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Synthese des travaux

Ce mémoire regroupe les résultats obtenus durant la préparation de mon doctorat en Mathématiques
Appliquées a 'université Paul Sabatier de Toulouse et apres le doctorat. Quatre themes distincts
ont été développés :

— La méthode de la dérivée topologique en optimisation de formes et applications,

— Constante optimale dans I'inégalité de Wente pour 'opérateur de Helmholtz modifié,

— Convexité par transformation quadratique en dimension infinie,

— Quelques généralisations du principe de contraction de Banach.

Theme 1. La dérivée topologique en optimisation de formes
(Articles 1-8)

¢ Introduction

L’optimisation de formes est un theme trés porteur en Mathématiques Appliquées. L'un de
ses attraits est que cette discipline marie les techniques les plus fines de ’analyse moderne aux
applications industrielles les plus concretes et aux secteurs de haute technologie (électromagnétisme,
aéronautique, automobile, matériaux...). Elle consiste a rechercher la géométrie d’un objet qui soit
optimale vis a vis de certains criteres.

De maniere assez générale, les problemes d’optimisation de formes rencontrés dans les sciences
de l'ingénieur peuvent étre modélisés de la fagon suivante :

glelg J(Q7UQ)> (1)
ol O est un ensemble de domaines admissibles et uq est la solution d’une certaine équation aux
dérivées partielles posée dans ().

En dehors des méthodes stochastiques comme les algorithmes génétiques [13] qui restent d'un
cout de calcul élevé, les techniques usuelles d’optimisation requierent le calcul de la dérivée de la
fonction cout. Il apparait donc important de pouvoir disposer de la dérivée du critere qu’on souhaite
minimiser. Et c’est la que les difficultés commencent! En effet, pour des raisons évidentes, on a
I’habitude de ne définir une notion de différentiabilité que dans des espaces vectoriels normés. Or
I’ensemble des domaines de RY n’est pas muni d’une telle structure d’espace vectoriel.

Plusieurs possibilités ont été étudiées :

— En optimisation de formes classique [5,11], chaque domaine 2 € O est écrit sous la forme

Q = F(Q), ou Qy est un domaine de référence et F' est une fonction de transport. C’est
I’application F' qui est utilisée comme paramétrisation. Dans ces conditions, une variation
infinitésimale de forme se traduit uniquement par un petit déplacement de la frontiere du
domaine. Dans ce cadre, la topologie ne peut pas changer. Par exemple, si 2y est simple-
ment connexe, alors tous les domaines ) obtenus par itérations successives seront simplement



connexes. C’est le principal défaut de la méthode, car dans beaucoup d’applications, les bonnes
géométries contiennent un ceratin nombre de trou, nombre qui n’est pas connu a priori.

— L’optimisation de formes topologique consiste a rechercher la géométrie d'un objet qui soit

optimale vis a vis d'un critere donné, sans connaissance a priori sur sa topologie, c¢’est-a-
dire sur le nombre de trous qu’il peut contenir. Plusieurs stratégies ont été élaborées pour y
parvenir : la méthode des lignes de niveaux (level-sets) [2], la méthode d’homogénéisation [1,
12] et la méthode de la dérivée topologique.

La méthode qui nous intéresse ici est la méthode de la dérivée topologique. Elle consiste a
étudier le comportement du critere lors de la création d’un petit trou a l'intérieur du domaine.
En effet, le calcul de son développement asymptotique par rapport a la taille du trou fournit une
direction de descente qui est a la base de nouveaux algorithmes d’optimisation de formes.

Plus précisément, soit 2 un ouvert borné de RY (N = 2 ou 3) et J(Q) = J(, ug) est le critere
a minimiser. Nous notons B(z,¢) la boule ouverte de centre z € Q et de rayon ¢ > 0 et B(x,¢)
désigne la fermeture de B(x,¢). Dans la plus part des cas, la variation J(Q\B(x,¢)) — J(€2) admet
un développement asymptotique par rapport a € — 0 sous la forme :

J(Q\B(x,¢)) = T () = f(e)g(x) + o(f(€)), (2)

ou f(e) >0, f(¢) = 0 quand € — 0, et g est une fonction qui dépend seulement de z. L’expression
(2) est appelée asymptotique topologique et la fonction g est appelée dérivée (ou gradient) topolo-
gique. A chaque itération, un certain pourcentage de matiere est enlevé ou inséré (selon la nature
du probléme) aux endroits ou g est la plus négative. Ainsi, la forme optimale Q* est caractérisée
par :

g(x) >0, Vo € Q.

Cette méthode nécessite donc de connaitre f(g) et g(x). Ces quantités dépendent de 1’équation
aux dérivées patrtielles vérifiée par ug et la condition aux limites imposée sur le bord du trou. La
dérivée topologique g s’exprime en général en fonction de ug et po, ou pq est I'état adjoint défini
sur le domaine €2. Ainsi, pour calculer g, deux EDP sont a résoudre : une EDP pour calculer uq et
une autre pour calculer pg.

Les premiers travaux sur ce sujet sont dus a A. M. IL'IN [8], V. Maz’ya, S. Nazarov et B.
Plamenevskij [10]. IIs ont obtenu des développements asymptotiques a un ordre quelconque de la
variation de la solution et de certaines fonctions coilut (énergie, premiere valeur propre) pour divers
problémes de la physique et un grand nombre de perturbations de domaine. A. Schumacher [14]
eut le premier 1'idée d’utiliser ce genre de développements en optimisation de forme : en élasticité
linéaire, il a déterminé la variation a 'ordre 1 de la compliance par rapport a la taille d'un trou
inséré a l'intérieur du domaine, ce qui le renseignait sur le meilleur endroit ou alléger la structure.
Puis, toujours en élasticité, J. Sokolowski et A. Zochowski [15] ont étendu ce résultat a une certaine
catégorie de fonctions cout. Ensuite, en utilisant une technique de troncature de domaine et une
généralisation de la méthode adjointe, M. Masmoudi [9] a obtenu 'asymptotique topologique pour
I’équation de Laplace avec condition de Dirichlet au bord d'un trou circulaire. Cette méthodologie
a ensuite été adaptée a I'étude de trous de forme quelconque avec condition de Dirichlet ou de
Neumann [6,7].

Sur ce sujet, nous avons établi des formules d’asymptotique topologique pour des problemes
plus difficiles que ceux considérés jusqu’alors :

— Equation de Helmholtz en dimension 2 et 3 avec une condition de Dirichlet sur le bord du

trou [Articles 1-3, 5],
— Equation de Helmholtz en dimension 2 et 3 par rapport & une inhomogénéité [Articles 4-5],
— Equations de Maxwell en dimension 3 par rapport a une inhomogénéité [Article 6],

7



— Equation de Laplace avec un trou sur le bord du domaine [Articles 7-8].
Sur le plan numérique, nous avons confirmé que la méthode de la dérivée topologique était d’une
grande efficacité dans de nombreux domaines : optimsation de guides d’onde en dimension 2 et 3 (Ar-
ticles 1,5), détection de mines enfouis dans un sol (Articles 2-3), identification d’objets diélectriques
(Article 4), détection d’objets métalliques en dimension 3 (Article 6).

¢ Equation de Helmholtz : condition de Dirichlet sur le bord du trou

Soit © un domaine borné de RY (N = 2 ou 3) de fronticre I' assez réguliere. Le critére a
minimiser est défini par :

3(0) = T(Q) = J(ug) = F(uap), (3)

olt D est domaine voisin du bord T, ug € H'(Q) est la solution du probleme :
Aug +aug = 0 dans €, (@)
Op g = h surl,

avec a = k?, k € C*, 0, la dérivée normale sur I', h € H=Y?(T") et F': H'(D) — R une fonction
assez réguliere.

Soit w un ouvert borné de RY contenant l'origine et xy € €. Pour tout parameétre positif ¢
suffisamment petit, nous définissons la cavité w. = xy + cw et le domaine perforé . = Q\w;.
Un changement de coordonnées nous permet d’imposer pour ’étude théorique xy = 0. Nous nous
intéressons & ug, € H'(€.) la solution du probleme perturbé :

Aug, + aug, = 0 dans (),
Ug, = 0 sur dw,, (5)
Onuq, = h surl.
On pose :
i) = T () = J(uq.) = Flug, p), Ve > 0. (6)

Nous rechercherons le comportement asymptotique de la différence j(e) — j(0) lorsque ¢ tend vers
zéro.

Remarge. La condition aux limites sur I' est sans influence sur la sensibilité topologique. Elle
pourrait étre remplacée par n’importe quelle condition telle que les problemes (4) et (5) soient bien
posés.

La méthode adjointe généralisée

Nous rappelons que cette méthode a été introduite par M. Masmoudi dans [9]. Nous la généralisons
au cas un peu plus compliqué d’un champs complexe et d’un probleme non coercif.

Soit V un espace de Hilbert sur C. Pour tout € > 0, on considere une forme sesquilinéaire et
continue a. sur V. On suppose qu’il existe une constante A > 0 telle que :

inf sup JaoCu, )] > A )
w0 uzo [ullvlvlly

On dit que ag satisfait la condition inf-sup ou encore la condition de coercivité généralisée. On
suppose aussi qu’il existe une forme sesquilinéaire et continue 9, sur V telle que :

Has — Qg — f(g)éauﬁﬂ\/) = O<f(‘€))7 (8)
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ot f(e) > 0 et f(e) = 0 quand ¢ — 0. Ici, || - ||z,(v) désigne la norme sur I'espace des formes
sesquilinéaires sur V. Pour tout € > 0, on pose u. € V le solution de :

a:(u.,v) =L(v), Vv €V, 9)
ou ¢ est une forme semilinéaire sur V.
Proposition 1. Sous les hypothéses (7) et (8), on a :
Jue = uolly = O(f(e)).-
En effet, la condition inf-sup vérifiée par ay implique I'existence de v. € V, v. # 0 tel que :
Allue = uollvllvelly < |ac(ue — uo, ve)l,
ce qui implique

Allue —uovllvelly < ac(uo, ve) — £(ve)]
= |ac(uo, ve) — ao(uo, ve)|
= [(ac — ag — f(€)da)(uo, ve) + f(€)da(uo, ve)l
< o(f(ENluollvllvelly + f(E)lldall o0 lluollvllvellv-

On simplifie par ||v. ||y, on obtient :

[[uolly

lue = wolly < === (o(f(2)) + F(E)ldallc00)) = O(f (),

d’ou le résultat. ]

On considere maintenant la fonction cott :
j(e) = J(ue), Ve 20,
ou J:V — R vérifie :
J(u+h)=J(u)+ R(L.(h))+o(|h|ly), Vu,heV. (10)

Ici, R désigne la partie réelle d'un nombre complexe et L, est une forme linéaire et continue sur V.
On pose py € V la solution de :

ao(v,po) = — Ly, (v), YV € V. (11)

On appelle py I'état adjoint associé a la fonction cout J. Le résultat suivant nous donne ’expression
asymptotique de la variation j(e) — j(0) par rapport a e — 0.

Théoreme 1. Sous les hypothéses (7), (8) et (10), on a :

J(e) = 3(0) + f(e)R(da(uo, po)) + o(f ().



On écrit :

j(e) = j0) = J(uc)— J(uo)
= J(uc) — J(ug) + R (ac(uc, po) — ao(uo, po))
= J(U5> - J(’LL())

+ R (as(ue, po) — ao(ue, po) + ao(ue — o, po))
= R (Luy(ue = ug) + ao(ue — uo, po)) + o(|[ue — uollv) + R ((ae — ao)(uo; po))
+R ((as — ao)(ue — uo, po))
= R((a: — a0 — f(£)da) (o, po)) + f(€)R(0a(to, po)) + R ((a: — ao — f(€)da)(us — o, po))
+f(e)R (da(ue — uo, po))
= f(e)R(da(u0,po)) + o(f(g)).

D’ou le résultat. [ |

La troncature de domaine

Le probléme perturbé (5) est posé sur un espace fonctionnel qui dépend de ¢ :
V. = {ue H ()| up,. = 0}.

La méthode adjointe généralisée nécessite un espace fonctionnel )V indépendant de . La technique
de troncature fournit une formulation équivalente posée dans le domaine fixe :

Qr =N\B(O,R), 0<e<R.

On pose :
I'r =0B(0,R).

Pour ¢ > 0, soit T, : HY/?(T'g) — H~'/%(T'g) 'opérateur Dirichlet-to-Neumann défini par :
TaQO = anufa
ou uf est la solution de :

Auf +auf = 0 dans B(0, R)\w:,

3 3
u? = ¢ sur g,
uf = 0 sur Ow.

Pour ¢ = 0, soit Ty : H/?(I'g) — H~'/2(T'g) l'opérateur Dirichlet-to-Neumann définit par :
TOQO = anug7
ol uj est la solution de :

Auf +auf = 0 dans B(0,R),
uy = ¢ sur g

On définit I'espace fonctionnel fixe exigé par la méthode adjointe généralisée par :

V= H'YQpR).

10



Soit uy € V la solution du probleme (4) tronqué :

Aug+auy = 0 dans Qp,
Opug +Toug = 0  sur ', (12)
On g = h surl.

Pour € > 0, soit u. € V la solution du probleme (5) tronqué :

Au, +au, = 0 dans Qpg,
Opus +Tou, = 0 sur g, (13)
Onllg = h surl.

Par construction, on la

Proposition 2. On a ug est la restriction a Qg de la solution ug de (4). Pour tout € > 0, u. est
la restriction a Qg de la solution uq, de (5).

La fonction cout (6) peut s’écrire alors sous la forme :

j(e) = J(ue), Ve >0,

avec
a-(uz,v) =L(v), Yv eV,
ol
a:(u,v) = Vu(x) - Vu(z) dx — a/ u(z) - v(x) do +/ Tow-v ds, Yu,v €V
QR QR FR
et

E(v):/h'vds, VoeV.
r

Pour pouvoir appliquer Théoreme 1, il faut alors regarder le comportement asymptotique de la
variation a. — ag. On voit facilement que :

(ae — ag)(u,v) = / (T. — To)u-v ds, Yu,v € V. (14)

g

L’étude est ainsi ramenée au calcul asymptotique de la variation T, — Tj.

Le cas N=2 pour un trou circulaire [Article 1]

Dans le cas de dimension N = 2, o w. = B(0,¢), on montre que :

HTa =Ty — R(€)5T”E(Hl/Q(FR),H*l/?(FR)) = O(f(5)), (15)
ol .
R pr—
() loge

et 67 : HY?(Tg) — H~/%(I'y) est définit par :

orp = (16)

1
RI2(kR) 7"
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ou Jy est la fonction de Bessel de premiere espece d’ordre zéro et ¢q est le coefficient de Fourier de
¢ d’ordre zéro. Par (14) et (16), on obtient :

Has — Qo — f(€)5a||£2(V) - O<f(€))7

ol 9
—27
€)= ——
fle) =1 oc
et ____
umean Umean
5a u,v) = : ,VU,UEV.
(u,0) Jo(kR) Jo(kR)
Ici, u™e™ et ™ sont respectivement les valeurs moyennes de u et de v sur I'g. En particulier,

pour u = ugy et v = py (I'état adjoint tronqué), on obtient :
da (U0, po) = uo(0) - Po(0) = uq(0) - Pa(0),
ol pq est I'état adjoint initial définit sur 2. Finalement, par Théoreme 1, on obtient :

- —27

TEOB0,E) = TO) + oo Rlual0) - 750) + 0 () (17)

Remarge. On montre (voir Article 2) qu’en dimension N = 2, la formule (17) est indépendante de
la forme du trou.

Le cas N=3 pour un trou de forme quelconque [Articles 2,3,5]

Dans le cas ou w est un trou de forme quelconque, nous proposons la technique suivante pour
obtenir un développement asymptotique de 7. — Tp. L’idée principale consiste a approcher u? — ug
par la solution d’un probleme extérieur a w., ou seulement la partie principale de I'opérateur non-
homogene est considérée. Plus précisément, pour étudier la variation (1. — Ty)p, ¢ € HY?(I'g),
nous regardons d’abord le comportement asymptotique de uf — u, ce qui est naturel vu que :

(T = To)p = On(uf — ug).
La variation uf — ug est solution de :

A(uf —uf) +a(uf —uf) = 0 dans B(0, R)\w:,

0 —
uf — uy = 0 surI'g,
© (4 _ (4
uf — uf = —uj sur Ow,.

Nous approchons u¥ — uf par u. solution de :
5 0 €,

Au., +au., = 0 dans B(0, R)\w:,

Ue = 0 surlg,

Ue = —uj(0) sur Jw.

Cette premiere approche se justifie facilement par 1'utilisation d’un développement de Taylor de
ug. Nous approchons ensuite u. , par vf, ou

vf () = vg(z/e)

12



et v¥ est la solution du probleme extérieur :

Av? = 0 dans R3\w,
vy = 0 aoo,
ve = —uy(0) sur dw.

Nous exprimons v? sous la forme :
v¥(r)=¢ (/ Puw(T) ds) E(z) + O(e?),
Ow

ot E est la solution fondamentale du laplacien et p, € H~Y 2(0w) est la solution de 1’équation
intégrale :

/a E(y — x)pu(z) ds = —u§(0), Yy € dw.

En posant :
P = ([ puta) as) £,

(uf —ug)(z) = eP7(x) + E(x), (18)

nous obtenons :

ou £(z) est un reste.
Si nous introduisons I'opérateur ér défini par :

orp = 0,P?, Y € HY*(Ty),
ou 0, est la dérivée normale sur I'g, nous obtenons :

T = To — €drl ciarrzwp),a-1/20p)) = O(€).

Ce résultat est non exploitable, la méthode adjointe généralisée exige o(e) et non O(e). C’est ici
qu’intervient le fait que l'opérateur considéré (operateur de Helmholtz) est non-homogene. Pour
cela, nous corrigeons l'approximation (18) par la prise en compte du terme diagonal, en utilisant
un terme correctif ()Y, solution de :

AQY + aQ? aP? dans B(0, R),
Q¢ = P&FR sur ['g.

En posant o7 'opérateur défini par :
drp = 0n(PS — QF), Yo € H/*(Tg),
nous obtenons le résultat désiré :
12 = To — o7l mra(rpy,m-1/2(0p)) = 0(€).
Enfin, par application du Théoreme 1, on obtient le développement asymptotique suivant :
T (\we) = T (Q) + eR [Au(ua(0)) - pa(0)] + ofe),

ou A, (un(0)) est une quantité qui dépend de la forme du trou. Dans le cas particulier ou w est la
sphere unité, nous obtenons :

T(Q\@2) = T (Q) + 47eR (ug(0) - pa(0)) + o(e).

13



¢ Insertion d’une inhomogénéité

Dans [Articles 4-5], nous nous intéressons a 'insertion de petites inhomogénéités dans les co-

efficients de I’équation de Helmholtz en dimension N = 2 et 3. Plus précisément, on considere
I’EDP :
div(a.Vu,) + Beu. =0,

ou

ag(a:):{ao si oz e Q\w: ot Ba(x):{ﬁo si oz e Q\w:

ap sl x € w, b1 si T € w,.

Les coefficients «ag, aq, [y et 51 étant des constantes réelles. Pour I'estimation de la solution, nous
nous inspirons de la méthode utilisée dans [16]. La fonction cout considérée est définie par :

](5) = Je(us)a Ve >0,

ol J. : H'(2) — R est une fonction assez réguliere. Les hypotheéses demandées sur la fonction J.
sont données dans [Article 4]. Nous avons établi le résultat suivant :

j(e) = 5(0) = "R {(o1 — ) Vo (0)" - M, Vpo(0) — (81 — Bo)lwluo(0) - po(0) + 6.7} + o(e™),

oll py est un état adjoint et M, est une matrice qui dépend de la forme de w. Dans le cas particulier
ol w est la boule unité, nous obtenons :

Nag(ag — )
(N —1Dag+ oy

i(6) - i0) = ¥R { V() T0) = (61~ Allua®) - a(0) + 3 | + o(e™),
Notons que le terme §J qui apparait dans ces formules dépend du choix de la fonction cout
considérée.
Remarque. En prenant oy = 1, By = k? et en faisant tendre o et 8; vers 0, on trouve les formules
du trou avec condition de Neumann sur le bord pour l'opérateur de Helmholtz A + k21.

Dans [Article 6], nous nous intéressons a I'insertion de petites inhomogénéités dans les coefficients
des équations de Maxwell en dimension 3. Plus précisément, on considere I’'EDP :

V x (a.V x H.) + .H. = 0.

Pour I'estimation de la solution, nous nous inspirons de la méthode utilisée dans [3]. Dans le cas
d’une inhomogénéité de forme quelconque, nous obtenons :

j(e) —j(0) =
ﬁﬁ{un—a@vxf%myﬂamhmmvXpdm+6dy_%mmgdm-wuwd&mdm}+q§%

ol My, est une matrice qui dépend de la forme de w. Dans le cas particulier ou w est la boule unité,
nous obtenons :

040(041 - Oéo)
Qg + 2041

50(51 - 60)

Y x Ho0) - T pol0) + “p

J() — §(0) = 47re37z{ H,y(0) m} o).
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¢ Insertion d’un trou sur le bord du domaine

Dans [Article 7], nous étudions le cas d’un trou situé sur le bord du domaine. Plus précisément,
nous considérons le probleme suivant. Soit {2 un domaine borné du plan. Une partie [y du bord est
définie par deux segments formant un angle de sommet O (I'origine) et de mesure Aw, 0 < A < 2.
Nous notons ug la solution du probleme de Laplace posé dans le domaine 2, vérifiant ug = 0 sur I'y
et une condition aux limites sur I'; = 9Q\I'y. Pour £ > 0 assez petit, nous considérons le domaine
perturbé Q. = Q\ S, o1 S. est le secteur défini par :

Se={(r,0)|0<r<e0<60<Ar}.

Notre but consiste & donner une expression asymptotique de la variation J(ug.) — J(ugq), ou ug,
est la solution du probleme de Laplace posé dans le domaine perturbé 2. avec une condition de
Dirichlet imposée sur 'arc de cercle joignant les deux segments du secteur S.. Dans le cas A= € N*,
nous obtenons :

(0) + o),

1\ 172 VO ug 9 Apg
J(U’Qe) — J(UQ> =T |:(X) ‘:| 82/ al&/)\ axl//\

ol pq est I'état adjoint. Nous remarquons que l'expression de la dérivée topologique dépend de
I’angle de singularité. Plus 'angle est petit et plus des dérivées d’ordre élevé de 1'état direct et
I’état adjoint apparaissent.

Dans [Article 8], nous considérons un cas similaire mais avec diférentes conditions aux limites
sur le bord du trou : Dirichlet, Neumann et Robin.
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Theme II. Inégalité de Wente pour I’équation de Helmhlotz
modifiée (Articles 9-11)

¢ Introduction

Inégalité de Wente

Soit Q un ouvert de R? et X :  — R? une immersion conforme, c’est-a-dire :

e X est de classe C', rg(dX (z1,22)) =2 Vo = (z1,12) € Q,

o | X, | =X, (X4, X,,) =0 dans Q,
ou X, désigne la dérivée partielle de X par rapport a la variable z; (i = 1,2) et (-,) désigne le
produit scalaire usuel sur R3. On montre alors que X vérifie I’équation des surfaces & courbure
moyenne prescrite :

—AX = 2H (21, 22) - (X4, X X)), (19)

ou H(xy,z5) représente la courbure moyenne au point X (x1,z5) de la surface S = X(Q) et x
désigne le produit vectoriel entre deux vercteurs de R*. On pose :

X(z) = (X' (), X*(2), X*(z)), Vo € Q,

ot X':Q — R, i=1,2,3. Le systéme (19) s’écrit alors :

—AX!? X2 X3 — X2 X2
—AX? | =2H(z)- | X3 X] — X X3
—~AX3 X X2 — X2 X,

ou encore :
—AX! = 2H(z)det V(X? X?),
—-AX? 2H () det V(X3 X1),
—AX3 = 2H(z)det V(X' X?).

En prenant H(z) = Hy une constante, chaque composante X' (i = 1,2,3) vérifie alors un
probleme du type :
—Ady = det Vu = a,, b,, — a,,b,, dans Q, (20)

ou u = (a,b). Avec la condition aux limites (condition de Dirichlet) :

D, = 0 sur 092 si € est borné,

(D): ®(r) — 0 quand |z| = +oo si Q = R?

le probleme (20)-(D) est connu en littérature sous le nom du probleme de Wente classique.
Si on remplace le terme source dans (20) par une fonction quelconque f € L'(Q), la solution
du probleme (20)-(D) sera seulement dans Wll(’)% (Q) avec 1 < p < 2. Cependant, pour f = a,,b,, —

Azybay, OU a, b € HY(Q), H. Wente [13] et H. Brezis, J. M. Coron [4] ont obtenu une régularité plus
forte de la solution du probleme (20)-(D). Ils ont obtenu le résultat suivant.

Théoreme 2. (Brezis-Coron)
Soit Q un ouvert borné et réqulier del@. Supposons que a,b € H*(Q) et soit Dy € Wol’l(Q) l'unique
solution de (20)-(D). Alors, @y € C(Q2) N HY(Q) et

Dol oo ) + VR0l 20) < C(Q)[[Val L2l VO L2(0), (21)

ou C(Q) est une constante positive qui dépend de S).
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Démonstration. On suppose pour le moment que a,b € D(R?) et on pose :

= E % (ag,bz, — az,bs,),

ou F est la solution fondamentale de —A

1 1
E(xy,29) = %ln (;) .= (a2 + 222

Alors,
— A = ay,by, — ag,b,, dans R% (22)

En coordonnées polaires, on a :

1 1
Ay, bpy — Gpyby, = ;(Clrbg — agh,) = ;[(abg)r — (aby)g).

Apres quelques manipulations, on obtient :

1 2 “+00 1
¢(O) = %/0:0 /,r:O ;(abg) d?" d@

2 2
/ CLb@ df = / (CL — a)bg d&,
0 0

alr) = % /0 " o 0) do.

Par l'inégalité de Cauchy-Schwartz, on obtient :

D’autre part, on a :

ou

2
/ aby de‘ < lla = @llz2(0,2m 100l £2(0,20) < llaol|z2(0,20) 116l 22(0,27) -
0

Encore par I'inégalité de Cauchy-Schwartz, on obtient :

WOl < 5 /+OOII a0 d : /+w||b 20y d
— a —ar —ar
= or o OllL2(0,2m) . o 0 L2(0,27) .

1
< %HVCLHB(R?)HVbHLZ(RZ)-

1/2

Par suite, on obtient :
1
[9]| oo (m2) < %||Va||L2(R2)||Vb||L2(R2)~ (23)

Par (20) et (22), on a :
A(Py — ) = 0 dans .

Par le principe de maximum, on obtient :

[P0 — || Ler) < ([P0 — Y0y = U] = (00)- (24)

Ainsi, (23)-(24) nous donne :
1
1Pollzee (@) < 20Y || < —lIVallr2e) [Vl 2r2)- (25)
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En multipliant (20) par @, on obtient :
1
/Q\V<I>o!2 < N ®oll e Vall 2o VBl 20) < —lIValZaea) VO] ge)- (26)

Par (26)-(27), on obtient :

1 1
[Poll Lo () + [[VPol|2(0) < (; + ﬁ) Va2 || VO] £2(g2).- (27)

On regarde maintenant le cas général ot a,b € H'(). On sait qu'il existe un opérateur de
prolongement
P: HY(Q) — H'(R?)
linéaire, tel que pour tout w € H'(Q)

Pwgo = w,
|Pwllgirey < C(Q)||w] a1 (e,

ou C(Q2) dépend seulement de 2. Dans la suite, C'(£2) désigne n’importe quelle constante dépendant
de Q. Notons @ = Pa € H'(R?*) et b = Pb € H'(R?). En utilisant la densité de D(R?) dans H'(R?),
(27) et la bilinéarité de det, on obtient ®, € C'(2) N HL () et

Dol (o) + [VBoll2@) < C(QVallr2@e) | VD] r2gme)
< C)lallm @bl zi(o)-
Posons maintenant :
a= t b L b
a=— [ a e = — .
19| Jao Q[ Jo

Il est facile de voir que ®, ne change pas si on remplace a par a — @ et b par b — b. Par suite, on a :
1P| =) + IV Pollz2() < C(Q)]la — @ll (1o — bl 20)-

Remarquons que a — @ (resp. b — b) appartient &

V:{weHl(Q)|/ﬂw:0}.

On peut alors appliquer I'inégalité de Poincaré-Wirtinger et on obtient :
[@ollzoe@) + [V ®oll12(0) < C(Q)[IVal 20| V]| L2()-

|
Remarque. Pour pouvoir utiliser 'opérateur de prolongement P et l'inégalité de poincaré, il faut
une certaine régularité sur Q et 9€2. Dans [4], la démonstration ci-dessus est faite dans le cas ou (2
est la boule unité. Les régularités exigées sont toutes satisfaites dans ce cas.
L’inégalité (21) est appelée inégalité de Wente. On montre de méme le

Théoréme 3. Supposons que a,b € H'(R?) et Soit ®y € W;O’Z(Rﬂ la solution de (20)-(D). Alors,
il existe C(R?) > 0 tel que :

||®0||L°°(R2) + ||VCI>0||L2(R2) S C(RQ)||VCL||L2(R2)||Vb||L2(R2).
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Autre démonstration du Théoréme 3

Dans cette partie, on donne une autre démonstration du Théoreme 3. Cette démonstration est
due a Béthuel et Ghidaglia [3].

Dans [6], Coifman-Lions-Meyer-Semmes ont montré que si u = (a,b) € H'(R?) x H'(R?), alors
det Vu € HY(R?), ott H!(R?) est I'espace de Hardy. On rappelle que :

HIR?) = {f € L'(R*) | f* € L'(R*)},

é/wp(x;y) f(y) dy‘

et p € D(R?), p >0, p £ 0 (Fefferman et Stein [9] ont montré que cet espace ne dépend pas du
choix de p). On peut caractériser H'(R?) par le fait que f € L*(R?) et que R;f € L*(R?), j = 1,2,
ou les IR; sont les transformées de Riesz. Cet espace est muni de la norme :

ou

f*(z) = sup
e>0

| fll2@ey = [[fllrwey + 1] g2y

Théoreme 4. (Coifman-Lions-Meyer-Semmes)
Soient a,b dans H'(R?) et u = (a,b). La fonction det Vu appartient a 'espace de Hardy H'(R?) et
il eziste une constante C' > 0 telle que :

|| det VUH'Hl(R2) S C||Va||L2(R2)||Vb||L2(R2)-

Démonstration. Puisque f = det Vu € L*(R?), il reste & montrer que f* € L'(R?). On choisit p tel
que fR2 p=1et supp p C B(0,1). Notons :

1

7T52 B(

a(z) dz.

Z,€)

wly) = aly) —a, a=
On a f(y) = det Vu (y), ou @ = (w, b). Par une intégration par parties, on obtient :

1 T — 1

2 3
€% Jr2 €% JB(z,e)

0 _
ou R;(y) P (x y) Par suite, on obtient :

:8277, £
1 T — C
z / fwo (Z=Y) ay < & / laly) — @[ V| dy. (28)
€° Jr2 € €% JB(x,)

Par l'inégalité de Holder, on obtient :

1 _ 1 aly) —a
N P —\|Vb| dy
g’ B(z,e) e? B(w,e) €
_ 1/3 2/3
1 —al® 1
< —2/ aw) =2 g, <—2/ [Vb|*? dy)
€% JB(z,) € €% JB(ze)

1

5/6 2/3

1

(par I'inégalité de Sobolev-Poincaré) < —/ Va|®® dy —/ |Vb[>2 dy
e* o) €* JB(we)

2/3

Cy (M(|Val) (@)™ (M(IVB[*/2) (),

IA
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ol )
M(g)(x) = sup — l91(y) d
>0 €2 JB(ae)
désigne la fonction maximale de Hardy-Littlewood. Notons que cette fonction opere continuement

sur LP, p > 1. Ainsi, revenons a (28), on obtient :

F2) de < 02/ M(IVa|®/5) /S M (T[22
2 R2

1/2 1/2
(inégalité de Cauchy-Schwartz) < 02( M(|Va|*?)%/3 d:p) ( / M (|Vb[3?)4/3 d:p)
R2

= Col| M(IVa|) 75, oo 1M (V0|17

15/3 ]RQ) L4/3 R2

3/5-5/6 3/4-2/3
< ( Va7 q ) ( Vo2 )

/2
= (4 ( |Val|? dx) (/ |Vo|? dx) :
R2 R2

Ceci acheve la preuve du Théoreme 4. [ |

Le dual de H!'(R?) a été identifié par Fefferman [8] comme étant I'espace BMO(R?) de John et
Nirenberg. Rappelons que f € LIOC(RQ) appartient & BMO(R?) s’il existe une constante C telle

que pour toute boule B C R?, il existe une constante v(B, f) telle que :
[ 1#@) = de < i)
B

La constante optimale dans I'inégalité ci-dessus est notée ||f||%u0 ce qui définit une norme sur
BMO(R?) quotienté par les fonctions constantes.
On a les résultats suivants.

Proposition 3. (voir [11])
Pour tout x € R?, la solution fondamentale du Laplacien dans R?* : E,(y) = —1/27 In(||z — y||)
appartient ¢ BMO(R?).

Remargue. Chanillo et Yan [5] ont montré que le résultat ci-dessus est aussi valable si on considere
la solution fondamentale d'un opérateur uniformément elliptique de la forme :

L= div(A(x)V"),

ou A(Z’) = (aid'([['))lgigjgg et Q; j € LOOGRQ), VZ,]
Maintenant, on peut obtenir facilement le résultat du Théoréme 3. Soient alors a,b € H'(R?)
et @y la solution de (20)-(D). On peut écrire alors que :

1
Dy (0) = ~5- det Vu(z)In||z| de,

ot v = (a,b). Par Proposition 3, la dualité Hl(RQ) — BMO(R?) et Théoréme 4, on obtient
immédiatement :

||q)0||Loo(R2) S || det VUHle(RZ)

1

—1] .
\% (] - )
CHVCLHL2(R2) HVbHLQ(RQ)-

BMO(R?)

IA
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Etant donné que A®y € H(R?), ai 3; est aussi dans H!(R?). Ainsi, &y € Wf(’)lC(RQ) et donc @

est continue sur R2.

Remarque. Sous les hypotheses du Théoréme 2, on obtient facilement la continuité de ®q sur €.
11 suffit de prolonger a,b € H(Q) par @,b € Hl(R2) et de considérer @, la solution de (20)-(D)
avec a et b au lieu de a et b. La fonction &y — ®g est harmonique dans €2 et donc réguliere dans €.
Puisque <I>0 est continue, ®( est alors continue sur 2.

Théoréme 2 avec une constante universelle

» Cas de la boule unité.
D’apres Théoreme 2, on sait qu’il existe une constante C' > 0 telle que :

Dol o (B(0,1)) + IV Poll22(B0,1)) < ClIVal L2801 IVl L2(B0,1))-

» Cas d’'un ouvert borné simplement connexe de frontiere C*.
Si  est un ouvert borné simplement connexe de frontiere C!, alors il existe une transformation
conforme :

T:Q — B(0,1)
Tr = (l‘l,ZL’Q) — Tx = (Tl(xl,i’g),Tg(xl,l’Q)).

Par définition d’une transformation conforme, on a :

o, _ o1, . oL _ 9L

T2 g2 2
61’1 (%g ¢ 61’2 6m1 ( 9)
Par (29), on obtient facilement que T} et Ty sont harmoniques :
0’1, 0¥y 0*Ty, 07T,
Ox? * oxr3 023 N or3 0. (30)
Soient a,b € H'(Q) et @y la solution de (20)-(D) dans 2. On pose :
a(y) = aoT(y), bly) = boT (), To(y) = PooT ' (y), Yy € B(0,1)
ou encore : N s
a(T(x)) = a(x), b(T(x)) =b(x), Po(T(x)) = Po(x), Va € Q.
On obtient alors :
L or, 0T, = o, ~ 0T,
0nln) = (T + (TG ba(@) = (7)) g+ 5T
et
- oy 0T ~ o~ 0T
= T e T — = T — T —.
nle) = T (T() S + (T 5 nle) = BTG + (T () 5
Soit
o ot
8:131 ((9132 o~ o~
(A2,b2y — agybs,) () = (@y, by, — ay,by, ) (T'(2)). (31)
o, o,
81’1 6.732
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D’autre part, on a :

92, oT\?> (0T \? 92, oT,\ (9T, T\ (T,
AD = ——(T — — 2 T
o) oy? (T(@)) (8952) + (81’1) 8y18y2( (=) {(8352) (8952) * (8951) (83:1
0d, PT, 9Ty 9%, o\  [oT\?| 0d, 0T
g0 T g2 g2 I 1)) | S22
* 8y1( (@) {ax% * o3 oy3 (T()) Oy * Or, 8y2( (=) 013
Par (29)-(30), on obtient :
or\* [Ty \?| .~
Ad = — — Ay (T
@ = |(50) +(5) [a%r)
ou encore :
o, or
al'l 83:2 .
Ady(x) = ADG(T(x)). (32)
or, o,
8.731 8332
or o1,
8I1 6132
Puisque det(DT) = # 0 (méme > 0), par (20)-(D), (31) et (32), on obtient :
or, o,
le 8:32
/—VA:}SB = Ziylgyz - Ziy;l;yl dans B(0,1)
Dy =0 sur  0B(0,1).
D’apres le cas précédent, on a :
1Poll 2 (50,1 + Vol 2(50.0) < ClIVal L2(50.10) | VB 25001 (33)
Déja il est clair que : -
[Poll Lo (5(0,1)) = [[Pol| L= (- (34)

Maintenant, par le théoreme d’integration par changement de variable, on a :

IV@ollZ2m0a) = / IVEI'To(y)I2 dy
B(0,1)=T(Q
= /|V(I’0 )| det(DT) dx
- /QW@T DTV (@g0T) (x) - V(PooT) () det (DT) d.

On vérifie facilement que :
(DT Y'DT ™! = det(DT) 1,

ou I, est la matrice identité d’ordre 2. Par suite, on obtient :

IVl 0y = | V@)@ do = [ V@ (2) do = [Vl
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Ainsi,
IV®ollz2B0,1)) = IVPoll2),  [IVallzesor) = IVallz),  [IVOllz2o,) = VOl (35)
En fin, par (33)-(35), on obtient :
[ollzoe () + [[VPoll20) < C|[VallL2()| VOl L2(0),

ou C' est une constante universelle (constante indépendante de ).

» Cas d’'un ouvert borné quelconque.

Dans le cas d’un ouvert borné quelconque (non nécessairement simplement connexe), la recherche
d’une constante universelle est plus compliquée. La démonstration est basée sur I'utilisation de la
formule de la coaire [7] et les propriétés de la solution fondamentale du Laplacien. Pour plus de
détails, voir ([3, 5]).

Constante optimale dans I’inégalité de Wente

I1 est naturel de s’intéresser aux constantes optimales associées a I'inégalité (21). Notons :

[Poll =)
C° (Q):= sup
(0= o el Vel
“ |V
CY(Q) ;= sup 0 LA :
20 = N Vel [Vl
» Constante optimale pour la norme || - || oo ().

Dans [1], S.Baraket a démontré les résultats suivants.

Théoréme 5. (Baraket)

1
Supposons que Q =R? alors on a : C° (R?) = o
T

Théoréme 6. (Baraket)
1
Soit Q un ouvert borné et régulier de R*. Alors, on a : C2(Q) > P
T

1

Si de plus Q0 est simplement connexe, on a : C° (Q) = o
T
Dans [12], P. Topping a généralisé le résultat de S. Barket pour un domaine borné quelconque,

non nécessairement simplement connexe : on a toujours C2 () = o Sa démonstration est basée

sur 'utilisation de la formule de la coaire, les propriétés de la fonction de Green du Laplacien avec
une condition de Dirichlet sur le bord du domaine et I'inégalité isopérimétrique.

» Constante optimale pour la norme || - || z2(q).

L’étude de la constante optimale pour la norme || - ||12(q) est due a Ge. Yuxin [10]. I a obtenu le
résultat suivant.

Théoréme 7. (Yuxin)
3
Soit Q un ouvert borné et régulier de R%. Alors, on a : C3(Q) = 4/ o
T
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¢ Equation de Helmholtz modifiée avec Jacobien comme terme source

Nous nous sommes intéressés au probléme suivant. Soient € un ouvert de R?, a une constante
strictement positive, u = (a,b) € H' (2, R?) et ®, solution de :

—Ad, + ad, = det Vu dans 2 (36)

avec la condition aux limites (D). L’opérateur —A + ol est appelé opérateur de Helmhlotz modifié.
Le terme modifié provient du fait que o > 0 (dans le cas a < 0, ¢’est 'opérateur de Helmholtz).

Régularité de la solution

Proposition 4. Soient Q un ouvert borné et régulier de R* et a,b € H'(Q2). Alors (36)-(D) admet
une et une seule solution ®, € H}(Q) N C(Q). De plus, on a :

IV ®allZ2) + @l Pall72(q)
IIV%HL?

[Pl oo () + L < O Vall 2@l V8] 200, (37)

ot C' > 0 est une constante universelle.

Démonstration. On pose ¥, la solution du probleme :

(38)

—AV,+a¥, =—adP, dans
v,=0 sur 01,

ol @ est la solution de (20)-(D) (probléme de Wente classique). D’apres la régularité de @, on a
(au minimum) ¥, € Hj(2) N C(Q). On vérifie facilement que :

D, = U, + Py

D’apres la régularité de @y, il est clair que ®, € H(Q2)NC(). De plus, par le principe de maximum,
on obtient :

[Pallzoo) < [[Wallzee(@) + [[Poll o) < 2[|Pollz=@) < C1l[Vallz2@) |Vl z2(0),
ou (] est une constante > 0 indépendante de €. D’autre part, on a :
—-Ad, +ad, = -AdP, dans €.

En multipliant par ®,, on obtient :

||V(I) ||L2 + O./H(D ||L2(Q) /QVCI)O . V(I)a d.l’ S ||VCI)0||L2(Q)||V(I)Q||L2(Q)

Par suite,
V@172 + allPall72 )
< Gol|Val| 2 | VD] 120,
qu)a||L2(Q) () ()
ou (' est une constante > 0 indépendante de €2. |
Notons alors :
”q)ozHoo ||V<I>a’|% + O‘HqDaH%
Ce(Q):= sup ——=——c> C5():= sup .
) = o TVl = o5 Nl VB9 .l

Nous nous sommes intéressés aux constnates optimales C2 () et CF(2).
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Constantes optimales pour 'opérateur de Helmholtz modifié [Article 9]

La difficulté principale de ce travail est due au non-homogénéité de I'opérateur considéré. Plus
précisément, contrairement a l'opérateur de Laplace, L’EDP considérée est non invariante par trans-
formation conforme.

Dans [Article 9], nous avons obtenu les résultats suivants.

Théoréme 8. Supposons que Q = R?, alors on a :
1
C% (R?) = C2(R?) = 5 Ya>0.
T

Théoréme 9. Soit ) un ouvert borné et régulier de R?. On a :

1 1
— <0< = .
27T_C’()O()_7T,Voz>0

Remarque. Le théoreme ci-dessus nous donne seulement un encadrement de la constante optimale.
La détermination exacte de C'2 (2) reste un probleme ouvert.

Théoréme 10. Soit Q un ouvert borné et réqulier de R%. On a :

C(R?) < /3/321 < C5(Q) < /3/167, Va > 0.
Remarque. 11 sera intéressant de voir s’il y a un moyen de déterminer la valeur exacte de la constante

optimale C$(€2).

¢ Probleme de Wente pour une large classe d’opérateurs [Article 10]

Dans [Article 10], nous généralisons le travail précédent pour une large classe d’opérateurs. Plus
précisément, nous considérons le probleme :

A[_JZ — F dans R?

lim (7,:(:16) = 6),

|z| =400
. . e R N .
ou A est un opérateur elliptique, Uy et F' sont deux vecteurs de R" donnés par :
7 1 2 N 2
UA(‘T) = (UA<‘T>7 UA(I)7 U 7UA (I)), relR
Fla) = (F'(a), FP(a), - F~ (@)
Pour tout i € {1,2,---, N}, la composante F* est donnée par :

Fi:=a' b —a' bt = det Vu',

T1 X2 T2 T

ot u' = (a',b') € H'(R?* R?).
Nous introduisons maintenant quelques notations qui seront utilisées dans la suite. Soit ? une
fonction vectorielle définie par :

X (@) = (X'(2), X2(2), -, XV(2)), Vo € R%
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Nous notons par || - ||« la norme définie par :

X oo = sup [ X7]|oo.
1<i<N

La distribution matricielle E4 € D'(R*, RY*") désigne la solution fondamentale de opérateur A
telle que chaque colonne E’j est la solution de :

AEY = 6., dans R?,

o § est la distribution de Dirac et (e;);—12.. x est la base canonique de RY,
Nous supposons que les hypotheses suivantes sont satisfaites.

(H1) : Le probleme (39) admet une et une seule solution dans H!(R?)V.

(H2) : La solution fondamentale E4 s’écrit sous la forme :
Ea(r) = wf(r)In + Ga(z),

ou k est une constante positive, r = |z|, Iy est la matrice identité et G4 = (Ga(i,7))1<ij<n
satisfait :

Gal(i,j) € L®(R2), Vi,j € {1,2,--- ,N},
3 € {1,2,-- ,N}|%(GA(2',]‘)) =0, Vie{1,2,---,N}.

(H3) : La fonction f est de classe C! sur (0, +00) et vérifie :
lim rf(r) =0,

r—0t

r—rf(r)e L>0,+00),
supr|f'(r)] = 1.

r>0

(H4) : Nous supposons que :
A(T;(x + 1) = F(x + 1), V (2, 70) € R?* x R%

Notons que les hypotheses (H1)-(H4) sont vérifiées par une large classe d’opérateurs. Des exemples
de tels opérateurs seront précisés plus loin.
Les principaux résultats obtenus sont les suivants.

Théoréme 11. Nous avons l'estimation suivante :

N
= i i
1UAlloo < (54 2) Y Va2 VE] 2,

i=1

ouv:= sup [|Ga(7,7)]co-
1<i,j<N

Nous définissons alors la quantité optimale :

—>
CAMRY) = sup —y—doAle
=S N IR

ol
V= {(CL, b) € HI(RQaR2N) | EI@O € {172’ U 7N}7 ||valo||2||Vb10||2 7é 0}

Nous avons alors le :
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Théoreme 12. Soit g :)0, +oo[— R une fonction vérifiant :
(1) g € C*>(0,+00)\{0}
(2) r—rg*(r) € L'(0,+00)
(3) v r3g?(r) € LY(0,+00)
li =0
(4) lim rg(r)
(5) lim 7 f(r)g*(r) = 0.
r—0t
Alors, on a l’estimation suivante :

rLa(g) < CL(R?) < (kK +v),

ou La(g) est donné par :

Opérateur de Laplace

Comme premier exemple, nous considérons le cas ot A = —A et N = 1. Dans ce cas, la solution
fondamentale de cet opérateur est donnée par :

1
Eu(z) = —= Inr, Vo € R*\{0}.
2m
Il est facile de voir que les hypotheses (H1)-(H4) sont satisfaites avec :

K=o, f(r)=—Inr et G4 =0.

Par Théoreme 11 et Théoreme 12, nous obtenons alors :

1 1
— < O~ (R <« —
L alg) < CARY) < o

pour toute fonction g :]0, 400[— R vérifiant les propriétés (1)-(5) du théoréme 12.
Pour tout € > 0, nous considérons la fonction g. définie par :
ge(r) =1"te 2 Y > 0.
Pour tout € > 0, la fonction g. satisfait les propriétés (1)-(5) du théoreme 12. D’ou :

1 1
— L Alg.) < CARY) < — .
27_‘_5 A(g)—ooo ( )_271'7 V8>0

Nous montrons que :
L A(g:) = 1 quand € — 07,

Ainsi, nous retrouvons la valeur de la constante optimale :

CA®) = 5
T
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Opérateur de Helmholtz modifié

Dans cet exemple, 'opérateur A est donné par :
A=-A+al,

ol « est une constante positive et N = 1. Dans ce cas, la solution fondamentale de A est donnée

par :
Fa(r) = 5 Ko(v/ar), Yo € B\{0},

ou K est la fonction de Bessel modifiée de deuxieme espece et d’ordre 0. Dans ce cas, nous avons :

1
K=o fr)=Ky(var) e Gi=0.
T
Par Théoreme 11 et Théoreme 12, nous obtenons alors :

1 N 1
_ _ o R < — —‘rOéI R2 < . .
2W£A+1(9)_Ooo ( )_QW,V€>0

Nous montrons que :
L Atar(g:) — 1 quand e — 0.

Ainsi, nous retrouvons la valeur de la constante optimale :

1
—A+al RQ -

Opérateur de Lamé

Ici, nous étudions le cas de l'opérateur de Lamé. Plus précisément, nous prenons :
AT = AT — (A + p)V(divD),

ou les constantes A et p sont les coefficients de Lamé (A > 0, p > 0) et N = 2. La solution
fondamentale E4 € D'(R?, R**?) de 'opérateur A est donnée par :

EA(.I') = ﬂln 7’[2 + "}/67«6?:, Vo e RZ\{O}>
ou
A+ 3p At
drp(Nt2p) ) dmp(h+2p)

e, =x/r et ez’ est le vecteur transposé de e,. Dans ce cas, nous avons :

6:_

k=—08, f(r)=—Inr, Ga(r)= ”yeref et v=nr.
Par Théoreme 11 et Théoreme 12, nous obtenons alors :
—BLA(g:) S CAMRY < =B+, Ve > 0.

Nous montrons que :
L4(g.) = 1 quand ¢ — 0T,

Ainsi, nous obtenons ’estimation :

—B < CLR*) < =B +1.
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¢ Probleme de Wente pour 'opérateur de Helmholtz modifié dans des
espaces de Sobolev avec poids [Article 11]

Dans [Article 11], nous considérons le probleme de Wente associé a l'opérateur de Helmholtz
modifié dans des espaces de Sobolev avec poids. Notre travail peut étre considéré comme une
extention de celui de S. Baraket et L. B. Chaabane dans [2]. Avant de présenter les principaux
résultats obtenus, nous introduisons quelques notations et définitions qui seront utilisées plus tard.

Dans la suite, nous prenons © € {R? B}, ou Bj est la boule unité de R% Soit w # 0 une
fonction positive de Li (Q). Nous définissons || - [|2,, par :

loc
I = ([ #2010t dx)l/z.

Nous notons par H,(2) la fermeture de D(€2) muni de la norme :

[ 2w + IV - [z (40)

1

1OC(Q), nous introduisons 'espace :

Si w™! est aussi dans L
V() = {(a,b) € H,(Q) x H,~1(Q)|Va #0,Vb £ 0}.
Nous disons que la fonction w vérifie (A1) si :
(A1) : w est une fonction radiale (w(z) = w(r) ou r = ||z||).
Pour tout (a,b) € V,,(Q), soit @, la solution de (36)-(D). Notre premier résultat est le suivant.
Théoréme 13. Si w vérifie (A1) et w,w ' € C(Q) N LX(Q), alors

- [94(0)] _ 1
p _— .
(@hyeve@ IVallawlVOllgw-1 27

Remarque. La condition w,w™ € L*>(Q) implique que V() C {(a,b)|Va,Vb € L*(Q)}. Par
le résultat de Brezis-Coron [4], ceci implique que @, solution de (20)-(D) (probleme de Wente
classique) appartient a Cy(€2), I'ensemble des fonction continues sur €2 et prenant la valeur zéro sur
le bord de €2. Dans le cas o > 0, par le principe de maximum, nous avons || ®q|| 1) < 2||Po|| ()
Ainsi, par densité, nous avons ®,, € Cy(2) pour tous a,b € V,,(2). Cette remarque est aussi valable
pour tout autre espace V C {(a,b) | Va, Vb € L*(Q)}, en particulier, pour les deux théorémes qui
suivent.

En général, lorsque w ou w™! n’appartient pas a C'(€2), nous ne pouvons pas avoir un résultat op-
timal. Pour étudier un cas plus général, nous avons besoin d’introduire d’autres espaces fonctionnels
et d’autres conditions. B

Nous introduisons l'espace H,(2) la fermeture de D(2\{0}) muni de la norme (40) et 'espace :

V,(Q) = {(a,b) € H,(Q) x H,-1(Q) | Va # 0, Vb # 0}.

Nous disons que w satisfait (A2) si :

(A2) : w e C*H(O\{0}), w >0 et

A( w(as)) >0, A ( :(m)) > 0 dans Q\{0}. (41)
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Si w satisfait aussi (A1), nous écrivons : w(x) = w(r) = "), Dans ce cas, (41) est équivalente A :

1

V' (r) + ;v'('r’) < =v"*(r) in (0, +00) or (0,1).

1
2

Remarque. Sous les hypotheses (A1)-(A2), nous avons :

1 1
hl(z) = |z | zAw — > |[Vw]Pw™ | w™
2 4
/r‘2 " 1 / 1 12
= = - = >
5 <v (r)+ v (r) + 5Y (7“)) >0
et
2 — o 1 3 2 —1) -1
hi(x) = |z||° | —zAw+ = |Vw|[*w™ |w
2 4
r

Nous avons obtenu le résultat suivant.

Théoreme 14. Sous les hypotheses (A1)-(A2), nous avons :

. .0 1 1
= o IValowl|Vbllaw1 — 27 RNEE
@pyer @) IVall2w V2, sup (1 ©inf h;(x)>
i=1,2 e
ot B B
V() =V,(Q) Nn{(a,b)| Va,Vb e LQ(Q)}.
Notons par :

Wy(€) = {(a,b) € Vo (), (a,b)(x) = g(||z[])(w (@) 221, w(x)"?25)}

et

We(Q2) = {(a,b) € Vo, (), (a,0)(x) = g([|=])=},
ot g € C*(0,+00) si @ =R? et g € C=(0,1) si Q = By. Soit V,(Q2) (resp. V,(Q)) la fermeture de
W,(2) (resp. W,.(Q2)) dans V,,(€2) muni de la norme (40). Nous notons :

V() = {(a,b) € V,(2) | Va #0,Vb#0}

et
VA (Q) = {(a,b) € V,(Q) | Va, Vb € L2(Q)}.

Soit w une fonction radiale (w(z) = w(r)).
Nous disons que w vérifie (A3) si :

(A3) : limr*w(r) = limr*w ™! (r) = 0.

r—0 r—0

Nous disons que w vérifie (A4) si :

(A4) : limr*w/'(r) = lim r*(w ™' (r)) = 0.

r—0 r—0

Nous avons le
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Théoréeme 15. Supposons que les hypothéses (A1)-(A2) sont vérifiées. Alors,

1.

