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Introduction

The main result of this thesis is a local answer of the coquecigrue problem. By coquecigrue
problem, we talk about the problem of integrating Leibniz algebras. This question was formulated
by J.-L. Loday in [Lod93] and consists in finding a generalisation of the Lie’s third theorem for
Leibniz algebras. This theorem establishes that for every Lie algebra g, there exists a Lie group
G such that its tangent space at 1 is provided with a structure of Lie algebra isomorphic to g.
Leibniz algebras are generalisations of Lie algebras, they are their non-commutative analogues.
Precisely, a (left) Leibniz algebra (over R) is an R-vector space g provided with a bilinear form
[—,—]: g x g — g called the bracket and satisfying the (left) Leibniz identity for all z,y and z in
g
[, [y, 2] = [[z, 9], 2] + [y, [2, 2]

Hence, a natural question is to know if, for every Leibniz algebra, there exists a manifold provided
with an algebraic structure generalizing the group structure, and such that the tangent space in
a distinguished point, called 1, can be provided with a Leibniz algebra structure isomorphic to
the given Leibniz algebra. As we want this integration to be the generalisation of the Lie algebra
case, we also require that, when the Leibniz algebra is a Lie algebra, the integrating manifold is
a Lie group.

The main result on this question was given by M.K. Kinyon in [Kin07]. In his article, he
solves the particular case of split Leibniz algebras, that is Leibniz algebras which are isomorphic
to the demisemidirect product of a Lie algebra and a module over this Lie algebra. That is,
Leibniz algebras which are isomorphic to g @ a as vector space, where the bracket is given by
[(z,a),(y,b)] = ([z,y],z.a). In this case, he shows that the algebraic structure which answers
the problem is the structure of a digroup. A digroup is a set with two binary operation F and -,
a neutral element 1 and some compatibility conditions. More precisely, he shows that a digroup
structure induces a pointed rack structure (pointed in 1), and it is this algebraic structure which
gives the tangent space at 1 a Leibniz algebra structure. Of course, not every Leibniz algebra is
isomorphic to a demisemidirect product, so we have to find a more general structure to solve the
problem. One should think that the right structure is that of a pointed rack, but M.K. Kinyon
showed in [Kin07] that the second condition (Lie algebra becomes integrated into a Lie group) is
not always fulfilled. Thus we have to specify the structure inside the category of pointed racks.

In this thesis we don’t give a complete answer to the coquecigrue problem in the sense that
we only construct a local algebraic structure and not a global one. Indeed, to define an algebraic
structure on a tangent space at a given point on a manifold, we just need an algebraic structure
in a neighborhood of this point. We will show in chapter 3 that a local answer to the problem
is given by the pointed augmented local racks which are abelian extensions of a Lie group by an
anti-symmetric module.

Our approach to the problem is similar to one given by E. Cartan in [Car30]. The main idea
comes from the fact that we know the Lie’s third theorem on a class of Lie algebras. For example,
every abelian Lie algebra or every Lie subalgebras of the Lie algebra End(V) is integrable (using



the Lie’s first theorem). More precisely, let g a Lie algebra, Z(g) its center and go the quotient
of g by Z(g). The Lie algebra Z(g) abelian and g is a Lie subalgebra of End(g), thus there exist
Lie groups, respectively Z(g) and Gy, which integrate these Lie algebras. As a vector space, g is
isomorphic to the direct sum go® Z(g), thus the tangent space at (1,0) of the manifold Gy x Z(g)
is isomorphic to g. As a Lie algebra, g is isomorphic to the central extension gg @, Z(g) where
w is a Lie 2-cocycle on gg with coefficients in Z(g). That is, the bracket on go @, Z(g) is defined
by

[(x,a),(y,b)] = ([m,y],w(m,y)) (1)

where w is an anti-symmetric bilinear form on gg with value on Z(g) which satisfies the Lie
algebra cocycle identity

w([xay]v Z) - w(z, [ya Z]) + w(y7 [;E, Z]) =0

Hence we have to find a group structure on Gy x Z(g) which gives this Lie algebra structure on the
tangent space at (1,0). It is clear that the bracket (1) is completely determined by the bracket
in go and the cocycle w. Hence, the only thing we have to understand is w. The Lie algebra g is
a central extension of go by Z(g), thus we can hope that the Lie group which integrates g should
be a central extension of Gy by Z(g). To follow this idea, we have to find a group 2-cocycle on
Go with coefficients in Z(g). In this case, the group structure on Go x Z(g) is given by

(9,0)-(h,b) = (gh,a+b+ f(g,h)) (2)

where f is a map from G x G — Z(g) vanishing on (1,g) and (g,1) and satisfying the group
cocycle identity

f(h,k)—f(ghk)—l—f(g,hk)—f(g,h)=0

With such a cocycle, the conjugation in the group is given by the formula

(9.a).(h,b).(g,a)"" = (ghg™",a+ f(g.h) — f(ghg™",9)) (3)

and by imposing a smoothness condition on f in a neighborhood of 1, then we can differentiate
this formula twice, and obtain a bracket on go ® Z(g) defined by

[(x7a)’ (y7b)] = ([‘rvy]’DZf(xay))

where D?f(z,y) = d*f(1,1)((x,0),(0,y)) — d?f(1,1)((y,0), (0,z)). Thus, if D*f(z,y) equals
w(z,y), then we recover the bracket (1). Hence, if we associate to w a group cocyle f satisfying
some smoothness conditions and such that D?f = w, then our integration problem is solved.
This can be done in two steps. The first one consists in finding a local Lie group cocycle defined
around 1. Precisely, we want a map f defined on a subset of G x G containing (1,1) with values
in Z(g) which satisfies the local group cocycle identity (cf. [Est54] for a definition of local group).
We can construct explicitely such a local group cocycle. This construction is the following one
(cf. Lemma 5.2 in [Nee04]) :

Let V' be an open convex 0-neighborhood in gy and ¢ : V' — Gq a chart of Gy with ¢(0) =1
and d¢(0) = idg,. For all (g,h) € ¢(V) x ¢(V) such that gh € ¢(V') let’s define f(g,h) € Z(g)

by the formula
= [ oo
Yg.h

where w™ € Q2(Go, Z(g)) is the invariant differential form on Gy associated to w and v, is
the smooth singular 2-chain defined by

Yot 8) = B¢~ (gd(s6™ (1)) + s(6~ (9o ((1 — 1)~ (h)))))



This formula defines a smooth function such that D?f(z,y) = (33 y). We now only have to
check whether f satisfies the local group cocycle identity. Let (g, h, k) € ¢(V)? such that gh, hk
and ghk are in ¢(V). We have

F(h, ) = Fgh, k) + F(g, hk) — F(g,h) = / e / ey / i / in

g:h
— / winv
a“lg.,h,k

where 7, 1, 1 is a smooth singular 3-chain in ¢(V') such that Oy nx = 9Vn.k — Yoh.k + Va.hk — Va.h
(such a chain exists because ¢(V') is homeomorphic to the convex open subset V of gg). Thus

(k) — f(ghs k) + F(g hk) — F(g,h) = /a i
Yg,h

ok
— / dde’Ln’U
Yg,h,k

=0

because w™™ is a closed 2-form. Hence, we have associated to w a local group 2-cocycle, smooth
in a neighborhood in 1, and such that D?f(z,y) = w(x,y). Thus we can define a local Lie group
structure on Gg x Z(g) by setting

(gaa)(h’b) = (9h>a+gb+ f(gah))v

and the tangent space at (1,0) of this local Lie group is isomorphic to g. If we want a global
structure, we have to extend this local cocycle to the whole group Gy. First P.A. Smith ([Smi50,
Smi51]), then W.T. Van Est (|[Est62]) have shown that it is precisely this enlargement which
may meet an obstruction coming from both m2(Gg) and 71 (Go).

To integrate Leibniz algebras into pointed racks, we follow a similar approach. In this context,
we use the fact that we know how to integrate any (finite dimensional) Lie algebra. In a similar
way as the Lie algebra case, we associate to any Leibniz algebra an abelian extension of a Lie
algebra go by an anti-symmetric representation Z,(g). As we have the theorem for Lie algebras,
we can integrate go and Zp(g) into the Lie groups Go and Z(g), and, using the Lie’s second
theorem, Zr,(g) is a Go-module. Then, the main difficulty becomes the integration of the Leibniz
cocycle into a local Lie rack cocycle. In chapter 3 we explain how to solve this problem. We
make a similar construction as in the Lie algebra case, but in this context, there are several
difficulties which appear. One of them is that our cocycle is not anti-symmetric, so we can’t
consider the equivariant form associated to it and integrate this form. To solve this problem,
we will use Proposition 1.3.16 which, in particular, establishes an isomorphism from the 2-nd
cohomology group of a Leibniz algebra g with coefficients in an anti-symmetric representation a®
to the 1-st cohomology group of g with coefficients in the symmetric representation Hom(g, a)®.
In this way, we get a 1-form that we can now integrate. Another difficulty is to specify on which
domain this 1-form should be integrated. In the Lie algebra case, we integrate over a 2-simplex
and the cocycle identity is verified by integrating over a 3-simplex, whereas in our context we
will replace the 2-simplex by the 2-cube and the 3-simplex by a 3-cube.

Chapter 1: Leibniz algebras

This whole chapter, except the last proposition, is based on [Lod93, LP93, Lod98|. We first give
the basic definition we need about Leibniz algebra. Unlike J.-L. Loday and T. Pirashvili, who



work with right Leibniz algebras, we study the left Leibniz algebras. Hence, we have to translate
all the definitions needed in our context. As we have seen above, we translate our integration
problem into a cohomological problem, thus we need a cohomology theory for Leibniz algebras
and, a fortiori, a notion of representation. We take the definition of a representation over a
Leibniz algebra given by J.-L. Loday and T. Pirashvili in [LP93]. In particular, they show in
this article the equivalence between the category of representations and the category of modules
over an associative algebra denoted UL(g). Always following [LP93], we define the Leibniz
cochain complex of a Leibniz algebra with coefficients in a representation and describe the HLO,
HL' and HL?. In particular, we show that the HL? corresponds to the right invariants, HL'
corresponds to the derivations modulo the inner derivations and the HL? corresponds to the
abelian extensions. Then, we give some canonical abelian extensions associated to a Leibniz
algebra (characteristic extension, extension by the left center and extension by the center). We
end this chapter by a fondamental result (Proposition 1.3.16). This proposition establishes an
isomorphism of cochain complexes from CL"(g,a®) to CL" (g, Hom(g,a)®). The important
fact in this result is the transfer from an anti-symmetric representation to a symmetric one. This
will be useful when we will have to associate a local Lie rack 2-cocycle to a Leibniz 2-cocycle.

Chapter 2: Lie racks

The notion of racks comes from topology, in particular, the theory of invariants of knots and links
(cf. for example [FR]). It is M.K. Kinyon in [Kin07] who was the first to link racks to Leibniz
algebras. The idea of linking these two structures comes from the Lie groups and Lie algebras
case, and particularly, from the construction of the bracket using the conjugation. Indeed, a way
to define a bracket on the tangent space at 1 of a Lie group is to differentiate the conjugation
morphism twice. Let G a Lie group, the conjugation is the group morphism ¢ : G — Aut(G)
defined by ¢, (h) = ghg™'. If we differentiate this expression with respect to the variable h at 1,
we obtain a Lie group morphism Ad : G — Aut(g). We can still derive this morphism at 1 to
obtain a linear map ad : g — End(g). Then, we are allowed to define a bracket [—,—] on g by
setting [x,y] = ad(x)(y). We can show that this bracket satisfies the left Leibniz identity, and
that this identity is induced by the equality c,(cn(k)) = cc,(n)(cy(k)). Thus, if we denote c,(h)
by gt>h, the only properties we use to define a Lie bracket on g are

1. g : G — G is a bijection for all g € G.
2. g>(h>k) = (g>h)>(g>k) for all g, bk € G
3. g1 =1and I>g =g for all g € G.

Hence, we call (left) rack, a set provided with a binary operation > satisfying the first and the
second condition. A rack is called pointed if there exists an element 1 which satisfies the third
condition. We begin this chapter by giving definitions and examples, for this we follow [FR].
They work with right racks, hence, as in the Leibniz algebra case, we translate the definitions to
left racks. In particular, we give the most important example called (pointed) augmented rack
(Example 2.1.13). This example presents similarities with crossed modules of groups, and in this
case, the rack structure is induced by a group action.

As in the group case, we want to construct a pointed rack associated to a Leibniz algebra using
an abelian extension. Hence, we need a cohomology theory where the second cohomology group
corresponds to the extension classes of a rack by a module. We take the most general definitions of
module and cohomology theory given by N. Jackson in [Jac, Jac07]. These definitions generalize
those given first by P. Etingof and M. Graia in [EG03]| and secondly by N. Andruskiewitsch and



M. Grafia in [AGO03]. With these definitions, we translate into the left rack context, the proof
given by N. Jackson in [Jac07] which establishes that the second cohomology group classifies
the abelian extensions (Theorem 2.3.9). We deduce easily the pointed version of this theorem
(Theorem 2.3.17).

A group being a rack, it is natural to ask ourselves whether there exists a link between group
cohomology and rack cohomology. The formula (3) reminds us that there exists a morphism
between these cohomology theories. In Proposition 2.3.24, we give an explicit formula, which
is, to our best knowledge, new, for a morphism of cochain complex from the cochain complex
calculating the group cohomology to the cochain complex calculating the rack cohomology. We
show in appendix A (section A.7) that this formula gives a morphism of cochain complexes using
the trunk theory introduced by R. Fenn, C. Rourke and B. Sanderson in [FRS95].

At the end of this chapter, we give the definitions of local rack cohomology and (local) Lie
rack cohomology.

Chapter 3: Lie racks and Leibniz algebras

This chapter is the heart of our thesis. It gives the local solution for the coquecigrue problem.
To our knowledge, all the results in this chapter are new, except Proposition 3.1.1 due to M.K.
Kinyon ([Kin07]). First, we recall the link between (local) Lie racks and Leibniz algebras ex-
plained by M.K. Kinyon in [Kin07] (Proposition 3.1.1). Then, we study the passage from smooth
As(X)-modules to Leibniz representations (Proposition 3.2.4) and (local) Lie rack cohomology
to Leibniz cohomology. We define a morphism from the (local) Lie rack cohomology of a rack
X with coefficients in a As(X)-module A% (resp. A%) to the Leibniz cohomology of the Leibniz
algebra associated to X with coefficients in a® = Ty A (resp. a®) (Proposition 3.3.1). Then, in the
case of symmetric modules, we link this morphism with the morphism [D*] defined in [Nee04]
from group cohomology to Lie algebra cohomology. Precisely, we show in Proposition 3.3.6 that
there exists a commutative diagram

(G, A) 2L mRre (@, 4%

lw*] iw”]

H*(g,0) — = HL*(g,0)

where [i*] is the canonical morphism from Lie algebra cohomology to Leibniz algebra cohomology
with coeflicients in a symmetric representation. The end of this chapter (section 3.4 to 3.7) is on
the integration of Leibniz algebras into local Lie racks. We use the same approach as E. Cartan
for the Lie groups case. That is, for every Leibniz algebra, we consider the abelian extension by
the left center and integrate it. This extension is caracterised by a 2-cocycle, and we construct
(Proposition 3.4.9) a local Lie rack 2-cocycle integrating it by an explicit construction similar to
the one explained in the Lie group case. This construction is summarized in our main theorem
(Theorem 3.5.3). We remark that the constructed 2-cocycle has more structure (Proposition
3.4.13). That is, the rack cocycle identity is induced by another one. This identity permits us to
provide our constructed local Lie rack with a structure of augmented local Lie rack (Proposition
3.6.3). We end this chapter with examples of the integration of non split Leibniz algebras in
dimension 4 and 5.



Appendix A: Trunks

The goal of this appendix is to define a morphism of cochain complexes from the cochain complex
calculating the group cohomology to the cochain complex calculating the pointed rack cohomol-
ogy. To reach this goal, we use the trunk theory developped in [FRS95]. This theory permits us
to construct by a simplical method (using inclusions of the n-simplex in the n-cube) the wanted
morphism.

A trunk is a generalisation of the notion of a category. The idea of trunks is simple: we can
see naturally a group G as a category, where the objects and the morphisms are the elements of
G, and the composition in the category comes from the product in the group. Because of the
axioms of a group, this is a category. The question which comes up naturally is: when we replace
the group structure by the rack structure, is it possible to make a similiar construction? Trunk
answers this question in the positive.

In the first half of this appendix, we follow [FRS95] to define the trunks, the morphisms
between trunks and give some examples. Because they study right racks, they define a trunk
theory different from the one we use in this appendix. Therefore our definitions and results are a
little bit different from theirs, and are just the translation in the left rack context. The authors
introduce an important notion in this theory, namely the nerve of a trunk. This allows them to
have a cubical description of (pointed) rack cohomology with coefficients in an As(X)-module
(Proposition A.6.1).

In the second half, we use this cubical description to construct the morphism from the group
cohomology to the pointed rack cohomology of a group defined in Proposition 2.3.24. To do
this, we recall a simplicial description of the group cohomology (Proposition A.7.6), and using
canonical inclusions of the n-simplex in the n-cube (A.4), we define the wanted morphism (A.5).
To our knowledge, this construction is new, and gives a very interesting link between these two
cohomology theories.



Chapter 1

Leibniz algebras

1.1 Definitions

Definition 1.1.1. A Leibniz algebra g over K is a K-module equipped with a bilinear map,
called the bracket,

[ -]:gxg—g
satisfying the Leibniz identity

[z, [y, 2]l = [[2, 9], 2] + [y, [2,2]] Va,y,z€9

Remark 1.1.2. There are two definitions for Leibniz algebras, the left Leibniz algebras and the
right Leibniz algebras. Here we give the definition of a left Leibniz algebra (we say left because
the linear map [z,—] : g — g is a derivation for the bracket [—, —]). To define a right Leibniz
algebra, we ask to the bracket to satisfy the right Leibniz identity [z, [y, 2]] = [[z, ], 2] — [[z, 2], y].
In this thesis, we consider only left Leibniz algebras over R.

Definition 1.1.3. Let g be a Leibniz algebra. A Leibniz subalgebra of g is a vector subspace
b of g such that [x,y] € h Va,y € bh.

A left (resp. right) ideal of g is a vector subspace b such that [x,y] (resp. |y,z]) € h Vz €
by €g.

A ideal in g is a left and right ideal in g.

Proposition 1.1.4. Let g be a Leibniz algebra, we have [[z,z],y] =0 Vz,y € g.

Proof : This equality comes from the Leibniz identity. For z,y € g, we have

[CE, [Ivy]] = H‘T7x]’ y] + [Iv [$7y]]
Thus [[z, z],y] = 0.
[l

Let g be a Leibniz algebra. If we suppose that the bracket is anti-symmetric, then the Leibniz
identity is equivalent the Jacobi identity. Hence, a Lie algebra is a Leibniz algebra. On other
hand, the obstruction for a Leibniz algebra to be a Lie algebra is measured by an ideal denoted
Gann- By definition, guny is the right ideal generated by the set {[z,z] € g|z € g}. Because of
Proposition 1.1.4, guny is a left ideal, thus gguy,,, is an ideal of g, and the quotient of g by gunn is
a Lie algebra denoted by gr;.. We remark that if g is a Lie algebra, then gq.,, is zero and g is
equal to grie-



Definition 1.1.5. Let g and b two Leibniz algebras. A morphism of Leibniz algebras f : g — b
is a linear map which respects the bracket, that is

f(lz,9]) = [f(2), f(y)] Ve,yeg

Example 1.1.6. If g is a Leibniz algebra, then ad : ¢ — End(g) is a morphism of Leibniz
algebra. Indeed, we have Vz,y,z € g,ad([z,y])(2) = [[z,y], 2] = [z, [y, z]} ly, [z, 2] = (ad(x) o
ad(y) — ad(y) o ad(z))(z). Hence, ad([z,y]) = [ad(z),ad(y)] Vz,y € g, thus ad is a Leibniz
algebra morphism.

Proposition 1.1.7. Let f : g — b be a Leibniz algebra morphism, then Ker(f) is an ideal in g.

Proof : Let x € Ker(f),y € g, we have f([z,y]) = f(ly,z]) = [f(z), f(y)] = 0. Hence, Ker(f)
is an ideal in g.

O

1.2 Representations

1.2.1 Definition

Definition 1.2.1. Let g be a Leibniz algebra, a g-representation is a vector space M equipped
with two bilinear maps

[—,—lo:gxM—>Mand |[—,—]p: Mxg— M
satisfying the following three axioms:
[, [y, m]Lle = [z, y],mle + [y, [z, m]L]L (LLM)
[z, [m,ylr]L = [[z,m]L,ylr + [m, [z, y]]r (LML)
[m, [z,y]lr = [[m, 2]r, ylr + [z, [m, y]r]L (MLL)

Remark 1.2.2. The axioms (LML) and (M LL) implies the relation
[[x7m]L7y]R+[[m;(E]Ray]R =0 (Z-D)
Example 1.2.3. Let (g, [—, —]) be a Leibniz algebra, then g is a g-representation where [—, —|1, =

[_7 _]R = [_’ _]'
Definition 1.2.4. Let g be a Leibniz algebra and let M be a g-representation. M is called

symmetric when
[gjvm]L = 7[?7L,£C]R Vz € gmeM

M is called anti-symmetric when
[m,z]p =0 YxegmeM
M s called trivial when it is symmetric and anti-symmetric. That is,
[z,m]r = [m,z]g =0

Remark 1.2.5. Let g be a Lie algebra and let M be a g-module (in the Lie sense). Then we
can consider M as a symmetric g-representation putting

['Tvm]L = 7[771,17]3 = [x,m] Vo € g,meM
and we can consider M as an anti-symmetric g-representation putting

[x,m]r = [z,m] and [m,z]p =0 Vx e gme M

10



1.2.2 Universal enveloping algebra of a Leibniz algebra

Let g be a Lie algebra, a g-module can be viewed as a module over the associative and unital
algebra U(g). In the Leibniz algebras case, we have the same kind of result.

Definition 1.2.6. Let g be a Leibniz algebra. The universal enveloping algebra of g is the
associative and unital algebra
UL(g) :=T(g@9)/1

where T(g @ g) is the tensor algebra ®,(g ® g)®" and I is the two-sided ideal generated by the
relations

0= ([2,9],0) = (2,0) ® (y,0) + (¥, 0) ® (z,0) (1.1)
0=(0,[z,y]) — (,0) ® (0,y) + (0,y) ® (z,0) (1.2)
0=1(0,y) ® (x,z) (1.3)

Theorem 1.2.7. Let g be a Leibniz algebra. The category of g-representations is isomorphic to
the category of left U L(g)-modules.

Proof : Let M be a g-representation. We have to define a morphism of unital and associative

algebras
UL(g) — End(M)

We define a linear map g ® g — End(M) putting
(@,y) = (m — [z,m]L + [m,y]r)
This map extended in a unique way to a morphism of algebra
T(g®g) — End(M)

By the axiom (LLM) (resp (LM L)), (1.1) (resp. (1.2)) is sent to zero. Moreover, in the presence
of (LML), the axiom (M LL) is equivalent to (ZD). Thus (1.3) is sent to zero, too. Hence, there
is a morphism

UL(g) — End(M)

Conversely, if we have a left UL(g)-module, we define two linear maps [—,—|; and [—, —]gr
putting
[z,m]r = (2,0).m and [m,z]gr = (0,z).m Vx €g,meM

The fact that these two linear maps satisfiy the axioms (LLM), (LML) and (MLL) is easily
verified.

O

In the first section, we have seen that there is a Lie algebra gr;. associated to g and we
can consider the universal enveloping algebra U(gr;.). The following proposition establishes
morphisms between UL(g) and U(grie)-

Proposition 1.2.8. Let g be a Leibniz algebra. There are algebra homomorphisms
d07d1 : UL(g) — U(gLie) and So - U(gLie) — UL(g)

which satisfy
doSo = d180 =1id

11



Proof : Define do,d; : UL(g) — U(gric) and sg : U(grie) — UL(g) by
do(l’,O) = .’E, do(O,x) =0

dl(x,O) =z, do(o,l‘) = -
and
S()(Lf) = ((E,O)
It is clear that dy, d; and sg are well-defined algebra homomorphisms (since ([z,z],0) = (0,0)).

O

Remark 1.2.9. Let M be a gr;.-module (in the Lie sense), then this proposition gives us two
ways to define on M a structure of g-representation. Indeed, a gr;.-module M is a vector space
with a morphism of algebras U(gr.) LR End(M). To have a structure of g-representation on
M, we have to define a morphism of algebras UL(g) 2, End(M). In our case, to define A, we
have two canonical choices. One is to compose p with dy and the other is to compose p with d;.
The first gives to M a structure of anti-symmetric g-representation and the second a structure

of symmetric g-representation. In the case where g is a Lie algebra we find the result in Remark
1.2.5.

1.3 Cohomology of Leibniz algebras

1.3.1 The cochain complex

Let g be a Leibniz algebra and let M be a g-representation. We define a cochain complex
{CL”(& M)a dg}nzo putting |
CL™(g, M) :== Hom(g®", M)

and
d} : CL™(g, M) — CL"*'(g, M)
where
n—1 )
diw(zg, ..., zn) = (=D)"[zi,w(xoy oy Liy ooy )]+ (—1)”71[w(x0, ey Tn—1), Tn|R

%
+ Z (—1)Z+1w(.’£0,...7l’j,1,[{Ei,xﬂ,l'j+1,...,$n)
0<i<j<n

iM

Lemma 1.3.1. d}"'od} =0

To prove this lemma, we use Cartan’s formulas. For all y € g and n € N, we define two linear
maps 0(y) : CL"(g, M) — CL"(g, M) and i(y) : CL" (g, M) — CL"(g, M) by

e(y)(f)(xlaaxn) = [y,f(mla"'axﬂ)hz _Zf(mla"'a[yvxi]v"'ﬂxn)

and

W), wn) = [y, 215005 20)

12



Proposition 1.3.2 (Cartan’s formulas). We have the following identities
1. dp~" oi(y) +i(y) o dy = 6(y).
2. 6(x) o 0(y) —0(y) o O(z) = 6([x,y]) for n > 0.
3. 0(x) oi(y) —i(y) o O(x) = i([z,y]) for n > 0.
4. 0(y) od = dj o 0(y).
Proof of Cartan’s formulas:

L. For n = 1 we have d? (i(y)(f)(21) = —[f(y), 21]r and i(y)(dL()(x1) = db(f)(y,1) =
[y, f(:lﬂl)]L + [f(y),lﬂfl]fe — f(ly, 21]). Hence, dj oi(y) +i(y) o d}, = 0(y).
Now let n > 1, we have

dp (i) () (@1, wn) = i(—l)i[iﬂui(y)(f)(ffl 77777 i, )L
i=1
+ (D)) () (@1, Ta1) 2R
+ Z (71)ii(y)(f)(9:17'"7[$i7xj]""vxn)
1<i<j<n

— ‘ (—1)i[:vl-,f(y,:c1,...,@,...,xn)]L

+(Zj11>”‘1[f(y,x1 ----- Tn-1),2n]R
+1<;<n(1)if(y T1, e [Ty )
and
i L ()@, 2n) = [y, fla1,- ., mn)]L‘f'Ti;l(_l)l Hao flysans o Tiyesaa)le
+ (=) (W, T1s s Tn1), Tl R — 1; fla, sy md, . wn)
+1<;< (—1)i*1f(y,x1,...,[xi,xj}_,:.,xn)
Thus dj~* oi(y) +i(y) o d} = 0(y).
2. We have
0(z)(0(y)(£)) (@1, zn) = [2,0(y)(f) (@1, ., 2a)lL —i:@(y)(f)(wl ----- [z, i), ... 2n)

13



+ Z flz, ..., v, z;],- -, [z, 2], ..., Zn)
i,7=1,77#1

+ Zf(xl [y, [z, z:]], .- -, Tp)
i=1

(0(@)(0(y)(f)) = W) (O@) () (@1, 20) = [, 9], f(21, . 20)]L — Zf(ﬂfu oyl
= 0([z,y))(f)(z1,. .., 2p)
. We have
0(@) (i (W) () (@1, wn) = [0, i) (@)l = D i) ()@, w2, )
=1
- [xaf(yaxla 7xn)]L7 f(y L1, v[xvle a‘rn)
and
i(y)(0(z) () (1, zn) = 0(@) ()Y, 21, .., 20)
= [z, f(y, 21, -, o)l — f([@, 9l 21,0 Tp)
— Zf(ymcl ..... [, 2], ...y Tn)
Thus (6(x) oi(y) —i(y) o 8(x))(f)(x1,. .., zn) = f(lzx,y], 21, .. ., Zn). That is 6(z) o i(y) —

i(y) o 0(x) = i([z,y]).
. We proceed by induction on n. For n = 0, we have
0(y)(dz(m))(x1) = ly, dz(m)(z1)] — dy (m)([y, 1))
= —[y; [m, z1]r|L + [m, [y, z1]]r
and
dy (0(y)(m))(z1) = [0(y)(m), 21]r
= [[m, ylr, z1]r

and using the axiom (M LL) we have 0(y) o d} = d% o §(y). Now suppose that n > 0, we
have

(d7 00(y) = 0(y) o dp)(f) (w1, - wn) = (i(21) 0df 0 O(y) —i(z1) 0 O(y) 0 dF)(f) (w2, -, 2n)

14



Hence it is sufficient to show that

i) o df o 6(y) — i(x) 0 O(y) 0 d}, = 0

We have

i(z) o d} 0 0(y) —i(z) 0 O(y) o df = O(x) 0 O(y) — dj " oi(x) 0 O(y) +i([y, z]) o df
—6(y) o i(x) o dj
=0(x) 0 0(y) —di " oi(x) 0 0(y) + 0(ly, z]) — d} " oi(ly, z])
+0(

y)ody " oi(x) —O(y) o 0(x)
*d”_loi()w(y) dy " o[y, a]) +0(y) ody ™ o i)

—dy~toi(z) 0 O(y) —dp " o[y, a]) +dp T 0 0(y) i)
=0

Hence 0(y) o d} = d} o 0(y).

O
Proof of the Lemma: We have in low dimension
dy (dym)(z1,2) = o1, dym(zs)]r + [dym(z1), 22)r — dy f([21,22])
—[z1, [m, 22]R]L — [[m, 21] R, T2|R + [M, [21, 2] R
=0 by axiom (MLL)
To prove the general case, we proceed by induction. We have
dp T L () (s ) = (i(z) o df T o d) () (@2, Tng)
but by (1) we obtain
i(x1) o dZ'H od} =0(x1)od} —d} oi(xy)od}
— O(a1) o i — d} 0 6(ay) + d o d} 0 i)
=0
O

Definition 1.3.3. Let g be a Leibniz algebra and let M be a g-representation. The cohomology
of g with coefficients in M is the cohomology of the cochain complex {C' L™ (g, M), d} }n>0.

HLn(g7M) = Hn({CLn(gaM)7 z}nzo) Vn >0

1.3.2 A morphism from Lie cohomology to Leibniz cohomology

A Lie algebra g being a Leibniz algebra, it is natural to hope a link between Lie cohomology and
Leibniz cohomology of g. Recall (cf. [HS97, CE56]) that the Lie cohomology of Lie algebra is
defined as the cohomology of the cochain complex {C"(g, M), d"},>0 where

C"(g,M) = Hom(A"g, M)

15



and
n

d"w(wo, ... xn) = Y (=1)zi,w(®0,... %, 1))

i=0
+ Z (=) w(xo,. .. x5, [z, 5], 241, - Tn)
0<i<j<n

In Remark 1.2.5, we have seen that we can give to a Lie module M two stuctures of Leibniz
module. One is symmetric and the other is antisymmetric. The following proposition establishes
a morphism from the Lie cohomology of a Lie algebra g with coefficients in a Lie module M to
the Leibniz cohomolgy of g with coefficients in the Leibniz representation M?.

Proposition 1.3.4. Let g be a Lie algebra and let M be a g-module. We have a morphism of
cochain complexes

C"(g, M) = CL"(g, M)
given by the canonical inclusion of Hom(A™g, M) into Hom(g®™, M).

Proof : The formula for the differentials is the same. Hence, the result is clear.

1.3.3 HIL°,HL' and HL?
HILO

Let g be a Leibniz algebra and let M be a g-representation. By definition, CL%(g, M) = M and
d9m(z) = —[m, z]g. Hence,

HL(g,M) = ZL%(g, M) = {m € M|[m,2]gp =0 Vz € g}

It is called the submodule of the right invariants. We remark that if M is anti-symmetric, then
HIL (g, M) = M.

HL!
Let g be a Leibniz algebra and let M be a g-representation. By definition,
dp(w)(z,y) = [z, w(y)]lL + [w(z), y]lr — w(z,y])
Hence,
ZL'(g, M) = {w € Hom(g, M)|[z,w(y)]r + [w(z),y]r = w([z,y]) Y,y € g}

An element of ZL(g, M) is called a derivation from g to M, and the module of derivations is
denoted by Der(g, M). Moreover, we have

BL'(g, M) = {w € Hom(g, M)|w(x) = [m,z]gVz € g}

An element in BL'(g, M) is called an inner derivation and the module of inner derivations is
denoted by InnDer(g, M). Finally, we have

HL'(g, M) = Der(g, M)/InnDer(g, M)

16



HL?

Definition 1.3.5. An abelian extension of Leibniz algebras is a short exact sequence of Leibniz
algebras 0 - M — g — g — 0 such that M is an abelian Leibniz algebra ([M,M] = 0).

Proposition 1.3.6. Let 0 — M ER g RN g — 0 be an abelian extension of Leibniz algebras, then
M is a g-representation.

Proof : We have to define two bilinear maps [—, | :gx M — M and [-,—]g : M xg— M
which satisfy the axioms (LLM), (LML) and (M LL). We put

[z, m]p = i7" ([s(2),i(m)]g) and [m, 2]r = i~ ([i(m), s(2)]5)

where s is a linear section of p.
The first thing we have to show is that these actions don’t depend on the section.
Let s another section of p, we have s(x) — s'(x) € (M), so [s(x) — s'(x),i(m)]z = 0 and

[i(m), s(z) — s'(2)]5 = 0.
For the axioms (LLM), we have to show that [[z,y]g, m|r = [z, [y, m|c]r — [y, [z, m]L]L. We
have

i([[z,ylg. m]L) = [s([z, ylg), i(m)]g
and

il [y, mle]e =y, [e,mlc]e) = [s(x), [s(y), i(m)]ala — [s(y), [s(2), i(m)]glg = [[s(x), s(y)]g, i(m)]g

But s([z,ylg) — [s(z),s(y)]g € (M), so [s([z,y]g),i(m)]z = [[s(x),s(y)]g,i(m)]g. Using the
Leibniz identity, we have (LLM).
For the axioms (LML) and (M LL), the argument is similar.

Definition 1.3.7. Let g be a Leibniz algebra and let M be a g-representation. An abelian
extension of g by M is a short exact sequence of Leibniz algebras

0—- M N g LA g—0
such that M is abelian and the action of g on M induced by the extension coincides.

Definition 1.3.8. Let g be a Leibniz algebra and let M be a g-representation. We say that two
abelian extensions of g by M, 0 — M 5§ 5 g—0and0— M 3 g, 2 g — 0 are equivalent

if there exists a morphism g, 2, g2 such that the following diagram commutes

0 M g1 g 0
zdl i ¢ lzd
0 M 2 QQ P2 g 0

Remark 1.3.9. The morphism ¢ is necessarily a isomorphism. Indeed, let z € g; such that
¢(x) = 0. We have pa(¢p(x)) = p1(z) = 0, so there exists m € M such that @ = i;(m), and,
because of ¢(i1(m)) = ia(m) = 0 and the injectivity of iz, we have x = 0. Now, let y € go,
we have y = o2(p2(y)) + y — o2(p2(y)) where o2 = ¢ o o1 with o7 a linear section of p;. Let
x = o01(p2(y)) and m € M such that ix(m) = y — 02(p2(y)), we have pa(d(z +i1(m))) = p2(y)
and ¢(z +ix (1)) — o2 (p(6(z + i1 (m))) = y— 0a(pa(y)). So Gz +ix(m)) = y and @ is surjective,
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We denote by Ext(g, M) the set of equivalence classes of extensions of g by M.

Example 1.3.10. Let g be a Leibniz algebra, let M be a g-representation and w € ZL?(g, M),
then we can define an abelian extension of g by M

0—-MSgo, MLg—0
where the Leibniz bracket on g ®,, M is defined by
[(Iv m), (xlv m/)] = ([377 xl]’ [$7 m/]L + [m7 x/]R + w(m, .%‘/))

This bracket satisfies the Leibniz identity because of the axioms (LLM),(LML),(MLL) and
the cocycle identity. Indeed, we have

[(Z‘, m)’ [(x/v ml)v (xl/7 m//)H = [(l‘, m)a ([xlv .13”], [Z‘/, m”]L + [m/v l‘//]R + w(‘xlv x”))]
= ([.%‘, [CL'/7.Z‘/IH, [337 [CU/, m//]L]L + [xv [m/7x”]R]L
[z, w(@’, 2")]L + [m, [, 2" ]| + w([z, [/, 2"]]))

+

[.’L‘ x/]7 [.’L‘, m/]L + [m’ x/]R + w(x’ x/))7 (x/lv m//)]
[l‘,fvl], 'r”]v H.%:E/LWLN]L + [[xvm/]valqR

+ [[mv x/]R7 z//]R + [w(:c, xl)v x//]R + W([zv 33/], l‘//)

=
5
3
B
2
&,
3,
I
=
a\
3

(2], [z, m" )L + [m, 2" g + w(x,2”))]
= ([xlv [:C7 'Tllnu [1'/, [xa m//]L]L + [xlv [ma xn]R]L
+ [ wi@, 2" + [, [z, 2"]|r + w([2’, [, 2"]]))

Now
(LLM) = [z, [2",m"]L]L = [[2,2"], m"]L + [2' [ m"]L]L
(LML) = [, [m', 2" gl = [[z,m/]1,2"|r + [, [2,2"]]r
(MLL) = [m’ [xlvx“]]R - [[mvw ]Ra ]R + [.T ) [m’ Z ]R]L
and

we ZL* (g, M) = [z,w(z’, 2" + w([z, [2/,2"]]) = [w(z, o), 2" |r + w([z,2'], ")
+ [m',w(w,x”)]L + w([$/7 [.7;,3;‘”]])

Hence the Leibniz identity is satisfied.

