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Abstract

The objective of this thesis is to develop a semantics for higher-order quantum information.

Following the work done in the author’s M.Sc. thesis, we study a lambda calculus for quantum
computation with classical control. The language features two important properties. The first one,
arising from the so-called no-cloning theorem of quantum computation, is the need for a distinction
between duplicable and non-duplicable elements. For keeping track of duplicability at higher-order,
we use a type system inspired by the resource-sensitive linear logic. The second important aspect is
the probability inherent to measurement, the only operation for retrieving classical data from quan-
tum data. This forces us into choosing a reduction strategy for being able to define an operational
semantics.

We address the question of a denotational semantics in two respects. First, we restrict the
study to the strictly linear aspect of the language. Doing so, we suppress the need for distinguishing
between duplicable and non-duplicable elements and we can focus on the description of quantum
features at higher-order. Using the category of completely positive maps as a framework, we build
a fully abstract denotational model of the strictly linear fragment of the language.

The study of the full language is more demanding. For dealing with the probabilistic aspect of
the language, we use a method inspired by Moggi and build a computational model with a distinction
between values and computations. For the distinction between duplicability and non-duplicability in
the calculus, we adapt Bierman’s linear category, where the duplication is considered as a comonad
with specific properties. The resulting model is what we call a linear category for duplication.
Finally, we only focus on the fragment of the language that contains the aforementioned elements,
and remove the classical Boolean and quantum Boolean features to get a generic computational
linear lambda-calculus. In this idealized setting, we show that such a language have a full and
complete interpretation in a linear category for duplication.
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Chapter 1

Introduction

Quantum computation is a paradigm of computation where information is potentially non-local, can
be non-duplicable, and for which one of the core features is inherently probabilistic. However, using
quantum computation, numerous hard problems, such as factoring, can be performed efficiently.
Higher-order computation brings new light on these algorithms, but raises several challenging prob-
lems such as dealing with non-duplicable functions, or marrying duplicability and probabilistic be-
havior. By taking the problem both at the concrete level of completely positive maps and at the
abstract level of categorical structures, this thesis addresses the issue of the semantics of higher-order
quantum computation.

Background

Quantum computation. While classical computation uses data encoded on objects governed
by the laws of classical physics, quantum computation uses data encoded on the state of particles
governed by the laws of quantum physics. The basic unit of data in quantum computation is a
quantum bit, which can be modeled by a normalized vector in a 2-dimensional Hilbert space H.
Choosing an orthonormal basis {|0),]1)}, one can consider |0) and |1) as vectors of information,
leading to potential superposition of information. The state of a system of two or more quantum
bits is a normalized vector in H ® H ® ... ® H. The permissible operations on quantum bits are
determined by the laws of quantum physics. The only possible operations are initializations, unitary
operations and measurements (and combinations thereof). Here, measurement is an operation that
sends a quantum bit in state «|0) + $]1) to |0) with probability |a|? and |1) with probability |3|?,
while simultaneously returning a Boolean 0 or 1, respectively.

) has shown that quantum computers can factor an integer in a time that is poly-
nomial in its number of digits. It is not known whether any classical algorithm can solve the
problem in polynomial time. The factoring problem has numerous implications in cryptography.
This discovery has focused attention on quantum computing. Quantum computing is also able
to bring change in other domains, such as database manipulation, with algorithms to query ele-
ments in databases, and such as numerical methods, with the ability to perform Fourier transform
efficiently (Nielsen and Chuang, 2007).

From the point of view of quantum programming languages, there are several features of quan-
tum computation that deserve special attention. First, unlike classical data, quantum data cannot
in general be duplicated: there is no map («|0) + 5]1)) — (a]0) + B|1)) ® («|0) + £]1)). This is
known as the “no-cloning theorem” (BA[QQIIﬂs_an_cLZLme.H, |_LQ_82) Second, quantum data can be en-
tangled: Consider the two-quantum bit state % |00) + % [11). Although one can speak of “quantum




bit number 1”7 and “quantum bit number 27, there is no way of writing the system as |¢) ® |1)).
Finally, measurement, which is the only operation for converting quantum data to classical data, is
inherently a probabilistic operation.

Semantics of programming languages. When dealing with a programming language, an im-
portant question is how to describe the behavior of programs, and to characterize the set of the
possible behaviors. A semantics (m, M) for a programming language serves as a description
of properties that valid programs satisfy. This permits to get insights into the capabilities of the
language and the logic underlying it. This can help for example in understanding the power and the
limitations of the computational paradigm considered, or more pragmatically to build automated
tools to check for the validity of a piece of code, along a set of specifications.

An operational semantics is a description of how valid programs behave by sequences of com-
putational steps. Depending on the programming language considered, this can take the form of a
rewriting system of the code itself (in the case, for example, of the simply-typed lambda calculus),
or it can be more involved and require the description of an abstract machine (as, for example, in
the case of the Turing machine).

An aziomatic semantics is a description of local syntactic equivalences of code. The goal is
to provide an equational logic of programs, in order to exhibit general syntactic properties of the
language. It is helpful to describe a system of normal forms in which every program can be re-
written. An important property of an axiomatic semantics is soundness. We say that an axiomatic
semantics is sound if two axiomatically equivalent programs are operationally equivalent.

A denotational semantics is built by drawing a parallel between the programs in the language
and a mathematically structured set. The properties of the language are understood as mathematical
and logical properties, giving a handle to answer questions about the language. A very strong
property for a denotational semantics is full abstraction: the semantics is fully abstract when any
two programs have the same denotation precisely when they are operationally equivalent in every
context. When the interpretation is also onto, the denotation is fully complete.

Sometimes, at first it is only possible to describe the axiomatic structure of the language. In
this situation, by studying the relations between pieces of code it can be possible to describe the
categorical structure underlying the logic and infer a categorical semantics.

Higher-order computation and lambda calculus. An essential paradigm in computation is
higher-order computation. A higher-order function is a function that inputs or outputs a “black
box”, which is itself a function. The canonical formalism for expressing higher-order functions is
the lambda calculus developed by I(Church ) and [Kleend (119_352]5) to characterize computable
functions. This endeavour was shown , @) to have the same computational power as
Turing machines.

The lambda calculus not only permits the design of all computable functions, but it also allows
one to draw a correspondence between proofs in logic and programs. This correspondence, known as
the Curry-Howard isomorphism (Girard et all, [1990), is the one of the main tools used for passing
from an axiomatic semantics to a categorical semantics (Lambek and Scotfl, [1989). Tt is thus a

powerful handle to grasp the structure behind potentially intricate computational schemes.

Pure and impure lambda calculus. In its most general formulation, the lambda calculus is
called pure, or purely functional. This means that programs are completely determined by their out-
put result on each possible input. It is fairly restrictive and unfortunately rules out many interesting
side effects, such as non-determinism, probabilistic outcomes, or input-outputs. To give a seman-
tics to languages with side-effects, Moggi (1989, [1991) defines a lambda calculus, the computational
lambda calculus, where two classes of terms are considered: the values and the computations. Using




an axiomatic equivalence and some categorical tools, he describes a general model of computations
with side effects.

Semantics of Quantum Programming Languages

Besides a few existing algorithms, quantum computation is a relatively fresh area of research with
no single best way of thinking about the processes in play. Understanding the semantics of quantum
programming languages is therefore a useful tool in understanding the capabilities of quantum
computation and for deciding on the most appropriate form to use as a computational scheme.
Being in the intersection of physics, computer science and mathematics, several paradigms to process
quantum computation exist, and a wide ranges of approaches are studied (@, m)

Some studies focus primarily on the unitary evolution of the quantum states, and view mea-
surement as a meta-operation outside of the formalism. [Beniofl (1980) and [DeutscH (1985) built
a quantum Turing machine, where the tape, the head and the states are encoded as quantum in-
formation. [Van Tonder (2003, 2004) described a lambda calculus encoded on strings of quantum
bits. |Altenkirch and Grattagd (IZ_O_OjAE) studied a first order functional language with a notion of
quantum test compiling into a quantum circuit.

Other approaches consider measurements as the driving force in the computation. This is
the one-way model of Raussendorf and Briegel (2001), further extended with an axiomatic and a
denotational semantics in (Danos et all, 2007).

It is also possible to see measurements as an active part in the computation and to allow inter-
leaved unitary operations and measurements. One example is the QRAM model of [Knill (@) and
Bettelli et all (2003). Here, a quantum computer consists of a classical computer with a quantum de-
vice attached to it. In this configuration, called “classical control” m ), the operation of
the machine is controlled by a classical program which emits a sequence of instructions to the quan-
tum device for performing measurements and unitary operations. Several programming languages
have been proposed to deal with such a model, see for example the works of i

(2000), Bettelli et all (2003), Selingenl (2004L).

The denotational aspect of quantum computation has been studied in various ways. A first

trend of research, started by [Abramsky and Coeckd (2004), focuses on the basic structures required

for performing quantum computation, using a categorical framework. This work gave birth to
a range of publications, such as (Coeckd, 2004; ICoecke and Pavlovid, 2007; [Selinger, 2005) and
(Coecke and Paquettd, 2006). Other approaches focus on the description of quantum computation
in term of superoperators. M) defines a flow-chart language and provides a fully
complete semantics for the language in term of superoperators. ,M) is an attempt to
generalize this semantics at higher-order, by looking for a suitable category of normed vector spaces.
However, none of the studied descriptions capture the required structure. Another related work
is the one of [Girard (M), describing a model of linear logic in terms of normed vector spaces.
However, although being a x-autonomous category, it does not yield the correct answer at base
types, as pointed out by (m, M)

A Lambda Calculus for Quantum Computation

Selinger and Valirod (20064, R007) and Malirod (200441H) developed a higher-order language for

quantum computation. The language is a typed lambda calculus together with classical and quantum
data, featuring creations of quantum bits, measurements and unitary operations. For example, in
such a language one can build a function that inputs a Boolean and returns a function from quantum
bits to quantum bits based on the input bit.




The first important feature built into the language is the distinction between duplicable and
non-duplicable elements. This arises from the no-cloning property of quantum computation. So if
x : gbit is a variable representing a quantum bit, and y : bit is a variable representing a classical bit,
then it is legal to write f(y,y), but not g(z,z). In order to keep track of duplicability at higher-order
types we use a type system based on linear logic m, @) We use the duplicability operator
“I” to mark classical types.

The second feature of quantum computation included in the language is the probabilistic nature
of the measurement. This was taken care of by defining an abstract machine together with an
operational semantics in the form of a call-by-value reduction strategy.

The most significant results of (m, M) were the proof that the type system prevents a
typed program from ending up in an error state, and the description a type inference algorithm for
deciding whether a given program is typeable or not.

Semantics for Higher-Order Quantum Computation

We now turn to the question of a semantics for the quantum lambda calculus of (m, M)

As explained before, we use the duplicability operator “!” to mark classical types. In the categor-
ical semantics, this operator gives rise to a comonad as in the work of Seely (1989) and [Benton et all
(@) Another account of mixing copyable and non-copyable data is ICoecke and Pavlovid (2007),
where the copyability is internal to objects. However, it is not clear whether this approach scales
well to higher order.

To model the probabilistic effect of the measurement operator in our call-by-value setting,
our semantics requires a computational monad in the sense of m (M) The coexistence
of the computational monad and the duplicability comonad in the same category is what makes
our semantics interesting and novel. It differs from the work of [Benton and Wadleid (1996), who
considered a monad and a comonad one two different categories, arising from a single adjunction.

The computational aspects of linear logic have been extensively explored by many authors,
including [Abramskyl (1993); Benton et all (1992, 1993); Bierman (1993); Wadled (1992). However,
these works contain explicit lambda terms to witness the structural rules of linear logic, for example,

: 1A > derelict(x) : A. By contrast, in our language, structural rules are implicit at the term
level so that !A is regarded as a subtype of A and one writes z : !A > x : A. As it was shown

EﬂmgeLandAZahmﬂ (20064), linearity information can automatically be inferred by the type
checker. This allows the programmer to program as in a regular non-linear language.

This use of subtyping is the main technical complication in our proof of well-definedness of the
semantics. This is because one has to show that the denotation is independent of the choice of
a potentially large number of possible derivations of a given typing judgement. We are forced to
introduce a Church-style typing system, and to prove that the semantics finally does not depend on
the additional type annotations.

Another technical choice we made in our language concerns the relation between the exponential
and the pairing operation. Linear logic only requires !4 ® !B > (A ® B) and not the opposite
implication. However, in our programming language setting, we find it natural to identify a classical
pair of values with a pair of classical values, and therefore we will have an isomorphism !4 ® !B =
(A® B).

44'77

Plan of the Thesis

The content of the thesis is summarized as follows.
In Chapter Bl we state the notions of category theory used in the thesis. In Chapter Bl we
give a brief overview of quantum computation, and we describe in Chapter Bl the works in the



literature concerned with the semantics of quantum programming languages. In particular, we detail
in Section 3 the flow-chart language of m ) and its semantics in term of superoperators,
used in Chapter [1

The last chapter on general background is Chapter Bl giving a brief introduction on lambda
calculus and its categorical interpretation. We review the simply-typed lambda calculus, its compu-
tational extension for dealing with side-effects, and the computational interpretation of intuitionistic
linear logic

Chapter Bl summarizes of the results contained in (m, M) The quantum lambda
calculus that will be referred to all along the remainder of the thesis is defined here, together with
its type system and its operational semantics.

The next chapters are the main contribution of this thesis.

Chapter [ contains a precise study of the linear fragment of the quantum lambda calculus. This
fragment is typed, its operational semantics is described in the same way as in Chapter Bl and a
denotational semantics in term of completely positive maps is provided. Using the fact that the
semantics is full at first order, the semantics is proved to be fully abstract.

Chapter B raises the issue of the structure of the full language. Using Moggi’s computational
model and Bierman’s linear categories, a categorical structure candidate for being a model of the
language, called linear category for duplication is provided.

Chapter @ describes a version of the quantum lambda calculus stripped from the classical and
the quantum Boolean structure. The language is reduced to its core features, namely the distinction
between linearity and non-linearity, the higher-order, the pairing and the computational aspect. An
axiomatic semantics is described, yielding a syntactic category that is proved to be a linear category
for duplication. The result requires Theorem 27 whose proof requires some technical machinery.
Chapter [ explains this machinery: We introduce two rewriting systems. They converge to a special
class of terms, called the neutral terms, for which the theorem is trivial. The main difficulty is to

rove a weak-normalization result for these rewriting systems. We use techniques from (m
, Ch.4) by defining a well-founded measure of convergence, decreasing with each reduction of
the rewrltmg system.

Chapter [l develops the interpretation of the computational lambda calculus for duplication
into a general linear category for duplication, and the proof that the interpretation is sound and
complete.



Chapter 2

Notions of Category Theory

In this chapter we give a brief exposition of the definitions and results of category theory used in
the remainder of the thesis. For a complete introduction to category theory, m, m) is a
solid reference. An approach to category theory oriented towards semantic aspects of computation

can be found in (Lambek and Scotfl, [1989).

2.1 Categories and Functors
The content of this section follows (Lambek and Scotfl, [1989).

Definition 2.1.1. A category C consists of the following three elements.

e A class of objects, denoted by |C|.

e A class of morphisms. To each morphism f is associated a domain A and a codomain B, where
A, B are objects. We say f is a morphism (or an arrow, or a map) from A to B and we write
f:A— B. For any given A and B, we define the homset of A to B as the class of morphisms
from A to B, and we denote it C(A, B), home (A, B), or hom(A, B) if there is no ambiguity.
For each A there is a special morphism id4 : A — A, called the identity.

e A binary operator o called composition such that if f: A — B and g : B — C are morphisms
then go f: A — C'is a morphism. We will also write go f as f;g.

The composition satisfies two properties: if f: A — B, g: B— C and h: C — D are morphisms,
then

(fi9)ih=fi(g;h) and  fridp = f =ida; f.
We say that the category is locally small if for all objects A, B the class hom(A, B) is a set. We say
it is small if moreover the class of objects is a set.

Definition 2.1.2. We say that a morphism f: A — B in a category C is an isomorphism if there
exists a morphism f~': B — A such that f;g = id4 and g; f = idp.

Example 2.1.3. The trivial category 1. Tts class of objects is the singleton {x} and its unique
arrow is the identity on x. Composition is defined trivially.

Example 2.1.4. The category Set of sets. Its objects are arbitrary sets and its morphisms arbitrary
mappings between sets.



2.2. Natural Transformations 7

Example 2.1.5. Given a category C, the opposite category C°P consisting of the objects of C and
the arrows of C in “opposite” direction: f is an arrow from B to A in C°? if and only if f: A — B
is an arrow of C. We write f°P for the arrow in C°P corresponding to f in C.

Example 2.1.6. Given two categories C and D one defines a category C x D with the following
data.

e Objects are pairs (A, B) where A € |C| and B € |D|.

e An arrow (4, B) — (C, D) is a pair of arrows (f : A — C,g: B — D), where f € Cand g € D.
The identity arrow id 4 p is the pair (id4,idp).

e The composition of two maps (f, f') : (4,4") — (B,B’) and (g,¢') : (B,B’) — (C,C") is the
map (f;g,f;9') : (A, A) — (C,C").

Definition 2.1.7. Given two categories C and D, a functor F from C to D is a map from |C| to |D|
and from hompg(A, B) to homp(F A, FB) for all A, B in C preserving identities and composition:

F(ida) =1idra  and  F(f;9)=Ff;Fg.
A functor F : C — D is full if for all objects A and B of C the map

Fap: home(A,B) — homp(FA,FB)
f — Ff

is surjective. The functor F'is faithful if the maps Fa p are injective, and fully faithful if they are
bijective. A full embedding is a fully faithful functor that is also injective on objects.

Example 2.1.8. The diagonal functor on C is the functor A¢ : C — C x C sending A to (4, A) and
fto (f, f). Tt is faithful but not in general full.

Example 2.1.9. The terminal functor on C is the functor O¢ : C — 1 sending every object on %
and every morphism on id,. It is full but not in general faithful.

Example 2.1.10. Consider three categories C, D and £.

1. Given a functor F' : C — D and a functor G : D — &, the map GF : C — & defined as the
composition of F' and G is also a functor.

2. The map ide : C — C sending an object A to itself and a map f : A — B to itself is the
identity functor. O

Definition 2.1.11. One defines the category Cat of small categories as the category where objects
are small categories and morphisms are functors of small categories. The identity morphism on C is
the identity functor id¢ and the composition of arrows is the composition of functors.

2.2 Natural Transformations

The content of this section follows (m, @)

Definition 2.2.1. Given two functors F,G : C — D, a natural transformation n from F to G,
denoted as n : ' G, is a collection of maps ns : FA — GA in D for each object A of C such that
for all morphism f: A — B in C the following diagram commutes:

FA—2>@GA

Ffl lcf

FB ——>GB.



2.3. Adjoint Functors 8

We say that a diagram commutes when for every two vertices X,Y in the diagram, all the paths
from X to Y (following arrows) yield equal morphisms. In this particular case, this means n4; Gf =
Ff;np. The diagrammatic notation for a natural transformation n : F' = G is

D (2.2.1)

We say that a natural transformation n is a natural isomorphism if for all objects A the map n4 is
an isomorphism.

Definition 2.2.2. Given three functors F, G, H : C — D and two natural transformations m : F -G
and n : G- H, one defines the composition m;n : F - H as the collection of maps ma;n4 : FA —
HA. One defines the identity on F' as the collection of arrows idpa : FA — FA.

Definition 2.2.3. Consider two categories C and D. One defines the functor category Func(C,D),
or D€, as the category whose objects are functors C — D and arrows natural transformations F -G,
where F,G : C — D are functors.

Definition 2.2.4. Consider four categories, four functors and one natural transformation in the

following situation:
G

A—LeB nc K. (2.2.2)
~—— 7
H

One defines the two natural transformations
nF :GF = HF, Kn: KG—-KH
as (nF)a =npa and (Kn)a = K(na).

Lemma 2.2.5. Consider the situation

Then K(nF) = (Kn)F, K(n;m) = (Kn; Km) and (n;m)L = (nL;mL). O

Definition 2.2.6 m, @, p.93). Let C and D be two categories. We say that C and D
are equivalent if there exists a pair of functors F' : C — D and G : D — C together with natural
isomorphisms id¢ = G o F and idp = F o G. We say that F' and G are equivalences of category.

2.3 Adjoint Functors

The following definitions and lemmas are taken directly from (II‘;;1.n;]_b_ek_a.];];LS_(_‘_Q_t;[l7 {1989, pp. 13-15)

Definition 2.3.1. An adjunction between categories C and D is given by a quadruple (F,U,n, €),
where F' : C — D and U : D — C are functors and 7 : id¢ — UF and € : FU = idp are natural
transformations such that (nU); (Ue) = idy and (Fn); (eF) = idp. One says that U is right adjoint
to F', or that F' is left adjoint to U, and one calls 77 the unit and € the counit of the adjunction.
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Lemma 2.3.2. An adjunction (F,U,n,¢€) between locally small categories C and D gives rise to and
is determined by a natural isomorphism T

Ta.p: D(FA,B) = C(A,UB).
between the two functors D(F—,—) and C(—,U—) of type C°? x D — Set. O

Lemma 2.3.3 (Uniqueness). Adjoint functors determine each other uniquely up to natural isomor-
phism. O

Lemma 2.3.4 (Composition). Given the two following adjunctions:
(F:C—>D, U:D—C, n:ide >UF, ¢:FU-idp),
(F':D—E& U :£E—D, n:idp >UF & :FU = idg),
the quadruple
(F'F:C—& UU :€—C, ;UNF 2ide S UU'F'F, F'eU’;¢ : F'FUU’ = idg)
is an adjunction between C and &. O

Definition 2.3.5. We say that the adjunction (F'F,UU’) of Lemma 234 is the composition of
(F,U) and (F',U").

Remark 2.3.6. The new structure is an adjunction because the two equations of Definition EZ3T],
namely

((: Un'F)(UU")); (UU')(F'eU"s €)) = iduur, (2.3.1)
(F'F)(; Un' F)); (F'eU"s €)(F'F)) = idprr,

are satisfied.

2.4 Products and Coproducts

Definition 2.4.1 (m, @) An object T in a category C is called a terminal object if for
each object A there exists a unique map (O : A — T.

Definition 2.4.2. An object L in a category C is called an initial object if for each object A there
exists a unique map 4 : L — A.

Lemma 2.4.3 (Lambek and Scotil, [1989). The category C has a terminal (respectively initial) object
if and only if the functor Oc : C — 1 has a right (respectively left) adjoint.

Definition 2.4.4 (Lambek and Scotfl, [1989). Given a category C and two objects A and B, the
product of A and B is, if it exists, the data consisting of an object A X B and two maps 7r1147 B
AxBﬂAandwiB:AxBHB, such that for all maps f: C — A and g : C' — B there exists a

unique map (f,g) : C — A x B with the following equations holding for all h: C' — A x B:

(frgyimhp=1f (2.4.1)
(f9);ma5=9 (2.4.2)
(himh g, b5 g) = h (2.4.3)

We say that the category C has binary products if there is a product for all A and B.
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Definition 2.4.5 (m, @) Given a category C and two objects A and B in C, the coproduct
of A and B is, if it exists, the data consisting of an object A + B and two maps ilA’B :A— A+ B
and i" : B — A+ B such that for all maps f : A — C and g : B — C there exists a unique map
[f,g] : A+ B — C with the following equations holding for all h: A+ B — C:

iapilfig) =1 (2.4.4)
i"aB;[f. 9] =9 (2.4.5)
[i' A3 hyi" 4,33 B) = h (2.4.6)

We say that the category C has binary coproducts if there is a coproduct for all A and B.

Lemma 2.4.6. Binary products (respectively binary coproducts) in a category C induce a functor x
(respectively +): C x C — C.

Lemma 2.4.7 (Lambek and Scotfl, [1989). The category C has binary products (respectively binary
coproducts) if and only if the functor A¢ : C — C x C has a right (respectively left) adjoint.

Definition 2.4.8 (Lambek and Scotd, [1989). We say that a category C is cartesian if it has a

terminal object T" and binary products x. The category is cartesian closed if for all A the functor
A x (—) has a right adjoint A = (—).

2.5 Monads

Definition 2.5.1 (M, @) A monad over a category C is a triple (T',n, u) where T : C — C
is a functor, n : id — T and p : T? = T are natural transformations and the following diagrams
commute:

T T
ExD) 734 —5 724 TA-ZS g <™ 74 D)
HTA\L llm i& l#%
T24 25 TA, TA

The natural transformation p is called the multiplication of the monad and 7 the unit of the monad.

Definition 2.5.2 M, @) A Kileisli triple over a category C is a triple (T,n,—*) where
T:/Cl = |C]l,na:A— TAforall Aand f*: TA — TBfor all f: A — TB, and the following
equations hold:

nh = idra, (2.5.3)
na; f*=ffor f: A—TB, (2.5.4)
59 =(f;9") for f: A—-TBand g: B— TC. (2.5.5)

Lemma 2.5.3 M, M) There is a one-to-one correspondence between Kleisli triples and
monads.

Proof. Given a Kleisli triple (T',n, —*), we construct a monad (7,7, 1) by extending T to arrows:
T(f) = (f;np)* for f: A — B, and by defining us = id} 4. Conversely, given a monad (7,1, ),
—* is defined by f* = (T'f);up for f: A — TB. O

Definition 2.5.4 (Im, @) Given a Kleisli triple (T',n, —*) over C, the Kleisli category Cr is
defined as follows:

e the objects of Cp are the objects of C,
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e the set Cr(A, B) of morphisms from A to B in Cr is C(A,TB),

e the identity on Aisng : A — TA,

e The composition of f € Cp(A,B) and g € Cp(B,C) inCr is f;9*: A — TC.
Lemma 2.5.5. Consider a monad (T, u,n) over a category C. There is an adjunction

F

T
C 1 Cr

\_/

U

arising from the monad, where F(A) = A, U(A) = T(A), and F and U perform the following
operations on morphisms:

F: (ALB)+—@L BB,
U: (AL TB)—(TA L TB).

idT A

The unit  of the adjunction is the unit of the monad, and the counit € is the map TA —= T A in
the category C.

Lemma 2.5.6. Conversely, given an adjunction (F,U,n,€), there is a canonical monad arising from
it, by setting T = UF. The unit of the monad is the unit of the adjunction, and the multiplication
w of the monad is UeF : UFUF - UF.

2.6 Comonads

A dual notion to monad is the notion of comonad. We are going to use it extensively in the rest of
the thesis.

Definition 2.6.1 (m, @) A comonad in a category C is a tuple (L,€,) where L : C — C
is a functor and € : LT and ¢ : L = L? are natural transformations which render commutative the
diagrams

5
EE) LA—= 124 LA
|
5A L5A 6A
L?A——> L*A, LA=<r LPA— = LA

By analogy with monads, we define the map (—).
f:LA— B
fooLAS p2a M B

Definition 2.6.2. Given a comonad (L, €, ) over a category C, the co-Kleisli category Cr, is defined
as follows:

e the objects of Cy, are the objects of C,
e the set Cp (A, B) of morphisms from A to B in Cy, is C(LA, B),
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e the identity on Aises : LA — A,
e The composition of f € C(A,B) and g € C,(B,C) in Cp, is fi;9: LA — C.

Definition 2.6.3. Given a comonad (L, d, €) on a category C, an L-coalgebra is a pair (A, hy : A —
LA) where A is an object and h4 is an arrow of C, such that both

€5 A4 1A, A— L4 @
hAl l(SA \ /
LAL—h>L2A

commute. A morphism f : (4,ha) — (B, hp) of L-coalgebras is an arrow f : A — B of C which
renders commutative the diagram

€en A—L-B

] |re

LA~ LB.

The category C¥ of L-coalgebras of C is the category whose objects are L-coalgebras and whose maps
are morphisms of L-coalgebras. It is called the co-FEilenberg-Moore category of the comonad L.

Lemma 2.6.4. Given a comonad (L,d,€) on a category C, for each object A in C the pair (LA, 04 :
LA — L?A) forms a coalgebra. Given any map f: A — B, the map Lf : (LA,64) — (LB,dB) is a
coalgebra map. O

Lemma 2.6.5. Given a category C and a comonad (L,0,€) on it, the coalgebra (LA,d4) has the
following universal property: If (X, hx) is any L-coalgebra, and if f : X — A is any map in C, there
exists a unique coalgebra map f*: (X, hx) — (LA,d4) such that

LA—"> A. (2.6.6)
A
i
d /
X
Moreover, f* = hx;Lf. O

Corollary 2.6.6. Given a category C and a comonad (L, 0,€), there is a one-to-one correspondence
between coalgebra morphisms g : (LA,64) — (LB,0p) and maps of C of the form f: LA — B. O

Definition 2.6.7. The coalgebra (LA, d4) in Lemma G4 is called a (co)free coalgebra.

Corollary 2.6.8. There is a full embedding of C, into CL sending the object A of Cr, to (LA,54)
and sending the morphism f : LA — B into f, : LA — LB. O

Lemma 2.6.9. Given an adjunction (F,U,n,¢) there is a canonical comonad arising from it, by
setting T'= FU, the counit of the comonad is the counit of the adjunction, and the comultiplication
0 of the comonad is FnU : FUFU = FU. O



2.7. Symmetric Monoidal Categories and Comonoids 13

2.7 Symmetric Monoidal Categories and Comonoids

2.7.1 Monoidal Categories

Definition 2.7.1 (m, @) A monoidal category C is a tuple (C,®, T,a, A, p) where C is a
category, ® : C x C — C is a functor, T is an object of C and «, A, p are three natural isomorphisms

aapc:A®(BeC)— (A2 B)®C,
MM TRA—A, paART — A
such that the diagrams

(vavam) (A® B)® (C® D)
e —

A® (B® (C®D)) (A B)®C)® D

z‘d@x\ %@id

A®(BeC)®@D)— (A® (B (C))® D,

E2) A(TelC)——= (A T)aC TeT €03
\ / pg )A
1d@A\ Q1id
A®C, T

commute. We call the category strict monoidal when a4 p,c, Aa and p4 are identity morphisms.

Definition 2.7.2 (m, @) A monoidal category is said to be symmetric when it is
equipped with a natural isomorphism 04,5 : A ® B — B ® A such that the diagrams

0A.B

€3 A9B_ BoA,  BeT 2>TeB =B EI3
Eo_ \_/
B,A

PB

EI8) A®(B®C)—=(A®B)®C—">C®(A®B)

z‘d®0l lo‘
A2 (C9B)—2=AeC)eB 2L o) e

commute.

2.7.2 Commutative Comonoids

Definition 2.7.3. In a symmetric monoidal category C, a commutative comonoid object is an object
A of C equipped with two arrows {04 : A — T and A4 : A — A® A such that the following diagrams

commute
D) A
/ X

A®A AR A
A®AA\L lAAQ@A

AR (ARA) —F— = (AR A)® A,
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CR AT 4 Aa 2% 1704, AA—" S AcA E
S P S N
A = A = A

A morphism f: (A, Oa,D4) — (B,0a, Ap) of commutative comonoids is an arrow f: A — B in
C such that

em A— ' - B, A—t . Erm

T NA

ARA—— B®B

Definition 2.7.4 (Im, IM) We call a diagonal structure on a symmetric monoidal cate-
gory (C,®,T) a family {(A,$a, Aa)}ae)c of commutative comonoids that respects the symmetric
monoidal structure of C, that is, such that the following diagrams commute:

A® B
$AROB WB g)o_r
AT=pT
(A® A)® (B® B) —— (A® B) @ (A® B),

where sw is defined as the natural transformation constructed from a’s and ¢’s swapping the two
middle objects, that is o; (a1 ® id); ((id ® 0) ® id); (@ @ id); =t

Theorem 2.7.5 (m m Let (C,®, T,a, A, p,0) be a symmetric monoidal category. It is a
cartesian category if and only if there there exist two natural transformations Ny : A — A® A and
Qa s A — T such that {(A, A4, &Oa)taege) forms a diagonal structure. In this case the cartesian
structure is given by

Oa: AT, (f,9):C 2% co0L2% Ag B,
mhp: Ao B 225, 4@ T 24, 4, g AoB 8 Top A B

where f:C — A and g : C — B. Given a cartesian structure, we construct the diagonal structure
withAA=<idA,idA> and $a = Oa- O

2.8 Monoidal Comonads and Coalgebras
This section is taken from (Eilenberg and Kellyl, [1963).

Definition 2.8.1. A (lax) monoidal functor F between two monoidal categories (C,®,T) and
(D,®',T') consists of a functor F': C — D together with two natural transformations

diyp: FA®' FB — F(A® B), £ . T — FT,
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called coherence maps, with the following coherence equations:

EXD) (FA®' FB)® FC—>-FA® (FB® FC)

d§,3®’F0l lFA@’dg,c
F(A® B)®' FC FA®' F(B®C)
di@B,cl ldi,3®c

F((A® B)® C) —— F(A® (B® (),

AR'd d®'FB
€2 rAe' T X2%%pAae T T FrBELrreFB EXI

p‘( ldﬁj, ,\l ld?’B

FA<—FpF(A®T), FB F(T ® B).

If the categories are symmetric, the functor is said to be laz symmetric monoidal if the following
diagram also commutes:

EXd) FA® FB—2>FB® FA

) "

F(A® B)—= F(B® A).

We call the functor strong monoidal if the natural transformations di 5 and df are isomorphisms.

Theorem 2.8.2 (m, @, p.257). Any monoidal category C is categorically equivalent, via
a strong monoidal functor F : C — D and a strong monotdal functor G : D — C, to a strict monoidal
category D. O

Lemma 2.8.3. Let (C,®¢, Te), (D, ®p, Tp) and (€, ®¢, Te) be symmetric monoidal categories.

1. The identity functor 1¢ : C — C together with dlg =idy : Tc — Tc and d}f@cB = idAg.B :
A®c B — A®c B is a monoidal functor.

2. The functor $e from C to C sending A to Te and f to idv, is monoidal, with
3¢ = idv, Te — Te,
d3% = A = p 0cA®c GeB = Te @c T — Te = Oe(A@c B).
3. The diagonal functor N¢ from C to C sending A to A®c A and f to f ®c f is monoidal with
gie T T T T,
3% :DeA® DeB = (A® A) @ (B® B),
AP, (A® B)® (A® B) = Ac(A® B).

4. If (F, d%,diB) :C — D and (G,d%,dﬁ’B) : D — & are any monoidal functor, so is G o F :
C — & together with

GoF d%: Gd%
d7" i Te — GTp —— GF'e,

dg Gd%
d$°f \GFA®¢ GFB —*"% G(FA®p FB) — GF(A®¢ B).
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Definition 2.8.4. In the setting of Definition Z&], if (F, d) and (F”, d’) are two symmetric monoidal
functors, we say that a natural transformation n : C = D is monoidal if the following diagrams
commute:

=0 FAe FBUYY A e BB

o] o \

F(A® B) ——= F'(A® B), FT————F'T

Remark 2.8.5. The natural transformation n in Definition EZ8A could be called symmetric since
the category is symmetric. However, since o is not a structure but a property of monoidal functors,
it does not yield any equation. In that sense the adjective “symmetric” does not apply to n.

Definition 2.8.6 (Benton et all, [1992; Bierman, 1993). Let (C,®, T) be a (symmetric) monoidal

category. A (symmetric) monoidal comonad on C is a comonad (L, 6, €):

e cquipped with two natural transformations da p : LA® LB — L(A® B) and d1 : LT — T
making (L, d) a lax (symmetric) monoidal functor,

e such that § and e are monoidal natural transformations, i.e. such that the following diagrams
commute:

&= LA®LB—>LA®B T—>LT EZZJ)

e\ e \ /o

A® B

da.B

EXd) LA®LB : L(A® B), T2 T, EXI)

6A®5Al l(SA@B dTl lé'r

L?A® L?B ——> L(LA® LB) —— L*(A® B) LT —= L*T
dra,LB Lda,B T

Theorem 2.8.7. Let (C,®,T) be a symmetric monoidal category with structure a, X, p and o. Let
(L,6,¢,d) be a symmetric monoidal comonad on C. Then the co-Eilenberg-Moore category C* is also
symmetric monoidal when equipped with

o the functor @ : CE x CL — CL, defined as (A,ha) @ (B,hp) = (A® B, (ha ® hg);da,B) on
objects and f @' g = f ® g on arrows.

e the unit object T' = (T,dT),
e the structure maps

’ _ ! _
O(Aha), (Bhp) (Cohe) = QAB,C AAha) = A4

UEA,hA),(B,hB) = 0A,B; pI(A,hA) = PA 0

Definition 2.8.8. In Theorem Z87 we call ®’ the induced tensor and (&', T', a, A, p, o) the induced
symmetric monoidal structure. We identify @’ with ® and T’ with T.



Chapter 3

Quantum Computation

Whether the notion of data is thought of concretely or abstractly, it is usually supposed to behave
classically: a piece of data is supposed to be clonable, erasable, readable as many time as needed,
and is not supposed to change when left untouched.

Quantum computation is a paradigm where data can be encoded with a medium governed by
the law of quantum physics. Although only rudimentary quantum computers have been built so far,
the laws of quantum physics are mathematically well described. It is therefore possible to try to
understand the capabilities of quantum computation, and quantum information turns out to behave
substantially differently from usual (classical) information.

In this chapter we will describe the mathematics needed for quantum computation, and we will
have a brief overview of the theory of quantum computation. A more complete study of the subject

can be found in (Nielsen and Chuangd, 2009) and in (Preskill, 1999).

3.1 Mathematical Formalism

This section will cover the common wisdom we need about Hilbert spaces and their operators. All
considered vector spaces are assumed to be finite-dimensional. For a more complete mathematical
analysis of the subject, see e.g. m, m, Ch. V).

3.1.1 Generalities on Finite Dimensional Hilbert Spaces

Definition 3.1.1 m, m, p.95). Let & be a finite-dimensional vector space over the complex
numbers C. A sesquilinear form on £ is a map ¢ : € x £ — C, which is linear in y: ¢(x, ay + fz) =
ad(z,y) + Bo(x,2), and semi-linear in z: ¢(ax + Bt,y) = ad(x,y) + Bo(z,t), where @ is the
complex conjugation of a: a+ bt = a — bi, for a,b € R. We say the form is hermitian if moreover
o(x,y) = ¢y, x). Tt is positive definite if ¢(x,x) > 0 with equality if and only if x = 0. If a form
is hermitian and positive definite, we will call it a scalar product. In this case we often denote it as

(1)

Definition 3.1.2. Let £ be a complex vector space. A norm on £ is a map |.| : £ — R such that

1. Jv| > 0 for all v, with equality if and only if v = 0;
2. |av] = lafv];

3. v+ w] < o] + Jw].

17
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Lemma 3.1.3. Given a scalar product (.|.) on a complex vector space &, the map |.| : € — C
mapping v to \/{(v|v) is a norm. O

Definition 3.1.4. Given a scalar product on a complex vector space £. The norm in Lemma
is called the induced norm.

Definition 3.1.5. A vector space together with a norm is called a normed vector space.

Definition 3.1.6. Let H be a finite dimensional vector space over the field C of complex numbers.
The space H is a Hilbert space if it comes equipped with a scalar product. When speaking about a
given Hilbert space, we will always consider it to be normed by the induced norm.

Definition 3.1.7. An operator A on a Hilbert space H is a linear map A : H — H. A functional
on H is a linear map A : H — C. The space of functionals on H is denoted by H*.

Lemma 3.1.8. Let A be a functional on H. Then there exists xg € H such that for all y € H,

Ay) = (zoly)- O
Lemma 3.1.9. Let ¢ be a sesquilinear form on a Hilbert space H. Then the map A, : y — &(z,y)
is a functional. O

Let A be an operator on H. Define ¢4 by ¢a(z,y) = (z|Ay). Then ¢4 is a sesquilinear form
on H. For each x, A\;(y) = ¢a(z,y) is a functional. Therefore there exists some xy such that
Az (y) = (xo|y). Define A* as A*x = xp: we have

(z|Ay) = (A"zly).
Definition 3.1.10. One calls A* the adjoint of A. If A = A*, we say A is self-adjoint, or hermitian.
Lemma 3.1.11 m, m, p.106). The map A — A* satisfies the following properties:

(A+ B)* = A* + B, A = A,
(ad)* = aA*, (AB)* = B*A".

Lemma 3.1.12 (Land, 1993, p. 107). If for all z, (x|Az) =0 then A = 0.

Theorem 3.1.13 (Spectral Theorem, m, M) Let A be a hermitian operator on a finite di-
mensional Hilbert space H. Then H has an orthogonal basis consisting of eigenvectors of A. O

Definition 3.1.14. We say that an operator A on H is positive if it is hermitian and if all of its
eigenvalues are positive. Equivalently, A is positive if the form ¢4 is positive definite. We say A is
a density matriz if moreover, the sum of the eigenvalues is less or equal to 1.

Lemma 3.1.15. Let H be a finite dimensional Hilbert space, and A an invertible operator. Then
the following conditions are equivalent:

1. Ax= A1

2. |Az| = ||z| for all x € H;

3. (Az|Ay) = (z|y) for all xz,y € H;

4. |Azx| =1 for every unit vector x € H. O

Definition 3.1.16. An invertible operator satisfying the conditions of Lemma BT.TH is said to be
unitary.
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3.1.2 Tensor Products of Hilbert Spaces

Definition 3.1.17 ([Ilum.mj_t_a.nd_EQQ_t_d, [1999). Consider two finite Hilbert spaces V and W with
respective bases (e1,...,e,) and (f1,..., fr). We define the tensor product of V and W, denoted
YV ® W, as the space generated by the basis of syntactic symbols:

(61®f1,...,61®fk, ...... ,en®f1,...,en®fk).
The tensor product of two elements v =37, A; - e; and w = >, p; - f; is
v®w:2)\iuj.ei®fj.
2%
We define the scalar product in V' ® W as follows:
(ei ® filer ® fi) = (eilex)(fjlf1)-

Lemma 3.1.18. If U, V and W are finite-dimensional Hilbert spaces, there exists a one-to-one
correspondence ® between linear maps U @V — W and linear maps U — V & Wi, O

Proof. Choose a basis (¢;); for V and a basis (f;); for W. Then if f : U ® V — W, we define
g=9(f): U —V®W as the map

g(u) = Zei ® flu®e;).

Ifg:U - VW, and if
g9(u) :Zpi,j'ei®fja
4,

we define f = ®!(g) : U ® V — W as the map

f(U®€i):Zpi,j'€i®fj. O
J

Convention 3.1.19. If A € C"*" and B € C*** are two square matrices of respective size n x n
and k x k seen as operators respectively on C" and on CF, the matrix A ® B is an operator on C"™*
and we represent it as the matrix of blocks

aiaB || a1.B
A®Q B = :

an1B |- | apnB

3.1.3 Completely Positive Maps

In this section, we focus primarily on Hilbert spaces of the form C™*™ spaces of of n X n-matrices.
We choose as basis for C"*" the canonical basis (Eiyj)i,je{l,___,n}, where (Ej; ;)i = 0 for all k and {
except when k =14 and [ = j. We use the notations and definitions of ,M)

Definition 3.1.20. A linear map F : C"*" — CF** is said to be a positive map if for all positive
matrices A, F'(A) is positive.

INote that we identified V with V*. Although the result is correct since we are in finite dimension, we lose the
basis Independence of the correspondence
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Definition 3.1.21. A linear map F : C"*" — CF*¥ is said to be completely positive if for all i, if
id; is the identity on 4 x i-matrices, id; ® F' is a positive map C™*" — Ckixki

Definition 3.1.22. The characteristic matriz of a linear map F : C"*"™ — CF** is defined as the
nk x nk-matrix of blocks

F(Eyq) |-+ | F(Ein)
XF = : :

Lemma 3.1.23. Let ' : C"*" — CF¥* be q linear operator, and let xr be its characteristic matriz.
Then F(A) = UAU* for some U € CF*™ if and only if there exists a vector v € C™ such that
v = xp. O

Theorem 3.1.24 m, M) Let ' : C™" — CF** be a linear operator, and let xp be its
characteristic matriz. Then the following are equivalent:

1. F is completely positive
2. XF 15 positive

3. Fis of the form F(A) = >, U; AU} for some finite sequence of matrices Uy, ... U in CF*". [

3.1.4 Superoperators
The following definitions and results are from (Im, M)

Definition 3.1.25 (Léwner order). We define a relation C on C"*™ as follows. Let A, B be matrices
in C"*™. Then A C B if and only if B — A is positive.

Definition 3.1.26. A completely positive map F : C**" — CF*F is called a superoperator if for all
positive matrices A € C"*", we have tr(F'(A)) < tr(A).

Theorem 3.1.27 (Kraus Representation Theorem). Let F : C**"™ — CF** be a completely positive
operator. The following are equivalent:

1. F is a superoperator;
2. (id,@try)(xr) C I, where I, is the identity matriz and try, : CF*F — C is the trace operation;
3. F is of the form
F(A) =Y UAU;
for matrices Uy, ..., U, with Y, U U; C Ip,. O

Definition 3.1.28. A matrix U € CK*" is called contraction if U is a sub-matrix of some unitary
U’, that is, if there exist matrices Uy, Us, and Us such that

1 U Ul
7= (wtor)

is unitary. A linear function F : C"*" — C*** is called a contraction if it is of the form F(A) =
UAU* for some contraction U.
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Lemma 3.1.29. Let U € C™*™ be a contraction. Then the matrixz
U
(n4+1)xm
() ec

Proof. With the notation of the definition, consider the unitary matrix

18 also a contraction.

U |0|U
0110 . O
Uy | 0] Us

Lemma 3.1.30. A matriz U € C**" is a contraction if and only if UU* C I, and if and only if
U*U C I,. O

Definition 3.1.31. If tr, is the trace on matrices in C"*™  we define the partial trace operator
(Clmxkn N (Ckxk as

tI‘,Z = tI‘n ® id@kxk.

Theorem 3.1.32 (Naimark Theorem). Every superoperator F : C"*™ — C™*™ can be factored as
F = FE oG, where G is a contraction and E is a partial trace operator. O

3.1.5 The 2-Dimensional Hilbert Space

We will now study in more detail what we saw in the previous section, applied to the 2-dimensional
Hilbert space. We identify it with C? and we call the canonical basis e; = () and ez = ({). The
results of this section can be found in (m, m)

Lemma 3.1.33. The set of hermitian matrices on H is spanned as a real vector space by the
following basis:

(10 (01 (0 =i /10
“\o 1) % \10) %= i o) %27 \o -1) o

Definition 3.1.34. The matrices o, 0,0, are called the Pauli matrices.

Remark 3.1.35. The eigenvectors and eigenvalues of the Pauli matrices are as follows:

o'x(—ll):_(—ll)a o'y(—li):_(—li)v o (

Definition 3.1.36. Let H be a Hilbert space. A ray [v] in H is an equivalence class of vectors in
‘H that differ by multiplication by non-zero complex scalars: so [v] contains all av, a € C\ {0}.

Lemma 3.1.37. There is a group action from the group of linear operators of H on the set of rays
of H. O

Lemma 3.1.38. If v and w are orthogonal, so are any two elements of their respective rays. O

Lemma 3.1.39. The rays of C? are in one-to-one correspondence with the points on the unit sphere
of R3. In spherical coordinates, a point (0,¢) with 0 € [0, 7], € [~n, 7] is in correspondence with

the ray of representative
r(0, ) = cosg ) (3.1.1)
’ €' sin g

The correspondence is pictured in Figure [Z1. O
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Figure 3.1: The Bloch sphere.

One calls this unit sphere the Bloch sphere. In this representation, the Pauli matrices acts on

the rays as follows:
(ewsing)N( cos =50 )
[ - —ip oip =0
Cos 5 e ¥ sin 75,

thus sends the point (6, ¢) of the unit sphere of R? (in spherical coordinate) to (7 — 8, —¢),
that is, in cartesian coordinates,

e o, sends (0, ¢) onto

sin @ cos sin @ cos T T
sinfsing | — | —sinfsing or y | — | —vy
cos —cosf z —z

The operator o, acts on the sphere as an axial symmetry around Ox. The two eigenvectors
(1) and (1) respectively correspond to the point (1,0,0) and to the point (—1,0,0) on the

sphere.
(ewsing )N( cos’TT’G
9 - i(T—¢) gjn T=0
CoS 3 e sin 5=,

i.e. maps (6, p) to (mr — 60, ™ — ), i.e. computes an axial symmetry around Oy. The two eigen-
vectors (1) and ( ;) respectively correspond to the point (0,1,0) and to the point (0,—1,0)
on the sphere.

e o, sends (6, p) onto

e Finally, o, sends (0, ¢) onto

( €' sin g ) ( cos g
0 =\ iltr—¢) gin @
COS 3 € Sl 5,

0, ) to (0, T—¢p), i.e. computes an axial symmetry around Oz. The two eigenvectors
) respectively correspond to the point (0, 0, 1) and to the point (0,0, 1) on the sphere.

i.e. maps

(
(¢)and (9
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Lemma 3.1.40. Two rays in C? are orthogonal if and only if their representations on the Bloch
sphere are antipodal. O

3.2 Quantum Foundations

Quantum computation is somehow the art of making the theory of finite Hilbert spaces into a theory
of computation: In quantum computation, information is encoded on states of quantum particles,
states whose mathematical representation are rays in some Hilbert space.

Convention 3.2.1. In the following, we use the Dirac convention for writing vectors:
e vectors are written as kets: |¢);
e functionals are written as bras: (¢|;

e scalar products, which are by Lemma BT the application of some functional to some vectors,
are written as usual: (|¢).

3.2.1 Quantum Bits
One Quantum Bit

In classical computation, the smallest unit of data is the bit, element of the two-elements set {0, 1}.
In quantum computation, the smallest unit of data is a quantum bit, or qubit, defined as a ray in a
2-dimensional Hilbert space. We write the canonical basis of this space as {|0),]1)}.

Using the results of Section BZILH, one says that

=

(0, 11.) = (Jo
(102 1) = (
(o)1) = (

|1>) is the basis along z,

10y + 1)), —=(]1) — |1>)) is the basis along =z,

-

2

-5l

1

(10) +41)), —=(]1) — z|1>)) is the basis along y.

Sl
Sl

2

Several Quantum Bits

When considering a system of n quantum bits, the state of the system is a ray in H®" = H®---®H,
where H is the 2-dimensional Hilbert space. As stated in Definition BZI.T7A we take the canonical
basis for H®" to be

{Jé1 . in) | 41, in €{0,1}},

where we write |i1...4,) for |i1) ® - @ |in).

3.2.2 Operations
Measurements

Observables. In quantum physics, a measurement in a Hilbert space H is associated with a self-
adjoint operator A of H. Physicists call A an observable.

As we saw in Theorem B-T.T3 to a self-adjoint operator one can associate a set of orthogonal
eigenspaces with their corresponding eigenvalues. If |¢) is an eigenvector of A with eigenvalue a, the
numerical outcome of the measurement of |¢) with the observable A is the value a.
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What does happen if ¢ is not an eigenvector? For simplicity assume that H is finite and that
the basis of eigenvectors of A is (|¢1),...,|dn)) such that the eigenvalue corresponding to |¢;) is
a;. Then |¢) can be re-written as |¢) = Y1 | a;|¢;), and measuring with A makes the system
randomly collapse to a new state, namely a basis vector |¢;). This new state is |¢;) with probability
|oi|? = [(¢|#:)|?. In this situation, the measurement outputs the numerical value a;.

For the purpose of measurement the numerical eigenvalues have little importance. What is
really important is that two eigenvalues corresponding to two distinct eigenspaces differ. When
measuring a state of n quantum bits, we say that the outcome of the measurement of the state is
x1...x, if the state collapsed to |x; ...x,). For example, we say:

“ The measurement of the state |¢) = «|00) 4+ 3]01) + v|10) + 6]11) in the standard basis
results in the outcome 01 with probability [(01]|¢)[? = |B]2. »

Pauli matrices. Given a quantum bit state |¢), for i = z,y, z the Pauli matrix o; provides an
observable, whose measurement projects the state |¢) in the basis along axis .

From Section BET.H, the bases along x,y and z have special properties: if a quantum bit is in
one of the basis element of the base along 7, for some ¢ = x,y or z, then measuring the observable
o, j # i will yield 0 with probability % and 1 with probability % Thus somehow the information
stored in the basis along i is not accessible from the two other ones.

Convention 3.2.2. In the remainder of the thesis, when speaking of “a measurement” without
further precision, we always consider the measurement to be along the basis z.

Unitary gates

A quantum mechanical system, if not measured (by the operator or by the environment), evolves
along a unitary path. That is, loosely speaking, all we can do is to apply rotations on the system.
We call these actions unitary gates.

The ability to perform one gate or another depends on the physical implementation of the
quantum bits. In general, only a few gates are needed to approximate any given unitary matrix, a
result known as the Solovay-Kitaev Theorem. We already met the Pauli matrices in Lemma B33
The matrix o, is also called the not gate:

0 1
No(01),
Two other usual gates are the Hadamard gate and the phase-shift gate:

1 /1 1 10
-1 ) vo- (o )

Finally, written in the canonical basis (]00),|01),]10),|11)), we have the exchange gate and the
controlled-not gate:

1 00 0 1000
0010 0100
X={0o100| Ne=19 0 01
00 0 1 0010

The N¢-gate comes from a generic process: If U is a one-qubit gate, one constructs Uc, called
controlled U, to be the two-qubits gate:

Uc (10) ® |¢)) = 10) @ |¢),
Uc (1) ®@[¢)) = [1) @ Ule).
The gate U is applied on the second qubit depending on the value of the first qubit.
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Quantum Circuit

It is possible to write tensors and compositions of gates as wires and boxes on wires. For example,

the map H ® Vy can be written as

Some gates have specific representations:

e The gate N is written as ——&——-

e A controlled-U gate is written as 6{}
—‘h

The gate N¢ is written as

The gate X is simply X

e Measurements will be represented by dashed boxes followed by a dashed wire, to indicate that

we now have a classical bit, as follows:

3.2.3 Mixed States

The representation of a state of a system of quantum bits as a ray in some Hilbert space is a
valid description of an isolated quantum system. It does not work when only part of the system is

considered. Indeed, suppose we are given a two-qubit system |p4p) in the state

a]04) ®[0B) + 5104) @ [1) +7[14) ® |0B) + 6]14) @ |1B),

where (]04),[14)) and (|05),|15)) are some basis of C? and suppose we only have access to qubit

A.

Consider an observable M on A. Using the formalism developed with isolated systems, if we

perform a measurement with this observable, the total expectation of the measurement is

(@01 +7(14] ) M (a]0.4) +1]1))

Casl LA =\ (0,1 450041 ) M (B104) + 51140

= tr(MpA)7

where p4 is the density matrix (as in Definition BZLT4]) equal to

(8104) + 8114)) (B0l +3(1al) + (l04) +311) ) (@041 +7(La]).

(12 7o) (28 7)
w )t B e

that is

in the basis (]04),[14)). Note that if M is the projection onto [04), as expected we get |a|? + |32

And if it is the projection onto |14), we get |5]% + |v|?.
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Thus, if we are only considering the quantum bit A, one can safely work with the density matrix
pa in place of the whole system. This representation is called a mized state: Since |a|? + |y|? +
1B+ |6 =1, if

S R N
B2 + 161> 1BI% + 161>

o = @
o+

gl

r_
PSR

v =
then the matrix p4 represents a probability distribution over pure states
(laf? + )] 'l04) +/[14) } + (1812 + 1612){ 3104} + &' 14) }.

We can re-encode the state of an n-quantum bit system |¢) as the 2™ x 2™ density matrix p =
|¢)(4]. A unitary operation U on this state yields the density matrix UpU*, and the measurement
of an observable M yields the expected value tr(Mp).

3.3 Quantum Effects

We list in this section a few specifics of quantum computation, following (m, m)

3.3.1 No Cloning

Consider a quantum bit in some unknown state |¢) = «|0) + (]1). Then it is not possible to “clone”
the state and get the two-qubit state |¢) ® |¢). The reason is simple: the only operations we are
allowed to perform are unitaries and measurements, which are linear maps. The cloning operation
being non-linear, it is therefore not implementable.

It is however possible to build a “copying” map G

al0) + B|1) — «]00) + S|11).

But it does not satisfy the usual commutativity rule for duplication: if f : H — H is any linear map,

then Go f# (f® f)oG.

3.3.2 Entanglement

Another special property of quantum information is the superposition: the 2-qubit state
1

V2

is a valid state, but cannot be written as |¢) ® |1). We say the two quantum bits are entangled.
The interesting aspect of entanglement is that the measurements of the qubits will be correlated.
For example, measuring the first qubit in the state B3]l with respect to the standard basis yields
0 with probability % and 1 with probability % In the former case, the state of the 2-qubit system
is |00), thus measuring the second qubit yields 0 with probability 1. In the latter, the state of the
system is |11), and measuring the second qubit yields 1 with probability 1.
A useful basis for 2-qubit systems is the following set of entangled states:

(100) + [11)) (3.3.1)

1 1
E(|00>+|11>), 7§(|00>*|11>),
1 1

(I01) + [10)), (01) — [10)).

Sl
S

2 2
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3.3.3 Bell’s Inequalities
This section is taken from (m, @)

From a classical perspective, a measurement is a special form of coin-toss. A hidden variable
theory is a theory where a probability A is associated to each state and to each axis such that the
measurement along this axis outputs A. The question is then whether it is possible to build a hidden
variable theory that would agree with the prediction of quantum theory while still satisfying the

strong locality criterion (IEa_uslﬂ.n_et_a.l] |_L9_3£i ), stating:

“ Suppose that A and B are space-like separated systems. Then in a complete description
of physical reality an action performed on system A must not modify the description of
system B. ”

Bell (@) shows that it is not possible. The argument goes as follows. Consider a quantum machine
that maximally entangles two quantum bits A and B

1
S0 el =) ]0)

and sends qubit A to Alice and qubit B to Bob. Suppose that they can independently choose one
of the following axes (in the Bloch sphere, see Figure Bl) to measure:

a=1(0,0,1), b= (?,O,—%), c= (—?,0,—%).

They live in the zz-plane of the Bloch sphere and correspond respectively to the bases in C2:

lpaB) =

0.} =10), 00 = 210y + Ly, 00 = 210y - Ly,
L) =) 1 =Ly - 1, 10 =L+ 1y,

What is the probability of obtaining the same output when measuring A and B with respect to two
different bases?

In a local hidden variable theory, the result of measuring A and B along each of the possible
axis is predetermined. Let P, , be the probability of obtaining the same output while measuring A
along z and B along y. For any local hidden variable theory,

Pop+ Poe+ Pea 21, (3.3.2)

since for any possible distribution of measurement values, there will always be two values that will
be equal (see (m, @) for a complete discussion). However, the quantum theory provides the
value

Pry = (04B(102) (0| ® |0,)(0y)[0aB) + (¢aB|(|12) (1z] ® [1y)(1y[)[¢aB)-

The computation shows that P, , = i for x # vy, x,y = a, b, c. In particular,
3
Pa,b+Pb,c+Pc,a: Z <17

which violates Equation [B32).
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qubit 1: |¢)

f

=

(1) (2)

Qo
=1
=N
=+
N
S
[@5
- -
[

location A

qubit 3: |0)

location B

Figure 3.2: Quantum teleportation protocol.

3.4 Some Algorithms and Uses of Quantum Effects

The main power of quantum computation comes from entanglement. We describe in the following
three algorithms that we will consider in the remainder of the thesis. For more algorithms, such as
the quantum fast Fourier transform, or Shor’s factorization algorithm (Im, @), a good reference

is (Aharonoy, [199d).

3.4.1 Teleportation

One use of entanglement is the “teleportation” of a quantum bit state via a classical channel. The
idea is the following: Alice and Bob share an entangled pair of qubits

1
V2

Alice wants to send a qubit in an unknown state |¢) = «|0) + §|1) to Bob. The teleportation
procedure, summarized in Figure B2 can be described in three steps:

(100) + [11)).

1. At location A, create the initial entangled state %(|00> + |11)) with the two last qubits using
the circuit

o) —{]

|0)
Alice keeps qubit 2 and stays at location A, while Bob takes qubit 3 and goes to location B.

2. Alice, to send qubit 1 in state |¢) to Bob, applies a rotation on her two qubits 1 and 2, using
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the circuit

A ]

She then measures the 2-qubit resulting state, gets two classical bits (z,y) and sends them to

Bob.

3. Bob, to transform qubit 3 to state |¢) applies on it the transformation Uy, defined as follows:

if M outputs 00, Upy = (1) (1) )

. 0 1

if M outputs 01, Up = 10 )

) 1 0

if M outputs 10, U = 0 -1 />
. 0 1

if M outputs 11, Uy = 1 0

(3.4.1)

Note that the entanglement of qubits 2 and 3 can be done ahead of time (so long as they stay

entangled).

Proof of the correctness of the protocol. The rotation of step (2) performs the following computation

CNOT H®id
00) = [00) = 5(|00) +[10)),
01y  —  jo1) - %(|01>+|11>),
10)  —  [11) = —5(l01) - [11)),
|11) — |10) — %(|OO> —[10)).
If we apply it to the two first qubits of
(a|0) + B|1)) ® %(mo) +11)) = 7(a|000> + a|011) + B|100) + B[111))
we get
%(a(|000) +[100)) + a(|011) + [111)) + 3(|010) — [110)) + 4(]001) — [101) )
100) @ (a|0
_1 + joheslo
T2 4+ 10)® («f0
+ |11) ® (a1

If we measure the two first qubits, the third qubit becomes

al0) + B|1) if 00 was measured,
Bl0) + 1) if 01 was measured,
al0) — B|1) if 10 was measured,
ally — B|0) if 11 was measured.

)+
)+
)=
)=

Finally note that if U,, is applied in the case where z,y was measured, then the state of the last

qubit is «|0) + F|1).

O
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7
/ | | z,y
I M| =7 .
| |
/—"_@7I_ _| A
location A
location B
qubit 1: |0) @ J
qubit 2: |0) Us.y }—/

Figure 3.3: Dense coding protocol.

3.4.2 Dense Coding

The teleportation algorithm allows to “send” one qubit using two classical bits. It is possible to
perform the reverse operation, namely to send two classical bits using an entangled pair and a
quantum channel.

