holonomic
constraint defined by the three 1-forms dz, dy and dsf. The associated reaction
force (tangential reaction) is written as:

Ry = Ry dz + R, dy + Ry dv.

This non-holonomic constraint will be assumed to be non-firm with convex of
admissible (tangential) reaction defined by:

C(Ry) = {R,,da:+Rydy+R¢d¢ :
(Bo, By, Ry) € k(|1 Bal; [ Rol, 1R4)C1

where C is a given bounded closed convex subset of R, containing the origin
and k1 an arbitrary smooth function taking positive values. It is then an easy
matter to write the equation of motion of the system in the parametrization
under consideration.
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What we want to stress is that this is the most general description of the
physical phenomenon of dry friction which is consistent with our choice for the
geometric description of the table.

A general feature of this formulation is that, for each configuration gp and
each given constant ‘generalized’ external forces fg, immobility will be the
further motion of the system if and only if fo belongs to a given convex set.
But, we have seen, in Section 1, that the ‘generalized’ forces fo are given,
in general, in terms of some ‘real world’ forces distribution ¢ (notations of
Section 1). It is easy to design experiments (for example, on the system of the
above example), in which it could be observed that there exist two ‘real world’
forces distribution ¢; and ¢o consistent with the same generalized forces fo
and such that ¢; induces immobility of the system whereas ¢ does not. In
such a case, what is questionable is not our general formulation of dry friction,
it is the geometric assumption of rigidity which is too rough to describe the
physical phenomenon (dry friction) under consideration. In such a case, the
only way to obtain a more realistic model is to refine the geometric description
by adding some degrees-of-freedom. In the above example, this could be done
by allowing that each foot of the table is connected to the table through a joint
equipped with springs in such a way that some components of the generalized
reaction can be interpreted in terms of real world reaction components.

Of course, in any case, there remains to identify the convex set (1 and the
function x; which may turn out to be not so €asy. But, once more this is the
price we have to pay for the simplicity of the geometric description that we have
adopted. Making that choice of simplicity requires to inject a lot of information
which is not necessarily at hand in the constitutive equation. We could say
that the geometric assumption that has been made is not in accordance with the
physical phenomena we wish to describe.

In our formuiation, the constitutive equation is completely determined by the
data of the convex of admissible ‘tangential generalized reaction’ through the
Principle of Maximal Dissipation. Of course, nothing forbids to use consid-
erations based on ‘real world reactions’ to derive the convex set of admissible
‘tangential generalized reaction’ which shouid be postulated in one practical
situation or the other. However, this method is far from working all the time as
seen in next example.

Example 13. Consider a rigid homogeneous bar with length L and mass M
which is constrained to move in a fixed plane. One of the extremities of the bar is
constrained to remain on a fixed bar. We suppose that dry friction is associated
to that bilateral constraint. We shall use the parametrization ¢ = (z, y,8) as
represented on Figure 1.7. The kinetic energy in this parametrization is given
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Figure 1.7, Rigid bar with {rictional constraint at one extremity.

by:
M 2. . .
Klg,d) = 5 (:‘c2 +4° + ?92 - Lsinf)a'c9+Lcost91)9) :

and the external forces have general expression:

flg:¢;t) = fz(q,¢: ) dz + fi(q, ¢; ) dy + fo(q, d; t) 6.

The holonomic bilateral constraint is represented by the single function:
e1(z,y,0) =y,
which defines the ‘normal’ reaction as:
" Rydy

To describe dry friction, we superimpose a non-firm non-holonomic constraint
which requires that & should vanish. In the formalism of non-firm constraint,
it involves the 1-form c obtained by projection of dz on the orthogonal com-
plement of dy:

Jcosfsind

4—3sin26

The convex of admissible tangential reaction has general form:

a1=dﬂ’?+

Clg,¢;t; Ry) = {Rroy ; Ry € x1(q, ¢;¢; |Rn|)Ch},

where C is a bounded closed convex subset of R, containing the origin and
%1 a function. To identify the constitutive data € and &, a natural démarche
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is to specify that the ‘real world’ reaction R dx + R, dy should belong to the
Coulomb cone:

C = {Ryda + Rydy; |Ral < piRyl} (136)

(where p denotes the usual Coulomb friction coefficient) and to translate it in
terms of the ‘normal and tangential generalized reaction’. We obtain:

3 cos@sind
Rr+ R
41— 3sn20 N}

cm@mRm={mauum§

which is not convex in general and prevents from applying the Principle of
Maximal Dissipation. If we postulate Coulomb flow rule in such a case instead
of the Principle of Maximal Dissipation, then we obtain an ill-posed evolution
problem with possible multiple solutions or also no solutions at all, as it is
well-known (see LOTSTEDT (1981) and the references of that paper). In such
a case, the only way to write the equation of motion which remains consistent
with the initial geometric description is to stick to the above formalism of non-
firm constraints. Of course, some structural effects are incorporated in the
definition of the convex of admissible ‘tangential’ reaction and it is hard to sec
which convex set should be postulated in that situation. Moreover, it is also
possible that we obtain unrealistic predictions, in which case the geometric
description should be refined.

Now, we are going to discuss a last example which illustrates the interest of
allowing the possibly unbounded convex set C, in the formalism of this section.
It also demonstrates that some structural effects can play a role in the definition
of the convex of admissible ‘tangential’ reactions.

Example 14. Consider the same system as in example 13, but suppose that,
in addition, the free extremity of the bar is ideally constrained to remain on a
fixed bar as on Figure 1.8. We keep the primitive parametrization ¢ = (z,y,6)
as defined in example 13. The external forces have general form:

fla,@8) = Folg@:8) dz + fi(g, 4 1) dy + folg, ¢ 1) d6-
The bilateral constraint associated with the ‘bottom’ fixed bar is still represented
by: .
wla) =y,
whereas the bilateral constraint associated with the ‘top’ bar is represented by:
02(g) =y + Lsind - d,

where d denotes the distance between the two fixed bars. The {normal) gener-
alized reaction associated with that constraint has general expression:

A dr (g) + Aa dipal(g)-
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Figure 1.8, Rigid bar with frictional constraint at one extremity and perfect constraint at the
other.

Let us note that we could equally have represented the bilateral constraint as-
sociated with the ‘top” bar by the function:

‘PIZ(Q) = 0 — bp,

in which case the normal generalized reaction would be expressed as:

#1de1(g) + p2 des(g).

Since neither (dy (g), dp2(q)); = 0 nor (dy;(q),d¢, (g)); = 0, we don’t
have A; = p1. In other words, we cannot intrinsically define the normal reac-
tion associated with one fixed bar or the other. Actually, this is meaningless
to say that one of the constraint is ideal and the other is frictional. The rea-
son is that they are coupled by the kinetic metric. In the framework of rigid
bodies dynamics, the only thing which can be expressed is that there is a dis-
sipation mechanism associated with the bilateral constraint associated with the
two functions ¢ and ;. We shall sce that this does not contradict our general
formulation through the non-firm constraint formalism. Actually, this is an
indication that some structural effects are to be incorporated in the expression
of the constitutive law associated with the dissipation mechanism. Therefore,
the Coulomb friction law, which is local by nature, cannot be enough to build
the constitutive law associated with such a dissipation mechanism.

We are going to write the equation of motion by applying the formalism
of frictional bilateral constraint to the bilateral constraint defined by the two
functions ¢; and 2. To express the non-firm non-holonomic constraint asso-
ciated with the dissipation mechanism, we first project the 1-form dz onto the
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orthogonal complement of the subspace containing the ‘normal generalized’

reaction: )
ag = de — §L Sin90 d9,

We have now to postulate the constitutive law associated with the dissipation
mechanism by defining a convex of admissible ‘tangential generalized’ reac-
tion. One way to proceed is to make experiments to identify the set of values
of (f, fy- fo) are compatible with equilibrium. Once more, there may happen
that different experimental ways of loading the system, which correspond (o
the same value of (fz, fy, fo), give different outcomes of the experiment (equi-
librium or not). In such a case, it is the simplicity of the geometric description
which sould be questioned and refined. Another way to identify the convex of
admissible ‘tangential generalized’ reaction is to express that the ‘real world’
reaction at the bottom extremity of the bar belong to some Coulomb cone.
This method should never be considered as systematic, since, fundamentatly, it
mixes two different geometric descriptions of the system (rigid and deformable).
However, in some particular cases, this method can be a good guideline to iden-
tify the constitutive law corresponding to the dissipation mechanism. In the
example under consideration, we denote by:

Rr oy + Ryydy + Rye 46
the‘generalized’ reaction, by:
Ryidz + Ry dy
the “real world’ reaction associated with the top bar and by:

Ry dy

the ‘real world’ reaction associated with the bottom bar, Assuming 8y # /2,
we obtain easily: |

RT;

1 1
. —tan by K BRwn, — ——R
R, 5 tenbo r+ BNy~ Tt NO

1 1
= ——tanfy R Rpg.
By 2 anto T+LC0$90 e
Expressing that the ‘real world’ reaction Rg1da + Ry dy belongs to the
Coulomb cone (1.36), we have:
1.37

1 1
Byl < p|=tanfy R BRpy — R
|Rr] < p 5 tan o T+ Ry — posgo five
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In the case p tanfy < 2, we easily identify:

C(Rny, Byo) = {RTal ; Ry, Ryv,, Ruvg satisties inequality (1.37)},

which is easily put under the form:

C(Rny: Bye) = {RTal ;
By € &~ (Ravy, Bwa) [=1,0] + £+ (Rivy, Rvo)0, 11},

where ™ and 7 are positive Lipschitzian function. The equation of motion
in the parametrization under consideration is:

Mi = fu(z, &) + Ry,
0 = fy($7d";t)+RNy:

ML
—% sin g% folz, &) + Rye — e sin 6y R,

—& aIK“ (RNy Jna }[*1,0]+n+(RNy Hng )[0,1] (RT) .

It is well-posed by virtue of theorem 30.

In the case ptanfy > 2, inequality (1.37) does not allow any more to
identify the convex of admissible tangential reaction, Some structural effects
are to be incorporated in the definition of C'(g, ¢; ). In this situation, there may
happen what is often called ‘dynamical locking’: some arbitrary large values
of the tangential reaction can be compatible with equilibrium. To model such a
Situation, it may turn out convenient to use some unbounded convex subset Cj
of Rin the definition of C{g, ¢; t). Letus underline that this situation of possible
dynamical locking has to be postulated in the constitutive law. It can not be
theoretically investigated in the framework of the simple geometric description
of the system that has been adopted. The only way to lead this investigation
would be to refine the geometric description.

One word to conclude and summarize this section. The point of view on dry
friction that we have developed is the following: there is a dissipation mecha-
nism associated with a bilateral constraint which depends on the reaction force
associated with that constraint. The flow rule associated with this mechanism
obeys to the Principle of Maximal Dissipation. This point of view allows a
systematic and intrinsic formulation of the dynamics which is proved to be
well-posed. In case where the system contains only punctual particles (or is
a deformable body), we recover the usual local Coulomb friction law. In the
other cases, we obtain the most general formulation of the dynamics which
is consistent with the geometric description of the systern. Trying to use the
local Coulomb friction law in every case is not consistent with the geometric
description of the system and produces numerous paradoxes, as is well-known.
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7. On frictional unilateral constraints and related open
problems
In this paper, we have extended the classical theory of the dynamics of simple
discrete mechanical systems in two directions.

7 s In Section 3, we have discussed formutation and well-posedness of the
E dynamics of simple discrete mechanical systems submitted, in addition,

' _ to perfect unilateral constraints.

] = In Section 4, we have discussed the same issues for simple discrete me-

S
i\ chanical systems undergoing, in addition, non-holonomic bilateral con-

straints. Since a non-holonomic bilateral constraint can be viewed as
a frictional bilateral constraint with infinitely large friction, the idea of
non-holonomic constraint has been generalized to non-firm and frictional
bilateral constraint. General and systematic formulation of the dynamics

¥ of such systems has been derived and well-posedness has been estab-

lished.

Naturally, having in mind a general theory of the evolution of complex mech-
anisms, the question atises to take into account both unilateral constraints and
frictional constraints. That is, we would like to be able to mix the two above
theories. Since frictional bilateral constraint appears to be a generalization
of non-holonomic bilateral constraint, we are going to handle the problem of
associating unilateral constraints with non-holonomic constraints for sake of
simplicity.

There are essentially two ways of associating non-holonomic bilateral con-
straints with unilateral constraints:

« the unconditional association means that the non-holonomic bilateral
constraint is always active, no matter whether the unilateral constraint

is active or not,

» the conditional association means that the non-holonomic constraint is
active only when the unilateral constraint is active.

A typical occurrence of unconditional association is the rolling without slipping
of a billiard ball on a billiard table with possible collisions with the edges of
the table. An example of conditional association is the rolling without sliping
- of a ball on a wavy profile with possible takeoff.

o The general theory of unconditional association can easily be derived by
combining the contents of Sections 3 and 4. Systematic formulation and well-
posedness would be obtained as well as the general conditions that should be
satisfied by the impact constitutive equation. Even, it is possible to extend t0
the theory on unconditional association of unilateral constraints with friction

Unilaterd

bilateral
sufficien
solution
applicati
with obs
in each o
The g
caled. S
necessa
Asan
back in
bodies s
friction i
virtnal rd
actually
principle
rigid bod
structura
deformat
will be p
realistic ¢

Appeng

In this §
space and ¢
but only at
€asy, proo

Bounded

In this
Rupin (19
A funct

where the s
I. The prog
on E where
have locall

has locally

e T

- for some ¢
the classica

subset of 7,



of simple

ess of the
addition,

bilateral
onstraint

edges of
it sliping

frictional

Unilateral Multibody Dynamics 77

bilateral constraints. The only difficulty, which is easily overcome, is to derive
sufficient regularity assumptions on the data of problem VI to ensure that its
solution is analytic on a right neighbourhood of every instant, An example of
application of such a theory could be the dynamics of the double-pendutum
with obstacle as in example 8 where we could take into account some friction
in each of the ball-and-socket joints in addition.

The general theory of conditional association turns out to be more compli-
cated. Some substantial adaptation of the proof of theorem 14 seems to be
necessary. .

As a matter of conclusion, let us underline the following remark which comes
back in the paper as a leitmotiv. A complete theory of the dynamics of rigid
bodies systems taking into account complicated phenomena such as impacts or
friction is highly desirable in view of a lot of applications (granular dynamics,
virtual reality, etc...). However, it turns out that it is the fact that bodies arc
actually deformable and not rigid that governs those physical phenomena. In
principle, it does not prevent to derive a complete theory of the dynamics of
rigid bodies including these phenomena, but, we have to keep in mind that the
structural effects (those which physically rely on the fact that the bodies are
deformable)} are incorporated in the constitutive equations. As a result, there
will be probably many situations where the theory will be of no use because no
realistic constitutive equation will be at hand.

Appendix: The class of motion MMA(I, Q)

In this section, 1 is any interval of the real line, (E, ||-||) a finite-dimensional normed vector
space and ¢ a d-dimensional Hausdorff manifold. We do not aim at being systematic nor general,
but only at stating definitions and clementary results needed in this paper. Since they are very
easy, proofs are generally omitted.

Bounded variation of E-valued functions

In this section, we briefly recall standard results whose proofs may be found, for example, in
Runin (1966) and MoREAU (1988D). '
A function f : I — F is said to have bounded variation if

Var(£, 1) € sup > ||f(t:) — f(ti-1)] < o0,

i=1

where the supremum is taken over all strictly increasing finite sequences fp < ¢ < .-+ < £, in
1. The property of having bounded variation does not depend on the particular choice of a norm
on £ whereas the real number Var( f, I) depends on that choice. A function f:I— Eissaidto
have locally bounded variation if it has bounded variation on any compact subinterval of I. If f

has locally bounded variation, then it admits feft and right limits at every ¢ 3 {notation £ (¢),
F*(£)). The function £ is continuous at every ¢ €7 (that is, F (&) = fT(t)) except, maybe,
for some ¢ belonging to a (at most) countable subset of 1. The function f is differentiable in

the classical sense at every ¢ 6; except, maybe, for some £ belonging to a Lebesgue-negligible
subset of I. If ) :  — F has class C?, then 1 o f has locally bounded variation.
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A E-valued measure on I is any teal-valued linear functional g on C{I; E™) sarisfying the
continuity property:

Va<bel, 3M,p>0, YowithSuppy Cla,b],
(@) < Mo max ()]

({(E*, 'II") denotes the dual space of E). The real number () will also be denoted by:

/;(‘P:#)-

The support Supp g of the measure u is the complement of the union of all open subsets G of [

such that:
Yo € CHOEY), nlp)=0.
For y a E-valued measure on I, and ¢ a nonnegative function of C2(J1,R), define:
(@)= sup  plo) (LA
FECQUILE"),
[1f{E)i<e(t)
where the supremum is finite, thanks to the continuity properties included in the definition of
measures. For arbitrary ¢ in Co (I, R), define || () by:

2] (2) = [l ($d) — 1l ({9} ™),

where {z)* = max{zz,0} are the classical positive and negative parts. Then, |£] is a real
valned measure called the modulus measure of . We have Supp |u| = Suppp. Let x7 the
characteristic function of I. Define () by means of formula (1.A.1). If p(xr) is finite, then

the measure e is said bounded.
Let f : I — E be a function with locally bounded variation. Then, there exists a unique

E-valued measure d f on I such that:
* d
Vo e G, EY), f(tp,df) = —f<a;sa, f>-
I i

The measure df is called the Stieltjes measure of f. Hence, the distributional derivative of a
function with locally bounded variation is a measure. Reciprocally, if u is a E-valued measure

on I, then the E-valued function defined on I by:
' tr 78
[to:t]

(to € T} has locally bounded variation. A function with locally bounded variation has bounded
variation if and only if its Stieltjes measure is bounded. If f has locally bounded variation, then,

we have: .

f af = () -1
]a,b[

df 1@ - fHa)

Ja b}

df 7@ - £ (a)

[,b{

af T OR O

[a,b}

Unilate

If there {

with dt d
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Unilateral Multibody Dynamics

I there exists A € LE (I, E) such that:
df = hadt,

with di denoting the Lebesgue measure on I, then the function # with locaily bounded variation is
said to be focally absolutely continuous. A locally absolutely continuous function is continuous.
If h € L'(I, E), then f is said absolutely continuous. If ¢ : B — E has class C* and f is
locally absolutely continuous, then 3 o f is locally absolutely continuous.

>From now on, E' is assumed to be a Euclidean vector space. If £, g : I — F have locally
bounded variation, then (f,g) : t = (f{t), g(¢£)) has also locally bounded variation and we

have: s + _ ]
d(f,g) = (—f 2f ,dy) + (df, g—;g )

continuous curve on @ Bounded variation of vector fields over a locally ab-

solutely continuous curve on

Definition 32 4 curve g : I — @ is said locally absolutely continuous if, for ali t in I, there
exists a neighbourhood J of t in I and local chart (U,v) at (t) such that:

m g(f}CU,
® yog:J— R islocally absolutely continuous.

In that case, for any local chart (U, ) and any subinterval J of I such that q(J) < U, the
mapping ¢ o q : J = R? is locally absolutely continuous.

Definition 33 A vector field v over a curve ¢ : I — Q is a mapping v : I = TQ satisfying the
condition:
vtel, g (u(t)=qft).

From now on, g : I — €} denotes a locally absolutely continuous curve.

Definition 34 A vector field v over g is said to have locally bounded variation if its components
in any chart are real valued functions with locally bounded variation.

It is possible to define the concept of vector fields with bounded variation on an absolutely
continuous curve by means of a locally finite covering by charts domain and partition of unity,
but we shall not pursue in that direction. Indeed, though the definition of the concept of bounded
variation of vector fields is possible on general manifolds, the definition of the variation itself
requires a Riemannian structure on §). So, we are going to particularize the definitions to that case
and from now on, we assume that ¢} is equipped with a Riemannian structure. By Lebesgue's
theorem, g(t) admits a tangent vector §(t) € Ty, @ for dt-atmost all ¢ in I, The Riemannian
structure on ¢ and Caratheodory’s theorem allow us to define classically a parallel translation
operator along g, 7¢,s : Ty @ — Tyy@ (see, for example, CHAVEL (1993), p. 7). The
operator ¢ . is defined forall (s,1) & I2,

Proposition 35 Let to be an arbitrary element of I and v a vector field over . We denote by
8, the mapping:

I - T
Bo { atto) @ (1.A2)

= Te,a(v(s))
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which takes values in the d-dimensional normed vector space To(s0)@- Then, v has locally
bounded variation if and only if 84, has locally bounded variation.

Proof. Tt is a consequence of the identity:

L 00) = [ 500 + T @O 0040 lesta®)

which holds in the sense of distributions in any local chart. O

Corollary 36 LetJ bea bounded subinterval of I and (U, ) a local chart such that g(nHcv.
Let v* be the components in that chart of the vector field v over g with locally bounded variation.
Then, 64, has bounded variation over J if and only if each function v* has bounded variation

over J.

Definition 37 Let v be a vector field over q with locally bounded variation, J any subinterval
of I and 0, as in formula (1.A.2). The variation of v over J is, by definition:

Var(v(s); J} = Var{r,,s(v(s}}; J)-
It belongs to R U {+o0}.

"That Var(v(s); J) does not depend on a particular choice of o, relies on the identity:
7t 0 (0(51)) = Tegson @(52) g gy = Wreason (0(51)) = Tozroa ({52 lagesy
that holds for all 51, 82,%1,82 € I.
Proposition 38 Let v be a vector field over g with locally bounded variation and J any subin-

terval of I. Then for all to in 7, the two one-sided limits limt_}t[T u(t) and lim,_, .+ v(t) exis!
in TQ). They satisfy:

I (]jm v(t)) =Ilg (lim v(t)) = g{to),
t—+ty tid

and are denoted respectively by v~ (to) and vt (ta). They can be distinct only at points belonging
10 a countable subset of J. If Var(v; J) is finite, such one-sided limits exist also at the two end-
points of J, even if the end-poinis do not belong 1o J.

We denote by C2 (I , g; T the space of continuous vector fields over g with compact support
(similar definition for C2(1,q; T Q)). By definition, a vector valued measure over ¢ is any linear
functional p on (I, q; T*2) enjoying the following continuity property:

Ya<bel, ,3M,; >0, ¥ withSuppe C [a,b],
listp)] < Map maxlle(t)llgee -
The real number (i) will also be denoted by [ {@(2), o). For p being a vector valued

measure over g, the definitions of Supp g and by are straightforward.
Definition 39 Let v be a vector field over g with locally bounded variation and Oy, as in for-
mula (1.A4.2). Then, the linear form on C(I,q; 7" Q)) defined by:

o [ (riaelll o 9" (512800 00y

Lioimimethee e S
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n. v has locally turns out to be independent on the particular choice of to and define a vector valued measure
over ¢, denoted by D and called the covariant Stielties measure of v. In any local chart, we
have:

Du = [dv’ + The(g(t)e (613" () d] ex(a(t)).

Proposition 40 Let v be a vector field over g with locally bounded variation. Then, v~ and v
are also vector fields over g with locally bounded variation and the following identities hold:

(’U+)+ :U+, (‘U+)_ =v, (-v_)+=1_;+, (-v_)_ =v,
tharg(J) C U, b Dv~ = Dvt = Du. .
nded variation.

unded variation

D

Proposition 41 Let v and w be two vector fields over q with locally bounded variation, Then,
the function t v (v(t), w(t))q) is a real valued function with locally bounded variation over

I and we have:
any subinterval
' = v () et w8 + wt(t
4 d(u(t),wlt)) ) = (Lz_ﬁ,[)w) . (DU’ ® el )) _
: g{t} q(t)

Definition of the class MMA

gt B 2

ntity: 3 In this section, @ is a d-dimensional Riemannian manifold.
pllaces Definition 42 We denote by MM A(I; Q) (motions with measure acceleration) the set of all
% locally absolutely continuous motions q : I — Q such that the right velocity g () exists (in the
% classical sense) for all t in I and defines a vector field over ¢ with locally bounded variation.
d J any subin- *
- (t) exist The following proposition ensures the consistency of our notations.
; Proposition 43 Let g be in MM A(I; Q). Then, ¢% : I — TQ is right continuous:
1 vier, (qt)" =4
) . 5 Moreover, q(t) admits a left velocity vector at each instant and:
ainis belonging
I; . . ° i . —
ar the mwo end i Viel, ¢ (1) = (q+(t)) )

OImpact support

T is any linear Proof. Use the Mean Value Inequality in a local chart. a

Appendix: Some convex analysis

ot )”9(*) In this appendix, we do not aim at providing a systematic list of the main theorems in convex

; analysis. We just want to recall those that are needed in the paper and also to prove some technical
i results which, if they had been proved in the paper when needed, could have masked the logical
train of ideas.

vector valued

! &, as in for- . ]
Basic convex analysis

We denote by (E, ||-||) a finite-dimensional normed vector space. The dual will be denoted
by (E*,||-|I"). The bidual of E is systematically identified with E. We briefly recall some
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standard definitions and results whose proofs may be found, for example, in ROCKAFELLAR

(1970).
A function ¢ : E — RU {+oo} is said proper if its domain:

Domg X {v € E; ¢(v) # +oo},
is non-void. A function ¢ : E — RU {00} is said lower-semi-continuous if
¢ (| —o0, M) ={v € E; ¢(v) <A}

is closed in E for all A € R If ¢ is convex, its domain is convex. If ¢ is lower-semi-continuous,
its domain does not need to be closed. If C is any convex subset of E, then ¢ is the domain of

its indicator function I
0 ifoel

Io)=| L ifogC

which is convex. It is lower-semi-continuous if and only if €' is closed.
R U {+oo} is said positively homogeneols if:

YAeRY, Ve e B $(w) = rp(v).

A function ¢ : B —

If ¢ : E — RU{+4oo} isa proper convex function, its conjugate (or dual) function ¢* : E® =
R U {+o0} is defined by:

¢"(v") = sup {{v", v} — $(v)} -
veEE

addition, lower-semi-continuous. Identifying E with
its bidual, the conjugacy is a one-to-one, involutive correspondence in the class of ali proper
lower-semi-continuous convex functions. Moreover, it maps proper, lower-semi-continuous,
convex, positively homogeneous functions onto the class of indicator functions of non-void
closed convex sefs, and reciprocally. Let ¢ : E — RU {+oc} be a proper convex function.
For C being a closed convex subset of E, we define the support function Sc of G as being the
conjugate function of the indicator function e of C. The following resuit is obvious.

It is a proper convex function which is, in

Proposition 44 Let C1 and Gy be two closed corvex subsets of E. We have!
Scy+0. = Soy + Se,

5 Let € be a closed convex subset of E. Then, C is bounded if and only if its

Propaosition 4
{ case, Sc is L-Lipschitzian with:

support function Sg does not take the value +oo. In tha

o(v) Sclt) — ma ol

L = max S = max = =
vEE*\{0} "’U” v

L it
Definition 46 The subdifferential 8¢(v) of ¢ at point v is:
dd(v) = {v* € E” ; Yw € E, olw) > o(v) + (v*,w —v}}.
It is a closed convex subset of E”.
Let ¢ and ¢ be two proper, lower-semi-continuous, convex functions. We abviously have:

8¢+ 0w C A+ ),

Unilatera

but the eq
that one o

Propositic
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necessaril

Propositio
We have:

Most of]
We shall ng
continuous
p. 47).

Propositio
non-regati

Thendisa
6 (]

Also, it is d
then Dom 4
possibly in

Propaositio
space H. |

Note that i
not be lowe]

Evolutio

The sys
Hilbert spad

First, wi
(1973), p.

Theorem 5
Semi-conti

W=,




[T7CS: 2002

"KAFELLAR

continuous,
e domain of

pf non-void
ex function.
s being the

[ only if its
with:

Unilateral Multibody Dynamics 83

but the equality does not hold in general. However, a sufficient condition to get the equality is
that one of the two functions has domain 5.

Proposition 47 Let ¢ and 1 be two proper, lower-semi-continuous, convex functions. If Dom =
E, then
O + 0y = B{d + ).

Actually, in the finite-dimensional case that we consider, a convex function with domain E is
necessarily lower-semi-continuous and even more continuous.

Proposition 48 Ler ¢ : E — RU {400} be a proper; convex, lower-semi-dontinuous function.
We have:

v € 0p(v) <= vE PP (V") &= () + " (v*) = (v*,v).

Most of the above definitions and results can be extended to the infinite-dimensional case.
We shall need few resulis of this sort. In the following proposition, a proper convex lower-semi-
continuous function is built on the space L* (0, T; E). The proof can be found in BREZIS (1973),
p. 47).

Proposition 49 Let ¢ be a proper, lower-semi-continuous, convex function on E and p be a
non-negative integrable function on [0, T). Foru € L*(0, T; B, we define:

T
sy | | HOMBGE  Fus) € L0TiR),

+00 otherwise.

Then @ is a proper, lower-semi-continuous, convex function on L* (0, T} E). Moreover, we have:
0®(u) = {v € L*(0,T; E) ; v(t) € du(t)p(u(t)), forae te[0,T]}.

Also, it is clear that, if, in addition, ¢ is positively homogencous with domain E and pe L2
then Dom & = L*(0, T; E). Proposition 47 holds true in the case where E is a Hilbert space,
possibly infinite-dimensional (see BREzIS (1973), p. 41).

Proposition 50 Ler ¢ and 1 be two proper, lower-semi-continuous, convex functions on a Hilbert
space H. If Dom = H, then

O+ 0y =03(¢+).

Note that in the case where I is infinite-dimensicnal, a convex function with domain H needs
not be lower-semi-continuous.

Evolution problems associated with subdifferentials

The sysiematic reference for this section is BREz1S (1973), In the sequel, for H being a
Hilbert space, we shall systematically identify the dual of H with H.

First, we recall a well-known result whose proof is to be found, for example, in BREZIS
{1973}, p. 54.

Theorem 51 Let H be a Hilbert space, p 1 H — R U {400} be a convex, proper. lower-
Semi-continuous furction, and wo be any element of Dom . Then, there exists a unique u €
W0, T; H) such that:
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homogeneous. :
giR* > RE=12,... , ) are convex and positively homogeneous. To see tha
R” equip,

u;eW‘=°°(0,T;R+)(i=1,2,...,m). E _
)c c Wl‘w(O,T;Rn). [f2) bemg 1
G € W' (0, T; Ma(R)) is such that G(t)
te[0,T]

m  ug € Domyo.

for a.e

is symmetric, positive definite, for all

. . . .- : It is obvig
that the functions ¢ ¢ = 1,2,..., vy are all L-Lipschitzian for theorem $

By proposition 45, we have
some L. We denote by Ag" > 0 (respectively AG™) the minimum (respectively the maximum)

of all the eigenvalues of G(£) for ¢ wandering in{0,T).

e (0, T; R™) such thai: where 'y

Proposition 52 There exists a unique u € wh
arbitrary i

m u(0) = uo,
n G at) — F() € Dpo(ult)) + it pi()des(ut)), forae t€[0,T]

Moreover, ,
b where

il o < %ellénwmg”{ min |1J]+Hf'||,Loo+L§:]'|pgan (1.B.1)

vESpalup) =1

crfi], v SN e

i=1

Applying |
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Proof. The proof of proposition 52 is derived from theorem 51 by means of very classical
arguments.

To prove uniqueness of solution, consider two solutions uwand 4 and define 8(£) = @(f)—u(t).
As a consequence of the monotonicity of subdifferentials, we have easily:

Iél...
) 60)-50) < g [ a6) 606 s(0) s,
for all t € [0,T]. Applying the Gronwall lemma (lemma 4), we obtain that &(¢) vanishes
identically. Therefore, the functions » and 4 coincide identically. .

To prove existence, we define, for all N € N an approximant uy of the solution in the
following way. First, we require un (0) = 0. Next, we define uy on [(k ~ 1)T/2", kT /2"]
successively fork =1,2, .. 2V by:

forae. t € [fk—;ﬁrﬂgk—;ﬁa] : .
~G (50m) an () - £ (S502) € Bpoun(®)) +im (e5m) agstun ).

To see that uy is well-defined, it is enough to apply proposition 47 and theorem 51 with & being
R™ equipped with the scalar product induced by the matrix G ({k — 1)T /2™ and the function
¢ being defined by:

m
pl)="f (5*—;;%:’1) vt wo(v)+ Y (%‘éﬁ) pi(v).

i=1
It is obvious that, for all N € N, uy € WHo2(0, T, R™). Also, by use of the second part of
theorem 51, we obtain, after a tedious but easy calculation:

YNEN (én|Le <Oy, (1.B.3)

where C is the real constant defined in the statement of proposition 52. Now, we are given two
arbitrary integers M > N. A standard but tedious calculation yields:

DT, gl —un@F < 52 [ els) ()] ds

where Cz is a real constant which does not depend on M and N. Actually, we may take:

61 o fi"e||@|lwma""{||f]| FIS Nl
pY Le= i=1

Applying lemma 5, we obtain that the sequence .y converges inthe Banach space c([0, T); R™)
towards a limit . Coming back to uniform estimate (1.B.3)}, we can conclude that w €
W1>(0, T;R") and also that a subsequence of () converges towards 4 in L™ weak-*.
This yields estimate (1.B.1}, but there remains to prove that 1 is a solution of the considered evo-
lution problem. Using the lower-semi-continuity of o0, the Fatou lemma and the convergence
properties of the sequence (wux ), we easily establish that, for all w & L1 (0, T, R™),
T
0

—/(; (G-iu+f)-(v—u)5f {wo(v)—300(U)+Zuf(t)(w(v)—svf(u))}-
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Next, there remains to use propositions 49 and 50 to deduce that, for almost every ¢ € [0, T,

—G(t) - alt) — f(£) € Dnlult)) + D pi(t)0i(u(t))

i=1

and, so, that u solves the considered evolution problem.
To prove the last estimate of proposition 52, we take the sum of the inequalities:

(Gt ) (i —w) € po(@) - wolu) + D _ s (@) = wi(u)),
=1

=

- ((_? 8+ f) u— @) < wolu) — wolt) + _Zm {i(u) - @i(@)) -

We obtain:

imi) G (a—w) < (F—F)-@—w+ 3 G =) (i@ - wil)
i=1

+a-(G—é).(a—u),

which yields:

ad—t[%(ﬁ—u)-@-(ﬁ—u)] < [(L+1) (|f—f|+21ﬁi—ﬂil)

=1

+CilG -G+ Gl zoo s — m] & — uj.