Proposition 1.3.11. Let g be a Leibniz algebra and let M be a g-module. Every class of abelian
extensions in Ext(g, M) can be represented by an abelian extension of the form 0 — M -
aP, M N g— 0.

Proof : Let 0 — M -5 a2 g — 0 an abelian extension of g by M and o a linear section of this
short exact sequence. We define a linear map w : g ® g — M putting

w(z,2") =i~ ([o(),0(a")] — o([z,2']))

18



We have

dpw(x, o', 2") = [z, w(@’, ") + w(lz, [, 2"]]) = [w(z,2"), 2" ]

[w(
2, w(a,2")]L — w(lz 7[ "))

— i~ ([o(a"), Z(w(w x ))]) —w(fz', [z,

|

= (o) o] + ol o)) — 7 oDy o(a)] + ol

=i ([o(a), (@), o)) + o ([ a D] — i (o (&), o[, 2" )] + o 2,2 )

= i (o (@), [o (), 0] - lo(@), o[, 2"D)] + fo(@), o (@', 2] - o ([, /")
)),0( ,

Thus w € ZL%(g, M), and we can consider the abelian extension 0 — M iR gd, M 2 g— 0.
Now, we want to show that this extension is equivalent to 0 — M = § 2 g — 0, that is, we

have to find a morphism g &, M 4, g such that the following diagram commutes
0O—M—>gb M ——>9—>0

T

p

0—=M——=¢§ g——=0

We take
o(x,m) =1i(m) + o(x)
Clearly this diagram commutes. Moreover, we have
¢([(,m), (@', m)]) = ¢([z, 2], [x,m/] + [m, 2] + w(z,2"))
= i(fz,m]) + i([m,2']) +i(w(@,2")) + o[z, 2"])
= [o(x),i(m")] + [i(m), o (2")] + [0(2), 0(2")] — o ([z,2]) + o([2,2"])
= [i(m) + o(x),i(m') + o (2"))]
= [8(z,m), ¢(z’,m)

Hence ¢ is a morphism of Leibniz algebra and the two extensions are equivalents.

Proposition 1.3.12. Two abelian extensions 0 - M — gb, - g — 0 and 0 - M — gb, —
g — 0 are equivalent if and only if w and W' are cohomologous.

Proof : Suppose there exists a morphism ¢ : g, M — gP. M such that the following diagram
commutes

0—M——>gB, M ——9—>0

T

0—>M—>gBs M —=g—>0
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¢ is necessarily of the form ¢(z,m) = (z,m + a(z)) where « is a linear map from g to M.
Moreover, we have

qﬁ([(%m), (xlvm/)]) = qS([x,x'], [xvm/]L + [m, ‘T/]R + w(xva/))
- ([I,IL‘/], [xvm/]L + [va/]R + W(xax,) + OL([I’,ZL’/]))
and
[qb(am m)7 ¢($/, m/)] = [(CL‘, m+ O‘(x))> (3;‘/, m' + O‘(ml))]
= ([l‘,.’ﬂl], [mvm/]L + [:L’, a(x/)]L + [mvm/]R + [O‘(x)vxl]R + w'(x,x’))
Thus the fact that ¢ is a morphism of Leibniz algebra involves
w(z,2') —w'(z,2") = [z, a(2))]L + [a(2), 2[R — al[z,2'])

that is w — w’ = dpa. Hence w and w’ are cohomologous.

Conversely, if we suppose that w and w’ are cohomologous, then there exists o such that
w—w' =dpa. If we define ¢ : g®, M — g M by the formula ¢(x, m) = (x, m + a(x)), then
¢ is a morphism of Leibniz algebra which makes the diagram commutative.

O

Hence we have the following theorem which links the set Ext(g, M) of equivalence classes of
abelian extensions of g by M and the cohomology space H L?(g, M).

Theorem 1.3.13. Let g be a Leibniz algebra and let M be a g-module. Then there exists a
bijection
Eaxt(g, M) ~ HL?*(g, M)

The characteristic abelian extension of a Leibniz algebra

Let g be a Leibniz algebra, previously we have defined a Lie algebra gy ;. canonically associated
to g. We defined gr;. as the quotient of g by the left ideal g4, generated by {[z,z],x € g}. This
ideal is precisely the obstruction for g to be a Lie algebra.

Proposition 1.3.14. [z,y] =0 V& € gann,y € 8. In particular gany is abelian.

Proof : This follows directly from Proposition 1.1.4.

Hence we have an abelian extension

[ P
Jann ™ @ = BLie

This extension is called the characteristic abelian extension of the Leibniz algebra g.

Because of Proposition 1.3.14, the induced structure of gy ;.-module on gy, is anti-symmetric.
Thanks to Theorem 1.3.13, the class of this extension corresponds to a class of cohomology in
HL*(gLie, §ann)- We call this element, the characteristic element of the Leibniz algebra g.

The abelian extension by the left center of a Leibniz algebra
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Let g be a Leibniz algebra, the left center Zp(g) is the kernel of the map ad : g — End(g).
That is,
Z1(g) ={z € gl[z,y] = 0Vy € g}

This is the kernel of a Leibniz algebra morphism, so it is an ideal of g. Hence, the quotient of g
by Z1(g) is a Leibniz algebra. Moreover, because of Proposition 1.3.14, we have gunn C Z1(g),
thus the quotient of g by Zr(g) is a Lie algebra. We denoted this quotient by gg, this is a Lie
subalgebra of End(g). Z1(g) is an abelian Leibniz algebra, hence we have an abelian extension

7 P
Zr(g) = 8~ go

This extension provides Z (g) with a structure of go-representation. By definition of Z1,(g), this
is an anti-symmetric representation. This extension will be used in the integration of a Leibniz
algebra.

The abelian extension by the center of a Leibniz algebra

Let g be a Leibniz algebra, the center Z(g) is the subspace of g defined by

Z(g) ={z cgl[z,y] = [y,2] = 0Vy € g}

11 is clearly an ideal of g, hence the quotient of g by Z(g) is a Leibniz algebra. In this case, gann
is not necessarily included in Z(g), so the quotient g is not, a priori, a Lie algebra. The Leibniz
algebra Z(g) is abelian, hence we have an abelian extension

7 p
Z(g) — 9~ 9z

This extension provides Z(g) with a structure of gyz-representation. By definition of Z(g), this
is a trivial representation.

1.3.4 A link between Leibniz cohomology with coefficients in a sym-
metric representation and Leibniz cohomology with coefficients
in an antisymmetric representation

Let g be a Leibniz algebra and let M be a vector space with a linear map [—,—] : g®@ M — M
which satisfies the axiom (LLM). We establish for all n € N an isomorphism from the n-th
cohomology group HL"(g, M?) to the (n — 1)-th cohomology group HL" (g, Hom(g, M)*).

First, we have to define a structure of a symmetric g-representation on Hom(g, M).

Proposition 1.3.15. Let g be a Leibniz algebra and let M be a vector space with a linear
map [—,—] : 9 ® M — M which satisfies the axiom (LLM). Then the linear map {—,—} :
g® Hom(g, M) — M defined by

{z,0}(y) = [z,0(y)] — o([z,y])
satisfies (LLM).
Proof : Let z,y,z € g, we have

{[z,9],0}(2) = [[z,4],0(2)] = o(([z, 4], 2])
= [, [y, 0| = [y, [z, 0(2)]] = o([z, [y, 2]]) + o ([y, [z, 2]])

21



and

{2y, 01} (2) = {y: {z, 0}}(2) = [, {y, o} (2)] = {w, 0} ([, 2]) = [y, {, 0} (2)] + {z, 0}([y, 2])
= [z, [y, 0] = [z, 0([y, 2])] = ly, o([z, 2])] + o [y, [, 2]])
=y [z,0()) + [y, o[z, 2])] + [, 0([y, 2])] = o ([, [y, 2]])
= [z, [y, 0] + o[y, [z, 2]]) = [y, [z, 0 (2)]] = o ([, [y, 2]])

Hence {[z,y],0} = {z,{y,0}} — {y,{z,0}} and (LLM) is satisfied.

t

If we have a vector space M with a bracket [—, —] which satisfies (LLM) we may define two
structures of g-representations on it. One is symmetric taking [—, —| = —[—, —]r = [—, —], and
the other is anti-symmetric taking [—, —]r = [—, —],[—, —]g = 0. We will denote the symmetric

structure by M?® and the anti-symmetric by M.

The following proposition links the cohomology of g with coefficients in M® and the coho-
mology of g with coefficients in Hom(g, M)*.

Proposition 1.3.16. Let g be a Leibniz algebra and let M be a vector space with a linear map

[—,—]:9® M — M which satisfies (LLM).
We have an isomorphism of cochain complexes

CL"(9. M) ™ CL" (g, Hom(g, M)")
given by w — 7" (w) where
T W) (®1, .oy 1) (Tn) = w(T1, ..., T0)

Proof : This morphism is clearly an isomorphism Vn > 0. Moreover, we have

n—2

dpr™ (W) (@0, s 1) (@n) = Y (=1 i, 7" (W) (T0, -, Fiy -y )] ()
i=0
+(=1)" a1, 7" (W) (20, - - -, Tn_2)](zn)
+ Z (=) 7™ (W) (20s - -y Tj—1, [T, 2], Tty oy T ) (T0)
0<i<j<n—1
n—1
= D (D" w(@o, s Fiy o T 1, @0)] = (B0, iy T, [T, T0]))
i=0
+ Z (—1)2+1w(1‘0,...,.13]‘_1,[$Z‘,$j],$j+1,...,l‘n_1,$n)
0<i<j<n—1
n—1
= > (~D'[w,w(@o, .-, Fiy oo T, )]
=0
+ Z Z+1 xOv"'7Ij—17[Iivxjhxj-‘rla'"axn—lazn)
0<i<j<n
= drw(zo,...,Tpn-1,Tn)
= " dw) (o, Tno1)(Tn)

Hence {7"},>0 is a morphism of cochain complexes.
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O

Remark 1.3.17. This proposition is a generalisation of a remark given by T. Pirashvili in section
2 - Proposition 2.1 of his article [Pir94]. This is also a particular case of the Corollary 2.21 in
the Master’s thesis of Benoit Jubin [Jub06].
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Chapter 2

Lie racks

2.1 Racks

2.1.1 Definitions

Definition 2.1.1. A rack is a set X with a product > : X x X — X such that z>_ : X — X
is a bijection for all x € X and which satisfies the rack identity

x> (y>z) = (e>y)>(2>2) Vo,y,z€ X
Sometimes we denote the map z>_ : X — X by ¢,. The rack identity becomes
Cx © Cy = Cey(y) © Ca
and because of the invertibility of c,, we can rewrite the rack identity
croey 00t = coy)

In other word the map ¢ : X — Bij(X) sends the product > in X to the conjugation in the
group Bij(X). Because of this fact, we call the product > the conjugation.

Remark 2.1.2. The conjugation in a rack X is non associative, so we have to be careful with
the position of the parentheses in an expression xi>>...>z,. In the sequel, the expression
21> ... >y, is equal to x> (22> (... > (Xp—1Dxy) ... ), that is (¢zy 0 Czy 0+ 0 Cp, ) (Tn)-

Remark 2.1.3. Let X be a rack, then we deduce directly from the axioms that (z>z)>y = x>y
for all x,y € X, but we do not have necessarily x>z = x for all x € X. A rack satisfying this
condition is called a quandle.

Definition 2.1.4. A morphism of racks is a function f : X —Y such that for all x,y € X

flay) = f(@)>f(y)

Observe that the rack identity is equivalent to the condition that ¢, is an automorphism of
racks for all z € X.
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2.1.2 Examples
Example 2.1.5 (Group). A group G is a rack by taking the conjugation as the product >

g>h == ghg™!

The axioms are satisfied because gi>_ : G — G is a bijection with inverse g~ '>_ and we have
g>(h>k) = ghkh™'g™" = ghg™'gkg~'gh™'g™" = (g>h)>(g>k)

We denote this rack by Conj(G), Geonj or G if there is no ambiguity. Moreover a group morphism
gives rise to a rack morphism, hence we can define a faithfull functor C'onj from the category of
groups to the category of racks.

Example 2.1.6 (Digroup). The notion of digroup is a generalisation of the notion of group.
This structure was suggested by the work of J.-L. Loday on dialgebras (cf. [Lod97] or [Lod01]).
This structure comes naturaly when we try to generalize the functors linking the categories of
groups, Lie algebras and associative algebras.
Z[-] Lie

Group %ﬁ As ﬁT Lie
In the same way, we have functors linking the categories of digroups, Leibniz algebras ans dial-
gebras.

) z[-] Leib

Digroup = Dias = Leib

Moreover, we have commutative diagrams of categories

Lie .
As —— Lie
inci iinc
. Leib .
Dias — Leib

and
Z[-]

Group As

incl linc
Z[-]

Digroup —— Dias

Digroups were introduced and studied by several people at the same time (M.K. Kinyon
[Kin07], K. Liu [Liu] and R. Felipe [Fel]). Here we give the definition, a brief summary of the
properties of a digroup and the link with racks.

Definition 2.1.7. A digroup is a set X with two associative products -, X x X — X and a
distinguished element 1 € X which satisfy

1.
(ekFy)Fz=(xdy k2
xd(ydz)=x4(yk 2)
(xby)dz=zF (ydz)
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2. forallze X, 1Fx=x-11=uz.

3. for all x € X there exists an element y € X such that x-y=y 4z =1.
Example :

1. A group is an example of a digroup where - =-= -, the group multiplication.

2. Let G be a group and A a G-set with a fixed point 0, then there is a digroup structure on
the cartesian product G x A putting

(9,a) F (h,b) = (gh, g.b)
(970') - (h7b) = (ghva)
(g:0)"" =(g71,0)
1=(1,0)

Remark 2.1.8. An element which verifies the third axiom is necessarily unique. Indeed, suppose
that there exist y,z € X such that y Hx =z Fy=2z-dz=xF z=1. We have

z=1Fz2
=(y-dxz)kz
=@yhkax)tkz
=yt (zt2)
=yk1

If we exchange the roles of y and z, we find y=zF 1, hencey=zF1=yF1F1=yF 1 and

z = 5. We denote this element by x~1.

Proposition 2.1.9. Let X be a digroup, we have
Lz trl=14a"t=a""
2.zk1=142=(z"H!

S (zhy)t=y o=y 4L

Proof :

1. This is clear, because of the remark above.

2.2 F(@Fl)=@tlr)Fl=(@!!H4)Fl=1F1=1land (zF1)H2x" =2 (1
r Y =zFal=1

3. (a)
(b)

(Fy @ tre ) =(@zryry HYFal=@rF)Faz =1

lraHYd@hy =@ ko) d@dy) =y F @ H@Hy) =y - (1

Y= F)dy=yt-y=1

) (xrFy) k@ itHda ) =(ary Fy HHdr =@+ ) A4 =ak- 14271 =
rhal=1

@ @ Hae YA @ky =@ He ) H @Ay =y @ H(zHy) =y H (1
Y=y ' HA)dy=ytHy=1

O
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Let X be a digroup, then there are two remarkable subsets of X denoted by I(X) and E(X),
defined by
I(X)={z'eX|zeX}

and
EX)={eeX|ertaz=axde=2 Vz e X}

Proposition 2.1.10. Let X be a digroup, we have

1. I(X) is a group.

2. EX)={z"'FtreX|zeX}={zHd2x e X|z e X}.

3. I(X) acts on E(X).

4. for all x € X, there exists a unique couple (y~1,e) € I(X) x E(X) such that x =y~ Fe.
Proof :

1. Let 271y~ € I(X), we put

eyl ey =y Y

We have 1 = 171 so 1 € I(X). Moreover 1 -z~ =2 1.1 =2"1and (z7 )71 .27 =
271 (271)7t = 1, because of the preceding results.
Hence I(X) is a group.

2. Let x € X, we show first that x~! - 2 € E(X).
Let y€ X, wehave (z ! Fa)Fy=(ztHa)Fy=1Fty=yand y 4 (z7  Fx2) =y
(x7lH2)=yA1=y.
Hence 71 2 € E(X).
Now let e € B(X), we haveet1=14e=1s0e ! =1.
Soe=etkeand E(X)={z'Fxe X/z € X}.
In the same way, one shows that E(X) = {zr 4271 € X |z € X}.

3. We define an action of I(X) on E(X) putting
ey Ry =T R (T Ry A @)

We have 27 1.(y=! F y) € E(X) because (x7L.(y P Fy) k2= (a7t F (y !+ y) A
() Hrz=@ @y try @) Hrz=zandz4 (z Ly thy) =24 (" -
b iry)Ad@H Y =z24@ 4@ Fy) 4 (7)1 = 2. A routine calculation shows
that 27 L.(y 1. (27t 2) = (27 ty ™ H.(z7 L F 2).

4. Let x € X, we have x = (7 1)7! I (z7! F z). Hence there exist y = € I(X) and e € E(X)
such that z = y~! - e. Moreover, if we suppose that there exists a couple (y~,e) such
that z =y ke thenz = (y lhe) l=elr(y H =@ so(x )t =y L
On the other hand, we have 27! - 2 = (y™1)"!' F (y=!  e¢) = e. Hence the couple
(y=te) € I(X) x BE(X) which verifies z = y~! I e is necessarily unique.

O

Corollary 2.1.11. The product x>y := x -y 4 ™! satisfies the rack identity.
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Proof : We have

(z>y)>(z>2) = (zFy) Az ™) F @k (zHd27) A (@ (yd2z71) ™!
=((@ky) ke )@k (Eda™) A @k (™ 427
=(((zFyFeHFa)F(dz ) 4@k (yt Ha™h)
=((@eFyFa Hra) k(427 4@k H27h)
=((@Fy k@ Ha) k(427 A @k (y™ H27h)
=((@FyFYFEAz ) A @k H2h)
=(@FyFAF(z42™)) 4@k (' Ha™h)
=(@kykEAa)) A @@r (™ 427
=@FyF(dz7 )@k H427h))

(@hy k() 4@k @y H27h)
=@Fy k(427 )Ha)F (yH H27h)
=@ky)F (4@ o) F ! Ha™h)
=@k (A @ Ha™)
=@Fy kR H4a™h)
=zkF@ykFErFy ) dz!
= 2> (y>2)

Corollary 2.1.12. If (X,F,,1) is a digroup, then (X,>>) is a rack.

Example 2.1.13 (Augmented rack). This is maybe the most important example of rack. In-
deed, any rack might be provided with the structure of an augmented rack. In this example, the
rack structure comes from a group action on a set, and an augmented rack is not so far from a
crossed module (see [FR, FRS95]).

Let G be a group, let X be a G-set and a function X 2 G satisfying the augmentation
identity, that is for all g € G and x € X
plg-a) = gp(a)g~".

If we consider G acting on itself by conjugation and on X, this condition is just the equivariance
of p with respect to these actions. Then we can define a rack structure on X putting

>y = p(r).y

For all x € X, the map z>>_ : X — X is a bijection, because this map is defined by the action
of G on X. Moreover, the rack identity is true because of the augmentation identity. Indeed, for
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all z,y,z € X we have

We call X 5 G an augmented rack.

Example :

1. A group G can be viewed as the augmented rack G id G, where G acts on itself by
conjugation.

2. Let X be a digroup, then X - I(X) is an example of an augmented rack. Indeed, I(X) is
a group and it acts on X by

s ly=az"trFyH (gv_l)_1

We have i(z7ty) =i(z7 ' Fy A (z7) D) =2t Fy L (271)7! = 27 1>i(y), thus i is
equivariant.

Definition 2.1.14. Let X % G and Y 5 H two augmented racks. A morphism of augmented
racks f: (X & G) — (Y % H) is a pair of maps (fu, fa) where

1. The map fq: G — H is a morphism of groups.
2. fu: X =Y satisfies fu(g.2) = fa(g).fu(z) for allg € G and z € X.

8. The following diagram commutes
X ey Y
pi a
fa
G——H

Proposition 2.1.15. Let f : (X & G) — (Y 5 H) be a morphism of augmented racks, then
fu: X =Y is a morphism of racks.

2.1.3 Some groups associated to racks

Free group: Let X be a rack, then the free group generated by the set X, F/(X), acts on X by
(1...2p).x = (Cgy 0+ 0¢Cy, ) ()

Bijection group: Let X be a rack, then the group of bijections of X, Bij(X), acts on X by

bz = 6(x)

IS
8
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Automorphism group: Let X be a rack, then the group of automorphims of X, Aut(X), is a
subgroup of Bij(X) and so acts on X.

Proposition 2.1.16. X 5 Aut(X) is an augmented rack.

Proof : Aut(X) is a group and acts on X, so the only thing that we have to verify is the
equivariance of ¢, that is c4(,) = pocy 0 ¢~ We have

co(2)(P(y)) = d(z)>d(y)
= p(z>y)
= (poca)(y)

Hence cg(4) 0 ¢ = ¢ o ¢y, that is, ¢ is equivariant.
O

Operator group: Let X be a rack, the operator group of X, Op(X), is the subgroup of Aut(X)
generated by the image of ¢ : X — Bij(X). Op(X) is a subgroup of Aut(X), so it acts on
X and X % Op(X) is an augmented rack.

Associated group: Let X be a rack, the associated group of X (or universal enveloping group),
As(X), is the quotient of the free group F(X) by the normal subgroup generated by the
set {(zy~tz Y (z>y) |2,y € X}.

Proposition 2.1.17. The action of F(X) on X induces an action of As(X) on X, and
the natural map X % As(X) is an augmented rack.

Proof : As(X) is a group and acts on X, so the only thing that we have to verify is the
equivariance of u, that is p(w.r) = wu(z)w=t. Let z ..., a representative of the class
w. We have

plw.z) = p(ce, 0+ 0 ¢z, )(2))

= u(@1)p((Cay © -0 g, ) (@) (a1 ™)

= pl@1) ... plen)p(@ple ). plan )

= (z1...xp)pu(x)(z, oY)

Hence u is equivariant.
(]

The importance of As(X) comes from the fact that this group satisfies the following uni-
versal property.
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Proposition 2.1.18. Let X be a rack and let G be a group. Given any morphism of racks
f: X — Conj(G), there exists a unique morphism of groups fy : As(X) — G which makes
the following diagram commute

X — As(X)

fl Ty

Conj(G) G

id
Moreover, any group with the same universal property is isomorphic to As(X).

Proof : Let f: X — Conj(G) be a morphism of racks, then there exists a unique group
morphism ¢ : F(X) — G. Moreover, the fact that f is a morphism of racks implies that
o((z>y)ry~tr~!) = 1 for all x,y € X. Hence the morphism ¢ factors to a morphism
fi 1 As(X) — G, and the commutativity of the diagram is clear. The uniqueness of As(X)

follows by the usual universal property argument.
O

The following corollary is an easy consequence of this proposition.

Corollary 2.1.19. As is left adjoint to Conj.

Finally, we have seen that an augmented rack X - G induces a rack structure on X.
Conversely, any rack X might be seen as an augmented rack with structure group As(X).
That is, we have a forgetful functor AugmentedRack — Rack, which has a left adjoint
Rack — AugmentedRack.

2.1.4 Pointed racks

In the case of groups, the neutral element 1 has certain properties which play an important role
for the link between Lie groups and Lie algebras. Indeed, to define a Lie algebra structure on
the tangent space at 1 of a Lie group, we use the property gi>1 = 1 forall g € G in order to
define the morphism Ad. Likewise, we use the property 1>g = ¢,Vg € G in order to define the
morphism ad. Hence, our goal being to extract the necessary and sufficient properties of the Lie
group structure which permit us to associate a Lie algebra to it, we have to take into account
those properties. These properties lead us to the concept of pointed rack.

Definition 2.1.20. A rack is called pointed, if there exists an element 1 € X such that
Ipe=xandax>1=1 Vre X

Definition 2.1.21. If X and Y are pointed, a morphism of pointed racks is a morphism of racks
such that f(1) = 1.

Example 2.1.22 (Group). We have seen that a group G is a rack with the conjugation as
product. This rack is pointed by 1 € G. Indeed, we have

Ibg=gand g>l=1 Vge G
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Example 2.1.23 (Digroup). We have seen that a digroup (X, +, ) is a rack with the product
>y=xkFy-dz!

This rack is pointed by the neutral element of the products F and -. Indeed, we have
Idr=1Fzdl=zandapl=aF142z =@ ) 'Fat=1VoeX
Example 2.1.24 (Pointed augmented rack). We have seen in Example 2.1.13 that, given an
augmented rack X 2, G, we have a rack structure on X given by

ay = p().y

If there exists an element 1 € X such that p(1) =1 and g.1 =1 Vg € G, then the augmented
rack X 2 @ is pointed.

Remark 2.1.25. We have seen in section 2.1.3 that there is a functor Conj : Group — Rack
with left adjoint As : Rack — Group. Actually, for G a group, Conj(G) is a pointed rack,
and we have a functor Conj, : Group — PointedRack. This functor has a left adjoint As, :
PointedRack — Group defined on the objects by As,(X) = As(X)/ < {[1]} >, where < {[1]} >
is the subgroup generated by [1].

2.1.5 Topological, smooth and Lie racks

To generalize Lie groups, we need pointed racks with a differentiable structure compatible with
the algebraic structure. This is the notion of Lie racks. We will see in Proposition 3.1.1 that
a Lie rack provides the tangent space at the neutral element with the structure of a Leibniz
algebra.

Topological racks
Definition 2.1.26. A topological rack is a topological space X with a rack structure such that

1. The product > : X x X — X is continuous.

2. Vx € X, ¢, is a homeomorphism.

A topological rack X is pointed if X is a pointed rack.

Smooth and Lie racks

Definition 2.1.27. A smooth rack is a smooth manifold X with a rack structure such that
1. The product > : X x X — X is smooth.
2. Vx € X, ¢, is a diffeomorphism.

A Lie rack is a pointed smooth rack.

2.1.6 Local racks

A Lie rack structure on a set is a global structure, i.e. defined on the whole set. In fact, to
define a Leibniz algebra structure on the tangent space at a point, we only need a local Lie rack
structure in a neighborhood of this point. This leads us to the concept of local racks. We will see
in Proposition 3.1.5 that the tangent space at the neutral element of a local Lie rack is provided
with the structure of a Leibniz algebra. The main result of our thesis is that conversely, to every
Leibniz algebra, there exists a local Lie rack which integrates it.
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Definitions

Definition 2.1.28. A local rack is a set X with a product t> defined on a subset Q of X x X
with values in X such that the following axioms are satisfied:

1. If (z,y), (z, 2), (y, 2), (z,y>2), (x>y, x>z2) € Q, then x> (y>2) = (a>y)>(2>2).

2. If (z,y), (z,2) € Q and x>y = x>z, then y = z.
Definition 2.1.29. Let X and Y two local racks, a morphism of local racks is a map f :
X =Y such that if x>y is defined in X, then f(x)>f(y) is defined and equal to f(z>y).
Examples
Example 2.1.30. Let X a rack, then every subset U of X is a local rack.
Example 2.1.31 (Local group). (see W.T. Van Est[Est62] or N. Bourbaki [Bou72|)

Definition 2.1.32. A local group is a set G with a product m, defined on a subset Q of G x G
and with values in G, and a map i : G — G such that the following axioms are satisfied

1. If (g, h), (h, k), (m(g, h), k), (9, m(h, k)) € € then m(m(g, h), k) = m(g, m(h, k)).

2. Vg € G,(1,9),(9,1) € @ and m(1,9) = m(g,1) = g.

3. Vg € G, (i(9), 9), (9,1(g)) € @ and m(i(g),9) = m(g,i(g)) = 1.

Let G a local group, then G is a local rack putting >y = xyz~! whenever this expression is
defined.
2.1.7 Pointed local racks
Definition

Definition 2.1.33. A local rack is called pointed, if there exists a distinguished element 1 € X
such that 1>z and x>1 are defined for all x € X and are respectively equal to x and 1. This
element is called the neutral element.

Examples

Example 2.1.34. Let X a rack, then we have stated that every subset U of X is a local rack.
Moreover, if we suppose that X is pointed and 1 € U, then U is a pointed local rack.

Example 2.1.35 (Local group). We have seen that a local group G is a local rack. This is also
a pointed local rack with neutral element 1 € G.
2.1.8 Topological, smooth and Lie local racks

Definition 2.1.36. A topological local rack is a topological space X with the stucture of a
local rack with respect to a subset Q) € X x X such that

1. Q is an open subset of X x X.
2. >:Q — X is continuous.

A topological local rack X is pointed, if X is pointed.
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Definition 2.1.37. A smooth local rack is a smooth manifold X with a structure of local rack
with respect to a subset 3 € X x X such that

1. Q is an open subset of X x X.
2. >:Q — X is smooth.

A local Lie rack is a pointed smooth local rack.

2.2 Rack modules

To define a cohomology theory for (pointed) racks, we first have to find the right definition
of a (pointed) rack module. Here we take the definition given by N. Jackson [Jac07] which
generalizes the definitions given by P. Etingof and M. Grana [EG03] and the more general one
given by Andruskiewitsch and Grana [AGO03].

2.2.1 Definition

Definition 2.2.1. Let X be a rack, an X-module A = (A, $,v) is a family of abelian groups
{As}eex with two families of homomorphisms of abelian groups ¢, @ Ay — Agsy and gy ¢
Ay — Agzyy such that for all z,y,z € X:

(My) ¢s,y is an isomorphism.

(Ml) ¢x,y|>z © Qby,z = ¢m|>y,:c[>z © ¢ac,z

(M2) buy>z0Vy,2 = Vapyapz © Puy

(M3) Yoypz = Papyamz © Vo,z + Yasyasz © Yuy

The X -modules where all the A, are isomorphic, are called homogeneous, and those where this
is not the case, are called heterogeneous. A homogeneous X-module where Ay = A, ¢y = id
and Yy = 0 for all x,y € X is said to be trivial.

Remark 2.2.2. Let G be a group, a G-module is the same as a functor A : C(G) — Ab, where
C(G) is the category associated to G with one object and one morphism for each element of G.
Given a rack X, we can define an X-module in the same way. In this case, the construction
does not yield a category, but a so-called trunk. We gather more information about trunks in
appendix A.

Let X be a rack, we define a trunk T'(X) by setting
Objects: z € X

Morphisms: for all z,y € X, two morphisms ayy : Ay — Azpy and 8,y 1 Ap — Appy

Prefered squares:

Qy, 2 By, =
2 —— Yz Yy —ybz
am,zl iux.ybz am,yi lam,ybz
>z —— DYz >y —— Yy z
Azp>y,zb>z o>y, x>z

We easily see that an X-module A is a trunk map A : T(X) — Ab such that the axioms (M)
and (M3) are satisfied (see Appendix A for the definition of trunks).
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2.2.2 Examples

Example 2.2.3. Let X be a rack and let A be an abelian group, then A is canonically a
homogeneous trivial X-module.

Example 2.2.4. Let X be a rack and let A be an abelian group equipped with an action of
As(X). We define a homogeneous X-module putting for all z,y € X

A=A
Gz yla) =z.a
Vg y(a) =a— (z>y).a
We call this X-module the symmetric X-module on A and denote it by A°.

Example 2.2.5. Let X be a rack and let A be an abelian group equipped with an action of
As(X). We define a homogeneous X-module putting for all z,y € X

A, =A
buy(a) = 2.
1/13773,((1) =0

We call this X-module the anti-symmetric X-module on A and denote it by A®.

Remark 2.2.6. The trivial module A, denoted by A'", is an example of a symmetric and
anti-symmetric module. In this case, the action of As(X) is trivial.

2.2.3 Pointed rack module

2.2.4 Definition

Definition 2.2.7. Let X be a pointed rack, an X -pointed module A = (A, ¢,) is an X -module
which satisfies the following axiom

(My) 1,y =ida, Vy€ X andp,, =0 Vo e X

2.2.5 Examples

Example 2.2.8. Let X be a pointed rack and let A be an abelian group, then A is canonically
a homogeneous trivial X-pointed module.

Example 2.2.9. Let X be a pointed rack and let A be an abelian group equipped with an action
of As(X). We have seen that A® is an X-module. In fact, A® is a pointed X-module, because
we have

$1y(a) =la=aand Y, 1(a) =a— (z>l)a=a—1la=0

Example 2.2.10. Let X be a pointed rack and let A be an abelian group equipped with an
action of As(X). We have seen that A% is an X-module. In fact, in the same way as in the
preceding example, A% is a pointed X-module, because we have

¢14(a) =1.a=a and P, 1(a) =0

Remark 2.2.11. The trivial module is an example of a symmetric and anti-symmetric pointed
module, where the action of As(X) is trivial. We denote a pointed module A with a trivial
structure still by A",
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2.3 Cohomology

It is natural to ask if, like for many algebraic structures (groups, Lie algebras, associative alge-
bras), there exists a cohomology theory associated to (pointed) racks. In this section, we expose
the definition given by N. Jackson in [Jac| which generalizes the definition given first by P.
Etingof and M. Grana [EGO03| and secondly by N. Andruskiewitsch and M. Grana [AG03|. Then
we show that the second cohomology group is in bijection with the set of equivalence classes of
abelian extensions.

A cohomology theory being defined for (pointed) racks and a group being a (pointed) rack,
another natural question is whether there exists a link between the cohomology of groups and
the cohomology of racks. The explicit link is explained in Proposition 2.3.24.

We finish this section with the definition of smooth and local cohomology for racks. The link
between rack cohomology and Leibniz cohomology will be given in the next section.

2.3.1 Cohomology of racks
Definition

Let X bearack andlet A = (A4, ¢, ¥) be an X-module. We define a cochain complex {CR"(X, A),d%}n>0
putting
CR”(X, A) = {{fmh.u,xn € Azlb...bzn}(ml ..... zn)eX”}

and
d}: CR™"(X,A) — CR"™ (X, A)
where
(drll%f)flv--wfn-#l = Z(fl)iil((rbﬂmD..‘l>;u7w1l>~~l>fil>.~>wn+1 (fwhm,fi,m,wwrl) - f11-,--~7$7:>m+17~--»567‘,>56n+1)
i=1

H(=1)"Yz 1> pan a1 ban_1enis (Sor,zn)
Remark 2.3.1. This expression is well-defined using the Lemma 2.3.20.

Lemma 2.3.2. d%Jrl odg =0

n+1
Proof : We decompose d} = Z(—l)i_ld?, where for ¢ < n,
i=1
d?f(xh ey xn-&-l) = ¢$1l>~~~>wz‘,I1l>~~>fi>ml>zn+1 ((ffﬂl,uw:fiwwaanrl) - fl‘l7---,$i|>37i+17-~7$il>wn+1)
and for i =n+1,
dﬁ+1f(961, e axn+1) = 77/)zll>...>a:n,m1D...Dzﬂ,_lbmn_H (fml,...,zn)

Then, it is straightforward to verify that for 1 <i < j<n+1
i od) =di T ody
and thus dy™ o d}, = 0.
O

Definition 2.3.3. Let X be a rack and let A be an X-module. The cohomology of X with
coefficients in A is the cohomology of the cochain complex {CR™(X,A),d%}n>0.

HR"(X, A) := H"({CR™(X, A),d%}ns0) ¥n >0
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HR?*(X,A) and abelian extensions of racks

Definition 2.3.4. An (abelian) extension of the rack X by an X-module A = (A, ¢,) is a
rack epimorphism

EL X
which satisfies the following axioms.
(Eo) for all x € X, there is a simply transitively right action of A, on p~!(x).
(Ev) for allu € p~Y(x),a € Ay,v € p~t(y), we have (u.a)>v = (u>v).1b, ,(a).

(E2) for allu € p~t(x),v € p~i(y),a € Ay, we have u>(v.a) = (u>v).¢5 4 (a).

Definition 2.3.5. Two extensions F; P X and E, 2 x of a rack X by an X-module A =
(A, d,¢) are called equivalent, if there exists a rack isomorphism

B E,
which satisfies the following axioms
1. ppof=np;.
2. Vr e X,u€ (E1)y,a € Ay we have 6(u.a) = 6(u).a.

We denote by Ext(X,.A) the set of equivalences classes of X by A.

Example 2.3.6. Let X be a rack, let A = (A, ¢,%) be an X-module and f € ZR?(X, A). Then
we define an abelian extension of X by A

E(A f) > X,

by
EA, f)={(z,a)|a € A,z € X},

with rack operation
(.CE, a)[>(y7 b) = ($>y7 ¢x,y(b) + 'l/)m,y(a) + fm,y)a

where p is the projection onto the first factor. The action of A, on p~!(x) is defined by (z,a).b =
(x,a+b). It is clear that this action satisfies the axiom (Ejp).