The situation is similar. Alice and Bob share an entangled state of 2 qubits, Alice has qubit
1, Bob has qubit 2. This time, Bob wants to send the two classical bits (z,y) to Alice. He can use
the protocol summarized in Figure B3 called dense coding. Like the teleportation algorithm, the
procedure is again in three steps:

1. At location B, Alice and Bob create an entangled state of two quantum bits 1 and 2, using the
circuit

0) —H#]

10)

Then, Alice goes to location A with qubit 1, while Bob stays at location B with qubit 2.

2. If Bob wants to send two classical bits (z, y) to Alice, he needs to apply the gate U, , as defined
in the teleportation protocol (Equation BZI)), and send the modified qubit 2 to Alice.

3. Alice, to retrieve the two classical bits, applies a rotation on qubits 1 and 2 using the gate

(77|
[

and a measurement, retrieving the two bits (z,y).
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3.4.3 The Deutsch Algorithm

The Deutsch algorithm is for finding out whether a boolean function is balanced or constant. In
classical computation, two calls to the function are needed. In quantum computation, one can find
it out in only one call. The algorithm takes as input an unknown circuit U/ computing

U'(|z) @ y)) = |o) @ ly & f(2))

for some boolean function f, where @ stands for the boolean addition. The quantum circuit for the
algorithm is the following:

0) —fHF—= W H}—f0® f1)
uf

) —HF—l»  woeso) )

where we write fz in place of f(x). To retrieve the answer, we have to measure the first qubit: it
is 0 when the function is balanced and 1 when it is not. Note that the input of this algorithm is a
“black-box”, in other terms a function from two qubits to two qubits.

<

Proof that the procedure is correct. This will compute the following thing:
(H ©1id)(U7)(H ® H)(|0) ® [1))

1 1
250+ 1) e
(H @ id)(U7)(|00) + |10) — [01) — [11))

. . |0>®|0@f0>+|1>®|0@f1>

- (HW)(—|o>®|1eafo>—|1>®|1eaf1>)

;< 10y + 1) @ 170)  +(0) — 1)) @ |F1) >
2773 L —(0) + 1) @18 f0)—(J0) — 1)) © [1 & 11))
:;( 0) @ (1£0) + /1) — |18 f0) — [1& f1)) )
23 L1 o (70) — [£1) — L& f0) + 15 71)) )

If f0= f1, then |f0) —|f1) — |1 f0)+ |1 @ f1) = 0 and the result is

=(H ® id)(U7) (10) = 1))

1
E|O>®(|f1>_|1@ﬂ>)'

If f0=1 f1, then |f0) + |f1) — |1 & f0) — [1 & f1) = 0 and the result is

1
ﬁ|1>®(|1@f1>—|f1>)-

So the value of the measurement of the first qubit is 0 if the function f is balanced, and 1 in the
other case. O



Chapter 4

A Tour in Existing Models of
Quantum Computation

Chapter B developed the formalism and the techniques needed to perform quantum computation.
This chapter surveys a few selected models for manipulating quantum programs and protocols. A
more complete set can be found in e.g. (@, m)

The goal is twofold. First, we want to be able to write programs and codes manipulating
quantum data. Numerous attempts have been done in the past years to provide a more easy way to
write (and read) quantum algorithms. Second, we aim at a deeper understanding of the structure
of quantum information by developing a semantics for quantum computation.

4.1 The Various Paradigms

For building languages and understanding algorithms, several paradigms of computation have been
studied.

4.1.1 Unitary Gates as Computation.
Families of Quantum Circuits

One formal system for writing quantum algorithms is the quantum circuit formalism described by
) and sketched in Section B2ZZ2 In this formalism, the driving forces in the computation
are the unitary operations. An algorithm is composed of three steps:

1. allocation of n quantum bits;
2. application of a list of unitary gates;
3. measurement of all or a part of the n quantum bits.

The description of an algorithm is a family of quantum circuits, one for each possible number
of input qubits. The family needs to be uniform, i.e. efficiently computable by a classical computer.
As for classical boolean circuits, it is then possible to speak of the complexity of an algorithm by
taking the limit of the ratio of the number of gates used in the circuit versus the number of input
quantum bits.

32
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The Quantum Turing Machine
A Turing machine m, M) is an automaton consisting of the following elements:
1. an infinite tape, divided into cells, each cell containing a letter from a given alphabet;
2. a head, able to read and write into cells, and to move to the left or to the right along the tape;

3. a finite set of states and a state register, recording the state of the machine. One of the state
is called initial and a subset of the states are called final;

4. a transition table, mapping each possible pair (letter, state) to a triple consisting of a new
state, a letter and a direction (left or right).

At the beginning the state register is in the initial state. At each time-step, the automaton reads
the cell of tape below the head. Based on the letter read and its state, using the transition table, it
writes on the tape the corresponding letter and moves in the given direction. It iterates this course
of action until a final state is reached. A program consists of a given alphabet, a set of states and a
transition table.

Benioff (119_&(]) and Deutsch (I]_Q&E]) describe a Turing machine where the tape, the head, and
the states of the automaton are encoded as a quantum state. The transition table is described in
a unitary operation. This model provides a tool to reason about expressiveness and complexity
of quantum algorithms: As was shown by [Nishimura and Ozawd (2002), the resulting notion of

computation is equivalent to that of the quantum circuit model.

QML or the Quantum Test

[Altenkirch and Grattagd (IZO_O&AE) describe a first-order language for manipulating quantum bits.

This calculus understands duplication as sharing, or copying:

al0) + B[1) — «|00) + 5]11).

The language is written on a classical device and compiles into a quantum circuit. Due to the
copying operation, contraction can be done blindly but weakening (that is, measurement) has to be
kept track of.

The language features superposition of quantum states, leading to a “quantum” test. For
example, the gate N¢ is defined as:

Nz = if Yo then O else 1,
Ne¢ (e,z) = if%c then (¢, Nzx) else (¢, x).

The main drawback of this formalism is that the quantum test
if 9 then M else N

is well defined if and only if M and N have orthogonal representations. Therefore, in general one
cannot say before running the computation whether a program is valid or not.

Van Tonder’s Quantum Lambda Calculus

(Van_Tondet, 2004) describes a lambda calculus where the terms are encoded on strings of quantum
bits. The language is built using the terms

Term M,N == x|c|MN | x.M,
Constant ¢ == O|1|H| -+,
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where the constants ¢ contains booleans 0 and 1, as representatives of the quantum bits |0) and
|1), and representatives for a chosen set of unitary gates. For example, the identity is [Az.z). The
unitaries apply on 0 and 1 in the naive way: |H0) should reduce to %(|0> +|1)). This language is
purely quantum, and the reduction is encoded as a unitary map.

A trick needs to be used to overcome the fact that the reduction is not in general a reversible
operation (Consider for example (Az.1)0 — 1). Given any function 8 : X — Y, it is possible to
produce a reversible map X — X x Y invertible on its range by mapping z — (z,8(z)). If 8 is a
reduction of terms, we can make it reversible by appending to the successive terms in the reduction
its history:

However, a naive implementation of the lambda calculus into quantum bits does not provide a
consistent equational theory. Indeed the term

1 1
E(KA:C.O)O} +|(A2.0)1)) = [Az.0) ® E(|O> +11))

should be (-equivalent to %QO) +10)) = v/2|0), which is not valid since its norm is greater than 1.
As it turns out, one needs to distinguish between terms that are in superposition (such as

%(|0> + |1)) and the ones that are not. For the system to be consistent, terms in superposition
should not be duplicated nor erased, and should be the same, modulo the 0’s and the 1’s.

4.1.2 Concurrent Quantum Computation

Quantum computation has important implications in cryptography. The design of quantum protocols
to securely communicate data is a field of ongoing research.

From a theoretic side, a question one might ask is whether the tools that were developed to
analyse the safety of classical distributed systems can be used in the context of quantum systems.

The simultaneous works of [Lalire and Jorrand (2004) and [Gay and Nagarajarl (2007) develop
a process algebraic approach to concurrent quantum computation. Starting from the m-calculus,
quantum features, such as quantum bits, unitaries and measurements, are added to the syntax, and
an operational semantics is developed. (Gay and Nagarajarl, 2005) gives a typed language and prove
some safety properties for well-typed protocols; for example the fact that a quantum bit cannot be
shared among several processes, and the soundness of the type system.

4.1.3 Measurement-Based Quantum Computation

The unitary operations are one side of the quantum coin. The other side is the measurement. It
turns out that it is possible to perform quantum computation with “only” measurements, as it
was described first by [Bri (2002); Ranssendorf and Briegel (2001)) and then
computationally by (2007).

The idea is the following: A state of highly entangled quantum bits is prepared and then a series
of measurements are performed. The computation is “run” by the projections occurring during the
measurements. In its most general formulation, the calculus happens to be as powerful as the regular
quantum-circuit computational model, and is slightly better in terms of time complexity.

Formally, one works with a pattern, composed of a finite set V', a set of inputs I C V, a set of
outputs O C V, and a sequence of operations of the following kinds (where 7,j € V):

e l-quantum measurements M;*: measurement of qubit ¢ in the xy-plane, along the axes

1 i 1 et
E(IOHG 1)), E(I@*e 1))-
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Figure 4.1: The QRAM model

e 2-qubit entanglement operators E; ;: where F; ; is (0.). (controlled-o ) applied to qubits 4, j.

e 1-qubit Pauli corrections X;, Z;: The corresponding Pauli matrix applied on qubit 4.

(Danos et all, 2007) describe an operational semantics and a compositional denotational semantics
in terms of completely positive, trace preserving maps. More importantly, it gives a rewrite theory
for patterns and proves the confluence of the rewriting system as well as a standardization theorem
allowing patterns to be put in semantically equivalent form.

4.1.4 The QRAM Model

One of the first formal descriptions of a quantum programming language is the pseudo-code un-
derlying the quantum random access machine (QRAM) model of ﬁ . While it does not
strictly speaking present a language, the paper provides a basis for formally describing algorithms.
The idea (see Figure ET]) is to consider a computation as done by a classical process that has access
to a quantum device. A series of built-in operations are allowed, such as allocation of quantum bits,
measurements, and unitary operations. One can summarize this approach with the slogan “classical
control, quantum data” m, 2004H).

@ (IM) describes a rich, architecture-independent programming language called QCL fol-
lowing the QRAM model. The language is sequential, classical based, and comes with powerful
routines to deal with quantum effects: quantum register allocation, scratch space management,
syntactic reversibility of user-defined quantum operators.

Building up on top of these works, (Bettelli et all, 2003) describe a language in a C-++ style for
manipulating quantum constructs and concepts more efficiently. Its main characteristic is to treat
quantum operators as objects, thus allowing construction and manipulation at run-time.

However, none of these works contains a semantics. A language somehow different is the lan-
guage qGCL of Sanders and Zuliani (IZO_O_(]) The paper develops a guarded-command language for
probabilistic operation together with an operational semantics based on probability distributions,
and extend it to quantum constructs. The described semantics is very close to the actual implemen-
tation: the interpretation of a program assigns to each possible input state a probability distribution
on the output space.

Another language-based approach with semantics in mind is the work of m M),
developing a flow-chart language. The language has a sound and complete interpretation in the
category of superoperators. We detail this semantics in Section

4.2 Formalism of Hilbert Spaces
A recent research thread initiated by [Abramsky and Coeckd (2004) aims at providing an abstract

framework in which one could interpret quantum computation. The goal is to extract from the
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category of Hilbert spaces the required structures for performing quantum computation.

4.2.1 Dagger Compact-Closed Categories

Abstract notions of adjointness, self-adjointness, unitaries, bases and scalar products arise in the
context of dagger compact-closed categories with biproducts:

Definition 4.2.1 (Im, M) A dagger category is a category C together a functor 1 : C°P? — C
such that for every f: A — B, fiT = f and for every object A, AT = A.

Definition 4.2.2 (Im, M) A dagger compact-closed category is a dagger symmetric monoidal
category that is also compact closed (see e.g. [Kelly and Laplazal, |J_.%ﬂ), and such that the following
diagram commutes for all A:

61‘
T—53 A® A*

k\ J(UA’A*
A* ® A.

Various notions of Hilbert spaces can be defined in the context of dagger compact-closed cate-
gories with biproducts:

e A scalar is a morphism s: T — T.

A wvector is a morphism v : T — A.

The adjoint of a morphism f : A — B is the morphism fT: B — A.

e The scalar product of v,w: T — Aisv;wl : T — T.

A unitary morphism is a morphism f : A — B such that f1 is its inverse.

A basis for an object A is a unitary morphism
ba:nT — A,

where n-T is a sum of n T’s. In this case, the dimension of A is said to be n.

We can define the matriz of a morphism f : A — B where A and B are finite dimensional as
the map

naT a4l B T,

These definitions satisfy various equations related to Hilbert spaces and hermitian positive operators.
For example, m ) shows that completely positive maps can be defined in this context.
The paper provides a categorical construction for building a category of completely positive maps
out of any dagger compact-closed category.

Although no formal syntax comes with the semantics, a colourful graphical language is provided,
making proofs of properties relatively easy to follow. However, this graphical language does not mix
well with the need for biproducts: in the desired quantum computational applications, the notion
of bases is heavily used.
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4.2.2 Classical Objects

In an attempt to remove biproducts, (Coecke and Pavlovid (2007) describe a new notion called clas-
sical objects. A classical object is an object X in the category together with amap dx : X — X® X,
amap ex : X — T, and a few equations. In particular, these equations make (X, ex,dx) a com-
mutative comonoid object, as in Definition The notion of classical object captures the notion
of basis without the needs for biproducts. The idea is the following. A generic object X in the
category is like a generic finite dimensional Hilbert space, with no associated basis. Associating a
structure (dx,ex) to the object X is the same thing as associating a basis to X. In Hilbert spaces,
the maps dx and ex are

Sx e — e ® e, ex e — 1,

for some basis (eq,...e,) of X. With enough structure, it is possible to simulate what was done

with biproducts. In particular, as was shown by [Coecke and Paquettd (2006), an abstract version

of the Naimark theorem can be proved using the graphical language.

4.3 A Flow-Chart Language

(Im, M) describes a semantics for QRAM-based first-order quantum computation. Instead
of starting from the category of Hilbert spaces, the paper describes computations as maps in the
category of superoperators.

4.3.1 The language

The language is described by a flow-chart notation: it is a super-set of a classical flow-chart language.
A program is a graph together with a cursor that follows the wires, with data attached to it. A
graph is constructed from the rules in Table EETl The box new ¢bit b = i creates a new quantum bit
of name b with value [i). The box new bit b = i creates a new boolean variable named b with value
i. The gate q1,...q, *x= U, applies the unitary gate U,, on the corresponding variables. The gate
permute ¢ permutes the context A according to the permutation ¢. The gate branch b performs a
test on the boolean b and meas ¢ measures the quantum bit ¢ and performs a test on the output.

4.3.2 The Category of Superoperators

The language has a full and complete representation in the category Q of superoperators. This
category is defined as the refinement of the category CPM.

Definition 4.3.1. The category CPM is defined as follows:
e The objects are signatures ¢ = nq,...,ng, i.e., finite tuples of positive integers,

e the morphisms ¢ — 7 are completely positive maps V, — V;, where V,,, .. ,, is the Hilbert

space C1X71 x ... CEXTk

k

We use the notation B, for the canonical basis of V.

The objects in this category can be seen as spaces of block matrices. Following the construction
in Lemma BTT8 one can define a tensor and a coproduct structure, as follows:

Definition 4.3.2. Given two signatures o = (ni,...,ng) and 7 = (mq,...,my), we define o @ 7
and o @ 7 to be respectively

o@T = (n1mi,...,n1m,nama, ..., NEMY), odT=MN1,... Nk, M, ..., My).
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A A A A

new bitsz‘ ‘new bitbzl‘ ‘new qbitq:O‘ ‘new qbit b=1

b:bit, A b:bit, A q:qbit,A q:qbit,A
q1:qbit,...,qn:qbit,A A
Q.- qn x= Uy, ‘ permute ¢
q1:qbit,...,qn qbit, A »(A)
a:qbit, A >\ A
[ ]
q:qbit,A q:qbit,A A
0 1 0 1

Table 4.1: Rules for constructing quantum flow-charts

Lemma 4.3.3. Let 0 and T be two signatures. Then we have Vogr =2 Vo @ Vo and Vygr
V,a V..

IR

Definition 4.3.4. We define a map between arrows
®: CPM(c ®7,0") = CPM(0,7 ®0")
as in Lemma BT using the canonical basis.

Lemma 4.3.5. The category (CPM, ®, (1)) is a symmetric monoidal category. The map ® makes
CPM symmetric monoidal closed. The structure ® and the signature (0) provide a structure of
biproducts. O

Definition 4.3.6. Given a signature o = (nq,...,n;), a tuple A = (Ay, ..., Ax) in V, is hermitian
(respectively positive) if each matrix A; is hermitian (respectively positive). We extend the Lowner
order of Definition to tuples of matrices by letting A C B if B — A is positive. We define the
trace of the matrix tuple A to be the sum of the traces of its components: tr(A) =, tr(4;).

Definition 4.3.7. Let 0 = (n1,...,nk) and 7 = (mq,...,my;) be two signatures. A linear function
F:V, - Viisatuple (Fi1,...,Fi gy o.... vFoi,..., Fu ), where F; ; is the component C™ —
C™i. The characteristic matriz tuple xr of the function F' is

(XFras s XFypgreee e XEn 1y XE )
Note that since F': V, — V., xr € Voor

Definition 4.3.8. The category Q has the same objects as CPM and as arrows superoperators.
A superoperator is, as in Definition BET.Z0, a completely positive map f : 0 — 7 such that for all
AeV,, tr(f(A)) < tr(A).
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Lemma 4.3.9. The category Q is symmetric monoidal and has coproducts, with the same construct
as for CPM. It is not, however, closed. O

Definition 4.3.10. The trace characteristic matriz tuple of a linear function F : V, — V. is
defined to be x%”’ = Xtr,oF € Vg, that is, the characteristic matrix tuple of tr, @ F'. Equivalently,

X = (idy © tr,) (xr)-

Completely positive maps and superoperators in this generalized context still satisfy a version
of Theorem BET.271

Theorem 4.3.11 (Generalized Kraus Representation Theorem). Consider the signatures o of the
form (ni,...,ns) and T of the form (my,...,ms). Let F : V, — V; be a linear function. Then the
following holds:

1. I is completely positive if and only if xr is positive.

2. F is a superoperator if and only if xp is positive and X;fr) C I,, where I, € V, is the tuple
consisting of identity matrices.

3. F is a superoperator if and only if it can be written in the form
F(Ay,.. A) = (D UnAiUNy, ... Y Uia AUy),
il .l

for matrices U;j; € C™*™ where Zlei*szijl C I, for alli. Here, | ranges over a finite

set. O

4.3.3 Interpretation of the Flow-Chart Language

It is possible to interpret a flow chart diagram as a superoperator. We state in this section the few
results of (Im, M) used in Chapter [

Definition 4.3.12. Let 0 = (n1,...,ns) be a signature, and let o/ = ny + ... + ny be an integer
regarded as a simple signature. The measurement operator po : Voo — V, is defined as

Ay - Ag

Mo’ = (A171,A272,...,As,s),
As,l Ass

s

where A; ; € C™*™,

Definition 4.3.13. We extend the definition of partial trace of Definition BXT31 to any map of the
form (tr, ® id;) : Vogr — Vr.

Definition 4.3.14. We extend the definition of contractions of Definition to linear maps.
We say that f:V, — V, is a contraction if it if of the form

f(Ar, ... As) = (UL AU, ... U AUY)
for contractions U; € C™i*"i where o = (nq,...,ns) and 7 = (mq,...,ms).

Theorem 4.3.15. FEvery superoperator F : Vo — V; can be factored as F = M o E o G, where G is
a contraction, E is a partial trace operator, and M is a measurement operator. O

Theorem 4.3.16. The interpretation of any flow-chart in CPM yields a superoperator. Conversely,
any superoperator is the image of a flow chart diagram under the interpretation. O
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4.4 Extension to Higher-Order

A natural avenue of research for finding a model of higher-order quantum computation is the gen-
eralization of the category of superoperators. m ) investigated possible categories of
normed vector spaces as model of higher order quantum computation. A challenging problem turns
out to be the matching between the norm for the tensor of two spaces and the required norm on the
space of functions. This study did not find any satisfactory model.

Another work in this direction is the paper of IGirard (IM) In this paper, the author describes
a models of linear logic based on normed vector spaces, following the same constructions as for
coherent spaces m, @) The resulting category, although based on the right sort of spaces,
does not yield the correct answer at base types, as pointed out by (Im, m)



Chapter 5

Lambda Calculus and Semantics of
Higher-Order Computation

In this chapter I will briefly describe the semantics for classical higher-order computation. The
canonical tool for this purpose is a semantics, a mathematical model that will allow us to exhibit
underlying structures and invariants.

For an complete introduction on lambda calculus, see (Barendregtl, |_'L98_4) An in-depth survey
of categorical logic can be found in (Lambek and Scotd, [1989). Finally, references on linear logic
and its semantics can be found in (IB_LQLmaﬂ, [1997: IGirard, [1987; [Troelstra, |_L9_9_2)

5.1 Lambda Calculus

The origin of higher-order computation lies in the 1930’s when [Kleend (@E) described a formal
system called lambda calculus, in order to capture the notion of computable function. Lambda
calculus was shown (m, @) universal in the sense that any computable function can be
interpreted as an expression in the language.

In this section we briefly describe the core lambda calculus. For a thoughtful development of

the theory see for example (Barendregtl, [1984).

5.1.1 The Language

In the lambda calculus, functions are described explicitly as formulae. The function f: x — f(z) is
written as the lambda-abstraction Ax.f(x). The application of a function to an argument is simply
the juxtaposition of the two expressions. Thus

“let f:x a2 in f(2)”

becomes (Az.22)(2) in lambda calculus.
Formally, a lambda-term is an expression made of the following grammar, written in BN
form:

Term M,N == x| (Az.M)|(MN)| (M,N) | fst(M) | snd(M) | *,

where x ranges over an infinite set of variables. The term Ax.M stands for the function that inputs
x and outputs M, the term M N represents the application of a function M to an argument NN, the
term (M, N) represents the pair composed of M and N, x is the 0-tuple, and fst(M) and snd(M)

I The BNF formulation was first introduced by [Nanr et all (1960) for a formal definition of the language ALGOL’60.

41
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the left and right projections of the pairing. We speak of term combinator or term operator when
referring to each token in the grammar definition.

The formalism extends transparently to higher-order functions: In lambda calculus, we can
simply write Af.\g.Az.f(g(x)) for the composition operator f,g— f og. And the expression

“let H: (f,9) — (x— f(g(x))) in

let a:z— 22 in

let b:ax— x4+ 3in (H(a,b))(z)”
for some variable z simply becomes

(Af gz f(g(2))Az.z?)Az.z + 3)(2). (5.1.1)

5.1.2 Free and Bound Variables

In (), in the term (Af.Ag.A\x.f(g(x)) it should be understood that z is local, and that the z in
(Az.2?%) does not interfere with the one of the previous formula. We say that the variable x in Az.x?
is bound by the lambda-abstraction. On the other hand, the variable z is not bound by anything:
we say it is free. We define the set of free variables of a given term by induction as follows:

FV(z) = {z}, FV(Ax.M)=FV(M)\ {z},
FV(MN) = FV(M)UFV(N), FV((M,N)) = FV(M)UFV(N),
FV(fst(M)) = FV(snd(M)) = FV(M), FV(x)={}.

A variable that is not free is said to be bound. A term is called closed if it does not have any free
variable, and open if it has at least one free variable.

5.1.3 a-Equivalence

It should be understood that Az.z? is the same term as, say, At.t2. We say that the two terms are
a~equivalent. However, Af.\g.\z.f(g(x)) and Ag.Ag.Ax.g(g(x)) are not a-equivalent: the ¢ in the
expression refers to the innermost Ag.

Definition 5.1.1 (Barendregfl, [1984). For any term M, we define the syntactic variable substitution
M|z := y| as the term M where all syntactic occurrences of x (whether they are free or not) are
replaced by y. We define a change of bound variables in M to be the replacement of a subterm Azx.N
by At.N[x := t], provided that ¢ does not occur anywhere in N.

We say that M is a-equivalent to N, written M ==,, N, if N results from M by a series of
changes of bound variables.

Convention 5.1.2. Terms are considered up to a-equivalence from now on.

5.1.4 Operational Meaning of Lambda Calculus

We now discuss the operational meaning of the calculus by defining a rewriting system.

Substitution

A term of the form (Ax.M)N is understood as “M with N in place of 2. The process of replacing
N by x is called substitution, and we write the resulting term by M[N/z]. Of course, we are only
allowed to modify the free occurrences of x, and one should check that the process does not bind
any free variables. For example, the term (Az.yx)[(fz)/y] is not the same as Ax.(fz)x: indeed, the
variable z in fx is free. Instead, using the a-equivalent formulation (At.yt)[(fz)/y] one sees that
the term is in fact At.(fz)t.



5.1. Lambda Calculus 43

Definition 5.1.3. Given a term M and a term P, we define the substitution of x in M by P, written
M[P/z], by the following:

z[P/x] = P,
*[P/x] = %,
(MN)[P/z] = (M[P/z])(N[P/z]),

(snd(M)[P/z] = snd(M[P/z]),
g M)[P/a] = \g.(M[P[a])  (ify# = and y & FV(P)).
We write M[M;/x;, ..., M,/x,] for M[M;/x;]...[My/z,)].

[P/x]
[P/x] =
)IP/z] = (
(M, N))[P/x] = (M[P/x], N[P/x]),
(fst(M)[P/x] = fst(M[P/x]),
(M)[P/x] =
)IP/z] =

Reduction of Terms

The simply-typed lambda calculus is a language describing operations: application of a function
to an argument, projection of a pair. To express these operations we develop a set of rules, called
reduction rules. They come in two flavors: the [-reductions, which perform operations and enforce
the implicit meaning of the term:

(Az.M)N —3 M[N/z], (Bx)
f5t<M7N> B M, (6%})
and n-reductions simplifying terms:
Ae.(Mx) —, M, (mr)
(fst(M), snd(M)) —y M. (n(y)

Each term on the left side of these rule is called a redex.
A context is a “term with a hole”, defined formally by the syntax

Cl=l== [H 1 QeCl=]) [(C[=]M) [ (MC[=]) [ {M, C[=]) [ (C[=], M) | fst(C[]) | snd(C[-)),

where M stands for any term. Given a term N and a context C[—], we write C[N] for the context
C[—] where [—] is syntactically replaced with N. In this setting, we naturally extend the notion of
reduction, as follows: Given any context C[—], if N is a redex reducing to N’, then the reduction
—; extends to C[N]| —; C[N'], for i = 8,n. A term with no subterm in redex form is said to be in
normal form.

We denote by —* the reflexive transitive closure of the relation —. The relation —7 satisfies
a property called the Church-Rosser theorem that we only mention here. For a proof of this result

consult e.g. (Barendregt, [1984).

Theorem 5.1.4 (Church-Rosser theorem). Suppose that M, N and P are lambda-terms such that
M —7% N and such that N —j P. Then there exists a lambda term Z such that N —j Z and
P —5 Z . O

5.1.5 Typed Lambda Calculus

In mathematics, to a function one usually associates a domain and a codomain. So for example,
when we mention the identity function id, it is always associated to a given space. Although one
may lose some generality, we gain in legibility.
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Type System

Similarly, in order to be able to manipulate lambda-terms more easily, one can associate a type to
each lambda-term. A type is an expression providing some information about the term. One can
associate a type system to the untyped lambda calculus defined in Section as follows:

Type A,B == | T|AxB|A= B.

We choose an arbitrary constant type ¢, and types are constructed by induction. If A and B are
types, then A x B is the type for binary products, and A = B is the type for functions from A to
B. Finally, T stands for the type of the 0-tuple.

A typed term is the data consisting of the term and its type. The type of an open term is a
function of the type of its free variables. For example, the type of Az.(yz) should be a function type
A = B, depending on the type of y. We define the notion of a typing judgement to formalize the
concept. A typing judgement is an expression

1Ay, Ay > M B

where the free variables of M are contained in {x1,...x,}, and B is the type of M when each z; has
type A;. The set {x1 : A1,...2, : Ay} is called the typing context of the judgement, and it might
be empty.

Typing Rules

The typed version of the lambda calculus presented in Section Bl is called the simply-typed lambda
calculus. A typing judgement is said to be wvalid if it is derived from a typing derivation, or typing
tree. A valid typing derivation is constructed using the following inductive rules:

Axr:A> M: B Ap>M:A=B Ap>N:A

AeiAve A\ Aoaearasp Y A> MN:B (app),
A>M:A A>N:B
I S
A (M,N):Ax B 0<.0), I:AD*:T(T'I)’
A[>M:A><B(><.El)7 Ap> M:AxB (x.B»).

A fst(M): A A snd(M): B

Properties of Typed Terms

On one hand, we have a description of some intended properties of the language through a type
system: for example, a term M of type A = B can only by applied to an argument of type A.
On the other hand, we have a rewriting system by means of reduction rules, accounting for the
operational behavior of the language. Are these two descriptions compatible?

The main results that should be satisfied (and are verified in the case of the simply-typed
lambda calculus) are the following.

Lemma 5.1.5 (Substitution). If A > N : A and A,z : A > M : B are valid typing judgements,

then A > M[N/x] : B is valid. O
Theorem 5.1.6 (Subject reduction). If A > M : A and if M —p, M' then A > M’ : Ais
valid. O

They state that the type of a term remains constant along the reduction process. A third
important result states the consistency of well-typed closed terms, in the sense that a well-typed
closed term will reduce until reaching a normal form. The result is stated as follows:
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Theorem 5.1.7 (Progress). If M is a closed, well-typed term, then either M is a normal form or
M —5 M.
Axiomatic Equivalence

We say that two valid typing judgements A > M : A and A > N : A are aziomatically equivalent,
written A > M =, N : A, if the relation can be derived from

A > (Ax.M)N R M[N/z| : A, A dx.(Mz) =g M:A— B,
A > fst(M,N) Ras M : A, A>snd(M,N)=q N : B,
A (fst(M), snd(M)) =a M : A X B, Apx Rgp*: T,

and from one congruence rule per term construct, such as

A> M=, M :A=B A>N=, N :A
A> MN~, M'N: B.

Curry Style Versus Church Style
While defining the type system, we wrote

b

“ A typed term is the data consisting of the term and its type.

There are actually two distinct ways of typing a term. One can adopt the Church-style typing
convention, and consider that all of its subterms are typed. Or one can adopt the Curry-style typing
convention, and see only the outside term as typed. From the point of view of the programmer, it
is simpler to type a lambda-term in a Curry-style fashion. However, to be able to check whether a
typed term is valid or not it is easier to have it Church-style typed.

These two ways of typing terms might or might not be equivalent: it is a question of under-
standing the meaning of the term. For example, consider the Curry-style typing judgement

x: A (Mfx)(Ayy) : A

The type of the variable z is given. However, the type of the variable y is not mentioned anywhere
and might be anything. For each possible type B, the typing derivation

x: A f:B=Bp>uz:A z:Ay:B>y:B
x: A MNao:(B=B)=A z:A>\N.y:B=1B
x:A> (M) (Ayy) : A

is valid. Therefore the data consisting of a set of typed variables, a term and a type does not
uniquely determine a typing derivation. In a Curry-style type system, the axiomatic equivalence is
really defined on typing derivations, and not typing judgements.

Obviously, in this simple example the term reduces to x, and thus all possible typing derivations
live in the same axiomatic equivalence class. But in some more complicated language, this might
not be the case, and the correspondence between typing derivations and typing judgements might
not be one-to-one.

5.2 Proofs as Computations

Let us consider a typing derivation. We can concentrate on the meaning of terms, and understand
the typing tree as a computation. But it is also possible to focus on the types, and see the typing
tree as a proof in some logical system.
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A A S A AT TET 1

I'> A F'>B><I I'>AxB - I'>AxB -
I'>AxB I'> A I'>B
A B oy I'>A=1H FDA:@
I'>A=21B I'>B

I'>B I'AJA> B

I A> B T,A>B

Table 5.1: Intuitionistic logic: natural deduction rules

5.2.1 Intuitionistic Logic

The logic behind the simply typed lambda calculus described in Section BT is called intuitionistic
logic. Formulae are constructed as expressions coming from the grammar

Formula A,B = | T|AxB| A= B,

where ¢ ranges over a set of constants. X is the conjunction, and = is the implication.

A sequent in intuitionistic logic is a pair (T, B), written as I' > B, where I is a multiset (possibly
empty) of formulae {A1,..., A, } and B is a formula. We read the sequent as “A; and A, and...and
A, implies B”, and we call I' the context of the sequent.

A sequent is called valid it can be derived from a proof. Proofs are trees of formulae defined
inductively. In intuitionistic logic a proof is said to be constructive: the proof of A x B should
include the proof of A and the proof of B. The proof of A — B should be a map from the proofs of
A to the proofs of B.

We will concentrate on natural deduction style proof rules, first introduced by by Gentzen
(1934), where we mainly deal with the right side of the sequents. The proofs associated with the
formulae presented above are constructed using the rules in Table Il The rules come in two flavors:

1. the axiom Az and two structural rules: the weakening rule W and the contraction rule C,

2. introduction and elimination for each connective (except for the null-ary connective T which
has only an introduction rule).

5.2.2 Curry-Howard Isomorphism

Being able to write proofs, we now turn to the question of an equivalence relation of proofs. Given
two proofs of the same sequent, when can we say that they are equal ? For example, it is reasonable

to expect that
A B> A A,B>Bi‘“” |
A B> AxB ! and AB> A" (5.2.1)

ABo A F

are the same proof. Indeed, in the first case we do not use A, B > B: the proof only “forgets” it in
the last step.

By comparing the rules for building proofs and the typing rules of the simply-typed lambda
calculus, one can give a computational interpretation of proofs. It is known as the Curry-Howard
isomorphism. Under this scheme, one can say that two proofs are equivalent if they represent two
axiomatically equivalent lambda-terms.
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If we re-interpret the reduction rules for the lambda calculus in the context of proof of intuition-
istic linear logic, one finds a formal definition of the “similar look” of the two proofs of Equation B2l
The first proof correspond to the typing judgement x : A,y : B > m({z,y)) : A and the second to
the typing judgement = : A,y : B> x : A.

Interpreted in the context of proofs, the [-reduction rules correspond to the removal of an
introduction followed by an elimination. We can construct the following rewrite system of proofs:

1 uw)
: : 1
P>A TeB o
T>AxB ! > A,
I'> A Bl
1 Uuw)

I'>A I'> B —~

roAxB ' T4
r>pB 2
1
P 5
A B : s :
I>A=B ' red_ I'> B,
I'>B

where 7] is m; without the A in the context and whenever an axiom of 7; is of the form I'y A, A > A

it is replaced by the proof
T

LA A

5.3 Categorical Logic

A proof can be set in relation with a term in a suitable language. However, while this describes the
equivalence classes of proofs, it does not give out the internal structure of the theory.

The structure of the proof system can be extracted using a categorical description of the sit-
uation. In categorical logic, we consider a category whose objects are formulae and whose arrows
A — B are equivalence classes of proofs of the sequent A > B. Equivalently, objects are types and
arrows are equivalence classes of typing judgements x : A > M : B.

In this section we describe the category generated by the language of Section BT (or, equiva-
lently, of the proof theory defined in Section BZZTI).

Definition 5.3.1. Given a cartesian closed category (C, x,=-,T), let
® : hom(A x B,C) —~hom(A, B = O)

be the canonical isomorphism and €4 p : (A= B) x A — B the counit of the adjunction.
Given a map ¢ from type variables to objects of C, one defines an interpretation of any type by
induction:

[A x B]]w = IIA]]'([) X IIB]]'([)’ [A= B]]'([) = [[A]]qp = IIB]]w’

and one can interpret valid typing judgements of the simply-typed lambda calculus as morphisms
in C:
[z1: A1, mn s Ay > M2 B] 2 [Ad]y, x - [An]y, — [Bl,
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Axiom:
Az:A>z: A 72 1 [A] x [A] — [A4]
Unit:
AT Oqay: Al =T
Product:
A>M:A A>N:A f:[A] = [4] g¢:[A] — [B]
Ao (QLN): Ax T (F.9) 18] [A  [B]
Application:
ArM:A=B As>N:A _fIAl=[A]=[B] g:[A]l—[4]
A MNEE [a] 22 ([4] = [B]) x [4] =2 5],
Abstraction:
Axz:A>M: B f:[A] x [A] — [B]
A> e M:A= B o(f) : [A] — [A] = [B]

Table 5.2: Interpretation of the simply typed lambda calculus

They are defined by induction as in Table The denotation of a context A =z : Ay,...x, : Ay
is defined by

[[AM = [[Al]]w X "'[[An]]w-
If the context A is empty, then [A] = T. For legibility one drops the ¢ on the symbol [—] "

Lemma 5.3.2. The interpretation is sound: If A > M =, M': A then
[A>M:Al=[A> M : A].
Definition 5.3.3. Let C§' be the category defined as follows:
e Objects are types of the simply typed lambda calculus.
e Arrows from A to B are B-equivalence classes of typing judgements x : A > M : B.

e The identity map on A is x : A > = : A, and the composition of x : A > M : B and
y:B>N:Cisz:A> (Ay.N)M: C.
Lemma 5.3.4. The category C5' is cartesian closed.

Theorem 5.3.5. The simply-typed lambda calculus is an internal language for cartesian categories:

In C5t, we have
[[m:ADM:B]]Citzaz(x:A|>M:B).

5.4 Lambda Calculus and Side Effects

5.4.1 Pure Versus Impure Calculus.

The simply typed lambda calculus as model of computation is slightly restrictive: It allow only pure
computations, that is, computations with no side effects. A program is said to produce some side
effect if the returned value does not entirely describe the behaviour of the program. Here are several
examples of side effects:
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1. Probabilistic choice. A program that tosses a coin along the computation will have side effects:
two runs of the program might not give the same output value.

2. Non-termination. A program that can diverge (i.e. not return anything) will have side effects,
since no value can describe the behaviour of the program.

3. External state. A program that read and/or write some data on some external state is subject
to side-effects: the value the program output might depend on the external state.

5.4.2 Reduction Strategies

In the event of side effects, the order of reduction of the redexes might influence the output, or even
the behaviour of the program (in the case of divergence, for example). The description of a program
allowing side effects has to come with a description of values and a choice of reduction strategy. The
values are special terms that do not reduce anymore under the chosen strategy. For a simply-typed
lambda calculus with side effects, the values are defined as

Value VW u=ua | Xe.M | (VW) | *.
Two main strategies are the following:

1. Call-by-name. In this strategy, one first applies functions to arguments before evaluating them.
The rules for the application is

M — M’ ,
MN — M'N (\e.M)N — M[N/]

2. Call-by-value. In this strategy, one reduces arguments to values before applying a function to
them. Rules for application can be written as follows:

N — N’ , M — M’ ,
MN — MN' MV - M'V O\ MYV — M[V/]

In the following we will concentrate on a model for call-by-value based computation.

5.4.3 Towards a Semantics

The categorical analysis developed in Section does not apply to a lambda calculus with side
effects. In order to make categorical sense of the calculus, one has to separate the analysis of the
values from the analysis of the computations (that is, the arbitrary terms).

The semantics is due to Moggi (1988, 1989, [1991). A categorical model for a lambda calculus
with side effects is a cartesian category (C, x,T') together with a strong monad (T, i, 1, t).

Definition 5.4.1 (w, M) A strong monad over a monoidal category C is a monad (7,7, 1)
together with a natural transformation t4 g : AQ TB — T(A® B), call the tensorial strength, such
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that the diagrams

GEX) TeTA——TA (A® B)® TC <>— A® (B®TC) GZ3)
\ TT/\ lt lid@t
A®B T(T®A), T(A® B)®C) A®T(B®C)
id@nl \\\\\\\\ ‘\ZQZT\\\\ lt
A®@TB—>T(A® B) T(A® (B® C)),

"
id®p,T \

A@T2B—+T(A®TB)—>T*A® B) EZ3)
commute.

Remark 5.4.2 (w, @) If the category C is symmetric, the tensorial strength ¢ induces two
natural transformations TA ® TB — T(A ® B), namely

OTA,TB tre, A
—_

TB®TA 24 T(TB @ A)

(orB,Asta,B)"
orBArAB)

U, :TAQTB T(A® B),

tra,B

Uy : TA®TB P22, 7(TAw B) 4224 1ig g a) 1724, 7A@ B).

Note that since ora p;tpa: TA® B — T(B® A), (0ra,B;tp,a)" is a morphism T(TA® B) —
T(B®A). Note also that ¥; and U5 might not be equal: the map ¥; “evaluates” the second variable

and then the first one. The map W5 does the opposite. The strong monad is called commutative if
Uy = U,

Lemma 5.4.3. If T is a commutative strong monad on a symmetric monoidal category C, then the
two natural transformations V1 and Vo make both T monoidal.

The category C is not quite cartesian closed. Indeed, from a computation z : A > M : B one
retrieve a value Ax.M : A= B. We ask the category to have exponentials in the following sense.

Definition 5.4.4. A symmetric monoidal category (C,®, T) together with a strong monad (T, n, i)
is said to have T'-exponentials (w, M), or Kleisli exponentials, if it is equipped with a bifunctor
—0: C?? x C — C, and a natural isomorphism

®:C(A,B—C) ———C(A® B,TC).
Lemma 5.4.5. The map ® induces a natural transformation ea,p : (A— B)® A — T'B defined by
D(ida—op). O
5.4.4 Computational Model for Call-By-Value

The typed lambda calculus developed by w (@b for dealing with side-effects is called a com-
putational lambda calculus. It is interpreted in a computational model, that is:

e a cartesian category (C, x,T),
e with a strong monad (7', 1,7, t) satisfying the mono requirement,
e and Kleisli exponentials A = B for every A, B objects in C.

The values are interpreted as maps in C, and the computations in Cr. The category C is called the
category of values and the category Cr the category of computations.
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5.5 Intuitionistic Linear Logic

Linear logic is a resource-sensitive logic developed bym (@) It tries to address the fact that
in classical logic, the introduction rule for the conjunction x

Ar>A A B

A AxB !

can be derived from two distinct rules, respectively an additive and a multiplicative one:

Ap> A ADBXa A A FDBXm
A>AxB f’ AT>AxB 17

where A and I are disjoint. If these two rules are “the same” in classical logic, it is because of the
existence of the weakening and contraction rules

A>B AAA> B
AASB AA> B

Using (W) and (x7") one can recover (x9):

AT>A AT>B
AT AT >AXB
AT>AXxB

m
I

X
w,
and using (C) and (x9) one can recover (x7"):

Ap> A W I'> A
ATr> A A I'>B
AT>AXxB

%=

In linear logic, the contraction and weakening rules are not valid in general, so for example A and
A x A are not isomorphic, and the product is split into its additive and multiplicative components
x and ®.

In the intuitionistic multiplicative fragment, formulae are defined by

AB == |T|A®B|A—B]|!A,

where ¢ ranges over a set of constants, ® is the multiplicative conjunction, called the tensor, T
stands for the unit of the tensor, and A —o B is the implication corresponding to the tensor. !(—) is
a unary constructor for allowing weakening and contraction:

14,1A > B > B
a5 ©) A> B

(W).

5.6 Linear Calculi and their Interpretations

Numerous interpretations of intuitionistic linear logic have been proposed, both at an abstract level
and at a computational level.

Very good references for this section are the Ph.D. theses of Bierman (1993) and Maneggid
M) and the review of M)
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5.6.1 Earlier Models

One of the first well-known categorical descriptions of the system of proofs of linear logic was (@,
@) The paper discusses the required structures for a model of linear logic, where the structure
of the operator “!” is captured by a comonad arising in the context of an adjunction between a
cartesian category and a symmetric monoidal category.

In his thesis, [Lafont (@E) also describes a model of intuitionistic linear logic where the
modality ! is this time defined in terms of a comonoid structure. The logic is thought of as a type
system. In that spirit, the type !A is defined via its constructors and destructors, as would be the
types of integers or booleans.

[Abramskyl (1993) and Wadled (1992) describe a computational interpretation of intuitionistic
linear logic, with a typed lambda calculus whose typing rules follows closely the inference rules of
the logic. The calculus is a lambda calculus with special term constructs to account for duplicable
terms.

5.6.2 Bierman’s Linear Category

The formulation generalizing all of the above descriptions is the one proposed by Biermarl (@)
in his Ph.D. thesis, simplified afterward by Benton et. all (1992, [1993). The categorical description
comes with a complete lambda calculus that we skip for the purpose of this thesis.

For the definition of the category, we prefer here the terminology given in Schall (IM), and
use the concept of linear exponential comonad.

Definition 5.6.1. Let (C,®, T,a, )\, p,0) be a symmetric monoidal category. Let (L,d, e, d", d")
be a monoidal comonad. We say that L is a linear exponential comonad provided that

1. each object in C of the form LA is equipped with a commutative comonoid (LA, A4, $a),
where Ay : LA — LA® LA and $4: LA — T;

2. A4 and {4 are monoidal natural transformations, i.e. the following diagram

A A
LA® LB 22222 (LA® LA)® (LB ® LB)

a5 (LA® LB)® (LA® LB) (5.6.1)

ldﬁ,gé@dﬁ,g

LA B)———— L(A®B)® L(A® B)

Aaws)

and the diagrams

=
) T->TeT LAcLBX2reT ®II)

d#l{ l/d-%@d-% dngl \L/\-r

LT=LT®LT LA®B)—
LT (®)<>A®BT

T i T
k %
LT ET)

comimutes.
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3. The maps

AV (LA,(SA) — (LA®LA, (5,4 ®(5A);d,4),
Ga:(LAS4) — (T,dL)

are L-coalgebra morphisms, i.e.

AA <>A
LA—LA® LA LA——T
\L(SA@(;A
ELH) s I2AQI2A 5. PR i)
Jataa

2 .
LPA—x LLA®LA), 24—~ LT;

4. Every map d4 is a comonoid morphism (LA, $a, Aa) — (L2A,$ra, ANpa), ie.

da 2 5
LA4>LA, LA—A>L2A.

G AAl Ami Ox %LA EE3)
T

2 2
LA@LAML AR LA

Definition 5.6.2 m, @) A linear category is a symmetric monoidal category (C,®, T)
with finite products (X, 1), together with a linear exponential comonad L.

Bentod ) gave a clean formulation of the above category in terms of adjunctions. We follow
Barbel ) by not mentioning the cartesian closedness, and use the exposition of (IM)

as reference.

Definition 5.6.3. A linear-non-linear category consists of
e A symmetric monoidal closed category (C,®, T);
e a category (M, x, 1) with finite products;

e a symmetric monoidal adjunction

Lemma 5.6.4. Every linear category defines a linear-non-linear category, where (M, x,1) is the
category of coalgebras of the comonad. O

Theorem 5.6.5. Fvery linear-non-linear category is a linear category. O



Chapter 6

A Lambda Calculus for Quantum
Computation

The question this thesis tries to address is the question of the meaning and the description of higher-
order quantum information, in the paradigm of the QRAM model. That is, programs are written
on a classical device but are given access to quantum information.

In this chapter we will describe a typed lambda calculus for quantum computation, together
with an operational semantics. The requirements we have in mind for the language are the following:

1. The language should have classical control. That is, the structural aspect of the programs
(pairing, tests, etc.) should be classical. Such a language will be described in Section Bl

2. We want the program to manipulate quantum data. So quantum information should be thought
of as part of the code as much as possible. We give in Section an abstract machine and an
operational semantics for giving sense to the language.

3. We want the language to be as natural as possible for the programmer. In particular, the
compiler should be the one to make sure that valid programs do not duplicate quantum vari-
ables. We do not want to have special term constructs for this. In Section £33 we define a type
system to rule out invalid programs.

The work presented in this chapter appeared in my M.Sc. thesis (m, M) It was also

published in (Selinger and Valirod, 20064, R005).

6.1 The Language

We adapt the lambda calculus described in Section Bl to manipulate classical data and quantum
data. We focus primarily on the classical booleans 0 and 1, on the measurement, the creation of
quantum bits and the unitary operations.

Definition 6.1.1. A lambda-term is an expression made of the following core grammar, written in
BNF form:

Term M,N,P == x| MN|Xe.M |if M then N else P |0|1] meas | new | U |
x| (M,N) | let (x,y) =M in N,

where x ranges over an infinite set of term variables and U a set of unitary gates; the term if M then
N else P stands for a test on P with output M if true, N else; the constant terms 0 and 1 stand for the

o4
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boolean values false and true respectively; the constant terms meas, new and U stand respectively
for the measurement, the creation and the application of a unitary gate on a quantum bit; the terms
let {(x,y) = M in N stands for the retrieval of the content of a pair.

We identify terms up to a-equivalence, defined as in Section

Convention 6.1.2. We sometimes use the shorthand notations

(My,...,M,) = (M, (My,...),

MiMy... M, = (...(M{My)Ms)...M,)
letx=Min N = (M.N)M,
Mz, y).M = Az.(let (z,y) = zin N),
AT1 ... M = Axp Axa. .. Ax, M,
letzy,...yn=M in N = letx=Ay1...yn.M) in N.

The notions of free and bound variables and of substitution are defined as in Chapter Bl We
give the full definition for further reference.

Definition 6.1.3. The set FV (M) of free variables of a term M is defined as follows:

FV (=) =0, V() = (s,
FV(U) = 0, FV(\w.M) = FV(M)\ {x},
FV (new) = 0, FV(MN) = FV(M)U FV(N),
FV (meas) = 0, FV((M,N)) = FV(M) U FV(N),
FV(0) =0, FV(if M thenNelse P)=FV(M)UFV(N)UFV(P),
FV(1) = 0, FV(let (x,y) = M in N) = FV(M) U (FV(N)\ {z,5}).

Definition 6.1.4. Given a term M and a term P, we define the substitution of x in M by P, written

M[P/z], by the following:

x[P/x] =

c[P/x] =

*[P/x] =

(MN)[P/z] = ( [P/z])(N[P/x])

(M, N))[P/x] = (M[P/x], N[P/x])

(if M then Ny else Ny)[P/x] = if M[P/x] then N1[P/z] else No|P/x]
(Ae.M)[P/x] = Ae.M

(Ay.M)[P/z] = Ay.(M[P/xz])  (ify #z and y & FV(P))

Ify=gxorz=a

(let (y,2) = M in N)[P/x] = (let (y, z) = (M[P/z]) in N)
Ify#aand 2z # 2 (and y, 2 ¢ FV(P)):

(let {y,z) = M in N)[P/x] = (let {y,z) = (M[P/x]) in (N[P/x]))

Example 6.1.5. Using this calculus, one can produce terms that compute quantum algorithms.
For example, a fair coin can be implemented as follows:

meas(H (new 0)),

where H is the Hadamard gate.
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6.2 Operational Semantics

Although we want the language to perform quantum computation, no quantum bit was added into
the terms of the language. For example we might want to represent the constant function outputting
a quantum bit, as follows:

Az.(a]0) + B|1)).

The reason why we do not allow such a notation is the problem of entanglement. As noted in
Section B3 it is not always possible to write a two quantum bit system in the form |¢) ® |1)).
Therefore, if x is the variable corresponding to the first quantum bit and y the one corresponding
to the second in an entangled state, it is not possible to write classically the term

(Af-fx)(Mt-(gy)t),

as there is no means of writing x and y.

6.2.1 Abstract Machine

This non-local nature of quantum information forces us to introduce a level of indirection for rep-
resenting the state of a quantum program. Following the scheme of the QRAM model, we describe
an abstract machine consisting of a lambda-term M, a array of quantum bits @ (the QRAM), and
a map linking variables in M to quantum bits in Q:

Definition 6.2.1. A quantum closure is represented by a triple [@Q, L, M|, where
e () is a normalized vector of ®_;C2, for some n > 0, called the quantum array.
e M is a lambda term,

e L is an injective function from a set |L| of term variables to {1,...,n}, where FV (M) C |L|.
L is called the linking function.

We write |Q| = n. If L(x;) = i, we will sometimes write L as the ordered list |zq - --x,). The idea
is that the variable z; is bound in the term M to qubit number L(z;) of the state Q. We also call
the pair (@, L) a quantum context. If there are no quantum bits, i.e. if Q € C, we write Q = |).
Similarly, if L is empty we write L = |).

The purpose of the linking function is to assign specific free variables of M to specific quantum
bits in (). The notion of a-equivalence extends naturally to quantum closure, for instance, the states
[11),|x), Ay.z] and [|1),]z), Ay.z] are equivalent. We therefore extend the notion of a-equivalence to
quantum closures:

[Qfz-y-2), M=o [Q]z- -y - 2), M[y'/y] ]
ity ¢ FV(M)U{z,...,y,...,z}.

6.2.2 Evaluation Strategy

Although we solved the problem of entanglement, there is another issue that prevents us from blindly
using substitution, namely the probabilistic nature of the measurement.
Consider the term plus to be the boolean addition function, defined as

plus = Azy.if x then (ify then 0 else 1) else (ify then 1 else 0).

Now, consider the term M = (Az.plus z x)(meas(H (new 0))). Depending of the choice made in
reducing the term, we obtain a different answer, as shown below, using an intuitive reduction system.
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Call-By-Value.

Reducing this in the empty environment, using the call-by-value reduction strategy (as defined in
Section B2, we obtain the following reductions:

1), 1), M ] = [[0), |p), (Az.plus  z)(meas(H p)) |
— %<|o> +[1)).1p). (Az.plus z z)(meas p) |
B {[ 10}, [p), (\z.plus = 2)(0) | (6.2.1)
[[2), Ip). (Azplus 2 z)(1) ]
H{[|o>,|p>,plusoo1 H{[|o>,|p>,o1
[11),|p),plus 1 1] [11),[p),0]

where the two branches are taken with probability % each. Thus, under call-by-value reduction, this
program produces the boolean value 0 with probability 1.

Call-By-Name

Reducing the same term under the call-by-name strategy, we obtain in one step
[0, 1), M ]—T[]),]), plus (meas(H (new 0))) (meas(H (new 0))) ],

and then with probability i,

[101),]pg), 1], [[10),]pg),1], []|00),|pg),0], [[11),[pg),0].

Therefore, the boolean output of this function is 0 or 1 with equal probability.

Mixed Strategy

Finally, if we mix the two reduction strategies, the program can even reduce to an ill-formed term.
Namely, reducing by call-by-value until we reach the term

1
V2

and then changing to call-by-name, we obtain in one step the term

[

(10) + 1)), [p), (\z.plus = x)(meas p) |,

[ %um + 1)), p), plus(meas p) (meas p) |,

which is not a valid program since there are two occurrences of the quantum bit p.

Remark 6.2.2. In call-by-name, a measurement of the form meas M is carried over along (-
reductions. There is no possible way to “force” the measurement to happen. Therefore, one cannot
obtain the behavior of the reductions in ([EZIl) using a call-by-name procedure. However, it is
possible to simulate a call-by-name reduction in call-by-value by encapsulating terms in lambda-
abstractions. For example, to carry over the term meas M using a call-by-value reduction strategy,
one can write the term as A\y. meas M, with y a fresh variable.

Convention 6.2.3. Following Remark BEZ2 we consider the call-by-value reduction strategy in the
remainder of this chapter.
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6.2.3 Probabilistic Reduction Systems

In order to formalize the operational semantics of the quantum lambda calculus, we introduce the
notion of a probabilistic reduction system. Note that several notions of probabilistic rewrite systems
have been studied in the literature (see e.g. [Bournez and Hoyrug, 2003; [Sen_et. all, 2003). However,
these works study rewrite system in a very general setting. For the purpose of this work, where our
probabilistic reduction is quite simple, we define an abstract notion of probabilistic reduction only
to capture the notion of value and error state and not to study the system itself.

Definition 6.2.4. A probabilistic reduction system is a tuple (X,U, R, prob) where X is a set of
states, U C X is a subset of value states, R C (X \U) x X is a set of reductions, and prob : R — [0, 1]
is a probability function, where [0, 1] is the real unit interval. Moreover, we impose the following
conditions:

e Forany z € X, R, = {2’ | (z,2’) € R } is finite.

® > .icr, Prob(z,x') <1

We call prob the one-step reduction, and denote x —, y to be prob(z,y) = p. Let us extend prob to
the n-step reduction

0 ifex#y

bO(x,y) =
prob(z,y) {1 ife=y

b if
prob(z,y) = 4 7" (z,y) if (z,y) € R
0 else

prob" 1 (z,y) = Z prob(x, z)prob™ (z,y),
2€ER,

and the notation is extended to x — y to mean prob™ (z,y) = p.

Definition 6.2.5. We say that y is reachable in one step with non-zero probability from x, denoted
T —>0y when z —, y with p > 0. We say that y is reachable with non-zero probability from z,
denoted x —%y when there exists n > 0 such that z —7 y with p > 0.

Definition 6.2.6. We can then compute the probability to reach v € U from z: It is a function
from X x U to R defined by proby (z,u) = > ,°  prob™ (z,u). The total probability for reaching U
from x is

(o)
proby (z) = Z Z prob™ (z,u).
n=0uclU

On the other hand, there is also the probability to diverge from x, or never reaching anything. This
value is

prob (z) = lim Z prob™ (z,y).
n—oo Jex

We define the error probability of x to be the number
prob.,,.,.(x) =1 — proby (x) — prob . (x).
Lemma 6.2.7. For all x € X, prob; (x) + prob. (z) < 1. That is, 0 < prob,,..(x) < 1. O

Definition 6.2.8. In addition to the notion of reachability with non-zero probability, there is also
a weaker notion of reachability, given by R: We will say that y is reachable in one step from z,
written z ~ y, if xRy. By the properties of R, x —~¢ y implies z ~~ y. As usual, ~* denotes the
transitive reflexive closure of ~», and we say that y is reachable from x if x ~~* y.
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Definition 6.2.9. In a probabilistic reduction system, a state x is called an error-state if x ¢ U
and ),y prob(z,2’) < 1. An element z € X is consistent if there is no error-state e such that
T~ e.

Lemma 6.2.10. If x is consistent, then prob,,, . (z) = 0. O

Remark 6.2.11. We need the weaker notion of reachability x ~~ y, in addition to reachability with
non-zero probability x —~¢*y, because a null probability of getting a certain result is not an absolute
warranty of its impossibility. In the QRAM, suppose we have a qubit in state |0). Measuring it
cannot theoretically yield the value 1, but in practice, this might happen with small probability,
due to imprecision of the physical operations and decoherence. Therefore, when we prove subject
reduction (see Theorem 1), we will use the stronger notion. In short: a type-safe program should
not crash, even in the event of random QRAM errors.

Remark 6.2.12. The converse of Lemma E2ZI0is false. For instance, if X = {a,b}, U =0, a—1 a,
and a —q b, then b is an error state, and b is reachable from a, but only with probability zero. Hence
prob,,..(a) = 0, although a is inconsistent.

6.2.4 Reduction System

We define a probabilistic call-by-value reduction procedure for the quantum lambda calculus. Note
that, although the reduction itself is probabilistic, the choice of which redex to reduce at each step
is deterministic.

Definition 6.2.13. A wvalue is a term of the following form:
Value VW = x| Ae.M|0|1] meas | new |U | = | (V,W).

A quantum closure of the form [@, L, V] where V is a value is called a quantum value-state.

The reduction rules are shown in Table We write [@Q, L, M] —, [Q', L', M'] for a single-
step reduction of states which takes place with probability p. In the rule for reducing the term
Uxj,,...,xj,), U is an n-ary built-in unitary gate, ji,...,Jjn are pairwise distinct, and @’ is the
quantum state obtained from ) by applying this gate to qubits ji,...,j,. In the rule for measure-
ment, |Qo) and |@Q1) are normalized states of the form

Qo) =D aj|¢9) ®10) ® [v2), Q1) = Bile}) @ 1) @ [4)),
J J

where ¢]0, and <Z)} are i-qubit states (so that the measured qubit is the one pointed to by z;). In the
rule for new, @ is an n-qubit state, so that Q ® |i) is an (n 4 1)-qubit state.

Definition 6.2.14. We define a weaker relation ~». This relation models the transformations
that can happen in the presence of decoherence and imprecision of physical operations. We define
@, M] ~ [Q',M'] to be [Q, M] —, [Q’, M'], even when p = 0, plus the additional rule, if @ and @’
are vectors of equal dimensions: [@, M] ~ [Q’, M].

Lemma 6.2.15. Let X be the state of all quantum closures and U the set of quantum value-states,
Let prob be the function such that for z,y € X, prob(z,y) = p if t—,y and 0 else. Then (X,U, ~», —)
is a probabilistic reduction system. O

Remark 6.2.16. This probabilistic reduction system has error states, for example, the states
[Q, L, H(Ax.x)] or [Q, |xyz), U(x,x)]. Such error states correspond to run-time errors. In the next
section, we introduce a type system designed to rule out such error states.
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[Q,L,(Az. M)V | —=1[Q, L, M[V/x]] [Q,L,if0 then M else N | —1 [Q,L,N ]

[Q [LQ}\Z\]I rp [?CTZI’/’LN](/[]N' ] QR AL ke N 2l @8 A
s —p [

[Q,M]HP[Q/,L,M/] [Q’L’U<Ij1a"'>$jn>]_>1[leL’<xj17""xjn>]

[QaLaMV] [QI L MIV] [06|Q0> +ﬁ|Q1>7L7 meas xi]_>|a\2 [ |Q0>5L70]

Q. L, My P[Q LA [ 01Qo) + BI@1), L, meas ;] a2 [1@1), L,1]
[Q’L’ <M17M2>]_>;D[ <M15M2>]

[Q,L,Mz]Hp[Q' L, M ] [ Q1. zn)ynew 0] =1 [Q@0), [21 .. 1), T |
[QaLa <V17M2>]_’p[ <V1;M2>] [Qa |x1...xn>,new 1]—>1[Q®|1>,|x1...xn+1>,xn+1]
(@ L,P] =, [Q,L,P]

[Q,L,if Pthen M else N | —, [ Q',L,if P’' then M else N |
[Q,L,M]|—,[Q, L, M']
[Q,L,let (x1,22) =M in N ] —, [Q,L,let (x1,22) = M in N |

[Q,L,let (x1,22) = (V1,Va) in N | —1[Q, L, N[Vi /a1, Va/xa] ]

Table 6.1: Reductions rules of the quantum lambda calculus

6.3 Type System

We will now define a type system designed to eliminate all run-time errors arising from the reduction
system of the previous section, such as the ones shown in Remark E2ZT0

6.3.1 Types

In the lambda calculus we just defined, we need to be able to account for higher-order, products
(and unit), classical booleans and quantum booleans. Since we do not want to have specific term
construct for dealing with duplication and non-duplication, the information has to be encoded into
the type system. We use a type system inspired from linear logic. By default, a term of type A is
assumed to be non-duplicable, and duplicable terms are given the type !A instead.