To reach the desired conclusion, it is enough to integrate over i0, t] and to apply successively
lemma 5 and lemma 4. O
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Chapter 5

Frictionless Unilateral Multibody Dynamics

5.1. Introduction

Granular materials dynamics is usually studied in the framework of the dynamics
of a finite collection of rigid bodies submitted to non-penetration conditions. This
chapter aims to describe the state-of-the-art of the mathematical formulation of such
problems as well as the existence and uniqueness of solution. Since this subject has
now reached some maturity in the frictionless situation (whereas, in my opinion, the
handling of dry friction has not yet received complete understanding), the presentation
is restricted to the idealized frictionless situation.

The formulation of the dynamics of rigid body systems can be traced to Lagrange’s
Méchanique Analytigue. The corresponding evolution problem is a second-order
ordinary differential equation in R™ with initial conditions. Well-posedness (existence
and uniqueness of solutions) of this evolution problem was proved by Cauchy at the
beginning of the 19th century. "

The handling of perfect bilateral constraints does not introduce supplementary
mathematical difficulties and Cauchy’s theorem still applies to prove that the corre-
sponding evolution problem is well-posed.

The situation is rather different when we have to handle perfect unilateral con-
straints such as those arising with frictionless non-penetration conditions. Consistent
formulation of the corresponding evolution problem was only obtained 25 years ago by
Schatzman [SCH 78] and Moreau [MOR 83] who left the question of well-posedness

Chapter written by Patrick BALLARD.
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largely open. Substantial contributions on well-posedness were made by Lotstedt
[LOT 82], Percivale [PER 85], Monteiro Marques [MON 931, Schatzman [SCH 98]

and Ballard [BAL 00].

A satisfactory theory with sufficient generality has now been reached. This has,
as yet, only been presented in the framework of configuration manifolds, which can
generate unnecessary difficulties (of vocabulary) for the readers who do not have
a minimal training in differential geometry. This book provides the opportunity to
present the main results in the usual language of non-smooth analytical dynamics,
for the sake of clarity. The content of this chapter is the same as [BAL 011, butina
different language and with different notation.

Section 5.2 recalls the basics of the formulation and well-posedness of the
dynamics of a collection of rigid bodies submitted to internal and external forces.
This very standard material is joined in order to introduce notations and to fix the

framework.

Section 5.3 deals with the handling of perfect bilateral constraints in this frame-
work. This is also standard material, and is included for two reasons: (1) the handling
of perfect bilateral constraints is classical matter which will serve as a guideline for the
handling of perfect unilateral constraints; and (2) the dynamics of rigid bodies without
constraints and the dynamics of rigid bodies with perfect bilateral constraints are seen
to have the same mathematical structure, that of simple discrete mechanical systems.
Therefore, the handling of unilateral contraints in the framework of rigid body systems
with perfect bilateral constraints presents no supplementary difficulty with respect to
the framework of rigid body systems without constraints,

Section 5.4 faces the handling of perfect unilateral constraints in simple discrete
mechanical systems. The evolution problem is formulated along the lines of Moreau
[MOR 83]. Well- posedness is investigated with aim of obtaining a theory with
the same degree of generahty and precision as that existing for perfect bilateral
constraints. This material is essentially extracted from Ballard [BAL 00].

5.2. The dynamics of rigid body systems

5.2.1. The geometric description

Classical mechanics postulates the existence of a 3D oriented affine Euclidéan
space £, sometimes called the (Galilean) real world, and of an absolute chrono_li_)gy _
represented (after the choice of an origin) by a real number denoted by ¢. :

A solid is represented by its real world reference configuration, which is Slm Y

a possible geometric locus of all the material points of the solid in £. A rigid solid
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a solid which can only undergo transformations that are obtained from the real world
reference configuration by direct isometries. There are three types of rigid solids:

1) The generic rigid solid: this is the case where the real world reference
configuration contains three non-aligned points. Any real world configuration of a
generic rigid solid is determined by the knowledge of the real world configuration
and the data of a translation and a rotation. After the choice of coordinate frames,
the translation and the rotation are determined by six real numbers 41, ¢2,-- -, 96 (for
example, the three components of the translation and three Euler angles). The generic
rigid solid is said to have six degrees of freedom and q € R? is called the generalized
configuration.

2) The rigid bar: this is the case where the real world reference configuration
contains only aligned points with at least two distinct points. Any real world
configuration of a generic rigid solid is determined by the knowledge of the real world
configuration and, after the choice of coordinate frames, the data of five real aumbers
q1, 42, - - - » G5 (e.g. the three components of the translation and two Fuler angles). The
rigid bar has five degrees of freedom.

3) The punctual particle: this is the case where the real world configuration reduces
to one point. The generalized configuration q € R3 reduces to the translation and the
punctual particle only has three degrees of freedom.

A svstem will be a given finite collection of rigid solids. The number d of degrees
of freedom of a system is, by definition, the sum of the freedom of each solid.
The generalized configuration q € R? is simply the ordered set of the generalized
configurations of each solid of the system. A motion of the system is a mapping from
a time interval T into q € R%, generally denoted by q(t). The time derivative of the
motion at time # is denoted ¢(t) and is called the generalized velocity of the system.
The pair (q(t), €(t)) is called the state of the system at instant £.

5.2.2. Formulation of the dynamics
The mass distribution is a bounded positive measure defined on the real world

reference configuration of each solid of the system. It allows the traditional association
with any state (q, q) of the system, its kinetic energy K{q,q) which takes the form:

L1, 1 .
K(q,4)= 3 fq- M(q) - & = 3 mi(a)did:

(Einstein summation convention, which will always apply in the following unless
explicitly stated), where the mass matrix M(q) is always positive symmetric. Under
the assumption that:

— the support of the mass distribution of any generic rigid solid of the system
contains at least three non-aligned points;
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— the support of the mass distribution of any rigid bar of the system contains at
least two distinct points; and

— the support of the mass distribution of any punctual particle of the system is non
void,

it can be proven that the mass matrix M{q) is also definite, which will be assumed
in the following. Hence, the mass matrix M(q) defines, for each q € RY, a scalar
product on R® called the kinetic metric.

For an arbitrary motion ¢(¢), the time derivative d K {q, §)/dt is called the power
of acceleration at instant {. Taking into account the above form of the kinetic energy,
it is readily proven that;

d . d 8 . a Ry
EK(q, q)= (Ea_qu(q’ q) — %K(q, Q)) G

If v & R? is an arbitrary virtual velocity of the system, the expression:

d o . 8 .
(Ec‘?—cﬁK(q’ q) — %K(qa Q)) Uy

i

is called the virtual power of acceleration of the system in the state (q. q). Similarly,
the modeling of internal and external forces passes through the virtual power of
internal and external forces, which is a linear form on the space of virtual velocities:

fi(q: q t) Vg
This possibly depends upon the state (¢, §) of the system and on time ¢. The vector of
R? with components

d @ L0 ;
&a_qu(q’ q) — a—qu(q, q)

is called the generalized acceleration and the vector f{q, ¢; ¢) € R® with components
filq, q;t) is called the generalized force. The fundamental principle of classical
mechanics asserts that the virtual power of acceleration equals the virtual power of
forces in any virtual velocity, which gives Lagrange’s equations of motion:

4.9
’ dt 8¢;

5 . )
aqlK(Qaq) zft(q:qat) (51)

Vi, Vi K(q,4) -

Hence, we obtain the following evolution problem governing the dynamics of rigid
body systems submitted to internal and external forces.

Problem 5.1. Find 7' > 0 and q € C2([0, T{; R?) such that:
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5.2.3. W

To stu
we have t

Counter-

d?
d¢z

(g(t) e R
two motio

To obt
paper, we 4
the regula
physical m
to eliminatd
stronger th3

Hypothesis
R are of ¢f

Under t

Theorem 5.

More prd
0T e R
problem 5.1
case the dyn
granted,



Frictionless Unilateral Multibody Dynamics

— (g(0),a(0)) = (qo, vo)-
_vte [0,T[, Yie {1,2,...,d},
13mj

. amg; . k. . .
mai( Qs + =Lk — = = qide = fild, @)
S(a)ds + 50, %~ 375q, digr = fi(d, @5 1)

o SRR _
IR?, a scalar L Here, (qo, va) denotes an arbitrary given initial state of the system.

. t_he power . 5.2.3. Well-posedness of the dynamics
€11c energy, L

To study the well-posedness (existence and uniqueness of solution) of problem 5.1,
we have to specify regularity assumptions on M and f.

Counter-example 5.1, Consider the evolution equation

d? 1
() =610’
(g(t) € R) with initial condition {g{0}, §(0)) = (0,0). It is readily checked that the
o two mofions defined on BT by ¢(t) = 0 and ¢(t) = t* provide two distinct solutions.
}. Similarly,
al power of :
velocities: To obtain well-posedness, we are led to make further hypotheses. Throughout this
' paper, we shal] distinguish two classes of hypotheses: the constitutive hypotheses and
the regularity hypotheses. A constitutive hypothesis is an hypothesis which conveys
physical meaning. A regularity hypothesis conveys no physical meaning and is stated
to eliminate mathematical pathologies. The following regularity hypothesis is slightly
stronger than necessary.

he vector of

Hypothesis 5.1. (Regularity) The mappings M : R* — RY and f : RExRIxXRT —
R are of class C1. '

components
of classical
al power of
n:

Under this regularity assumption, we have the following well-posedness result.

Theorem 5.1. (Cauchy) There exists a unique maximal solution for problem 5.1,

(5.1)
‘ More precisely, theorem 5.1 states that there exists a solution of problem 5.1 T, >
ics of rigid 0 (T, € RU{+oo}) and qm € C2([0,T;n[,R?) such that any other solution of
problem 5.1 is a restriction of . Of course, we expect that T, = 400, in which
case the dynamics is said to be efernal. This situation can not generally be taken for
granted.
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Counter-example 5.2. Consider the evolution equation

2
Sa) = (i(t)”

(g € R) with initial condition (g(0),¢(0)) = (0,1). It is readily checked that the
maximal solution is defined on the interval 0, 1].

In the vsual cases encountered in mechanics, eternal dynamics is ensured by the
following general sufficient condition.

Theorem 5.2. The mapping M is assumed to satisfy:
Ja>0, Yq,veR? v-M(q) v > alv|?
where | - | denotes an arbitrary norm on RY. £ is assumed to Julfill the estimate:

|£(q, vit)| < U (1 + g + |v)),

forallq,v € R® and almost all t € [0, +ool, U(t) being a (necessarily non-negative)
Junction of Lj, (R*; R).

The dynamics is then eternal: T.,, = +o0.
The proof of theoretn 5.2 relies on Gronwall’s lemma.

5.3. The dynamics of rigid body systems with perfect bilateral constraints
5.3.1. The geometric description

A constraint describes a type of force which is not taken into account by the
force mapping f. Indeed, it is possible to specify (partially) some forces by their
kinematical effects. These kinematical effects generally leave the associated forces
partially undetermiped. We have to add phenomenological assumptions about the way
the constraint acts, through a constitutive law of the constraint.

A (holonomic) bilateral constraint is a restriction on the admissible motions of
the systemn which is expressed by means of a finite number 7 of smooth real-valued
functions ¢; on R?, defining a set S of admissible configurations:

S={qERd§VjE{132:-'-:n}a @J(Q):O}

The following hypothesis is nsual in this framework.
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Hypothesis 5.2. (Regularity) The functions ¢; are functionally independent, that is,
for all q € S, the n vectors

%%(q) Ge{l....n)

are linearly independent in RY.

A straightforward consequence (by use of the local inversion theorem) of this
hypothesis is that S is locally diffeomorphic to R*~™. This means that it is always
possible to find a new parameterization of the system by means of d — n real variables:
the constraint system has d — n degrees of freedom. More precisely, at every q € 5,
there exists a diffeomorphism ¢ defined on an open neighborhood of g onto an open
subset of R4 ™. We shall use the notation: :

Yl@)=qeR*™™  (q€S8). ' (5.3)

1t is sometimes said that § defines a reduced parameterization of the system, For
the sake of simplicity, we shall assume that ¢ is actually a diffeomorphism from §
to R%-" (the more general situation is more concisely expressed in the language of
configuration manifolds; see [BAL Q1]).

If g(¢) is any arbitrary smooth motion in 5, we obtain:

. dep; ) dip; )
vie{l,2,....n} %(Q)-q=ﬂ (=5%(C1)-qi)-

In the following, we shall use the notation
dws
Tquéf v; Vie{1,2,...,n}, %(q)-v=0} {(qes)

for the subspace of R? containing all the velocities at q that are compatible with the
constraint equation (3.2). Use of the natural basis:

oq . :
—_— Ces ., 4
0d; ' ' (54

provides natural identification of TqS with R¥™".

5.3.2. Formulation of the dynamics

The realization of the constraint (5.2) necessarily involves a modification of the
equation of motion (5.1). This is done by adding a corrective unknown term R called
the reaction force to the force mapping f (q,q;t), ie

d 2

. ) a N pe )
vt, Vi, aa—mK(q,q)—%K(q,q)—ft(q,q,t)+R1(t)-




324  Micromechanics of Granular Materials

We might expect R to be determined by the geometric constraint (5.2). It does not
work in general. We have to add phenomenological assumptions about the way the
constraint acts. This is the constitutive law of the constraint.

Hypothesis 5.3. (Constitutive) The bilateral constraint (5.2) is supposed to be perfect
(we also say synonymously ideal), that is, the power of the reaction force R vanishes
in any virtual velocity compatible with the bilateral constraint:

YWweTlyS = {v;VjE{l,Q,...,n}, i—flj(q)-v=0},

R-v 0 (=R1'-U-i).

Due to hypotheses 5.2 and 5.3, we can write:
dip;
R@—ZAQ @

for some real-valued functions ;.

We now formulate the evolution problem associated with the dynamics of rigid
bodies systems with perfect bilateral constraints. The initial condition is assumed to
be compatible with the realization of the constraint: g € § and vy TqeS-

Problem 5.2. Find T > 0, q € C2({0,T[;R%) and n functions A; € C°([0, T[; R)
such that:

- (a(0), a(0)} = (qo, vo)

~-Vte[0,T], qlt)€s,

-vie 0,7, Vie{l,2,...,d},

% (a).

i

(@ + =L digs — 5 @)+ >0
mi{a)d; + oqe D% 2 a — K gid = filq q t)+j 1/\ )

This evolution plroblem can be reformulated in terms of the reduced parameteriza-
tion g. To do this, we define the reduced kinetic energy K (€, q) by:
K(q,q) = K(q,q),

where @ and q are connected by equation (5.3). This definition provides a reduced
mass matrix M(@) which is a positive definite symmetric real matrix of order d — 7.
Similarly, we have a reduced force mapping defined by:

F(d, &) = Proj[£(a, 4;); 7S],

where Pro
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where Proj denotes the orthogonal projection operator on TS (for the canonical scalar
product of RY). Use of the natural basis equation(5.4) of TqS enables us to write:

f(c"l, &) € R,

Using this notation and setting {o = {qp), we have a natural formulation of the
dynamics in terms of the reduced parameterization q.

Problem 5.3. Find T > 0 and § € C? ([0, T[; R~} such that”
- (a(0),&(0)) = (a0, %),
~Y¥te[0,T[, Vi€ {1,2,...,d - n},

M (@) + =

Evolution problems 5.2 and 5.3 are connected by the following property.

Proposition 5.1. Problems 5.2 and 5.3 are equivalent, that is, any solution qt)
of problem 5.2 provides a solution Q(t) of problem 5.3 by equation (3.3), and
reciprocally.

5.3.3. Well-posedness of the dynamics

Problem 5.3 formally has the same structure as problem 5.1. Since problems 5.3
and 5.2 are equivalent, the results of Section 5.2.3 yield the well-posedness of the
dynarnics of rigid bodies systems with perfect bilateral constraints.

Hypothesis 5.4. (Regularity) The mappings M. : RY — R and f: RIxRIxRY —
R are of class C*, and the functions ¢; are of class C2.

Proposition 5.2. Problems 5.2 dnd 5.3 have a unique maximal solution Gm.

The analysis of the eternity of the dynamics is provided by theorem 5.2.

Regularity hypothesis 5.2 could seem to be very restrictive. However, dropping it
would lead to problems.

Example 5.1. Consider a rigid homogenous bar of length {. The two extremities of the
bar are constrained to remain on a fixed circle of diameter I. The two corresponding
bilateral constraints are assumed to be perfect. This is a simple occurrence of bilateral
constraint which does not satisfy hypothesis 5.2. At the initial instant, the bar is at rest.
A constant force is applied at the middle point of the bar. This force is directed in the
plane of the circle but not along the bar. The reader will convince themself that the
corresponding evolution problem 5.2 admits no solution.
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Since the modeling of a rigid body system with no constraint or with perfect
bilateral constraint leads to the construction of mathematical structures of the same
type, we state the following definition.

Definition 5.1, A simple discrete mechanical system is a triple (d, M, f) where:
— d is a positive integer, called the freedom of the system;

— M is a smooth mapping from R into the space of positive definite symmetric
matrix of order d, called the mass matrix; and

-f: R x R? x R* — R? is a smooth mapping referred to as the force mapping.

5.4. The dynamics of rigid body systems with perfect unilateral constraints

The consideration of elementary examples shows that the dynamics of rigid body
systems can lead to some prediction of the motion where some bodies of the system
overlap in the real world. Of course, this should not be allowed. Hence, very often,
we have to add the statement of non-penetration conditions to a simple discrete
mechanical system. This is a simple occurrence of unilateral constraint. In this section,
we shall discuss the consideration of perfect unilateral constraints in simple discrere
mechanical systems.

5.4.1. The geometric description

Consider a simple discrete mechanical system (d, M, ). A unilateral constraint
is a restriction on the admissible motions of the system which is expressed by means
of a finite number n of smooth real-valued functions ; on RY, so that the set of all
admissible configurations A is given by:

A:{qeRd-;we{u,...,n}, <pj(q)§0}. (5.5)

The set of all active constraints in the admissible configuration q € A is defined by:

J(q) = {j €{1,2,...,n} ; v;(q) =0}-

The following hypothesis should be considered alongside regularity hypothesis 5.2 of
section 5.3.1.

Hypothesis 5.5. (Regularity) The functions wj are functionally independent, that is,
for all q € A, the vectors

cil—“;j(q) G € J(@))

are linearly independent in RY.
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Consider a motion g(t) in A and assume that a right velocity Gt (t) € R* exists
at instant £, then g (t) necessarily belongs to the closed convex cone V (g(t)) of R

defined by:
Viaw) = {vert; vie ), ) -vo}

V(q) is called the cone of admissible right velocities at the configuration q. In
particular, .
q eA (e J(@) = = Vig) = R%

Similasly, if a left velocity g~ € R? exists, then ¢~ € —V{q).

5.4.2. Formulation of the dynamics

The formulation of the dynamics follows that of [MOR 83].

5.4.2.1. Equarion of mation
As for bilateral constraints, the realization of the constraints induces some reaction
effort R. The following hypotheses are made.

Hypothesis 5.6. (Constitutive) The unilateral constraints are of type contact without
adhesion:

Yvev(q, R-v=0

Hypothesis 5.7. (Constitutive) The unilateral constraints are perfect:

d .
vve {veRrt; vje Ja), %(q)-v:ﬂ}: R.v=0.

As an easy consequence of constitutive hypotheses 5.6 and 5.7, we obtain:

n : jeJlg = N<0,
I(M)imrs..n ERY R=DN %ﬁ(q), and | ’
=1 q i¢Jg = »=0

The reaction effort R € R% must therefore be such that:

T

e d ] . .
~ReN@)¥ EA:{%(({);V.}EJ(Q), A2 0, VigJdg) A;=0
j=1

(5.6)
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N{q) is a closed convex cone of R? and it is the polar cone of V(q} (for the canonical
Euclidean structure of R%).

Now, consider a motion q(t} starting at q € jl at time ¢; with velocity vy,
Q
Assumed to be continuous, q(t) remains in A on a right neighborhood of ¢3. By
[v3
equation (5.6), the reaction effort R vanishes as long as g(t) is in 4 and the motion is
governed by the ordinary differential equation:

L, Omy 1dmyy . . ) .
M (Qd; + =L gige ~ 7 o = fila, qt), Vi=1,2,....d,
5 (q)d; + D 59k 2 Bg; gigx = fi(a,q;t), ? )

(alto), alte)) = (g0, vo)-

Suppose that the solution of this Cauchy problem meets A at some instant greater
than #o. Denote by T the smallest of these instants. The motion admits a left velocity
vector v at time 7. Of course, it may occur that: v & V{(q(T)). In this case,
no differentiable extension of the motion can exist in A for ¢ greater than 7". The
requirement of differentiability has to be dropped. An instant such as 7 is called an
instant of impact.

However, we are still going to require the existence of a right velocity vector
at(t) € V{q(t)} atevery instant ¢. The right velocity does not need to be a continuous
function of time and the equation of motion

mi; (a)g; + %‘jjdk - %%Mk = filg, 4;t) + R;,
should be understood in the sense of Schwartz’s distribution. Hence, the reaction
force R appears to be a distribution submitted to inequality restrictions. Since it is
well known that a positive distribution (i.e. taking positive values on positive ™
compactly supported functions) is necessarily a measure, we shall require R to be
a vector valued measure rather than a general distribution. As a consequence, 4
must also be a measure, and the velocity ¢ can be identifed with a function with
locally bounded variation. Since functions with locally bounded variation are locally
integrable and admit left and right limits at every point, it turns out that the motion
q(t} can be identified with a locally absolutely continuous function admitting left and
right derivatives (in the classical sense) ¢~ (t) and ¢ (t) at every instant.

Vi=1,2,....d

We denote by MMA(T, Rd) (motions with measure acceleration) the set of all
absolutely continuous motions g(¢) from a real interval I to R¢ whose second
distributional derivative is a measure. We now have to give a precise meaning to
equation (5.6) with R being a vector valued measure,

54.2.1.1. Convention
We shall write:

R € —N(q(t))
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to mean there exist n non-positive real measures A; such that:

™
dy; )
R=ZAjd—(;(q(t)) and Vi=1,....,m, Supp}\jc{t;cpj(q(t))=0}.
i=1

(5.7

*

Using this convention, the final form of the equation of motion is:

L Omy . . lomge ., .
mai{aQ)d; + %‘f%qk ~3 qu gige = filq,4;t) + R,

Vi=1,2,...,d, Re—-N(g(t)

A straightforward consequence of the equation of motion is that an impact (that
is, a discontinuity of the right velocity ¢¥) can only occur at an instant ¢ such that
J(a(t)) # 9. This fact is a justification for the following definition.

Definition 5.2. An impact occuring at time £ is said to be simple if J(q(t)) contains
exactly one element. If J(q{t)) contains at least two elements, the impact is said to be

multiple.

5.4.2.2. The impact constitutive equation

We begin this section with an example. Consider the simple mechanical system
defined by

~d=1,

-M{g) =1,

- flg,g;t) = 0.

We consider the unilateral constraint represented by the single function 1{q) = g so
that the admissible configuration set A is R™. At initial time tg = (), we consider an
initial state (gg, vo) such that go < 0 and vy > 0. It is readily seen from the equation
of motion (5.8) that an impact necessarily occurs at time t = —qg/vg- At this time,
the left velocity is vg. However, the right velocity can take any negative value which
is compatible with the equation of motion.

The reason for this indetermination lies in the phenomenological nature of the
interaction of the system with the obstacle. This missing information must be

determined.
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Hypothesis 5.8. (Constitutive) The interaction of the system with the obstacle at
time ¢ is completely determined by the current configuration q(¢) and the current left
velocity ¢ (). In other terms, we postulate the existence of a mapping F : RexR? —
R¢ describing the interaction of the system with the obstacle during an impact:

Vi, qt () =F (a(t),qa"(#)- (5.9)

To ensure compatibility with the equation of motion (5.8), the mapping F should
satisfy:

_ Fla,v7) € Via),
Yge A, ¥v~ € -V(q), (5.10
FlqvT)-v- €-MHq) N(q)

Moreover, we add the assumption that the kinetic energy of the system cannot increase
during an impact, i.e.

Yqed, Vv~ €-V(q), K(q,F(q,v7)) < K(q,v ). (3.11)

Let us comment on hypothesis 5.8. When two solids collide, their bouncing is
actually governed by the propagation of deformation waves in each the two solids.
However, from the very beginning, we have adopted the simple framework in which
each solid is assumed to be rigid, i.e. for the sake of simplicity, we have chosen not to
consider any phenomena relying on the deformation of the solids. We therefore cannot
expect the theory to be able to predict the outcome of an impact experiment.

The aim of constitutive hyposthesis 5.8 is to introduce to the theory the information
which is missing. Of course, in practical situations, we have to identify the unknown
mapping F. This can be done either by means of experiments or by use of a
refined theory. For example, the theory of elastodynamics could be used to predict
the outcome of an impact in every impact configuration. The result would be an
identification of the mapping F. In any case, a very large amount of work is
required to obtain a precise identification of . This is the price we have (o pay to
describe sophisticated physical phenomena in a very simple framework. This issue is
actually faced in any mechanical theory (e.g. the theory of elasticity). Naturally, in
each mechanical theory, the question arises of what amount of lacking constitutive
information should be introduced. Most of the time, well-posedness of the resulting
evolution problem serves as a guideline to state the constitutive hypotheses.

Definition 5.3. Equation (5.9) with mapping JF satisfying both requirements (5._10_)
and (5.11) is called the impact constitutive eguation. An impact constitutive equation
which ensures the conservation of kinetic energy during an impact is called elastic: _

Yqe A, Vv e-V(q), K(q,Flq,v7)) = K(q,v™).
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.

Figure 5.1. Newton's cradle

b

There always exist many mappings F satisfying requirements (5.10) and (5.11).
Example 5.2. Let e : R? x R? — [0, 1] be an arbitrary function. The mapping F,
defined by

F (a,v") = Proiasig [v75 V(@)] — & (a,v7) Proiagq [v M 7M@) N (@]
(3.12)

where Projy(q) denotes the orthogonal projection operator (in the sense of the scalar

product of R* defined by the matrix M(q)) is easily seen to satisfy requirements (5.10)
and (5.11). The associated impact constitutive equation is often called the canonical
impact constitutive equation. It is elastic if and only if e = 1. The function € is
traditionally called the restitution coefficient.

The reason for distinguishing the canonical impact constitutive equation is that
in situations where only simple impacts can occur (for example, if the unilateral
constraint is represented by a single function ¢ ), then the impact constitutive equation
must be the canonical one (it is a simple consequence of requirements (5.10) and
(5.11)). However, in the case of multiple impacts, the canonical impact constitutive
equation has no specific physical relevance. A simple occurence of multiple impact
is provided by Newton's cradle. The principle of the experiment is depicted in
Figure 5.1a and its outcome in Figure 5.1b. It should be compared with the prediction
of the canonical elastic impact constitutive equation, depicted in Figure 5.1c.

The following proposition is a straightforward and useful consequence of require-
ments (5.10) and (5.11).

Proposition 5.3. Let F be a constitutive mapping satisfying requirements (5.10) and
(5.11). We then have:

vqe A, Vv eV{g)n{-V(a}), Flqv)=v".




332 Micromechanics of Granular Materials

We conclude this section by a comment on requirement (5.11). At first glance, it
could seem to be unnecessary. The following counter-example proves that, if it was
omitted, uniqueness of solution for the resulting evolution problem would surely not
hold.

Counter-example 5.3. Consider the simple mechanical system defined by:
—-d=1,
-M{g) =1,
-flagty=2

We consider the unilateral constraint represented by the single function ¢;(g) = g.
Thus, A = R™. The impact constitutive equation-is given by equation (5.12) where
the restitution coefficient is assumed to be the constant 1/2 i.e. e(gq, ¢~} = 1/2. This
mechanical system is a formal description of the physical occurence of a single particle
subjected to gravity and bouncing on the floor. Consider the initial instant £ = 0 and
the initial state (go, o) = (—1,0). It is readily seen that the function ¢ : Rt — R~
defined by:

Vi€ [0,1], qlt

) =1t?
Vie [3-5k,3- %], qt)=¢ (6+2,,)t+(3—2n—1_]
Yt e [3, 400, q(t) =0,

n € N, belongs to MMA(R™; R™) and satisfies:
— the initial condition,
- the equation of motion (5.8) (with f(q,4;t) = 2),
— the impact constitutive equation (5.12) (with e(g, 4) = 1/2).

This motion is depitted in Figure 5.2. Note that it exhibits an infinite number
of impacts on a compact time subinterval. It could easily be proven that no motion,
defined on [0, +-o0[ with a finite number of impacts on every compact interval, can
exist.

Now, we shall analyze what happens when the flow of time is reversed. Define g’
by:

] [0, 4] - R~
q t — g{d—1t)
Considering the initial state (go, vg) = (0,0) ato = 0, itis easily seen that ¢’ satisﬁes";
— the initial condition,
— the equation of motion (5.8) (with f(g, ¢; ) = 2),
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Figure 5.2, Motion of a punctual particle subjected to gravity and bouncing on the floor

~ the impact constitutive equation (5.12) (with e{q,q) = 2).

However, ¢’ = 0 is also seen to satisfy the same initial condition, the equation
of motion and impact constitutive equation. This example demonstrates that we
cannot expect uniqueness of solution when adopting the canonical impact constitutive
equation (5.12) with restitution coefficient ¢ = 2 {or any real number strictly
greater than 1). However, the canonical impact constitutive equation with restitution
coefficient strictly greater than 1 violates requirement (5.11).

5.4.2.3. The evolution problem

We now formulate the evolution problem associated with the dynamics of rigid
body systems with perfect bilateral and unilateral constraints. The initial condition is
assumed to be compatible with the realization of the constraint: go € A and vo €

V(qo)-
Problem 54. Find T > 0, g € MMA([0,T[; R?) and n non-positive measures
Aj € M([0,T[; R) such that: ‘

- {a(0),a"(0)) = (a0, Vo),

-vie [07T[7 q(t) EA,

-vte[0,T[, Vvie{l.2,...,d}

Lo Omy o 10mg _ >, Bp;
i (Q)d; 4+ 52 didk — 55 Gidk = fel@, @it) + SN ai;(fﬂa

8(] 2 8%

J=t

-¥j=1,2,...,m, SuppA; C {t €10, T[ ; wi{a(t)) =0},
vt e)o, T, at @) =F(qt),q ()

The impact constitutive equation is assumed to fulfill requirements (5.10) and (5.11).
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However, no regularity assumption has been made on the mapping f. This will
be done in the following section where well-posedness of problem 5.4 is studied.
However, we can infer from section 5.2.3 that f will be assumed to be at least of
class C!. We can state an elementary property of any solution (if there are any) of
problem 5.4.

Proposition 5.4. (Energy inequality.) Any solution (T, q) of problem 5.4 satisfies:

Vi, tg € [O,T[, ty <ty

K (aft2), 4t (12)) ~ K (a(ta), 4" (1)) < / 2f(q(s),q+(s);s)-q+(s) ds

11

Naturally, the proof of proposition 5.4 (which can be found in [BAL 01]) relies
strongly on requirement (5.11).

5.4.3. Well-posedness of the dynamics

To study the well-posedness of problem 5.4, we need to impose regularity
assumptions on the data. Looking at those of section 5.3.3, we could expect to be
able to prove well-posedness of problem 5.4 under the assumption that the functions
; and the mapping f are of class C? and C*, respectively. The following counter-
example (originally due to Bressan [BRE 60] and Schatzman [SCH 78]) shows that
uniqueness does not generally hold even if the data are assumed to be of class C'™°.

Counter-example 5.4. Consider a simple discrete mechanical system such that:

~d=1,

-M(g) =1,

— the force mapping f is assumed to be independent of the current state but only
on time, denoted by f(¢).
This is the simple discrete mechanical system defined by a particle with unit mass
constrained to move along a line submitted to a prescribed force. A fixed obstacle at
the origin is taken into consideration. It leads to a unilateral constraint described by
the single function: -

vi{g) =q.

The admissible configuration set is therefore A = R~. The impact constitutive
equation is assumed to be elastic. Here, the geometry is so poor that this statement
determines completely the impact constitutive equation. It is necessarily the canonical
one with restitution coefficient ¢ = 1. The initial state is {go,v0) = (0,0). The
corresponding problem 5.4 yields the following simple formulation.

Find T' > 0 and g € MMA([0, T[; R) such that:
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- (Q(O)ad+(0)) = (O! 0)=
-vte 0,7, qft) <0,
_RY id‘iti — f(#) is a non-positive real measure such that:

Supp R C {t € [0,7; ¢(t) =0},

-vte10,T,

{q(t)%ﬂ = 4Tt =4"()
o) =0 = ¢+(t)=—-d"(t)

We investigate uniqueness under the assumption that f is of class C°° and non-

1

negative:
vtEeRY, f{t)>0.

It is then readily seen that the null function § = 0 on Rt is a solution of that problem,
whatever the non-negative C*° function f. We now construct an explicit example of
a function f in such a way that the associated evolution problem 5.4 yields another
solution, distinct from the identically vanishing solution.

First, define a Massin function p by:
R —- R
0 if xe]-o0,0lU[l,4+o0f
Cese D if ze€l0,1]
where (7 is a real constant chosen to obtain fj:: p(z} dz = 1. Define

= {n+5)*
T—; (n+1)(n+2){n + 3){n+4)

and, for every n € N,

S (i+5)*
; G+ DE+2)[E+3)i+4)

n+5 ) n+3
1e. 4, (0n — @nt1) < @n — Gns1 |

(n+ D){n+ 2}(n+4) R




336 Micromechanics of Granular Materials

Now, the functions f(t) and v(t) from [0, T'[ to R are defined by

if t€[@nt1,8n41 + 6n]

t—an+1_5n

an*'an+1_6n

) , If te [Ctn+1 -+ 511, an{

»(0} =0,

Va1, if te [an+1, Ont1 + 5,1[
v(t) = fn [t $—ant1—6n
Un+tl + — p|—

) ds, if t€ [ans1 + 0n,an
ant1+dn

An—0nt1—0p

Finally, the function ¢ : [0, 7'[ — R is defined by:

g(ty = ]Otv(s) ds.