This product satisfies the rack identity, because of the axioms (M), (Mz), (M3) and the cocycle
identity. Indeed, we have

(z,a)>((y,b)>(2,¢)) = (z,a)>(y>z, dy,2(c) + by=(b) + fy.2)
= (2> (Y>2), b2y 2 (Dy,2(¢) + Vy,2(0) + fy,2) + Vuyp2(a) + foyos)
= (2> (Y>2), (Pr,y>2 © Py,2)(€) + (Prypz © Vy,2) (D) + Gu iy (fy,2)
+ Y ye2(a) + foysz)
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((z,a)>(y,0))>((z,a)>(2, ¢)) = (2>Y, P,y (b) + Yy (@) + fu,y)>(2>2, @r 2 () + Va2 (a) + fo2)
= ((zpy)>(2>2), avyorz(Pe,2(C) + Yo,z(a) + fa,2)
+ ¢x>y,x>z(¢w,y(b) + lffac,y(a) + fa:,y) + fny,:ch)
= ((z>y)>(2>2), (Posy,apz © G2,2)(€) + (Papy,asz © Yo 2)(a)
+ ey onz(foz) + (Vanyasz © Gey) () + (Vosyansz © Yo y)(a)
+ Yovy ez (fry) + fosyesz)

By the axioms of a module, we have

(Ml) = ¢m,yl>z o ¢y,z = ¢xl>y,m>z o ¢z,z
(MQ) = ¢x,yl>z o wy,z = wwby,xbz o d)ac,y
(M3) = '(/)z,ybz = ¢x>y,ml>z © wx,z + wwby,wbz © wz,y

and by the cocycle identity, we have

¢z,yl>z(fy,z) + fr,yDz = ¢zl>y,ml>z(fz,z) + le>y,m>z + wzby,mbz(fz,y)

Hence the rack identity is satisfied.
Moreover, we have

((,a).b)>(y,c) = (z,a+ b)>(y, c)

= (a>Y, da,y(c) + Yay(a+b) + foy)

= (2>Y, u,y(c) + Yay(a) + Yo,y (D) + foy)
= (2>Y, u,y(c) + Yzy(a) + foy) Pa,y(b)
= ( ¢)

(2, a)>(y; €)) Ya,y ()

and

(z,a)>((y,b).c)) = (z,a)>(y,b +c)

= (2DY, G2y (b + ¢) + Yuy(a) + foy)

= (z>y, ¢x,y( )+ ¢z,y( )+ wm’y(a) + fa:’y)
= (2>y, du y( )+ wz,y(a) + faz,y)-(bz,y(c)
= (

(z,a)>(y,0))- ¢4 (c)

Thus the axioms (E) and (E2) are satisfied, and E(A, f) L X is an abelian extension of X by
A.

Proposition 2.3.7. Let X be a rack and let A be an X -module. Every equivalence class of abelian

extensions in Ext(X, A) can be represented by an abelian extension of the form E(A, f) 5 X,

Proof : Let E — X be an abelian extension of X by A and let s be a section of 7. We have for
allz € X s(x) € 7~ 1(x), because of (mos)(x) = z, so by the axiom (Ey), for all u € E, = 7~ 1(x),
there exists a unique a € A, such that u = s(z).a.

Since 7 is a homomorphism, s(x)>s(y) € 7~ (z1>y), and there exists a unique f, , € Azpy such
that s(z)>s(y) = s(x>y). foy-
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We have

s(z)>(s(y)>s(2)) = s(@)>(s(y>2). fy,2)
= (s(2)>s(y>>2)) - o ye-2 (fy,2)
= (s(2>(y>2)) . fayoz) Paye=(fy,2)
= 5(x>(y>2)).(feysz) + Goyez(fy.2)

and

(s(z)>5(y))>(s(x)>s(2))

s(@>y). fou)>(s(x>2).f2.2)

S(.Z'l>y)l>(8 -TI>Z>-fa:,z))-wwby,zbz(fw,y)

(3 x[>y)Ds(xbz))~¢x>y,zl>z(fz,z))~'l/}zl>y,x>z(fac,y)
(

S

(
(
((mby)D(IDZ))'.frDy,ach)-¢x>y,ml>z(fr,z))~7/}m|>y,x>z (fT,y)

(
(
(
(
= (s(x>(y>2))).(fevy.erz) + Pevyonz(fe,2)) F Yery a2 (foy)

Moreover, by the axiom (Ejy), we have

fz,ybz + ¢z,yl>z(fy,z) = fa:l>y,w>z + ¢m>y,wl>z(f:1:,z)) + wzby,xbz(fw,y)
and this is exactly the cocycle identity. Hence f € ZR?(X, A).

Now we want to show that this extension is equivalent to E(A, f) X , that is, we have to find
an isomorphism E(A, f) 2, E such that

mof=p
0((z,a).b) = 0(x,a).b

We take
O(xz,a) = s(x).a

0 is clearly an isomorphism with inverse 6~ (u) = (7(u),a), where a is the unique element in
Az uy such that u = s(7(u)).a.
Moreover, we have

and
0((z,a).b) =0(x,a+b) = s(x).(a + b) = (s(x).a).b = (6(x,a)).b
Hence E(A, f) b EFisan equivalence.
O

Proposition 2.3.8. Two abelian extensions E(A, f1) %L X and E(A, f5) % X are equivalent if
and only if f1 and fo are cohomologous.

Proof : Suppose there exists an isomorphism E(A, f1) 4, E(A, f2) such that

p2ot =p1
0((x,a).b) =0(x,a).b,

then for all € X, there exists o, € A, such that 6(z,0) = (z,0,). Moreover, we have

O(z,a) = 0((x,0).a) = 0(x,0).a = (z,0,).a = (x,0, + a)
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for all a € A,, since 6 preserves the right actions of A,.
Furthermore

9((%, a)D(y, b)) = G(xby, ¢z,y(b) + wx,y(a) + (fl)z,y) = (xl>y7 (b:rh,y(b) + "/}z,y(a) + (fl)x,y + Uzl>y)

and

0(z, a)DH(y, b) = (2,0, + a)D(y, oy + b) = (nya ¢a:,y(b) +¢x7y(0y) +wx7y(a) +wz,y(0'w) + (f2)ac,y)

are equal, because 6 is a rack isomorphism, and so

(f)zy = (f2)ay = Gay(0y) = Oupy + VYuy(0x)

Hence f; and f5 are cohomologous.

Conversely, if we suppose that f; and f; are cohomologous, then there exists ¢ such that
f1 — fo = dgo, and if we define 6 : E(A, f1) — E(A, f2) by the formula 0(z,a) = (z,a + 04),
then 6 is a isomorphism of racks. This shows that the two extensions are equivalent.

O

Because of the preceding propositions, we have the following theorem which relates the set of
equivalence classes Ext(X, A) and HR?(X, A).

Theorem 2.3.9. Let X be a rack and let A be an X -module. Then there exists a bijection

Ext(X, A) ~ HR*(X, A)

2.3.2 Cohomology of pointed racks
Definition

Let X be a pointed rack and let A = (A, ¢,1) be an X-pointed module. We define a cochain
complex {CR} (X, A),dp}n>0 putting

CRg(X, -’4) = {{fxl,...,xn S Axlb.“bxn}(wl,...,azn)EX" ‘f;cl,...,l,...,;cn = 0}

and
d% : CR™(X,A) — CR" (X, A)
where
n
@5 f)zranss =D (1) T (Grrobaraimnsdmissan (Frrdianss) = forabri o)
=1
+( )¢z1> DTp, 1> DT 1l>zn+1(fz1, ,:L’n)

Lemma 2.3.10. dj;" od =0
Proof : Same as in Lemma 2.3.2
O

Definition 2.3.11. Let X be a pointed rack and let A be an X -pointed module. The cohomology
of X with coefficients in A is the cohomology of the cochain complex {C R} (X, A),d%}n>0-

HR!(X, A) := H*({CR!(X, A),d%}n0) ¥n >0
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HR2(X,A) and abelian extensions of pointed racks

Definition 2.3.12. An extension of the pointed rack X by an X-pointed module A = (A, ¢, )
is an extension of the rack X by the X-module A

ES X
such that p is a morphism of pointed racks.

Definition 2.3.13. Two extensions Fq PL X and FEs 2 x of a pointed rack X by an X -pointed
module A = (A, ¢,v) are equivalent if there exist an isomorphism of pointed rack

E % R,

We denote by Ext,(X,.A) the set of equivalences classes of X by M.

Example 2.3.14. Let X be a pointed rack, let A = (A4, ¢,1) be an X-pointed module and
f € ZR2(X, A). Then we define an abelian extension of X by A

Ey(Af) & X

where
Ey(A, f)={(z,a)|a € Ay, z € X},

with rack operation
(x, a)[>(ya b) = (ID% ¢$,y(b) + 'L/)ac,y(a) + fx,y)a

neutral element (1,0) and p the projection on the first factor. The action of A, on p~1(z) is
defined by (x,a).b = (z,a + b). It is clear that this action satisfied the axiom (Ejp).

We just have to verify that (1,0) is a neutral element and p is a pointed rack morphism, for the
rest, this is the same raisonnement as before.

The map p is clearly a pointed rack momorphism, and because of (My) and f, 1 =0, f1,, = 0,
we have

(1,0)>(y,b) = (1>y, d1,4(b) + 11,4(0) + f1,y) = (y,0)
(,a)>(1,0) = (21, ¢2.1(0) + Yz 1(a) + fz1) = (,a)

Proposition 2.3.15. Let X be a pointed rack and let A be an X -pointed module. Every class
of abelian extensions in Ext,(X, A) can be represented by an abelian extension of the form

Ey(A, f) & X.

Proof : Let E —» X be an abelian extension of X by A and let s be a section of m such
that s(1) = 1. We construct the cocycle f in the same way as in (2.3.7). Furthermore s(y) =
s(D>s(y) = s(I>y).fr,y = s(y)-f1,y and 1 = s(x)>s(1) = s(z>1).fo1 = 1.fz1 s0 fiy = 0 and
fe1 =0. Hence f € ZR2(X, A).

Moreover, we construct an equivalence between E, (A, f) and E using exactly the same proof as
(2.3.7).

d

42



Proposition 2.3.16. Two abelian extensions E, (A, f1) %X and E,(A, f2) X are equivalent
if and only if f1 and fo are cohomologous.

Proof : This is the same proof as before. We just have to verify that o satisfies o1 = 1. Since
0(1,0) = (1,01) = (1,0), we have o1 = 1.

O

Because of the preceding propositions, we have the following theorem which links the set of
equivalence classes Ext,(X, A) and HR2(X, A).

Theorem 2.3.17. Let X be a rack and let A be an X -module. Then there exists a bijection

Ext,(X,A) ~ HR(X, A)

2.3.3 Cohomology with coefficients in an As(X)-module

This is our most important example. In this part, we link the cohomology of a rack in a symmet-
ric module to the cohomology of a rack in an anti-symmetric module. This result is the analogue
in the category of racks of Proposition 1.3.16 in the category of Leibniz algebras.

Let X be a (pointed) rack and let A be an abelian group with the structure of an As(X)-
module. We recall that we can put on A two structures of an X-(pointed) rack module. The
first structure is symmetric, denoted A®, and given by

A=A
Gz yla) =z.a
VYpyla) =a— (x>y).a

for all z,y € X,a € A.
The second is anti-symmetric, denoted A%, and given by

A=A
buy(a) = 2.
wm,y(a) =0

for all z,y € X,a € A.

In Proposition 1.3.15 , we have shown that if M is a module over a Leibniz algebra g, then
Hom(g, M) is a g-module too. The following proposition is the analoguous result for modules
over a rack.

Proposition 2.3.18. Let X be a rack and let A be an As(X)-module, then C1(X, A) = Map(X, A)
is an As(X)-module.

Proof : A is an As(X)-module, i.e. there exists a map ¢ : X — Bij(A) such that for all
z,y € X
¢o:\>y 0Py = ¢y 0 (by

We define a map ® : X — Bij(C'(X, A)) by putting Vo € X, f € C1(X, A)

(Iiw(f):(bzofoc;l
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It is clear that ®, is a bijection with inverse ®, ! defined by
e () =dr"ofoc
Now let z,y € X and f € CY(X, M), we have
Pony(P2(f)) = bany 0 Pal(f) 0 6;1

:¢xl>yo¢mofOC;1 Ocz_;y

:¢xo¢yofoc;100;1
Hence ® satisfies the identity @, (P, (f)) = Pupy (P (f)).

O

The following proposition establishes, like in the Leibniz algebra case, an isomorphism between
the n-th cohomology group of a rack with coefficients in a symmetric module A® and the (n—1)-th
cohomology group of a rack in the antisymmetric module C'(X, A)?.

Proposition 2.3.19. Let X be a rack and let A be an As(X)-module. We have an isomorphism
of cochain complexes

CR"(X,A%) 2% CR" (X, CY(X,A))
given by
O'n(f)(l'l, R Jin_l)(xn) = f('rh -y Tn—1, (C;nl,l ©---0 0;11)(mn))

To prove this proposition, we need some computational lemma.
Lemma 2.3.20. Let X be a rack. We have the following identity
(1> ... x> (21D .. DED> . Dr, D) = 21D .. DT, D

where T; denotes the omission of the factor x; in the product.
Proof : We have
(1> ... Dx)> (1> ... DT> ... Dr,br) = 21D (22D ... Dxy) D> (2D ... DT> ... Da, D)
= z1>xab> (3> ... Dx; ) D> (23> . .. DL ... DX, >)

=21 ... x> (2> (X1 > . DEg D))
=z>...D>x,D>T

Lemma 2.3.21. Let X be a rack. We have the following identity
1> DT D (T DX 1) D (1D, ) (2>E) = > . L Da, D
Proof : We have

1> D D (XD xg1 ) D (2D, ) D () = 21> Dro 1 D (DT> L D (2D, D)
=1 ... x> (D) . D (2D a, 1 D, )
=21 ... Dx 1D (>4 > .. DX, D)
=xz1>...>x,>T

44



Proof of the proposition: It is clear that o,, is a bijection for all n € N with inverse o !
defined by
o ()@, xn) = f(@, 21, (Coy 00 e, ) (T0))
Now let f € CR™(X, M) and x1,...,2,41 € X. By definition,
n
dRUn(f)(xl7 e 7xn)(xn+1) = Z(_1)1_1(¢$1>...l>a:i (O'n<f)(l‘1, LR 7@; B xn))(‘r’ﬂJrl)
i=1
—on ()@, DT, T T) (Tg))
We have
q>w1>~-l>a:i (O'n<f)($1, sy fi) s 75(577,)) = ¢:L’1|>-..|>Ii o O-Tb(f)(xl’ e 7@7 7$n) © 0;11l>...D;vi
and
Jn(f)(xla s a@a s 7xn) © C;11>...[>aci = f(xla s 7@7 ceey Ty (C;,} ©. 'Cf;il *ct 0 C;:ll) © (Cglll>...\>:ci)(*))'
Because of Lemma 2.3.20, we have
leb..vbmiocxlo...oc/m\io...ocxn:leo...ocmT”
SO -
(Cp 0-mvca - rocg)ocly pa = (o 0o0ey,)  =cg oo
hence we have
(Jn(f)(xh-w@wwffn)OCLD...MJ(%H) = f(x1, s i, ,xn,(c;:O- ’Oca?l)(xrﬁl))»
and
Do va (On() @1,y Ty oo ) ) (@Tg1) = Py ma (F(X1, 0o Ty ooy Ty (c;nlo- ocy, )(Tni1))
Moreover,
On(f) @1, o 2iDTig1, ., TiDTy) = f(X1, ., T DTi41, - o, TiD Ty, c;ilbmno . -oc;i1[>mi+lo~ . ~oc;11).
Because of Lemma 2.3.21, we have
C:L‘l Q « v Oczl>xl+1 Q ++ - OCIIDfI:n fr— le Q chn OC;71,
SO
C;ilbxn 0---0 C;i1>$i+1 0---0 C;ll =g, 0 C;nl 0---0 C;]l'
Hence, we deduce
on(f) @1, . 2iDTig1, -, i) (Tny1) = f(Z1, o B DTp1, -, T DTy, (cmioc;nlo . '00;11)(xn+1)).
On the other hand, we have
Un+1(de)(xla s 7xn)($n+1) = de(xlv ceoy Ty (C;:nl 0---0 Cgll)(anrl))
n
= 2(71)171(¢I1l>»-->11‘,(f(wla cee a‘fia BERE) (C;: ©---0 Cgll)(xn%-l))
i=1
— f(.%‘l, B T DT, -, T DXy, (C:vi o Ca_’nl 0---0 Cz_ll)(xn+1)))-
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Hence, we get
dr ooy =0pt10dr,

and {0, }nen is @ morphism of cochains complexes.

2.3.4 Link with group cohomology

The structure of a pointed rack on a group G comes from the group structure on G, so it is natural
to hope for a morphism between the group cohomology and the pointed rack cohomology of G.
We show here that there exists such a morphism. We will see in Proposition 3.3.6 that this
morphism derives to the morphism defined in Proposition 1.3.4 between the Lie cohomology and
the Leibniz cohomology of a Lie algebra.

Cohomology of groups

First we recall the definition of group cohomology (cf [CE56],[HS97], [Mac95]). Let G be a group
and let A be a G-module, we define a cochain complex putting

C"(G,A) ={f:G"—=A/f(91,...,1,...,9n) =0}

and
d" . C"(X,A) — C"T(X, A)
where

n

(dnf)(gla e 7gn+1) = 91~f(92, e ;gn+1) + Z(*l)if(gl» <oy 9iGi41y - - - ,gn+1) + (*Unﬂf(gla e

=1

Definition 2.3.22. Let G be a group and let A be a G-module. The group cohomology of G with
coefficients in A is the cohomology of the cochain complex

H"(G,A) = H"({C"(G, A),d"},>0)

Group module and rack module

Next, to compare the two cohomologies, we have to compare the structures of modules in the
two cases.

Proposition 2.3.23. Let G be a group and let A be a G-module, then A is an As(Conj(G))-
module.

Proof : This is clear by adjointness. Indeed, that As is left adjoint to C'onj means that there
exists a natural bijection

Hompqcr (X, Conj(G)) ~ Homgroup(As(X), G)

A group morphism G — Bij(A) induces a morphism of racks Conj(G) — Conj(Bij(A)), and
by adjointness, there exists a unique group morphism As(Conj(G)) — Bij(A).

O
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A morphism from group cohomology to rack cohomology

Proposition 2.3.24. Let G be a group and A a G-module. We have a morphism of cochain
complezxes

C™(@G, A) 22 CRY(G, A%)

defined recursively by
A% =id

A ()G, ngn) = D (D) TFATH(f (91> 290)) (915 G5 )

i=1

where f(h1)(ha,...,hn) = f(h1,..., hy).
An explicit formula for A™ is given by

A"()g1y---ygn) = Z (—l)Sig”(U)f(hifwth)

ce6,
where hj = g;,> ... >g;, >0k with j1 <--- < ji <o(k) and j; ¢ {o(1),...,0(k)}.

Proof : This proposition will be shown in Proposition A.7.9 using the simplicial description of
these cohomology theories.

O

n = 0: We have

Hence H°(G, A) ~ HR)(G, A®).

Remark 2.3.25. This morphism differentiates to an isomorphism H°(g, A) ~ HL?(g, A*) for g
a Lie algebra.

n=1: We have
CY(@G, A) = ORl( | A%)
d'(f)(g1,92) = 91-f(92) — f(9192) + f(g1)
) =

dy r(f)(g1, 92 flg2) = f(91>92) — (91>92).f(91) + f(g1)

A d

I
.

Hence H'(G, A) &3 HRL(G, A°).

Remark 2.3.26. This morphism differentiates to an isomorphism H!(g, A) ~ HL!(g, A*) for g
a Lie algebra.
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n = 2: We have
C*(G, A) = CRX(G, A*)
d*(f)(91,92,98) = 91-f (92, 93) — [ (9192, 93) + f(91,9293) — (91, 92)
A% () (91,92, 93) = 91-F (92, 93) — f(91>92, 91>93) — (91>92)-f (91, 93) + f (91, 92>g3)
+ (91>92>93)-f (91, 92) — f(91,92)
A*(f)(g1.92) = flg1,92) — [(91>92,91)

Hence H?(G, A) A HR*(G, A%).

Remark 2.3.27. The map A2 appears naturally when we write down the conjugation in an
abelian extension of a group G by a module A. Indeed, Let G be a group, let A be a G-module
and f an element of Z?(G, A). We put a group structure on G x; A by setting (g,a).(h,b) =
(gh,a + g.b+ f(g,h)). We have (g,a)"! = (¢!, —g t.a — f(g9,97 1)), and the formula for the
conjugation is (cf. [Nee04])

(g,a)>(h,b) = (g>h,a+ g.b = (g>h).a + f(g,h) — f(g>h,9))

Hence G x az(p) A® is a rack, that is, A%(f) € ZR*(G, A®).

2.3.5 Cohomology of Lie racks

Definition 2.3.28. Let X be a Lie rack, a smooth X-module is a homogeneous X -pointed
module (A, ¢,1) such that

1. A is an abelian Lie group.
2. ¢: X x X x A— A is smooth.
3. X x X xA— A is smooth.

Let X be a Lie rack and let A be a smooth X-module. We define a cochain complex
{CR} (X, A)s, d }n>0 by taking for O R} (X, A), the subset of pointed rack cochains in C R} (X, A)
which are smooth in a neighborhood of (1,...,1), regarded as functions from X™ — A. For the
coboundary operator d’, we take the same formula as in Definition 2.3.11.

Definition 2.3.29. Let X be a Lie rack and let A be a smooth X -module. Then the Lie rack coho-
mology of X with coefficients in A is the cohomology of the cochain complex {CR;’(X, A)s, d} I n>0-

HRY(X,A) = H"({CR)(X, A)s,dR}n>0) Vn >0

2.3.6 Local cohomology

Definition 2.3.30. Let U be a subset of a pointed rack X which contains 1, and let A be an
X -pointed module such that 1 # 0. A U-local n-tuple is a n-tuple (z1,...,7,) € X x U1
such that the products x; > ...>z;; are in U, forall iy < --- <i;,2 < j < n.

If ¢ = 0, then a U-local n-tuple is a n-tuple (z1,...,2,) € X"t x U such that the products
Ty B> .. x>y are in U, foralli; < --- <i;<n,1<j<n—1.

We denote by U, _joc the set of U-local n-tuples.
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Definition 2.3.31. Let U be a subset of a pointed rack X and let A be an X-module. A U-local
n-cochain is a family
{fmh.--,xn € A;CID--«DQZ"H}(‘leu;a:n)eUnfloc

such that fy,, 1. z, = 0.
We denote by C’R”(U A) the set of U-local n-cochains.

Let X be a pointed rack, let U be a subset of X which contains 1 and let 4 a X-pointed
module. We define a cochain complex {CR} (U, A),d};}n>0 putting

n
(d%f ~~~~ Tn41 Z ¢:C1> Dxi, 1> DT> DT (th Ty ,:Cn+1) f11:“-,xi>$i+1,»..,wi>2n+1)
i=1
+( ) ¢11> DTp, 1> DT 1DTrg1 (ffvl, 7mn)
Lemma 2.3.32. dj;" odlt =0
Proof : Same as in Lemma 2.3.2.
O

Definition 2.3.33. Let X be a pointed rack, let U be a subset of X which contains 1, and let A
be an X -pointed module. The U-local cohomology of X with coefficients in A is the cohomology
of the cochain complex {CRy (U, A), d}}n>0-

HRy (U, A) == H"({CR, (U, A),dg}n>0) ¥n >0

Remark 2.3.34. Let X be a pointed rack. If we take U = X, we get the ordinary cohomology
groups of X with coefficients in A.
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Chapter 3

Lie racks and Leibniz algebras

3.1 From Lie racks to Leibniz algebras

In this section we construct a functor from the category of Lie racks to the category of Leibniz
algebras. The following proposition is in [Kin07].

Proposition 3.1.1. Let X be a Lie rack, then T1 X is a Leibniz algebra.

Proof : Let X be a Lie rack, we denote by r the tangent space of X at 1. Recall that the
conjugation > induces for all € X an automorphism of Lie racks ¢, (cf. Definition 2.1.1). We
define for all z € X

Ad, = Tic, € GL(x)
and because of cyny = ¢z 0 ¢, 0c; ! (cf. Definition 2.1.1) and ¢; = id (cf. Definition 2.1.20), it
gives us a morphism of Lie racks

Ad: X — GL().

We can differentiate Ad at 1 and we obtain a linear map
ad : ¢ — gl(x).
Then we define a bracket [—, —] on r = T1 X by setting

[w,v] = ad(u)(v).
Now, we have to verify that this bracket satisfies the Leibniz identity, that is
[u, [v,w]] = [[u, v], w] + [v, [u, w]].
To show this identity, we use the rack identity
x> (y>z) = (z>y)>(z>2).
Let u,v,w € ¢ and =, (resp. 7, and 7,) be a smooth path in X, such that 7,(0) = 1 and

0 Yu(8) = v and 9

Tuls) = (resp. 70(0) = 7 (0) = 1, 5
0 S

0s|._ ;. o5 70%;(8) = w). We have
0 .- 9 t
a tZO(PYu(T)D(VU(S)D’Yw( ))) = a t:()((c’y“(r) o C»y,,(s))(%)( ))

= (Ad'YU(T) o Ad'yv(s))(w)

o1



and

0

ot

((ru(r)B(8))> (u (1) >0 (2))) = % _0((C'y”(r)\>'yv(8) © Cy, (r) (Yo (1))

t=0
= (Ad"/u(’l‘)b')’v(s) °© Ad’yu(r))(w)
= (Adc,,, () (. (s)) © Ay, (1)) ().

Moreover, if we differentiate with respect to the variable s

0
s _0((Ad'yu(r) 0 Ady, (s))(w)) = (Ady, () © ad(v))(w)
and 9
s _O(Adcw.><%<s)) 0 Ady, () (w) = (ad(Ad,, 1) (v)) © Ad,, (1)) (w).
And if we differentiate with respect to the variable r, we obtain
0
o 70(Ad%,(r> o ad(v))(w) = ad(u)(ad(v)(w))
and 5
o 70(ad(z4d%(r> (v)) 0 Ad,,, () (w) = ad(ad(u)(v))(w) + ad(v)(ad(u)(w))

Hence, by identification, we have the Leibniz identity.

O

Proposition 3.1.2. Let f : X — Y be a morphism of Lie racks, then Ty f : Th' X — T1Y is a

morphism of Leibniz algebras.

Proof: The fact that f is a morphism of Lie rack implies that f(1) = 1 and f(z>y) = f(x)>f(y)
for all z,y € X. Let u,v € ¢ and =, (resp. ,) be a smooth path in X pointed at 1 such that

% S:O*yu(s) = u (resp. aas‘s_ofyv(s) = v). We have
0
5l FOu(s)En()) = Taf(Ady, () (v)
t=0
and 5
ol FOu(s))>F (1)) = Adjy, ) (T1f ().
t=0
Now, if we differentiate with respect to the variable s, we have
0
55| (L1f(Ady, (5 (v)) = Tof([u, v])
s=0
and 5
55| (Adseon(Tif () = [TLf(w), T f (v)]-
s=0

That means 77 f is a morphism of Leibniz algebras.
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Example 3.1.3 (Group). Let G be a Lie group, then we get in this way the canonical Lie
algebra structure on T7G.

Example 3.1.4 (Augmented rack). Let X 2. @ be an augmented Lie rack, then 77 X Tp e
is a Lie algebra in the category of linear maps (see [LP98]). This structure induces a Leibniz
algebra structure on 77 X which is isomorphic to the one induces by the Lie rack structure on X.

We remark that a local smooth structure around 1 is sufficient to provide 773 X with a Leibniz
algebra structure.

Proposition 3.1.5. Let X be a Lie local rack, then T1 X is a Leibniz algebra.

3.2 From As,(X)-modules to Leibniz representations

Let X be a rack. An As,(X)-module is an abelian group A provided with a morphism of groups
¢ Asp(X) — Aut(A). By adjointness, this is the same thing as a morphism of pointed racks
¢: X — Conj(Aut(A)).

Definition 3.2.1. Let X be a Lie rack, « smooth As(X)-module is an As,(X)module A such
that

1. A is an abelian Lie group.
2. ¢: X x A— A is smooth.

Recall that, given a Leibniz algebra g, a g-representation a is a vector space provided with
two linear maps
[—,-]r:g®a—a
and
[, —]r:a®g—aq,

satisfying the axioms (LLM), (LML) and (MLL) (cf. Definition 1.2.1).

There are two particular classes of modules. The first, that we called symmetric, are the
modules where [—, =] = —[—, —]|r. The second, that we called anti-symmetric, are the modules
where [—, —]g = 0. In Remark 1.2.5 we have seen that, given a Leibniz algebra g and a a vector
space equipped with a morphism of Leibniz algebra ¢ : g — End(a), we can put two structures
of g-representation on a. One is symmetric and defined by

[,a]r = ¢z(a) and [a, 2] = —¢.(a), Vz € g,a € a,
and the other is anti-symmetric and defined by
[z,a]r = ¢z(a) and [a,z]g =0, Vz € g,a € a.

Moreover, in Example 2.2.4 and Example 2.2.5, we have seen that, given a rack X and A a
(smooth) As(X)-module, we can put two structures of (smooth) X-module on A. One is called
symmetric and defined by

Gz y(a) = ¢z(a) and Py (@) = a — Pppy(a), Vr,y € X,a € A,
and the other is called anti-symmetric and defined by

¢zy(a) = ¢z(a) and ¥y y(a) =0, Va,y € X,a € A.
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These constructions are similar to each other because one is the infinitesimal version of the
other. Indeed, let (A, ¢, 1) be a smooth symmetric X-module. We have by definition two smooth
maps

p: X xXxA—-Aandyy: X x X xA—- A

with ¢1 1 =id, 1,1 = 0. Thus the differentials of these maps at (1,1) gives us two maps
€: X x X — Aut(a);e(z,y) =Ti¢zy

and
XX x X — End(a); x(z,y) = T1¢y 4.

These maps are smooth, so we can differentiate them at (1,1) to obtain

Thye:r@r — End(a)

and
Tax :t®r— End(a).
Then we put
[— =]z :g®a— a;[u,m]L = T 1ye(u, 0)(m)
and
(=, —lr:a®g— a;[m,ulr = T(1,1)Xx(0,u)(m).
Lemma 3.2.2. The linear map [—, —|L satisfies the axiom (LLM).

Proof : We want to show that for all u,v € x,m € a
[u, [v,m]L]L = [[u,v], m]z + [v, [u, m]L]L.
By hypothesis, ¢ satisfies the following relation for all z,y,z € X
Gay>z O Pyz = Papy,asz O P,z
and if we take z = 1, we obtain
$2,1 0 Py, 1 = Pupy,1 © Pu 1,

and so
Tipz10Tidy1 =Tiogsy1 0 Tids 1,

that is
e(z,1)oe(y,1) = e(z>y,1) oe(x, 1).

Let u,v € ¢ and 7, (resp. v,) be a smooth path in X pointed at 1 such that % Yu(8) = u
s=0
(resp. 9 Yo(8) = v). We have
0s|,_o
0 0
a (6(’)/“(8), 1) © 6(’711@)7 1)) - 6(7u(8)u 1) © & (’Yv(t>7 1)
t=0 t=0
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and

0

2 elnls) Dol 0l) = (0| elrus)h ) o fo, Lz

0s|,_,

s=0
= [U, 7]L o [’U, 7]L

= [u7 [Ua _}L]L'

On another hand, we have

51| (87000 1) c(5) ) = (Ao o), =L o e(5). 1)
and

0 0
O (A @), e o eu(s) 1) = ] ([Ady, o), ~J2) 0 e(1,1)

s=0 s=0

[Ady, 0 0), 0 5| (elruls)1)
s=0
= ([0}, ~J1+ [, ~Jx 0 [u, 1

Hence by identification

[u, [v, =]zl = [[u, 0], =]z + v, [u, =]]L.
That is, [—, —| satisfies (LLM).
U
Lemma 3.2.3. If (A, ¢,v) is symmetric, then [—, =] = —[—,—]r and if (A, ¢,9) is anti-
symmetric, then [—, }R =0.
Proof : Suppose that (A, ¢, 1) is anti-symmetric, then ¢ = 0, and it is clear that [—, —]g = 0.

Now, suppose that (A, ¢,1) is symmetric, that is ¥, y(a) = a — @gpy,1(a). We have x(z,y) =

T1t)y,y = td—e(xz>y, 1). Let u € p and v, be a path in X pointed at 1 such that 83‘ Yu(8) = u.
S 1s=0

We have

[— ulr = T(1,1)Xx(0,u)

= 5o L)

Finally, we have shown the following proposition:

Proposition 3.2.4. Let X be a Lie rack, let ¢ be its Leibniz algebra, let A be an abelian Lie
group and let a be its Lie algebra. If (A, ¢,v) is a smooth symmetric (resp. anti-symmetric)
X-module, then (a,[—, —]L,[—, —]r) s a symmetric (resp. anti-symmetric) r-module.
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3.3 From Lie rack cohomology to Leibniz cohomology

3.3.1 A morphism from Lie rack cohomology to Leibniz cohomology

Proposition 3.3.1. Let X be a Lie rack and let A be a smooth As(X)-module. We have
morphisms of cochains complezxes

CRy(X, A%), 5 CL"(x, 0%)
and -
CRy(X,A%)s — CL"(x,a"),
given by 6" (f)(a1,...,an) =d"f(1,...,1)((a1,0,...,0),...,(0,...,0,a,)) (where d"f is the n-th
differential of f).
Proof : Let f € CR}(X, A®) and (xo, ..., 2,) € X", We have

n+1

de(Qjo, ey zn) = Z(_l)i71¢x1>...>xi(f(xla ce ,.fi, Ce ,xn+1))—f($1, e LT, ,£E¢\>xn+1)
=1

(Here Ozir>.. pa; = ¢x1D...>x,i,zlD...Dab..4|>1n+1 cf. section 3-2)
Let (vo(to), .., n(tn)) be a family of paths v; :] — €;, +€;[— V such that

0
~i(0) =1 and %s:O’yi(S) = x;.

We want to show that
SR f) = di (3" (f))-
We have by definition

8n+1

n+1/ n _
o dpf)ao, - an) = H o Lo

df (vo(t0) - -+ s Yn(tn))-

Lemma 3.3.2. Vi€ {1,...,n}
8n+1
Oty ...0t, =0

Proof :
Notation:

(to, - ’ti) = ¢70(t0)>~-l>%(tz‘)
will be denoted by
(to, ..., t;) — Alto, ..., t;)
and
(tos -t stn) = F(0(t0)s oy Vi1 (Fi1)s Yig1 (Eig1)s - Yn(tn))
will be denoted by

~ ~

(to,...,ti,...,tn)Hm(to,...7ti,...7tn)

56

Broto)s...>vi(t) (F (0 (to), -+ s vic1 (Bim1), Yir1 (Fi1), - -+ Y (tn))) = asdn(f)(ao, - - -, @, - .

,an)



We have

T Attt mlter ) = 2| L Attt (mlto, ., 0)
Oty ...0t, — EER A 0r--0s0n o Aty ...0tn_1 A atntn:O 05 ) Ui Oyevvs
o" o
o (Altos.. ) (=—|  mlto,... tn
Oty .. Ot tk:O( (to e .o (to )
an
Do 0L 1 tk:O(A(to,-~-,t¢)(87ntn:0m(to, )

because f(zg,...,1,...,2,) = 0 (cf. Definition 2.3.11).
So by the same argument we have

O ety mlten ot = 2| a0t | e 1))
8t0.-.atntk:0 05 +--yli 05+-+sln _6t1 i seresUslg ato.-.atntkzo 0y---rln
Hence gt

m - A(to, P ,tn)(m(to,. . 7tn)) = xi.dn(f)(x(), e 7.’1?1‘7. . ,xn)

Lemma 3.3.3. Vi € {1,...,n}

anJrl n
A ar f(’}/o(to), ce 77i(ti)l>7i+1(ti+1)7 ) aVl(tl)Dvn(tn)) = Z 6nf(a0a cey [aiv a’k]v ce 7a'n)
Oto ... 0t |, _g Rt

anJrl
Proof : We have ————|  f(y(to), ..., %i(t:)>vit1(tit1), - .-, %i(ti)>yn(tn)) which is
Otg ... 0t |, _g
equal to
0

5 d"f(1,...,1)((ao,0,...,0),...,(0,..., Ady, ¢y (@ix1),.--,0),. .., (0,...,0, Ady, ¢,y (an))

1 1t;=0

Moreover, this is equal to

> drf(1,...,1)((a0,0,...,0),...,(0,..., [ai, ax], ..., 0),...,(0,...,0,a,))
k=i+1

n
and this expression is equal to Z 0" flag,...,[ai,ak), ... an).
k=i+1

O
So

n

O (dpf) (a0, - an) = 31 (@8 () (@os s an) = D 8 flaos e, an))

=0 k=i+1
=> (='ai.6"(f)(ao, ... dis...,an) + D (1) f(ao, ..., [ai ..., an)
=0 0<i<k<n

that is
S (dp f) = i (8"(f))

This is exactly the same proof as for the case where A is anti-symmetric.
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We remark that we only need a local cocyle identity around 1. Thus we have

Proposition 3.3.4. Let X be a Lie rack, let U be a 1-neighborhood in X and let A be a smooth
As(X)-module. We have morphisms of cochain complexes

CRMU, A%) & CL (5,0
and 5
CR,(U,A") = CL"(x,a"),
given by 8" (f)(ag, ..., an) =d"f(1,...,1)((a1,0,...,0),...,(0,...,0,ap)).