Si (A4) est satisfaite, nous avons :

@) 2Pa(0)] 1

sup 2 1/2’
H (1 - mf Rl ( ))

<
~ 127 apeve@ IVallzwl| Vb2 —
(x)
=1

ou C(R?*) =1 et C(B;) = VaK;(y/a). Ici, K; est la fonction de Bessel modifiée de premier
ordre de second espece.

2. Si (A3)-(A4) sont satisfaites et (a,b) € V*(§2), nous avons :

[Vallswl[ V20

1

H(I)aHoo S ; 2 ‘ 1/2.

11 (1 + inf h;(x))
e

i=1

Remarque. Nous avons :

VX(Q) € {(a,b) | Va,Vb e L*(Q)}.

Pour le vérifier, il suffit de voir que pour tous a,b € W,(£2), nous avons :

et

IVallzw > [IVal 2@

IVBll2-1 = [V 20

Par densité, ces inégalités sont satisfaites pour tous a,b € V*(€2).
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Theme III. Convexité par transformation quadratique en
dimension infinie (Article 12)

¢ Introduction

Soit A une matrice complexe d’ordre n. Considérons I'ensemble (numerical range) :
W(A) = {z*Az] 2 € C", |Iz]en = 1}.

En 1918, O. Toeplitz [7] a prouvé que le bord de W (A) est convexe. Il a également conjecturé que
I'ensemble W(A) lui méme est convexe. Un an apres, F. Hausdorff [3] a prouvé cette conjecture.
Le théoreme de Toeplitz-Hausdorff est un résultat treés important qui est appliqué dans beaucoup
de domaines des mathématiques. Ce théoreme peut étre considéré comme premier résultat sur la
convexité des formes quadratiques.

Dans le cas réel, le premier résultat est di a L. L. Dines [2] en 1941. Considérons les deux formes
quadratiques réelles :

filz) = (A, x)gn, 1= 1,2, f(x):=(fi(x), fa(x)), YV € R",

ou A; est une matrice réelle symétrique d’ordre n et (-, -)g» désigne le produit scalaire usuel sur R".
L. L. Dines a prouvé que I'ensemble D C R? défini par :

D= {f(z)|z € R"}

est convexe et il est fermé sous quelques hypotheses supplémentaires.
Le prochain résultat important a été obtenu par L. Brickman [1]. Il a prouvé que si n > 3, alors
I'ensemble B C R? défini par :

B = {f(x)|[lx]len = 1}

est convexe compact.
Ces papiers sont les contributions principales sur la convexité des formes quadratiques et les
mathématiciens essayent de les généraliser de plusieurs manieres.

Théoreme de Toeplitz-Hausdorff

Théoréme 16. (Toeplitz-Hausdorff)
Soit A une matrice complexe d’ordre n (n > 2). Alors, 'ensemble :

W(A) = {*Az|z € C", ||z||cn = 1}
est convexe compact.

Démonstration. La compacité de W (A) est facile a vérifier. En effet, la fonction f: C" — C défine
par :

f(u) =u"Au, Yu e C"

est continue sur C". Par suite, pour tout compact K de C", on a f(K) est un compact de C. La
sphere unité :
S(C") ={u e C"[||ullcr =1}

étant compacte de C". Par suite, W (A) = f(S(C")) est un ensemble compact de C.
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La preuve de la convexité est la partie la plus difficile de la démonstration. Fixons «, 5 € W(A)
tels que oo # B et A € (0, 1). La question est de montrer que :

Aa+ (1 —=XN)p e W(A). (42)
Par définition de W (A), ils existent deux vecteurs unitaires u,v € C" tels que :
a=u"Au et [=0v"Av.

Les deux vecteurs u et v sont linéairement indépendants. En effet, si ce n’est pas le cas, il existe
0 € C tel que u = fv. Comme u et v sont unitaires, il suit que ||ul|crn = ||0v]|cr = |0] = 1. Par suite,
= (fv)*A(6v) = |0|*v* Av = . On obtient ainsi une contradiction avec le fait que a # f3.
Maintenant, soit :
SN S S
a—p a—p

ou I, est la matrice identité d’ordre n. On vérifie facilement que :

B =

w'Bu=1 et v*Bv=0. (43)

On pose :

1 1
X =—-(B+ B" t Y =—(B-B").
S(B+B) e (B-B)

Alors B = X +1iY, et les deux matrices X et Y sont hermitiennes. Par (43), on obtient facilement :
v Xu=1, u'Yu=0, v Xv=0, v'Yv=0. (44)

Sans restriction de la généralité, on peut supposer que u*Y v est imaginaire pur. Si non, on peut
remplacer v par ¢v avec un choix particulier de 6.
Comme u et v sont linéairement indépendants, pour tout ¢ € [0, 1], on peut définir :
tu+ (1 —1%)v
ltu + (1 — t)v]|cn
qui est évidemment un vecteur unitaire. Comme Y est une matrice hermitienne et «*Yv est imagi-

naire pur, par (44), on vérifie facilement que :

2(t)'Yz(t) =0, Vt € [0,1].

Par suite,
* t* +2t(1 — t) Re(v*Xu)
A0 B2() = 2(O0X=00) = — g o,

ou Re désigne la partie réelle d'un nombre complexe. Ainsi, la fonction ¢ : [0,1] — R définie par :

g(t) = 2(t)"B=(t), vVt € [0,1]

est continue sur [0, 1]. D’autre part, on a g(0) = 0 et g(1) = 1. Comme X € (0, 1), par le théoreme
des valeurs intermédiaires, il existe ¢y € [0, 1] tel que :

Posons maintenant w = z(y). D’une part, on a ||w||c» = 1. D’autre part, on a :

wAw = (o — f) (Lﬁ—l—w Bw) =0+ NMa—p0)=Xa+(1-N)p.

Ainsi, (42) est satisfaite, ce qui termine la démonstration. ]

, Vtel0,1],
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Théoréme de Dines

Théoréme 17. (Dines)
Soient Ay et Ay deux matrices symétriques d’ordre n (n > 2). Alors, l’ensemble D C R? défini par :

D = {(2" Az, 2" Ay)| 2 € R™}
est convezxe.

Démonstration. Ecrivons D sous la forme :
D ={(P(z),Q(z)) |z € R"},
ou P et @) sont les formes quadratiques homogenes définies par :
P(z) = 2'Aiz, Q) = 2"Ayr, Vo € R™.

Si M € D est un point distinct de l'origine O, tout point du segment [0, M| appartient & D puisque
P(rz) = r*P(x) et Q(rz) = r*Q(z) pour tout nombre réel 7. Par suite, si M et N sont deux points

distincts de D tels que les vecteurs OM et ON sont colinéaires, tout point du segment [M, N]|
appartient a D.
Dans la suite, nous considérons alors deux points distincts M (z1,y;) et N(xq,y2) dans D tels
que :
Tay1 — T1Y2 # 0.

Sans restriction de la généralité, nous pouvons supposer que :
TolY1 — T1Yg = d2 > 0. (45)

Les points M et N sont dans D, ils vérifient :

{ T = P<Zl)7 Ty = P(ZQ), (46)
i =Q(z1), y2=Q(2),
ouz; € R" 1=1,2.
Fixons maintenant A € (0,1). La question est de montrer que le systéeme d’équations :
P(z) =xz14+ Mag — 1), Q(2) =vy1 + AMy2 — 1) (47)
admet au moins une solution z € R".
Ecrivons la variable z (& determiner) sous la forme :
z = p(z1 cos b + z35in0), (48)

ou p et 6 sont des réels a detreminer de telle sorte que (47) soit satisfaite. Injectons I’expression de
z dans (47), nous obtenons :

T+ Mwy — 21) = p?P(21c080 + 2080 0),  y1 + AMya — y1) = p*Q(21 cosf + zysin 6). (49)
Eliminons p? dans (49), nous obtenons :

y1P (21 cos 0 + z98in60) — x1Q (21 cos O + z98in0) = \T'(0), (50)
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ou
T(0) = (y1 — y2)P(z1 cos0 + z98in0) — (21 — 29)Q(z1 cos O + zsin h). (51)

Ici, la quantité T'(0) est une fonction quadratique en cos @ et sin §. Ecrivons la sous la forme :
T(0) = acos® § + Bsin? 6 + 27 cos O sin 6.
Calculons T'(0), T(£7/2) et utilisons (45), nous obtenons :
a=p=d>>0.

Par suite,
T(0) = d* 4 2y cosfsin 6.
Siy >0, alors T'(#) > 0 pour 0 € [0,7/2]. Si v < 0, alors T'(f) > 0 pour 0 € [—m/2,0].
Sans restriction de la généralité, prenons le cas v > 0. Nous pouvons alors définir la fonction
f:1]0,7/2] - R par :

_ y1P(z1cos0 + zo8in ) — 21Q (21 cos O + 2 sin 0)

6 , Vo el0,7/2].
7(0) ot 0,7/2
La fonction f étant continue sur [0,7/2] et f(0) = 0, f(7w/2) = 1. Par le théoreme des valeurs
intermédiaires, il existe alors 6y € [0, 7/2] tel que f(6y) = A. Ainsi, (50) est satisfaite pour 6 = 6.
Ensuite, nous vérifions facilement que les deux équations dans (49) sont satisfaites pour 6 = 6 et
p? = pt =d?/T(6). Par suite, 29 = po(z1 cosfy + 22 sin ) est une solution de (47), ce qui termine

la démonstration. [ |

Théoréme de Brickman

Le théoreme suivant a été prouvé par Brickman en 1961 [1].

Théoréme 18. (Brickman)
Soient Ay et Ay deur matrices symétriques d’ordre n > 3. Alors, l'ensemble B(Ay, Ay) C R? défini

par .
B<A15A2) = {(l'tAlx,xtAQfE)‘ HxHRn = 1}

est convexe.

Démonstration. La démonstration originale de ce théoreme est basée sur des arguments de géométrie
différentielle, elle est due a Pépin [5].
La preuve est basée sur les deux lemmes suivants.

Lemme 1. Soit P : R? — R? une application affine. Alors, il existe deur matrices :4v1 et :{;;
symétriques d’ordre n telles que :

P(B(A1, A3)) = B(Ay, Ay),

Lemme 2. Soit un entier n > 3. Si x et y sont deux points de R" tels que v'A1x = y* Ay = 0 et
(2t Asz)(y* Agy) < 0, alors il existe un autre point z € R™ tel que ||z||gn = 1 et 2" A1z = 2 Ayz = 0.
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En utilisant les deux lemmes précédents, on peut démontrer le théoreme facilement. On suppose
que B(A;, Ay) est non réduit a {0}. Soient a et b deux points distincts de B(A;, A). Par définition
de B(A1,Ay), on a :

a=12"Aiz, v €R", ||z||gn =1 et b=19y"A1y, y € R", ||y|g- = 1.

Soit ¢ un point quelconque sur le segment ouvert entre a et b. La question est de montrer que
c € B(A;, Ap). Soit P : R? — R? une bijection affine telle que P(c) = (0,0) et P(a) = (0,1).

Par suite, il existe § < 0 tel que P(b) = (0, /). Par Lemme 1, il existe deux matrices A et Ay
symétriques d’ordre n telles que P(B(A;, A2)) = B(A1,A3). On a:

o' A =0, 2’ Ay =1, y' Ay =0, y' Ay = 5 < 0.

Appliquons maintenant Lemme 2, il existe alors z € R" tel que ||z||g» = 1 et 2'A12 = 2/ Ayz = 0.
Ceci implique que (0,0) € B(;lvl, ;4;) = P(B(A1, Ay)), ou encore ¢ = P71(0,0) € B(Ay, As), ce qui
termine la démonstration. ]
Remarque. Si n = 2, ’ensemble B(A;, Ay) n’est pas en général convexe. Voci un contre-exemple :

1 0 01
Alors, B(Ay, Ay) est le cercle unité de R?.

Théoreme de Polyak

» Le cas de trois formes quadratiques.

On rappelle les définitions suivantes.
Un ensemble K C R™ est un cone si x € K implique que Az € K pour tout A > 0.
On dit que 'ensemble K vérifie la propriété (H) si :

(H zeKzx#0=—z¢K.
Soient Aq, Ay et As trois matrices symétriques d’ordre n > 3. On définit 'ensemble W (A;, Ay, Az) C

R? par :
W (Ay, Ay, Ag) = { (2" Ayz, o' Ag, 2t Azz) | © € R™}.

B. T. Polyak a montré le résultat suivant [6].

Théoreme 19. Les conditions suivantes sont équivalentes :

(a) 3= (1, pa, p3) € R? tel que :
p1 Ay 4 poAg 4 s Az > 0.
(b) L’ensemble W (A1, Aa, A3) est un cone convexe fermé vérifiant (H), et
Ay =2t Asxr = 2t A5 =0 = 2 = 0.

La démonstration de ce résultat est basée sur le théoréme de Brickman.
» Le cas de deux fonctions quadratiques.

38



Considérons les fonctions quadratiques :
ilr) = 2'Ax+22'a; + 1=1,2,
p) = (p1(x),pa(2)),
ouz € R" a; € R", a; € R et A; sont des matrices symétriques d’ordre n > 2. On pose :
® = {p(z)|r € R"} C R
B. T. Polyak a montré le résultat suivant [6].

Théoréme 20. Supposons qu’il existe p = (1, po) € R? tel que :
p1 A + poAs > 0.

Alors, ® est un conveze fermé.

¢ Transformation quadratique en dimension infinie

Dans [Article 12], nous considérons des fonctions quadratiques définies sur un espace de Hilbert
de dimension infinie. La motivation principale de ce travail provient de la théorie de controle
optimal, ou beaucoup de problemes font intervenir la minimisation d’une fonction quadratique sur
un sous-ensemble convexe fermé d’un espace de Hilbert de dimension infinie. Plus précisément, dans
ce travail, nous généralisons Théoreme 19 et Théoreme 20 en prenant a la place de R™ un espace
de Hilbert H de dimension infinie.

Nos principaux résultats sont les suivants.

Dans toute cette partie, H désigne un R-espace de Hilbert de dimension infinie et séparable. L’espace
H est muni d'un produit scalaire (-, -)g. Considérons les fonctions quadratiques :

Spl(x) = (Alﬂf,flf)[—[ + 2(ai71")H + OZZ',V.CE € H7 1= 1727

ou A; : H — H sont deux opérateurs linéaires bornés sur H, a; € H et «; € R. Considérons
I'ensemble ® 5 C R? défini par :

Oy = {(p1(x), p2(x)) |z € H}.
Dans un premier temps, nous étudions la fermeture de I’ensemble ® 5. Notre résultat est le suivant.

Théoreme 21. On suppose que :
1. A;: H— H est un opérateur compact pour tout i = 1, 2.
2. Fp = (1, p2) € R?| 1 Ay + ppAs > 0.

Alors, 'ensemble @ est fermé.

Le résultat suivant nous montre que sous certaines hypotheses, la fermeture de @y est une
condition suffisante pour assurer sa convexité. Un tel résultat est similaire & celui trouvé par V. A.
Yakubovich [8], mais sous autres hypotheses.

Théoreme 22. On suppose que :
1. A;: H— H est auto-adjoint pour tout i = 1, 2.
2. I = (1, p2) € R?| Ay + pa Az > 0.
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3. L’ensemble @y est fermé.

Alors, ®y est un ensemble convexe.
Une conséquence immédiate du Théoreme 21 et Théoreme 22 est la suivante.

Corollaire 1. On suppose que :
1. A;: H— H est compact et auto-adjoint pour tout i =1, 2.
2. Jpu = (p, p2) € R?| Ay + pa Az > 0.
Alors, 'ensemble @y est un fermé conveze.
Remarque. Corollaire 1 est une extension du résultat obtenu par M. R. Hestenes dans [4], ou

seulement des formes quadratiques ont été considérées.
Considérons maintenant les formes quadratiques :

fl(l') = (AiI,ZL')H, Ve H, 1= 1,2,3,
o A; : H— H sont des opérateurs linéaires bornés. Soit Fy C R3 I'ensemble défini par :

Fy =A{(fi(z), f2(2), fs(x)) |z € H}.
Nous avons le
Théoreme 23. On suppose que A; : H — H est compact et auto-adjoint pour tout i = 1,2,3. Les
assertions suivantes sont équivalentes :

1. Fp = (g, pia, p3) € R? tel que :
,ulAl + ,UQAQ + ,M3A3 > 0. (52)

2. L’ensemble Fy est un cone convexe fermé vérifiant (H), et les formes quadratiques fi(x),
fo(z) et fs(x) n'ont aucun zéro commun excepté zéro.
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Theme IV. Quelques généralisations du principe de contrac-
tion de Banach (Articles 13-15)

¢ Introduction

Soient X un ensemble non vide et T': X — X une application donée. Si un point £ € X vérifie
T¢ = &, on dit que £ est un point fixe de T'. Dans beaucoup de cas, pour résoudre un probléme
d’existence, on se ramene a la recherche d’un point fixe d’une certaine fonction. Le premier résultat
dans ce sujet est du a S. Banach [2]. Ce résultat est connu sous le nom du principe de contraction
de Banach.

Théoreme 24. (Banach, 1922)
Soient (X, d) un espace metrique complet et T : X — X une application telle qu’il existe k € (0, 1)

tel que :
d(Tx,Ty) < kd(z,y), Vz,y € X. (53)

Alors, T admet un unique point five § € X. De plus, pour tout x € X, la suite (T"x),en converge
vers &.

Démonstration. Soit xo un point arbitraire de X. Soit (z,)nen la suite définie par x,, = T"xy pour
tout n € N. Par (53), nous avons :

d(.IQ,LL’l) == d(TJJl,TIQ) S kd(l’l,l'o).
De méme, nous avons :
d(.’]ﬂ'g, LCQ) = d(T.TQ, Tﬂll) S kd(l’z, 1’1) S ]{sz(ﬂfl, LC()).

Par suite, nous avons :
d(xn-ﬁ-l?xn) S knd(zla ZIZ'()), VneN.

Soient maintenant m,n € N tels que m > n. Nous avons :

d<xna xm) S d(l‘n, xn-{—l) + d($n+1a xn—i—?) +---+ d(l’m_l, :L'm)

kn
d(xy,x9).

<
- 1-k

Comme k € (0,1), la suite (z,)nen est de Cauchy, elle converge donc vers ¢ € X. La fonction T'
étant continue, nous avons :
¢= lim z,; = lim Tz, =T( lim z,)=TE¢.
n—+o0 n—+400 n—+00

Par suite, £ est un point fixe de T'. Supposons maintenant que £ et 1 sont deux points fixes de T’
tels que & # 7. Par (53), nous avons :

d(&,m) = d(TE,Tn) < kd(&,n) < d(&,n).

Nous obtenons alors une contradiction, ce qui prouve I'unicité du point fixe. ]
Remarque. La démonstration ci-dessus est classique. Autres démonstrations du principe de contrac-
tion de Banach existent en littérature. La plus récente est due a O. Valero (2008) [22].

Le principe de contraction de Banach joue un role tres important en analyse non linéaire.
Beaucoup de généralisations de ce principe existent en littérature, voir [5, 6, 7, 8, 9, 10, 12, 14, 15,
17, 18, 20] et autres. Voci quelques généralisations.
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Contraction de Meir-Keeler

Dans [17], A. Meir et E.Keeler ont obtenu la généralisation suivante. Leur résultat est connu
sous le nom de Meir-Keeler contraction.

Théoréme 25. (Meir-Keeler, 1969)
Soient (X, d) un espace metrique complet et T : X — X une application vérifiant : pour tout € > 0,
il existe §(g) > 0 telque

e<d(xz,y) <e+d(e)=d(Tz,Ty) < e. (54)

Alors, T admet un unique point five § € X. De plus, pour tout x € X, la suite (T"x),en converge
vers &.

Remarque. La contraction de Meir-Keeler généralise bien celle de Banach. En effet, si (53) est
e(1—k)
P

Démonstration. Remarquons que la condition (54) implique que T est strictement contractante :

satisfaite, (54) l'est aussi. Pour le vérifier, il suffit de poser pour tout € > 0, § =

d(Tx,Ty) < d(v,y), Yo,y € X,z #y. (55)
Par suite, ’application T est continue et a au plus un point fixe. Soit maintenant o € X, posons :
T, =1T"xg, Vn € N.

Si jamais il existe n € N tel que x,, = x,11, le probleme sera résolu. Nous éliminons alors ce cas
trivial. D’apres (55), la suite (d(2,41,%n))nen est strictement décroissante, étant minorée (0 un
minorant), elle converge. Supposons que :

d(Tpi1,%,) 4 ¢ > 0 quand n — +00.
Pour n assez grand, nous avons :
¢ < d(Tps1,Tn) < c+90(c).
Par (54), nous obtenons alors d(x,12, T,1+1) < ¢, ce qui est impossible. Alors, nécessairement, :
d(ps1,2,) 4 0 quand n — +o0. (56)
Sans restriction de la généralité, nous pouvons supposer que :
i) <e, Ve>0. (57)
Soit maintenant ¢ > 0 fixé. Par (56), il existe un certain k € N tel que :
d(xpy1, ) < d(€). (58)
Considérons maintenant 1’ensemble :
A ={re X|dz,zr) <e+(e)}.
Montrons que :

T(A) C A. (59)
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Soit € A (x # xy). Deux cas se présentent.
O Premier cas : d(z,z)) < €. Dans ce cas, nous avons :

d(Tx,x) < d(Tx,Txy) + d(xgs1, vx) < d(z,zr) + 0(e) (par (55) et (58)) < e+ d(e).

Dans ce cas, nous avons alors Tx € A.
¢ Deuxieme cas : € < d(x,x) < € + 0(g). Dans ce cas, nous avons :

d(Tz,z) < d(Tx, Txg) + d(xgyr, xr) < e+ 9(e) (par (54) et (58)) .

Dans ce cas aussi, nous avons 7'(z) € A.
Ainsi, (59) est satisfaite. Par suite, nous avons :

Tn, €N, V> k. (60)
Par (60), pour tous n,m > k, nous obtenons :
A(xp, Tm) < d(Tp, 1) + d(Tg, Tm) < 2(e +6(¢)) < 4e (par (57)).
La suite (z,)nen est alors de Cauchy dans (X, d) qui est complet. 11 existe alors £ € X tel que :
d(xp, &) — 0 quand n — +o0.

En fin, par (55), il est facile de voir que ¢ est 'unique point fixe de 7. |

Contraction de Matkowski

Le résultat suivant est du a J. Matkowski [16].

Théoreme 26. (Matkowski, 1980)
Soient (X, d) un espace métrique complet et T : X — X une application vérifiant :

d(Tz,Ty) < d(z,y), Vr,y € X, x #y
et Ve >0,3d(e) >0 tel que :
e <d(z,y) <e+d(e)=d(Tz,Ty) <e.

Alors, T admet un unique point fize £ € X. De plus, pour tout x € X, la suite (T"x),en converge
vers &.

Ce théoreme se démontre d’une maniere analogue au précédent.

Contraction de Dass-Gupta

Dans [8], B. K. Dass et S. Gupta ont obtenu le résultat suivant.
Théoreme 27. (Dass-Gupta, 1975)

Soient (X, d) un espace metrique complet et T : X — X une application vérifiant :
1+d(x,Tx)
1+d(z,y)

oua>0,8>0,a+p<1. Alors, T admet un unique point fixe £ € X. De plus, pour tout v € X,
la suite (T"x)pen converge vers &.

d(Tz,Ty) < ad(y, Ty) + Bd(z,y), Yo,y € X, (61)
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Démonstration. Soit g € X fixé. Posons :
Tp=T"x9, Yn € N.
Par (61), nous obtenons :

d(xp, tni1) = d(Tay_1, Txy,) < ad(tp, Tpir) + Bd(Tn_1,2,), YN € N*.

Par suite,

d(Tp, Tpi1) < . f ad(xn_l,xn), Vn e N
Soit : N

d(xn,xn+1) S <1 f Oé) d(‘r()’xl)a VneN.
Comme

5
0< < 1,
11—«

la suite (x,)nen est de Cauchy, elle converge alors vers £ € X. Montrons que £ est un point fixe de
T. Par (61), nous avons :

1+ d(zp, The1)
1+ d(xy, &)

d(&,T¢) < d(§ Twn) + d(Tay, TE) < d(§, Tay) + ad(E, TS) + Bd(zn, ),

c’est-a-dire :

1+ d(z,,§)
(1—a)+d(z,, &) — ad(x,, i)

Par suite, T¢ = &.
Maintenant, si 7 € X est aussi un point fixe de T, par (61), nous obtenons :

d(§,m) = d(T¢,Tn) < pd(&,n),

d(€,T€) < [d(€, 2a41) + B0, €)] = 0 quand n — +oo.

c’est-a-dire :
(1—=08)d(&,n) <0.

Comme 8 < 1, nous devons avoir d(§,n) = 0, ou encore £ = 7. [

¢ Contraction de type intégrale [Articles 13-14]

A. Branciari a démontré récemment le théoréme suivant [4].

Théoreme 28. (Branciari, 2002)
Soient (X,d) un espace métrique complet, ¢ € (0,1), ¢ : [0, +00) — [0, 4+00) localement intégrable
etT: X — X tels que :

s d(Tz,Ty) d(z,y)
/ (1) dt > 0, / o(t) dt < ¢ / (1) dt (62)
0 0 0

pour tout s > 0 et pour tous x,y € X. Alors, T admet un unique point fize.

Remarque. En prenant ¢ = 1, nous retrouvons bien le théoreme de Banach.
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La contraction de Branciari est une contraction de Meir-Keeler

Dans [21], T. Suzuki a prouvé que Théoreéme 28 est un cas particulier du Théoreme 25. Au-
trement dit, la contraction de Branciari est une contraction de Meir-Keeler. Sa démonstration est
basée sur le théoreme suivant.

Théoréme 29. (Suzuki, 2007)
Soient (X, d) un espace metrique et T : X — X une application donnée. Supposons qu’il existe une
fonction 0 : [0, +00) — [0, 400) vérifiant :

(a) 6(0) =0 et §(t) > 0 pour tout t > 0.

(b) 6 est croissante et continue a droite.

(¢) Pour tout € > 0, il existe 6(g) > 0 tel que :

O(d(z,y)) <e+d(e) = 0(d(Tz,Ty)) < ¢ (63)

pour tous x,y € X.
Alors, T satisfait la contraction de Meir-Keeler (54).

Démonstration. Fixons € > 0. Puisque 0(¢) > 0, par (c), il existe a > 0 tel que :
O(d(u,v)) < 8(e) +a=0(d(Tu,Tv)) < 6(e). (64)
Par la continuité a droite de 6, il existe 6 > 0 tel que :
O(e+6) <0(e) + a. (65)
Soient z,y € X tels que € < d(z,y) < & + 0. Comme 6 est croissante, par (65), nous avons :
O(d(z,y)) <0(e+9d) <0(e) + a.

Par (64), nous obtenons 0(d(Tx,Ty)) < 6(¢). Comme 6 est croissante, nous avons d(7T'z, Ty) < ¢,
et la contraction de Meir-Keeler est satisfaite.
[
Le résultat suivant est une conséquence immédiate du Théoreme 29. Il suffit de poser 0(s) =
s #(t) dt pour tout s > 0.

Corollaire 2. Soient (X,d) un espace metrique et T : X — X wune application donnée. Soit
@ : [0,400) = [0, +00) une fonction localement intégrable et vérifiant :

/0 ot) dt >0, Vs > 0. (66)

Supposons que pour tout € > 0, il existe () > 0 tel que :

d(z,y) d(Tz,Ty)
/ p(t) dt <e+0d(e) = / p(t) dt < e (67)
0 0

pour tous x,y € X. Alors, T satisfait la contraction de Meir-Keeler (54).

Corollaire 3. Supposons que toutes les hypotheses du Théoréme 28 sont vérifices. Alors, T satisfait
la contraction de Meir-Keeler (54).

1 —
Démonstration. 11 suffit de poser d(¢) = e (—C> pour tout € > 0. |
c

Remarque. D’apres Corollaire 3, Théoreme 28 est un corollaire du Théoreme 25.
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Contraction de type intégrale généralisant la contraction de Dass-Gupta [Article 13]

Dans [Article 13], nous avons établi un théoreme de point fixe avec une contraction de type
intégrale qui généralise le résultat de Dass-Gupta (voir Théoreme 27). Notre résultat est le suivant.

Théoréeme 30. Soient (X, d) un espace métrique complet, ¢ : [0,+00) — [0,4+00) localement
intégrable et T : X — X une application donnée. Posons :

1+d(z, Tx)

m(z,y) = d(y, Ty) T dz.y)

, Va,y e X.

Supposons que pour tous x,y € X, nous avons :

d(Txz,Ty) m(z,y) d(z,y)
/ o(t) dt < a / S(1) dt + 8 / o(t) dt. (68)
0 0 0

oo, >0, a+p8<1 et
/g&(t) dt >0, Ve > 0.
0

Alors, T admet un unique point fize & € X. De plus, pour tout x € X, la suite (T"x),en converge
vers .

Remarque. En prenant ¢ = 1, nous retrouvons bien le résultat du Théoreme 27.
Nous illustrons le théoreme ci-dessus par ’exemple suivant. Soit

1
X:{E—Fa\neN*}U{a},

ol a est un nombre réel fixé. L’ensemble X est muni de la distance standard d(z,y) = |x —y|. Nous
considérons 'application 7' : X — X définie par :

1 . 1

+a s1 xr=-—+4a,
Tr=4 n+1 n
a si z=a.

Dans ce cas, la contraction de Dass-Gupta (61) n’est pas vérifiée. En effet, si nous prenons x = %—l—a,
n € N* et y = a, nous obtenons :

1+d(x,Tx)

d(Tz,Ta) < ad(a,Ta) T+ d(.a)
T, a

+ pd(z,a), Vn € N*.

Par suite, nous avons :
n

n+1

Pour n — 400, nous obtenons la contradiction suivante : 1 < 3. Cependant, I’application 7" satisfait
(68) pour p(t) = t/t72(1 —Int) pour t > 0, (0) =0, B =1/2 et a € (0,1/2).

<3, Vn e N~

Contraction de type intégrale dans I’espace métrique de Branciari [Article 14]

Dans [3], A. Branciari a introduit la notion d’espace métrique généralisé. Il a généralisé le
théoreme du point fixe de Banach dans un tel espace.
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Définition 1. (Branciari, 2000)
Soient X un ensemble non vide et d : X x X — [0, +00) une application vérifiant :

(i) d(z,y) =0z =y.
(ii) d(z,y) = d(y,z) pour tous z,y € X.
(i1i) d(z,y) < d(z,w) + d(w, 2) + d(z,y) pour tous x,y € X, pour tous w, z € X\{z,y}, w # z.

Dans ce cas, lapplication d est appelée métrique généralisée sur X et le couple (X, d) est appelé
espace métrique généralisé (e.m.g).

Il est clair qu’'un espace métrique est un espace métrique généralisé. Le contraire n’est pas vrai
en général, comme le montre I’exemple suivant.
Ezemple. Soient X =R et a > 0. Posons d : X x X — [0, +00) l'application définie par :

0 si x=y,
d(z,y) =4 3a si zye{l2}x#y,
a si xouyd¢{l,2},x#y.

Il est facile de vérifier que (X, d) est un e.m.g. Par contre, (X, d) n’est pas un espace métrique.
Pour le vérifier, il suffit de remarquer que :

3a=4d(1,2) >d(1,3) +d(3,2) = a +a.

Définition 2. (Branciari, 2000)
Soient (X, d) un e.m.g, (Tn)nen une suite dans X et x € X.
e Nous disons que (x,)nen converge vers x par rapport a d si :

d(xp,x) — 0 quand n — +o0.
o Nous disons que (x,)nen est une suite de Cauchy dans (X,d) si :
d(xp, Tm) — 0 quand n,m — +00.

e Nous disons que (X, d) est complet, si toute suite de Cauchy dans (X,d) est convergente dans
X

Dans [Article 14], nous avons établi le résultat suivant.

Théoréme 31. Soient (X,d) un e.m.g complet, ¢ € (0,1), ¢ : [0,4+00) — [0,4+00) localement
intégrable et T : X — X tels que :

s d(Tz,Ty) d(z,y)
/ o(t) dt > 0, / @(t) dt < c/ o(t) dt (69)
0 0 0

pour tout s > 0 et pour tous x,y € X. Alors, T admet un unique point fize & € X. De plus, pour
tout z € X, d(T"x,&) — 0 quand n — +o0.

Nous illustrons le résultat ci-dessus par ’exemple suivant.
Ezxemple. Soit X = {1,2,3,4}. Nous posons d : X x X — [0, +00) application définie par :

d(1,2) = d(2,1)=3

d(2,3) = d(3,2)=d(1,3) =d(3,1) =1

d(1,4) = d(4,1) =d(2,4) = d(4,2) = d(3,4) = d(4,3) = 4.
d(1,1) = d(2,2) =d(3,3) = d(4,4) = 0.



Nous avons (X, d) est un e.m.g complet. Notons que (X, d) n’est pas un espace métrique standard
puisque :
3=d(1,2) > d(1,3) +d(3,2) =1+1=2.

Défnissons maintenant ’application T : X — X par :

Tx:{?’ si x#4,

1 si x=4.
L’application T vérifie (69) avec o(t) = €' et ¢ = e¢73. Ainsi, T admet un unique point fixe, qui est
£=3.
¢ Théoréeme du point fixe de Kannan dans un espace métrique cone
généralisé [Article 15]

Espace métrique de Huang-Zhang (Cone metric space)

Récemment, L. G. Huang et X. Zhang [11] ont introduit la notion d’espace métrique cone (cone
metric space), ot I’ensemble des nombres réels est remplacé par un espace de Banach partiellement
ordonné. Ils ont établi des théoremes de point fixe dans un tel espace.

Soit E un espace de Banach et P C FE. Le sous-ensemble P est dit un cone si :

(i) P est fermé, P # () et P # {0}.

(ii) ax + by € P pour tous z,y € P, pour tous a,b > 0.

(iii) PN (—=P)={0}.

Pour un cone donné P C FE, nous pouvons définir une relation d’ordre partiel < dans E par
rapport a P comme suit :

r<y&sy—xre P Ve,ye E.

Nous notons = < y pour dire que x < y et = # y. Nous notons x < y pour dire que y — x € intP,
ol int P désigne l'intérieur de P. Le cone P est dit normal, s’il existe une constante k£ > 0 telle que :

O0<z<y=lzlp <kllylls, Vo,yeE.

Dans ce cas, le réel k est appelé constante normale de P.
Dans la suite, nous supposons que E est un espace de Banach, P est un cone de E avec intP # ()
et < est une relation d’ordre partiel par rapport a P.

Définition 3. (Huang-Zhang, 2007)
Soit X un ensemble non vide. Supposons qu’une application d : X x X — E satisfait :

(i) 0 < d(x,y) pour tous x,y € X et d(z,y) =0z =y.

(i) d(z,y) = d(y,z) pour tous z,y € X.

(111) d(x,y) < d(x,z)+ d(z,y) pour tous x,y,z € X.
L’application d est appelée une métrique cone sur X et le couple (X, d) est appelé espace métrique
cone (cone metric space).
Ezemple. Soient E = R? P = {(z,y) € E|z >0,y > 0}, X = R et lapplication d : X x X — F
définie par :

d(z,y) = (lz — yl, elz — yl),

ol « est une constante positive. Alors, (X, d) est un espace métrique cone [11].
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Définition 4. (Huang-Zhang, 2007)
Soient (X, d) un espace métrique cone, x € X el (T,)nen une suite dans X. Alors,
o La suite (Tp)nen converge vers T si :

Ve>0,dN € N|d(z,,z) <c, Yn > N.
o La suite (z)nen est de Cauchy si :
Ve>0,3N e N|d(z,, xm) < ¢, Vn,m > N.
o (X,d) est complet si toute suite de Cauchy dans X est convergente.

Divers théoremes de point fixe ont été obtenu dans [11] dans un espace métrique come. Dans
tous ces résultats, le cone P est supposé normal. Juste apres, Sh. Rezapour et R. Hamlbarani [19]
ont obtenu des résultats plus forts. D’une part, ils ont remarqué qu’il n’existe aucun cone normal
avec une constante normale k£ < 1. Ce résultat est intéressant et il n’est pas difficile a vérifier. En
effet, supposons que P est un cone normal avec une constante normale k < 1. Soit x € P, x # 0.
Prenons 0 < e < 1 tel que k < 1 —¢. Alors, (1 —¢)x < z, ce qui nous donne 1 — ¢ < k, ce qui est
impossible. D’autre part, Sh. Rezapour et R. Hamlbarani ont obtenu les mémes résultats de L. G.
Huang et X. Zhang, mais en éliminant 'hypothese de normalité.

Les principaux résultats obtenus dans [19] sont donnés par le théoréme suivant.

Théoreme 32. (Rezapour-Hamlbarani, 2008)
Soient (X,d) un espace métrique come complet et T : X — X wune application vérifiant 'une des
conditions suivantes :

(i) d(Tz,Ty) < kd(z,y), Vx,y€ X, ke (0,1).
(ii)) d(Tz,Ty) < k(d(Tz,z)+d(Ty,y)), Ve,ye X, ke (0,1/2).
(i) d(Tz,Ty) < k(d(Tz,y)+d(z,Ty)), Yo,y e X, ke (0,1/2).

Alors, T admet un unique point fize £ € X. De plus, pour tout x € X, la suite (T"x),en converge
vers &.

Espace métrique cone généralisé (Cone rectangular metric space)

En s’inspirant de l'idée de A. Branciari [3], A. Azam, M. Arshad et I. Beg [1] ont introduit la
notion d’espace métrique cone généralisé (cone rectangular metric space), ou I'inégalité triangulaire
est remplacée par une inégalité rectangulaire.

Soient F un espace de Banach, P un cone de FE avec intP # () et < une relation d’ordre partiel
par rapport a P.

Définition 5. (Azam-Arshad-Beg, 2009)
Soit X un ensemble non vide. Supposons qu’une application d : X x X — E satisfait :
(i) 0 < d(x,y) pour tous x,y € X et d(z,y) =0z =y.
(ii) d(x,y) = d(y,x) pour tous z,y € X.
(111) d(z,y) < d(z,w) + d(w, z) + d(z,y) pour tous x,y € X, pour tous w,z € X\{z,y}, w # z.
L’application d est appelée une métrique cone généralisée sur X et le couple (X, d) est appelé espace

métrique cone généralisé (cone rectangular metric space).

Dans [1], le résultat suivant a été établi.
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Théoréme 33. (Azam-Arshad-Beg, 2009)
Soient (X,d) un espace métrique cone généralisé complet, P un cone normal et T : X — X une
application vérifiant :

d(Tz, Ty) < Md(z,y), Vo,y € X,

ou A € (0,1). Alors, T admet un unique point fize & € X. De plus, pour tout x € X, la suite
(T"2)nen converge vers &.

Extension du théoréme de Kannan [Article 15]

Dans ce travail, contrairement au cas d’un espace métrique cone, nous avons montré qu’une
suite convergente dans un espace métrique cone généralisé n’admet pas nécessairement une unique
limite. Voici un exemple qui illustre notre remarque.

Nous prenons E = R et P = [0,4+00). Soient (z,)nen+ une suite dans Q, a,b € R\Q, a # b.
Nous posons X = {xy,z9, -+ , 2, -+ } U{a,b} et d: X x X — F 'application définie par :

(d(z,z) = 0, Vz e X,
dz,y) = d(y,x), Yo,y € X,
d(xp, tm) = 1, Vn,m € N* n#m,
d(x,,b) = 1/n, ¥Yn € N*
d(x,,a) = 1/n, ¥n € N*

| d(a,b) = 1.

Remarquons que (X, d) n’est pas un espace métrique cone puisque l'inégalité triangulaire n’est pas
satisfaite :

L= d(x27$3) > d($2,@) + d(a, .733) = g

Cependant, (X,d) est un espace métrique cone généralisé. Comme d(x,,a) = 1/n — 0 quand
n — 400, alors (z,),en+ converge vers a dans (X, d). De méme, comme d(z,,b) =1/n — 0 quand
n — 400, alors (2, )nen+ converge vers b # a dans (X, d). Remarquons aussi que la suite convergente
(n)nen+ n'est pas de Cauchy dans (X, d) puisque d(z,, z,,) = 1 pour tous n,m € N*, n # m.

Nous avons aussi montré que le fameux théoreme de Kannan [13] reste vrai si nous travaillons
dans un espace métrique cone généralisé.

Théoreme 34. Soient (X, d) un espace métrique cone généralisé complet, P un céne normal et
T : X — X une application vérifiant :

d(Tz,Ty) < a(d(Tz,x) +d(Ty,y)), Yr,y € X, (70)

ot a € (0,1/2) est une constante donnée. Alors, T admet un unique point fize & € X. De plus,
pour tout x € X, la suite (T"x)pen converge vers &.

Nous illustrons ce résultat par ’exemple suivant.
Ezemple. Soient £ = Cet P = {z+iy|z,y € R,x,y > 0}. Posons X = {1,2,3,4} et d: XxX — F
I’application définie par :

d(z,z) = 0

d(1,2) = d(2,1)=3+9

d(2,3) = d(3,2) =d(1,3) =d(3,1) = 1 + 3i

d(1,4) = d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = 4 + 12i.
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Nous avons (X, d) un espace métrique cone généralisé complet mais non un espace métrique cone :
349 =d(1,2) > d(1,3) +d(3,2) = 2 + 6i.

Maintenant, considérons ’application 7" : X — X définie par :

Tx:{?) si x # 4,

1 si x=4.
Nous remarquons que 'application 1" n’est pas contractante au sens standard :
T4 —T2|=2=4-2|.

Cependant, 'hypothese (70) est satisfaite pour o = 1/3. Par Théoréeme (34), 7" admet un unique
point fixe, qui est £ = 3.
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The topological asymptotic for the Helmholtz equation
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THE TOPOLOGICAL ASYMPTOTIC FOR THE HELMHOLTZ
EQUATION*

BESSEM SAMETT, SAMUEL AMSTUTZ', AND MOHAMED MASMOUDI'

Abstract. The aim of the topological sensitivity analysis is to obtain an asymptotic expansion
of a functional with respect to the creation of a small hole in the domain. In this paper such an
expansion is obtained for the Helmholtz equation with a Dirichlet condition on the boundary of a
circular hole. Some applications of this work to waveguide optimization are presented.

Key words. topological optimization, shape optimization, topological gradient, topological
asymptotic, Helmholtz equation, waveguides, adjoint equation
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1. Introduction. Classical shape optimization methods are based on the per-
turbation of the boundary of the initial shape. The initial and the final shapes have
the same topology. The aim of topological optimization is to find an optimal shape
without any a priori assumption about the topology of the structure. Many important
contributions in this field are concerned with structural mechanics and, in particular,
the minimization of the compliance (external work) subject to a volume constraint.
In view of the fact that the optimal structure generally has a large number of small
holes, most authors [3, 5, 15] have considered composite material optimization. Using
the homogenization theory, Allaire and Kohn [3] exhibit a class of laminated materi-
als with an explicit expression for the optimal material at any point of the structure.
The range of application of this approach is quite restricted. For this reason, global
optimization techniques like genetic algorithms and simulated annealing are used in
order to solve more general problems [26]. Unfortunately, these methods are very
slow.

The topological gradient has been introduced by Schumacher [27] to minimize
a cost function j(Q) = J(Q,uq), where uq is the solution to a PDE defined in the
domain 2. The idea is to create a spherical hole B(z,¢) of radius € around a point
z in ). Generally, an asymptotic expansion of the function j can be obtained in the
following form:

(1.1) J(Q\ B(z,¢)) = j(Q) = f(e)g(x) + o(f ()

The function f(g) is positive and tends to zero with . We call this expansion the
topological asymptotic. To minimize the criterion, we have to create holes where
g is negative. The optimality condition g > 0 in 2 is exactly what Buttazzo and
Dal Maso [6] have obtained for the Laplace equation, using a relaxed formulation.
The topological gradient g(z) has been computed by Schumacher [27] in the case
of compliance minimization with Neumann condition on the boundary of the hole.
In the same context, Sokolowski [25] gave some mathematical justifications in the

*Received by the editors April 30, 2002; accepted for publication (in revised form) April 2, 2003;
published electronically November 6, 2003.
http://www.siam.org/journals/sicon/42-5/40680.html
TUFR MIG, Université Paul Sabatier and CNRS UMR 5640 MIP, 118 route de Narbonne 31062
Toulouse Cedex 4, France (samet@mip.ups-tlse.fr, amstutz@mip.ups-tlse.fr, masmoudi@mip.ups-
tlse.fr).
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plane stress case and generalized it to various cost functions. A topological sensitivity
framework using an adaptation of the adjoint method and a truncation technique has
been introduced in [16] in the case of an homogeneous Dirichlet condition imposed on
the boundary of a circular hole. The fundamental property of the adjoint technique is
to provide the variation of a function with respect to a parameter by using a solution
uq and an adjoint state po which do not depend on the chosen parameter. From the
numerical viewpoint, only two systems have to be solved for obtaining g(z) for all
x € Q. This observation leads to very efficient numerical algorithms. In [10, 11, 12],
the topological sensitivity has been obtained in the contexts of linear elasticity, the
Poisson equation, and the Stokes problem with general shape functions and arbitrary
shaped holes. These publications are concerned with PDE operators whose symbols
are homogeneous polynomials.
In this paper, we are interested in the differential operator

2

pP= & k2
’Zax-QJr ,

i=1 g

whose symbol is not homogenous. First, an adaptation of the adjoint method to
the topological context is proposed in section 2 for the operator P. Next, a wave-
guide problem, the truncation method, and the explicit expression of the topological
asymptotic are presented in section 3. Finally, an optimization algorithm and some
applications of the topological gradient to waveguide optimization are given in sec-
tion 4. This work was done in collaboration with Alcatel Space Industries.

2. A generalized adjoint method. In this section, the adjoint method is
adapted to topological optimization. Let V be a fixed complex Hilbert space. For
€ >0, let ac(.,.) be a sesquilinear and continuous form on V and I. be a semilinear
and continuous form on V. We consider the following assumptions.

Hypothesis 1. There exists a sesquilinear and continuous form 6,, a semilinear
and continuous form §;, and a real function f(¢) > 0 defined on R*; such that

(2.1) lim (<) =0,
(2.2) e — a0 — F(balleavy = o(F(0)),
(2.3) e — o — £l = olf()),

where L(V) (respectively, £5(V)) denotes the space of continuous and semilinear (re-
spectively, sesquilinear) forms on V.
Hypothesis 2. There exists a constant a > 0 such that

nf sup 12001
u7#0 y=£0 lullvlv]ly

We say that ag satisfies the inf-sup condition.
According to (2.2), there exists a constant 5 > 0 (independent of ¢) such that

inf sup 7|a5 (u, v)]

>3 Ve>0.
w0 20 [[ullvv][v

For € > 0, we suppose that the following problem has one solution: find u. € V such
that

(2.4) ae (e, v) = lc(v) Yv e V.
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According to Hypothesis 2, this solution is unique. We have the following lemma.
LeEMMA 2.1. If Hypotheses 1 and 2 are satisfied, then

l[ue = uollv = O(f(€))-
Proof. Tt follows from Hypothesis 2 that there exists v. € V,v. # 0, such that
5”“’6 - UO”V”vsHV < ‘as(us - u03v8)|3
which implies
Bllue = uollvllvellv
< ‘as('UJOvUE) - le(ve)|
= lac(uo,ve) — (le —lo — f(€)81)(ve) — lo(ve) — f(€)bi(ve)]
= ‘(aE(MO’UE) - G'O(an Ua)) - (le —lo— f(E)(S[)(UE) - f(g)él(vsﬂ
< lac(uo, ve) — ao(uo, ve) — f(€)da(uo, ve)| + [le(ve) — lo(ve) — f(€)di(ve)
+ f(e)([6a(uo, ve)| + [61(ve)])-
Using Hypothesis 1, we obtain
Bllue = uollvllvelly, < (o(f(€)) + (&) (1ball o) lwolly + éillevy)) llvellv. O
Consider now a cost function j(g) = J(u.), where the functional J satisfies
(2.5) J(u+h) = J(u) + R(Ly(h)) + o(||h|lv) Yu,h € V.

Here, L, is a linear and continuous form on V. We suppose that the following problem
has a unique solution pg, called the adjoint state: find pg € V such that

(2.6) aop(v,po) = — Ly, (v) Yv e V.
For € > 0, we define the Lagrangian operator L. by
Le(u,v) = J(u) + ac(u,v) — l(v) Yu,v € V.

The next theorem gives the asymptotic expansion of j(e).
THEOREM 2.2. If Hypotheses 1 and 2 are satisfied, then

(2.7) j(e) = 3(0) = f(&)R(6£(uo, po)) + o(f(€)),

where ug is the solution to (2.4) with € = 0, pg is the adjoint state solution to prob-
lem (2.6), and

b (u,v) = 84 (u,v) — 6 (v) Yu,v e V.

Proof. We have that
j(e) = Le(ue,v) Ve >0, Yve.
Next, choosing v = py, we obtain

J(e) = 3(0) = L. (ue, po) — Lo(uo,po)
= J(ue) — J(uo) + ac(ue,po) — ao(uo, po) + lo(po) — l(po)
= J(ue) — J(uo) + R(ac(ue, po) — ao(uo,po)) — R(le(po) — lo(po))
= J(ue) — J(ug) + RN(ac(ue, po) — ao(ue, po) + ao(ue — uo, po))

—R(le(po) — lo(po) — f(€)é1(po)) — f(€)R(1(po))-
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Using (2.5), we have that
J(ue) = J(uo) = R(Lug (ue —uo)) + o([us — uollv)-

Hence,

j(e) —34(0)
= R(ac(ue,po) — ao(ue, po)) + R(ao(ue — o, po) + Ly (ue — o)) + o(|Jue — uollv)
—R(l(po) — lo(po) — f(€)éi(po)) — f(e)R(81(po))-

Using that pg is the adjoint solution, we obtain

J(e) = j(0) = R(ac(ue, po) — ao(ue, po)) + o(|Jus — uolly)
—R(l(po) = lo(po) — f(€)éi(po)) — f(e)R(81(po))
= R((a: — ao)(uo,po)) + R((az — ao)(us — uo,po)) + o(|lue — uol|v)
—R(l(po) — lo(po) — f(€)d1(po)) — f(e)R(é1(po))-

It follows from Hypothesis 1 that

(&) = 3(0) = f(e)R(8a(uo, po)) +o(f (€))+f(€)R(ba(uc — o, o)) + o(f(€))llue — uollv
Fo(llue —uollv) — f(£)R(6:(po))-

Finally, from Lemma 2.1 and the hypothesis lim._q f(¢) = 0, we have

J(e) = 4(0) + f(e)R(a(u0,P0) — d1(po)) + o(f(e)),

since é, is continuous by assumption. 0

3. A waveguide problem. In this section, we study a problem of a waveguide
as a component of a spatial antenna feeding system. Because the waveguide O has
a uniform thickness, O = Qx]a,b[, @ C R? and the electric field has a vertical
polarization (normal to §2), the three-dimensional problem can be reduced to a two-
dimensional problem in €2, called the H-plane model. We assume that €2 is a domain
of R? with a regular boundary I' = Ty UT'; U---UT'y, N € N*. We denote by uq the
normal component to €2 of the electric field. It is a solution to the Helmholtz problem:

Aug+kuqg =0 1inQ,
(31) uQ =0 on PO?
Ohuq —ikug =h; only,j=1,2,...,N,

where Onuq is the normal derivative of uq, k € {k € C*/¥(k) > 0}, and h; €

HOZO( j) for all j € {1,2,...,N}. The first boundary condition means that I'y is a
perfect metallic surface. When h; = 0, the last equation is an approximate absorbing
boundary condition (the normal incident plane waves are completely absorbed). When
hj # 0, it is a transmission condition. We prove in section 5.1 that problem (3.1) has
one and only one solution in the Hilbert space

(3.2) Vo ={uc H(Q),u=0on Iy}

Here and in the following, all the Sobolev spaces involve complex-valued functions.
For a given x € Q, let us consider the perforated open set 2. = Q\B(z,¢), where
x is a point of © and B(z,¢) is the ball of center x and of radius £ (see Figure 1). We
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Fic. 1. The initial domain and the same domain after the perforation.

assume that € > 0 is small enough, and we denote ¥, = 0B(z,¢). Our aim is to get
the sensitivity analysis of uq_, being the unique solution (see section 5.1) to

Aug, + k*ug. =0 in Q.
uQ, =0 on /Iy,
UuQ, =0 on X,
Onuq, —tkug, =h; only,j=1,2,...,N,

(3.3)

with respect to € at € = 0. The solution of problem (3.3) is defined on the variable
open set (2.; thus it belongs to a functional space which depends on €. Hence, if we
want to derive the asymptotic expansion of a function of the form

(3.4) j(e) = J(ug.),

we cannot apply directly the tools of section 2, which require a fixed functional space.
In classical shape optimization, this requirement can be satisfied with the help of
a domain parameterization technique [13, 20, 17]. This technique involves a fixed
domain and a bi-Lipshitz map between this domain and the modified one. In the
topology optimization context, such a map does not exist between 2 and €2.. However,
a functional space independent of € can be constructed by using a domain truncation
technique.

3.1. The domain truncation. Let R > ¢ be such that the ball B(z, R) is
included in . The boundary of B(x, R) is denoted by Y. The truncated domain
O\B(x, R) is denoted by Qg, and D, denotes the corona B(z, R)\B(xz,¢) (see Fig-
ure 2).

For a U € H2(Xg), we consider uS, the solution to the problem
Aug, +k?ug, =0 in D,
(3.5) ugy =" onXg,
Uy =0 onkX;

and the Dirichlet-to- Neumann operator

Ts: HY?(SRp) — H=1Y2(2p),
v — T°V = Vug.ns,,
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Fic. 2. The truncated domain.

where 1|5, denotes the outward normal to the boundary ¥g. Using the Poincaré
inequality, we obtain that, for ¢ < R < (v/2|k|)~!, problem (3.5) is coercive. Hence
it has one and only one solution.

We consider the truncated problem: find u. such that

Au. +k*>u. =0 in Qp,
Ue =0 on Iy,
Optte + T¢u, =0 on g,
Opue —ikue =h; onTj,j=1,2,...,N.

(3.6)

The variational formulation associated to problem (3.6) is the following: find u. € Vg
such that

(3.7) ac(ue,v) = 1(v) Vv € Vg,

where the functional space Vg, the sesquilinear form a., and the semilinear form [ are
defined by

(3.8) Ve ={u € H' (Qr),u=0on Ty},

(3.9) as(u,v) = Vu.Vvdr — k? uvdx + / (T u)vdy(x)
Qr Qr Zr

N
(3.10) —ik Z /F uv dy(z),

N
(3.11) 1) =Y /F hyudn(e).

Here, Vu.Vv = 2?21 g—;% and dy(z) is the Lebesgue measure on the boundary.
The following result is standard in PDE theory.