Definition 6.3.1. Formally, we define the following type system for the lambda calculus of Sec-
tion 611 as follows:

qType A,B == bit| qbit |'A|(A—B)|T|(A® B).

The constant types bit and gbit stand respectively for the classical and the quantum booleans; the
type !A is for duplicable elements of type A; the type A —o B for functions from A to B; the type
A ® B for pairs of elements of types A and B; finally T stands for the type of the term .

We call the operator “!” the exponential.

Convention 6.3.2. We write I"A for IIl.. 1A, with n repetitions of |. We also use the notation
A®™ for the n-fold tensor product A®...@ A=(...(A® A)...® A).

The typing rules will ensure that any value of type !A is duplicable. However, there is no harm
in using it only once; thus, such a value should also have type A. We use a subtyping relation

(Breazn-Tannen et all, [1989; [Piercd, 2009) to capture this notion.
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Definition 6.3.3. We define a subtyping relation <: on types as follows, using the overall condition
on n and m that (m =0)V (n > 1):

o <o Y a0 e (T
A1 <: By Ay <: By

|n(A1 X Ag) <: !m(B1 ® Bg)

A<:A B<:B
"(A" — B) <:!"™(A — B’)

Lemma 6.3.4. (¢Type, <:) is reflexive and transitive. If we define an equivalence relation = by
A=DBiff A<:B and B <: A, (¢Type/=, <:) is a posel.

Proof. The proof uses the fact that (m = 0) V (n > 1) can be rewritten as (n = 0) = (m = 0)
(where = means “implies”). Then the result follows from the reflexivity and the transitivity of the
implication. O

Lemma 6.3.5. If A<:!B, then A =1A" for some type A’. Dually, if A is not of the form A’ and
if A<: B, then B is not of the form |B’.

Proof. By inspection of the cases. O

6.3.2 Typing Rules

In their definition in Section Bl we implicitly considered the terms to be typed in a Church-style
fashion. Considering terms this way is closer to the programmer approach: the types of the internal
subterms have to be figured out by the compiler.

Definition 6.3.6. A typing judgement is the given of a set A = {z1 : Ay,..., 2, : Ay} of typed
variables, of a term M and of a type B, written as A > M : B. We call the set A the typing contezt,
or simply the context.

Given two contexts A; and Ag, we write (A1, Ag) for the context consisting of the variables in
Ay and in Ay. When described in this form, it is assumed that [Aq| N [Aq| = 0.

A typing derivation is called wvalid if it can be inferred from the rules of Table We write A
for a context of the form {x; : 14y,...,z, : A, }. We use the notation |A| to represent the set of
(untyped) variables {x1,...,x,} contained in A. In the table, the symbol ¢ spans the set of term
constants {meas, new,U,0,1}. To each constant ¢ we associate a term A, as follows:

Ao, A1 = bit,  Apew = bit —o gbit, Ay = @bit®" —o qbit®",  Apmeas = gbit —o lbit.

Remark 6.3.7. The type !A. is understood as being the “most generic” one for ¢, as enforced by
the typing rule (azz). For example, we defined A,y to be bit —o gbit. Since new can take any type
B such that A, <: B, the term new can be typed with all the types in the poset:

o 1(1bit —o qbit) .
(bit —o gbit) _ — lbit —o gbit.
— bit —o qhit —

This implies, as expected, that no created quantum bit can have the type !qbit.

Remark 6.3.8. Note that the type system enforces the requirement that variables holding quantum
data cannot be freely duplicated; thus \z.(z,z) is not a valid term of type ¢bit —o ¢bit ® ¢bit. On
the other hand, we allow variables to be discarded freely.

Note also that due to rule (A2) the term Az.M is duplicable only if all the free variables of M
(other that «) are duplicable. This follows the call-by-value approach: since Az.M is a value, if it is
duplicated it will be duplicated as a syntactic string of symbols, thus duplicating every single free
variable of it (other than z).
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A<:B 1A. <: B
A:E:A|>:U:B(azl) ADC:B(GZQ)
TLIAD Pibit TolAM:A Fg,!ADN:A(,f)
T1,T2,!A > if P then M else N : A !
Fl,!ADMIA—OB Fg,!ADN:A( )

T1,05,!A> MN : B ap

If FV(M) N |T| = 0:
v: A A>M:B IN'Ajz:A> M : B
Ao Asp M T,IA D Az M : " (A - B)
AT o My "A ATy 0 My: 1Ay
!A,Fl,rg > <M1,M2> : !n(Al ®A2)
!A,Fl > M : !n(Al ®A2) !A,Fg, ])11!"141, xo:!"As > N : A
IAT1,Ty > let (x1,22) =M in N : A (

(A2)

®.1) T)

AD*:!”T(

®.E)

Table 6.2: Typing rules

Definition 6.3.9. A quantum closure | Q, L, M | is well-typed (or valid) of type A in the typing
context T', written T'EF [ Q, L, M ] : A, if

o |[LINI|T| =0,

e FV(M)\ || C |L], and

o ' xy:qbit,...,xp : qbit > M : A is a valid typing judgement, where
{21, o} = FV(M)\|T).

A well-typed quantum closure is closed if |I'| = ), and a closed well-typed quantum closure is also
called a program.

6.4 Properties of the Type System

We briefly state the properties of the type system that are similar to the properties of the simply-
typed lambda calculus of Section B4 For a full development, we refer the reader to (mﬁ

).

i

6.4.1 Safety Properties
Lemma 6.4.1. IfT'<:A and A<:B, and if A > M : A is a valid typing judgement, then T > B. [

Lemma 6.4.2. IfV is a value and if A >V : A is a valid typing judgement, where for allxz € FV (V)
then x is duplicable (i.e. there exists a type B such that {x : \B} C A), then A >V : 1A isvalid. O

Lemma 6.4.3 (Substitution). If V is a value, and if /A, Ty, 2: Ar> M : B and !A;To >V : A are
two valid typing judgements, then ATy, Ty > M[V/x] : B is valid. O



6.4. Properties of the Type System 63

Remark 6.4.4. Note that all the rules of affine intuitionistic logic (m, @) are derived rules
of our type system except for a general promotion rule: Indeed, although the typing judgement >
meas 0 : qbit is valid, the judgement > meas 0 : !gbit is not valid. However, as stated in Lemma G2

the promotion rule is true for values:
'A>V:A
IA>V 1A

This point will be further developed in Chapter B when we will look for a categorical model of the
language.

Theorem 6.4.5 (Subject reduction). Given a program [ Q,L, M | of type B such that there exists
[Q,L' M| with [Q,L,M ] ~*[Q',L',M"], then [ Q', L', M"] is a program of type B. O

Theorem 6.4.6 (Progress). Let [ Q,L, M | be a program of type B. Then | Q,L, M | is not in
an error state in the sense of Definition EZ4d. In particular, either it is a value, or there exists
some state [ Q', L', M" | such that [ Q,L,M ] —, [ Q',L',M"]. Moreover, the total probability of all
possible single-step reductions from [ Q, L, M ] is 1. O

6.4.2 Type Inference Algorithm

The fact that a well-typed term behaves well is a good property. However, it still remains to provide
a type for the term. For a large class of classical lambda calculus, such a task can be automated
using a type inference algorithm.

In these cases, the algorithm is built on the fact that each term admits a principal type, that
is, a most general type from which all the other types can be derived. For example, in simply typed
lambda calculus, the term M = Afx.fz admits a principal type of the form (X =Y) = (X =Y).
Here, X and Y are type variables, and any valid type can be written in this form, for some value of
X and Y.

The quantum lambda calculus we defined does not satisfy the principal type property. Indeed,
consider again the term M = Afx.fxz. Naively, a principal type would be (1) the most general and
(2) the smallest with respect to the subtyping relation. The most general type would have a structure
of the form (X —Y) — (X —Y). Since (X oY) —o!(X —Y)) and (X —YV) - (X —Y) are
not valid types for M, the valid types for the term M, ordered by the subtyping relation (from left
to right) are as follows:

(X —Y) (X oY) —— (X —Y)—(X —Y)

\\

(N X —Y)—o(X—Y)) ——= (X —Y)—(X—0Y).

=

(X —Y)—ol(X—0Y)) ——= (X —oY)—l(X—-Y)

Note that there is no smallest element.

It is however possible to find a type inference algorithm for the quantum lambda calculus.
Indeed, well-typed terms in the quantum lambda calculus are well-typed in a simply-typed version
of the language. That is to say, a valid typing derivation in the quantum lambda calculus is an
intuitionistic typing derivation indezed with “!”. Following this idea it is possible to extract a type
inference algorithm for the quantum lambda calculus. The algorithm proceeds by first finding the
most general intuitionistic type for the given term, and then placing “!” whenever it is necessary.
We refer the reader to (M, M) for the full discussion.
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6.5 Examples of Algorithms

It turns out that some quantum algorithms can be efficiently understood as elements of higher-order
types. We give in this section the implementation of two non-trivial quantum algorithm, the Deutsch
algorithm and the teleportation procedure.

The latter one is of particular interest, since the usual formulation (see Section BZ) is com-
pletely sequential.

6.5.1 The Deutsch Algorithm

The simplest example to interpret in a higher-order setting is the Deutsch algorithm. We refer the
reader to Section for its definition. It can be implemented in the quantum lambda calculus in
the following way:

let Deutsch Uy =

let tens [ g = Nz, y).(fz,gy) in
let (x,y) = (tens H (Az.2))(Uys(H (new 0), H(new 1))) in

meas x,

using the notations of Convention T4 Note that Uy is a variable that stands for a function from a
two-qubit state to a two-qubit state. And indeed the function Deutsch is a higher-order function:

> Deutsch:!((gbit @ gbit —o gbit ® qbit) —o bit)

is a well-typed typing judgment. Note that Deutsch is duplicable, and that Uy does not need to
be duplicable, since it is used only once.

Also note that ideally, instead of Uy the algorithm takes the Boolean function f. Although one
can write the type of the function U_ : f — Uy as

(bit —o bit) —o (qbit ® qbit —o gbit ® gbit),

this function is not representable in the quantum lambda calculus.

6.5.2 The Teleportation Procedure

Consider the teleportation algorithm as it is described in Section B2l We can embed each quantum
circuit part of the procedure in a function. There is a function EPR : (T —o (¢bit ® gbit)) that
creates an entangled state, as in the step (1):

EPR = \x.CNOT (H (new 0), new 0).

There is a function BellMeasure : !(gbit —o (gbit —o bit ® bit)) that takes two qubits, rotates and
measures them, as in step (2):

BellMeasure = \g2.Aq1.(let (x,y) = CNOT{q1,q2) in (meas(Hx), measy)

We also can define a function U : (gbit —o (bit ® bit —o qbit)) that takes a qubit ¢ and two bits z,y
and returns Us,yg, as in step (3):

U = Mg\ (x,y).if « then (if y then Uy1q else Uioq)
else (if y then Upiq else Upoq),
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where the operators Uy, are defined as in Section B2l The teleportation procedure can be seen as
the creation of two non-duplicable functions f and g

f i qbit —o bit ® bit,
g : bit ® bit —o qbit,

such that (g o f)(x) = x for an arbitrary qubit z. We can construct such a pair of functions by the
following code:
let (z,y) = EPR % in
let f = BellMeasure z in
let g=Uy
in (f.9).

Note that, since f and g depend on the state of the qubits x and y, respectively, these functions
cannot be duplicated, which is reflected in the fact that the types of f and g do not contain a
top-level “1”.

The Dense Coding Procedure

Note that the two functions f and g defined in the previous section also satisfy a dual property,
namely that (f o g){x,y) = (x,y) for an arbitrary pair of classical bits. It turns out that this is
precisely the higher-order description of the dense coding protocol of Section B2

The pair of functions (f,g) creates an isomorphism between g¢bit and bit @ bit. This is not
in contradiction with the non-duplicability of quantum information since the functions are non-
duplicable: one can use the function g only once to “retrieve” the quantum bit encoded into two
classical booleans.

Tensor and Space-Like Separation

These two protocols have in common the fact that two parts of the algorithm take place in two
different places. This space-like separation is modeled in the type system by the tensor product.
It is interesting to note that an interpretation of these two complex protocols can be efficiently
interpreted as one single higher-order term.

6.5.3 Type Derivation of the Teleportation Protocol

To illustrate the linear type system from Section E232 we give a complete derivation of the type of the
quantum teleportation term. The notation (L.z.y.z) means that Lemma.xz.y.z is used. Computing
some subtypes:

1 s "o <@«

2 ap mp <

3 —,1,2 F(a—™mB) <: ("o —o )
4 (LE3ZA) A< A

5 D4 1A <: A

Computing the type of EPR:

6  const,3 > new : bit —o gbit
7  const,b > 0:bit
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8

9

10
11
12
13
14

app, 6,7
const, 3
app, 9,8
® .1,10,9
const, 3
app, 12,11
Ao, 13

> new 0:qbit

> H:qbit —o qbit

> H(new 0):qbit

> (H(new0), new 0) : gbit @ qbit

T > CNOT:(gbit ® gbit) —o (gbit ® gbit)

x:T > CNOT(H (new0), new 0): gbit @ gbit

> Az.CNOT (H (new 0), new 0):!(T —o (gbit @ gbit))

Computing the type of BellMeasure:

15
16
17
18
19
20
21
22
23
24
25
26
27

28

29

var, 1
const, 3
app, 16,15
var, 1
app, 9,18
app, 16,19
var, 1

var, 1

® .1,21,22
const, 3
app, 24,23
® .1,20,17
® .F, 25,26

A1, 27

Ao, 28

Computing the type of U:

30
31
32
33
34
35
36

37

38

var, 1

const, 3
app, 30, 31
var, 1

var, 1

if ,33,32,32
if,34,35,35

A1, 36

A2, 37

y:qbit > y:qbit
> meas :qbit —o bit
y:qbit > measy:bit
x:qbit > x:qbit
x:qbit > Hx:qgbit
x:qbit > meas(Hx):bit
q1:qbit > q1:qbit
q2:qbit > qo:qbit
q2:qbit, q1:qbit > (g1, q2):qbit @ gbit
> CNOT:(gbit @ qbit) —o (gbit @ gbit)
q2:qbit, q1:qbit > CNOT{q1, q2):qbit @ qbit
x:qbit, y:qbit > (meas(Hzx), meas y):bit @ bit
q2:qbit, q1:qbit > let (x,y) = CNOT{q1, q2)
in{meas(Hzx), meas y):bit @ bit
q2:qbit > Aqi.(let (z,y) = CNOT(q1,q2)
in (meas(Hzx), meas y)):qbit —o bit ® bit
> Ag2.Aq1-(let (z,y) = CNOT{q1,q2)
in (meas(Hzx), meas y)):!(gbit —o (gbit —o bit @ bit))

q:qbit > q:qbit

> Ujj:qbit —o gbit

q:qbit > U;;q:qbit

y:bit > y:lbit

x:bit > x:1bit

q:qbit,y:bit > if y then U;yq else Ujpq: gbit

q:qbit, x:bit, y:bit > if « then (if y then Uy1q else Uioq)

else (if y then Up1q else Upoq): qbit

q:qbit > Na, y).if © then (if y then U11q else Uioq)
else (if y then Up1q else Uyoq):bit @ bit —o gbit

> Ag.\(x,y).if « then (if y then Uy1q else Uioq)
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else (if y then Up1q else Ugoq):!(gbit —o (bit @ bit —o qbit))

Finally, computing the type of the pair (f, g):

39
40
41
42
43
44
45
46
47
48
49
50

51

52

53

-
(LEZD), 14,5
app, 40, 39
(LEZ2), 29,5
var, 1

app, 42,43
var, 1
(LEBEZD), 38,5
app, 46,45
var, 1

var, 1
®,48,49

let, 47, 50
let, 44, 51

let, 41,52

> |

> EPR:T —o (gbit ® gbit)

> EPRx:¢bit ® qbit

> BellMeasure: gbit —o (gbit —o bit ® bit)

x:qbit > x:qbit

x:gbit > BellMeasure x:gbit —o bit ® bit

y:qbit > y:qbit

> U:gbit — (bit @ bit —o qbit)

y:qbit > U y:bit ® bit —o qbit

F1qbit —o bit @ bit > f:qbit —o bit ® bit

g:bit @ bit —o gbit > ¢:bit ® bit —o gbit

g:bit ® bit —o qbit, f:qbit —o bit @ bit > (f, g):
(qbit —o bit @ bit) @ (bit @ bit —o gbit)

f:gbit —o bit ® bit,y:qbit > letg = U y in (f, g):

(gbit —o bit © bit) © (bit © bit —o gbit)

x:qbit, y:qbit > let f = BellMeasure x in letg = U y

in (f,g)):(gbit —o bit @ bit) ® (bit @ bit —o gbit)

> let{x,y) = EPRx in let f = BellMeasure x
inletg=U yin (f,g))):
(ghit — bit ® bit) @ (bit @ bit —o qbit)

6.5.4 Reduction of the Teleportation Term

As an illustration of the reduction rules of the quantum lambda calculus we show the detailed
reduction of the term from the teleportation example from Section The reduction of the
teleportation term corresponds to the equality g o f = id. We use the following abbreviations:

My, = let f =BellMeasure p in let g =U p’ in g(f po)
B,, = Aq.(let (p,p') = CNOT(q1,p1) in (meas(Hp), measp’))
Up, = Ma,y). (if x then (if y then Upipz else Uygpa)

else (if y then Upips else Ugop2))

The reduction of the term is then as follows:

al0) + (1),

let {p,p’) = EPRx
let f = BellMeasure p
inlet g=U p/
in g(f po)

—1 [@]0) + B|1), let (p,p") = CNOT(H (new0), new 0) in M, ]
—1 [(|0) + B[1)) ® |0), let (p,p") = CNOT(Hp1, new 0) in M, /]
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—1 |(al0) +6[1) ®

%\

—1 | (a]0) +8]1)) ®

%\

—1 | (a]0) +8]1)) ®

—1 | (al0) + 5[1)) @ —=(100) + [11)),

S sl

—17 | (20) + 5[1)) ©

(|00> +11),U

%\

—1 |(al0) +6[1) ®

[ 1 < «|000) + a|011
V2 +/3]110) 4+ 5]101
[ 1 < «|000) + «|011
2 \+8]110) + 101
i «|000) + «[011)

= (100) + 1), 7,

NN

)

> , Up, (meas(Hpy), meas pﬂ}

(|0) + 1)), let (p,p") = CNOT (p1, new0) in Mp,p’]
7=(10) + 1)) ©10), ket (p,1f) = CNOT {p. ) i M,,,,}

1(00) + [11),fe (9,3') = (b, p2) M}

i let g=U po

let f = BellMeasure p; ]
in g(f po)

(Bplpo)]
(i ]
let {p,p') = (po, 1) |
in (meas(Hp), meas p’) )]

, Up, (0, meas p1)

. Up, (1, meas p1)

_ 1| +al100) +a111) Uy, {meas py, meas p1)
L1 | +pl010) + ploot) | 7r Po,meas
I —3|110) — B[101)
o[ «|000) + «|011)
V2 \ +4[010) + 8J001)
L a|100) + «|111)
5 | V2 —p[110) - B[101)
2 Oé|000>+ﬁ|001> aUP2<070>
§ a|011) + 3(010)) , Uy, (0,1)
% a|100) — B[101)) , Up, (1,0)
1/2 (a|111> 6|110>) aUP2<17 1>
—1 [ (a|000) + B[001)),p2 |= []|
—1 [ (a]010) + B|011)),p2 |= |
—1 [ (a[100) + B|101)),p2 |= |
—1 [ (al110) + B[111)),p2 |=  []|

—1 (a|000> + ﬁ|001)) , Ugop2
—1* [(a]011) 4 £]010)) , Up1p2
—>1* (Oz|100> - ﬂ|101>) ,Ulopg
—1* (04|111> - 5|110>) , Ut1p2

00) ® («|0) + B[1)),p2 |

01) ® («|0) + BI1)),p2 ]

10) ® («|0) + 5]1)), p2 |

11) ® (a]0) + B[1)), p2 |

6.5.5 Reduction of the Superdense Coding Term

As another example of the reduction rules, we give the reduction of the superdense coding example
from Section B2 This reduction shows the equality f o g = id. Of the four possible cases, we

only give one case, namely (f o
abbreviations as above.

9)(0,1) =

let {p,p’) = EPRx
let f = BellMeasure p
in let g=U p/
in f(g(0,1))

2

(0,1); the remaining cases are similar. We use the same
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let f = BellMeasure pg
—" (|OO> +11)), inlet g=U py
in f(g{0,1))

. (|00>+|11>) (Up1<0,1>>]

Sl

-5l

| S (l00) + |11>>,Bpo<Ump1>]

S-Sl

- :7<|01> +110), B
—1 :%(|01> +[10)), let {p,p") = CNOT (p1,po) in {meas(Hp), measp’)}
—1 :7(|11> +[10)), let {p,p") = (p1,po) in (meas(Hp), measp'ﬁ
— 7(|11> +110)), (meas(Hp1), measp0>]
—1 [|10), (meas p1, meas po)]
—1"[[10), (0, 1)}

6.6 Towards a Denotational Semantics

In this chapter, we described a lambda calculus for dealing with quantum information. Given a
typing judgement
x:A> M: B,

we can now give an operational description of the behavior of the term M.

Another approach for understanding the language is to understand this expression as the syn-
tactic representation of a function from some space A to some space B. A denotational semantics
is the description of a theory of mathematically structured spaces, where types are interpreted as
spaces and typing judgements as structure-preserving maps between these spaces.

The difficulty in the case of the quantum lambda calculus is two-fold:

1. We need to account for probabilistic and quantum effects,
2. while keeping track of duplicable and non-duplicable data.

The remainder of this thesis is devoted to the study of these problems.



Chapter 7

The Linear Fragment

In this chapter, we restrict the quantum lambda calculus to the purely linear case, namely the
fragment of the language where each value, classical and quantum, must be used exactly once.
The linear quantum lambda calculus differs from its nonlinear cousin in that it is less sensitive to
the evaluation order of terms. We give a denotational semantics for this language in a category
of completely positive maps, and we show that it is fully abstract with respect to the operational
semantics.

The plan of the chapter is as follows. First we briefly describe the language and the type system.
Then we develop for it an operational semantics similar to the one developed in Section 24 and we
define a notion of axiomatic equivalence of terms. Finally we build a denotational semantics for the
language, and we show the soundness of the axiomatic equivalence with respect to the operational
semantics, as well as the full abstraction of the denotational semantics. An extended abstract of the

results presented in this chapter has been published in [Selinger and Valiron (|2Q0_6H)

7.1 A Linear Lambda Calculus for Quantum Computation

In Chapter B, we defined a lambda calculus for quantum computation with classical control. This
language was defined in a Curry-style manner. Although this makes sense from the point of view of
the programmer, this typing paradigm is harder to tackle for the semantics. Indeed, we shall define
the interpretation of a valid typing judgement by induction on its typing derivation. A one-to-one
correspondence between typing judgements and typing derivation is therefore required.

We begin by re-adapting the definitions and results from Chapter @ to the requirements of this
study.

Definition 7.1.1. The linear quantum lambda calculus has the following (explicitly typed) terms:

Types A, B n=bit | gbit | A— B | T | A® B,

Term M,N,P =z | MN | \e*.M | (M,N) | let (z*,y®)=Min N |
if M then N else P| 0| 1| new | meas | U |
let x=MinN || Q% ..

Ty ey p
2 is a non-terminating term and let x = M in N is used to match O-tuples. The remaining terms
are as in Definition BTl We identify terms up to a-equivalence. The set of free variables of a term
M is written F'V(M). In the following, we often write ¢ for an arbitrary constant of the language,
ie., 0, 1, meas, new, U, or *.

70
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I:ADIA:A(MI) >c: A (az2) D*:T(T'I)
e P:bit To>M:A I‘2|>N:A(,f)
T1, T2 if P then M else N : A t
Ii>M:A—-B Ty>N:A Ax:A>M:B
B (app) A - ()
I'y,’'s>MN:B A> X zd.M:A—-B
Ty M Ay Tor My Ay
®.1 o
F1,F2><M17M2>1A1®A2( ) D*:T(T'I) ADQﬁ:A()
T M:A Ay, T A A N:A
1> 1® Ag 2, T1:A1, T2:Az D> (®.E)

I, Tolet (xq,20) =M in N: A
i M:T Ih>N:A
Fl,nglet*:MinN:A (TE)

Table 7.1: Typing rules for the linear quantum lambda calculus

We use the same shortcuts as in Conventions and B3 Also, as we did in the previous
chapter, to each term constant ¢, we associate a fixed type A., namely

meas : qbit —o bit, 0,1 : bit, new : bit —o gbit, U : qbit®" —o qbit®".

The only difference is the suppression of the type constructor “!”, and therefore of subtyping.

As before, a typing context A is a set of typed variables, written as A = {x1: Ay,..., 2, : Ay}
A typing judgement is an expression A > M : A, where A is a list of distinct typed variables called
a typing context, M is a term, and A is a type. We say that a typing judgement is valid if it follows
from the typing rules given in Table Il In this table, if A = {1 : A1,..., 2, : A, } we write Q4 in
place of QfAl pAn
Remark 7.1.2. Note that, unlike the language of the previous chapter, there is no type constructor
IA. Also note that we added the term construct let * = M in N. Operationally, if we understand a
“command” as a function that outputs the unit term x*, this term is used for being able to “use” a
command in a program. Semantically, it is simply the destructor associated to T.

Definition 7.1.3. Given a term M, we define the set of its free variables using the same definition
as in Definition B3, modulo the indexing on the term. We extend the definition of F'V to the
terms €2 and let x = M in N as follows:

FV(fol ) = a1, FV(let =M in N) = FV(M)UFV(N).

Lemma 7.1.4. Suppose that A > M : A is a valid typing judgement. Then the set of free variables
FV (M) is equal to |Al.

Proof. Consider a typing derivation m of A > M : A. We prove the result by induction on 7.
(az1). The derivation is of the form z: Az : A, and FV(z) = {z}.

0.

0.

(az3). The derivation is of the form > ¢: A, and FV (c)

(®.I). The derivation is of the form > *: T, and FV (x)
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(if ). The derivation is of the form A, T > if P then N else Ny : A, where
Ap> P:bit, A>Ni:A Ap> Ny: A
By induction hypothesis, FV(P) = |A|, FV(N;) = |T'| and FV(Nz) = |I'|. Therefore,

FV(if P then Ny else Ny) = FV(P)U FV(N1) U FV(Ns) = |A|U|T] = |A, L.

(©). The derivation is of the form A > Q4 : A, and FV(Q41) = |A]|.

(M\). The derivation is of the form A > Ax.N : A — B, where Az : A > N : B. By induction,
FV(N) =|A,z: A|, which is |A|U {z}. Thus FV(Ax.N) = |A|.

(app). The derivation is of the form I't,T's > N1No : A, where I'; > N7 : A and Ay > Ny : A. By
induction hypothesis, FV(Ny) = |I'1| and FV(N3) = |T'2|. Therefore, FV(N1N3) = FV(Ny) U
FV(Ny) = |T'y, Tyl

(®.I). The derivation is of the form I';, Ty > (N1, Na) : B® ¢, where I’y > Ny : C and Ay > Ny ¢
D. By induction hypothesis, FV(N;) = |T'y| and FV(N3) = |I's|. Therefore, FV (N7, No) =
FV(N1)UFV(Ny) = |I'q, Dyl

(T.E). The derivation is of the form I'y,T's > let x = Nyin No : A, where I'1 > Ny : A and
Ay > Ny : A. By induction hypothesis, FV(N;) = |I'y| and FV(N32) = |I's]. Therefore,
FV(let * = N1 m NQ) = FV(Nl) @] FV(NQ) = |F1,F2|.

(®.E). The derivation is of the form T'y, Ty > let (2B, y%) = Ny in Ny : A, where I'; > N : A and
Ag,z: B,y:C 1> Ny: A By induction hypothesis, FV(N1) = |T'1]| and FV(N3) = |T'2,z: B,y :
C|. Therefore, F'V (let (xB,y) = Ny in No) = FV(Ny) U (FV(N2) \ {z,y}) = [T'1,Ta|. O

Lemma 7.1.5. Consider a valid typing judgement A > M : A. Then the type A is completely
determined by A and M, and there exists only one derivation for the typing judgement.

Proof. The proof is done by induction on the size of the term M, using Lemma [LTZ and noticing
that for every term construct only one possible typing rule does apply. O

Definition 7.1.6. Let I' > N : A be a valid typing judgement, let M be a term such that FV(M)N
IT'| = 0, and let x be a term variable. We define the substitution of x in M by N, written M[N/x],
as we did it in Definition B4 (modulo the type indexation). We extend this definition to the two
term constructs QX and let x = M in N as follows. If A = (A’,x : B) for some type B, we define
QX . pIN/x] as the term QF, . If 2 ¢ |Al, the substitution QX [N/z] is simply equal to Q. Finally,
the rule for the last construct is (let * = My in Ms)[N/x] = (let x = M1[N/x] in M3[N/x]). Note
that we only make use of the typing context of N in the rule concerning €.

Lemma 7.1.7. In the context of Definition [T.1.0, suppose that the variable x does not belong to
FV(M). Then M[N/xz| = M.

Proof. The proof is done by induction on M.
M =y. Then y # z, and for all N, y[N/z] = y.
M = c and M = *. In both cases, M[N/xz] = N by definition.

M = Qf. By definition, F'V (M) = |A|. Since = does not belong to F'V (M), it does neither belong
to |A|. Therefore, from the definition of the substitution, QS [N/z] = Q.
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M = \y.P. If y =2z, then « ¢ FV(\y.P) and by definition (\y.P)[N/z] = Ay.P. If y # x, for x not
being a free variable of M one needs x not to be a free variable of P. In which case induction
hypothesis applies: P[N/z] = P. Therefore, M[N/x] = N.

M = P P,. Since FV(P1Py) = FV(P1)U FV(P,), if ¢ ¢ FV(M), x is neither in FV(P;) nor in
FV(P,). Since (PiP2)[N/xz] = (Pi[N/z])(P2[N/x]), by induction hypothesis this means that
(Png)[N/x] = P1P2.

M = if P, then Ps else Ps. Since FV (if Py then P else P3) = FV(P) U FV(P,) U FV(Ps), if © ¢
FV (M),  is neither in FV(Py) nor in FV (P,) nor in FV(Ps). Since (if Py then Pyelse P3)[N/x] =
if Pi[N/z] then Py[N/x] else Ps[N/z]), by induction hypothesis this means that (if Py then P else
P3)[N/z] = (if Py then Ps else Ps).

M = (let x = Py in P3). Since FV (let x = Py in Py) = FV(P1)UFV (P2),if x & FV (M), x is neither
in FV(Py) nor in FV(P,). Since

(let x = Py in Py)[N/x] = (let x = Py[N/x] in Po[N/x]),
by induction hypothesis this means that (let * = Py in P2)[N/z] = (let x = Py in Ps).

M = (P, Py). Since FV((Py, P)) = FV(P1)UFV(PR), it x ¢ FV (M), x is neither in FV(P;) nor
in FV(P,). Since ((Py1, P2))[N/z] = (P1[N/z], P.[N/z])), by induction hypothesis this means
that <P1,P2>[N/I] = <P1,P2>.

M = (let (y©,2P) = Py in P;). Since
FV(let (y©,2P) = Prin Py) = FV(P) U (FV (P)\ {y, 2}),

ifx ¢ FV (M), x is neither in FV(P;) nor in FV(P;)\{y, z}. By induction hypothesis P, [N/x] =

Pj. There are two cases:

Ifx =y orx =z Then (let (y©,2P) = P in P,)[N/x] = (let (y©,2P) = Pi[N/z] in P), and
we have the result.

If x #y and x # z. Then since z is not in FV(P,) \ {y, 2}, it is not in FV(Pz). By induction
hypothesis P,[N/x] = P,. Since (let (y©,2P) = Py in P2)[N/x] = (let (y©,2P) = Py[N/x] in
Py[N/z]), we have the result. O

Lemma 7.1.8 (Substitution). Suppose that A,z : At> M : B and T' > N : A are two valid typing
Judgements such that |A|N|T| =0. Then A,T > M[N/z]: B is a valid typing judgement.

Proof. We prove the result by induction on the size of M.

Case M = y. The typing rule for obtaining A,z : A> M : B is (az1). Thatis A = B, x = y and
A is empty. Thus A, T' > M[N/z] : B becomes I' > N : A, which is valid by hypothesis.

Case M = c. The typing rule for obtaining A,z : A > M : B is (aza). Thus A,z : A> c¢: B is
valid if (A, x : A) is empty, and it is not. This case is therefore not to be considered.

Case M = QF,. The typing rule for obtaining A,z : A > M : Bis (). Thus A’ = (A, z : A). Since
QEJ:A[N/:C] = QE’F, the result is obtained by applying back the typing rule (£2).

Case M = \y®.P. The typing rule for obtaining A,z : A > M : Bis (\). Thus B = C — D and
A,x:Ajy:C > P:D. A corollary is that y # x, thus that M[N/z] = \y“.(P[N/x]).

By induction hypothesis, A,T',y : C > P[N/x] : D is valid. Applying rule (), we get A, T >
My©.(P[N/x]) : C —o D, which is the desired result.
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Case M = if P then Ni else No. The only possible typing rule for obtaining A,z : A > M : B is
(if ). Then (A, z : A) splits into (A1, As), where

Albpibit, AQDNliB, As > Ny : B.
Note that the contexts A; and Ay do not intersect. There are two possible cases:

x € |Aq]. In this case Ag = (A}],z : A). We are in the setting of the lemma: by induction
hypothesis, A}, T > P[V/x] : bit.
From Lemma [LTA FV(Ny1) = |Az| and FV(N2) = |Az|. Therefore x is neither in FV (Ny)
nor in FV(Ns). From Lemma [T M[N/xz] = (if P[V/x] then N; else N3).
Thus, applying (if ), we get that A, T' > if P[V/x] then Ny else Ny : B is valid.

x € |Az|. In this case Ay = (A,x : A). We are in the setting of the lemma: by induction
hypothesis, A, T' > N1[V/z] : B and A, T' > No[V/z] : B
From Lemma [LTA FV(P) = |Ay]. Therefore x is not in FV(P). From Lemma [T
M[N/x] = (if P then N1|[N/z] else N3[N/z]).
Thus, applying (if), we get that A, T > if P then N1[N/z| else No[N/x] : B is valid.

Cases M = N1Nay, (N1, N2) and (let x = Ny in Na). In each case the term M can be written in the
form f(N1, N2), and there is only one possible typing rule for obtaining A,z : A > M : B, namely
respectively (app), (®.I) and (T.E). Then (A,z : A) splits into (Aq, Ag), where Ay > Ny : Cy
and As > Ny : Oy, for some types C; and Cy depending on the rule used:

If the rule used is. .. | f(N7, No) is. .. | Cq is. .. | Cy is. .. | and B is. ..
(app) N1 N5 C—D | C D

(®.1) (N1, No) C D C®D
(T.E) let x=Nyin Ny | T C C

Note that for ¢ = 1,2, the contexts A; and I" do not intersect. There are two possible cases:
x € |Aq], or & € |As]. Since they are symmetric by exchanging the role of the indices 1 and 2,
we only prove one of them.

Suppose that € |Aq] In this case A; = (A],z : A). We are in the setting of the lemma: by
induction hypothesis, A, T' > Ni[V/z] : C;. From Lemma [LTA FV (N32) = |As|. Therefore x
is not in FV(N3). From Lemma [T M[N/xz] = f(N1[N/z|, N2).

Applying back the typing rule used, the judgement A, T > f(N1[N/z], N2) : B is valid.

Case M = (let (y©,2P) = Ny in N3). This case is similar to the previous ones: There is only one
possible typing rule for obtaining A,z : A > M : B, namely (®.F). Then (A, x : A) splits into
(A1, Ag), where Ay > Ny : C® D and Ag,y: Cyy: D> No: B.

Note that for ¢ = 1,2, the contexts A; and I" do not intersect. There are two possible cases:
xr e |A1|, or x € |A2|

x € |A1]. In this case Ay = (A}, : A). We are in the setting of the lemma: by induction
hypothesis, A},T" > Ni[V/x] : C ® D. From Lemma [T FV(N2) = |Ag,y : C,z : D].
Therefore x is not in F'V(Nz). From LemmalZT0 M[N/z] = (let (y©, 2P) = Ni[N/z]in N3).
Applying back the typing rule (®.E), the judgement A, T > let (y©, 2P) = Ni[N/x]in Ny : B
is valid.
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x € |Ag|. Since (Aq,y : C,y : D) is a typing context, x is different from y and z: We have
then Ay = (A}, z : A). We are in the setting of the lemma, and by induction hypothesis,
AL T y:C,z: D> No[V/zx]: B.

From Lemma [T FV(N;) = |Ay|. Therefore z is not in FV(N;y). From Lemma [T
M[N/z] = (let (y©,2P) = Ny in N3[N/x]).

Applying back the typing rule (®.E), the judgement A, T > let (y©, 2P) = Nyin N3[N/z] : B
is valid. 0

Remark 7.1.9. Note that, in the non-linear case, the Substitution Lemma only holds when N =V
is a value. However, in the linear calculus considered here, it holds for general N.

7.2 Operational Semantics

We develop in this section an operational semantics similar to the one given in Section B2 and
prove some of its properties.

7.2.1 Small Step Semantics

We adopt the definitions of quantum closures and programs from Section 2] to the linear case.

Definition 7.2.1. A quantum closure is a triple [ @, L, M | where @ is a normalized vector in
®"_,C?, for some n > 0, L is a bijective function from a set |L| of term variables to {0,...,n — 1},
and M is a term. As before, Q) is called a quantum array, and L is called a linking function. Note
that the only difference from Definition 271 lies in the fact that L is a bijective function. We use
the notations of Definition B2l and consider quantum closure up to a-equivalence. Finally, we use
the notion of well-typed quantum closure and program of Definition B39

Definition 7.2.2. We define the call-by-value reduction strategy on program by structural induc-
tion. For this purpose we need the notion of a value. As in Definition EZ2ZT3 we define a value term
to be of the form

VW = xlc| x| e M| (V,W).

A walue program is a program of the form [Q, L, V], where V is a value term. We set the rules to be
the “classical” ones found in Table [C2 plus the following “quantum” rules. In the first two rules,
decompose @ into

Q=Y o;[¥)) @0y @ [¥9) + > Bilv}) @ [1) @ i),
J J
where [¢9), |[1]) € 2 and 49),[)}) € C2" are basis vectors. Then, if

a:Z|aj|27 6:Z|ﬂj|2a
J J

[Q. a1 xp),meas @i ] =5 [ 05 [09) @ [W9), o1 - &i1@ipr -~ 20), 0],

[Q, |21 2p), meas x; ] HZM [ZJ |1/)]1> ® |l/~1j1>a |z1 - Tima@ig1 @), 1]
In the second set of rules, if w is a fresh term variable not yet in use:

[Qa |x1"'$n>anew O]_>71LO [Q®|O),|x1---xnw>,w],



7.2. Operational Semantics 76

[Q L,Q] =7 [Q,L,Q] [Q.L, (2. M)V | =7 [ Q, L, M[V/a] |
[Q,L,let (27,y%) = (V,W) in N | =T [Q, L, N[V/x, W/y] |
[Q,L,let x=%inN]—] [Q,L,N]
Q,L,ifOthenMelseN]Hl" [Q,L,N ]
Q,L,if1l thenMelseN]Hifl [Q,L,M]

[
[
K
P
K
p
.k
P
.k
p

[Q,L,N]—;[Q,L',N"] [Q, L, M]—;[Q L', M]

[Q,L,MN]|—5[Q,L',MN"] [Q, L, MV | =5 [Q,L',M'V]

[Q, L, M, | -5 [Q, L/, My ] [Q, L, My | =5 [Q', L', My ]

(@, L, (My, Ma) | =5 [Q', L', (My, Ma) | [@Q, L, (Vi,Ma) | =5 [ Q' L', (V1, My) |
[Q,L,P]—-;[Q, L, P']
[Q, L,if P then M else N | —5 [ Q', L', if P’ then M else N |

[(Q L, M]—;[Q L', M']

[Q, L, let (x1,22) = M in N | -5 [Q', L', let (x1,22) = M"in N |
[(QL,M]—;[Q L', M']

[Q,L,let x=Min N]—5[Q', L' let x=M"in N ]

Table 7.2: Reduction rules for the linear quantum lambda calculus

[Q,]z1 xp),new 1] =1 [Q® 1), |21+ zpw),w .

Finally, if Q' is the result of applying U to the quantum bits L(z1),..., L(z,) in @:

[Q,L,U{x1,...,2,)] —>§J [Q,L,(z1,...,2,) ]
Note that each reduction rule is named, and has a probability associated to it.

Remark 7.2.3. Note that since we want a linear language, we modified the measurement rule from
the rule in Definition EZZT3 by deleting the quantum bit measured from the quantum array. The
two other differences from Table B0l are the (classical) rules concerning € and let * = M in N. The
former was defined to be a non-terminating term: it remains unchanged along the reduction. The
latter matches O-tuples. The rule follows the fact that the only O-tuple is *.

Definition 7.2.4. A program [ Q, L, M | reducing with the w-rule is called a fized point.

Lemma 7.2.5. Suppose that P is a value program. Then it does not reduce. Now suppose that P
is a fized point. Then the only possible programs P’ such that P -5 P’ are fized points.

Proof. For the former, proof by case distinction. For the latter, proof by induction on the reduction
P —* P’ O

Lemma 7.2.6. Suppose that V is a value such that x1 : qbit,... xy, : gbit >V : A— B. Then V is
either of the form A\x.N or it is one of the three term constants new, meas and U. If V is of type
A ® B, then it is of the form (V1,Va2). If it is of type bit, it is either 0 or 1. Finally, if it is of type
qbit, it is a term variable.

Proof. The proof for the type A — B is done by case distinction: V' cannot be a variable x; since
qbit is not of the form A —o B, it cannot be * and it cannot be of the form (V4,V2). Therefore it is
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either a lambda-abstraction or a term constant. The only term constants with the right types are
the one offered in the lemma. The proof for the type A ® B is done similarly. The proofs for the
last two cases are done by case distinction. O

7.2.2 Safety Properties

Theorem 7.2.7 (Subject reduction). If P is a program of type A such that P —, P', then P’ is
also a program of type A.

Proof. We prove the result by induction on the derivation of the relation P—,P". f P=[Q,L, M ],
we suppose that FV (M) = {x1,...,x,} C |L|.

Case (—>f) The only possible typing rule yielding x1 : gbit, ..., z, : gbit > (AxB.M)V : A is (app).
It means that there exists A and T" such that (A,T) = (1 : ¢bit,...,x, : gbit) and such that
A> (AB.M):B—-Aand ' > P: B are valid. The former can only be originated from typing
rule (A). It means that A,z : B > M : A is valid. From Lemma TR AT > M[V/z] : B is
valid. Therefore, [ Q,|z1...2,), M[V/x] ] is a program of type A.

Case (—%). The only possible typing rule for getting z; : gbit,...,z, : gbit > let (2B,y°) =
(V,W)in M : Ais (®.FE). It means that there exists A and I' such that (A, T") = (x; :
gbit, ..., x, : gbit) and such that ' > (VW) : B C and A,z : B,y : C > M : A are valid. The
former can only be originated from typing rule (®). Thus I' = (T'y,I'3) with T'y > V : B and
I'o>W:C.

From Lemma [LTR A,z : B,Ts > M[W/y] : A is valid. From Lemma [LTH A, T1,T2 >
M[W/y][V/x] : A is valid. Therefore the typing judgement A, T' > M[V/x, W/y] : A is valid and
the quantum context [ Q, |1 ... 2n), M[V/x,W/y] ] is a program of type A.

Case (—{ ). The only possible typing rule for getting z1 : gbit,...,x, : gbit 1> let x = in N : A is
(T.E). It means that there exists A and I" such that (A,T") = (a1 : ¢bit, ..., x, : gbit) and such
that A>*:T and I' > M : A are valid.

The typing judgement A > * : T being originated from (T.FE), one has |A] = (). Therefore
= (z1: gbit,...,x, : qbit)
This makes [ Q, |21 ...2,), N ] a program of type A.

Cases (Hif‘)) and (Hifl). The only possible typing rule yielding 1 : ¢bit, ..., z, : gbit > if 0 then
MelseN : Ais (if ). It means that there exists A and I" such that (A, T) = (21 : gbit, ..., x, : gbit)
and such that A > 1:bit, '> M : Aand I' > N : A are valid.

The typing judgement A > 1 : bit being originated from (azs), one has |A| = (). Therefore
= (z1: gbit,...,x, : qbit)
Therefore, [ Q,|z1 ... 2n), M | and [ Q,|z1 ... 2y), N ] are programs of type A.

Case (—Y). In this case, the term P and the term P’ are the same: therefore, if P is a program of
type A, so is P'.

[e%

meas x; : A being valid, since meas : qbit —o bit, by typing rule (app) we have A = bit. Therefore
>0:Aand>1: A are valid: in both cases, since one removes x; from |L|, the program P’ is of
type A.

Cases (—3°) and (—7"). In these cases, F'V(measz;) = {z;}. The typing judgement z; : gbit >

Cases (—1°) and (—7*). In these case, FV(new0) = FV(new 1) = (). The judgements > new 0 : A
and > new 1 : A are valid, thus since A, = bit —o ¢bit, the type A is equal to gbit. Thus P’ is
a program of type A.
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Case (—Y). Since Ay = qbit®" —o qbit®" for some n, one has

o1 qbit,. .., xp : qbit > Ulxy, ... 2,) : qbit®™.
Thus A = ¢bit®". But we also have x; : gbit,..., x, : qbit > (21,...,2,) : ¢bit®". Therefore, P’
is a program of type A.

The cases corresponding to the induction steps are directly coming from Lemma [Z T4 O

Theorem 7.2.8 (Progress). If P is a program of type A, then either P is a value program, or P
reduces using the reduction system of Definition [T.2.3

Proof. Consider a valid program [ Q, |x1 ... x,), M | of type A. Then x1 : gbit,... x, : gbit > M : A
is valid. Let m be a typing derivation of this typing judgement. We prove the result by induction on
.

Cases (az1), (axa), (T.I), (A). In all of these cases, the term M is a value. Thus P is a value
program.

Case (if ). The term M is of the form if M’ then N; else No. There exist contexts A and T' such
that (A, T) = (a1 : gbit,...,x, : gbit) and such that A > M’ : bit and T' > Ny, No : A. From
Lemma [LTA |A| = FV(M’). Thus the quantum context [ @, |z ...x,), M’ ] is a program of
type bit. By induction hypothesis, either it is a value program or it reduces to some closure
[ Ql, LI, M/I ]

The only value of type bit being 0 and 1, if it is a value, then M’ is respectively the term constant

0 and 1, and P reduces using respectively rules (—; ) and (—, ). If it is not a value, then by
congruence P reduces to [ Q', L', if M N1 N5 |.

Thus, in any case the program P reduces.

Case (app). The term M is of the form NjN,. There exist contexts A and I' such that (A, T") =
(21 : gbit, ..., x, : gbit) and such that A > Ny : B — A and I' > Ny : B for some type B.

If N3 is not a value: then the program [ Q, |21 ...2,), N2 | reduces by induction hypothesis, and
by congruence we are done.

If Ny is a value, and if N; is not a value, then this time [ Q, |21 ... x,), N1 ] reduces by induction
hypothesis, and by congruence we are done.

If Ny and Nj are values, then from Lemma [Z2Z8 N; can only be one of the following:

N; = AzP.N. Then P reduces using rule (—p)

Ny = new. Then B = bit. The only values of type bit being 0 and 1, the program P reduces
using either rule (—,,) or (—,,).

Ny = meas. Then B = ¢bit. The only values of type ¢bit being variables, No must be a term
variable. Since |I'| C {z1...2,}, N2 = z; for some j. Then P reduces using either rule
(—mo) or (—m,)-

Ny = U*. Then B = ¢bit®*. The only values of type ¢bit®" being of the form (y1,...yx), and
since |I'| C {x1...2,}, N2 = (Z5(1),...,ZTor)) for some injective map o : {1,...,k} —
{1,...,n}. Then P reduces using rule (—y).

Case (®.I). The term M is of the form (Ny, No) and A = B; ® By. There exist contexts A and T’
such that (A,T) = (z1 : gbit, ..., x, : ¢gbit) and such that A > Ny : By and I' > Ny : Bs.

If Ny is not a value: then the program [ Q, |21 ...2,), N1 | reduces by induction hypothesis, and
by congruence we are done.
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If Ny is a value but not Na, then this time [ @, |z1 ... 2,), N2 ] reduces by induction hypothesis,
and by congruence we are done.

If they are both value, so is M and by definition P is a value program.
Case (®.E). The term M is of the form let (x7 y“) = Ny in Na. There exist contexts A and I" such

that (A, T) = (21 : gbit, ..., x, : gbit) and such that A> N; : BC and ',z : B,y : C 1> Ny: A
are valid.

If Ny is not a value: then since |A| C {z;...2,}, the program [ Q,|z1 ... 2z,), N1 | reduces by
induction hypothesis and P reduces using congruence.

If Ny is a value, then it is of the form (V, W), and then P reduces using rule (—g).

Case (T.E). The term M is of the form let x = Ny in No. There exist contexts A and I" such that
(A, T) = (a1 : gbit,...,x, : gbit) and such that A > Ny : T and T' > Ny : A are valid.

If Ny is not a value: then since |A| C {x;...2,}, the program [ Q,|z1 ... 2z,), N1 | reduces by
induction hypothesis and P reduces using congruence.

If N7 is a value, then it is equal to x, and then P reduces using rule (—).
Case (€2). The term M is of the form Qflm Therefore P reduces using the reduction rule
(—w). O

7.2.3 Normalization

The language being linear, the reduction has a strong relation on the length of the terms.

Definition 7.2.9. Let [(M) be the length of a term M, defined recursively as an integer greater or
equal to 1 as follows:

l(a) = 1) =1(x) = UQ) =1,
Iz M) =1+ 1(M),
I(let (xP y©) = M in N) =14 1(M) +I(N),
l(let x=Min N)=1+1(M)+I(N),
L(if P then M else N) = 1+ I(P) + max(I(M),l(N)),
I(MN) =1+1(M) + I(N),
I((M,N)) =1+ 1(M) +I(N).

Lemma 7.2.10. Suppose that A,z : A> M : B and T > N : A are valid. Then [(M[N/z]) <
(M) +I(N).

Proof. The proof is done by structural induction on M.
M = 2¢. The computation goes like this: [(z[N/z]) = I(N) < I(z) + I(N).

M =c, x, Q, and y© (with y # x). In all of these cases, M[N/z] = M. Therefore [(M[N/x]) =
{(M), which by definition is strictly smaller than (M) + [(N).

M = \y®.M'. If y = 2 then M[N/x] = M. As in the previous case, we obtain the result using the
definition.
If y # x, then M[N/x] = AyA.(M’'[N/z]). By induction hypothesis, [(M'[N/x]) < (M) +1(N).
Therefore, since (M) = 1+I(M'), (M[N/z]) = 1-+I(M'[N/z]) < 1+I1(M")+I(N) = [(M)+I(N).
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M = if P then Ny else N3. We have [(M) = 1+ [(P) + max(I(Ny),l(Nz2)) and
M[N/z] = if P[N/x| then N1[N/x] else No[N/x].
The valid judgement A,z : A > M : B can only come from the typing rule (if). That is,
(A, z: A) splits into (T'y,T'2), where I'y > P : bit and T'y > N1, No : A.
If v € |T'y|, then = ¢ |I's], and from Lemma [[TA = is neither in FV(Ny) nor in FV(N3),
therefore from Lemma [LT0 No[N/xz] = N2 and Ni[N/x] = Ni. The length of M[N/z] is then
1+ I(P[N/x]) + max(I(N1),l(N3)). By induction hypothesis, I(P[N/x]) < I(P) + I(N), thus
I(M[N/z]) < (M) +I(N).
If « € |T'g|, then & ¢ |T'1|, and from Lemma [LTA « ¢ FV(P), therefore from Lemma [T
P[N/x] = Ny. The length of M[N/z] is then
14+ 1(P) + max(I(N2[N/xz]), [(N1[N/z])).

By induction hypothesis, [(N1[N/z]) < I(N1) + I(N) and I(N2[N/z]) < I(N3) + I(N), thus as
expected [(M[N/xz]) < (M) + I(N).

In the four remaining cases. The term M is respectively of the form

let (yC,ZD> = Ny in Ny), N1 N>,
let *=N1 inNQ, <N1,N2>.

In all of these cases, we have [(M) = I(N1) + [(N2) + 1. In the first cases, by a-equivalence one
can assume that « # x,y. Therefore, M[N/z] becomes respectively:

let (y©,2") = Ni[N/x] in N2[N/x]), (N1[N/])(N2[N/z)),
let x = N1[N/a] in No[N/z], (N1[N/a], No|N/x]).

The valid judgement A,z : A > M : B can only come from respectively the typing rule (®.F),
(app), (T.E), (®.I). That is, (A, x : A) splits into (I'y,T'2), where

F1I>N1201, FQ,ADNQZCQ,

for some types Cy, Cy and some context A, with = ¢ |A|.

If z € |T'y|, then z ¢ |T'2|, and from Lemma [T « ¢ FV(Ns), therefore from Lemma [T
N3[N/x] = Nj. The length of M[N/z] is then 1+ I(N1[N/z]) 4+ I(N2). By induction hypothesis,
I(N1[N/z]) < I(Ny) + I(N), thus I(M[N/z]) < (M) + I(N).

If z € |T'g|, then z ¢ |T'y|, and from Lemma [T = ¢ FV(Ny), therefore from Lemma [T
Ni[N/z] = Ny. The length of M[N/z] is then 1+ I(N2[N/z]) 4+ I(N1). By induction hypothesis,
I(N3[N/z]) < I(N3) + I(N), thus as expected (M [N/z]) < (M) +I(N). O

Lemma 7.2.11. If[Q, L, M | is a program such that [ Q,L, M | —,[ Q', L', M"], then either x # w
and [(M") <U(M) or k =w and [(M') = 1(M). In the latter case, [Q,L,M |=[Q',L',M"].

Proof. The proof is done by induction on the derivation of the reduction [ @, L, M | —,[ @', L', M"].

Case (—p). The term M and the term M’ are respectively of the form (Az4.N)N’ and N'[N/z].
Since P is a program, M is well-typed: By Lemma [L2ZT0 since [(M) = I(N) + [(N') + 2, the
length [(M") verifies [(M') < I(N') + I(N) < I(M).
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Case (—g). The term M and the term M’ are respectively of the form (let (x4, yB) = (V,W)in N
and N[W/y,V/x]. Since P is a program, M is well-typed: By Lemma [L2ZT0 since [(M) =
I(N)4+1(V) 4+ (W) + 2, the length of M’ verifies

(M) =UN[W/y|[V/z]) < UN[W/y]) + (V) <UN)+1LV)+ (W) < I(M).

Case (—7). The term M and the term M’ are respectively of the form (let * = xin N) and N.
Since [(M) =2+ I(N), as requested [(M’) < I(M).

Cases (—if,) and (—4,). The term M and the term M’ are respectively of the form if0 then N else
N’"and N, or if 1 then N else N’ and N. In both cases (M) = 2+ max(I(N),l(N')), this strictly
larger than both [(N) and I[(N'): the inequality [(M') < I[(M) is verified.

Case (—). In this case, k =w and [Q,L, M | =[Q', L', M"].

Cases (—my) and (—m,). The term M has the form measz: (M) = 3. The term M’ is the term
constant 0 or the term constant 1: [(M') =1 < I(M).

Cases (—n,) and (—p,). The term M has the form new 0 or new 1: (M) = 3. The term M’ is a
term variable: {(M') =1 < I(M).

Case (—y). The term M is of the form U{xy,...,2,) and the term M’ the form (x1,...,x,).
Therefore

(M) =Uzr,...,on) <2+ Uz1, .. yz) =1+ 1U) + U, ..., xn) = (M),

The cases corresponding to the congruence are straightforward using the induction hypothesis. [l

Theorem 7.2.12 (Normalization). Let P = [ Q, L, M | be a program, and let (P,), be a sequence
of programs P, = [ Qn, Ly, My, | such that Py = P and such that for all n, either P, —pr Puy1 or
P, = Py if Py does not reduce. Then Py(ypy is either a value or a fized point, and for alln > (M),
P = Py

Proof. If (P,,),, is the sequence described in the hypothesis, we show by induction on n that either
P, is a value, or it is a fixed point, or (M) < I(M) —n: If n = 0: since Py = P, we are done.
Suppose the result is true for n. Then either P, is a value, or from Theorem there exists P’
such that P, — P’, and thus P,y; is such that P, —, P,4+1. From Lemma [[ZTl either x,, = w
or I(Mp41) < I(M,). Since by induction hypothesis [(M,) < (M) — n, by definition we have
U Mpi1) <UM) — (n+1).

We have I(M,,) > 1 for all n. Therefore the n for which P, reduce are smaller than [(}M).
And for n = (M), P, is either a fixed point (in which case it will remain so for all larger n by
Lemma [LZH) or a value (in which case it will remain so for all larger n since values do not reduce,
also by Lemma [LZH). O

7.2.4 Quantum Context and Reduction

When describing the reduction rules, we carefully separated the quantum context from the lambda-
term. In this subsection we show that the precise order of quantum bits in the quantum array does
not matter.

Definition 7.2.13. If ¢ is a permutation of {1,...,n}, we extend o to N with o(j) = j for j > n,
and we define & to be the corresponding permutation of quantum bits



7.2. Operational Semantics 82

We say that (Q1, L1) is o-equivalent to (Q2, L2) if @1 and Q2 have the same size, Q2 = 6(Q1) and
Ly = 07t o L;. We write (Q1, L1) =47 (Q2,La). We define an equivalence relation called alpha-
equivalence on quantum contexts by (Q1, L1) = (Q2, L2) if there exists a o such that (Q1,L1) =47
(Q27 LQ)

The alpha-equivalence is sound with respect to the semantics:

Lemma 7.2.14. Suppose that [ Q,|z1...2n), M | —=p [ Q' |y1...Ym), M’ ]. Then for all permuta-
tions o on {1,...,n}, there exists a permutation 7 on {1,...,m} such that [ 6Q,o|x1...xn), M | =)

["__Q/77|y1~-~ym>7M/ ]

Proof. The proof is done by induction on the derivation of the reduction [ Q,|z1...2n), M | —
[Q|y1 .. ym), M’ ]. In the classical cases of Table [[2 since the quantum context is not touched,
choose 7 = ¢ and apply the same rule that was used at first. For the rules (—7°) and (—7"), again,
since o only act on the n first quantum bits of the context, applying the permutation before or
after the addition of a new quantum bit to the quantum array does not change the output. Thus,
choosing 7 = o U{n + 1+ n + 1} solves the problem.

Now, suppose that we are in the case of the rule (—¢1). In this situation we apply a unitary
map on some quantum bits in the array, referred to by L. Since we perform ¢ both on L and on @,
it does not modify the actual unitary map performed. Therefore, again choosing 7 = ¢ gives us the
answer.

In the cases (—7'°) and (—3"), the sizes of the quantum array and of the linking function
change along the reduction by the removal of the entity number i. However, in the program
[0Q,0lz1...Tn), meas T,(;) | the reduction operation will remove entity number o (). Therefore, if
f and g are the maps

fo):{j if j <, go):{j if j < o(i),

J41 it >, j—1 ifj>i,

define T as goo o f.
Finally, the induction cases are easy application of the induction hypothesis. |

7.2.5 Reduction to Values

In the reduction process, what we are really seeking is the final result of the computation. In this
section we explicate the relation of programs to values.

Definition 7.2.15. We use the notion defined in Section If X is the set of closed valid
programs and U the set of values, let prob;, : X x U — [0, 1] be the map proby; (P, V') that returns
the total probability for a program P to end up on the value V' in zero or more steps. This function
is called the big-step reduction.

We also define the small-step reduction operation prob : X x X — [0,1]: for closed programs
P, P', we define prob(P, P') = p if there is a single-step probabilistic reduction P—, P’, prob(V, V) =
1 if V is a value program, and prob(P, P’) = 0 in all other cases. Note that for all well-typed P,
ZP,EX prob(P, P") = 1.
Lemma 7.2.16. The reduction system defined in Definition[T.Z.9is a probabilistic reduction system.

Proof. By case distinction. O

Definition 7.2.17. Given a set Z, let CZ be the set of probability distributions over it. We curry
the small-step reduction prob : X x X — [0,1] to the map prob’ : CX — CX: prob’ (3, o, P;) =
>0 Y prex prob(P;, P')P'. Similarly, we curry the function prob; : X x U — [0, 1] to the map
proby : CX — CU: proby (3, i) = >, ayproby (P, V)V,
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Definition 7.2.18. If P is a closed well-typed program of type bit, and b € {0, 1}, we define (P{b) =
ZVeUb prob’ (P, V), where Uy, is the set of valid programs with term the value b. We say that P
evaluates to b with probability Pl b. The definition of P | b can be extended in the same way to
probability distributions of programs.

Lemma 7.2.19. Let P : A be a program such that P —% P'. Then either prob’(P) =P, p=1 and
K # mg,m1, or prob’ (P) = aPy + Py, with P —"° Py and P Hg“ P

Proof. By induction on the reduction P —7 P O

Definition 7.2.20. We define a formal probability distribution of quantum closures to be I' F
> PilQis Li, M)« A, where each I' F [Q;, L;, M;] : A is valid and ) p; < 1. The distribution is said
to be closed if |T'| = 0.

Lemma 7.2.21. If P : A is valid, so is F prob' P : A and F proby; P : A.
Proof. The lemma is a corollary of Theorem [Z271 O

Due to the strong normalization theorem, applying the map proby; is applying the map prob’
finitely many times.