3.3.2 Induced morphism from Lie cohomology to Leibniz cohomology

Let G be a Lie group and A a smooth G-module. We have stated in Proposition 2.3.24 that
there are maps H"(G, A) 2 H R™(G, A®) for all n € N. These maps still exist when the cocycles
are smooth, that is we have maps H" (G, A) al HR"(G, A®%)s for all n € N. On the other hand,
we have shown that for g a Lie algebra and a a g-module, there are maps H"(g, a) o L"(g,a®)
for all n € N. K.H. Neeb defines in [Nee04|, maps H"(G, A) N H™(g,a) for all n € N, and we

have defined maps HR"(G, A®) S HL (g,0®) for all n € N. Tt is natural to believe that there is
a link between those maps. The Proposition 3.3.6 confirms this belief.

First of all, recall the maps {D"},¢cn defined in [Nee04] (Theorem B.6).

Proposition 3.3.5 (Van Est). Let G be a Lie group and let A be a smooth G-module. We have
morphisms of cochain complexes

C(G, A) % C (g, a)

given by D™(f)(ax,...,an) = Y _ (1) Vd"f(1,...,1)((ag(1),0,...,0),...,(0,...,0,a5(n)))-

o€oy

Proof : It is the content of Theorem B.6 in [Nee04].

Proposition 3.3.6. Let G be a Lie group and let A be a smooth G-module. The diagram

{An}" n s n
{CT’(Ga A)S?dn}neN = {CRp (G>A )S7dR}’ﬂ€N
{Dn}nel\'l \L{i;"}neN
{Cn (g, Cl), dn}HGN (inbnen {CLn (g, as)’ dz}nEN

is a commutative diagram of morphisms of cochain complexes.

To prove this result, we need the following lemma.
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Lemma 3.3.7. Let 1 <k <n, f € C"(G, A)s, (91,---,92) € G™ and (v1,...,v;) € (g")* such
that
Giy, = = Gigyy = 1

for1<i; <.+ <igy1 <n, and
vj:(O,...,O,xij,O,...,O)

forx;; €g.
We have
f(g1, s g0) (o1, ) = 0.

Proof : Let v;; be a path in G such that ~;,(0) = 1 and % i, (t) = x;;. We have f €
=0

t=
C"(G,A)s, thus
f(gh e ,’yil(tl),. .. »A/ik(tk:)a ey ]., e ,gn) = 0

Moreover, we have
8k

YT f(gla"wfyil(tl)a"'7’7ik(tk)a"'7la"'7gn) = dkf(gl,...7gn)(’ljl,...,’Uk).
Dt O, 4 o

Hence,
dkf(gl,...,gn)(vl,...7vk) =0.

([l
Proof of the Proposition : We have to show that for all n € N,
0" o A" =i" o D™
Let f € C™(G,A), x1,...,z, € gand 71, .. .,7, paths in G, such that ;(0) = 1 and % vi(t) =
t=0

z;. We have

n n 8” n
S"(A™M(f) (1, mp) = 9ty ot A™M(f)(yi(tr)s - vn(tn))
< Oln |y, t,=0
_ sign(o) " o o
= Z (1) TR T FOT @ tn)s v (s tn)
-e6,, 1ol t,=0

where
Vi (b1, tn) = 5 (L) - D5, () B Yo (k) (Eor))
with j1 < -+ < j; < o(k) and j; ¢ o(1),...,0(k).

Let 1 < k < n, suppose that the following formula is true

an7k+1 . 3 -
oL FOT(tr, )y 0t t)) = A" gy, ) (V1 V1)
koo nlty.. t,=0
where
)1 ific{o"'(k),..., 07 (n)}
= Y (t1, ..., tg) elseif
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and v; = (v},...,v") with
0 ifj;éa’l(kflJri)
/()‘j = (9 o .
[ 87 'Yo-—l(]‘)(tly--~7tk—171a-~-71 tj) else if
tj t;=0
We have
an7k+2 a 1
B ———— T, ytn)ye ey ¥o (1, tn)) = d"~ yens On) (U1, e, Upe
Ty, 0Tttt = | @ ) (o k1))
and
8 n— n—
Otp1 (d k+1f(917--~79n)(111,~--,Un—k+1)) =d k+2f(h1>---ahn)(wly--~7wn—k+2)
—Lltp_1=0
k P
+ Zdn_k+1f(h1, ooy hn)(vl(tl, e ,tkfg, 1), ooy m ’Ui(tl, . 7tk,1), . 7Uk(t17 - ,tk,Q, 1))
i=1 Lt _1=0
where
b — 1 ifie{0’1(k—1),...,a’1(n)}
T (e tk—)  elseif
and wy = (wi,...,w}) with
0 ifj;éa’l(k—l)
J_ 0 .
wy . Vo-1(e—ny (15 tho1)  else if
- tk71:0

and wf(tl, ce ,t/@,Q) = ’Ugil(tl, N ,tk,Q, 1).

By Lemma 3.3.7, the term

k
S A () (b, 1),

i=1

0

..,87 Ui(tl,...,tk_l),...,’Uk(tl,...,tk_z,l))
tkfl tx_1=0

is equal to zero. Thus, if the formula (3.3.2) is true, then we have
8n—k+2

m f(’)/f(tl, .. .,tn), . ,’Yz(tl, . ,tn)) = dn_k—i_Qf(gl7 . 7971)(1117 . ,Un_k+1).

tp—1...t,=0

As this formula is true for k£ = n, by induction this formula is true for £ = 1. That is,

ﬁ tlmtn:of(vf(tl,...,tn),...,vg(tl,...,tn)) =d"f(g1,--,9n)(V1, ..., V).
Hence,
SMAMN (@1, zn) = > (1)1, 1) (vn, . vn)
gES,,
=" (D"(f)) (21, ..., Tn).
Thus

0" o A" =¢" o D".
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Hence we have for all n € N a commutative diagram

[A7]

H™(G,A)s HR! (G, A%)
[D"]l i[é"]
H"™(g,a) HL"(g,a°)

In [Nee04], K.H. Neeb shows in particular that, if the Lie group G is simply connected, then
D? is an isomorphism and its inverse is given by

ﬂwmmw:L e

g,h

where 7y, 5, is a smooth singular 2-chain in G such that 9vy 5, = V4 — Ygn + g7 and 74 (resp. )
a smooth path in G from 1 to g (resp. h).

3.4 From Leibniz cohomology to Lie local rack cohomology

In this section, we study two cases of Leibniz cocyles integration. This section will be used in
the following section to integrate a Leibniz algebra into a local augmented Lie rack.

First, we study the integration of a 1-cocycle in Z L' (g, a®) into a Lie rack 1-cocycle in ZR},(G, a®)s,
where G is a simply connected Lie group with Lie algebra g and a a representation of G.
Secondly, we use the result of the first part to study the integration of a 2-cocycle in ZL?(g, a%)
into a local Lie rack 2-cocycle in Z RI%(U ,a%)s, where U is a 1-neighborhood in a simply connected
Lie group G with Lie algebra g, and a a representation of G. It is this second part that we will
use to integrate Leibniz algebras.

3.4.1 From Leibniz 1-cocycles to Lie rack 1-cocycles

Let G be a simply connected Lie group and a a representation of G. We want to define a
morphism I from ZL'(g,a®) to ZR}(G, a®)s which sends BL'(g,a®) into BR},(G,a®). For this,
we put

walw%

g

where w € ZL(g,a%), v: G x [0,1] — G is a smooth map such that v, is a path from 1 to g, 11
is the constant path equal to 1, and w®? is the closed left equivariant differential form in Q! (G, a)
defined by

w(g)(m) = g.(w(TgLg-1(m))).

By definition, it is clear that I'(w)(1) = 0.
For the moment, I*(w) depends on 7, but because w is a cocycle, the dependance with respect
to v disappears.

Proposition 3.4.1. I' does not depend on 7.
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Proof : Let 7,7 : G x [0,1] — G such that 7,(0) = 7,(0) = 1 and v,4(1) = 7, (1) = g. We are

going to show that

/

We have f% we? — fﬂ/; wel = f’Yg_'Y; w. As Hi(G) = 0 and d(vy — )
g :[0,1]* — G such that v, — v, = doy. So

[ fe]
Yg Vg Ya
:/ Luq
Z/ddeeq
=0

w = w®.
,Y/

9 g

Hence I' does not depend on 7.

= 0, there exists

Proposition 3.4.2. I' sends cocycles to cocycles and coboundaries to coboundaries.

Proof : First, let w € ZL'(g,a®), we have

drl(w)(g,h) = g-I(w)(h) — I(w)(g>h) — (g>h).

)-I(w)
=g./ w? — w® — (gr>h). / eq-i—/
Vh Yg>h
:/ g.weq—/ w — / (g>h) wqur/ w*
Yh Ygr>h

Y9

:/ weq_/ weq_/ eq+/w
9Yn Yo h (g>h)vg v

g9

= / w®,
9V =Yg h—(g>h)vg+7g

w)(g) + I(w)(9)

As HY(G) = 0 and 9(g7n — Ygsh — (9>h)vg + 74) = 0, there exists v, : [0,1]> — G such that

Mg.n = 9V — Ygh — (g>h)vy + 4. Hence, we have
dal@)g.h) = [ w
87g,h

= / dgrw?
Yg,h

=0.

Hence ZL'(g, a®) is sent to ZR)(G, a%)s.
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Secondly, let w € BL!(g,a®). There exists 3 € a such that w(m) = m.3. We have

Hence BL'(g,a°) is sent to BR) (G, a%)s.

Proposition 3.4.3. I' is a left inverse for 6'.
Proof : Let w € ZL'(g,a%). Let ¢ : U — g be a local chart around 1 such that ¢(1) = 0 and

de~1(0) = id.
We define for = € g the smooth map a, :] — €, +€¢[— U by setting

az(s) = ¢~ (s2),
and we define for all s €] — ¢, +¢[, the smooth map v,, (s) : [0,1] — U by setting

Voo (5)(t) = @~ (ts2).
We have
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0 d 1
Moreover, g tzo’y%(s)(t) = % t:0<p (stx) = sx, thus
171 9 eq
6 (I (w)(z) = 75 W (Ya, (s) () (sz)dt
s=0J[0,1]

W (Yo, (s) (1)) (s2)dt

[

s=0

W (o (tsx))(sz)dt

I

(o™ N w (tsx) (sx)dt

[

0
7
0
95 |1
0
9
D]ty
| st (o)t

Il
=R

=

I
=
AS)
L
-
*
S
m
=)
—~
(=)
S~—"
—~
8
S~—"
U
~

A]

I
£
—~
&
N—
=
=
QU
~

Hence 6 o I' = id.
O

Remark 3.4.4. The morphism H!(g,a) LN HY(G,a) is an isomorphism (cf. for example
[Nee04]). We can remark that I' is the same map as the one defined in [Nee04] to prove
the surjectivity. In fact, to prove the Proposition 3.4.2, we just compose the map D! and the
map A! defined in Proposition 2.3.24 (Precisely, we use the remark below this proposition which

1
states that H!(G,a), = HRL(G, a®) is an injection).

3.4.2 From Leibniz 2-cocycles to Lie local rack 2-cocycles

Let G be a simply connected Lie group, let U be a 1-neighourhood in G such that log is defined
on U and let a be a representation of G. In Proposition 3.3.4 we have defined for all n € N the
maps

HR*(U,a%) 2L gL (g, a%).

In the next section, we will see that a Leibniz algebra can be integrated into a local Lie rack
since the morphism [§2] is surjective. More precisely, if we can construct a left inverse for [§2],
then it gives us an explicit method to construct the local Lie rack which integrates the Leibniz
algebra.

In this section, we define a morphism [I?] from HL?(g,a%) to HR2(U,a%), and we show that
it is a left inverse for [§%]. To construct the map [I?], we adapt an integration method of Lie
algebra cocycles into Lie group cocycles by integration over simplex. This method is due to W.T.
Van Est ([Est54]) and used by K.H. Neeb (|[Nee02, Nee04]) for the infinite dimensional case.
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Definition of 12

We want to define a map from ZL?*(g,a®) to ZR2(U,a%)s such that BL?(g,a®) is sent to
BRZ(U, a®)s. In the previous section, we have integrated a Leibniz l-cocycle on a Lie alge-
bra g with coefficients in a symmetric module a®. In Proposition 1.3.16, we have shown that
there is an isomorphism between C'L?(g, a®) and CL*(g, Hom(g, a)®), which sends ZL?(g,a%) to
ZL'(g, Hom(g,a)*) and BL?(g,a®) to BL'(g, Hom(g,a)®). Hence, we can define a map

I:ZL*(g,a%) — ZR,(G, Hom(g,a)%)s,
which sends BL?(g,a") into BR,,(G, Hom(g, a)*),. This is the composition

Z12(g,a%) 5 ZL'(g, Hom(g, 0)°) 2> ZRL(G, Hom(g, )°)..

Now, we want to define a map from ZR)(G, Hom(g, a)*), to ZR>(U,a%). Let 8 € CR}(G, Hom(g, a)*)s,
[ has values in the representation Hom(g,a), so for all g € G, we can consider the equivariant
differential form £(g)¢? € Q'(G, a) defined by

B(g)**(h)(m) := h.(B(g)(ThLp-1(m))).
Then we define an element in C’R%(U, a®) by setting

flg.h) = / (B(a))".

where v : G x [0,1] — G is a smooth map such that for all g € G, ~, is a path from 1 to g in G
and v = 1.

For the moment, an element of ZR)(G, Hom(g,a)*), is not necessarily sent to an element of
ZR%(U, a®)s. To reach our objective, we have to specify the map -, and we define it by setting

Vg(s) = exp(slog(g)).
Then, we define I* : ZL?(g,a*) — CR2(U,a%), by setting for all (g, h) € Us_joc

P(w)(g,h) = / (I(w)(9))°".

By definition, it is clear that I?(w)(g,1) = I*(w)(1,g) = 0.
Properties of I?
Proposition 3.4.5. I? sends ZL?*(g,a®) into ZR3(U, a%),.
To prove this proposition we need some lemmas.
Lemma 3.4.6. For all (g,h) € Us_joc, we have Ygsp = g>h.
Proof : Let (g,h) € Ua_joc, by definition we have
Ygen(s) = exp(s(log(g>h))).
By naturality of the exponential, and a fortiori of the logarithm, we have
exp(s(log(gr>h))) = exp(sAdg(log(h)))
= exp(Ady(slog(h)))
= ¢g(exp(slog(h)))
= ¢g(n(s))-

Hence vgpn = g>Vn-
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O
Lemma 3.4.7. Let G be a Lie group, let a be a representation of G and w € Hom(g,a). We

have for all g € G
g-(w) = cg((g.w)*).

Proof : Let g,h € G and z € T;,G, we have:

w)(dgsnLgsn-1(dneg()))
w)(dn(cg o Ly-1)(z))
(9. (W(Ad( Y (dn(cg 0 Lp-1)(2)))))

Hence ¢5((g.w)*) = g.(w)*

Proof of proposition : Let w € ZL?(g,a%) and (g, h, k) € Us_;o.. We have
dr(I(@)) (g, h k) = 0.12(@) (s k) — T2 (@) (g5, k) — (g5h).T() (g, k) + I2(w)(g, hi=F)
=q. I(w)(h))¢? — I(w h))¢? — h). I (w €q
p /( (@)(h)) /( (@)(gh)1 — (g-h) /( (@)(9))
+ I (w eq
/7 )

- ((T(W)(h))?) — I(w)(g>h))e — >h).((I(w)(g))<?)
/mg< () (h)“) /WM)< () (g>h) /W(g ).(I(w)(9)
+ I (w eq,
L U@
Because of Lemma 3.4.7, we have

dr(I%(@))(g.h, k) = / ¢ ((g-T(w) (h))°0) — /

Vg (hi>k)
R OOk
Ygr>(h>k)

/ o / I - [ (@)

[)’gb(hbl@)

I(w)(QDh)eq—/ cgen(((g>h)1(w)(9))*)

+
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and because of Lemma 3.4.6, we have

dr(I(@)) (g, h k) = /

Ygr> (h>k)

L (TOR
Ygr> (hi>k)

= / (g-1(w)(h) = I(w)(g>h)*" — ((g>h)I(w)(9))* + I(w)(9)™
Ygr>(hi>k)

/
/

v
Ygr>(hi>k)

(9. I(@)(h)t — /

Vg (h>k)

I(w)(gh) / ((g>h) I(w)(g))"

Vg (h>k

g (h>k)

(g-1(w)(h) = I(w((g>h) — (g>h).I(w)(g) + I(w)(9))*
dr(I(w))(g,h)

=0

Hence ZL?(g,a) is sent to ZR2(U,a%),.

Proposition 3.4.8. I? sends BL?(g,a%) into BRZ%(U, a®)s.

Proof : Let w € BL?(g,a%), there exists an element 3 € CL'(g,a%) such that w = d;3. We
have

I(w)(g) = I'(7*(w))(9)

- / e
- [ sy

Y9
The fact that {7"},en is a morphism of cochain complexes implies that

1@)o) = [ @)

Yo

- / dar((7(8))0)

- [ oy
g
=90-0.
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Hence for (g, h) € Ua_jo we have using Lemma 3.4.7

L(w)(g.h) = / (I(w)(9))"
- / ((9.8) — B)“s

Il
S~

I
(c;alom - [ 5

g>h Yg>h

[ e[ s

Cg—19Vgh Yg>h

o f p- [ g
Cg—1%Yg>h Yg>h

o B
I /Yh Ygr>h
dr(I'(8))(g, h).

Hence BL?(g,a") is sent to BR2(U, a)s.

[l
—

Proposition 3.4.9. I? is a left inverse for 6°.

Proof : Let z,y € g, and I, (resp I,) be an interval in R such that e,(s) = exp(sx) (resp
€y(s) = exp(sy)) be defined for all s € I, (resp for all s € I)). The map e,>¢, : I, x I, = G is
continuous, thus there exists W an open subset of I, x I, such that (e;>¢,)(W) C U. Hence,
there exists an interval J C I, N I, such that e;(s)>¢,(t) € U for all (s,t) € J x J.

We have to show
820 1% =id.

Let w € ZL?(g,a%). By definition, we have

S (I (w))(z,y) = il I*(w)(€x(s), €y(s))
’ 0sot |5,6=0 Sy
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= T(w)(ex(5)))¢?
38815 |8,t:0 /’YEE(S)DEy(t>( ( )( ( )))
0 0

= 9s a7 3 (T(w)(ex(8)))).
95|,y O t_o/%ym e (s) L (W)(ex(5)))Y)

First, we compute

ot

o/ ¢ (o (T(@)(ex(s)))
t=0 Y Vey (1)
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For the sake of clarity, we put a = ¢} ) (I(w)(€x(s)))*? and B¢ = e, (). We have

. 0/

\t 0~/[0 1]

where fi(r) = a(B:(r))(B;(r)).
We have 9

ot

|t=0

Moreover, we have

a(fo(r)) = a(1)
Bo(r) =0,
and o
ot o L(r) =y
So we have
|to/a—/[m] ar = a(1)(y)
and

(I () (w,y) = 385 ( ¢z, (s L(W)(€x(5))) ) (1) (y)-

Furthermore we have

¢z () (@) (e () (1)(y) = (I(w)(€x(5)))(ce, (s) (1)) (Ade, (5)(y))
= I(w) ez(S))( ()

=) e A0
If we put | ) (w)°? = 0(s) and Ad,, ) (y) = A(s), we have
0 0
74 (w)®) (Ad, (s — o(s)(A(s
7ol ([ Pentimn = g o00e)

We have

and



Thus 5
Os 72 (w)“?)(Ad, (W) () (y).
ds ), 0((/%“) (W) (Ade, (5)(y))) = 7% (w)(z)(y)

Hence §%(I?(w))(z,y) = w(z,y).

O

Remark 3.4.10. Suppose that we have a Leibniz 2-cocycle w which is also a Lie 2-cocycle. In
this case, we can integrate w into a local Lie rack cocycle, but also into a local Lie group cocycle.
Then it is natural to ask if the two constructions are related to each other.

Proposition 3.4.11. Let G be a Lie group, let g be its Lie algebra, let a be a representation of
G, w € A%(g,a) and 1,72 smooth paths in G pointed in 1. Then

[ wepyr= [ o

where 7172 : [0,1]* — G5 (s, 1) = 711(t)72(5).
Proof : On the hand, we have

/ weq:/ (r17y2)*w
Y1v2 [0,1]2
- / ) L (Da(5), Lo (B)a(s) sl
[011]2 88 ’8t ’

and this expression is equal to

0 0
/ Wl(t)’h(S)W(dwg(s)sz(s)—l(8*72(8)%Adwz(s)—l(dwl(t)Lvl(t)—l(a%(t))))- (3.1)
[0 1]2 S

On the other hand, we have

Ll (LQ(TQ(M))eq)eq _ /[O ﬁ(/w(Tz(w)eq)eq)
/ A Eq)eq(%(t))(%%(t))dt
= [

[

o™

This expression is equal to

(Lo )i
DO (o)) o st G )i

1]
2 0 0
/[071] 71(75).(/[071] Y2(s).(T (w))(d’YQ(S)Lry2(s)—1(g’}ﬁ(s)))ds)(d,-yl(t)L,Yl(t)—l(a’yl(t)))dlz

which is equal to

0 0
/[0 . 7 (t)~(/[071] 72(8)'“}(6[72(8)[’72(5)*1 (8 ( ), Ad’yz(s ( ))ds)(dvl(t)L’yl(t)*l (a'yl (t)))dt'

Using the Fubini theorem, we show that this expression is equal to (3.1).
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If we apply this result to the case where v1(s) = Y41 (s) = exp(slog(gr>h)) and v2(s) = v4(s) =
exp(slog(g)) for (g,h) € Ua_joc, then we obtain

Corollary 3.4.12. Ifw € ZL*(g,a%) N Z*(g, a), then I*(w) = A%(1*(w)).

We can remark that I? is more than a local Lie rack cocycle. Precisely, if w is in ZL?(g, a%)
then the local rack cocycle identity satisfied by I?(w), comes from another identity satisfied by
I?(w). Indeed, I? is defined using I, and to verify that I? sends Leibniz cocycles into local rack
cocycles, we have used Proposition 3.4.2. This proposition establishes that I' sends Lie cocycles
into rack cocycle. But, we have remarked in Proposition 3.4.4 that the rack cocycle identity
satisfied by I'(w), comes from the group cocycle identity. Hence, we can think that we forgot
structure on I?(w). The following proposition identifies the identity satisfied by I?(w) which
induced the local rack identity.

Proposition 3.4.13. If w € ZL?(g,a%), then I?(w) satisfies the identity
- (W) (h, k) = T*(w)(gh, k) + I*(w)(g, h=k) = 0, ¥(g, D, k) € Us—toc-
Moreover, this identity induces the local rack cocycle identity.

Proof : Let w € ZL?(g,a%) and (g, h, k) € Us_;,. we have:

0.12() (h, k) — I2(w)(gh, k) + I2(w)(g, hiok) = g. /

Yhi>k

(I(w)(h)) - / (I(w)(gh))“

Y(gh)>k

+ / (I(w)(9))"

g>(h>k)

:/ g.((I(w)(h))eq)—/ (I(w)(gh))*

Vg (h> k)

L TR

9> (hi>k)

- / (g I(w)(h))*T) — / (I(w)(gh))“

Yg>(h>k)

+

[ e

Ygr>(h>k)
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9.L2(@)(h ) — (@) (gh, k) + () (9. hok) = [ SE)T- [ Tw@gn)

gl>(hl>k)
/ (9))°

gD(th)
W) (h))“ / (I(w)(gh))“

+

/qb(hbk)

g>(h>k)
+ (9))*
gD(th)
-/ W) (R — (I(w)(gh))*" + I(w)(g)°"
'Yg>(h|>k)
-/ W)(h) — T(@)(gh) + I(w)(g))"
'YqD(th)
= / w))(g,h)
’Yg>(h\>k)

=0.

Hence I%(w) satisfies the wanted identity.
Moreover, let (g, h, k) € Us_joc, we have

dr(I*(w))(g, h, k) = g.(I* () (h, k)) — I*(w)(g>h, g>k) — (g>h).I*(w)(g, k) + I*(w)(g, h>k)
g-(I*(W)(h, k) = I*(w)(g>h, g>k) — (g>h).I*(w)(g, k) + I*(w)(g, hi>k)
- 12(w)(9h,k) I*(w)(gh, k)
= (9-(I*(W)(h, k) — I*(w)(gh, k) + I*(w)(g, h>k))
)-

— ((goh).I?(w)(g, k) — I*(w)(gh, k) + I*(w)(g>h, g>k))
=0-0
= 0.

Hence I%(w) is a local Lie rack cocycle.

O

We will see in the next section that this identity make it possible to integrate a Leibniz algebra
into a local augmented Lie rack.

3.5 From Leibniz algebras to local Lie racks

In this section, we present the main theorem of our thesis. In Proposition 3.1.1 we have seen
that the tangent space at 1 of a (local) Lie rack is provided with a Leibniz algebra structure.
Conversely, we now show that every Leibniz algebra can be integrated into an augmented local
Lie rack. Our construction is explicit, and by this construction, a Lie algebra is integrated into
a Lie group. Conversely, we show that an augmented local Lie rack whose tangent space at 1 is
a Lie algebra is necessarily a (local) Lie group. That is, there is a structure of Lie group on this
augmented local Lie rack, and the conjugation on the augmented local Lie rack is the conjugation
in the group.
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The idea of the proof is simple and uses the knowledge of the Lie’s third theorem. Let g be a
Leibniz algebra. First, we decompose the vector space g into a direct sum of Leibniz algebras gg
and a that we know how to integrate. As we know the theorem for Lie algebras, this is the case if
g is an abelian extension of a Lie algebra gy by a go-representation a. Hence, g is isomorphic to
a @, go. The Leibniz algebra a is abelian, so becomes integrated into a, and gg is a Lie algebra,
so becomes integrated into a simply connected Lie group Gy. Now, we have to understand how
to patch a and Gy. That is, we have to understand how the gluing data w becomes integrated
into a gluing data f between a and Gg. It is the local Lie rack cocycle I?(w), constructed in the
preceding section, which answers to this question. Hence, we showed that a Leibniz algebra g
becomes integrated into a local Lie rack of the form a x s Go.

Let g be a Leibniz algebra, there are several ways to see g as an abelian extension of a Lie
algebra go by a go-representation a. Here, we take the abelian extension associated to the (left)
center of g. By definition (see the end of section 1.3.3), the left center is

Zp(g) ={r €gllz,y =0 Vy € g}.

The left center Z,(g) is an ideal in g and we can consider the quotient of g by Z.(g). It is a
Leibniz algebra, and more precisely, a Lie algebra because gun, is included in Z,(g). We denote
this quotient by go. Hence, to a Leibniz algebra g there is a canonical abelian extension given by
i P
Z1(8) = 8~ go-
This extension gives a structure of go-representation to Zr,(g), and by definition of Z(g), this

representation is anti-symmetric. The equivalence class of this extension is caracterised by a
cohomology class in HL?(go, Z1(g)). Hence by Theorem 1.3.13, there is w € ZL?(go, Z1(g))

such that the abelian extension Zp,(g) < g 5 go is equivalent to

Z1(8) < go B Z1(g) - do.

Here gy is a Lie algebra, so becomes integrated into a simply connected Lie group Gy, and Z1,(g) is
an abelian Lie algebra, so becomes integrated into itself. Zr(g) is a go-representation (in the sense
of Lie algebra) and Gy is simply connected, thus by the Lie’s second theorem, Z7,(g) is a smooth
Go-module (in the Lie group sense). Because of Proposition 2.3.23 and Example 2.2.5, Z; (g) is
provided with an anti-symmetric smooth Go-module structure. The cocycle w € ZL?*(g, Z1.(g))
becomes integrated into the local Lie rack cocycle I?(w) € ZR2(Go, Z1(g))s, and we can put on
the cartesian product Gy x Z,(g) a structure of local Lie rack by setting

(9:@)>(h,b) = (g>h, ¢g,n(b) + Yo (a) + I*(w)(g, h)),
where ¢4 1,(b) = ¢g.b and 9, p(a) = 0. That is we have
(9,a)>(h,b) = (9>h, g.b + I*(w)(g, h)))-

It is clear by construction that this local Lie rack has its tangent space at 1 provided with a
Leibniz algebra structure isomorphic to g. Finally, we showed the following theorem
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Theorem 3.5.1. FEvery Leibniz algebra g can be integrated to a local Lie rack of the form
Go X2y a“,
with conjugation
(9,a)>(h,b) = (9>h, g.b + I*(w) (g, h)), (3.2)

and neutral element (1,0), where Gg is a Lie group, a a Go-module and w € ZL*(go,a®). Con-
versely, every local Lie rack of this form has its tangent space at 1 provides with a Leibniz algebra
structure.

Remark 3.5.2. Actually, we don’t need the Lie’s third theorem, we just need the Lie’s first
theorem and Lie’s second theorem. Indeed, we use the Lie’s third theorem to integrate gg, but
go is isomorphic (by its adjoint representation) to a Lie subalgebra of End(go). Hence, by the
Lie’s first theorem, there exists a Lie subgroup of GL(go) which integrates go.

We ask more in our original problem. Indeed, we ask that a Lie algebra becomes integrated
into a Lie group. That is, we have to show that when g is a Lie algebra, then Gy x Z.(g) is
provided with a Lie group structure, and the conjugation on Gy X 2(y Zr(g) is induced by the
rack product in Conj(Go X Z1(g)).

Let g be a Lie algebra, the left center Zp(g) is equal to the center Z(g). The abelian
extension Z,(g) < g 5 go provides Zp,(g) with an anti-symmetric structure but also a symmetric
structure, so a trivial structure. This extension becomes a central extension and the cocycle
w € ZL%(go, Z(g)) is also in Z2(go, Z(g)). On the hand, with w we can construct a local Lie rack
cocycle I?(w), and on the other hand, we can construct a Lie group cocycle t?(w). In Corollary
3.4.12, we showed that I?(w) = A?(:*(w))|y. Hence, the conjugation in Go X 2(.y Z(g) can be
written

(9,a)>(h,b) = (g>h, I*(w)(g, h)) = (g>h, A*(:2(w)) v (9, b)),

and we have seen in Remark 2.3.27 that this is the formula for the conjugation in the group
Go X,2(.) Z(g), where the product is defined by

(g,a)(h,b) = (gh,*(g, h)).

Conversely, suppose that a local Lie rack of the form Gg Xj2(,,) a® has its tangent space at
1, go B, a?, provided with a Lie algebra structure. Necessarily, a is a trivial go-representation
and w € Z%(go,a). Hence, as before, I?(w) = A%(:*(w))|y and the conjugation defined by the
formula (3.2) is induced by the conjugation coming from the group structure on Gg x,2(,) a.
Finally, we have the following theorem

Theorem 3.5.3. Fvery Leibniz algebra g becomes integrated into a local Lie rack of the form
Go X2 0,
with conjugation
(9,a)>(h,b) = (9>h, g.b + I*(w)(g, h)), (3-3)

and neutral element (1,0), where Gy is a Lie group, a a representation of Gy and w € ZL*(go, a®).
Conversely, every local Lie rack of this form has its tangent space at 1 provided with a Leibniz
algebra structure.
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Moreover, in the special case where g is a Lie algebra, the above construction provides
Go Xr2(w) a® with a rack product coming from the conjugation in a Lie group. Conversely, if
the tangent space at 1 of Go X2,y a® is a Lie algebra, then Go X2,y a® can be provided with a
Lie group structure, and the conjugation induced by the Lie group structure is the one defined by
(3.3).

3.6 From Leibniz algebras to local augmented Lie racks

Let go be a Lie algebra, a a g-representation and w € ZL?(go,a®). In Proposition 3.4.5, we
showed that I*(w) is a local Lie rack cocycle. We showed also that it satisfies the identity

g.I*(w)(h, k) — I*(w)(gh, k) + I*(w)(g, h>k) =0 (3.4)

for all (g, h, k) € Us_joc.
The natural question is : What is the algebraic structure on G X j2(,,)a® encoded by this identity?

Definition 3.6.1. Let G be a group. A local G-set is a set X provides with a map p defined
on a subset Q of G x X with values in X such that the followings axioms are satisfied

1. 1f (h,x), (gh, ©), (9, p(h, ) € Q, then p(g, p(h,x)) = p(gh, x).
2. For all v € X, we have (1,x) € Q and p(1,2) = x.

A local topological (resp.(smooth)) G-set is a topological set (resp. smooth manifold) X with
a structure of a local G-set such that

1. Q is an open subset of X.
2. p:Q— X is continuous (resp. smooth).
A fized point is an element xo € X such that for all g € G, (g,x0) € Q and p(g,xo) = xo.

In the following proposition, we show that the identity (3.4) provides Go x 12(w) 6% with a
structure of a local Gp-set.

Proposition 3.6.2. G X12(, a® is a local smooth Go-set, and (1,0) is a fized point.
Proof : We define an open subset 2 and a smooth map p by

1L Q= {(97 (h'a b)) € Go x (GO X 12 (w) aa)|(g7h) € U2—l00}'

2. p(g, (h,b)) = (g>h, g.b+ I*(w)(g, h)).
Let (h, (k, 2)), (gh, (k, 2)), (g, p(h, (k, 2))) € Q. This is equivalent to the condition (h, k), (gh, k), (g, hi>k) €
Us—_ioc, that is (g, h, k) € Us_jo.. We have

p(g: p(h, (k,2))) = p(g, (h>k, h.z + I* (w)(h, k)))
= (9> (h>k), g.(h.2) + g.1* () (h, k) + I*(w) (g, hi>k)).
Using the identities (2) and (gh)>k = g>(h>k), we have
p(g, p(h. (k,2))) = ((gh)>k, (gh).2 + I*(w)(gh, k))
= p(gh, p(k, z)).

Thus p(g, p(h, (k, 2))) = p(gh, p(k, 2)).

Moreover, we have p(1, (k,2)) = (1>k, 1.2 + I*(w)(1,k)) = (k, 2) and p(g,(1,0)) = (gr>1,9.0 +
I?(w)(g,1)) = (1,0). Hence Gy X y2(, a® is a local smooth Go-set and (1,0) is a fixed point for
this local action.
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We remark that we can reconstruct the rack product in G xr2(,) a® from the formula of the
Go-action. Indeed, we have

(9,a)>(h,b) = g.(h, b) = p(g,a).(h,b),

where p is the projection on the first factor Go Xj2(,,) a® 5 Go. Furthermore, p(1,0) = 1 and
p is equivariant. Indeed, let (g, (h,y)) € Q, we have p(p(g.(h,y))) = p(g>h, g.y + I*(w)(g,h)) =
g>h = g.p(h,y). Hence we showed the following proposition

oy p . .
Proposition 3.6.3. Go Xj2(,) a® — Gy is a local augmented Lie rack.
Hence we can rewrite our main theorem

Theorem 3.6.4. Every Leibniz algebra g becomes integrated into a local augmented Lie rack of
the form

P
GO XI2(w) a® - CTV()7
with local action

g-(h,b) = (g>h, g.b+ I*(w)(g, ),

and neutral element (1,0), where Gy is a Lie group, a a representation of Go and w € ZL?(go, a®).
Conversely, every local augmented Lie rack of this form has its tangent space at 1 provided with
a Leibniz algebra structure.

Moreover, in the special case where g is a Lie algebra, the above construction provides
Go Xr2(w) a® with a rack product coming from the conjugation in a Lie group. Conversely, if
the tangent space at 1 of Go X2,y a® is a Lie algebra, then Go X2,y a® can be provided with a
Lie group structure, and the conjugation induced by the Lie group structure is the one defined by
(3.3).

3.7 Examples of non split Leibniz algebra integrations

3.7.1 In dimension 4

Example 3.7.1. Let g = R*. We define a bilinear map on g by

€1,€1

[e1,e1] = eq
[e1, €2] = eq
le2, e1] = —eq
e, €2] = €4
es, €3] = eq

€2, €2| =
es, es] =
We have
(1,22, 3, 74), (Y1, Y2, ¥3,94)] = (0,0,0, 2191 + T1y2 — T2y1 + T2y2 + T3y3)
Proposition 3.7.2. (g,[—, —]) is a Leibniz algebra.
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Proof : We have

[(mla x2,$3,$4)7 [(ylayQa y37y4)a (217 224,23, Z4)H = (070707 0)7

and

(Y1, Y2, Y3, Ya), [(T1, X2, T3, 24), (21, 22, 23, 24)]] = (0,0,0,0),
and

[(z1, 22, w3, 24), (Y1, Y2, Y3, Y4)), (21, 22, 23, z4)] = (0,0,0,0).
Hence the bracket [—, —] satisfies the Leibniz identity.

d

To follow the method explained above, we have to determine the left center Zp (g), the quotient
go of g by Z1(g) denoted gy, the action of go on Z1,(g) and the Leibniz 2-cocycle describing the
abelian extension Zr,(g) — g — go.

