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Résumé

Dans tout ce qui suit, nous considérons une variété riemannienne compacte de dimen-
sion au moins égale & 2. A tout domaine (suffisamment régulier) €2, on peut associer la
premiere valeur propre A\ de I'opérateur de Laplace-Beltrami avec condition de Dirichlet
au bord. Nous dirons qu'un domaine € est extrémal (sous entendu, pour la premiere valeur
propre de l'opérateur de Laplace-Beltrami) si 2 est un point critique de la fonctionnelle
2 — Agq sous une contrainte de volume Vol(€2) = ¢q. Autrement dit, €2 est extrémal si, pour
toute famille réguliere {Q}ic(—¢,,4) de domaines de volume constant, telle que €y = Q, la
dérivée de la fonction t — Aq, en 0 est nulle. Rappelons que les domaines extrémaux sont
caractérisés par le fait que la fonction propre, associée a la premiere valeur propre sur le
domaine avec condition de Dirichlet au bord, a une donnée de Neumann constante au bord.
Ce résultat a été démontré par A. El Soufi et S. Ilias en 2007. Les domaines extrémaux
sont donc des domaines sur lesquels peut étre résolu un probleme elliptique surdéterminé.

L’objectif principal de cette these est la construction de domaines extrémaux pour la
premiere valeur propre de 'opérateur de Laplace-Beltrami avec condition de Dirichlet au
bord. Nous donnons des résultats d’existence de domaines extrémaux dans le cas de petits
volumes ou bien dans le cas de volumes proches du volume de la variété. Nos résultats
permettent ainsi de donner de nouveaux exemples non triviaux de domaines extrémaux.

Le premier résultat que nous avons obtenu affirme que si une variété admet un point
critique non dégénéré de la courbure scalaire, alors pour tout volume petit il existe un
domaine extrémal qui peut étre construit en perturbant une boule géodésique centrée en
ce point critique non dégénéré de la courbure scalaire. La méthode que nous utilisons pour
construire ces domaines extrémaux revient a étudier I'opérateur (non linéaire) qui a un
domaine associe la donnée de Neumann de la premiere fonction propre de 'opérateur de
Laplace-Beltrami sur le domaine. Il s’agit d'un opérateur (hautement non linéaire), nonlo-
cal, elliptique d’ordre 1.

Dans R" x R/ Z, le domaine cylindrique B, x R/Z, ou B, est la boule de rayon r > 0
dans R”, est un domaine extrémal. En étudiant le linéarisé de 'opérateur elliptique du
premier ordre défini par le probleme précédent et en utilisant un résultat de bifurcation,
nous avons démontré 'existence de domaines extrémaux nontriviaux dans R" x R/ Z. Ces
nouveaux domaines extrémaux sont proches de domaines cylindriques B, x R/Z. S’ils sont
invariants par rotation autour de I’axe vertical, ces domaines ne sont plus invariants par
translations verticales. Ce deuxieme résultat donne un contre-exemple a une conjecture de
Berestycki, Caffarelli et Nirenberg énoncée en 1997.

Pour de grands volumes la construction de domaines extrémaux est techniquement
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plus difficile et fait apparaitre des phénomeénes nouveaux. Dans ce cadre, nous avons du
distinguer deux cas selon que la premiere fonction propre ¢y de l'opérateur de Laplace-
Beltrami sur la variété est constante ou non. Les résultats que nous avons obtenus sont les
suivants :

1. Si ¢ a des points critiques non dégénérés (donc en particulier n’est pas constante),
alors pour tout volume assez proche du volume de la variété, il existe un domaine
extrémal obtenu en perturbant le complément d’une boule géodésique centrée en un
des points critiques non dégénérés de ¢y.

2. Si ¢g est constante et la variété admet des points critiques non dégénérés de la cour-
bure scalaire, alors pour tout volume assez proche du volume de la variété il existe
un domaine extrémal obtenu en perturbant le complément d’une boule géodésique
centrée en un des points critiques non dégénérés de la courbure scalaire.

Mots clés. Domaines extrémaux, premiere valeur propre, Laplacien, opérateur de
Laplace-Beltrami, boules géodésiques, courbure scalaire, profile de Faber-Krahn, conjec-
ture de Berestycki-Caffarelli-Nirenberg, problemes elliptiques surdétérminés.

Abstract

In what follows, we will consider a compact Riemannian manifold whose dimension is
at least 2. Let Q be a (smooth enough) domain and A the first eigenvalue of the Laplace-
Beltrami operator on ) with 0 Dirichlet boundary condition. We say that {2 is extremal
(for the first eigenvalue of the Laplace-Beltrami operator) if €2 is a critical point for the
functional 2 — A\q with respect to variations of the domain which preserve its volume. In
other words, €2 is extremal if, for all smooth family of domains {€2; };c(—¢,.,) Whose volume
is equal to a constant ¢y, and €y = €2, the derivative of the function t — A\, computed at
t = 0 is equal to 0. We recall that an extremal domain is characterized by the fact that the
eigenfunction associated to the first eigenvalue of the Laplace-Beltrami operator over the
domain with 0 Dirichlet boundary condition, has constant Neumann data at the boundary.
This result has been proved by A. El Soufi and S. Ilias in 2007. Extremal domains are then
domains over which can be solved an elliptic overdeterminated problem.

The main aim of this thesis is the construction of extremal domains for the first eigen-
value of the Laplace-Beltrami operator with 0 Dirichlet boundary condition. We give some
existence results of extremal domains in the cases of small volume or volume closed to the
volume of the manifold. Our results allow also to construct some new nontrivial exemples
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of extremal domains.

The first result we obtained states that if the manifold has a nondegenerate critical
point of the scalar curvature, then, given a fixed volume small enough, there exists an
extremal domain that can be constructed by perturbation of a geodesic ball centered in
that nondegenerated critical point of the scalar curvature. The methode used is based on
the study of the operator that to a given domain associes the Neumann data of the first
eigenfunction of the Laplace-Beltrami operator over the domain. It is a highly nonlinear,
non local, elliptic first order operator.

In R" x R/ Z, the circular-cylinder-type domain B, x R/Z, where B, is the ball of
radius r > 0 in R", is an extremal domain. By studying the linearized of the elliptic first
order operator defined in the previous problem, and using some bifurcation results, we
prove the existence of nontrivial extremal domains in R™ x R/ Z. Such extremal domains
are closed to the circular-cylinder-type domains B, x R/Z. If they are invariant by rotation
with respect to the vertical axe, they are not invariant by vertical translations. This second

result gives a counterexemple to a conjecture of Berestycki, Caffarelli and Nirenberg stated
in 1997.

For big volumes the construction of extremal domains is technically more difficult and
shows some new phenomena. In this context, we had to distinguish two cases, according to
the fact that the first eigenfunction ¢q of the Laplace-Beltrami operator over the manifold
is constant or not. The results obtained are the following :

1. If ¢p has a nondegenerated critical point (in particular it is not constant), then,
given a fixed volume closed to the volume of the manifold, there exists an extremal
domain obtained by perturbation of the complement of a geodesic ball centered in a
nondegenerated critical point of ¢q.

2. If ¢g is constant and the manifold has some nondegenerate critical points of the scalar
curvature, then, for a given fixed volume closed to the volume of the manifold, there
exists an extremal domain obtained by perturbation of the complement of a geodesic
ball centered in a nondegenerate critical point of the scalar curvature.

Key words. Extremal domains, first eigenvalue, Laplacian, Laplace-Beltrami opera-
tor, geodesic balls, scalar curvature, Faber-Krahn profile, Berestycki-Caffarelli-Nirenberg’s
conjecture, elliptic overdeterminated problems.
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Chapitre 1

Introduction

Considérons une variété riemannienne compacte (M, g) de dimension n au moins égale
a 2. A tout domaine suffisamment régulier ), on peut associer la premiere valeur propre
Aq de l'opérateur de Laplace-Beltrami

A, =divy(V),

avec condition de Dirichlet au bord, c’est a dire la constante positive A\ telle que le
probléeme de Dirichlet

Ajgu+rgu = 0 sur
u = 0 sur 02

admette une solution strictement positive u (voir [6]). Nous dirons qu'un domaine €2 est
extrémal (sous entendu, pour la premiere valeur propre de 'opérateur de Laplace-Beltrami)
si  est point critique de la fonctionnelle @ — A\ sous la contrainte de volume Vol(£2) = c.
Autrement dit, © est extrémal si, pour toute famille réguliere {2 }1c(—¢,,4,) de domaines de
volume constant, telle que 2y = €2, la dérivée de la fonction t — A, en 0 est nulle.

L’objectif principal de cette these est la construction de domaines extrémaux pour
la premiere valeur propre de 'opérateur de Laplace-Beltrami avec condition de Dirichlet
au bord. Il s’agit la d’'un probleme classique en optimisation de forme. Des méthodes
directes du calcul des variations qui permettent de démontrer I'existence de minimiseurs
de la premiere valeur propre du Laplacien euclidien, parmi les sous-ensembles de volume
prescrit d'un domaine donné, ont été introduites par G. Buttazzo et G. Dal Maso en 1993,
[9]. Ce résultat est obtenu dans une classe de domaines assez irréguliers, appelés domaines
quasi-ouverts, définis de la maniere suivante. Soit A un sous-ensemble ouvert et borné
de R™. Pour tout sous-ensemble E de A, soit Ur I'ensemble de toutes les fonctions u de
I'espace de Sobolev H{(A) telles que u > 1 presque partout dans un voisinage de E, et
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définissons la capacité de E par la formule

cap(E):inf{/\Vu\2 : uEUE}.
A

On dit que un sous-ensemble €2 de A est quasi-ouvert si pour tout € > 0 il existe un sous-
ensemble ouvert €, de A tel que cap (2:<Q) < ¢, ou 2. <2 désigne la différence symétrique
entre les ensembles €), et €).

En 2000, M. Hayouni a amélioré le résultat de G. Buttazzo et G. Dal Maso (voir [22]),
en démontrant 'existence d’'un domaine ouvert qui minimise la premiere valeur propre
du Laplacien euclidien, parmi les sous-ensembles de volume prescrit d’un domaine donné.
Grace a la technique de symétrisation de Schwarz (voir les travaux de Krahn [25] et [26] et
de J. Serrin, [36]), on sait que si M est une boule de R" ou si M = R", alors toute boule
B C M minimise la premiere valeur propre du Laplacien euclidien, parmi les domaines
ayant le méme volume. En général, on ne dispose d’aucune information sur la régularité
et la structure de ces domaines extrémaux obtenus par minimisation de 2 — \q sous une
contrainte de volume.

Dans cette these, nous donnons des résultats d’existence de domaines extrémaux pour
la premiere valeur propre de l'opérateur de Laplace-Beltrami dans certaines variétés rie-
manniennes, dans le cas de petits volumes ou bien dans le cas de volumes proches du
volume de la variété. Nos résultats permettent aussi de donner de nouveaux exemples non
triviaux de domaines extrémaux dans les tores plats.

Notre approche s’inspire fortement de travaux semblables qui ont été faits dans le cadre
du probleme isopérimétrique (o 'on regarde, entre tous les domaines d’'un méme volume,
les domaines dont 'aire du bord est minimale) et de I'existence d’hypersurfaces a courbure
moyenne constante.

Il est bien connu que les bords des domaines solutions du probleme isopérimétrique sont,
quand ils sont suffisamment réguliers, des hypersurface a courbure moyenne constante (voir
les travaux de d’Almgren [1], Gruter [20], Gonzalez, Massari et Tamanini [18]).

Théoréme 1.0.1. (d’Almgren [1], Gruter [20], Gonzalez, Massari et Tama-
nini [18]). Soit M une variété riemannienne compacte de dimension n. Alors, pour tout
t,0 <t <Vol(M), il existe une région compacte Q@ C M dont le bord ¥ = 02 minimise
l’aire entre toutes les régions du méme volume t. De plus, sauf pour un ensemble singulier
fermé de dimension de Hausdorff au plus n — 8, le bord X de toute région minimisante est
une hypersurface réqulicre plongée de courbure moyenne constante, et si OM N # O alors
OM et ¥ se rencontrent orthogonalement.



Néanmoins, il n’existe pas de méthode générale qui permette la construction d’hy-
persurface a courbure moyenne constante dans une variété riemannienne. Un exemple de
méthode qui permet de construire des hypersurfaces a courbure moyenne constante a été
donné en 1991 par R. Ye, qui a démontré (voir [40]) le :

Théoréme 1.0.2. (Ye [40]). Le feuilletage d’un voisinage suffisamment petit d’un point
critique non dégénéré de la fonction courbure scalaire, par des sphéres géodésiques centrées
en ce point, peut étre perturbé en un feuilletage par des hypersurfaces a courbure moyenne
constante.

Une réciproque partielle a ce résultat de R. Ye a été donnée en 2002 par O. Druet (voir
[10]).

Théoréme 1.0.3. (Druet [10]) Soit (M, g) une variété riemannienne compacte de di-
mension au moins 2. Soit p € M. On assume que

Scal(p) < n(n —1) K

ot Scal est la courbure scalaire de la variété et K € R. Il existe v, > 0 tel que pour tout
domaine S contenu dans la boule géodésique de centre p et rayon 1,

Vol, (0€2) > Vol,, (0B)

ou B est une boule de volume Vol,(2) dans lespace modéle de courbure sectionnelle
constante K (i.e. une variété riemannienne compléte simplement connexe de courbure
sectionnelle constante K ).

Comme corollaire de ce résultat, on obtient que, pour des volumes petits, les solutions
du probleme isopérimétrique ressemblent a des spheres géodésiques de rayon petit centrées
en un point ou la courbure scalaire est maximale, ce qui représente une réciproque partielle
au résultat de R. Ye.

On note
I = min Vol 0f2

QCM : Vol Q=r
le profil isopérimétrique de la variété M, ot 'on prend () dans les domaines ouverts,
relativement compacts et réguliers de la variété riemannienne M. S. Nardulli, en utilisant
le résultat de R. Ye, a obtenu un développement asymptotique du profil isopérimétrique
de M dans un voisinage de 0 :

Cp -1 S 7\ " 2
I.[- = 1 T n <1 _——m —_—m (—) + 0] <’7’n>>
o 2n(n+2) \wy
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ou S est un maximum de la courbure scalaire de M, w,, est le volume euclidien de la boule
unité de dimension n, et ¢, est le volume euclidien de la sphére S™71.

La détermination du profil isopérimétrique est intimement liée a la détermination
du profil de Faber-Krdhn, ou 'on cherche le minimum de la premiere valeur propre de
I'opérateur de Laplace-Beltrami parmi les domaines de volume prescrit :

FKY .= min  Ag
QCM : Vol Q=1

L’inégalité de Faber-Krahn (voir [25] et [26]) stipule que, dans Iespace euclidien

FK? =\, (37) "

Cn

ot By est la boule unité euclidienne et g la métrique euclidienne. Comme mentionné
ci-dessus, on peut le démontrer en utilisant la technique de symétrisation de Schwarz.
De maniere plus générale, si (Mg, gx) désigne I'espace-modele de courbure sectionnelle
constante K, on démontre de la méme facon que

FKI% = \p
ou B est une boule de volume 7 dans M.

Il est bien connu qu’'une estimation par valeur inférieure sur le profil isopérimétrique
donne une estimation par valeur inférieure sur le profil de Faber-Krahn. Ce résultat représente
essentiellement l'inégalité de Faber-Krahn ([13], [25], voir aussi [6]) :

Théoréme 1.0.4. (Faber [13], Krdhn [25]). A chaque ensemble ouvert 2, constitué
par U'union disjointe de domaines réguliers de la variété riemannienne M, on associe la
boule géodésique Bq de [’espace modele My a courbure sectionnelle constante K qui a le
meéme volume que 2. St pour tout Q) ['inegalité isopérimetrique

Vol, (0€2) > Vol,, (0Bq)

est vérifice, avec éqalité si et seulement si () est isométrique a Bq, alors pour tout domaine
connexe et réqulier par morceaux )

Ao > Ap,

avec €galité si et seulement si Q) est isométrique a Bq.



Etant donné le role crucial joué par les points critiques de la fonction courbure sca-
laire dans la construction d’hypersurfaces a courbure moyenne constante, il est raisonnable
de penser que ces points jouent aussi un role essentiel dans la construction de domaines
extrémaux pour la premiere valeur propre de I'opérateur de Laplace-Beltrami. Dans cette
these, nous montrons que c’est effectivement le cas.

Comme mentionné ci-dessus, les méthodes directes du calcul des variations ne per-
mettent pas de construire des domaines extrémaux d’une variété riemannienne ou alors
ne donnent que tres peu d’informations sur ces domaines. Pour cette raison, dans cette
these, nous avons utilisé des méthodes perturbatives qui permettent de donner de nou-
veaux exemples de tels domaines. Comme nous ’expliquerons dans le deuxieme chapitre,
les domaines extrémaux sont caractérisés par le fait que la fonction propre associée a la
premiere valeur propre du Laplacien sur le domaine avec condition de Dirichlet au bord, a
une donnée de Neumann constante au bord. Ce résultat a été démontré dans le cas eucli-
dien par P. R. Garabedian et M. Schiffer [16] en 1953, et, dans une variété riemannienne,
par A. El Soufi et S. Ilias en 2007, [12]. Une démonstration différente de ce fait, basée sur
un approche de D. Z. Zanger (voir [41]), est présentée dans le deuxiéme chapitre de cette
these. Les domaines extrémaux sont donc des domaines sur lesquels peut étre résolu le
probleme elliptique surdéterminé

Agu+rgu = 0 sur €2
u = 0 sur 0Of
ou

— = constante sur 01,
Oov

ou v est le vecteur normal extérieur au bord de 2.

Le premier résultat que nous avons obtenu (paru en 2009 dans les Annales de I'Institut
Fourier, [32]) affirme que si une variété admet un point critique non dégénéré de la cour-
bure scalaire, alors pour tout volume suffisamment petit il existe un domaine extrémal, et
ce domaine peut étre construit en perturbant une boule géodésique centrée en ce point.
Voici I’énoncé précis :

Théoreme 1.0.5. On suppose que py est un point critique non dégénéré de Scal, la fonction
courbure scalaire de (M, g). Alors, pour tout € > 0 suffisamment petit, € € (0, €), il existe
un domaine régulier Q. C M tel que :
(i) Le volume de ). est égal au volume euclidien de B, la boule euclidienne de rayon
€.
(ii) Le domaine Q. est extrémal.
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De plus il existe une constante ¢ > 0 et, pour tout € € (0,€), il existe un point p. € M
tel que le bord du domaine ). est le graphe normal sur OB.(p.) pour une fonction w. qui
vérifie

|wellczeap. o)) < €. et dist(pe,po) < ce.

ou dist représente la distance entre deux points.

Il s’agit la du pendant du résultat de R. Ye dans ce contexte. La méthode que nous
utilisons pour construire ces domaines extrémaux revient a étudier 'opérateur qui, a un
domaine, associe la donnée de Neumann de la premiere fonction propre de I'opérateur de
Laplace-Beltrami sur le domaine. Un volume 7 petit étant fxé, ’objectif est de trouver,
pour tout e suffisamment petit, un point p, et une fonction w,, définie sur le bord de la
boule géodésique de centre p. et rayon ¢, tels que le domaine Bf(l +w€)(p€), domaine dont
le bord est le graphe normal pour la fonction ew, sur le bord de la boule géodésique
BY(p.) de rayon € et centre p., soit extrémal et ait un volume égal a 7. Tout d’abord,
on remarque que si 'on fixe 7 égal au volume de la boule euclidienne de rayon e, toute
boule modifiée Bf(l ) (p) de volume 7 peut s’écrire dans la forme Bf(l twotd) (p) pour une
certaine constante wy et une certaine fonction w, définie sur la sphére euclidienne S™~!
(apres avoir identifié 8Bf(1 L) () avec S™=1) et de moyenne euclidienne nulle. Des calculs
directs montrent sans difficulté que wy = O(€*). On utilise un systéme de coordonnées
locales, qui permet de paramétrer la boule géodésique BY(p) avec les coordonnées y de la
boule unité euclidienne B, et une métrique dilatée g = 2 g. Cela nous permet de traiter
le probleme sur des boules modifiées de R",

él—&-u@—&-u’) = {?/ € R" : |y’ <1+ wy+ w(y/\yD}

ol la métrique induite s’écrit en coordonnées y = (y',...,y") € Bj sous la forme

. 1 1 .
Gi;(y) = 0i; + 3 e Z Ry ' + G ¢’ Z Rijimy" y'y™ + O(e")
k.l k,l,m

ou les coefficients Rirj et Rijim sont les coefficients du tenseur de Riemann et de sa

dérivé covariante, et donc de donner un sens au probleme pour € = 0. Apres avoir identifié
0B, 1o avec S™=1 nous pouvons alors définir 'opérateur

F M x (0,00) x C20(S"1) — c2e(sn1)

qui a (p, €, w) associe la donnée de Neumann de la premiere fonction propre ¢ de I'opérateur
de Laplace-Beltrami —A; sur la boule BY,, ., moins sa moyenne dans la métrique g
(I'indice m dans C%%(S™!) est 1a pour indiquer que les fonctions ont moyenne nulle) :

1 _
F(p,e,w) :=g(Vo,0) |p - /639 §(Vo,v)dvol;

5 g
1+wg+w VOlg (8Bl+w0+w) FE——



ol ¥ est le vecteur normal au bord dans la métrique g. Grace a la caractérisation des
domaines extrémaux, il nous reste a résoudre I'équation F'(p,e,w) = 0. Il s’agit d'un
opérateur non linéaire et non local. Son linéarisé par rapport a w au point (0,0,0) est
un opérateur auto-adjoint, elliptique d’ordre 1. Ceci représente une différence essentielle
entre 1’étude des domaines extrémaux et ’étude des hypersurfaces a courbure moyenne
constante ou l'opérateur qui apparait est un opérateur différentiel elliptique d’ordre 2.
Une étude détaillée de cet opérateur montre que son noyau est donné par 1’ensemble des
fonctions linéaires restreintes a la sphere unité. Ensuite, grace au théoreme des fonctions
implicites, on conclut que pour tout p € M et tout e suffisamment petit, il existe une
fonction w(p, €) et un vecteur a(p, €) de R™ tels que

F(p7€7w) = .&(C% )

ou g(-, ) représente le produit scalaire dans R™. Des estimations permettent de démontrer
que w = O(e?). Enfin, il suffit maintenant de chercher, pour tout e suffisamment petit,
les points p tels que a(p,e) = 0. En utilisant le développement limité de la métrique g
ci-dessus, nous montrons qu’il existe une constante C' telle que

a(p,€) = C € V9Scal(p) + O(e*).

Il suffit donc d’appliquer le théoreme des fonctions implicites pour conclure que si pg est
un point critique non dégénéré de la courbure scalaire, alors pour tout e suffisamment petit
il existe un point p. € M, proche de py, tel que a(p.,€) = 0. Ceci complete la preuve du
résultat.

Il est important de remarquer que O. Druet a obtenu en 2008 une réciproque partielle
de notre premier résultat (voir [11]) : en effet, il démontre que les solutions du profil de
Faber-Krahn pour les petits volumes sont des perturbations de boules géodésiques centrées
en un point ou la courbure scalaire est maximale. Précisément :

Théoréme 1.0.6. (Druet [11]). Soit (M, g) une variété riemannienne compacte de di-
mension au moins 2. On note

max Scal(p) =n(n —1) K

ot Scal est la courbure scalaire de la variété. Pour tout n > 0, il existe V,, > 0 tel que
FK{ > FKJ*™

pour tout 0 <V <V, ot g4y, est la métrique de courbure sectionnelle constante K + .
De plus

1
Apop) = Ap, € — 6 Scal(p) + o(1)
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quand € tend vers 0 pour tout point p d’une variété riemannienne compléte (M, g).