Theorem 7.2.22. If [ Q,L, M ] is a program, then the reduction satisfies
n m
prob" M Q. L, M= pi[ Qi, Li, Vi | + > pyP;,
i=1 j=1

with proby | Q,L,M | = >°1" | pi[ Qiy L, V; |, the P; being fized points, >, pi + Zj Py =1, and
n+m < 2M)

Proof. Corollary of Theorem [LZT2 O

7.3 Denotational Semantics

In Section the notion of completely positive map is used to model the notion of quantum com-
putation. We aim to show that the linear subset of the quantum lambda calculus has the category
CPM as a fully abstract model. Note that the interpretation will not be “onto” all completely
positive maps, but will only be “onto up to scalar multiplies”.

7.3.1 Modeling the Linear Quantum Lambda Calculus

We interpret the language in the category defined in Section

Lemma 7.3.1. The following statements are valid.

1. Let 0,7 be any signatures. Then 0 : o — 7 is completely positive.

2. The maps
- — 2 ) — 1,1
@) = (59): PReh) ()

are completely positive.
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\
—
8

o
=

[x: A>ax:A)(v) = v [>0: bit](z)
[>:T](z) = = [>1:6it)(z) = (0,2)
[A>Q:A]= 0: [A] —[4]
[> new : bit —o gbit] ®(1): 1 — [bit] ® [gbit]
[> meas : qbit —o bit] D(p): 1 — [gbit] @ [bit]
[>U: qhit®" — qbit®"] = @U): 122"
[Ayz: A M : B] f:[A]l®[A] — [B]
[Av e M:A<B] = o) :[A] - [4] ®[5]
[A>M:A—B] = ®(g):[A] — [A] @ [B]
[T>N:A] = f:[T]—[4]
[A, T > MN : B] zQyr—g(z® (fy)): [A]l @ [I'] — [B]
[A> P:bit] : xw— (px,qx):[A] — [bit]
[T>M:A) = f:[I]—[A]
[T'>N:A] g:[] — [4]
[A,T > if Pthen Melse N: A] : xz®yr— (px)(fy)+ (gx)(9y)
[A>M:A] = f:]A] —[4]
[C>N:B] = g:[I'—[B]
[AT> (M,N):A®B] : zQy— fzegy:[A]®[I] — [4] ® [B]
[A>M:A®B] = f:[A] - [A] ®[B]
[T,z:Ay:B>N:C] = g:[l]e[A]®[B] — [C]
[AT > let (,y) =MinN:C] : u®v+— glve (fu):[A]®[T] — [C]
[A>M:T] = f:[]A]—1
[l'>N:C] g:[T] = [C]
[AT>let x=MinN:C] : uw®uvr (fu)(gv):[A] @[] — [C]

Table 7.3: Denotational semantics for typing judgements.

3. The maps

)

1 - 1,1 1
a — (a,0), a

= (0,a).

are completely positive.

Proof. The maps defined in the lemma are completely positive since they have positive characteristic
matrices. O

Definition 7.3.2. We set the denotation of types to be

[[bit]] = (1,1), [A® B]] = [[A]] ® [[B]]v
[gbit] = (2), [A— B] = [A] ® [B],

and the denotation of contexts to be
[[1‘1ZAl,...,l'nZAn]]:[[Al]]®"'®[[An]], H@]]:].
The denotation of a typing judgement of the form A > M : A is a linear map

[A> M: A]:[A] — [4],
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defined inductively on the typing derivation of A > M : A as in Table Note that from
Lemma [LT7 this typing derivation is unique, so the definition makes sense. Here, ® : hom(c ®
o', 7) = hom(o, 0’ @) is the bijection of Definition EEZA and ¢ and p are respectively the quantum
bits creation and the measurement operation of Lemma [Z371

Definition 7.3.3. We also define the denotation of a valid quantum closure. Consider a valid
quantum closure A F [Q,L, M | : A where L = |z1 -+ Zp¥1 - Ym) and |Q| = n + m. The quantum
context (Q, L) can be seen as a map g : 1 — 28" @ 29" guch that g(1) = Q. Then if f is the
morphism

[A, 21 : gbit,... 2, gbit > M : A] : [A] ® 2% — [A4],

one defines [AE[Q, L, M ]: A] as the composition
id[[AH®g

f®idyom idpa)®@tr

[A] [4].

One extends this definition to probabilistic distributions of valid quantum closures using linearity:

[[A]] ® 2®n ® 2®m [[A]] ® 2®m

Lemma 7.3.4. Let A > M : A be a valid typing judgement. Then [A > M : A] is a completely
positive map. Let T E [ Q,L,M | : A be a valid quantum closure. Then [ E[Q,L,M]: A] is a
completely positive map.

Proof. We prove that [A > M : A] is a completely positive map by induction on the typing derivation
of A M : A.

(az1) and (T.I). The identity map is completely positive since CPM is a category.

(az3). The denotations of the term constants meas, new, U, 0 and 1 are completely positive map
from Lemma [C3T1

(€). The map 0 is completely positive from Lemma [Z311
(A\). From the monoidal closedness of CPM, the image of f by ® is completely positive.

(app). Since ®~! sends completely positive matrices to completely positive matrices. Thus g is
completely positive. The final denotation is completely positive since composition and tensors
of completely positive maps are completely positive.

(if). The denotation can be reformulated as

[P]®id

(Al @[] 2% (1 01) @ [1] = [[] @ [[] £2% [4] & [4] Z2100,

[A].

(®.1), (®.E) and (T.E). In these three cases, the denotation is the tensor of two completely positive
maps: it is therefore a completely positive map.

This proves that the denotation of a valid term is a completely positive map. The fact that the
denotation of T'F [ Q,L, M ] : A is also completely positive comes from the fact that completely
positive maps are closed under composition and tensor, and that the trace operator and the identity
are themselves completely positive maps. O
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Lemma 7.3.5 (Substitution). Suppose that || N |A| =0 and

[Ayz:A> M :B] = G:[A]®[A] — [B],
[T>N:A]= F:[I] — [4],
[A,T > M[N/z]: B] = H:[A] @[] — [B]

Then for all d € Viay and all g € Viry, we have H(d ® g) = G(d ® (Fg)).
Proof. We show that H = (idja]® F); G by induction on the typing derivation of A,z : A> M : B.

(az1). We are considering the judgement x : A > x : A. We have |A| =0, A = B and F = idaj.
Since z[N/xz] = N, we have as required H = G = F;G.

(azq) and (T.I). These cases are not to be considered: the typing contexts must contain (z : A).
(2). Since Q[N/x] = €, and since (idja] ® 0); G = 0, the result is true.

(A\). In this case, M is of the form Ay“.M’ and A is of the form C' — D. Also, the typing judgement
Ayy:Cyx: A M : D is valid. Note that y # x. By induction hypothesis, if G’ is the map
[Ay:Cox: A M': D], the map [A,y: C,T'> M'[N/x] : D] is H' verifying for all d € V]a,
for all g € Vjryp, for all c € Ve, H'(d® c® g) = G'(d® c® F(g)). Applying ®, we get

PH)dog)= Y c@H{docog) = » G (doceF(g)=>oG)deF(g),
ceB[¢y cEB[c]
that is, [A, T > (\y“.M')[N/z] : C — D].
(app). The term M is of the form Mj M, and the context (A, z : A) splits into (A1, As), such that
Ay > My :C—o B and Ay > M, : C for some type C. Let
Glz[[AlDMlZC—OB]], GQZ[[AQDMQZC]].
There are two cases

x € |A1|. The context A; splits into (A}, 2z : A). From Lemma [LTZ the variable = belongs to
FV(Mj) but not to FV(Mz). From Lemma [[T70 M[N/z] = (M1[N/xz])Ms. Let G} be the
denotation [A}, ' > M;[N/x] : C — D]. By induction hypothesis, for all d € Vs, for all g €
Vr, G1(d®g) = Gi(d® F(g)). If d’ € Vja,], this means that H = [A,T' > M;[N/x]M, : B]
is

H(d®d ®g) =01 (G1)(d® G2(d) ® F(g)).
Since G(d®@a® d') = ®~1(G1)(d ® Ga(d') @ a), we have as required

H(d®d ®g)=Gdod @ F(g)).

x € |Ag|. The context Ajfrm—e splits into (AL, z : A). From Lemma [T = belongs to
FV (Ms) but not to FV(M;). From Lemma [LT7 M[N/xz] = My(M2[N/z]). Let G5 be the
denotation [A5,T' > My[N/z] : C]. By induction hypothesis, for all d € Va,, for all g € Vr,
Gy(d® g) = Go(d ® F(g)). If d’ € Vja,], this means that H = [A,T' > M, My[N/x] : B] is

H(d ®@d®g) =o' (G1)(d ® Go(d ® F(g))).
Since G(d®a®d') = &~ 1(G1)(d @ Ga(d ® a)), we have as required

Hdod ®g)=G(d @do F(g)).



7.3. Denotational Semantics 87

(if ). The term M is of the form if P then M else My and the context (A, z : A) splits into (A1, As),
such that Ay > P : bit and A > My, Ms : A. Let

(p,q):[[Albprt]], G1:|IAQI>M12A]], GQZ[[AQDMQZA]].
There are two cases.

x € |Ay|. The context A; splits into (A],z : A). From Lemma [[TA = € FV(P) and x is
either in F'V(M;) nor in FV(Ms). From Lemma [LT7A M[N/x] = if P[N/x] then My else Mx.
Suppose that g € Virp, d' € Vjarg, d € Vja,)- Let (¢',¢') = [A},T > P[N/x]: bit]. By
induction hypothesis, this is

#'(d ®9),d(d®9) =, d)d @g)=(p,q)(d @ F(9)) = (p(d' ® F(g)),q(d' ® F(g))),
thus [A], T, Ay > if P[N/x] then M else My : A] is
H(d'®g®d)=p(d ® F(g))G1(d) + ¢(d @ F(g))G2(d) = G(d' ® d® F(g)),
that is the requested form.

x € |Az|. The context Ao splits into (A}, x : A). From Lemma [[TA = € FV(P) and x is
either in F'V(M;) nor in FV(Ms). From Lemma [LT4 M[N/x] = if P[N/x] then M, else Ms.
Suppose that g € Viry, d' € Vjay], d € Vja,]- Let

Gy =[AY, T > Mi[N/z]: A], G4 =][AL T > My[N/x|: A].
By induction hypothesis, this is
Gl =Gi(d ®@F(g), Gy=Gs(d ®F(g)).
thus [Aq, AL, T > if P then M1[N/x] else M3[N/z] : A] is
H(d®d ®g) =p(d)Gi(d ® F(g)) + q(d)G2(d' ® F(g)) = Gd®d ® F(g)),
which is in the requested form.
The three last cases are proved similarly. |

Lemma 7.3.6. Suppose that P : A is a program of type A such that prob’ P = > piPs then
1P A=Yl A]

Proof. Suppose that P =[Q, L, M |, where L = |21 ...x,). If P does not reduce, then prob’ P = P
and we are done. If P reduce to some P’ via some rule s, we use Lemma [LZTd and proceed by
case distinction:

First, suppose that x # mg, m;. We prove the result by induction on a derivation of the
reduction.

(—7). In this case, M = (AzB.N)N’, and then P’ = [ Q,L, N[N’/z] ]. By definition and Theo-
rem [C2Z7 since P is of type A we have

xy: qbit, ... @, : gbit > M\aB.N)N': A, a1 : gbit,... x, : gbit > N[N'/z] : A.

The former being valid, its context splits as (A,T') where Az : B> N: Aand ' > N’ : B.
Let F = [A,xz: B> N:A] and G = [I' > N’ : B]. By definition, [A,T > (AzB.N)N': A] is
equal to d ® g — F(d ® G(g)), if d € Vjay and g € Vjrj. By Lemma [L33 this is precisely the
denotation of the latter. Thus, [F P’ : A] =1-[F P : A].
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(—

(—

(—

(—

(—

(—

©). In this case, M = (let (xB,y°) = (V,W) in N), and then P’ = [ Q,L, N[V/x,W/y] |. By
definition and Theorem [CZ7 since P is of type A we have

x1:qbit, ...z qbit > M A, xy:gbit,. .. o gbit > N[V/x][W/y] : A.

The former being valid, its context splits as (A, T'1,T'y) where A,z : B,y : C>N: A T1 >V :B
and 'y > W : C. Let

F=[A,z:B,y:C1> N:A], Gy =[I'1 >V :B], Go=[Iy> W : (.

By definition, [I'1,Iy > (V,W): B® C] is the map G; ® G2. By definition still, the map
[A,T1,To> M: A] is ((id ® G1 ® G2); F). By Lemma [[3Z3 this is the denotation of the
latter. Thus, [F P': Al =1-[F P: A].

7). In this case, M = (let ¥ = x in N), and then P’ = [ Q, L, N ]. Since P is of type A we have
x1: qbit,. .. @y gbit > M A, 1 qbit, ... xy : gbit > N @ A.

Since [> * : T] = idy, the denotation of the former is equal to the denotation of the latter: we
have as requested [F P’ : A] =1-[F P: 4].

if") and (Hifl). In this case, M = (if0 then N else N') (respectively M = (if1 then N else N')),
and then P’ =[Q, L, N"]. Since P is of type A we have

x1: gbit,...,x, 1 gbit > ifO then N else N : A,
x1: gbit,...,x, : gbit > if 1 then N else N : A,
x1:qbit,...,x, : gbit > N,N': A,

and > 0,1 : bit. Since [> 0 : bit](a) = (a,0) and [> 1: bit](a) = (0,a), the denotation of M is
then equal to the denotation of N’ (respectively, of N). Therefore [F P': Al =1-[F P : A].

¢). Since P = P’, they have the same denotation.
%) and (—1*). We prove the case (—]°), the other one is similar. The term M is of the form

new 0, and A = ¢bit. The denotation of > M : gbit is the map f such that f(1) = |0)(0]. The

denotation of P is
f®id

G -1 g 2®n id@tr

where ¢ is the map g(1) = QQ*. Since @ is a normalized vector, G(1) = |0)(0].
Now, P'=[Q ®0),|z1...zpw),w ] : gbit and its denotation is

2 ® 209" 2

)

id®id id®tr
—_— —_—

G =19 2g2%n 2 & 29" 2,

where ¢'(1) =10)(0] ® QQ*. The map G’ is therefore equal to G.

Y). This case is similar: the denotation of P is of the form
G =12 98 go8n—i) [ H&ig og(n-i) ddtr o@i

where F' = ®~1(U), and g is QQ*. The denotation of P’ is
G =1 9, 9®i g o®(n—i) il o@i o om(n—i) idStr 981,

where ¢ is g; (®~1(U) ® id). Therefore they are the same map.
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The induction cases are trivial.
Finally, suppose that x = mg or my. Then P —7'"° Py and P HZ“ Py for some Py and some P;.
we prove the result again by induction on the derivation of one of the reduction.

Base case. We use the notation in Definition In both cases, M is of the form meas x;, and
A = bit. By a-equivalence one can assume that ¢ = 1: in this case @ is of the form

Dol @[ +> B @) =10)@ > ald) + 1) @Y 8[)).
J J J J
Since the denotation [zy : gbit > meas x; : bit] is the map p of Definition [ the denotation
[F[Q,L,M]: bit] is the map

G=1-—9"9g2%n-1) PEY 4 0y

The value g(1) is QQ*, that is

10001 @ D ey [ (WR1 + [1)(1 @ Y~ B85 15) (|

ok e
0L @ D a BElD) Wil + 110l © Y Baildh) (d7l-
ik e

Since |¢?>, |¢j1->7 |¢?> and |1p]1) are basis vectors, applying id @ tr on g(1) yields
a]0)(0[ 4 B1) (1] + 6]0)(1] 4 ~v[1)(0],

for some values §,7, and where a and [ are as in Definition Thus, G(1) is precisely
(o, B) = [prob’ P : A].

The induction cases are trivial. O
Lemma 7.3.7. Suppose that P : A is a fived point. Then [P] is the zero map.
Proof. Write P as [ Q, L, M ]. The proof is done by structural induction on M. O

Theorem 7.3.8 (Soundness). Given a program P : A,
[P : A] = [proby, P : A].

Proof. By induction on n, using Lemma [[Z3Z8 one can prove that [prob™P] = [prob’P]. From
Theorem [CZZZA there exists an integer n such that prob™ P = proby, P+, P; with P; being fixed
points. Therefore, from Lemma 24 [P : A] = [prob™ P] = [proby, P : A]. O

7.3.2 Fullness of the First-Order Fragment

In this section we will show a result analog as Theorem EE3 T, namely that any superoperator is
the image of a term. For proving this result, we use the same techniques as in , ).

Lemma 7.3.9. Suppose that n = 2° and m = 2, and let F' : C**™ — C™*™ be a contraction.
Then there exists a valid typing judgement 1 : qbit, ...,z : gbit > M : qbit™" whose denotation is
the map F'.
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Proof. By definition, the map F' can be written in the form F(A) = UAU*, where U € C™*" is a
contraction. There exists matrices Uy, Us and Us such that

U |U
U =
( U2 U3 )
is unitary of size C'*!. Without loss of generality, one can assume that [ = 2P: one can always

extend U’ to
U’ 0
0 | Iop_g

where Io»_; is the identity matrix. The requested program performs the following:

e Allocation of the variables y; : ¢bit,...,y;—s : gbit, and let the list of variables (z1,...,z2) be
(T1y ey Ty YLy ooy Yims);

e application of the unitary U’ to (z1,..., z);
e measurement of the variables z, ..., z: if the outcome is (0, ...,0), the program returns the
. ®t
term (z1,...,2:). Otherwise it outputs the term Qg?ib” e qbit: O

Lemma 7.3.10. Let F : C2'%2° — C2'%2" pe ¢ superoperator and E o G is decomposition from
Theorem[EIZA One can construct another decomposition E' o G', where G’ : C¥'*2" — 2 x2

. . t+k o ottk toot . R .
is a contraction and E' : C* " X277 — C? %2 s a partial trace operator, for some integer k.

Proof. The proof uses Lemma, to adjust the size of the output space of the sub-unitary E’ to
a power of 2. O

2t+k X2t+k

Lemma 7.3.11. Let E: C —C2%2" pe g partial trace operator. Then there exists a valid

typing judgement x1 : qbit, ..., xipp @ qbit > M : qbit®" whose denotation is E.
Proof. The requested term M measures the variables x441,...,2¢k, perform a test on the result
and in all cases returns (x1,...,2¢). O

Lemma 7.3.12. Let 0 = (1,1)®" ® 29" and o’ = 220"+ Then the measurement operator
Lo : Var — Vi, is the image of some typing judgement z : qbit® ™™ > M : bit®" @ qbit®™.

Proof. The requested term M measures the variables x;41, ...,z and stores the results in (27 :
bit,...,z : bit). It outputs the product (z1,..., 2k, x1,...,Z¢). O

Theorem 7.3.13. For any types A=U1®---@U, and B=V,®--®V,,, where each U; and Vj is
either bit or gbit, if F : [A] — [B] is any superoperator, then there exists a valid typing judgement
x:Ar> M : B of denotation F'.

Proof. Without loss of generality, one can assume that A = bit®* @ ¢bit®" and that B = bit®* @
qbit®". The map F : [A] ® [B] is of the form (Fy,...Fy), where each F; : Vor — V(1 1)esgat is a
superoperator. From Theorem EEZTH F; splits into M; o E; o G;, where GG; is a contraction, E; is
a partial trace operator, and M; is a measurement operator. Using Lemma [L3T0 one can assume
that all of them goes from images of tensors of bit’s and ¢bit’s. Therefore, using Lemma [319,
Lemma [CX Tl and Lemma [Z33 the F;’s are representable by some terms M;. The function F' is
represented by a term that does a test on its input bit and perform the corresponding M;. O

Corollary 7.3.14. For every type A = Uy ® --- ® U,,, where each U; is either bit or ¢bit, and for
every hermitian positive element v € Viay of trace at most 1, v = [> M : A](1) for some closed valid
term M.
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Proof. Consider the function F': C — V] 4 defined by F'(1) = v. Since xr = v is positive, and since
tr(v) < 1, F is a superoperator. From Theorem it is the image of some typing judgement
> M : A O
7.3.3 Fullness up to Scalar Multiple

Theorem [L3T3 does not hold for generic types. However, a weaker statement does hold. We
explicate it in this section.

Definition 7.3.15. Given a type A, we define the canonical first-order representation §A of A by
the following: §bit = bit, §gbit = ¢bit, §T =T, §(A® B) = §A® §B, §(A — B) = §A ® §B.

Lemma 7.3.16. For all types A, [A] = [84].
Proof. Proof by structural induction on A. O

Definition 7.3.17. We define the §-size s(A) of a type A as follows. First, s(bit) = s(qbit) =
s(T) = 1. Then, s(A — B) = 2°(Y) 1 5(B). Finally, s(A® B) = s5(A) + s(B).

Lemma 7.3.18. For all types A, s(A) = 1. Also, s(§A) < s(A), with equality if and only if A = §A.
Proof. Proof by structural induction on A. O

Next, we want to write a correspondence between types A and §A, in the form of typing
judgements x : A > Tfu :8A and x : §A > Tfﬁ : A whose denotations are multiples of the identity
function. The correspondences are built by induction on the §-size of A:

e knowing the result for A we deduce it for bit — A, gbit — A and T —o A;

e knowing the result for A and B we deduce it for A ® B;

e knowing the result for C' — (D — B) we deduce it for (C ® D) — B;

e knowing the result for C' — D and (§C' ® §D) — B we deduce it for (C' — D) — B.
The detailed definition goes as follows:

Definition 7.3.19. We define the terms be and Tfﬂ by induction on the §-size of A. First,

Yo =T =, Y =18 =1, Yo, =Tl =z

Then,
TAPP = let (y.2) = win (Tyy, Y5,
Tfﬁw = let (y,z) =xin <T;ﬂv TZBTT>'

For types of the form A — B, we first consider the case where A = T, A = bit and A = qbit:

TT_"B = (x,let t¥? = axin wa

TP = et (y', 258Y = zin M. let ¥ =y in T

Tb”ﬁ’B = ifmeas(H(new0)) then (1, let t% = x1 in TﬁQ
else (0, let t¥ = 20 in Y7})

szt—oB _ let( bzt §B> — zin
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XY if & then ift then Tfﬂ else )
else ift then ) else Tfﬂ
Tfﬁft_"B = let(u,v) = No(H(new 0), new 0) in (u, let t¥ = zv in Yf})
Tg%”_(’B = let{y®" Z§B> =xzin
M9 et (' 1)) = N (y, t) in
let (', t") = (Hy',t') in
if meas y” then Q else TzBﬂ

Then, when A is of the form C'® D, we proceed the following way:

Tii(@D)wB = et fOP=B) = \eC Aul (2(t,u)) in

C—o(D—B) .
let (u8¢,v3P®EBY — Ty ( ) in
let (y*P, %) = vin ((u,y),2)
T;?TQ@D)_OB = X99P let (y©,2P) = tin let (uS®IP W8BY =z in
let (wC,s8P) = x in

let a = (w, (s,v)) in ((Tacﬂ_o(D_oB))y)z

Finally, when A is of the form C'— D, we reduce C'— D to §C' ® §D to fall back on the previous
case. The details are as follows:

TP = e fOOBIDI =B  \ECRED (Y GoD) i (ICOII B
T;?T_OD)_OB: )\tcﬂ)D'TgC@D)_OBTﬁf,D

Lemma 7.3.20. For every types A, the typing judgements x : A > Tfil :8A and x : §A > Tfﬂ c A
are valid. Moreover, there exist constants A\, \' > 0, such that [[Tfu]] = Nid[4) and [[Tfﬂ]] = Nidpay.

Proof. The proof that the typing judgements are valid is an easy induction on the §-size of A.

The proof that their denotation is a multiple of the identity is also done by induction on the
6-size of A. We provide the computation for the difficult cases, namely when the type is bit — B
and q¢bit — B.

Case Tg%%’B. We are considering
f=1[z:bit®§B > 1P bit — B] : [B] & [B] — [B] & [B].

An element (a,b) € [§B] @ [§B] corresponds to a probability a to get the boolean 0 and a
probability b to get the boolean 1 for the bit. This means that f(a,b) = ([[Tfﬂ]] (a), [[Tfﬂ]] ().

By induction hypothesis, [[TZBﬁ]] = Aid for some A > 0. Thus we have then f = \id.
Case ngf%’B. We are considering
f=[z:bit B chij%B :qbit @ §B] : [B] @ [B] — [B] @ [B]-

A function g € Vi py is sent to 5 ([Y5](9(1,0)), [Y51(9(0,1))), where we identify the function
g and its representation. By induction hypothesis, [[Til]] = Aid for some A > 0. Thus g €
VIbit—o 5], represented by (g(1,0),g(0,1)), is sent to %)\g. This means that f = %)\id.
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bit—oB e
Case Y] 7. We are considering

f=lz: it ®§B>TH""  bit - B]: 2@ [B] — 2@ [B].

We interpret the term as in the definition. Suppose that 2z = (y, z) and ¢ are respectively the

matrix of blocks and the quantum bits

A B
¢ D

(

).

(¢ 4)

where the blocks A, B, C and D belongs to Vjpj. Then the products (y,t, z) and (y',t’, z) are

respectively
aA bA
cA dA
aC  bC
cC dC

Applying H on ¢/ yields a matrix with first entry

aB bB aA bA
cB dB cA dA
aD bD cC dC
cD dD aC  bC
1
§A(aA +bB+ cC +dD),

bB
dB
dD
bD

aB
cB
cD
aD

if [[Tfﬂ]] = \id, corresponding to the probability for y” to be |0). Thus,

A B
e o

)

a b

2

;)\(aA +bB + cC + dD),

meaning that = maps to a multiple of the function gbit — [B] of same denotation. That is,

f=3Xid.

bit—o B _—
Case Y1 " 7. We are considering

f=lx:qbit=B>TI" P bit@§B]:2® [B] — 2@ [B].

In this case, the function f(x) creates a pair of two quantum bits in state

o O o o
o O o o

1
0
0
1

1
0
0 ?
1

and applies (a multiple of) the function 2 on each 2 x 2 block: it is precisely (a multiple of) the

characteristic function of x: the function f is indeed a multiple of the identity.

O

Theorem 7.3.21 (Fullness up to scalar multiple). For any types A and B, there exists a constant
A > 0 such that if F : [A] — [B] is any superoperator, then there is a valid typing judgement

x:Ar> M : B of denotation \F.

Proof. For the given types A and B, consider the terms Tfu and TbBﬂ. From Lemma [L320, they

have for denotation respectively Aid and Nid, for some A\, \'. We claim that any superoperator

[A] — [B] can be interpreted modulo a factor of AN

Indeed, consider a superoperator F : [A] — [B]. From Theorem [[3T3 there exists a valid

typing judgement y : §A > N : §B of denotation F. Let a : A> M : B be the term

a:ADletszfUinletszinTbBﬁ:B.

It has denotation A\\'F.
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B) T > Ae.M)N Ra M[N/z]: A
(n) T >Xe.Mz Rog M:A—B
(Bg) T >let (z,y)=(N,P)in M Ra MI[N/x,Ply]: A
ng) T >let (z,y) = Min (z,y) Ry M:A®DB
(Bs) T bDletx=xinM Rge M:A

(ne) T >let x=Minx Row M:T

(BY) T > iflthen M else N Rogw M:A

(BY) T > if0then M else N Rg N:A

Q) T > M[Q/x] Ko QA

(me) T > ifBthen M[1/x] else M[0/x] =u M[B/x]: A
(id) T > meas(new M) R M :bit

Table 7.4: Axiomatic equivalence

7.4 Equivalence Classes of Terms

Being able to build terms, we need some tools to compare them. One can compare them through
syntactic manipulations, or one can have a finer approach using the two semantics we have built:
in the case of the operational semantics, the behavior of the terms is what defines the equivalence,
and in the case of the denotational semantics, the equivalence is expressed by the denotation of the
terms.

7.4.1 Axiomatic Equivalence

A first notion of equality of terms can be defined by a set of syntactic rules. This is known as the
axiomatic equivalence.

Definition 7.4.1. We define an equivalence relation =,, on typing judgements. We write the
relation as I' > M =~,; N : A, and we define it to be the smallest relation satisfying the rules in
Table [£4] the alpha-equivalence and one congruence rule () per term constructor. This means for

example:
I'> M=~y M :A—-oB A>N=, N A

I'A> MN=,, M'N': B
Le:A> M=~, M :B
I'> MM~y Ae.M' :A—-B

(€app)

(&x)

We call it the axiomatic equivalence relation. We extend it to quantum closures in the following
way: if AF[Q,L,M]:Aand AF[Q,L,M']: A are two well-typed quantum closures where
FV(M)\|A| = FV(M')\ |A| = {x1,...,2,}, then we write AF [ Q, L, M | =4 [Q,L,M']: A
when

A,y cqbit, ... xy, c qbit > M x4, M A

Lemma 7.4.2. The order of the arguments in an application does not matter. Similarly, one can
apply the arguments as a pairing or sequentially. More precisely:

[Q.L, (Azy. M)N)P] =a [Q,L,((\yz.M)P)N |
[Q, L, let (z,y) = (N,P)in M| =a [Q,L,((Azy.M)N)P ]

Proof. By application of rule (5) and rule (8g). O
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7.4.2 Operational Context

To say that two arbitrary terms have the same behavior, we need a way to observe them. The only
observable types at our disposal are the types bit and T. So the fact that two terms M and M’ have
the same behavior can be understood as the fact that in whichever context C[—] we “use” them,
if C[—] : bit, then C[M] reduces to 0, respectively, 1, with the same probability as C[M’']. Such a
term C[—] is called an operational context.

Definition 7.4.3. We define a formal operational context to be a formula defined by the following
BNF:

Cl=l == [H(C[=M) [ (MC[=]) [ Az.C[=] | (C[=], M) [ (M, C[=]) |
let (x,y) =Cl—]in M | let (z,y) = M in C[—] |
let «=C[—]in M | let x =M in C[-] |
if C|—] then M else N | if M then C|—] else C'[—].
We call [—] the hole of the context.

The notions of well-typed contexts and free variables in contexts are defined the same ways as for
terms. Note that there exists a new notion: the notion of captured variables, which are the variables
whose scope includes the hole. We can make this more precise by speaking of typed contexts:

Definition 7.4.4. A typed operational context is a typing tree with root I'" > C[—] : B, considering

the additional axiom I' > [—] : A, i.e., a typing tree of the form
e [-]: A
I'">C[-]: B.

We say that this context is of type B, with free variables I, a hole of type A, and captured variables
I'. We also use the notation IV > C[I" > — : A] : B for a typed operational context.

Lemma 7.4.5. If

' [-]:A
I'">C[-]: B.
s a valid typing derivation, then so is
AT [-]: A

AT > C[-]: B,
provided the variables that occur in A are fresh.

Proof. By easy induction on the typing derivation of IV > C[—] : B. O

7.4.3 Operational Equivalence

We define a notion of operational equivalence, based on the reduction rules and observations of type
bit, as in [Danos and Harmei (|2QQ2) (Equivalently, it would suffice to consider observations of type
™).
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Definition 7.4.6. Let > C[I' > — : A] : bit be a closed typed operational context of type bit, and
let R = [Q,L,M] be a well-typed quantum closure with typing judgement I" F [Q, L, M] : A. In
this case we define the substitution C[R] by [Q, L, C[M]], where M is syntactically replacing [—] in
C[—]. We linearly extend this definition to probabilistic distributions of quantum closures of the
form I' E Y, piR; : A by setting C[Y_, piRi| = >, piC[R;].

Lemma 7.4.7. In Definition [74.0, the substitution is well typed and a valid typing judgement for
it is F [Q, L, C[M]] : bit.

Proof. This lemma is a direct consequence of Lemma [LZH] O

Definition 7.4.8. Given two well-typed quantum closures I' E R, R’ : A, we say that R is opera-
tionally equivalent to R’ with respect to T if for all closed typed operational contexts > C[[' > — :
A 2 bit, C[R]J 0 =C[R']J0and C[R] 1 = C[R'] | 1. In this case, we write ' F R~,, R’ : A. If
M, M’ are terms, we say that T' > M =,, M’ : AT E[|),|),M ] =op []),]), M ] : A.

7.4.4 Denotational Equivalence

The last equivalence we can define is the denotational equivalence. This equivalence relation is simply
stated:

Definition 7.4.9. We say that two typing judgements I > M, M’ : A are denotationally equivalent if
[T'> M : A) and [I' > M’ : A] are the same map in CPM. In that case we write I' > M= 4e, M’ : A.
We extend this definition to quantum closures: I' E R4, R’ : Aistrueif [[E R: A] = [ E R : A].

7.5 Soundness and Full Abstraction

The three defined equivalence relations we have built have the expected behavior: The axiomatic
equivalence is sound with respect to the operational equivalence and the denotational semantic is
fully abstract with respect to the operational semantics:

Theorem 7.5.1 (Soundness). IfI't> M &4 M’ : A then T > M =~,, M’ : A.

Remark 7.5.2. An immediate consequence of soundness and Lemma is that the order of
evaluation does not affect the outcome:

I'> (Azy.R)M)N =,p ((Ayz.R)N)M.

Theorem 7.5.3 (Full abstraction). The denotational semantics is fully abstract with respect to the
operational equivalence of typing judgements, i.e.

[C>M:Al=[C> M : A} if and only if T > M =~,, M' : A.

Remark 7.5.4. The presence of the non-terminating term 2 is necessary for full abstraction to
hold. Without it, every program terminates with probability 1, and there is only one definable map
bit — T. Thus, although Af.(f0) and Af.(f1) of type (bit — T) — T have different denotations, no
context will distinguish them.
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7.5.1 Proof of the Soundness Theorem

Assume Theorem [L23l It suffices to show that if I'> M ~,, M’ : Athen ' > M ~g4,, M’ : A. We
show this by structural induction on the proof of I' > M =~,, M’ : A.

The cases (8), (Bg), (B+), (B%) and (8}) are similar as in the proof of Lemma [ZZ0

We detail the remaining cases

(). U [T>M:A—B] =2(g) : [A] — [A] ® [B], then the denotation [I',z: A> Mz : B] is a
map [ : [I'] ® [A] — [B], with

flaoy) =g ®ida(y)) = g(z@y).

ng) U f=>M:AxB],if g=[T > let (z,y) = Min (z,y) : A® B] and if a € [I'], we have
g(a) = (ida ® idp)(f(a)) = f(a).

). M f=C>M:T],if g=[T>let x=Minx:T], and if a € [I'], then g(a) is equal to
idT(1) - f(a), that is, f(a).

(mif). In this case, the context I' splits into (I'1,T'2), where I’y > B : bit and 'y, x : bit > M : A. If
(p, q) is the denotation of the former and f the denotation of the latter, if a € [I'1] and b € [I'2],

p(a)f(0,0) + q(a) f(b,0) = f(0,b-p(a)) + f(b-q(a),0) = f((p(a), ¢(a)) @ b).

(id). This last case is done by noticing that [« : bit > meas(new x) : bit] is the identity. O

7.5.2 Full Abstraction: Preliminary Lemmas

Lemma 7.5.5. For any two programs P, P’ of type bit, they have the same denotation if and only
if for allb € {0,1}, Pl b= P | b.

Proof. Consider two well-typed programs P, P’ : bit. Suppose they have the same denotation f.
Then from Lemma [ZI] f is also the denotation of proby; P and of prob;, P’. But by definition,
[proby P] = (p,q), where p = (proby;; P) 1L 0 = P 0 and ¢ = (proby;P) | 1 = P | 1, and similarly
for P’. Thus P{1 =P |1 and P 0= P |} 0. The argument being reversible, we get the other
implication. O

Lemma 7.5.6. If [I'> M:A] = [I'> M":A] and C[I' > — : A] : bit is a valid context, then
[C[M] : bit] = [C[M'] : bit].

Proof. The proof uses Lemma [0 O

Lemma 7.5.7. Let A be a type and let v # v' be hermitian positive elements in Vjay. Then there
exists a valid typing judgement x : A > M : bit such that [M](v) # [M](").

Proof. By Lemma [[320 it suffices, without loss of generality, to consider the case where A =
bit®" @ qbit®™. Then [A] = (2™,...2™), v = (v1,...v9n) and v/ = (v},...v4.). If v and o'
differ, there exists some 4 for which v; # v,. By Theorem BT there exists orthonormal bases
of eigenvectors corresponding to v; and v. Since they differ, there exists a vector w such that
w*v;w # w*vjw (otherwise, v; and v; would have the same eigenvectors and eigenvalues, making
them equal).
Consider the map
foo@m2m — 11
(wlv s 7wn) E— (w*wiwv 0)

From Theorem EE3TT] this is a superoperator. By definition, f(v) # f(v') and by Theorem [L3T3,
it is representable by some valid typing judgement x : A > M : bit. |
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Lemma 7.5.8. Given any type A and any hermitian positive v € V] 4], there exists a closed term
M : A and X > 0 such that [M](1) = lv.

Proof. If v = 0, let M = Q. Else, from Corollary [T there exists a valid typing judgement
> N : §A such that v/Tr(v) = [>> N : AJ(1). Then let M = let x = N in Tfﬂ : A. From
Lemma [[320 > M : A](1) and v are collinear. O

7.5.3 Proof of the Full Abstraction Theorem

If[C>M:A]=[I'> M : A], take any valid context C[I" > — : A] : bit for those two terms. Then
from Lemma [[B8 [> C[M]: bit] = [> C[M’] : bit]. From Lemma L33, C[M]| b= C[M'] b, for
b € {0,1}. Since this holds for arbitrary contexts, M and M’ are operationally equivalent.

The opposite implication follows from Lemma [ZA7 and Lemma [CA8 Consider two typing
judgements I > M, M’: A with denotations

F=[>M:A] and G=[I'> M :A],

such that F' # G.. Since the vector space V|rj is spanned by hermitian positive elements, there
exists a hermitian positive v € Vrj such that F'(v) # G(v).

I =x:A,...,2:A,, let B=A4;®...® A,. By Lemma [[58 there exists a closed term
R : B such that [R: B](1) = Av, for some A > 0. By LemmalZh7 there exists aterm x : A > S : bit
such that [z : A> S : bit](Fv) # [z : A S : bit](Gv). Now consider C[I' > — : A] : bit defined by

let {(x1,...xn) = Rinlet x =[—]in S.

Then [C[M]](1) # [C[M']](1), hence by Lemma [L2A, C[M] | b # C[M'] b, for some b € {0,1}.
It follows that M #,,M’, which completes the proof of full abstraction. O



Chapter 8

Structure of the Linear-Non-Linear
Fragment

In the previous chapter, we described a semantics for the linear fragment of the quantum lambda
calculus of Chapter Doing so, we omitted the issue of duplicability. This chapter and the
following ones are concerned with the study of the linear-non-linear fragment of the lambda calculus
described in Chapter An extended abstract of the work presented here has been published in

(Selinger and Valiror, R00S).

8.1 Computations and Values

In Chapter [ we developed an interpretation of computations as completely positive linear maps
between specific vectors spaces. Due to the strict linearity, there was no need to distinguish between
values and computations within the denotation. In the case of the general quantum lambda calculus,
the computations are not the whole story. Due to the probabilistic behavior of the measurement, in
order to give a categorical description of the quantum lambda calculus, the analysis of the values has
to be separated from the analysis of the computations. For this purpose we will use the semantics
described in Section EZ3 and describe a computational model to handle the probabilistic side effect.

8.2 Duplicability Versus Non-Duplicability

While the strong monad handles the probabilistic nature of the computation, it does not deal with
the question of the non-duplicability.

[Coecke and Pavlovid (2007) offer a solution for duplication at first order using the notion of

classical objects. The idea is that the boolean structure (1,1) admits a “copy” operator such as

5. L1 — LLL
PP (a,b) > (a,0,0,b),

sending the Boolean 0 to the pair (0,0) and the Boolean 1 to the pair (1,1). This approach does
not generalize well at higher-order. Indeed, consider the set of functions (T —o bit) and the set of
pairs of functions (T —o bit) ® (T —o bit). Using the denotation in Chapter [ a function f: T —o bit
is represented by a pair (a,b) where a is the probability of outputting the Boolean 0 and b the
probability of getting the Boolean 1. Thus, in the denotation, it is the same entity as a boolean. If
we define 67 _op;+ as the same “copy” operator, d1_opit(f) becomes the pair of functions that outputs

99
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(0,0) with probability a and (1,1) with probability b. This is not how we expect the duplication of
f to behave.

8.2.1 Computations as Proofs

Instead of working at the level of the denotational semantics, we will study the language at a
syntactic level and work out the required structure from there, using the powerful Curry-Howard
isomorphism of Section B2Z2

Our type system has a particular type construct, namely “!”, attached to the subtyping relation
defined in Definition As was noted in (m, M), it is possible to rewrite this subtyping
relation in the following way:

A<:A B<:B (=) A<: A B<:B

A —B<:A—B A®@B<:A' @B ()

A< 1A <:
Oz<:Oz< ) !Ai:g( ) ﬁ(')

This formulation of the subtyping relation guides us to the theory of linear logic.

8.3 Structure of the Exponential “!”

The model of linear logic offered byw (@) and described in Section LG is almost a perfect
fit. However, it is slightly too general for our purpose. In this section we describe the modifications
that are needed.

8.3.1 Idempotency

Indeed, the “!” operator of the type system of the quantum lambda calculus is idempotent, in the
sense that z : A > 2 : A and x : '"A > x : 1A are inverse one of each other. This is not reflected in
the definition of a generic comonad, where the map

LLAX4 1A LA
is not equal to the identity.

Definition 8.3.1 (m (@)) A comonad (L, €, ) on some category is said to be idempotent
if 6 : L > LL is an isomorphism.

Example 8.3.2. Consider any category C. The functor id¢ is an idempotent comonad, with the
comultiplication and the counit being the identity natural transformation.

Based on the idea of classical objects of [Coecke and Pavlovid (2007), a non-trivial example can
be constructed. The setting is the category of finite Hilbert spaces. There is no canonical “copy”
operation E — F ® E on a given space E unless a basis has been arbitrarily chosen. We define the
category ClasObj based on the category fdHilb of finite Hilbert spaces.

Example 8.3.3. Let ClasObj be the category with

e Objects: pairs (E, Bg) where E is a finite dimensional Hilbert space and Bpg is a set of
orthonormal vectors of E. We write (Bg) for the subspace of E generated by Bg, and E+5=
for the subspace of E orthogonal to (Bg).
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e Arrows from (E, Bg) — (F, Br): linear maps from F to F' such that for all b € Bg, f(b) €

We define a functor L from ClasObj to ClasObj as follows: For any object (E, Bg), L(E, Bg) is the
object ((Bg), Bg) and for any morphism f : (F, Bg) — (F, Br), Lf is the restriction of the linear
map [ : E — F to the subspace generated by Bg.

If €g,By) : L(E,Bg) — (E, Bg) is the canonical linear injection and if § g g, : L(E, Bg) —
LL(E, Bg) is the linear identity, (L, ¢, ) is an idempotent comonad.

Lemma 8.3.4. If (L,¢,0) is an idempotent comonad, then 6L = LS, Le = eL and 6~ = Le.

Proof. Equation B states that 6; Ld = §; L. Multiplying on the left by 5!, we get LJ = L.
Equation ([ZB2) says ;€L = §; Le. Multiplying on the left by 61, we get eL = Le. Finally, since
9; Le = id, again multiplying on the left by §—! we get the last required equation: Le = §~'. O

Lemma 8.3.5. Suppose that (L,e,d,d", d") is an idempotent monoidal comonad. Then e-r;df“r =
idrT.

Proof. Consider the following diagram:

LT LidT:idLT
ﬁ
et LT
T LT.

it
The equality is obtained from Lemma B3 the lower triangle by naturality of € and the upper
triangle by functoriality of L on the monoidality of e (Equation ZX3J)). O

Example 8.3.6. The category ClasOQbj from Example B33 inherits a symmetric monoidal structure
from fdHilb in the following manner:

(E,Bg)® (F,Bp)=(E® F,{e® f | e € Bg, f € Br}), T = (C,{1}),

and the tensor product of two morphisms f and ¢ is the morphism of Hilbert spaces f ® g. If we
define the maps

dt T — LT, Al 3. (r.r) * L(E, Bg) ® L(F, Bp) — L((E, Bg) @ (F, Br)),

as the identities of the respective Hilbert spaces C and F ® F, then the comonad (L, ¢, §,d*, d") is
monoidal.

8.3.2 Coherence Property for Idempotent Comonads

We want to be able to define a map [A] — [B], image of the relation A <: B. Since by Lemma 37
(<:) is an ordering relation, we would like to have a similar notion on the images. The category C
has an idempotent comonad. In the following we will show a coherence property for the comonad,
and use it to define the image of A <: B.
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Definition 8.3.7. Consider a category C with an idempotent comonad (L, d,€). Let (F1,...F,) be
a list of functors F; : C™i x (C°P)l — C. Suppose A is the set of elements of the form

A,B:::a | Fi(A17~-~;AmiaBla-~';Bli) | LA,

where a spans over a given alphabet A. Given a map G : A — |C|, we build the A-G-category C% a
follows:

e The set of objects is A.
e Arrows are arrows of C, defined by induction as follows:

— for all objects A in C%, the arrows idcay, €aea) and dg(a) are arrows of cE.

— If f: A — B is an arrow in C% then so are Lf:LAi(iLLB,

E(Xla'"f"'7Xl-;7Y17~-~Ym)
Fi(G(Xy),...[...,G(X},),G(Y1),...G(Ym,)),

Fi(Xis o X0, ey fe i Yn))

Fi(G(X1),...,G(X,),G(Y1), ... f...,G(Yi,)).

Finally, if f : A — B and g : B — C are arrows of C%, (f;g) : A — C is also an arrow of

Ce.

Theorem 8.3.8. Consider a category C, an alphabet A and a list of functors (Fi,...,F,) as in
definition[S5 4 If f: A — B and g : A — B are two maps of CC, they are equal.

Following Kelly’s methodology [Kelly and Laplazd (198(), we define the free category verifying
the conditions, and show that this free category is in fact a poset. Without loss of generality, we

consider only one F;, that we name x : C? x C — C.

Definition 8.3.9. Given an alphabet A, we define the graph G as follows: the vertices of G are
Vertices A,B ::=a | (Ax B) | LA,

where a ranges over A, and the arrows are two-fold. First, for each vertex A there exists arrows
0a:LA— LLAand ey : LA — A. Then for each arrow f : A — B all expansions of f with respect
to (L, x) are arrows in the graph.

Then we define IC to be the free category generated by G. We write id 4 for the identity on A.
We call the arrows id 4, €4 and da elementary arrows.

We define a set of relations R. This set contains first G and (G2), the equations of
functoriality of L and of naturality of € and §, so that (L,d,¢) is a comonad. It contains the
equations for the bifunctoriality of x. We also request equations Les;04 = idj24 and epa = Leg.
Furthermore, we request all expansions of the above relations with respect to (L, x) to belong to R.

Finally, we define the category D to be K/R.

Lemma 8.3.10. In D, K is a bifunctor and (L, d,¢€) is an idempotent comonad.
Proof. All the requested equations are there. O

Definition 8.3.11. We define a map K : |D| — |D| by induction

K(a)=a K(L*A) = K(LA)
K(La)=La K(Ax B)=(KA)x (KB)
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K(L(Ax B)) = L((KA) x (KB))
and a set of maps (4 : A — K A, one for each object A:

(o=1tdg:a—a, (po=1idp,: La— La, (8.3.1)

_r2 e Cra

Caxp = (KA) x B $2%2, A w (KB).
We define subsets LSubVert and SubVert of vertices:

LSubVert U w= a|AxB,
SubVert A,B == U|LU.

An element in SubVert is called a subverter, and an element of LSubVert a linear subverter. We
define a partial ordering relation < on subvertices (where A, B € SubVert and U,V € LSubVert):

U<V U<V A<A B<LPHB
a<a LUKV LULKLV AxB<AxDB

and a map m4,p for each A < B:

muy,v
[ e
€U;MU,v Lmuy,v
mrLu,v =LU ——YV mrLu,Lv =LU —— LV

R VA - TN -

ma:aﬁ‘ba mAIKB,AxBI:A’xBMAle'
Lemma 8.3.12. For all A, (4 is an isomorphism.
Proof. Proof by induction on A, knowing that § 4 is an isomorphism. O
Lemma 8.3.13. For any vertex A, KA is a subvertez.
Proof. Proof by induction on A. O

Lemma 8.3.14. For any vertex A, there exists a unique linear subvertex U and a unique n > 0
such that A = L"U. In that case, KA=U ifn=0, KA = LU otherwise.

Proof. Proof by induction on A. O
Lemma 8.3.15. If U is a subvertez, then K(LU) = L(KU).
Proof. Proof by case distinction. O

Lemma 8.3.16. If U is a subvertez, then

LU 2% K(LU) = LU 2% L(KU)
Proof. Proof using Lemma and by case distinction on the possible (7p. O

Lemma 8.3.17. < is an partial ordering relation on subvertices.

Proof. For A, B and C' subvertices.
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e Reflexivity: A < A: proved by structural induction on A.
e Antisymmetry: A < B and B < A implies A = B: proved by structural induction on A.

e Transitivity: A < B and B < C implies A < C: proved by structural induction on A.

O
Lemma 8.3.18. If A< B and B < C are in SubVert,
A, p Ml o = 4% 0 (8.3.3)

Proof. We prove by induction on the derivation of A < C' that for all B such that A < B and
B < C, Equation B33 is valid.

e If it is an axiom, then A = C are a or T and the only for B is to be the same as A and B: we
are done.

e Suppose it is true for sub-derivations of LU < LW, U and W being linear subvertices. By
case distinction the only B such that LU < B and B < LW is B = LV, where V is a linear
subvertex. Then by functoriality of L and and by induction hypothesis, the result is true.

e Suppose it is true for sub-derivations of LU < W, U and W being linear subvertices. By case
distinction the only possible B such that LU < B and B < W are B=V or LV, V a linear
subvertex.

—If B=V: then mpyy = LU <% U 225V, and mpp.yv; myw is

mrLu,v

LU

\(a) 'mUv/
€U / ’

u o mv,w

|4

where the (a) and (¢) commute by definition, and (b) commutes by induction hypothesis.

LTVLUYV mvy,w
_—

—If B = LV: then mpyv = LU LV, mpvw = LV <% V. —% W, and

MLU,LV;MLV,W 18

LTVLUYV
LU LV
lw @ /
my,v
U——=V () mLv,w

(¢) kv,w
N\
(d) MUV w.

)

mLu,w

where (a) commutes by naturality of e, (b) and (d) by definition and (¢) by induction
hypothesis.
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e If it is true for sub-derivations of (D" x E) < (D x E”), then by case distinction the only
possible B such that (D" x F) < B and B < (D x E"”) is B = (D' x E’) for some vertices
D’ and E'. Then D < D' < D” and E < E’ < E", and by induction hypothesis we get the

result.
O
Lemma 8.3.19. For any subvertex A, ma a =1id 4.
Proof. Proof by induction on A. O

Lemma 8.3.20. Given any arrow f: A— B, KA < KB.

Proof. We prove it by induction on the construction of f: first the result is true for any elementary
arrow and for the identity ion objects. Then it is true by induction on any expansion of such
arrows, using the definition. Finally, from Lemma B3 T7 < is transitive and thus it is true for any
composition of expansions. O

Lemma 8.3.21. For any map g : A — B, the following diagram commutes:

A B
CAl lCB
KA kB,

Proof. First note that m4 g is well-defined using Lemma BZ20 Then we proceed by case distinc-
tions.

e First, g can be the identity, then it’s done.
e It can be an elementary arrow. In the case § 4, the following diagram has to commute:

)
LA = I2A

CLAl lCLzA

K(LA) ————— K(L2A).

MK (LAY, K(L2A)

By definition K(L?A) = K(LA), and from Lemma MK (LA),K(LA) = idx(ra)- Thus

diagram becomes:
A 5a 12
NG
A LA ()

(e)

A

L

Cr2a

CrLa

ii—> K(LA),

K(LA)

where (a) commutes by property of comonads, (b) commutes by definition, (¢) by vacuity.
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e In the case €4, from Lemma B3 T4 A can be either a subvertex U or of the form LB. In the
case A = LB, using the same equality as above, the following diagram has to commute:

L2BLLB

(a) / l
Cr2 LB (LB
" Bl / (b)

K(LA) —id= K(LA),

and (a) commutes by definition, and (b) by vacuity. In the case A = LU, the diagram that
needs to commute, using Lemma and Lemma B3 TH is:

—2—y

ok

L(KU) —id= L(KU),
which commutes by definition of {7y .

e Then it can be the expansion f of an elementary arrow: we prove this case by induction on
such an expansion. The base case has been done, it remains to show the general case. Suppose
then that the result is true for some expansion f : A — B. Then we need to show that the
diagram commute for LF, for f x X and for X x f.

e Finally, it can be a composition f of such expansions. By induction on the number of expan-
sions composed, we show that the diagram commutes for f. What remains to be shown is the
iterative case: Suppose f : A — B is such a composition, and g : B — C'is an expansion, we
want the following diagram to commute:

A C
CA\L \LCB lCc
MKA,KB MKB,KC
MKAKC

The upper triangle commutes by definition, the lower one using Lemma B3 T the left square
by induction hypothesis and the right square because we just proved the result for expansions.

O
Corollary 8.3.22. In D, any two arrows f,q: A — B are equal.
Proof. From Lemma B3 ZT] they are both equal to (4;mra Kk B; Cgl. O

Proof of Theorem [82Z8. We prove the theorem when (Fi,...Fy) consists only of one functor x :
C? xC—C.

Consider the free category D with an idempotent comonad described in Definition There
is an inclusion Z : D — C%, and any arrow in C is the image of an arrow in D. Let f,g: A — B be
arrows of C%. There exists f' and ¢’ in D such that Z(f’) = f and Z(g') = g. From Corollary B21.22,
=4 Thus f=g. O
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8.3.3 Duplicable Pairs and Pairs of Duplicable Elements
Unlike the work of Benton et all (1993); Bierman (1993), we want to think of the type (4 ® B)

as a type of pairs of elements of type A and B: we want to use the same operation to access the
components as one would use for a pair of type A® B, without having to use a dereliction operation.

This immediately raises a concern: consider a pair of elements (x,y) of type (A ® B). Are x
and y duplicable? In the usual linear logic interpretation, they are not. Having a infinite supply
of pair of shoes does not mean one has an infinite supply of right shoes: we cannot discard the left
shoes. On the other hand, in our interpretation of “classical” data as residing in “classical” memory
and therefore being duplicable, if the string (z,y) is duplicable, then so should be the elements x
and y. In other words, we want the duplication to “permeate” the pairing.

The choice of such a “permeable” pairing is more or less forced on us by our desire to have no
explicit term syntax for structural rules. Consider the following untyped terms, which can be typed

if ¢ is of type (A ®@ (B ® C)):

let (x,u) =tinlet (y,z) =win ((z,y),x), (8.3.4)
let (x,u) =tin (let (y,z) =win (z,y),x). (8.3.5)
First, we expect these two terms to be axiomatically equal. Term (E3ZI) should be of type
I((C ® B)® A), regardless of the permeability of the pairing: if (y,z) is duplicable, so should
be (z,y). Now, consider the term B3] with a non-permeable pairing. In the naive type system,
u ends up being of type B ® C, and the variables y and z in the final recombination end up being
respectively of type B and C'. Tt is not possible to make (z,y) of the duplicable type !(C' ® B).
We therefore choose a permeable pairing. Is will be reflected, albeit subtly, in the typing rules
(®.1) and (®.F) of Table[l To enforce it in the semantics, we will pick a strong monoidal comonad
to model the operator “!”.

8.4 Linear Category for Duplication

We now have enough background to define a candidate for the categorical model of the quantum
lambda-calculus. As it was advertised, the structure of the categorical semantics will closely follow
the one proposed bym (IE), but with the added twist of a computational monad a law

).
Definition 8.4.1. A linear category for duplication is a category C with the following structure:
e a symmetric monoidal structure (®, T, a, A, p, 0);
e an idempotent, strongly monoidal, linear exponential comonad (L, 6, ¢, d", d*, {, A);
e a strong monad (T, ui,n,t);
e a Kleisli exponential —o, that is, a natural bijective map of arrows
®:C(A® B, TC) — C(A,B — ()
and a bifunctor — : C°? x C — C.
The computational linear category is defined as the Kleisli category Crp.

Categories with a combination of a monad and a comonad have been studied by many authors
(Bari, 1990; Hyland and Schalk, 2003; [Power and Watanahd, 2002). However, none of them are
equivalent to linear categories for duplication: either the monad and the comonad commute or the
comonad is not idempotent.
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Example 8.4.2. Consider the category ClasObj of Examples and It is symmetric
monoidal closed, and it has a idempotent, monoidal comonad (L, e,d,d” d*). Note that the co-
herence maps df“'— and dﬁ’ p are isomorphisms: the comonad L is strongly monoidal. We can make
ClasObj into a non-trivial linear category for duplication, as follows:

e For every object (E, Bg), define the arrows

Oy | L(E,Bg) — T Ag.py) : L(E, Bg) — L(E, Bp) ® L(E, Bg)
v Y (vle), vi— 3 (le)(e@e).
ecBg e€BE

Equipped with these two maps, the comonad L becomes an idempotent, strongly monoidal,
linear exponential comonad.

e Consider the functor T : ClasObj — ClasObj sending the object (F, Bg) to (0,0) and the
morphism f : (E, Bg) — (F, Br) to T'f = id g p). Together with the maps

E.Bg) (E,Bg) — T(E, Bg) =z 0,
we,By) - TT(E,Bg) — T(E, Bg) = id0,0),
{(E,Bp),(F.Br) (E,Bg)®T(F,Br) — T((E, Bg) ® (F, Br)) = Z'd(O,Q))a

the functor T is a strong monad.

e Remember that ClasObj is a symmetric monoidal category. At first sight, the functor (—) ®
(F, Br) does not have a right adjoint. However, if one defines the object

(E, Bg) — (F, Br) = (0,0),
there is a natural isomorphism
ClasObj((E,Bg) ® (F, Br),T(G, Bg)) = ClasObj((E, Bg), (F, Br) — (G, Bg)),
making —o into a Kleisli exponential.

With the structure defined above, ClasObj is a linear category for duplication.

Remark 8.4.3. A linear category for duplication gives rise to a double adjunction

vt vt
T T~ _— T
Cr 1 C 1 Cr,
v \_/
FE FT

Here the left adjunction arises from the co-Kleisli category Cr of the comonad L. It is as in the
linear-non-linear models of Bentorl (@), and Cy, is a category of classical (non-quantum) values.
The right adjunction arises from the Kleisli category Cr of the computational monad 7', as in

). Here Cr is a category of (effectful) quantum computations.

Example 8.4.4. In Example BZ2 the category quantum values is the category ClasObj and the
category of classical values ClasObj; is equivalent to the category FinSet. Since the image of any
object by T is (0,0), one can say that the category of computations ClasObj; contains only one
element: the diverging computation.



Chapter 9

A Computational Lambda Calculus
for Duplication

In this chapter, we describe a subset of the lambda calculus for quantum computation of Chapter @l
We focus primarily on the type system and language, and not on the structure of the actual “built-
in” quantum operations (such as unitary operators and measurements). The language will be a
generic call-by-value linear lambda calculus, which is parametric on some primitive operations that
are not further explained. It should be understood, however, that the need to support primitive
quantum operations motivates particular features of the type system.

9.1 An Indexed Lambda Calculus

We describe a linear typed lambda calculus with higher-order functions and pairs. The language
is designed to manipulate both classical data, which is duplicable, and quantum data, which is
non-duplicable. For simplicity, we assume the language is strictly linear, and not affine linear as in
Chapter @l This means duplicable values are both copyable and discardable, whereas non-duplicable
values must be used once, and only once.

9.1.1 Type System

We define a type system together with a subtyping relation similar as in Section The only
difference is that type constants are parametrized.

Definition 9.1.1. The set of types is
Type A,B:=a|(A—B)| (A B)|T|!A,

where « ranges over type constants. While the remainder of this thesis does not depend on the
choice of type constants, in our main application this is intended to include a type g¢bit of quantum
bits, and a type bit of classical bits. The meaning of the types is the same as in Section The
type system comes also with the subtyping relation of Definition

Remark 9.1.2. The type system satisfies Lemmas B3 and B33

109
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9.1.2 Terms

The language is a computational language: it is divided into values on the one hand, and general
terms, or computations, on the other.

As in Chapter [ our goal is to find a semantics for the language. The semantics has to be
compositional, that is, the semantics of a given term has to be derived from the semantics of its
subterm. We are focusing on a language close to the one of Chapter @l In this language, consider
the following two typing judgements, where V' and W are values:

x: A V1B, y: B> W:C.
The typing judgement z : A > let y =V in W : C has two valid typing derivations:
x:A>V:IB y:'Bp>W:C r:A>V:B y:BpW:C
r: A lety=VinW:C, x:Aplety=VinW:C.

In order to be able to define a semantics for judgements like z : A > let y =V in W : C, we will use
indexed terms. The purpose of the indexing will be to make sure that each valid typing judgement
has a reasonably unique typing tree.

Definition 9.1.3. We define the notion of core values, extended values and terms as follows:
CoreValue U, U' :=z4 | A | ™ | \hxdA.M | (U,U")",

ExtValue V,W ==U [ (V,W)" | let 24 =V in W | let (z,yB)" =V in W |
let x =V inW,

Term M,N  =:=U|(M,N)" | (MN)| let (z*,yP)" =M in N | let x = M in N,

where n is an integer, ¢ ranges over a set of constant terms, x over a set of term variables and « over
a set of constant types. We abbreviate (\’z4.M)N by let x4 = N in M, \"2"" . let + =z in M
by A"« .M and we omit numerical indexes when they are null.

Core values and extended values are often simply called values when the context is clear. General
terms are also called computations.

Remark 9.1.4. A technicality we introduced is the distinction between core values and extended
values. The core values have the same structure as the values of Section 2221 The need for extended
values comes from the fact that we wish to have a destructor for the unit type T in the category of
values, so that we are allowed to write the judgement

z: Ay Toletx=y ina?: A

However, as it will be further developed in Remark T30, this term will cause problem with sub-
stitution in certain situations. We are forced to restrict the substitution to core values.

Convention 9.1.5. We use the notations [, [1 and [ as place holders for z4, * and (z4,yZ)"
(not respectively). We use typed version of them when we want to enforce the underlying type. For
example, [ can stand for 4,  if A =T, or (zB,y%)" if A=1"(B® ).