Let x € Z1(g), for y = (1,0,0,0),y = (0,1,0,0) or y = (0,0, 1,0) in g, we have [x,y] = 0. This
implies that 1 = x5 = 3 = 0. Conversely, every element in g with the first three coordinates
equal to 0 is in Z(g). Hence Z1(g) =< e4 > and gg =< ey, ea, e3 >. The bracket on g is equal
to zero, hence g is an abelian Lie algebra. The action of go on ZL(g) is given by

px(y) = [(xlv T2,X3, 0)7 (07 Oa O» y4)} = (07 07 Oa O),
and the Leibniz 2-cocycle is given by

w(may) = [(.Z'],.’I}Q,.TL'?,,O), (y17y27y3a0)] = (07070733191 + T1Y2 — XT2Y1 + T2Y2 + 33393)-

Now, we have to determine the Lie group Gy associated to gg, the action of Gg on Zp(g) in-
tegrating p : go — End(Z1(g)) (the action of gy on Z1,(g)), and the Lie rack cocycle integrating w.

The Lie algebra gg is abelian, thus a Lie group integrating go is Gy = go. Moreover, p is null
hence the Lie group action of Gy on Zy,(g) which integrates p is the trivial action. The facts that p
is zero and go abelian, imply that d} : CL'(go, Z1.(g)) — CL*(go, Z1(g)) is zero. Hence, because
Gann = Z1(@), g is non split. That is, g is not isomorphic to the direct sum of a Lie algebra b
and a Lie representation V over §h provided with the bracket [(z,v), (y,w)] = ([z,y], z.w) (see
the introduction). What remains to be done is the integration of the cocycle w. A formula for
f, a Lie rack cocycle integrating w, is

Fa,b) = / ( | e,

a

where 7,(s) = sa and () = tb. Let a € Gy and z,y € go. We have

[ = [ e

7



Thus

— [ i@ @)

[0,1]

2 eq Q

= [ P o) G| i
— [ Pw@)iea

[0,1]
— 2 (w)(a)(b)
= w(a,b)

Hence, the conjugation in Gy x ¢ Z1(g) = R* is given by

(a1, a2, a3, as)t>(b1, ba, bs,ba) = (b1, b2, bs, a1b1 + a2ba + asbs + a162 — asbi + ba).

We have
0? 0?
386’5'8’]‘;0(5‘117 saz, sasz, saq)t>(tby, tba, ths, thy) = 7836t|s,t:o(tb1’ tb, ths, st(a1by + asbs + azbs + a1be — asby), thy)

=(0,0,0,a1b1 + azbs + asbs + a1bs — asb1)

= [(al,ag,a3,a4), (51752753,594)]-
Thus (R, >) integrates (R*, [—, —]).

Example 3.7.3. Let g = R*. We define a bilinear map on g by

[61, 61} = €2
le1,e2] = e3
le1,e3] = eq

We have
(1,22, 23, 24), (Y1,Y2, Y3, Ya)] = (0, 21y1, T1Y2, T1Y3)

Proposition 3.7.4. (g,[—, —|) is a Leibniz algebra.
Proof : We have

(21,72, 23, 74), [(Y1, Y2, Y3, Ya), (21, 22, 23, 24)]] = [(21, 72, 23, 74), (0, y121, Y122, Y1 23)]
= (070a$1y1227$19123),
and
[(y17y27y3a y4)7 [(xlu $2,$3,x4), (217227 23, 24)]] = (07 0a$1y1227$19123)7
and
[[(331,58271'3, 3:4)3 (ylvaa y37y4)]7 (21’ 22, %3, Z4)] =0.

Hence the bracket [—, —] satisfies the Leibniz identity.

78



O

To follow the method explained above, we have to determine the left center Zy, (g), the quotient
go of g by Z1(g) denoted go, the action of gg on Z1(g) and the Leibniz 2-cocycle describing the
abelian extension Zr,(g) — g — go.

Let z € Z(g), for y = (1,0,0,0),y = (0,1,0,0) or y = (0,0,1,0) in g, we have [z,y] = 0.
This implies that ;1 = 0. Conversely, every element in g with the first coordinate equals to 0
is in Zr(g). Hence Zp(g) =< ea,e3,e4 > and gg ~< e; >. The bracket on gg is equal to zero,
hence g is an abelian Lie algebra. The action of gg on ZL(g) is given by

pm(y) = [(.T1,070,0), (07y27y37y4)} = (O,O,$1y2,$1y3)7
and the Leibniz 2-cocycle is given by
W(J?, y) = [(xlv Ov Oa 0)7 (yla Oa 0; 0)] = (07 T1Y1, 07 O)

Moreover, we have [z,2] = (0,23, 7122, 7173), hence gunn = Zz(g). This Leibniz algebra
is not split because for o € Hom(go,R) and z,y € go, we have dra(z,y) = p.(aly)) =
(0,0,z10(y)2, z100(y)3).

Now, we have to determine the Lie group Gy associated to go, the action of Gy on Z (g) in-
tegrating p : go — End(Zr(g)) (the action of go on Z1,(g)), and the Lie rack cocycle integrating w.

The Lie algebra gg is abelian, thus a Lie group integrating gg is Gy = gg. Moreover, a simple
calculation shows that the Lie group action of Gy on Zp,(gg) defined by

¢$(y) =y+ pm(y)7

integrates p. What remains to be done is the integration of the cocycle w. A formula for f, a

Lie rack cocycle integrating w, is
fav) = [ ([ e,
Yo Ya
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where v, (s) = sa and ~,(t) = tb. Let a € Gy and z,y € go. We have

| = [ e
- /H D, (5) (T2(w)(0))ds

s S:O%(S))ds

= (b,ya(s) o T2 (w)(a)ds
[0,1]

o o e O

Thus

eq

= ) ¢7b (t)(

1 1
= / abey + (mb2 + *a2b)63 + —ta®beqdt
[0.1] 2 2

1 1
= abey + 5((11)2 + a’b)es + ia2b264.
Hence, the conjugation in Gy x ; Z1,(g) = R* is given by

1 1
((Ll, as, as, (L4)l>(b1, b2, bg, b4) = (bl, albl, a1b2 + i(alb? + afbl), a163 + Zafb%)
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We have

92 o2 1
888t|s,t:0(8a17 Sag, sas, saq)>(tby, thy, ths, thy) = mb,t:o(tbl’ sta1by, sta1bs + §(St2a1b% + s%ta3by),

1
staibs + 52t21a§b%)
= (0,alb1ya1b2,a1b3)

= [(a1, a2, a3, as), (b1, ba, bs, bs)].

Thus (R*, >) integrates (R*, [—, —]).

3.7.2 In dimension 5

Example 3.7.5. Let g = R®. We define a bilinear map on g by

[61761] = [61762] = €3
[e2, e1] = [ea, e2] = [e1,e3] = ey
[61,64] = [62,63} = €5

We have

(21, 22, 23, 24), (Y1, Y2, Y3, Y4)] = (0,0, 21 (y1 + y2), T2(y1 + y2) + T1Y3, T1ya + T2y3).
Proposition 3.7.6. (g,[—, —]) is a Leibniz algebra.
Proof : We have

(21,72, 23, 74), [(Y1, Y2, Y3, Ya), (21, 22, 23, 24)]] = (0,0, 0, 21y1(21+22), 21 (y2(21+22) +y123) +22y1 (21+22)),

and

(Y1, Y2, Y3, Y4), [(1, T2, T3, T4), (21, 22, 23, 24)]] = (0,0, 0, 21y1(21+22), 21 (y2(21+22)+y123) +22y1 (21+22)),

and
[[(‘Tlv Z2,Ts3, $4)5 (ylv Y2,Y3, y4)]7 (Zl7 22, %3, 24)] = (07 07 07 0)
Hence the bracket [—, —] satisfies the Leibniz identity.

O

To follow the method explained above, we have to determine the left center Zy (g), the quotient
of g by Z1.(g) denoted go, the action of go on Z1(g) and the Leibniz 2-cocycle describing the
abelian extension Zr,(g) — g — go.

Let € Z1(g), for y = (0,0,1,0,0) in g, we have [x,y] = 0. This implies that 1 = x5 = 0.
Conversely, every element in g with the first two coordinates equal to 0 is in Z(g). Hence
Z1,(g) =< es,eq,e5 > and go ~< e1,ea >. The bracket on go is equal to zero, hence go is an
abelian Lie algebra. The action of gg on ZL(g) is given by

pm(y) = [(xlv T2, 07 Oa 0)7 (07 07 Y3, Y4, y5)] = (Oa O, Oa T1Y3, T1Y4 + 1’2y3)7

and the Leibniz 2-cocycle is given by

w(xay) = [(.’1,'173}2,070,0), (y17y2a07070)] = (07071;1(3/1 +y2)7x2(y1 +92)>0)
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Moreover, we have [z, x] = (0,0, z1(z1 + x2), 22(x1 + x2) + 2123, 124 + T273), hence taking
x=(1,0,0,0,0),(0,1,0,0,0) and (0,1, 1,0,0), we see easily that gan, = Z1(g). This Leibniz al-
gebra is not split because for o € Hom(g, Z1(g)) and z,y € go, we have dpa(z,y) = p.(aly)) =
(0,0,0z10(y)3, x10(y)a + 2202(y)3).

Now, we have to determine the Lie group Gy associated to go, the action of Gy on Z(g) in-
tegrating p : go — End(Zr(g)) (the action of go on Z1(g)), and the Lie rack cocycle integrating w.

The Lie algebra go is abelian, thus a Lie group integrating go is Go = go. To integrate the
action p, we use the exponential exp : End(Z1(g)) — Aut(Zr(g)). Indeed, for all € go, we
have

0 0 0
pe=1x21 0 O
T2 X1 0

Hence, we define a Lie group morphism ¢ : Go — Aut(Z1(g)) by setting

1 0 0

br = exp(py) = T1 1 0
To + %x% z1 O

It is easy to see that dy¢ = p. What remains to be done is the integration of the cocycle w. A
formula for f, a Lie rack cocycle integrating w, is

fwmzﬁklﬁwww,

a

where 7,(s) = sa and v, (t) = tb. Let a € G and z,y € go. We have

€ e a
[ =[P )
a [071] s s=0
— [P @ads
[0,1]
= ¢'y,, (s) © 7—2 (w) (a)ds
0,1
1 0 0 a1 aj
= / saq 1 0 as ag | ds
0.1 \ saq + %(sal)2 sa; O 0 O
ai a
= / sa2 + as sa? + az ds.
0.1 \2saras + $5%a  2saias + 55%a3
Thus
aq al
/ W)= 3ai+a sa? + as
Ya

1 1
aias + ga:{’ aias + ga‘;’
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Hence

ﬁmw:AMT%ww

'Ya
ai a1

eq
:/ la3+a  ial+a
" \ajas + %a‘f aias + %a‘f
€
ay aq 1
_ * 1.2 1.2
= / ’}/b §a1 + ?23 5(11 + ?23
[0,1] arag + gai  ajaz + zaj

eq

aj ai 0
:/ jaftar  gaitaz | (w(O)(g| wn)de
01 \ayas + %a% aiaz + %(1:1)) =0

aq a1
:/ bryiy(| 30T +az  Fai+ay | (b))dt.
[0.1] aiaz + %a‘;’ aias + %a?

We have
aq aq 1 0 0 aq a1 b

¢’Yb(t)( %CL% + a9 %a% + as (b)) = thy 1 0 %G% + as %a% + as <b1>

araz + tai  ajas + ga} thy + 3(th1)? thy 0 aaz + $ai  ajaz + gal 2

CLl(bl + bQ)
= (tb1a1 + az + %a%)(bl + b2)
(alag + %a? + %tbla% + tb2a1 + tblag + %(tb1)2a1)(b1 + bg)
Thus
a1 (b1 + b2)
f(a,b) = (3bia1 + az + 2a?)(by + bo)

(Cl,lag + %a% + iblaf + %bgal + %b1a2 + %(bl)Qal)(bl + bg)

and the conjugation in Gy x ¢ Zp,(g) = R® is given by

a1 b1 bl

a9 b2 bg

az | > | b3 | = bs + al(bl + bg)

aq b4 0,11)3 + b4 + (lblal + ag + %a%)(bl + bg)

as b5 (CLQ + %a%)bg + alb4 + b5 + ((11(12 + ga‘;’ + ibla% + %bgal + %blag + %(bl)Qal)(bl + bg)

With a simple computation we verify that

32
9s0t |, ,_q

(Sah Sag, sa3, Sa4, Sa5)[>(tb1, tb?» tbS; tb4a tb5) = [(ala az,as, aq, (15), (blv b27 b3a b4, b5)]

Thus (R, >) integrates (R, [—, —]).
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Appendix A

Trunks

Our main reference on this subject is [FRS95].

A.1 Introduction

Let G be a group, one way to associate to G a category is to take

Object: g€ G

Morphism : g A gh

Composition : (g LA gh) o (gh LA ghk) =g hk ghk
Identity : g ER g

We denote this category by Ca(G).
Remark A.1.1. We can generalize Cq(G) substituting G by any right G-module A. The objects

become the elements of A, the morphisms are a < a.g, the composition is a % a.g o a.g 2,

(a.9).h=a ot a.gh, and the identity is a L 4. We recover the case of Cc(G) when the structure
of right G-module on G is defined by the right multiplication.

It is natural to wonder what is the correct notion when we replace the group structure by a
rack structure. The correct notion is the notion of a trunk.

A.2 Definitions and examples

Definition A.2.1. An oriented square in a directed graph is a sequence of edges a, b, ¢, d which

we represent:
C D
CT Tb

AT>B

d
—_—

Definition A.2.2. A trunk is a directed graph T, together with a collection of oriented squares
in I called preferred squares.
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Definition A.2.3. A pointed trunk is a trunk together with a chosen edge e4 : A — A for
each vertex A, and with the following preferred squares for each edge a : A — B.

a €B

A——B B——B
AT>B A?A

The edges e 4 are called the identities.
Definition A.2.4. A corner trunk is a trunk which satisfies the following two corner axioms:

(C1) Given edges a : A — B and b : B — D, there are unique edges a>b : A — C and
a<1b:C — D such that the following square is preferred

(C2) In the following diagram, if the squares (ABCD),(BDYT) and (CDZT) are preferred,
then the diagram can be completed as shown so that the squares (ABXY),(ACXZ) and
(XY ZT) are preferred.

T

Z
A
5 C

/

A

AN

BN

B

a

Given (C1), an equivalent statement is that the edges a,b and c¢ determine the entire dia-
gram of preferred squares.

Proposition A.2.5. In a corner trunk, the binary operations > and < satisfy:
1. a>(b>c) = (a>b)>((a < b)>c)
2. (a<b)<c)=(a<(b>c))<(b<c)
3. (a<(b>e))>(b<c) = (ab) < ((a Qb)>c)

Definition A.2.6. Let S and T two trunks. A trunk map between T and S maps vertices
on vertices, edges on edges and preferred squares on preferred squares. If S and T are pointed
trunks, then a pointed trunk map between T and S is a trunk map from T to S which takes
identities to identities.



Example A.2.7 (Category). Let C be a category. We define a directed graph I'(C) using C by
taking the objects as vertices, and the morphisms as edges. Hence, we define a trunk Trunk(C)
by taking the commutative squares in C as preferred squares. Moreover, this trunk is a pointed
trunk using the identity morphisms in C.

This construction gives a functor between the category of categories and the category of
(pointed) trunks. Conversely, we can define a functor from the category of (pointed) trunks to
the category of categories. We take as objects the vertices, and the morphisms are generated
by the edges of the trunk with the relations which follows from insisting that preferred squares
commute (and identifying the identities in the trunk with identites in the category for the pointed
version). Then, this functor, denoted Cat, is left adjoint to the functor Trunk.

Example A.2.8 (The rack trunk). This is the key example. Let X be a rack, we define a corner
trunk 7 (X) by setting

Vertices: x
Edges: forallz € X, %5 «

Preferred squares: for all z,y € X,

The corner trunk axioms are satisfied because of the axioms defining a rack. Indeed, by defini-
tion of this trunk, the axiom (C1) is clear, and, because of the rack identity, the axiom (C2) is
satisfied. Moreover, if we suppose that X is a pointed rack, then 7 (X) is a pointed corner trunk
with identity 1.

Example A.2.9 (The augmented rack trunk). Let X % G be an augmented rack, we define a
corner trunk 7 (X) by setting

Vertices: g € G
Edges: forallge G,z € X, g5 gp(x)

Preferred squares: for all g € G,z,y € X,

gp(z>y) —= gp(x)p(y)

9 4:6)917(33)

Moreover, if we suppose that this augmented rack is pointed, then 74 (X) is a pointed corner
trunk with identity 1.

Example A.2.10 (the n-cube). We define for all n € N a corner trunk, called n-cube and
denoted [J,,, by setting
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Vertices: subsets of {1,...,n}
Edges: V -5V U {i} where i ¢ V
Preferred squares: for all i < j

VU{j} —>Vu{iu{j}

o

174 L s vu{i}

Another description of this trunk is

Vertices: n-uplets (€1, ...,¢€,) where ¢; € {0,1}

Edges: for all 4 € {1, ‘e ,’Il}, (61, e €156, €Ty ey Gn) i> (61, ey €51, 6;, €itly. -y En) where
!
€ = 1.

Preferred squares: for all i < j

(61,...,€j,...76n)*i>(61,...76/47... €l €en)

(617...,En)47’>(€1,...,€;,...,6n)

Moreover, we define for all n € N a pointed corner trunk O by deleting the hypothesis i ¢ V' in

the first definition of the vertices. Hence, the identities are V' My

A.3 The category ('

Objects: We take as objects the trunks 0} defined above.
Morphisms: To define the morphisms in this category, we have to define two kinds of maps,
the face maps and the degeneracies.

Face maps: a (n — 1)-face is a map €; o : O, — O given by
€i,a(€17 e 7671—1) = (61, ey 61,065, ... 7671—1)

A composition of such (n — 1)-faces is called a face map.
Example: For ¢ = 1, = 1, we can represent €; 1 by

€1,1
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Degeneracies: a n-degeneracy is a map n; : O} — Di_l given by

ni(elv RN} En) = (Ela cee 615641, - en)
A composition of such n-degeneracies is called a degeneracy.

Proposition A.3.1. Face maps and degeneracies satisfy the following relations

€i,0€i—1,w = €j,w€i o, 1< < _j <n and a,w € {07 1} (Al)

nj—1mi = Mg, ©<J (A.2)
€iaj—1 if 1 <]

Ni€ia =« ddentity if i =3 (A.3)

€i—1,aM; ’LfZ > ]

A.4 [O'-set

Definition A.4.1. Let C be a category. A O -object in C is a functor S : (OT)? — C. A
OF-map between two T -objects in C, S and S’, is a natural transformation 7 : S = 5.

We can associate to any trunk a (O7-set called the nerve.

Definition A.4.2. Let T be a trunk, the nerve of T, denoted N(T), is the 0T -set given by
N(T)(O) = Hom(O;}, T)

N(T)\) = Hom(T, T) 5 Hom(T;, T) for A: O — OF

In the case where C is a category of modules, each (07-module S determines a chain complex
{C(S)ny dn}nzo by Setting

C(S)n

S@)

> (DR (S(eno) — Sler))

=1

On

=

A.5 The nerve of a pointed augmented rack

Let X & G be a pointed augmented rack. We have seen in the Example A.2.9 that there is
a pointed corner trunk 7 (X) associated to it. We will determine the nerve of 7¢(X). This
computation is facilitated by the following remark.

Remark A.5.1. Given edges go = gop(1), go = gop(x2) and go =2 gop(z3) in Tg(X), then
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there exists a unique way to complete the diagram

TN T A
N T
2 Gop(az)
/ ,
9o i gop(x1)

into a diagram of preferred squares. An equivalent statement is to say that we have the identity

—1 -1 _ -1 -1
CCEI ch2 = 6;11(12) chl

Proposition A.5.2. Let X L. Gbea pointed corner trunk. We have a bijection

NTe(X)) O B @ x X" vneN
and

N(Tg(X))(Gi’())(gow’lﬁl, ey QTn) = (go,xl, e TiDT, ,Qiil>$n)
N(Ta(X))(ei1)(g0, 21 - -, xn) = (gop(m1|> DT )y By e Ty xn)
N(TG(X))(T]Z)(.QOaxl? C) (En) = (907*%.17 vy Ti—1, 17 Ly 7‘7;77,)

Proof : Let F' € N(7g(X))(d,}), we define an element (g, x1,...,2,) € G x X™ by setting
go = F(0) and
en=F({L,.. k-1 Y R, k)
Conversely, let (go,z1,...,2n), we define an element F' on the subsets {1,...,k} of {1,...,n}
by setting
F{1,....k} = gop(z1)...p(ax)

these data allow us to define F' on the subsets {k}. Indeed, we have the following diagram of
preferred square in [}

(k) — (1) — 2 (1,2, k) —— o —— {1, =2k} 1Ry
kT kT kT ‘“T T’“
p—L 1) —2 11,2 {1 k-2 k1)

Hence, by the corner axiom (C1), if we want F to be a trunk map, we have a unique choice for
F({k}). Thus, F is determined on {k} for all 1 <k < n.
Now we can construct F' by induction on the cardinality of the subsets of {1,...,n}. Suppose
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that F is known on the subset of {1,...,n} of cardinal lower than [. Let A be a subset of
{1,...,n} of cardinal [, i ¢ A and B C A of cardinal I — 1. The square

A—2 Ay

|, ]

B——= BU{i}

is preferred in [J;7. We want that F' sends preferred squares to preferred squares, hence by using
the remark above, we have a unique choice to define the edge F(A) — F(AU {i}). To show
that this is well defined, we have to show that our construction does not depend on the chosen
subset B. Suppose that A = By U {j} = Bs U{k} and let B = B; N By so that A = BU {j, k}
and suppose, without loss of generality, that j < k. We have the following diagram of preferred
squares in [}

BU /{\z k} A Ui}
it
Bl =BUT)
B BU {j}/

By induction, F'is defined on the three edges originating at B. Hence if we want F' to be a trunk
map, by using the remark above F(A) — F(A U {i}) is well defined.

Let (go,21,...,2,) € G x X™ and let F' be the element of N(7g(X)) associated to this
(n 4 1)-tuple. We have for all 1 <k <mn, ¢,0({1,...,k}) ={1,...,i—1Li+1,...,k+1}. We
have the following diagram of preferred squares in [,

(1, i1 ——= {1, i—1i41} o {1, =1+ 1, kY —={1,...i—1i+1,... k+1}

| | | |

i {1, i1y {1,....k} {1,... k+1}

F' is a trunk map, thus it sends this diagram to the following diagram of preferred squares in
Ta(X)

gop(xl) .. .p(l‘i_l) E— F(Ei,o({l, e ,Z})) """"" F(Q,O({L ey k— 1})) e F(Gi,o({l, ey kj}))
gop(1) - . p(ws) — = gop(x1) .. . plwipr) gop(z1) ... plak) ——— gop(z1) . . . p(Th1)

Thus F(e0({1,....k —1})) — F(ei0({1,...,k})) is equal to z;>xy if ¢ < k and x; if ¢ > k.
Hence
N(Tg(X))(Gi’O)(go,.’lil, ey QTn) = (go,xh e TiDTg, ,Qiil>$n)
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Moreover, we have forall 1 < k <mn, ¢;1({1,...,k}) ={1,...,k+1}ifi < kand e 1({1,...,k}) =
{1,...,k,i} if i > k. Thus F(e;1({1,...,k—1})) — F(e1({1,...,k})) is equal to zp4q if i < k.
For i > k, we have the following preferred square

{1, . k—=1,i} —={1,... k,i}

| |

{1,...,k—=1} ——{1,...,k}

Thus F(e;1({1,....,k—1})) = Fle;1({1,...,k}) = F({1,...,k = 1}) = F({1,...,k}) = z). It
remains to determine F(e; 1(0)). We have ¢; 1(0) = {i} and the following diagram is a diagram
of preferred squares in 7¢(X).

XTj—1

F(T})&F({r})b HF({L...(‘_z,z’}) F({l,.T.,i})
FO) —2>F{1}) Z— s — = F({1,...,i-2}) — > F({1,...,i - 1})

Thus by the corner axiom (C1), F(e;1(0)) = gop(z1>...>x;) and

N(TG(X))(eiyl)(g()azl s 7I’n) = (gop(I1> o Dxi)axlv s 71/‘\717 s 7I’n)

Furthermore, we have forall 1 < k <mn,n;({1,...,k}) ={1,...,k=1}ifi < kand n;({1,...,k}) =
{1,...,k} if ¢ > k. Thus F(np;({1,...,k—1})) — F(m:({1,...,k})) is equal to zx_q if i > k
and is equal to xy if i < k. For ¢ = k, we have F(ng({1,...,k — 1})) —» F(ne({1,...,k})) =
F({1,...,k—-1}) - F({1,...,k—1}) = 1. Hence

N(TG(X))(nl)(gf)?xla o 7xn) = (9071"17 sy Ti—1, 1,1‘1‘, o axn)-

We denote N (7 (X))(E}) by TE(X), N(7¢(X))(€i.a) by 0i.o and N(T(X))(n;) by o;.
Proposition A.5.3. For all n € N, we define an action of G on T'¢(X) by setting
9-(90,s 1, -+, Tn) = (990, 1, -+ -, Tn)-
Moreover, the action preserves the maps 0; . and o;, that is for all v € T'g(X)
9-0i.a(7) = 0i.a(9-7),
and
g.0i(7) = 0i(g9.7)-
Let A be a G-module. We denote by E"(I'¢(X), A) the set of functions from I'%(X) to A

which are equivariant for the action of GG, and such that foo; =0, for all 1 <i < n. We define
a cochain complex {E™(T'¢(X), A), d}t}nen by setting

Rf=) (=) — ),
=1

where d2®f = f 0 0ia.
Lemma A.5.4. d\"' odp =0.

Proof : This is clear using the identities (A.1).
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A.6 Relation with pointed rack cohomology

Let X be a pointed rack. We have seen in Example 2.1.24 that there is a canonical pointed
augmented rack associated to X, it is X 5 As,(X). Recall that on an As,(X)-module
A, we can define the structure of symmetric X-pointed module. The following proposition

establishes an isomorphism between the cochain complexes {E"(I' s, (x)(X), A),df }nen and
{CR} (X, A%),d% }nen-

Proposition A.6.1. Let X be a pointed rack and let A be an As,(X)-module. We have an
isomorphism of cochain complexes

v

E™MT as,x)(X), A) & CR2(X, A%),

given by
V() (@1, xn) = F([A] 21, @),

with tnverse given by

W) O],z an) = W] f (21, @)
Proof : Let f € E"(T'4,,(x)(X),A4) and (x1,...,2,) € X™. We have

n

dn n(f)(xlv o 73571-&-1) = Z(_l)n+l (¢m1l><..,>wi<yn(f)(xla s 7@7 s a-rn-i-l)

i=1

— l/n(f)(.ljl7 ey L1, T DT, 7.’17¢>In+1))
n

= (_1)”+1 (d)IlD...,Dwi (f([l]wrh e 7@7 sy mn+1)
1

.
Il

—f([l],:cl,...7xi,1,mi>xi+1,...,xibxnﬂ))
= Y (D" ((f([za> .. o], 2, .o Tay e D)
i=1
—f([l],xl,...7mi,1,mil>xi+1,...,xibxnﬂ)),
and
VAR ) (21, 1) = dRF(], 21,y Tpgn)

_Z DR f — a2’ (U], 21, Tnsn)
—Z D (foen — foena)((l], 21, 2nt1)

1 ~
= E 7'+ I>...,|>LIZ’¢],£E1,...,I]C¢,...,Z’n+1)

— f([ ],(131, ey L1, T DT, ,LEiI>I’n+1)).

Thus {v"},en is an isomorphism of cochain complexes.
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A.7 Relation with group cohomology

Let G be a group, Proposition 2.3.24 establishes that there is a morphism from the group coho-
mology of G to the pointed rack cohomology of Conj(G). Here we give a proof of this theorem
using trunk theory.

The O"-complex associated to a group

We can see a group as the pointed augmented rack Conj(G) i G, thus if we have a G-module
A, we can talk about {E"(I¢(Conj(G)), A), dE nen.

Proposition A.7.1. We have an isomorphism of cochain complexes
E"(Ta(G), A) S E™(Lag(cons(e)(Conj(G)), A),

given by
" (N(w], g1, 90) = [wlf (1,91, 9n),

with tnverse given by

(") ()90, 91, -, 9n) = F(l90), 91, - - - gn)-

Hence, by combining Proposition A.6.1 and Proposition A.7.1, we have the following result
Proposition A.7.2. We have an isomorphism of cochain complexes
E"(Ic(G), 4) & CRI(G, A%),

given by
gn(f)(gh .- 7971) = f(lﬂgh B 7gn)7

with inverse given by

O™ () (90s---+9n) = go-f (g1, Gn)-

The A-complex associated to a group
In the introduction we have associated a category to a group G. We can use this construction
to associate to G a simplicial complex with an action of the group G. By taking the equivariant
map from this simplical complex to a G-module A, we construct a cochain complex and we can

show that there exists an isomorphism between this complex and the complex defining the group
cohomology of G.

Let G be a group. Recall the description of the category Cq(G)

Objects: g € G
Morphisms: g LA gh
Composition: g KA gh o gh LA ghk =g ghk ghk

Identity: ¢ 4 g
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The nerve of the category Ca(G) is the simplicial set N(Cg(G)) defined by
N(Ca(G))(A,) = Hom(A,,Ca(G))
N(C(G))(N) = Hom(An,Ca(G)) 25 Hom(A,,Ca(G)) for A: A, — A,
Proposition A.7.3. Let G be a group. We have a bijection
N(Ca(G))(An) & G+ vn e N,

and under this isomorphism

(915 -+ 9n) ifi=0
N(CG(G))(Ei)(gO 7777 gn) = (gO 77777 9i9i+1y- -+, gn) Zf 1 S 1 S n—1
(90 77777 gnfl) Zf’L =n

N(Ca(G)mi) (90, -+ 9n) = (9o,-- - 1,- -, gn)
Proof : For all F' € N(Cq(G)), we define X (F') = (g0, 91, - - -, gn) by setting go = F(0) and
g =F(i—1)— F(i).

Conversely, given a (n+1)-tuple in G"*1, we define an element ((t3)~!)(go,- - ., gn) in N(Ca(G))
by setting
((tZ)_l)(go 7777 gn))(l) =4go-.--- ;-

Hence N(Cg(G)) and G™*! are in bijection.
Moreover, let (go, ..., gn) € G we have

(N(Ca(G)) () ((EA) ") (g0, - - - 9n)) (D) = ((tA) ") (90, - -, gn)) (€0 (i)

Thus (tz_l °© N(CG(G))(EO) ° (tZ)il)(gov s agn) = (gla cee 7gn)
We have

(N(Ca(G))(en) ((tA) ") (g0s - -+ 9n)) (1) = ((LA) ") (g0, - - - gn)) (€n(D))

Thus (13" o N(Ca(@))(en) o ((2) ) (905 -+ 9n) = (90, -+ Gn—1)-
Furthermore, for 1 < k <n — 1, we have

rea@)en o) = { {1y S

Thus (t2" o N(Ca(G))(ex) o (X)) (g0, - -+ 9n) = (G0s - - -, GkGkt1s - - -+ Gn—1)-
To finish, let 1 < k < n, we have

(VCa(G) () () e g} ) = { (R )00 o) <

Thus (t3~" o N(Ca(G))(mw) o (X)) (g0, - -5 9n) = (90, -+ 15, gn1)-



We denote N(Cq(G))(A,) by X2(G), N(Ca(G))(e;) by 0; and N(Cq(G))(n:) by 0.

Proposition A.7.4. For alln € N, we define an action of G on £¢(G) by setting

g'(QOagla s 7gn) = (9907917 s 7gn)

Moreover, the action preserves the maps 0; and o;, that is, for all v € Xg(G)

9.0;(7) = 0i(9-7),
and
g.0i(v) = ai(g9.7)-

Let A be a G-module. We denote by E™ (X (G), A) the set of functions from X% (G) to A
which are equivariant for the action of GG, and such that foo; =0, for all 1 <4 < n. We define
a cochain complex {E™(2¢(G), A),d%}nhen by setting

n+1

Bf =) (—1)tdyf,
1=0

where di f = f 0 0.
Lemma A.7.5. dit od = 0.
Proof : This is clear because {E"(X¢(G), A) }nen is a cosimplicial module.
([

Proposition A.7.6. Let G be a group and let A be a G-module. We have an isomorphism of
cochain complexes

E"(2c(G), A) & 0™(G, A),
given by
(n(f)(gh s 7gn> = f(17glv N agn)a

with tnverse given by

(Cn)_l(f)(g[hgla CIIE 7gn) = 90~f(917 e >gn)
Proof : Let f € E"(Xc(G), A) and (g1, ..., 9n+1) € G"T. We have

n

d"¢" ()G gni1) = 91:C" (1) (G2, gnir) + D (=11 Gilig1s - Gnt1)

=1

+ (_1)n+lcn(f)(glv s 7971)

n

= gl~f(17927 cee ,gn—‘rl) + Z(fl if(]-agla sy 9iGi41, - - - agn—O—l) + (71)n+1f(1>gl, s

n

)
i=1
(

= f(91,92, - gnr1) + > (D' F(Lg1,- -, 9iGit1s - gnr1) + (=1)" T F (L g1, - ..

i=1
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and

Cn+1(d%f)(gla cee agnJrl) = d%f(lagla cee agn+1)
n+1

- Z(_l)z izf(lagla s 7gn+1)
=0

n

= (91 gni) + Y (D) (L gigists s Gagr) + (1) (Lgrs

i=1

Hence {¢"}nen is an isomorphism of cochain complexes.

A morphism from E"(X4(G),A) to E"(T¢(G), A)

In this part we construct a morphism of cochain complexes from {E™(Xg(G), A), d%}nhen to
{E"(Tc(G), A),d}}nen, and we show that under the isomorphisms given in Proposition A.7.2
and Proposition A.7.6, this morphism is equal to {A"},,en defined in Proposition 2.3.24.

To construct this morphism, we define for all n € N a finite family of maps (n! exactly) from
I'Z(G) to £%(G) which commute with 0; o and 9;. By definition, these complexes are the sets
of pointed trunk-maps from 0% to 7¢(G) and the set of functors from A to Ce(G). Hence, we
want to define for all n € N, a finite family of maps

HomTrunk(D:a TG(G)) — HomCat (Anv CG(G))
Every map in this family is the composition of three maps

HomTrunk(D:a Tg(G)) RS HomCat(A’m CG(G))

| |

Homprunk (O, Trunk(Ce(Q))) — Homea(Cat(T}), Ca(G))

where the map
Homrrunk (O, T (G)) — Homrrunk (O, Trunk(Ca(G))),
is induced by the canonical map 7¢(G) — Trunk(Cq(G)). The map
Homprunk (O, Trunk(Ce(G))) — Homea(Cat(3)), Ca(G))
is the bijection defined using the adjointness between the functors Trunk and Cat, and the map
Homega(Cat(3)),Ca(G)) — Homeai(An, Ca(G))

is induced by an injection of A,, in Cat((J}). Tt is the last application which gives us n! choices
of maps.

We want to define a map from Homrunk (O, 76(GQ)) to Homrrunk (O, Trunk(Ca(G))).
We have a canonical pointed trunk-map from 7¢(G) to Trunk(Cq(G)) given by the identity
on the vertices and on the edges. Hence, the composition by this pointed trunk-map gives the
wanted map.
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To define the map from Homppynk(OF, Trunk(Cq(G))) to Homee:(Cat(T"), Ca(G)), we
use the adjointness property between the functors Trunk and Cat. It gives us a bijective map
from Homzgpunk (O, Trunk(Ca(Q))) to Homea:(Cat(O™), Ca(Q)).

It remains to define the maps from Homcq:(Cat(T)), Ca(G)) to Homeat(An, Ca(G)). For
this, we use canonical injections from A,, to Cat({J}). The injections that we consider are the
followings; we define them recursively by

0~ (0,...,0)
and
ke ok, .., ak)
such that of =1 if af‘l = 1, and such that there exists a unique ¢ € {1,...,n} with ozf_l #1

and of = 1. There are exactly n! different maps defined in this way. Indeed, if the image of
[k —1] is fixed, we have n — k choices for [k]. Hence, we have n! choices. If we use the description
of Cat(J;}) in term of subsets of {1,...,n}, these functors are defined by

0—0
and
k— Vi =V U{i}
where i ¢ Vi_1. It is better to have explicit formulas for these maps. Let (i1, .. .,%,) be a n-tuple

in {1,...,n}, we denote by A;, . ;, the functor

ke (af,... ak)
where o = 1 if and only if i € (i1,...,ir). Another way to define them is to index by the
elements of the symmetric group &,,. Let 0 € &,,, we denote by A, the functor

ke (aF,... o) (A.4)
where of = 1 if and only if i € (0(1),...,0(k)). We will use this formulation in the sequel.

n

Composing these four maps, for all n € N we obtain a family of maps from I'y(G) =3 L& (G)
indexed on the symmetric group &,, defined by
A(F) = F o\l
Using this family, we define for all n € N a map E™(Eq(G), A) A E"(T¢(G), A) by setting

AM(f) =) (=)o@ fo AL, (A.5)

ceS,

Proposition A.7.7. Let G be a group and let A be a G-module, then

{A"}nen

{En(EG(G)vA)’d%}neN {EH(FG(G)vA)7d?}7LEN

is a morphism of cochain complexes.

