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✸✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♠❛tér✐❡❧s ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥
♣♦❧②♥♦♠✐❛❧❡ ✻✶
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✸✳✷✳✹✳ ❱❡rs ❞❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s ✳ ✻✸
✸✳✷✳✺✳ ●é♥ér❛t✐♦♥ ❞❡s ♠❡✐❧❧❡✉rs ❛♣♣r♦①✐♠❛♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
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❆✳ ❙é❧❡❝t✐♦♥ ❞❡ ♣✉❜❧✐❝❛t✐♦♥s ✾✾
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✹



❆✈❛♥t✲♣r♦♣♦s

❈❡ ♠é♠♦✐r❡ rés✉♠❡ ❧❡s ❛❝t✐✈✐tés ❡✛❡❝t✉é❡s ❡♥ r❡❝❤❡r❝❤❡✱ ❡♥❝❛❞r❡♠❡♥t✱ ❛♥✐♠❛t✐♦♥ ❡t ❡♥s❡✐❣♥❡✲
♠❡♥t ❞❡♣✉✐s ♠❛ t❤ès❡ s♦✉t❡♥✉❡ ❡♥ s❡♣t❡♠❜r❡ ✶✾✾✼✳ ❈❡s ❛❝t✐✈✐tés ♦♥t été ré❛❧✐sé❡s ❞❛♥s ♣❧✉s✐❡✉rs
❝♦♥t❡①t❡s✳ ❯♥❡ ♣❛rt✐❡ ❛ été ❡✛❡❝t✉é❡ ❧♦rs ❞❡ ♠♦♥ sé❥♦✉r ♣♦st✲❞♦❝t♦r❛❧ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❯❧tr❛
▲♦✇ P♦✇❡r ❞❡ ❧❛ ❞✐✈✐s✐♦♥ ♠✐❝r♦é❧❡❝tr♦♥✐q✉❡ ❞✉ ❈❡♥tr❡ s✉✐ss❡ ❞✬é❧❡❝tr♦♥✐q✉❡ ❡t ♠✐❝r♦t❡❝❤♥✐q✉❡
✭❈❙❊▼✮ à ◆❡✉❝❤ât❡❧ ❡♥ ❙✉✐ss❡ ❡♥tr❡ ♦❝t♦❜r❡ ✶✾✾✼ ❡t s❡♣t❡♠❜r❡ ✶✾✾✾✳ ❊♥tr❡ ♦❝t♦❜r❡ ✶✾✾✾ ❡t
s❡♣t❡♠❜r❡ ✷✵✵✺✱ ❥✬❛✐ tr❛✈❛✐❧❧é ❞❛♥s ❧✬éq✉✐♣❡ ❆ré♥❛✐r❡ ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡ ❞✉ ♣❛r❛❧✲
❧é❧✐s♠❡ ✭▲✐♣✮ à ▲②♦♥ s✉r ✉♥ ♣♦st❡ ❞❡ ❝❤❛r❣é ❞❡ r❡❝❤❡r❝❤❡ ✭❈❘✮ à ❧✬■♥st✐t✉t ♥❛t✐♦♥❛❧ ❞❡ r❡❝❤❡r❝❤❡
❡♥ ✐♥❢♦r♠❛t✐q✉❡ ❡t ❛✉t♦♠❛t✐q✉❡ ✭■♥r✐❛✮✳ ❊♥tr❡ ♦❝t♦❜r❡ ✷✵✵✺ ❡t ♥♦✈❡♠❜r❡ ✷✵✵✽✱ ❥✬❛✐ tr❛✈❛✐❧❧é
❞❛♥s ❧✬éq✉✐♣❡ ❆r✐t❤ ❞✉ ▲❛❜♦r❛t♦✐r❡ ❞✬✐♥❢♦r♠❛t✐q✉❡ r♦❜♦t✐q✉❡ ❡t ♠✐❝r♦é❧❡❝tr♦♥✐q✉❡ ❞❡ ▼♦♥t✲
♣❡❧❧✐❡r ✭▲✐r♠♠✮ s✉r ✉♥ ♣♦st❡ ❞❡ ❈❘ ❛✉ ❈❡♥tr❡ ♥❛t✐♦♥❛❧ ❞❡ ❧❛ r❡❝❤❡r❝❤❡ s❝✐❡♥t✐✜q✉❡ ✭❈◆❘❙✮✳
❊♥✜♥✱ ❞❡♣✉✐s ❞é❝❡♠❜r❡ ✷✵✵✽✱ ❥❡ tr❛✈❛✐❧❧❡✱ t♦✉❥♦✉rs ❝♦♠♠❡ ❈❘ ❈◆❘❙✱ ❞❛♥s ❧✬éq✉✐♣❡ ❈❛✐r♥ ❞❡
❧✬■♥st✐t✉t ❞❡ r❡❝❤❡r❝❤❡ ❡♥ ✐♥❢♦r♠❛t✐q✉❡ ❡t s②stè♠❡s ❛❧é❛t♦✐r❡s ✭■r✐s❛✮ à ▲❛♥♥✐♦♥✳
▼❡s tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ♣♦rt❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t s✉r ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ❡♥♠❛tér✐❡❧

❡t ❡♥ ❧♦❣✐❝✐❡❧✳ ❈❡s tr❛✈❛✉① ❝♦♠♣♦rt❡♥t ❞❡s ❧✐❡♥s ❛✈❡❝ ❧❡s ❞♦♠❛✐♥❡s ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐ts ✐♥✲
té❣rés ♥✉♠ér✐q✉❡s✱ ❞❡ ❧✬❛r❝❤✐t❡❝t✉r❡ ❞❡s ♠❛❝❤✐♥❡s ❡t ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❧♦❣✐❝✐❡❧ ❞❡ ❜✐❜❧✐♦t❤èq✉❡s
❞❡ ❝❛❧❝✉❧✳ ▲❡s ♣r✐♥❝✐♣❛✉① ❞♦♠❛✐♥❡s ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s tr❛✈❛✉① s♦♥t ✿ ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡
❞❛♥s ❧❡s s②stè♠❡s ❡♠❜❛rq✉és✱ ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❛s②♠étr✐q✉❡✱ ❧❛ sé❝✉r✐té ♥✉♠ér✐q✉❡✱ ❧❡ tr❛✐t❡✲
♠❡♥t ♥✉♠ér✐q✉❡ ❞✉ s✐❣♥❛❧ ❡t ❞❡s ✐♠❛❣❡s ❡t ❞❡ ❢❛ç♦♥ ♣❧✉s ❧✐♠✐té❡ ❧❡s ❞✐s♣♦s✐t✐❢s ♥✉♠ér✐q✉❡s ❞❡
❝♦♥trô❧❡✕❝♦♠♠❛♥❞❡ ❡♥ ❛✉t♦♠❛t✐q✉❡✳
❈❡ ♠é♠♦✐r❡ s❡ ❞é❝♦♠♣♦s❡ ❝♦♠♠❡ s✉✐t✳ ▲❡ ❝❤❛♣✐tr❡ ✶ ❡st ✉♥❡ ❝♦✉rt❡ ✐♥tr♦❞✉❝t✐♦♥ à ❧✬❛r✐t❤♠é✲

t✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❡t ❛✉ ❝♦♥t❡①t❡ ❞❡s tr❛✈❛✉①✳ ▲❡ ❝❤❛♣✐tr❡ ✷ rés✉♠❡ ❧❡s ♣r✐♥❝✐♣❛✉① tr❛✈❛✉①
❡✛❡❝t✉és ♦✉ ❡♥ ❝♦✉rs✳ ◗✉❡❧q✉❡s ❛rt✐❝❧❡s ♣❛r✉s ❞❛♥s ❞❡s ❥♦✉r♥❛✉①✱ ❡t r❡♣r♦❞✉✐ts ❡♥ ❛♥♥❡①❡ ❆✱
❞é❝r✐✈❡♥t ❧❡s tr❛✈❛✉① ❧❡s ♣❧✉s s✐❣♥✐✜❝❛t✐❢s✳ ▲❡ ❝❤❛♣✐tr❡ ✸ ❞ét❛✐❧❧❡ ✉♥ ♣❡✉ ♣❧✉s ❧✬✉♥ ❞❡s ❛①❡s ❞❡
r❡❝❤❡r❝❤❡ ét✉❞✐é ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ✿ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧✬é✈❛❧✉❛✲
t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❡♥ ♠❛tér✐❡❧✳ ❏✬❛✐ ❝❤♦✐s✐ ❝❡ t❤è♠❡ ❝❛r ✐❧ ♠❡ s❡♠❜❧❡ ❜✐❡♥ ✐❧❧✉str❡r ❧✬❡♥s❡♠❜❧❡ ❞❡
♠❡s tr❛✈❛✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ♠♦♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❢❛❝❡tt❡s ét✉❞✐é❡s ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐✲
♥❛t❡✉rs ✿ ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧s✱ ❧❡s ✐♠♣❧❛♥t❛t✐♦♥s ❡✣❝❛❝❡s✱
❧❡s ♣r♦❜❧è♠❡s ❞❡ ✈❛❧✐❞❛t✐♦♥ ❡t ❧❡s ♦✉t✐❧s ❞✬❛✐❞❡ à ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐ts ❛r✐t❤♠ét✐q✉❡s✳ ▲❛
❝♦♥❝❧✉s✐♦♥✱ ❛✉ ❝❤❛♣✐tr❡ ✹✱ ❞r❡ss❡ ✉♥ ❜✐❧❛♥ ❞❡s tr❛✈❛✉① ❡✛❡❝t✉és ♦✉ ❡♥ ❝♦✉rs ❡t ♣r♦♣♦s❡ q✉❡❧q✉❡s
♣❡rs♣❡❝t✐✈❡s✳ ❯♥❡ ❣r❛♥❞❡ ♣❛rt✐❡ ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡ ❛ été ré❛❧✐sé❡ ❡♥ ❝♦❧❧❛❜♦✲
r❛t✐♦♥ ❛✈❡❝ ❞✬❛✉tr❡s ❝❤❡r❝❤❡✉rs ✭❞♦❝t♦r❛♥ts✱ ♣❡r♠❛♥❡♥ts✱ st❛❣✐❛✐r❡s ❞❡ ▼✷❘✕❉❊❆ ♦✉ ✐♥❣é♥✐❡✉rs✮✳
❈❡s ❝♦❧❧❛❜♦r❛t✐♦♥s ❧♦❝❛❧❡s✱ ♥❛t✐♦♥❛❧❡s ❡t ✐♥t❡r♥❛t✐♦♥❛❧❡s✱ s❡r♦♥t r❛♣✐❞❡♠❡♥t ♣rés❡♥té❡s ❞❛♥s ❧❡s
❞✐✛ér❡♥t❡s s❡❝t✐♦♥s t❡❝❤♥✐q✉❡s✳ ▲❡s ❛❝t✐✈✐tés ❡♥ ❡♥❝❛❞r❡♠❡♥t✱ ❛♥✐♠❛t✐♦♥✱ ❡♥s❡✐❣♥❡♠❡♥t✱ ❡①♣❡rt✐s❡
❡t ❛❞♠✐♥✐str❛t✐♦♥ s♦♥t rés✉♠é❡s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✺✳
▲❡s tr❛✈❛✉① ❞é❝r✐ts ❞❛♥s ❝❡ ♠é♠♦✐r❡ ♦♥t été ♣✉❜❧✐és ❞❛♥s ❞❡s ❥♦✉r♥❛✉①✱ ❞❡s ❝♦♥❢ér❡♥❝❡s ♦✉

❡♥ r❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡✳ ▲❡s ré❢ér❡♥❝❡s à ❝❡s ♣✉❜❧✐❝❛t✐♦♥s s♦♥t r❡❣r♦✉♣é❡s ❞❛♥s ❧❛ ❜✐❜❧✐♦❣r❛♣❤✐❡
♣❡rs♦♥♥❡❧❧❡ ❛✉ ❝❤❛♣✐tr❡ ✻✳ ▲❡s ❛✉tr❡s ré❢ér❡♥❝❡s ❜✐❜❧✐♦❣r❛♣❤✐q✉❡s s♦♥t r❡❣r♦✉♣é❡s ❛✉ ❝❤❛♣✐tr❡ ✼✳
▲❛ ❧✐st❡ ❝♦♠♣❧èt❡ ❞❡ ♠❡s ♣✉❜❧✐❝❛t✐♦♥s ❡st ❞✐s♣♦♥✐❜❧❡ s✉r ♠❛ ♣❛❣❡ ✇❡❜ ✶✳ ❈❡s ♣✉❜❧✐❝❛t✐♦♥s s♦♥t
❞✐s♣♦♥✐❜❧❡s✱ q✉❛♥❞ ❧❡s ❞r♦✐ts ❧❡ ♣❡r♠❡tt❡♥t✱ s✉r ❝❡tt❡ ♣❛❣❡ ✇❡❜✳ ❉❡✉① ♦r❞r❡s ❞❡s ❛✉t❡✉rs s♦♥t ✉t✐❧✲

✶✳ P❛❣❡ ✇❡❜ ❛❝❝❡ss✐❜❧❡ à ❧✬❛❞r❡ss❡ ✿ ❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴♣r✐✈❡✴❆r♥❛✉❞✳❚✐ss❡r❛♥❞
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✐sés ❞❛♥s ♠❡s ♣✉❜❧✐❝❛t✐♦♥s✳ ❈❡❝✐ ❝♦rr❡s♣♦♥❞ à ❞❡s ♠♦❞❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞✐✛ér❡♥ts ♣r♦♣r❡s à
❝❤❛q✉❡ ❝♦♠♠✉♥❛✉té✳ ❉❛♥s ❧❛ ❝♦♠♠✉♥❛✉té ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ✐ss✉❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡✱
❧✬♦r❞r❡ ❞❡s ❛✉t❡✉rs ❡st ❧✬♦r❞r❡ ❛❧♣❤❛❜ét✐q✉❡ ❝❛r t♦✉s ❧❡s ❛✉t❡✉rs ♣❛rt✐❝✐♣❡♥t ❞❡ ❢❛ç♦♥ s✐❣♥✐✜❝❛t✐✈❡
❛✉① ♣✉❜❧✐❝❛t✐♦♥s✳ ❉❛♥s ❧❛ ❝♦♠♠✉♥❛✉té ✐ss✉❡ ❞❡ ❧❛ ♠✐❝r♦✲é❧❡❝tr♦♥✐q✉❡ ❡t ❞✉ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✱
❝✬❡st ❧✬♦r❞r❡ ❞✬✐♠♣❧✐❝❛t✐♦♥ ❞❛♥s ❧❛ ♣✉❜❧✐❝❛t✐♦♥ q✉✐ ❡st ✉t✐❧✐sé ❛✈❡❝ é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡s ♣❛rt✐❝✐♣❛✲
t✐♦♥s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛❞♠✐♥✐str❛t✐✈❡s ❡♥ ✜♥ ❞❡ ❧✐st❡ ✭♣✳ ❡①✳ ❝♦❞✐r❡❝t✐♦♥s ❞❡ t❤ès❡s✮✳ ❏❡ ♠✬❡✛♦r❝❡r❛✐
❞❡ ♣ré❝✐s❡r ❧❛ ♥❛t✉r❡ ❡t ❧❡ ❞❡❣ré ❞✬✐♠♣❧✐❝❛t✐♦♥ ❞❡ ♠❡s ♣❛rt✐❝✐♣❛t✐♦♥s ❞❛♥s ❧❡s tr❛✈❛✉① ❝♦❧❧❡❝t✐❢s✳

❊♥✜♥✱ ❧❡s ❛♥♥❡①❡s✱ à ♣❛rt✐r ❞❡ ❧❛ ♣❛❣❡ ✾✾✱ r❡♣r♦❞✉✐s❡♥t ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ q✉❡❧q✉❡s ♣✉❜❧✐❝❛t✐♦♥s
✐❧❧✉str❛♥t ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts rés✉♠és ❛✉ ❝❤❛♣✐tr❡ ✷✳
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❈❤❛♣✐tr❡ ✶

■♥tr♦❞✉❝t✐♦♥

❈❡tt❡ ✐♥tr♦❞✉❝t✐♦♥ ❞é❝r✐t ❧❡s ❞✐✛ér❡♥t❡s ❢❛❝❡tt❡s ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ét✉❞✐é❡s
❞❛♥s ♥♦s tr❛✈❛✉①✳ ❊❧❧❡ ♣ré❝✐s❡ ❛✉ss✐ ❧❡ ❝♦♥t❡①t❡ ❞❡ ❝❡s tr❛✈❛✉① ❛✐♥s✐ q✉❡ ❝❡rt❛✐♥❡s ♥♦t❛t✐♦♥s ✉t✐❧✲
✐sé❡s ❞❛♥s ❝❡ ♠é♠♦✐r❡✳ ❊❧❧❡ s❡ ❞é❝♦♠♣♦s❡ ❡♥ q✉❛tr❡ s❡❝t✐♦♥s✳ ▲❛ s❡❝t✐♦♥ ✶✳✶ ♣rés❡♥t❡ q✉❡❧q✉❡s
♥♦t✐♦♥s ❞✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs s✉r ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡
❝❛❧❝✉❧✳ ▲❛ s❡❝t✐♦♥ ✶✳✷ ✐♥tr♦❞✉✐t ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝✐❜❧❡s ✉t✐❧✐sé❡s ♣♦✉r ♥♦s ✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s
❡t ❧♦❣✐❝✐❡❧❧❡s✳ ▲❛ s❡❝t✐♦♥ ✶✳✸ ♣rés❡♥t❡ q✉❡❧q✉❡s ♣r♦❜❧è♠❡s ❡t ♠ét❤♦❞❡s ❞❡ ✈❛❧✐❞❛t✐♦♥ ❛✉ ♥✐✈❡❛✉
❛r✐t❤♠ét✐q✉❡✳ ❊♥✜♥✱ ❧❛ s❡❝t✐♦♥ ✶✳✹ rés✉♠❡ ❧❡s ♣r✐♥❝✐♣❛❧❡s ❞✐✣❝✉❧tés ❡t q✉❡❧q✉❡s s♦❧✉t✐♦♥s ♣r♦✲
♣♦sé❡s s✉r ❧❡s ♦✉t✐❧s ❡t ❧❡ s✉♣♣♦rt ❛✉① ✉t✐❧✐s❛t❡✉rs ♣♦✉r ❧❛ ❝♦♥❝❡♣t✐♦♥ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs
❛r✐t❤♠ét✐q✉❡s ❡♥ ♠❛tér✐❡❧✳

✶✳✶✳ ❆r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs

▲✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❡st ❧❛ ❜r❛♥❝❤❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡ q✉✐ tr❛✐t❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥s
❞❡s ♥♦♠❜r❡s ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ❝❛❧❝✉❧s ❞❡ ❜❛s❡ ❡♥ ♠❛❝❤✐♥❡✳ ❈❡tt❡ ♣r❡♠✐èr❡
❞é✜♥✐t✐♦♥ ✐♥❢♦r♠❡❧❧❡ ♥é❝❡ss✐t❡ q✉❡❧q✉❡s ♣ré❝✐s✐♦♥s✳ ▲❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❧❡s ❛❧❣♦✲
r✐t❤♠❡s s❡r♦♥t ❛❜♦r❞és r❡s♣❡❝t✐✈❡♠❡♥t ❛✉① s♦✉s✲s❡❝t✐♦♥s ✶✳✶✳✶ ❡t ✶✳✶✳✷✳
P❛r ❝❛❧❝✉❧s ❞❡ ❜❛s❡✱ ♥♦✉s ❞és✐❣♥♦♥s ❧❡s ♦♣ér❛t✐♦♥s s✉✐✈❛♥t❡s ✿ ❛❞❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ❝♦♠✲

♣❛r❛✐s♦♥s✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❞✐✈✐s✐♦♥✱ ✐♥✈❡rs❡✱ r❛❝✐♥❡ ❝❛rré❡ ❡t s♦♥ ✐♥✈❡rs❡✳ ➚ ❝❡s ♦♣ér❛t✐♦♥s ♥♦✉s
❛❥♦✉t♦♥s ❞❡s ✈❛r✐❛♥t❡s ❝♦♠♠❡ ❧✬✐♥❝ré♠❡♥t❛t✐♦♥✱ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ♦✉ ❞❡s ❝♦♥st❛♥t❡s✱
❧❡ ❝❛rré✱ ❧❡ ❝✉❜❡ ❡t ❧❛ ♥♦r♠❡ ❡✉❝❧✐❞✐❡♥♥❡✳ ◆♦✉s ❛❥♦✉t♦♥s ❛✉ss✐ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♣❧✉s
❝♦♠♣❧❡①❡s ❝♦♠♠❡ ❧❡s ❢♦♥❝t✐♦♥s tr✐❣♦♥♦♠étr✐q✉❡s✱ ❧❡ ❧♦❣❛r✐t❤♠❡✱ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡✱ ❡t❝✳ ❖♥ s✬✐♥✲
tér❡ss❡ ❛✉ss✐ à ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ❞❡ ❝❡s ♦♣ér❛t✐♦♥s✳ ❖♥ ❝♦♥s✐❞èr❡ ❛✉ss✐ ❧❡ ❝❛s ❞❡ ❝❛❧❝✉❧s
s✉r ❞❡s ♦❜❥❡ts ❝♦♠♣♦sés ❞❡ ♣❧✉s✐❡✉rs ♥♦♠❜r❡s ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ s✉r ❧❡s ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s✳ ➚ ❝❡s
♦♣ér❛t✐♦♥s✱ ❝❧❛ss✐q✉❡s ❡♥ ❝❛❧❝✉❧ s❝✐❡♥t✐✜q✉❡✱ ♦♥ ❛❥♦✉t❡ ❞❡s ♦♣ér❛t✐♦♥s s♣é❝✐✜q✉❡s ♥é❝❡ss❛✐r❡s ❞❛♥s
❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ❖♥ ❛✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡s ✜❧tr❡s ♥✉♠ér✐q✉❡s ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✱ ❞❡s
tr❛♥s❢♦r♠é❡s ❡♥ ❝♦s✐♥✉s ❞✐s❝r❡t ✭❉❈❚✮ ❡t ❞❡s s♦♠♠❡s ❞❡ ❞✐✛ér❡♥❝❡s ❞❡ ✈❛❧❡✉rs ❛❜s♦❧✉❡s ✭❙❆❉✮
❡♥ ♠✉❧t✐♠é❞✐❛✳ ■❧ ❡♥ ✈❛ ❞❡ ♠ê♠❡ ♣♦✉r ❝❡rt❛✐♥❡s ♣r✐♠✐t✐✈❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s ❝♦♠♠❡ ❧✬❡①♣♦♥❡♥✲
t✐❛t✐♦♥ ♠♦❞✉❧❛✐r❡ ❡t ❧✬❛❞❞✐t✐♦♥ ❞❡ ♣♦✐♥ts ❞✬✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡✳ P❛r ❝♦♥tr❡✱ ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡
❝❛❧❝✉❧s é✈♦❧✉és s✉r ❞❡s ♦❜❥❡ts ♣❧✉s ❝♦♠♣❧❡①❡s ♥❡ r❡♥tr❡ ♣❛s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ♥♦tr❡ tr❛✈❛✐❧ ✭♣❛r
❡①❡♠♣❧❡ ❞❡s ♦♣ér❛t✐♦♥s ♠❛tr✐❝✐❡❧❧❡s ❡♥ ❛❧❣è❜r❡ ❧✐♥é❛✐r❡ ❬✽✾❪✮✳
P❛r ❡♥ ♠❛❝❤✐♥❡✱ ♦♥ ❡♥t❡♥❞ à ❧❛ ❢♦✐s ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡s ❝❛❧❝✉❧s ❞❛♥s ❞❡s ❝✐r❝✉✐ts ✐♥té❣rés

♥✉♠ér✐q✉❡s ❡t ❞❛♥s ❞❡s ♣r♦❝❡ss❡✉rs ❣é♥ér❛❧✐st❡s ♦✉ ❞é❞✐és✳ ◆♦✉s ✈✐s♦♥s ❞❡s ♦♣ér❛t❡✉rs ❞é❞✐és à
❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s ✭❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s✱ ♣r✐♠✐t✐✈❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s✱ ✜❧tr❡s ♥✉♠ér✐q✉❡s✱
❉❈❚✱ ❡t❝✳✮ ♠❛✐s ❛✉ss✐ ❞❡s r❡ss♦✉r❝❡s ❣é♥ér❛❧✐st❡s ✭✉♥✐tés ❛r✐t❤♠ét✐q✉❡s✱ ♦♣ér❛t❡✉rs ✢♦tt❛♥ts✱
❡t❝✳✮✳ P❧✉s ❞❡ ❞ét❛✐❧s s❡r♦♥t ❞♦♥♥és ❡♥ s❡❝t✐♦♥ ✶✳✷✳
❈♦♠♠❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❞♦♠❛✐♥❡s ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡✱ ❧❡ ❝❤♦✐① ❞❡ ❧❛ str✉❝t✉r❡ ❞❡s ❞♦♥✲

♥é❡s ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ tr❛✐t❡♠❡♥t ❛ss♦❝✐és ✐♥✢✉❡♥❝❡ ❣r❛♥❞❡♠❡♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s ♦❜t❡♥✉❡s✳
❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s s♦✉✈❡♥t ❧❡ t❡r♠❡ ❛r✐t❤♠ét✐q✉❡ ❝♦♠♠❡ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s②stè♠❡s
❞❡ r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ ❛ss♦❝✐és✳ ❈❡s ❞❡✉① ❛s♣❡❝ts s♦♥t
étr♦✐t❡♠❡♥t ❧✐és✳ ▲✬✉♥ ❞❡ ♥♦s ♣r✐♥❝✐♣❛✉① ♦❜❥❡❝t✐❢s ❡st ❞❡ tr♦✉✈❡r✱ ♣♦✉r ✉♥ ♣r♦❜❧è♠❡ ❞♦♥♥é✱ ✉♥❡
❜♦♥♥❡ ❛❞éq✉❛t✐♦♥ ❡♥tr❡ ✉♥❡ ❛r✐t❤♠ét✐q✉❡ ❡t s♦♥ ✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ♦✉ ❧♦❣✐❝✐❡❧❧❡✳ ▲❡s ❝r✐tèr❡s

✼



q✉❡ ♥♦✉s r❡❣❛r❞❡r♦♥s ♣♦✉r q✉❛❧✐✜❡r ❝❡tt❡ ❛❞éq✉❛t✐♦♥ s♦♥t ❧❛ ✈✐t❡ss❡ ♦✉ ❧❛ ❞✉ré❡ ❞❡s ❝❛❧❝✉❧s✱ ❧❛
s✉r❢❛❝❡ ❞❡ s✐❧✐❝✐✉♠✱ ❧❛ t❛✐❧❧❡ ❞❡s ♣r♦❣r❛♠♠❡s✱ ❧❛ t❛✐❧❧❡ ♠é♠♦✐r❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ r❡❣✐str❡s ✐♥t❡r♠é✲
❞✐❛✐r❡s ♥é❝❡ss❛✐r❡s ❡t ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳ ❙♦✉✈❡♥t ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❝❛❧❝✉❧s ❡st ❛❥♦✉té❡ à
❝❡s ❝r✐tèr❡s✳ P♦✉r ♥♦✉s✱ ❧❛ ♣ré❝✐s✐♦♥ ❡st ♣❧✉s ✉♥❡ ❝♦♥tr❛✐♥t❡ à ❣❛r❛♥t✐r ❞❛♥s ♥♦s ❛♣♣❧✐❝❛t✐♦♥s✳
P❛r ❡①❡♠♣❧❡✱ ♥♦✉s ét✉❞✐♦♥s ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣❡r♠❡tt❛♥t ❞❡ ré❛❧✐s❡r ❞❡s ♦♣ér❛t✐♦♥s
❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ❝✐❜❧❡ ♠✐♥✐♠❛❧❡ ❞♦♥♥é❡✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ✈❛❧✐❞❛t✐♦♥ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ♥♦s
♦♣ér❛t❡✉rs✱ ♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t✱ ❞❡ ❧❡✉r ❜♦♥ ❝♦♠♣♦rt❡♠❡♥t ♠❛t❤é♠❛t✐q✉❡✱ s❡r❛ ❛❜♦r❞é ❡♥ s❡❝✲
t✐♦♥ ✶✳✸✳ ▲❛ r♦❜✉st❡ss❡ ❛✉① ❛tt❛q✉❡s ♣❛r ❝❛♥❛✉① ❝❛❝❤és ♦✉ ♣❛r ✐♥❥❡❝t✐♦♥ ❞❡ ❢❛✉t❡s ❡st ❛✉ss✐ ✉♥
❝r✐tèr❡ ❞❡ q✉❛❧✐té ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ✉t✐❧✐sés ❞❛♥s ❞❡s ❝r②♣t♦s②stè♠❡s✳ ◆♦✉s ✈❡rr♦♥s
❡♥ s❡❝t✐♦♥ ✷✳✶✶✳✸ q✉❡ ♠❡s✉r❡r ❝❡tt❡ r♦❜✉st❡ss❡ ♥✬❡st ♣❛s ✉♥❡ ❝❤♦s❡ s✐♠♣❧❡✳
P❧✉s✐❡✉rs ♦✉✈r❛❣❡s tr❛✐t❡♥t ❞✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ✿ ❬✽✸❪ ❡st ❧❛ ré❢ér❡♥❝❡ ❧❛ ♣❧✉s ❝♦♠✲

♣❧èt❡ ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❛♥❣❧❛✐s✱ ❬✶✶✷❪ ❡st ✉♥❡ très ❜♦♥♥❡ ré❢ér❡♥❝❡ ❡♥ ❢r❛♥ç❛✐s✳ ❆✈❡❝ ▼❛r❝ ❉❛✉♠❛s
❡t ❋❧♦r❡♥t ❞❡ ❉✐♥❡❝❤✐♥✱ ♥♦✉s ❛✈♦♥s été é❞✐t❡✉rs ✐♥✈✐tés ♣♦✉r ✉♥ ♥✉♠ér♦ s♣é❝✐❛❧ s✉r ❧✬❛r✐t❤♠ét✐q✉❡
❞❡s ♦r❞✐♥❛t❡✉rs ❞❛♥s ❧❛ r❡✈✉❡ ✓ ❘és❡❛✉① ❡t s②stè♠❡s ré♣❛rt✐s✱ ❝❛❧❝✉❧❛t❡✉rs ♣❛r❛❧❧è❧❡s ✔ ❬✷✶❪ ❡♥
✷✵✵✶✳ ➚ ❝❡tt❡ ♦❝❝❛s✐♦♥✱ ♥♦✉s ❛✈♦♥s é❝r✐t ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ à ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❬✷✵❪
❡t s✉r q✉❡❧q✉❡s t❤è♠❡s ❞❡ r❡❝❤❡r❝❤❡ ❛❜♦r❞és ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té ❢r❛♥ç❛✐s❡ ❞❡ ❝❡ ❞♦♠❛✐♥❡✳

✶✳✶✳✶✳ ❘❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s

■❧ ❡①✐st❡ ✉♥❡ ❣r❛♥❞❡ ✈❛r✐été ❞❡ s②stè♠❡s ❞❡ r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s✱ ✈♦✐r ❬✾✶✱ ✾✸❪ ♣♦✉r
❞❡s ❛s♣❡❝ts ❤✐st♦r✐q✉❡s ❡t ❬✶✶✷✱ ✽✸❪ ♣♦✉r ✉♥❡ r❡✈✉❡ ❞❡s ♣r✐♥❝✐♣❛❧❡s r❡♣rés❡♥t❛t✐♦♥s ✉t✐❧✐sé❡s ❡♥
❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✳ ▲❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡ ✉t✐❧✐s❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞❡s
r❡♣rés❡♥t❛t✐♦♥s ❡♥ ♥✉♠ér❛t✐♦♥ ❞❡ ♣♦s✐t✐♦♥✳ ❉❛♥s ❝❡tt❡ ❝❛té❣♦r✐❡ ❞❡ r❡♣rés❡♥t❛t✐♦♥✱ ❧❡s ♥♦♠❜r❡s
s♦♥t r❡♣rés❡♥tés ♣❛r ❞❡s séq✉❡♥❝❡s ❞❡ ❝❤✐✛r❡s✳ ▲❡s ❝❤✐✛r❡s s♦♥t ❞❡s é❧é♠❡♥ts ❞❡ ❧✬❡♥s❡♠❜❧❡ ✭✜♥✐✮
❞❡s ❝❤✐✛r❡s ♣♦ss✐❜❧❡s✳ ❈❤❛q✉❡ ❝❤✐✛r❡ ❡st ❛ss♦❝✐é à ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ ❜❛s❡✳ ▲❛ ❜❛s❡ ❝❤♦✐s✐❡ ❡st
s♦✉✈❡♥t ✷ ♦✉ ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ✷ ♣♦✉r ❞❡s r❛✐s♦♥s ❞✬✐♠♣❧❛♥t❛t✐♦♥✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ❞❡s ❝❤✐✛r❡s
❡♥t✐❡rs ✭♥❛t✉r❡❧s ♦✉ r❡❧❛t✐❢s✮✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ♠❛♥✐♣✉❧❡r♦♥s ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ❡♥t✐❡rs ❡t ❞❡s
❛♣♣r♦①✐♠❛t✐♦♥s ❞❡s ré❡❧s ❡♥ ✈✐r❣✉❧❡ ✜①❡✳ ◆♦✉s ✉t✐❧✐s❡r♦♥s ✉♥ ♣❡✉ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❛♣♣r♦❝❤é❡ ❞❡s
ré❡❧s ❡♥ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✼✳✷ ❝♦♥s❛❝ré❡ à ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❋▲■P✳ ❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡
❢♦✉r♥✐t ✉♥ s✉♣♣♦rt ✢♦tt❛♥t ♣♦✉r ❞❡s ♣r♦❝❡ss❡✉rs ♣❛rt✐❝✉❧✐❡rs q✉✐ ✐♥tè❣r❡♥t ✉♥✐q✉❡♠❡♥t ❞❡s ✉♥✐tés
❡♥t✐èr❡s ♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡✳
❖♥ ♥♦t❡ ()2 ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❜✐♥❛✐r❡ ❞✬✉♥❡ ✈❛❧❡✉r✱ ♣❛r ❡①❡♠♣❧❡ 12345 = (11000000111001)2

♦✉ 3.125 = (11.001)2✳ ▲❛ ♥♦t❛t✐♦♥ ❝❧❛ss✐q✉❡ ❡♥ ❜❛s❡ ✶✵ ❡st s✐♠♣❧✐✜é❡ ✿ ♣❛s ❞❡ ()10✳ ▲❛ ♥♦t❛t✐♦♥
❞❡ ❧❛ ✈✐r❣✉❧❡ s✉✐t ❧❡ st❛♥❞❛r❞ ❛♥❣❧♦✲s❛①♦♥✱ ❛✈❡❝ ✉♥ ♣♦✐♥t✱ ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❛✈❡❝
❞❡s ♣r♦❣r❛♠♠❡s✳ ❖♥ r❡♣rés❡♥t❡ ✉♥ ❡♥t✐❡r ♣♦s✐t✐❢ a ❡♥ ♥✉♠ér❛t✐♦♥ s✐♠♣❧❡ ❞❡ ♣♦s✐t✐♦♥✱ s✉r n ❜✐ts✱
♣❛r ❧❛ s✉✐t❡ (an−1an−2 . . . a1a0)2✱ ♦ù ❧❡s ❝❤✐✛r❡s ai ❛♣♣❛rt✐❡♥♥❡♥t à ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❤✐✛r❡s {0, 1}
❡t ♦ù ❧❛ ✈❛❧❡✉r ❞✉ ♥♦♠❜r❡ ❡st

∑n−1
i=0 ai2

i✳ ❯♥ ❝❤✐✛r❡ ai✱ ❞❡ r❛♥❣ ♦✉ ♣♦s✐t✐♦♥ i✱ ❡st ❛ss♦❝✐é ❛✉
♣♦✐❞s 2i✳ ❊♥ ✈✐r❣✉❧❡ ✜①❡ ❛✈❡❝ k ❜✐ts ❡♥t✐❡rs ❡t l ❜✐ts ❢r❛❝t✐♦♥♥❛✐r❡s✱ ♦♥ r❡♣rés❡♥t❡ ✉♥ ♥♦♠❜r❡
a ❞♦♥t ❧❛ ✈❛❧❡✉r ❡st

∑k
i=−l ai2

i✳ P♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s r❡❧❛t✐❢s✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s
s✉✐✈❛♥t ❧❡s ♥♦t❛t✐♦♥s s✉✐✈❛♥t❡s ✿ ❝♦♠♣❧é♠❡♥t à ❞❡✉①✱ s✐❣♥❡ ❡t ✈❛❧❡✉r ❛❜s♦❧✉❡ ✭❛✉ss✐ ❛♣♣❡❧é❡ s✐❣♥❡
❡t ♠❛❣♥✐t✉❞❡✮ ❡t r❡❞♦♥❞❛♥t❡ à ❝❤✐✛r❡s s✐❣♥és✳ ▲❡ ❧✐✈r❡ ❬✶✶✷❪ ♣rés❡♥t❡ ❡♥ ❞ét❛✐❧ ❝❡s ❞✐✛ér❡♥t❡s
r❡♣rés❡♥t❛t✐♦♥s✳
❊♥ ♥✉♠ér❛t✐♦♥ ❞❡ ♣♦s✐t✐♦♥ ❞❡ ❜❛s❡ β✱ ♦♥ ♣❡✉t ❛✉t♦r✐s❡r ❧❡s ❝❤✐✛r❡s à ❛✈♦✐r ❞✬❛✉tr❡s ✈❛❧❡✉rs

❡♥t✐èr❡s q✉❡ ❝❡❧❧❡s ❞❡ ❧✬❡♥s❡♠❜❧❡ ❤❛❜✐t✉❡❧ {0, 1, 2, . . . , β − 1}✳ ❊♥ ✶✾✻✶✱ ❆✈✐③✐❡♥✐s ❬✼✵❪ ❛ ♣r♦♣♦sé
❞❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s ❞❡s ♥♦♠❜r❡s très ✉t✐❧❡s ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ♦ù✱ ❡♥
❜❛s❡ β✱ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❤✐✛r❡s ❝♦♥t✐❡♥t str✐❝t❡♠❡♥t ♣❧✉s ❞❡ β é❧é♠❡♥ts ❡t ✐❧ ❡st s②♠étr✐q✉❡ ❛✉t♦✉r
❞❡ ✵✳ ❖♥ ♥♦t❡ ()β,D ❧❛ ♥♦t❛t✐♦♥ ❡♥ ❜❛s❡ β ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❤✐✛r❡s D✳ ▲❡s ❝❤✐✛r❡s ♥é❣❛t✐❢s
✭s❡✉❧❡♠❡♥t ❧❡s ❝❤✐✛r❡s✱ ♣❛s ❧❡s ♥♦♠❜r❡s✮ s❡r♦♥t ♥♦tés ❛✈❡❝ ✉♥❡ ❜❛rr❡ ❛✉✲❞❡ss✉s ❞❡ ❧❡✉r ✈❛❧❡✉r

✽



❛❜s♦❧✉❡ ❛✜♥ ❞✬é✈✐t❡r ❧❡s ❝♦♥❢✉s✐♦♥s ❛✈❡❝ ❧❡ s✐❣♥❡ ❞❡ ❧✬♦♣ér❛t✐♦♥ ❞❡ s♦✉str❛❝t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱
❧❡ ❝❤✐✛r❡ −1 ❡st ♥♦té 1✳ ❆✈♦✐r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❞❡s ♥♦♠❜r❡s s✐❣♥✐✜❡ q✉❡ ❝❡rt❛✐♥s
♥♦♠❜r❡s ♣♦ssè❞❡♥t ♣❧✉s✐❡✉rs é❝r✐t✉r❡s✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ❜❛s❡ β = 10✱ s✐ ♦♥ ✉t✐❧✐s❡ ❧✬❡♥s❡♠❜❧❡
❞❡ ❝❤✐✛r❡s D = {9, . . . , 1, 0, 1, . . . , 9}✱ ❛❧♦rs ❧❡ ♥♦♠❜r❡ 2010 ♣❡✉t s✬é❝r✐r❡ (2010)10,D✱ (2190)10,D✱
(3990)10,D✱ (18010)10,D✱ (18190)10,D✱ ❡t❝✳ ▲❡ ♥♦♠❜r❡ ✾✾✾✾ s✬é❝r✐t ❛ss❡③ é❧é❣❛♠♠❡♥t (10001)10,D✳
▲❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s à ❝❤✐✛r❡s s✐❣♥é❡s s♦♥t très ❛♥❝✐❡♥♥❡s✳ ❊♥ ✶✽✹✵✱ ♣❛r ❡①❡♠♣❧❡✱
❈❛✉❝❤② ♣r♦♣♦s❡ ❞❡ ❧❡s ✉t✐❧✐s❡r ♣♦✉r ❧✐♠✐t❡r ❧❡s ❡rr❡✉rs ❧♦rs ❞❡ ❧♦♥❣✉❡s séq✉❡♥❝❡s ❞❡ ❝❛❧❝✉❧s
❡✛❡❝t✉és ♠❛♥✉❡❧❧❡♠❡♥t ❬✼✻❪✳ ❈❡ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ét❛✐t ✐♠♣♦rt❛♥t à ❝❡tt❡ é♣♦q✉❡ ♣♦✉r ❜♦♥
♥♦♠❜r❡ ❞❡ ♣r♦❢❡ss✐♦♥s✳
▲❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s ♣❡r♠❡tt❡♥t ❞❡ ❝❛❧❝✉❧❡r ❝❡rt❛✐♥❡s ♦♣ér❛t✐♦♥s ♣❧✉s r❛♣✐❞❡♠❡♥t✳

▲✬❛❞❞✐t✐♦♥ ❡t ❧❛ s♦✉str❛❝t✐♦♥ s✬❡✛❡❝t✉❡♥t ❡♥ ✉♥ t❡♠♣s ✐♥❞é♣❡♥❞❛♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s ♥♦♠❜r❡s ♦✉
t❡♠♣s ❝♦♥st❛♥t✳ ❖♥ ♣❛r❧❡ s♦✉✈❡♥t ❞✬❛❞❞✐t✐♦♥ ❡t ❞❡ s♦✉str❛❝t✐♦♥ s❛♥s ♣r♦♣❛❣❛t✐♦♥ ❞❡ r❡t❡♥✉❡✳
▲❡s é✈❡♥t✉❡❧❧❡s r❡t❡♥✉❡s ❣é♥éré❡s à ✉♥ ❝❡rt❛✐♥ r❛♥❣ ♥❡ ♣❡✉✈❡♥t ♣❛s s❡ ♣r♦♣❛❣❡r ♣❧✉s ❧♦✐♥ q✉❡
❧❡ r❛♥❣ ✐♠♠é❞✐❛t❡♠❡♥t s✉♣ér✐❡✉r✳ ❈❡❝✐ ❜r✐s❡✱ ❞❡ ❢❛ç♦♥ s②sté♠❛t✐q✉❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❤❛q✉❡ r❛♥❣✱
❧❛ ❝❤❛î♥❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❞❡s ♣r♦♣❛❣❛t✐♦♥s ❞❡ r❡t❡♥✉❡s✱ ❝❡ q✉✐ ♣❡r♠❡t ❜✐❡♥ ❞✬❛✈♦✐r ❧❛ ♣r♦♣r✐été
❞✬❛❞❞✐t✐♦♥✴s♦✉str❛❝t✐♦♥ ❡♥ t❡♠♣s ❝♦♥st❛♥t✳ ❈❡s r❡♣rés❡♥t❛t✐♦♥s ♣❡r♠❡tt❡♥t ❞✬❛❝❝é❧ér❡r ♥♦t❛❜❧❡✲
♠❡♥t ❞❡s s✉✐t❡s ❞✬❛❞❞✐t✐♦♥s ♦✉ ❞❡ s♦✉str❛❝t✐♦♥s✳ ❈❡❝✐ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✉t✐❧❡ ♣♦✉r ❡✛❡❝t✉❡r
❧❛ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ❞❛♥s ❧✬♦♣ér❛t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ✉♥❡ s❡✉❧❡
♦♣ér❛t✐♦♥ ❞✬❛❞❞✐t✐♦♥ ♦✉ ❞❡ s♦✉str❛❝t✐♦♥✱ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ♥✬❡st ♣❛s ✐♥tér❡ss❛♥t❡
s✐ ✐❧ ❢❛✉t ❧❛ s♦♠♠❡ ✭♦✉ ❧❛ ❞✐✛ér❡♥❝❡✮ ❡♥ r❡♣rés❡♥t❛t✐♦♥ ❝❧❛ss✐q✉❡ ✭♥♦♥ r❡❞♦♥❞❛♥t❡✮✳ ▲❡ ❝♦ût ❞❡
❧❛ ❝♦♥✈❡rs✐♦♥ ❞✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ✈❡rs ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ♥♦♥ r❡❞♦♥❞❛♥t❡ ❡st ❝❡❧✉✐
❞✬✉♥❡ ✓ ✈r❛✐❡ ✔ ❛❞❞✐t✐♦♥ ❛✈❡❝ ♣r♦♣❛❣❛t✐♦♥ ❞❡ r❡t❡♥✉❡s ✭❡♥ t❡♠♣s ❧♦❣❛r✐t❤♠✐q✉❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡s
♦♣ér❛♥❞❡s ♣♦✉r ❧❡s ♠❡✐❧❧❡✉rs ❛❧❣♦r✐t❤♠❡s✮✳
❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ❞✐✈✐s✐♦♥✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ♥♦t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ♣♦✉r ❧❡s ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t

❞❛♥s ❧✬❛❧❣♦r✐t❤♠❡ ❙❘❚ ♣❡r♠❡t ❞✬❛❝❝é❧ér❡r s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡s ❝❛❧❝✉❧s ❬✽✷❪✳ ➚ ❝❤❛q✉❡ ✐tér❛t✐♦♥✱
❧❛ sé❧❡❝t✐♦♥ ❞✬✉♥ ♥♦✉✈❡❛✉ ❝❤✐✛r❡ ❞✉ q✉♦t✐❡♥t ❡st ❜❛sé❡ s✉r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✉ r❡st❡ ♣❛rt✐❡❧ ❡t ❞✉
❞✐✈✐s❡✉r✳ ◗✉❡❧q✉❡s ❝❤✐✛r❡s ❞❡ ♣♦✐❞s ❢♦rts ❞❡ ❝❡s ❞❡✉① ✈❛❧❡✉rs s❡r✈❡♥t ❞✬❡♥tré❡ à ✉♥❡ t❛❜❧❡ ❞♦♥♥❛♥t
❧❡ ♥♦✉✈❡❛✉ ❝❤✐✛r❡ ❞✉ q✉♦t✐❡♥t✳ ▲❡s ❡rr❡✉rs ❞✉❡s ❛✉① ❡st✐♠❛t✐♦♥s s♦♥t ❝♦rr✐❣é❡s ❞❛♥s ❧❡s ✐tér❛t✐♦♥s
s✉✐✈❛♥t❡s✳ ❙✐ ❧❡s ❡rr❡✉rs s♦♥t ❧✐♠✐té❡s à ❝❤❛q✉❡ ✐tér❛t✐♦♥✱ ❧✬é❝r✐t✉r❡ r❡❞♦♥❞❛♥t❡ ❞✉ q✉♦t✐❡♥t ♣❡r♠❡t
❞❡ t❡♥❞r❡ ✈❡rs ❧❛ ✈❛❧❡✉r t❤é♦r✐q✉❡ ❡♥ s✬❛✉t♦r✐s❛♥t ❞❡s ♣❡t✐t❡s ♠♦❞✐✜❝❛t✐♦♥s✳ ❉❛♥s ❙❘❚✱ ❧❛ ♠✐s❡
à ❥♦✉r ❞✉ r❡st❡ ♣❛rt✐❡❧✱ q✉✐ ❡st ✉♥❡ s♦✉str❛❝t✐♦♥✱ s✬❡✛❡❝t✉❡ s♦✉✈❡♥t ❡♥ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡
♣♦✉r ❛❝❝é❧ér❡r ❧❡ ❝❛❧❝✉❧✳ ▲✬❛❧❣♦r✐t❤♠❡ ❙❘❚ ❡st ✉♥ ❝❛s ✐❞é❛❧ ♣♦✉r ét✉❞✐❡r ❧❡s r❡♣rés❡♥t❛t✐♦♥s
r❡❞♦♥❞❛♥t❡s✳ ▲❛ s❡❝t✐♦♥ ✷✳✶✷ rés✉♠❡ ❧❡s tr❛✈❛✉① s✉r ✉♥ ❣é♥ér❛t❡✉r ❛✉t♦♠❛t✐q✉❡ ❞❡ ❝♦❞❡ ❱❍❉▲
♣♦✉r ❞❡s ❞✐✈✐s❡✉rs ❙❘❚ ré❛❧✐sé ❛✈❡❝ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ❡t ❘♦♠❛✐♥ ▼✐❝❤❛r❞✳
◆♦✉s ✉t✐❧✐s❡r♦♥s ❜❡❛✉❝♦✉♣ ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❝❛rr②✲s❛✈❡ ❡t ❜♦rr♦✇✲s❛✈❡✱ ❝❢✳ ❬✽✸❪✳ ❈❡ s♦♥t

❞❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s ❞❡ ❜❛s❡ ✷✳ ▲❡s ❝❤✐✛r❡s s♦♥t ❞❛♥s ❧✬❡♥s❡♠❜❧❡ {0, 1, 2} ♣♦✉r ❧❛
r❡♣rés❡♥t❛t✐♦♥ ❝❛rr②✲s❛✈❡ ❡t ❞❛♥s ❧✬❡♥s❡♠❜❧❡ {−1, 0, 1} ♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❜♦rr♦✇✲s❛✈❡✳ ▲❛
r❡♣rés❡♥t❛t✐♦♥ ❝❛rr②✲s❛✈❡✱ ♥♦té❡ ()❝s✱ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❡✛❡❝t✉❡r ❧❛ s♦♠♠❡ ❞❡ ♣❧✉s✐❡✉rs t❡r♠❡s✱
❝♦♠♠❡ ♣♦✉r ❧❛ ré❞✉❝t✐♦♥ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ❞❛♥s ❧❡s ♠✉❧t✐♣❧✐❡✉rs r❛♣✐❞❡s✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥
❜♦rr♦✇✲s❛✈❡✱ ♥♦té❡ ()❜s✱ ♣❡r♠❡t ❞✬é✈✐t❡r s✐♠♣❧❡♠❡♥t ❞❡s ❧♦♥❣✉❡s s✉✐t❡s ❞❡ ❝❤✐✛r❡s à ✶✱ ♣❛r ❡①✲
❡♠♣❧❡ 63 = (0111111)2 = (1000001)❜s✳ ❊❧❧❡ ♥♦✉s s❡r❛ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✉t✐❧❡ ♣♦✉r r❡❝♦❞❡r ❞❡s
❝♦♥st❛♥t❡s ❛✜♥ ❞❡ ❞✐♠✐♥✉❡r ❧❡✉rs ♥♦♠❜r❡s ❞❡ ❜✐ts ♥♦♥ ♥✉❧s ❡t ❛✐♥s✐ ❞✐♠✐♥✉❡r s✐❣♥✐✜❝❛t✐✈❡♠❡♥t
❧❛ q✉❛♥t✐té ❞❡ ❝❛❧❝✉❧s ❧♦rs ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♣❛r ❝❡s ❝♦♥st❛♥t❡s✱ ❝❢✳ s❡❝t✐♦♥ ✷✳✻✳✶ ❡t ❝❤❛♣✐tr❡ ✸✳
▼❛✐s ❧❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s ♦♥t ✉♥ ❝♦ût✳ ❈♦♠♠❡ ✐❧ ② ❛ ♣❧✉s ❞❡ ❝❤✐✛r❡s à r❡♣rés❡♥t❡r

q✉❡ ❞❛♥s ✉♥❡ ♥♦t❛t✐♦♥ ♥♦♥ r❡❞♦♥❞❛♥t❡✱ ❧❡ st♦❝❦❛❣❡ ❡st ♣❧✉s ❝♦ût❡✉①✳ ▲❛ ❜❛s❡ ✷ ❝♦♥st✐t✉❡ ❧✬✉♥
❞❡s ♣✐r❡s ❝❛s ♣♦✉r ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡s ❜❡s♦✐♥s ❞❡ ♠é♠♦r✐s❛t✐♦♥✳ ❖♥ ♣❛ss❡ ❞❡ ✶ ❜✐t ♣❛r ❝❤✐✛r❡
❡♥ r❡♣rés❡♥t❛t✐♦♥ ❝❧❛ss✐q✉❡ à ✷ ❜✐ts ♣❛r ❝❤✐✛r❡ ❡♥ ❝❛rr②✲s❛✈❡ ❡t ❡♥ ❜♦rr♦✇✲s❛✈❡✳ P❧✉s ❧❛ ❜❛s❡
❛✉❣♠❡♥t❡ ♠♦✐♥s ❧❡ s✉r❝♦ût ❞❡ ♠é♠♦r✐s❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ❜❛s❡ ✹ ❛✈❡❝ ❧❡s

✾



❝❤✐✛r❡s ❞❛♥s {−2,−1, 0, 1, 2}✱ ♦♥ ❛ ✸ ❜✐ts ♣❛r ❝❤✐✛r❡ ❛✉ ❧✐❡✉ ❞❡ ✷✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡
♣♦rt❡s ❧♦❣✐q✉❡s ♥é❝❡ss❛✐r❡s ♣♦✉r tr❛✐t❡r ❧❡s ❝❤✐✛r❡s ❝♦❞és s✉r ♣❧✉s ❞❡ ❜✐ts ❡st s♦✉✈❡♥t ❛ss❡③ ❢❛✐❜❧❡✳
❊♥ ❡✛❡t✱ ❧❛ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ♣❡r♠❡t ❞❡ s❡ ❞✐s♣❡♥s❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ♣r♦♣❛❣❛t✐♦♥✱ ♦✉
❞❡ ❣é♥ér❛t✐♦♥✱ r❛♣✐❞❡s ❞❡s r❡t❡♥✉❡s ✐♥t❡r♠é❞✐❛✐r❡s✳ ❯♥ ❛❞❞✐t✐♦♥♥❡✉r ❝❛rr②✲s❛✈❡ ♦✉ ❜♦rr♦✇✲s❛✈❡
❡st ❜✐❡♥ ♣❧✉s ♣❡t✐t✱ ❡t ré❣✉❧✐❡r✱ q✉✬✉♥ ❛❞❞✐t✐♦♥♥❡✉r r❛♣✐❞❡ ✭♥♦♥ r❡❞♦♥❞❛♥t✮✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞✉ ❢❛✐t
❞❡ ❧❛ r❡❞♦♥❞❛♥❝❡ ❧❡s ❝♦♠♣❛r❛✐s♦♥s s♦♥t ♣❧✉s ❝♦♠♣❧❡①❡s ✭♣✳ ❡①✳ (2010)10,D = (18010)10,D ❞❛♥s
❧✬❡①❡♠♣❧❡ ❞♦♥♥é ♣❧✉s ❤❛✉t✮✳ ▲❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s s♦♥t ❞♦♥❝ s♦✉✈❡♥t ✉t✐❧✐sé❡s ❞❛♥s
❞❡s ❝❛❧❝✉❧s ✐♥t❡r♠é❞✐❛✐r❡s ♠❛✐s r❛r❡♠❡♥t ♣♦✉r ❞❡s rés✉❧t❛ts ✜♥❛✉①✳
❯♥❡ ❛✉tr❡ r❡♣rés❡♥t❛t✐♦♥ q✉❡ ♥♦✉s ❝♦♠♠❡♥ç♦♥s à ✉t✐❧✐s❡r ❡st ❧❛ r❡♣rés❡♥t❛t✐♦♥ ♠♦❞✉❧❛✐r❡ ✶

❞❡s ♥♦♠❜r❡s ♦✉ ❘◆❙ ♣♦✉r r❡s✐❞✉❡ ♥✉♠❜❡r s②st❡♠ ❬✶✶✽❪✳ ❊❧❧❡ ❡st ❜❡❛✉❝♦✉♣ ✉t✐❧✐sé❡ ❡♥ tr❛✐t❡♠❡♥t
❞✉ s✐❣♥❛❧ ❡t ✉♥ ♣❡✉ ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ❞❛♥s ❧❛ ♠❡s✉r❡ ♦ù ❡❧❧❡ ❢❛✐t ❛♣♣❛r❛îtr❡ ✉♥ ❢♦rt ♣❛r❛❧❧é❧✐s♠❡✳
❖♥ r❡♣rés❡♥t❡ ✉♥ ❡♥t✐❡r a ♣❛r ❧❡s ✈❛❧❡✉rs ai ❞❡ a ♠♦❞✉❧♦ mi ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♠♦❞✉❧✐ mi✳
▲✬❡♥s❡♠❜❧❡ ❞❡s mi ❡st ❛♣♣❡❧é❡ ❜❛s❡ ❞✉ s②stè♠❡ ❘◆❙✳ ▲❡ t❤é♦rè♠❡ ❞❡s r❡st❡s ❝❤✐♥♦✐s ❞♦♥♥❡
✉♥❡ ❝♦♥str✉❝t✐♦♥ ❞❡ a ♠♦❞✉❧♦

∏

mi à ♣❛rt✐r ❞❡s ai q✉❛♥❞ ❧❡s mi s♦♥t ♣r❡♠✐❡rs ❞❡✉① à ❞❡✉①✳
▲❡s ♦♣ér❛t✐♦♥s ❞✬❛❞❞✐t✐♦♥ ❡t ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✬❡✛❡❝t✉❡♥t ❡♥ ♣❛r❛❧❧è❧❡ s✉r ❧❡s ❞✐✛ér❡♥ts ♠♦❞✉❧✐✳
▲❛ r❡♣rés❡♥t❛t✐♦♥ ❘◆❙ ♥✬❡st ♣❛s ✉♥ s②stè♠❡ ❞❡ ♣♦s✐t✐♦♥✳ ▲✬♦r❞r❡ ❞❡s ❝❛❧❝✉❧s s✉r ❧❡s ❞✐✛ér❡♥ts
é❧é♠❡♥ts ❞❡ ❧❛ ❜❛s❡ ❞❡s ♠♦❞✉❧✐ ♥✬❛ ❛✉❝✉♥❡ ✐♠♣♦rt❛♥❝❡✳ ❈✬❡st ❝❡tt❡ ♣r♦♣r✐été q✉✐ ✉t✐❧✐sé❡ ❞❛♥s ❬✼✶❪
♣♦✉r ♣r♦té❣❡r ❞❡s ❝r②♣t♦s②stè♠❡s ❝♦♥tr❡ ❝❡rt❛✐♥❡s ❛tt❛q✉❡s ♣❛r ❝❛♥❛✉① ❝❛❝❤és ✭❛♥❛❧②s❡ ❞❡ ❧❛
❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✱ ❞✉ r❛②♦♥♥❡♠❡♥t é❧❡❝tr♦♠❛❣♥ét✐q✉❡ ♦✉ ❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧✮✳
❉❡♣✉✐s q✉❡❧q✉❡s ❛♥♥é❡s✱ ♥♦✉s ét✉❞✐♦♥s ❛✉ss✐ ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s s✉r ❞❡s ❝♦r♣s

✜♥✐s Fq ✉t✐❧✐sés ❡♥ ❝r②♣t♦❣r❛♣❤✐❡✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s ♥♦✉s ❧✐♠✐t♦♥s ❛✉① ❝♦r♣s ♣r❡♠✐❡rs Fp

❡t ❛✉① ❡①t❡♥s✐♦♥s ❞✉ ❝♦r♣s ❜✐♥❛✐r❡ F2m ✳ ❉❛♥s ❧❡ ❝❛s Fp✱ ❝✬❡st ❧✬❛r✐t❤♠ét✐q✉❡ ♠♦❞✉❧♦ ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ♣r❡♠✐❡r p q✉✐ ❡st ✉t✐❧✐sé❡✳ ❖♥ ✉t✐❧✐s❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥s ♣♦✉r ❞❡s ❣r❛♥❞s ♥♦♠❜r❡s ♣r♦❝❤❡s
❞❡ ❧❛ ♠✉❧t✐♣ré❝✐s✐♦♥ ❡♥ ❧♦❣✐❝✐❡❧✳ ❉❛♥s ❧❡ ❝❛s F2m ✱ ❧❡s é❧é♠❡♥ts ❞✉ ❝♦r♣s s♦♥t r❡♣rés❡♥tés ♣❛r
❞❡s ♣♦❧②♥ô♠❡s ✉♥✐✈❛r✐és ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❛♥s F2✳ ▲❡s ♥♦♠❜r❡s s♦♥t ❛❧♦rs ❞❡s s✉✐t❡s ❞❡
❝❡s ❝♦❡✣❝✐❡♥ts ❛✈❡❝ ❛✉ss✐ ✉♥ ❛s♣❡❝t ♠✉❧t✐♣ré❝✐s✐♦♥✳ ❉❛♥s ❧✬❛✈❡♥✐r✱ ♥♦✉s ❝♦♠♣t♦♥s ét✉❞✐❡r ❧❡s
❝❛r❛❝tér✐st✐q✉❡s ❞❡ r❡♣rés❡♥t❛t✐♦♥s ♣♦✉r ❞❡s ❡①t❡♥s✐♦♥s ❞❡ ❧❛ ❢♦r♠❡ F3m ✳

✶✳✶✳✷✳ ❆❧❣♦r✐t❤♠❡s

❊♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ♦♥ ❝❧❛ss❡ ❤❛❜✐t✉❡❧❧❡♠❡♥t ❧❡s ♦♣ér❛t✐♦♥s ♦✉ ❢♦♥❝t✐♦♥s à é✈❛❧✉❡r
❡♥ ♣❧✉s✐❡✉rs ❝❛té❣♦r✐❡s ✿
✕ ❧❡s ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s ✿ ❛❞❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡t ♦♣ér❛t✐♦♥s ❞ér✐✈é❡s

✭❝❛rré✱ ❝✉❜❡✱ ❛❞❞✐t✐♦♥✕♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢✉s✐♦♥♥é❡✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s✱ ❡t❝✳✮ ❀
✕ ❧❡s ❢♦♥❝t✐♦♥s ❛❧❣é❜r✐q✉❡s ❝♦♠♠❡ ❧❛ ❞✐✈✐s✐♦♥✱ ❧✬✐♥✈❡rs❡✱ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ❡t s♦♥ ✐♥✈❡rs❡ ♦✉ ❧❛

♥♦r♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ❀
✕ ❧❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ❝♦♠♠❡ ❧❡s ❢♦♥❝t✐♦♥s tr✐❣♦♥♦♠étr✐q✉❡s✱ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡✱ ❧❡ ❧♦❣❛✲

r✐t❤♠❡✱ ❧✬é❧é✈❛t✐♦♥ à ✉♥❡ ♣✉✐ss❛♥❝❡ ré❡❧❧❡✱ ❡t❝✳
❈❡tt❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❝♦rr❡s♣♦♥❞ ♥♦♥ s❡✉❧❡♠❡♥t à ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ♠❛t❤é♠❛t✐q✉❡s ❞✐❢✲

❢ér❡♥t❡s ♠❛✐s ❛✉ss✐ à ❞❡s ❝♦♠♣❧❡①✐tés ❞❡ ♠✐s❡ ❡♥ ÷✉✈r❡ ❞✐✛ér❡♥t❡s ♣♦✉r ❧❡s ✐♠♣❧❛♥t❛t✐♦♥s ❞❡s
♦♣ér❛t❡✉rs ♠❛tér✐❡❧s ♦✉ ❧♦❣✐❝✐❡❧s✳ ■❧ ❡①✐st❡ ❞✬❛✉tr❡s ❝❛té❣♦r✐❡s ❞❡ ❢♦♥❝t✐♦♥s à é✈❛❧✉❡r ❝♦♠♠❡ ❧❡s
❢♦♥❝t✐♦♥s s♣é❝✐❛❧❡s ✭❢♦♥❝t✐♦♥ ❣❛♠♠❛✱ ❢♦♥❝t✐♦♥ ❡rr❡✉r✱ ❡t❝✳✮✱ ♠❛✐s ♥♦✉s ♥✬✉t✐❧✐s♦♥s ♣❛s ❝❡s ❢♦♥❝t✐♦♥s
❞❛♥s ♥♦s ❛♣♣❧✐❝❛t✐♦♥s✳
P♦✉r ❧❡s ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s✱ ♦♥ s❛✐t ❝❛❧❝✉❧❡r ❡①❛❝t❡♠❡♥t ❧❡ rés✉❧t❛t ❡♥ ✉t✐❧✐s❛♥t ❞❡s

❛❧❣♦r✐t❤♠❡s ❛ss❡③ s✐♠♣❧❡s ❡t ❞✐r❡❝ts ✭s❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ✐tér❛t✐♦♥s q✉✐ ❝♦♥✈❡r❣❡♥t ✈❡rs ❧❡ rés✉❧t❛t
✜♥❛❧✮✳ ▲✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡ ❝❡s ❛❧❣♦r✐t❤♠❡s ❞♦♥♥❡ ❧✐❡✉ à ❞❡s ♦♣ér❛t❡✉rs r❛♣✐❞❡s ❡t ❛✉t♦♥♦♠❡s ✭♥❡

✶✳ ➚ ♥❡ ♣❛s ❝♦♥❢♦♥❞r❡ ❛✈❡❝ ❧✬❛r✐t❤♠ét✐q✉❡ ♠♦❞✉❧❛✐r❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♦♥ ❡✛❡❝t✉❡ ❞❡s ♦♣ér❛t✐♦♥s ♠♦❞✉❧♦ ✉♥
♥♦♠❜r❡ ♣r❡♠✐❡r✳

✶✵



♥é❝❡ss✐t❛♥t ❛✉❝✉♥❡ ❛✉tr❡ r❡ss♦✉r❝❡ ♣♦✉r ❡✛❡❝t✉❡r ❧❡✉rs ❝❛❧❝✉❧s✮✳ ❊♥ ♠❛tér✐❡❧✱ ❝❡s ❛❧❣♦r✐t❤♠❡s
s✬✐♠♣❧❛♥t❡♥t s♦✉✈❡♥t ❝♦♠♠❡ ❞❡s ❝✐r❝✉✐ts ❝♦♠❜✐♥❛t♦✐r❡s très ❡✣❝❛❝❡s✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ r❡❣✐str❡s
♣❡r♠❡t ❞✬❛✉❣♠❡♥t❡r ❧❡ ❞é❜✐t ♦✉ ❜✐❡♥ ❞❡ ré❞✉✐r❡ ❧❛ s✉r❢❛❝❡ ❞✉ ❝✐r❝✉✐t ❡♥ ✓ r❡♣❧✐❛♥t ✔ ❧✬♦♣ér❛t❡✉r
❝♦♠♠❡ ❛✈❡❝ ❝❡rt❛✐♥❡s ❞é❝♦♠♣♦s✐t✐♦♥s ré❝✉rs✐✈❡s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
▲✬♦♣ér❛t✐♦♥ ❞✬❛❞❞✐t✐♦♥ ❡st ❞❡ ❧♦✐♥ ❧✬♦♣ér❛t✐♦♥ ❛r✐t❤♠ét✐q✉❡ ❧❛ ♣❧✉s ré♣❛♥❞✉❡✳ ▲❛ r❡❝❤❡r❝❤❡

❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❡st ❡♥❝♦r❡ ❛❝t✐✈❡ ♣♦✉r ❝❡tt❡ ♦♣ér❛t✐♦♥ t❛♥t ❧❡ s♣❡❝tr❡ ❞❡s ❛❧✲
❣♦r✐t❤♠❡s ❡t ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ♣♦ss✐❜❧❡s ❡st ❧❛r❣❡ ❬✶✷✾❪✳ ❊♥ rè❣❧❡ ❣é♥ér❛❧❡✱ ❧♦rsq✉❡ ❧✬♦♥ ♣❛r❧❡
❞✬❛❞❞✐t✐♦♥ ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ♦♥ s♦✉s✲❡♥t❡♥❞ ❛❞❞✐t✐♦♥ ❡t s♦✉str❛❝t✐♦♥ ❝❛r ❝❡s ❞❡✉①
♦♣ér❛t✐♦♥s s♦♥t très ♣r♦❝❤❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❛♥s ❞❡s r❡♣rés❡♥t❛t✐♦♥s ❝♦♠♠❡ ❧❡ ❝♦♠♣❧é♠❡♥t à
❞❡✉① ♦✉ ❧❡ ❜♦rr♦✇✲s❛✈❡✳
▲❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❡✉t s❡ r❛♠❡♥❡r à ✉♥❡ s✉❝❝❡ss✐♦♥ ❞✬❛❞❞✐t✐♦♥s✳ ❊♥ ❡✛❡t✱ ✐❧ s✉✣t ❞✬❡✛❡❝t✉❡r ❧❛

s♦♠♠❡ ❞❡ t♦✉s ❧❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s✳ ❖♥ ♥♦♠♠❡ ❝❡tt❡ ♣❤❛s❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s✳
▲❛ ❣é♥ér❛t✐♦♥ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ❡st ♠❛ss✐✈❡♠❡♥t ♣❛r❛❧❧è❧❡ à ✉♥ ♣r♦❜❧è♠❡ ❞❡ s♦rt❛♥❝❡ ♣rès✳
❊♥ ❡✛❡t✱ ❝❤❛q✉❡ ❝❤✐✛r❡ ❞❡ ❧✬✉♥ ❞❡s ♦♣ér❛♥❞❡s ❞♦✐t êtr❡ ♠✉❧t✐♣❧✐é ♣❛r ❝❤❛❝✉♥ ❞❡s ❝❤✐✛r❡s ❞❡
❧✬❛✉tr❡✳ ▲❛ s♦rt❛♥❝❡ s✉r ❧✬é❧é♠❡♥t ❞❡ ♠é♠♦r✐s❛t✐♦♥ ✭s♦✉✈❡♥t ✉♥❡ ❜❛s❝✉❧❡ ♦✉ ✉♥ ✈❡rr♦✉✮ q✉✐
st♦❝❦❡ ✉♥ ❜✐t ❞❡s ♦♣ér❛♥❞❡s ❡st ❛❧♦rs très ✐♠♣♦rt❛♥t❡✳ ❉❛♥s ❧❡s ♠✉❧t✐♣❧✐❡✉rs ❞❡ ❣r❛♥❞❡ t❛✐❧❧❡✱ ❧❛
❣é♥ér❛t✐♦♥ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ♣❡✉t ♥é❝❡ss✐t❡r ❥✉sq✉✬à ✷✺✪ ❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧ t♦t❛❧ ❛❧♦rs q✉✬❡♥
t❤é♦r✐❡ ✉♥❡ s✐♠♣❧❡ ♣♦rt❡ ❊❚ s✉✣t ♣♦✉r ❝❤❛q✉❡ ❜✐t ❞❡ ♣r♦❞✉✐t ♣❛rt✐❡❧✳ ❯♥❡ ✉t✐❧✐s❛t✐♦♥ ❛st✉❝✐❡✉s❡
❞❡ r❡❝♦❞❛❣❡s✱ ❝♦♠♠❡ ❝❡❧✉✐ ❞❡ ❇♦♦t❤ ❬✽✸❪✱ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣r♦❞✉✐ts ♣❛rt✐❡❧s✳ ▲❛
♣❤❛s❡ ❞❡ ré❞✉❝t✐♦♥ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ❡st t❤é♦r✐q✉❡♠❡♥t très s✐♠♣❧❡✳ ■❧ s✉✣t ❞❡ ❢❛✐r❡ ❧❛ s♦♠♠❡
❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♥♦t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❞❡s ♥♦♠❜r❡s✳ ❊♥ ✉t✐❧✐s❛♥t ✉♥ ❛r❜r❡ ❞✬❛❞❞✐t✐♦♥✱ ♦♥ ♦❜t✐❡♥t
❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠❛❧❡ ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳ ▲❡ ♣r♦❜❧è♠❡ ✐❝✐ ❡st ❡♥❝♦r❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ❝♦♥tr❛✐♥t❡s
s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ✉♥ ♣r♦❜❧è♠❡ ❞❡ t♦♣♦❧♦❣✐❡✳ ❊♥ ❡✛❡t✱ ✐♠♣❧❛♥t❡r ✉♥ ❛r❜r❡ s✉r
✉♥❡ s✉r❢❛❝❡ ♣❧❛♥❡ ❡t s✐ ♣♦ss✐❜❧❡ ❝❛rré❡ ♦✉ r❡❝t❛♥❣✉❧❛✐r❡ ♥✬❡st ♣❛s s✐♠♣❧❡✱ ❝❢✳ ❬✽✻❪✳ ❊♥✜♥✱ ❧❛ ♣❤❛s❡
❞✬❛ss✐♠✐❧❛t✐♦♥ ❞❡s r❡t❡♥✉❡s ♣❡r♠❡t ❞❡ tr❛♥s❢♦r♠❡r ❧❛ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❞❡ ❧❛ s♦♠♠❡
❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s ❡♥ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❝❧❛ss✐q✉❡✳ ❊♥ ♣r❛t✐q✉❡✱ ✐❧ s✬❛❣✐t ❞✬✉♥❡ ❛❞❞✐t✐♦♥ ❞❡s
❝♦♠♣♦s❛♥t❡s ❞❡ ❧✬é❝r✐t✉r❡ r❡❞♦♥❞❛♥t❡ ❞❡ ❧❛ s♦♠♠❡ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s✳
❉❛♥s ❧❡ ❝❛s ❞❡s ❢♦♥❝t✐♦♥s ❛❧❣é❜r✐q✉❡s ❝♦✉r❛♥t❡s ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ✈✐sé❡s✱ ♦♥ ✉t✐❧✐s❡ ❡ss❡♥✲

t✐❡❧❧❡♠❡♥t tr♦✐s t②♣❡s ❞✬❛❧❣♦r✐t❤♠❡s ❬✽✸✱ ✶✶✼❪ ✿ ❧❡s ❛❧❣♦r✐t❤♠❡s à ❜❛s❡ ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ ❞é❝❛❧❛❣❡s
✭s❤✐❢t✲❛♥❞✲❛❞❞✮✱ ❝❡✉① ❜❛sés s✉r ❞❡s ✐tér❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥s ✭st②❧❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥✮ ❡t ❞❡s ❛♣✲
♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✳ ❉❛♥s ❧❡s ❛❧❣♦r✐t❤♠❡s à ❜❛s❡ ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ ❞é❝❛❧❛❣❡s✱ ❧❡ rés✉❧t❛t
❡st ♣r♦❞✉✐t ❡♥ ❝♦♠♠❡♥ç❛♥t ♣❛r ❧❡s ♣♦✐❞s ❢♦rts✱ ❝❤✐✛r❡ ♣❛r ❝❤✐✛r❡ ❬✽✷❪✳ ▲❡s ♠ét❤♦❞❡s à ❛❞❞✐t✐♦♥s
❡t ❞❡s ❞é❝❛❧❛❣❡s s♦♥t ❛✉ss✐ ❛♣♣❡❧é❡s ♠ét❤♦❞❡s à ré❝✉rr❡♥❝❡ ❞❡ ❝❤✐✛r❡s✳ ▲❛ ♠ét❤♦❞❡ ✉t✐❧✐s❡ ✉♥❡
r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❞✉ rés✉❧t❛t✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛❝❝é❧ér❡r ❧❡s ❝❛❧❝✉❧s ❡♥ ❧✐♠✐t❛♥t ❧❡s ♠✉❧t✐✲
♣❧❡s ❝♦♠♣❛r❛✐s♦♥s q✉✐ ❞♦✐✈❡♥t êtr❡ ❢❛✐t❡s à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ♣♦✉r sé❧❡❝t✐♦♥♥❡r ❧❡ ♥♦✉✈❡❛✉ ❝❤✐✛r❡
❞✉ rés✉❧t❛t✳ ▲❡s ❛❧❣♦r✐t❤♠❡s à ✐tér❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥✱ ❝♦♠♠❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♦✉ ●♦❧❞s❝❤♠✐❞t✱
✉t✐❧✐s❡♥t ✉♥❡ ✐tér❛t✐♦♥ q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs ❧❛ ✈❛❧❡✉r ❞✉ rés✉❧t❛t ❛✈❡❝ ❞❡s ❛❞❞✐t✐♦♥s ❡t ❞❡s ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥s ❬✶✵✸❪✳ ❖♥ ❛ ❛❧♦rs ✉♥❡ ❝♦♥✈❡r❣❡♥❝❡ q✉❛❞r❛t✐q✉❡ ✭❡t ♠ê♠❡ ❝✉❜✐q✉❡ ❞❛♥s ❝❡rt❛✐♥s ❝❛s✮✳
❈❡tt❡ ♠ét❤♦❞❡ ❡st très ✉t✐❧✐sé❡ ❞❛♥s ❧❡s ♣r♦❝❡ss❡✉rs ❣é♥ér❛❧✐st❡s ♠❛✐s ❡❧❧❡ ❡st s♦✉✈❡♥t ❞és❛str❡✉s❡
❡♥ t❡r♠❡s ❞❡ ❝♦♥s♦♠♠❛t✐♦♥ é♥❡r❣ét✐q✉❡ ♣❛r r❛♣♣♦rt à ❞❡s ♦♣ér❛t❡✉rs ❛✉t♦♥♦♠❡s ✭❝♦♠♠❡ ❞❡s
✉♥✐tés ❞é❞✐é❡s ✉t✐❧✐s❛♥t ❞❡s ❛❧❣♦r✐t❤♠❡s à ❛❞❞✐t✐♦♥s ❡t ❞é❝❛❧❛❣❡s✮✳ ◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❧❡s
❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✱ ❝❢✳ ❝❤❛♣✐tr❡ ✸✳
▲❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s s♦♥t ✉t✐❧❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ s❝✐❡♥t✐✜q✉❡✱ ♠❛✐s ❛✉ss✐ ♣♦✉r ❞❡ ♣❧✉s ❡♥

♣❧✉s ❞✬❛♣♣❧✐❝❛t✐♦♥s ❝♦♠♠❡ ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❣r❛♣❤✐q✉❡s ♦✉ ❧❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡✳ ❈♦♥tr❛✐r❡♠❡♥t
❛✉① ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s ❡t ❛✉① ❢♦♥❝t✐♦♥s ❛❧❣é❜r✐q✉❡s✱ ♦♥ ♥❡ s❛✐t ♣❛s ❝❛❧❝✉❧❡r ❧❡s ❢♦♥❝t✐♦♥s
é❧é♠❡♥t❛✐r❡s✱ s❛✉❢ ♣♦✉r ❝❡rt❛✐♥s ❛r❣✉♠❡♥ts tr✐✈✐❛✉①✱ ♦♥ s❛✐t s❡✉❧❡♠❡♥t ❧❡s ❛♣♣r♦❝❤❡r✳ ■❝✐ ❡♥❝♦r❡✱
♦♥ ✉t✐❧✐s❡ tr♦✐s t②♣❡s ❞✬❛❧❣♦r✐t❤♠❡s ♣♦✉r é✈❛❧✉❡r ❧❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ❬✶✶✸❪ ✿ ❧❡s ❛♣♣r♦①✐✲
♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ♦✉ r❛t✐♦♥♥❡❧❧❡s✱ ❧❡s ❛❧❣♦r✐t❤♠❡s à ❜❛s❡ ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ ❞é❝❛❧❛❣❡s ❡t ❡♥✜♥

✶✶



❧❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s✳ ◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✭❝❢✳
❝❤❛♣✐tr❡ ✸✮ ❡t s✉r ❞❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ✭❝❢✳ s❡❝t✐♦♥ ✷✳✸✮✳ ▲❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛✲
❜❧❡s✱ très ét✉❞✐é❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ❞❡s ♦♣ér❛t❡✉rs r❛♣✐❞❡s ♣♦✉r ❞❡s
♣ré❝✐s✐♦♥s ❥✉sq✉✬à ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ ❜✐ts✳ ❆✉ ❞❡❧à✱ ❧❛ t❛✐❧❧❡ ❞❡s t❛❜❧❡s ❞❡✈✐❡♥t ❜✐❡♥ tr♦♣ ❣r❛♥❞❡
♣♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ❡✣❝❛❝❡s✳ ▲❡s ❛❧❣♦r✐t❤♠❡s à ❜❛s❡ ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ ❞é❝❛❧❛❣❡s ❢♦✉r♥✐ss❡♥t
❞❡s ♦♣ér❛t❡✉rs ❞❡ t❛✐❧❧❡ r❛✐s♦♥♥❛❜❧❡ ♠❛✐s ♥é❝❡ss✐t❡♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♣♦✉r ❢♦✉r♥✐r
❧❡ rés✉❧t❛t✳ ❊♥✜♥✱ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s s✬✐♠♣♦s❡♥t ❞❛♥s ❜♦♥ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s
♣♦✉r ❞❡s q✉❡st✐♦♥s ❞✬❡✣❝❛❝✐té ❡t ❞❡ ré✉t✐❧✐s❛❜✐❧✐té ❞❡s r❡ss♦✉r❝❡s ❞❡ ❝❛❧❝✉❧✳ ▲❡s ❛♣♣r♦①✐♠❛t✐♦♥s
r❛t✐♦♥♥❡❧❧❡s s♦♥t ❛ss❡③ ♣❡✉ ✉t✐❧✐sé❡s ❡♥ ♣r❛t✐q✉❡ ❞✉ ❢❛✐t ❞✉ ❝♦✉♣ ✐♠♣♦rt❛♥t ❞❡ ❧❛ ❞✐✈✐s✐♦♥ ✜✲
♥❛❧❡✳ ◆♦✉s ✈❡rr♦♥s ❡♥ s❡❝t✐♦♥ ✸✳✺✱ q✉❡ ❝❡❝✐ ♣♦✉rr❛✐t ❜✐❡♥ ❝❤❛♥❣❡r ❞❛♥s ❝❡rt❛✐♥s ❝❛s ❞✉ ❢❛✐t ❞❡s
❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❝✐r❝✉✐ts ré❝❡♥ts✳

✶✳✷✳ ■♠♣❧❛♥t❛t✐♦♥s

▲❛ tr♦✐s✐è♠❡ ❢❛❝❡tt❡ ❞❡ ♥♦tr❡ tr❛✈❛✐❧ ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❝♦♥❝❡r♥❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥
❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ ❡t r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s✳ ❈❡tt❡ ❢❛❝❡tt❡ ❡st s♦✉✈❡♥t très ❝♦û✲
t❡✉s❡ ❡♥ t❡♠♣s ❞❡ tr❛✈❛✐❧ ♣♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ❞✬❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s✳ ❉❛♥s ♥♦s tr❛✈❛✉①✱
❝❡s ✐♠♣❧❛♥t❛t✐♦♥s ♦♥t été ré❛❧✐sé❡s ♠❛❥♦r✐t❛✐r❡♠❡♥t ♣♦✉r ❞❡s ❝✐❜❧❡s ♠❛tér✐❡❧❧❡s ❡t ✉♥ ♣❡✉ ♣♦✉r
❞❡s ❝✐❜❧❡s ❧♦❣✐❝✐❡❧❧❡s✳ ❚♦✉t❡❢♦✐s✱ ♥♦tr❡ ✐♠♣❧✐❝❛t✐♦♥ ❞❛♥s ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❧♦❣✐❝✐❡❧s ❡st ✐♠♣♦r✲
t❛♥t❡ ♠ê♠❡ ♣♦✉r ❧❡s ❝✐❜❧❡s ♠❛tér✐❡❧❧❡s✳ ❊♥ ❡✛❡t✱ ❧❛ ♣❧✉♣❛rt ❞❡s ❝♦❞❡s s♦✉r❝❡s ✉t✐❧✐sés ♣♦✉r ❧❡s
✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s s♦♥t ❣é♥érés ♣❛r ❞❡s ♣r♦❣r❛♠♠❡s s♣é❝✐✜q✉❡s ✭❝❢✳ s❡❝t✐♦♥ ✶✳✹✮✳ ▲❛ ♣❧✉✲
♣❛rt ❞❡ ♥♦s ré❛❧✐s❛t✐♦♥s ♠❛tér✐❡❧❧❡s ❛ été ✐♠♣❧❛♥té❡ ❡t ✈❛❧✐❞é❡ s✉r ❞❡s ❝✐r❝✉✐ts ❋P●❆ ✭♣♦✉r ✜❡❧❞
♣r♦❣r❛♠♠❛❜❧❡ ❣❛t❡ ❛rr❛②s✮✳ ❈✐❜❧❡r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ❆s✐❝ ✭♣♦✉r ❛♣♣❧✐❝❛t✐♦♥✲s♣❡❝✐✜❝ ✐♥t❡❣r❛t❡❞
❝✐r❝✉✐ts✮ ♥❡ ♥♦✉s ét❛✐t ❣é♥ér❛❧❡♠❡♥t ♣❛s ♣♦ss✐❜❧❡ ♣♦✉r ❞❡s r❛✐s♦♥s ❜✉❞❣ét❛✐r❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ❞✉
❢❛✐t ❞❡s ❝♦ûts ❞❡ ♠❛✐♥ ❞✬÷✉✈r❡ s✉r ❧✬✐♥st❛❧❧❛t✐♦♥ ❡t ❧❛ ♠❛✐♥t❡♥❛♥❝❡ ❞❡s ❧♦✉r❞s ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥
❞❡ ❝✐r❝✉✐ts✳ ❆✉ ❈❙❊▼✱ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ❞✐✈✐s✐♦♥ ♠✐❝r♦é❧❡❝tr♦♥✐q✉❡ ♥♦✉s ♣❡r♠❡tt❛✐t ❞❡ ❝✐❜❧❡r
❞❡s ❝✐r❝✉✐ts ❆s✐❝✳ ❈❡❝✐ ♥✬❛ ♣❧✉s été ♣♦ss✐❜❧❡ ♣❛r ❧❛ s✉✐t❡✳ ➚ ❧✬■r✐s❛✱ ♥♦✉s ❡s♣ér♦♥s ♣♦✉r✈♦✐r ❝✐❜❧❡r
❞❡ ♥♦✉✈❡❛✉ ❞❡s ❆s✐❝✳ ▲❡s ♦♣ér❛t❡✉rs ♣rés❡♥tés ❛✉ ❝❤❛♣✐tr❡ ✸ ♦♥t été ✐♠♣❧❛♥tés ❡♥ ♠❛tér✐❡❧ ❡t
❡♥ ❧♦❣✐❝✐❡❧✳ ◆♦✉s ✈❡rr♦♥s q✉❡❧❧❡s s♦♥t ❧❡s ✐♠♣❧✐❝❛t✐♦♥s ❞❡s ♣♦ss✐❜✐❧✐tés ❡t ❝♦♥tr❛✐♥t❡s ❞❡s s✉♣♣♦rts
❞✬❡①é❝✉t✐♦♥ s✉r ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ ❡t ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s✳
▲❛ ❜♦♥♥❡ ré✉ss✐t❡ ❞❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♣r❛t✐q✉❡ ❞✬✉♥❡ ❛r✐t❤♠ét✐q✉❡ ♣♦✉r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞♦♥♥é❡

❞é♣❡♥❞ ❡♥ ♣❛rt✐❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✉ s✉♣♣♦rt ❞✬❡①é❝✉t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱ ♥♦✉s r❡❣❛r❞♦♥s
❝♦♠♠❡♥t ♣r♦♣♦s❡r ❞❡s ❞✐s♣♦s✐t✐❢s ❞❡ ❝❛❧❝✉❧ ❞✐✛ér❡♥ts à ♣❛rt✐r ❞❡s r❡ss♦✉r❝❡s ❞✐s♣♦♥✐❜❧❡s ❞❛♥s
❧❡s ❝✐r❝✉✐ts ❋P●❆ ❛❝t✉❡❧s ❝♦♠♠❡ ❞❡s ♣❡t✐ts ❜❧♦❝s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝â❜❧é❡✳ ◆♦✉s ✈❡rr♦♥s q✉❡
❞❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✐❧ ❢❛✉❞r❛ ❛❞❛♣t❡r ❧❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r ♣r♦✜t❡r ❛✉ ♠✐❡✉① ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡
❝❡rt❛✐♥❡s r❡ss♦✉r❝❡s ♠❛tér✐❡❧❧❡s ❝♦♠♠❡ ♣♦✉r ❧❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ✭❝❢✳ s❡❝t✐♦♥ ✷✳✸✮✳ ▲❡
tr❛✈❛✐❧ ❞✬✐♠♣❧❛♥t❛t✐♦♥ ❡st s♦✉✈❡♥t ❧♦♥❣ ❡t ♣❛s t♦✉❥♦✉rs s✐♠♣❧❡ à ✈❛❧♦r✐s❡r✱ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t
❧♦rsq✉✬✐❧ ❢❛✉t ❝♦♥❝❡✈♦✐r ❞❡s ♦✉t✐❧s ♣♦✉r ❡✛❡❝t✉❡r ❝❡s ✐♠♣❧❛♥t❛t✐♦♥s✳ ◆é❛♥♠♦✐♥s✱ ❝❡t ❛s♣❡❝t ❞❡
✈❛❧✐❞❛t✐♦♥ ❡①♣ér✐♠❡♥t❛❧❡ ♣❛r ✐♠♣❧❛♥t❛t✐♦♥ ❞❡ ♥♦s rés✉❧t❛ts ❡st ✉♥❡ ♠♦t✐✈❛t✐♦♥ ✐♠♣♦rt❛♥t❡ ❛✜♥
❞❡ ♣r♦✉✈❡r q✉❡ ♥♦s s♦❧✉t✐♦♥s s♦♥t ré❡❧❧❡♠❡♥t ✈✐❛❜❧❡s ❡♥ ♣r❛t✐q✉❡✳ ❈❡❝✐ ♣❡r♠❡t ❛✉ss✐ ❞✬♦❜t❡♥✐r ❞❡s
♠❡s✉r❡s ❞❡ ♣❡r❢♦r♠❛♥❝❡s ❜✐❡♥ ♣❧✉s ♣❡rt✐♥❡♥t❡s q✉❡ ❞❡s ♥♦♠❜r❡s ❞✬♦♣ér❛t✐♦♥s ♦✉ ❞❡ ❣r♦ss✐èr❡s
é✈❛❧✉❛t✐♦♥s ❞❡ ❝♦♠♣❧❡①✐té✳
▲✬✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❡t ❞❡ r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s é✈♦❧✉és

❡st s♦✉✈❡♥t ❞✐✣❝✐❧❡ ❡♥ ♣r❛t✐q✉❡✳ ▲❡ ❝♦♥❝❡♣t❡✉r ❞♦✐t ❥♦♥❣❧❡r ❡♥tr❡ ❧❡ ❧❛r❣❡ ❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s
♣♦ss✐❜❧❡s✱ ❧❛ ❢❛✐❜❧❡ss❡ ❞❡s ❧❛♥❣❛❣❡s ❡t ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❡t ❧❡s ❝♦♥tr❛✐♥t❡s t❡❝❤♥♦❧♦❣✐q✉❡s✳ ▲✬é✈♦✲
❧✉t✐♦♥ r❛♣✐❞❡ ❞❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡♠❛♥❞❡ ❞❡ r❡❝♦♥❝❡✈♦✐r ré❣✉❧✐èr❡♠❡♥t ❞❡s ✉♥✐tés ❞❡ ❝❛❧❝✉❧✳ ❈❡❝✐
❞❡♠❛♥❞❡ ❜❡❛✉❝♦✉♣ ❞✬❡✛♦rts ❡t ❞❡ t❡♠♣s✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❝❡❧❛ ❧✐♠✐t❡ s♦✉✈❡♥t ❧❛ ❝♦♠♣❧❡①✐té

✶✷



❞❡s s♦❧✉t✐♦♥s ❡♥✈✐s❛❣é❡s ❞❛♥s ❜♦♥ ♥♦♠❜r❡ ❞❡ ❝✐r❝✉✐ts ♦✉ ♣r♦❝❡ss❡✉rs✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ❝✐r❝✉✐ts
❆s✐❝✱ ♥♦✉s ♥♦✉s ❧✐♠✐t♦♥s ❛✉① ✐♠♣❧❛♥t❛t✐♦♥s ❜❛sé❡s s✉r ❞❡s ❜✐❜❧✐♦t❤èq✉❡s ❞❡ ❝❡❧❧✉❧❡s st❛♥❞❛r❞s✳
➚ ❧♦♥❣ t❡r♠❡✱ ❧✬✉♥ ❞❡ ♥♦s ❜✉ts ❡st ❞❡ ♣❡r♠❡ttr❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞✬❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s✱ à ♣❛r✲
t✐r ❞✬✉♥❡ ❞❡s❝r✐♣t✐♦♥ s✐♠♣❧❡ ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✱ q✉✐ ✉t✐❧✐s❡r❛✐❡♥t ❧❡ t②♣❡ ❞❡s ❝❡❧❧✉❧❡s ❞❡ ❧❛
❜✐❜❧✐♦t❤èq✉❡ ✉t✐❧✐sé❡ ❡t ❞❡s ♦♣t✐♠✐s❛t✐♦♥s ❞❡s ♦✉t✐❧s✳
▲❡s ❝✐r❝✉✐ts r❡❝♦♥✜❣✉r❛❜❧❡s ❋P●❆ s♦♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✉t✐❧✐sés ♣♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s✳

▲❡s ♣❧✉s ♣❡t✐t❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❡s ❝✐r❝✉✐ts ♣❛r r❛♣♣♦rt ❛✉① ❝✐r❝✉✐ts ❞❡ t②♣❡ ❆s✐❝ s♦♥t s♦✉✲
✈❡♥t ❝♦♠♣❡♥sé❡s ♣❛r ❧❛ r❛♣✐❞✐té ❞❡ ♠✐s❡ ❡♥ ÷✉✈r❡✱ ❧❛ ré❡❧❧❡ ♣♦ss✐❜✐❧✐té ❞❡ ♣r♦t♦t②♣❛❣❡ à ❜❛s
❝♦ût ❛✉ ♥✐✈❡❛✉ ✉♥✐✈❡rs✐t❛✐r❡ ❡t ❧❡ ❢❛✐❜❧❡ ❝♦ût ♣♦✉r ❞❡s ♣❡t✐t❡s sér✐❡s ❧♦rs ❞❡ ❝♦♥tr❛ts ✐♥❞✉str✐❡❧s✳
▲✬✐♠♣❧❛♥t❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❡♥ ❋P●❆ ♥❡ ♣♦s❡ ♣❛s ❞❡ ♣r♦❜❧è♠❡s t❤é♦r✐q✉❡s ♣❧✉s
❝♦♠♣❧❡①❡s q✉❡ ♣♦✉r ❞❡s ❝✐r❝✉✐ts ✐♥té❣rés ❝❧❛ss✐q✉❡s✳ ❈✬❡st ♠ê♠❡ ✉♥ ♣❡✉ ❧❡ ❝♦♥tr❛✐r❡ q✉✐ s❡ ♣r♦❞✉✐t
❡♥ ♣r❛t✐q✉❡✳ ▲❡s ❋P●❆✱ ❜✐❡♥ q✉❡ ♣r♦❝❤❡s ❞❡s ❝✐r❝✉✐ts ❝❧❛ss✐q✉❡s✱ ♥✬♦❜é✐ss❡♥t ♣❛s ❞✉ t♦✉t ❛✉①
♠ê♠❡s ♠étr✐q✉❡s✳ ❈♦♥❝❡r♥❛♥t ❧❡ t❡♠♣s✱ ♣❛r ❡①❡♠♣❧❡✱ ❧✬❛❞❞✐t✐♦♥♥❡✉r ❧❡ ♣❧✉s s✐♠♣❧❡ à ♣r♦♣❛❣❛t✐♦♥
séq✉❡♥t✐❡❧❧❡ ❞❡ r❡t❡♥✉❡ r❡st❡ ♣❧✉s r❛♣✐❞❡ q✉✬✉♥ ❛❞❞✐t✐♦♥♥❡✉r ♣❧✉s s♦♣❤✐st✐q✉é ❡t ❝❡ ❥✉sq✉✬à ❞❡s
t❛✐❧❧❡s ✐♠♣♦rt❛♥t❡s✳ ❈❡❝✐ ❡st ❧✐é à ❧❛ ❧♦❣✐q✉❡ ❞é❞✐é❡ à ❧❛ ♣r♦♣❛❣❛t✐♦♥ r❛♣✐❞❡ ❞❡s r❡t❡♥✉❡s ♦✉ ❢❛st
❝❛rr② ❧✐♥❡s✳ ▲✬❛♣♣❛r✐t✐♦♥ ❞❡ très ♥♦♠❜r❡✉① ❜❧♦❝s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝â❜❧é❡ ❞❛♥s ❧❡s ❋P●❆ ❜✐❛✐s❡
❛✉ss✐ ✉♥ ♣❡✉ ❧❡s ❝❤♦s❡s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡s ❋P●❆ ❳✐❧✐♥① q✉✐ ❡♠❜❛rq✉❡♥t ❞❡s ❞✐③❛✐♥❡s ♦✉ ❞❡s
❝❡♥t❛✐♥❡s ❞❡ ♠✉❧t✐♣❧✐❡✉rs 18×18 ❝â❜❧és✱ ✉t✐❧✐s❡r ❞❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛✈❡❝ ❞❡s ♦♣ér❛♥❞❡s ❞❡ ♠♦✐♥s
❞❡ ✶✽ ❜✐ts ♥✬❛ ❛✉❝✉♥ ✐♥térêt ✭♠ê♠❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❡st très ❢❛✐❜❧❡✮✳ ❉❛♥s ❧❡s
❋P●❆✱ ❝❡ s♦♥t ❛✉ss✐ ❧❡s ❛s♣❡❝ts ❞❡ s✉r❢❛❝❡ q✉✐ s♦♥t ♠♦❞✐✜és✳ ❈♦♠♠❡♥t ❝♦♠♣❛r❡r ❞❡✉① s♦❧✉t✐♦♥s
❞♦♥t ✉♥❡ ✉t✐❧✐s❡ ❧❡s ❜❧♦❝s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝â❜❧é❡ ❡t ♣❛s ❧✬❛✉tr❡ ❄ ◆♦✉s ✈❡rr♦♥s q✉❡ ❝❡rt❛✐♥❡s
❞❡s r❡ss♦✉r❝❡s s♣é❝✐✜q✉❡s ❛✉① ❝✐r❝✉✐ts ❋P●❆ ♥♦✉s ❞❡♠❛♥❞❡♥t ❞✬✉t✐❧✐s❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ✉♥ ♣❡✉
❞✐✛ér❡♥ts ❞❡ ❝❡✉① q✉❡ ❧✬♦♥ ✉t✐❧✐s❡ ♣♦✉r ❧❡s ❝✐r❝✉✐ts ✐♥té❣rés ❝❧❛ss✐q✉❡s✳
▲❡ s✉♣♣♦rt ❞❡ ❧❛ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ ❞❛♥s ❧❡s ❋P●❆ ♥❡ s❡ ♣♦s❡ q✉❡ ❞❡♣✉✐s ♣❡✉✳ ▲❡s ❋P●❆ ❞❡s

❣é♥ér❛t✐♦♥s ♣ré❝é❞❡♥t❡s ét❛✐❡♥t ❞❡ t❛✐❧❧❡ tr♦♣ ❧✐♠✐té❡✳ ❆✉❥♦✉r❞✬❤✉✐ ❞❡s ❜✐❜❧✐♦t❤èq✉❡s ❝♦♠♣❧èt❡s ❡t
♣❡r❢♦r♠❛♥t❡s✱ ❝♦♠♠❡ ❝❡❧❧❡ ♣r♦♣♦sé❡ ♣❛r ❏✳ ❉❡tr❡② ❬✼✾❪✱ ♣❡r♠❡tt❡♥t ❞❡ s②♥t❤ét✐s❡r ❞❡s ♦♣ér❛t❡✉rs
✢♦tt❛♥ts ❡♥ ❋P●❆✳ ▼❛✐s ✐❝✐ ❛✉ss✐✱ ❧✬❛✈❡♥✐r ❞❡s ❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s ❡st ✐♥❝❡rt❛✐♥✳ ❙✐ ❞❡s ❜❧♦❝s
❝â❜❧és s♣é❝✐✜q✉❡s à ❧❛ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ ❢♦♥t ❧❡✉r ❛♣♣❛r✐t✐♦♥ ❞❛♥s ❧❡s ❢✉t✉r❡s ❣é♥ér❛t✐♦♥s ❞❡ ❋P●❆✱
❝❡ q✉✐ s❡♠❜❧❡ ♣r♦❜❛❜❧❡✱ ❧❡ s✉♣♣♦rt ❞✬❛✉tr❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡s ré❡❧s ❝♦♠♠❡ ❧❡ s②stè♠❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❞❡✈✐❡♥❞r♦♥t ♣r♦❜❛❜❧❡♠❡♥t ✐♥❡✣❝❛❝❡s ❡♥ ❝♦♠♣❛r❛✐s♦♥
à ❞❡s str✉❝t✉r❡s ✢♦tt❛♥t❡s ❞é❞✐é❡s✳ ❊♥ ❢❛✐t✱ ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❝❧❛ss✐q✉❡s✱ ❧✬❛r✐t❤♠ét✐q✉❡ à ✉♥
♥✐✈❡❛✉ ✜♥ ♥✬❛ ♣❧✉s ✈r❛✐♠❡♥t ❞❡ ♣❧❛❝❡ ❞❛♥s ❧❡s ❋P●❆ ❛❝t✉❡❧s ♦ù ❧❡s str✉❝t✉r❡s ❛r✐t❤♠ét✐q✉❡s
é❧é♠❡♥t❛✐r❡s s♦♥t ❞é❥à ❝â❜❧é❡s✳ ❉❛♥s ❧✬❛✈❡♥✐r✱ ❝❡tt❡ t❡♥❞❛♥❝❡ r✐sq✉❡ ❞❡ s❡ r❡♥❢♦r❝❡r ❛✈❡❝ ❞❡s
str✉❝t✉r❡s ❞❡ ❋P●❆ ❞♦♥t ❧❛ ✓ ❣r❛♥✉❧❛r✐té ✔ ❡st ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✐♠♣♦rt❛♥t❡✳
▲❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❡st ✉♥ ❝r✐tèr❡ ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✐♠♣♦rt❛♥t✱ ❡t

♠ê♠❡ ❝r✐t✐q✉❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❝❛s✳ ■❧ ❢❛✉t s❡ ♣♦s❡r ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡s
❝❛❧❝✉❧s✳ ▲❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❛❧❣♦r✐t❤♠❡s ❡t ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s s♦♥t ♥♦♠❜r❡✉s❡s
❡t ❛ss❡③ ♣❡✉ ét✉❞✐é❡s✳ ❈✬❡st ✉♥❡ t❤é♠❛t✐q✉❡ ✈r❛✐♠❡♥t ✐♥tér❡ss❛♥t❡✱ ♠❛✐s ❢❛✉t❡ ❞❡ ré✉ss✐t❡ ❞❛♥s
❧❡s ❞❡♠❛♥❞❡s ❞❡ ✜♥❛♥❝❡♠❡♥t ❞❡ ♣r♦❥❡ts s✉r ❝❡ t❤è♠❡✱ ♥♦✉s ♥❡ tr❛✈❛✐❧❧♦♥s q✉❡ très ♣❡✉ s✉r ❝❡s
❛s♣❡❝ts ♣♦✉r ❧❡ ♠♦♠❡♥t✳ ◆♦✉s ❡s♣ér♦♥s q✉❡ ❝❡❧❛ ❝❤❛♥❣❡r❛ ♣r♦❝❤❛✐♥❡♠❡♥t✳
P♦✉r ❧❡s ✐♠♣❧❛♥t❛t✐♦♥s ❧♦❣✐❝✐❡❧❧❡s✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ❡ss❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ssés ❛✉ ❝❛s ❞❡ ♣r♦✲

❝❡ss❡✉rs ❞é❞✐és ✭t②♣❡ ❉❙P ♣♦✉r ❞✐❣✐t❛❧ s✐❣♥❛❧ ♣r♦❝❡ss♦r✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é
❞❡s ❛❧❣♦r✐t❤♠❡s ❡t ❞❡s ❜✐❜❧✐♦t❤èq✉❡s ♣♦✉r ❞❡s ♣r♦❝❡ss❡✉rs ❡♠❜❛rq✉és ❞❛♥s ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♠✉❧✲
t✐♠é❞✐❛ ♦✉ ❞❡ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧ ✭♣r♦❝❡ss❡✉rs ❙❚✶✵✵ ❡t ❙❚✷✵✵✮✳ ▲❡ t②♣❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥s
❞❡s ♥♦♠❜r❡s s✉♣♣♦rté❡s ❞✐r❡❝t❡♠❡♥t ♣❛r ❧❡ ♣r♦❝❡ss❡✉r ❞é♣❡♥❞ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❝✐❜❧❡s✳ ▲❡s ❞♦♥✲
♥é❡s s♦♥t s♦✉✈❡♥t r❡♣rés❡♥té❡s ❡♥ ❡♥t✐❡r ♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡ ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❝♦ût ❞❡ s✐❧✐❝✐✉♠
✭❧❡s ✉♥✐tés ✢♦tt❛♥t❡s ♦♣t✐♠✐sé❡s s♦♥t ❜✐❡♥ tr♦♣ ❝♦ût❡✉s❡s ♣♦✉r ❝❡s ❛♣♣❧✐❝❛t✐♦♥s✮✳ ❊♥ ♣❧✉s ❞✬✉✲
♥✐tés ❛r✐t❤♠ét✐q✉❡s ❡t ❧♦❣✐q✉❡s ✭❛❞❞✐t✐♦♥s✱ s♦✉str❛❝t✐♦♥s✱ ❝♦♠♣❛r❛✐s♦♥s✱ ❞é❝❛❧❛❣❡s ❡t ❢♦♥❝t✐♦♥s

✶✸



❧♦❣✐q✉❡s✮✱ ♦♥ tr♦✉✈❡ s♦✉✈❡♥t ❞❡s ✉♥✐tés ❞❡ t②♣❡ ▼❆❈ ✭♣♦✉r ♠✉❧t✐♣❧② ❛♥❞ ❛❝❝✉♠✉❧❛t❡✮ ♦✉ ❋▼❆
✭♣♦✉r ❢✉s❡❞ ♠✉❧t✐♣❧② ❛♥❞ ❛❞❞✮ ✷ ❞❛♥s ❝❡s ♣r♦❝❡ss❡✉rs✳ ◆♦tr❡ tr❛✈❛✐❧ s✉r ❧❛ ❣é♥ér❛t✐♦♥ ❛✉t♦♠❛✲
t✐q✉❡ ❞❡ ❝♦❞❡ ❞❡ ❞✐✈✐s✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s ♣♦✉r ❧❡ ♣r♦❝❡ss❡✉r ❙❚✶✵✵✱ ❝❢✳ s❡❝t✐♦♥ ✷✳✽✱ ✐❧❧✉str❡
❛ss❡③ ❜✐❡♥ ❧✬✐♠♣❛❝t ❞✉ t②♣❡ ❞❡s ✉♥✐tés ❞❡ ❝❛❧❝✉❧ s✉r ❧❡s ❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s ♠✐s ❛✉ ♣♦✐♥t✳
❈❡❧✉✐ s✉r ❧❡ s✉♣♣♦rt ✢♦tt❛♥t ♣♦✉r ❞❡s ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs✱ ❝❢✳ s❡❝t✐♦♥ ✷✳✼✳✷✱ ✐❧❧✉str❡ ❧✬✐♠♣❛❝t ❞❡s
t②♣❡s ❞❡ ❞♦♥♥é❡s s✉♣♣♦rtés ❞❛♥s ✉♥ ♣r♦❝❡ss❡✉r ✭✐❝✐ ❝❡✉① ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❙❚✷✵✵✮ s✉r ❧❡s ❛r✐t❤♠é✲
t✐q✉❡s✳ ❉❡♣✉✐s q✉❡❧q✉❡s t❡♠♣s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ss✐ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❜✐❜❧✐♦t❤èq✉❡s
❛r✐t❤♠ét✐q✉❡s r❛♣✐❞❡s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✸✮✳

✶✳✸✳ ❱❛❧✐❞❛t✐♦♥ ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡

❯♥❡ ❛✉tr❡ ❢❛❝❡tt❡✱ ❝♦♠♣❧❡①❡ ❡t ♠✉❧t✐❢♦r♠❡✱ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❡t ❧✬✐♠♣❧❛♥t❛t✐♦♥
❞✬❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s ❡t ❞❡ r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡st ❝❡❧✉✐ ❞❡ ❧❡✉r ✈❛❧✐❞❛t✐♦♥✳ ❈❡
♣r♦❜❧è♠❡ ❡st ♣rés❡♥t à ❞✐✛ér❡♥t❡s ét❛♣❡s✳ ▲♦rs ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥ ♦♣ér❛t❡✉r ❛r✐t❤♠ét✐q✉❡ ✭❛❧✲
❣♦r✐t❤♠❡s ❡t r❡♣rés❡♥t❛t✐♦♥s✮✱ ❧❛ ✈❛❧✐❞❛t✐♦♥ ❛ ♣r✐♦r✐ ❡st ✐♠♣♦rt❛♥t❡ ét❛♥t ❞♦♥♥é❡ ❧❛ ❝♦♠♣❧❡①✐té
❞❡s ♠ét❤♦❞❡s ❞❡ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s✳ ❈❡ ♣r♦❜❧è♠❡ ❡st ❛❝t✉❡❧❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡
✐♠♣♦rt❛♥t ♣♦✉r ❧❛ ❝♦♠♠✉♥❛✉té ❞✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✳ ❇♦♥ ♥♦♠❜r❡ ❞❡ tr❛✈❛✉①✱ ❡♥
❋r❛♥❝❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ♣♦rt❡♥t s✉r ❝❡ ♣r♦❜❧è♠❡✳ ❊♥✜♥✱ ❧❛ ✈❛❧✐❞❛t✐♦♥ ❛ ♣♦st❡r✐♦r✐ ♣❡r♠❡t ❞❡
✈ér✐✜❡r ❧❡ ❜♦♥ ❝♦♠♣♦rt❡♠❡♥t ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ré❛❧✐sés✳ ❊♥ ♣❧✉s ❞✉ t❡st tr❛❞✐t✐♦♥♥❡❧
❡t ✐♥❞✐s♣❡♥s❛❜❧❡ ❞❡s ❝✐r❝✉✐ts ❛♣rès ❢❛❜r✐❝❛t✐♦♥✱ ✐❧ ❢❛✉t ♣♦✉✈♦✐r ❣❛r❛♥t✐r q✉❡ ❧❡s ❞❡s❝r✐♣t✐♦♥s ❞❡s
♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s♦♥t ❝♦rr❡❝t❡♠❡♥t ✉t✐❧✐sé❡s✳ ▲❡s ♦✉t✐❧s ❞❡ s②♥t❤ès❡ ❡t ❞❡ ❝♦♠♣✐❧❛t✐♦♥
s♦♥t s♦✉✈❡♥t très ❧✐♠✐tés ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳ ■❧ ❢❛✉t ❞♦♥❝ ✈ér✐✜❡r q✉❡ ❧❡s ❞❡s❝r✐♣t✐♦♥s q✉✐
s♦♥t ✐♥❥❡❝té❡s ❞❛♥s ❝❡s ♦✉t✐❧s s♦♥t t♦t❛❧❡♠❡♥t ❝♦rr❡❝t❡s ❡t ❜✐❡♥ ❝♦♠♣r✐s❡s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡
❞♦♠❛✐♥❡ ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✱ ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❡✉rs ♠♦❞✉❧❛✐r❡s ❞❡
♣❧✉s✐❡✉rs ♠✐❧❧✐❡rs ❞❡ ❜✐ts ✭a × b mod p✮ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❞é❝♦♠♣♦s✐t✐♦♥s ❞❡s ♦♣ér❛♥❞❡s ❡♥ s♦✉s✲
♠♦ts ❡st ❛ss❡③ ❝♦♠♣❧❡①❡✳ ❈♦♠♠❡ ❣❛r❛♥t✐r q✉❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❱❍❉▲✱ ♦ù ❞❛♥s t♦✉t ❛✉tr❡ ❧❛♥❣❛❣❡✱
❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡st t♦t❛❧❡♠❡♥t ❝♦rr❡❝t❡ ✭❞é❝♦✉♣❛❣❡s ❝♦♠♣❧❡ts✱ ♠❛❝❤✐♥❡s ❞✬ét❛ts✱ ♠❛♥✐♣✉❧❛t✐♦♥
❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s✱ ❡t❝✳✮ ❄ ●é♥ér❡r ❞❡s ❝❛s ❞❡ t❡sts ♣❛t❤♦❧♦❣✐q✉❡s ♣♦✉r ❞❡s s✐ ❣r❛♥❞❡s
str✉❝t✉r❡s ♥✬❡st ♣❛s ❝❤♦s❡ ❢❛❝✐❧❡✳
▲❛ ♠✐s❡ ❛✉ ♣♦✐♥t ❞✬❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s ✉t✐❧✐s❛♥t ❞❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s é✈♦❧✉é❡s✱

♦✉ ♠ê♠❡ ❡①♦t✐q✉❡s✱ ♣♦s❡ ✉♥ ♣r♦❜❧è♠❡ ✐♠♣♦rt❛♥t ✿ ❝♦♠♠❡♥t ❣❛r❛♥t✐r ❧❛ ✈❛❧✐❞✐té ❞❡s s♦❧✉t✐♦♥s
♣r♦♣♦sé❡s✳ ❈❡ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ❡st ♦♠♥✐♣rés❡♥t à ❞✐✛ér❡♥t❡s ét❛♣❡s ❞❡s tr❛✈❛✉①✳ ❉❛♥s ✉♥
♣r❡♠✐❡r t❡♠♣s✱ ❝♦♠♠❡♥t ❣❛r❛♥t✐r q✉❡ ❧❛ ♣r❡✉✈❡ ♠❛t❤é♠❛t✐q✉❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❡st ❝♦rr❡❝t❡ ❄
❊♥s✉✐t❡✱ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ❡t ❞❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ✉t✐❧✐sé❡s ❞❛♥s ✉♥
❧❛♥❣❛❣❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ♦✉ ❞❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ♠❛tér✐❡❧ ❡st✲❡❧❧❡ ❧✬✐♠❛❣❡ ✜❞è❧❡ ❞❡ ❧❛ s♦❧✉t✐♦♥
t❤é♦r✐q✉❡ ♣r♦♣♦sé❡ ❄ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❝♦♠♠❡♥t ✈ér✐✜❡r q✉❡ ❧❡s ♣r♦❞✉✐ts ❞❡s ♦✉t✐❧s ❝♦♠♠❡ ❧❡s ❝♦♠✲
♣✐❧❛t❡✉rs ♦✉ ❧❡s s②♥t❤ét✐s❡✉rs s♦♥t ❝♦rr❡❝ts ❄ ▲♦✐♥ ❞❡ ♣r♦♣♦s❡r ❞❡s s♦❧✉t✐♦♥s à t♦✉s ❝❡s ♣r♦❜❧è♠❡s✱
♥♦✉s ❛✈♦♥s ❡ss❛②é ❞❡ ✓ ❧✐♠✐t❡r ❧❡s r✐sq✉❡s ✔ ❡♥ ❛❞♦♣t❛♥t ✉♥❡ ♠ét❤♦❞♦❧♦❣✐❡ ❞❡ ✈❛❧✐❞❛t✐♦♥ ❜❛sé❡
s✉r ❞✐✛ér❡♥ts ♥✐✈❡❛✉① ❞❡ t❡sts ❡t ❞✐✛ér❡♥t❡s t❡❝❤♥✐q✉❡s ❜❛sé❡s s✉r ❞❡s ♦✉t✐❧s ré❝❡♥ts ❡t ♣r♦❝❤❡s
❞✉ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❢♦r♠❡❧❧❡✳
▲❛ ✈❛❧✐❞❛t✐♦♥ ❛ ♣r✐♦r✐✱ ❧♦rs ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ t❤é♦r✐q✉❡✱ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❡st s♦✉✲

✈❡♥t ❝♦♠♣❧❡①❡✳ ❈❡s ❛❧❣♦r✐t❤♠❡s ♥❡ s♦♥t ♣❛s très ❧♦♥❣s ❡♥ ♣r❛t✐q✉❡✱ ♠❛✐s ✐❧s ❞é♣❡♥❞❡♥t ❞❡ ♥♦♠✲
❜r❡✉① ♣❛r❛♠ètr❡s✳ P❛r ❡①❡♠♣❧❡✱ ✉♥ ❛❧❣♦r✐t❤♠❡ ❙❘❚ ♦♣t✐♠✐sé ♥❡ ♥é❝❡ss✐t❡ q✉✬✉♥❡ ♣❡t✐t❡ ❞✐③❛✐♥❡
❞❡ ❧✐❣♥❡s ♣♦✉r s❛ ❞❡s❝r✐♣t✐♦♥✳ ▼❛✐s ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ✐♥t❡r♥❡s ✭♣✳ ❡①✳ ❧❡s t❛✐❧❧❡s

✷✳ ❖♥ ♣❛r❧❡ ❞❡ ▼❆❈ ❞❛♥s ❧❡s ♣r♦❝❡ss❡✉r ❞❡ t②♣❡ ❉❙P ✭s♦✉✈❡♥t ♣♦✉r ❧❛ ✈✐r❣✉❧❡ ✜①❡✮ ❡t ❞❡ ❋▼❆ ♣♦✉r ❧❡s
♣r♦❝❡ss❡✉rs ❣é♥ér❛❧✐st❡s ✭s♦✉✈❡♥t ♣♦✉r ❧❛ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡✮✱ ♠❛✐s t♦✉s ❡✛❡❝t✉❡♥t ❞❡s ♦♣ér❛t✐♦♥s ❞❡ t②♣❡ a× b± c