L’étude de l'opérateur linéarisé du probleme précédent permet de donner des nou-
veaux exemples de domaines extrémaux dans R"™ x R/T Z. Nous partons du fait que dans
R™ x R/T Z le domaine cylindrique B, X R/T'Z, ou B, est la boule de rayon r > 0 dans
R™, est un domaine extrémal. En étudiant le linéarisé de l'opérateur elliptique du pre-
mier ordre défini par le probleme précédent et en utilisant un résultat de bifurcation, nous
démontrons l'existence de domaines extrémaux non triviaux dans R" x R/T Z (résultat
paru en 2009 dans la revue Calculus of Variations and Partial Differential Equations, [37]).
Ces nouveaux domaines extrémaux sont proches de domaines cylindriques B, x R/T Z. Si
ces domaines sont toujours invariants sous l'action de la rotation autour de I’axe vertical,
ces domaines ne sont plus invariants sous ’action de toutes les translations verticales. Voici
I’énoncé précis du résultat :

2
Théoreme 1.0.7. Il existe un nombre réel positif T, < —Wl’ une suite de nombres
/rL —_—
réels positifs Ty — T, et une suite de fonctions non nulles v; € C**(R/2rZ) qui converge
vers 0 dans C**(R/2nZ) tels que les domaines

2
J
sont extrémauzx pour la premiére valeur propre du Laplacien dans la variété R™ x R/T;Z
avec métrique plate.

On peut remarquer immédiatement que, grace a la caractérisation des domaines extré-
maux, ces domaines de R" x R/T Z peuvent étre prolongés par périodicité a des domaines
non compacts de R™ sur lesquels la premiere fonction propre du Laplacien euclidien avec
donnée de Dirichlet 0 au bord a sa donnée de Neumann au bord constante! Ce résultat
donne alors un contre-exemple a une conjecture de Berestycki, Caffarelli et Nirenberg
énoncée en 1997, [3]. Selon cette conjecture, si {2 est un domaine régulier tel que R™\Q est
connexe et pour lequel il existe une solution bornée et positive du probléme surdéterminé

Au+ f(u) = 0 sur
u = 0 sur OS2 (1.1)
ou

— constante sur OS2,

v

pour une fonction Lipschitzienne f, alors 2 est nécessairement : un demi-espace, une boule,
le complément d’une boule ou de R? x B ou B est une boule. L’existence de ces contre-
exemple a cette conjecture montre la nécessité de trouver les bonnes hypotheses portant



sur la fonction f ou sur le domaine §2 pour que la conjecture soit vraie. A cet égard, il faut
remarquer que A. Farina et E. Vadinoci ont publié des résultats en 2009 pour les petites
dimensions (voir [14]) : en particulier, ils démontrent que dans le cas de dimension 2, et
dans le cas de dimension 3 avec la condition f(r) > 0 pour tout 7 > 0, si u est une solution
de (1.1) alors £ n’est pas un épigraphe uniformement Lipschitzien coercif (i.e. la partie de
R™ qui se trouve au dessus du graphe d’une certaine fonction I' de R*~! & valeurs dans R
uniformement Lipschitzienne et telle que lim;— 4o ['(2) = 0).

, . [N ’ N LR DY 2
Pour décrire brievement la preuve de notre théoreme, on considere I'espace C_lo,, o(R/27Z)

des fonctions sont paires et de moyenne nulle. Pour toute fonction v € CS;?H’O(R/ 277) de

norme suffisamment petite, soit ¢ = ¢, v 'unique solution positive du probleme

Agp+Ar¢p = 0 sur CL,
¢ = 0 sur 9CT,,
ol

T

et g est la métrique plate. D’apres la caractérisation des domaines extrémaux, il suffit de
résoudre I'équation

2t
oT = {(x,t)eR”xR/TZ . 0< |1 <1+v(i>}'

. 1 :
N(,T) = g(Vo,v)lacr,, — Vol ;(0CT.) /80 9(Vo,v)dvol; =0
g 1+v I

14+v

On démontre que le linéarisé Hy de N au point (0,7") est un opérateur auto-adjoint
elliptique d’ordre 1 qui préserve chaque espace V) engendré par la fonction cos(kt). De
plus, en se servant de certains résultats de la théorie des fonctions de Bessel, on montre
qu’il existe un certain 7}, < \/i—ﬂfl pour lequel H7, a un noyau de dimension fini de la forme
Vi, @ -+ @ Vj,, la valeur propre de Hp associée a l’espace propre Vj, change de signe en
T = T, et les valeurs propres de Hp associées aux autres espaces propres Vi,, ..., Vj, ne
changent pas de signe en T' = T,. Le fait que le linéarisé a un noyau de dimension finie nous
permet de faire une réduction de Lyapunov-Schmidt et de nous ramener a une équation
en dimension finie. Le fait qu’il y ait une seule valeur propre de Hy qui change de signe
en T, permet d’appliquer le théoreme de bifurcation de Krasnosel’skii, en démontrant que
(0,T.) est un point de bifurcation de la solution de '’équation en dimension finie qui reste
a résoudre, par rapport a la courbe de solutions

{(0,T) | Te (T, —¢,T.+¢€)}

et cela est équivalent a dire qu'il existe une suite (v;,T}), v; # 0, qui converge vers (0, T)
telle que la donnée de Neumann de la fonction propre ¢, 1, est constante, et donc les
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domaines C} Yo, SONt extrémaux pour la premiere valeur propre du Laplacien de la variété

R"™ x R/T; Z avec métrique plate.

Jusqu’a présent, nous avons seulement considéré le cas de contraintes de petits vo-
lumes. La construction de domaines extrémaux pour de grands volumes est technique-
ment plus difficile et fait apparaitre des phénomenes nouveaux. A la lumiere des résultats
précédents, il est raisonnable de penser qu’il existe de domaines extrémaux qui ressemblent
au complément d'une boule géodésique. Pour vérifier cela il faut calculer la donnée de Neu-
mann de la premiere fonction propre de 'opérateur de Laplace-Beltrami hors d’un petit
domaine d’une variété, ce qui fait apparaitre, d’'une maniere a préciser, la premiere fonction
propre (positive) ¢ sur toute la variété. Dans ce cadre, nous devons donc distinguer deux
cas selon que la premiere fonction propre de 'opérateur de Laplace-Beltrami sur la variété
est non constante (Cas 1) ou constante (Cas 2). Le premier cas correspond au cas ou la
variété ambiante est une variété a bord et ou I'on considere des données de Dirichlet nulles
sur le bord ; le deuxieme cas correspond au cas ou la variété ambiante n’a pas de bord ou
bien au cas ou l'on considere des données de Neumann nulles sur le bord de la variété.
Dans ce cadre, les résultats que nous avons obtenus sont les suivants : si ¢ a des points
critiques non dégénérés (donc en particulier ¢ n’est pas la fonction constante), alors pour
tout volume assez proche du volume de la variété, il existe un domaine extrémal obtenu
en perturbant le complément d’une boule géodésique centrée en un des points critiques
non dégénérés de ¢y ; si la premiere fonction propre de 'opérateur de Laplace-Beltrami est
constante, alors pour tout volume assez proche du volume de la variété il existe un do-
maine extrémal pour la premiere valeur propre de 'opérateur de Laplace-Beltrami obtenu
en perturbant le complément de boules géodésiques centrées en des points critiques non
dégénérés de la fonction courbure scalaire. Voici I’énoncé précis du résultat démontré dans
le chapitre 4.

Théoreme 1.0.8. Soit M une variété compacte. Dans le Cas 1, on suppose que po est un
point critique non dégénéré de la premiere fonction propre ¢q, et dans le Cas 2 on suppose
que po est un point critique non dégénéré de la fonction courbure scalaire Scal de M. Dans
ce deuzxiéme cas nous supposons également que la dimension n de la variété est au moins
4. Alors, pour tout € suffisamment petit il existe un domaine régulier Q. C M tel que :

(i) Le volume de Q) est égale au volume euclidien de B..
(ii) Le domaine M\, est extrémal.

De plus il existe une constante ¢ > 0 et pour tout € € (0, ¢q) il existe un point p. € M tel
que le bord de M\, est un graphe normal sur OB.(p.) pour une certaine fonction w,, avec

dist(pe, po) < ce.
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et
|wellcze0B. () < ce? dans le Cas 1 et n > 3

|wellezeoB, (p)) < c€® loge dansle Cas 1 et n =2
|we|lczeop. (py) < € dans le Cas 2 et n > 5

|wellezeoB. (p)) < c€® loge dans le Cas 2 et n =4

La premiere différence que ’'on remarque, par rapport au premier résultat, est que dans
le cas des contraintes de grands volumes il se présentent au moins deux types de domaines
extrémaux : ceux qui sont obtenus en supprimant de la variété un petit domaine centré
en un maximum non dégénéré de la premiere fonction propre sur toute la variété (Cas
1), et ceux qui sont obtenus en supprimant de la variété un petit domaine centré en un
point critique non dégénéré de la courbure scalaire (Cas 2). A premiere vue, on pourrait
penser que ce résultat pour le Cas 2 puisse s’obtenir de maniere assez facile a partir du
premier résultat. En réalité, ce n’est pas le cas, et la construction de domaines extrémaux
de grands volumes est techniquement plus difficile. Dans le premier résultat, revenant aux
notations précédemment introduites, nous avons utilisé un systeme de coordonnées locales
qui permet de paramétriser la boule géodésique BY(p) avec les coordonnées y de la boule
unité euclidienne B;. Cela, avec une métrique dilatée g = €2 g, nous permettait de donner
un sens au probleme pour € = 0 et de travailler sur un domaine qui ne dépend pas de € avec
une métrique qui differe de la métrique euclidienne par des termes d’ordre €2. Maintenant,
comme le domaine en question est le complément de BY(p), c’est-a-dire M \ B?(p), on
ne peut plus travailler sur un sous-ensemble de R™ avec une métrique dilatée proche de la
métrique euclidienne. De plus, dans le premier résultat, pour construire la premiere fonction

propre de l'opérateur de Laplace-Beltrami sur Bf(l +wotw) (p) nous pouvions raisonner par

perturbation de la premiere fonction propre du Laplacien euclidien sur la boule ée, vu que
la métrique g est localement euclidienne. En revanche, pour la premiere fonction propre
de l'opérateur de Laplace-Beltrami dans le complément du domaine Bf(l o) (p), nous
ne pouvons plus partir d’'une fonction du probleme limite. Nous sommes obligé alors de
faire une étude auxiliaire, pour trouver une bonne approximation de la premiere fonction
propre sur M \ BY(p), en utilisant les espace & poids C**. Dans cette étude, nous avons
pu démontrer que si n > 3 pour tout e suffisamment petit il existe (A, ¢, w.) dans un
voisinage de (0,0,0) dans R x C%*(S™ 1) x C2%(M \ {p}), v € (2 — n,min{4 — n,0}),
de norme suffisamment petite tel que la premiere fonction propre sur M \ B?(p) peut se
décompose sous la forme

Ge = Po — " (¢0(p> +Ae) Iy +we + x Hy,

ol x est une fonction troncature égale a 1 dans Bf, (p) et égale a 0 dans M\ B, (p), I', est
la fonction de Green sur la variété M avec pole au point p (voir [2]), et H,(z) représente
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le prolongement harmonique borné de la fonction ¢ € C2(S"1) sur R" \ B,. A, et w,
sont de norme suffisamment petite dans les espaces a poids C%. Quand n = 2, alors ¢, se
décompose comme

¢e = ¢0 - (10g 6)71 (¢0(p) + Ae) Fp + we + XH €

et w, appartient & lespace R x C**(M \ BY(p)) pour v € (0,1). Comme on le voit faci-
lement, si ¢y n’est pas une fonction constante, alors le premier terme du développement
limité en puissances de € de la donnée de Neumann de ¢, au bord 9BY(p) fait intervenir
le gradient de ¢g au point p. Autrement, si ¢y est constante alors nous sommes obligé de
trouver un développement limité pour I', et H, . Quand la dimension de la variété est au
moins 4 les premiers termes du développement limité de la fonction I'y, a partir duquel on
peut reconstruire celui de H,_, ne dépendent pas de la géométrie globale de la variété et
pour cette raison nous avons pu les calculer. Par contre en dimension 2 ou en dimension
3, les premier termes de ce développement limité dépendent de la géométrie globale de la
variété et nous n’avons pas su les calculer explicitement.

Apres cette étude auxiliaire, nous pouvons reprendre la stratégie du premier résultat,
en en gardant les notations. Apres avoir identifié 8369(1 D) (p) = OB, +a(p) avec S,
nous allons alors définir I'opérateur

F o M x (0,00) x C20(S™1) — ¢2e(gn1)

qui & (p,€,w) associe la donnée de Neumann au bord de la premiere fonction propre de
I'opérateur de Laplace-Beltrami sur le complément de la boule BY 4wyt NOINS Sa moyenne
dans la métrique g. La stratégie consiste alors a résoudre 1'équation F'(p,e,w) = 0. Son
linéarisé par rapport a w au point (0,0,0) est un opérateur auto-adjoint, elliptique d’ordre
1, dont on connais bien le spectre. Il préserve les espaces propres du Laplacien sur la sphere
unité et son noyau est donné par I’ensemble des fonctions linéaires restreintes a la sphere
unité. Ensuite, grace au théoreme des fonctions implicites, on conclut que pour tout p € M
et tout e suffisamment petit, il existe une fonction w(p, €) et un vecteur a(p, €) de R™ tels
que
F(p, E,ﬂ)) = .é(av )

ou g(+,-) représente le produit scalaire dans R™. En utilisant le dévéloppement limité de la
fonction ¢, ci-dessus, nous montrons qu’il existe une constante C' telle que

a(p,e) = —eC V9ho(p) + O(?) si ¢ est constante et n > 3
a(p,e) = —e loge C V9o (p) + O(e) si ¢y est constante et n = 2
a(p, €) = —€> C'V9Scal(p) + O(e*) si ¢ n'est pas constante et n > 5
a(p,e) = —€® loge C' ' V9Scal(p) + O(e?) si ¢y n’est pas constante et n = 4
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Il suffit donc d’appliquer le théoreme des fonctions implicites a nouveau pour obtenir le
résultat cherché.

Pour conclure et donner des perspectives de travail, I’étude des domaines extré-maux
pour la premiere valeur propre de 'opérateur de Laplace-Beltrami peut aussi étre posée
dans le cadre des variétés a bord. Dans ce cadre on peut espérer démontrer qu’il existe des
domaines extrémaux pour la premiere valeur propre de 'opérateur de Laplace-Beltrami,
qui puissent se construit en perturbant une demi-boule géodésique centrée dans un certain
point du bord de la variété pour les petits volumes, ou son complément pour les grands
volumes. Avec un tel résultat on aurait un panorama global de résultats d’existence de
domaines extrémaux pour les petits et les grands volumes, et par conséquence, on pourrait
s’'interroger sur leur unicité. Deux autres perspectives de travail sont les suivantes :

1. Généraliser le troisieme résultat pour les dimensions 2 et 3 quand la premiere fonction
propre de 'opérateur de Laplace-Beltrami sur toute la variété est constante. Cela se
ramene a trouver le développement limité de la fonction de Green I'), autour du point
p, qui devrait faire apparaitre des propriétés de la géométrie globale de la variété.

2. Etendre les résultats en s’affranchissant de I'hypothese de non dégénéréscence des
points critiques de la fonction courbure scalaire. Le meme probleme qui se posait
pour la construction de surfaces a courbure moyenne nulle apres le résultat de R.
Ye énoncé ci-dessus a été résolu par F. Pacard et X. Xu (voir [33]). En s’inspirant
donc a ce résultat, on pourrait espérer montrer son pendant dans le cas des domaines
extrémaux.






Chapitre 2

Extremal domains of small volume

Ecrit avec Frank Pacard, publié dans :
Annales de 'Institut Fourier, vol. 59 (2009), 515-542.
Titre original :

Extremal domains for the first eigenvalue of the Laplace-Beltrami operator

Résumé. Nous prouvons l'existence de domains éxtremaux de petit volume pour la
premiere valeur propre de 'opérateur de Laplace-Beltrami dans certaines variétés rieman-
niennes. Ces domains ressemblent a des spheres géodésiques de rayon petit centrées en un
point critique non dégénéré de la courbure scalaire.

Abstract. We prove the existence of extremal domains with small prescribed volume
for the first eigenvalue of Laplace-Beltrami operator in some Riemannian manifold. These
domains are close to geodesic spheres of small radius centered at a nondegenerate critical
point of the scalar curvature.

2.1 Statement of the result

Assume that we are given (M, g) an n-dimensional Riemannian manifold. If Q is a
domain with smooth boundary in M, we denote by \q the first eigenvalue of —A,, the
Laplace-Beltrami operator, in 2 with 0 Dirichlet boundary condition. A smooth domain
Qg C M is said to be extremal if 2 —— \q is critical at €}y with respect to variations of
the domain €y which preserve its volume. In order to make this definition precise, we first
introduce the definition of deformation of €.

15
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Definition 2.1.1. We say that {Qt}te(_tmto) is a deformation of €}, if there exists a vector
field = such that Q; = £(t, Q) where (¢, -) is the flow associated to =, namely
d§

() =E(Etp)  and  £0,p) =p.

The deformation is said to be volume preserving if the volume of §2; does not depend on ¢.

If {%}ie(—to,t0) 15 a domain deformation of Qy, we denote by A the first eigenvalue of
—A, on €, with 0 Dirichlet boundary conditions. Observe that both ¢ —— ), and the
associated eigenfunction ¢ — wu; (normalized to be positive and have L?(€;) norm equal
to 1) inherits the regularity of the deformation of 2y. These facts are standard and follow
at once from the implicit function theorem together with the fact that the least eigenvalue
of the Laplace-Beltrami operator with Dirichlet boundary condition is simple.

We can now give the definition of an extremal domain for the first eigenvalue of —A,
under Dirichlet boundary condition.

Definition 2.1.2. A domain (2 is an extremal domain for the first eigenvalue of —A, if
for any volume preserving deformation {€;}; of €, we have

dM
a0

where ) is the first eigenvalue of —A, on €);, with 0 Dirichlet boundary condition.

0,

For all € > 0 small enough, we denote by B, (p) C M the geodesic ball of center p € M
and radius e. We denote by B, C R" the Euclidean ball of radius € centered at the origin.

Now we can state the main result of our paper :

Theorem 2.1.3. Assume that py is a nondegenerate critical point of Scal, the scalar cur-
vature function of (M, g). Then, for all e > 0 small enough, say € € (0,¢q), there exists a
smooth domain Q. C M such that :

(i) The volume of Q. is equal to the Euclidean volume of B..

(i) The domain Q. is extremal in the sense of definition 2.1.2.
Moreover, there exists ¢ > 0 and, for all € € (0,¢y), there exists p. € M such that the
boundary of Qe is a normal graph over OB.(pe) for some function w. with

|wellczoaB, (p) < ced. and dist(pe, po) < ce.

To put this result in perspective let us digress slightly and recall a few facts about the
existence of constant mean curvature hypersurfaces in Riemannian manifolds. It is well
known that solutions of the isoperimetric problem

I = min Vol 092

o QCM : Vol Q=1
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are (where they are smooth enough) constant mean curvature hypersurfaces. O. Druet
[10] has proved that for small volumes (i.e. 7 > 0 small), the solutions of the isoperimetric
problem are close (in a sense to be made precise) to geodesic spheres of small radius centered
at a point where the scalar curvature function on (M, g) is maximal. Independently, R.
Ye [40] has constructed constant mean curvature topological spheres which are close to
geodesic spheres of small radius centered at a nondegenerate critical point of the scalar
curvature function on (M, ¢). Building on these results and a result of F. Pacard and X.
Xu [33], S. Narduli [28] has obtained an asymptotic expansion of I, as 7 tends to 0.

It is well known ([13], [25], [26]) that the determination of the isoperimetric profile I,
is related to the Faber-Krahn inequality where one looks for the least value of the first
eigenvalue of the Laplace-Beltrami operator amongst domains with prescribed volume

FK, .= i A
T e voloer ?
Observe that a solution to this minimizing problem (when it is smooth) is an extremal
domain in the sense of Definition 2.1.2. Therefore, Theorem 2.1.3 can be understood as a
first step in understanding the asymptotics of F'K, as 7 is close to 0.

Given the crucial role played by the critical points of the scalar curvature in the isope-
rimetric problem for small volumes, it is natural to expect that the critical points of the
scalar curvature function will also be at the center of the study of F K, as 7 is close to 0
and Theorem 2.1.3 is an illustration of such a link.

As a final remark, formal computations show that the estimate on p, can be improved
into
dist(pe, po) < ce?.

Since a rigorous proof of this estimate requires some extra technicalities which would have
complicated the proof, we have chosen not to provide a proof of this fact.

2.2 Preliminary results

The following well known result gives a formula for the first variation of the first ei-
genvalue for the Dirichlet problem under variations of the domain. This formula has been
obtained by P. R. Garabedian and M. Schiffer in [16] when the underlying manifold is the
euclidean space and by A. El Soufi and S. Ilias [12] (see Corollary 2.1) when the underlying
manifold is a Riemannian manifold. For the sake of completeness we give here a proof based
on arguments contained in a paper by D. Z. Zanger in [41] where a corresponding formula
is derived for the Neumann problem.

Let (M, g) be an n-dimensional Riemannian manifold. Assume that {{;}; is a pertur-
bation of a domain €2y using the vector field =, as defined in Definition 2.1.2. The outward
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unit normal vector field to 9 is denoted by v;. Let u; € C?(€;), be the corresponding
smooth one-parameter family of Dirichlet first eigenfunctions of Laplace-Beltrami opera-
tor (normalized to be positive have L*(€);) norm equal to 1) with 0 Dirichlet boundary
condition. The associated eigenvalue is denoted by ;.

We have the :
Proposition 2.2.1. [12] The derivative of t — X\, at t = 0 is given by

d\ —
Ay - / (9(Vag, 10))? (E, vo) dvol,,
dt 80

where dvol, is the volume element on 0 for the metric induced by g and vy is the normal
vector field about 0S2g.
Proof : We denote by ¢ the flow associated to =. By definition, we have

u(&(t,p)) =0 (2.1)

for all p € 0€). Differentiating (2.1) with respect to ¢ and evaluating the result at ¢ = 0
we obtain
atuo = —g(VUO, E) )

on 0€. Now ug = 0 on 9€)y, and hence only the normal component of = plays a role in
this formula. Therefore, we have

Orug = —Q(VUO,VO)Q(E7V0)7 (2-2)

on aQO
We differentiate with respect to ¢ the identity

Ag U + /\1L Ut = 0. (23)
and again evaluate the result at t = 0. We obtain
Ag(‘?tuo + )\0 8tu0 = —8t/\0 Uo , (24)

in ©y. Now we multiply (2.4) by uy and (2.3), evaluated the result at t = 0, by Oyuy,
subtract the results and integrate it over €2y to get :

O \o / ul dvol, = / (Oruo Agug — ug AyOyug) dvoly
Qo QO
= / (Oruo 9(Vuo, vo) — uo g(VOsug, 1)) dvol,
8%

= - / (9(Vuo, 10))* 9(Z, ) dvol, |
000
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where we have used (2.2) and the fact that uy = 0 on 9 to obtain the last equality. The
result follows at once from the fact that g is normalized to have L?*(€)y) norm equal to 1.
O

This result allows us to state the problem of finding extremal domains into the solva-
bility of an over-determined elliptic problem.

Proposition 2.2.2. A smooth domain €y is extremal if and only if there exists a positive
function ug and a constant Ay such that

AQUO + /\0 Ug = 0 in Q()
Ug = 0 on 890 (25)
g(Vug,1py) = constant on 0,

where vy is the normal vector field about 0€).