PROPOSITION 3.1. Problem (3.6) has one and only one solution in Vg which is
the restriction to Qg of the solution to (3.3).

Proof. Existence: Applying the definition of T¢, we prove that the restriction to
Qp of the solution to (3.3) is a solution to (3.6).
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Uniqueness: Any solution u to problem (3.6) can be extended in Q. to the solution
to problem (3.3): we use the solution ug to (3.5) with ¥ = uy . d

We have now at our disposal the fixed Hilbert space Vg required by section 2.
We assume that the function J is defined in a neighbor part of I'. Then we have

(3.12) jle) = J(uq,) = J(ue) Ve > 0.

3.2. Variation of the sesquilinear form. The variation of the sesquilinear
form a. — ag reads

(3.13) ac(u,v) — agp(u,v) = / (T° = T%)u) vdy(z).
Zr
Hence, the problem reduces to the computation of (7° — T°)¥ for ¥ = US k-
We have the following proposition.
PROPOSITION 3.2. The solution u§, to problem (3.5) and the operator T¢ are
given by the explicit expressions:

- B In(kr)Yy(ke) — Jn(ke) Y, (kr)
wy(r6) =3 Tn(kR) Y, (k2) — Yy (KR) Jp (ke)

ql} ein@
n

ne”Z

and

J! (kR)Y,(ke) — Jn(ke)Y,! (kR) ind
3.14 T =k L ' n S
(3:14) v géiLLAkfn}@(ka)-y;(kE»J;(ka)¢"6 ’
where (r,0) are the polar coordinates in R?, (V) are the Fourier coefficients of ¥,
and (J,) and (Yy) are, respectively, the Bessel functions of the first and the second
kind.
Proof. We have in polar coordinates

g, (r,0) = Z cn(r)ei™?,

neZ

where ¢, (r) satisfies the differential equation:

e, | ldey < , n?

d’r‘2 ; dr k* — 7"2> Cn(T') =0 Vn € Z,

and thus ¢, is a linear combination of J,, and Y,, Bessel functions:
en(r) = anJy(kr) + 0, Y, (kr) Vn € Z.

Using the boundary conditions, we obtain

Y, (ke)

B —Jn(ke)
T Jn(ER)Yn(ke) — Yo (kR)Jn(ke)

= Tn(kR)Y, (k&) — Yo (kR)Jn (k)

Gn

wna bn

Y. O

In particular, for € = 0 we have the following proposition.
PROPOSITION 3.3. The solution uy, and the operator T® are given by the explicit
exTPressions

In(kr) -
0 _ n ind
uw(T? 9) - T% Jn(kR) wne
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and

(3.15)

’I’Le K
— Ju(kR)

where u, is the solution to (3.5) for e = 0.
For ¥ € H*(XR), let

(3.16) 1Dl 5, =D [¥nl?(1 + [n])?

ne”Z

be the norm of V¥ in this space. The so defined norm is equivalent to the usual norm
of H%(XR). We introduce the operator:

op: HY?(RR) — H~Y2(2R),

] — OV = Ug.

1
RIZ(kR)

We have the following lemma.
LEMMA 3.4. We have that

‘ ~1

T8 —T° — —§
log(e) "
Proof. Let U € H2(Xg). Using the series (3.14) and (3.15), we obtain

-1
o)
E(Hl/Q(ER);H—l/Q(ER)) IOg(E)

In(KR)Yn (ke) — Ju(ke)Y, (KR) =~ inp _ In(kR) ~ ino

(r er Tu bRV (h2) — Yo (6) Ju ) " YT 0R)
_ 7/1( ) n<k5 ( ) I(kR) ezn@_ J;L(kR) einQ

IR D A AT B AR AT AL D w7
HEROE) - YoUROE) ko)
2 0-

J2(kR

~—

J (kR)Yo(ké‘) — Yo(kR)J()(k'E)
We have that [1]
Yo(kR)Jo(kR) — Yo(kR)Jo(kR) _ W{Jo(kR), Yo(kR)}

J5 (kR) a J5 (kR)
-2
~ 7kR J2(kR)’

where W is the Wronskian. Then

) Ju(ke)Ya(kR) J(kR) YiRR)
e kgz: V() Tu (bR — Ya (bR 2) (Jn(kamkR))w"e 0

2 Jo(k‘E)Jo(k?R)
7 Jo(kR)Yy(ke) — Yo(kR)Jo(ke) RIZ(kR)

(3.17) o

We have the following formula [1]:

(3.18) Yo (ke) = % (log (k;) + 'y) To(ke) + eale),
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where v denotes Euler’s constant and «(e) — 0 when ¢ — 0. We insert (3.18) into
(3.17):

(T¢ —T0) = eR. U +

-1 M -1
og(@) (1 " fog® “9(5)> ot

where M is a constant independent of €, §(¢) — 0 when ¢ — 0 and

In(ke)Yn(kR) Jn(kR) Y, (kR) in
(548 - )

k
= n%z: & Ya(ke) Ju(kR) = Yu(kR)Ju(ke) \Ja(kR) ~ Ya(kR)

Then

Yo.

(77 =1~ gyt ) ¥ = ehev + o) <log<1€>>2 R

log(e)
Using (3.16), we have

L i

IR 2y, = 305

nez*

Jn(ke)Yn(kR)
Y, (ke)Jp(kR) — Yy, (kR)Jn (ke)

2

Ja W) L1l

n(kR)(1+n])  Yau(kR)(1+[n|)

Let us prove that there exists a constant ¢ > 0 (independent of ¥ and &) such that
forall 0 < e <egp < R,

IRt |y el ¥l

3iZR"
We have [1]
1 J/(kR) 1 Jot1(ER) n 1

1+|n| Jo(kR) ~ 1+|n| Jo(kR) ' 1+ |n|kR

and for n — oo

Jn(2) ~ (2mn) " (3)"

2n
Then
. 1 Jup1(ER)
] =0
noo 1+ |n| Jn(kR)
and
1 J.(kR)
n < Vn € Z*.
‘Hnun(kR)‘—c "

Here and in what follows, ¢ is a positive constant independent of the data (e.g., of €
and n). Similarly, we have

‘ 1 Y/(kR)

- < A 7*.
1+n|Yn<kR>‘—c e
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Hence,
J! (kR) Y. (kR)
n — n <c¢ VneZ.
T.kR)A +[n]) ~ YukR)A+[n)| = "
We denote
fule) = 1 In(ke)Y, (ER)
" e | Ya(ke) Jn(ER) — Yo (ER)J, (ke) |
We have also
fa(e) = eu(kR)Ya(ke) |7
" T (ke) Y, (ER)
We show in section 5.3 that there exist ng and ¢ such that
Jo (kR R\"!
(3.19) '5 Jn((ks)) >c <€> Vn > ng, Ve <egg
and
Y, (ke R\"
(3.20) Yn((kR)) >c (5) Vn > ng, Ve < eg.

Using (3.19) and (3.20), we obtain

Vn > ng, Ve <egg

eYy, (ke)Jn(kR) <
Jn(ke)Y, (kR) ‘ -

and
fale) <c  VYn>ng, Ve<eo.
For p € {1,2,...,n9 — 1}, we have f,(¢) — 0 when ¢ — 0. Then
fae) <c VneZ*, Ve<e.
Hence
IRl 15, <cll ¥ llm, Vo €H?(Sg).

This completes the proof. 0
From this lemma we obtain the following proposition.
PROPOSITION 3.5. Let 6, be the sesquilinear and continuous form defined on Vg

by
umean W
0 = —
ol 0) = e TR’
where u" and v denote, respectively, the mean values of u and v on Xr. We
have

a:(u,p) — ao(u,p) — lo_gz(;(s‘l(“’p)‘ . (1 _

) lulbalblle € Ve
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3.3. The asymptotic expansion. We prove in section 5.2 that the sesquilinear

form ag satisfies Hypothesis 2 (inf-sup condition).
The adjoint problem is the following: find po € Vg such that

N
(3.21) /(Vv.VpQ — k*vpg) dx — ZkZ/ vpq dy(z) = —Ly,(v) Yv € Vq.
Q j=1"1

1
This problem has one and only one solution (see section 5.1). If L,, € HZ(Ty)',
m € {1,2,..., N}, the strong formulation of problem (3.21) is

Apa + E2PQ =0 in Q,
=0 on I’
3.22 P _ 0
(3.22) Onpa +ikpo = —Lyu, on Dy,
Onpa +ikpa =0 onTy,je€{1,2,...,N}\{m}.

Hence, all the assumptions of section 2 are satisfied and we can apply the adjoint
method. Then we have the following theorem.
THEOREM 3.6. The function j has the following asymptotic expansion:

-2

() —34(0) = log(g)%(uﬂ(ﬂ?)%(x)) to (10;(15)) '

Proof. Using Theorem 2.2, we obtain

—2m

](6) - .7(0) = 10g(€)

R(6a (110, p0)) + 0 (10;(15)> ,

where ug is the solution to (3.7) for € = 0 and py is the solution to the adjoint problem
(3.23) ag(v,po) = — Ly, (v) Yv € Vg.

As observed in Proposition 3.1, ug is the restriction to Qg of ug. Let us prove that
the same property holds for py and pg. For v € Vg, we denote by pr and vy the
restriction of po and v to 2. On the one hand, we have

(3.24)

N
/ (Vo.Vpg — k*vbg) dx — ik Z/ vpg dy(x)
) =
[— N [—
= / (Vur.Vpr — k*vrpr) do — sz/ vrPR dy(x) + / (Vo.Vpq — k*vpg) dv
Q r, D
R j=1 j 0

N
Z/ (Vor.-Vpr — k*vrPr) dﬁﬂ—ik’Z/ vRPR dY () +/ (T°vr)Pr dy(z)
Qr j=1 F]‘ Yr

= aO(URupR)~

On the other hand, due to the fact that J is defined in a neighbor part of I', we have
that J(u) = J(ug) for all u € V. Hence

(3.25) Ly, (v) = Ly, (vR).
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Then, gathering (3.24), (3.21), and (3.25), we obtain

ao(vr,PR) = —Lu, (VR) Vugr € Vg,

which proves that pg is the solution to (3.23). Then pq is the restriction to Qg of
pa. It remains to prove that o, (uoj,,Poja,) = ue(r).pa(r). Using that ug is the
solution to the Helmholtz equation in the ball B(z, R), we obtain

Jo(kR)’

Similarly, we have

mean
pQ\ER

Pa(z) = m-

Hence
6a(u0,P0) = ba(uig,P2j0,)
= ug(z)pa ().
This completes the proof. ]
Then the topological gradient is
g = R(uapa).

4. Numerical results.

4.1. T-shaped waveguide. We use the topological gradient to design an H-
plane T-shaped waveguide. The geometric constraints are shown in Figure 3(a). The
input I'y is excited by the TE10 mode (see the second boundary condition of (4.1)):
the excitation is given by

Ue(y) = cos (%y) Yy e I'y.

We follow the two ideas [22]:

e the initial guess is the free space;

e instead of minimizing the reflected energy, we maximize the transmitted en-

ergy on I'y and I's.

At the beginning, only the input and output channels have metallic boundaries. In
order to use the finite element method, the design domain is delimited by a fictitious
boundary T’y on which an absorbing condition is imposed (see Figure 3(b)). The
problem is modelized as follows:

Au+Kku =0 in Q,

U =0 on I'y,
(4.1) Opu —ik'u = Opue —ik'u, on T,

Opu —tk'u =0 on I'y,I's,

Opu—iku =0 on I'y,

where k2 = k2 + g—j, d being the length of I'y. The perfect conduction on the
metallic boundary leads to the first boundary condition v = 0 on I'y. The third
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boundary condition prevents reflections on I's, I's. The last equation is an approximate
absorbing boundary condition. Here and in the following, we take k = 10.
The cost function to maximize is

J(u) = [S12(w)]* + [S13(u)|?,

where S1;(u) is given by

x .
S1j(u) :/F u|r; €os (%) dz, je{2,3}.

J

The adjoint state is the solution to

Ap+k*p =0 in Q,
p =0 on Iy,
3n]3 - Zk/ﬁ =0 on Fl,
(4.2) Onp —ik'p = —2S512(u) cos (%) on I'y,
Onp —ik'p = —2S13(u)cos (Z£)  on I,
Onp—ikp =0 on I'y.

Then the topological gradient is g = R(up) (see Figure 4(b)). We are interested in
the relative loss of energy

E. — (Ey + E3)(u)

O

where E, is the entering energy and E;(u) is the outgoing energy through I';, j €
{2,3}.

We present here the topological optimization procedure. The underlying idea is
the following: in the fth step of the process, if T is such that the topological gradient
is higher than a certain value t;, we insert at this point a Dirichlet node (metal).
The constant t, is chosen by the user, which allows him to take into account other
constraints, for example the feasibility. The process is stopped when the topological
gradient is everywhere negative in the design domain or when the shape suits the
designer. The algorithm is as follows.

e Initialization: choose the initial domain €y, and set £ = 0. The domain
Q is meshed and it is identified with the set of the nodes: Qo = {zy, k €
{1,2,...,n}}. The grid is fixed during the process.

e Repeat:

1. compute uy, py the direct and adjoint solutions in the domain 2y,
2. compute the topological gradient gp = R(uspy),

3. set Q1 = Qo\{zk, ge(zr) > try1},

4. 0 — 0 +1.

Figure 4 shows the isovalues of |u| and the topological gradient for the initial
geometry. In this case, 94.4% of the energy is lost. After two iterations, the loss is
reduced to 2.02% (see Figure 5) and the topological gradient is everywhere negative.
The last step consists of smoothing the boundary of the domain by inserting some
metal where |u is close to zero. The loss of energy of this waveguide is equal to 1.5%
(see Figure 6). The convergence history is given by Figure 7.

4.2. L-shaped waveguide. Here, we use the topological gradient like a decision
help system to build a junction between two rectangular waveguides. The initial
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F1G. 3. The initial geometry (a) and the design domain (b).

F1G. 5. Modulus of the electric fields obtained after a first iteration (a) and after two iterations

(b)-

geometry and the design domain are given by Figure 8. The cost function to maximize
is

J(u) = |Sia(u)]*.

Figure 9(a) shows the isovalues of |u| for the initial geometry. In this case, 95.43%
of the energy is lost. We observe that the topological gradient is high on a quarter
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Fic. 6. Final geometry.
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F1G. 8. The initial geometry (a) and the design domain (b).

of circle where we decide to put metal (see Figure 9(b)). The loss of energy of the
obtained waveguide is now equal to 0.34% (see Figure 10).

4.3. U-shaped waveguide. Here, the initial guess is a metallic cavity. The
geometry of the waveguide is shown in Figure 11. The cost function to maximize is

J(u) = |S1a(u)?.
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F1G. 10. Final geometry (a) and modulus of the electric field (b).

o
osf

excitation r
osf 0
T

| metallic boundary o
u=0

-02f \
-04f ’—— r,

maximum energy
ok

1

1 S S S S S S
=2 -18 -16 -14 -12 -1 -08 -06 -04 -02 0 02 04 06 08 1

Fic. 11. Geometry of the initial guide.

Figure 12(a) shows the isovalues of |u| for the initial geometry. In this case,
88.45% of the energy is reflected. There are three local maximas of the topological
gradient (see Figure 12(b)). At each local maxima, we introduce a pointwise Dirichlet
condition (a metallic plot). The new energy distribution is shown in Figure 13(a).
The loss of energy is now equal to 39.19%. A new analysis is performed: after the
introduction of another metallic plot, we obtain the design of Figure 13(b). The
objective is fulfilled; the loss of energy is equal to 0.7%. For feasibility reasons, we
decide not to insert additional plots.
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F1G. 13. Modulus of the electric fields obtained after a first iteration (a) and after two iterations

(b).

5. Appendix.

5.1. Existence and uniqueness of the solution. Here we establish the ex-
istence and uniqueness of the solution to problem (3.1). Replacing Q with Q, the
argumentation would be the same for problem (3.3). Without any loss of generality,
we suppose here that N = 1. The variational form of problem (3.1) is the following:
find u € Vg satisfying

(5.1) a(u,v) =1l(v) Yv € Vg,

where the functional space Vg, the sesquilinear form a, and the semilinear form [ are
defined by

Vo ={ve H(Q),v=0o0nTo},

a(u,v) = /Q(VUW — k*uv) dx — ik g v dry(z),

i) = [ goar(a).
We split @ in the following form:
(5.2) a(u,v) = blu,v) + c(u,v),
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where b and ¢ are defined by

(5.3) b(u,v) = /Q(VU.W—&— uv) dz,
(5.4) c(u,v) = —(1+ kz)/ wodr —ik | uvdy(x).
Q r,

We recall the following result which is a consequence of the Lax—Milgram theorem.
LEMMA 5.1. For all f € V{,, there exists a unique uy € Vo such that

b(ufv ’U) = <fa rU>VS'7,VQ'

The operator f +— uy is continuous from V¢, to Vq.

We define
C: Vo — Vo,
v +— Cu
such that
(5.5) b(Cu,v) + c(u,v) =0 Yov € Vq.

We have the following lemma.
LEMMA 5.2. The operator C is compact.
Proof. By Lemma 5.1, it suffices to prove that the operator

ur— c(u,.)

from Vq to V, is compact. Let (u;) be a sequence bounded in Vq. The imbeddings

Vo — L*(Q) and HO%O(Fl) — L?(T'y) are compact; then there exists a subsequence
always denoted by (u;) such that

u; — wy in L*(Q)
and
You; — ws in LQ(Fl).
Then
c(ug,.) — L2 in Vg,

where ;2 is defined by

<lzﬁf’v>%,vn =—(1+ kg)/gwﬁdm - Zk/r wot dry(z) Vv € Vq.

1

Hence the operator C is compact. O
Using (5.5), problem (5.1) can be written as follows: find u € Vg such that

(5.6) b((I —Cu,v) =1(v) Yv e Vq.

We have the following lemma.
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LEMMA 5.3. Fork € {k € C*/(k) > 0}, the following problem has no nontrivial
solution: find u € Vo such that

(5.7) a(u,v) =0 Yv € Vq.
Proof. Let u be a solution to problem (5.7). For v = u, we have
a(u,u) = 0.

Then
(5.8) /|Vu|2dx—k2/ uf?de =k | Juf? dy(2) = 0

By writing k = k; + iko, where (k1, ko) € R? and using (5.8), we obtain

(5.9) /|vu|2dx—<k§—k;§)/ |u\2dx+k2/ 2 dy () =
Q Q ry
and
(5.10) ful? dy(x )—|—2k:1k2/ luf?2 dz = 0.
Iy

Two cases can arise:
e First case: ko > 0. If ky = 0, using (5.9) we obtain

/|vu|2dx+k§/ |u\2dm+k2/ (uf2 dr(z) = 0.
Q Q Iy

Then v =0 in Q. If k; # 0, using (5.10) we obtain

|u|? dy(z) + 2k2/ |u|? dz = 0.
I Q

Then v = 0 in Q.
e Second case: ko = 0 and k; # 0. Using (5.10), we obtain

u=0 onl}y.

Let Q be a regular domain containing (2 and so that I'y C 0. Extending u
by zero in 2\ 2, we obtain a function @ that satisfies

A+ k*a=0 inD'(Q).
This extension is analytic; it is equal to zero in an open subset of a connected

domain; thus @ = 0 in .
This completes the proof. 1]
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By Lemmas 5.2 and 5.3, and by using the Fredholm alternative, we obtain the
following result.

THEOREM 5.4. For k € {k € C*/(k) > 0}, problem (5.1) has one and only one
solution.

5.2. The inf-sup condition. Our aim is to prove that the sesquilinear form ag
defined by (3.9) for ¢ = 0 satisfies the inf-sup condition (see Hypothesis 2). We have
the following lemma.

LEMMA 5.5. The sesquilinear form a defined in (5.1) satisfies the inf-sup condi-
tion.

Proof. Let u € V. We set v = (I —C)u, where C is the operator defined by (5.5).
According to (5.5), we have

a(u,v) = b(v,v)
= ”(I 7C)UHVQ||U||VQ
> a”uHVQHUHVQ?

where a = ||(I — C)—1||Z(1VQ)VQ). Thus the sesquilinear form a satisfies the inf-sup
condition. O
We have the following result.
PROPOSITION 5.6. The sesquilinear form aq satisfies the inf-sup condition.
Proof. We have

ap(u,v) = /Q (Vu.Vv — k*uv) dz +/2 (T°u) dry(x) — zk/ wody(z) Yu,v € Vg.
R

R I
For all u € Vi we set

~ u in QR7
v= uf), in B(z, R),

where ¢ = u)y,, and uy, is the solution to

Au% + k2u?p =0 in B(z, R),
u?p = on Xp.

It can easily be proved that
ao(u,v)0,) = a(t,v) Yu € Vg, VoveVq.
According to Lemma 5.5, there exists v € Vg, v # 0, such that

ao(u, vj0,) = a(@,v) = aflillv, [[vflve
2 allullvgllvjegllve-
This completes the proof. ]

5.3. Some useful inequalities. We have the following proposition.
PROPOSITION 5.7. There exists ¢ > 0 such that

n—1
Zc<f) Vn > ng, Ve <egg.

Jn(kR)
’5 T (k2)
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Proof. The Bessel function J,(z) is defined by
n +0o 1.2
1 (—32%)P
Jn(z) = =2 —
9=(32) Loriren
Then we have
&y

00 (—ikQEQ)p

Ig)plf(n—&-p—l- 1)

+oo 1]€2R2)
B n( (n+1)) +Z 'Fn—l—p—l—l)
:6(5) +oo ( 1]€2 2)
(T(n+1))" +Z—,Fn+p+1)

1
1 —*k2 2
+z 2 ()

-(5) |

P
1 _7]{722
+Z n+p ( 4 6)

1+Z”7! L2 .
it p) \ 40 °

1543

It is easy to see that the series which intervene in the expression of u,(¢) converge

normally with respect to (n,e). Hence, we have

lim  wu,(e) = R.

(n,e)—(00,0)
Using the limit definition, there exists ¢ > 0 such that
lun(e)] > ¢ ¥n>mng, Ve<ep.

This completes the proof. 0
By the same techniques we obtain the following result.
PROPOSITION 5.8. There exists ¢ > 0 such that

Y, (ke) R

> — Vn > Y .
Yn(kR) _0(6) n 2 no, e<¢gg
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THE TOPOLOGICAL ASYMPTOTIC FOR THE
HELMHOLTZ EQUATION WITH DIRICHLET CONDITION ON
THE BOUNDARY OF AN ARBITRARILY SHAPED HOLE*
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Abstract. The aim of the topological sensitivity analysis is to obtain an asymptotic expansion
of a design functional with respect to the creation of a small hole in the domain. In this paper,
such an expansion is obtained for the Helmholtz equation, in two and three space dimensions, with
a Dirichlet condition on the boundary of an arbitrarily shaped hole. In this case, the main difficulty
is related to the nonhomogeneous symbol of the Helmholtz operator. In the numerical part of this
work, we will show that the topological sensitivity method is very promising for solving shape inverse
problems in electromagnetic applications.

Key words. topological optimization, topological asymptotic, topological gradient, nonhomoge-
neous problem, Helmholtz equation, shape inversion, electromagnetic applications, inverse scattering
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1. Introduction. The same numerical methods are generally used in shape in-
version and optimal shape design. There are mainly two categories of shape inversion
or shape optimization methods. In the first category we deform continuously the
boundary of the object to be optimized in order to decrease a given cost function
[5, 20, 25, 28, 31]. The final shape has the same topology as the initial shape given by
the designer. Therefore, to reach the optimal geometry, we need a priori knowledge of
its topology. However, the topology of the optimal shape is often the main unknown
in object detection problems. For example, the knowledge of the number and the
locations of buried mines is more important than their accurate shapes. The second
category of algorithms allows topology modifications. Many important contributions
in this field are concerned with structural mechanics and, in particular, the optimiza-
tion of the compliance (external work) subject to a volume constraint [4, 16]. In view
of the fact that the optimal structure has generally a large number of small holes,
most authors [1, 3, 14] have considered composite material optimization. Using the
homogenization theory, Allaire and Kohn [1] exhibit a class of laminated materials
with an explicit expression for the optimal material at any point of the structure. In
this case, the optimal solution is not a classical design—it is a distribution of com-
posite materials. Then penalization methods must be applied in order to retrieve a
realistic shape. For all these reasons, global optimization methods are used to solve
more general problems [15, 26]. Unfortunately these methods are quite slow.

More recently, Eschenauer and Olhoff [7], Schumacher [27], Céa et al. [6], Garreau,
Guillaume, and Masmoudi [8], Sokolowski and Zochowski [29, 30], and Nazarov and
Sokolowski [21] presented a method to obtain the optimal topology by calculating the
so-called topological gradient (or topological derivative). This gradient is a function
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defined in the domain of interest where, at each point, it gives the sensitivity of the
cost function when a small hole is created at that point. This approach seems to be
general and efficient. To present the basic idea, we consider 2 a domain of R™, where
n equals 2 or 3, and j(Q) = J(uq) a cost function to be minimized, where uq is the
solution to a given PDE problem defined in . For £ > 0, let Q. = Q\xo + ew be the
subset obtained by removing a small part xg + ew from 2, where xg € Q and w C R™
is a fixed open and bounded subset containing the origin. We can generally prove
that the variation of the criterion is given by the asymptotic expansion

(1.1) J(Qe) = j(Q) + f(e)g(xo) + o(f(€)),
(1.2) lim f(£) =0, f(e) >0,

This expansion is called the topological asymptotic. To minimize the criterion, we
have to create holes where g (called the topological gradient) is negative.

In this paper, using the adjoint method and the domain truncation technique
introduced in [17], we compute the topological asymptotic expansion for the Helmholtz
equation in two and three space dimensions with a Dirichlet condition on the boundary
of an arbitrarily shaped hole. The originality of this work is that the symbol of the
Helmholtz operator is nonhomogeneous. The basic idea is to say that the leading
term of the topological asymptotic expansion is given by the principal part of the
operator in the case of a Dirichlet condition on the boundary of the hole. Our work
generalizes the contribution of Guillaume and Sid Idris [9] for the Poisson equation
and is easily applicable to other problems for which the symbol of the operator is
nonhomogeneous, as, for example, the quasi-Stokes problem and the elastic waves
problem. In the numerical part, we present some applications that illustrate the
ability of the topological sensitivity approach to solve inverse scattering problems.

As a background to our work, we cite the contributions of Il’in [11, 12, 13] for
the construction of asymptotic expansions of solutions to boundary value problems in
domains with small holes, as in the case of second order scalar equations, by the use of
the method of matched asymptotic expansions. Various spectral problems in domains
with small holes are investigated by Maz’ya et al. [23, 24, 18, 22]. In [32], Vogelius and
Volkov provided a rigorous derivation for solutions to the time-harmonic Maxwell’s
equations of a transverse electric (TE) nature, in the presence of a finite number of
diametrically small inhomogeneities. Based on layer potential techniques, Ammari
and Kang [2] provided a rigorous derivation of complete asymptotic expansions for
solutions to the Helmholtz equation in two and three dimensions, in the presence of
small inhomogeneities in the domain. In our work, we derive asymptotic expansions
not for solutions, but for a given cost function.

The generalized adjoint method is recalled in section 2. Next, the formulation of
the Helmholtz problem is presented in section 3 and its truncated version is described
in section 4. Section 5 presents the main results whose proofs are given in section 6.
Finally, numerical examples illustrate in section 7 the abilities of the topological sen-
sitivity to solve inverse scattering problems.

2. A generalized adjoint method. In this section, the generalized adjoint
method introduced in [17, 8] is slightly modified. The first modification is due to the
fact that the cost function is defined in a C-Hilbert space and takes values in R; then
it is not differentiable. For this reason, the differentiability property is replaced by
the formulation (2.5). The second modification is due to the fact that the sesquilinear
form associated with our problem is not coercive. For this reason, the coercivity
property is replaced by the inf-sup condition (see Hypothesis 2).
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Let V be a fixed complex Hilbert space. For ¢ > 0, let ac(.,.) be a sesquilinear
and continuous form on V and let [, be a semilinear and continuous form on V. We
consider the following assumptions.

Hypothesis 1. There exists a sesquilinear and continuous form 6a, a semilinear
and continuous form é;, and a real function f(g) > 0 defined on R*, such that

(2.1) lim f(e) =0
(2:2) lac = a0 = f(e)ballz,v) = o(f(e));
(2:3) lte = lo = f(&)éill vy = o(f(€)),

where L£(V) (respectively, £2(V)) denotes the space of continuous and semilinear (re-
spectively, sesquilinear) forms on V.
Hypothesis 2. There exists a constant a > 0 such that

|ao(u, v)]|

inf sup +————— > a.
w0 40 [[ully[|v]lv

We say that ag satisfies the inf-sup condition.
According to (2.2), there exists a constant 3 > 0 independent of & such that

inf sup 1%V S 5

w0 vz [[ullv]lv]lv
For € > 0, let u. be the solution to the following problem: Find u. € V such that
(2.4) ae(ue,v) =l (v) Yv e V.

We have the following lemma.
LeEMMA 2.1. If Hypotheses 1 and 2 are satisfied, then

l[ue = uollv = O(f(e))-
Proof. Tt follows from Hypothesis 2 that there exists v. € V,v. # 0, such that
Bllue — uolvllvellv < lac(ue — uo,ve)l,
which implies

Bllue — uollv[lvelly < lac(uo,ve) — le(ve)]
= lae(uo, ve) = (le = lo — f(€)é1)(ve) — lo(ve) — f(€)éu(ve)|
= [(as(uo,ve) — ao(uo,ve)) — (le —lo — f()dr)(ve) — f(e)du(ve)]
< lac(uo, v:) — ao(uo, ve) — f(e)daluo, ve)

+le(ve) = lo(ve) — f(e)di(ve)| + f(e)(|6aluo, ve)| + [61(ve)])-

Using Hypothesis 1 we obtain

Bl ue —uo Iy llvelly, < (o(£(e)) + fe)I8allcomlluolly + 16l ev) lvellv- O

Consider now a cost function j(g) = J(u.), where the functional J satisfies
(2.5) J(u+ h) = J(u) +R(Ly,(h)) + o(||h]]) Yu,h €V,

where L, is a linear and continuous form on V.
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For € > 0, we define the Lagrangian operator L. by
Le(u,v) = J(u) + ac(u,v) — l(v) Yu,v € V.

The next theorem gives the asymptotic expansion of j(e).
THEOREM 2.2. If Hypotheses 1 and 2 are satisfied, then

(2.6) J(e) = 3(0) = f(e)R(8£(uo, po)) + o(f(€)),

where ug s the solution to (2.4) with ¢ = 0, and py is the solution to the following
adjoint problem: Find py € V such that

(27) aO(va()) = _LUO ('U) Yv eV
and
6c(u,v) = ba(u,v) — 6;(v) Yu,v € V.
Proof. We have that
je) = Lo(ue,v) Ve>0  Yoe.
Next, choosing v = pg, we obtain
J(e) = j(0) = L (ue, po) — Lo(uo, po)
= J(uc) — J(uo) + ac(ue, po) — ao(uo, po) + lo(po) — le(po)
= J(ue) — J(uo) + R(ac(ue, po) — ao(uo, po)) — R(le(po) — lo(po))
= J(ue) — J(uo) + R(ac(ue, po) — ao(ue, po) + ao(ue — uo, po))
—R(l=(po) — lo(po) — f(e)oi(po)) — f(e)R(6i(po))-
Using (2.5), we have that
J(ue) = J(uo) = R(Lu, (ue — uo)) + of[Jue — uol]).
Hence,
J(€) = j(0) = R(ac(ue, po) — ao(ue, po)) + R(ao(ue — o, po) + Luy (ue — uo))
+o([[us — uol[) = R(l(po) — lo(po) — f(€)éi(po)) — f(e)R(61(po))-
Using that pg is the adjoint solution, we obtain
J(e) = 3(0) = R(ac(ue, po) — ao(ue,po)) + o(|[ue — uoll)
—R(l=(po) — lo(po) — f(£)bi(po)) — f(€)R(é:(po))
= R((ac — ao)(uo, o)) + R((as — ao)(ue —uo,po)) + o(|luc — uol|)
—R(l=(po) — lo(po) — f(€)é1(po)) — f(e)R(b:(po))-

It follows from Hypothesis 1 that

3(e) = 3(0) = f(e)R(8a(uo, po)) + o(f(e)) + f(e)R(6a(ue — uo, po)) + o(f(€))llue — uol|
Fo([lue —uoll) — f()R(é1(po))-

Finally, from Lemma 2.1 and the hypothesis lim._, f(¢) = 0, we have
(&) = j(0) + f(e)R(6a(uo, po) — i(po)) + o(f(€)),

since 8, is continuous by assumption. 0
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3. The Helmholtz problem in a domain with a small hole. Let € be
an open and bounded subset of R™ with boundary I' = T'o UT'y, n = 2 or 3. The
Helmholtz problem is

Aug + K2uqg =0 in €,
(31) ’lé% =0 on Fo,
== =Aug+© onTy,
on
where k € R*, © € HZ, (1), and A € L(Hg,(Ty), HE (T1)).
We define
V() = {ve H'Y(Q),v=0o0n Ty},
(3.2) a(Qu,v) = / Vu.Vodr — kz/ uvdx — (Au, D),
Q Q
£(v) = (6,7),

where (,) is the duality product between HO%O(I‘l)' and H(]%O(I‘l). The variational
formulation associated with (3.1) is the following: Find uq € V() such that

(3.3) a(Q, ug,v) = £(v) Yo € V().

We consider the following assumption.

Hypothesis 3. The operator A is split into Ag+A;, with A; € E(H()%O(Fl), H()%O(Fl)’),
and satisfies

(3.4) R(Aw, ) <0 Vo e Hi(Ty),

1 1
and Ag € L(HE(T1),HE(T'1)). We assume the following property of uniqueness.
Hypothesis 4. We have

(3.5) a(Q,u,v) =0 Yo e V(Q) =u=0,
(3.6) a(Q,u,v) =0 Yue V() =v=0.
From the Lax—Milgram theorem and the fact that the imbeddings Vo — L?(Q2) and

H()%O(Fl) — L?(T'y) are compact, and due to the Fredholm alternative, we obtain the
following result (see, e.g., [10] for a detailed argument).
PRrROPOSITION 3.1. If Hypotheses 3 and 4 are satisfied, we have the following:
1. Problem (3.3) has one and only one solution.
2. The sesquilinear form a(SQ, .,.) satisfies the inf-sup condition: There exists a
constant a > 0 such that

(3.7 inf sup _lag(wv)] > a.

w0 20 [[ullve) vllve)

For a given xqg € ), consider the modified open subset Q. = Q\w;, w. = z¢ + cw,
where w is a fixed open and bounded subset of R™ containing the origin (w. = 0 if
e = 0), whose boundary dw is connected and piecewise of class C'. The modified
solution ugq,_ satisfies

Aug, + k?ug, =0 in Q,
uQ, =0 on Iy,

(3.8) UuQ, =0 on Jw,
aUQE

=Aug. +0© onlj.
on
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The function uq_ is defined on the variable open set 2., and thus belongs to a
functional space which depends on . Hence, if we want to derive the asymptotic
expansion of a function of the form

(3.9) i(e) = J(ug,),

we cannot apply directly the tools of section 2, which require a fixed functional space.
For this reason, we use the domain truncation method introduced in [17] to avoid this
complication.

4. The truncation method. Let R > 0 be such that the closed ball B(z, R)
is included in Q. It is supposed throughout this paper that ¢ remains small enough
so that Wz C B(xo, R). The truncated open subset is defined by

(4.1) Qp = O\B(zo, R).

The open subset B(zo, R)\wz is denoted by D. (see Figure 4.1). For ¢ € H2(T'g)
and € > 0, let u? be the solution to the following problem: Find u# such that

Auf +k*uf =0 in D,
(4.2) uf =0 on Jw,
u? =¢ on g,

where I'g is the boundary of the ball B(zg, R). For ¢ =0, u is the solution to

Auf + k*uf =0 in B(zo, R),
(4.3) .
Uug =¢ onlg.
Using the Poincaré inequality, it can easily be seen that for R < —1— (4.2) has one

V2lk|’
and only one solution.

For € > 0, the Dirichlet-to-Neumann operator T, is defined by

T.: HY?TR) — H~'Y2(I'p),
® — Top=Vufnr,,

where the normal n|r, is chosen outward to D, on I'g and Owe.

Fic. 4.1. The truncated domain.
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Finally, we define for ¢ > 0 the solution u. to the truncated problem

Au, + ku, =0 in Qg,
Ug =0 on I'g,
0
(4.4) aua =Au.+0 only,
n
ou
87’]18 — TEUE\FR =0 on FR-

The variational formulation associated with (4.4) is as follows: Find u. € Vg such
that

(4.5) ac(ue,v) = £(v) Vv € Vg,
where the functional space Vi and the sesquilinear form a. are defined by
(4.6) Vi = {U S Hl(QR); Vir, = 0},

(4.7) ac(u,v) = / wT da — (Au,T) + / Tour, o dy(z).

Qr I'r

YVu.Vo dr — k> /
Qr

Here, fFR denotes the duality product between H'/?(I'g) and H~'/2(T'g). The fol-
lowing result is standard in PDE theory.

PROPOSITION 4.1. Problems (3.8) and (4.4) have a unique solution. Moreover,
the restriction to Qg of the solution uq_ to (3.8) is the solution u. to (4.4).

We now have at our disposal the fixed Hilbert space Vg required by section 2.
We assume that the following hypothesis holds.

Hypothesis 5. The function J introduced in (3.9) is defined in a neighboring part
of I' and satisfies

Ju+h) = Jw) +R(La(h) +o(|h])  Yu,h € V,

where L, is a linear and continuous form on Vg.
Then we obtain that

(4.8) jle) = J(uq,) = J(u:) Ve > 0.

Remark 1. We can also consider a more general cost function (see, e.g., [9]); the
truncation method does not restrict the choice of the function. In the numerical part
of this work, only measurements on the boundary of the domain are used. For this
reason and to simplify the presentation, we considered the previous assumption about
the cost function.

Let v be the solution to the adjoint problem

(4.9) a(Q,w,vq) = — Ly, (w) Yw € V(Q),

where the functional space V() and the sesquilinear form a(2,.,.) are defined in
(3.2). It has been shown in Proposition 4.1 that ug is the restriction to Qg of ug.
Similarly, vy, the solution to

(4.10) ag(w,vg) = — Ly, (w) Yw € Vg,

is the restriction to Qg of vq.
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5. The main results. This section contains the main results of this paper. All
the proofs are reported in section 6. Henceforth, we have to distinguish between the
cases n = 2 and n = 3. This is due to the fact that the fundamental solutions to the
Laplace equation in R? and R? have an essentially different asymptotic expansion at
infinity, and (5.1) has generally no solution if n = 2.

5.1. The three-dimensional case. Possibly changing the coordinate system,
we can suppose for convenience that o = 0. In order to derive the topological
sensitivity of the function j, we introduce two auxiliary problems.

The first problem, called the exterior problem, is formulated in R3\w and consists
of finding v,,, solution to

—Avy, =0 in R\,
(5.1) Vg =0 at oo,
Vw = UQ({E(]) on 8"‘)7

where ug is the solution to the direct problem (3.1). Here, one can remark that
just the principal part of the Helmholtz operator is used, which was described by the
Laplace equation. The function v, can be expressed by a single layer potential on
Ow. Let

1
5.2 Ely) =—
(52) )=
with 7 = ||y||. It is a fundamental solution for the Laplace equation in R®. Then the
function v, reads
(5:3) w(y) = [ Ely—a)ps(z) dy(z), yeRN\G,

ow

where p, € H —3 (Ow) is the solution to boundary integral equation

(5.4) /8 E(y — 2)pu(a) dy(z) = ua(ze) Yy € Ow.

For x bounded and large r = ||y||, we have

(5.5) Ely—z)=E(y)+0 (7,12)

and the asymptotic expansion at infinity of the function v, is given by

(5'6) 'Uw(y) = Pw(y) + Ww(y)7
(57) Pw(y) = Aw (UQ(xO» E(y)7
(5.8) A, (un(zo)) = /8 pu(z) dr(z),

r2

(5.9) Wo(y) = O ( ! ) .

Notice that P, € L2, for all m < 3. Clearly, the function o — A, () is linear on
R, and the number A, («) depends on the shape of w.
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The second problem, which we call interior problem, is formulated in Dy =
B(zg, R) and consists to find QJ, solution to

{ AQL +k2QL =0 in Do,

5.10
( ) Qi} = LFw|rg on I'p.

Here, the idea is to consider an interior and exterior problem that gives a good “first
order approximation” of (uf — uB”)lDE, ¢ = uqry, in the form fe)(QL - P,), in a
way which will be stated precisely in section 6. But the given formulation (5.10) of the
interior problem, which is the “natural” choice, is not sufficient to get the behavior
needed by the adjoint technique described in section 2. More precisely, in this case
one can construct the sesquilinear form da but there is no positive function f(g) such
that ||ac —ao — f(€)dallzo(ve) = 0(f(€)). Indeed, one can observe through the proof of
Proposition 6.7 that the behavior of ||a. —ag — f(€)dal|z,(vy) is not of order o(e), but
only of order O(e). This is due to the approximation used on the exterior problem
(5.1), where just the principal part of the operator is considered. For this reason, a
new term Q2 is used in order to correct the error caused by this approximation. We
construct @2 as the solution to

AQ2 4+ k2Q% =Kk2P, in Dy,
QE; == 0 on FR.

Setting Q. = QL + @2, then Q,, is the solution to

{ AQw+k2Qw :kQPw in Dy,
Qu = P,r, onTlg.

(5.11)

(5.12)

Using the corrected interior problem (5.12), one can derive the good approxi-
mation of (uf — uf )I p.- The main result is the following, which will be proved in
section 6.

THEOREM 5.1. Let j(e) = J(uq,.) be a cost function satisfying Hypothesis 5.
Then the topological asymptotic expansion is given by

(5.13) j(8) = 3(0) = £R (Au (un(0)) valeo) ) + ofe),
where ug s the direct state solution to (3.1) and vq is the adjoint state solution to
(4.9).

Then the topological gradient is given by
g(@) = R (Ao (va(@) va@)) Vo e,

and only two systems must be solved in order to compute g(x) for all x € Q.
When w is the unit ball B(0,1), then v, (y), P.(y), and W, (y) can be computed
explicitly:

(5.14) valy) = "2 _p(y), W) =0, 0#yeR
Then it follows from (5.2) and (5.7) that
(5.15) Au (ua(z0)) = dmua(zo).

We have the following result.
COROLLARY 5.2. Under the assumptions of Theorem 5.1 and when w is the unit
ball B(0,1), the topological asymptotic expansion is given by

(5.16) J() = §(0) = 4m=R (un (0)va (z0) ) + 0(2).
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5.2. The two-dimensional case. In this section, we intend to derive the
asymptotic expansion of the function j in the two-dimensional case. The technique
used is similar to that of the three-dimensional case. We use the principal part of the
Helmholtz operator to derive the topological sensitivity expression. Next, we briefly
describe the transposition of the previous results to the two-dimensional case. As
before, uq and the adjoint state vq are, respectively, the solutions to (3.1) and (4.9).

The exterior problem must now be defined differently than in (5.1). It consists of
finding v,,, the solution to

—Aw, -0 in R\,
(5.17) v (y)/logr =wuq(zg) at oo,
Vg =0 on Jw.

A fundamental solution for the Laplace equation in R? is given by
1

(5.18) E(y) = ——logr.
2

The function v, has the form

(5.19) v, (y) = ua(zo)log |lyl| + Po + W (y),

where P, is constant and W,,(y) = o(1) at infinity [9]. In the next proposition (where
w is not supposed to be a ball), one can observe that in the two-dimensional case the
topological sensitivity does not depend on the shape of the hole w, in contrast to the
three-dimensional case.

THEOREM 5.3. The assumptions are the same as in Theorem 5.1. The function
7 has the asymptotic expansion

27 1
2 i(e) = j(0) — —— ( ) ).
(5.20) 56 = 300) = 29 (unan)inan)) +0 (o)

The proof for the two-dimensional case uses the same tools as the three-
dimensional case (see section 6) and will not be repeated.

6. Proofs. This section consists of the proof of Theorem 5.1. The variation of
the sesquilinear form a. reads

(6.1) a:(0.0) —aolu,) = [ (T = Tojuo do(a).

Hence, the problem reduces to the analysis of (T. — Tp)e for ¢ € Hz(I'g). More
!

precisely, it will be shown that there exists an operator §T € L(Hz2 (I'g), H~2(T'g))
such that

T _ 3/2
(6.2) Tz — To 56T||£(H%(FR)7H,%(FR)) = 0(e**).
Consequently, defining da by
(6.3) ba(u,v) = 6Tuv dy(x) Yu,v € Vg
I'r
will yield straightforwardly
(6.4) l|ae — ap — ebal| =0(%?),

L(HY(TR),H 3 (Tr))

First we need some definitions and preliminary lemmas.
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6.1. Definitions. For convenience, the following norms and seminorms are cho-
sen for the functional spaces which will be used.
e For a bounded and open subset O C R?® and m > 0, the Sobolev space H™(O)
is equipped with the norm defined by

m
HUan,o = Z |u|?,(9a
j=0
where the seminorms |u|; o are given by

(6.5) o =3 / O] da.
. JO

la|=3
e For a given ¢ > 0, the space H? (I'gye) is equipped with the norm
lulls rp,. = mf{{[lvll1,c(r2e,R/e)5 Virg,. = ul,
where C(r,r'") = {x € R3;r < ||z]| < r'}.
e The dual space H~2 (I'r/e) is equipped with the natural norm

1
lwll_y r,. = sup{l(w,v)_y 1; v e HY Crpillolly r,,. = 1),

11
272

where (,) is the duality product between H2 (I'r/e) and H_%(FR/g).

11
33
6.2. Preliminary lemmas. Recall that zp = 0. We will use extensively the

following change of variable: For a given function v defined on a subset O, the function
@ is defined on O = O/e by

- T
u(y) = ’LL(.’E), y=—.
€
LEMMA 6.1. We have that
(6.6) lulvo =?lal, 5,
(6.7) [ullo,0 = 53/2”@”0,5-

Proof. Due to Vu(xz) = Va(y)/e and to definition (6.5), we have

1
2 = / Vul? de = 7/~|va|253 dy.
' o € Jo

|u

Similarly, we have

3/2

[ullo.o =e”~llall, 5 O

LEMMA 6.2 (see [9]). For ¢ € Hz (dw), let v be the solution to the problem

—-Av =0 inR\w,
(6.8) v =0 at oo,
v = on dw.
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The function v is split into
v(y) =V(y) + W(y),
V) =B [ pla) dita),
ow

where E(y) = m and p € H™2(dw) is the unique solution to

(6.9) /8E<y—x>p<x> (@)= ply) Yy € dw.

There exists a constant ¢ > 0 (independent of ¢ and €) such that

IV llo,c(ry2e,rye) < ce™ ||l

%,30)7
VIvoryaerse) < e 2olls ou
IVllo.p.7e < g™ ?(|p|

Vlp./e < cllells o0

1
5,0w?

W llo,c(r/2e,m/e) < 22l 3,005
Whor/ae,re) < e loll5 ou
[Wllo,p. /e < cllells au-
LEIMMA 6.3. We assume that R < ﬁ For a given ¢ > 0, f. € L*(D.), and
p € H2(TR), let ve be the solution to

Av, +k*v. = f. in D,
(6.10) Ve =0 on dw,
Ve =¢ onlpg.

There exists a constant C(R,k) > 0 (independent of ¢ and €) such that
(6.11) loeli,. < CRH) (Ielyr, + 1llop. )

Proof. Let Ry be the lifting of ¢ in the space H* (C'(R/2, R)) such that RO, =

0. We extend Ry by zero to the domain D.. We denote this extension by Rey. It
belongs to H*(D.). We introduce

(6.12) U = R — ve,
(6.13) g: = —f- + ARp + k*Ro.

The function g. belongs to the space H~1(D.) and the new unknown u,. is the solution
to

Au, + k?u. =g¢g. in D,
(6.14) Ue =0 on Jw,
Ug =0 on I'g.

Using the Poincaré inequality and the elliptic regularity, we obtain

1+ 2R?
(6.15) lluell1,p. < (12k2R2> lgell-1.p. -

Finally, the result follows from (6.12), (6.13), (6.15), and the continuity of the lift-
ing R. |
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Here and in what follows, we assume that R < ﬁ

LEMMA 6.4. For e >0 and ¢ € H*(Dy), let X. be the solution to the problem
AX. +k*X. =0 inD,,
(6.16) X =1 on Jwe,
X =0 onlg.

There exists a constant ¢ > 0 (independent of ¢ and ) such that for all € > 0,

(6.17) | Xel,ory2,r) < cell¥(ey)ll ow
(6.18) [ Xello,p. < cellv(ey)lly, ou
(6.19) | Xel1,p. < 051/2||¢(€y)“%,8w'

Proof. Let v be the solution to the exterior problem

“AG. =0 in R3\@,
(6.20) i =0 at 0o,
Ue =¢(ey) on dw.

The function X, can be written
Xe = ve — we,
where v (z) = U, (f) The function w, itself is the solution to
(6.21) We = on Jwe,
We = Vg on I'p.
It follows from Lemma 6.3 that there exists a constant ¢ > 0 such that

(6.22) [[we

1. < ¢ (Ieegll o, + Klvelon. ) -

It follows from Lemmas 6.1 and 6.2 that

(6.23) [veralls rg < cllvelliorye,r)

(6.24) < ¢ (lvello,cry2,r) + lvelcr/2.R))

(6.25) =c (53/2\\17a||0,0(3/2s,3/5) + 51/2|175|1,C(R/25,R/e))
(6.26) < cellv(ey)ll 1 o0-

We have that

(6.27) lvello,p. = 53/2”175 |0,D5/5

(6.28) < cel[¥(ey)ll 1 0

From (6.22), (6.26), and (6.28), we obtain that

(6.29) [|we |

1.0, < cel(ey)lls o
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Then we have

(6.30) | Xel1,c(ry2,r) = Ve — Wel1,c(R/2,R)

(6.31) < |veli,c(ry2,r) + [weli,c(r)2,R)
(6.32) < cell¥(ey)ll 1 00 + well1,0.

(6.33) < c=l[v(en) 3 o0

(6.34) [ Xcllo,p. < [[vello,p. + [Jwel|1,p.

(6.35) < c=l[t(en) 3 o0

(6.36) | Xel1,p. < |vel1,p. + |wel1,p.

(6.37) < e"?lil1,p.je + |wellr,p.

(6.38) < e |l p(en)ly o + cell(ey) 1 00
(6.39) < e[ (ey) |y o

This completes the proof. 1]

Lemmas 6.3 and 6.4 are summarized in the following lemma.

LEMMA 6.5. Fore >0, ¢ € H2(T'y), v € HY(Dy), and f. € L*(D.), let v. be
the solution to the problem

Av, + k%0, = f. in D,,
(6.40) Ve =1  on OJwe,
Ve =¢p onlg.

There exists a constant ¢ > 0 (independent of ¢, ¥, fe, and €) such that for all e > 0,
64)  oehowm <e (el 500+ el +1loo.)

(6.42) lvello.p. < ¢ (el (ey)llg 00 + el o + I fell00. )

(6.43) [velu,p. < e (210w 3,00 + Pl .o + 1 fell00. ) -

LEMMA 6.6. Let u belong to the space H* (C(R/2, R)) and satisfy Au + k*u =0
in C(R/2,R), ur, = 0. Then there exists a constant ¢ > 0 (independent of u) such
that

(6.44) ||Vu.n|pR||_%7FR < clu

1,C(R/2,R)-
Proof. Let ¢ € H2(I'g). We define v as the solution to the problem

Av =0 in C(R/2,R),
v =0 on FR/Qa
v =¢ on g

Using the Green formula, we obtain

Vunr,p dy(r) = /

YVu.Vo dx — k? / uv dr.
C(R/2,R)

T'r C(R/2,R)

Then we have

Vunr,® dy(z)| < |uli,crpe,m |vlcr/2r) + Eulo.cremllvlcrmer

T'r

< lulicremllellsr, + Ck2|u|1,C(R/2,R)||90||%,FR
< cluly,c(rs2,m)llell 0y
This completes the proof. 1]
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6.3. Variation of the sesquilinear form. The variation of the sesquilinear
form a. reads

acw0) =~ aofu,0) = [ (T~ Ty)uv do(a),

T'r

For ¢ € Hz (T'g), recall that uf is the solution to (4.2), or to (4.3) if e = 0. Let v¥
be the solution to the problem

Av¥$ =0 in R3\w,
(6.45) v =0 at oo,
vf =uf(rg) ondw

As in (5.6) and (5.7), let P?(y) = Ay (uf (z0)) E(y) be the dominant part of v¥, and
let Q¥ be the solution to the associated interior problem

AQY + k2Q¢ =k?P? in Dy
6.46 @ “ @ ’
( ) { Q% = PleR on ['g.

The linear operator 6T (independent of ¢) is defined as follows:

6T : HY?('p) — H~'Y2(T'p),

(6.47) o 6T =Y(QF — P9)npr,.

PROPOSITION 6.7. The operator T, admits the following asymptotic expansion:

|T. — Ty — 87| )= 0(e%/2).

L(H?(DR),H 3 (Tr

Proof. Let ¢ € H? (T'r). For simplicity we drop the superscript (.)?. For y = /e,
we have

vu(y) = Puly) + Wo(y),

with P, (%) = eP,(x) and W, (y) = O(Hyl\lz)' Let

¢E(l') = (Tg — Ty — 6(5T) @(m)

We have
Ye(r) = (Vue — Vug — e(VQo, — VFR,)) .nr,
=V <w5(9c) - W, (g)) NC g,
where w, is defined by
x
ws(‘r) = UE(I) - UO(IE) - €Qw($) + Vw (g) .

The function w, is the solution to

Aw, + k*w. =KW, (z/¢) in D,
(6.48) We =W, (x/e) on g,
We = —up(x) + up(0) —eQu(x) on Jdw,.