The graph of the functions f(t) and g(t) is depicted in Figure 5.3. The reader will
easily check that:

— f(t) is a C* non-negative function on {0, 7,
— (T, g) is a solution of the considered evolution problem,
— the only instants at which g(t) = 0 are 0 and the a,,.

Therefore, ¢ and § = 0 provide two selutions of the evolution problem. These
two solutions do not coincide on any open subinterval of [0, T'[. Therefore, zniqueness
of solution for problem 5.4 cannot be asserted, even in the case where the data are
supposed to be of class C°°, Percivale [PER 85] was the first to notice that, in the
above example, if f(t) is assumed to be analytic, then uniqueness of solution does
hold.

Recently, a complete discussion of the one-degree-of-freedom problem was
obtained by Schatzman [SCH 98). The general case is treated in [BAL 00] and is now
recalled. Let us mention that prior existence results had been obtained, but they were
limited to restricted cases such as where A is convex or where the unilateral constraint
is represented by a single function [MON 93, SCH 78].
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Figure 5.3. Bressan—Schatzman counter-example

Hypothesis 5.9. (Regularity) The mappings M : R — RY £ RIxRIxRT — R?
and the functions ; are analytic.

In this framework, we have the following property.

Proposition 5.5. Let qy € A and vy € V{dqo). Then, there exist T, > 0, an analytic
curve ¢, : [0, Ta[— RY and n analytic functions Ay = [0, To[ — R such that:
- (q.ﬂ (0), qc-:’-((])) = (qO: VU);
-vYte[0,T[, VYie {1,2,...,d},
10m 3_(&

" Omi; . . Mk . . =
i b ——S g — ——uitak = [i(Qa, Qas T E Ao s
m. J(Qa)'?ag -+ 0 Qai9ak 2 Bg; GajYak fz(Qa Qa ) + j=1 a;,t(t) ) (Qa)

_vte[0,T,[,Vi=1,2,....m
M) <0, @i(@a(t) <0, Aailt) pilau(t)) =0

Moreover, the solution of this evolution problem is unique in the sense that
any other analytic solution (T,q, A1, ... ,An) is either a restriction or an analytic

extension of (Ta, Qas Aals - - - » Aan )-

Proof. A detailed proof of proposition 5.5 can be found in [BAL 00]. The strategy is
to look for a solution in the form of a power series in time. It can then be proven that
each coefficient solves a well-posed variational inequality. An earlier proof can also

be found in [LOT 82]. O
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Corollary 5.1. There exists an analytic solution (T,, q,) for problem 5.4.

Progf. Consider the motion g, furnished by proposition 5.5. It obviously satisfies the
initial condition, the unilateral constraint and the equation of motion. The only thing
which remains to be proven is that it satisfies the impact constitutive equation. Since
. is analytic and satisfies the unilateral constraint, we have:

VEE 0T 47 () =& @) e Via®) n (-V(a))

and therefore

Vil Tl &7 (1) =45 (1) = Flaa(t). 4o (1))

by proposition 5.3. O

Naturally, the analytic solution furnished by corollary 5.1 will cease to exist at
the first instant of impact. This is the reason why we have considered the wider
class MMA which contain motions which are not differentiable in the classical sense.
Considering motions in MMA will allow the extension of the solution beyond the
first instant of impact. However, it must be ensured that admitting the wider class of
solutions MMA will not introduce parasitic solutions. This is the aim of the following
theorem.

Theorem 5.3. Let (1, qa) be the solution for problem 5.4 furnished by corollary 5.1,
and (T',q) be an arbitrary solution for problem 5.4. Then, there exists a real number
Ty (0 < Ty < min{T,, T'}) such that:

q[0.7a] = Yal[0,T0]"

In other terms, there is local uniqueness for problem 5.4.

Local uniqueness is the difficult part in the study of well-posedness of problem 5.4.
A detailed proof of local uniqueness theorem 5.3 can be found in [BAL 00]. It is
written in the framework of the canonical impact constitutive equation (5.12). How-
ever, careful examination of the proof shows that the canonical impact constitutive
equation is only used through the energy inequality (proposition 5.4). Since the energy
inequality holds for any impact constitutive equation satisfying requirements (5.10)
and (5.11), so does local uniqueness.

Corollary 5.2, There exists a unique maximal solution for problem 5.4.
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It was noticed above that the analytical solution for problem 5.4 furnished by
coroflary 5.1 ceases to exist at the first instant of impact. To overcome this fact,
we have proved that local uniqueness still holds in the wider class of motion MMA
which allows impacts. However, this does not guarantee that the maximal solution for
problem 5.4 is not going to cease to exist at a finite time for non-physical reasons.
In other terms, we still do not know if the class MMA is wide enough. Actually,
it is wide enough as shown by the following theorem which should be considered
alongside theorem 5.2.

Theorem 5.4, The mapping M is assumed to satisfy:

Ja >0, Yq,v e R,

by . M{q) - v = afv}?

where | - | denotes an arbitrary norm on R? and f is assumed to fulfill the estimate:

|£(a, v; £)] < HE(L+ lal + Iv])

for all q,v € R and almost all t € [0,+00], I(t) being a necessarily non-negative
function of L. (Rt R).

Then, the dynamics is eternal, that is, the maximal solution for problem 5.4 is
defined on [0, +00|.

For a detailed proof, the reader is referred to [BAL 00]. Here also, the impact
constitutive equation is only used through the energy inequality.

5.4.3.1. Comments

It is readily seen that the function ¢ displayed in counter-example 5.3 is the unique
maximal solution of problem 5.4 corresponding to the situation under consideration.
This solution exhibits an accumulation of impacts on the left side of instant ¢ = 3.
However, as predicted by corollary 5.1, for each instant £ € R*, there exists a right
neighborhood {t,t + n{ of t, such that the restriction of ¢ to [t,t + n[ is analytic.
Straightforward and general consequences of this are the following.

Proposition 5.6. Let q be the maximal solution of problem 5.4 furnished by
corollary 5.2. Then, the singular parts of the measures & and R are purely atomic.

Proposition 5.7. Let q be the maximal solution of problem 5.4 furnished by
corollary 5.2. Although an infinite number of impacis can accurmulate at the left of
a given instant, such an accumulation of impacts can never occur at the right of any
instant, Moreover, in the particular case where the impact constitutive equation is
elastic, the instants of impact are isolated and therefore in a finite number in any
compact interval of time.
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Proof. Since for each instant t € [0, T, there exists a right neighborhood [t. t + #f
of ¢ such that the restriction of q to [t,¢ %[ is analytic, we obtain the first part
of the proposition. For the second part, let 7 be an arbitrary instant in ]0, T and
consider the probiem 5.4 associated with the initial condition (q{r), —q~ (7)), the
elastic constitutive impact equation and the effort mapping g(q, v; t) defined by:

gla,v;t) =f(q,—v;7—¢)

which is analytic. By theorem 5.3, there exists an analytic function q : [0, T,[ — R9
which is a solution of problem 5.4. Any other solution of problem 5.4 coincides with
qq on aright neighborhood of ¢ = {}. Actually, as seen in the proof of local uniqueness
(theorem 5.3), a little bit more is proven. Any function ' € MMA([0,T[; R9)
satisfying the initial condition, the unilateral constraint, the equation of motion (5.8)
and the energy inequality proposition 5.4) has to coincide with g, on a right
neighborhood of £ = 0. However, it is readily seen that the function defined by

q(t)=q(r—1t), t€[0,7—tof

fulfills these requirements. Thus, q' cannot have right accurmnulation of impacts at # =
T, therefore q cannot have left accumulation of impacts at t = + and the instants of
impact are isolated. Of course, if g is the maximal solution defined on [0, T, impacts
can still accumulate at the left of T, as seen in simple examples. O

The fact that infinitely many impacts can accumulate at the left of a given instant
but not at the right is a specific feature of the analytical setting that is lost in the
C setting as seen in counter-example 5.4. Actually, this counter-example shows
that pathologies of non-uniqueness in the C/°° setting are intimately connected to
the possibility of right accumulations of impacts. The fact that the analytical setting
prevents such right accumulations is the reason why we could prove uniqueness in this
case.
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EXISTENCE AND UNIQUENESS FOR DYNAMICAL UNILATERAL CONTACT
WITH COULOMB FRICTION: A MODEL PROBLEM
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Abstract. A simple dynamical problem involving unilateral contaet and dry friction of Coulomb type
is considered as an archetype. We are concerned with the existence and uniqueness of solutions of the
system with’ Cauchy data. In the frictionless case, it is known [Schatzman, Nonlinear Anal. Theory,
Methods Appl. 2 (1978) 355-373] that pathologies of non-uniqueness can exist, even if all the data
are of class (7. However, uniqueness is recovered provided that the data are analytic [Ballard, Arch.
Rational Mech. Anal. 154 (2000) 199-274]. Under this analyticity hypothesis, we prove the existence
and uniqueness of solutions for the dynamical problem with unilateral contact and Coulomb friction,
extending [Ballard, Arch. Rational Mech. Anal. 154 (2000} 199-274] to the case where Coulomb
friction is added to unilateral contact.
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1. DESCRIPTION OF THE PROBLEM

At the time being, dynamics involving unilateral contact and Coulomb friction has been mainly studied in
the framework of systems with finite number of degrees of freedom. In this paper, we are concerned with the
questions of existence and uniqueness of solutions for the associated evolution problem. In order to make clear
the structure of our existence and uniqueness proof, we shall consider only the simple system introduced by
Klarbring [4]. However, the reader should have in mind that the proof presented here can be adapted to a
far more general situation. The most general situation in finite d.o.f. dynamics with unilateral contact and
Coulomb friction, which is covered by our approach, will be described in a next publication.

Klarbring’s system refers to the following situation. Let n > 2 be some integer. A punctual particle of unit
mass in R™ evolves in a quadratic well of potential elastic energy, described by a symmetric positive definite
stiffness matrix K, and is subjected to an external force F(t), depending only on time. Moreover, the particle
is constrained to remain in a half-space, and, at contact, Coulomb friction takes place. For X € R", we
denote by Xy its first component (“normal component”) and by X the vector of B! formed by the n — 1
last components of X {“tangential component”). The symmetric positive definite stiffness matrix K will be

written as:
kw W
K= ,
W Kt

Keywords aend phrases. Unilateral dynamics with friction, existence and unigueness.

1 Laboratoire de Mécanique et d°Acoustique, 31, Chemin Joseph Aiguier, 13402 Marseille Cedex 20, France.
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© EDP Sciences, SMAI 2005
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’,

F(2)

Ur

Froure 1. Klarbring’s system.

where ky € R, W € R"™1 and K is a symmetric positive definite real matrix of order n — 1. The two following
statements are equivalent.

(i) The matrix K is positive definite.

(i) The matrix Kt is positive definite and ky > tW . Kt Low.
The term W couples the normal and tangential degrees of freedom and is a source of difficulty in the analysis
of the system. _

We denote by MMA([0, T]; R} (motions with measure acceleration) the vector space of those integrable
functions of [0, T] into R™ whose second derivative in the sense of distributions is a measure. It is nothing but
the space of integrals of functions of bounded variation over [0, T]. Functions U in MMA are continuous and
admit left and right derivatives (in the classical sense) U, 7+, at any point, both being functions of bounded
variation. We recall that a function of bounded variation, being uniform limit of a sequence of step functions,
is universally integrable (integrable with respect to any measure). The evolution problem is formulated along
the lines of Moreau [6, 8] and in the sequel, the term “unilateral problem” will refer to the following evolution
problem:

Problem P,. Find U € MMA([0, T|;R*) and R € M([0, T); R™) such that:

o U0)=Upy UY0)=Tj (initial condition);

e U+K-U=F+R, in [0, 7] (motion equation);

¢ Un<0, Ry<0, UnRn=0 {(unilateral contact);

. f [RT AV —UF) - uBu (V| - |U{T|)] =0, vV edl(jo, 1R 1) (Coulomb friction);

[0,7] ‘

o Un(t)=0 = Uf(t)=—elUy(t), in]0,T] (impact law),
where F' denotes a given integrable function of [0, 77] into R™ {external force), 4 a given nonnegative real constant
(friction coefficient), ¢ € [0,1] a real constant (restitution coefficient) and (U, Vp} some initial condition,
assumed to be compatible with the.unilateral constraint:

Uw <0 and: Uyn=0 = Von <0
Our goal is to investigate the existence and uniqueness of a solution of problem Py,.
2. REVIEW OF EXISTING RESULTS AND CONTENT

Well-posedness of the dynamics of discrete systems with unilateral constraints (without friction) seems to
have been first investigated by Schatzman in [11], where she proved an existence result by a penalization
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technique in the case of the elastic impact law e = 1. She also gave a striking counter-example showing that,
even in the case where the data have regularity €°, one cannot expect uniqueness of solution, in general. A
major remark was, then, made by Percivale in [10] who noticed that, in the case of the (necessarily frictionless)
one-degree-of-freedom problem with external force depending only on time, uniqueness of solution is recovered
provided the external force is assumed to be an analytic function of time {instead of C°°). Later, Schatzman
(12] provided a generalization of this uniqueness result under analyticity assumption, still for the one-degree-
of-freedom problem, but in the more general case where the external force is allowed to depend not only on
time but also on current position and velocity. However, her proof was specific to the one-degree-of-freedom
problem. A simpler proof was given by Ballard [1] who was, then, able to extend the result to the general case
of an arbitrary number of degrees of freedom and unilateral constraints. But his result was restricted to the
frictionless situation.

The case of dry friction has been considered by Monteiro Marques in [5]. He considered a case with a single
smooth unilateral constraint and inelastic impact law e = () which contains Klarbring’s system (provided e = 0}.
Using a time-stepping algorithm introduced by Moreau [7,8] {which is, ronghly speaking, an adaptation of the
implicit Euler scheme to the non-smooth situation under consideration) to build a sequence of approximants,
Monteiro Marques was able to pass to the limit by extraction of a subsequence using a compactness argument,
to prove an existence result which applies to Klarbring’s system in the case e = 0 and F' € L. However, note
that Klarbring’s system, in the particular case W = 0 and Fr = 0, reduces to a one-degree-of freedom system
in which Coulomb friction plays no role, and, Schatzman’s counter-example [11] can be readily adapted to this
particular case of Klarbring’s system, demonstrating that one cannot expect uniqueness in general, even in the
case where the external force is assumed to have C°° regularity . Therefore, our purpose, here, is to adapt
the technigue of Ballard [1] to the situation where Coulomb friction is involved, to preve the uniqueness of a
solution under the assumption that F' is an enalytic function of time.

In the frictionless situation, Ballard’s uniqueness proof relied on the fact that the associated bilateral problem
is governed by an ordinary differential equation, whose solution is analytic provided the data of the problem
are analytic. In the situation under consideration, the associated bilateral problem is governed by a differential
inclusion (multivocal differential equation) because of Coulomb friction. The Cauchy problem associated with
the bilateral problem is studied in Section 3. First, the existence and uniqueness of a solution is proved by use
of standard monotonicity techniques in Section 3.1. Then, it is proved in Section 3.2 that the restriction of
the solution on some right-neighbourheod of the time origin is analytic, provided the external force is analytic.
The analysis of the bilateral problem, as performed in Section 3, is used in Section 4.1 to build a local analytic
solution of the unilateral problem with analytic external force. Then, to obtain well-posedness for the unilateral
problem, there remains only to prove that there cannot exist any other local solution in MMA, different from
the local analytic one. This is performed in Section 4.2 by adapting Ballard’s strategy [1] to the situation under
consideration.

3. THE BILATERAL PROBLEM

In the sequel, the “bilateral problem” will refer to the evolution problem we obtain when the unilateral
constraint is replaced by a bilateral constraint. More precisely, this is the following evolution problem.

Problem Py,. Find U € MMA([0, T]; R®) and R € M(]0,T]; R™) such that:
o U0)=Uy; UH0)=W (initial condition);
o U+K-U=F+R, in{0,7] {motion equation);

o Uy=0 (bilateral contact);

. / [RT AV UL + plRe(V] - 1U;|)] >0, YWel[0,7;R* ")  {Coulomb friction),
[o.7)
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where F' denptes some given integrable function (F € L1([0, T); R)) and (Uy, Vp) some initial condition, assumed
to be compatible with the bilateral constraint:

Uw=0 and Vyn=0.
Actually, the first component of the motion eguation:
Ry =W - Up — Fy,

shows that the measure Ry is necessarily absolutely continnous with respect to the Lebesgue measure. Since
the Coulomb friction law implies the following inequality between measures:

|Rr| < plRul.

we infer that the measure R is also absolutely continuous with respect to the Lebesgue measure. As a result,
any solution (U, B) € MMAxAM of problem Py, belongs, actually, to W%! x L. For C being a nonempty closed
convex subset of B* Y, we denote by d5: the subdifferential of its support function Sy. In the sequel, B wilt
be the closed unit ball of Euclidean R*~!. Using these notations, we have the following equivalent formulation
for problem P,.

Problem Py. Find Up € W21([0, T]; R™ 1) such that:
o Ur(0)=Upr; Up{0) = Vor {initial condition);
. UT(t) + Kg - Up(t) — Fr(t) € 8SP|P~N(t)_W.UT(¢)|B [—D'T(f})] R for a.a. t € [0, T]

3.1. The bilateral problem with integrable force

In this section, we prove the existence and uniqueness of a solution of problem Py, by monotonicity techniques.

Proposition 3.1. Let r € R* and Fr € LY[0, T|; R"™1). Then, there ezists a unique Ur € W2([0,T];R*1)
such that:

o Up(0)=Upr; Up{0) = Vpr (initial condition);
o Ur(t) + Kt Ur(t) — Pr(t) € 8S,5[-Ur(t)],  for aa t€0,7).
Proof. :
Uniqueness. Straightforward by monotonicity of the subdifferential.
Existence. We shall use a Caratheodory type construction, implicit with respect to the subdifferential term.
Let Vi be the sequence of functions in W1([0, T); R*!) defined by:

V-lg = V[)T,

and by the following induction. Given the function Vi € WL([0, T];R?!), the function V1! is defined to be
the unique solution in W11([0, 7];R"*~1), provided by Proposition 3.4, p. 69 of (2], of the evolution problem:

o VIFHO) = Vir;

£
» VTTL+1(t) + K - (UOT +/ Vr(s) ds) — Fr(t) € 958 [—V{Lﬂ(t)], for a.a. £.
0
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By monotoenicjty of the subdifferential, it is easily seen that, for all ¢t € [0, T7:

v - v + [ e -] Ke- [ 1) - e <o

where | - | denotes the Euclidean norm in R?~!. Using the same notation for the associated matrix norm, we
get:

1 n Tt 2 ! 7 e ° L3 =
VEHE -V < Kl [ s v [ Vi) - v o)l
and, by Lemma A.5, p. 157 of [2):

VEH () - V()| < 1Kl fo [0 V(o) - Vo)),

< |Kx|T f Vi (s) — va(s),

Ky|T$)"
< VBT v

for all £ € [0,7]. As a consequence, the sequence (VF),en converges, uniformly on (0,7, towards some limit
Vr € CU[0, T); R™1). Now, let W € WLL{[0,T1; R"1} be the solution of the evolution problem:

o Wr(0) = Vor;
. VVT(t) + Kq - (UDT + [0 Vr(s) ds) — Fp(t) € BSTB[—WT(?E)], for a.a. t.

Now, taking the difference of this differential inclusion with the one defining V¥, multiplying by W — V3 and
integrating, we get, thanks to the monotonicity of the subdifferential and to Lemma A5, p. 157 of [2]:

\W(t) - V)| < |KriT fo IV (s) - V2= Y(s)],

for all £ € [0, 7], which shows that the sequence (V2 )nen converges, uniformly on (0,7, towards Wr. Hence,
Vi = Wr € Wil and we have:

» Vr(0) = Vors
t
. VT(t) + Kt - (U[)T +/ VT(S) dS) — FT(t) € 05,8 [—VT(t)], for a.a. t.
Q
Setting:
£
Ur(t) = Ugr + / Vin(s) ds,
0

we see that Up € W1([0,T);R*~!) and provides the solution we sought. O

Proposition 3.2. Let r € LY{[0,T);R) be a nonnegative integrable function and assume Fr € L1([0,T];R* ).
Then, there ezists a unique Upr € W2{[0, T|;R™ 1) such that:

o Up(0) = Usr; Ur(0) = Voo (initial condition);

o Up(t) + Kt - Up(t} — Fr(t) € 85,0y.8[-Ur(t)], for a.0. t€[0,T).
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Proof.

Uniqueness. Straightforward by monotonicity of the subdifferential.

Existence. Let (r”)pen be a sequence of nonnegative step functions on [0,T], converging towards r in
LY([0,T); R). By Proposition 3.1, there exists a unique solution U2 € W21{[0, Tj; R"~1} of:

o UR(0)=Uyr; UR(0)=Vyr (initial condition);

; : (1)
o URM)+ Kp-URt)y— Fr(t) 05w typ [—Ur]ryl(t)], for a.a. t € [0,7T].

Step 1. The sequences (U}),en and (U{i)ngN are Cauchy sequences in " and, then, converge towards some
limits {71 and Ug in C9.

Indeed:

lorree - opo)| + 5o - vso)] - ke [Urtee - vp6)]

(AN

- [ =) el s
12
!

)

,rn-ivp _ Tn

IA

TP — U{k(t)|.

The conclusion follows by use of Lemma A.5, p. 157 of [2].
Step 2. Ur € WLL,

Pick 0 < t1 < t; < . Multiplying differential inclusion (1) by UR(s) — U(t1) and integrating over [£;,#], we
et:

Ly ] 2 i i rm 2
S| - e[+ 5|vRE ~ URe) — ¢ - t)TRE)|
T

t
S/
Jq

where | - |k, denotes the norm on R®~! which is associated with the scalar product defined by the symmetric
positive definite matrix Kt. Using, once more, Lemma A.5, p. 157 of [2], we obtain:

ﬁ@m{%mﬂwm%mMW%>U%J®+fﬂ@@%)awum

51

ot )| < [ leiol o) 4 o] @

131

where M is some real constant, independent on t1, #2 and n. Taking the limit n — oo, we get:
. . t2
|UT(t2) - UT(t1)| < / [|FT(s)i +r(s) + M] ds,
: ‘)

which shows that U is absolutely continuous.
Step 3. Ur is a solution of the evolution problem under consideration.

Tnequality (2) gives:
1URN L € MT + [P0 + |1 Frllze < M,

where M " is a real constant independent of nn. Therefore, extracting a subsequence if necessary, the sequence
(UR)nen converges in M(|0, T); R™~1) weak-*. Its limit is necessarily Ur. Now, U2 being a solution of evolution
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problem (1), we have:
vV e CU(jo, T R™Y),
T T . T .
f ™ (s)|V (s} ds > / ()| 02 (s)| ds +f [U{i(s) 4 Ko UR(s) — FT(S)] [V(s) + Uz(s)] ds.
0 0 0 .

Thanks to the convergence properties of all the sequences involved. we can take the limit as n — oo in this
inequality. We deduce that Uz is a solution of the evolution problem under consideration. |

Proposition 3.3. Let W € R, Fy € LY[0,T];R) and Fr € L*([0,T|;R™?). Then, there exists a unigue
Ur € W3[0, T); R*™Y) such that:

o Up(0) =Uppr; Ur(0) =Vyr  (initial condition);
. ﬁT(f) + K7 -Urp(t) — Fr(t) € aS#.|FN{t)—W~UT(t)|.B[“UT(t)],- Joraa te [O,T].

Proof.
Uniqueness. If U1 and U} denote two solutions, then we have:

2 it
KT u/o‘

2B T (oo - o3 + fukeo) - o)) as,

s|Ehe - vRo| + Slode - vie

IA

W Uk(s) - W - U%(s)|.[a}(s) - U%(s)| ds,

and, therefore, UL = U2, by Gronwall’s lemma.
Existence. Let U% be the sequence of functions in W2([0, T]; R" 1) defined by:

U(t) = Ut + Var t,

and by the following induction: knowing the function UZ € W' ([0, T; R* 1), UL is the unique solution in
W2L([0, T]; R* 1), provided by Proposition 3.2, of the evolution problem:

o UZTHO)=Uyp; UFT(0)=Vor  (initial condition);

for a.a. t.

o UPVYH)+ Ko - URYHE) — Fr(t) € 88, pey-woupwle[-UET ()]
First, we get:
1 gait rn 2 1 n n 2 ‘ n n— T Tt
§|DT+1(t) - UHO|" + §|UT+1(75) — U (t)| e, < mwsfo |UR(s) — UT Y (s)-|UEY (s) — U ()| ds,  (3)

and then, by Lemma A.5, p. 157 of [2]:

Ut - Up@) < © f UF(s) - Uz (3)] ds.
0

where C is a real constant independent of ¢ and n. Reusing the argument in the proof of Propesition 3.1,
we obtain first the uniform convergence of the sequence (U} )nen, and then, coming back to inequality (3), the
uniform convergence of the sequence (Ur’r’“)ngm. Then, it can be shown, exactly as in the proof of Proposition 3.1,
that this limit provides the solution we sought. ]




66 P. BALLARD AND S. BASSEVILLE

3.2. The bilateral problem with analytic force

The aim of this section is to prove that, if the external force F' is not only integrable but analytic, then the
solution of the bilateral problem Py, provided by Proposition 3.3 is enalytic on some right-neighbourhood of
t=0.

Lemma 3.4. Let n be a positive integer, O a neighbourhood of (0,0) in R® x R, G : O — R™ an aenelytic
function and A a real square matriz of order n without any eigenvalue in N\ {0}. Then, there exist n > 0 and
an analytic function X : [0,9] — R™ which is a solution of the Cauchy problem:

. X{0)=0;
. X(t):%A-X(t)-i—G(X(t),t), Wt € )0, 1]

Moreover, any other analytic solution of this Cauchy problem is, either a restriction, or an analytic extension
of X(¥).

Proof. For the sake of clarity, the proof is presented only in the particular case n = 1. For |X{ < r and || < r,
we can write: ‘

GX. )= gy X',
i,j=0
Then, for |X| <7 and [t] < 7, set:
(o]
G 1) = D loul X*t,
C =0
and consider the Cauchy problem:

e X(0)=0

d ~ SO
. aX(fb):G(X(t),lt), vt,

that admits a unique local solution X which, moreover, is analytic (Th. 1, p. 214 of [3]). This solution can be
expanded in a power series:

[os]
X(t) = Z:Eit’:,
i=1

which converges in a neighbourhood of ¢ = (. The coefficients Z; are inductively computed by substituting the
power series expansion into the differential equation. This procedure gives, for all £ € N:

(k + DErer = Prar (F1,F2, -, B3 |95 1), (4)

where Py, is a polynomial with integer coefficients, and arguments Z;, &2,...,&; and a finite number of |g;;].
An induction argpument based on equation (4) shows that all the % are uniquely determined and satisfy in
addition:

Yk eN, Fpyq >0

Note that all the polynomials P11 have the property:

Ya>1 Vi €R, ‘Pk+1 (ady, 0’Fs, ... 0 l%’jl)} < o Prpr (&1 B2l - - |Er; |925]) - {5)
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Now, let us come back to the Cauchy problem:

e X{0)=10;

o X(t)= % AXE+G(X(1),1),
and search a solution as a formal power series;

oQ
X(t)=> ait'
1=1

Substituting this expression into the differential equation, we obtain, for all &k € N;

(k+1 - A)zgs1 = Pey1(z1, %2, .-, 555 945) - (G}
Set: .
+
—apd L >1
Atz CED

which is finite, since, by hypothesis, A is not a positive integer. By virtue of the induction equation (6), we

have, for all £ € N:
e

E+1
By induction based on property (5), we get:

|Zg41] < Pepi(lzls |z2l, - - |zl lgs)-

VkeN, |zpgr| < "M i,

which proves that the convergence radius of the power series > .., x;t% is positive and, thus, gives the desired
conclusion. -

In the case where n is arbitrary, the argument is similar, using the maximum norm on R" instead of the
absolute value; the constant e is then defined hy:

(I:?clelg{(k+l)|[(k+ 1)I—A]—1|oo} (o > 1),

where 7 is the identity matrix and {- |~ denotes the matrix norm associated with the maximum norm on R*. O

Proposition 3.5. Let Fiy : [0,T] —» R and Fr : [0,7] — R"~! be fwo analytic functions. Then, there exists
1 > 0 such that the restriction to [0, 7] of Ut € WL, provided by Proposition 8.3, is analytic.

Proof. By the assumed analyticity of functions Fy(f) and Fr(t), there exists n > 0 such that, necessarily, one
of the following three cases occurs.

Case 1. Vg1 # 0.

Case 2, Vgr =0 and Vie|O,n[; |Fr(t)— K7 -Usr| < p|Fx(t) — W - Ugrpl.

Case 3. Vpor =0 and ¥t¢& ]0,7}[, |FT(t) — K- UUTI > ,tLlFN(t) - W Ung.

Thus, we are going to prove that the conclusion is reached in any of these cases.

Case 1. V7 # 0.

Let O be an open neighbourhood of Vyr in R™™! which does not contain 0. Then, the function:

o ]Rnfl

Vi
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is analytic. Cauchy-Lipschitz’ theorem provides a solution Ut € C2([0, a[;R™™1) of the Cauchy problem:

o Up(0)=Upr; Ur(0) = Vor;

. Ur(t 7
o Un(t) + Kr- Up(t) + pl Fx(t) = W - Un?)] |UT8| = Fr(t); (7)
T
] UT(t) e (.
Now, seeking a solution of (7) as a formal power series:
UT(t) = Zz\ktk;
k=0
and substituting into (7), we have necessarily:
Ao =Upr. A=W
and then:
1 i Ve
Ao == {FT(O) — Ko - Upr — | Fn(0) - W - U0T|ﬂ} .
2 [Vor|

Replacing the term | Fi(2) — W -Ur(t)|, in (7), by & [Fx(t) — W Ur(t)] according to the sign of the first nonzero
term of the formal power series expansion of [Fx(t) — W - Up(t)], it is readily seen, by induction, that the
sequence (A, )nep 15 uniquely determined. Only two cases are possible.

FiMio
Case 1.1. ¥n € N, V—'() =W An,

in which case the solut;iog ‘of the Cauchy problem:
o Up{0)=Uor; Ur(0)= Vor;
o Ur{t) + Kr-Ur(t) = Fr(t);
o UT (t) € 01

which is analytic by Theorem 1, p. 214 of [3], has the A, as coefficients of its power series expansion at 0.
Hence, the A, are the coefficients of the power series expansion at 0 of a certain analytic function defined on a
right-neighbourhood of 0 and which solves problem (7} and therefore the Cauchy problem of Proposition 3.3.

F{“) 0 F("D)
Case 1.2. W¥n € {0,1,...,np — 1}, —Nﬁgzw-)\m and NT,(U)#‘W-)\nm
0.

in which case the analytic solution of the Cauchy problem:
o Up(0)=Upr; Ur(0) = Vor;

Urt) _
JZ36]

. (ng)
o Uplt) + Kr - Ur(t) + psen [i'a,-(”—) —w. )\nn] [FN(t) W UT(t)] Pr(t):

b [;r'f(t) € 01

is a solution of problem (7) on a right-neighbourhood of ¢ = 0 and therefore solves the Cauchy problem of
Proposition 3.3.

Case 2. Vor =0 and Yt e|0,q[, |Fr(t)— Kr-Usr| < p|Fn(t) — W -Upr|.
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In this case, it is readily checked that the constant function Ur = Upr on [0, %[ (which is analytic) provides a
solution on [0, 7{ of the Cauchy problem of Proposition 3.3.

Case 3. Vor =0 and Vte |09, Fr(t)— Krv - Usp| > p|Fn(t) — W - Uprl.
This case is the most tricky to examine. Our technigue will consist to transform problem (7) into a form on
which Lemma 3.4 applies.

By the assumed analyticity of functions Fy({#) and Fp(t), together with the hypothesis of case 3, we know
that there exist two integers ng and ny > ng such that:

FT(t) - Ko - Uyp ~ o™, ac Rl \ {U}.
Fnit) =W Ut ~ 8t™, G R\ {0},

when ¢ goes to 0 (in case where Fi(t) = W - Upr, just set »; = 400 in the sequel). Let us look for a formal’
power series solution of problem (7). It is readily checked that the first nonzero term of the formal power series
associated to Up — Upr can be written:

,-:/tﬂ0+2

where v must satisfy the equation:

(o +2)(no + 1)y + p 67 w% = a. (8)

Here, 431 denotes the Kronecker index (which equals 1, if ng = n4, and 0, otherwise). The solution of equa-
tion (8) is:
y = o —pdng 18] o
(no + 2){no + 1) o
Then, we define new unknown functions, for £ > 0, by:

=~ Ur — Upr

Urp = — et

~ [;TT

Vo= — T

(o + 2)tmot1

Hence, for ¢ > 0, the functions ff’T and 1731‘ are related by the differential equation:

d =~ 0+ 1~ -
S0 = —”“t Ur + (no + 2)(Vip + ).

Now, there remains to write the differential equation in problem (7) in terms of the new unknown functions Ut
and V. We get:

d =~ ng+1 ~ 1. o~ Fp — K¢ - Ugp p | Fn—W - Ut ~ ’}‘+‘7’F
= Vi +4) — KU ~ — W U | 2
T g Vrdq) = o K U (o + 2)twt1T — pg+ 2 tro+l N+l
which is, using definition (8) of 7, nothing but:
d ~ g + 1~ 1 o Fr — Kt -Upp — at™
—Vr=— Vp — Kp-U
e E T T T T e
w8l v p |Fn WUt TV

tnu+1

—W- ('?T[

(o +2)t ] no+2 Iy + V|
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Now, it is readily seen that the Cauchy problem:

o Up(0)=0; Vp(0)=0;

d ~ +1= -
o« 2Un= =TTk (no+2)(y+ Vi)
d ¢ rot+ 1y 1 = Fy — Ko -Upp — at™
g - Dotly T
¢ dt T t t TL[)+2KT Ur + (n0+2)tn0+1
pone |8l v B =W-Uor o 5| a+¥e
T no+1 - VT T
(nn-!—?}t |"f| g + 2 t 1’Y+VT|

has a unique formal power series solution. Let sign equal —1 or +1 according to the sign of the first nonzero
term in the formal power series expansion of:

Frx — W - Uyp — " W - U
It is easily checked that, in the particular case ny = np, we have:
sign = sgn (),
50 that the function & defined by:

'Y+‘7T

Fr—Kr-Ugr—at™  pdia |8l v psign [Fv—W-Uop
|v + V|

(g + 2)0HL o+t ] mo+2| et

G (U, Vi, t) = ~W-Ur

is analvtic on some neighbourhood of (0,0,0). Then, Lemma 3.4 provides a local analytic solution (fj"[‘-_. I711) of
the problem:

o Up(0)=0; V{0)=0;

d -~ +1- -
* 3 T:_not Ut + (ro + 2) (v + V)

d~  no+le 1 L

—Vi— — - . Vip, t).
. e 7 Vr n0+2KT UT—|-G(UT, T.)