Proof : Assume that wug is a positive solution of (2.5). Observe that for a volume
preserving variation, we have

/ 9(Z, 1) dvol, = 0.
9%

Now, if Ay is a solution of (2.5), it is the first eigenvalue of —A, on €y, under Dirichlet
boundary condition. Moreover, we have

/ (9(Vuo, Vo))2 9(Z, 1) dvol, = 0,

and the previous Proposition shows that the domain {2 is extremal in the sense of Defini-
tion 2.1.2.

Conversely, assume that €2 is extremal. Then given any function w such that

/ w dvol, = 0,
%

it is easy to check that there exists a vector field = which generates a volume preserving
deformation of {2y and which satisfies

(1]

= wly

on 0€)y. The result of the previous Proposition implies that

/ (9(Vug, w))? w dvol, = 0.
8%
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The function w being arbitrary, we conclude that g(Vug,1p) is a constant function and
hence vy is a solution of (2.5). This completes the proof of the result. O

Therefore, in order to find extremal domains, it is enough to find a domain 2 (regular
enough) for which the over-determined problem (2.5) has a nontrivial positive solution. We
will not be able to solve this problem in full generality but we will be able to find solutions
whose volumes are small.

2.3 Rephrasing the problem

To proceed, it will be useful to introduce the following notation. Given a point p € M
we denote by Fi,..., FE, an orthonormal basis of the tangent plane to M at p. Geodesic

normal coordinates x := (x',...,2") € R™ at p are defined by
X () = Expd (Z o Ej>
j=1

We recall the Taylor expansion of the coefficients g;; of the metric X*g¢ in these coordinates.
Proposition 2.3.1. At the point of coordinate x, the following expansion holds :
Gij = 0ij + % Z Rikje ok 2t + é Z Rikitm a2t 2™ + O(|z|"), (2.6)
e k6m
Here R is the curvature tensor of g and
Rije = g(R(E;, Ex) E;, Ey)
Rijem = 9(Ve,R(E;, E) Ej, Ey)
are evaluated at the point p.

The proof of this proposition can be found in [39], [27] or also in [35].

It will be convenient to identify R™ with 7,M and S™~! with the unit sphere in T,,M.
If 2 := (2',...,2") € R", we set

O(z) := le E, e T,M.
i=1

Given a continuous function f : S"~! —— (0,00) whose L> norm is small (say less than
the cut locus of p) we define

Bi(p) = {Exp,(0(x))  : z€R"  0<|a < flx/l])} .
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The superscript ¢ is meant to remind the reader that this definition depends on the metric.

Our aim is to show that, for all € > 0 small enough, we can find a point p € M and a
function v : "' — R such that

Vol BY, ., (p) = €" Vol By
and the over-determined problem
Ngop+Ap = 0 in Bf(Hv) (p)
o = 0 on 9Bf,,,(p) (2.7)
9(Vo,v) = constant on 0B, (p)

has a nontrivial positive solution, where v is the normal vector field about 5’Bf(1 o) (p).

Observe that, considering the dilated metric g := €2 g, the above problem is equivalent
to finding a point p € M and a function v : S»~! — R such that

Vol BY, (p) = Vol B,

and for which the over-determined problem

Agd+r¢ = 0 in B, (p)
¢ = 0 on @B‘irv(p) (2.8)
§g(Vé,v) = constant on 9BY_, (p)

has a nontrivial positive solution, where 7 is the normal vector field about 0B +(p). The
relation between the solutions of the two problems is simply given by

op=c"29
and B
A=¢e¢2\.
Let us denote by ¢ the Euclidean metric in R” and A; the first eigenvalue of —A; in

the unit ball l—g)’l with 0 Dirichlet boundary condition. We denote by ¢; the associated
eigenfunction

Agpr+ A = 0 in él
o (2.9)
o1 = 0 on 0B
which is normalized to be positive and have LQ(él) norm equal to 1.
For notational convenience, given a continuous function f : S~ ! — (0, 00), we set

Bi={reR" : 0<le| < f(e/le])}

The following result follows from the implicit function theorem.
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Proposition 2.3.2. Given a point p € M, there exists ¢g > 0 and for all € € (0,¢) and
all function v € C*%(S™ 1) satisfying

[0]|c20(sm-1) < €0,

and

/ o dvoly =0,
Sn—1

there erists a unique positive function ¢ = ¢(e,p,v) € CQ’C‘(Bngrv(p)), a constant X =

A€, p,v) € R and a constant vy = vo(€,p,v) € R such that
Voly(Byy,) = Voly(B))

where v := vy + ¥ and ¢ is a solution to the problem

Agp+r¢ = 0 in By,
_ _ (2.10)
¢ = 0 on 0By,,
which s normalized by
/ ¢* dvoly = 1. (2.11)
B£17+v(p)

In addition &, A and vy depend smoothly on the function v and the parameter € and ¢ = ¢,
A=A and vg =0 when e =0 and v = 0.

Proof : Instead of working on a domain depending on the function v = vg + v, it will
be more convenient to work on a fixed domain

B :={yeR" : |yl <1},

endowed with a metric depending on both € and the function v. This can be achieved by

considering the parameterization of BY, (= Bf(l 4v)) given by

Y(y) := Expj <<1 + o+ x(y) 0 (%)) Zy E)

where x is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to
1 when |y| > 3/4.

Hence the coordinates we consider from now on are y € él and in these coordinates
the metric g := Y*g can be written as

g=(1+4vp)* (f] +) Cdy, d@/j) :

i7j
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where the coefficients C¥ & Cl’a(él) are functions of y depending on €, v = vy 4 v and the
first partial derivatives of v. Moreover, C% = (0 when ¢ = 0 and v = 0.

Observe that
(€,v0,0) — CY(€,v),
are smooth maps.

Up to some multiplicative constant, the problem we want to solve can now be rewritten
in the form

N;d+Ad = 0 in B

A ) (2.12)
¢ = 0 on 0B
with
/ ¢? dvol, = 1 (2.13)
B
and ) )

When ¢ = 0 and o = 0, the metric g = (1 + vg)? g is nothing but the Euclidean metric and
a solution of (2.9) is therefore given by ¢ = ¢, A = A, and vy = 0. In the general case, the
relation between the function ¢ in the statement of the Proposition and the function ngS is
simply given by

— ~ — ~

Y*p=0¢ and A=A
For all ¢ € C>*(B;) such that

P érdvoly =0

By

we define
N(E, ?_), w, ’Uo) = <Ag’¢ + )\1 w -+ (Ag — Ag + ,U) (¢1 + w) > VOIg(él) — Volg (éﬂ)

where p is given by
p=— [ ¢1(85—A4y)(d1+ 1) dvoly

B1

so that the first entry of M is LQ(él)—orthogonal to ¢1. Observe that N also depends on
the choice of the point p € M.

We have
N(0,0,0,0) = (0,0).

It should be clear that the mapping N is a smooth map from a neighborhood of (0,0,0,0)
in [0, 00) X CZ*(S"1) x Ci’?‘O(Bl) x R into a neighborhood of (0,0) in C?*(B;) x R. Here the
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subscript L indicates that the functions in the corresponding space are Lz(él)—orthogonal
to ¢1 (for the Euclidean metric) and the subscript 0 indicates that the functions vanish
on the boundary of B;. Finally, the subscript m indicates that the functions have mean 0
over the unit (Euclidean) sphere.

We claim that the partial differential of N with respect to v, computed at (0,0, 0,0),
is given by
DyN(0,0,0,0) = (A; + A;, 0)

while the partial differential of N with respect to vy, computed at (0,0,0,0), is given by
By, N(0,0,0,0) = (0, n Vol§(§1)>

There is no difficulty in getting the expression of the first partial differential since g = ¢
when € = vy = 0 and v = 0 and hence

N(0,0,4,0) = (Ag + M + (o1 +¢), 0)

where 1 = 0. The derivation of the partial differential with respect to vy is not hard either
but requires some care. Indeed, this time we have ¢ = (1 + vg)? g since ¥ = 0 and € = 0
and hence

N(0,0,0,0) = (((1+w0)2 = 1) A+ 1) or, (1+w0)" = 1) Voly(By))

= (=AM (@ +00) 2= 1)) 61, ((1+w0)" = 1) Voly(By))

where p is given by

p=—(1+v)?=1) [ d1A;¢r1dvoly = Ay ((1+v9) " —1).
By

So we get

5, N(0,0,0,0) = ((avomvozo F20) ¢, Volg(é1)>

and
a’uou|vo:0 = -2 /\1

The claim then follows at once.

Hence the partial differential of N with respect to both ¢ and vy, computed at (0,0, 0, 0)
is precisely invertible from Ci%(Bl) x R into Ci’a(él) X R and the implicit function theorem
ensures, for all (¢,7) in a neighborhood of (0,0) in [0,00) x C%*(S™™1), the existence of
a (unique) (1, vg) € Ci%(Bl) x R such that N(e,0,1,v9) = 0. The function b=+
solves (2.12) and in order to have (2.13) fulfilled, it is enough to divide it by its L? norm.
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The fact that the solution depends smoothly on the parameter €, the function v and the
point p € M is standard. This completes the proof of the result. O

After canonical identification of 9B, (p) with S"~!, we define, the operator F :

F(p, 67@) = Q(VQ_S, ’7) |8Bg !

S (Y, ) dvol,
1+v volg(an_i_,U) /BBg g( ¢ V) Vog

1+v

where 7 denotes the unit normal vector field to OB{., and (¢,vp) is the solution of (2.10)
provided by the previous result. Recall that v = vy + v. Schauder’s estimates imply that F
is well defined from a neighborhood of M x (0,0) in M x [0, 00) x CZ*(S"~!) into C1*(S™~1).
The subscript m is meant to point out that the functions have mean 0. Our aim is to find
(p, €,v) such that F(p,e,v) = 0. Observe that, with this condition, ¢ will be the solution
to the problem (2.8).

Following the proof of the previous result, we have the alternative expression for F.

1

F(p,e,0) = §(Vo, ) o5 — Nol,(0B,)
5(0By

/ ~ 9(Ve, ) dvoly,
0B1

where this time # is the the unit normal vector field to 8B, using the metric g.

We end this section by the proof of the :

Lemma 2.3.3. There exists a constant ¢ > 0 such that, for all p € M and all € > 0 small
enough we have

”F(p>€aO)HC170¢ S 062
For all a € R™, the following estimate holds

<ce'llal,

/Snl g(a,-) F(p,e€0) dvol; — C €3 g(V Scal(p), O(a))

where

1 1
C = / r? |8ng51|2 dvoly

2n(n +2) 0,¢:1(1) Jp,

Proof : We keep the notations of the proof of the previous result with © = 0. In order
to prove these estimates, we follow the construction of F'(p,€,0) step by step. First of all,
since v = 0, we have

N(e,0,0,0) = ((AQ—AQM) 1, Voly(B1) — Vol (ég) ,
and

p=—[ &1 (85— Ay) p1dvoly.

B1
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If in addition vy = 0, we can estimate

Gij = 0ij + O(€%),,
hence

N(e,0,0,0) = O(é?) .

The implicit function theorem immediately implies that the solution of

N(E, O, w, "Uo) =0
satisfies

||¢(€7pa O)chvo‘ + |U0(€7p7 0)| < 062
To complete the proof, observe that 7 = (1 + vg)~! 9, when v = 0. Therefore
(V,0) = 0,61+ O(e)

(be careful that g is defined with vy = vg(e,p,0) and ¥ = 0). Since 9,¢; is constant along
0By, we conclude that

F(p,e,0) = O(e)
and this proves the first estimate.

We now turn to the proof of the second estimate. Instead of going through the construc-
tion of ¢ step by step, we compute

. ¢
/Snl g(V¢1,a)a—(f dVOlg
= / 9(Vér,a) (Ag+A)é dvoly — [ 6 (A;+A)i(Vér,a) dvol
B
:[ 9(Vor,a) (Ag + Ar) b dvoly
- / J(Vor,a) (A — D) d dvoly + (A — \) / §(V¢r,a) ¢ dvol,

Bl él

~

= / é(V(]ﬁl, CL) (Ag — Ag) ¢1 dVOlé + ()\1 — )\) / f’](V(le, CL) ¢1 dVOlg

B 3

By
+[ §(Vér,a) (A; — Ag) (6 — ¢1) dvol,
By

+ (A =) / (Vr -a) (¢ — ¢1) dvoly

By

— [ (Vona) (8- B5) 61 dvol
+/° I(Vor1,a) (Ay — Ay) (ngﬁ — ¢1) dvolg
By

+ (A =) / G(Vor,a) (¢ — ¢1) dvoly

B1
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The last two terms can be estimated easily since A — A, = O(€2), ¢ — ¢, = O(€?) and
the coefficients of A; — A are bounded by a constant times e?. Therefore, we conclude

that there exists a constant ¢ such that

Q <ce'al

B1

: 0¢ :
/Sn_1 9(Vér, G)a—f dvoly — / G(Vér,a) (Ay — Ag) ¢r dvolg

To proceed, we use the result of Proposition 2.3.1 to show that the coefficients of the

metric g can be expanded as

. 1
9i(y) = (1+w0)? (5@' + 3 Z Rigje vyt (14 w)? €
&t

1 m
+2 D Ry y" (14 00)° € + 0(6“))

ktm

Keeping in mind that vy = O(€?), this simplifies slightly into

. 1 1 .
9i(y) = (1 +wo)? <5ij 3 Z Rijey*y'e® + 6 Z Rikjtmy"y'y™ e’ + 0(64)>
k.0 k.m

This implies that

B 1 1 .
g7 = (1+w)™? (%‘ 3 Rigjey* y' € — 6 Rikjem y" 'y 63) +O(e)
. 1 1 m
log|g] = 2nlog(l+v) + 3 Ryt e + 6 Riom Pty e + 0(64)

where

n n
Ry = E Rijie and Rypm = g Rikit,m
i1

=1

Recall that

AQ = Zg]ayiayj +Za¢g]ayj + 5 Zgjayilog]glayj
&3 &3 &3
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A straightforward calculation (still keeping in mind that vy = O(€?)) shows that
(A5 =251 = =M (1—(1+wp)"%) ¢+

j Yyt iy 0ol
b1 R (y YV o200+ L0 55 0,9, - LLYY &«fm) +

i,5,k,¢

2 , Yy
_ 36 ZZR23787«¢1+

J 0,0
1Y Ry w (52¢1 )
i,5,k,4,m

zﬁm

3ZRkﬂ y]y y a¢l__€3 Zszm

k,j,0 i,4,m

Tgbl + 0(64)7

where r := |y| and
n
Ryje. == E Rikjei

Observe that we have used the fact that R(X, X) = 0 and the symmetries of the curvature
tensor for which if either ¢ = k or j = ¢ then Rij¢., = 0.

Observe that, in the expansion of (A; — Ay) ¢, terms which contain an even number
of coordinates, such as y'y/y*y’ or y'y’ etc. do not contribute to the result since, once
multiplied by §(V¢1,a), their average over S"~! is 0. Therefore, we can write

/o g(Vora) (Ag—Ag) ¢ dvoly; = 63/ &xblagy—
Bl Bl r

kol,i,,J 67“
( 5 mew(@%@_ Tszsl)

i,5,k,4,m

+ O(eh),
We make use of the identities in the Appendix to conclude that

/é §(V¢1, a) (Ag — Ag) ¢1 dV01§ =

(2.15)
1

- 2n(n + 2) ¢ 9(V Scal(p), ©(a)) /13’1 2 [0:¢1]% dvoly + O(e*).
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The second estimate follows at once from this computation together with the fact that,
when 0 =0, 7 = (1 + v) 0, as already mentioned and

9(Vér1,a) = 9,¢1(1) g(a,-)
on OB, since this implies that

~ . 1+U0 . 8_9{5 ]
[ @) 900, avely = 5B [ (Fona) G vl

This completes the proof of the result. O

Our next task will be to understand the structure of Ly, the operator obtained by
linearizing F' with respect to v at € = 0 and v = 0. We will see that this operator is a first
order elliptic operator which does not depend on the point p. Also, we will be interested
in various properties of the expansion of F'(p,¢€,0) in powers of e.

2.4 The structure of L

We keep the notations of the previous section. We claim that, when ¢ = 0, g = ¢.
Indeed, observe that, if we use coordinates

X(y) —Expp< Zy E)

to parameterize a neighborhood of p in M, the coefficients g;; of the metric X*g = 72 X*g
can be expanded as

Gi(y) = by + 3 ZRW@/’“ y' e+ - Z Rigjim vy y™ € + O(e") (2.16)
k,lm

and, when € = 0, we conclude that X*g = ¢. Therefore, when ¢ = 0 we have g = g and
(2.10) becomes

NGRS = 0 W B,
(2.17)
6 = 0 on 8Bf -
with the normalization
/ ¢* dvol, = 1 (2.18)
1+'U

and the volume constraint

Voly(Bi,.,) = Voly(By)
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Remember that we have set v := vy + v.

We already have established the existence of a unique positive function ¢ € C*>*(S"1)
(close to ¢), a constant A € R (close to ;) and a constant vy € R (close to 0), solutions
to the above problem so we are going to construct an expansion of ¢, A and v, in powers
of v and its derivatives. This will lead to the structure of the linearized operator Lj.

Recall that A; is the first eigenvalue of —A; in the unit ball B with 0 Dirichlet boundary
condition and ¢; is the associated eigenfunction which is normalized to be positive and
have LZ(EI) norm equal to 1. Observe that in principle ¢; is only defined in the unit ball,
however, this function being radial, it is a solution of a second order ordinary differential
equation and as such can be extended at least in a neighborhood of aél.

We start with the easy :
Lemma 2.4.1. Assume that v € C3*(S™ 1) is given. We define

¢o(x) = Orr () v (x/]x])

Then ]
A§¢0 + )\1 ¢0 = ﬁ 7“¢1 (ASn—l +n — 1) . (219)
Proof : This is a straightforward exercise. Using the fact that
n—1
Ay Op1 = =M1 0r¢1 + 2 O,
we find
ANgpo = vA;0¢1 + 0,01 Ayt +2ViV O,y
1
= =AM+ ) Od1 (Agn-1+n—1) v,
This completes the proof of the result. O
For all o € C%*(S™1) let ¢ be the (unique) solution of
Ao+ M = 0 in B
) (2.20)
Y = —0,¢10 on 0B,

which is L2(B) )-orthogonal to ¢;. We define
H(D) = (0,6 + 8617) |og, (2.21)
Recall that the eigenvalues of the operator —Agn—1 are given by
pj=7j(n—2+j)
for j € N. The corresponding eigenspaces will be denoted by V;.

We will need the following result :
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Proposition 2.4.2. The operator
H - Cgia(sn—l) N Ci’{a(sn—l)’

is a self adjoint, first order elliptic operator. (Recall that the subscript m is meant to point
out that functions have mean 0 on S™1). The kernel of H is given by Vi, the eigenspace
of —Agn-1 associated to the eigenvalue n — 1. Moreover there exists ¢ > 0 such that

[wlleza(sn-1) < c|[H(w)llera(sn-1y
provided w is L*(S™1)-orthogonal to Vo ® V;.

Proof : The fact that H is a first order elliptic operator is standard since it is the sum
of the Dirichlet-to-Neumann operator for Ag + A; and a constant times the identity. In
particular, elliptic estimates yield

||H(w)||cl,a(3nfl) S C ||wHCQ,a(Sn71)

The fact that the operator H is (formally) self-adjoint is easy. Let ¢, (resp. 1) the
solution of (2.20) corresponding to the function w; (resp. wq). We compute

Dvén(1) /8 () = vy Hluw)) dvoly = 0.6n(1) /8 (Ot = 0y ) dvl

= /a° (Y1 9p1hg — 12 9,41 ) dvol

B
- / (V1 Agiba — 2Ny 4y ) dvoly
B
=0
To prove the other statements, we define for all w € C%%(S™ 1), ¥ to be the continuous
solution of

1 o E
AU ANT = S0 (A tn—Dw in B (2.22)

v = 0 on 8@1.

Observe that 0,¢, vanishes at first order at » = 0 and hence the right hand side is bounded
by a constant times r~! near the origin. Standard elliptic estimates then imply that the
solution W is at least continuous near the origin. A straightforward computation using the
result of Lemma 2.4.1 and writing ¥ = 1 + 0,¢1 w, shows that

H(w) := 0,7, (2.23)

With this alternative definition, it should be clear that H preserves the eigenspaces V;
and in particular, H maps into the space of functions whose mean over S™"~! is 0. Moreover,
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it is clear that V] is included in the kernel of H since (Agn-1 +n — 1) w = 0 for any w € V].
We now prove that V; is the only kernel of this operator.

We consider
w = w]‘
j=>1

the eigenfunction decomposition of w. Namely w; € V;. Then
H(w) =) ojw;
J

where the constants «; are given by
a; = dra;(1)
where a; is the continuous solution of

n—1 1 1
a;’—l—Ta;-—l—/\laj—ﬁ,ujaj:ﬁ(n—l—,uj)&gzﬁl, (224)
with a;(1) = 0.

Observe that a; = 0 and, in order to prove that the kernel of H is given by Vi, it is
enough to show that a; # 0 for all j > 2.

We claim that
CLj S 07

for all j > 2. This follows at once from the maximum principle since n —1 — p; < 0 for all
j>2and 0.¢; <O0.

Proof of the claim : By definition of A\, the operator As; + A; is non-positive, in the
sense that

—/O u(Ay+ M) udvoly = / (|Vu|§ — M u?) dvoly > 0. (2.25)
B By

Specializing this inequality to radial functions, we get
1
/ ((é)ru)2 -\ u2) r"tdr >0
0

provided u € HY(B,) is radial.
Now, assume that a; > 0 in [ry, 2] with a;(r;) = 0, then multiplying (2.24) by a; r"*

and integrating the result by parts between ry and ry, we get

() 1
/ ((Qraj)2 -\ a? + = W a?) rmldr <0
1 r
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and hence necessarily a; = 0 on [rq, 7). This completes the proof of the claim.

The claim being proven, we use the fact that a;(1) = 0 for all j > 2 to conclude that
0 < 0ra;(1).
If ,a;(1) = 0 then necessarily 9%a;(1) < 0 but evaluation of (2.24) at » = 1 implies that
0=(n-1)a\(1) = (n—1—p) (1) —d(])
> (n—1- ) 0,6n(1)
0,

\%

which immediately leads to a contradiction. Hence, 0,a;(1) > 0 for all j > 2 and this
completes the proof of the fact that the kernel of the operator H is equal to V;. a

The main result of this section is the following :
Proposition 2.4.3. The operator Lg is equal to H.

Proof : By definition, the operator Ly is the linear operator obtained by linearizing N
with respect to v at ¢ =0 and v = 0. In other words, we have
F(p,0,sw)— F(p,0,0
Lo(w> :lim (p’ ,Sw) (p7 ) )'

s—0 S

Since € = 0, we have already seen that g = ¢g. Writing v = sw, we argue as in the proof of
Proposition 2.3.2 and consider the parameterization of By, given by

Y(y) = <1 +vo + s x(y) W (%)) y

where x is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to
1 when |y| > 3/4. We set
§=Y"
so that q% = Y*o, A=\ and vy are solutions (smoothly depending on the real parameter
s) of
Njo+Xrdp = 0 in B

~

= 0 on 8§1
with
 ¢*dvoly =1
By
and
Voly(By) = Vol (By)
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We remark that gzgl =Y "¢, is a solution of
Ny + A =0
since g = Y*g. Moreover

$1(y) = ¢1((1+vo +sw(y))y) ,

on OB;. Writing ngS = gZA>1 + 1) and A=A\ + i, we find that

A+ M+ +pg = 0 in B
. . ) (2.26)
P = —¢1 on 0B,
with
/ (219 + 9?) dvol; = ¢7 dvol, — / ¢7 dvol, (2.27)
é él é1+v0+sw
and ) )
VOlg(Bl) = Volg (Bl) (228)

Obviously ¥, p and vg are smooth functions of s. When s = 0, we have b=o¢1, A=\
and vy = 0. Therefore, ¥, ;1 and vy all vanish and ¢; = ¢, when s = 0. Moreover g = ¢
when s = 0. We set

@b - 651@‘5:07 ,u - as,u|s:0> and DO = 8SUO|S:07

Differentiating (2.26) with respect to s and evaluating the result at s = 0, we obtain
Ngh+ M+ = 0 in B

O (2.29)
v = —0,¢1 (Vg +w) on 0B

Observe that, as already mentioned, ¢ (y) =¢1((1 +vo +sw(y))y) on OB, and differen-
tiation with respect to s at s = 0 yields 0501 |s—0 = 0,01 (Vo + W).