In order to apply Lemma 6.5, we have to estimate the right-hand side terms, as
follows.
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e In D., we have
IWe(z/e)lo.n. = €2 [Wa(y)

Using Lemma 6.2, we obtain

|O,D5/a-

W (Wllo,p. /e < clluo(zo)lly o
< c|ug(wo)|
< cllolly

Then we have

W (z/e)llo.n. < ce® ol r-

e On I'p, using Lemmas 6.1 and 6.2 and the elliptic regularity, we obtain

W (/)]

10n S dWolz/e)lli,crs2.r)
< c(IWolz/o)llo,cirsz,r) + IWo(@/e)|1,0(r/2,R))

=c (53/2||Ww(y)||o,C(R/2s,R/e) + 81/2|Ww(y)|1,c<R/zs,R/e)>

< C€2Hu0($0)”%,6w

< ce”|ug (o)

< e?|lglly -

e On Ow., putting

we have for small ¢

10 (ey)ll 1,00 < cllfc(ey)]

— ¢ uo(€y) — uo (o)

1w

+ Qu(ey)

1w
< ¢ (lluolle2(so,r/2)) + 1Qullcr (B0, R/2)))
< clelly ry-

We can now apply Lemma 6.5, which gives

3/2

el o < ¢ (€720l r, + 20l g, +ello0e(en) 3.0

< eelglly

Finally, it follows from Lemmas 6.1 and 6.6 that
1Pl-1rp = IV(we = Wo(z/€)nirgll -1 vy
< ¢ (lwely,cre.r) + Wolz/e)lcr)2.R))
=c (|ws|1,c(R/2,R) + 61/2|Ww(y)|1,C(R/25,R/s))
<c (el

< c®llelly -

yra+elelyr,)
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Hence,

ITe = To — 2671, =0(%?). 1O

HZ(Dg),H 2 (Tg))

The asymptotic expansion of the sesquilinear form a. follows now straightfor-
wardly.
PROPOSITION 6.8. Let

ba(u,v) = 6Tuv dvy(x), wu,v € Vg.
T'r
Then the asymptotic expansion of the sesquilinear form a. is given by

=0(*?).

lac = a0 = 28all . 13 0y -3y

6.4. Proof of Theorem 5.1. The proof of this theorem is done in two steps.
First, we prove that Hypothesis 2 is satisfied. More precisely, we prove that the
sesquilinear form aq satisfies the inf-sup condition. Second, we apply Theorem 2.2 to
compute the topological asymptotic expansion.

6.4.1. The first step: The inf-sup condition. For all u € Vg, we set

0= u in QR,
T w§ in B(zo,R),

where ¢ = wjp,, and u{ is the solution to

Auf + k?uf =0 in B(zo, R),
ug = on FR.
It can easily be proved that
ao(u, vjq,) = a(,4,v) Yu € Vi Yv € V(Q),

where the functional space V(€2) and the sesquilinear form a(2,.,.) are defined by
(3.2). From Proposition 3.1, the sesquilinear form a(f2,.,.) satisfies the inf-sup con-
dition. As a consequence, there exists v € V(2),v # 0, such that

ao(u, vja,) = a4, v) = alltllye) l|vllve)
2 allullvg lvierllve-
Then ag satisfies the inf-sup condition and Hypothesis 2 is satisfied.

6.4.2. Applying Theorem 2.2. All the hypotheses of section 2 are satisfied
and we can apply Theorem 2.2. We obtain the following asymptotic formula:

() = 4(0) = eR(ba(uq, va)) + o(¢)
=eR </1“ V(Qf — PY).nr, a0 d’y(x)) + o(e),

where ¢ = uq|r,, = uo|r,- Thanks to Green’s formula and (6.46), we obtain that

V(Qf — PZ).nir,vq dy(z) = kj2/ P, vq dx + Vug.nir, P, dy(x)

I'r Dy I'r

(6.49) - VP, .nir,vq dy(z).
T'r
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It can be shown that

V%.mpRPw d"}/(x) 7/ VPM.TL‘FR% d’}/(l’) = Aw (ILQ(’I())) <7AEamw>D’(Do),D(DO)
T'r

I'r
—k? / P,vg dz
Do

= A, (ua(z0)) (6,90%) D/ (Do), D(Dy)

—k? / P,uq dx
Do

=A, (uq(xo)) va(zo) — k| P,ug d,

where ¢ € D(Dy) satisfies ¥(xg) = 1. We insert this expression into (6.49) and obtain
the desired result.

7. Numerical results: Buried objects detection. We consider a simple
problem of detection of metallic objects buried in soil. The aim is to find the number
and the positions of metallic objects (supposedly infinite in the €, direction) us-
ing scattered field measurements from a monostatic antenna horizontally translated
above the soil. This is a rough model of the facilities described in [19]. The two-
dimensional Helmholtz equation is solved with time-domain finite differences (FDTD),
the frequency-domain solution obtained with a Fourier transform. The antenna is
roughly approximated by a single source point, which will be translated at various
locations above the soil. At each point of the mesh, the topological sensitivity will be
computed.

Let X = {x;}i=1,.. n, be the set of the successive locations of the source (and
sensors, since the antenna is supposed to be monostatic), and let F = {fi}i=1, . s
be the set of measurement frequencies. Let €, be the soil permittivity. The set of
metallic objects buried in the soil is denoted by €.

We associate with  a set of “measurements” M (). At each couple (z;, f;) €
X x F, we first define the field ug fi0 the solution of

Au+ kau =s,, inR%\Q,
(7.1) u =0 on 042,

lim 7(0,u —iku) =0,

T—00

where s,, represents a source point centered at z;, and where

B (e) = e(a)u?,

wj = 27Tfj,
| e ifz>0,
5(x){ es ifz<O.

Then the “measurements” are M(§) = {mg, ¢, (2)}. In our numerical tests, mg, , (2)
is the value of the scattered field at point x;.
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Fic. 7.1. Repartition of metallic objects in the soil and the corresponding topological sensitivity
computed on empty flat soil (dry soil, flat surface e, = 2.3, 20 frequencies ranging from 400MHz to
2GHz).

Reference measurements M = {Ma, s, } are those values obtained from the real
objects in the soil. Ideally, these would have been real measurements, but in the
following numerical results, we consider only synthetical data obtained via FDTD.

The cost function, which expresses the adequacy between the measurements ob-
tained for a distribution of metallic objects 2 and the reference data, is

(7.2) J(Q) = M= M2 =" ja, s, (),
©,J

where

(73) jwi,fj (Q) = ‘mﬂm,fj (Q) _ﬁ/l’wiyfj|2'

Applying the expression of the topological asymptotic (see Proposition 5.3), one has

(7.4) J(Q\ Bz, ) —j(Q) = Z _13;% (u%,f,- (m)m(w)) +o (loés) ,

s

where U%fj is the adjoint state associated with the couple (z;, f;).
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Fic. 7.2. (a) Reference distribution of objects. The measures are computed on a dry inhomoge-
neous soil (es ranging from 1.6 to 4.15) with a rough surface, using 29 measurement points and 20
frequencies ranging from 260MHz to 1.86 GHz. (b) Topological sensitivity computed on a flat empty
homogeneous soil (5 = 2.3).

The first example (see Figure 7.1) shows the topological sensitivity computed
on an “ideal” case: There is no noise on the data, and the reference soil is a flat
and homogeneous dry sand soil. One can see that the top of the five objects is
clearly identified by the negative values of the topological sensitivity. This topological
sensitivity can be obtained very quickly since it is evaluated on an empty flat soil,
which is invariant by translation: All direct states and adjoint states are just horizontal
translations of a “canonical” solution. The computational cost is only 10 seconds on
a 300MHz personal computer.

The second example (see Figure 7.2) is a little more realistic: The data is arti-
ficially noised since the reference data M was obtained on a nonflat inhomogeneous
soil, while the topological sensitivity was still computed on a flat homogeneous soil.
One can observe that, although the objects are still located correctly, the image (see
Figure 7.2(b)) is a bit distorted.

The third example shows that using an iterative process might give good results at
the expense of some computational cost. In this example, the basic iterative algorithm
just inserts a metal point at the point where the topological sensitivity is the most
negative. Then the topological sensitivity is reevaluated, taking into account the
metal points inserted at previous iterations, etc. Figure 7.3 shows the objects and the
metal points that were inserted at iterations 10 and 55.
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Fic. 7.3. (a) Redistribution of objects. The measures are computed on a dry flat inhomogeneous
soil (es = 2.3), 29 measurement points, and 20 frequencies ranging from 490MHz to 3.29GHz. (b)
Iteration 10. (c) Iteration 55.

REFERENCES

[1] G. ALLAIRE AND R. KOHN, Optimal design for minimum weight and compliance in plane stress
using extremal microstructures, European J. Mech. A Solids, 12 (1993), pp. 839-878.

[2] H. AmMARI AND H. KANG, Boundary layer techniques for solving the Helmholtz equation in
the presence of small inhomogeneities, J. Math. Anal. Appl., 296 (2004), pp. 190-208.

[3] M. BENDSOE, Optimal Topology Design of Continuum Structure: An Introduction, Technical



920

JULIEN POMMIER AND BESSEM SAMET

report, Technical University of Denmark, Lyngby, Denmark, 1996.

E. BONNETIER AND C. CONCA, Approximation of Young measures by functions and application
to a problem of optimal design for plates with variable thickness, Proc. Roy. Soc. Edinburgh
Sect. A, 124 (1994), pp. 399-422.

J. CEA, Conception optimale ou identification de forme, calcul rapide de la dérivée direction-
nelle de la fonction codt, RAIRO Modél. Math. Anal. Numér., 20 (1986), pp. 371-402.

J. CEA, S. GARREAU, PH. GUILLAUME, AND M. MAsMouUDI, Shape and topological optimizations
connection, Comput. Methods Appl. Mech. Engrg., 188 (2000), pp. 713-726.

H. A. ESCHENAUER AND N. OLHOFF, Topology optimization of continuum structures: A review,
Appl. Mech. Rev., 54 (2001), pp. 331-390.

S. GARREAU, PH. GUILLAUME, AND M. MAsMOUDI, The topological asymptotic for PDE sys-
tems: The elasticity case, STAM J. Control Optim., 39 (2001), pp. 1756-1778.

PH. GuiLLAUME AND K. SiD IDRIS, The topological asymptotic expansion for the Dirichlet
problem, STAM J. Control Optim., 41 (2002), pp. 1042-1072.

F. IHLENBURG AND I. BABUSKA, Finite element solution of the Helmholtz equation with high
wave number 1I: The h-p version of the FEM, SIAM J. Numer. Anal., 34 (1997), pp. 315—
358.

A. M. ILIN, A boundary value problem for the elliptic equation of second order in a domain
with a narrow slit. 1. The two-dimensional case, Math. USSR-Sb., 28 (1976), pp. 459-480
(in English).

A. M. IL’IN, Study of the asymptotic behavior of the solution of an elliptic boundary value
problem in a domain with a small hole, Trudy Sem. Petrovsk., 6 (1981), pp. 57-82 (in
Russian).

A. M. ILIN, Matching of Asymptotic Expansions of Solutions of Boundary Value Problems,
Transl. Math. Monogr. 102, American Mathematical Society, Providence, RI, 1992.

J. JACOBSEN, N. OLHOFF, AND E. RONHOLT, Generalized Shape Optimization of Three-
Dimensional Structures Using Materials with Optimum Microstructures, Technical report,
Institute of Mechanical Engineering, Aalborg University, Aalborg, Denmark, 1996.

C. KANE AND M. SCHOENAUER, Optimization topologique de formes par algorithmes génétiques,
Rev. Francaise de Mécanique, 4 (1997), pp. 237-246.

R. V. KOEN AND M. S. VOGELIUS, Thin plates with rapidly varying thickness, and their relation
to structural optimization, in Homogenization and Effective Moduli of Materials and Media,
J. L. Ericksen et al., eds., IMA Vol. Math. Appl. 1, Springer-Verlag, New York, 1986,
pp. 126-149.

M. MasmouDpli, The topological asymptotic expansion, in Computational Methods for Con-
trol Applications, H. Kawarada and J. Periaux, eds., GAKUTO Internat. Ser. Math. Sci.
Appl. 16, Tokyo, 2002, pp. 53-72.

V. G. Maz’ya, S. A. NazArROvV, AND B. A. PLAMENEVSKLJ, Asymptotic expansions of the
etgenvalues of boundary value problems for the Laplace operator in domains with small
holes, Math USSR-Izv., 48 (1984), pp. 347-371 (in Russian); Math. USSR-Izv., 24 (1985),
pp. 321-345 (in English).

P. MirLor, J. C. BUREAU, P. BORDERIES, E. BACHELIER, C. PicHOT, E. LEBRUSQ, E. LEBRUSQ,
E. GUILIANTON, AND J. Y. DAUVIGNAC, Ezperimental study of near surface radar imaging
of buried objects with adaptive focussed synthetic aperture processing, in Subsurface Sensing
Technologies and Applications II, Proceedings of SPIE 4129, 2000, pp. 515-523.

F. MURAT AND S. SIMON, FEtudes de problémes d’optimal design, in Optimization Techniques:
Modeling and Optimization in the Service of Man. Part 2, Lecture Notes in Comput. Sci.
41, Springer-Verlag, Berlin, 1976, pp. 54—62.

S. A. NAZAROV AND J. SOKOLOWSKI, Asymptotic Analysis of Shape Functionals, Rapport de
recherche de P'INRIA, RR-~4633, 2002.

S. A. NazAROV, Asymptotic expansions of eigenvalues, Leningrad University, 1987 (in Russian).

S. OzAawA, Singular Hadamard’s variation of domains and eigenvalues of Laplacian, Part 1,
Proc. Japan Acad. Ser. A Math. Sci., 56 (1980), pp. 306-310.

S. OzAawA, Singular Hadamard’s variation of domains and eigenvalues of Laplacian, Part 2,
Proc. Japan Acad. Ser. A Math. Sci., 57 (1981), pp. 242-246.

O. PIRONNEAU, Optimal Shape Design for Elliptic Systems, Springer-Verlag, New York, 1984.

M. SCHOENAUER, L. KALLEL, AND F. JOUVE, Mechanics inclusions identification by evolution-
ary computation, Rev. Européenne Elém. Finis, 5 (1996), pp. 619-648.

A. SCHUMACHER, Topologieoptimierung von Bauteilstrukturen unter Verwendung von Lochpo-
sitionterungkriterien, Doctoral Thesis, Siegen University, Siegen, Germany, 1996.

J. SIMON, Differentiation with respect to the domain in boundary value problems, Numer. Funct.
Anal. Optim., 2 (1980), pp. 649-687.



TOPOLOGICAL ASYMPTOTIC FOR THE HELMHOLTZ EQUATION 921

[29] J. SOKOLOWSKI AND A. ZOCHOWSKI, On the topological derivative in shape optimization, STAM
J. Control Optim., 37 (1999), pp. 1251-1272.

[30] J. SOKOLOWSKI AND A. ZOCHOWSKI, Topological derivatives for elliptic problems, Inverse Prob-
lems, 15 (1999), pp. 123-134.

[31] J. SOKOLOWSKI AND J. P. ZOLESIO, Introduction to Shape Optimization: Shape Sensitivity
Analysis, Springer Ser. Comput. Math. 16, Springer-Verlag, Berlin, 1992.

[32] M. S. VOGELIUS AND D. VoLKOV, Asymptotic formulas for perturbations in the electromagnetic
fields due to the presence of inhomogeneities of small diameter, Math. Model. Numer.
Anal., 34 (2000), pp. 723-748.



Article 3 :
Apploication of the topological asymptotic expansion to inverse
scattering problems

Numerical Methods For Scientific Computing Variational Problems
And Applications (2003)




NUMERICAL METHODS FOR SCIENTIFIC COMPUTING
VARIATIONAL PROBLEMS AND APPLICATIONS

Y. Kuznetsov, P. Neittanmaki and O. Pironneau (Eds.)

© CIMNE, Barcelona, 2003

APPLICATION OF THE TOPOLOGICAL ASYMPTOTIC
EXPANSION TO INVERSE SCATTERING PROBLEMS

M. Masmoudi* J. Pommier B. Samet

Mathématiques pour I'Industrie et la Physique

UMR 5640, CNRS-Université Paul Sabatier-INSA.

118 route de Narbonne, 31062 Toulouse, cedex 4, France

Email: masmoudi@mip.ups-tlse.fr, pommier@gmm.insa-tlse.fr, samet@mip.ups-tlse.fr

Abstract. *The aim of the topological sensitivity analysis is to obtain an asymp-
totic expansion of a design functional with respect to the creation of a small hole
in the domain. In this paper, such an expansion is obtained for the Helmholtz
equation with a Dirichlet condition on the boundary of an arbitrary shaped hole.
The proposed method is general and can be easily adapted to other type of bound-
ary conditions. Numerical results are presented in the context of buried objects
detection.

Key words: shape optimization, topological gradient, topological asymptotic,
Helmholtz equation, adjoint equation, inverse scattering.

*Jacques, continue to connect people, to link theoretical with applied research, and to develop
research programs, aimed at meeting industrial challenges. Thank you for giving us the opportinuty
to be in touch with real problems.




1 INTRODUCTION

Classical shape optimization methods are based on the perturbation of the bound-
ary of the initial shape. The initial and the final shape have the same topology.

The aim of topological optimization is to find an optimal shape without any a
priori assumption about the topology of the structure. Unlike the case of classical
shape optimization, the topology of the structure may change during the optimiza-
tion process, as, for example, through the inclusion of holes.

Many important contributions in this field are concerned with structural mechan-
ics and in particular the optimization of the compliance (external work) subject to
a volume constraint. In view of the fact that the optimal structure has generally
a large number of small holes, most authors'® have considered composite material
optimization. Using the homogenization theory G. Allaire and al.! exhibit a class
of laminated materials with an explicit expression for the optimal material at any
point of the structure. In this case, the optimal solution is not a classical design: it
is a distribution of composite materials. Then penalization methods must be applied
in order to retrieve a realistic shape.

For all these reasons, global optimization techniques like genetic algorithms and
simulated annealing are used in order to solve more general problems.

Recently, the notion of topological sensitivity brings a new approach for shape
optimization. It provides an asymptotic expansion of a shape function with respect
to the creation of a small hole in the domain. To present the basic idea, we consider
2 a domain of R, n = 2,3 and j(2) = J(ugq) a cost function to be minimized, where
ug is solution to a given PDE problem defined in Q. For € > 0, let Q. = Q\z + ew
be the subset obtained by removing a small part xq + cw from €, where 2y, € Q
and w C R" is a fixed open and bounded subset containing the origin. Then, an
asymptotic expansion of the function j is obtained in the following form:

J) = Q)+ FE)glro) +o(F(2) (1)
limf(e) = 0. f()>0. (2)

We call this expansion the topological asymptotic. To minimize the criterion, we
have to create holes where g is negative.

The first definition of the topological sensitivity has been introduced by A. Schu-
macher? under the name of bubble method in the context of compliance optimization
for linear elasticity problems. In the same context, J. Sokolowski® gave some math-
ematical justifications in the plane stress case, and generalized it to various cost
functions. A topological sensitivity framework using an adaptation of the adjoint
method and a truncation technique has been introduced in® in the case of an ho-
mogeneous Dirichlet condition imposed on the boundary of a circular hole. The
fundamental property of an adjoint technique is to provide the variation of a func-
tion with respect to a parameter by using a solution ug and an adjoint state pgq
which do not depend on the chosen parameter. From the numerical view point, only
two systems have to be solved for obtaining g(x) for all x € Q. This observation
leads to very efficient numeri! cal algorithms. In,” the topological asymptotic expan-
sion has been obtained for the Poisson equation with general shape functions and
arbitrary shaped holes. In,? it has been established in the context of linear elasticity.
All these contributions concern operators which symbol is an homogeneous polyno-
mial. In this paper, we analyse the case of the Helmholtz equation with Dirichlet
condition imposed on the boundary of an arbitrary shaped hole. For this purpose,



the technique used in” for the Poisson equation with non circular holes is adapted
to the nonhomogeneous Helmholtz equation case. The basic idea is to approach
the Helmholtz problem by the exterior Laplace problem. The theoretical part of
this work is discussed in two dimensional and three dimensional cases. In the three
dimensional case, it will be shown that the topological sensitivity g(xy) depends on
the shape of the hole. In contrast, it will be shown that in the two dimensio! nal
case the topological sensitivity is independent of the shape of the hole.

First, an adaptation of the adjoint method to the topological context is proposed
in section 2. Next, the formulation of the Helmholtz problem is presented in section
3 and its truncated version is described in section 4. Section 5 presents the main
results whose proofs are given in section 6. Finaly, numerical examples illustrate
in section 7 the abilities of the topological sensitivity to solve inverse scattering
problems.

2 A GENERALIZED ADJOINT METHOD

In this section, the adjoint method is adapted to topological optimization. Let
V be a fixed complex Hilbert space. For ¢ > 0, let a.(.,.) be a sesquilinear and
continuous form on V and [, be a semilinear and continuous form on V. We consider
the following assumptions.

Hypothesis 1 There exists a sesquilinear and continuous form da, a semilinear
and continuous form &;, and a real function f(g) > 0 defined on R* | such that

lim f(e) = 0, (3)
lac — a0 — f()dallc.ry = o(f(e)), (4)
lle =lo = f(E)allevy = olf(e)), (5)

where L(V) (respectively Lo(V)) denotes the space of continuous and semilinear
(respectively sesquilinear) forms on V.

Hypothesis 2 There exists a constant o > 0 such that

inf sup Jao(e, )} 2z a.
w0 yr0 |Jullv][v]ly

We say that ag satisfies the inf-sup condition.

According to (4), there exists a constant 8 > 0 independent of € such that

inf sup Jaz(u,v)] > p
w0 y20 ||ul|y|v]ly

For ¢ > 0, let u, be the solution to the problem : find u, € V such that

ac(ug,v) =l (v) Yv e V. (6)

We have the following lemma.

Lemma 1 If hypotheses 1 and 2 are satisfied, then

[[ue = uolly = O(f(e))-



Consider now a cost function j(g) = J(uc), where J is a real functional, defined
on the complex Hilbert space V. We have to give a meaning to its derivative:

J(u+h) = J(u) + R(Ly(h)) + o(]|||v) Yu,h €V, (7)

where L, is a linear and continuous form on V, and R is the real part of a complex
number.
For € > 0, we define the Lagrangian operator L. by

L.(u,v)=J(u)+ a-(u,v) — l(v) Yu,v € V.

The next theorem gives the asymptotic expansion of j(¢).

Theorem 1 If hypotheses 1 and 2 are satisfied, then

J(e) = 3(0) = f(e)R (0, (uo, po)) + o(f(€)), (8)

where ug is the solution to Equation (6) with e =0, py is the solution to the adjoint
problem: find py € V such that

ag(v, po) = — Ly, (v) Yo eV (9)

and
dc(u,v) = da(u,v) = §(v), Vu,v e V.

3 FORMULATION OF THE PROBLEM

Let €2 be an open and bounded domain of R* with boundary I' =TyUI';, n = 2
or 3. Here, I'y is the boundary of an obstacle, and I'; is an artificial surface of the
absorbing boundary condition. The Helmholtz problem is

Aug + kKuqg =0 in ©,
Ug =0 on [y,
E (10)
— =Aug+6© only,
on
where k € R*, © € Hz,(Ty) and A € L(HZ(Ty), Hz, (T1)').
We define
V() = {ve H'(Q); vyr, = 0},
a(Qu,v) = / Vu.Vudr — k2/ uodx — (Au, ), (11)
Q Q
{(v) = (0,7),

where () is the duality product between H3 (I'y)" and Hg)(I'1). The variational
formulation associated to problem (10) is the following: find ug € V(Q2) such that

a(Q,uq,v) = L(v) Yve V(). (12)

We consider the following assumption.



Hypothesis 3 The operator A s split into Ay + Ay with

e A\ € E(H()%O(Fl),HO%O(Fl)’), and satisfies

R, D) <0 Vo € Hi(TY), (13)

o Ny € L(HG(T), Hiy(T))-
We assume the following property of uniqueness

Hypothesis 4 We have

a(Q,u,v) =0 YveV(Q)=u=0, (14)
a(Q,u,v) =0 Yue V() =uv=0. (15)

From the Lax-Milgram theorem and the fact that the imbeddings Vo — L*(Q)

and HZ(T'y) — L?*(T'y) are compact, and due to the Fredholm alternative, we obtain
(see e.g.” for a detailed argumentation) the following result.

Proposition 1 If hypotheses 3 and 4 are satisfied, we have that
1. Problem (12) has one and only one solution

2. The sesquilinear form a(S2, .,.) satisfies the inf-sup condition:

inf sup laa(u, v)|

> 0. (16)
u#0 y£0 ||U||V(Q)||U||V(Q)

For a given xy € €2, consider the modified open subset €2, = Q\wz, w. = xy + cw,
where w is a fixed open and bounded subset of R” containing the origin (w. = () if
e = 0), whose boundary dw is connected and piecewise of class C!. The modified
solution ugq_ satisfies

Aug, + k*ug, =0 in Q,,

uq, =0 on 'y,

uq, =0 on dw,, (17)
8uga

= AUQE +© on ]_—‘1.
on

The function uq, is defined on the variable open set ()., thus it belongs to a
functional space which depends on €. Hence, if we want to derive the asymptotic
expansion of a function of the form

J(e) = J(ug.), (18)

we cannot apply directly the tools of section 2, which require a fixed functional
space.

In classical shape optimization, this requirement can be satisfied with the help of
a domain parameterization technique.'' ' This technique involves a fixed domain
and a bi-Lipshitz map between this domain and the modified one. In the topology
optimization context, such a map does not exist between 2 and €).. However, a



Figure 1: The initial domain and the same domain after inclusion of the hole.

functional space independent of ¢ can be constructed by using a domain truncation
technique. This technique is needed only for analysis, and will never be used for
practical computation. During the optimization process, the two systems which
have to be solved at each step are (10) and the adjoint problem associated to the
cost function (18).

4 THE TRUNCATED PROBLEM

Let R > 0 be such that the closed ball B(zg, R) is included in €. It is supposed
throughout this paper that ¢ remains small enough so that w; C B(zg, R). The

truncated open subset is defined by Qr = Q\B(x¢, R). The open subset B(z, R)\w:

Figure 2: The truncated domain.

is denoted by D, (see Figure 2). For ¢ € Hz(I'z) and & > 0, let u# be the solution
to the problem: find uf such that

Auf + k*u? =0 in D,,
u? =0 on Jw,, (19)
u? =¢ onlg,

where I'p is the boundary of the ball B(xg, R). For e = 0, u§ is the solution to
© 4 2,0 _ ~
{ Auf + k*uf =0 in B(zg, R), (20)

© —
ug =@ onlg.

Using the Poincaré inequality, it can easily be seen that for R < (v2|k|)7!,
problems (19) and (20) have one and only one solution.




For € > 0, the Dirichlet-to-Neumann operator 7. is defined by
T.: HY?(Tg) —  HY*(Tpg)
% — T.p = Vuf.npr,,

where the normal np, is chosen outward to D, on I'r and dw..
Finally, we define for € > 0 the solution u. to the truncated problem

[ Au, + ku, =0 in Qg,
Ug =0 on [y,
< 2 —Au.+© onT, (21)
n
\ 81: — Teuer, =0 on ['g.

The variational formulation associated to (21) is: find u. € Vg such that

ac(ue,v) =L(v) Vv € Vg, (22)

where the functional space Vr and the sesquilinear form a. are defined by

VR = {U c Hl(QR); ’U|FO = 0}, (23)
a.(u,v) = Vu.Vv dx — kQ/ u.v dx — (Au,T) + / Tour,v dy(z).(24)
Qg Qg I'n

Here, [. denotes the duality product between H'/?(T'z) and H~'/*(Tg).
The following result is standard in PDE theory.

Proposition 2 Problems (17) and (21) have a unique solution. Moreover, the re-
striction to Qg of the solution uq, to problem (17) is the solution u. to problem

(21).

We have now at our disposal the fixed Hilbert space Vg required by section 2.
We assume (for simplicity) that the function (18) is defined in a neighbor part of I
Then we have

jle) = J(ug,) = J(u:) Ve >0. (25)

5 ASYMPTOTIC EXPANSION OF THE COST FUNCTION

This section contains the main results of this paper. All the proofs are reported
in section 6. Henceforth we have to distinguish the cases n = 2 and n = 3. This is
due to the fact that the fundamental solutions to the Laplace equation in R? and
R? have an essentially different asymptotic expansion at infinity, and problem (26)
has generally no solution if n = 2.

5.1 The three dimensional case

Possibly changing the co-ordinate system, we can suppose for convenience that
xg = 0. In order to derive the topological sensitivity of the function j, we introduce
two auxiliary problems.



The first problem, which we call the “exterior problem”, is formulated in R3\w
and consists to find v,,, solution to

—Av, =0 in R*\w,
Uy = at 0o, (26)
Uy = ug(xy) on dw,

where ugq is the solution to the direct problem (10).

Here, one can remark that just the principal part of the Helmholtz operator is used,
which described by the Laplace equation. The function v, can be expressed by a
single layer potential on Ow. Let

1
E(y) = — 27
(v) = 7— (27)
with » = [|y||. Tt is a fundamental solution for the Laplace equation in R*. Then,
the function v, reads!'®
w(o) = [ Bly-alpule) di(o), v e R\, (28)
ow

where p, € H _%(&u) is the solution to boundary integral equation

/ By — 2)po(z) dy(x) = ua(zo), Vy € 0w, (29)
Ow
For x bounded and large r = ||y||, we have

72

Bly—) = £0)+0 ;) (30)

and the asymptotic expansion at infinity of the function v, is given by

vo(y) = Pu(y) +Wauly), (31)
Ay (ug(z0)) E(y), (32)

A, (ug(z0)) = / pula) dr(2), (33)
W) = 0(1). (34)

r2

v

—

S
|

Notice that P, € L. for all m < 3. Clearly, the function & — A, () is linear on
R, and the number A, («) depends on the shape of w.
The second problem, which we call “interior problem”, is formulated in Dy =

B(xo, R) and consists to find Q. solution to

1 201 _ :
{AQw—l—k Q, =0 in Dy, (35)

1 _
Qw = Lw|ry on FR.

Here, the idea is to consider an interior and exterior problems that give a good “first
order approximation ” of (uf — ug)lDE, © = Uqry, in the form f(e)(Q), — P,), in a
way which will be stated precisely in section 6.



But, the given formulation (35) of the interior problem, which is the “natural” choice,
is not sufficient to get the behavior needed by the adjoint technique described in
section 2. More precisely, in this case one can construct the sesquilinear form da
but there is no positive function f(e) such that ||a. — ag — f(€)da||zovr) = 0(f(€)).
Indeed, one can observe through the proof of Proposition 4 that the behavior of
lae — ao — f(€)dal|zovy) is not of order o(e), but only of order O(e). This due to
the approximation used on the exterior problem (26), where just the principal part
of the operator is considered. For this reason, a new term @2 is used in order to
correct the error caused by this approximation. We construct @ as solution to

AQ? + k*Q* =k’P, in Dy, (36)
Q? =0 on I'y.

Setting Q, = QL + @2, then @, is solution to
AQ, + k2Q, =k2P, in Dy, @)
Qw = Po_;l]_"R on FR

Using the corrected interior problem (37), one can derive the good approximation
of (uf — ug)p.. The main result is the following, which will be proved in section 6.

Theorem 2 Let j(e) = J(u:) be a cost function satisfying the following hypothesis

Ju—+h)=Ju)+R(L,(h) +o(||h|]) Vu,v €& Vg, (38)

where L, 1s a linear and continuous form on Vg and u., € > 0 is the solution to

(21).

Let vy € Vg be the solution to the adjoint equation

ag(w,vg) = —Ly,(w), Yw € V. (39)

Then, the function j has the following asymptotic expansion

j(e) = j(0) +eR(dj(z0)) + o(e) (40)
with

5](1‘0) = . V(Qw - Pw)-anR% df)/(x) (41)
R
The function R(dj(zo)) is called the topological sensitivity or the topological
gradient. Moreover, as j is usually independent of R and dj(z¢) is independent of
g, it follows from the uniqueness of an asymptotic expansion that $(0j(xz¢)) is also
independent of R.
Practically, we need just to compute the solution ug to (10) and vg the solution to
the associated adjoint problem, which is solution to

a(Q,w,vq) = —Ly,(w), Yw e V(Q), (42)

where the functional space V(Q2) and the sesquilinear form a(£2,.,.) are defined in
(11).
It has been shown in Proposition 2 that ug is the restriction to Qg of ug. Similarly,



vg is the restriction to Qp of v, this can be proved in the same way than.'* Conse-
quently, the function uq (or ug) and the adjoint state vg (or vg) do not depend on .
Hence, the basic property of an adjoint technique is here satisfied. Therefore, only
two systems must be solved in order to compute the topological sensitivity ¢j(x) for
all x € €.

Corollary 1 Under the assumptions of theorem 2, we have

0 (w0) = Au (ua (o)) va(wo)- (43)
When w is the unit ball B(0,1), then v,(y), P,(y) and W, (y) can be computed
explicitly:
=P,(y), Wuly)=0, 0#£yeR. (44)
Then it follows from (27) (32) that

Ay (ug(zo)) = dmug(zo). (45)

Then, we have the following result.

Corollary 2 Under the assumptions of theorem 2 and when w is the unit ball
B(0,1), we have that

37 (o) = dmug(zo)va(xo). (46)

5.2 The two dimensional case

In this paragraph, we intend to derive the asymptotic expansion of the function
J in two dimensional case. The technical used is similar to that of the three di-
mensional case. We use the principal part of the Helmholtz operator to derive the
topological sensitivity expression. Next, we briefly describe the transposition of the
previous results to the two dimensional case. As before, ugn and the adjoint state vg
are respectively the solutions to (10) and (42).

The exterior problem must now be defined differently than in (26). It consists to
find v,,, solution to

—Auv, =0 in R*\w,
v, (y)/logr =wuq(we) at oo, (47)
Uy =0 on Jw.

A fundamental solution for the Laplace equation in R? is given by

1
E(y) = -5 logr. (48)
The function v, has the form
v (y) = ua(zo) log [yl + P + Wau(y), (49)

where P, is constant and W, (y) = o(1) at infinity.'® In the next proposition (where
w is not supposed to be a ball), one can observe that in the two dimensional case
the topological sensitivity does not depend on the shape of the hole w, in contrast
to the three dimensional case.



Proposition 3 The assumptions are the same as in theorem 2. The function j has
the following asymptotic expansion

2

" R <uQ(x0)m> +o <L) . (50)

7€) =30) — 15z loge

The proof uses the same tools as for the three dimensional case (see section 6)
and will not be repeated for the two dimensional case.

6 PROOFS

This section consists in the proof of theorem 2. The variation of the sesquilinear
form a, reads

e (1, 0) — ao(u, v) = / (T. — To)u dr(a). (51)

I'r
Hence, the problem reduces to the analysis of (T, — Tp)¢ for ¢ € H2(I's). More
precisely, it will be shown that there exists an operator 07" € £ (H 2(Cg), H2(T R))
such that

— 3/2
|T. — T — 55T||£(H%(FR)’H_%(FR)) = 0(%?%). (52)

Consequently, defining da by

da(u,v) = 0Tuv dy(z) Vu,v € Vg (53)

I'r
will yield straightforwardly

|a: — ao —56a||£( 20(53/2)- (54)

HE(Ip),H ™3 (Pp))

First we need some definitions and preliminary lemmas.

6.1 Definitions

For convenience, the following norms and semi-norms are chosen for the functional
spaces which will be used.

e For a bounded and open subset O C R* and m > 0, the sobolev space H™(O)
is equipped with the norm defined by

m
lullfo =D luljo.
§=0

where the semi-norms |u|; o are given by

o= / Onul? dx. (55)
.JO

o=

e For a given € > 0, the space H > (I'ry:) is equipped with the following norm:

[ully rs,. = WEl0lLor/2e.r0); Vg, = ul,

where C(r,7") = {z € R®;r < ||z|| < 7'}



e The dual space H —3 (I'ry=) is equipped with the natural norm

1
[l _1 rp,. =sup{| <w,v>_115 v € H2(Tgse)s[J0ll1p,,. =1}

where <, >_1 1 is the duality product between H%(FR/E) and H_%(FR/g).

11
272
6.2 Preliminary lemmas

Recall that zo = 0. We will use extensively the following change of variable: for
a given function u defined on a subset O, the function @ is defined on O = O/e by

. z
i) = u(e), =",
Lemma 2 We have that
luho = &7l (56)
ulloo = illy - (57)

Lemma 3 For ¢ € H2(0w) let v be the solution to the problem

—Av =0 in R\,
v =0 atoo, (58)
v = on Ow.

The function v s split into

v(y) = V(y) +W(y)
V) = E() / plx) dy(x),

where E(y) = and p € H™2(0w) is the unique solution to

T Iy
/a E(y — 2)p(z) dy(x) = o(y) 'y € dw. (59)

There ezists a constant ¢ > 0 (independent of ¢ and ) such that

IVllo.otrpzerre) < e llolly o

Vivewerse < c?llells o

IV]0,D./e < ee gl o
Vo < el o

W llocrpeersey < el

Wlowmpere < |l o
Wllo,p.re < cllells on-




Lemma 4 Fore > 0, ¢ € H2(Dg), v € H'(Dy) and f. € L2(D.), let v, be the
solution to the problem

Av, + kv, =f. in D,,
v, =1  on Ow,, (60)
Ve =@ on FR.

There exists a constant ¢ > 0 (independent of ¢, 1, f. and €) such that forall e > 0,

velemom < e (clvEn o+ I9llr, + 1fllon.) (61)
leellop. < e (el on + Illr, + I1fll0p.) (62)
e, < e (P2 l6En) 00 + el + 1Flon.) (63)

Lemma 5 Let u belongs to the space H' (C(R/2, R)) and satisfies Au+k*u =0 in
C(R/2,R), ur, = 0. Then, there exists a constant ¢ > 0 (independent of u) such
that

IVunrell—1p, < cluliemer)- (64)
6.3 Variation of the sesquilinear form
The variation of the sesquilinear form a, reads
0.(0,0) = aofu0) = [ (T, = To)uv dof)
I'r

For ¢ € Hz(I'y), recall that u? is the solution to (19) or (20) if ¢ = 0. Let v¥ be
the solution to the problem

Av? =0 in R\,
ve =0 at 0o, (65)
v =uf(xrg) on dw.

Like in (31)-(32), Let P?(y) = A, (uf(xo)) E(y) be the dominant part of v¢, and let
Q7% be the solution to the associated interior problem

AQY + K*Q? =EK*P¥Y in D, (66)
QY% = P‘fer on I'g.
The linear operator 67" (independent of ¢) is defined as follows:
. pgl/2 ~1/2

@ — 0T = V(Qf — Pf).njry-
Proposition 4 The operator T, admits the following asymptotic expansion

IT. = Ty — 20T, ,=0 (%%).

1 1
H2(Tg),H 2(Tr



Proof:

Let ¢ € H2(T'g). For simplicity we drop the subscripts (.). For y = z/e, we have

v, (y) = Pu(y) + Wa(y),
with P, (g) = =P, (z) and W, (y) = O <W> Let
T/Js(«%’) = (TE — Ty — 55T) (p(l‘)
We have

Ye(x) = (Vue —Vug—e(VQ, — VP,)) nry,
x
=V (wg(a:) - W, (E)) Mg
where w, is defined by

we(x) = ue(x) — up(x) — eQu(x) + v, (g) .

The function w, is solution to

Aw, + k*w, = k*W,(x/¢e) in D,,
W = W,(z/e) on I'g,
w; = —up(z) + up(0) —eQu(z) on dw,.

In order to apply Lemma 4, we have to estimate the right-hand side terms.
e in D,, we have

[We(x/e)

Using lemma 3, we obtain

lo.p. = €*([Wa ()|

0,Dc/e-

[Wo@llo,p.re < clluo(zo)l 1 o
< clug(zo)|
< cllells g
Then, we have
IWe(z/)llo,p. < c*(|@ll1 e

e On I'g, using Lemma (2), Lemma (3) and the elliptic regularity, we obtain

IN

[Welz/e)lls rp clWolz/e)llorzr

¢ ([Wa(x/e)locrszm + W@ /e)erszm)

c (53/2|’Ww(y)| 0,C0(R/2¢,R/e) T 51/2|Ww(y)|1,C(R/25,R/a))
ce?||uo(20) |1 90,

ce?|ug ()|

ce’||pll1 -

IN

IN

IN A

(68)



e On Jw,, putting

0.(x) = —ug(x) + up(xg) — eQu(x)

9

)

we have for small ¢

10(ey)ll1 00 < cllOc(ey)
UO(E?J) - Uo(xo)
c||
E
¢ (lluolle2(n0,r/2)) + 11Quller (B0, r/2)))

cllell s rp-

|1,w

+ Qu(ey) 1w

<
<

We can now apply Lemma 4, which gives

welomom < ¢ (206llyr, + 1000, +elleb-(n)lly00)

IN

c=*llll s rpe

Finally, it follows from Lemma (2) and Lemma (5) that

[0l _1r, = IV(we = Wola/e)) gl —1 r,

c (|ws|1,C(R/2,R) + |Ww(33/5)|1,0(R/2,R))
1,C(R/2,R) T 51/2|Ww(y)
¢ (206l + 20l )

cs*2|o]

IN

1,C(R/25,R/5))

¢ (|we

IN

¢

IA

1 .
§7FR

Hence,

IT. = Ty — 20T, =0 (*?).

HE(Tp),H™ % (I'g))
[

The asymptotic expansion of the sesquilinear form a, follows now straightfor-
wardly.

Proposition 5 Let

da(u,v) = 0Tuv dy(z) wu,v € Vg.

I'r
Then the asymptotic expansion of the sesquilinear form a. is given by
= 0(%?).

lae — ag — gdaHL‘(H%(FR)aH_%(FR))



6.4 Proof of Theorem 2

We have the following result.'¢
Proposition 6 The sesquilinear form ay defined in (24) for e = 0, satisfies the
inf-sup condition.

All the hypotheses of section 2 are satisfied and we can apply Theorem 1:

J() = §(0) = eR(ba(un,vq)) + o(e)
= r ([ Vi@ P o) + o)

where ¢ = uqr, = uor,- Then, the proof of Theorem 2 is achieved.

7 NUMERICAL RESULTS: BURIED OBJECTS DETECTION

We will consider here a simple problem of detection of metallic objects buried
in the soil. The problem here is based on a 2D/TM model, hence we are looking
for infinite metallic wires placed in the z direction.The aim is to find the number
and the locations of metallic objects, using scattered field measurements from a
mono-static antenna horizontally translated above the soil. This is a rough model
of the problem described in.!” The 2D Helmholtz equation is solved by the Finite
Differences Time-Domain (FDTD) method. The frequency-domain solution being
obtained with a Fourier transform. The antenna is roughly approximated by a
ponctual source, which will be translated at various locations above the soil.

Let X = {w;}i=1.n, be the set of the successive locations of the source (and
sensors, since the antenna is supposed to be mono-static), and F = {fi}i=1.., the
set of measurement frequencies. Let £, be the soil permittivity. The area occupied
by the buried objects is denoted by (2.

We associate to {2 a set of “measurements” M(€2): at each couple (z;, f;) € X xF,
we consider the field ug 4;+ solution to

Au + kfu =s; inR*\Q,
u =0  on 09, (69)
lim, 00 /7(0,u — iku) =0,

where s, represents a source point located at z;, and where

2 _ 2
B(r) = e,
wj = 27Tfj,

_J ey itz>0,
5(‘”)_{55 if 2 < 0.

Then the “measurements” are M(€2) = {my, s, (€2)}, where my, r, () is the value of
the scattered field at the point z;.

We call reference measurements M = {m,, s, } the measured data. For the mo-
ment, we only consider synthetic data obtained via FDTD.
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Figure 3: Repartition of metallic objects in the soil, and the corresponding topological sensitivity
computed on an empty flat soil (dry soil, flat surface £, = 2.3,20 Frequencies ranging from 400MHz
to 2GHz).

We have to minimize the cost function that evaluates the discrepancy between
measured data and the response obtained for a given distribution of metallic objects:

JQ) = M=M= jur, (), (70)
1,J
where

jfﬂi»fj (Q) = |mxiafj (Q) - mxiafj |2' (71)

Applying the expression of the topological asymptotic (see Proposition 3), one
obtains

HON B2~ 0 = 30 2 (a8, 0 @) o (o). (7

(]

where vffi, s, is the adjoint state associated to the couple (@i, f5)-

The first example (see Figure 3) shows the topological sensitivity computed in a
simple case: the data is not noisy and the reference soil is a flat and homogeneous
dry sand soil. One can see that the top of the five objects is clearly identified by
the negative region of the topological sensitivity. This topological sensitivity can
be obtained very quickly since it is evaluated on a flat soil without mines, which
is invariant by translation: all direct states and adjoint states are just horizontal
translations of a “canonical” solution. The computational cost is only 10 seconds
on a 300MHz personal computer.
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Figure 4: Topological sensitivity with noisy data (dry soil, rough surface, e, ranging from 1.6 to
4.15, 20 frequencies in [0.26 M Hz — 1.86G H z]).

The second example (see Figure 4) is a little bit more realistic: the data is noisy
since the reference data M was obtained on a non-flat inhomogeneous soil, while
the topological sensitivity was still computed on a flat homogeneous soil. One can
observe that, although the objects are still located correctly, the image is a little bit
distorted.

The third example shows that it is possible to improve the accuracy of the buried
objects using an iterative process. In this example, the basic iterative algorithm
just inserts a metal point at the point where the topological sensitivity is the most
negative. Then the topological sensitivity is reevaluated, taking into account the
metal points inserted at previous iterations, etc.. Figure 5 shows the objects and
the metal points that were inserted at iteration 10 and iteration 55.

8 Conclusion

With only one evaluation of the direct and adjoint electrical field, we have a good
idea on the buried objects. The proposed method is very efficient if we can compute
the adjoint. Unfortunately, in many industrial environment, the adjoint is not so
easy to compute. For this reason, genetic algorithms'® 2 remain the most general
approach.
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Figure 5: Iterative process: original objects on top, and results at iterations 10 and 55.
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Abstract. In the present work, the topological asymptotic analysis is extended to the
case of the insertion of small inhomogeneities in the domain. As a model example, we
consider solutions to the Helmholtz equation in two and three dimensions:

div (a-Vue) + feus =0,

where (g, 3.) are the piecewise constant functions equal to (cy, 31) inside the inhomo-
geneity xo + eB, B denoting a fized subdomain of R, and (o, By) outside. An adjoint
method is used to determine an asymptotic expansion of a given criterion in the form

Ja(ua) - JO(“O) = f({-f)G(fO) + O(f({-:))

Arbitrary shaped inhomogeneities and a large class of cost functions are considered. Those
results are illustrated by some numerical experiments in the contexts of the localization of
dielectric inhomogeneities with the help of electromagnetic waves and of defects detection
in aircraft structures.
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1 Introduction

The aim of the topological sensitivity analysis is to obtain an asymptotic expansion of
a shape functional with respect to the creation of a small hole inside the domain. The
principle is the following. One considers a cost function J(§2) = J(£2, uq) where ug is
the solution to a partial differential equation defined in the domain Q C R? (d=2 or 3),
a point 7y € Q and a fixed domain B C RY, containing the origin. One searches for an
asymptotic expansion of J(Q\(xg + £B)) when ¢ tends to 0. In most cases, it reads in
the form

I (Q\(zo +eB)) = T(Q) = ()G (o) + o(f(€))- (1)

Here, f(e) is an explicit positive function going to zero with e and the function G, the
“topological gradient” (or “topological derivative”), is in general easy to compute. Expan-
sion (1) is called the “topological asymptotic”. Hence, to minimize the criterion J, one
has to create holes at some points & where the topological gradient is negative. For more
details about this approach we refer the reader to S. Garreau et al. [11], Ph. Guillaume
and K. Sididris [13], M. Masmoudi [14], A. Schumacher [17], A.A. Novotny et al. [15], J.
Sokolowski and A. Zochowski [18]. In all these works, the authors consider only one way
of perturbing the domain: the insertion of a hole.

Another situation, firstly studied by D.J. Cedio-Fengya, S. Moskow and M.S Vogelius
[9], conmsists in perturbing the domain by the insertion of small inhomogeneities with
constitutive parameters different from those of the background medium. In this paper,
the authors are interested in the identification of conductivity imperfections by the use
of boundary measurements. Other references can be found in [4, 3, 5, 2, 21, 6, 1]. In
all these publications, only asymptotic formulas of solutions and of very particular cost
functions are given.

In the present work, we combine both previous approaches, that is, we compute the
topological asymptotic with respect to the insertion of small inhomogeneities in the do-
main. As a model example, we consider solutions to the Helmholtz equation in two and
three dimensions, but the methodology presented here applies also to many other linear
PDEs, as for example in elasticity. An adjoint method is used to derive the expressions
of f(e) and G(z) for any zo € Q (see Formula (1)).

The paper is organized as follows. The adjoint method is described in Section 2.
The Helmholtz problem with inhomogeneities and the adjoint equation are presented in
Section 3. In Section 4, we determine the expression of the topological asymptotic. Some
particular cases of cost functions and of shape of inserted objects are exhibited in Section
5. The case of a metallic object (hole with Neumann condition) is formally retrieved [7].
Section 6 is devoted to some numerical experiments. In all the paper, the most technical
proofs are omitted.



S. Amstutz, N. Dominguez and B. Samet

2 The adjoint method

Let V be a complex Hilbert space. For all € > 0, let a. be a sesquilinear and continuous
form on V and /. be a semilinear and continuous form on V. We assume that for all € > 0,
the problem

u: €V
{ ac(ue,v) = Ll(v) VveV (2)

has one and only one solution. Consider now a cost function j(¢) = J.(u.) € R, ¢ > 0.
We assume that, for all € > 0, the function J. : V — R is differentiable on the real field
at the point ug: there exists L. € £(V,C) such that

Je(uo + h) — Je(uo) = RL:(h) + of[[h]ly). (3)
Suppose that the following hypotheses hold.

Hypothesis 1 There exists two complex numbers da and 6¢ and a function f(g) > 0 such

that
(a= — ao)(uo,ve) = f(e)da+o(f(e)), (4)
(b= = Lo)(ve) = f(e)ol+ o(f(e)), (5)
lim f(c) = 0, (6)

where v, is the solution, that is supposed to exist and to be unique, to

ac(u,v.) = —L.(u) Yu € V. (7)
We call vy the adjoint state.
Hypothesis 2 There exists two real numbers d.J; and 6Js such that

Je(ua) = Ja(uo) + %La(ua - UO) + f(€)5j1 + O(f(E)), (8)
Je(ug) = Jo(ug) + f(€)dJ2 + o(f(e)). (9)

Then, we have the following result (see [7]).

Theorem 1 The variation of the cost function with respect to € is given by
J(€) = 3(0) = f(e)R(0]) + o(f(e)),

where 0§ = da — 60 + 6J and 6J = 6J1 + d.Js.
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3 Problem formulation
3.1 The Helmholtz problem

Let Q be a bounded, smooth subdomain of R?, d = 2 or 3. For simplicity we take
0€) to be C*>, but this condition could be considerably weakened. We suppose that in 2
is inserted a small inhomogeneity w. = B, where B C R? is a bounded, smooth (C*)
domain containing 0 (the origin) and ¢ is the order of magnitude of the diameter of the
inhomogeneity. For € > 0, let u. be the solution to the Helmholtz problem

{V.(()nguE)qLﬁgug =0 in (10)

Oty = Au.+o0 on 0.

Here, A € L(H2(8Q), H 2(dQ)), 0 € H 2(89Q), n denotes the outward unit normal to
0f) and a., (. are the piecewise constant functions defined by

as(:c):{ao if x € Q\w;, @(x):{ﬂo if v € Q\wy, (11)

o if x € w,, 6 ifx € w,,

where g, a1, By and (; are some constants. The variational formulation associated to
(10) reads

u. € H(Q2)
{ a:(uz,v) = L(v) Yve H(Q), (12)

where, for all u,v € H'(Q),
a-(u,v) = /CYeVU.W dx—/ﬁguﬂ dx—ao/ (Au)v ds, (13)
Q Q o0
l(v) = ao/ ov ds. (14)
o0

In all the paper, the duality products between H /2 and H/? are denoted by an integral.
We assume that the following hypotheses hold.
Hypothesis 3 The operator A is split into A = Ay + A1 where

o Ao € L(H=(00), H 2(8Q)) and satisfies

R | (Aow)P ds(z) <0 Vi € H2(9).
0N

o Ay € L(H=(09), H2(9Q)).
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Hypothesis 4 For all ¢ > 0, we have
{a.(u,v) =0 Yve H'(Q)} = u=0, (15)
{a.(u,v) =0 Yue H(Q)} = v =0. (16)
We have the following result.

Proposition 2 If Hypotheses 8 and 4 are satisfied, then for all € > 0 Problem (12) has
one and only one solution.

Such a boundary condition on 0f) often appears in wave propagation problems, but it
could be replaced without any change in the analysis by any other boundary condition
provided that PDE (10) is well-posed.

3.2 The cost function and the adjoint problem

We consider a cost function j(e) = J.(u.) € R, ¢ > 0. We set V = H'(Q) and we
assume that J. is “R-differentiable” in the sense of Equation (3). Moreover, we suppose
that Hypothesis 2 holds with f(g) = ¢¢ and that L, satisfies the following hypothesis.

Hypothesis 5 The linear form Lg, considered as a distribution, coincides in a neighbor-
hood of the origin with a function of reqularity H* . Furthermore,

L — Lol oy = O(e"?).
For all € > 0, we define v, as the solution to the problem

{ v. € H'(Q),
a(u,v.) = —L.(u) Yue HY(Q).

We have the following result.

(17)

Proposition 3 If Hypotheses 3 and 4 are satisfied, then Problem (17) has one and only
one solution.

4 Establishment and statement of the main result

Let us first study the variation of the solution.

4.1 Preliminary estimates

Lemma 4 We have

lue — wol|m) = O(ed/Q), (18)

lve —vollmy = O(Y?), (19)
||u8_u0||H1(Q\m) = 0(e"), (20)
lue — ol 2@am) = O(9), (21)
e = ol i) = O(ex+7), (22)

5
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where R denotes any fized radius such that B(0,R) C Q, 6 =0 in 3D, 6 > 0 in 2D.

We denote w, = v. — vg.

Lemma 5 We have

/ uo. Wz dr = o(e?).
/ 1o Ty dr = € Blug(0).v6(0) + o(e?).

/ Vo Vog da = &9 B|Viug(0). Vo (0) + o(=%).

We introduce now the function ® solution to

A® =0 in B and R4\ B,
® is continuous across 0B,

= (0,0)" — (0,0) = —n, (23)
|1|11m 1B (y)| = 0.

Here, n denotes the outward unit normal to dB; superscript + and — indicate the limiting
values as we approach 0B from outside B, and from inside B, respectively.

