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Liste de notations

X désigne une variable aléatoire explicative dans R¢.

Y désigne une variable aléatoire réponse dans R.

f(-) : R* — R désigne la densité de X.

Q. désigne le quantile d’ordre « dans |0, 1] de X.

f(-,) : R x R? — R désigne la densité du couple (Y, X).

f(-|z) désigne la densité conditionnelle de Y sachant X = x.

F(-]z) désigne la fonction de distribution conditionnelle de Y sachant X = x.

Q(a|z) désigne le quantile conditionnel d’ordre v dans ]0,1[ de Y sachant X = =.

I(A) désigne la fonction indicatrice de A, c’est-a-dire que I[(A) =1 si A est vrai et 0 sinon.
(X, Y;), désigne un échantillon de n variables indépendantes et identiquement distribuées

ayant la loi du couple (X,Y).

Soient (ap)n>1 €t (bn)n>1 deux suites réelles telles que pour tout n > 1, b, # 0.
O(by,) si et seulement si la suite (a,/b,)n>1 est bornée.

a, = o(by,) si et seulement si a, /b, — 0 lorsque n — 0.

Soient A une variable aléatoire et (A,),>1 et (B,)n,>1 deux suites de variables aléatoires
réelles telles que pour tout n > 1, on ait B,, # 0 presque sturement.

A, = Op(B,) si et seulement si pour tout € > 0, IN, IM, tels que P(|A,/B,| > M) < €
pour tout n > N.

A, = op(B,,) si et seulement si pour tout € > 0, lim,,_,., P(|A,,/B,| > €) = 0.

A, = Asi et seulement si P(A,, < z) - P(A < x) = F(z) pour tout point de continuité de

N(u,0?) désigne la variable aléatoire gaussienne d’espérance u et de variance o2

Pour tout réel z, |z| désigne le plus grand entier inférieur ou égal a z.



Chapitre 1
Introduction

Les méthodes de régression sont trés utilisées en statistiques. Ces modéles permettent d’étu-
dier l'effet d’une variable aléatoire (v.a.), dite explicative, sur une autre variable aléatoire, dite
observée. Parmi ces modéles, le plus simple semble étre le modéle linéaire. La régression linéaire
suppose que la v.a. observée Y est une fonction affine de la v.a. explicative X. En d’autres
termes, le modéle linéaire suppose ’existence de deux paramétres a, b et d’une variable ¢ dite

d’erreur tels que Y = a + bX + €.

Le premier modéle de régression statistique a été la régression quantile. Ce modéle est issu
des travaux sur la forme elliptique de la Terre de Boscovitch (voir Stigler (1986)) au milieu du
18¢eme siécle. En comparaison, il faudra attendre prés d’un demi siécle pour voir les premiers
travaux sur la méthode des moindres carrés initiée par Legendre. Par la suite, la méthode de
Legendre, étudiée et améliorée par Gauss, sera la plus utilisée des deux. Une présentation histo-
rique de ces résultats statistiques est disponible dans Stigler (1986). Plusieurs raisons peuvent
expliquer pourquoi la méthode des moindres carrés fit préférée. Une premiére explication pos-
sible tient dans ’optimalité de 'estimateur des moindres carrés au sens de 'efficacité de la borne
de Cramer-Rao lorsque le terme d’erreur est normalement distribué. Une seconde explication
possible est que I'estimateur des moindres carrés a une forme explicite. Cela signifie que son

étude peut étre menée directement tandis que 'estimateur obtenu par minimisation du contraste
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L1 n’a pas d’expression directe.

Néanmoins, outre les propriétés bien connues de robustesse de la médiane empirique, cette
derniére est parfois plus efficace que 'estimateur des moindres carrés, notamment lorsque 1’on
cherche a estimer le paramétre de centralité d’une varaible aléatoire suivant la loi de Laplace.
De plus Bahadur en 1966 fat le premier a exprimer ’estimateur du quantile comme une somme
de v.a. (lite a la fonction de répartition empirique) moyennant un terme d’erreur relativement
petit. Cette expression, dite de Bahadur, permet d’étudier cet estimateur avec les méthodes
classiques des processus empiriques. Cela remédie partiellement au fait que cet estimateur n’ait

pas forcément de forme explicite.