Setting:
Up(t) = Usr + Mo t1Tp(e),
the function L1 is analytic on a right-neighbourhood of 0 and:

Ur(t) = (ng + 2)8™ ' (v + Vr(2)).

Rewinding the argument, it is readily seen that U is a solution of problem (7) and therefore, of the evolution
problem of Proposition 3.3. 0

4. THE UNILATERAL PROBLEM WITH ANALYTIC FORCE

4.1. Existence of a local analytic solution

The result announced in the title of this section is the following.
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Theorem 4.1. Let F : [0,T] — R™ be an analytic function. Then, there exist T, > 0 and analytic functions
Ua 1 [0,Ta] = B® and Run [0, T — B, solulion of the problem:

o U,(0)=Upy U,(0) = Vp;

d U—aN + kNU'aN +W- UaT = FN + RaN: £n [U:Ta[;

o Uyr+ Ky -Upp + WU,y — Fr € BS—;LRaN.B[—UvaT]t in [0, T4[;

b4 UaN S 0: RaN S 01 UaNRaN =0.
Moreover, any other analytic solution of this evolution problem is, either a restriction, or an analytic extension
of this solution.

Proof. If we do not have Upn = Voyn = 0, Theorem 4.1 is obvious, so we concentrate on the case Uy = Von = 0.
Denoting by:

o0
Flt)y=Y_fa
i=0
the power series expansion of F' at t = 0, we shall look for a formal power series solution given hy:

oo oo
U, = Zuitl, Ry = Z’."itz.
i=2 =0

The first terms of these two formal series must satisfy:

o 2uoy = fon + 7o
e un <0, 79<0, wugnrp=0.

This system determines uniquely the couple (uan, 7). If this couple does not vanish, we stop. Otherwise, we
continue the induction until, perhaps, a couple (1¢;2yn, 7:) becomes distinct from (0, 0}. At rank ¢, the problem
to be solved is:

o i(i+ Dugyryr + Erugoyr + Wy = fa—nT;

o (i+1)(i+ 2N + kntan + W wp = fi + 74

e ugion <0, <0, ugponri =0,
The two following cases have to be considered.
Case 1. The induction does not stop because all the couples (t(; 42y, r:)} vanish.
Then, Theorem 1, p. 214 of {3] provides an analytic solution u, : [0, T,] — R™ of the problem:

o U (0)=Uy; Ua({)) = Vp;
o U, +K-U,=F, 0T

This solution, associated with the choice K,y = 0 provides the sought analytic solution of the evolution problem
under consideration.

Case 2. The induction stops at rank ng because w(py42yw < 0.

Then, Theorem 1, p. 214 of [3] provides an analytic solution U, : [0, T,[ — R™ of the problem:

o UL(0)=Up: Ua(0) = Vp;
e U+ K U, =F in[0,T,].
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Restricting. if necessary, the time interval on which I/, is defined, we have:
Vi € ]O:Tﬂ.[: UaN(t) < 03

and this solution, associated with the choice R,y = 0 provides the sought analytic selution of the evolution
problem under consideration.

Case 3. The induction stops at rank ng because r,,, < 0.

Propositions 3.3 and 3.5 provide an analytic solution U, : [0, Ta] — R™~? of the problem:

o Upr(0)=0; Uur(0)=0;
o Uor(t) + Ko - Usp(t) — Pr(t) € 88, men)-wooos [~ Uer()]. VL [0, T4
Restricting, if necessary, the time interval on which U, is defined, we have:
Vee |0, Ta], W Uar(t) — Fu(t) <0,
and this function, associated with the choices:
-UaNzO, Ron =W -Uar — Fu,

provides the sought analvtic solution of the evolution problem under consideration.

The uniqueness part of the theorem comes from the fact that the induction (finite or infinite) determines the
status (active contact or not) of the system on a right-neighbourhood of t = 0, and uniqueness at fixed status
holds either by virtue of Theorem 1, p. 214 of [3], or by virtue of Propositions 3.3 and 3.5. a
4.2, Local uniqueness for the unilateral problem with analytic force

The result announced in the title of this section is the following.

Theorem 4.2. Let FF: [0, T] — R™ be an analytic function, U, : [0,T.] — R”, the local enalytic solution of
problem P, provided by Theorem 4.1 and U & MMA([0, T]; R™), en arbitrary solution of problem P,. Then, U,
and U are identicolly equal on some right-neighbourhood of t = 0:

Ir <7, vteln, T, U.(8) = U{t).

Proof.
Step 1. For all t € [0, T, the following estimate holds:

¢
|UF — Uar|(6) + |Uz — Uar| (%) ECI‘/[. ]lRNfRaN|+CQ./ |Un = Uanl,
0.t 0

for some real constants €4 and Cs depending only on X and .
We start with:

Ur = Usr + Kt - (Ur = Uaz) + (Un — Uan) W = Rr — Rar.
We multiply by Ut — U, and integrate over [0,t]. The Coulomb friction law gives:

[ (A=) @ <O < [ (= R (105 [,
[0,t] [0,%]

<[ |Bw - Rl - Uil
[0,
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Moreover: ) )
[ Ot = 510 0 - 5lVeel,

(by use of [9], p. 44), which leads to:
/m.t](ﬁ’f — Uer) - (U - Uur) 2 305 - D8
Putting everything together, we get, for all ¢ € [0,7,][:
S0 = Ve 0) + 5|0 = Dharl 2 () < u»f[w]|RN - R0 = ] + 191 [ o = il = T
Then, Lemma A.5, p. 157 of [2] gives the estimate we looked for:
U~ Uar|(#) + |Ur — Uar| (1) < M\/E/[D!t]WN — Ran| + IW[\/§/:|UN — Uanl-
Step 2. For all £ € [0,T,], the following estimate holds:

t i
IU§—UaNI(tHIUN—UaNI(t)scsf |UT—UW|+04/|RaN|=
0 0

for some real constants C3 et Cy depending only on K.

We start with:

Un — Uwn + kn(Un — Uan) + W (Up — Upr) = By — Ran.
We multiply by (U§ + UI\T /2 — Uan and integrate over [0,%]. We get:

0~ D0+ 2 U —an [ () = [0 Ry Ra) (U54057) 2 Ve~ /ﬂ (TF U)W (U Uaz). (9)

But, note the two following remarks.
{1} Restricting, if necessary, the time interval we work on:

RN L‘IaN > 01

because, if Upy < 0, then Ry must vanish on a right neighbourhood of ¢ = 0, and, if Uyy = 0, then the
nonpositive analytic function U,y must be nonincreasing on a right neighbourhood of £ = 0.
{2} The measure defined by:

Ru(U§ +Ug) <0,
is nonpositive. Indeed, let I be the countable subset of [0, 7] of those instants £ at which the normal
velocity is discontinuous: Uy (£) # Ug (t). On [0, 7]\ D, the measure Ryn(U3 + Uy) equals Ryl
which is nonpositive, thanks to the unilateral contact condition (actually, the measure Ey D[\_ vanishes
identically on [0,T]\ D). Moreover, at each instant t € D, the measure Rn{Uy + Uy) has an atom
given by:
2 =2 2 S
UR = o5]" = (= )[ug] =0,
thanks to the equation of motion and the impact law.
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Taking these two remarks into account in (9), we obtain:

t
[ ](RN—RaN)((U§+U§)/2—UaN) < —f Ran (U = Uan),
0.¢ 0
and then:
1 L - 2 kN ) . L ot . t . .
31 UN = Uan| () + 57| U ~ Uan} (t)s|wlf |Ur — U |US ~ aN|+/ | Rane||UR = Usan]-
0 ¢}

Lemima A.5, p. 157 of [2] allows us to obtain the desired estimate:

. . kn 41 ¢ Fn+1 t
05 = T () + [ = U] ) < 2 |Wl\/§/ [V — Usr] + 2 ﬁ/ |Ran].
N o N 0
Step 3. For all ¢ € [0, T,], the following estimate holds:
R "‘ t t t
/{ ]|RN — Ran| < |UF = Uan|(t) + Cs/ |Un — Uan| +Cﬁf |Ur — Uar| + 2/ |Ran|,
o,t 0 0 0

for some real constants Cy and (s depending only on K.

Since Ry is a nonpositive measure:

¢
/ |RN—RaN|S—/ RN+/ | Ran |-
0,4 0.1] Jo

Also, we have;

t
—[ By = - (Un — Uan) — / kn(Un — Uan) + W - (Up — Uar) + Ran,
[0,¢] [0,¢] Q

IA

- - t i i
IU§—Um|(t)+kN[ |UN—UaN|+iws/ |UT—UaT|+/ | Rux.
0 ] Q

Putting everything together, we get the estimate that we looked for, with C5 = ky and Cp = |W|.
Step 4. For all ¢ € [0, T,[, the following estimate holds:

4
I0F ~ O () + |Ur — Uar|(8) < o] )
Q

for some real constant C' depending only on K, & and T,

Putting together steps 1, 2 and 3, the function:

def

&(t) = |UF — Upp|(t) + |Ur — Uar| ()

satisfies the estimate:

4 t
¢(t)sc7f ¢+Osf | Rax|.
0 0
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for some real constants C7 et Cg depending only on K, u and T,. By Gronwall’s lemma, we get:

t t E]
() < Cs f |Rax| + C2Cs f e7=?) / | Ran,
Q 0 0
t
< Gy (1+C7Ta€C7T")/ | Rax|
0

which is the estimate that we sought.
Step 5. Conclusion.

The function R,n being analytic, only the two following cases are possible.

(1) Ryn = 0. In such a case, step 4 gives Up = Uyt and step 2, Un = U,n. The sought conclusion holds
true.

(2) ¥t €]0,T,], Ran(t) < 0. Then, the function U,y vanishes identically. Since the uniqueness of solution
has already been proved for the bilateral problem, it is enough to prove Uy = 0 to reach the desired
conclusion. So, let us concentrate on this goal. Taking T, smaller, if necessary, we have:

: £
WL, ~Rant) - CIW] [ |Run] >0
0

Multiplying the equation:
Un + knUn = Ry — Ran — W+ (Ur — Uar),

by (U + Ug)/2 and integrating over [0, ¢], we obtain:

1. kn Ut +0U3
§[U;,f|2(z:)+?‘_‘|UN|2(t):/ Ry YN

1
/ (Ra + W - (Ur — Usz)) U
{0,t] 2 0

Since Rn(Uy + Uy) is a nonpositive measure, we have:
t .
f (Rax + W - (Ur — Uaz)) U < 0.
0
Applying an integration by parts, we get:
t
(Ra.N + W (UT - UaT))UN < / (Ra.N +W- (U; - Ua,T))UN’

0

and, therefore, by step 4:

0< {|RaN|(t>—0|W|[:|RaN|}|UN|(t) < /0*{|RaN|(s)+c|W|/DWRaN|}|UN1<s).

Denoting by m € N the order of the first nonzero term in the power series expansion at 0 of the analytic

function K.y, we get the estimate:

m 4+ Dt
t

Ve ]0.Tl,  |fan|(t) < | Ras| (1),
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for some nonnegative real constant D. We deduce that the following estimate holds:

™m + Dt

vt e 0,7,

A i
Rax(t) + W) / |Rax|| <
a

¢
]IRaNI —cw| / | Rant] |,
i

for some nonnegative real constant D. Substituting this estimate into the previous inequality, we get:

tp(t) < (m+ Dt)/ﬂ .

where we have set:

w(t)déf{lRaNl( C’|W|/|R }|UN|

which is a continuous function, even at ¢ = { (more precisely ¢{¢) = 0(t™) when ¢ — 0). Then, we see

that:
d (e Dt gt
Vit L, — by <),
€10, Ta| dt{ pre /Dv} !

which implies that this nonnegative function which vanishes at £ = 0 is nonincreasing. Therefore:

P =40,

and, then:
UN = 0,
which is nothing but the desired conclusion. O

4.3. Well-posedness of the unilateral problem with analytic force

Corollary 4.3. If F': [0,T] — R™ is analytic (or piecewise analytic), then, problem P, admits o unique solution
in MMA([0, T]; R").

Proof. Using the local existence of solution for problem P, provided by Theorem 4.1, and the loeal uniqueness
in MMA, provided by Theorem 4.2, we get a maximal solution I/ which is defined either on a subinterval [0, 7],
for some 5 € ]0,T), or on [0,T}]. We have to prove that it is defined on [0,7]. To reach this conclusion, it is
enough to prove that, if the maxirnal solution were defined only on a subinterval [0, %[, then, the total variation
of the right-velocity U over [0, 7| is finite, for, in such a case, it would be possible to extend I/ beyond [0, ]
and obtain a contradiction. So, suppose that the maximal solution is only defined on [0, 7[.

First, we have already noticed that RN(UIQ*-,' + Ug ) is a nonpositive measure, thanks to the contact condition,
the equation of motion and the impact law. Also, by the Coulomb friction law, Rr- Uqf is a nonpositive measure.
Let D be the countable subset of those instants ¢t € [0, at which the tangential velocity is discontinuous:
Uf(t) # Ug (). On [0,5[\ D, the measure Ry - (I/F + U5 ) equals Ry - U, which is nonpositive. At each instant
t € D, making use of the equation of motion together with the Coulomb friction law, it is readily checked
that the measure Ry - (U + Uz ) has a negative atom. Finally, R - (U + U/} is a nonnegative measure. So.
multiplying the equation of motion:

U+K-U=F+R,

by (U* 4+ U)/2, and integrating over ]0,4] (¢ € 10,7[). we get the energy inequality:

1o 1 1 1 t -
5|U*|2(t)+§|U|i<(t)g§[Vc.i2+§|U0|§(+/ F U+,
0
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Applying Lemma A.5, p. 157 of [2):
_ T
[UH|(8) < |Un| g + Vo +/ |F),
0

we find that the right-velocity Ut is bounded over the interval [0,7]. Next, integrating the first component of
the equation of motion over [0,¢] (£ € ]0,7[), we get:

t t
/ Ry =Uf{t) — Vin +/ (knUn + W - Ur) */ Iy,
[01t] 0 a

which, since the right-velocity I/ is bounded over [0, 7] and since Ry is a nonpositive measure, shows:

/ | Ry| < oc.
(0.n

|Rer| < plBxl,

[ |l <o.
J{o,n|

Coming back to the equation of motion, we obtain:

/ 7] < oo,
[0,71

which 15 the desired conclusion. O

But, Coulomb friction law implies:

and therefore:
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Frictional contact problems for
thin elastic structures and
weak solutions of sweeping process

Patrick BALLARD

Abstract

The linearized equilibrium equations for straight elastic strings, beams,
membranes or plates do not couple tangential and normal components.
In the quasi-static evolution occurring above a fixed rigid obstacle with
Coulomb dry friction, the normal displacement is governed by a variational
inequality whereas the tangential displacement is seen to obey a sweeping
process, the theory of which was extensively developed by Moreau in the
70s. In some cases, the underlying moving convex set has bounded retraction
and, in these cases, the sweeping process can be solved by directly applying
Moreau’s results. However, in many other cases, the bounded retraction con-
dition is not fulfilled and this is seen to be connected to the possible event
of moving velocity discontinuities. In such a case, there are no strong solu-
tions and we have to cope with weak solutions of the underlying sweeping
process.

1. Motivation and outline

1.1. Background

The frictionless equilibrium of linearly elastic strings and beams (or
membranes and plates) above a fixed rigid obstacle provides an archetypical
example of variational inequality, the theory of which was extensively devel-
oped in the seventies. This paper deals with the situation where Coulomb
dry friction between the elastic structure and the obstacle should be as-
sumed to occur in addition. More specifically, it is proposed to focus here
on cases where the linearized equilibrium equation can be used and consider
the quasi-static evolution problem given by the usual Coulomb friction law.
Surprisingly, this seems to be the first time this class of problems has been
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investigated. One specific (and comfortable) feature of these problems is
the fact that the linearized equilibrium equations do not couple the normal
and tangential components of the displacement. The problem that governs
the normal displacement is therefore the same as that arising in the fric-
tionless situation, that is a variational inequality at every instant. Solving
this variational inequality at every instant gives the normal component of
the reaction force exerted by the obstacle and therefore gives the threshold
for the friction law, which generally depends on the time and the position.
The evolution problem that governs the tangential displacement is shown
to provide an archetypical example of sweeping process in a Hilbert space,
the theory of which was developed in the seventies by Moreau [10] with a
view to applying it to elastoplastic systems.

The fact fact the linearized equilibrium equations do not couple the
normal and tangential components of the displacement give to the situation
under consideration some similarity with perfect plasticity. And, the moving
tangential velocity discontinuities that will be exhibited in this paper should
certainly be brought aside the velocity discontinuities that are well known
to spontaneously occur in perfect plasticity [11].

This uncoupling is a specific feature of the straight thin elastic struc-
tures that are the only ones considered in this paper. The situation is rather
different in the more usual situation where a massive elastic body is con-
sidered. Indeed, in that case, the linearized equilibrium equations couple
normal and tangential components so that monotonicity is lost. This raises
important mathematical difficulties in the analysis. An existence result for
the corresponding evolution problem (quasi-static contact problem in linear
elasticity with Coulomb friction) was obtained only in 2000 by Andersson
[2] using the approach developped in the pioneering work of Jarusek [7].
Very few is known about uniqueness, but the lack of monotony makes the
situation tricky [3]. For a recent survey on the analysis of frictional contact
problems for massive bodies, the reader is referred to [6].

1.2. The basic evolution problem

Let us consider a straight elastic string which is uniformly tensed in
its reference configuration, and an orthonormal basis (e, e,) with e, cho-
sen along the direction of the string. A fixed rigid obstacle is described
by the function y = ¥ (x). The string is loaded with a given body force
f ez + ge, and displacements uf) e, + vf e,, u} e, + v} e, are prescribed at
extremeties x = 0,1. Let ue, + ve, denote the displacement field in the
string and r e; + se, denote the reaction force exerted by the obstacle on
the string. Assuming that the linearized equilibrium equations can be used,
the quasi-static evolution of that string above the obstacle with unilateral
contact condition and Coulomb dry friction during the time interval [to, T
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is governed by:

u'+ f+r=0, in 10, 1[ x [to, T,
r(d—a) + ps(la| — [a]) >0, VaeR, in ]0,1[ x [to, T],

u(0) = uf), u(l) = ul, on [to,T],

vV +g+5=0, in ]0,1[, W
v—1Y >0, s>0, s(v—1)=0, in 10,1[ x [to, T,

v(0) = v, v(l) =}, on [tg,T].

where p is the friction coefficient, which is assumed to be given.

The last three lines of system (1) govern the normal component v of the
displacement, and are not coupled with the other equations of system (1).
Therefore, at every instant, v obeys the same variational inequality as that
governing the more usual frictionless situation. Assuming that this problem
has been solved, the normal component s of the reaction is now supposed
to be given in the study of the tangential problem, that is, the first three
lines of system (1). It is necessary of course to know what regularity s can
be expected to show, and this question requires detailed analysis of the
normal problem governed by the variational inequality. As we will see, the
regularity of s is crucial to the analysis of the tangential problem.

Introducing for every t € [to, T] the closed convex subset of H'(0,1;R)
defined by:

C(t) = {ueHl | wz=0)=ul, ulz=1)=ul,

dVeH1,<”+,> <<> (@
and Vo € Hy, (u f‘PH—l,Hg—“S [ - (2)

and equipping H' with the scalar product:

1
(019) 1 = / F(@) T (2) dx + 9(0) ¥(0) + (1) (1),

taking:

B(z) = p(x) — 9(0) — z(p(1) — (0)) € Hy,
the evolution problem that governs the tangential displacement u can be
written in the following concise form:

—u(t) € 8Ic(t) [u(t)}

after eliminating the unknown reaction force r (see section 4 for details).
In this differential inclusion, I¢(;)[-] denotes the indicatrix function of C(t)
(which equals 0 at any point of C(t) and +oo elsewhere), and 0l¢)[] its
subdifferential in the sense of the above scalar product in H', that is, the
cone of all the outward normal to C(¢) (which is empty at any point not
belonging to C(t), and reduces to {0} at an interior point, if any).
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1.3. Weak solutions of sweeping process

Let H be a Hilbert space and C(t) a set-valued mapping defined on a
time interval [tp,T] and whose values are closed convex and nonempty. A
sweeping process is the evolution problem defined by:

—(t) € Oleg [u(t)], in [to, T7,
’u(to) = Uo,

with the given initial condition ug € C(to). This abstract evolution problem
was introduced and studied by Jean Jacques Moreau [10] with a view to
using it in the analysis of elastoplastic systems. In kinematic terms, C(t) is
a moving convex set and u(t) a point in that set (u(t) € C(t) since Ol []
is empty at any point which does not belong to C(t)). The evolution prob-
lem under consideration therefore has a geometrical interpretation which is
especially clear if C(¢) has a non-empty interior. Indeed, whenever u(t) is an
interior point, dIc () [u(t)] reduces to {0} and the point u(t) must remain
at rest until meeting the boundary of C(¢). It, then, proceeds in an inward
normal direction, as if it were pushed by the boundary so as to go on be-
longing to C(t). The name of “sweeping process”, which was coined by Jean
Jacques Moreau, refers to this vivid mechanical interpretation.

To discuss the existence of solutions to the sweeping process, some regu-
larity assumptions about the set-valued mapping C(t) must be made. Actu-
ally, regularity is needed only when the set retracts, thus effectively sweep-
ing the point w(t). Jean Jacques Moreau defined and extensively studied
the class of set-valued mappings C(t) with bounded retraction (see [9] or ap-
pendix A). In particular, set-valued mappings C(¢) with bounded retraction
admit a left limit C(t—), in the sense of Kuratowski (see appendix A), at
any t € Jtog, T] and a right limit C(¢+) at any ¢ € [to, T'[.

Taking an arbitrary subdivision P (finite partition into intervals of any
sort) of [tg,T] and denoting by I; the corresponding intervals (which are
indexed according to their successive order) with origin ¢; (left extrem-
ity, which does not necessarily belong to I;), one can build the piecewise
constant set-valued mapping Cp with closed convex values by using the

definition:
C(tl) if t; € I,
CP(IZ') =C;, = .

Given the initial condition ug € C(tg), the “catching-up algorithm” is based
on the inductive projections:

Uiy1 = proj (us, Cit1),
to build a step function up : [to,T] — H, defined by:
’u,p(IZ‘) = U;.

This is simply a version of the implicit Euler algorithm for ordinary dif-
ferential equations adapted to the differential inclusion involved. Assuming
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that C(t) has bounded retraction, Moreau [10] proved that the net up (P
covering all the subdivisions of [tg, T']) converges strongly in H, uniformly
ont € [to, T], towards a function u : [tg, T] — H which Moreau calls a weak
solution of the sweeping process. He then proved that this weak solution
u : [to,T] — H has bounded variation and solves the sweeping process in
the sense of “differential measures” (see [10] or appendix B). If C(t) has not
only bounded retraction, but absolutely continuous retraction, it turns out
that the weak solution w : [tg,T] — H is absolutely continuous and is a
strong solution of the sweeping process, that is:

—a(t) € Oleg [u(t)], for a. a. t € [to, T).

The quasi-static evolution of the elastic string above the rigid obstacle
when Coulomb friction is taken into account provides some natural exam-
ples of sweeping processes in the Hilbert space H = H'. Some of these
examples will be given in this paper, in cases where the underlying sweep-
ing process has bounded retraction and Moreau’s theory provides a unique
weak solution which is also a solution in the sense of differential measures.
In some of these examples, this solution turns out to be also a strong solu-
tion but this is not always the case. More interestingly, it is easy to design
an evolution problem for the elastic string where the underlying sweeping
process turns out not to have bounded retraction. Sticking to the stand-
point of the numerical computations, such examples require an extension
of the definition of weak solutions for sweeping processes to a more general
class of set-valued mappings C(t) than that of bounded retraction. Since
the catching-up algorithm requires the existence of a right limit C(¢+) in
the sense of Kuratowski, it turns out that the class of C(¢) which is suit-
able for defining weak solutions of sweeping processes in general, seems to
be the class of so-called Wijsman-regulated set-valued mappings which is
exactly the class of those C(t) with closed convex values that admit a left
limit C(¢—), in the sense of Kuratowski, at any ¢ € |to, 7] and a right limit
C(t+) at any ¢ € [to, T'[. Wijsman-regulated C(t) are also characterized by
the condition that for every x € H, the function:

t — proj[z; C(1)]

is regulated (that is, is the uniform limit of a sequence of step functions, or,
equivalently, admits a left and a right limit at every ¢). The name given to
this class of set-valued mappings originates from the fact that the class of
all closed non-empty subsets of H can be equipped with a complete metriz-
able topology called the Wijsman topology. This is the weakest topology
generated by the set functions C' — d(x, C) when z covers H (here d(z,C)
denotes the distance of the point x to the set C'). Wijsman-regulated C(t)
are exactly those set-valued mappings that are regulated in the sense de-
fined by the Wijsman topology on the class of all closed non-empty subsets
in H.

Weak solutions of sweeping processes associated with Wijsman-regulated
C(t), when they exist, are proved to enjoy the same general properties as
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those established by Moreau in the case of weak solutions of sweeping pro-
cesses based on C(t) with bounded retraction. Some examples of weak so-
lutions of sweeping processes based on Wijsman-regulated C(¢) that do not
have bounded retraction are displayed in this paper. As we will see, these
weak solutions do not necessarily have bounded variation. Examples will
also be given of sweeping processes based on Wijsman-regulated C(t) that
do not have any weak solution at all.

1.4. Frictional contact problems for the elastic string

Recalling that the tangential displacement of elastic strings obeys a
sweeping process based on the set-valued mapping (2), a sufficient condition
for C(t) to have bounded retraction is proved to be:

uf,ul € BV([tO,T];R),
feBV(to, T); H™Y), (3)
s € BV([to, T}; M).

Here, BV stands for “Bounded Variation” and M denotes the Banach space
of the Radon measures on [0, 1], that is, the topological dual of C°([0, 1]; R).
The first two lines in (3) give regularity assumptions about the data involved
in the evolution problem, but the last line refers to the regularity of the
solution of the normal problem governed by the variational inequality and
therefore can not be controlled directly. It may occur that these regularity
conditions are met and a detailed example is discussed in section 4.3. In
such a case, Moreau’s results provide a unique solution:

ue BV([to, T}; H'),

and if the regularity that is met with the data is not only that of func-
tions with “bounded variation” in time, but that of “absolutely continuous”
functions, then the same will be true of u which is a strong solution of the
sweeping process. In such a circumstance, the tangential velocity @ will be-
long to H'(0,1;R), at almost all value of t € [tg,T], and will therefore be
spatially continuous.

However, it may occur that the condition s € BV([to,T]; M) is not
fulfilled. A simple example of this occurrence is that of a string with a
reference configuration lying on a rectilinear rigid obstacle (see figure 2).
The data of the evolution problem are defined by uf = vj = v} = 0, u}
is the function which takes the value 0 at ¢ = 0 and 1 at every ¢t > 0,
and f = 6,—1/2—+, g = 0 (the body force is a “moving transverse punctual
force”). The unique solution of the normal problem is given by v = 0, which
entails s = —f. Since for all t; < t5 €]0,1][:

H5t2 _5151 = 27

I

the normal reaction s : [to,T] — M is neither a function with bounded
variation nor a continuous function. Assuming for the sake of conveniency
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that p > 2, it will still be possible to arbitrarily subdivide the time interval
[0,1/3] and to perform the successive projections of Moreau’s catching-up
algorithm. It then can be seen that the corresponding approximating step
functions up converge strongly in H', uniformly with respect to t € [0,1/3],
towards the function:

0, if0<z<1/2-t,

w(@,t) = | g 4¢—1/2

if1/2—t<ax<l.
tr1/2 [2-t<as

The graph of this function together with that of the velocity u is plotted
in figure 3. The velocity can be seen to show a moving discontinuity, and
it therefore does not belong to H' at any t. Consequently, the underlying
C(t) does not have bounded retraction. However, it is Wijsman-regulated
and the function u is a weak solution of the underlying sweeping process (in
the sense of the definition 9 in appendix B). It is worth noting that since
the velocity is discontinuous, its value at the point of the string just below
the load is not defined. One therefore cannot check if the Coulomb fric-
tion law is satisfied by the solution in the strong sense (that is, pointwise).
The picture looks like that of perfect plasticity [11] where the spontaneous
occurrence of velocity discontinuities imposes to cope with weak solutions
only. Extending Moreau’s definition of weak solutions for sweeping processes
to the case of Wijsman-regulated set-valued mappings leads to the appro-
priate definition of what should be called a weak solution of the frictional
contact problem. This definition sticks to the standpoint of computational
approximations. Another approach would consist in using a regularization
procedure. A natural regularization method which could be used in the ex-
ample under consideration would consist in “spreading out” the moving load
a little bit by performing a spatial convolution. For example, the Dirac mea-
sure at 2 can be approximated by the function taking the value 1/(2¢) at
Jx — e,z + €] and 0 elsewhere. This suffices for the underlying C.(t) to have
bounded retraction. The unique solution wu. of the corresponding sweeping
process is given explicitly in section 4.4. It can therefore be seen that u.
converges strongly in H' uniformly with respect to t € [0,1/3], towards the
previously calculated weak solution w.

1.5. Replacing the string by a beam

Replacing the string by an elastic beam in the evolution problem (1)
requires changing only the last three lines governing the normal displace-
ment v, whereas the tangential problems governed by the first three lines
remains unchanged. In particular, the equilibrium equation satisfied by v is
now an equation of order 4. The normal component s of the reaction force,
which is now obtained after solving a variational inequality associated with
the biharmonic operator, is therefore seen to be possibly a “moving Dirac
measure” even in case where all the data of the normal problem are C*° in
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space and time. This means that moving tangential velocity discontinuities
should be generically be expected to occur in the case of the beam, and
the underlying sweeping process should be expected to admit only weak
solutions even when arbitrarily smooth data are involved.

In this paper, it is proved that it suffices to require that the data:

p,D D ,D.
ug, ul, v, 07 [to, T) — R,

fag:[t07T]_>H_lu

should be regulated functions (that is, are the uniform limit of a sequence
of step functions, or, equivalently, admit a left and a right limit at every
t) to ensure that the moving set C(t) associated with the sweeping process
governing the tangential problem will be Wijsman-regulated, so as to be able
to speak about possible weak solutions. This claim which relies on regularity
analysis on the variational inequalities associated with the harmonic and
biharmonic operators, holds true for string as well as for beams.

However, these regularity assumptions are too weak to systematically en-
sure the existence of a weak solution to the underlying sweeping process. An
example is provided that shows in particular that sweeping processes based
on Wijsman-regulated set-valued mappings need not have weak solutions.
The question as to what regularity assumptions about the data should be
required to ensure the existence of a weak solution to the frictional contact
problem is left open in this paper.

2. Statement of the evolution problem for an elastic string

The orthonormal basis (e, e,) will be used here in the affine Euclidean
plane. Let us consider a string having the segment [0, 1] x {0} as its refer-
ence configuration. This configuration undergoes some homogeneous tension
Ty > 0 and is an equilibrium configuration when the string is free of body
forces.

Next, let us consider the given external body force:

fes+gey.

Taking:
Ue€y + Vey,
to denote the displacement field in the string, the linearized equations that

governs the equilibrium of the string, which is assumed to be elastic with
stiffness k, will read as follows:

k' +f =0, in 0, 1[,
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where uf e, + v} e, and ul e, + v} e, are the prescribed displacements at
both ends © =0 and z = 1.
A fixed rigid obstacle is also considered and described by the function:

y =),

The reaction force possibly exerted by this obstacle on the string will be
written:
rey + sey.

In the above expression, r and s are respectively the tangential and normal
components of the reaction force with respect to reference configuration. It
should be underlined here that, in the linearized framework that has been
adopted here, r and s cannot be distinguished in this approximation from
the tangential and normal components of the reaction force with respect to
the deformed configuration, since the difference is of higher order.

Assuming that the contact between the string and the obstacle obeys
the dry friction Coulomb law with a friction coefficient denoted by u, the
equations that govern the quasi-static evolution of the elastic string above
the obstacle read formally as follows:

kv + f+r=0, in )0, 1] x [to, T,
r(i—u) + ps(la] —[a]) >0, VaeR, in ]0,1[ x [to, T7,
u(0) = uf, u(l) = uf, on [to,T],
Tov" +g+s=0, in ]0, 1],
v—1 >0, $s>0, s(v—1)=0, in ]0,1[ X [to, T,
v(0) = vf, v(1) =}, on [tg, T].

It can be easily checked that the pointwise weak formulation of the Coulomb
law used here is equivalent to the usual pointwise formulation. It is worth
noting that the equations that govern the transverse component v of the
displacement are not coupled with the ones that govern the tangential com-
ponent.

By changing the value p of the friction coefficient, one can always sup-
pose Tp = k = 1. This choice will be made systematically in what follows.

3. Analysis of the “normal problem” for the string

The problem that governs the transverse component v of the displace-
ment will be solved first. This problem is the same as that arising in the
more usual frictionless situation. At every instant, the problem is classically
governed by a variational inequality, which is solved using standard tools
(see for example [8]). The purpose of the following theorem is to express
how the regularity of the dependance of the data on time can be transferred
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to the solution, in order to obtain some information on the regularity of the
normal component s(t) of the reaction force as it will be used as input data
in the analysis of the “tangential problem”.