❛✈❡❝ é✈❡♥t✉❡❧❧❡♠❡♥t ❛❝❝✉♠✉❧❛t✐♦♥✳

✶✹



♦♣t✐♠❛❧❡s ❞❡s ❡st✐♠❛t✐♦♥s ❞✉ r❡st❡ ♣❛rt✐❡❧ ❡t ❞✉ ❞✐✈✐s❡✉r ♣♦✉r ❙❘❚✮ ♥é❝❡ss✐t❡ s♦✉✈❡♥t ❧✬é❝r✐t✲
✉r❡ ❞❡ ♣r♦❣r❛♠♠❡s ♦✉ ❞❡s ❝❛❧❝✉❧s ❜❡❛✉❝♦✉♣ ❛ss❡③ ❧♦♥❣s✳ Pr♦✉✈❡r q✉✬✉♥ ❛❧❣♦r✐t❤♠❡ ❢r❛î❝❤❡♠❡♥t
❝♦♥ç✉ r❡t♦✉r♥❡ t♦✉❥♦✉rs ❧❡ ❜♦♥ rés✉❧t❛t✱ ❡t ❝❡ q✉❡❧s q✉❡ s♦✐❡♥t ❧❡s ♦♣ér❛♥❞❡s ❡t ❧❡s ♣❛r❛♠ètr❡s
✐♥t❡r♥❡s✱ ❡st ✉♥ ♣r♦❜❧è♠❡ ❞✐✣❝✐❧❡ ❡♥ ✐♥❢♦r♠❛t✐q✉❡ ❡♥ ❣é♥ér❛❧ ❡t ♣❛s s❡✉❧❡♠❡♥t ❡♥ ❛r✐t❤♠ét✐q✉❡
❞❡s ♦r❞✐♥❛t❡✉rs✳ ❉❡ ♥♦♠❜r❡✉① tr❛✈❛✉① ré❝❡♥ts✱ ❡t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡♥ ❋r❛♥❝❡✱ ♣r♦♣♦s❡♥t ❞❡s
♠ét❤♦❞❡s ❡t ❞❡s ♦✉t✐❧s ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❢♦r♠❡❧❧❡ ♣♦✉r ❛✐❞❡r ❧❡s ❝♦♥❝❡♣t❡✉rs ❞✬❛r✐t❤✲
♠ét✐q✉❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s r❡♥✈♦②♦♥s ❛✉① tr❛✈❛✉① ❞❡ ❥❡✉♥❡s ❝❤❡r❝❤❡✉rs✱ ❙✳ ❇♦❧❞♦ ❬✼✸❪ ❡t ●✳
▼❡❧q✉✐♦♥❞ ❬✶✵✽❪ ♣♦✉r ❝❡s ❛s♣❡❝ts✳ ❉❛♥s ♣❧✉s✐❡✉rs tr❛✈❛✉① ré❝❡♥ts✱ ❝❢✳ ❝❤❛♣✐tr❡ ✸✱ ♥♦✉s ✉t✐❧✐s♦♥s
❧❡ ❧♦❣✐❝✐❡❧ ❣❛♣♣❛ ❬✶✵✼❪ ❞é✈❡❧♦♣♣é ♣❛r ●✳ ▼❡❧q✉✐♦♥❞ ♣♦✉r ♦❜t❡♥✐r ❞❡s ♣r❡✉✈❡s ❢♦r♠❡❧❧❡s ❞✬♦♣ér❛✲
t❡✉rs ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s✳ ▲❡s ♣r❡✉✈❡s ❢♦r♠❡❧❧❡s ❣é♥éré❡s ♣❛r ❣❛♣♣❛ s♦♥t ❡♥s✉✐t❡
✈ér✐✜é❡s ♣❛r ❧✬❛ss✐st❛♥t ❞❡ ♣r❡✉✈❡s ❝♦q ❬✶✷✻❪✳ ❉❡ ♣❧✉s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ❧♦❣✐❝✐❡❧ ❞❡ ❝❛❧❝✉❧ ❢♦r♠❡❧
▼❛♣❧❡ ❬✶✵✷❪ ❛✜♥ ❞❡ ✈ér✐✜❡r ❝❡rt❛✐♥s ❝❛❧❝✉❧s✳ ◆♦✉s ❡ss❛②♦♥s✱ ❣râ❝❡ à ❝❡s ❞✐✛ér❡♥ts ♦✉t✐❧s✱ ❞❡
✈ér✐✜❡r ❢♦r♠❡❧❧❡♠❡♥t ❧❡ ♣❧✉s ♣♦ss✐❜❧❡ ❞❡ ♥♦s ❛❧❣♦r✐t❤♠❡s ❡t ♠ét❤♦❞❡s ❞✬♦♣t✐♠✐s❛t✐♦♥✳
▲✬✐♠♣❧❛♥t❛t✐♦♥ ♣r❛t✐q✉❡ ❞✬❛r✐t❤♠ét✐q✉❡s ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❧❛♥❣❛❣❡s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ♦✉ ❞❡

❞❡s❝r✐♣t✐♦♥ ❞❡ ♠❛tér✐❡❧ ♣♦s❡ ❛✉ss✐ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ✈❛❧✐❞❛t✐♦♥✳ ❊♥ ❡✛❡t✱ ✐❧ ❢❛✉t ✈ér✐✜❡r ❛ ♣♦st❡r✐♦r✐
❧❡ ❜♦♥ ❢♦♥❝t✐♦♥♥❡♠❡♥t✱ ♦✉ ❝♦♠♣♦rt❡♠❡♥t✱ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ré❛❧✐sés✳ ▲❡s ♦✉t✐❧s ❞❡
s②♥t❤ès❡ ♣♦✉r ❧❡ ♠❛tér✐❡❧ ♦✉ ❜✐❡♥ ❧❡s ❝♦♠♣✐❧❛t❡✉rs ♣♦✉r ❧❡ ❧♦❣✐❝✐❡❧ s♦♥t s♦✉✈❡♥t très ❧✐♠✐tés ❛✉
♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳ ■❧ ❢❛✉t ❞♦♥❝ ✈ér✐✜❡r q✉❡ ❧❡s ❞❡s❝r✐♣t✐♦♥s q✉✐ s♦♥t ✐♥❥❡❝té❡s ❞❛♥s ❝❡s ♦✉t✐❧s
s♦♥t ❜✐❡♥ ❝♦♠♣r✐s❡s✳ ❖♥ ♥❡ ♣❛r❧❡ ♣❛s ❞✬❡rr❡✉rs ❞❛♥s ❧❡s ♦✉t✐❧s✱ ♠❛✐s s❡✉❧❡♠❡♥t ❞✬✉♥ ♣r♦❜❧è♠❡
❞❡ ❧❛ ❜♦♥♥❡ ❢♦r♠❡ ❞❡s ❞❡s❝r✐♣t✐♦♥s q✉❡ ❧✬♦♥ ✐♥❥❡❝t❡ ❞❛♥s ❝❡s ♦✉t✐❧s✳ ❯♥ ❡①❡♠♣❧❡ s✐♠♣❧❡ ❡st ❝❡❧✉✐
❞❡ ❧✬❛❞❞✐t✐♦♥ ❜✐♥❛✐r❡✱ ♥♦r♠❛❧❡♠❡♥t t♦✉t❡ s✐♠♣❧❡✱ ❡♥ ❱❍❉▲✳ ❙✐ ♦♥ ❞é❝❧❛r❡ A ❡t B ❞❡✉① ✈❡❝t❡✉rs
❞❡ ❜✐ts ❞❡ t❛✐❧❧❡ n✱ ❧✬♦♣ér❛t✐♦♥ ❱❍❉▲ A + B r❡t♦✉r♥❡ ❡♥ ❢❛✐t (A + B) mod 2n✳ ❙✐ ❧✬♦♥ s♦✉❤❛✐t❡
♦❜t❡♥✐r ❧❛ s♦♠♠❡ ❝♦♠♣❧èt❡ s✉r n + 1 ❜✐ts✱ ✐❧ ❢❛✉t ❝♦♥❝❛té♥❡r ✉♥ ③ér♦ s✉r ❧❡s ♣♦✐❞s ❢♦rts ❞❡ A
❡t ❞❡ B ♣✉✐s ❧❡s ❛❞❞✐t✐♦♥♥❡r ✭❡♥ ❱❍❉▲ ✿ ✭✬✵✬❭✫❆✮✰✭✬✵✬❭✫❇✮✮✳ ❱ér✐✜❡r q✉❡ ❧✬♦♥ ♥✬❛ ♣❛s ♦✉❜❧✐é
❝❡ ❣❡♥r❡ ❞❡ ❞ét❛✐❧ ♥✬❡st ♣❛s ✉♥❡ ❝❤♦s❡ s✐♠♣❧❡ ❡♥ ♣r❛t✐q✉❡ ét❛♥t ❞♦♥♥é ❞❡ ♥♦♠❜r❡ ❞❡ ❞é❝♦✉♣❛❣❡s
❞❡ ✈❛❧❡✉rs ❛r✐t❤♠ét✐q✉❡s ❞❛♥s ♥♦s ❛❧❣♦r✐t❤♠❡s✳ ▲❡ ❥♦✉r ♦ù ✉♥ ❝♦♥❝❡♣t❡✉r ♣♦✉rr❛ ❞é❝❧❛r❡r ❞❡✉①
s✐❣♥❛✉① ❡♥ r❡♣rés❡♥t❛t✐♦♥ ✢♦tt❛♥t❡ ■❊❊❊ ✼✺✹ ❡t ❡♥ ❢❛✐r❡ ❧❛ ❞✐✈✐s✐♦♥ ❞✐r❡❝t❡♠❡♥t ❡♥ ❱❍❉▲ ✭s❛♥s
♣❛ss❡r ♣❛r ❞❡s ❜✐❜❧✐♦t❤èq✉❡s q✉✐ ♥❡ ❣❛r❛♥t✐ss❡♥t ❛❝t✉❡❧❧❡♠❡♥t r✐❡♥ q✉❛♥t ❛✉ r❡s♣❡❝t ❞❡ ❧❛ ♥♦r♠❡✮
♥✬❡st ♣❛s ❡♥❝♦r❡ ✈❡♥✉✳
❆✜♥ ❞❡ ✈❛❧✐❞❡r ♥♦s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s s✐♠✉❧❛t✐♦♥s ❢♦♥❝t✐♦♥♥❡❧❧❡s à

♣❧✉s✐❡✉rs ♥✐✈❡❛✉① ✿ ❡①❤❛✉st✐❢ ✭❧♦rsq✉❡ ❝✬❡st ♣♦ss✐❜❧❡✮✱ ✈❡❝t❡✉rs ❞❡ ✈❛❧❡✉rs ❝❤♦✐s✐❡s✱ ✈❡❝t❡✉rs ❞❡
✈❛❧❡✉rs ❛❧é❛t♦✐r❡s✳ ❉❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s ❝❛s✱ ♦♥ ❞♦✐t ❝♦♠♣❛r❡r ❧❛ s♦rt✐❡ ❞✉ s✐♠✉❧❛t❡✉r ❢♦♥❝t✐♦♥♥❡❧ à
✉♥❡ ré❢ér❡♥❝❡ t❤é♦r✐q✉❡✳ ❊♥ ♣r❛t✐q✉❡✱ ♥♦✉s ✉t✐❧✐s♦♥s s♦✐t ❧❡ s②stè♠❡ ❞❡ ❝❛❧❝✉❧ ❢♦r♠❡❧ ▼❛♣❧❡ s♦✐t
✉♥ ♣r♦❣r❛♠♠❡ s♣é❝✐✜q✉❡ ❞é✈❡❧♦♣♣é ❡♥ ❈ ♦✉ ❈✰✰ ✭✉t✐❧✐s❛♥t ❞❡s ❜✐❜❧✐♦t❤èq✉❡s ❝♦♠♠❡ ●▼P ❬✽✽❪
♦✉ ▼P❋❘ ❬✽✼❪✮ ♣♦✉r ❣é♥ér❡r ❝❡s ✈❛❧❡✉rs ❞❡ ré❢ér❡♥❝❡✳ ❘❡♠❛rq✉♦♥s q✉❡ ❝❡s ♣r♦❣r❛♠♠❡s s♣é❝✐✲
✜q✉❡s ♥✬✉t✐❧✐s❡♥t ♣❛s ❧❡s ♠ê♠❡s ❛❧❣♦r✐t❤♠❡s q✉❡ ❝❡✉① q✉❡ ♥♦✉s t❡st♦♥s✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❢❛✐r❡
❧❡s ✓ ♠ê♠❡s ❡rr❡✉rs ✔ ❡st ❞♦♥❝ ❢❛✐❜❧❡✱ ♠❛✐s ❝❧❛✐r❡♠❡♥t ♥♦♥ ♥✉❧❧❡✳ ❊♥ ❞❡❤♦rs ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❧❛
❝r②♣t♦❣r❛♣❤✐❡✱ ♣♦✉r ❜♦♥ ♥♦♠❜r❡ ❞❡ ♥♦s ♦♣ér❛t❡✉rs✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞✬❡♥tré❡ ❡st ♠♦❞éré ✿ ✽
à ✷✹ ❜✐ts t②♣✐q✉❡♠❡♥t✳ P♦✉r q✉❡❧q✉❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s✱ ♦♥ ♣❡✉t très ❜✐❡♥ t❡st❡r ❧✬❡♥s❡♠✲
❜❧❡ ❞❡s ❡♥tré❡s ♣♦ss✐❜❧❡s ❡♥ s✐♠✉❧❛t✐♦♥ ❢♦♥❝t✐♦♥♥❡❧❧❡ ✭♣❛r ❡①❡♠♣❧❡ ❛✈❡❝ ✉♥ s✐♠✉❧❛t❡✉r ❱❍❉▲
r❛✐s♦♥♥❛❜❧❡♠❡♥t r❛♣✐❞❡ ❝♦♠♠❡ ▼♦❞❡❧s✐♠✮✳ ❉❛♥s ❝❡ ❝❛s✱ ♠ê♠❡ s✐ ❧❛ ❝♦✉✈❡rt✉r❡ ❞❡s t❡sts ❡✛❡❝✲
t✉és ♥✬❡st ♣❛s t♦t❛❧❡ ✭❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ✐♥t❡r♥❡s ét❛♥t s♦✉✈❡♥t tr♦♣ ❣r❛♥❞✮✱ ❝❡s s✐♠✉❧❛t✐♦♥s
❡①❤❛✉st✐✈❡s✱ ❛✉ ♥✐✈❡❛✉ ❞❡s ♦♣ér❛♥❞❡s✱ ♥♦✉s ❞♦♥♥❡♥t ✉♥❡ ♣r❡♠✐èr❡ ❣❛r❛♥t✐❡ ❞❡ ❧❛ ✈❛❧✐❞✐té ❞❡ ♥♦s
♦♣ér❛t❡✉rs✱ ❛✉ ♠♦✐♥s ♣♦✉r ❧❡s ❥❡✉① ❞❡ ♣❛r❛♠ètr❡s t❡stés✳
◗✉❛♥❞ ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞✬❡♥tré❡ ♦✉ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡✈✐❡♥t tr♦♣ ✐♠♣♦rt❛♥t ♣♦✉r

s✐♠✉❧❡r ❡①❤❛✉st✐✈❡♠❡♥t ♥♦s ♦♣ér❛t❡✉rs✱ ♦♥ ✉t✐❧✐s❡ ❞❡s s✐♠✉❧❛t✐♦♥s à ❜❛s❡ ❞❡ ✈❡❝t❡✉rs ❞❡ ✈❛❧❡✉rs✳
❊♥ ♣❧✉s ❞❡s t❡sts ❝❧❛ss✐q✉❡s ✉t✐❧✐s❛♥t ❞❡ très ♥♦♠❜r❡✉s❡s ✈❛❧❡✉rs ❛❧é❛t♦✐r❡s✱ ♥♦✉s ❡ss❛②♦♥s ❞❡
❣é♥ér❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s ✈❡❝t❡✉rs ❞❡ t❡st ❝♦rr❡s♣♦♥❞❛♥ts à ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ ♥♦s ❛❧❣♦✲

✶✺



r✐t❤♠❡s✳ ❯♥ ❜♦♥ ❡①❡♠♣❧❡ ❡st ♣rés❡♥té ❞❛♥s ♥♦s tr❛✈❛✉① s✉r ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❋▲■P✱ ❝❢✳ s❡❝t✐♦♥ ✷✳✼✳✷✳
❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ♥♦✉s s♦♠♠❡s ❝❛♣❛❜❧❡s ❞❡ ❣é♥ér❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t ❧❡s ❝❛s ❡①trê♠❡s ❞❡s ❞é✲
❝♦✉♣❛❣❡s ✐♥t❡r♥❡s ❞❛♥s ♥♦s ♦♣ér❛t❡✉rs✳
❉❡♣✉✐s q✉❡❧q✉❡s t❡♠♣s✱ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s à ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ♠ét❤♦❞❡s ❞❡ ❣❡st✐♦♥ ❞❡s

❡rr❡✉rs ❞❡ ❝❛❧❝✉❧ ❞❛♥s ❧❡s ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❛ss✐sté❡ ♣❛r ♦r❞✐♥❛t❡✉r ✭❈❆❖✮ ♣♦✉r ❧❡s ❝✐r❝✉✐ts
✐♥té❣rés ♥✉♠ér✐q✉❡s✳ ❊♥ s❡❝t✐♦♥ ✷✳✶✹✱ ♥♦✉s ❞é❝r✐✈♦♥s ❞❡✉① tr❛✈❛✉① ❡♥ ❝♦✉rs s✉r ❝❡ t❤è♠❡✳ ◆♦✉s
tr❛✈❛✐❧❧♦♥s s✉r ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❧❛ ❣❡st✐♦♥ ❡t ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❞❛♥s ❧❡ ❧❛♥❣❛❣❡
❙②st❡♠❈✳ ◆♦✉s ❢❛✐s♦♥s ❧❡ ❧✐❡♥ ❡♥tr❡ ❞❡s ❞❡s❝r✐♣t✐♦♥s ❛r✐t❤♠ét✐q✉❡s ❡♥ ❙②st❡♠❈ ❡t ❧❡s ❜♦r♥❡s
❞✬❡rr❡✉rs ❝❛❧❝✉❧é❡s ♣❛r ❧❡ ❧♦❣✐❝✐❡❧ ❣❛♣♣❛✳ ❈❡❝✐ ♣❡r♠❡t ❞❡ ✈❛❧✐❞❡r ❧❛ ♣ré❝✐s✐♦♥ ❞✬♦♣ér❛t❡✉rs ♦✉
❜✐❡♥ ❞❡ ❝❛❧❝✉❧❡r ❞❡s t❛✐❧❧❡s ❞✬♦♣ér❛t❡✉rs s♦✉s ❝♦♥tr❛✐♥t❡ ❞❡ ♣ré❝✐s✐♦♥✳ ❉✬✉♥ ❛✉tr❡ ❝ôté✱ ❛✈❡❝ ❧❡
❧❛❜♦r❛t♦✐r❡ ❱▲❙■ ❈❆❉ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✉ ▼❛ss❛❝❤✉s❡tts à ❆♠❤❡rst ❛✉① ❯❙❆✱ ♥♦✉s ❡ss❛②♦♥s
❞✬✐♥té❣r❡r ❧❛ ❣❡st✐♦♥ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐s ✭❝❛❧❝✉❧é❡s ♣❛r ❣❛♣♣❛✮ ❞❛♥s ❧❡✉r ♦✉t✐❧ ❞❡ s②♥t❤ès❡ ❞❡
❤❛✉t ♥✐✈❡❛✉ ❛✜♥ ❞❡ ♣♦✉✈♦✐r s②♥t❤ét✐s❡r ❞❡s ❝✐r❝✉✐ts ❛✈❡❝ ❞❡s ♣ré❝✐s✐♦♥s ✈❛❧✐❞é❡s à ❧❛ ❝♦♥❝❡♣t✐♦♥✳
◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r tr❛✈❛✐❧❧❡r✱ ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✱ s✉r ❧❛ ✈❛❧✐❞❛t✐♦♥ ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠é✲

t✐q✉❡ ❞❛♥s ❧❡s ❧❛♥❣❛❣❡s ❞❡ ❤❛✉t ♥✐✈❡❛✉✳ ▲❡s ♣r♦❣rès ❡✛❡❝t✉és ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s s✉r ❧❡s ♦✉t✐❧s
❞✬❛✐❞❡ à ❧❛ ♣r❡✉✈❡ ❢♦r♠❡❧❧❡ ♥♦✉s ✐♥✈✐t❡♥t à ❡ss❛②❡r ❞❡ ✈♦✐r ❝♦♠♠❡♥t ✉t✐❧✐s❡r ❛✉ ♠✐❡✉① ❝❡s ♦✉t✐❧s
♣♦✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s✳ ❉❛♥s ❧❡ ♠♦♥❞❡ ❞❡s ❝✐r❝✉✐ts
✐♥té❣rés✱ ❧❛ ❝♦♥❝❡♣t✐♦♥ ♣♦✉r ❧❡ t❡st ✭♦✉ ❉❢❚ ♣♦✉r ❞❡s✐❣♥ ❢♦r t❡st❛❜✐❧✐t② ❡♥ ❛♥❣❧❛✐s✮ ❡st ❞❡♣✉✐s
❧♦♥❣t❡♠♣s ✉♥❡ ré❛❧✐té✳ ❉❛♥s ❧❡ ♠♦♥❞❡ ❞✉ ❧♦❣✐❝✐❡❧✱ ✉♥ ❣r❛♥❞ ❝❤❡♠✐♥ r❡st❡ ❡♥❝♦r❡ à ♣❛r❝♦✉r✐r✳

✶✳✹✳ ❖✉t✐❧s ❡t s✉♣♣♦rt ♣♦✉r ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs

❊♥✜♥✱ ❧❛ ❞❡r♥✐èr❡ ❢❛❝❡tt❡ ❞❡ ♥♦s tr❛✈❛✉① ❝♦♥❝❡r♥❡ ❧❡ ♣r♦❜❧è♠❡ ❞✉ s✉♣♣♦rt ✉t✐❧✐s❛t❡✉r ❧♦rs ❞❡
❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❞✐s♣♦s✐t✐❢s ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❞❡s ❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s✳ ▲❡ ♠❛♥q✉❡ ❞❡ s✉♣✲
♣♦rt ❡t ❞✬♦✉t✐❧s ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡ ♥❡ s❡ ❢❛✐t ♣❛s ✉♥✐q✉❡♠❡♥t r❡ss❡♥t✐r ❧♦rs ❞❡ ❧❛ ♣❤❛s❡ ❞❡
✈❛❧✐❞❛t✐♦♥✳ ■❧ ❛♣♣❛r❛ît ❞ès ❧❡s ♣r❡♠✐èr❡s ét❛♣❡s ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬❛❧❣♦r✐t❤♠❡s à ✉♥ ♥✐✈❡❛✉ ✜♥✳
❊♥ ❡✛❡t✱ ❧❡s ♦✉t✐❧s ❛❝t✉❡❧s ✭❧❛♥❣❛❣❡s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❡t ❞❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ♠❛tér✐❡❧ ❡♥ ♣❛r✲
t✐❝✉❧✐❡r✮ ♥❡ s✉♣♣♦rt❡♥t ❞✐r❡❝t❡♠❡♥t q✉❡ ❞❡s t②♣❡s ❛r✐t❤♠ét✐q✉❡s très s✐♠♣❧❡s ❡t ✉♥ t♦✉t ♣❡t✐t
♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❧♦❣✐❝✐❡❧✱ ❞❡ ♥♦♠❜r❡✉s❡s ❜✐❜❧✐♦t❤èq✉❡s ❛r✐t❤♠ét✐q✉❡s s♦♥t
❞✐s♣♦♥✐❜❧❡s✱ ♠❛✐s ❝❡ ♥✬❡st ♣❛s ❞✉ t♦✉t ❧❡ ❝❛s ♣♦✉r ❧❡ ♠❛tér✐❡❧✳
▲❡s s❡✉❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s s✉♣♣♦rté❡s ❞❛♥s ❧❡s ♦✉t✐❧s ❞❡ s②♥t❤ès❡ s♦♥t ❧❛ ♥✉♠ér❛✲

t✐♦♥ s✐♠♣❧❡ ❞❡ ♣♦s✐t✐♦♥ ❡t ❧❡ ❝♦♠♣❧é♠❡♥t à ❞❡✉① ♣♦✉r ❧❡s ❡♥t✐❡rs ❡t ❧❛ ✈✐r❣✉❧❡ ✜①❡✳ ▲❡s ❡♥t✐❡rs s♦♥t
❛ss❡③ ❜✐❡♥ ♣r✐s ❡♥ ❝♦♠♣t❡✱ ♠❛✐s ❝✬❡st ❞é❥à ♠♦✐♥s é✈✐❞❡♥t ♣♦✉r ❧❛ ✈✐r❣✉❧❡ ✜①❡ ❞✉ ❢❛✐t ❞✉ ♠❛♥q✉❡
t♦t❛❧ ❞✬❛✐❞❡ à ❧❛ ❣❡st✐♦♥ ❞❡ ❧❛ ♣ré❝✐s✐♦♥✳ ▲❡s ❧❛♥❣❛❣❡s ❞❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ♠❛tér✐❡❧ ❝♦♠♠❡ ❱❍❉▲
❡t ❱❡r✐❧♦❣ ♣❡r♠❡tt❡♥t ♠ê♠❡ ❞❡ ❞é❝❧❛r❡r ❞❡s ♥♦♠❜r❡s ✢♦tt❛♥ts ❡t ❞❡ ❢❛✐r❡ ❞❡s ♦♣ér❛t✐♦♥s ♣❧✉s ♦✉
♠♦✐♥s ❝♦♠♣❧❡①❡s s✉r ❝❡s ✢♦tt❛♥ts✳ ▼ê♠❡ s✐ ❝❡❧❛ ❢♦♥❝t✐♦♥♥❡ ❜✐❡♥ ❡♥ s✐♠✉❧❛t✐♦♥ ✭❡♥ ✉t✐❧✐s❛♥t ❧❡s
r❡ss♦✉r❝❡s ✢♦tt❛♥t❡s ❞✉ ♣r♦❝❡ss❡✉r q✉✐ ❡①é❝✉t❡ ❧❡ s✐♠✉❧❛t❡✉r ❛ss❡③ s♦✉✈❡♥t✮✱ ❛✉❝✉♥❡ ❞❡s❝r✐♣t✐♦♥
✉t✐❧✐s❛♥t ❞❡s ✢♦tt❛♥ts ♥✬❡st ❞✐r❡❝t❡♠❡♥t s②♥t❤ét✐s❛❜❧❡ ♣♦✉r ❧❡ ♠♦♠❡♥t✳ ■❧ ❢❛✉t ❛❧♦rs ✉t✐❧✐s❡r ❞❡s
❜❧♦❝s ■P ✭♣♦✉r ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt②✮ ♣♦✉r ❧❡s ♦♣ér❛t❡✉rs ♦✉ ❞❡s ❜✐❜❧✐♦t❤èq✉❡s s♣é❝✐✜q✉❡s✳
❆✉ ♥✐✈❡❛✉ ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ❝❛❧❝✉❧s ❞❡ ❜❛s❡✱ ❧❡ ❝♦♥st❛t ❡st ❛ss❡③ s✐♠✐❧❛✐r❡✳

❊♥ rè❣❧❡ ❣é♥ér❛❧❡✱ s❡✉❧s q✉❡❧q✉❡s ❛❧❣♦r✐t❤♠❡s s✐♠♣❧❡s✱ ✈♦✐r❡ r✉❞✐♠❡♥t❛✐r❡s✱ s♦♥t ✉t✐❧✐sés ❞❛♥s ❧❡s
s②♥t❤ét✐s❡✉rs✳ ❯♥❡ s✐♠♣❧❡ ❛❞❞✐t✐♦♥✱ ♦✉ s♦✉str❛❝t✐♦♥✱ ❡st ❜✐❡♥ ❣éré❡✳ P❛r ❝♦♥tr❡✱ ✉♥❡ séq✉❡♥❝❡
❞✬❛❞❞✐t✐♦♥s ♦✉ ❞❡ s♦✉str❛❝t✐♦♥s ❞❡ ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ❞❡ t❛✐❧❧❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✉✐t s♦✉✈❡♥t à ✉♥
♦♣ér❛t❡✉r ❧❡♥t ❡t ❣♦✉r♠❛♥❞ ❡♥ s✉r❢❛❝❡✳ P♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❧❡ ❝❛s ❞❡s ♦♣ér❛♥❞❡s ❞❡ ♠ê♠❡
t②♣❡ ❡t ❞❡ ♠ê♠❡ t❛✐❧❧❡ ♠✉❧t✐♣❧❡ ❞✬✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ✷ ❡st ❝♦rr❡❝t❡ ✭❝❛r s♦✉✈❡♥t ❞✐s♣♦♥✐❜❧❡ s♦✉s
❢♦r♠❡ ❞❡ ❞❡s❝r✐♣t✐♦♥s t♦✉t❡s ♣rêt❡s ♣♦✉r ❝❡s ♣❛r❛♠ètr❡s ♣ré❝✐s✮✳ P♦✉r ❞❡s ♦♣ér❛♥❞❡s ❞❡ t❛✐❧❧❡s
❞✐✛ér❡♥t❡s ❡t ❡♥ ♠é❧❛♥❣❡❛♥t ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♦♣ér❛♥❞❡s✱ ❧❡ rés✉❧t❛t ❡st ❛ss❡③ s♦✉✈❡♥t ❜✐❡♥

✶✻



✐♥❢ér✐❡✉r à ❝❡ q✉❡ ❧✬♦♥ s❛✐t ❢❛✐r❡ à ❧❛ ♠❛✐♥ ♠ê♠❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s t❡❝❤♥✐q✉❡s s✐♠♣❧❡s✳ ▲❛ s♦❧✉t✐♦♥
r❡t❡♥✉❡ ❡st ❜❛sé❡ s✉r ❞❡s ❝♦♥✈❡rs✐♦♥s ❡t ❞❡s ❡①t❡♥s✐♦♥s ❞❡ t❛✐❧❧❡s ❛✈❛♥t ❞✬✉t✐❧✐s❡r ❧❡s ❞❡s❝r✐♣t✐♦♥s
t♦✉t❡s ♣rêt❡s ❞é❝r✐t❡s ♣❧✉s ❤❛✉t✳ ▲✬✐❞é❡ ❡st ❞❡ ❧❛✐ss❡r ❢❛✐r❡ ❧❡s ♦✉t✐❧s ❞❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❧♦❣✐q✉❡ ♣♦✉r
é❧✐♠✐♥❡r ❧❡s ♣♦rt❡s ✐♥✉t✐❧❡s✳ ▼❛✐s ❡♥ ❢❛✐s❛♥t ❛✐♥s✐✱ ♦♥ s❡ ♣r✐✈❡ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ s✐♠♣❧✐✜❝❛t✐♦♥s
❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳ P♦✉r ❧❡s ❛✉tr❡s ♦♣ér❛t✐♦♥s✱ ❧❡s ♣♦ss✐❜✐❧✐tés s♦♥t s♦✉✈❡♥t q✉❛s✐♠❡♥t ♥✉❧❧❡s
♣♦✉r ❧❛ s②♥t❤ès❡✳
▲❛ ♣❧✉♣❛rt ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡ ♣r♦♣♦s❡♥t ❞❡s ♦✉t✐❧s ✿ ❣é♥ér❛t❡✉rs ❛✉t♦♠❛✲

t✐q✉❡s ♦✉ ❜✐❜❧✐♦t❤èq✉❡s✳ ❯♥❡ ❜✐❜❧✐♦t❤èq✉❡ s♣é❝✐✜q✉❡ ❢♦✉r♥✐t s♦✐t ❞✐r❡❝t❡♠❡♥t ❞❡s ♦♣ér❛t❡✉rs
♣❛rt✐❝✉❧✐❡rs s♦✐t ✉♥ ❡♥s❡♠❜❧❡ ❝♦♠♣❧❡t ✭♦♣ér❛t❡✉rs✱ t②♣❡s ❞❡ ❞♦♥♥é❡s✱ ♣r♦♣r✐étés✱ ❢♦♥❝t✐♦♥s ❞❡
t❡st✱ ❡t❝✳✮ ♣❡r♠❡tt❛♥t ❧❡ s✉♣♣♦rt ❞✬❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s✳ ▲❡s ❣é♥ér❛t❡✉rs s♦♥t ❞❡s ♣r♦❣r❛♠♠❡s
❛✉t♦♥♦♠❡s q✉✐ ♣❡r♠❡tt❡♥t ❞❡ ♣r♦❞✉✐r❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s ❞❡s❝r✐♣t✐♦♥s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♦♣t✐✲
♠✐sé❡s ❝♦♠♠❡ ❞✉ ❝♦❞❡ ❱❍❉▲ ♦✉ ❈ ❞❡ ❜❛s ♥✐✈❡❛✉ ✭♣r♦❝❤❡ ❞❡ ❧✬❛ss❡♠❜❧❡✉r✮✳ ▲❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s✱
❝❡s ❞❡s❝r✐♣t✐♦♥s ✐ss✉❡s ❞❡ ❣é♥ér❛t❡✉rs ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ♦❜t❡♥✉❡s ♠❛♥✉❡❧❧❡♠❡♥t ét❛♥t ❞♦♥♥é❡
❧❛ ❞✐✣❝✉❧té ❞❡s ♣r♦❜❧è♠❡s ♠✐s ❡♥ ÷✉✈r❡ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s ♣❛r❛♠ètr❡s ❛❧❣♦r✐t❤♠✐q✉❡s é✈♦q✉és
♣❧✉s ❤❛✉t✳ ❚♦✉t ❝♦♠♠❡ ❧❡s ❣é♥ér❛t❡✉rs ❛✉t♦♠❛t✐q✉❡s✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❜✐❜❧✐♦t❤èq✉❡s ♣♦✉r
❛♠é❧✐♦r❡r ❧❡ s✉♣♣♦rt ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❝♦♥st✐t✉❡ ✉♥❡ ❞❡ ♥♦s ❛❝t✐✈✐tés ✐♠♣♦rt❛♥t❡s
❞❡♣✉✐s ❞❡ ♥♦♠❜r❡✉s❡s ❛♥♥é❡s✳ ❈❡t ❡✛♦rt✱ ❧♦♥❣ ❡t ♣❛s t♦✉❥♦✉rs s✐♠♣❧❡ à ✈❛❧♦r✐s❡r✱ ❡st ♥é❝❡ss❛✐r❡
♣♦✉r q✉❡ ❧❡s ♣r♦❣rès ré❛❧✐sés ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ♣✉✐ss❡♥t s❡ ♣r♦♣❛❣❡r ré❡❧❧❡♠❡♥t ❡♥
♣r❛t✐q✉❡✳
◆♦✉s ❡ss❛②♦♥s ❞❡ ❧✐♠✐t❡r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❜✐❜❧✐♦t❤èq✉❡s ❞✬♦♣ér❛t❡✉rs ♣♦✉r ❧❡ ♠❛tér✐❡❧✳

◆♦✉s ♣ré❢ér♦♥s ❞é✈❡❧♦♣♣❡r ❞❡s ❣é♥ér❛t❡✉rs✳ ■❧ ② ❛ ♣❧✉s✐❡✉rs r❛✐s♦♥s ❞❛♥s ❝❡ ❝❤♦✐①✳ ▲❛ ♣r✐♥❝✐♣❛❧❡
r❛✐s♦♥ ❡st ♣r♦❜❛❜❧❡♠❡♥t ❧❛ ♣❛✉✈r❡té ❞❡s ❧❛♥❣❛❣❡s ❞❡ ❞❡s❝r✐♣t✐♦♥ ❞❡ ♠❛tér✐❡❧ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡
❧❡✉rs s♦✉s✲❡♥s❡♠❜❧❡s ❡✛❡❝t✐✈❡♠❡♥t s②♥t❤ét✐s❛❜❧❡s✳ ❉é❝r✐r❡ ✉♥ ❛r❜r❡ t♦t❛❧❡♠❡♥t ❣é♥ér✐q✉❡ ✭♣r♦✲
❢♦♥❞❡✉r✱ t②♣❡ ❞❡s ♥÷✉❞s✱ ❡t❝✳✮ ❡♥ ❱❍❉▲ r❡st❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❞✐✣❝✐❧❡ ❛✉ ♥✐✈❡❛✉ s②♥t❛①✐q✉❡ ❡t
❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❞♦♥♥é❡s ❞❛♥s ❧❡ ❧❛♥❣❛❣❡✳ ❈♦♠♠❡♥t ❞é❝r✐r❡ ❞❡ ❢❛ç♦♥ ❡✣❝❛❝❡ ❡♥ ❱❍❉▲ ✉♥❡
❛r✐t❤♠ét✐q✉❡ s✉r ❧❡s ❝♦r♣s ✜♥✐s ❛✈❡❝ ❞❡ ♠✉❧t✐♣❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ♣♦ss✐❜❧❡s s✉✐✈❛♥t ❧❛
❝❛r❛❝tér✐st✐q✉❡ ❞✉ ❝♦r♣s ❄ ❯t✐❧✐s❡r ❞❡s ❧❛♥❣❛❣❡s ❞❡ ❝❡ t②♣❡ ♣♦✉r ♠❛♥✐♣✉❧❡r ❞❡s t②♣❡s ❞❡ ❞♦♥♥é❡s
❛ss❡③ ❝♦♠♣❧❡①❡s ❡t ❣❛r❛♥t✐r ❞❡s ♣r♦♣r✐étés ❞❡ t②♣❛❣❡ ♥✬❡st ♣❛s ✈r❛✐♠❡♥t ❧❛ ✈♦❝❛t✐♦♥ ♣r❡♠✐èr❡ ❞❡
❝❡s ❧❛♥❣❛❣❡s✳ ❊♥ ❢❛✐t✱ ✐❧ ♥✬② ❛ ♣❛s ✈r❛✐♠❡♥t ❞❡ ❧❛♥❣❛❣❡ r❡❝♦♥♥✉ ❡t ❞✐✛✉sé q✉✐ s♦✐t ♦r✐❡♥té s②♥t❤ès❡
❛✉ ♥✐✈❡❛✉ ❛❧❣♦r✐t❤♠✐q✉❡ ❛✉❥♦✉r❞✬❤✉✐✳
❆✜♥ ❞❡ ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❞❡s ♦✉t✐❧s ✐♥❢♦r♠❛t✐q✉❡s ♣✉✐ss❛♥ts ❝♦♠♠❡ ❧❡ t②♣❛❣❡ ❢♦rt✱ ❧❡ ♣♦❧②♠♦r✲

♣❤✐s♠❡ ♦✉ ❧✬❛❜str❛❝t✐♦♥✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s ♦✉t✐❧s ✐♥❢♦r♠❛t✐q✉❡s ♣♦✉r ❣é♥ér❡r✱ ♣❧✉s ♦✉ ♠♦✐♥s
❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s ❞❡s❝r✐♣t✐♦♥s ❞❡ ❜❛s ♥✐✈❡❛✉ ❞❡ ♥♦s ♦♣ér❛t❡✉rs✳ ❚♦✉t❡ ❧❛ ♣❛rt✐❡ ❛❧❣♦r✐t❤✲
♠✐q✉❡ ❡t ❛r✐t❤♠ét✐q✉❡ ❡st ❛❧♦rs ❞é❝r✐t❡ ❞❛♥s ❞❡s ♦✉t✐❧s ✐♥❢♦r♠❛t✐q✉❡s ❡t ❝✬❡st ❧✬❡①é❝✉t✐♦♥ ❞❡ ❝❡s
♦✉t✐❧s q✉✐ ✈❛ ♣r♦❞✉✐r❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♦♣t✐♠✐sé❡ ❞✬✉♥❡ s♦❧✉t✐♦♥✳ ◆♦✉s ♣rés❡♥t♦♥s ❞❛♥s ❧❛ s✉✐t❡
❞❡ ❝❡ ♠é♠♦✐r❡ ❞✐✛ér❡♥ts ❣é♥ér❛t❡✉rs ❞✬♦♣ér❛t❡✉rs✳ ❯♥ ♣r♦❜❧è♠❡ q✉✐ ❝♦♠♠❡♥❝❡ à s❡ ♣r♦❞✉✐r❡ ❡st
❝❡❧✉✐ ❞❡ ❧❛ ❝♦❤ér❡♥❝❡ ❡t ❞❡ ❧❛ s✐♠♣❧✐❝✐té ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ s②stè♠❡s ❝♦♠♣❧❡ts q✉❛♥❞ ✐❧ ❢❛✉t
❛ss♦❝✐❡r ❞✐✛ér❡♥ts ❣é♥ér❛t❡✉rs✳ ❈❡❝✐ ❝♦♥st✐t✉❡r❛ ❧✬✉♥ ❞❡ ♥♦s ❛①❡s ❞❡ r❡❝❤❡r❝❤❡ s❡❝♦♥❞❛✐r❡s ❞❛♥s
❧❡s t♦✉t❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✳
P♦✉r ❧❡ ❧♦❣✐❝✐❡❧✱ ♥♦✉s ❛✈♦♥s ♣❛rt✐❝✐♣é ❛❝t✐✈❡♠❡♥t ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❋▲■P✱

❝❢✳ s❡❝t✐♦♥ ✷✳✼✳✷✱ ♣❡r♠❡tt❛♥t ✉♥ s✉♣♣♦rt ✢♦tt❛♥t s✉r ❞❡s ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs✳ ◆♦✉s ♣❛rt✐❝✐♣♦♥s
❛✉ss✐ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ❧♦❣✐❝✐❡❧❧❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✱ ❝❢✳ s❡❝t✐♦♥ ✷✳✶✸✳

✶✼





❈❤❛♣✐tr❡ ✷

❘és✉♠é ❞❡s tr❛✈❛✉①

❙♦♠♠❛✐r❡

✷✳✶✳ ❆r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✷✳ ❆r❝❤✐t❡❝t✉r❡s r❡❝♦♥✜❣✉r❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
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✷✳✷✳✷✳ ❆r❝❤✐t❡❝t✉r❡ ❋P❖P ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✸✳ ▼ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✸✳✶✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ❞❡ ♣❡t✐ts ♠✉❧t✐♣❧✐❡✉rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✸✳✷✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ❛❞❞✐t✐♦♥s✱ ♠ét❤♦❞❡ ♠✉❧t✐♣❛rt✐t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸✳✸✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ♣♦❧②♥ô♠❡s très ♣❛rt✐❝✉❧✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✹✳ ❉✐✈✐s✐♦♥ ♣♦✉r ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✺✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s♣é❝✐✜q✉❡s ♣♦✉r ❋P●❆ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✻✳ ❱❛r✐❛♥t❡s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✻✳✶✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✻✳✷✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ tr♦♥q✉é❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✻✳✸✳ ❋♦♥❝t✐♦♥ ♣✉✐ss❛♥❝❡ ❡♥t✐èr❡ xn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✼✳ ❇✐❜❧✐♦t❤èq✉❡s ✢♦tt❛♥t❡s ♣♦✉r ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✼✳✶✳ ❇✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ♣♦✉r ♣r♦❝❡ss❡✉rs ❈♦♦❧❘✐s❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✼✳✷✳ ❇✐❜❧✐♦t❤èq✉❡ ❋▲■P ♣♦✉r ♣r♦❝❡ss❡✉r ❱▲■❲ ❙❚✷✵✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✽✳ ❉✐✈✐s✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✾✳ ❆♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✶✵✳ ❈❛❧❝✉❧ à ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✶✵✳✶✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✶✵✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❡t é✈❛❧✉❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ✹✺

✷✳✶✵✳✸✳ ❈♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s ♣r♦❝❡ss❡✉rs ❣r❛♣❤✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✶✶✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✶✶✳✶✳ ❆r✐t❤♠ét✐q✉❡ ❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✶✶✳✷✳ ❋♦♥❝t✐♦♥s ❞❡ ❤❛❝❤❛❣❡ ❝r②♣t♦❣r❛♣❤✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✶✶✳✸✳ ❙é❝✉r✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✶✷✳ ●é♥ér❛t❡✉r ❞❡ ❞✐✈✐s❡✉r ❞✐✈❣❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✶✸✳ ❇✐❜❧✐♦t❤èq✉❡ ❧♦❣✐❝✐❡❧❧❡ P❆❈❊ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✶✹✳ ▼❛îtr✐s❡ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❞❛♥s ❧❡s ♦✉t✐❧s ❞❡ ❈❆❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✶✺✳ ●é♥ér❛t❡✉rs ❛❧é❛t♦✐r❡s ❚❘◆● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✶✻✳ ❆r✐t❤♠ét✐q✉❡ ♣❛r ❡st✐♠❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

▲❡s tr❛✈❛✉① rés✉♠és ❞❛♥s ❝❡ ♠é♠♦✐r❡ s♦♥t r❡❣r♦✉♣és ♣❛r t❤è♠❡s ❞♦♥t ❧❛ ❧✐st❡ ❡st ❞♦♥♥é❡
❞❛♥s ❧❡ s♦♠♠❛✐r❡ ❝✐✲❞❡ss✉s✳ ▲✬♦r❞r❡ ❞❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❝❡s t❤è♠❡s ❡st ❛ss❡③ ♣r♦❝❤❡ ❞❡ ❧✬♦r❞r❡
❝❤r♦♥♦❧♦❣✐q✉❡ ❞❡ ❧❡✉r ré❛❧✐s❛t✐♦♥ ✭♦✉ ❞❡ ❧❡✉r ❞é❜✉t ♣♦✉r ❧❡s ét✉❞❡s ❧❡s ♣❧✉s ❧♦♥❣✉❡s✮✳ P♦✉r ❝❤❛✲
❝✉♥ ❞❡ ❝❡s t❤è♠❡s ❞❡ r❡❝❤❡r❝❤❡✱ ♥♦✉s t❡r♠✐♥♦♥s ❧❛ ❞❡s❝r✐♣t✐♦♥ ♣❛r ✉♥ ♣❡t✐t t❛❜❧❡❛✉ ré❝❛♣✐t✉❧❛t✐❢
❝♦♥t❡♥❛♥t ✿ ❧❡ ❝♦♥t❡①t❡ ✭❝♦❧❧❛❜♦r❛t✐♦♥s✱ ♣ér✐♦❞❡✮✱ ❧❡s ♣✉❜❧✐❝❛t✐♦♥s✱ ❧❡s ❡♥❝❛❞r❡♠❡♥ts ✭♥✐✈❡❛✉✱ ét✉✲
❞✐❛♥ts✱ ♣♦✉r❝❡♥t❛❣❡ ❞✬❡♥❝❛❞r❡♠❡♥t✱ ❡t ❞❡✈❡♥✐r ❞❡s ét✉❞✐❛♥ts q✉❛♥❞ ✐❧ ❡st ❝♦♥♥✉✮✱ ❧❡s ré❛❧✐s❛t✐♦♥s
♣❛rt✐❝✉❧✐èr❡s ✭❧♦❣✐❝✐❡❧s✱ ❜❧♦❝s ♠❛tér✐❡❧s✱ ♣r♦t♦t②♣❡s✮✱ ❛✐♥s✐ q✉❡ ❧❡s é✈❡♥t✉❡❧s ❝♦♥tr❛ts ✭❛❝❛❞é♠✐q✉❡s
♦✉ ✐♥❞✉str✐❡❧s✮ ❧✐és ❛✉ t❤è♠❡✳

✶✾



conv a/d op 1 op 2 op 3 op 4 op 5 conv d/a

digit-parallel solution

operation dependence graph

1

2

3

4

5a/d d/a

sample processing time

op 1

op 2

conv a/d

op 3

op 4

op 5

conv d/a

on-line solution

❋✐❣✉r❡ ✷✳✶✳✿ ❯t✐❧✐s❛t✐♦♥ t②♣✐q✉❡ ❞❡s ❛r✐t❤♠ét✐q✉❡s ♣❛r❛❧❧è❧❡ ❡t ❡♥ ❧✐❣♥❡ ❡♥ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡✳

✷✳✶✳ ❆r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡

▲✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✱ ❝❢✳ ❬✽✸✱ ❝❤❛♣✳ ✾❪✱ ❡st ✉♥❡ ❛r✐t❤♠ét✐q✉❡ ❞❛♥s ❧❛q✉❡❧❧❡ ❧❡s ♥♦♠❜r❡s ❝✐r✲
❝✉❧❡♥t ❡♥ sér✐❡✱ ❝❤✐✛r❡ ♣❛r ❝❤✐✛r❡✱ ❧❡s ♣♦✐❞s ❢♦rts ❡♥ têt❡✳ ❈❡tt❡ ❛r✐t❤♠ét✐q✉❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r
❞❡s ♦♣ér❛t❡✉rs ❞❡ ♣❧✉s ♣❡t✐t❡ t❛✐❧❧❡ q✉❡ ❧❡✉rs éq✉✐✈❛❧❡♥ts ♣❛r❛❧❧è❧❡s ❛✉ ♣r✐① ❞✬✉♥ t❡♠♣s ❞❡ ❝❛❧✲
❝✉❧ ❧✐♥é❛✐r❡ ❡♥ ❧❛ t❛✐❧❧❡ ❞❡s ♦♣ér❛♥❞❡s✳ ▲❡ ♠♦❞❡ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ ❡♥tr❡ ♦♣ér❛t❡✉rs✱ ❡♥ sér✐❡
❛✈❡❝ ❧❡s ♣♦✐❞s ❢♦rts ❡♥ têt❡ ♣❡r♠❡t ❞✬❛✣♥❡r ❧❡s rés✉❧t❛ts à ❝❤❛q✉❡ ♥♦✉✈❡❛✉ ❝②❝❧❡✳ ❖♥ ♣❡✉t ❞♦♥❝
❢❛❝✐❧❡♠❡♥t ❝♦♥❝❡✈♦✐r ❞❡s ❛❧❣♦r✐t❤♠❡s ♦ù ❞❡s ❞é❝✐s✐♦♥s ♣❡✉✈❡♥t êtr❡ ♣r✐s❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬♦r❞r❡
❞❡ ❣r❛♥❞❡✉r ❞❡ ❝❡rt❛✐♥❡s ✈❛❧❡✉rs✳ ❈❡tt❡ ♣r♦♣r✐été ❡st très ✐♥tér❡ss❛♥t❡ ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s q✉✐
✉t✐❧✐s❡♥t ♦✉ ♣r♦❞✉✐s❡♥t ❞❡s ❣r❛♥❞❡✉rs ♣❤②s✐q✉❡s ❝♦♠♠❡ ❞❡s s✐❣♥❛✉① ✐ss✉s ❞❡ ❝❛♣t❡✉rs ♦✉ ❞❡s
❝♦♥s✐❣♥❡s ❞✬❛❝t✐♦♥♥❡✉rs✳ ◆♦✉s ❛✈♦♥s ❡ss❡♥t✐❡❧❧❡♠❡♥t ✉t✐❧✐sé ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♣♦✉r ré❛❧✐s❡r
❞❡s ❝♦♥trô❧❡✉rs ♥✉♠ér✐q✉❡s ❡♥ ❛✉t♦♠❛t✐q✉❡✳ ▲✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♣❡r♠❡t ❛✉ss✐ ✉♥ ♣✐♣❡❧✐♥❡
❛✉ ♥✐✈❡❛✉ ❞✉ ❝❤✐✛r❡ très ❡✣❝❛❝❡ ❧♦rs ❞❡ ❝❛❧❝✉❧s s✉❝❝❡ss✐❢s ✭❝❢✳ ✜❣✉r❡ ✷✳✶ ❡t ✜❣✉r❡ ✶✳❝ ❞✉ ♣❛♣✐❡r
♣rés❡♥té ❡♥ s❡❝t✐♦♥ ❆✳✶✮✳ ❚♦✉t❡s ❧❡s ♦♣ér❛t✐♦♥s ✉s✉❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ❡✛❡❝t✉é❡s ❡♥ ❛r✐t❤♠ét✐q✉❡
❡♥ ❧✐❣♥❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥ s②stè♠❡ r❡❞♦♥❞❛♥t ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s✳ ❈❡❝✐ ♥✬❡st ♣❛s ❧❡ ❝❛s
❡♥ sér✐❡ ❛✈❡❝ ❧❡s ♣♦✐❞s ❢❛✐❜❧❡s ❡♥ têt❡ ♦ù ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❡t ❧❛ ❞✐✈✐s✐♦♥ ♥❡ ♣❡✉✈❡♥t êtr❡ ❡✛❡❝t✉é❡s
s❛♥s ❞❡✈♦✐r ❛tt❡♥❞r❡ ❞❡ ❝♦♥♥❛îtr❡ ❝♦♠♣❧èt❡♠❡♥t ❧❡s ♦♣ér❛♥❞❡s✳ ■❧ ❡st ❝❧❛✐r q✉❡ ♣♦✉r ❧✬♦♣ér❛t✐♦♥
❞❡ ❝♦♠♣❛r❛✐s♦♥✱ ❝♦♠♠❡♥❝❡r ♣❛r ❧❡s ♣♦✐❞s ❢♦rts ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r ❧❡ rés✉❧t❛t ❛✉ ♣❧✉s ✈✐t❡✳
❉✉r❛♥t ❧❡ sé❥♦✉r ♣♦st❞♦❝t♦r❛❧ ❛✉ ❈❙❊▼✱ ♥♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❞❡✉① ❛s♣❡❝ts ❛ss❡③ ❞✐✛ér❡♥ts

❧✐és à ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ✿
✕ ét✉❞❡ ❡t ❝♦♥❝❡♣t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧ ❡t ❞❡ s②stè♠❡s ❝♦♠♣❧❡ts ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡
♣♦✉r ❧❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡ ❀

✕ ét✉❞❡ ❡t ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥❡ ❛r❝❤✐t❡❝t✉r❡ r❡❝♦♥✜❣✉r❛❜❧❡✱ ❞❡ t②♣❡ ❋P●❆ ❞é❞✐é✱ ✉t✐❧✐s❛♥t ❧✬❛r✐t❤✲
♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✱ ❡❧❧❡ s❡r❛ ❞é❝r✐t❡ ❡♥ s❡❝t✐♦♥ ✷✳✷✳✷✳

▲✬ét✉❞❡ ❡t ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♣♦✉r ❧❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡
❛ ❞é❜✉té ♣❛r ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼❛rt✐♥ ❉✐♠♠❧❡r ❛❧♦rs ❡♥ t❤ès❡ à ❧✬■♥st✐t✉t ❞✬❛✉t♦♠❛t✐q✉❡
❞❡ ❧✬➱❝♦❧❡ ♣♦❧②t❡❝❤♥✐q✉❡ ❢é❞ér❛❧❡ ❞❡ ▲❛✉s❛♥♥❡ ✭❊P❋▲✮ ❡♥ ❙✉✐ss❡✳ ❏✬ét❛✐s ❧✬✉♥ ❞❡s ❝♦✲❡♥❝❛❞r❛♥ts
❞✉ ❈❙❊▼ q✉✐ ✜♥❛♥ç❛✐t ❝❡tt❡ t❤ès❡✳ ◆♦✉s ❛✈♦♥s ❛♠é❧✐♦ré ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❞✬♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧
❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❝♦♠♠❡♥❝é❡ ❞✉r❛♥t ♠❛ t❤ès❡ ❬✹✾❪ ❡t ♥♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ✉♥ s②stè♠❡
❞❡ ré❣✉❧❛t✐♦♥ ♣♦✉r ❧❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞✬✉♥ ♠✐r♦✐r ❞❛♥s ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❞❡
❝♦♠♠✉♥✐❝❛t✐♦♥ ❛ér♦s♣❛t✐❛❧❡✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐és ❞❛♥s ❬✷✺❪ ❡t ❬✻✸❪✳ ▲❡s
♦♣ér❛t❡✉rs ❞❡ ❜❛s❡ ✭❛❞❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❝♦♥st❛♥t❡✱

✷✵



❝❛rré❡ ❡t ❞✐✈✐s✐♦♥✮ ♦♥t été ♦♣t✐♠✐sés ❡t ✐♠♣❧❛♥tés s✉r ❞❡s ❝✐r❝✉✐ts ❋P●❆ ❆❝t❡❧ ✭t❡❝❤♥♦❧♦❣✐❡ ❛♥t✐✲
❢✉s✐❜❧❡ ♣♦✉r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❛ér♦s♣❛t✐❛❧❡s✮✳ ❊♥ ❞❡❤♦rs ❞❡ ❧❛ ♣❛rt✐❡ ♣✉r❡♠❡♥t ❛r✐t❤♠ét✐q✉❡✱ ♥♦✉s
❛✈♦♥s ét✉❞✐é ❧❡s ♣r♦❜❧è♠❡s ❞✉ ❝♦♥trô❧❡ ❞❡s ❞é❜✉ts ❡t ✜♥ ❞❡ ❝❛❧❝✉❧ ❞❛♥s ❧❡s rés❡❛✉① ❞✬♦♣ér❛t❡✉rs
❡♥ ❧✐❣♥❡✳ ❉✐✛ér❡♥t❡s s♦❧✉t✐♦♥s ❜❛sé❡s s✉r ❞❡s ❝♦♥trô❧❡s ❝❡♥tr❛❧✐sés ♦✉ ❞✐str✐❜✉és ♦♥t été ét✉❞✐é❡s
❡t ✐♠♣❧❛♥té❡s✳ ◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥ s②stè♠❡ ❞❡ ❝♦♥trô❧❡ t♦t❛❧❡♠❡♥t ❞✐str✐❜✉é ❜❛sé s✉r ✉♥❡
❧✐❣♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ❞♦♥♥é❡s✳ ❈❡ ♠é❝❛♥✐s♠❡✱ ❞é❝r✐t ❞❛♥s ❬✷✺❪ ❡t ❬✻✸❪✱ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡ très
❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s ❡♥ ✈✐t❡ss❡ ✭♣❛s ❞❡ ❧❛t❡♥❝❡ ❛❞❞✐t✐♦♥♥❡❧❧❡ ❡t t❡♠♣s ❞❡ ❝②❝❧❡ ♠✐♥✐♠❛❧✮ ♣♦✉r ✉♥
s✉r❝♦ût ❡♥ s✉r❢❛❝❡ très ❢❛✐❜❧❡✳ ▲❡s ❞ét❛✐❧s ❞❡ ❝❡ tr❛✈❛✐❧ s♦♥t ❞é❝r✐ts ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✷✺❪ ♣✉❜❧✐é ❞❛♥s
❧❡ ❥♦✉r♥❛❧ ■❊❊❊✴❆❙▼❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ▼❡❝❤❛tr♦♥✐❝s ❡♥ ❥✉✐♥ ✶✾✾✾ ❡t r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✶
✭♣❛❣❡ ✾✾✮✳ ◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❡t ❝♦ûts ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❡♥
❜❛s❡ ✷ ❡t ❡♥ ❜❛s❡ ✹✳ ▲❛ ✈❡rs✐♦♥ ❡♥ ❜❛s❡ ✹ ét❛✐t ❧é❣èr❡♠❡♥t ♠♦✐♥s ♣❡r❢♦r♠❛♥t❡ q✉❡ ❧❛ ✈❡rs✐♦♥ ❡♥
❜❛s❡ ✷✳ ❈❡❝✐ ét❛✐t ❧✐é à ❧❛ ♣❡t✐t❡ t❛✐❧❧❡ ❞❡s t❛❜❧❡s ✭❧♦♦❦✉♣ t❛❜❧❡ ▲❯❚✮ ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❡s ❋P●❆
❞❡ ❧✬é♣♦q✉❡✳ ■❧ s❡r❛✐t ✐♥tér❡ss❛♥t ❞❡ r❡❢❛✐r❡ ❝❡tt❡ ét✉❞❡ s✉r ❞❡s ❋P●❆ ré❝❡♥ts ✭❛✈❡❝ ❞❡s ▲❯❚ à ✺
♦✉ ✻ ❡♥tré❡s ❝♦♥tr❡ ✹ à ❧✬é♣♦q✉❡✮✳
❆✈❡❝ ❇❡r♥❛r❞ ●✐r❛✉ ✭▲❖❘■❆✮✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡ rés❡❛✉① ❞❡ ♥❡✉r♦♥❡s✱ ❞❡s

♣❡r❝❡♣tr♦♥s ♠✉❧t✐✲❝♦✉❝❤❡s✱ s✉r ❋P●❆ ❡♥ ✉t✐❧✐s❛♥t ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡
tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧❡ ❥♦✉r♥❛❧ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❙②st❡♠s ❘❡s❡❛r❝❤ ❛♥❞ ■♥❢♦r♠❛t✐♦♥
❙❝✐❡♥❝❡ ❡♥ ✶✾✾✾ ❬✸✷❪✳
❊♥tr❡ ✷✵✵✺ ❡t ✷✵✵✼✱ ♥♦✉s ❛✈♦♥s ❝♦❧❧❛❜♦ré ❛✈❡❝ ❘❛❝❤✐❞ ❇❡❣✉❡♥❛♥❡ ❡t ❙té♣❤❛♥❡ ❙✐♠❛r❞ ❞✉ ❧❛❜♦✲

r❛t♦✐r❡ ❊r♠ét✐s ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✉ ◗✉é❜❡❝ à ❈❤✐❝♦✉t✐♠✐ ✭❯◗❆❈✮ ❛✉ ❈❛♥❛❞❛✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥
♣♦rt❛✐t s✉r ❧✬ét✉❞❡ ❡t ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞❛♥s ✉♥ s②stè♠❡ s✉r ♣✉❝❡ ✭❙♦❈ ♣♦✉r s②st❡♠ ♦♥ ❝❤✐♣✮ ❞❡
❝♦♥trô❧❡ r❛♣✐❞❡ ♠❛✐s s❛♥s ❝❛♣t❡✉r ♣♦✉r ❞❡s ♠♦t❡✉rs é❧❡❝tr✐q✉❡s à ✐♥❞✉❝t✐♦♥✳ ❈❡s s②stè♠❡s s❛♥s
❝❛♣t❡✉rs ♥é❝❡ss✐t❡♥t ❞✬❡st✐♠❡r ❡♥ ♣❡r♠❛♥❡♥❝❡ ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ✭t❡♥s✐♦♥s✱ ❝♦✉r❛♥ts✱ ✢✉①✱
✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡✱ ❡t❝✳✮ ❛✜♥ ❞✬❛❧✐♠❡♥t❡r ✉♥ s②stè♠❡ ❞❡ ré❣✉❧❛t✐♦♥ ❛ss❡③ ❝♦♠♣❧❡①❡ ❞♦♥t ❧❡ t❡♠♣s
❞❡ ré♣♦♥s❡ ❣❧♦❜❛❧ ❞♦✐t êtr❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ❧❛ ♠✐❝r♦s❡❝♦♥❞❡✳ ❙❡✉❧s ❞❡s s②stè♠❡s ❜❛sés s✉r ♣❧✉s✐❡✉rs
♣r♦❝❡ss❡✉rs✱ ❡t ❞♦♥❝ ❝♦ût❡✉①✱ ét❛✐❡♥t ❝❛♣❛❜❧❡s ❞✬❛tt❡✐♥❞r❡ ❝❡tt❡ ✈✐t❡ss❡ ❞❡ ré❣✉❧❛t✐♦♥✳ ▲❡ ♣✐♣❡❧✐♥❡
❛✉ ♥✐✈❡❛✉ ❞✉ ❝❤✐✛r❡✱ ♣❡r♠✐s ❞❛♥s ❞❡s séq✉❡♥❝❡s ❞❡ ❝❛❧❝✉❧s ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✱ ❛ été ❧✬✉♥
❞❡s é❧é♠❡♥ts ❝❧és ♣♦✉r ❧✬❡✣❝❛❝✐té ❡♥ ✈✐t❡ss❡ ❞❡ ❝❡ tr❛✈❛✐❧✳ ▲❛ ♣❡t✐t❡ t❛✐❧❧❡ ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧
❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❛ ♣❡r♠✐s ❞✬✐♠♣❧❛♥t❡r t♦✉s ❧❡s ❝❛❧❝✉❧s s✉r ✉♥❡ s✉r❢❛❝❡ r❛✐s♦♥♥❛❜❧❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❧✬♦♣t✐♠✐s❛t✐♦♥ ❡t ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❡♥ ❧✐❣♥❡ ♣♦✉r
❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s à ❧✬❛✐❞❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✳ ❉❡✉① ❛rt✐❝❧❡s ❝♦♠♠✉♥s ♦♥t
été ♣✉❜❧✐és ❞❛♥s ❞❡s ❝♦♥❢ér❡♥❝❡s ✐♥t❡r♥❛t✐♦♥❛❧❡s ✿ ◆❊❲❈❆❙ ❬✷❪ ❡t ❈❈❊❈❊ ❬✶❪ ❡♥ ✷✵✵✻✳ ◆♦✉s
❛✈♦♥s ❝♦♠♠❡♥❝é ❧❡ ❝♦✲❡♥❝❛❞r❡♠❡♥t ❞❡ ❧❛ t❤ès❡ ❞❡ ❙té♣❤❛♥❡ ❙✐♠❛r❞ s✉r ❝❡ t❤è♠❡✳ ❇✐❡♥ ♠❛❧✲
❤❡✉r❡✉s❡♠❡♥t✱ ✐❧ ❛ s♦✉❤❛✐té ❛rrêt❡r s❛ t❤ès❡ ❛♣rès ✉♥❡ ❛♥♥é❡✱ q✉✐ ♣♦✉rt❛♥t ét❛✐t ♣r♦♠❡tt❡✉s❡✱
♣♦✉r tr❛✈❛✐❧❧❡r ❞❛♥s ❧❡ s❡❝t❡✉r ♣r✐✈é✳ ◆♦✉s ♥✬❛✈♦♥s ♣❧✉s ❞❡ ♥♦✉✈❡❧❧❡s ❞❡♣✉✐s✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✲
✈♦✐r r❡tr❛✈❛✐❧❧❡r ❛✈❡❝ ❧✬❯◗❆❈ ❞❛♥s ❧✬❛✈❡♥✐r✳ ▲✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♠♦♥tr❡ ✉♥ ✈ér✐t❛❜❧❡ ♣♦t❡♥t✐❡❧
♣♦✉r ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✬❛✉t♦♠❛t✐q✉❡✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥ts ✿ ▼❛rt✐♥ ❉✐♠♠❧❡r✱ ❞♦❝t♦r❛t ✶✾✾✾ ❬✽✵❪ ✸✵✪✱ ♠❛✐♥t❡♥❛♥t ❝❤❡r❝❤❡✉r ❊❙❖
❙té♣❤❛♥❡ ❙✐♠❛r❞✱ ❞♦❝t♦r❛t✱ ✷✵✪✱ ❛rrêt ❛♣rès ✶ ❛♥

❏♦✉r♥❛❧ ✿ ■❊❊❊ ❚r❛♥s✳ ▼❡❝❤❛tr♦♥✐❝s ✶✾✾✾ ❬✷✺❪

❈♦♥❢ér❡♥❝❡s ✿ ❋P▲ ✶✾✾✼ ❬✻✸❪✱ ◆❊❲❈❆❙ ✷✵✵✻ ❬✷❪✱ ❈❈❊❈❊ ✷✵✵✻ ❬✶❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ❊P❋▲ ✶✾✾✼✕✶✾✾✾✱ ❯◗❆❈ ✷✵✵✺✕✷✵✵✼

✷✳✷✳ ❆r❝❤✐t❡❝t✉r❡s r❡❝♦♥✜❣✉r❛❜❧❡s

▲✬ét✉❞❡ ❡t ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬❛r❝❤✐t❡❝t✉r❡s r❡❝♦♥✜❣✉r❛❜❧❡s ❛ été ✉♥❡ ❛❝t✐✈✐té ✐♠♣♦rt❛♥t❡ ❧♦rs
❞✉ sé❥♦✉r ♣♦st❞♦❝t♦r❛❧ ❛✉ ❈❙❊▼✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ♥♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❞❡✉① ❛r❝❤✐t❡❝t✉r❡s
r❡❝♦♥✜❣✉r❛❜❧❡s ❞✐✛ér❡♥t❡s ✿

✷✶



✕ ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ r❡❝♦♥✜❣✉r❛❜❧❡ ♠❛ss✐✈❡♠❡♥t ♣❛r❛❧❧è❧❡ ♠♦♥♦♣✉❝❡ à ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥
❞✬é♥❡r❣✐❡ ❡t t♦❧ér❛♥t❡ ❛✉① ❢❛✉t❡s ✿ ❋PP❆ ✭❝❢✳ s♦✉s✲s❡❝t✐♦♥ ✷✳✷✳✶✮ ❀

✕ ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ r❡❝♦♥✜❣✉r❛❜❧❡ ❡t ♣❛r❛❧❧è❧❡ ❞✬♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧ ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡
❡t ❞❡ ❝♦♥✈❡rt✐ss❡✉rs ❆❉❈ ✶✴❉❆❈ ✷ ♣♦✉r ❧✬❛✉t♦♠❛t✐q✉❡ ✿ ❋P❖P ✭❝❢✳ s♦✉s✲s❡❝t✐♦♥ ✷✳✷✳✷✮✳

✷✳✷✳✶✳ ❆r❝❤✐t❡❝t✉r❡ ❋PP❆

▲❡ ♣r♦❥❡t ❋PP❆✱ ♣♦✉r ✜❡❧❞ ♣r♦❣r❛♠♠❛❜❧❡ ♣r♦❝❡ss♦r ❛rr❛②✱ ♣♦rt❛✐t s✉r ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ♠❛s✲
s✐✈❡♠❡♥t ♣❛r❛❧❧è❧❡ ♠♦♥♦♣✉❝❡ ❝♦♠♣♦sé❡ ❞✬✉♥❡ ❣r✐❧❧❡ ❞✬✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♣❡t✐ts ♣r♦❝❡ss❡✉rs ❛✈❡❝
❧❡✉rs ♠é♠♦✐r❡s ❡t ❞✬✉♥ ❞✐s♣♦s✐t✐❢ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛s②♥❝❤r♦♥❡ ❡t r❡❝♦♥✜❣✉r❛❜❧❡✳ ▲❡ ❜✉t ❞❡
❝❡ ♣r♦❥❡t ét❛✐t ❧✬ét✉❞❡ ❡t ❧❛ ♠✐s❡ ❡♥ ÷✉✈r❡ ❞❡ ♠é❝❛♥✐s♠❡s ❞❡ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s ✐♥❤ér❡♥t❡s
❛✉① ❣r❛♥❞❡s s✉r❢❛❝❡s ❞❡ s✐❧✐❝✐✉♠ ♣❛r r❡❝♦♥✜❣✉r❛t✐♦♥✱ ❡t ❞❡ t❡❝❤♥✐q✉❡s ♣❡r♠❡tt❛♥t ❞❡ ❧✐♠✐t❡r ❧❛
❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❛ss♦❝✐❛♥t ❧❡ ♣❛r❛❧❧é❧✐s♠❡ ❡t ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❧❛ t❡♥s✐♦♥ ❞✬❛❧✐♠❡♥t❛t✐♦♥
VDD✳
▲❡ ❝✐r❝✉✐t ❋PP❆ ❡st ❝♦♠♣♦sé ❞✬✉♥❡ ♠❛tr✐❝❡ ❞❡ ✶✷×✶✸ ❜❧♦❝s ❞❡ tr❛✐t❡♠❡♥t✳ ❈❤❛q✉❡ ❜❧♦❝ ❝♦♥✲

t✐❡♥t ✉♥ ♣r♦❝❡ss❡✉r ❈♦♦❧❘✐s❝✱ ✉♥❡ ♠é♠♦✐r❡ ❘♦♠ ♣♦✉r ❧❡ ❝♦❞❡ ❞❡ ❞✐✛ér❡♥t❡s ❜✐❜❧✐♦t❤èq✉❡s
♣r♦♣r❡s à ❋PP❆✱ ✉♥❡ ♠é♠♦✐r❡ ❘❛♠ ♣♦✉r ❧❡ ❝♦❞❡ ✉t✐❧✐s❛t❡✉r ❡t ✉♥❡ ♠é♠♦✐r❡ ❘❛♠ ♣♦✉r ❧❡s ❞♦♥✲
♥é❡s ✉t✐❧✐s❛t❡✉r✳ ▲❡ ♣r♦❝❡ss❡✉r ♣rés❡♥t ❞❛♥s ❝❤❛q✉❡ ❜❧♦❝ ❡st ✉♥ ❈♦♦❧❘✐s❝ ✽✶✻ ❞é✈❡❧♦♣♣é ♣❛r ❧❡
❈❙❊▼ ❛✈❡❝ ❞❡s ❞♦♥♥é❡s s✉r ✽ ❜✐ts ❡t ✶✻ r❡❣✐str❡s ✐♥t❡r♥❡s✳ ▲❛ ♠é♠♦✐r❡ ❘♦♠ ❞❡ ✷✵✹✽ ✐♥str✉❝✲
t✐♦♥s ❞❡ ❝♦❞❡ ❝♦♥t✐❡♥t ❧❡s ❜✐❜❧✐♦t❤èq✉❡s ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡t ❞✐❛❣♥♦st✐❝ ❞✉ ❝✐r❝✉✐t ❛✐♥s✐ q✉✬✉♥❡
❜✐❜❧✐♦t❤èq✉❡ ❞❡ ❢♦♥❝t✐♦♥s ♠❛t❤é♠❛t✐q✉❡s✳ ▲❛ ♠é♠♦✐r❡ ❘❛♠ ❞❡ ✺✶✷ ✐♥str✉❝t✐♦♥s ♣♦✉r ❧❡ ❝♦❞❡
✉t✐❧✐s❛t❡✉r ❡st ♣r♦té❣é❡ ❝♦♥tr❡ ✉♥❡ ❡rr❡✉r s✐♠♣❧❡ ♣❛r ✉♥ ❝♦❞❡ ❝♦rr❡❝t❡✉r ❧✐♥é❛✐r❡ ❞❡ ❍❛♠♠✐♥❣✳
❈❤❛q✉❡ ✐♥str✉❝t✐♦♥ s✉r ✷✷ ❜✐ts ❡st st♦❝❦é❡ ❛✈❡❝ ❧❡s ❜✐ts ❞❡ r❡❞♦♥❞❛♥❝❡ s✉r ✷✼ ❜✐ts ✭22+⌈log2 22⌉✮✳
▲❛ ♠é♠♦✐r❡ ❘❛♠ ❞❡ ❞♦♥♥é❡s ❛ ✉♥❡ t❛✐❧❧❡ ❞❡ ✺✶✷ ♦❝t❡ts✳
▲❡s ❜❧♦❝s ❞❡ ♣r♦❝❡ss❡✉rs ❡t ♠é♠♦✐r❡s s♦♥t r❡❧✐és ♣❛r ✉♥ s②stè♠❡ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛s②♥❝❤r♦♥❡

s✉✐✈❛♥t ✉♥❡ t♦♣♦❧♦❣✐❡ ❡♥ ❣r✐❧❧❡✳ ▲❡ s②stè♠❡ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡st ❛s②♥❝❤r♦♥❡ ❝❛r ✐❧ ♥✬❡st ♣❛s ♣♦s✲
s✐❜❧❡ ❞❡ ❞✐str✐❜✉❡r ✉♥❡ ❤♦r❧♦❣❡ ❝♦♠♠✉♥❡ à t♦✉s ❧❡s ❜❧♦❝s ❞✉ ❝✐r❝✉✐t ❛ss❡③ r❛♣✐❞❡♠❡♥t✳ ❈❤❛q✉❡
❜❧♦❝✱ s②♥❝❤r♦♥❡✱ ❡st ❝❛❞❡♥❝é ♣❛r ✉♥❡ ❤♦r❧♦❣❡ ❧♦❝❛❧❡✳ ▲❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s s❡ ❢♦♥t à ❧✬❛✐❞❡ ❞✬✉♥
♣r♦t♦❝♦❧❡ r❡q✉êt❡ ❡t ❛❝q✉✐tt❡♠❡♥t ✐♠♣❧❛♥té ❡♥ ♠❛tér✐❡❧✳ ▲❛ ❣r✐❧❧❡ ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡st r❡❝♦♥✲
✜❣✉r❛❜❧❡ ♣♦✉r t♦❧ér❡r ❝❡rt❛✐♥s ❞é❢❛✉ts✳ ▲❛ ♣❤❛s❡ ❞❡ ❞✐❛❣♥♦st✐❝ ❞✉ ❝✐r❝✉✐t ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r
s✐ ❝❡rt❛✐♥s ❜❧♦❝s ❞✉ ❝✐r❝✉✐t ♦♥t ❞❡s ❞é❢❛✉ts✳ ▲❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞✉ s②stè♠❡ ✈❛ ✐♥✈❛❧✐❞❡r ❧❛ ❧✐❣♥❡
❡t ❧❛ ❝♦❧♦♥♥❡ ❞❡ ❝❤❛q✉❡ ❜❧♦❝ q✉✐ ♣rés❡♥t❡ ✉♥ ❞é❢❛✉t✳ ▲❛ t❛✐❧❧❡ ✐♥✐t✐❛❧❡✱ ❞❡ ✶✷×✶✸ ❜❧♦❝s✱ ❛ été
❝❛❧❝✉❧é❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ t❛✉① ❞❡ ❞é❢❛✉t ❞❡ ❧❛ t❡❝❤♥♦❧♦❣✐❡ ❡t ❧❛ t❛✐❧❧❡ ❞❡s ❜❧♦❝s ❛✜♥ q✉❡ ❧❡
s②stè♠❡ s♦✐t ❛✉ ♠♦✐♥s ❞❡ ✶✵×✶✵ ♣r♦❝❡ss❡✉rs ❛♣rès r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❛♥s ♣❧✉s ❞❡ ✾✺✪ ❞❡s ❝❛s✳ ❯♥
♠é❝❛♥✐s♠❡ ❞❡ r♦✉t❛❣❡ ✐♥té❣ré ♣❡r♠❡t ❞❡ r♦✉t❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s ♣❛q✉❡ts ❞❡ ✽ ❜✐ts à tr❛✈❡rs
❧❛ ❣r✐❧❧❡✳ ▲❡ r♦✉t❛❣❡ ❡st ❛✉ss✐ r❡❝♦♥✜❣✉r❛❜❧❡✳ ➚ ❝❤❛q✉❡ ✐♥❞❡①✱ ♦✉ ❝❛♥❛❧✱ ❞❡ r♦✉t❛❣❡✱ ❝♦rr❡s♣♦♥❞
✉♥❡ t❛❜❧❡ ❞❡ r♦✉t❛❣❡ q✉✐ ♣ré❝✐s❡ à q✉❡❧s ✈♦✐s✐♥s ✭♥♦r❞✱ s✉❞✱ ❡st ♦✉ ♦✉❡st✮ ❞♦✐✈❡♥t êtr❡ ❡♥✈♦②és
❧❡s ♣❛q✉❡ts✳ ▲❡s ✐♥❞❡① s♦♥t st♦❝❦és s✉r ✸ ❜✐ts✱ s♦✐t ✽ ❝❛♥❛✉① ❞❡ r♦✉t❛❣❡✳ ❉✐✛ér❡♥t❡s t♦♣♦❧♦❣✐❡s
s♦♥t ❡♥✈✐s❛❣❡❛❜❧❡s ♣♦✉r ❝❤❛q✉❡ ✐♥❞❡① ✿ ♣♦✐♥t à ♣♦✐♥t✱ ❞✐✛✉s✐♦♥ s❡❧♦♥ ❧❡s ❛①❡s t♦t❛❧❡ ♦✉ ❧✐♠✐té❡✱
❛♥♥❡❛✉✳✳✳
▲✬✉♥ ❞❡s ❜✉ts ❞❡ ❝❡ ♣r♦❥❡t ét❛✐t ❞❡ ♣r♦♣♦s❡r ❞❡s ❛r❝❤✐t❡❝t✉r❡s à très ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥

❞✬é♥❡r❣✐❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ ♣❛r❛❧❧é❧✐s♠❡ ❡t ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ t❡♥s✐♦♥ ❞✬❛❧✐♠❡♥t❛t✐♦♥ VDD✳ ▲❛
❝♦♥s♦♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✬✉♥ ❝✐r❝✉✐t ❈▼❖❙ ✭❝♦♠♣❧❡♠❡♥t❛r② ♠❡t❛❧ ♦①✐❞❡ s❡♠✐✲❝♦♥❞✉❝t♦r✮ ♣❡✉t
êtr❡ ♠♦❞é❧✐sé❡ ♣❛r ❧✬éq✉❛t✐♦♥ s✉✐✈❛♥t❡ ❬✶✷✽✱ ✽✹❪

Pdyn = α× C × f × V 2
DD ✭✷✳✶✮

✶✳ ❆♥❛❧♦❣ t♦ ❞✐❣✐t❛❧ ❝♦♥✈❡rt❡r ✭❆❉❈✮✳
✷✳ ❉✐❣✐t❛❧ t♦ ❛♥❛❧♦❣ ❝♦♥✈❡rt❡r ✭❉❆❈✮✳

✷✷



♦ù α ❡st ❧❡ t❛✉① ❞✬❛❝t✐✈✐té ♠♦②❡♥ ❞✉ ❝✐r❝✉✐t✱ C ❧❛ ❝❛♣❛❝✐té t♦t❛❧❡ ❝♦♠♠✉té❡ ❡♥ ♠♦②❡♥♥❡ ❡t f ❧❛
❢réq✉❡♥❝❡✳ ▲❡s ❝♦✉r❛♥ts ❞❡ ❢✉✐t❡ ♥✬ét❛✐❡♥t ♣❛s ❡♥❝♦r❡ tr♦♣ ✐♠♣♦rt❛♥ts ♣♦✉r ❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡
❧✬é♣♦q✉❡ ✭0.35 ♦✉ 0.25µ♠✮✳ ❘é❞✉✐r❡ VDD ❡t f ♣❡r♠❡t ❞♦♥❝ ❞❡ ❞✐♠✐♥✉❡r s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❛ ♣✉✐s✲
s❛♥❝❡ ❞②♥❛♠✐q✉❡ ❞✉ ❝✐r❝✉✐t ❬✶✷✽❪✳ ▲❡ ♣❛r❛❧❧é❧✐s♠❡ ét❛✐t ✉t✐❧✐sé ♣♦✉r ❛✉❣♠❡♥t❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s
♣❡r❞✉❡s ❞✉ ❢❛✐t ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡ ❢réq✉❡♥❝❡✳
▲❡ ❧❛②♦✉t ❝♦♠♣❧❡t ❞✉ ❝✐r❝✉✐t ❛ été ré❛❧✐sé✱ ♠❛✐s ✐❧ ♥✬❛ ♣❛s été ❢♦♥❞✉ ❢❛✉t❡ ❞❡ ❜✉❞❣❡t✳ ▲❡ ❝✐r❝✉✐t

r❡♣rés❡♥t❡ ✹ ❝♠2 ❡♥ t❡❝❤♥♦❧♦❣✐❡ ✵✳✸✺µ♠ s♦✐t ❧❛ s✉r❢❛❝❡ ❞✉ rét✐❝✉❧❡ ❝♦♠♣❧❡t ❞✐s♣♦♥✐❜❧❡ ❞❛♥s ❝❡tt❡
t❡❝❤♥♦❧♦❣✐❡ ✭❝❡ q✉✐ ❡♥ ❛✉r❛✐t ❢❛✐t ✉♥ très ❣r♦s ❝✐r❝✉✐t ♣♦✉r ❝❡tt❡ é♣♦q✉❡✮✳ ▲❡ ❝✐r❝✉✐t ♣rés❡♥t❡
✉♥❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡ ♠♦✐♥s ❞❡ ✶❲ à ♣❧❡✐♥❡ ✈✐t❡ss❡ à ✷✵▼❍③ s♦✉s ✸❱ ♣♦✉r ✉♥❡ ♣❡r❢♦r♠❛♥❝❡
♠❛①✐♠✉♠ ❞❡ ✺✵✵▼■P❙ ✭♠✐❧❧✐♦♥s ❞✬✐♥str✉❝t✐♦♥s ♣❛r s❡❝♦♥❞❡✮✳ ❯♥❡ ✈❡rs✐♦♥ s✐♠♣❧✐✜é❡ ❛✈❡❝ 2 × 2
❜❧♦❝s ❛ été ❢♦♥❞✉❡ ❡t t❡sté❡ ♣♦✉r ✈❛❧✐❞❡r ❧❡ ♣r✐♥❝✐♣❡✳
❏✬❛✐ ♣❛rt✐❝✐♣é à ❝❡ ♣r♦❥❡t ❛✈❡❝ ❇❡r♥❛r❞ ●✐r❛✉✱ P❛s❝❛❧ ◆✉ss❜❛✉♠✱ P✐❡rr❡ ▼❛r❝❤❛❧✱ ❈❤r✐st✐❛♥

P✐❣✉❡t ❡t ❋❛❜✐♦ ❘❡str❡♣♦✳ ❏✬❛✐ ré❛❧✐sé ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❞❡ ❝❛❧❝✉❧ ♣rés❡♥t❡ ❞❛♥s ❧❛ ❘♦♠ ❞❡s ❜❧♦❝s
❞❡ ❋PP❆ ✭❞❡s❝r✐♣t✐♦♥ ❡♥ s❡❝t✐♦♥ ✷✳✼✳✶✮✳ ◆♦✉s tr❛✈❛✐❧❧é ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡ ❧❛ t❤ès❡
❞❡ ❋❛❜✐♦ ❘❡str❡♣♦ ❬✶✷✷❪ s✉r ❞❡s ♦✉t✐❧s ♣♦✉r ♣r♦❣r❛♠♠❡r ❧❛ ♠❛❝❤✐♥❡ ❋PP❆✳ ❯♥ ❧♦❣✐❝✐❡❧ ❛ été
❞é✈❡❧♦♣♣é ❞✉r❛♥t ❝❡tt❡ t❤ès❡✳ ▼❛ ♣❛rt✐❝✐♣❛t✐♦♥ à ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ét❛✐t ♣❧✉s ❧✐♠✐té❡ ✭✷✵✪ ❡♥✈✲
✐r♦♥✮✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ❞✬❡♥tré❡ ét❛✐t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛❝❤✐♥❡s ❞✬ét❛ts ✭♠❛♥✐♣✉❧é❡s ❣r❛♣❤✐q✉❡♠❡♥t
❞❛♥s ❧✬♦✉t✐❧ ❘❡♥♦✐r ❞❡ ▼❡♥t♦r ●r❛♣❤✐❝s✮✳ ▲❡ ❧♦❣✐❝✐❡❧ ♣r♦❞✉✐s❛✐t ❧❡s t❛❜❧❡s ❡t ✐♥❞❡① ❞❡ r♦✉t❛❣❡✱ ❧❡s
❝♦❞❡s ❞✬é❝❤❛♥❣❡s ❞❡ ❞♦♥♥é❡s ❡t ❧❡s ❝♦❞❡s ✉t✐❧✐s❛t❡✉rs✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ♣r♦❝❡ss✉s ❡t ❧❛ ❣❡st✐♦♥
❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ ❝✐r❝✉✐t✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡s tr❛✈❛✉① ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧❡s ❝♦♥❢ér❡♥❝❡s
■❈❊❙ ❡♥ ✶✾✾✽ ❬✹✼❪ ❡t ▼✐❝r♦◆❡✉r♦ ❡♥ ✶✾✾✾ ❬✸✶❪✳
❆✉❥♦✉r❞✬❤✉✐✱ ❝❡ ❣❡♥r❡ ❞✬❛r❝❤✐t❡❝t✉r❡ ✐♥té❣r❛♥t ❞❡ ♥♦♠❜r❡✉① ❝÷✉rs s✉r ✉♥❡ ♠ê♠❡ ♣✉❝❡ ❡st

❝♦✉r❛♥t✱ ♠❛✐s à ❧✬é♣♦q✉❡✱ ✶✾✾✼✕✶✾✾✾✱ ♥♦✉s ét✐♦♥s ❛✉ t♦✉t ❞é❜✉t ❞❡ ❝❡ ❣❡♥r❡ ❞❡ ❝✐r❝✉✐ts✳ ❈❡tt❡
❡①♣ér✐❡♥❝❡ ét❛✐t ♣❛ss✐♦♥♥❛♥t❡✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥t ✿ ❋❛❜✐♦ ❘❡str❡♣♦✱ ❞♦❝t♦r❛t ✷✵✵✶ ❬✶✷✷❪✱ ✷✵✪

❈♦♥❢ér❡♥❝❡s ✿ ■❈❊❙ ✶✾✾✽ ❬✹✼❪✱ ▼✐❝r♦◆❡✉r♦ ✶✾✾✾ ❬✸✶❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❊P❋▲ ✶✾✾✼✕✶✾✾✾

▲♦❣✐❝✐❡❧s ✿ ❜✐❜❧✐♦t❤èq✉❡ ❞❡ ❝❛❧❝✉❧ ✭✢♦tt❛♥t ✰ ❛✉tr❡s✮ ♣♦✉r ♣r♦❝❡ss❡✉r ❈♦♦❧❘✐s❝
♦✉t✐❧s s♣é❝✐✜q✉❡s ♣♦✉r ❋PP❆

✷✳✷✳✷✳ ❆r❝❤✐t❡❝t✉r❡ ❋P❖P

❆✈❡❝ ▼❛rt✐♥ ❉✐♠♠❧❡r✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ s✉r ❞❡s ❋P●❆ ♣❡r♠❡t
❞✬♦❜t❡♥✐r ❞❡s s♦❧✉t✐♦♥s ♣❧✉s r❛♣✐❞❡s ❡t ♣❧✉s é❝♦♥♦♠❡s ❡♥ é♥❡r❣✐❡ q✉✬❛✈❡❝ ✉♥❡ ❛r✐t❤♠ét✐q✉❡ ♣❛r❛❧✲
❧è❧❡ ♣♦✉r ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡ ✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✮✳ ❙✉✐t❡ à ❝❡s tr❛✈❛✉①✱ ❛✈❡❝
P✐❡rr❡ ▼❛r❝❤❛❧ ❡t ❈❤r✐st✐❛♥ P✐❣✉❡t✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❡t ♣r♦♣♦sé ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❞❡ ❝✐r❝✉✐t r❡✲
❝♦♥✜❣✉r❛❜❧❡ ❞é❞✐é❡ à ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✳ ❈❡tt❡ ❛r❝❤✐t❡❝t✉r❡ ❛ été ♥♦♠♠é❡ ❋P❖P ♣♦✉r ✜❡❧❞
♣r♦❣r❛♠♠❛❜❧❡ ♦♥✲❧✐♥❡ ♦♣❡r❛t♦r✳ ▲❡ ❜✉t ❞❡ ❝❡ ♣r♦❥❡t ét❛✐t ❞❡ ❢♦✉r♥✐r ❞❡s s♦❧✉t✐♦♥s ❞❡ ❝♦♥trô❧❡
♥✉♠ér✐q✉❡ ❡t ❞❡ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧ ♠♦♥♦❝✐r❝✉✐t ❡t à ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳
▲✬❛r❝❤✐t❡❝t✉r❡ ❞❡ ❋P❖P ❡st s✐♠✐❧❛✐r❡ à ✉♥ ❋P●❆ ♠❛✐s à ❣r❛✐♥ ♠♦②❡♥✳ ❊❧❧❡ ❡st ❝♦♠♣♦sé❡

❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❡❧❧✉❧❡s r❡❝♦♥✜❣✉r❛❜❧❡s ♣♦✉r ❧❡s ❡♥tré❡s✕s♦rt✐❡s ❡t ❧❡s ❝❛❧❝✉❧s ❡♥ ❛r✐t❤♠ét✐q✉❡
❡♥ ❧✐❣♥❡ ❛✐♥s✐ q✉✬✉♥ s②stè♠❡ ❞❡ ❝♦♥♥❡①✐♦♥s r❡❝♦♥✜❣✉r❛❜❧❡ ❡♥tr❡ ❧❡s ❝❡❧❧✉❧❡s✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ❡st
♣rés❡♥té❡ à ❧❛ ✜❣✉r❡ ✷✳✷✳ ▲❡s ❞✐✛ér❡♥ts ❜❧♦❝s ❞❡ ❋P❖P s♦♥t ✿
✕ ❧❡s ❜❧♦❝s ❞✬❡♥tré❡✕s♦rt✐❡ ✿
✕ ❝♦♥✈❡rs✐♦♥ ❛♥❛❧♦❣✐q✉❡ ✈❡rs ♥✉♠ér✐q✉❡ ✭❆✴❉✮ ♣♦✉r ❧❡s ❡♥tré❡s ❀
✕ ❝♦♥✈❡rs✐♦♥ ♥✉♠ér✐q✉❡ ✈❡rs ❛♥❛❧♦❣✐q✉❡ ✭❉✴❆✮ ♣♦✉r ❧❡s s♦rt✐❡s ❀

✷✸



CTRL

D/D

PRG

D/D

D/D

ROM

RAM

D/D A/D

non-linear operators

linear operators array

D/A output blocks

input blocks

computation blocks

main data flow

loop data flow

❋✐❣✉r❡ ✷✳✷✳✿ ❆r❝❤✐t❡❝t✉r❡ ❞❡ ❋P❖P✳

✕ ❝♦♥✈❡rs✐♦♥ ♥✉♠ér✐q✉❡ ✈❡rs ♥✉♠ér✐q✉❡ ✭❉✴❉✮ ✸ ♣♦✉r ❧❡s ❡♥tré❡s ❡t ❧❡s s♦rt✐❡s ❀
✕ ❧❡s ❜❧♦❝s ❞❡ ❝❛❧❝✉❧ r❡❝♦♥✜❣✉r❛❜❧❡s ✿
✕ ♠❛tr✐❝❡ ❞❡ ❜❧♦❝s ♣♦✉r ❞❡s ♦♣ér❛t✐♦♥s ❧✐♥é❛✐r❡s ✭±,×cst✮ ❀
✕ ✈❡❝t❡✉r ❞❡ ❜❧♦❝s ♣♦✉r ❝❡rt❛✐♥❡s ♦♣ér❛t✐♦♥s ♥♦♥ ❧✐♥é❛✐r❡s ❀

✕ ❧❡s ♠é♠♦✐r❡s ✿
✕ ♠é♠♦✐r❡ ❘♦♠ ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ✜①❡s ❀
✕ ♠é♠♦✐r❡ ❘❛♠ ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s ❛♣♣❧✐❝❛t✐❢s ❀

✕ ❧❡ ❜❧♦❝ ❞❡ ❝♦♥trô❧❡ ✭❈❚❘▲✮ ♣♦✉r ❧❡ séq✉❡♥❝❡♠❡♥t ❞❡s ♦♣ér❛t✐♦♥s ❡t ❧❡s str✉❝t✉r❡s ❞❡ ❝♦♥trô❧❡
✭t❡st✱ ❜♦✉❝❧❡✮ ❀

✕ ❧❡ ❜❧♦❝ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭P❘●✮✳
▲❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s ❝❤♦✐s✐❡ ét❛✐t ❧❡ ❜♦rr♦✇✲s❛✈❡ ✿ ❜❛s❡ ✷ ❛✈❡❝ ❧❡s ❝❤✐✛r❡s {−1, 0, 1}

✭❝❢✳ s❡❝t✐♦♥ ✶✳✶✳✶✮✳ ❈❡ ❝❤♦✐① ✈❡♥❛✐t ❞✉ ❢❛✐t q✉❡ ❧✬♦♥ ❛✈❛✐t ❝❡rt❛✐♥s ❜❧♦❝s ❞❡ ❝❛❧❝✉❧✱ ❞❡s ❆❉❈ ❡t
❞❡s ❉❆❈ q✉✐ ❢♦✉r♥✐ss❛✐❡♥t ♦✉ ✉t✐❧✐s❛✐❡♥t ❞✐r❡❝t❡♠❡♥t ❞❡s ❞♦♥♥é❡s ❡♥ r❡♣rés❡♥t❛t✐♦♥ ❜♦rr♦✇✲s❛✈❡✳
❯♥ ❡ss❛✐ ❛✈❡❝ ❞❡s ♦♣ér❛t❡✉rs ❞✬❛❞❞✐t✐♦♥ ❡t ❞❡s ♣♦rt✐♦♥s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❝♦♥st❛♥t❡ ❡♥
❧✐❣♥❡ ❞❛♥s ❧❡s ❜❛s❡s ✹✱ ✺ ❡t ✽ ❛✈❛✐t été ✐♥té❣ré ❡♥ t❡❝❤♥♦❧♦❣✐❡ ❙❖■ ✹ ✶µ♠✳ ▲♦rs ❞❡ ❝❡t ❡ss❛✐✱
❞✐✛ér❡♥ts ❝♦❞❛❣❡s ❞❡s ❝❤✐✛r❡s ♦♥t été t❡stés ✿ ❝♦♠♣❧é♠❡♥t à ❞❡✉①✱ s✐❣♥❡ ♠❛❣♥✐t✉❞❡✱ ✶ ♣❛r♠✐ n✳
▲❡s rés✉❧t❛ts ❞❡ ♠❡s✉r❡ ❞✉ ❝✐r❝✉✐t ét❛✐❡♥t ✐♥tér❡ss❛♥ts ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥
❞✬é♥❡r❣✐❡✳ ▼❛✐s r❡❢❛✐r❡ t♦✉s ❧❡s ❜❧♦❝s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ❆❉❈ ❡t ❉❆❈✱ ❡♥ ♣❧✉s ❣r❛♥❞❡ ❜❛s❡ ♥✬ét❛✐t
♣❛s ♣♦ss✐❜❧❡ ❞❛♥s ❧❡ t❡♠♣s ❞✉ ♣r♦❥❡t✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ❝♦♥s❡r✈é ❧❛ ❜❛s❡ ✷ ❡t ❧❡ ❜♦rr♦✇✲s❛✈❡✳
◆♦✉s ❛✈♦♥s r❡❣❛r❞é q✉❡❧s ét❛✐❡♥t ❧❡s t②♣❡s ❞✬♦♣ér❛t✐♦♥s ♣rés❡♥ts ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞✬❛✉✲

t♦♠❛t✐q✉❡ ✈✐sé❡s ✭♣✳ ❡①✳ ❞❡s ❝♦♥trô❧❡✉rs ♥✉♠ér✐q✉❡s✮ ❡t ❧❡✉rs ❢réq✉❡♥❝❡s ❞✬✉t✐❧✐s❛t✐♦♥✳ ❖♥ ❛✈❛✐t ✿
✕ ❜❡❛✉❝♦✉♣ ❞✬❛❞❞✐t✐♦♥s ✭❞❡ ✷ à ✺ t❡r♠❡s✮ ❡t ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♣❛r ❞❡s ❝♦♥st❛♥t❡s ✭♠❛✐s q✉✐
❞♦✐✈❡♥t êtr❡ ❝♦♥✜❣✉r❛❜❧❡s✮ ❀

✕ q✉❡❧q✉❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❞❡ ✷ ✈❛r✐❛❜❧❡s ❀
✕ ✉♥ t♦✉t ♣❡t✐t ♣❡✉ ❞❡ ❞✐✈✐s✐♦♥s✱ ❞❡ r❛❝✐♥❡s ❝❛rré❡s ❡t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥s ✭♣✳ ❡①✳
cos, sin, exp, log, arctan✮ ❀

◆♦✉s ❛✈♦♥s ❞♦♥❝ ❝❤♦✐s✐ ❞✬✐♠♣❧❛♥t❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❝❡❧❧✉❧❡s r❡❝♦♥✜❣✉r❛❜❧❡s ♣♦✉r ❧✬❛❞❞✐t✐♦♥
❡t ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s✳ ❈❡s ❝❡❧❧✉❧❡s s♦♥t r❡❣r♦✉♣é❡s ❞❛♥s ✉♥ ♠❛tr✐❝❡ ♦♣t✐♠✐sé❡
♣♦✉r ❧❡s ♦♣ér❛t✐♦♥s ❧✐♥é❛✐r❡s ❞❡ t②♣❡

∑

aixi ♦ù ❧❡s ai s♦♥t ❞❡s ❝♦♥st❛♥t❡s ❡t ❧❡s xi ❞❡s ✈❛r✐❛❜❧❡s✳
▲✬♦♣ér❛t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❞❡✉① ✈❛r✐❛❜❧❡s ét❛♥t ♠♦✐♥s ❢réq✉❡♥t❡ q✉❡ ❧❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s

✸✳ ❈♦♥✈❡rs✐♦♥s ❡♥tr❡ ❧❡s r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡ ❡t ❜✐♥❛✐r❡ ❝❧❛ss✐q✉❡ ✭❞❛♥s ❧❡s ❞❡✉① s❡♥s✮✱ ❛❞❛♣t❛t✐♦♥ ❞✉
❢♦r♠❛t ❞❡ t❡♥s✐♦♥✱ ✐♥t❡r❢❛❝❡ ♣❛r❛❧❧è❧❡ ✽ ❜✐ts ♣♦✉r ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛✈❡❝ ✉♥ ♠✐❝r♦❝♦♥trô❧❡✉r✳

✹✳ ❚❡❝❤♥♦❧♦❣✐❡ s✐❧✐❝♦♥ ♦♥ ✐♥s✉❧❛t♦r ✭❙❖■✮ ❝❤♦✐s✐❡ ♣♦✉r s❛ ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ❡t s❛ rés✐st❛♥❝❡ ❛✉① r❛②♦♥✲
♥❡♠❡♥ts ❞❛♥s ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❛ér♦s♣❛t✐❛❧❡s✳

✷✹



♣❛r ❞❡s ❝♦♥st❛♥t❡s✱ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ✐♠♣❧❛♥té ❞❡ ♠✉❧t✐♣❧✐❡✉rs✳ ❯♥❡ ❝♦♥✜❣✉r❛t✐♦♥ s♣é❝✐✜q✉❡ ❞❡
❞❡✉① ❝❡❧❧✉❧❡s ❧✐♥é❛✐r❡s ❛❞❥❛❝❡♥t❡s ✭s❡❧♦♥ ❧✬❛①❡ ❞❡s ❛❜s❝✐ss❡s s✉r ❧❛ ✜❣✉r❡ ✷✳✷✮ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ✉♥❡
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❞❡✉① ✈❛r✐❛❜❧❡s✳ ❊♥ ❡✛❡t✱ ❧❡ ♣❛rt❛❣❡ ❞❡s r❡ss♦✉r❝❡s ❞❡ ❞❡✉① ♠✉❧t✐♣❧✐❡✉rs ♣❛r ✉♥❡
❝♦♥st❛♥t❡ ♣❡r♠❡t ❞✬✐♠♣❧❛♥t❡r s✐♠♣❧❡♠❡♥t ❡t ❡✣❝❛❝❡♠❡♥t ✉♥ ♠✉❧t✐♣❧✐❡✉r✳ P♦✉r ❧❡s ♦♣ér❛t✐♦♥s
❜❡❛✉❝♦✉♣ ♣❧✉s r❛r❡s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞✬✐♠♣❧❛♥t❡r ✉♥❡ r❛♥❣é❡ ❞✬♦♣ér❛t❡✉rs ❞é❞✐és s♦✐t à ❧❛ ❞✐✈✐✲
s✐♦♥✱ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ♦✉ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s✳ ❈✬❡st ❧❛ r❛♥❣é❡ ❞❡ ❝❡❧❧✉❧❡s ❞✬♦♣ér❛t✐♦♥s
♥♦♥ ❧✐♥é❛✐r❡s ❡♥ ❜❛s ❞❡ ❧✬❛r❝❤✐t❡❝t✉r❡ ❞❡ ❋P❖P ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✷✳✷✳
▲❛ ✜❣✉r❡ ✷✳✸ ❞é❝r✐t ❧❡ ❝♦♥t❡♥✉ ❞❡s ❝❡❧❧✉❧❡s ❧✐♥é❛✐r❡s ✭♣❡r♠❡tt❛♥t ❛✉ss✐ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❞❡✉①

✈❛r✐❛❜❧❡s✮✳ ▲❡s ❝❡❧❧✉❧❡s s♦♥t ❝♦♥✜❣✉r❛❜❧❡s à ♣❧✉s✐❡✉rs ♥✐✈❡❛✉① ✿ t❛✐❧❧❡ ❞❡s ❞♦♥♥é❡s✱ ✐♥t❡r✈❛❧❧❡ ❞❡s
❡♥tré❡s✱ ❝♦♥st❛♥t❡s✱ ❞é❧❛✐s ❛❞❞✐t✐♦♥♥❡❧s✱ ❡t❝✳ ▲✬✐♥térêt ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❡st ♣❡r♠❡ttr❡ ❧❛
♠✐s❡ ❡♥ ÷✉✈r❡ ❞✬♦♣ér❛t❡✉rs ❞❡ ♣❡t✐t❡ t❛✐❧❧❡✳ ▲❡ ❝❛r❛❝tèr❡ sér✐❡❧ ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❡st ❛✉ss✐
très ✐♥tér❡ss❛♥t ♣♦✉r s✐♠♣❧✐✜❡r ❧❡ rés❡❛✉ ❞❡ r♦✉t❛❣❡ ♣r♦❣r❛♠♠❛❜❧❡✳ ❖♥ ❛ ❜✐❡♥ ✉♥❡ ❛r❝❤✐t❡❝t✉r❡
r❡❝♦♥✜❣✉r❛❜❧❡ à ❣r❛✐♥ ♠♦②❡♥ ❞♦♥t ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❡st ❜✐❡♥ ♠❡✐❧❧❡✉r❡ q✉❡ ♣♦✉r ✉♥ ❋P●❆
q✉✐ ♥é❝❡ss✐té ❞❡ très ❣r❛♥❞❡s q✉❛♥t✐tés ❞❡ ❜✐ts ❞❡ ❝♦♥✜❣✉r❛t✐♦♥✳ ❇✐❡♥ ❡♥t❡♥❞✉✱ ❋P❖P ❡st ❜✐❡♥
♠♦✐♥s ✢❡①✐❜❧❡ q✉✬✉♥ ❋P●❆✳ ■❧ ♥✬❡st ❢❛✐t q✉❡ ♣♦✉r ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s✳
P♦✉r ❧❡s ❝❡❧❧✉❧❡s ❞✬♦♣ér❛t✐♦♥s ♥♦♥ ❧✐♥é❛✐r❡s✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❡s ❛❧❣♦r✐t❤♠❡s ❝❧❛ss✐q✉❡s ❞❡

❞✐✈✐s✐♦♥ ❡t ❞❡ r❛❝✐♥❡ ❝❛rré❡ ❡♥ ❧✐❣♥❡ ✭❝❢✳ ❬✽✸✱ ❝❤❛♣✳ ✾❪✮✳ P♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s✱ ♥♦✉s
❛✈♦♥s ré❛❧✐sé ❞❡s ❝❡❧❧✉❧❡s✱ ✐❧❧✉stré❡s ❡♥ ✜❣✉r❡ ✷✳✹✱ ♣❡r♠❡tt❛♥t ❞✬é✈❛❧✉❡r ❞❡s ♣♦❧②♥ô♠❡s ❞✬✉♥ ❞❡❣ré
♠❛①✐♠✉♠ ❞❡ ✼✳ ❈❡ ❞❡❣ré ♠❛①✐♠✉♠ ❝♦rr❡s♣♦♥❞❛✐t ❛✉ ❜❡s♦✐♥ ❞❡ ♣ré❝✐s✐♦♥ ♣♦✉r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s
✈✐sé❡s✳ ▲❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✉t✐❧✐sé❡s à ❝❡tt❡ é♣♦q✉❡ ét❛✐❡♥t ❜✐❡♥ ♠♦✐♥s ♣❡r❢♦r♠❛♥t❡s
q✉❡ ❝❡ q✉❡ ❧✬♦♥ s❛✐t ❢❛✐r❡ ❛✉❥♦✉r❞✬❤✉✐ ❛✈❡❝ ❞❡s t❡❝❤♥✐q✉❡s ❝♦♠♠❡ ❝❡❧❧❡s ♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✸✳
▲❡ ❝♦♥trô❧❡ ❞❛♥s ❧❡ ❝✐r❝✉✐t ❋P❖P ❡st t♦t❛❧❡♠❡♥t st❛t✐q✉❡ ❡t ❞ét❡r♠✐♥é ❧♦rs ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥✳

◆♦✉s ✉t✐❧✐s♦♥s ❞❡s ❧✐❣♥❡s ❞❡ ✈❛❧✐❞✐té ❞❡s ❞♦♥♥é❡s✳ ❖♥ tr♦✉✈❡✱ ✉♥ ♣❡✉ ♣❛rt♦✉t ❞❛♥s ❋P❖P✱ ❞❡s
❝❡❧❧✉❧❡s ❞❡ ❞é❧❛✐s ❛❞❞✐t✐♦♥♥❡❧s ♣r♦❣r❛♠♠❛❜❧❡s✳ ❈❡s ❞é❧❛✐s s♦♥t ✉t✐❧❡s ♣♦✉r s②♥❝❤r♦♥✐s❡r ❧❡s ❡♥tré❡s
❞❡ ❝❡rt❛✐♥s ♦♣ér❛♥❞❡s✳
◆♦✉s ❛✈♦♥s ❛✉ss✐ tr❛✈❛✐❧❧é s✉r ❞❡s ♦✉t✐❧s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ♣♦✉r ❋P❖P✳ ▲❡ ✢♦t ❞❡ ♣r♦❣r❛♠✲

♠❛t✐♦♥ ❡st ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✷✳✺✳ ▲❛ ♣r♦❣r❛♠♠❛t✐♦♥ s❡ ❢❛✐s❛✐t à ♣❛rt✐r ❞✬✉♥ ✜❝❤✐❡r s♦✉r❝❡ ❡♥
❈ ♦✉ ▼❛t❧❛❜ ✭très ✉t✐❧✐sé ❡♥ ❛✉t♦♠❛t✐q✉❡✮✳ ▲✬✉t✐❧✐s❛t❡✉r ❞❡✈❛✐t ❡①tr❛✐r❡ ❧❡s ♣❛rt✐❡s ❞❡✈❛♥t êtr❡
✐♠♣❧❛♥té❡s ❞❛♥s ❋P❖P ✿ ❧❡s ♦♣ér❛t✐♦♥s ❞❡ ❝❛❧❝✉❧ ❡t ❧❡s str✉❝t✉r❡s ❞❡ ❝♦♥trô❧❡ s✐♠♣❧❡s ♥é❝❡ss❛✐r❡s
❛✉ ❝♦♥trô❧❡ ❞❡ ❝❡s ❝❛❧❝✉❧s ✭t❡st ❡t ❜♦✉❝❧❡✮✳ ❈❡s ❢r❛❣♠❡♥ts ❞✉ ❝♦❞❡ s♦✉r❝❡ ét❛✐❡♥t ❧✉s ♣❛r ✉♥
❛♥❛❧②s❡✉r ❣r❛♠♠❛t✐❝❛❧ ❞✉ ❧❛♥❣❛❣❡✳ ▲❡ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡s ❧❛♥❣❛❣❡s ❈ ❡t ▼❛t❧❛❜ r❡❝♦♥♥✉ ét❛✐t
❡①trê♠❡♠❡♥t s✐♠♣❧❡✳ ▲❛ ♣❤❛s❡ ❞✬❛♥❛❧②s❡ ❢♦✉r♥✐ss❛✐t ❧❡s ✐♥❢♦r♠❛t✐♦♥s s✉✐✈❛♥t❡s ✿
✕ ❧❛ ❧✐st❡ ❞❡ t♦✉s ❧❡s s✐❣♥❛✉① ✐♥t❡r♥❡s ❛✈❡❝ ❧❡✉r ♥♦♠✱ t❛✐❧❧❡ ❡t ♣ré❝✐s✐♦♥ ✭s✐ ❛♥♥♦té❡ ♣❛r ❧✬✉t✐❧✲
✐s❛t❡✉r✮ ❀

✕ ❧❛ ❧✐st❡ ❞❡ t♦✉t❡s ❧❡s ♦♣ér❛t✐♦♥s ❀
✕ ❧❛ ❧✐st❡ ❧❡s str✉❝t✉r❡s ❞❡ ❝♦♥trô❧❡ r❡❝♦♥♥✉❡s ♣❛r ♥♦tr❡ ♦✉t✐❧ ✭❝❡rt❛✐♥s t❡sts ❡t ❜♦✉❝❧❡s✮✳
➚ ♣❛rt✐r ❞❡ ❝❡s ✐♥❢♦r♠❛t✐♦♥s✱ ✉♥❡ ❛❧❧♦❝❛t✐♦♥ ❞❡s r❡ss♦✉r❝❡s ❞❡ ❋P❖P ét❛✐t ❞ét❡r♠✐♥é❡ ❡♥

✉t✐❧✐s❛♥t ✉♥ ♠é❝❛♥✐s♠❡ ❞✬❛✛❡❝t❛t✐♦♥ ❞❡s ♦♣ér❛t✐♦♥s ❛✉① ❝❡❧❧✉❧❡s ♣❛r ♣r✐♦r✐té✳ ▲❡s ✐♥❢♦r♠❛t✐♦♥s
s✉r ❧❡s s✐❣♥❛✉① ♣❡r♠❡tt❛✐❡♥t ❞❡ ❝♦♥✜❣✉r❡r ❧❡ r♦✉t❛❣❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝❡❧❧✉❧❡s ❡t ❜❧♦❝s ❞✉
❝✐r❝✉✐t✳ ❯♥❡ ♣❤❛s❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ét❛✐t ❢❛✐t❡ ♣♦✉r ré❞✉✐r❡ ❧❡ ❞é❧❛✐ ❡♥ ❧✐❣♥❡ ❡t ♥é❝❡ss✐t❛✐t ❞❡
♠♦❞✐✜❡r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡s é❧é♠❡♥ts ❞❡ ❞é❧❛✐ ♣r♦❣r❛♠♠❛❜❧❡ ❞❡s ❝❡❧❧✉❧❡s✳ ▲❛ ♣r♦❣r❛♠♠❛t✐♦♥
❞❡ ❋P❖P ét❛✐t très s✐♠♣❧❡ ❞✉ ❢❛✐t ❞❡ ❧❛ ❣r❛♥❞❡ s✐♠✐❧❛r✐té ❡♥tr❡ ❧❡s éq✉❛t✐♦♥s ✭❡♥tré❡s ❡♥ ▼❛t❧❛❜
♦✉ ❡♥ ❈✮ ❡t ❧❛ str✉❝t✉r❡ ❞❡s ❝❡❧❧✉❧❡s✳ ▲❡s r❡ss♦✉r❝❡s ❞❡ r♦✉t❛❣❡ ét❛✐❡♥t ❞✐♠❡♥s✐♦♥♥é❡s ❛✜♥ ❞❡
♣♦✉✈♦✐r ✐♠♣❧❛♥t❡r ❞✐r❡❝t❡♠❡♥t ❧❡s ♣r✐♥❝✐♣❛✉① s❝❤é♠❛s ❞❡ ❝❛❧❝✉❧ s❛♥s ♦r❞♦♥♥❛♥❝❡♠❡♥t✳ ▲❡ s❡✉❧
♦r❞♦♥♥❛♥❝❡♠❡♥t ♥é❝❡ss❛✐r❡ ét❛✐t ♣♦✉r ❧❛ ❣❡st✐♦♥ ❞❡ ❧❛ s②♥❝❤r♦♥✐s❛t✐♦♥ ❞❡s ✢♦ts ❞❡ ❞♦♥♥é❡s
❞❛♥s ❧❡s ❜♦✉❝❧❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ♦♣ér❛♥❞❡s ét❛✐t t♦t❛❧❡♠❡♥t à ❧❛ ❝❤❛r❣❡ ❞✉
♣r♦❣r❛♠♠❡✉r✳ ❆✉❥♦✉r❞✬❤✉✐✱ ✐❧ s❡r❛✐t ♣♦ss✐❜❧❡ ❞✬❛✉t♦♠❛t✐s❡r ❡♥ ♣❛rt✐❡ ❝❡tt❡ ♣r✐s❡ ❡♥ ❝❤❛r❣❡ ❞❡ ❧❛
♣ré❝✐s✐♦♥ ❞❡s ❝❛❧❝✉❧s✳
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❋✐❣✉r❡ ✷✳✸✳✿ ❈❡❧❧✉❧❡ ❧✐♥é❛✐r❡ ❡t ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❋P❖P ❡t q✉❡❧q✉❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣♦ss✐❜❧❡s✳
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cell output

normalization

programmable delay

cell input

format converters

binomier stages

posttreatment

pretreatment

coefficient table

❋✐❣✉r❡ ✷✳✹✳✿ ❈❡❧❧✉❧❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❞❡ ❋P❖P✳
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source code

parsing

signal list control structure

netlist

optimization

netlist

place and route

netlist

schematic tool

physical configuration

scheduling

operation list

resource  allocationFPOP model

FPOP

❋✐❣✉r❡ ✷✳✺✳✿ ❋❧♦t ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❞❡ ❋P❖P✳

▲✬❛r❝❤✐t❡❝t✉r❡ ❋P❖P ❛ été ❜r❡✈❡té❡ ❡♥ ❥❛♥✈✐❡r ✶✾✾✾ ❬✸✼❪ ❡t ❡♥s✉✐t❡ ♣✉❜❧✐é❡ ❞❛♥s ❧❡s ❝♦♥❢ér❡♥❝❡s
❋P▲ ✶✾✾✾ ❬✻✺❪ ❡t ❙P■❊ ✶✾✾✾ ❬✻✹❪✳
❉❡♣✉✐s ❝❡tt❡ é♣♦q✉❡✱ ✐❧ ❡①✐st❡ ❞❡s str✉❝t✉r❡s ❡✣❝❛❝❡s ❞✬❆❉❈ ❡t ❞❡ ❉❆❈ q✉✐ tr❛✈❛✐❧❧❡♥t ❛✈❡❝

✉♥ ❝♦❞❛❣❡ r❡❞♦♥❞❛♥t ❡♥ ❜❛s❡ ✹ ❡t ❞❡s ❝❤✐✛r❡s ❞❛♥s {−2,−1, 0, 1, 2}✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r
r❡tr❛✈❛✐❧❧❡r s✉r ❝❡ ❣❡♥r❡ ❞✬❛r❝❤✐t❡❝t✉r❡ ❞❛♥s ❧❡ ❢✉t✉r✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❇r❡✈❡t ✿ ❈❙❊▼ ❬✸✼❪

❈♦♥❢ér❡♥❝❡s ✿ ❙P■❊ ✶✾✾✾ ❬✻✹❪✱ ❋P▲ ✶✾✾✾ ❬✻✺❪

▲♦❣✐❝✐❡❧s ✿ ♦✉t✐❧s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ s♣é❝✐✜q✉❡s à ❋P❖P

✷✳✸✳ ▼ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s

▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ❡♥ ♠❛tér✐❡❧ ❡st ✉♥❡ t❤é♠❛t✐q✉❡ ✐♠♣♦rt❛♥t❡ ❡♥
❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❡♥ ❋r❛♥❝❡✱ ❞❡♣✉✐s ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞✬❛♥♥é❡s✳ ❯♥ ❧✐✈r❡
❝♦♠♣❧❡t ❬✶✶✸❪ ❡st ❞é❞✐é ❛✉① ♠ét❤♦❞❡s ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ❡♥ ❧♦❣✐❝✐❡❧ ❡t ❡♥
♠❛tér✐❡❧✳ ➱✈❛❧✉❡r ❡✣❝❛❝❡♠❡♥t ❝❡s ❢♦♥❝t✐♦♥s ❡st ✐♠♣♦rt❛♥t ♣♦✉r ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞✬❛♣♣❧✐❝❛t✐♦♥s
❞❛♥s ❞❡s s②stè♠❡s ❡♠❜❛rq✉és✱ ❡♥ ♠✉❧t✐♠é❞✐❛✱ ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✱ ❡t❝✳
▲❡ t②♣❡ ❞❡ ♠ét❤♦❞❡ à ✉t✐❧✐s❡r ❞é♣❡♥❞ ❜❡❛✉❝♦✉♣ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❝✐❜❧❡ ❡t ❞❡ ❝♦♥s✐❞ér❛t✐♦♥s

❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥✳ ▲❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ❞é❝r✐t❡s ❝✐✲❞❡ss♦✉s s♦♥t ✉t✐❧✐s❛❜❧❡s
❛ss❡③ ❡✣❝❛❝❡♠❡♥t ❥✉sq✉✬à ✉♥❡ ♣ré❝✐s✐♦♥ ✺ ❞✬✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ ❜✐ts✳ ❏✉sq✉✬❛✉ ❞é❜✉t ❞❡s ❛♥♥é❡s
✾✵✱ s❡✉❧❡s ❞❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ ré❝✉rr❡♥❝❡ ❞❡ ❝❤✐✛r❡s ✻ ❝♦♠♠❡ ❈♦r❞✐❝ ❬✶✶✸❪ ét❛✐❡♥t ✐♠✲
♣❧❛♥té❡s ❡♥ ♠❛tér✐❡❧✳ ❊♥ ❧♦❣✐❝✐❡❧✱ ♦♥ ✉t✐❧✐s❛✐t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s

✺✳ P♦✉r ♥♦✉s✱ ❧❛ ♣ré❝✐s✐♦♥ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts s✐❣♥✐✜❝❛t✐❢s µ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❡rr❡✉r ♠❛①✐♠❛❧❡ ǫ s❡❧♦♥ ❧❛
r❡❧❛t✐♦♥ µ = − log

2
|ǫ|✳ P❛r ❡①❡♠♣❧❡✱ ✉♥❡ ❡rr❡✉r ❞❡ 2−16 ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 16 ❜✐ts✳

✻✳ ❆✉ss✐ ❛♣♣❡❧é❡s ♠ét❤♦❞❡s à ❛❞❞✐t✐♦♥s ❡t ❞é❝❛❧❛❣❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳
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♦✉ r❛t✐♦♥♥❡❧❧❡s✳ ▲❡ ❝❤❛♣✐tr❡ ✸ ♣♦rt❡r❛ s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②✲
♥♦♠✐❛❧❡ ❡♥ ♠❛tér✐❡❧✳ ❆✈❡❝ ❧✬❛rr✐✈é❡ ❞❡ ❋P●❆ ❞❡ ❣r❛♥❞❡ t❛✐❧❧❡ ❡t ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té
❞✬✐♥té❣r❛t✐♦♥ ❡♥ ❝✐r❝✉✐t ❆s✐❝✱ ❞✬❛✉tr❡s ♠ét❤♦❞❡s ❞✬é✈❛❧✉❛t✐♦♥ s♦♥t ❞❡✈❡♥✉❡s ✐♥tér❡ss❛♥t❡s ♣♦✉r
❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ❡♥ ♠❛tér✐❡❧✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡
t❛❜❧❡s s♦♥t ❞❡✈❡♥✉❡s ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ♣♦ss✐❜❧❡ ❛✉① ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ❡t r❛t✐♦♥♥❡❧❧❡s
❡t ❛✉① ❛❧❣♦r✐t❤♠❡s ❝♦♠♠❡ ❈♦r❞✐❝✳
❇✐❡♥ é✈✐❞❡♠♠❡♥t✱ t❛❜✉❧❡r ❞✐r❡❝t❡♠❡♥t ❧❡s ✈❛❧❡✉rs ❞✬✉♥❡ ❢♦♥❝t✐♦♥ f(x) ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❛r❣✉✲

♠❡♥ts ♣♦ss✐❜❧❡s x ❝♦♥❞✉✐t à ✉♥❡ t❛❜❧❡ ❛✈❡❝ 2n ✈❛❧❡✉rs s✐ x ❡st r❡♣rés❡♥té s✉r n ❜✐ts✳ ❊♥ ♣r❛t✐q✉❡✱
❧❛ t❛❜✉❧❛t✐♦♥ ❞✐r❡❝t❡✱ ❝✳✲à✲❞✳ ❛✈❡❝ ✉♥❡ s❡✉❧❡ t❛❜❧❡✱ ❡st ❧✐♠✐té❡ à ❞❡s ❛r❣✉♠❡♥ts ❞✬✉♥❡ ❞✐③❛✐♥❡ ❞❡
❜✐ts✳ ❖♥ tr♦✉✈❡✱ ❞❛♥s ❞❡ r❛r❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✱ ❞❡s t❛❜❧❡s ❛✈❡❝ ✶✷ ♦✉ ✶✺ ❜✐ts ❞✬❛❞r❡ss❡✳ ❉❛♥s ❧❡s
♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s é✈♦❧✉é❡s✱ ♦♥ ✉t✐❧✐s❡ ♣❧✉s✐❡✉rs t❛❜❧❡s ❞❡ ❝♦♥st❛♥t❡s ♣ré❝❛❧❝✉❧é❡s ❛✐♥s✐
q✉❡ q✉❡❧q✉❡s ♦♣ér❛t✐♦♥s s✐♠♣❧❡s ❝♦♠♠❡ ❧✬❛❞❞✐t✐♦♥✱ ❧❛ s♦✉str❛❝t✐♦♥✱ ❧❡s ❞é❝❛❧❛❣❡s ❡t é✈❡♥t✉❡❧❧❡✲
♠❡♥t ❞❡s ♣❡t✐t❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♦✉ ❞❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s r❡❝t❛♥❣✉❧❛✐r❡s✳ ❯♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡st
q✉❛❧✐✜é❡ ❞❡ r❡❝t❛♥❣✉❧❛✐r❡ ❧♦rsq✉✬✉♥ ❞❡s ❞❡✉① ♦♣ér❛♥❞❡s ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ♣❡t✐t q✉❡ ❧✬❛✉tr❡✳

✷✳✸✳✶✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ❞❡ ♣❡t✐ts ♠✉❧t✐♣❧✐❡✉rs

▲♦rs ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✐❧♦s ❊r❝❡❣♦✈❛❝ ✭❯❈▲❆✮✱ ❚❤♦♠❛s ▲❛♥❣ ✭❯❈■✮ ❡t ❏❡❛♥✲▼✐❝❤❡❧
▼✉❧❧❡r ✭❈◆❘❙✕▲■P✮✱ ♥♦✉s ❛✈♦♥s ♠✐s ❛✉ ♣♦✐♥t ✉♥ ❛❧❣♦r✐t❤♠❡ ♣❡r♠❡tt❛♥t ❞✬é✈❛❧✉❡r ❧✬✐♥✈❡rs❡✱ ❧❛
r❛❝✐♥❡ ❝❛rré❡✱ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡✱ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ❡t ❧❡ ❧♦❣❛r✐t❤♠❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♣❡t✐t❡s
t❛❜❧❡s ❡t ❞❡s ♣❡t✐ts ♠✉❧t✐♣❧✐❡✉rs✳ ◆♦✉s ❞é❝r✐✈♦♥s ✐❝✐ très r❛♣✐❞❡♠❡♥t ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ❧❛ ♠ét❤♦❞❡
♣r♦♣♦sé❡✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❡st ♣rés❡♥té❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✷✼❪ ♣✉❜❧✐é ❞❛♥s ❧❡ ❥♦✉r♥❛❧ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❡rs ❡♥ ❥✉✐❧❧❡t ✷✵✵✵ ❡t r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✷ ✭♣❛❣❡ ✶✵✺✮✳ ❯♥❡ ✈❡rs✐♦♥
♣ré❧✐♠✐♥❛✐r❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é❡ à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✶✾✾✽ ❬✷✻❪✳
❈✐✲❞❡ss♦✉s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♥♦t❛t✐♦♥s ❞❡ ❬✷✼❪ r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✷✳ ❖♥ ❝❤❡r❝❤❡ à ❛♣✲

♣r♦❝❤❡r ❧❛ ❢♦♥❝t✐♦♥ g(Y ) ♦ù Y ❡st ❧❛ ♠❛♥t✐ss❡ ❞✬✉♥ ♥♦♠❜r❡ ✢♦tt❛♥t ■❊❊❊ ❬✻✾❪ s✉r m ❜✐ts✳ ❖♥
❛ ❞♦♥❝ 1 ≤ Y < 2✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧✬❡①♣♦s❛♥t ét❛♥t très s✐♠♣❧❡✱ ✐❧ ♥✬❡st ♣❛s ♣r✐s ❡♥ ❝♦♠♣t❡✳ ▲❡s
❝❛❧❝✉❧s ✐♥t❡r♥❡s s♦♥t ❢❛✐ts s✉r n ❜✐ts ❛✈❡❝ n > m✳ ▲❛ ♠ét❤♦❞❡ ✉t✐❧✐s❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ sér✐❡
❞❡ ❚❛②❧♦r ✭❝❢✳ ❬✶✶✸❪✮ q✉✐ ❝♦♥✈❡r❣❡ r❛♣✐❞❡♠❡♥t✱ ❝✳✲à✲❞✳ ❛✈❡❝ ♣❡✉ ❞❡ t❡r♠❡s✱ s✐ ❧✬❛r❣✉♠❡♥t ❡st ♣r♦❝❤❡
❞❡ 1✳ ▲❛ ♠ét❤♦❞❡ ❢♦♥❝t✐♦♥♥❡ ❡♥ ✸ ét❛♣❡s ✿

➱t❛♣❡ ✶ ✿ ré❞✉❝t✐♦♥
❖♥ tr♦✉✈❡ A✱ ♣r♦❝❤❡ ❞❡ 1✱ à ♣❛rt✐r ❞❡ Y t❡❧ q✉❡ −2−k < A < 2−k ❡t k ❡st ✜①é à n/4
✭♦♥ ❝♦✉♣❡r❛ A ❡♥ 4 ♣❛rt✐❡s é❣❛❧❡s ♣♦✉r ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡✮✳ P♦✉r ❝❡❝✐✱ ♦♥ ✉t✐❧✐s❡ ✉♥❡
❛♣♣r♦①✐♠❛t✐♦♥ R̂ ❞❡ 1/Y ❛✈❡❝ k+1 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥ ✭♣❛r t❛❜✉❧❛t✐♦♥✮✳ ❖♥ ❛ A = Y ×R̂−1✳

➱t❛♣❡ ✷ ✿ é✈❛❧✉❛t✐♦♥
❖♥ ✉t✐❧✐s❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r f(A) = C0+C1A+C2A

2+C3A
3+C4A

4+. . .✳ ❈♦♠♠❡
|A| < 2−k✱ ♦♥ ♣❡✉t ❝♦✉♣❡r A ❡♥ ♣❛rt✐❡s é❣❛❧❡s t❡❧❧❡s q✉❡ A = A2z

2+A3z
3+A4z

4+ . . . ❛✈❡❝
z = 2−k ❡t ∀i |Ai| ≤ 2k−1✳ A ❡st ❞♦♥❝ ❞❡ ❧❛ ❢♦r♠❡ ✿ 0. ✵✳ ✳ ✳ ✵ A2 A3 A4 ✳ ✳ ✳ ❊♥
✐♥❥❡❝t❛♥t ❧❡ ❞é❝♦✉♣❛❣❡ ❞❡ A ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❞❡ f(A) ❡t ❛♣rès s✉♣♣r❡ss✐♦♥
❞❡s t❡r♠❡s ♣❧✉s ♣❡t✐ts q✉❡ 2−4k✱ ♦♥ ♦❜t✐❡♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✿

f(A) ≈ C0 + C1A+ C2A
2
2z

4 + 2C2A2A3z
5 + C3A

3
2z

6

P♦✉r ❝❤❛❝✉♥❡ ❞❡s ❢♦♥❝t✐♦♥s ❝✐❜❧❡s ♦♥ ❛ ✉♥ ❥❡✉ ❞❡ ✈❛❧❡✉rs ♣♦✉r ❧❡s Ci✳

➱t❛♣❡ ✸ ✿ ♣♦st✲tr❛✐t❡♠❡♥t
P♦✉r ♣❛ss❡r ❞❡ f(A) à g(Y )✱ ✐❧ ❢❛✉t ❡✛❡❝t✉❡r ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ✈❛❧❡✉r q✉✐ ❞é♣❡♥❞
❞❡ R̂✳ ❈❡tt❡ ✈❛❧❡✉r ❡st t❛❜✉❧é❡ ❡♥ ♠ê♠❡ t❡♠♣s q✉❡ R̂✳

✷✾



P♦✉r ❧❡s ❞✐✛ér❡♥t❡s ❢♦♥❝t✐♦♥s✱ ♦♥ ❛ ✉♥❡ ♣ré❝✐s✐♦♥ ❞✬✉♥ ♣❡✉ ♠♦✐♥s ❞❡ 4k ❜✐ts✳ ▲❡ ❝♦ût ❞❡ ❝❛❧❝✉❧
❡st ❞♦♠✐♥é ♣❛r ✉♥ ♠✉❧t✐♣❧✐❡✉r ❞❡ (3k + 1)× (3k + 2) ❜✐ts ❡t ❞❡s t❛❜❧❡s ❞❡ t❛✐❧❧❡s 2k × (k + 1) ❡t
2k × (n+ k + 1) ❜✐ts✳
❈♦♠♣❛r❛t✐✈❡♠❡♥t ❛✉① ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ♣r♦♣♦sé❡s ❝✐✲❞❡ss♦✉s✱ ❝❡tt❡ ♠ét❤♦❞❡ ❡st

♠♦✐♥s ♣❡r❢♦r♠❛♥t❡ ♣♦✉r ✉♥❡ s❡✉❧❡ ❢♦♥❝t✐♦♥✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ❛♣♣r♦❝❤❡r ❧❡s ❢♦♥❝t✐♦♥s 1/Y ✱
√
Y ✱

1/
√
Y ✱ expY ❡t log Y ❞❛♥s ❧❡ ♠ê♠❡ ❝✐r❝✉✐t✱ ❡❧❧❡ ❡st ❜✐❡♥ ♣❧✉s ❡✣❝❛❝❡✱ ❡♥ ✈✐t❡ss❡ ❡t ❡♥ s✉r❢❛❝❡✱

q✉❡ ❧❛ s♦♠♠❡ ❞❡s ❜❧♦❝s ✉t✐❧✐s❛♥t ❞✬❛✉tr❡s ♠ét❤♦❞❡s ♣♦✉r ❝❤❛q✉❡ ❢♦♥❝t✐♦♥ ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ❈❡tt❡
♠ét❤♦❞❡ ❞♦♥♥❡ ❞✬❛ss❡③ ❜♦♥s rés✉❧t❛ts ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ s✐♠♣❧❡ ♣ré❝✐s✐♦♥ ■❊❊❊ ✭m = 24✮✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❏♦✉r♥❛❧ ✿ ■❊❊❊ ❚❈ ✷✵✵✵ ❬✷✼❪

❈♦♥❢ér❡♥❝❡ ✿ ❙P■❊ ✶✾✾✽ ❬✷✻❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ❯❈▲❆ ❡t ❯❈■ ✭✶✾✾✼✕✶✾✾✾✮

✷✳✸✳✷✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ❛❞❞✐t✐♦♥s✱ ♠ét❤♦❞❡ ♠✉❧t✐♣❛rt✐t❡

❈✐✲❞❡ss♦✉s✱ ♥♦✉s rés✉♠♦♥s très r❛♣✐❞❡♠❡♥t ✉♥❡ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ❛✈❡❝ ❋❧♦r❡♥t ❞❡ ❉✐♥❡❝❤✐♥
✭❊◆❙▲②♦♥✕▲■P✮✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥ ❝♦♠♣❧èt❡ ❡st ♣rés❡♥té❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✷✹❪ ♣✉❜❧✐é ❞❛♥s ❧❡ ❥♦✉r♥❛❧
■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠♣✉t❡rs ❡♥ ♠❛rs ✷✵✵✺ ❡t r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✸ ✭♣❛❣❡ ✶✶✻✮✳ ❯♥❡
✈❡rs✐♦♥ ♣ré❧✐♠✐♥❛✐r❡ ❞❡ ❝❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é❡ ❛✉① ❝♦♥❢ér❡♥❝❡s ❙P■❊ ❡♥ ✷✵✵✵ ❬✷✷❪ ✭✉♥✐q✉❡♠❡♥t
♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s sin ❡t cos✮ ❡t ❆❘■❚❍ ✶✺ ❡♥ ✷✵✵✶ ❬✷✸❪✳
❈❡s ♠ét❤♦❞❡s ✉t✐❧✐s❡♥t ❞❡s ❧❡❝t✉r❡s ❞❛♥s ♣❧✉s✐❡✉rs t❛❜❧❡s ❡♥ ♣❛r❛❧❧è❧❡ ❡t ❡✛❡❝t✉❡♥t ❧❛ s♦♠♠❡

✭❞❡ ✈❛❧❡✉rs ❛❧❣é❜r✐q✉❡s✮ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡s ❞✐✛ér❡♥t❡s t❛❜❧❡s ♣♦✉r ❢♦✉r♥✐r ❧✬❛♣♣r♦①✐♠❛t✐♦♥
s♦✉❤❛✐té❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s ✉t✐❧✐sé❡s ❡st ✈❛r✐❛❜❧❡ s✉✐✈❛♥t ❧❡s ♠ét❤♦❞❡s✳
✕ ▲❛ ♠ét❤♦❞❡ ❜✐♣❛rt✐t❡ ✉t✐❧✐s❡ ❞❡✉① t❛❜❧❡s ❝♦♠♠❡ ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✷✳✻✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st ✉t✐❧✲
✐sé❡ ❞❡♣✉✐s ❞❡ ♥♦♠❜r❡✉s❡s ❛♥♥é❡s✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❡✛❡❝t✉é❡ ❡st très ♣r♦❝❤❡ ❞✬✉♥ ❞é✈❡❧♦♣♣❡✲
♠❡♥t ❡♥ sér✐❡ ❞❡ ❚❛②❧♦r à ❧✬♦r❞r❡ ✶ ❛✉t♦✉r ❞✉ ♣♦✐♥t ❝♦♥st✐t✉é ❞❡s ❜✐ts ❞❡ ♣♦✐❞s ❢♦rts ❞❡
❧✬❛r❣✉♠❡♥t✳ ❖♥ ❝❤❡r❝❤❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ f(x) ❛✈❡❝ x = x1 + x2 × 2−k + x3 × 2−2k ❡t
0 ≤ xi ≤ 1 − 2−k ✉♥ ♠✉❧t✐♣❧❡ ❞❡ 2−k✳ ▲✬❛r❣✉♠❡♥t x ❡st ❞♦♥❝ ❞é❝♦✉♣é ❡♥ 3 ♣❛rt✐❡s é❣❛❧❡s
❞❡ k ❜✐ts ❝❤❛❝✉♥❡ ✿ x1 x2 x3 ✳ ❖♥ ✉t✐❧✐s❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❞✬♦r❞r❡ ✶
❛✉ ♣♦✐♥t x1 + x2 × 2−k q✉✐ ❡st f(x) = f(x1 + x22

−k) + x32
−2kf ′(x1 + x22

−k) + ǫ1✳ ❖♥
❛♣♣r♦❝❤❡ f ′(x1 + x22

−k) ♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r ❡♥ x1 q✉✐ ❡st f ′(x1 + x22
−k) =

f ′(x1) + x22
−kf ′′(x1) + ǫ2✳ ❋✐♥❛❧❡♠❡♥t ♦♥ ❛ ✿

f(x) = f(x1 + x22
−k) + x32

−2kf ′(x1) + ǫ

●❧♦❜❛❧❡♠❡♥t✱ ❧❛ ♠ét❤♦❞❡ ❜✐♣❛rt✐t❡ ♥é❝❡ss✐t❡ ✿ ✉♥❡ t❛❜❧❡ T1(x1, x2) ≈ f(x1 + x22
−k) ❞❡ 22k

♠♦ts ❞❡ n ❜✐ts✱ ✉♥❡ t❛❜❧❡ T2(x1, x3) ≈ x32
−2kf ′(x1) ❞❡ 22k ♠♦ts ❞❡ p ❜✐ts ❛✈❡❝ p << n ❡t

✉♥❡ ❛❞❞✐t✐♦♥ ✜♥❛❧❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ✉♥❡ ❝♦♠♣r❡ss✐♦♥ ❞❡s t❛❜❧❡s ❞✬✉♥❡ t❛✐❧❧❡ t♦t❛❧❡
❞❡ s❡✉❧❡♠❡♥t (n+ p)× 2

2n

3 ❜✐ts ❝♦♥tr❡ n× 2n ❜✐ts ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ t❛❜✉❧❛t✐♦♥ ❞✐r❡❝t❡✳
◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♣❡t✐t❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❛♥s ❬✷✷❪ ♦ù x ♥✬❡st ♣❛s ❞é❝♦✉♣é ❡♥ ♣❛rt✐❡s
❞❡ ♠ê♠❡ t❛✐❧❧❡✳ ◆♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ❝❡tt❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❛♥s ✉♥ ❣é♥ér❛t❡✉r ❛✉t♦♠❛t✐q✉❡
❞❡ ❝♦❞❡ ❱❍❉▲ ♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s s✐♥✉s ❡t ❝♦s✐♥✉s✳ ◆♦✉s ❡①♣❧♦✐t♦♥s ❛✉ss✐ ❧❛ str✉❝t✉r❡ ❞❡
❝❛s❝❛❞❡s ❞❡ ▲❯❚ ❞❡s ❋P●❆ ♣♦✉r ♦♣t✐♠✐s❡r ❧❡ ❞é❝♦✉♣❛❣❡✳

✕ ▲❛ ♠ét❤♦❞❡♠✉❧t✐♣❛rt✐t❡ ✉t✐❧✐s❡m+1 t❛❜❧❡s ❝♦♠♠❡ ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✷✳✼ ❞❛♥s ❧❡ ❝❛s tr✐♣❛rt✐t❡
❛✈❡❝ m = 2✳ ❉✐✛ér❡♥t❡s ✈❛r✐❛♥t❡s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ❧❛ ♠ét❤♦❞❡ ♠✉❧t✐♣❛rt✐t❡✳ ▼❛✐s
t♦✉t❡s ❝❡s ♠ét❤♦❞❡s ✉t✐❧✐s❛✐❡♥t ✉♥ ❞é❝♦✉♣❛❣❡ ❡♥ ❜❧♦❝s ❞❡ ♠ê♠❡ t❛✐❧❧❡ ♣♦✉r s✐♠♣❧✐✜❡r ❧❡
♣r♦❜❧è♠❡✳ ◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❛♥s ❬✷✸❪ ♣✉✐s ❬✷✹❪ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❡①❤❛✉st✐❢
♣♦✉r ♣❛r❝♦✉r✐r t♦✉t❡s ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❞❡s ❞é❝♦✉♣❛❣❡s✳ ●râ❝❡ à ✉♥❡ ❢♦r♠✉❧❛t✐♦♥
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x1 x2 x3x =

T1 T2

+

≈ f(x)

❋✐❣✉r❡ ✷✳✻✳✿ ❆r❝❤✐t❡❝t✉r❡ ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ❜✐♣❛rt✐t❡✳

x1 x2 x3 x4x =

T1 T2 T3

+

≈ f(x)

❋✐❣✉r❡ ✷✳✼✳✿ ❆r❝❤✐t❡❝t✉r❡ ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❧❛ ♠ét❤♦❞❡ ♠✉❧t✐♣❛rt✐t❡ ✭✐❝✐ tr✐♣❛rt✐t❡ m = 2✮✳

❛st✉❝✐❡✉s❡ ❞❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ♥♦✉s ♣♦✉✈♦♥s é❧❛❣✉❡r ❧✬❛r❜r❡ ❞❡s
❞é❝♦✉♣❛❣❡s ❛✉ ❢✉r ❡t ♠❡s✉r❡ ❞❡ s♦♥ ♣❛r❝♦✉rs✳ P♦✉r ✉♥ ♥✐✈❡❛✉ ❞❡ ❧✬❛r❜r❡ ❞❡s ❞é❝♦✉♣❛❣❡s✱ ♦♥
s❛✐t é✈❛❧✉❡r ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ❙✐ ❝❡tt❡ ❡rr❡✉r ❞é♣❛ss❡ ❧✬❡rr❡✉r ♠❛①✐♠❛❧❡ ❛❞♠✐s❡✱ ✐❧
♥✬❡st ♣❛s ✉t✐❧❡ ❞❡ ♣❛r❝♦✉r✐r ❧❡ s♦✉s✲❛r❜r❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❧✬❛❝❝é❧ér❛t✐♦♥ ❞✉❡ à ❝❡t é❧❛❣❛❣❡ ❡st
très ✐♠♣♦rt❛♥t❡✳ ◆♦tr❡ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ♣❛r❝♦✉rt ❧✬❡s♣❛❝❡ ❞❡s ❞é❝♦✉♣❛❣❡s ♣♦ss✐❜❧❡s
❡t ✉t✐❧❡s ❡♥ q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ s❡❝♦♥❞❡s ♣♦✉r ❞❡s ♣ré❝✐s✐♦♥s ❝✐❜❧❡s ❞❡ ✷✹ ❜✐ts✳ ▲✬❡①♣❧✐❝❛t✐♦♥
❞❡ ❧❛ ♠ét❤♦❞❡ ❡st ♣rés❡♥té❡ ❞❛♥s ❬✷✹❪ r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✸✳ ➱t❛♥t ❞♦♥♥és ✉♥ ♥♦♠❜r❡
❞❡ t❛❜❧❡s ❡t ✉♥❡ ❡rr❡✉r ♠❛①✐♠❛❧❡ ❛❞♠✐ss✐❜❧❡✱ ♥♦tr❡ ♠ét❤♦❞❡ ❝❛❧❝✉❧❡ ❧❡ ❞é❝♦✉♣❛❣❡ ♦♣t✐♠❛❧
❝♦♥❞✉✐s❛♥t ❛✉① ♣❧✉s ♣❡t✐t❡s t❛✐❧❧❡s ❞❡ t❛❜❧❡s✳ ▲❛ ♠ét❤♦❞❡ ♠✉❧t✐♣❛rt✐t❡ ❞♦♥♥❡ ❞❡ très ❜♦♥s
rés✉❧t❛ts ♣♦✉r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❛✈❡❝ ❞❡s ♣ré❝✐s✐♦♥s ❝✐❜❧❡s ❥✉sq✉✬à ✉♥❡ ✈✐♥❣t❛✐♥❡ ❞❡ ❜✐ts✳
P♦✉r ❞❡s ♣ré❝✐s✐♦♥s ♣❧✉s ✐♠♣♦rt❛♥t❡s✱ ✐❧ ❢❛✉t s❡ t♦✉r♥❡r ✈❡rs ❞❡s ♠ét❤♦❞❡s ❝♦♠♠❡ ❝❡❧❧❡s
♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✸✳

▲❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s s❛♥s ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ♠ê♠❡ ♣❡t✐t❡ ♦✉ r❡❝t❛♥❣✉❧❛✐r❡✱ s♦♥t ❞❡
♠♦✐♥s ❡♥ ♠♦✐♥s ✐♥tér❡ss❛♥t❡s s✉r ❧❡s t♦✉t❡s ❞❡r♥✐èr❡s ❣é♥ér❛t✐♦♥s ❞❡ ❝✐r❝✉✐ts ❋P●❆✳ ▲❡s ❜❧♦❝s
❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝â❜❧é❡ ✐♥té❣rés ❞❛♥s ❝❡s ❋P●❆ r❡♥❞❡♥t ❧❡s s♦❧✉t✐♦♥s à ❜❛s❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
♣❧✉s ♣❡r❢♦r♠❛♥t❡s q✉❡ ❝❡❧❧❡s ❜❛sé❡s s❡✉❧❡♠❡♥t s✉r ❞❡s t❛❜❧❡s✱ ❞❡s ❛❞❞✐t✐♦♥s ❡t ❞❡s ❞é❝❛❧❛❣❡s✳
P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ✉♥ ❝✐r❝✉✐t ❳✐❧✐♥① ❱✐rt❡①✲✻✱ ♦♥ tr♦✉✈❡✱ s✉✐✈❛♥t ❧❛ t❛✐❧❧❡ ❞✉ ❋P●❆✱ ❡♥tr❡ 288
❡t 2 016 ❜❧♦❝s q✉✐ ✐♥tè❣r❡♥t t♦✉s ✉♥ ♠✉❧t✐♣❧✐❡✉r 25 × 18 ❜✐ts ❡t ✉♥ ❛❝❝✉♠✉❧❛t❡✉r s✉r 48 ❜✐ts
q✉✐ ❢♦♥❝t✐♦♥♥❡♥t à ♣❧✉s✐❡✉rs ❝❡♥t❛✐♥❡s ❞❡ ▼❍③✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ é✈❛❧✉❡r ✉♥❡ ❢♦♥❝t✐♦♥ ❛✈❡❝
✉♥❡ ♣ré❝✐s✐♦♥ ❡♥tr❡ ✷✵ ❡t ✸✷ ❜✐ts ❞❡ ♣ré❝✐s✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✭❝❢✳
❝❤❛♣✐tr❡ ✸✮ ♥❡ ❝♦ût❡ q✉❡ q✉❡❧q✉❡s ♠✉❧t✐♣❧✐❡✉rs✳
❉❛♥s ✉♥ ❛✈❡♥✐r ♣r♦❝❤❡✱ ♥♦✉s s♦✉❤❛✐t♦♥s ♣♦✉✈♦✐r é✈❛❧✉❡r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s é♥❡r❣ét✐q✉❡s ❞❡s

♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ♣♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ❆s✐❝✳ ❈❡s ♠ét❤♦❞❡s ❝♦♥❞✉✐s❡♥t à ❞❡s ❝✐r❝✉✐ts
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❛✈❡❝ ✉♥❡ ❢❛✐❜❧❡ ❛❝t✐✈✐té ♣❛r r❛♣♣♦rt à ❞❡s s♦❧✉t✐♦♥s ✐tér❛t✐✈❡s✳ ▼❛✐s s✐ ❧❛ s✉r❢❛❝❡ ❞❡ s✐❧✐❝✐✉♠
♥é❝❡ss❛✐r❡ ♣♦✉r ❧❡s t❛❜❧❡s ❡st tr♦♣ ✐♠♣♦rt❛♥t❡✱ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ st❛t✐q✉❡ ❞✉ ❝✐r❝✉✐t ❞✉❡ ❛✉①
❝♦✉r❛♥ts ❞❡ ❢✉✐t❡ ✭❝❢✳ ❬✽✹❪✮ r✐sq✉❡ ❞❡ ❞❡✈❡♥✐r très ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡s ❞❡r♥✐èr❡s t❡❝❤♥♦❧♦❣✐❡s✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❏♦✉r♥❛❧ ✿ ■❊❊❊ ❚❈ ✷✵✵✺ ❬✷✹❪

❈♦♥❢ér❡♥❝❡s ✿ ❙P■❊ ✷✵✵✵ ❬✷✷❪✱ ❆❘■❚❍ ✷✵✵✶ ❬✷✸❪

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ❱❍❉▲

✷✳✸✳✸✳ ▼ét❤♦❞❡ à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ♣♦❧②♥ô♠❡s très ♣❛rt✐❝✉❧✐❡rs

▲♦rs ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✐❧♦s ❊r❝❡❣♦✈❛❝ ✭❯❈▲❆✮ ❡t ❏❡❛♥✲▼✐❝❤❡❧ ▼✉❧❧❡r ✭❈◆❘❙✲▲■P✮✱
♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧✬✐♥✈❡rs❡ ❡t ❞❡ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡ ♣♦✉r
❞❡s ❢❛✐❜❧❡s ♣ré❝✐s✐♦♥s ✭7 à 10 ❜✐ts✮✳ ▲❛ ♠ét❤♦❞❡ ✉t✐❧✐s❡ ✉♥❡ ♣❡t✐t❡ t❛❜❧❡ ❡t ❞❡s ♣♦❧②♥ô♠❡s très
♣❛rt✐❝✉❧✐❡rs ♣♦✉r ❧❡sq✉❡❧s ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ à ❡✛❡❝t✉❡r✳ ❈❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é à
❧❛ ❝♦♥❢ér❡♥❝❡ ❆s✐❧♦♠❛r ❡♥ ✷✵✵✺ ❬✷✽❪✳ ❯♥ ❣é♥ér❛t❡✉r ❛✉t♦♠❛t✐q✉❡ ❞❡ ❝♦❞❡ ❱❍❉▲ ♦♣t✐♠✐sé ❛ été
ré❛❧✐sé✱ ✐❧ ❡st ❞✐s♣♦♥✐❜❧❡ s✉r ♠❛ ♣❛❣❡ ✇❡❜ ✼✳ ❈❡ ❣é♥ér❛t❡✉r✱ ♥♦♠♠é s❡❡❞❣❡♥✱ ❡st é❝r✐t ❡♥ ❈ ❡t ✐❧
❡st ❞✐s♣♦♥✐❜❧❡ s♦✉s ❧✐❝❡♥❝❡ ●P▲✳
▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 1/x ❡t ❞❡ 1/

√
x ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✉t✐❧❡ ♣♦✉r ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞❡s ♠ét❤✲

♦❞❡s ✐tér❛t✐✈❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞✐✈✐s✐♦♥ ❡t ❞❡ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ❡♥ ❧♦❣✐❝✐❡❧✳ ❉❛♥s ❧❛
♣❧✉♣❛rt ❞❡s ♣r♦❝❡ss❡✉rs à ❤❛✉t❡s ♣❡r❢♦r♠❛♥❝❡s ❛❝t✉❡❧s✱ ❧❛ ❞✐✈✐s✐♦♥ ❡t ❧❛ r❛❝✐♥❡ ❝❛rré❡ s♦♥t ❝❛❧✲
❝✉❧é❡s✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ✉♥✐tés ✢♦tt❛♥t❡s✱ ♣❛r ✉♥❡ ♠ét❤♦❞❡ ♣r♦❝❤❡ ❞❡ ❝❡❧❧❡ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥
✭❝❢✳ ❬✽✸✱ ❝❤❛♣✳ ✼❪✮✳ P♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ q = a/d✱ ♦♥ ✉t✐❧✐s❡ ✉♥❡ é✈❛❧✉❛t✐♦♥ ❞❡ t = 1/d ❛✈❡❝ ◆❡✇t♦♥✲
❘❛♣❤s♦♥ ✈✐❛ ❧✬✐tér❛t✐♦♥ xi+1 = xi(2−dx2i )✱ ❝✳✲à✲❞✳ xi ❝♦♥✈❡r❣❡ ✈❡rs t✱ ♣✉✐s ❡♥ ❡✛❡❝t✉❛♥t ❧❡ ♣r♦❞✉✐t
q = t× a✳ ▲❛ ♠ét❤♦❞❡ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ ♣❡r♠❡t ❞❡ ❞♦✉❜❧❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❤✐✛r❡s s✐❣♥✐✜❝❛t✐❢s
à ❝❤❛q✉❡ ✐tér❛t✐♦♥✳ ❆✜♥ ❞✬❛❝❝é❧ér❡r ❧❡ ♣r♦❝❡ss✉s✱ ❧❡s ♣r❡♠✐èr❡s ✐tér❛t✐♦♥s q✉✐ ❢♦✉r♥✐ss❡♥t ♣❡✉ ❞❡
♣ré❝✐s✐♦♥✱ s♦♥t ❣é♥ér❛❧❡♠❡♥t r❡♠♣❧❛❝é❡s ♣❛r ✉♥❡ ❧❡❝t✉r❡ ❞❛♥s ✉♥❡ t❛❜❧❡ ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ x0
❞✉ q✉♦t✐❡♥t 1/d✳ ❈❡tt❡ t❛❜❧❡ ❞✬✐♥✈❡rs❡s ❛♣♣r♦❝❤és ❡st ✐♠♣❧❛♥té❡ ❡♥ ♠❛tér✐❡❧✳ P❛r ❡①❡♠♣❧❡✱ s✉r ❧❡
♣r♦❝❡ss❡✉r ■t❛♥✐✉♠✱ ❧✬✐♥str✉❝t✐♦♥ ❢r❝♣❛ ❢♦✉r♥✐t ✉♥ ❣❡r♠❡ ✭s❡❡❞ ❡♥ ❛♥❣❧❛✐s✮ ❞❡ ❧✬✐♥✈❡rs❡ 1/d ❛✈❡❝
✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 8.886 ❜✐ts ✭❝❢✳ ❬✶✵✸❪✮✳
❉❛♥s ❧❡ ❝❛s ❞❡ r❛❝✐♥❡ ❝❛rré❡

√
c✱ ♦♥ ✉t✐❧✐s❡ ❧✬✐tér❛t✐♦♥ ❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ xi+1 =

xi

2 (3− cx2i )✱
q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs 1/

√
c✱ ♣✉✐s ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r c ♣♦✉r ♦❜t❡♥✐r

√
c✳ ❯t✐❧✐s❡r ✉♥❡ ✐tér❛t✐♦♥

❞❡ ◆❡✇t♦♥✲❘❛♣❤s♦♥ q✉✐ ❝♦♥✈❡r❣❡ ❞✐r❡❝t❡♠❡♥t ✈❡rs
√
c ❡st ✉♥❡ ♠❛✉✈❛✐s❡ ✐❞é❡✳ ▲✬✐tér❛t✐♦♥ ❝♦rr❡✲

s♣♦♥❞❛♥t❡ ❢❛✐t ✐♥t❡r✈❡♥✐r ✉♥❡ ❞✐✈✐s✐♦♥ à ❝❤❛q✉❡ ét❛♣❡✳ ❉❛♥s ❧❡ ❝❛s ❞❡ r❛❝✐♥❡ ❝❛rré❡✱ ✐❧ ❢❛✉t ❞♦♥❝
t❛❜✉❧❡r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 1/

√
c ♣♦✉r s✉♣♣r✐♠❡r ❧❡s ♣r❡♠✐èr❡s ✐tér❛t✐♦♥s q✉✐ ❞♦♥♥❡♥t ♣❡✉ ❞❡

♣ré❝✐s✐♦♥✳ ▲❡ ♣r♦❝❡ss❡✉r ■t❛♥✐✉♠ ❛ ✉♥❡ ✐♥str✉❝t✐♦♥ ❢rsqrt❛ q✉✐ ❢♦✉r♥✐t ✉♥ ❣❡r♠❡ ❞❡ 1/
√
c ❛✈❡❝

✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 8.831 ❜✐ts ✭❝❢✳ ❬✶✵✸❪✮✳
▲❛ ♠❡✐❧❧❡✉r❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❞❡ f(x) = 1/x ❡t ❞❡ ❞❡❣ré 1 ❛✈❡❝ x ∈ [1, 2[ ❡st

❞♦♥♥é❡ ♣❛r ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ✿ 1.4571 − 0.5x ♣♦✉r ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 4.5 ❜✐ts ✭❝❢✳ ❝❤❛♣✐tr❡ ✸
♣♦✉r ✉♥❡ ❞❡s❝r✐♣t✐♦♥ r❛♣✐❞❡ ❡t ❞❡s ré❢ér❡♥❝❡s s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥
♠✐♥✐♠❛①✮✳ ❉✐✛ér❡♥ts ❝❤❡r❝❤❡✉rs ❛✈❛✐❡♥t ♣r♦♣♦sé ❞✬✉t✐❧✐s❡r ❧❡ ♣♦❧②♥ô♠❡ p(x) = 3

2 − x
2 ♣r♦❝❤❡ ❞❡

1.4571− 0.5x✳ ▲❡ ♣♦❧②♥ô♠❡ p(x) ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t s✐♠♣❧❡ à é✈❛❧✉❡r ❝♦♠♠❡ ♦♥ ❧❡ ❝♦♥st❛t❡ s✉r
❧❛ ✜❣✉r❡ ✷✳✽✳ ▲❛ ❞✐✈✐s✐♦♥ ♣❛r ✷ ❡st ✉♥ s✐♠♣❧❡ ❞é❝❛❧❛❣❡ à ❞r♦✐t❡✱ −x/2 ❡st ♦❜t❡♥✉✱ ❡♥ ❝♦♠♣❧é♠❡♥t à
❞❡✉①✱ ❡♥ ✐♥✈❡rs❛♥t t♦✉s ❧❡s ❜✐ts ❞❡ x ❡t ❡♥ ❛❥♦✉t❛♥t ✶ ❛✉ ♥✐✈❡❛✉ ❞✉ ▲❙❇ ❝♦♠♠❡ r❡t❡♥✉❡ ❡♥tr❛♥t❡
❞✬✉♥ ❛❞❞✐t✐♦♥♥❡✉r très s✐♠♣❧❡ ✭q✉✐ ♥❡ ❢❛✐t q✉❡ ♣r♦♣❛❣❡r ❧❛ r❡t❡♥✉❡✮✳ ▲✬❛❥♦✉t ❞❡ 3/2 ♥❡ ❝♦ût❡ r✐❡♥
❝♦♠♠❡ ♦♥ ❧❡ ✈♦✐t ❡♥ ✜❣✉r❡ ✷✳✽✳ ❆✉ ✜♥❛❧✱ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ p(x) ♥❡ ♥é❝❡ss✐t❡ q✉❡ q✉❡❧q✉❡s ✐♥✈❡rs❡✉rs
❡t ✉♥ ❛❞❞✐t✐♦♥♥❡✉r ♣♦✉r ❢❛✐r❡ ❧❛ ♣r♦♣❛❣❛t✐♦♥ ❞❡ ❧❛ r❡t❡♥✉❡ ❡♥tr❛♥t❡ ✐♥❥❡❝té❡ ❛✉ ▲❙❇✳ ▼❛✐s ❧❛

✼✳ ❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴♣r✐✈❡✴❆r♥❛✉❞✳❚✐ss❡r❛♥❞✴❞❡✈❡❧✴s❡❡❞❣❡♥✴

✸✷

http://www.irisa.fr/prive/Arnaud.Tisserand/devel/seedgen/
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x/2 =

−x/2 =

3/2 − x/2 =

❋✐❣✉r❡ ✷✳✽✳✿ ➱✈❛❧✉❛t✐♦♥ à très ❢❛✐❜❧❡ ❝♦ût ❞✉ ♣♦❧②♥ô♠❡ p(x) = 3
2 − x

2 ✳

♣ré❝✐s✐♦♥ ❞❡ p(x) ♣♦✉r ❛♣♣r♦❝❤❡r 1/x ❡st ❞❡ s❡✉❧❡♠❡♥t 3.5 ❜✐ts✱ ❝❡ q✉✐ ❡st ❧♦✐♥ ❞❡ ❧❛ ❞✐③❛✐♥❡ ❞❡
❜✐ts ♣♦✉r ❧❛ ♣ré❝✐s✐♦♥ ✈✐sé❡✳
◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞✬❛❥♦✉t❡r ✉♥❡ ♣❡t✐t❡ t❛❜❧❡ ♣♦✉r ❝♦♠♣❡♥s❡r ❧❡s ❡rr❡✉rs ❞✉❡s à ❧✬✉t✐❧✐s❛t✐♦♥

❞❡ p(x) s❡✉❧✳ ❖♥ ❛ ❞♦♥❝ s(x) = p(x) + t(x) = 3
2 − x

2 + t(x) ♦ù t(x) ❡st ❧❛ ❞✐✛ér❡♥❝❡ t❛❜✉❧é❡ ❡♥tr❡
1/x ❡t p(x)✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❡st ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✷✳✾✳ ❆✜♥ ❞✬❛♠é❧✐♦r❡r ✉♥ ♣❡✉
❧❛ ♣ré❝✐s✐♦♥✱ ❧❡ ❝❛❧❝✉❧ p(x) + t(x) ❡st ❢❛✐t s✉r n + g ❜✐ts ♦ù n ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞❡ x ❡t g ❧❡
♥♦♠❜r❡ ❞❡ ❜✐ts ❞❡ ❣❛r❞❡ ❛❥♦✉tés✳ ▲❛ t❛❜❧❡ t(x) ❡st ❛ss❡③ ♣❡t✐t❡✳ ❊❧❧❡ ❛ 2n ❜✐ts ❞✬❛❞r❡ss❡ ❡t ❞❡s
♠♦ts ❞❡ w ❜✐ts✳ w ❡st ♣❡t✐t ❝❛r ✐❧ ❢❛✉t ❥✉st❡ st♦❝❦❡r ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ 1/x ❡t p(x)✳ ▲❡ ♥♦♠❜r❡
❞❡ ❜✐ts ❞✬❛❞r❡ss❡ n ❡st ❡♥tr❡ 7 ❡t 10 ♣♦✉r ♥♦s ♣ré❝✐s✐♦♥s ❝✐❜❧❡s✳

not

x

s(x)

clk

n w

n

1

table

n+g

t(x)
p(x)

❋✐❣✉r❡ ✷✳✾✳✿ ❆r❝❤✐t❡❝t✉r❡ ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ p(x) + t(x)✳

▲❛ ✜❣✉r❡ ✷✳✶✵ ✐❧❧✉str❡ ❧❡s ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❛♥s ❧❡ ❝❛s✱ très s✐♠♣❧❡✱ ♦ù x ❡st r❡♣rés❡♥té s✉r
n = 3 ❜✐ts ❡t ❛✈❡❝ g = 1 ❜✐t ❞❡ ❣❛r❞❡✳ ❖♥ ✈ér✐✜❡ ❜✐❡♥ s✉r ❝❡s ❝♦✉r❜❡s q✉❡ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ 1/x
❡t p(x) ❡st ❢❛✐❜❧❡✱ ❡t ❞♦♥❝ w ♣❡t✐t✳ ▲❛ ✜❣✉r❡ ✷✳✶✶ ✐❧❧✉str❡ ❧✬✐♠♣❛❝t ❞✉ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞❡ ❣❛r❞❡ g
s✉r ❧❡s ❡rr❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r✳
❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡✱ ♥♦✉s ❛✈♦♥s tr♦✉✈é ✉♥❡ ❛st✉❝❡ s✐♠✐❧❛✐r❡✳ ▲❡ ♣♦❧②♥ô♠❡

♠✐♥✐♠❛① ❞❡ ❞❡❣ré ✶ ♣♦✉r f(x) = 1/
√
x ❛✈❡❝ x ∈ [1, 2[ ❡st 1.2739 − 0.292x✳ ■❧ ❝♦♥❞✉✐t à ✉♥❡

♣ré❝✐s✐♦♥ ❞❡ 5.7 ❜✐ts✳ ❈❡ ♣♦❧②♥ô♠❡ ❡st ♣r♦❝❤❡ ❞✉ ♣♦❧②♥ô♠❡ p(x) = 5
4 − x

4 q✉✐ ❝♦♥❞✉✐t à ✉♥❡
♣ré❝✐s✐♦♥ ❞❡ 4 ❜✐ts✳ ❈❡ ♣♦❧②♥ô♠❡ p(x) ♣♦✉r ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡ ❡st ❛✉ss✐ très s✐♠♣❧❡ à é✈❛❧✉❡r
❝♦♠♠❡ ♦♥ ❧❡ ❝♦♥st❛t❡ s✉r ❧❛ ✜❣✉r❡ ✷✳✶✷✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✷✳✾ ♣❡✉t êtr❡ ❞❡
♥♦✉✈❡❛✉ ✉t✐❧✐sé❡ ❛✈❡❝ ❞❡ très ❧é❣èr❡s ♠♦❞✐✜❝❛t✐♦♥s✳
❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ❝✐r❝✉✐ts 2.5 ❢♦✐s ♣❧✉s ♣❡t✐ts ❡t 40✪ ♣❧✉s r❛♣✐❞❡s q✉✬❛✈❡❝

❞✬❛✉tr❡s s♦❧✉t✐♦♥s ♣♦✉r 1/x ❡t 1/
√
x ❛♣♣r♦❝❤é❡s ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 7 à 10 ❜✐ts✳ ❉❛♥s ❧❡

❝❤❛♣✐tr❡ ✸✱ ♥♦✉s ✈❡rr♦♥s q✉✬✐❧ ❡st ♠❛✐♥t❡♥❛♥t ♣♦ss✐❜❧❡ ❞❡ r❡❝❤❡r❝❤❡r ❞❡s ♣♦❧②♥ô♠❡s ❛✈❡❝ ❞❡s

✸✸
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❋✐❣✉r❡ ✷✳✶✷✳✿ ➱✈❛❧✉❛t✐♦♥ à très ❢❛✐❜❧❡ ❝♦ût ❞✉ ♣♦❧②♥ô♠❡ p(x) = 5
4 − x

4 ✳

é❝r✐t✉r❡s ♣❛rt✐❝✉❧✐èr❡s ❞❡s ❝♦❡✣❝✐❡♥ts✳ ❈❡ ♣r✐♥❝✐♣❡ ❞✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s très ♣❛rt✐❝✉❧✐❡rs
♣❡✉t êtr❡ ♣r♦❜❛❜❧❡♠❡♥t ét❡♥❞✉ à ❞✬❛✉tr❡s ❢♦♥❝t✐♦♥s ❣râ❝❡s à ❝❡s ♦✉t✐❧s✳

❘
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❛
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❧
❛
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❈♦♥❢ér❡♥❝❡ ✿ ❆s✐❧♦♠❛r ✷✵✵✺ ❬✷✽❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❯❈▲❆ ✭✷✵✵✹✕✷✵✵✺✮

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r s❡❡❞❣❡♥✱ ❧✐❝❡♥❝❡ ●P▲

✷✳✹✳ ❉✐✈✐s✐♦♥ ♣♦✉r ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s

▲❡s ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s✱ ♦✉ ❛✉t♦✲séq✉❡♥❝és✱ ♣❡r♠❡tt❡♥t ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡s ♣r♦❜❧è♠❡s ❝♦♠✲
♣❧❡①❡s ❞❡ ❞✐str✐❜✉t✐♦♥ ❞✬❤♦r❧♦❣❡ ✭❝❢✳ ❬✶✷✺❪✮✳ ■❧s ♣rés❡♥t❡♥t ❞❡ ♥♦♠❜r❡✉s❡s ❝❛r❛❝tér✐st✐q✉❡s ✐♥tér❡s✲
s❛♥t❡s ✿ ♠✐s❡ ❡♥ ✈❡✐❧❧❡ ♥❛t✉r❡❧❧❡♠❡♥t s✐♠♣❧❡ ❡t ❡✣❝❛❝❡✱ ❢❛✐❜❧❡ r❛②♦♥♥❡♠❡♥t é❧❡❝tr♦♠❛❣♥ét✐q✉❡✱
❝♦♥❝❡♣t✐♦♥ ♠♦❞✉❧❛✐r❡ très s✐♠♣❧❡✱ ❡t❝✳ ▲❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❞✬✉♥ ♦♣ér❛t❡✉r ❛s②♥❝❤r♦♥❡ ❞é♣❡♥❞
❞❡s ✈❛❧❡✉rs ❞❡s ♦♣ér❛♥❞❡s✱ ✐❧ ❡st ❞♦♥❝ ✈❛r✐❛❜❧❡✳ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞✬✉♥ ♦♣ér❛t❡✉r ❛r✐t❤♠ét✐q✉❡ ♥é✲
❝❡ss✐t❡ ❞♦♥❝ ❞❡ r❛✐s♦♥♥❡r ❡♥ ❝❛s ♠♦②❡♥ ❡t ♣❧✉s s❡✉❧❡♠❡♥t ❡♥ ♣✐r❡ ❝❛s ❝♦♠♠❡ ❞❛♥s ❧❡s ❝✐r❝✉✐ts
❝❧❛ss✐q✉❡s ❛✈❡❝ ❤♦r❧♦❣❡✳ ❉❡s ❛❧❣♦r✐t❤♠❡s ♦♣t✐♠✐sés ♣♦✉r ❧❡s ♦♣ér❛t✐♦♥s ❞✬❛❞❞✐t✐♦♥ ❡t ❞❡ ♠✉❧t✐♣❧✐✲
❝❛t✐♦♥ ♦♥t été ♣r♦♣♦sés ♣♦✉r ❧❡s ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s✳ ▼❛✐s ♣♦✉r ❧❛ ❞✐✈✐s✐♦♥✱ s❡✉❧❡s ❞❡s s♦❧✉t✐♦♥s
❛ss❡③ s✐♠♣❧❡s ♦♥t été ét✉❞✐é❡s✳
❆✈❡❝ ◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♠♣❛❝t ❞✬✉♥❡ ✐♠♣❧❛♥t❛t✐♦♥ ❡♥ ❝✐r❝✉✐t ❛s②♥❝❤r♦♥❡

s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❞✐✈❡rs ❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥ ♣❛r ré❝✉rr❡♥❝❡ ❞❡ ❝❤✐✛r❡s ❬✽✸✱ ❝❤❛♣✳ ✺❪✳
P❧✉s✐❡✉rs ét✉❞❡s ♦♥t été ❢❛✐t❡s ♣♦✉r ❞❡s ❛❧❣♦r✐t❤♠❡s ❙❘❚ ❡♥ ❜❛s❡ ✷ ❛✈❡❝ ❧❡s ❝❤✐✛r❡s {−1, 0, 1} ❡t
✉♥ r❡st❡ ♣❛rt✐❡❧ r❡♣rés❡♥té ❡♥ ❝❛rr②✲s❛✈❡ ♦✉ ❡♥ ❜♦rr♦✇✲s❛✈❡✳ ▲❡ ❝❤♦✐① ❞✉ ❝♦❞❛❣❡ r❡❞♦♥❞❛♥t ❞✉
r❡st❡ ♣❛rt✐❡❧ ❡st t♦t❛❧❡♠❡♥t ❥✉st✐✜é ❡♥ s②♥❝❤r♦♥❡✳ ▼❛✐s ❡st✲❝❡ ❧❡ ❝❛s ❡♥ ❛s②♥❝❤r♦♥❡ ❄ ◆♦✉s ❛✈♦♥s
é✈❛❧✉é ❡t ❝♦♠♣❛ré ❧❡s ❛❧❣♦r✐t❤♠❡s s✉✐✈❛♥ts ✿
✕ ❞✐✈✐s✐♦♥ r❡st❛✉r❛♥t❡ ❡♥ ❜❛s❡ ✷✱ r❡st❡ ♣❛rt✐❡❧ ♥♦♥ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✷✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−1, 0, 1}✱ r❡st❡ ♣❛rt✐❡❧ ♥♦♥ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✹✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−2, · · · , 2}✱ r❡st❡ ♣❛rt✐❡❧ ♥♦♥ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✽✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−6, · · · , 6}✱ r❡st❡ ♣❛rt✐❡❧ ♥♦♥ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✶✻✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−10, · · · , 10}✱ r❡st❡ ♣❛rt✐❡❧ ♥♦♥ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✷✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−1, 0, 1}✱ r❡st❡ ♣❛rt✐❡❧ r❡❞♦♥❞❛♥t ❀
✕ ❞✐✈✐s✐♦♥ ❙❘❚ ❜❛s❡ ✹✱ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ❞❛♥s {−2, · · · , 2}✱ r❡st❡ ♣❛rt✐❡❧ r❡❞♦♥❞❛♥t✳
◆♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é✱ ❡♥ ❈✰✰✱ ✉♥ s✐♠✉❧❛t❡✉r ❛✉ ♥✐✈❡❛✉ ♣♦rt❡ ❧♦❣✐q✉❡ ❛s②♥❝❤r♦♥❡ ❛✈❡❝ ♣r✐s❡

❡♥ ❝♦♠♣t❡ ❞❡s ❞é❧❛✐s ❞❡s ♣♦rt❡s✳ ■❧ ♥✬❡①✐st❛✐t ♣❛s ❞❡ s✐♠✉❧❛t❡✉r ♣♦✉r ❝✐r❝✉✐t ❛s②♥❝❤r♦♥❡ ❛❝❝❡ss✐❜❧❡
à ❝❡tt❡ é♣♦q✉❡✳ ❯t✐❧✐s❡r ✉♥ s✐♠✉❧❛t❡✉r ❱❍❉▲ ❛✈❡❝ ❣❡st✐♦♥ ❞❡s ❞é❧❛✐s ♥❡ ♣❡r♠❡tt❛✐t ♣❛s ❞❡ ❢❛✐r❡
❞❡s st❛t✐st✐q✉❡s ❛ss❡③ r❛♣✐❞❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ✉♥ ♠♦❞è❧❡ ❞❡ ❝✐r❝✉✐t ❛s②♥❝❤r♦♥❡ q✉❛s✐♠❡♥t
✐♥s❡♥s✐❜❧❡ ❛✉① ❞é❧❛✐s ✭❝❢✳ ❬✶✷✺❪✮✳ ◆♦tr❡ s✐♠✉❧❛t❡✉r ♣r❡♥❞ ❡♥ ❡♥tré❡ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❛✉ ♥✐✈❡❛✉
♣♦rt❡✱ ♦✉ ♥❡t❧✐st✱ ❞❡ ❧✬♦♣ér❛t❡✉r à s✐♠✉❧❡r ❡t ✉♥ ✈❡❝t❡✉r ❞❡ ✈❛❧❡✉rs ❞❡s ♦♣ér❛♥❞❡s✳ ▲❛ ♥❡t❧✐st

✸✺



❞✬❡♥tré❡ ❡st ❛♥♥♦té❡ ❛✈❡❝ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s t❡♠♣♦r❡❧❧❡s ❞❡s ♣♦rt❡s✳ ▲❡ s✐♠✉❧❛t❡✉r ❛❧♦rs ❡✛❡❝t✉❡
❞❡s s✐♠✉❧❛t✐♦♥s ❧♦❣✐q✉❡s ❛✈❡❝ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❞é❧❛✐s ♣♦✉r ❝❤❛q✉❡ é❧é♠❡♥t ❞✉ ✈❡❝t❡✉r ❞❡s
♦♣ér❛♥❞❡s✳ ❉❡s st❛t✐st✐q✉❡s ♠❡s✉ré❡s ♣❛r ❧❡ s✐♠✉❧❛t❡✉r ♣❡r♠❡tt❛✐❡♥t ❞✬é✈❛❧✉❡r ❧❛ ❞✐str✐❜✉t✐♦♥
❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬❛❝t✐✈✐té ✽ ❞❛♥s ❧✬♦♣ér❛t❡✉r✳ ▲❛ s✉r❢❛❝❡ ❞❡ ❝✐r❝✉✐t ét❛✐t
❡st✐♠é❡ ♣❛r ❧❛ s✉r❢❛❝❡ ❝✉♠✉❧é❡ ❞❡s ❝❡❧❧✉❧❡s ❞❡ ❧❛ ♥❡t❧✐st✳
▲❡s rés✉❧t❛ts ❞❡ ❝❡tt❡ ét✉❞❡ ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✶ ❬✾❪✳ ■❧s ♠♦♥tr❡♥t

q✉❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ ❞✉ r❡st❡ ♣❛rt✐❡❧ ♥✬❡st ♣❛s ❞✉ t♦✉t ❡✣❝❛❝❡ ♣♦✉r ❧❛ ❞✐✈✐s✐♦♥
❛s②♥❝❤r♦♥❡✳ ▲❛ ♣r♦♣r✐été ❞✬❛❞❞✐t✐♦♥ ✭♦✉ s♦✉str❛❝t✐♦♥✮ ❡♥ t❡♠♣s ❝♦♥st❛♥t ♥✬❛♣♣♦rt❡ r✐❡♥ ❞❛♥s ❝❡
❝❛s✳ ❯♥ ❛❞❞✐t✐♦♥♥❡✉r ♠ê♠❡ très s✐♠♣❧❡ ❛ ✉♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ♠♦②❡♥ très ❢❛✐❜❧❡✳ ▲✬❛❜s❡♥❝❡ ❞✬❛❝❝ès
à ❞❡s ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐t ❛s②♥❝❤r♦♥❡ ♥❡ ♥♦✉s ❛ ♣❛s ♣❡r♠✐s ❞✬❛❧❧❡r ♣❧✉s ❧♦✐♥ s✉r ❝❡tt❡
ét✉❞❡✳
❆✈❡❝ ❋ré❞ér✐❝ ❘♦❜✐♥ ❡t P❛s❝❛❧ ❱✐✈❡t ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✱ ♥♦✉s ❛✈✐♦♥s ❝♦♠♠❡♥❝é ✉♥❡ ❝♦❧❧❛❜✲

♦r❛t✐♦♥ s✉r ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥✐tés ❞❡ ❝❛❧❝✉❧ ❛s②♥❝❤r♦♥❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈✐♦♥s ét✉❞✐é ✉♥
♠✉❧t✐♣❧✐❡✉r✲❛❝❝✉♠✉❧❛t❡✉r ❛s②♥❝❤r♦♥❡ ♦♣t✐♠✐sé ♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥✳ ❇✐❡♥ ♠❛❧❤❡✉r❡✉s❡✲
♠❡♥t✱ ❝❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ s✬❡st ❛rrêté❡ ❛♣rès q✉❡❧q✉❡s ♠♦✐s s✉✐t❡ à ✉♥ ❝❤❛♥❣❡♠❡♥t ❞✬♦❜❥❡❝t✐❢s
❝❤❡③ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳

❘
é
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❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥t ✿ ◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ ❉❊❆ ✷✵✵✶✱ ✶✵✵✪

❈♦♥❢ér❡♥❝❡ ✿ ❙P■❊ ✷✵✵✶ ❬✾❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s ✷✵✵✶ ✭s❡✉❧❡♠❡♥t q✉❡❧q✉❡s ♠♦✐s✮

✷✳✺✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s♣é❝✐✜q✉❡s ♣♦✉r ❋P●❆

❆✈❡❝ ❏❡❛♥✲▲✉❝ ❇❡✉❝❤❛t✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s q✉✐ ❡ss❛②❡♥t ❞✬✉✲
t✐❧✐s❡r ❛✉ ♠✐❡✉① ❧❡s str✉❝t✉r❡s s♣é❝✐✜q✉❡s ❞❡ ❝❡rt❛✐♥s ❝✐r❝✉✐ts ❋P●❆✳ ◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❧❛
♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❧❛ ❞✐✈✐s✐♦♥✱ ❧✬❛r✐t❤♠ét✐q✉❡ ♠♦❞✉❧❛✐r❡ ❛✈❡❝ ❞❡s ♠♦❞✉❧✐ ♣❛rt✐❝✉❧✐❡rs ❡t ❧✬❛r✐t❤♠é✲
t✐q✉❡ sér✐❡✳ ▲❡ rés✉❧t❛t ❞❡ ❝❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✓ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r
❋P●❆ ✔ ❬✽❪ ❞✉ ❧✐✈r❡ ✓ ❆r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ✔ ❡♥ ✷✵✵✹ ✭tr❛✐té ■✷❈✱ ❍❡r♠❡s✱ ▲❛✈♦✐s✐❡r✮✳
❉❛♥s ❧✬❛rt✐❝❧❡ ❬✻❪ ♣✉❜❧✐é à ❧❛ ❝♦♥❢ér❡♥❝❡ ❋P▲ ❡♥ ✷✵✵✷✱ ♥♦✉s ❞é❝r✐✈♦♥s ❞❡s ♠ét❤♦❞❡s ❞❡ ♠✉❧✲

t✐♣❧✐❝❛t✐♦♥ ❡t ❞❡ ❞✐✈✐s✐♦♥ q✉✐ ✉t✐❧✐s❡♥t ❧❡s ❜❧♦❝s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❝â❜❧é❡ q✉✐ s♦♥t ✐♥té❣rés ❞❛♥s
❧❡s ❋P●❆ ❞❡♣✉✐s ✉♥❡ ❞✐③❛✐♥❡ ❞✬❛♥♥é❡s✳ ❉❛♥s ❧❡s ❋P●❆ ❱✐rt❡①✲■■ ❞❡ ❳✐❧✐♥①✱ ✐❧ ② ❛ q✉❡❧q✉❡s
❞✐③❛✐♥❡s ❞❡ ❜❧♦❝s ❞é❞✐és ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✶✽×✶✽ ❜✐ts✳ ❯♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥ n × n ♣❡✉t s❡ ❢❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥ ❞é❝♦✉♣❛❣❡ ❞❡s ♦♣ér❛♥❞❡s ❡♥ ❞❡✉① ❛✈❡❝ n =
2m ❡t XY = (X1k + X0)(Y1k + Y0) = X1Y1k

2 + (X1Y0 + X0Y1)k + X0Y0 ♦ù k = 2m✳
▲❛ ♠ét❤♦❞❡ ♣r♦♣♦sé❡ ♣❛r ❑❛r❛ts✉❜❛ ❡t ❖❢♠❛♥ ❬✾✹❪ ✉t✐❧✐s❡ ♠♦✐♥s ❞❡ s♦✉s✲♠✉❧t✐♣❧✐❝❛t✐♦♥s ❛✈❡❝
(X1k + X0)(Y1k + Y0) = X1Y1(k

2 − k) + (X1 + X0)(Y1 + Y0)k + X0Y0(1 − k)✳ ❙❡✉❧❡s ✸ ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥s m × m ❜✐ts s♦♥t ♥é❝❡ss❛✐r❡s ❝♦♥tr❡ ✹ ❛✈❡❝ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ tr✐✈✐❛❧❡✳ ❉❛♥s ❬✾✼❪✱
❑♥✉t❤ ♣r♦♣♦s❡ ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ q✉✐ ♣❡r♠❡t ❞✬é✈✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛ t❛✐❧❧❡
❞❡ ❝❡rt❛✐♥s t❡r♠❡s ✐♥t❡r♠é❞✐❛✐r❡s ❧♦rs ❞✬✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ré❝✉rs✐✈❡ ✿ (X1k +X0)(Y1k + Y0) =
X1Y1(k

2 + k) − (X1 − X0)(Y1 − Y0)k + X0Y0(1 + k)✳ ◆♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ✉♥ ❣é♥ér❛t❡✉r ❞❡
❝♦❞❡ ❱❍❉▲ q✉✐ ❢♦✉r♥✐t ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ♦♣t✐♠✐sé❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❜❧♦❝s ❝â❜❧és ❞✐s♣♦♥✐❜❧❡s ❡t ❞❡s
t❛✐❧❧❡s ❞❡s ♦♣ér❛♥❞❡s✳ ◆♦✉s ❛✈♦♥s ❡ss❛②é ❞✬✉t✐❧✐s❡r ❧❡s ❜❧♦❝s ♠✉❧t✐♣❧✐❡✉rs ❛✈❡❝ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s
❞✬✉♥ ♣❡✉ ❞❡ ❧♦❣✐q✉❡ ♣♦✉r ❧❡s ❞é❝♦♠♣♦s✐t✐♦♥s q✉✐ ♥❡ s♦♥t ♣❛s ❞❡s ♠✉❧t✐♣❧❡s ❞❡ ✶✽ ❜✐ts✳ P❛r ❡①✲
❡♠♣❧❡✱ ♣♦✉r ✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✢♦tt❛♥t❡ ❡♥ s✐♠♣❧❡ ♣ré❝✐s✐♦♥ ■❊❊❊ ❬✻✾❪✱ ✐❧ ❢❛✉t ✉♥ ♠✉❧t✐♣❧✐❡✉r
23 × 23 ❜✐ts✳ ❉❛♥s ❝❡ ❝❛s✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥ s❡✉❧ ❜❧♦❝ ❡t ✉♥ ♣❡✉ ❞❡ ❧♦❣✐q✉❡ ♣♦✉r ❧❡ ✓ r❡st❡ ✔ ❞❡
❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛✜♥ ❞❡ ❣❛❣♥❡r ✉♥ ♣❡✉ ❡♥ r❡ss♦✉r❝❡s✳ ❉❛♥s ❧❡s ❞❡r♥✐èr❡s ❣é♥ér❛t✐♦♥s ❞❡ ❋P●❆✱

✽✳ ❈❤❛♥❣❡♠❡♥ts ❞✬ét❛t q✉✐ r❡✢èt❡♥t ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❞✉ ❝✐r❝✉✐t ✭❢❛❝t❡✉r α ❞❛♥s ❧✬éq✉❛t✐♦♥ ✷✳✶✮✳
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❋✐❣✉r❡ ✷✳✶✸✳✿ ❘és✉❧t❛ts ❞✬✐♠♣❧❛♥t❛t✐♦♥ s✉r ❋P●❆ ❱✐rt❡①✲■■ ❞❡ ❞✐✈✐s❡✉rs ❙❘❚ ♣♦✉r ❞✐✛ér❡♥t❡s
❜❛s❡s ✭β✮ ❡t ❡♥s❡♠❜❧❡s ❞❡ ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t ✭{−α, . . . , α}✱ ♥♦t❛t✐♦♥ rβ/α✮✳

✐❧ ② ❛ ❞❡s ❝❡♥t❛✐♥❡s ❞❡ ❜❧♦❝s ❛✈❡❝ ❞❡s ♠✉❧t✐♣❧✐❡✉rs ❝â❜❧és✳ ❈❡ ❣❡♥r❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♥✬❛ ♣❡✉t✲êtr❡
♣❧✉s ❞✬✐♥térêt ❛✉❥♦✉r❞✬❤✉✐✳ P♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✉r ❞❡s ❱✐rt❡①✲■■✱ ♦♥ ♦❜t✐❡♥t ❞❡s ❣❛✐♥s ✈✐t❡ss❡
❡♥tr❡ ✶✵ ❡t ✷✵✪✳
❉❛♥s ❝❡ ♠ê♠❡ ❛rt✐❝❧❡ ❬✻❪✱ ♥♦✉s ♣rés❡♥t♦♥s ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞✐✈✐s✐♦♥ ❙❘❚ ✭❝❢✳ ❬✽✸✱ ❝❤❛♣✳ ✺❪✮

❡♥ ❜❛s❡ ♠♦②❡♥♥❡ q✉✐ ✉t✐❧✐s❡ ❧❡s ❜❧♦❝s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ 18 × 18 ❝â❜❧és✳ ▲♦rs ❞❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥
❞❡ ❧❛ ♠ét❤♦❞❡ ❙❘❚✱ ❧❛ ❜❛s❡ ❡st ❧✐♠✐té❡ ♣❛r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞✉ ♥♦✉✈❡❛✉ ❝❤✐✛r❡ ❞✉ q✉♦t✐❡♥t ❡t
❞✉ ❞✐✈✐s❡✉r✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❜❛s❡ ♣❡r♠❡t ❞❡ ❞✐♠✐♥✉❡r ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s à ❡✛❡❝t✉❡r✳
❊♥ ✉t✐❧✐s❛♥t ❞❡s ❜❧♦❝s 18× 18✱ ♦♥ ♣❡✉t ❡✛❡❝t✉❡r ❝❡tt❡ ♦♣ér❛t✐♦♥ r❛♣✐❞❡♠❡♥t ❡t ❛✈❡❝ ✉♥ ❝♦ût ❡♥
s✉r❢❛❝❡ r❛✐s♦♥♥❛❜❧❡✳ ◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ❞❡s s♦❧✉t✐♦♥s ❡♥ ❜❛s❡s 4 ❡t 8 ❛✈❡❝ ❞✐✛ér❡♥t❡s ✈❛r✐❛♥t❡s
♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ r❡❞♦♥❞❛♥t❡ à ❝❤✐✛r❡s s✐❣♥és ❞❡s ❝❤✐✛r❡s ❞✉ q✉♦t✐❡♥t✳ ❉❡s ❣❛✐♥s ❡♥ ✈✐t❡ss❡
❥✉sq✉✬à ✹✵✪ ♦♥t été ♦❜t❡♥✉s ♣♦✉r ❧❡s ❝✐r❝✉✐ts ❋P●❆ ❱✐rt❡①✲■■✳ ▲❛ ✜❣✉r❡ ✷✳✶✸ ❝♦♠♣❛r❡ ❧❡s t❡♠♣s
❞❡ ❝❛❧❝✉❧ ❡t ❧❡s s✉r❢❛❝❡s ❞❡s s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s ❛✈❡❝ ❧❡s s♦❧✉t✐♦♥s ❝❧❛ss✐q✉❡s✳
❙✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❝❡s ♦✉t✐❧s✱ ❝✬❡st ❏❡❛♥✲▲✉❝ q✉✐ ❛ ❢❛✐t ❧❛ ♣❧✉s ❣r♦ss❡ ♣❛rt✐❡ ❞✉ tr❛✈❛✐❧

s✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡t ♠♦✐ ❝❡❧❧❡ s✉r ❧❛ ❞✐✈✐s✐♦♥✳

❘
é
❝
❛
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✉
❧
❛
t
✐❢

❈❤❛♣✐tr❡ ✿ tr❛✐té ■✷❈ ❡♥ ✷✵✵✹ ❬✽❪

❈♦♥❢ér❡♥❝❡ ✿ ❋P▲ ❡♥ ✷✵✵✷ ❬✻❪

❉❛♥s ❝❡ t❤è♠❡✱ ✐❧ r❡st❡ ❡♥❝♦r❡ ❞❡ ♥♦♠❜r❡✉s❡s ❝❤♦s❡s à ❢❛✐r❡✳ ▲❡s ❜❧♦❝s ❉❙P ✐♥té❣rés ♣❛r
❝❡♥t❛✐♥❡s ❞❛♥s ❧❡s ❋P●❆ ❛❝t✉❡❧s ❢♦✉r♥✐ss❡♥t ❞❡s ♠✉❧t✐♣❧✐❡✉rs ❛s②♠étr✐q✉❡s ✭♣✳ ❡①✳ 25 × 18✮ ❡t
❞❡s ❛❝❝✉♠✉❧❛t❡✉rs ✭♣✳ ❡①✳ ✹✽ ❜✐ts✮✳ ■❧ ② ❛ ❛✉ss✐ ❞❡ ♥♦♠❜r❡✉① ❜❧♦❝s ❞❡ ♠é♠♦✐r❡ ♣♦✉✈❛♥t êtr❡ ✉t✐❧✐sés
❡♥ ❘♦♠ ♦✉ ❘❛♠✳ ❈❡s ❜❧♦❝s ❝â❜❧és ❝❤❛♥❣❡♥t ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧❡ ♥✐✈❡❛✉ ❞❡ ✓ ❣r❛♥✉❧❛r✐té ✔ ❛✉q✉❡❧
♦♥ ét❛✐t ❤❛❜✐t✉é ❡♥ ❛r✐t❤♠ét✐q✉❡ ♠❛tér✐❡❧❧❡✳

✷✳✻✳ ❱❛r✐❛♥t❡s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥

◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❞✐✛ér❡♥t❡s ✈❛r✐❛♥t❡s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ♠✉❧t✐✲
♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s ❡st ✉♥ ♣r♦❜❧è♠❡ ✐♠♣♦rt❛♥t ❡♥ ♣r❛t✐q✉❡ s✉r ❧❡q✉❡❧ ♥♦✉s tr❛✈❛✐❧❧♦♥s

✸✼



❞❡♣✉✐s ♣❧✉s✐❡✉rs ❛♥♥é❡s✳

✷✳✻✳✶✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s

❈✐✲❞❡ss♦✉s✱ ♥♦✉s rés✉♠♦♥s r❛♣✐❞❡♠❡♥t ✉♥ tr❛✈❛✐❧ ❝♦♠♠❡♥❝é ❛✈❡❝ ◆✐❝♦❧❛s ❇♦✉❧❧✐s ❥✉sq✉✬à ❧✬❛✲
❜❛♥❞♦♥ ❞❡ s❛ t❤ès❡ ❡♥ q✉❛tr✐è♠❡ ❛♥♥é❡✳ ■❧ ❛ é❝r✐t ❧❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞✉ ♣r♦❣r❛♠♠❡ ❞✬♦♣t✐♠✐✲
s❛t✐♦♥✳ ❉❡♣✉✐s✱ ❥❡ ♣♦✉rs✉✐s ❝❡ tr❛✈❛✐❧ ❡t ❛♠é❧✐♦r❡ ❧❡ ♣r♦❣r❛♠♠❡ ❞✬♦♣t✐♠✐s❛t✐♦♥✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥
❛ss❡③ ❝♦♠♣❧èt❡ ❡st ♣rés❡♥té❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✶✷❪ ♣✉❜❧✐é ❞❛♥s ❧❡ ❥♦✉r♥❛❧ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
❈♦♠♣✉t❡rs ❡♥ ♦❝t♦❜r❡ ✷✵✵✺ ❡t r❡♣r♦❞✉✐t ❡♥ ❛♥♥❡①❡ ❆✳✹ ✭♣❛❣❡ ✶✷✾✮✳ ❉❡s ✈❡rs✐♦♥s ♣ré❧✐♠✐♥❛✐r❡s
❞❡ ❝❡ tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐é❡s ❛✉① ❝♦♥❢ér❡♥❝❡s ❙②♠♣❛ ❡♥ ✷✵✵✷ ❬✶✵❪ ❡t ❆❘■❚❍ ✶✻ ❡♥ ✷✵✵✸ ❬✶✶❪✳
❉❡ ♥♦♠❜r❡✉① ❝❛❧❝✉❧s ❝♦✉r❛♥ts ♣❡✉✈❡♥t s✬é❝r✐r❡ s♦✉s ❢♦r♠❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s ♣❛r ❞❡s ❝♦♥st❛♥t❡s

❡t ❞✬❛❞❞✐t✐♦♥s✳ ❈❡❝✐ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✈r❛✐ ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ tr❛✐t❡♠❡♥t ❞✉
s✐❣♥❛❧ ♦✉ ♠✉❧t✐♠é❞✐❛✳ P❛r ❡①❡♠♣❧❡✱ ❝✬❡st ❧❡ ❝❛s ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❝♦♠♠❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡
❋♦✉r✐❡r ♦✉ ❧❛ tr❛♥s❢♦r♠é❡ ❡♥ ❝♦s✐♥✉s✱ ❞❡s ✜❧tr❡s✱ ❡t❝✳ ▼❛t❤é♠❛t✐q✉❡♠❡♥t✱ ❝❡s ♦♣ér❛t✐♦♥s ♣❡✉✈❡♥t
s✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞✬✉♥ ✈❡❝t❡✉r ❞✬❡♥tré❡ ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❝♦♥st❛♥t❡✳
P♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s✱ ✐❧ ♣❡✉t êtr❡ ❛✈❛♥t❛❣❡✉① ❞✬✐♠♣❧❛♥t❡r ❞❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s

♣❛r ❞❡s ❝♦♥st❛♥t❡s ♣❛r ✉♥✐q✉❡♠❡♥t ❞❡s ❛❞❞✐t✐♦♥s ♦✉ s♦✉str❛❝t✐♦♥s ❡t ❞❡s ❞é❝❛❧❛❣❡s✳ ❈❡❝✐ ❡st
❞✬❛✉t❛♥t ♣❧✉s ✈r❛✐ ❧♦rsq✉❡ ❧✬♦♥ ♣❡✉t ❝♦♠❜✐♥❡r ❝❡rt❛✐♥s ❝❛❧❝✉❧s✱ ♣♦✉r ♣❛rt❛❣❡r ❛✉ ♠❛①✐♠✉♠ ❞❡s
s♦✉s✲❡①♣r❡ss✐♦♥s ❝♦♠♠✉♥❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❝♦♥st❛♥t❡ ❛ été ét✉❞✐é
❞❡♣✉✐s ❧♦♥❣t❡♠♣s✳ ❖♥ ♣❡✉t ✉t✐❧✐s❡r✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ ❝é❧è❜r❡ r❡❝♦❞❛❣❡ ❞❡ ❇♦♦t❤ ❬✼✹❪✳ ■❧ ❡①✐st❡
❞❡ ♥♦♠❜r❡✉① ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ❝♦♥st❛♥t❡✱ ♦✉ ❞❡s ♣r♦❜❧è♠❡s ♣r♦❝❤❡s
❝♦♠♠❡ ❧✬é❧é✈❛t✐♦♥ à ✉♥❡ ♣✉✐ss❛♥❝❡ ❝♦♥st❛♥t❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r
✉♥❡ ♠❛tr✐❝❡ ❝♦♥st❛♥t❡ ❛ été ♥❡tt❡♠❡♥t ♠♦✐♥s ét✉❞✐é✳ ◆♦✉s tr❛✐t♦♥s ❧❡ ❝❛s ❞❡ ❝♦❡✣❝✐❡♥ts ❡♥t✐❡rs
♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡ ♠❛✐s ♦ù t♦✉s ❧❡s ❝❛❧❝✉❧s s♦♥t ❡①❛❝ts ✭s❛♥s ❛✉❝✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥✮✳
▲❛ ♥♦t❛t✐♦♥ x<<k ❞és✐❣♥❡ ❧❡ ♥♦♠❜r❡ x ❞é❝❛❧é ❞❡ k ❜✐ts ✈❡rs ❧❛ ❣❛✉❝❤❡✱ ❝✬❡st✲à✲❞✐r❡ ♠✉❧t✐♣❧✐é

♣❛r 2k✱ t♦✉s ❧❡s ♥♦♠❜r❡s s♦♥t r❡♣rés❡♥tés ❡♥ ❜❛s❡ ✷✳ ▲❡s ♦♣ér❛t✐♦♥s ❞✬❛❞❞✐t✐♦♥ ❡t ❞❡ s♦✉str❛❝t✐♦♥
s♦♥t ❝♦♥s✐❞éré❡s ❞❡ ❝♦ûts éq✉✐✈❛❧❡♥ts✳ ❖♥ ✉t✐❧✐s❡ ✉♥ ❡①❡♠♣❧❡ ✉♥✐q✉❡ ✿ ❧❡ ❝❛❧❝✉❧ ❞❡ p ❝♦♠♠❡
♣r♦❞✉✐t ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡ x ♣❛r ❧❛ ❝♦♥st❛♥t❡ c = 111463 = (11011001101100111)2 ✳
▲✬❛❧❣♦r✐t❤♠❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ✉t✐❧✐s❡ ❞✐r❡❝t❡♠❡♥t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❧❛ ❝♦♥st❛♥t❡ ❡♥ ❜❛s❡ ✷✳

❆✐♥s✐✱ ❞❛♥s ♥♦tr❡ ❡①❡♠♣❧❡✱ ❧❡ ❝❛❧❝✉❧ s❡ ❢❛✐t ❡♥ ✶✶ ❛❞❞✐t✐♦♥s ✿ 111463x = x<< 16 + x<< 15 +
x<< 13+x<< 12+x<< 9+x<< 8+x<< 6+x<< 5+x<< 2+x<< 1+x✳ ❯♥❡ ❛♠é❧✐♦r❛t✐♦♥ s✐♠♣❧❡
❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❧❡ r❡❝♦❞❛❣❡ ❝❛♥♦♥✐q✉❡ ❞❡ ❇♦♦t❤ ❞❡ ❧❛ ❝♦♥st❛♥t❡✳ ■❧ s✬❛❣✐t ❞✬✉♥ r❡❝♦❞❛❣❡ ❡♥ ❜❛s❡
✷✱ ❛✈❡❝ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❤✐✛r❡s {1, 0, 1} q✉✐ ♠✐♥✐♠✐s❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝❤✐✛r❡s ♥♦♥ ♥✉❧✳ P♦✉r ♥♦tr❡
❡①❡♠♣❧❡✱ ♦♥ ❛ 111463 = (11011001101100111)2 = (100101010010101001)2 ❡t ❧❡ ❝❛❧❝✉❧ s❡ ❢❛✐t ❛❧♦rs
❡♥ ✽ ❛❞❞✐t✐♦♥s ✿ 111463x = x<< 17− x<< 14− x<< 12 + x<< 10− x<< 7− x<< 5 + x<< 3− x✳
▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❇❡r♥st❡✐♥ ❬✼✷❪ r❡❝❤❡r❝❤❡✱ ♣❛r ✉♥❡ ❡①♣❧♦r❛t✐♦♥ ❞✬❛r❜r❡✱ ✉♥ très ❜♦♥ r❡❝♦❞❛❣❡

❞✬✉♥❡ ❝♦♥st❛♥t❡✱ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♦♣ér❛t✐♦♥s é❧é♠❡♥t❛✐r❡s✳ ▲❡ ❝♦ût ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ♦♣ér❛✲
t✐♦♥s ♣❡✉t êtr❡ ♣ré❝✐sé ♣♦✉r ♦r✐❡♥t❡r ❧❡s rés✉❧t❛ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s t❡❝❤♥♦❧♦❣✐q✉❡s✳ ▲❡s
♦♣ér❛t✐♦♥s ♣❡r♠✐s❡s s♦♥t ❧❡s s✉✐✈❛♥t❡s ✿ ❞é❝❛❧❛❣❡ ti+1 = ti<<k✱ ❛❞❞✐t✐♦♥ ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❞✬❡♥tré❡
ti+1 = ti ± x ❡t ❛❞❞✐t✐♦♥ ❞✬✉♥ ♥♦♠❜r❡ ❛✈❡❝ ❧✉✐✲♠ê♠❡ ❛♣rès ❞é❝❛❧❛❣❡ ti+1 = ti<<k ± ti✳ P♦✉r
♥♦tr❡ ❡①❡♠♣❧❡ p = c×x✱ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❇❡r♥st❡✐♥ tr♦✉✈❡r❛ ❧❛ s♦❧✉t✐♦♥ s✉✐✈❛♥t❡✱ ❡♥ ✺ ❛❞❞✐t✐♦♥s ✿

t1 = ((x<< 3− x)<< 2)− x
t2 = t1<< 7 + t1
p = (((t2<< 2) + x)<< 3)− x

▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ▲❡❢è✈r❡ ❬✾✾❪ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❞❡s r❡❝♦❞❛❣❡s ♦ù ✉♥❡ ♠ê♠❡ ✈❛❧❡✉r ♣❡✉t êtr❡
ré✉t✐❧✐sé❡ ✓ à ✈♦❧♦♥té ✔✳ ■❧ ❢♦✉r♥✐t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ s✉✐✈❛♥t❡✱ ❡♥ s❡✉❧❡♠❡♥t ✹ ❛❞❞✐t✐♦♥s✱ ♣♦✉r ♥♦tr❡

✸✽



❡①❡♠♣❧❡ ✿
t1 = (x<< 3)− (x<< 0)
t2 = (t1<< 2)− (x<< 0)
p = (t2<< 12) + (t2<< 5) + (t1<< 0)

◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▲❡❢è✈r❡ ❛✉ ❝❛s ❞❡ ♠❛tr✐❝❡s ❝♦♥st❛♥t❡s
❛✐♥s✐ q✉❡ ❞✐✈❡rs❡s ♦♣t✐♠✐s❛t✐♦♥s ❞é❝r✐t❡s ❞❛♥s ❬✶✷❪✳ ❉❡s ❤❡✉r✐st✐q✉❡s ♣❛rt✐❝✉❧✐èr❡s ❞❡ ♣❛rt❛❣❡ ❞❡
s♦✉s✲❡①♣r❡ss✐♦♥s ❝♦♠♠✉♥❡s ❞❛♥s ✉♥ ❣r❛♣❤❡ ♦♥t été ♣r♦♣♦sé❡s ❡t ✐♥té❣ré❡s ❞❛♥s ❧✬♦✉t✐❧ ❞✬♦♣t✐♠✐✲
s❛t✐♦♥✳ ❈❡t ♦✉t✐❧ ♣❡r♠❡t ❛✉ss✐ ❞❡ ❣é♥ér❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞✉ ❝♦❞❡ ❱❍❉▲✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡t
♦✉t✐❧ ❞✬♦♣t✐♠✐s❛t✐♦♥ s♦♥t s❡♥s✐❜❧❡♠❡♥t ♠❡✐❧❧❡✉rs q✉❡ ❧❡s ❛✉tr❡s t❡❝❤♥✐q✉❡s ❞❡ ❧❛ ❧✐ttér❛t✉r❡✳
❆✈❡❝ ◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ♥♦tr❡ ❣é♥ér❛t❡✉r ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s

♦♣t✐♠✐sé❡ ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s à ❧❛ tr❛♥s❢♦r♠é❡ ❡♥ ❝♦s✐♥✉s ❞✐s❝rèt❡ ✐♥✈❡rs❡ ✭■❉❈❚ ✐♥✈❡rs❡ ❞✐s✲
❝r❡t❡ ❝♦s✐♥❡ tr❛♥s❢♦r♠✮ ♣♦✉r ❞❡s ❝✐❜❧❡s ♠❛tér✐❡❧❧❡s✳ ❉✐✛ér❡♥t❡s ✈❡rs✐♦♥s s♦♥t ♣r♦♣♦sé❡s ✿ ♣❛r❛❧❧è❧❡✱
sér✐❡ ✭♣♦✐❞s ❢❛✐❜❧❡s ❡♥ têt❡✮ ♣♦✉r ❧❡s ❜❛s❡s 2, 4, 8, 16, 64, 256✳ ▲❡s rés✉❧t❛ts ❝♦rr❡s♣♦♥❞❛♥ts ♦♥t été
♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙②♠♣❛ ❡♥ ✷✵✵✷ ❬✶✵❪✳
◆♦✉s ❝♦❧❧❛❜♦r♦♥s ❛✈❡❝ ❧✬❯♥✐✈❡rs✐té ❞❡ ❈❛❧❣❛r② ❛✉ ❈❛♥❛❞❛ ♣♦✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s

♣❛r ❞❡s ❝♦♥st❛♥t❡s ♣♦✉r ❞❡s ❝❛❧❝✉❧s ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✳ ◆♦✉s ❝♦♠♠❡♥ç♦♥s ❛✉ss✐ à tr❛✈❛✐❧❧❡r
s✉r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ♣♦✉r ré❞✉✐r❡ ❧✬❡s♣❛❝❡ ❞❡ r❡❝❤❡r❝❤❡ ❡♥ s❡ ✜①❛♥t ✉♥❡ ♣ré❝✐s✐♦♥
❝✐❜❧❡ à ❣❛r❛♥t✐r✳

❘
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❛
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✉
❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥t ✿ ◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ ❞♦❝t♦r❛t✱ ❛❜❛♥❞♦♥ ❡♥ ✹è♠❡ ❛♥♥é❡✱ ✾✵✪✱
♠❛✐♥t❡♥❛♥t ■❊ ➱❝♦❧❡ ❝❡♥tr❛❧❡ P❛r✐s

❏♦✉r♥❛❧ ✿ ■❊❊❊ ❚❈ ✷✵✵✺ ❬✶✷❪

❈♦♥❢ér❡♥❝❡s ✿ ❙②♠♣❛ ✷✵✵✵ ❬✶✵❪✱ ❆❘■❚❍ ✷✵✵✸ ❬✶✶❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❯♥✐✈❡rs✐té ❈❛❧❣❛r② ✷✵✵✼✰

▲♦❣✐❝✐❡❧s ✿ ❣é♥ér❛t❡✉r ❱❍❉▲

✷✳✻✳✷✳ ▼✉❧t✐♣❧✐❝❛t✐♦♥ tr♦♥q✉é❡

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❝✬❡st ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ❡t ❘♦♠❛✐♥ ▼✐❝❤❛r❞ q✉✐ ♦♥t ❢❛✐t ❧❛ ♣❧✉s ❣r❛♥❞❡
♣❛rt✐❡ ❞✉ tr❛✈❛✐❧ ❞✉r❛♥t ❧❡✉r t❤ès❡ ✿ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ♠ét❤♦❞❡s ❡t ❞❡s ♦✉t✐❧s ❞✬♦♣t✐♠✐s❛t✐♦♥✱
❡①♣ér✐♠❡♥t❛t✐♦♥s✳ ❏❡ ♠❡ s✉✐s ❝❛♥t♦♥♥é à ✜①❡r ❧❛ t❤é♠❛t✐q✉❡✱ ❞♦♥♥❡r q✉❡❧q✉❡s ✐❞é❡s✱ s✉✐✈r❡
❧✬❛✈❛♥❝❡♠❡♥t ❞❡s tr❛✈❛✉① ❡t ♣❛rt✐❝✐♣❡r à ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❧✬❛rt✐❝❧❡ ❬✹✷❪✳
❉❛♥s ✉♥ ♠✉❧t✐♣❧✐❡✉r n× n ❜✐ts st❛♥❞❛r❞✱ ❧❡ rés✉❧t❛t ❡st ❧❡ ♣r♦❞✉✐t ❝♦♠♣❧❡t s✉r 2n ❜✐ts✳ ❉❛♥s

❜♦♥ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s✱ s❡✉❧❡ ✉♥❡ ♣❛rt✐❡ ❞❡s ❜✐ts ❞❡ ♣♦✐❞s ❢♦rts ❞❡ ❝❡s 2n ❜✐ts s♦♥t ✉t✐❧❡s
✭s♦✉✈❡♥t ❧❡s n ❜✐ts ❞❡ ♣♦✐❞s ❢♦rts q✉✐ ✈♦♥t s❡r✈✐r ❞✬♦♣ér❛♥❞❡ ❞✬✉♥❡ ❛✉tr❡ ♦♣ér❛t✐♦♥✮✳ ❖♥ ♣❡✉t
❝❛❧❝✉❧❡r ❧❡ ♣r♦❞✉✐t ❝♦♠♣❧❡t ♣✉✐s ❛rr♦♥❞✐r ♦✉ tr♦♥q✉❡r s✉r k ❜✐ts ❞❡ ♣♦✐❞s ❢♦rts ✭k < 2n✮✳ ❈❡❝✐
♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❛ ♠❡✐❧❧❡✉r❡ ✈❛❧❡✉r ♣♦ss✐❜❧❡ s✉r ❧❡ ❢♦r♠❛t ré❞✉✐t ❞❡ k ❜✐ts✳
▲❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ tr♦♥q✉é❡ ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s k ❜✐ts ❞❡ ♣♦✐❞s ❢♦rts ❞✉

♣r♦❞✉✐t ❝♦♠♣❧❡t ❞✐r❡❝t❡♠❡♥t s❛♥s ❞❡✈♦✐r ❝❛❧❝✉❧❡r ❧❡s 2n ❜✐ts✳ P❧✉s ❧❛ ♣❛rt✐❡ ❞❡s 2n − k ❜✐ts ❞❡
♣♦✐❞s ❢❛✐❜❧❡s q✉✐ ♥❡ s♦♥t ♣❛s ✉t✐❧✐sés ❡st ❣r❛♥❞❡✱ ♠♦✐♥s ❜♦♥♥❡ s❡r❛ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣r♦❞✉✐t✳
❉✐✛ér❡♥t❡s ♠ét❤♦❞❡s ♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ❢❛✐r❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❈❡rt❛✐♥❡s ✐♥tr♦❞✉✐s❡♥t
✉♥ ❜✐❛✐s ❝♦♥st❛♥t✱ ❞✬❛✉tr❡s ✉t✐❧✐s❡♥t✱ ❞❡ ❢❛ç♦♥ ♣❧✉s ♦✉ ♠♦✐♥s ❝♦♠♣❧❡①❡✱ ✉♥❡ ♣❛rt✐❡ ❞❡s 2n−k ❜✐ts
❞❡ ♣♦✐❞s ❢❛✐❜❧❡s ♣♦✉r ❢❛✐r❡ ✉♥❡ ❝♦rr❡❝t✐♦♥✳ ◆✐❝♦❧❛s ❡t ❘♦♠❛✐♥ ♦♥t ♣r♦♣♦sé ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞✉
♣r♦❜❧è♠❡ q✉✐ ♣❡r♠❡t ❞✬❡①♣r✐♠❡r ❧❡s ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♠ét❤♦❞❡s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
tr♦♥q✉é❡ ❞❡ ❧❛ ❧✐ttér❛t✉r❡✳ ■❧s ♦♥t ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ♣❡r♠❡tt❛♥t ❞❡ ♣ré❞✐r❡ ❧❡s ✈❛❧❡✉rs ❧❡s ♣❧✉s
♣r♦❜❛❜❧❡s ❞❡ ❝❡rt❛✐♥❡s r❡t❡♥✉❡s ❡t ❞❡ ♥❡ ♣r♦♣❛❣❡r q✉❡ ❝❡s r❡t❡♥✉❡s ❧à✳ ▲❡s rés✉❧t❛ts s✉r ❋P●❆
♠♦♥tr❡♥t ❞❡s s✉r❢❛❝❡s ♣❧✉s ♣❡t✐t❡s q✉❡ ❧❡s ❛✉tr❡s s♦❧✉t✐♦♥s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ tr♦♥q✉é❡ ♣♦✉r ❞❡s
♣ré❝✐s✐♦♥s ♠♦②❡♥♥❡s s✐♠✐❧❛✐r❡s✳ ◆♦✉s ♥✬❛✈♦♥s ♣❛s ♣✉ s②♥t❤ét✐s❡r ❞❡s ❡①❡♠♣❧❡s ❡♥ ❆s✐❝ ❢❛✉t❡
❞✬❛❝❝ès à ❞❡s ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥✳ ❈❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙■P❙ ❡♥ ✷✵✵✻ ❬✹✷❪✳

✸✾



❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥ts ✿ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ❞♦❝t♦r❛t ✷✵✵✼ ❬✶✷✼❪✱ ✾✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ❯❈▲
❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ❞♦❝t♦r❛t ✷✵✵✽ ❬✶✶✶❪✱ ✶✵✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ■◆❘■❆

❈♦♥❢ér❡♥❝❡s ✿ ❙■P❙ ✷✵✵✻ ❬✹✷❪

✷✳✻✳✸✳ ❋♦♥❝t✐♦♥ ♣✉✐ss❛♥❝❡ ❡♥t✐èr❡ x
n

❉❛♥s ❝❡ tr❛✈❛✐❧ ❛✉ss✐✱ ❝✬❡st ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ❡t ❘♦♠❛✐♥ ▼✐❝❤❛r❞ q✉✐ ♦♥t ❢❛✐t ❧❛ ♣❧✉s
❣r❛♥❞❡ ♣❛rt✐❡ ❞✉ tr❛✈❛✐❧ ✿ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s ♠ét❤♦❞❡s ❡t ❞❡s ♦✉t✐❧s ❞✬♦♣t✐♠✐s❛t✐♦♥✱ ❡①♣ér✐♠❡♥✲
t❛t✐♦♥s✳ ❏❡ ♠❡ s✉✐s ❝❛♥t♦♥♥é à ✜①❡r ❧❛ t❤é♠❛t✐q✉❡✱ ❞♦♥♥❡r q✉❡❧q✉❡s ✐❞é❡s✱ s✉✐✈r❡ ❧✬❛✈❛♥❝❡♠❡♥t
❞❡s tr❛✈❛✉① ❡t ♣❛rt✐❝✐♣❡r à ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❧✬❛rt✐❝❧❡ ❬✹✸❪✳
P♦✉r é✈❛❧✉❡r ❧❡ ❝❛rré✱ ❧❡ ❝✉❜❡ ♦✉ ✉♥❡ ♣✉✐ss❛♥❝❡ ❡♥t✐èr❡ q✉❡❧❝♦♥q✉❡ xn ❛✈❡❝ n ❡♥t✐❡r✱ ❞❡ ♥♦♠✲

❜r❡✉s❡s ♣❡t✐t❡s ♦♣t✐♠✐s❛t✐♦♥s ♦♥t été ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❙♦✐t x ✉♥ ❡♥t✐❡r ♥❛t✉r❡❧
r❡♣rés❡♥té s✉r n ❜✐ts ✿ x = (xn−1xn−2 . . . x1x0)2✳ P♦✉r ❝❛❧❝✉❧❡r x2✱ ♦♥ ✉t✐❧✐s❡ ❧❡s ✐❞❡♥t✐tés ❧♦❣✐q✉❡s
s✉✐✈❛♥t❡s ❛✜♥ ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s à ❝❛❧❝✉❧❡r ✭❝❢✳ ❬✽✸✱ ♣✳ ✷✷✶❪✮ ✿
✕ rè❣❧❡ ✶ ✿ xixi = xi
✕ rè❣❧❡ ✷ ✿ xixj + xjxi = 2xixj
✕ rè❣❧❡ ✸ ✿ xixj + xi = 2xixj + xixj
▲❡s rè❣❧❡s ✶ ❡t ✷ ré❞✉✐s❡♥t ❝❧❛✐r❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞❡s ♣r♦❞✉✐ts ♣❛rt✐❡❧s à ❝❛❧❝✉❧❡r✳ ❈❡s rè❣❧❡s

♣❡✉✈❡♥t êtr❡ ét❡♥❞✉❡s ❛✉ ❝✉❜❡ ❡t ❛✉tr❡s ✈❛❧❡✉rs ❞❡ n✳ ▲❛ rè❣❧❡ ✸ ♥❡ ❝❤❛♥❣❡ ♣❛s ❧❡ ♥♦♠❜r❡ ❞❡
♣r♦❞✉✐ts ♣❛rt✐❡❧s ♠❛✐s ❞é❝❛❧❡ ❝❡rt❛✐♥s t❡r♠❡s ❞✬✉♥ r❛♥❣ ✈❡rs ❧❛ ❞r♦✐t❡ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡
❧❛ ♣r♦❢♦♥❞❡✉r ❧♦❣✐q✉❡ ❞✉ ❝✐r❝✉✐t✳ ◆✐❝♦❧❛s ❡t ❘♦♠❛✐♥ ♦♥t ♣r♦♣♦sé ❞❡ ♥♦✉✈❡❧❧❡s ✐❞❡♥t✐tés ❧♦❣✐q✉❡s
♣❡r♠❡tt❛♥t ❧❛ réé❝r✐t✉r❡ ❞❡ ❝❡rt❛✐♥s t❡r♠❡s ❛ss❡③ ❝♦♠♣❧❡①❡s✳ ❯♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❧❛ rè❣❧❡ ✸ ❛
été ♣r♦♣♦sé❡✳ ▲✬♦r❞r❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s rè❣❧❡s ❞❡ réé❝r✐t✉r❡ ❡st ✉♥ ♣♦✐♥t ❝r✐t✐q✉❡ ❞✉
♣r♦❜❧è♠❡✳ ❉✐✛ér❡♥t❡s str❛té❣✐❡s ❛ss❡③ s✐♠♣❧❡s ♦♥t été t❡sté❡s✱ ♠❛✐s ✉♥❡ ét✉❞❡ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡
♠ér✐t❡r❛✐t ❞✬êtr❡ ♠❡♥é❡✳ ▲❡s ♥♦✉✈❡❧❧❡s rè❣❧❡s ♣r♦♣♦sé❡s ♣❡r♠❡tt❡♥t ❞❡ ré❞✉✐r❡ ❧❛ s✉r❢❛❝❡ ❞❡s
♦♣ér❛t❡✉rs ❞❡ ✶✵ à ✸✵✪ s❡❧♦♥ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬♦♣ér❛♥❞❡ ❡t ❧❛ ✈❛❧❡✉r ❞❡ n ♣♦✉r ❞❡s ❝✐r❝✉✐ts ❋P●❆✳
■❝✐ ❛✉ss✐✱ ♥♦✉s ♥✬❛✈♦♥s ♣❛s ♣✉ ❢❛✐r❡ ❞✬❡ss❛✐ s✉r ❝✐r❝✉✐t ❆s✐❝✳ ❈❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é à ❧❛ ❝♦♥❢ér❡♥❝❡
❙P■❊ ❡♥ ✷✵✵✻ ❬✹✸❪✳
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❊♥❝❛❞r❡♠❡♥ts ✿ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ❞♦❝t♦r❛t ✷✵✵✼ ❬✶✷✼❪✱ ✾✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ❯❈▲
❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ❞♦❝t♦r❛t ✷✵✵✽ ❬✶✶✶❪✱ ✶✵✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ■◆❘■❆

❈♦♥❢ér❡♥❝❡s ✿ ❙P■❊ ✷✵✵✻ ❬✹✸❪

✷✳✼✳ ❇✐❜❧✐♦t❤èq✉❡s ✢♦tt❛♥t❡s ♣♦✉r ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs

✷✳✼✳✶✳ ❇✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ♣♦✉r ♣r♦❝❡ss❡✉rs ❈♦♦❧❘✐s❝

❉❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ❋PP❆ ♣rés❡♥té ❡♥ s❡❝t✐♦♥ ✷✳✷✳✶✱ ❥✬❛✐ ❞é✈❡❧♦♣♣é ✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ❞❡
❝❛❧❝✉❧ ✢♦tt❛♥t ♣♦✉r ❧❡s ♣r♦❝❡ss❡✉rs ❈♦♦❧❘✐s❝ ❞✉ ❈❙❊▼✳ ❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ét❛✐t é❝r✐t❡ ❡♥
❛ss❡♠❜❧❡✉r ♦♣t✐♠✐sé ♣♦✉r ❧❡s ♣r♦❝❡ss❡✉rs ❈♦♦❧❘✐s❝✳ ❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ❝♦♠♣r❡♥❛✐t ❧✬❡♥s❡♠❜❧❡
❞❡s ❢♦♥❝t✐♦♥s ❡♥t✐èr❡s s✉r ✶✻ ❜✐ts ❡t ✢♦tt❛♥t❡s ✾ ✉s✉❡❧❧❡s s✉r ✷✹ ❜✐ts ✶✵ ❛✐♥s✐ q✉❡ q✉❡❧q✉❡s ♣r✐♠✐t✐✈❡s
❝♦♠♠❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ♥♦♠❜r❡s ♣s❡✉❞♦✲❛❧é❛t♦✐r❡s✳
✕ ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s s✉r ❞❡s ❡♥t✐❡rs s✐❣♥és ❡♥ ❝♦♠♣❧é♠❡♥t à ✷ s✉r ✶✻ ❜✐ts ✭♠✉❧t✐♣❧✐❝❛t✐♦♥✱
❞✐✈✐s✐♦♥ ♠♦❞✉❧❛✐r❡ ❡t ❝♦♠♣❛r❛✐s♦♥✮ ❀

✾✳ ▲❡s ♣r♦❝❡ss❡✉rs ❈♦♦❧❘✐s❝ ✉t✐❧✐sés ♥✬✐♥té❣r❛✐❡♥t ❡♥ ♠❛tér✐❡❧ q✉✬✉♥❡ ✉♥✐té ❛r✐t❤♠ét✐q✉❡ ❡t ❧♦❣✐q✉❡ ❛✐♥s✐ q✉✬✉♥
♠✉❧t✐♣❧✐❡✉r 8× 8 ❜✐ts ♣♦✉r ❧❡s ❡♥t✐❡rs✳
✶✵✳ ❈♦❞❛❣❡ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ s✉r ✷✹ ❜✐ts ✭✽ ❡①♣♦s❛♥t ❡t ✶✺ ♠❛♥t✐ss❡ ❡t ✶ s✐❣♥❡✮✳ ❈❡ ❝♦❞❛❣❡ ❡st très ♣r♦❝❤❡ ❞❡s

❝♦❞❛❣❡s s♣é❝✐✜és ♣❛r ❧❛ ♥♦r♠❡ ■❊❊❊ ✼✺✹ ❬✻✾❪✳ ❚♦✉t❡❢♦✐s✱ ✐❧ ♥✬❡st ♣❛s ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❝❡tt❡ ♥♦r♠❡✳
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✕ ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s s✉r ❞❡s ré❡❧s ❝♦❞és ❡♥ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ s✉r ✷✹ ❜✐ts ✭❛❞❞✐t✐♦♥✱ ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥✱ ❞✐✈✐s✐♦♥✱ r❛❝✐♥❡ ❝❛rré❡ ❡t ❝♦♠♣❛r❛✐s♦♥✮ ❀

✕ é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s s✉r ❧❡s ✢♦tt❛♥ts ✷✹ ❜✐ts ✭sin, cos, exp, ln ❡t arctan✮ ❀
✕ ❝♦♥✈❡rs✐♦♥s ❡♥tr❡ ❧❡s ❡♥t✐❡rs ✶✻ ❜✐ts ❡t ❧❡s ✢♦tt❛♥ts ✷✹ ❜✐ts ✭❞❛♥s ❧❡s ❞❡✉① s❡♥s✮ ❀
✕ t✐r❛❣❡s ❛❧é❛t♦✐r❡s ✉♥✐❢♦r♠❡s ✭rés✉❧t❛ts ❡♥t✐❡rs ♦✉ ré❡❧s✮ ❀
✕ t❛❜✉❧❛t✐♦♥ ❞❡ ❝♦♥st❛♥t❡s ♠❛t❤é♠❛t✐q✉❡s ✉s✉❡❧❧❡s ✭π, ln 2, e,

√
2 ❡t
√
3✮ ❀

✕ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ s❝❤é♠❛s ❞❡ r♦✉t❛❣❡ ❝❧❛ss✐q✉❡s ✭❞✐✛✉s✐♦♥s ❡♥ ❳❨ ♦✉ ❡♥ ❨❳ ♦✉ ♣❛r ❧✐❣♥❡s ♦✉
♣❛r ❝♦❧♦♥♥❡s✱ ❛✉ ♣❧✉s ♣r♦❝❤❡ ✈♦✐s✐♥✮ ❀

✕ ♦♣ér❛t✐♦♥s ❞❡ ❞é♣❧❛❝❡♠❡♥t ❞❡ ③♦♥❡s ❞❡ ♠é♠♦✐r❡ ❞❛♥s ❧❛ ❣r✐❧❧❡✳
▲❡s rés✉❧t❛ts ❞✉ ♣r♦❥❡t ❋PP❆ ♦♥t été ♣✉❜❧✐és ❛✉① ❝♦♥❢ér❡♥❝❡s ■❈❊❙ ❡♥ ✶✾✾✽ ❬✹✼❪ ❡t ▼✐❝r♦◆❡✉r♦

❡♥ ✶✾✾✾ ❬✸✶❪✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❈♦♥❢ér❡♥❝❡s ✿ ■❈❊❙ ✶✾✾✽ ❬✹✼❪✱ ▼✐❝r♦◆❡✉r♦ ✶✾✾✾ ❬✸✶❪

▲♦❣✐❝✐❡❧s ✿ ❜✐❜❧✐♦t❤èq✉❡ ❞❡ ❝❛❧❝✉❧ ✭✢♦tt❛♥t ✰ ❛✉tr❡s✮ ♣♦✉r ♣r♦❝❡ss❡✉r ❈♦♦❧❘✐s❝

✷✳✼✳✷✳ ❇✐❜❧✐♦t❤èq✉❡ ❋▲■P ♣♦✉r ♣r♦❝❡ss❡✉r ❱▲■❲ ❙❚✷✵✵

❆✈❡❝ ❈❧❛✉❞❡✲P✐❡rr❡ ❏❡❛♥♥❡r♦❞ ❡t ❏❡❛♥✲▼✐❝❤❡❧ ▼✉❧❧❡r✱ ♥♦✉s ❛✈♦♥s ❝♦✲❡♥❝❛❞ré ❧❛ t❤ès❡ ❞❡
❙❛✉r❛❜❤ ❑✳ ❘❛✐♥❛ ❬✶✷✵❪ ❡♥tr❡ ✷✵✵✸ ❡t ✷✵✵✻✳ ❙✳ ❑✳ ❘❛✐♥❛ ❛✈❛✐t ✉♥❡ ❜♦✉rs❡ ❞❡ t❤ès❡ ❞❡ ❧❛ ré✲
❣✐♦♥ ❘❤ô♥❡✲❆❧♣❡s✳ ❈❡tt❡ t❤ès❡ ♣♦rt❛✐t s✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬❛❧❣♦r✐t❤♠❡s ❡♥ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡
❛❞❛♣tés à ❧✬✐♠♣❧❛♥t❛t✐♦♥ s✉r ❞❡s ♣r♦❝❡ss❡✉rs ❝♦♥t❡♥❛♥t ✉♥✐q✉❡♠❡♥t ❞❡s ✉♥✐tés ❞❡ ❝❛❧❝✉❧ ❡♥t✐❡r ♦✉
❡♥ ✈✐r❣✉❧❡ ✜①❡✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❛ s♦❝✐été ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s à ●r❡♥♦❜❧❡✱
♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ s✐♠♣❧❡ ♣ré❝✐s✐♦♥ ■❊❊❊ ✼✺✹ ❬✻✾❪ ❡t ♦♣t✐♠✐sé❡ ♣♦✉r
❧❛ ❢❛♠✐❧❧❡ ❞❡ ♣r♦❝❡ss❡✉rs ❱▲■❲ ✭✈❡r② ❧❛r❣❡ ✐♥str✉❝t✐♦♥ ✇♦r❞✮ ❙❚✷✵✵ ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s ✭❡♥
♣❛rt✐❝✉❧✐❡r ❧❡ ❙❚✷✷✵✮✳ ❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡✱ ❞é✈❡❧♦♣♣é❡ ❡♥ ❈✱ ❛ été ♥♦♠♠é❡ ❋▲■P ✭✢♦❛t✐♥❣✲♣♦✐♥t
❧✐❜r❛r② ❢♦r ✐♥t❡❣❡r ♣r♦❝❡ss♦r✮✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ❞❡s ♣r♦❝❡ss❡✉rs ❙❚✷✵✵ ❡st ❞é❝r✐t❡ ❡♥ ✜❣✉r❡ ✷✳✶✹✳
❙✉r ❧❡ ❙❚✷✷✵✱ ❧❡s ♠✉❧t✐♣❧✐❡✉rs ❝✐❜❧❡s ét❛✐❡♥t r❡❝t❛♥❣✉❧❛✐r❡s 16× 32 ❜✐ts✳
▲❡s ❝✐♥q ♦♣ér❛t✐♦♥s ✢♦tt❛♥t❡s ❞❡ ❜❛s❡ ♦♥t été ✐♠♣❧❛♥té❡s ❡t ♦♣t✐♠✐sé❡s ✿ ❛❞❞✐t✐♦♥✱ s♦✉str❛❝✲

t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❞✐✈✐s✐♦♥ ❡t r❛❝✐♥❡ ❝❛rré❡✳ ▲❡s ❝♦♠♣❛r❛✐s♦♥s ❡t ❞✐✛ér❡♥ts t❡sts ❞❡ ✈❛❧❡✉rs
s♣é❝✐❛❧❡s ✭◆❛◆✱ ±∞✱ ±0✮ s♦♥t ❛✉ss✐ ✐♠♣❧❛♥tés✳ ❉✬❛✉tr❡s ❢♦♥❝t✐♦♥s ♦♥t été ❛❥♦✉té❡s ✿ ❧❡ ❝❛rré✱ ❧❛
♠✉❧t✐♣❧✐❝❛t✐♦♥✕❛❞❞✐t✐♦♥ ❢✉s✐♦♥♥é❡ ♦✉ ❋▼❆ ✭♣♦✉r ❢✉s❡❞ ♠✉❧t✐♣❧② ❛♥❞ ❛❞❞✮✱ ❧✬✐♥✈❡rs❡ ❡t ❧❛ r❛❝✐♥❡
❝❛rré❡ ✐♥✈❡rs❡✳ ◗✉❡❧q✉❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ♦♥t ❛✉ss✐ été ❞é✈❡❧♦♣♣é❡s✱
♠❛✐s ✉♥✐q✉❡♠❡♥t ♣♦✉r ❞❡s ❞♦♠❛✐♥❡s ✶✶ ré❞✉✐ts ✿ s✐♥✉s✱ ❝♦s✐♥✉s✱ ❡①♣♦♥❡♥t✐❡❧❧❡ ❡t ❧♦❣❛r✐t❤♠❡✳
▲❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ♣✉❜❧✐é❡ à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✹ ❬✸❪ ♠♦♥tr❡ ❞❡s

♣❡r❢♦r♠❛♥❝❡s ♠❡✐❧❧❡✉r❡s ❞❡ ✷✵✪ à ✹✵✪ ❡♥ ✈✐t❡ss❡ ♣❛r r❛♣♣♦rt à ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ♦♣t✐♠✐sé❡ ♦r✐❣✲
✐♥❛❧❡ ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳ ▲❡s ✐♥❣é♥✐❡✉rs ❞❡ ❧❛ ❞✐✈✐s✐♦♥ ❝♦♠♣✐❧❛t✐♦♥ ♥❡ ♣❡♥s❛✐❡♥t ♣❛s q✉❡ ❞❡
t❡❧s ❣❛✐♥s s❡r❛✐❡♥t ♣♦ss✐❜❧❡s✳ ❈❡s ❛❝❝é❧ér❛t✐♦♥s ♦♥t été r❡♥❞✉❡s ♣♦ss✐❜❧❡s ❡♥ ✉t✐❧✐s❛♥t ♣❧✉s✐❡✉rs
♦♣t✐♠✐s❛t✐♦♥s ✿ ✉t✐❧✐s❛t✐♦♥ ❞✬✐♥str✉❝t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s ♣♦✉r s✐♠♣❧✐✜❡r ❧❛ ❞ét❡❝t✐♦♥ ❞❡s ✈❛❧❡✉rs
s♣é❝✐❛❧❡s✱ ✉t✐❧✐s❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s ♣❧✉s ❡✣❝❛❝❡s ♣♦✉r ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ❢♦♥❝t✐♦♥s ✭❛✈❡❝ ❞❡s
t❡❝❤♥✐q✉❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣rés❡♥té❡s ❛✉ ❝❤❛♣✐tr❡ ✸✮ ❡t ✉♥ ♠❡✐❧❧❡✉r r❡♠♣❧✐ss❛❣❡ ❞❡s ❜✉♥❞❧❡s ✶✷

❞✬✐♥str✉❝t✐♦♥s ❱▲■❲✳ ▲✬♦♣t✐♠✐s❛t✐♦♥ ❞❡ ❧❛ ❞ét❡❝t✐♦♥ ❞❡s ✈❛❧❡✉rs s♣é❝✐❛❧❡s ❛ ♣❡r♠✐s ❞❡ ❧✐♠✐t❡r ❧❡s
❜r❛♥❝❤❡♠❡♥ts ❡t ❞✬❛✉❣♠❡♥t❡r ❧❡ t❛✉① ❞❡ r❡♠♣❧✐ss❛❣❡ ♠♦②❡♥ ❞❡s ❜✉♥❞❧❡s ❞❡ ✹✼✪ à ✻✼✪ ♣♦✉r
❧✬❛❞❞✐t✐♦♥ ❡t ❞❡ ✺✹✪ à ✼✶✪ ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ■♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✱ ❝❡s ♦♣ér❛t✐♦♥s ♦♥t été
❛❝❝é❧éré❡s ❞✬✉♥ ❢❛❝t❡✉r 1.3 ❡♥ ♠♦②❡♥♥❡ ❬✸❪✳

✶✶✳ ■♥t❡r✈❛❧❧❡ ❞❡s ♦♣ér❛♥❞❡s ❡♥ ❡♥tré❡✳
✶✷✳ ✹ ✐♥str✉❝t✐♦♥s ✸✷ ❜✐ts r❡❣r♦✉♣é❡s ❞❛♥s ✉♥ ✓ ♣❛q✉❡t ✔ ❞❡ ✶✷✽ ❜✐ts ❡t ❡①é❝✉té à ❝❤❛q✉❡ ❝②❝❧❡✳

✹✶
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❋✐❣✉r❡ ✷✳✶✹✳✿ ❆r❝❤✐t❡❝t✉r❡ ❞❡s ♣r♦❝❡ss❡✉rs ❙❚✷✵✵ ✭❙❚✷✷✵✮✳

❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ✭♥❜✳ ❝②❝❧❡s✮ t❛✐❧❧❡ ❞✉ ❝♦❞❡

♦r✐❣✐♥❛❧ ✭❙❚✮ ✶✼✶ ✼✽✹

r❡st❛✉r❛♥t❡ ✶✸✹ ✻✼✻
♥♦♥ r❡st❛✉r❛♥t❡ ✶✶✼ ✼✾✷
❙❘❚ ❜❛s❡ 2 ✶✸✶ ✽✷✵
❙❘❚ ❜❛s❡ 4 ❛✈❡❝ qj ∈ {−2, . . . , 2} ✶✷✺ ✼✶✻
❙❘❚ ❜❛s❡ 4 ❛✈❡❝ qj ∈ {−3, . . . , 3} ✶✺✺ ✻✷✽
❙❘❚ ❜❛s❡ 512 ✰ ♣r❡s❝❛❧✐♥❣ ✻✵ ✽✹✵