Dans une premiére partie, nous présentons quelques résultats concernant I'estimation de
quantiles. Aprés avoir défini les quantiles, nous donnons les propriétés asymptotiques d’estima-
teurs de quantiles ainsi que leur représentation de Bahadur. Puis nous présentons la régression
quantile introduite par Koenker et Basset. Nous donnons quelques avantages tirés de 'utili-
sation de ce type de modéle de régression par rapport notamment aux modéles de régression
classiques. Nous étendons ensuite ce modéle de régression au cadre non-paramétrique en pré-

sentant essentiellement le résultat de Chaudhuri (1991).

Dans la deuxiéme partie de 'introduction, nous étendons les résultats de la premiére en don-
nant une bréve introduction a la théorie de la M-estimation. En effet, 'estimation des quantiles
peut étre vue comme un cas particulier de M-estimation. Nous présentons donc quelques résul-

tats asymptotiques des M-estimateurs dans un cadre paramétrique puis non-paramétrique.

Enfin nous terminons cette introduction en précisant quelques apports de cette thése. L’objet
de cette thése est d’établir des résultats asymptotiques pour 'estimateur du quantile condition-
nel par la méthode des polynémes locaux ainsi qu’a la généralisation de ces résultats pour les
M-estimateurs. Nous étudions ces estimateurs et plus particuliérement leur représentation de
Bahadur et leur biais. Nous donnons en outre un résultat sur les intervalles de confiance uni-

formes construits & partir de cette représentation pour le quantile conditionnel et ses dérivées.



1.1. QUANTILE ET REGRESSION QUANTILE 9

1.1 Quantile et régression quantile

1.1.1 Estimation des quantiles
a) Définitions du quantile

Soit X une variable aléatoire réelle de fonction de répartition F' et soit o dans l'intervalle
ouvert |0, 1[. On définit @, le quantile d’ordre o de X comme étant un réel (non nécessairement
unique) tel que la probabilité qu’une réalisation de X soit inférieure ou égale a @, soit «.

Remarquons que les propriétés d’une fonction de répartition F'(-), notamment sa continuité
a droite et I'existence d’une limite a gauche en tout point (cadlag), implique que le quantile @,
vérifie

Qo =inf {F(t) > a}, (1.1.1)

teR
pour tout « dans ]0,1[, ot 'on adopte la convention inf{()} = +o00. Le quantile @), d’ordre
« dans ]0, 1] d’une variable aléatoire X peut étre définit de plusieurs facons. Par exemple, les

quantiles vérifiant (1.1.1) doivent vérifier

F(Qu-) < a < F(Qu), (1.1.2)

ou F(z—) = lim,_,o+ F(z — €). Notons que @, est définie de fagon unique par Q, = F~'(a) si
X a une densité f(-) continue et strictement positive, ce qu’on supposera dans la suite.

Une méthode utilisée pour caractériser les quantiles d’une distribution est liée au domaine
plus vaste de la M-estimation. En effet, remarquons que (), peut étre vu comme le réel minimi-
sant la quantité L£(q) = E [(,(X — q)], par rapport & la variable ¢ et ou £,(t) = |t| + (2a — 1)t.

Montrons cette propriété : On a

L) = / {2 — gl + @0 — )z — g)} f(x)da
-2 f T ole— (x> q) + (1 - a)g - D) (x < )} flz)da

q

= 2a/oo(x—q)f(:v)dx+2(1—a)/ (¢ —z)f(x)dx

—0oQ
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= 2a /Z zf(z)dz — 20q /Z F(z)dz — 2 /; o f (z)dx + 2q /qoo f(z)dz.

La condition du premier ordre de £(q) par rapport a ¢ peut donc s’écrire :
q
0=—2a+ 2/ f(z)dz.