Lemma 6 We have the asymptotic expansion

g ds = & (@ - 1) Vo (0)” [ /a ned() ds(y)] V1o(0) + o(e%),

Owe ai

where ® denotes the tensorial product between two vectors, that is,
UV = (U’iVj)lSide VU, Ve Rd.
Proof. We can write

Onuow; ds = Vuy(0).nw; ds + / [Vug(z).n — Vug(0).n]w: ds. (24)

Owe Owe Owe

By a change of variable we obtain
/ [Vug(z).n — Vug(0).n]wz ds(z) = 4 / [Vug(ey).n — Vuy(0).n]w.(ey) ds(y).
Owe OB

Yet, we have

[ [uale)n = Fu0) i) dst)| < ll(Tuaer)n=Fua0)a)]y )l

6
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A Taylor expansion, the trace theorem and a change of variable yield

1 _
[ Fulenn - Vual0.foen) dsto)| < e (ol + el

Using the Hélder inequality, we obtain that for all p,q € [1,+o0] with 1/p+1/q =1,
el 2oy < €¥2|we| r2r o)

We choose p = 3 and ¢ = 3/2. Using the fact that, by Lemma 4, ||w.| i) = O(e¥/?)
and the Sobolev imbedding theorem, we obtain

/83[Vu0(5y).n — Vo (0).n]w.(gy) ds(y)| < ce(e¥3 + ¢).

Then,
/ (Vatg(2) 1 — Vauo (0) ]z ds(z) = o). (25)
Owe
In [21], it is proved that for all y € 0B,
[0
we(ey) = c‘(a—? — 1)®(y).Vue(0) + Re(y), (26)

where O(e?lne) ifd
e?lne) ifd=2,
1R (¥)lle(ow) = { O(s3) itd=3. 27)

In this paper, the proof is presented in 2D only but the 3D case is obtained by following
exactly the same principle. The only thing to be changed is the fundamental solution of
the Laplace operator. Using a change of variable, (26) and (27), we obtain that

/awg Vuo(0).nw; ds = & (@ — 1) Vo (0)T [/wn ® O(y) ds(y)} Voo(0) + (). (28)

03]

From (24), (25) and (28) we deduce the desired result. O

4.2 Variation of the sesquilinear form

Here, our aim is to determine da, 0¢ and f(e) such that Hypothesis 1 holds. The
sesquilinear form ¢ defined in (14) is independent of . Then, we have

50 = 0. (29)

The determination of da starts from the fact that

(@ = ao) o, 0) = (s — ) [

We

Vuo.Vu, dr — (31 — Bo)/ Uo. Tz dx. (30)

We

7
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Hence,
(a. — ap)(ug,v.) = (a1 — ao)/ Vug.Vw, dx + (o1 — ao)/ V.V, dz
— (61 — ﬂo)/ uo. W dr — (1 — 50)/ U Vo dz.

The Green formula yields

0
(a. — ap)(up,v:) = (o1 — ayp) {/ %w_g ds +/ Vuy.Vy dx} (31)
0 we

We

—(61 — 50)/ U Ty dx + (Z—;ﬁo — ﬁl) / Uy W, dx.

Then it follows from (31) and Lemmas 5 and 6 that the following proposition holds.

Proposition 7 We have

(ac — ag)(ug,v:) = €%y — o) Vug(0)T {(— - 1) /wn ® ®(y) ds(y) + |B|I} Vuo(0)
+£%(Bo — 1)|Bluo(0)vo(0) + o).
Then, Hypothesis 1 is satisfied with f(¢) = &% and

o

Sa = (a1 — ag)Vue(0)" Ka—l — 1) /aBn®<I>(y) ds(y) + ]B\I} Vuo(0)

+(B0 — B1)|Bluo(0)vo(0).
4.3 The topological asymptotic expansion

Provided that the cost function satisfies Hypothesis 2 (see Section 5.1 for some exam-
ples), all the assumptions of the adjoint method are checked and the topological asymp-
totic expansion is given by Theorem 1. We obtain the following result.

Theorem 8 The cost function j has the following asymptotic expansion:

j(e) —j(0)
_ i {(oé1 — ag)Vue(0)” (P + |BII) Vuo(0) — (81 — Fo)| Bluo(0)ue(0) + 5J} +o(ed).

with
P <@ - 1) / n®d(y) ds(y), 6 =67, = 8Js. (32)
0B

aq

This matriz P only depends on the shape of B and on the ratio ag/ay.
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5 Particular cases
5.1 Particular cost functions

Our goal here is to give some examples of cost function satisfying Hypotheses 2 and 5.
The proof of the following theorem is omitted.

Theorem 9 We consider three cases.

1. First example. We denote Dr = Q\B(0,R), R being a fized radius such that

B(0,R) C Q. We consider a cost function of the form: j(e) = Jo(uc) = J(uepy,)-
We assume that there exists L, a linear and continuous form on H'(Dg) such that

J(uojpy, + h) = J(uop,) + R(L(K)) + oll|hllp,) Yh € H'(Dp).
Then, Hypotheses 2 and 5 are satisfied with
L.(u) = L(wp,) Yu€ H'(2),Ve >0

and

dJ;1 =0Jy=0.
2. Second example. [t consists in the cost function
J(e) = Ju(ue) = /Qasmg gl da,
where ug € H*(Q). Hypotheses 2 and 5 are satisfied with
L(u) =2 /Q aculuy —ug) de Vu e H'(Q),

5J1 - 0,
0o = (a1 — )| Blug(0) — ug(0)*.

3. Third example. [t consists in the cost function
jle) = Je(ue) = / |V (ue — ug)|? du,
Q
where ug € H3(Q). Hypotheses 2 and 5 are satisfied with

L.(u) = Q/QOCEVU.V(UO —ug) dv Yu € HY(RQ),

5J1 = (Oél — Oéo)VUO(O)TPVUQ(O),
(SJQ = (Oél — Oéo)’BHVUO(O) - Vud(O)IQ,
where P is the matriz defined by (32).
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5.2 Particular shaped dielectric objects

When B is the unit ball, we can explicitly determine ®, the solution to Problem (23).
In this special case we have

1 y in B,
O(y) = ——— . - 33
(y) (d—l)z—?‘i‘lx{ # Hle\B. ( )
Using Theorem 8 and (33) we obtain the following result.

Corollary 10 (ball) If B is the unit ball, the matriz P of Theorem 8 reads

Qo — O

(d — ].)Oé() + aq

pP= |B|I

and the function j has the following asymptotic expansion:

dOz()(Oél — Ojo) —_

d—Dao + | B|Vuo(0).Vue(0) — (81 — Bo)|Bluo(0)ve(0) + 5J} + o(ed),

i(e) = 0) =<' {
We now consider the case where B is an ellipse. We have the following result.

Corollary 11 (ellipse) If B is an ellipse whose semi-magjor azis is of length a, and whose
semi-minor axis is of length b (2D problem), the matriz P reads

1
— 0
P =mab(ag — ay) | W4T ™ 1
Ckob + aqa

and the function j has the following asymptotic expansion:

jle) — j(0) = e*R {(al — ) Vg (0)" P'Vug(0) — (81 — Bo)mabug(0)v,(0) + (5J} + o(g?),

with
ao(l+a)+aq(b—1) 0
/ a0a+a1b
P =mab ) ao(1+b) + ar(a — 1)
aopb + aqa

For the expression of the function ® we refer the reader to [8].

10
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5.3 Metallic objects

Choosing a; — 0, 31 — 0, ap = 1 and By = k? (Helmholtz equation with Neumann
condition on the boundary of a hole), we obtain formally from Corollary 10 and Corollary
11 the following results. In Corollaries 12 and 14, in the case d = 2, we retrieve former
formulas [7].

Corollary 12 (ball) If B is the unit ball and w. is a hole with O,u. = 0 on Ow., we obtain

1
P=-——|B|I
Bl

and

j(e) — j(0) = &R {dfdlmwuo(oywo(o) + | BIk?u0(0)00(0) + w} +o(ed).

Corollary 13 (ellipse) If B is an ellipse whose semi-magjor azis is of length a, and whose
semi-minor axis is of length b, w. is a hole and J,u. = 0 on Ow., we obtain

b 0
P—W(O a)

j(e) — 5(0) = 2R {—Vuo(O)TP'VUO(O) + mabk?ug(0)(0) + 6J} +o(e?),

and

with

Pl:”( (Hol)b (b+01)a>'

Setting b — 0, we obtain formally from Corollary 13 the following result.

Corollary 14 (straight crack) If B is the segment [—a,a] x {0} and O,u. = 0 on Ow,,
we obtain that

j(e) — j(0) = 2R (—m(vuo(()).n)(wo(()).n) + 5J) +o(e?).

6 Numerical experiments
6.1 Identification of dielectric inhomogeneities

The sensitivity formulas are used here to identify dielectric objects with the help of
electromagnetic waves and boundary measurements in 2D. Consider an open and bounded
subset 2 of R? whose boundary I is a regular polygon of n sides I';,4 = 1, ..., n. A dielectric
object whose properties are known is supposed to lie inside 2. On each side of the external

11
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boundary I' is successively emitted an electromagnetic wave. The problem is modeled as
follows:

div (aVul") + pu* = 0 in  Q,
Opu” —iku]” = 0 on I, l#1,
Opu" —tku” = —2ik on I

In this PDE, u]" represents the vertical component of the electric field for an H-plane
polarization, it represents the vertical component of the magnetic field for an E-plane
polarization. The coefficients o and [ are piecewise constant functions of the point x,
respectively equal to a; and 3; inside O (see Table 1), ag = 1, By = k? € C outside.

[ Tal ]
H-plane 4 K
Ly | fhy
E-plane % o k?

Table 1: PDE coefficients in electromagnetism (v and p, denote respectively the index of refraction and
the relative permeability of the object)

We assume that we have at our disposal the measurements
Sii = Sj(ui") = / utds, i,j=1,...,n.
Ly
To detect the actual object thanks to the knowledge of the matrix (Si’?)i,jzl,m,n, we look for
the best locations to insert small circular inhomogeneities to minimize the cost function

T(ur, ) = 3 > |S5(ui) — Sz

i=1 j=1

That information is provided by the topological gradient corresponding to that perturba-
tion:

Glz) =Y R <MVM($).V@¢($) — (B - ﬁo)ui(x)m> ,

, Qp + Qq
i=1

where the n direct states u; and the n adjoint states v; are defined by:

Au; + k*u; = 0 in (),
Opu; —iku; = 0 on Iyl #1,
&Lui - Z/{UZ = -2k on Fi7
AT+ K = 0 in €,
0,0; —ikv; = 0 on Iy 1l+#1,
0nv; — ikt = =2 (Sj(u;) —SI) on Ty
j=1

12
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Figure 1 shows three computations, performed in only one iteration with the parameters
k =10 and n = 32. The measurements are simulated numerically.

Actual object wr=1,v=1.02

08 08f

06 06f

’
/
.
’
04f 0.4f oo [Fe==— h \
/ i N
’ | ! \
! | t
02 0.2 f V=== v
| \
! ] | |
of ot I~ !
|
s

-0.2f -02f
-0.4f —0al
061 -06f

-0.81 -08f

o8| Pid N 0.8f
4 N 4 N
06 L . 06 K R
,
0.4 S s | \ 04 S ) == |
02r 02r
- ! 02+
-02 \ , 0.2
N ’
-04f \ , —0al
. /
-06 . , -061

~ 7 N -
-08r- ~. P -08 ~ e

Figure 1: The actual object and two negative isovalues of the topological gradient

6.2 Defects detection in aircraft structures

It is of particular interest to apply the topological asymptotic approach to the equa-
tions of elastodynamics. Indeed many target detection methods involved in fields such
as non destructive testing, submarine detection or medical imaging, use the so called
pulse-echo method with acoustic or elastic waves at ultrasonic frequencies. The basic
principle is the one of echography, i.e. a short pulse source is sent through the medium
with an emitter/receiver apparatus and the variation of elastic properties of the medium
(characterizing the kind of target) generates scattered waves that are recorded by the
receiving apparatus. The major step is then to be able to read the results so that to
detect, localize and characterize the target. The topological gradient is a great prospect
for the automatical interpretation of these kind of results. It is clear that the pulse-echo
method is intrinsically a transient phenomenon, then in order to mimic it we need to

13
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derive asymptotic formulas for the elastodynamics equations in the time domain.

To do so we extend the formulas obtained in the theoretical part of the present paper
in the time-harmonic case to the dynamic problem by using the duality of the frequency
and time domain through the Fourier transform. The time domain problem associated to
the linear elasticity problem reads

0%u
P or
Then the corresponding time-harmonic problem is

—div o(u) = 0. (34)

pw?t — div o (i) = 0,

where @(z,w) = [, u(t,z)e”™"dt is the Fourier transform of u(z,t). Then starting with
the cost function of the time domain problem and using successively Fubbini’s theorem
and Parseval’s equality, it comes

J(u):%/R(/m = up|? da) dt:A(%/M (i — iy |? d) dw:/RJ”(a(.,w)) dw(. |
35

At a given frequency, the asymptotic expansion for J*(u(-,w)) is known. Starting from
J(ue) = J(uo) = /(J”(ﬂe(-,w)) — J¥(to(.,w))) dw, (36)
R

then using (35) and Parseval’s equality, and assuming that [ o(€®) dw ~ o(e?), one
obtains the expressions for the time domain problem. Denoting @ = g (2o, w) to simplify
the writing, one has for instance for 2D Neumann plane stress (see Corollary 12 with the
polarization tensor replaced by the one obtained by Garreau et al [12]):

J(uc) = J(uo)

= WEQ/R - (MQZHm (4po (o) = (o) + (n — 2p)tro () tre(ty)) + pw? ﬁo-@o) dw + o(€?)

— 7Tez/]R _ (/‘2:7777) (4po(uo) = e(vo) + (n — 2u)tro(uo)tre(vo)) — p Opuo. 8tvo) dt(;;:(e?).

The topological gradient at any point zy € §2 is then

G(zg) = /R (—% (4dpo(ug) : e(vg) + (n — 2u)tro(ug)tre(vg)) — p Jyuo. 8tvo> dt.

Practically we will not have access to the solutions for ¢ € R, but only over an interval
[0,7]. Then T must be taken large enough so that the amplitude of the fields in the
computation domain after the time 7' is weak enough to be neglected when computing
the topological gradient.

14
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6.2.1 The forward solver

It can be shown that the adjoint problem can be solved with the forward solver provided
attention is paid to the fact that the adjoint problem solves backward in time from ¢t = T
tot=0.

We use a finite difference C++ code following Virieux numerical scheme [19] which
is accurate at the order 2 in space and time and intrinsically centered. It allows one
to take into account abrupt ruptures of elastic properties or density such as fluid/solid
interfaces. This code is integrated to the software ACEL developed by M. Tanter [20]
and which is dedicated to the simulation of acoustic and elastic wave propagation. The
boundary conditions at the edges of the computation domain are either of the classical
Dirichlet and Neumann type, or of absorbing type to simulate unbounded propagation.
The implemented absorbing conditions are Perfectly Matched Layers following Collino
and Tsogka [10].

6.2.2 Numerical results

In this section we present numerical results relative to non destructive testing. The
measurement step is up to now replaced by a numerical solving of the forward problem
in the presence of obstacles. The presented results are 2D since the 3D code is still being
developed.

Unique Defect in an isotropic solid

The considered medium is an isotropic aluminium slab of density p = 2572 kg.m 3, the

compressional (index p) and shear (index s) speeds of propagation are v, = 6408 m.s!
and v, = 3228 m.s~!. The ultrasonic linear array is placed at the bottom of the slab.
We use a 55 sensors array, all of them being used in emission and receive. Absorbing
conditions are positioned at the boundaries of the computation domain, except at the
bottom where a Dirichlet condition models the presence of the sensors.
The emitted signal is a pulse of 1 us at the central frequency of 2 MHz (fig. 2). The
defect is as shown on figure 3(a), it corresponds to a cylindrical hole whose size is of the
order of the compressional wavelength A,. Then the boundary condition at the edges of
the defect is 2D Neumann.

The position of the defect is clearly pointed out by the high level values of the topo-
logical gradient. The negative values (in red) indicate the bottom of the defect. Indeed,
since we insonify from the bottom of the slab, it is clear that we have information about
the shape of the bottom of the defect, and poor information in the acoustical shadow
zones.

Let us now test the ability of the method to detect multiple defects of different sizes and
shapes.

15
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Figure 3: Detection of a unique defect. (a) Position of the defect, (b) Levels of the topological gradient
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Multiple shaped defects

We put five defects of various shapes in the aluminium slab (fig. 4(a)). Their horizontal
sizes vary from %p to % These defects are well resolved since they are separated from
more than a wavelength. We use the same linear array and source as in the previous
example. In order to draw nearer to experimental non destructive testing conditions,
we have added white noise to the simulated measurements. Figures 4(b)(c)(d) show the
levels of the topological gradient when the noise level is respectively of 0%, 5% and 10%

of the maximum recorded value. In each presented result, the five defects are detected

Axe
g
AxeZ
'
'

o 0.01 0.02 0.03 0.04 0.05 0 oot 002 003 004 008

— —_—
003 = — 003 = -

. 0.025 - N 0.025 =

< 0.02 ’_I. < 0.02 =

0 0.01 0.02 0.03 0.04 0.05 0 0.01 0.02 0.03 0.04 0.05
Axe X Axe X

() (d)

Figure 4: Detection of multiple shaped defects. (a) Positions of the defects, (b)-(d) Levels of the topo-
logical gradient (b) with no added noise, (¢) with 5% of noise, (d) with 10% of noise

and localized. The approximate sizes and shapes of the obstacles are obtained, excepted
in the shadow zones. It is very interesting to see that the method has a robust behavior
upon addition of noise to the simulated measurements. It allows one to be optimistic
as for the application of the method to experimental measurements that are intrinsically
noisy.
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1 INTRODUCTION

Topological optimization methods become very attractive for industrial applications.
It becomes possible to satisfy more challenging specifications of industrial products by
allowing modifications of the topology of the initial design. The most relevant topological
optimization methods are based on the computation of a level set function:

e The material density in the case of the topological optimization via the homoge-
nization theory [1, 2, 3, 4]. An optimal shape is derived from the optimization of
material properties. The range of application of this approach is quite restricte.

e The built-in level set function in the level set method [5, 6]. This approach gives very
promising results. Even if it belongs to the classical shape optimization methods,
it allows the modification of the number of connected components of the domain.
Unfortunately, in this method, the resulting optimal shape is strongly dependent on
the initial guess.

e The topological gradient provided by the topological asymptotic expansion, which
is the concern of this paper.

In the latter case, at convergence, the positivity of the topological gradient inside the
final domain provides a necessary and sufficient optimality condition. To present the
basic idea, we consider 2 a domain of R" (n=2 or 3) and j(Q2) = J(ugq) a cost function
to be minimized, where ug is the solution to a given PDE problem defined in 2. For
e >0, let Q. = Q\zg + cw be the subset obtained by removing a small part r¢ + ew from
Q, where 2y € Q and w C R” is a fixed domain containing the origin. We can generally
prove that the variation of the criterion is given by the asymptotic expansion:

50 = J(0)+ FE)gla0) +olfE)) 0
li f(e) = 0./() >0. 2)

This expansion is called the topological asymptotic. To minimize the criterion ;7 we just
have to create infinitely small holes at some points & where the topological gradient (or
sensitivity) ¢g(Z) is negative. For more details about this approach, we refer the reader to
S. Garreau et al. [7], P. Guillaume and K. Sididris [8], H. Eschenauer and A. Schumacher
9], A.A. Novotny et al. [10] and J. Sokolowski and S. Nazarov [11]. In all these works,
only the insertion of a hole is considered to modify the domain.

In this paper, the topological asymptotic analysis for the Helmholtz equation in two
and three dimensions is presented. Here, we consider two cases of domain perturbation:
insertion of holes and insertion of inhomogeneities. As a background to our work, we cite
the contribution of H. Ammari et al. [12] for the study of solutions to the time-harmonic
Maxwell equations in the presence of small inhomogeneities in the domain. Other con-
tributions in this context can be found in [13, 14, 15, 16]. In all these publications, only
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asymptotic formulas of solutions are given. Here, we derive asymptotic expansions not
for solutions but for a given cost function.

The paper is organized as follows. In Section 2, we present different methods to obtain
the topological asymptotic expansion with respect to the insertion of a hole in the domain.
In Section 3, we consider the case of a perturbation resulting from the insertion of interior
inhomogeneities. A large class of cost functions is considered. Finally, an optimization
algorithm and some applications of the topological gradient to wave guides optimization
are given in Section 4.

2 THE FIRST KIND OF PERTURBATION: INSERTION OF HOLES
2.1 Formulation of the problem

Let @ be a bounded domain of R™ with boundary I', n = 2 or 3. The initial PDE
problem is the following: find ug € H*(2) such that

Aug + Pug =0 in Q, (3)
Onuq =h onl,

where [ is a positive constant, 0,uq is the normal derivative of ug and h € H _%(F).
The boundary condition imposed on I' could be replaced without any influence on the
topological sensitivity analysis by any boundary condition.

Let w be a bounded domain of R™ containing the origin. For any sufficiently small
parameter £ > (0, we consider the perforated domain €. = Q\w;, where w. = 2 + cw and
zg € Q. Let ug, € H'(£.) the solution to the perturbed problem:

Aug. + Pug, =0 dans (),
U, =0 sur Ow,, (4)
Opugq, =h surl.

We consider a cost function
i(e) = J(ua. 0); (5)

where O is a neighbor part of I and J is a differentiable map from H'(O) into R. We
wish to obtain an asymptotic expansion of the variation j(¢) — j(0) when ¢ tends to zero.

2.2 Mathematical tools
2.2.1 The generalized adjoint method

In this section, we recall the framework introduced in [17] which extends the adjoint
method [18] to the topology shape optimization. Let V be a Hilbert space. For ¢ > 0, let
a. be a bilinear and continuous form on V. We assume that there exists a constant o > 0

such that

inf sup Lol )] 2 Q. o
uF0 y£( ul|v[[v]ly

3
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We say that ag satisfies the inf-sup condition. Assume that there exists a bilinear and
continuous form ¢, and a real function f(g) > 0 defined on R*, such that

o = a0 = F@lleayy = o(f(E)) (™
lim /() = 0. ®

where £5(V) denotes the space of continuous and bilinear forms on V.
For € > 0, let u. be the solution to the problem: find u. € V such that

ac(ue,v) =1lv) Yo ey, (9)

where [ is a linear and continuous form on V. Consider now a function j(e) = J(u.),
where J is a differentiable map from V into R. Next, the Lagrangian £ is defined by

L(e,u,v) = ac(u,v) = l(v) + J(u), Ve>0,ueV,vel. (10)

We have that
Jj(e) = 4(0) = L(g,ue,v) — L(0, ug,v), Vv € V. (11)

Theorem 1 The function j has the following asymptotic expansion:
j(e) = 3(0) = f(e)da(uo, vo) + o(f(€)),
where vy 1s the solution to the adjoint problem: find vy € V such that
ag(w,vg) = —DJ(up)w, Yw € V.

The function ug_, solution to (4), belongs to a functional space which depends on e.
Hence, if we want to derive the asymptotic expansion of the cost function

je) = J(Uﬂe|0)>

we cannot apply directly Theorem 1, which requires a fixed functional space. However,
a functional space independent of € can be constructed by using the following domain
truncation technique.

2.2.2 The domain truncation technique

Let R > € be such that the ball B(zy, R) is included in Q. The boundary of B(zg, R)
is denoted by I'g, the truncated domain Q\B(xzo, R) is denoted by Qg and D, denotes
the corona B(xg, R)\w: (see Figure 1).
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Figure 1: The truncated domain.

For all ¢ > 0, we introduce the Dirichlet-to-Neumann operator

T.: HV*(I'y) —  HY*(Tp)

12
© — 1o =Vufnr,, (12)

where nr, denotes the outward normal to the boundary I'g and u? is the solution to

Auf + puf =0 in D,
u? =@ on g, (13)
uf =0 on Jw..

For all € > 0, let u. be the solution to the truncated problem:

Au, + fu. =0 in Qpg,
Optte + Toue =0 on g, (14)
Opllg =h onl.

The variational formulation associated to Problem (14) is the following: find u. € Vg
such that

a-(uz,v) =1(v), Vv € Vg, (15)
where the functional space Vg the bilinear form a. and the linear form [ are defined by
Ve = H'(Qg),
a:(u,v) = VuNVvdr—p [ wdz +/ (Tru)vdo(x), (16)
Qr Qr Ir

l(v) = /F hv do(z).

The following result is standard in PDE theory.

5
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Proposition 1 The restriction to Qg of the solution to (4) is the solution to (14).

We have now at our disposal the fixed Hilbert space Vg required by the generalized
adjoint method. Using Proposition 1, function (5) can be redefined in the following way:

j(e) = Jluao) = J(uz), V=20, (17)

Now, to obtain the asymptotic expansion of the cost function j, we must compute f(e)
and J, such that the hypothesis (7) is satisfied.

2.3 Variation of the bilinear form

The variation of the bilinear form a. (see (16)) reads
ac(u,v) — ag(u,v) = / (T — Tp)uv do(z). (18)
Tr

Hence, the problem reduces to the analysis of (7. —Tp)¢ for ¢ € HY/?(I'z). More precisely,
it will be shown that there exists an operator o7 € £ (H'/?*(Tg), H'/?(T'g)) such that

HTa - TO - f(E)(STHE(H1/2(FR),H*1/2(FR)) = O(f(E)) (19)

Then, defining d, by
0 (u,v) = / (0ru)v do(x), wu,v € Vg,
Tr

will yield straightforwardly

Haa — ag — f(E)(SaHEz(V) = O(f({-:))
2.4 Asymptotic expansion of (7. — Tj)
2.4.1 The first method: the use of Fourier series

In the particular case when w is the unit ball, using the Fourier series, we can obtain
an explicit expression of the operator 7T,. For example, in the two dimensional case, we

have
J! \/_R (v/Be) — (\Fe)Y’(fR) inb
=V T IR Vel () (20)

where (¢,) are the Fourier coefficients of ¢, (J,) and (Y,,) are respectively the Bessel
functions of the first and the second kind. Using that [19]

Yo(v/Be) = (log (\/Be/2) + 7) Jo(\/Be) + eale),

6
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where v denotes the Euler’s constant and a(e) — 0 when € — 0, we obtain [20] that

1 1
T —Ty—— ) - ,
ITe =T = gy leqnnemmvaan) = © (log(a))

where the operator o7 is given by

1

_ 1/2

drp

2.4.2 The second method: approximation by the solution to the integral
equation

When w is an arbitrary shaped hole, we propose the following method [21] to compute
the asymptotic expansion of (7. — Tp). The basic idea consists in approaching u? — ug by
the solution to an exterior problem, where only the principal part of the non-homogeneous
operator is used, which is described by the Laplace equation. More precisely, to compute
the asymptotic expansion of (1. — Tj), we start by looking at the asymptotic behavior of
uf — uf since

(T. — To)p = V(uf — uf).nr,.

We recall that for e > 0 and ¢ € H2(I'g), the function uf is the solution to problem (13)
and we take n = 3. The variation u? — u is the solution to

Auf —uf) + fuf —uf) =0 in D.,
uf —uf = —uf on Jw, (21)
uf —uy =0 on I'g.

We approximate uf — u§ by u. , solution to

Aug, + Pue, =0 in D,
Ue = —uf(0) on Jw, (22)
Ue =0 on ['g.

This first approximation can be easly proved by the use of a Taylor development of the
x

function uf. Then, we approximate u., by v¢, where v¥(z) = v <—> and v? is the
€

solution to the exterior problem

—Av? =0 in R*\w,
ve =0 at 0o, (23)
v¥ = —uy(0) on Jdw.

The function v? can be expressed by a single layer potential on dw. We have that
vl (r) =¢ (/ Po(x) dcr(m)) E(z) + O(e?), (24)
ow

7
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where E is the fundamental solution for the Laplace equation in R?® and p, € H _%(aw)
is the solution to the integral equation

/8 By — 2)pu(x) dy(z) = —u(0), Yy € Ow.

Let P?(x) = ([, pu(x) do(z)) E(z), we can write that
(uf — ug)(x) = eF7(x) + R(e). (25)
If we introduce the operator 07T defined by
8T = VPfnr, Vee H?(Tg), (26)

we obtain that

17 = To = 6T 4 3 o) -ty = O10):

But, this result is not sufficient to get the behavior needed by the generalised adjoint
method who requires o(¢) not O(e). This due to the approximation used on the exterior
problem (23), where just the principal part of the operator is considered. For this reason,
a new term ¥ is used in order to correct the error caused by the approximation (25).
We construct Q¥ as solution to

AQS +pQE =pF  in Dy,
{ QY i - =Py, onlg (27)
Now, the operator §7 is defined by
0T¢ =V (Pf — Qf)nr, Vo € H2(Tp), (28)
and we have that
| T: — To — 55THL(H%(FR)’H,%(FR)) = o(¢). (29)

2.4.3 A comparison between the first and the second method

The first method can be used only when the hole has a particular shape. The advantage
of this method is that it allows to obtain an explicite expression of the variation 7. — T,
what gives us a precise idea about the term dominating. However, in the case of a non-
homogeneous operator, the use of this method involves many difficulties: the general term
of the series is expressed by the help of special functions (Bessel functions in our case),
the study of the behavior of the general term when n — oo and € — 0, the uniform
convergence of the series,...Nevertheless, when we dont have good knowledge about the
operator properties, this method can be used for a first approach. By the use of the
second method, we can study the case of an arbitrary shaped hole. Then, this later is
more general and it does not necessitate many calculations.

8
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2.5 The topological asymptotic expansion

2.5.1 The two dimensional case

In the next theorem, where w is not supposed to be a ball, one can observe that in two
dimensional case the topological sensitivity does not depend on the shape of the hole w
[20], in contrast to the three dimensional case.

Theorem 2 In the two dimensional case, the topological asymptotic expansion is given

by
36 = 30) =~ sua(aova(an) + 0 (log1<e>) |

where ug and vo denote respectively the direct and the adjoint state.

2.5.2 The three dimensional case
In [21], the following result is proved.

Theorem 3 In the three dimensional case, the topological asymptotic expansion is given
by

()= 30) =< ([ pula) dofa)) ) + o),

where p,, € H_%(aw) 1s the solution to the integral equation

| By =o)n.a) drw) = ualam). 'y € o
and v s the adjointe state.
Corollary 1 When w is the unit ball, the topological asymptotic expansion is given by
j(€) = j(0) = dmeugq(wo)va(wo) + o(e),
where ug and vo denote respectively the direct and the adjoint state.

3 THE SECOND KIND OF PERTURBATION: INSERTION OF INHO-
MOGENEITIES

3.1 Formulation of the problem

Let Q be a bouded domain of R", n = 2 or 3. We suppose that {2 contains a small
inhomogeneity w. of the form w. = cw, where w C R" is a bounded domain containing 0
(the origin) and ¢ is the order of magnitude of the diameter of the inhomogeneity. Let u.
be the solution to the Helmholtz problem:

{ V.(a:Vu.) + feu. = 0 in

O, u. = h on I'. (30)
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Here, ' =00, h€e H _%(F) and «. is a piecewise constant function defined by

] o ifr e Q\Wy,
ae(w) = { a; ifrew, (31)

where g and a; are positive constants. The piecewise constant function (. is defined
analogously.

We consider a cost function j(¢) = J.(u.) € R, where J. is a differentiable function,
defined in H'(Q). Our aim is to compute an asymptotic expansion of the variation
j(e) — j(0) with respect to e.

3.2 Variational formulation
The variational formulation associated to (30) is: find u. € H*(2) such that
ac(uz,v) =I(v) Yve HY(RQ), (32)
where for all u, v in H*(Q),

a-(u,v) = /Qoz€Vu.Vv dx—/gﬁauv dx, (33)
l(v) = ao/rhv do(z). (34)

In the next section, we present two different methods to compute the topological asymp-
totic expansion in the case of the insertion of small inhomogeneities in the domain.

3.3 Different possibilities
3.3.1 The first possibility: the use of the generalized adjoint method

As a first possibility, we can use the generalized adjoint method presented in Section
2.2.1. In this situation, the functional space where the perturbed problem is defined
(V = H'(Q)) is independent of the parameter . But, like in the case of the insertion
of a hole, we can not apply directly the generalized adjoint method. More precisely, the
variation (a. — ag)(ug, vg) is given by

(ae — ag)(ug,v9) = (g — ao)/ Vug.Vug de — (1 — ﬁo)/ upvy dz.

Using a Taylor development of uy and vy, we can prove that
(ae — ag)(ug, vo) = €"|w| (1 — o) Vug(0).Vue(0) — (81 — Bo)uo(0)ve(0)) + o(e™).
If we write that the topological gradient is given by
da(uo, v0) = |w[ (1 — ) Vg (0). Vv (0) — (81 — Bo)uo(0)vo(0)),

we obtain a wrong result, since the bilinear form 4, is not continuous in H'(Q). For this
reason, we must using the domain truncation technic, that assures the continuity of the
obtained bilinear form d,,.

10
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3.4 The second possibility: an adjoint method for the inhomogeneities

Let V be a Hilbert space. For all € > 0, let a. be a bilinear and continuous form on V
and [ be a linear and continuous form on V. We assume that for all € > 0, The following
problem: find u. € V such that

a:(ue,v) =1lv) Yo ey (35)

has one and only one solution. Consider now a cost function j(¢) = J.(u.) € R, ¢ > 0.
Suppose that the following hypotheses hold.

Hypothesis 1 There ezist a function f(g) > 0 and two real numbers 6J1 and §J2 such

that
Jo(ue) = Jo(uo) + DJ(uo).(ue — ug) + f(g)dJ1 + o(f(e)), (36)
Je(ug) = Jo(uo) + f(€)dJ2 + o(f(e)), (37)
lim /(<) = 0. (38)

Hypothesis 2 There exist a real number o, such that

(a: — ao)(uo, ve) = f(e)da + o(f(e)), (39)
where v, s the solution to

a-(w,v.) = —DJ.(ug)w Yw e V. (40)

It is supposed that for all € > 0, Problem (40) has one and only one solution. We call v
the adjoint state. We have the following result.

Theorem 4 The variation of the cost function j with respect to € is given by

j(e) = j(0) = f(e)dj + o(f(e)),
where 0§ = 0, +0J and 0J = dJ; + d.Js.

Then, to obtain the topological gradient expression, we must compute the two real num-
bers §, and dJ.

3.5 A comparison between the first and the second possibility

The domain truncation technic is a general method which is independent of the type of
the domain perturbation. However, when the cost function is defined in all the doamin,
the use of this technic presents some difficulties (see [8]). The second method does not
require a domain truncation and it allows us to study easily general cost functions.

11
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3.6 The topological asymptotic expansion

All the results presented in this section were proved in [22].

3.6.1 The general case

Theorem 5 The variation j(e) — j(0) has the following asymptotic expansion:

) =0) = e {(an - an Va0 | (2 <1) [ no @) st + folr] w0

oy

—(61 — ﬁo)|W‘U0(O)U0(O) + (5]} + O(€n),

where 0.J is a real number who depends of the choice of the function j (see Table 1), ®
denotes the tensorial product between two vectors; U @V = (UiVj)i<i<j<n VYU,V € R"
and P is the solution to

(A =0 inw and R™\w,
d is continuous across Ow,

ag (99\"  (99\" _
() ()

lim |®(y)| = 0.
lyl—o0

\
Here, n denotes the outward unit normal to Ow; superscript + and — indicate the limiting
values as we approach Ow from outside w, and from inside w, respectively.

3.6.2 The case of a spherical inhomogeneity

In the particular case when w is the unit ball, we have the following result.

Corollary 2 When w is the unit ball, the variation j() — j(0) has the following asymp-
totic expansion:

R
+o(e™).

oI V10(0)-V 2 (0) — (31 — fo)leoluo (0w (0) + w}

3.6.3 Particular cost functions

The following table presents some examples of cost functions. For each case, the
expression of the real number ¢.J is given for a spherical inhomogeneity.

12
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H The cost function H oJ ‘
j(e) = J(uepr) 0
j(e) = / aclue — ugl® dz (a1 — ap)|w|lue(0) — ua(0)[?
o)

j(e) = / 0|V (us —ug)Pde || (a1 — ao)|w|[Vue(0) — Vua(0)[?

"’ (o1 — )’
e D e Vo 0)

Table 1: Some examples of cost functions.

3.6.4 The case of a Neumann condition on the boundary of the hole

To obtain the topological asymptotic expansion in the case of a Neumann condition
on the boundary of the hole, it suffices to tend a; and [3; to zero, in the expression given
by Theorem 5. We obtain the following result.

Corollary 3 In the case of a Neumann condition on the boundary of a spherical hole,
the variation j(g) — j(0) is given by

i(6) = 300) = £ { - lPua(0)-Van(0) -+ ol (G 0)(0) + 67} +o(e"),

4 SOME APPLICATIONS
4.1 L-shaped waveguide

In this example, we use the topological gradient to optimize a H-plane L-shaped waveg-
uide. The initial domain is presented on Figure 2. It is composed from two rectangular
waveguides and a square zone devided into 40x 40 cells (¢;; with 1 < 4,5 < 40). Ac-
cording to the iterations of the algorithm, the meshs can be empty or metallic. With the
exception of the two access ports, the boundary of the waveguide is metallic. The input
I'y is excited by the TE10 mode: the excitation is given by

ue(y) = COoS <%) ) vy € Fla

where d is the length of I';. Our aim is to minimize the reflexion coefficient S1; in the 11.7-
12.5 GHz range. In this example, we take 9 values of frequencies: f; = 11.74+(d—1) x 0.1,
where d =1, ..., 9.

The cost function to minimize is given by

9
2
J = Z 1S12(fa)] = 1)* + (IS (fa)P = 1)" . (41)
d=1
We remark that the choice of the cost function implies a symmetry in the optimization.

13
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incident wave

—

Port 1
I

<

reflected wave

o

P -

the design/domajn
(%))

— transmitted
L y | wave
metallic
boundary
(rﬂ\) Port 2
Ty

Figure 2: The initial domain.

To compute the cost function, we must

solve for a given frequency the two following

problems:

(AE(fa) + KE(fa) =0 in Q,
El(fd) = O on Fo, (42>
OEr(fa) —ikEy(fs) = 2iksin (%) on Ty,

L 8nE1 (fd) — Zk)El(fd) = on FQ,

(ABEs(fa) + kEx(fa) =0 in Q,
EQ(fd) = on Fo, (4?))
8nE2(fd) — Zk‘EQ(fd) = on Fl,

| OnEs(fa) — ikEs(fy) = 2iksin (%) on Iy,

where k? = k2 — (w/d)?.

The initial solution of the problem is very bad. The value of the cost function is
J% = 16.95. The function that we use for the optimization algorithm is the sum for the
frequency band of the topological gradient values:

9
9(z,y) = gp.(x,y), (44)
d=1
where gy, is the topological gradient associated to the frequency f;. We recall that
91.(2,9) = R (Er(f)on(F) + Bafa)ea(Fa) ) (45)

14
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where v1(fg) and vy(fy) are the adjoint states.

We present here the topological optimization algorithm. The underlying idea consists
in inserting a Dirichlet node (metal) where the topological gradient is very negatif. The
algorithm is the following:

e Step 0: Choose the initial domain Q° . We pose as an optimization domain the cells
¢i.j, where 1 <1,5 < 40.

e Step I: Compute the cost function J'. Compute the topological gradient G'(z,y).
We take (Z,7) such that:

G'(%,9) = min G'(z,y) and G*(Z, ) < 0.

x’y

The cell ¢;; such that (Z,7) € ¢;; is converted into a metallic plot. The new domain
is given by Q! = OQ'\¢;;.

e The stop criterion: G'(x,y) >0, V(z,y) € Q.

Figure 3.(a) shows the isovalues of the topological gradient for the initial geometry. One
notes the presence of two symmetrical local minimas. At each local minima, we introduce
a metallic plot. A new analysis is performed: after the introduction of another metallic
plot, we obtain the design of Figure 3.(b).

(a) (b)

Figure 3: The topological gradient(a) and the optimal solution (b).

15
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The optimal solution was found after two iterations. The corresponding cost function
is given by J? = 0.38. Although the solution is better than the initial geometry, it is not
satisfactory industrially. indeed, the final coefficient of reflexion is lesser than -40db only
on a very low bandwidth. This is due to the fact that the optimization domain is a metallic
cavity which produces many reflexions. Then, the initial problem that we posed adds an
additional difficulty for the optimization. For this reason, we pose the initial problem
differently. More precisely, at the first iteration, the two waveguides are not connected
(see Figure 4.(a)), and the topological gradient is computed in the free-space rectangular
region (see Figure 4.(b)). Using this topological gradient, a new and original junction

shape is obtained (see Figure 5) which has a very small reflexion coefficient (lesser than
-40db).

the design
domain
Port 1 absorbing
condition
\
4 d
!
\l
metal T
Port 2
(a)

Figure 4: The initial geometry(a) and the topological gradient(b).

4.2 T-shaped waveguide

In this example, we use the topological gradient to design an E-plane T-shaped waveg-
uide. In the beginning, only the input and output channels have metallic boundaries (see
Figure 7.(b)). Our aim is to obtain a reflexion coefficient Sy; lesser than -25 db in the
19-21 GHz range. Here, we take 5 values of frequencies: f; = 19+ (d — 1) x 0.5, where
d=1,...,5. The cost function to minimize is given by

=% (15071 - %) + (18t - %) (16)

d=1
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Figure 5: The optimal solution.

Figure 6 shows the classical structure of the component.

Junction

Figure 6: The classical structute of the component.

The topological gradient associated to a given frequency fy is [22]:
91.(,y) = =7R (2VE(f). Vo(J) — FE(f)o(fa)) (47)

where E(fq) and v(fy) are respectively the direct and the adjoint state. We use the same
strategy as the preceding example. Figure 7.(a) shows the isovalues of the topological
gradient computed in the free space. The optimal shape is given by Figure 8.(a) and the
obtained reflexion coefficient in the 19-21 Ghz range is given by Figure 8.(b).
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absorbing conditions

metal \FE

[S11] (dB)

NI/
\

65 C

205 2l

Frequency (GHz)

(b)

Figure 8: The optimal solution(a) and the reflexion coefficients(b).

4.3 Optimization of a septum polarizer

In this example, our aim is to find an optimal shape of a septum for a polarizer (see
Figure 9) constituted by three access: a common access for the right and the left circular
polarization and two standard access. The goal of the septum is to separate the signal
with the right and the left circular polarization. Each output access receive one of these
two signals. Here, we work in the 6.9-7.2 GHz range. We search a reflexion coefficient
lesser than -25 db and a rate of ellipticity lesser than 0.2 db. The rate of ellipticity is

18
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given by:
| Ex |

By

The initial domain is given by Figure 10. The cost function to minimize is defined by

r = 20log,,

J = > (I8a(fa) + iSu(fa)l = 1)* + (|Ss2(fa) + iSe(fa)])?

+(1S51(fa) — iSu (fa))* + (ISs2(fa) — iSa(fa)] — 1)°,

where f; = 6.9 + (d — 1) x 0.05 GHz. For a given frequency f;, the topological gradient
is [22]:

g1y, 2) = =2R (¥ x B(f0).V % 0(fa) — 26*E(fa)-v(2)) (48)

where E(f;) and v(f;) are respectively the direct and the adjoint state.

The topological gradient and the modified geometry at the first iteration are given by
Figure 11. The obtained results at the second iteration are given by Figure 12. The
optimal solution is obtained after 14 iterations (see Figure 13). The convergence history
is given by Figure 14. The reflexion coefficient and the rate of ellipticity are given by
Figure 15 and Figure 16.

output port for the right
circular polarization

the septum

TEO]X

output port
for the left
circular

polarization

mput

port for

the cirenlar
polarization

Figure 9: The septum polarizer.
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metal

optimization
domain

Figure 10: The initial domain.
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modified contour

Figure 12: The topological gradient and the modified geometry (the second iteration).
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Abstract

The aim of the topological sensitivity analysis is to derive an asymptotic
expansion of a design functional with respect to a topological perturbation
of the domain. In this paper, such an expansion is obtained for the 3D Maxwell
equations when we introduce a small dielectric object in the domain and when
we insert a small metallic obstacle. Some numerical results are presented in
the context of buried object detection and shape inversion of 3D objects in free
space from time-domain scattered field data.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Topological optimization methods have become very attractive for industrial applications.
It has become possible to satisfy more challenging specifications of industrial products by
allowing modifications of the topology of the initial design.

The most relevant topological optimization methods are based on the computation of a
level set function:

e The material density in the case of the topological optimization via the homogenization
theory. An optimal domain is defined by a threshold of the material density function
[2, 3, 6].

e The built-in level set function in the level set method [1, 22].

e The topological gradient provided by the topological asymptotic expansion, which is the
concern of this paper.

In the latter case, at convergence, the positivity of the topological gradient inside the
final domain provides a necessary and sufficient optimality condition. We will present in
this paper the topological asymptotic expansion for the Maxwell equations. Then we will
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show that our topological optimization method is very promising for solving shape inverse
problems in electromagnetic applications.

In [2, 3, 6], the optimal shape is derived from the optimization of material properties.
The range of application of this approach is quite restricted. The difficulties arise when
we have to identify highly contrasted media: electromagnetic identification of metallic
objects in free space or identification of an obstacle immersed in a fluid. In both cases,
the boundary condition that appears on the surface of the obstacle is of Dirichlet type. For
these reasons, global optimization methods are used to solve more general problems [14, 23].
Unfortunately, these methods are quite slow. The more recent level set method [1, 22] gives
very promising results. Even if it belongs to the classical shape optimization methods, it
allows the modification of the topology of the domain. However, in practice it does not
allow for the nucleation of new holes and the optimal design depends largely on the initial
guess.

The topological asymptotic expansion seems to be general and efficient. To present
the basic idea, we consider 2 a domain of R" (n = 2 or 3) and j(2) = J(ug) a cost
function to be minimized, where ug, is the solution to a given PDE problem defined in €.
For ¢ > 0, let 2, = Q\x( + cw be the subset obtained by removing a small part Xy + cw
from 2, where xo € 2 and @ C R” is a fixed domain containing the origin. We can generally
prove that the variation of the criterion is given by the asymptotic expansion:

J () = j(2) + f(e)g(x0) +o(f (e)), (1)
lirr(l) fe) =0, f(e) > 0. 2

This expansion is called the topological asymptotic. To minimize the criterion j, we just
have to create infinitely small holes at some points ¥ where the topological gradient (or
sensitivity) g(%) is negative.

The first definition of the topological gradient has been introduced by Schumacher et al
[24] under the name bubble method in the context of compliance optimization for linear
elasticity problems. In [12, 17], using an adaptation of the adjoint method [7] and a domain
truncation technique, Garreau et al presented a method to obtain the topological asymptotic
expansion. For more details about this approach, we refer the reader to [5, 13, 19-21, 25, 26].
In all these works, only the insertion of a hole is considered to modify the domain.

In this paper, using an adjoint method, we derive the topological asymptotic expansion
for the 3D Maxwell equations. Here, we consider two cases of domain perturbation: the
insertion of a dielectric object and the insertion of a metallic obstacle (a hole). The latter
result is obtained formally by considering the limit of the topological asymptotic expansion
when the permittivity goes to infinity and the permeability goes to zero. As a background
to our work, we cite the contribution of Vogelius et al [4] for the study of solutions to
the time-harmonic Maxwell equations in the presence of small inhomogeneities in the
domain. Other contributions in this context can be found in [8, 11, 15, 27, 28]. In these
publications, asymptotic formulae of solutions are given. These results are not oriented
to shape optimization. Their straightforward application leads to the resolution of a PDE
problem for each point of the domain.

In section 2, we present the adjoint method. The main contribution of this paper is to
make the topological gradient g easy to compute by using the adjoint state. The formulation of
the Maxwell problem with a small inhomogeneity, the adjoint problem and the cost function
are presented in section 3. In section 4, we compute topological asymptotic expansions
when we insert a dielectric object in the domain and when we create a spherical hole. Some
numerical results are presented in section 5, in the context of buried object detection and the
shape inversion of 3D objects in free space from time-domain scattered field data.
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2. The adjoint method

Let us consider two complex Hilbert spaces V and W. For all ¢ > 0, let a, be a sesquilinear
and continuous form on V and ¢, be a semilinear and continuous form on V. We assume that
for all ¢ > 0, the following problem:

u, €V,
a;(ue, v) =L (v) Yv e,
has one and only one solution. Let j (&) denote the function given by
Jje) = Joyl(u) Ve > 0, “)

where / : W — Rand y : V — W is a linear operator. In this section, we provide
an asymptotic expansion of the variation j(e) — j(0) with respect to the parameter €. The
function J is defined in a complex Hilbert space and takes values in R. As a consequence,
this function is not differentiable. For this reason, we replace the differentiability property by
the following hypothesis.

3)

Hypothesis 1. For all u € W, there exists a linear and continuous form on YV denoted by L,
such that

Jw+h)=Jw)+ReL,(h)+o(|h|lw) Yh e W, (5)

where Re denotes the real part of a complex number and || - ||y is the norm of W.

For all ¢ > 0, let v, denote the solution to the problem
v, €V,
{ag(w, Ve) = — L,y (v (w)) Yw eV,
where ug is the solution to problem (3) for ¢ = 0. It is supposed that problem (6) has one

and only one solution. We call vy the adjoint state. We assume that the following hypothesis
holds.

(6)

Hypothesis 2. There exist a function f(g) > 0, lim,_.o- f(¢) = 0, and two complex numbers
8a and 8¢ such that

Iy (ue —uo)llw = O(f(e)), )
(az — ao)(uo, ve) = f(e)da +o(f(e)), ®)
(e = €o)(ve) = f(£)8L+0(f(e)). )

The next theorem gives the asymptotic expansion of the variation j(e) — j(0) with
respect to &.

Theorem 1. Suppose that hypotheses 1 and 2 are satisfied. The variation of the cost function
J with respect to € is given by

J€) —j0) = f(e)Re(5)) +o(f(e)),
where §j = da — &L.

Proof. We have that
Jj(€) — j0) = (Joy(ue) — Joy (uo)) + Re(ae (ue, ve) — ap(uo, ve)) — Re(€e(ve) — €o(ve))
= (Joy (ue) — Joy (up)) + Re(ae (uo, ve) — ao(uo, ve))
+Reag(u, — up, v;) — Re(le(ve) — Lo(ve)).
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Using the linearity of y, (5) and (7), we obtain that
Joy(ue) — Joy (uo) = Re Ly ) (v (ue — uo)) + o[y (ue — uo)llw)
=Re Ly wy (v (e — uo)) +o(f(e)).
Hence, we obtain that
J (&) — j(0) = Re(ae (uo, ve) — ao(uo, ve)) — Re(le(ve) — £o(ve))
+ Re(as(ug — U0, Vg) *+ Ly ) (¥ (g — uo))) +o(f(¢e)).
It follows from (8) and (9) that
Jj(&) — j0) = f(e)Re(Sa — 8€) +Re(ac (s — ug, V) + Lywy) (v (e — u0))) +o(f (&)).
It follows from (6) that
Re(a, (e — o, Ve) + Ly (v (e — ug))) =0 Ve > 0.
As a consequence, we obtain that
j(e) — j(0) = f(e)Re(da — 8€) +o(f (¢)). O

3. Problem formulation

3.1. The perturbed problem

Let © be a bounded open domain of R*, with a smooth boundary. For simplicity, we take
92 to be C*, but this regularity condition could be considerably weakened. We suppose that
Q2 contains a small inhomogeneity D, of the form D, = ¢B, where B is a bounded, smooth
(C*) domain containing O (the origin) and ¢ is the order of magnitude of the diameter of the
inhomogeneity. The magnetic field in the presence of the inhomogeneity is denoted as H,.
It is the solution to
V x (a.V x H) — B.H, =0 in £,
{aE(VxHE)xnzg on 0J2.

Here, n denotes the outward unit normal to d€2 and «, is a piecewise constant function defined
by

(10)

o0 if xe Q\E,
o] if xe Ds,

o (x) = { (11

where o and o are positive constants: oy > 0,y > 0. If we allow the degenerate case
& = 0, then the function «(x) equals the constant ¢«y. The piecewise constant function B, is
defined analogously. Problem (10) can be formulated as follows:

V x (gV x H,) — BoH, =0 in Q\D,,
V x (VxH,)—pH =0 in D,
H, x n is continuous across dD,,
a(Vx H)Yxn—a(Vx H)  xn=0 on dD,,
BoH! -m—BiH” -n=0 ondD,,
(VX H)yxn=g on 052.
Here, n denotes the outward unit normal to d D, (and to d€2); superscript + and — indicate
the limiting values as we approach d D, from outside D,, and from inside D,, respectively.
The magnetic field, Hy, in the absence of the inhomogeneity, satisfies
V x (Ol()v X H()) - ﬂ()H() =0 in Q,
{txo(V x Hy) xn=g on 0.

12)

13)
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The variational formulation associated with problem (13) is: find Hy € V such that
ag(Hy, v) = £(v) Yv eV, (14)

where the functional space V, the sesquilinear form ay and the semilinear form ¢ are defined
by

V = H(curl, 2), (15)
ao(u,v):/aovxu~vadx—/ﬁ0u~idx, (16)
Q Q
L(v) =/ g -vdoy. a7
aQ

We recall that the functional space H (curl, Q) is given by H(curl, Q) = {u € L*(Q)? :
1 1

V x u € L*(R)*}. Here, we assume that g € T H,,?(9Q), where T H,,” (92) denotes the
space of tangential vector fields on €2 that lie in H -2 (0€2) and whose surface divergences also
liein H2 (092). In (17), the integral on 92 is to be interpreted as the duality pairing between
the appropriate spaces of distributions and test functions. We assume that the following
hypothesis holds.

Hypothesis 3. The variational problem (14) has a unique solution (for all g).

Similarly, the variational formulation of problem (10) is: find H, € V such that
a.(H;,v) =£(v) Yv eV, (18)

where the sesquilinear form a, is given by
as(u,v)zfagvxu~vadx—/,35u~ﬁdx, Yu,v € V. (19)
Q Q

In [4], it is proved that hypothesis 3 leads to the unique solvability of (18). We have the
following result [4].

Proposition 1. Suppose that hypothesis 3 is satisfied. There exists ey > O such that given an
_1
arbitrary g € THy,’ (0R2), and any 0 < & < &g, problem (18) has a unique solution H,.

3.2. The adjoint problem and the cost function

Let us consider the function J : W — R, where the functional space W is given by
W = H(curl,O) and O is a neighbour part of 92. We define the cost function by
j(&) = J(Hgp), Ye > 0. Here, the function y defined in (4) is given by y (1) = u|0, Yu € V.
In the numerical part of this work, only measurements on the boundary of the domain are
used. For this reason, and to simplify the presentation, we considered the previous assumption
about the cost function. We recall that the function J is not differentiable. For this reason,
we assume that hypothesis 1 is satisfied.
For all ¢ > 0, we define v, the solution to the following problem: find v, € V such that

as(w, ve) = —Lp,, (wo) Yw eV, (20)
where H is the solution to problem (14).

Hypothesis 4. We assume that for ¢ = 0, problem (20) has a unique solution.