❚❛❜❧❡ ✷✳✶✳✿ ❈❛r❛❝tér✐st✐q✉❡s ❞❡s ♠ét❤♦❞❡s ❞❡ ❞✐✈✐s✐♦♥ t❡sté❡s ❞❛♥s ❋▲■P✳

❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ❞✐✈✐s✐♦♥✱ ♥♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ✐ss✉❡s ❞❡ ❧❛
❧✐ttér❛t✉r❡ ❬✽✷✱ ✶✶✻❪✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞✐✈✐s✐♦♥ ❡♥ ❣r❛♥❞❡ ❜❛s❡ ❛✈❡❝
✉♥❡ t❡❝❤♥✐q✉❡ ❞❡ ♠✐s❡ à ❧✬é❝❤❡❧❧❡ ✭♣r❡s❝❛❧✐♥❣✮ ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ♦♣t✐♠✐sé❡✳ ▲❡
t❛❜❧❡❛✉ ✷✳✶ ♣rés❡♥t❡ ❧❡s rés✉❧t❛ts ❞✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞❡ ❞✐✈✐s✐♦♥✳ ◆♦✉s
♦❜t❡♥♦♥s ✉♥❡ ❛❝❝é❧ér❛t✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r ✸ ❛✈❡❝ ♥♦tr❡ ♠ét❤♦❞❡ ❡♥ ❣r❛♥❞❡ ❜❛s❡ ✭✺✶✷✮ ❡t ✉♥ ♣r❡s❝❛❧✲
✐♥❣ q✉✐ ✉t✐❧✐s❡ ❞❡s ♣♦❧②♥ô♠❡s ❜✐❡♥ ❛❞❛♣tés✳ ▲❡s ♠ét❤♦❞❡s ❡t rés✉❧t❛ts ❝♦♠♣❧❡ts r❡❧❛t✐❢s à ❧❛
❞✐✈✐s✐♦♥ ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ■▼❆❈❙ ❡♥ ✷✵✵✺ ❬✸✻❪✳
❯♥ ❛✉tr❡ ❛s♣❡❝t ✐♠♣♦rt❛♥t ❞✉ tr❛✈❛✐❧ s✉r ❝❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ❛ ♣♦rté s✉r ❧❛ ✈❛❧✐❞❛t✐♦♥✳ ◆♦✉s

❛✈♦♥s ✐♠♣❧❛♥té ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❝❛s ♣❛t❤♦❧♦❣✐q✉❡s ♣♦✉r ❡✛❡❝t✉❡r ❞❡s t❡sts✳ ❉❡s
✈❡❝t❡✉rs ❞❡ t❡st s♦♥t ❣é♥érés ❛✉t♦♠❛t✐q✉❡♠❡♥t ♣♦✉r ❧❡ ♣r♦❞✉✐t ❝❛rtés✐❡♥ ❞❡ ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs
♣♦✉r ❧❡s ❞é❝♦✉♣❛❣❡s ✭{min,min+1, . . . ,min+k}✱ {max−k′, . . . ,max−1,max}✱ ✈❛❧❡✉rs ❛✉t♦✉r
❞✉ ♠✐❧✐❡✉✱ ❡t❝✳✮✳ ❉❡s t❡sts ❛❧é❛t♦✐r❡s ✐♥t❡♥s✐❢s ♦♥t ❛✉ss✐ été ✉t✐❧✐sés✳
❚r❛✈❛✐❧❧❡r s✉r ❝❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ❛ été très ✐♥tér❡ss❛♥t✳ ❯♥❡ ❛♠é❧✐♦r❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡s ♣❡r✲

❢♦r♠❛♥❝❡s ❞❡ ✶✵ à ✶✺✪ ❛ été ❝♦♥st❛té❡ s✉r ❞✐✛ér❡♥t❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❛❧❝✉❧✳ P♦✉r ❝❡rt❛✐♥❡s
❛♣♣❧✐❝❛t✐♦♥s✱ ❧❡s ❣❛✐♥s ét❛✐❡♥t ❡♥❝♦r❡ ♣❧✉s ✐♠♣♦rt❛♥ts✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❞❡s ❝♦❞❡✉rs ❛✉❞✐♦ ✉♥❡
❛❝❝é❧ér❛t✐♦♥ ❞❡ ❢❛❝t❡✉r 1.48 ❛ été ♦❜t❡♥✉❡✳ P♦✉r ❧❡ ❥❡✉ q✉❛❦❡ s♦✉s ❧✐♥✉①✱ ✉♥❡ ❛❝❝é❧ér❛t✐♦♥ ❞❡

✹✷



❢❛❝t❡✉r 1.3 ❛ été ♦❜t❡♥✉❡✳
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✐❢ ❊♥❝❛❞r❡♠❡♥t ✿ ❙❛✉r❛❜❤ ❑✳ ❘❛✐♥❛✱ ❞♦❝t♦r❛t ✷✵✵✻ ❬✶✷✵❪✱ ✹✵✪✱ ▼❞❈ ❡♥ ■♥❞❡

❈♦♥❢ér❡♥❝❡s ✿ ❙P■❊ ✷✵✵✹ ❬✸❪✱ ■▼❆❈❙ ✷✵✵✺ ❬✸✻❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s ✷✵✵✸✕✷✵✵✻

▲♦❣✐❝✐❡❧s ✿ ❜✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ❋▲■P ♣♦✉r ♣r♦❝❡ss❡✉rs ❙❚✷✵✵

❘é❝❡♠♠❡♥t✱ ❧❛ ❞❡r♥✐èr❡ ✈❡rs✐♦♥ ✭❞é✈❡❧♦♣♣❡♠❡♥t s✉r ✷✵✵✼✕✷✵✵✾✮ ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❋▲■P ❛
été ✈❡♥❞✉❡ à ❧❛ s♦❝✐été ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳ ▼❛ ♣❛rt✐❝✐♣❛t✐♦♥ à ❝❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ❛ été ❡s✲
t✐♠é❡ à ✶✵✪✳ ❏✬❡st✐♠❡ ♠❛ ♣❛rt✐❝✐♣❛t✐♦♥ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞❡ ❋▲■P✱ ❝❡❧❧❡
❞✐s♣♦♥✐❜❧❡ ❡♥ ✜♥ ❞❡ t❤ès❡ ❞❡ ❙✳ ❑✳ ❘❛✐♥❛✱ ❡♥tr❡ ✸✵ ❡t ✹✵✪✳

✷✳✽✳ ❉✐✈✐s✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s

❉❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ❝♦♥tr❛t ■◆❘■❆ ❛✈❡❝ ❧❛ ❞✐✈✐s✐♦♥ ❝♦♠♣✐❧❛t✐♦♥ ❞❡ ❧❛ s♦❝✐été ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s
à ●r❡♥♦❜❧❡✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❛✈❡❝ ❏❡❛♥✲▼✐❝❤❡❧ ▼✉❧❧❡r ❞❡s ❛❧❣♦r✐t❤♠❡s ❧♦❣✐❝✐❡❧s ♣♦✉r ❧❛ ❞✐✈✐s✐♦♥
♣❛r ❞❡s ❝♦♥st❛♥t❡s ✭❝✳✲à✲❞✳ ❞❡s ❞✐✈✐s✐♦♥s ♦ù ❧❡ ❞✐✈✐s❡✉r ❡st ❝♦♥♥✉ à ❧❛ ❝♦♠♣✐❧❛t✐♦♥✮✳ ❈❡tt❡ ♦♣ér❛t✐♦♥
❞♦✐t êtr❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♦♣t✐♠✐sé❡ ❞❛♥s ❧❡s ❝❛s s✉✐✈❛♥ts ✿ ❝❛❧❝✉❧ ❞✬✐♥❞✐❝❡ ♠❛①✐♠✉♠ ❞❡ ❜♦✉❝❧❡s
❝♦♠♣❧❡①❡s✱ ❝❛❧❝✉❧ ❞✬❛❞r❡ss❡ ❞✬♦❜❥❡t ✭❡♥ ❈✴❈✰✰ ✴s✐③❡♦❢✭❚✮✮✱ ❞❡s ❢♦♥❝t✐♦♥s ❞❡ ❤❛❝❤❛❣❡✱ ❞❡s
❝♦♥✈❡rs✐♦♥s ❡♥tr❡ ❜❛s❡s ✶✵ ❡t ✷ ♣♦✉r ❧❡s ❡♥tré❡s✕s♦rt✐❡s✳ ◆♦s ❛❧❣♦r✐t❤♠❡s ♣❡r♠❡tt❡♥t ❞❡ ❣é♥ér❡r
❞✉ ❝♦❞❡ ♦♣t✐♠✐sé ♣♦✉r ❧❡s ♣r♦❝❡ss❡✉rs ❉❙P ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❙❚✶✵✵ ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳ ▲❡ ♣♦✐♥t
❝r✐t✐q✉❡ ❞❡ ❝❡ tr❛✈❛✐❧ ♣♦rt❡ s✉r ❧✬✉t✐❧✐s❛t✐♦♥ ❛✉ ♠✐❡✉① ❞✬✉♥✐tés ❞❡ ❝❛❧❝✉❧ ❝♦♠♠❡ ❧❡ ▼❆❈ ✭♠✉❧t✐♣❧②
❛♥❞ ❛❝❝✉♠✉❧❛t❡✮ s✉r ❞❡s ❡♥t✐❡rs ♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡ ❝♦♠♠✉♥❡s ❞❛♥s ❧❡s ❉❙P✳ ❉❛♥s ❧❡s ❙❚✶✵✵ ❝✐❜❧❡s✱
♦♥ tr♦✉✈❡ ✉♥ ▼❆❈ ❞❡ t②♣❡ 16× 16+ 40→ 40✳ ❯♥❡ ❜♦♥♥❡ ♠❛îtr✐s❡ ❞❡s ❡rr❡✉rs ❞❡ ❝❛❧❝✉❧ ♣❡r♠❡t
✐❝✐ ❞❡ ❣❛❣♥❡r à ❧❛ ❢♦✐s ❡♥ ♣ré❝✐s✐♦♥ ❡t ❡♥ q✉❛♥t✐té ❞❡ ❝❛❧❝✉❧ ❡t ❞♦♥❝ ❡♥ ✈✐t❡ss❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
♣♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡ ❧❛ ❝♦♥st❛♥t❡✱ ♥♦✉s ❛✈♦♥s ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥ ♣❛r ❝❡s ❝♦♥st❛♥t❡s
s❛♥s ❛✉❝✉♥ t❡st✳ ◆♦s ❛❧❣♦r✐t❤♠❡s ♦♥t été ✐♥té❣rés ❛✉① ❝♦♠♣✐❧❛t❡✉rs ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳ ❯♥❡
❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ ✶✵✪ à ✻✵✪ ❛ été ♦❜t❡♥✉❡ s✉r ❞❡s ❜❡♥❝❤♠❛r❦s ❞❡ ❝♦❞❛❣❡ ❛✉❞✐♦
st❛♥❞❛r❞s✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❆❘■❚❍ ✶✼ ❡♥ ✷✵✵✺ ❬✹✻❪✳
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❈♦♥❢ér❡♥❝❡ ✿ ❆❘■❚❍ ✷✵✵✺ ❬✹✻❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s ✭❝♦♥tr❛t ■◆❘■❆✮

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ♣♦✉r ❉❙P ❙❚✶✵✵

✷✳✾✳ ❆♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s

▲❡ ❝❤❛♣✐tr❡ ✸ ❡st ✐♥té❣r❛❧❡♠❡♥t ❝♦♥s❛❝ré à ❝❡ t❤è♠❡ ❞❡ r❡❝❤❡r❝❤❡✳ ❙❡✉❧ ❧❡ t❛❜❧❡❛✉ ré❝❛♣✐t✉❧❛t✐❢
❡st ❞♦♥♥é ❝✐✲❞❡ss♦✉s✳
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❏♦✉r♥❛✉① ✿ ❆❈▼ ❚❖▼❙ ✷✵✵✻ ❬✶✹❪✱ ❊▲ ✷✵✵✻ ❬✶✺❪✱ ■❏❍P❙❆ ✷✵✵✼ ❬✺✻❪ ✭❛rt✐❝❧❡ ✐♥✈✐té✮
❚❙■ ✷✵✵✽ ❬✹✺❪

❈♦♥❢ér❡♥❝❡s ✿ ❆s✐❧♦♠❛r ✷✵✵✹ ❬✶✸❪✱ ❆❙❆P ✷✵✵✺ ❬✹✶❪✱ ■❈❆❙❙P ✷✵✵✻ ❬✺✸❪✱ ❆s✐❧♦♠❛r ✷✵✵✻ ❬✺✷❪
◆❊❲❈❆❙ ✷✵✵✼ ❬✺✺❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❆❈■ ●❆❆P

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ❱❍❉▲
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✷✳✶✵✳ ❈❛❧❝✉❧ à ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡

▲❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❡st ❞❡✈❡♥✉❡ ❧❛ ♣r✐♥❝✐♣❛❧❡ ❝♦♥tr❛✐♥t❡ ❧♦rs ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❜♦♥
♥♦♠❜r❡ ❞❡ s②stè♠❡s ♠❛tér✐❡❧s ♦✉ ❧♦❣✐❝✐❡❧s✳ ❉❛♥s ✉♥ ❙♦❈✱ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡s ✉♥✐tés ❞❡
❝❛❧❝✉❧ ❡st ❝♦♥s✐❞éré❡✱ s♦✉✈❡♥t à ❥✉st❡ t✐tr❡✱ ❝♦♠♠❡ ❢❛✐❜❧❡ ♣❛r r❛♣♣♦rt à ❝❡❧❧❡ ❞❡s ❛❝❝ès ♠é♠♦✐r❡s
♦✉ ❞❡ ❝❡rt❛✐♥❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ✐♥t❡r♥❡s✳ ❚♦✉t❡❢♦✐s✱ ✐❧ ❡st q✉❛♥❞ ♠ê♠❡ ♥é❝❡ss❛✐r❡ ❞❡ ❧❛ ré❞✉✐r❡ ❧❡
♣❧✉s ♣♦ss✐❜❧❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❝❛s✳ P❛r ❡①❡♠♣❧❡✱ ❧❡s ❛❞❞✐t✐♦♥♥❡✉rs ❡t ✓ très ♣❡t✐ts ✔ ♠✉❧t✐♣❧✐❡✉rs
❞✬✉♥❡ ✉♥✐té ❞❡ ❣é♥ér❛t✐♦♥ ❞✬❛❞r❡ss❡s ✭♦✉ ❆●❯ ❛❞❞r❡ss ❣❡♥❡r❛t✐♦♥ ✉♥✐t✮ ❞✬✉♥ ♣r♦❝❡ss❡✉r à ❤❛✉t❡s
♣❡r❢♦r♠❛♥❝❡s ❡st ❧✬✉♥ ❞❡s ♣♦✐♥ts ❧❡s ♣❧✉s ❝❤❛✉❞s ❞✉ ❝✐r❝✉✐t ❬✶✵✹❪✳ ▲❡s ♣❡r❢♦r♠❛♥❝❡s é♥❡r❣ét✐q✉❡s
❞❡ ❝✐r❝✉✐ts s♣é❝✐❛❧✐sés ❞é♣❡♥❞❡♥t ❜❡❛✉❝♦✉♣ ❞❡ ❝❡❧❧❡s ❞❡ ❧❡✉rs ❜❧♦❝s ❞❡ ❝❛❧❝✉❧s ✐♥t❡♥s✐❢s✳

❏✬❛✐ ♣✉❜❧✐é ✉♥ ❝❤❛♣✐tr❡ ❞✬✐♥tr♦❞✉❝t✐♦♥ à ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❞❛♥s
❧❡ ❧✐✈r❡ ❝♦❧❧❡❝t✐❢ ▲♦✇ P♦✇❡r ❊❧❡❝tr♦♥✐❝s ❉❡s✐❣♥ ♣❛r✉ ❛✉① é❞✐t✐♦♥s ❈❘❈ ❡♥ ✷✵✵✹ ❬✺✵❪✳ ❏✬❛✐ ♣✉❜❧✐é
✉♥ ❛rt✐❝❧❡ ✐♥✈✐té s✉r ❝❡ ♠ê♠❡ t❤è♠❡ ❞❛♥s ❧❛ r❡✈✉❡ ❚❙■ ✭❚❡❝❤♥✐q✉❡ ❡t ❙❝✐❡♥❝❡ ■♥❢♦r♠❛t✐q✉❡s✮ ❡♥
✷✵✵✼ ❬✺✼❪✳ ❊♥ ❥✉✐♥ ✷✵✵✾✱ ❥✬❛✐ été ✐♥✈✐té à ❞♦♥♥❡r ✉♥ ❡①♣♦sé s✉r ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs
❛r✐t❤♠ét✐q✉❡s à ❧❛ ❝♦♥❢ér❡♥❝❡ ❋❚❋❈ ✭❋❛✐❜❧❡ ❚❡♥s✐♦♥ ❋❛✐❜❧❡ ❈♦♥s♦♠♠❛t✐♦♥✮ à ◆❡✉❝❤ât❡❧ ❡♥ ❙✉✲
✐ss❡ ❬✻✵❪✱ ❧❡s tr❛♥s♣❛r❡♥ts s♦♥t ❛❝❝❡ss✐❜❧❡s s✉r ♠❛ ♣❛❣❡ ✇❡❜ ✶✸✳ ❏✬❛✐ ❞♦♥♥é ✉♥ ❝♦✉rs ❞✬✐♥tr♦❞✉❝t✐♦♥
à ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s ❝✐r❝✉✐ts ✐♥té❣rés ♥✉♠ér✐q✉❡s ❧♦rs ❞❡ ❧✬é❝♦❧❡ t❤é♠❛t✐q✉❡
❈◆❘❙ ❊❈❖❋❆❈✷✵✶✵ ❡♥ ♠❛rs✕❛✈r✐❧ ✷✵✶✵ ❬✻✷❪ ❞♦♥t ❧❡s tr❛♥s♣❛r❡♥ts s♦♥t ❛❝❝❡ss✐❜❧❡s s✉r ❧❡ s✐t❡
✇❡❜ ❤tt♣✿✴✴❡❝♦❢❛❝✷✵✶✵✳✐r✐s❛✳❢r✴✳

✷✳✶✵✳✶✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥

❉❛♥s ❬✷✺✱ ✻✹✱ ✻✸❪✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré q✉❡ ♣♦✉r ❝❡rt❛✐♥❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡✱
❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s s♦❧✉t✐♦♥s ♣❧✉s é❝♦♥♦♠❡s ❡♥ é♥❡r❣✐❡ q✉✬❛✈❡❝ ✉♥❡
❛r✐t❤♠ét✐q✉❡ ♣❛r❛❧❧è❧❡ ✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✮✳

▲♦rs ❞❡ ♥♦s tr❛✈❛✉① s✉r ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✭❝❢✳ ❝❤❛♣✐tr❡ ✸✮✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡
❝❤♦✐① ❞❡ ❝♦❡✣❝✐❡♥ts ❞❡ ♣♦❧②♥ô♠❡s ♣♦✉r ré❞✉✐r❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞✬♦♣ér❛t❡✉rs ♠❛tér✐❡❧s
❞é❞✐és ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s✳ ◆♦✉s ♣r✐✈✐❧é❣✐♦♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝♦❡✣❝✐❡♥ts très ❝r❡✉①
✭❛✈❡❝ très ♣❡✉ ❞❡ ❝❤✐✛r❡s ♥♦♥ ♥✉❧s✮✳ ❈❡❝✐ ♥♦✉s ♣❡r♠❡t ❞❡ r❡♠♣❧❛❝❡r ❞❡s ♠✉❧t✐♣❧✐❡✉rs ♣❛r ❞❡s
séq✉❡♥❝❡s ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ s♦✉str❛❝t✐♦♥s ❞❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ ❝❛s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s
❝♦♥st❛♥t❡s ♣rés❡♥té ❡♥ s❡❝t✐♦♥ ✷✳✻✳✶✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ♥♦✉s ♦❜t❡♥♦♥s ❞❡s ré❞✉❝t✐♦♥s ❞❡ ❧❛
❝♦♥s♦♠♠❛t✐♦♥ ❞❡ ✺✵✪✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❆s✐❧♦♠❛r ❡♥ ✷✵✵✻ ❬✺✷❪✳

❏✬ét✉❞✐❡ ❧✬✐♥✢✉❡♥❝❡ ❞✉ ❝♦❞❛❣❡ ❞❡s ❝❤✐✛r❡s ❛✉ ♥✐✈❡❛✉ ❝✐r❝✉✐t✳ ▲❡ ❝❤♦✐① ❞❡ ❧❛ ❜❛s❡ ❡t ❞✉ ❝♦❞❛❣❡
✐♥t❡r♥❡ ❞❡s ❝❤✐✛r❡s ✭♥♦♠❜r❡ ❞❡ ✜❧s ❡t ♥♦♠❜r❡ ❞❡ ♣♦rt❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ❝❛❧❝✉❧s é❧é♠❡♥t❛✐r❡s✮
❛ ✉♥❡ ✐♥✢✉❡♥❝❡ ❞✐r❡❝t❡ s✉r ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬✉♥ ♦♣ér❛t❡✉r ❞❡ ❝❛❧❝✉❧✳ ❊♥ ❡✛❡t✱ ✐❧ ❡st ♣♦ss✐❜❧❡
q✉✬❛✈❡❝ ✉♥ ❝♦❞❛❣❡ ❛st✉❝✐❡✉① ♠♦✐♥s ❞❡ tr❛♥s✐t✐♦♥s ✭❝❤❛♥❣❡♠❡♥t ❞✬ét❛ts é❧❡❝tr✐q✉❡s✮ s♦✐❡♥t ♥é❝❡s✲
s❛✐r❡s ❛✉ ♣r✐① ❞✬✉♥ ❝✐r❝✉✐t ✉♥ ♣❡✉ ♣❧✉s ❣r♦s ♣♦✉r ❡✛❡❝t✉❡r ✉♥❡ ♦♣ér❛t✐♦♥ ❞♦♥♥é❡✳ ▲❡s ❝♦♠♣r♦♠✐s
❡♥tr❡ ❧✬❛❝t✐✈✐té é❧❡❝tr✐q✉❡ ❡t ❧❛ s✉r❢❛❝❡ ❞❡s ♦♣ér❛t❡✉rs s♦♥t ♥♦♠❜r❡✉①✳ ❯♥❡ ❢❛✐❜❧❡ ❛❝t✐✈✐té ✐♠♣❧✐q✉❡
✉♥❡ ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡✳ ▼❛✐s ✉♥❡ ❧❛r❣❡ s✉r❢❛❝❡ ❞❡ s✐❧✐❝✐✉♠ ✐♠♣❧✐q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r
♣♦✉r ❧❡s t❡❝❤♥♦❧♦❣✐❡s ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✜♥❡s✱ ✉♥❡ ❧❛r❣❡ ❝♦♥s♦♠♠❛t✐♦♥ st❛t✐q✉❡ ✭❝♦✉r❛♥ts ❞❡ ❢✉✐t❡✮✳
■❧ r❡st❡ ❡♥❝♦r❡ ❜❡❛✉❝♦✉♣ ❞❡ tr❛✈❛✐❧ à ❡✛❡❝t✉❡r s✉r ❝❡ t❤è♠❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❢❛✉t ré❛❧✐s❡r ❞❡s
s✐♠✉❧❛t✐♦♥s é❧❡❝tr✐q✉❡s ✐♥t❡♥s✐✈❡s ♣♦✉r ♣♦✉✈♦✐r ❝❛r❛❝tér✐s❡r ♣ré❝✐sé♠❡♥t ❧❡s ♣❡r❢♦r♠❛♥❝❡s é♥❡r❣é✲
t✐q✉❡s ❞❡ ❝❡rt❛✐♥❡s s♦❧✉t✐♦♥s ❞❡ ❝♦❞❛❣❡✳

✶✸✳ ❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴♣r✐✈❡✴❆r♥❛✉❞✳❚✐ss❡r❛♥❞✴

✹✹

http://ecofac2010.irisa.fr/
http://www.irisa.fr/prive/Arnaud.Tisserand/
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❈❤❛♣✐tr❡ ✿ ❞❛♥s ❧✐✈r❡ ❈❘❈ ✷✵✵✹ ❬✺✵❪

❏♦✉r♥❛❧ ✿ ❚❙■ ✷✵✵✼ ❬✺✼❪ ✭❛rt✐❝❧❡ ✐♥✈✐té✮

❈♦♥❢ér❡♥❝❡s ✿ ❆s✐❧♦♠❛r ❡♥ ✷✵✵✻ ❬✺✷❪✱ ❋❚❋❈ ✷✵✵✾ ❬✻✵❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ❊P❋▲ ✶✾✾✼✕✶✾✾✾✱ ❈❙❊▼ ✷✵✵✵✱ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s ✷✵✵✶

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉rs ❞❡ ❝♦❞❡ ❱❍❉▲ ✭♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❞✐✈✐s✐♦♥✱ ❛♣♣r♦①✳ ❢♦♥❝t✐♦♥s✮

✷✳✶✵✳✷✳ ▼♦❞é❧✐s❛t✐♦♥ ❡t é✈❛❧✉❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs
❛r✐t❤♠ét✐q✉❡s

◆♦✉s tr❛✈❛✐❧❧♦♥s s✉r ❞❡s ♠♦❞è❧❡s ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s✳
❈❡s ♠♦❞è❧❡s s❡ ❜❛s❡♥t s✉r ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s ✭♣✳ ❡①✳ ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ❞❡ ♣r♦❜❛❜✐❧✐té ❞❡s ❝❤✐✛r❡s ❞❡s ♦♣ér❛♥❞❡s✮✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ✉t✐❧✐sés ♣♦✉r ❡✛❡❝t✉❡r ❧❡s
♦♣ér❛t✐♦♥s ❞❡ ❜❛s❡ ✭♣✳ ❡①✳ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ♣♦rt❡s ❡t ❡♥ ét❛❣❡s✮✱ ❡t q✉❡❧q✉❡s ✐♥❢♦r♠❛t✐♦♥s
s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♣r❛t✐q✉❡ ✭♣✳ ❡①✳ ❧❡s ♠♦❞è❧❡s ❞❡ ❞é❧❛✐s ❡t ❞❡ s♦rt❛♥❝❡✮✳ ❈❡tt❡ ♠♦❞é❧✐s❛t✐♦♥
♣❡r♠❡ttr❛✱ à t❡r♠❡✱ ❞❡ ❣✉✐❞❡r ❞❡s ♠ét❤♦❞❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡✱ ♦✉
q✉❛s✐✲❛✉t♦♠❛t✐q✉❡✱ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s✳

❆✈❡❝ ❘♦♠❛✐♥ ▼✐❝❤❛r❞ ❡t ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬❛❝t✐✈✐té ❞✬✉♥❡ ♠ét❤✲
♦❞❡ ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❡♥ ♠❛tér✐❡❧✳ ▲❛ ❊✲♠ét❤♦❞❡ ❬✽✶❪✱ ♣❡r♠❡t ❞✬é✈❛❧✉❡r ❞❡s ♣♦❧②♥ô♠❡s
❡t ❞❡s ❢r❛❝t✐♦♥s r❛t✐♦♥♥❡❧❧❡s ❛✈❡❝ ✉♥❡ ✐tér❛t✐♦♥ à ❜❛s❡ ❞✬❛❞❞✐t✐♦♥s ❡t ❞❡ ❞é❝❛❧❛❣❡s s✐♠✐❧❛✐r❡ à
❝❡❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r ❧❛ ❞✐✈✐s✐♦♥✳ ❉❛♥s ❝❡t ❛❧❣♦r✐t❤♠❡✱ ❧❡s ❝❤✐✛r❡s ❞✉ rés✉❧t❛t s♦♥t ❞ét❡r♠✐♥és ❞❡
❢❛ç♦♥ ✐tér❛t✐✈❡ ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ sé❧❡❝t✐♦♥ à ♣❛rt✐r ❞❡s ❝❤✐✛r❡s ♣ré❝é❞❡♥ts ❞✉ rés✉❧t❛t ❡t ❞✬✉♥
rés✐❞✉ s✐♠✐❧❛✐r❡ ❛✉ r❡st❡ ♣❛rt✐❡❧ ❞❛♥s ❧❛ ❞✐✈✐s✐♦♥✳ ▲❡s ❝❤✐✛r❡s ✐ss✉s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ sé❧❡❝t✐♦♥✱
r❡♣rés❡♥tés ❡♥ ♥♦t❛t✐♦♥ r❡❞♦♥❞❛♥t❡✱ ♦✛r❡♥t ✉♥❡ ❝❡rt❛✐♥❡ ❧❛t✐t✉❞❡ ❞❡ ❝❤♦✐①✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s
❛✈♦♥s ét✉❞✐é ❧✬❛❝t✐✈✐té✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ st❛t✐st✐q✉❡✱ ✐♠♣❧✐q✉é❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ sé❧❡❝t✐♦♥✳
◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ é❜❛✉❝❤❡ ❞❡ ♠ét❤♦❞❡ ♣❡r♠❡tt❛♥t ❞❡ ré❞✉✐r❡ ❝❡tt❡ ❛❝t✐✈✐té ❡♥ ✉t✐❧✐s❛♥t ❧❛
❝♦♥♥❛✐ss❛♥❝❡ ❞✉ ❝❤✐✛r❡ ❞✉ rés✉❧t❛t sé❧❡❝t✐♦♥♥é à ❧❛ ❞❡r♥✐èr❡ ✐tér❛t✐♦♥✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧
♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❋❚❋❈ ❡♥ ✷✵✵✺ ❬✸✾❪✳

▲❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❧✐é❡ à ❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡ ❡st s♦✉✈❡♥t ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡s ♠✉❧t✐✲
♣❧✐❡✉rs ❬✺✵✱ ✺✼❪✳ ❉❡ ❜♦♥♥❡s ♠♦❞é❧✐s❛t✐♦♥s ❞❡ ❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡ s♦♥t ❞✐s♣♦♥✐❜❧❡s ♣♦✉r ❧❡s ❛❞❞✐t✐♦♥✲
♥❡✉rs✱ ♠❛✐s ✐❧ ♥✬❡♥ ❡①✐st❡ ♣❛s ♣♦✉r ❧❡s ♠✉❧t✐♣❧✐❡✉rs q✉✐ s♦✐t à ❧❛ ❢♦✐s s✐♠♣❧❡✱ r❛♣✐❞❡ ❡t s✉✣s❛♠♠❡♥t
♣ré❝✐s❡ ♣♦✉r ❣✉✐❞❡r ❧❡s ❝❤♦✐① ❞✬✉♥ ❣é♥ér❛t❡✉r ❛✉t♦♠❛t✐q✉❡✳ ❏✬❛✐ ét✉❞✐é ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞❡s ❛r✲
❜r❡s ❞❡ ré❞✉❝t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❡✉rs à ❜❛s❡ ❞❡ ❝❡❧❧✉❧❡s st❛♥❞❛r❞s✳ ❏✬❛✐ ♣r♦♣♦sé ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡
❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡ ❞❛♥s ❧❡s ❛r❜r❡s ❞❡ ré❞✉❝t✐♦♥ ❞❡s ♠✉❧t✐♣❧✐❡✉rs r❛♣✐❞❡s✳ ❊❧❧❡ ♣❡r♠❡t ❞❡ ❝♦♠♣❛r❡r
r❛♣✐❞❡♠❡♥t ❞✐✛ér❡♥t❡s str❛té❣✐❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ❧♦rs ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜✲
❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❋❚❋❈ ❡♥ ✷✵✵✼ ❬✺✹❪✳ ❉❡ ♥♦♠❜r❡✉① tr❛✈❛✉① s♦♥t ❡♥❝♦r❡ à ❢❛✐r❡ ♣♦✉r r❡♥❞r❡
❝❡tt❡ ♠ét❤♦❞❡ ❡✣❝❛❝❡✱ ♣✳ ❡①✳ ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ s❡♥s✐❜✐❧✐té à ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s✳

❏❡ tr❛✈❛✐❧❧❡ s✉r ✉♥❡ ♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤✲
♠ét✐q✉❡s ♣❛r ♠❡s✉r❡ ❞❡ ❧✬❛❝t✐✈✐té ❧♦❣✐q✉❡✳ ❊♥ ✐♥sér❛♥t ❞❡s ❝♦♠♣t❡✉rs ❞✬❛❝t✐✈✐té ❝♦♠♠❡ ✐❧❧✉stré
❡♥ ✜❣✉r❡ ✷✳✶✺✱ ♦♥ ♣❡✉t ♠❡s✉r❡r très ♣ré❝✐sé♠❡♥t✱ s✉r ✉♥ ❝✐r❝✉✐t ❋P●❆✱ ❧✬❛❝t✐✈✐té ❧♦❣✐q✉❡ ré❡❧❧❡
❞✬♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❋P●❆ ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ❞❡s ❤❛✉t❡s ✈✐t❡ss❡s ❡t ❛✐♥s✐ ❞❡
❢❛✐r❡ ❞❡s st❛t✐st✐q✉❡s ♣ré❝✐s❡s✳ P♦✉r ❧❡ ♠♦♠❡♥t✱ ✉♥❡ ❞❡s ❧✐♠✐t❡s ❡st ❧✐é❡ ❛✉① t❡♠♣s ❞❡ ❝♦♠♠✉♥✐✲
❝❛t✐♦♥s ❛✈❡❝ ❧❛ ❝❛rt❡ ❋P●❆✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❆s✐❧♦♠❛r ❡♥ ✷✵✵✽ ❬✺✽❪✳
❈❡ tr❛✈❛✐❧ s✬❡st ❢❛✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ❆◆❘ ❘❖▼❆✳ ❇✐❡♥ ❡♥t❡♥❞✉✱ ♦♥ ♥✬❡st✐♠❡ ♣❛s ❞✉
t♦✉t ❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡ ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✳ ❯♥ tr❛✈❛✐❧ r❡st❛♥t à ❢❛✐r❡ ❡st ❞❡ ❝♦✉♣❧❡r ❝❡tt❡ ♠❡s✉r❡
♣ré❝✐s❡ ❞❡ ❧✬❛❝t✐✈✐té ❧♦❣✐q✉❡ ❡t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡✳
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✹✻



✈✐❞❡ tr❛♥s♣♦✳ ♥❛ï✈❡ tr❛♥s♣♦✳ ♦♣t✐♠✳ ♠✉❧t✳ ♠❛tr✐❝❡ s❣❡♠♠ ❝✉❇▲❆❙
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●P❯ ✭❲✮ ✭❲✮ ✭♠s✮ ✭❏✮ ✭❲✮ ✭♠s✮ ✭❏✮ ✭❲✮ ✭♠s✮ ✭❏✮ ✭❲✮ ✭♠s✮ ✭❏✮
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●✾✷ ✼✶ ✾✹ ✸✳✻✻ ✵✳✸✹✹ ✶✵✺ ✵✳✹✺ ✵✳✵✹✼ ✶✶✼ ✷✸✳✸ ✷✳✼✸ ✶✷✷ ✶✶✳✹ ✶✳✸✾
●❚✷✵✵ ✺✶ ✼✸ ✹✳✶✶ ✵✳✸✵✵ ✽✸ ✵✳✺✵ ✵✳✵✹✷ ✶✶✹ ✶✸ ✶✳✹✽ ✶✶✸ ✼✳✹✹ ✵✳✽✹

❚❛❜❧❡ ✷✳✷✳✿ P✉✐ss❛♥❝❡ ♠♦②❡♥♥❡ Pm✱ t❡♠♣s ❞❡ ❝❛❧❝✉❧ T ❡t é♥❡r❣✐❡ E ♠❡s✉rés ♣♦✉r ❞❡s ❛❧❣♦r✐t❤♠❡s
●P●P❯ ✿ tr❛♥s♣♦s✐t✐♦♥ ❞❡ ♠❛tr✐❝❡ ♥❛ï✈❡ ❡t ♦♣t✐♠✐sé❡✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ♠❛tr✐❝❡
❝❧❛ss✐q✉❡ ❡t s❣❡♠♠ ❞❡ ❝✉❇▲❆❙✳
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✐❢ ❊♥❝❛❞r❡♠❡♥ts ✿ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ❞♦❝t♦r❛t ✷✵✵✼ ❬✶✷✼❪✱ ✾✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ❯❈▲

❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ❞♦❝t♦r❛t ✷✵✵✽ ❬✶✶✶❪✱ ✶✵✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ■◆❘■❆

❈♦♥❢ér❡♥❝❡s ✿ ❋❚❋❈ ✷✵✵✺ ❬✸✾❪✱ ❋❚❋❈ ✷✵✵✼ ❬✺✹❪✱ ❆s✐❧♦♠❛r ✷✵✵✽ ❬✺✽❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ♣r♦❥❡t ❆◆❘ ❘❖▼❆

✷✳✶✵✳✸✳ ❈♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s ♣r♦❝❡ss❡✉rs ❣r❛♣❤✐q✉❡s

❊♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙②❧✈❛✐♥ ❈♦❧❧❛♥❣❡ ❡t ❉❛✈✐❞ ❉❡❢♦✉r ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ P❡r♣✐❣♥❛♥✱ ♥♦✉s
tr❛✈❛✐❧❧♦♥s s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❞❛♥s ❧❡s ♣r♦❝❡ss❡✉rs ❣r❛♣❤✐q✉❡s ♦✉
●P❯ ✭❣r❛♣❤✐❝ ♣r♦❝❡ss✐♥❣ ✉♥✐t✮✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡s ●P❯ ♣♦✉r ❢❛✐r❡ ❞✉ ●P●P❯ ✭❣❡♥❡r❛❧ ♣✉r♣♦s❡
❝♦♠♣✉t✐♥❣ ♦♥ ●P❯ ✮ ❡st ❝r♦✐ss❛♥t❡✳ ▲❡✉r ❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ♣❡✉t êtr❡ ❛ss❡③ ✐♥tér❡ss❛♥t❡✳ P❛r
❡①❡♠♣❧❡✱ ❡♥ s✐♠♣❧❡ ♣ré❝✐s✐♦♥ ✢♦tt❛♥t❡✱ ♦♥ ♦❜t✐❡♥t ✹●❋▲❖P✴❲ ♣♦✉r ✉♥ ●P❯ ●❚❳✷✽✵ ❝♦♥tr❡
✵✳✽●❋▲❖P✴❲ ♣♦✉r ✉♥ ❈P❯ ✶✹ ✐✼ ✾✻✵✳ ▲❡s ♣r♦❜❧è♠❡s ❞✬❛❝❤❡♠✐♥❡♠❡♥t ❞❡s é♥❡r❣✐❡s✱ ❞✬é✈❛❝✉❛t✐♦♥
❞❡s ❝❛❧♦r✐❡s ❡t ❞✉ ❝♦ût é♥❡r❣ét✐q✉❡ ré❝✉rr❡♥t s♦♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✐♠♣♦rt❛♥ts ❧❡s ❝❡♥tr❡s ❞❡ ❝❛❧❝✉❧✳
▲❡s ●P❯ ♣❡✉✈❡♥t ❞❡✈❡♥✐r ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ❛✉① ❈P❯ ❞❛♥s ❝❡rt❛✐♥s ❝❛s✳
◆♦✉s ét✉❞✐♦♥s ❧❡s ❧✐❡♥s ❡♥tr❡ ❧❡ ❝♦✉r❛♥t ♠❡s✉ré✱ ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❧❡ t②♣❡ ❞❡s ✉♥✐tés q✉✐

s♦♥t ✉t✐❧✐sé❡s ♣♦✉r ❡✛❡❝t✉❡r ❞✐✛ér❡♥ts ❝❛❧❝✉❧s ●P●P❯✳ ◆♦✉s ✉t✐❧✐s♦♥s ❞❡s ❝❛rt❡s ❣r❛♣❤✐q✉❡s
◆✈✐❞✐❛ ❡t ❧❡s ♦✉t✐❧s ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❈✉❞❛ ❡♥ ❈✳ P♦✉r ❧❡ ♠♦♠❡♥t✱ ❧❡s ♠❡s✉r❡s s♦♥t ❛ss✉ré❡s
♣❛r ✉♥❡ ✐♥str✉♠❡♥t❛t✐♦♥ à ❢❛✐❜❧❡ ✈✐t❡ss❡ ✭q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❞❡ ❦❍③✮✳ ▲✬❛♥❛❧②s❡ ❞❡s ♠❡s✉r❡s ❞❡
❝♦✉r❛♥t ♣❡r♠❡t ❞✬✐❞❡♥t✐✜❡r ❧❡s ♣❤❛s❡s ❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡ ❞✐✛ér❡♥ts ❜❧♦❝s ❢♦♥❝t✐♦♥♥❡❧s ❡t ❞❡
❝❛r❛❝tér✐s❡r ❧❡✉r ❝♦♥s♦♠♠❛t✐♦♥✳ ▲❡s ❜❧♦❝s ❝♦♥s✐❞érés ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ✉♥✐tés ❞✉ ●P❯ q✉✐ s♦♥t
✉t✐❧✐sé❡s ❧♦rs ❞❡ ❧✬❡①é❝✉t✐♦♥ ❞❡ ♥♦②❛✉① ✭❦❡r♥❡❧s✮ ❞❡ ❝❛❧❝✉❧ ✿ ❜❛♥❝s ❞❡ r❡❣✐str❡s✱ é❧é♠❡♥ts ❞❡ ❧❛
❤✐ér❛r❝❤✐❡ ♠é♠♦✐r❡✱ ✉♥✐tés ❞❡ ❝❛❧❝✉❧✳ ▲✬❛♥❛❧②s❡ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ é❧❡❝tr✐q✉❡ ❞❡s ●P❯ ♥♦✉s
❢♦✉r♥✐t ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞❡ ❧❛ ❤✐ér❛r❝❤✐❡ ♠é♠♦✐r❡ ❡t ❞✉ ❝♦♠♣♦rt❡♠❡♥t ❞❡s
✉♥✐tés ❢♦♥❝t✐♦♥♥❡❧❧❡s✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ■❈❈❙ ❡♥ ✷✵✵✾ ❬✶✾❪✳
▲❡s t❛❜❧❡❛✉① ✷✳✷ ❡t ✷✳✸ ♣rés❡♥t❡♥t ❞❡s ❡①❡♠♣❧❡s ❞❡ ♠❡s✉r❡s ♦❜t❡♥✉❡s ♣❛r ❙②❧✈❛✐♥✳ ❏✉sq✉✬✐❝✐ ♠♦♥
tr❛✈❛✐❧ s✬❡st ❧✐♠✐té à ✉♥❡ ❡①♣❡rt✐s❡ t❡❝❤♥✐q✉❡ s✉r ❧❡s ❛s♣❡❝ts ❝✐r❝✉✐ts ❡t ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❡t
à ❧❛ ♣❛rt✐❝✐♣❛t✐♦♥ à ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❧✬❛rt✐❝❧❡ ❬✶✾❪✳ ❏❡ tr❛✈❛✐❧❧❡ s✉r ❧❛ ♠✐s❡ ❡♥ ÷✉✈r❡ ❡t ❧✬✉t✐❧✐s❛t✐♦♥
❞✬✉♥ ❜❛♥❝ ❞❡ ♠❡s✉r❡ ♣❧✉s ♣❡r❢♦r♠❛♥t ✉t✐❧✐s❛♥t ✉♥ ♦s❝✐❧❧♦s❝♦♣❡ r❛♣✐❞❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱
♥♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r ❛♥❛❧②s❡r ♣❧✉s ✜♥❡♠❡♥t ❧✬❛r❝❤✐t❡❝t✉r❡ ❡t ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡s ●P❯ ❣râ❝❡
à ❞❡s ♠❡s✉r❡s ❜✐❡♥ ♣❧✉s r❛♣✐❞❡s✳ ➚ ♠♦②❡♥ t❡r♠❡✱ ♥♦✉s s♦✉❤❛✐t♦♥s ♣♦✉✈♦✐r ét✉❞✐❡r ❞❡s ❛❧❣♦r✐t❤♠❡s
❞❡ ❝❛❧❝✉❧ ❡t r❡♣rés❡♥t❛t✐♦♥s ❞❡s ❞♦♥♥é❡s ♣♦✉r ❧❛ ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ s✉r ●P❯✳
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❈♦♥❢ér❡♥❝❡ ✿ ■❈❈❙ ✷✵✵✾ ❬✶✾❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❯♥✐✈❡rs✐té P❡r♣✐❣♥❛♥ ✷✵✵✽✰

✶✹✳ P♦✉r ♥♦✉s ❝✬❡st ✉♥ ♣r♦❝❡ss❡✉r ❝❧❛ss✐q✉❡ à ❤❛✉t❡s ♣❡r❢♦r♠❛♥❝❡s✳ ❈P❯ ♣♦✉r ❝❡♥tr❛❧ ♣r♦❝❡ss✐♥❣ ✉♥✐t✳

✹✼
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❖♣ér❛t✐♦♥s ✐♥st✳ ✭❲✮ ✭♥❏✴✇❛r♣✮ ✭❲✮ ✭♥❏✴✇❛r♣✮ ✭❲✮ ✭♥❏✴✇❛r♣✮

▼❆❉ ✸✷ ✶✵✼ ✹✳✼✺ ✽✳✺✼ ✶✵✵ ✹✳✷✾ ✺✳✵✻ ✾✶ ✹✳✸ ✺✳✸✶
Pr❡❞ ✸✷ ✾✵ ✷✳✸✽ ✷✳✹✸ ✾✸ ✷✳✸✾ ✷✳✶✹ ✼✺ ✷✳✸✻ ✶✳✼✺
▼❆❉✰▼❯▲ ✻✹ ✶✶✼ ✸✳✶✾ ✼✳✷✹ ✶✶✶ ✷✳✽✸ ✹✳✻✶ ✶✵✷ ✷✳✽✷ ✹✳✹✹
▼❆❉✰❘❈P ✹✵ ✶✶✺ ✸✳✾✻ ✽✳✻✸ ✶✶✵ ✸✳✺✺ ✺✳✻✸ ✾✽ ✸✳✺✹ ✺✳✶✹
❘❈P ✽ ✾✽ ✶✺✳✽✾ ✷✷✳✵✼ ✾✻ ✶✻ ✶✻✳✷✽ ✽✶ ✶✺✳✾✾ ✶✹✳✽✶
▼❖❱ ✸✷ ✶✶✽ ✷✳✸✶ ✺✳✸✹ ✶✶✸ ✷✳✹✻ ✹✳✷✶ ✶✵✶ ✷✳✹✻ ✸✳✼✾

❚❛❜❧❡ ✷✳✸✳✿ ◆♦♠❜r❡ ❞✬✐♥str✉❝t✐♦♥s✱ ♣✉✐ss❛♥❝❡ ♠❡s✉ré❡✱ ♥♦♠❜r❡ ❞❡ ❝②❝❧❡s ♣❛r ✐♥str✉❝t✐♦♥ ❡t é♥✲
❡r❣✐❡ ♣❛r ✇❛r♣ ♣♦✉r ❞❡s ♦♣ér❛t✐♦♥s s✉r ❧❡s ●P❯ ●✽✵✱ ●✾✷ ❡t ●❚✷✵✵✳

✷✳✶✶✳ ❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡

❉❛♥s ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ à ❝❧é ♣✉❜❧✐q✉❡ ❬✶✶✵❪✱ ❘❙❆ ✶✺ ♦✉ ❊❈❈ ✶✻ ❬✾✷❪✱ ❧✬❛r✐t❤♠ét✐q✉❡ ❥♦✉❡ ✉♥ rô❧❡
✐♠♣♦rt❛♥t ❞❛♥s ❧❛ ♠✐s❡ ❡♥ ÷✉✈r❡ ❞❡ ❝r②♣t♦s②stè♠❡s à ❧❛ ❢♦✐s ❡✣❝❛❝❡s ❡t sûrs✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ❝♦r♣s ✜♥✐s ❬✶✵✵❪✱ q✉✐ s❡r❛ ❛❜♦r❞é❡ à ❧❛ s❡❝t✐♦♥ ✷✳✶✶✳✶✱ ❞♦✐t êtr❡ très r❛♣✐❞❡
ét❛♥t ❞♦♥♥é❡ ❧❛ q✉❛♥t✐té ❞❡ ❝❛❧❝✉❧s ❡✛❡❝t✉és t♦✉t ❡♥ ♥é❝❡ss✐t❛♥t ❞❡s r❡ss♦✉r❝❡s ❧✐♠✐té❡s ✭s✉r❢❛❝❡ ❞❡
❝✐r❝✉✐t✱ t❛✐❧❧❡ ♠é♠♦✐r❡✱ é♥❡r❣✐❡✮✳ ❊♥✜♥✱ ❧✬❡①é❝✉t✐♦♥ ❞❡s ♦♣ér❛t✐♦♥s ❛r✐t❤♠ét✐q✉❡s ♥❡ ❞♦✐t ♣❛s ♦✛r✐r
❞❡ ♣♦✐♥ts ❢❛✐❜❧❡s ❡①♣❧♦✐t❛❜❧❡s ♣♦✉r ❞❡s ❛tt❛q✉❡s ♣❤②s✐q✉❡s✱ q✉✐ s❡r♦♥t ❛❜♦r❞é❡s à ❧❛ s❡❝t✐♦♥ ✷✳✶✶✳✸✳
❏✬❛✐ été ✐♥✈✐té à ❞♦♥♥❡r ✉♥ t✉t♦r✐❛❧ s✉r ❝❡ t❤è♠❡ à ❧❛ ❝♦♥❢ér❡♥❝❡ ■❙❙❆❈ ✭■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠
♦♥ ❙②♠❜♦❧✐❝ ❛♥❞ ❆❧❣❡❜r❛✐❝ ❈♦♠♣✉t❛t✐♦♥✮ ❡♥ ✷✵✵✺ ❬✺✶❪✳

✷✳✶✶✳✶✳ ❆r✐t❤♠ét✐q✉❡ ❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s

❆✈❡❝ ❧✬❛❝❝r♦✐ss❡♠❡♥t ❞❡s ❜❡s♦✐♥s ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ✭❝❧és ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❧♦♥❣✉❡s✱ ✐♥té❣r❛t✐♦♥
❞❛♥s ❞❡s ❞✐s♣♦s✐t✐❢s ♣♦rt❛❜❧❡s✱ ✈✐t❡ss❡ ❞❡ ❝❤✐✛r❡♠❡♥t ♦✉ ❞❡ s✐❣♥❛t✉r❡ é❧❡✈é❡s✱ ♣r♦t❡❝t✐♦♥ ❝♦♥tr❡
❧❡s ❛tt❛q✉❡s ♣❤②s✐q✉❡s✳✳✳✮✱ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s♣é❝✐✜q✉❡s ❡st ♥é❝❡ss❛✐r❡✳
◆♦✉s tr❛✈❛✐❧❧♦♥s ❞❡♣✉✐s ✷✵✵✷ s✉r ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♠❛tér✐❡❧s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳
❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ét✉❞✐♦♥s ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ ♣♦✉r
❧❡s ❝♦r♣s ✜♥✐s✳ ◆♦s tr❛✈❛✉① ♣♦rt❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t s✉r ❧❡s ❝♦r♣s ✜♥✐s ♣r❡♠✐❡rs Fp ✭❝✳✲à✲❞✳ ♦ù p ❡st
✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ♣r❡♠✐❡r✮✳ ▲✬❛r✐t❤♠ét✐q✉❡ ❞❛♥s ❧❡ ❝♦r♣s Fp ❡st ❧✬❛r✐t❤♠ét✐q✉❡ ♠♦❞✉❧♦ p✳ ◆♦✉s
ét✉❞✐♦♥s à ❧❛ ❢♦✐s ❞❡s ♦♣ér❛t❡✉rs ❞❛♥s Fp ♣♦✉r ❞❡s p q✉❡❧❝♦♥q✉❡s ✭s❛♥s str✉❝t✉r❡ ♠❛t❤é♠❛t✐q✉❡
♣❛rt✐❝✉❧✐èr❡✮ ♦✉ ❜✐❡♥ ♣♦✉r ❞❡s p s♣é❝✐✜q✉❡s ✭♣✳ ❡①✳ ❛✈❡❝ très ♣❡✉ ❞❡ ❜✐ts ♥♦♥ ♥✉❧s ❝♦♠♠❡ ❧❡s p
❞❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ♣ré❝♦♥✐sé❡s ♣❛r ❧❡ ◆■❙❚ ❬✾✷✱ ❛♥♥❡①❡ ❆✳✷✳✶❪✮✳
❆✈❡❝ ❏❡❛♥✲▲✉❝ ❇❡✉❝❤❛t ✭▲■P✮ ❡t ▲❛✉r❡♥t ■♠❜❡rt ✭▲■❘▼▼✮✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❞❡s ❛❧❣♦r✐t❤♠❡s

❡t ❞é✈❡❧♦♣♣é ❞❡s ❣é♥ér❛t❡✉rs ❛✉t♦♠❛t✐q✉❡s ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠♦❞✉❧❛✐r❡ ✭a× b mod p✮ ❛✈❡❝
❞❡s ♠♦❞✉❧✐ ❞❡ t②♣❡ p = 2n ± 1 ✭♣♦✉r ❞✐✛ér❡♥t❡s t❛✐❧❧❡s✮ ♣♦✉r ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s s✉r ❋P●❆✳
❈❡tt❡ ♦♣ér❛t✐♦♥ ❡st ✐♠♣♦rt❛♥t❡ ❞❛♥s ❜♦♥ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝r②♣t♦❣r❛♣❤✐❡✳ ◆♦✉s ❛✈♦♥s
❛✐♥s✐ ❝♦♠♣❛ré ❞✐✛ér❡♥ts ❛❧❣♦r✐t❤♠❡s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♠♦❞✉❧❛✐r❡✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és
à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✸ ❬✹❪✳ ❈❡ tr❛✈❛✐❧ s✬❡st ❢❛✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ❖♣❆❈ ❖♣ér❛t❡✉rs
❆r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡ ❞❡ ❧✬❆❈■ ❈r②♣t♦❧♦❣✐❡✳
◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é ❛✈❡❝ ❏❡❛♥✲▲✉❝ ❇❡✉❝❤❛t ✭▲■P✮✱ ◆✐❝♦❧❛s ❙❡♥❞r✐❡r ✭■◆❘■❆✮ ❡t ●✐❧❧❡s ❱✐❧❧❛r❞

✭❈◆❘❙✕▲■P✮ s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ s✐❣♥❛t✉r❡ ♥✉♠ér✐q✉❡ ❛✈❡❝ ❞❡s
s✐❣♥❛t✉r❡s ❝♦✉rt❡s ✭♠♦✐♥s ❞❡ ✶✵✵ ❜✐ts✮ ♣r♦♣♦sé ❞❛♥s ❧❡ ♣r♦❥❡t ■◆❘■❆ ❈❖❉❊❙ à ❘♦❝q✉❡♥❝♦✉rt✳

✶✺✳ ❆❧❣♦r✐t❤♠❡ ❞❡ ❝r②♣t♦❣r❛♣❤✐❡ à ❝❧é ♣✉❜❧✐q✉❡ ❞✉ ♥♦♠ ❞❡ s❡s ✐♥✈❡♥t❡✉rs ✿ ❘✳ ❘✐✈❡st✱ ❆✳ ❙❤❛♠✐r ❡t ▲✳ ❆❞❧❡♠❛♥✳
✶✻✳ ❊❧❧✐♣t✐❝ ❝✉r✈❡ ❝r②♣t♦❣r❛♣❤② ♦✉ ❝r②♣t♦❣r❛♣❤✐❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✳

✹✽



❈❡t ❛❧❣♦r✐t❤♠❡ ❡st ❜❛sé s✉r ❧❛ t❤é♦r✐❡ ❞❡s ❝♦❞❡s✳ ❙♦♥ ✐♠♣❧❛♥t❛t✐♦♥ ❧♦❣✐❝✐❡❧❧❡ ♦♣t✐♠✐sé❡ ✭❈ ❡t
❛ss❡♠❜❧❡✉r✮ ♥é❝❡ss✐t❛✐t ❡♥✈✐r♦♥ ✉♥❡ ♠✐♥✉t❡ ♣❛r s✐❣♥❛t✉r❡ s✉r ✉♥❡ ♠❛❝❤✐♥❡ à ❜❛s❡ ❞❡ P❡♥t✐✉♠ ✹
à ✷ ●❍③✳ ◆♦tr❡ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ♣♦✉r ❋P●❆ ❳❈❱✸✵✵ ❞❡ ❳✐❧✐♥① ♣❡r♠❡tt❛✐t ❞❡ s✐❣♥❡r ❡♥ ✵✳✽✻
s❡❝♦♥❞❡✳ ▲❡s ♣r❡♠✐❡rs rés✉❧t❛ts s♦♥t r❡❣r♦✉♣és ❞❛♥s ❧❡ r❛♣♣♦rt ❞❡ r❡❝❤❡r❝❤❡ ❬✺❪✳ ❈❡ tr❛✈❛✐❧ s✬❡st
❢❛✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ❖❈❆▼ ❖♣ér❛t❡✉rs ❈r②♣t♦❣r❛♣❤✐q✉❡s ❡t ❆r✐t❤♠ét✐q✉❡ ▼❛tér✐❡❧❧❡ ❞❡
❧✬❆❈■ ❙é❝✉r✐té ■♥❢♦r♠❛t✐q✉❡✳
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❈♦♥❢ér❡♥❝❡ ✿ ❙P■❊ ✷✵✵✸ ❬✹❪✱ ■❙❙❆❈ ✷✵✵✺ ❬✺✶❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ▲■❘▼▼✱ ❯♥✐✈❡rs✐té ❈❛❧❣❛r② ❈❛♥❛❞❛✱ ■◆❘■❆ ❘♦❝q✉❡♥❝♦✉rt
❆❈■ ❈r②♣t♦❧♦❣✐❡ ✭✷✵✵✷✕✷✵✵✺✮✱ ❆❈■ ❙é❝✉r✐té ■♥❢♦r♠❛t✐q✉❡ ✭✷✵✵✸✕✷✵✵✻✮

✷✳✶✶✳✷✳ ❋♦♥❝t✐♦♥s ❞❡ ❤❛❝❤❛❣❡ ❝r②♣t♦❣r❛♣❤✐q✉❡

▲♦rs ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❘②❛♥ ●❧❛❜❜ ❡t ●r❛❤❛♠ ❏✉❧✐❡♥ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❆❚■P❙ ❞❡ ❧✬❯♥✐✈❡r✲
s✐té ❞❡ ❈❛❧❣❛r② ❛✉ ❈❛♥❛❞❛✱ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ✭▲■P✮ ❡t ▲❛✉r❡♥t ■♠❜❡rt ✭❈◆❘❙✕▲■❘▼▼✮✱
♥♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♦♣t✐♠✐sé❡ s✉r ❋P●❆ ❞❡ ❢♦♥❝t✐♦♥s ❞❡ ❤❛❝❤❛❣❡ ❝r②♣t♦❣r❛♣❤✐q✉❡
❞❡ ❧❛ ❢❛♠✐❧❧❡ ❙❍❆✲✷ ❬✽✺❪ ✭224, 256, 384, 512 ❜✐ts✮✳ ◆♦tr❡ ✐♠♣❧❛♥t❛t✐♦♥ ❢♦♥❝t✐♦♥♥❡ à ❤❛✉t❡ ❢réq✉❡♥❝❡
❡t ❛✈❡❝ s❡✉❧❡♠❡♥t ❞❡✉① ❝②❝❧❡s ❞❡ ❧❛t❡♥❝❡✳ ◆♦✉s ❛✈♦♥s ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❞❡ t②♣❡ ✓ ♠✉❧t✐✲♠♦❞❡s ✔✱
❝✳✲à✲❞✳ q✉❡ ❧❡ ♠ê♠❡ ♦♣ér❛t❡✉r ♣❡✉t ❢♦♥❝t✐♦♥♥❡r ❞❛♥s ♣❧✉s✐❡✉rs ♠♦❞❡s✳ ■❝✐ ❧❡s ♠♦❞❡s s♦♥t ✉♥
❤❛❝❤❛❣❡ ❙❍❆✲✸✽✹ ♦✉ ❙❍❆✲✺✶✷ ♦✉ ❜✐❡♥ ❞❡✉① ❤❛❝❤❛❣❡s ✐♥❞é♣❡♥❞❛♥ts ❙❍❆✲✷✷✹ ♦✉ ❙❍❆✲✷✺✻✳ ▲❛
♣❧✉s ❣r❛♥❞❡ ♣❛rt✐❡ ❞✉ tr❛✈❛✐❧ ❛ été ❢❛✐t❡ ♣❛r ❘②❛♥ ●❧❛❜❜ ❡t ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✳ ▼♦♥ tr❛✲
✈❛✐❧ s✬❡st ❧✐♠✐té à ✜①❡r ❧❛ t❤é♠❛t✐q✉❡✱ ❢♦✉r♥✐r ✉♥❡ ❡①♣❡rt✐s❡ t❡❝❤♥✐q✉❡ s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❋P●❆✱
s✉✐✈r❡ ❧✬❛✈❛♥❝❡♠❡♥t ❞❡s tr❛✈❛✉① ❡t ♣❛rt✐❝✐♣❡r à ❧❛ ré❞❛❝t✐♦♥ ❞❡s ❛rt✐❝❧❡s✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✲
✈❛✐❧ ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❊❘❙❆ ❡♥ ✷✵✵✻ ❬✸✸❪ ❡t ❞❛♥s ❧❡ ❥♦✉r♥❛❧ ❏❙❆ ✭❥♦✉r♥❛❧ ♦❢ s②st❡♠s
❛r❝❤✐t❡❝t✉r❡✮ ❡♥ ✷✵✵✼ ❬✸✹❪✳
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✐❢ ❊♥❝❛❞r❡♠❡♥t ✿ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ❞♦❝t♦r❛t ✷✵✵✼ ❬✶✷✼❪✱ ✾✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ❯❈▲

❏♦✉r♥❛❧ ✿ ❏❙❆ ✷✵✵✼ ❬✸✹❪

❈♦♥❢ér❡♥❝❡ ✿ ❊❘❙❆ ✷✵✵✻ ❬✸✸❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ❯♥✐✈❡rs✐té ❈❛❧❣❛r② ❈❛♥❛❞❛✱ ❆❈■ ❙é❝✉r✐té ■♥❢♦r♠❛t✐q✉❡ ✭✷✵✵✸✕✷✵✵✻✮

✷✳✶✶✳✸✳ ❙é❝✉r✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡

▲❛ sé❝✉r✐s❛t✐♦♥ ❞❡ ❝r②♣t♦♣r♦❝❡ss❡✉rs ✈✐s à ✈✐s ❞✬❛tt❛q✉❡s ♣❤②s✐q✉❡s ❝♦♠♠❡ ❧❛ ♠❡s✉r❡ ❞❡ ❧❛ ❝♦♥✲
s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ ❬✶✵✶❪✱ ❧❛ ♠❡s✉r❡ ❞✉ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ♦✉ ❜✐❡♥ ❧✬✐♥❥❡❝t✐♦♥ ❞❡ ❢❛✉t❡s✱ ❡st ✉♥
❡♥❥❡✉ ✐♠♣♦rt❛♥t ♣♦✉r ❜♦♥ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s✳ ❊♥ ❡✛❡t✱ ♠ê♠❡ s✐ ✉♥ ♣r♦t♦❝♦❧❡ ❝r②♣t♦❣r❛♣❤✐q✉❡
❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t r♦❜✉st❡✱ s♦♥ ✐♠♣❧❛♥t❛t✐♦♥ ❞❛♥s ✉♥ ❝r②♣t♦♣r♦❝❡ss❡✉r
r✐sq✉❡ ❞✬êtr❡ ❛tt❛q✉é❡ ♣❤②s✐q✉❡♠❡♥t s✐ ♦♥ ♥❡ ♣r❡♥❞ ♣❛s ❞❡ ♣ré❝❛✉t✐♦♥ ♦✉ s❛♥s ✐♥té❣r❛t✐♦♥ ❞❡
❞✐s♣♦s✐t✐❢s ❞❡ ♣r♦t❡❝t✐♦♥ ❛♣♣❡❧és ❝♦♥tr❡✲♠❡s✉r❡s✳ ❏✬❛✐ ❢❛✐t ✉♥ ❝♦✉rs ❬✻✶❪ s✉r ❧❡s ♦♣ér❛t❡✉rs ❛r✐t❤✲
♠ét✐q✉❡ sé❝✉r✐sés à ❧✬é❝♦❧❡ t❤é♠❛t✐q✉❡ ❈◆❘❙ ❆❘❈❍■✵✾ ❡♥ ♠❛rs ✷✵✵✾ ✭❧❡s tr❛♥s♣❛r❡♥ts s♦♥t
❛❝❝❡ss✐❜❧❡s s✉r ❧❡ ✇❡❜ ❞❡ ❧✬é❝♦❧❡ ✿ ❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴❛r❝❤✐✵✾✴✮✳
▲♦rs ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ◆✐❝♦❧❛s ▼é❧♦♥✐ ✭▲■❘▼▼✮ ❡t ❧❡ ❣r♦✉♣❡ ✓ ❝♦❞❡ ❛♥❞ ❝r②♣t♦ ✔ ❞❡

▲✐❛♠ ▼❛r♥❛♥❡ ✭❯❈❈ ❯♥✐✈❡rs✐t② ❈♦❧❧❡❣❡ ❈♦r❦ ❡♥ ■r❧❛♥❞❡✮✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❡t ré❛❧✐sé ❡♥ ❋P●❆
❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡s tr❛✈❛✉① ❞❡ t❤ès❡ ❞❡ ◆✳ ▼é❧♦♥✐ s✉r ❧❡s ❝❤❛î♥❡s ❞✬❛❞❞✐t✐♦♥ ❬✶✵✻❪✳ ❈❡tt❡ t❡❝❤♥✐q✉❡
♣❡r♠❡t ❞❡ ❝♦♥❝❡✈♦✐r ❞❡s ❝r②♣t♦♣r♦❝❡ss❡✉rs ♣r♦té❣és ❝♦♥tr❡ ❧❡s ❛tt❛q✉❡s s✐♠♣❧❡s ♣❛r ♦❜s❡r✈❛t✐♦♥
❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ q✉✐ s♦♥t ❞❛♥❣❡r❡✉s❡s ♣♦✉r ❊❈❈✳ ▼❛ ♣❛rt✐❝✐♣❛t✐♦♥ ♣♦rt❛✐t s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥
❋P●❆ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♦♣t✐♠✐sés ❡t s✉r ❧❛ ré❞❛❝t✐♦♥ ❞❡s ♣✉❜❧✐❝❛t✐♦♥s ❝♦♠♠✉♥❡s✳
❈❡s tr❛✈❛✉① ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧❛ ❝♦♥❢ér❡♥❝❡ ■❚◆● ❡♥ ✷✵✵✼ ❬✶✼❪ ♣✉✐s ❞❛♥s ❧❡s ❥♦✉r♥❛✉① ❏♦✉r♥❛❧
♦❢ ❈♦♠♣✉t❡rs ❡♥ ✷✵✵✼ ❬✶✽❪ ❡t ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❙②st❡♠s ❆r❝❤✐t❡❝t✉r❡

✹✾
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❡♥ ✷✵✵✼ ❬✶✻❪✳ ❯♥ ❞❡s ♣r♦❜❧è♠❡s✱ ✐♠♣♦rt❛♥ts ♣♦✉r ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✱ ♣♦rt❡ s✉r ❧✬❛♥❛❧②s❡ ❛
♣r✐♦r✐ ❞❡ ❧❛ r♦❜✉st❡ss❡ ❞❡ ❝♦♥tr❡✲♠❡s✉r❡s✳ ❈♦♠♠❡♥t ❝♦♠♣❛r❡r ❞❡s s♦❧✉t✐♦♥s ❞❡ ♣r♦t❡❝t✐♦♥ s❛♥s
❞❡✈♦✐r ❢❛✐r❡ ❞❡s ❛tt❛q✉❡s ❧♦♥❣✉❡s ❡t ❝♦ût❡✉s❡s✳
❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ❏✳ ❋r❛♥❝q ✭▲■❘▼▼✱ ❊▼❙❊✱ ❈▼P ●❛r❞❛♥♥❡✮✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é

❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❊❈❈ ❛✈❡❝ ❞❡s ♣r♦t❡❝t✐♦♥s ❝♦♥tr❡ ❧❡s ❛tt❛q✉❡s ♣❛r ❢❛✉t❡s ❡♥
r❡♣rés❡♥t❛t✐♦♥ ❜♦rr♦✇✲s❛✈❡✳ ❈❡ tr❛✈❛✐❧ ❛ été ♣✉❜❧✐é à ❧❛ ❝♦♥❢ér❡♥❝❡ ❋❉❚❈ ❡♥ ✷✵✵✽ ❬✷✾❪✳
❆✈❡❝ ❞❡✉① ❞♦❝t♦r❛♥ts✱ ❚❤♦♠❛s ❈❤❛❜r✐❡r ❡t ❉❛♥✉t❛ P❛♠✉❧❛✱ ♥♦✉s ét✉❞✐♦♥s ❞❡s ♣r♦t❡❝t✐♦♥s

❝♦♥tr❡ ❧❡s ❛tt❛q✉❡s ♣❤②s✐q✉❡s ♣❛r ❝❛♥❛✉① ❝❛❝❤és ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s
ét✉❞✐♦♥s ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❧♦❣✐❝✐❡❧❧❡ ❞✬✉♥✐tés ❛r✐t❤♠ét✐q✉❡s r❡❝♦♥✜❣✉r❛❜❧❡s
♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ à ❝❧é ♣✉❜❧✐q✉❡✳ ❈❡s ✉♥✐tés ❞❡✈r♦♥t ♣♦✉✈♦✐r ✐♠♣❧❛♥t❡r ❧❡s ♣r✐♥❝✐♣❛✉① ❝❛❧❝✉❧s
s✉r ❧❡s ❝♦r♣s ✜♥✐s ❡t ❝❡ ❞❡ ❞✐✛ér❡♥t❡s ❢❛ç♦♥s q✉✐ ♣♦✉rr♦♥t êtr❡ ❝❤❛♥❣é❡s ♣❛r r❡❝♦♥✜❣✉r❛t✐♦♥ ❞②✲
♥❛♠✐q✉❡ ❞✉ ❝r②♣t♦♣r♦❝❡ss❡✉r✳ ❉✐✛ér❡♥t❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❞✐✛ér❡♥ts ❛❧❣♦r✐t❤♠❡s
❛r✐t❤♠ét✐q✉❡s s♦♥t ❡♥✈✐s❛❣❡❛❜❧❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ♦♣ér❛t✐♦♥s ❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s✳ P❧✉tôt q✉❡ ❞❡
✜①❡r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❡t ✉♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r ✉♥❡ ♦♣ér❛t✐♦♥ ❝♦♠♠❡ ❞❛♥s ❧❡s ❝r②♣t♦s②stè♠❡s
❛❝t✉❡❧s✱ ❧❡s ✉♥✐tés r❡❝♦♥✜❣✉r❛❜❧❡s ét✉❞✐é❡s ❞❡✈r♦♥t ♣♦✉✈♦✐r s✉♣♣♦rt❡r ❞✐✛ér❡♥t❡s r❡♣rés❡♥t❛t✐♦♥s
❞❡s ♥♦♠❜r❡s ❡t ❞✐✛ér❡♥ts ❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s✳ ▲❛ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞②♥❛♠✐q✉❡ ♣❡r♠❡tt❛♥t
❞❡ ❝❤❛♥❣❡r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s ✉t✐❧✐sés ❡♥ ❝♦✉rs ❞❡
❝❛❧❝✉❧ ❞♦✐t r❡♥❞r❡ ❜✐❡♥ ♣❧✉s ❞✐✣❝✐❧❡s ❧❡s ♣r✐s❡s ❞❡ r❡♣èr❡s ♥é❝❡ss❛✐r❡s ♣♦✉r ♠❡♥❡r à ❜✐❡♥ ✉♥❡
❛tt❛q✉❡✳ ❊♥ ♣❧✉s ❞✬✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡ ❤❛✉t ♥✐✈❡❛✉ ✭♣♦✉r s✉♣♣♦rt❡r ❞✐✛ér❡♥ts
t②♣❡s ❞❡ ❝❛❧❝✉❧s✮✱ ♦♥ ♣❡✉t ❡♥✈✐s❛❣❡r ✉♥❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ✜♥❡ ❡t ❧♦❝❛❧❡ ❡♥ ❝♦✉rs ❞✬❡①é❝✉t✐♦♥
♣♦✉r ✧❜r♦✉✐❧❧❡r✧ ❧❡s ♣❛r❛♠ètr❡s ♣❤②s✐q✉❡s ❡①♣❧♦✐t❛❜❧❡s ❧♦rs ❞❡s ❛tt❛q✉❡s ✭❛❝t✐✈✐té ❡♥ s♦rt✐❡ ❞❡s
♣♦rt❡s ❧♦❣✐q✉❡s✱ s✐❣♥❛t✉r❡ ❡♥ ❝♦✉r❛♥t✱ ✈❛r✐❛t✐♦♥s ❞✉ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳✳✳✮✳ ❇✐❡♥ ❡♥t❡♥❞✉✱ ❞✐✛ér❡♥ts
❝♦♠♣r♦♠✐s ❡♥tr❡ r❡❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❤❛✉t ♥✐✈❡❛✉✱ r❡❝♦♥✜❣✉r❛t✐♦♥ ✜♥❡ ❡t ❧♦❝❛❧❡s ❡t ❧❡ ♥✐✈❡❛✉ ❞❡
♣❡r❢♦r♠❛♥❝❡ ❡t ❞❡ r♦❜✉st❡ss❡ s❡r♦♥t à ét✉❞✐❡r✳
◆♦✉s ❛✈♦♥s ❝♦♠♠❡♥❝é à ét✉❞✐❡r ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ♠♦❞✉❧❛✐r❡ ❞❡s ♥♦♠❜r❡s✱ ♦✉

❘◆❙✱ ♣♦✉r ❧❛ ♣r♦t❡❝t✐♦♥ ❝♦♥tr❡ ❞❡s ❛tt❛q✉❡s ♣❛r ❝❛♥❛✉① ❝❛❝❤és ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳

❘
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❧
❛
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❊♥❝❛❞r❡♠❡♥ts ✿ ❚❤♦♠❛s ❈❤❛❜r✐❡r✱ ❞♦❝t♦r❛♥t ❞❡♣✉✐s ✷✵✵✾✱ ✾✵✪
❉❛♥✉t❛ P❛♠✉❧❛✱ ❞♦❝t♦r❛♥t❡ ❞❡♣✉✐s ✷✵✵✾✱ ✾✵✪

❏♦✉r♥❛✉① ✿ ❏❈P ✷✵✵✼ ❬✶✽❪✱ ■❏❍P❙❆ ✷✵✵✼ ❬✶✻❪

❈♦♥❢ér❡♥❝❡s ✿ ■❚◆● ✷✵✵✼ ❬✶✼❪✱ ❋❉❚❈ ✷✵✵✽ ❬✷✾❪

❈♦❧❧❛❜♦r❛t✐♦♥s ✿ ❯❈❈ ❈♦r❦ ✷✵✵✻✰✱ ❈▼P ●❛r❞❛♥♥❡✱ ❯♥✐✈✳ ❲❛t❡r❧♦♦ ❡t ❈❛❧❣❛r② ❈❛♥❛❞❛

✷✳✶✷✳ ●é♥ér❛t❡✉r ❞❡ ❞✐✈✐s❡✉r ❞✐✈❣❡♥

❉❛♥s ❝❡ tr❛✈❛✐❧✱ ❝✬❡st ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ❡t ❘♦♠❛✐♥ ▼✐❝❤❛r❞ q✉✐ ♦♥t ❢❛✐t ❧❛ ♣❧✉s ❣r❛♥❞❡
♣❛rt✐❡ ❞✉ tr❛✈❛✐❧ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t✱ ❞✬♦♣t✐♠✐s❛t✐♦♥ ❡t ❞✬❡①♣ér✐♠❡♥t❛t✐♦♥✳ ❏✬❛✐ ❥✉st❡ ❞é✜♥✐ ❧❛
t❤é♠❛t✐q✉❡✱ s✉♣❡r✈✐sé ❧❡s tr❛✈❛✉①✱ ❛✐❞é s✉r q✉❡❧q✉❡s ❛s♣❡❝ts t❡❝❤♥✐q✉❡s ❧✐é ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t
♣❛rt✐❝✐♣é à ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❧✬❛rt✐❝❧❡ ❬✸✽❪✳
❉❡s ❞✐✈✐s✐♦♥s s♦♥t ♣rés❡♥t❡s ❞❛♥s ❜♦♥ ♥♦♠❜r❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s é✈♦❧✉é❡s ❡♥ ❝❛❧❝✉❧ s❝✐❡♥t✐✜q✉❡

❡t ♠✉❧t✐♠é❞✐❛✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❧❡ ❢❛✐❜❧❡ s✉♣♣♦rt ❢♦✉r♥✐ ♣♦✉r s♦♥ ✐♠♣❧❛♥t❛t✐♦♥ ❡♥ ♠❛tér✐❡❧
♦❜❧✐❣❡ s♦✉✈❡♥t ❧❡s ❝♦♥❝❡♣t❡✉rs à ♠♦❞✐✜❡r ❧❡✉rs ❛❧❣♦r✐t❤♠❡s ❛✜♥ ❞✬é✈✐t❡r ❝❡tt❡ ♦♣ér❛t✐♦♥✳ ❉❛♥s ❧❡s
♣r♦❝❡ss❡✉rs à ❤❛✉t❡s ♣❡r❢♦r♠❛♥❝❡s✱ ❧❛ ❞✐✈✐s✐♦♥ ❛ ❧♦♥❣t❡♠♣s été ♥é❣❧✐❣é❡ ❬✶✶✺❪✳ ▲❡s ❞✐✈✐s❡✉rs ✐ss✉s
❞✬♦✉t✐❧s ❞❡ s②♥t❤ès❡ ♦✉ ❞❡ ❜❧♦❝s ■P ♦♥t ❞❡s ♣❡r❢♦r♠❛♥❝❡s s♦✉✈❡♥t ♠é❞✐♦❝r❡s✳ ❈❡❝✐ ❡st ❞✬❛✉t❛♥t
♣❧✉s r❡❣r❡tt❛❜❧❡ q✉❡ ❞❡ ♥♦♠❜r❡✉① tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ♦♥t été ♠❡♥és s✉r ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡
❞✐✈✐s✐♦♥ ❡✣❝❛❝❡s ❬✽✷✱ ✶✶✻❪✳
◆♦✉s ❛✈♦♥s ❞♦♥❝ ❞é❝✐❞é ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ❱❍❉▲ ♣♦✉r ✐♠♣❧❛♥t❡r ❞❡s

❞✐✈✐s❡✉rs ♦♣t✐♠✐sés ✉t✐❧✐s❛♥t ❞❡s ❛❧❣♦r✐t❤♠❡s é✈♦❧✉és✳ ❈❡ ♣r♦❣r❛♠♠❡✱ ❞é✈❡❧♦♣♣é ❡♥ ❈✰✰ ❡t

✺✵



❞✐s♣♦♥✐❜❧❡ s♦✉s ❧✐❝❡♥❝❡ ●P▲ s✉r ❧❡ ✇❡❜ ✶✼✱ ❛ été ♥♦♠♠é ❞✐✈❣❡♥✳ ❙❡✉❧❡s ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❡♥t✐èr❡s
❡t ✈✐r❣✉❧❡ ✜①❡ s♦♥t s✉♣♣♦rté❡s ♣♦✉r ❧❡s ♦♣ér❛♥❞❡s ❡t ❧❡s rés✉❧t❛ts ✭q✉♦t✐❡♥t ❡t r❡st❡✮✳ ▲❡s ❝✐❜❧❡s
❞✬✐♠♣❧❛♥t❛t✐♦♥ s♦♥t ❞❡s ❝✐r❝✉✐ts ❋P●❆ ♦✉ ❆s✐❝✳ ■❧ s✉♣♣♦rt❡ ❞✐✛ér❡♥ts ❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥✱
❜❛s❡s ❞❡ ❝❛❧❝✉❧ ✐♥t❡r♠é❞✐❛✐r❡✱ r❡♣rés❡♥t❛t✐♦♥s ❞❡ ♥♦♠❜r❡s ❡t ❞✐✈❡rs❡s ♦♣t✐♠✐s❛t✐♦♥s ❛✉ ♥✐✈❡❛✉
❝✐r❝✉✐t ♦✉ ❛r❝❤✐t❡❝t✉r❡✳ ■❧ ② ❛ ❞❡ ♥♦♠❜r❡✉① ♣❛r❛♠ètr❡s ❞❛♥s ❧❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥✳ ▲❡
♣r♦❣r❛♠♠❡ ❞✐✈❣❡♥ ❣é♥èr❡ r❛♣✐❞❡♠❡♥t ✉♥ ❝♦❞❡ ❱❍❉▲ à ♣❛rt✐r ❞❡s s♣é❝✐✜❝❛t✐♦♥s✳ ■❧ ❡st ♣♦ss✐❜❧❡
❞❡ ❢❛✐r❡ ❞❡ ❧✬❡①♣❧♦r❛t✐♦♥ ❞✬❛r❝❤✐t❡❝t✉r❡s ❛✈❡❝ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ❞✐✈✐s❡✉rs ❛ss❡③ ❢❛❝✐❧❡♠❡♥t✳
▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✺ ❬✸✽❪✳ ➚ ❝❡ ❥♦✉r✱

❧❡ ♣r♦❣r❛♠♠❡ ❞✐✈❣❡♥ ❛ été té❧é❝❤❛r❣é ♣❧✉s ❞❡ ✽✵✵ ❢♦✐s✳ ■❧ ❛ été ✉t✐❧✐sé ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡
❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧✬■♥r✐❛ ❡t ❧❡ ❧❛❜♦r❛t♦✐r❡ ▲ét✐ ❞✉ ❈❊❆ à ●r❡♥♦❜❧❡✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r
♣♦✉rs✉✐✈r❡ ❝❡ tr❛✈❛✐❧ ❞❛♥s ❧❡ ❢✉t✉r ❡t ❛♣♣♦rt❡r ❞❡s ♥♦✉✈❡❧❧❡s ♦♣t✐♠✐s❛t✐♦♥s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛
str✉❝t✉r❡ ❞❡s ❋P●❆ ré❝❡♥ts ♦✛r❡ ♣r♦❜❛❜❧❡♠❡♥t ❞❡ ❜♦♥♥❡s ♣♦ss✐❜✐❧✐tés ❞✬♦♣t✐♠✐s❛t✐♦♥✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❊♥❝❛❞r❡♠❡♥ts ✿ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ❞♦❝t♦r❛t ✷✵✵✼ ❬✶✷✼❪✱ ✾✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ❯❈▲
❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ❞♦❝t♦r❛t ✷✵✵✽ ❬✶✶✶❪✱ ✶✵✵✪✱ ♠❛✐♥t❡♥❛♥t ♣♦st❞♦❝ ■◆❘■❆

❈♦♥❢ér❡♥❝❡ ✿ ❙P■❊ ✷✵✵✺ ❬✸✽❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❈❊❆ ▲ét✐

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ❱❍❉▲ ❞✐✈❣❡♥✱ ❧✐❝❡♥❝❡ ●P▲

✷✳✶✸✳ ❇✐❜❧✐♦t❤èq✉❡ ❧♦❣✐❝✐❡❧❧❡ P❆❈❊ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡

P❛r❛❧❧è❧❡♠❡♥t ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♠❛tér✐❡❧s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡
✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✶✮✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s✱ ❞❡♣✉✐s ✷✵✵✻✱ s✉r ✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ❧♦❣✐❝✐❡❧❧❡ ❞✬❛r✐t❤♠ét✐q✉❡
♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳ ❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡✱ ❞é✈❡❧♦♣♣é❡ ❡♥ ❈✰✰ s♦✉s ❧✐❝❡♥❝❡ ▲●P▲✱ ❛ été ♥♦♠♠é❡
P❛❝❡ ♣♦✉r ♣r♦t♦t②♣✐♥❣ ❛r✐t❤♠❡t✐❝ ✐♥ ❝r②♣t♦❣r❛♣❤② ❡❛s✐❧②✳ ❈❡ tr❛✈❛✐❧ s❡ ❢❛✐t ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝
P❛s❝❛❧ ●✐♦r❣✐✱ ▲❛✉r❡♥t ■♠❜❡rt✱ ❚❤♦♠❛s ■③❛r❞ ❡t ❆❣♦st✐♥❤♦ P❡✐r❡r❛ ❞✉ ▲✐r♠♠✳
❉❛♥s ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✱ ♦✉ ❊❈❈ ♣♦✉r ❡❧❧✐♣t✐❝ ❝✉r✈❡ ❝r②♣t♦❣r❛♣❤② ❬✾✷❪✱

♦♥ ❛ ❜❡s♦✐♥ ❞✬❡✛❡❝t✉❡r ❞❡s ❝❛❧❝✉❧s à ♣❧✉s✐❡✉rs ♥✐✈❡❛✉① ✿ s✉r ❧❛ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ ✭❛❞❞✐t✐♦♥✱ ❞♦✉✲
❜❧❡♠❡♥t ❡t tr✐♣❧❡♠❡♥t ❞❡ ♣♦✐♥ts✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s❝❛❧❛✐r❡✮✱ s✉r ✉♥ ❝♦r♣s ✜♥✐ Fq ❬✶✵✵❪ s✉r ❧❡q✉❡❧ ❧❛
❝♦✉r❜❡ ❡st ❞é✜♥✐❡ ❡t ❡♥✜♥ s✉r ❞❡s ❣r❛♥❞s ❡♥t✐❡rs ♦✉ ❞❡s ♣♦❧②♥ô♠❡s ✭❡✉①✲♠ê♠❡s ❞é✜♥✐s s✉r ❧❡
❝♦r♣s Fq✮✳ ❆✉❝✉♥ ❞❡ ❝❡s ♦❜❥❡ts ♠❛t❤é♠❛t✐q✉❡s ♥✬❡st ❞✐r❡❝t❡♠❡♥t s✉♣♣♦rté ❞❛♥s ❧❡s ❧❛♥❣❛❣❡s ❞❡
♣r♦❣r❛♠♠❛t✐♦♥✳ ■❧ ❢❛✉t ❞♦♥❝ ✉t✐❧✐s❡r ❞❡s ❜✐❜❧✐♦t❤èq✉❡s ❧♦❣✐❝✐❡❧❧❡s✳ ❉❡ ♣❧✉s✱ ét❛♥t ❞♦♥♥é❡ ❧❛ t❛✐❧❧❡
❞❡s ♥♦♠❜r❡s ♠❛♥✐♣✉❧és ✭❞❡ ✶✻✵ à ✻✵✵ ❜✐ts ♣♦✉r ❊❈❈✮✱ ❧❛ ❝♦♠♣❧❡①✐té ❡t ❧❡ ♥♦♠❜r❡ ❞❡s ♦♣ér❛t✐♦♥s
❡✛❡❝t✉é❡s✱ ✐❧ ❢❛✉t ❛✈♦✐r ❞❡s ❛❧❣♦r✐t❤♠❡s ❡t ❞❡s ✐♠♣❧❛♥t❛t✐♦♥s très r❛♣✐❞❡s✳
▲❛ ❜✐❜❧✐♦t❤èq✉❡ P❛❝❡ s✉♣♣♦rt❡ ❞✐✛ér❡♥t❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❛❧❣♦r✐t❤♠❡s ❛r✐t❤✲

♠ét✐q✉❡s ♣♦✉r ❡✛❡❝t✉❡r ❞❡s ♦♣ér❛t✐♦♥s s✉r ❧❡s ❝♦r♣s ✜♥✐s ❡t ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ❊❈❈✳ ❯♥ ❞❡ ♥♦s
❜✉ts ❡st ❞❡ ❢♦✉r♥✐r ✉♥ s✉♣♣♦rt s✐♠♣❧❡ ♣♦✉r ❧❡ ♣r♦t♦t②♣❛❣❡ ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡ ❞✬❊❈❈ t♦✉t
❡♥ ❣❛r❛♥t✐ss❛♥t ❞❡ très ❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s✳ P❛r ❡①❡♠♣❧❡✱ ♥♦✉s s♦✉❤❛✐t♦♥s ♣♦✉✈♦✐r ❝❤❛♥❣❡r ❧❛
r❡♣rés❡♥t❛t✐♦♥ ❞❡ ♥♦♠❜r❡s ♦✉ ❜✐❡♥ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧s ❛r✐t❤♠ét✐q✉❡s à ❝❡rt❛✐♥s ❡♥❞r♦✐ts
❞✬✉♥ ♣r♦❣r❛♠♠❡ s❛♥s ❞❡✈♦✐r réé❝r✐r❡ ❜❡❛✉❝♦✉♣ ❞❡ ❝♦❞❡✳
▲❛ ❜✐❜❧✐♦t❤èq✉❡ P❛❝❡ ❡st ❝♦♥st✐t✉é❡ ❞❡ tr♦✐s ♥✐✈❡❛✉① ❝♦♠♠❡ ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✷✳✶✻ ✿
✕ ❧❡ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡ q✉✐ r❡❣r♦✉♣❡ ❧❡s ♦❜❥❡ts ❡t ❢♦♥❝t✐♦♥s ♣♦✉r ❧❡ ❝❛❧❝✉❧ s✉r ❧❡s ❣r❛♥❞s
❡♥t✐❡rs ❡t ❞❡s é❧é♠❡♥ts ❞❡ ❝♦r♣s ✜♥✐s Fq ❀

✕ ❧❡ ♥✐✈❡❛✉ ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ♦✉ ♠♦♥✐t♦r✐♥❣ q✉✐ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❞❡s st❛t✐st✐q✉❡s
❛✉t♦♠❛t✐q✉❡♠❡♥t s✉r ❞✐✛ér❡♥t❡s q✉❛♥t✐tés ❝♦♠♠❡ ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❝②❝❧❡s
❞✬❤♦r❧♦❣❡ ✭❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♠♣t❡✉rs ❞❡ ❝②❝❧❡s ❞❡s ♣r♦❝❡ss❡✉rs✮✱ ❧❡ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s à
❞✐✛ér❡♥ts ♥✐✈❡❛✉① ✭❝♦✉r❜❡✱ ♣♦✐♥ts✱ é❧é♠❡♥ts ❞❡ Fq✱ ♠♦ts✱ ❞❛♥s ❧❡s ❛❧❣♦r✐t❤♠❡s✱ ❡t❝✳✮✱ ❧❡s

✶✼✳ ❤tt♣ ✿✴✴❧✐♣❢♦r❣❡✳❡♥s✲❧②♦♥✳❢r✴✇✇✇✴❞✐✈❣❡♥✴

✺✶



✐♥t❡❣❡r ❦❀
♣♦✐♥t P✱ ◗❀

t✐♠❡ t✵✱ t❀
✳✳✳
t✵ ❂ t✐♠❡✭✮❀
◗ ❂ ❦ ✯ P❀

t ❂ t✐♠❡✭✮ ✲ t✵❀

◆✐✈❡❛✉
❛♣♣❧✐❝❛t✐♦♥

r❡♣rés❡♥t❛t✐♦♥s

❘✶

x

y

❘✷

x

y

z

Fp

◆✐✈❡❛✉
❛r✐t❤♠ét✐q✉❡

❘✶ ❘✷ ❘✸

❛❧❣♦r✐t❤♠❡s

❆✶ ❆✷

+ × ×cst ÷

❆✶ ❆✷ ❆✶ ❆✷

◆✐✈❡❛✉
♠♦♥✐t♦r✐♥❣

t❡♠♣s ♥❜✳ ♦♣✳ ♠é♠♦✐r❡ ❛❝t✐✈✐té

❋✐❣✉r❡ ✷✳✶✻✳✿ ❆r❝❤✐t❡❝t✉r❡ ❡♥ ♥✐✈❡❛✉① ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ P❛❝❡✳

❜❡s♦✐♥s ❡♥ ♠é♠♦✐r❡ à ❞✐✛ér❡♥ts ♥✐✈❡❛✉① ✭♥♦♠❜r❡ ❞✬♦❜❥❡ts✱ ♥♦♠❜r❡ ♠❛①✐♠✉♠ ❞❡ r❡❣✐str❡s✱
❡t❝✳✮✱ ✈❛r✐❛t✐♦♥ ❞✉ ♣♦✐❞s ❞❡ ❍❛♠♠✐♥❣ ✭♣♦✉r ❡st✐♠❡r ❧✬❛❝t✐✈✐té é❧❡❝tr✐q✉❡✮ ❀

✕ ❧❡ ♥✐✈❡❛✉ ❛♣♣❧✐❝❛t✐❢ q✉✐ r❡❣r♦✉♣❡ ❧❡s ♦❜❥❡ts ❡t ❢♦♥❝t✐♦♥s ❞❡ ❜❛s❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ s✉r
✉♥ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ E(Fq) ❡t s❡s ♣♦✐♥ts P,Q ✭❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜❡✱ ❛❞❞✐t✐♦♥ P + Q✱
❞♦✉❜❧❡♠❡♥t [2]P ❡t tr✐♣❧❡♠❡♥t [3]P ❞❡ ♣♦✐♥ts✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s❝❛❧❛✐r❡ [k]P ✱ ✈ér✐✜❝❛t✐♦♥ P ∈
E(Fq)✮ ❛✈❡❝ k ✉♥ ❣r❛♥❞ ❡♥t✐❡r✳

P♦✉r ♣♦✉✈♦✐r ❡✛❡❝t✉❡r ❞❡s ❝❤❛♥❣❡♠❡♥ts ❞❡ r❡♣rés❡♥t❛t✐♦♥s ❡t ❞✬❛❧❣♦r✐t❤♠❡s s✐♠♣❧❡♠❡♥t ♠❛✐s
❛✈❡❝ ❞❡s ❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ♠ét❛✲♣r♦❣r❛♠♠❛t✐♦♥ ♣❛r t❡♠✲
♣❧❛t❡ ❞❡ ❈✰✰ ❬✻✻✱ ✻✽❪✳ ▲❡s ❞é✜♥✐t✐♦♥s s♦♥t st❛t✐q✉❡s ♠❛✐s ♠♦❞✉❧❛✐r❡s ❡t ❧❡ ❝♦♠♣✐❧❛t❡✉r ❣é♥èr❡ ❧❡
♠❡✐❧❧❡✉r ❝♦❞❡ ♣♦ss✐❜❧❡ ♣♦✉r ❝❤❛q✉❡ ❞é✜♥✐t✐♦♥ ✉t✐❧✐sé❡✳ P❛r ❡①❡♠♣❧❡✱ ❞✐✛ér❡♥t❡s r❡♣rés❡♥t❛t✐♦♥s
❞❡s ♣♦✐♥ts ❞✬✉♥❡ ❝♦✉r❜❡ s♦♥t ♣♦ss✐❜❧❡s ❛✉ ♥✐✈❡❛✉ ❛♣♣❧✐❝❛t✐❢ ✭♣✳ ❡①✳ ❧❡s s②stè♠❡s ❞❡ ❝♦♦r❞♦♥♥é❡s
❛✣♥❡s ♦✉ ♣r♦❥❡❝t✐✈❡s✮✳ ▲❡ ♥✐✈❡❛✉♠♦♥✐t♦r✐♥❣ ❡st ❧✉✐ ❛✉ss✐ ✐♠♣❧❛♥té ♣❛r ♠ét❛✲♣r♦❣r❛♠♠❛t✐♦♥ t❡♠✲
♣❧❛t❡ ❈✰✰ ♣♦✉r s✐♠♣❧✐✜❡r s♦♥ ✉t✐❧✐s❛t✐♦♥ ❡t ♥✬✐♥❝❧✉r❡ q✉❡ ❧❡s ❞✐s♣♦s✐t✐❢s ❞❡♠♦♥✐t♦r✐♥❣ str✐❝t❡♠❡♥t
♥é❝❡ss❛✐r❡s ♣♦✉r ✉♥ ♣r♦❣r❛♠♠❡ ❞♦♥♥é✳ ▲❡s é❧é♠❡♥ts ❞❡ ♠♦♥✐t♦r✐♥❣ s♦♥t ✐♥tr✉s✐❢s✳ ■❧s ♠♦❞✐✜❡♥t
❞♦♥❝ ❧❡s ♣❡r❢♦r♠❛♥❝❡s✳ ◆♦✉s ♥✬✐♠♣❧❛♥t♦♥s q✉❡ ❝❡✉① str✐❝t❡♠❡♥t ♥é❝❡ss❛✐r❡s ✭❞❡♠❛♥❞és ❞✐r❡❝t❡✲
♠❡♥t ♦✉ ✐♥❞✐r❡❝t❡♠❡♥t✮ ❣râ❝❡ ❛✉① s♣é❝✐✜❝❛t✐♦♥s st❛t✐q✉❡s ♣❛r ♠ét❛✲♣r♦❣r❛♠♠❛t✐♦♥ t❡♠♣❧❛t❡ ❡t
♣❛r r❡❝♦♠♣✐❧❛t✐♦♥ ❞✉ ❝♦❞❡ ❝♦♠♣❧❡t✳
❆✉ ♥✐✈❡❛✉ ❛♣♣❧✐❝❛t✐❢✱ ✐❧ ❡①✐st❡ ❛✉ss✐ ❞❡ ♥♦♠❜r❡✉① ❛❧❣♦r✐t❤♠❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥

s❝❛❧❛✐r❡ [k]P s✉r ✉♥❡ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡✳ ❆✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡ ❧❡ ♣❧✉s ✜♥✱ ❞✐✛ér❡♥t❡s r❡♣rés❡♥t❛✲
t✐♦♥s ❞❡s é❧é♠❡♥ts ❞✉ ❝♦r♣s ✜♥✐ Fq ❡t ❞✐✛ér❡♥ts ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ s✉r ❝❡ ❝♦r♣s s♦♥t ♣♦ss✐❜❧❡s✳
❱♦✐r ❧✬✐❧❧✉str❛t✐♦♥ ❞❡ ❝❡s ♣♦ss✐❜✐❧✐tés ❡♥ ✜❣✉r❡ ✷✳✶✻✳ ▲❛ ❜✐❜❧✐♦t❤èq✉❡ P❛❝❡ ♥♦✉s ♣❡r♠❡t ❞❡ t❡st❡r
❡t ❞❡ ❝♦♠♣❛r❡r r❛♣✐❞❡♠❡♥t ❡t ♦❜❥❡❝t✐✈❡♠❡♥t ❞✐✛ér❡♥t❡s ❝♦♠❜✐♥❛✐s♦♥s à ♣❛rt✐r ❞❡ ❝♦❞❡s s♦✉r❝❡s
❝♦♠♠✉♥s✳
◆♦✉s ❛✈♦♥s ❛✉ss✐ tr❛✈❛✐❧❧é s✉r ❧❡s ❛s♣❡❝ts ❞❡ ✈❛❧✐❞❛t✐♦♥ ♥✉♠ér✐q✉❡ ❡♥ ❢♦✉r♥✐ss❛♥t ❞❡s ✐♥t❡r❢❛❝❡s

✈❡rs ❞✬❛✉tr❡s ❜✐❜❧✐♦t❤èq✉❡s ❝♦♠♠❡ ●▼P✱ ♠♣Fq ♦✉ ◆❚▲✳ ❖♥ ❡✛❡❝t✉❡ ✉♥ ❝❛❧❝✉❧ ❡♥ ✉t✐❧✐s❛♥t P❛❝❡
❡t ✉♥❡ ❛✉tr❡ ❜✐❜❧✐♦t❤èq✉❡ ❛✈❡❝ ❧❡ ♠ê♠❡ ❝♦❞❡ à ❤❛✉t ♥✐✈❡❛✉✱ ♣✉✐s ♦♥ ❝♦♠♣❛r❡ ❧❡s rés✉❧t❛ts✳
◆♦s ✐♥t❡r❢❛❝❡s ♣❡r♠❡tt❡♥t ❞❡ ❝♦♠♣❛r❡r ❞❡s ♦❜❥❡ts ♠❛t❤é♠❛t✐q✉❡s q✉✐ ♦♥t ❞❡s r❡♣rés❡♥t❛t✐♦♥s
❞✐✛ér❡♥t❡s ❝♦♠♠❡ ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✷✳✶✼✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ ✈❛❧✐❞é ♥♦tr❡ ❜✐❜❧✐♦t❤èq✉❡ ❡♥ ❝♦♠♣❛r❛♥t
s❡s rés✉❧t❛ts à ❝❡✉① ❞✬❛✉tr❡s ♦✉t✐❧s ❝♦♠♠❡ ▼❛♣❧❡✱ P❛r✐✕●P ❡t ▼❛❣♠❛✳
▲❡s ♦♣ér❛t✐♦♥s s✉♣♣♦rté❡s ♣♦✉r ❧❡s ❡♥t✐❡rs ❧♦♥❣s✱ ♣♦✉r ❞❡s t❛✐❧❧❡s ❥✉sq✉✬à ✻✵✵ ❜✐ts✱ s♦♥t ✿ ❛❞✲
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✶ ✐ ♥ t ❡❣❡ r ❁✶✵✵❃ ❛ ✱ ❜ ✱ ❝ ❀
✷ ✐ ♥ t ❡❣❡ r ❁✶✵✵ ✱ ❘P❴✐♥t❡❣❡r❴●▼P❃ ❞ ✱ ❡ ✱ ❢ ❀
✸ ❜ ❂ ✶ ❀
✹ ❝ ❂ ✷ ❀
✺ ❛ ❂ ❜ ✰ ❝ ❀
✻ ❡ ❂ ✶ ❀
✼ ❢ ❂ ✷ ❀
✽ ❞ ❂ ❡ ✰ ❢ ❀
✾ st❞ ✿ ✿ ❝♦✉t ❁❁ ❛ ❁❁ ✬ ✱ ✬ ❁❁ ❞ ❁❁ st❞ ✿ ✿ ❡♥❞❧ ❀

✶✵ ❛ s s ❡ r t ✭ ❛❂❂❞ ✮ ❀

❋✐❣✉r❡ ✷✳✶✼✳✿ ❊①❡♠♣❧❡ ❞✬❡①tr❛✐t ❞❡ ♣r♦❣r❛♠♠❡ P❆❈❊✳

❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❝❛rré✱ ❞✐✈✐s✐♦♥✱ r❛❝✐♥❡ ❝❛rré✱ ♠♦❞✉❧♦✱ ✐♥✈❡rs❡ ♠♦❞✉❧❛✐r❡✱ ❡①✲
♣♦♥❡♥t✐❛t✐♦♥ ♠♦❞✉❧❛✐r❡✱ ❞✐✛ér❡♥ts s❝❤é♠❛s ❞✬❛❝❝ès ❛✉① ❝❤✐✛r❡s✱ ♣♦✐❞s ❞❡ ❍❛♠♠✐♥❣ ✭♣♦♣❝♦✉♥t✮✱
❝♦♠♣❛r❛✐s♦♥s✱ ❝♦♥✈❡rs✐♦♥s ❞❡♣✉✐s✴✈❡rs ●▼P ❡t ❞❡s ❝❤❛î♥❡s ❞❡ ❝❛r❛❝tèr❡s ♣♦✉r ❧❡s ❡♥tré❡s✕s♦rt✐❡s✳

▲❡s ♦♣ér❛t✐♦♥s s✉♣♣♦rté❡s ♣♦✉r ❧❡s é❧é♠❡♥ts ❞❡ Fp✱ ♣♦✉r p q✉❡❧❝♦♥q✉❡ ❡t ❞❡s t❛✐❧❧❡s ❥✉sq✉✬à
✻✵✵ ❜✐ts✱ s♦♥t ✿ ❛❞❞✐t✐♦♥✱ s♦✉str❛❝t✐♦♥✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❝❛rré✱ ✐♥✈❡rs❡✱ ❛❝❝ès ❛✉① ❝❤✐✛r❡s✱ ♣♦✐❞s ❞❡
❍❛♠♠✐♥❣ ✭♣♦♣❝♦✉♥t✮✱ é❣❛❧✐té✱ ❝♦♥✈❡rs✐♦♥s ❞❡♣✉✐s✴✈❡rs ●▼P ❡t ❞❡s ❝❤❛î♥❡s ❞❡ ❝❛r❛❝tèr❡s ♣♦✉r
❧❡s ❡♥tré❡s✕s♦rt✐❡s✳

❆✉ ♥✐✈❡❛✉ ❝♦✉r❜❡ ❡❧❧✐♣t✐q✉❡ E(Fq)✱ ❛✈❡❝ ❧❡s ♣♦✐♥ts P,Q✱ ♥♦✉s ❛✈♦♥s ✿ ♦♣♣♦sé ❞✬✉♥ ♣♦✐♥t −P ✱
❛❞❞✐t✐♦♥ ❞❡ ♣♦✐♥ts P + Q✱ ❞♦✉❜❧❡♠❡♥t ❞❡ ♣♦✐♥t [2]P ✱ tr✐♣❧❡♠❡♥t ❞❡ ♣♦✐♥t [3]P ✱ ♠✉❧t✐♣❧✐❝❛t✐♦♥
s❝❛❧❛✐r❡ [k]P ✱ ✈ér✐✜❝❛t✐♦♥ ❞✬❛♣♣❛rt❡♥❛♥❝❡ à ❧❛ ❝♦✉r❜❡ P ∈ E(Fq)✳

▲❡s ✜❣✉r❡s ✷✳✶✼✱ ✷✳✶✽ ❡t ✷✳✶✾ ♣rés❡♥t❡♥t ❞❡s ♣r♦❣r❛♠♠❡s✱ ♦✉ ❡①tr❛✐ts ❞❡ ♣r♦❣r❛♠♠❡s✱ é❝r✐ts
❛✈❡❝ P❛❝❡ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❧❡✉rs rés✉❧t❛ts ❞✬❡①é❝✉t✐♦♥✳

▲❡s rés✉❧t❛ts r❡❧❛t✐❢s à ❧❛ ♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ P❛❝❡ ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥✲
❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✼ ❬✸✺❪✳ ❆❝t✉❡❧❧❡♠❡♥t✱ s❡✉❧ ❧❡ s✉♣♣♦rt ❞✉ ❝♦r♣s Fp ♣♦✉r ❞❡s p q✉❡❧❝♦♥q✉❡s
❡st ❜✐❡♥ ❛✈❛♥❝é✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r tr♦✉✈❡r ❞❡s r❡ss♦✉r❝❡s ♣♦✉r tr❛✈❛✐❧❧❡r s✉r Fp ❛✈❡❝ ❞❡s p
♣❛rt✐❝✉❧✐❡rs ❡t s✉rt♦✉t s✉r ❧❡ ❝♦r♣s ✜♥✐ F2m ✳

◆♦✉s ❛✈♦♥s ❛✉ss✐ ét✉❞✐é ✉♥❡ ✈❡rs✐♦♥ ❞❡ ❝❡rt❛✐♥s é❧é♠❡♥ts ❞❡ P❛❝❡ ♣♦✉r ❞❡s ♣r♦❝❡ss❡✉rs
❣r❛♣❤✐q✉❡s ●P❯ ❡♥ ❈✰✰ ❛✈❡❝ ❈✉❞❛✳ ◆♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ✉♥ s✉♣♣♦rt ♣♦✉r ❧✬❛r✐t❤♠ét✐q✉❡
♠♦❞✉❧♦ ❞❡s ❣r❛♥❞s ♣r❡♠✐❡rs ✭q✉❡❧❝♦♥q✉❡s✮ ❡♥ ❈✰✰ ❛✈❡❝ ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❈✉❞❛✳ ◆♦✉s ❛✈♦♥s ❧❡s
r❡♣rés❡♥t❛t✐♦♥s ❞❡s ❣r❛♥❞s ♥♦♠❜r❡s ❡t ❧❡s ♦♣ér❛t✐♦♥s ✿ a± b mod p✱ a× b mod p ♦ù a✱ b ❡t p s♦♥t
❞❡s ❡♥t✐❡rs ❡♥ ♠✉❧t✐♣ré❝✐s✐♦♥ ❡t p ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ♣r❡♠✐❡r ✭s❛♥s str✉❝t✉r❡ ♣❛rt✐❝✉❧✐èr❡✮✳ ◆♦✉s
❡ss❛②♦♥s ❞✬❛❞❛♣t❡r ❧❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ✭✶✻✵✕✻✵✵ ❜✐ts✮ ❡t ❧❡s ❛❧❣♦r✐t❤♠❡s à ❧✬❛r❝❤✐✲
t❡❝t✉r❡ ♠❛ss✐✈❡♠❡♥t ♣❛r❛❧❧è❧❡ ✭♠✉❧t✐✲t❤r❡❛❞✮ ❞❡s ●P❯✳ ▲❡ ♣♦rt❛❣❡ ❞❡ t❡❧s ❝❛❧❝✉❧s s✉r ●P❯ ♥✬❡st
♣❛s s✐♠♣❧❡✳ ▲❡s rés✉❧t❛ts ❝♦rr❡s♣♦♥❞❛♥ts ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ P❆❘❈❖ ❡♥ ✷✵✵✾ ❬✸✵❪✳

▲❡s t❛❜❧❡❛✉① ✷✳✹✱ ✷✳✺✱ ✷✳✻✱ ✷✳✼ ❡t ✷✳✽ ♠♦♥tr❡♥t ❞❡s rés✉❧t❛ts ❞❡ ♥♦tr❡ ✈❡rs✐♦♥ ●P❯ ❡t ❞❡s
❝♦♠♣❛r❛✐s♦♥s ❛✈❡❝ ❧❡ ❝♦✉♣❧❛❣❡ ❞❡ P❛❝❡ ❡t ♠♣Fq s✉r ❈P❯✳ ◆♦✉s ✉t✐❧✐s♦♥s ✉♥ ❝♦✉♣❧❛❣❡ ❞❡ P❛❝❡
❡t ♠♣Fq✱ ❝❛r ♠♣Fq ❡st ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❧❛ ♣❧✉s r❛♣✐❞❡ ❞✐s♣♦♥✐❜❧❡ ♣♦✉r ❧❡s ❝❛❧❝✉❧s s✉r Fq✳ ❉❛♥s ❝❡s
t❛❜❧❡❛✉①✱ ❧❡ s✐❣❧❡ r♦r s✐❣♥✐✜❡ r✉♥ ♦✉t ♦❢ r❡❣✐st❡r✱ ❝✳✲à✲❞✳ q✉❡ ❧❡ ❝♦♠♣✐❧❛t❡✉r ♥✈❝❝ ❞❡ ❈✉❞❛ ♥✬❛ ♣❛s
été ❝❛♣❛❜❧❡ ❞❡ ❣é♥ér❡r ❧❡ ❝♦❞❡ ❞❡♠❛♥❞é✳ ❈❡ ♣r♦❜❧è♠❡ ❡st ❧✐é à ❧❛ ♣❤❛s❡ ❞✬❛✛❡❝t❛t✐♦♥ ❞❡s r❡❣✐str❡s
❡♥ ❢♦r♠❡ ❙❙❆ ✭st❛t✐❝ s✐♥❣❧❡ ❛ss✐❣♥♠❡♥t✮ ❞❛♥s ❧❡ ❝♦♠♣✐❧❛t❡✉r ✭❜✐❡♥ q✉❡ ❧❡s r❡❣✐str❡s ❞✉ ●P❯
s♦✐❡♥t ré❡❧❧❡♠❡♥t s✉✣s❛♥ts✮✳ ◆♦✉s ❡s♣ér♦♥s ♣♦✉✈♦✐r ❛♠é❧✐♦r❡r ♥♦s rés✉❧t❛ts ❛✈❡❝ ❧❡s ♥♦✉✈❡❧❧❡s
❣é♥ér❛t✐♦♥s ❞❡ ●P❯ q✉✐ ✐♥tè❣r❡♥t ❞❡s ♠é♠♦✐r❡s ✉♥ ♣❡✉ ♣❧✉s ❣r❛♥❞❡s ❡t ❧❡s ♥♦✉✈❡❧❧❡s ✈❡rs✐♦♥s
❞❡s ♦✉t✐❧s ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t✳

✺✸



✶ ★✐♥❝❧✉❞❡ ❁✐♦str❡❛♠❃
✷ ★✐♥❝❧✉❞❡ ❁❝❛s s ❡ r t ❃
✸ ★✐♥❝❧✉❞❡ ✧♣❛❝❡ ✳ ❤♣♣✧
✹ ✉s✐♥❣ ♥❛♠❡s♣❛❝❡ st❞ ❀ ✴✴ ❢ ♦ r ❝♦✉t ✫ ❡♥❞ ❧
✺

✻ ✐ ♥ t ❡❣❡ r ❁✶✵✵❃ ♣ ❂ ✷✾ ❀
✼ t②♣❡❞❡❢ ❣❢♣ ❁✶✵✵ ✱ ♣❃ ❢♣❴✷✾ ❀
✽

✾ ✐♥t ♠❛✐♥ ✭ ✮
✶✵ ④
✶✶ ❢♣❴✷✾ ① ❂ ✶✼ ✱ ② ❂ ✷✵ ✱ ③ ❀
✶✷ ③ ❂ ① ✰ ② ❀
✶✸ ❛ s s ❡ r t ✭ ③ ❂❂ ✽ ✮ ❀
✶✹ ❝♦✉t ❁❁ ① ❁❁ ✧ ✰ ✧ ❁❁ ② ❁❁ ✧ ❂ ✧ ❁❁ ③ ❁❁ ❡♥❞❧ ❀
✶✺ ③ ❂ ① − ② ❀
✶✻ ❛ s s ❡ r t ✭ ③ ❂❂ ✷✻ ✮ ❀
✶✼ ❝♦✉t ❁❁ ① ❁❁ ✧ − ✧ ❁❁ ② ❁❁ ✧ ❂ ✧ ❁❁ ③ ❁❁ ❡♥❞❧ ❀
✶✽ ③ ❂ ① ∗ ② ❀
✶✾ ❛ s s ❡ r t ✭ ③ ❂❂ ✷✶ ✮ ❀
✷✵ ❝♦✉t ❁❁ ① ❁❁ ✧ ∗ ✧ ❁❁ ② ❁❁ ✧ ❂ ✧ ❁❁ ③ ❁❁ ❡♥❞❧ ❀
✷✶ ③ ❂ ✐♥✈ ✭① ✮ ❀
✷✷ ❛ s s ❡ r t ✭ ③ ❂❂ ✶✷ ✮ ❀
✷✸ ❝♦✉t ❁❁ ① ❁❁ ✧ ❫✭−✶✮ ❂ ✧ ❁❁ ③ ❁❁ ❡♥❞❧ ❀
✷✹ r❡t✉r♥ ✵ ❀
✷✺ ⑥

❋✐❣✉r❡ ✷✳✶✽✳✿ ❊①❡♠♣❧❡ ❞❡ ♣r♦❣r❛♠♠❡ P❆❈❊✳

❛❞❞✐t✐♦♥ Fp ♠✉❧t✐♣❧✐❝❛t✐♦♥ Fp

N ❧♦❝❛❧ s❤❛r❡❞ r❡❣✐st❡r ❧♦❝❛❧ s❤❛r❡❞ r❡❣✐st❡r

✶✻✵ ✾ ✷✳✸ ✵✳✼ ✽✽ ✹✵ ✷✷
✶✾✷ ✶✶ ✷✳✸ ✵✳✼ ✶✷✺ ✺✶ ✸✸
✷✷✹ ✷✸ ✺✳✵ ✶✳✶ ✶✼✷ ✶✵✼ ✺✺
✷✺✻ ✷✻ ✸✳✶ ✶✳✺ ✷✶✹ ✽✵ ✽✶
✸✽✹ ✸✽ ✼✳✹ ✸✳✾ ✻✼✸ ✷✷✶ ✷✻✶

❚❛❜❧❡ ✷✳✹✳✿ ❚❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡♥ ♥s ♣♦✉r ❧✬❛❞❞✐t✐♦♥ ❡t ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s✉r Fp✳

❛❞❞✐t✐♦♥ Fp ♠✉❧t✐♣❧✐❝❛t✐♦♥ Fp

N ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq ❛❝❝é❧ér❛t✐♦♥ ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq ❛❝❝é❧ér❛t✐♦♥

✶✻✵ ✵✳✼ ✶✺ ×✷✶ ✷✷ ✻✹ ×✷✳✾
✶✾✷ ✵✳✼ ✶✻ ×✷✷ ✸✸ ✼✵ ×✷✳✶
✷✷✹ ✶✳✶ ✷✶ ×✶✾ ✺✺ ✶✵✺ ×✶✳✾
✷✺✻ ✶✳✺ ✷✶ ×✶✹ ✽✶ ✶✵✾ ×✶✳✸
✸✽✹ ✸✳✾ ✸✵ ×✼ ✷✻✶ ✷✶✵ ×✵✳✽

❚❛❜❧❡ ✷✳✺✳✿ ❈♦♠♣❛r❛✐s♦♥ ❞❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡♥ ♥s ❡♥tr❡ ♥♦tr❡ ❜✐❜❧✐♦t❤èq✉❡ ❡t ♠♣Fq✳

✺✹



✶ ★✐♥❝❧✉❞❡ ❁✐♦str❡❛♠❃
✷ ★✐♥❝❧✉❞❡ ✧♣❛❝❡ ✳ ❤♣♣✧
✸ ✉s✐♥❣ ♥❛♠❡s♣❛❝❡ st❞ ❀ ✴✴ ❢ ♦ r ❝♦✉t ✫ ❡♥❞ ❧
✹

✺ ✐ ♥ t ❡❣❡ r ❁✶✵✵❃ ♣ ❂ ✷✾ ❀
✻ t②♣❡❞❡❢ ❣❢♣ ❁✶✵✵ ✱ ♣❃ ❢♣❴✷✾ ❀
✼ ❝✉r✈❡❁❢♣❴✷✾❃ ❊✭✹ ✱ ✷ ✵ ✮ ❀
✽ t②♣❡❞❡❢ ♣♦✐♥t❴❛❢ ❢❁❢♣❴✷✾ ✱ ❊❃ ♣♦✐♥t ❀
✾

✶✵ ✐♥t ♠❛✐♥ ✭ ✮
✶✶ ④
✶✷ ❊✳ ✐ ♥ ❢ ♦ ✭ ✮ ❀
✶✸ ♣♦ ✐♥t P✶ ✭ ✺ ✱ ✷ ✷ ✮ ❀
✶✹ ♣♦ ✐♥t P✷ ✭ ✶ ✻ ✱ ✷ ✼ ✮ ❀
✶✺ ❝♦✉t ❁❁ ✧P✶ ❂ ✧ ❁❁ P✶ ❁❁ ❡♥❞❧ ❀
✶✻ ❝♦✉t ❁❁ ✧P✷ ❂ ✧ ❁❁ P✷ ❁❁ ❡♥❞❧ ❀
✶✼ ♣♦ ✐♥t P✸ ❂ P✶ ✰ P✷ ❀
✶✽ ❝♦✉t ❁❁ ✧P✶ ✰ P✷ ❂ ✧ ❁❁ P✸ ❁❁ ❡♥❞❧ ❀
✶✾ ♣♦ ✐♥t P✹ ❂ ✷ ∗ P✶ ❀
✷✵ ❝♦✉t ❁❁ ✧ ❬ ✷ ❪ P✶ ❂ ✧ ❁❁ P✹ ❁❁ ❡♥❞❧ ❀
✷✶ r❡t✉r♥ ✵ ❀
✷✷ ⑥