Differentiating (2.27) with respect to s and evaluating the result at s = 0, we obtain
¢ dvoly =0 (2.30)
B

Indeed, the derivative of the right hand side of (2.27) with respect to s vanishes when s = 0
since ¢, vanishes identically on 0Bj.

Finally, differentiating (2.28) with respect to s and evaluating the result at s = 0, we
obtain

Sn—1
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The last equality immediately implies (since, by definition, the average of w is 0) that
0o = 0. If we multiply the first equation of (2.29) by ¢; and we integrate it, using the
boundary condition and the fact that the average of w is 0 together with the fact that
v = 0, we conclude that 7 = 0. And hence ¢ is precisely the solution of (2.20). To
summarize, we have proven that

¢ =01+ sv+0(s)
where 9 is the solution of (2.20) and we also know that
vy = O(s?)
In particular, in B, \ §3/4, we have

dy) = o1 ((1+swy/ly)y) +sv(y) + O(s)
= ¢1(y) + s(w(y/|yl) r b1 + 1) + O(s?)

where we have set r := |y]|.

To complete the proof of the result, it suffices to compute the normal derivative of
the function é when the normal is computed with respect to the metric g. We use polar
coordinates y = rz where r > 0 and z € S™=1 Then the metric § can be expanded in
Bl \ B3/4 as

G=(1+vo+s0)2dr’+2s(1+vo+ sw)rdwdr +1*(1+ vy + sw)> h + s° r? dw?

where h is the metric on S"~! induced by the Euclidean metric. It follows from this ex-
pression together with the fact that vy = O(s*) that the unit normal vector field to 9B
for the metric g is given by

where 0., are vector fields induced by a parameterization of Sn=1. Using this, we conclude
that

GV, 0) = 0, + 5 (00261 + 0,0) + O(s)

on 6§1. The result then follows at once fl“OIEl the fact that 0,¢; is constant while the term
W 02¢1 +0,7 has mean 0 on the boundary dBj. This completes the proof of the proposition.
O

We denote by L, the linearization of F' with respect to o, computed at the point (p, €, 0).
Following the proof of the previous Proposition, it is easy to check the :
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Lemma 2.4.4. There exists a constant ¢ > 0 such that, for all € > 0 small enough we
have the estimate

I(Ze = Lo) Ollcra < c€®[[t]lcze

Proof : Clearly both L. and L, are first order differential operators. To prove the
estimate, we simply use the fact that, when € # 0, the difference between the coefficients of
g = ¢ 2gand § can be estimated by a constant times €. This implies that the discrepancy
between the linearized operator when € = 0 and when € # 0 is a first order differential
operator whose coefficients can be estimated by a constant times €. O

The main result of this section is the fact that the linearized operator Ly is given by
H. Observe that the kernel of L is equal to V; which is the vector space spanned by the
restriction of linear functions to the unit sphere. This is geometrically very natural since,
when € = 0, a linear function v := g(a,-) € V; correspond to infinitesimal translation of
the unit ball in the direction a € R"™. Therefore we have

B, s(p) ~ Bi(p + sa),
This implies that the solution of (2.8) is given by ¢; (modulo some O(s?) term) and hence

its normal data is constant (modulo some O(s?) term). Therefore F(p,0,v) = O(s?) which
shows that Lov = 0.

2.5 The proof of Theorem 2.1.3
We shall now prove that, for ¢ > 0 small enough, it is possible to solve the equation
F(p,e,0) =0

Unfortunately, we will not be able to solve this equation at once. Instead, we first prove
the :

Proposition 2.5.1. There exists €g > 0 such that, for all € € [0, €] and for all p € M,
there exists a unique function v = v(p,€) and a vector a = a(p,€) € R™ such that

F(p,e,0)+ g(a,) =0
The function v and the vector a depend smoothly on p and € and we have

|CL| + ||/Ij”62,a(5n71) < cé
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Proof : We fix p € M and define

F(p,e,v,a) := F(p,e,0) + g(a,-)

It is easy to check that F is a smooth map from a neighborhood of (p,0,0,0) in M x
[0,00) x C%2(S™1) x R™ into a neighborhood of 0 in C*(S™~1). Moreover,

F(p,0,0,0) =0

and the differential of F' with respect to ¥, computed at (p,0,0,0) is given by H. Finally
the image of the linear map a — g(a, -) is just the vector space Vi. Thanks to the result
of Proposition 2.4.2, the implicit function theorem applies to get the existence of v and a,
smoothly depending on p and e such that F(p,¢,v) + g(a,-) = 0. The estimate for v and
a follows at once from Lemma 2.3.3. O

In view of the result of the previous Proposition, it is enough to show that, provided
that e is small enough, it is possible to choose the point p € M such that a(p,e) = 0. We
claim that, there exists a constant C' > 0 (only depending on n) such that

O(a(p, €)) = —€ C'V Scal(p) + O(*)

Indeed, for all b € R" we compute

/ 1 g(a,-) g(b,-) dvoly = — F(p,e,v)g(b,-) dvolg
gn

(F'(p,€,0) + Lov) g(b,-) dvol,

(L. — Lo)7 §(b,-) dvol,

/
/

_ /S (F(p,e,0) — F(p,e,0) — L) g(b,-) dvol,
J

Now, we use the fact that v is L?(S™!)-orthogonal to linear functions and hence so is Lg 0.
Therefore,

/S L6, dvol; =0
Using the fact that o = O(e?), we get
F(p,e,0) — F(p,e,0) — Lo = O(e*)
Similarly, it follows from the result of Lemma 2.4.4 that

(L. — Lo) 5 = O()
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The claim then follows from the second estimate in Lemma 2.3.3 and the fact that

[ dtayatb.) avol, -

= g(@(a),@(b)) / (z1)* dvol; = % Volg(S”_l)g(@(a), @(b)).

Sn—1

Now if we assume that py is a nondegenerate critical point of the scalar curvature
function, we can apply once more the implicit function theorem to solve the equation

G(e,p) == e’ O(a(p, ) = 0.
It should be clear that G depends smoothly on € € [0, ¢) and p € M. Moreover, we have
G(0,p) = —C V7 Scal(p)

and hence G(0,py) = 0. By assumption the differential of G with respect to p, computed
at pg is invertible. Therefore, for all € small enough there exists p, close to py such that

O(a(pe,€)) =0

In addition we have
dist(po, pe) < ce

This completes the proof the Theorem 2.1.3.

2.6 Appendix

Lemma 2.6.1. For allo =1,...,n, we have

Z / Rigjom x* @’ A dvolg = 0.
Sn—l

2,9,k .f,m
Proof : To see that we consider all terms of the above sum, obtained fixing the 6-tuple
(i,k,j,¢,m,0). We observe that if in such a 6-tuple there is an element that appears an
odd number of time then / A L dvol; = 0. Moreover, the symmetries of

n—1

the curvature tensor imply that, if either ¢ = k or j = ¢, then R;xj¢,, = 0. Therefore, we

have to compute
> / R* (%)% (%)% (27)? dvol,
ik,o st
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where
R := Rikik,o + Rikio g + Rikkio + Rikoike + Rikkoi + Rikok,i + Rivik e + Rokiki + Rickik + Rokkii

Again, we apply the symmetries of Riemann curvature which imply that Rk o + Rikkio =
0, Rikiok + Rikoik = 0, Rikkoi + Rikoki = 0, Ropiki + Rorkii = 0 and Rigip g + Righik = 0,
and we conclude that the sum is equal to 0. O

Lemma 2.6.2. For allo =1,...,n, we have

E / Ryje, 2l 2kt 2o dvol; = 0.
Snfl

gkt

Proof : Arguing as in the previous proof, we find that / A dvol; = 0
Snfl
unless the indices 7, k, £, o are pairwise equal. Hence, we can write

E / R.yje. o’ P dvoly =
Snfl

gkt
= / R-o-aq, (3;'0)4 dVOlé -+ Z/ (R-O'jj,- —+ R-jaj,- + R-jjcr,.) (5C0>2 (.Z'j)Z dVOlg
Snfl ) Snfl
J#
Using the symmetries of the Riemann curvature tensor, we get R.,50. = R.5j5. = 0 and
R.jsj. + R.jj,. = 0. This completes the proof of the result. O
Lemma 2.6.3. For allo =1,...,n, we have
. 2
Rigmx' 2™ 27 dvoly = ———— Vol (S"™!) Scal,
Mzm g O vEEE G0 n(n+2) il ) ’
Proof : Again, we find that / Lt g™ x° dvol; = 0 unless the indices i, £, m, o are
Snfl

pairwise equal. Hence we can write

E Rip A dvol; =

= EGU,U ($0)4 dVOlg + E / (jo,j + ijj + ]Ejj’0'> (SL’U)Z ($j)2 dVOlé
Sn—l N Sn—1
J#

= Rgg,g/ ($1>4 dVOlg + Z (jo,j -+ Rjo”j + Rjj’g) / (131)2 (J}2)2 dVOlg

i#o snt

= Roo,0 (/ (z")* dvoly — 3 / (z1)? (2%)? dvol;,)
Sn—1 Sn—1
+ Z (jo,j + Rjo"j + Rjjﬁ) / (1’1)2 ($2)2 dVOlg

n—1
j S
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Now we use the fact that

3 .
/Sn_l(xl)4 dvoly = 3 /Sn_l(I1>2 (m2)2 dvol; = m VOlg(S 1)’
to conclude that
i m .0 1 n—
Z; s Tt vl dvol; = n(n + 2) Vol (5™7) ; (Rojj + Rjoj + Rjjo)
Finally, the second Bianchi identity yields
1
Z RCT]'J = Z Rjg’j = 5 Scalya
J j
and by definition ) . R;;, = Scal,. Hence
Z / Rigm ' 2* 2™ 27 dvol; = 2 Vol; (S™ 1) Scal,
Sn—1 ’ g ’[’L(n + 2) g ’

ivgzmz

This completes the proof of the result. O



Chapitre 3

New extremal domains in flat tori

Publié dans :
Calculus of Variations and Partial Differential Equations, (2009).
Titre original :

New extremal domains for the first eigenvalue of the Laplacian in flat tori

Résumé. On démontre 'existence de domaines extrémaux non trivaux et compacts
pour la premiere valeur propre du Laplacien dans des variétés R™ x R/T Z avec métrique
plate, pour certains T > 0. Ces domaines sont proche du domaine de type cylindrique
By x R/TZ, ou By est la boule unité dans R", ils sont invariants par rotation autour de
I’axe vertical et ils ne sont pas invariants par translations verticales.

Ces domaines peuvent etre prolongé par périodicité a des domaines non triviaux et non
compacts de 'espace euclidien, sur lesquels la premiere fonction propre du Laplacien avec
condition de Dirichlet nulle au bord a également donnée de Neumann constante.

Abstract. We prove the existence of nontrivial compact extremal domains for the first
eigenvalue of the Laplacian in manifolds R" x R/T Z with flat metric, for some 7" > 0.
These domains are close to the cylinder-type domain By x R/T Z, where By is the unit ball
in R™, they are invariant by rotation with respect to the vertical axe, and are not invariant
by vertical translations.

Such domains can be extended by periodicity to nontrivial and noncompact domains in
Euclidean spaces whose first eigenfunction of the Laplacian with 0 Dirichlet boundary
condition has also constant Neumann data at the boundary.

41
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3.1 Statement of the result

An open problem is to find the domains Q C R"*!, n > 2, for which the over-determined

problem
Agu+Au = 0 in (2

u = 0 on 0f) (3.1)

g(Vu,v) = constant on 0,

has a positive solution u € C**(Q). Naturally g is the Euclidean metric, \ is a positive
constant (i.e. the first eigenvalue of the Laplacian), and v is the normal unit outward
vector about 0. It is known (see [36]) that smooth bounded domains in Euclidean spaces
for which the Laplace equation with right hand side constant, Dirichlet boundary data
and constant Neumann data, are round balls. It is an open problem to study noncompact
domains where this overdetermined problem is solvable.

We denote the coordinates of R™! as (x,t), x € R" and ¢t € R. We want to prove the
following result.
2m

Theorem 3.1.1. There exist a real positive number T, < 7 a sequence of real

positive numbers T; — T, and a sequence of nonzero and nonconstant functions v; €
C**(R) of period Tj converging to 0 in C>*(R) such that the domains

Q; = {(x,t) e R , lz| <1+ vj(t)}

T
have a positive solution u; € C**(8);) to the problem (3.1). Moreover/ vjdt = 0.
0

We remark immediately that the domain €2; can be constructed starting from the
cylinder-type domain
Cy = {(z,t) € R""! : lz] < 1}

(where it is also known that there exists a positive solution u € C%%(C}) to the problem
(3.1)) and modifying his boundary by a function only depending on the variable ¢, periodic
and nonconstant (this implies that €2; is invariant by rotations with respect to the vertical
axe and is not invariant by vertical translations). Then, if 7} is the period of the function
vj, such a domain arise to a compact domain homeomorphe to By x R/T; Z in the manifold
R" x R/T}; Z with flat metric, where the problem (3.1), adapted to this new manifold, has a
solution (naturally B; denotes the unit ball centered at 0). From the proposition 2.1 of [?],
also proved in [16] and in [12], it is clear that such a domain (2; is extremal with respect
to the first eigenvalue of the Laplacian in R” x R/T; Z for the fixed volume T} vol(B;), in
the sens that for any volume preserving deformation {€2s}se(j—e jt¢) of o, we have

dAs
s=0 =0,
ds ls=o
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where A, is the first eigenvalue of —A, on €, with 0 Dirichlet boundary condition. Natu-
rally we understood that {Q}sc(j—c j+e) is a deformation of €, if there exists a vector field
= such that Q, = (s, Q) where £(s, ) is the flow associated to =, and the deformation is
said to be volume preserving if the volume of €2, does not depend on s.

On the other hand, given an extremal domain with respect to the first eigenvalue of the
Laplacian in the manifold R" x R/TZ, obtained by deformation of the boundary of the
cylinder-type domain

Cl ={(z,t) eR" xR/TZ |, lz| < 1}

by a function v(t) € C**(R/TZ) of mean 0, then such a domain arise to a noncompact
domain homeomorphe to B; x R defined by periodicity, where there exists a solution to
the problem (3.1).

We can conclude that an alternative version of the theorem 3.1.1 is the following :

2T

Vn—1
positive numbers T; — T, and a sequence of nonzero functions v; € C**(R/27Z) of mean
0 converging to 0 in C**(R/27Z) such that the domain

Theorem 3.1.2. There exists a real positive number T, < a sequence of real

2
Qj:{(m,t)eR"X]R/TjZ : |x|<1+vj<%)}
J

is extremal with respect to the first eigenvalue of the Laplacian in the manifold R" xR /T; Z
with flat metric.

This will be our main theorem, and we will prove it.

As a final remark, we observe that this result can give an answer, with a counterexample,
to the conjecture of Berestycki, Caffarelli and Nirenberg proposed in [3], p. 1110. According
to this conjecture, if Q is a smooth domain such that R\ is connected and there exists
a bounded positive solution of

Agu+ fu) = 0 in Q
u = 0 on 0N (3.2)

g(Vu,v) = constant on OS2,

for some Lipschitz function f, then €2 should be either a half-space, a ball, the complement
of a ball, or a circular-cylinder-type domain R’ x B, with B a ball.
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3.2 Rephrasing the problem

We want to show that for some T' > 0 (we will see that we have to choose T' close to
a fixed real positive number T,) we can modify the boundary of C{ in order to find an
extremal domain, of volume 7 vol(By), with respect to the first eigenvalue of the Laplacian
in the manifold R” x R/TZ with flat metric. Given a continuous function f : S"! x
R/TZ — (0,00) we define

Cl ={(z,t) eR" xR/TZ : 0<|z| < flz/|z|,t)} .

Our aim, following the caracterization of extremal domains given in [?], is to show that
there exists a 7' > 0 and a nonconstant function v : S"! x R/TZ — R of mean 0 such
that the over-determined problem

Ag ¢ + A qb = 0 in Cﬂ_v
¢ = 0 on 9CT,, (3.3)
g(Vé,v) = constant on 9CY,,

has a nontrivial positive solution, where v is the normal vector field about CT. 4o A s a
positive constant and g represent the flat metric on R" x R/TZ.

By symmetry, it is clear that the function v does not depend on the variable x € S* 1.
Then v = v(t). Moreover we can also require the function v to be even.

Let us denote by A; the first eigenvalue of the euclidean Laplacian in the unit ball B,
of R™ centered at the origin, with 0 Dirichlet boundary condition. We denote by ¢, the
associated eigenfunction

(3.4)

{Aq;l-i-)\mgl = 0 in B
¢1 = 0 on 881‘

which is normalized to have L2(B;)-norm equal to 1/2r. Then ¢ (x,t) = ¢ (z) solve the
problem

A§¢1+)\1¢1 = 0 in ClT
(3.5)
¢ = 0 on OCT
and
¢* dvol, = 1 (3.6)

27
Cl

Because ¢; do not depend on ¢, sometimes we will write simply ¢;(z).
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Let C2%, o(R/277) be the set of even functions on R/27Z of mean 0. For all T > 0 and

even,0
all f € C:;Z‘njo(R/QWZ) we set
Cl ={(z,t) e R" xR/TZ : 0<|z| < f(2nt/T)} .

For all function v € C?;Z‘nyo(R/ 27ZZ) whose norm is small enough, the domain C{,, is well

defined for all 7" > 0. Standard results on Dirichlet eigenvalue problem (see [17]) apply to
give the existence, for all T" > 0, of a unique positive function

¢ = ¢U,T € C27a (CIT—&-U)

and a constant A = A, 7 € R such that ¢ is a solution to the problem

{Ag¢+)\¢ = 0 in Cﬂ_v (37)

¢ = 0 on 9OCL,

which is normalized by

2
/027r (gb (x, % t)> dvoly =1 (3.8)

In addition ¢ and X\ depend smoothly on the function v, and ¢ = ¢, A = A; when v = 0.

After canonical identification of CT,, with S"~! x R/TZ, we define, the operator N :

1 / ,
e (Yo, v) dvoly,
Vol 4(9C1,,) acrT,, !

where v denotes the unit normal vector field to dCL,, and ¢ is the solution of (3.7). A
priori N(v,t) is a function defined over S"~! x R/TZ, but it is easy to see that it depends
only on the variable ¢t € R/TZ because v has such a property. For the same reason it is an
even function, and moreover it is clear that its mean is 0. If now we operate a rescaling
and we define

N, T) = g(Vo,v)lgcr,,

F(u,T)(t) = N(v,T) (% t)

Schauder’s estimates imply that F is well defined for v in a neighborhood of 0 in 222 (R /27Z)

even,0

and T € R, and takes its values in C5%, o(R/27Z). Our aim is to find (v,T") such that

even,0

F(v,T) = 0. Observe that, with this condition, ¢ will be the solution to the problem (3.3).

Our next task will be to understand the structure of Lo, the operator obtained by
linearizing F' with respect to v at a general point (0, 7).
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3.3 The structure of the linearized operator

We already have recalled the existence of a unique positive function ¢ € C**(CT,,)
(close to ¢7) and a constant A € R (close to A1), solutions to the problem (3.7) so we are
going to construct an expansion of ¢ and A in powers of v and its derivatives. This will
lead to the structure of the linearized operator Lj.

Recall that \; is the first eigenvalue of —A; in C{ with 0 Dirichlet boundary condition
and ¢, is the associated eigenfunction which is normalized as in (3.6). Observe that in
principle ¢, is only defined in the cylinder, however, this function being radial in the first
n variables and not depending on ¢, it is a solution of a second order ordinary differential
equation and as such can be extended at least in a neighborhood of OCY .

Let v € C2% ,(R/27Z). By Fourier expansion v can be written as

even O(

v = Z ay, cos(kt) (3.9)

k>1
We start with the easy :

Lemma 3.3.1. Assume that v € C>%
define

R/27Z) and write v as in (3.9). For T > 0 we

even,0 (

¢o(x,1) = 0,¢1(x) v(2mt/T)

where r = |x|. Then
1 okt omk\”
Agpo + A1 o = 1;>1 Uk — Ory cos (T) [n —-1- (T) r ] (3.10)

Proof : This is a straightforward exercise. Using the fact that

1
AVIZRIRS O,

we find

Nypo = vAOb1 + 0r1 Agv + 2VV O, ¢,

2
= ( A r¢1+ r¢1> _Zak (#) 0, ¢1 cos (2%“)

k>1
o2k \ 2
n—1-— (%) 7“2]

2rkt
= —>\1¢o+zak — 01 COS( T )

k>1
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This completes the proof of the result. O
For all v € % ,(R/27Z) and all T > 0 let ¢ be the (unique) solution (periodic with

even,0
respect to the variable ¢) of

A+ = 0 in ct
(3.11)
v = —0.¢v(2rt/T) on  OCT
which is L?(CT)-orthogonal to ¢;. We define
Hr(v) == (0,9 + 02¢1 v(2nt/T)) \ac; (3.12)

By symmetry it is clear that I:[T(v) is a function only depending on ¢, then changing the
variable we can define

Ha(0)() = ) (1) (3.13)

2T

Let Vj be the space spanned by the function cos(kt). We will need the following result :
Proposition 3.3.2. The operator

Hyp : C22 o(R/27Z) — C5% o (R/277Z),

even,0 even,0

1s a self adjoint, first order elliptic operator that preserves the eigenspaces Vi for all k

T
and all T > 0. There exists a positive real number T, < —— such that the kernel of
n —
Hy, is giwen by Vi, @ --- © Vy,, with 1 = k; < ky < -+ < k;. Moreover the eigenvalue
associated to the eigenspace Vi, considered as a function on T, changes the sign at T,
and the eigenvalues associated to the other eigenspaces Vi,,...,Vi,, always considered as

functions on T, do not change the sign at T,. There exists a constant ¢ > 0 such that
||w||627a(R/27rZ) <c|Hr, (w)“Clv‘l(R/QwZ) )

provided w is L*(R/27Z)-orthogonal to Vo@ Vi, &- - -@Vj,, where Vy is the space of constant
functions.