To prove this proposition we need a lemma linking A,, €; » and e;.
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Lemma A.7.8. Let 0 € &, and i € {1,...,n}. We have the following relations

Ao © €k = Ago(kk+1) O €k for 1 <k <n—1 (A.6)
€,00 A = )\7.3 O€n (A7)
€10 = )\T; o€ (A.8)

where 70, and T}, are defined by

o(k) if o(k) <i
(k) = { ok)+1 if i<o(k)<n-—

and

) ok —1) if o(k—1)<i
Tmi(k){ ok—=1)+1 if i<o(k—1)

Proof : Let 0 € ©,,, we show first the relation A\, o ¢ = )\Uo(k o€ for 1 <k <n—1
Let 1 <k <n-—1and! € [n|]. We have

— Mooty (D) if 1<k
(Aoo(k k1) © €x)(1) = { M+ 1) i k<1

If | < k, then Apo(r i1y (1) = (af, ..., o) with o} = 1ifand only if i € {(o0(k k+1))(1),..., (oo

l
1»
)} Thus, Ag (1) = Mook kt1)(1).

(k E+1)D)} ={o(1),...,00

If | = k, then Ayo(k k11 (k+ 1) = (b ... akt!) with o™t = 1 if and only if i € {(c0 (k k+
D)D), (oo(k k+1))(E+ 1)} ={o(1),...,0(k+1)}. Thus, As(k +1) = Asokr+1) (K +1).
If i > k:, then Aoo(k k) (L +1) = (afth, ... ij‘l) with o/™ = 1 if and only if i € {(c 0 (k k+
D)D), (oo (k E+1)(I+1)} = {0( )yt oD} Thus, Ao (U +1) = Avo(k k1) (L +1).

Let k € {0,...,n}, we want to show that (€;,1 0 As)(k) = (A;1, 0 €)(k). We have

(€110 A0) (k) = ein(af, ... an) = (Y1, Ynt1)

where
of o if j<i
=1 1 if i=j
of | if >
and
(A2, 0€)(k) = An (k+1)= (87", Bi10)

where ﬂf“ = 1if and only if j € {7} ;(1),...,75 ;(k + 1)}. Then 5;““ = 1 if and only if there
exists [ € {1,...,k+ 1} such that j = (7,)(]).

If j < i, then ﬁf“ =1 if and only if there exists [ € {2,...,k+ 1} such that j = o(l —1). That
is, ﬂf“ =1 if and only if there exists [ € {1,...,k} such that j = o(l).

If j =i, then BF = 1 because Tyi(1) =i

If j > i, then 6;-“1 =1 if and only if there exists | € {2,...,k+ 1} such that j =o(l — 1) + 1.
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That is, ﬁf“ =1 if and only if there exists I € {1,...,k} such that j = o(l) + 1.
Hence for all j, v; = [3;”1, thus ;1 0 A\p = A1 0¢.

Let k € {0,...,n}, we want to show that (€;,0 0 As)(k) = (Aro o€,)(k). We have

(€00 Ao)(k) = €ip(af,...,00) = (71, -, Vnt1)

where
of i j<i
’yj‘ = 0 if ¢ :j
of if >
and

(Ao, 0 €nt1)(k) = Ao (k) = (BF, ... Bit1)
0 .

where ﬂj’? = 1 if and only if j € {72,(1),...,73;(k)}. Then BJ’-“ = 1 if and only if there exists
le{l1,...,k} such that j = (72,)(]).

If j < i, then ﬁ;? =1 if and only if there exists [ € {1,...,k} such that j = o(l).

If j =i, then 8 = 0 because it does not exist [ € {1,...,k} such that 70 ,(I) = i.

If j > i, then ﬁf = 1 if and only if there exists [ € {1,...,k} such that j = o(l) + 1.

Hence for all j, v; = BJ’?H, thus €00 A\ = )‘73,1- O €nt1-

O
Proof of the proposition: Let n € N, we want to show that the following diagram commutes

E"(S6(G), A) —2 = EMTa(Q), A)

N [«

B (S6(G), 4) X B (Dg(G), A)

Let f € E"(2¢(G), A) and F € % (G), we have

di (A" (P)(F) =Y (=) Hdp'A™(f) = dg°A™(f)(F)

I

«
Il
-

(=)™ HA™(f) 0 011 — A"(f) 0 Di0) (F)

I

s
Il
_

-

(DD ()@ (fo AR 0 0ia)(F) — Y (=) (f o AZ 0 8;0)(F))

=1 oes, ceG,

=Y ()Y ()T (fo AR (Foen) — Y (—1)* ™9 (f o AZ)(F o €ip))
i=1 cEG,, cEG,

=D ()T D (1) f(Foenody) = Y (—1)"9O f(FoegoAr)).
i=1 oeS, ceS,
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On the other hand, we have

ATHEE(N)F) = Y (F1)7 (A (f) o ApT)(F)

€641
= Y (C1)TOdg(f)(F o )
0E€EG 41
= > (=Y (~)idLf(Foyt)
0EG 41 1=0
= > ()TN (1) (fodi)(FoArth)
€S 41 1=0
= Y ()T (Y1) f(F oAt o)
0€G 11 =0
n—1
= > (=) (f(Forrtoe) + Y (1) f(FoXit oe)
€S 41 =1
+ (=1)"f(F oAt oey)).
First, we show that
n—1
> ()TN (1) f(FoXit og) =0
cEG 41 i=1

We have

S ) fFo Nt oa) = Y (C)Of(Foxtt o)

€S, 41 o(k)<o(k+1)

+ Y (O (o N o)
o(k)>o(k+1)

= Y C)OFe N o)

o(k)<o(k+1)

+ ) CYIOTRE Ny 0 @)
o(k)<o(k+1)

We have shown in the preceding lemma that )\g‘H o€ = /\Z:'&€ f1) © €ks foralll1 <k <n-—1.
Thus, we have

n—1
N (1) N (1) f(F oA o) = 0.
i=1

UGGW,+1

Hence, we have

AMHAE(N)EF) = Y (F)PO(F(F oAz o) + (1) f(F o A7 o en)).

(7667,,+1
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Now we have to show that

n

ST ()T (f(F oAt o) = S (~1)F ST (<1)* 9O f(F o €1 0 ML),
0ES 11 i=1 cEG,
and

n

Yo YT ) f(FodyT oe) =Y (1) Y (~1)MOf(Foeigo ).

O’EGH+1 i=1 occG,

We have shown in the preceding lemma that €; 10} = )\Zfloeo. We remark that forall o € 6,41,

there exists a unique pair (8,7) € 6, x{1,...,n} such that ’Té’i = o and sign(f)+i+1 = sign(o).
Hence we have

S (1) (f(Foa o) = Y (=1 OFF(F(Fo AN o g)

€641 BEG,,1<i<n b
=Y (=D YT~ f(Fo €y 0 ML),
=1 BEG,

By the same argument, we show the second equality. Thus, {A™},cn is @ morphism of cochain
complexes.

O

The following proposition is one of the goals of this appendix. It establishes that the morphisms
constructed above between E™(X¢(G), A) and E™(T'¢(G), A), are the same as these defined in
Proposition 2.3.24.

Proposition A.7.9. For alln € N, {3 o A" o ((t&)~!) = A™.
The proof is clear when we have shown the following lemma.

Lemma A.7.10. Let (go,...,gn) € G" and o € S,,. We have (t}4 o A% o (%)) (g0, ---,9n)
is equal to (h§,...,h5), where h§ = go and hi = g;j,>...>g;,>gok) with j1 < -+ < ji < oy,

and j; ¢ {0(1),...,0(k)}.

Proof : Let (go,...,gn) € G and F = (t) (g0, - - -, gn), the functor from O, from 7 (G)
corresponding to this (n + 1)-tuple. By definition of the bijection ¢} between ¥%(G) and G™ 11,
we have h§ = AZ(F)(0) = F(0) = go and hf = A?(F)((k — 1) — k). We are going to show the
result by induction on k.

First, we have to initialisate the induction. We have h{ = AZ(F)(0 — 1) = F()) —
F(A (1)) = go — F(af,...,a) where there exists a unique af equal to 1. If we use the

subset description of the trunk [, all the squares in the following diagram are preferred

(B} — {1k} — 2= {1, 2k} —> o —— {1, k= 2.k} s {1, k)
R 1
0 {1} {1,2} S —— TP Y} S N S VOO - p!
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Hence, we apply the trunk map F', we obtain

F({k}) i> F({L k}) i> F({l, 2, k‘}) —_—— i — F({L o k— 2) k‘}) Jk—1
th F(k)T F(’f)T F(k)T
g0491>F({1}) = F({laQ})4> HF({l,---;k—Q})&F({L,

and by definition of the trunk 7¢(G), we have

hi = gi>g2>> ... >gk—1>gk-

Secondly, suppose that the result is true for k, that is hf = g;,>...>g;,>gsr) with j1 <
< ji<opand j; & {c(1),...,0(k)}. Is it always true for k + 17
Suppose first that o(k) > o(k + 1). We denote V)7 the set of indexes ¢ € {1,...,n} such that
af € A\(k) is equal to 1. Then, using the subset description of [J;}, the following square is
preferred in (I}
o(k+1)

o o
Vk: VkJr 1

U(’OT Ta(k)

. o(k+1) o
Vi y Vi U{o(k+1)}

and the image of this preferred square by F' is

e

F(Ve) F(V.,)
hZT TF(o(k))
Fve ) — e Uo(k+1)})

Because of F' is a trunk map, this square is preferred in 7¢(G), thus, by definition of the trunk
7c(G), we have hi , = F(o(k+ 1)) : F(V,) — F(VZ,U{o(k+1)}). We remark that

Ve, ary V2 U{o(k+ 1)} is equal to V;O%k k1) oolkitl) V,:o(k FU  Thus,

o(k k+1
hiy1 = hZ ( g
By induction hypothesis, we have hzo(k kD) _ G5, > - >G5, D> Go (k1) With j1 < - < i < o(k+1)

and j; ¢ {o(1),...,0(k+ 1)}. Hence, we have shown the result when o(k) > o(k + 1).
Suppose now that (k) < o(k + 1). The following square is preferred in UJ;F

o(k)

Vi U{o(k+1)} Vi
o(k—&-l)T To(kﬂ)
Vil a Vi
and the image of this square by F' is the preferred square
PV Ufolk+ 1)) S F(VE,)
F(U(Hl))T Thzﬂ
(VL) & (V)
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Hence, by the definition of the trunk 7¢(G), we have h{,, = (k) '>F(o(k + 1)). Like in the
precedent case, we have F(o(k + 1)) = h;o(k *1 | thus

o o\ — co(k k+1

71 = (h7)"'>hy ( ).
By induction hypothesis, we have hzo = gj> . >G5,> o (k1) With j1 < --- < gy < o(k+1)
and j; ¢ {o(1),...,0(k —1),0(k+1)}. That is,

oo(k k+1
hk ( ) — 9i: > BG5,> 95 () > 9o(k+1)

and so
By = ()™ o hE Y
= (9> 25> Go(r) (95> - DG >Go () > To (k1))
= (95, - 295> (Gor)) ) (g5 - >G5, > G (k) > Tor (k1))

15 205 (9o (k) > (9o (k) > Go(ki1)))
> ... >G5, P00 (k+1)-

with j; < - <ji<o(k+1)and j; ¢ {c(1),...,0(k—1),0(k),0(k+1)}. Hence we have shown
the lemma.

O
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Appendix B

Synthése en francais

Introduction

Le résultat principal de cette thése est une solution locale du probléeme des coquecigrues. Par
probléme des coquecigrues, nous parlons du probléme d’intégration des algébres de Leibniz. Cette
question a été posé par J.-L. Loday dans [Lod93| et consiste a généraliser le troisiéme théoréme
de Lie aux algébres de Leibniz. Ce théoréme établit que pour toutes algébres de Lie g, il existe
un groupe de Lie G tel que son espace tangent en 1 soit muni d’une structure d’algébre de Lie
isomorphe & g. Les algébres de Leibniz sont des généralisations des algébres de Lie, ce sont
leurs analogues non-commutatifs. Précisemment, une algébre de Leibniz (4 gauche) (sur R) est
un R-espace vectoriel g muni d’une forme bilinéaire [—, —] : g X g — g appelée le crochet et
satisfaisant 1'identité de Leibniz (& gauche) pour tout x,y et z appartenant a g

[x7 [ya Z“ - [[xay]v Z] + [ya [I‘, Z]]

Ainsi, une question naturelle est de savoir si pour toutes algébres de Leibniz, il existe une variété
lisse munie d’une structure algébrique généralisant la structure de groupe, et telle que ’espace
tangent en un point donné, appelé élément neutre et noté 1, peut étre muni d’une structure
d’algébre de Leibniz isomorphe & l'algébre de Leibniz donnée. Comme nous voulons que cette
intégration soit une généralisation du cas des algébres de Lie, nous devons aussi demander que,
quand l’algébre de Leibniz est une algébre de Lie, la variété intégrante soit un groupe de Lie.

Le résultat principal concernant ce probléme a été donné par M.K. Kinyon dans [Kin07].
Dans cette article, il résout le cas des algébres de Leibniz scindées, c’est a dire les algébres de
Leibniz qui sont produits demisemidirectes d’'une algébre de Lie et d’une représentation sur cette
algébre de Lie. C’est a dire, les algébres de Leibniz qui sont isomorphe & g @ a en tant qu’espace
vectoriel, et ou le crochet est donné par [(z,a), (y,b)] = ([z,y], z.a). Dans ce cas, il montre que
la structure algébrique répondant au probléme est la structure de digroupe. Un digroupe est
un ensemble muni de deux produits binaires F et -, un élément neutre 1 et des relations de
compatibilités. Plus précisemment, il montre qu’une structure de digroupe induit une structure
de rack pointé (pointé en 1), et c’est cette structure algébrique qui munit I’espace tangent en
1 d’une structure d’algébre de Leibniz. Bien sir, toutes les algébres de Leibniz ne sont pas
isomorphe & un produit demisemidirecte, donc nous devons trouver une structure plus générale
pour résoudre ce probléme. Nous pouvons penser que la bonne structure est celle de rack pointé,
mais M.K. Kinyon a montré dans [Kin07| que la seconde condition (une algébre de Lie s’intégre
en un groupe de Lie) n’est pas toujours remplie. Donc nous devons spécifier la structure dans la
catégorie des racks pointés.
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Dans cette thése nous ne donnons pas une réponse compléte au probléme des coquecigrues,
dans le sens ot nous construisons seulement une structure algébrique locale et non pas globale.
En effet, pour définir une structure algébrique sur ’espace tangent en un point donné, nous
avons juste besoin d’une structure algébrique au voisinage de ce point. Nous montrerons dans
la section B.3 que la solution locale & ce probléme est donnée par les racks de Lie augmentés
locaux.

Notre approche du probléme est similaire & celle donnée par E. Cartan dans [Car30]. L’idée
principale est que nous connaissons le troisiéme théoréme de Lie pour certaines classes d’algébres
de Lie. Par exemple, une algébre de Lie abélienne s’intégre en elle méme, et en utilisant le
premier théoréme de Lie, une sous algébre de Lie de 'algébre de Lie End(V') s’intégre en un sous
groupe de Lie de GI(V'). Soit g une algébre de Lie, Z(g) son centre et go le quotient de g par
Z(g). L’algebre de Lie Z(g) est abélienne et gg est une sous algébre de Lie de End(g), donc il
existe des groupes de Lie, respectivement Z(g) et Gy, qui intégrent ces algébres de Lie. Comme
espace vectoriel, g est isomorphe a la somme directe go ® Z(g), donc 'espace tangent en (1,0)
de la variété Go x Z(g) est isomorphe a g. Comme algébre de Lie, g est isomorphe a Iextension
centrale gy @, Z(g) ol w est un 2-cocycle de Lie sur go a coefficients dans Z(g). C’est a dire, le
crochet sur go B, Z(g) est défini par

[(x,a),(y,b)] = ([x,y],w(x,y)), (Bl)

olt w est une forme bilinéaire antisymétrique go & valeurs dans Z(g) qui satisfait I'identité de
cocycle d’algébre de Lie

w([z,y], 2) — w(z, [y, 2]) + w(y, [z,2]) = 0.

Ainsi nous devons trouver une structure de groupe sur Gy x Z(g) qui donne cette structure
d’algebre de Lie sur lespace tangent en (1,0). Il est clair que le crochet (B.1) est complétement
déterminé par le crochet sur gg et le cocycle w. Ainsi, la seule chose que nous avons & comprendre
est w. L’algebre de Lie g est une extension centrale de go par Z(g), donc nous pouvons espérer
que le groupe de Lie intégrant g soit une extension central de Gy par Z(g). Pour suivre cette
idée, nous devons trouver un 2-cocycle de groupe sur Gg a coefficients dans Z(g). Dans ce cas,
la structure de groupe sur Gy x Z(g) est donnée par

(9,a).(h,b) = (gh,a+ b+ f(g,h)), (B.2)

ol f est une application de G x G vers Z(g) s’annulant en (1, g) et (g, 1) et satisfaisant I’identité
de cocycle de groupe

Avec un tel cocycle, la conjugaison dans le groupe est donnée par

(9.a).(h,b).(9,a)"" = (ghg™ ", a+ f(g,h) — flghg™".9)), (B.3)

et en imposant une condition de différentiabilité sur f dans un voisinage de 1, alors nous pouvons
dériver cette formule deux fois, et obtenir un crochet sur go ® Z(g) défini par

[(z,a), (y,0)] = ([z,y], D*f(z,y)),

o D?f(z,y) = d*f(1,1)((x,0),(0,y)) — d*f(1,1)((y,0),(0,2)). Donc, si D*f(z,y) est égal a
w(z,y), alors nous retrouvons le crochet (B.1). Ainsi, si nous associons & w un cocycle de
groupe f satisfaisant des hypothéses de différentiabilité et tel que D2 f = w, alors notre probléme
d’intégration est résolu. Ceci peut étre fait en deux étapes. La premiére consiste & trouver
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un cocycle de groupe de Lie local défini au voisinage de 1. Précisemment, nous voulons une
application f défini sur un sous ensemble de Gy x G contenant (1,1) a valeurs dans Z(g) qui
satisfait 'identité de cocycle de groupe local (cf. [Est54] pour la définition d’un groupe local).
Nous pouvons construire explicitement un tel cocycle de groupe local. Cette construction est la
suivante (cf. Lemma 5.2 dans [Nee04]).

Soit V' un voisinage ouvert convexe de 0 dans g, et ¢ : V' — G une carte de G avec ¢(0) = 1
et dp(0) = idg,. Pour tout (g,h) € ¢(V) x ¢(V) tel que gh € ¢(V'), définissons f(g,h) € Z(g)

par la formule
o= [
Yg,h

9,

ot w™ € Q%*(Gy, Z(g)) est la forme différentielle invariante sur Gy associée & w et 7,5, est la
2-chaine singuliére lisse définie par

Yo.n(t:8) = B¢~ (9(s0™" (1)) + s(g((1 =)o~ ().
Cette formule définit une fonction lisse vérifiant D?f(z,y) = w(x,y). Nous devons maintenant
vérifier que f satisfait I'identité de cocycle de groupe local. Soit (g, h, k) € ¢(V)? tel que gh, hk
and ghk sont dans ¢(V'). Nous avons
winv + / winv _ / winv
Yg,hk v

g,h

F(h, k) = f(gh, k) + f(g,hk) — f(g.h) = / i /

_ / winv
Vg, h.k

oll Yg 5,k st une 3-chaine singuliére lisse & valeurs dans ¢(V') vérifiant 0vy px = 9Vh,k — Vohk +
Yg,hk +7Vg,n (une telle chaine existe car ¢(V') est homéomorphe & un sous ensemble ouvert convexe
V de gp). Donc

gh,k

F(h, k) — Flgh, k) + F(g,hk) — f(g,h) = / i

0Yg,h,k

— / dde'LTL’U
Yg.,h,k

=0
car w'™ est une 2-forme fermée. Ainsi, nous avons associé & w un 2-cocycle de groupe local, lisse
dans un voisinage de 1, et tel que D?f(z,y) = w(z,y). Donc nous définissons une structure de
groupe de Lie local sur Gy x Z(g) en posant

(g9,a).(h,b) = (gh,a+ g.b+ f(g.h)),

et l'espace tangent en (1,0) de ce groupe de Lie local est isomorphe & g. Si nous voulons une
structure globale, nous devons étendre ce cocycle local au groupe Gy en entier. Tout d’abord
P.A. Smith (|[Smi50, Smi51]), puis W.T. Van Est ([Est62]) ont montré que c’est précisemment
cette globalisation qui rencontre une obstruction venant a la fois du m2(Gy) et m1(Gp).

Pour intégrer les algébres de Leibniz en rack de Lie pointé, nous suivons une approche sim-
ilaire. Dans ce contexte, nous utilisons le fait que nous savons intégrer les algébres de Lie de
dimension finie. Comme dans le cas des algébres de Lie, nous associons a toutes algebres de
Leibniz une extension abélienne d’une algébre de Lie gy par une représentation antisymétrique
Z1(g). Comme nous avons le théoréme pour les algébres de Lie, nous pouvons intégrer go et
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Z1.(g) en les groupes de Lie Gy et Z1(g). En utilisant le second théoréme de Lie, on montre
que Zr(g) est un Go-module. Ainsi, la difficulté principale devient I'intégration du cocycle de
Leibniz en cocycle de rack de Lie local. Dans la section B.3 nous expliquons comment résoudre
ce probléme. Nous effectuons une construction similaire au cas des algébres de Lie, mais dans ce
contexte, il y a plusieurs difficultés qui apparaissent. Une d’entre elles est que notre cocycle de
Leibniz n’est pas antisymétrique, donc nous ne pouvons considérer la forme différentielle équiv-
ariante associée et 'intégrer. Pour résoudre ce probléme, nous utiliserons la Proposition B.1.1,
qui en particulier établit un isomorphisme entre le second groupe de cohomologie d’une algébre
de Leibniz g a coefficients dans une représentation antisymétrique a® et le premier groupe de
cohomologie de g a coefficients dans la représentation symétrique Hom(g, a). De cette fagon,
nous obtenons une 1-forme que nous pouvons maintentant intégrer. Une autre difficulté est de
spécifier sur quelle domaine cette 1-forme doit étre intégrer. Dans le cas des algébres de Lie, nous
intégrons sur un 2-simplexe et l’identité de cocycle est vérifiée en intégrant sur un 3-simplexe,
tandis que dans notre contexte nous remplacerons le 2-simplexe par un 2-cube et le 3-simplexe
par un 3-cube.

Section 1: Algébres de Leibniz

Ce chapitre entier, excepté la derniere proposition, est basé sur [Lod93, LP93, Lod98]. Nous
donnons tout d’abord les définitions basiques dont nous avons besoin sur les algébres de Leib-
niz. Contrairement a J.-L. Loday et T. Pirashvili, qui travaillent avec des algébres de Leibniz
a droite, nous étudions les algébres de Leibniz & gauche. Ainsi, nous devons traduire toutes
les définitions dont nous avons besoin dans notre contexte. Comme nous ’avons vu ci-dessus,
nous traduisons notre probléme d’intégration en un probléme cohomologique, donc nous avons
besoin d’une théorie de cohomologie pour les algébres de Leibniz et, a fortiori, une notion de
représentation. Nous prenons la définition d’une représentation d’une algébre de Leibniz donné
par J.-L. Loday et T. Pirashvili dans [LP93]. En particulier, ils montrent dans cette article
I’équivalence entre la catégorie des représentations d’une algébre de Leibniz et la catégorie des
modules sur une algébre associative notée UL(g). Toujours en suivant [LP93], nous définissons
le complexe de cochaines de Leibniz d’une algébre de Leibniz & coefficients dans une représenta-
tion et nous décrivons HL°, HL' et HL?. En particulier, nous montrons que HL° correspond
aux invariants & droite, HL' correspond aux dérivations modulo les dérivations intérieurs et
HL? correspond aux extensions abéliennes. Ensuite, nous donnons des exemples d’extensions
abéliennes associées a une algeébre de Leibniz (extension caractéristique, extension par le centre
4 gauche et extension par le centre). Nous finissons par une proposition fondamentale (Propo-
sition B.1.1), établissant un isomorphisme du complexe de cochaines de {CL*(g,a%),d} }nen
vers {CL"Y(g, Hom(g,a)*)}nen. Ce qui est important dans ce résultat est le passage d’une
représentation antisymétrique & une représentation symétrique. Ceci nous permettra d’associer
un 2-cocycle de rack de Lie local & un 2-cocycle de Leibniz.

Section 2: Racks de Lie

La notion de racks vient de la topologie, en particulier de la théorie des invariants des noeuds
et des entrelacs (cf. par exemple [FR]). C’est M.K. Kinyon dans [Kin07] qui a été le premier
a relier les racks et les algébres de Leibniz. L’idée de relier ces deux structures vient de la
théorie des groupes et algébres de Lie, en particulier de la construction du crochet en utilisant la
conjugaison. En effet, une fagon de définir un crochet sur 'espace tangent en 1 d’un groupe de Lie
est de dériver deux fois le morphisme de conjugaison. Soit G un groupe de Lie, la conjugaison
est le morphisme de groupe ¢ : G — Aut(G) défini par c,(h) = ghg™'. Si l'on dérive cette
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expression par rapport a la variable h en 1, nous obtenons un morphisme de groupes de Lie
Ad : G — Aut(g). Nous pouvons encore dériver ce morphisme en 1 pour obtenir une application
linéaire ad : g — End(g). Alors, nous sommes en mesure de définir un crochet [—, —] sur g en
posant [z,y] = ad(x)(y). Nous pouvons montrer que ce crochet satisfait I'identité de Leibniz a
gauche, et que cette identité est induite par I'égalité cy(cn(k)) = c.,n)(cq(k)). Donc, si nous
notons c4(h) par gi>h, les seules propriétés que nous utilisons pour définir un crochet de Lie sur
g sont

1. g> : G — G est une bijection pour tout g € G.
2. g>(h>k) = (g>h)>(g>k) pour tout g, h,k € G
3. g1 =1et 1>g = g pour tout g € G.

Ainsi, nous appelons rack (4 gauche), un ensemble muni d’une opération binaire [> satisfaisant
la premiére et seconde condition. Un rack est dit pointé si il existe un élément 1 qui satisfait
la troisiéme condition. Nous commencons ce chapitre en donnant des définitions et exemples,
pour ceci nous suivons [FR]. Ils travaillent avec des racks a droite, ainsi comme dans le cas
des algébres de Leibniz, nous traduisons les définitions dans le contexte des racks a gauche. En
particulier, nous donnons le plus important exemple de rack appelé rack augmenté (pointé) (cf.
section B.2.1). Cet exemple présente des similarités avec les modules croisés de groupe, et dans
ce cas la structure de rack est induite par une action de groupe.

Comme dans le cas des groupes, nous voulons construire le rack pointé associé a une algébre
de Leibniz en utilisant une extension abélienne. Ainsi, nous avons besoin d’une théorie de
cohomologie ol le second groupe de cohomologie correspond aux classes d’extensions du rack
par un module. Dans [Jac07], N. Jackson donne des définitions trés générales de module et
de cohomologie qui généralisent celles données tout d’abord par P. Etingof et M. Grana dans
[EGO03], puis par N. Andruskiewitsch et M. Grana dans [AGO03]. Nous n’avons pas besoin d’un
tel degré de généralité, et nous prenons comme définitions celles données dans [AGO3]. Avec
ces définitions et en traduisant dans le contexte des racks & gauche une preuve donnée par N.
Jackson dans [Jac07], on peut alors montrer que le second groupe de cohomologie classifie les
classes d’équivalences d’extensions abéliennes. La version pointé de ce théoréme s’en déduit alors
facilement.

Nous finissons ce chapitre en donnant les définitions de cohomologie de rack local et coho-
mologie de rack de Lie (local).

Section 3: Racks de Lie et algébres de Leibniz

Ce chapitre est le coeur de notre thése. Il donne une solution locale au probléme des coquecigrues.
A notre connaissance, tous les résultats de ce chapitre sont nouveau excepté la Proposition B.3.1
due & M.K. Kinyon ([Kin07]). Tout d’abord, nous rappelons le lien entre racks de Lie (local)
et algébres de Leibniz expliqué par M.K. Kinyon dans [Kin07] (Proposition B.3.1). Ensuite,
nous étudions le passage des As,(X)-modules lisses aux représentations de Leibniz (Proposition
B.3.6) et le passage de la cohomologie de rack de Lie (local) a la cohomologie de Leibniz. Nous
définissons un morphisme de la cohomologie de la cohomologie de rack de Lie (local) d’un rack
X a coefficients dans un As,(X)-module A® (resp. A®) vers vers la cohomologie de Leibniz de
lalgebre de Leibniz associée a X a coefficients dans a® = Ty A (resp. a®) (Proposition B.3.7). La
fin de ce chapitre (sections B.3.4 et B.3.5) est sur l'intégration des algébres de Leibniz en rack
de Lie local. Nous utilisons la méme approche que celle d’E. Cartan dans le cas des groupes .
C’est a dire, pour toutes algébres de Leibniz nous considérons I'extension abélienne par le centre a
gauche et nous l'intégrons. Cette extension est caractérisée par un 2-cocycle, et nous construisons
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(Proposition B.3.19) un 2-cocycle de rack de Lie local 'intégrant par une construcition explicite
similaire & celle expliquée dans le cas des groupes de Lie au début de cette introduction. Cette
construction est résumée dans notre principale théoréme (Théoréme B.3.25). Nous remarquons
que le 2-cocycle construit a plus de structure (Proposition B.3.23). C’est a dire, l'identité de
cocycle de rack est induite par une autre. Cette identité nous permet de munir notre rack de Lie
local construit, d’une structure de rack de Lie augmenté local (Proposition B.3.28). Nous finissons
ce chapitre avec des examples d’intégration d’algébres de Leibniz non scindées en dimensions 4
et 5.

B.1 Algébres de Leibniz

B.1.1 Définitions

Comme il est écrit dans I'introduction, nous travaillons avec des algébres de Leibniz & gauche
a la place d’algébres de Leibniz a droite. La raison principale vient du fait que M.K. Kinyon
travaille dans ce contexte dans son article [Kin07], et cet article est notre point de départ pour
le probléme d’intégration des algébres de Leibniz. Ainsi, nous avons choisi de travailler dans ce
contexte.

Une algébre de Leibniz (& gauche) (sur R) est un espace vectoriel g (sur R) muni d’un crochet
[—,—]:8®g — g, qui satisfait I’identité de Leibniz a gauche:

[z, [y, 2]l = [[x, 9], 2] + [y, [, 2]]

Remarquons qu’une fagon équivalente de définir les algébres de Leibniz a gauche est de dire que,
pour tout x € g, [z, —| est une dérivation pour le crochet [—, —]. Le premier exemple d’algébre de
Leibniz est une algébre de Lie. En effet, si le crochet est antisymétrique, alors 'identité de Leibniz
est équivalente & I'identité de Jacobi. Ainsi, nous avons un foncteur inc : Lie — Leib. Ce foncteur
a un adjoint a gauche (—)p;. : Leib — Lie qui est défini sur les objets par gri. = g/ < [z, 2] >,
ol < [z,x] > est l'idéal bilatére de g engendré par lensemble {[z,z] € g|z € g}. On peut
remarquer qu’il y a d’autres facons de construire une algébre de Lie & partir d’une algébre de
Leibniz. Une possibilité est de quotienter g par le centre o gauche Zp(g) = {z € g| [z, —] = 0},
mais cette construction n’est plus fonctoriel.

B.1.2 Représentations de Leibniz

Pour définir une théorie de cohomologie pour les algébres de Leibniz, nous avons besoin d’une
notion de représentation d’une telle structure algébrique. Comme nous travaillons avec des
algébres de Leibniz a gauche, nous devons traduire la définition donnée par J.-L. Loday and
T. Pirashvili dans leur article [LP93]. Dans notre contexte, une représentation d’une algébre de

Leibniz g, devient un espace vectoriel M muni de deux applications linéaires [—, |, : g9 M — M
and [—, —|r : M ® g — g, satisfaisant les trois axiomes suivants

[mv[yam]L]L = [[x7y]am]L+[ya [xam]L]L (LLM)

[1'7 mvy]R]L = [[xvm]Lay]R"_ [m7 [:L'vyHR (LML)

[m, [z, yl|r = [[m, 2], y|r + [z, [m, y|R]L (MLL)

Rappelons que pour une algébre de Lie g, une représentation de g est un espace vectoriel M muni
d’une application linéaire [—, —] : g ® M — M satisfaisant [[z,y], m| = [z, [y, m]] — [y, [z, m]].
Une algébre de Lie est une algébre de Leibniz, ainsi nous voulons qu’une représentation de Lie
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M d’une algebre de Lie g, soit une représentation de Leibniz sur g. Nous avons deux choix
canoniques pour définir une structure de représentation de Leibniz sur M. Une possibilité est de
poser [—,—]r = [—,—] et [-,—]r = —[—, =], et une seconde est de poser [—, -] = [—, —] and
[—,—]r = 0. Ces représentations de Leibniz sont des exemples particuliers de représentations
de Leibniz. La premiére est un exemple de représentation symetrique, et la deuxiéme est un
exemple de représentation antisymetriqgue. Une représentation symétrique est une représentation
de Leibniz ou [—, =] = —[—, —]r et une représentation antisymétrique est une représentation
de Leibniz ou [—, —]g = 0. Une représentation de Leibniz qui est symétrique et antisymétrique
est dite triviale.

B.1.3 Cohomologie des algébres de Leibniz

Maintenant, nous sommes préts pour définir une théorie de cohomologie pour les algébres de
Leibniz. IL’existence d’une théorie de cohomologie (et d’homologie) pour ces algébres est la
principale motivation de leur étude, car restreinte aux algébres de Lie, cette théorie nous donne
de nouveaux invariants (cf. [Lod93]). Pour g une algébre de Leibniz et M une représentation de
g, nous définissons un complexe de cochaine {CL"(g, M), d} },en en posant

CL"(g,M) = Hom(g®", M)

et

i
L

dtw(xo, ..., xy) = (—1)i[xi7w(x0, O AT T | P = (—1)”_1[w(x0, ey Tn—1)Tn)R

ing

%
+ Z (—1)Z+1UJ($0, sy L1, [a:i, a:j}, Tjtgly--- ,.’I,‘n)
0<i<j<n

Pour prouver que dzH od} = 0, nous utilisons les formules de Cartan. Ces formules sont décrites
dans [LP93| dans le contexte des algébres de Leibniz a droite, mais nous pouvons facilement les
adapter dans notre contexte.

Comme dans la plupart des structures algébriques, le second groupe de cohomologie d’une
algébre de Leibniz g & coefficient dans une représentation M est en bijection avec 1’ensemble
des classes d’équivalences d’extensions abéliennes de g par M (cf. [LP93|). Une extension

abélienne d’une algeébre de Leibniz g par M est une algébre de Leibniz g, telle que M < g LS g
est une suite exacte courte d’algébres de Leibniz (ou M est considérée comme une algébre de
Leibniz abélienne), et la structure de représentation de M est compatible avec la structure de
représentation induite par cette suite exacte courte. C’est a dire, [m,z]g = i~1[i(m), s(x)] and
[#,m]r = i~ Y[s(z),i(m)] ol s est une section de p et le crochet est celui de g (bien siir, nous
devons justifier que cette structure de représentation sur g de M induite par la suite exacte
courte ne dépend pas de s, mais nous le déduisons facilement du fait que la différence de daux
sections de p est dans i(M)).

Il y a des extensions abéliennes canoniques associées a une algébre de Leibniz. Celle que nous
utiliserons pour intégrer les algébres de Leibniz est 1’extension abélienne par le centre a gauche
Z1(8) <> 9 go
ou go := §/Zr(g). Clest une extension d’une algébre de Lie par une représentation anti-
symétrique. En un sens, une représentation symétrique est plus proche d’une représentation
de Lie qu’une représentation antisymétrique. Ainsi, il est pratique de pouvoir passer d’une
représentation symétrique a une représentation antisymétrique. Soit g une algébre de Lie et M
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une représentation de Lie de g, alors nous définissons une structure de représentation de Lie sur
Hom(g, M) en posant

(z.0)(y) := z.(a(y)) — e[z, y])

pour tout z,y € g et « € Hom(g,M). La proposition suivante établit un isomorphisme de
HL"(g, M®) vers HL" (g, Hom(g, M)*).

Proposition B.1.1. Soient g une algébre de Lie et M une représentation de Lie de g.
Nous avons un isomorphisme de complexes de cochaines

CL™(g, M®) = CL" (g, Hom(g, M)*)
donné par w — 1" (w) ot

T W) (T, -y 1) () = w(T1, .. Ty)

Preuve : Ce morphisme est clairement un isomorphisme Vn > 0. De plus, nous avons

n—2
AL (@)(@o, - Tno1)(@n) = (=i, 7" (W) (@0, o Ly 1)) ()
i=0
+(=1)" a1, 7" (W) (20, - - -, Tn_2)](zn)
+ Z (=) (W) (o -+ oy i1, [T, 2], Tjg1s oy Te1) (@)
0<i<j<n—1
n—1
= (=D ([zi,w(T0, -y iy o ey X1, E)] — W(X0y - e vy Ty o vy T, [, Tn]))
i=0
+ Z (—1)Z+1w(as0,...,xj_l,[Jci,xj],xj_,_l,...,xn_l,xn)
0<i<j<n—1
n—1
= Z(—l)l[mi,w(xo,...,fi,...,xn,l,acn)]
i=0
+ Z (_1)1+1w(x0a"'7xj—17[xiyxj}vxj-‘rla"'axn—laxn)
0<i<j<n
= drw(zo,...,Tp_1,Tp)
= 7"M(drw) (o, Tn_1)(Tn)

Ainsi {7"},,>0 est un morphisme de complexes de cochaines.
U

Remark B.1.2. Cette proposition est une généralisation d’une remarque faite par T. Pirashvili
dans son article [Pir94| (section 2 - Proposition 2.1). Cette proposition est aussi un cas particulier
d’un résultat présent dans le mémoire de Master de B. Jubin (Corollaire 2.21 dans [Jub06]).