❘és✉❧t❛t ❞✬❡①é❝✉t✐♦♥ ✿

✶ ❊ ❧ ❧ ✐ ♣ t ✐ ❝ ❝✉r✈❡ ❞❡ ❢ ✐♥❡❞ ❜② ②❫✷ ❂ ①❫✸ ✰ ✹∗① ✰ ✷✵
✷ P✶ ❂ ✭✺ ✱ ✷✷✮
✸ P✷ ❂ ✭✶✻ ✱ ✷✼✮
✹ P✶ ✰ P✷ ❂ ✭✶✸ ✱ ✻✮
✺ ❬ ✷ ❪ P✶ ❂ ✭✶✹ ✱ ✻✮

❋✐❣✉r❡ ✷✳✶✾✳✿ ❊①❡♠♣❧❡ ❞❡ ♣r♦❣r❛♠♠❡ P❆❈❊ ❡t s♦♥ rés✉❧t❛t ❞✬❡①é❝✉t✐♦♥✳

❛❞❞✐t✐♦♥ ♣♦✐♥ts ❞♦✉❜❧❡♠❡♥t ♣♦✐♥t
N ❧♦❝❛❧ s❤❛r❡❞ r❡❣✐st❡r ❧♦❝❛❧ s❤❛r❡❞ r❡❣✐st❡r

✶✻✵ ✷✳✺✼ ✵✳✼✽ ✵✳✼✵ ✶✳✻✹ ✵✳✺✵ ✵✳✺✹
✶✾✷ ✸✳✺✶ ✶✳✵✶ ✶✳✶✸ ✷✳✸✵ ✵✳✺✽ ✵✳✼✵
✷✷✹ ✹✳✹✶ ✶✳✾✺ r♦r ✷✳✼✸ ✶✳✵✶ r♦r
✷✺✻ ✺✳✽✾ ✶✳✺✻ r♦r ✸✳✼✶ ✶✳✵✾ r♦r
✸✽✹ ✶✸✳✾ ✼✳✺✵ r♦r ✶✸✳✸ ✷✳✹✷ r♦r

❚❛❜❧❡ ✷✳✻✳✿ ❚❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡♥ µs ♣♦✉r ❧✬❛❞❞✐t✐♦♥ ❡t ❧❡ ❞♦✉❜❧❡♠❡♥t ❞❡ ♣♦✐♥ts✳

✺✺



❛❞❞✐t✐♦♥ ♣♦✐♥ts ❞♦✉❜❧❡♠❡♥t ♣♦✐♥t
N ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq✰P❛❝❡ ❛❝❝é❧ér❛t✐♦♥ ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq✰P❛❝❡ ❛❝❝é❧ér❛t✐♦♥

✶✻✵ ✵✳✼✽ ✶✳✺✷ ✶✳✾ ✵✳✺✵ ✶✳✾✾ ✹✳✵
✶✾✷ ✶✳✵✶ ✶✳✾✶ ✶✳✾ ✵✳✺✽ ✶✳✾✾ ✸✳✹
✷✷✹ ✶✳✾✺ ✷✳✻✺ ✶✳✸ ✶✳✵✶ ✷✳✻✾ ✷✳✻
✷✺✻ ✶✳✺✻ ✷✳✻✺ ✶✳✼ ✶✳✵✾ ✷✳✻✺ ✷✳✹
✸✽✹ ✼✳✺✵ ✺✳✶✶ ✵✳✼ ✷✳✹✷ ✺✳✵✶ ✷✳✵

❚❛❜❧❡ ✷✳✼✳✿ ❚❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡♥ µs ❝♦♠♣❛rés ❡♥tr❡ ♥♦tr❡ ✈❡rs✐♦♥ ●P❯ ❡t ❧❡ ❝♦✉♣❧❛❣❡ P❛❝❡✰♠♣Fq

s✉r ❈P❯✳

t❡♠♣s ❝❛❧❝✉❧ µs ❞é❜✐t ♦♣ér❛t✐♦♥s ❬❦❪P✴s
N ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq✰P❛❝❡ ♥♦tr❡ ✐♠♣❧✳ ♠♣Fq✰P❛❝❡ ❛❝❝é❧ér❛t✐♦♥

✶✻✵ ✶✼✾ ✹✻✹ ✺✺✽✻ ✷✶✺✺ ✷✳✻
✶✾✷ ✸✵✹ ✺✺✵ ✸✷✽✾ ✶✽✶✽ ✶✳✽
✷✷✹ ✺✵✼ ✽✼✽ ✶✾✼✷ ✶✶✸✽ ✶✳✼
✷✺✻ ✻✶✼ ✶✵✵✸ ✶✻✷✵ ✾✾✼ ✶✳✻
✸✽✹ ✹✻✵✾ ✷✾✹✶ ✷✶✻ ✸✹✵ ✵✳✻

❚❛❜❧❡ ✷✳✽✳✿ ❘és✉❧t❛ts ❝♦♠♣❛rés ♣♦✉r ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ s❝❛❧❛✐r❡ s✉r ●P❯ ❡t ❧❡ ❝♦✉♣❧❛❣❡
P❛❝❡✰♠♣Fq s✉r ❈P❯✳

❘
é
❝
❛
♣
✐t
✉
❧
❛
t
✐❢

❈♦♥❢ér❡♥❝❡s ✿ ❙P■❊ ✷✵✵✼ ❬✸✺❪✱ P❆❘❈❖ ✷✵✵✾ ❬✸✵❪

❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ▲■❘▼▼ ✷✵✵✽✰

▲♦❣✐❝✐❡❧s ✿ ❜✐❜❧✐♦t❤èq✉❡ P❆❈❊ ✭❈✰✰ ❈P❯ ❡t ●P❯✮✱ ❧✐❝❡♥❝❡ ▲●P▲

✷✳✶✹✳ ▼❛îtr✐s❡ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❞❛♥s ❧❡s ♦✉t✐❧s ❞❡ ❈❆❖

▲♦rs ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥❡ ❛r❝❤✐t❡❝t✉r❡ ❞❡ ❝❛❧❝✉❧ ❡♥ ✈✐r❣✉❧❡ ✜①❡✱ ♦♣t✐♠✐s❡r ❧❛ t❛✐❧❧❡ ❞✬✉♥
❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ♣✉✐s ✈❛❧✐❞❡r s❛ q✉❛❧✐té ♥✉♠ér✐q✉❡ ❡st ✉♥ ♣r♦❜❧è♠❡ ❢réq✉❡♥t✳ ■❧ ❢❛✉t s♦✉✈❡♥t
❛rr♦♥❞✐r ✭♦✉ tr♦♥q✉❡r ✶✽✮ ❧❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s ❛✜♥ ❞❡ ❧✐♠✐t❡r ❧❛ t❛✐❧❧❡ ❞❡s ❝✐r❝✉✐ts ❡t ❧❛
❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳ ▲✬❡rr❡✉r ❞✬❛rr♦♥❞✐ ❡st ❢❛✐❜❧❡ ♣♦✉r ✉♥❡ ♦♣ér❛t✐♦♥ s❡✉❧❡✳ ▼❛✐s ❞❛♥s ✉♥❡
séq✉❡♥❝❡ ❞✬♦♣ér❛t✐♦♥s✱ ❝❡s ❡rr❡✉rs ♣❡✉✈❡♥t s✬❛❝❝✉♠✉❧❡r ♣♦✉r ❢♦r♠❡r ❞❡s ❡rr❡✉rs très ✐♠♣♦rt❛♥t❡s✱
♣❛r❢♦✐s ♠ê♠❡ ❡♥ ❞é❣r❛❞❛♥t t♦t❛❧❡♠❡♥t ❧❡ rés✉❧t❛t✳ ❏✉sq✉✬✐❝✐✱ ✐❧ ❡①✐st❡ ❛ss❡③ ♣❡✉ ❞✬♦✉t✐❧s ♣♦✉r ❛✐❞❡r
✉♥ ❝♦♥❝❡♣t❡✉r ❞❡ ❝✐r❝✉✐t à ❡ss❛②❡r ❞❡ ♠❛îtr✐s❡r ❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐✳
▲❛ ✈❛❧✐❞❛t✐♦♥ ❞❡ ❧❛ q✉❛❧✐té ♥✉♠ér✐q✉❡ ❡st ❛✉ss✐ ♣r♦❜❧é♠❛t✐q✉❡✳ ❈♦♠♠❡♥t ✈ér✐✜❡r✱ ❡t s✐ ♣♦ss✐❜❧❡

❣❛r❛♥t✐r✱ q✉❡ ❧❡ ❜❧♦❝ ❛r✐t❤♠ét✐q✉❡ ❝♦♥ç✉ ❝❛❧❝✉❧❡ ❡✛❡❝t✐✈❡♠❡♥t ❧❛ s♣é❝✐✜❝❛t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ❛✈❡❝
✉♥❡ ❝❡rt❛✐♥❡ ♣ré❝✐s✐♦♥ ❄ ❈❡tt❡ ✈❛❧✐❞❛t✐♦♥ ♥✬❡st s♦✉✈❡♥t ❢❛✐t❡ q✉❡ très ♣❛rt✐❡❧❧❡♠❡♥t ❡♥ r❡❝♦✉r❛♥t
à ❞❡s s✐♠✉❧❛t✐♦♥s✳ ■❝✐ ❛✉ss✐ ❞ét❡r♠✐♥❡r ❧❡s ✈❡❝t❡✉rs ❞✬❡♥tré❡ q✉✐ ❝♦♥❞✉✐s❡♥t s②sté♠❛t✐q✉❡♠❡♥t
❛✉① ❡rr❡✉rs ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s ❡st ✉♥ ♣r♦❜❧è♠❡ très ❞✐✣❝✐❧❡✳
❇♦r♥❡r ✜♥❡♠❡♥t ❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❡st✱ ❡♥ ❣é♥ér❛❧✱ ❛ss❡③ ❝♦♠♣❧❡①❡✳ ❉✐✛ér❡♥t❡s ♠ét❤♦❞❡s

♦♥t été ♣r♦♣♦sé❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ✢♦tt❛♥t ❝♦♠♠❡ ❧✬❛r✐t❤♠ét✐q✉❡ st♦❝❤❛st✐q✉❡ ❬✼✼❪ ♦✉ ❧✬❛♥❛❧②s❡
st❛t✐q✉❡ ❬✾✵❪✳ ❉❡s tr❛✈❛✉① r❡♠❛rq✉❛❜❧❡s ré❝❡♥ts ♥♦✉s ♦✛r❡♥t ❞❡s é❧é♠❡♥ts ❞❡ s♦❧✉t✐♦♥ à ❝❡s
♣r♦❜❧è♠❡s ✭♦♣t✐♠✐s❛t✐♦♥ ❡t ✈❛❧✐❞❛t✐♦♥✮✳ ❉❛♥s s❛ t❤ès❡ ❞❡ ❞♦❝t♦r❛t ❬✶✵✽❪✱ ●✉✐❧❧❛✉♠❡ ▼❡❧q✉✐♦♥❞ ❛
♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡✱ ❡t ✉♥ ♦✉t✐❧ ♥♦♠♠é ❣❛♣♣❛✱ ♣♦✉r ❝❛❧❝✉❧❡r ❞❡s ❜♦r♥❡s très ✜♥❡s ❞❡s ❡rr❡✉rs
❞✬❛rr♦♥❞✐✳ ❊♥ ✐♥❥❡❝t❛♥t ❞❛♥s ❝❡t ♦✉t✐❧ ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ❞✉ ❝❛❧❝✉❧ ❡✛❡❝t✉é ❡t ❞✬✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡

✶✽✳ ▲❛ tr♦♥❝❛t✉r❡ ❡st ✉♥ ♠♦❞❡ ❞✬❛rr♦♥❞✐ ♣♦ss✐❜❧❡ ♣❛r♠✐ ❞✬❛✉tr❡s ✭❛✉ ♣❧✉s ♣rès✱ ✈❡rs ±∞✱ ❡t❝✮✳
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❧✬❡rr❡✉r r❡❝❤❡r❝❤é❡✱ ♦♥ ❛ ❡♥ s♦rt✐❡ ✉♥ ❡♥❝❛❞r❡♠❡♥t ✭❛✉ s❡♥s ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❞✬✐♥t❡r✈❛❧❧❡s✮ ❞❡
❝❡tt❡ ❡rr❡✉r✳ ▲❡s ❜♦r♥❡s ❞✬❡rr❡✉r r❡t♦✉r♥é❡s ♣❛r ❣❛♣♣❛ s♦♥t ❜✐❡♥ ♣❧✉s ✜♥❡s q✉❡ ❝❡ q✉❡ ❧✬♦♥ ♣❡✉t
❝❛❧❝✉❧❡r à ❧❛ ♠❛✐♥✳ ◆♦✉s ❧✬✉t✐❧✐s♦♥s ❞❛♥s ❞❡ ♥♦♠❜r❡✉① ❝❛s✱ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ❞✐♠❡♥s✐♦♥♥❡r ❞❡s
♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✭❝❢✳ ❝❤❛♣✐tr❡ ✸✮✳
❏❡ ❞é✈❡❧♦♣♣❡ ✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ❙②st❡♠❈ q✉✐ ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r q✉❛s✐ ❛✉t♦♠❛t✐q✉❡♠❡♥t ❞❡s

❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❡♥ ✉t✐❧✐s❛♥t ❣❛♣♣❛✳ ❙②st❡♠❈ ❡st ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❝❧❛ss❡s ❡t ♠❛❝r♦s ❈✰✰ ♣♦✉r
❧❛ ♠♦❞é❧✐s❛t✐♦♥✱ ❧❛ ✈ér✐✜❝❛t✐♦♥ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❡t ❧❛ s②♥t❤ès❡ ❞❡ ❤❛✉t ♥✐✈❡❛✉ ❡♥ ♠❛tér✐❡❧✳ ❙②st❡♠❈
s✉♣♣♦rt❡ ❞❡s t②♣❡s ❞❡ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❡♥ ✈✐r❣✉❧❡ ✜①❡✱ ❡♥ ❝♦♠♣❧é♠❡♥t à ✷✱ ♣♦✉r ❧❡s
✐♠♣❧❛♥t❛t✐♦♥s ♠❛tér✐❡❧❧❡s✳ ❖♥ ❛✱ ♣❛r ❡①❡♠♣❧❡✱ ❧❛ ❝❧❛ss❡ s❝❴❢✐①❡❞❁wl✱ iwl✱ q❴mod✱ ✳✳✳❃ ♦ù
wl ❡st ❧❛ t❛✐❧❧❡ t♦t❛❧❡ ❞✉ ♥♦♠❜r❡✱ iwl ❧❛ t❛✐❧❧❡ ❞❡ s❛ ♣❛rt✐❡ ❡♥t✐èr❡ ❡t q❴mod ❧❡ ♠♦❞❡ ❞✬❛rr♦♥❞✐
✭♦✉ q✉❛♥t✐✜❝❛t✐♦♥✮✳ ■❧ ② ❛ ✉♥❡ ❝❧❛ss❡ éq✉✐✈❛❧❡♥t❡ ♣♦✉r ❧❡s ♥♦♠❜r❡s ♥♦♥ s✐❣♥és ✿ s❝❴✉❢✐①❡❞✳ ❯♥❡
❞❡s❝r✐♣t✐♦♥ ❙②st❡♠❈ q✉✐ ✉t✐❧✐s❡ ❞❡s t②♣❡s s❝❴❬✉❪❢✐①❡❞ ♣❡✉t êtr❡ ❝♦♠♣✐❧é❡ ❡♥ s✉r❝❤❛r❣❡❛♥t ❝❡r✲
t❛✐♥s t②♣❡s ❡t ❡♥ ✉t✐❧✐s❛♥t ❝❡rt❛✐♥❡s t❡❝❤♥✐q✉❡s ❞❡ ♠ét❛✲♣r♦❣r❛♠♠❛t✐♦♥ t❡♠♣❧❛t❡✳ ❯♥❡ ❞❡s❝r✐♣t✐♦♥
❣❛♣♣❛ ❞✉ ❝❛❧❝✉❧ ❡st ❛❧♦rs ❣é♥éré❡ ❛✉t♦♠❛t✐q✉❡♠❡♥t✳ ■❧ ❢❛✉t ❡♥s✉✐t❡ s♣é❝✐✜❡r ❧❡s ❡rr❡✉rs à ❜♦r♥❡r
❡t ❛♣♣❡❧❡r ❧❛ ❢♦♥❝t✐♦♥ q✉✐ ❡①é❝✉t❡ ✉♥ ❛♣♣❡❧ s②stè♠❡ ✈❡rs ❣❛♣♣❛ ❡t ❛♥❛❧②s❡ ❧❡ rés✉❧t❛t✳ ❉❡s ❡①✲
t❡♥s✐♦♥s ❞❡ ❝❡tt❡ ❜✐❜❧✐♦t❤èq✉❡✱ ❡♥❝♦r❡ très ❡♠❜r②♦♥♥❛✐r❡✱ s♦♥t ❡♥ ❝♦✉rs ❞✬ét✉❞❡ ❛✜♥ ❞✬♦✛r✐r ❞❡s
t❡❝❤♥✐q✉❡s ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞✉ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❝❤❡♠✐♥s ❞❡ ❞♦♥♥é❡s ❡t ❞❡s ❢❛❝✐❧✐tés
❞✬❡①♣❧♦r❛t✐♦♥ ❛r❝❤✐t❡❝t✉r❡s ❞❡ ❝❛❧❝✉❧ ❡♥ ✈✐r❣✉❧❡ ✜①❡✳
❉❛♥s ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ♥❛✐ss❛♥t❡ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡ ❱▲❙■✲❈❆❉ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✉ ▼❛s✲

s❛❝❤✉s❡tts à ❆♠❤❡rst✱ ❯❙❆✱ ♥♦✉s r❡❣❛r❞♦♥s ❛✈❡❝ ❉❛♥✐❡❧ ●♦♠❡③✲Pr❛❞♦ ❡t ▼❛❝✐❡❥ ❈✐❡s✐❡❧s❦✐ ❝♦♠✲
♠❡♥t ✐♥té❣r❡r ❞❛♥s ❧✬♦✉t✐❧ ❚❉❙✱ ❞é✈❡❧♦♣♣é ❞❛♥s ❝❡ ❧❛❜♦r❛t♦✐r❡✱ ❧❡ ❞✐♠❡♥s✐♦♥♥❡♠❡♥t ❞❡ ❞♦♥♥é❡s
❡♥ ✈✐r❣✉❧❡ ✜①❡ à tr❛✈❡rs ✉♥ ✐♥t❡r❢❛ç❛❣❡ ❛✈❡❝ ❣❛♣♣❛✳
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❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❯♥✐✈❡rs✐té ❞✉ ▼❛ss❛❝❤✉s❡tts à ❆♠❤❡rst✱ ❯❙❆

▲♦❣✐❝✐❡❧ ✿ ❜✐❜❧✐♦t❤èq✉❡ ❙②st❡♠❈ ❣❡st✐♦♥ ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ♣♦✉r ✈✐r❣✉❧❡ ✜①❡

✷✳✶✺✳ ●é♥ér❛t❡✉rs ❛❧é❛t♦✐r❡s ❚❘◆●

❆✈❡❝ ❘❡♥❛✉❞ ❙❛♥t♦r♦ ❡t ❖❧✐✈✐❡r ❙❡♥t✐❡②s✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s s✉r ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ♥♦♠❜r❡s ✈ér✐✲
t❛❜❧❡♠❡♥t ❛❧é❛t♦✐r❡s ❬✶✷✸✱ ✶✷✹❪✳ ❏✬❛✐ r❡❥♦✐♥t ❧✬éq✉✐♣❡ q✉✐ tr❛✈❛✐❧❧❛✐t s✉r ❝❡ t❤è♠❡ à ♠♦♥ ❛rr✐✈é❡ à
❧✬■❘■❙❆✳ ◆♦✉s ét✉❞✐♦♥s ❞❡s ❚❘◆● ✭tr✉❡ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✮ ❛✈❡❝ é✈❛❧✉❛t✐♦♥ ❡♥ ❧✐❣♥❡ ❞❡
❧❛ q✉❛❧✐té ❞❡ ❧✬❛❧é❛✳ ❯♥ ❚❘◆● ❡st ✉♥ ❞✐s♣♦s✐t✐❢ q✉✐ ✉t✐❧✐s❡ ✉♥❡ s♦✉r❝❡ ❞❡ ❜r✉✐t ♣❤②s✐q✉❡✱ ré♣✉té❡
ré❡❧❧❡♠❡♥t ❛❧é❛t♦✐r❡✱ ♣♦✉r ❢♦✉r♥✐r ❞❡s séq✉❡♥❝❡s ❛❧é❛t♦✐r❡s ❞❡ ❜✐ts✳ ❉✐✛ér❡♥t❡s s♦✉r❝❡s ❞❡ ❜r✉✐t
♣❤②s✐q✉❡ ♦♥t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ✈ér✐t❛❜❧❡♠❡♥t ❛❧é❛t♦✐r❡ ✿ ♠ét❛st❛❜✐❧✐té ❞❡ s✐❣♥❛✉①✱ ❞és✐♥té❣r❛t✐♦♥
r❛❞✐♦❛❝t✐✈❡✱ ❜r✉✐t t❤❡r♠✐q✉❡✱ ✈❛r✐❛t✐♦♥s ❞❡ ❧❛ ❣✐❣✉❡ t❡♠♣♦r❡❧❧❡ ❞❛♥s ❞❡s ♦s❝✐❧❧❛t❡✉rs ❧✐❜r❡s✱ ❡t❝✳
◆♦✉s ✉t✐❧✐s♦♥s ❞❡s ❚❘◆● à ❜❛s❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞✬♦s❝✐❧❧❛t❡✉rs ❡♥ ❛♥♥❡❛✉①✳ ▲❡s s✐❣♥❛✉① ♣r♦✲

❞✉✐ts ♣❛r ♣❧✉s✐❡✉rs ♦s❝✐❧❧❛t❡✉rs ❡♥ ❛♥♥❡❛✉①✱ q✉✐ ♦s❝✐❧❧❡♥t ❧✐❜r❡♠❡♥t✱ s♦♥t ❝♦♠❜✐♥és ❡♥tr❡ ❡✉①✳ ▲❡
s✐❣♥❛❧ ❛✐♥s✐ ❢♦r♠é ❡st é❝❤❛♥t✐❧❧♦♥♥é à ✉♥❡ ❢réq✉❡♥❝❡ ❞♦♥♥é❡ ✭q✉❡ ❧✬♦♥ ✈❛ ❡ss❛②❡r ❞❡ ♠❛①✐♠✐s❡r✮✳ ▲❛
❣✐❣✉❡ ❛❧é❛t♦✐r❡ ♣rés❡♥t❡ ❞❛♥s ❧❡s ❞✐✛ér❡♥ts ♦s❝✐❧❧❛t❡✉rs ✐♥✢✉❡♥❝❡ ❧❡ s✐❣♥❛❧ é❝❤❛♥t✐❧❧♦♥♥é✳ ❈❡ ❞❡r♥✐❡r
❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥✱ ♣❧✉s ♦✉ ♠♦✐♥s ❝♦♠♣❧❡①❡✱ ❞✬✉♥ s✐❣♥❛❧ ✈ér✐t❛❜❧❡♠❡♥t ❛❧é❛t♦✐r❡ ❡t ❞❡ s✐❣♥❛✉①
❞ét❡r♠✐♥✐st❡s✱ ♠❛✐s ❤❛✉t❡♠❡♥t ❝♦♠♣❧❡①❡s✱ ❧✐és ❛✉ ❚❘◆● ❧✉✐✲♠ê♠❡ ❡t à s♦♥ ❡♥✈✐r♦♥♥❡♠❡♥t✳ ❯♥❡
ét❛♣❡ ❞❡ ♣♦st✲tr❛✐t❡♠❡♥t ♣❡r♠❡t ❞❡ sé♣❛r❡r✱ ❞❛♥s ✉♥❡ ❝❡rt❛✐♥❡ ♠❡s✉r❡✱ ❧❛ ❝♦♠♣♦s❛♥t❡ ❛❧é❛t♦✐r❡
❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❞ét❡r♠✐♥✐st❡✳
▲❛ q✉❛❧✐té ❞❡ ❧✬❛❧é❛ ❡♥ s♦rt✐❡ ❞✬✉♥ ❚❘◆● ❞é♣❡♥❞ ❜❡❛✉❝♦✉♣ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧❛ s♦✉r❝❡ ❞❡ ❜r✉✐t

♣❤②s✐q✉❡ ♠❛✐s ❛✉ss✐ ❞❡ ♥♦♠❜r❡✉① ♣❛r❛♠ètr❡s ❞❡ ❧❛ str✉❝t✉r❡ ❞✉ ❚❘◆● ❡t ❞❡ s♦♥ ❡♥✈✐r♦♥♥❡♠❡♥t
❞❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❝♦♠♠❡ ❧❛ t❡♠♣ér❛t✉r❡✱ ❧❡s ✈❛r✐❛t✐♦♥s ❞❡ ❧❛ t❡♥s✐♦♥ ❞✬❛❧✐♠❡♥t❛t✐♦♥✱ ❞❡s ♣❡rt✉r✲
❜❛t✐♦♥s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s ❛✉t♦✉r ❞✉ ❚❘◆●✱ ❞❡s ❜r✉✐ts ❞❛♥s ❧❡ s✉❜str❛t ❞✉ ❝✐r❝✉✐t✱ ❡t❝✳ ❉❛♥s

✺✼



✉♥ ❝✐r❝✉✐t ✐♥té❣ré✱ ❞❡s ❜❧♦❝s ♣r♦❝❤❡s ❞✉ ❚❘◆● ♣❡✉✈❡♥t ✐♥✢✉❡♥❝❡r ❧❛ ❢réq✉❡♥❝❡ ❞❡s ♦s❝✐❧❧❛t❡✉rs ❡♥
❛♥♥❡❛✉① ✭q✉✐ ❞❡✈r❛✐❡♥t êtr❡ t♦t❛❧❡♠❡♥t ❧✐❜r❡s✮✳ ❙✐ ✉♥ ❝♦✉♣❧❛❣❡ ❢♦rt s✬♦♣èr❡✱ ❛❧♦rs ❧❛ ❝♦♠♣♦s❛♥t❡
❛❧é❛t♦✐r❡ ❞❡ ❧❛ ❣✐❣✉❡ ❞✐♠✐♥✉❡✳ ▲❛ ❝♦♠♣♦s❛♥t❡ ❛❧é❛t♦✐r❡ ❞✉ ❚❘◆● ♣❡✉t ♥❡ ♣❧✉s êtr❡ s✉✣s❛♥t❡
♦✉ ♠ê♠❡ ❡①♣❧♦✐t❛❜❧❡✳ ❉❡s ❛tt❛q✉❡s s♣é❝✐✜q✉❡s ♣❡✉✈❡♥t êtr❡ ❡♥✈✐s❛❣é❡s ♣♦✉r ❞é❣r❛❞❡r ❧❛ q✉❛❧✐té
❞❡ ❧✬❛❧é❛ ❡t ❛✐♥s✐ ❢r❛❣✐❧✐s❡r ❝❡rt❛✐♥s s②stè♠❡s ❝♦♠♠❡ ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ✭❣é♥ér❛t✐♦♥ ❞❡ ❝❧és✱ r❡♠✲
♣❧✐ss❛❣❡ ❛❧é❛t♦✐r❡ ❞❡ ❜❧♦❝s✱ ❝❤✐✛r❡♠❡♥t ♣❛r ✢♦t✱ ❡t❝✳✮✳ ❈❡❝✐ ✐♠♣❧✐q✉❡ q✉✬✐❧ ❢❛✉t ♥♦♥ s❡✉❧❡♠❡♥t
✈ér✐✜❡r ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡s ❚❘◆●✱ ♠❛✐s ❛✉ss✐ ✈ér✐✜❡r ❧❛ q✉❛❧✐té ❞❡ ❧✬❛❧é❛ ♣r♦❞✉✐t ♣❡♥❞❛♥t ❧❡✉r
❢♦♥❝t✐♦♥♥❡♠❡♥t✳ ❈✬❡st ❝❡ s✉r q✉♦✐ ♥♦✉s tr❛✈❛✐❧❧♦♥s✳
◆♦✉s ✐♠♣❧❛♥t♦♥s ❡♥ ♠❛tér✐❡❧ ❞❡s t❡sts st❛t✐st✐q✉❡s ♣♦✉r é✈❛❧✉❡r ❡♥ ❧✐❣♥❡ ✭✐♥ s✐t✉ ❡t ❡♥ t❡♠♣s

ré❡❧✮ ❧❡ ❝❛r❛❝tèr❡ ❛❧é❛t♦✐r❡ ❞❡s séq✉❡♥❝❡s ♣r♦❞✉✐t❡s ♣❛r ✉♥ ❚❘◆●✳ P♦✉r ❝❡s t❡sts st❛t✐st✐q✉❡s✱
♥♦✉s ✉t✐❧✐s♦♥s ❧❡ t❡st ❞❡ ▼❛✉r❡r ❬✶✵✺❪ ❡t ❧❡s ❜❛tt❡r✐❡s ❞❡ t❡sts ❆■❙ ✸✶ ❬✻✼✱ ✾✻❪ ❡t ❋■P❙ ✶✹✵✲✷ ❬✶✶✹❪✳
❉❛♥s ✉♥ ❛rt✐❝❧❡ ♣✉❜❧✐é à ❧❛ ❝♦♥❢ér❡♥❝❡ ❙P■❊ ❡♥ ✷✵✵✾ ❬✹✽❪✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡
❢♦♥❝t✐♦♥s s♣é❝✐✜q✉❡s ❛✉① t❡sts ❞❡ ❞✐str✐❜✉t✐♦♥s st❛t✐st✐q✉❡s ♥é❝❡ss❛✐r❡s✳ ◆♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ❝❡s
❛♣♣r♦①✐♠❛t✐♦♥s ❡♥ ❋P●❆✳ ◆♦✉s s♦♠♠❡s ❧❡s ♣r❡♠✐❡rs à ❛✈♦✐r ♣✉ ✐♠♣❧❛♥t❡r ❞❡s ❚❘◆● ❡t ✉♥❡
❛♥❛❧②s❡ ❡♥ ❧✐❣♥❡ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧✬❛❧é❛ t♦t❛❧❡♠❡♥t ❡♥ ♠❛tér✐❡❧✳
▼♦♥ ✐♠♣❧✐❝❛t✐♦♥ s✉r ❝❡tt❡ t❤é♠❛t✐q✉❡ ❡st ❝r♦✐ss❛♥t❡ ❞❛♥s ❧❡ t❡♠♣s✳ ■♥✐t✐❛❧❡♠❡♥t ❧✐♠✐té❡ à ❧❛

♣❛rt✐❡ ♠❛t❤é♠❛t✐q✉❡ ❞❡s t❡sts✱ ❡❧❧❡ ❡st ♠❛✐♥t❡♥❛♥t ♣❧✉s ✐♠♣♦rt❛♥t❡ s✉r ❧❡s ❛✉tr❡s ❛s♣❡❝ts✳ ◆♦✉s
tr❛✈❛✐❧❧♦♥s à ❧❛ ré❞❛❝t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs ❛rt✐❝❧❡s ❞❡ ❥♦✉r♥❛✉① ❡t ❡s♣ér♦♥s ♣♦✉✈♦✐r ❝♦♠♠❡♥❝❡r ✉♥
❧✐✈r❡ s✉r ❝❡ t❤è♠❡✳ ◆♦✉s ♣❡♥s♦♥s ✉t✐❧✐s❡r ♥♦s rés✉❧t❛ts ♣♦✉r ré❛❧✐s❡r ❞❡s ❣é♥ér❛t❡✉rs ❤②❜r✐❞❡s q✉✐
❝♦♠❜✐♥❡♥t ✉♥ ❚❘◆● ❡t ✉♥ P❘◆● ✭♣♦✉r ♣s❡✉❞♦ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✮✳ ❯♥ P❘◆● ❡st ✉♥
❛❧❣♦r✐t❤♠❡ ❞ét❡r♠✐♥✐st❡ q✉✐ ❢♦✉r♥✐t ✉♥❡ séq✉❡♥❝❡ ♣s❡✉❞♦ ❛❧é❛t♦✐r❡ ♠❛✐s ❛✈❡❝ ✉♥ très ❤❛✉t ❞é❜✐t✳
▲❡ ❚❘◆● ❡st ✉t✐❧✐sé ♣♦✉r ♠♦❞✐✜❡r ❧✬✐♥✐t✐❛❧✐s❛t✐♦♥ ❞✉ ♦✉ ❞❡s ❣❡r♠❡s ❞✉ P❘◆●✳ ▲❡ ❝♦✉♣❧❛❣❡ ❞❡s
❞❡✉① t②♣❡s ❞❡ ❣é♥ér❛t❡✉rs ♣❡r♠❡t ❞✬❛✈♦✐r à ❧❛ ❢♦✐s ✉♥❡ séq✉❡♥❝❡ ♣r♦❞✉✐t❡ ❛✈❡❝ ✉♥❡ très ❜♦♥♥❡
q✉❛❧✐té ❞✬❛❧é❛ ❡t ❛✈❡❝ ✉♥ ❞é❜✐t très é❧❡✈é✳
❈❡ tr❛✈❛✐❧ s❡r❛ ❛✉ss✐ ✉t✐❧❡ ♣♦✉r ❝❡rt❛✐♥s ❛s♣❡❝ts ❞❡ ❧❛ sé❝✉r✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s

♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳ P♦✉r ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❞❡s r❡❝♦❞❛❣❡s ❞❡s ♥♦♠❜r❡s ❛✈❡❝ ✉♥❡ ❝❡rt❛✐♥❡ ♣❛rt
❞✬❛❧é❛ ❞❛♥s ❧❡ ❝❤♦✐① ❞❡s ❝❤✐✛r❡s ❞❡ r❡♣rés❡♥t❛t✐♦♥s r❡❞♦♥❞❛♥t❡s ✭❝❢✳ s❡❝t✐♦♥ ✷✳✶✶✳✸✮✱ ❞❡s ❣é♥ér❛✲
t❡✉rs ❛❧é❛t♦✐r❡s s❡r♦♥t ♥é❝❡ss❛✐r❡s ❡t s✐ ♣♦ss✐❜❧❡ ❞❡ ❜♦♥♥❡ q✉❛❧✐té✳
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✷✳✶✻✳ ❆r✐t❤♠ét✐q✉❡ ♣❛r ❡st✐♠❛t✐♦♥

❉❛♥s ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❇r❛❞❡♥ P❤✐❧✐♣♣s ✭❯♥✐✈❡rs✐té ❞✬❆❞❡❧❛✐❞❡✱ ❆✉str❛❧✐❡✮✱ ♥♦✉s ét✉❞✐♦♥s
❞❡s ♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧ ❡♥ ❛r✐t❤♠ét✐q✉❡ à ❡st✐♠❛t✐♦♥✳ ▲✬❛r✐t❤♠ét✐q✉❡ à ❡st✐♠❛t✐♦♥ ✭♦✉ ❡st✐♠❛t❡❞
❛r✐t❤♠❡t✐❝✮ ❡st ✉♥❡ ❛r✐t❤♠ét✐q✉❡ ♦ù ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s s♦♥t ♥é❣❧✐❣é❡s ❬✾✺✱ ✶✶✾❪✳ P❛r
❡①❡♠♣❧❡✱ ♦♥ ♥❡ ♣r♦♣❛❣❡ ♣❛s t♦✉t❡s ❧❡s r❡t❡♥✉❡s ✐♥t❡r♠é❞✐❛✐r❡s ❞✬✉♥ ❛❞❞✐t✐♦♥♥❡✉r✳ ▲❡s ❝✐r❝✉✐ts
q✉✐ ✉t✐❧✐s❡♥t ❧✬❛r✐t❤♠ét✐q✉❡ à ❡st✐♠❛t✐♦♥ s♦♥t ♣❧✉s ♣❡t✐ts✱ ♣❧✉s r❛♣✐❞❡s ❡t ❝♦♥s♦♠♠❡♥t ♠♦✐♥s q✉❡
❧❡✉rs éq✉✐✈❛❧❡♥ts ♣❧✉s ♣ré❝✐s✳ ❚♦✉t❡ ❧❛ ❞✐✣❝✉❧té ❞✉ ♣r♦❜❧è♠❡ rés✐❞❡ ❞❛♥s ❧❛ sé❧❡❝t✐♦♥ ❞❡s ✈❛❧❡✉rs à
♥é❣❧✐❣❡r ❛✜♥ ❞❡ s✐♠♣❧✐✜❡r ❧❡ ❝✐r❝✉✐t s❛♥s tr♦♣ ♣é♥❛❧✐s❡r ❧❛ ♣ré❝✐s✐♦♥✳ ▲✬❛r✐t❤♠ét✐q✉❡ à ❡st✐♠❛t✐♦♥
❞♦♥♥❡ ❞❡s ❜♦♥s rés✉❧t❛ts ❞❛♥s ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♦ù ✉♥❡ ❢❛✐❜❧❡ ❡rr❡✉r ♠♦②❡♥♥❡ ❡st ❞❡♠❛♥❞é❡ t♦✉t
❡♥ ❛✉t♦r✐s❛♥t ❞❡s ❡rr❡✉rs ✐♠♣♦rt❛♥t❡s ❞❡ t❡♠♣s ❡♥ t❡♠♣s✳ P❛r ❡①❡♠♣❧❡✱ ❧✬❛rt✐❝❧❡ ❬✶✶✾❪ ♣rés❡♥t❡
✉♥ ❝❛s ❞❡ ❞é❝♦❞❡✉r ▲❉P❈ ✭❧♦✇ ❞❡♥s✐t② ♣❛r✐t② ❝❤❡❝❦ ❞❡❝♦❞❡r✮ ❛✈❡❝ ❞❡s ré❞✉❝t✐♦♥s ❞❡ ✷✸✪ ❞✉
❞é❧❛✐✱ ❞❡ ✽✪ ❞❡ ❧❛ s✉r❢❛❝❡ ❡t ❞❡ ✶✶✪ ❡♥ ❝♦♥s♦♠♠❛t✐♦♥ s❛♥s ❞é❣r❛❞❡r ❧❛ q✉❛❧✐té ❞✉ ❞é❝♦❞❛❣❡✳
❏✬❛✐ ét✉❞✐é ❧✬✐♠♣❛❝t ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ à ❡st✐♠❛t✐♦♥ s✉r ❞❡s ♦♣ér❛t❡✉rs ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s

♣❛r ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✳ ▲❡s ❝♦❡✣❝✐❡♥ts ❞❡ ♣♦❧②♥ô♠❡s s♦♥t ❣é♥érés ♣❛r ❧❛ ♠ét❤♦❞❡
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♣rés❡♥té❡ ❛✉ ❝❤❛♣✐tr❡ ✸✳ ▼❛✐s ❧✬é✈❛❧✉❛t✐♦♥ ❞❡s ♣♦❧②♥ô♠❡s ✉t✐❧✐s❡ ❞❡s ❛❞❞✐t✐♦♥♥❡✉rs ❡t ♠✉❧t✐♣❧✐❡✉rs
à ❡st✐♠❛t✐♦♥✳ ▲❡s ♣r❡♠✐❡rs rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és à ❧❛ ❝♦♥❢ér❡♥❝❡ ❆s✐❧♦♠❛r ❡♥ ✷✵✵✾ ❬✺✾❪✳ ❖♥
♦❜t✐❡♥t ❞❡s ❛♠é❧✐♦r❛t✐♦♥s ❞❡ ✷✵ à ✻✵✪ ❡♥ ✈✐t❡ss❡ ❡t ❞❡ ✶✺ à ✸✵ ✪ ❡♥ s✉r❢❛❝❡ s❛♥s tr♦♣ ♣é✲
♥❛❧✐s❡r ❧✬❡rr❡✉r ♠♦②❡♥♥❡✳ ❯♥❡ ❞❡s ❞✐✣❝✉❧tés ❡st ❞❡ ♣♦✉✈♦✐r ❝❛r❛❝tér✐s❡r ❧❡s ❡rr❡✉rs ♠♦②❡♥♥❡s
❡t ♠❛①✐♠❛❧❡s ♦❜t❡♥✉❡s s❛♥s ❞❡✈♦✐r ♣r♦❝é❞❡r à ❞❡ ❧♦♥❣✉❡s s✐♠✉❧❛t✐♦♥s✳ ◆♦✉s ♣❡♥s♦♥s ❛❜♦r❞❡r ❝❡
♣r♦❜❧è♠❡ ♣r♦❝❤❛✐♥❡♠❡♥t ❛✐♥s✐ q✉❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞✬✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ❞✬♦♣ér❛t❡✉rs ❡♥ ❛r✐t❤♠ét✐q✉❡
à ❡st✐♠❛t✐♦♥✳
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❈♦❧❧❛❜♦r❛t✐♦♥ ✿ ❯♥✐✈❡rs✐té ❆❞❡❧❛✐❞❡ ❆✉str❛❧✐❡

▲♦❣✐❝✐❡❧ ✿ ❣é♥ér❛t❡✉r ❞❡ ❝♦❞❡ ❱❍❉▲
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❈❤❛♣✐tr❡ ✸

❖♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s

♠❛tér✐❡❧s ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡

❢♦♥❝t✐♦♥s ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥

♣♦❧②♥♦♠✐❛❧❡

❈❡ ❝❤❛♣✐tr❡ ❞é❝r✐t ✉♥ tr❛✈❛✐❧ s✉r ❧✬♦♣t✐♠✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♠❛tér✐❡❧s ♣♦✉r
❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ■❧ r❡♣r❡♥❞✱ ❡♥ ♣❛rt✐❡✱ ❧❡
❝♦♥t❡♥✉ ❡t ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❛rt✐❝❧❡ ❬✹✺❪ ♣❛r✉ ❞❛♥s ❧❡ ❥♦✉r♥❛❧ ✓ ❚❡❝❤♥✐q✉❡ ❡t ❙❝✐❡♥❝❡ ■♥❢♦r♠❛✲
t✐q✉❡s ✔ ❡♥ ✷✵✵✽ ❡t q✉❡ ❥✬❛✐ ré❞✐❣é ❡♥ ❣r❛♥❞❡ ♣❛rt✐❡✳ ❯♥❡ ✈❡rs✐♦♥ ♣ré❧✐♠✐♥❛✐r❡ ❛ été ♣✉❜❧✐é❡ à
❧❛ ❝♦♥❢ér❡♥❝❡ ❙②♠♣❛ ❡♥ ✷✵✵✻ ❬✹✹❪✳ ❉❡s ré❢ér❡♥❝❡s✱ ❞❡s❝r✐♣t✐♦♥s✱ ✈❛r✐❛t✐♦♥s ❡t ❝♦♠♣❛r❛✐s♦♥s à
❞✬❛✉tr❡s tr❛✈❛✉① ❛✉t♦✉r ❞❛♥s ❝❡ t❤è♠❡ ♦♥t été ❛❥♦✉té❡s t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

▲❡ ❝❤♦✐① ❞❡ ❞ét❛✐❧❧❡r ❝❡ tr❛✈❛✐❧ ❜✐❡♥ ♣❧✉s q✉❡ ❧❡s rés✉♠és ♣rés❡♥tés ♣ré❝é❞❡♠♠❡♥t ♠❡ s❡♠❜❧❡
❥✉st✐✜é ♣♦✉r ♣❧✉s✐❡✉rs r❛✐s♦♥s✳ ❈❡ tr❛✈❛✐❧ ✐❧❧✉str❡ très ❜✐❡♥ ♠❡s tr❛✈❛✉① s✉r ❧❡s ❞✐✛ér❡♥t❡s ❢❛❝❡tt❡s
❞❡ ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ♣rés❡♥té❡s ❡♥ ✐♥tr♦❞✉❝t✐♦♥✳ ❏✬❛✐ été ❢♦rt❡♠❡♥t ✐♠♣❧✐q✉é ❞❛♥s
t♦✉t❡s ❧❡s ét❛♣❡s ❞❡ ❝❡ tr❛✈❛✐❧ ✿ r❡❝❤❡r❝❤❡s✱ ❞é✈❡❧♦♣♣❡♠❡♥ts ❧♦❣✐❝✐❡❧s ❡t ♠❛tér✐❡❧s✱ ❡①♣ér✐♠❡♥✲
t❛t✐♦♥s ❡t ✈❛❧♦r✐s❛t✐♦♥✳ ❏❡ ♥✬✉t✐❧✐s❡ ♣❛s ❧❡s rés✉❧t❛ts ❞❡ ♠❡s ét✉❞✐❛♥ts ♠❛✐s ❜✐❡♥ ♠❡s ♣r♦♣r❡s
rés✉❧t❛ts✳

✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥

▲❡s s②stè♠❡s s✉r ♣✉❝❡s ❡♠❜❛rq✉❡♥t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❞❡ ❝❛❧❝✉❧s✳ ❊♥ ♣❧✉s ❞❡s ❛❞❞✐t✐♦♥♥❡✉rs
❡t ♠✉❧t✐♣❧✐❡✉rs r❛♣✐❞❡s✱ ❧❡ s✉♣♣♦rt ♠❛tér✐❡❧ ❞✬♦♣ér❛t✐♦♥s é✈♦❧✉é❡s ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ❝❡rt❛✐♥❡s
❛♣♣❧✐❝❛t✐♦♥s s♣é❝✐✜q✉❡s✳ ❉❡s ❛♣♣❧✐❝❛t✐♦♥s ❡♥ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧ ❡t ❞❡s ✐♠❛❣❡s ❡✛❡❝t✉❡♥t ❞❡s
❞✐✈✐s✐♦♥s✱ ✐♥✈❡rs❡s✱ r❛❝✐♥❡s ❝❛rré❡s ♦✉ r❛❝✐♥❡s ❝❛rré❡s ✐♥✈❡rs❡s✳ ❉✬❛✉tr❡s ❛♣♣❧✐❝❛t✐♦♥s ✉t✐❧✐s❡♥t ❞❡s
s✐♥✉s✱ ❝♦s✐♥✉s✱ ❡①♣♦♥❡♥t✐❡❧❧❡s ♦✉ ❧♦❣❛r✐t❤♠❡s ❝♦♠♠❡ ❡♥ ❣é♥ér❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ s✐❣♥❛✉① ❬✼✽❪✳

❉✐✛ér❡♥ts t②♣❡s ❞❡ ♠ét❤♦❞❡s s♦♥t ♣r♦♣♦sés ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s✳
❖♥ tr♦✉✈❡ ❞❛♥s ❬✽✸❪ ❧❡s ❜❛s❡s ❞✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❡s ♦♣ér❛t✐♦♥s
❝♦♠♠❡ ❧❛ ❞✐✈✐s✐♦♥✱ ❧✬✐♥✈❡rs❡✱ ❧❛ r❛❝✐♥❡ ❝❛rré❡ ❡t ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡✳ ❉❛♥s ❬✶✶✸❪✱ ❧❡s ♣r✐♥❝✐♣❛❧❡s
♠ét❤♦❞❡s ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s ✭sin✱ cos✱ exp✱ log✱ ❡t❝✳✮ s♦♥t ♣rés❡♥té❡s✳

P❛r♠✐ t♦✉t❡s ❧❡s ♠ét❤♦❞❡s ♣♦ss✐❜❧❡s✱ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s s♦♥t s♦✉✈❡♥t ✉t✐❧✐sé❡s✳
❊❧❧❡s ♣❡r♠❡tt❡♥t ❞✬é✈❛❧✉❡r ❡✣❝❛❝❡♠❡♥t ❧❛ ♣❧✉♣❛rt ❞❡s ❢♦♥❝t✐♦♥s q✉❡ ❧✬♦♥ tr♦✉✈❡ ❞❛♥s ❧❡s ❛♣♣❧✐✲
❝❛t✐♦♥s ❡♠❜❛rq✉é❡s s✉r ❞❡s ❙♦❈✳ ▲✬é✈❛❧✉❛t✐♦♥ ♣r❛t✐q✉❡ ❞✬✉♥ ♣♦❧②♥ô♠❡ s✬❡✛❡❝t✉❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s
❛❞❞✐t✐♦♥s ❡t ❞❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳ ▲❛ s✉r❢❛❝❡ ❞❡s ♠✉❧t✐♣❧✐❡✉rs ❡st s♦✉✈❡♥t très ✐♠♣♦rt❛♥t❡ ❞❛♥s
❧❡ ❝✐r❝✉✐t✳ ❈❡❝✐ ❧✐♠✐t❡ ❧❡ ❞❡❣ré ❞✉ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✱ ♦✉ ❛❧♦rs✱ ✐❧ ❢❛✉t r❡❝♦✉r✐r à ❞❡s
♦♣ér❛t❡✉rs q✉✐ ❡✛❡❝t✉❡♥t ♣❧✉s✐❡✉rs ✐tér❛t✐♦♥s ♣♦✉r ♣❛r✈❡♥✐r ❛✉ rés✉❧t❛t ✜♥❛❧✳

❊♥ s❡❝t✐♦♥ ✸✳✷✱ ♥♦✉s ♣rés❡♥t♦♥s ❧❡s ♥♦t❛t✐♦♥s✱ ❧✬ét❛t ❞❡ ❧✬❛rt ❞✉ ❞♦♠❛✐♥❡ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ✉♥
♦✉t✐❧ ré❝❡♥t ♣❡r♠❡tt❛♥t ❞❡ ❜♦r♥❡r ✜♥❡♠❡♥t ❧❡s ❡rr❡✉rs ✿ ❣❛♣♣❛ ❬✶✵✼❪✳ ❉❛♥s ❝❡ tr❛✈❛✐❧✱ ♥♦✉s ♠♦♥✲
tr♦♥s ❝♦♠♠❡♥t ♦❜t❡♥✐r ❞❡s ♦♣ér❛t❡✉rs s♣é❝✐✜q✉❡s ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♣❛r ❞❡s ❛♣♣r♦①✐✲
♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ♦♣t✐♠✐sé❡s✳ ▲❛ ♠ét❤♦❞❡✱ ♣r♦♣♦sé❡ ❡♥ s❡❝t✐♦♥ ✸✳✸✱ ✐♥t❡r✈✐❡♥t à ❞❡✉① ♥✐✈❡❛✉①

✻✶



♣♦✉r ré❛❧✐s❡r ❝❡tt❡ ♦♣t✐♠✐s❛t✐♦♥✳ ➚ ♣❛rt✐r ❞✉ ♠❡✐❧❧❡✉r ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ t❤é♦r✐q✉❡✱ ♥♦✉s
❞ét❡r♠✐♥♦♥s ❞❡s ❝♦❡✣❝✐❡♥ts ♣r♦♣✐❝❡s à ✉♥❡ ✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❡✣❝❛❝❡✳ ❊♥s✉✐t❡✱ ♥♦✉s ♠♦♥✲
tr♦♥s ❝♦♠♠❡♥t ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s ❡♥ ✉t✐❧✐s❛♥t ❣❛♣♣❛✳ ◆♦tr❡ ♠ét❤♦❞❡
♣❡r♠❡t ❞❡ ❝♦♥str✉✐r❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s à ❧❛ ❢♦✐s ❡✣❝❛❝❡s ❡t ❣❛r❛♥t✐❡s ♥✉♠ér✐q✉❡✲
♠❡♥t à ❧❛ ❝♦♥❝❡♣t✐♦♥✳ ❉❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ♠ét❤♦❞❡s ♣ré❝é❞❡♥t❡s✱ s❡✉❧❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥
ét❛✐t ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ♣♦✉r ❧✬♦♣t✐♠✐s❛t✐♦♥✳ ■❝✐✱ ❧✬❡rr❡✉r t♦t❛❧❡✱ ❛♣♣r♦①✐♠❛t✐♦♥ ❡t é✈❛❧✉❛t✐♦♥✱ ❡st
♦♣t✐♠✐sé❡✳ ❊♥✜♥✱ ♥♦✉s ✐❧❧✉str♦♥s ❡♥ s❡❝t✐♦♥ ✸✳✹ ❧✬✐♠♣❛❝t ❞❡ ♥♦s ♦♣t✐♠✐s❛t✐♦♥s ♣♦✉r q✉❡❧q✉❡s
❡①❡♠♣❧❡s ❞❡ ❢♦♥❝t✐♦♥s s✉r ❞❡s ❝✐r❝✉✐ts ❋P●❆✳

✸✳✷✳ ◆♦t❛t✐♦♥s ❡t ét❛t ❞❡ ❧✬❛rt

✸✳✷✳✶✳ ◆♦t❛t✐♦♥s

▲❛ r❡♣rés❡♥t❛t✐♦♥ ❡♥ ✈✐r❣✉❧❡ ✜①❡ ❡st ❧❛ ♣❧✉s ❝♦✉r❛♥t❡ ♣♦✉r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ tr❛✐t❡♠❡♥t ❞✉
s✐❣♥❛❧ ❡t ❞❡s ✐♠❛❣❡s✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s s✉♣♣♦s♦♥s t♦✉t❡s ❧❡s ✈❛❧❡✉rs r❡♣rés❡♥té❡s ❡♥ ✈✐r❣✉❧❡
✜①❡✳ ❯♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡ tr❛✈❛✐❧ à ❧❛ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ ❡st ❛ss❡③ s✐♠♣❧❡ ❡♥ ♣r❛t✐q✉❡ ❞✉ ❢❛✐t ❞❡s
❞♦♠❛✐♥❡s ❞❡ ❞é♣❛rt ❡t ❞✬❛rr✐✈é❡ ❞❡s ❢♦♥❝t✐♦♥s ❝✐❜❧❡s✳ ▲❛ ❢♦♥❝t✐♦♥ à é✈❛❧✉❡r ❡st f ♣♦✉r ❧✬❛r❣✉♠❡♥t
x ❞✉ ❞♦♠❛✐♥❡ [a, b]✳ ▲✬❛r❣✉♠❡♥t x ❡st ❞❛♥s ✉♥ ❢♦r♠❛t s✉r n ❜✐ts t❛♥❞✐s q✉❡ ❧❡ rés✉❧t❛t f(x) ❡st
s✉r m ❜✐ts✱ s♦✉✈❡♥t ♦♥ ❛ n ≈ m✳ ▲❡ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ p ✉t✐❧✐sé ♣♦✉r ❛♣♣r♦❝❤❡r f ❡st ❞❡
❞❡❣ré d✱ s❡s ❝♦❡✣❝✐❡♥ts s♦♥t ♥♦tés ✿ p0✱ p1✱✳ ✳ ✳ ✱ pd✳ ❖♥ ❛ ❞♦♥❝ p(x) =

∑d
i=0 pix

i✳ ▲❛ r❡♣rés❡♥t❛t✐♦♥
❜✐♥❛✐r❡ ❞❡s ✈❛❧❡✉rs ❡st ♥♦té❡ ()2✱ ♣❛r ❡①❡♠♣❧❡ (11.01)2 r❡♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ❞é❝✐♠❛❧❡ 3.25✳ ▲❛
♥♦t❛t✐♦♥ ❜✐♥❛✐r❡ s✐❣♥é❡ ❜♦rr♦✇✲s❛✈❡ ❡st ❛✉ss✐ ✉t✐❧✐sé❡ ♣♦✉r ❧❡s ❝♦❡✣❝✐❡♥ts ✭❝❢✳ s❡❝t✐♦♥ ✶✳✶✳✶ ♦✉ ❬✽✸❪✮✳

✸✳✷✳✷✳ ❊rr❡✉rs

▲✬❛r❣✉♠❡♥t x ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ❡①❛❝t✳ ▲✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ǫ❛♣♣ ❡st ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡
❧❛ ❢♦♥❝t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ f ❡t ❧❡ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ p ✉t✐❧✐sé ♣♦✉r ❛♣♣r♦❝❤❡r f ✳ P♦✉r
❞ét❡r♠✐♥❡r ❝❡tt❡ ❡rr❡✉r✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♥♦r♠❡ ✐♥✜♥✐❡ ❞é✜♥✐❡ ❝✐✲❛♣rès ❡t ❡st✐♠é❡ ♥✉♠ér✐q✉❡♠❡♥t
♣❛r ▼❛♣❧❡ ✭❢♦♥❝t✐♦♥ ✐♥❢♥♦r♠✮ ♦✉ ❙♦❧❧②❛ ❬✾✽❪✳

ǫ❛♣♣ = ||f − p||∞ = max
a≤x≤b

|f(x)− p(x)|.

❉✉ ❢❛✐t ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ✜♥✐❡ ❞❡s ❝❛❧❝✉❧s✱ ❞❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ s❡ ♣r♦❞✉✐s❡♥t ❛✉ ❝♦✉rs ❞❡ ❧✬é✈❛❧✉✲
❛t✐♦♥ ❞✉ ♣♦❧②♥ô♠❡ p ❡♥ ♠❛❝❤✐♥❡✳ ▲✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ǫ❡✈❛❧ ❡st ❞✉❡ à ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡s ❡rr❡✉rs
❞✬❛rr♦♥❞✐✳ ▼ê♠❡ s✐ ❧✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ❝♦♠♠✐s❡ ❧♦rs ❞✬✉♥❡ s❡✉❧❡ ♦♣ér❛t✐♦♥ ❡st t♦✉t❡ ♣❡t✐t❡ ✭✉♥❡
❢r❛❝t✐♦♥ ❞✉ ♣♦✐❞s ❞✉ ❞❡r♥✐❡r ❜✐t✮✱ ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❝❡s ❡rr❡✉rs ♣❡✉t ❞❡✈❡♥✐r ❝❛t❛str♦♣❤✐q✉❡ ❧♦rs
❞❡ ❧♦♥❣✉❡s sér✐❡s ❞❡ ❝❛❧❝✉❧s s✐ r✐❡♥ ♥✬❡st ♣ré✈✉ ♣♦✉r ❡♥ ❧✐♠✐t❡r ❧❡s ❡✛❡ts✳
▲✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ❡st très ❞✐✣❝✐❧❡ à ❜♦r♥❡r ✜♥❡♠❡♥t ❬✶✵✾❪✳ ▲❡ ♣r♦❜❧è♠❡ ❡st ❧✐é ❛✉ ❢❛✐t q✉❡

❝❡tt❡ ❡rr❡✉r ❞é♣❡♥❞ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡s ♦♣ér❛♥❞❡s✳ ❊❧❧❡ ❡st ❞♦♥❝ ❞✐✣❝✐❧❡ à ❝♦♥♥❛îtr❡ ❛ ♣r✐♦r✐✳ ❙♦✉✈❡♥t✱
♦♥ ❝♦♥s✐❞èr❡ ❧❡ ♣✐r❡ ❝❛s ❞✬❛rr♦♥❞✐ ♣♦✉r ❝❤❛q✉❡ ♦♣ér❛t✐♦♥✳ ❈✬❡st✲à✲❞✐r❡ ❧❛ ♣❡rt❡ ❞❡ ♣ré❝✐s✐♦♥
❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♠♦✐t✐é ❞✉ ❜✐t ❞❡ ♣♦✐❞s ❧❡ ♣❧✉s ❢❛✐❜❧❡ ✭1/2 ▲❙❇ ✭❧❡❛st s✐❣♥✐✜❝❛♥t ❜✐t✮ ❡♥ ❛rr♦♥❞✐
❛✉ ♣❧✉s ♣rès✮✳ ▲❛ ♣❡rt❡ ❞❡ ♣ré❝✐s✐♦♥ ❡st ❛✉ ♠❛①✐♠✉♠ ❞❡ 1 ▲❙❇ ❡♥ ❛rr♦♥❞✐ ❞✐r✐❣é✳ ❊♥ ✈✐r❣✉❧❡ ✜①❡✱
❝❡ q✉✐ s❡r❛ ♥♦tr❡ ❝❛s✱ ♦♥ ❛rr✐✈❡ à 1/2 ▲❙❇ ❞❡ ♣ré❝✐s✐♦♥ ❞✬❛rr♦♥❞✐ ❡♥ ✉t✐❧✐s❛♥t ❞❡s t❡❝❤♥✐q✉❡s ❞❡
❜✐❛✐s✳ P♦✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞✬✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré d ❡♥ ✉t✐❧✐s❛♥t ❧❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r ✭d ❛❞❞✐t✐♦♥s
❡t d ♠✉❧t✐♣❧✐❝❛t✐♦♥s✮✱ ❝❡tt❡ ❜♦r♥❡ ♣✐r❡ ❝❛s ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣❡rt❡ ❞❡ d ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✳ ◆♦✉s
❛❧❧♦♥s ✈♦✐r ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ♥♦✉s ♣♦✉✈♦♥s ❢❛✐r❡ ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❜✐❡♥ ♠♦✐♥s ♣❡ss✐♠✐st❡s ❡♥
✉t✐❧✐s❛♥t ❧✬♦✉t✐❧ ❣❛♣♣❛ ❞é✈❡❧♦♣♣é ♣❛r ●✳ ▼❡❧q✉✐♦♥❞ ✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✻✮✳
■❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ♠❡s✉r❡r ❛ ♣♦st❡r✐♦r✐ ❧✬❡rr❡✉r t♦t❛❧❡ ❝♦♠♠✐s❡ ♣♦✉r ✉♥❡ ✈❛❧❡✉r ♣❛rt✐❝✉❧✐èr❡

❞❡ ❧✬❡♥tré❡ x ❡♥ ✉t✐❧✐s❛♥t f(x)− output(p(x)) ♦ù output(p(x)) ❡st ❧❛ s♦rt✐❡ ré❡❧❧❡ ✭♣❤②s✐q✉❡ ♦✉

✻✷



s✐♠✉❧é❡ ♣❛r ✉♥ s✐♠✉❧❛t❡✉r ❛✉ ♥✐✈❡❛✉ ❜✐t✮ ❞❡ ❧✬♦♣ér❛t❡✉r✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ ❡st s♦✉✈❡♥t ✉t✐❧✐sé❡ ♣♦✉r
q✉❛❧✐✜❡r ❛ ♣♦st❡r✐♦r✐ ❧❛ ♣ré❝✐s✐♦♥ ❞✬♦♣ér❛t❡✉rs ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s ❡①❤❛✉st✐✈❡s ♦✉ ♣♦✉r ❧❡s ❡♥tré❡s
♠❡♥❛♥t ❛✉① ♣❧✉s ❣r❛♥❞❡s ❡rr❡✉rs ✶✳ ❉✬✉♥❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❞❡ q✉❛❧✐✜❝❛t✐♦♥ ❛
♣♦st❡r✐♦r✐ ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧ ❡st ❝♦ût❡✉s❡ ❡♥ t❡♠♣s ❞❡ s✐♠✉❧❛t✐♦♥ ❡t ❞❡ ❝♦♥❝❡♣t✐♦♥ s✬✐❧ ❢❛✉t
♠♦❞✐✜❡r ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s ❞❡s ♦♣ér❛t❡✉rs✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❡①♣r✐♠♦♥s ❧❡s ❡rr❡✉rs s♦✐t ❞✐r❡❝t❡♠❡♥t s♦✐t ❡♥ t❡r♠❡s ❞❡ ♣ré❝✐s✐♦♥ éq✉✐✈❛✲
❧❡♥t❡✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts nc ❥✉st❡s ♦✉ ❝♦rr❡❝ts éq✉✐✈❛❧❡♥ts à ✉♥❡ ❝❡rt❛✐♥❡ ❡rr❡✉r
ǫ ❛✈❡❝ nc = − log2 |ǫ| ♣♦✉r ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❢r❛❝t✐♦♥♥❛✐r❡ ❞✉ t②♣❡ x0.x1x2 . . . xn✳ ❈❡❝✐ s✐❣♥✐✜❡
❛✉ss✐ q✉❡ ❧♦rsq✉❡ ❧✬♦♥ ❛ nc ❜✐ts ❥✉st❡s✱ ❧✬❡rr❡✉r ❛❜s♦❧✉❡ ❝♦♠♠✐s❡ ❡st ❛❧♦rs ♣❧✉s ♣❡t✐t❡ q✉❡ 2−nc ✳ P❛r
❡①❡♠♣❧❡✱ ✉♥❡ ❡rr❡✉r ❞❡ 2.3× 10−3 ❡st éq✉✐✈❛❧❡♥t❡ à ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 8.7 ❜✐ts ❝♦rr❡❝ts✳ ❈❛❧❝✉❧❡r
❛✈❡❝ 12 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥ s✐❣♥✐✜❡ ❛✈♦✐r ✉♥❡ ❡rr❡✉r ❞✬❛✉ ♣❧✉s 2−12 = 0.00024414✳

✸✳✷✳✸✳ P♦❧②♥ô♠❡ ♠✐♥✐♠❛①

■❧ ❡①✐st❡ ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❬✶✶✸❪✳ ▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❡st✱ ❡♥
q✉❡❧q✉❡ s♦rt❡✱ ❧❡ ♠❡✐❧❧❡✉r ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦✉r ♥♦tr❡ ♣r♦❜❧è♠❡✳ ▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛①
❞❡ ❞❡❣ré d ♣♦✉r ❛♣♣r♦❝❤❡r f s✉r [a, b] ❡st ❧❡ ♣♦❧②♥ô♠❡ p∗ q✉✐ s❛t✐s❢❛✐t ✿

||f − p∗||∞ = min
p∈Pd

||f − p||∞,

♦ù Pd ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦❧②♥ô♠❡s à ❝♦❡✣❝✐❡♥ts ré❡❧s ❞❡ ❞❡❣ré ❛✉ ♣❧✉s d✳ ❈❡ ♣♦❧②♥ô♠❡ ♣❡✉t
êtr❡ ❞ét❡r♠✐♥é ♥✉♠ér✐q✉❡♠❡♥t ❣râ❝❡ à ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❘❡♠❡s ❬✶✷✶❪ ✭✐♠♣❧❛♥té ❞❛♥s ❧❛ ❢♦♥❝t✐♦♥
▼❛♣❧❡ ♠✐♥✐♠❛① ♦✉ ❞❛♥s ❧✬♦✉t✐❧ très ❡✣❝❛❝❡ ❙♦❧❧②❛✮✳ ▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❡st ❧❡ ♠❡✐❧❧❡✉r ❝❛r
♣❛r♠✐ t♦✉s ❧❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦ss✐❜❧❡s ❞❡ f s✉r [a, b]✱ ✐❧ ❡st ❝❡❧✉✐ q✉✐ ❛ ❧❛ ♣❧✉s
♣❡t✐t❡ ❞❡s ❡rr❡✉rs ♠❛①✐♠❛❧❡s ǫ❛♣♣ s✉r t♦✉t ❧✬✐♥t❡r✈❛❧❧❡✳ ❖♥ ♥♦t❡ ǫ∗❛♣♣ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉
♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❛✈❡❝ ǫ∗❛♣♣ = ||f − p∗||∞✳

▼❛✐s ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❡st ✉♥ ♣♦❧②♥ô♠❡ ✓ t❤é♦r✐q✉❡ ✔ ❝❛r s❡s ❝♦❡✣❝✐❡♥ts s♦♥t ❞❛♥s R

❡t ♦♥ s✉♣♣♦s❡ s♦♥ é✈❛❧✉❛t✐♦♥ ❡①❛❝t❡ ✭❝✬❡st✲à✲❞✐r❡ ❢❛✐t❡ ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✮✳ P♦✉r ♣♦✉✈♦✐r
é✈❛❧✉❡r ❝❡ ♣♦❧②♥ô♠❡ ❡♥ ♣r❛t✐q✉❡✱ ✐❧ ❢❛✉t ❢❛✐r❡ ❞❡✉① ♥✐✈❡❛✉① ❞✬❛♣♣r♦①✐♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡s
❞♦♥t ❧❡s ❡rr❡✉rs ♣❡✉✈❡♥t s❡ ❝✉♠✉❧❡r ❛✈❡❝ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ t❤é♦r✐q✉❡ ǫ∗❛♣♣ ✿

✕ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ p∗ ❞❡✈r♦♥t êtr❡ é❝r✐ts ❡♥ ♣ré❝✐s✐♦♥ ✜♥✐❡ ❞❛♥s ❧❡ ❢♦r♠❛t s✉♣♣♦rté ♣❛r ❧❡
❝✐r❝✉✐t ❀

✕ ❧❡s ❝❛❧❝✉❧s ♥é❝❡ss❛✐r❡s à s♦♥ é✈❛❧✉❛t✐♦♥ s❡r♦♥t ❡✛❡❝t✉és ❡♥ ♣ré❝✐s✐♦♥ ✜♥✐❡✳
❆❝t✉❡❧❧❡♠❡♥t✱ ✐❧ ♥✬❡①✐st❡ ♣❛s ❞❡ ♠ét❤♦❞❡ t❤é♦r✐q✉❡ ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❧❡ ♠❡✐❧❧❡✉r ♣♦❧②♥ô♠❡

❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ ♣r❛t✐q✉❡ ✭❝♦❡✣❝✐❡♥ts ❡t é✈❛❧✉❛t✐♦♥ ❞❛♥s ❧❛ ♣ré❝✐s✐♦♥ ❞✉ ❢♦r♠❛t ❝✐❜❧❡✮✳ ▼❛✐s
♥♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❞❛♥s ❧❛ s✉✐t❡ q✉❡ ❞✬✐♠♣♦rt❛♥t❡s ♦♣t✐♠✐s❛t✐♦♥s s♦♥t ❞é❥à ♣♦ss✐❜❧❡s ❛✈❡❝ ✉♥❡
♠ét❤♦❞❡ ❛ss❡③ s✐♠♣❧❡ ❡t ❞❡s ♦✉t✐❧s ❢❛❝✐❧❡♠❡♥t ❛❝❝❡ss✐❜❧❡s✳ ▲❛ ✜❣✉r❡ ✸✳✶ ✐❧❧✉str❡ ❧❛ ♣r♦❜❧é♠❛t✐q✉❡
❞❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♣r❛t✐q✉❡ ❞❡ ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ ♠❛tér✐❡❧✳

✸✳✷✳✹✳ ❱❡rs ❞❡s ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s

▲✬✉♥ ❞❡s ♣r♦❜❧è♠❡s ♣♦✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♣r❛t✐q✉❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ❡st ❧❡ ❢❛✐t
q✉❡ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ♥❡ s♦♥t ♣❛s r❡♣rés❡♥t❛❜❧❡s ❞❛♥s ❧❡ ❢♦r♠❛t ❝✐❜❧❡ ❡♥ ♣ré✲
❝✐s✐♦♥ ✜♥✐❡✳ ❈❡❝✐ ❡st ✈r❛✐ ❛✉ss✐ ♣♦✉r ❧❡s ❛✉tr❡s t②♣❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ✭❈❤❡❜②s❤❡✈✱
▲❡❣❡♥❞r❡✱ ❡t❝✳✮✱ ❝❢✳ ❬✶✶✸❪✳

P❛r ❡①❡♠♣❧❡✱ ♣r❡♥♦♥s ❧❛ ❢♦♥❝t✐♦♥ ex s✉r ❧✬✐♥t❡r✈❛❧❧❡ [1/2, 1] ❛✈❡❝ ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 2 ❡t
❞❡s ❝♦❡✣❝✐❡♥ts s✉r 10 ❜✐ts ❞♦♥t 1 ❡♥ ♣❛rt✐❡ ❡♥t✐èr❡✱ s♦✐t x = (x0.x1x2 . . . x9)2✳ ▲❡ ♣♦❧②♥ô♠❡

✶✳ ❈❡s ❡♥tré❡s ♣❛rt✐❝✉❧✐èr❡s ét❛♥t très ❞✐✣❝✐❧❡s à ❞ét❡r♠✐♥❡r ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✳
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♣ré❝✐s✐♦♥

❝♦ût ≈ t❡♠♣s×s✉r❢❛❝❡

p∗
❝❤♦✐① pi

❡rr❡✉rs ❛rr♦♥❞✐

r❡❝♦❞❛❣❡ pi

♠ét❤♦❞❡

❋✐❣✉r❡ ✸✳✶✳✿ ❘és✉♠é ❞✉ ♣r♦❜❧è♠❡ ❞✬✐♠♣❧❛♥t❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥ ♠❛tér✐❡❧

♠✐♥✐♠❛① tr♦✉✈é ❡st ✷ 1.116018832 + 0.535470996x + 1.065407154x2✱ ✐❧ ❝♦♥❞✉✐t à ✉♥❡ ♣ré❝✐s✐♦♥
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 9.4 ❜✐ts ❡♥✈✐r♦♥✳ ❈✬❡st ❧❛ ♠❡✐❧❧❡✉r❡ ♣ré❝✐s✐♦♥ ❛tt❡✐❣♥❛❜❧❡ ❛✈❡❝ ✉♥ ♣♦❧②♥ô♠❡
❞❡ ❞❡❣ré 2 s✉r [1/2, 1]✳ ❊♥ ❛rr♦♥❞✐ss❛♥t ❛✉ ♣❧✉s ♣rès ❧❡s 3 ❝♦❡✣❝✐❡♥ts ❞❡ ❝❡ ♣♦❧②♥ô♠❡ ❞❛♥s ❧❡
❢♦r♠❛t ❝✐❜❧❡✱ ♦♥ ❛ ❛❧♦rs 571

512 +
137
256x+

545
512x

2 ❡t ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 8.1 ❜✐ts✳ ❆♣rès
❛✈♦✐r t❡sté t♦✉s ❧❡s ♠♦❞❡s ❞✬❛rr♦♥❞✐ ♣♦ss✐❜❧❡s ♣♦✉r ❝❤❛❝✉♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❛♥s ❧❡ ❢♦r♠❛t ❝✐❜❧❡✱
♦♥ tr♦✉✈❡ q✉❡ ❧❡ ♠❡✐❧❧❡✉r ♣♦❧②♥ô♠❡ ❡st 571

512 +
275
512x+

545
512x

2 ♣♦✉r ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ 9.3 ❜✐ts✱ s♦✐t ✉♥ ❣❛✐♥ ❞❡ 1.2 ❜✐t ❞❡ ♣ré❝✐s✐♦♥✳ ■❧ s❡♠❜❧❡ ❞♦♥❝ q✉❡ ❧❡ ❝❤♦✐① ❞❡s ❝♦❡✣❝✐❡♥ts
r❡♣rés❡♥t❛❜❧❡s ❞❛♥s ❧❡ ❢♦r♠❛t ❝✐❜❧❡ s♦✐t ✉♥ é❧é♠❡♥t ✐♠♣♦rt❛♥t ♣♦✉r ♦❜t❡♥✐r ❞❡s ♦♣ér❛t❡✉rs ♣ré❝✐s✳
❉❛♥s ❧❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❞✐✛ér❡♥ts tr❛✈❛✉① ❞❡ r❡❝❤❡r❝❤❡ ♦♥t été ♠❡♥és ♣♦✉r ♦❜t❡♥✐r ❞❡s

✓ ❜♦♥s ✔ ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦✐❡♥t ❡①❛❝t❡♠❡♥t r❡♣rés❡♥t❛❜❧❡s ❞❛♥s
❧❡ ❢♦r♠❛t ❝✐❜❧❡✳ ◆♦✉s ❛✈♦♥s ♣❛rt✐❝✐♣é à ❝❡s tr❛✈❛✉① ❡♥ ✉t✐❧✐s❛♥t ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ✿ s♦✐t ❡♥
❞ét❡r♠✐♥❛♥t ❞✬❛ss❡③ ❜♦♥s ♣♦❧②♥ô♠❡s à ❧✬❛✐❞❡ ❞✬❡①♣❧♦r❛t✐♦♥s très s✐♠♣❧❡s ✭❝❢✳ s❡❝t✐♦♥ ✸✳✸ ♣❧✉s ❜❛s✮✱
s♦✐t ❡♥ ❡ss❛②❛♥t ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ♦✉ ❧❡s ♠❡✐❧❧❡✉rs ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♠❛✐s ❝❡tt❡ ❢♦✐s ❛✈❡❝
❞❡s ♠ét❤♦❞❡s ❜✐❡♥ ♣❧✉s ❝♦♠♣❧❡①❡s ❡t ❝♦ût❡✉s❡s ✭❝❢✳ s❡❝t✐♦♥ ✸✳✷✳✺ ❝✐✲❞❡ss♦✉s✮✳ ❆✉❥♦✉r❞✬❤✉✐✱ ❞❡s
♦✉t✐❧s ❝♦♠♠❡ ❙♦❧❧②❛ ❢♦✉r♥✐ss❡♥t ❞❡s rés✉❧t❛ts ❡✣❝❛❝❡s à ❧❛ ❢♦✐s ❡♥ ♣ré❝✐s✐♦♥ ❡t ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧
♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s ♣♦❧②♥ô♠❡s✳ ❈❡ q✉✐ ❡st ♣rés❡♥té ❝✐✲❞❡ss♦✉s ❛ été ❢❛✐t ❛✈❛♥t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t✱
ré❝❡♥t✱ ❞❡ ❝❡s ♦✉t✐❧s✳ ❉❡ ♣❧✉s✱ ❧❡s ♦✉t✐❧s ❝♦♠♠❡ ❙♦❧❧②❛ ♥❡ ♣r❡♥♥❡♥t ♣❛s ❡♥ ❝♦♠♣t❡ ❧❡s ❡rr❡✉rs
❞✬❛rr♦♥❞✐ ♥✐ ❧❡s ❝♦♥tr❛✐♥t❡s ❞✬✐♠♣❧❛♥t❛t✐♦♥✳
❆✈❡❝ ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥ ❡t ❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡ ❝❛s ❞❡ ♣♦❧②♥ô♠❡s ♦ù

♣♦✉r ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❞❡❣ré s✉♣ér✐❡✉r à ✉♥✱ ✐❧ ② ❛✱ ❛✉ ♣❧✉s✱ tr♦✐s ❝❤✐✛r❡s ♥♦♥ ♥✉❧s✳ ❈❡❝✐ ♣❡r♠❡t
❞✬✉t✐❧✐s❡r ❧❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s tr♦♥q✉é❡s ❡t ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡s ♣✉✐ss❛♥❝❡s ❡♥t✐èr❡s ♣rés❡♥té❡s✱
r❡s♣❡❝t✐✈❡♠❡♥t✱ ❛✉① s❡❝t✐♦♥s ✷✳✻✳✷ ❡t ✷✳✻✳✸✳ ▲❡s rés✉❧t❛ts ❞❡ ❝❡ tr❛✈❛✐❧ ♦♥t été ♣✉❜❧✐és ❞❛♥s ❧❛
❝♦♥❢ér❡♥❝❡ ❆❙❆P ✷✵✵✺ ❬✹✶❪✳ ◆♦✉s ❛✈♦♥s r❡ç✉ ❧❡ ♣r✐① ❞✉ ♠❡✐❧❧❡✉r ♣❛♣✐❡r ❞❡ ❝❡tt❡ ❝♦♥❢ér❡♥❝❡✳

✸✳✷✳✺✳ ●é♥ér❛t✐♦♥ ❞❡s ♠❡✐❧❧❡✉rs ❛♣♣r♦①✐♠❛♥ts

❆✈❡❝ ◆✐❝♦❧❛s ❇r✐s❡❜❛rr❡ ❡t ❏❡❛♥✲▼✐❝❤❡❧ ▼✉❧❧❡r✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé✱ ❞❛♥s ❬✶✹❪✱ ✉♥❡ ♠ét❤♦❞❡
❜❛sé❡ s✉r ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❡♥ ✉♥ ♣r♦❜❧è♠❡ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥ ♥♦♠❜r❡s ❡♥t✐❡rs✳ ▲❡s
❝♦❡✣❝✐❡♥ts ❞❡s ♣♦❧②♥ô♠❡s s♦♥t r❡♣rés❡♥tés ♣❛r ❞❡s r❛t✐♦♥♥❡❧s ❞♦♥t ❧❡ ❞é♥♦♠✐♥❛t❡✉r ❡st ✉♥❡

✷✳ ❊♥ ❛rr♦♥❞✐ss❛♥t ❧❡s ❝♦❡✣❝✐❡♥ts t❤é♦r✐q✉❡s s✉r ✶✵ ❝❤✐✛r❡s ❞é❝✐♠❛✉① s♦✐t ❡♥✈✐r♦♥ ✸✷ ❜✐ts✳
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♣✉✐ss❛♥❝❡ ❞❡ 2 ✭2n ♣♦✉r ✉♥ ❢♦r♠❛t ❢r❛❝t✐♦♥♥❛✐r❡ s✉r n ❜✐ts✮✳ ❯♥ ♣♦❧②t♦♣❡ ❡st ❝♦♥str✉✐t à ♣❛rt✐r
❞❡s ❝♦♥tr❛✐♥t❡s ✭❧❡s t❛✐❧❧❡s✮ s✉r t♦✉s ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡✳ ❈❤❛q✉❡ ♣♦✐♥t ❞✉ ♣♦❧②t♦♣❡ ❡st
❛❧♦rs ✉♥ ♣♦❧②♥ô♠❡ ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s✬é❝r✐✈❡♥t ❛✈❡❝ ❧❡s t❛✐❧❧❡s s♦✉❤❛✐té❡s✳ ▼❛✐s s❡✉❧s ❝❡rt❛✐♥s
❞❡ ❝❡s ♣♦❧②♥ô♠❡s s♦♥t ❞❡s ✓ ❜♦♥s ✔ ♣♦❧②♥ô♠❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ f ✳ ▲❛ ❧✐st❡ ❞❡s ♣♦❧②♥ô♠❡s
rés✉❧t❛ts ❡st ✜❧tré❡ ❡♥ ❞❡✉① ♣❤❛s❡s✳ ▲✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡st ♠❡s✉ré❡ ❡♥ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡
❞❡ ♣♦✐♥ts ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ♣♦✉r ❝❤❛q✉❡ ♣♦✐♥t ✭♣♦❧②♥ô♠❡✮ ♣♦ss✐❜❧❡ ❞✉ ♣♦❧②t♦♣❡✳ ▲❡ ♣❛r❝♦✉rs ❞✉
♣♦❧②t♦♣❡ ❞♦♥♥❡ ✉♥❡ ❧✐st❡ ❞❡ ♣♦❧②♥ô♠❡s ♣♦✉r ❧❡sq✉❡❧s ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❛ ❢♦♥❝t✐♦♥ ❡t ❧❡ ♣♦❧②♥ô♠❡
t❡sté ❡st ♣❧✉s ♣❡t✐t❡ q✉✬✉♥ s❡✉✐❧ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♣♦✐♥ts ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡✳ ❈❡tt❡ ♣r❡♠✐èr❡ ❧✐st❡ ❞❡
♣♦❧②♥ô♠❡s ❡st ❡♥s✉✐t❡ tr❛✐té❡ ♣♦✉r ❞ét❡r♠✐♥❡r ♥✉♠ér✐q✉❡♠❡♥t ❧❡s ♥♦r♠❡s ✐♥✜♥✐❡s ❡♥tr❡ ❝❤❛❝✉♥
❞❡s ♣♦❧②♥ô♠❡s ❞❡ ❧❛ ❧✐st❡ ❡t ❧❛ ❢♦♥❝t✐♦♥✳ ❈❡tt❡ ♠ét❤♦❞❡✱ sé❞✉✐s❛♥t❡ s✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✱ ♣rés❡♥t❡
❞❡s t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❧❡ ✈♦❧✉♠❡ ❞❡ ♠é♠♦✐r❡ ♥é❝❡ss❛✐r❡s ✐♠♣♦rt❛♥ts✳
❉❛♥s ❬✶✸❪ ❡t ❬✶✺❪✱ ❛✈❡❝ ❙❡r❣❡ ❚♦rr❡s✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té❡ ❞❛♥s ❬✶✹❪ ♣♦✉r ♣r♦❞✉✐r❡

❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ❝r❡✉① ✭❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡ ✵✮ ♣♦✉r ❞❡s ♣❡t✐ts
❞❡❣rés ✭3 ♦✉ 4✮✳ ❚♦✉t❡❢♦✐s✱ ❞✉ ❢❛✐t ❞❡s é♥♦r♠❡s ❜❡s♦✐♥s ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❡t ❡♥ ♠é♠♦✐r❡ ❞❡ ❧❛
♠ét❤♦❞❡ ❞❡ ❬✶✹❪✱ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s tr♦✉✈é❡s s♦♥t ❧✐♠✐té❡s à ✉♥❡ ❞♦✉③❛✐♥❡ ❞❡ ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✳
❉❡ ♣❧✉s✱ s❡✉❧❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡st ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳
❈❡ tr❛✈❛✐❧ s✬❡st ❢❛✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧✬éq✉✐♣❡ ❆ré♥❛✐r❡ ❡t ❧❡ ❧❛❜♦r❛t♦✐r❡

▲❆r❆▲ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❙t✲➱t✐❡♥♥❡✳ ❊❧❧❡ ét❛✐t s♦✉t❡♥✉❡ ✜♥❛♥❝✐èr❡♠❡♥t ♣❛r ❧❡ ♣r♦❥❡t ●❆❆P
●é♥ér❛t✐♦♥ ❆✉t♦♠❛t✐q✉❡ ❞✬❆♣♣r♦①✐♠❛♥ts P♦❧②♥♦♠✐❛✉① ❡✣❝❛❝❡s ❡♥ ♠❛❝❤✐♥❡ ❞❡ ❧✬❆❈■ ◆♦✉✈❡❧❧❡s
■♥t❡r❢❛❝❡s ❞❡s ▼❛t❤é♠❛t✐q✉❡s ♣♦✉r ❧❛ ♣ér✐♦❞❡ ✷✵✵✹✕✷✵✵✼✳

✸✳✷✳✻✳ ❖✉t✐❧s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❜♦r♥❡s ❞✬❡rr❡✉r ❣❧♦❜❛❧❡

▲✬ét✉❞❡ ❞❡ ♠ét❤♦❞❡s ♣♦✉r ❜♦r♥❡r ✜♥❡♠❡♥t ❧❡s ❡rr❡✉rs ❞❡ ❝❛❧❝✉❧ ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡
très ❛❝t✐❢ ❞❡♣✉✐s q✉❡❧q✉❡s ❛♥♥é❡s✳ ❉❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞✉ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✱ ❞❡s ♠ét❤♦❞❡s ❛s✲
s✐♠✐❧❛♥t ❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐ à ❞✉ ❜r✉✐t s♦♥t ✉t✐❧✐sé❡s ❛✈❡❝ s✉❝❝ès ❬✶✵✾❪✳ ❉✐✛ér❡♥ts ♦✉t✐❧s ♦♥t
été ❞é✈❡❧♦♣♣és ♣♦✉r ❧❡ ❝❛❧❝✉❧ s❝✐❡♥t✐✜q✉❡ ❡♥ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡✳ P❛r ❡①❡♠♣❧❡✱ ❋❧✉❝t✉❛t ❬✾✵❪ ❡st
✉♥ ❛♥❛❧②s❡✉r st❛t✐q✉❡ ❞❡ ❝♦❞❡ q✉✐ ♣❡r♠❡t ❞❡ ❞ét❡❝t❡r ❝❡rt❛✐♥❡s ♣❡rt❡s ❞❡ ♣ré❝✐s✐♦♥ s✉r ❞❡s ♣r♦✲
❣r❛♠♠❡s ✢♦tt❛♥ts✳ ▲❡ ❧♦❣✐❝✐❡❧ ❈❛❞♥❛ ❬✼✼❪ ✐♠♣❧❛♥t❡ ✉♥❡ ♠ét❤♦❞❡ st♦❝❤❛st✐q✉❡ ♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡
❧❛ ♣ré❝✐s✐♦♥ ♠♦②❡♥♥❡ ❞❡s ♣r♦❣r❛♠♠❡s ✢♦tt❛♥ts ♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡✳
▲❡ ❧♦❣✐❝✐❡❧ ❣❛♣♣❛ ❬✶✵✼❪✱ ❞é✈❡❧♦♣♣é ♣❛r ●✉✐❧❧❛✉♠❡ ▼❡❧q✉✐♦♥❞✱ ♣❡r♠❡t ❞✬é✈❛❧✉❡r ❡t ❞❡ ♣r♦✉✈❡r

✭❡♥ ✉t✐❧✐s❛♥t ❧✬❛ss✐st❛♥t ❞❡ ♣r❡✉✈❡s ❝♦q✮ ❞❡s ♣r♦♣r✐étés ♠❛t❤é♠❛t✐q✉❡s s✉r ❞❡s ♣r♦❣r❛♠♠❡s
♥✉♠ér✐q✉❡s✳ ▲❛ ❝❛r❛❝tér✐st✐q✉❡ ✐♥tér❡ss❛♥t❡ ❞❡ ❣❛♣♣❛ ❞❛♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❡st s❛ ❝❛♣❛❝✐té à
❜♦r♥❡r ✜♥❡♠❡♥t ❧❡s ❡rr❡✉rs ❞❡ ❝❛❧❝✉❧ ♦✉ à ♠♦♥tr❡r q✉❡ ❞❡s ❜♦r♥❡s s♦♥t ❡♥ ❞❡ss♦✉s ❞✬✉♥ ❝❡rt❛✐♥
s❡✉✐❧✳
❱♦✐❝✐ ✉♥ ❡①❡♠♣❧❡ s✐♠♣❧❡ ❞❡s ♣♦ss✐❜✐❧✐tés ❞❡ ❣❛♣♣❛ s✉r ❧❛ ❢♦♥❝t✐♦♥ ex s✉r [1/2, 1]✳ ❖♥ s✉♣✲

♣♦s❡ t♦✉s ❧❡s ❝❛❧❝✉❧s ❡✛❡❝t✉és ❡♥ ✈✐r❣✉❧❡ ✜①❡ s✉r ✶✵ ❜✐ts ❞♦♥t ✶ ❡♥ ♣❛rt✐❡ ❡♥t✐èr❡✳ ▲❡ ♣♦❧②♥ô♠❡
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ✉t✐❧✐sé ❡st p(x) = 571

512 +
275
512x+ 545

512x
2✱ s♦♥ é✈❛❧✉❛t✐♦♥ s❡ ❞é❝r✐t ❛✐♥s✐ ❡♥ ❣❛♣♣❛ ✿

✶ ♣✵ ❂ ✺✼✶✴✺✶✷❀ ♣✶ ❂ ✷✼✺✴✺✶✷❀ ♣✷ ❂ ✺✹✺✴✺✶✷❀

✷ ① ❂ ❢✐①❡❞❁✲✾✱❞♥❃✭▼①✮❀

✸ ①✷ ❢✐①❡❞❁✲✾✱❞♥❃❂ ① ✯ ①❀

✹ ♣ ❢✐①❡❞❁✲✾✱❞♥❃❂ ♣✷ ✯ ①✷ ✰ ♣✶ ✯ ① ✰ ♣✵❀

✺ ▼♣ ❂ ♣✷ ✯ ✭▼①✯▼①✮ ✰ ♣✶ ✯ ▼① ✰ ♣✵❀

✻ ④ ▼① ✐♥ ❬✵✳✺ ✱✶❪ ✴❭ ⑤▼♣✲▼❢⑤ ✐♥ ❬✵ ✱✵✳✵✵✶✸✽✺❪

✼ ✲❃ ⑤♣✲▼❢⑤ ✐♥ ❄ ⑥

▲❛ ❧✐❣♥❡ ✶ s♣é❝✐✜❡ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ✭❝❤♦✐s✐s r❡♣rés❡♥t❛❜❧❡s ❞❛♥s ❧❡ ❢♦r♠❛t ❝♦♥s✐❞✲
éré✮✳ P❛r ❝♦♥✈❡♥t✐♦♥ ❞❛♥s ❧❛ s✉✐t❡✱ ❧❡s ♥♦♠s ❞❡ ✈❛r✐❛❜❧❡s q✉✐ ❝♦♠♠❡♥❝❡♥t ♣❛r ✉♥ ▼ ♠❛❥✉s❝✉❧❡

✻✺



r❡♣rés❡♥t❡♥t ❧❡s ✈❛❧❡✉rs ♠❛t❤é♠❛t✐q✉❡s ✭❡♥ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✮✱ ❡t t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❡♥ ♠✐♥✉s❝✉❧❡s
r❡♣rés❡♥t❡♥t ❞❡s ✈❛r✐❛❜❧❡s ❞✉ ♣r♦❣r❛♠♠❡ ✭❞❡s ❡♥tré❡s✴s♦rt✐❡s ♦✉ ❞❡s r❡❣✐str❡s ✐♥t❡r♠é❞✐❛✐r❡s✮✳
▲❛ ❧✐❣♥❡ ✷ ✐♥❞✐q✉❡ q✉❡ ① ❡st ❧❛ ✈❡rs✐♦♥ ❝✐r❝✉✐t ❞❡ ❧✬❛r❣✉♠❡♥t ♠❛t❤é♠❛t✐q✉❡ ▼① ✭❡♥ ♣ré❝✐s✐♦♥
✐♥✜♥✐❡✮✳ ▲❛ ❝♦♥str✉❝t✐♦♥ ❢✐①❡❞❁✲✾✱❞♥❃ ✐♥❞✐q✉❡ q✉❡ ❧✬♦♥ tr❛✈❛✐❧❧❡ ❡♥ ✈✐r❣✉❧❡ ✜①❡ ❛✈❡❝ ❧❡ ▲❙❇ ❞❡
♣♦✐❞s 2−9 ❡t ❧✬❛rr♦♥❞✐ ✈❡rs ❧❡ ❜❛s ❞♥ ✭tr♦♥❝❛t✉r❡✮✳ ▲❛ ❧✐❣♥❡ ✸ ✐♥❞✐q✉❡ q✉❡ ❧❛ ✈❛r✐❛❜❧❡ ①✷ ❡st ❧❛
✈❡rs✐♦♥ ❝❛❧❝✉❧é❡ ❞❛♥s ❧❡ ❝✐r❝✉✐t ❞❡ x2✳ ▲❛ ❧✐❣♥❡ ✹ ❞é❝r✐t ❝♦♠♠❡♥t ❧❡ ♣♦❧②♥ô♠❡ ❡st é✈❛❧✉é ❡♥ ♣r❛✲
t✐q✉❡ ❞❛♥s ❧❡ ❝✐r❝✉✐t t❛♥❞✐s q✉❡ ❧❛ ❧✐❣♥❡ ✺ ❞é❝r✐t s♦♥ é✈❛❧✉❛t✐♦♥ t❤é♦r✐q✉❡ ✭❡♥ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡ ❝❛r
s❛♥s ❧✬♦♣ér❛t❡✉r ❞✬❛rr♦♥❞✐ ❢✐①❡❞❁✳✱✳❃✮✳ ❊♥✜♥✱ ❧❡s ❧✐❣♥❡s ✻ ❡t ✼ ✐♥❞✐q✉❡♥t ❧❛ ♣r♦♣r✐été ❝❤❡r❝❤é❡
✭❡♥tr❡ ❛❝❝♦❧❛❞❡s✮✳ ▲❡s ❤②♣♦t❤ès❡s s♦♥t ❡♥ ♣❛rt✐❡ ❣❛✉❝❤❡ ❞✉ s✐❣♥❡ ✲❃✱ ❡❧❧❡s ✐♥❞✐q✉❡♥t q✉❡ ❧❛ ✈❛❧❡✉r
♠❛t❤é♠❛t✐q✉❡ ❞❡ x ❡st ❞❛♥s [1/2, 1] ❡t q✉❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡♥tr❡ ❧❡ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✲
✐♠❛t✐♦♥ ▼♣ ✭s❛♥s ❡rr❡✉r ❞✬❛rr♦♥❞✐✮ ❡t ❧❛ ❢♦♥❝t✐♦♥ ♠❛t❤é♠❛t✐q✉❡ ▼❢ ✭❧❛ ❢♦♥❝t✐♦♥ ❝✐❜❧❡ t❤é♦r✐q✉❡
s❛♥s ❛✉❝✉♥❡ ❡rr❡✉r✮ ❡st ✐♥❢ér✐❡✉r❡ ♦✉ é❣❛❧❡ à 0.001385 ✭✈❛❧❡✉r ❢♦✉r♥✐❡ ♣❛r ▼❛♣❧❡✮✳ ▲❛ ♣❛rt✐❡
❞r♦✐t❡ ❞✉ s✐❣♥❡ ✲❃ ✐♥❞✐q✉❡ q✉❡ ❧✬♦♥ ❞❡♠❛♥❞❡ à ❣❛♣♣❛ ❞❡ ♥♦✉s ❞✐r❡ ❞❛♥s q✉❡❧ ✐♥t❡r✈❛❧❧❡ ✭✐♥ ❄✮ ❡st
❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❛ ✈❛❧❡✉r é✈❛❧✉é❡ ❞❛♥s ❧❡ ❝✐r❝✉✐t ❞✉ ♣♦❧②♥ô♠❡ ♣ ❡t ❧❛ ❢♦♥❝t✐♦♥ ♠❛t❤é♠❛t✐q✉❡✱
❡♥ ✐♥❝❧✉❛♥t ❡rr❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ❞✬é✈❛❧✉❛t✐♦♥ ✭❛rr♦♥❞✐s✮✳
▲❡ rés✉❧t❛t r❡t♦✉r♥é ♣❛r ❣❛♣♣❛ ✭✈❡rs✐♦♥ s✉♣ér✐❡✉r❡ ♦✉ é❣❛❧❡ à ✵✳✻✳✶✮ ♣♦✉r ❝❡ ❝❛❧❝✉❧ ❡st ✿

❘❡s✉❧ts ❢♦r ▼① ✐♥ ❬✵✳✺✱ ✶❪ ❛♥❞ ⑤▼♣ ✲ ❋⑤ ✐♥ ❬✵✱ ✵✳✵✵✶✸✽✺❪✿

⑤♣ ✲ ❋⑤ ✐♥ ❬✵✱ ✷✸✷✵✶✵✻✸✺✾✺✾✸✺✸✾✵✺❜✲✻✹ ④✵✳✵✶✷✺✼✼✸✱ ✷❫✭✲✻✳✸✶✸✵✸✮⑥❪

❆♣rès ❛✈♦✐r ré♣été ❧❡s ❤②♣♦t❤ès❡s✱ ❣❛♣♣❛ ✐♥❞✐q✉❡ q✉✬✐❧ ❛ tr♦✉✈é ✉♥❡ ❜♦r♥❡ ♣♦✉r |p−f | ❡t q✉✬✐❧
② ❛ ❛✉ ♠♦✐♥s 6.31 ❜✐ts ❝♦rr❡❝ts✳
❊♥ ♠♦❞✐✜❛♥t ❧❡s ❧✐❣♥❡s ✸ à ✺ ♣❛r ❧❡s ❧✐❣♥❡s s✉✐✈❛♥t❡s✱ ♦♥ ❝❤❡r❝❤❡ ❧✬❡rr❡✉r t♦t❛❧❡ ❝♦♠♠✐s❡ ❡♥

✉t✐❧✐s❛♥t ❧❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r✱ ❣❛♣♣❛ ✐♥❞✐q✉❡ ❛❧♦rs ✉♥❡ ♣ré❝✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡ 6.57 ❜✐ts✳

✸ ②✶ ❢✐①❡❞❁✲✾✱❞♥❃❂ ♣✷ ✯ ① ✰ ♣✶❀

✹ ♣ ❢✐①❡❞❁✲✾✱❞♥❃❂ ②✶ ✯ ① ✰ ♣✵❀

✺ ▼♣ ❂ ✭♣✷ ✯ ▼① ✰ ♣✶✮ ✯ ▼① ✰ ♣✵❀

✸✳✸✳ ▼ét❤♦❞❡ ❞✬♦♣t✐♠✐s❛t✐♦♥ ♣r♦♣♦sé❡

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s ♣rés❡♥t♦♥s r❛♣✐❞❡♠❡♥t ❧❛ ♠ét❤♦❞❡✱ ❡♥s✉✐t❡ ♥♦✉s ❞♦♥♥♦♥s ❞❡s
❞ét❛✐❧s s✉r ❝❤❛❝✉♥❡ ❞❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ❡t ❧❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡s ♦✉t✐❧s ♥é❝❡ss❛✐r❡s✳
▲❡s ❞♦♥♥é❡s ♥é❝❡ss❛✐r❡s ❡♥ ❡♥tré❡ ❞❡ ❧❛ ♠ét❤♦❞❡ s♦♥t ✿
✕ f ❧❛ ❢♦♥❝t✐♦♥ à é✈❛❧✉❡r ❀
✕ [a, b] ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧✬❛r❣✉♠❡♥t x ❀
✕ ❧❡ ❢♦r♠❛t ❞❡ ❧✬❛r❣✉♠❡♥t x ✭♥♦♠❜r❡ ❞❡ ❜✐ts nx✮ ❀
✕ µ ❧✬❡rr❡✉r t♦t❛❧❡ ♠❛①✐♠❛❧❡ ❝✐❜❧❡ ✭❞♦♥♥é❡ ❡♥ ❡rr❡✉r ❛❜s♦❧✉❡✮✳
▲❡s ♣❛r❛♠ètr❡s ❞ét❡r♠✐♥és ♣❛r ❧❛ ♠ét❤♦❞❡ s♦♥t ✿
✕ d ❧❡ ❞❡❣ré ❞✉ ♣♦❧②♥ô♠❡ à ✉t✐❧✐s❡r ❀
✕ p0✱ p1✱ p2✱✳ ✳ ✳ ✱ pd ❧❡s ✈❛❧❡✉rs ❞❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ r❡♣rés❡♥t❛❜❧❡s ❞❛♥s ❧❡ ❝✐r❝✉✐t ❀
✕ n ❧❛ t❛✐❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r r❡♣rés❡♥t❡r ❧❡s ❝♦❡✣❝✐❡♥ts ❀
✕ n′ ❧❛ t❛✐❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ❝❛❧❝✉❧s ✸✳
◆♦tr❡ ♠ét❤♦❞❡ s❡ rés✉♠❡ ❛✉① ✸ ét❛♣❡s ❝✐✲❞❡ss♦✉s ❛✈❡❝ ❞❡s r❡t♦✉rs ♣♦ss✐❜❧❡s à ✉♥❡ ét❛♣❡

❛♥tér✐❡✉r❡ ✭r❡❜♦✉❝❧❛❣❡✮ ❞❛♥s ❝❡rt❛✐♥s ❝❛s ✿

✸✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❞❛♥s ❝❡rt❛✐♥s ❝❛s✱ ♣r❡♥❞r❡ n ❡t n′ ❧é❣èr❡♠❡♥t ❞✐✛ér❡♥ts ♣❡✉t ❛✐❞❡r à ❧✐♠✐t❡r ❧❛ t❛✐❧❧❡ ❞✉
❝✐r❝✉✐t✳

✻✻



➱t❛♣❡ ✶ ✿ ❝❛❧❝✉❧ ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛①
❖♥ ❝❤❡r❝❤❡ p∗ ❞❡ ❞❡❣ré d ❧❡ ♣❧✉s ♣❡t✐t ♣♦ss✐❜❧❡ t❡❧ q✉❡ ǫ∗❛♣♣ < µ ❛✈❡❝ ǫ∗❛♣♣ = ||f−p∗||∞✳ ❈❡tt❡
♣r❡♠✐èr❡ ♣❤❛s❡ ❞♦♥♥❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ǫ∗❛♣♣ ♠✐♥✐♠❛❧❡ ❛tt❡✐❣♥❛❜❧❡ ❡♥ s✉♣♣♦s❛♥t
t♦✉s ❧❡s ❝❛❧❝✉❧s ❢❛✐ts ❡t ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥tés ❡♥ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✳

➱t❛♣❡ ✷ ✿ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ à ✐♠♣❧❛♥t❡r ❡t ❞❡ ❧❡✉r t❛✐❧❧❡
❖♥ ❝❤❡r❝❤❡ ✐❝✐ à ❧❛ ❢♦✐s ❧❡s pi ❡t ❧❡✉r t❛✐❧❧❡ ♠✐♥✐♠❛❧❡ n t❡❧❧❡ q✉❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥
ǫ❛♣♣ ❞✉ ♣♦❧②♥ô♠❡ p ✉t✐❧✐sé ✭p(x) =

∑d
i=0 pix

i✮ s♦✐t str✐❝t❡♠❡♥t ✐♥❢ér✐❡✉r❡ à µ✳

➱t❛♣❡ ✸ ✿ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s
❖♥ ❝❤❡r❝❤❡ n′ ❧❛ t❛✐❧❧❡ ♠✐♥✐♠❛❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ❞❡ ❧✬ét❛❣❡ ❞❡ ❍♦r♥❡r ♣♦✉r ❡✛❡❝t✉❡r
❧❡s ❝❛❧❝✉❧s✳ ❈❡tt❡ ❞❡r♥✐èr❡ ♣❤❛s❡ ❞♦♥♥❡ ❧✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ǫ❡✈❛❧ q✉✐ ✐♥tè❣r❡ ❧❡s ❡rr❡✉rs
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐✳ ▲❛ ✈❛❧❡✉r ❞❡ n′ tr♦✉✈é❡ ❣❛r❛♥t✐t q✉❡ ǫ❡✈❛❧ < µ✳

❉❛♥s ❝❡rt❛✐♥s ❝❛s✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥ à ✉♥❡ ét❛♣❡✳ ■❧ ❢❛✉t ❛❧♦rs r❡❜♦✉❝❧❡r à ❧✬ét❛♣❡ ♣ré❝é✲
❞❡♥t❡ ♣♦✉r ❡ss❛②❡r ❞✬❛✉tr❡s s♦❧✉t✐♦♥s✳
❉✐✛ér❡♥ts t②♣❡s ❞❡ r❡❜♦✉❝❧❛❣❡s s♦♥t ♣♦ss✐❜❧❡s✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ✜♥ ❞❡ ❞❡✉①✐è♠❡ ét❛♣❡✱ ♦♥ ♣❡✉t

♥❡ ♣❛s tr♦✉✈❡r ❞❡s ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s ♣♦✉r ❣❛r❛♥t✐r ǫ❛♣♣ < µ✳ ❈❡❝✐ s❡ ♣r♦❞✉✐t ❧♦rsq✉❡
❧❛ ✓ ♠❛r❣❡ ✔ ❡♥tr❡ ǫ∗❛♣♣ ❡t µ ét❛✐t tr♦♣ ❢❛✐❜❧❡ à ❧❛ ♣r❡♠✐èr❡ ét❛♣❡✳ ■❧ ❢❛✉t ❞♦♥❝ r❡t♦✉r♥❡r à ❧❛
♣r❡♠✐èr❡ ét❛♣❡ ♣♦✉r ❡ss❛②❡r ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ♣❧✉s ❣r❛♥❞ d← d+ 1✳
❯♥ ❛✉tr❡ t②♣❡ ❝❧❛ss✐q✉❡ ❞❡ r❡❜♦✉❝❧❛❣❡ ✐♥t❡r✈✐❡♥t à ❧❛ ✜♥ ❞❡ ❧❛ ❞❡r♥✐èr❡ ét❛♣❡✳ ❙✐ ❧❛ t❛✐❧❧❡ n′

tr♦✉✈é❡ ❡st ❥✉❣é❡ tr♦♣ ❣r❛♥❞❡ ❞❡✈❛♥t n✱ ✐❧ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t ❞❡ r❡✈❡♥✐r à ❧❛ ❞❡✉①✐è♠❡ ét❛♣❡
♣♦✉r ❡ss❛②❡r ✉♥ n ♣❧✉s ❣r❛♥❞✳ ❈❡❝✐ ♣❡r♠❡t ❞✬❛✈♦✐r ǫ❛♣♣ ♣❧✉s ♣❡t✐t ❡t ❞♦♥❝ ♣❧✉s ❞❡ ♠❛r❣❡ ♣♦✉r
❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐✳
▲❛ ❞é❝✐s✐♦♥ ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s r❡❜♦✉❝❧❛❣❡s ❡st ♣✉r❡♠❡♥t ❤❡✉r✐st✐q✉❡✳ ◆♦✉s ❛❧❧♦♥s ❧✬✐❧❧✉str❡r

s✉r ❧❡s ❡①❡♠♣❧❡s ❡♥ s❡❝t✐♦♥ ✸✳✹✳
❉❛♥s ❧❡s ❞❡s❝r✐♣t✐♦♥s ❞♦♥♥é❡s ❥✉sq✉✬✐❝✐✱ ♥♦✉s ✉t✐❧✐s♦♥s ❞❡s ❝♦♥tr❛✐♥t❡s ❞✉ st②❧❡ ǫ❛♣♣ < µ ❡t

♣❛s ǫ❛♣♣ ≤ µ✳ ❊♥ ♣r❛t✐q✉❡✱ ✐❧ ❢❛✉t ❞❡ ❧❛ ♠❛r❣❡ ❡♥tr❡ ǫ∗❛♣♣ ❡t µ ♣✉✐s ❡♥tr❡ ǫ❛♣♣ ❡t µ✳ ▲❡ ❝❛r❛❝tèr❡
str✐❝t ❞❡s ❝♦♥tr❛✐♥t❡s ♣♦✉r ❧❡s ét❛♣❡s ✶ ❡t ✷ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡✳ P♦✉r ❧❛ ❞❡r♥✐èr❡ ét❛♣❡✱ ♣❡✉t✲êtr❡
♣♦✉✈♦♥s✲♥♦✉s tr♦✉✈❡r ✉♥❡ ❢♦♥❝t✐♦♥ ✭♣r♦❜❛❜❧❡♠❡♥t tr✐✈✐❛❧❡ ❡t ❞♦♥❝ ♣❡✉ ✐♥tér❡ss❛♥t❡✮ t❡❧❧❡ q✉❡
❧✬♦♥ ❛✐t ǫ❡✈❛❧ = µ à ❧❛ ✜♥✳ ❈❡❧❛ ♥♦✉s s❡♠❜❧❡ très ✐♠♣r♦❜❛❜❧❡✳ ❉❡ ♣❧✉s✱ ❧✬✉t✐❧✐s❛t❡✉r s❛✉r❛✐t tr❛✐t❡r
❝♦♥✈❡♥❛❜❧❡♠❡♥t ❝❡ ❝❛s✳

✸✳✸✳✶✳ ❈❛❧❝✉❧ ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛①

❉❛♥s ❝❡tt❡ ét❛♣❡ ♦♥ ✉t✐❧✐s❡ ❧❛ ❢♦♥❝t✐♦♥ ♠✐♥✐♠❛① ❞❡ ▼❛♣❧❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ❛✈❡❝ d = 1✱ ❡t ♦♥
✐♥❝ré♠❡♥t❡ d ❥✉sq✉✬à ❝❡ q✉❡ ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① p∗ tr♦✉✈é s♦✐t t❡❧ q✉❡ ǫ∗❛♣♣ < µ✳
❱♦✐❝✐ ✉♥ ❡①❡♠♣❧❡ ♣♦✉r f = log2(x) ❛✈❡❝ x ❞❛♥s [1, 2] ✿

✶ ❃ ♠✐♥✐♠❛①✭❧♦❣❬✷❪✭①✮✱①❂✶✳✳✷✱❬✶✱✵❪✱✶✱✬❡rr✬✮❀ ✲❧♦❣❬✷❪✭❡rr✮❀
✷ −✳✾✺✼✵✵✵✶✵✰✶✳✵✵✵✵✵✵✵∗ ①
✸ ✹✳✺✸✼✶✷✹✺
✹ ❃ ♠✐♥✐♠❛①✭❧♦❣❬✷❪✭①✮✱①❂✶✳✳✷✱❬✷✱✵❪✱✶✱✬❡rr✬✮❀ ✲❧♦❣❬✷❪✭❡rr✮❀
✺ −✶✳✻✼✹✾✵✸✹✰✭✷✳✵✷✹✻✽✶✼− ✳✸✹✹✽✹✼✻✻∗ ① ✮∗ ①
✻ ✼✳✻✺✾✼✾✻✽
✼ ❃ ♠✐♥✐♠❛①✭❧♦❣❬✷❪✭①✮✱①❂✶✳✳✷✱❬✸✱✵❪✱✶✱✬❡rr✬✮❀ ✲❧♦❣❬✷❪✭❡rr✮❀
✽ −✷✳✶✺✸✻✷✵✼✰✭✸✳✵✹✼✽✽✹✶✰✭−✶✳✵✺✶✽✼✺✵✰✳✶✺✽✷✹✽✼✵∗ ① ✮∗ ① ✮∗ ①
✾ ✶✵✳✻✶✻✶✺✷

▲❡s ❧✐❣♥❡s q✉✐ ❝♦♠♠❡♥❝❡♥t ♣❛r ✉♥ s✐❣♥❡ s✉♣ér✐❡✉r ✭✓ ♣r♦♠♣t ✔ ▼❛♣❧❡✮ s♦♥t ❧❡s ❝♦♠♠❛♥❞❡s
❡♥tré❡s ♣❛r ❧✬✉t✐❧✐s❛t❡✉r✳ ▲❡s rés✉❧t❛ts r❡t♦✉r♥és ♣❛r ▼❛♣❧❡ s♦♥t ❡♥ ✐t❛❧✐q✉❡✳ ▲❛ ❧✐❣♥❡ ✶ s✐❣♥✐✜❡
q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 1 ❡t q✉❡ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ tr♦✉✈é❡ s❡r❛ ♣❧❛❝é❡

✻✼



❞❛♥s ❧❛ ✈❛r✐❛❜❧❡ ❡rr✳ ▲❡s ❧✐❣♥❡s ✷ ❡t ✸ r❡♣rés❡♥t❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ♣♦❧②♥ô♠❡ tr♦✉✈é ❡t s❛
♣ré❝✐s✐♦♥ ✭❡♥ ♥♦♠❜r❡ ❞❡ ❜✐ts ❝♦rr❡❝ts✮✳
❈❡tt❡ ét❛♣❡ ❢♦✉r♥✐t tr♦✐s é❧é♠❡♥ts ♥é❝❡ss❛✐r❡s ♣♦✉r ❧❛ s✉✐t❡ ✿
✕ d ❧❡ ❞❡❣ré ❞✉ ♣♦❧②♥ô♠❡ ❀
✕ p∗(x) =

∑d
i=0 p

∗
ix

i ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ✭t❤é♦r✐q✉❡✮ ❀
✕ ǫ∗❛♣♣ ❧✬❡rr❡✉r ♠✐♥✐♠❛❧❡ ❛tt❡✐❣♥❛❜❧❡ ❡♥ ✉t✐❧✐s❛♥t p∗ ♣♦✉r ❛♣♣r♦❝❤❡r f ✭❡♥ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✮✳
▲❡s ❞❡✉① ❛✉tr❡s ét❛♣❡s ✈♦♥t ❞é❣r❛❞❡r ❧❛ q✉❛❧✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ✭✐✳❡✳ ❢♦✉r♥✐r ❞❡s ❡rr❡✉rs

♣❧✉s ❣r❛♥❞❡s q✉❡ ǫ∗❛♣♣✮✳ ■❧ ❢❛✉t ❞♦♥❝ ❧❛✐ss❡r ✉♥ ♣❡✉ ❞❡ ♠❛r❣❡ ❡♥tr❡ ǫ∗❛♣♣ ❡t µ✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s
s✉r ❝❡tt❡ ♠❛r❣❡✳
◆♦✉s ✈❡rr♦♥s ❞❛♥s ❧✬❡①❡♠♣❧❡ ✸✳✹✳✷✱ q✉❡ ❝❡rt❛✐♥s ❝❤❛♥❣❡♠❡♥ts ❞❡ ✈❛r✐❛❜❧❡s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r

❞❡s ❝♦❡✣❝✐❡♥ts ❞✬♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ✈♦✐s✐♥s✳ ❈❡❝✐ ❧✐♠✐t❡ ❧❡s r❡❝❛❞r❛❣❡s ❡♥ ✈✐r❣✉❧❡ ✜①❡✳ ❙✐ ♦♥ é✈❛❧✉❡
f(x) s✉r [a, b] ❛✈❡❝ a 6= 0✱ ✐❧ ♣❡✉t êtr❡ ✐♥tér❡ss❛♥t ❞❡ ❝♦♥s✐❞ér❡r f(x+ a) s✉r [0, b− a]✳
❚♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ♥❡ s♦♥t ♣❛s ✓ ❛♣♣r♦❝❤❛❜❧❡s ❢❛❝✐❧❡♠❡♥t ✔ ❛✈❡❝ ❞❡s ♣♦❧②♥ô♠❡s✳ ◆♦✉s r❡♥✲

✈♦②♦♥s ❧❡ ❧❡❝t❡✉r ❛✉① ♦✉✈r❛❣❡s ❞❡ ré❢ér❡♥❝❡s s✉r ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ❝♦♠♠❡ ❬✶✶✸✱ ❝❤❛♣✳ ✸❪
♣♦✉r ❧❡s ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❡s ❢♦♥❝t✐♦♥s ✉s✉❡❧❧❡s s✬❛♣♣r♦❝❤❡♥t ❜✐❡♥ ♣❛r ❞❡s
♣♦❧②♥ô♠❡s✳

✸✳✸✳✷✳ ❉ét❡r♠✐♥❛t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ❡t ❞❡ ❧❡✉r t❛✐❧❧❡

❯♥❡ ❢♦✐s p∗ ❞ét❡r♠✐♥é✱ ✐❧ ❢❛✉t tr♦✉✈❡r ❞❡s ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s ❡♥ ♣ré❝✐s✐♦♥ ✜♥✐❡✳ ❖♥
❝❤❡r❝❤❡ n ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞✉ ❢♦r♠❛t ✈✐r❣✉❧❡ ✜①❡ ❞❡s pi t❡❧ q✉❡ n s♦✐t ❧❡ ♣❧✉s ♣❡t✐t ♣♦ss✐❜❧❡
♠❛✐s ❛✈❡❝ ǫ❛♣♣ < µ✳
◆♦✉s ❛✈♦♥s ✈✉ ❡♥ ✸✳✷✳✹ q✉❡ ❧❡ ❝❤♦✐① ❞❡s ❝♦❡✣❝✐❡♥ts ❡st ✐♠♣♦rt❛♥t✳ ❊♥ ❛rr♦♥❞✐ss❛♥t s✐♠♣❧❡♠❡♥t

❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① s✉r n ❜✐ts✱ ✐❧ ❡st ♣❡✉ ♣r♦❜❛❜❧❡ ❞❡ tr♦✉✈❡r ✉♥ ❜♦♥ ♣♦❧②♥ô♠❡
❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ▲✬❡①❡♠♣❧❡ ♣rés❡♥té ❡♥ ✸✳✷✳✹ ♠♦♥tr❡ q✉❡ t❡st❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡s
❛rr♦♥❞✐s ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ p∗ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ✉♥ ❜♦♥ ♣♦❧②♥ô♠❡✳ ❈✬❡st ❝❡ q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s
❞❡ ❢❛✐r❡ s②sté♠❛t✐q✉❡♠❡♥t ❞❛♥s ❝❡tt❡ ❞❡✉①✐è♠❡ ♣❤❛s❡✳
❈❤❛q✉❡ ❝♦❡✣❝✐❡♥t p∗i ❞✉ ♣♦❧②♥ô♠❡ ♣❡✉t êtr❡ ❛rr♦♥❞✐ s♦✐t ✈❡rs ❧❡ ❤❛✉t pi = △(p∗i )✱ s♦✐t ✈❡rs