We also define a notion of untyped terms as terms with no index:

PureTerm M,N == x| c|x* | Xx.M | (MN) | (M,N) |
let (x,y) =M in N | let + =M in N .

The erasure operation Erase : Term — PureTerm is defined as the operation of removing the types
and integers attached to a given indexed term. If M = Erase(M), we say that M is an indexation
of M. We define notions of free variables and a-equivalence on terms, denoted by =, in the usual
way (see for example Section G1]).
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A<:B (az1)
IAx:A>a2P: B

1A, <: B
Ao cr.p @) Eear (1)

Ax:A>M:B (M) Ajz:A> M : B
A NzAM:A—B " 1A D AIZA M 14 o B)

Fl,!ADMIA—OB Fg,!ADN:A
T, 02,/A> MN: B (app)

AT o M4 ATy e N
!A,Fl,rg > (]\47 N)n : |n(A1 ®A2)
ATy M:T IATy>N:A
IA T, To>let x=Min N : A
!A,Fl > M : 'n(Al ®A2) !A,Fg,l‘l : !nAl,])Q MA >N A
IA, Ty, Ty > let (z, 292)" = Min N : A

(A2)

®.1)

(T.E)

(®.E)
Table 9.1: Typing rules for the linear-non-linear quantum lambda calculus

Lemma 9.1.6. Suppose that V is a core value (respectively an extended value). Then if M is a
term such that Erase(M) = Erase(V') then M is a core value (respectively an extended value). O

Lemma 9.1.7. Suppose that M and M’ are two terms such that Erase(M) = Erase(M'). Then
FV(M)=FV(M') = FV(Erase(M'")). O

Definition 9.1.8. The indexation of terms induces a partial map from terms to types, called the
raw type of M. We write M : A to say that A is the raw type of M, or that M is raw-typed, and
we define it inductively as follows:

2 A, {M:A— B}N: B,

B : B, {M :1""A} {N :I"BY)" : "(A® B),

T let (z4,yPY" =M in {N:C}:C,
Az {M : B} :1"(A— B), let x =M in{N:C}:C.

We use the notation {M : A} to say “the term M when it is of type A”.

9.1.3 Typing Judgements

Definition 9.1.9. We define the notion of typing context of Definition B30

A typing judgement is a tuple A > M : A, where M is an indexed term, A is a type, and A is a
typing context. As before, to each constant term ¢ we assign a type !A.. A wvalid typing judgement
is a typing judgement that can be derived from the typing rules in Table B1

Definition 9.1.10. We define a special derived rule called (let);
AT, 2:A>M:B ATy>N:A
IAT|,Ty>let z* =NinM: B
It is derived using Definition L2} stating that let 2 = N in M is the term (\°z“.M)N:
ATy, x: A> M : B ()
IAT; > Nz24.M: B IANNTo> N: A
IA, Ty, Ty > (\2A.M)N : B

(let).

(app).
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Lemma 9.1.11. Consider a valid typing judgement A > M : A. Then FV (M) C |A|.
Proof. Proof by induction on the size of M.

Case M = zP. The only applicable rule is (az;). Then the typing judgement is of the form !A, z :
A28 : B. We thus have FV (M) = {z} C |A|U{z} = |A, 2 : A|.

Cases M = cB and M = +". In both cases FV (M) = (). The result is true by vacuity.

Case M = \"z4.N. The only applicable rule is (\;), with i = 1 if n = 0, i = 2 otherwise. Thus
there exists some B such that the typing judgement is of the form A > \"z4.N : I"(A — B)
with A,z : A> N : B. By induction hypothesis, we have FV(N) C |A,z : A| = |A| U {z}. By
definition of free variables, FV (A"z4.N) = FV(N)\ {z} C |A|.

Case M = NP, (N, P)" and let *x = M in N. The applicable rules are respectively (app), (®.I) and
(T.E). The context A splits into !A’, T'1, I's such that !A’ Ty > N : B and !A", Ty > P : C for
some types B and C. By induction hypothesis, FV(N) C |!A’,Ty]| and FV(P) C |!A’,T'5|. Since
FV(M)=FV(N)UFV(P), we have FV(M) C |1A'|U || U] = |A]

Case M = let (x4, y”2)" = N in P. The only applicable rule is (®.E). There exists some type B
for which the typing judgement A > let (1, y42)" = Nin P : B is valid. Moreover, A splits into
IA’",T',Ty such that A", Ty > N : 1"(4; ® A,,) and such that |A" Ty, 2z :1"Ay,y: "As > P : B.
By induction hypothesis, FV(N) C [IA",T| = !1A'|U || and FV(P) C |!A", Ty, 2 : 1"Ay,y :
" Ay| = |IA’|U|T2|U{x, y}. By definition of free variables, FV (M) = FV(N)U(FV (P)\{z,y}).
Thus FV (M) C |A].

And this closes the proof of Lemma LTTTl O

Lemma 9.1.12. Consider a term M and any valid typing judgement A > M : B. Then the raw
type A of M exists, and the type B is equal to A.

Proof. Proof by structural induction on M, looking at a typical typing judgement A > M : A.

Case M = xP. The only applicable rule is (az;). Then the typing judgement is of the form !A, z :
A 2P : B. We thus have M : B.

Case M = cB. The only applicable rule is (azz). Thus the typing judgement is of the form !A >
cP : B. We thus have M : B.

Case M = «™. The only applicable rule is (T.I). The type B is of the form !"T and the typing
judgement is of the form !A > «™ : I"T. Thus we have M : B.

Case M = \°24.N. The only applicable rule is (\;). Thus there exists some B such that the typing
judgement is of the form A > A°z4.N : A — B with A,z : A> N : B. By induction hypothesis,
we have N : B. Thus \’z4.N : A — B.

Case M = \"t1z4 N. The only applicable rule is (A\2). Then A = !A’, and there exists some B
such that the typing judgement is of the form !A’ > A"1z4.N : I"*1(A — B). The judgement
is inferred from !A’,z : A > N : B. By induction hypothesis, we have N : B. This makes
NugA N ImHL (A — B).

Case M = NP. The only applicable rule is (app). The context A splits into !A’, T'y, T'y such that
IN'T1 > N:A—-oBand!A" Ty > P: A By induction hypothesis, N : A — B and M : A.
Thus NP : B.
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Case M = (N, P)". The only applicable rule is (®.). This means A > (N, P)" : I"(A® B), and
the context A splits into !A’, 'y, 'y such that !A’, T’y > N : 1" A4 and such that !A", Ty > P: I"B.
By induction hypothesis, N : " A and P : "B. Thus [(N, P)" : 1"(A® B)

Case M = let * = N in P. The only applicable rule is (T.E). For some type A, the typing judge-
ment A > let * = N in P : A is valid and A splits into !A’, T, 'y such that !A’, Ty > N : T and
such that !A’, Ty > P : A. By induction hypothesis, P : A. This means let *x = N in P : A.

Case M = let (z1,y42)" = N in P. The only applicable rule is (®.E). We have the valid typing
judgement A > let (x4, y42)" = N in P : B for some type B and A splits into !A’,T';, T’y such
that !1A" ) T; > N : I"(4; ® A,,) and such that A’ Ty, 2 : 1Ay, y : "4y > P : B. By induction
hypothesis, P : B. We deduce that M : B.

Therefore, regardless of the chosen typing judgement A > M : A, A is always equal to the raw type
of M. O

Remark 9.1.13. Although the type A in a valid typing judgement A > M : A is only dictated
by M, the context A cannot be chosen arbitrarily for the judgement to be valid. Consider the
term fAA(fA™A2A4) 1 A, The context (f : !(A —o A),z : A) makes a valid typing judgement, but
(f: A— Az : A) does not.

Lemma 9.1.14. Consider a valid typing judgement A > M : B and the subtyping relation A’ <: A.
Then A’ > M : B is valid.

Proof. Let m be a derivation of A > M : B The proof is done by induction on the size of 7.

Case (ar1). The typing judgement is of the form Az A o8 : B with A <: B. We have then
A= (1A,z: A). Since A’ <: A, the context A’ is of the form (!A’,z : 1A’), where !A” <:!A and
A’ <: A. Note that A’ is duplicable from Lemma B33 Since A <: B, we have A’ <: B. Applying

rule (az), we have that !A’,z : A’ > 2P : B is valid.

Cases (arz) and (T.I). The typing judgements are respectively of the form A cB:Band A >
# 0 IMT, where A = IA. Since A’ <: A, from Lemma X3 A" = !A’. We can therefore apply
(az2) (respectively (T.I)) and get that A’ > M : B is valid.

Case (\1). There exists some B such that the typing judgement is of the form A > \'24.N : A—B
with A,z : A > N : B. Since (A';z : A) <: (A,z : A), by induction hypothesis, we have
A’z A N : B. Applying (\1), we get that A > \924.N : A — B is valid.

Case (A\2). We have A = IA, and there exists some B such that the typing judgement is of the
form A > A zA N I"*t1(A — B). The judgement is inferred from IA,z: A> N : B. Since
A’ <:1A, from LemmaBEZH A’ = !A’. We have therefore (1A’, z : A)<:(!A,z : A). By induction
hypothesis, we have !A’ z : A > N : B. Finally, we can apply the typing rule (\2) in order to
get that A’ > X124 N : 1"1(A —o B) is valid.

Cases (app), (®1), (T.E) and (®.E). The term M is respectively of the form

M = NP, M = (N,P)",
M =let «x=Nin P, M = let (P, yP2)" = N in P.
The typing context A splits into (!A, I'1, ) such that IA, Ty > N : B; and such that !A, 'y, A >

P : B, for some types By, By and a context A that is empty for the first three cases and equal
to (z : D1,y : D2) in the last case.
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Since A’ <: A, the context A’ splits into (!A’,I"l,I"Z), where 1A’ <: 1A, I <:Typand Ty <: Ta.
By induction hypothesis, in each of the four cases, !A’, T > N : By and A" T, A > P : By are
valid. Applying the typing rule corresponding to the case considered, we get that A’ > M : B is
valid.

Thus, by induction the lemma is valid. |

Lemma 9.1.15. Let I' > V : A be a valid typing judgement with V' a core value. Then I' = 1A for
some context A.

Proof. The proof is done by induction on the structure of V. Base cases:

Case V = xB. The only typing rule available for it is (az1). The type B is therefore of the form !B’.
The typing judgement is then of the form A,z : A > 2'F : !B’ with A <:!B. By Lemma G313,
the type A is of the form !A’, and the context I" is of the requested form.

Case V = cB. Here, the only typing rule available for it is (az2). The typing judgement is therefore
of the form !A > ¢P : B: the lemma is true in this case.

Case V = x™. The only typing rule available for it is (T.I). The typing judgement is therefore of
the form !A > *"*+1: I"T1T: a5 in the previous case, the lemma is true.

Case V = XN"zB M. There are two available typing rules for validating I' > A™zB.M : 1A, but
only one, that is (A2), for a duplicable lambda abstraction. This means m = n + 1, and !A =
I"t1(B — ). The fact that I is of the form !A is one of the requirement of this typing rule.

The only inductive case is the following.

Case V = (V;,V5)™. The only available typing rule is (®.I), stating that the type !A is of the form
"t (B ® C), that m = n + 1 and that I' = IA, Ty, Ty, with IA > V3 : "B and A, Ty > Vs
"1 being valid typing judgements. Since V; and V5, are core values, the induction hypothesis
applies, and I'y is of the form T} and Ty is of the form !T';,. This makes I" of the requested form.

Hence, by structural induction on V', Lemma [ITTH is valid. O

Lemma 9.1.16. Consider the following valid typing judgement: A,x : A> M : B. Then for every
free instance x in M, A <: A’.

Proof. Proof by induction on the size of the derivation of Az : A> M : B.

Case (ar1). The typing judgement is of the form !A,y : A > y® : B, with A <: B. If y = z, then
the result is true since z? is the only free variable. If y # x, there is no instance of z, so the
result is true by vacuity.

Case (azr3). The typing judgement is of the form !A > ¢ : B: there is no free variable, the result
is true by vacuity.

Cases (A1) and (\2). The typing judgement is of the form A,z : A > \"yB.M : "(B — C), with
Ajz:Ay: B> M:C andy # z. By induction hypothesis, for every free instance 24 of M
one has A <: A’. Thus it is also true for every free instance " of \"yZ. M.

Cases (app), (®.I), (T.E) and (®.E). The term M is respectively of the form

M = NP, M = (N,P)",
M =let x=NinP, M = let (yPr,2P2)" = N in P.
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The typing context A,z : A splits into !A,T'y, T such that !A, Ty > N : By and such that
A, T, A > P : By, for some types Bi, By that depend on the rule used and for some context A,
empty in the three first cases and equal to (y : D1,z : D) in the last case. Using a-equivalence
one can assume that x is different from y and z. There are three cases, depending on where x : A
is to be found.

Found in T'y. Then there is no free instance of z in P, and by induction hypothesis every free
instance 4" in N are such that A <: A’. Then for all free instances x4 in M, A <: A’.

Found in T'5. Then there is no free instance of x in N, and by induction hypothesis every free
instance 4" in P are such that A <: A’. Then for all free instances z* in M, A <: A’.

Found in 'A. Applying induction hypothesis on both typing judgements, we get that or all free
instances " in N and in P, thus in M, A <: A’

Thus by induction, the lemma is valid. O

Lemma 9.1.17. Consider a valid typing judgement A > M : A, where M is of the form (N, P)",
NP, let = Nin P orlet (y©,2P\" = NinP. Ifx: B (v #y,2) is in A such that B is not of the
form |\B’ then x cannot be free both in N and in P.

Proof. The proof is done by case distinction on the first typing rule used in the derivation of A >
M : A. O

Definition 9.1.18. In a typing judgement A > M : A, a term variable x € |A| is called dummy if

Lemma 9.1.19. Let Ajx : A> M : B be a valid typing judgement where x is a dummy variable
for M. Then

1. the type A is of the form A’;
2. the typing judgement A > M : B is valid;

3. for any fresh variable y and any type C, the typing judgement A,x : Ay : 1C > M : B is
valid.

Proof. We prove the result by induction on the size of the derivation of A,x: A> M : B.

Case (az1). The typing judgement is of the form !A’ 2z : D > 2% : E, with D <: E. If there is a
dummy variable z, it is in |A’| and is therefore duplicable. If we write A" = (I1A” z : A), by
rule (azq) the typing judgement !A” 2 : D > 2¥ : E is valid. Now, if for some fresh variable y if
we consider the typing judgement !A’, 2z : D,y : |C > z¥ : E, it is valid by the same rule (azy).

Case (az2) and case (T.I). The typing judgement has a context of the form !A’. If there is a dummy
variable z, it is in |A’| and is therefore duplicable. Removing this variable from the context does
not change the validity of the judgement. Now, if we extend the context to !A’,y : !C, the typing
judgement is again valid by the same rule (az2) or (T.I).

Case (\1) and case (\2). The typing judgement is A,z : A > A"zP.N : I"(D — E), such that
A,x:Az: D> N: Eisvalid. If o ¢ FV(A"2P.N), then z is not in FV(N) (since x # z), and
by induction hypothesis its type is of the form !A’.

Now, consider some fresh y and some type C. By induction hypothesis, A,y : |C,z : A,z :
D> N:FEand Az : D> N : E are valid. If the rule applied was (A1), then the integer
n is 0, and one can again apply (A1) to get A,z : Ay : IC > A"2P.N : I"(D — E) and
A > \"zP N :1"(D — E). If the rule applied was (\2), then the integer n is greater than 0 and
the context A is of the form !A’. Then rule (A2) can again be applied to get A’z : A,y : IC' >
NP N 1D — E) and A" > \"2P N : 1"(D — E).
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Cases (app), (®.I), (T.E) and (®.E). The term M is respectively of the form

M = NP, M = (N,P)",
M =let x=Nin P, M = let (zP1,yP2)" = N in P.

The typing context (A,x : A) splits into !A", Ty, T’y such that !A’, Ty > N : By and such that
IA",T'y > P : By, for some types By, By that depend on the rule used.

First let us prove that A,z : A,y : |C > M : B is valid when y is a fresh variable and C' is any
type. By induction hypothesis, !A’, Ty, y : !C > N : By is valid. So applying back the rule that
was used, we get that A,z : A,y :!C' > M : B is valid.

Second, let us show that if @ ¢ FV (M), then its type is of the form !A” and A > M : B is valid.
There are three cases, depending on where z is to be found.

Found in T';. Then since x € |!A’,T'1| but ¢ FV(N), by induction hypothesis the type of =
in the context is of the form !A, and if Ty = (I'},z : A), we have AT} > N : By valid.
Applying back the typing rule used, we get A > M : B valid.

Found in T'y. Then since x € |!A’,T'y| but @ ¢ FV (P), by induction hypothesis the type of z in
the context is of the form !A, and if T's = (I, x : A), we have A, T, > P : By valid. Applying
back the typing rule used, we get A > M : B valid.

Found in !A’. Then the type of x is automatically of the form !A. By induction hypothesis, if
IA" = (IA" 2 : A), both !A” Ty > N : By and A", T > P : By are valid. Applying back the
typing rule used, we get A > M : B valid.

And this ends the proof. O

9.1.4 Type Casting and Substitution Lemma

We now wish to define a set of call-by-value equations on typed terms. To be able to define a
well-typed (-reduction rule, we first need a substitution lemma. Given a value x : A > V : B
and a term y : B > M : C, one expects « : A > M[V/y] : C to be well typed. Unfortunately,
in the presence of Church-style type indices and subtyping, the naive notion of substitution is not
technically well-typed. For example, consider the following valid typing derivations:

A< A
A—oA<1A—A y: Ayt A
r:A—oAp A4 1A o A, > ANyA gyl A — A

Having two valid typing judgements of the form x : B> M : C' and > V : B, it is reasonable to
expect to be able to substitute V' for x in M. Doing so yields the following typing judgement:

> AyAyd 14— A,

which is not technically valid due to the superscript on the bound variable. The standard trick to
resolve this issue (see e.g. m, M) is to use implicit typecasting, or coercion. In this section we
give a precise definition of substitution using typecasting.

Definition 9.1.20. Given M : A and A <: B, we define the map TypeCast(M, B), written {M :
A <: B}, or simply {M <: B}, by induction on M as follows:

e Base cases:

{z? <: B} =2, {eh <: B} =P, [ < I T) = 4™,
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e Induction cases:

{A"zA M <: (A — B')} = Mz {M <: B'Y,
{M{N: A} <:B}={M <: A— B} N,
{M,N)" <:""(A® B)} = ({M <: A}, {N <: "B},
{let (z?,9yPY" = M in N <: C} = let (z*,yP)" = M in {N <:C},
{let * =M in N <:C} =let x = M in {N <:C}.

Lemma 9.1.21. Suppose N : A and A <: A’. Then
{let 2B = M in N <: A’} = (let 2% = M in {N <: A'}).
Proof. Using Definition
{let 2B = M in N <: A’} = {(\°2B.N)M <: A’}
={\N2P N<:B—-A}M
=P AN < AY)M
= (let P = M in {N <: A'}).
And this ends the proof. O
Lemma 9.1.22. Suppose that M : A and that A<: A" <:A”. Then {{M <A’} <:A"} = {M <:A"}.
Proof. Proof by induction on the size of M. O
Lemma 9.1.23. Suppose that M : A. then {M <: A} = M.
Proof. Proof by structural induction on M. O

Lemma 9.1.24. If the raw type A of M exists and if A <: A’, then {M <: A’} is well-defined and
of raw type A’.

Proof. Proof by structural induction on M. O
Lemma 9.1.25. Suppose M : A and A <: A’". Then Erase(M) = Erase{M <: A'}.
Proof. Proof by structural induction on M. O

Lemma 9.1.26. Consider a valid typing judgement A > M : A and the subtyping relation A <: A’.
Then A > {M <: A’} : A is valid.

Proof. Proof by induction on the size of M. O

Lemma 9.1.27. Suppose M : A and A<:A’. If M is a core value (respectively an extended value),
sois M= {M <: A'}.

Proof. Lemma [LT.2Z0 states that Erase(M) = Erase(M') and Lemma [0 that since M is a (core,
extended) value, so is M'. O
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Definition 9.1.28. Given two valid typing judgements !A Ty > V : A and ATy, : A> M : B
where V' is a core value, where M is any term, and where |I'1| N |T'y| = 0, we define the substitution
M|[V/z] (capture avoiding) of = by V in M as follows: we replace each free instance x4’ (where
A <: A" from Lemma BTTH) in M by {V <: A’}. This is formally defined as follows:

(@) [V/x] = {V <A},
() /a] =
(")[V/x] =
(MN)[V/x] = ( [V/x])(N[V/x] :
(M, N)")[V/a] = (M[V/a], N[V/z])",
(let x = M in N)[V/z] = let x = (M[V/x]) in (N[V/x]),
A"z M) [V/z] = \"zC .M,
A"y . M)[V/a] = X'yC (M[V/z])  (ify # 2 and y & FV(V)).

Ify=xorz=ua:
(let (y©,2P)" = M in N)[V/z] = (let (y©,2P)" = (M[V/x]) in N).
Ify#aand z# 2z (and y,z ¢ FV(V)):

(let (y©,zP)" = M in N)[V/a] = (let (<, 2")" = (M[V/z]) in (N[V/z])).

Definition 9.1.29. Suppose that !A,T'; > V; : A; are valid typing judgements, for i = 1...n, where
V; is a core value. Suppose that A ', z1 : Ay,...,x, : A, > M : B is valid. By a-equivalence one
can assume that the x;’s are not free in any V;’s. Assuming this, we define the multiple substitution
MV /1, ...V, /xy,] by induction on n:

o If n =0, we defineM|[] to be M.

o If n # 0, we define M[V1/x1,...V,/xy,] to be (M[V1/x1, ... Va—1/2n-1])[Va/xs], using Defini-
tion LT28

Remark 9.1.30. Note that we only allowed substitution by core values, and not by extended values
nor by general terms. This is due to the strict linearity of the type system. Suppose that we are
given the valid typing judgements

r:Tletx=a inst 1T, y: T >t A

If we were allowed to substitute term variables by extended values, then one could substitute the
former term in place of y in the latter term. However, doing so yield the non-valid typing judgement

z:T>c: A,

The problem comes from the fact that an object of type T can be weakened, although it is not
explicitly duplicable.

Lemma 9.1.31. In Definition[DL28, if « ¢ FV(M), M[V/x] =
Proof. One proves by structural induction on M that if x ¢ FV (M) then M[V/x] = M
Case M = y©. Since z ¢ FV(M), y < x. Then by definition M[V/z] =
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Cases M = +™ and M = cB. Again, by definition M[V/z] = M.

Case M = \"y“.N. If y = x then by definition (\"y“.N)[V/z] = \"y°.N and we are done. If
y # x, the substitution (A\"y“.N)[V/x] is equal to \"y.(N[V/z]). Then by induction hypothesis,
N[V/z] = N, and thus M[V/z] = M.

Cases M = NP, M = (N, P)" and M = (let * = N in P). By induction hypothesis, N[V/z] = N
and P[V/z] = P. Using the definition of substitution, M[V/x] = M.

Case M = (let (yc,zD)" = N in P). Using a-equivalence one can suppose that y and z are not
free variables of V. Then, if y = x or z = 2, M[V/z] = (let (y°,2P)" = N[V/z] in P). By
induction hypothesis N[V/x] = N and thus M[V/z] = M. If © # y and « # z, M[V/z] =
(let (y©,2P)" = N[V/z] in P[V/x]). By induction hypothesis N[V/z] = N and P[V/z] = P,
thus making M[V/x] = M.

Then Lemma T3 is valid. |

Lemma 9.1.32. In Definition [TLTZ8, if M is a core value, so is M [V /x|, and if M is an extended
value, so is M[V/x].

Proof. By induction on the structure of M we prove that if M is a core value, so is M[V/x]. Base
cases:

Case M = yB. If y # z, then M[V/z] = M, and it is a core value. If y = x, then M[V/z] = {V <:B},
which is a core value from Lemma [LT27

Cases M = *" and M = cB. In both cases M[V/x] = M, already in the form of a core value.
Case M = \"y®.N. In this situation M[V/z] is of the form ..., which is a core value.
Induction case:

Case M = (V1,Va)", with V1, Vs core values. We have M[V/xz] = (V1[V/z], V2[V/x])". By induction
hypothesis, Vi [V/z] and Va[V/z] are core values, making the term (V4 [V/x], Va[V/x])" = M|V /x]
into a core value.

This exhausts the possibilities. Thus, by structural induction, M[V/z] is a core value is M is. We
do the same for extended values, and prove that M[V/z] is an extended value if M is, by structural
induction on M. The base cases are the same as the base cases for core values, replacing the word
“core” by the word “extended”, and remembering that any core value is an extended value. The
induction cases go as follows.

Cases M = (Vl,Vg)n and (let x = V1 in Va). In this case, V; and V4 are extended values. Write
f(V1, Vi) for M. Then we have M[V/x] = f(V1[V/z], Va[V/z]). By induction hypothesis, V;[V/x]
and V5[V/xz] are extended values, making the term M[V/z] into an extended value.

Case M = (let y© = Vi in V) (respectively M = (let (y©,zP)" = N in P) ). We write f(V1,V5) in
place of M. Modulo a-equivalence one can assume that y (resp. y and z) is not a free variable
of V. If y =z (resp. y =« or z = x) then M[V/x] = f(V1[V/x],V2). If y # = (resp. y # = and
z # x), M[V/x] = f(V1[V/x],V2[V/x]). By induction hypothesis, V1[V/z] (and Vo[V/z] in the
second case) are extended values. This means that in both cases, M[V/z] is an extended value.

This exhausts the possible cases, and the proof by induction is done: if M is an extended value, so
is M[V/z] O
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Lemma 9.1.33 (Substitution Lemma). Given two wvalid typing judgements !A,T'1 > V : A and
IA, Ty, x: Ar> M : B such that V is a core value and such that |T'1|N|Ty| = 0, the typing judgement
IA,T1,Ty > M[V/z] : A is valid.

Proof. The proof is done by induction on the size of M.

Case M = yP. Then the derivation of the typing judgement of M starts with the rule (az;). This
implies that 'y = IT', and the typing judgement of M is !A, Il x: A> yB : B.
If y =z, then A <: B and M[V/z] = !A,T1 > {V <: B} is well-defined. From Lemma [LT20
IA, Ty > M[V/z] : B is well-typed. Using Lemma BTTA!A, Ty, !T% > M[V/z] : B is valid.
If y # x, then M[V/z] = yB. Since !A, Ty, 2 : A > yP : B is valid, A has to be of the form !A’.
Then by Lemma LTI I'y is of the form !T'}. From Lemma ELTTA A, T, T > yP : B is valid.

Case M = cB (resp. M = %"). A derivation of M starts with rule (azz) (resp. rule (T.I)). In both
cases the context (I'2,z : A) is duplicable: Ty = I, and A = !A’. The core value V is then in
fact of type !A’. By Lemma @TTH T’y is of the form I} for some context I'.

In both cases, the substitution M[V/z] yields back M. Thus, !AIT,!T5 > M[V/z] : B is valid
by applying the typing rule (az2) (resp. (T.I)).

Case M = \"y®.N. The typing judgement for the term M is of the form !A Ty, : A > A"y“.N :
I"(C — D), and any typing derivation starts with either (A1) or (A2) depending on the value n.
In both cases, the judgement A, T's,z: A,y : C > N : D is valid.

Note that x cannot be equal to y in this situation. Using a-equivalence, one can furthermore

choose gy such that it does not belong to I';.

The induction hypothesis can be applied on the judgements !A;T'; >V : B and !A, s,y : C, x :
A N : D, and we get the valid typing judgement

'A,Fl,Fg,yCDN[V/JE] . D. (911)
Note that since x # y, the substitution (\"y“.N)[V/z] = A"y .(N[V/z]). There are two cases,
depending on n.
If n = 0, applying (\;) on Equation {ZI) gives that !A,T';,Ts > (\°y“.N)[V/x] : C — D is
valid.

If n # 0, then (A2) is the first rule for the derivation of M, and (TI'z,x : A) is of the form
(%, 2 : 1A"). Since A = 1A’ is duplicable and since V' is a core value, by Lemma LTTH the
context I'; is of the form IT'}. The rule (\2) can then be applied on Equation (I to get the
valid typing judgement !A, Ty, Ty > (\°y“.N)[V/z] : I"(C — D).

Cases M = N1No, (Ny, No)", (let x = Ny in No) and (let (y©,zP)" = Ny in N).
A typing derivation of A T's,x : A > M : B starts with

!A/,Fgl l> Ny : By !A/,FQQ,A.D Ny : By
!A,FQ,I A f(Nl,Ng) : B

(X)7

where (1A' T'91,T92) = (1A, T'g, 2 : A), where M = f(Ny, Na), where

if f(N1,Ng)is... | (X)is... | Bis... | Byis... | Byis...
N1No (app) D C—D C

(N1, Na)" (®.1) "(C® D) | I"C "D

let (y©,2P\" = Nyin Ny | (®.E) E "(C®D) | E
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for some types C, D and E, and where A is empty in the three first cases and equal to (y :
"C,z : 1" D) in the last case.

By a-equivalence one can assume that in the last case, the variables y and z in A does not occur
anywhere in the other contexts.

From Lemma [LT.T9 one can assume that I's; and I'so do not contain any duplicable variables,
implying that [!A] C |!A’]. Thus there exists some context W such that !A" = (¥, !A). In
particular, this means that

(!\I/,Fgl,rgg) = (FQ,I : A) (912)

This equation is the main result that will allow us to apply the induction hypothesis, and thus
finish the proof.

The variable x : A belongs to either W, I'a; or I'a2. We study each one of these three possibilities.

x € |!¥|. In this case, A =!A" and ¥ = (10, z : lA"). The contexts (A", T'91) and (1A, a2, A)
becomes respectively (10/,IA T9y, 2 : 1A") and (I¥/,IA, Toa, A 2 : !A’), meaning that the
typing judgements W/ A Toy,z : !A" > Ny : By and W/ 1A Tos, A,z : A’ > Ny : By are
valid.

Since 10 = (10, 2 : 1A"), Equation ([II2) implies that (19’,T'91,Ta2) = I's. Since [T'1|N|T2| =
(0, the set |I'1| does not intersect |¥’|, |T'a;| nor |T'a2]. This means that the typing context
(I’ IA T91, 92, T') is valid. Together with the fact that A does not intersect anything, the
requirements on the contexts in the following are satisfied.

By Lemma BT the typing judgement W/ 1A Ty > V : 1A’ is valid.

One can apply the induction hypothesis and get that !0/ IA T'9q, Ty > N1[V/z] : B; and
I/ IA T99, A, Ty > No[V/x] : Bs are valid.

Since A =1A’, from Lemma [.TTH the context I'y is of the form IT].

Using the fact that f(N1[V/z], No[V/x]) = f(N1, N2)[V/x] and applying the typing rule (X),
one gets that W/ 1A T'9y, T99,IT > f(N1, N2)[V/2] : B is valid. One can rewrite this typing
judgement as !A, Ty, Ty > M[V/x] : B.

Case x € |T'a1] and case x € [T'az|. The two cases are symmetrical (modulo the use of A, which
does not bring any difficulty), by inverting the role of 1 and 2 in the indices. We provide the
proof for 2.

The context I'yg is of the form (T',,x : A). This means that W, IA Tos, A,z : A > Ny : By
is valid.

Equation [@II32) implies that (1W,I'9;,T%,) = I's. Since |I'1| N |T'y| = 0, the set [I'1] does
not intersect |¥’|, |T'21| nor |T'gz|. This means that the typing context (10, 1A,T9q,1%,,T)
is valid. Together with the fact that A does not intersect anything, the requirements on the
contexts in the following are satisfied.

By Lemma [LTT9 the typing judgement W, IA Ty > V : A is valid.

One can apply the induction hypothesis: the judgement W, IA Ty, A, Ty > No[V/x] : By is
valid.

Since (I¥,!A) =!A’, the typing judgement W, 1A T'5; > Ny : By is valid.

Since x € |T'a2], x is not a free variable of N;. From Lemma BT this means that
F(N1, No)[V/z] = f(N1, No[V/z]). (In the case & € |21, the substitution f(Ny, No)[V/x] is
equal to f(Ny[V/a], No))

One can then apply the typing rule (X) and get that W’ 1A Ty, 1%, Ty > f(Ny, No)[V/x] : B
is valid.

By definition, the context of this typing judgement is (!A,T'1,T'2). This makes !A T,y >
M[V/z] : B a valid typing judgement.
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Hence, by structural induction on the typing derivation of A Ty, 2z : A > M : B, Lemma [LT33 is
valid. O

Lemma 9.1.34. Suppose that !\A Ty >V : A and \A, Ty, : A> M : B such that V is a core value
and such that |T1|N|Ta| = 0. Suppose moreover that B<:B'. Then {M[V/z|<:B'} = {M<:B'}[V/x].

Proof. By induction on the size of M.

Case M = zB. In this case, the typing judgement !A, 'y, 2 : A > M : B comes from the rule (azy),
meaning that A <: B.
By definition, {M[V/z] <: B'} = {{V <: B} <: B’} and {M <: B'}[V/z] = {V <: B'}. They are
equivalent from Lemma

Case M = cB, " and yP, with y # z. In these three cases, M[V/z] = M and {M <: B'}[V/x] =
{M <: B}, making the result true by vacuity.

Case M = \"y®.N. By a-equivalence one can assume that y # x. since M is well-typed of type B,
there exists a type D such that B = !"(C' — D). Therefore, B’ = ""(C" — D’), with D <: D',
C'"<:C and m =0 if n = 0. One has

{M[V/z] <: B'} = {(\"yC .N[V/z]) <:"(C" — D)} = A"y {N[V/z] <: D'}
which is by induction hypothesis A"y {N <: D’}[V/z]. Therefore

{M[V/z] <: B'} = X"y {N <: D'}[V/a] = Wy {N <: D'})[V/z]
= {\"WO.N <:"™(C" — D')}[V/x] = {M <: B'}[V/z].

Case M = NP. Since M is of type B, there exists a type C such that N : C'— B and such that
P : C. We have therefore:
{M[V/z] <: B'} = {(N[V/2])(P[V/x]) <: B'}
= (N[V/z]){P[V/x] <: C — B’}
= (N[V/z])({P <: C — B'}[V/x]) (by ind. hyp.)
= (N{P <:C — B'})[V/x]
= {NP<:B'}[|V/1]
={M <: B'}[V/x].

Case M = (let (y©,2P)" = N in P). By a-equivalence one can assume that x # v, z. Since M is of
type B, so in P. We have therefore:

{M[V/x] <: B'} = {let (y©,2P)" = N[V/z] in P[V/z] <: B'}
= let (y©,2P)" = N[V/x] in {P[V/z] <: B'}
= let (y©,zP)" = N[V/x] in {P <: B'}[V/x] (by ind. hyp.)
= (let (y©,2P)" = N in {P <: B'})[V/x]
= {let (y©,2P)" = N in P <: B'}[V/2]
={M <: B'}[V/x].

The remaining cases are similar. |
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9.2 Equational Logic of Typed Terms

Definition 9.2.1. We define an equivalence relation on (indexed) typing judgements. We write
Ap> M=y, M A, or simply M =, M’, to indicate that A > M : A and A > M’ : A are
equivalent. Axiomatic equivalence is defined as the reflexive, symmetric, transitive, and congruence
closure of

e the rules from Tables L2 Table B3 so long as both sides of the equivalences are well-typed.
We recall from Convention LA that the symbols [0 and [ are place holders for z#, *, or

(@, yB)".
e the following two rules:
Rule (app..). Suppose that A <: B. If A = (1A’,T'1,T's) such that
IA'Ty>N:B—C, IA' Ty P: A,

then A > N{P<:B} =4 {N<:A—C}P:C.
Rule (letg). Suppose that A <: A, B<: B, andn’ =0if n =0.
If A =(IA’,T'1,T5) such that

INTy>N:1"(A® B), A Ty,z:" A y:"B>P:E,
then
A (let (:UA/,yB/)"l = {N <:I"' (A’ ® B")} in P)
R (let (z*,yP)" = Nin P) : E.
Lemma 9.2.2. Suppose that A <: A'. If A = (IA,T',T') such that
IA,T; > N : A, ATy, z: A'> P E,

then
AN (let e = {N<: A} in P) R (let 2 = N in P) : E.

Proof. By definition. O
Convention 9.2.3. The rule stated in Lemma @22 will be referred to using the symbol (letZ,).
Lemma 9.2.4. The equivalences of Table[J4] are derivable.

Proof. Proof by case distinction. O
Lemma 9.2.5. Suppose that A > M =, M’ : A and that A" <: A and A <: A’. Then A’ >
{M<:Alymg, {M' <A} A

Proof. We have A> M : Aand A > M’ : A. From Lemma@TTd A’ > M : Aand A’ > M’ : A are
valid. From Lemma @120 A’ > {M <: A’} : A" and A’ > {M’ <: A’} : A are valid. It remains to
prove that they are axiomatically equivalent. We prove it by induction on the size of the derivation
of A> M=, M': A.

Base case: B-n-rules.
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(BAD> let x =V in M R0 MV /2 t A

(B)A > let (x,y)" = (V,W)" in M Ro M[V/xe,W/yl: A

(By)A > let x = xin M M c A

(M)A > A"z {V <: A — BlaA Rz V :1"(A — B).
HA > let 24 = N in 24 Rz N DA

(85

(ne)A > let (x4, yP)\" = Nin (24, 4" B)'= 0 N :1"(A® B).

(m)A > let x ={N <: T} in %" N ST

Table 9.2: Axiomatic equivalence axioms: beta-eta-rules

A >let = et = Min

(leta) (let@=MinN)inP ~  let0=NinP
>let 1= Vin et 1= Win
(let) Aplet D=V o letE=W 4
e let @=W in M Faz letA=Vin M °
A >let acA_"B Min
app ~ .
(let™¥) let y* = N in zy o MN H B
(letM A > let 2P =V in \'yA. M R AyAlet P =V in M: (A — B)
A >let 24 = Min n "
(let ) lty' 'B Nzn< ™A y|nB>n zam<M7N> :! (A®B)

Table 9.3: Axiomatic equivalence axioms: commutation rules

Case (). In this case, M = (let 2% = V in N) and M’ = N[V/z]. From Lemma B2
{M<: A"} = (let 28 =V in {N <: A’}). From Lemma T34 {M’ <: A’} = {N <: A’}[V/z].
Using equivalence rule (8y), A’ > let 28 =V in {N <: A’} ~4, {N <: A'}[V/x] : A’

Case (Bg). We have M = (let (zB,y°)" = (V,W)" in N) and M’ = N[V/z,W/y]. From
Definition IT20, {M <: A’} = (let (2B, yC)" = (V,W)" in {N <: A'}). From Lemma 134
{M' <: A’} = {N <: A'}[V/x,W/y]. Using equivalence rule (Bg), A" > let (xP,y@)" =
(VW) in {N <: A’} =gy {N <: A}[V/2, W/y] : A’

Case (). In this case, the term M is (let * =% in N) and M’ = N. From Definition @T20
{M <: A’} = (let * = *in {N <: A’}). Using equivalence rule (3), we obtain the axiomatic
equivalence A’ > let x = xin {N <: A’} m, {N <: A’} A,

Case (ny). In this case, M = \"2B{V <: B - C}2P, M’ =V, A = I"(B—(C) and A’ =
"(B" — C') withm =01if n=0, C <:C" and B’ <: B.

From Definition IT20, {M <: A’} = AmaP" {{V <: B— C}al <:C'} = A"l {{V <:B—
C} <: B — C"}2B. From Lemma @27 {M <: A’} = \"2B {V <: B — C"}2B.

We have A’ > V : 1"(B — C). Since z ¢ |A’| and since 27 = {27’ <: B}, by equivalence rule
(app..) and by Lemma T 2ZAwe have A,z : B' > {V <:B—oC"}aB x, {V <: B’ — C"}2B
C’. Thus by congruence A’ > {M <: A’} gy N8 {V <: B’ — C'}aB" . 1™ (B' — ).
From Lemma [@IT22 {V <: B' - C'} = {{V <:!"™(B' — (")} <: B’ — C"}. Using rule (),
by transitivity we get that A’ > {M <:!"(B' — C")} = {V<:!"(B' — C")} : I"(B' — ().

Case ($3). In this case, M = (let 24 = N in acA) and M’ = N.
From Deﬁnitionm {M<: A"} = (let :c = Ninz?"). From LemmaIZA A’ > (let 24 =
N in 24) x4y (let 24 = {N <: A’} in 24") : A’. Applying rule (33), we get that this is
equivalent to A’ > {N <: A’} : A"

Case (ng). In this case, M = (let (xB,y®)" = N in ("B, y*"“)") and M’ = N. We also have
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(vet) A,y A|>M B Nap Az A let y* =2 inM: B

(let™) 1A > let '€ = Vin Ay.M =g \" Ty let 2’ =VinM 1" (4 — B)

(1et?) A > (V,let (D= M in N) =4, let D= M in (V,N) :I"(A® B)

(1et$) A > (let 1= M in N, V) =4, let 1= M in (N,V) 1"(A® B)
(letPP) A V(let =M in N) =g let =M in VN : B
(letg??) A (let D= M in N)V =gy let (0= M in NV : B

Table 9.4: Axiomatic equivalence: derived rules

A=1"(B®C), and since A <: A', A’ =1"(B' ® C") with m = 0 if n = 0, with B <: B’ and
with C <: .

From Definition LT, {M <: A’} = (let (zB,4°)" = Nin ('™ B,y ¢}™"). From equivalence
rule (let2)),

A 1> et (2P,yC)" = Nin (84" )"
R let (2B YO V" = (N <:""(B' @ C")}in (& By AL

Applying rule (ng), we get that this is equivalent to A’ > {N <: A’} : A’
Case (n.). In this case, M = (let x ={N <: T}in "), M' = N and A = !I"T. Since A <: A’,
A =1"T withm=0if n=0.
From Definition @T20, {M <: A’} = (let x = {N <: T} in «™).
From Lemma [@IT2A {N <: T} ={{N <:I"T} <: T}
From rule (n.), A’ > let « = {{N <:!"T} <:Ttin«M = {N < "T}.

And this prove the lemma for the (-n-rules of Table

Next base cases: commutation rules.

Case (let1). Here, M = (let —1 = (let —3 = Nain Ny) in P) and M’ = (let —3 = Nainlet — =
Using Definition BT20, {M <: A’} = (let —1 = (let —2 = N3 in Ny) in {P <: A’}) and
{M’ <: A"}y = (let —2 = Ny inlet — = Ny in {P <: A’}). Using equivalence rule (let), we
find that A" > {M <: A’} g, {M' <: A’} AL

Case (letz). This case is similar to the previous one. Here, M = (let —; = Viinlet —o = Win N)
and M’ = (let —o =W inlet —y =V in N).

Using Definition T20, {M <:A'} = (let — = Vinlet —g = Win{N <: A’}) and {M'<:A’'} =
(let —3 = Wiinlet — = Vin {N <: A’}). Using equivalence rule (letz), we find that
AN {M<Aymg, {M' <A} AL

Case (let®?). Here, M = (let x84 = N in let y? = P in (x8~4yP)) and M’ = NP. Us-
ing Definition BT20, {M <: A’} = (let 284 = N in let y® = P in (B~4yB)). From
Lemma 27

A 1> let P74 = Nin let y® = P in (254 yP)

Rga let 254 = (N <: B —o A’} in let y® = Pin (25 4yP) : A
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Rule (let®FP) says that this is equivalent to A’ > {N <:B— A’} P : A’. The result is obtained
by using Definition T2 {M’' <: A’} = {N <: B— A'}P.
Case (let”). In this case, M = (let P = V in \*yB.N), M’ = A\*yB.(let z° = V in N),
A=1"(B—-oC)and A’ =!"(B' - ") withm=0ifn=0,C <:C" and B’ <: B.
Using Definition 20, {M <: A’} = (let 2P =V in X"y {N <:C"}) and {M' <: A’} =
AyB (let P =V in {N <: C"}).
Using equivalence rule (let), we have as required that A/ > {M <: A’} mgp {M' <: A’} : A'.
Case (let®). In this situation, M = (let 2'" B = Ninlet y*"¢ = Pin(z'" B,y "), M' = (N, P)",
A=1"BeC)and A’ =!"(B'®@C’") withm=0ifn=0,C<:C" and B <: B'.
Using Definition LT, {M <: A’} = (let 2'"B = N in let y""C = Pin (2'" B 4" )™) and
{M'<: A"}y = ({N <:mC'} {P <:mD'})™.
Using twice Lemma BZA we get that A’ > {M <: A’} =4, (let 2P = {N <: "B’} in
let y""'C" = {P <:!mC"} in (' By CYY L AL
Applying (let®) and transitivity gives the required result.

Rules concerning typecasting. For these two rules, we use in each case the notation of Definition -2
In both cases, we have A > M =~,, M’ : C. We want to show that if A’ <: A and C <: C’ then
A'>{M<CYmeg {M < C'}:C.

The fact that A’ > {M <:C"} : C" and that A’ > {M' <:C"} : C" is proved using Lemma [LTT4
and Lemma

The fact that they are axiomatically equivalent is proved as follows.

Case (app_.). We have M = N{P <: B} and M’ = {N <: A — C}P.
Consider {M <: C’}. From Definition T2 it is equal to {N <: B — C"}{P <: B}. Using
rule (app..), we infer that A > {M <: C'} =g {({N<: B —-C'} <t A— C'}P : C'. Using
Lemma @ETZ2A we deduce that A’ > {N <: A — C'"}P : C'. We conclude by noticing that
from Definition @T20 {M’' <: '} = {N <: A — C'}P.

Case (let%,). Here, M = (let (x4 yB V" = (N <: 1" (A’ ® B')}inP) and M’ = (let (z4,yB)" =
N in P).
The term {M <: C'} is equal to let (:cA/,yB/>"/ = {(N<:!"'(A @B} in {P<:C'} by
Definition The term {M’ <: C'} is equal from the same definition to the term
let (x4, yB)" = N in {P <:C'}.
They are axiomatically equivalent because of the equivalence rule (let%,).

And this ends the base cases.
Rules specific to equivalence relations. The reflexivity, the symmetry, the transitivity are trivial.
Reflexivity. In this case, M = M’. Therefore {M <: A’} = {M’ <: A’}. One has that A" >
{M <: Ay mop {M' <: A’} 0 A by reflexivity.

Symmetry. Here, A > M =~,, M’ : A’ was proved by first proving A > M’ ~,, M : A’. By
induction hypothesis, we conclude that A" > {M' <: A’} =, {M <: A’} : A’. We then apply
again symmetry.

Transitivity. Here, A > M =,, M’ : A’ was proved introducing a third term M" such that
Ap> M=~y M2 Aand A > M” =, M' : A. By induction hypothesis, this means that
AN {M<A =g {M'"<:A}: A and A {M"<: A'} =g, {M'<: A’} : A’ We can then
apply transitivity to get the result.
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Congruence rules. There is one congruence rule per term constructor.
following.

We list the cases in the

Case M = \"z®.N. Then M’ = A"z®.N’, the type A is of the form !"(C — D) and the type A’

is of the form !"(C' — D) with D <: D’. We have A,z : C > N =4 N': D, and A is of the
form 1A if n # 0.

By induction hypothesis, A’,z : C > {N <: D'} =4, {N' <: D'} : D'. Tt is then possible to
apply the congruence rule for ();) to get the result.

Cases M = N1 Ny, (N1, No)", (let * = Ny in No) and (let (y©,2P)" = Ny in No).

and this closes the list of possible cases.

In each case we use the shortcut notation f(Ny, N3) in place of the corresponding construct.

Then M’ = f(N7, N3) for some terms Nj and N}, and the typing judgements A > M, M’ : A
comes from

!A,Fl I>N12.Bl,
IA,Ty > N : By,

!A,FQ,A > Ny : By,
IA, Ty, A > N} : Bo,

and from the application of a typing rule (X), where A = (!A, I'1,T'3), and where

if f(N1,Np) is. .. | (X)is... | Ais... | Biis... | Byis...
N1N, (app) D C—oD C

(Ny, Ny)™ (®.1) "(C'® D) | I"C "D

let (y©,2P\" = Nyin Ny | (®.E) E "(C®D) | E

for some types C', D and E, and where A is empty in the three first cases and equal to
(y : I"C,z:1"D) in the last case. By a-equivalence one can assume that in the last case, the
variables y and z in A does not occur anywhere in the other contexts.

The type A’ is such that A <: A’. Its structure is then governed by the one of A. Let us
construct B and B} as follows:

if f(Ni,No) is... | Ais. .. | Blis... | Byis... |
N1N2 DI C —o DI C

(N1, No)" ™(C" @ Dm) | I'™C’ D’

let *:Nl Z’N,NQ D’ T D’

let (y©,2PY" = Nyin Ny | E' "C®D) | FE

for some types C’, D’ and E’ such that C <:C’, D <: D" and E <: E'.

Note that in each case, By <: B} and By <: Bj. One can therefore apply the induction
hypothesis, and get that

A" T > {N, <: B}} : B},
A" T > {N] <: B}} : B},

A", T, A > {Ny <: B} : B,
A", T, A > {N§ <: By} : BY,

are valid, where A’ = (1A’ T}, T'%), where |A’ <:1A, I} <: T and T’y <:Ts.
Omne can apply the congruence rule for (X) and get that

A" > {Ny <: B{}{Na <: B}} ~4, {N] <: Biy}{N)<: By} + A'.
Using Definition T 20 and Lemma LT3 this means that A’ > {M <: A"}~ {M'<:A'} : A’
O
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Lemma 9.2.6. If!A T,z : A> M : B is a valid typing judgement, and if |A,To > Vg, V' A are
aziomatically equivalent core values such that |I'1|N|Ta] = 0, then AT, Ty > M[V/z]|=e MV’ /2] :
B are aziomatically equivalent typing judgements.

Proof. First note that !A Ty, To > M[V/z] : B and !A,T'1,T'y > M[V’/z] : are valid typing judge-
ments from Lemma We prove that they are axiomatically equivalent by induction on the size
of M.

Cases M = y©, ¢© and +". In these cases, either M[V/z] = M and M[V'/x] = M or M[V/x] =
{V:A<:C}and M[V'/z] ={V’': A<:C} In the former case we have axiomatic equivalence be
reflexivity of the relation and in the latter case we have it using Lemma L2210

Case M = \"y®.N. Note that since !A, T,z : A > M : B is well-typed, we have z # y and
B = "(C — D) for some type D. In particular, M[V/z] = \"y“.(N[V/z]) and M[V'/x] =
NyC (N[V' ) x)).

The typing tree of the typing judgement starts with typing rule ()\;) and has for hypothesis
IAT1,2: Ajy:C > N: D. The integer i = 1 if n = 0, otherwise ¢ = 2. In the latter, (I'1,z : A)
is of the form (!f‘l, X 'A)

By induction hypothesis, IA, T,y : C > N[V/x| =4 N[V'/x] : D. Applying congruence, we get
the result.

The remaining cases are done similarly. O

The following result stipulates that all the indexations of a given erasure live in the same
axiomatic class. In other words, the axiomatic equivalence class of a term is independent of its
indexation.

Theorem 9.2.7. If Erase(M) = Erase(M’) and if A > M, M’ : A are valid typing judgements,
then M = ., M'.

The proof of Theorem BZ1 requires some machinery that we develop in Chapter [

9.3 The Category C,

The language of Section [l together with its axiomatic equivalence can be made into a syntactic
category.

Lemma 9.3.1. We can define a category as follows: Objects are types, and arrows A — B are
axiomatic classes of valid typing judgements of the form x : A >V : B, where V is an extended
value. We define the composition of arrows x : A>V : B andy: B> W :C tobex: A let y =
Vin W : C. The identity on A is set to be the arrow x : A> x : A.

Proof. The composition of two arrows yields an arrow axiomatically equivalent to a value due to
Axiom (8,) and Lemmas and Composition is associative due to Axiom (let1). The
arrow z : A >z : A is indeed the identity on A due to axioms () and (5%). O

Definition 9.3.2. The category described in Lemma [I30] will be referred as Cy.
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9.3.1 Monoidal Structure

Lemma 9.3.3. If we equip Cy with the arrows

QA BC = 2: AR (B®C) > let (y,z) =z in
let (t,u) = 2 in {(y,t),u) : (A® B) 0 C,
Aa = r: T@ADlet (y,z)=xinlet x=yinz: A,
pA = x: AR Trlet (y,z)=xinlet x=ziny: A,
0AB = x: A®@ B> let (y,z) =zin(z,y): B A,

and with the map of arrows (x : AV :B)®@(y:C > W :D)=2: A® B > let {x,y) =
zin (V,W):C® D, then (Cx,®, T) is a symmetric monoidal category.

Proof. We need to show that «, A\, p and o are isomorphic natural transformations, that they

satisfy Equations (7)), @7C2), &Z73), &), T3 and L), and that the constructor ® is

a bifunctor.

Isomorphisms. Let’s show that «, A, p and o are isomorphisms. It is sufficient to exhibit their

inverse:
062713,0: ""(A@B)@C > let (y,2") =" inlet (', u')y=1vy"in
(t' (u,2")): A® (B® C),
)\21: i A(x2) T ® A,
pA = A k) AT,
0AB = ¥ B@A>let (y,2)=2"in{z'y): A® B,

Naturality of o, A\, p and . Let’s consider \. Let f =a: A>V : A’ be any arrow A — A’. We
need to show that the diagram

ToAd oy

T®fl J/f
s

TQA—— A

commutes, i.e. Aa; f = (T®f);Aar. Thearrow TR fisb: TQA > let {t,a) =bin(t,V): TRA'.
So the left hand side of the equation is

b: T@A>let © = (let (t,a) =bin (t,V)) in

(let
y,z) =xinlet x =yin z

let
Rgp let (t,a) =0 inlet = (t,V) in

let (y,z)=xinlet x=yinz by (let1)
Rag let (t,a) =0 inlet (y,z) = (t,V)inlet x =yin z by (8x)
Rgg let (t,a) =b inlet x=tinV by (Bg)-

The right hand side of the equation is

r: T@AD>let a=(let (y,z) =z inlet x=yinz) in V
Rgg let (y,z) =z inlet x=y inleta=z in V:A by (let1)
Rege let (y,a) =x inlet x=y in V:A by (uet)-
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Both side are then alpha equivalent, which proves that A is a natural transformation.
The proof of naturality of p is exactly similar.

For o4 g, consider two arrows f =a: A>V: A and g=0>b: B> W : B'. We aim to show that

TA,B

A®B B® A

f®gl lg@f

A/®BIWBI®A/

commutes, i.e. 04 ;(9® f) = (f ® g);04s, 5. The left hand side is the arrow:

x: A® B let ¢ = (let (y,z) =x1in (z,y)) in
let (b,a) =cin (W,V)
Rz let (y,z) =x inlet c= (z,y) in
let (b,a) =cin (W,V) by (lety)
Rz let (y,z) =x inlet (b,a) = (z,y) in (W, V) by (8x)
Rgq let (a,b) =z in (W,V): B @ A’ by (et ).

The right hand side is

x: A® B let ¢ = (let (a,b) = xin (V,W)) in
let (y,z) =cin{z,y)
Rop let (a,b) = inlet c = (V,W) in
let (y,z) =cin(z,y) by (lety)
Rog let (a,b) =x inlet (y,z) = (V,W) in (z,y) by (8x)
Rgq let (a,b) =2 in (W,V):B @ A by (Bg),

which is axiomatically equivalent to the left hand side.

To prove the naturality of «, let’s choose three functions f =a: A>V : A, g=b: B> W : B’
and h:c:C > U :(C'. It is enough to show that

QA B,C

A® (B®C) (A® B)®C
f®(g®h)l l(f®9)®h

A'®(B'®C')—/>(A'®BI)®C'

Xar B C

commutes, i.e. that aap.c; (f®g) @ h)=(f® (g®h));aar B o

Let’s write down the components of this equation:

fog= d: A®@ B> let {a,b) =d in (V,W): A @B
g h= i:B®C>let (byc)=1i in(W,U): BaC'

Then

(fegeh e:(A®B)®C 1>
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let {dyc)=e m< Zt<$’lflf)f>>:fl u >

Rz let (d,c) =e inlet (a,b) =d in
(v,w),U): (A eB)ed by (let3)

f®(g®h) j:A® (B O) >
N let (b,c) =1 in
let {(a,i)=j in <V, (W, 0) >
Rog let (a,i) =7 inlet (b,c) =1 in
(V, W,U)) : A @ (B'® C") by (let?).

Finally,

QABC = r: AR (B®C)>let {(x1,22) = x in
let (x3,m4) = x2 in
((x1,23),24) : (A® B)®C
XA,B,C = y: A'@ (B @C)>let (y1,y2) =y in
let (ys,ya) = yo in
((y1,y3),ya) : (A @ B )@ C'

Now let’s consider the left hand side of the equation:

( let (x1,22) = in )
2: AR (BC)>let e= | let (x3,24) =22 in | in
<<l‘1,l‘3>,l‘4>
let (d,c) =ein
let {(a,by =d in ((V,W),U)
Ry let (x1,me) = inlet (x3,x4) = T2 in
let e = ((xl,xg) 4) in
let
let (a b} =d in (V,IW),U) by (let1)
R let (x1,me) = inlet (x3,x4) = T2 in

(
(
(
let (d,c) ((xl,xg) 4) in
(
(
(a,

let (a,b) =d in ((V,W),U) by (6x)
Rgq let (x1,me) = inlet (x3,x4) = T2 in
let >: (x 17$3> in ((V,W),U)lws/c] by (Be)

Rgs let (x1,22) = x inlet (x3,24) = 22 in
(V,W),U)[z1/a,x3/b,24/c] by (Bg)
Rgq let {a,xe) = x in let (b,c) = xo in
{(Vv,w)y,Uu): (A @B)eC by (uet)-
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The right hand side is

let {(a,i) = j in
JiAR(BaC)>let y=| let (b,c) =1 in in
(V,(w,U))

let (y1,y2) =y in

let (ys,ya) = y2 in ((y1,¥3), ya)
g let {(a,i) =7 inlet (b,c) =i in

let y=(V,(W,U)) in

let (y1,y2) =y in

let (ys,ya) = Yo in

((y1,3), ya) by (let1)
Rgg let (a,i) =j inlet (b,c) =1 in
(v,w)y,Uu): (A @B)eC by (8x),(Bg) twice,

which is axiomatically equivalent to the left hand side. Thus « is a natural transformation.

Bifunctoriality of ®. First we need to show that ® is well defined on equivalence classes. Given
2 AD Ve,V iBandz:C > Wy, Wi D:
z2: A®C > let (z,y) = zin (V,W)
Rz let (z,y) =2zm (V/,W'): B®& D

since (V, W) =4, (V', W').
Then we need to show that (— ® B) and (A ® —) are functors, and that they verify

(feB);(A®g) =(A®g);(feB)

for every f: A— A’ and every g : B — B’.

(ida ®idp)is (x: A>x: A)®(y: B> y: B), which is by definition z : A® B > let (x,y) =
zin (x,y) : A® B, which is by Rule (ng) the identity z: A® B> z: A® B. So both (— ® B)
and (A ® —) preserves identities.

Let fbex: A—V:A and f'bey: A —W:A". ((f,f')® B) is

z: A® B let (x,t)y =z in(let y=V in W.,t)
Rog let (x,t) =2z inlet y=V in (W,1) by (let$).

On another hand, (f ® B);(f' ® B) is

z: AR B> let u=
let (
R op let (
let (y,v) =u in (W,v) by (lety)
Ry let (x,t) =z inlet (y,v)y = (V,t) in (W,v) by (8a)
(2,t)

g let
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let v=t in (W,v) by (Bz),(8x)
Regz let (x,t) =2z inlet y=V in (W, t) by (8x),

and thus the two morphisms are equals.

Using (let$) in place of (lety), we can show that (A® (g;¢')) = (A®g); (A®g'), forg: B — B’
and ¢’ : B — B".

Finally, we must show that if fisz: A>V:A andgisy: B> U : B, then (f®B); (A ®g) =
(A®g); (f ® B’). The left hand side is

2: AQ Br>let 2/ = (let(x t) =z in (V.t))in

let (u,y) = 2" in (u, W)
Regq let (x,t) =z inlet 2/ = (V,t) in

let (u,y) = 2" in (u, W) by (lety)
Rz let (x,t) = z in let(u,y) = (V,t) in (u, W) by (8x)
Rap let (z,t) =2z inlet u=V in

let y=t in(u,W) by (Bg), (Bx)
Rz let (x,y) =2z in (VW) by (8x), (et ).

The right hand side is

z2: A® B> let 2" = (let{u,y) =z in (u, W))in
let (x,t)y = 2" in (V,t)

and by (let1), (Ba), (Bg),(Bx), (Bx) and («aet), this is axiomatically equivalent to let(z,y) =
z in (V,W). Thus the required equality hold, and ® is bifunctorial.

Commutative diagrams. We need to verify Equations @Z7), €Z72), &Z3), ©&Zd), &Z3) and
Equation Z0).