Observons que £(q) est strictement convexe puis que £ (q) = 2f(¢) > 0. Cela implique donc
que le quantile d’ordre « de la distribution X est I'unique minimum de £(q). Nous noterons

alors

Qo = Arg Min L(q).

q€R

Une motivation statistique pour ’estimation des quantiles est de construire des intervalles de
confiance. On se donne un niveau « dans ]0, 1] et une variable réelle X. Un intervalle de confiance
I, est un intervalle de R tel qu’une réalisation de X appartienne a I, avec une probabilité 1 — .
Une fagon naturelle de construire un tel intervalle est de calculer les quantiles d’ordre 1 — /2

et a/2 de la variable X, Q1_,/2 et Qn/2. On a alors pour I, = [Qa/g, Ql_a/g},
P(Xel,)=1-a.

A partir d’un échantillon, il existe plusieurs facons d’estimer les quantiles ()1_, et @), pour
a fixé. Ces estimateurs de quantiles permettent alors de construire des intervalles de confiance
approximatifs, et ainsi par exemple de déterminer les données pouvant apparaitre "hors-norme".
Ces données seront considérées comme telles si elles sont en dehors de l'intervalle de confiance

estimé pour un niveau « de référence comme 10%, 5% ou 1%.

b) Propriétés asymptotiques

On considére une suite de variables aléatoires réelles X1, Xs, ... indépendantes et identique-
ment distribuées (i.i.d.) de fonction de répartition commune F. Soit 0 < a < 1. Sans autres

hypothéses sur F', on définit @),, le quantile d’ordre « de la fonction de répartition F' par la
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relation (1.1.2). On définit maintenant la fonction de répartition empirique associée a la fonction

F. Soit donc
1 n
Fn L= = ]IXZS y
()= 310K <0

ou I(-) désigne la fonction indicatrice. Soit @a, le quantile d’ordre « de la fonction de répartition
empirique F), définit par la relation

Qu : = inf {F,(z) > a}. (1.1.3)

zeR

La question est naturellement de savoir comment se comporte asymptotiquement la quantité
@a — )o. En fait, @a hérite d’un certain nombre de propriétés de la fonction de répartition
empirique F,. Les propriétés générales des fonctions de répartition, notamment le fait que la
loi de la variable aléatoire nF,(x) soit une binomiale B(n, F'(x)) permettent alors d’utiliser des

outils tels que les inégalités de type Hoeffding et ainsi d’avoir par exemple le résultat suivant,

Théoréme 1 Soit 0 < o < 1. St F' est continue dans un voisinage de Qy, alors pour tout € > 0

P (|Qu - Q

> e) < 2exp (—2nt,.),
ot te = min(F(Qq +€) —a,a — F(Q, — ¢€)).

Ce résultat disponible dans le livre de Serfling (1980) donne la convergence presque compléte
de @a vers (), et donc la convergence presque stre. Une fagon de prouver ce théoréme est
de composer par F,! dans la probabilité, ayant au préalable décomposé la valeur absolue.

Autrement dit, il s’agit de remarquer que

P (|00 - @a

>e> < P(@a>Qa+e>+P<@a<Qa—e>
= P(Fu(Qa—€) =2 ) + P(Fi(Qa +€) <a),

grace aux propriétés de F},, puis ayant correctement re-normalisé cette expression, on applique

'inégalité de Hoeffding aux variables binomiales nF,(Q, + €) et nF,(Q, — €).



12 CHAPITRE 1. INTRODUCTION

Nous donnons aussi un résultat sur la densité de @a. En effet, si X admet une densité f,
alors il en est de méme pour @a et cette densité est calculable. Elle peut se déduire de la fonction

de répartition de @a que nous notons G,,. On a la relation

Gu(t) = P (@a < t) — P (nF,(t) > na) = P(B(n, F(t)) > na)

n

= S " oy a-Fapy,

]

i=m

ou B(n, F(t)) désigne la loi binomiale de paramétres n et F(t) et ou

no si no est un entier

|na] +1 sinan’est pas un entier.
On en déduit par simple dérivation que la densité g, de @a est

g =n| ") FO) @ - POy )
m—1
ol m = na si na est un entier et m = [na] + 1 si na n’est pas un entier.

Pour mieux comprendre l'interdépendance entre le quantile empirique et la fonction de
répartition empirique, Bahadur (1966) a développé un outil permettant d’écrire la différence du
quantile empirique avec le quantile comme une somme de variables aléatoires (précisément une
fonction de la distribution empirique) moyennant une faible erreur.