Theorem 1. Let us assume that € H'(0,1;R), g : [to, T] — H~! and that
the functions vy, vy : [to, T] — R satisfy the strong compatibility condition:

: p : p
Jnt B0 >0, it of(e) > v(1), (4)

Setting:

K(t) = {p e H'(0,LR) | ¢(0) = o} (1), (1) = v} (1),
v e 0,1, @) = (@)},
there exists a unique function v : [to, T] — H*! (O, 1; R) such that:

o Vtety,T], wv(t)e K(t),
1
o VieElty,T], VYee K(), / V(¢ =) > <g,g0—U>H,1 Hi-
0 o

Moreover, if v, v} @ [to, T] — R and g : [to, T] — H™' are regulated (with
bounded variation, absolutely continuous, and Lipschitz-continuous, respec-

tively), then the same is true of the functionv : [to, T] — H*, and therefore
of the function —v" — g defis [to,T] — H~ 1.

Also, for every t € [to,T), s(t) is a positive measure with support con-
tained in [a, B] C 10,1[ (o, B independent of t), and its total mass is a

bounded function of t.

Proof.
Step 1. Existence of v(t).

For every t € [to, T, we take w(-,t) € H*(0,1;R) to denote the solution
of the linear problem:
w” +g=0, in ]0, 1,
w(0) = vf, w(l) = o,
It can be readily checked that if v, o} : [to,T] — R and g : [to, T] — H*
are regulated (with bounded variation, absolutely continuous, and Lipschitz-
continuous, respectively), then the same will be true of the function w :
[to, T] — I{1 .
Let us then proceed by changing the unknown function:

v(z,t) = v(z, t) — w(z,t).

Setting:

Kt)={peH [Yeelll, o) =v@) —w)],
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it is now required to prove the existence of a unique function @ : [tg, T] —
H} (O, 1; R), having the required regularity in time and satisfying:

o Vtc[ty,T], w(t)e K(t),

1
o Vet T, VoeR(), /@’(ap’—@’)zo.
0

For every t € [tg, T, the use of the Lions-Stampacchia theorem [8] associated
with the Poincaré inequality gives a unique v(t) € K (t).
Step 2. Properties of the function s : [to, T] — H L.

It is deduced from the variational inequality satisfied by T(t) that at
every t, the distribution s(t) = —v"(¢) is non-negative (i.e., it takes a non-
negative value at every C'°° compactly supported non-negative test func-
tion). This classically entails that the distribution s(¢) is actually a measure.

Since w is a regulated function on [tg, T] into H* C C°, given the com-
pactness of the sets {0} X [to,T], {1} X [to,T] and the conditions (4), one
can find «, 8 € ]0, 1] such that:

Ve e [0,a], Vtelto,T], ¥(x)—w(z,t) <O,

vrelp 1], VteltnT), w(z)—w(rt) <O, (5)

The support of the measure s(t) is therefore contained in [« 3.

It now remains only to be proved that the total mass of this measure
is bounded with respect to t. Take s = —7" to denote the measure s(t)
at an arbitrarily fixed t. For any compact subset K € ]0, 1], there exists a
nonnegative function £ € C§°(]0, 1[), which is identically 1 in K. For this
function:

S(K) < /5ds <€) [[7'] -

Since:
/01(5')2 - /[0711 (0~ w)ds < [[(w—w)*|| _s(supp (v —w)"),

where (z)* = max{z,0}, adopting K; = supp (¢ — w)™ gives:

[ @< -], e 17

that is:
_ +
71,0 < [0 =) Nt o

It then suffices to take Ko = [, 3] to obtain the required estimate of the
total mass of the non-negative measure s:

5(10,1]) = s(la, 81) < [[&1]] - €2 .-

(=

Lo’
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since:
)]~ < 5] + 2]+ lo®)]-. )
and since any regulated function is bounded.

Step 3. Regularity of the function : [to, T] — H} (O, 1; R).

The claimed regularity of the dependence of the solution on ¢ will be
ensured if there exists a constant C' which is independent of ¢y, ¢ € [to, T,
and such that:

[5(t2) = B(t) |1y < Cllw(tz) —w(ts)] - (6)

Taking arbitrary ¢1,t2 € [to, T] and recalling (5), we set:

¥;(Aa)
E»(z\a—l—(l— )B)
O;(AB+ (1 =)

Alih(@) —w(a,t;)]
1/)(/\oz +(1- /\)B) — w(/\oz +(1=XNg, ti),
Alw(B) = w(B,t:)],

for all A € [0,1] and i € {1,2}. The functions 1, defined in this way belong
to H} and satisfy:

192 = W1 2 < Cllewltz) = w(tn)]| e

where C is a real constant which is independent of ¢1,¢s. Moreover, the
functions 1, € H} differ from 1(-) — w(-,¢;) only at those z where 1 (x) —
w(x,t;) < 0. Also, the two functions T(t;) are concave, since their second
derivatives are non-positive measures. As they vanish at both ends, these
functions are non-negative. Therefore, the function 7(¢;) which solves the
obstacle problem associated with ¢ —w(t;), is also the solution of the obsta-
cle problem associated with ;. From the variational inequalities satisfied
by T(t1) and T(t2) respectively, it is deduced that:

1
[ v -7+ 3 -vn)] 2o,
0
1
[ v re) -5+ 3 -v) 2o
0
Taking the sum of these two inequalities, we obtain:

/01 [ﬁl(h) _ﬁl(tl)}2 < ‘/01 [ﬁ’(tQ) _5/(t1)} [E; _E,ly

and therefore reach the desired conclusion (6) by Cauchy-Schwarz inequality.



Frictional contact of thin elastic structures 13
4. Analysis of the “tangential problem”

4.1. Structure of the evolution problem

Once the transverse problem has been solved, the function s : [to, T] —
M becomes part of the input data in the study on the tangential problem.
It is now proposed to examine the structure of the corresponding evolution
problem.

After eliminating the unknown r, the problem now consists in finding
w: [to, T] — H?' such that:

o u(z,t=0)=up(x),
o u(x=0,t)=uy(t), ulz=1,t)=

u
o« Veelip+H, (W fe-i), s (ps el - ll)

H-1,H}

For ¢ € H'(0,1;R), set:

The isomorphism:
{ H' - H} xR xR

@ — (B, 0(0), (1))

together with the Poincaré inequality can then be used to endow H' with
the scalar product defined by:

1
(019)i = [ @7 @t o0 00) +eMu).  (7)
Let us consider the function ¢ : H' — R defined by:
o) = (uslel), . = (£7), ., —uhel0) —ube(l).

This definition is meaningful since it was noted in the proof of theorem 1
that supp s C [«, 8] C ]0, 1[. The function @ is clearly convex and continuous
on H'. With these notations, the evolution inequality can be rewritten as
follows:

Vo € HY,
(w2 =), —u(0)(9(0) = (0)) — u(L)((1) — (1)
< B(p) - B(i),
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that is, since u” = u’:

Vo e H,

1
- [T =)~ w0 (6(0) = i0) = un) (o) ~ (1)
< O(p) — (1),
which, in terms of the subdifferential of the function @, simply amounts to:
—u(t) € 0D [u(t)],

where the subdifferential is understood in the sense of the scalar product (7).
Since @ is positively homogeneous of degree 1, the conjugate function @*
is the indicatrix (in the sense of convex analysis) function of some closed
convex set —C(t). It can then be easily calculated that:

C(t) = {u €eH'|VpeH', /0 '@+ u(0)p(0) +u(1)p(1) + &(p) > 0},

z{ueHl‘u(x=O):u8, u(x =1) = ul,

and Vi € Hé’ <u'/+f, S0>H—1 HY < <M87|@|>H*1 H1}7
4o 2710

and the problem to be solved is equivalent to that of finding u : [to, T] — H*
such that:

o u(ty) = ug,

o —ut) € Oleg [u(t)], for a.a. t € [to, T},
where the subdifferential should be understood with respect to the scalar

product (7). The tangential problem therefore obeys a sweeping process (see
appendix B) in the Hilbert space H!.

4.2. Existence and uniqueness of strong solutions

In this section, it is established that the sweeping process that governs
the tangential problem can be solved, in some restrictive circumstances,
using the results obtained by Moreau (cf [10] or appendix B).

Theorem 2. Let f,s : [to,T] — H™', and u,u} : [to,T] — R. Let us
assume that for everyt € [to, T], s(t) is a nonnegative measure with support
contained in some fized compact interval [, 8] C 10, 1], and let us consider
the set-valued mapping defined by:

)= {uem [ue=0)=uf. ule=1) =k,

L OO WL ) S
1710

2110
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Some initial condition ug € C(0) is also given.

If the functions ub,uy : [to,T] — R, f: [to,T] — H™', s : [to,T] —
M have bounded variation and are right-continuous at everyt € [to, T,
then the set-valued mapping C(t) has bounded retraction, and there exists
a unique weak solution u € BV([tg, T]; H') of the sweeping process based
on C(t) which agrees with the initial condition ug. This weak solution is
also the unique solution in the sense of “differential measures”, which is
right-continuous at every t € [to, T'| (see appendiz B).

If, in addition, the functions uf,uy : [to,T] = R, f: [to,T] — H™!, s:
[to, T] — M are absolutely continuous (respectively Lipschitz-continuous),
then the set-valued mapping C(t) has absolutely continuous (respectively
Lipschitz-continuous) retraction, the solutionu : [to, T| — H?' is absolutely
continuous (respectively Lipschitz- continuous) and is the unique strong so-
lution of the sweeping process in the sense:

e u(to) = uo,
o —u(t) € Al [u(t)], for a.a. t € [to, T).

Proof. Taking e(-,-) to denote the “excess” (see Appendix A) associated
with the scalar product (7) on H'!, in order to prove all the claims about
the retraction of C(t), it suffices to prove that, at all ¢; <ty € [to, T]:

e(C(t1),C(t2)) < C{}Ug(h) —ug(ty)| + [uf (t2) — u} (1)
17(t2) = £ s+ sta) — st}

for some real constant independent of ¢, to. We take w; (i = 1,2) to denote
the unique solution in H' of the linear problem:

’LU;/ + f(tl) =0,
w;i(0) = ug (L),

w;(1) = uf (),

Si = ,US(tl), and

Ci={ueH Vo e HY, (u',0) s m < (50190 gor i }-
so that, according to these notations:

Since the “excess” obeys a triangle inequality (see proposition 2 in Ap-
pendix A):
e(C(t1),C(t2)) < [lwz — wi|| 42 + €(C1,Ca).

The desired inequality will therefore be proved provided:

e(C1,C) <C||s2— Sl”/vl’
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that is, arbitrarily chosing some ; € C;:
4(0.0) < CJsa = 51
or:

it [ =)0 < C s = s )

Since u; € C1, W, is a measure with support contained in [a, 3] and we take
To to denote the unique function in H} such that:

Ty = inf{sup{ﬂ’{, 0}, 52} + sup{inf{ﬂ'{, 0}, —52},

where the “inf” and “sup” should be understood with respect to the partial
order in the space of measures. From:

—s9 <} < 89,
we get Ty € Ca, and:
—|s2 — s1| < v —u] < |s2 — s,
gives:
=/ —/!

‘Uo_ul

Since the imbedding of M in H~! is continuous (in dimension one):

—/! —I!
H ‘Uo — U

- =], < =il = =
M M M M

[ =]l 2 < Cllsz =51l upo

for a constant C' which is independent of Ty and w;. The desired conclu-
sion (8) has now been reached.

Theorem 2 is now a straightforward consequence of Moreau’s results
(theorems 8 and 10) as regards the solvability of sweeping processes based
on set-valued mappings with bounded retraction.

4.8. An example of an explicit solution

Let us consider the case of the evolution of a string above a fixed rigid
wedge-shaped obstacle.

At instant ¢ = 0, the middle of the string undergoes grazing contact
with the top of the obstacle. Between instants t = 0 and t = 1, a “vertical”
displacement of amplitude y = —1/4 is imposed on both ends of the string.
Then, between instants t = 1 and ¢t = 2, a right “horizontal” displacement of
the extremities of the string is prescribed at a constant speed (see figure 1).
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Fig. 1. Elastic string in frictional contact with a wedge-shaped obstacle.

More specifically, this amounts to studying the quasi-static evolution
problem for the string associated with the data: ¢(x) = —|z — 1/2|, and:

t

ub(t) =0, Bt =1,
‘ pour 0 <t <1,

ul(t):()v 'U1(t):_17

t—1 1

ug(t):Tv ’Ug(t):_17
P 1 pour 1 <t <2,

ul(t):Tv ’Ul(t):_zv

It is easily checked that the unique solution of this evolution problem is
given by:

U(x,t)=—§‘$ b u(z,t) =0,
S—t(szzl/g, ’f':O,
at 0 <t <1,
1 1 t—1 1
v(x,t)=—§|x—§|, u(z,t) = 5 ‘1—5‘,
5= 0p—1/2, r=(1—1) 6,12,

1 1
u(x,t) = Z(t—l—,u) +%‘x—§‘,

5= 51:1/2, r=—K 51:1/2,

at 1+ pu <t < 2. Thanks to theorem 2, the underlying set-valued mapping
C(t) has absolutely continuous (and even Lipschitz-continuous) retraction,
and u is a strong solution of the underlying sweeping process.

Since dry friction is rate-independent, it is natural to attempt to concen-
trate the episodes of motion prescribed on extremities of the string during
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the isolated instants ¢t = 0, 1. Setting uf(0) = u}(0) = v (0) = v}(0) = 0,
this amounts to considering the following data:

1
ug(t) =0, ’U(I))(t) = Ty
1 for 0 <t <1,
ulf(t) =0, ’U{)(t) = 1
1 1
ug(t):Z, ’Ug(t):_z,
1 1 for1 <t<2.
ulf(t) = Zv ’U{)(t) = _Zv
The motion of the string is now given by:
1 1
’U(I7t):—5117—2, U(I7t): )
S_am—l/Qv T_Oa
at 0 <t < 1, and then, in the case where y < 1, by:
1 1 1 1
v(x,t)=—§’x—§’, u(x,t)=§‘x—§,
s = 51:1/27 r= —51:1/27

at 1 <t <2, and, in the case where p > 1, by:

1 1 [ 1
=1, u(:v,t)—z(l—u)+§‘£v—§

§= 51:1/27 r=—u 51:1/27

)

for 1 < ¢ < 2. In this situation, the moving set C(t) moves only by transla-
tion, but this translation involves two steps. The set-valued mapping C(t)
has right-continuous retraction, the retraction is no longer absolutely con-
tinuous, and the function u is a solution of the sweeping process only in the
sense of differential measures (see definition 10).

4.4. Another example that eludes the theory

Let us consider the example of a string tightly stretched just above a
rigid rectilinear ground. First, a punctual downward force of unit amplitude
is applied to the middle of the string. Assuming that the friction coefficient
is large (greater than 2), a right displacement of unit amplitude is prescribed
on the right extremity of the string. The punctual force then starts to move
to the left at a constant speed (see figure 2).

More specifically, this amounts to studying the quasi-static evolution
problem for the string associated with the following data: ¢y = 0, uff = v =
v) = 0 and uf} is the function which takes the value 0 at ¢t = 0 and 1 at

every t > 0. In addition, the body force:

f = 5m:1/2—t7
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<~

©)

Fig. 2. Frictional contact between an elastic string and a rigid floor.

has to be taken into account. The unique solution of the transverse problem
is given by v = 0, which entails s = —f. Since at all t; < t5 €]0,1][:

1062 = 0 [ 1 =2

|62, — 5t1||H,1 =Vt —t1\/1 = (t2 — 1),

we have the following regularity for s:

)

s ¢ BV ([0,1/3]; M), s ¢ BV([0,1/3;H 1),
s ¢ C°([0,1/3; M), s€C([0,1/3; H ).

This regularity is not sufficiently strong to be able to use theorem 2 to solve
the underlying sweeping process by means of Moreau’s results. However, it
is still possible to consider subdividing of [tg, T, performing the successive
projections of the catching-up algorithm, and then attempting to take a
limit as the size of the largest interval of the subdivision tends to zero. In the
example under consideration, strong convergence in H', occurring uniformly
with respect to time, is obtained, giving the following weak solution (in line
with definition 9) of the sweeping process:

0, if 0<xz<1/2—1t,

w(@,t) =| g 4¢—1/2

if1/2—t<ax<l.
tr1/2 [2-t<as

However, the associated velocity:

0, if 0<x<1/2—1,
’ll(.%‘,t)z 1—=x

 _if12—t<az<],
(t+1/2)2

shows spatial discontinuity just below the load (see figure 3). Therefore, this
weak solution does not belong to BV ([0,1/3]; H'), and the underlying set-
valued mapping C(¢) cannot have bounded retraction in the Hilbert space
H' (see theorem 8). Note, incidentally, that the value of the velocity just
below the load is not defined, so that pointwise formulation of the Coulomb
law cannot be checked in this problem.
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Fig. 3. Longitudinal displacement and velocity at the initial instant as well as
at some later instant (dashed lines).

The concept of the weak solution corresponds to subdividing the time
interval and introducing the discrete locations of the load associated with
the subdivisions. Another way of proceeding would be to “spread” out the
load a little bit, by means of a spatial convolution with an approximation
of the identity. This is enough to make the underlying set-valued mapping
have absolutely continuous (and even Lipschitz-continuous) retraction, and
thus to ensure the existence of a strong solution, with a spatially continuous
velocity field, in particular. This naturally raises the question as to the exis-
tence of a limit, as the regularization tends to indentity and the possibility
that this limit may coincide with the weak solution, that is the limit of the
solutions of the time-discretized problems.

As an example, let us look at the load, which is homogeneous over the
spatial interval [1/2 —¢ —£,1/2 — ¢t 4+ €], and of amplitude 1/(2¢), where
0 < e < 1/6. It can be easily confirmed that the strong solution of the
underlying sweeping process is:

0, it 0 <z <uz(t),

2 . 1
us(a,t) = | 1= (o —2-()”, o) Sz<s—t+e,
1 1

1+ﬂ(§—t+s—xs(t))(x—1), if - —t+e<o<l

where:

1 2 4e 1 1
z(t)=1— (§+t—a) +;€ §—t—s,§—t+s.

It is worth noting in this example that u. converges towards u as € tends
to 0, in a strong sense: strong convergence in H ', uniformly with respect to
te0,1/3].
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The solution u. provides an explanation of a surprising feature of the
solution u of the non-regularized problem: although the friction coefficient
chosen was large enough to prevent any slipping, the elastic energy asso-
ciated with u decreases with respect to time. This fact can be explained
as follows. The solution u. of the regularized problem always shows some
slipping, and it can be checked that the accumulated dissipation (the time
integral of the power of the friction force) tends, ase — 0, not towards zero,
but towards some finite value. It is therefore logical that the weak solution
u of the “limit” problem should keep some memory of this dissipation, al-
though showing no slippig itself.

4.5. Weak solutions

In this section, it is proved, after adopting some fairly general regularity
hypotheses about the data involved in the frictional problem, that the set-
valued mapping of the underlying sweeping process is Wijsman-regulated.
This enables us to state the problem of the possible existence of a weak
solution of the frictional contact problem. However, the question of existence
of such a weak solution is left open at the moment.

More specifically, it is proposed to prove that the regularity obtained for
the function s(t) by solving the normal problem yields a Wijsman-regulated
set-valued mapping C(t).

Proposition 1. Let f,s : [to,T] — H™', as well as uf,u} : [to,T] — R.
Let us assume that for every t € [to,T], s(t) is a non-negative measure
having a support which is contained in a fized compact intervd [a, ] C 10, 1],
and a total mass bounded independently of t. Let us consider the set-valued
mapping defined by:

Ct) = {uEHl |u(z =0) =uf, u(z=1)=ul,

dse, (ene), <o),
and Vo € Hy U+fsaH717Hé_uS|w| e

If the functions f,s : [to,T] — H~', ub,ul : [to,T] — R are regulated,
then the set-valued mapping C(t) is Wijsman-regulated.

Proof. As in the proof of theorem 2, w(t) is defined as the unique solution
(at fixed t) of the linear problem:

w” + f(t) =0,
w(0) = ug(t),

and:

1
é(t):{uEHé | Vo € H, / u' ' < (s(t), lel) s Hl}'
0 o
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According to these notations:

C(t) ={w(t)} +C(t).

It should be clear that if the three functions f : [to, 7] — H ™!, ub,u} :
[to,T] — R are regulated, then the same will be true of the function w :
[to,T] — H*'. Setting:

1
Cn—{’UJGH(} ‘V@EHola / u/gﬁ’§<5n7|@|>H11H%}v
0

1
c- {u enj|voen, [y |¢|>H17Hé},
0

(where s, and s are non-negative measures with their support in [« 3],
having a total mass which is bounded independently of n) and taking into
account theorem 4, it is now necessary to prove that if the sequence (s,,)
converges strongly towards s in H 1, then lim, ., C, = C, in the sense of
Kuratowski.

Choosing u € limsup,,_, ., C, arbitrarily, there exists a subsequence of
(sn), which is still denoted by (s,), and a sequence (u,) in Hg such that
(u!,) converges strongly towards v/ in L? and:

1
Voe ), weN, [ e < (omlelby
0

If n tends to infinity, it can be seen that v € C, and, hence limsup,, ... C,, C
C.

Now let us take arbitrary u € C. Noting that u” is a measure with
support in [«, 3], set:

u = inf{sup{ﬂ”, 0}, sn} + sup{inf{ﬂ”, 0}, —sn},

where the infimum and supremum should be understood in terms of the
partial ordering in the space of measures. As:

—//
—Sn S un S Sn,

we obtain %,, € C,. Now, remember that a sequence (f,,) in the dual space
X' of a Banach space X converges weakly-star towards f if and only if || f,,]|
is bounded, and if (f,,z) — (f,z) for every z in a dense subset of X (see
[13], theorem 10, p.125). Since the total mass of s,, is bounded and since the
restrictions of functions in H{ to the interval [, 8] are dense in C%([a, 3]),
it is deduced that the strong convergence of s,, towards s in H ! entails the
weak-star convergence of s, towards s in M([a, §]). From the definition of
W in terms of u € C, then we have the weak-star convergence of u!/ towards
u” in M([e, 8]). First, this entails pointwise convergence almost everywhere
of u, towards @', and then, by dominated convergence, strong convergence
in L? of ), towards @'. Hence, u € liminf,,_, Cy.
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Upon combining all these elements, we obtain:

limsupC,, C C C liminfC,,

n— o0 n—00

which is the conclusion we were looking for.

5. Replacing the string by a beam

Let us consider a straight beam, which is simply supported at both ends,
and has as its initial configuration the segment [0, 1] x {0}. The linearized
equations that govern the equilibrium of the beam, which is assumed to be
elastic, read as follows:

ku" + f =0, dans ]0,1[,
w0) =ug,  u(l)=ul,
1" —g=0, dans ]0, 1],

v(0) = vf, v(1) =},

where the traction stiffness k and the flexion stiffness [ will equal 1 in what
follows by choosing appropriately the unit, and uf e, + v e, and u} e, +
v} e, are the prescribed displacements at extremeties = 0 and z = 1,
respectively.

The equations governing the quasi-static evolution of the beam above
a fixed rigid obstacle of equation y = ¢ (z) with Coulomb dry friction of
coefficient denoted by u, can be written as follows:

u'+ f+r=0, dans 0,1 x [to, T,
r(a—a) +ps(la] —[a]) >0, VaeR, dans ]0,1] x [to, T7,
u(0) = uf, u(l) = uf, sur [to, T,

V" —g—5=0, dans ]0, 1],

v—1Y >0, s>0, 8(0—1/))50, dans 10, 1[ x [to, T,
v(0) = v, v(l) =}, sur [to, T,

v”(0) =v"(1) =0, sur [to, T).

The equations governing the normal component v of the displacement are
still uncoupled with those governing the tangential component.
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5.1. Another example

It could seem at first sight that the case of the beam brings nothing more
compared to the case of the string, except that the order of the differential
operator in the variational inequality that governs the normal displacement
is 4 instead of 2, whereas the problems governing the tangential displace-
ment remains formally the same in both cases.

This is true, but the fact that the operator governing the normal dis-
placement is now of order 4 has has some important effects. In particular,
one can expect the solutions of the underlying sweeping process be be weak
solutions, even when arbitrarily smooth data are available. This can be con-

A

Fig. 4. Frictional contact of a simply supported beam.

firmed by analysing the problem with the geometry shown in figure 4. In
the initial configuration, the beam undergoes grazing contact with a smooth
obstacle. The amplitude of the force is made to increase gradually with time
t. It can easily be checked that the contact zone in the solution reduces to
a single point provided the amplitude of the force is small enough, and that
this punctual contact zone is associated with a point on the obstacle that
moves to the left of the figure with time. Consequently, the normal reaction
s is a Dirac measure whose support moves with time as in the example given
in figure 2. This fact will be true even in cases where the external force is
“spread out” a little bit so as to be as smooth as desired. Therefore, one
cannot expect to obtain:

¥ BV([to,T];M),
by requiring the data to be smooth. The tangential problem will therefore

generally have only weak solutions, even with smooth data.

5.2. About weak solutions

In this section, the regularity that can be expected to occur with the
function s(t), and therefore with the set-valued mapping C(t) will be anal-
ysed in the case of beams, where the variational inequality is associated
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with the biharmonic operator instead of the harmonic one. It is worth not-
ing that under the same regularity assumptions about the data, the function
s(t) shows the same regularity here as in theorem 1. This is stated in the
following theorem, in which brings together several regularity results are
combined that are known for variational inequalities associated with the
biharmonic operator.

Once theorem 3 has been proved, proposition 1 ensures that the un-
derlying set-valued mapping C(t) is Wijsman-regulated, provided the data
f,9:[to, T] — H™1, ub,vb, ul v} : [to, T] — R are regulated functions.

Theorem 3. Let us assume that € H3(0,1;R), g : [to, T] — H~! and that
the functions vy, vy : [to, T] — R satisfy the strong compatibility condition:

inf oP(t 0 inf oP(t 1).
%ﬁﬂ%m>¢m, mmﬂmm>¢m

Setting:

K(t) = {u € H2(0,1;R)

8(0) =vg(t),  o(1) =vi (1),
v €]0,1[, (@) = (o)},
then there exists a unique function v : [tg, T| — H? (O, 1;R) such that:

o Vtel[ty,T], v(t)e K(t),
1
o Vtelty,T], VveK(t), /0 o (8" = ") > <g,17 - ’U>H*1,Hé.

Moreover, if v§, v} : [to,T] — R and g : [to,T] — H~! are requlated, then,

the same will be true of the function v : [to, T] — H?, and therefore, of the

function """ — g def s [to, T] — H~L.

Also, for every t € [to,T), s(t) is a non-negative measure with support
contained in [a, 3] C 0,1 (o, B are independent of t), whose total mass is
a bounded function of t.

Proof. This additional regularity (H?® instead of H?) shown by the solu-
tions of the obstacle problem associated with the biharmonic operator is
a well-known fact. Here we reproduce the proof by penalization displayed
in [8], p.270 (the reader will find there the bibliography references on the
subject), because it can readily be transposed to higher space dimensions
and in particular, to the case of the plate. To prove that the mapping
v @ [to,T] — H? thus defined, is regulated, we shall use the fact that a
mapping with values in a complete metric space is regulated if and only if
it admits a left limit and a right limit at every point. Thus, the problem
is made to focus on the stability of the solution to the biharmonic obstacle
problem with respect to the data. This stability problem was studied by
Adams [1], whose results are very similar to those needed here. Our method
of proof is on very similar lines to those used in [1].
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Step 1. Existence and uniqueness of the function v : [to, T] — H?.
At every t € [tg, T], we take w(-,t) € H?(0,1;R) to denote the solution
of the linear problem:

w" —g=0, dans ]0, 1],

It should be clear that actually, w(-,t) € H3(0,1;R) and that the linear
mapping:
{ RxRxH'— H?

(05 (), 07 (8), 9(1)) = w(t)

is continuous. In particular, if the data are regulated functions of the variable
t, then the same will be true of the function w : [tg,T] — H?3. Next, we
proceed with changing the unknown function:

v(z,t) = v(z, t) — w(z,t),
and set:
K(t) = {U € HLNH? |V e0,1], () > d(x) — w(t, x)},
By the Lions-Stampacchia theorem, there exists a unique (t) € K (t) such
that: )
Vi € K(t), /0 v (0" —v") >0, 9)

provided that the bilinear form (v, w) — fol v w" is coercive on the Hilbert
space H} N H? equipped with the norm:

oll gz = A/ IV'11E, + 0711,

Take v € H0 N H? C C'. There exists zg €10, 1] such that v'(x¢) = 0. We

obtain:
[ ( )] . 2 'UI U/I < 2 /2 //2
1 1
/O v'? <2 /O v'"?, (10)

(this is in fact the desired coerciveness) and therefore, the existence of a
unique T(t) € K(t) solving the variational inequality.

It is now proposed to prove that it is always possible to reduce the
problem to the case where the obstacle is described by a function which
vanishes at the extremities # = 0, 1. The function 1 (x) will be constructed

which entails:
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as in the proof of theorem 1. Since w : [tg,T] — H? is regulated, by the
conditions pertaining in (4), one can find «, 8 € 0, 1[ such that:

Vo e [0,a], Vtelty,T], ¥(z)—w(z,t) <O,

Ve e [8,1], Vtelto,T], ¥(z)—w(zt) <O0.

The function v(x,t) can then be defined by:
(A, t) = [)\3 —3\% 4+ 3)\} [z/J(a) — w(a,t)]
- [A?’ —3A% 4 2)\] [w’( ) — }

+ [N =222 ] [0 (e) - ‘92 ., )}7
E()\a—l—(l—)\)ﬁ,t):w()\a—i—(l—)\)ﬁ)—w()\a—i—(l— )6,1),
BB+ (1= A),t) = [v —3A2 4 :u] [¢(5) - w(g,t)}

_ [AS 302 4 2)\] [w’(ﬁ) - a—w(ﬁ, t)} (1-5)

+ [A?’ —2)? +A] [w”(ﬁ) ~ o (ﬁ t)]%a

for every A € [0, 1]. It can be readily checked that ¥(t) € Hi N H? and that:

POl s < Cllv = w®]] (11)

for a real constant C' which depends only on o and 8 (and is therefore inde-
pendent of ¢ and w(t)). Moreover, 7" is convex and vanishes at extremities
x = 0,1. It is therefore non-positive, and v(¢) is a concave function of x.
Hence, it is non-negative. Since the function (-, t) differs from (-) —w(-, t)
only at those values of x where the latter is negative, this entails that T,
which solves the obstacle problem associated with v — w, also solves the
obstacle problem associated with ).

Step 2. H? regularity of the solution at every instant.

In step 2, an arbitrary ¢ in [tg, T is fixed once for all.
—/11!

Defineg =1 € H~! to be able to proceed with changing the unknown
function:
5 =70 - Ea

so that, setting:

K = {@eﬂgmﬂz‘ |V e0,1], i(x) zo},
one obtains T € K and:

_ 1
Vo e K, / 7 (0 -7") > <§, b — %> .
0 H~1,Hj
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As in [8], p.270, for every £ > 0, the penalized function p. is defined as
the unique solution in H2(0,1;R) of the linear boundary problem:

pe —epl =T, in 10, 1],
p:(0) = p(1) = 0.
It can be readily seen that:

e p. € H*0,1;R),
e p/(0)=pl(1)=0.

Moreover, if p.(x¢) = miny 1) p. for some zo € ]0, 1], then pZ(x¢) > 0, and
therefore p.(zg) > v(x) > 0. This entails:

Ve >0, p.€K.

But, for all v € K

1 1
[ [P,

Applying this inequality to the case ¥ = p., one gets:

1
/111 — /!
/O PPl = <g,pa>H717Hé-

But § = —G’ for some G € L? and one obtains:

/ " p/al > / Gp/l/
/ //I / Gp///

1P o < NGl 2 = 7] -

By Poincaré inequality:

that is:

and as a result:

P21l 2 < C P2 s

for a constant C' independent of e. Recalling p. € H} N H? and inequal-
ity (10), one gets:

Ve >0, |[pefl s < Clfall -1 (12)

for a constant C' independent of ¢, as well as of g. This inequality gives
||p ||L2 <C ||gHH 1, first, and ||p5 —v||L2 < Ce HgHH 1, then, which shows
that p. tends towards ¥ strongly in L2, as € tends to 0+. Also, by virtue
of (12), there exists a subsequence converging weakly in H3. Since weak
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convergence in H? is in particular strong convergence in L2, the limit must
be T, which therefore belongs to H3.

Step 3. Regularity of the dependance of the solution on time.

Since a function with values in a complete metric space is regulated if
and only if it admits a left limit and a right limit at every point, it suffices
to prove the following stability result:

Jm ol =0 =l o] =0
where U (respectively T,,) is the solution of inequality (9) involving the data
w (respectively wy, ).

The proof of this stability result is largely inspired by Adams’ technique
[1].

Denote s, = ©!)"" (respectively s = ©"""). These distributions are non-
negative (that is, they take non-negative values at every C*° test-function
with compact support), and they are therefore some measures. A double
integration by parts yields:

1 1 1
/(U"—ﬁ;;f:/ (5—Un)d(s—sn)§/ (wn —w) d(s = s,),

0 0 0
1) — wy, on supp s, (T =1 —w on supp s) and T, > ¥ — w, on

[0,1] (T > % —w on [0, 1]). This entails:

lim ||7 -7, ,. =0, (13)

n—-+o0o

provided the total mass of the nonnegative measure s,, = v,/ is bounded

independently of n. To prove this, take [«, 5] C |0, 1] such that ¢ — w,, <0
on 10, 1]\ [, B]. Since ©,, > 0, supp s, C [a, B]. Moreover, for every compact
set K € 10, 1], one can find a non-negative function £ € C§°(]0,1[), which
equals 1 identically on K. This entails:

al8) < [ €ds < €] 72
Since:
1
[ @ = [ @ wn)dsa < (0= wn)|_su(supp (6 - w,)").
0 [0,1] Lee
where (z)* = max{z,0}, the choice K = supp (¢ — w,)" gives:

PR [ I

that is:
[l < || = wa) || llF] e
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It then suffices to set K = [o, 8] to obtain the desired estimate of the total
mass of the non-negative measure sy:

sn(10,1)) = sn(lev B]) < [l&7 ] €2 2
Next, from inequalities (11) and (12):

ol s < €.

-w)| - 9

for some real constant C' independent of n. Consequently, there exists a
subsequence of (,,) converging weakly in H®. But in view of (13), this
weak limit must be v. Recalling that the weak topology of a closed ball in a
separable Hilbert space is metrizable, and that a sequence with values in a
compact metric space having a unique cluster value must converge towards
it, it can be deduced that the whole sequence v,, converges weakly towards v
in H3. It is now proposed to prove that this convergence is actually strong.