Equations ZTl). We want to prove that

@A,B,coD; ¥AgB,c,p = (ida ® aB,ceD); ¥A,BoC,D; ¥A,BoC @ idp.
For the left hand side, the components are as follows:

aapcep =7 : A® (B®(C®D))>let (r1,22) = in
let (xs,x4) = o in
((z1,23),74) : (A® B) ® (C ® D)),
aagp,op=Y:(A®B)® (C®D))>let (y1,y2) =y in
let (ys,ys) = y2 in
((y1,ys),ya) : (A® B)® C) @ D)).
Then

QA B,CRD; XAQB,C,D = T : A® (B & (C@D)) >
let (x1,22) = in let {(y1,y2) =y in
let y = let (w3, 24) = X2 in in | let (ys,ys) = yo2 in
((x1,73), 74) ((y1,v3), ya)
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Rop let (x1,22) = inlet (x3,24) = 2 in

let y= {{x1,23),24) inlet (y1,y2) =y in by (lety)

let (ys,ya) =y2 in ((y1,Y3),ya)

Ry let (w1, x0) = inlet (x3,x4) = xo in
let (y1,y2) = ((x1,23),24) in by (lety)
let (ys,ys) =y2 in ((y1,Y3), ya)

Ry let (w1, x0) = inlet (x3,x4) = xo in by (Bg)
let (y3,ya) = w4 in (((T1,23),Y3),Y4)

For the right hand side, the components are as follows:

aB,ceD = z:B®(C®D)>let {(x1,12) =2 in
let (xs,x4) = xo in
({x1,23),24) : (B®C)® D
QA BoC = y: A (B C)>let (y1,y2) =y in
let (ys,ys) = y2 in
((y1,y3),94) : (A® B)® C,
QABRC,D = 2: A ((B®C)® D) > let (21,29) = 2 in
let (z3,24) = 22 in
((z1,23),24) 1 (A® (B® C)) ® D
and idy =t : Ap>t: A idp =u:D>u:D. Then we compute idg ® ap,cgp and
oA Boc ® idp:
ida®@apcgp =a:A® (B (C®D)) >
let (x1,22) = x in >

let (t,x) =a in <t, let (v3,24) = 22 in
<<I1)$3>)$4>
Ry let (t,x) =a inlet (x1,22) = x in

let (xs,x4) =x2 in (¢, ((z1,23), 74)) by (let?)

aaBec ®idp=b: (A® (B®C))®@ D>

let (y1,y2) =y in
let (y,u)="> in let (Y3, ya) = ya in
<<y1ay3>7y4> y U

Rog let (y,u) =0 inlet (y1,y2) =y in
let (ys,ys) = y2 in ({(y1,Y3),Y4), u) by (let3).

Let’s compose id 4 ® ap,cgp and @ Bgc,D:

(ida ® ap,ceD); A, BoC,D =

) (et (t,x) =a inlet (x1,22) = x in _
a:A® (B (C®D))>let z= < let (23, 24) = T2 in (£, ((z1, 73), 7)) in

let (z1,29) = z inlet (z3,24) = 29 in ({21, 23), 24)
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Ry let (t,x) =a inlet (x1,29) = x in
let

let

X3, L4) = X9 inlet z = (t,{{x1,23), x4)) in
21,29y = z inlet (z3,24) = 2o in ((21, 23), 24) by (lety)
t,x > =a inlet (x1,22) = x inlet (x3,24) = T2 in

(
(
(
(
let (z1,z2) = (t,{{x1,23),24)) in
(
(
(
(t,

gz let

let (z3,24) = 22 in ({21, 23), 24) by (8x)
Ry let (t,x) =a inlet (x1,29) = x inlet (x3,24) = x2 in

let (z3,24) = ((x1,73),24) in ((t, 23), 24) by (Bg)
Ry let > =a nlet (x1,x2) = x in

let (x3,24) =22 in ((t,(x1,23)),24) : (AR (B®C))®@D by (Bg)

Now we can compute the right hand of the equation:

(ida ® ap,coD); @A,BeC,D; ®A,Boc @ idp =

let (t,z) =a inlet (x1,x2) =z in in
let (xs,x4) =29 in ({t,{x1,23)), x4)

let (y,u) ="> inlet (y1,y2) =y in
let (ys,ys) =y2 in (((y1,¥3), ya), u)

a:A® (B® (C® D)) let bz(

Ry let (t,x) =a inlet (x1,22) = inlet (x3,24) = x2 in
let b= ((t,(x1,23)),24) inlet (y,u) =bin

let (y1,y2) =y inlet (ys,ya) = y2 in (((y1,¥3), y4), ) by (let1)
. let x) =a inlet (x1,29) = inlet (v3,24) = x2 in
let (y,u) = ({t,{x1,x3)), x4) inlet (y1,y2) =y in
let (ys,ya) = y2 in (((y1,Y3),ya), w) by (Bx)

(11
(t,
(
(
Rop let (t,x) =a inlet (x1,22) = inlet (x3,24) = 2 in
(
(
(
(
(t,

let (y1,y2) = (t, (x1,x3)) in

let (y3,ya) = y2 in ({(Y1,¥3),Ya), Ta) by (Be)
Rop let (t,x) =a inlet (x1,22) = inlet (x3,24) = 2 in

let

(
Y3, ya) = (1, 23) in (({t,Y3),ya), T4) by (Bg)
(

Ry let (t,x) =a inlet (x1,22) = in

let (x3,m4) = a2 in (({t,21),23),24) : (A B)®@C)® D by (Bg),
and this is alpha-equivalent to o B cgp; ®ass,c,p- Thus Equation @) is verified.

Equation ZZ2). We want to show that aa 1,¢; (pa ®idc) = ida @ Ac. We first write down the
components of the equation:

QA T.C= a: AR (T®C)>let (a1,a2) =a in
let (as,as) = agin ({a1,a3),a4) : (AR T)®C,
Ao = b: T@C>let (by,ba) =b inlet x =byinby: C,
pPA = c: AR T >let (c1,c0) =c inlet x=coincy : A,

and idg =u:A>wu:Aand idec =v: C > v:C. Then we construct ps ® idc and id 4 ® A¢o:

o _ o let {c1,c0) = cin
pA®idc = z: (A T)C>let (c,v) =x m< let %= cpine, U
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g let {c,v)y =z inlet (c1,c2) = cin
let *=cy in(c,v): A®C by (letS),
let <b1,b2> =bin >

idy ® Ao = Yy: A (T®C)>let (u,b) =y m<u, let % = by in by
Rgy let (u,b) =y inlet (by,b3) =bin

let =0y in(u,by): A®C by (let?).

We then compose a4, 1.c and pa ® idc:

_ _( let {a1,a2) =a in .
a: AR (T®C)>let z= ( let {as, as) = as in ((a1, as), as) ) in

let {(c,v) =z inlet (c1,ca) =c in
let x =co in {(c1,v)
g let {ar,a2) = a inlet (a3, a4) = as in
let = ({a1,a3),as) in

(
let (c,v) =z inlet (c1,ca) =cin

let x =co in {c1,v) by (lety)
g let {ar,a2) = a inlet (as,a4) = ag in

let (c,v) = ({a1,a3),as) inlet {c1,c3) = cin

let * =co in (c1,v) by (8x)
R let {ar,a2) = a inlet (as,a4) = as in

let (c1,c2) = (a1,as) inlet x =co in {c1,a4) by (Bg)
Rgg let (a1,a2) = a inlet (as,a4) = ag in

let *=a3 in(aj,aq4) : AR C by (Bg),

which is alpha-equivalent to id 4 ® A\¢: Diagram EZT2 commutes.
Equation [ZZ33). We want to show At = p.

AT = x: TRTrlet (y,z) =xinlel x=1yinz
Rz let (y,z) =x in
let x=y inlet x=z in x:T by (7«)
pT = x: TRTrlet (y,z) =xinlet x=ziny
Ros let (y,z) =x in
let x =2z inlet x =y in * by (n«)
Ry let (y,z) =x in
let x=y inlet x=2z in x:T by (lets).

Thus the equation holds.
Equation @ZA). We want 04 g;0p.4 = idagB.
oap=c:AQ@B>let (x1,22) =xin (r2,21): BQA
opA=Yy:B@AD>let (yi1,y2) =y in (y2,y1): A® B
oaB;opaA=2:ARB>let y=(let (x1,22) =z in (x2,71)) in

let (y1,y2) =y in (y2,y1)
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g let (x1,me) = in

let y = (xo,x1) in

let (y1,y2) =y in (y2,91) y (lety)
Rgq let (x1,m0) = in
let (y1,y2) = (w2, 21) in (Y2, 91) by (6x)
Ko let (x1,22) =z in (v1,12) by (Bg)
Ny r:ARB by (7).
and thus &) holds.
Equation ZZH). We want 0B, T;AB = pp. The components are:
opT=x:BRT>let (x1,22) =xin (x2,21): BT,
Ap=y: TQRB>let (y1,y2) =y inlet x =yy inys: B,
pp=x:B®T>let (x1,22) = inlet x = a9 inxq : B.
Let’s compute the left hand side:
opTiAB=2:B®T>let y=(let (x1,x2) =z in (x2,21)) N
let (y1,y2) =y inlet * = y1 inys
R let (x1,m0) = inlet y = (w9, x1) in
let (y1,y2) =y in let x = y1 inys y (let1)
g let (x1,m0) = in
let (y1,y2) = (wa,x1) inlet x = yy in yo by (8x)
Rgg let (x1,29) = inlet x = xyinxz : B by (Bg),
which is exactly pp.
Equation ZZH). We want
QA B.C;0A0B,C;0CAB = (ida Qop,c)iaa,ci; (0ac ®idg).
Left hand side. Let’s write down the components:
aape=2:A®(B®C)>let (x1,22) = in
let (x3,x4) = 22 in ((x1,23),24) : (A® B) ® C,
oaeBc=Y: (ARB)@C >let (y1,y2) =y in (y2,41) : C @ (A® B),
acap=2:CR(A®B)>let (z1,2) =z in
let (z3,24) = 29in ({21, 23),24) : (C® A) ® B

Let’s compose a4, p,c and cagB,c:

A B,C;0ARB,C =T : A® (B@C) >
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let v — let{zy,22) = in .
CYZ N et (3, 24) = x9 in {(T1,23), T4) mn

let (y1,y2) =y in (y2,y1)
Ry let (x1,20) = x in let{xs, xq) = zo in

let y=((x1,23),24) in

let (y1,y2) =y in (y2,91) by (lety)
Rop let (x1,22) = inlet(xs,x4) = 22 in

let (y1,y2) = ((x1,23), 24) in (Y2, Y1) by (Bx)
Ry let (x1,x0) = xin let(xs, x4) = T2 in

(4, (x1,23)) : C ® (A® B) by (Bz)-

Let’s compute the complete left hand side:

QA,B,C;0AeB,C;c,AB=2: AR (B®C) >
let z = ( let{a1,20) = & m ) m
let{xs, xq) = xo in (x4, (x1,23))
let (z1,22) = z in let (z3,24) = 22 in ({21, 23), 24)
g let (x1,22) = x inlet{xs, x4) = x2 in
let z = (x4,(x1,23)) Pnlet(z1,22) = z in
let (z3,24) = 22 in ({21, 23), 24) by (lety)
Ry let (x1,22) = & inlet(zs,x4) = x2 in
let (z1, z2) = (x4, (x1,x3)) in
let (zs3,z4) = 2910 ({21, 23), 24) by (8a)
Ry let (x1,22) = x inlet(zs,x4) = x5 in
let (z3,21) = (3017303> in (x4, 23), 24) by (Be)
)
)

R g let (z1, 29

let (x3, x4 in ((x4,21),23): (CRA) @B by (8g).
Right hand side: let’s right down the components:
ida=a:A>a: A,
oB,c = b: B C > let <b1,b2> =b in <b2,b1> :C® B,
thus
ida®@opc=2:A(B®C)>let (a,b) =z in
(a, let <b1, b2> =b in <b2, b1>>

Ry let {a,b) =z in

let (b1,b2) =0 in (a, (b, b1)) by (lety).

idp=c: B> c: B,
O'AyC:dSA®CI>let <d1,d2>:d m <d2,d1>ZC®A,

thus

oac®idp=y:(ARC)®@ B let (d,c) =1y in
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(let (dq,d2) =d in (d2,dy),c)
Ry let (d,c) =y in
let (d1,d2) =d in
({da,dy),c) : (B® A)® B by (let).

Finally,

apcp=2:AR(C®DB)>let (z1,22) =z in
let (z3,24) = z2in ({z1,23),24) : (A®C)® B
Let’s compose id 4 ® op,c and aa,c,B:
(idA (9 0'370);0@47073 =z2:AQ® (B 024 C) >
ot z( let (a,b):xin. > in
let <b1,b2> =0b in (a, <b2,b1>>
let (z1,22) = z in
let (zs,z4) = 22 in ({21, 23), 24)
Rz let (a,b) =x inlet (by,ba) = b in
let z={a,(ba,b1)) inlet(z1,z2) = z in
let (zs,z4) = 22 in ({21, 23), 24) by (lety)
Ry let {a,b) =z inlet (b1,bs) =b in
let (z1, z2) = (a, (b2, b1)) in

let (zs,z4) = 2o in ({21, 23), 24) by (8a)
Ry let {a,b) = x inlet (b1,bs) =b in

let (z3,24) = (ba,b1) in ((a, 23), 24) by (Bg)
Rop let (a,b) = inlet (by,ba) = b in

{(a,b2),b1) : (A® C) @ B by (Bz)-

Let’s compute the complete right hand side:

(ida®opc)iaacs; (cac®idg)=2: Ak (BeC) >

B ( let {a,by = x in let (by,ba) = b in ) in
<<a’b2>7b1>

let (d,c) =y inlet (d1,do)=4d i <<d2,d1> c)
Ry let {a,b)y =z inlet (by,be) =b i

let y={(a,b2),b1) inlet (d, c>

let (di,d2) =d in ((da, 1>,c) by (lety)
Ry let {a,by =z inlet (by,be) =

({(bg,a),b1) : (C®A)® B by (8x) and (Bg) twice.

And this is alpha equivalent to the left hand side. So the equation holds.

9.3.2 Monadic Structure
Definition 9.3.4. We define the term Ax.M to be \y.(let x =y in M), for M a fresh variable.
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Lemma 9.3.5. The following axiomatic relations are satisfied:

A > MMk mg M : A
A > MVx) =g V T —oA

Proof. Proof by simple calculation.

Lemma 9.3.6. Let na be the arrow x : A> Ax.x: T— A and

(x: AV :T—B) " =y: T—oAD> Ax. let = (yx)in (Vx):

Then (T— —,n,—*) is a Kleisli triple in Cy.

Proof. We need to check Equations (03), 24 and Z5).
Fquation Z23). We want 0% = idT_ a:
Na=x:A> Ax:T—oA
Ny=y: T—AD> I let = (yx)in ((Axx)x): T—A
=y: T—oAD> M. let z=(yx)inzT—oA
=y: T—oAD> Akyx: T—oA
=y: T—oApy: T—A

= idT 4.

Equation ZRZ). We want na; f* = f:

na=x:AD> Max: T—oA, f=y: A V.
thus
[f=2:T—AD> M. let y=(z%)in (Vx): T—o B,
na; [F=x: A letz = Ax.x in

Mk let y = (zx)in (V*): T— B
=x:AD> M. let y=((Axx)x)in (Vx): T— B
=z:AD> M. let y=xzin(Vx): T—B
=y:Ap> MVx:T—oB
=y:A>V:T—B

Equation ZEH). We want f*; g* = (f;g%)*. If
f=x:Ap>V:T—DB,
then

[f=2:T—AD> M. let ©=(2x)in(Vx): T— B,
g =1:T—BD> X let y=(tx)in (Wx): T—C.

Let’s compute

[hg =2:T— A let t = (M. let x = (z%) in (Vx))

T— B.

thus

by (Bx), (Bx)

by (1), (nx)

T—B

and

g=y: B> W :T—C,
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in Ak let y = (tx) in (Wx) : T—o C,
=z: T—0AD> . let y=
(M. let x = (zx)in (V*))xin (Wx): T—C
=z: T—oAD> M. let y= (let = (2x)in (V%))
in (Wx): T—C
=z:T—oAD> M. let ©=(z%) in
let y=Vx)in (Wx): T—C

Next we need

figf=x:Aplett=V
in Ak let y = (tx) in (Wx) : T—o C,
=xz:AD> M. let t=V in
let y=(tx)in (Wx): T—C

and thus

(fig")" =2:T—AD M. let © = (2%) in
Mx.(let t =Vinlet y = (tx) in (W) : T— C
=z: T—oAD> M. let = (2%) in
let t=Vinlety=(tx)in (Wx): T—C
=z:T—oAD> M. let © = (z%) in
let y=Vx)in (Wx): T—C
=159
This ends the proof.
Lemma 9.3.7. Define the following maps:

na = x:AD> Mz T—o A,
A = 2 T—o(T—oA) > Ak.(xx)x : T—o A,

by (Bx)
by (B«), (Bx)

by (lety).

by (let?),

by (B:), (Bx)

by (Bx)

tap = 2: A® (T—B) > let (x,y) = zin x.(x,y*) : T—(A® B),

and define T—o(x : A>V : B) as the arrow

y: T—oAD> Ax.let = (yx)inV :T—B.

Then (T— —,n, u,t) is a strong monad.

Proof. The fact that (T—o —,n, 1) is a monad is a corollary of Lemmas 3.0 and It remains
to show that ¢4 p is natural in A and B, and that it satisfies Equations (2Z1l), (EZH) and (2.

Naturality of ta g in A. We must show that given a map f: A — A’, the diagram

A® (T—oB) 22 T o(A® B)

f®(TﬂB)l lT%(f@?B)

A'® (T B) — T—o(A' ® B)
A'.B
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commutes. If f is the value ¢t : A >V : A’ then

f@(T—B):u:A® (T—B) > let {t,u') = win (V,u')

let v/ = v* in

T—o(f®@B):v: T—(A® B) > . ( let{t,v") = v in

(Vo)

: A'® (T— B),

) : T— (A" @ B).

One needs to show that f @ (T—oB);tar.p =ta p; T—o(f ® B). The right hand side is

z:A®(TwB)|>letv<

R g k.

Rz )\*.( let (x,y

(

(

{
(&2
(

let

let (x,

let (x,

y) =
Ak (2, y*)

")

let v = vk in
in Ax. | let (t,0") =0 in

(Vi)

y) ==z in

let v = As.(x, y*) in
let v = vk in

let (t,v") =v" in (V,v")
let {x,y) =z in
let v = (xz,y*) in
let (t,v") =" in (V,0")
let {x,y) =z in
let b= y* in

r_
fet v = let a=x in {(a,b)
let (t,v") =" in (V,0")

let {x,y) =z inlet b=yx* in
let a=x inlet v =

let (t,

let (x,y) =z mletb—y* in

(a,b) in (V,v") )

//> — ,U/ ; <V ,U//>

let a=x inlet (t,v") =

(a, by in

|

t (z,y) =z inlet b=yx in (V[z/t],b) )

let (x,y) =z mletb—y* in

let b =b in let o =

Via/t] in {d,') )

let (z,y) = z in

let b' = let b=uyx* in b)in

let  =Vi]z/t] in (a’,b)

let :cy =z inlet b/ = yx in
let ' =V]z/t] in {(a’,b")

The left hand side is

>=Z in (Vz/t],y=) )

u: AR (T—B) > let z = (let
let (z,y) =z in Ax.(z, y*)

Rgy let <, u') =wuin

= (Viu

{t,

') in

'y =win (V,u')) in

by (let*) and (let;)

by (8x) and (Bs)

by (let®)

y (lety)

by (Bx)

by (Bg) and (Bx)
by (let®)

by (letl)

by (433)
by (let®).
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let (x,y) = z in Ax.(x, y*) by (lety)
Rgg let (t,u') =u in

let (z,y) = (V,u') in M*.(z, y*) by (8x)
Rgp let (t,u')y =u in . (V,u'%). by (Bg)

Since they are a-equivalent, they are axiomatically equivalent, and the diagram commutes.

Naturality of t4, g in B. One needs to show that given a map f : B — B’, the diagram

A® (T—B) 22+ T o(A® B)
A8(T—o f)l lmmw)
A'®(T—oB) —> T—(A® B)

A,B'

commutes. That is to say, ta,p; T—(ARQf) = AR(T—o f);ta p. If fisthevaluet: B>V : B,
one has:

A®(T—f): u:A®(T—B) > let (', /) =u in
' M. let t=usinV): A ®(T—oB')

o let v = vx in ) /
T—o(A® f): v.Tw(A@B)D)\*.< let (#/,4) = o' int,V > : T—(A® B').

This ends the proof. |
Lemma 9.3.8. Consider the functor —o : CA°F x Cx — Cy, defined on arrows by

A—o(z:B>V:C) = y:A—o B> Az.let x=yzinV:A—-C,
(x:A>V:B)—C = y:B—oCp> \eyV:A—C,

and the map ®4 p,c :CA(A,B—oC) = C\(A® B, T—C):

(x:A>pV:B—C) — (t:A@BD> M. let (x,y)=tinVy: T —oC).
With these structures, Cx has (T —o —)-exponentials, as in Definition [5-1.2)
Proof. We define CI)Z,lB,d

t:A®Bp>V:T—(C) — (x:AD> Ay.let t=(r,y)inVx:B—-oC),

and we show that they are inverse of each other. Given z : A >V : B — C, let’s apply CIJZIB o ©
D4 B c. We get

x: A> Ay (let t = (z,y) in (M. let (z,y) =tin Vy)x)

Rz Ay (let t = (z,y) inlet {(x,y) =tin Vy) by (8x)
Raz Ay- (let (z,y) = (x,y) in Vy) by (B)
Raz Ay-(Vy) by (Be)
Rap V:iB—C by (nx).

Similarly, if we apply ®4 5.c o @Z}B’C tot: AR B>V : T—C, we get

t: A® B> A let (x,y) =tin (\y. let t = {x,y)in Vx)y
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Rgp Ak let (x,y) =tinlet t = (x,y) in Vx by (8x)
Rz Ak let t = (x,y) inlet (x,y) =tin Vx by (lets)
R Mk let (x,y) = (x,y) in Vx by (8x)
e AV % by (Be)
R Vi1 —oC

and thus QE}BC is the inverse of ® 4 p . To finish the proof it is enough to show that —o is
bifunctorial. We need to show that (— —o B) and (A —o —) are functors, and that (f — B); (A—g) =
(A —g);(f—-oB),if f:A— A andg: B— B'.
First consider id g —o idpg: If idga =a: A>a: Aandidg =b: B> b: B, it is the arrow
r:A—oBp>MAa. let b=zainb
R e AN.TA by (5/2\)
Raz® by (77>\)

Then consider f=x: A>V:A and f'=y: A > W : A”. We compute (f — B) and (f’ — B):

t: A" —<BpXy.let b=tWinb

~a\ytW : A — B by (53),
z: A —oBp>Ax.let b=2Vinb
N r.2V i A— B by (3%).

The composition of these two functions is

t: A" — B> let z= \ytW in .2V
o . Ay W)V by (8x)
gz let y=VintW:A—-B by definition.

Let’s compute (f; f') — B:

t: A" —oBpAr.let b=t(let y=VinW)inb
g Ar.t(let y =V in W) by (53)
RgAr. let y=VintW:A—B by (let{?),
which is precisely (f’ — B); (f — B).
Now consider g=z: B>V : B and g’ =y: B' > W : B”. We compute (A—og) and (A—g’):
t:A—oBp>Xa.let x=tainV:A—DB,
z2:A—B' >Xd.let y=zd inW:A—B".

The composition of these two functions is

t:A—Bplet z=(Aa.let x=tainV) in
Xd'.let y=za in W
RN let y=(Xa.let x=tainV)d in W by (Bx)
R let y=(let x=tad inV)inW by (8x)
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Nged let x=ta inlet y=VinW by (lety),

which is exactly A — (g;¢’).

Remains to show that if f=2: A>U:A andg=y: B>V :B then (A —g);(f —B') =
(f = B);(A—g).

Let us write down the components of the equations:

A —g= x1: A~ B>Apg. lety =mx12000n V : A’ — B’
A—og= y1: A— B> Myg. lety =y1yzin V:A—oB
f—oB = 2: A — B pMr2U:A— B
f—B= t:A—oBpMxtU:A—-B

Computing (A’ —o g); (f — B’), we get

x1: A= B> let z= (Ao let y = x122 in V) in Az.2U
R\ (Azo. let y = x129 in V)U by (8a)
~g\r.let y=xUin V:A— B by (8x)

The other hand of the equation, (f — B); (A — g), is

t: A —oBplety =  vtU in \ys. let y = y1y2 in V

R \y2. let y = (AxtU)yz in V by (8x)
R e lety=tUin V by (aet),
and thus the equation holds. O

9.3.3 Comonadic Structure

The goal is to have the type constructor ! to be a comonad. Ideally, we would like the following to

be a derived typing rule:
AV A
IA>V 1A

However, in the context of indexed terms, the correct statement of this property is slightly more
technical. It means there should be another indexation of the original value, well-typed of duplicable

type.

Definition 9.3.9. We define a map ! on extended values in the following way:

(zP) = o'P (V, W)™, = (v, 1wy,

I(cB) = B et x =V inW) =let x=V in!W,

(") = "+ (et (z?,yP)" =V in W) = let (z*, ¢ =W in W,
I\ M) = A"z M, l(let 2 =V in W) = let ' =1V in \W.

We call 'V the promotion of V.

Lemma 9.3.10. Given a valid typing judgement !\A >V : A, the typing judgement !A >V : 1A is
valid.

Proof. Proof by structural induction on the derivation of !A >V : A O
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Lemma 9.3.11. Consider an extended value V. Then Erase(!V') = Erase(V).
Proof. Proof by structural induction on V. O
Lemma 9.3.12. If A> Ve, W: A, then \A> V=g, !W:IA

Proof. By structural induction on the derivation of A > V =,, W : A. We fully develop the case

(Bx)-
Suppose that A > let 4 = V in W : B is valid. Then so is A > W[V/z] : B. We have

l(let x4 =V in W) = (let 2'4 =1V in !W). From Lemma 2310
IA D let ' =1V in W : 1B

is valid. We therefore have A > W[V /x] : | B, and by rule (f)), they are axiomatically equivalent.
Now, using 3T Lemma @3 T and Theorem 27 we have A > (W [V/x]) o WV /2] :
!B. Therefore,
IA > (let 2 =V in W)~ |(W[V/2]) : | B.

The other cases are handled similarly. O

Lemma 9.3.13. Given the map ! sending A to 'A and sending x : A>V : B tox:1A> 'V !B,
and given the arrows

ea=a: 1Azt A, Sa=ax:1A> 2 4124,
(I, ¢€,0) is an idempotent comonad in Cy.

Proof. We show the functoriality of !.
First, from Lemma 3T ! is a well-defined function on equivalence class of arrows.
Then, given z: A>V : Band y: B> W : C we need to show that

Ne: A VBl (y: B> W :CO)=g(xz: A let y=Vin W :C).
Both hands ends up being by definition of composition equal to
z: A let y'P =1V in W 1C.

Finally, the image !id 4 of the unit on Ais!(z: A > x : A), which is by definition = : A > x : A,
namely the unit on !A.
Using Lemmas @T28 B3 TT and Theorem @27 the equations

x: A {lV < B} =4 VB,
x: A {lV < IIB} =y, {IV>1IB}: IIB
are valid, making € and § natural transformations.

The facts that d4 is an isomorphism and that § and e verify Equation Gl and ZG2) use
similar techniques. O
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aapc = x:AR(BRC) © let{y,z) = xin

let(t,u) = z in ((y,t),u) : (AgB)@C
A = x: TQRA plet{y,z)=xinlet x=yinz :A
PA = x: AT bDlet {y,z)=zinlet x=ziny :A
OAB = x: A®B >let (y,z) =xin(z,y) :B® A
NA = r:A D> Mx :T— A
A = x:T—o(T—oA) > As.(zx)x :T—A
ta.B = 2:A®(T—B) >let (z,y) = zin Ax.(x,y*) : T—(A® B)
€A = z: 1A > ad c A
Sa = z:1A P4 124
d£4,B = z:1A®IB > let (x,y) = zin (x,y) :(A® B)
cl!T = z: T Dlet x =zinx T
Ag = x: 1A > (z,x) 1A®1A
$a = x: 1A D> x 2T

(x: AV :B)®@(y:C>W:D) =
z:A®@ B> let (x,y) =zin(V,W):C®D

(x:A>V:B)—o(y:C>W:D) =
z:B—oCp> Xe.(let y=2VinW): A— D

(x:A>V :T—B)* =
y: T—o A M. let © = (yx)in (Vx): T—B

¢A7B,C($2A1>VIB—OC) =
t: A@ B> M. let (x,y)=tinVy: T —oC

Table 9.5: Definitions of maps and operations on maps in Cy

9.3.4 The Category C, is a Linear Category for Duplication
Lemma 9.3.14. Given the maps

dLLB = 2 IA® B> let (24 y'P) = zin (", 4'P)" (A ® B),

dy = 22T let x=2"

ok 1T,
(I,6,€,d,d) is a strong symmetric monoidal comonad in Cy.
Proof. The proof makes heavy use of Lemmas [ T.20 3T and Theorem 27 O

Lemma 9.3.15. If we define the maps
Aa= z:1A> (@4 2N 14014, Oa= x:1A>40:T,
the functor ‘17 is a linear exponential comonad.
Proof. Again, the proof makes heavy use of Lemmas [ T.28 2311l and Theorem (271 O

Theorem 9.3.16. Together with the maps and the operations on maps defined in Table [T, Cy is
a linear category for duplication.

Proof. This is a corollary of Lemmas @37l 0233 02306 @310, and @3 TH O



Chapter 10

Proof of Theorem

In Chapter @ we defined a typed lambda-calculus with explicit indexing. The type system is based
on linear logic: a special type operator “!” is used to distinguish duplicable and non-duplicable
terms. We recall Definitions [Tl and giving the set of terms and types:

Type A, B m= a|(A—B)|(A®B)|T|!A,
CoreValue U, U' := x4 | A | %" | \nzA. M | (U, U")",

ExtValue V,W = U |[(V,W)" | let 22 =V inW | let (x4,yB)" =V in W |
let x =V inW,
Term M,N == U|[{(M,N)" | (MN)| let (z*,y®)" =M in N | let x= M in N .

Terms are separated into core values, extended values and computations. We introduced the notion
of valid typing judgement in Section T2 and we provided an axiomatic equivalence relation on
valid typing judgement in Section[2 For the axiomatic equivalence relation a notion of substitution
is required. This does not come for free due to the subtyping relation: an explicit typecasting is
needed and is introduced in Definition If a term M is valid with type A and if A <: B, we
inductively define a valid term {M <: B} of type B.

One of the desired properties derived from the axiomatic equivalence relation is Theorem 277
stating that if any two terms are equal without their indexation, they are axiomatically equivalent.
In other words, the meaning of a term is not related to the indexation of the term. This chapter is
uniquely devoted to the proof of Theorem [I2Z7 The main technical obstacle to a direct proof of this
theorem, is the possible “wild” use of the application inside any given term. In order to restrict this,
we use the notion of “normalization by evaluation” of m, M) and m, m) we work
with a subclass of terms that we call neutral terms on which the result can be proved directly. We
then define two rewriting systems yielding in two steps neutral terms from any given terms. A weak
normalization result is shown, adapting the techniques described in (|Gj_1:a.r_d_e_t_a.]_], {1994, Ch. 4): we
show that terms admit a well-founded measure of convergence, which decreases with each reduction
of the rewriting system.

10.1 A Handy Tool: Neutral Terms

In this section we define the notion of neutral terms. We prove some useful results and then that
any term is axiomatically equivalent to a neutral term.

148
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Definition 10.1.1. Following [Filinski (2001) and [Ohori (1999), the notions of neutral value and
neutral term are defined as follows (omitting indexes for readability when possible):

NValue VW u= z|c|x*| e M| {(V,W),

NTerm M,N == V|2V |cV | let D=2V in M| let D= cV in M |
let (y,z) =xin M | let (y,z) =cin M |
let ¥ =xin M | let x =cin M,

where [ means any of x, (x,y) or . A neutral typing judgement is a typing judgement A > M : A
where M is a neutral term.

Lemma 10.1.2. Suppose that M is a neutral term and that Erase(M) = Erase(N). Then N is a
neutral term.

Proof. Proof by structural induction on M. O

Lemma 10.1.3. For valid neutral terms A > M, M’ : B, if Erase(M) = Erase(M') then A >
M=, M :B.

Proof. We prove it by induction on M = Erase(M). Note that we also have M = Erase(M’). Base
cases:

Cases M =z, ¢ or . In each case, there is only one typing rule available for A > M : B and
A > M’ : B, namely (az) in the fist case, (az3) in the second case and (T.I) in the last case.
The terms M and M’ are determined by the type B, so M = M’ and the result is correct by
reflexivity.

Induction cases:

Case M = Az.N. In this case, M is of the form A\"z*.N and M’ is of the form A" z4".N’, where
N = Erase(N) = Erase(N’). Since they are well-typed, from Lemma FLTI2 the type B is the
raw type of M and M’ (as in Definition LT8). This implies that A = A’, n = n’ and that B is
equal to 1" (A — C) for some type C. Typing trees for A > M : B and A > M’ : B start with
a typing rule of the form (\;), with ¢ = 1 if n = 0, ¢ = 2 otherwise, and we have the following
valid typing judgements:

Axz:A> N:C, Az:A> N :C.
By induction hypothesis, A,z : A > N =4, N’ : C. By congruence, we have A > M =, M’ : B.

Case M = (U, V). M is of the form (N, P)" and M' is of the form (N’, P")"", where U = Erase(N) =
Erase(N') and V = Erase(P) = Erase(P'). Since M and M’ are well-typed, from Lemma LTI
the type B is the raw type of M and M’. This implies that n = n’ and that B is equal to
"(A® C) for some types A and C. Typing trees for A > M : B and A > M’ : B start with a
typing rule of the form (®.I), and we have the following valid typing judgements:

IA,T; > N : I"A, A", T > N': 1" A, IA, Ty > P:I"C, A", T, > P : I"C,

where A = (A, T1,T5) = (A, T, T%).

From Lemma [TT9 it is possible to have T'y, T'a, T' and I, containing only non-duplicable
variables. From Lemma LTI the sets |T'y|N|T2| and |T)|N|T%| are empty. From Lemma [T
FV(N) = FV(N') and FV (P) = FV(P').
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This means that I'; = I'}, Ty = I', and !A = !A’. We can then apply the induction hypothesis
twice and deduce

IA,T1 > N &gy N' : ™A, IA,Ty > Prg, P :I"C.

Finally, using the congruence rule of the axiomatic equivalence relation, we get that A > M =,
M’ : B.

Case M = zV. Since M and M’ are well-typed, from Lemma LTI the type B is the raw type of M
and M’. This implies that M is of the form 41 =BV} and M’ is of the form z42—°BVj;, for some
neutral values V; and V5 and some types A; and Ay. The typing judgements A > M, M’ : B
comes from the typing rule (app): the variable x occurs in A. The context A can thus be split
into (A,x : I"(A” — B’)) for some integer n where, from Lemma [ILTT0 A; <: A’ A; <: A" and
B’ <:B.

Using Lemma [LT.TA one can construct the typing derivations w and 7" of the form

az . :
x:!”(A'—OB')DxA*_"B:Ai—OB( ) A, >Vt Ay
Az :"(A — B>z BV;: B

(app)

where .
: Ayz:"(A” - B ifxe FV(V;),
A=< .
A otherwise,
for i = 1,2. From Lemma LT FV (Vi) = FV(V2). This makes Ay = A,. Call it A’. From
Lemma @128 A’ > {V; <: A’} : A" and A’ > {Vho <: A’} © A are valid. Applying induction
hypothesis, they are axiomatically equivalent.

Finally, applying axiomatic equivalence rule (app_.), the axiomatic equivalence
A 2BV~ xA/ﬂ’B{Vi <:A'}: B,
is valid for 4 = 1,2. This makes A > M =,, M’ : B valid by congruence and by transitivity.

Case M = cV. This case is similar to the previous case.

Since M and M’ are well-typed, from Lemma the type B is the raw type of M and M’.
This implies that M is of the form M BY, and M’ is of the form cAzﬂBVg, for some neutral
values V7 and V5 and some types A; and As such that A, <: A —o B and A, <: Ay — B. The
type A, is therefore of the form A" — B’, with A; <: A’, Ay <: A’ and B’ <: B.

The typing judgements A > M, M’ : B comes from the typing rule (app). Using Lemma [ITT9
one can construct the typing derivation

ar :
DCAi%BSAZ‘HDB( 1) A V;: A
Ap By, . B

(app)

fori =1,2. From Lemma[lT20 A > {V1<: A’} : A’ and A > {Vo<: A’} : A" are valid. Applying
induction hypothesis, they are axiomatically equivalent.

Finally, applying axiomatic equivalence rule (app_.), the axiomatic equivalence
A AP m g, A BV < A’} : B,

is valid for 4 = 1,2. This makes A > M =,, M’ : B valid by congruence and by transitivity.
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Case M = (let 1= [V in P). The placeholder [ stands for %, y or (y, z), and the placeholder [J
for z or c¢. By a-equivalence one can assume that when relevant, the variables y, z are different
from x and are not free in V.

The terms M and M’ are well-typed. From Lemma [T the type B is the raw type of
M and M’. One can conclude that M = (let [, = A8y, in Py) and M’ = (let Ly =
[1427°B2V, in Py), where V = Erase(Vy) = Erase(Va), P = Erase(P)) = Erase(P;), and where
(i being 1,2)

if Ois... | Ojis. .. | B is.

* * T

y y< |G

(y, 2) (y©, 2" | 1"(Ci @ Dy)

for some types C; and D; and for some integers n,;.

In the case [ = x, the variable z is free in M and in M’. From Lemma LTI it is in A. From
Lemma BTTH the type of x in A is of the form I"(A" — B’), with A; <: A", Ay <: A", B’ <: By
and B’ <: B».

In the case [ = ¢, we have !4, <: (A1 — B;) and A, <: (A2 — Bs). Let (A’ — B’) be A.. We
then have A; <: A’, Ay <: A’, B’ <: By and B’ <: Bs.

* T
In both cases, this means that if [1is { vy then B’ is c’ where C" <: Cy,
(y,2) "(C" @ D),

D' <:D;, and n' > n;. Using respectively the identity, the axiomatic equivalence rule (letZ.) and
the rule (let%,), we get that

A let 0 =0% PV, in Pimgg let @ =04 PV, in P, : B, (10.1.1)
* k
such that if (is { y then [T is { v
(y,2) (y©' 2P

One can split A as (!A, I'1,T'2) such that 'y contains the free variables of V that are not duplicable
and I's contains the free variables of P that are not duplicable: from Lemma @TT4 |T';| and |T'q|
do not intersect. Invoking Lemma B0 and Lemma [T for i« = 1,2 one can write a typing

derivation
AT, >0%°F'V,: B IA-To,A>P,: B x)
AT, Ty let D =34 BV, inP,: B
where if Jis { v then (X)is ¢ (let) and Ais< (y:C")
(y, 2) (®.E) (y:""C" z: 1" D).

One can apply the induction hypothesis on each branch of the derivation. Using the congruence
rules of the axiomatic relation and Equation (LIl we obtain finally that A > M =4, M’ : B.

Case M = (let = [in P). The placeholder [ stands for * or (y, z), and the placeholder [ for z
or ¢. By a-equivalence one can assume that when relevant, the variables y, z are different from
x.
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The terms M and M’ are well-typed. From Lemma the type B is the raw type of M and
M'. One can conclude that M = (let [ = [P in P) and M’ = (let [y = 372 in Py), where
P = Erase(Py) = Erase(Ps) and where (i being 1,2)

if Ois... | O is... | B is.
* * T
Yy y< Ci

C

(y,2) (y©i,zPn" | 1"(C; @ Dy)

for some types C; and D; and for some integers n,;.

In the case [ = x, the variable z is free in M and in M’. From Lemma LTI it is in A. From
Lemma [ITT4 the type A’ of x in A is such that A’ <: By and A’ <: Bs.

In the case [ = ¢, we have !A. <: By and !A. <: By. Let A’ be !A,.

* T
In both cases, this means that if [J is y then A’ is C’ where C’" <: C;,
(y,2) m(C' @ D),

D' <:D;, and n' > n;. Using respectively the identity, the axiomatic equivalence rule (letZ,) and
the rule (let?,), we get that

A let [ =0 in Py, let 0 =3 in P, : B, (10.1.2)
k *
such that if [ is Y then [T is yc/
<y7 Z> <yC', ZD')’rL )

Invoking Lemma [TT9 for ¢ = 1,2 one can write a typing derivation

e .4 AA>P:B

& 4,4 (x)
Apletd =" mP,:B
* (T.E)
where, if (Iis ¢ y then (X)is ¢ (let) and Ais< (y:C") and where, if
(y,z) (®.F) (y:""C, 21" D),

=c¢,T=()andifll=2,T=(z:A).

One can apply the induction hypothesis on each branch of the derivation. Using the congruence
rules of the axiomatic relation and Equation ([LTZ) we obtain finally that A > M =~,, M’ : B.

This ends the list of cases and proves Lemma, O

10.2 Term Rewriting System Number One

We define a rewriting system of valid terms yielding neutral terms. We want the denotation to
stay constant through the rewriting. The rewriting will be two-fold. First we get rid of “complex
computations”, and then we get rid of beta-reductions. Note that we are not interested in confluence:
the only thing we want is normalization.



10.2. Term Rewriting System Number One 153

Definition 10.2.1. We define the notion of intermediate neutral value and of intermediate neutral
term as follows:

INValue V,2W == a4 |cA |+ | Azt M| (V, V)",
INTerm M,N V| 2ABV | ABV | let D= M in N,

where [J is a placeholder for any of %, 24 or (x4, yZ)".
Lemma 10.2.2. A neutral term is in intermediate neutral form.
Proof. The proof is done by inspection of the cases. O

Remark 10.2.3. A term in intermediate neutral form is not automatically in neutral form. The
two main examples of terms that are intermediate neutral but not neutral are

let 24 = (let y® = M in N) in P, let 24 =V in M,
where V is a core value.

Lemma 10.2.4. Suppose that A > M, M’ : B are valid typing judgements. Suppose moreover that
Erase(M) = Erase(M’) and that M is an intermediate neutral term (respectively value). Then M’
is also an intermediate neutral form (respectively value).

Proof. Proof by induction on the size of M. O

Lemma 10.2.5. Suppose that A = (1A', T'1,Tg), that 1A' >V : A and |A' To,x: A> M :B. IfV
is an intermediate neutral value and if M is an intermediate neutral term (respectively intermediate
neutral value), then M[V/x] is an intermediate neutral term (respectively an intermediate neutral
value).

Proof. Proof by induction on the size of M. The interesting case is when M is of the form zABW:
in this situation, the value V is of type A—o B, that is, of the form A%y“.N where N is an intermediate
neutral term of type B. Then M[V/z] = (\°y4.N)W which is by definition (let y* =V in N), an
intermediate neutral term. Note that in this case, M cannot be a value. O

Definition 10.2.6. We define the rewrite system number one of terms as the reflexive closure of
the relation defined as follows. Given x, y fresh variables, provided that M N : B, that M : A — B
is not a lambda-abstraction, and that M and N are not both term variables,

MN — let 2278 = M in let y* = N in 247°ByA, (rwl.cy)
Provided that (M, N)" : 1"(A ® B), and that M and N are not both term variables,
(M,NY" =1 let "4 = M in let y* B = Nin (4,9 B)". (rwl.co)

Finally, we add one congruence rule for each term constructor in the following way: for each rule,
M and N are terms such that M —; M’ and N —; N'.

Mg M —p Amzd M, ( )

MN —; M'N', (rwl.2)

(M, N>n —1 (Mlle>na (rwl.&3)

let (z?,yB)" = M in N —1 let (z*,y®)" = M in N, ( )
let + =M in N —q let x=M"in N'. ( )
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Lemma 10.2.7. Suppose that A > M : C is a valid typing judgement, where M —1 M'. Then
A> M :C isvalid and A 1> M ~q, M': C.

Proof. The proof is done by induction of the reduction M —; M’.
If reflexivity was used. Then M = M’ and the result is immediate.

Case [wlc). Here, M = NP. From Lemma LTI B = C. Suppose that A > NP : B, where
N : A —o B. Then one can split A into (IA,;T'1,T'5) where

1 2

IAT{>N:A—B IAT;>P: A
IA,T1,Iy> NP: B

(app)

is a valid typing derivation. Then if z and y are fresh variables, the derivation

2
m z:A—-oBrz™P.A-B y:ADyA:A(app)
: IATs>P: A x:AwB,y:ADxA*ByA:B(lt)
. : - e
IATI>N:A—-B IATy,2:A—-o B> let y* =Pinz*~8y*: B (let)
e

IA,T1,Ta > let 28 = Ninlet y* = Pina* Py : B

is valid. The typing judgements A > NP : B and A > let 478 = Ninlet y* = P in 24 ~ByA .
B are axiomatically equivalent by rule (let®’?).

Case [[Wlc). Here, M = (N,P)". From Lemma [ITT2 C = !"(A® B). We have therefore
A (N,P)" :1"(A® B). One can split A into (A, 'y, T'y) where

1 2

AT, > N:1"A 1A T, P:I"B
IA, T,y > (N,P)" : "(A® B)

(app)

is a valid typing derivation. Then if z and y are fresh variables, the derivation

T2
. .n A n .n "B . n
m . : z:"Ap> ..Amy.”.LBl>y “B(®.I)
: A, To > P:I"B z:"Ajy: "B (" 4y BY" . "(A® B) (lef)
. : . n m mn n e
AT > N:1"A AT, z:"An ety B = Pin (" 44" B)" . I"(A® B) (let)
e

IA,T1,To > let 24 = Ninlet y*" B = Pin (z'"4y'"B)" : 1"(A® B)
is valid. The two typing judgements are axiomatically equivalent by rule (let®).

Case [wLL]). We have M = A"z4.N. Suppose that A > \"z4.N : C. Then C = !"(A — B) for
some type B, the judgement comes from A,z : A > N : B using rule (\;), where i = 1 if n =0,
i = 2 otherwise. By induction hypothesis, if N —; N’ then A,z : A > N’ : B is valid. Then,
if n is non null, A is duplicable, and one can apply (A2) to get A > A"zA.N’ : C. Otherwise,
n =0 and we apply (A1) to get A > \"z4.N": C.

By induction hypothesis, A,z : A > N x4, N’ : B. Therefore, by congruence A > Nz N x4,
\gA N C.
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Cases (fwl.&)), wl.&), Ewlly) and wl.&]). We have M = f(N, P), where f(N, P) is respec-
tively NP, (N, P)", (let x = N in P) and (let (z*,y®)" = N in P). Suppose that A > f(N, P) :
C. Then A split into (!A,Fl,Fg) and the typing judgement is originated from the typing rule
(X) and the judgements !A, T > N : C; and !A, Ty, A > P : Cy, where

if f(N,P)is... | (X)is... | Ciis... | Chis... | Clis...
NP (app) A—B A B

(N, P)" (®.0) ™A "B "(A® B)
let * = N in P (T.E) T B B

let (z4,yPY"=NinP | (®.E) "(A® B) | D D,

with some types A, B and D, and such that A is empty in the three first cases and equal to
(x: ™A,y : 1" B) in the last case.

By induction hypothesis, if N —1 N’ and P —; P/, then !A, Ty > N’ : Cy and !A, Ty, A > P : O,
are well-typed. Then, applying (X) we get that A > f(N', P’) : C is valid.

By induction hypothesis again, |A, Ty > Ny, N’ : C; and !A, Ty, A > P, P’ : Cy. Therefore,
by congruence A > f(N, P) =y, f(N',P’): C.

This closes the proof of Lemma [L2Z1 O

Lemma 10.2.8. Suppose that M, N : C' and that Erase(M) = Erase(N). If M —; M’, then there
exists N’ such that Erase(M') = Erase(N') and such that N —; N'.

Proof. The proof is done by induction on the reduction M —; M’.
If reflexivity was used. Then M = M’ and the result is immediate by setting N = N’.

Case [twl.cq)). The term M is of the form M;iMs, where My : A — B and where MM, : B. In
this case, M’ = (let 248 = M in let y* = My in x4 By?). If N is such that Erase(M) =
Erase(N), then N = N1 Na, where Erase(Ny) = Erase(My) and Erase(N2) = Erase(Ms).

Since the raw type of N is B, there exists a term A’ such that Ny : A’ — B. If we define
N’ = (let 248 = Ny in let y* = Ny in 24 ~By?"), then by reduction rule [{wl.cj)), we have
N —1 N’, and by definition of the map FErase, the terms M’ and N’ have the same erasure.

Case [fWIlcg). The term M is of the form (My, My)", where (My, M2)" : "(A ® B). In this case,
M’ = (let "4 = Myinlet 4" P = My in (z'" 4,4 BY"). If N is such that Erase(M) = Erase(N),
then N = (N1, N2)™, where Erase(Ny) = Erase(M;) and Erase(Ns) = Erase(Ms).

Since N : "(A® B), the raw type of N is !"(A® B) If we define N’ = (let "4 = Ny in
let 4B = Nyin (24,9 B)™), then by reduction rule [{wlLcj), we have N —; N’, and by
definition of the map Erase, the terms M’ and N’ have the same erasure.

Case [fwl.gq). The term M is of the form A"z M. In this case, M’ = A"z . M’, where M —1 M.

Since Erase(M) = Erase(N), the term N is also of the form )\mac“%'.]\-f, with Erase(M) =
Erase(N). By induction hypothesis there exists N’ such that N —; N'. Let N’ = AgA N
One has Erase(N) = Erase(N’). Using congruence rule (fwl.&)), we deduce that N —q N'.

Cases (fwl.&)), Ewl.&G), Ewl.ly)) and Ewl.E). In these cases, the term M is equal to f(My, Ma),
where f(Mj, My) is respectively of the form M;Ma, (My, Ms)", (let x = My in Ms) and of the
form (let (z4,yB)" = My in M), with My —; M| and My —; M}. We have that M —; M’
where M’ = f(Mj, M3).
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Since Erase(M) = Erase(N), the term N = g(Ny, N3), where g(Ny, Ns) is respectively of the
form NNy, (N1, No)™, (let * = Ny in Ny) and (let (z?,y5)™ = Ny in No).

By induction hypothesis, Ny —1 N{ and N2 —71 N} such that Erase(N{) = Erase(M;) and
Erase(N4) = Erase(MJ). This means, using respectively rules rwI.&)), wIl.&), twl.&y) and
(L&D, that g(N1, N2) —1 g(Ny, N3).

Since Erase(g(N1,N3)) = Erase(f(Mj, M})), we can define N = ¢g(Ni, N3) and we have that
Erase(M') = Frase(N') and N —q N'.

This closes the proof of Lemma O

Definition 10.2.9. We define the non-negative integer measure m(M) of a typed term M by
induction on M as follows (we omit indices for legibility):

. m(\e.N)=m(N),
o m(NP)=1+m(N) +m(P),
P m((N, P))=1 +m< )+ m(P),
m(zy)=0, m(let * = N in P)=m(N) + m(P),
({2, 5)=0, m(let x = N in P)=m(N ) m(P),
m(let (x,y) = N in P)=m(N) + m(P).

In the case m(NP), we assume that N is not a lambda-abstraction. In the cases m(NP) and
m((N, P)), we assume that N and P are not both term variables.

Lemma 10.2.10. Suppose that M —1 M'. Then M is a lambda abstraction if and only if M’ is.

Proof. The proof is done by case inspection: there are only two possible reductions of the form

N'zA N —q M’, namely [wI.&j), and the identity. In both cases, M’ is of the form A"z . N'.
Similarly, the only rules of the form M —; A"z4.N’ are ([fwl.&j), and the trivial one. Again,

M is of the form A"z“4.N in both cases. O

Lemma 10.2.11. Suppose that M —1 M’ where M # M'. Then m(M’') < m(M).

Proof. Proof by induction on the reduction. Note that reflexivity is not a possibility since we want
M # M.

Case [EWLc). In this case, M’ = let 248 = N in let y* = Pin24~By4 and M = NP for
some types A and B, where N is not a lambda-abstraction and N and P are not both term
variables. Since m(M) = 1+ m(N) + m(P) and m(M’) = m(N) + m(P), the strict inequality
m(M'") < m(M) is valid.

Case [EwWL.cg). In this case, M’ = let 2'"4 = Ninlet 4" % = Pin (2" 4,y B)" and M = (N, P)" for
some types A and B, where N and P are not both term variables. Since m(M) = 14+m(N)+m(P)
and m(M') = m(N) + m(P), the inequality m(M') < m(M) is valid.

Case [wl.&y). In this case, M = X'24.N and M’ = A\"z4.N’' where N —; N’. By induction
hypothesis, m(N’) < m(N). By definition, we then have that m(M') = m(N') < m(N) =
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Case (rwl.&)). We have M = NP, where N — N’ and P —1 P’. The terms N and P therefore
cannot be both a term variable. By induction hypothesis, m(N') < m(N) or N’ = N, and
m(P’) < m(P) or P = P, but equality do not hold for both.

If N is a lambda abstraction, m(NP) = m(N) + m(P). Using Lemma [ZZTQA the term N’ is
a lambda abstraction: we have m(N’'P’) = m(N') + m(P’). One can conclude that m(M') =
m(N") +m(P") < m(N) 4+ m(P) = m(M).

If N is not a lambda abstraction, then we have m(NP) = 14+ m(N)+m(P). By Lemma [IL2ZT0
N’ is not a lambda-abstraction: m(N’P") = 14+m(N’)+m(P’). Therefore m(M') = 14+m(N')+
m(P") <1+ m(N)+m(P)=m(M).

Case [fwI.E). We have M = (N, P)", where N — N’ and P —; P’. The terms N and P therefore
cannot be both a term variable. By induction hypothesis, m(N’) < m(N) or N’ = N, and
m(P") < m(P) or P’ = P (but equality do not hold for both).

We have m((N, P)") = 1+m(N)+m(P) and m((N', P")") = 1+m(N")+m(P’). This is enough
to say that m(M’) =1+ m(N’) + m(P’") <1+ m(N)+ m(P) =m(M).

Cases and ([EwLZ]). We have M respectively of the form (let * = N in P) and of the form
(let (z*,yB)" = N in P), with N —; N’ and P —; P’. We have that M — M’ where M’ is
respectively. (let x = N’ in P') and (let (x4,yB)" = N’ in P’)

By induction hypothesis, m(N’) < m(N) or N’ = N, and m(P’) < m(P) or P = P (but not
N’ = N and P’ = P). Since in both cases, m(M) = m(N)+m(P) and m(M’') = m(N'")+m(P’),
we have m(M') < m(M).

This ends the induction, and proves the lemma. O

Lemma 10.2.12. Rewrite system number one is normalizing: For any term M and any sequence
(M;); such that M = My and such that for all i > 0, M; —1 M1, there exists a number n such
that for all i = n, M; = M;y,.

Proof. We prove the lemma by contradiction. Suppose there exists a term M and a sequence (M;);
such that M = M, and such that for all ¢ > 0, M; —1 M;11 and such that for all n there exists a
number n’ > n such that M, # M,,.

Define a sequence (n(i)); as follows. First, n(0) = 0. Then, for all i > 0, define n(i+1) as the first
number n' > n(i) such that M, # M, . Note that in this case, for all i we have M, ;) = M, i11)—1
and M,,(i11)—1 # My (i41). By Lemma 02Tl this means that m (M, 1)) < m(M,;) — 1. We
prove by induction on i that for all 4, m(M,)) < m(M) —i:

Case i = 0. In this case, M,y = My = M, therefore m(M,,;y) = m(M) — 0.

Case i > 0. Suppose that m(M,;)) < m(M) —i. Since m(My11)) < m(M,i11)—1), we have
m(Mn(i+1)) < m(Mn(i)) —1<mM)—i—1<m(M)—-(i+1).

Therefore, by induction on i, m (M, ;) < m(M)—i. But for i > m(M), the value m(M;) is negative,
contradicting the non-negativity of the measure. Therefore there exists a number n such that for all
i}n, Mi:MH—l- |

Lemma 10.2.13. Suppose that A > M : B is valid and that for all M' such that M —q M’,
M = M’'. Then M is in intermediate neutral form.

Proof. We prove the lemma by induction on the size of M.

Case M = z?, ¢* and ™. Then M is in intermediate neutral form.
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Case M = X"z N. The only applicable rule is [rwl.&y]), meaning that the set of possible M’ is
the set of terms of the form \"z4.N’, where N —; N’. Since M = M’, we have N = N’. By
induction hypothesis, N is in intermediate neutral form. This makes M in intermediate neutral
form.

Case M = NP. There are three possible subcases:

Case N and P are both term variables. Then M is in intermediate neutral form.

Case N = A"z .N. The only applicable rewriting rule is {wI.&)). Since A > M : B is valid,
n=0and M = let x4 = Pin N.
In this case, the_set of M'_ such t_hat M —1 M’ is spanned by all the terms _of the. form
let 24 = P’ in N’, when N —; N’ and P — P': Since M’ = M, one has N’ = N and
P’ = P. By induction hypothesis, this means that N and P are in intermediate neutral form.
The term M 1is thus in intermediate neutral form.

Otherwise. It is always possible to apply rule (fwIcj]), in which case M’ is not equal to M. This
case is not to be considered.

Case M = (N, P)". There are two possible subcases:

Case N and P are both term variables. Then M is in intermediate neutral form.

Otherwise. It is always possible to apply rule (fwl.cg]), in which case M’ is not equal to M. This
case is not to be considered.

Cases M = (let x = N in P) and (let (x*,yB)" = N in P). For these two cases, the only applica-
ble rules are respectively [wl.&y)) and [rwl.&)), which means that M’ is respectively equal to
(let * = N'"in P') and (let (x4, yB)" = N’ in P"), with N —; N’ and P —; P’. Since M = M’,
we have N = N’ and P = P’. By induction hypothesis, N and P are in intermediate neutral
form. This makes M in intermediate neutral form.

By exhaustion of the cases, the lemma is verified. O

10.3 Term Rewriting System Number Two

We now define a rewriting system that takes intermediate neutral terms and returns neutral terms.
The proof of the convergence of the rewriting system requires several notions of measures on terms.

10.3.1 The Rewriting System

Definition 10.3.1. We define the rewrite system number two of valid typed intermediate neutral
terms. We write M —o N if either M = N, or M —33 N or M —3. N, where (—25) and (—2.)
are defined as follows. First,

let z =V in M —q5 M[V/x], (rw2.531)
let (z,yP)Y" = (V,W)" in M —5 M[V/x, W/y), (rw2.02)
let « =% in M —q5 M, (rw2.033)

(provided that x,y are fresh variables). Then,

let = (letld=MinN)inP
—oc let =M inlet (0= N in P, (rw2.c1)
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let 2" (P = \"yP Rin let 0% = 2P ~C"Sin P
—gc let " (P=C) = \nyP R in
let y?' =Sinlet O = {R<:C'}in P, (rw2.c2)
let 2" (CEP) = (VW)™ in let (y© 2P\ = 27 (CED) iy p
—ge let 2" (C®P) = (VW in
let "¢ ={V < 1"C"Vinlet 2P = {W <:/™D'} in P, (rw2.c3)
let "7 =x"inlet x=a" in P
—oolet 2T =" in P, (rw2.cq)
where [ ranges over {*, 24, (z4,¢%)"} and & over {*,u", (u®,vP)"}, where z,t,u, v are fresh vari-

ables. Then we add one congruence rule for each term constructor in the following way: for each
rule, M and N are terms such that M —o; M’ and N —g; N’, where ¢ is § or c.

N'aA M —o; Nz M, (rw2.£;)

MN —3; M'N’, (rw2.£2)

(]\47 N)n —9i <MI,N,>n, (I‘W2€3)

let (z?,yB)" = M in N —q; let (z?,yP)" = M’ in N, (rw2.&4)
let + =M in N —o; let x = M'"in N'. (rw2.&5)

If M —9; N if and only if M = N, we say that M is in —q;-normal form.

Lemma 10.3.2. Let M be an intermediate neutral term (respectively intermediate neutral value).
If M —9 N, then N is an intermediate neutral term (respectively intermediate neutral value).

Proof. Proof by structural induction on M. O

Lemma 10.3.3. If Erase(M) = Erase(N) and if M —o M’ there exists N’ such that Erase(M') =
Erase(N') and such that N —o N'.

Proof. Proof by induction on the reduction M —o M’. O

Lemma 10.3.4. Suppose that A > M : A is a valid typing judgements such that M —o N. Then
A > N : A isvalid and A > M ~,, N : A.

Proof. Proof by induction on the reduction M —s5 N. O

Lemma 10.3.5. Let M be an intermediate neutral term. If M is in —og-normal form and in
—oc-normal form then it is a neutral term.

Proof. Proof by structural induction on M. O

Lemma 10.3.6. Suppose that V is an intermediate neutral value such that V —o V'. Suppose that
M —o M'. Then M[V/x] —5 M[V'/x] and M[V/x] =5 M'[V/z].

Proof. Proof by structural induction on M. O
Lemma 10.3.7. Let V and W be intermediate neutral values and let M be a neutral term.

o If(let 2* =V in N) —3 M then N[V/x] —3 M;

o If (let (x?,yB)Y" = (V,W)"in N) —5 M then N[V/z,W/y] —3% M;
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o If(let x =% in N) —%5 M then N —5 M;

Proof. We prove the result for all the cases in parallel. We consider a term P of the form (let 24 =
Vin N), (let (z?,yB)" = (V,W)" in N) or (let * = * in N) reducing to a neutral term M in n step
and proceed be induction on n.

In each case, there is at least one reduction possible (using respectively ([rw2.51)), [fw2.09)) and
w2.33)), and then the reduction P —% M can be decomposed into P —o M’ —2 M. The first
reduction can be one of the following cases:

Ew25), w25 and [w253). Then M’ is respectively of the form N[V/z], N[V/x,W/y] and N,
and we are done.

EwZc)). Then M’ is of the form let 4 = V in N'. By induction hypothesis, N'[V/x] reduces to
M. Since N[V/z] = N'[V/x], we have the result.

(fwZ.c3)). This case is similar to the previous one. M’ is of the form
let xM = Vy in let x5? = Vy in N',

and V = (V4,V2)". Applying the induction hypothesis twice and noticing that N[V/x] —»
N'[Vi/x1, Va/xs], we obtain that N[V/z] —5 M

{EwZc)). In this case, V = %" and M’ is of the form let 24 = %™ in N’. Applying induction
hypothesis, we get that N'[V/x] —5 M. Since N[V/z] —2 N'[V/z], we get the result.

Congruence cases. These cases are taken care of by using the induction hypothesis, Lemma [L36

and Lemma O

10.3.2 Height of Terms

Definition 10.3.8. Let h(M) be the height of the term M to be the positive integer defined as
follows:

=
g
C]
i
=
S.
2
]
[\]
=
S
_|_
=
2

Lemma 10.3.9. Suppose that M : A and that A <: B. Then h{M <: B} = h(M).

Proof. Proof by structural induction on M. O
Lemma 10.3.10. For all intermediate neutral terms P, Q and R, the following equality is valid:
h(let (1= P inlet (1= Q in R) < h(let 1= (let 1= P in Q) in R).

Proof. We have
h(let D= (let D= P in Q) in R) = 22" 7 +h(Q 4 p(R)

_ 22;L(P) .2h(Q) + h(R)
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and
h(let 0= (let = P in Q) in R) = 2" 4+ 2MQ) 4 p(R).