Proof : The fact that Hr is a first order elliptic operator is standard since it is the

sum of the Dirichlet-to-Neumann operator for Ag + A\; and a constant times the identity.
In particular, elliptic estimates yield

| Hp(w)|lcre®/2mz) < ¢ ||wl|c2em/2rz)
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The fact that the operator Hr is (formally) self-adjoint is easy. Let 1 (resp. v) the
solution of (3.11) corresponding to the function wy (resp. wsq). Let 9;(x,t) = o;(x, Tt/27).
We compute

27
Or1(1) /0 (Hp(wy) wy — wy Hp(wy)) dt =
2T
— 0,6:(1) / (051103 — O wy) di
21 0

= / (&1 81”'&2 - @ZQ 87»1;1) dt

" 1 ~ ~ - -

/ (V1 Agthy — ey i) dvolg
o

~ Voly (S71)
=0

To prove the other statements, we define for all v € Cg;gmo (R/27Z) written as in (3.9),
U to be the continuous solution of

2
AU+ T = ; ay, %2@@ cos (QWTM) [n —-1- (#) 7"2] in cr .
U = 0 on  OCT.

(3.14)
Observe that 0,¢; vanishes at first order at » = 0 and hence the right hand side is bounded
by a constant times r~! near the origin. Standard elliptic estimates then imply that the
solution ¥ is at least continuous near the origin (the right side of (3.14) belongs to the
space LP(CYT) for each p < m, then the solution ¥ belongs to the Sobolev space WP(CY)
for each p < n, and by the Sobolev embedding theorem for a compact domain 2 we
have W?P(Q) € C%*(Q) for p > 72-). A straightforward computation using the result of
Lemma 3.3.1 and writing W(x,t) = ¢(z,t) + 0,¢1(x) v(2nt/T), shows that

Hy(v) == 0,¥|pcr (3.15)

With this alternative definition, it should be clear that Hp preserves the eigenspaces
Vi and in particular, Hr maps into the space of functions whose mean is 0.
Then

Hy(v) =Y ow(T) ay, cos (2”7“) (3.16)

k>1

where o (T') are the eigenvalues of Hp with respect to the eigenfunctions cos(kt) and are
given by
o, (T) = 0,bx(1) (3.17)
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where by, is the continuous solution on [0, 1] of

2 2
(e oon) o= (5) e o () e o

with b (1) = 0. From (3.12), (3.16) and (3.11) we deduce that

Y=Y cklr)a cos (2”7“)

where ¢ is the continuous solution on [0, 1] of

n—1 ok )
<83 + ., o, + )\1) Cp — <T) cp, =0 (319)
with ¢ (1) = —0,¢1(1). Then an alternative characterization of the eigenvalue oy (T) is
or(T) = Orcp(1) + 0?01 (1) (3.20)

We want to show that there exists 7, > 0 such that the kernel of Hrp, is finite-
dimensional and contains V, the space of functions of the form a; cos(t). For this aim
we have to find a T, > 0 such that o1(7%) = 0 and o4 (7%) # 0 for almost k& > 1.

To simplify the notation, we set o1 = 0. We need the following Lemma :

Lemma 3.3.3. The function o(T') is analytic on (0, +00) and has the following properties :
- 1im+ o(T) =400
T—0

2
- o(T) <0 forT > T

In particular o has at least a zero where it changes the sign, and the set of the zeros of o
1s a discrete finite set.

Proof : The fact that o is analytic comes from the following remark : if F' is an
invertible operator and I is the identity, then for 7" > 0 and any continuous function v the

solution u of
1
<F— ﬁpl) U =0

is analytic on T for each constant p; this comes from the equality

(I—sP)'=) s"F"

n>0
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for each s € R. Then to prove that ¢, is analytic on 7' it suffices to take

n—1

F:<83+ 8T—|—>\1) v=0 p=(27)°

We conclude that 0,¢;(1) is analytic with respect to T', and from (3.20) follows the analy-
ticity of o.

We study now the behaviour of ¢ when T'— 07. For T" small enough, it is well defined

the quantity
472
€= ,/_TQ W

Let é(s) = ¢4 (g) for s € [0,&]. We remark that

lim d,¢1(1) = lim 0,¢(€)

T—0+ §—+o0

Then we are interested in the behaviour of d;¢(§) at +oo. From (3.19) (considered for
k = 1) we obtain that ¢ is a continuous solution of the differential equation

(a§+”;183—1>é:0 (3.21)

in the interval [0,&] with é(§) = —0,¢1(1). The previuos equation can be transformed into
a well known Bessel’s differential equation by the substitution

F=s72¢ (3.22)
It follows that ¢ satisfies
1 2-n)?
8§+—as—(1+@>] E=0 (3.23)
s s
that is the modified Bessel’s differential equation of order Q_T” (for an introduction to

Bessel’s equations see for example [4] or [19]), and its general solution is given by
é(s) = A]%Tn(S) + B Kszn(s) (3.24)

for some constants A, B € R, where I,,(s) and K,,(s) (for m € R) are the well known
modified Bessel functions given by
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where I' is the Gamma function
['(s) :/ et dt.
0

I,, and K, are independent solutions of the modified Bessel’s differential equation of order
m

1 2
3ff+gé’sf—(1+%> f=0

It is well known that the behaviour of I,, at oo is

lim_ IT(5> =1, (3.25)
Vams
while that of K, is
lim Km—(s) =1. (3.26)
s—+00 e s
2s

From (3.22) and (3.24) we have that

2—n

é(s) =s 2

(A Toa(s) + BK%Tn(S)>

The behaviour of & at 0o can’t be that of the function s 2 K 2on (s) because of the continuity
of ¢ at 0. In fact, if it was like that then we could integrate over [0, +oc] the function ¢é
with its derivatives, and from (3.21), multiplying by ¢s"~! and integrating by parts, we
would obtain

+o0
/ (056 + &) s" tds =0
0

that would imply ¢ = 0. Hence, by (3.25) and (3.26), the behaviour of ¢ when s — +o0 is
that of the function s° 2" I%(s), i.e. there exixts a constant A # 0 such that

lim )

57100 Ag 2 e

It follows that 05¢(§) — 400 when £ — +00, and then, coming back to the definition of &,
we conclude that

lim o(T) = 4o0.

T—0t

Now we will show that for 7" big enough the function ¢ is negative. Let Ap(r) be the

solution of the following differential equation

9 2
v (%)

-1
n O, A +
,

1
O*Ar + Ap = = 0,01, (3.27)
r
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and Byp(r) be the solution of this other differential equation

2 2
M (?)

with A7(1) = Br(1) = 0. It is easy to see that

1
92Br + "T 8, By + By = 0,61, (3.28)

21\ ”
blz(n—l)AT— (?) BT

We have

o(T) = (n— 1) &, Ar(1) - (2%) 6, Br(1)

We claim that Ar >0, By > 0 and Ay — By > 0. Moreover 0, Ar(1) < 0, 9,Br(1) <0
and 0,Ar(1) < 0,Br(1). This follows from the maximum principle.
Proof of the claim : By definition of A;, the operator A; + A; is non-positive, in the sense
that

—/ u(Ay+ M) udvol; = / (|Vu|§ — A u?) dvoly > 0. (3.29)
Bl Bl

Specializing this inequality to functions u(z,t) = u(|z|), we get
1
/ ((Opu)® = M w?) r"tdr >0 (3.30)
0

where r = |z|, provided u € H}(Bj). Assume now that Ay <0 in [ry, ry] with Ap(r;) =0,
then multiplying (3.27) by A7 r"~! and integrating the result by parts between 7, and 75,

we get
" 2 2\ ,.n—1 2\ *
((&AT) — AlAT) r dr + T

T1

because 9,¢; < 0. Hence, by (3.30), necessarily Az = 0 on [ry, r3]. This proves that Ay > 0
on [ry,73] and by the maximum priciple Az > 0 on [0, 1]. It follows from this fact that
0, Ar(1) < 0, because Ar(1) = 0. If it was 0,Ar(1) = 0 then necessarily we would have
0?Ar(1) > 0 but evaluation of (3.27) at r = 1 implies that

T2
/ A2 ldr <0

T1

0=(n—1)0.A7r(1) = 0,0:(1) — O?Ar(1) < 0,¢1(1) < 0

which immediately leads to a contradiction. Hence, 0,Ar(1) < 0. The same reasoning
applies starting from (3.28) to show that By > 0 and 0,Br(1) < 0, and starting from the
difference between (3.27) and (3.28) to show that Ay — By > 0 with 0,.(Ar — Br) < 0.
This completes the proof of the claim.
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Let now

i

n —

From the previous claim we have

2
_ <2?”) 9.Br < —(n—1)8,Br < —(n — 1)9, Ay

that means
o(T) <0
This completes the proof of the Lemma. O
Let {01, 02, ..., 0,} the finite set of the zeros of o, and let 7} the smallest zero such that
o changes the sign at T}, say that T, = 0,. It is clear then V; is in the Kernel of Hr,. To

prove that the kernel of Hr, is finite-dimensional we have to show that if T" = T, then
Opbi(1) # 0 for almost k& > 1. For this we set

ko1
T 7
for "> 0 and from (3.18) we obtain that
ar(T) = o(7)

This implies that o is analytic on 7" and the set of the zeros of oy is {k 01, k02, ...,k 0,}.
It is clear that if k is big enough, say k > k;, then T, ¢ {k 0y, k02, ...,k 0,}, and this means
that Vj is not a kernel of Hy, for k > k;. This implies that the kernel of Hp, is of the form
Vipb @+ @® Vi, with 1 = ky < -+ < k. Moreover if Vj, € Ker(Hr,) and k; # 1 then the
function oy, (T') does not change the sign at T, because oy, (Ty) = o(T%/k;) and T, /k; < T..
This completes the proof of the proposition 3.3.2. O

The main result of this section is the following :
Proposition 3.3.4. The operator Ly s equal to Hr.

Proof : By definition, the operator Ly is the linear operator obtained by linearizing F
with respect to v at (0,7). In other words, we have
F(sw,T)— F(0,7T)

LU(U)) = }91_{% S .

For y € R" and t € R we consider the parameterization of CT,, given by

Y(y,t) = ((1 +sx()w)y, QT—D
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where x is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to
1 when |y| > 3/4. We set

§=Y"g
so that <5 =Y*¢ and A = )\ are solutions (smoothly depending on the real parameter s) of

~

Ajo+Ap = 0 in CF
0 on 9C%#

<
Il

with

¢? dvol, = 1
o2

We remark that g%l := Y "¢, is a solution of
A, ¢1+ A by =0

since g = Y*g. Moreover

N Tt
$1(y,1) = ¢ ((1 +sw)y, %) ; (3.31)
on 9C?™. Writing =1+ and A=\ + i, we find that
N+ M+ m)d+pg = 0 in CF
. . (3.32)
v = —¢; on ICH
with
/ (21 h +¢?) dvoly, = [ ¢? dvol, — / ¢? dvol, (3.33)
cim cir CP

Obviously 1/; and o are smooth functions of s. When s = 0, we have ¢ = ¢; and A = A.
Therefore, 1 and p vanish and ¢; = ¢1, when s = 0. Moreover ¢ = g when s = 0. We set

77[} = 8577ZA)|5:07 and M = 65M|s:0a

Differentiating (3.32) with respect to s and evaluating the result at s = 0, we obtain

Ngp+ M +jigy = 0 in Cf
: (3.34)

v = —0,¢pyw on OCF"

because from (3.31), differentiation with respect to s at s = 0 yields (95(/31|s=0 = 0,01 w.
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Differentiating (3.33) with respect to s and evaluating the result at s = 0, we obtain

¢y dvoly = 0 (3.35)
o2

Indeed, the derivative of the right hand side of (3.33) with respect to s vanishes when s = 0
since ¢; vanishes identically on OC?™.

If we multiply the first equation of (3.34) by ¢; and we integrate it over C?7, using the
boundary condition and the fact that the average of w is 0 we conclude that 4 = 0. And
hence ¢ (27t /T') is precisely the solution of (3.11). To summarize, we have proven that

bz, t) = b1 (x,t) + s(x, Tt/2m) + O(s?)

where 1) is the solution of (3.11). In particular, in C?7\ 0374, we have

~

oy.t) = ¢ ((L+sw)y, Tt)2m) + sP(y, Tt/2m) + O(s”)
= 1 (y, Tt/2m) + s (wr 0,01 + ¥(y, Tt/27)) + O(s?)

where we have set r := |y].

To complete the proof of the result, it suffices to compute the normal derivative of the
function qg when the normal is computed with respect to the metric g. We use cylindrical
coordinates (y,t) = (r z,t) where r > 0 and z € S"~!. Then the metric g can be expanded
in O™\ C§74 as

g = (+swydr*+srw (1+sw)drdt+ (T/2r)* + s°r* (w')?) dt® +r* (1 + sw)? h

where £ is the metric on $"~! induced by the Euclidean metric. It follows from this ex-
pression that the unit normal vector field to OC?™ for the metric § is given by

= (1+sw)" 4+ 0(s%) 9, + O(s) 9,
Using this, we conclude that
§(V61,0) = Ordn + 5 (w Or + 0,0(y, Tt/2m)) + O(s)
on C?™. The result then follows at once from the fact that d,¢; is constant while the term

w021 + 0, (y, Tt/27) has mean 0 on the boundary dC?™. This completes the proof of
the proposition. O
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3.4 A Lyapunov-Schmidt argument

Our aim is to prove that for some 7" € (0,400) there exists a nonzero (and obviously
nonconstant) function v that solves the equation

F(v,T) =0.

Unfortunately we will not be able to solve this equation at once. Instead we can split
the image of the operator F' into two spaces, one infinite-dimensional and one finite-
dimensional, and solve the equation over the infinite-dimensional space.

It follows from the previous paragraph that the kernel of the operator Hrp, is finite-
dimensional and given by Vj, @ --- @ V},. Based on this fact we will be interested in the
method of Lyapunov-Schmidt, that is a procedure to reduce the dimension of the space in
which we try to solve our equation F'(v,T") = 0 near a singular point from infinite to finite
dimension. The idea is to split the space into two subspaces and to project the equation
into each one of them. One of the two equations obtained can be solved by the implicit
function theorem.

Let @) be the projection operator onto the image of Hy, and @) o F' the composition
of operators I and Q. Let v = vl + vt with v+ € (KerHr,)* for a generical function in

Cﬁ&i‘n,o(R /27Z). The next result follows from the implicit function theorem :

Proposition 3.4.1. For all vl € (KerHy,) which norm is small enough and all T suffi-
ciently close to T, there exists a unique function v+ = UL(UH,T) defined in a neighborhood
of (0,T.,) such that

Qo F (vl +v,T) =0.

Proof : We can define the operator
Jl vt TY=QoF (v” + UL,T)

The operator J maps from KerHr, x (KerHr,)* x (0,+00) into the image of Hr,. By the
proposition 3.3.2 the implicit function theorem applies to get the existence of a unique
function v*(vl,T) € (KerHr,)* smoothly depending on vl and T in a neighborhood of
(0,T.) such that

Jl vt @, ), T) =0.

3.5 A bifurcation argument

We are now able to prove our main theorem 3.1.2. We will use a bifurcation argument.
For the sake of completeness we recall the concept of bifurcation and bifurcation point (see
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[24] and [38] for details). Let f be an operator on B; x A into By, where B; and B, are
Banach spaces (or subspaces) and A is an interval of R. Thus suppose that I' = (z(s), s)
is a curve of solutions of the equation f(x,s) = 0. Let (x0, s0) = (z(s0), So) be an interior
point on this curve with the property that every neighborhood of (¢, sg) in B; X A contains
solutions of the equation f(x,s) = 0 which are not in I". Then (o, s¢) is called a bifurcation
point with respect to I' and we say that in that point there is a bifurcation of the solution

of f(z,s) =0.

In relation to our problem we will show that (0,7%) is a bifurcation point with respect
to the curve I' = (0,7") for the solution of the equation F(v,T) = 0. Here A = (0, +00),
B, = C>% ,(R/27Z) and By = CL% ,(R/27Z). We remark that this is equivalent to the

even,0 even,0
existence of a sequence of real positive numbers 7; — T} and a sequence of functions v; €

C2e (R/217Z) converging to 0 in C>*(R/217Z) such that the points (v;, T;) are solutions of

even,0
the equation F'(v,T) = 0. And such a result is exactly our main theorem 3.1.2 (moreover

the functions v; are even).

We have proven that for each (v!l, T') in a neighborhood of (0, T,) there exists a function
vt € Ker(Hr,)* smoothly depending on v!l and 7" such that

QoF (vl + vt (ol T),T) =0.
Let I be the identity operator. We remark that if we find (v!l, T') such that
(I-Q)oF (v +vt(l, 1), T) =0.
then it will be verified the equation
F (ol +vt(l, 1), T) = 0.

Let us define
Gl T)=(T-Q)oF (v +v+(!, 1), T)

We will prove that (0, 7) is a bifurcation point with respect to the curve
{(0,7) , T in a neighborhood of 7.}

for the finite dimensional operator G. It will follow the existence of a sequence of real

positive numbers T; — T} and a sequence of functions vjl-l converging to 0 such that the

points (vy, T;) are solutions of the equation G(v!l, T) = 0. Then the sequence (v;,T};) with
v; defined by

v =v) +v],T)
will satisfy the statement of the main theorem 3.1.2.

We recall the concept of odd crossing number following the approach of [24]. Let we
come back to the operator f, with finite-dimensional Banach spaces B; and Bsy. A necessary



58 3. New extremal domains in flat tori

condition for bifurcation is that 0 is an isolated eigenvalue of finite algebraic multiplicity,
say [, of the operator obtained by linearizing f with respect to x at (0, sg), which can be
denoted by D, f(0,sg). It is crucial to know how the eigenvalue 0 perturbs for D, f(0, sq)
when s varies in a neighborhood of s¢. It is possible to show (see [23]) that the generalized
eigenspace Fg, of the eigenvalue 0 of D, f(0,sy) having dimension [ is perturbed to an
invariant space E of D, f(0, s) of dimension [ too, and all perturbed eigenvalues near 0 (the
so-called 0-group) are eigenvalues of the finite-dimensional operator D, f(0, s) restricted
to the [-dimensional invariant space Es. Moreover the eigenvalues in that 0-group depend
continuously on s. Motivated on these facts we can give the definition of odd crossing
number.

Definition 3.5.1. Let O(s) = 1 if there are no negative real eigenvalues in the 0-group of
D,G(0,s), and

Ofs) = (1)t
if pu1, ..., up, are all the negative real eigenvalues of the 0-group having algebraic multiplicity
l1, ..., I, respectively. If D, f(0,s) is regular in a neighborhood of sy (naturally except in

the point s¢) and ©(s) changes the sign at sy then D, f(0,s) has an odd crossing number
at sg.

In presence of an odd crossing number there exists a standard result known as the
Krasnosel’skii Bifurcation Theorem (see [24] for the proof) :

Theorem 3.5.2. If D, f(0,s) has an odd crossing number at s, then (0, sq) is a bifurcation
point for f(x,s) =0 with respect to the curve {(0,s) | s in a neighborhood of sy}.

Thank to this result, our main theorem 3.1.2 follows from the following proposition :
Proposition 3.5.3. D, G(0,T") has an odd crossing number at T,.

Proof : We observe that we can write

l

ol = Zaki cos(k; t)

i=1

where 1 = ky < -+ < k;. It is clear, from the definition of G, that D, G(0,T) preserves
the eigenspaces, and
D,1G(0,T) = Hrlv, o--av,

Then the 0-group of eigenvalues is given by oy, (T), ..., 0, (1), where oy, (T') = o(T). For
T = T, they are all equal to 0. Moreover, by the proposition 3.3.2 only oy, (T') changes sign
at T., and its associated eigenspace has dimension 1. This means that D, G(0,T") has a
crossing number at T, and completes the proof of the proposition. O



Chapitre 4

Extremal domains of big volume in
compact manifolds

Prépublication

Résumé. On démontre 'existence de domaines extrémaux pour la premiere valeur
propre de l'opérateur de Laplace-Beltrami, dans certaines variétés riemanniennes de di-
mension n > 2, de volume proche au volume de la variété. Si la premiere fonction propre
(positive) ¢ de I'opérateur de Laplace-Beltrami sur toute la variété est une fonction non
constante, alors ces domaines sont proche au complément de boules géodésiques de rayon
petit et centre proche au point ol ¢ atteint son maximum. Si ¢ est une fonction constante
et n > 4, ces domaines sont proche au complément de boules géodésiques de rayon petit
et centre proche a un point critique non dégénéré de la courbure scalaire.

Abstract. We prove the existence of extremal domains for the first eigenvalue of the
Laplace-Beltrami operator in some compact Riemannian manifolds of dimension n > 2,
with volume close to the volume of the manifold. If the first (positive) eigenfunction ¢q of
the Laplace-Beltrami operator over the manifold is a nonconstant function, these domains
are close to the complement of geodesic balls of small radius whose center is close to the
point where ¢ attains its maximum. If ¢ is a constant function and n > 4, these domains
are close to the complement of geodesic balls of small radius whose center is close to a
nondegenerate critical point of the scalar curvature function.

4.1 Statement of the result

Article [32] is a first study on the possibility to construct extremal domains for the first
eigenvalue of the Laplace-Beltrami operator in a Riemannian manifold. In that work are
introduced all basic definitions and properties of extremal domains for the first eigenvalue of

29
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the Laplace-Beltrami operator, and the examples of domains obtained have small volume.
In this article we will give an existence result for extremal domains of great volume in a
compact riemannian manifold. We will be interested in domains obtained by taking the
complement of small domains contained in the interior of the manifold : M\2, where €2
has a small volume and Q C M. For the sake of completeness, we start recalling the basic
facts of extremal domains (for other details see [32]).

Assume that we are given (M, g) a compact n-dimensional Riemannian manifold, n > 2,
with or without boundary 9M. In the case M # ), then OM is supposing to be an n — 1-
dimensional Riemannian manifold. Let ), be a domain in the interior of M and let us
consider the domain M\ €.

Definition 4.1.1. We say that {M\Q;}ie(—to.10), & C M, is a deformation of M\Qy if
there exists a vector field Z (such that Z(0M) C 9M) for which M\, = £(t, M\€p) where
&(t,-) is the flow associated to =, namely

d§

5 &p)==(E(Ep)  and  £0,p)=p.

The deformation is said to be volume preserving if the volume of M\, does not depend
on t.

Let us denote by A, the first eigenvalue of —A, on M\Q; with 0 Dirichlet boundary
condition on 9. In the case where OM # (), then we ask also one of the following boundary
condition :

1. 0 Dirichlet boundary condition on OM, or

2. 0 Neumann boundary condition on 9M.

We will suppose the regularity of OM. Observe that both t — ); and the associated
eigenfunction ¢ +— wu; (normalized to have L*(M\€;) norm equal to 1) are continuously
differentiable.

Definition 4.1.2. A domain M\ is an extremal domain for the first eigenvalue of —A,
if for any volume preserving deformation {M\,}; of M\Qy, we have

d\;

==

According to the condition taken at the boundary (if the boundary is not empty) we
will talk about extremal domains under the 0 Dirichlet boundary condition at OM or
extremal domains under the 0 Neumann boundary condition at OM. Let ¢y be the first
eigenfunction of the Laplace-Beltrami operator over the manifold M

Ag§b0+)\0¢0 = 0 in M (41)



4.1 Statement of the result 61

with 0 Dirichlet or 0 Neumann boundary condition (if M # (), normalized to have L*-
norm equal to 1. Here )\ is the first eigenvalue of —A, on M. If the volume of €2 is very
small, it is natural to expect that the first eigenfunction of the Laplace-Beltrami operator
over M\ will be close to ¢y. We remark that we have to distinguish two cases of behaviour
of ¢y (and then also of the first eigenfunction over M \ ), according with the condition
at the boundary :

— CASE 1. If OM # 0 and ¢, satisfy the 0 Dirichlet condition on M then ¢q is a
positive non constant function, and then attains its maximum in at least a point of
the manifold, say at pg. Moreover \g > 0.

— CASE 2. If OM = (), or if OM # () and ¢, satisfy the 0 Neumann condition on OM,
then ¢q is a constant function

1

Po = /Vol, (M)

and g = 0.
When we will consider the first eigenfunction of the Laplace-Beltrami operator over M \ Q,
where 2 C M, we will take at M the same boundary condition of ¢q, distinguishing

always the two cases.

For all € > 0 small enough, we denote by B, (p) C M the geodesic ball of center p € M
and radius e. We denote by B, C R" the Euclidean ball of radius € centered at the origin.