One has: . , L
/O (v;;’ - v’”) = —/0 (6;; - E”) (dsn - ds).

But, since 7/, (0) =7”(0) = 0 and the sequence v,, converges weakly towards
¥ in H3, the sequence ¥/, — ¥’ must converge pointwise towards 0 and be
bounded by a constant C' which is independent of z and n. By Egoroff’s

theorem, there exists a measurable subset M of [0, 1] such that the sequence

vl — 7" converges towards 0 uniformly on [0, 1]\ M, where s(M) is as small

as desired. Thus:
/[O 1]\M|_” = 7"|(dsn +ds) < [s([o, 1]) + s ([0, 1])] ,

which is controlled by estimate (14). Moreover:

[ 1= s+ ) < [l e + 197 ] [sC00) + 50 0]
Since ||vl|| L= is bounded, the desired conclusion will be reached as soon as:

lim sn(M) = S(M),

n—-+4oo

has been proved. But, it is suffices to establish that for all functions & €
C§°(]0,1[), one has:

lim &ds, = &ds.
n—=+o0 Jl0,1] 10,1[

[ edn=- /5—”’

this is a consequence of the weak convergence in H* of 7,, towards .

And, since:
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6. Existence of weak solutions and related open problems

The following example is presented to show that with the regularity that
was proved above of the friction threshold s (theorem 1 and 3), there may
exist no weak solution to the frictional quasi-static problem. Incidentally,
this example shows that a sweeping process associated with an arbitrary
Wijsman-regulated set-valued mapping needs not have any weak solution.

Example. Let us consider the initial condition defined by ug(z) = 1—2]x —
1/2] with x € ]0, 1[. The displacements prescribed at the extremities, as well
as the body forces are assumed to vanish identically uff = v} =0, f = 0.
Assuming that the friction coefficient is larger than 2 in order to prevent any
slipping, the measure s(t) will be assumed to be a “moving Dirac measure”
dp(+) at position z = p(t). The position p(t) will be an oscillating function
around x = 1/2, which is continuous but shows unbounded variation. To
define the function p(t), take a sequence v, in ]0,1/4[ converging towards
0, such that > ja, = oc. Then set:

p(0) =1/2,

1/24 (=1)"2°" oy, [t — 1/2°" 2| if t € [1/220F2 1/22nH1]
pt) =

1/2 4 (—1)"2>" oy, |t — 1/2°" if t € [1/227F1 1/221] .

It can be readily checked that the support of the measure d,,(;) is contained in
[1/4,3/4], its total mass equals 1, and 8,y € C°([0,1]; H~'). From propo-
sition 1, it follows that the set-valued mapping C(t) associated with the
underlying sweeping process is Wijsman-regulated.

Next, set:
612 ifte0,1/22],

sn(t) =

s(t) ifte [1/22,1],

so that the sweeping process based on the associated C,,(t) admits a weak
solution w,(t), which can be explicitly computed. It can easily be checked
that, for all m < n:

V> Va € [0, 1] 0< (t)<3ﬁ L2\’
—22777,’ X 5 Ly =S Un (T, =9 L. 1+2ak .
This estimate entails:
lim u,(t) =0,

at all ¢ € ]0,1]. If we go back to the sweeping process based on C(t), and
taking up(t) to denote the piecewise constant function associated with a
given subdivision P by use of the catching-up algorithm, it can be readily
checked that the net up(t) converges pointwise towards the function:

Ug lft:(),

ult) = 0 ifte]o,1].
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The convergence cannot be uniform on [0, 1], because otherwise, the limit
would be right-continuous at 0, in view of proposition 11. The sweeping
process based on C(t), which was found above to be Wijsman-regulated,
therefore does not have any weak solution in the sense of definition 9.

It might seem that pointwise convergence of the net up(t) could be al-
lowed by weakening the definition of a weak solution. However, one can
model a rigid motion of a segment C(t) in R? such that C(t) is Wijsman-
regulated and the corresponding net up(t) does not converge even point-
wise. Our definition 9 of weak solutions of sweeping processes by Wijsman-
regulated set-valued mapping therefore seems to be appropriate. However,
since a weak solution does not necessarily exist, some problems still remain
to be solved.

Open problem 1. Find regularity assumptions about s(¢) compatible with
a “moving Dirac measure”, where the existence of a weak solution to the
underlying sweeping process could be proved. Of course, the regularity as-
sumptions will have to be weak enough to be ensured by requiring that the
data involved in the “normal problem” show some regularity.

Open problem 2. In cases where regularizing s(¢) by performing spatial
convolution with a mollifier gives a set-valued mapping C(t) with bounded
retraction, is it true that the corresponding solutions of the associated
sweeping processes converge uniformly with ¢ towards a limit ? If so and
a weak solution of the sweeping process based on C(t) does exist, are both
limits necessarily equal ?

Open problem 3. In cases where the sweeping process based on C(t) ad-
mits a weak solution u(t), is it true that 4 is a function of bounded variation
of x at every t ?
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Appendix A: set-valued mappings that are of bounded retraction
or Wijsman-regulated

Let E be an arbitrary metric space whose distance function is denoted
by d.
Definition 1. The ezcess of a subset A of E over a subset B is defined as:

e(A,B) = sup inf d(a,b),

where the supremum should be understood with respect to the order on
[0, +00], so that:

VB € P(E), e(@,B) =0,
VA e P(E)\ {2}, e(4,9)=+o.

The Hausdorff “distance” between the two subsets A and B of E is defined
by:
h(A, B) = max{e(A, B),e(B,A)} € [0, +oc].

A key fact, which is recalled in the following proposition, is that the
excess gives rise to a triangular inequality.

Proposition 2. For all A, B,C C E, we have:
(i) e(A,B)=0 <<= AC
(ii) h(A,B)=0 <= A=
(iii) e(A,C)<e(A, B)+e(B,C),
(iv) h(A,C)<h(A,B)+ h(B,C).

B,
B,

The class of all non-empty closed bounded subsets of E equipped with
the Hausdorff distance is a metric space. Hence, the Hausdorfl distance
defines a notion of limit for sequences C,, : N — P(E) of subsets of E.

Definition 2. A sequence C), : N — P(E) of subsets of E will be said to
converge in the sense of Hausdorff towards a closed subset L C F if:

lim h(Cy, L) =0.

n—oo
In practice, convergence in the sense of Hausdorff is often too strong as
seen in the following example.

Example. In Euclidean R?, let us consider the sequence Cy, : N — P(R?)
defined by:

2 a?
Cn - 5 R > )
{ener|yz 21
and take IT™ to denote the closed half-space y > 0. As:
vn € N, h(Cn,UJr) = 400,

the sequence C,, does not converge in the sense of Hausdorff towards ITT.
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Definition 3. Let C,, : N — P(E) be a sequence of subsets of E. The two
closed sets (possibly empty) defined by:

)

liminf C), = {x € E | limsupd(z,Cy) = 0}

n—oo n— o0

limsup C), = {x € E | liminfd(z,C,) = 0},
Nn—00 n— oo
always satisfy:
liminf C,, C limsup C,.
n—00 n— o0
When these two sets equal a set L (necessarily closed), it will be said that
the sequence C, converges in the sense of Kuratowski towards L, which will
be written:
lim C, = L.
n—oo
Definition 4. A sequence C), : N — P(E) of subsets of E will be said to
converge in the sense of Wijgsman towards a closed set L C E if:
Vee B, lim d(z,C,)=d(z,L).
n—oo
The interest of convergence in the sense of Wijsman is that it is induced
by a natural topology in the class of all nonempty closed subsets of E: the
weak topology generated by the family of functions d(x,-), when a covers
FE, which is called Wijsman’s topology.

Theorem 4 (Beer, [4]). Let (E,d) be a complete separable metric space,
then the class of nonempty closed subsets of E equipped with Wijsman’s
topology is separable, and there is a complete metric compatible with the

topology.

A link between convergence in the sense of Hausdorff and convergence
in the sense of Kuratowski is provided by the following proposition (a proof
of which can be found in [9]).

Proposition 3. Let C,, : N — P(E) be a sequence of subsets of E, and L
a closed set. If Cy, converges towards L in the sense of Hausdorff, then C,
converges towards L in the sense of Kuratowski:

lim h(C,,L)=0 = lim C, = L.

n—oo

If all the C,, are contained in a fized compact set K C E (Yn €N, C,, C K),
then the converse is true.

A link between convergence in the sense of Kuratowski and convergence
in the sense of Wijsman is provided by the following proposition.

Proposition 4. Let C,, : N — P(E) be a sequence of subsets of E, and L
a closed set. If C,, converges towards L in the sense of Wijsman, then C,
will converge towards L in the sense of Kuratowski.
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Proof. This is a straightforward consequence of the following two simple
statements:

Vee E, d(z,L)>limsupd(z,C,) = L CliminfC,,

Vee E, d(z, L)<liminfd(z,C,) = L D limsupC,.

Definition 5 (Moreau, [9]). A set-valued mapping C : [to,T] — P(E)
will be said to have bounded retraction if:
ret (Cto,T) def supz e(C(tiz1),C(t;)) < oo,
i=1
where the supremum is taken over all the finite sequences tg < t; <ty <
-+ <t, =T. The function t — ret (C; to,t) thus defined is non-decreasing.

Theorem 5 (Moreau, [9]). Let C : [to, T] — P(E) be a set-valued map-
ping with bounded retraction. Then, C(t) admits a left limit C(t—) in the
sense of Kuratowski at every t € |to,T], and a right limit C(t+), at every
te [to, T[

Definition 6. A set-valued mapping C : [tg,T] — P(E) will be said to
have absolutely continuous retraction if, for all € > 0, some n > 0 can be
found such that for all finite collection |o;, 7;[ C [to, T] of non-overlapping
open intervals, the following statement:

d(ri—oi)<n = Ze(C(Ui),C(Ti))q,

3

holds true, and to show Lipschitz-continuous retraction if there exists L > 0
such that:
Vs <t e fto,T], e(C(s),C(t)) <L(t—s).

The following proposition accounts for the terminology used here.

Proposition 5 (Moreau, [9]). Let C : [to,T] — P(E) be a set-valued
mapping. The following two claims are then equivalent.

(i) C has absolutely continuous (respectively Lipschitz-continuous) retrac-
tion.

(i) C' has bounded retraction and the non-decreasing real-valued function
T — ret(C;to, T) is absolutely continuous (resp. Lipschitz-continuous).

On similar lines, we have the following proposition.

Proposition 6 (Moreau, [9]). Let C : [to,T] — P(E) be a set-valued
mapping with bounded retraction. The following three claims are then equiv-
alent.

(i) C has right-continuous retraction att € [to, T (i.e., the real-valued func-
tion T +— ret (C;to, T) is right-continuous at t).
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(ii) TILT+6(O(t), C(r)) =0.
(iii) C(t) C C(t+).

Classically, a function f : [tg,T] — FE is said to be regulated if there is a
sequence of step functions converging towards f uniformly with regard to
t € [to, T]. In the specific case where the metric space is complete, a function
f :[to,T] — E is regulated if and only if it admits a left limit f(t—) at every
t € Jto,T] and a right limit f(¢+) at every ¢ € [to, T'[.

Definition 7. A set-valued mapping C : [to,T] — P(F) with non-empty
closed values, will be said to be Wijsman-regulated, if it is regulated as a
mapping with values in the class of nonempty closed subsets of E equipped
with Wijsman’s topology.

In what follows, only the specific case where the metric space (E,d) is
a separable Hilbert space H will be considered. The scalar product will be
denoted by (-|-), the norm by || - || and the closed ball with center ¢ and
radius r by B(c, r). The notation C(H) will stand for the class consisting of
the non-empty closed convex subsets of H.

Theorem 6. Let C,, : N — C(H) be a sequence of nonempty closed convex
subsets of H. If this sequence has a non-empty limit L in the sense of
Kuratowski, then L is convex, and the following statement holds true:

Ve € H, lim proj [:C,C’n] = proj [:C,L].
Proof. Fix x € H arbitrary and set:
T, = Proj [:Z?, Cn]v
[ = proj [a:,L].

It has to be proved that the sequence (z,,) converges strongly towards [. Let
¢ € L be arbitrary. The definition of lim,,—.~, C,, (convergence in the sense
of Kuratowski) gives:

1
m+1

VmeN, 3INem €N, Vn>Nep, d(c,Cp)< (15)
Setting ¢ = [, m = 0, and removing finitely many terms of the sequence if
necessary, we obtain:

d(l,Cp) < 1.

Hence, the sequence (x,,) takes values in the closed ball having center x
and radius 1 + 2||l — z||. Therefore, a subsequence, still denoted by (),
converges weakly towards [ € B(z, 1+ 2|l — z]|).

Next, fix ¢ € L et m € N arbitrarily. From statement (15), we can find
N € N such that:

by,
VYn >N, 3b, € B(0,1), c+ e C,.
m
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With n > N, we obtain:

(x—xn

(w—xn‘c—xn)<

b,
C+ _xn>§07
m+1

and, therefore:
14 2|l — x|
m+1
Taking the infimum limit n — oo in this inequality, one obtains:

7 - 2 142\l —z
(a:—l | c) — (33 |l)—|—hnni1oréfon|| < —mEl
and therefore:
= ~ 1+ |1 =z
YmeN, Vecel, (a:—l | C_Z)HSTH’

which gives:
[=1,

because of the uniqueness of the projection of a point onto a closed convex
subset of a Hilbert space. Reminding that the weak topology in a closed ball
of a separable Hilbert space is metrizable, and that a sequence in a compact
metric space that has a unique cluster value converges towards it, it has
been actually proved that the whole sequence converges weakly towards [
(with no need to extract any subsequences).

Finally, since ||z — x| = d(z, C,,), setting ¢ = [ in statement (15) gives:

1

VmeN, AN, €N, Vn>Np, |z—z.|<|z—1]+—=,
m+1

and therefore:

limsupH:E — an < Hx —1
n—oo

)

which suffices to ensure that the weak convergence of the sequence (z,,) is
actually a strong convergence.

Corollary 1. Let C,, : N — C(H) be a sequence of non-empty closed con-
vex subsets of H, and L € C(H). The following three statements are then
equivalent.

(i) lim C,, = L,
(ii) gx :H 113;0 d(z,Cy) =d(z, L),
(ii)  VxeH, :113;0 proj [z, Cy| = proj [z, L].
Proof. The identity:
d(z, Cy) = d(x,proj [w,Cn]),

gives (iii) = (ii), proposition 4, (ii) = (i), and finally, theorem 6 is exactly

(i) = (iii).
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In particular, with sequences of non-empty closed convex subsets in a
separable Hilbert space, convergence in the sense of Kuratowski and in the
sense of Wijsman is the same. In the specific case of finite-dimensional
Hilbert spaces, this fact was first proved by Wijsman in 1966 (see [12]) for
sequences of non-empty closed subsets which are not necessarily convex.
Corollary 1 is simply a particular case of more general extensions of Wijs-
man’s theorem to infinite dimensions which were reviewed in [5] in 1994.
The aim of the following example is to show that in an infinite-dimensional
Hilbert space, the additional assumption of convexity cannot be relaxed.

Example. Take e, to denote the vectors of the canonical basis of 12. For
all n € N, set:

C, = {Qeo,en}, L= {260}.
It can be readily checked that:

lim C, =L,

n—oo

but:
d(0,C,) =1,  d(0,L) =2.

Proposition 7. Let C : [to, T] — C(H) be an arbitrary set-valued mapping
with non-empty closed convexr values. The following three statements are
then equivalent.

(i) C is Wijsman-regulated.
(i) C' admits a non-empty left limit in the sense of Kuratowski (notation
C(t—)) at every t € Jto, T| and a non-empty right limit (notation C(t+))
at every t € [to, T
(#ii) For all x € H, the mapping:

{WHHH

t — proj [z, C(t)]
is regulated.
Proof. This is straightforward consequence of theorem 4 and corollary 1.

We are now able to list some classes of Wijsman-regulated set-valued
mappings.

Proposition 8. Let C': [ty,T] — C(H) a set-valued mapping with bounded
retraction the values C(t) of which are non-empty closed convex, at allt €

[to, T]. Then C is Wijsman-regulated.

Proof. This is straightforward consequence of theorem 5 and proposition 7.
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Hence, in the case of set-valued mappings with non-empty closed convex
values in a Hilbert space, the class consisting of the Wijsman-regulated
set-valued mappings contains that consisting of the set-valued mappings
with bounded retraction. Another important class of Wijsman-regulated
set-valued mappings is that of those set-valued mappings that are regulated
in the sense of Hausdorff distance.

Theorem 7. A set-valued mapping C : [to,T] — C(H) is said to be reg-
ulated in the sense of the Hausdorff distance if there exists a sequence
Cy : [to,T] — P(H) of piecewise constant set-valued mappings such that
the sequence of real-valued functionst — h(Cy(t), C(t)) converges uniformly
towards 0.

Any set-valued mapping C : [to,T| — C(H) which is regulated in the
sense of the Hausdorff distance is Wijsman-regulated. Moreover, in those
cases where the values of C' are contained in a fired compact subset K C H
(Vt € [to,T], C(t) C K), then the converse is true.

Proof.

Necessary condition.

Let us consider a set-valued mapping C : [to,T] — C(H) which is regulated
in the sense of the Hausdorff distance. Based on proposition 7, the conclusion
targeted will be reached if at an arbitrary ¢ € [to, T, it can be proved that
liminf, ., C(7) # @ and liminf, ., C(7) = limsup,_,,, C(7).

e First let us prove that the infimum limit is non-empty. There exists a
piecewise constant set-valued mapping C,,, such that:

Vt € [to,T], h(Ch,(t),C(1)) < %

and a finite collection {ax} of elements of H such that all the Cy,(t)
contain at least one of the ay. Let B be a closed ball with center ag
and a radius larger than 2 plus the maximum of the distance from ag
to one of the ay. Then, for all n € N, there exists a piecewise constant
set-valued mapping C,, : [to, T] — P(H) such that:

vt € [to, T, h(Cu(t),C(t)) < , and BNC,(t) # 2.

n+1

This entails:

vneN, dx,€eB, dn,>0,
1
n+1

vreltt+ml, d(zn,C(r)) <

One can then extract a subsequence, which is still written (), that
converges weakly towards [ € B. It is now proposed to prove that:

I € liminf C(7),

T—1t+
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that is:
Tllglﬁ»d(l, C’(T)) =0.

Fix m € N. Based on Mazur’s theorem, there exists a convex combina-
tion ¢, of the x,, such that d(l, ¢,,) < 1/(m+1). Since all the z,, in that
convex combination can be chosen with arbitrarily large ranks, one can
assume:

1

37’]>0, VTe]t,t+n[, d(fEn,C(T)) < m——H,

for all the x,, in that convex combination. In addition, the convexity of
C(7) + B(0,1/(m + 1)) entails:

1

t,t d my 4
vreltenl, den ) < ——

and the conclusion targeted is reached, since: d(I,C(7)) < d(l,¢m) +
d(em, C(T)).

e It still remains to be proved that the infimum limit equals the supremum
limit. Let h € limsup,_,,, C(7), and € > 0. Since C(t) is regulated in
the sense of Hausdorff distance, one can find a set C,,, C H and a real
number n > 0 such that:

vrelt,t+nl, h(Cn,C(1)) < %
Since h € limsup,_,;, C(7),
3 et t+q, d(h,C(F)) < %

Therefore, for all 7 € Jt,t + 7],
d(h, C(T)) < d(h7 C(T/)) + h(C(T/), Cm) + h(Cm, C(T)) <eg,
which proves that h € liminf, ;4 C(7).

Sufficient condition.

Let C(t) be a Wijsman-regulated set-valued mapping with values contained
in a fixed compact set. By using of both propositions 7 and 3, this set-valued
mapping admits left and right limits in the sense of Hausdorff at every t.
Therefore, chosing n € N and ¢ € [to, T] arbitrarily, one obtains:

Vroelt —mn,t], h(C’(T),C(t—)) <1/(n+1),

dne > 0,
vrelt.t+mn, h(C(r),C(t+)) <1/(n+1).

From the open sets |t — n;, t + n,[ defining a covering of the compact [tg, T,
a finite subcovering defined by tg < t; < to < --- < t,, =T can be extracted.
Let us define a piecewise constant set-valued mapping C,, by:

Vi, Cn(t) =C(t), et ¥i, Vreltiit, cn(T)zc(#)
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From this definition, for all 7 € |¢;_1,¢;[, one obtains:

h(cn (T)a O(T))

< h(C(T)a O(tl_)) + h(c(ti_)a On(tz_)) + h(Cn(ti_)v Cn(T))v

1 1
- 410=
<n—|—1+n—|—1+ n+1

)

which shows that C(¢) is regulated in the sense of the Hausdorff distance.

Corollary 2. Every set-valued mapping C : [to,T] — C(H) which is con-
tinuous in the sense of the Hausdorff distance:

Ve>0, 3In>0, Vrelt—nt+nl, h(C(r),Ct) <e,
is Wigsman-regulated.

Another class of Wijsman-regulated set-valued mappings is provided by
the class of non-increasing set-valued mappings with non-empty closed con-
vex values.

Proposition 9. Let C : [to,T] — C(H) be a set-valued mapping with non-
empty closed convex values, which is assumed to be non-increasing in the
sense:

Vi1, ta € [to, T1, t1 <ty = C(t2) C C(ty).

Then C(t) is Wijsman-regulated.

Proof. It can be readily checked that:

limsup C(7) C ﬂ C(7) C liminf C(7),

T—1— T—t—

limsup C(1) C U C(r) C Hmiﬂfc(ﬂ’

T—t+
which shows that C' admits the left and right limits:

Ct—)= (] cm),

TE[to,t]

cit+) = |J cm),

T€t,T)

which are non-empty since they contain C(T'). Proposition 7 now yields the
conclusion targeted.
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Appendix B: weak solutions of sweeping processes

In this appendix, H is a separable Hilbert space, and all the set-valued
mappings C': [tg, T| — C(H) will be assumed to take only non-empty closed
convex values.

Given a closed convex subset K of H, OIk will denote the subdifferential
of the indicatrix function (in the sense of convex analysis) of K. Hence,
OIk (z) is the cone of all the outward normals to K at x. It will be empty if
x ¢ K and reduces to {0} at any interior point  of K. Given a set-valued
mapping C : [to, T] — C(H) with non-empty closed convex values, we will
use the term “sweeping process” to refer to the evolution problem consisting
of finding a function w : [tg, T] — H such that:

(] ’U,(to) = Uuo,
o —u(t) € Ol [ut)], Vvt € [to, T,

where ug denotes a given initial condition. This evolution problem has a
clear geometrical interpretation in kinematic terms when C(¢) has a non-
empty interior. As long as the point u(¢) is an interior point in the moving
convex set C(t), it will remain at rest. When, by the evolution of C(t), the
point u(t) meets the boundary of C(t) at some instant ¢, it proceeds in an
inward normal direction, so as to go on belonging to C(t), exactly as if it
was being pushed by the boundary of the moving convex set.

A definition of weak solutions of sweeping processes was first proposed
by Moreau [10] in the case of set-valued mappings with bounded retraction.
He proved their existence before showing that they are actually strong so-
lutions in some sense. In the problems analysed in the present paper, some
sweeping processes appear that have weak solutions that are not strong so-
lutions. Of course, the underlying set-valued mappings do not have bounded
retraction. Thus, one is led to extend Moreau’s definition of weak solutions
of sweeping processes to a larger class of set-valued mappings than that
showing bounded retraction. Since these set-valued mappings must have a
right limit C(t+) in the sense of Kuratowski, at every ¢, one is naturally
led to consider the larger class consisting of all the Wijsman-regulated set-
valued mappings.

In this Appendix, we first define weak solutions of sweeping processes
based on Wijsman-regulated set-valued mappings, and these weak solutions,
when they exist, are proved to enjoy the same general properties as those
of the weak solutions of sweeping processes based on set-valued mappings
with bounded retraction. Moreau’s [10] existence results obtained in the case
of set-valued mappings with bounded retraction are then briefly recalled
without going into the proofs.

Definition 8. We define P as a subdivision of the real interval [tg,T] (no-
tation P € subd([to,T])) if it is a finite partition of [to,T] into intervals of
any sort (some of them possibly reduced to single points).
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A P’ € subd([to, T) will be said to be a refinement of P € subd([to, T7])
(notation P’ >~ P) if every interval of P’ is contained in an interval of P.

A mapping defined on [tg, T'] will be said to be piecewise constant if it
is constant in every interval of some P € subd([to, T]).

Definition 9. Let C' : [to,T] — C(H) be a Wijsman-regulated set-valued
mapping taking non-empty closed convex values. For P € subd([to,T]),
Iy, I, I, . .. will denote the ordered sequence of the corresponding intervals,
and t; the origin (left extremity) of I;. We will also take Cp to denote the
piecewise constant set-valued mapping with non-empty closed convex values
defined by:

O(tl) if t; € I;,

C(ti+) if t; & I,.
Given the initial value a € C(tg), set inductively (“catching-up” algorithm):

Cp(l;)=C; =

Uo = a,
uit1 = proj (ui, Ciy1),
to define the piecewise constant function up : [tg, T] — H by:
up(l;) = u;.

When the net (up) converges uniformly in [tg, T], towards some limit u :
[to,T] — H in the sense:

Ve >0, 3P e subd([to,T]), VP' > P,

vt € [to, T], ||up(t) —u(t)]| <e,

the function w : [to, T] — H will be said to be a weak solution of the sweeping

process based on the set-valued mapping C(t), starting at initial condition
a.

Proposition 10. Let C : [tg, T] — C(H) be a Wijsman-regulated set-valued
mapping, and u,u’ be two weak solutions of the associated sweeping process.
Then, the real-valued function:

[to, T] — R+
t— Hu(t) — u’(t)H
18 MON-INCreasing.
Proof. If v and v/ start at initial values @ and o', these functions are
the limits of (generalized) sequences up and u}» of the piecewise constant
functions inductively defined from these initial data. As the successive values

of up and u/p are obtained by performing projections onto the convex sets
C;, the contraction property of such projections entails that:

VP € subd([to,T]), Vs <t, |up(t)—up()| <||upr(s)—up(s)].

It then suffices to go to the limit of the two members of this inequality to
obtain the conclusion required.
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Proposition 11. Let u : [tg, T] — H be weak solution of the sweeping pro-
cess based on the set-valued mapping C(t), which is assumed to be Wijsman-
regulated. Then u admits a left limit u(t—) and a right limit u(t+) at every
t € [to, T] (with appropriate adjustments at to and T') and:

vt e [th T]v ’U,(t) € C(t)v

vt € ]to, T], u(t) = proj (u(t—),C(t)),

Vt € [to, T[, u(t+)=proj (u(t),C(t+)).
Proof. The existence of u(t—) and u(t+) is ensured by the fact that u is
regulated.

At an arbitrary ¢ € [to, T'], we take P to denote the set of all subdivisions
in subd([to, T]) containing {t}. Based on the definition of Cp:

VP e P, Cp(t) = C(t),
and therefore, based on the definition of up:
VP e P, up(t) = proj [up(t—), C(t)],
which entails:
VP e P, up(t) € C(t).

Taking a limit with respect to P € P, it can be readily seen that u(t) € C(t).
As the convergence of the net up, P € P, is uniform with ¢, the following
commutation of limits holds:

u(t—) = Ilpiggup(t—),

and therefore:
u(t) = proj (u(t—), C'(t)).
Likewise:
VP e P, up(t+) = proj (up(t), C(t—i—)),

and the last statement in the propostion can be proved in the same way.

The two following propositions display the local character of the concept
of weak solutions.

Proposition 12. Let u : [tg,T] — H be a weak solution of the sweeping
process based on C(t). Let [t{, T'] be a subinterval of [to,T]. Then U)ity.17]
0>

will be a weak solution of the sweeping process based on C| [t 17) -

Proposition 13. Let Iy, I1, 2, ... be a subdivision of [tg,T] into intervals

containing their respective origins to,t1,ta,..., and u : [to,T] — H a func-

tion such that:

(i) For all i, w;, is a weak solution of the sweeping process based on C|7i
(which entails the existence of u(t;—) fori >0).
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(i) Fori >0 :
u(t;) = proj (u(ti—), C(t:)).

Then u is a weak solution of the sweeping process based on C' in [to,T].

The following theorem is due to Moreau. It claims that provided the set-
valued mapping has bounded retraction, the corresponding sweeping process
admits a weak solution starting from any arbitrary initial condition.

Theorem 8 (Moreau, [10]). Let C : [to,T] — C(H) be a set-valued map-
ping with non-empty closed convex values, which is assumed to have bounded
retraction. Then there exists a weak solutionu of the sweeping process start-
ing at any given initial condition a € C(tg). This weak solution is such that:

Vs <t € to,T), |lu(t)—u(s)| <ret(C;s,t).

In particular, the function u has bounded variation. If, in addition, C(t) has
right-continuous (respectively absolutely continuous, respectively Lipschitz-
continuous) retraction, then the weak solutionu is right-continuous (respec-
tively absolutely continuous,respectively Lipschitz-continuous).

This weak solution depends continuously on the data (the set-valued
mapping C(¢) and the initial condition) involved in the sweping process in
the sense displayed by the following theorem.

Theorem 9 (Moreau, [10]). Let C,C" : [to,T] — C(H) be two set-valued
mappings with non-empty closed convex values and bounded retraction. Then
every pair (u,u') of weak solutions of the associated sweeping processes will
satisfy the estimate:

Vi€ [to, T],  |Ju(t) — o' ()] = ||ulto) — o (to)|?

< | sup h(C(T),C(TI)):| [ret(C;to,t)—l—ret(C';to,t)]

TE[to,t]

Theorem 9 can be used to obtain an estimate of the error occurring
when the catching-up algorithm is used to approximate the weak solution
of a sweeping process with bounded retraction.

Proposition 14 (Moreau, [10]). Let C : [to,T] — C(H) be a set-valued
mapping with non-empty closed convex values and bounded retraction. Con-
sider an arbitrary subdivision P € subd([to, T]) of the interval [to,T], let
Iy, I1, I, . .. be the corresponding finite sequence of intervals, and p be some
majorant of ret(C;s,t), for arbitrary [s,t] € I;. Still denoting by up the
piecewise constant function provided by the catching-up aljorithm, one has:

|u(t) = up(t)|| < 2/ pret(Cito, t).
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With any function u € BV ([tg,T], H), it is classically associated its
differential measure or Stieltjes measure du € M([to, T], H). It satisfies in
particular:

/] ) du = u(t+) — u(s+).

Definition 10 (Moreau, [10]). Let C : [tg,T] — C(H) be a set-valued
mapping whose values are nonempty closed and convex. The function u €
BV ([to, T], H) will be said to be a solution of the sweeping process in the
sense of “differential measures” if there exists (non uniquely) a non-negative
real measure 1, as well as a function v’ € L], ([to, T]; H) such that du = u/p
and:

Vt € [to,T), —u'(t) € Olcq[u(t)].

Proposition 15 (Moreau, [10]). Let C : [to,T] — C(H) be a set-valued
mapping with nonempty closed convex values, anduy,us € BV ([to, T), H) be
two solutions in the sense of differential measures of the associated sweeping
process. These two solutions are assumed to be both right-continuous, and
to agree with the same initial condition uy(to) = uz(to) = a. Then:

Vit € [to, T], U (t) = UQ(t)

Theorem 10 (Moreau, [10]). Let C : [to,T] — C(H) be a set-valued
mapping with non-empty closed convex values and which is assumed to have
bounded right-continuous retraction. Then every weak solution of the associ-
ated sweeping process (which is a function with bounded varition by virtue
of theorem 8 and right-continuous by virtue of propositions 6 and 11) will
also be a solution in the sense of differential measures.

If, in addition, C : [to,T] — C(H) is assumed to show absolutely con-
tinuous retraction, then every weak solution will be a strong solution in the
sense:

for a.a. t € [to, T], —u'(t) € e [u(t)].
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1 Background and motivation

The general contact problem in the theory of linear elasticity reads formally as follows.

divo(u) +f° =0, in Q,
u=uP, onI;,
tYo.n=1, onT;, )

u, —g* <0, 1, <0, (un*gp)tn =0,
on I,
and “tangential boundary conditions”,

where Q denotes some smooth bounded open set in R? or R3, I, UL, UT; = K denotes
a splitting of the boundary into three dispoint parts, and n is the outward unit normal. As
usual, u is the (unknown) displacement, &(u) is the Cauchy stress which is associated with
this displacement by the linear elastic constitutive law, and t = 0 - n denotes the surface
tractions. For any vector field v defined on part of the boundary, we will write v=v,n+v,,
its splitting into normal and tangential parts. The loading conditions are defined by uP (the
surface displacement prescribed on I;,), tP (the surface tractions prescribed on I;), ff (the
prescribed body forces), and gP (the initial gap with the obstacle).
The simplest tangential boundary condition on I;. is the frictionless one:

t, =0, on I,

in which case, problem (1) reduces to the so-called Signorini problem. Providing a vari-
ational formulation under the form of an inequality, Fichera proved in 1964 the existence
and uniqueness of the solution of the Signorini problem under appropriate regularity as-
sumptions about the data. While the general theory of variational inequalities was rapidly
developing during the subsequent years, making it possibleto solve a wide class of so-called
free boundary problems, the question as to how to solve probkm (1) with more general tan-
gential boundary conditions emerged [1], focusing in particular on the Coulomb friction
law:

|tt‘ < 7*%}11 = l:lt = 0,
|tl“ S _ytnv and’
It,|=—-Zt, = t=-iu, withdicR",

or equivalently:
Vv, - (v—iy) = Zh(|v] - o) >0. 2)

Here, .# > 0 is a given friction coefficient and the dot refers to a time-derivative. Due to
this time-derivative, the corresponding problem (1) becones an evolution problem, which
is sometimes called the Signorini problem with quasi-static Coulomb friction. This was a
very challenging problem and, many efforts were first devoted to the situation where the
tangential velocity in the friction law is replaced by the tangential displacement:

Vv, t- (v—u,) — Ft,(|v] - Ju,|) > 0. 3)

Law (2) is called the “quasistatic” Coulomb friction law (or merely Coulomb friction law),
while law (3) is usually called the “static Coulomb friction law”, although it may not be
a particularly appropriate term. The reason for studying the contact problem with static
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Coulomb friction law is that this is formally the problem that arises at each time step when
a time-discretization procedure is introduced into the analysis of the contact problem with
quasi-static Coulomb friction [2]. Also, in the case of some problems such as that considered
by Spence in [10], which will be dealt with below, consideration of the static law (3) makes
it possible to solve problem (1) with the true friction law (2) simply by multiplying the static
solution by an increasing function of time.