Since for all > 1 and for all 3, z > 2, the inequalities 2 < 22" and y + z < y - z hold, the lemma
is valid. 0O

10.3.3 Degree of Terms
Definition 10.3.11. We define the degree 6(A) of a type A as follows:
6(T)=1, da)=1,  4(4)=0d(A),
0(A® B) = 6(A— B) =max(d(A),0(B)) + 1.
The degree of an intermediate neutral term is defined as follows:
0, d(zAP M) = d(M),
d(c*) =0, d(c* B M) = d(M),
0 d(A\"z M) = d(M).

(v, w)"
d(let 2 =V in N¢

)

)

d(let (z?,yPY" = (V,W)" in N©)
d(let * = % in NO)

d(let 1= (let 1= M in N) in P) =

and in all other cases,

d(let D= M in N) = max(d(M),d(N))
Lemma 10.3.12. For all types A, 6(A) =0
Proof. Proof by structural induction on A. O
Lemma 10.3.13. For all terms M, d(M) > 0.
Proof. Proof by structural induction on M, using Lemma O
Lemma 10.3.14. If A <: B, then 6(A) = §(B).
Proof. By structural induction on a derivation of A <: B. O
Lemma 10.3.15. Suppose that M : A and that A <: B. Then d(M) = d{M <: B}.
Proof. By structural induction on M. O
Lemma 10.3.16. Suppose that M is a neutral term. Then d(M) = 0.

Proof. Proof by structural induction on M. O
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Lemma 10.3.17. The following inequalities are valid:

d(let (z?,yPY" = M in N¢) < max(§(A — C),5(B — C),d(M),d(N)),
d(let z* = M in N¢) < max(6(A — C),d(M),d(N)),
d(let * = M in N) < max(§(T — C),d(M),d(N)),
d(let " = M in N) > max(d(M), d(N))

Proof. The proof is done by induction on the height of let C* = M in N¢. We proceed by case
distinction on (4 = M).

Cases (x4 =V),((z4,yB)" = (V,W)") and (* = *). In these three cases, the result is true by the
definition of the degree.

Case (0" = (let 2P = P in Q)). By definition:

d(let (" = M in N) = d(let 3% = P in let 0* = Q in N), (10.3.1)
max(§(A — C),d(M),d(N)) =

max(5(A —o C), d(let 3% = P in Q),d(N)), (10.3.2)

max(d(M),d(N)) = max(d(let 1 = P in Q),d(N)), (10.3.3)

We prove the equality by case distinction on (EB =P):
Subcase (zP = V). The terms in Equations ([ILZ1)-([[33) become
d(let (" = M in N) = max(d(P),d(let 0* = Q in N),5(B — C)),

max(§(A — C),d(M),d(N)) = max(d(P),d(Q),d(N),§(A — C),§(B — C)),
P

d(P),d(Q),
max(d(M),d(N)) = max(d(P), d(Q), d(N), (B — C)).

By induction hypothesis,
max(d(Q),d(N)) < d(let 3* = Q in N) < max(d(Q),d(N),5(A — C)).
Therefore,
max(d(P), d(Q),d(N),5(B — C))

< max(d(P),d(let 0* = Q in N),8(B — C))
< max(d(P),d(Q),d(N),0(A — C),6(B — C)).

max

Subcases ((xB,yB)" = (V,W)") and (x = *). These cases are similar to the previous one.
Subcase (AP = (let 3P = Rin S)). Then

max(§(A — C'),d(M),d(N))
max(6(A — C),d(let P = Rin let 7 = S in Q),d(N)), (10.3.4)
max(d(M),d(N)) = max(d(let ” = R in let [1° = S in Q),d(N)). (10.3.5)

By definition,

d(let " = (let 1P = (let (I° = Rin S) in Q) in N)
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= d(let [P = (let @° = Rin S) in let [0* = Q in N)
=d(let AP = Rin let (1P = S in let (' = Q in N)
=d(let 0" = (let @° = Rin let 3° = Sin Q) in N).

Since the height of the right hand side is smaller than the height of the left hand side, one
can apply the induction hypothesis and use Equations ([IL34) and (L33 to get that

max(d(M),d(N))
= max(d(let 3° = Rin let 1% = S in Q),d(N))
< d(let (3 = (let [P = (let P = Rin S) in Q) in N)
< max(§(A — C),d(let @° = Rin let 1P = S in Q),d(N))
= max(§(A — C),d(M),d(N)).
Subcase: catch-all case. The terms in Equations ([IL3T)-([I33) become

d(let " = M in N) = max(d(P), d(let 0* = Q in N)),
max(6(A — C),d(M),d(N)) = max(d(P),d(Q),d(N),5(A — C)),
max(d(M), d(N)) = max(d(P), d(Q), d(N).

We conclude by using the induction hypothesis:
max(d(Q),d(M)) < d(let 3" = Q in N) < max(6(A — C),d(Q), d(M)).

Last case: catch-all case. Here, d(let [1* = M in N) = max(d(M),d(N)), which makes the result
immediate.

This closes the proof of Lemma [L3 174 O

10.3.4 Last Notion of Measure: Number of a Term

Definition 10.3.18. Let ¢y, , be 1 wheni =max(§(A1),...,d(A,)) and 0 otherwise. We define
the i-th number n'(M) of M to be a non-negative integer as follows:

n'(z*) =0, n' (4B M) = n(M),
n'(c*) =0, n (cABM) = ni(M),
n'(x") =0, n'(A"zA. M) = ni(M).

n'((V.w)"
n'(let 2 =V in N ‘v

) =n' (V) +n" (W)
)=n'(V)+n
ni(let (z,yB)" = (V,W)" in N¢) =n!
)=n
)=n

Z(N) + e%wc
<‘/7 W)") + nZ(N) + ef4~oC,B~oC
ni(let = % in N¢ '

(
(
Z(N) + eZ;I'—OC
n'(let % = (let 1 = M in N) in P ‘(let 3P = M in let 04 = N in P)

and in all other cases,
n'(let D= M in N) = n"(M) + n*(N)

We define n(M) = n¥M) (M), and call it the mazimal number of M.
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Lemma 10.3.19. Suppose that M : A and that A <: B. Then n*(M) = n*{M <: B}.

Proof. Proof by structural induction on M. O
Lemma 10.3.20. For all i we have n*(let (1= M in N) > max(n*(M),n*(N)).

Proof. Proof by induction on M. O
Lemma 10.3.21. Suppose that M : C and that i > d(M). Then n*(M) = 0.

Proof. The proof is done by double induction on the size and on the height of M.

Case M = (V,W)". If i > d(M), then i > d(V') and i > d(W). By induction hypothesis (the size
of V and the size of W being strictly smaller than the size of M), we have n'(V) = n*(W) = 0.
Since n (M) = n'(V) +n*(W), it is also null.

Case M = (let (z?,yP)" = (V,W)" in N). Here, d(M) = maz(d(V),d(W),d(N),(A—C),5(B—o
C)), and n*(M) = n*(V) + n* (W) + n*(N) + €4 _.c.p_oc- If i > d(M), by induction hypothesis,
n'(V) =n'(W) = n*(N) = 0. Also, by definition ¢4 . p , = 0. Thus n*(M) =0

Case M = (let = (let 1= N in P) in Q). In this case, M —g. M’ where M’ = let [ = N in
let 0= Pin Q. By Lemma [MI3ZI0 h(M') < h(M). Since d(M) = d(M') and n*(M) = n*(M’),
by induction hypothesis n’(M) = 0.

The remaining cases are similar. |

10.3.5 Putting Everything Together

The degree, the number and the height of a term are related: if M is not neutral, there exists N
such that M —o N and such that the triple (d(N),n(N),h(N)) is smaller with the lexicographic
order to the triple (d(M),n(M), h(M)).

Definition 10.3.22. We define a function y from intermediate neutral terms to N® as follows:

We consider the lexicographic ordering on N?: (a,b,¢) < (a’,, ') if and only if

(a<a)v(la=a)n <))V ((a=a)n(b=b)Ar(c<)).

Lemma 10.3.23. Suppose that (an, by, cn)n is a sequence in N* such that for all n, the inequality
(an+1,bn+1,¢n+1) < (an,bpn,cn) holds. Then there exists an integer ng such that for all n > ng,
(G/TH bru Cn) = (a/no I bn()) Cn())'

Proof. Consider the sequence (ay,),. By definition, a,,+1 < a,. Since this is a decreasing sequence of
natural numbers: there exists n, such that a,, = a,, for all n > n,. Consider the sequence (by,)n>n,, -
By definition, it is a decreasing sequence of natural numbers. Again, there exists some n, > n, such
that for all n > ng, b, = by,. Finally, consider the sequence (¢y)n>n,. Again by definition, it is a
decreasing sequence of natural numbers: there exists some ng > n; such that or all n > ng, ¢, = cp,-
Thus, for all n = ng, (an,bn, cn) = (Gngs bngs Cng)- O

Lemma 10.3.24. Suppose that let * =V in M : B, where V is an intermediate neutral value and
M an intermediate neutral term. Suppose moreover that let x4 = V in M is in normal form with
respect to —o.. Then
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1. d(M[V/z]) < max(d(M),d(V),6(A));
2. for all i > max(d(M),d(V),5(A) + 1), n®(M[V/z]) = n*(M) + & - n'(V'), where &nr is the
number of free occurrences of x in M.

Proof. First note that is let 4 = V in M is in normal form with respect to —o., then any subterm
of V and M are also in normal form with respect to —s.. The proof is done by induction on the
size of M plus the size of V. Cases where M is an intermediate neutral value:

Case M = xP. Then A <: B, and M[V/x] = {V <: B}.

1. From Lemma [T d{V <: B} = d(V) < max(d(M),d(V),6(A) +1).
2. From Lemma XT3 for all integers 4, n'{V <: B} = n'(V) =n'(M) +1-n*(V).

Cases M = yP, M = cP and M = *™. In these three cases, M[V/x] = M.

1. d(M[V/z]) =d(M) < max(d(M),d(V),5(A) + 1).
2. Since &y = 0, for all integers i, n*(M[V/z]) = n*(M) + &xp - nt(V).

Case M = \"y®.N. The type B is of the form !"(C' —o D), with N : D.

Using a-equivalence one can assume that y # x. Therefore, the term M[V/z] is equal to
A'yC (N[V/x]). By induction hypothesis,

A(N[V/a]) < max(d(N), d(V),5(4)). | |
Vi > max(d(N),d(V),8(A) + 1), ni(N[V/a]) = n'(N) + &y - ni (V).
Note that M[V/z] = A"yC.N[V/z]. Therefore:
1. Since d(M) = d(N) and d(M[V/z]) = d(N[V/x]),
d(M[V/z]) < max(d(N),d(V),5(A) + 1) = max(d(M),d(V),5(A) + 1).

2. Since z # y, we have &y = £y. Finally, since nf(M) = n(N) and since d(M) = d(N), for
all i > max(d(M),d(V),5(A) + 1),

n'(M[V/a]) = n'(N[V/a]) = n*(N) + &x -n'(V) = n' (M) + & -0 (V).

Case M = (W1, W,)". The substitution M|[V/x] is equal to (W1[V/x], W2[V/z])", and the type B
is of the form !I"(By ® Bsy) with W7 : 1" B; and Wy : " Bs.

By induction hypothesis, for j = 1,2
d(W;[V/x]) < max(d(W;),d(V'),0(A)),
Vi > max(d(W;),d(V),8(A) + 1), n'(W;[V/z]) = n'(W;) + &w, - n'(V).
Note that M[V/x] = (W1 [V/x], Wa[V/x])".
1. The degree of M[V/z] satisfies the following:
d(M[V/z]) = max(d(W:[V/z]), d(W>[V/x]))

max(d(Wh),d(Ws),d(V),5(A))
= max(d(M),d(V),5(A)).

N
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2. Since &y = &w, + &w, and since for j = 1,2 we have d(M) > d(W;), then for all ¢ greater
or equal to max(d(M),d(V),d(A) + 1),

n'(M[V/x])

n'(Wi[V/x]) + n'(Wa[V/x])
' (Wh) + &w, - ' (V) + n'(Wa) + &w, -0 (V)
n'(M) + & - n' (V).

The cases where M is not a value are the following.

Case M = x2“BW. Here, W is an intermediate neutral value with W : C. From Lemma [LTTA,
A <:C — B. This means that A =!"(C" — B’), where B’ <: B and C' <: C".

Since V is of type I"(C" — B'), it is of the form A"y .N, and then

M[V/z] = {\"y° N <: C — B}YW|V/z])
= (N AN <: BH(W[V/z])
= (let y© = W[V/z] in {N <: B}).
By induction hypothesis,
d(W[V/z]) < max(d(W),d(V),6(A)),
Vi > max(d(W), d(V), 5(A) + 1), n'(W[V/z]) = n' (W) +&w -n'(V).
From Lemma [ZH, W|[V/x] is an intermediate neutral value. Note that M[V/x] = (let y© =
W[V/z]in {N <: B}).

1. Using Lemma 3T §(A) = §(C" — B’) = 6(C — B). From Lemma [MI3TH, we have
d{N <: B} = d(N). Finally, d(N) = d(V) and d(M) = d(W). Thus,

max(d(W),d(V),8(A), d{N <: B},5(C — B))

d(M|[V/z]) = max(d(W[V/z]),d{N <: B},§(C — B))
vd(
max(d(M),d(V),d0(A)).

<
<

2. From Lemma 31 n*{N <: B} = ( ). By deﬁnition, ni(N) = ni(V) and n*(W) =
ni(M). Finally, £ = 1+ &y. Since d( =d(W), for all i > max(d(M),d(V'),56(A) + 1),
we have e, 5 =0 and thus

n'(M[V/x]) = n*(W[V/z) + n'{N <: B} = n"(W) + &w -n"(V) + n'{N <: B}
=n'(M) +&w -n'(V) +n'(V) = n' (M) + & - n'(V).

Cases M = c“BW and M = y°BW, with y # x. The term W is an intermediate neutral value
such that W : C and the term M[V/z] is respectively ¢ 8B (W[V/z]), y¢ B (W[V/z]). From
Lemma [MZH W[V/z] is an intermediate neutral value. By induction hypothesis,

d(W[V/z]) < max(d(W),d(V),6(A)),
Vi = max(d(W),d(V),6(A) + 1), n'(W[V/a]) = n'(W) + &w - n'(V).

Note that M[V/z] = cCCB(W|[V/x]).

1. The degree of M[V/z] is equal to d(W[V/z]). Thus d(M[V/z]) < max(d(W),d(V),d0(A)) =
max(d(M),d(V),0(A)).
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2. Since d(M) = d(W) and &y = &w, for all ¢ > max(d(M),d(V),5(A) + 1),

n'(M[V/z]) = n'(W[V/z]) = n' (W) + &w - n' (V) = n'(M) + &ar -0 (V).

Case M = (let y© = W in N). Here, the term W is an intermediate neutral value, and W : C' and

N : B. Using a-equivalence, one can assume that y # z. We have M[V/x] = (let y©¢ =
WV/x] in N[V/x]).

By induction hypothesis,
dW[V/z]) <m
d(N[V/x]) < max(d(N),d(V'),5(A)),
> max(d( +1), n'(W[V/a]) = n'(W) + &w - n'(V),
Vi > max(d(N),d(V),5(A) + 1), n*(N[V/z]) = n*(N) + & -n'(V).
From Lemma [[ZH W[V/z] is an intermediate neutral value. Note that the degree d(M) is
equal to max(d(W),d(N),6(C — B)):
1. The degree of M[V/x] satisfies
d(M[V/x]) = max(d(W[V/z]), d(N[V/z]),5(C — B))
< max(d(W),d(V),d6(A),d(N),d(V),8(A),d(C — B))
= max(d(M),d(V),d(A)).

2. Note that &y = &w + &n, that d(M) > d(W) and d(M) > d(N), and that n'(M)
n'(W)+n'(N) +es_,p. Foralli> max(d(M) d(V),0(A) + 1) we have

n'(M[V/x])

n'(WV/a]) +n'(NV/a]) + e _p
n'(W) +&w -n'(V) +n'(N) + &én - n' (V) +ebop
n' (M) + &y - n' (V).

Case M = let (y©,2P)" = (W1, Ws)" in N.
Idem.

Case M = let x = xin N.
Idem.

Case M = let 1= (let 1= N in P) in Q. In this case,
M = (let = Ninlet 1= Pin Q)

is such that M —so,. M but M #+ M. Therefore M is not in —9.-normal form: We do not consider
this case.

Catch-all case: M = let (1= N in P. Here, [is respectively *, y“ and (y“, 2P)". By a-equivalence,
one can assume that z # y and z # z. Then by definition, the term M[V/z] is equal to
(let O = N[V/z] in P[V/z]). We claim that if we are indeed in the catch-all case, then so is
(let = N[V/x] in P[V/x]).

We study the four other possible cases for ([0 = N[V/x]):

Case (y© = W). Here, W is a value. For W = N[V/z] to be a value, N must be a value: we are
not in the catch-all case.
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Case ((y©,2P)" = (V1,V2)™). This situation occurs either when N is a core value of the form
(W7, Ws)" not possible since we are in the catch-all case, or when N is the variable z'"(ceD)
and V = (V4,V5)". We have

(let 2% =V in M)
= (let 2" (D) = (W, Wo)" in let (y©, 2P)" = " (C®D) i, P)
—op let 2 (C®D) = (W1, Wa)"™ in let y!nc =Wy inlet 2P = Wy in P.

which contradicts the hypothesis of the lemma. Therefore this case is not to be considered.

Case (x = *). This case is obtained when either N = %, not possible since we are in the catch-all
case, or when N =z and V = «”. In this situation, A = !"T. We have

(let 24 =VinM) = (let 2" T =«"inlet x=z" in P
—9. let 2T =%"in P

which contradicts the hypothesis of the lemma. Therefore this case is not to be considered.

Case (0° = (let [I” = Q in R)). There are two subcases. Either N = let [1” = Sin T, but then
we are not in the catch-all case, or we have N = z”¢S with S a value and V = A\"y” .R.
In this case,

(let x4 =V in M) = (let x = \y.R in let [0° = (let y® = S in R) in P)
—o. let & = \y.Rin let yP = S in let 0O° = Rin P,
which contradicts the hypothesis of the lemma. Therefore this case is not to be considered.

Thus the term M|[V/x] = (let I° = N[V/xz] in P[V/z]) is in the catch-all form. By induction
hypothesis,

d(N[V/z]) < max(d(N),d(V),0(A)),
d(P[V/z]) < max(d(P),d(V),5(A)),
Vi > max(d(N),d(V),5(A) + 1), n'(N[V/z]) = n'(N) + &n - n'(V),
Vi > max(d(P),d(V),5(A) + 1), n'(P[V/z]) = n*(P) + &p - n'(V).

Now:

1. Since the degrees d(M) and d(M[V/x]) are respectively equal to max(d(P),d(N)) and equal
to max(d(P[V/x]),d(N[V/z])), we have d(M[V/z]) < max(d(M),d(V),I(A)).

2. We have &y = Ev + €p, d(M) > d(N) and d(M) > d(P). Therefore, for all integer
i = max(d(M),d(V),5(A) + 1),

n'(M[V/z]) =n
ani(N +€N nZ(V) n'(P)+&p-n'(V)

Thus, by induction the degree of M[V/x] is smaller or equal to max(d(M),d(V),d(A)), and for all
integers 4 bigger or equal to max(d(M),d(V),5(A) + 1), n*(M[V/z]) = n*(M) + &pr - ni(V). O

Lemma 10.3.25. Suppose that M : B is in —ac.-normal form. Then one of the following three
statements is valid:
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1. M is in —og-normal form.
2. n(M) =0 and there exists N # M such that M —o N with d(N) < d(N).

3. n(M) # 0 and there exists N # M such that M —o N with d(M) < d(N) or d(M) = d(N)
and n(N) < n(M).

Proof. Suppose that M is not in —gg-normal form. We prove the result by induction on M.

Case M = (let = (let 1= P in Q) in R). In this case, M is not in —g.-normal form. Therefore
this case is not to be considered.

Case M = (let 2 =V in P). The degree of M is equal to max(d(V),d(P),5(A—oB)), and n(M) =
ndM)(P) 4 ndM) (V) + eix(i\.{])a- Note that since M is in —g.-normal form, so are V' and P.

Subcase n(M) = 0. We construct a term N such that d(N) < d(M) and M —95 N.

From Lemma [T n?™M)(P) = ndM)(V) = eix(i\.{])a = 0. Since d(M) > §(A — B), this
means d(M) > (A — B). Note that d(V),d(P) < d(M).

Suppose that d(V) = d(M). Then n(V) = n?@™) (V) = 0. Since M is in —g.-normal form, so
is V. Then by induction hypothesis, there exists V' such that V' —q5 V' with d(V') < d(V).
From Lemma the term V' is an intermediate neutral value. If d(V) < d(M), define
V' to be V. Therefore, in both cases we obtain an intermediate neutral value V' such that
V s V! with d(V') < d(M).

Suppose that d(P) = d(M). Then n(P) = n“)(P) = 0. By induction hypothesis, there
exists P’ such that P —q5 P’ with d(P’') < d(P). If d(P) < d(M), define P’ to be P.
Therefore, in both cases we obtain a term P’ such that P —o5 P’ with d(P") < d(M).
Define N to be (let z* = V' in P'). Since V' is an intermediate neutral value, d(N) =
max(d(V’),d(P’"),5(A — B)).

Since d(V'),d(P’),5(A — B) < d(M), we also have d(N) < d(M).

Subcase n(M) # 0. We construct a term N such that M —q3 N with d(N) < d(M) or with
d(M) =d(N) and n(N) < n(M).
Suppose that n¥M)(P) # 0. From Lemma 320 and since d(P) < d(M), the degree of P
is equal to the degree of M. Therefore, n(P) # 0 and we can apply the induction hypothesis:
there exists a term P’ such that P —o3 P, d(P’) = d(P) and n(P’) < n(P). Let N be
(let 24 =V in P'). We have M —33 N with d(N) = max(d(V),d(P"),6(A — B)) = d(M)
and n(N) = ndM)(P’) 4 ndM) (V) + e‘i(i\fj)g <n(M)
Now, suppose that n?™)(V) # 0. Similarly, from Lemma [IIZ21 and since d(V) < d(M),
the degree d(V) = d(M). This means n(V) # 0 and we can apply the induction hypothesis:
there exists a term V’/ such that V' —o5 V', d(V') = d(V) and n(V') < n(V). Let N be
(let x4 = V' in P). We have M —5 N with d(N) = max(d(V'),d(P),(A — B)) = d(M)
and n(N) = ndM)(P) + ndM)(V') + e‘i(i\fj)g <n(M)
Finally, suppose that both n?™) (V) and n¥™)(P) are null. Then n(M) = e’y 5 = 1. Let N
be P[V/z]. Since V is an intermediate neutral value, M —23 N. By Lemma 324 d(N) <
max(d(P),d(V),5(A)) < d(M) and for all i > max(d(P),d(V),5(A)+1), n*(N) = n*(P)+E&p-
n'(V). If d(N) < d(M), we are done. If d(N) = d(M), then d(M) > max(d(P),d(V),5(A) +
1), thus n(N) = n?™)(N) = 0. Hence d(N) < d(M), and we are also done.

The two cases M = (let (z4,y5)" = (V,W)" in P) and N = (let * = * in M) are done similarly.
Finally, the congruence cases are trivial. O
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Definition 10.3.26. We say that an intermediate term M satisfies reduction if the following is
valid:

“If M —g. N, then there exists N’ such that M —35 N’ and p(N') < u(M). ”

Lemma 10.3.27. Let M be an intermediate neutral term satisfying reduction, then either M is a
neutral term or there exists N such that u(N) < u(M) and M —3 N.

Proof. Consider an intermediate neutral term M satisfying reduction. If it is already a neutral term,
we are done. If it is not, from Lemma [[TL3H then it is not in —s-normal form. There are two cases:

M is not in —a.-normal form. By the reduction property of M there is N such that M —3 N and
u(N) < p(M).

M is in —oc-normal form. It is not in —gg-normal form, and from Lemma [IZ320 there exists N
such that M —op N with pu(N) < u(M).

In both cases, we have as requested the existence of some intermediate neutral term N such that
M —3 N with u(N) < u(M). O

Corollary 10.3.28. Let M be an intermediate neutral term satisfying reduction. Then there exists
a neutral term N such that M —5 N.

Proof. Let S be the set of terms M such that M —3 M'. Let I = u(S). From Lemma 323 this
set has a minimum element. Let N € S be a term such that p (V) is this minimum. Lemma 327
states that IV is neutral. O

Lemma 10.3.29. Every intermediate term satisfies reduction, as stated in Definition L3 20,

Proof. Suppose that M —o. N. We prove the result by induction on the size M. Case distinction
on the last rule used in the derivation of M —g. N:

Case ([fwZ.cq]). In this case, by definition, the two sides of the relation have the same degree and
the same maximal number, but a smaller height by Lemma [ML3I0 Choose N’ to be equal to
N and this satisfies the lemma.

Case [twZ.cg)). Suppose that P : B. The left hand side is
M = (let 2" P~ = \"yP R in let O = 2P <" S in P.)

Its degree is d(M) = max(d(R),d((D — C') — B),d(S),d(P)). Note that S is an intermediate
value.

The right hand side is
N = (let 2" P~ = \"yP R inlet y? = Sinlet O = {R<:C'} in P).
Its degree is
d(N) =max(d(R),6((D — C) — B),d(S), (D" — B),d(let ¢ = {R<:C"}in P)).

From Lemma [[3 T we get d(N) = d(M).
We proceed by case distinction on d(M) to find the term N'.
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Suppose that d(M) > §((D — C) — B). Consider X being the terms among R, S and P such
that d(X) = d(M). Whether X are or not in —g.-normal form, one of Lemma [[LZ27 or
the induction hypothesis applies: Either X is in S-normal form, and thus by Lemma [03.10
d(X) = 0, or X reduces to X’ with d(X’) < d(X) or with d(X') = d(X) = d(M) and
n(X') < n(M). In this last case, since d(X’) = d(M), this means that n(N') < n(M) and
d(N") =d(M) if N" is M with X’ in place of X.

Otherwise, we have a term N’ with M —o N" and d(N') < d(M).

Suppose that A(M) =1+ (D — C) and d(M) > 1+ §(B). The terms R and S are smaller than
M: By induction hypothesis they satisfy the lemma. Then by Lemma 328 there exist
neutral terms R’ and S’ such that R —35 R’ and S —3 S’. By Lemma [[L3 TG we have
d(R') =0 and d(S’) = 0.

Since let &' (P—C) = \"yP R in P is smaller than M, by the induction hypothesis one can

apply Lemma 328 and it reduces to a neutral term P’. From Lemma [I3Z7 P[V/z]

reduces to the same neutral term P’. Therefore M reduces to
M =y let yP = S'NyP R Ja] in let O = {R' <: C"} in P]\"yP.R/z]
=y let yP = S'\yP R Ja]in let O = {R' <:C"} in P

Let N’ be this last term. Since from Lemma I3 S'[\"yP.R’/z] is a value, the term
let P—C¢ = \"yP R" in S’ is in 2c-normal form. Thus Lemma 324 applies:

S

(N') = max(8(D — B), d(S'[N'yP R /x]), d(let " = {R' <:C'} in P"))
max(§(D —o B),d(5"),d(R'),5(D — C),d(let O°" = {R <:C"} in P')).
max(6(D — B),d(S"),d(R'"),5(D — C),d({R' <:C"}),d(P"),5(C" — B)).

//\ //\

Since d(S’) = d(R') = d(P’) = 0 (they are neutral), and since d(M) > §(D) + 1, d(M) >
0(C)+1 and d(M) > 6(B) + 1, we have d(N') < d(M).

Suppose that d(M) =1+ 6(B). Let Q = (let yP" = S'in let ¢ = {R<:C"}in P). The term Q
is smaller than M, so induction hypothesis applies.

Suppose that @ is not in —sg.-normal form. Then there exists @’ such that Q —5 Q' with
Q") < u(Q). Let N' = (let 2" (P—C) = \*yP R in Q'). Note that M —3 N’. We have
d(N') = max(6((D—~C)—B),d(R),d(Q")) =1+(B) = d(M), and n(N') < n(M). Finally,
since h(Q') < h(Q), we have h(N’) < h(M). Therefore p(N') < p(M).

Now, suppose that @ is in —o. normal form. Then so is N, and we have the result using

Lemma 378
Case [twZcg)). Suppose that P : B. The left hand side is

M = (let " (©2P) = (v, W) in let (y© ,zP"\™ = 2'" (8D i, p)

Its degree is d(M) = max(d(V),d(W),6((D ® C') — B),d(P)). The right hand side is
N = (let 2" (©ED) = (v, w)"
let ¢ ={V <:'"CYinlet 2P = {W <:\™D'} in P),

and its degree is the same as the one of M.

We proceed by case distinction on d(M) to find the term N’. The cases are treated similarly as
in the previous case.
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Suppose that d(M) > §((D ® C) —o B). Using Lemma [[03TA one can find V', W’ and P’ such
that V. —3 V!, W —5 W and P —3 P’ such that

d(let 2" COP) = (V! W™ in let (y© 2PV = 2" (COD) in Py < d(M).

Suppose that d(M) =1+ 6(D ® C) and d(M) > 1+ §(B). Since V, W, and let x = (V,W)" in P
are strictly smaller than M, the induction hypothesis applies and they satisfy the lemma.
Thus Lemma applies and they reduces to some neutral terms V/, W’ and P’. From
Lemma [3 P[(V,W)" /z] also reduces to P’. Therefore M reduces to

N’ = (let (y©, 22" = (V! ,W')" in P').
We have
d(N') = max(d(V"),d(W'),d(P"),6(C" —o B), (D" — B)).

From Lemma XA d(N') < d(M).
Suppose that d(M) = 1+ §(B). This time, we choose

Q= (let y"¢ ={V <:1"C"} inlet 2P = {W <:!"™D'} in P)

The term @ being smaller than N, the induction hypothesis applies.

Suppose that it is not in —sgc.-normal form. Then there exists Q' such that Q —3 Q' with
w(@Q) < w(Q). Let N = (let «"(C®P) = (V! W)" in Q'). We have M —3 N', with
d(N")=d(M), n(N") < n(M), and h(N') < h(M). Thus u(N") < u(M).

Now, suppose that it is in —s.-normal form. Then so is N, and we have the result by

Lemma 373
Case ([fwZcd)). In this case,
M= (let 2" T =«"inlet x =z in P), N = (let 2" 7 =« in P).

Note that d(M) = d(N), that n(N) = n(P) < n(M) and that h(N) < h(M). Therefore
w(N) < u(M). Choose N’ = N.

Cases (rw2.5)-([rw2.&5). One can assume that M is not in one of the form requested by the previous
cases. The induction hypothesis can therefore be applied and the result is obtained directly.

By case exhaustion, the lemma is then true. O

Lemma 10.3.30. Suppose that M is an intermediate neutral term. Then either M is a neutral
term or there exists N such that u(N) < u(M) and M —5 N.

Proof. From Lemma [[L329 every intermediate term satisfies reduction. Then from Lemma [TL321,
for all intermediate neutral term M, either M is a neutral term or there exists N such that u(N) <
w(M) and M —3 N. O

10.4 Proof of Theorem

The proof of Theorem L2 is done in two steps, by reducing first to intermediate neutral terms and
then to neutral terms. We make these steps explicit in Lemma [LZT] and Lemma [LZA
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Lemma 10.4.1. Suppose that A > M, N : A are two valid typing judgements such that Erase(M) =
FErase(N). Then there exists two intermediate neutral terms M’ and N’ such that A > M': A and
A > N': A are valid, such that Erase(M’) = Erase(N') and such that A > M =4, M’ : A and
Ap> Ny N :A.

Proof. Let S be the set of all possible sequences of terms (M;); such that My = 0 and M; —1 M.

From Lemma [MLZTA one can define the function f from S to the integers picking out the
smallest n such that for all ¢ > n, M; = M,.

Consider the function g mapping a sequence (M;); in S to the value m(My((ar,),)). Since the
measure yields non-negative integers, the set () is a subset of the non-negative integers. It contains
then an attainable minimal element mg. Let (M;); be a sequence of S such that g((M;);) = my.

Let ng = f((M;);). We claim that M, is an intermediate neutral term. Indeed, suppose
otherwise. Then by Lemma [[LZTA there exists a term M’ such that M,,, —1 M’ and M’ # M,,.
We can now construct a sequence of terms (MZ)Z as follows: M; = M; for alli =0...ng, M; = M’
for all © > ng. Note that (Mz)l belongs in S. However, using Lemma [[MLZTT] we deduce that
g((M;);) < my, contradicting the minimality of m.

Now, using Lemma [[LZY one can construct a sequence of terms (N;); such that No = N and
such that for all ¢, Erase(N;) = Erase(M;) and N; —1 N;y1. Using Lemma [MLZ7 for all ¢ the
typing judgements A > My, N, : B are valid, and A > M ~,; My, : Band A > N =,; Ny, : B.
Using Lemma [[IE2A the term N, is in intermediate neutral form. This makes the terms M’ = M,,,
and N’ = N,,, fulfill the requirements of the lemma. |

Lemma 10.4.2. Suppose that A > M, N : A are two valid typing judgements, where M and N are
intermediate neutral terms such that Erase(M) = Erase(N). Then there exists two neutral terms M’
and N’ such that Erase(M') = Erase(N') and such that A > M =4, M': A and A > N =4, N : A.

Proof. Consider two valid typing judgements A > M, N : A such that M and N are intermediate
neutral terms with Erase(M) = Erase(N).

Using Lemma [0, it is possible to construct sequences of terms (M;); such that My = M,
and such that for all 4, either M; is a neutral value or M; —% M; 1 with pu(M;11) < p(M;). From
Lemma 323 there exists ng such that for all n > ng, u(My,) = pn(My,). Using the definition of
the sequence, this means that for all n > ng, M,, = M, is a neutral term. Using Lemma [[L33 one
can build a sequence (N,,),, such that for all n, Frase(N,,) = Erase(M,,) and such that N,, —3 N, 1.
From Lemma M3 the typing judgements A > M,,,, Ny, : A are valid, and A > M =4, M, : A
and A > N =4, Ny, @ A

The requested terms M’ and N’ can be respectively taken as M,,, and N,,. O

We are now ready to prove Theorem [ILZ7

Proof of Theorem[J-.Z7] Suppose that M and N are two terms such that Erase(M) = Erase(N)
and such that A > M, N : A are valid typing judgements.

Using Lemma ATl there exists two intermediate neutral terms M’ and N’ such that A >
M' N’ : A and such that A > M =~,, M’ : A and A > N =,, N’ : A and such that Erase(M’) =
FErase(N'). Using Lemma[[lLZ2] there exists two neutral terms M"” and N such that Erase(M") =
Erase(N") and such that A > M’ =, M” : A and A > N’ =, N” : A. Using Lemma [T we
have A > M" =, N" : A.

We obtain A > M =~,, N : A using the transitivity of the axiomatic relation. |



Chapter 11

Categorical Semantics

In Chapter B we described the categorical structure believed to be required for interpreting the
language described in ChapterEll In this chapter, we show that one can indeed interpret the language
in a linear category for duplication, and we prove a soundness and completeness result.

11.1 Denotational Semantics

The ambient category this section is concerned with is a linear category for duplication C, with the
notation of Definition

Convention 11.1.1. For notation purposes, we assume the category to be strict monoidal. This
can be safely assumed, thanks to Theorem

11.1.1 Interpretation of the Type System

Definition 11.1.2. We define an interpretation of the type system to be a map © that assigns to
each constant type a an object ©(«). Each type A is interpreted as an object of C:

[ale =O(a), [Tle=T,
['A]lg = L[A]lg, [A® B]g =[Alg ® [Blg, [A— B]g = [A]e — [Ble-
Consider the alphabet {o | a is a constant type}, and the set A of types. If G(A) = [4]g, we

are in the context of Theorem BZI® with the list of Fj’s being (®, —o): any two maps A — B in C%
are equal.

Definition 11.1.3. Given a valid subtyping A <: B, there exists a unique arrow [A]y — [B]g in
C%, as defined in Theorem We extend the map O to interpret A <: B as this unique arrow
and we denote it by I4 p.

11.1.2 Interpretation of the Language

Convention 11.1.4. Typing contexts were defined as sets. In the case we are interested in, we
need them to be lists. We will therefore consider them to be lists in this section, the typing rules of
Table @l being physically unchanged. In order to still be able to reorder typing contexts, we add a
set of new rules (X;), one for each permutation s on {1,...,n}:

1Ay, ot Ay > M A
Ts(1) :As(l),...,l‘s(n) :As(n) >M:A

(X5)

174
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Definition 11.1.5. We define the denotation of a typing context A = (x1 : Aq,...,z, : 4,) by the
following:
[A] =[Ai] ®--- @ [An].

Definition 11.1.6. We use the following shortcut definitions, where A, B, A1, ..., A, are types and
where A, T'y and I's are typing contexts:

o Given a natural transformation n : F'—G, we write na in place of npay. If A = {z1: A1 ...y
A} we define na =ny, @ ---@nag,,.

e For the coherence map dﬁ,B :LA®LB - L(A®B),if A={x1: A1...x, : A, }, we define
db\ to be the map

) L
W@dLa, 1y [an]
_ T AnablAnl

L[A] ® - ® L[A,] LA ® - @ L[An-1 ® A,] =5 L[A1 @ - @ A,].

e We define Split\a r, p, to be the canonical map from the monoidal structure and using the
map Ay : LA— LA ® LA from Definition

Splitiap, r, + [[A] ® [I1] ® [I2] — [!A] @ [I'h] ® [!A] @ [I2].

e Given f : [IA] ® [T1] — [A] and ¢ : [IA] ® [T'2] — [B], we define the map f ®a g :
['A] @ [T1] @ [T2] — [A] @ [B] as follows:

Split!A,Fl Ty
_—

[A] @[] @[] [a] @[N] @ [A] @ [r2] £22 [4] @ [B]

Lemma 11.1.7. Suppose that f : [!A,Ts] — [A]. Suppose that \T'y is a context of fresh variables.
Then

Split!A,gpl,m; (<>!A,!I‘1 ® f) = (U[[!A]],[[!Fl]] ® idf2)§ (<>!F1 ® f) : [[!A7 'y, FQ]] - [[A]]
Proof. Using the equations of comonoids. O

Lemma 11.1.8. Suppose that f : [!\A,T1] — [A] and that g : [!A, T3] — [B]. Suppose moreover
that 'A is a context of fresh variables. Then

(O @ f) @aa (Gra ®@g) = G @ (f @1a g) : ['AIA T, T] — [A] @ [B].
Proof. Tt is enough to show that the maps

Splita,a),ry.ry
L TN

['A, 1A, Ty, 5] [IA, 1A, Ty, 1A, 1A, Ty 4SS 09E9, 14 1614,
and o
4 it,
[IA, 1A, Ty, o] 22 1A, Ty, D] 2202 A Ty 1A, To] 229 [A4] 9] As]
are equal. This is done using the comonoid structure of ([IA], Aa, Oia)- O

Lemma 11.1.9. Suppose that f: [!A,!A,T1] — [A] and that g : ['A,T2] — [B]. Then,
f@na (O ®g) = (idin ® Split\a 1, 1,); (f @ g) : ['AIA T, Ta] — [A] @ [B].

Proof. Proof using the comonoid structure of ([!A], Aia, Oia). O
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Lemma 11.1.10. Suppose that f : [['1] — [A] and that g : [A] — [B]. Then, if !A is a context of
fresh variables,

(Ca®[f)ig=<Ca®@(f;9): ['AT] — [B].

Proof. In our strict monoidal category, the map ($a ® f); g is

(Ca®@f);g=(0a®[f);Aasg

=(0a® f);(idT ® g); B by naturality of \,
=(Oa®(f;9)); A by bifunctoriality of ®.
And this map is precisely $a @ (f;9). O

Lemma 11.1.11. Suppose that f : ['\A,T1] — [A], g : ['1A,Te] — [B], b : [4] — [C] and
k:[B] — [D]. Then

(fih) @arr, (9:k) = (f ®ar,r, 9); (h@ k) : ['A,T'1,T2] — [C] @ [D].
Proof. The proof uses the bifunctoriality of ®. O
Lemma 11.1.12. Suppose that f : [\A,T1] — [4], g: ['A,T2] — [B]. Then

(f 1A 9)§UA,B = (id!A & U[[Fl]],[[m]])% (9 @A f): [[!AarlaFQ]] - [[B ® A]]-

Proof. The proof is done using the correspondence between the symmetry and the comonoid multi-
plication. O

Definition 11.1.13. The map O as in Definition [T is said to be an interpretation of the language
if moreover it assigns to each constant term ¢ : !4, an arrow O(c) : T — [!A.] in C.

Given a linear category for duplication C, it is possible to interpret the typing derivation of a
well-typed value as a map in C and the typing derivation of a valid computation as a map in the
Kleisli category Crp.

o Ifxy:Ay,...x, 1 A, >V : Bis avalue with typing derivation 7, its value interpretation [[7r]]”9
is an arrow [41] ® ... ® [A,] —¢ [B];

o ifwy:Ay,...xp: Ay > M : Ais a term with typing derivation 7, its computational interpre-
tation [r]g is an arrow [A1] ®@ ... ® [A,] —¢ T([B]).

We define them inductively in Tables [Tl [T and T3 Moreover, considering Convention [TT4]
if s is a permutation on {1,...,n}:

[zs1) : Asays - - s Ts(n) = Asmy > M Al =

OLAs o AL [Augry oo Aui I 121 2 ALy oy 2 Ay > M2 A]S,
251y : Asiys - -5 Ts(n) + Asny > M : A]" =

OLAL o A Asty oo Aui 15 121 2 ALy ooy 2 A > M2 A

Convention 11.1.14. We say that two morphisms
f[[l‘l : Al, ey Xy An]] — [[A]], g: [[l‘s(l) : As(l); .. wxs(n) : Aa(n)]] — [[A]]

are equal whenever f = OLA1 s An ] [Aw(ry e Ay 15 9-
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[[!A,:E:ADx:B]]Z) :[[!A]]®[[A]]M[[B]]
[[!A >c: B]]ﬂe = [[IA]] Qa, T @L(C) [A.] la.,B [[B]]
[IA > : 1" T]Y —pa) e T L pr BT pey

[Az:AxM:B]S =[A]l®[A] L T(B])
[A> XA M A B, =[A] 2 (4] - [B]

[A,z: Ax M: B]S = [\A] @ [4] L 7([B])

Sinsdin

['A > X" FlzA M 1" A — B)]g = ['A] ——2 L[!A]
L(q>7lf);I!(AAoB),!n+1(A—oB)

Lm+1([A] — [B])

Table 11.1: Interpretation of core values.

Lemma 11.1.15. Suppose that
f=0AT1>N:A]° g=[ATyz:A>P:B].

Then ‘
['A, 11,0y > let 2% = Nin P: B]" = (f @ia id); 03 t; g%

Proof. The proof is done by computing [!A,T'y, Ty > (A%24.P)N : B]". O

Lemma 11.1.16. Given a wvalid typing judgement A > M : B with no dummy variables, there
exists fo i [A] — T[B] such that for any dummy context A and for any typing derivation w of
IN,A> M : B,

[7]° = [1A] @ [A] 2422, 7[B].

Moreover, if M =V is a value, there exists some f, : [A] — [B] such that for any dummy context
IA and for any typing derivation m of IN,A >V : B,

[x]" = [A] ® [A] 2227 [B].

Proof. Consider a typing judgement A > M : A where |A| = FV(M). We prove the lemma by
structural induction on M.

Case M = \°2P .N. In this case, A = B — C, and if A > \°2B.N : B —o C is valid, then so is
A,z : B> N:C. By hypothesis, |A| = FV(M). Thus |A| = FV(N)\ {z}.
Let A be the subcontext of (A, z : B) consisting of the free variables of N.

The induction hypothesis states that there exists a function f/ : [A] — T[C] such that for all
dummy typing contexts !A and for all typing derivations 7 the denotation [7']" is O3 @ fe.

There are two cases.

Ifx € FV(N). Then |A| = |A, z : B|. We define the requested f, and f. respectively by ®~1(f!)
and @~ (f1); 1B —c-
If x ¢ FV(N). In this case, from Lemma BTTY the type B is of the form IB. The context

|A| = |A[, and z is a dummy variable. We define the requested f, and f. respectively by
(O ® fr) and @70 5 @ fl);nB—C-
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ATy >V : A]Y = ['A]®[0] L [4]
[lA,Ty,z: A>W: B[y =[Ale[l:]e[A] % [B]
AT, To>let 2 =V in W : B]g =

Ale[r1]e[r2] L2227 pa][r]e[4] % [B]

[A, Ty, >V : "4 @ Ap)]Y = ['A]@[r1] L L™([A1] ® [As2])
A, Do, 1Ay y: MAy > W CJY = [A]R[T]9L A ] © L"[As] % [C]
AT, T let (x,y)" =V inW:Clg =
[A][D]®[r] 2229, Lr([4]e[A])2[IA]R[T:]
((df:l]]a[[A2H)7l®id>;o-

[A]®[To]@L [A]®L"[A2] L [C]
AT, >V T, =[A]le]LT
AT, >W:Clg =[A]®[l] L [C]

AT, Ty let x =V in W : C]2 = [[A]@[C1]@[2] L2224 [C]

['A T, >V !nA]]fé = ['A] ® [I'1] ER L"[A]
[A.D o W:I"Bl, =[A]@[r ]] 9, o[B8
AT, Tom (V,W)" :"(A® B)]g =

Lm

[A] @[] ® [To] 229 [n[4] © Lr[B] 222, L7 (4] © [B])

Table 11.2: Interpretation of extended values.

Consider a dummy context !A for M and a typing derivation 7 of 1A, A > M : A. It starts with

7TI

IA,A,z: B> N:C
INNAD N2BEN:B—-C

(A1)

for some derivation 7/. By definition,
[7]" =27 ([«']")  [r]° =27 ([*']"); nB—c-

We aim at showing that [7]” = $ia ® f, and that [7] = $ia @ fe.

There are two cases.

If x € FV(N). By induction hypothesis, [7']° = $ia ® f.. By naturality of @,

[7]° =@ (O1a @ f1)inBoc = G1a @ @7 (f1); 180,
[7]" =27 (O ® f) =3O @@ (f).

If x ¢ FV(N). By induction hypothesis, [7']° = 0ia®$, 3@ f.. By naturality of @,

[7]° =27 (G1a @ O @ fL)inB—oc = O1a @O (O3 ® fl)inBo0s
[7]" =271 (O1a © Oy @ £1) =@ (0@ f).
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First, if U is a core value, [A > U : A]g = [A > U : A]g;na.

AT, > M:A—B]S =[AT] L T(A—B])
AT, > N : A]S = [!A, 1] & T([A])
['A,T1, Ty > MN : B]S, = [IA, Ty, T5] L2249 T[4 — B)oT[A]
21, T[(A—B)®A] 22 T[B]

['A, Ty > M :1"(A; ® A5)]5, =[IA,T1] L TL[A; ® Ag]
[IA,To,2: 1" A,y : 1"As > N : Clo= ['A, To]@L " [A1]®L"[As] L T[C]
['A,T1,Ts > let (z,y)" = M in N : I"C]g =

[IA, Ty, To] L22% ProfA,@A,]R[IA, T1]

T(at" 71®id soit
G

T(['A, T1]@ L [A]@ L [As]) L T[C]

[AT, & M:T)S =[AT]L 7T
[IA Ty > N:Clg =[AT] L T[C]
AT, Ty > let x =M in N : CJg =

[IA, Ty, To] L2429 1Ty o T[C] X T[C]

[AT & M:1"AlS = [IAT,] L TLrA]
ATy > N: "By =[A,To] L TL[B]
['A,T1,To > (M,N)" : 1"(A®B)[g =

n
1§TdA,B

, ©
A, Ty, D] L1229, TLr[A]@T L [B] ——22 TL'[A®B]
Table 11.3: Interpretation of computations.

Case M = \"t1zB N. In this case, A = "*1(B — C), and if A > A\"*12B.N : B—C is valid, then
sois A,z : B> N : C. By hypothesis, |A| = FV(M). Thus |A| = FV(N) \ {z}.
Let A be the subcontext of (z : B, A) consisting of the free variables of N.

The induction hypothesis states that there exists a function f/ : [A] — T[C] such that for all
dummy typing contexts !A and for all typing derivations 7’ the denotation [7'] is {3 ® fe.

Note that A is of the form !A. There are two cases.
Ifz € FV(N). Then |A| = |z : B, A|l. We define the requested f, and f, respectively by

fo=0a;d%; LO 1 (f1); Ii(B—oc) in+1(B—oC)s

fo=10a3dR; LO ™ (fL); Ii(p—oC),1n+1(BoC)i Mnt1(B—oC)-

If x ¢ FV(N). In this case, from Lemma [LTTA the type B is of the form IB. The context
|A| = |Al, and z is a dummy variable. We define the requested f, and f. respectively by

fo=10a3dR; LO (O ® [ IiB—ocy 141 (B—oC)s
fo=10a1d5:LO (015 @ £1); i(B—oC) 1n+1(B—oC)i M1 (B—oC) -
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Consider a dummy context !A for M and a typing derivation 7 of 1A, A > M : A. It starts with
7.[._/
IA,A,z:B>N:C
INAD AT B N B —C

(A2)

for some derivation 7/. By definition,

[7]” = 6ia,a; dﬁ\,A; Lo~ H([n']%); Iip—oc) tnt1(B—oC).
[71° = duna3diiy a5 LOTH([7']); o) int1(B—aC)i TMn+1 (B—oC) -

We aim at showing that [7]” = $ia ® f, and that [7] = $ia @ fe.
One can show that for all g : [A] — [D],

OiAA; dﬁ\’A; L(Ow @ ida); LidT ® g) = Gia @ (0a;dK; Lidas Lg) (11.1.1)

by using the monoidality of d* and §, and by using the fact that the category is strict. There
are two cases.

If x € FV(N). By induction hypothesis, [']° = {14 ® f.. By naturality of ®, @~ (Oia @ f1) =
$ia @ @71(f7). One can then conclude, by using the functoriality of L and ® and replacing
g with ®~1(f!) in Equation [T I1

If x ¢ FV(N). By induction hypothesis, [1'] = Oia®@$, 5@ .
By naturality of ®, @~ (014 @ Oy @ f1) = G1a @ 210,53 @ fL) One can then conclude, by
using the functoriality of L and ® and replacing g with ({5 ® f!) in Equation [Tl

Case M = NP. In this case, one can split A into (!A,I’l,Fg), where I'; consists of all the free
variables in N but not in P, I's of all the free variables in P but not in N, and !A of all the
free variables both in NV and in P. Note that these are the only possibilities, since A does not
contain any dummy variables.

Using Lemma LTTA If A > NP : A, then there exists some B such that IAT;>N:B—-A
and 1A, Ty > P: B.

By induction hypothesis, there exists f. : [|[A] ® [['1] — T[B —o A] such that for all dummy
contexts A for N and for all typing derivations 7 for !A;!IA Ty > N : B — A the denotation
[m1] =< @ fL.

Similarly, by induction hypothesis, there exists g’ : [!|A] ® [['2] — T[B] such that for all dummy
contexts !A for P and for all typing derivations g for !A,!A Ty > P : B the denotation [m]“ =
A R gl

Let f. be the map

fi®a0:
L

['A]@[T1]@[T:] T[B—A]&T[B] 2 T([B—A]®[B]) Shm, T[A].

Consider a dummy context !A for NP and a valid derivation 7 for !A,A > NP : A. This
derivation starts with

1 2

IANT{>N:B —A \ATy>P:B
IA,A>NP: A (app)
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The context (1A, A) is equal to (.!A,fl,fb). From Lemma LTI B’ = B. From Lemma BLTTT
we have |!A| C '1A[, [T'1| C A, T and [Ty C |'1A,T's|. Let us split !A; I’y and T's into

'A _ (!AanP’!AdNPn’ !AdNnP’ !AdPnN%
T rndN P ndPnN
Ly = (D907, )

f\2 _ (]'f\%lNPn7 f\gNnP)

?

?

where for each context of the form X1 YsnZi--Zi if g ¢ | X V1 YinZ-Zt| then x € FV(Zy)N
N FV(Z) but z ¢ FV(Y1)U--- U FV(Yg). We did not include the four contexts I.‘.‘li"]YP,
[gnNP DN and T¢P"N | which are empty by definition: otherwise the context (A, T'y,T)
would have duplicates. We can rewrite the following contexts:

r, = (!AdPnN fw(liPnN)

'A — !AanP7 Iy = (!AdNnP7ngnP).

IA = (!AdNanfvliNPn’ ]'_—'wglNPn)’

Note that f“fN Prand ng Pn - are duplicable.

By definition, [7]° = ([m1]° @z [72]); ¥1;¢% . We want to show that [7]° = $ia @ fe. We
have from the induction hypothesis that if f} is the morphism ¢, xanpn jzannr fanPn and if g}, is
the morphism O!AdNP7L7!AdP7LN,f‘gNPn,, then [71]° and [m2]° are respectively f/, ® f. and g}, ® g..,

and
f<l> . [[!AdNPn, !AdNnP7 fvliNPn]] T
gé> . [[!AdNPn, !AdPnN7 FgNPn]] =T
fé . [[!AanP,!AdPnN,fianN]] N TﬂB‘OA]],
9{; . [[!AanP’!AdNanfngnP]] HT[[B]]

Now, since from Lemma [T .8 and Lemma [TT9

(O!AdNPn X O!AdNnP ® <>f‘rliNPn X fé)
®!AdNPn’!AanPJAdPnN’!AdNnP (<>!AdNPn & <>!AdPnN ® <>f‘r2iNPn ® gé)

= O!AdNPn ® <>fuliNPn ® OngPn ® (fé Q) RdnNP gé),
the denotation [7] is then equal to
II/,T]]C = (O!AdNPW ® <>fu11an ® OngPn ® (fé ®IA 92)) ; \I/1§5T4,B
= (<>!A R (fl A 92)) ;W1€4 -
One concludes using Lemma [TTT0

The remaining cases are handled similarly. O

Theorem 11.1.17. Given a valid typing judgement A > M : B with two typing derivations w and
7', for any interpretation © we have [r]g = [7']g (and [7]g = [7']g if M is a value).

Proof. We consider denotations with respect to ©. The context A splits into (A, A), where !A is a
dummy context and where |A| = FV(M).

From Lemma [LTTd, A > M : A is valid. We are in the context of Lemma [[II® there exists
a function f, : [A] — T[A] such that [x]° and [x']® are both equal to {ip @ f.. If M is a value,
then there exists a function f, : [A] — [A] such that [z]" and [#']" are both equal to $ip ® f,. O
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Definition 11.1.18. Given a interpretation © of the language in a category C, we define the
denotation of a valid typing judgement A > M : A with typing derivation 7 to be [A > M : A]g =
[7]e and [A > M : A = [n]g if M is a value.

Remark 11.1.19. From Theorem [TT.T7 Definition is valid.

11.2 Soundness of the Denotation

The axiomatic equivalence and the categorical semantics are two faces of the same coin. Indeed,
as we will prove in this section, two terms in the same axiomatic equivalence class have the same
denotation. A corollary is that the indexation of terms does not influence the denotation. This
proves semantically the fact that it is safe to work with untyped terms. An alternate justification
of this fact is of course the operational semantics, which was given in Section Bl

Lemma 11.2.1. Suppose that A’ <: A and that A > M : A. Then

[A" > M : Al = Inoas[A > M A']S.
If M =V is a value, we have moreover

[A' >V Al =Ia a[A> VAT
Proof. Proof by induction on the size of M. O
Lemma 11.2.2. Suppose that A > M : A and that A <: A’. Then

[A>{M<:A}: Al =[A> M : Al T (14 a0).
If M =V is a value, from Lemmal[I L2 {V <: A’} is a value. Then
[Ac{V< A} A =[A>V:A]"; Tsu.

Proof. Proof by induction on the size of M. O

Lemma 11.2.3. Suppose that A > M : A is a valid typing judgement and that 'A is a context of
dummy variables for M. Then

A A M:A]=0AQ[A > M: A]°.

If M =V is a value,
IAA> VA =0a0 [A >V A"

Proof. Proof by induction on the size of M. O

Lemma 11.2.4 (Substitution). Given two valid typing judgements !A; T,z : A > M : B and
ATy > V : A, the typing judgement 'AT1, Ty > M[V/z] : B is valid. Let h be the denotation
['A, Ty, T > M[V/z] : B]® and b be [!A,T1,Ty > W[V/z] : B]", in the case where M = W is a
value. Then they are defined by

[A] @ [[1] @ [La] v b > T([B])

Splitya ry 1y [[!A,Fl,x:ADM:B]]CT (11.2.1)

PN 0 N = e Y (N P51 8 P
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['A] @ [C1] ® [[a] e LA ~ [B]

lsplitm,rl,r? [[!A,Fl,;c:ADW:B]}”T (1122)
id@[!A,T2>V:A]
NI EINE I e eyl ['A]®[T1]®[A].
Proof. Let v be the map [!A, Ty > V : A]". We do the proof by induction on the size of M.

Cases where M is a core value. Case M = x®. The term M is a core value: we have to show Equa-
tion (T2 and Equation ([IZZZ). We show the former, the latter being exactly similar.
The typing derivation !A, T,z : A > 2® : B comes from typing rule (az1). This means that
I’y is of the form 'TY, and that A <: B. Using Lemma [TZA the map h is

h=[A,To>{V<:B}:B]°=['A,T],To >V : AT (1a.B).
Since V is a core value and using Lemma and T4,
h = [['Aa !F/DFQ >V A]]v;nA;T(IA,B)
= Split\p iy ry (Qary @ 1A T2 >V 0 A]°);na; T(1a,5). (11.2.3)
By definition
[[!A, !Fll,l‘ cAD> l‘B : B]] = <>A7F/1 (29 IA,B;773~
Thus
Splity yrr py: (id ® (AT > V e A]Y); A, T,z : A 2” : B
= Splitip iy ry; (id @ 1A, T2 > V2 A]%); (Gar, ® La,5:15)
= Splityn i1 1y (Car, @ (AT >V Al Ia3nB) (bifunc. of ®)

which is equal to Formula ([T2Z3), the naturality of 7.

Case M = %", ¢® and yP, where y # x. Again in these cases, the term M is a core value: we
have to show Equation (IIZZTl) and Equation [[IZZZ). We show the former, the latter being
exactly similar.

The typing judgement !A T,z : A > M : B comes from respectively rules (T.I), (az2)
and (azp). In all of these cases, I'y is of the form I} and A of the form !A’. From
Lemma BTTH the context 'y is of the form !T%. Since the term M[V/z] is equal to M
is all three cases, the maps h and h’ are of the form <>!A7!F'17!F'2;g, for some map g. The map
AT,z 1A > M : B] is of the form &ary,ar; g for the same map g. The bottom part of

Diagram (T2 is

Splityn i ry; (id @ [PA TS > V2 A]%); Gary, a9 = Oarpry: g
using Equation [ZZIT]). This is precisely the map [IA,IT,z : 1A’ > M : B], ending the proof
for this case.

Case M = \%9®.N. In this case, B = C — D for some type D, and the typing judgement
IAJ;Ty,2: A> M : B comes from typing rule (A;). That is, IA;Ty,y: C,x: A N : Cis
valid.

We have y # z: this means that M[V/z] = \°y“.N[V/x]. By induction hypothesis, the
morphism k = [!1A,T'1,y: C,T's > N[V/z] : D]° satisfies the following commutative diagram:

[[!Avrhy :C, FQ]] ...................... L ~ T([[D]])
lSplit!Aw(FLyic)vlb [[!A,Fl,y:C,a::ADN:D]]CT

dQ[IA, 2>V :A]Y
[IA Ty : Clo[A, Iy] L2222V nA 1y oy Ofe4],
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Now, by definition,
['A, Ty, Ty > M[V/x]: C — D]* = & *(k),
['A, Ty, Ty > M[V/2] : C —o D]° = & ' (k); pc—p,
['A, Ty > M : C — D]’ =0 A, Ty,y: C > N: D],
['A, Ty > M : C — D]° = (@ '!A,T1,y:C 1> N : D]); pc—opn-

Equations (2ZJ]) and ([[T2Z2) are derived using the naturality of ®.

Case M = \"*t12% N. This case is similar to the previous one. The only difference is in that the
equations under consideration are encapsulated into

[ 0iasdin; L(f); La—op),1nt1(A—oB).-

Cases M = (let [0° = N in P). In all these cases, the typing judgement !ATy,z : A > M : B
comes from a typing rule (X) with hypotheses

IN'.T11>N:C, IA" . T19,A> P: B,
for some context A, where (1A’ T'11,'12) = (1A, Ty, 2 : A). If we call f and g the following maps:
f=[A"Tu>N:C], g=[A"T12,A>P:B],
we have
ATy, 2: A> M : B]° = (f ®a id); (T(F) ® id); 03 t; g*

for a given map F', depending on [I°. If M is an extended value, so are N and P. If we call 1!
and ¢’ the following maps:

f =[A"T>N: C’]]v, g =[A"T12,A> P: B]]v,
we have

['AT1,2: A M : B]' = (f @aid); (F®id);o;g'.

Note that we might need to add a permutation in front of f, g, f’ or ¢’, depending on the order
of their respective input.

By a-equivalence one can assume that the variables occurring in A does not occur anywhere in
the other contexts. From Lemma [LT.T9 one can assume that I'y; and I'12 do not contain any
duplicable variables, implying that |!A| C |!A’|. Thus there exists some context ¥ such that
IA" = (I !A). In particular, this means that

(!\I/,Fll,F12) = (Fl,l' : A) (1124)

This equation is the main point that will allow us to apply the induction hypothesis, and thus
finish the proof. The variable x : A belongs to either W, I'1; or I'1o. We study each one of these
three possibilities.