La représentation de Bahadur a été un sujet de recherche important en statistique depuis son
introduction dans l'article de Bahadur (1966). Initialement, cette représentation a été construite
pour différents types d’estimateurs de quantiles de distributions par Bahadur (1966). Elle a
été ensuite affinée et adaptée dans plusieurs contextes plus généraux que celui du quantile de
distribution comme par exemple les modéles des M-estimateurs.

Avant de présenter le théoréme principal de Bahadur (1966) nous donnons la définition d’une

suite de variables aléatoires bornée presque strement.
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Définition 1 Soient (X,,),>1 une suite de variables aléatoires et (a,)n>1 une suite de réels
strictement positifs. On a X, = Op.(a,) lorsque n — oo si et seulement si il existe un ensemble

Q tel que P(Q) =1 et tel que pour tout w € €, il existe une constante B(w) telle que
| Xn(w)] < B(w)an,
pour n assez grand.

Nous présentons maintenant le théoréme principal de Bahadur (1966).

Théoréme 2 (Bahadur (1966)) Supposons que F' est deux fois dérivable, de dérivée seconde
continue et bornée dans un voisinage de Q., et telle que f(Q.) : = F'(Qa) > 0. Alors si on
définit

Fn(Qa) -«

o0 (1.1.4)

Rn(a) : :Q\a_Qa+

on a

lorsque n — o0.

L’expression de R, (a) dans (1.1.4) montre I'importance de I’hypothése f(Q,) > 0. Notons en
outre que ce théoréme, et la représentation de Bahadur en général, permet d’avoir la normalité
asymptotique de \/ﬁ(@a — Q) par une simple étude du processus empirique F,(Q,). En fait,
de fagon plus générale, la représentation de Bahadur pour les quantiles empiriques permet de
ramener leur étude & celle des propriétés de la fonction de répartition empirique. Il s’ensuit

immédiatement le corollaire suivant :

Corollaire 1 Sous les hypothéses du théoréme 2, nous avons

Aa-a) -3 (o 45)
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Le corollaire 1 se prouve par une directe application du théoréme de la limite centrale en

constatant au préalable que
ViR, (a) =0, (1),

grace au théoréme 2.
Nous présentons maintenant quelques résultats concernant 1’étude précise du comportement
de la variable aléatoire R, («) définie en (1.1.4). Le premier a avoir améliorer le résultat du

théoréme 2 est Kiefer (1967) en donnant 'ordre exact optimal du reste R, ().

Théoréme 3 (Kiefer (1967)) Considérons 0 < a < 1 et R,(«) définit en (1.1.4). Supposons
f bornée dans un voisinage de Q,, et f(Qq) > 0. Alors

25/4 1— 1/4
ey Qa0) 5ot~ )
nooo  n34(loglog(n))3/4 33/4

Les apports de Kiefer (1967) sont multiples. En premier lieu, il donne le comportement
asymptotique exact de R, («). En second lieu, il diminue les hypothéses sur F' qui est simplement
supposée dérivable, de dérivée bornée dans un voisinage de (), au lieu de deux fois continiiment
dérivable. Dans le méme article, on trouve la distribution limite de R,(«). Soient ® et ¢,
respectivement la fonction de distribution et la densité d’une variable aléatoire ayant pour loi

une N(0,1).
Théoréme 4 (Kiefer (1967)) Sous les mémes hypothéses que celles du théoréme 3,

2 t

im n3/4 a)Bpla) <t) = ———— B Y u.
nl_m]P)( f(Qa)Rn( )<t> [Oz(l—@)]l/2/0 q)(uuz)@b([a(l_a)]uz) d

De nombreux autres travaux ont affiné ces résultats. En particulier, Kiefer (1970) a étudié

le processus

Ry = sup f(Qa)[Ra(a)], (1.1.5)

0<a<l

et a prouvé
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Théoréme 5 Sous les mémes hypothéses que celles du théoréme 3,

1- n3/4R;’; —1/4
im su = :
ool (log n)/%(log log n)/4

Ce dernier théoréme est particuliérement utile car il donne une idée générale du comportement

asymptotique de R,(«) pour les pires valeurs de a.