It was recognized very early [1] that by replacing the threshold .% 1, by a given function
G, the corresponding problem (the so-called contact problem with given friction) can be
solved using standard optimization techniques that provide the existence and uniqueness of
the solution under appropriate regularity hypothesis about the data. The contact problem
with given friction is naturally not physically very relevant since friction can occur even
in some part of the boundary where there is no active contact with the obstacle. But since
Ft, can be calculated from the solution of the contact problem with given friction, one
naturally tends to use a fixed point strategy. Since no contraction properties appear naturally
in the analysis, the fixed point theorem to apply should be that of Schauder or Tikhonov. But
this requires proving technical regularity results of the solution, to satisfy the compactness
requirements. These results were obtained first in the case of an infinite strip by Necas,
JaruSek and Haslinger in [8] using a shift technique and then extended to a body of arbitrary
shape by JaruSek in [5]. As a consequence, the existence of a solution (solvability) was
proved, provided that the friction coefficient was small enough .7 < .Z..

Looking at the spatially discretized counterpart of the problem (where the frictional con-
tact conditions are prescribed only at the nodes which are candidates for contact), Brouwer’s
theorem yields unconditional solvability, whereas uniqueness is proved only with small fric-
tion coefficients .7 < %, thanks to some contraction property that can be easily established
in this finite-dimensional setting. The fact that the uniqueness of solutions to the discretized
problem can be lost for large friction coefficients .# was first observed in [6]. A similar ex-
ample for an elastic continuum was displayed in [4], where the author shows that uniqueness
cannot be expected either in the case of a continuum with large friction coefficient.

The fixed point strategy, applied to the discretized problem, is of common practice for
computional purposes. However, all the estimations of a critical friction coefficient .%., be-
low which the existence and uniqueness of a fixed point in the discretized problem are en-
sured tend towards zero when the thickness of the spatial discretization goes to zero. There
is therefore no theoretical justification at the moment for using this fixed point strategy for
computing approximate solutions. This question is closely connected with the existence of
a critical friction coefficient .%, for the continuum problem, below which the uniqueness of
the fixed point could be ensured.

This is still an open question today, and it can be rephrased as follows. For given ge-
ometry and material, can multiple solutions be constructed with arbitrarily small friction
coefficients or not ?

The issue involved here goes far beyond the theoretical justification of using the fixed
point strategy for computational purposes. It is of common experience that when elasticity is
combined with large friction, vibrations (noise) can be excited with loads that vary arbitrar-
ily slowly in time. It therefore seems likely that the quasi-static analysis of such problems is
physically relevant only for those friction coefficients.# that are small enough. The question
arises as to how define a critical friction coefficient .%. below which the quasi-static analy-
sis makes sense. Since such a critical friction coefficient .%. naturally appears in JaruSek’s
analysis [5] of the existence of a fixed point, many efforts were subsequently made by Eck
and JaruSek [2] to obtain explicit values of .%.. However, it is not known whether their
bound can be improved or not. In addition, the definition of a critical friction coefficient .%
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for quasi-static analysis in terms of solvability is very difficult to handle in practice (it is
even not known whether non-solvability can be met in the case of a continuum problem). A
definition in terms of the loss of uniqueness would be far easier to handle.

Therefore, the question of uniqueness of solutions to the contact problem with static
Coulomb friction with an arbitrarily small coefficient is of great theoretical and practical im-
portance. The aim of this study was to obtain new insights on this difficult problem by care-
fully investigating a problem with a simple geometry for which harmonic analysis makes
possible deeper investigation.

2 Outline
2.1 A particular geometry: the elastic half-space

In this paper, the analysis is restricted to the case of a particular geometry, that of an isotropic
linearly elastic half-space. All the displacement fields under consideration will have a zero
component along a direction z orthogonal to the normal to the boundary, and will not depend
on z. Thus, all the problems under consideration will actually be two-dimensional ones.

The Poisson ratio of the elastic material is given by v € |]—1,1/2[ and the force unit
is chosen so that the Young modulus £ = 1. Taking x to denote the space variable along
the boundary and y > 0 to be the depth in the half-space, the linear operator expressing the
surface displacement (uy,uy) in terms of the surface traction (ty,#,) is proved in section 3.1
to be:

1 d 11 1-2v
) &~ F PV
1 d 11 1-2v
T R AR AR R T Fev

where pv1/x denotes the distributional derivative of the locally integrable function log|x|
(see appendix A), and * is the spatial convolution. In section 3.2, it is proved that this op-
erator defines a symmetric bilinear form on H~/2(]—1,1[;R) x H~'/?(]—1,1[;R) which
is a scalar product on that Hilbert space, which induces a nomm that is equivalent to that of
H'/2 x H='/2_Since the solutions of elastic problems in the two-dimensional half-space
are generally of unbounded elastic energy, this scalar product on H~'/2 x H=/2 plays the
same role in the case of the half-space as the elastic energy bilinear form in the case of a
bounded body.

2.2 A Signorini problem in the half-space

The frictionless indentation of the half-space by a rigid flat punch is studied first. The length
unit is chosen so that the width of the punch is 2. Looking for asolution involving a surface
traction distribution that is an integrable function (the most general case should be a Radon
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measure), the problem consists in finding #,, u; eL! (—1,1;R) such that:

1,11 .
o mu},:—;pvz*tw in]—1,1],
o 1y(x)>0, foraa.xe]—1,1[,

X X
ty(x) {/ Uy — min ]/ u;} =0, foraa.xe]—1,1],
0 0

xe[-1,1
1

where the total force F exerted on the punch is assumed to be given. In the first line, the
convolution product is defined after extending?, by zero outside |—1,1[.

Note that the normal displacement u, appears in these equations only via its derivative
u’y The total displacement of the punch is undefined and the problem must be parametrized
by the total force F and cannot be parametrized by the displacement. This can be explained
by taking a similar contact problem, where the half-space is replaced by a half-disk of ra-
dius R > 1 whose the whole curved part of the boundary is clamped. In that situation, the
displacement of the punch is well defined and is seen to tend to infinity like logR as R tends
to infinity. This result is intimately connected with the fact that the stress field in the half-
space is not square-integrable, so that the elastic energy, and therefore the displacement of
the punch, are morally infinite in the case of the half-space.

In section 4, it is proved that this problem admits a unique solution, which is explicitly
given by the well-known expression:

e

which means, in particular, that the contact is active everywhere below the punch. The
tangential displacement below the punch can be explicitly computed from the Neumann-
Dirichlet operator. It is seen to be inwards.

The surface traction distribution is not only in L!(—1, 1;IR), but in L?(—1, 1;R) for all
p € [1,2[. However, it is not square integrable.

2.3 A contact problem with static Coulomb friction in the half-space

Given a friction coefficient .7 > 0, it is now proposed to handle static Coulomb friction in
the above problem. Introducing the notations:

1
= P
1
Vzmum q =1y,
1-2v
= 0,3/4
V=5 )6] ,3/4],
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the problem is now to find p,q € L'(—1,1;R) and u,v € W1 (—1,1;R) satisfying:

. —lpvl*pﬂc]:u’, in |—1,1,
T X

b 7lpvl*q7}/p:v’, in]flvl[v
T X

e p(x)>0, u(x) >0, p(x)u(x) =0, foraa.xe]—1,1[,

o g0 <Fp), VW@ <0, | Fp() || =0,  ae.

[ pa=r [ qou=o,

where P, Q are two given real numbers such that —# P < Q < Z#P.

In what follows, we will refer to this contact problem with (static) Coulomb friction as
‘problem &7°.

The particular case where Q = 0 was studied by Spence [10], who constructed a quasi ex-
plicit solution. Spence’s solution involves active contact everywhere below the punch (1 =0)
and shows the presence of a centered sticking interval (where v = 0) surrounded by two in-
ward slipping intervals. Since no uniqueness result is available for this problem, one cannot
rule out a priori the possibility that unsymmetric solutions or solutions with non connected
sticking zones may exist.

2.4 Some properties satisfied by any solution of problem &

Actually, it is proved in section 6 that any solution of problem &2 achieves active contact
everywhere below the punch and involves a sticking interval surrounded by two inward
slipping intervals. More precisely, any solution of problem &7 is such that u =0 on |—1,1]
and there exist —1 <a < b < 1 such thatv>0on|—1,a[,v=0on [a,b],and v <0 on |, 1].

In particular, no solutions with fine combinations of slipping and sticking zones can
exist.

In addition, some asymptotics prove to hold true for any solution of problem &7, at
x = —1,1 (the edges of the punch), as well as x = a, b (the border between a slipping and
a sticking zone). Thanks to the elliptic nature of the equations of elastotatics, these asymp-
totics do not apply only to the particular geometry under consideration but they are univer-
sal. In particular, they contain a local description of the displacement field and the surface
traction distribution on each side of a smooth boundary between a slipping zone and a stick-
ing zone, in the case of an arbitrary geometry.

These asymptotics read as follows atx = —1, 1.
C FC_, , y(1+.7%)C_,
P(X)NW, q(x)me, V(x) (e’ asx — — 1+,
G ycl / Y(1+9\2)C1
p(X)Nm7 q(x)’\‘m7 V(X)N—(l_x)l/z s asx—>1—,

where:

o= % arctany.# €]0,1/2],
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and C_,,C, are two positive constants. The following asymptotic estimates also hold true at
a and b:

2
V(x) ~ —C, sinmta ! (a—x)"/?72, asx — a—,
p(x) —p(a) ~ —C, sinma(a fx)l/z’“ asx — a—,
Px)+q(x)/F ~Calx—a)/**, as x — a+,
p(x) = q(x)/.F ~ Cyb—x)"/>c, as x — b—,

2
V(x) ~ —C, sinta 1=y (x—b)l/zfo‘, as x — b+,

Y

p(x) — p(b) ~ —C, sinza(x —b)/>~, asx — b+,

where C, and C, are two positive constants. In addition, p(x) admits a negative right-
derivative at x = a and a positive left-derivative at x = b. The normal component p of the
surface traction has therefore a local maximum atx = a,b.

Since it can be proved in addition that the restrictions of the functions p, g, v to each of
the open intervals |—1,a[, |a,b[, |b, 1| are C*, these estimates show that all the solutions of
problem %7 show the same Sobolev and Holder regularity which can be read explicitly from
the asymptotics.

2.5 Discussion about the uniqueness of the solution

In section 7, it is proved that there exists .%. > 0, depending only on the Poisson ratio, such
that whenever .# < %, the sticking intervals [a,b] and [a,b] in two distinct solutions of
problem & cannot overlap, that is, either b < @, or a > b. Consequently, the number of
solutions is at most countable.

When there exist multiple solutions, one cannot therefore move continuously from one
to another. This seems to suggest that some kind of uniqueness of the solution should hold
true, under some condition.# < .%.. We hope to further elucidate this difficult but important
question in the close future.

3 The Neumann-Dirichlet operator of the two-dimensional elastic half-space
3.1 The explicit expression for the Neumann-Dirichlet operator

Let us consider an isotropic homogeneous linearly elastic half-space. Some orthonormal
Cartesian coordinate system (x,y,z) is chosen so that the half-space is defined by: y > 0.
Since only the plane strain situation will be considered here, it is convenient to take:

QZ{Ww€R5y>@,

to denote a corresponding two-dimensional “slice” of the half-space. The Poisson ratio of
the elastic material is written v € |—1,1/2[. The units will always be chosen so that the
Young modulus E = 1.

The task in this section is to find a fundamental solution to the Neumann problem in this
half-space, restricted to the plane strain framework. In other words, it is proposed to obtain
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the z-independent displacement and stress field in the half-space in the case where the load
is some homogeneous force (F, Fy) concentrated along the line x = y = 0 of the boundary.
This can be done using the Fourier transform with respect to the variable x. As usual, u is
taken to denote the displacement, € (u) to denote the associated linearized strain tensor, and
o (u) to denote the corresponding Cauchy stress tensor.

Theorem 1 Let (F,,F,) € R? be arbitrary. All the tempered distributionsu € %" (5; ]Rz)
such that:

Ve eCI (2R, <oij(u)v ‘Sji(‘p)> = Fe@:(0,0) + F, ¢,(0,0),

IS
(C2(Q; IRZ) stands, as usual, for the space of C* test-functions compactly supported in the
closed half-space Q) are given by:

uy = U (x,y) +FyU)9y(x,y) +D,—Qy+(1-v*)3x,

Uy = FUN(x,y) + F U (x,y) + Dy + Qx— v(1+v)Xy,

where Dy, Dy, Q, X are four arbitrary real constants, and o, Ul Ul

foor Uy Uy Uyoy are the four
functions in C*(Q;R) defined by:

1—v2 1+v
Ul — log(2 +2) — Y Y
e —— log(x™ +y7) — — e
1-2v)(1 1
o = IZ2HY) X 1Y o
- T y T x*+y
1-2v)(1 1
g0 = UZ2VAHY) g 1Y o
y T y o x24y?
1—v2 1+v 2
0 _ 2,2
Uy = —— log(x™ +y7) + -

The corresponding Cauchy stress field is then given by the three functions in C*(Q;R)
defined by:

2F, X 2Fy X%y
Oye(n) = ——. - —. +2
() 7 (2422w (24)2)?
G (1) 2F, X2y 2Fy xy?
(u) = ——. - —. ,
xy 7 (2422 m (24)2)?
2F, xy? 2F y3
Oyy(u) = - i

T (242?24

In particular, we can prescribe the supplementary condition: lime o () = 0, which imposes
3 =0 and determines o(u) uniquely. The arbitrariness still remaining inu, because of the
three constants Dy, Dy, 2, can be interpreted as some arbitrary (linearized) rigid displace-
ment.

Proof Perform a Fourier transform with respect to x, then solve the ordinary differential
equation with respect to y, and, lastly, perform the inverse Fourier transform. ]
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The explicit knowledge of the fundamental solution makes it possible to solve by con-
volution the Neumann problem with arbitrary, compactly supported, surface traction distri-
butions (zy,1,):

Uy =ty ¥ U2 (x,y) +1y % Ug,(x,y) +D,—Qy,
Uy = Iy ¥ Uyox(x,y) +1y ¥ Uyoy(x,y) +D,+Qx,

where the supplementary condition: lim,, &(u) = 0 is imposed. The stress field is therefore
uniquely determined. It is in C*(Q;R?), but it is generally not square-integrable. Conse-
quently, no energy can be associated with that solution. Also, it can be seen that the dis-
placement field is infinite at infinity, and, we cannot superimpose any conditions such as:
lime, u = 0, in order to set the arbitrary rigid displacement. The only possible solution here
consists in superimposing the condition:

u= 0(log(x2 +y2)), as x> +y? — oo,
to set Q = 0, which will always be assumed to be the case from now on. In this case, the
surface displacement (iiy, i1,) must be:

2(1—v?)

iy = ——— log|x| x1, -

1—-2v)(1
w Sgn(x) *ty +DX7

) (1—=2v)(1+v) —v?)

iy = Jriz sgn(x) xt, —
To eliminate the arbitrary constants D,, D, it is convenient to take a derivative with re-
spect to x. Making use of the results given at the beginning of appendix A, we obtain the
following theorem, which explicitly gives the Neumann-Dirchlet operator for the isotropic

homogeneous linearly elastic two-dimensional half-space.

log |x| «ty + Dy

Theorem 2 (N.I. Muskhelishvili) With arbitrary
oty €L (1L, LR)E | LP(~1,1R),
PE|L=|

let us consider the Neumann problem in the isotropic homogeneous elastic two-dimensional
half-space involving:

— surface tractions (ty,1y),
— no body forces,
— the following conditions at infinity:

limo(u) =0, u=0(log(x* +y%)), as x> +y* — .

The surface displacement (iiy(

Xx),iy(x)) is therefore given by:
1 d I 1-2
ity = —y,[ ) o 122,

2(1—v2) T t—x 2(1—v) "~
1 d 1 () —2v
- U, = — _— dt —1
20—y & n}[,lt—x 3=y )
In what follows, the following notation will be used:
1-2v

y= ST €10,3/4[.
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3.2 Analysis of the Neumann-Dirichlet operator

This section is devoted to proving that the Neumann-Dirichlet operator, an explicit ex-
pression for which is given by theorem 2, defines a scalar product in the Hilbert space
H™2()=1,1)).

With © =]—1,1] or Q = R, H'/?(Q) will denote the space of functions f € L*()

such that:
2

/ OO

QxQ xX—y
endowed with the norm:

1/2
@ =)
W= (111 P22 ) "

which makes it a Hilbert space.

Since C*(Q) is dense in H'/2(Q), the space H~'/2(Q) is defined as the topological
dual of H'/2(Q), so that H~'/2(Q) is a space of distributions. This makes it possible to
extend a distribution £ € H~'/2(]—1,1[) by 0 and obtain a distribution f € H~'/?(IR). This
is the distribution f € H~'/?(IR) defined by:

<f’(p>H*‘/2(]R)-,H1/2(lR) - <f’ cp'H71[>H71/2<J71.,1[>,H1/2<171,1[>'

The Fourier transform of a tempered distribution f € .#”(IR) is denoted by f = .Z[f], so
that in the case of smooth functions, it reduces to definition (14). In the case of a distribution
feH2(]—1,1[),  stands for the Fourier transform of its extension to IR by 0. This is a
C* function (the Fourier transform of a compactly supported distribution).

With f € H~'/2(Q), the expression:

R 1/2
2
[0 )
R V1412
defines a norm and this norm is equivalent to that of H—'/2(Q).
We recall the following definitions (see appendix A):

1 d 1 d
pvr= 2 (logl), mm:a@mmmm)

The extension of some f € H~'/2(]—1,1[) by 0 to R is in H~'/?>(R), and therefore, f *
pvl/x also (take the Fourier transform and use corollary 2 of appendix A). Therefore, f *
log|x| is in HIL/C 2(R) and the duality product:

(f.g+logh)

H-1/2.H1/2

is well-defined for all f,g € H~'/>(]—1,1[). The same applies to:

(f.8+sen(x))

H-1/2.H41/2
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With f € H~'/2(]—1,1[), f is a C* function and |f(t)|>/v/1+2 is integrable. Therefore,
taking ¢ € CZ(RR) such that ¢ = 1 in a neighbourhood of 0, one can define:

o [ 22
<fp§|,}f(x>}2> dﬁf<fp§|,}f(x>}2<v<@> +/+ ‘fﬁd) |
9.9

and the result does not depend on ¢.

[1—@(x)]dx,

Proposition 1 For all f,g € H™'/?(]—1,1[):

x|

1 1 . = Ihn =
—;(f,g*log \xl}H,l pe = <fp|—,f(x)g(x)> + - 7(0) 2(0),

(fgesan() = 2i<pv ~ §<x>>,

where I, = lim, .« (EZ:I % —log n) is Euler’s constant.

Proof This is an immediate consequence of the explicit knowledge of the Fourier transforms
Flog|x|] and .7 [pv1/x] displayed in proposition 6 and corollary 2 of appendix A. O

Theorem 3 The symmetric bilinear form on H='/>(]—1,1[) x H~'/2(]—1,1]):

(f.8) =~ (f.glogl])

H-1/2 ! /2
is a scalar product that induces a norm equivalent to that of H'/*(]—1,1[).

Proof Set:

%:{feyl(]R) | suppf C[~1,1] and G} eLz},

N

Step 1. 77 endowed with its natural norm is a Hilbert space.

Let us consider an arbitrary Cauchy sequence (f,) in /. The sequence (f,(x)/+/]x[)
converges strongly in L?(IR) towards some limit g. Since \/M g€ then \/M g= f with
some f € .. Furthermore, extracting a subsequence if necessary, we have:

e lim, o f(x) = f(x), for almost all x € R,
o |fu(x)] < \/Jx|h(x), for some h € L?.

Using the Plancherel formula and the dominated convergence theorem, one obtains:
Vo e 2(R), Suppen[-L1],  (f.¢), ,=0,

and, hence, Supp f C [—1,1]. Since f/\/|x| € L2, f € # and the sequence (f,) converges
towards f in J7.

Step 2. One has:

e%":{fEH*I/Z(}—l,lD | <f,1>H71/2_’H1/2:0},
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and its norm is equivalent to that induced by H='/>(]—1,1]).

Pick f € 7. As:
= @) = f )
dx ———dx 5
/,x Ve S/,m F )

one has f € H-'/2(]—1,1[). Since f is a compactly supported distribution, f is a C* func-
tion. Thus, as | f(x)|?/|x] is integrable, one must have f(0) = 0. But:

PR |

f(O) \/E<f’1>H71/2"H1/2.

Reciprocally, if f € H~'/2(]—1,1[) with (f,1) = 0, then f(x)/+/Jx| is square integrable and
f € # . Hence, A is identified with a close subspace of H~'/2(]—1,1]). The equivalence
of norms is now a straighforward consequence of (5) and the open mapping theorem.

Step 3. Conclusion.

The function 1/+v/1 — 2 clearly defines an element of H~'/2(]—1,1[). The derivative of
1/v/1—x%xlog|x] is the function 1/4/1 — x% * pv1/x which vanishes identically over |—1, 1|
by virtue of theorem 12 of appendix A. This gives:

o] 1
xlog x| = /71 \/%dx: —mlog2,

1
V1—x2
on]—1,1[. Set:
1
b(fvg) = _E<fag*10g ‘x|>H*1/2,H1/2’

which is a symmetric bilinear form by virtue of proposition 1. Introducing the decomposi-

ton Gy
f=r= a1 —x2 +m/1—x2’
e

one obtains

1 1
b(f.f) = b(f* n%, - ﬂ%) 1022 (£ 1) s i

Combining proposition 1 and step 2, it can be readily seen that the restriction of b to 7 x A
is simply the scalar product of .7Z°. This yields the announced result. a

The following result plays the same role as Korn’s inequality in the situation under
consideration.

Theorem 4 On H~'/2(]—1,1[) x HY/2(]—1, 1), the symmetric bilinear form:

def 1 v
a[(ppql)v (Pza‘h)] =— ;<P17P2 *log ‘x|>H*1/2,H1/2 + §<p17Q2 *Sgn(x)>H71/2’H1/2

Y 1
- §<417P2*Sgn(x)>H71/z7H1/z - ;<41742*10g ‘x|>H*1/2,H1/2’

is continuous and coercive. Hence, this is a scalar product inducing a norm which is equiv-
alent to that of H'/2(|—1,1]) x H~"/2(]—1,1]).
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Proof Applying proposition 1, one obtains:

al(p0).(p.0)] = (1o PP+ a7 )+ 2 (1pO)F-+ O

But, for all p € C°(R):

1 =t (t
<fp—,cp> = lim/ Ucﬁ(;dt,
|x‘ @/.’@ £E—® | _o 1“4 €

I . <. 1 Al A . N
<pv—,lqulp > < <fp—,2\pl \q|> < <fp—,|p\2+\CI\2>~
x x| |x]

Putting everything together, we obtain:

which entails:

(1=t 10 +1R ) + 22 (1pO)F +19OP) <
al(p.q),(p.q)]

| B . I . .
< (i 9P+ 4 )+ 2 (19O + a(0)F)

which, by virtue of proposition 1, gives:

1 1
(1-7) (*;<p,p*10g ‘x|>H*1/2,H1/2 - ;<‘17‘1*10g |x‘>H*1/2,H1/2) <

al(p,9), (p,q)]

1 1
<(l+y) (_; <Pap *log ‘x|>H*1/2,H1/2 1 <‘I»q *log ‘x|>H*1/2,H1/2> s
and the conclusion we were looking for now follows from theoem 3. ]

4 Frictionless indentation of the two-dimensional half-space by a rigid flat punch

Let us consider the problem of the frictionless indentation of the two-dimensional half-space
dealt with in the previous subsection by a rigid flat punch with a finite width (see figure 1).
The units are assumed to have been chosen in such a way that the width of the punch is equal
to 2 and the Young modulus is equal to 1. Using the explicit knowledge of the Neumann-
Dirichlet operator of the half-space (theorem 2) and given the total force F' > 0 exerted on
the punch, the problem is that of finding #,, u;, € L' (—=1,1;R) such that:
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foraa.xe]—1,1[,

o 1,(x)>0, ty(x){/o u;,(t)dtfxelgli{lll/() u;,(t)dt}:o, foraa.xe]-1,1],

The following theorem provides a unique explicit solution to this problem. This solution
was apparently first obtained by Muskhelishvili.
Theorem S There exists a unique pair of functions t,, u§ S LH(—l, 1;R) satisfying:
foraa.xe]—1,1],

1 @) 1 ,
P

11—x 2(1*\/2) Y

e 1,(x)>0, /Oxu;,(t)dt >0, t,(x) /Oxu;,(t)dt =0, foraa.xe]—1,1],
o /;11 ty(t)dt =F.
These functions are given by:
F () = 0.

ty =, )
)(x) T /—lfxz u)

Proof The Hilbert space H~'/?(]—1,1[) is endowed with the scalar product:

1
b(fvg) = 7;<f7g*10g ‘X|>H71/2,H1/27

thanks to theorem 3. Let us take:

K={feH 20100 | (£1), 000 = F.
and Vg e H'2(-11), 920, (f.g)>0},

which is clearly nonempty closed and convex. Any solution of the problem under consider-
ation will solve the variational inequality:

VpeK, b(ty,ty—p) <0,
that is, is a projection of 0 onto K. This proves the existence and uniqueness of the solution

ty € H'2(]—1,1]).
The explicit solution is provided by theorem 12, and this solution is seen to belong not
O

only to H~'/2(]—1,1]) but also to L'*.
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Fig. 1 Frictionless indentation of the elastic half-space by a rigd flat punch.

Remark I Note that ¢, ¢ L?. The surface displacement can be calculated (modulo some
arbitrary additive constants) using theorem 2.

_Marcsin(x)7 if |x‘ < 17
fi(x) = "
L (x) =

7(1_2") 1+V)F sgn(x) if |x\ > 1.

2

0, if x| <1,
ﬁ)'(x) = 2(1 — 2 F

f%log(\x|+\/x271), if x> 1.

It can be seen that the surface normal displacement is infinite at infinity, which means that the
total displacement of the rigid punch is undefined. This is consistent with the fact that since
the stress field is not square-integrable, no energy can be associated with that solution. The
problem must be parametrized by the total force exerted on the punch, and not by the total
displacement of the punch. Note also that the tangential displacement is directed inwards.

5 Formulation of the indentation problem with Coulomb friction

‘We recall the notation:

1-2v

y= ST €10,3/4[.

It is also convenient to set:

1 1

T ), vlx)=

“O) =3

m”x(x)»

and, p =1, and g =, for the sake of consistency of notations. Given the friction coefficient
F >0, the total normal force P > 0 and the total tangential force Q € |—.FP,.7 P|, the



16 Patrick BALLARD, Jifi JARUSEK

problem consists now in finding p,q € L't (—1,1;R) and u,v € Wh!(—1,1;R) satisfying:

o [ ma=p [ awa=c

1 1p(l) /
— —=dr+ x)=u(x foraa.xe]—1,1
]'[¢;1[ )’q() M( ), ora.a ] 5 [,

1
° %%lﬁdt*)’p(x):\/(x), fOfa-a-xe]—l,l[,
e p(x)>0, u(x) >0, p(x)u(x) =0, foraa.x€]—1,1],

o |q(x)| < Fp(x), v(x)q(x) <0, [ﬁp(x) — |q(x)|}v(x) —0, ae.

In what follows, we will refer to this contact problem with (static) Coulomb friction as
‘problem &7°.

6 Qualitative analysis of an arbitrary solution

Proposition 2 Any solution of problem &2 must achieve active contact everywhere:
Vxe|-1,1], u(x) =0.

Proof Let us assume that u(x,) > 0 for some x, € |—1, 1[. Let us take ]a, b to denote the

connected component of the nonempty open set {x € |—1,1[ | u(x) > 0} which contains

x,- Based on p(x)u(x) =0 and |g(x)| < .Zp(x), it can be seen that p and ¢ must vanish
identically over |a, b[. Therefore:

1 1 t
fora.a.x €la,b|, i (x) = _}[ p(t) dar.
T )1 I—x
Since Lll p(t)dt = P > 0, the circumstance ]a,b] = ]—1, 1] can be ruled out. Only the fol-

lowing three cases can therefore occur.

e If a = —1, then:

1 /1 p(t
fora.a.xe]—1,b[, u’(x):—/ &dtzo.
T Jp t—X
Therefore, u is nondecreasing over |—1,b[. Since, in addition, it is nonnegative and
u(b) = 0, the function u must vanish identically over |—1,[. However, this is in contra-

diction with the definition of b.
e If b= 1, then:

1[4 p(t
fora.a.xe€]—1,b[, u(x)=— &dtgo.
TJ)-1t—Xx
Therefore, u is nonincreasing over Ja, 1[. Since, in addition, it is nonnegative and u(a) =
0, the function u must vanish identically over |a, 1[. However, this is in contradiction
with the definition of a.
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o If —1 <a<x,<b<1,then:
1 /e p(t 1 /1 p(t
fora.a.x € ]a,b[, u’(x):—/ &dt+_/ &dt.
aTJ-1t—x T Jp t—X

Since p > 0, the two integrals, and therefore u’(x), are nondecreasing functions of x €
|a,b[. The restriction of u to |a,b[ must therefore be convex. Since u(a) = u(b) =0, it
must vanish identically over Ja, b[. However, this is in contradiction with the existence
of x;.

O

Proposition 3 Any slipping zone associated with a solution of problem & must reach the
edge of the punch. More specifically:

e if]a,b| is a connected component of the open set {x € |—1,1[ | v(x) <0}, then b= 1.
o ifla,bl is a connected component of the open set {x € ]—1,1[ |v(x) > 0}, then a = —1.

In addition, the restriction of v(x) to one of these intervals must be a non-increasing function

of x.

Proof Let ]a,b] be a connected component of the open set {x € |—1,1[ | v(x) < 0}. Let
e(x) = p(x) — q(x)/.Z so that e is a nonnegative function, vanishing identically over |a, b|.

Then:
L1 p(e)
—_—— —=dr =
p(X)_'—')hg~ ﬂf,lt—x e(X)’

T 1 e
172~ 2 Ay 700 =),

for almost all x € ]—1,1]. Let:
1
a=-— arctany.# € |—1/2,0].

Applying Sohngen’s theorem 13 to the first equation gives:

29*2

P(x)zﬁe(x)
7 1 1}[1 (140)1272(1 =) /2Hee(r) »
1+y29‘2 (1+x)1/27a(1_x)1/2+a 7 ) t—x
cos o P

T (1+x)1/27a(17x)1/2+a’

in |—1, 1[. Using the second equation then yields:

(14x)1272(1 —x) /2 (x) _y(14+F?) Pcosan

F F T

-1 1)2—a (1 _4\1/24a _ 12—a (1 _ \1/2+a
+%/ (1+41) (I—1) t i1+x) (1—x) o(t)dr

—1 —

l_yz lfl (1_'_[)1/27a(1_t)1/2+a€(t)dt ©

71‘1’}/2?2; 1 r—x
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for almost all x € a, b[. Note also that:

i 1/270{ o 1/2+(1 _ 17 1—x 1/2+ai l 1+x 1/27(1
(1) (1—x) =391 ste (= .

The derivative of (1+x)'/2~%(1—x)!/2+ which is the sum of two nonincreasing functions,
is therefore nonincreasing over |—1, 1[. Since, in addition, function e is nonnegative, then,
for almost all 7 € |—1, 1[, the function:

(1 +t)1/27a(1 7t)1/2+a _ (1 +x)1/27a(1 7x)1/2+a

X e(t)
r—x

is nonincreasing. Going back to (6), it can be seen that the function:
X (l +x)1/27°’(1 _x)1/2+av/(x)

is nonincreasing over |a, b|.

Let us now assume that b # 1. Then v(b) = 0 since v is continuous. As (14x)"/2=¢ (1 —
x)'/2+y/(x) admits a limit in R as x — b—, the same is true in the case of V/(x). This limit
must necessarily be in [0, 4-o0]. Consequently, the function (14 x)"/2~%(1 —x)"/2*/(x) is
nonnegative and therefore, v is nondecreasing over |a, b[. This entails thata = — 1 (otherwise
v(a) = 0, and this would be contradictory). Hence, for almost allx € ]—1,b][:

F [ e(t)
'(x) = —y(1+ 72 ——/ —Zdr <0.
V@ =11+ 7 p - = [ Foar<
But, this also leads to a contradiction.
Therefore, necessarily, b = 1. This entails that a # —1, otherwise ¢ = .% p, which would
be contradictory with:

[ na=e [ qu-o

where Q € |—.ZP,.Z P|. Since v is continuous, v(a) = 0 and the limit of V/(x) as x — a+
must be in [—,0]. As the function (1 +x)"/2-%(1 —x)'/2+%}/(x) is nonincreasing over
]a, b[, it must be nonnegative and therefore, v is nondecreasing over |a, b|.

The other claim in the proposition can be proved on exactly the same lines. a

Proposition 4 The sticking zone {x € |—1,1[ | v(x) = 0} is a nonempty interval which does
not reduce to a singleton.