❧❡ ❜❛s pi = ▽(p∗i )✳ ■❧ ② ❛ 2 ❝❤♦✐① ♣♦ss✐❜❧❡s ♣❛r ❝♦❡✣❝✐❡♥t ❡t ❞♦♥❝ 2d+1 ❝♦♠❜✐♥❛✐s♦♥s à t❡st❡r ❛✉
t♦t❛❧ ❝♦♠♠❡ ✐❧❧✉stré ❡♥ ✜❣✉r❡ ✸✳✷✳ P♦✉r ❝❤❛q✉❡ ♣♦❧②♥ô♠❡ p✱ ✐❧ ❢❛✉t ❞ét❡r♠✐♥❡r ǫ❛♣♣ = ||f − p||∞
✭❢♦♥❝t✐♦♥ ✐♥❢♥♦r♠ ❞❡ ▼❛♣❧❡✮✳

▽(p0)

▽(p1)

▽(p2) △(p2)

△(p1)

▽(p2) △(p2)

△(p0)

▽(p1)

▽(p2) △(p2)

△(p1)

▽(p2) △(p2)

❤❛✉t❡✉r
=

d
+
1

❋✐❣✉r❡ ✸✳✷✳✿ ❉✐✛ér❡♥t❡s ❝♦♠❜✐♥❛✐s♦♥s ❞✬❛rr♦♥❞✐ ♣♦✉r p∗ ❞❡ ❞❡❣ré d = 2

❉❛♥s ♥♦s ❛♣♣❧✐❝❛t✐♦♥s✱ d ❡st ❢❛✐❜❧❡ ✭d ≤ 6✮✳ ■❧ ② ❛ ❞♦♥❝ ❛✉ ♠✐❡✉① q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s ❞❡
♣♦❧②♥ô♠❡s à t❡st❡r✳ ❊♥ ♣r❛t✐q✉❡✱ ❝❤❛q✉❡ ❝❛❧❝✉❧ ❞❡ ǫ❛♣♣ ❞✉r❡ q✉❡❧q✉❡s ❢r❛❝t✐♦♥s ❞❡ s❡❝♦♥❞❡ s✉r
✉♥ ♦r❞✐♥❛t❡✉r st❛♥❞❛r❞✳
◆♦✉s ❛✈♦♥s ❢❛✐t ✉♥ ♣r♦❣r❛♠♠❡ ▼❛♣❧❡ q✉✐ t❡st❡ ❧❡s 2d+1 ❝♦♠❜✐♥❛✐s♦♥s ❞✬❛rr♦♥❞✐ ❞❡s p∗i ✳ ▲❡

♣r♦❣r❛♠♠❡ r❡t♦✉r♥❡ ❧❛ ❧✐st❡ ❞❡s ♣♦❧②♥ô♠❡s ❝❛♥❞✐❞❛ts ♣♦✉r ❧❛ tr♦✐s✐è♠❡ ét❛♣❡✱ ❝✬❡st✲à✲❞✐r❡ ❝❡✉①
♣♦✉r q✉✐ ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ǫ❛♣♣ ❡st ♠✐♥✐♠❛❧❡✳ ❖♥ ❝♦♠♠❡♥❝❡ ♣❛r n = ⌈− log2 |µ|⌉ ✭❧❡
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♥♦♠❜r❡ ❞❡ ❜✐ts ❝♦rr❡s♣♦♥❞❛♥t à ❧✬❡rr❡✉r µ✮✱ ♣✉✐s ♦♥ t❡st❡ t♦✉s ❧❡s ❛rr♦♥❞✐s ❞❡s d+ 1 ❝♦❡✣❝✐❡♥ts
s✉r n ❜✐ts✳ ❖♥ r❡❝♦♠♠❡♥❝❡ ❡♥ ✐♥❝ré♠❡♥t❛♥t n ❥✉sq✉✬à ❝❡ q✉❡ ǫ❛♣♣ < µ✳
➚ ❝❡tt❡ ét❛♣❡✱ ♦♥ ♣❡✉t ❛✉ss✐ s♦✉❤❛✐t❡r ♠♦❞✐✜❡r ♣❧✉s ❡♥ ✓ ♣r♦❢♦♥❞❡✉r ✔ ❝❡rt❛✐♥s ❝♦❡✣❝✐❡♥ts✳ P❛r

❡①❡♠♣❧❡✱ s✐ ✉♥ ❝♦❡✣❝✐❡♥t r❡t♦✉r♥é ❡st 0.5002441406 = (0.100000000001)2 ❡t q✉❡ ❧✬♦♥ tr❛✈❛✐❧❧❡
s✉r ✉♥ ♣❡✉ ♣❧✉s ❞✬✉♥❡ ❞♦✉③❛✐♥❡ ❞❡ ❜✐ts ❢r❛❝t✐♦♥♥❛✐r❡s✱ ✐❧ ❡st ♣❡✉t✲êtr❡ ✐♥tér❡ss❛♥t ❞❡ ✜①❡r ❝❡
❝♦❡✣❝✐❡♥t à 0.5 ♣♦✉r é❧✐♠✐♥❡r ✉♥❡ ♦♣ér❛t✐♦♥✳ ▲❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ 2 s❡ ré❞✉✐t
à ✉♥ ❞é❝❛❧❛❣❡✳ ◆♦✉s ✈❡rr♦♥s ✉♥ ❡①❡♠♣❧❡ ❞❡ ❝❡ ❣❡♥r❡ ❞❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❛♥s ❧✬❡①❡♠♣❧❡ ✸✳✹✳✷✳ ◆♦✉s
♥❡ s❛✈♦♥s ♣❛s ❡♥❝♦r❡ ❢♦r♠❛❧✐s❡r s✐♠♣❧❡♠❡♥t ❝❡ ❣❡♥r❡ ❞❡ tr❛✐t❡♠❡♥t✱ ♠❛✐s ❝❡❧❛ ❝♦♥st✐t✉❡ ✉♥ ❞❡
♥♦s ❛①❡s ❞❡ r❡❝❤❡r❝❤❡ à tr❛✈❡rs ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ♣rés❡♥té❡ ❞❛♥s ❬✶✹❪✳
❆✈❡❝ ❏❡❛♥✲▲✉❝ ❇❡✉❝❤❛t✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ❝❡ ♠ê♠❡ ♣❛r❝♦✉rs ❞❡ ❧✬❛r❜r❡ ❞❡s ❝♦❡✣❝✐❡♥ts ❛rr♦♥❞✐s

♣♦✉r ♣r♦❞✉✐r❡ ❞❡s ♦♣ér❛t❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡ ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❬✼❪✳

✸✳✸✳✸✳ ❉ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s

▲❡ ❝❛❧❝✉❧ ❞✉ ♣♦❧②♥ô♠❡ p(x) ♣❡✉t s✬❡✛❡❝t✉❡r ❡♥ ✉t✐❧✐s❛♥t ❞✐✛ér❡♥ts s❝❤é♠❛s ❞✬é✈❛❧✉❛t✐♦♥ ❬✶✶✸❪✳
❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ✉♥✐q✉❡♠❡♥t ❧❡s s❝❤é♠❛s ❞✐r❡❝ts ❡t ❞❡ ❍♦r♥❡r ✿

p(x) =

{

p0 + p1x+ p2x
2 + · · ·+ pdx

d ❞✐r❡❝t d ❛❞❞✳, d+ ⌈log2 d⌉ ♠✉❧✳;

p0 + x(p1 + x(p2 + x(· · ·+ xpd) · · · )) ❍♦r♥❡r d ❛❞❞✳, d ♠✉❧✳

▲❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r ❡st s♦✉✈❡♥t ♣ré❢éré ❛✉ s❝❤é♠❛ ❞✐r❡❝t ❝❛r ✐❧ ♥é❝❡ss✐t❡ ♠♦✐♥s ❞✬♦♣ér❛t✐♦♥s
❡t ❞♦♥♥❡ s♦✉✈❡♥t ✉♥❡ ❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ǫ❡✈❛❧ ♣❧✉s ❢❛✐❜❧❡ ❬✶✶✸❪✳ ❚♦✉t❡❢♦✐s✱ ❞❛♥s ❝❡rt❛✐♥s ❝❛s
♣❛rt✐❝✉❧✐❡rs ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts très ❝r❡✉①✱ ❧❡ s❝❤é♠❛ ❞✐r❡❝t ♣❡✉t s✬❛✈ér❡r ✐♥tér❡ss❛♥t ✭❝❢✳ ❡①❡♠♣❧❡
❡♥ ✸✳✹✳✷✮✳
▲❛ ❞❡r♥✐èr❡ ét❛♣❡ ♣❡r♠❡t ❞❡ s♣é❝✐✜❡r ❧❛ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ♣♦✉r ❧✬é✈❛❧✉❛t✐♦♥ s✉✐✈❛♥t

❧❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r✳ ▲✬ét❛❣❡ ❞❡ ❍♦r♥❡r ♣❡r♠❡t ❞✬é✈❛❧✉❡r u×v+z✳ ▲❛ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s
❞❡ ❝❡t ét❛❣❡ ❡st n′✳ ❖♥ ❝♦♠♠❡♥❝❡ ❛✈❡❝ n′ = n ❡t ♦♥ ❛✉❣♠❡♥t❡ n′ t❛♥t q✉❡ ❧✬❡♥❝❛❞r❡♠❡♥t ❞❡
❧✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ǫ❡✈❛❧ ♣❛r ❣❛♣♣❛ ❛✈❡❝ n′ ❜✐ts ♣♦✉r ❧❡ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ♥❡ ❞♦♥♥❡ ♣❛s
ǫ❡✈❛❧ < µ✳ P♦✉r ❧❡ ♠♦♠❡♥t✱ ❧❡ ❝♦❞❛❣❡ ❡♥ ❣❛♣♣❛ s❡ ❢❛✐t à ❧❛ ♠❛✐♥✳ ▼❛✐s ❧❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r
♦✉ ❧❡ s❝❤é♠❛ ❞✐r❡❝t ét❛♥t ❧❡s ♠ê♠❡s ❛✉① ❝♦❡✣❝✐❡♥ts ♣rès✱ ♥♦✉s ❛✈♦♥s ❧❡s ♣r♦❣r❛♠♠❡s ❣❛♣♣❛
t②♣❡s ♣♦✉r ❧❡sq✉❡❧s ✐❧ s✉✣t ❞❡ ♣ré❝✐s❡r ❧❡s ✈❛❧❡✉rs ❞❡s ❝♦❡✣❝✐❡♥ts ❡t ❞✉ ❞❡❣ré✳ ▲❛ ❜♦✉❝❧❡ s✉r n′

s✬❡✛❡❝t✉❡ ❡♥ q✉❡❧q✉❡s ♠✐♥✉t❡s t♦✉t ❛✉ ♣❧✉s s✉r ✉♥ ♦r❞✐♥❛t❡✉r st❛♥❞❛r❞✳
▲❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ n′ ❡t n ❡st ❛♣♣❡❧é❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❜✐ts ❞❡ ❣❛r❞❡✳ ❈♦♥s❡r✈❡r n ♣❧✉s ♣❡t✐t q✉❡

n′ ♣❡r♠❡t✱ ♣❛r ❡①❡♠♣❧❡✱ ❞❡ ❧✐♠✐t❡r ❧❛ t❛✐❧❧❡ ♠é♠♦✐r❡ ♥é❝❡ss❛✐r❡ ♣♦✉r st♦❝❦❡r ❧❡s ❝♦❡✣❝✐❡♥ts✳
❙✐ ❧❛ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ❡st ✉♥ ♣❡✉ s✉♣ér✐❡✉r❡ à n ✭1 à 3 ❜✐ts✮✱ ♦♥ ♣♦✉rr❛✐t r❡✈❡♥✐r à

❧✬ét❛♣❡ ✷ ♣♦✉r ❡ss❛②❡r ✉♥ n ♣❧✉s ❣r❛♥❞✳ ◆♦tr❡ ❡①♣ér✐❡♥❝❡ ♠♦♥tr❡ q✉❡ ❧❡ n′ ✜♥❛❧ ❝❤❛♥❣❡ r❛r❡♠❡♥t✳
P❛r ❝♦♥tr❡ s✐ ❧❛ ✈❛❧❡✉r ❞❡ n′ ❡st ❜✐❡♥ ♣❧✉s ❣r❛♥❞❡ q✉❡ n✱ ❛❧♦rs ✐❧ ♣❡✉t✲êtr❡ ✐♥tér❡ss❛♥t ❞❡ r❡❜♦✉❝❧❡r
à ❧✬ét❛♣❡ ✷ ❛✈❡❝ ✉♥ n ♣❧✉s ❣r❛♥❞✳ ■❝✐ ❡♥❝♦r❡✱ ♥♦✉s ❞❡✈♦♥s ❡♥❝♦r❡ tr❛✈❛✐❧❧❡r ♣♦✉r ❢♦r♠❛❧✐s❡r ❝❡
❣❡♥r❡ ❞❡ t❡st✳
❆✈❡❝ ❘♦♠❛✐♥ ▼✐❝❤❛r❞ ❡t ◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ♥♦✉s ét✉❞✐é ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❞❡

❧❛ ❊✲▼ét❤♦❞❡ ❡♥ ❣r❛♥❞❡ ❜❛s❡ ♣♦✉r é✈❛❧✉❡r ❞❡s ♣♦❧②♥ô♠❡s✳ ▲❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és ❞❛♥s ❬✹✵❪✳
❈❡tt❡ ♠ét❤♦❞❡ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ♦♣ér❛t❡✉rs ❞❡ ♣❡t✐t❡ t❛✐❧❧❡✳ ▼❛✐s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❝♦♥✈❡r❣❡♥❝❡
❞❡ ❧❛ ❊✲▼ét❤♦❞❡ ✐♠♣♦s❡ ❞❡s ❝♦♥tr❛✐♥t❡s ✐♠♣♦rt❛♥t❡s s✉r ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡s ♣♦❧②♥ô♠❡s ✉t✐❧✐s❛❜❧❡s✳
■❧ ❢❛✉❞r❛✐t ✉t✐❧✐s❡r ❞❡s t❡❝❤♥✐q✉❡s ❝♦♠♠❡ ❝❡❧❧❡ ♣rés❡♥té❡ ❞❛♥s ❬✼✺❪ ♣♦✉r ❧✐♠✐t❡r ❝❡ ♣r♦❜❧è♠❡✳

✸✳✸✳✹✳ ❘és✉♠é ❞❡ ❧❛ ♠ét❤♦❞❡

▲❛ ✜❣✉r❡ ✸✳✸ rés✉♠❡ ❣r❛♣❤✐q✉❡♠❡♥t ❧❡ ❢♦♥❝t✐♦♥♥❡♠❡♥t ❞❡ ❧❛ ♠ét❤♦❞❡✳

✻✾



d = 1 (p∗, ǫ∗❛♣♣) = minimax(f, a, b, d) d = d+ 1

ǫ∗❛♣♣ < µ ❄

n = ⌈− log2 |µ|⌉ (p, ǫ❛♣♣) = rnd(p, n) n = n+ 1

ǫ❛♣♣ < µ ❄
n tr♦♣ ❣r❛♥❞ ❄

n′ = n ǫ❡✈❛❧ = gappa(p, n′) n′ = n′ + 1

ǫ❡✈❛❧ < µ ❄
n′ − n tr♦♣ ❣r❛♥❞ ❄

❞é❜✉t

✜♥

♥♦♥♦✉✐

♥♦♥♦✉✐

♥♦♥

♦✉✐

♦✉✐

♦✉✐

ét❛
♣
❡
✶

ét❛
♣
❡
✷

ét❛
♣
❡
✸

❋✐❣✉r❡ ✸✳✸✳✿ ❘és✉♠é ❞❡ ❧❛ ♠ét❤♦❞❡ ✭❧❡s r❡❜♦✉❝❧❛❣❡s ❡♥ ♣♦✐♥t✐❧❧és s♦♥t ❢❛❝✉❧t❛t✐❢s✮

✸✳✹✳ ❊①❡♠♣❧❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s s✉r ❋P●❆

▲❡s ✐♠♣❧❛♥t❛t✐♦♥s ré❛❧✐sé❡s ❝✐✲❛♣rès ♦♥t été ❢❛✐t❡s ♣♦✉r ❞❡s ❋P●❆ ❞❡ ❧❛ ❢❛♠✐❧❧❡ ❱✐rt❡① ❞❡ ❳✐❧✐♥①
✭❳❈❱✷✵✵✲✺✮ ❛✈❡❝ ❧❡s ♦✉t✐❧s ■❙❊✽✳✶✐ ❞❡ ❳✐❧✐♥①✳ ▲❛ s②♥t❤ès❡ ❡t ❧❡ ♣❧❛❝❡♠❡♥t✴r♦✉t❛❣❡ ✉t✐❧✐s❡♥t ✉♥❡
♦♣t✐♠✐s❛t✐♦♥ ❡♥ s✉r❢❛❝❡ ❛✈❡❝ ❡✛♦rt é❧❡✈é✳ ▲❡s rés✉❧t❛ts ✐♥❞✐q✉❡♥t t♦✉t❡s ❧❡s r❡ss♦✉r❝❡s ♥é❝❡ss❛✐r❡s
♣♦✉r ❝❤❛q✉❡ ♦♣ér❛t❡✉r ✭❝❡❧❧✉❧❡s ❧♦❣✐q✉❡s ❡t r❡❣✐str❡s ❢♦♥❝t✐♦♥♥❡❧s✮✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❞❡s ❝✐r❝✉✐ts
❋P●❆ ♣♦✉r ❝❡s ♣r❡♠✐èr❡s ✐♠♣❧❛♥t❛t✐♦♥s ❞✉ ❢❛✐t ❞❡ ❧❡✉r s✐♠♣❧✐❝✐té ❞✬✉t✐❧✐s❛t✐♦♥✳ ❉❛♥s ❧✬❛✈❡♥✐r ♥♦✉s
s♦✉❤❛✐t♦♥s ♦♣t✐♠✐s❡r ❡t ✐♠♣❧❛♥t❡r ♥♦s ♦♣ér❛t❡✉rs ♣♦✉r ❞❡s ❝✐r❝✉✐ts ✐♥té❣rés st❛♥❞❛r❞ ✭❆❙■❈✮✳ ▲❛
♠ét❤♦❞❡ ♣rés❡♥té❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ ❧❛ ❝✐❜❧❡ ❞✬✐♠♣❧❛♥t❛t✐♦♥✳
◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❝❡tt❡ ♠ét❤♦❞❡ ❞❛♥s ❞✬❛✉tr❡s ❝❛s✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ♣r♦❥❡t ❆◆❘ ❘❖▼❆✱

♥♦✉s ❛✈♦♥s ét✉❞✐é ❞❡s ♦♣ér❛t❡✉rs r❡❝♦♥✜❣✉r❛❜❧❡s✱ ❝❢✳ ♣✉❜❧✐❝❛t✐♦♥ ❬✺✺❪ ♦ù ♥♦✉s ♣rés❡♥t♦♥s ✉♥
♦♣ér❛t❡✉r ♠❛tér✐❡❧ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧✬✐♥✈❡rs❡ ❛✈❡❝ ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré ✸ ♠❛✐s q✉✐ ♥❡ ♥é❝❡s✲
s✐t❡ q✉✬✉♥❡ s❡✉❧❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❣r❛♥❞❡ t❛✐❧❧❡✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ s✐♠✐❧❛✐r❡
❞❛♥s ❧❛ ❜✐❜❧✐♦t❤èq✉❡ ❋▲■P ✭❝❢✳ s❡❝t✐♦♥ ✷✳✼✳✷✮✳

✸✳✹✳✶✳ ❋♦♥❝t✐♦♥ 2x s✉r [0, 1]

❖♥ ❝❤❡r❝❤❡ ✉♥ ♦♣ér❛t❡✉r ♣♦✉r é✈❛❧✉❡r ❧❛ ❢♦♥❝t✐♦♥ 2x✱ ❛✈❡❝ x ❞❛♥s [0, 1] ❡t ✉♥❡ ♣ré❝✐s✐♦♥
❣❧♦❜❛❧❡ ❞❡ 12 ❜✐ts✳ ▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❡st ❞❡ tr♦✉✈❡r ✉♥ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ t❤é♦r✐q✉❡ ❡♥
✉t✐❧✐s❛♥t ▼❛♣❧❡✳ ❖♥ ❝❤❡r❝❤❡ ✐❝✐ à ♠✐♥✐♠✐s❡r ❧❡ ❞❡❣ré d ❞✉ ♣♦❧②♥ô♠❡ ✉t✐❧✐sé✳ ❱♦✐❝✐ ❧❛ ♣ré❝✐s✐♦♥
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ǫ❛♣♣ ✭❡♥ ❜✐ts ❝♦rr❡❝ts✮ ❞❡s ♣♦❧②♥ô♠❡s ♠✐♥✐♠❛① ❞❡ 2x ♣♦✉r d ✈❛r✐❛♥t ❞❡ 1 à 5 ✿

d 1 2 3 4 5

ǫ❛♣♣ 4.53 8.65 13.18 18.04 23.15

❇✐❡♥ é✈✐❞❡♠♠❡♥t✱ ❧❡s ♣♦❧②♥ô♠❡s ❞❡ ❞❡❣ré 1 ❡t 2 ♥❡ s♦♥t ♣❛s s✉✣s❛♠♠❡♥t ♣ré❝✐s ♣♦✉r ♥♦tr❡
❜✉t✳ ▲❛ s♦❧✉t✐♦♥ ❛✈❡❝ ❧❡ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 3 ❝♦♥❞✉✐t à ✉♥❡ ♣ré❝✐s✐♦♥ ❡st✐♠é❡ ❞❛♥s ❧❡ ♣✐r❡ ❝❛s à
10 ❜✐ts ❡♥✈✐r♦♥ ✭13.18− d✱ ❝❛r ♦♥ ❜♦r♥❡ à d ❜✐ts ❧❛ ♣❡rt❡ ❞❡ ♣ré❝✐s✐♦♥ ♣♦✉r ✉♥ s❝❤é♠❛ ❞❡ ❍♦r♥❡r
❞❡ ❞❡❣ré d✮ ❝❡ q✉✐ s❡♠❜❧❡ tr♦♣ ❢❛✐❜❧❡✳ ❉❡ ♣❧✉s✱ ❧❡s 13.18 ❜✐ts ❝♦rr❡❝ts ❝♦rr❡s♣♦♥❞❡♥t à ❧✬❡rr❡✉r
❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝ ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ré❡❧s ✭♥♦♥ r❡♣rés❡♥t❛❜❧❡s ❞❛♥s
❧❡ ❢♦r♠❛t ❝✐❜❧❡✮✳
❙❛♥s ♦✉t✐❧ ♣♦✉r ❛✐❞❡r ❧❡ ❝♦♥❝❡♣t❡✉r✱ ✐❧ s❡♠❜❧❡ ❞♦♥❝ q✉❡ ❧✬♦♥ s❡r❛✐t ♦❜❧✐❣é ❞❡ ❝❤♦✐s✐r ❧❛ s♦❧✉t✐♦♥

❞❡ ❞❡❣ré 4 ♦✉ 5✳ ▼ê♠❡ ❧❛ s♦❧✉t✐♦♥ ❛✈❡❝ ✉♥ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 4 ♣❡✉t ❝♦♥❞✉✐r❡ à ✉♥❡ ♣ré❝✐s✐♦♥ tr♦♣

✼✵



❢❛✐❜❧❡✳ ❈❡rt❡s s❛ ♣ré❝✐s✐♦♥ t❤é♦r✐q✉❡ ❡st ❛✉ ♠♦✐♥s ❞❡ 18.04−4 = 14.04 ❜✐ts ❝♦rr❡❝ts ♠❛✐s s❡✉❧❡♠❡♥t
♣♦✉r ❞❡s ❝♦❡✣❝✐❡♥ts ❡♥ ♣ré❝✐s✐♦♥ ✐♥✜♥✐❡✳ ▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❞❡ ❞❡❣ré 4 ❡st ✭❧❡s ❝♦❡✣❝✐❡♥ts
s♦♥t ❛✣❝❤és ❛✈❡❝ ✶✵ ❝❤✐✛r❡s ❞é❝✐♠❛✉① ❞❛♥s ❧❡ ♣❛♣✐❡r✱ ♠❛✐s ▼❛♣❧❡ ❡st ❝❛♣❛❜❧❡ ❞❡ ❧❡s ❝❛❧❝✉❧❡r
❛✈❡❝ ♣❧✉s ❞❡ ♣ré❝✐s✐♦♥✮ ✿ 1.0000037045 + 0.6929661227x + 0.2416384458x2 + 0.0516903583x3 +
0.0136976645x4✳
P♦✉r êtr❡ ❝❡rt❛✐♥ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❞❡ ❞❡❣ré 4 ♣❡✉t êtr❡ ❡♠♣❧♦②é❡✱ ✐❧ ❢❛✉t tr♦✉✈❡r ✉♥ ❢♦r♠❛t

❞❡s ❝♦❡✣❝✐❡♥ts ♣♦✉r ❧❡q✉❡❧ ❧❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❛✈❡❝ s❡s ❝♦❡✣❝✐❡♥ts ❛rr♦♥❞✐s ❞❛♥s ❝❡ ❢♦r♠❛t
❛✐t ✉♥❡ ♣ré❝✐s✐♦♥ s✉♣ér✐❡✉r❡ ♦✉ é❣❛❧❡ à 12 + 4 = 16 ❜✐ts✳ P♦✉r ✉♥ ❢♦r♠❛t ❞♦♥♥é✱ ♦♥ t❡st❡ t♦✉s
❧❡s ♠♦❞❡s ❞✬❛rr♦♥❞✐ ♣♦ss✐❜❧❡s ♣♦✉r ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❞❛♥s ❧❡ ❢♦r♠❛t✳ ❖♥
tr♦✉✈❡ ❞❡s ♣♦❧②♥ô♠❡s ❛❝❝❡♣t❛❜❧❡s à ♣❛rt✐r ❞❡ 14 ❜✐ts ❢r❛❝t✐♦♥♥❛✐r❡s ❡t 1 ❡♥t✐❡r✳ P♦✉r ♠♦♥tr❡r
q✉❡ ❧❡ ❝❤♦✐① ❞❡ ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s ❡st ✐♠♣♦rt❛♥t✱ ♥♦✉s ♣rés❡♥t♦♥s ❝✐✲❞❡ss♦✉s ❝❤❛❝✉♥❡ ❞❡s
❝♦♠❜✐♥❛✐s♦♥s ♣♦ss✐❜❧❡s ❞❡s ♠♦❞❡s ❞✬❛rr♦♥❞✐ ❞❡s ❝♦❡✣❝✐❡♥ts ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉
♣♦❧②♥ô♠❡ ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s✬é❝r✐✈❡♥t ❡①❛❝t❡♠❡♥t ❞❛♥s ❧❡ ❢♦r♠❛t ❝✐❜❧❡✳ ❙❡✉❧s ❞❡✉① ♣♦❧②♥ô♠❡s
♦♥t ❧❛ ♣ré❝✐s✐♦♥ s♦✉❤❛✐té❡ ✭✈❛❧❡✉rs ❡♥ ❣r❛s✮✳
▲❛ s♦❧✉t✐♦♥ ❛✈❡❝ ❧❡ ♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 4 ❡st ❞♦♥❝ ✉t✐❧✐s❛❜❧❡ ♠♦②❡♥♥❛♥t ✉♥ ❜♦♥ ❝❤♦✐① ❞❡s

❝♦❡✣❝✐❡♥ts ❞✉ ♣♦❧②♥ô♠❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳ ▼❛✐s ♦♥ ✈❛ ♠♦♥tr❡r q✉❡ ♠ê♠❡ ❝❡❧❧❡ ❞❡ ❞❡❣ré 3 ❧✬❡st
❡♥ ♣r❛t✐q✉❡✳ ❈❡ q✉✐ ❝♦♥st✐t✉❡ ✉♥❡ ♦♣t✐♠✐s❛t✐♦♥ s✐❣♥✐✜❝❛t✐✈❡ ❞❡ ❧✬♦♣ér❛t❡✉r ♠❛✐s ♥é❝❡ss✐t❡ ❞❡s
♦✉t✐❧s✳

(▽,▽,▽,▽,▽) ✶✷✳✵✵ (▽,▽,▽,▽,△) ✶✸✳✵✵
(▽,▽,▽,△,▽) ✶✸✳✵✵ (▽,▽,▽,△,△) ✶✹✳✵✸
(▽,▽,△,▽,▽) ✶✸✳✵✵ (▽,▽,△,▽,△) ✶✹✳✺✺
(▽,▽,△,△,▽) ✶✹✳✾✾ (▽,▽,△,△,△) ✶✸✳✵✵
(▽,△,▽,▽,▽) ✶✸✳✵✵ (▽,△,▽,▽,△) ✶✻✳✶✸

(▽,△,▽,△,▽) ✶✼✳✶✷ (▽,△,▽,△,△) ✶✸✳✵✵
(▽,△,△,▽,▽) ✶✺✳✼✶ (▽,△,△,▽,△) ✶✸✳✵✵
(▽,△,△,△,▽) ✶✸✳✵✵ (▽,△,△,△,△) ✶✷✳✵✵
(△,▽,▽,▽,▽) ✶✸✳✵✵ (△,▽,▽,▽,△) ✶✸✳✵✵
(△,▽,▽,△,▽) ✶✸✳✵✵ (△,▽,▽,△,△) ✶✸✳✵✵
(△,▽,△,▽,▽) ✶✸✳✵✵ (△,▽,△,▽,△) ✶✸✳✵✵
(△,▽,△,△,▽) ✶✷✳✾✾ (△,▽,△,△,△) ✶✷✳✵✵
(△,△,▽,▽,▽) ✶✷✳✾✾ (△,△,▽,▽,△) ✶✷✳✾✽
(△,△,▽,△,▽) ✶✷✳✾✶ (△,△,▽,△,△) ✶✷✳✵✵
(△,△,△,▽,▽) ✶✷✳✼✾ (△,△,△,▽,△) ✶✷✳✵✵
(△,△,△,△,▽) ✶✷✳✵✵ (△,△,△,△,△) ✶✶✳✹✶

▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❞❡ ❞❡❣ré 3 q✉✐ ❛♣♣r♦❝❤❡ ❧❡ ♠✐❡✉① t❤é♦r✐q✉❡♠❡♥t 2x s✉r [0, 1] ❡st ✿

p∗(x) = 0.9998929656 + 0.6964573949x+ 0.2243383647x2 + 0.0792042402x3.

❖♥ ❛ ❛❧♦rs ǫ❛♣♣ = ||f − p∗||∞ = 0.0001070344 s♦✐t 13.18 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✳ ❈❡❝✐ s✐❣♥✐✜❡ q✉❡✱
q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ✉t✐❧✐sés ♣♦✉r r❡♣rés❡♥t❡r p∗ ❡t ❝❡❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r s♦♥
é✈❛❧✉❛t✐♦♥✱ ♦♥ ♥❡ ♣♦✉rr❛ ♣❛s ❛✈♦✐r ✉♥ ♦♣ér❛t❡✉r ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ ♠❡✐❧❧❡✉r❡ q✉❡ 13.18 ❜✐ts✳
❆✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ✈❡rs✐♦♥ r❡♣rés❡♥t❛❜❧❡ ❞❡ p∗ q✉❡ ♥♦✉s ❛❧❧♦♥s ✐♠♣❧❛♥t❡r✱ ✐❧ ❢❛✉t tr♦✉✈❡r ❧❛

t❛✐❧❧❡ ❞❡s ❝♦❡✣❝✐❡♥ts✳ ➱t❛♥t ❞♦♥♥é ❧❛ ❢♦♥❝t✐♦♥ ❡t s♦♥ ❞♦♠❛✐♥❡✱ ❧❡ ❢♦r♠❛t ❝❤❡r❝❤é ❡st ❝♦♥st✐t✉é
❞✬✉♥ ❜✐t ❞❡ ♣❛rt✐❡ ❡♥t✐èr❡ ❡t n− 1 ❜✐ts ❞❡ ♣❛rt✐❡ ❢r❛❝t✐♦♥♥❛✐r❡✳ ❖♥ ❝❤❡r❝❤❡ n ♠✐♥✐♠❛❧ ♣♦✉r ✉♥❡
❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ǫ❛♣♣ ❝♦rr❡s♣♦♥❞❛♥t❡ ❧❛ ♣❧✉s ♣r♦❝❤❡ ♣♦ss✐❜❧❡ ❞✉ ♠❛①✐♠✉♠ t❤é♦r✐q✉❡ ❞❡
13.18✳

n− 1 12 13 14 15 16

ǫ❛♣♣ 12.38 12.45 13.00 13.00 13.02

♥❜✳ ❝❛♥❞✐❞❛ts 0 0 2 2 7

✼✶



❊♥ ❡✛❡t✱ ♣♦✉r n− 1 = 14 ❜✐ts✱ t♦✉s ❧❡s ♠♦❞❡s ❞✬❛rr♦♥❞✐s ♣♦ss✐❜❧❡s ❞❡s ❝♦❡✣❝✐❡♥ts ❞♦♥♥❡♥t ✿

(▽,▽,▽,▽) ✶✶✳✹✶ (▽,▽,▽,△) ✶✷✳✵✵
(▽,▽,△,▽) ✶✷✳✵✵ (▽,▽,△,△) ✶✷✳✽✹
(▽,△,▽,▽) ✶✷✳✵✵ (▽,△,▽,△) ✶✸✳✵✵

(▽,△,△,▽) ✶✸✳✵✵ (▽,△,△,△) ✶✷✳✸✻
(△,▽,▽,▽) ✶✷✳✵✵ (△,▽,▽,△) ✶✷✳✷✺
(△,▽,△,▽) ✶✷✳✷✸ (△,▽,△,△) ✶✷✳✷✸
(△,△,▽,▽) ✶✷✳✶✸ (△,△,▽,△) ✶✷✳✶✷
(△,△,△,▽) ✶✷✳✵✺ (△,△,△,△) ✶✶✳✻✹

▲❡s ❞❡✉① ♣♦❧②♥ô♠❡s ❝❛♥❞✐❞❛ts s♦♥t ❞♦♥❝ ✿

8191

8192
+

2853

4096
x+

1837

8192
x2 +

649

8192
x3 ❡t

8191

8192
+

2853

4096
x+

919

4096
x2 +

649

8192
x3.

❚♦✉s ❞❡✉① ❝♦♥❞✉✐s❡♥t à ✉♥❡ ❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 0.0001220703 ✭13.00 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✮✳ ■❧
r❡st❡ ♠❛✐♥t❡♥❛♥t à ✈ér✐✜❡r q✉❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✬❛✉ ♠♦✐♥s ✉♥ ❞❡ ❝❡s ♣♦❧②♥ô♠❡s ❞♦♥♥❡ ✉♥❡ ♣ré❝✐s✐♦♥
✜♥❛❧❡ ❞✬❛✉ ♠♦✐♥s 12 ❜✐ts✳ ❱♦✐❝✐ ❝✐✲❞❡ss♦✉s ❧❛ ♣ré❝✐s✐♦♥ t♦t❛❧❡ ✭❛♣♣r♦①✐♠❛t✐♦♥ ✰ é✈❛❧✉❛t✐♦♥✮
r❡t♦✉r♥é❡ ♣❛r ❣❛♣♣❛ ❡♥ ✉t✐❧✐s❛♥t ❧❡ s❝❤é♠❛ ❞❡ ❍♦r♥❡r ❡t ❧❡ s❝❤é♠❛ ❞✐r❡❝t ♣♦✉r é✈❛❧✉❡r 8191

8192 +
2853
4096x+ 1837

8192x
2 + 649

8192x
3 ♣♦✉r ❞✐✛ér❡♥t❡s t❛✐❧❧❡s ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s n′ ✿

n′ 14 15 16 17 18 19 20

ǫ❡✈❛❧ ❍♦r♥❡r 11.32 11.93 12.36 12.65 12.81 12.90 12.95

ǫ❡✈❛❧ ❞✐r❡❝t 11.24 11.86 12.32 12.62 12.79 12.89 12.94

▲❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s ♣♦✉r ❧✬❛✉tr❡ ♣♦❧②♥ô♠❡ ✭p2 = 919
4096✮ s♦♥t éq✉✐✈❛❧❡♥t❡s✳ ▲❡ s❝❤é♠❛ ❞❡

❍♦r♥❡r ♣rés❡♥t❡ ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❧é❣èr❡♠❡♥t ♠❡✐❧❧❡✉r q✉❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞✐r❡❝t❡ ✭q✉✐ ❡♥ ♣❧✉s ❡st
♣❧✉s ❝♦ût❡✉s❡ ❡♥ ♥♦♠❜r❡ ❞✬♦♣ér❛t✐♦♥s✮✳ ■❧ ❢❛✉t ✉♥ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s s✉r 16 ❜✐ts ❛✉ ♠♦✐♥s ♣♦✉r
♦❜t❡♥✐r ✉♥ ♦♣ér❛t❡✉r ❛✈❡❝ 12 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥ ❛✉ ✜♥❛❧ ❡t ❝❡ à ♣❛rt✐r ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛✈❡❝
13.18 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✳
P❛ss❡r ❧❡s ❝♦❡✣❝✐❡♥ts s✉r 16 ❜✐ts ♥❡ ♠♦❞✐✜❡ ♣❛s ❜❡❛✉❝♦✉♣ ❧❛ ♣ré❝✐s✐♦♥ t♦t❛❧❡ ❝❛r ♦♥ ✈♦✐t

❞❛♥s ❧❛ t❛❜❧❡ q✉✐ ❞♦♥♥❡ ǫ❛♣♣ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ n q✉❡ ❧✬♦♥ ♣❛ss❡ ❞❡ 13.00 à 13.02 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥
s❡✉❧❡♠❡♥t ❡♥ ♣❛ss❛♥t n− 1 ❞❡ 14 à 16 ♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥✳ ❆✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ❡t ✉♥ ❝❤❡♠✐♥
❞❡ ❞♦♥♥é❡s s✉r 16 ❜✐ts✱ ❣❛♣♣❛ ✐♥❞✐q✉❡ ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 12.38 ❜✐ts ❡♥ é✈❛❧✉❛♥t ❧❡ ♣♦❧②♥ô♠❡
p(x) = 32765

32768 + 22821
32768x+ 7351

32768x
2 + 649

8192x
3✳

❉❡✉① s♦❧✉t✐♦♥s ♦♥t été ✐♠♣❧❛♥té❡s ♣♦✉r ❝❡t ♦♣ér❛t❡✉r ✿ ❝❡❧❧❡ ♦♣t✐♠✐sé❡ ✭❞❡❣ré 3✱ ❝❤❡♠✐♥ ❞❡
❞♦♥♥é❡s ❞❡ 16 ❜✐ts✮ ❡t ❝❡❧❧❡ ❞❡ ❜❛s❡ ✭❞❡❣ré 4✱ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ❞❡ 18 ❜✐ts✮✳ ▲❛ s❡❝♦♥❞❡ ✈❡rs✐♦♥
❝♦rr❡s♣♦♥❞ à ❝❡❧❧❡ q✉❡ ❧✬♦♥ ❛✉r❛✐t ✐♠♣❧❛♥té❡ s❛♥s ❧✬❛✐❞❡ ❞❡ ♥♦tr❡ ♠ét❤♦❞❡✳ ▲❡ t❛❜❧❡❛✉ ✸✳✶ ❞♦♥♥❡
❧❡s ❞✐✛ér❡♥t❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ❞❡✉① ✐♠♣❧❛♥t❛t✐♦♥s ♣♦✉r ✉♥ ét❛❣❡ ❞❡ ❍♦r♥❡r ✭❧♦❣✐q✉❡ ❡t r❡❣✲
✐str❡s✮✳ ▲✬♦♣t✐♠✐s❛t✐♦♥ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ ❝✐r❝✉✐t 17 ✪ ♣❧✉s ♣❡t✐t ♠❛✐s s✉rt♦✉t ❞✬✉t✐❧✐s❡r ✉♥❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❞❡❣ré 3 ♣❧✉tôt q✉❡ 4 ❡t ❞♦♥❝ ❞❡ ❣❛❣♥❡r 38 ✪ ❡♥ t❡♠♣s ❞❡ ❝❛❧❝✉❧✳

s✉r❢❛❝❡ ♣ér✐♦❞❡ ♥❜✳ ❝②❝❧❡s ❞✉ré❡ ❞✉ ❝❛❧❝✉❧
✈❡rs✐♦♥ ❬s❧✐❝❡s❪ ❬♥s❪ ❬♥s❪

❞❡❣ré 3✱ n′ = 16 193 21.9 3 65.7

❞❡❣ré 4✱ n′ = 18 233 26.9 4 107.6

❚❛❜❧❡ ✸✳✶✳✿ ❘és✉❧t❛ts ❞❡ s②♥t❤ès❡ ♣♦✉r 2x s✉r [0, 1]

✼✷



✸✳✹✳✷✳ ❘❛❝✐♥❡ ❝❛rré❡ s✉r [1, 2]

P♦✉r ❝❡ ❞❡✉①✐è♠❡ ❡①❡♠♣❧❡✱ ♥♦✉s ❝❤❡r❝❤♦♥s à ❝♦♥❝❡✈♦✐r ✉♥ ♦♣ér❛t❡✉r très r❛♣✐❞❡ ♣♦✉r é✈❛❧✉❡r√
x ❛✈❡❝ x ❞❛♥s [1, 2] ❡t ✉♥❡ ♣ré❝✐s✐♦♥ ❞✬❛✉ ♠♦✐♥s 8 ❜✐ts ❛✉ ✜♥❛❧ ✭❛♣♣r♦①✐♠❛t✐♦♥ ❡t é✈❛❧✉❛t✐♦♥✮✳

▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❞❡ ❞❡❣ré 1 ♥❡ ❝♦♥❞✉✐t q✉✬à 6.81 ❜✐ts ❞❡ ♣ré❝✐s✐♦♥✱ ✐❧ ❢❛✉t ❛✉ ♠♦✐♥s ✉♥
♣♦❧②♥ô♠❡ ❞❡ ❞❡❣ré 2✳
▲❡ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❞❡ ❞❡❣ré 2 ♣♦✉r

√
x ❛✈❡❝ x ❞❛♥s [1, 2] ❡st 0.4456804579+0.6262821240x−

0.0711987451x2✳ ■❧ ❢♦✉r♥✐t ✉♥❡ ❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ t❤é♦r✐q✉❡ ❞❡ 0.0007638369 s♦✐t 10.35 ❜✐ts
❝♦rr❡❝ts✳ ▲❛ ♣ré❝✐s✐♦♥ t❤é♦r✐q✉❡ s✉♣ér✐❡✉r❡ à 10 ❜✐ts ♣❡r♠❡t ❞❡ s✉♣♣♦s❡r q✉❡ ❧✬♦♥ ❞❡✈r❛✐t ❛tt❡✐♥❞r❡
♥♦tr❡ ❜✉t s✐ ♦♥ tr♦✉✈❡ ❞❡s ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s s❛♥s tr♦♣ ❞✐♠✐♥✉❡r ❧✬❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥✳
❚♦✉t❡❢♦✐s✱ ✐♠♣❧❛♥t❡r ❞✐r❡❝t❡♠❡♥t ❝❡ ♣♦❧②♥ô♠❡✱ ♥✬❡st ♣❛s ✉♥❡ ❜♦♥♥❡ ✐❞é❡ ❞✉ ♣♦✐♥t ❞❡ ✈✉❡ ❞✉

❢♦r♠❛t✳ ❆✈❡❝ x ❞❛♥s [1, 2]✱ ✐❧ ❢❛✉t tr❛✈❛✐❧❧❡r ✉♥ ♥♦♠❜r❡ ❞❡ ❜✐ts ✈❛r✐❛❜❧❡ ♣♦✉r ❧❛ ♣❛rt✐❡ ❡♥t✐èr❡✳
❊♥ ❡✛❡t✱ ❧✬♦♣ér❛t✐♦♥ x2 ♥é❝❡ss✐t❡ ❞❡✉① ❜✐ts ❡♥t✐❡rs ❛❧♦rs q✉❡ ❧❡s ❛✉tr❡s s❡✉❧❡♠❡♥t ✉♥✳ P♦✉r
é✈✐t❡r ❝❡❝✐✱ ♦♥ ✉t✐❧✐s❡ ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ ♣♦✉r é✈❛❧✉❡r

√
1 + x ❛✈❡❝ x ❞❛♥s [0, 1]✳ ▲❡

♣♦❧②♥ô♠❡ ♠✐♥✐♠❛① ❝♦rr❡s♣♦♥❞❛♥t ❡st ✿ 1.0007638368 + 0.4838846338x − 0.0711987451x2✳ ❖♥
♦❜t✐❡♥t ❧❛ ♠ê♠❡ ❡rr❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 10.35 ❜✐ts ❝♦rr❡❝ts✳ ❈❡❝✐ ❡st t♦✉t à ❢❛✐t ♥♦r♠❛❧ ❝❛r
❧❡ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡ x← 1 + x ✉t✐❧✐sé ♥❡ ♠♦❞✐✜❡ ♣❛s ❧❛ q✉❛❧✐té ❞✉ ♣♦❧②♥ô♠❡ ♠✐♥✐♠❛①✳
➚ ♣❛rt✐r ❞❡ ❝❡ ♣♦❧②♥ô♠❡✱ ♦♥ ♣♦✉rr❛✐t ♣r♦❝é❞❡r ❝♦♠♠❡ ♣♦✉r ❧✬❡①❡♠♣❧❡ 2x✱ ♠❛✐s ❧❡s ❝♦❡✣❝✐❡♥ts

p0 ❡t p1 s❡♠❜❧❡♥t très ♣r♦❝❤❡s ❞❡ ♣✉✐ss❛♥❝❡s ❞❡ 2 ❡t ♦♥ ✈❛ ❡ss❛②❡r ❞❡ ❧✬✉t✐❧✐s❡r✳ ▲❛ ♣r❡♠✐èr❡ ❝❤♦s❡
à ❢❛✐r❡ ❡st ❞❡ r❡♠♣❧❛❝❡r p0 ♣❛r 1✳ ▲❡ ♣♦❧②♥ô♠❡ 1 + 0.4838846338x − 0.0711987451x2 ♦✛r❡ ✉♥❡
♣ré❝✐s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 9.35 ❜✐ts✱ ❝❡ q✉✐ ♥♦✉s s❡♠❜❧❡ s❛t✐s❢❛✐s❛♥t✳
▲❡ ❝♦❡✣❝✐❡♥t p1 s❡♠❜❧❡ ♣r♦❝❤❡ ❞❡ 0.5✳ ▲❡ ♣♦❧②♥ô♠❡ 1+0.5x−0.0711987451x2 ♦✛r❡ ✉♥❡ ♣ré❝✐✲

s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 6.09 ❜✐ts s❡✉❧❡♠❡♥t✳ p1 ♥❡ ♣❡✉t ❞♦♥❝ ♣❛s êtr❡ r❡♠♣❧❛❝é ♣❛r 0.5✳ ❚♦✉t❡❢♦✐s
♥♦✉s ❛❧❧♦♥s ❡ss❛②❡r ❞✬é❝r✐r❡ p1 ❛✈❡❝ ♣❡✉ ❞❡ ❜✐ts à 1 ♦✉ −1✳ ▲❡ ❝♦❡✣❝✐❡♥t p1 ❡st très ♣r♦❝❤❡ ❞❡
(0.100001)2✳ ▲❡ ♣♦❧②♥ô♠❡ 1+(0.100001)2x−0.711987451x2 ♦✛r❡ ✉♥❡ ♣ré❝✐s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥
❞❡ 9.45 ❜✐ts ❡t ❡♥ ♣❧✉s ❧❡ ♣r♦❞✉✐t p1x ❡st r❡♠♣❧❛❝é ♣❛r ❧❛ s♦✉str❛❝t✐♦♥ 1

2x− 1
26
x✳

◆♦✉s ♣r♦❝é❞♦♥s à ✉♥❡ r❡❝❤❡r❝❤❡ ❞✬✉♥❡ ✈❡rs✐♦♥ ❛✈❡❝ ♣❡✉ ❞❡ ❜✐ts ♥♦♥ ♥✉❧s ❞❡ p2 ❡t ♥♦✉s tr♦✉✈♦♥s
(0.0001001)2✳ ❉♦♥❝ ❧❡ ♣r♦❞✉✐t p2x

2 ❡st r❡♠♣❧❛❝é ♣❛r ❧✬❛❞❞✐t✐♦♥ 1
24
x2 + 1

27
x2✳ ▲❡ ♣♦❧②♥ô♠❡ 1 +

(0.100001)2x+(0.0001001)2x
2 ❢♦✉r♥✐t ✉♥❡ ♣ré❝✐s✐♦♥ ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ 9.49 ❜✐ts✳ ■❧ ♥❡ r❡st❡ ❞♦♥❝

♣❧✉s q✉✬✉♥❡ s❡✉❧❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ x2✳ ❉❡ ♣❧✉s✱ ♦♥ ❝♦♥st❛t❡ q✉✬❛✈❡❝ ✉♥ ❝♦❡✣❝✐❡♥t
p2 ♠♦✐♥s ♣ré❝✐s ✭♣❛ss❛❣❡ ❞❡ 0.0711987451 à (0.0001001)2✮✱ ❧❛ q✉❛❧✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❡st
❧é❣èr❡♠❡♥t ♠❡✐❧❧❡✉r❡✳ ❈❡❝✐ s✬❡①♣❧✐q✉❡ ❝❛r ❧❡ ❝♦❡✣❝✐❡♥t p2 q✉❛♥t✐✜é à (0.0001001)2 ♣❡r♠❡t ❞❡
❝♦♠♣❡♥s❡r ❧❡s ❡rr❡✉rs ❞❡ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ❛✉tr❡s ❝♦❡✣❝✐❡♥ts✳ ▲✬❡①♣❧♦r❛t✐♦♥ ❞✬✉♥❡ ♣❛rt✐❡ ❞❡
❧✬❡s♣❛❝❡ ❞❡s ❝♦❡✣❝✐❡♥ts ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❝❡ ❣❡♥r❡ ❞❡ ♣♦❧②♥ô♠❡✳ ▼❛✐s ❡♥❝♦r❡ ✉♥❡ ❢♦✐s✱ ✐❧ s✬❛❣✐t
❞✬✉♥❡ ♠ét❤♦❞❡ ♣✉r❡♠❡♥t ❤❡✉r✐st✐q✉❡ s❛♥s ❛✉❝✉♥❡ ❣❛r❛♥t✐❡ ♥✐ s✉r ❧❡ rés✉❧t❛t ♥✐ s✉r ❧❡ t❡♠♣s ❞❡
❝❛❧❝✉❧ ♥é❝❡ss❛✐r❡ ♣♦✉r ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❛♠é❧✐♦r❡r ❧❡ rés✉❧t❛t✳ P♦✉r ❧❡ ♠♦♠❡♥t✱ ♥♦✉s ♥❡ ✈♦②♦♥s ♣❛s
❞❡ ♠ét❤♦❞❡ ♣♦✉r tr♦✉✈❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t ❝❡s ♣❡t✐t❡s ❛♠é❧✐♦r❛t✐♦♥s✳
❖♥ ✈❛ ❞♦♥❝ ❞ét❡r♠✐♥❡r ❧❛ ♣ré❝✐s✐♦♥ ✜♥❛❧❡ ✐♥té❣r❛♥t ❧✬❡rr❡✉r ❞✬é✈❛❧✉❛t✐♦♥ ❡♥ ✉t✐❧✐s❛♥t ❣❛♣♣❛✳

❊♥ ❝❤❡r❝❤❛♥t ❧❛ t❛✐❧❧❡ n′ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s ♦♥ tr♦✉✈❡ 10 ❜✐ts✳ ▲❡ ♣r♦❣r❛♠♠❡ à ❢❛✐r❡ ♣r♦✉✈❡r
♣❛r ❣❛♣♣❛ ❡st ❧❡ s✉✐✈❛♥t✳

✶ ♣✵ ❂ ✶❀ ♣✶ ❂ ✸✶✴✻✹❀ ♣✷ ❂ ✲✾✴✶✷✽❀

✷ ① ❂ ❢✐①❡❞❁✲✶✵✱❞♥❃✭▼①✮❀

✸ ①✷ ❢✐①❡❞❁✲✶✵✱❞♥❃❂ ① ✯ ①❀

✹ ♣ ❢✐①❡❞❁✲✶✵✱❞♥❃❂ ♣✷ ✯ ①✷ ✰ ♣✶ ✯ ① ✰ ♣✵❀

✺ ▼♣ ❂ ♣✷ ✯ ✭▼①✯▼①✮ ✰ ♣✶ ✯ ▼① ✰ ♣✵❀

✻ ④ ▼① ✐♥ ❬✵✱✶❪ ✴❭ ⑤▼♣✲▼❢⑤ ✐♥ ❬✵ ✱✵✳✵✵✶✸✽✷✾✻✹✷❪

✼ ✲❃ ⑤♣✲▼❢⑤ ✐♥ ❄ ⑥

✼✸



❣❛♣♣❛ r❡t♦✉r♥❡ ✉♥❡ ❡rr❡✉r t♦t❛❧❡ ❞❡ 8.03 ❜✐ts✳ ▼❛✐s ❝❡ ♣r♦❣r❛♠♠❡ ❣❛♣♣❛ ❝♦rr❡s♣♦♥❞ à ❧✬✉✲
t✐❧✐s❛t✐♦♥ ❞❡ ♠✉❧t✐♣❧✐❡✉rs ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ♣r♦❞✉✐ts p1x ❡t p2x2✳ ❊♥ ♣r❛t✐q✉❡ ♥♦✉s r❡♠♣❧❛ç♦♥s
❝❡s ♠✉❧t✐♣❧✐❡✉rs ♣❛r ❞❡s ❛❞❞✐t✐♦♥s✴s♦✉str❛❝t✐♦♥s✳ ■❧ ❢❛✉t ❞♦♥❝ ❞♦♥♥❡r à ❣❛♣♣❛ ✉♥❡ ❞❡s❝r✐♣t✐♦♥
❡①❛❝t❡ ❞❡ ❝❡ q✉✐ ❡st ❢❛✐t ♣❛r ♥♦tr❡ ❛r❝❤✐t❡❝t✉r❡✳ ▲❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ♠✐♥✐♠❛❧❡ ❞✉ ❝❤❡♠✐♥
❞❡ ❞♦♥♥é❡s ❡st ❢❛✐t❡ ❡♥ ♣❛rt❛♥t ❞❡ n = 8 ❡t ❡♥ ✐♥❝ré♠❡♥t❛♥t n ❥✉sq✉✬à ❝❡ q✉❡ ❧❛ ♣ré❝✐s✐♦♥ ✜♥❛❧❡
s♦✐t s✉♣ér✐❡✉r❡ ♦✉ é❣❛❧❡ à 8 ❜✐ts✳ ▲❛ r❡❝❤❡r❝❤❡ ❞♦♥♥❡ n = 13✳

✶ ♣✵ ❂ ✶❀

✷ ♣✶✶ ❂ ✶✴✷❀ ♣✶✷ ❂ ✲✶✴✻✹❀

✸ ♣✷✶ ❂ ✲✶✴✶✻❀ ♣✷✷ ❂ ✲✶✴✶✷✽❀

✹ ① ❂ ❢✐①❡❞❁✲✽✱❞♥❃✭▼①✮❀

✺ ①✷ ❢✐①❡❞❁✲✶✻✱❞♥❃❂ ① ✯ ①❀

✻ ♣ ❢✐①❡❞❁✲✶✸✱❞♥❃❂ ♣✷✶ ✯ ①✷ ✰ ♣✷✷ ✯ ①✷ ✰ ♣✶✶ ✯ ①

✼ ✰ ♣✶✷ ✯ ① ✰ ♣✵❀

✽ ▼①✷ ❂ ▼① ✯ ▼①❀

✾ ▼♣ ❂ ♣✷✶ ✯ ▼①✷ ✰ ♣✷✷ ✯ ▼①✷ ✰ ♣✶✶ ✯ ▼① ✰ ♣✶✷ ✯ ▼①

✶✵ ✰ ♣✵❀

✶✶ ④ ▼① ✐♥ ❬✵✱✶❪ ✴❭ ⑤▼♣✲▼❢⑤ ✐♥ ❬✵ ✱✵✳✵✵✶✸✽✷✾✻✹✷❪

✶✷ ✲❃ ⑤♣✲▼❢⑤ ✐♥ ❄ ⑥

❉❛♥s ❝❡ ❝❛s✱ ❣❛♣♣❛ r❡t♦✉r♥❡ ✉♥❡ ♣ré❝✐s✐♦♥ ❞❡ 8.07 ❜✐ts ❛✈❡❝ ✉♥❡ s❡✉❧❡ ✈r❛✐❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥
♣♦✉r x2✳ ▲✬❛r❝❤✐t❡❝t✉r❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❡st ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✸✳✹✳ ▲❡s ❝❡r❝❧❡s ❣r✐s ✐♥❞✐q✉❡♥t ✉♥
❞é❝❛❧❛❣❡ ✈❡rs ❧❛ ❞r♦✐t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜✐ts ✐♥❞✐q✉é à ❧✬✐♥tér✐❡✉r ❞✉ ❝❡r❝❧❡ ✭r♦✉t❛❣❡ ✉♥✐q✉❡♠❡♥t✮✳

×

x

1 6 4 7
1

+

+ + − − −

p

❋✐❣✉r❡ ✸✳✹✳✿ ❆r❝❤✐t❡❝t✉r❡ ❞❡ ❧✬♦♣ér❛t❡✉r ♦♣t✐♠✐sé ♣♦✉r
√
1 + x s✉r [0, 1]

◆♦✉s ❛✈♦♥s ✐♠♣❧❛♥té ❧❛ s♦❧✉t✐♦♥ ♦♣t✐♠✐sé❡ ♣rés❡♥té❡ ❡♥ ✜❣✉r❡ ✸✳✹ ❡t ❝❡❧❧❡ q✉❡ ❧✬♦♥ ❛✉r❛✐t
✐♠♣❧❛♥té❡ s❛♥s ❧✬❛✐❞❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ✭❞❡❣ré 2✱ ét❛❣❡ ❞❡ ❍♦r♥❡r ❛✈❡❝ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s s✉r 11
❜✐ts✮✳ ▲❡s rés✉❧t❛ts ❞❡ s②♥t❤ès❡ ❝♦rr❡s♣♦♥❞❛♥ts s♦♥t ♣rés❡♥tés ❞❛♥s ❧❡ t❛❜❧❡❛✉ ✸✳✷✳ ■❝✐ ❛✉ss✐✱ ❧❡s

✼✹



❣❛✐♥s s♦♥t ✐♥tér❡ss❛♥ts ♣✉✐sq✉❡ ❧✬♦♥ ♦❜t✐❡♥t ✉♥❡ ❛♠é❧✐♦r❛t✐♦♥ ❞❡ 40 ✪ ❡♥ s✉r❢❛❝❡ ❡t ❞❡ 51 ✪ ❡♥
t❡♠♣s ❞❡ ❝❛❧❝✉❧✳

s✉r❢❛❝❡ ♣ér✐♦❞❡ ♥❜✳ ❝②❝❧❡s ❞✉ré❡ ❞✉ ❝❛❧❝✉❧
✈❡rs✐♦♥ ❬s❧✐❝❡s❪ ❬♥s❪ ❬♥s❪

❞❡❣ré 2 ❍♦r♥❡r 103 19.9 2 39.8

❞❡❣ré 2 ♦♣t✐♠✐sé❡ 61 19.4 1 19.4

❚❛❜❧❡ ✸✳✷✳✿ ❘és✉❧t❛ts ❞❡ s②♥t❤ès❡ ♣♦✉r
√
1 + x s✉r [0, 1]

✸✳✺✳ ❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

◆♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥❡ ♠ét❤♦❞❡ ♣♦✉r ❝♦♥❝❡✈♦✐r ❡t ♦♣t✐♠✐s❡r ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s
♠❛tér✐❡❧s ❞é❞✐és à ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s ♣❛r ❛♣♣r♦①✐♠❛t✐♦♥ ♣♦❧②♥♦♠✐❛❧❡✳ ◆♦tr❡ ♠ét❤♦❞❡
♣❡r♠❡t✱ à ❧✬❛✐❞❡ ❞✬♦✉t✐❧s ré❝❡♥ts✱ ❞❡ ❞ét❡r♠✐♥❡r ✉♥❡ s♦❧✉t✐♦♥ ❛✈❡❝ ✿
✕ ✉♥ ❞❡❣ré d ♣❡t✐t ❀
✕ ✉♥❡ t❛✐❧❧❡ ❞❡ ❝♦❡✣❝✐❡♥ts r❡♣rés❡♥t❛❜❧❡s n ♣❡t✐t❡ ❀
✕ ❡t ✉♥❡ t❛✐❧❧❡ ❞✉ ❝❤❡♠✐♥ ❞❡ ❞♦♥♥é❡s n′ ♣❡t✐t❡✳
▲❛ ♠ét❤♦❞❡ ♥❡ ❢♦✉r♥✐t ♣❛s ❞❡s ✈❛❧❡✉rs ❞❡ d✱ n ❡t n′ ♦♣t✐♠❛❧❡s✳ ▲✬♦♣t✐♠✉♠ ♣♦✉r ❝❡ ♣r♦❜❧è♠❡

♥✬❡st ♣❛s ❝♦♥♥✉ ❛❝t✉❡❧❧❡♠❡♥t ♠ê♠❡ s✉r ❧❡ ♣❧❛♥ t❤é♦r✐q✉❡✳ ❙✉r ❧❡s ❡①❡♠♣❧❡s t❡stés✱ ❧❛ ♠ét❤♦❞❡
♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ❝✐r❝✉✐ts ♣❧✉s ♣❡t✐ts ❡t ♣❧✉s r❛♣✐❞❡s q✉❡ ❝❡✉① q✉❡ ❧✬♦♥ ♣♦✉✈❛✐t ❝♦♥❝❡✈♦✐r
❛✈❛♥t✳ ❚♦✉t❡❢♦✐s✱ ✐❧ r❡st❡ ❜❡❛✉❝♦✉♣ à ❢❛✐r❡ ♣♦✉r ❧❡s ❛♠é❧✐♦r❡r ❡♥❝♦r❡✳
❉❡ ♣❧✉s✱ ♥♦tr❡ ♠ét❤♦❞❡ ♣❡r♠❡t✱ ❣râ❝❡ à ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❧♦❣✐❝✐❡❧ ❣❛♣♣❛ ❬✶✵✼❪✱ ❞✬♦❜t❡♥✐r ❞❡s

♦♣ér❛t❡✉rs ✈❛❧✐❞❡s ♥✉♠ér✐q✉❡♠❡♥t ❞ès ❧❛ ❝♦♥❝❡♣t✐♦♥✳ ❊♥ ❡✛❡t✱ ❧❛ ♠ét❤♦❞❡ ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r
à ❧❛ ❢♦✐s ❧❡s ❡rr❡✉rs ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❡t ❧❡s ❡rr❡✉rs ❞✬é✈❛❧✉❛t✐♦♥✳ ■❧ ♥✬❡st ♣❧✉s ♥é❝❡ss❛✐r❡ ❞❡ q✉❛❧✐✜❡r
❛ ♣♦st❡r✐♦r✐ ❧❡ ❝✐r❝✉✐t ❛✈❡❝ ❞❡ ❧♦♥❣✉❡s s✐♠✉❧❛t✐♦♥s ♦✉ t❡sts✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞❡ ♣ré❝✐s✐♦♥ ❡st ✈ér✐✜é❡
à ❧❛ ❝♦♥❝❡♣t✐♦♥✳
❉❛♥s ❧✬❛✈❡♥✐r✱ ♥♦✉s ♣❡♥s♦♥s tr❛✈❛✐❧❧❡r ❞❛♥s ♣❧✉s✐❡✉rs ❞✐r❡❝t✐♦♥s✳ P❛r ❡①❡♠♣❧❡✱ ✉t✐❧✐s❡r ❡♥

♠❛tér✐❡❧ ❞✬❛✉tr❡s s❝❤é♠❛s ❞✬é✈❛❧✉❛t✐♦♥ ❞❡ ♣♦❧②♥ô♠❡s ❝♦♠♠❡ ❝❡❧✉✐ ♣r♦♣♦sé ♣❛r ❊str✐♥ ♣♦✉r
❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡ d✳ ❉❡ ♣❧✉s✱ t♦✉t❡s ❧❡s ❤❡✉r✐st✐q✉❡s ♣rés❡♥té❡s ♣♦✉r ❡①♣❧♦r❡r ❧✬❡s♣❛❝❡ ❞❡s ❝♦❡❢✲
✜❝✐❡♥ts ♣♦✉r ♣♦t❡♥t✐❡❧❧❡♠❡♥t tr♦✉✈❡r ❞❡ ♠❡✐❧❧❡✉rs ♣♦❧②♥ô♠❡s ❞♦✐✈❡♥t êtr❡ ❡♥❝♦r❡ ét✉❞✐é❡s✳ ❊♥✜♥✱
♥♦✉s tr❛✈❛✐❧❧♦♥s s✉r ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ❞❛♥s ❞❡s ♦✉t✐❧s ♣♦✉r ❣é♥ér❡r ❛✉t♦♠❛t✐q✉❡♠❡♥t
❞❡s ❝✐r❝✉✐ts✳ ▲❛ str✉❝t✉r❡ ❞❡s ❋P●❆ ❛❝t✉❡❧s ❛✈❡❝ ❞❡s ❜❧♦❝s ❞❡ ♠é♠♦✐r❡s ❡t ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥s
❝â❜❧é❡s ❞❡♠❛♥❞❡♥t ❞✬❛❞❛♣t❡r ♥♦tr❡ ♠ét❤♦❞❡ à ❝❡s ❜❧♦❝s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❡♥ ❝♦♠❜✐♥❛♥t ❧❡s t❡❝❤✲
♥✐q✉❡s ❞❡ ❞✐✈✐s✐♦♥ ✭♦✉ ❞✬✐♥✈❡rs❡✮ ❡t ❧❡s é✈❛❧✉❛t✐♦♥s ❞❡ ♣♦❧②♥ô♠❡s✱ ♦♥ ♣❡✉t✱ ♣❡✉t✲êtr❡✱ ❡♥✈✐s❛❣❡r
❞✬✉t✐❧✐s❡r ❞❡s ❛♣♣r♦①✐♠❛t✐♦♥s r❛t✐♦♥♥❡❧❧❡s✳

✼✺





❈❤❛♣✐tr❡ ✹

❈♦♥❝❧✉s✐♦♥ ❡t ♣❡rs♣❡❝t✐✈❡s

❉❛♥s ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❝❡ ♠é♠♦✐r❡ ✶✳✶✱ ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ét❛✐t ❞é✜♥✐❡ ♣❛r ❧❛
❜r❛♥❝❤❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐q✉❡ q✉✐ tr❛✐t❡ ❞❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ❡t ❞❡s ❛❧❣♦r✐t❤♠❡s ♣♦✉r
❡✛❡❝t✉❡r ❧❡s ❝❛❧❝✉❧s ❞❡ ❜❛s❡ ❡♥ ♠❛❝❤✐♥❡✳ ❉❛♥s ❝❡tt❡ ♣r❡♠✐èr❡ ❞é✜♥✐t✐♦♥✱ ❞❡✉① ❛s♣❡❝ts ✐♠♣♦rt❛♥ts
♠❛♥q✉❡♥t ♦✉ s♦♥t✱ ♣❡✉t✲êtr❡ tr♦♣✱ ✐♠♣❧✐❝✐t❡s ✿ ❧✬❡✣❝❛❝✐té ❞❡s ❝❛❧❝✉❧s ❡t ❧❛ ✈❛❧✐❞✐té ❞❡s rés✉❧t❛ts✳
❇♦♥ ♥♦♠❜r❡ ❞❡ ♥♦s tr❛✈❛✉① ❡♥ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ♣♦rt❡♥t s✉r ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡s

♣❡r❢♦r♠❛♥❝❡s ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❝❛❧❝✉❧✳ ◆♦✉s ❞és✐❣♥♦♥s ♣❛r ♣❡r❢♦r♠❛♥❝❡s ❞❡s q✉❛♥t✐tés ❛ss❡③
❢❛❝✐❧❡♠❡♥t ♠❡s✉r❛❜❧❡s ❝♦♠♠❡ ❧❛ ✈✐t❡ss❡ ✭❞✉ré❡✱ ❧❛t❡♥❝❡✱ ❞é❜✐t✮ ❡t ❧❡ ❝♦ût ❞❡s ❝❛❧❝✉❧s ✭s✉r❢❛❝❡
❞❡ s✐❧✐❝✐✉♠✱ t❛✐❧❧❡ ❞❡ ❧✬❡♠♣r❡✐♥t❡ ♠é♠♦✐r❡✱ é♥❡r❣✐❡✱ ♣✉✐ss❛♥❝❡ ♠❛①✐♠✉♠✱ ❡t❝✳✮✳ ❖♥ ❛❥♦✉t❡ à ❝❡s
♣❡r❢♦r♠❛♥❝❡s ❞❡s ❛s♣❡❝ts ♣❧✉s ❞✐✣❝✐❧❡♠❡♥t q✉❛♥t✐✜❛❜❧❡s✱ ❛✉❥♦✉r❞✬❤✉✐✱ ❝♦♠♠❡ ❧❡s ❢✉✐t❡s ❞✬✐♥❢♦r✲
♠❛t✐♦♥ ♣❛r ❝❛♥❛✉① ❝❛❝❤és ✭♦✉ ❛✉①✐❧✐❛✐r❡s✮ ❞❛♥s ❞❡s ❛♣♣❧✐❝❛t✐♦♥s sé❝✉r✐sé❡s✳ ◆♦✉s ❛✈♦♥s ♣r♦♣♦sé
❞❡ ♠✉❧t✐♣❧❡s s♦❧✉t✐♦♥s ♣♦✉r ❛✉❣♠❡♥t❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞✬♦♣ér❛t❡✉rs ♦✉ s✉♣♣♦rts ❞❡ ❝❛❧❝✉❧ ❛r✐t❤✲
♠ét✐q✉❡ ✿ ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s✱ ♦♣ér❛t❡✉rs r❡❝♦♥✜❣✉r❛❜❧❡s✱ ❛❧❣♦r✐t❤♠❡s ❞é❞✐és ❛✉① ❋P●❆✱
✈❛r✐❛♥t❡s ❞❡ ❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡t ❞❡ ❧❛ ❞✐✈✐s✐♦♥✱ ❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s✱ ♦♣ér❛t❡✉rs ❝r②♣✲
t♦❣r❛♣❤✐q✉❡s✱ ❜✐❜❧✐♦t❤èq✉❡s ✢♦tt❛♥t❡s ♦✉ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✱ ♦✉t✐❧s ❞✬❛✐❞❡ à ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡
✓ ❝✐r❝✉✐ts ✔ ❛r✐t❤♠ét✐q✉❡s✱ ❡t❝✳
❯♥❡ ❛✉tr❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞✉ tr❛✈❛✐❧ ét❛✐t ❞❡ ♣♦✉✈♦✐r q✉❛❧✐✜❡r✱ ♦✉ q✉❛♥t✐✜❡r✱ ❧❛ ✈❛❧✐❞✐té ❞❡s

s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s✳ ❊♥ ❝❧❛✐r✱ ❡st✲❝❡ q✉✬✉♥ ♦♣ér❛t❡✉r ❝❛❧❝✉❧❡ ❝♦rr❡❝t❡♠❡♥t ❡t ❛✈❡❝ ❧❡s ♣❡r❢♦r✲
♠❛♥❝❡s s♦✉❤❛✐té❡s ❄ ❈❡tt❡ q✉❡st✐♦♥ ♣❡✉t ♣❛r❛îtr❡ s✐♠♣❧✐st❡ ♣♦✉r ❞❡s ♣❡t✐ts ♦♣ér❛t❡✉rs ❡♥t✐❡rs
♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡✳ ▼❛✐s✱ ❧♦rsq✉✬✐❧ s✬❛❣✐t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ♣ré❝✐s✐♦♥ ♣❛r r❛♣♣♦rt à ✉♥❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ♥♦♠❜r❡s ré❡❧s✱ ❧❡s ❝❤♦s❡s s♦♥t ❜✐❡♥ ♣❧✉s ❝♦♠♣❧❡①❡s✳ ▼ê♠❡ ♣♦✉r ❞❡s ♦❜❥❡ts
♠❛t❤é♠❛t✐q✉❡s q✉✐ ♥❡ ♣♦s❡♥t ♣❛s ❞❡ ♣r♦❜❧è♠❡ ❞❡ ✓ ♣ré❝✐s✐♦♥ ✔✱ ❝♦♠♠❡ ❧❡ ❝❛❧❝✉❧ ❞❛♥s ❞❡s ❝♦r♣s
✜♥✐s✱ ❧❛ ✈❛❧✐❞❛t✐♦♥ ♥✬❡st ♣❛s s✐♠♣❧❡✳ ❊♥ ❡✛❡t✱ ❝♦♠♠❡♥t ❣❛r❛♥t✐r q✉❡ ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❞✬✉♥ ❛❧❣♦✲
r✐t❤♠❡ ❝♦♠♣❧❡①❡ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡ ❞❡✉① ❣r❛♥❞s ❡♥t✐❡rs ❞❡ ✻✵✵ ❜✐ts ♠♦❞✉❧♦ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡
♣r❡♠✐❡r ❞❡ ✻✵✵ ❜✐ts ❡st ❜✐❡♥ ❝♦rr❡❝t❡ ❄ ▲❛ s✐♠✉❧❛t✐♦♥ ❡①❤❛✉st✐✈❡ ❡st ✐♠♣♦ss✐❜❧❡✳ ▲❛ ❣é♥ér❛t✐♦♥
❞❡ ✈❡❝t❡✉rs ❞❡ t❡st ♦✛r❛♥t ✉♥❡ ❝♦✉✈❡rt✉r❡ t♦t❛❧❡ ❡st ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s
❝❛s✳ ❉❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡ ♥♦s tr❛✈❛✉①✱ ♥♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é s✉r ❧❛ ✈❛❧✐❞❛t✐♦♥ ❞❡ ♥♦s s♦❧✉t✐♦♥s ❡♥
❝♦♠❜✐♥❛♥t ♣❧✉s✐❡✉rs t❡❝❤♥✐q✉❡s ✿ ♣r❡✉✈❡s ♠❛t❤é♠❛t✐q✉❡s ❞❡s ❛❧❣♦r✐t❤♠❡s✱ s✐♠✉❧❛t✐♦♥s ✐♥t❡♥s✐✈❡s
❛❧é❛t♦✐r❡s ♦✉ ❛✈❡❝ ❞❡s ✈❡❝t❡✉rs s♣é❝✐✜q✉❡s ❣é♥érés ❛✉t♦♠❛t✐q✉❡♠❡♥t✱ t❡sts ✐♥t❡♥s✐❢s s✉r ❝✐r❝✉✐ts
❋P●❆ ❡t ✉t✐❧✐s❛t✐♦♥ ❞✬♦✉t✐❧s ❞✬❛✐❞❡ à ❧❛ ♣r❡✉✈❡ ❛✉t♦♠❛t✐q✉❡ ❞❡ ♣r♦❣r❛♠♠❡s✳
▲❛ ✈✐t❡ss❡ ❞❡ ❝❛❧❝✉❧ ❞♦✐t ♣♦✉✈♦✐r ❝♦♥t✐♥✉❡r ❞✬❛✉❣♠❡♥t❡r ♣♦✉r ♣♦✉✈♦✐r tr❛✐t❡r ❧❡s é♥♦r♠❡s

q✉❛♥t✐tés ❞❡ ❞♦♥♥é❡s ❞❡s ♥♦✉✈❡❧❧❡s ❛♣♣❧✐❝❛t✐♦♥s✳ ▲✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞❡s ♣r♦❝❡ss❡✉rs
s❡♠❜❧❛♥t ♥❡ ♣❧✉s êtr❡ ❧❡ ♣r✐♥❝✐♣❛❧ ♠♦t❡✉r ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ♣r♦❝❡ss❡✉rs✱ ❧✬❛❧❣♦r✐t❤♠✐q✉❡ ✈❛
❞❡✈♦✐r r❡♣r❡♥❞r❡ ✉♥❡ ♣❧❛❝❡ ❞❡ ❝❤♦✐① ❞❛♥s ♥♦s ét✉❞❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❡ ♣❛r❛❧❧é❧✐s♠❡ s❡♠❜❧❡ êtr❡
❧❡ ♠❛îtr❡ ♠♦t ♣♦✉r ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✳ ◗✉❡ ♣❡✉t✲✐❧ ♥♦✉s ❛♣♣♦rt❡r ❄ ❉❡s ❛r✐t❤♠ét✐q✉❡s ❛✈❡❝ ✉♥
❢♦rt ♣❛r❛❧❧é❧✐s♠❡ ✐♥t❡r♥❡✱ ❝♦♠♠❡ ❘◆❙✱ ♣❡✉✈❡♥t êtr❡ ❛ss❡③ ❢❛❝✐❧❡♠❡♥t ✉t✐❧✐sé❡s ❞❛♥s ❞❡s ❝✐r❝✉✐ts
❞✉ ❢❛✐t ❞❡s s✉r❢❛❝❡s ❞✐s♣♦♥✐❜❧❡s✳ ▲❡ ♣❛r❛❧❧é❧✐s♠❡ ❛❧♦rs ❞✐s♣♦♥✐❜❧❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❛r✐t❤♠ét✐q✉❡
❡st✲✐❧ ✉t✐❧❡ ❡♥ ♣r❛t✐q✉❡ ❄ ❖✉ ❜✐❡♥✱ ❧❡ ♣❛r❛❧❧é❧✐s♠❡ ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ s❡r❛✲t✲✐❧ ♣❧✉s s✐♠♣❧❡
à ❡①♣❧♦✐t❡r ❄
▲❛ s✉r❢❛❝❡ ❞❡ s✐❧✐❝✐✉♠ r❡st❡ ✉♥ é❧é♠❡♥t ✐♠♣♦rt❛♥t ❞✉ ❝♦ût ❞✬✉♥ ❝✐r❝✉✐t ✐♥té❣ré✳ ▼ê♠❡ ♣♦✉r

❧❡s très ❣r♦s ❝✐r❝✉✐ts✱ ❝♦♠♠❡ ❞❡s ♣r♦❝❡ss❡✉rs ❤❛✉t❡s ♣❡r❢♦r♠❛♥❝❡s✱ ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡s ❜❧♦❝s
❞❡ ❝❛❧❝✉❧ ❡st ❝r✉❝✐❛❧ ♣♦✉r ♣♦✉✈♦✐r ❛✉❣♠❡♥t❡r ❧❡ ♣❛r❛❧❧é❧✐s♠❡ ✐♥t❡r♥❡✳ ❉❡ ♣❧✉s✱ t♦✉t❡ ré❞✉❝t✐♦♥

✼✼



❞❡ ❧❛ s✉r❢❛❝❡ ❞✬✉♥ ❝✐r❝✉✐t ❡♥❣❡♥❞r❡ ✉♥❡ ré❞✉❝t✐♦♥ ❞❡ s❛ ❝♦♥s♦♠♠❛t✐♦♥ st❛t✐q✉❡✳ ▲✬♦♣t✐♠✐s❛t✐♦♥
❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❞é❞✐és à ❞❡s ❝❛❧❝✉❧s s♣é❝✐✜q✉❡s r❡st❡r❛ ✉♥ ❛①❡ ❞❡ tr❛✈❛✐❧ ✐♠♣♦rt❛♥t✳
▲❡s ❛s♣❡❝ts é♥❡r❣ét✐q✉❡s ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s❡r♦♥t✱ très ♣r♦❜❛❜❧❡♠❡♥t✱ ✉♥❡ ❜♦♥♥❡

s♦✉r❝❡ ❞❡ ♣r♦❜❧é♠❛t✐q✉❡s ❞❡ r❡❝❤❡r❝❤❡✳ ▲❡s tr❛✈❛✉① ❞❡ ♠♦❞é❧✐s❛t✐♦♥ ❞♦✐✈❡♥t êtr❡ r❡♥❢♦r❝és ♣♦✉r
♣♦✉✈♦✐r ❣✉✐❞❡r ❞❡s ❝❤♦✐① ❛✉ ♥✐✈❡❛✉ ❞❡ ❧✬✉t✐❧✐s❛t❡✉r ♦✉ ❜✐❡♥ ❞❛♥s ❞❡s ♦✉t✐❧s ❞❡ ❝♦♥❝❡♣t✐♦♥✳ ■❧ r❡st❡
❡♥❝♦r❡ à ét✉❞✐❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s é♥❡r❣ét✐q✉❡s ❞❡ ❝❡rt❛✐♥❡s ❞❡ ♥♦s ♣r♦♣♦s✐t✐♦♥s✳ P❛r ❡①❡♠♣❧❡✱
❧❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s s❡♠❜❧❡♥t ✐♥tér❡ss❛♥t❡s ♣♦✉r ♠❛✐♥t❡♥✐r ✉♥❡ ❢❛✐❜❧❡ ❛❝t✐✈✐té ❞❛♥s ❧❡
❝✐r❝✉✐t ✭❝♦♥tr❛✐r❡♠❡♥t à ✉♥❡ s♦❧✉t✐♦♥ ✐tér❛t✐✈❡✮✳ ▼❛✐s ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ st❛t✐q✉❡ ❞❡s t❛❜❧❡s ♣❡✉t
♣é♥❛❧✐s❡r ❧♦✉r❞❡♠❡♥t ❧❡ ❜✐❧❛♥ é♥❡r❣ét✐q✉❡ ❣❧♦❜❛❧✳ ❯♥❡ ét✉❞❡ ✐♠♣♦rt❛♥t❡ q✉✐ r❡st❡ à ❢❛✐r❡ ❡st ✉♥❡
❝♦♠♣❛r❛✐s♦♥ ❞❡ ❧✬❡✣❝❛❝✐té é♥❡r❣ét✐q✉❡ ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s é❧é✲
♠❡♥t❛✐r❡s ✭❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ♦✉ r❛t✐♦♥♥❡❧❧❡s✱ ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s✱ ❛❧❣♦r✐t❤♠❡s
à ré❝✉rr❡♥❝❡ ❞❡ ❝❤✐✛r❡s ♦✉ ❜✐❡♥ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s✮✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡s ❧✐❡♥s ❡♥tr❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s
❝❛❧❝✉❧s✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ✉t✐❧✐sés ❡t ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡ s❡r♦♥t ✉♥❡ s♦✉r❝❡ ❞❡ ❝♦♠♣r♦♠✐s ❡t
❞✬♦♣t✐♠✐s❛t✐♦♥s ❝❡rt❛✐♥❡✳
▲❡s ❛r❝❤✐t❡❝t✉r❡s r❡❝♦♥✜❣✉r❛❜❧❡s ❝♦♥st✐t✉❡♥t ✉♥❡ ✈♦✐❡ ✐♥tér❡ss❛♥t❡ ♣♦✉r ♦✛r✐r ❞❡ ❜♦♥♥❡s ♣❡r✲

❢♦r♠❛♥❝❡s✳ ❊❧❧❡s ♣❡r♠❡tt❡♥t ❞❡ ❧✐♠✐t❡r à ❧❛ ❢♦✐s ❧❛ s✉r❢❛❝❡ ❞❡ s✐❧✐❝✐✉♠ ❡t ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ st❛t✐q✉❡✳
▲❛ ✈✐t❡ss❡ ♥✬❡st ♣❛s ❡♥ r❡st❡ ♣✉✐sq✉❡ ❧✬✓ ❛❞❛♣t❛t✐♦♥ ✔ ❞✉ s✉♣♣♦rt ❞✬❡①é❝✉t✐♦♥ ❛✉① ❜❡s♦✐♥s ♣❡r♠❡t
❞❡ ❝❛❧❝✉❧❡r ♣❧✉s r❛♣✐❞❡♠❡♥t ❞❡s ♦♣ér❛t✐♦♥s ♣❧✉s ❝♦♠♣❧❡①❡s✳ ▲❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❜♦♥♥❡ ✓ ❣r❛♥✉✲
❧❛r✐té ✔ ❡st ♣r♦❜❛❜❧❡♠❡♥t ✉♥ ❞❡s ♣♦✐♥ts ❝❧és ❞❡ ❝❡ ♣r♦❜❧è♠❡✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡s ❋P●❆
❝❧❛ss✐q✉❡s✱ ❧❛ ❣r❛♥❞❡ ✢❡①✐❜✐❧✐té s❡ ♣❛②❡ ♣❛r ❞❡s ♣❡r❢♦r♠❛♥❝❡s s♦✉✈❡♥t ❢❛✐❜❧❡s✳ ▲❡s ❛r❝❤✐t❡❝t✉r❡s
r❡❝♦♥✜❣✉r❛❜❧❡s à ❣r❛✐♥ ♠♦②❡♥ ♦✛r❡♥t ❞❡s ❛t♦✉ts ✐♠♣♦rt❛♥ts✳ ❯♥ ♦❜❥❡❝t✐❢ à ♠♦②❡♥ t❡r♠❡ ❡st
❞✬ét✉❞✐❡r ✉♥❡ ❛r❝❤✐t❡❝t✉r❡ r❡❝♦♥✜❣✉r❛❜❧❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡s ♣r♦t♦❝♦❧❡s✱ ❞❡s
t❛✐❧❧❡s ❞❡ ❝❧és ❡t ❞❡ ❝❡rt❛✐♥s ♣❛r❛♠ètr❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s r❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐ts
✜❣és✳ ❉❡ ♣❧✉s✱ ❧❡s tr❛✈❛✉① ❛✉t♦✉r ❞❡ ❧❛ sé❝✉r✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs s❡♠❜❧❡♥t ✐♥❞✐q✉❡r q✉❡ ❧❛ r❡✲
❝♦♥✜❣✉r❛t✐♦♥ ♣❡✉t ❛✐❞❡r à s❡ ♣r♦té❣❡r ❝♦♥tr❡ ❝❡rt❛✐♥❡s ❛tt❛q✉❡s✳ ➚ ♣❧✉s ❧♦♥❣ t❡r♠❡✱ ❥✬❡♥✈✐s❛❣❡
❞❡ r❡♣r❡♥❞r❡ ❧❡s tr❛✈❛✉① s✉r ❧✬❛r❝❤✐t❡❝t✉r❡ ❋P❖P ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❡♥ ❛✉t♦♠❛t✐q✉❡ ❡t ❡♥
tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✳
❉❛♥s ❧❡s t♦✉t❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✱ ✉♥ ❡♥❥❡✉ ✐♠♣♦rt❛♥t ♣♦✉r ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝r②♣t♦s②stè♠❡s

♠❛tér✐❡❧s ❡st ❞❡ ♣♦✉✈♦✐r ♠❡s✉r❡r ❝❧❛✐r❡♠❡♥t ❧✬✐♠♣❛❝t ❞❡s ❞✐✈❡rs❡s r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s
❡t ❞❡s ❞✐✈❡rs ❛❧❣♦r✐t❤♠❡s ❛r✐t❤♠ét✐q✉❡s s✉r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ✭✈✐t❡ss❡✱ t❛✐❧❧❡✱ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥✲
❡r❣✐❡✱ ♥✐✈❡❛✉ ❞❡ sé❝✉r✐té✮✳ P❛r ❡①❡♠♣❧❡✱ q✉❡❧❧❡ ❛r✐t❤♠ét✐q✉❡ ❡st ❧❛ ♠✐❡✉① ❛♣♣r♦♣r✐é❡ ♣♦✉r ❞❡s
❝r②♣t♦s②stè♠❡s à ❜❛s❡ ❞❡ ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✱ ❤②♣❡r✲❡❧❧✐♣t✐q✉❡s ♦✉ à ❜❛s❡ ❞❡ ❝♦✉♣❧❛❣❡s ❄ ❙✉r ❝❡tt❡
q✉❡st✐♦♥✱ ✉♥ ❞❡ ♥♦s ❜✉ts à ♠♦②❡♥ t❡r♠❡ ❡st ❞❡ ❢♦✉r♥✐r ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣❡r❢♦r♠❛♥ts
♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❛♥s ❧❡s ❝♦r♣s ✜♥✐s ❛✈❡❝ ❞❡s ♥♦♠❜r❡s ❞❡ ✶✺✵ à ✻✵✵ ❜✐ts✳ ❉❛♥s ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r
❞❡ ❧❛ rés✐st❛♥❝❡ ❛✉① ❛tt❛q✉❡s ♣❤②s✐q✉❡s✱ ❧❡s tr❛✈❛✉① ❡♥tr❡♣r✐s ❞♦♥♥❡r♦♥t✱ s❛♥s ❛✉❝✉♥ ❞♦✉t❡✱ ❞❡s
♥♦✉✈❡❧❧❡s s♦❧✉t✐♦♥s ❞❡ sé❝✉r✐s❛t✐♦♥✳
❯♥❡ ❛✉tr❡ ✈♦✐❡ ❞❡ r❡❝❤❡r❝❤❡ s❡♠❜❧❡ ✐♥tér❡ss❛♥t❡ ♣♦✉r ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s ✿ ❧❡s ♣r♦❜❧è♠❡s

❞❡ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s ❡t ❞❡ ✈❛r✐❛❜✐❧✐té ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ ❝✐r❝✉✐t ✐♥té❣ré ❞❛♥s ❧❡s t❡❝❤✲
♥♦❧♦❣✐❡s très ✜♥❡s✳ ◆♦✉s ❛✈♦♥s s♦✉♠✐s ✉♥ ♣r♦❥❡t ❆◆❘ ❞♦♥t ✉♥❡ ♣❛rt✐❡ ♣♦rt❡ s✉r ❧❛ ❝♦♥❝❡♣t✐♦♥
❞✬✉♥✐tés ❞❡ ❝❛❧❝✉❧ q✉✐ ✐♥tè❣r❡♥t ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ❞ét❡❝t✐♦♥ ♦✉ ❞❡ t♦❧ér❛♥❝❡ ❛✉① ♣❛♥♥❡s ❞✐r❡❝t❡✲
♠❡♥t ❛✉ ♥✐✈❡❛✉ ❛r✐t❤♠ét✐q✉❡✳ ❆✈❡❝ ❧❛ ❞✐♠✐♥✉t✐♦♥ ❞❡ ❧❛ ✜♥❡ss❡ ❞❡s ❣r❛✈✉r❡s✱ ❧❡s ❝❛r❛❝tér✐st✐q✉❡s
❞❡s é❧é♠❡♥ts ❞✬✉♥ ❝✐r❝✉✐t ✈❛r✐❡♥t ❜❡❛✉❝♦✉♣ ❞❛♥s ✉♥❡ ♠ê♠❡ ♣✉❝❡✳ ❊st✲✐❧ t♦✉❥♦✉rs ❥✉st✐✜é ❞❡ ❝♦♥✲
❝❡✈♦✐r ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❛❧❝✉❧ ♣♦✉r ✉♥ ♣✐r❡ ❝❛s ❝♦rr❡s♣♦♥❞❛♥t à ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ♣♦rt❡s
♦✉ ❞❡ tr❛♥s✐st♦rs ✜①❡s ❄ ▲❡s tr❛✈❛✉① ♠❡♥és s✉r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬❛❝t✐✈✐té ♣❛r❛s✐t❡ ❞❛♥s ❧❡s
♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s❡r♦♥t✱ ♣❡✉t✲êtr❡✱ ✉t✐❧❡s s✉r ❝❡ s✉❥❡t✳ ▲✬❛❝t✐✈✐té ♣❛r❛s✐t❡ ❞é♣❡♥❞✱ ❡♥
❡✛❡t✱ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s t❡♠♣♦r❡❧❧❡s ❞❡ ❧✬❛rr✐✈é❡ r❡❧❛t✐✈❡ ❞❡ s✐❣♥❛✉①✳ ■❧ ② ❛✱ ♣❡✉t✲êtr❡✱ ❞❡s ❧✐❡♥s
❡♥tr❡ ❧❡s ♠♦❞è❧❡s ❞✬❛❝t✐✈✐té ❡t ❝❡✉① ♣♦✉r ❧❛ ✈❛r✐❛❜✐❧✐té✳
▲❡ s✉♣♣♦rt ❞✬❛r✐t❤♠ét✐q✉❡s é✈♦❧✉é❡s ❧♦rs ❞❡ ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐ts r❡st❡ ✉♥ ♣r♦❜❧è♠❡ ✐♠✲

✼✽



♣♦rt❛♥t✳ ❉❡♣✉✐s ❧❡ ❞é❜✉t ❞❡ ♠❡s tr❛✈❛✉①✱ ❥❡ ♠❡ s✉✐s ✐♠♣❧✐q✉é ❞❛♥s ❧✬ét✉❞❡ ❡t ❧❛ ♠✐s❡ ❡♥ ÷✉✲
✈r❡ ❧♦❣✐❝✐❡❧❧❡ ❞❡ ♠ét❤♦❞❡s ❡t ❞✬♦✉t✐❧s ♣♦✉r ❝❡ s✉♣♣♦rt✳ ❏❡ ❝♦♠♣t❡ ♣♦✉rs✉✐✈r❡ ❝❡s tr❛✈❛✉①✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ❥❡ tr❛✈❛✐❧❧❡ s✉r ✉♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t ❞✬♦♣t✐♠✐s❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs
❛r✐t❤♠ét✐q✉❡s ♠❛tér✐❡❧s✳

✼✾





❈❤❛♣✐tr❡ ✺

❆✉tr❡s ❛❝t✐✈✐tés

✺✳✶✳ ❊♥❝❛❞r❡♠❡♥t

❊♥❝❛❞r❡♠❡♥t ❡t ❝♦✲❡♥❝❛❞r❡♠❡♥t ❞❡ t❤ès❡s

❚❤♦♠❛s ❈❤❛❜r✐❡r✱ ét✉❞✐❛♥t ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❇♦r❞❡❛✉①✱ ❜♦✉rs❡ ❞❡ ✸ ❛♥s ❞❡ ❧❛ ré❣✐♦♥ ❇r❡✲
t❛❣♥❡ ❡t ❞✉ ❝♦♥s❡✐❧ ❣é♥ér❛❧ ❞❡s ❈ôt❡s✲❞✬❆r♠♦r✱ t❤ès❡ ❞é❜✉té❡ ❡♥ ♦❝t♦❜r❡ ✷✵✵✾✳ ❙✉❥❡t ✿
✉♥✐tés ❛r✐t❤♠ét✐q✉❡s r❡❝♦♥✜❣✉r❛❜❧❡s ♣♦✉r ❝r②♣t♦♣r♦❝❡ss❡✉rs r♦❜✉st❡s ❛✉① ❛tt❛q✉❡s✳ ❚❤ès❡
❝♦✲❡♥❝❛❞ré❡ à ✾✵✪ ♣❛r ♠♦✐ ❡t ❛❞♠✐♥✐str❛t✐✈❡♠❡♥t à ✶✵✪ ♣❛r ❊✳ ❈❛ss❡❛✉✳ ❚❤ès❡ ❡✛❡❝t✉é❡
à ❧✬■❘■❙❆✳

❉❛♥✉t❛ P❛♠✉❧❛✱ ét✉❞✐❛♥t❡ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ●❧✐✇✐❝❡ ❡♥ P♦❧♦❣♥❡✱ ❜♦✉rs❡ ❝♦t✉t❡❧❧❡ ❋r❛♥❝❡✲
P♦❧♦❣♥❡ ❞❡ ✸ ❛♥s ❞é❜✉té❡ ❡♥ s❡♣t❡♠❜r❡ ✷✵✵✾✳ ❙✉❥❡t ✿ ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛
❝r②♣t♦❣r❛♣❤✐❡✳ ❚❤ès❡ ❝♦✲❡♥❝❛❞ré❡ à ✾✵✪ ♣❛r ♠♦✐ ❡t ❛❞♠✐♥✐str❛t✐✈❡♠❡♥t à ✶✵✪ ♣❛r ❖✳
❙❡♥t✐❡②s✳ ❚❤ès❡ ❡✛❡❝t✉é❡ à ♠✐✲t❡♠♣s à ❧✬■❘■❙❆ ❡t ♠✐✲t❡♠♣s à ❧✬❯♥✐✈❡rs✐té ❞❡ ●❧✐✇✐❝❡ ❡♥
P♦❧♦❣♥❡✳

❏♦sé ▲♦♣❡s✱ ét✉❞✐❛♥t ❯♥✐✈❡rs✐té ▼♦♥t♣❡❧❧✐❡r ✷✱ ❜♦✉rs❡ ❆◆❘ ❞❡ ✸ ❛♥s ❞é❜✉té❡ ❡♥ ♦❝t♦❜r❡ ✷✵✵✼✳
❙✉❥❡t ✿ ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s r❡❝♦♥✜❣✉r❛❜❧❡s✳ ❆❝❝ré❞✐t❛t✐♦♥ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥t♣❡❧✲
❧✐❡r ✷ ♣♦✉r ❡♥❝❛❞r❡r ❝❡tt❡ t❤ès❡ s❡✉❧ ✭❞♦♥❝ ✶✵✵✪ ♣❛r ♠♦✐✮✳ ❚❤ès❡ ❛❜❛♥❞♦♥♥é❡ ❡♥ ✜♥ ❞❡
♣r❡♠✐èr❡ ❛♥♥é❡✱ ❡✛❡❝t✉é❡ ❛✉ ▲■❘▼▼✳

❏✉❧✐❡♥ ❋r❛♥❝q✱ ✐♥❣é♥✐❡✉r P♦❧②t❡❝❤✬▼♦♥t♣❡❧❧✐❡r✱ ❜♦✉rs❡ ❈❊❆ ❞❡ ✸ ❛♥s ❞é❜✉té❡ ❡♥ ♦❝t♦❜r❡ ✷✵✵✻
❡t s♦✉t❡♥✉❡ ❡♥ ❞é❝❡♠❜r❡ ✷✵✵✾✳ ❙✉❥❡t ✿ ❈♦♥❝❡♣t✐♦♥ ❡t sé❝✉r✐s❛t✐♦♥ ❞✬✉♥✐tés ❛r✐t❤♠ét✐q✉❡s
❤❛✉t❡s ♣❡r❢♦r♠❛♥❝❡s ♣♦✉r ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s✳ ❚❤ès❡ ❝♦✲❡♥❝❛❞ré❡ à ✹✺✪ ♣❛r ♠♦✐ ❛✈❡❝ ❏❡❛♥✲
❇❛♣t✐st❡ ❘✐❣❛✉❞ ✭➱❝♦❧❡ ❞❡s ▼✐♥❡s ❞❡ ❙t✲➱t✐❡♥♥❡✮ à ✹✺✪ ❡t ❏❡❛♥✲❈❧❛✉❞❡ ❇❛❥❛r❞ à ✶✵✪
❡t ❡✛❡❝t✉é❡ ❛✉ ❈❡♥tr❡ ▼✐❝r♦é❧❡❝tr♦♥✐q✉❡ ❞❡ Pr♦✈❡♥❝❡ à ●❛r❞❛♥♥❡ ❡t ❛✉ ▲■❘▼▼✳ ■❧ ❡st
♠❛✐♥t❡♥❛♥t ❡①♣❡rt ❡♥ ❝r②♣t♦❣r❛♣❤✐❡ ♠❛tér✐❡❧❧❡ ❝❤❡③ ❊❆❉❙✳

❙té♣❤❛♥❡ ❙✐♠❛r❞✱ ✐♥❣é♥✐❡✉r ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✉ ◗✉é❜❡❝ à ❈❤✐❝♦✉t✐♠✐ ❛✉ ❈❛♥❛❞❛✱ ❜♦✉rs❡ ❞❡ ✸
❛♥s ❞é❜✉té❡ ❡♥ s❡♣t❡♠❜r❡ ✷✵✵✺✳ ❙✉❥❡t ✿ s②stè♠❡ s✉r ♣✉❝❡ ❡♥ ❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ♣♦✉r ❧❡
❝♦♥trô❧❡ ✈❡❝t♦r✐❡❧❧❡ s❛♥s ❝❛♣t❡✉r✳ ❚❤ès❡ ❝♦✲❡♥❝❛❞ré❡ à ✷✵✪ ♣❛r ♠♦✐ ❡t ❘❛❝❤✐❞ ❇✉❣é♥❛♥❡ à
✽✵✪✳ ❚❤ès❡ ❡✛❡❝t✉é❡ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❊❘▼❊❚■❙ à ❧✬❯◗❆❈ ❈❤✐❝♦✉t✐♠✐ ❈❛♥❛❞❛✳ ❈❤❛♥❣❡♠❡♥t
❞❡ s✉❥❡t ❛♣rès ❞❡✉① ❛♥s ❡t ❛rrêt ❞✉ ❝♦✲❡♥❝❛❞r❡♠❡♥t✳

❘♦♠❛✐♥ ▼✐❝❤❛r❞✱ ✐♥❣é♥✐❡✉r ❞✉ ❈♦r♣s ❞❡s ❚é❧é❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❜♦✉rs❡ ❞❡ ✹ ❛♥s ❡♥ ❞ét❛❝❤❡♠❡♥t
■◆❘■❆✱ ❞é❜✉té❡ ❡♥ ❥✉✐❧❧❡t ✷✵✵✹ ❡t s♦✉t❡♥✉❡ ❡♥ ❥✉✐♥ ✷✵✵✽✳ ❙✉❥❡t ✿ ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s
♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳ ❆❝❝ré❞✐t❛t✐♦♥ ❞❡ ❧✬❊◆❙ ▲②♦♥ ♣♦✉r ❡♥❝❛❞r❡r ❝❡tt❡
t❤ès❡ s❡✉❧ ✭❞♦♥❝ ✶✵✵✪ ♣❛r ♠♦✐✮✳ ❚❤ès❡ ❡✛❡❝t✉é❡ ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ■❧ ❡st ♠❛✐♥t❡♥❛♥t ❡♥
❞ét❛❝❤❡♠❡♥t ■◆❘■❆ ❛✉ ❧❛❜♦r❛t♦✐r❡ ❞❡ ❈■❚■ ❞❡ ❧✬■◆❙❆ ▲②♦♥✳

◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ét✉❞✐❛♥t ❊◆❙ ▲②♦♥✱ ❜♦✉rs❡ ▼❊◆❘❚ ❞❡ ✸ ❛♥s ❞é❜✉té❡ ❡♥ s❡♣t❡♠❜r❡
✷✵✵✹ ❡t s♦✉t❡♥❛♥❝❡ ❡♥ ❥✉✐♥ ✷✵✵✼✳ ❙✉❥❡t ✿ ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❞❡s ❛♣♣❧✐❝❛t✐♦♥s
s♣é❝✐✜q✉❡s✳ ❚❤ès❡ ❝♦✲❡♥❝❛❞ré❡ à ✾✵✪ ♣❛r ♠♦✐ ❡t ❛❞♠✐♥✐str❛t✐✈❡♠❡♥t ♣❛r ❏✳✲▼✳ ▼✉❧❧❡r à
✶✵✪✳ ❚❤ès❡ ❡✛❡❝t✉é❡ ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ■❧ ❡st ♠❛✐t❡♥❛♥t ♣♦st❞♦❝t♦r❛♥t ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡
r❡❝❤❡r❝❤❡ s✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❞❡ ❧✬❯♥✐✈❡rs✐té ❝❛t❤♦❧✐q✉❡ ❞❡ ▲♦✉✈❛✐♥ ❡♥ ❇❡❧❣✐q✉❡✳

✽✶



❙❛✉r❛❜❤✲❑✉♠❛r ❘❛✐♥❛✱ ét✉❞✐❛♥t ■♥❞✐❡♥✱ ❜♦✉rs❡ ❘é❣✐♦♥ ❘❤ô♥❡✲❆❧♣❡s ❞❡ ✸ ❛♥s ❡t s♦✉t❡♥✉❡ ❡♥
s❡♣t❡♠❜r❡ ✷✵✵✻✳ ❙✉❥❡t ✿ ❜✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ♣♦✉r ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs✳ ❚❤ès❡ ❝♦✲❡♥❝❛❞ré❡ à
✹✵✪ ♣❛r ♠♦✐✱ à ✺✵✪ ♣❛r ❈✳✲P✳ ❏❡❛♥♥❡r♦❞ ✭❡♥❝❛❞r❛♥t ♣r✐♥❝✐♣❛❧✮ ❡t à ✶✵✪ ♣❛r ❏✳✲▼✳ ▼✉❧❧❡r
✭❡♥❝❛❞r❛♥t ❛❞♠✐♥✐str❛t✐❢✮✳ ❚❤ès❡ ❡✛❡❝t✉é❡ ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ■❧ ❡st ♠❛✐♥t❡♥❛♥t ❛ss♦❝✐❛t❡
♣r♦❢❡ss♦r ❛✉ ●❛❧❣♦t✐❛s ❈♦❧❧❡❣❡ ♦❢ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ❡♥ ■♥❞❡✳

◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ é❧è✈❡ ♥♦r♠❛❧✐❡♥ ❊◆❙ ▲②♦♥✱ ❛❧❧♦❝❛t✐♦♥ ❝♦✉♣❧é❡✳ ❙✉❥❡t ✿ ❣é♥ér❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs
❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s✳ ❚❤ès❡ ❛❜❛♥❞♦♥♥é❡ ❡♥ ❞é❜✉t ❞❡ ✹è♠❡ ❛♥♥é❡✱ ❝♦✲
❡♥❝❛❞ré❡ à ✾✵✪ ♣❛r ♠♦✐ ❡t ❛❞♠✐♥✐str❛t✐✈❡♠❡♥t à ✶✵✪ ♣❛r ❏✳✲▼✳ ▼✉❧❧❡r✳ ❚❤ès❡ ❝♦♠♠❡♥❝é❡
❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ■❧ ❡st ♠❛✐♥t❡♥❛♥t ✐♥❣é♥✐❡✉r ❞✬ét✉❞❡s à ❧✬❊❝♦❧❡ ❈❡♥tr❛❧❡ ❞❡ P❛r✐s✳

❋❛❜✐♦ ❘❡str❡♣♦✱ ét✉❞✐❛♥t ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❈❛❧✐✱ ❈♦❧♦♠❜✐❡✱ t❤ès❡ ❊P❋▲ ♥✉♠ér♦ ✷✹✺✼✱ s♦✉t❡♥✉❡
❡♥ ✷✵✵✶✳ ❚✐tr❡ ✿ ♦✉t✐❧s ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❞✬✉♥❡ ♠❛❝❤✐♥❡ ♣❛r❛❧❧è❧❡ ré❛❧✐sé❡ s✉r ✉♥ s❡✉❧ ❝✐r❝✉✐t
✐♥té❣ré✳ ❚❤ès❡ ✜♥❛♥❝é❡ ♣❛r ❧❡ ❈❙❊▼ ❡t ❡✛❡❝t✉é❡ ❛✉ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❙②stè♠❡s ▲♦❣✐q✉❡s ❞❡
❧✬❊P❋▲✳ ❊♥❝❛❞r❡♠❡♥t ♣❛rt✐❡❧ à ✸✵✪ ♣❛r ♠♦✐ ♣♦✉r ❧❡ ❈❙❊▼ ❡♥ ✶✾✾✼✕✶✾✾✾✳

▼❛rt✐♥ ❉✐♠♠❧❡r✱ ét✉❞✐❛♥t ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❑❛r❧sr✉❤❡✱ ❆❧❧❡♠❛❣♥❡✱ t❤ès❡ ❊P❋▲ ♥✉♠ér♦ ✷✵✺✵✱
s♦✉t❡♥✉❡ ❡♥ ✶✾✾✾✳ ❚✐tr❡ ✿ ❉✐❣✐t❛❧ ❈♦♥tr♦❧ ♦❢ ▼✐❝r♦✲❙②st❡♠s ✉s✐♥❣ ❖♥✲▲✐♥❡ ❆r✐t❤♠❡t✐❝✳
❚❤ès❡ ✜♥❛♥❝é❡ ♣❛r ❧❡ ❈❙❊▼ ❡t ❡✛❡❝t✉é❡ à ❧✬■♥st✐t✉t ❞✬❆✉t♦♠❛t✐q✉❡ ❞❡ ❧✬❊P❋▲✳ ❊♥✲
❝❛❞r❡♠❡♥t ♣❛rt✐❡❧ à ✸✵✪ ♣❛r ♠♦✐ ♣♦✉r ❧❡ ❈❙❊▼ ❡♥ ✶✾✾✼✕✶✾✾✾✳ ■❧ ❡st ♠❛✐♥t❡♥❛♥t ❡①♣❡rt
❡♥ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡ à ❧✬✓ ❊✉r♦♣❡❛♥ ❙♦✉t❤❡r♥ ❖❜s❡r✈❛t♦r② ✔✳

❊♥❝❛❞r❡♠❡♥t ❞❡ st❛❣❡s ❞❡ ▼❛st❡r ✷ ♦✉ ❞❡ ❉❊❆

❆♥❞r✐❛♥✐♥❛ ❆♥❞r✐❛♠❛♥❣❛✱ ét✉❞✐❛♥t ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❘❡♥♥❡s ✶✱ ❊◆❙❙❆❚✳ ❙✉❥❡t ✿ ♦♣ér❛t❡✉rs
❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❝r②♣t♦♣r♦❝❡ss❡✉r ❊❈❈ rés✐st❛♥t ❛✉① ❛tt❛q✉❡s ❡♥ ❢❛✉t❡✳ ❙t❛❣❡ ❡✛❡❝t✉é à
❧✬■❘■❙❆✱ ❢é✈r✐❡r✕s❡♣t❡♠❜r❡ ✷✵✶✵✱ s♦✉s ♠❛ ❞✐r❡❝t✐♦♥ ❡t ❝❡❧❧❡ ❞❡ ❙t❛♥✐s❧❛✇ P✐❡str❛❦✳

◆✐❝♦❧❛s ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✱ ét✉❞✐❛♥t ❊◆❙ ▲②♦♥✱ ❢é✈r✐❡r✕❥✉✐❧❧❡t ✷✵✵✹✳ ❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙
▲②♦♥✳ ❙✉❥❡t ✿ ❛❧❣♦r✐t❤♠❡s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣♦✉r ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s✳

◆✐❝♦❧❛s ❇♦✉❧❧✐s✱ é❧è✈❡ ♥♦r♠❛❧✐❡♥✱ ❢é✈r✐❡r✕❥✉✐❧❧❡t ✷✵✵✶✳ ❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿
❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥ ♣♦✉r ❝✐r❝✉✐ts ❛s②♥❝❤r♦♥❡s✳

❘✐✈♦ ❘❛♥❞r✐❛♥❛r✐✈♦♥✐✱ ét✉❞✐❛♥t ❊◆❙ ▲②♦♥✱ ♠❛rs✕❥✉✐❧❧❡t ✶✾✾✼✱ ❝♦✲❡♥❝❛❞r❡♠❡♥t ❛✈❡❝ ❏✳✲▼✳ ▼✉❧❧❡r✳
❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿ ❜✐❜❧✐♦t❤èq✉❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s
❡♥ ♠✉❧t✐✲♣ré❝✐s✐♦♥✳

❆✉tr❡s ❡♥❝❛❞r❡♠❡♥ts

❈❤r✐st♦♣❤❡ ❘✐♦❧♦✱ é❧è✈❡ ✶èr❡ ❛♥♥é❡ à ❧✬❛♥t❡♥♥❡ ❞❡ ❇r❡t❛❣♥❡ ❞❡ ❧✬❊◆❙ ❈❛❝❤❛♥✱ ♠❛✐✕❥✉✐♥ ✷✵✵✾✳
❙t❛❣❡ ❡✛❡❝t✉é à ❧✬■❘■❙❆ ✭▲❛♥♥✐♦♥✮✳ ❙✉❥❡t ✿ ❊t✉❞❡ ❞❡ ❧❛ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬♦♣ér❛t❡✉rs ❛r✐t❤✲
♠ét✐q✉❡s✳

❋❧♦r❡♥t ❇♦t❡❧❧❛✱ ét✉❞✐❛♥t ✷è♠❡ ❛♥♥é❡ ■❯❚ ■♥❢♦r♠❛t✐q✉❡ ❞❡ ▼♦♥t♣❡❧❧✐❡r✱ ♠❛rs✕♠❛✐ ✷✵✵✼✳ ❙t❛❣❡
❡✛❡❝t✉é ❛✉ ▲■❘▼▼✳ ❙✉❥❡t ✿ ❇✐❜❧✐♦t❤èq✉❡ ❛r✐t❤♠ét✐q✉❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳

❉❛r✐❛ ❚✐♦❝✱ ét✉❞✐❛♥t ❯♥✐✈❡rs✐té ❚❡❝❤♥✐q✉❡ ❞❡ ❈❧✉❥✲◆❛♣♦❝❛ ❡♥ ❘♦✉♠❛♥✐❡✱ ♠❛rs✕❛✈r✐❧ ✷✵✵✺✳ ❙t❛❣❡
❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿ ■♠♣❧❛♥t❛t✐♦♥ ❋P●❆ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❘❙❆✳

❩s♦❧t ▼❛t❤❡✱ ét✉❞✐❛♥t ❯♥✐✈❡rs✐té ❚❡❝❤♥✐q✉❡ ❞❡ ❈❧✉❥✲◆❛♣♦❝❛ ❡♥ ❘♦✉♠❛♥✐❡✱ ♠❛rs✕❛✈r✐❧ ✷✵✵✺✳
❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿ ■♠♣❧❛♥t❛t✐♦♥ ❋P●❆ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❘❙❆✳

●❛❡t❛♥ ▲❡✉r❡♥t✱ é❧è✈❡ ➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡ ✷è♠❡ ❛♥♥é❡✱ ❥✉✐♥✕❛♦ût ✷✵✵✹✳ ❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱
❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿ ❖♣ér❛t❡✉rs ♠❛tér✐❡❧s ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳

✽✷



❏✉❧✐❡♥ ❘♦❜❡rt✱ ét✉❞✐❛♥t ❊◆❙ ▲②♦♥ ✶èr❡ ❛♥♥é❡✱ ❥✉✐♥✕❥✉✐❧❧❡t ✷✵✵✹✳ ❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙
▲②♦♥✳ ❙✉❥❡t ✿ ■♠♣❧❛♥t❛t✐♦♥ ❞✉ ♣r♦❞✉✐t ♠♦❞✉❧❛✐r❡ s✉r ❋P●❆✳

●✉✐❧❧❛✉♠❡ ❉✉✈❡❛✉✱ é❧è✈❡ ➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡ ✷è♠❡ ❛♥♥é❡✱ ❛✈r✐❧✕❥✉✐❧❧❡t ✷✵✵✸✳ ❙t❛❣❡ ❡✛❡❝t✉é
❛✉ ▲■P✱ ❊◆❙ ▲②♦♥✳ ❙✉❥❡t ✿ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❋P●❆ ❞✬✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ s✐❣♥❛t✉r❡ ♣❛r ❝♦❞❡
❝♦rr❡❝t❡✉r ❞✬❡rr❡✉rs✳

●✉✐❧❧❛✉♠❡ ▼❡❧q✉✐♦♥❞✱ é❧è✈❡ ♥♦r♠❛❧✐❡♥ ✶èr❡ ❛♥♥é❡✱ ♠❛✐✕❥✉✐♥ ✷✵✵✶✳ ❙t❛❣❡ ❡✛❡❝t✉é ❛✉ ▲■P✱ ❊◆❙
▲②♦♥✳ ❙✉❥❡t ✿ ❜✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ❡✣❝❛❝❡ ❡♥ ❱❍❉▲ s②♥t❤ét✐s❛❜❧❡ ♣♦✉r ❋P●❆✳

✺✳✷✳ ❊♥s❡✐❣♥❡♠❡♥ts

✷✵✵✽✕✷✵✶✵ ✿ ❈♦✉rs ❞✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ❞❛♥s ❧❡ ♠❛st❡r r❡❝❤❡r❝❤❡ ✷è♠❡ ❛♥♥é❡ à
❧✬❊◆❙❙❆❚✕❯♥✐✈❡rs✐té ❘❡♥♥❡s ✶✳ ❉✉ré❡ ✿ ✶✵ ❤ ♣❛r ❛♥✱ ❡✛❡❝t✐❢ ✿ ❡♥tr❡ ✺ ❡t ✶✵ ét✉❞✐❛♥ts
❝❤❛q✉❡ ❛♥♥é❡✳

✷✵✵✸✕✷✵✵✺ ✿ ❈♦✉rs ❞❡ ❝✐r❝✉✐ts ✐♥té❣rés ♥✉♠ér✐q✉❡s ❞❛♥s ❧❡ ♠❛st❡r r❡❝❤❡r❝❤❡ ✭❉❊❆ ❡♥ ✷✵✵✸✕
✷✵✵✹✮ ✷è♠❡ ❛♥♥é❡✱ s♣é❝✐❛❧✐té ■♥❢♦r♠❛t✐q✉❡ ❋♦♥❞❛♠❡♥t❛❧❡✱ à ❧✬❊◆❙ ▲②♦♥✳ ❉✉ré❡ ✿ ✸✵ ❤ ♣❛r
❛♥✱ ❡✛❡❝t✐❢ ✿ ❡♥✈✐r♦♥ ✶✵ ét✉❞✐❛♥ts ❝❤❛q✉❡ ❛♥♥é❡✳

✷✵✵✶✕✷✵✵✷ ✿ ❈♦✉rs ❞❡ ❝♦♥❝❡♣t✐♦♥ ❞✬❛r❝❤✐t❡❝t✉r❡s ♠❛tér✐❡❧❧❡s ❞❛♥s ❧❡ ❉❊❆ ❞✬■♥❢♦r♠❛t✐q✉❡ ❞❡
❧✬❊◆❙ ▲②♦♥✳ ❈♦✉rs ❝♦♠♠✉♥ ❛✈❡❝ ❋✳ ❞❡ ❉✐♥❡❝❤✐♥✳ ❉✉ré❡ ♣❛r ♣❡rs♦♥♥❡ ✿ ✶✷ ❤ ♣❛r ❛♥✱
❡✛❡❝t✐❢ ✿ ❡♥✈✐r♦♥ ✶✵ ét✉❞✐❛♥ts ❝❤❛q✉❡ ❛♥♥é❡✳

✶✾✾✾✕✷✵✵✶ ✿ ❋♦r♠❛t✐♦♥ ❝♦♥t✐♥✉❡ ♣♦✉r ❙❯◆ ▼✐❝r♦s②st❡♠s ✿ ✓ ❯♥✐① ✔✱ ✓ ✐♥st❛❧❧❛t✐♦♥ ❡t ❛❞♠✐♥✲
✐str❛t✐♦♥ s②stè♠❡ ✔✱ ❡t ✓ ❛❞♠✐♥✐str❛t✐♦♥ s②stè♠❡ ❛✈❛♥❝é❡ ✔✳

✶✾✾✼✕✶✾✾✾ ✿ ❋♦r♠❛t❡✉r ✐♥t❡r♥❡ ❛✉ ❈❙❊▼ s✉r ❧❡s ♦✉t✐❧s ❯♥✐①✱ ❛❞♠✐♥✐str❛t✐♦♥ s②stè♠❡ ❙♦❧❛r✐s
❡t ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ ❈✴❈✰✰✳