Now we can state the main result of our paper :

Theorem 4.1.3. In the CASE 1 assume that py is a nondegenerate critical point of the
first eigenfunction ¢o of the Laplace-Beltrami operator over M, and in the CASE 2 assume
that po is a nondegenerate critical point of Scal, the scalar curvature function of (M, g). In
the CASE 2 we will assume also n > 4. Then, for all e > 0 small enough, say € € (0, €),
there exists a smooth domain Qe C M such that :

(i) The volume of Q. is equal to the Euclidean volume of B..

(ii) The domain M\ is extremal in the sense of definition 4.1.2.
Moreover there exist a constant ¢ > 0 and for all € € (0,¢€y) there exists p. € M such that
the boundary of Qe is a normal graph over OB.(p.) for some function w,., with

dist(pe, po) < ce.

and
|welcze0B, (p) < € in the CASE 1 and n > 3

|wellczeop. () < c€ loge in the CASE 1 and n = 2
|welcze0m, (p)) < c€ in the CASE 2 and n > 5

|wellcze0B, () < c€® loge in the CASE 2 and n = 4
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We remark that the theorem do not give any information in the CASE 2 for the di-
mensions 2 and 3. In fact our methode to prove the main theorem is based, for the CASE
2, on the approximation of some Green function to the first eigenfunction of the Laplace-
Beltrami operator outside a perturbed ball. When the dimension of M is at least 4, we
are able to compute the first coefficients of the local expansion of that Green function and
this allows us to obtain the estimations we need. But for the dimensions 2 and 3, global
terms depending on the manifold do not allow us to obtain a local expansion of that Green
function. This is the reason for which we didn’t obtain information on extremal domains
of big volume in the CASE 2 for the dimensions 2 and 3.

4.2 Characterization of the problem

In order to prove our theorem we need the following result that caracterizes extremal
domains of the form M\ in a Riemannian manifold M. The following result gives a for-
mula for the first variation of the first eigenvalue for some mixte problems under variations
of the domain.

We have the :
Proposition 4.2.1. The derivative of t — X\, att = 0 is given by

d\ -
== | (@Vuaw))* g(2.) dvol,
Qo

where dvol, is the volume element on €Yy for the metric induced by g and vy is the normal
vector field about 0€).

Proof : We denote by ¢ the flow associated to =. By definition, we have

u(&(t,p)) =0 (4.2)

for all p € 0. Moreover, if we take the 0 Dirichlet boundary condition on M then
equation (4.2) is valid also on M. On the other hand, if we take the 0 Neumann condition
on OM then we have

9(Vue(§(t, p)), ) =0 (4.3)
for all p € OM, where v; is the unit normal vector about OM.
Differentiating (4.2) with respect to ¢t and evaluating the result at ¢ = 0 we obtain
8tuO = —g(VU[), E) )

on 09y. Now ug = 0 on 02y, and hence only the normal component of = plays a role in
this formula. Therefore, we have

Orup = — Q(VUO, Vo) 9(57 1/0) ) (4-4)
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on 0€)y. The same reasoning is also valid on dM if we take the 0 Dirichlet boundary
condition on OM. In this case, by the fact that Z(0M) C T(OM) we have

B = 0 (4.5)

on M. On the other hand, if we take the 0 Neumann condition on OM then taking a
system of coordinates = = (1, ..., x,) such that vy = —0,0 on OM and differentiating (4.3)
with respect to ¢t and evaluating the result at ¢ = 0 we obtain

0 = —000ug — g(VOyug, Z) = —000;ug = g(Voyug, o) (4.6)

on OM, where we used the fact that v, don’t depend on ¢ on OM together with the facts
that d,0up = 0 on OM and that g(=,19) = 0 in OM because Z(OM) C T(OM).

We differentiate now with respect to ¢ the identity
Agup + Muy = 0. (4.7)
and again evaluate the result at t = 0. We obtain
AgOrug + Ao Orug = =0\ Ug (4.8)

in 9. Now we multiply (4.8) by wuy and (4.7), evaluated the result at ¢ = 0, by Jsuo,
subtract the results and integrate it over € to get :

O\ / u? dvol, = / (Oruo Agug — up AgOyug) dvol,
Qo M\Qo
= / (Ovuo g(Vug, vo) — ug g(VOsuo, 1)) dvol,
OMUOR0

= / (Oruo g(Vug, vo) — uo g(VOsug, 1)) dvol,
a0

+/ (Oruo g(Vug, vo) — ug g(Voyug, 1)) dvol,
oM

= _/ (9(Vuo, 09))* 9(Z, ) dvoly,
o

where we have used (4.4), (4.5) or (4.6), the fact that uyg = 0 on 9, and the the fact that
uy = 0 or g(Vug,v9) = 0 on OM to obtain the last equality. The result follows at once
from the fact that ug is normalized to have L?(€)y) norm equal to 1. Observe that in the
previous argument M can be empty. O

This result allows us to characterize extremal domains for the first eigenvalue of the
Laplace-Beltrami operator under some particular 0 mixte boundary conditions, and state
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the problem of finding extremal domains into the solvability of an over-determined elliptic
problem. The proof of the following proposition is a consequence of the previous result;
because it is very similar to the proof of Proposition 2.2 in [32] we don’t report it here.

Proposition 4.2.2. Given a smooth domain £y contained in the interior of M, the domain
M\ is extremal if and only if there exists a constant Ao and a positive function ug (if
OM # () then we take 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition
on OM ) such that

AguO + )\0 Ug = 0 in M\QO
u = 0 on 0% (4.9)
g(Vug,9) = constant on 0%,

where vy is the normal vector field about 0€).

Therefore, in order to find extremal domains, it is enough to find a domain M\
(regular enough) for which the over-determined problem (4.9) has a nontrivial positive
solution. In this article we will solve this problem to find solutions whose volumes are close
to the volume of our compact manifold.

4.3 Rephrasing the problem

Following the approach of [32], we introduce the following notation. Given a point
p € M we denote by Fy,...,E, an orthonormal basis of the tangent plane to M at p.

Geodesic normal coordinates z := (z!,...,2") € R" at p are defined by
X (z) = ExpJ (Z z’ Ej>
j=1

We recall the Taylor expansion of the coefficients g;; of the metric X*g in these coordinates.

Proposition 4.3.1. At the point of coordinate x, the following expansion holds :

1 1 .
Gij = 0ij + 3 ZRiksz ¥ ot + G Z Rijim o 2* 2™ + O(|z]*), (4.10)

el k6m
Here R is the curvature tensor of g and
Rije = g(R(E;, Ex) E}, Ey)
Rikjem = 9(VE,R(Ei, Ey) Ej, Ey) |

are evaluated at the point p.
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The proof of this proposition can be found in [39] or also in [35].

It will be convenient to identify R™ with T,M and S™~! with the unit sphere in T, M.
If 2 := (x',...,,2") € R", we set

O(z) = Zx’ E, e T,M.

=1

Given a continuous function f : S"™' +—— (0,00) whose L™ norm is small (say less than
the cut locus of p) we define

Bi(p) == = {Exp,(O(x)) . rzeR" 0< |z| < flz/|z))} .

The superscript ¢ is meant to remind the reader that this definition depends on the metric.

Our aim is to show that, for all € > 0 small enough, we can find a point p € M and a
function v : S"! — R such that

Vol B?

(1+1})( ) - En Volél

and the over-determined problem

Ajp+rop = 0 in M\Be(lJr'u()
¢ = 0 on 9B, (4.11)
9(Vo,v) = constant on 9BF,, ,(p)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on OM if 9M # (),
has a nontrivial positive solution, where v is the normal vector field about 8Bf(1 o) (p).

Observe that, considering the dilated metric g := e 2 g, the above problem is equivalent
to finding a point p € M and a function v : S"~! — R such that

Vol BY, ,(p) = Vol B,

and for which the over-determined problem

Ag o+Ap = 0 n Blg+v (p)
¢ = 0 on 9BY_,(p) (4.12)
g(Vé,v) = constant on 9B{_, (p)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) boundary condition on 9M if M # 0,
has a nontrivial positive solution, where 7 is the normal vector field about 0BY (p). We
can simply consider

¢=0
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(naturally it will not have the norm equal to 1, but depending on €) and
A=¢e2\.

In what it follows we will consider sometimes the metric g and sometimes the metric g, in
order to simplify the computation we will meet.

4.4 The first eigenfunction of —A, outside a small ball

We remark that the positive solution of the problem
Ag¢e+>\e¢e = 0 in M\Bé](p)
¢ = 0 on 0BY(p)

with 0 Dirichlet (CASE 1) or 0 Neumann (CASE 2) condition on 9M if M # (), normalized
to have L*(M \ BY(p))-norm equal to 1, a priori is not known. In this section we will be
interested in that solution.

(4.13)

Let p € M, let ¢ be a constant, and let I', be a Green function over M with respect to
the point p defined by

- (Ag + )\0)Fp = Cp (517 - ¢0 (p) ¢0) in M (414)

with 0 Dirichlet boundary condition (for the CASE 1) or 0 Neumann boundary condition
(for the CASE 2) at OM if OM # 0, and normalization

/ T ¢ dvol, = 0,
M

where 9, is the Dirac distribution for the manifold M with metric g at the point p, i.e.

/ 0, f dvol, = f(p) for all f € C5°(M) and / 9, dvol, =1
M M

We remark that I', exists because

/ [0p — do(p) do] ¢o dvoly = 0.
M

It is easy to check that for each dimension n of the manifold it is possible to chose the
constant ¢, in order to have the following expansions in local coordinates = of I', in a
neighborhood of the point p :

for n=2 Iy(z) = loglz| +a+ g(b,x)+ O(z|*) Va <2
for n=3 : Ty(z) = |z|'+d +O(z]| Va <1
for n=4 : [y(z) = |z]72+O(z]%) Va <0
for n>5 : Ty(x) = [z +O(|z[*™")
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where a,a’ € R and b € R”, and g(-, -) is the scalar product in R.

It is useful to consider the weighted space C*®(M\{p}), defined as the space of functions
in Ck(M \ {p}) such that, in the normal geodesic coordinates = around p,

[ull ko ap oy = sup 2|7 |u] + sup lz|* ™ | V| + sup 2|27 V2| + -+

Ry BRO BRO

Rk+a—y

k _ ok 4.15)
—|—saup|x|k_” |VFu| +  sup sup. Viu(z) = VZuly) < (

. _ ol
B, 0<R<Rg z,y€BR\BR)» ‘ZL’ y‘

where Ry is chosen in order to have the existence of the local coordinates x € B Ro-

Let us consider p € C%*(S™™1), where m is meant to point out that functions have
(euclidean) mean 0 over S™', and let H, be a bounded harmonic extension of ¢ to
R™ \ Bl .

AH, = 0 in R"\ B

) (4.16)
H, = ¢ on 0B
where ¢ is the euclidean metric and we identified OB, with S"~!. We have the :
Lemma 4.4.1. The following inequality holds :
[Hp(@)llc2e @ i,y < €ll@lleza(sn-)
for some positive constant c. In particular
lim H,(x)=0.
|| —+o00 #(7)
Proof. Let us consider .
v = Z i
j=1
the eigenfunction decomposition of ¢, i.e.
Agn-rpj = —j(n—2+j) p; (4.17)
It is easy to check that
Hy(w) =Y [a]* " gj(x/|z])
j=1

is the solution of (4.16). Let us fix |z|. We have

[He(z)] < Z |27 N (/)] = 12 e (/)| + Z |27 gy (/|2])] - (4.18)
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Let us try to estimate ||¢;||foo(gn-1). From (4.17) we have

liillwanacsn s < e (n =2+ 3)* psllasmy

and by the Sobolev embedding theorem we have that W?2*2(S"~1) C L>(S""!) when
4k > n — 1. We conclude that there exists a positive number P(n) depending only on the
dimension n such that

l@jll oo sn-1y < €77 1 @jll L2(sm1)
Moreover
@il 72sn1y < lellFageny < Volg(S™") 0l oe(sn1y

and we can conclude that there exists a constant ¢ such that

lpsll e (sn-1) < €37 [lepll oo (g1

From (4.18) we get
[Hy ()] < ez [l¢]l oo(snny (1 +> \:c|1jJP(n)>
j=2
It is easy to check that for |z| > 2

Z |x|1—j jP(N) < 00
=2

and this allows us to conclude that for |x| > 2 there exists a constant ¢ such that
[Hy(2)] < el [lpll s (4.19)

By the maximum principle this inequality is valid also for 1 < |z| < 2. Standard elliptic
estimates apply to give also

IV Hy(x)] < cla] ™ el umsn (4.20)
Finally, (4.19) and (4.20) give the following estimate

||Hgo(x)||cfﬁl(Rn\}§1) < cl[l¢llcza(sn-1)
for some constant c¢. From (4.19) it is clear that

lim H,(xz)=0.

|| —+o0

This completes the proof of the Lemma. O
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Let us define a continuous extension of H, to R" in this way :

0 for |z| <3
]:Lp(x) =94 2z|-1)H, (ﬁ) for % <l|z| <1 (4.21)
H,(z) for R™\ By
and let us denote .
Hy = H, ()
and i .
o=, ()

Let x be a cutoff function identically equal to 1 for |z| < Ry << 1 (Ry is chosen in such
a way that Bf%o (p) belongs to the z-coordinate neighborhood of p) and identically equal to
0in M\ BgRo(p).

The main result of this section is the following :

Proposition 4.4.2. Let us suppose n > 3 and v € (2 —n,min{4 — n,0}). For all ¢ small
enough there exist (A, pe, we) in a neighborhood of (0,0, 0) in RxCZ*(S™ 1) xC>*(M\{p}))
such that the function

(be = ¢0 - 6n72 (¢0(p> + Ae) Fp + We + Xﬁ €€ (422)
(considered in M \ B(p)), is a positive solution of (4.13) where
A=+ 2p (4.23)

with
p=cado(p)” + Oe). (4.24)

Moreover the following estimations hold :
— If ¢g is not a constant function (CASE 1) then there exists a positive constant ¢ such
that

Al + 1@l oo g1y < c€ and [well gz an pp) < € (e +E7)

— If ¢ is a constant function (CASE 2) then there exists a positive constant ¢ such

that ‘
’AE, + ngeHLoo(Sn—l) < ce ifn=23

|Ae| + ||906||Loo(5n—1) < cé? Vﬁ <2 ifn=4

|A€| + ngéHLoo(Snfl) S 062 lf n Z 5
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and
< cé? ifn=3

||we||c§v&(M\{p}) <
||we||cgva(M\{,,}) <c (64 + 657”) Vo<4 ifn=4
||w6||c3’a(M\{p}) <c (€2n_4 + et 4 64_V) ifn>5

Proof. First we prove that
A— X = O("?). (4.25)

/ |V9u|? dvol,
g9
)\ — 1min , M\BZ(p)
ueHY (M\B
3(M\B2 () / W2 dvol,
M\B{(p)

Let us consider a sequence of functions u; € Hg(M \ B¢(p)) converging to the function

w,(z) = (M_1> %o (26—36) in B3.(p)\ BL(p)

€ |z]

Po in M\ B3 (p)

By definition

(4.26)

It is easy to check that
/ u? dvol, = / ¢ dvol, + O(e")
M\B{(p) M

/ |Vu,|? dvol, = / |V yl|* dvol, + O(e"?)
M\B{(p) M

then, from the last two relations and (4.26), it follows (4.25). This allows us to search A in
the form

while

A=X+e"2p (4.27)
where p = o(1).
Let us chose ¢, in the form
¢e = ¢0 - 6n_2 (¢0(p) + A) F;D +w + X[z[tp,e
for some (A, p,w) € R x CZ%(S™ 1) x C>*(M \ {p}). Then ¢, satisfy the first equation of
(4.13) over M \ BY(p), with A as in (4.27), if and only if :
(89 + 20+ €2 ) w2 11— e dolp) (60(p) + N)| 60+ Hpe Mg+

X AgHy e +2VIH, VIX — " p(go(p) + M) T+ (Mo + €2 p) x Hpe = 0
(4.28)
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over M \ BY(p). This equation can be considered over M \ {p} if we take H, . instead of
H

©,€9
nuous extension ﬁ%e of the function H,.). Remark that the term V9H, V9 is 0 in a
neighborhood of 0BY(p) then can be extended to 0 in BY(p).

and a continuous extension Z;?I . Of the function AgH,  (similarly to the conti-

We need the following :
Lemma 4.4.3. Let n > 3. The operator
(Ag+Xo+ €2 p) 1 CF o (M\ {p}) — C% L (M\ {p}),

where the subscript L is meant to point out that functions are L*-orthogonal to ¢¢ and the
subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (in the CASE 1) or
0 Neumann (in the CASE 2) boundary condition on OM if OM # 0, is an isomorphism
forv € (2 —n,0) and € small enough.

Proof. Let us suppose that v € (2 —n,0) and n > 3. In [30] is proved that for all
f el (B \ {0}) there exists a unique solution u € C>*(By \ {0}) of

Azu = f in B\ {0}
O . (4.29)
u = 0 on 0B

Now let us consider the operator A,+ ). Let Ry small enough, take the normal geodesic
coordinates in B (p), and let f € Co% (M \ {p}). Considering the dilated metric Ry g,
the parameterization of B}, (p) given by

Y(y) := Expg (RO Zyi E})

and the ball B; endowed with the metric § = Y*(Ry? g), the problem
(Ag +Xo)u = f in B \{p}
{ u = 0 on O0B%
is equivalent, in terms of existence and unicity of solutions, to the problem
(Ay +R2X)u = Y*f in B\ {0}
u = 0 on 6@1 '

Considering that the difference between the coefficients of the metric § and the metric g
can be estimate by a constant times R3, the operator A; + R3 \g is a small perturbation
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of the operator A; when R, is small. By the previous claim, we conclude that there
exists a positive Ry (small enough) such that, when v € (2 — n,0) and n > 3, for all
f € Cp% (M \ {p}) there exists a unique solution u € C2*(B% \ {p}) of

(Ag +Xo)u = f in By \{p}
u = 0 on 831%0

Let now consider the solution of
(Ay +Xo)v=Ff—(Ag+ X)) (Xu) (4.30)

with 0 Dirichlet boundary condition at M, where Y is a cut-off function equal to 1 for
|z| < Ro/2 and equal to 0 for |z| > Ry. We remark that this equation is well defined in
M, because the singularity of f at p is balanced by (A, + Ao) (Y u). Moreover the right
hand side term is orthogonal to ¢q if f has such a property. Hence, there exists a solution
v € CTH(M) to (4.30), and we have that

(Ag +X0) (Xu+v)=f

in M \ {p}, with 0 Dirichlet condition at dM. Obviously w = yu+v € Cfi(M\ {p}). We
proved then that for v € (2 —n,0) and n > 3 and for all f € CBfZJ_(M \ {p}) there exists
a unique solution w € Cfi(M \ {p}) of

(Ag +)\0)w:f

in M\ {p} with 0 Dirichlet at M. This result is still true for the operator A, + Ao+ €" 2 v
when € is small enough, because such an operator is a small perturbation of the operator
Ay + Xo. The raisoning done do not change if we consider the 0 Neumann boundary
condition on OM instead of the 0 Dirichlet boundary condition. This completes the proof
of the Lemma. O

To semplify the notation let us define

A = 2 [u—cmo(p) (6o(p) + A)| ¢o

B = Hy Agx+xAH, +2VIH, Yy
C = = u(golp) + AT,
D = A+ 2p)xH,,

We remark that T', € CY%(M \ {p}) if v < 4 — n. Equation (4.28), extended to M\{p},
becomes
(Ag+ X+ ?pw=—(A+B+C+D)
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By the last result, if we chose i in order to verify
/(A+B+C+D)¢0:0 (4.31)
M

there exists a solution w(e, A, ¢) € Ci’io(M \ {p}) to equation (4.28) for
v € (2—n,min{0,4 —n}),
for all A € R, for all ¢ € C%*(S™!), and for all € small enough, and then
G = do + €7 (¢o(p) + ) Ty +w(e, A, 9) + x Hope

with w(e, A, ) restricted to M\ BY(p), satisfies the first equation of (4.13). From (4.31) we
get

w%mmmm@+m—43%—méﬁﬁw%
ﬂ”@+4x&&0

/ ngo S CEn_l ||(p||Loo(Sn—1)
M

M:

It is easy to check that

and
/xHW%Sw“wmmmu
M

from which it follows the expansion of y :
p = n do(p) (P0(p) + A) + O(€) [[o| oo (5m1). (4.32)

We want now to give some estimations on the function w. By the previous results and
Lemma 4.4.1 we have the following estimations :

- ||A”c3f (M\{p}) <ce! ”SOHLOO(S”*)

2
~ 1Bllese iy < € (€7 + ) [ollesny

2
= Clleoe, an gy < e

~ IDllcos anoy < € (€77 + €71 llpll e (sn-r
RACTNED)

2

In particular we get

1A+ B+ C + Dlleoe, an oy < ¢ (€7 Il oo + €7 @l (sn)

2
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This give us an estimation for the function w that we found before :
[wllezean oy < € (€77 + €7 lgll oo (gn-1) + €7 @l Lo gn-1)) -

We have proved the following :

First intermediate result. Let v € (2—n,4—n). For all A € R, for all ¢ € C2*(S"1),
for all € small enough, there exists a function w(e, A, p) € CiiO(M\{p}) such that (4.22) is
a positive solution of the first equation of (4.13). Moreover there exists a positive constant
¢ such that

2n—4

Now we have to make attention to the second equation of (4.13). Let us define

N(e, A,) = [doley) — €2 (90(p) + M) Dlew) + (wle, A, ) (ey) + o(y)|

yES"il

We remark that N represents the boundary value of the solution of the first equation of
(4.13) that we found above, is well defined in a heighborhood of (0,0,0) in (0, +00) x R x
CZ(S™ 1), and takes its values in C**(S™™1). It is easy to compute the differential of N
with respect to A and ¢ at (0,0,0) :

(0AN(0,0,0))(A) = —A

(QON(O’ 0, 0)) (95) = Q.