Proof If the set {x € |—1,1[ | v(x) = 0} was empty, then the continuous function v(x) would
have constant sign. This would entail either g = .7 p or ¢ = —% p. But this would be con-
tradictory with:

[ wa=r [ anu=o

1
with Q € |—% P, % P|. Hence, the sticking zone is nonempty.
If the sticking zone was not connected, then there would exist a slipping interval that
would not reach one edge of the punch, which would be contradictory with proposition 3.
The sticking zone is therefore a nonempty interval. If it was reduced to a singleton {x,,}
(xy € ]—1, 1)), then by virtue of proposition 3, we would have:

Vxe}fl,xo[, v(x) >0,
Vx € |xy, 1], v(x) <O,
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and therefore:
q(x) = F sgn(x —x;) p(x)-
Since the contact is active everywhere below the punch, based on proposition 2, this entails:
L1t p()
for almost all x € ]—1,1], sgn(x —x,) p(x) + 7 %1 Edr =0.
From theorem 14 in appendix A, one obtains:

Cte
‘x_x0|2a(1 _x2)1/27a’

plx) =

where: |
a=— arctany.# €]0,1/2],

and C* is a positive constant. Then, one calculates:

l—
PRRE TP
Cle

5{ sgn(r —x,) dt yC'*®
T 1 |t7x0|201(17t2)1/27a(t7x) ‘X7x0‘2a(17x2)1/270‘,

which, based on proposition 8, gives the following asymptotics:

) 1 ce
v(X)~ (;—)’) \xfx0|2a(1fx2)1/2*a’ as x — Xxg-

However, these asymptotics are not consistent with the known sign of the function v in a
neighbourhood of x,,. The sticking zone cannot therefore be reduced to a single point. O

Proposition 5 The sticking zone does not reach the edge of the punch:

{xe]-1,1[ |v(x) =0} = [a,b],

where —1 <a <b < 1.

Proof Let us assume that a = —1. Then, for almost all x € | -1, 1[:
il p(t) +iq(r) 1,
P Higo) + 1 POE g

Based on theorem 13, this entails:

o log 1L log 12 coshlog }%
X)+i pPtig— V17
(-+igl) = S (P i)
L TR |y
- % drp + Vv (x)
1—y2m t—x 1—y2
—_——
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Then, the only way for p to be nonnegative over |—1,5[ is to vanish identically over this
interval. But in this case:

r=[pa=— [aa=2ecipr

which is absurd. Therefore a > —1. The fact b < 1 can be proved on exactly the same lines.
O

By combining propositions 2, 3,4 and 5, we can prove the following theorem.

Theorem 6 Any solution of problem &2 must achieve active contact everywhere below the
punch (u = 0) and must have a sticking interval [a,b] (—1 < a < b < 1) surrounded by two
inward slipping zones:

{xe]-1,1] | v(x) >0} =]-1,q],
{xel-1 [\V(X)ZO} [a 7b]7
{xe]-1,1] | v(x) <0} =1b,

In addition, the tangential displacement V(x) must be a non-increasing function of x €
]-1,1].

The next theorem give asymptotic estimates that must satisfy any solution.

Theorem 7 For any solution of problem 2, the functions p,q,v' are continuous in]—1,1]
and their restrictions to each of the open intervals|—1,a[, la,b[ and 1b, 1] are C*. In addi-
tion, they satisfy the following asymptotic estimates at the bounds of the intervals:

Pt RS/ PO (1 %
(1+x)1/27(x’ (1+x)1/27(x’ (1+x)1/2 a
(
1

C, FC, , y(1+ F2)C,
P(X)Nm7 Q(X)Nm» Vi(x) ~ — W?

px) ~

asx — —1+4,

asx—1—,

where: 1
= —arctany.Z € |0,1/2
a = —arctany 6] .1/ [,

and C_,,C, are two positive constants. Also, the following asymptotic estimates holds true
ataand b:

2
1—y (a_x)l/Zfoz7
14

V' (x) ~ —C, sinzra asx —a—,
p(x) = p(a) ~ —C, sinma(a —x)l/zfa asx — a—,
P()+q(x)/F ~Calx—a)'/>, as x — a+,
p(x) —q(x)/F ~C,(b—x)">, as x— b—,
V(x) ~—C, sinnali—y(x—b)l/zfa, as x — b+,

14
p(x) = p(b) ~ —C, sinma(x —b)'/?~, asx — b+,

where Cq,C, are two positive constants. In addition, p(x) admits a negative right-derivative
at x = a and a positive left-derivative at x = b.
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Proof
Step 1. Estimates at the bounds x=—1,1.
Based on theorem 6, we can write:

1
l}[ Mdt—)/ﬂp()C) = —yF e(x),

T t—x

for almost all x € |—1, 1[, where e = p+¢/.% is a nonnegative function vanishing identically
over |—1,a[. Based on theorem 13 in appendix A, we therefore obtain:

__cosma P
plx) = 7 (14x)1/2-a(1—x)l/2+a
cosmasinmo 1 (14+1)/27%(1—1)/2t o)
T / an
a (I+x)V/2-a(l —x)l/2te —x

de, (7)
J

for almost all x € ]—1,a[, where:
1
a = — arctany.7 .
7

Thus,
_cosma P+d(x)

p(x) = x (14x)1/2-a(] —x)l/2+a’

where d(x) is a nonnegative, nondecreasing function of x € |—1,a[. Hence, d must have a
limit d(—14) > 0 as x — —1+. Setting C_; = (P+d(—14))cosma /(m2"/27%) it can be
readily seen that the validity of the asymptotic estimate for p(x) as x — —1+ is proved.
Since g(x) = —F p(x) in |—1,qa], the asymptotic estimate for g(x) as x — —1+ can be
readily deduced, and the one for/(x) is now a straightforward consequence of:

1
- 90 4y p(a) =/ (),

) t—x

and proposition 8 in appendix A. Going back to formula (7), itcan be seen that the restriction
of p to the interval |—1,a[ is C*, and the same holds true for ¢. From the above expression
for v/ in terms of p and g, it can be seen that the same regularity holds true for the restriction
of v/ to |—1, a[ based on proposition 7 in appendix A.

The asymptotic estimates for x — 1— can be proved on exactly the same lines.
Step 2. Estimates at x = a, b.

Focusing first on the left extremity x = a of the sticking zone, let e(x) = p(x) +¢q(x)/F
as in step 1, so that e(x) is a nonnegative function that vanishes identically over |—1,q].
From:

1 }[1 Mdt =tanma (p(x) —e(x)),

T t—x

and theorem 13 in appendix A, we obtain:

dr

P(x)=sin2nae(x)+cosnasm”a /1 (1+0)1/272(1—1)1/2+e ¢(r)

T (1+4x)1/27a(1 —x)l/2+a r—x
cosTa P
T (14x)1/2-0(1—x)l/2+e’

®)
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for almost all x € |1, 1]. Consequently:
(1=72)p(x) = ' (x)

1
= )+ (pe) () - LT £ B gy

JT 1t—x
_ tanma /1 (1+40)"274 (1 =)' /2 (1) g anwa }[l e(t) dr
o Ja (14x)V2a(l—x)l/2te f—x x Jt—x

1 P
meosma (14x)1/2-a(1 —x)l/2+a’

Setting:
(1 _'_t)l/Zfa(l _t)1/2+a _ (1 +x)1/27a(1 _x)1/2+a

K(x,t) =
() — ,

it has been proved that:

(1=Pple) =) + 20 s [ K et)a
1 P

N weosma (14x)1/2-a(1 —x)l/2+a’ ®
Next, let:
Px) = plx) (1+3) /25 (1 )25
e(x) = e(x) (1+x)1/27%(1 —x) /2
W(x) =V (x) (1 +x)/2(1 —x)1/2He,
so that formulae (8) and (9) now read as follows:
. 1 -
p(x) = sin’ wa é(x) + w}[ %dwr P(:os:rog7 (10)
(11)

tanwo [! K(x,1)

1—yH)5(x) =y / . e(t)dt + ———.
(1=y)p(e) = i) + mJa (L41)12a(l—g)l/2te &) T cosmal

Since W vanishes identically over |a, b[, formula (11) entails that j, and therefore p, is C* in

la, b, admits a right-limit as x — a+ and is C! in [a, b[. Since, because of the concavity of

(1+4x)1/27%(1 —x)' /2@ 9K (x,1)/dx is negative, so is the right-derivative of p at x = a.
By formula (10) and theorem 13 of appendix A, one gets, for almost all x € ]a, 1[:

cotma }[1 (t—a)' /2T (1 =)'/ p(t) — (Pcosma)/n dr

é(x) = p(x) — (Pcosma)/m — (—a) (I —x)a PR

J
C
(X7a)1/2+a(1 7)6)1/270‘,
1/2—a ~

! Y1t x- 1 —(P
= plx) ~ (Peosra)f— 7% & (mxfig o)~ (Pessmajn

C/
+ (x_a)1/2+a(1 _x)l/Zfa’
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As p belongs to class C! in [a, b[, the Cauchy principal value integral in the latter expression
admits a finite limit as x — a+, based on proposition 8 (if p(a+) — (Pcosma)/m # 0) or
proposition 7 (if p(a+) — (Pcosma)/m = 0). But as & < 2p, the function &(x) must be
bounded in a right-neighbourhood of a. Therefore C’ = 0 and it has been proved that:

" cotma y'[1 (E " xfa) V2=4 54 — (Pcosar) [

é(x) = p(x) — (Pcosmar) /m — - X TS —

dr,

(12)
for almost all x € ]a, 1[. Since it was noted above that the Cauchy principal value integral
admits a finite limit as x — a-+, the same is true in the case of the function &(x) and therefore,
in that of e(x). If this limit was not zero, then formula (10) together with proposition 8 in
appendix A imply that 5(x) would show a logarithmic singularity at the right of a, which has
been ruled out. Therefore é(a+) = 0. Going back to expression (12), it can also be seen, from
proposition 7 in appendix A, that &(x) satifies a Holder condition in a right-neighbourhood
of a. But, expression (10) entails that p is continuous atx = a and:

pla)

since &(x) is nonnegative, continuous on |, 1| and cannot vanish identically over this inter-

val. As:
17cotna}[1 lftxxfa Ve g 1 (x-—a 1/2-a
x Jo\t—a 1-x t—x sinma \1—x '
for x € ]a, 1] (which can be checked, for example, from theorem 13 in appendix A), then
(12) and (13) entail:

Pcosma
b1

>0, 13)

e(x) ~ Cy(x—a)'/??, as x — a+,
for some positive constant C,. Examining the distributional derivative of expression (10)
locally in the light of proposition 8 in appendix A gives:
1/2—a

p(x) —p(a) ~ —C, sinma (a—x) asx — a—,
and, finally, expression (11) yields:
Vv (x) ~ —C, sinnai—y(afx)l/zfa, asx—a—.

Therefore, all the announced asymptotic estimates around x = a have been proved to be
valid. Those around x = b could be proved along the same lines. ]

The above theorem makes it possible to read the Sobolev and Holder regularity of any
solution.

1-2a)

Corollary 1 For any solution of problem &, the functions p,q,V' belong to 12/ ~,and

locally satisfy a Holder condition of exponent 1/2 — o, where:
1
a=— arctany.# €]0,1/2].

It is worth noting that friction has a regularizing effect on the singularities at the edges
of the punch: the larger the friction coefficient.# becomes, the weaker the singularities will
be. In particular, the surface traction are in L? provided the friction coefficient .% is positive,
whereas, as seen in section 4, in the frictionless situation, the singularities at the edges are
not square-integrable.
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7 Investigations on the uniqueness

In section 6, it was proved that, for any solution, there exist —1 < a < b < 1 such that the
sticking zone is exactly the interval [a, b].

We are not yet able to prove that such a solution is unique, even with a sufficiently
small friction coefficient .% . However, we are going to prove the existence of some constant
F. > 0, depending only on the Poisson ratio v, such that, provided .# < .Z., the sticking
intervals [a, b], [@,b] of two distinct solutions cannot overlap, that is:

b<a, or b<a.

This means, in particular, that the number of solutions is at most countable, for # < .%.

Theorem 8 Let us assume that F < F., where . stands for a positive constant depending
only on v.Then, the sticking intervals [a,b), [a,b] of two distinct solutions cannot overlap.

Proof Let us consider two distinct solutions of problem & involving sticking intervals [a, b]
and [a,b]. We are going to assume that these intervals overlap, that is, without loss of gen-
erality:

1% —a>o,

and try to find a constant .%., depending only on v, so that a contradiction is reached when-
ever . < %..
Introducing the bilinear form of theorem 4, it can be readily seen that:

a[(0.0) - (7.2 (p.0) (D] < # [ [p) 5] [[v00)] ~ (0 ax

We take ¢ to denote the mid-point between @ and b. From theorem 6, it can be stated that v
and v are nonnegative over |—1, ¢[ and nonpositive over ]c, 1[. Therefore:

a0~ .0 (.0~ (.0)] < 7 [ [p(x) — )] () — 0]

-1
7 [ [t~ L) 1) 70,

- 5o -)

<CF|p=plnlly =l

H-12 512
H-1/2
with some universal constant C. Now, theorem 4 entails:
lp=5ll,-12 < Cra](p.0) = (2.0). (p.0) = (p.0).
=72 < Coa| (00 = (5.0), (p0) ~ (5]
with some positive constants C; and C, depending only on the Poisson ratio v. But, as

al(p,q) — (P,q), (p,q) — (P,q)] > 0 with two distinct solutions, a contradiction arises when-
ever CC,C, 7 < 1. O
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Appendix A: Cauchy principal values and Hilbert transform

A.1. The distribution log|x| and its Fourier transform

Since the function f(x) = log |x]| is locally integrable, it defines a distribution on R.. Its distri-
butional derivative cannot be the function g(x) = 1/x which does not define any distribution,

because it is not locally integrable. The distributional derivative of f(x) = log|x| is defined
by the identity:

o . * / BT —¢ * qD(x)
Vo eCl(R;R), - ¢'(x) log|x|dx = lim + [ —Fdx,
—o0 e—0+ ./ - e X

(CZ stands for the space of C* compatly supported test-functions), where the limit exists,
thanks to the differentiability of ¢ at 0. Thus, in the sense of distributions, we have:

dl | 1
— x| =pv—
lOg Px»

where pv 1/x is the distribution on IR defined by:

o 1 . £k
Vo eCl (R;R), <pv;,cp>=slir(§1+ 700—#-/8 ?dx.

The distribution pv 1/x is a tempered distribution which is not a function or even a measure.

We adopt the notation:
0 —& o)
}[ IC/PRCT / +/ 2 g
_wo X e—0+ ./ e X

and shall speak of integrals in the sense of Cauchy principal value.
With f € L' N L?, the following definition:

C 1 o ixt
PN = [ rwea (14)

is adopted for the Fourier transform, which can be extended, as usual, to all the tempered
distributions.

Proposition 6 The Fourier transform of the tempered distributionlog |t| is given by:

V2m 1 Igy

where:

1
o I, = y}glgo (kz T logn> is Euler’s constant,
=1
1 d
o fpm =% (sgn(x) log|x]),

e 0 is Dirac measure at x = 0.
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Proof Fix a €]0,]. A direct calculation of residue gives:

l’C[ 2
7|2 / dr = YT pal, (15)
12| T V) w @112 2
t o pelt 2
7 el
{aertz} \/211 — a2+t2 2 sen(x)e
From:
d 2x
alog(a —|—x) 2—|—x2’
we obtain:

t
~ix 7 [log(a® +1°)] = 2.7 {W} = iV2msgn(x) e M,
a

which entails:

1
F [log(a® +1%)] = —v/2me M fpﬂ +C9,
x

where C is some complex constant, and the distribution fp 1/|x| is defined by:

1 o0
(oko) == [ s voelo 0
|x\ 9.9 —0

Then, using Plancherel’s formula together with (15), we obtain:

/+°° elog(a2+t2)dt V21

+-00
% 82 +t2 2 C— .7'[/ lOg |X‘ (a+£)e<a+£)|x| dx’

2mlog(a+e) —2I,,, —2log(a+¢)

where the values of the integrals are formulae 4.295.7 and 4331.1 of [3]. The latter identity
gives:

2I;

C=— Eul ;
V21
and therefore:
1 2L
F [log(a® +1%)] = —V2me Plfp— - “Eul 5,
[log( )] P on
Taking the limit @ — 0+, the result announced has been proved. ]

Corollary 2 The Fourier transform of pv1/x is given by:

ﬁ[va:i 22ns (x).
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A 2. L? theory of the Hilbert transform

If T is an arbitrary, cmnpactly supp()rted distribution on IR, the convolution
T pv —1
*
)

is well defined in the sense of distributions. However, in the case where T is some integrable
function, we cannot assert that this convolution product is a function. The fact that this is
true of functions 7 € L”, with p € ]1, [, is the main result of the Hilbert transform theory.
In this section, some key facts are briefly recalled. For the proofs, the readers are referred to
a textbook in harmonic analysis such as [11].

Theorem 9 (M. Riesz) Let p € |1,[ and f € LP(R;R). Then:
(i) For almostall x € R,
* fl(t X—E e f(f
—f() dr = lim / + —f( ) dt,
ol —X e—0+ ) o xtel —X

exists and is finite.
(ii) The function g, defined for almost all x € R, by:

s=td Wy

is in LP(R;R). We take g = J[f] to denote this expression and call it the Hilbert
transform of f.

(iii) The Hilbert transform ¢ : LP — LP is linear continuous.

(iv) The following identity holds:

#|H10) = 1,
which shows that the Hilbert transform is an isomorphism of I’ (R;R).

Of course, for all f € L’ (R;R) (p € |1, %[), we have:

1
f*pv; =—nA[f].

Theorem 9 was first known in the case p = 2, where an easy proof based on Plancherel’s
formula and corollary 2 can be worked out. This is the generalization of this result to p €
]1, o[ which was achieved by Marcel Riesz.

The L? theory of the Hilbert transform is closely related to the study of some class of
holomorphic functions defined in the open upper-half plane:

= {ze@;%(z)>0},

as seen in the next theorem.
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Theorem 10 (M. Riesz)
(i) Let p €1,%| and f € LP(IR;R). Then, the function @ : [1" — C defined by:

o(2) :% ;% ar

)

is holomorphic in IT" and satisfies:
JKER, Vy>0, / | (x+iy) | dx < K. (16)

In addition, ®(x+iy) converges, as y — 0+, in LP(R;R), but also for almost all x € R,
towards the limit:

@D (x+i0) = A[f](x) +if (x).

(ii) Reciprocally, if @ is some holomorphic function in ITV satisfying the condition:
JKER, Vy>0, / | (x+iy)|"dv < K,

then, ®(x+iy) converges, as y — 0+, in LP(R;R), but also for almost all x € R,
towards some limit @ (x+i0), which satisfies in addition:

R{D(x+i0)} = 7 [3{D(x+i0)}].

Condition (16) defines a Banach space of holomorphic functions in IT* named 5277 (IT")
after Hardy. Theorem 10 states that functions in 2#? (IT") have a trace on the real line, be-
longing to L (IR;IR) and with real and imaginary parts conjugated by the Hilbert transform.
Theorem 10 provides a convenient means of identifying the Hilbert transform of some func-
tion in LP: we will try to find a function @ € J#”7 having a trace on the real line with
imaginary part coinciding with the given function. Then, the real part of the trace on the real
line will provide the Hilbert transform we are looking for. Therefore, theorem 10 is the key
to solving the class of singular integral equations examined in section A.3.

Theorem 11 (M. Riesz)
(i) Let f; € LP1(R;R) and f, € L2 (R;R), with le + pLz = 1. Then:

[ owviein) = [ s
[ == [ noris

In particular, the Hilbert transform is an isometry of I2.
(ii) Let f, € L' (R;RR) and f, € LP2(R;R), with pil + piz < 1. Then:

%[%[fl}fz+f1%[fz}] :f%ﬂ[fl]f%&[fz]_flfr

Proof of theorems 9, 10 and 11 (i) can be found, for example, in [11]. Proof of theo-
rem 11 (ii) can be found in [12]. Theorem 11 (i) can be regarded as a statement concerning
the exchange of order between an ordinary integral and a Cauchy integral whereas theo-
rem 11 (ii) is a statement concerning the exchange of order between two Cauchy integrals
as shown in the following corollary.
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Corollary 3
(i) Let f; € L1 (R;R) and f, € L2 (R;R), where pil + piz = 1. Then:

| nw fw %dydx: [ ro : ]y%("idxdy.

(ii) Let f; € L1 (R;R) and f, € LP2(R;R), where pll + % < 1.Then, for almost all x, € R:

CA® B g g
730x_x0 o Y X

- RC)) 2
1K) § I avdy (5 )
f—w P T (x =) (v —x) R
Theorem 11 (ii), or its explicit form, corollary 3 (ii), is generally referred to as the
Poincaré-Bertrand-Tricomi Lemma.
If f € L?(R;R) is continuous, its Hilbert transform .7#’[ ] is not necessarily continuous.
However, the following result holds.

Proposition 7 (Plemelj-Privalov) Let f : R — R be a continuous function with compact
support. Assuming that f belongs to the Holder space C*%, for some a € |0, 1], then #[f]
is locally in C%* . In addition, for all o €0, 1], there exists a real constant M, such that for
all continuous fonction f: R — R, with support in [—1,1] belonging to C**([—1,1];R),
the continuity property:

||%[f]||coa([7l7l] ]R) S M(X ||f“c0,a<[7171];]R>7

holds true.

Proof of proposition 7 can be found in [7]. We end this subsection by giving asymptotic
estimates for the finite Hilbert transform.
Proposition 8 Let f € LP(—1,1;R), with p € ]1,[. Assuming that f can be written:

A
(1—x)*

flx)= +8(x),

where A € R, a € [0,1] and g is some function vanishing at x = 1 and satisfying some
Holder condition in a left-neighbourhood of x=1. Then:

(i) if o =0, then we have:

1Y f) A
—¢ 2 = Zog(1 - 1 1-
F i - og(l—x)+0(1) asx— 1—,
Ll of(e A
— Mdt:—log(xfl)JrO(l) asx—1+.
aTJ-1t—x JT

(ii) if a €]0,1], then we have:

IR A cot

L 10, Acotma asx 1
) t—x (1—x)

L/t f) A

— | Mdt=——-"——+0(1 1+4.
m)oat—x (x—l)“sinna+ (1) asx— 1+

Proof of proposition 8 can be found in [12].
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A 3. L? theory of some class of singular integral equations

Singular integral equations involving the Hilbert transfarm on the full real line can be easily
solved using the inversion formula:

AU = 1.

However, we will deal here, with singular integral equations that are given not on the full
real line IR, but only on the finite interval |—1, 1[. We consider three classes of such singular
integral equations with unknown f(x).

— The equation of the first kind (which is sometimes called the “airfoil equation”):

1
t
foraa.xe]—-1,1[, &dt—g(x).
,1t—x
— The equation of the second kind:
foraaxel-L1,  fo)-2d L0 a g0
o Y T t—x '
— The Carleman equation:
ALY fe
foraaxe]-11, a0 -2d L g o).
T J g t—x

Optimal L? theory of the equations of the first and second kind was obtained by Sohngen
[9]. In what follows, we will use the notation:

L"(-L,LR)= |J /(-1 LR).
Pejl|

Theorem 12 (H. Sohngen) Let g € L'T(—1,1;R) be given. Then, all the solutions f €
L' (=1,1;R) of the singular integral equation:

l&dj

a.xel-1,1],
foraa.xe] [ e

=8(x),
are given by:

1—1% g(r) c 1
1—x2"t—x T 1 — 2

C:/jlf(t)dt

plays the role of an arbitrary constant.

where:
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Theorem 13 (H. Sohngen) Let g € L' (—1,1;R) and 2 € R\ {0}. Let:
ozdzeflarctanl (e]-1/2,1/2]).
7 A ’

Then, all the solutions f € L't (—1,1;R) of the singular integral equation:

_& 1&&;

fora.a.XE}_lal[v f(x) T ) t—x

g(x),

are given by:

A1 LU (140)37%(1 =)+
PRTREC R S o (K SO O
1+2 T+A% 7 Jy (14x)27¢(1—x)2te t—x
Ccosma 1
T (14x)37%(1—x)3te
where:

1
C= / f(r)dr
~1
plays the role of an arbitrary constant.

A similar theorem to theorem 13, but for the Carleman equation is proved in [12]. This
theorem is restricted to the case where g € L*(—1, 1;R) and a(x) is Lipschitz-continuous in
[—1,1]. The kernel (the vector space of solutions to the homogeneous equation) can be seen
to have dimension 1, as in theorems 12 and 13. It seems highly plausible that this result could
be extended to the case g € L't (—1,1;R) by adapting Sohngen’s technique [9]. However,
this is not the extension required in this paper. What is required is to relax the hypothesis
that a(x) is Lipschitz-continuous in [—1, 1] into the weaker hypothesis that a(x) is piecewise
Lipschitz-continuous in [—1, 1]. Surprisingly, if the kernel is still finite-dimensional in that
case, it needs not to have dimension 1 in this extended case. Since, as far as we know, this
extension of the Carleman equation has not been studied so far, we enclose the full proof of
this result. This proof is restricted to the case where g € L*(—1, 1;IR)), which suffices for the
present purposes, but it could certainly be extended to the case where g € L'+t (—1,1;R) by
adapting Sohngen’s technique [9].

Theorem 14 Ler g € L*(—1,1;R), A € R\ {0} and a: [-1,1] — R be some piecewise
Lipschitz-continuous function. Take:

A
arctan—, ifxe|—1,1],
0(x) =1 Joa a(x) frel ]
0, if x| > 1.
The function 6(x) is piecewise Lipschitz-continuous in [—1, 1] and we take:
l=F <B <o <En=1,

to denote all its discontinuity points, and.:

< <x < <x=1,
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to denote all the discontinuity points %; which satisfy in addition the condition:
0(%—0) > 6(x,+0).

Then, all the solutions f € L't (—1,1;R) of the singular integral equation:

A 1
foraa.xe]—1,1], a(x)f(x)f; 71%&:@7(@,
are given by:
PERECLCN AN Ura
2w +2 T Jam g S e
P(x)e™™)

TG ov@m i
where: . o1
o(x) = ;y,{l Wy,
and, P € R, _,[X] is some arbitrary real polynomial the degree of which is at most n— 1.

Proof Withi € {1,2,...,m}, we adopt the notation:

0, B= 65 +0).

Step 1. The following identity holds, for almost all x € |—1,1]:

1 fl et d 1 { a(x)e™™ sgn()»)}

n ]2 +22t—x A\ Ja2(x)+ A2 ’
First, note that, by virtue of proposition 7, the functions 7(x) and "™ are continuous in
each interval ]ii,ii 1 [ In addition, proposition 8 gives the estimates:

Y = 0(]x— 5|47 P, asx — %,.

In particular:
W e L (—1,1;R).
Now, withz € ITT = {z € C; J(z) > 0}, take:
1
T(Z) — l/ %dt,
aTJ)-11—2Z
D(z) = ef@ 1.

Then, upon applying theorem 10 to the function(z), it can be seen that @ (x+iy) converges,
as y — O+, for almost all x € R, towards:

1 g1 6() .
e{ﬁ 71Hdt+19(x)}_17 if ‘x| <1’
O(x+i0) = o
G
e{ﬁj—lﬁdt}fl, if x| > 1.
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The restriction of @ (x +i0) to ]—1, 1[ is obviously in L'* (-1, 1;R). In addition:
M
D(x+i0) ~ ——, as |x| — oo,
X

where M = [', 6(r)dr > 0, since O(x) is positive in | —1,1[. As a result, @ (x+ i0) belongs
to L”(R;R) for some p € |1, [, and from theorem 10, we deduce that, for almost all x €

]-1,1[:
T ,t(r) o3
ew‘)cose(x)fl:l}[ Lﬂe(t)dt
T ) t—x
Since: 5 5
cosf(x) = sen(h)aly) and sinf(x) = 2]

a*(x)+ A2 Var(x) + 2

the claimed identity is proved.
Step 2. The function defined by:

T(x)
(1—x)\/a2(x)+ A2’

belongs to L'* (—1,1;R) and solves the homogeneous equation.
It has already been seen in step 1 that ¢*™® € L!*(—1,1;R). In addition:

er<x>=0((1—x)a'"), asx — 1—,
where a,,, € 10, 1[. Therefore:

R

(1—x)/a%(x) + A2

e L' (~1,1;R),

Now replacing 0 (x) by 0(x) — m, and therefore T(x) by 7(x) —log ﬁ in the proof of step 1,
we obtain the identity:

1 [ 141 et dr 1{1+x a(x)er(x) }
- T s . . +sgn(A) p, 17
ﬂ}[q 1=t \/a>(t)+A2 t—x A ll—x \/a’(x)+A2 gn(4) an

for almost all x € ]—1, 1[. Taking the half-sum of this identity and that in step 1, it can be

readily seen that:
™)

(1—x)\/a?(x)+ 22’

solves the homogeneous equation.

Step 3. Let P € R, | [X] be some arbitrary real polynomial the degree of which is at most
n— 1. Then the function defined by:

P(x)e™™

[T (=) /a2 (x) + 2%

belongs to L'* (—1,1;R) and solves the homogeneous equation.
From the estimates:

e = 0(|x —x,| %P, asx — x;,
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where a; — 8, € ]0, 1[, we readily obtain:
P(x)e™™
[T (5 = x) /a2 (x) + 242

Since the case where n = 1 was dealt with in step 2, presumably n > 2. In view of step 2, we
get:

e L' (~1,1;R).

a(x)e™

(1 —x)y/a?(x) + A2
e
ST (x — (1= 0) @)+ A2 -
B A L] e dr
= (e ﬁ)E?’[fl (o ) (1)) 1 A2 1 —x

——/ e dr
1) (1—1)\/a?(t) + A2
Hence:
a(x)e™™

(51— (1 —2)y/@(x) + A2

AL ™M) dr
T }{1 (x, | —1)(1—1)y/a2 (1) + A2 t—x

1 Aol e":(f)
:<xn,1fx>?/fl R TR e e

n—1

But since the first member of this equality belongs to L'*(—1, 1;R), we obtain:

S| er(r)
/ dr =0,
~1(x,_ =) (L —1)\/a?(r) + A2

and the fact that:

(x,, —x)(1—x)\/a>(x) + 22’

solves the homogeneous equation. By finite induction, it is proved that each function:
(%)

e

[T~ (x; —x) @ (x)+ 2%

with j € {1,2,...,n}, solves the homogeneous equation. Now any polynomial P € R, [X]
can be uniquely decomposed into:

-3

J=1

e
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and so:

P(x) er(x) n—1 ¢; eT<X)

T — )V (@) 122 121 T ot (3 —2) /@ (x) +22

indeed solves the homogeneous equation.

Step 4. Any solution in L'* (—1,1;R) of the homogeneous equation has the form:

P(x)e™™
T (=) Va2 () + 27
where P € R,,_|[X] denotes some arbitrary real polynomial, the degree of whichis at most

n—1.
Apply identity (17) to —A instead of A. Since:

A 2
arctan| —— =g —arctan| —— s
J0.x[ (a(x)) J0.x[ (a(x))

we have to replace 7(x) by logm —7(x) in identity 17 and we obtain:
1 _
dr 1 a(x)e ™™ }
— —— = —— ——— —sgn(A) ¢, 18
() 1A % A{ TR (19
for almost all x € ]—1, 1], and then:
1 —7(x)
dt x a(x)e
_ 7'—:__'L+Ql(x)’
“1y/a*(t)+ A2 r—x A Va2 (x)+ A2

where Q, denotes some real polynomial of degree 1 at most. With P € R[X], an arbitrary
polynomial, we obtain by induction:

—7(x)
i Pkx) ax)e 1o, (19)

y’[\/ N+a2t—x A \Ja2x)+ A2

where Q € IR[X] is some polynomial, the degree of which is no greater than that of P.
Now let f € L'*(—1,1;R) be some arbitrary solution of the homogeneous equation:

IMd

,11‘—)6

A
ax) flx) ==
Noting that e "™ [T, (x, —x) is in L*(—1,1;IR), we have:

t—x

s nlx—r<>*w>ﬂwm

1 n o —1(1)
— iz lel(xl t)e 1 f( )d dt
T Jo a*(t) + A2 tex st
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Now using the Poincaré-Bertrand-Tricomi Lemma (theorem 11 (ii)), and then equality (19),
we calculate:

e et SUOp
Va2 (t) + 22 t—x

_ }[ }[Hl (x;—1) dr
a2 ) s—x +A2 ’tfx

Hz lx_t dr o Hl (x _x) )
¢ N ,_s}d g Do

1 ¢ £(s) { ()11( —s)e’" a(xm:l_l(xix)ef@}ds

w1 S—X \/m \/m
Q(s) —0(x) T, (x; — x) e ™
_ —/ f — ds — )»f(x) W
Taking: X
o] $) — X
P(x) = 7% 71f(5) %ds,

(P is a real polynomial, the degree of which is at mostn — 1), we obtain:

Hz l(x _x) —*® X ( ) Hl (x _x) —t)
N O E R A S O Eoe

£ =5 PG,

that is:
P(x)e™

i (5 —x)\/a?(x) + 42
which is exactly the conclusion we wanted to obtain.
Step 5. The function defined by:

fx) =

a(x)g(x) N Ae” L e ™™ A
)+ R0 AT S SR+ A2 =X

belongs to L'* (—1,1;R) and solves the non-homogeneous equation.
Noting, as previously, that et ITe, (x; —x) isin L*(—1,1;R), let:

a(x) g() hett) 1 lH?:l(xi*t) g(f)efr(t) dr

20+ T AT P T =) V@ T =%

It is obvious that f € L'+ (—=1,1;R). A simple calculation based on the use of the Poincaré-
Bertrand-Tricomi Lemma (theorem 11 (ii)) yields:

lﬂd_ LI g GTOR

fx) =

lt_ r= 2( )+)L2 ,1a2 t)—}—}»z.t—x

() [T (v —s)e ™) 1 {}[1 et .
=5, VO EEE CAY EEV ORPER R

fl e‘r(t) dr }d
AN COE AT
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Based on step 3, we then obtain:

lﬁd

i t—x

sl 'at)g() dr

T T@waia }[laz@ 2 x
)

+ = }[ )T (x; —s)e” <Y){ a(x)e™™
TS0 (s—x)\/a2(s)+ 22 [T (x; —x)y/a?(x) + A2
a(s) e™®)

-9 a2<s>+x2}

ds,

- %{a(x)f(X) -8},

which shows that f in fact solves the equation under consideration. In the end, after per-
forming some easy calculations on the definition of f, it is established that:

a(x) g(x) Aet® 1 b g e ™ dr

2O+A  Jam i A

N P(x)e™
T, (= x) /@ (x) + A2

where P € R, [X] is some real polynomial, the degree of which is no greater than n— 1.
This identity implies on the one hand, that the function:

a(x)g(x) N Aet® 1 1 g(r)e ™0 dr
X)+A2 0\ Ja?(x +A2ﬂ @)+ A2 —x

belongs to L' (-1, l;lR), and on the other hand, that it solves the non-homogeneous equa-
tion. O
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