1.1.2 Régression quantile

Un vaste domaine des statistiques est celui de la régression. Ce domaine étudie I'effet d’une
ou plusieurs variables aléatoires dites variables explicatives sur une autre variable aléatoire dite
variable réponse via une fonction de régression inconnue. Le modéle de régression quantile a été
introduit par Koenker et Bassett (1978) comme une extension de l'estimation de quantile. Il y
est exposé que 'un des interéts de cette méthode d’estimation est notamment la robustesse de
I'estimateur du quantile conditionnel par rapport a l'estimateur de la régression. Par rapport
a la régression linéaire classique, cette méthode permet aussi de mieux analyser la dispersion
de la variable dépendante autour d’une tendance centrale, comme par exemple la médiane, en
fonction des variables explicatives retenues.

La régression quantile a de nombreuses applications pratiques. Par exemple ’¢laboration de
tables de références en médecine plus précises que celles obtenue par la régression classique,
voir Cole et Green (1992) et Royston et Altman (1994). La régression quantile est aussi utilisée
dans le cadre de l'analyse de survie voir Koenker et Geiling (2001). Il existe aussi des appli-
cations en finance comme par exemples celles découlant de la notion de "valeur sous risque"
(value at risk), voir Basset et Chen (2001). La régression quantile peut servir d’outil pour la
détection d’hétéroscédasticité, voir Koenker et Basset (1982) et Wilcox et Keselman (2006).
Powell (1986) a montré comment, dans un modéle & données censurées, on peut utiliser les
quantiles conditionnels pour aussi tester ’hétéroscedasticité et la symétrie des distributions des

erreurs. Hérdle et Gasser (1984), Huber (1981) donnent des exemples montrant la robustesse
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d’estimateurs des quantiles conditionnels par rapport a d’autres estimateurs, notamment ceux
de la régression. Honda (2000) et Shi (1995) étendent, parmi d’autres, cette approche aux cas
de données dépendantes.

Un des avantages de la régression quantile par rapport a la régression classique consiste dans
le fait qu’estimer les quantiles fournit naturellement des bandes de confiance au lieu d’une droite
de régression. Le modéle de Konker et Basset (1978) suppose que la fonction de quantile Q(«|z)

de Y sachant X = x vérifie
Q(alz) = 2" B(a),

ot ici, = et B(a) sont dans R? et () est inconnu.
Disposant d'un n-échantillon (Y3, X1), -+, (Y, X,,) de méme loi que (Y, X) dans R x R,
Koenker et Basset (1978) propose d’estimer («) par

n
B(a) = Arg Min Z lo(Y; — X['b) = Arg Min L,,(b; a), (1.1.6)
beRd T beR?
ou £y (t) = [t| + (2a — 1)t, t dans R.

Les avantages tirés de I'utilisation du quantile conditionnel plutot que ’espérance condition-
nelle pour expliciter le comportement d’une variable aléatoire Y sachant une variable explicative
X est donné un grand nombre d’articles.

Exposons dans un premier temps certains des avantages de la régression quantile par rapport

A d’autres méthodes d’estimation.

a) Deux propriétés importantes de ’approche quantile

Robustesse Les statistiques robustes ont connu un intérét grandissant depuis le papier fon-
dateurs de Huber (1967). Les problématiques de la robustesse proviennent d’une observation
de l'estimateur de la moyenne. En effet la moyenne empirique est grandement affectée par la
présence de données aberrantes (outliers). L’estimation du quantile ou de la régression quantile
offre dans cette optique une alternative robuste d’estimation. Plus précisément, la moyenne em-

pirique peut étre rendue aussi grande que ['on veut en augmentant la valeur d’une seule variable
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tandis que la valeur de I'estimateur quantile changera peu, comme la fonction de répartition
empirique a partir de laquelle il est définit.