From the estimation of the function w it follows that

lwllec@prmy < € llwllezennpy
< e (MM L o poo sty + € ||| poe(sn1y) -

Then we can estimate N(e, 0,0) :
||N(E7 07 0) ||L°°(S”—1) < H¢0(6 1’) - En_Q ¢0(p) F(E {L') ||L°°(S"—1) + H (W(E, 07 O)) (EZL‘) HLOO(Sn—l)

Here we have again to distinguish the different cases, according on the behaviour of the
function ¢g. If ¢ is not a constant function (CASE 1) we have (using the expansion (4.15)
of ')

HN(€7 0, O)HLW(S"—l) < ce

The same estimate is obtained if ¢y is a constant function (CASE 2) and n = 3. In the
CASE 2 and n = 4 we get
||N(67 07 O)||Loo(sn71) S CGB
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V3 <2 and whenn > 5:
||N(€707O)||Loo(5n—1) S 062

The implicit function theorem applies to give the :

Second intermediate result. Let v € (2 — n,min{4 — n,0}), let w be the function
found in the first intermediate result, and let € be small enough. Then there exist (A, @c)
in a neighborhood of (0,0) in R x CE*(S™1) such that N(e, A, ) = 0 (i.e. (4.22) is a
positive solution of (4.13)). Moreover the following estimations hold :

— If ¢g is not a constant function (CASE 1) then

|Ae| + ||‘Pe||Loo(sn71) <ce
— If ¢g is a constant function (CASE 2) then
’AG, + H@eHLoo(Sn—l) <ce ifn=23
|Ae| + ||906||Loo(5n—1) < cé? Vﬁ <2 ifn=4

|A€| + ngéHLoo(Snfl) S 062 lf n Z 5

Putting together the first and the second intermediate result, we get the following
existence result : for all € small enough there exist (A, ¢., w,) in a neighborhood of (0, 0, 0)
in R x C22(S™ 1) x C>%(M \ {p})) such that the function

Ge = Po — € (¢O(p) + Ae) Fp +w. + x H. €

considered in M \ BY(p), is a positive solution of (4.13) where

A=+ (4.34)
and from (4.43) we obtain
= cno(p)’ + O(c). (4.35)
Moreover :
— If ¢ is not a constant function (CASE 1) then there exists a positive constant ¢ such
that

[Ae| + H(pE“LOO(STL*l) < ce
and from (4.33)
2n—4 n 3—v
lwellczepngy < ¢ (€77 + " +€77)

— If ¢ is a constant function (CASE 2) then there exists a positive constant ¢ such

that .
|A6’+ HSDEHLoo(Sn—l) < ce ifn=3

|Ae| + ||()0€||LOO(STL71) < ce’ \V/B <2 ifn=4

|A5’ + ||906HL00(57171) S 062 lf n Z 5
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and from (4.33)

[welleze ar gpy) < ce? ifn=3
“weHcﬁva(M\{p}) <c (64 + 65_”) Vo<4 ifn=4

[wWellgzaan oy < € (€1 eHP +et77) ifn > 5
This completes the proof of the result. O
For the case n = 2 we can generalise the previuos proposition, obtaining the :

Proposition 4.4.4. Let we suppose n = 2 and v € (0,1). For all € small enough there
exist (Ac, g, we) in a neighborhood of (0,0,0) in R x C%*(S™1) x ()Z]R ®C2(M \ {p})),
where x 1s some cut-off funtion equal to 1 in a neighborhood of the origin, such that the
function

(be = (bO - (¢0(p) + Ae) Fp + We + Xﬁ €€ (436)
considered in M\ B?(p), is a positive solution of (4.13) where
A= X+ (loge) ™t (4.37)

with
= e bo(p)? + Oe). (4.38)
Moreover the following estimations hold : there exists a positive constant ¢ such that

[Ael 4+ ll@ell poo(sn-1y < e and [Well g k& ez (ary ) < ce? loge

Proof. We will follow the proof of the previous proposition, adapting it to the case of
dimension 2. First we prove that

A — X < clog(e)™t. (4.39)
Let we consider a sequence of functions u; € Hy(M \ BY(p)) converging to the function

iy = Ko B0 B

o in M\ By, (p)

where K is a constant chosen in order to make the function u, continuous. It is easy to
check that for € small enough

/ u? dvol, =< ¢ log(e)2
M\B{(p)
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while

/ |V, |? dvol, < ¢ log(e)
M\B{ (p)

then, from the last two relations and (4.26), it follows (4.39). This allows us to search A in
the form
A=\ +log(e) ™ p (4.40)

where = o(1).

Let we chose ¢, in the form

b = ¢o — (loge) ™ (¢o(p) + A) T, +w + lel'%E

for some (A, p,w) € R x C%*(S™ 1) x C**(M \ {p}). Then ¢, satisfy the first equation of
(4.13), with A as in (4.40), if and only if the quantity

(8 + 20+ (0g &) ) w+ (loge) ™ [ = cu do(p) (G0(p) + A)] b+ Hpe Agxt

X AgHyp e +2V9H, VX — (log €)% i (do(p) + M) Ty + (Ao + (log €)™ o) x Hope
(4.41)
is identically equal to 0 over M \ BY(p). This equation can be consider, after opportune
extension of functions like in equation (4.28), over M \ {p}.

The operator

(A +X0) : XR®CT (M \ {p}) — €%, (M \ {p}),

where the subscript L is meant to point out that functions are L?-orthogonal to ¢y and
the subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (in the CASE
1) or 0 Neumann (in the CASE 2) boundary condition on OM if OM # (), and x is some
cut-off funtion equal to 1 in a neighborhood of the origin, is an isomorphism for v € (0, 1).
The same result holds for the operator

(Ag + Ao+ (loge)™ ) - XR®CT o(M\ {p}) — €% L (M \ {p}),

when € is small enough. The proof of this fact can be obtained by comparison of the proof
of the Lemma 4.4.3 and the analysis of the case of dimension 2 in [30].

To semplify the notation let we define

A = (10ge)™t 1= cu d0(p) (Golp) + )] 60
B = Hy Ajx+xA,H, +2VIH, VIx
C = —(loge)?u(go(p) + AT,

D = (Ao+ (loge)™ p)x Hy,
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We remark that T' € C2% (M \ {p}) when v € (0,1). Equation (4.41) becomes
(A, + Mo+ (loge) ' p)w=—(A+ B+ C + D)

By the last result, if we chose u in order to verify
/(A+B+C+D)¢0:0 (4.42)
M

there exists a solution w(e, A, ¢) = w® +w? € YR @ Ci’io(M \ {p}) to equation (4.41)
for v € (0,1), for all A € R, for all ¢ € C%*(S™!), and for all € small enough, and then

Ge = Po — (¢0(p) + A) F;D + "LU(E, A, ‘:0) + XHcp,e

satisfy the first equation of (4.13). From (4.42) we get

(log &) ¢ do(p) (d0(p) + A) — /M Béo— Ao /M v Hy. b0

(loge)™ (H/Mxﬁ@,gcbo)

| Bow<celelimeny
M

ILL g
It is easy to check that

and
/ X Hpe 60 < ce ] gy
M

from which it follows the expansion of y :

f = cn ¢o(p) (¢o(p) + A) + O(e log ) [lpl| oo sn-1. (4.43)
We want now to give some estimations on the function w. By the previous facts and
Lemma 4.4.1 we have the following estimations :
Al ar gy < c€ logellpllim(sn
B HB”chQ(M\{p}) < ce [l oo (sn)
2

= 1Clleoe,an oy < € (loge)”

 Dlleoe oy < €€+ ) @l oeisn
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In particular we get
[A+B+C+ DHchZ(M\{p}) <c ((log €) 7 +eloge HSD”LOO(Sn—l))

where we used the fact that for € small enough and v € (0,1) we have €27 < € < € loge.
This give us an estimation on the function w that we found before :

||w(1)|| + ||w(2)||c§*“(M\{p}) <c ((IOg €>_2 + € loge ||90”L°°(5"’1)) :

We have proved the following :

First intermediate result. Let v € (0,1). For all A € R, for all p € C*(S™ 1), for
all € small enough, there exists a function w(e, A, ¢) = w® +w® € YR @Ci’io(M\ {r})
such that (4.36) is a positive solution of the first equation of (4.13). Moreover there exists
a positive constant ¢ such that

]+ Jo® ez < € (1086) > + € log e pll(sn)

Now we have to make attention to the second equation of (4.13). Let we define

N(e, A ) = |¢o(ey) — (loge) ™ (do(p) + M) T(ey) + (wle, A, p)) (ey) + w(y)]

yES”fl

We remark that N represents the boundary value of the solution of the first of (4.13) we
found above, is well defined in a heighborhood of (0,0, 0) in (0, +00) x R x C%2(S™1), and
takes its values in C?*(S™~!). The differential of N with respect to A and ¢ at (0,0,0) is :

(0AN(0,0,0))(A) = —A

(0,N(0,0,0)) (@) = .

From the estimation of the function w it follows that

lwlp@pspy < ¢ ((loge)™ + € logel|p||e(sn—1))

Then we can estimate N(e, 0,0) :
HN<€7 07 O) “LOO(S”—l) < H¢0(6 y) - (lOg 6)71 ¢0(p) F<€ y) HLOO(Sn—l)—i_” (w(E, 07 O)) (6 y) ||Loo(Sn—1)

and we have
||N<67070)||L00(5n71) S ce

The implicit function theorem applies to give the :
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Second intermediate result. Let v € (0,1) and let w be the function found in the first
intermediate result, and let € be small enough. Then there exist (A, p) in a neighborhood

of (0,0) is R x C%*(S™ 1) such that N(e,A., o) = 0 (i.e. (4.36) is a positive solution of
(4.13)). Moreover the following estimation holds :

[Ae| + ||906||Loo(sn—1) <ce

The two intermediate results complete the proof of the Proposition. O

Observe that, beeing the problem of finding eigenfunctions linear, we can consider as
¢, in dimension 2 the following function

¢ = loge [gbo — (log €)™ (¢o(p) + A) T, +we + x H 676}

This will semplify our reasoning because that function, considered in the coordinates y =
ex, converges, in a sense to be made precise, to the function —¢(p) log|y| when € tends
to 0.

4.5 Perturbing the complement of a ball

The following result follows from the implicit function theorem.

Proposition 4.5.1. Given a point p € M, there ezists g > 0 and for all € € (0,¢y) and
all function v € C**(S"™1) satisfying

|9]|¢2.0(sn-1y < €0,

/ v dVOlg =0,
Sn—1

there exists a unique positive function ¢ = ¢(e,p,v) € C**(By,,(p)), a constant N\ =
A€, p,v) € R and a constant vy = vo(€, p,v) € R such that

Voly(BY,(p)) = Voly(B.)

and

where v := vy + v and ¢ is a solution to the problem

Agd+A¢p = 0 in M\BQHU (p)
(4.44)
» = 0 on aBgHU (p)
which is normalized by setting
/ ¢* dvol, = 1. (4.45)
M\B{(1.44) ()

In addition ¢, A and vy depend smoothly on the function v and the parameter €.
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Proof : We begin by proving that given a point p € M, there exists ¢y > 0 and for all
€ € (0,¢6) and all function v € C%%(S"1) satisfying

|9]|¢2.0(sn-1y < €0,

/ o dvoly =0,
Sn—1

there exists a unique constant vy = vg(€, p, v) € R such that

and

Voly(BY,y(p)) = Voly(B.) = €" Voly(By) (4.46)

where v := vy + ©. Let us define the dilated metric § = ¢ 2 g. Instead of working on a
domain depending on the function v = vy + v, it will be more convenient to work on a
fixed domain )

By:i={yeR" : |yl <1},

endowed with a metric depending on the function v. This can be achieved by considering
the parameterization of B, (p) = Bé]1+v)( ) given by

s (s (1) £05)

where  is a cutoff function identically equal to 0 when |y| < 1/2 and identically equal to
1 when |y| > 3/4.

Hence (using the result of Proposition 4.3.1) the coordinates we consider from now on
are y € By and in these coordinates the metric g := Y*g can be written as

G =(1+w)? <g+ZClydyZdy]> ,

2y

where the coefficients C¥ € Cl’a(ée) are functions of y depending on € v = vy 4+ v and the
first partial derivatives of v. Moreover, C% = (0 when ¢ = 0 and v = 0.

Observe that
(€,v9,0) — CY(€,v),

are smooth maps.

Condition (4.46), when € is small enough and not zero, is equivalent to

Voly(By) = Vol (By) (4.47)
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that makes sense also for ¢ = 0. When ¢ = 0 and v = 0, the metric § = (1 + vp)?g is
nothing but the Euclidean metric. We define

N(e, 0, vp) := Voly(By) — Vol (By)

Observe that N also depends on the choice of the point p € M.

We have
N(0,0,0) = 0.

It should be clear that the mapping N is a smooth map from a neighborhood of (0,0, 0)
in [0,00) X C%*(S™!) x R into a neighborhood of 0 in R.

We claim that the partial differential of N with respect to vy, computed at (0,0, 0,0),
is given by )
0y, N (0,0,0) =n Voly(B)

Indeed, this time we have § = (1 4 vy)? g since © = 0 and ¢ = 0 and hence

N(0,0,v0) = ((14 vp)™ — 1) Volyg(By)

So we get )
0y, N(0,0,0) =n Volg(By)

The claim then follows at once.

Hence the partial differential of N with respect to both ¢ and vy, computed at (0,0, 0)
is precisely invertible from R into R and the implicit function theorem ensures, for all
(¢,0) in a neighborhood of (0,0) in [0, 00) x C%*(S" 1), the existence of a (unique) vy € R
such that N(e,v,v9) = 0. The fact that vy depends smoothly on the parameter € and the
function v is standard.

Now that we have, for all 0 < € < ¢, and all function v of mean 0, a function v =
v(e,p,v) € C**(S"1) such that

Voly(BY,,) = Voly(B))

it is easy to find a solution (¢, A) to the problem (4.44) and to multiply it by a constant
in order to verify the normalization condition. The fact that ¢ and A depend smoothly on
the parameter € and the function v is standard.

O

We will denote the function ¢ = ¢(e, p,v) found in the previous proof as ¢z, without
noting the dependence on the point p. The same for the eigenvalue : A = A3, and A =
A = €2 Ay Let us denote

(Zg == (/55,17 = Y*(be,f)
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in a neighborhood of 0BY(p). We keep the same notation over all the following paragraphs :
for a general f considered in a neighborhood of 0B?(p) we will denote

f=Yf
We define the operator F' :

F(p,e,0) = §(V,0)|ys, — §(V, ) dvoly,

1
Volg(aél) /83%
where 7 denotes the unit normal vector field to B, and (¢, vo) is the solution of (4.44)
provided by the previous result. Recall that v = vy + v. Schauder’s estimates imply that F
is well defined from a neighborhood of M x (0,0) in M x [0, 00) x CZ%*(S™!) into C1*(S™~1).
Our aim is to find (p,€,v) such that F(p,e,0) = 0. Observe that, with this condition, ¢
will be the solution to the problem (4.11).

4.6 Some estimates

We want now to give some estimates on F'(p, €,0). In other words we are considering the
case when v = 0. We keep the notations of the proof of the previous result. If in addition
vg = 0, we can estimate

gij = (52']' + O<€2) y
hence

N(e,0,0) = O(é?).

The implicit function theorem immediately implies that the solution of
N(E, O, Uo) =0

satisfies
|U0(€7p7 0)| S 662

Let us consider the normal coordinates x around p. Using the result of Proposition 4.3.1
is possible to show that

; 1 1
v = Oy — g Rugea®a’ — = Rigjegna* 2’ 2™ + O(Jal")
1 1
loglg| = 3 Rypa* z* + 6 Rigm 2" 2* 2™ + O(|z|*)

where

n n
Ry = E Rijie and Ryppm = g Rikit.m
i=1 i=1
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A straightforward calculation allows us to obtain the expansion of I',. Recall that
i i 1 i
A, = Zg 70, 0p; + Z 02,9" O, + 3 Zgj 0y, log |g| Oy,
i,j i,J .J

From the definition of the Green function I', we can obtain its expansion near p. For n > 5
we have

Lp(x) = [a"+

2_n . : Y 1 , . Scal(p) —6Xo, 4,
+ ( 13 Rigjex' a* a7 2 || T 19 je? at J)® +wm4 +

2—n . . 1 .
+ | =—— Ryt a7 't |x|™ + = Rypip. xF 27 2 |z +
( 48 kjl,t | | 36 kjt, | |

1 , . 3 Scal .
_ﬂij,txj l’zﬂft|l‘|2 +ml’t |ZL’|4 > +CL—|—
+ O(|=|>™).
(4.48)
When n = 4 we have
Tp(z) = |z|2+
1 . A 1 . Scal(p) — 6\
+ (— g Rinse wiatelzt |t - 1ottt dlat |z + % log |$|) +
+ 1 Ripjes 2afadztat |27 + 1 Rojo. x¥aiat o) 72 +
24 5 36 7
1 - 3 Scal
~ 2 Rjps a?x's o)™ + 6Cj L 2t log |x|> +
+ d+b-x+0O(|z]?),
(4.49)

for all @ < 2, where a,a’ are constants and b € R™. In the above expressions we used the
notation

n
Ryje. == E Rikje
=1

Observe that to find such an expression we used the fact that R(X, X) = 0, the symmetries
of the curvature tensor for which if either ¢ = k or j = ¢ then R;j¢,, = 0, and the second
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Bianchi identity
1
Z Rtj’j = Z Rjt’j = 5 SC&lvt.
J J

Remark that for n = 2 or n = 3 is not possible to give a precise expansion of the Green
function near p using only the local part of the equation that defines I',.

The main result of this section is the :

Proposition 4.6.1. In the CASE 1 (i.e. the case where ¢q is not constant) there exists a
constant ¢ > 0 such that, for allp € M and all € > 0 small enough we have

I|F(p,€,0)|cre < ce it n>3
|F(p,€,0)|lcre < celoge if n=2

Moreover there exists a constant C.,, depending only on n, such that for all a € R™ the
following estimates hold

/ g(a, ) F(p,€,0) dvoly — Cy e g(Vo(p), @(a))‘ <cé|al if n>3
Sn—1

<celogella| if n=2

/Sn_1 g(a,-) F(p,€,0) dvoly — Cy, € loge g(Veo(p), ©(a))

In the CASE 2 (i.e. the case where ¢q is a constant function) and for n > 4 there exists a
constant ¢ > 0 such that, for allp € M and all ¢ > 0 small enough we have

F(p,e,0)|lcia <cé? if n>5

H (p )

F ,e,O Cl,aSCEZIO e if n=4
p g

Moreover there exists a constant C,, (depending only on n), such that for all a € R™ the
following estimates hold :

<céela| if n>5

/S 40 ) F(p.e,0) dvoly — 0, € g(V Seal(p), O(a)

<cé|al if n=4

/ gla,) F(p,€,0) dvoly — C, e*loge g(V Scal(p), O(a))
Sn—1

Proof : Let ¢ be small enough, and v = 0. We know that vy = O(€?), then from propo-
sition 4.4.2 it follows that for all € small enough there exists (A, ., w,) in a neighborhood
of (0,0,0) in R x CZ*(S™ 1) x C**(M \ B¢(p)) such that the first eigenfunction of —A,
over the complement of Beg(1 +UO)(})) with 0 Dirichlet condition at an(l +UO)(p) is given by

(be,() = (b(] - €n72 (1 + UO)n72 (¢0(p> + Ae) Fp + We + XH €€
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if n > 3, and by

Geo = log(e (1 +vg)) [¢o — (loge (1 +v9)) " (¢o(p) + Ae) Tp + we + X Ho, ]

if n = 2, where estimations given in propositions 4.4.2 and 4.4.4 continue to hold because

vo = O(e?).
From the expression of ¢, it follows that in the CASE 1 we have

o ~ n ~ o aAe
[ 5008(Fbe s, vl = (1400) [ o) 202 v
gn—1 Sn—1 T
90
= (14+0(e)) / g(a,-) ﬂ’aél dvoly + O(€?)
Sn—1 a’f’

= Cheg(Voo(p),O(a)) + O(e?)

for n > 3, and

/ g(a,-) Q(Vgﬁeyo, U)|gs, dvoly = Caelogeg(Vao(p),O(a)) + O(e loge)
Snfl

for n = 2. Then all the estimates for the CASE 1 follow at once from this computation
together with the fact that, when v = 0, the unit normal vector © about the boundary is
given by (1+vg) 0, (1+0O(€)) because the metric g near p is the euclidean metric multiplied
by (1 + vp)? and perturbed by some O(e?) terms.

For the CASE 2 the situation is much more complex. We remark that if ¢ is constant,
then

[ (@) (%0, ), dvol, = 0.

Let us compute now
(L ) (0op) +A) [ 5(0) (T, vl
sn—

We remark that the previous term is equal to

1+0@) o) [ a2 dvol

Sn—l
For this reason we will compute

or
n—2 of. p .
€' ¢o(p) /Snl g( ’a)_ﬁr dvoly
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Recall that

Lp(y) = Tple (1 +v0) y)

in a neighborhood of dBy, then from (4.48) and (4.49) (keeping in mind that vy = O(e?))
we obtain easily the expression of f‘p(y) in power of €. Observe that, in the expansion of
fp, terms which contain an even number of coordinates, such as y'y7y*y’ or 7y’ etc. do
not contribute to the result since, once derived with respect to r they continue to contain
an even number of coordinates, and multiplied then by ¢(y, a), their average over S"! is

0. Then, considering only terms which contain an odd number of coordinates we have for
n>>s:

8f
n—2 o p
—~ dvol; =

s Y 0 [2—n C o1 4 .
=¢ aa[/ YT A (—48 Rirjea y'y"y'y'y" |y + 25 Bje v’y 1yl
Snfl

3Scal; . 4 1 . )
n_ R vttt w2 dvols O
64(4 — n) vl 5 e 'Yy 1yl voly | + O(e")
_2—n ‘ j 1 ; 3Scal
3 o i,k 0.t k ) ¢ .
= 5— - RiA J ~ R.. j _3Scal;
e(b—n)a [/Sn_ly ( 15 [ YY Y'Yy + og Rae Y Yy +64(4—n)y

+ O(eh)

= o7 Riee ¥yt yt) dvol;

We make use of the identities in the Appendix to conclude that there exists a costant
OV such that

onlp) [ ana) ) = I g(V Saallp), 0(@) + O, (450)

where we have

5—n 1 3
oW = Vol (S™71) |-
w = g YOS 305 T e
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Remark that when n = 5 such a constant is 0. For n = 4 we have

o . ar
€2 /snl 9(y,a) 8_7“pdV01§ =

T 0 (3Scal
=1 a&/a'i' Lyl dvoly | + O(é?
€’ logea [ Ssy ] 9y 61 y logly| | dvoly| + O(e”)
= %Volg(SB’) e’ log e g(V Scal(p), ©(a)) + O(c*)
and then we set C{") = iVole(S?’).
too256 Y

The last term we have to compute is

/ gla. ) §(V (e + H,, ), D)o, dvoly
Snfl
As before we have

[ 80 T ot 1,0, ), vl =
) (. + H,,
~1+0) [ glay MR v

Sn—1

In the Proposition 4.4.2 we proved that in the CASE 2
[wellgze gy < € (" +e77) VB <4

for n =4 and
||we||cga(M\{p}) <c (62n_4 + eltn + 64_V)

for n > 5. Hence
Vel oo 95,y < € (€7 +€%) V3 < 4

for n =4 and

||vwEHL°°(8]§1) S C(E2n74+u 4 €1+n+u 4 €4>
for n > 5 (keep in mind that we are estimating the gradient of the dilated function ).
Remember that v € (2 —n,4 — n) because n > 4. It follows that we can choose v in order
to have

. e
[ a0 G, avol; = O)
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with 6 =4 for n > 5 and 3 = 3 for n = 4. Let us consider now H@ <. We do not know the
expressmn of H .« in a neighborhood of 831, but we can know its value on dB;. From the
equality gbe =0 on 8B1, using the the estimate on the function w,, we have that

~

Hye = —o(p) + (1+v0)" 2 (do(p) + Ac)

2—n 1 )
g (1—8 Riejey'y"yiy" — e Yyt +

Scal(p) — 6o

3 i,k 0.t
. R j — R
12(4 n>> € < 43 kjiet Y'Y Y'yy 36 kje,- Z/yy

1 3 Scal
Rie v'y'y' + —’t)yt> + O(eh).

24 64(4 —n

on@él,fornZS. Forn=4:

A~

Scal(p) — 6o

Hye = —o(p) + (1+00)" % (o(p) +Ac) | loge 15
1 Dk 1 3 Scal
¢ (— g Buiev'v" v’y — SR’y > + €t loge == yt) +0(e?).
Let us define an harmonic extension of §(y,a) to R™\ By :
NG, = 0 in R"\ B
(4.51)

G. = §(y,a) on 0B

It is easy to check that
Galy) = lyl™" 4(y, )
We observe that the functions G, and H@ , by Lemma 4.4.1 converge to 0 when |y| — +o0.

Then
. 0H,. .
/Snl g(a’ ) 87”

N G,
0B, dvol; = /Snl H@eﬁﬁbél dvol; =

=(1—-n) H e d(y,a) dvoly
Snfl

Using the expansion of H o..c that we found with the identities in the Appendix, we conclude
that there exists a constant O\ # 0 such that

/ g(y,a) ]fl%e dvoly = Cff) e3g(V Scal(p), @(a)) + O(eh). (4.52)
Snfl
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where ) . 5
O = g Vola(S™™) 32 Tiea=my| W
for n > 5, and for n =4
/s 1 g(y,a) H,, . dvol, = c e log e g(V Scal(p),©(a)) + O(%). (4.53)
with 3
c? = 556 Vol (5°).