B.2 Racks de Lie

B.2.1 Définitions et exemples

Comme dans le cas des algébres de Leibniz, on peut définir les racks & gauche et les racks a
droite. Etant donné que nous avons choisi de travailler avec des algébres de Leibniz a gauche,
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nous prenons la définition de racks a gauche. Un rack (a gauche) est un ensemble X muni d’un
produit > : X x X — X, qui satisfait I'identité de rack a gauche, c’est a dire pour tout xz,y,z € X

x> (y>z) = (z>y)>(z>2),

et tel que ¢, := ax>_ : X — X est une bijection pour tout z € X. Un rack est dit pointé si il
existe un élément 1 € X, appelé ’élément neutre, qui satisfait 1> = = et z>1 = 1 pour tout
x € X. Un morphisme de rack est une application f : X — Y satisfaisant f(z>y) = f(z)> f(y),
et un morphisme de rack pointé est un morphisme de rack f tel que f(1) = 1.

Le premier exemple de rack est celui de groupe. En effet, soit G un groupe, nous définissons
un produit de rack > sur G en posant gi>h = ghg~! pour tout g,h € G. Clairement, g>_ est
une bijection avec inverse ¢g~'>_, et un calcul facile montre que I'identité de rack est satisfaite.
Ainsi, nous avons un foncteur Conj : Group — Rack. Ce foncteur a un adjoint & gauche
As : Rack — Group défini sur les objets par As(X) = F(X)/ < {zyz~ (z>y) |z,y € X} > ou
F(X) est le groupe libre engendré par X, et < {xyz~!(z>y)|z,y € X} > est le sous groupe
normal engendré par {zyx~!(z>y)|z,y € X}. Nous pouvons remarquer que Conj(G) est un
rack pointé. En effet, nous avons 1>g = g et gi>1 = 1 pour tout g € G, ou 1 est I’élément
neutre pour le produit de groupe. Ainsi, Conj est un foncteur de Group vers PointedRack.
Ce foncteur a un adjoint a gauche As, : PointedRack — Group, défini sur les objets par
Asp(X) = As(X)/ < {[1]} >, ou < {[1]} > est le sous groupe de As(X) engendré par la classe
[1] € As(X).

Un second exemple, et peut étre le plus important, est celui de rack augmenté. Un rack
augmenté est la donnée d’'un groupe G, un G-ensemble X, et une application X % G satisfaisant
Uidentité d’augmentation, c’est a dire pour tout g € Get x € X :

plg-a) = gp(a)g™".
Alors nous définissons une structure de rack sur X en posant x>y = p(x).y. Si il existe un
élément 1 € X tel que p(1) =1 et g.1 = 1 pour tout g € G, alors le rack augmenté X = G est
dit pointé, et le rack associé (X, >) est pointé.

B.2.2 Cohomologie de rack pointé

Pour définir une théorie de cohomologie pour les racks, nous avons besoin d’une bonne notion
de module de rack pointé. Dans cette article, nous prenons la définition donnée par N. An-
druskiewitsch et M. Grana dans [AGO03]. Soit X un rack pointé, un X-module est un groupe
abélien A muni de deux familles d’homomorphismes (¢g )z yex €t (¥Vz,y)eyex satisfaisant les
axiomes sivants:

(My) ¢z, est un isomorphisme.

(Ml) ¢x,y|>z © ¢y,z = ¢a:|>y,x\>z © ¢x,z

(Mz) buysz 0Py = Yopyasz © Puy

(M3) Yz ysz = Gevyaesz © Vaz + Vesyasz © Yuy
(My) 1y =1ids YyeXetih,1=0 Ve e X

Remarque B.2.1. Il existe une définition plus générale de module de rack (pointé) donné par N.
Jackson dans [Jac07], mais nous n’avons pas besoin d’un tel degré de généralité. Cette définition
de module de rack pointé coincide avec la définition de module de rack pointé homogéne donné
dans [Jac07].

113



Par exemple, il existe deux structures canoniques de X-module sur un As,(X)-module. En
effet, soit A un As,(X)-module, c’est & dire un groupe abélien muni d’un morphisme de groupe
p: Asp(X) — Aut(A), la premiére structure de X-module, appelée symétrique, que nous pouvons
définir sur A est donné pour tout z,y € X par

Gzy(a) = pa(a)
Vay(a) =a— prpy(a).
La seconde, appelée antisymétrique, est donné pour tout =,y € X par
¢x,y(a) = pw(a)
Yzy(a) =0.

Avec cette définition de module, N. Andruskiewitsch et M. Grana définissent une théorie de
cohomologie pour les racks pointés. Pour X un rack pointé et A un X-module, ils définissent un
complexe de cochaine {CR™(X, A),d}}nen en posant

CR"X,A)={f: X" — A| f(x1,...,1,...,2,) =0}
and
dZ%f(xl, ceyTpy1) =
D (D) TN ¢wr o briarmmdis o san (F@ - Fy o Tng1)) = F@1, L BT, T )
i=1

+(_1)nw$1l>...bl'ml'1D---\>ivn—1|>In+1 (f(xh o ,Jin))

Ce complexe est le méme que celui défini dans [Jac07|, mais dans le contexte des racks a gauche.
En adaptant la preuve donnée par N. Jackson dans [Jac07], nous montrons que second groupe de
cohomologie HR?(X, A) est en bijection avec I’ensemble des classes d’équivalences d’extensions
abéliennes d’un rack pointé X par un X-module A. Une extension abélienne d’un rack pointé X

par un X-module A étant un morphisme de rack pointé surjectif £ X qui satisfait les axiomes
suivants

(Eo) pour tout z € X, il existe une action & droite qui est libre et transitive de A sur p~!(z).
(F1) pour tout u € p~!(z),v € p~1(y),a € A, nous avons (uv.a)>v = (u>v).¢, ,(a).
(E2) pour tout u € p~!(z),v € p~1(y),a € A, nous avons ut>(v.a) = (u>v).¢, 4(a).
. P P . . Ca . .
et deux extensions Fy - X , Bs = X sont dites equivalentes, si il existe un isomorphisme de
o 0 T . .
rack pointé E; — Fs qui satisfait les axiomes suivants
1. p2of =ps.

2. pour tout x € X,u € p~!(z),a € A, nous avons 0(u.a) = (u).a.

B.2.3 Racks de Lie

Pour généraliser les groupes de Lie, nous avons besoin de racks pointés munis d’une structure
différentiable compatible avec la structure algébrique, c’est la notion de racks de Lie. Un rack
de Lie est une variété differentiable X avec une structure de rack pointé telle que le produit >
soit lisse, et telle que pour tout x € X, ¢, soit un diffeomorphisme. Nous verrons que ’espace
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tangent en ’élément neutre d’un rack de Lie est muni d’une structure d’algébre de Leibniz.

Soit X un rack de Lie, un X-module A est dit lisse si A est un groupe de Lie abélien,
et sigpg: X XX XA — Aetyp: X xX xA — A sont lisses. On peut alors définir une
théorie de cohomologie pour les racks de Lie & valeurs dans un module lisse. Pour cela on
définit un complexe de cochaines {C'R (X, A),d} }nen en prenant pour CR} (X, A), 'ensemble
des fonctions f : X™ — A qui sont lisses dans un voisinage de (1,...,1) € X" et telles que
flxy,...,1,...,z,) = 0 pour tout z1,...,z, € X. La formule pour la différentielle dg est la
méme que celle définie précedemment. Nous verrons qu’un cocycle (resp. cobord) de rack de Lie
se dérive en un cocycle (resp. cobord) de Leibniz.

B.2.4 Rack local

Pour définir une structure d’algébre de Lie sur ’espace tangent au neutre d’un groupe de Lie, on
peut remarquer que l'on utilise uniquement la structure de groupe de Lie local au voisinage de 1.
Nous verrons que cette remarque est toujours vrai pour les racks de Lie et algébres de Leibniz.

Un rack local est un ensemble X muni d’un produit > défini sur un sous ensemble Q2 de X x X
a valeurs dans X, et tel que les axiomes suivants soient satisfaits:

1. Si(z,9), (x, 2), (y, 2), (z,y>z), (z>y,x>z) € Q, alors 2> (y>2z) = (xD>y)>(x>2).
2. Si (z,y),(z,2) € Q et x>y = x>z, alors y = z.

Un rack local est dit pointé si il existe un élément 1 € X tel que 1>z et xi>1 soient définis pour
tout z € X et respectivement égaux & x et 1. Cet élément est alors appelé 1’élément neutre. Un
rack de Lie local est alors un rack local pointé (X,,>,1) ot X est une variété lisse, ) est un
sous ensemble ouvert de X et > : 0 — X est lisse. Par exemple dans un rack de Lie X, tout
sous ensemble U contenant I’élément neutre est un rack de Lie local. Etant donné un tel rack de
Lie local, on va définir un complexe de cochaines associée.

Soit X un rack de Lie, U un sous ensemble de X contenant 1 et A un X-module lisse. On
définit pour tout n € N, CR?(U, A) comme ’ensemble des applications f : U, _joc — A, lisses
dans un voisinage du neutre, et telles que f(z1,...,1,...,2,) = 0. Si A n’est pas antisymétrique,
Up_1oc est le sous ensemble de X x U™~ des n-uplets (z1, ..., x,) qui vérifient z;, > . .. >x;, €U,
pour tout ¢ < .-+ < 4;,2 < j < n. Si A est antisymétrique, U,_jo. est le sous ensemble de
X"=1 x U des n-uplets (z1,...,2,) qui vérifient z;, > ... >x; >x, € U, pour tout i; < --- <
ij <n,1 <j<n-—1 On vérifie facilement que la formule pour la différentielle dp permet
de définir un complexe de cochaines {CR? (U, A),d%}nen. On définit alors la cohomologie de
rack de Lie U-local de X a coefficients dans A comme la cohomologie du complexe de cochaines
{CR?(U7 A)’ d%}nEI\L

B.3 Racks de Lie et algébres de Leibniz

Dans cette section nous montrons I’existence d’une correspondance entre racks de Lie locaux et
algebres de Leibniz. Dans [Kin07], M.K. Kinyon montre que l’espace tangent en 1 & un rack
de Lie X est muni d’une structure d’algébre de Leibniz. Nous montrons alors facilement que ce
résultat est encore vrai si ’on suppose que X est un rack de Lie local. Le principal théoréme de
cette thése est la réciproque de ce résultat. C’est a dire que pour toute algébre de Leibniz g, il
existe un rack de Lie local X dont I’espace tangent en 1 est muni d’une structure d’algébre de
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Leibniz isomorphe a g. En fait nous montrons que le rack de Lie local intégrant g est un rack de
Lie local augmenté.

B.3.1 Des racks de Lie aux algébres de Leibniz
Proposition B.3.1. Soit X un rack de Lie, alors T1 X est une algebre de Leibniz.

Preuve : Soit X un rack de Lie, on note par p ’espace tangent de X en 1. La conjugaison
induit Vx € X un automorphisme de rack de Lie ¢,. nous définissons Vz € X

Ad, =Tic, € GL(x)
et grice & cypy = cp 0 ¢y oyt et ¢; = id (cf. Définition B.2.1), ceci nous donne un morphisme

de racks de Lie
Ad: X — GL(p)

Nous pouvons différentier Ad, et nous obtenons une application linéaire
ad: X — gl(r)
Alors nous définissons un crochet [—, —] sur r = 71 X en posant
fu, 0] = ad(u)(v)
Maintenant, nous devons vérifier que ce crochet vérifit 'identité de Leibniz, c’est & dire
[u, [v; w]} = [[u, v], w] + v, [u, w]
Pour montrer cette identité, nous utilisons 'identité de rack

x> (y>z) = (z>y)>(z>2)

0
Soit u, v, w € r et v, (resp. 7, and v,,) un chemin lisse dans X, pointé en 1, tel que — Yu(8) =

0s|,_,
u (resp. % 570%(5) =vet % SZO’Yw(S) = w). Nous avons
0 - 9 t
& tzo(’)’u(r)b(’ﬁ)(s)bﬁ’w( ))) - a tzo((Cvu’(T) o C’yv(s))('yw( ))
= (Ady, (r) © Ady, () (w)
et
& tzo((’yu(T)D’Yv(S))D(p)/u(r)bf}/w( ))) - a t:O((C,yu(T)D,yv(s) oc’yu(r))(’)/w( ))

= (Adoyu(r)pfy,”(s) o Ad'Yu(T))(w)
= (Adc,, ) (1 (s)) © Adry, (1) (W)

De plus, si nous différentions par rapport a la variable s

0

s ((Adwu(r) © Ad%(s))(w)) = (Ad'yu(r) o ad(v))(w)

s=0
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0

55| (Adey oy (n(e) © Ady, () (W) = (ad(Ady, (1) (v)) 0 Ady, () ) (w)

s=0

Et si nous différentions par rapport a la variable r, nous obtenons

0
1], (Adrate) © 0d(0))(w) = ad(u)(ad(v)(w))
et 9
o _O(ad(Admr) (v)) 0 Adyy,,(r))(w) = ad(ad(u)(v))(w) + ad(v)(ad(u)(w))

Ainsi, par identification, nous avons 'identité de Leibniz.
O

Par exemple, si G est un groupe de Lie nous obtenons la structure d’algébre de Lie canonique

sur T1G. Si X L, G est un rack de Lie augmenté, alors 77 X hp T1G est une algébre de Lie dans
la catégorie des applications linéaires (cf. [LP98|). Cette structure induit alors une structure
d’algébre de Leibniz sur T7 X.

Nous pouvons remarquer qu’une structure lisse locale au voisinage de 1 est suffisante pour
munir 77 X d’une structure d’algébre de Leibniz.

Proposition B.3.2. Soit X un rack de Lie local, alors T1 X est une algébre de Leibniz.

B.3.2 Des As,(X)-modules aux représentations de Leibniz

Soit X un rack pointé. Un As,(X)-module est un groupe abélien A muni d’un morphisme de
groupes ¢ : As,(X) — Aut(A). Par adjonction, ceci est équivalent & la donnée d’un morphisme
de rack pointé ¢ : X — Conj(Aut(A)).

Définition B.3.3. Soit X un rack de Lie, un As,(X)-module lisse est un As,(X)-module A
tel que

1. A est un groupe de Lie abélien.
2. ¢p: X x A— A est lisse.

Rappellons que, étant donné une algébre de Leibniz g, une g-représentation a est un espace
vectoriel muni de deux applications linéaires

[—,-]r:g®a—a

et
[_7_]R ra®g—a
satisfaisants les axiomes (LLM), (LML) and (MLL). (cf. la sous section B.1.2).

Il y a deux classes particuliéres de représentations de Leibniz. La premiére, que nous avons
appelé symétrique, est constituée des représentations ou [—, —];, = —[—, —|gr. la seconde, que
nous avons appelé antisymétrique, est constituée des représentations ou [—,—|p = 0. Etant
donnée une algébre de Leibniz g et a un espace vectoriel muni d’un morphisme d’algébres de
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Leibniz ¢ : g — End(a), nous pouvons définir deux structures de g-representation de Leibniz sur
a. Une est symétrique et définie par

[z,a]r, = ¢z(a) and [a,z]|gr = —dz(a), Vx € g,a € a.
et autre est antisymétrique et définie par
[z,a]r, = ¢z(a) and [a,2]g =0, Vz € g,a € a.

De plus, dans la sous section B.2.2 nous avons vu que étant donné un rack (de Lie) X et A
un As,(X)-module lisse, nous pouvons définir deux structures de X-modules (lisses) sur A. Une
est appelée symétrique et définie par

Oz y(a) = ¢z(a) and Py 4(a) = a — Papy(a), Vo,y € X,a € A.
et 'autre est appelé antisymétrique et définie par
¢zy(a) = ¢z(a) and Yy y(a) =0, Va,y € X,a € A.

Ces deux constructions, I'une dans le monde des algébres de Leibniz et ’autre dans le monde
des racks de Lie, sont similaires car la premiére est la version infinitésimale de 'autre. En effet,
soit (A, ¢,1) un X-module symétrique lisse, nous avons par définition deux applications lisses

Pp: XX XxA—-Aandyp: X x X xA—- A

avec ¢11 = id,1,1 = 0. Ainsi les differentielles des deux applications au point (1,1) nous
donnent deux applications

€: X x X — Aut(a);e(z,y) =Ti¢z,y

et
X : XXX — End(a)7X(xay) = Tl'(/)w,y

Ces applications sont lisses, donc nous pouvons les dériver au point (1,1). Nous obtenons alors
deux applications
Taye:r@r — End(a)

et
Tayx D — End(a)

On pose alors
[77 7]L gR®a— [u7m]L = T(l,l)e(ua 0)(m)

et
[77 7]R aRg— g [mvu}R = T(l,l)X(Oa u)(m)

Lemma B.3.4. L’application linéaire [—, =1, satisfait I’axiome (LLM).
Preuve : nous voulons montrer que Yu,v € z,m € a
[ua [Uv m]L]L = [[uv U]? m]L + [U’ [ua m}L]L

par hypothése, ¢ satisfait la relation suivante Vz,y,z € X

¢a:,y>z o (by,z = ¢w>y,xl>z o Cbac,z
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et si on prend z = 1, nous obtenons

(rb:b,l o ¢y,1 = ¢ml>y,1 o ¢z,1
ainsi
Tipz10Ti¢y1 = Ti1¢apy1 0 Tidz1
c’est a dire

e(z,1) o e(y,1) = e(z>y,1) o e(x, 1)

0
Soit u,v € ¢ and 7, (resp. 7,) un chemin dans X pointé en 1 tel que s
s

0

Js

Yu(s) = u (resp.
s=0

70 (8) = v). Nous avons
s=0

et

D’un autre c6té, nous avons

D1 (Ouls)o(1),1) 0 clruls), 1)) = [Ady, (o(0), ] 0 clra(s), 1)
t=0
et
0 0
s ([Ad'yu(S) (U)7 _]L © E(VU(S)a 1)) = s ([Ad'yu(S)(U)7 _]L) © 6(17 1)
s=0 s=0
F[Ady ) Tz o o (elruls),1)

Ainsi par identification

[u, [v, =] = [[u,v], =]r + [v, [u, —]lL
C’est a dire, [—, —|p satisfait (LLM).
O
Lemma B.3.5. Si (A, ¢,¢) est symétrique, alors [—, =], = —[—,—|r et si (A, ¢,v) est anti-
symétrique, alors [—, —|r = 0.
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Preuve : Supposons que (A, ¢, 1) est antisymétrique, alors ¢ = 0, et il est clair que [—, —]|g = 0.
Maintenant, supposons que (A, @,v) est symétrique, c’est & dire 9, ,(a) = @ — Pypy,1(a). Nous
avons x(z,y) = Th1y,y = id — e(z>y, 1). Soit u € ¢ et y, un chemin dans X pointé en 1 tel que

Os

Ss=!

—|  ~u(s) = u. Nous avons
0

[— ulr = T(1,1)Xx(0,u)

55| XLl

0 )

5a|_ (14— (), 1)
0

"5

= _{uv_JL

706(7u(s)’1)

Finalement, nous avons montré la proposition suivante:

Proposition B.3.6. Soit X un rack de Lie, ¢t son algebre de Leibniz, A un groupe de Lie abélien
et a son algébre de Lie. Si (A, ¢,1) est un X-module lisse symétrique (resp. antisyméltrique),
alors (a,[—, =], [—, —]r) est un r-module symétrique (resp. antisymétrique).

B.3.3 De la cohomologie de rack de Lie a la cohomologie de Leibniz

Proposition B.3.7. Soit X un rack de Lie et A un As(X)-module lisse. Il existe des morphismes
de complexes de cochaines

n S 6” n S
CRy(X,A%)s — CL"(x,a%)
et -
CRy(X,A%)s = CL"(x,a")
donnés par 6" (f)(a1,...,an) =d"f(1,...,1)((a1,0,...,0),...,(0,...,0,a,)) (o d"f est la dif-
férentielle n-ieme de f).
Preuve : Soit f € CR}(X, A®) et (xg,...,2,) € X" "' Nous avons

n+1

drf(zo,...,2n) = Z(*l)i71¢z1>...>zi(f(xl, v @is e Tng1)) = f (@1 DT, - D Tng)
i=1

(ICi Doz = ¢11>”.>mhm1D.HDETD.HDzn+1)
Soit (7o(t0), - - - s ¥n(tn)) une famille de chemins v; :] — €;, +€;[— V tels que

~7i(0)=1et %3:0%(8) =x;
Nous voulons montrer que
" (dpf) = d(8"(f))
Nous avons par définition
an+1

6n+1(d%f)(a0, . ,an) = m ti:odf(’)/o(to), . ,’Yn(tn))
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Lemma B.3.8. Vi€ {1,...,n}

an+1 N
— Do (to)>vs (t) (F (V0 (t0)s - - s Yim1 (Bic1), Yigr (g 1)s - - s n(tn))) = @i-Du(f)(ao, - - -, i, - -
Oty ...0t, It =0
Preuve :

Notation:
(tO’ s ’ti) = ¢’Yo(t0)>...l>’n(ti)
sera noté par
(to,...,ti) HA(to,...,ti)
et N
(t07 e ,ti7 e >t’n> = f(VO(t0)7 s afyifl(tifl)7fyi+l(ti+l>7 . 7’7n<tn))
sera noté par R R
(t()v '7tia"'7tn)Hm(t07"'7ti7"'7tn)
Nous avons
anJrl A 377, A
- to, ..., t; to, . tn = -— — to, .- t; to,...,0
Oty ...0t, £,=0 (to, ti)(mto ) Oty ...0t,_1 tk:O(atntn:O (to )(m(to )
o" 0
At ti) (= to,...,ty
+ Otg...0tn_1 tk:O( (b0, )(8tn tnzom( 0 )
S (Altor o ) mll,... )
T e
car f(xg,...,1,...,x,) =0.
Et par le méme argument nous avons

ontt 0 o
_— Altg, ..., t; to,...,t = — A0 0,t; t t
5t03tn - (Oa ) z)(m( 05 ’ TL)) atl - ( ) » Uy Z)(ato atn tk:om( 05 ) n))

Ainsi
anJrl )
m o A(t07 7tn)(m(t0a atn)) = mi~Dn(f)(moa s L, 7$7l)
O

Lemma B.3.9. Vi€ {1,...,n}

an-{-l n
| SOolto), - yi(t)>yipa(tira), - 7it) > (tn)) = Z onf(ao, ..., [a;,arl,. .. an)
Dto - Obn |, e

8n+l
Preuve : Nous avons ————— f(vo(to)s -« -, vi(t) Yt (tig1), - - v (L) >Yn(tn)) qui est
Bto Ot |, o
égal &
9 n
Sl L D@00, 0), o (0 Ady oy (@350), -, 0)s - (00, Ady ) (00))
1 1t;=0

De plus, ceci est égal &

n

> drf(,...,1)((ao,0, . ..

k=i+1
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n
et cette expresion est égale a Z 0" flag,...,|ai,ag), ... an).
k=i+1

Donc

n

Ao, an) = 1 (08" (o, i) = S0 6 f a0, o], an)

=0 k=i+1

s

=0 0<i<k<n

c’est a dire
5" (dRf) = di.(8"(f))
La preuve est exactement la méme pour le cas ou A est antisymétrique.

O

Nous pouvons remarquer que nous n’avons besoin que d’une identité de cocycle local au voisinage
de 1. Ainsi nous avons

Proposition B.3.10. Soit X un rack de Lie, U un voisinage de 1 dans X et A un As(X)-module
lisse. Nous avons des morphismes de complexes de cochaines

n S 5” n S
CRy (U, A?) = CL"(x,a”)

et
n a 6n n a
CR}(U,A*) = CL"(x,a")

donnés par 6™ (f)(ag,...,an) =d"f(1,...,1)((a1,0,...,0),...,(0,...,0,a,)).

B.3.4 De la cohomologie de Leibniz vers la cohomologie de rack de Lie
local

Dans cette section, nous étudions deux cas d’intégration de cocycles de Leibniz. Cette section
sera utilisée dans la section suivante pour intégrer toutes algébre de Leibniz en rack de Lie local
augmenté.

Premiérement, nous étudions l'intégration d’un 1-cocycle de Leibniz appartenant a Z L' (g, a®) en
un 1-cocycle de rack de Lie appartenant & ZR;,(G, a®)s, ot G est un groupe de Lie simplement
connexe d’algébre de Lie g et a une représentation de G.

Deuxiémement, nous utilisons le résultat de la premiére partie pour étudier I'intégration d’un
2-cocycle de Leibniz appartenant & ZL?(g,a%) en un 2-cocycle de rack de Lie local appartenant a
ZR%(U, a%)s, o U est un voisinage de 1 dans un groupe de Lie simplement connexe G d’algébre
de Lie g, et a une représentation de G. C’est la seconde partie que nous utiliserons pour intégrer
les algébres de Leibniz.
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Des 1-cocycles de Leibniz aux 1-cocycles de rack de Lie

Soit G un groupe de Lie simplement connexe et a une représentaiton de G. Nous voulons définir
un morphisme I' de ZL'(g, a®) vers ZR)(G,a%)s qui envoit BL'(g,a*) dans BR)(G,a®),. Pour
ceci, nous posons

I'(w)(g) = / w1

g9

ot w € ZL'(g,a®), v: G x [0,1] — G est une application lisse telle que 7y, soit un chemin de 1
a g, 71 est le chemin constant égal & 1, et w°? est la forme différentielle equivariante & gauche
fermée appartenant a Q!(G, a) définie par

w(g)(m) = g.(w(TyLy-1(m)))

Par définition, il est clair que I*(w)(1) = 0.
Pour le moment, I'(w) dépend de 7, mais du fait que w soit un cocycle, la dépendance par
rapport a vy disparait.

Proposition B.3.11. I' ne dépend pas de 7.

Proof : Soit 7,7 : G x [0,1] — G tel que 7,4(0) = 7;(0) = 1 et 7,4(1) = v;(1) = g. Nous allons

montrer que
/ weq :/ weq
v v

!
g g

Nous avons [ w® — [, w = [ __, w. Comme H(G) = 0 et d(vy —7,) = 0, il existe
9 g

g_"/g

04 :10,1]> = G tel que v, — Yy = 004. Donc

/weq_/ weq:/ weq

v g Yg—Vg

:/ w
doy

g

Ainsi I' ne dépend pas de .

Proposition B.3.12. I' envoit les cocycles sur les cocycles et les cobords sur les cobords.
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Preuve : Premiérement, soit w € ZL!(g, a®), nous avons

drl(w)(g;h) = g1(w)(h) = I(w)(g>h) — (g>h (9) + 1(w)(9)

) I(w)
s f e o
[mgw [ygbh / (g>h) weq+/w

Yg Y9

9Vh Vg h (gDh)%

€q

w
/!]'Yh —Ygsh—(g>h)vg+74

Comme H'(G) = 0 et d(gvn — Ygon — (9>h)7g +74) = 0, il existe v, : [0,1]*> — G such that
Mg.n = 9Vh — Vgh — (g>h)7vg + 74. Alnsi, nous avons

drI(w)(g,h) = /a w

= dapw?
Yg,h

=0
Ainsi ZL'(g,a®) est envoyé dans ZR)(G, a®),.

Deuxiémement, soit w € BL!(g, a®). Il existe 3 € a tel que w(m) = m.3. Nous avons

1(w)(g) = / e

g9

= | @y

g9

[
v

= B°(g) - 5(1)
=g.0-0
= drB(g)

Ainsi BL'(g, a®) est envoyé dans BR,,(G,a®),.

Proposition B.3.13. I' est un inverse a gauche de 6.
Preuve : Soit w € ZL'(g,a®). Soit ¢ : U — g une carte locale contenant 1 tel que (1) =0 et

de~1(0) = id.
Nous définissons pour x € g 'application lisse «, :] — €, +¢[— U en posant

ag(s) = ¢ (s2)
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et nous définissons, Vs €] — ¢, +¢[, I'application lisse Ve (s) - [0,1] — U en posant
Vaz(s)(t) = @71(t8$)

Nous avons

S w)(@) = 52| I'(w)(eals)

s s=0

o[
ass:O’Y

agz(s)

ST
88 s—0 [0’1] O‘m(s)

o}
= = w* ENE t ar
P s:O‘/;J] ( ()())(at

Yoo, (s) (t»dt
0

t=

>,
A
—
~
ph
—
&
S—
=
—
&
N
|

/ S (e (o) (8)) (52t
s=0 [0,1]

I |
3\ Pl
- \

55| o) )
2/ 9 W (™ (tsx))(sx)dt
[0,1] Is|,_g
_ 9 “1yx, eq
/[0,1] 35 szo((p ) *w(tsx)(sx)dt
_ 9 “1yx, eq
_ /M 5a| _ S(eT T bsa) )i

(™) w (0) (x)dt

=)
=

(z) dt
0,1]

I
S

= w(z)
Ainsi 61 o ' = id
O

Remarque B.3.14. On peut montrer qu’il existe un isomorphisme H!(g, a) LN HY(G,a) de
la cohomologie d’algébre de Lie vers la cohomologie de groupes de Lie (cf. [Nee04]). Nous
pouvons remarquer que I est la méme application que celle définie dans |[Nee04| pour prouver
la surjectivité. En fait, pour prouver la Proposition B.3.12, nous avons juste combiner le résultat

de K.H. Neeb et le fait que I'on a une injection H! (G, a) & HRL(G, ).

Des 2-cocycles de Leibniz aux 2-cocycles de rack de Lie local

Soit G un groupe de Lie simplement connexe, U un voisinage de 1 dans G tel que application
log soit définie sur U et a une représentation de G. Dans la proposition (3.3.4) nous avons défini
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pour tout n € N les applications

HR(U,0%) 24 HI" (g, %)

Dans la prochaine section, nous verrons qu’une algébre de Leibniz peut étre intégré en un
rack de Lie local puisque [0?%] est surjectif. Plus précisemment, si nous pouvons construire un
inverse & gauche pour [6%], alors il nous donne une méthode explicite pour construire un rack de
Lie local qui integre ’algebre de Leibniz.

Dans cette section, nous définissons un morphisme [/2] de HL?(g,a®) vers HR2(U,a%), et
nous montrons que c’est un inverse a gauche pour [62]. Pour construire 'application [I?], nous
adaptons une méthode d’intégration des cocycles d’algébre de Lie en cocycles de groupes de Lie
par intégration sur des simplex. Cette méthode est due & W.T. Van Est ([Est54]) et utilisée par
K.H. Neeb ([Nee02, Nee04]) pour le cas de la dimension infinie.

Définition de I2

Nous voulons définir une application de ZL?(g,a®) vers ZRZ%(U7 a%), telle que BL?(g,a%)
soit envoyé sur BRZ%(U, a®)s. Dans la section précédente, nous avons intégré un 1l-cocycle de
Leibniz sur une algebre de Lie g & coefficients dans un module symétrique a®. Dans la Propo-
sition (B.1.1), nous avons expliciter un morphisme entre C'L%(g,a?) et CL'(g, Hom(g,a)*), qui
envoit ZL?(g,a®) dans ZL'(g, Hom(g,a)*) et BL*(g,a®) dans BL'(g, Hom(g,a)*). Ainsi, nous
pouvons définir une application

I:ZL*(g,a%) — ZR(G,Hom(g,a)®)s

qui envoit BL?*(g, a®) dans BR)(G, Hom(g,a)®)s. C’est la composée

Z12(g,a%) O ZL'(g, Hom(g, a)") > ZRN(G, Hom(g, a)").

Maintenant, nous voulons définir une application de ZR}D(G, Hom(g,a)®), vers ZRZ(U, a®). Soit
8 e C'Rzl,(G,Hom(gLct)s)S7 B a ces valeurs dans la représentations Hom(g,a), donc pour tout
g € G, nous pouvons considérer la forme différentielle equivariante 3(g)¢? € Q*(G, a) définie par

Blg)*(h)(m) := h.(B(9)(Th Lp-1(m)))

Alors nous définissons un élement dans CR2(U,a®) en posant

ﬂmm=/j<mmw

ol v : G x [0,1] — G est une application lisse telle que pour tout g € G, v, est un chemin de 1
a4 gdans Getyp =1.

Pour l'instant, un élément de ZR;,(G, Hom(g,a)®)s n’est pas nécéssairement envoyé sur un élé-
ment de Z Rf)(U, a”)s. Pour atteindre cet objectif, nous devons spécifier I’application +, et nous
la définissons en posant

Yq(s) = exp(slog(g))
Alors, nous définissons 1% : ZL?(g, a®) — CR}Q,(U, a®)s en posant V(g, h) € Ua_jpc
Pe)oh = [ T
Yg>h

Par définition, il est clair que I*(w)(g,1) = I*(w)(1,g) = 0.
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Propriétés de I?
Proposition B.3.15. I? envoit ZL*(g,a") dans ZR2(U,a%).
Pour prouver cette proposition, nous avons besoins des lemmes suivants.
Lemma B.3.16. Pour tout (g,h) € Us_joc, nOUS GUVONS Yo, = DV,

Preuve : Soit (g,h) € Us_joc, par définition nous avons

Yo-h(s) = exp(s(log(g>h)))

Par naturalité de I'exponentielle, et a fortiori du logarithme, nous avons

exp(s(log(gi>h))) = exp(sAdy(log(h)))
= exp(Ad,(slog(h)))

= cg(exp(slog(h)))
= ¢4 (v (3))

Ainsi vgpn = g>Vh-
d

Lemma B.3.17. Soit G un groupe de Lie, a une représentation de G et w € Hom(g,a). Nous
avons Vg € G

g9-(W™) = cg((gw)*)
Preuve : Sot g,h € G,z € T} G, nous avons:

(cg((g-w)))(h)(x) = (9-w)“(g>h)(dncy(x))

(gl>h) (g w)(d ql>thl>h 1(dhcq( )))
= (9>h).(g-w)(dn(cg © Ly-1)(x))
= (g>h).(9-(w(Ad(g™")(dn(cg © Lp-—1)(x)))))

= gh.(w(dn(cg-1 0 ¢g 0 Ly-1)(x)))
= g.(h-(w(dnLp-1(x))))
= g.(w*(h)(z))

Alnsi ¢5((g.w)®) = g.(w)*

Preuve de la proposition : Soit w € ZL?(g,a%) et (g, h, k) € Us_io.. Nous avons
dr(I*(w))(g; b, k) = g.I*(w)(h, k) = I*(w)(g>h, g>k) — (g>h).I* (w)(g, k) + I*(w)(g, hi>k)
—g. [ a@mr- [ e gen. [ 1@

" / (T(w)(9))"

g>(h>k)

> (hi>k)

- / 0. (I(@)(R)*7) - / (I(w)(gh))*t — / (g5h)((I(@)(9))7)
Yh>k Ygr>(hi>k)

Yok

n / (I(w)(9))"

g>(h>k)
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Grace au Lemma B.3.17, nous avons

dr(I())(g,h, ) = LWk %ilwmmI@XW%V“—LWk%MMQDMJmeYQ

[ng(hbk)

CgOVhi>k

+

\

@ﬂ@@ﬁ*/

Ygr> (h>k)

Hwﬂg>MW—i/ ((g>h) I(w)(g))"

+
S~

I{w)(g)™

Ygr> (hi>k)

et grace au Lemma B.3.16, nous avons

d g h k /ng(hbk) N [/9>(h,>k) I(W)(gbh)eq - /ng(th((gDh)'I(w)(g))eq
I(w)(9)*

+
S~

Vg (h>k)

Il
S S— T

(g-1(w)(h)* = I(w)(g>h) = ((g>h)-1(w)(9)“ + I(w)(9)™

9> (hi>k)

(g-1(w)(h) = I(w((g>h) = (g>h)I(w)(g) + I(w)(9))*1

g>(h>k)

dr(1(w))(g,h)
gt>(hi>k)

Ainsi ZL%(g,a%) est envoyé dans ZR;(U, a%)s.

Proposition B.3.18. I? envoit BL?(g,a%) dans BRZ(U, a%)g

Preuve : Soit w € BL?(g, a%), il existe un élément 3 € CL'(g, a®) tel que w = dr3. Nous avons

1w)(g) = I' (7)) (o)
— [ @

—A@meq

Le fait que {7} en est un morphisme de complexe de cochaines implique que

mmm:/MWme

Y9

j/@MWWW%

Y9

- [ oy
a’Yg
=gp6-0
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Ainisi pour (g,h) € Us_jo nous avons en utilisant le Lemma B.3.17

mm@@-/ (I(w)(9))"
- / ((9.8) — B)“s

ARy
[ Gataon- [

JARCE R e

g>h

€q €q
o | g [ s
Cg—1%Yg>h Yg>h

g [ g [ g
Yh Ygr>h

dr(I'(8))(g, h)

Ainsi BL?(g, a®) est envoyé dans BR2(U, a),.

Proposition B.3.19. I? est un inverse & gauche pour §2.

Preuve : Soit z,y € g, et I, (resp. I,) un intervalle dans R tel que e;(s) = exp(

€y(s) = exp(sy)) soit défini Vs € I, (resp. Vs € I,). L’application e,>>¢, : I, x I, — G est
continue, donc il existe W un sous ensemble ouvert de I, x I, tel que (e;>¢,)(W) C

il existe un intervalle J C I, NI, tel que e;(s)>€,(t) € U V(s,t) € J x J.