As in proposition 1, this assumption leads to the unique solvability of problem (20) when ¢ is
small enough [4].
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4. Asymptotic expansions

4.1. The main result
By ®;, 1 < j < 3, we denote the solution to

AD; =0 in R*\B and in B,

®; is continuous across 9B,

c(V®; - m)*—(V®;-n)~ =0 on 9B,
@;(y)—y; —>0 as |y| — oo,

2L

where ¢ > 0. The existence and uniqueness of ®; can be established (in the real, as well as
in the complex case) using single layer potentials with suitably chosen densities, see [9, 10].
We now define the polarization tensor M (c) by

0
M;j(c) = C_]/ oo ®idy, I<i j<3 (22)
B 0Yi
The principal result of this paper is given by the following theorem.

Theorem 2. We assume that hypotheses 1, 3 and 4 are satisfied. The asymptotic expansion of
j (&) — j(0) with respect to ¢ is given by

£ Re {(al — o)V x Hy(0) - M <a—1> ¥ x v9(0)
o

—Bo (1 - %) Ho(0) - M (%) UO(O)} +o(8”),

where Hy is the solution to (14), vy is the adjoint state, solution to (20) for ¢ = 0, and M is
the polarization tensor introduced in (22).

When B is the unit ball B(0, 1), the polarization tensor M is given by [8]

M,:(0) 3|B]
(0) = ———
! 1+2c
Insertion of (23) with ¢ = g—(‘) (and ¢ = %) into the topological asymptotic expansion given

by theorem 2 yields to the following result.

dij Ye>0, 1<i, j<3. (23)

Corollary 1. Under the assumptions of theorem 2 and when B is the unit ball, the topological
asymptotic expansion is given by

(&) — j(0) = 47&° Re {wv % Ho(0) - V x v9(0)
oo + 20
+ wHO(O) . UQ(O)} +0(e).

B1+2po

Setting @y — 0 and B; — 0 in the formula presented in corollary 1, we retrieve formally
the topological asymptotic expansion with respect to the insertion of a spherical hole D, = ¢B
with the boundary condition (V x H;) x n = 0 on 0D, [16].

Corollary 2. The topological asymptotic expansion with respect to the insertion of a spherical
hole D, = ¢ B with the boundary condition (V x H,) x n = 0 on dD; is given by

j(e) — j(0) = 2mwe’ Re{—2apV x Hy(0) - V x v9(0) + Bo Ho(0) - vp(0)} + o(&?).
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4.2. Preliminary lemmas
Let us introduce the vector field #* solution to
Ah* =0 in R*\ B and in B,
V.-h*=0 in R*\ B and in B,
ag(V x h*)* xn— o (Vx h*)” xn= (a1 —ap)(V x v9)(0) x n, 24)
Bo(h* -n)* = Bi(h* -n)~ ondB and h* x nis continuous across 0B,
h*(y) = O(ly|™) uniformly as |y| — oo,
and the scalar function solution to
Ag* =0 in R*\ B and in B,
g* is continuous across d B, 25)
Bo(Vg* -m)* — B1 (Vg™ -m)™ = (B1 — Bo)vo(0) - m on dB,
limjy 00 ¢*(y) =0,
where n denotes the outward unit normal to 9 B.
Lemma 1. We have the following estimates:
I(He — Ho)oll = O(&), (26)
H v, x (vg(x) —o(x) — eh* (f)) — 0(s%), 27)
& L2(Q)
« (X 5/2
0.0 = w@ =g (2)] =0, (8)
’ e/ L)
Proof. We refer the reader to [4]. U
Lemma 2. We have that
* :30 :30
[ B|vo(0) +/ Vyg (y)dy = —M | — | v(0), (29)
B Bi Bi
and
IBIV x vo(0) +/ V, x h*(y)dy = M (ﬂ) v x v9(0), (30)
B oo
where M is the polarization tensor given by (22).
Proof. We refer the reader to [4]. O

Lemma 3. We have that
/ V x Hy-V x wydx = &’V x Hy(0) - / V x h*(y)dy + 0(eh),
where w, = v, —D{vo. ’
Proof. We have that
/ VxHy Vxw.dx = VxH0~<VXx(w8—8h*(§>>)dx
D,

€

+e | (VX Ho(x) =V x Ho(0)) - Vo x () de
DS 8

+g/ V x Hy(0) - V, x h* (g) dx.
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e Using the Cauchy—Schwartz inequality, we obtain that

/Dg V x H - (vx x (wg — eh* (g)))dx

V, X (w‘9 —¢ch* (f))
&
From (27) it follows that

/D V x Hy - (Vo x (e —eht (%)))dx

e By a change of variable, we obtain that

<& BI'2|V x Hollio |

e

= 0(eh. (31)

/ (V x Ho(x) — V x Hy(0)) - V, x h* (f)dx
D, &

- 82/(V x Ho(ey) — V x Hy(0)) - V x h*(y) dy.
B

Using the Taylor expansion, we obtain that

/Bw x Ho(ey) — ¥ x Hy(0)) - ¥ X 7 0)) dy‘ — 0(e).

Then, it follows that

/ (V x Ho(x) — V x Ho(0)) - V, x h* (f) dx| = 0(&%). (32)
D, &
e Using a change of variable, we obtain that
X 2
V x Ho(0) - V, x h* (—) dx = €2V x Hy(0) - | V x h*(y)dy. (33)
D, 2 B
By a combination of (31)—(33), we obtain the desired result. O

Lemma 4. We have that

/ Hy - w, dx = &” Hy(0) - / Vg*(y)dy + 0(eh),
D, B
where w, = v, — vp.

Proof. We have

f Hy - w,dx = / Hy - (wg — V,gq* (£)> dx +/ Hy(0) - Vyg* (f) dx
D, D, : & D, ’ &

Ho(x) — Ho(0) - Vyq* (=) d
+/Df 0() = Ho(O) - V9 (%) d.

e Using the Cauchy—Schwartz inequality, we obtain

[ G (e

From (28) it follows that

J 0 G (e

3

X
< 1B Holl =@y | we = V0" ()

e

= 0(e"). (34)
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e Using a change of variable and the Taylor expansion, it is easy to see that

X 4
(Ho(x) = Ho(0)) - V,q* (= ) dx| = 0(e?. (35)
D, &
e By a change of variable, we obtain
X
| -9, (F)ar =m0 - [ Vq . (36)
D, & B
By a combination of (34)—(36), we obtain the desired result. O
Lemma 5. We have
/ V x Hy -V x vgdx = &*|B|V x Hy(0) - V x vp(0) + O(e*), (37)
D,
/ Hy - g dx = &°| B|Hy(0) - v(0) + O (e™). (38)
D,

Proof. We have
/ VxH0~va0dx=/ ((V x Hy-V xvg)(x) —(V x Hy-V x v9)(0)) dx
D, D,

+&3|B|V x Hy(0) - V x vo(0).
Using a change of variable, we obtain that
/ VXHO-vaodx=83/((VxHo-vao)(sy)—(VxHO-VXUO)(O))dy
D, B
+&3|B|V x Hy(0) - V x v5(0).

Using the Taylor expansion, it is easy to see that

/((V X Ho -V xv)(ey) — (V x Hy -V x 0)(0))dy| = O(e).
B

Then, the asymptotic expansion given by (37) is proved. In a similar manner, we can prove
the asymptotic expansion given by (38). ]

4.3. Proof of main result

The main result of this paper is given by theorem 2. To obtain the asymptotic expansion of
the variation j(e) — j(0) with respect to ¢ by the use of theorem 1, we must check that
hypothesis 2 is satisfied and calculate f(¢), §a and §¢. The following proposition gives an
asymptotic expansion of the variation (a. — ag)(Hy, v.) with respect to €.

Proposition 2. The variation (a. — ag)(Ho, ve) has the following asymptotic expansion:

&3 {(a1 — o)V x Hy(0) - M (%) V x v9(0)
0

— Bo (1 - @) Hy(0) - M (@) vo(0) § + O(eh).
Bi Bi
Proof. Using (16) and (19), we obtain that

(as — ao)(Ho, ve) = /(as — o)V x Hy-V X vedx + [ (Bo — Be)Ho - e dx. (39)
Q Q
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From the definition of the function «, (and the function f,), it follows that
(a: — ao)(Ho, ve) = (a1 — Olo)/ V x Hy-V xv.dx+ (Bo — ,31)[ Hy - v dx. (40)
D, D,

Denoting w, = v, — vy, we obtain that

(ag—ao)(Ho,vS):(ozl—oto)</ VXH0~wa5dx+/
D,

Vng-vaodx>
€ DS

+(,30—ﬂ1)/D HO'U_odx+(,30—,31)/D Hy - w7 dx. @1)

A combination of the identity (41) with the estimates presented in lemmas 3—5 gives

(@ — ag)(Ho, ve) = & (a1 — )V x Ho(0) - </ V x h*(y)dy +[B|V x vo(O))
B

+&%(Bo — 1) Ho(0) - <|B|Uo(0) +/ Vg*(y) dy) +0(eh).
B
A combination of the last identity with (29) and (30) yields the desired result. O

We recall that the semilinear form ¢ defined in (17) is independent of the parameter ¢.
As a consequence, the scalar 8¢ is given by

8¢ =0. (42)

A combination of (26), proposition 2 and (42) shows that hypothesis 2 is satisfied with
f(e) =&’ and

Sa = 4 (@) — ag)V x Ho(0) - M <a—1> Y x 0(0) — fo (1 - @) Ho(0) - M <@> v ¥
ag Bi Bi

Applying theorem 1, we obtain exactly the statement of theorem 2.

5. Numerical results: application to inverse scattering problems

In this section, we present some numerical results obtained by the use of the topological
asymptotic approach in electromagnetic contexts. The treated examples belong to the class
of shape inversion problems. We distinguish two categories of examples:

e A first category of examples allowing us to validate our approach to detecting metallic
objects buried in soil.

e A second category of problems allowing us to test our approach to detecting objects in
free space using given scattered field data.

Each example is very general and it is not a precise application to a posed real problem.
Here, our principal goal is to show the possibilities offered by the topological asymptotic
approach to treating electromagnetic problems in various contexts.

All the results presented in this section were obtained by only one iteration. We will
show that the topological gradient computed in the first iteration gives us a good idea about
the unknown objects.
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5.1. Buried objects detection

We will particularly focus on the following problem: we look to determine the number and
the positions of metallic objects buried in a soil using scattered field measurements. To
obtain these measurements, a mono-static antenna was placed about 30 cm above the soil.
This antenna enables us to get a measurement of the scattered field for a set of frequencies
fixed between 500 MHz and 2.5 GHz. Then, the antenna is horizontally translated by some
centimetres and a new measurement is made and so on. This is a rough model of the problems
described in [18]. The only difference here is that the antenna used is not directional,
it will be assimilated into a point source, sending out a spherical wave. Starting from
these measurements, and hypotheses on the soil nature, the objective is to reconstruct very
rapidly the shapes of metallic objects existing in the soil. To simplify the computations as
well as the post-treatment of the results, the adopted model is a 2D model with a transverse
magnetic polarization. We use the topological asymptotic expansion for the Helmholtz
equation with Dirichlet condition on the boundary of the hole [21]. The 2D Helmholtz equation
is solved by the finite difference time-domain method (FDTD), the frequency-domain solution
being obtained with a Fourier transform.

5.1.1. The inverse scattering problem. Let X = {x;}i=1 ., be the set of successive
locations of the source (and sensors, since the antenna is supposed to be mono-static) and
F = {fiti=1... n, the set of measurement frequencies. Let g, be the soil permittivity and oy
its conductivity. The area occupied by the buried objects is denoted by €2. For each couple

(x;, fj) € X x F, we consider the field Ef’fj, the solution to

Q 20 . 2G
AEY +kjEx;,f, = 5y, in RN\,
Q
ESy = 0 on 0%, 43)
: Q R
lim, 00 /7 (8, E ;, —KET ;) =0,
where s,, represents a source point located at x;, and where
k3 (x) = e(x)pw; +iw;po (x),
w; = 2 f,',
[0 if x>0,
(ex), 0(x)) = {(ss, oy) if x<0.
We associate with © a set of measurements M(2) defined by M(Q2) = {mxi, 7(Q) =
(dx” Ef? ff>}’ where d,, is the measurement function (in our numerical tests, m,,, 7 (€2) is the
value of the scattered field at the source point x;).

We call reference measurements M = {ii,, f,} the values which are obtained with the
real objects in the soil. Ideally, these would have been real measurements, but in the following
numerical results, we only consider synthetic data obtained via FDTD.

The cost function that evaluates the adequacy between the measurements obtained for a
distribution of metallic objects €2 and the reference data is

; - 2
JO =) [me, 5, () =g g, |
iJ
In this case, the topological asymptotic expansion is given by [21]

_ 2 - 1
JE@\D) ~ i@ =3 _é Re (E2 (00l () +o <@> : (44)
LJ

where D, = B(x, ¢) and v{ s, is the adjoint state.
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Figure 1. Repartition of metallic objects in the soil and the corresponding topological sensitivity
computed on empty flat soil. (a) Metallic objects (dry soil (depth 0.6 m), flat surface
(5 = 2.3, 05 = 0); 35 measurement points located at 20 cm above the soil; 20 frequencies
in the range 400 MHz to 2 GHz) and (b) topological sensitivity.

Once we have a solver able to evaluate the direct and the adjoint states, the numerical
applications become very simple. Since the problem was formulated in the frequency domain,
but we have many frequencies, we choose to use an FDTD code. The frequency-domain
solution is obtained using a Fourier transform. This allows, for instance, to obtain the
solutions of problem (43) for 20 frequencies using 200 x 200 grid size, in a few seconds.

5.1.2. Flat and homogeneous dry sandy soil. Figure 1(a) shows a test case example. The
reference measurements are obtained by FDTD and the data are not noisy. The soil corresponds
to a very dry sand. Five metallic objects are present in this soil. The different positions of
the antenna are illustrated in figure 1(a) by small circles. We have employed here 20 different
frequencies in the range 400 MHz to 2 GHz. In the soil where &, = 2.3, these frequencies
correspond to wavelengths fixed between 6.5 and 32 cm. The computing domain of 2 m over
1 m is discretized using a 201 x 101 grid with step size » = 1 cm and the PML are applied in
its borders.

Once the reference measurements are obtained, the topological gradient given by (44) is
computed using a grid identical to that of figure 1(a), but in the absence of metallic objects.
Figure 1(b) illustrates this result. One can see that the top of the five objects is clearly
identified by the negative region of the topological gradient obtained by only one iteration.
This topological sensitivity can be computed very quickly since it is evaluated on a flat soil
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Figure 2. Topological sensitivity with noisy data. (a) Reference distribution of objects (dry soil
with rough surface (&, ranging from 1.6 to 4.15, o, = 0); 29 measurement points, 20 frequencies
in the range 0.26 MHz-1.86 GHz) and (b) topological sensitivity on a flat empty homogeneous
soil (&g = 2.3).

without mines, which is invariant by translation: all direct states and adjoint states are just
horizontal translations of a ‘canonical’ solution. The computational cost is only 10 s on a
300 MHz personal computer. We could consider the following process, that is to say placing
the metal in the zones where the topological gradient is negative enough and calculate a new
topological gradient in the presence of these metal points. However, we should not expect
to get the complete shape of the buried objects. Only their outside face illuminated by the
incident wave is expected to be found.

5.1.3. Non-flat inhomogeneous soil. It is important to make sure that the results remain
satisfactory when the data are disturbed. The soil properties in particular (permittivity,
conductivity, presence of pebbles, irregular surface) are very variable quantities. We check the
stability of the topological sensitivity when the real soil does not correspond to the fictitious
(and flat) soil upon which we calculate the topological sensitivity. This situation is illustrated
in figure 2(a). The reference measurements have been achieved on a hilly soil with a relative
permittivity &, ranging from 1.6 to 4.15. The topological gradient is calculated on a flat soil
with a constant permittivity &, = 2.3. However, as shown in figure 2(b), we find the five
objects with images slightly modified compared to the previous result.

5.14. Soil with high permittivity. In this example, we study the case of a soil having a high
permittivity. Hence, the waves quickly vanish in the soil and its surface is highly reflective:
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Figure 3. Topological sensitivity in two steps. (a) Reference distribution (41 measurement points;
30 frequencies in the range 0.33 GHz—-1 GHz; wet soil (¢, = 13, 0, = 0.05)), (b) topological
asymptotic computed on an empty initial guess (no soil at all), with respect to small balls of
undergrass, (c) detected soil surface and (d) topological sensitivity taking into account the detected
soil surface.

its roughness has a great influence on the measurements and computing a topological
sensitivity without taking into account its roughness would give an irrelevant result. So
we proceed in two steps:

e Reconstruction of the soil profile.
e Calculation of the topological sensitivity taking into account the irregular profile of the
soil.

The reconstruction of the soil profile follows exactly the previously exposed principle
used for the detection of metallic objects. The only difference here is that the topological
sensitivity is computed in free space (without soil and without mines) with respect to
small balls of undergrass instead of small balls of metal. Figure 3(a) shows a test case
example of the soil detection with a high permittivity ¢, = 13, as well as a relatively
important conductivity oy = 0.05. On the reference model, measurements have been done for
30 frequencies fixed between 0.33 GHz and 1 GHz.
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If the soil is detected with enough precision, as is the case in figure 3(c), we can move to
the second step, which is the most costly in time. In fact, the expression for the topological
sensitivity remains the same as in the previous examples, but we can no longer obtain the
direct states and the adjoint states through the translation of a canonical solution, since the
soil is irregular. It is necessary then to make the direct and the adjoint state resolution for each
measurement point. The FDTD code spends most of the time on the calculation of the Fourier
transform of the temporal signal to get the frequency solution at each point of the domain. In
this example, using a Pentium-II with 350 MHz, this calculation lasted 10 min. Figure 3(d)
shows the computed topological sensitivity taking into account the detected soil surface. The
result is satisfactory, nevertheless, we distinguish a certain number of parasitic marks.

5.2. Shape inversion of 3D objects in free space

The next numerical tests follow a different approach. We now consider time-domain
measurements in the context of 3D Maxwell equations. The topological sensitivities for
3D Maxwell equations and 2D transverse magnetic are very different. The main difference
is the behaviour of the function f(¢), since &3 goes much faster to zero with ¢ than 1/ log s,
we will not have to face the difficulties arising from a large variation of the solution when
a relatively small (i.e. ~1/20th of wavelength) metallic sphere is inserted. Using a time-
domain solver, it is possible to keep the computational cost very low with respect to the size
of the problems. The same FDTD code is used to compute the direct solution and the adjoint
solution (which is computed backward, from the last time step to the first time step), and the
topological sensitivity is just the integration with respect to time ¢ of their product. Indeed,
the expression for the topological sensitivity that was used in these experiments is simply

T
Gx) = Re/ E(x,t)-v(x,t)dt,
0

where E (x, t) (resp. v(x, t)) is the electric field solution of the direct (resp. adjoint) problem.

The following examples have been done in free space. The employed source is also
different, we are concerned now with plane waves. Those have the advantage of uniformly
illuminating the objects, hence a topological sensitivity with more resemblance to the objects
looked for.

5.2.1. Detection of metallic edges of a cube. The first example is a cube of metallic edges
with side length 10 cm, placed in free space. The object is illuminated by six plane waves
whose time-domain signal is a Gaussian distribution (the central frequency is equal to zero
and the width of the Gaussian distribution is less than 10 time steps). The measurements
are the values, for each time step, of the tangential electric field along a ‘virtual surface’
enclosing the cube. This ‘virtual surface’ is a cube with side length 40 cm. The mesh size here
is 140 x 140 x 140 and the step size of the mesh is equal to 5 mm. Figure 4 represents the
initial object and an iso-value surface of the corresponding topological sensitivity computed
in the virtual surface without the object (free space).

5.2.2. Detection of a more complex object. We can wonder now if the previous result is
not biased by the particular incidences of the plane waves which lighten the six faces of the
cube successively. The following example (figure 5) where the unknown object has a more
complex shape (Mickey head) shows that there is nothing to that supposition since the object
this time has no particular structure with regard to the directions of the incident waves.
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=

Figure 4. Metallic edges of a cube and an iso-value surface of the corresponding topological
sensitivity (computed in free space as an initial guess).

0

Figure 5. Topological sensitivity for a slightly more complex object.

5.2.3. Topological sensitivity with respect to the insertion of an infinitely small wire. ~ Another
major difference with the 2D transverse magnetic polarization case is that the topological
sensitivity expression for the 3D Maxwell equations depends on the shape of the holes. So
one can try to see if the result is improved if the metallic obstacles are no longer spherical but
‘oriented’: the expression for an infinitely small wire of direction d is

T
Re/ (E@t) -d)(v(7) - d) dt,
0

where E (resp. v) is the electric field solution of the direct (resp. adjoint) problem. We can
write that

T T
Re/ (E@)-d)(v(t) - d)dt = <Re/ A(t)dt)d-d,
0 0

where

E@®) @) +v(®) @ v(®)
> .
Then at each point of the domain, the optimal orientation of the wire is given by

T
min (Re/ A(t) dt)d~d.
deR?,|d||=1 0

A(t) =
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Figure 6. An isosurface of the topological sensitivity for optimally oriented infinitely small wires.

Hence, we have two interesting pieces of information:

e The variation of the cost function, for an optimally oriented wire, is given by the smallest
eigenvalue of

T
Re / A(t)de.
0

e The corresponding eigenvector gives the optimal orientation of the wire.

Applying this new topological sensitivity to the wired cube of figure 4, we show a significant
improvement of the result. Figure 6 shows an isosurface of the obtained topological sensitivity.

6. Conclusion

In the theoretical part of this work, we have presented a new adjoint method leading to the
topological asymptotic expansion for a linear PDE problem with respect to the insertion of
a small inhomogeneity in the domain. In particular, we have considered the case of the 3D
Maxwell equations. We have also obtained the topological asymptotic expansion with respect
to a perturbation created by a spherical metallic obstacle (hole). This latter result was gotten
formally by considering the limit when «; — 0 and 8; — O.

We have applied the topological asymptotic approach to solve some inverse scattering
problems. We have presented two categories of examples:

e The detection of metallic objects buried in soil. Different cases were considered: flat and
homogeneous dry sandy soil, non-flat inhomogeneous soil and soil with high permittivity
and conductivity.

e Detection of 3D metallic objects placed in free space from time-domain scattered field
data.

The obtained results are satisfactory and show the abilities of the topological asymptotic
approach to solve inverse scattering problems. One of its main advantages is its speed: it
is not necessary to do many iterations, a satisfactory result is generally obtained in the first
iteration.

It would be interesting to apply this approach to less academic problems than those
presented in this paper. In particular, the detection of objects buried in soil has to be applied
in the three-dimensional case and the modellization of the source antenna is to be improved.
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Abstract

The aim of the topological sensitivity analysis is to obtain an asymptotic expansion of a design functional with respect to the
insertion of a small hole in the domain. The question that we address here is what happens if the hole is located at the boundar
of the domain and what happens if the boundary is not regular. The adjoint method and the domain truncation technique are
proposed to solve this problem. As a model example, we consider the Laplace equation in a domain with docdtadhis
article: B. Samet, C. R. Acad. Sci. Paris, Ser. | 336 (2003).

O 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.
Résumé

L’asymptotique topologique par rapport a une perturbation singuliére du bord. Le but de la sensibilité topologique est
d’obtenir une expression asymptotique d’'une fonctionnelle de forme par rapport a I'insertion d’un petit trou dans le domaine.
Dans cette Note, nous considérons le cas d'un petit trou situé sur un coin du domaine. La méthode de I'état adjoint et la technique
de troncature de domaine sont proposées pour résoudre ce probléme. Nous considérons comme exemple modele, I'équation

Laplace posée dans un domaine avec un d@unr citer cet article: B. Samet, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
0 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Version francaise abr égée

La méthode de la sensibilité topologique est basée sur I'idée suivante. Soit une fonctigi@oGt J (2, ug),
ol £2 est un ouvert d&R?, d > 2, etug est la solution d’un probléme aux dérivées partielles posé dans le
domaines2. Si nous créons un troB(x, ¢) dans le domaine2, nous pouvons montrer (dans la plupart des cas)
gue la variation de la fonction colt admet I'expression asymptotique suivante :

J(2\B(x,8)) = T (2) = f(&)G(x) +0(f (¢)). )

La fonction f(e) est strictement positive et tend vers zéro awet’expression (1) est appelée «asymptotique
topologique ». La fonctiof; définie dans (1) est appelée «gradient topologique ». Pour minimiser notre critére,
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1631-073X/03/$ — see front mattél 2003 Académie des sciences. Published by Editions scientifiques et médicales Elsevier SAS. All rights
reserved.
doi:10.1016/S1631-073X(03)00258-9
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nous devons créer des trous ou le gradient est négatif. L'asymptotique topologique a été obtenue pour des problém
divers [1-10]. Tous ces problémes ont en commun le fait que le trou est assez loin du bord du domaine. Dans cett
Note, nous considérons le probléme suivant. &oiin ouvert borné du plan. Une partig du bord est définie par
deux segments formant un angle, 0 < A < 2 (voir Fig. 1). Nous notonsg; la solution du probléme de Laplace
posé dans le domain@, vérifiantu = 0 surlg et une condition aux limites suf, = 82\ Io. Poure > 0 (assez
petit), nous considérons le domaine pertuhé= 22\ S,, ou S, est le secteur (voir Fig. 1) défini pax = {(r, 0) ;
0<r <e, 0<6 <A} Notre but est de donner une expression asymptotique de la varidtien) — J (1), ou
ug, estla solution du probleme de Laplace dans le domaine perturbé avec une condition de Dirichlet imposée sut
I'arc de cercle joignant les deux segments du secfggprobleme (8)).

Dans cette Note, nous utilisons la méthode de I'état adjoint et une technique de troncature de domaine [4]
pour déterminer une formule générale de I'asymptotique topologique (Theorem 2.5). Ensuite, nous étudions le ca:
particulier otn~1 € N* (Corollary 2.6).

1. Introduction

Classical shape optimization methods are based on the perturbation of the boundary of the initial shape. The
initial and the final shape have the same topology. The aim of topological optimization is to find an optimal shape
without anya priori assumption about the topology of the structure. Unlike the case of classical shape optimization,
the topology of the structure may change during the optimization process, as, for example, through the inclusion of
holes. Recently, the notion of topological sensitivity brings a new approach for topological optimization. It provides
an asymptotic expansion of a shape function with respect to the creation of a small hole in the domain. To present
the basic idea, we conside& a domain ofR?, d > 2, and.7 (£2) = J (ug) a cost function to be minimized, where
ug is solution to a given PDE problem definedsih Fore > 0, let 2\ B(x, ¢) be the perturbed domain. Then, an
asymptotic expansion of the functigh can be obtained in the following form:

J(2\B(x, &) =T (2) = f(&)G(x) +0(f (). )

Here, f (¢) is an explicit positive function going to zero with Hence, to minimize the criterioff we just have

to create infinitely small holes at some poifte/here the functiorG (called the topological gradient) is negative.

The expression (2) is called “topological asymptotic”. The topological asymptotic has been obtained for various
problems [1-10]. In all these publications, the hole is located far enough from the boundary of the domain. In this
work, we consider an initial domai? ¢ R? with a corner. The perturbed domain is definedhy= $2\S;, where

Se isgiven byS, ={(r,0); 0<r <¢,0<0 <Ar}, 0< A <2 (see Fig. 1). Our aim is to obtain the topological

b/ 6=An 6=An
L e Ly
I, I;
AT/2 ¢
O X
Q Qe
I

9=0 60

Fig. 1. The initial domain and the same domain after perturbation.
Fig. 1. Le domaine initial et le domain perturbé.
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asymptotic for the Laplace equation in the corner donsainNe use the adjoint method and a domain truncation
technique [4] to obtain a general formula of the topological asymptotic {0< 2). In the case of~1 € N*, we
obtain a simplified formula.

2. TheLaplace problem in adomain with a corner
2.1. The adjoint method

In this subsection, we recall the adjoint method introduced in [1]WLbe a Hilbert space. For adl> 0, leta,
be a bilinear and continuous form dhand¢ be a linear and continuous form &h We assume that for adl > 0,
the bilinear formu, is coercive. Using the Lax—Milgram theorem, the following problem: fipeE V such that

ag(ug,v)=£L(1v) YveV 3

has one and only one solution. We consider a cost funcii¢):= J (u.), whereJ € C1(V,R). Let vg € V the
solution to the adjoint problem:

ap(v,v9) =—DJ(ug) -v VveV. 4)
We callvg the adjoint state. We assume that
”(15 —ag — f(€)dq ”ﬁz(V) = O(f(é‘)), 5)

wheref(e) > 0, lim,_, o+ f(¢) = 0 ands, is a bilinear and continuous form ah We have the following theorem.
Theorem 2.1. We have that

Jj(&) = j(0) = f(&)da(uo, vo) + o(f (¢)).
2.2. Problem formulation

Let £2 be a bounded domain &2. The boundary of2, denoted byd$2, is assumed to be smooth except at
a point O, in the vicinity of whichd$2 is defined by two straight line segmeniy, X> forming an angleir,
0 < A < 2 (see Fig. 1). The boundasy? is split into partslp, Iy such thatip = X1 U X5 and 'y = 352\ Ip. We
consider the Laplace problem: fing, € V(£2) such that

—Aup=0 in$,

uo =0 onlyp,

ougp (6)
——=h only,

on

whereh € Holéz(l“l)’ and the functional spade(£2) is defined by (22) = {v e H(£2); v, = 0}. Itis clear that
problem (6) has one and only one solution. We consider now a cost fungtieh = J (u). We assume (for
simplicity) that the functiorn/ is defined in a neighbor part df;. The adjoint problem is: find, € V(£2) such
that:

a(v,ve)=—DJ(ug) v YveV(£), 7
wherea(u,v) = [, Vu - Vudx Vu, v € V(R2). Letug, be the solution to the perturbed problem

—Aup, =0 ing2,,
up, =0 onls, Uy,

0
“2e _p o on Iy,
on

(8)
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0=AT
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O X
R Qg
e
FR
6=0

Fig. 2. The truncated domain.
Fig. 2. Le domaine tronqué.

wherel 5 ={(r,0);r >¢,0 € {0, Ax}}NITpandls, ={(r,0);r =¢,0< 0 < Am}.

The functionug,, is defined on the variable s€., thus it belongs to a functional space which depends.on
Hence, if we want to derive the asymptotic expansion of a function of the foen= J(ug.), we cannot
apply directly the tools of Subsection 2.1, which require a fixed functional space. However, a functional space
independent of can be constructed by using a domain truncation technique.

2.3. The domain truncation

Let R > ¢ be such that the sectdiz is included in$2. Here, Sk is defined by:Sg = {(r,0); 0 < r < R,
0 < 0 < Aaxr}. We introduce the following notations: the truncated donsaiySz is denoted by2z, D, = Sg\S:,
TR ={(r0); e <r <R, 0e{0rr}}, I'R={(0);r >R, 0ec{0,rr}}NTpand g ={(r06);r=R,
0< 0 < Ar} (seeFig. 2). Fop € Holéz(FR) ande > 0, we consider? the solution to the problem

—Auf =0 inD,,
uf =0 onls, UK, 9)
uf =g onrl.

Fore =0, u§ is the solution to the problem

—Aug =0 in Do,
=0 oNnd Do\ k. (10)
=@ on %,

whereDg = Sg. Fore > 0, letT; be the Dirichlet-to-Neumann operator defined Byp = Vu? - n|r,, wheren, r,
is the outward normal to the boundafy. The truncated problem is: find € V(£2) such that

u,=0 onl'%,

0

e _ onr, (11)
on

ol g

— + T, =0 onrly,
o + Teue g R
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where the functional spad&(£2y) is defined by

V(2g) = {v e HY(2g): vz = 0}. (12)
The variational formulation associated to problem (11) is the following:dind V(£2g) such that
ag(ue, v) =€(v) YveV(2g), (13)

where the bilinear forna, and the linear fornt are defined by, (1, v) = fsz Vu - Vodx + er Teu - vdy and
L(v) = frl h -vdy (x). The following result is standard in PDE theory.

Proposition 2.2. Problem(11) has one and only one solution which is the restrictiom2tp of the solution td8).

We have now at our disposal the fixed Hilbert spa¢€ ) required by the adjoint method. The variation of the
bilinear forma, — ag can be written:

(ag—ao)(u,v)zf(Ts—To)u-vdV(X)- (14)
I'r
Hence, our problem reduces to the computatiotfpf— To)e for ¢ = u|ry.

2.4. The asymptotic expansion
We have the following result.

Proposition 2.3. The operatofT; is given by the explicit expression

n gn/AR(—n/A)—l 4 s—n/AR(n/A)—l ) 0 12
Top= Z <x> g—n/x R/ _ gn/r g—n/A ¥n SII’]<}’ZX>, Vo € Hyy (I'R),

neN*

whereg, = [37 ¢(R, 0) sin(md /) dg.

We introduce the operatés defined by:57¢ = 2/(AR@/»+1)p; sin(@/1). Using Proposition 2.3, we obtain
the following result.

Proposition 2.4. We have that

H T. — To — SZ/MST HC( 1/2 1/2

2/2
Hoo (I'R), Hyg 0(8 )

(Ip))
It follows from Proposition 2.4, (14) and Theorem 2.1 that the following theorem holds.

Theorem 2.5. The function; has the following asymptotic expansion
Jj(©) = j () = e84 (ug, vo) +0(e?/),

whereu g, is the solution td6), ve; is the solution tq7) and$, is defined by
uy v
RY/A RL/A°

Here, X1 = 2(Ar) L [37 X (R, 0) sin(?)dd, X = u or v.

Sa(u,v)=m Yu,v € V(2R). (15)

As j is usually independent a® andd, (ug, ve) is independent of, it follows from the uniqueness of an
asymptotic expansion thdf(ug, ve) is also independent at. Using (15) leads to the following result.
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Corollary 2.6. If =1 € N*, then

1 -2 81/)\ 81/)\.
io-i0=x ()] L0 520 o), (16)

Remark. In our situation, we computed the expansion of the topological asymptotic by the use of the adjoint
method and the domain truncation technique. However, other interesting cases seem worthy of study. For example
what happen if the initial angle is rounded? or if one cut it by a straight line? These questions are open.
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Abstract. The topological sensitivity analysis consists to study the variation of a shape functional with respect to emerging
of small holes in the interior of the domain occupied by the body. In this paper, we consider the case of a hole located at the
boundary of the domain. The topological asymptotic expansion is derived for the Laplace equation in three cases: Dirichlet
condition, Neumann condition and Robin condition on the boundary of the hole.

Keywords: topological derivative, Laplace equation, singularity

1. Introduction

The topological sensitivity analysis method has been recognized as a promising tool to solve topol-
ogy optimization problems. It consists to provide an asymptotic expansion of a shape functional with
respect to the size of a small inclusion inserted inside the domain. This method was introduced by Schu-
macher [8] in the context of compliance minimization. Then, Sokolowski and Zochowski [9] generalized
it to more general shape functionals by involving an adjoint state. To present the basic idea, let us con-
sider a variable domain {2 of R? and a cost functional j(£2) = J(ug) to be minimized, where u,; is the
solution to a given PDE defined over (2. For a small parameter £ > 0, let {2\ B(x, ¢) be the perturbed
domain obtained by the creation of a circular hole of radius ¢ around the point xy € (2. The topological
sensitivity analysis provides an asymptotic expansion of j({2\ B(zy, €)) when ¢ tends to zero in the form:

7 (2\B(xo,€)) — j(§2) = f(e)g(xo) + o(f(e)).

In this expression, f(¢) denotes an explicit positive function going to zero with €, g(xy) is called the
topological derivative and it can be computed easily. Consequently, to minimize the criterion j, one has
to create holes at some points Z where g(Z) is negative.

The topological derivative has been obtained for various problems, arbitrary shaped holes and a large
class of cost functionals. Notably, one can cite the papers [1-3,7] where such formulas are proved by
using a functional framework based on a domain truncation technique and a generalization of the adjoint
method introduced by Masmoudi [5]. An other interesting approach based on classical shape sensitivity

0921-7134/09/$17.00 © 2009 — IOS Press and the authors. All rights reserved
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analysis was proposed by Novotny, Feijéo, Padra and Taroco [6]. In all these publications, the hole is
located far enough from the boundary of the domain.

The question that we address here is what happens if the hole is located at the boundary of the domain
and what happens if the boundary is not regular. We consider the Laplace equation as a model example
and we discuss three cases: Dirichlet condition, Neumann condition and Robin condition on the bound-
ary of the hole. Our approach is based on the generalized adjoint method and the truncation technique
introduced by Masmoudi [5].

2. Problem formulation
2.1. The initial problem

We consider a bounded domain {2 C R? with a corner singularity at the origin with 02 = I, U I7.
The geometry of the domain is given by Fig. 1. Here, 0 < A < 2. The initial problem is: find u, € V({2)
such that

—Aup =0 in £,
un =0 on Iy, (2.1)
Opup =a onljy,

where 0,, denotes the normal derivative, the functional space V({2) is given by

V() ={uec H'(2)|u=0o0nTIp}

and o € H(;({ 2(I')Y. We recall that, for an open manifold X such that & C X where X is a smooth, open
and bounded manifold of the same dimension as 2, we have

HY2 (D) = {us | u € HYA(E) and u

Sz =0

L 9=An

Fig. 1. The initial domain.

0w N O O WD =

A DA B DD DB DWW OWWOWOWWWWWNDDNDMNDMNDMNMNDMMNDDNDMNDDN-=S 4 a4 4 d o a a a©
OO O WO 2 O © 0N O O WON 2 O © 0N O OO P WODN - O O© ©0NO OO M WN = O



o N O O W NN =

A DA DN D DN DND OO WWWWWWWWNNDNMNMMDNMNMMNINMNDND 2 = 4 = = 2 = 2 o =
> O R DN 2O ®»IDdDOTREDN IS OD®IOOAREON 20 © 0N R~®®ND = O ©

ASY ios2a v.2009/02/26 arttype:RA Prn:23/07/2009; 15:46 F:asy957.tex; VTEX/Ausra p. 3

B. Samet / Topological sensitivity analysis: Small hole at the boundary 3

It is endowed with the norm defined for all w € HY/ 2(ZNJ ) by

150 172y = Il g5
For more details concerning these Sobolev spaces, we refer the reader to [4].
2.2. The cost function and the adjoint state
We consider a cost function
JHYAI) — R
and we assume that J is differentiable. We define the adjoint state py, € V({?2) solution to:
—Apn =0 in (2,
pe =20 on g, (2.2)
Onpn = —DJ(ug ) onlj.
2.3. Perturbation of the domain
For ¢ > 0, we define the perturbed domain by: {2, = 2\w;, where w, is the sector defined by
we ={(r,0)|0<r<e0<0< A}
The boundary of (2. is given by
082, = Iy UOw: U I,
where

Loe ={(r,0) € 02 |r >e,0 € {0,\n}}.

The geometry of the perturbed domain is given by Fig. 2.

Fig. 2. The perturbed domain.
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4 B. Samet / Topological sensitivity analysis: Small hole at the boundary

Now, let ug,_ be the solution to the perturbed problem:

—Augp, =0 in {2,
:19;(:2 Y20hun, =0 22 gfuz’, 2.3)
Ohug, =« on ],
where +; and ~y, are two real constants.
2.4. The aim of the paper
For ¢ > 0, we denote:
o=y 4228

In this paper, our aim is to obtain an asymptotic expansion of j(g) — j(0) with respect to e — 01. We
discuss three cases:

e ~; = 1 and , = 0 (Dirichlet condition).
e ~v; = 0 and v, = 1 (Neumann condition).

e 71 = v, = 1 (Robin condition).

3. Preliminaries

In this section, we recall briefly the generalized adjoint method introduced by Masmoudi in [5].

Let V be a real fixed Hilbert space equipped with the norm || - ||y, £()) denotes the space of linear
continuous forms on V and £,(V) denotes the space of bilinear continuous forms on V. Let £ € L(V)
and foralle > 0, let a. € L,(V).

We assume that the following hypotheses hold.

Hypothesis 3.1. The bilinear form ay is coercive:
Je > 0 | aplu,w) = cllully,,  Yu € V.
Hypothesis 3.2. There exist a real function f and é, € Lo(V) such that:

fe) =0 ase—0",

Has —ap — f(g)(sa’|£2(]}) = O(f(g))

According to Hypotheses 3.1 and 3.2, the bilinear form a. depends continuously on €. Hence, there
exists €9 > 0 and d > 0 such that for every € € [0, €¢], the following uniform coercivity condition holds:

ac(u,u) > dlull}, Yu € V.
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By the Lax—Milgram’s theorem, for ¢ € [0, £¢], the following problem:

{ Find u. € V such that
as(ue,v) = L(v),Yv € VY

3.1
has one and only one solution.
Proposition 3.1. Under Hypotheses 3.1 and 3.2, we obtain the following estimate:
lue = uolly = O(f(e)).
We consider now a cost function

](8) = J(’LL&-), vg € [0’ E()]’

where J:V — R is a differentiable function: for every v € V), there exists a linear continuous form
DJ(u) € L(V) such that

J(uw+ h) = Jw)+ DJ(u) - h+ o(||h]|v).
Under Hypothesis 3.1, the adjoint problem:

{ Find py € V such that (3.2)

ao(v,po) = —DJ(up) - v,Yv € ¥V

has one and only one solution called adjoint state.
For € > 0, we define the Lagrangian operator L. by

Le(u,v) = Jw) + as(u,v) — b(v), Yu,ve V.
We observe that
7€) = j(0) = Le(ue, v) — Loug, v), Vv € V.
Now, the asymptotic expansion of j(¢) — 7(0) as € — 0 is given by the following theorem.
Theorem 3.1. If Hypotheses 3.1 and 3.2 hold, then
(&) = j(0) = f(e)da(uo, po) + o(f(€)),

where uyg is the direct state solution to (3.1) for € = 0 and py is the adjoint state solution to (3.2).

4. Reformulation of the problem in a fixed functional space

The perturbed solution ug,_ to (2.3) is defined on the variable set (2., thus it belongs to a functional
space which depends on €. Hence, if we want to derive the asymptotic expansion of j(¢) — 7(0), where
J is defined by (2.4), we cannot apply directly the tools of the previous section, which require a fixed
functional space. However, a functional space independent of € can be constructed by using the domain
truncation technique introduced in [5].
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6 B. Samet / Topological sensitivity analysis: Small hole at the boundary
4.1. Truncation of the domain
For R > ¢, we define the truncated domain:
Qr = (\Wg,
where wr, is the sector given by
wr={00]10<r<RO0<O <A},

The parameter R is chosen such that wr C (2. The boundary of wg, is denoted by I'r. The boundary of
the truncated domain (2p is given by

0Nr=I"U X UIF,
where
Yo={(r,0) €02 |r>R,0€c{0,\n}}.
We denote
D.={(r,0)|e<r<R0<60< A}
The boundary of D, is given by
0D, = 0w UI'rUI_R,
where [ g is defined by
Ip={(r0)|e<r<R0e{0n}}.
We denote
Ior={(0)|0<r <R,0€{0,\n}}.
The geometry of the truncated domain is given by Fig. 3.
4.2. Reformulation of the problem
We introduce the Dirichlet-to-Neumann operator
Ty: Hyf*(I'p) = Ho)*(T)’
defined by

Top = Vu§ -niry, Vo € Ho) (T'p),
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Fig. 3. The truncated domain.

where 7, is the outward normal to the boundary I'y and ) is the solution to:

—Auf =0 inwg,

uy =0 on Iy R,
uy =@ on I'g.

For ¢ > 0, we introduce the Dirichlet-to-Neumann operator
T.: Hy) (Tp) — Hy) (I'r)’

defined by
Tp = Vug iy, Vg € Hod (I'p),

where u? is the solution to:

—Auf =0 in D,
uf =0 onl;pg,
Yuf + 120uf =0 on dwe,
uf = ¢ on I'g.

Now, we introduce the fixed functional space V({2g) defined by
V(2gr)={u€ H'(2g) | u=0on Xy}

Let ug € V(£2R) the solution to the truncated problem:

—Aup =0 in 2R,
ug = 0 on Z(),
8nU0 + T()U() =0 on FR,
8nU() = on Fl.

The variational formulation associated to (4.3) is the following:

{ Find ug € V({2g) such that
ag(ug, v) = £(v), Vv € V(§2R),

F:asy957.tex; VTEX/Ausra p. 7
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8 B. Samet / Topological sensitivity analysis: Small hole at the boundary

where

ag(u,v) = /Q Vu-Vodz + . (Tow)vdl'r, Yu,v € V({2R)
R R

and
L(v) = / avdl}, Yv € V(2R).
I

We admit temporarily that the continuous bilinear form ay is coercive. It is standard to prove the follow-
ing result.

Proposition 4.1. Problem (4.4) has one and only one solution in V(§2g) that is the restriction to {2 of
the solution to (2.1):

uy = UQ‘ Qg-
We define now the truncated adjoint state solution to:

{ Find py € V({£2R) such that 4.5)

ao(v,po) = —DJ(ug|ry) - v, Vv € V({2R).
We have the following standard result.

Proposition 4.2. Problem (4.5) has one and only one solution in V({2g) that is the restriction to {2g of
the solution to (2.2):

Po = Pong-

For e > 0, let u. € V(§2Rr) be the solution to the truncated problem:

—Au: =0 in g,
ue =0 on Y,
anue + Tgug == 0 on FR, (46)
Ope = on I7.

The variational formulation associated to (4.6) is the following:
Find u. € V({2R) such that a7
ae(ug,v) = L(v), Vv € V(£2R), )

where

as(u,v) = / Vu-Vudr + (Teuw)yvdlg, Yu,v € V(2R).
2R I'r

We admit temporarily that the continuous bilinear form a. is uniformly coercive for 0 < € < ¢¢ < R.
We have the following result.
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Proposition 4.3. For 0 < ¢ < g9 < R, Problem (4.7) has one and only one solution in V({2R) that is
the restriction to 2r of the solution to (2.3):

Ue = U, |0y V0 <e<e < R.

We have now at our disposal the fixed Hilbert space V(§2g) required by Section 3. Now, we introduce
the function J : V({2r) — R defined by

Jw) = J(u), Yu€ V(2p).

It is clear that .J is a differentiable function since .J is differentiable on H(;({ ?(I')) and the trace function

u — ), is linear. By Propositions 4.1 and 4.3, we can redefine the cost function (2.4) as follows:
i(e) = { J(ue) if0<e<e <R, 4.8)
J(ug) ife =0.

Now, to apply Theorem 3.1, we have to check Hypotheses 3.1 and 3.2.

5. Computation of the topological derivative

We start by checking that Hypothesis 3.1 holds. We have the following result:

Proposition 5.1. For p € H&{ 2(1" 'R), the solution to problem (4.1) and the Dirichlet-to-Neumann oper-
ator Iy are given by the explicit expressions:

n/\ 9
r o (n
ug (r,0) = Z Wgan sm(j),

neN*

n . (nd
Top(R.0) = > {p#n sm<7>,

neN*

where (r,0) are the polar coordinates in R* and (p,,) are the Fourier coefficients of ©

AT

2 . [(nb
On = e o(R,0) sm(7> dé.

Proof. The solution to (4.1) can be written as follows:

uf(r,0) = > un(r) sin(%g).

neN*

The condition —Aug§ = 0 implies that
Un(r) = Apr™?>,  Vn € N*.

Using the boundary condition u§ = ¢ on I'r, we obtain the desired result. O
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10 B. Samet / Topological sensitivity analysis: Small hole at the boundary

By the previous proposition, we show that:
1/2
/F (Top)p =20, Ve € Hy, (I'r).
R

Then, the coercivity of a is checked.
Now, let us check Hypothesis 3.2. We should obtain an asymptotic expansion of the variation a. — ag
as € — 07. We have

(az — agp)(u,v) = / (T — To)ulvdl'r, Yu,v € V(2p).

I'r

Then, the computation of an asymptotic expansion of a. — ag is equivalent to the computation of an
asymptotic expansion of T, — Tj.
We have the following result.

Proposition 5.2. For p € HSO/ 2(FR), the solution to problem (4.2) and the Dirichlet-to-Neumann oper-
ator T, are given by the explicit expressions:

uf(r,0) = Z (/A = mer™ + ey /A + yig)r @ sin<n—0>
T S AR A mm /A + me) — R A e —np/N)TT LA
and
_ n/\ _ 2n/\ —n/X
Lo = Y n (/A —7eR e nya /A +me)R o Sin(”_e)
AR 20/ AR/ Ny, JX + yi€) — R A (y1e — nya /) A

neN*

Proof. The solution to (4.2) can be written as follows:
ul(r,0) = Z (Anr"//\ + Bnr_"/)‘) sin(n—9>.
neN* A

Using the boundary conditions, we obtain the following system:

Aan/A -+ BnR_n/k = ©n,
By solving this system, we obtain the desired result. O

5.1. First case: Dirichlet condition on the boundary of the hole

In this case, we have v; = 1 and vy, = 0.
For ¢ € H*(I'R), let

2
lellsre =D leal?(1 4 In))™
neN
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be the norm of ¢ in H*(I'r). The so defined norm is equivalent to the usual norm of H*(I'r).

We introduce the operator d7 : Hég 2(FR) — H&{ 2(FR)’ defined by

2 . [0 1/2
5TQO(R, 09) = W(pl Sln(x>, VQO S ‘HOO (FR)

We have the following result.
Proposition 5.3. We have

|ITe = Ty — x|, (/).

Hy(Tp).HY (Tpy) —
Proof. Using Propositions 5.1 and 5.2, by putting v, = 1 and v, = 0, we obtain

2n gV AR—n/A=1 nb

(T: — To)p(R,0) = TEN:* N e—n/ARRIA — en/AR—n/A ™ Sm(j)

—1

= 2A5,(R,0)(1 — ¥R/

2n en/AR—n/A-1 nd

n>=2
Then, we can write
2e2* (0 o
(T. — Ty — ¥*57) (R, 0) = R Sm(X) [(1— AR - 1
2n /A R—n/A-1 nd
+ 7%:2 A e—/ARM/A — gn/AR—n/A ©p Sin ~ )

Then

2/ 2/
Tz = To = 2207) @l /2y < Ml 72y + E0D.

where
4n? €2n/)\R72n/)\71
20N 2
88(90) - Z A2(1 + n)? (6*”/)‘R"/>‘ _ 6n/)\an/A)z(] + n)’(‘O”’ )
n>=2
Since #an)z is a convergent sequence, there exists a constant ¢; > 0 such that

4n?

m<61, Vn>2

F:asy957.tex; VTEX/Ausra p. 11
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12 B. Samet / Topological sensitivity analysis: Small hole at the boundary

On the other hand, we have

EZn/AR—Zn//\—l 6/ 8(4n—6)/)\ 1

(Efn/)\Rn/A _ En//\an/A)z =¢ R4n/A+1 (1— (8/R)2n/)\)2'

Since ¢ is small enough, we take € < €9 < R. Then

€2n//\R72n/z\fl
(6—n/>\Rn/>\ _ 6n/)\R—n/A)z S R6/)\+1(1 _ (60/R)2”/)‘)

Then, we obtain

2 6/ 2
E2(p) < crc2e®/ HSD”H(;({Z(FR)

that implies
A
E-(p) = o(e” )H‘P”H;gz(m'
This completes the proof. O

Now, let us introduce the continuous bilinear form d, € £,(V({2R)) defined by

(73] (%
RUX RI/XN?

Og(u,v) =7 Yu,v € V(£2R).

Since

(ac — ag)(u,v) = / (T2 — Toyd] v T,

I'r

using the previous proposition, we obtain immediately the following proposition.
Proposition 5.4. We have

Haa —ap — 52/)\5aH£2<v<QR)) = 0(52/)\)~

Now, all the hypotheses required by Section 3 are satisfied and we can apply Theorem 3.1 to compute

the topological derivative.

Theorem 5.1. We have

j() — (0) = e 8u(uq|0p Pojay) +0(e77),

where uy) is the solution to the direct problem (2.1) and pq, is the solution to the adjoint problem (2.2).

Remark 5.2. As j is usually independent of R and 5a(UQ| 2r> PO QR) is independent of ¢, it follows
from the uniqueness of an asymptotic expansion that d4(u0| 0., P2|o,,) 18 also independent of R.

1
g0/2 5 < 0256/)‘, Vn > 2.
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In the particular case when A\~! € N*, it is not difficult to show the following proposition.

Proposition 5.5. If \™! € N*, we have

: ; 1\ 172 000 Pug o 0 pg A
j©-io=x|(3 )] RO TR0+ o).

5.2. Second case: Neumann condition on the boundary of the hole

In this case, we have v; = 0 and v, = 1.
We introduce the operator 7 : Hé({ 2(FR) — H&O/ 2(FR)’ defined by

-2 . (0 1/2
orp(R,0) = ngl sm()\), Vo € Hyy (I'r).

We have the following result.
Proposition 5.6. We have

|Te =Ty — &1, ().

Hy*(Cp) Hy*(Tp)) —

The proof is similar to that of Proposition 5.3.
As in the previous case, by introducing the continuous bilinear form ¢, defined by

(73 V1

Oa(u,v) = —nmm,

Yu,v € V(§2R),
we obtain the following theorem.
Theorem 5.3. We have
j() — §(0) = e 8u(ug|0p Poj0y,) + 0(e),
where ug, is the solution to the direct problem (2.1) and pg, is the solution to the adjoint problem (2.2).
In the particular case when A\~! € N*, we obtain the following proposition.

Proposition 5.7. If \™!' € N*, we have

O) + 0(52/>‘).

1 -2 1/ /A

](5)_3(0):_n|:<x 85171/)‘ (9x1/>‘
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14 B. Samet / Topological sensitivity analysis: Small hole at the boundary
5.3. Third case: Robin condition on the boundary of the hole
In this case, we have v, = 7, = 1.

We introduce the operator 7 : Hé({ 2(F R) — Hé({ 2(F r) defined by:

2 . [0 1/2
5T§0(R, 0) = W@l Slﬂ(}\), V(,O S HOO (FR)

We have the following result.

Proposition 5.8. We have

|T: — T — 52/)‘5T||L( 0(52//\).

Hy*(Tp).HY (TR —
By introducing the continuous bilinear form ¢, defined by

U U1

Oa(u,v) = nmm,

Yu,v € V(§2R),

we obtain the following theorem.

Theorem 5.4. We have

§(©) = §(0) = e 6u(uq |2 P2joy) + 0(e72),

where ug is the solution to the direct problem (2.1) and pq, is the solution to the adjoint problem (2.2).

In the particular case when A\~! € N*, we obtain the following proposition.

Proposition 5.9. If \~! € N*, we have

~ : 1N 172 000 ug o 0" 2pg A
jo -0 =x|(5)Y] A0 TR0+ o).
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Abstract

In this paper, we consider the solution to Wente’s problem with the modified Helmholtz operator —A + a1, where « is a positive
constant. We study the best constant in the so-called Wente’s inequality. At first, we consider the best constant associated to the
L norm. Next, We study the case of the L? norm.
© 2007 Elsevier Inc. All rights reserved.