Summarizing we conclude that in the CASE 2
HF(p, S 0>”CLQ = O<€2)

and there exists a constant C),, depending only on n, such that for all a € R™ the following
estimates hold : forn > 5

/ i(a,) Fp,,0) dvoly — Gy & g(V Secal(p), ©(a))| < ce*[lal] .
Snfl

where

6 —2n

1 3
Co = == Voly(5"") |-

3n+2)  16(4—n)]

do(p)

and for n =4

/ g(a,") F(p,€,0) dvoly — Cye’loge g(V Scal(p), O(a))| < cé®|lall.
Sn—1

where

3
Cy= “128 V015(53> $o(p)
Remark that C), # 0 for all n > 4. This completes the proof of the result. O

4.7 Linearizing the operator F

Our next task will be to understand the structure of Ly, the operator obtained by
linearizing F' with respect to v at ¢ = 0 and v = 0. We will see that this operator is a first
order elliptic operator which does not depend on the point p.

Let us define in R™ \ {0}

" )_{ o(p) (1= [yI*™) if  n>3
Y ®o(p) log|y| if n=2
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For all v € C%*(S™1) let ¢ be the (unique) bounded solution of
A = 0 in  R"\B
Y = —0,¢v on OB
By the Lemma 4.4.1, |¢(y)| — 0 when |y| — oo. We define
H () = (0 + 07610 |y,
We will need the following result :

Proposition 4.7.1. The operator
H - C%a(snfl) _ Crlria(snfl)’

(4.54)

(4.55)

1s a self adjoint, first order elliptic operator. The kernel of H is given by V1, the eigenspace

of —Agn-1 associated to the eigenvalue n — 1. Moreover there exists ¢ > 0 such that

[wllezasn-1) < c|[H(w)]|cra(sn-y,

provided w is L*(S™"1)-orthogonal to Vo & Vi, where Vy is the eigenspace associated to

constant functions.

Proof : The fact that H is a first order elliptic operator is standard since it is the
sum of the Dirichlet-to-Neumann operator for A; and a constant times the identity. In

particular, elliptic estimates yield

||H(w)||cl7a(5n71) <c H’wuc2,a(snf1)

The fact that the operator H is (formally) self-adjoint is easy. Let ; (resp. 1) the

solution of (4.54) corresponding to the function w; (resp. wy). We compute

argbl(l) /aB (H(wl) Wo — W1 H(’U)Q)) dVOlg"] = 87"¢1(1) /aB (87“’(/)1 Wo — 87/1/12 U)l) dVOlg

= / (wl Or g — o 8r¢1) dVOlg
0

By

= lim (V1 Agthy — PaAgap1) dvoly

R—o0 Br\B

— lim / (V1 0,909 — 13 O3y ) dvoly

R—o0 8éR

=0

w:E w]‘

j=1

Let us consider
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the eigenfunction decomposition of w. Namely w; € V;. We can define v; to be the bounded
solution of

Ay = 0 in  R"\B
O (4.56)
Y; = —0prw; on OB
i.e. .
Vi(y) = —yl> " w;(y/lyl) 8r 01y,
Then

J

H(w) = Z&z/zj + 0 bilop w = [~(2=n—1)0drlys, + Odrlyp,] w;

With this alternative formula for H, it is clear that H preserves the eigenspaces V; and in
particular, H maps into the space of functions whose mean over S™! is 0. Moreover, it is
easy to see that V) is the only kernel of the operator. In fact,

—(2=n)po(p) if n>3
87"¢1|8é1 - {

oo(p) if n=2
and
2 ~Q-m)(-n)bo(p) i 023
arqblbél = .
—¢o(p) if n=2
and then H(w;) = 0 if and only if j = 1. This completes the proof of the result. a

The main result of this section is the following :
Proposition 4.7.2. The operator Ly is equal to H.

Proof : By definition, the operator Ly is the linear operator obtained by linearizing F'
with respect to v at e = 0 and v = 0. In other words, we have
F(p,0,sw) — F(p,0,0)

Lo(w) = Eﬁ% . .

It is easy to see that F(p,0,0) = 0. In fact, we saw that the first eigenfunction ¢, over

M\ B ,,)(p) is given by

gbe,O - ¢O - €n72 (1 + UO)n72 (¢0(p) + Ae) Fp + We + X H €€ lf n 2 3
e = log(e (1 + o)) [¢o — (log(e (1 +v0))) ™! (do(p) + A) T + we + X Hy, o] if n =2

where vy = vy(p, €,0) = O(€?), for some (A, we, o) € Rx C2*(M\ Bf,, (p)) x CE*(5"1),

where the estimations of Proposition 4.6.1 hold because vy = O(€?). If we consider this
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expressions only in a neighborhood of 057 (1400 )(p) and the parameterization Y given in

the proof of the Proposition 4.5.1 with coordinates y in a neighborhood of 8@1, it is easy
to see that the function gbo Y*¢q is equal to the constant function <Z50 ¢o(p) when € = 0
and then, by the expansion of the function I', and the estimations on (A, w, ), we have
that when e = 0 the function ¢.o(y) is equal to ¢ (y). In a neighborhood of dB; the metric
g converge, for € = 0, to the euclidean metric, and from this it follows that F'(p,0,0) is the
normal derivative of ¢, at OB, minus its euclidean mean, hence equal to 0.

Our next step is to compute F(p, 0, sw), and for this we have to study F'(p,e€, sw).
Writing o = sw, we can consider a parameterization Y of Bj (p) given by the following

expression :
Y(y) = Bxp] ((Hxl(y)vwm(y) (v(£))) Sy E)

where g is the dilated metric €72 g, y belongs to the euclidean ball B, of radius 2 centered
at 0, x1 is a cutoff function identically equal to 1 when 0 < |y| < 4/3 and identically equal
to 0 when 5/3 < |y| < 2, x2 is a cutoff function identically equal to 1 when 3/4 < |y| < 4/3
and identically equal to 0 when 0 < |y| < 1/2 and 5/3 < |y| < 2, and vy = vo(p, €, sW).
We set

G=Y'g

over By. Tt is an extension of the metric g that we defined before on B;. We remark that
¢eo =Y "¢ is a solution on Bg of

Ay <de,0 + 5\6,0 Qde,o =0

where 5\6,0 = Ao = €2 Aeo. If we set ¢.o(y) = ¢eo(ey) in a neighborhood of 8§1, where
x = ey are the normal coordinates near p that we defined in paragraph 3, we have

Ge0(y) = beo((1+ v+ sw(y)) y), (4.57)

on 9B,. Writing the first eigenfunction of —A; on B (p)as ¢ = po+and A = Ao+,
we find that

{ (Ag+5\670)w+7w+7¢e,0 = 0 in M\BHU()
(4.58)

¢ = _(be,O on aner(p)

where we can normalize as

o

(¢eo + 1)? dvol; = / ) 2 dvoly (4.59)
M\BervO (p)

1+'U( )
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(the vy in the second integral is evaluated at ¥ = 0) and we have the condition on the
volume of the domain
Vol,(By) = Volg (By) (4.60)

Obviously 9, 7 and vy are smooth functions of s. When s = 0, we have ¢ = ¢, A = Ao
and vy = O(€?). Therefore, 1) and 7 vanish when s = 0. We set

772) = as¢|s:07 T= 857'|5:0, and 2.]0 - a$UO|5:07

Differentiating (4.58) with respect to s and evaluating the result at s = 0, we obtain

{ (A4 Aeo) ¥ + 7 @ = 0 in M\ B, (p) o)

¢ = _g(v¢6,07 D) (?}0 + ’LTJ) on aBlg-i-vo (p)

where vy is evaluated at s = 0. Observe that ¢, on 8Bi7 +(p) is equal to quS@Q on 8]3031, then
the second equation of (4.61) follows from (4.57).

Differentiating (4.59) with respect to s and evaluating the result at s = 0, we obtain
that ¢ is L*-orthogonal to ¢.o on BY , (p). Hence

¢ = beo+ 5P+ O(s%)

where 1) is the solution of (4.61) L*orthogonal to ¢. . Differentiating (4.60) with respect
to s and evaluating the result at s = 0, we obtain

/ (09 + @) dvol, =0 (4.62)
Sn—1

where the metric ¢ is evaluated at s = 0. Since the discrepancy between the metric g and
the euclidean metric § at B; can be estimated by a constant times €2 when s = 0, and
the euclidean average of w is 0, we get that

vp = O(€)
and then from the Taylor expansion of vy with respect to s we get
vy = O(?) + O(s?)
Now, in é4/3 \ él, we have
Oy) = eo ((1+v0(0) +s(y/lyl) y) + s ¥(y) + O(s?)

= eol(1+00(0)) ) + 5 (9 (Veo((1+ 10(0)) ), (0 + w(y/Iy) y) + ©) + O(?)
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where we denoted vy(p,€,0) = vgls=o = vo(0). To complete the proof of the result, it
suffices to compute the normal derivative of the function quS when the normal is computed
with respect to the metric §. We use polar coordinates y = r z where r > 0 and z € S™L.
Then the metric g can be expanded in §4 3\ é3 /4 s

§=(1+vy+sw)2dr* + 25 (1 + vy + s0) rdw dr + 1> (1 + vy + sw)? h + s° > dw® + O(e?)

where h is the metric on S"~! induced by the Euclidean metric. It follows from this ex-
pression, together with the estimation of vy, that the unit normal vector field to 9B, for
the metric ¢ is given by

v=(14sw)" +0(s%) 9,4+ O(s) 0., + O(€)

where 0, are vector fields induced by a parameterization of S7=1 Using this, we conclude
that

g(vév ﬁ) = arggeﬁ(y) + O(S) aZj Qge,O(y) +s (121 83 q;e,O(y) + ar,‘vb) + 0(32) + 0(62) (463)

on dB;. When ¢ = 0 we have that Deo(y) = ¢1(y). It follows that F(p,0,sw), up to terms
of the order O(s?), is given by the term

— a2 : j
ar¢1|8é1 tsw ar¢1|3é1 s lli% ar¢‘8§1

minus its euclidean mean, where the limit is understood in the pointwize sens. We need
the following result.

Lemma 4.7.3. Evaluate vy at s =0. Letv € (2—n,0) ifn >3 andv € (0,1) if n = 2. Let
H, be the function defined in the paragraph 4. For all € small enough there exist a constant
7 and (K, @e,1e) in a neighborhood of (0,0,0) in R x C2*(S"~1) x C2*(M \ B, (p)) such
that the function '

b= K4+ x (0 + Hp) +n, (4.64)

defined in M\B1g+v0 (p), is the solution of (4.61) L*-orthogonal to ¢, where X is a cut-off
function equal to 1 in Bj’%o/e(p) and equal to 0 out of BgRO/E(p) and v 1s defined by (4.54).
Moreover the following estimations hold :

|K€| S c (62 + En—1> and ||§De||LOO(Sn*1) S C (62 + En_l)
and ||776||CB’D‘(M\BIQ+vO(p)) <c(E+e)
Proof. Let us choose @/} in the form

b=K+x@+H,)+n (4.65)
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for some (K, ¢,n) € R X CZe(S"=1) x C>*(M \ B{,,,(p)), where y is a cut-off function
equal to 1 in Bf, Je (p) and equal to 0 out of BY o /6( p). Then ¢ satisfy the first equation of
(4.61), if and only if :

(Aj+A0) 1 = =0 Ax —xAgp — 2V VIx — H, Ngx — x AgH, —2VIH, Vix

Ao X (V4 Hy) = Ao K — 7 deg
(4.66)
For n > 3 and v € (2 — n,0), the operator

(A +Ac0) = €T o(M\ BY ., () — €% (M \ BY,,,(p)),

where the subscript L is meant to point out that functions are L?-orthogonal to ¢, o, and
the subscript 0 is meant to point out that functions satisfy the 0 Dirichlet (CASE 1) or
0 Neumann (CASE 2) condition on M and the 0 Dirichlet condition on dBY,, (p), is an
isomorphism. For n = 2 and v € (0, 1) the same result holds for the operator

(Ag +Ac0) : XR® CT o (M \ B, (p) — €)% 1 (M \ BY,., (p)).

where Y is a cutoff function equal to 1 in a neighborhood of the origin. The proof of this
facts has been given in paragraph 4.

To semplify the notation let us define

A = ) Agx — 2V VI — H, Agx — 2V9H, VoX
B = —xAg— Ao x (¥ + Hy) —xAgH, — Aeo K
C = —T ¢670

Equation (4.66) becomes B
(Ag+Ao)n=A+B+C

By the last result, if we chose 7 in order to verify
/ (A+B+C)pep=0 (4.67)
M\B1+U0 (»)

there exists a solution n = (e, K, ¢) € Cij‘_ 0(M\Blﬂo( )) (or XR@CVl O(M\BHUO( )
if n = 2) to equation (4.66) for all € small enough, for all constant K and all function ¢,
and then

1/}:K+X(¢+H<p>+
satisfy the first equation of (4.61).

We want now to give some estimations on the function 7. By the previous results and
Lemma 4.4.1 we have the following estimations :
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N Allese,ang,, oy < ¢ (L4 [@lloegsn)
“NBlleve anpz,. gy < c€® (L 1@llze(sn)
v 2( \ 1+v0()
In particular we get that
F<c (4 (1+]pllesn-1)

and then

1A+ B+ Cllgse,anpr,, oy < ¢ (€ +€7) L+ [@leis)

1+wvq

This give us an estimation on the function n that we found before :

Illezenss,, @y < ¢ (€ +7) (T4 @) -

1+vg

Summarizing, we have proved the following : For all ¢ € C%%(S" 1), for all constant K,
for all e small enough, there exists a function (e, K, p) € Ci’io(M \ BY,,,(p)) such that
(4.65) is a positive solution of the first equation of (4.61). Moreover there exists a positive
constant ¢ such that

nllezanpg,, @y < € (€+€7) (L4 l@llLeien) -

Now we have to make attention to the second equation of (4.61). Let us define

Z(e, K,¢) = [K +x(y) (V(y) + Ho(y)) + n(e, ) ()] ,cgnr-

We remark that Z, that represents the boundary value of the solution of the first of (4.61)
we found above, is well defined in a heighborhood of (0,0, 0) in (0, +00) X R x CZ*(S"~1),
and takes its values in C>*(S™"™1). It is easy to compute the differential of Z with respect
to K and ¢ at (0,0,0) :

(0,2(0,0,0))(K) = K.

(aSOZ(O’ 0, O)) (95) = (15

We can estimate Z(e,0,0) :
HZ(Ea 07 O) + ar(bl wHLoo(Sn—l) S C (62 + 6”71)

and then
1Z(€,0,0) + §(Vdeo, ) (V0 + )| oo (gn-1) < € (€4
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The implicit function theorem applies to give the following : Let € be small enough ; then
there exist (K., ¢.) in a neighborhood of (0,0) in R x C%*(S™!) such that (4.65) is a
positive solution of (4.61). Moreover the following estimations hold :

K| <c (62 + 6"’1) and H<p€||Loo(sn,1) <c (62 + e"’l)

Summarizing, we get the following existence result : for all € small enough there exist
a constant 7 and (K, ¢, 1) in a neighborhood of (0,0,0) in R x C2*(S"") x C2*(M \
Bl ,,(p)) (or R x CZ(S" 1) x xR& C2*(M \ {p}) if n = 2) such that the function
¥ =K+ x @+ Hy,) + 1
defined in M \ By, (p), is solution of (4.61) Moreover :
K| <c (62 + 6"’1) and HQOCHLOO(S'”*l) <c (62 + e”’l)

2 n—1
and ||776||CE’D‘(M\B§ ) =S¢ (6 +e )

1+vq

The last norm is over Y R @& C2*(M \ {p}) if n = 2. This completes the proof of the result.
O

Using the previous lemma, we have that for € small enough
. B D )
09|, = Orblos, +O(e)
for n > 3 and
a’r ‘ = Up 3 @
(0 0B ¢|aBl + O(e)

for n = 2, because the estimation of 7. is given on the weighted Holder spaces. The
statement of the Proposition 4.7.2 then follows at once from the fact that 0,¢; is constant
while the term w 0?¢; + 0,1 has mean 0 on the boundary dB,. This completes the proof
of the proposition. O

Now we denote by L. the linearization of ' with respect to v, computed at the point
(p,€,0). It is easy to check the :

Lemma 4.7.4. There exists a constant ¢ > 0 such that, for all € > 0 small enough we
have the estimate

|(Le — Lo) 0)|cra < ce€||D]|c2a in the CASE 1 and n > 3
I(Le — Lo) 0]|cra < celoge||v]|cze  in the CASE 1 and n = 2
|(Le = Lo) 0l|cra < c€?]|0]|c2a in the CASE 2 and n > 5
|(Le — Lo) 0llere < c€® loge ||v]|cza  in the CASE 2 and n = 4
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Proof : Clearly both L. and L are first order differential operators. We already know
the expression of Ly. We have
F ) — F 0
L (w) = lim (p, €, 5) p.€. )

s—0 S

F(p,e,sw) is given by (4.63) minus its mean, in the metric g. F(p,¢,0), up to terms of
order O(€?), is given by 9,¢.0(y) at dB; minus its the mean, in the metric § evaluated at
s = 0. The proof of the Lemma follows at once from Proposition 4.6.1 and Lemma 4.7.3.
O

4.8 The proof of the main result

We shall now prove that, for ¢ > 0 small enough, it is possible to solve the equation
F(p,ev)=0

Unfortunately, we will not be able to solve this equation at once. Instead, we first prove
the :

Proposition 4.8.1. There exists ¢g > 0 such that, for all € € [0, ¢ and for all p € M,
there exists a unique function v = v(p,€) and a vector a = a(p,€) € R™ such that

F(p,e,v)+g(a,-) =0
The function v and the vector a depend smoothly on p and € and we have
la| 4+ ||]|c2a(sn-1y) < ce in the CASE 1 and n > 3
la| + [|0||c2a(sn-1y) < ce loge in the CASE 1 and n = 2
la| + ||]|cz.a(sn-1y < € in the CASE 2 and n > 5
la| + ||0|cz.e(sn-1y) < c€? loge in the CASE 2 and n =4
Proof : We fix p € M and define

F(p, 6>6aa) = F(p, 677—)) +§(a>'>

It is easy to check that F' is a smooth map from a neighborhood of (p,0,0,0) in M x
[0,00) x C%2(S™1) x R™ into a neighborhood of 0 in C*(S™~1). Moreover,

F(p,0,0,0) =0

and the differential of F' with respect to ¥, computed at (p,0,0,0) is given by H. Finally
the image of the linear map a — g(a, -) is just the vector space Vi. Thanks to the result
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of Proposition 4.7.1, the implicit function theorem applies to get the existence of v and
a, smoothly depending on p and € such that F'(p,e,v,a) = 0. The estimates for v and a
follow at once from Proposition 4.6.1. This completes the proof of the result. O

In view of the result of the previous Proposition, it is enough to show that, provided
that e is small enough, it is possible to choose the point p € M such that a(p,e) = 0. We
claim that, there exists a constant C' > 0 (only depending on n) such that

(a(p,€)) = —Eévg%(p) + O(€?) in the CASE 1 and n > 3
O(a(p,€)) = —e log e C V9¢y(p) + Oe) in the CASE 1 and n = 2
(a(p,€)) = —e* C' V9 Scal(p) + O(e*) in the CASE 2 and n > 5
(a(p,€)) =

—€® loge C'VY Scal(p) + O(¢?) in the CASE 2 and n = 4
For all b € R™ we compute

/ g(a,-)g(b,-) dvol; = / F(p,e,v)g(b,-) dvolg
Sn—1

n—1

[9))

= / F(p,€,0)+ Lov) g(b,-) dvoly
Sn—1
/ F(p,e,v) — F(p,e,0) — L) g(b,-) dvolg
Sn— 1

- / (Le — Lo)v g(b, -) dvolg
Sn—1

Now, we use the fact that v is L?(S™" 1)-orthogonal to linear functions and hence so is
Lo v. Therefore,

/ Low (b, ) dvol, = 0
Sn—1
Using the fact that

(€) in the CASE 1 and n > 3
(e loge) in the CASE 1 and n =2
v = 0O(e?) in the CASE 2 and n > 5
v =0(e? loge) in the CASE 2 and n = 4
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we get
F(p,e,v) — F(p,€,0) — Lo = O(e?) in the CASE 1 and n > 3
F(p,e,0) — F(p,¢,0) — Lo = O(e* (log€)?) in the CASE 1 and n = 2
F(p,e,v) — F(p,¢,0) — Lo = O(e) in the CASE 2 and n > 5
F(p,e,9) — F(p,¢,0) — Lo = O(e* (loge)?) in the CASE 2 and n = 4

Similarly, it follows from the result of Proposition 4.7.4 that

(L — Lo) v = O(€?) in the CASE 1 and n > 3
(L — Lo) v = O(€* (log€)?) in the CASE 1 and n = 2
(L — Lo) v = O(e*) in the CASE 2 and n > 5
(L — Lo) v = O(e* (log€)?) in the CASE 2 and n = 4

The claim then follows from the estimates in Proposition 4.6.1 and the fact that

/snl g(a,-)g(b,-) dvol; = g(@(a), @(b)) / (1) dvol; = % Vol;](S"_l)g(@(a),@(b)).

Sn—1

Now if we assume that p, is a nondegenerate critical point of the function ¢y (CASE 1)
or a nondegenerate critical point of the scalar curvature function (CASE 2), we can apply
once more the implicit function theorem to solve the equations

G(e,p) == e ' O(a(p,e)) =0 in the CASE 1 and n > 3
G(e,p) := (e loge) ' O(a(p,e)) =0  in the CASE 1 and n = 2
Gle,p) =€ 30O(a(p,e)) =0 in the CASE 2 and n > 5
G(e,p) := €3 (loge) 1 O(a(p,e)) =0 in the CASE 2 and n = 4

It should be clear that G depends smoothly on € € [0, ) and p € M. Moreover we have

G(0,p) = —C V9¢0(p)

in the CASE 1 and 3
G(0,p) = —C' VY Scal(p)

in the CASE 2. Hence, under the hypothesis on py of the main theorem, G(0,py) = 0
in both cases. By assumption the differential of G' with respect to p, computed at pq is
invertible. Therefore, for all € small enough there exists p. close to py such that

O(a(pe,€)) =0
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In addition we have
dist(po, pe) < ce

This completes the proof the Theorem 4.1.3.

4.9 Appendix

We recall here some results demonstrated in [32].

Lemma 4.9.1. For allo =1,...,n, we have

E / Rigjom " 27 ® at 2™ dvoly = 0.
Snfl

i’j’k’é7m

Lemma 4.9.2. For alloc =1,...,n, we have
Z/ Ryje, 2’ 2% 2" 27 dvoly = 0
ke o ¥t 27 dvoly = 0.
Gt /S
Lemma 4.9.3. For allo =1,...,n, we have
Z Rtz a™ dvol; = 2 Volg(S”’l) Scal ,
s n(n +2) 7

Moreover we prove the

Lemma 4.9.4. For allo =1,...,n, we have

1
Z/ Scal ;2" 27 dvol; = = Volg(S™") Scal,
t Sn—1 n

Proof : We find that / Scal; ' 27 dvol; = 0 unless the indices ¢ and o are equal.
Snfl
Then

1
Z/ Scal; z z7 dvoly = Scalﬁ/ (z7)? dvol; = - Voly (8" Scal ,
t Sn—1 S

n—1
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