Nous devons montrer

5201%=1id

Soit w € ZL?(g,a®). Par définition, nous avons

PRy = 2| Pw)e(s)e(s)
’ 9s0t ||, 1—g Y

82

- (1) (eals)))"
ds0t |s,t=0 [Yem(s)bey(t)
0 0

- = _ ct T(w)(ey(s)))e?
), B . o)D)

Premiérement, nous calculons

ot

o/ e (o (T(@)(ex(s)))*
t=0 J Vey (1)
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Par souci de clarté, nous posons a = ¢}y (I(w)(€x(5)))*? and B¢ = 7e,(1)- Nous avons

9
0

AR

dr
. 0/
- /[vo’l] (9t

[t=0

ot fi(r) = a(B(r))(Bi(r))-

Nous avons

0 ) / 5 /
ot 0 fi(r) = (7 o a(Be(r))) By (r) + (oc(ﬁo(r)))(a . Bi(r))
De plus, nous avons
a(fBo(r)) = a(1)
Bo(r) =0
et ,
ot =0 (1) =y

Donc nous avons

nous avons de plus

¢z (s) (@) (€ () (1) (y) = (I(w)(€x(5)))(ce, (s) (1)) (Ade, (5)(¥))
= I(w) ex(S))( ((®))

A ) Adez<s< )

Si ’'on pose f,y W7

9
05|,

|s=0

= 0'(0)(M0)) + o (0)(N'(0))

Nous avons
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et

Donc

9
Os

([ @A) = @) @0)
|s=0 Jv

ea(s)
Ainsi §2(I?(w))(z,y) = w(z,y).

O

Remarque B.3.20. Supposons que nous ayons un 2-cocycle de Leibniz w qui soit aussi un
2-cocycle de Lie. Dans ce cas, nous pouvons intégrer w cocycle de rack de Lie local, mais aussi
en un cocycle de groupe de Lie local (cf. Lemma 5.2 p.18 dans [Nee04]). Il est alors naturel de
se demander si les deux constructions sont reliées I'une a I'autre.

Proposition B.3.21. Soit G un groupe de Lie, g son algébre de Lie, a une représentation de
G, w € A%(g,a) et v1,72 des chemins lisses de G pointé en 1. Alors

Ava%m%“ﬁmww

ot 1172 : [0, 1] — G (5, 1) = m(t)y2(s).

Preuve : D’une part, nous avons

[ v
Y172 [0,1]2

9 B
&4ww<mwx%mow@;m%UW@»S
et cette expression est égale a

0 0
/ ’yl(t),72(s)'w(d’)’2(S)L"{2(S)_1(8772(8))7Ad’Yz(s)_l(d’Yl(t)L’h(t)_l(avl(t)))) (B.4)
[0,1]2 S

D’autre part, nous avons

lﬁl;ﬁwv%”=

([ e

,1

) t

] Y2
eqgyeq 8
’1}([1 (73 (w))*) (71(t))(§71(t))dt
}'Yl(ﬂ-([m (Tz(w))GQ)(dm(t)Lm(f,)ﬂ(E%(tmdt

2

(| )TN G B+ (G ()

Cette expression est égale a

9 d
/M 1 (t)-( /[o,u V2(8)-(T2 (W) (doyy (5) Ly ()1 (%72(5)))@)(% 0 Ly (1)1 (§71(t)))dt
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qui est égale &
0 0
/ ’Vl(f)-(/ 72(3)~w(dwz(s)Lv2(s)fl(8*72(3)),Ad%(s)fl('))ds)(dwl(t)Lm(t)fl(571(75)))6175
[0,1] [0,1] s t

En utilisant le théoréme de Fubini, nous montrons alors que cette expression est égale a (B.4).
O

Si nous appliquons ce résultat au cas ot v1(s) = Ygun(s) = exp(slog(g>h)) et v2(s) = y4(s) =
exp(slog(g)) pour (g,h) € Us_ioc, nous obtenons alors

Corollaire B.3.22. Siw € ZL?*(g,a%)NZ%(g,qa), alors I*(w)(g, h) = (*(w)(g, h) — 1} (w)(g>h, g)
ot 12(w)(g,h) = fa , w est un 2-cocycle de groupe de Lie local (cf. Lemma 5.2 p.18 dans

[Nee04]).

Nous pouvons remarquer que I2 est plus qu’un cocycle de rack de Lie local. Précisement, si
w est dans ZL?(g, a%) alors I'identité de cocycle de rack de Lie local satisfaite par I2(w), provient
d’'une autre identité satisfaite pas I?(w). En effet, I'application I? est définie en utilisant I, et
pour vérifier que I? envoit les cocycles de Leibinz dans les cocycles de rack local, nous avons
utilisé la Proposition B.3.12. Cette proposition établit que I' envoit les cocycles de Lie dans les
cocycles de rack. Mais nous avons remarqué dans la Remarque B.3.14 que l'identité de cocycle
de rack satisfaite par I'(w), provient de Iidentité de cocycle de groupe. Ainsi, il est naturel de
penser que nous avons oublier de la structure sur I%(w). La proposition suivante explique quelle
est I'identité satisfaite par I?(w) induisant I'identité de rack local.

Proposition B.3.23. Siw € ZL%(g,a%), alors I*(w) satisfait l’identité
g'Iz(w)(h7 k) - Iz(w)(ghv k) + 12(("))(9’ th) = Oa V(g, ha k) € U3—loc
De plus, cette identité induit l’identité de cocycle de rack local.

Preuve : Soit w € ZL%(g,a%) et (g, h, k) € Us_joe nous avons:

9. 12(w)(h k) — (@) (gh, k) + (@) (g, hisk) = g. /

Yhi>k

(T(w) ()" — / (I(w)(gh))“

Y(gh)>k

" / (I(w)(g))"

g>(h>k)

=/ 9-((I(w)(h))“‘)—/ (I(w)(gh))*

’Yg[>(hl>k)

n / (I(w)(9))"

g>(h>k)

— / (g I(w)(h))*T) — / (I(w)(gh))“?

g>(h>k)

(Z(w)(g))*

9> (hi>k)

+
T~
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g L@ K) = Pk B+ P@g. o) = [ @r@m)y - [ awion)”

gl>(hl>k)
/ (9))°

gD(th)
W) (h))“ / (I(w)(gh))“

+

/qb(hbk)

g>(h>k)
+ (9))*
gD(th)
-/ W) (R — (I(w)(gh))*" + I(w)(g)°"
'Yg>(h|>k)
-/ W)(h) — T(@)(gh) + I(w)(g))"
'YqD(th)
- / ) (g h)
’Yg>(h\>k)

=0

Ainsi I?(w) satisfait I'identité voulue.
De plus, soit (g, h, k) € Us_joc, nOus avons
dr(I*(w))(g, h k) = g.(I*(w)(h, k) — I*(w)(g>>h, g>k) — (g>h).1* () (g, k) + I*(w)(g, hi>k)
9-(*(w)(h, k) = I*(w)(gi>h, g>k) — (9>h).1*(0)(g, k) + I*(w)(g, hi>k)
—-lg(uﬂ(gh k) + 1% (w)(gh, k)
) —

= (9.(P*(w)(h, k) — I*(w)(gh, k) + I*(w)(g, h>k))

— ((g>h).I*(w)(g, k) — I*(w)(gh, k) + I*(w)(g>>h, g>k))
—0-0
=0

Ainsi I?(w) est un cocycle de rack de Lie local.
O

Nous verrons dans la prochaine section que cette identité permet d’intégrer toutes algébres de
Leibniz en un rack de Lie local augmenté.

B.3.5 Des algébres de Leibniz aux racks de Lie locaux

Dans cette section, nous exposons le théoréme principale de notre thése. Dans la Proposition
B.3.1 nous avons vu que espace tangent en 1 d’un rack de Lie (local) est muni d’une structure
d’algeébre de Leibniz. Réciproquement, nous montrons que toutes algébres de Leibniz peut étre
intégré en un rack de Lie local augmenté. Notre construction est explicite, et par cette construc-
tion, une algébre de Lie est intégré en un groupe de Lie. Réciproquement, nous montrons qu’un
rack de Lie local augmenté dont ’espace tangent en 1 est une algébre de Lie est nécéssairement
un groupe de Lie (local). C’est a dire qu’il existe une structure de groupe de Lie sur le rack de
Lie local augmenté, et la conjugaison sur le rack de Lie local augmenté est la conjugaison du
groupe.
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L’idée de la preuve est simple et utilise la connaissance du troisiéme théoréme de Lie. Soit g
une algébre de Leibniz. Tout d’abord, nous décomposons ’espace vectoriel g en la somme directe
d’algébres de Leibniz gy et a que nous savons intégrer. Comme nous connaissons le théoréme
pour les algébres de Lie, c’est le cas si g est une extension abélienne d’une algébre de Lie gy par
une go-representation a. Ainsi, g est isomorphe & a @, go. l'algébre de Leibniz a est abélienne,
donc s’intégre en a, et gy est une algébre de Lie, donc s’intégre en un groupe de Lie simplement
connexe (Go. Maintenant, nous devons comprendre comment recoller a et Gy. C’est a dire, nous
devons comprendre comment la donnée du recollement w s’intégre en en une donnée de recolle-
ment f entre a et Go. C’est le cocycle de rack de Lie local I?(w), construit dans la section
précédente, qui répond & cette question. Ainsi, nous avons montré qu’'une algébre de Leibniz g
s’intégre en un rack de Lie local de la forme a x y Go.

Soit g une algébre de Leibniz, il y a plusieurs fagons de voir g comme une extension abélienne
d’une algébre de Lie gy par une go-représentation a. Ici, nous prenons l'extension abélienne
associée au centre (& gauche) de g. Par définition, le centre (a gauche) est

Zi(g) ={z €gllr,y)=0 Vy€g}

Z1,(g) est un idéal de g et nous pouvons considérer le quotient de g par Z,(g). C’est une algebre
de Leibniz, et plus précisemment une algébre de Lie car gupn, est inclu dans Z,(g). Nous notons ce
quotient par go. Ainsi, pour une algébre de Leibniz g, il existe une extension abélienne canonique
donnée par
i P
Z1(8) = 8~ o

Cette extension donne une structure de go-représentation a Zr,(g), et par définition de Z(g),
cette représentation est antisymétrique. Cette classe d’équivalence est caractérisée par une classe
de cohomologie dans HL?(go, Z1(g)). Ainsi il existe un élément w € ZL?(go, Z1(g)) tel que

. p . .
Pextension Z(g) < g — go soit équivalente &

Zr(g) < go Bo Z1(9) e 9o

go est une algébre de Lie, donc s’intégre en un groupe de Lie connexe et simplement connexe
Go, et Zr(g) est une algébre de Lie abélienne, donc s’intégre en elle méme. Zp(g) est une
go-représentation de Lie et Gy est simplement connexe, donc par le second théoréme de Lie
Z1.(g) est un Go-module lisse. Ainsi Z7(g) est muni d’une structure de Gy-module (de rack)
antisymétrique lisse. Le cocycle w € ZL%(g, Z1(g)) s’intégre en un cocycle de rack de Lie local
I?(w) € ZR2(Go, Z1(g))s, et nous pouvons poser une structure de rack de Lie local sur le produit
cartésien Gy X Z1,(g) en posant

(g9, @)>>(h,b) = (g>h, g,n(b) + g ,n(a) + I*(w)(g, b))
ol ¢g.1(b) = g.b et g p(a) =0. Cest & dire nous avons
(9,a)>(h,b) = (9>h, g.b + I*(w)(g, h)))

Par construction il est clair que ce rack de Lie local a son espace tangent en 1 muni d’une
structure d’algébre de Leibniz isomorphe a g. Finalement, nous avons montré la proposition
suivante

Théoréme B.3.24. Toute algébre de Leibniz g s’intégre en un rack de Lie local de la forme

GO X 12(w) a®
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avec pour conjugaison
(9,a)>(h,b) = (9>h, g.b + I*(w)(g, 1)) (B.5)

et élément neutre (1,0), ot Go est une groupe de Lie, a un Go-module et w € ZL?*(go,a®).
Réciproqguement, [’espace tangent en 1 d’un rack de Lie local de cette forme est muni d’une
structure d’algébre de Leibniz.

Nous demandons plus dans notre probléme de départ. En effet, nous demandons en plus
qu’une algébre de Lie s’intégre en un groupe de Lie. Ainsi, quand g est une algébre de Lie, nous
devons montrer que Go x Zr,(g) est muni d’une structure de groupe de Lie telle que la conjugaison
sur Go X j2(y Z1(g) soit induit par le produit de rack sur Conj(Go x Zr(g)).

Soit g une algébre de Lie, le centre a gauche Zy(g) est égal au centre Z(g). L’extension

abélienne Zr,(g) < og LS go munit Zy(g) avec une structure antisymétrique mais aussi une
structure symétrique, donc une structure triviale. Cette extension devient une extension centrale
et le cocycle w € ZL?(go, Z(g)) est aussi dans Z%(go, Z(g)). D’une part, avec w nous pouvons
construire un cocycle de rack de Lie local I?(w), et d’autre part, nous pouvons construire un
cocycle de groupe de Lie ¢?(w). In (3.4.12), nous avons montré que I%(w)(g, h) = 1*(w)(g,h) —
1*(w)(gr>h, g) pour tout (g, h) € Uz,oc. Ainsi, la conjugaison dans Go X j2(.,) Z(g) peut étre écrite

(g,a)>(h,b) = (g>h, I*(w)(g, k) = (g>h, P (w)(g, h) — 1*(w)(g>>h, g)).

Cette formule est celle de la conjugaison dans le groupe G X,2(.) Z(g), ot le produit est défini
par

(g,a)(h,b) = (gh,*(g,h))

Réciproquement, supposons qu'un rack de Lie de la forme Go X 2(,) a® a son espace tangent
en 1, go®, a®, muni d’une structure d’algébre de Lie. Nécessairement, a est une go-representation
triviale et w € Z%(go,a). Ainsi, comme avant, I?(w)(g, h) = *(w)(g, h) —*(w)(gt>h, g) pour tout
(g, h) € Ua_joe et la conjugaison définie par (B.5) est induite par la conjugaison venant de la
structure de groupe sur G X,2(,) 6. Finalement, nous avons le théoréme suivant

Théoréme B.3.25. Toute algébre de Leibniz g s’intégre en un rack de Lie local de la forme
Go Xr2(w) a*
avec pour conjugaison
(9.a)>(h,b) = (9>h, g.b + I*(w)(g, h)) (B.6)

et élément neutre (1,0), ou Go est un groupe de Lie, a une représentation de Go et w €
ZL*(go,a%). Réciproquement, I’espace tangent en 1 d’un rack de Lie local de cette forme est
muni d’une structure d’algébre de Leibniz.

De plus, dans le cas spécial ot g est une algébre de Lie, la construction ci-dessus munie
Go Xp2() a® d’un produil de rack provenant de la conjugaison dans un groupe de Lie. Récipro-
quement, si l’espace tangent en 1 de Go Xr2(,) a® est une algébre de Lie, alors Go X 2(.,) a® peut
étre muni d’une structure de groupe de Lie, et la conjugaison induite par la structure de groupe
de Lie est celle définie par (B.6).
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Des algébres de Leibniz aux rack de Lie augmentés locaux

Soit go une algébre de Lie, a une g-représentation et w € ZL?(go,a®). Dans (3.4.5), nous avons
montré que I%(w) est un cocycle de rack de Lie local. Nous avons aussi montré qu'il satisfait
Iidentité

g.I*(W)(h, k) — I*(w)(gh, k) + I*(w)(g, he-k) = 0 (B.7)
for all (g, h, k) € Us_ioc-

La question naturelle est alors : Quelle structure algébrique sur Go X (., a® est encodé par cette
identité?

Définition B.3.26. Soit G un groupe. Un G-ensemble local est un ensemble X muni d’une
application p définie sur un sous ensemble ) de G X X a valeurs dans X telle que les axiomes
suivants soient satisfaits

1. i (h,x), (gh,z), (g, p(h,x)) € Q, alors p(g, p(h,x)) = p(gh,z).
2. Ve e X,(1,2) e Qet p(l,z) =ux.
Un G-ensemble lisse est une variété lisse X munie d’une structure de G-ensemble local vérifiant
1. Q est un sous ensemble ouvert de X x X.
2. p:Q — X est lisse.
Un point fixe est un élément xg € X tel que Vg € G, (g,x0) € Q et p(g, o) = xo.

Dans la proposition suivante, nous montrons que l'identité (B.7) munit Gy X j2(.) a® d’une
structure de Gg-ensemble local.

Proposition B.3.27. G x2(,) a® est un Go-ensemble local lisse, et (1,0) est un point fize.
Preuve : Nous définissons un sous ensemble ouvert {2 et une application lisse p par

L Q= {(g,(h,b)) € Go x (Go X12(w) a*)[(g, h) € Ua—10c}-

2. p(g, (h,b)) = (g>h, g.b+ I*(w)(g, h)).

Soit (h, (k, 2)), (gh, (k, 2)), (g, p(h, (k, 2))) € §2. Ceci est équivalent a la condition (h, k), (gh, k), (g, h>k) €
Us_ioc, Cest & dire (g, h, k) € Us_jpe. Nous avons

p(g, p(h, (k, 2))) = plg, (hi>k, h.z + I*(w) (h, k)))
= (9> (hi>k), g.(h.2) + g.I*(w)(h, k) + I*(w)(g, h>k))

En utilisant les identités (2) et (gh)>k = gt>(h>k), nous avons

p(g. p(h, (k. 2))) = ((gh)>k, (gh).z + I* () (gh. k))
= plgh, p(k, 2))
Donc p(g, p(h, (k, 2))) = p(gh, p(k, 2)).
De plus, nous avons p(1, (k,2)) = (1>k, 1.2 + I?(w)(1,k)) = (k,2) et p(g,(1,0)) = (9>1,9.0 +
I?(w)(g,1)) = (1,0). Ainsi Gg X s2(,) a® est un Go-ensemble local lisse et (1,0) est un point fixe
pour cette action local.
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Nous pouvons remarquer que l'on peut reconstruire le produit de rack sur Go X r2(,) a® a partir
de la formule de I'action de Gy. En effet, nous avons

(9,a)>(h,b) = g.(h,b) = p(g, a).(h,b)

ol p est la projection sur le premier facteur G x 2, a® 5 Go. De plus, p(1,0) =1 et p est
équivariant. En effet, soit (g, (h,y)) € ©, nous avons p(p(g.(h,y))) = p(g>h, g.y + I*(w)(g, h)) =
g>h = g.p(h,y). Ainsi nous avons montré la proposition suivante

Proposition B.3.28. G x2(,,) a” 5 Gy est un rack de Lie augmenté local.
Ainsi nous pouvons réécrire notre théoréme principal

Théoréme B.3.29. Toute algebre de Leibniz g s’intégre en un rack de Lie augmenté local de la
forme

GO Xlz(w) a® f» Go

avec action local
g.(h,b) = (g>h, g.b+ I*(w) (g, h))

et élément neutre (1,0), ou Go est un groupe de Lie, a une représentation de Gg et w €
ZL*(go,a%). Réciproquement, l’espace tangent en 1 d’un rack de Lie augmenté local de cette
forme est muni d’une structure d’algébre de Leibniz.

De plus, dans le cas spécial ou g est une algébre de Lie, la construction ci-dessus munie
Go Xp2() a® d’un produit de rack provenant de la conjugaison dans un groupe de Lie. Récipro-
quement, si l’espace tangent en 1 de Go X r2(,) a® est une algebre de Lie, alors Go X 2(.,) a® peut
étre muni d’une structure de groupe de Lie, et la conjugaison induite par la structure de groupe
de Lie est celle définie par (B.6).

B.3.6 Exemples d’intégration d’algébres de Leibniz non scindées

En dimension 4

Exemple B.3.30. Soit g = R*. Nous définissons une application linéaire g par

et tous les crochets des autres combinaisons d’éléments de la base égaux a zéro. Nous avons

[(‘rly T2,x3, .’174)7 (yla Y2,Y3, 94)] = (07 07 07 T1Y1 + T1Y2 — T2Y1 + T2Y2 + CUSZJS)
Proposition B.3.31. (g,[—,—]) est une algébre de Leibniz.

Preuve : Nous avons

[(1‘171'2,1'373}4)7 [(y17y27y37y4)7 (2:17 22, 23724)]] = (Oa 07070)
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et
[(y17y2a y3?y4)a [(.1'1,3)2, x3, 1‘4), (Zlv 22, Z37Z4)]] = (07 07070)

et
[[(x1,$271'33 f£4), (y1>y23y3,y4)}a (Zla 22, 23, 24)] = (Oa 070>0)

Ainsi le crochet [—, —] satisfait I'identité de Leibniz.
(]

Pour suivre la construction expliquée ci-dessus, nous devons déterminer le centre a gauche Zz,(g),
le quotient de g par Z1,(g) noté go, Uaction de g sur Z1(g) et le 2-cocycle de Leibniz décrivant
Pextension abélienne Z,(g) — g — go.

Soit « € Zr(g), pour y = (1,0,0,0),y = (0,1,0,0) ou y = (0,0,1,0) dans g, nous avons
[z,y] = 0. Ceci implique que 1 = x9 = x5 = 0. Réciproquement, tout élément dans g ayant les
trois premiéres coordonnées égales a 0 est dans Zr,(g). Ainsi Z7,(g) =< eq > et gg =< e, €2, €3 >.
Le crochet sur gg est égal a zéro, donc gg est une algébre de Lie abélienne. L’action de gy sur
Z L(g) est donnée par

p:v(y) = [('7517332533370), (070a0ay4)] = (07070’0)

et le 2-cocycle de Leibniz est donné par

w(z,y) = [(w1,22,73,0), (Y1, Y2,¥3,0)] = (0,0,0, 21y1 + T1y2 — Toy1 + Toy2 + T3y3)

Maintenant, nous devons déterminer le groupe de Lie Gy associé a gg, I'action de G sur
Z1(g) intégrant p et le cocycle de rack de Lie intégrant w.

go est une algébre de Lie abélienne, donc un groupe de Lie intégrant gg est Gog = go. De plus
la représentation p est nulle, donc l’action de groupe de Lie de Gy sur Zj,(g) qui intégre p est
'action triviale. Du fait que p soit nulle et go abélienne, la différentielle d} : CL(go, Z1(g)) —
CL?(go, Z1(g)) est nulle. Ainis, du fait que gann = Z1(g), g est non scindée. Ce qu'il reste a
traiter est 'intégration du cocycle w. Une formule pour f, un cocycle de rack de Lie intégrant

o f@mzlﬂlﬁwww

a

ol Y, (8) = sa et vp(t) = tb. Soit a € Gy and z,y € go. Nous avons

[ = [ e

a [0,1]

_ / B (o (r(w)(a))ds
0,1

= / 73(w)(a)ds
[0.1]
= %(w)(a)
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Donc

Ainsi, la conjugaison dans Go x5 Z,(g) = R* est donnée par
(a1,a2,a3,a4)>(b1,b2,b3,b4) = (b1, b2, b3, a1b1 + azby + agbz + a1b2 — azby + by)

nous avons

32 52
, SQg, , >(tby, tho, thy, thy) = ——— thy, tby, tbs, st(a1b b b ba — asby), tb
888t|3,t=o(8a1 Sz, a3, sa4)0>(thy, thy, ths, thy) 858t|3,t=o( 1,tba, tbs, st(a1by + a2bz + azbs + a1by — azb1), tbs)
=(0,0,0,a1b1 + agbs + asbs + a1bs — azb1)

= [(a1, a2, a3, as), (b1, b2, bs, by)]

Donc (R*,1>) intégre (R*,[—, —]).

Exemple B.3.32. Soit g = R*. Nous définissons une application bilinéaire sur g par

[617 61} = €2
le1,e2] = e3
[61, 63} = €4

et tous les crochets des autres combinaisons d’éléments de la base égaux & zéro. Nous avons

[(x1, 2, 23, 24), (Y1, Y2, ¥3,Ya)] = (0, 21y1, T1Y2, 21Y3)
Proposition B.3.33. (g,[—, —]) est une algébre de Leibniz.

Preuve : Nous avons

[(1’1@2,1”3,964), [(y1,y2,y3,y4), (21,22723724)]] = [(951@2@3,5174), (Ovylzlaylz%ylzli)]

= (0,0, z1y122, T1Y123)

et
(Y1, Y2, Y3, Y4), [(w1, T2, 23, 24), (21, 22, 23, 24)]] = (0,0, 21y1 22, 1Y1 23)
et
([(z1, 22, 23, 24), (Y1, Y2, Y3, Ya)], (21, 22, 23, 24)] = 0
Ainsi le crochet [—, —] satisfait I'identité de Leibniz.
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Pour suivre la construction ci-dessus, nous devons déterminer le centre a gauche Zp,(g), le quotient
de g par Z1,(g) noté go, 'action de gy sur Z1(g) et le 2-cocycle de Leibniz décrivant I’extension
abélienne 7y (g) — g — go-

Soit « € Zr(g), pour y = (1,0,0,0),y = (0,1,0,0) ou y = (0,0,1,0) dans g, nous avons
[z,y] = 0. Ceci implique que 21 = 0. Réciproquement, tout élément dans g avec la premiére
coordonnée égale a 0 est dans Z1,(g). Ainsi Z1(g) =< ea, €3,e4 > et go ~< e; >. Le crochet sur
go est égal & zero, ainsi gg est une algébre de Lie abélienne. L’action de go sur ZL(g) est donnée
par

pz(y) - [(:L'la 0, 07 0)3 (07 Y2,9s, y4)] - (0> 07 r1Y2, xlyfﬂ)

et le 2-cocycle de Leibniz est donné par
w(z, y) = [(3:17 0,0, O)a (yla 0,0, O)] - (Oa z1Y1,0, O)

De plus, nous avons [z,z] = (0,22, 2179, 7123), ainsi gann = Z1(g). Cette algébre de Leib-
niz n’est pas scindée car o € Hom(go,R) et z,y € go, nous avons dra(z,y) = p.(aly)) =
(0,0, z10(y)2, T10(y)3)-

Maintenant, nous devons déterminer le groupe de Lie Gy associaté a gg, ’action de Gy sur
Z1,(g) intégrant p et le cocycle de rack de Lie intégrant w.

go est une algébre de Lie abélienne, donc un groupe de Lie intégrant gy est Go = go. De plus,
un simple calcul montre que 'action du groupe de Lie Gy sur Z1,(gg) définie par

b:(y) =y + pz(y)

intégre p. Il reste donc a intégrer le cocycle w. Une formule pour f, un cocycle de rack de Lie

intégrant w, est
flav) = [ ([ rrne
Yo

a
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ol Y, (8) = sa et vp(t) = tb. Soit a € Gy et z,y € go. Nous avons

/72(@8(1:/ P2 () | Aals))ds

s s=0

- / Do (o) (72(w) (a))ds
[0,1]

= (b,ya(s) o T2 (w)(a)ds
[0,1]

o o e O

Donc

0
flat) = [ (| soa ]
Tb O

eq

0
0
b) = ¢ (< £))dt
fan=[ for | O]
0
= oy Or0 %‘;2 (b))t
’ 0

1 1
= / abey + (mb2 + *a2b)63 + —ta®beqdt
[0.1] 2 2

1 1
= abey + 5((11)2 + a’b)es + ia2b264
Ainsi, la conjugaison dans Go x ¢ Z1,(g) = R* est donnée par

1 1
(ahag, as, a4)>(b1, b27 bg, b4) = (bl,albl, (leg + i(albf + a%bl), a1b3 + Za%b%)
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Nous avons

02 92 1
say, Sas, sas, a4 )>(thy, tba, ths, thy) = —— tby, stai1by, sta1b ~(st?a1b? + s*ta2b
838t|s,t:0( 1 2 3 4) ( 1,002,003, 4) 888t|s,t:0( 1 191, 102 + 2( 191 + 1 1);

1
stabs + SQtQZG%b?)

= (0,a1b1,a1bz, a1b3)

= [(a1,a2,a3,a4), (b1, b2, b3, by)]
Donc (R*,>) intégre (R%, [—, —]).
En dimension 5

Exemple B.3.34. Soit g = R%. Nous définissons une application bilinéaire sur g par

[61761] = [61762] = €3
le2,e1] = [e2,e2] = [e1,e3] = ey
[617 64] = [627 63} = €5

et tous les crochets des autres combinaisons d’éléments de la base égaux & zéro. Nous avons

[(#1, 22, 23, 24), (Y1, Y2, Y3, Ya)] = (0,0, 21 (y1 + y2), T2(y1 + y2) + T1Y3, T1Ya + T2y3)
Proposition B.3.35. (g,[—,—]) est une algébre de Leibniz.

Preuve : Nous avons

(1, w2, w3, 24), [(y1, Y2, Y3, Y4), (21, 22, 23, 24)]] = (0,0,0, 2191 (21+22), 1 (y2(21+22) +y123) +22y1 (21+22))

et

(1, Y2, Y3, y4), [(21, T2, w3, 24), (21, 22, 23, 24)]] = (0, 0,0, 21y1(21+22), 1 (y2(21+22)+y123) +22y1 (21+22))

et
[[($1,$2,ZC3, ‘T4)a (y17y23y3,y4)}a (Zla 22, 23, 24)] = (Oa 070>0)

Ainsi le crochet [—, —] satisfait I'identité de Leibniz.
O

Nous devons déterminer le centre a gauche Zr(g), le quotient de g par Z,(g) noté go, 'action
de go sur Z1(g) et le 2-cocycle de Leibniz décrivant 'extension abélienne Zy,(g) < g — go.

Soit € Zr(g), pour y = (0,0,1,0,0) dans g, nous avons [z,y] = 0. Ceci implique que
x1 = o = 0. Réciproquement, tout élément dans g avec les deux premiéres coordonnées égales
a 0 sont dans Zp(g). Ainsi Z1(g) =< es,eq,e5 > et gg =< e1,ea >. Le crochet sur go est égal a
zéro, ainsi go est une algébre de Lie abélienne. L’action de go sur ZL(g) est donnée par

px(y) = [(x17x2707070)5 (070793414795)] = (Oa0a071‘1y3’x1y4 + .I‘ng)

et le 2-cocycle de Leibniz est donné par

w($7y) = [<x17$2a07070)a (y17y2a07070)] = (0707371(1/1 + 92)>$2(91 + y2)a0)
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De plus, nous avons [z,z] = (0,0, 21(x1 + x2), z2(z1 + 22) + 2123, 2124 + T2x3), ainsi en
prenant = (1,0,0,0,0),(0,1,0,0,0) and (0,1,1,0,0), on voit facilement que gonn = Z1(g).
Cette algebre de Leibniz est non scindée car pour « € Hom(g, Zr(g)) et x,y € go, nous avons
dra(z,y) = pz(a(y)) = (0,0,0z1a(y)s, 210(y)1 + T20(y)3).

Maintenant, nous devons déterminer le groupe de Lie Gy associé a gg, I'action de G sur
Z1.(g) intégrant p et le cocycle de rack de Lie intégrant w.

L’algebre de Lie gy est abélienne, donc un groupe de Lie intégrant gy est Gy = go. Pour
intégrer l’action p, nous utilisons ’exponentielle exp : End(Z1,(g)) — Aut(Z1(g)). En effet, pour
tout x € gp, nous avons

0 0 0
Pz = I 0 0
T2 X1 0

ainsi, nous définissons un morphisme de groupe de Lie ¢ : Gy — Aut(Z(g)) en posant

1 0 0

Or = exp(py) = 1 1 0
To + %x% x1 O

Il est facile de voir que d1¢ = p. Il reste donc a intégrer le cocycle w. Une formule pour f, un
cocycle de rack de Lie intégrant w, est

fa,b) = / ( / 72 (w)er)d

a

ol Y, (s) = sa et yp(t) = tb. Soit a € Gy et z,y € go. Nous avons

e € a
[ Peri= [ Peraue ] )
a [071] s s=0
:/ @Wa(s)(TQ(w)(a))ds
[0,1]
= Py (s) © 72(w)(a)ds
[0,1]
1 0 0 a1 aj
:/ saq 1 0 as ag | ds
[071] Sa9 + %(sal)z Say O 0 O
a1 aq
:/ sa? + ap sa? + as ds
0,1] 2.3 2.3

2sajag + %s a;  2sajas + %S ay
Donc

ay ay
2 1 1
/ T (w)® = | 3af+ a2 503 +ap
1 1
Ya aias + éa‘;’ aias + gai’
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Ainsi

ﬁmw:AMT%ww

Ya
ay a1
/ %a% + as %a% + ao
" \ajas + %a:f aias + %a‘?

€q

ai ai “
- / Y| 3ai+ar  tal+as
[0.1] aaz + tal  aja + ga}
ai ai “ 9
— [ | tdra et | o]
011 \araz + ga?  araz + gai =0

ay ay

— / By () ( %a% + as %a% +ag | (b)dt
[0,1] aias + %a‘;’ aias + %a?

Nous avons

aq aq 1 0 0 aq a1 b
G ( %a% + as %a% +ay | (D)= thy 1 0 %a% + as %a% + as <b1>
ajas + %a:{’ aiag + %a‘;’ thy + %(tbl)2 thy O ajas + %a‘i’ ajay + %azf 2

CLl(bl + bQ)
= (tb1a1 —+ a9 —+ %a%)(bl + bg)
(alag + %a? + %tbla% + tb2a1 + tblag + %(tb1)2a1)(b1 + bg)

Donc
al(bl + bg)

f(a, b) = (%bla1 + as + %a%)((h + bg)
(a1a2 + %a‘;’ + ibla% + %bgal + %blaz + %(b1)2a1)(b1 + bg)

et la conjugaison dans Gy x s Z1,(g) = R® est donnée par

a1 b1 bl

a9 b2 bg

az | > | b3 | = bs + al(bl + bg)

aq b4 0,11)3 + b4 + (lblal + ag + %a%)(bl + bg)

as b5 (CLQ + %a%)bg + alb4 + b5 + ((11(12 + ga‘;’ + ibla% + %bgal + %blag + %(bl)Qal)(bl + bg)

Avec un simple calcul, nous vérifions que

82
88(‘% (Salv Sag, saz, Sa4, 8&5)>(tb1, tb?a tb3a tb47 tb5) - [(al, as, az, a4, (15), (bla bQ, b3, b4; bS)]
s,t=0
Donc (R®, >) intégre (R, [—, —]).
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Résumé : Le résultat principal de cette thése est une solution locale du probléeme des coque-
cigrues. Par probléme des coquecigrues, nous parlons du probléme d’intégration des algébres de
Leibniz. Cette question consiste & trouver une généralisation du troisiéme théoréme de Lie pour
les algébres de Leibniz. Ce théoréme établit que pour toute algébre de Lie g, il existe un groupe
de Lie G dont I'espace tangent en 1 est muni d’une structure d’algeébre de Lie isomorphe & g. La
sructure d’algébre de Leibniz généralise celle d’algébre de Lie, nous cherchons donc une structure
algébrique généralisant celle de groupe et répondant a la méme question. Nous résolvons ce prob-
léme en intégrant localement toute algébre de Leibniz en un rack de Lie augmenté local. Un rack
de Lie étant une variété munie d’un produit satisfaisant plusieurs axiomes qui généralisent des
propriétés de la conjugaison dans un groupe. En particulier, ce produit est autodistributif. Notre
approche de ce probléme est basée sur une preuve donnée par E.Cartan dans le cas des groupes et
algeébres de Lie, et consiste & associer a toute algébres de Leibniz une extension abélienne d’une
algébre de Lie par un module antisymétrique. Cette extension est caractérisée par une classe
dans le second groupe de cohomologie de Leibniz, et nous associons a tous représentant de cette
classe un cocyle de rack de Lie local qui nous permet de construire un rack de Lie augmenté local
répondant au probléme. Pour construire ce cocycle, nous généralisons une méthode d’intégration
d’un cocycle d’algébre de Lie en cocycle de groupe de Lie due & W.T.Van Est.

Summary : The main result of this thesis is a local answer to the coquecigrue problem.
By coquecigrue problem, we mean the problem of integrating Leibniz algebras. This question
consists in finding a generalization of Lie’s third theorem for Leibniz algebras. This theorem
establishes that for every Lie algebra g, there exists a Lie group G whose tangent space at 1
is provided with the structure of a Lie algebra isomorphic to g. The Leibniz algebra structure
generalizes that of a Lie algebra, so we search for an algebraic structure generalizing that of a
group and answering the same question. We answer to this problem by locally integrating every
Leibniz algebra into a local augmented Lie racks. A Lie rack being a manifold provided with
a product satisfying further axioms which generalize (some properties of) the conjugation in a
group. Particularly we ask this product to be self distributive. Our approach to the problem
is similar to one given by E. Cartan in the case of Lie groups and Lie algebras, and consists in
associating to every Leibniz algebra an abelian extension of a Lie algebra by an anti-symmetric
module. This extension is caracterised by a class in the second Leibniz cohomology group, and
we associate to a representant of this class a local Lie rack cocycle which permits us to construct a
local augmented Lie rack which solves the problem. To construct this local cocycle, we generalize
an integration method of a Lie algebra cocycle into a Lie group cocycle due to W.T. Van Est.

Mots clés : algeébre de Leibniz, coquecigrue, rack de Lie, cohomologie d’algébre de Leibniz,
cohomologie de rack, intégration des cocycles de Leibniz.

Discipline : Mathématiques