Keywords: Wente’s inequality; Best constant; Modified Helmholtz operator

1. Introduction and statement of the results

Given a vector field u € H'(R2%, R?), it is clear that det(Vu) belongs to L'(R2, R). However, due to its algebraic
structure, this quantity has some higher regularity properties. In [10], Coifman et al. proved that det(Vu) lies in the
generalized Hardy space H'(IR?), a strict subspace of L!(R?). Fore more details about the generalized Hardy space,
we refer to [15].

The quantity det(Vu) appears in a large number of partial differential equations from geometry and physics. In
particular, it appears in the classical Wente problem which arises in the study of constant mean curvature immersions
[17]. Let £2 be a smooth and bounded domain in R2. Given u = (a, b) € H'(£2,R?), we consider &y € L' (£2,R),
a weak solution of the classical Wente problem

{ — APy =det(Vu) = ay, by, — ay,by, in 2, 0

Dy=0 on ds2,

where x = (x1,x2) € £2 and a,, denotes the partial derivative of a with respect to the variable x;, for i =1,2. If
2 = R?, we replace the boundary condition in (1) by the limit condition lim,_, 4+ @o(x) = 0, where r = | x| =

\ /xl2 + x%. It is proved in [8,18] that @ is in H'(£2) N C%($2) and there exists a positive constant C (£2) such that

1®olloc + I VPoll2 < C(2) [ Val2[IVhll2,  V(a,b) € H' (2, R?), 2

¥ Corresponding author.
E-mail addresses: jlelimohamed @gmail.com (M. Jleli), bessem.samet@gmail.com (B. Samet).
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where || - ||, denotes the standard L” norm. Note that this estimate is completely nontrivial since the right-hand side
of (1) lies a priori in L'(£2,R?), so standard elliptic theory implies only &g € L?(£2) with p < 1. But det(Vu) is
indeed in the Hardy space, which enable us to get better estimate.

Denoted by
1Polloo
c? (2):= sup ————— (3)
> va,vb20 IVal2llVb|2
and
IV®oll2
C(2) = )

va,vb20 IVall2| Vbl

It is proved in [3,16] that C% (£2) = 1/27 and in [12] that CS(Q) =./(3/16m).

In [4], a generalization of problem (1) in higher dimensions is given. The author supposed that u € W1 (R", R")
and he replaced the operator —A in (1) by (—A)"2. He proved that @ belongs to L (R"), for 1 <k < n, vk, is
in L™/*(R") and he also showed that

I1Polloc + [ V<o, < ClIVully.

Moreover, he gave the best constant involving the L°° norm. In [1,6], the authors studied the best constant involving
the L norm of evolutionary Wente’s problem associated to the wave and the heat operators.

In this paper, we consider the Wente’s problem associated to the modified Helmholtz operator. More precisely, we
deal with the following problem:

—ADy + oDy =ay, by, —ax,by, in$2, 5)
Dy =0 on 052,

where £2 is a smooth and bounded domain in R? and « is a positive constant. Note that this problem has one and only
one solution in HO1 (£2) N C2(£2). To show this, it is sufficient to remark that

Py =P + Vo,

where @ € H(} (£2) N CO(£2) is the solution to (1) and ¥, € HO1 (£2) is the solution to
—AY, +a¥, =—ady in 2.

Now, let us denote

@ V&, 2 + ol Py l3
Cg‘o([)) = sup w CS[(Q) = ” 06”2 ” 01”2

va,vb20 IVal2|Vbl2’ det(Va,vb)£0 | Vall2lIVBI2 |V ®qll2”

(6)
Our results are the following theorems.

Theorem 1. For all o > 0, the solution @, to

{ — AP, 4+ a®y =ay, by, —ay,by, in R, o

lim; — 400 Py (x) =0,

exists and satisfies the following inequality:
1
|Palloo < - IVallallVhlla,  ¥(a,b) € H' (R? R?).
Moreover, we have

CL(R?) =CY(R?) = % Va > 0.

Theorem 2. Let 2 be a smooth and bounded domain in R?. Then, we have

1
chgo(_(z)g — Ya > 0.
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Theorem 3. Let $2 be a smooth and bounded domain in R%. Then, we have
CY(R?) < /3/321 < C5(2) <+/3/16m, Va > 0.

2. Proof of Theorem 1

2.1. Preliminary lemmas

In order to prove Theorem 1, we need some preliminary lemmas.

Lemma 1. (See [8].) Forall a,b € H! (]Rz), we have the following estimate:

2w

/abg do

0

< llagll 20,200 100 120,270 »

where the subscript denote the partial differentiation with respect to the polar coordinate 6.

Proof. We can write that
2

2
/abg do :/(a—c_l)bg do,
0 0

where a is the zero order Fourier coefficient of a:

! 2
E/a(r,@)d@.
0

Using the Cauchy—Schwartz and Poincaré inequalities, we obtain that

Q
Il

2

/abg deo

0

< lla —allp20,27) 1001l 120,27 < Nlaoll £20.272) 1P0 1 120,270 - o

Lemma 2. We have that

(1) lim, ¢+ xKo(x) =0,
@) KK (x)] < 1,Vx >0,

where Ko and K are respectively the modified Bessel function of the second kind with zero order and the modified
Bessel function of the second kind with first order.

For more details about the Bessel functions, we refer the reader to [2,7,9,13,14].

Proof of Lemma 2. We have the following asymptotic expansion (see [2]):
Ko(x)=(In2 —Inx —y) + O(xz), x— 0T,

where y is the Euler constant. Then, lim,_, g+ x Ko(x) = 0 and (1) is proved. We have

| +00 ( )
cos(xt
KI(X):; 7@2_’_1)3/2 dt, Vx>0,
0
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which gives
+o0
XK1 ()] < /

0

1

mdt, V)C>O

and (2) follows since

+00

1
[ apma-t o
0

Using the residue theorem [11], we obtain the following result.

Lemma 3. We have that

+00
/ oe—l—(-ivane 5o &, vVt >0, Ve >0, Va >0,
(1 —iJar)

0

where I denotes the Gamma function.
By adapting the strategy used in [3], we obtain the following result.
Lemma 4. Let g : ]0, +00[ — R be a function that satisfies the following properties:

(a) g € CZ(RI)\{0}.
(b) o > og%(c0) belongs to L' (R%).
(c) o+ 03g'%(0) belongs to Ll(Rj).

Let us denote

¥ VoK (Jao)o?g*(o)do

f0+oo 03g'%(0)do

+
L%(g) =2

Then, we have that

21 CYL (R?) = L%(g).

Proof. Let g be a function which satisfies properties (a)—(c). Define ¢ € D(R?) by

_[1 iflel<1,
g“((’)'_{0 if o] >2

We let

and0<¢ < 1.

a(x1,x2):=x1g,(r) and Db"(x1,x2) :=x28,(r),
where the function g, is given by
gn(0) :=¢(0/n)g(o), VneN"
It is clear that a”, b" € D(R?) for all n € N*. We consider now @) the solution to

—AP" 4 a® =a" b —a’ b"  inR?,

X17X2 X277 X

with the limit condition:

lim @ (x)=0.

[x]—>+o00

335
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‘We have that
@) =Ex(al b} —all b)), (®)

X1 X2 X277 X1

where E is the fundamental solution of the modified Helmholtz operator —A + a1, for all @ > 0. In [11], it is shown
that

1
E(x1,x2) = EKO(\/E”)-

In polar coordinates, we have

1
al bt —adl bl = Z(rzg,%(r))/. )
Using (8) and (9), we obtain

+00

/ Ko(W/ar) (rzg,%(r))/ dr.

0

1
wﬁ 0) = 5

Using that K)(r) = —K(r) and an integration by parts, we obtain

+00
1
¢Z(0)=§ f VarKi(Jar)rg(rdr. (10)
0

By simple calculus, we obtain

+o00

IVanll3> = IVball3, =7 f rg2(r)dr. (11)
0
It follows from (10) and (11) that
1
Coo(R?) = L (gn)- (12)
To obtain the desired result, it will be sufficient to prove that

L%(gy) — L%(g), whenn — +o0.

Let us denote

+00 +00
I(g):= / JarKi(aryrg?(rydr and  J(g) ::/rsg/z(r)dr.
0 0
e We have that
+00
I(g)—f(gn)=/Fn(")dr,
0

where

Fa(r) = VarKi(Jan[1 = ¢*(r/m]rg* ().
It is easy to show that

F,(r)—0 whenn— +oo, Vr > 0.
Using Lemma 2, we obtain

|Fu(r)| <rg?(r), VneN*.
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Using the property (b) in Lemma 4 and the dominated convergence theorem, we obtain

+o0
/ F,(rydr -0, whenn— +00,
0
which gives
I(g)—Z(gn) —> 0, whenn — 4o00.
e We have that

J(g) —T(gn) =An+ B, +C,.
Where A,,, B, and C,, are defined as follows:

+00

r3
M= [ Seuimgodr
n
0
—+00

3
B, =2 / e (r/m)g(r)g () dr.
0
400

Cpi=— f r3[1 - {2(r/n)]g/2(r)dr.
0
Using the property (b) in Lemma 4, we obtain
2n
|An| < C/rgz(r) dr -0, whenn — +o00.

n
We have

2n

|Bn|<Cfr2|g’(r)|‘g(r)|dr—>0, when n — +o0.

n
Using the property (c) in Lemma 4, we obtain
400

|Cn|</r3g/2(r)dr—>0, when n — 400.

n

Hence,
J(g) —T(gn) — 0, whenn— +oo.

This achieves the proof. O

It is easy to show that for all &£ > 0, the function

ge(o) =012 >0

satisfies properties (a)—(c) of Lemma 4.
Now, we are able to prove the given results in Theorem 1.

337

(13)



338 M. Jleli, B. Samet / J. Math. Anal. Appl. 339 (2008) 332-343

2.2. The proof

We will adapt the strategy used in [8]. We can assume that a, b € D(R?). Then, We have that:
Dy = E * (ax, by, — ax,by,).

In polar coordinates we have:

1
axlbxz - axszl = ;(arbO —agby).

Thus
2w +00

¢a(0):%‘//KO(«/ar)(arbG_GGbr)drdg
0 0

_ / f Ko(Jar)(aby), dr do.
0

0

Using an integration by parts and the limit expansion given by Lemma 2, we obtain

+00 +00
| Kotarabn, ar=—a [ Ki/arabyar
0 0
Recall that Kj(r) = —K1(r). Then, we obtain
2w +00 +00 2
D,(0) = %/ / «/&rKl(\/ar)%abg drdf = % / \/&rKl(\/&r)%/abg dodr.
0 0 0 0

Using Lemma 1, we obtain

+00
lao 202 I 2
2nlou 0| < [ |Varki(Van 1L L0
-
0

Using the estimate given by Lemma 2 and the Cauchy—Schwartz inequality, we obtain

+o00

1
27 | P4 (0)] < f ;”aO||L2(o,2n)||b0||L2(o,2n)d”
0

+00 12 , +o0 12
1 5 1 2
< - laoll72 .2 97 - 12601172 (0.27) 47

0 0
< Va2 Vb|l2. (14)

Remark that the problem is invariant by translation, considering @, (x + xo) for any xo € R?, we get easily that (14)
holds if we replace 0 by any xo € R2, so the first result of Theorem 1 is achieved, and we have that

o 2 L
COO(R)gzn.
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This step consists to show that
1
27"
We will adapt the strategy used in [3]. Using Lemma 4, we obtain that

2 CEL (R?) > L*(ge).

C%(R?) >

where g, is given by (13) and

f0+oo JarKi(Jar)r®*~le " dr

LY(ge) = :
T (e —1)2TQ2e) — (6 — D26 + 1) 4+ L2452
We have that
400
ki = [ 9D 4 veso
X I(X)— m t, x = 0.
Then,
+o00 +o00 + (\/7 ) +00 |
2ol — B cos rt el _
/\/arKl(\/ar)r e rdr—/ / ([2+1)3/2 e ’dr—/mF(e,t)dt,
0 0O 0 0
where
+00
F(e, t) = / cos(art)r’*le=" dr.
0

We use that cosx = R(¢'*), where R denotes the real part of a complex number. Then,

+00
F(e, 1) =R(/ pe=lo=(=ianr dr).

0
It follows from Lemma 3 that

1
F(S, t) = R<m)r(28)

and

+oo a

2e—1 ,—r — ! 1
/ﬁrlﬁ(ﬁ”)" e dr_F(Q.S)f (t2+1)3/2R<(1—iﬁ1)25)dt
0 0

We conclude that

+oo 1
2mC% (R?) = ree) fy™ wrpe RGrves) 4! 0w Rla) 4!
(e — 12T 28) — (6 — DT Qe + 1) + L&D ™ (e = 1)2 = 2e(e — 1) + (¢/2)2e + 1)
Using that
+00
! <1 / ! dt =1
(1 —iar)2| = 2+ 1327 7
0
and the dominated convergence theorem, we obtain that
400 1
0 (l‘2+1)3/2R((l lft)ZF)dt

(e—1)2—=2e(e—1)+(¢/2)2e + 1)

339
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when ¢ tends to zero. Then,

1
o 2
C%(R%) > 7

This achieves the proof of Theorem 1.
3. Proof of Theorem 2

We can write that
¢a = ¢0 + "pa,

where @ is the solution to (1) associated to u = (a, b) € H'(£2,R?), and ¥, is the solution to

—AY, +a¥, =—ady in S2,
v, =0 on ds2.

By the maximum principle, we have that

”Wa”oo < ||<p0||oo-

By P. Topping’s result [16], we have that
1
[Polloc < gIIVallzllw?llz, V(a,b) e H'(2,R?).
Using (15), the triangular inequality, (17) and (18), we obtain that
1
[Pelloc < [[Polloc + [[Walloo < 21 Pollc < ;HVCl”Z”VbHZ, V(a,b) e H'(2,R?).
We conclude that

o 1
CLE@ < —.

(15)

(16)

(17)

(18)

In this step, we will prove that C% (£2) > % In [3], it is proved that for all ¢ > 0, there exists u = (a, b) =

(x18(r), x28(r)) € D(R?, R?), such that
2o(0) 1
”Va”Lz(RZ)”Vb”LZ(RZ) 21

£,

where @ is the solution to (1) in R2, associated to u. For A > 0, we define for all x € R2:

u(x) :=u(rx),
a,(x) :=a(Ax),
by (x) :=b(Ax),
Do 5 (x) := Pp(Ax).
We can assume that £2 contains 0 and suppu, C §2 (for A large enough). It is easy to show that @ ; satisfies:
— AP, =det(Vu;) inR2
Let @, be the solution to
{ —ADy ) +aDy ) =det(Vu,) in £2,
Dy =0 on dsf2.
Then,

& =Dy — Do,

satisfies:

(19)

(20)

21

(22)
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{ —A& +aby =—adg, inS2, 23)

& =—Po. on 0f2.
We know that

det(Vu(x)) = 2i(r2g2(r))/, Vx € R,
r

Then, @y is given by:
400
1 2
Do(r) = 3 og-(o)do.

r

Since g is a function with a compact support, it is the same for @¢. Then, if X is large enough, we obtain that
£ (x)=0 onaf2. (24)
By a change of variable, we obtain for A large enough that

”¢0”L2(R2)
—
It follows from (23)—(25) that

||‘p0,/\||L2(_Q) = (25)

1
12l 22y = 0(1), A — +o00. (26)

We know that in the two dimensional case, the imbedding H 2(2) — CY(£2) is continuous. Then, by (26), we obtain

IExllcc = 0  when A — 4-o00. 27
Using that supp u; C £2 and by a change of variable, we obtain that

IVallp2rey = IVarllp2ey and  IVOllp2@ey = IVOLl12(0)- (28)
Using that @¢(0) = @9, (0), and combining (19), (22) and (28), we obtain

1 180 = @)

27 ||Va”L2(R2)”Vb”L2(R2)

162 ll oo + |Pg,2(0)]
h ||Va||L2(R2)||Vb||L2(R2) Hva)»”LZ(Q)”VbA”LZ(_Q)

€3 Ml o
~
IVall 2wy IVOl 12 w2

+ C5.(£2).
By tending A to 4-00, we obtain from (27) that

! <C% ()
— —e< .
2 o

This inequality is true for all € > 0. By tending ¢ to 0, we obtain

! <C% ()
2 el

Then, the proof of Theorem 2 is achieved.
4. Proof of Theorem 3
Let us denote E, the energy functional, defined by
Eq = | V®all3 + o Pall3.

where @, is the solution to (5), associated to u = (a, b) € H'(§2, R?). We have that
—ADy + oDy = —ADy, (29)
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where @ is the solution to (1), associated to u. Multiplying (29) by @, and integrating over §2, we obtain

E, :/VCDO Vo,.
Q
Then,

Ey < [[VPol2[IVPqll2.
On the other hand, we know that Cg(.Q) = +/3/167m (see [12]). Then, we obtain

o

E
Vool < || V@oll2 < /3/167||Val2|| Vb2, VY(a,b) € HI(Q,]RZ).
o

We conclude that
CS(2) <+/3/167.
By the same arguments, replacing £2 by R?, and using that Cg (R?) = /3/327 (see [5,12]), we obtain that
C3 (R?) < /3732,
In [12], it is proved that Cg (RZ) is achieved by

x
1472

X1
a(xl,xz)=1+r2 and  b(xy, x2) =

The corresponding solution @ is given by
c

Q)= —,
0 1472

where ¢ is a positive constant. It is easy to show that @y belongs to L2(R?). Let us recall some notations used in the
proof of Theorem 2. For A > 0, we let a)(x) = a(Ax), by(x) = b(Ax), u, (x) = u(Ax) and Pg ; (x) = Pp(Ax). Let

@, ). be the solution to (21). We can write that
Py = Pos + 6,

where &, is the solution to (23). We have that
E.=86,1+86.2,

where &, 1 is the solution to

—A& 1 +aby 1 =—adg,; inS2,
£,1=0 on 082

and & is the solution to

—A& o+ ab2=0 in g2,
Er2=—D, on 3£2.

‘We have that

1
16111 22y = 0(x>, A — +o00.

Using that || P || 1 @2y — 0 when A — 400, and by the trace theorem, we obtain that

8.2l g1 (2) — 0 when A — 4-00.
By (30), (33) and (34), we conclude that

€1l 12y = 0 when A — 400
which implies that

||V§A||L2(Q) — 0 when A — +o0.

(30)

(31

(32)

(33)

(34)

(35)
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It is easy to check that

V@0l 22y = IVPoll2®2), (36)
IVarliizey — IValzwey, (37)
IVOll22y  — VOl L2w2ys (38)

when A — +00. On the other hand, we have

IV®aillp20) - IV®ollL2e) IVELllL2(02)

C3(82) > (39)

Vay ||L2(_Q) VD;, ||L2(Q) - ||Vax||L2(_Q) ||Vbx||L2(Q) ||Vak||L2(Q) VD5, ||L2(_Q) .
Finally, from (35)-(39), and by passing to the limit as A — +o00, we obtain that

V&gl ;22
co(2) > IV@oll 12 (r2) _ /3732,
||Va||L2(R2)||Vb||L2(R2)

Then, the proof of Theorem 3 is achieved.
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Abstract

In this paper, we generalize the Wente problem for a large class of operators. In par-
ticular, we study the best constant associated to the L° norm in the so-called Wente
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1 Introduction and Statement of the Results

Given a vector field v € H'(R?,R?), it is clear that det(Vu) belongs to L!(R? R).
However, due to its algebraic structure, this quantity has some suitable regularity properties.
In [7], R. Coifman et al. proved that det(Vu) lies in the generalized Hardy space H*'(R?),
a strict subspace of L!(R?). Fore more details about the generalized Hardy space, we refer
to [11].

The quantity det(Vu) appears in a large number of partial differential equations from
geometry and physics. In particular, it appears in the classical Wente problem that arises
in the study of constant mean curvature immersions [13]. Let 2 be a smooth and bounded
domain in R%. Given u = (a,b) € H'(2,R?), we consider U_a € L'(Q,R), a weak
solution to the classical Wente problem

—AU_ = = - in {2
{ U_a det(Vu) = az, by, — az,by, in Q, (1.1)

U.A = 0 onoQ,

where z = (x1,22) € Q and a,, denotes the partial derivative of a with respect to the
variable z;, for i = 1, 2. If O = R?, we replace the boundary condition in (1.1) by the limit
condition hgl U_a(z) = 0, where r = ||z|| = /2% + 23. It is proved in [4, 14] that
U_aisin HY(Q) N C°(2) and there exists a positive constant C~(£2) such that

IU-allos + IVU-allz < C~2(Q)[|Vall2[|VO]l2, ¥ (a,b) € H(Q,R?),  (1.2)
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where || - ||, denotes the LP norm. Note that this estimate is not true in general if we replace
the right hand side of (1.1) by an arbitrary function in L (2, R). We set

||U—AHOO

C’o_oA Q)= sup =T (1.3)
@)= alL IVl
and VU

Cy2() == sup NVU-all2 (1.4)

va. w20 |[Vall2|[VO]|2

It was proved in [3, 12] that C72 () = 1/(2) and in [9] that C; 2(Q) = /3/(167)
(see also [1,5,6]). In this paper, we consider UTA) the solution to the following problem

— —
AU, = F in R2,

— —
lim Ux(z) =0,
o] —+o0

(1.5)

where A belongs to a family of elliptic operators that will be defined later, U_A> and F are
two vectors of RY (N > 1) given by

Ua(x) = (U4 (@), U3 (@),...UY (2))T  (z € R?)
and
F(z) = (FY(2), F*(z), .. F¥(@))T (z € R?).
Here, for alli € {1,2,..., N}, F is defined by
Fi.= af;clbfl62 — afhb;l,

where a’,b' € H*(R?).
Now, we introduce some notations that will be used later. Let )_(> be a vector function
defined by
X (z) = (X'(2), X%(z), ..., XV (@), Vz e R

We denote by || - ||« the following norm
¥ i
[ Xloo := sup [[X*[lcc-
1<i<N

The matrix distribution E4 € D'(R2?, RV *Y) is the fundamental solution of the oper-

ator A, that is, each column Ei‘ is a solution to

AEY, =6, inR?,

We assume that the following hypotheses hold.
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Hypothesis 1.1. Problem (1.5) has a unique solution in H!(R?)".

Hypothesis 1.2. The fundamental solution of the operator A takes the following form

Ea(z) = rf(r)In + Ga(z), (1.6)
where x is a positif constant, I is the identity matrix and G4 = (Ga(i,7))1<i<j<n
satisfies

Gali,j) € L™(R?), Vi,j € {1,2,...,N} (1.7)
%(GA(Z', 1))=0, Vie{l1,2,..,N}. (1.8)

Remark 1.1. Note that we can replace (1.8) by a more general condition
0
dj € {1,2,...,N}|E(GA(Z',]')) =0, Vie{1,2,...,N}.
Here, we consider only the condition (1.8) to simplify the notations.

Hypothesis 1.3. We assume that f € C1(0, +0c0) and that

Tl_i,%l+ rf(r)=0 (1.9)
r—rf'(r) e L*(0,+o00) (1.10)
supr|f'(r)] = 1. (1.11)
r>0
Hypothesis 1.4. We assume that
AUA(z + 20) = F(z +20), V¥ (z,20) € R? x R (1.12)

Note that these hypotheses are satisfied for a large class of operators. We will show

later some examples of such operators. Now, we present the main results of this paper.

Theorem 1.1. We have the following estimate

N
1Talloe < (54 1) Y IVl VH |2, (1.13)

i=1
where v := SUpy <;<j<n |G 4%, 5)]| co-

We Assume that there exists iy € {1,2,..., N} such that a®, b’ € V, where V is given
by

V= {we H'(R?), w# constant}.
Set
.

1Uallos

S IVailo | Vi)

CA (R?) := sup

We then have the following result.
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Theorem 1.2. Let g :]0, +00[— R be a function satisfying the following properties
a) g€ C>(0,+00)\{0}

) = rg(r) € L0, +00)

c) r—r3g?(r)e LY(0,4+0)

) Nlim rg(r) =0
e) lir(r)lJr r2f(r)g*(r) = 0.

Then, the best constant ch (R?) satisfies the following estimate

=)

oL

kLa(9) < CL(R?) < (k+v), (1.14)

where L 4(g) is given by

+oo
[ rrogea
0 —

/ r3g"(r) dr
0

2 Applications to Some Operators

Lalg) == ‘

In this section, we give some examples of differential operators A satisfying the re-
quired hypotheses. In the first example, we consider the Laplace operator. Applying Theo-
rems 1.1 and 1.2, we retrieve the obtained result in [3, 12]. In the second example, we con-
sider the modified Helmholtz operator, and the best constant obtained in [10] is retrieved.
Finally, we study the case of the Lamé operator.

2.1 The Laplace operator

As the first example, we take A = —A and N = 1. In this case, the fundamental
solution of the considered operator is given by

1
Es(z) = ~5 Inr, Ve R?\{0}.

It is easy to verify that Hypotheses 1.1-1.4 are satisfied with

1
K=o f(r)=—Inr and G4 =0.

Applying Theorems 1.1 and 1.2, we obtain that
Lol < CAR) < o @)
om A 9) = Soo = 2’ '
for all function g satisfying properties a)-e) of Theorem 1.2. For all ¢ > 0, we consider the

function g. defined by
ge(r) == e e 2 v > 0. 2.2)
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It is easy to show that the considered function satisfies properties a)-e) of Theorem 1.2.
Using (2.1), we obtain

1 A 1
0 < < — . .
o L-alg) < CXA(R?) < o ¥e >0 2.3)

It was proved in [3] that £_A(g.) — 1 when ¢ — 0. Finally, by tending ¢ to zero in
(2.3), we obtain that

2 (R?) = o
2.2 The modified Helmholtz operator
In this example, the operator A is given by
A=—-A+al,

where « is a positive constant and N = 1. The fundamental solution of the considered
operator is given by [8]

1
Ea(z) = 2—K0(\/&r), Vo € R*\{0}.
s
Here, Ky is the modified Bessel function of the second kind with zero order. For more
details about Bessel functions, we refer the reader to [2]. In this case, we have

1

K= E,f(r) = Ko(var)and G4 = 0.

To check that Hypothesis 1.3 is satisfied, we need some properties about the Bessel function

K. These properties are given in the following lemma.

Lemma 2.1. we have
a) lim+ rKo(var) =0
r—0
b) supr|K{(Var)| = 1.
r>0

Proof. We have the following asymptotic expansion [2]
Ko(t) = (In2 — Int — ) + O(t*) when t — 0%,

where ~ is the Euler constant. Then, the property a) is satisfied. On the other hand, we
have that

Ky(var) = —/aKi(Var), 2.4)
where K is the modified Bessel function of the second kind with first order. It is given
explicitly by

1 [T cos(yt)
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Then, we obtain that

+oo 1
tKq(t)| < ————dy=1, Vt>0. 2.6
w0l [ =t Ve 26)
Finally, the property b) is an immediate consequence of (2.4), (2.5) and (2.6). O

Now, it is clear that Hypotheses 1.1-1.4 are satisfied, and we can apply Theorems 1.1
and 1.2. We obtain that

1
—L_avar(g) < CAT(R?) <

1
21 o2r’

for all function g satisfying properties a)-e) of Theorem 1.2. As in the first example, we
take g = g, wehre g. is given by (2.2). Then,

1 1
—L Atar(ge) < OAT(R2) < — Ve > 0. (2.7)
27 27
The following result was proved in [10].
Lemma 2.2. We have
lim £_Atar(ge) = 1.

e—0t

Finally, using Lemma 2.2, and tending ¢ to zero in (2.7), we obtain that

C«O—OA—FQI(RQ) — i
27

2.3 The Lamé operator
Here, we study the case of the Lamé operator. More precisely, we take
— — R
AU = —pAU — (A + p)V(div U),

where the constants (A, i) denote the Lamé coefficients (A > 0, 4 > 0). The fundamental
solution E4 € D’(R?, R?*2) of the operator A is given by [8]

Ea(x) = Blnrly + yerel, Va e R2\{0},
where

A At
dmphr2p) T ANt 2p)

e, = x/r and ef is the transposed vector of e,.. In this case, we have that
k=B f(r)=—Inr,Ga(z) = ve,el and v = 7.
All the hypotheses 1.1-1.4 are satisfied. Applying Theorems 1.1 and 1.2, we obtain

—BLa(g) < CA(R?) < —B+7, (2.8)
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for all function g satisfying Hypotheses a)-e)of Theorem 1.2. By considering the function
ge defined by (2.2), we obtain that

—BLA(ge) < CL(R?) < —f+7, Ve > 0. 2.9)
Note that in this case, we have
La(ge) =L_A(g:) — 1 whene — 0. (2.10)
By (2.9) and (2.10), we conclude that
—B<CLRY) <B4

Remark 2.1. In this case, we don’t know exactly the value of the best constant C2 (R?).
It will be interesting to study this problem. Here, the difficulty is that the fundamental
solution of the considered operator is not radial as like as the previous cases.

3 Proofs of the Main Results

3.1 Proof of Theorem 1.1

We will adapt the strategy used in [4]. We can assume that a’,b’ € D(R?),i =
2, ..., N. Then, we have

Fori =1,2,..., N, we obtain that

Z Bl ) )(z)F (z) da, (3.1)

where
Ea(i,j)(x) =kf(r); + Gali,j)(z), 1<i<j<N. (3.2)

Here, §;; is the Kronecker symbol. By (3.1) and (3.2), we obtain that

Ui (0) = f( dx+z L Galini)( (2)F () da. (3.3)

In polar coordinates, we have
Fi(w) = —(aibh — ajh}) = ~[(a'by)r — (a'b} )o]. (34)
Using a change of variable and (3.4), we obtain

2m e
f(r)Fi(z) dx :/ - f(r)(a'by), dr db.

R2 6=0
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Integrating by parts and using the property (1.9) of Hypothesis 1.3, we obtain that
) 27 o) o
f(r)F'(z) doe = —/ 1 (r)a*by dr db. (3.5)
R2 6=0 Jr=0
On the other hand, we have [4]

27
’/ a’by d@‘ < llagllz20,27) 166l L2 (0,27) - (3.6)
0

Then, by (3.5), (3.6), the property (1.11) of Hypothesis 1.3, and the Cauchy-Schwarz in-
equality, we obtain that

+oo
1 i i
< [ AP Ol Wl oz dr

f(r)FZ () dzx
R2

IN

too 1 )
/ L 6b 20,2 166 2 0.2m)
r=0 T

teo g L 1/2 toop 1/2
([ Haeoan @) ([ 2aan o)

1Va’||2]| V2.

IN

IN

We conclude that

N
<Y IV ||| VY |l Vi€ {1,2,...,N}. (3.7)

j=1

’ . f(r)Fi(z) dz

Now, we will estimate the second term in (3.3). We will use the following lemma.

Lemma 3.1. Forall j € {1,2,..., N}, we have

/ |F3(2)] di < ||Va |2 VH .
R2

Proof. Let
VI =(al ,al,,00" and W7 = (] ,bl ,0)7, 1<j<N.
‘We have that
VIANWI = F eg.
Then,

[F7[ = VI AW < IVl

and by the Cauchy-Schwarz inequality, we obtain that

. . ) ) 1/2 ) 1/2
[F@raes [ v dxs(/ el da:) (/ w2 dx) .
R2 R2 R2 R2
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On the other hand,
[ WV do=vall3 ana [ Wi do = V6
R2 R2

The proof is completed. O

It follows from Lemma 3.1 and Hypothesis 1.2 that

N .
Z/R Gali,)(x)F’ (z) dx

N .
< 3 [ IGaG @I )] de

N
< vy | |Fi(z) do
j=1"%
N . .
< vy VA o[ VV s, (3.8)
j=1
By (3.3), (3.7) and (3.8), we obtain that
U4(0)] < (5 +v) Y |V [|2]| VD |2. (3.9)
j=1

Since the considered problem is invariant by translation (see Hypothesis 1.4), considering
U’ (z+ o) for any 7o € R?, we get easily that (3.9) holds if we replace 0 by any x( € R.
Finally, we deduce that

N
1Ualloe < (5 +v) 3 [V o V]
j=1
The proof of Theorem 1.1 is completed. (]
3.2 Proof of Theorem 1.2
By the previous result, we obtain immediately that
CAR?) < k+ 1. (3.10)

Let g be a function satisfying the properties required by Theorem 1.2. Let us define
¥ € D(R?) by
lif|o| <1 .
o) = _ and 0<yY(o) <1 if 1< |o|<2.
u() {MMZZ < (o) < o

We let

a;(xl,lé) =2Z19n(r) and b}z(ffl,xz) = Tagn(r),
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where
gn(0) :=¢(c/n)g(0),Vo >0, Vn € N*.

We take
al (w1, 29) = b (x1,22) =0, Vie{2,3,..,N}

—
We consider now Uy ,, the solution to

— — 9
AUA,'rL = F, inR",

with the limit condition

— —
| |lim Upn(z)=0.
x|——+00

— . —
Here, the vector F), is given by F, = (F}, F2, ..., FN)T, where

Fl = (a})s, (})s, — (a})s, (L), and F!=0Viec {2,3,..,N}. (3.11)

n n

In polar coordinates, we have

1 9(r*gy)
F! = e, 3.12
T 2r Or (3.12)

‘We have

Uan(0)= | Ea(x)F,(z) d.
R2

Fori =1,2,..., N, we obtain that
N
Va0 =3 [ Baioi)@)Fi(o) do.
j=1
Using (3.11), we obtain

Uhn(0) = | Eal(i,1)(2)F;(z) dx. (3.13)
]R2
It follows from (3.12), (3.13) and Hypothesis 1.2, that

; oo d(r?gp) Lo - T 9(r?g2)
Ui (0) = mr/r:(] b f )25 arv 5 [ Gt /T:O ) g g

oo A(r’gn)
= mr/T:O 6i1f(7“)7 dr.

Integrating by parts and using the hypothesis e) required by Theorem 1.2, we obtain that

+o0
Uﬁl)n(O) = —mréﬂ/ f'(r)r?g2(r) dr. (3.14)

r=0
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By simple calculus, we obtain that
“+o0

IVal[2 = [|VOL|2 = = / F3g2 dr. (3.15)

By taking ¢ = 1 in (3.14), and using (3.15), we obtain immediately that

“+o0
/ F ()22 (r) dr
0

K — < C4(R?). (3.16)
/ r3g2(r) dr
0
In [3], it was proved that
+o0 Foo
/ r3g2(r) dr — / r3g"%(r) dr, whenn — +o0. (3.17)
0 0

On the other hand, we have

+00 Foo oo
[ rwrgwa- [ roree d= [ o@em -1 d.
0 0 0

Using that lirf (w2(r/n) — 1) = 0, property (1.10) of Hypothesis 1.3, property b)

required by Theorem 1.2, and the dominated convergence theorem, we obtain that
“+o0
/ rf’(r)(z/;Q(r/n) — 1)1"92(1") dr — 0, when n — +o0.
0
Then,
+oo +o00
/ f(r)r?g2(r) dr — / f'(r)r?g*(r) dr, when n — 4o0. (3.18)
0 0

Finally, by combining (3.16), (3.17) and (3.18), we conclude that

+oo
/ 1263 (r) dr
0 —
/ r3g"(r) dr
0

Then, the proof of Theorem 1.2 is achieved. |

K < C4(R?).
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1 Introduction

Let Q be a bounded domain of R?, given u = (a,b) € H'(2,R?), we consider ®,
the solution to

—AdP, + a®, = ay, by, — ag,by,  in (1.1)
d,=0 on 0, ’



where « is a positive constant, z = (z1,22) € Q and a,, denotes the partial
derivative of a with respect to the variable x;, i = 1,2. If Q = R?, we replace
the boundary condition in (1.1) by the limit condition lim @,(z) = 0, where

llzll—+oo
|z|| = r = /22 + 23. The considered operator —A+al is often referred to the mod-
ified Helmholtz operator or the Yukawa operator. It appears in many applications,
for examples, in implicit marching schemes for the heat equation, in Debye-Huckel
theory, and in the linearization of the Poisson-Boltzmann equation [10, 11, 12]. In
Debye-Huckel theory, the constant /a represents the inverse of the electron Debye
length which measures the distance over which an individual charged particle can
exert an effect, while in quantum physics, /& is known as the screening constant
parameter.

In [7], R. Coifman, P.L. Lions, Y. Meyer and S. Semmes proved that the function
det Vu = a,, by, — ay,by, possesses some regularity properties and belongs to the
Hardy space. S. Chanillo in [6] gives a direct proof of the same result without using
Hardy space theory and generalized this one to weighted version.

In the case a = 0, Problem (1.1) is the classical Wente problem:

{ —A®y =y, byy — Agyby,  in Q) (1.2)
®y=0 on 0fQ. '

It was proved in [5] that there exists Cy(£2) that depends only on 2 such that:

[@olloc + Vo[l < Co(Q)[IVall2||VDll2, Yu = (a,b) € H'(Q,R?). (1.3)
Denote by:
Po|so |V ®ol|2
C%(Q) = sup __N®ollee and CY(Q) = sup ———
(@bev [[Vall2][Vb]2 ? (@bev [[Vall2][Vb]2

where V = {(a,b) € H'(Q,R?)|Va # 0,Vb # 0}. It was proved in [2, 13, 14] that

1 3
Co(Q) = o and in [15] that C9(2) = 4/ Ton- An extension of these results to the

case of the modified Helmholtz operator was given in [9].

In [4], the authors gave a weighted version of regularity of solutions of the
classical Wente problem (1.2). In this work, the same purpose is considered for the
case of the modified Helmholtz operator.

2 Statement of the results

We take 2 = R? or Q = By, where Bj is the unit ball. Let w # 0 be a non-negative
function in L}, (). We define:

loc
e = ([ Ploreta) dm)w. (21)




We denote by H,,(€2) the closure of C§°(£2) equipped with the norm:
I ll2.w + 1V - [l2.0- (2.2)

Here, C3° () is the space of C*° compact supported functions.

If w™! is also in Lj,(9), we introduce the space:

Vo () = {(a,b) € H,(Q) x H,-1(2) | Va #0,Vb £ 0}. (2.3)
We say that the function w satisfies (A1) if:
(Al): w is a radial function (i.e. w(z) = w(r) where r = ||z||).

For all (a,b) € V,,(2), let ®, be the solution to (1.1). Our first result is the
following.

Theorem 2.1 If w satisfies (A1) and w,w™ € CO(Q) N L>(Q), then

..(0) !
sup = —. 2.4
o IValealVolons — 2 @4

Remark 2.1 Condition w,w™! € L>®(Q) implies that V,,(Q) C {(a,b)|Va, Vb €
L?(92)}. By the result of Brezis and Coron [5], this implies that ® solution to (1.2)
belongs to Cy(€2), the set of continuous functions on € vanishing at the boundary.
In the case a > 0, by the maximum principle, we have (see the proof of Theorem
2.3) |®alloo < 2||Poloc- Then, by density, we have @, € Co(Q2) for all a,b € V,,(Q).
This remark is also available for any other space V C {(a,b)|Va, Vb € L*(Q)}, in
particular, for Theorem 2.2 and Theorem 2.3.

In general, when w or w™! ¢ C%(Q), we are not able to get the optimal result.
For studying more general case, we need to introduce others spaces and conditions.

We introduce the space H, () which is the closure of C§°(2\ {0}) equipped
with the norm (2.2) and the space:

Vo (Q) = {(a,b) € H,(Q) x H,—1(Q)|Va £ 0,Vb % 0}. (2.5)
We say that w satisfies (A2) if:

(A2): w e C?(2\{0}), w > 0 and we have:

A (Ve@) 20, A <\/u%> >0 in Q\{0}. (2.6)

If w satisfies also (A1), so we write w(z) = w(r) = €. In this case, (2.6) is
equivalent to:

v (r) + %v'(r) < —v"(r) in (0, 400) or (0,1).

DN | =




Remark 2.2 Under the assumptions (A1)-(A2), we have:

1 1
Rl(z) = || (Aw - |Vw|2w_1> w!
2 4
2 1 1
- % (v”(r) + ;v’(r) + 2v'2(r)> >0
and
2 — 2 1 3 2 -1 -1
hi(z) = |z fiAer Z|VW| w w

Our second result is the following.
Theorem 2.2 Assuming that (A1)-(A2) hold, then we have:

[®a(0)] 1

1
SU <o , 2.7
(a b)eé)*(ﬂ) Vall2,u[|Vbl|20w-1 — 27 _ ) 1/2 (2.7)
) “ sup | 1+ inf A/ (x)
i=1,2 z€Q
where N B
V() = Vou(Q) n{(a,b) | Va, Vb € L*(Q)}.
Denote by

W () = {(a,0) € Vo (), (a,b)(2) = g(l|z])) (w(@) w1, w(2)Pa2)}  (2.8)

and

W () = {(a,b) € Voo(), (a,b)(x) = g(lx])z}, (2.9)
where g € C*°(0, +00) if 2 =R? and g € C*°(0,1) if @ = By. Let V,(Q) and V,.(Q2)
the closure respectively of W,(Q) and W, () in V,,(Q2) equipped with the norm
(2.2). We denote:

V() = {(a,b) € V,(Q) | Va # 0, Vb # 0} (2.10)
and
VA (Q) = {(a,b) € V.(Q) | Va,Vb € L*(Q)}. (2.11)

Let w be a radial function (w(x) = w(r)).
We say that w satisfies (A3) if:

(A3): liH(l) r2w(r) = lir% r2w™(r) = 0.

We say that w satisfies (A4) if:
(A4): lim 3w’ (r) = lim 73 (w™*(r))’ = 0.

r—0 r—0

We prove



Theorem 2.3 Assuming that (A1) and (A2) hold. Then,
1. If (A4) is satisfied, we have:
c(Q 27| P, (0 1
N 20 _ .
, (@bevs @) [Vall2w Vb2, o
() [T {1+ inf i)

i=1
(2.12)
where C(R?) = 1 and C(By) = yaKi(y/a). Here, K is the first-order
modified Bessel function of the second kind.

2. If (A8) and (A4) are satisfied and (a,b) € V,*(Q), we have:

IVall2,w[[Voll2,m-1

2 A 1/2°
11 (1 + inf h;(x))
- zEQ

1Palloo <

(2.13)

Remark 2.3 We have:
* 2
Vy(Q) € {(a,b)|Va,Vbe L*(Q)}.
To show this, by (3.27)-(3.28), for all a,b € W,(£2), we have:
Va2 = [[Valla

and
[Vbll2,0-1 > IVD]|2.

By density, these inequalities hold also for all a,b € V,(€2).
3 Proofs
We start by giving some preliminaries results which are used later.

3.1 Preliminaries

In [5] the following result was proved.

Lemma 3.1 For all a,b € H*(S)), we have the following estimate:

27
/ abo de‘ < Jlasll 2.2 1B0ll 22 0.2m):
0

where the subscript denote the partial differentiation with respect to the polar coor-
dinate 0.



Through this paper we will use the following modified Bessel functions:

1 ™
I,(x) = 7/ e”°*tcos(nt) dt, r € R, n €N,
T Jo
 T(n+1/2) (2\" [T cos(xt)

where I' is the gamma function.
The following properties are standard in Bessel functions theory (see [1]).

Lemma 3.2 We have:

(1) Ky =—K; and I = I (2) Ko(x) ~ —Inz (z — 0T)
(3) f(z) = oK1 (z) < f(0) =1, ¥z >0 (4) Io(z) > Ip(0) = 1, ¥ > 0
(5) Ii(z) > ,(0)=0,Vz >0 (6) 0 < Ko(z) < K1(2), V>0

(7) Io(z)K1(z) + I (2)Ko(z) = 1/z, Va > 0.
Denote by G the Green function associated to the operator —A 4+ ol on By, i.e.

—AG+O[G=50 in Bh
{ G=0 on  OB,. (3:-1)

The following result is standard in PDE theory [8].

Lemma 3.3 The Green function associated to the operator —A+al on By is given
by:

6() = 60) = - (Ko(var) - TV v ) = .

We have the following result.
Lemma 3.4 The following estimate holds:
27r|G'(r)| <1, Vr € (0,1).
Proof. By Lemma 3.2, we obtain:
207|G' ()] = Var (K1 (Var) + s(Va) Li(Var))

Ko(t)
Io(t)

decreasing function in (0,4o00). Then, we obtain:

s(va) < s(var), Vr e (0,1).

Using this inequality, properties (7) and (4) of Lemma 3.2, we obtain:

2rr|G'(r)] < Var (Ki(Var) + s(var) I (Var))
— var (Ka(van) + 522 1 yan

where s(t) = vVt > 0. Using Lemma3.2, it is easy to check that s is a

To(ar)
fr
- IO(\N) (K1 (Var)Iy(vVar) + Ko(vVar) I (var))
= 5ven <!



and the proof is achieved. o
By Lemma 3.2, the following result is easy to check.

Lemma 3.5 We have: 1

lim rG'(r) = ——.

r—0+ 21

3.2 Proof of Theorem 2.1

First case: 2 = R2.
We suppose that a,b € C5°(R?). The general case can be obtained by approx-
imation argument. We will apply similar arguments used in [5, 2, 9]. In fact, we

have:
b, = FE x(az,by, — azybs, ),

where E is the fundamental solution to the modified Helmholtz operator, given by:

E— 2i Ko(valz])). We obtain:
™
2700(0) = [ Ko(Valal)(arbes = arb) da

“+o0o 2
= / Ko(var)(arby — agb,) do dr
r=0 6=0

/;OO " Ko(v/ar)[(abo), — (ab,)o] dbdr

0

+oo 27
/0 Ko(v/ar)(abg), db dr.

0
Using an integration by parts and K = —K7, we obtain:

+oo

+oo
Ko(v/ar)(abg), dr :/0 VaKi(yar)abg dr.

0
Then,

219, (0) = /O+<><> JarKl(ﬂr)% (/027r aby d9> dr.

Using Lemma 3.1 and (3) of Lemma 3.2, we obtain:

/ vk (van|t (f a3 )

+ool 2 1/2
Lo ([ i)
0 r 0

Since w is a radial function, we get:

—+o00 27 1
21| ®@,(0)] < (/ / a%wd&dr)
0 o T

1/2 1/2

2m
( / b2 d9) dr
0

1/2

2m
< / b2 d0> dr.
0
1/2 “+o0 27 1
(/ / —bgw ™ d d?“)
0 o T

IN

27| @4 (0)]

1/2



IA

1/2 1/2
< |Val|?w d:v) (/ |Vb|2w ™! dx)
R? R?

IVall2,o[[Voll2,m-1-

IN

So we deduce that:

@, (0
sup [©a(0)] <

(3.2)
(a)evi, (@) IVall2w[[ VD201

1
27

Now, we turn to prove the inverse inequality of (3.2). Here, we don’t need to
suppose (Al). Let g € C§°(0,+00). For all p > 0, we denote:

' xT
a,,b,)(x) = - )=, Vo e R?
(ap:by) (@) g(p)p

where 7 = ||z||. Let ®%, be the solution to (1.1) corresponding to a, and b,. As in
[9], after a change of variables, and using Lemma 3.2, we obtain:

1 [T 1 [T
D (0) = 3 VaprK,(vVapr)rg®(r) dr — 5/ rg*(r) dr, as p — 0. (3.3)
0 0
Furthermore,

27 “+oo
IVa,l3. :/ / (rg®(r) +r?g"(r) cos® 0 + r*(g*)'(r) cos® 0)w(px) dr do.

o Jo

Using an integration by parts and the continuity of w, we obtain:
+oo
IVa, 3. — 7rw(0)/ r3g"%(r) dr, as p — 0. (3.4)
0
In the same way, we prove:
“+o0
IVb,l13,-1 — ﬂ'w_l(O)/ r3g"(r) dr, as p — 0. (3.5)
0
By (3.3), (3.4) and (3.5), we get:
|©a(0)]

1
sup > —1%y), 3.6
o o Vel Vil = 2r 2 @) (3.6)

—+o00
/ rg*(r) dr
(3&-00 :
/ r3g"(r) dr
0

Choosing g.(r) = r*~'e™"/2 with ¢ > 0. By density, (3.6) holds also for g. and we
obtain:

where

LY(g) =

|4 (0)] L
sup > —L"(ge), Ve > 0.
(@pyev @ [IVall2o[[Vbllg -1 — 27




On the other hand, we have:
I'(2¢)
T(2e+2)
(e—1)2I(2) — (e = I’ (2e + 1) + =2

Lo(ga) = — 1, ase — 0.

Then, we get:

€0 (0)] 1
sup > —.
(@b)ev @) [IVall2,l|Vbll2p-1 — 27
By (3.2) and (3.8), we obtain the desired result. Then, the proof is achieved for the
case () = R2.
Second case: ) = Bj.
We can assume that a,b € C§°(B1). We have:

(3.8)

®,(0) = G(z)(ag, bz, — agybg,) dx

B,
1 27
/ / G(r)(arbg — agby) db dr
r=0J6=0

/ /ﬂg(r)[(abg)r—(abr)g] do dr
0o Jo

_ /Ol/ozﬂg(r)(abg)r do dr.

Using an integration by parts and the property (2) of Lemma 3.2, we obtain:

/ G (abo), dr = — / G/ (r)aby dr.

Then,

1 1 27
., (0) = —/0 Tg/(T);/O abg dO dr.

Using Lemmas 3.1 and 3.4, we obtain:

1 11 2m
o, < — | = 2
w0 < o [ ([ )

1
< 27HVG’||2,UJ”Vb”2,w*1~
v

1/2 1/2

2m
( / b d9> dr
0

So we deduce that:
®,(0
S | a( ) |

3.9
o TVallzm Vbl (3.9)

1
< —.
T 27

Let us prove now the inverse inequality of (3.9). As in the previous case, we
don’t need to suppose (Al). Let g be a function in C§°(0,+00) with a compact
support K C (0,1). As in the previous case, for all p > 0, we denote:

r

(ap,b,)(x) = g (p) % V€ By,



where 7 = ||z||. Let ®%, be the solution to (1.1) corresponding to a, and b,. Using
an integration by parts, a change of variable and Lemma 3.5, we obtain:

1 1

1
oL (0) = —71'/ orG' (pr)rg?(r) dr — 3 rg?(r) dr, as p — 0. (3.10)

0 0
As in the previous case, using the continuity of w and w™!, we obtain:
1
IVanl = mw0) [ 1%670) dr, as p— 0 (3.11)
0

1

[ 7rw71(0)/ 32(r) dr, as p — 0. (3.12)
0

By (3.10), (3.11) and (3.12), we obtain:

|4(0)] 0
sup —E 3.13
i o Vallou [ Voo = 27 - ) (3.13)
where .
/ rg2(r) dr
(g) = 29 (3.14)

4

| o ar
0

Choosing g.(r) = r2~! — 1 with € > 0. By density, (3.13) holds for g = g.. Then,

sup [%a(0) —Eo(gg) Ve > 0.

(@pyevo @ IVall2o[[ Va1 — 27

On the other hand, we have:
°(ge) — 1, as e — 0.

We deduce that:

. O

1
J— 3.15
oo o TNl Vbla: = 2 (3.15)

Combining (3.9) and (3.15), we obtain the desired result. Then, the proof of The-
orem 2.1 is achieved. O

3.3 Proof of Theorem 2.2

We will adapt the strategy used in [4]. By density, we can suppose that a,b €
C3°(©2\ {0}). Denote:

a(z) = w(z)?a(z) and b(z) = w(z)~b(z).

10



By simple calculus, we obtain:
1~ o~ 1 = ~
Gz, by — Qgyby, = - (arbg — apby) + o v [(@b), wp — (ab)g wy].
Since w satisfies (A1), then
1~ _~ 1 =
Ay, by — Qgyby, = - (arbg — apb,) — oY (ab)g wy. (3.16)

First case: ) = R2.
In this case, we have:

1
Bo(0) = 5= [ Ko(vallel) anb, = assb) do

Using (3.16), we obtain:

d,0) = — 0 /9 Ko(var)( arg—agb)der

1

= Ko(fr)(abg)r de dr
271' 0 0
1 “+o00 27 1 s

= — VarKi(var) = (a—a)bg df dr,
2 0 0 T

2m

where a(r) = 21 / a(re'?) do. By Lemma 3.2, we obtain:
T

1 “+o0 271'
‘(I)oz(o)| < 2 / a—a||b9| de dr
™

1/2

o </+OO/2W la—al? d0dr> (/+Oo /%lb2 dedr) (3.17)

Now, we will estimate ||Vall2,., and |[Vb]|5,,-1. We have:

IN

IVal3., = V(w™20)Pw de
R2
52
= / <4w2|Vw|2—Ew1V5~Vw+VE|2> da
R2

On the other hand, we have:

27
2/ w Vi -Vwde = / @2(|Vewlw™ — Aw)w ™ d:z:+/ [rw'(r)a®]3> df
R2 R2 0

= / @ (|Vwlfw™ — Aw)w™ da.
R2

11



Then,

+oo 27 1 +oo  p2m
/ / —hla? dfdr +/ / <m + > d dr.
We have:
27 27 _ 27 27 _
/ a'?dez/ |a'—a|2d9and/ agdez/ la —al? db.
0 0 0 0

By (3.18), (3.19) and the hypothesis (A2), we get:

“+o00 27
IVall3,, > (1 + mf hl(z ) / / la —al?® dodr.

In the same way, we prove that:

+oo 2 1 ~ “+o00 27 _ '52
HVb\I%Wl :/ / —h2b? d0dr—|—/ / b2+ = | dfdr
, 0 o T 0 0 T

and by the hypothesis (A2), we get:

“+00 27 1~
N 1>/ / 5 dor.

By combining (3.17), (3.20) and (3.22), we obtain:

2O

1 1
IVallzo[[Voll20-r = 27 (

1/2
1+ inf Al(z ))
xER?

Finally, since a and b play symmetric roles, we deduce that:
a0 1

1
IVallzulIVolla,01 ~ 27 PN
sup | 1+ inf A} (z)
zER?

i=1,2

Second case: ) = Bj.
By (3.16), we have:

Bo(0) = [ Ganbn—abn) do

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)



Using Lemma 3.4, we obtain:

1 1 27\'1 o
7/ / LG 31| dodr
Y5 0 0 T
1/2

217r</01/027r71n|2i—6|2d9dr> (/ /2w1b2d9dr) (3.23)

Using the same calculus as in the previous case, we get:

27
1
IVal3., > <1+ 1nf hl(z )/ / —|a—al* db dr (3.24)

|20 (0)]

IN

1/2

and
1 2 1~
Vb5 - 2/ / — b2 df dr. (3.25)
’ o Jo T
Combining (3.23), (3.24) and (3.25), the desired result holds for the case Q = Bj.
Then, the proof of theorem 2.2 is achieved. O

3.4 Proof of Theorem 2.3

We start by studying the
First case: () = R2.