Plus formellement, on mesure communément la robustesse d’une procédure statistique via la
fonction d’influence, voir Hampel (1974) pour les premiers résultats et Huber (1981) pour une
revue de la littérature. Soit ¢ un paramétre lié a une distribution F' d’'une v.a. X. En fait, on
peut voir # comme une fonction de la distribution F, soit § = 6(F'). Par exemple le paramétre
6 peut étre I'espérance de X soit §# = [ zdF(x). On considére une fonction contaminée F. par
le remplacement d’une petite quantité de masse € de F' par une masse équivalente concentrée
en y soit

F.=¢cd,+ (1 —¢)F,

ou 9, désigne la masse de Dirac en y. On exprime la fonction d’influence de 6 en F' comme étant

[Fy(y, F) = lim blFe) — 6(F)

e—0 g

Par exemple pour 'espérance,
O(F.) = /deg — oy + (1—2)0(F),
ce qui donne pour la fonction d’influence
IFy(y, F) =y — 0(F).

Prenons le cas de la médiane : 0(F) = F~1(1/2). Alors nous avons 6(F.) = F-'(1/2) et donc

_sgn(y— F'(1/2))
fFY(1/2))

ou f est la dérivée de F' et sgn la fonction signe.

IF9<y7F)

Comparons maintenant ces deux fonctions d’influence. En premier lieu, constatons que la
fonction d’influence de 'espérance est proportionnelle & y. Donc méme une petite contamination
de F' en un point y assez loin de O(F) crée une grande différence avec la vraie valeur en F.

En contrepartie, la fonction d’influence de la médiane d’une contamination en y est bornée
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par la constante f(F~'(1/2))~' appelée fonction de sparsité a la médiane. L’estimation de la
meédiane est clairement une procédure plus robuste. En effet tant que le signe de la quantité
y — F1(1/2) reste inchangé, la valeur de y ne change pas la fonction d’influence. En bref, la
fonction d’influence de 'espérance est grandement affectée par la valeur de y tandis que celle
de la médiane ne l'est pas, a condition que y — F."'(1/2) ne change pas de signe. Ces résultats

s’étendent aussi au cas de la régression quantile, voir Koenker (2005, Théoréme 2.4).

Invariance La régression quantile bénéficie d’'une importante propriété qui la différencie de
la régression linéaire classique. Cette propriété est l'invariance par transformation croissante,
comme rappelée par Koenker et Geiling (2001).
Soit Y dans R et X dans R? deux v.a. telles que la quantile d’ordre o dans [0,1] de Y
sachant X, noté Qy («|X) vérifie
Qv (a|X) = XTB(a), avec B(a) = ArgMinE [¢, (Y — X T)] = Arg Min £(b; ).

BERL BeRY

Considérons maintenant la variable Y* = ¢Y pour un ¢ > 0. Grace aux propriétés de L£(b; o)

nous avons

B (o) = ArgMinE [Ea (Y* — XTﬁ)] ,

BeRA
vérifie §*(a) = ¢f(a). Lorsque ¢ < 0, nous avons f*(a) = ¢f(1 — ). On en déduit que
pour a = 1/2, ¢’est-a-dire dans le cadre de la médiane conditionnelle, le paramétre 3(1/2) est
invariant par changement d’échelle dans le sens ou *(1/2) = ¢8(1/2) pour tout ¢ dans R.
Maintenant si la variable Y subit une translation dans le sens ou il existe un vecteur vy tel
que
Y=Y+ X",
on a alors
B (a) = Bla) +.
Le coefficient de la régression linéaire vérifie les mémes propriétés d’invariance, mais 1'ap-

proche quantile permet également de considérer des transformations non linéaires monotones.
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Plagons nous dans un cadre non plus seulement affine. Soit une fonction h(-) croissante. Le

quantile de h(Y") se calcule facilement grace a la transformation h(-), puisque
Qne(alz) = h(Qy (alz)).

Cette propriété se démontre par la croissance de h(-) et les propriétés de la fonction de répartition

conditionnelle. L’espérance conditionnelle ne vérifie pas cette propriété. En effet, on a en général
E[n(Y)[X] # h(E[Y]X]).

L’invariance peut étre utile pour changer les échelles (par exemple de température) dans les
données de la variable réponse. La propriété d’invariance est trés utile dans les cadres qui
traitent de données censurées, voir Powell (1986) dans le cas d’une censure déterministe. Le
modeéle est aussi étudié dans le cadre de censure aléatoire, voir Honore, Powell et Khan (2000).