If x € |!'V|. In this case, A =1A" and ¥ = (10’ z : 1A"). The contexts (!A’,T'11) and (A", T2, A)

becomes respectively (IA, 10/ T,z : 1A") and (IA,10/ T19, A 2 : !A’), meaning that the
typing judgements !A, W/ T,z : 1A’ > N : C and !A, 10/ 19, A,z : A’ > P : B are valid.
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Since A =!A’ and since V is a value, by Lemma [LTTH the context I's is of the form ITY,. We
have M[V/z] = (let 1Y = N[V/z] in P[V/x]), and

!A, !\I/’,FH,FQ > N[V/J?] : C, 'A, !‘I//,Flg,FQ,A > P[V/J?] : B

are valid typing judgements, such that by induction hypotheses their respective computational
denotations f and ¢ are

[IA, N/ Ty, Tg] oo e -~ T[C]
fT (11.2.5)

AW T ]®[A],

lsplitm,(!\p',ru),m
id®[IA, Lo VA
[[!A, VZ FH]]®[[!A, ] ———m—

A Tyg, A, To] oo 9 ~ T[B]

lSPlit!A,(w’,rm,A),rz QT (11.2.6)

[[A, 10, T1a, AJ[IA, Ty ~22EEEVAL A g 1y, A@[A],

By definition, the denotation h = [!A,T'y,!T% > M[V/z] : B]® is equal to

swi;Split;swao

['A, 10, Ty, T, ITS] ['A, 1, T'yq, 1T, 1A, W, T'ps, 1T

Jeid, T[C]e[!A, W', Ty, IT)]
KACDIILN TA]R[!IA, W, Ty, 'T5]
i, T([!A, 1, T'y5, 'IT4]@[A])
TS) (LA, Ty, A, ITS])
LN T[B].
Using Equations (TZH) and ([[TZH), one can rewrite h as follows:
A, N0 Tpp, Ty, T Sorislitiow: ['A 1, Ty, T, 1A, 1 T, 1T
(id@av)@id ['A, 1 T | Q[A]QIA, 10, Tg, 1]
ELLLN T[C]R[IA, W, T2, T5]
T(F)gid, TIA]@['A N Ty, 1T]
oit, T([!A, 1, Tya, IT5]@[A])
Tdga), T([!A, 10, T, A, T])

T Split\a (197, 115,A),1T"

ST([A N, T, A IA, ITS])

T(id@v) T(['ANT, T2, A] @ [A])
s 7(5],

where swy and swy are permutations. Note that the map Splita (g r,, a) 10y 1 Ap followed
by a permutation. It is then possible to lift the second occurrence of v to the top, thus getting
h in the required format.

The computation for b’ = [!A,T'1,Ts > M[V/z] : B]" is similar.
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If x € |T'11]. This time, the context I'y; is of the form (II');,z : A), and Ty can be split into
(1AW, T4, T13). We have M[V/x] = (let 1° = N[V/a] in P), and
IAW, T, Ty > N[V/z] : C, AU, T5,A>P: B

are valid typing judgements. By induction hypothesis, the computational denotation of the

former is
[IA, N, T T oo F =~ T[C]

lSPlitzA,(!\p,r’u),rz fT (11'2'7)

id®[1A,T2>V:A]Y
14,1, I e i, o] S A, 1w, 1 e 4],
By definition, the denotation h = [!1A,T'1,Ts > M[V/z] : B]‘ is equal to
['A, 19, T, Tia, T =5 ['A, 19, T, T2, Tio]

Split (A 19,1 T2), 1z

AN, T, To] QA 1, 5]

Jeid, T[C]®['A, W, T1,]

A@O@dret, AW, Ty A]

g, T[B].
Using the Equation ([[IZZ1), this is equal to

perm

II!A7!‘II7F111;F127F2]] — II!A7FI115F2;F12]]

Splt A 1wy, (1 Tp),T1g

AN, T, T Q[IA, 1, T2

Splitia, (w0 )1y ®id

AN, T ]RIA, T [IA, W, Ts]

e, [1A,19, T, ]R[A][1A, W, o]
f®id, T[C]R[!A, W, T]

A@OSet, A, W, Ty, A]

*

= T8I,
where perm is a permutation. Using the coherence properties of the symmetry and the

comonoid multiplication, the map

perm; Split (A 1wy, (11, ,12). 0105 (SPUbA (1w 17 )0, @ 0d); (id ® v ® id)

SPUtA (19,1, T12),Ty

['A 1, T, T @A, To]

= [!A, 1, T, T2, Ty]

(id@u), ['A, 10, T, T @A

that is, (id ®ia v): the map h is in the requested form.
Again, the computation for A’ = [!A,T'y,Ty > M[V/x] : B]" is similar.

Case x € |I'12]. The context I'jo is of the form (I}, x : A), and T'; is equal to (1A, 10, Ty, T5).
We have M[V/z] = (let O° = N in P[V/z]), and

IO, Ty > N:C, AT, ATy > P[V/2]: B
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are valid typing judgements. By induction hypothesis, the computational denotation of the
latter is

[[!A,!\I/,F’H,A,Fg]] ...................... 9 > T[[B]]

lsplit!A’(!\y’F/l2’A)’F2 gT (1128)

[1A, 10, Ty, Al [A, Ty] ~2E22 VA A v Ty, A4l

By definition, the denotation h = [!A,T'1,Ts > M[V/z] : B]‘ is equal to

Split A
[IA, 10, Dy, Ty, Ty U0 T l) A 4y Ty @A, W, T, Do

Swid T[C]®[IA, 1, T, Ts]
(TF)@id)ioit, TIA, W, Ty, Dy, A]
T(id@0) TIA, W, Ty, A, Ts]
9 T[B].

Using the Equation ([[IZZF), this is equal to

Split A
A1, Ty, Ty, D] BTl A g 1y TR [IA, W, T, Do

f®id T[C]®[IA,W, T, 1]
(TE)@id)oit T[A, 10, Ty, Ty, A]
T6dga), T[N, Ty, A, T]

TSplit!Ay(zw,F’lz,A)yF2

T([['Aa '\Ila Fl127 A]]®[['Aa F2]])

T(id®v) T(['A, 1, T, A]®[A])
R T[B].

Using the same technique as in the case where x € |!¥|, one can move up the occurrence of
v, and thus get h in the requested form.
Again, the computation for A’ = [!A,T'y,Ty > M[V/x] : B]" is similar.

Cases M = NP and M = (N, P)". As in the previous case, the typing judgement !A Ty, z : A >
M : B comes from a typing rule (X) with hypotheses

!A/,Fll > N : C, !A/,Flg, > P D,
for some types C and D, where (1A’,T'11,T12) = (1A, Ty, 2 : A). If we call f and g the following
maps:

f=[A"Ty>N:C], g=[A"Ty>P:df,

we have

AT, z: A>M: B]°=(f @ g); F



11.2. Soundness of the Denotation 188

for a given map F', depending if M is of the form N P or of the form (N, P)". If M is an extended
value, so are N and P. If we call f/ and ¢’ the following maps:

f=[4A"Ty>N:C]", g =[A",T1s > P: D],
we have
A T1,2: A> M : B]' = (f @ g);G,

for a given map G, depending if M is of the form N P or of the form (N, P)". From Lemma ET_T9
one can assume that I'1; and I'12 do not contain any duplicable variables, implying that [!A]| C
['A’]. Thus there exists some context W such that A’ = (1W,!A). In particular, this means that

(!\II,I’H,Flg) = (Fl,I : A) (1129)

The variable x : A belongs to either W, I'y; or I'15. The study of each one of these three
possibilities is similar as in the previous case.

This ends the list of cases: the lemma is verified. O

Theorem 11.2.5 (Soundness). If A > M~ ., M’ : A then we have [A > M : A]g = [A > M’ : A]g
(and [A > M : Al = [A > M': Al if M and M’ are values) for every interpretation ©.

Proof. Proof by induction on the size of the derivation of M =,, M’. Case distinction on the last
rule used. The cases corresponding to reflexivity, symmetry, transitivity and congruence are trivial.
We prove the result for the other cases:

Rule (8)). Here, we are considering A > let « =V in M =,, M[V/x] : A. We have directly from
Lemma [TZA that [M[V/z]]° = [let x =V in M]°, and [M[V/z]]" = [let x =V in M]" if they
are extended values.

Rule (Bg). We are considering A > let (29, yP)" = (V,W)" in M ~,, M[V/x,W/y] : A. By
a-equivalence one can assume that x is not free in W: we have M[V/x, W/y] = (M[W/y])[V/x].

One can split A into (1A', T'1,T2,T'3), such that |T';| contains only the free variables of V', |T's]
only the free variables of W and |T's| only the ones of M. From Lemma [ITTd the typing
judgements

IN.T>V:I"C, ATo>W:1"D, A" Ts,z2:"C,y:""D>M: A,
are valid. Let f, g and h be the denotations

f=0Aa"T,>V:1"C]",
g=[A"Ty>W:1"D]"
h=[A"T3,x:1"C,y:!"D > M : B]".

From Lemma [T27]

[A" T3, 2:1"C, Ty > M[W/y] : A]°
= (id &a [\A, Ty > W 1"D]"); A", T3,z : 1"C,y : "D > M : A]",

thus, still from Lemma T2

[[!AI7F37F27F1 > (M[W/y])[V/J?] : A]](’
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— (id!A/7p37p2 KA f), [[!A/,Fg,rg,l‘ 1C > M[W/y] : A]]C
= (idian/ry. 15 @187 f); (idiar, ® 0); (idia Ty 2:mc @A G); h

On another hand, by definition we have
[lA, T, Ty > (V,W)" : I"(C @ D)]°

= ((fimnc) @ar (g;mnp)); V13 TdE p,
A", T, T, Ts > let (€, yP)Y" = (V,W)" in M : A]°

= ((((f;nwc) 1A (9377!"D))3\I/1§TdéTD> TN id) ; ( (dL" )71 ®id) Loyt h*

-1

((fimnc)@iar(gimnp)); W1)®!Aid)§(TdéTD®id)§( (dL" ) ®id) jostsh”

((
(((fsmmc) @1ar (g mnD)); W1) @14 id) 5 058 h”
(((f;mne) @1ar (g;mmD)) @ia id) ; (U ® id); o3 t; A"
((

((

((

N ) ®@ia id); ((mne @ map) ®id); (V1 ® id); o3t h*
f®'A’ ®'A Zd) (77|n(C®D ® Zd) o;t; h*
[ @ g)@naid);o

which makes the same map (modulo permutation of inputs) as in the previous calculation.

The case of the value denotation is similar.

Rule (Bx). We have A > let x = xin M =, M : A.

The typing judgement A > let x = % in M : A comes from rule (T.E). The typing judgements
>*: T and A > M : A are valid, and since [> * : T| = id, if we call

g=[A> M: A, h=[Ar let x =xin M : A]°,
then h = (nT ® g); ¥1 = g. Similarly, if M is an extended value, and if we call
=[A>M:A]", h' =[A > let x=xin M : A]",
then ' = (idT ®¢') = ¢'.

Rule (ny). We have A > N4 {V <: A — B}a?A ~,, V : 1"(A — B). Both V and \"z4.{V <: A —
B}z? are values.

Let f=[A >V :1"(A— B)]".

If n # 0. Then from Lemma LTI A =!A".
Let g=[A,z: A {V <: A— B}z : B]". From Lemma [[TZA we have

((fs Iin(A—oB),A—oB3NA—-B) @ N4); V1504 B
((f5Dim(a—oB),A—B) ® ida); (Na—p @Na);Viieh
((f; Iin(a—B),A—B) @ idA);€A,B-

g

By naturality of &,

O (((f; Im(a—oB),A—op) ®ida)iea,B) = filin(a—p) A—op; P ' (ca,B)
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= fiIn(a—B),a—B-
Thus, if h = [A > ANz {V <: A — B}z* : I"(A — B)]",

h = d0ar;d&; L(®71(9)); i a—B) 1 (A—B)
= 5A’;dA, (f Iln(A—oB) A—oB) L(A—oB) In(A—B)
= 5A’;dA» (f); (I'"(A—oB) A—oB); I'(A—oB) In(A—B)
=63 d5; L(f); €n(a—op)
= 0asdXen; f
= f
If n = 0. The computation is similar, although simpler since there is no reference to ! nor to L.
Indeed, {V <: A — B} =V from Lemma [LTZ] and if g = [A, 2 : A > Va? . B]]C,

9= (fina—p)® na); V14

= (f®ida);(ma—-B) @ (Ma); V1,64 5
=(f®ida);cap.

By naturality of ®, if h = [A > \24.{V <: A — B}z? : A — B]",
h=L(® (9)=f

Finally, in the case of the computational denotation, since both terms are core values, we have
the result by definition.

Rule (8%). We have A > let 2 = N in 2 ~,, N : A. By a-equivalence one can assume that z is
not a free variable of V.
Suppose that N is an extended value, and let f be [A > N : A]”. Then if h is the denotation
[A > let 24 = N ina* : A]", we have
h=(f®idT);04,7150da = f.

Now, suppose that N is any term, and let f’ be [A > N : A]°. From Lemma [TTIH if /' =
[A > let 24 = N in 24 : A]°,

hl == (fl ® id‘r); UT([[A]]),T; t; idz = (f/ (9 id‘r); OA,TS idA = fl.

Rule (ng). We have A > let (x4, yP)" = N in ("4, y'"B)" =4, N : 1"(A® B). By a-equivalence
one can assume that neither x nor y are free variables of N.

Suppose that N is an extended value, and let f be [A > N : 1"(A ® B)]". Then if h is the deno-
tation [A > let (x4, yP)" = Nin (24 4" BY" 1 I"(A® B)]]v, using the fact that the category is
strongly monoidal and monoidal strict,

n -1 . n
h=(f®idr); ((deﬂ,ﬂBﬂ) ® zdr) ;0!"(A®B)7T5dﬁ[;A]]7[[Bﬂ

_r. L™ . gL™
=1 (duAn,uBﬂ) s dap, 5]
p— f.
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Now, suppose that N is any term, and let f/ be [[A >N:I"MA® B)]°. If A’ is the denotation
[A et (a4, yB)" = N in (24,5 )" : (A @ B)],

n -1 . n *

_ . L" gL

=f ’T(duAn,uBﬂ) s Tdpap 151

= fl.

Rule (n.). We have A > let x = {N <: T}in«" =g N : I"T.
Suppose that N is an extended value, and let f be [A > N : " T]". Then if h is the denotation
[Alet x={N<:T}in*":1"T]", using Lemma [TZ2 and Lemma EZZH
h=((filnr7)@dE") = filur3dE = f.

Now, suppose that N is any term, and let f’ be the denotation [A > N :!"T]° If A’ is the
denotation [A > let x = {N <: T}in " : I"T]",

= ((f;TIn ) @ (dF " mm7)); U1

= ((f'; Thor,7) © (n7; Td%")); 0
(f @nr); (Ther 7 @ TdY"); U
(f'@n7); Uy T(Int T @dY")
= fT(Inr 1;d%")
I

Rule (let1). We have
A (let O° = (let 3P = M in N) in P gy let 3P = M in let 0° = N in P : A.

Using Lemma [LTT9 there exist contexts !A’, 'y, I's, I's, A7 and Ay such that A; contains the
variables in [, Ao the variables in [, such that A = (1A, T'1,T'5,T'3) and such that

ATy >M:D, A" To,Ayi>N:C, A T3, Ay>P: A
Let h; and hs be
= [IA",T1,T, T3 1> (let I° = (let @° = M in N) in P : A]",
ho = [IA,T1,T, T3 1> let B° = M in let O° = N in P : A]°.
Let us define the following maps:

fu =[1A Ty > M : D]°
fn =[1A Ty, Ay > N : C]°
fp=[A"Ts, Ay 1> P: A]°
= [!A" Ty, Ty > let 3P = M in N : C]°
= [!A" Ty, A, Ts > let 0° = Nin P : A]°

2
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There exists a map F : [D] — [A1] and a map G : [C] — [Az2], respectively based upon the
value of [ and [, such that

g1 = (fmr @aridiarr,); (TF @ idiarr,); orpa].panre]s 6 s
g2 = (fn @aridiarr,); (TG ® idiar s ); orAL] a7 ms]s 6 f B
hi = (g1 @A idiarry); (TG @ idiarrs); or[as] A, ] E fP
ha = (far @7 ddiar T, 15); (TF @ idiarry 13); 0r[AL ] A2, 0] B T (1d@0[r,],14,1); 92-
Using Lemma [[T.TTT] one can rewrite h; as
hi = (((far; TF) @1ar idiarr,) @18 idiarr,); (038 fas TG) @ idiarry); o3t fp.

Using Lemma [[T.T.T2 one can show that

T[A]@[IA", Ta, 5] 2% T[IA!, g, Ts, Ay] 4270 TIAY, Ty, Ay, T]
T((fN?TG)®!A’7;d) T(TﬂAQ]]@[['AI, 1—13]])

is equal to

T[A @[, Ta, Ta] L2207 1A Ty, Dol @T[AL] & T[IA, Ta, Ta, Ay
TCden UNTD) Al Ta] @ T[A]) L% T(T[As]@[IA’, Ts]).

Now, using Equations (BZH) and (), the following diagram is commutative:

A", T3, Do @T[A4]

Split®id \

[[!A/,Fg, !A/,FQ]](X)T[[Al]] T[[!A/,F;g,FQ,Al]]

id®t \ T Split=T (Split®id)

A", T3]@T[IA, Ty, Ay] ——= T[!A’,Tg, IA", T, Ay]

dRT(fn;TG) T(id®(fn;TG))
id®(f5:TC) [IA7, T5]@T2[As] L > T([A, 3] ®T[As])
Wd@p T(t)
[IA", Ts]@T[As] T2[IA",Ts, As]
T[IA’, T3, As]

This is enough to say that h; = hs.
The case where M, N and P are extended values is similar, without the need for the equations
of strong monadicity.
Rule (letz). We have
Apletd=Vinlet =W in M =y let [1=Winlet 1=V in M : A,
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where V and W are core values. Using Lemma [LTT9 there exist contexts !A’, 'y, T'y, I's, Ay and
A5 such that A contains the variables in [, Ay the variables in [, such that A = (1A’ Ty, T2, T'3)
and such that

IN' s, A, Ao > M A, IANNTi>V:C, A'To>W:D.
Let h; and hs be

hy =[!A"T1,T9, T3> let =V inlet =W in M : A],
ho = ['A",T1,T2, T3 > let (1= W in let 1=V in M : A]]C.

Let us define the following maps:

['A, T3, Ay, As > M : A]°
ATVl

A", Ty > W : D]"

[

[

M
V
W

IA' T, T3, Ay > let D=V in M : A]°
A" Ty, T3, Ay > let =W in M : A]°

There exists a map F' : [C] — [A1] and a map G : [D] — [Az], respectively based upon the
value of [J and [, such that

= ((fvinc; TF) @ar idiarr5.0,); OT[A ] [1A,Ts,A0]3 E (d @ opa,1,107)5 fars
((fwsnp; TG) @iar idiar g a ) OT[A]L A D5, A3 E FArs

= ((fvinc; TF) @ar idiar ry.0s); OT[A], 1A Ta Ts]3 T G5 5

h2 = id@oyr,],ra]®1d; (fw;np; TG) @1ar idiar T, 15); OT[AL] 1A Ty, Ta]s b 91 -

o)
I

We now want to show that h; = hy. Using Equation () stating that nagp = (ida®nB);ta,B,
we rewrite hi:

= ((fvine; TF) @ar idiar 1,15 ); OT[ALL[IAY o, Ts]5 T 95

= ((fv; Finpa,g) @47 idiar 15,15 )5 OT[AL]L 1A, D, Ta]5 6 95

= ((fv; F) @1ar idiar1y.15); OAL ], [1A7 T, Ts]s (1d1A7 10 15 @1[AL])E; G5
((fv; F) @1ar idiarry r3); OAL LAY T, Ta] 7T G5

((fv; F) @1ar idiar, 1. T5); O[AL A, Ta,Ts] 92-

Similarly one can rewrite g;, go and hs:

g1 = ((fv; F) @ar idiarrg A); O AL IIAY Ds,A0T; (10 @ 07aLT A5 Frs
g2 = ((fw; G) @1ar idiar 14 A, )i OS], AT A5 S
he = id@or,],r1@id; ((fw; G) @iar idiar Ty 1s); O[As][1A7, Ty, Ts]; 91-

The term h; becomes:

= ((fv; F) ®ar idiar 1y, 15); O[AL L [A, T2, Ts] 3 92

= ((fv; F) @ar idiarr,.15); 0[a, ] an 00 0s]5 (s G) @147 idiar g A, )5
O[Ao],[!AY T, A ] M

= ((fvi F) @ idiarr,,ry); (da, @((fw; G)@iaridiarry); 1A, Ao],par 515 fM
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= ((fv; F) @ar ((fw; G)@1aridiarry)); Oay A [1a7,Ts]s S

A similar computation shows that hs also yields this term.

In the case where M is an extended value, the only computation needed is the last one.

Rules (1et®?) and (let®). We have

A let 48 = M in lety = N in 2By Rax MN : B,
A let 24 =Minlet "B = Nin (24, 4" PY" m4p (M,N)" : "(A® B).

Note that both of these equations are of the form
A let 2 = Minlet y° = Nin P Xaw P(M,N) : E,

for some types C', D and E and some term construct P(—, —).

We can compute the computational interpretation in both cases. The value interpretation can
be done only in the second case. However, the proof being a subset of the one required for the
computational interpretation, we omit it.

Using a-equivalence, one can assume that x and y does not occur in M nor in N. Using
Lemma [LTTA there exist contexts !A’, 'y and T's such that A = (1A’ T'1,T'2) and such that

N Ty > M:C, IA" Ty > N:D.
Let h; and hs be

hy = ['A",T1,Ty > let 2% = Minlet y®* = N in P(z,y) : B]]c7
hy = [IA",T1,I'y > P(M,N) : B]".
Let us define the following maps:
far =[ATy > M: C]",
N = [[!A/,FQ > N: D]]C,
g=[A"Ty,z:Clet y? = Nin P(z,y) : B]]c,
k=[z:C,y: D> P(z,y): B]".
By definition and from Lemma [[TTTTH there exists a map F': [C ® D] — T(B) such that

k= (nc®@np);¥1; F”,

g = (fnv ®idc);orpy, o) ts ks

hi = (fm @A ddiarr, ) orperparra]; b 95
= (fm @1ar fn); Vs F7,

Using Equation ([Z4) of the tensorial strength, let us rewrite k:
k= (nc®np);¥i; F*
nc @ np); orjey,roy; tripy,icy; Toroy, [[01]7Tt[[c1] D] 15 F

= (
= (np ®nec); trppy.ier; Torioyier Ttienion 1 F
= (np ®idc);nripieicy; Torioyicy; Ttion oy 4 F
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= (np ® idc); orppy,icT; tien o) F-
= (idc ®@np); toy.op; £

= nicjeo); £

=F.

Let us rewrite g:
g = (fnv®idc);orpy eyt b = (fn @ide); orppyjopi t
Let us rewrite hq:

hi = (fu @aridiar 1, ); orpe]par )it
= (fm ®@aridiar ) orperparrai t T(fy @ ideo); Torppy, ey Tt F*
= (fm @ar fn);orpey oy t: T (idrppy @ ide); Torppy, ey Tt F*
= (fm @ fn)sorrey,royi ts Torppy, ey Tt F*
= (fu @1ar fn); U FT
= ho.

Rule (let™). We have

A let 2P =V in Ny M =g \"y? . let 2P =V in M : I"(A — B),

where V' is a core value. Using a-equivalence, one can assume that x does not occur in M nor
in V, and that y # z. Using Lemma LTI there exist contexts !A’, T'; and I's such that
A = (A" T1,T3) and such that

AN Tg,x:D,y: A> M : B, AT >V :D,
Let h; and hs be

hy=['A",T1, Ty > let P =V in X"y .M : !n(A%’B)]]ca
hy = [IA, Ty, Ty > \'y? let 2P =V in M :!"(A— B)]".

Let us define the following maps:

fu=[A"Ty,x:D,y: A> M : B]°
fv=[A"T,>V:D[

g1 = [!A",Tg,z: D> \N"yA .M : 1"(A — B)]°
go = [!1A,T1, Do,y : A let 2P =V in M : B]

There are four cases: n can be null or not, and M can be an extended value or not (allowing us
to compute the value interpretation). We fully develop the computational interpretation of the
case n = 0 since the other three cases are done using similar calculations.

From Lemma [LTTH Ty and I'y are respectively of the form I} and IT',, and D = !D’. By
definition, we have

g1 = 01/ 1T) 1D d!LAf,!r/z,x;;DI; Lo (fa); Lia—oB),in(A—oB): Thn (A—oB)

g2 = ((fv;np) @1ar idiar 1y ,y:4); OT[D], 1A Tay: AL L T (id @ 04,D); fir,
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hi = ((fvinp) @ idiarr,); orp],par 1515 91
ho = 5!A’,!F’1,!F’2§d!LA/7!I"17!I"1 s LO 7 (92); IiA—oB) 17 (A—oB)i T (A—oB)-

We want to show that hy = hg. Let us rewrite g2, using Equation (BZ2) of strong monadicity
of T

= ((fvinp) ®ar idiar 1y ,y:4); o0 D] 1A DoAY H T (id ® 04, D); fir
= (fv ®1ar idia1T,4:A); T[D], 1A Ta,y: AL (1d @ 1D ); T (id @ 04, D); fir
= (fv @1ar idiAr Ty ,y:A); O[D], 1A asy: Al A/ Tay:A,2:D; T(id @ 04, D); f3r
= (fv @1ar idiar Ty,y:A); O[D] 1A Tay: AL} (10 @ TA D) MA! To2:D.y: A3 fir
= (fv @1ar idiar Ty ,y:A); O[D][1A7 Tay: AL (1d @ 04 D)5 fr
= (fv @ar idiar 1y ,y:4); (O[D], 1A T, ® ida); fu

= ((fv @ idiarr,) ® ida); (o)p],parr.] @ ida); fur

By naturality of ®,

D (g2) = (fv ®ar idiarr,); ooy par s 7 (fa)

The map hs is reformatted using the naturality of d* and of §:

ha = Giariry1ry; dinsrr ey LOT(92); Tia—oB) in (A—oB); Thn (A—oB)

= Siar iy ey din e ey LUfv @i idiarr,); Logpy parr,g; L7 (far);
LIiA—B),1n(A—B); Mn(A—-B)

= (fv @iar Z'd!A/,FQ);U[[D]],[[!A’,Fg]]i5!A/,!F’2,y:!D’;d!LA’,!Fé,y;!D/;L(I)il(fM);
Iy(A—sB), 1 (A—oB); " (A—oB)-

Note that g; is of the form g; 9 (a—op). Again using Equation (Z4):
= ((fvsnp) ®ar idiarr,); orpD] a7, 0o E 91
= (fv @ idiarr,); oo piar,rs]; (id @ 1p); t; 97

= (fv ®ar idiar 1, ); O[] [1A7, o] AT Tay:D; 91

(
(
(
= (fv @ar idiar 1, ) 0D, A7 Da] MAY Da,y:D5 (9151)"
(
= (fv ®@ar idiarr,); O[D], 1A Ta]; 915 Thn (A—oB)

= (

)i
)
= (fv @ar idiarr,); O[D],1a7 1a]; MAYTa,y:D3 T(91)
)
)

L —1
fv @ idiarr, )i ooy parrag; 0ariry,yips diariry yaps LT (fu);

LyA—sB), 1" (A—oB); " (A—oB)
= ho.

Rule (app..). The setting is the following: A <: B, A = (A", T'{,T'2) and
!A/,FleZBHDC, !A/,FQDPZA.

We are considering the relation A > N{P <: B} =, {N <:A— C}P: C.

In this situation, only the computational interpretation makes sense. If

f=[A"Ti>N:B—-C], g=[ATy> P:A],
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then, since Ip_oc,a—oc = (Ia,B) — C, we have

[A > N{P<:B}:B]°=(f@iar (¢:T1aB)); Y1565 ¢
= (f®ar 9); (1d @ TIaB); V1;€h, ¢
= (f @1ar 9); V15 ((id @ 14, B);eB,C)",

and

[A{N<:A—C}P:C] =

(f;TI—-c,a—-c)@iar 9); V1564 o
F@arg); (TIp—oc,a—wc @id); V155 o
J@1ar9); V15 (IB—wc,a—c ® id);ea,0)"
f@arg); Vi ((Lap — C)®@id)ieac)”

~ o~~~

The two denotations are equal by naturality of ®. Indeed, since
C(A—C,A—C)—25C((A—C)® A, TC)
(TA,B—OC)%—l \L((IA,B_OC)(@A);_
C(B—oC,A—C() — C((B—C)® A,TC),

we have (4 p — C) = ((Ia,p — C) @ A);ea,c. Since

C(B—C,B—(C)—2~C((B—C)® B,TC)
;(IA,BwC)l/ l((Bﬂ:C)@IA,B);
C(B—C,A—C) ——=C((B—C)® A,TC),

we have ®(Iyp —C) = ((B—C)®I4,p);ep,c. Thus,
(B—C)®Iap)iepc=(Iap—C)®A);ecac.
Rule (let2.). In this case, A <: A’, B<:B’, and n/ = 0 if n = 0. We have A = (IA/,T'1,T) with
IN' Ty >N:1"(A®B), A Ty,z:" A y:"B >P:E,
and we consider the following relation:
A (let (xA/,yB/)"/ —{N<:!"(A'®B)}in P) R (let (z*,yP)" = Nin P): E.
By a-equivalence, one can assume that x,y do not occur in V.

Let f, g, hy and hs be the following maps:

IA" T > N : 1"(A® B)]",

IN' To,z: 1" A y: "B > P:E],

A/, T1, Ty > let (x4, 4BV = [N <:1"' (A @ B)} in P E],
= [!A", Ty, Dy > let (z,yP)" = Nin P: E]°.

[
[

f
g
h1
ha
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By definition, we have

hi = ((f; Iim(a@B) 1" (ar@Bry) @147 idiarry); (T(dﬁTJB')*l ®id);
O A7y’ B, [iar Do) 65 9
ho = (f @1ar idiarr,); (T(dﬁtlB)_l ® id);
OT[aitn Ayt BLIA L E (L0A7 Dy itn Ay:tn B), 1A Dozt A7 yotn’ B1)3 )
These two maps are the same since
L aopyan (g = L™ Iaa ® L Ip pr

and
7
T0Ar Dy it A yetn BY, (107 Dy i’ Aryatn Bry = diarry @ L™ 4 @ L™ I .

For the same reasons the value interpretation of the two terms in relation are the same.
This ends the list of possible cases. Theorem [[T21 is then verified. O

Corollary 11.2.6. If Erase(M) = Erase(M') and if A > M, M’ : A are valid typing judgements,
then [M]° = [M'] (and [M]" = [M']" if M and M’ are values).

Proof. Corollary of Theorems 27 and [T2Z3 O

11.3 Completeness

Recall the category Cy from Section Since the category C, is a linear category for duplication,
one can interpret the language in it. This section states that the defined lambda calculus is an
internal language of linear categories for duplication.

Since the category C, is a monoidal category, one can w.l.o.g. generalize the notion of pairing
to finite tensor products of terms.

Definition 11.3.1. We define the following shortcut notations for terms:

" =", (@) =24, (o1, wa )" = (o, ()

(let )" =M in N)=(let x={M <:T}invN),
(let (z*)" = M in N) = (let 2" 4 = M in N),
(let {(wy,m5...)" = M in N) = (let (x1,22)" = M in let (x2...)" = 25 in N),

and for types:

Lemma 11.3.2. The following derived typing rules are correct:

AT > M: m(Al ®®Ak)
IA To, 2 : ™Ay, ... xp : "Ap > N : B (11.3.1)
IA,Tq,Tg > let (x1,...,25) = M in N : B,
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and
!A,Fl > My ™Ay
!A,FQ > My : 1" As
(11.3.2)
IA T > My : ™Ay,
!A,Fl,...,Fk > <M1,...Mk>n : m(Al ®®Ak)
Proof. Proof by induction on k. O

Lemma 11.3.3. In the setting of Equation L3 in Lemma ILZ3, if for all i we have f; =
[['A,FZ > M, : !nAi]]C’ then

[C1,. o Do (My,. .. M) MA@ @ A)]" = (f1 @14 - ®ia fo); Vi TdS 4
In the case where all the M; are extended values, if f! is f| = [\A,T; > M; : 1" A;]", then
[Ty, T (My,... Mp)" :"(A1®@--- @ A)]" = (f1 ®1a - 1A fk);dg;,...,/-lk'
Proof. Proof by induction on k. O
Lemma 11.3.4. In the setting of Equation =21 in Lemma 23, if
f=0ATi>M:""A® @A),
g=[1ATa,xq : "Ay, ... 2 "Ap > N : B]",
then
['A, Ty, Ty > let (x1,...,2%)" = M in N : B]° = (f ®a id); (T(dﬁim,An)_l ®id);o;t; g".
In the case where M and N are extended values, if
F=0AT>M:"A - @ A)]",
g=[ATo,21 :"Ay,... 25 : "Ap > N : B]",
then

['A, Ty, Ty > let (x1,...,2%)" = M in N : B]" = (f @i id); (T(dﬁ? A,) ®id);og.

.....

Proof. Proof by induction on n. O

Lemma 11.3.5. In Cy, a valid typing judgement x1 : A1, ...xy : Ay > M : B has for computational
denotation (t: A4 Q- @A, > let (x1,...2,) =tinA«.M: T—B). If M =V is a value, the value
interpretation is (t 1 Ay @ -+ @ Ap > let (x1,...x,) =tin'V : B).

Proof. Proof by structural induction on M, using Lemmas [T33 and T34 For each case, one
writes the categorical morphism corresponding to the term and one interprets it in Cy. O

Theorem 11.3.6 (Completeness). In Cx, © being the identity, one has [z : A> M : B]g =gy (
A MM :T—oB)and[z: AV : B =g (x: A>V : B).

Proof. Corollary of Lemma [T33 O
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11.4 Towards a Denotational Model

In Chapters BTl we developed the categorical requirements for modeling a generic call-by-value
linear lambda calculus, i.e., its type system (which includes subtyping) and equational laws. We
have not yet specialized the language to a particular set of built-in operators, for example, those
that are required for quantum computation.

However, since the quantum lambda calculus of Chapter Bl is the main motivation behind our
work, we will comment very briefly on what additional properties would be required to interpret its
primitives. The quantum lambda calculus of Chapter [l is obtained by instantiating and extending
the call-by-value language of Chapter @l with the following primitive types, constants, and operations:

Types: bit, qbit

Constants: 0 :!bit, 1: !bit

new : 1(bit —o gbit), U : |(gbit" —o qbit™), meas : |(qbit —o !bit)

IJ A Pobit T, A>M:A To,/[A>N:A |
T1,02,!A > if P then M else N : A (if)

Operations:

In the intended semantics, 'bit = bit, while !gbit is empty. new creates a new qubit, and meas
measures a qubit.

The denotational semantics of these operations is already well-understood (see Section E3) in
the absence of higher-order types. They can all be interpreted in the category Q of superoperators
described in Section The part that is not yet well-understood is how these features interact
with higher-order types.

In light of our present work, we can conclude that a model of the quantum lambda calculus
consists of a linear category for duplication (C, L, T, —o), such that the associated category of compu-
tations Cr contains the category Q as a full monoidal subcategory. To construct an actual instance
of such a model is still an open problem.



Bibliography

Samson Abramsky. Computational interpretations of linear logic. Theoretical Computer Science,
111(1-2):3-57, April 1993.

Samson Abramsky and Bob Coecke. A categorical semantics of quantum protocols. In Proceedings
of the 19th Symposium on Logic in Computer Science, LICS’0/, pages 415-425, Turku, Finland,
July 2004. IEEE, IEEE Computer Society Press.

Dorit Aharonov. Quantum computation. In Dietrich Stauffer, editor, Annual Reviews of Computa-
tional Physics VI. World Scientific, 1999. Also available on arXiv as quant-ph/9812037.

Thorsten Altenkirch and Jonathan Grattage. QML: Quantum data and control. Draft, February
2005a.

Thorsten Altenkirch and Jonathan Grattage. A functional quantum programming language. In
Prakash Panangaden, editor, Proceedings of the 20th Symposium on Logic in Computer Science,
LICS 05, pages 249-258, Chicago, Illinois, US., June 2005b. IEEE, IEEE Computer Society Press.

Andrew G. Barber. Linear Type Theories, Semantics and Action Calculi. PhD thesis, Laboratory
for Foundation of Computer Sciences, Edinburgh University, Scotland, UK., 1997. Also available
as report ECS-LFCS-97-371.

Henk P. Barendregt. The Lambda-Calculus, its Syntax and Semantics, volume 103 of Studies in
Logic and the Foundation of Mathematics. North Holland, 1984.

Michael Barr. Accessible categories and models of linear logic. Journal of Pure and Applied Algebra,
69:219-232, 1990.

John S. Bell. On the Einstein Podolsky Rosen paradox. Physics, 1:195-200, 1964.

Paul Benioff. The computer as a physical system: A microscopic quantum mechanical Hamiltonian
model of computers as represented by Turing machines. Journal of Statistical Physics, 22(5):
563-591, May 1980.

Nick Benton. A mixed linear and non-linear logic: Proofs, terms and models (extended abstract).
In Leszek Pacholski and Jerzy Tiuryn, editors, Computer Science Logic, Fighth International
Workshop, CSL’9/, Selected Papers, volume 933 of Lecture Notes in Computer Science, pages
121-135, Kazimierz, Poland, September 1994. European Association for Computer Science Logic,
Springer Verlag.

Nick Benton and Philip Wadler. Linear logic, monads and the lambda calculus. In Proceedings of the
11th Symposium on Logic in Computer Science, LICS’ 96, pages 420-431, New Brunswick, New
Jersey, US., July 1996. IEEE, IEEE Computer Society Press.

201



BIBLIOGRAPHY 202

Nick Benton, Gavin Bierman, Martin Hyland, and Valeria C. V. de Paiva. Linear lambda-calculus
and categorical models revisited. In Computer Science Logic, Sixzth International Workshop,
CSL’92, Selected Papers, volume 702 of Lecture Notes in Computer Science, San Miniato, Italy,
September 1992. European Association for Computer Science Logic, Springer Verlag.

Nick Benton, Gavin Bierman, Valeria C. V. de Paiva, and Martin Hyland. A term calculus for
intuitionistic linear logic. In Marc Bezem and Jan Friso Groote, editors, Proceedings of the Inter-
national Conference on Typed Lambda Calculi and Applications, TLCA’93, volume 664 of Lecture
Notes in Computer Science, pages 75-90, Ultrech, Netherlands, March 1993. Springer Verlag.

Stefano Bettelli, Tommaso Calarco, and Luciano Serafini. Toward an architecture for quantum
programming. The European Physical Journal D - Atomic, Molecular and Optical Physics, 25(2):
181-200, August 2003. Also found on arXiv:cs.PL/0103009.

Gavin Bierman. On Intuitionistic Linear Logic. PhD thesis, Computer Science department, Cam-
bridge University, England, UK., December 1993. Available as Technical Report 346, August
1994.

Gavin Bierman. What is a categorical model of intuitionistic linear logic. In Mariangiola Dezani-
Ciancaglini and Gordon D. Plotkin, editors, Proceedings of the Second International Conference
on Typed Lambda Calculi and Applications, TLCA’95, volume 902 of Lecture Notes in Computer
Science, pages 78-93, Edinburgh, Scotland, UK., April 1995. Springer Verlag.

Olivier Bournez and Mathieu Hoyrup. Rewriting logic and probabilities. In 14th International
Conference on Rewriting Techniques and Applications, pages 61-75, Valencia, Spain, june 2003.

Val Breazu-Tannen, Thierry Coquand, Carl A. Gunter, and Andre Scedrov. Inheritance and explicit
coercion. In Proceedings of the Fourth Symposium on Logic in Computer Science, LICS’89 EH
([1989), pages 112-129.

Hans J. Briegel and Robert Raussendorf. Computational model for the one-way quantum computer:
Concepts and summary. To be found on arXiv: quant-ph/0207183, July 2002.

Man-Duen Choi. Completely positive linear maps on complex matrices. Linear Algebra and its
Applications, 10(3):285-290, June 1975.

Alonzo Church. An unsolvable problem of elementary number theory. American Journal of Mathe-
matics, 58(2):345-363, 1936.

Bob Coecke. Quantum information-flow, concretely, abstractly. In Peter Selinger, editor, Proceedings
of the Second International Workshop on Quantum Programming Languages, volume 33 of TUCS
General Publication, pages 57-73, Turku, Finland, July 2004. TUCS.

Bob Coecke and Eric O. Paquette. POVMs and Naimark’s theorem without sums. In Peter Selinger,
editor, Preliminary Proceedings of the Fourth International Workshop on Quantum Programming
Languages, Oxford, UK., July 2006. To appear in ENTCS.

Bob Coecke and Dusko Pavlovic. Quantum measurements without sums. In Goong Chen,
Louis Kauffman, and Samuel J. Lomonaco, editors, Mathematics of Quantum Computation and
Quantum Technology, pages 559-592. Taylor and Francis CRC Press, 2007. Also arXiv:quant-
ph/0608035.

Vincent Danos and Russ S. Harmer. Probabilistic game semantics. ACM Transactional on Compu-
tational Logic, 3(3):359-382, July 2002.



BIBLIOGRAPHY 203

Vincent Danos, Elham Kashefi, and Prakash Panangaden. The measurement calculus. Journal of
the ACM, 54(2), 2007.

David Deutsch. Quantum theory, the Church-Turing principle and the universal quantum computer.
Proceedings of the Royal Society of London. Series A, Mathematical and Physical Sciences, 400
(1818):97-117, July 1985.

David Deutsch. Quantum computational networks. Proceedings of the Royal Society of London.
Series A, Mathematical and Physical Sciences, 425(1868):73-90, 1989.

David S. Dummit and Richard M. Foote. Abstract Algebra. John Wiley and Sons, second edition,
1999. ISBN 0-471-36857-1.

Samuel Eilenberg and Gregory M. Kelly. Closed categories. In Samuel Eilenberg, David K. Harrison,
Saunders Mac Lane, and Helmut Rohrl, editors, Proceedings of the Conference on Categorical
Algebra, La Jolla 1965, pages 421-562, University of California, San Diego, California, US., June
1965. Springer Verlag.

Albert Einstein, Boris Podolsky, and Nathan Rosen. Can quantum-mechanical description of physical
reality be considered complete? Phys. Rev., 47(10):777-780, May 1935.

Andrzej Filinski. Normalization by evaluation for the computational lambda-calculus. In Samson
Abramsky, editor, Proceedings of the Fifth International Conference on Typed Lambda Calculi
and Applications, TLCA’01, volume 2044 of Lecture Notes in Computer Science, pages 151-165,
Krakow, Poland, May 2001. Springer Verlag.

Simon J. Gay. Quantum programming languages: Survey and bibliography. Mathematical Structures
in Computer Science, 16:581-600, 2006.

Simon J. Gay and Rajagopal Nagarajan. Communicating quantum processes. In Proceedings of
the 32nd ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, pages
145-157, Long Beach, California, US., January 2005. ACM, ACM Press. Preliminary version in

(@); also arXiv:quant-ph/0409052.

Jean-Yves Girard. Between logic and quantic: a tract. In Thomas Ehrhard, Jean-Yves Girard,
Paul Ruet, and Philip Scott, editors, Linear Logic in Computer Science, volume 316 of London
Mathematical Society Lecture Note Series, chapter 10. Cambridge, UK., 2004.

Jean-Yves Girard. Linear logic. Theoretical Computer Science, 50(1):1-101, 1987.

Jean-Yves Girard, editor. La Machine de Turing, volume 131 of Points Sciences. Editions du Seuil,

1995. Contains (Turing, 1936) and (Turing, 1950) in integrality, with comments.

Jean-Yves Girard, Yves Lafont, and Paul Taylor. Proofs and Types, volume 7 of Cambridge Tracts
In Theoretical Computer Science. Cambridge University Press, 1990.

Martin Hyland and Andrea Schalk. Glueing and orthogonality for models of linear logic. Theoretical
Computer Science, 294(1-2):183-231, February 2003.

Proceedings of the Fourth Symposium on Logic in Computer Science, LICS’89, Pacific Grove, Cali-
fornia, US., June 1989. IEEE, IEEE Computer Society Press.

Gregory M. Kelly and Miguel L. Laplaza. Coherence for compact closed categorie. Journal of Pure
and Applied Algebra, 19:193-213, December 1980.



BIBLIOGRAPHY 204

Stephen C. Kleene. A theory of positive integers in formal logic, part 1. American Journal of
Mathematics, 57(1):153-173, January 1935a.

Stephen C. Kleene. A theory of positive integers in formal logic, part II. American Journal of
Mathematics, 57(2):219-244, April 1935b.

Emanuel H. Knill. Conventions for quantum pseudocode. Technical Report LAUR-96-2724, Los
Alamos National Laboratory, Los Alamos, New Mexico, US., 1996.

Yves Lafont. The linear abstract machine. Theoretical Computer Science, 59:157-180, 1988a.
Yves Lafont. Logiques, Catégories et Machines. PhD thesis, Université Paris 7, 1988b.

Marie Lalire and Philippe Jorrand. A process algebraic approach to concurrent and distributed com-
putation: operational semantics. In Peter Selinger, editor, Proceedings of the Second International
Workshop on Quantum Programming Languages, volume 33 of TUCS General Publication, pages
109-126, Turku, Finland, July 2004. TUCS.

Joachim Lambek and Philip Scott. Introduction to Higher Order Categorical Logic, volume 7 of
Cambridge studies in advanced mathematics. Cambridge University Press, 1989.

Serge Lang. Algebra, volume 211 of Graduate Texts in Mathematics. Springer Verlag, third edition,
2002.

Serge Lang. Real and Functional Analysis, volume 142 of Graduate Texts in Mathematics. Springer
Verlag, third edition, 1993.

Saunders Mac Lane. Categories for the Working Mathematician, volume 5 of Graduate Texts in
Mathematics. Springer Verlag, 1998.

Paola Maneggia. Models of Linear Polymorphisms. PhD thesis, University of Birmingham, 2004.

Ernest G. Manes. Algebraic Theories, volume 26 of Graduate Texts in Mathematics. Springer Verlag,
1976.

Paul-André Mellies. Categorical models of linear logic revisited. Preprint, 2002.

Eugenio Moggi. Computational lambda-calculus and monads. Technical Report ECS-LFCS-88-66,
Laboratory for Foundation of Computer Sciences, Edinburgh University, Scotland, UK., 1988.

Eugenio Moggi. Computational lambda-calculus and monads. In Proceedings of the Fourth Sympo-
stum on Logic in Computer Science, LICS’89 IEH (@), pages 14-23.

Eugenio Moggi. Notions of computation and monads. Information and Computation, 93(1):55-92,
July 1991.

Peter Naur et al. Report on the algorithmic language ALGOL 60. Communications of the ACM, 3
(5):299-314, May 1960.

Michael A. Nielsen and Isaac L. Chuang. Quantum Computation and Quantum Information. Cam-
bridge University Press, 2002.

Harumichi Nishimura and Masanao Ozawa. Computational complexity of uniform quantum circuit
families and quantum turing machines. Theoretical Computer Science, 276(1-2):147-181, April
2002.



BIBLIOGRAPHY 205

Atsushi Ohori. A Curry-Howard isomorphism for compilation and program execution. In Jean-
Yves Girard, editor, Proceedings of the Fourth International Conference on Typed Lambda Calculi
and Applications, TLCA’99, volume 1581 of Lecture Notes in Computer Science, pages 280-294,
L’Aquilla, Italy, April 1999. Springer Verlag.

Bernhard Omer. Quantum programming in QCL. Master’s thesis, Institute of Information Systems,
Technical University of Vienna, 2000.

Benjamin C. Pierce. Types and Programming Languages. MIT Press, 2002.

John Power and Hiroshi Watanabe. Combining a monad and a comonad. Theoretical Computer
Science, 280(1-2):137-162, 2002.

John Preskill. Lecture notes for quantum computation. Availabld] online, 1999.

Robert Raussendorf and Hans J. Briegel. A one-way quantum computer. Phys. Rev. Lett., 86(22):
5188-5191, 2001.

Jeff W. Sanders and Paolo Zuliani. Quantum programming. In Roland Backhouse and Jose N.
Oliveira, editors, Proceedings of the Fifth International Conference on Mathematics of Program
Construction, volume 1837 of Lecture Notes in Computer Science, pages 80-99, Ponte de Lima,
Portugal, July 2000. Springer Verlag.

Andrea Schalk. What is a model for linear logic. Unpublished manuscript, 2004.

Robert A.G. Seely. Linear logic, *-autonomous categories and cofree coalgebras. In John W. Gray
and Andre Scedrov, editors, Categories in Computer Science and Logic (Boulder, CO, 1987),
volume 92 of Contemporary Mathematics, pages 371-382. Amer. Math. Soc., 1989.

Peter Selinger, editor. Proceedings of the Second International Workshop on Quantum Programming
Languages, volume 33 of TUCS General Publication, Turku, Finland, July 2004a. TUCS.

Peter Selinger. Control categories and duality: on the categorical semantics of the lambda-mu
calculus. Mathematical Structures in Computer Science, 11(2):207-260, 2001.

Peter Selinger. Towards a quantum programming language. Mathematical Structures in Computer
Science, 14(4):527-586, August 2004b.

Peter Selinger. Towards a semantics for higher-order quantum computation. In Peter Selinger,
editor, Proceedings of the Second International Workshop on Quantum Programming Languages,
volume 33 of TUCS General Publication, pages 127143, Turku, Finland, July 2004c. TUCS.

Peter Selinger. Dagger compact closed categories and completely positive maps. In Peter Selinger,
editor, Proceedings of the Third International Workshop on Quantum Programming Languages,
Chicago, Illinois, US., July 2005.

Peter Selinger and Benoit Valiron. A lambda calculus for quantum computation with classical
control. Mathematical Structures in Computer Science, 16:527-552, 2006a.

Peter Selinger and Benoit Valiron. A lambda calculus for quantum computation with classical con-
trol. In Pawel Urzyczyn, editor, Proceedings of the Seventh International Conference on Typed
Lambda Calculi and Applications, TLCA’05, volume 3461 of Lecture Notes in Computer Sci-
ence, pages 354-368, Nara, Japan, April 2005. Springer Verlag. Journal version appeared in

, 20064).

Thttp:/ /www.theory.caltech.edu/people/preskill/ph229/




BIBLIOGRAPHY 206

Peter Selinger and Benoit Valiron. On a fully abstract model for a quantum linear functional
language. In Peter Selinger, editor, Preliminary Proceedings of the Fourth International Workshop
on Quantum Programming Languages, pages 103-115, Oxford, UK., July 2006b. To appear in
ENTCS. Availabld online.

Peter Selinger and Benoit Valiron. Linear-non-linear model for a computational call-by-value lambda
calculus. In Proceedings of the Eleventh International Conference on Foundations of Software
Science and Computation Structures (FOSSACS 2008), volume 4962 of Lecture Notes in Computer
Science, pages 81-96, Budapest, Hungaria, April 2008.

Koushik Sen, Nirman Kumar, Jose Meseguer, and Gul Agha. Probabilistic rewrite theories: Unifying
models, logics and tools. Technical Report UTUCDCS-R-2003-2347, University of Illinois, 2003.

Peter W. Shor. Algorithms for quantum computation: Discrete log and factoring. In Proceedings of
the 35th Annual Symposium on Foundations of Computer Science, pages 124—-134, Santa Fe, New
Mexico, US., November 1994. IEEE, IEEE Computer Society Press.

Paul Taylor. Practical Foundations of Mathematics, volume 59 of Cambridge studies in advanced
mathematics. Cambridge University Press, 1999.

Anne S. Troelstra. Lectures in Linear Logic, volume 29 of CSLI Lecture Notes. Center for the Study
of Language and Information, Stanford, California, US., 1992.

Alan M. Turing. On computable numbers, with an application to the Entscheidungsproblem. Pro-
ceedings of the London Mathematical Society, Series 2, 42, 1936. Can be found integrally, and
commented, in (Girard, ).

Alan M. Turing. Computing machinery and intelligence. Journal of the Mind Association, 59(236):
433-460, 1950. Can be found integrally, and commented, in ,@)

Benoit Valiron. A functional programming language for quantum computation with classical control.
Master’s thesis, University of Ottawa, 2004a.

Benoit Valiron. Quantum typing. In Peter Selinger, editor, Proceedings of the Second International
Workshop on Quantum Programming Languages, volume 33 of TUCS General Publication, Turku,
Finland, July 2004b. TUCS.

André van Tonder. Quantum computation, categorical semantics and linear logic. On arXiv: quant-
ph/0312174, 2003.

André van Tonder. A lambda calculus for quantum computation. SIAM Journal of Computing, 33
(5):1109-1135, 2004. available on arXiv as quant-ph/0307150.

Philip Wadler. There is no substitute for linear logic. Manuscript, presented at Mathematical
Foundations of Programming Semantics: Eighth International Workshop, Oxford, UK., 1992.

William K. Wootters and Wojciech H. Zurek. A single quantum cannot be cloned. Nature, 299:
802-803, October 1982.

2http://www.mathstat.dal.ca/~selinger /qpl2006 /proceedings.html



Index

Tfil’ o] classical objects, B
Tfﬁ’ [oni] co-Eilenberg-Moore category,
co-Kleisli category, [l
adjunction, coalgebra,
composition, @ coherence map, [[4
left /right adjoint, commutation of diagrams,
unit,counit, commutative comonoid,
alpha-equivalence, comonad, [Tl
arrow, idempotent, [0
axiomatic equivalence, B3, @4, coherence properties, [Tl
completely positive map,
B,, 51 completeness, B,
basis along x,y,z, composition, Bl
Bell’s algorithm, 27 computation
Bell’s inequalities, category of,
Bloch sphere, 22, 1 concurrent quantum computation, 4]
BNF, £ consistency,
bound variable, B2 BRI context,
bra, contraction, 200 B9, BTl
controlled gate,
Ch, controlled-not gate,
call-by-name, E9 £7 coproduct, [
call-by-value, E3 B2 3 binary, [T
(g;lznacal first-order representation, @1l (gg}l,\l/}lgémm 09 [
. . Y
categorical semantics, [T Curry-Howard isomorphism, A0
category, @ Curry-style, B3
cartesian category, [
cartesian closed, E1 dagger category,
equivalence of, compact-closed, BA
functor category, degree of
linear, a term, [[G1]
linear-non-linear, a type, G
opposite category, [ denotation, R4,
product category, denotational equivalence,
small,locally small, denotational semantics,
trivial category, dense-coding algorithm, BT, B
characteristic matrix, 20, density matrix,
Church-Rosser theorem, Deutsch Algorithm, 4]
Church-style, B Deutsch algorithm, BT
classical object, B9, [ diagonal structure, [

207



INDEX

208

Dirac convention,
dummy variable, [T

Einstein locality criterion, 1
entanglement,

equational logic,

erasure operation, [T0

error state,

evaluation strategy,
exchange gate, 24

faithful, [@

fixed point,

free coalgebra,

free variable, B2 B3 [[1]

full, [

full abstraction, @d

full embedding, [

fullness,

functional,

functor, [
diagonal functor, [
identity functor, [1
terminal functor, [

H,

Hadamard gate, 241
height of a term,
hermitian form, [
hidden variable theory, 21
Hilbert space,

homset, @

identity, Bl

induced tensor, [[A

initial object,

intermediate neutral value,
interpretation, [74]
intuitionistic Linear Logic, BTl
intuitionistic logic, E6l
isomorphism, B

ket,

Kleisli category, 0

Kleisli exponential,

Kleisli triple, M

Kraus Representation Theorem, 200

lambda calculus, Bl
lambda-term, B4 [0 [T
closed,

combinator,

indexed, [[1T0]

open,

operator,

variables, EIl
length, [79
linear category, Bl
linear category for duplication, 04 417
linear exponential comonad,
linear lambda calculus, [0
linear logic, Bl
Lowner order, B0,

map, @
measure of a term,
measurement operator,
measurements,
mixed state,
mixed strategy, B7
monad, [
commutative strong,
computational,

strong, £9
monoidal category,
strict,

symmetric,
monoidal comonad, [[Hl
symmetric, [[6
monoidal functor, [
lax, symmetric, strong, [
morphism, @

Naimark Theorem, 211 B7
natural isomorphism, [
natural transformation, [
composition,
identity,
monoidal, [[Gl
Ng,
neutral term, 49
no-cloning,
norm, [
induced norm,
normal form,
normalization, [[9
Theorem,
normed vector space,
not gate,
i-th number of a term,

objects, @



INDEX 209

observable, number one,
operational context, @5 number two,

formal, @3

typed, @3 safety properties, B2 [
operational equivalence, scalar product, [
operational semantics, [ sesquilinear form, 7
operator, Set,

adjoint, side effect,

hermitian, signature, B4

positive, §-size, @11

self adjoint, small step semantics, [

Solovay-Kitaev Theorem,

partial trace, 211 soundness, B8 B9, @6
Pauli matrices, ZI] Spectral Theorem,
phase-shift gate, 241 subject reduction, B4 B3 [74
o, substitution, B3 B3l [,
placeholder, [[T0 substitution Lemma, B4l B2 [[3] KA,
positive definite, [ subtyping relation, 511 O
positive map, [ superoperator, 20,
probabilistic reduction system,
product, @ T-exponential,

binary, I teleportation algorithm, 28
product category, [ tensor product of vector spaces, [d
program, tensorial strength, B9
progress, g0 B3 3 terminal object,

tr,’fb, Al

Qa tr,, 21
QML, trace characteristic matrix tuple,
QRAM model, B3 type casting, [Tl
quantum array, type inference algorithm,
quantum bit, type system, B4l 600 [70,
quantum circuit, 23, typing context, B4l [Tl
quantum closure, typing derivation, B4

closed, typing judgement, B4l BT 1

well-typed, valid, B4
quantum computation, [ typing rules, B11, 1T

measurement based, B4l typing tree, B4l

models of,
quantum flow-chart language, B1 Uc, 24
quantum Turing machine, unitary,
quantum value state, unitary gates,

1 2
aubit, value,
ray, 211 category of,
reachability, van Tonder’s lambda calculus,
reduction rules, )

B-reduction, weakening, 1]

n-reduction,
reduction strategy, B9
rewrite system



	Abstract
	Acknowledgements
	List of Figures
	List of Tables
	Introduction
	Notions of Category Theory
	Categories and Functors
	Natural Transformations
	Adjoint Functors
	Products and Coproducts
	Monads
	Comonads
	Symmetric Monoidal Categories and Comonoids
	Monoidal Categories
	Commutative Comonoids

	Monoidal Comonads and Coalgebras

	Quantum Computation
	Mathematical Formalism
	Generalities on Finite Dimensional Hilbert Spaces
	Tensor Products of Hilbert Spaces
	Completely Positive Maps
	Superoperators
	The 2-Dimensional Hilbert Space

	Quantum Foundations
	Quantum Bits
	Operations
	Mixed States

	Quantum Effects
	No Cloning
	Entanglement
	Bell's Inequalities

	Some Algorithms and Uses of Quantum Effects
	Teleportation
	Dense Coding
	The Deutsch Algorithm


	A Tour in Existing Models of Quantum Computation
	The Various Paradigms
	Unitary Gates as Computation.
	Concurrent Quantum Computation
	Measurement-Based Quantum Computation
	The QRAM Model

	Formalism of Hilbert Spaces
	Dagger Compact-Closed Categories
	Classical Objects

	A Flow-Chart Language
	The language
	The Category of Superoperators
	Interpretation of the Flow-Chart Language

	Extension to Higher-Order

	Lambda Calculus and Semantics of Higher-Order Computation
	Lambda Calculus
	The Language
	Free and Bound Variables
	Alpha-Equivalence
	Operational Meaning of Lambda Calculus
	Typed Lambda Calculus

	Proofs as Computations
	Intuitionistic Logic
	Curry-Howard Isomorphism

	Categorical Logic
	Lambda Calculus and Side Effects
	Pure Versus Impure Calculus.
	Reduction Strategies
	Towards a Semantics
	Computational Model for Call-By-Value

	Intuitionistic Linear Logic
	Linear Calculi and their Interpretations
	Earlier Models
	Bierman's Linear Category


	A Lambda Calculus for Quantum Computation
	The Language
	Operational Semantics
	Abstract Machine
	Evaluation Strategy
	Probabilistic Reduction Systems
	Reduction System

	Type System
	Types
	Typing Rules

	Properties of the Type System
	Safety Properties
	Type Inference Algorithm

	Examples of Algorithms
	The Deutsch Algorithm
	The Teleportation Procedure
	Type Derivation of the Teleportation Protocol
	Reduction of the Teleportation Term
	Reduction of the Superdense Coding Term

	Towards a Denotational Semantics

	The Linear Fragment
	A Linear Lambda Calculus for Quantum Computation
	Operational Semantics
	Small Step Semantics
	Safety Properties
	Normalization
	Quantum Context and Reduction
	Reduction to Values

	Denotational Semantics
	Modeling the Linear Quantum Lambda Calculus
	Fullness of the First-Order Fragment
	Fullness up to Scalar Multiple

	Equivalence Classes of Terms
	Axiomatic Equivalence
	Operational Context
	Operational Equivalence
	Denotational Equivalence

	Soundness and Full Abstraction
	Proof of the Soundness Theorem
	Full Abstraction: Preliminary Lemmas
	Proof of the Full Abstraction Theorem


	Structure of the Linear-Non-Linear Fragment
	Computations and Values
	Duplicability Versus Non-Duplicability
	Computations as Proofs

	Structure of the Exponential
	Idempotency
	Coherence Property for Idempotent Comonads
	Duplicable Pairs and Pairs of Duplicable Elements

	Linear Category for Duplication

	A Computational Lambda Calculus for Duplication
	An Indexed Lambda Calculus
	Type System
	Terms
	Typing Judgements
	Type Casting and Substitution Lemma

	Equational Logic of Typed Terms
	The Category of Values
	Monoidal Structure
	Monadic Structure
	Comonadic Structure
	The Category of Values is a Linear Category for Duplication


	Proof of Theorem 9.2.7
	A Handy Tool: Neutral Terms
	Term Rewriting System Number One
	Term Rewriting System Number Two
	The Rewriting System
	Height of Terms
	Degree of Terms
	Last Notion of Measure: Number of a Term
	Putting Everything Together

	Proof of Theorem 9.2.7

	Categorical Semantics
	Denotational Semantics
	Interpretation of the Type System
	Interpretation of the Language

	Soundness of the Denotation
	Completeness
	Towards a Denotational Model

	Bibliography
	Index