✺✳✸✳ ❆❞♠✐♥✐str❛t✐♦♥ ❡t tâ❝❤❡s ❝♦❧❧❡❝t✐✈❡s

❘❡s♣♦♥s❛❜❧❡ ❞❡ ❧✬éq✉✐♣❡✕♣r♦❥❡t ❆❘■❚❍✱ ✷✵✵✼✕✷✵✵✽ ✿ éq✉✐♣❡ ❞❡ ✶✵ ♣❡r♠❛♥❡♥ts ❡t ✺ ❞♦❝t♦r✲
❛♥ts✳ ❙✐t❡ ✇❡❜ ❞❡ ❧✬éq✉✐♣❡ ✿ ❤tt♣✿✴✴✇✇✇✳❧✐r♠♠✳❢r✴❛r✐t❤✴✳

▼❡♠❜r❡ é❧✉ ❞✉ ❝♦♥s❡✐❧ ❞❡ ❧❛❜♦r❛t♦✐r❡ ❞✉ ▲■❘▼▼✱ ✷✵✵✻✕✷✵✵✽

❘❡♣rés❡♥t❛♥t ❈❯❘■✱ ✷✵✵✺✕✷✵✵✼ ✿ r❡♣rés❡♥t❛♥t ❞✉ ❞é♣❛rt❡♠❡♥t ✐♥❢♦r♠❛t✐q✉❡ ❞✉ ▲■❘▼▼ à ❧❛
❈❯❘■✳

❆❞♠✐♥✐str❛t✐♦♥ s❡r✈❡✉rs ❡t ♦✉t✐❧s ❈❆❖ ❛✉ ▲■P✱ ✶✾✾✾✕✷✵✵✹ ✿ ●❡st✐♦♥✱ ✐♥st❛❧❧❛t✐♦♥ ❡t ♠❛✐♥t❡✲
♥❛♥❝❡ ❞❡s s❡r✈❡✉rs ✭✹ ♠❛❝❤✐♥❡s s✉r ✷ ❖❙✮ ❡t ❞❡s ♦✉t✐❧s ✭❡♥✈✐r♦♥ ✶✷✮ ♣♦✉r ❧❛ ❈❆❖ ❞❡ ❝✐r❝✉✐t
❱▲❙■ ❡t ❋P●❆ ❛✉ ▲■P✳ ❊♥✈✐r♦♥ ✶✺ ✉t✐❧✐s❛t❡✉rs s✉r ❞❡✉① éq✉✐♣❡s✳

❘❡s♣♦♥s❛❜❧❡ ♠♦②❡♥s ✐♥❢♦r♠❛t✐q✉❡s ▲■P✱ ✷✵✵✶✕✷✵✵✸ ✿ ❉✐r❡❝t✐♦♥ éq✉✐♣❡ ❞❡ ✸ ✐♥❣é♥✐❡✉rs✳ ❆❞✲
♠✐♥✐str❛t✐♦♥ s②stè♠❡ ❞❡s ♠❛❝❤✐♥❡s ❡t ♦✉t✐❧s ❧♦❣✐❝✐❡❧s ❞✉ ▲■P ✭✺✵ ♠❛❝❤✐♥❡s ❡t ✶✵✵ ✉t✐❧✐s❛✲
t❡✉rs ❡♥✈✐r♦♥✮✳

Prés✐❞❡♥t ❝♦♠♠✐ss✐♦♥ ✐♥❢♦r♠❛t✐q✉❡ ▲■P✱ ✷✵✵✵✕✷✵✵✸✳

❖r❣❛♥✐s❛t❡✉r sé♠✐♥❛✐r❡s ▲■P✱ ✶✾✾✾✕✷✵✵✵ ✿ ✷ ❢♦✐s ♣❛r ♠♦✐s✳

❈❤❡❢ ❞❡ ♣r♦❥❡t✱ ❈❙❊▼✱ ✶✾✾✾ ✿ ❖r❣❛♥✐s❛t✐♦♥ ❡t ❛❞♠✐♥✐str❛t✐♦♥ ❞✬✉♥ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ❜❛s❡
❞✉ ❈❙❊▼ ✭♣ré♣❛r❛t✐♦♥ ❡t ❛♥✐♠❛t✐♦♥ ❞❡s ré✉♥✐♦♥s✱ ✈❛❧♦r✐s❛t✐♦♥✱ ❝♦♥t❛❝ts ✐♥❞✉str✐❡❧s✱ r❛♣✲
♣♦rt ✐♥t❡r♥❡s✳ ✳ ✳ ✮✳ ➱q✉✐♣❡ ❞❡ ✹ ♣❡rs♦♥♥❡s✳

❆❞♠✐♥✐str❛t✐♦♥ s②stè♠❡ ❡t ♦✉t✐❧s ✐♥❢♦r♠❛t✐q✉❡s✱ ❈❙❊▼✱ ✶✾✾✼✲✶✾✾✾ ✿ ▼✐s❡ ❡♥ ÷✉✈r❡ ❡t ♠❛✐♥✲
t❡♥❛♥❝❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ✐♥❢♦r♠❛t✐q✉❡s ✭❝♦♠♣✐❧❛t❡✉rs✱ ❜✐❜❧✐♦t❤èq✉❡s ❣r❛♣❤✐q✉❡s✱ ♦✉t✐❧s ❞❡
❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❡t s②♠❜♦❧✐q✉❡✱ é❞✐t❡✉rs✳ ✳ ✳ ✮✳

✽✸

http://www.lirmm.fr/arith/


✺✳✹✳ ❆♥✐♠❛t✐♦♥

▼❡♠❜r❡ ❝♦♠✐té s❝✐❡♥t✐✜q✉❡ é❝♦❧❡s t❤é♠❛t✐q✉❡s ❞✬❛r❝❤✐t❡❝t✉r❡✱ ❞❡♣✉✐s ✷✵✵✷ ✿ é❝♦❧❡s t❤é♠❛✲
t✐q✉❡s ❞✉ ❈◆❘❙ ❆r❝❤✐t❡❝t✉r❡s ❞❡s s②stè♠❡s ♠❛tér✐❡❧s ❡♥❢♦✉✐s ❡t ♠ét❤♦❞❡s ❞❡ ❝♦♥❝❡♣t✐♦♥
❛ss♦❝✐é❡s✳

❈♦✲♦r❣❛♥✐s❛t❡✉r ❊❈❖❋❆❈✷✵✶✵✱ P❧❡st✐♥ ❧❡s ●rè✈❡s✱ ♠❛rs✲❛✈r✐❧ ✷✵✶✵ ✿ ✷è♠❡ é❝♦❧❡ t❤é♠❛t✐q✉❡
❈♦♥❝❡♣t✐♦♥ ❢❛✐❜❧❡ ❝♦♥s♦♠♠❛t✐♦♥ ♣♦✉r ❧❡s s②stè♠❡s ❡♠❜❛rq✉és t❡♠♣s ré❡❧ ✭❤tt♣✿✴✴❤tt♣✿
✴✴❡❝♦❢❛❝✷✵✶✵✳✐r✐s❛✳❢r✴✮✳ ❈♦✲♦r❣❛♥✐s❛t✐♦♥ ❛✈❡❝ ❉✳ ❈❤✐❧❧❡t ❡t ❖✳ ❙❡♥t✐❡②s✳

❈♦✲♦r❣❛♥✐s❛t❡✉r ❆❘❈❍■✵✾✱ P❧❡✉♠❡✉r✲❇♦❞♦✉✱ ♠❛rs ✷✵✵✾ ✿ ✺è♠❡ é❝♦❧❡ t❤é♠❛t✐q✉❡ ❆r❝❤✐t❡❝✲
t✉r❡s ❞❡s s②stè♠❡s ♠❛tér✐❡❧s ❡♥❢♦✉✐s ❡t ♠ét❤♦❞❡s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❛ss♦❝✐é❡s ✭❤tt♣✿✴✴✇✇✇✳
✐r✐s❛✳❢r✴❛r❝❤✐✵✾✴✮✳ ❈♦✲♦r❣❛♥✐s❛t✐♦♥ ❛✈❡❝ ❖✳ ❙❡♥t✐❡②s ❡t ❙✳ P✐❧❧❡♠❡♥t✳

❈♦✲♦r❣❛♥✐s❛t❡✉r ❆❘■❚❍✶✽✱ ▼♦♥t♣❡❧❧✐❡r✱ ❥✉✐♥ ✷✵✵✼ ✿ ✶✽t❤ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♠♣✉t❡r ❆r✐t❤✲
♠❡t✐❝ ✭❤tt♣✿✴✴✇✇✇✳❧✐r♠♠✳❢r✴❛r✐t❤✶✽✴✮✳ ❈♦✲♦r❣❛♥✐s❛t✐♦♥ ❛✈❡❝ ▲✳ ■♠❜❡rt✳

❈♦✲♦r❣❛♥✐s❛t❡✉r ❆❘❈❍■✵✼✱ ❇♦✉ss❡♥s✱ ♠❛rs ✷✵✵✼ ✿ ✹è♠❡ é❝♦❧❡ t❤é♠❛t✐q✉❡ ❆r❝❤✐t❡❝t✉r❡s ❞❡s
s②stè♠❡s ♠❛tér✐❡❧s ❡♥❢♦✉✐s ❡t ♠ét❤♦❞❡s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❛ss♦❝✐é❡s ✭❤tt♣✿✴✴✇✇✇✳❧✐r♠♠✳❢r✴
❛r❝❤✐✵✼✴✮✳ ❈♦✲♦r❣❛♥✐s❛t✐♦♥ ❛✈❡❝ ❈✳ ❘♦❝❤❛♥❣❡✳

❖r❣❛♥✐s❛t❡✉r ❆❘❈❍■✵✺✱ ❆✉tr❛♥s✱ ♠❛rs ✷✵✵✺ ✿ ✸è♠❡ é❝♦❧❡ t❤é♠❛t✐q✉❡ ❆r❝❤✐t❡❝t✉r❡s ❞❡s s②s✲
tè♠❡s ♠❛tér✐❡❧s ❡♥❢♦✉✐s ❡t ♠ét❤♦❞❡s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❛ss♦❝✐é❡s ✭❤tt♣✿✴✴✇✇✇✳❡♥s✲❧②♦♥✳❢r✴
❆❘❈❍■✵✺✴✮✳

❈♦✲♦r❣❛♥✐s❛t❡✉r ❆❘❈❍■✵✸✱ ❘♦s❝♦✛✱ ♦❝t♦❜r❡ ✷✵✵✷ ✿ ✷è♠❡ é❝♦❧❡ t❤é♠❛t✐q✉❡ ❆r❝❤✐t❡❝t✉r❡s ❞❡s
s②stè♠❡s ♠❛tér✐❡❧s ❡♥❢♦✉✐s ❡t ♠ét❤♦❞❡s ❞❡ ❝♦♥❝❡♣t✐♦♥ ❛ss♦❝✐é❡s ✭❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴
❛r❝❤✐✵✸✴✮✳ ❈♦✲♦r❣❛♥✐s❛t✐♦♥ ❛✈❡❝ ❋✳ ❈❤❛r♦t ❡t ❖✳ ❙❡♥t✐❡②s✳

✺✳✺✳ ❈♦❧❧❛❜♦r❛t✐♦♥s ❛❝❛❞é♠✐q✉❡s

◆❛t✐♦♥❛❧❡s

❆◆❘ ❆r❝❤✐t❡❝t✉r❡ ❞✉ ❋✉t✉r✱ ✷✵✵✼✕✷✵✶✵ ✿ ❘❡s♣♦♥s❛❜❧❡ ❧♦❝❛❧ ♣♦✉r ❧❡ ▲■❘▼▼ ❞✉ ♣r♦❥❡t ❘❖▼❆
❘❡❝♦♥✜❣✉r❛❜❧❡ ❖♣❡r❛t♦rs ❢♦r ▼✉❧t✐♠❡❞✐❛ ❆♣♣❧✐❝❛t✐♦♥s✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ ❛✈❡❝ ❧✬■❘■❙❆ ✭✼
♣❡rs✳✮✱ ❧❡ ❈❊❆ ▲■❙❚ ✭✷ ♣❡rs✳✮✱ ❚❤♦♠s♦♥ ✭✷ ♣❡rs✳✮ ❡t ❧❡ ▲■❘▼▼ ✭✷ ♣❡rs✳✮✳

▲■❘▼▼✱ ✷✵✵✷✕✷✵✵✺ ✿ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ ❛✈❡❝ ❏✳✲❈✳ ❇❛❥❛r❞✱ ▲✳ ■♠❜❡rt s✉r ❞❡s ❛s♣❡❝ts ❛r✐t❤♠é✲
t✐q✉❡ ♠❛tér✐❡❧❧❡ ♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ✿ r❡♣rés❡♥t❛t✐♦♥s ❞❡s ♥♦♠❜r❡s ✭❝♦r♣s ✜♥✐s✱ r❡♣rés❡♥✲
t❛t✐♦♥ ♠♦❞✉❧❛✐r❡✮ ❡t ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ✉t✐❧✐sé❡s ❞❛♥s ❧❡s ❛❧❣♦r✐t❤♠❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s✳

❆❈■ ◆♦✉✈❡❧❧❡s ■♥t❡r❢❛❝❡s ❞❡s ▼❛t❤é♠❛t✐q✉❡s✱ ✷✵✵✹✕✷✵✵✼ ✿ ❘❡s♣♦♥s❛❜❧❡ ❧♦❝❛❧ ❞✉ ♣r♦❥❡t ❜❛♣✲
t✐sé ●❆❆P ●é♥ér❛t✐♦♥ ❆✉t♦♠❛t✐q✉❡ ❞✬❆♣♣r♦①✐♠❛♥ts P♦❧②♥♦♠✐❛✉① ❡✣❝❛❝❡s ❡♥ ♠❛❝❤✐♥❡✳
❚r❛✈❛✐❧ ❝♦♠♠✉♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡ ▲❆r❆▲ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ❙t✲➱t✐❡♥♥❡✳ ➱t✉❞❡ ❡t ❞é✈❡❧♦♣♣❡✲
♠❡♥t ❞✬❛❧❣♦r✐t❤♠❡s ❡t ❞✬✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s
♣♦❧②♥♦♠✐❛❧❡s ❞❡ ❢♦♥❝t✐♦♥s ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ❝♦❡✣❝✐❡♥ts✳ ❊✛❡❝t✐❢s ✿ ✹ ♣❡rs♦♥♥❡s
à ▲②♦♥ ❡t ✷ à ❙t✲➱t✐❡♥♥❡✳

❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴❧✐♣❢♦r❣❡✳❡♥s✲❧②♦♥✳❢r✴✇✇✇✴♠❡♣❧✐❜✴❣❛❛♣✴

❆❈■ ❙é❝✉r✐té ■♥❢♦r♠❛t✐q✉❡✱ ✷✵✵✸✕✷✵✵✻ ✿ ❘❡s♣♦♥s❛❜❧❡ ❧♦❝❛❧ ❞✉ ♣r♦❥❡t ❜❛♣t✐sé ❖❈❆▼ ❖♣ér❛✲
t❡✉rs ❈r②♣t♦❣r❛♣❤✐q✉❡s ❡t ❆r✐t❤♠ét✐q✉❡ ▼❛tér✐❡❧❧❡ ❛✈❡❝ ❧❡ ♣r♦❥❡t ■◆❘■❆ ❈❖❉❊❙ à ✭❝♦✲
♦r❞✳ ◆✳ ❙❡♥❞r✐❡r✮ ❡t ❧✬éq✉✐♣❡ ❆r✐t❤♠ét✐q✉❡ ■♥❢♦r♠❛t✐q✉❡ ❞✉ ▲■❘▼▼ à ▼♦♥t♣❡❧❧✐❡r ✭❝♦♦r❞✳
❏✳✲❈✳ ❇❛❥❛r❞✮✳ ➱t✉❞❡ ❡t ✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❞❡ ♣r✐♠✐t✐✈❡s ❝r②♣t♦❣r❛♣❤✐q✉❡s ✉t✐❧✐s❛♥t
❧❛ t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s ❝♦❞❡s✳ ■♠♣❧❛♥t❛t✐♦♥ ❞✬✉♥ ♣r♦t♦t②♣❡ ❞❡ s②stè♠❡ ❞❡ s✐❣♥❛t✉r❡

✽✹

http://http://ecofac2010.irisa.fr/
http://http://ecofac2010.irisa.fr/
http://www.irisa.fr/archi09/
http://www.irisa.fr/archi09/
http://www.lirmm.fr/arith18/
http://www.lirmm.fr/archi07/
http://www.lirmm.fr/archi07/
http://www.ens-lyon.fr/ARCHI05/
http://www.ens-lyon.fr/ARCHI05/
http://www.irisa.fr/archi03/
http://www.irisa.fr/archi03/
http://lipforge.ens-lyon.fr/www/meplib/gaap/


♥✉♠ér✐q✉❡ à sé❝✉r✐té é❧❡✈é❡ ❛✈❡❝ ❞❡s s✐❣♥❛t✉r❡s ❝♦✉rt❡s✳ ❊✛❡❝t✐❢s ✿ ✺ ♣❡rs♦♥♥❡s à ▲②♦♥✱
✸ à ❘♦❝q✉❡♥❝♦✉rt ❡t ✷ à ▼♦♥t♣❡❧❧✐❡r✳
❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴✇✇✇✲r♦❝q✳✐♥r✐❛✳❢r✴❝♦❞❡s✴❖❈❆▼✴

❆❈■ ❈r②♣t♦❧♦❣✐❡✱ ✷✵✵✷✕✷✵✵✺ ✿ ❘❡s♣♦♥s❛❜❧❡ ❧♦❝❛❧ ❞✉ ♣r♦❥❡t ❜❛♣t✐sé ❖♣❆❈ ❖♣ér❛t❡✉rs ❆r✐t❤✲
♠ét✐q✉❡s ♣♦✉r ❧❛ ❈r②♣t♦❣r❛♣❤✐❡✳ ❈✬❡st ✉♥ ♣r♦❥❡t ❥♦✐♥t ❛✈❡❝ ❞❡s ♠❡♠❜r❡s ❞❡s ❧❛❜♦r❛t♦✐r❡s
▲■❘▼▼ ✭❞é♣❛rt❡♠❡♥ts ✐♥❢♦r♠❛t✐q✉❡ ❡t ♠✐❝r♦✲é❧❡❝tr♦♥✐q✉❡✱ ❝♦♦r❞✳ ❏✳✲❈✳ ❇❛❥❛r❞✮ ❡t ●❚❆
✭❝♦♦r❞✳ P✳ ❊❧❜❛③✲❱✐♥❝❡♥t✮ ❞❡ ▼♦♥t♣❡❧❧✐❡r✱ tr❛✈❛✐❧❧❛♥t ❞❛♥s ❞✐✈❡rs ❞♦♠❛✐♥❡s ✭❣é♦♠étr✐❡
❛r✐t❤♠ét✐q✉❡✱ t❤é♦r✐❡ ❞❡s ♥♦♠❜r❡s✱ ❝❛❧❝✉❧ s②♠❜♦❧✐q✉❡✱ ❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✱ ♠✐❝r♦✲
é❧❡❝tr♦♥✐q✉❡✱ ❛r❝❤✐t❡❝t✉r❡s ❞❡s ♦r❞✐♥❛t❡✉rs✱ ❛❧❣♦r✐t❤♠✐q✉❡✮✳ ❊✛❡❝t✐❢s ✿ ✸ à ▲②♦♥ ❡t ✶✶ à
▼♦♥t♣❡❧❧✐❡r ✭✼ ▲■❘▼▼ ❡t ✹ ●❚❆✮✳
❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴✇✇✇✳❧✐r♠♠✳❢r✴⑦❜❛❥❛r❞✴❆❈■❴❈❘❨P❚❖✴

❆❈■ ❏❡✉♥❡s ❈❤❡r❝❤❡✉rs✱ ✷✵✵✵✕✷✵✵✸ ✿ ❆❝t✐♦♥ ❝♦♠♠✉♥❡ ❛✈❡❝ ❋✳ ❞❡ ❉✐♥❡❝❤✐♥ s✉r ❧✬❛r✐t❤♠ét✐q✉❡
♣♦✉r ❝✐r❝✉✐ts ❋P●❆✳ ❚r❛✈❛✉① s✉r ❧❡s ♠ét❤♦❞❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❢♦♥❝t✐♦♥s à ❜❛s❡ ❞❡
t❛❜❧❡s ❡t ❞✬❛❞❞✐t✐♦♥s✱ ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✱ ❧❡s ♦♣ér❛t✐♦♥s ❡♥ ✈✐r❣✉❧❡ ✢♦tt❛♥t❡ ❡t ❡♥
s②stè♠❡ ❧♦❣❛r✐t❤♠✐q✉❡✳ ❆❝q✉✐s✐t✐♦♥ ❞✬✉♥ s❡r✈❡✉r✱ ❞✬♦✉t✐❧s ❞❡ ❈❆❖ ❡t ❞❡ ❝❛rt❡s ❋P●❆✳

P❛rt✐❝✐♣❛t✐♦♥ à ❧✬❆❙ ❙❚■❈ ❛r✐t❤♠ét✐q✉❡s ❞❡s ♦r❞✐♥❛t❡✉rs ❞✉ ❈◆❘❙ ❝réé❡ ❡♥ ✷✵✵✷ r❡❣r♦✉♣❛♥t
❆ré♥❛✐r❡✱ ▲■P✻✱ ▲❖❘■❆✱ ▲■❆❋❆✱ ▲■❘▼▼✱ ▼❆◆❖ ❯♥✐✈✳ P❡r♣✐❣♥❛♥ ❡t ▲❆❙❚■ ❊◆❙❙❆❚ ▲❛♥♥✐♦♥✳
❚r❛✈❛✐❧ s✉r ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ✈✐r❣✉❧❡ ✜①❡✳
P❛rt✐❝✐♣❛t✐♦♥s ♠✉❧t✐♣❧❡s ❛✉① ❥♦✉r♥é❡s ❆r✐♥❡✇s ✿ ré✉♥✐♦♥s ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ♥❛t✐♦♥❛❧❡ ❡♥

❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs ✶ à ✷ ❢♦✐s ♣❛r ❛♥✳

■♥t❡r♥❛t✐♦♥❛❧❡s

❯♥✐✈❡rs✐té ❞✉ ▼❛ss❛❝❤✉s❡tts à ❆♠❤❡rst✱ ❯❙❆✱ ✷✵✵✾✕♠❛✐♥t❡♥❛♥t ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜✲
♦r❛t♦✐r❡ ❱▲❙■ ❈❆❉ s✉r ❧❡s ♦✉t✐❧s ♣♦✉r ❧❛ ❝♦♥❝❡♣t✐♦♥ ❞❡ ❝✐r❝✉✐ts ✐♥té❣rés ♥✉♠ér✐q✉❡s✳
❙é❥♦✉r ✿ ✐♥✈✐t❛t✐♦♥ ❞❡ ✶✵ ❥♦✉rs ❡♥ ♥♦✈❡♠❜r❡ ✷✵✵✾✳

❯♥✐✈❡rs✐té ❞❡ ❈❛❧❣❛r②✱ ❈❛♥❛❞❛✱ ✷✵✵✹✕♠❛✐♥t❡♥❛♥t ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡ ❆❚■P❙
❞❛♥s ❧✬éq✉✐♣❡ ❞❡ ●✳ ❏✉❧✐❡♥ ❡t ❱✳ ❉✐♠✐tr♦✈✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s
♣♦✉r ❧❛ ❝r②♣t♦❣r❛♣❤✐❡ ❡t ❧❡ tr❛✐t❡♠❡♥t ❞✉ s✐❣♥❛❧✳
❙é❥♦✉rs ✿ ✶✵ ❥♦✉rs ❡♥ ♦❝t♦❜r❡ ✷✵✵✽✱ ✺ ❥♦✉rs ❡♥ ♦❝t♦❜r❡ ✷✵✵✻✱ ✶✵ ❥♦✉rs ❡♥ ♦❝t♦❜r❡ ✷✵✵✺✱
✐♥✈✐t❛t✐♦♥ ✶ ♠♦✐s ❡♥ ♠❛✐✴❥✉✐♥ ✷✵✵✺✱ ✶✵ ❥♦✉rs ❡♥ ♥♦✈❡♠❜r❡ ✷✵✵✹✳

❯♥✐✈❡rs✐té ❞❡ ❲❛t❡r❧♦♦✱ ❈❛♥❛❞❛✱ ✷✵✵✻✕✷✵✵✼ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❣r♦✉♣❡ ❞❡ ❝r②♣t♦❣r❛♣❤✐❡✳
❙é❥♦✉r ✿ ✐♥✈✐t❛t✐♦♥ ❞❡ ✶✵ ❥♦✉rs ❡♥ ❛♦ût ✷✵✵✼

❯♥✐✈❡rs✐té ❞❡ ❈♦r❦✱ ■r❧❛♥❞❡✱ ✷✵✵✻✕✷✵✵✾ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❣r♦✉♣❡ ❞❡ r❡❝❤❡r❝❤❡ s✉r ❧❡s
❝♦❞❡s ❡t ❧❛ ❝r②♣t♦❣r❛♣❤✐❡✳ ❇♦✉rs❡s ❊●■❉❊ P❆■ ❯❧②ss❡s ❡♥ ✷✵✵✻✱ ✷✵✵✼ ❡t ✷✵✵✽ ♣♦✉r ✜♥❛♥❝❡r
❞❡s sé❥♦✉rs ❞❡ ✷ s❡♠❛✐♥❡s ❞❛♥s ❝❤❛q✉❡ s❡♥s✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r ❧✬ét✉❞❡ ❡t ❧❛ ❝♦♥❝❡♣t✐♦♥
❞✬♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s s✉r ❧❡s ❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t rés✐st❛♥ts à ❧✬❛♥❛❧②s❡ s✐♠♣❧❡ ❞❡
❝♦♥s♦♠♠❛t✐♦♥✳
❙é❥♦✉rs ✿ ✶✵ ❥♦✉rs ❡♥ ♥♦✈❡♠❜r❡ ✷✵✵✽✱ ✽ ❥♦✉rs ❡♥ ♠❛✐ ✷✵✵✼✱ ✼ ❥♦✉rs ❡♥ ♠❛✐ ✷✵✵✻✳

❯♥✐✈❡rs✐té ❞✉ ◗✉é❜❡❝ à ❈❤✐❝♦✉t✐♠✐✱ ❈❛♥❛❞❛✱ ✷✵✵✺✲✷✵✵✼ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡
❊❘▼❊❚■❙ ✭❣r♦✉♣❡ ❞❡ r❡❝❤❡r❝❤❡ ❡♥ ♠✐❝r♦é❧❡❝tr♦♥✐q✉❡ ❡t ❡♥ tr❛✐t❡♠❡♥t ♥✉♠ér✐q✉❡ ❞✉ s✐❣✲
♥❛❧✮✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r ❧❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ❡♥ ❧✐❣♥❡ ♣♦✉r ❧❡ ❝♦♥trô❧❡ ♥✉♠ér✐q✉❡✳
❙é❥♦✉r ✿ ✐♥✈✐t❛t✐♦♥ ❞❡ ✶✺ ❥♦✉rs ❡♥ ❥✉✐♥✴❥✉✐❧❧❡t ✷✵✵✻✳

❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❛t ❉❛✈✐s✱ ❯✳❙✳❆✳✱ ✷✵✵✺ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ❧❛❜♦r❛t♦✐r❡ ❆❞✈❛♥❝❡❞
❈♦♠♣✉t❡r ❊♥❣✐♥❡❡r✐♥❣ s✉r ❧❡ t❤è♠❡ ❞❡s ♦♣ér❛t❡✉rs ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❧❛ ❜❛ss❡ ❝♦♥s♦♠✲
♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳

✽✺

http://www-rocq.inria.fr/codes/OCAM/
http://www.lirmm.fr/~bajard/ACI_CRYPTO/


❙é❥♦✉r ✿ ✐♥✈✐t❛t✐♦♥ ❞❡ ✶✺ ❥♦✉rs ❡♥ ♥♦✈❡♠❜r❡ ✷✵✵✺✳

❯♥✐✈❡rs✐té ❞❡ ❈❛r❞✐✛✱ P❛②s ❞❡ ●❛❧❧❡s✱ ✷✵✵✶✕✷✵✵✷ ✿ ❈♦♦r❞✐♥❛t❡✉r ❢r❛♥ç❛✐s ❞✬✉♥❡ ❛❝t✐♦♥ ✐♥té✲
❣ré❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❣r❛♠♠❡ ❢r❛♥❝♦✲❜r✐t❛♥♥✐q✉❡ ❆❧❧✐❛♥❝❡ ❛✈❡❝ ❧✬éq✉✐♣❡ ❞❡ ◆✳ ❇✉r❣❡ss✳
❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ❋P●❆ ❞✉ s②stè♠❡ ❧♦❣❛r✐t❤♠✐q✉❡ ❡t ❞✬♦♣ér❛t❡✉rs ❛r✐t❤✲
♠ét✐q✉❡s à ❜❛ss❡ ❝♦♥s♦♠♠❛t✐♦♥ ❞✬é♥❡r❣✐❡✳ ❆❝❝✉❡✐❧s ré❝✐♣r♦q✉❡s ❞✬ét✉❞✐❛♥ts✳

❙é❥♦✉r ✿ ✶✵ ❥♦✉rs ❡♥ ♠❛✐ ✷✵✵✷✳

❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❛t ▲♦s ❆♥❣❡❧❡s✱ ❯✳❙✳❆✳✱ ✶✾✾✺✕❛✉❥♦✉r❞✬❤✉✐ ✿ ❙é❥♦✉r ❞❡ ✶ ♠♦✐s✱ ❡♥ ❢é✈r✐❡r
✷✵✵✵✱ ❞❛♥s ❧✬éq✉✐♣❡ ❞❡ ▼✳ ❊r❝❡❣♦✈❛❝✳ P❡t✐ts sé❥♦✉rs ❡♥ ✶✾✾✺✱ ✶✾✾✼✱ ✷✵✵✶✱ ✷✵✵✸ ❡t ✷✵✵✹✳ ❚r❛✲
✈❛✐❧ ❝♦♠♠✉♥ s✉r ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❞✐✈✐s✐♦♥ ❡♥ très ❣r❛♥❞❡ ❜❛s❡✱ ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡✱
❧✬é✈❛❧✉❛t✐♦♥ ❞❡s ❢♦♥❝t✐♦♥s ❛❧❣é❜r✐q✉❡s ❡t é❧é♠❡♥t❛✐r❡s✱ ❧❡s ♠ét❤♦❞❡s à ❜❛s❡ ❞❡ t❛❜❧❡s ❡t ❞❡
♣❡t✐t❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s✳ ❈❡tt❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛ été ✜♥❛♥❝é❡ ♣❛r ✉♥ ♣r♦❥❡t P■❈❙ ❡♥ ✶✾✾✼✕
✶✾✾✾✳

❙é❥♦✉rs ✿ ✶ ♠♦✐s ❡♥ ❢é✈r✐❡r ✷✵✵✵✱ ♠✉❧t✐♣❧❡s sé❥♦✉rs ❞✬✉♥❡ à ❞❡✉① s❡♠❛✐♥❡ ❡♥ ✷✵✵✼✱ ✷✵✵✺✱
✷✵✵✹✱ ✷✵✵✸✱ ✷✵✵✶✱ ✶✾✾✻ ❡t ✶✾✾✺✳

❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛ ❛t ■r✈✐♥❡✱ ❯✳❙✳❆✳✱ ✷✵✵✵ ✿ ❙é❥♦✉r ❞✬✉♥ ♠♦✐s✱ ❡♥ ♠❛rs ✷✵✵✵✱ ❞❛♥s ❧✬éq✉✐♣❡
❞❡ ❚✳ ▲❛♥❣✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r s❡s ♦♣ér❛t❡✉rs ❞❡ ❞✐✈✐s✐♦♥ ❡♥ très ❣r❛♥❞❡ ❜❛s❡ ❡t ♠ét❤♦❞❡s
à ❜❛s❡ ❞❡ ♣❡t✐t❡s ♠✉❧t✐♣❧✐❝❛t✐♦♥s ❡t ❞❡s t❛❜❧❡s✳

❙é❥♦✉rs ✿ ✶ ♠♦✐s ❡♥ ♠❛rs ✷✵✵✵✱ ✶ s❡♠❛✐♥❡ ❡♥ ✶✾✾✺ ❡t ✶✾✾✻

❊P❋▲✱ ▲❛✉s❛♥♥❡✱ ❙✉✐ss❡✱ ✶✾✾✼✕✶✾✾✾ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❡ ▲❛❜♦r❛t♦✐r❡ ❞❡ ❙②stè♠❡s ▲♦❣✐q✉❡s
❡t ❧✬■♥st✐t✉t ❞✬❆✉t♦♠❛t✐q✉❡✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ s✉r ❧✬❛r✐t❤♠ét✐q✉❡ ❡♥ ❧✐❣♥❡ ❡t ❧❡s s②stè♠❡s
♣❛r❛❧❧è❧❡s ♠♦♥♦✲♣✉❝❡✳ ❈♦✲❡♥❝❛❞r❡♠❡♥t ❞❡ t❤ès❡s ❡t ❞❡s st❛❣❡s✳

✺✳✻✳ ❈♦❧❧❛❜♦r❛t✐♦♥s ❡t ❝♦♥tr❛ts ✐♥❞✉str✐❡❧s

❇❊❆ ❚❡❝❤♥♦❧♦❣✐❡s✱ ✷✵✵✽ ✿ ❈♦♥tr❛t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬✐♥❝✉❜❛t✐♦♥ ❞❡ ❧❛ s♦❝✐été ❇❊❆ ❚❡❝❤♥♦❧♦✲
❣✐❡s ♣❛r ▲❛♥❣✉❡❞♦❝ ❘♦✉ss✐❧❧♦♥ ■♥❝✉❜❛t✐♦♥ s✉r ❧✬✐♠♣❧❛♥t❛t✐♦♥ ♠❛tér✐❡❧❧❡ ❞✬❛❧❣♦r✐t❤♠❡s ❞❡
❝❤✐✛r❡♠❡♥t ♣❛r ✢♦t✳

❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✱ ✷✵✵✸✕✷✵✵✻ ✿ ❈♦♥tr❛t ❛✈❡❝ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s à ●r❡♥♦❜❧❡✳ ➱t✉❞❡ ❡t ✐♠✲
♣❧❛♥t❛t✐♦♥ ❞✬✉♥❡ ❜✐❜❧✐♦t❤èq✉❡ ✢♦tt❛♥t❡ ✭♦♣ér❛t✐♦♥s ❡t ❢♦♥❝t✐♦♥s é❧é♠❡♥t❛✐r❡s✮ ♣♦✉r ❧❛ ❢❛♠✐❧❧❡
❞❡ ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs ❱▲■❲ ❙❚✷✵✵✳ ❚r❛✈❛✐❧ ❝♦♠♠✉♥ ❛✈❡❝ ❈✳✲P✳ ❏❡❛♥♥❡r♦❞✱ ❏✳✲▼✳ ▼✉❧❧❡r
❡t ❙✳ ❑✳ ❘❛✐♥❛✳

❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✱ ✷✵✵✷ ✿ ❈♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s à ❈r♦❧❧❡s s✉r ❧✬ét✉❞❡ ❡t ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ✉♥✐té ❞❡ ❝❛❧❝✉❧ ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✴❛❞❞✐t✐♦♥ ❛s②♥❝❤r♦♥❡ ♣♦✉r ❧❡ ♣r♦✲
❝❡ss❡✉r ❙❚✷✵✳

P❖❙■❈✱ ✷✵✵✶✕✷✵✵✷ ✿ ❈♦♥tr❛t ■◆❘■❆ ❛✈❡❝ P❖❙■❈ ❙✳❆✳ à ◆❡✉❝❤ât❡❧ ❡♥ ❙✉✐ss❡✳ ➱t✉❞❡ ❡t ✐♠✲
♣❧❛♥t❛t✐♦♥ ❞✬❛❧❣♦r✐t❤♠❡s ❡t ❞✬❛r❝❤✐t❡❝t✉r❡s ❞❡ ❝❛❧❝✉❧ r❛♣✐❞❡ ♣♦✉r ❧❡s ❝❛♣t❡✉rs ❞❡ ♣♦s✐t✐♦♥✳
P❛rt✐❝✐♣❛t✐♦♥ à ❧❛ ré❛❧✐s❛t✐♦♥ ❞✬✉♥ ❧♦❣✐❝✐❡❧ ❞❡ t❡st ❡t ❞✬✉♥❡ ❝❛rt❡ ♣r♦t♦t②♣❡ ❋P●❆✳

❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✱ ✷✵✵✵✕✷✵✵✶ ✿ ❈♦♥tr❛t ■◆❘■❆ ❛✈❡❝ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s à ▼♦♥t❜♦♥♥♦t✳ ❙✉✲
❥❡t ✿ ❛❧❣♦r✐t❤♠❡s ❞❡ ❞✐✈✐s✐♦♥ ♣❛r ❞❡s ❝♦♥st❛♥t❡s ♣♦✉r ❧❡ ♣r♦❝❡ss❡✉r ❉❙P ❙❚✶✵✵✳ ❚r❛✈❛✐❧
❝♦♠♠✉♥ ❛✈❡❝ ❏✳✲▼✳ ▼✉❧❧❡r ❡t ✐♠♣❧❛♥té ❞❛♥s ❧❛ ✈❡rs✐♦♥ ❞❡ ❥✉✐♥ ✷✵✵✶ ❞✉ ❝♦♠♣✐❧❛t❡✉r ✈❡♥❞✉
♣❛r ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳

❈❙❊▼✱ ✷✵✵✵ ✿ ❈♦♥tr❛t ■◆❘■❆ ❛✈❡❝ ❧❡ ❈❡♥tr❡ ❙✉✐ss❡ ❞✬➱❧❡❝tr♦♥✐q✉❡ ❡t ❞❡ ▼✐❝r♦t❡❝❤♥✐q✉❡ à
◆❡✉❝❤ât❡❧ ❡♥ ❙✉✐ss❡✳ ➱t✉❞❡ ❡t ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❜❧♦❝s ❞❡ ❝❛❧❝✉❧ s♣é❝✐✜q✉❡s ♣♦✉r ❧❡ tr❛✐t❡✲
♠❡♥t ❞✬✐♠❛❣❡ ♣♦✉r ✉♥ ♣r♦t♦t②♣❡ à ❜❛s❡ ❞❡ ❋P●❆ ❡t ✉♥ ❝✐r❝✉✐t ❆❙■❈✳

✽✻



✺✳✼✳ ❉é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧♦❣✐❝✐❡❧s

✕ P❆❈❊✱ Pr♦t♦t②♣✐♥❣ ❆r✐t❤♠❡t✐❝ ✐♥ ❈r②♣t♦❣r❛♣❤② ❊❛s✐❧② ✿
❇✐❜❧✐♦t❤èq✉❡ ❈✰✰ ♠♦❞✉❧❛✐r❡ ❡t ❤❛✉t❡ ♣❡r❢♦r♠❛♥❝❡ ♣♦✉r ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡s ♥♦♠❜r❡s ❡t
❧❡s ❝❛❧❝✉❧s ❡♥ ❝r②♣t♦❣r❛♣❤✐❡✳
❉é✈❡❧♦♣♣❡♠❡♥t ❝♦♠♠✉♥ ❛✈❡❝ P✳ ●✐♦r❣✐✱ ▲✳ ■♠❜❡rt ❡t ❆✳ P❡rr❡✐r❛✳

✕ ❙❡❡❞❣❡♥✱ ❣é♥ér❛t❡✉r ❞✬❛♣♣r♦①✐♠❛t✐♦♥s r❛♣✐❞❡s ♣♦✉r ❧✬✐♥✈❡rs❡ ❡t ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡ ❡♥
♠❛tér✐❡❧ ✿
Pr♦❣r❛♠♠❡ ❈✱ s♦✉s ❧✐❝❡♥❝❡ ●P▲✱ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞✬♦♣ér❛t❡✉rs ♠❛tér✐❡❧s
♣♦✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ r❛♣✐❞❡ ❞❡ ❧✬✐♥✈❡rs❡ ❡t ❧❛ r❛❝✐♥❡ ❝❛rré❡ ✐♥✈❡rs❡✳
▲✬❛❧❣♦r✐t❤♠❡ ✉t✐❧✐sé ❞❛♥s ❝❡ ♣r♦❣r❛♠♠❡ ❡st ✐ss✉ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✳ ❊r❝❡❣♦✈❛❝
✭❯❈▲❆✮ ❡t ❏✳✲▼✳ ▼✉❧❧❡r ✭▲■P✮✳
❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴✇✇✇✳❧✐r♠♠✳❢r✴⑦t✐ss❡r❛♥✴❞❡✈❡❧✴s❡❡❞❣❡♥✴

✕ ▼❊P▲✐❜✱ ♠❛❝❤✐♥❡✲❡✣❝✐❡♥t ♣♦❧②♥♦♠✐❛❧ ❧✐❜r❛r② ✿
❇✐❜❧✐♦t❤èq✉❡ ❈✱ s♦✉s ❧✐❝❡♥❝❡ ▲●P▲✱ ♣♦✉r ❧❛ ❣é♥ér❛t✐♦♥ ❛✉t♦♠❛t✐q✉❡ ❞✬❛♣♣r♦①✐♠❛t✐♦♥s ♣♦❧②✲
♥♦♠✐❛❧❡s ❞❡ ❢♦♥❝t✐♦♥s ❛✈❡❝ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ❝♦❡✣❝✐❡♥ts ✿ ❢♦r♠❛ts ❞❡s ❝♦❡✣❝✐❡♥ts✱
✈❛❧❡✉rs ♦✉ ❞♦♠❛✐♥❡s ❞❡ ✈❛❧❡✉rs✳
❉é✈❡❧♦♣♣❡♠❡♥t ❝♦♠♠✉♥ ❛✈❡❝ ◆✳ ❇r✐s❡❜❛rr❡✱ ❋✳ ❍❡♥♥❡❝❛rt✱ ❏✳✲▼✳ ▼✉❧❧❡r ❡t ❙✳ ❚♦rr❡s ❞❛♥s
❧❡ ❝❛❞r❡ ❞❡ ❧✬❆❈■ ♥♦✉✈❡❧❧❡s ✐♥t❡r❢❛❝❡s ❞❡s ♠❛t❤é♠❛t✐q✉❡s✳
❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴❧✐♣❢♦r❣❡✳❡♥s✲❧②♦♥✳❢r✴♣r♦❥❡❝ts✴♠❡♣❧✐❜✴

✕ ❉✐✈❣❡♥✱ ✉♥ ❣é♥ér❛t❡✉r ❞❡ ❞✐✈✐s❡✉rs ♠❛tér✐❡❧s ✿
Pr♦❣r❛♠♠❡✱ ❞✐str✐❜✉é s♦✉s ❧✐❝❡♥❝❡ ●P▲✱ ❞❡ ❣é♥ér❛t✐♦♥ ❞❡ ❞❡s❝r✐♣t✐♦♥s ❱❍❉▲ s②♥t❤ét✐s✲
❛❜❧❡s ❡t ♦♣t✐♠✐sé❡s ❞✬♦♣ér❛t❡✉rs ❞❡ ❞✐✈✐s✐♦♥✳ P❛r❛♠ètr❡s ✿ t②♣❡ ❞✬❛❧❣♦r✐t❤♠❡✱ ❜❛s❡✱ t②♣❡ ❞❡
r❡♣rés❡♥t❛t✐♦♥ ✐♥t❡r♠é❞✐❛✐r❡✱ ♦♣t✐♠✐s❛t✐♦♥s ❛✉ ♥✐✈❡❛✉ ❛r❝❤✐t❡❝t✉r❛❧✴❝✐r❝✉✐t✱ ❝✐r❝✉✐ts ❝✐❜❧❡s
❆❙■❈ ♦✉ ❋P●❆✳
❉é✈❡❧♦♣♣❡♠❡♥t ❝♦♠♠✉♥ ❛✈❡❝ ❘✳ ▼✐❝❤❛r❞ ❡t ◆✳ ❱❡②r❛t✲❈❤❛r✈✐❧❧♦♥✳
❈❡ ♣r♦❣r❛♠♠❡ ❛ été ✉t✐❧✐sé ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❧❡ ❈❊❆✲▲ét✐ ❡t ❧✬■◆❘■❆✳
❙✐t❡ ✇❡❜ ✿ ❤tt♣✿✴✴❧✐♣❢♦r❣❡✳❡♥s✲❧②♦♥✳❢r✴♣r♦❥❡❝ts✴❞✐✈❣❡♥✴

✕ ❋▲■P✱ ✢♦❛t✐♥❣✲♣♦✐♥t ❧✐❜r❛r② ❢♦r ✐♥t❡❣❡r ♣r♦❝❡ss♦r ✿
❇✐❜❧✐♦t❤èq✉❡ ❈ ❞❡ s✉♣♣♦rt ♣♦✉r ❧❡ ❝❛❧❝✉❧ ✢♦tt❛♥t s✉r ❞❡s ♣r♦❝❡ss❡✉rs ❡♥t✐❡rs ♦✉ ❡♥ ✈✐r❣✉❧❡ ✜①❡
✭✐✳❡✳ s❛♥s ✉♥✐té ✢♦tt❛♥t❡✮✳ ▲❡s ❞✐✛ér❡♥t❡s ♦♣ér❛t✐♦♥s ❞❡ ❜❛s❡ s♦♥t ✐♠♣❧❛♥té❡s ❡t ♦♣t✐♠✐sé❡s
♣♦✉r ❧❛ s✐♠♣❧❡ ♣ré❝✐s✐♦♥ ❡t ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♣r♦❝❡ss❡✉rs ❱▲■❲ ❙❚✷✵✵ ❞❡ ❙❚▼✐❝r♦❡❧❡❝tr♦♥✐❝s✳
❉é✈❡❧♦♣♣❡♠❡♥t ❝♦♠♠✉♥ ❛✈❡❝ ❈✳✲P✳ ❏❡❛♥♥❡r♦❞✱ ❏✳✲▼✳ ▼✉❧❧❡r ❡t ❙✳ ❑✳ ❘❛✐♥❛✳
❈❡tt❡ ❜✐❜❧✐♦t❤èq✉❡ ❡st ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧❛ s♦❝✐été ❙❚▼✐✲
❝r♦❡❧❡❝tr♦♥✐❝s à ●r❡♥♦❜❧❡ ❡t ❢❛✐t ❧✬♦❜❥❡t ❞✬✉♥ s✉♣♣♦rt ✜♥❛♥❝✐❡r ❞❡ ❧❛ ré❣✐♦♥ ❘❤ô♥❡✲❆❧♣❡s
✭❜♦✉rs❡ ❞❡ t❤ès❡ ❞❡ ❙✳ ❑✳ ❘❛✐♥❛✮✳

✺✳✽✳ P❛rt✐❝✐♣❛t✐♦♥ à ❞❡s ❝♦♠✐ss✐♦♥s ❞❡ s♣é❝✐❛❧✐st❡s

✕ ▼❡♠❜r❡ ❡①tér✐❡✉r ❞❡ ❧❛ ❝♦♠♠✐ss✐♦♥ ❞❡ s♣é❝✐❛❧✐st❡s ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✉ ❙✉❞✱ ❚♦✉❧♦♥✲❱❛r✱
✷✼è♠❡ s❡❝t✐♦♥✱ ✷✵✵✼✕✷✵✵✾✳

✕ ▼❡♠❜r❡ ❡①tér✐❡✉r ❞❡ ❧❛ ❝♦♠♠✐ss✐♦♥ ❞❡ s♣é❝✐❛❧✐st❡s ❞❡ ❧✬❯♥✐✈❡rs✐té ❏♦s❡♣❤ ❋♦✉r✐❡r à ●r❡♥♦❜❧❡✱
✷✼è♠❡ s❡❝t✐♦♥✱ ✷✵✵✸✕✷✵✵✹✳

✽✼

http://www.lirmm.fr/~tisseran/devel/seedgen/
http://lipforge.ens-lyon.fr/projects/meplib/
http://lipforge.ens-lyon.fr/projects/divgen/


✺✳✾✳ ➱❞✐t✐♦♥✱ ❝♦♠✐tés ❞❡ ♣r♦❣r❛♠♠❡s✱ r❡❧❡❝t✉r❡s

✷✵✵✽✕❛✉❥♦✉r❞✬❤✉✐ ✿ ▼❡♠❜r❡ ❞✉ ❝♦♠✐té ❞❡ ♣r♦❣r❛♠♠❡ ❞❡s ❝♦♥❢ér❡♥❝❡s ✿ ■❊❊❊ ❙②♠♣♦s✐✉♠ ♦♥
❈♦♠♣✉t❡r ❆r✐t❤♠❡t✐❝ ✭❆❘■❚❍ ✶✽✱ ✶✾✱ ✷✵✮✱ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❘❡❈♦♥❋✐❣✉r❛❜❧❡
❈♦♠♣✉t✐♥❣ ❛♥❞ ❋P●❆s ✭❘❡❈♦♥❋✐❣ ✷✵✵✽✕✷✵✵✾✮ ❋❛✐❜❧❡ ❚❡♥s✐♦♥ ❋❛✐❜❧❡ ❈♦♥s♦♠♠❛t✐♦♥ ✭❋❚❋❈
✷✵✵✵✽✕✷✵✵✾✮✱ ❙②♠♣♦s✐✉♠ ❞✬❛r❝❤✐t❡❝t✉r❡ ❞❡s ♠❛❝❤✐♥❡s ✭❙②♠♣❆ ✷✵✵✽✕✷✵✵✾✮✳

✷✵✵✻✕❛✉❥♦✉r❞✬❤✉✐ ✿ é❞✐t❡✉r ❛ss♦❝✐é ❞❡ ❧❛ r❡✈✉❡ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❙②s✲
t❡♠s ❆r❝❤✐t❡❝t✉r❡ ✭❤tt♣✿✴✴✇✇✇✳✐♥❞❡rs❝✐❡♥❝❡✳❝♦♠✴✐❥❤♣s❛✮✳

✷✵✵✶ ✿ ❈♦✲é❞✐t✐♦♥ ❛✈❡❝ ▼✳ ❉❛✉♠❛s ❡t ❋✳ ❞❡ ❉✐♥❡❝❤✐♥ ❞✬✉♥ ♥✉♠ér♦ s♣é❝✐❛❧ ❞❡ ❧❛ r❡✈✉❡ ❘és❡❛✉①
❙②stè♠❡s ❘é♣❛rt✐s✱ ❈❛❧❝✉❧❛t❡✉rs P❛r❛❧❧è❧❡s s✉r ❧✬❛r✐t❤♠ét✐q✉❡ ❞❡s ♦r❞✐♥❛t❡✉rs✳ ❱♦❧✳ ✶✸✱ ♥◦

✹✕✺✳ ✷✵✵✶✳ ■♥tr♦❞✉❝t✐♦♥ ❞❡ ✷✾ ♣❛❣❡s ❡t ✼ ❝❤❛♣✐tr❡s ✐♥✈✐tés s♦✐t ✉♥ t♦t❛❧ ❞❡ ✷✵✵ ♣❛❣❡s ❡♥✈✐r♦♥✳

P❛rt✐❝✐♣❛t✐♦♥ à ❧❛ r❡❧❡❝t✉r❡ ❞✬❛rt✐❝❧❡s ♣♦✉r ❞✐✛ér❡♥ts ❥♦✉r♥❛✉① ✿ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈♦♠✲
♣✉t❡rs✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❈✐r❝✉✐ts ❛♥❞ ❙②st❡♠s✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❱▲❙■ ❙②st❡♠s✱ ■❊❊❊
❏♦✉r♥❛❧ ♦♥ ❙♦❧✐❞ ❙t❛t❡ ❈✐r❝✉✐ts✱ ■❊❊❊ ❉❡s✐❣♥ ❛♥❞ ❚❡st✱ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ P❛r❛❧❧❡❧ ❛♥❞ ❉✐s✲
tr✐❜✉t❡❞ ❙②st❡♠s✱ ❏♦✉r♥❛❧ ♦❢ ❱▲❙■ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❊♠❜❡❞❞❡❞ ❈♦♠✲
♣✉t✐♥❣ ❙②st❡♠s✱ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❉❡s✐❣♥ ❆✉t♦♠❛t✐♦♥ ♦❢ ❊❧❡❝tr♦♥✐❝ ❙②st❡♠s✱ ■♥t❡r♥❛t✐♦♥❛❧
❏♦✉r♥❛❧ ♦❢ ❍✐❣❤ P❡r❢♦r♠❛♥❝❡ ❙②st❡♠s ❆r❝❤✐t❡❝t✉r❡✱ ■♥t❡❣r❛t✐♦♥ t❤❡ ❱▲❙■ ❏♦✉r♥❛❧✱ ❈♦♠♣✉t❡r
❏♦✉r♥❛❧✱ ❊❧❡❝tr♦♥✐❝ ▲❡tt❡rs✱ ❏♦✉r♥❛❧ ♦❢ ❙②st❡♠s ❆r❝❤✐t❡❝t✉r❡✱ ■❊❚ ❈✐r❝✉✐ts ❉❡✈✐❝❡s ✫ ❙②st❡♠s✱
❚❡❝❤♥✐q✉❡s ❡t ❙❝✐❡♥❝❡ ■♥❢♦r♠❛t✐q✉❡✱ ▼✐❝r♦❡❧❡❝tr♦♥✐❝s ❏♦✉r♥❛❧✱ ❆❙P ❏♦✉r♥❛❧ ♦❢ ▲♦✇ P♦✇❡r ❊❧❡❝✲
tr♦♥✐❝s✱ ❏♦✉r♥❛❧ ♦❢ ❯♥✐✈❡rs❛❧ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ❘❡❝♦♥✜❣✉r❛❜❧❡ ❈♦♠✲
♣✉t✐♥❣✳

P❛rt✐❝✐♣❛t✐♦♥ à ❧❛ r❡❧❡❝t✉r❡ ❞✬❛rt✐❝❧❡s ♣♦✉r ❞✐✛ér❡♥t❡s ❝♦♥❢ér❡♥❝❡s ✿ ❆❘■❚❍✱ ❋P▲✱ ❆❙❆P✱
P❆❚▼❖❙✱ ■❙P▲❊❉✱ ■❈❈❙✱ ■❙❙❆❈✱ ■❙❈❆❙✱ ❉❆❚❊✱ ❙❆❈✱ ❘❡❈♦♥✜❣✱ ❉❉❊❈❙✱ ❙❨▼P❆✱ ❋❚❋❈✱
❋P❚✱ ❘◆❈✱ ❙❈❆◆✱ ■❈❊❙✱ ■❲▲❆❙✱ ❲❆■❋■✱ ❙❚❆❈❙✳

✺✳✶✵✳ ❊①♣❡rt✐s❡s

P❛rt✐❝✐♣❛t✐♦♥s à ❞❡s ❥✉r②s ❞❡ t❤ès❡ ✿
✕ ❈♦✲❞✐r❡❝t❡✉r s✉r ❧❛ t❤ès❡ ❞❡ ❏✉❧✐❡♥ ❋r❛♥❝q ❡♥ ✷✵✵✾ à ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥t♣❡❧❧✐❡r ✷✳
✕ ❊①❛♠✐♥❛t❡✉r s✉r ❧❛ t❤ès❡ ❞❡ ❇❡♥♦ît ❇r❛❞✐❣♥❛♥s ❡♥ ✷✵✵✾ à ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥t♣❡❧❧✐❡r ✷✳
✕ ▼❡♠❜r❡ ✐♥✈✐té s✉r ❧❛ t❤ès❡ ❞❡ ❘♦❜✐♥ P❡rr♦t ❡♥ ✷✵✵✼ à ❧✬❯♥✐✈❡rs✐té ▼♦♥t♣❡❧❧✐❡r ✷✳
✕ ❊①❛♠✐♥❛t❡✉r s✉r ❧❛ t❤ès❡ ❞❡ ❋❧♦r❡♥t ❇❡r♥❛r❞ ❡♥ ✷✵✵✼ à ❧✬❯♥✐✈❡rs✐té P❛r✐s ✽✳
✕ ❘❛♣♣♦rt❡✉r s✉r ❧❛ t❤ès❡ ❞❡ ❏❡❛♥✲▲✉❝ ❇❡✉❝❤❛t ❡♥ ✷✵✵✶ à ❧✬❊P❋▲✳
✕ ❘❛♣♣♦rt❡✉r s✉r ❧❛ t❤ès❡ ❞✬❊♠é❦❛ ▼♦s❛♥②❛ ❡♥ ✶✾✾✽ à ❧✬❊P❋▲✳

❆✉tr❡s ❡①♣❡rt✐s❡s ✿

❆◆❘ ✿ ♣r♦❥❡ts ❡♥ ✷✵✵✼✱ ✷✵✵✽ ❡t ✷✵✶✵

❆◆❘❚ ♣r♦❥❡t ❡♥ ✷✵✵✾

❖s❡♦✲❆♥✈❛r ✿ ♣r♦❥❡t ❡♥ ✷✵✵✻

❋◆❘❙✱ ❇❡❧❣✐q✉❡ ✿ ♣r♦❥❡t ❡♥ ✷✵✶✵

◆❙❊❘❈✴❈❘❙◆●✱ ❈❛♥❛❞❛ ✿ ♣r♦❥❡t ❡♥ ✷✵✵✽ ❡t ✷✵✵✾

✽✽
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❈❤❛♣✐tr❡ ✻

❇✐❜❧✐♦❣r❛♣❤✐❡ ♣❡rs♦♥♥❡❧❧❡

▲❡s ré❢ér❡♥❝❡s ❝✐✲❞❡ss♦✉s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① tr❛✈❛✉① ❡t ♣✉❜❧✐❝❛t✐♦♥s ❞é❝r✐ts ❞❛♥s ❝❡ ♠é♠♦✐r❡✳ ▲❛ ❧✐st❡

❝♦♠♣❧èt❡ ❞❡ ♠❡s ♣✉❜❧✐❝❛t✐♦♥s ❡st ❞✐s♣♦♥✐❜❧❡✱ ❛✐♥s✐ q✉❡ ❧❡✉r ❝♦♥t❡♥✉ q✉❛♥❞ ❧❡s ❞r♦✐ts ❧❡ ♣❡r♠❡tt❡♥t✱ s✉r

❧❛ ♣❛❣❡ ✇❡❜ ❤tt♣✿✴✴✇✇✇✳✐r✐s❛✳❢r✴♣r✐✈❡✴❆r♥❛✉❞✳❚✐ss❡r❛♥❞✳
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Short Papers

On-Line Arithmetic for Real-Time
Control of Microsystems

Martin Dimmler, Arnaud Tisserand, Ulf Holmberg,
and Roland Longchamp

Abstract—The integration of microcontrollers within mechanical sys-
tems is a current trend. However, decreasing the size of the system and
satisfying higher precision requirements make it necessary to reevaluate
the common signal processing techniques for controller implementa-
tions, because limited controller size, computation speed, and power
consumption become major topics. In this paper, we demonstrate that
serial computations with the most significant digits first, that is, on-
line arithmetic,offer an important potential for real-time control. They
enable a combination of traditional functions, such as analog-to-digital
converters and control data computations. This leads to very efficient
controller implementations with small size, high speed, and low power
consumption. After a brief description of the requirements and challenges
of microsystem controller design, the use of on-line arithmetic for real-
time control is proposed. A short introduction to on-line arithmetic is
given and control-specific implementation guidelines are presented and
finally applied to a simple test system.

Index Terms— Low power consumption, microsystem control, minia-
turization, on-line arithmetic, real-time control.

I. INTRODUCTION

The design and manufacturing of mechanical components and
systems have reached a very high standard. Combined with the low-
cost integration of microelectronics, this offers new possibilities for
compact high-precision mechanisms. Several applications have al-
ready appeared on the market, e.g., drives, robots, or fine-positioning
devices. They are mostly controlled by digital controllers, such as
microcontrollers,digital signal processors(DSP’s), or application-
specific integrated circuits(ASIC’s) with fixed parameters. These
circuits are generally based on digit-parallel arithmetic operators
which are sequentially scheduled by an instruction set in the memory
[see Fig. 1(a)]. However, in most mechatronic systems, these general
purpose solutions are only necessary during controller development.
Afterwards, at run time, the controller repeats a certain number of
operations cyclically with very few user interactions. The whole con-
trol algorithm could be implemented using a complex operator. This
avoids communication delays between memory and arithmetic logic
unit (ALU) and offers, in particular, for multiple input multiple output
(MIMO) systems, a potential for efficient parallel computation of
independent terms [see Fig. 1(b) and (c)]. The inherent disadvantage
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(a)

(b)

(c)

Fig. 1. Timing and size aspects of the computationax1 + bx2 + cx3 with
different operational schemes. (a) Sequential processing with simple operators.
(b) Complex digit parallel operator. (c) On-line arithmetic operators (MSDF).

of using digit-parallel arithmetic for these special operators is the high
gate number, resulting in increased space and power consumption.
However, in particular, in microsystem technology, small dimensions,
low power consumption, and high controller speed are the most
important controller requirements. For example, in many mobile and
aerospace applications, battery lifetime and system dimensions play
a major role.

In the past, digit-serialleast significant digits first(LSDF) arith-
metic has often been suggested to reduce the computation complexity
[1], [2]. Its main advantages are as follows:

• simplicity of the basic operators (digit level);
• serial communication (few I/O pins);
• potential overlapping of several operations.

However, two main disadvantages make the LSDF approach too
slow for real-time control of microsystems. First, sequential A/D
converters work in themost significant digits first(MSDF) direction.
Consequently, large delays are necessary to transform their outputs
to LSDF form. Secondly, multiplications in the LSDF mode produce
the unused least significant half of the result first. In particular, for
control algorithms with many multiplications, computation time or
necessary clock speed increase significantly.

Herein, the new concept of using a known MSDF serial arithmetic,
so called on-line arithmetic, in real-time control systems will be

1083–4435/99$10.00 1999 IEEE

✶✵✵



214 IEEE/ASME TRANSACTIONS ON MECHATRONICS, VOL. 4, NO. 2, JUNE 1999

Fig. 2. Delay and clock period of on-line operations.

introduced. The change of calculation direction permits an overlap
of computation and A/D conversion [see Fig. 1(c)]. This property,
undiscovered until now, offers an additional time interval for direct
calculations which has not been used previously, neither by parallel
nor by digit-serial LSDF arithmetic. Moreover, for on-line arithmetic,
the advantages mentioned above of serial computation are still
valid and the additional multiplication delays disappear. Therefore,
the designs have low gate number, small calculation time, and
low power consumption. In previous studies, Ercegovac [3] and
Moran [4] have tried to bring the theoretical results of on-line
arithmetic closer to practical use. However, until now, some important
implementation concepts have been omitted. For example, the need
for a normalization algorithm after operations was not mentioned in
[3]. In [4] and [5], normalization was pointed out to be essential,
but the given solution does not solve the general form of the
problem (no multiadder considered). In this paper, real-time control-
specific issues are introduced which make the given concept useful
for controller implementations. These guidelines are demonstrated
herein with a proportional integral differential (PID) controller. A
complex aerospace application is currently being investigated, but in
order to focus more on the conceptual perspective, the presentation
is restricted to this simple implementation example.

This paper is organized as follows. In Section II, a short intro-
duction to on-line arithmetic is given. In Section III, implementa-
tion issues are discussed, leading to a modular on-line library. In
Section IV, this library is used for the PID controller. The result is
compared to an optimized parallel design. A conclusion and future
developments are presented in Section V.

II. I NTRODUCTION TO ON-LINE ARITHMETIC

For the reason of size restrictions, only a short introduction is given
here. Further details can be found in [3], [6], and [7].

In on-line arithmetic, the operands, as well as the results, flow
through arithmetic units in a digit serial fashion starting with the
MSDF.

Important characteristics of on-line operators are theirdelay (�)
andperiod (� ), as illustrated in Fig. 2. Serial computations with the
MSDF become possible owing to a change in the number system. The
used redundant number systems [8] permits negative digit values,
i.e., the number0:a1a2 =

2

i=1
air

�i of radix r = 2 can have
negativeai. This leads to several representations for some numbers
( 1
4
= 0:a1a2 with a1 = 0 anda2 = 1 or a1 = 1 anda2 = �1). With

radix 2, usually a 2-bit representation (a
+
i
; a
�

i
), called borrow–save,

of the digits (ai) is defined as follows:ai = a+
i
� a�

i
. Thus, digit

1 is represented by (1, 0), digit�1 by (0, 1), while digit 0 has two
possible representations, namely (0, 0) and (1, 1).

This special digit-serial arithmetic was introduced by Ercegovac
and Trivedi in 1977 [9]. Nowadays, on-line algorithms are available
for all common arithmetic operations, in the fixed-point representa-
tion, as well as in the floating-point representation, but they have
been rarely used in hardware applications. This is mainly due to
the different original motivation (high-precision computation) and the
lack of a convenient formulation for an efficient hardware implemen-

Fig. 3. Modular on-line arithmetic operator.

Fig. 4. On-line adder modified for real-time control.

tation. In recent years, more effort has been spent on implementation
issues (e.g., [6] and [10]). Two different approaches have been
chosen. One follows the recursive formulation of Ercegovac [10]
and the other is based on Avizienis’ parallel adder (Fig. 8). The
latter leads to much smaller implementations, but is limited to a few
operations (addition, multiplication). The application presented here
is mainly concerned with size and power consumption requirements,
and additions/multiplications represent the majority of the operations.
Therefore, the second approach has been focused on. The functional
schemes of the multiplier and adder, as well as their building blocks,
are shown in Figs. 7, 4, 8, and 9, respectively.

III. I MPLEMENTATION OF ON-LINE ARITHMETIC

FOR CONTROL ALGORITHMS

Previous literature focused rather on single on-line operations
than on their interconnection to implement complex algorithms.
Consequently, no uniform framework existed and, usually, arithmetic
experts were needed for the implementation of specific algorithms.
In this section, we supply the implementation guidelines necessary
for the realization of a modular library of basic on-line operations.
Each operator is composed of four main building blocks: initial-
ization, mathematical algorithm, normalization, and output switch
(see Fig. 3). The different mathematical algorithms can be found
in the literature (e.g., [6]). The other three blocks are explained in
more detail below. The common interface of thesemodular on-line
arithmetic operatorsenables system designers to construct mecha-
tronic controllers in on-line arithmetic without advanced knowledge
in computer arithmetic.

A. Initialization of On-Line Operators

In digit-serial arithmetic, the operands are distributed over several
subsequent operations (operators work digit wise), and there is an
internal state update in the operators at each clock period. Therefore, a
clear indication of every operation start is necessary for initialization.
A simple way to achieve this is by a distributed control scheme in
the form of an additional control line synchronized to the operands.
The line is kept high if significant operand digits are present and
is otherwise low. Internal state and status values (e.g., intermediate
results in multiplications) are thereby reset as soon as an operator
is unused. In Fig. 4, the initialization (init) is shown for an on-line
adder. The two registers in the init block are necessary to compensate
for the operator delay (�adder = 2). As soon asctrin = ctrout = 0,
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Fig. 5. Initialization and synchronization of on-line operators,
init = ctrin _ ctrout.

the three registers of the adder are reset. The initialization takes at
least one clock cycle (see Fig. 5).

In the initialization scheme, the digits of the result must have left
the operator entirely before the reset was achieved. Otherwise, the
last � (on-line delay) digits of the result would be wrong. Therefore,
at least(�max + 1) intermediate zeros between the operands must
be inserted at algorithm entry, where�max is the largest delay of
all of the operators in the entire algorithm. In Fig. 5, an algorithm
is supposed to have two operators and�max = �Op1 > �Op2.
The additional delay is introduced for the initialization. The zeros
increase the sampling period. However, in order to ensure the correct
timing of the controller (sampling instant and termination of the
D/A conversion at the same time), many more intermediate zeros
are needed anyway. In the case where converter and arithmetic
have the same resolution, the number of zeros is determined by
�zeros = �D=A + �Sampler + �Arithmetic, where �D=A, �Sampler,
�Arithmetic are the delays of the D/A converter, the sampler of the
A/D converter, and the controller arithmetic, respectively.

In order to avoid an interference from subsequent numbers, these
intermediate zeros have to be maintained, even after several opera-
tions in the algorithm. This output switching can be realized with the
additional control line (see Fig. 4, out-switch block).

This distributed control scheme improves the modularity of the
design. Controller execution can be stopped easily by resetting the
registers in the initialization block.

B. Synchronization

Implementations of dynamic systems give rise to loops in the
signal flows due to the states. These states need to be synchronized
to the signals in the forward flows. In Fig. 5, the output of the
second operator (Op2) is a state that is used as input to Op2 at the
next sampling instant. For synchronization, shift registers of sizen
(number resolution) are included in the backward branch. The shift
operation is controlled by simple glue logic based on the control line
ctr3.

C. Normalization

In redundant number systems, some numbers can have several
representations (e.g.,1�1=4 = 1:0(�1) = 0:11 = 1=2+1=4 in radix
2, notations as in Section II). This property allows that in additions the
sum can be represented byn+1 valuable digits whereas the operands
and the theoretical result, using a nonredundant number system, only
needn digits. In multiadders, even several digits in front of the
point are possible. In order to avoid a continuously growing number
of digits after additions, especially in state loops (growing number
of additions), a conversion to a limited representation is necessary.
In the literature, two approaches have been given. One is the
complete on-the-fly normalization algorithm by Ercegovac and Lang
[11] which converts the redundant numbers into conventional digital
representations. Another is Merrheim’s normalization algorithm [5]

which generates a redundant fractional number with zero unit part
(i.e., 0:s1s2s3 � � �). However, the former causes a delay ofn clock
cycles and the latter is only appropriate for additions of two numbers
(but without on-line delay). Herein, an extension of Merrheim’s
algorithm also suitable for multiadditions is proposed.

Proposition: With an appropriate scaling of the operands (jsj < 1)
only two types of result need conversion (notations as in the numerical
examples above)

1(1� r) � � � (1� r):0 � � � 0(�a)sm+1 � � � sn

! 0:(r � 1) � � � (r � 1)(r� a)sm+1 � � � sn (1)

(�1)(r� 1) � � � (r � 1):0 � � � 0asm+1 � � � sn

! 0:(1� r) � � � (1� r)(a� r)sm+1 � � � sn (2)

wherer is the radix anda, (�a) satisfying0 < a < r, are the first
nonzero digits after the decimal point.

Proof: Considersi ands0i to be the digits before and after the
conversion, respectively. Suppose there arek+1 nonzero digits before
the decimal point in (1). Then, up to themth digit m

i=�k sir
�i =

rk+(1�r) k�1

i=0 ri�ar�m = 1�ar�m = (r�1) m�1

i=1 r�i+
(r� a)r�m = m

i=1 s0ir
�i. Conversion of (2) is shown similarly.

Remark: In case of overflow, the closest possible value appears on
the output (0:(r�1) � � � (r�1) or 0:(1�r) � � � (1�r), respectively).
The algorithm was implemented for radix 2 in a field programmable
gate array (FPGA) and requires approximately the space of 20 Actel2
cells. This is not significant if used only a few times in a design
(operator combinations reduce occurrence, see Section III-E).

Two additional properties should be mentioned in order to use
most advantageously the introducedmodular on-line arithmetic op-
erators. First, appropriate controller representations, and secondly,
simplifications by using multioperations are presented.

D. Appropriate Controller Representation

The controller representation has a significant influence on cal-
culation speed and implementation complexity. A state-space rep-
resentation based on the Jordan form offers many advantages for
the implementation in on-line arithmetic. The state updates and the
output equations can be calculated in parallel and the constants in
the dynamic matrix are scaled (jaiij < 1 for stable controllers). In
particular, the latter is important because it keeps the delay of the
multipliers small (for fixed-point operands, the range of multiplicative
constants has a significant influence on the operator delay). The
controller deadtime for fast sampling designs is exactly one sampling
period. Consequently, the controller has no direct term. The deadtime
of one period has to be taken into account during controller design.

This transformation is highlighted by an implementation example.
The aim herein is to introduce the concept of on-line arithmetic
for real-time control, rather than to describe a specific application.
Therefore, the simple PID algorithm with filtered differential part is
treated

uk =K ek�1 +
h

TI
xi; k�1 + TDxd; k�1

with

xi; k�1 = ek�1 + xi; k�2

xd; k�1 = (ek�1 � ek�2 + �xd; k�2) (3)

where ek = sk � yk is the difference between set pointsk and
measurementyk, xi; k andxd; k the controller states,uk the controller
output,h the sampling period,� the time constant of the differential
part filter, = 1=(h+�) andK, TI , TD are the proportional, integral,
and differential gain, respectively.
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Transformation to Jordan form gives

zk+1 =Azk +Bek�1

uk =Czk +Dek�1 (4)

where

A =
� 0
0 1

B =
�TD(1� �)

h

TI

K

C =(1 1 )

D = 1 +
h

TI
+ TD K:

E. Simplification by Using Multioperations

For Matrix� V ector computations, on-line arithmetic offers an
efficient simplification. The static logic part of all multiplications can
be executed in parallel without on-line delay, and the final addition
can be performed by a simplified final adder with a much smaller
delay than a binary tree of adders. The algorithm is given in [6].
This simplification keeps the overall delay of the controller, as well
as the number of individual operators, very small. The consequence
is a reduced calculation time and a small number of necessary
normalization units (scaling is limited to a few intermediate results).
In our example, every row of (4) is calculated by a simplified
multiadder (see Fig. 6).

F. Hardware and Software Support

With programmable logic, such as FPGA’s, efficient implemen-
tations of algorithms in hardware can be made with software-
like design principles (for examples, see [12]). These gate arrays
can be used as testbeds for later implementations in ASIC’s or
directly as mechatronic controllers. The controller algorithms are
herein composed in a graphical or formal description language (e.g.,
VHDL1). A formal description is generally preferred because of its
greater possibilities for validation and implementation on different
hardware platforms. Once the basic arithmetic modules are available,
implementing a controller using on-line arithmetic is very similar to
standard arithmetic approaches.

IV. I MPLEMENTATION

A prototype board holding 2 Actel FPGA’s (1� 1240A, 1�
1280A), some logic for a PC bus interface, as well as 2 A/D and 2
D/A converters was built. It enables the implementation of different
controllers and the monitoring of run-time values via a PC bus
interface. In order to verify our design rules , we implemented the
PID scheme for resolutions of 12 bits and 24 bits in the Actel 1280A
device (a low-cost FPGA in antifuse technology; for specification
details see [13]). The resulting operational scheme for our PID
example is shown in Fig. 6 for a resolution ofn bits. It includes
two inner loops with appropriate registers and threeV ector�V ector

operators with simplified final adders. In order to reduce the length of
the critical combinatorial paths between the entry of the subtraction
and the output of the multipliers, the inputs of the multipliers are
delayed by one clock cycle. This reduces the period� . Due to the
choice of reasonable controller constants and an analog output gain,
the on-line delay of the controller is�arithmetic = 6. For the chosen
converters, the times� � �sampler = 1 � and � � �D=A = 0:4 �s

1VHDL stands for VHSIC (very-high-speed integrated circuit) hardware
description language.

Fig. 6. Arithmetic scheme of the PID controller. The control line is not
indicated, and the coefficients correspond to the matrices in (4).

TABLE I
PID IN ON-LINE AND DIGIT-PARALLEL ARITHMETIC

are given. The sampling time was fixed to a reasonable value of 25
�s. Resulting clock frequencies and number of intermediate zeros
are listed in Table I.

We compared our design to a sequential realization in digit-parallel
arithmetic (see Table I). For the digit-parallel operators, a carry-look-
ahead adder and a Wooley [14] multiplier were used. Onlyu is
calculated immediately after the A/D conversion. The state updates
of z1andz2are made in parallel to the following conversion. Owing
to the simplicity of the PID controller, the clock frequencies are
comparable for the two approaches. However, the on-line solutions
are much smaller and fit on one single FPGA, even for 24-bit
resolution. The power consumption could not be evaluated explicitly
(FPGA implementation), but it would certainly be higher in the
parallel case (more gates and bus traffic).

Note that more drastic savings in size and power consumption
can be expected for a higher complexity of the controller, e.g.,
multivariable controllers with coordinate transforms and sensor pre-
conditioning. In particular, nonlinear operations, as for example
trigonometric functions in control of rotational magnetic bearings or
divisions in advanced friction compensation based on the newLuGre
model [15], are very costly for digit-parallel arithmetic (in size and
speed). In on-line arithmetic, these operations still grow only linearly
with resolution and can be put in parallel with other computations.

V. CONCLUSIONS AND FUTURE DEVELOPMENTS

After a discussion of the main challenges in microsystems con-
troller design, it has been shown that a digit-serial processing scheme
based onon-line arithmeticis particularly well suited for real-time
control. Some guidelines for their control-specific implementation
have been presented and verified for a simple implementation ex-
ample. Their small size, high speed, and low power consumption
make them well suited to microsystems.

In parallel to this work, the use of radix 4 was investigated. In
[16], it has been shown that radix 4 offers a lower maximum delay
and calculation time due to the much shorter representation on the
digit level. However, operator complexity is significantly higher than
in radix 2. Therefore, more attention was given to radix 2.

With the PID example, the concept was verified. The next challenge
will be a controller implementation for a complex mechatronic sys-
tem, including sensor signal calibration and transformation. Demands
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Fig. 7. On-line arithmetic multiplier by a constant number.

Fig. 8. Avizienis’ parallel adder (indexes indicate ranks) [6].

Fig. 9. Minus–minus–plus (MMP) and plus–plus–minus (PPM) cells (in-
dexes indicate ranks).

have arisen from two application areas. One is an optical terminal for
satellite communication where a triangular pointing mirror, driven
by three actuators, one in each mirror corner, has to follow a fast
reference signal. The other is a magnetic bearing for the actuation
and guidance of a computer hard disk. In both cases, very fast
controllers with strict size and power consumption constraints are
required. An on-line implementation for these systems has, in addition
to the arguments presented above, the important advantage that a large
number of sensor interfaces can be realized in a serial manner. This
reduces significantly interconnection constraints and communication
delays.

APPENDIX

The functional scheme of the on-line arithmetic multiplication with
a constant number and its necessary building blocks are displayed
in Figs. 7–9. The on-line addition can be found in Fig. 4. For the
construction of multiadders and more details, see [6].
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Square Root, and Some Elementary Functions

Using Small Multipliers
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AbstractÐThis paper deals with the computation of reciprocals, square roots, inverse square roots, and some elementary functions

using small tables, small multipliers, and, for some functions, a final ªlargeº (almost full-length) multiplication. We propose a method,

based on argument reduction and series expansion, that allows fast evaluation of these functions in high precision. The strength of this

method is that the same scheme allows the computation of all these functions. We estimate the delay, the size/number of tables, and

the size/number of multipliers and compare with other related methods.

Index TermsÐReciprocal, square root, inverse square root, logarithm, exponential, single-/double-precision operations, small

multipliers, Taylor series.

æ

1 INTRODUCTION

THE computation of reciprocal and square root has been
considered of importance for many years since these

functions appear in many applications. Recently, inverse
square root has also received attention because of the
increased significance of multimedia and graphics applica-
tions. Moreover, because of their similar characteristics, it is
considered advantageous to have a single scheme to
implement all three functions. We consider such a scheme
here. In addition, it allows the computation of logarithms
and exponentials.

The progress in VLSI technology now allows the use of

large tables with short access time. As a consequence, many

methods using tables have emerged during the last decade:

high-radix digit-recurrence methods for division and

square root [1], [15], inverse square root [16], convergence

methods for division and square root [9], combination of

table-lookup and polynomial approximation for the ele-

mentary functions [8], [6], [12], or (for single precision) use

of table-lookups and addition only [14], [3], [10].
We are interested in computations in high precision,

such as IEEE-754 double-precision (53-bit significand)

format. For double precision, these are hard to achieve

with today's technology by direct table lookup, tables and
additions, or linear approximations.

The standard scheme to compute reciprocal, square-root,
and inverse square root with high precision is based on
Newton-Raphson iterations. Although the scheme has a
quadratic convergence, the iterations consist of multiplica-
tions and additions and are therefore relatively slow. A
variation of this method is presented in [5].

We now briefly review other methods. In [2], a method to
compute reciprocal, square root, and several elementary
functions is presented (and probably could also implement
inverse square root). The method is based on series
expansion and the implementation consists of several
tables, two multipliers, and an adder. For an approximation
with relative error 2ÿm, the tables have about m=3 input
bits, which is too large for double precision.

In [13], a method is proposed for double-precision
calculations. This requires several tables with an input of
10 bits and rectangular multiplications (typically of 16� 56

bits). In Section 5, we compare this scheme with the one
presented here.

The bipartite table methods [10], [3], [11] require the use
of tables with approximately 2m=3 address bits and do not
need multiplications to get the result (an addition suffices).
These methods might be attractive for single precision
calculations, but, with currently available technology, they
would require extensively large tables for double precision
calculations.

In this paper, we propose a unified algorithm that allows
the evaluation of reciprocal, square root, inverse square
root, logarithm, and exponential, using one table access, a
few ªsmallº multiplications, and at most one ªlargeº
multiplication. To approximate a function with about
m-bit accuracy, we use tables with m=4 address bits. This
makes our method suitable up to and including double
precision.
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As in other methods of this type, it is possible to obtain

an error which is bounded (say by 2ÿm). However, it is not

possible in general to obtain results that can be directly

rounded to nearest. It has been shown [4] that, for the

special cases of reciprocal and square root to round to m

bits, it is sufficient to compute a result with an error of less

than 2ÿ2m. Similarly, for inverse square root, the error has to

be less than 2ÿ3m. Since this overhead in accuracy might be

prohibitive, another alternative is to produce an error of less

than 2ÿmÿ1 and determine the exact value by computing the

corresponding remainder, which is possible for division

and square-root, but not for the transcendental functions

[8], [7]. We do not discuss this issue further in this paper

and, in the sequel, we will aim to obtain an error which is

less than 2ÿm, for m-bit operands.

2 RECIPROCAL, SQUARE ROOT, AND INVERSE
SQUARE ROOT

We want to evaluate reciprocals, square roots, and inverse

square roots for operands and results represented by m-bit

significands. To achieve an error which is smaller than 2ÿm,

we use an internal datapath of n bits (to be determined)

with n > m. We do not consider the computation of the

exponent since this is straightforward.
Let us call the generic computation g�Y �, where Y is the

m-bit input significand and, as in the IEEE standard,

1 � Y < 2. The method is based on the Taylor expansion of

the function to compute, which converges with few terms if

the argument is close to 1. Consequently, the method

consists of the following three steps:

1. Reduction. From Y , we deduce an n-bit number A
such that ÿ2ÿk < A < 2ÿk. To produce a simple
implementation that achieves the required precision,
we use k � n=4. For the functions considered, we
obtain A as

A � Y � R̂ÿ 1; �1�

where R̂ is a �k� 1�-bit approximation of 1=Y .

Specifically, define Y �k� as Y truncated to the kth bit.

Then,

Y �k� � Y < Y �k� � 2ÿk:

Hence,

1 � Y

Y �k� < 1� 2ÿk: �2�

Using one lookup in a k-bit address table, one can

find R̂ defined as 1=Y �k� rounded down (i.e.,

truncated) to k� 1 bits. Then,

ÿ 2ÿkÿ1 < R̂ÿ 1

Y �k� � 0:

Therefore, since 1 � Y �k� < 2,

1ÿ 2ÿk < R̂Y �k� � 1: �3�

From (2) and (3), we get

1ÿ 2ÿk < R̂Y < 1� 2ÿk: �4�

The reduced argument A is such that g�Y � can be
easily obtained from a value f�A�, which is
computed during the next step.

2. Evaluation. We compute an approximation of B �
f�A� using the series expansion of f , as described
below.

3. Postprocessing. This is required because of the
reduction step. Since reduction is performed by
multiplication by R̂, we obtain g�Y � fromB � f�A� as

g�Y � � M �B;

where M � h�R̂�. The value of M depends on the
function and is obtained by a similar method as R̂.
Specifically,

. for reciprocal M � R̂,

. for square root M � 1=
����

R̂
p

,
. for inverse square root M �

����

R̂
p

.

Hence, although R̂ is the same for all functions
considered here, M depends on the function being
computed. There is a different table for M for each function
we wish to implement. Let us now consider the evaluation
step.

2.1 Evaluation Step

In the following, we assume that we want to evaluate
B � f�A�, with jAj < 2ÿk. The Taylor series expansion of f is

f�A� � C0 � C1A� C2A
2 � C3A

3 � C4A
4 � . . . �5�

at the origin where the Cis are bounded.
Since ÿ2ÿk < A < 2ÿk, A has the form

A � A2z
2 �A3z

3 �A4z
4 � . . . ; �6�

where z � 2ÿk and jAij � 2k ÿ 1.
Our goal is to compute an approximation of f�A�, correct

to approximately n � 4k bits, using small multiplications.
From the series (5) and the decomposition (6), we deduce

f�A� � C0 � C1 A2z
2 �A3z

3 �A4z
4

ÿ �

� C2 A2z
2 �A3z

3 �A4z
4

ÿ �2

� C3 A2z
2 �A3z

3 �A4z
4

ÿ �3

� C4 A2z
2 �A3z

3 �A4z
4

ÿ �4� . . . :

�7�

After having expanded this series and dropped out all
the terms of the form W � zj that are less than or equal to
2ÿ4k, we get (see the Appendix)

f�A� � C0 � C1A� C2A
2
2z

4 � 2C2A2A3z
5 � C3A

3
2z

6: �8�

We use this last expression to approximate reciprocals,
square roots, and inverse square roots. In practice, when
computing (8), we make another approximation: after
having computed A2

2, obtaining A3
2 would require a 2k� k

multiplication. Instead of this, we take only the k most-
significant bits of A2

2 and multiply them by A2.
Now, we determine the coefficients for the three

functions

. For reciprocal, jCij � 1 for any i, and
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1

1�A
� 1ÿA2z

2 ÿA3z
3 � ÿA4 �A2

2

ÿ �

z4

� 2A2A3z
5 ÿA3

2z
6

� �1ÿA� �A2
2z

4 � 2A2A3z
5 ÿA3

2z
6:

�9�

. For square root, C0 � 1, C1 � 1=2, C2 � ÿ1=8,
C3 � 1=16. This gives

������������

1�A
p

� 1�A

2
ÿ 1

8
A2

2z
4 ÿ 1

4
A2A3z

5 � 1

16
A3

2z
6:

�10�

. For inverse square root, C0 � 1, C1 � ÿ1=2,
C2 � 3=8, C3 � ÿ5=16. This gives

1=
������������

1�A
p

� 1ÿA

2
� 3

8
A2

2z
4 � 3

4
A2A3z

5 ÿ 5

16
A3

2z
6:

�11�

2.2 Error in the Evaluation Step

We now consider the error produced by the evaluation step

described above. In the Appendix, we prove the following

result:

Theorem 1. f(A) can be approximated by

C0 � C1A� C2A
2
2z

4 � 2C2A2A3z
5 � C3A

3
2z

6

(where we use the k most-significant bits1 only of A2
2 when

computing A3
2), with an error less than

2ÿ4k Cmax

1ÿ 2ÿk
� 3jC2j � 4jC3j � 8:5maxfjC2j; jC3jg � 2ÿk

� �

with Cmax � maxi�4 jCij, and k � 5.
In particular, assuming jCij � 1 for any i (which is

satisfied for the functions considered in this paper), this error is
less than

� � 2ÿ4k 1:04Cmax � 3jC2j � 4jC3j � 0:27� �:

Now, we determine the error bound � for the three

functions, assuming A is exactly equal to

A � A2z
2 �A3z

3 �A4z
4:

. For reciprocal, since jCij � 1 for all i,

� � 8:31� 2ÿ4k:

. For square root, C2 � 2ÿ3, C3 � 2ÿ4, and
Cmax � 5� 2ÿ7,

� � 0:94� 2ÿ4k:

. For inverse square root, C2 � 3� 2ÿ3, C3 � ÿ5� 2ÿ4,
and Cmax � 35� 2ÿ7,

� � 2:93� 2ÿ4k:

These errors are committed by evaluating (8) in infinite
precision arithmetic (and using the kmost-significant bits of
A2

2 only). To this, we have to add the following two errors:

. A has more than 4k bits. Consequently, we have to
add the error 2ÿ4kÿ1 maxA f 0�A� due to having
rounded A to A2z

2 �A3z
3 �A4z

4.
. If the evaluation step returns a value rounded to the

nearest multiple of 2ÿ4k, we have to add the
maximum error value 2ÿ4kÿ1 due to this rounding.

All this gives an upper bound �eval due to the evaluation
step.

2.3 Total Error and Value of k

We now take into account the postprocessing step (multi-
plication by M). To get an upper bound �total on the total
computation error, we multiply �eval by the maximum
possible value of M. We do not include an error due to
rounding M to n bits: It is preferable to round M to m bits
directly. Table 1 gives the value of �total. If a �3k� 1� �
�3k� 2� multiplier is used for the postprocessing step (as
suggested in Section 3.3), then we need to add 0:5� 2ÿ4k to
this value.

Now, let us determine the value of k. Since the computed
final result g�Y � is between 1=2 and 1 for reciprocation,
between 1 and

���

2
p

for square root, and between 1=
���

2
p

and 1

for inverse square-root, the first nonzero bit of the result is
of weight 20 for square-root and of weight 2ÿ1 for the other
two functions. Considering the error given in Table 1, the
required values of n and k are given in Table 2.

3 IMPLEMENTATION

We now describe implementation aspects of the proposed
method. Fig. 1 shows a functional representation of the
general architecture. In the sequel, we assume that A is in
the sign-magnitude form which requires complementation.
The multiplications produce products in the signed-digit
form, and the addition of the four terms in the evaluation
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1. It would be more accurate to say digits since it is likely that, in a
practical implementation, A2

2 will be represented in a redundant (e.g., carry-
save or borrow-save) representation.

TABLE 1
Upper Bound on the Total Absolute Error

TABLE 2
Values of k for Functions Evaluated (n � 4k)

SPÐsingle precision with faithful rounding;
DPÐdouble precision with faithful rounding.
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step is performed using signed-digit adders. Modifications
for using different number representations are straightfor-
ward.

3.1 Reduction

Fig. 2 shows a functional representation of the reduction
module which computes A and M from Y . The factor M is
obtained by table lookup from block ctb for functions other
than reciprocal.

3.2 Evaluation

The evaluation step computes (9), (10), and (11). All three
require the computation of A2

2, A2A3, and A3
2. As indicated

before, for A3
2 we use the approximation

A3
2 � �A2

2�high �A2:

Consequently, these terms can be computed by three k by k
multiplications. Moreover, the first two can be performed in

parallel. Alternatively, it is possible to compute the terms by

two multiplications as follows:

B1 � A2
2 � 2A2A3z � A2 � �A2 � 2A3z�
and A3

2 � �B1�high �A2:

The first of the two multiplications is of k� 2k bits and the

second is of k� k.
Then, the terms (either the output of the three multi-

plications or of the two multiplications) are multiplied by

the corresponding factors which depend on the function, as

shown in Table 3. Note that, for division and square root,

these factors correspond to alignments, whereas, for inverse

square root, multiplications by 3 and 5 are required.2

Finally, the resulting terms are added to produce B.
Fig. 3 shows the weights of these terms in the case of the

reciprocal function. The sum of these terms is rounded to

the nearest multiple of 2ÿ4k. As shown in Fig. 3, this gives a

�3k� 1�-bit number B̂. Then, B is equal to 1� B̂. An

implementation is shown in Fig. 4.

3.3 Postprocessing

The postprocessing (Fig. 5) consists in multiplying B by M,

where M � h�R̂� depends on the function and is computed

during the reduction step. Since B � 1� B̂ and jB̂j < 2ÿk�1,

to use a smaller multiplier it is better to compute

g�Y � � M �B � M �M � B̂: �12�
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Fig. 1. General organization.

2. These ªmultiplicationsº will be implemented as (possibly redundant)
additions since 3 � 2� 1 and 5 � 4� 1.

Fig. 2. Organization of the reduction module.M depends on the function

being computed.

TABLE 3
Multiplication Factors

Fig. 3. The terms added during the evaluation step for reciprocal.
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Note also that, for square root and inverse square root, in

the multiplication it suffices to use the bits of M of weight

larger than or equal to 2ÿ3kÿt, where t is a small integer.

Since the error due to this truncation is smaller than or

equal to 2ÿ4k�1ÿt, choosing t � 2 makes the error bounded

by 0:5� 2ÿ4k and allows the use of a �3k� 1� � �3k� 2�-bit
multiplier. Hence, although we need to store n bits of M (to

be added in (12)), only 3k� 2 bits will be used in the

multiplication M � B̂.
Table 4 shows the operation that must be performed

during the postprocessing step and the value of M that

must be used.

4 ESTIMATION OF EXECUTION TIME AND

HARDWARE

We now evaluate the method proposed in terms of

execution time and hardware required. This evaluation

serves for the comparisons presented in the next section.

4.1 Execution Time

The critical path is given by the following expression:

Tcrit � trb � tm3k�k � 2tmk�k � ta4k � tm3k�3k;

where trb is the table access time, tm multiplication, and ta

addition time.
For instance, for double precision with faithful rounding

and implementation of rb directly by table, we obtain the

sum of the following delays:

. Access to table of 15 or 14 input bits.

. One multiplication of 46� 16 bits (with product in
conventional form).

. Two multiplications of 15� 15 bits (with product in
redundant form).

. Signed-digit addition of the four terms. This addi-

tion is the most complex for inverse square root (10):

All three multiplications produce signed-digit re-

sults and, because the coefficients 3/8, 3/4, and

-5/16 are replaced by shifts and adds, this leads to

3� 2 signed-digit operands with a total of 1� 6 � 7.

The multiplications 3
8
A2

2 and
3
4
A2A3 are performed in

parallel, followed by a 5-to-1 signed-digit addition

SDA5. This addition is performed concurrently with

the multiplication 5
16
A3

2, which produces two oper-

ands, so a 3-to-1 signed-digit addition SDA3

completes the critical path in the evaluation module.

The result of this addition is used as the multiplier of

the next multiplication; consequently, it is possible

to directly recode the signed-digit form to radix-4

multiplier.
. Multiplication of 45� 43 bits (with product in

conventional form).

4.2 Hardware

Table 5 gives the table sizes and number of various

operations required by our method, depending on the

function being computed, and the value of k. Table 6 gives

the required table sizes depending on the function

computed and the format (single precision and double

precision).

5 COMPARISON WITH OTHER METHODS

We restrict our comparison to three methods which also

deal with reciprocals, square roots, and inverse square

roots. We briefly review these methods and then compare
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Fig. 4. Functional representation of the evaluation module. (The

computations of A2
2 and A2A3 can be regrouped into one rectangular

multiplication.)

Fig. 5. Functional representation of the postprocessing module.

TABLE 4
Operation Performed during the Postprocessing Step
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estimates of latency (delay) and of cost (mainly of multi-

pliers and tables) for 53-bit precision.

5.1 Newton-Raphson Iteration

The well-known Newton-Raphson (NR) iteration for reci-

procal

xi�1 � xi � xi 1ÿ Y xi� � �13�

converges quadratically to 1=Y provided that x0 is close

enough to 1=Y . We use a k-bit address table to obtain x0 and

perform the intermediate calculations using an n-bit

arithmetic. To compare with our method, we assume

n � 4k. The first approximation x0 is the number Ŷ of

Section 2, a k-bit approximation of 1=Y . To get x1, two

k� n-bit multiplications are required. Since x1 is a 2k-bit

approximation of 1=Y , it suffices to use its 2k most-

significant bits to perform the next iteration. After this,

one needs to perform two 2k� n-bit multiplications to get

x2, which is an n-bit approximation of 1=Y . For k � 15, the

NR method requires:

. one lookup in a 15-bit address table;

. two 15� 30-bit multiplications (Y truncated to
30 bits);

. two 30� 60-bit multiplications.

The multiplications that occur cannot be performed in

parallel.
The NR iteration for reciprocal square-root

xi�1 �
1

2
xi 3ÿ Y x2i
ÿ �

�14�

has convergence properties similar to those of the NR

iteration for reciprocal. Assuming (as previously) that we

use a k-bit address table and that we perform the

intermediate calculations using an n-bit arithmetic, with k �
14 and n � 56 (which are the values required for faithfully

rounded double precision square root or inverse square

root), computing an inverse square-root using the NR

iteration requires:

. one lookup in a 14-bit address table;

. three 14� 56-bit multiplications;

. three 28� 56-bit multiplications.

In the implementation, we assume using a shared 30�
60 multiplier.

Computing a square-root requires the same number of

operations plus a final ªlargeº (56� 56-bit) multiplication.

5.2 Wong and Goto's Method

The method presented by Wong and Goto in [14] requires

tables with m=2 address bits, where m is the number of bits

of the significand of the floating-point arithmetic being

used. This makes that method inconvenient for double-

precision calculations. In [13], they suggest another method

using table-lookups and rectangular multipliers.
The method for computing reciprocals is as follows: Let

us start from the input value Y � 1:y1y2 . . . y53. The first 10

bits of Y are used as address bits to get from a table

r0 �
1

1:y1y2 . . . y10

� �

:

Then, compute r0 � Y using a rectangular multiplier. The

result is a number A of the form:

A � 1ÿ 0:000 . . . 0a9a10 . . . a18 . . . a56:

Then, using a rectangular multiplier, compute:

B � A� �1� 0:000 . . . 0a9a10 . . . a18�
� 1ÿ 0:000000 . . . 00b17b18 . . . b26 . . . b56:

Again, using a rectangular multiplier, compute:

C � B� �1� 0:000000 . . . 00b17b18 . . . b26�
� 1ÿ 0:00000000000 . . . 0000c25c26 . . . c56:

In parallel, use the bits b27b28 . . . b35 as address to get from a

table � consisting of the nine most significant bits of

�0:0000 . . . b27b28 . . . b35�2. The final result is:

1

Y
� r0 � 1:00000 . . . a9a10 . . . a18

� 1:000000 . . . 00b17b18 . . . b26

� 1:000000000 . . . 000c25c26 . . . c56 � �� �:

�15�

Fig. 6 illustrates the computational graph for 56-bit

reciprocal computation.
Therefore, this method for reciprocation requires one

table look-up in a 10-bit address table, one look-up in a 9-bit

address table, five rectangular 10� 56 multiplications, and

one 56� 56 multiplication. The critical path is roughly

tWG � tLUT10 � 3� tMULT �10�56� � tMULT �56�56�: �16�

To compute reciprocal square-roots, the Wong-Goto

method uses one look-up in an 11-bit address table, one

look-up in a 9-bit address table, nine rectangular multi-

plications, and one full multiplication. The critical path
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TABLE 5
Table Sizes and Number of Operations for Our Method

TABLE 6
Tables Required by Our Method (in Bytes)
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consists of one 11-bit table lookup, five rectangular multi-

plications, and one full multiplication.

5.3 Method Proposed by Ito, Takagi, and Yajima

This proposal [5] considers the operations division (actually
reciprocal) and square root performed using a multiply-
accumulate unit (as in Newton-Raphson's method). It
discusses a linear initial approximation and proposes
accelerated convergence methods. Since the linear initial
approximation can also be used for the method proposed in
this paper, for comparison purposes we do not include it
and use the direct table lookup approach.

For reciprocal, the proposal in [5] results in a speedup
with respect to traditional NR by modifying the recurrence
so that additional accuracy is achieved by each multiply-
accumulate and by adding a cubic term, which requires an
additional table look-up. For square root, a novel direct
algorithm is proposed, instead of going through inverse
square root, as done in NR.

For the comparison of reciprocal, we use a look-up table
of 15 input bits for the initial approximation (direct table
method). In this case, three multiply-accumulate operations
are required and the cubic term uses a table of nine input
bits.

For square root, also with a table of 15 input bits for the
initial approximation, four multiply-accumulate operations
are required.

5.4 Estimates of Delay and Cost

We now estimate the delays and costs (size of tables and
size of multipliers) of the schemes. Following [14], the
delays are expressed in terms of �Ðthe delay of a complex
gate, such as one full adder. In this unit, we estimate the
delays of multipliers and tables; these delays can vary
somewhat depending on the technology and implementa-
tion, but, since all schemes use the same modules, the
relative values should not vary significantly.

The delay on the critical path of a multiplier is the sum of
1, 2, and 3:

1. Radix-4 multiplier recoding, multiple generation
and buffering: 2� .

2. Partial product reduction array: 1� � number of
SDA (Signed-Digit Adder) stages;

3. Final CPA (Carry Propagate Adder)Ðwhen needed:
4� for > 30 bits; 3� for � 30 bits.

The delays of the various multipliers used are summar-

ized in Table 7.
For the delay of a look-up table with 14-15 address bits,

we estimate around 8� and with 10-12 bits around 5� . The

size is given directly in Table 8.
From the description of the methods given above, we

summarize their characteritics in Table 8 and obtain the

estimates of Table 9. We conclude that, for reciprocal, our

method has a similar delay as the other schemes, but is

significantly faster for square root and for inverse square

root. On the other hand, the Wong-Goto method requires

smaller tables.
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Fig. 6. The Wong-Goto reciprocal computation.

TABLE 7
Delays of Multipliers: trecode � treduce � tCPA (in �s)

TABLE 8
Modules Required for Double Precision Computation
of Reciprocal, Square Root, and Inverse Square Root

in Related Methods
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6 ELEMENTARY FUNCTIONS

Using the same basic scheme, our method also allows
computation of some of the elementary functions. We
briefly describe this below. Implementation is not dis-
cussed: It is very similar to what we have previously
described for reciprocal, square root, and inverse square
root.

6.1 Computation of Logarithms

In a similar fashion, we get:

ln�1�A� � Aÿ 1

2
A2

2z
4 ÿA2A3z

5 � 1

3
A3

2z
6:

Again, we only need to compute A2
2, A2A3, and A3

2. The
multiplication by 1

3
can be done with a small multiplier. The

postprocessing step is performed as g�Y � � M �B, where
M � ÿln�R̂� and B � ln�1�A�. When the argument is
close to 1, no reduction is performed and, consequently,
there is no cancellation.

6.2 Computation of Exponentials

Now, let us assume that we want to evaluate the exponential
of ann-bit numberY � 1�A1z�A2z

2 �A3z
3 �A4z

4, where
z � 2ÿk (k � n=4), and the Ais are k-bit integers. We suggest
first computing the exponential of

A � A2z
2 �A3z

3 �A4z
4;

using a Taylor expansion, and then to multiply it by the

number

M � exp�1�A1z�:

M will be obtained by looking up in a k-bit address table.
The exponential of A can be approximated by:

1�A� 1

2
A2

2z
4 �A2A3z

5 � 1

6
A3

2z
6: �17�

This shows that the same architecture suggested in

Section 3 can be used as well for computing exponentials,

with similar delay and accuracy.

7 CONCLUSION

We have proposed a method for computation of reciprocals,

square-roots, inverse square-roots, logarithms, and expo-

nentials. Table 10 summarizes the key implementation

requirements in evaluating these functions. The strength of

our method is that the same basic computations are

performed for all these various functions. As shown in the

section on comparisons, in double precision for reciprocal

our method requires a computational delay quite close to

other related methods, but it is significantly faster for

square root and for inverse square root. We have

considered only faithful rounding.

APPENDIX

To prove the theorem, let us start from the series (7):

f�A� � C0 � C1 A2z
2 �A3z

3 �A4z
4

ÿ �

� C2 A2z
2 �A3z

3 �A4z
4

ÿ �2

� C3 A2z
2 �A3z

3 �A4z
4

ÿ �3

� C4 A2z
2 �A3z

3 �A4z
4

ÿ �4� . . . :

�18�
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TABLE 9
Estimation of Total Delays (in �s) for Double Precision

Computation of Reciprocals, Square Roots,
and Inverse Square Roots

TABLE 10
Summary of the Proposed Method
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Let us keep in mind that A � A2z
2 �A3z

3 �A4z
4 is

obviously less than 2ÿk. If we drop out from the previous

series the terms with coefficients C4; C5; C6; C7; . . . , the error

will be:

X

1

i�4

Ci A2z
2 �A3z

3 �A4z
4

ÿ �i

�

�

�

�

�

�

�

�

�

�

;

which is bounded by

�1 � Cmax

X

1

i�4

2ÿk
ÿ �i� Cmax

2ÿ4k

1ÿ 2ÿk
; �19�

where Cmax � maxi�4 jCij.
Now, let us expand the expression obtained from (7)

after having discarded the terms of rank � 4. We get:

f�A� � C0 � C1A� C2A
2
2z

4 � 2C2A2A3z
5

� 2C2A2A4 � C2A
2
3 � C3A

3
2

ÿ �

z6

� 2C2A3A4 � 3C3A
2
2A3

ÿ �

z7

� C2A
2
4 � 3C3A

2
2A4 � 3C3A2A

2
3

ÿ �

z8

� 6C3A2A3A4 � C3A
3
3

ÿ �

z9

� 3C3A2A
2
4 � 3C3A

2
3A4

ÿ �

z10

� 3C3A3A
2
4z

11 � C3A
3
4z

12:

�20�

In this rather complicated expression, let us discard all

the terms of the form W � zj such that the maximum

possible value of W multiplied by zj � 2ÿkj is less than or

equal to z4. We then get (8), that is:

f�A� � C0 � C1A� C2A
2
2z

4 � 2C2A2A3z
5 � C3A

3
2z

6:

To get a bound on the error � obtained when approximating

(20) by (8), we replace the Ais by their maximum value

2k ÿ 1 and we replace the Cis by their absolute value. This

gives:

�2 � 3jC2j � 3jC3j� �2ÿ4k � 2jC2j � 6jC3j� �2ÿ5k

� jC2j � 7jC3j� �2ÿ6k

� 6jC3j2ÿ7k � 3jC3j2ÿ8k � jC3j2ÿ9k

� 3jC2j � 3jC3j � 8:5maxfjC2j; jC3jg � 2ÿk
ÿ �

2ÿ4k;

assuming that 8� 2ÿk � 6� 2ÿ2k � 3� 2ÿ3k � 2ÿ4k < 0:5,

which is true for k � 5.
As explained in Section 2, when computing (8), we will

make another approximation: after having computed A2
2,

the computation of A3
2 would require a 2k� k multi-

plication. Instead of this, we will take the most k significant

bits of A2
2 only and multiply them by A2. If we write:

A2
2 � A2

2

ÿ �

low
�2k A2

2

ÿ �

high
;

where A2
2

ÿ �

low
and A2

2

ÿ �

high
are k-bit numbers, the error

committed is

C3 A2
2

ÿ �

low
A2z

6;

whose absolute value is bounded by �3 � jC3j2ÿ4k.
By adding the three errors due to the discarded terms,

we get the bound given in the theorem.
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Multipartite Table Methods
Florent de Dinechin, Member, IEEE, and Arnaud Tisserand, Member, IEEE

Abstract—A unified view of most previous table-lookup-and-addition methods (bipartite tables, SBTM, STAM, and multipartite

methods) is presented. This unified view allows a more accurate computation of the error entailed by these methods, which enables a

wider design space exploration, leading to tables smaller than the best previously published ones by up to 50 percent. The synthesis of

these multipartite architectures on Virtex FPGAs is also discussed. Compared to other methods involving multipliers, the multipartite

approach offers the best speed/area tradeoff for precisions up to 16 bits. A reference implementation is available at www.ens-lyon.fr/

LIP/Arenaire/.

Index Terms—Computer arithmetic, elementary function evaluation, hardware operator, table lookup and addition method.
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1 INTRODUCTION

TABLE-LOOKUP-AND-ADDITIONmethods, such as the bipartite
method, have been the subject of much recent attention

[1], [2], [3], [4], [5]. They allow us to compute commonly

used functions with low accuracy (up to 20 bits) with

significantly lower hardware cost than that of a straightfor-

ward table implementation, while being faster than shift-

and-add algorithms à la CORDIC or polynomial approx-

imations. They are particularly useful in digital signal or

image processing. They may also provide initial seed values

to iterative methods, such as the Newton-Raphson algo-

rithms for division and square root [6], [7], which are

commonly used in the floating-point units of current

processors. They also have recently been successfully used

to implement addition and subtraction in the logarithm

number system [8].
The main contribution of this paper is to unify two

complementary approaches to multipartite tables by Stine

and Schulte [4] and Muller [5]. Completely defining the

implementation space for multipartite tables allows us to

provide a methodology for selecting the best implementa-

tion that fulfills arbitrary accuracy and cost requirements.

This methodology has been implemented and is demon-

strated on a few examples. This paper also clarifies some of

the cost and accuracy questions which are incompletely

formulated in previous papers. This paper is an extended

version of an article published in the Proceedings of the 15th

IEEE International Symposium on Computer Arithmetic [9].
After some notations and definitions in Section 2,

Section 3 presents previous work on table-lookup-and-

addition methods. Section 4 presents our unified multi-

partite approach in all the details. Section 5 gives results

and compares them to previous work. Section 6 concludes.

2 GENERALITIES

2.1 Notations

Throughout this paper, we discuss the implementation of a
function with inputs and outputs in fixed-point format. We
shall use the following notations:

. We note f : ½a; b½! ½c; d½, the function to be evaluated
with its domain and range.

. We note wI and wO, the required input and output
size.

In general,wewill identify anyword of p bits to the integer
in f0; . . . ; 2p � 1g it codes, writing such a word in capital
letters. When needed, we will provide explicit functions to
map such an integer into the real domain or range of the
function. For instance, an inputwordXwill denote an integer
in f0; . . . ; 2wI � 1g, and we will express the real number x 2
½a; b½ that it codes by x ¼ aþ ðb� aÞX=2wI . Note that no
integermaps to b, the right bound of the input interval, which
explains why we define this interval as open in b. Such a
mapping should be part of the specification of a hardware
function evaluator and several alternatives exist, depending
on the function to be evaluated and the needs of the
application. Some applications may require that the
integer X denotes x ¼ aþ ðb� aÞðX þ 1=2Þ=2wI , some may
require that it denotes x ¼ aþ ðb� aÞX=ð2wI � 1Þ. For other
applications to floating-point hardware, the input interval
may span over two consecutive binades, in which case, we
will consider two input intervals with different mappings.
The reader should keep in mind that all the following work
can be straightforwardly extended to any such mapping
between reals and integers. A general presentation would
degrade readability without increasing the interest of the
paper. Our implementation, however, can accommodate
arbitrary styles of discretization of the input and output
intervals.

2.2 Errors in Function Evaluation

Usually, three different kinds of error sum up to the total
error of an evaluation of fðxÞ:

. The input discretization or quantization error measures
the fact that an input number usually represents a
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small interval of values centered around this
number.

. The approximation or method error measures the
difference between the pure mathematical function f
and the approximated mathematical function (here,
a piecewise affine function) used to evaluate it.

. Finally, the actual computation involves rounding
errors due to the discrete nature of the final and
intermediate values.

In the following, we will ignore the question of input
discretization by considering that an input number only
represents itself as an exact mathematical number. Again,
all the following work could probably be extended to take
quantization errors into account.

3 PREVIOUS AND RELATED WORKS

An approximation of a function may be simply stored in
a look-up table containing 2wI values. This approach
becomes impractical as soon as wI exceeds 10-12 bits. In
this section, we explore various methods which allow us
to approximate functions with much less memory and
very little computation.

The present paper improves on the bipartite idea and its
successors, which are first presented in detail (Sections 3.1
to 3.3). As our results should be compared to other
competitive hardware approximation methods, we then
also present these methods (Sections 3.4 to 3.6). We leave
out of this survey methods more specifically designed for a
particular function, such as the indirect bipartite method for
postscaled division [10], many methods developed for
evaluating fðxÞ ¼ log2ð1� 2xÞ for Logarithm Number Sys-
tem (LNS) arithmetic [11], [12], [13], [14], and many others.

3.1 The Bipartite Method

First presented by Das Sarma and Matula [1] in the specific
case of the reciprocal function and generalized by Schulte
and Stine [3], [4] and Muller [5], this method consists of
approximating the function by affine segments, as illu-
strated in Fig. 1.

The 2� segments (16 in Fig. 1) are indexed by the � most
significant bits of the input word, as depicted in Fig. 2. For

each segment, one initial value is tabulated and the other
values are interpolated by adding, to this initial value, an
offset computed out of the wI � � least significant bits of the
input word.

The idea behind the bipartite method is to group the
2� input intervals into 2� (with � < �) larger intervals (four in
Fig. 1) such that the slope of the segments is considered
constant on each larger interval. These four constant slopes
are figured inFig. 1 andmaybe tabulated:Now, thereareonly
2� tables of offsets, each containing 2� offsets. Altogether, we
thus need to store 2� þ 2�þ� values instead of 2wI ¼ 2�þ�.

In all the following, we will call the table that stores the
initial points of each segment the Table of Initial Values (TIV).
This table will be addressed by a subword A of the input
word, made of the � most significant bits. A Table of Offsets
(TO) will be addressed by the concatenation of two
subwords of the input word: C (the � most significant bits)
and B (the � least significant bits). Fig. 2 depicts this
decomposition of the input word.

Previous authors [5], [4] have expressed the bipartite
idea in terms of a Taylor approximation, which allows a
formal error analysis. They find that, for � � � � �=2, it is
possible to keep the error entailed by this method in
“acceptable bounds” (the error obviously depends on the
function under consideration). We develop in this paper a
more geometrical approach to the error analysis with the
purpose of computing the approximation error exactly,
where Taylor formulas only give upper bounds.

3.2 Exploiting Symmetry

Schulte and Stine have remarked [3] that it is possible to
exploit the symmetry of the segments on each small interval
(see Fig. 3, which is a zoom view of Fig. 1) to halve the size
of the TO: They store the value of the function in the middle
of the small interval in the TIV and the offsets for a half
segment in the TO. The offsets for the other half are
computed by symmetry. The extra hardware cost (mostly a
few XOR gates) is usually more than compensated by the
reduction in the TO size (see the SBTM paper, for Symmetric
Bipartite Table Addition Method [3]).
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Fig. 1. The bipartite approximation.

Fig. 2. Bipartite input word decomposition.

Fig. 3. Segment symmetry.
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Note that the initial bipartite paper [1] suggested using

an “average curve” approximation instead of a linear one

for the TO. This idea wouldn’t improve the maximum error,

but would bring a small improvement to the average error

(a fraction of half an ulp, as Section 4 will show). However,

in this case, Fig. 3 is no longer symmetric and the table size

reduction discussed here is no longer possible. Therefore,

this idea will not be considered further.

3.3 Multipartite Methods

In another paper [4], Stine and Schulte have remarked that

the TO can be decomposed into several smaller tables: What

the TO computes is a linear function TOðCBÞ ¼ sðCÞ �B,

where sðCÞ is the slope of the segment. The subword B can

be decomposed (as seen in Fig. 6) into m subwords, Bi, of

sizes �i for 0 � i < m:

B ¼ B0 þ 2�0B1 þ . . .þ 2�0þ�1þ...þ�m�2Bm�1:

Let us define p0 ¼ 0 and pi ¼
Pi�1

j¼0 �j for i > 0. The

function computed by the TO is then:

TOðCBÞ ¼ sðCÞ �
Xm�1

i¼0

2piBi

¼
Xm�1

i¼0

2pisðCÞ �Bi

¼
Xm�1

i¼0

2piTOiðCBiÞ:

ð1Þ

Thus, the TO can be distributed into m smaller tables,

TOiðCBiÞ, resulting in much smaller area (symmetry still

applies for the m TOis). This comes at the cost of m� 1

additions. This improvement thus entails two tradeoffs:

. A cost tradeoff between the cost of the additions and
the table size reduction.

. An accuracy tradeoff: Equation (1) is not an
approximation, but it will lead to more discretization
errors (one per table), which will sum up to a larger
global discretization error unless the smaller tables
have a bigger output accuracy (and, thus, are
bigger). We will formalize this later.

Schulte and Stine have termed this method STAM, for

Symmetric Table and Addition Method. It can still be

improved: Note, in (1) that, for j > i, the weight of the

LSB of TOj is 2pj�pi times the weight of the LSB of TOi. In

other terms, TOi is more accurate than TOj. It will be

possible, therefore, to build even smaller tables than Schulte

and Stine by compensating for the (wasted) higher accuracy

of TOi by a rougher approximation on sðCÞ, obtained by

removing some least significant bits from the input C.
A paper from Muller [5], contemporary to that of Stine

and Schulte, indeed exploits this idea in a specific case.

The multipartite method presented there is based on a

decomposition of the input word into 2pþ 1 subwords

X1; . . . ; X2pþ1 of identical sizes. An error analysis based on a

Taylor formula shows that equivalent accuracies are

obtained by a table addressed by X2pþ1 and a slope

determined only by X1, a table addressed by X2p and a

slope determined by X1X2, and, in general, a table

addressed by X2pþ2�i and the i most significant subwords.
Muller claims (although without any numerical support)

that the error/cost tradeoffs of this approach are compar-

able to Schulte and Stine’s method. His decomposition,

however, is too rigid to be really practical, while his error

analysis is based on potentially overestimated error bounds

due to the Taylor approximation. Besides, he doesn’t

address the rounding issue.

3.4 ATA Methods

The Addition-Table-Addition methods allow additions before

and after the table look-ups. They are termed after Wong

and Goto [15]; however, a whole range of such methods is

possible and, to our knowledge, unpublished. This section

is a survey of these methods.
Let us note X ¼ Aþ 2��B ¼ a��1 . . . a0b��1 . . . b0, where

� > �.
To compute fðAþ 2��BÞ, it is possible to use the first-

order Taylor approximation:

fðAþ 2��BÞ � fðAÞ þ 2��Bf 0ðAÞ

with

Bf 0ðAÞ � fðAþBÞ � fðAÞ:

Finally,

fðAþ 2��BÞ � fðAÞ þ 2��ðfðAþBÞ � fðAÞÞ:

In other terms, this first-order ATA method approxi-

mates, in a neighborhood of A, the graph of f with a

homotetic reduction of this graph with a ratio of 2�, as

pictured in Fig. 4.
Evaluating fðxÞ thus involves

. one �-bit addition to compute a��1 . . . a0 þ b��1 . . . b0,

. two lookups in the same table,

- fða��1 . . . a0Þ and
- fða��1:::a0 þ b��1 . . . b0Þ,

. one subtraction to compute the difference between
the previous two lookups on less than � bits (the size
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of this subtraction depends on f and � and may be
computed exactly),

. one shift by � bits to perform the division by 2�, and

. one final addition on wO bits.