1. First, we give the proof of (2.12). Let (a,b) € W,(2). We assume that
g € C§°(0,+00). In this case, we have:

1 [tee
P, (0) = 5/ VarK(var)rg*(r) dr
0
By Lemma 3.2, we have:
L[t~
|,(0)] < 3 rg-(r) dr. (3.26)
0

By simple calculus, we get:

“+oo +oo
= (/ rhlg? dr—|—/ rig’? dr) (3.27)
0 0
“+oo +oo
71' (/ rh? g? dr—l—/ rig’? dr) (3.28)
0 0

“+o00 —+oo —+oo
/ r3g’? dr —/ rg® dr +/ r(rg)? dr. (3.29)
0 0 0
Combining (3.27), (3.28) and (3.29), we get:

V0130

and

2 1/2  ptoo
Vall2,u|IVb||2,,-1 > 7TH (1 + inf Al (z )) / rg? dr. (3.30)
0

Rz “
i=1 re

13



By (3.26) and (3.30), we deduce that:

- 20, () _ 1
u =~
(@nevy @) IVall2wl|Vbll2,0-

By (3.27) and (3.28), we obtain:

+oo
VarK (ar)rg?(r) dr
2O /, (g ) |
(ap)evy @) | - e, ee r3g2 2
H sup h / rg dr+/ dr
i1 \zeR? 0 0
(3.31)

Taking g.(r) = r°~'e~"/? with £ > 0. By density, (3.31) holds for g.. So, we
obtain:
+oo

2
27|y (0)] N VarK(Var)rgZ(r) dr

sup 0

(a,b)

1/2°
(sup R (2)T(2¢) + T'(2)(1 + 05(1)))

zER?

\
.
I o
H::j

(3.32)
In [9], it was proved that:

+oo 9 oo 1 1
VarK(Var)rgZ(r) dr = F(QE)/O CESEE Re <(1 — i\/at)25> dt,
(3.33)

where Re denotes the real part of a complex number. Using (3.33), the dom-
inated convergence theorem, when ¢ tends to 0 in (3.32), we obtain:

0

27|, (0 1
. PO

(@bnevy @) [IVall2wl|Vol2p-1 — 2 . 1/2
H 1+ sup A, (z)

and the proof of (2.12) is achieved.
. Now, we give the proof of (2.13). Let (a,b) € V,*(€2), we can write that:

O, = Do+ Vg, (3.34)
where @y is the solution to (1.2) and ¥, is the solution to:

AU, +a¥,=—-adPyin Q and lim U,(z)=0.

llzll—+o0
By the maximum principle, we have:

[Palloo < [[Poloo- (3.35)

14



On the other hand, in [3] it was proved that

1 |Vallaw|[Volla.m-

[Polloc <

— o7 2 _ 1/2°
IT (1 ot o)
zER?

i=1

(3.36)

Then, by (3.34), (3.35) and (3.36), we obtain:

1 [[Vall2,0[|Vbll2.w-1
2

[Palloe < 2[[Pofle < - . 12
II (1+ inf hg,(@)
rER2

i=1
Second case: () = Bj.

1. Let us prove (2.12). Let (a,b) € W,(€2). In this case, we have:

®,(0) = —71/0 rG' (rrg*(r) dr.

By Lemma 3.4, we obtain:

[D,(0)] < /o rg?(r) dr. (3.37)

N =

As in the previous case, we check that

1 1
IVal3., = w(/ rhlg? dr+/ r3g" dr) (3.38)
0 0
1 1
7 (/ rh2g? dr Jr/ r3g" dr) (3.39)
0 0

1 1 1
/ rig? dr = / rg” dr +/ r(rg)? dr. (3.40)
0 0 0

Combining (3.38), (3.39) and (3.40), we get:

IV -

and

2 _ 1/2 e
Vall2,w|IVb||2,4,-1 > 7TH (1 + inf hL(m)) / rg* dr. (3.41)
0

z€EB
i=1 !

By (3.37) and (3.41), we deduce that:

27(B,(0)] 1
=2 ‘ 1/2°
(1+ inf hi,(a:))

rEBq

sup
(@bnevy @) IVall2wl| Vo2,

i=1

15



By (3.38) and (3.39), we obtain:

1
—rG' (Mrg®(r) dr
RO f, oo a

sup

(a,

Taking g.(r) = r*~! with e > 0. By density, (3.42) holds for g..
obtain:

,,(0) N 25/0 —rG'(r)rgZ(r) dr

p =
(@bevi @) IVall2w[Vbll2w-1 — 2 ) 2\ V2
sup hi,(z) + (e — 1)
=1

e r€B,

On the other hand, we have:

- 2 . 1 1 1/2°
H (sup hfu(x)/ rg® dr +/ 372 dr)
i—1 \z€B1 0 0

(3.42)

So, we

(3.43)

=r6'(r) = 5 (Varmi(varn) + TRl Varn(an ) = o vark(van),

Io(Ve)

Note that z — xK;(x) is a decreasing function in (0, +00), so we get:

1
—rgG'(r) > . VaKi(Va), Vr e (0,1).
77
Then,
1
/ —rG' (r)rg?(r) dr > % VaK(Va)(2¢)!
0
By (3.43) and (3.44), we obtain:
up 2m|®a(0)] VoK (Va) .
(@bevs @) IVall2w[Vbll2w-1 — 2 )\ V2
H sup b (z) + (e — 1)

i—1 \z€B1

Now, when ¢ tends to 0 in (3.45), we get:

2m|®a(0)] VaKi(Va)
= 2 1/2°
H (Sup Rt ( +1>

i=1 € B,

sup
(a,b)eVy

Then, (2.12) is proved.

2. For (2.13), the proof is similar to that given in the previous case.

(3.44)

(3.45)
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Abstract Let H be an infinite-dimensional real Hilbert space equipped with the
scalar product (-, -) . Let us consider three linear bounded operators,

Ai-H—H, i=1,273.
We define the functions

0i(x) = (Aix, X))y +2(a;, )y +oi, VxeH, i=1,2,
fi)=(Aix,x)g, VxeH, i=1,273,

where a; € H and «; € R. In this paper, we discuss the closure and the convexity of
the sets @y C R? and Fy C R defined by

Q= {(p1(x), p2(x)) | x € H},
Fpy ={(fi(x), 2(x), f3(x)) | x € H}.

Our work can be considered as an extension of Polyak’s results concerning the finite-
dimensional case.
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1 Introduction

In 1918, O. Toeplitz (Ref. [1]) considered a quadratic form z*Az, where A is an
n x n complex matrix. He proved that the set of values of this form for z belonging
to the unit sphere in C" has a convex boundary. He also conjectured that the set
itself is convex. One year later, F. Hausdorff (Ref. [2]) proved this conjuncture. The
Toeplitz-Hausdorff theorem is a very important result that is applied in many fields
of mathematics. This theorem can be formulated as follows: the set

W(A) ={"Az | ||zllcr = 1}

is convex in the set C of complex numbers. This result can be considered as the first
assertion on convexity of quadratic maps.

For the real field, the first result is due to Dines (Ref. [3]) in 1941. Let us consider
two real quadratic forms

fi)=Ax, x)rr, i=1,2, fx)=(fikx), f2(x)),

where A; are n x n real symmetric matrices, x € R" and (-, -)g» is the standard scalar
product in R”. Dines proved that the set D C R? defined by

D={f()|xeR"}

is convex and it is closed as well under some additional hypotheses.
The next important result was obtained by Brickman (Ref. [4]). He proved that

B={f()|lx|r =1}

is a convex compact subset of R? when n > 3. The same statement was obtained
independently in Ref. [5]. Some deep links of this result can be found in Ref. [6].
These papers are the main contributions on convexity of quadratic maps, and math-
ematicians tried in several ways to generalize them.
Let us consider the functions

@i (x) = (Ajx, x)rn +2(a;, X)rn +o;, 1=1,2,
i) =Aix,0)re, =123,

where x e R?, g; e R", o; € R, and A; are n x n real symmetric matrices. Denote

@ = {(¢1(x), p2(x)) | x € R"} CR?,
F={(fi(x), (), f3(x)) |x e R"} C R>.

In Ref. [7], Polyak proved the following results.

Theorem 1.1 Suppose that n > 2 and there exists i = (ju1, o) € R? such that
m1Ar+ p2Az > 0.

Then, ® is closed and convex.
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Here, the notation A1 4+ u2 Az > 0 means that the matrix w1 A1 + w2 Az is pos-
itive definite.

Theorem 1.2 For n > 3, the following assertions are equivalent:

(i) Fu = (11, 12, 13) € R? such that
wi1AL+ Az + u3Asz > 0;

(i) the set F is an acute closed convex cone and the quadratic forms f1(x), fa(x),
f3(x) have no common zero except zero.

In this paper, we consider quadratic functions defined in an infinite dimensional
Hilbert space. The main motivation for that stems from control theory where there
are many problems involving the minimization of a quadratic function on a closed
convex subset of an infinite dimensional Hilbert space.

Various results concerning convexity of quadratic maps in a general Hilbert space
exist. Let us recall some important works:

e In Ref. [8], P. 354, Lemma 7.1, Hestenes proved the following result: let P and Q
be quadratic forms on a real Hilbert space H; then the set

Dy ={(P(x),0(x)) |x € H}

is a convex cone. This result can be considered as a generalization of the Dines
theorem to the infinite dimensional case.
e In Refs. [9, 10], Matveev proved the following result.

Let Ay, Ay, ..., Ay be self-adjoint continuous linear mappings on a real Hilbert
space H equipped with the scalar product (-, )y, let g1, 42, ..., qn denote the
associated continuous quadratic forms on H (i.e., g; (x) = (A;x,x)y for all x €
H). If, for any (A1,...,A,) € R™, the maximal and the minimal points of the
spectrum of AjA1 + --- 4+ A, A,y are not isolated eigenvalues of finite geometric
multiplicity, then the range of the unit sphere of H under the quadratic mapping
q=1(q1,...,qm) is almost convex.

e In Ref. [11], Yakubovich obtained the following result.
Let H be a real Hilbert space with scalar product (-, -) g, 70 € H and let

4@ =q¢"@+ @ D+, i=0,1,...m,
be continuous quadratic functionals. Here, g; € H, y; € R and
() = (Aiz,2)n, VzeH,

where A; are self-adjoint bounded operators on H. Let F be a subspace in H and
let £ = F + z°. Denote

P ={(qo(2),.--.qm(2)) |z € L}.

Under some hypotheses (qo., ..., gn form an S-system), the closure P of P is a
convex set.
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For other results concerning convexity of quadratic maps in an infinite dimensional
case, one can refer to Refs. [12, 13].

The purpose of this paper is to extend Theorem 1.1 and Theorem 1.2 in an infinite
dimensional real Hilbert space H. More precisely, we are concerned by studying the
closure and the convexity of the sets ® and F* when x belongs to a Hilbert space H.

2 Statement of Results
2.1 Preliminaries

We start by recalling some definitions and fixing some notations which are used
throughout.

We work in an infinite dimensional real Hilbert space H equipped with the scalar
product denoted by (-, -)y and the associated norm denoted by || - || 7. We assume
that H is separable which implies that it admits a hilbertian basis B = (ex)2 ;. We
recall that B is a Hilbertian basis if and only if

ereny =1 k=1
CoCOH =00, ifk£t

and
B=H,

where B is the closure of B.
We say that a sequence (x,)nen in H is weakly convergent to x € H and we
denote x,, — x if and only if

(xXn, V) = (x,v)yg, asn— +oo, Yve H.

Let A: H — H be a linear bounded operator.

e We say that A is self-adjoint if and only if
(Ax, ) = (x,Ay)u, Vx,yeH.
e We say that A is compact if and only if, for all sequence (x,),en in H, we have
X, =~ Xx = ||Ax, — Ax||lg > 0, asn— +oo.
e The notation A > 0 means that
Jo > 0| (Ax,x)y > allx||3,, VxeH.
For more details concerning these definitions, one can refer to Ref. [14].

A set K C R" is a cone if x € K implies Ax € K for all A > 0. It is acute if K
contains no straight lines, i.e., x € K, x #0 imply —x ¢ K.
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2.2 Main Results and Proofs

Let us consider the nonhomogeneous quadratic functions
@i (x) = (Aix,x)n +2(a;, x)g +oi, VxeH,i=12,

where A; : H — H are two linear bounded operators, a; € H and «; € R. Let us
consider the set &z C R? defined by

Pn = {(p1(x), p2(x)) | x € H}.

First, we focus on the closure of the set ® . Our result can be formulated as follows.

Theorem 2.1 We assume that:

(i) A;: H— H is compact foralli=1,2.
(i) I = (1, u2) €R? | 1AL + p2Ar > 0.

Then, the set g is closed.

Proof Let (x,)nen be a sequence in H such that

(@1(xn), p2(xn)) = (¥1,¥2), asn — +o0. (D

We have to prove that there exists x € H such that (y1, y2) = (¢1(x), p2(x)).
First, let us prove that (x;),cN is necessarily a bounded sequence in H. We have

l191(xn) + w292 (xn)|
= |1 (A1xn, Xn) B + p2(A2xn, xp) g + 2(p1a1 + poaz, xp) v + pi1ar + poaz|
> w1 (Arxn, xp) 1 + p2(A2xn, Xp) g — 2|(rar + poaz, xp)u | — lpiar + poazl.
By condition (ii), we have
Jo> 0] p1(Arx, x) g + ua(Asx, X)y > aflx||f;.  Vx € H. @)
Using (2) and the Cauchy-Schwarz inequality, we get

L1901 () + 1292 ()| = allxn |13 =2l 11 4 p2a2 || g X0 || o — |11 + paas|. (3)

Assuming that (x,),eN 1s not bounded in H. Then, there exists a subsequence of
(Xn)nen denoted by (Xk(n))nen such that ||xgp) ||z — +00 as n — 4-o0. Using (3),
we obtain

191 (Xk(n)) + m2@2 (Xkm))| — +00,  asn — +oo.

This situation is of course impossible since w11 (x,) + w2@2(x,) = K1y1 + H2y2 as
n — +00. We deduce that (x,),en is bounded.

Since (x,),eN is a bounded sequence in H, there exists a subsequence of (x;,),eN
denoted by (xg(1))nen such that

Xa(n) — X, “4)
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where x € H. The compactness of A; (i =1, 2) implies that
lAixq@n) — Aixllg — 0, asn— +4oo, Vi=1,2.

On the other hand, we have

(Aixgm), Xam)H = (AiXam) — AiX, Xam))H + (AiX, Xom))H-

Using the Cauchy-Schwarz inequality, we obtain
[(Aixam) — Aix, Xam) H| < 1AixXam) — Aix || H | Xam) | H-
Since (Xq(n))nen is bounded, by (5), we obtain
(Aixgmn) — Aix, Xqm))g —> 0, asn— +oo.
Using (4), we obtain
(Aix, xqm))H — (Aix,x)g, asn— +oo.

From (6)—(8),

(Aixam)s Xam)H — (Aix,X)g, asn— 400, Vi=1,2.

By (4), we obtain
(@i, Xqm))H — (@i, X)g, asn— oo, Vi=1,2.
Then, by (9) and (10), we obtain
@i (Xq(m)) = ¢i(x), asn— 4oo, Vi=1,2.
Finally, by (1) and (11), we get:
yi=¢i(x), Vi=1,2,

and the proof is achieved.

&)

(6)

N

®)

C))

(10)

(1)

O

Now, we are going to show that under some hypotheses, the closure of the set &y
is a sufficient condition to assure its convexity. Such result is similar to that obtained

by Yakubovich (Ref. [11]) under other hypotheses.

Theorem 2.2 We assume that:

(1) A;: H— H is self-adjoint foralli =1, 2.
(i) 3= (1, 102) €R?* | 1Ay + 2 A > 0.
(iii) The set ®y is closed.

Then, ®y is a convex set.
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Proof Let B = (er);2, be a Hilbertian basis of H. For m large enough, let us denote
H,, the subspace of H generated by the vectors {e1, 2, ..., e, }. We denote by ry, :
H — H,, the orthogonal projection in H,,. We recall that

m
rmx:Z(x,ek)Hekax, as m — 400, Vx € H. (12)
k=1
We define the symmetric matrices (A1, A2m) € Mpu(R) x M, (R) by
Ay, J)=(Arei,ej)y, Vi, jel{l,2,...,m},
Arm(i, j) = (Azei, e, Vi, je{l,2,...,m}.
We consider the two nonhomogeneous quadratic functions
01.m(X) = (A1 X, X)gm +2(a1 m, X)rm + a1, VX € R™,
©2.m(X) = (A2 X, X)gm +2(a2,m, X)rm + 2, VX € R™,
where (-, -)g» denotes the standard scalar product in R™, a; ;, and a3 ,, are given by
avm = ((rmar, e n, rma1, €)u, ..., (rmar, en) )",
arm = ((rmaz, e, (rmaz, e, - . ., (rmaz, em)w)’ .
We define the set ®,, by
@y = {(@1(x), p2(x)) | x € Hp}.
It is easy to show that
q)m = {(Qol,m(x)v (pZ,m(X)) | Xe Rm}

By Polyak’s theorem (Theorem 1.1), we know that the set ®,, is convex.
Let us consider now (x,y) € H 2 and A €10, 1[. We have to prove that

Mp1(x), 2(x)) + (1 — ) (@1(y), 92(y)) € Pp. (13)
Since ®,, is a convex set, there exists z,, € H,, C H such that

A1 (rmx) + (1 — V@1 (rmy) = 1 (zZm),
A2 (rpx) + (1 = V)2 (rmy) = ¢2(2m)-

Using (12) and the continuity of ¢; (i = 1, 2), we obtain

@1(Zm), P2(zm)) = A(e1(x), p2(x)) + (1 = M) (@1(), 92()), asm — +o0.

Finally, the closure of the set &y implies (13). This completes the proof. g

An immediate consequence of Theorems 2.1 and 2.2 is the following.
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Corollary 2.1 We assume that
(i) A;: H — H is compact and self-adjoint foralli =1, 2,
(i) Iu= (1, pn2) €R*|u1AL+ pu2A2 > 0.

Then, @y is closed and convex.

Remark 2.1 Corollary 2.1 is an extension of the result obtained by Hestenes in
Ref. [8], where only quadratic forms were considered.

Now, let us consider three quadratic forms,
fix)=(Aix,x)g, VxeH,i=1723,
where A; : H — H are linear bounded operators. Let Fi; C R? be the set defined by
Fru ={(fix), f2(x), 3(x)) |x € H}.

We have the following result.

Theorem 2.3 We assume that A; : H — H is compact and self-adjoint for all i =
1,2, 3. Then, the following assertions are equivalent.

(i) There exists ;= (p1, w2, u3) € R3 such that
w1A1 + u2Az + u3zAsz > 0. (14)

(i1) The set Fy is an acute closed convex cone and the quadratic forms f1(x), fa(x),
f3(x) have no common zero except zero.

Proof (1) = (2). Let A > 0 and (y1, y2, ¥3) € Fy. To check that Fp is a cone, we
should prove that Ay = (Ay1, Ayz, Ay3) € Fy. By the definition of the set F, there
exists x € H such that y; = fi(x),i = 1,2, 3. Then,

Ay = (Aiﬁx,ﬁx)y =fi(\/xx), i=1,2,3,

and Fy is a cone set.

Let us prove now that Fy is an acute set. Let y = (y1, y2, y3) € Fy such that
y # 0 and assuming that —y € Fy. Then, there exists x% e H, x° # 0 and there
exists x! € H, x! # 0 such that

yi= i, —yi=fix), i=1,23.
Thus, by (14),

Yipt + y2i42 + y3u3 >0,
Yii1 +y2m2 + y3uz <0,

and we obtain a contradiction. Then, —y ¢ Fy and Fpy is an acute set.

@ Springer



J Optim Theory Appl (2009) 140: 409418 417

It is easy to check that the quadratic forms f1(x), f>(x), f3(x) have no common
zero except zero. In fact, if there exists xg € H, xo # 0 such that

filxo) =0, i=1,2,3,
(14) implies that

w1 f1(x0) + w2 f2(xo) + 3 f3(xo) > 0,

and we obtain a contradiction.
Now, let us prove the closure of the set Fy. Let (x,),en be a sequence in H such
that

fi(xp) = yi, asn— 400, i=1,2,3. (15)

As in the proof of Theorem 2.1, condition (14) implies that (x,),cn is bounded and
there exists a subsequence of (x,),en denoted by (X« (n))nen such that

Xan) — X, (16)
where x € H. Using the compactness of the bounded operators A;, we get
lAixg@n) — Aix|lg — 0, asn— +oo, i=1,2,3. (17
By (16) and (17), we obtain
fixam)) = fi(x) asn— +4o0, i=1,2,3. (18)
Finally, from (15) and (18), we obtain
yi=filx), i=1,23,

and the closure of the set Fy is proved.
As in the proof of Theorem 2.2, the convexity is obtained by approximating the
set Fy by the set

Fp ={(f1(x), f2(x), f3(x)) |x € Hp},

that is convex by Polyak’s theorem (Theorem 1.2).

(i) = (i). Since Fy is an acute closed convex cone in R3, 3¢ = (¢y, ¢2, ¢3) € R?
such that (c, f)ps >0, Vf € Fy, f #0. Let x € H, x # 0. Since f1, f2, f3 have
no common zero except zero, we have (f1(x), f2(x), f3(x)) # (0,0, 0). Then, con-
dition (i) holds by tacking u = c. O

Remark 2.2 In this work, the Hilbert space H is assumed to be separable. This hy-
pothesis assures the existence of a Hilbertian basis that enables us to project each
element of H in a finite dimensional space. If H is not separable, we don’t know if
our obtained results remain true. This question can be considered as an open problem.
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AN EXTENSION OF BANACH FIXED POINT THEOREM FOR
MAPPINGS SATISFYING A CONTRACTIVE CONDITION OF
INTEGRAL TYPE

BESSEM SAMET AND HABIB YAZIDI

ABSTRACT. We establish a fixed point theorem for mappings satisfying a gen-
eral contractive inequality of integral type. The obtained result can be con-
sidered as an extension of the theorem of Branciari (2002) and the theorem of
Dass and Gupta (1975).

1. INTRODUCTION

In [2], Branciari established the following theorem.

Theorem 1. Let (X,d) be a complete metric space, ¢ €]0,1[, and let f: X — X
be a mapping such that for each x,y € X,

d(fz,fy) d(z,y)
/ o(t) di < ¢ / o(t) dt,
0 0

where ¢ : [0, +o0o[— [0,+00[ is a Lebesque-integrable mapping which is summable
on each compact subset of [0, +00[, nonnegative, and such that

Ve >0, / o(t) dt > 0.
0

Then, f admits a unique fixed point a € X such that for each x € X, f"x — a as
n — +00.

It was mentioned in [2] that Theorem 1 could be extended to more general
contractive conditions. For example, in [9], Rhoades established that Theorem 1
holds if we replace d(z,y) by

d(x, fy) +d(y, fx) }

maX{d(l‘,y),d(l‘7fx>7d(y7fy)’ 2

Other works in this direction include [1, 4, 11, 12]. In [10], Suzuki proved that
Theorem]1 of Branciari is a particular case of the famous Meir-Keeler fixed point
theorem [8]. More precisely, he proved that under hypotheses of Theorem 1, f is
an MKC, i.e., for every € > 0, there exists § > 0 such that

dz,y) <e+d=d(fz, fy) <e

and then, f admits a unique fixed point.

In this paper, we obtain an extension of Theorem 1 through rational expression.
Our obtained result extends and improves the result of Dass and Gupta [7]. Other
results on fixed point theorems through rational expression can be found in [3, 5, 6].

2000 Mathematics Subject Classification. 54H25, 47TH10.
Key words and phrases. Fixed point; Rational expression; Contractive condition.
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2 BESSEM SAMET AND HABIB YAZIDI

2. MAIN RESULT
Our main result is the following.

Theorem 2. Let (X, d) be a complete metric space and let f : X — X be a given
mapping. We denote

1+ d(z, fz)]
1 =d Y X.
(1) m(z,y) = d(y, fy) Trdy)  DYE
We assume that for each x,y € X,
d(fz,fy) m(z,y) d(z,y)
) [ emaza [T wwares [ et
0 0 0

where >0, >0, a+ [ <1 and ¢ : [0,4+00[— [0, +00[ is a Lebesgue-integrable
mapping which is summable on each compact subset of [0,+o0[, nonnegative and
such that

(3) /Ecp(t) dt >0, Ve > 0.
0

Then, f admits a unique fixed point a € X such that for each x € X, f"x — a as
n — +oo.

Proof. Let x € X and define the sequence (z,) C X by z¢o = = and z,, = f"x for
each integer n > 1. From (2),

d(Tn Tpt1) m(Tp—1,2n) d(xn—1,2n)
@ o dr<a | oty a5 [ ot) dt.
0 0 0

Using (1),
14 d(xn-1,2,)]
1+ d(zp—1,zn)

m(Tp—1,%n) = d(Tp,Tpi1)

= d(CCn,l’n+1).

Substituting into (4), one obtains

d(w'ruw'r1+1) /8 d(a:n—hwn)
/ i < - | (1) di
8 2 rd(Tn—2,Tn-1)
< Q_a 0 p(t) dt
B\ [Uen—sn-2)
< (1 — ; o(t) dt
< ..
Jé] n pd(zo,w1)
(5) < ( ) / o(t) dt.
11—« 0
Since T €]0, 1], taking the limit of (5), as n — +o0, gives
—
d(xnvanrl)
(6) lim (t) dt =0,

n—+oo /g
which from (3) implies that
(7) lim d(z,,z,41) =0.

n—-+oo
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We now show that (x,,) is Cauchy. Suppose that it is not. Then, there exists an
¢ > 0 such that for each p € N there are m(p),n(p) € N, with m(p) > n(p) > p,
such that

(8) d(fm(p)x7fn(p)x) > e, d(fm(p)flgcvfn(p)z) <e.
Hence
e < d(fm(p)x’fn(p)z) < d(fm(p)x’fm(p)*lx) + d(fﬂl(p)*lx, fn(p)x)
< d(fmPg, ) =lyy 4og,
Using (7) and tacking p — 400, we get

(9) d(fm® g, Py et as p — +oo.
This implies that
(10) JkeN|p>k=d(fmPHig, P+l <,

In fact, if there exists a subsequence (py) C N, pp > k, d(f7Pe) 1y, free)+ly) > o
we obtain from (2),

e m(fm<p7€>z,fn(pk)x) d(fm(pk>$,f"(pk)m)
(11) / o(t) dt < a/ (1) dt+ﬁ/ o(t) dt.
0 0 0

On the other hand, we have

[1+d(fmpe)z fmlpe)+ly)]

m(pk) n(pk) — n(pk) n(pk)+1

(12) — 0 as k — +o0.
Tacking k — +o00 in (11), using (9) and (12), we get

[aesf o

which is a contradiction being 8 €]0, 1] and the integral being positive. Then, (10)
holds. Let us prove now that

(13) Jo. €]0,e,p € N|p>pe = d(fmPHg, frOHg) <o — 0,
If (13) is not true, by (10), there exists a subsequence (pr) C N such that
(14) d(fm(Pk)+1$7f”(pk)+1x) — e ask — +oo.
By (2), we obtain
(15)
d(fFmer)tlg )+l m (PR g fr®r) ) d(fmPr) g, frPre) )
/ (t) dt < a/ dt—l—ﬁ/ w(t) dt
0 0
with

[1 T d(fm(p’“)x, fm(pk)-k—lx)]
1+ d(fmpe)g, frler)g)

m(fm(m)x’ f"(pk)x) — d(fn(Pk)x, fn(m)+1x)

Tacking k — +oo in (15), we get

/Oggp(t) dt<6/:<p(t) dt
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which is a contradiction, since 8 €]0, 1]. Now, we can deduce the Cauchy character
of (f™x). In fact, for each naturel number p > p., we have

e < d(fm(p)%fn(p)x) < d(fm(p)%fm(p)ﬂx) + d(fm(p)ﬂx’fn(p)ﬂw)
+d(f”(p)+1x, f"(P)x)
<Az, O + (2 = 0l + d(f O, 1)
— & — 0z asS p — +00.

Thus € < € — 0, which is a contradiction. We conclude that (f"x) is Cauchy.
By the completeness of X, there is a € X such that f"z — a as n — +o0o. We
shall now show that fa = a. Suppose by contradiction that d(a, fa) > 0. We have

(16) 0 < d(a, fa) < d(a, f*" o) +d(f"* 'z, fa).
First, let us prove that d(f"*'z, fa) — 0 as n — +oo. In fact, we have
0 < d(f"*1a, fa) < d(f*z,0) + d(a, fa).

Since (d(f™*'z,a)) is a convergent sequence (it converges to zero), then (d(f"*1z, fa))
is a bounded sequence. Assume that there exists a subsequence (d(f™*®+1z, fa))
such that d(f"**+1z, fa) — £ €]0,+oo[ as k — +oo. By (2), we obtain

d(F* O+, fa) dlasfo) A g ®ea)
p(t) dt <« (t) dt+p o(t) dt.
0 0 0

Letting k tends to +o00, we obtain

L d(a,fa)
(17) /0 o) dt < a/o (1) dt.

On the other hand, using (16) and (3), we get

d(a,fa) d(a, fr O ) +d(f" M e, fa)
0< / p(t) dt < / o(t) dt.
0 0

Letting kK — +o00, we obtain

d(a,fa) 1
(18) 0< / o(t) dt < / (1) dt.
0 0
Combining (17) and (18), we obtain

d(a.fa) d(a.fa)
0< / (t) dt < a/ o(t) dt,
0 0

which is a contradiction, since 0 < a < 1. Then, d(f""'x, fa) — 0 as n — +oo0.
Now, letting n — +oo in (16), we get

0 < d(a, fa) < d(a, ") +d(f"a, fa) — 0.

We deduce that a is a fixed point of f.
Suppose now that there are two distinct points a,b € X such that fa = a and
fb =10, then by (2) we have the contradiction

d(a,b) d(fa,fb) m(a,b) d(a,b)
0< / (1) di — / o) dt < o / o(t) dt + 3 / () dt
0 0 0 0

d(a,b) d(a,b)
ﬂ/ p(t) dt < / p(t) dt.
0 0
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The proof is thus completed. O

By tacking ¢ = 1 in Theorem 2, we retrieve the following result of Dass and
Gupta [7].

Corollary 1. Let (X,d) be a complete metric space and let f : X — X be a
mapping such that for all x,y € X,
1+d(z, fx)

(19) d(fz, fy) < ad(y, fy) T+ d(.y) + Bd(z,y),

where a >0, B3>0 and a+ < 1. Then, f admits a unique fixed point.
The following example shows that (2) is indeed a proper extension of (19).

Example 1. Let X = {1 +a|n € N*} U{a}, where a is a fixed real number. We
endow X with the Euclidean metric d: d(z,y) := |z —y| for all z,y € X. It is clear
that (X, d) is a complete metric space. We consider the self-mapping f : X — X
defined by

fx—{n}H—HI if r=2+a,

a if x=

Q 3=

First, we see that the contractive condition of Dass and Gupta (19) is not satisfied
in this case. In fact, suppose that (19) is satisfied. By tacking = = % +a,n € N*
and y = a, we get

1+d(z, fx)
d < ad _ d A N*.
(fz, fy) < ad(y, fy) T+ d(.y) + Bd(z,y), Vn €
This implies that
1 B «
< =, VneN*
n+1 n
ie.,
n
< *.
Wl s B, Vn eN

Letting n — 400, we get 1 < # and we obtain a contradiction. However, f satisfies
(2) with ¢(t) = t'/72(1 —1Int) for t > 0, p(0) = 0, 3 = 1/2 and a €]0,1/2[ (see [2]
for details).

Remark 1. In [10], Suzuki proved that Theoreml of Branciari is a particular case
of the famous Meir-Keeler fixed point theorem [8]. It will be interesting to see if a
link exists between the proposed contractive condition (2) and the MKC condition.
We pose this as an open problem.
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Abstract. We establish a fixed point theorem in the generalized metric
space introduced by Branciari for mappings satisfying a general contractive
inequality of integral type. The obtained result can be considered as an ex-
tension of the theorem of Branciari (2002).
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1. INTRODUCTION

In [2], Branciari established the following theorem.

Theorem 1. Let (X,d) be a complete metric space, ¢ €0, 1[, and let f : X —
X be a mapping such that for each x,y € X,

(1) / (1) dt < ¢ / o(t) dt,
0 0

where ¢ : [0, +o0[— [0,+00] is a Lebesgue-integrable mapping which is sum-
mable on each compact subset of [0, 400, nonnegative, and such that

Ve >0, / @(t) dt > 0.
0

Then, f admits a unique fized point a € X such that for each v € X,
lim, .o f"z = a.
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Theorem 1 is a generalization of the Banach-Caccioppoli principle. In fact,
putting (t) = 1 for each ¢ > 0, we obtain

d(fz,fy) d(z,y)
/ Ldt =d(fz, fy) < cd(z,y) = c/ 1 dt.
0 0

Then, a Banach-accioppoli contraction also satisfies (1). The converse is not
true in general (see [2]).
In [3], Rhoades proved that Theorem 1 holds if we replace d(z,y) in (1) by

d(z, fy) +d(y, f=
m(z,y) = max {d(x,y),d(w,fx),d(y, fy), @ fv) 5 . fo)l
The purpose of this paper is to establish that Theorem 1 is also valid if
we replace the metric space (X, d) by the generalized metric space (or shortly
g.m.s) introduced by Branciari in [1].

Definition 1. Let X be a nonempty set. Suppose that the mapping d : X x
X — [0, +00), satisfies:
L. dz,y) =0 z=y
2. d(x,y) =d(y,x) for all z,y € X
3. d(z,y) < d(z,w) + d(w, z) + d(z,y) for all z,y € X and for all distinct
points w, z € X\{x,y} (rectangular property).

Then d is called a generalized metric and (X, d) is a generalized metric space
(or shortly g.m.s).

Definition 2. Let (X,d) be a gm.s, (x,) be a sequence in X and z € X.
e We say that (z,,) converges to x with respect to d if and only if
d(zp,z) — 0 as n — +oo.
e We say that (z,) is Cauchy if and only if
d(xp, Tm) — 0 as n,m — +o0.
e We say that (X, d) is complete if and only if every Cauchy sequence in X

is convergent in X.

2. MAIN RESULT

We have obtained the following result.

Theorem 2. Let (X, d) be a complete g.m.s, ¢ €|0,1], and let f: X — X be
a mapping such that for each x,y € X,

d(fz,fy) d(z,y)
@) / (1) di < / o(t) dt,
0 0

where ¢ : [0, +oo[— [0, +00] is a Lebesgue-integrable mapping which is sum-
mable on each compact subset of [0, +00[, nonnegative, and such that

(3) Ve >0, /Ecp(t) it > 0.
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Then, [ admits a unique fixed point a € X such that for each v € X,
lim, .. f"z = a.

Proof. Let x € X and consider the sequence (x,,) defined by z,, = f"x for all
n € N. By (2), we have

d(fz,f?z) d(z,fz)
/ o(t) dt < c/ o(t) dt.
0 0

Again

d(f?x,f3x) d(fz,f?z)
/ o(t) dt < c/ o(t) dt
0 0

d(x,fz)
< & / ©(t) dt.
0

d(f,f*2) d(,fz)
/ o(t) dt < c3/ o(t) dt.
0 0

Thus in general, if n is a positive integer, then

d(fra, frtic) d(=,fz)
(@) / (1) dt < / (1) dt.
0 0

We divide the proof into two cases.

Similarly

Case 1. First, assume that "z = f"x for some m,n € N, m # n. Let m > n,
then fm"(f"z) = frx, i.e., ffy =y where k =m —n, y = f"z. Now if k > 1

d(y,fy) d(fFy, fFly)
[ ema = | ot d
0 0

d(f* 1y, fFy)
< C/ o(t) dt
0

d(y,fy)
Oy () < & [l
0
Then,
d(y,fy)
(5) (1-— ck)/ e(t) dt <0.
0
Assume that y # fy, then d(y, fy) > 0, and by (3), we obtain

d(y,fy)
/ o(t) dt > 0.
0

Since 0 < ¢ < 1, we obtain a contradiction with (5). Hence fy =y, i.e, yis a
fixed point of f.
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Case II. Assume that f"x # f"x for all m,n € N, m # n. Let n € N, we

have
d(fra,frt2z) d(frta, )
/ p(t)dt <c / o(t) dt
0 0
d(f*2x,f x)
< / o(t) dt
0
<
d(w,fx)
(6) < " / o(t) dt.
0

Taking the limit of (4), as n — +o0, gives
d(frz,frtiz)
lim (t) dt =0
n—+oo [,

which, from (3), implies that
(7) lim d(x,,x,:1) = 0.

n—-+o0o

We now show that (f™z) is Cauchy. Suppose that it is not. Then, there
exists an € > 0 such that for each p € N there are m(p),n(p) € N, with
m(p) > n(p) > p, such that

(8) d(fm(p)x, f”(p)x) > ¢, d(fm(p)_lzz:, f”(p)x) < e
Hence
e < d(fm(p)% fn(p)x) < d(fm(p)% fm(p)*%) + d(fm(p)*Zx, fm(p)*lx)
—i—d(fm(p)_lx, fn(p)x)
< d(fm(p)% fm(p)*%) + d(fm(p)*Zx, fm(p)*lx) +e.
Then, using (4), (6) and tacking p — +o0, we get

9 d(fm®g P ) — et as p — 4o00.

(

This implies that

(10) FkeN|p> k= d(fmPHig, fre+ly) < ¢

In fact, if there exists a subsequence (py) C N, py, > k, d(fm®) 1y, frea0+ly) >
€, we obtain
e < d(b]cm(m)ﬂLII7 f”(Pk)"’lx)
< d(fm(pk)Jle’ fm(pk)x) + d(fm(pk)x’ f"(pk)x) + d(f”(pk)x’ f"(pk)Jrlx)

—cas k — 400,

and from (2)

d(fm @Rty pr(pp)+lg) d(fm®r) g, fr(re) z)
/ o(t) dt < c/ o(t) dt,
0 0
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letting now k — +o00, we get

/Ogga(t) dtgc/:@(t) dt.

which is a contradiction since ¢ €]0,1[ and [ ¢(¢) dt > 0. Then, (10) holds.
Let us prove now that

(11) Jo. €]0,e[,p- €N|p>p. = d(fmPHly, e+l <o — g,
If (11) is not true, by (10), there exists a subsequence (py) C N such that
d((fmeetly e+l e as k — 4oo.

Then, from

e(t) dt < c

)

/ d(fmeRI T, frPR ) / d((fr PRz, frPrz)

0 0

tending & — 400, we obtain also a contradiction that [ ¢(t) dt < ¢ [ o(t) dt.
Hence, (11) holds. Now, the Cauchy character is easy to obtain. In fact, for
each naturel number p > p., we have
e < d(fm(p)x, f”(p)x) < d(fm(p)x, fm(p)+1x) + d(fm(p)+1x, f”(p)Hx)
_i_d(fn(p)Jrlx’ ) g)
< APz, O 4 (e — 0.) + AP, f107)
— € — 0. as p — +00.
Thus € < & — 0. which is a contradiction. We conclude that (f"z) is Cauchy.
By the completeness of X, there is a € X such that f"r — a as n — +o0.

We shall now show that fa = a. We divide this proof into two parts.
¢ First, assume that f"x # a, fa for any r € N. Then, we have

d(a, fa) < d(a, f"z) +d(f"z, " 2) + d(f" M, fa) — 0 as n — +oo.

In fact, by the definition of the limit, we have d(a, f"z) — 0 as n — +o00. By
(7), d(fmz, f*'z) — 0 as n — +o00. On the other hand, we have

d(f**ta,fa) d(f"=z,a)
/ @(t)dtgc/ @(t) dt — 0 as n — +o0
0 0

which gives by (3) that d(f" ™'z, fa) — 0 as n — +o0. Hence, we conclude
that d(a, fa) =0, i.e., a = fa.

¢ Next, assume that f°r = a or f*z = fa for some s € N. Obviously
x # a. Now, one may easily verify that (f"a) is a sequence with the following
properties

(a) f"a — a as n — +oo.
(b) fPa # f"a for any p,r € N, p # r.
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So,

d(f"*a,fa) d(f"a,a)
(12) / o(t) dt < c/ @(t) dt — 0 as n — +oo0.
0 0

On the other hand, we have
d(f" " a, fa) — d(a, fa)| < d(f"a, f""?a) +d(f""?a,a) — 0 as n — +oo.

Hence,

d(f"*'a,fa) d(a,fa)
(13) / @@ﬁa/ (1) dt.
0 0

Now, from (12) and (13) it follows that

d(a,fa)
/ (t) dt =0
0

which implies that d(a, fa) =0, i.e., a = fa.
Suppose now that there are two distinct points a,b € X such that fa = a
and fb = b.By (2), we obtain the following contradiction

d(a,b) d(fa,fb) d(a,b) d(a,b)
0</‘ ﬂwﬁ:/ wwﬁgg/ @@ﬁ</) o(t) dt.
0 0 0 0

Then, the fixed point of f is unique, that is the limit of f"z as n — 4+o00. 0O

Now, we give a simple example that illustrate Theorem 2. Let X = {1,2,3,4}.
Define d : X x X — R as follows:

d(1,2) = d(2,1)=3
d(2,3) = d(3,2) =d
d(1,4) = d(4,1)=d

1 1
(2,4) = d(4,2) = d(3,4) = d(4,3) = 4.

Then (X, d) is a complete generalized metric space but (X, d) is not a metric
space because it lacks the triangular property:

3=4d(1,2) >d(1,3)+d(3,2) =1+1=2.
Now define a mapping f : X — X as follows:

fre=3 if x#4
fr=1 if z=A4.

Then, f satisfies (2) with p(t) = €' and ¢ = ™. Hence, f admits a unique
fixed point that is a = 3.
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ABSTRACT. Recently, Azam, Arshad and Beg introduced the notion of cone
rectangular metric spaces by replacing the triangular inequality of a cone metric
space by a rectangular inequality. In this paper, we extend the Kannan’s fixed
point theorem in such spaces.

1. INTRODUCTION

If (X, d) is a complete metric space and T : X — X is a contraction, i.e.,
d(Tz,Ty) < ad(z,y)

for all z,y € X with a € [0, 1), then the widely known Banach’s contraction map-
ping principle tells that 7" has a unique fixed point in X. A lot of generalizations
of this theorem have been done, mostly by relaxing the contraction condition
and sometimes by withdrawing the requirement of completeness or even both
4., 15,16, [7, 110, 111, 12, 13).

Huang and Zhang [8] have introduced the concept of cone metric space, where
the set of real numbers is replaced by an ordered Banach space, and they have
established some fixed point theorems for contractive type mappings in a normal
cone metric space. The study of fixed point theorems in such spaces is followed
by some other mathematicians, see |1}, 9].

Following the idea of Branciari [3], Azam, Arshad and Beg [2] extended the no-
tion of cone metric spaces by replacing the triangular inequality by a rectangular
inequality. The aim of this paper is to extend the Kannan’s fixed point theorem
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[11] in such spaces. We start by recalling some definitions introduced in [2 §]
and preliminary results.
Let E always be a real Banach space and P a subset of E/. P is called a cone
if and only if:
(i) P is closed, nonempty, and P # {0}.
(ii) a,b € R, a,b >0, x,y € P = azx + by € P.
(ii) r € Pand —z € P = 2 =0.
Given a cone P C F, we define a partial ordering < with respect to P by:
r<y&sy—xe P
We shall write < y to indicate that z < y but = # y, while x < y will stand
for y —x € int P , int P denotes the interior of P.
The cone P is called normal if there is a number k£ > 0 such that for all z,y € F,

0<z<y=llz| <klyl,

where || - || is the norm in E. In this case, the number k is called the normal
constant of P.

In the following we always suppose F is a Banach space, P is a cone in E with
int P # () and < is partial ordering with respect to P.

Definition 1.1. Let X be a nonempty set. Suppose the mappingd: X x X — E
satisfies:
(a) 0 < d(x,y) for all z,y € X, x # y and d(z,y) = 0 if and only if z = y.
(b) d(z,y) = d(y,z) for all z,y € X.
(¢) d(x,y) < d(x,u) + d(u,v) + d(v,y) for all z,y € X and for all distinct
points u,v € X\{z,y} (rectangular property).
Then d is called a cone rectangular metric on X, and (X,d) is called a cone
rectangular metric space.

Not that any cone metric space is a cone rectangular metric space but the
converse is not true in general.

Example 1.2. Let E=R*> P={(z,y) € E|z,y >0}, X =R, d: X x X - F
such that

(0,0) if z=uy,
d(z,y) =< (B,3) if =z andyarein {1,2},x # v,

(a,1) if 2z and y can not both at a time in {1,2}, z # v,

where a > 0 is a constant. Then (X, d) is a cone rectangular metric space but it is
not a cone metric space since we have d(1,2) = (3a,3) > d(1,3)+d(3,2) = (2, 2).

Example 1.3. Let £ = R* P = {(z,y) € E|x,y > 0}, X = {a,b,c,e} and
d: X x X — FE such that

d(z,z) = (0,0), Vo € X,

d(xz,y) =d(y,x), Yx,y € X,
d(a,b) = (3,q),

d(a,c) =d(b,c) = (1,a),

d(a,e) =d(b,e) =d(c,e) = (2,a),
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where o > 0 is a constant. Then (X, d) is a cone rectangular metric space but it is
not a cone metric space since we have d(a,b) = (3, «) and d(a, ¢)+d(c, b) = (2, 2«)
but (3, «) and (2,2«) cannot be compared with respect to <.

Definition 1.4. Let (X,d) be a cone rectangular metric space. Let (z,) be a
sequence in X and z € X. If for every ¢ € F, ¢ > 0 there is N such that for all
n > N, d(z,,x) < ¢, then (x,) is said to be convergent to x and z is the limit of
(). We denote this by z,, — x as n — +o0.

The proof of this result is identical to the proof of ([§]-Lemma 1).

Lemma 1.5. Let (X, d) be a cone rectangular metric space, P be a normal cone.
Let (x,) be a sequence in X. Then,

Tp — & asn — +00 & ||d(z,, x)|| — 0 as n — +o0.

Note that if (X, d) is a cone metric space and (x,,) is a convergent sequence in
X, then the limit of (z,,) is unique ([§]-Lemma 2). In our case, the uniqueness of
the limit is not satisfied in general. We give an example to illustrate this remark.

Example 1.6. We take £ = R and P = {z € R|z > 0}. Let (z,)nen+ be a
sequence in Q and a,b € R\Q, a #b. We put X = {xy, 29, -+ , 2, - } U{a, b}
and we consider d : X x X — R defined by

( d(z,x) = 0, Vz e X,
dz,y) = d(y,x), Vo,y € X,
d(xp,xym) = 1, ¥n,m € N* n #m,
d(z,,b) = %, Vn € N
d(zp,a) = —, VneN,
( d(a,b) = 1
We remark that (X, d) is not a cone metric space because we have
d(zg,x3) = 1 > d(x9,a) + d(a,x3) = % + é = g
However, (X, d) is a cone rectangular metric space. Now, since d(z,,a) = + — 0
as n — +00, we obtain that x,, — a as n — +o00. Also, we have d(z,,b) = % —0

as n — +oo and then z,, — b as n — +o0.

Definition 1.7. Let (X, d) be a cone rectangular metric space, (z,) be a sequence
in X. If for any ¢ € E with 0 < ¢, there is N such that for all n,m > N,
d(zp, ) < ¢, then (z,) is called a Cauchy sequence in X.

The proof of the following result is similar to the proof of ([8]-Lemma 4).

Lemma 1.8. Let (X,d) be a cone rectangular metric space and P be a normal
cone. Let (x,) be a sequence in X. Then (z,,) is a Cauchy sequence if and only
if d(xp, Tm) — 0 as n,m — +oo.

Note that if (X, d) is a cone metric space and (x,,) is a convergent sequence in
X, then (z,) is a Cauchy sequence ([8]-Lemma 3). In our case, this result is not
true in general. In fact, in Example [1.6, the sequence (x,,) is convergent but we
have d(x,, ) — 1 as n,m — +o0.
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Definition 1.9. Let (X, d) be a cone rectangular metric space. If every Cauchy
sequence is convergent in X, then X is called a complete cone rectangular metric
space.

In this particular case, the uniqueness of the limit is satisfied.

Lemma 1.10. Let (X,d) be a complete cone rectangular metric space, P be a
normal cone with normal constant k. Let (z,) be a Cauchy sequence in X and
suppose that there is N such that

(i) @, # xy, for alln,m > N.

(il) n,x are distinct points in X for alln > N.
(iii) zn,y are distinct points in X for alln > N.
(iii) z, — = and x,, — y as n — +oo.

Then x = y.
Proof. For any ¢ € E with 0 < ¢, there is v such that
d(zp,x) < e, dxn,y) <c and  d(xp,z,) <L c
for all n,m > v. For all n,m > max(N,v), We have
d(z,y) < d(z,z,) + d(xp, Tp) + d(m,y) < 3c.
Hence, ||d(x,y)|| < 3k||c||. Since c is arbitrary d(z,y) = 0; therefore z =y. O

2. MAIN RESULT

In this section, we derive a fixed point theorem in a cone rectangular metric
space. Our obtained result generalizes the well known Kannan’s theorem.

Theorem 2.1. Let (X,d) be a complete cone rectangular metric space, P be a
normal cone with normal constant k. Suppose a mapping T : X — X satisfies
the contractive condition

d(Tz,Ty) < a(d(Tz,z) + d(Ty,y)), Vz,y € X, (2.1)

where a € [0,1/2). Then,

(i) T has a unique fized point in X.
(ii) For any x € X, the iterative sequence (T™x) converges to the fized point.

Proof. Let x € X. We have
d(Tz, T?r) < a(d(Tx,x) + d(Tx, T?z)),

ie.,
d(Tx, T?r) < 1 fad(x,Tx).
Again
d(T?z, T3r) < a(d(Tz, T?x) + d(T?*x, Tz))
ie.,

d(T?z, T?z) <

d(Tz, T?x) < (1 a )2d(x,T:v).

11—«
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Thus in general, if n is a positive integer, then

ATz, T" ') < (1 a

- —

)n d(z, Tz) = r"d(z, Tx),

where 7 = ;%= € [0,1).

We divide the proof into two cases.
First case: Let T™x = T"x for some m,n € N, m # n. Let m > n. Then
Tm"(T"x) = T"z, i.e. TPy =y where p = m —n, y = T"x. Now since p > 1,
we have

d(y,Ty) = d(I7y,T""y)
< rPd(y, Ty).
Since r € [0,1), we obtain —d(y,Ty) € P and d(y,Ty) € P which implies that
|d(y, Ty)|| =0, ie., Ty =y.
Second case: Assume that T™x # T"x for all m,n € N, m # n. Clearly, we have

n

d(T"z, T 'z) < r"d(z, Tz) < 1T_ 7nol(a:,Taz:)
and
d(Trz, T"?z) < o(d(T" 'z, T"z) +d(T" 'z, T" 1))
< alr"td(x, Tz) +r"d(z, Tz))
< r"d(z,Tx) +r""d(x, Tz)
,rn

< Tx).
< e )

Now if m > 2 is odd then writing m = 2¢ 4+ 1, £ > 1 and using the fact that
TPz = T x for p,r € N, p £ r, we can easily show that

d(Tn:B, Tn+m£v) < d(Tn$, Tn+1l‘) + d(Tn+1ZL‘, Tn+2$) R d(Tn+2£:lj, Tn+2£+1x)
< r"d(x,Tx) +r"d(z, Tz) + -+ r"d(x, Tx)
< : T_ Td(x, Tz).

Again if m > 2 is even then writing m = 2¢, £ > 2 and using the same arguments
as before, we can get

d(T"x, T" ")

< d(T"x, Tn+2(L’) + d(Tn+2(E7 Tn+3x) + d(Tn+3LU, Tn+4l’) N d(Tn—‘rQZ—lI, Tn+2€x)
< "d(z,Tz) +r""2d(z, Tx) + " Bd(z, Tx) + - + "2 d (2, Tx)
< = d(xz,Tz).

1—7r

Thus combining all the cases we have

d(T"x, T""x) < d(z,Tx), Vm,n € N.

1—r
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Hence, we get

TL

(T2, T ") < kg

||d(x Tx)||, Ym,n € N.

Since kf’—l”d(:v,Tx)H — 0 as n — 4oo, (T"x) is a Cauchy sequence. By the
completeness of X, there is z* € X such that T"x — z* as n — +o0.

We shall now show that T'z* = z*. Without any loss of generality, we can
assume that T"x # z*, Tx* for any r € N. We have

d(z*,Tx*) < d(*,T"x) + d(T"z, T" " 2) + d(T" 'z, Tx*)
< d(a*, T"z) + d(T"z, T" ') + a(d(T"z, T ' z) + d(z*, Tx*))
which implies that

1
11—«

d(z*, Tx*) < (d(z*, T"z) + (1 + a)d(T"z, T 1)).

Hence,
k

ld(2", Ta")|| < 7——(lld(=", T"@) || + (1 + Q)| d(T"z, T )[|) — 0 as n — +o0.
-«

So we obtain d(Tz*,z*) = 0, i.e., * = Tx".
Now, if y* is another fixed point of 7', then
dz*,y") =d(Tz", Ty") < a(d(z*,Tz") +d(y*, Ty")) =0
which implies that ||d(z*,y*)|| =0, i.e., 2* = y*. O
To illustrate Theorem 2.1, we give the following example.

Example 2.2. Let E=Cand P ={z+iy|z,y € R,x,y > 0} a normal cone in
E. Let X ={1,2,3,4}. Defined: X x X — E by

d(x,z) = 0

d(1,2) =d(2,1) =3+ 9i

d(2,3) =d(3,2) =d(1,3) =d(3,1) =1 + 3i

d(1,4) =d(4,1) =d(2,4) =d(4,2) =d(3,4) =d(4,3) =4 + 12i.

Then (X, d) is a complete cone rectangular metric space but (X, d) is not a cone
metric space because it lacks the triangular property

349 =d(1,2) >d(1,3) +d(3,2) = 2 + 6i.
Now, define a mapping T': X — X as follows

3 it z#4
Tx_{l if =4

We remark that 7' is not a contractive mapping with respect to the standard
metric in X because we have

T4 —T2|=2=4—-2|.
However, T' satisfies
d(Tz,Ty) < a(d(z, Tz) +d(y, Ty)), Yo,y € X
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with a = % Applying Theorem 2.1, we obtain that 7" admits a unique fixed

point, that is z* = 3.

Note that in this example, results of Huang and Zhang [§] are not applicable to
obtain the fixed point of the mapping 7" on X, since (X, d) is not a cone metric
space.

Acknowledgements: The authors would like to thank Professor Ismat Beg
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