Both table lookups can be performed in parallel in a

dual-port table or in parallel using two tables or in

sequence/pipeline (one read before the addition and one

read after). This leads to a range of architectural tradeoffs.
This method can be extended to the second order by

using a central difference formula to compute a much better

approximation of the derivative (the error is a third-order

term) as depicted in Fig. 5.
The formula used is now

Bf 0ðAÞ � fðAþBÞ � fðA�BÞ
2

and the algorithm consists of the following steps:

. Compute (in parallel) AþB and A�B;

. Read in a table fðAÞ, fðAþBÞ, and fðA�BÞ;

. Compute

fðAþ 2��BÞ �
fðAÞ þ 2���1 fðAþBÞ � fðA�BÞð Þ:

We now need three lookups in the same table and seven

additions. Here again, a range of space/time tradeoffs is

possible.
The original method by Wong and Goto [15] is actually

more sophisticated: As in the STAM method, they split B

into two subwords of equal sizes, B ¼ B1 þ 2�=2B2, and

distribute Bf 0ðAÞ using two centered differences, which

reduces table sizes. Besides they add a table which contains

second and third-order corrections, indexed by the most-

significant half-word of A and the most-significant half-

word of B. For 24 bits of precision, their architecture

therefore consists of six tables with 12 or 13 bits of inputs

and a total of nine additions.
Another option would be to remark that, with these three

table lookups, it is also possible to use a second-order

Taylor formula:

fðAþ 2��BÞ �

fðAÞ þ 2��Bf 0ðAÞ þ ð2��BÞ2
2

f 00ðAÞ:

Indeed, we may approximate the term f 00ðAÞ by

f 00ðAÞ � f 0ðAþB=2Þ � f 0ðA�B=2Þ
B

�
fðAþBÞ�fðAÞ

B � fðAÞ�fðA�BÞ
B

B

� fðAþBÞ � 2fðAÞ þ fðA�BÞ
B2

:

And, finally,

fðAþ 2��BÞ � fðAÞ
þ 2���1 fðAþBÞ � fðA�BÞð Þ
þ 2�2��1 fðAþBÞ � 2fðAÞ þ fðA�BÞð Þ:

However, the larger number of look-ups and arithmetic
operations entails more rounding errors, which actually
consume the extra accuracy obtained thanks to this formula.

Finally, the ATA methods can be improved using
symmetry, just like multipartite methods.

These methods have been studied by the authors and
found to perform better than the original bipartite
approaches, but worse than the generalized multipartite
approach which is the subject of this paper. This is also true
of the initial ATA architecture by Wong and Goto [15], as
will be exposed in Section 5.1.

3.5 Partial Product Arrays

This method is due to Hassler and Takagi [2]. The idea is to
approximate the function with a polynomial of arbitrary
degree (they use a Taylor approximation). WritingX and all
the constant coefficients as sums of weighted bits (as in
X ¼ P

xi2
�i), they distribute all the multiplications within

the polynomial, thus rewriting the polynomial as the sum of
a huge set of weighted products of some of the xi. A second
approximation then consists of neglecting as many of these
terms as possible in order to be able to partition the
remaining ones into several tables.

This idea is very powerful because the implementation
space is very wide. However, for the same reason, it needs
to rely on heuristics to explore this space. The heuristic
chosen by Hassler and Takagi in [2] leads to architectures
which are less compact than their multipartite counterpart
[4] (and are interestingly similar). The reason is probably
that the multipartite method exploits the higher-level
property of continuity of the function, which is lost in the
set of partial products.

3.6 Methods Involving Multipliers

The previous two methods involve higher order approx-
imation of the function, but the architecture involves only
adders and tables. If this constraint is relaxed, a huge range
of approximations becomes possible. The general scheme is
to approximate the function with one or several polyno-
mials and trade table size for multiplications. Papers
relevant to this work include (but this list is far from
exhaustive):
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. an architecture by Defour et al. [16] involving only
two small multipliers (small meaning that their area
and delay are comparable to a few adders as one of
the inputs is only wI=5 bits wide);

. an architecture by Piñeiro et al. [17] using a squarer
unit and a multiplication tree;

. several implementations of addition and subtraction
in the logarithm number system with (among others)
approximation of order zero [11], order one [12], and
order two [13], [14]. As already mentioned, the
function to be evaluated is fðxÞ ¼ log2ð1� 2xÞ and
lends itself to specific tricks, like replacing multi-
plications with additions in the log domain.

These methods will be quantitatively compared to the

multipartite approach in Section 5.5.

3.7 Conclusion: Architectural Consideration

A common feature of all the methods presented in this

section is that they lead to architectures where the result is

the output of an adder tree. This adder tree lends itself to a

range of area/time tradeoffs which depends on the

architectural target and also on the time/area constraints

of the application.
However, as initially noted by Das Sarma and Matula,

there are many applications where the last stage of the

adder tree (which is the most costly as it involves the carry

propagation) is not needed: Instead, the result may be

provided in redundant form to the operator that consumes

it. It is the case when a table-and-addition architecture

provides the seed to a Newton-Raphson iteration, for

instance: The result can be recoded (using Booth or

modified Booth algorithm) without carry propagation to

be input to a multiplier.
This remark shows that the cost of the adder tree

depends not only on the target, but also on the application.

For these reasons, the sequel focuses on minimizing the

table size.

4 THE UNIFIED MULTIPARTITE METHOD

4.1 A General Input-Word Decomposition

Investigating what is common to Schulte and Stine’s STAM

and Muller’s multipartite methods leads us to define a

decomposition into subwords thatgeneralizeboth (seeFig. 6):

. The input word is split into two subwords, A and B,
of respective sizes � and �, with �þ � ¼ wI .

. The most significant subword A addresses the TIV.

. The least significant subword B will be used to
address m � 1 TOs.

- B will in turn be decomposed into m subwords
B0; . . . ; Bm�1, the least significant being B0.

- A subword Bi starts at position pi and consists
of �i bits. We have p0 ¼ 0 and piþ1 ¼ pi þ �i.

- The subword Bi is used to address the TOi,
along with a subword Ci of length �i of A.

. Finally, to simplify notations, we will denote D ¼
f�; �;m; ð�i; pi; �iÞi¼0...m�1g such a decomposition.

The maximum approximation error entailed by TOi will
be a function of ð�i; pi; �iÞ which we will be able to compute
exactly in Section 4.3. The TOs implementation will exploit
their symmetry, just as in the STAM method.

The reader may check that the bipartite decomposition is
a special case of our multipartite decomposition with
m ¼ 1, � ¼ 2wI=3, � ¼ wI=3, � ¼ �0 ¼ wI=3. Similarly, Stine
and Schulte’s STAM [4] is a multipartite decomposition
where all the Cis are equal and Muller’s multipartite
approach [5] is a specific case of our decomposition where
the �is are multiples of some integer.

Fig. 7 shows a general multipartite implementation,
using symmetry. It should be clear that general decomposi-
tions are more promising than Stine and Schulte’s in that
they allow us to reduce the accuracy of the slopes involved
in the TOs (and, thus, their size). They are also more
promising than Muller’s as they are more flexible (for
example, the size of the input word need not be a multiple
of some 2pþ 1). Our methodology will also be slightly more
accurate than both in computing the slopes and in the error
analysis. Section 5 will quantify these improvements.

4.2 An Algorithm for Choosing a Decomposition

Having defined the space of all the possible multipartite
decompositions, we define in this section an efficient
methodology to explore this space. The purpose of such an
exploration is to select the best decomposition (in terms of
speedor area) that fulfills the accuracy requirement knownas
faithful rounding: The returned result should be one of the two
fixed-point numbers closest to the mathematical value. In
other words, the total error should be smaller than the value
�total of one unit in the last place (ulp):

�total ¼ ðd� cÞ2�wO : ð2Þ

This error will be the sum of an approximation error, which
depends only on the decomposition, and the various
rounding errors.
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Unfortunately, the tables cannot be filled with results

rounded to the target precision: Each table would entail a

maximum rounding error of 0:5�total, meaning that the total

error budget of �total is unfeasible as soon as there is more

than one table. The tables will therefore be filled with a

precision greater than the target precision by g bits (guard

bits). Thus, rounding errors in filling one table are now

�rnd table ¼ 2�g�1�total ð3Þ

and can be made as small as desired by increasing g. The

sum of these errors will be smaller than

�rnd m tables ¼ ðmþ 1Þ�rnd table; ð4Þ

where ðmþ 1Þ is the number of tables.
However, the final summation is now also performed on

g more bits than the target precision. Rounding the final

sum to the target precision now entails a rounding error up

to �rnd final ¼ 0:5�total. A trick due to Das Sarma and Matula

[1] allows us to improve it to

�rnd final ¼ 0:5�totalð1� 2�gÞ: ð5Þ

This trick will be presented in Section 4.6.2.
This error budget suggests the following algorithm:

1. Choose the number of tables m. A larger m means
smaller tables, but more additions.

2. Enumerate the decompositions

D ¼ f�; �;m; ð�i; pi; �iÞi¼0...m�1g:

3. For each decomposition D,

a. Compute the bounds �Di on the approximation
errors entailed by each TOi (see Section 4.3) and
sum them to get �Dapprox ¼

Pm�1
i¼0 �Di . Keep only

those decompositions for which this error is
smaller than the error budget.

b. As the two other error terms �rnd final and
�rnd m tables depend on g, compute the smallest g
allowing to match the total error budget. This
will be detailed in Section 4.4.

c. Knowing g allows precise evaluation of the size
of the implementation of D, as will be detailed in
Section 4.5.

4. Synthesize the few best candidates to evaluate their
speed and area accurately (with target constraints).

Enumerating the decompositions is an exponential task.

Fortunately, there are two simple tricks which are enough

to cut the enumeration down to less than a minute for 24-bit

operands (the maximum size for which multipartite

methods architectures make sense).

. The approximation error due to a TOi is actually
only dependent on the function evaluated, the input
precision, and the three parameters pi, �i, and �i of
this TOi. It is therefore possible to compute all these
errors only once and store them in a three-dimen-
sional array �TO½p�½��½��. The size of this array is at
most 243 double-precision floating-point numbers.

. For a given pair ðpi; �iÞ, this error grows as �i
decreases. There exists a �min such that, for any
�i � �min, this error is larger than the required output
precision. These �minðpi; �iÞ may also be computed
once and stored in a table.

Finally, the enumeration of the ðpi; �iÞ is limited by the
relation piþ1 ¼ pi þ �i and the enumeration on �i is limited
by �min < �i < �. Note that we have only left out decom-
positions which were unable to provide faithful rounding. It
would also be possible, in addition, to leave out decom-
position whose area is bigger than the current best. This
turns out not to be needed.

The rest of this section details the steps of this algorithm.

4.3 Computing the Approximation Error

Here, we consider a monotonic function with monotonic
derivative (i.e., convex or concave) on its domain. This is
not a very restrictive assumption: It is the case, after
argument reduction, of all the functions studied by
previous authors.

The error function we consider here is the difference
"ðxÞ ¼ fðxÞ � effðxÞ between the exact mathematical value
and the approximation. Note that other error functions are
possible, for example, taking into account the input
discretization. The formulas set up here would not apply
in that case, but it would be possible to set up equivalent
formulas.

Using these hypotheses, it is possible to exactly compute,
using only a few floating-point operations in double
precision, the minimum approximation error which will
be entailed by a TOi with parameters pi, �i, and �i, and also
the exact value to fill in these tables as well as in the TIV to
reach this minimal error.

The main idea is that, for a given ðpi; �i; �iÞ, the
parameters that can vary to get the smallest error are the
slope sðCiÞ of the segments and the values TIVðAÞ. With
our decomposition, several TIVðAÞ will share the same
sðCiÞ. Fig. 8 (another zoom of Fig. 1) depicts this situation.

As the figure suggests, with our hypothesis of a
monotonic (decreasing on the figure) derivative, the
approximation error is maximal on the borders of the
interval on which the segment slope is constant. The
minimum �Di ðCiÞ of this maximum error is obtained when

"1 ¼ �"2 ¼ �"3 ¼ "4 ¼ �Di ðCiÞ ð6Þ

with the notations of the figure. This system of equations is
easily expressed in terms of sðCiÞ, pi, �i, �i, TIV, and f .
Solving this system gives the optimal slope1 and the
corresponding error:

sDi ðCiÞ ¼
fðx2Þ � fðx1Þ þ fðx4Þ � fðx3Þ

2�i
; ð7Þ

�Di ðCiÞ ¼
fðx2Þ � fðx1Þ � fðx4Þ þ fðx3Þ

4
; ð8Þ

where (using the notations of Section 2.1)
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1. Not surprisingly, the slope that minimizes the error is the average
value of the slopes on the borders of the interval. Previous authors
considered the slope at the midpoint of this interval.
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�i ¼ ðb� aÞ2�wIþpið2�i � 1Þ; ð9Þ

x1 ¼ aþ ðb� aÞ2��iCi; ð10Þ

x2 ¼ x1 þ �i; ð11Þ

x3 ¼ x1 þ ðb� aÞð2��i � 2�wIþpiþ�iÞ; ð12Þ

x4 ¼ x3 þ �i: ð13Þ

Now, this error depends on Ci, that is, on the interval on
which the slope is considered constant. For the same
argument of convexity, it will be maximum either for Ci ¼ 0

or for Ci ¼ 2�i � 1. Finally, the maximum approximation
error due to TOi in the decomposition D is:

�Di ¼ maxðj�Di ð0Þj; j�Di ð2�i � 1ÞjÞ: ð14Þ

In practice, it is easy to compute this approximation error
by implementing (8) to (14). Altogether, it represents a few
floating-point operations per TOi.

4.4 Computing the Number of Guard Bits

The condition to ensure faithful rounding, �rnd m tables þ
�rnd final þ �Dapprox < �total is rewritten using (2), (3), (4), and (5)
as:

g > �wO � 1þ log2ððd� cÞmÞ
� log2ððd� cÞ2�wO�1 � �DapproxÞ:

If �Dapprox � ðd� cÞ2�wO�1, D is unable to provide the
required output accuracy. Otherwise, the previous inequal-
ity gives us the number g of extra bits that ensures faithful
rounding:

g ¼ �wO � 1þ log2
ðd� cÞm

ðd� cÞ2�wO�1 � �Dapprox

& ’
: ð15Þ

Our experiments show that it is very often possible to
decrease this value by one and still keep faithful rounding.
This is due to the actual worst-case rounding error in each
table being smaller than the one assumed above, thanks to

the small number of entries for each table. This question
will be discussed in Section 5.2.

4.5 The Sizes of the Tables

Evaluating precisely the size and speed of the implementa-
tion of a multipartite decomposition is rather technology
dependent and is out of the scope of the paper. We can,
however, compute exactly (as other authors) the number of
bits to store in each table.

The size in bits of the TIV is simply 2�ðwO þ gÞ. The TOis
have a smaller range than the TIV: Actually, the range of
TOiðCi; �Þ is exactly equal to jsiðCiÞ � �ij. Again, for
convexity reasons, this range is maximum either on Ci ¼ 0

or Ci ¼ 2�i � 1:

ri ¼ maxðjsið0Þ � �ij; jsið2�i � 1Þ � �ijÞ: ð16Þ

The number of output bits of TOi (without the guard
bits) is therefore

wi ¼ wO þ g� log2
d� c

ri

� �� �
: ð17Þ

In a symmetrical implementation of the TOi, the size in
bits of the corresponding table will be 2�iþ�i�1ðwi � 1Þ.

The actual costs (area and delay) of implementations of
these tables and of multioperand adders are technology
dependent. We present in Section 5.4 some results for
Virtex-II FPGAs, showing that the bit counts presented above
allow a predictive enough evaluation of the actual costs.

4.6 Filling the Tables

4.6.1 The Mathematical Values

An initial value TIVðAÞ provided by the TIV for an input
subword Awill be used on an interval ½xl; xr� defined (using
the notations of Sections 2.1 and 4.3) by:

xl ¼ aþ ðb� aÞ2��A; ð18Þ

xr ¼ xl þ
Xm�1

i¼0

�i: ð19Þ

On this interval, each TOi provides a constant slope, as
its Ci is a subword of A. The approximation error, which is
the sum of the �Di ðCiÞ defined by (8), will be maximal for xl

and xr (with opposite signs).
The TIV exact value that ensures that this error bound is

reached is therefore (before rounding):

gTIVTIVðAÞ ¼ fðxlÞ þ fðxrÞ
2

: ð20Þ

The TOi values before rounding are (see Fig. 3):

gTOTOiðCiBiÞ ¼ sðCiÞ � 2�wIþpiðb� aÞ Bi þ
1

2

� �
: ð21Þ

4.6.2 Rounding Considerations

This section reformulates the techniques employed by Stine
and Schulte in [4] and using an idea that seems to appear
first in the paper by Das Sarma and Matula [1].

The purpose is to fill our tables in such a way as to
ensure that their sum (which we compute on wO þ g bits)
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Fig. 8. Computing the approximation error.
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always has an implicit 1 as its ðwO þ gþ 1Þth bit. This
reduces the final rounding error from �rnd final ¼ 2�wO�1 to
�rnd final ¼ 2�wO�1 � 2�wO�g�1.

To achieve this trick, remark that there are two ways to
round a real number to wO þ g bits with an error smaller
than �rnd table ¼ 2�wO�g�1. The natural way is to round the
number to the nearest ðwO þ gÞ-bit number. Another
method is to truncate the number to wO þ g bits and
assume an implicit 1 in the ðwO þ gþ 1Þth position.

To exploit the symmetry, we will need to compute the
opposite of the value given by a TOi. In two’s complement,
this opposite is the bitwise negation of the value, plus a 1 at
the LSB. This leads us to use the second rounding method
for the TOi. Knowing that its LSB is an implicit 1means that
its negation is a 0 and, therefore, that the LSB of the
opposite is also a 1. We therefore don’t have to add the sign
bit at the LSB. We store and bitwise negate the wi þ g� 1

bits of the TOi and assume in all cases an implicit 1 at the
ðwO þ gþ 1Þth position.

Now, in order to reach our goal of always having an
implicit 1 at the ðwO þ gþ 1Þth bit of the sum, we need to
consider the parity of m, the number of TOis. If m is odd,
the first rounding method is used for the TIV, if m is even,
the second method is used. This way we always have bm=2c
implicit ones, which we simply add to all the values of the
TIV to make them explicit.

Finally, after summing the TIV and the TOi, we need to
round the sum, on ðwO þ gÞ bits with an implicit 1 at the
ðwO þ gþ 1Þth bit, to the nearest number on wO bits. This
can be done by simply truncating the sum (at no hardware
cost), provided we have added half an LSB of the final
result to the TIV when filling it.

Summing it up, the integer values that should fill the
TOis are

TOiðCiBiÞ ¼
2wOþg

d� c
gTOTOiðCiBiÞ

� �
ð22Þ

and the values that should fill the TIV are, if m is odd:

TIVðAÞ ¼ 2wOþg �
gTIVTIVðAÞ � c

d� c
þm� 1

2
þ 2g�1

$ ’
ð23Þ

and, if m is even:

TIVðAÞ ¼ 2wOþg �
gTIVTIVðAÞ � c

d� c
þm

2
þ 2g�1

$ %
: ð24Þ

4.7 Implementation

The methodology presented above has been implemented
in a set of Java and C++ programs. These programs
enumerate the decompositions, choose the best one with
respect to accuracy and size, compute the actual values of
the tables, and, finally, generate synthesizable VHDL.

Our tools also perform various additional checks. Storing

the gTIVTIV and gTOTOi, they measure the actual value of �Dapprox.
We find that the predicted values are indeed accurate to

10�7. They similarly compute the maximal final error and

check that this error is really smaller than the expected

accuracy (see Fig. 9 for an example of output).

5 RESULTS

This section studies the size and area of operators obtained

using this methodology. The functions used are given in

Table 1 with their input and output intervals. Some of these

functions are identical to those in [4]. Notice that the bits

that are constant over the input or output interval are not

counted in wI or wO. Also notice that the output interval for

the sine function is not the image of the input interval

(which would be ½0; 1=
ffiffiffi
2

p
½), but, rather, a larger interval

which will allow easy argument reduction using trigono-

metric identities.2

5.1 Comparison with Previous Work

Tables 2 and 3 present the best decomposition obtained for

16-bit and some 24-bit operands for a few functions. In these

tables, we compare our results with the best-known results

from the work of Schulte and Stine [4]. We can notice a size

improvement up to 50 percent. The size for 1=x and m ¼ 1

is larger than the reference size. After investigation, this is

due to rounding errors compensating, in this specific case

leading to an overestimated g.

5.2 Further Manual Optimization

The results obtained by the automatic method presented

above can usually be slightly improved, up to 15 percent in

terms of table sizes. The reason is that the automatic

algorithm assumes that worst-case rounding will be

attained in filling the tables, which is not the case. As we

have many TOis with few entries (typically, 25 to 28 entries

for 16-bit operands in Table 2), there is statistically a good

chance that the sum of the table-filling rounding errors is

significantly smaller than predicted. This is a random effect

which can only be tested by an exhaustive check of the

architecture. However, in a final stage, it is worth trying

several slight variations of the parameters, which can be of

two types:
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2. The specification, in the two papers by Schulte and Stine [3], [4] of the
input and output intervals for the sine function is inconsistent. The input
interval should probably read ½0; �=4½ instead of ½0; 1½. The output mapping
is also unclear. Therefore, the comparisons concerning the sine function in
this paper may be misleading.

Fig. 9. Measured error (10-bit sine and m ¼ 2).

TABLE 1
The Functions Tested, with Actual Values of wI and wO

for 16-Bit Precision
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. g may be decremented (as this is a variation of one
parameter, it should actually be automatically
performed).

. Some of the �i can be decremented (meaning less
accurate slope). Remark that this negative effect on
the mathematical error may be compensated by the
halving of the number of values in the correspond-
ing TOi, which doubles the expected distance to the
worst-case rounding.

Table 4 gives the example of a lucky case, with

11.5 percent improvement in size. These values of the �i
even produce a method error of more than 0:5 ulp, which

the lucky rounding compensates.

Such a size improvement is reflected in the FPGA

implementation: See Table 8 in Section 5.4.

5.3 Multipartite Are Close to Optimal among
Order-One Methods

We remark in Table 2 and Table 3 that, for large values ofm,

the parameter � is close to wI=2. Consider the family of

linear (order-one) approximation schemes using some � bits

of the input to address a TIV. There is an intrinsic lower

bound on � for this family and it is the � for which the

(mathematical) approximation error prevents faithful

rounding. Generally speaking, this bound is about wI=2,

as given by the Taylor formula (and wI=3 for order-two

methods, etc.). This bound can be computed for each

function exactly and we find that the best multipartite

decomposition almost always exhibits the smallest �

compatible with a faithful approximation.
Combined with the observation that the main contribu-

tion to the total size is always the TIV, this allows us to claim

that our best multipartite approximations are close to the

global optimal in the family of linear approximation

schemes. More accurately, even the availability of a costless
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TABLE 2
Best Decomposition Characteristics and Table Sizes for 16-Bit Operands

TABLE 3
Best Decomposition Characteristics and Table Sizes for 24-Bit Operands

TABLE 4
Effect of Manual Optimization of the Parameters

(Sine, 16 Bits, m ¼ 4)
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perfect multiplier to implement a linear scheme will remove

only theTOis, which accounts for less than half the total size.

5.4 FPGA Implementation Results

In this section, the target architecture is a Virtex-II 1000

FPGA from Xilinx (XC2V1000-fg456-5). All the synthesis,

place, and route processes have been performed using the

Xilinx ISE XST 5.2.03i tools. The generated VHDL operators

have been optimized for area with a high effort (the results

are very close using a speed target). Area is measured in

number of slices (two LUTs with four address bits per slice

in Virtex-II devices), there are 5,120 available slices in a

XC2V1000. The delay is expressed in nanoseconds. We also

report the delay of the operator and its complete synthesis

time (including place and route optimizations) Tsynth. The

compression factor CF is the ratio number of bits/number

of LUTs; it measures the additional compression capabil-

ities of the logical optimizer. In the target FPGAs, look-up

tables may hold 16 bits, so a CF larger than 16 indicates

such a size improvement.
Table 5 presents some synthesis results for the functions

described in Table 1. The time required to compute the

optimal decomposition (using the algorithm presented in

Section 4.2) is always negligible compared to Tsynth.
Table 6 details the evolution of area and delay with

respect to input size for the sine function. Note that, in the

Xilinx standard sine/cosine core [18], which uses a simple

tabulation, the input size is limited to 10 bits, meaning an

8-bit table after quadrant reduction.3

Some results for 24-bit are also given in Table 7, showing

that 24-bit precision is the practical limit of multipartite

methods on such an FPGA. The economical limit, of course,

is probably less than 20 bits, as suggested by Table 6.
These results show that, when the number of TOis m

increases, the operator size (the number of LUTs) decreases.

The size gain is significant when we use a tripartite method

(m ¼ 2) instead of a bipartite one (m ¼ 1). For larger values

of m, this decrease is less important. Sometimes, a slight

increase is possible for even larger values of m (e.g., m ¼ 3

to m ¼ 4 for the sine and 2x function). This is due to the

extra cost of the adder with an additional input, the XOR

gates, and the sign extension mechanism that is not

compensated by the tables size reduction. This is also
reflected in the operator delay.

The compression factor CF is more or less constant (just
a slight decrease with m). This fact can be used to predict
the size after synthesis on the FPGA from the table size in
bits. As each LUT in a Virtex FPGA can only store 16 bits of
memory, we can deduce from these tables that the
synthesizer performs some logic optimization inside each
table. The compression factor decreases when m increases
because the minimization potential is smaller on small
tables than on larger ones. The synthesis time also decreases
when m increases.

We investigated in [19] the use of ad hoc table-
compression techniques. For this, we used JBits, a low-level
hardware description language developed by Xilinx. Com-
pression factors of up to 19 could be obtained for 16-bit and
20-bit sines at the expense of two months of development.

An important remark is that smaller operators turn out
to be faster on FPGAs: Using a multipartite compression
improves both speed and area.

5.5 Comparisons with Higher-Order Methods

Results for 24-bit operands should also be compared to the
ATA architecture published by Wong and Goto for this
specific case [15]. They use six tables for a total of 868,352
bits and, altogether, nine additions. Our results are thus
both smaller and faster. However, it should be noted that
five of the six tables in their architecture have the same
content, which means that a sequential access version to a
unique table should be possible (provided the issue of
rounding is studied carefully). This sequential architecture
would involve only about 16Kbits of tables, but it would be
five times slower.

The remainder of this section compares with recently
published methods involving multipliers. Such methods
have to be used for wI > 24 bits: If we consider that the
maximum admissible table size is 212 entries, this limit is
reached by the multipartite approach for wI ¼ 24. Our aim
here is to give a more quantitative idea of the domains of
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3. Using on-chip RAM blocks, the simple table approach allows up to
16 bits, meaning wI ¼ 14 after quadrant reduction.

TABLE 5
Virtex-II FPGA Implementation for Some Functions (16-Bit)

TABLE 6
Virtex_II FPGA Implementation of the Sine Function

for Various Sizes

TABLE 7
Virtex_II FPGA Implementation of the Sine Function (24-Bit)
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relevance of the various methods. Of course, this will
depend on the function and on the target hardware.

The method published recently by Defour et al. uses two
small multipliers in addition to tables and adders [16]. Note
that recent FPGAs include small 18� 18 ! 35-bit multi-
pliers which can be used for Defour et al.’s architecture.
This method has several restrictions: It is more rigid than
the multipartite approach as it uses a decomposition of the
input word into five subwords of the same size. As a
consequence, for some functions, it is unable to provide
enough precision for faithful rounding when wO ¼ wI .
Table 9 gives some comparisons of this method with the
multipartite approach. We chose m ¼ 4 so that the number
of additions is the same in both approaches. According to
this table, a multipartite approach will be preferred for
precisions smaller than 15 bits and Defour et al.’s approach
will be preferred for precisions greater than 20 bits, as far as
size only is considered. For wI ¼ 15, Defour et al.’s tables
are still smaller, but the size of the multipliers will
compensate, so multipartite should be both smaller and
faster. If speed is an issue, the delay of the multipliers will
play in favor of multipartite tables.

The architecture by Piñeiro et al. [17] involves a squarer
and a multiplier and 12,544 bits of tables for 24-bit 1=x. An
FPGA implementation sums up to 565 slices, which is only
slightly more than our 16-bit implementation at 474 slices.
This again suggests that multipartite methods are not
relevant for more than 16 bits of precision, as far as size
only is concerned.

Finally, we have recently compared a second-order
approach using two multipliers and the multipartite
approach on the specific case of addition/subtraction in
the logarithm number system. The functions involved are
then log2ð1þ 2xÞ and log2ð1� 2xÞ and a restricted form of
faithful rounding is used. In this case, we have only one
point of comparison, corresponding to about 12 bits of
precision. The multipartite approach is better both in terms
of speed and area in this case [8].

In all these cases, it should be noted that the simplicity and
generality of the multipartite approach may be a strong
argument. Implementing a new function is a matter of
minutes from the start down to VHDL code. This code is then
efficiently synthesized, at least on FPGAs, because it only
contains additions. Comparatively, approaches relying on
multiplications need much more back-end work, typically
requiring to design custom operators as Piñeiro et al. does.

5.6 Limits of the Method

5.6.1 Nonmonitonicities

Ourapproachmaximizes theapproximationerror (within the
bounds of faithful rounding) to minimize the hardware cost.
Thishas thedrawbackof entailingnonmonotonicities at some
of the borders between intervals: See, for instance, Fig. 8

around x ¼ x3. These nonmonotonicities are never bigger
than one ulp thanks to faithful rounding. It is a problem of all
the faithful approximation schemes, but the multipartite
method as presented makes it happen quite often.

The subject of monotonicity in the context of bipartite
tables has been studied by Iordache and Matula [7]. They
reverse-engineered the AMD K6-2 implementation of fast
reciprocal and reciprocal square root instructions, part of
the 3D-Now instruction set extensions. They found that
bipartite approximations were used, that the reciprocal was
monotonic, and that the reciprocal square root was not.
They also showed that the latter could be tuned to become
monotonic, at the expense of a larger table size (7.25 KB
instead of 5.5). This tuning involves increasing the output
size of the TIV and an exhaustive exploration of what value
these extra bits should take.

In general, if monotonicity is an important property, it can
be enforced simply in a multipartite approximation by using
appropriate slopes and TIV values. For instance, monotoni-
cally increasing functions with decreasing derivatives (as on
our figures) may use the slope on the right of the interval
instead of the middle, ensuring that the approximation is
monotonic. This means a larger maximum approximation
error, however. Rounding errors can then be kept within
bounds that ensuremonotonicity by increasing g as in [7]. All
this entails increased hardware cost. A general and systema-
tic study of this question remains to be done.

5.6.2 Infinite Derivative

There are also functions for which this methodology will
not work. The square root function on ½0; 1½, for example,
although it may perfectly be stored in a single table, has an
infinite derivative in 0 which breaks multipartite methods.
We have never seen any mention of this problem in the
literature, either. One solution in such cases is to split the
input interval into two intervals ½0; 2�� ½ (on which the
function is tabulated in a single table) and ½2�� ; 1½, where the
multipartite method is used. The optimal � can probably be
determined by enumeration.

6 CONCLUSION

We have presented several contributions to table-lookup-
and-additions methods. The first one is to unify and
generalize two complimentary approaches to multipartite
tables by Stine and Schulte and by Muller. The second one
is to give a method for optimizing such bipartite or
multipartite tables which is more accurate than what could
be previously found in the literature. Both these improve-
ments have been implemented in general tools that can
generate optimal multipartite tables from a wide range of
specifications (input and output accuracy, delay, area).
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TABLE 8
Effect of Fine-Tuning on Virtex-II Implementation

TABLE 9
Comparison with Defour et al.’s Approach
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These tools output VHDL which has been synthesized for

Virtex FPGAs. Our method provides up to 50 percent

smaller solutions than ones of the best literature results.

This paper also discusses the limits of this approach. By

comparing with higher-order methods, we conclude that

multipartite methods provide the best area/speed tradeoff

for precisions from 8 to 16 bits.
With the observation that multipartite methods are

optimal among first-order methods, this paper leaves little

room for improvement in suchmethods. Futurework should

nowaimat providingmethods for exploring thedesign space

of higher-order approximations with the same ease as

multipartite methods allow for first-order approximations.
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Some Optimizations of Hardware Multiplication
by Constant Matrices

Nicolas Boullis and Arnaud Tisserand, Member, IEEE

Abstract—This paper presents some improvements on the optimization of hardware multiplication by constant matrices. We focus on

the automatic generation of circuits that involve constant matrix multiplication, i.e., multiplication of a vector by a constant matrix. The

proposed method, based on number recoding and dedicated common subexpression factorization algorithms, was implemented in a

VHDL generator. Our algorithms and generator have been extended to the case of some digital filters based on multiplication by a

constant matrix and delay operations. The obtained results on several applications have been implemented on FPGAs and compared

to previous solutions. Up to 40 percent area and speed savings are achieved.

Index Terms—Computer arithmetic, multiplication by constants, common subexpressions sharing, FIR filter.

�

1 INTRODUCTION

IMPORTANT optimizations of the speed, area, and power
consumptionof circuits canbeachievedbyusingdedicated

operators instead of general ones whenever possible. Multi-
plication by constant is a typical example. Indeed, if one
operand of the multiplication is constant, one can use some
shifts and additions/subtractions to perform the operation
instead of using a complete multiplier. This usually leads to
smaller, faster, and less power-consuming circuits.

Applications involving multiplication by constant are
common in digital signal processing, image processing,
control, and data communication. Finite impulse response
(FIR) filters, discrete cosine transform (DCT), and discrete
Fourier transform (DFT), for instance, are central operations
in high-throughput systems and they use a huge amount of
such operations. Their optimization widely impacts the
performance of the global system that uses them. In [1],
there is an analysis of the frequency of such operations.

The problem of the optimization of multiplication by
constant has been studied for a long time. For instance, the
famous recoding presented by Booth in [2] can simplify
both the multiplications by constants and the complete
multiplications. This recoding and the algorithm proposed
by Bernstein in [3] were widely used on processors without
a multiplication unit.

The main goal in this problem is the minimization of the
computation quantity. The multiplication by constant
problem seems to be simple, but its resolution is a hard
problem due to its combinatorial properties. This problem
can occur in more or less complex contexts. In the case of a
single multiplication of one variable by one small constant,
it may be possible to explore the whole parameter space.
But, in the case of the multiplication of several variables by

several constants, the space to explore is so huge that one
has to use heuristics.

A first solution proposed to optimize multiplication by
constant was the use of the constant recoding, such as
Booth’s. This solution just avoids long strings of consecutive
ones in the binary representation of the constant. Better
solutions are based on the factorization of common
subexpressions, simulated annealing, tree exploration,
pattern search methods, etc.

Our work deals with multiplication of constant matrix,
i.e., one useful form of the multiplication of several
variables by several constants. A lot of applications involve
such linear operations. This method is based on constants
recoding followed by some dedicated common subexpres-
sion factorization algorithms. We also extended our method
to the case of some digital filters. Our solution is able to
handle filters based on constant matrix multiplication and
delay operations (such as FIR filters). The proposed method
was implemented in a VHDL generator. The generated
results for several applications have been implemented on
Xilinx FPGAs (field programmable gate arrays) and
compared to other solutions. Some significant improve-
ments have been obtained: up to 40 percent area saving in
the DCT case and from 20 percent up to 30 percent in the
case of some FIR filters, for instance.

This paper is an extended version of the paper [4]
presented at the 16th IEEE Symposium on Computer
Arithmetic (ARITH16) in June 2003. It is organized as
follows: The problem is presented in Section 2. In Section 3,
some related works are presented. Our algorithm is
presented in Section 4. The developed generator and the
target architectures are discussed in Section 5. The results of
the implementation of some applications and their compar-
ison to other solutions are presented in Section 6. Finally,
the specific case of digital filters is presented in Section 7.

2 PROBLEM DEFINITION

In this paper and in the related works, the central problem
is the substitution of complete multipliers by an optimized
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sequence of shifts and additions and/or subtractions. We
focus on integers, but all the results can be easily extended
to other fixed-point representations.

All the values are represented using a standard unsigned
radix-2 notation or two’s complement unless it is specified.
The notation x � k denotes the k-bit left shift of the
variable x (i.e., x� 2k). As we look at hardware implemen-
tations, we assume that shift is just routing and that
addition and subtraction have the same area and speed cost.

As an example, let us compute p as theproduct of the input
variable x by the constant c ¼ 111463 ¼ 110110011011001112.
The simplest algorithm uses the distributive property of
multiplication. There is one addition of x (after some
potential shift) for each one in the binary representation of
c. In the case c ¼ 111463, it leads to 10 additions:

111463x ¼ ðx � 16Þ þ ðx � 15Þ þ ðx � 13Þ þ ðx � 12Þ

þ ðx � 9Þ þ ðx � 8Þ þ ðx � 6Þ þ ðx � 5Þ

þ ðx � 2Þ þ ðx � 1Þ þ x:

The central point in this problem is the minimization of
the total number of operations. It can be significantly
reduced by using a recoding of the constant and/or
subexpression elimination and sharing. The theoretical
complexity of this problem still seems to be unknown.

Depending on the target application, this problem can
occur at different levels of complexity. It starts with the
multiplication of one variable by one constant. After, the
multiple constant multiplication (MCM) problem appears
with the multiplication of one variable by several constants
[5]. In this present work, we deal with a more general
version of this problem with the multiplication of one
variable vector by one constant matrix: the constant matrix
multiplication. We also deal with the case of some digital
filters that involve multiplication by a constant matrix and
delay operations.

3 RELATED WORKS

There are at least four types of methods to address the
multiplication by constant problem:

. direct recoding methods,

. evolutionary methods,

. cost-function-based search methods, and

. pattern search methods.

3.1 Direct Recoding Methods

The recoding of the multiplier operand is very frequently
used in multipliers. The famous Booth’s recoding [2]
replaces long strings of ones by values with more zeros.
The modified Booth recoding is often used in variable
multipliers because it reduces the area of the operators. See
[6] or [7] for the use of Booth or modified Booth recodings
for multiplication. But, the Booth recoding is generally not
used in constant multipliers because the number of nonzero
digits of the recoded operand is not minimal.

A minimal recoding ensures that the number of nonzero
digits in the recodedvalue is as small as possible. In the radix-
2 signed digit (SD) representation, the digits belong to the set
f�11 ¼ �1; 0; 1g. A number is said to be in the canonical signed

digit (CSD) format if no two nonzero digits are consecutive;
such a code is minimal. Using a minimal recoding, such as
CSD, on an n-bit unsigned value, the number of nonzero
digits is bounded by ðnþ 1Þ=2 and it tends asymptotically to
an average value of n=3þ 1=9, as shown in [8]. For our
example, using CSD recoding we have: 111463 ¼
110110011011001112 ¼ 100�110�110100�110�110100�112 and the pro-
duct p ¼ c� x is reduced to seven additions/subtractions:

111463x ¼ ðx � 17Þ � ðx � 14Þ � ðx � 12Þ þ ðx � 10Þ

� ðx � 7Þ � ðx � 5Þ þ ðx � 3Þ � x:

The KCM algorithm [9] was specifically designed for
LUT-based FPGAs (LUT means look-up table). It decom-
poses the binary representation of the variable into 4-bit
chunks (a radix-16 representation). Each partial product,
deduced by the product of the constant by one radix-16
digit of the variable, is read in a small multiplication table.
Those tables are addressed by one radix-16 digit, which
perfectly fulfills the 4-input LUT resources of the target
FPGAs. There is a more general version of this decomposi-
tion problem with distributed arithmetic. For instance, in
[10], distributed arithmetic was used on a 16-point DCT
operator with an area saving of 17 percent compared to the
direct implementation of the whole computation.

There are some recent works on the use of high-radix
recoding. For instance, in [11], the authors implement some
FIR filters using a radix-8 representation with punctured
coefficients. Those coefficients are represented using digits in
the set f0;�1;�2;�4g instead of the set f0;�1;�2;�3;�4g.
This is a lossy representation, so they have to deal with
some additional accuracy requirements. In our case, we
want to study this problem for a lossless representation, but
this approach seems to be interesting for future research.

The recoding of the constants using sum of power of two
(SOPOT) values is a standard method. In this method, the
theoretical coefficients are quantified to values that can be
expressed using a small number of nonzero bits (compared
to the whole word length). This method is often used in
signal processing filters, see [12] and [13] for recent filter
applications.

Another recoding solution was proposed with the use of
multiple-radix representations and especially with the
double-base number system (DBNS) [14]. In this solution,
the authors use both radices 2 and 3 simultaneously, i.e., the
values are expressed by a ¼

P
i;j ai;j2

i3j with ai;j 2 f0; 1g.
This multiple-radix representation, sometimes useful in
some analog circuits, does not seem to be efficient in the
multiplication by constant problem in digital circuits. In
[15], multiple-radix or mixed-radix representations have
been used in the implementation of FIR multirate con-
verters. A small area gain is reported using this kind of
representation.

3.2 Evolutionary Methods

Some evolutionary methods, such as evolutionary graph
generation [16], have been proposed to generate arithmetic
circuits and especially for constant multipliers. These
methods based on genetic algorithms seem to provide very
poor results. For instance, in [16], the results are slightly
better than the straightforward CSD encoding, which is
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very far from the best known results. Furthermore, it seems
that these methods are limited to the problem of multi-
plication by a few constants and have never been used to
produce more complex circuits.

3.3 Cost-Function-Based Search Methods

The algorithm presented by Bernstein in [3] allows some
intermediate values that are used only once in recoding
methods to be reused. Amore detailed and corrected version
of this algorithmcanbe found in [17]. The algorithm,basedon
a tree exploration, defines three kinds of operations:
tiþ1 ¼ ðti � kÞ, tiþ1 ¼ ðti � xÞ, and tiþ1 ¼ ððti � kÞ � tiÞ. A
cost canbe specified for eachoperation according to the target
technology. The cost function used to guide the exploration is
the sum of the costs of all the involved operations. This
algorithmonly shares some common subexpressions. For our
example, p ¼ c� xwith c ¼ 111463, this algorithm gives a 5-
addition solution:

t1 ¼ ðððx � 3Þ � xÞ � 2Þ � x;

t2 ¼ t1 � 7þ t1;

p ¼ ðððt2 � 2Þ þ xÞ � 3Þ � x:

There are some other cost-function-based search meth-
ods such as simulated annealing. In [18], this technique was
used to produce multiplication by a small set of constants.
The same multiplier is used for a small set of different
coefficients. This problem is different from ours.

In [19], a greedy algorithm is used to determine a
solution with a low total operation cost. A 28 percent
average area saving is achieved on some controllers and
elliptic filters. This solution seems to be limited due to local
attraction of the greedy algorithm.

3.4 Pattern Search Methods

Most of the pattern search methods are based on the
same general idea. The algorithm recursively builds a set
of constants to be optimized. This set is initialized with
the recoded initial constants (generally using the CSD
format). The different methods differ in the way they
match the common subexpressions and the way they
share and reuse them.

The multiple constant multiplication (MCM) solution
presented in [5] performs a tree exploration with selection
of matching parts of the SD representation of the constants.
This paper is themost cited one and it presents a lot of details
about the algorithm as well as about the comparisons.

In [20], the matches between constants are represented
using a graph. The exploration and some transformations of
this graph are used to produce a specific form of FIR filters
with a reduced number of adders/subtractors while
controlling the operator delay.

A solution based on an algebraic formulation of the
possible matches between constants is presented in [21].
Unfortunately, the authors use random filters for their tests
without specifying the coefficients. So, it is difficult to
compare their results to other solutions.

A recent work [22] proposes sharing digits in the
CSD representation of the coefficient matrix both in a
horizontal and in a vertical way. This solution allows circuits
to be designed with 10 percent fewer adders/subtracters

than the straightforward CSD horizontal subexpression

factorization.
In [23], a pattern search method is proposed. Some

optimizations on the result architecture are done such as the

transformation of multiple subtractions of the same value

into the negation of this value and several adders. This kind

of optimization can lead to significant improvement in

ASICs where subtractors are larger than adders. This is not

the case in our FPGAs.
In [24], a factorization method based on the selection of

the best pair of matching digits is used. This solution can be

easily extended to the selection of common parts of words

larger than two digits.
We will base our solution on extensions and improve-

ments of the algorithms presented in [25] and [26]. A

detailed description of this idea is presented below. One can

notice that, among all the abundant bibliography about the

multiplication by constant problem, there is no general

solution to the multiplication by constant matrix problem.

4 PROPOSED ALGORITHMS

4.1 Lefèvre’s Algorithm

In 2001, Lefèvre proposed a new algorithm to efficiently

multiply a variable integer by a given set of integer

constants [25]. As a special case, this algorithm was used

to multiply a variable by a single constant.

4.1.1 Definitions

The principle of the algorithm is to handle a list of constants

to be optimized and to find a “pattern” that appears several

times in the set of constants. The constants are recoded

using the CSD format in the very beginning. A pattern is a

sequence of digits in f�11; 0; 1g. The number of nonzero digits

in the pattern is called its weight.
A pattern P is said to occur in a constant C with a shift �

when, for each 1 in position k of P , there is a 1 in position

kþ � in C and, for each �11 in position k of P , there is a �11 in

position kþ � in C. And, a pattern is said to occur

negatively when there is a �11 in C for each 1 in P and a 1

in C for each �11 in P . This last point is one of the main

differences between the two papers, [25] and [26]. Lefèvre’s

algorithm allows us to use patterns negatively, which leads

to slightly better optimizations.
When two occurrences of the same pattern or of different

patterns match the same nonzero digit of the constant, the

two occurrences are said to conflict. For example, in the

number 51 ¼ 10�11010�112, the pattern 10�11 occurs positively

with shift 0, negatively with shift 2, and positively with shift

4. The first and third occurrences both conflict with the

second one. And, the pattern 10001 occurs negatively with

shift 0 and positively with shift 2. Those occurrences

overlap, but do not conflict. Moreover, every occurrence

of the 10�11 pattern conflicts with every occurrence of the

10001 pattern.

4.1.2 Description of the Algorithm

The principle of the algorithm can be described by the

pseudocode presented in Algorithm 1.

BOULLIS AND TISSERAND: SOME OPTIMIZATIONS OF HARDWARE MULTIPLICATION BY CONSTANT MATRICES 1273

✶✸✷



Then,multiplication by each constant in the final set canbe

implemented in the usual way: For each 1 (�11) in position p,

add (subtract) x shifted by p bits to the left. And then, by

rolling back the algorithm, each constant can be computed by

shifts and additions/subtractions, with roughly one addi-

tion/subtraction for each chosen occurrence of a pattern.
On our previous example p ¼ c� x, Lefèvre’s algorithm

gives a solution with only four additions:

t1 ¼ ðx � 3Þ � x;

t2 ¼ ðt1 � 2Þ � x;

p ¼ ðt2 � 12Þ þ ðt2 � 5Þ þ t1:

4.2 Extensions and Enhancements to Lefèvre’s
Algorithm

Mathematically speaking, Lefèvre’s algorithm deals with the

multiplication of a number by a constant vector. The first

thing to do is to extend it for themultiplication of a vector by a

constant matrix. This extension is rather straightforward:We

simply replace each constant with a constant vector. Patterns

are then replaced by vectors of patterns and shifts are

performed componentwise.With this algorithm, it is possible

to share all kinds of expressions.
For example, let us consider the computation of

y1 ¼ 5x1 þ 5x2 þ x3 and y2 ¼ 5x1 þ 5x2 þ 4x3. The algo-

rithm will first share the computation of 5x1 þ 5x2

between y1 and y2. After that, it will share x1 þ x2 in

ð5x1 þ 5x2Þ ¼ 4ðx1 þ x2Þ þ ðx1 þ x2Þ, effectively sharing the

multiplication by 5 between x1 and x2. This example shows

that the algorithm deals with both dimensions of the

constant matrix.
A detailed description of our extended algorithm is

given in the Appendix. This description, in C-like pseudo-

code, presents the overall behavior of our algorithm.
One point is kept unspecified in Lefèvre’s algorithm:

Which maximal pattern and which occurrences should we

choose? In his original implementation, Lefèvre simply

chose the first maximal pattern he found, with the first two

occurrences. This solution is probably not the best, so we

tried to find something better.
The first idea was to find all the maximal-weight patterns

with at least two nonconflicting occurrences and all their

occurrences. And then, we try to choose a set of patterns

and, for each pattern, a set of at least two occurrences such

that two chosen occurrences (of the same pattern or of

different patterns) do not conflict. The choice is performed

in order to maximize the gain in the weight of all the

constants; with a constant with weight w and i occurrences,

we gain ði� 1Þðw� 1Þ times its weight. As all the chosen

patterns have the same maximal weight, we want to

maximize the sum, for each pattern, of the number of

occurrences diminished by one.
We tried three different solutions for this. The first one,

called “random,” and which is the closest to the original

algorithm, is to recursively choose, at random, a pattern

with two nonconflicting occurrences and to remove every-

thing that conflicts with these occurrences. The second one,

called “graph-heuristic,” is to recursively choose a pattern

with a maximal set of nonconflicting occurrences and a

minimal set of conflicts with the other patterns and then

remove everything that conflicts with these occurrences.

And the third one, called “graph-optimal,” is to build all the

maximal sets of patterns and nonconflicting occurrences

and to choose the best one. This last solution can be very

computationally intensive.
We tried to compare those three solutions, by running

them several times for the same constant matrix: a huge

standard 8� 8 points 2D IDCT (inverse DCT) operator with

14-bit words. The results in Fig. 1 show that the “graph-

optimal” and “graph-heuristic” are roughly equivalent and

better than the “random,” with a tiny advantage to “graph-

optimal.” The time required to generate these results is less

than one minute for “graph-heuristic” and “random,” while

it can grow to hours for “graph-optimal.” Hence, we

generally choose the “graph-heuristic” solution so we can

perform lots of tries (thanks to its speed) and then choose

the best solution. Similar results have been obtained using

other applications.

4.3 Beyond the Mathematical Optimization

The improvements described above only deal with the

minimization of the total number of additions and subtrac-

tions. Translated to hardware, this is not enough. Some

additions and subtractions can be reordered without

changing their total number thanks to properties such as

associativity and commutativity.
First of all, one may want to have a small circuit. When

three numbers a, b, and c are added, the order in which they

are added influences the size of the adders. For example, if

a and b are narrow numbers, while c is wide, computing

ðaþ bÞ þ c leads to a smaller circuit than ðaþ cÞ þ b or
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ðbþ cÞ þ a. Hence, for space optimization, it is generally
better to add the narrowest numbers first.

On the other hand, one may want to have a fast circuit.
The order in which three numbers are added also influences
the worst-case delay of the circuit. For example, if a and c
are available early while b is available late, the result is
available earlier if we compute ðaþ cÞ þ b than ðaþ bÞ þ c
or ðbþ cÞ þ a. Hence, for speed optimization, it is preferable
to add the earliest available values first.

Those optimizations are performed in two steps. At first,
we unconstrain the order of the operations as much as
possible. When a value is used only once, its computation is
merged into the value that uses it. For example, if we had
t1 ¼ ðx � 2Þ � x and t2 ¼ ðx � 6Þ � ðt1 � 2Þ þ x, it be-
comes t2 ¼ ðx � 6Þ � ðx � 4Þ þ ðx � 2Þ þ x. Similarly, if a
term is composed of only one term, its computation is also
merged into any value that uses it. This part is done by a
traversal of the dataflow graph that represents the
computation.

After removing all those useless constraints, we want to
set new constraints that meet our goal of high speed or low
area. In the data-flow graph, this is done by splitting nodes
with more than two terms. We do this with a hierarchical
traversal of the graph: A node is only considered after all its
ancestors. This is possible because our dataflow graphs are
acyclic. When we meet a node with more that two terms
during the traversal, we extract two of its terms to make a
new node, as illustrated in Fig. 2. We consider all the pairs
of terms of the node. Each such pair can be assembled to a
new intermediate value. It is possible to symbolically
compute each corresponding value and deduce how wide
the corresponding adder would be. And, as we are using a
hierarchical traversal, we can also compute when each of
those values would be available.

If we want to optimize for area, we select a pair from
among those that require the smaller adder. On the other
hand, if we want to optimize for speed, we select it from
among those that would be available the earliest. Then, the
corresponding new node is generated and replaces the two

former terms: Now, there is one fewer term. We iterate that
extraction of two terms until the considered node has only
two terms.

Back to our example in Fig. 2, there are three possibilities
that use 3225x, 871x, or 114663x as new intermediate
values. Obviously, computing 871x requires a smaller adder
than the other two; that solution would be the chosen one
for area optimization. About speed, all three intermediate
values would be available after three adder steps (from the
input x), so they are equivalent. This simple example shows
that the postoptimizations lead to significant improve-
ments. In Section 6, a larger example (based on an IDCT
operator) confirms these improvements using postoptimi-
zations (see Table 5).

When we try to optimize for area, if several possibilities
are equivalent, we choose among them with the speed
criterion, so the circuit is not uselessly slow. The opposite is,
of course, true as well.

Moreover, the algorithmic optimization is not enough.
We need to generate some real circuits. Hence, we decided
to generate some VHDL code. Although it may work for
any target, our VHDL code generator is currently optimized
for Xilinx FPGAs. So, additions and subtractions are
performed using the dedicated fast carry-propagate adders
and subtractors. The generator is able to produce VHDL
code for fully parallel circuits or for digit-serial circuits with
radix 2n for any n. Only parallel architectures are available
when delays are involved (e.g., filters).

5 IMPLEMENTATION

Our implementation is mainly in two parts. The first part
performs the mathematical optimization, with our extended
and enhanced version of Lefèvre’s algorithm. This part was
written in C++ and is approximately 1,500 lines long. This
part is not a program by itself, but a collection of simple
classes that can be easily interfaced with any C++ program.
Hence, it would be easy, for example, to interface this with a
program that computes coefficients for FIR filters. Then, the
user would simply choose the type of filter and the required
frequencies and attenuations and the program would
compute the coefficients and generate some efficient VHDL
code for it.

After the mathematical optimization, everything is
implemented as plug-ins. Hence, there are, for example,
plug-ins that optimize the order of the additions and
subtractions or plug-ins that generate the output VHDL
code. This structure with plug-ins makes the whole thing
very modular. Hence, if someone wants, for example, to
generate some Verilog code or some assembly language
code for a DSP, it is sufficient to write a new output plug-in.
Then, if someone wants to get pipelined circuits, a new
pipelining plug-in can be written and it can then be used
with any output plug-in. Those plug-ins are also written in
C++. The collection of plug-ins is currently approximately
2,500 lines long.

The plug-ins communicate between themselves and with
the main program with simple interfaces that describe the
circuit as a data-flow graph. In this representation, vertices
represent mathematical values. Hence, there are vertices for
input values, for output values, and also for intermediate
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Fig. 2. Postoptimization of the multiplication by 111463 for area target.
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values. Then, there is an edge, from vertex x to vertex y,

tagged with ðshift; sign; delayÞ, if x shifted shift bits to the

left and a delay of delay clock cycles is a positive or negative

part (according to sign) of y. The delay part is used for filters

or pipelined circuits. This representation has the quality of

being independent of the desired output.
Let us give a simple example of how this can be used and

what is generated. As a simple example, we will consider

building a constant multiplier by 111463. The correspond-

ing source code and generated VHDL are presented in Fig. 3

and Fig. 4, respectively.

6 RESULTS AND COMPARISONS

The syntheses of this section have been performed using

Xilinx ISE XST 4.2.03i tools for a Virtex XCV200-5 FPGA.

The operators are not pipelined. The area is measured in
number of slices (two LUTs with 4 address bits per slice in
Virtex devices). The required area compared to the
2,352 available slices in an XVC200 device is also reported
in parentheses. The delay is expressed in nanoseconds. The
number of additions/subtractions and the number of
FA cells are computed by our generator (see the two last
lines of Fig. 4); the number of FA cells is only an estimation
(assuming the use of carry ripple adders).

Only a few papers give enough elements to compare to
our solutions. In [5] and [24], there are useful values for the
DCT application. Table 1 presents the number of additions/
subtractions for the 1D 8-point DCT for several word sizes.
Our generator improves the previous results from 17 per-
cent to 44 percent. Table 2 gives the synthesis results for the
corresponding generated operators.

We performed some other comparisons on some error-
correcting codes from [5] and [24]: the 8� 8 Hadamard
matrix transform, ð16; 11Þ Reed-Muller, ð15; 7Þ BCH, and
ð24; 12; 8Þ Golay codes. The comparison with the previous
works in [5] and [24] is presented in Table 3 and the
corresponding synthesis results are presented in Table 4.
These results show that, for very simple operators such as a
small BCH code, some improvements are still possible. In
the case of the 8� 8 Hadamard matrix transform, we
obtained the same results as in the previous work [5].

Table 5 presents the synthesis results of the same IDCT
operator with the three possible postoptimizations of our
generator: none, area, or speed. The operator is a 1D 8-point
IDCT for 14-bit constants and 8-bit inputs. From the same
initial additions/subtractions number, the optimizations
presented in Section 4.3 lead to significant improvements,
40 percent for the speed optimization for instance. The
generation time for all these operators is around a few
seconds on a standard desktop computer.

In Section 4.3, we explained that our generator can
produce digit-parallel as well as digit-serial circuits using
different output plug-ins. Table 6 presents the synthesis
results of a 1D 8-point IDCT operator for several solutions:
digit-parallel and radix-2, 4, 8, 16, 64, and 256 digit-serial
versions. Digit-serial implementations lead to small area
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Fig. 3. Multiplication by 111463 optimization source code.

Fig. 4. Multiplication by 111463 generated VHDL.

TABLE 1
Number of Additions/Subtractions Comparison

for Some 1D 8-Point DCT Operators

TABLE 2
Synthesis Results of

Some 1D 8-Point DCT Generated Operators
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and short cycle time operators. But, in order to fairly
compare digit-serial versus digit-parallel solution, we
should compare with the pipelined parallel operator.

In [27], an algorithm for designing multiplication by
matrix operators is presented. The proposed algorithm has
been tested on n� n matrices with random 8-bit integer
coefficients. In Fig. 5, we compare our generator with the
results from [27] (only values for n between 2 and 6 are
reported in [27]). Our complete results on random matrices
with 8-bit integer coefficients are reported in Table 7. The
average number of additions and subtractions and its
standard deviation have been evaluated on 100 random
matrices for each size. The reported generation time is the
average value for the generation time of one matrix. Our
results show slightly better performances.

7 EXTENSION TO DIGITAL FILTERS

Digital filters are a very specific case of multiplication by a
constant matrix. They are linear combinations of the input,
delayed several times:

y½t� ¼
Xn

i¼0

aix½t� i�;

where x½i� is the ith value of the sampled signal x.
Such filters are generally implemented using one of two

different kinds of architectures. The first one delays the
input to compute all the x½t� i� and then computes their
linear combination (the multiplication by the constant
matrix). The second one computes all the aix½t� i� and
then delays them and adds them to form the result as

depicted in Fig. 6. In signal processing, the first form of the
filter is called the direct form, while the second one is called
the transposed form. We call the gray part of Fig. 6 the
multiplication block (MB).

These implementation solutions consider the computa-
tions to be independent and do not allow sharing results
between consecutive computations. We extended our algo-
rithm to be able to apply such optimizations. As an example,
let us consider the following trivial low-pass FIR filter:

y½t� ¼ x½t� þ 5x½t� 1� þ 5x½t� 2� þ x½t� 3�:

The direct form of the filter leads to three delay units to
compute the x½t� i� and then five additions to compute y½t�
(Fig. 7A). This can be reduced to three delay units and four
additions by using the symmetry of the coefficients (Fig. 7B).
The transposed form leads to one addition to compute the
values x½t� and 5x½t� and then three delay units and three
additions to compute y½t�, which gives a total of three delay
units and four additions (Fig. 7C).

If we allow sharing of intermediate results between
computations using our generator, we can first compute
z½t� ¼ x½t� þ x½t� 1�, which requires one delay unit and one
addition, and then compute y½t� ¼ z½t� þ 4z½t� 1� þ z½t� 2�,
which requires twodelayunits and twoadditions; this gives a
total of threedelayunits and three additions (Fig. 7D). It is, of
course, equivalent to first computing z0½t� ¼ x½t� þ 4x½t�
1� þ x½t� 2� and then y½t� ¼ z0½t� þ z0½t� 1�; this is the
architecture found by our generator (Fig. 7E). An extract
of the generated VHDL code corresponding to this last
architecture is shown in Fig. 8.
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TABLE 3
Number of Additions/Subtractions Comparison

for Some Error-Correction Benchmarks

TABLE 4
Synthesis Results for

Some Error-Correction Benchmarks

TABLE 5
Influence of the Generator Optimizations

on a 1D 8-Point IDCT Operator

TABLE 6
Synthesis Results for 1D 8-Point Digit-Parallel

and Digit-Serial IDCT Operators

Fig. 5. Comparison of the results from [27] with ours on n� n random

matrices with 8-bit integer coefficients.
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Of course, this trivial example only shows that it may be

possible to reduce the computational cost of an FIR filter by

sharing some results between consecutive computations. It

is not supposed to establish a rule about how efficient it is;

this will be shown by implementing some real FIR filters.

For this new extension, we use the Z transform of the

FIR filter, which is very common in digital signal proces-

sing: FIR filters are represented by polynomials in Z�1. For

example, our (1, 5, 5, 1) FIR filter is represented by the

polynomial 1þ 5Z�1 þ 5Z�2 þ Z�3. In those polynomials,

multiplying a signal by Z�1 means delaying that signal by

one delay unit. Such a polynomial represents one single

FIR filter. But, as our algorithm is already able to deal with

several inputs and several outputs, we thought it would be

useful to be able to deal with filters with several inputs and

outputs. Such complex filters may be used, for example, to

implement a digital audio equalizer or a digital DTMF

(dual-tone-multi-frequency) decoder.
Therefore, an extension works by replacing the matrix of

constants by a matrix of polynomials in Z�1. Then, if we

perform the optimization exactly as before, no pattern is

shared between subsequent computations; this corresponds

to the direct form of the filter. To implement such sharings,

we must allow multiplication of the patterns by Z�1, just as

we allowed shifting them to the left. By doing so, the

introduced delays are not taken into account for the

optimization and only the number of additions/subtrac-

tions is optimized.
This generally results in a huge increase of the number of

registers, with little to no gain to the number of additions/

subtractions. This may be acceptable when programming

some DSP processors, but it is not for hardware implementa-

tions. To prevent that huge increase, it is possible to set a limit

to the number ofmultiplication of a pattern byZ�1. Thus, it is

possible to control the number of added registers.
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TABLE 7
Results for n� n Random Matrices with

8-Bit Integer Coefficients

Fig. 6. The transposed form of an FIR filter.

Fig. 7. FIR (1, 5, 5, 1) architectures.

Fig. 8. FIR (1, 5, 5, 1) generated VHDL (extract).

TABLE 8
Specifications of the Example Filters Presented in [28] and

Matlab Command Used to Generate the Coefficients
(Attenuation and Ripple Values Are Theoretical Values)
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In [28], the optimization of low-pass FIR filters using
sum of power of two (SOPOT) coefficients is presented. The
method is demonstrated on two filters. The specifications of
these two filters are reported in Table 8. This table also
report the remez Matlab function call used to generate the
theoretical coefficients of the filters.

In Table 9, we compare the implementation results from
[28] with our method. For our generator input we use the
optimized SOPOT coefficients presented in [28] in order to
achieve the same stop-bandattenuation andpass-band ripple
values. On the first example from [28], nine digits ({-1, 0, 1})
SOPOT coefficients are used with at most two nonzero digits
expect for large values where three digits are allowed. In the
second example, 14 bits SOPOT coefficients are used with at
most three (or four) nonzero digits. In Table 9, two values are
reported for the number of addition/subtraction: total for the
whole filter and MB only for the multiplication block of the
transposed form (see Fig. 6).

The normalized frequency response of the two filters

(theoretical, rounded, and generated filters) are reported in

Fig. 9.
We also implemented in FPGA some low-pass FIR

filters with specifications derived from [20]. The

corresponding results are presented in Table 11. The

specifications of those filters are presented in Table 10.

The coefficients have been generated using the remez

Matlab functions c1 ¼ remezð#tap; ½0fpfs1�; ½1100�Þ and

c2 ¼ roundðð2 ^ widthÞ � c1Þ. The values reported in

Table 10 represent the complete filter, while the

number of adders reported in [20] only represent the

multiplication block, an additional adder should added

for each tap of the filter.
For each filter from [20], we tried to implement it with a

delay limit (denoted by DL in the result tables) set to 0 (no

sharing between consecutive calculations), 1, 2, or 1 and

the resulting VHDL code was optimized for speed using

Xilinx ISE XST 5.2.03i tools for a Virtex-II 1000 FPGA

(XC2V1000-5) on 1.7 GHz Pentium4 PC with 1GB RAM. The

operators are not pipelined. The required area, compared to

the 5,120 available slices in a XC2V1000 device, is reported

in parentheses. We also report the delay of the operator and
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TABLE 9
Comparison of the Implementation of Low-Pass FIR Filters from [28]

Fig. 9. Frequency response of the filters compared with [28].

TABLE 10
Low-Pass FIR Filters Specifications from [20]

TABLE 11
FPGA Synthesis Results of the Low-Pass FIR Filters from [20]
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its total synthesis time (including place and route optimiza-

tions) using high effort constraints.
In Table 11, one can see that the operator period is

generally reduced when increasing the delay limit (DL).
This effect is due to the additional registers that break long
paths in the circuit. This permits reorganization of the
schedule with a shorter critical path. But, when the number
of additional registers is too large, new long lines of routing
are involved in the circuit. This explains the larger delay
that sometimes occurs for large values of DL.

We did another experiment on an FIR filter from [22],
implemented both with 8 and 16 bits of accuracy. This
filter is based on the Parks-McClellan design of a low-
pass 26-tap FIR filter with pass-band and stop-band edges
at 0:2 and 0:25, respectively. The corresponding coeffi-
cients are presented in Table 12 (only the first 13 coeffi-
cients are reported because of the symmetry); those

coefficients can be computed using Matlab with the
command remezð25; ½00:20:251�; ½1100�Þ.

The comparison of our results with those from [22] is
presented in Table 13. Our solution leads to a reduction of
the operation count of about 25 percent for 8-bit coefficients
and 34 percent for 16-bit coefficients. The results of the
FPGA implementation of generated architectures are pre-
sented in Table 14.

Even with no sharing between consecutive computa-
tions, our algorithm already gives a very small number of
operations (less than two additions/subtractions per tap).
This gives little room for improvement. Hence, when the
delay limit rises, the number of operations does not shrink
much, while many registers are added to share intermediate
results. This explains why the size rises with the delay limit.
On the other hand, the delay is generally reduced, around
9 percent on average and up to 17 percent. This proves that
this sharing is still useful when speed is a main concern.

8 CONCLUSION

A new algorithm for the problem of multiplication by
constant was presented. We generalized the previous results
by dealing with the problem of the optimization of multi-
plication of one vector by one constantmatrix. Our algorithm
is based on extensions and enhancements of previous
algorithms from [25] and [26]. Compared to the best previous
results, our solution leads to a significant drop in the total
number of additions/subtractions, up to 40 percent.
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TABLE 12
Parks-McClellan Filter Coefficients Specification

TABLE 13
Number of Additions/Subtractions Comparison

for the Parks-McClellan Filter

TABLE 14
Parks-McClellan Filters Synthesis Results

Fig. 10. Pseudocode of procedure optimize.
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We implemented this algorithm in a VHDL generator.
Based on a simple mathematical description of the
computation, the generator produces an optimized VHDL
code for Xilinx FPGAs. At the moment, the generated
operators are nonpipelined parallel or digit-serial ones. We
will extend our generator to produce pipelined circuits to
reach higher clock frequencies.

We also extended our algorithm and generator to the
case of some digital filters. We are now able to handle filters
involving a multiplication by constant matrix and delay
operations (such as FIR filters). In the case of a 26-tap 16-bit
FIR filter, a 34 percent reduction of the operation count is
achieved, compared to recent results from [22]. These first
results on filter optimization are promising; we now plan to
work on the synthesis of filters in the near future.

We want to extend our algorithm and generator to
standard-cell-based ASICs. The way to implement the
adders/subtracters would widely impact the performance
of the complete operator. The optimization required for
low-power consumption may also change our solutions.

Another area to explore in the future is the use of lossy
representations, such as [11]. In a lot of applications, the
models include some approximations and the quantization

of the coefficients. It may be a good idea to allow small

perturbations of the coefficients.

APPENDIX

DETAILED ALGORITHMS

Figs. 10, 11, and 12 are C-like pseudocode versions of our

extended algorithm presented in Section 4. Procedure

optimize, Fig. 10, is the main entry point.
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1. INTRODUCTION

The basic floating-point operations that are implemented in hardware on mod-
ern processors are addition/subtraction, multiplication, and sometimes division
and/or fused multiply-add, that is, an expression of the form x y + z, computed
with one final rounding only. Moreover, division is frequently much slower than
addition or multiplication (see Table I), and sometimes, for instance, on the Ita-
nium, it is not hardwired at all. In such cases, it is implemented as a sequence
of fused multiply and add operations, using an iterative algorithm.

Therefore, when trying to implement a given regular enough function f , it
seems reasonable to try to avoid divisions and to use additions, subtractions,
multiplications and possibly fused multiply-adds. Since the only functions of one
variable that one can implement using a finite number of these operations and
comparisons are piecewise polynomials, a natural choice is to focus on piecewise
polynomial approximations to f . Indeed, most recent software-oriented ele-
mentary function algorithms use polynomial approximations [Markstein 2000;
Muller 1997; Story and Tang 1999; Cornea et al. 2002].

Two kinds of polynomial approximations are used: the approximations that
minimize the average error, called least squares approximations, and the ap-
proximations that minimize the worst-case error, called least maximum ap-

proximations, or minimax approximations. In both cases, we want to minimize
a distance ‖p− f ‖, where p is a polynomial of a given degree. For least squares
approximations, that distance is:

‖p − f ‖2,[a,b] =
(∫ b

a

w(x)( f (x) − p(x))2dx

)1/2

,

where w is a continuous weight function that can be used to select parts of
[a, b] where we want the approximation to be more accurate. For minimax
approximations, the distance is:

‖p − f ‖∞,[a,b] = sup
a≤x≤b

|p(x) − f (x)|.

One could also consider distances such as

‖p − f ‖rel,[a,b] = sup
a≤x≤b

1

| f (x)|
|p(x) − f (x)|.

The least squares approximations are computed by a projection method us-
ing orthogonal polynomials. Minimax approximations are computed using an
algorithm credited to Remez [Remes 1934; Hart et al. 1968]. See Markstein
[2000] and Muller [1997] for recent presentations of elementary function
algorithms.

In this article, we are concerned with minimax approximations using dis-
tance ‖p − f ‖∞,[a,b]. And yet, our general method in Section 3.2 also applies
to distance ‖p − f ‖rel,[a,b]. Our approximations will be used in finite-precision
arithmetic. Hence, the computed polynomial coefficients are usually rounded:
let m0, m1, . . . , mn be a fixed finite sequence of natural integers, the coefficient
pi of the minimax approximation

p(x) = p0 + p1x + · · · + pnxn
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Table I. Latencies (in number of cycles) of Double
Precision Floating-Point Addition, Multiplication,

and Division on Some Recent Processors

Processor FP add FP mult. FP div.

Pentium IV 5 7 38

PowerPC 750 3 4 31

UltraSPARC III 4 4 24

Alpha21264 4 4 15

Athlon K6-III 3 3 20

is rounded to, for instance, the nearest multiple of 2−mi . By doing this, we obtain
a slightly different polynomial approximation p̂. But we have no guarantee that
p̂ is the best minimax approximation to f among the polynomials whose degree-
i coefficient is a multiple of 2−mi . The aim of this article is to present a way of
finding this best truncated approximation. We have two goals in mind:

—rather low precision (e.g., around 24 bits), hardware-oriented, for specific-
purpose implementations. In such cases, to minimize multiplier sizes (which
increases speed and saves silicon area), the values of mi, for i ≥ 1, should
be very small. The degrees of the polynomial approximations are low. Typi-
cal recent examples are given in Wei et al. [2001] and Pineiro et al. [2001].
Roughly speaking, what matters here is reducing the cost (in terms of delay
and area) without making the accuracy unacceptable;

—single-precision or double-precision, software-oriented, for implementation
on current general purpose microprocessors. Using table-driven methods,
such as the ones suggested by Tang [1989, 1990, 1991, 1992], the degree of
the polynomial approximations can be made rather low. Roughly speaking,
what matters in this case is to get very high accuracy without making the
cost (in terms of delay and memory) unacceptable.

One could object that the mi ’s are not necessarily known a priori. For instance,
if one wishes a coefficient to be exactly representable in double precision arith-
metic, one needs to know the order of magnitude of that coefficient to know
what value of mi corresponds to that wish. And yet, in practice, good approxi-
mations of the same degree to a given function have coefficients that are very
close (the approach given in Section 3.1 shows this) so that using our approach,
with possibly two different values of mi if the degree-i coefficient of the minimax
approximation is very close to a power of i, suffices.

It is important to notice that our polynomial approximations will be com-
puted once only and will be used very frequently (indeed, several billion times
for an elementary function program in a widely distributed library). Hence, if
it remains reasonably fast, the speed of an algorithm that computes adequate
approximations is not extremely important. However, in the practical cases we
have studied so far, our method will very quickly give a result.

In this article, we provide a general and efficient method for finding the
best truncated approximation(s) (it is not necessarily unique). It consists in
building a polytope � of Rn+1 to which the numerators of the coefficients of this
(these) best truncated approximation(s) belong, such that � contains a number
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as small as possible of points of Zn+1. Once it is achieved, we do an exhaustive
search by computing the norms1

∥
∥
∥

a0

2m0
+

a1

2m1
x + · · · +

an

2mn
xn − f

∥
∥
∥

∞,[a,b]

with (a0, a1, . . . , an) ∈ � ∩ Zn+1.
The method presented here is very flexible since it also applies when we

impose supplementary constraints on the truncated polynomials, and/or when
distance ‖.‖rel,[a,b] is considered. For example, the search can be restricted to
odd or even polynomials or, more generally, to polynomials with some fixed
coefficients. This is frequently useful: one might for instance, wish the com-
puted value of exp(x) to be exactly one if x = 0 (hence, requiring the degree-0
coefficient of the polynomial approximation to be 1).

Of course, one would like to take into account the roundoff error that oc-
curs during polynomial evaluation: getting the polynomial, with constraints
on the size of the coefficients, that minimizes the total (approximation plus
roundoff) error would be extremely useful. Although we are currently work-
ing on that problem, we do not yet have a solution. First, it is very algorithm-
and-architecture dependent (for instance, some architectures have an extended
internal precision). Second, since the largest roundoff error and the largest ap-
proximation error are extremely unlikely to be attained at exactly the same
points, the total error is difficult to predict accurately.

And yet, here are a few observations that lead us to believe that, in many
practical cases, our approach will give us polynomials that will be very close
to these ideal approximations. Please note that these observations are merely
intuitive feelings, and that one can always build cases for which the ideal ap-
proximations differ from the ones we compute.

(1) Good approximations of the same degree to a given function have co-
efficients that are very close in practice. Indeed, the approach given in
Section 3.1 shows this.

(2) When evaluating two polynomials whose coefficients are very close on vari-
ables that belong to the same input interval, the largest roundoff errors will
be very close, too.

(3) In all practical cases, the approximation error oscillates slowly, whereas
the roundoff error varies very quickly so that, if the input interval is rea-
sonably small, an error very close to the maximum error is reached near
any point. This is illustrated in Figures 1 and 2: we have defined p as the
polynomial obtained by rounding to the nearest double precision number
each coefficient of the degree-5 minimax approximation to ex in [0, 1/128].
Figure 1 shows the difference p(x)− ex (approximation error), and Figure 2
shows the difference between the computed value and the exact value of
p(x), assuming Horner’s scheme is used, in double precision arithmetic.

1So far, we have computed these norms using the infnorm function of Maple. Our research group is
working on a C implementation that will use multiple precision interval arithmetic to get certified
upper and lower bounds on the infinite norm of a regular enough function.
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Fig. 1. Approximation error. We have plotted the difference p(x) − ex .

Fig. 2. Roundoff error. We have plotted the difference between the exact and computed values of
p(x). The computations are performed using Horner’s scheme, in double precision, without using
a larger internal format.

These observations tend to indicate that, for all candidate polynomials, the
roundoff errors will be very close, and the total error will be close to the sum of
the approximation and roundoff errors. Hence, the best polynomial when con-
sidering the approximation error only, will be very close to the best polynomial
when considering approximation and roundoff errors.

Of course, these observations are not proofs; they are just result from some
experiments, and we are far from being able to solve the general problem of
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finding the best polynomial, with size constraints on coefficients, when consid-
ering approximation and roundoff errors. Hopefully, these remarks will one day
help to build a more general method.

The outline of the article is the following. We give an account of Chebyshev
polynomials and some of their properties in Section 2. In Section 3, we first
provide a method based on Chebyshev polynomials that partially answers the
problem, and then we give a general and efficient method based on polytopes
that finds a best truncated approximation of a function f over a compact inter-
val [a, b]. Despite the fact that it is less efficient and general than the polytope
method, we present the method based on Chebyshev polynomials because this
approach seems interesting in itself, is simple, and gives results that are easy to
use and, moreover, might be useful in other problems. We end Section 3 with a
remark illustrating the flexibility of our method. We finish with some examples
in Section 4. We complete the article with three appendices. In the first one, we
collect the proofs of the statements given in Section 2. In the second one, we
prove a lemma used in Section 3.2 that implies, in particular, the existence of
a best truncated polynomial approximation. In the last one, we give a worked
example of the methods presented here.

To end this introduction, let us mention that a C implementation of our
method is in process and also that the method applies to some signal process-
ing problems, namely, finding the rational linear combination of cosines with
constraints on the size in bits of the rational coefficients in order to implement
(in software or hardware) digital FIR filters. This will be the purpose of a future
article.

As we only deal with the supremum norm, wherever there is no ambiguity,
we will write ‖ · ‖I instead of ‖ · ‖∞, I , where I is any real set.

2. SOME REMINDERS ON CHEBYSHEV POLYNOMIALS

Definition 1 (Chebyshev Polynomials). The Chebyshev polynomials can be
defined either by the recurrence relation

⎧

⎪
⎨

⎪
⎩

T0(x) = 1,

T1(x) = x,

Tn(x) = 2xTn−1(x) − Tn−2(x);

or by

Tn(x) =

{

cos(n cos−1 x) for |x| ≤ 1,

cosh(n cosh−1 x) for x > 1.

A presentation of Chebyshev polynomials can be found in Borwein and
Erdélyi [1995] and especially in Rivlin [1990]. These polynomials play a cen-
tral role in approximation theory. The following property is easily derived from
Definition 1.
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PROPERTY 1. For n ≥ 0, we have

Tn(x) =
n

2

⌊n/2⌋∑

k=0

(−1)k (n − k − 1)!

k!(n − 2k)!
(2x)n−2k .

Hence, Tn has degree n and its leading coefficient is 2n−1. It has n real roots,

all strictly between −1 and 1.

We recall that a monic polynomial is a polynomial whose leading coefficient
is 1. The following statement is a well known and remarkable property of
Chebyshev Polynomials.

PROPERTY 2 (MONIC POLYNOMIALS OF SMALLEST NORM). Let a, b ∈ R, a < b.

The monic degree-n polynomial having the smallest ‖ · ‖[a,b] norm is

(b − a)n

22n−1
Tn

(
2x − b − a

b − a

)

.

In the following, we will make use of the polynomials

T ∗
n (x) = Tn(2x − 1).

We have (see Fox and Parker [1972, Chapter 3], e.g.) T ∗
n (x) = T2n(x1/2), hence

all the coefficients of T ∗
n are nonzero integers.

Now, we state two propositions that generalize Property 2 when dealing with
intervals of the form [0, a] and [−a, a].

PROPOSITION 1. Let a ∈ (0, +∞), define

α0 + α1x + α2x2 + · · · + αnxn = T ∗
n

(
x

a

)

.

Let k be an integer, 0 ≤ k ≤ n, the polynomial

1

αk

T ∗
n

(
x

a

)

has the smallest ‖ · ‖[0,a] norm among the polynomials of degree at most n with

a degree-k coefficient equal to 1. That norm is |1/αk|.

Remark 1. Moreover, when k = n = 0 or 1 ≤ k ≤ n, we can show that this
polynomial is the only one having this property. We do not give the proof of this
uniqueness property in this article since we only need the existence result in
the sequel.

PROPOSITION 2. Let a ∈ (0, +∞), p ∈ N, define

β0, p + β1, px + β2, px2 + · · · + βp, px p = Tp

(
x

a

)

.

Let k and n be integers, 0 ≤ k ≤ n.

—If k and n are both even or odd, the polynomial

1

βk,n
Tn

(
x

a

)
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has the smallest ‖ · ‖[−a,a] norm among the polynomials of degree at most n

with a degree-k coefficient equal to 1. That norm is |1/βk,n|.
—Else, the polynomial

1

βk,n−1
Tn−1

(
x

a

)

has the smallest ‖ · ‖[−a,a] norm among the polynomials of degree at most n

with a degree-k coefficient equal to 1. That norm is |1/βk,n−1|.

3. GETTING THE TRUNCATED POLYNOMIAL THAT IS CLOSEST TO A

FUNCTION ON A COMPACT INTERVAL

Let a, b be two real numbers, let f be a function defined on [a, b] and m0, m1, . . . ,
mn be n+ 1 integers. Define P [m0,m1,...,mn]

n as the set of the polynomials of degree
less than or equal to n whose degree-i coefficient is a multiple of 2−mi for all i

between 0 and n (we will call these polynomials truncated polynomials), that
is to say,

P [m0,m1,...,mn]
n =

{
a0

2m0
+

a1

2m1
x + · · · +

an

2mn
xn, a0, . . . , an ∈ Z

}

.

Let p be the minimax approximation to f on [a, b]. Define p̂ as the polynomial
whose degree-i coefficient is obtained by rounding the degree-i coefficient of p

to the nearest multiple of 2−mi (with an arbitrary choice in case of a tie) for
i = 0, . . . , n: p̂ is an element of P [m0,m1,...,mn]

n .
Also define ǫ and ǫ̂ as

ǫ = ‖ f − p‖[a,b] and ǫ̂ = ‖ f − p̂‖[a,b].

We assume that ǫ̂ �= 0.
We state our problem as follows. Let K ≥ ǫ, we are looking for a truncated

polynomial p⋆ ∈ P [m0,m1,...,mn]
n such that

‖ f − p⋆‖[a,b] = min
q∈P [m0,m1,...,mn]

n

‖ f − q‖[a,b]

and

‖ f − p⋆‖[a,b] ≤ K . (1)

Lemma 2 in Appendix 2 implies that the number of truncated polynomials
satisfying (1) is finite.

When K = ǫ̂, this problem has a solution since p̂ satisfies 1. It should be
noted that, in that case, p⋆ is not necessarily equal to p̂.

We can put, for example, K = λǫ̂ with λ ∈
[

ǫ/ǫ̂, 1
]

.

3.1 A Partial Approach Through Chebyshev Polynomials

The term partial refers to the fact that the intervals we can deal with in this
section must be of the form [0, a] or [−a, a], where a > 0. This restriction comes
from the following two problems.

(1) We do not have in the general case [a, b] a result analogous to Propositions
1 and 2 and simple to state.

ACM Transactions on Mathematical Software, Vol. 32, No. 2, June 2006.

✶✺✵



244 • N. Brisebarre et al.

(2) From a given polynomial and a given interval, a simple change of variable
allows us to reduce the initial approximation problem to another approxi-
mation problem with an interval of the form [0, a] or [−a, a]. Unfortunately,
this change of variables (that does not keep the size of the coefficients in-
variant) leads to a system of inequalities of the form we faced in Section 3.2.
Then, we have to perform additional operations in order to produce candi-
date polynomials. In doing so, we lose the main interest—the simplicity—of
the approach through Chebyshev polynomials in the cases [0, a] and [−a, a].

We will only deal with intervals [0, a] where a > 0 since the method presented
in the following easily adapts to intervals [−a, a] where a > 0.

In this section, we compute bounds such that, if the coefficients of a polyno-
mial q ∈ P [m0,m1,...,mn]

n are not within these bounds, then

‖p − q‖[0,a] > ǫ + K .

Knowing these bounds will make an exhaustive searching of p⋆ possible.
To do this, consider a polynomial q whose degree-i coefficient is pi + δi. From
Proposition 1, we have

‖q − p‖[0,a] ≥
|δi|
|αi|

,

where αi is the nonzero degree-i coefficient of T ∗
n (x/a). Now, if q is at a distance

greater than ǫ + K from p, it cannot be p⋆ since

‖q − f ‖[0,a] ≥ ‖q − p‖[0,a] − ‖p − f ‖[0,a] > K .

Therefore, if there exists i, 0 ≤ i ≤ n, such that

|δi| > (ǫ + K )|αi|,

then ‖q − p‖[0,a] > ǫ + K and therefore q �= p⋆. Hence, the degree-i coefficient
of p⋆ necessarily lies in the interval [pi − (ǫ + K )|αi|, pi + (ǫ + K )|αi|]. Thus we
have

⌈

2mi (pi − (ǫ + K )|αi|)
⌉

︸ ︷︷ ︸

ci

≤ 2mi p⋆
i ≤

⌊

2mi (pi + (ǫ + K )|αi|)
⌋

︸ ︷︷ ︸

di

, (2)

since 2mi p⋆
i is an integer. Note that, as 0 ∈ [0, a], Condition (1) implies in

particular

f (0) − K ≤ p⋆
0 ≤ f (0) + K ,

that is, since 2m0 p⋆
0 is an integer,

⌈2m0 ( f (0) − K )⌉
︸ ︷︷ ︸

c′
0

≤ 2m0 p⋆
0 ≤ ⌊2m0 ( f (0) + K )⌋

︸ ︷︷ ︸

d ′
0

.

We replace c0 with max(c0, c′
0) and d0 with min(d0, d ′

0).
For i = 0, . . . , n, we have di −ci +1 possible values for the integer 2mi p⋆

i . This
means that we have

∏n
i=0(di − ci + 1) candidate polynomials. If this amount is

small enough, we search for p⋆ by computing the norms ‖ f − q‖[0,a], q running
among the possible polynomials. Otherwise, we need an additional step to de-
crease the number of candidates. Hence, we now give a method for this purpose.
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It allows us to reduce the number of candidate polynomials dramatically and
applies more generally to intervals of the form [a, b] where a and b are any real
numbers.

3.2 A General and Efficient Approach Through Polytopes

From now on, we will deal with intervals of the form [a, b] where a and b are
any real numbers.

We recall the following definitions from Schrijver [2003].

Definitions 1. Let k ∈ N.
A subset � of Rk is called a polyhedron if there exists an m × k matrix A

with real coefficients and a vector b ∈ Rm (for some m ≥ 0) such that � = {x ∈
Rk|Ax ≤ b}.

A subset � of Rk is called a polytope if � is a bounded polyhedron.
A polyhedron (or a polytope) � is called rational if it is determined by a

rational, respectively, system of linear inequalities.

The n + 1 inequalities given by 2 define a rational polytope of Rn+1 which
the numerators of p⋆ (i.e. the 2mi p⋆

i ) belong to. The idea2 is to build a polytope
�, still containing the 2mi p⋆

i , such that � ∩Zn+1 is the smallest possible, which
means that the number of candidate polynomials is the smallest possible, in
order to reduce as much as possible the final step of computation of supremum
norms. Once we get this polytope, we need an efficient way of producing these
candidates, that is, an efficient way of scanning the integer points (i.e., to points
with integer coordinates) of the rational polytope we built. Several algorithms
allow us to achieve this. The one given in Ancourt and Irigoin [1991] uses the
Fourier-Motzkin pairwise elimination, the one given in Feautrier [1988] and
Collard et al. [1995] is a parameterized version of the Dual Simplex method
and the one given in Le Verge et al. [1994] is based on the dual representation
of polyhedra used in Polylib [The Polylib Team 2004]. The last two algorithms
allow us to produce in an optimized way3 the loops in our final program of
exhaustive search. Note that these algorithms have, at worst, the complexity
of integer linear programming4. Now, let us give the details of the method.

First we notice that the previous approach handles the unknowns p⋆
i sepa-

rately which seems unnatural. Hence, the basic aim of the method is to construct
a polytope defined by inequalities that take into account in a more satisfying
way the dependence relations between the unknowns. This polytope should con-
tain fewer points of Zn+1 than the one built from the Chebyshev polynomials’
approach. The examples of Section 4 indicate that this seems to be the case
(and the improvements can be dramatic).

2After the submission of this article, we read that this idea has already been proposed in Habsieger
and Salvy [1997], a paper dealing with number-theoretical issues, but the authors did not have any
efficient method for scanning the integer points of the polytope.
3By optimized, we mean that all points of the polytope are scanned only once.
4In fact, the algorithm given in Feautrier [1988] and Collard et al. [1995] has, in the situation we
are facing, the complexity of rational linear programming.
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Condition (1) means

f (x) − K ≤
n∑

j=0

p⋆
j x j ≤ f (x) + K (3)

for all x ∈ [a, b].
The idea is to consider inequalities (3) for a certain number (chosen by the

user) of values of x ∈ [a, b]. As we want to build rational polytopes, these values
must be rational numbers. We propose the following choice of values. Let A be
a rational approximation to a greater than or equal to a, let B be a rational
approximation to b less than or equal to b and such that B > A, let d be a
nonzero natural integer chosen by the user. We show in Lemma 2 in Appendix 2
that we must have d ≥ n in order to ensure that we get a polytope (which
implies the finiteness of the number of the best truncated approximation(s)).
We consider the rational values5 xi = A + i

d
(B − A), i = 0, . . . , d . Then again,

since the polytope has to be rational, we compute, for i = 0, . . . , d , two rational
numbers li and ui that are rational approximations to, respectively, f (xi) − K

and f (xi)+K such that li ≤ f (xi)−K and ui ≥ f (xi)+K . The rational polytope
� searched is therefore defined by the inequalities

li ≤
n∑

j=0

p⋆
j x

j
i ≤ ui, i = 0, . . . , d . (4)

If � ∩Zn+1 is small enough (this can be estimated thanks to Polylib), we start
our exhaustive search by computing the norms

∥
∥
∥

a0

2m0
+

a1

2m1
x + . . .

an

2mn
xn − f

∥
∥
∥

[a,b]
, (5)

with (a0, a1, . . . , an) ∈ � ∩ Zn+1. This set can be scanned efficiently thanks to
one of the algorithms given in Ancourt and Irigoin [1991], Feautrier [1988] and
Collard et al. [1995] or Le Verge et al. [1994] that we have previously quoted.
Or else, we increase the value of the parameter d in order to construct another
rational polytope �

′ that contains fewer elements of Zn+1. We must point out
that, assuming that the new parameter is greater than d , does not necessarily
lead to a new polytope with fewer elements ofZn+1 inside (it is easy to show such
counterexamples), but it is reasonable to expect that, generally, a polytope built
with a greater parameter should contain fewer elements of Zn+1 inside since
it is defined from a larger number of inequalities (4) or, in other words, as our
discretization method is done using a larger number of rational points, which
should allow us to restrict the number of possible candidates since there are
more conditions to satisfy. It is indeed the case if we choose any positive integer
multiple of d as new parameter. In this case, the new polytope �

′, associated
with the parameter νd , with ν ∈ N∗, is a subset of �: � is built from the set of
rational points {A+ i

d
(B− A)}i=0,...,d which is a subset of {A+ j

νd
(B− A)} j=0,...,νd

from which �
′ is built.

5Choosing equally-spaced rational values seems a natural choice when dealing with regular enough
functions. And yet, in a few cases, we get a better result with very irregularly-spaced points. This
is something we plan to investigate in the near future.
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Remark 2. As we said in the introduction, this method is very flexible. We
give some examples to illustrate it.

—If we restrict our search to odd truncated polynomials (in this case, we put
n = 2k + 1 and we must have d ≥ k), it suffices to replace inequalities (4)
with

li ≤
k∑

j=0

p⋆
j x

2 j+1
i ≤ ui, i = 0, . . . , d

to create a polytope � of Rk+1 whose points with integer coordinates we scan.

—If we restrict our search to truncated polynomials some of whose coefficients
have fixed values, (e.g., if we assume that the truncated polynomials sought
have constant term equal to 1) it suffices to replace inequalities (4) with

li ≤ 1 +
n∑

j=1

p⋆
j x

2 j+1
i ≤ ui, i = 0, . . . , d

to create a polytope � of Rn whose points we scan with integer coordinates
(we must have d ≥ n − 1).

—Our method also applies to the search for the best truncated polynomial with
respect to the relative error distance ‖ · ‖rel,[a,b] defined in the introduction.
In this case, we can state the problem as follows. Let K ≥ 0, we search for a
truncated polynomial p⋆ ∈ P [m0,m1,...,mn]

n such that

‖ f − p⋆‖rel,[a,b] = min
q∈P [m0,m1,...,mn]

n

‖ f − q‖rel,[a,b]

and

‖ f − p⋆‖rel,[a,b] ≤ K . (6)

It suffices to consider the inequalities

−K | f (x)| − f (x) ≤
n∑

j=0

p⋆
j x j ≤ K | f (x)| + f (x)

for at least n + 1 distinct rational values of x ∈ [a, b] to make a polytope to
which we apply the method presented.

4. EXAMPLES

We implemented in Maple the method given in Section 3.1, and we started
developing a C library that implements the method described in Section 3.2.

For producing the results presented in this section, we implemented the
approach through polytopes in a C program of our own, based on the polyhedral
library Polylib [The Polylib Team 2004]. This allows us to treat a lot of examples,
but it is too roughly done to tackle examples with approximations of degree 15
to 20, for instance. Our goal is to implement the method presented here in a
C library which would use Polylib and PIP Feautrier [2003] that implements
the parametric integer linear programming solver given in Feautrier [1988]
and Collard et al. [1995] for scanning the integer points of the polytope. The
choice of PIP instead of the algorithm given in Le Verge et al. [1994] is due to
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Table II. Examples

f [a, b] m ǫ ǫ̂ K

1 cos
[

0, π
4

]

[12, 10, 6, 4] 1.135...10−4 6.939...10−4 ǫ̂/2

2 exp
[

0, 1
2

]

[15, 14, 12, 10] 2.622...10−5 3.963...10−5 < ǫ̂

3 exp
[

0, log
(

1 + 1
2048

)]

[56, 45, 33, 23] 1.184...10−17 2.362...10−17 < ǫ̂

4 arctan(1 + x)
[

0, 1
4

]

[24, 21, 18, 17, 16] 2.381...10−8 3.774...10−8 < ǫ̂

5 exp
[

− log(2)
256 , log(2)

256

]

[25, 17, 9] 8.270...10−10 3.310...10−9 < ǫ̂

6 exp
[

− log(2)
256 , − log(2)

256

]

[28, 19, 9] 8.270...10−10 3.310...10−9 < ǫ̂

7 log(3/4+x)
log(2)

[

−1/4, 1/4
]

[12, 9, 7, 5] 6.371...10−4 7.731...10−4 < ǫ̂

8 log(
√

2/2+x)
log(2)

[
1−

√
2

2 , 2−
√

2
2

]

[12, 9, 7, 5] 6.371...10−4 9.347...10−4 < ǫ̂

Table III. Corresponding Results

Chebyshev Polytope (d) T1 T2 Gain of Accuracy in Bits

1 330 1 (4) 0.62 0.26 ≈ 1.5

2 84357 9 (20) 0.51 2.18 ≈ 0.375

3 9346920 15 (20) 0.99 1.77 ≈ 0.22

4 192346275 1 (20) 0.15 0.55 ≈ 0.08

5 1 0 (4) 0.05 0 0

6 4 1 (4) 0.03 0.10 ≈ 0.41

7 38016 2 (15) 0.13 0.69 ≈ 0.06

8 12 (20) 0.59 5.16 ≈ 0.26

the fact that our polytope may, in some cases, have a large amount of vertices
(due to the need for a large amount of points x j , i.e., constraints, when building
the polytope) which can generate memory problems if we use Le Verge et al.
[1994]. We also need the MPFR multiple-precision library [The Spaces Project
2004] since we face precision problems when forming the polytope, and the
GMP library [Granlund 2002] since the polytope is defined by a matrix and a
vector which may have very large integer coefficients. The GMP library is also
used inside some Polylib computations.

We put some examples in Table II, and we group the corresponding results in
Table III. In the last column of Table II, the notation < ǫ̂ means that we chose a
value slightly smaller than ǫ̂, namely ǫ̂ rounded down to four fractional digits.

In the first column of Table III, one can find the number of candidates given
by Chebyshev’s approach. In the second, we give the number of candidates
given by the approach through polytopes and the corresponding parameter d .
T1 denotes the time in seconds for producing the candidate polynomials with the
polytope method. T2 denotes the time in seconds for computing the norms (5)
which, for the moment (cf. footnote 1), is done with Maple 9 in which the value of
Digits was fixed equal to 20. In the last column, we give the gain of accuracy in
bits that we get if we use the best truncated polynomial instead of polynomial p̂.

All the computations were done on a 2.53GHz Pentium 4 computer run-
ning Debian Linux with 256MB RAM. The compiler used was gcc without
optimization.
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Fig. 3. This figure shows how the number of integer points of the polytope drops when K decreases,
in the case of example 2. The term all candidates means the integer points of the polytope. By good
candidate, we mean the points that fulfill the requirement (1).

4.1 Choice of the Examples

These examples correspond to common cases that occur in elementary and
special function approximation [Muller 1997]. Examples 1, 2, and 4 are of
immediate interest. Example 3 is of interest for implementing the exponen-
tial function in double precision arithmetic, using a table-driven method such
as Tang’s method [Tang 1991, 1992]. Examples 5 and 6 also correspond to a
table-driven implementation of the exponential function in single precision.
Examples 7 and 8 aim at producing very cheap approximations to logarithms
in [1/2, 1], for special purpose applications.

Figure 3 shows how the number of integer points of the polytope drops when
K decreases, in the case of example 2.

APPENDIX 1. PROOFS OF PROPOSITIONS 1 AND 2

Proving those propositions first requires the following two results. The first one
is well known.

PROPERTY 3. There are exactly n + 1 values x0, x1, x2, . . . , xn such that

−1 = x0 < x1 < x2 < · · · < xn = 1,

which satisfy

Tn(xi) = (−1)n−i max
x∈[−1,1]

|Tn(x)| ∀i, i = 0, . . . , n.

That is, the maximum absolute value of Tn is attained at the xi ’s, and the sign

of Tn alternates at these points.

PROOF. These extreme points are simply the points cos(kπ/n), k =
0, . . . , n.
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LEMMA 1. Let (δi)i=0,...,n be an increasing sequence of nonnegative integers

and

P (x) = a0xδ0 + · · · + anxδn ∈ R[x],

then either P = 0 or P has at most n zeros in (0, +∞).

PROOF. By induction on n. For n = 0, it is straightforward. Now we assume
that the property is true until the rank n. Let

P (x) = a0xδ0 + · · · + anxδn + an+1xδn+1 ∈ R[x]

with 0 ≤ δ0 < · · · < δn+1 and a0a1 . . . an+1 �= 0. Assume that P has at least n + 2
zeros in (0, +∞). Then P1 = P/xδ0 has at least n + 2 zeros in (0, +∞).

Thus, the nonzero polynomial

P ′
1(x) = (δ1 − δ0)a1xδ1−δ0 + · · · + (δn+1 − δ0)an+1xδn+1−δ0

has, from Rolle’s Theorem, at least n+ 1 zeros in (0, +∞) which contradicts the
induction hypothesis.

PROOF OF PROPOSITION 1. From Property 3, there exist 0 = η0 < η1 < · · · <

ηn = 1 such that

α−1
k T ∗

n (ηi) = α−1
k (−1)n−i‖T ∗

n (·/a)‖[0,a] = α−1
k (−1)n−i.

Let q(x) =
∑n

j=0,
j �=k

c j x j ∈ R[x] satisfy ‖xk −q(x)‖[0,a] < |α−1
k |. Then the polynomial

P (x) = α−1
k T ∗

n (x)−(xk −q(x)) has the form
∑n

j=0,
j �=k

dj x j and is not identically zero.

As it changes sign between any two consecutive extrema of T ∗
n , it has at least

n zeros in (0, +∞). Hence, from Lemma 1, it must vanish identically which is
the contradiction desired. �

PROOF OF PROPOSITION 2. We assume that n is even since a straightforward
adaptation of the proof in this case gives the proof of the case where n is odd.

First, we suppose k even. Let

P (x) = anxn + · · · + ak+1xk+1 + xk + ak−1xk−1 + · · · + a0

such that ‖P‖[−a,a] < |1/βk,n|. Then, for all x ∈ [−a, a],

−
1

|βk,n|
< Q(x) :=

P (x) + P (−x)

2
<

1

|βk,n|
that is, since k and n are both even, for all x ∈ [−a, a],

−
1

|βk,n|
< Q(x) = anxn + · · · + ak+2xk+2 + xk + ak−2xk−2 + · · · + a0 <

1

|βk,n|
.

From Property 3 and the inequality ‖Q‖[−a,a] < |1/βk,n| = ‖Tn(·/a)‖[−a,a], the

polynomial R(x) = Q(x) − Tn(x/a)/βk,n =
∑n/2

j=0,
j �=k/2

c j x2 j changes sign between

two consecutive extrema of Tn(x/a). Then, it has at least n distinct zeros in
[−a, a] and, more precisely, in [−a, 0)∪ (0, a] since 0 is an extrema of Tn(x/a) as

n is even. Hence, the polynomial R(
√

x) =
∑n/2

j=0,
j �=k/2

c j x j has at least n/2 distinct

zeros in (0,
√

a] : it is identically zero from Lemma 1.
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We have just proved that

P (x) =
1

βk,n
Tn

(x

a

)

+
P (x) − P (−x)

2
.

We recall that |P (x)| < 1/|βk,n| for all x ∈ [−a, a]. Therefore, we have, by
substituting 1 and −1 to x

−
1

|βk,n|
−

1

βk,n
Tn

(
1

a

)

<
P (1) − P (−1)

2
<

1

|βk,n|
−

1

βk,n
Tn

(
1

a

)

and

−
1

|βk,n|
−

1

βk,n
Tn

(

−
1

a

)

<
P (−1) − P (1)

2
<

1

|βk,n|
−

1

βk,n
Tn

(

−
1

a

)

As n is even, we know that Tn(1/a) = Tn(−1/a) = 1. Hence, we obtain

0 <
P (1) − P (−1)

2
< 0

which is the contradiction desired.
Now, we suppose k odd. Let

P (x) = anxn + · · · + ak+1xk+1 + xk + ak−1xk−1 + · · · + a0

such that ‖P‖[−a,a] < |1/βk,n−1|. Then, for all x ∈ [−a, a],

−
1

|βk,n−1|
< Q(x) :=

P (x) − P (−x)

2
<

1

|βk,n−1|
that is, for all x ∈ [−a, a],

−
1

|βk,n−1|
< Q(x) = an−1xn−1+· · ·+ak+2xk+2+xk +ak−2xk−2+· · ·+a1 <

1

|βk,n−1|
.

From Property 3 and the inequality ‖Q‖[−a,a] < |1/βk,n−1| = ‖Tn−1(·/a)‖[−a,a],

the polynomial R(x) = Q(x)−Tn−1(x/a)/βk,n−1 =
∑n/2−1

j=0,
j �=(k−1)/2

c j x2 j+1 changes sign

between two consecutive extrema of Tn−1(x/a). Then, it has at least n−1 distinct
zeros in [−a, a] and, in particular, at least n−2 distinct zeros in [−a, 0)∪ (0, a].

Hence, the polynomial R(
√

x)/
√

x =
∑n/2−1

j=0,
j �=(k−1)/2

c j x j has at least n/2 − 1 distinct

zeros in (0,
√

a] : it is identically zero from Lemma 1.
We have just obtained that

P (x) =
1

βk,n−1
Tn−1

(
x

a

)

+
P (x) + P (−x)

2
.

Here again, we recall that |P (x)| < 1/|βk,n−1| for all x ∈ [−a, a]. Thus, it follows,
by substituting 1 and −1 to x

−
1

|βk,n−1|
−

1

βk,n−1
Tn

(
1

a

)

<
P (1) + P (−1)

2
<

1

|βk,n−1|
−

1

βk,n−1
Tn−1

(
1

a

)

and

−
1

|βk,n−1|
−

1

βk,n−1
Tn−1

(

−
1

a

)

<
P (−1) + P (1)

2
<

1

|βk,n−1|
−

1

βk,n−1
Tn−1

(

−
1

a

)
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As n is even, we have Tn−1(1/a) = −Tn−1(−1/a) = 1. Hence, we obtain

0 <
P (1) + P (−1)

2
< 0

which is the contradiction desired. �

APPENDIX 2

We now prove the following statement.

LEMMA 2. Let d , n ∈ N, let x0, . . . , xd , l0, . . . , ld , u0, . . . , ud ∈ R (resp. Q) such

that xi �= xj if i �= j , let � the set defined by

� =

{

(α0, . . . , αn) ∈ Rn+1 (resp. Qn+1) : li ≤
n∑

j=0

αj x
j
i ≤ ui for i = 0, . . . , d

}

.

If d ≥ n, then � is a polytope (resp. rational polytope). If d < n, then either � is

empty or � is unbounded.

PROOF. The set � is obviously a polyhedron (respectively rational polyhe-
dron). So, if we want to prove that � is a polytope (respectively rational poly-
tope), it suffices to show that it is bounded.

First, we assume d ≥ n. Then, � is contained in the set �
′ defined by

�
′ =

{

(α0, . . . , αn) ∈ Rn+1 : li ≤
n∑

j=0

αj x
j
i ≤ ui for i = 0, . . . , n

}

.

Let

ϕ : Rn+1 −→ Rn+1

(α0, . . . , αn) �→

(
n∑

j=0

αj x
j

0 , . . . ,
n∑

j=0

αj x j
n

)

The linear application ϕ is an isomorphism for the matrix

⎛

⎜
⎜
⎜
⎜
⎝

1 x0 · · · xn
0

1 x1 · · · xn
1

...
...

...

1 xn · · · xn
n

⎞

⎟
⎟
⎟
⎟
⎠

is a nonsingular Vandermonde matrix since xi �= xj if i �= j . The linear appli-
cation ϕ−1, defined on a finite dimensional R-vector space, is continuous and
the set In =

∏n
i=0[li, ui] is a compact of Rn+1. Thus, the set �

′ which is equal to
ϕ−1(In) is a compact of Rn+1, which implies that � is necessarily bounded.
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Now, we assume d < n and � non empty. Then, we notice that � is defined
by the inequalities

l0 −
n∑

j=d+1

αj x
j

0 ≤
d∑

j=0

αj x
j

0 ≤ u0 −
n∑

j=d+1

αj x
j

0 ,

... ≤
... ≤

...

ld −
n∑

j=d+1

αj x
j
d ≤

d∑

j=0

αj x
j
d ≤ ud −

n∑

j=d+1

αj x
j
d .

As xi �= xj if i �= j , the matrix

A =

⎛

⎜
⎜
⎜
⎝

1 x0 · · · xd
0

1 x1 · · · xd
1

...
...

...

1 xd · · · xd
d

⎞

⎟
⎟
⎟
⎠

is nonsingular. Hence, in particular, the polyhedron � contains the family of
vectors

⎧

⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎩

A−1

⎛

⎜
⎜
⎜
⎜
⎝

u0 −
∑n

j=d+1 αj x
j

0

u1 −
∑n

j=d+1 αj x
j

1
...

ud −
∑n

j=d+1 αj x
j
d

⎞

⎟
⎟
⎟
⎟
⎠

, (αd+1, . . . , αn) ∈ Zn−d

⎫

⎪
⎪
⎪
⎪
⎬

⎪
⎪
⎪
⎪
⎭

,

which proves that � can not be bounded.

APPENDIX 3. A WORKED EXAMPLE

Let us give the details of the first example of Table II. We focus on the degree-3
approximation to the cosine function in [0, π/4].

First, we determine (here using the numapprox package of Maple with Digits

equal to 10) the degree-3 minimax polynomial associated to cos on [0, π/4]. We
get

p = 0.9998864206+ (0.00469021603+ (−0.5303088665+0.06304636099x)x)x.

Then, ǫ = ‖ f − p‖[0,π/4] = 0.0001135879209. This means that such an approx-
imation is not good enough for single-precision implementation of the cosine
function. It can be of interest for some special purpose implementations. We
have

p̂ =
1

16
x3 −

17

32
x2 +

5

1024
x + 1 and ǫ̂ = ‖ f − p̂‖[0,π/4] = 0.0006939707.

Let us choose K = ǫ̂/2. Then, the approach that uses Chebyshev polynomials
gives

—3 possible values between 4095/4096 and 4097/4096 for the degree-0 term,

—22 possible values between −3/512 and 15/1024 for the degree-1 term,

—5 possible values between −9/16 and −1/2 for the degree-2 term,

—1 possible value equal to 1/16 for the degree-3 term.
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Hence, the approach that uses Chebyshev polynomials provides 330 candi-
date polynomials. This is a reasonably small number the time necessary for the
exhaustive computation of the norms 5 is small6. There is no need to use the
approach based on polytopes; we use it anyway in the following to show how it
works.

First, we define a subinterval [A, B] of [0, π/4] with rational bounds. Let
A = 0, we choose a rational approximation B of π/4 such that B ≤ π/4 and its
numerator and denominator are small in order to speed up the computations.
The bigger the integers occuring in the data defining the polytope are, the
slower the computations are performed. Hence, let B = 7/9, which is a
convergent of the continued fraction expansion of π/4.

We choose a value of d equal to 4, that is, the polytope is built from five
rational points which are 0, 1

4 · 7
9 , 2

4 · 7
9 , 3

4 · 7
9 , 7

9 . Let a⋆
j = 2mj p⋆

j for j = 0, . . . , 3.
Therefore, we want the inequalities hereafter to be satisfied:

cos

(
7i

36

)

− K ≤
3∑

j=0

a⋆
j

2mj

(
7i

36

) j

≤ cos

(
7i

36

)

+ K for i = 0, . . . , 4. (7)

We still assume that K = ǫ̂/2. These inequalities define a polytope, but it is
not a rational one. Hence, we compute rational approximations of the lower
and upper bounds in 7: for i = 0, . . . , 4, we compute li and ui ∈ Q such that
li ≤ cos( 7i

36 ) − K , cos( 7i
36 ) + K ≤ ui. Here again, our target is to prevent the

increase of the size of the involved integers. Therefore, we can either compute
convergents of the li and ui or we can impose that, for each i, li and ui have
the same denominator as the

a⋆
j

2mj ( 7i
36 ) j for j = 0, . . . , 3. We choose the second

possibility, hence, for all i = 0, . . . , 4, we put

li =
⌈

Di

(

cos

(
7i

36

)

− K

)⌉

/Di and ui =
⌊

Di

(

cos

(
7i

36

)

+ K

)⌋

/Di

where Di is the least common multiple of the denominators of the
a⋆

j

2mj ( 7i
36 ) j for

j = 0, . . . , 3.
We obtain a rational polytope defined by AX ≤ B with

A =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 0 0

−1 0 0 0

729 567 1764 1372

−729 −567 −1764 −1372

729 1134 7056 10976

−729 −1134 −7056 −10976

27 63 588 1372

−27 −63 −588 −1372

729 2268 28224 87808

−729 −2268 −28224 −87808

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, X =

⎛

⎜
⎜
⎜
⎝

a⋆
0

a⋆
1

a⋆
2

a⋆
3

⎞

⎟
⎟
⎟
⎠

, B =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

4097

−4095

2930749

−2928678

2764059

−2761988

92341

−92266

2128473

−2126402

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

6Around 1.5 second on a 2.53GHz Pentium 4 computer running Debian Linux with 256MB RAM.
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Table IV. Number of Points, and Computational Times (in C
and in Maple) for Various Choices of d and K in Example 1

Time [s]
d K T1 T2 # Polynomials

9 7.00 10−4 2.60 1.68 7

9 5.00 10−4 1.59 0.98 4

9 2.50 10−4 0.25 0.26 1

9 6.93 10−4 2.55 1.40 6

18 6.93 10−4 2.84 1.40 6

36 6.93 10−4 3.37 1.40 6

72 6.93 10−4 7.39 1.40 6
p⋆ : (4095, 6, −34, 1)

2.44 10−4 (gain 1.5 bits)

Then, our current C implementation returns only one candidate
(4095, 6, −34, 1). We check that it satisfies condition (1). We therefore directly
obtain

p⋆ =
1

16
x3 −

17

32
x2 +

3

512
x +

4095

4096
and ‖ f − p⋆‖[0,π/4] = 0.0002441406250.

In this example, the distance between f and p⋆ is approximately 0.35 times
the distance between f and p̂. Using our approach saves around − log2(0.35) ≈
1.5 bits of accuracy.

Table IV gives some figures (number of points of the polytope, delay of com-
putation) depending on the choices of d and K in this example. Here again, T1

denotes the time in seconds for producing the candidate polynomials, and T2

denotes the time in seconds for computing the norms 5.
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Boston, MA.

PINEIRO, J., BRUGUERA, J., AND MULLER, J.-M. 2001. Faithful powering computation using table
look-up and a fused accumulation tree. In Proceedings of the 15th IEEE Symposium on Computer

Arithmetic (Arith-15). Burgess and Ciminiera Eds. IEEE Computer Society Press, Los Alamitos,
CA, 40–58.
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polynômes d’approximation. C.R. Acad. Sci. Paris 198, 2063–2065.

RIVLIN, T. J. 1990. Chebyshev Polynomials. From Approximation Theory to Algebra 2nd Ed. Pure
and Applied Mathematics. John Wiley & Sons, New York, NY.

SCHRIJVER, A. 2003. Combinatorial optimization. Polyhedra and efficiency. Vol. A. Algorithms and
Combinatorics, 24. Springer-Verlag, Berlin, Germany.

STORY, S. AND TANG, P. T. P. 1999. New algorithms for improved transcendental functions on IA-
64. In Proceedings of the 14th IEEE Symposium on Computer Arithmetic. Koren and Kornerup,
Eds. IEEE Computer Society Press, Los Alamitos, CA, 4–11.

TANG, P. T. P. 1989. Table-driven implementation of the exponential function in IEEE floating-
point arithmetic. ACM Trans. Math. Soft. 15, 2 (June), 144–157.

TANG, P. T. P. 1990. Table-driven implementation of the logarithm function in IEEE floating-point
arithmetic. ACM Trans. Math. Soft. 16, 4 (Dec.), 378–400.

TANG, P. T. P. 1991. Table lookup algorithms for elementary functions and their error analysis.
In Proceedings of the 10th IEEE Symposium on Computer Arithmetic. P. Kornerup and D. W.
Matula, Eds. IEEE Computer Society Press, Los Alamitos, CA, 232–236.

TANG, P. T. P. 1992. Table-driven implementation of the expm1 function in IEEE floating-point
arithmetic. ACM Trans. Math. Soft. 18, 2 (June), 211–222.

THE POLYLIB TEAM. 2004. Polylib, a library of polyhedral functions, version 5.20.0. http://icps.
u-strasbg.fr/polylib/.

THE SPACES PROJECT. 2004. MPFR, the multiple precision floating point reliable library, version
2.0.3. http://www.mpfr.org.

WEI, B., CAO, J., AND CHENG, J. 2001. High-performance architectures for elementary function
generation. In Proceedings of the 15th IEEE Symposium on Computer Arithmetic (Arith-15).
Burgess and Ciminiera Eds. IEEE Computer Society Press, Los Alamitos, CA, 136–146.

Received April 2004; revised May 2005; accepted September 2005

ACM Transactions on Mathematical Software, Vol. 32, No. 2, June 2006.

✶✻✸


	Avant-propos
	Introduction
	Arithmétique des ordinateurs
	Représentations des nombres
	Algorithmes

	Implantations
	Validation au niveau arithmétique
	Outils et support pour l'arithmétique des ordinateurs

	Résumé des travaux
	Arithmétique en ligne
	Architectures reconfigurables
	Architecture FPPA
	Architecture FPOP

	Méthodes à base de tables
	Méthode à base de tables et de petits multiplieurs
	Méthode à base de tables et additions, méthode multipartite
	Méthode à base de tables et polynômes très particuliers

	Division pour circuits asynchrones
	Opérateurs arithmétiques spécifiques pour FPGA
	Variantes de la multiplication
	Multiplication par des constantes
	Multiplication tronquée
	Fonction puissance entière xn

	Bibliothèques flottantes pour processeurs entiers
	Bibliothèque flottante pour processeurs CoolRisc
	Bibliothèque FLIP pour processeur VLIW ST200

	Division par des constantes
	Approximations polynomiales
	Calcul à basse consommation d'énergie
	Opérateurs arithmétiques pour la basse consommation
	Modélisation et évaluation de la consommation d'opérateurs arithmétiques
	Consommation d'énergie dans les processeurs graphiques

	Opérateurs arithmétiques pour la cryptographie
	Arithmétique dans les corps finis
	Fonctions de hachage cryptographique
	Sécurisation d'opérateurs arithmétiques pour la cryptographie

	Générateur de diviseur divgen
	Bibliothèque logicielle PACE pour la cryptographie
	Maîtrise des erreurs d'arrondi dans les outils de CAO
	Générateurs aléatoires TRNG
	Arithmétique par estimation

	Opérateurs arithmétiques matériels pour l'évaluation de fonctions par approximation polynomiale
	Introduction
	Notations et état de l'art
	Notations
	Erreurs
	Polynôme minimax
	Vers des polynômes d'approximation avec des coefficients représentables
	Génération des meilleurs approximants
	Outils pour le calcul de bornes d'erreur globale

	Méthode d'optimisation proposée
	Calcul du polynôme minimax
	Détermination des coefficients du polynôme et de leur taille
	Détermination de la taille du chemin de données
	Résumé de la méthode

	Exemples d'applications sur FPGA
	Fonction 2x sur [0,1]
	Racine carrée sur [1,2]

	Conclusion et perspectives

	Conclusion et perspectives
	Autres activités
	Encadrement
	Enseignements
	Administration et tâches collectives
	Animation
	Collaborations académiques
	Collaborations et contrats industriels
	Développement de logiciels
	Participation à des comissions de spécialistes
	Édition, comités de programmes, relectures
	Expertises

	Bibliographie personnelle
	Bibliographie générale
	Sélection de publications
	Opérateurs en arithmétique en ligne pour le contrôle numérique
	Opérateurs à base de petits multiplieurs pour l'évaluation de fonctions
	Méthode des tables multipartites
	Optimisation de la multiplication par des constantes
	Génération d'approximations polynomiales efficaces en machine