Donnons un exemple simple pour illustrer cette propriété. Considérons le modéle de régres-

sion linéaire logarithmique issu d’un couple de v.a. (X,Y)
log(Y) = XT"8 +¢,
avec € et X indépendantes et E[¢] = 0. On a alors
X8 =E[logY|X],
mais en général exp (X ') # E[Y|X]. Dans le cadre des quantiles de régression, nous avons
XTB = Quogy (a]X) = log (Qy(a] X)),

de telle facon que exp (X T/B) est la quantile conditionnel de Y sachant X.

b) Counsistance

Dans cette partie, nous présentons quelques résultats de convergence de I'estimateur du
quantile de régression paramétrique. Les premiers résultats ainsi que leur introduction sont dus

a Koenker et Basset (1978).
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Pour plus de clarté, rappelons les hypothéses du modéle de régression quantile linéaire. On
suppose que le quantile d’ordre o dans (0,1) de Y sachant X = z, noté Q(alz), est donné par

la relation
Q(alz) = 2" B(a).
On considére un estimateur de 5(«) définit par la relation (1.1.6), que I'on note En(a). El Bantli

et Hallin (1999) font les hypothéses suivantes :

i. Pour tout € > 0,

n—oo

lim n'/? (n_l ZFy|X (XZ-TB(Oé) — 5) — a) = 00,
i=1

lim n'/2 (a - nlzn:pr( (X B(a) +€)> = 0.

n—00 -
=1

ii. Il existe d > 0 tel que

n—00 [lul|=1

lim inf inf n_lzﬂ (‘XZTU‘ <d) =0, p.s.
i=1
iii. Il existe D > 0 tel que

lim sup sup n~ ' Z (XiTu)2 <D, p.s.

n—00 [lu||=1 i=1

On a alors le résultat de consistance suivant :

Théoréme 6 Les hypothéses i, 4 et it ci-dessus sont nécessaires et suffisantes pour avoir

lim Bn(a) = B(a) p.s.

La premiére hypothése suppose intuitivement que la fonction de répartition conditionnelle n’est
pas constante dans un voisinage du quantile. La deuxiéme hypothése assure la bonne répar-
tition des observations issues de la v.a. X. Notons enfin que la convergence de la matrice

n Tty XTX; vers une matrice définie positive implique la troisiétme hypothése.
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c) Normalité Asymptotique

Présentons un résultat de normalité asymptotique. Les conditions de normalité asymptotique

sont plus fortes que celles faites pour la consistance. On suppose :
i. La distribution conditionnelle Fy|x(-|-) de Y sachant X est absolument continue et possede

une densité f(-|-) strictement positive et finie dans un voisinage de Q(«a|x).

ii. Il existe une matrice définie positive D telle que lim,, o n ' > ", XTX; = D presque
stirement.

i, limy oo™t D00 f(Q(a] X5)| X)X X, = D(a) presque sirement avec D(a) matrice défi-
nie positive.

iv. max?_, || X;]|/n'/? =, 00 0 presque siirement.

On a alors ce résultat :

Théoréme 7 Sous les hypothéses ci-dessus,

ek (Bn - B(a)) = N (0,a(1 — a)D(e) "' DD(a) ) .

Nous donnons une preuve de ce résultat due a Knight (1998). L’un des interéts de cette
preuve est ici d’introduire certain raisonnements utiles pour I’élaboration de la représentation
de Bahadur.

Preuve du théoréme 7. On rappelle que /,(t) = |t|+(2a—1)t. On étudie le comportement
de n'/2(3, — B()) & partir de la fonction

AL, (b; o) = Z {0, (Vi = X]B(a) = n ' 2XTb) — £, (Vi — X[ B(a))} .

Remarquons que b — AL, (b; ) est convexe et atteint son minimum en nl/Z(Bn — B(«)). La

fonction ¢, (t) étant absolument continue, nous avons la décomposition suivante de AL, (b; a) :

n

AL, (b;o) = —# > (a—TI(Y;— X[B(a)) X[

i=1
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—1/2xTy,

+Z/on [1(Y; < X7B(a) +u) —1(Y; = X B(ar) < 0)] du

= AL,1(b;a) + AL, 2(b; ).

D’aprés le théoréme de la limite centrale multivarié et I’hypothése ii, on a la convergence en
loi suivante : AL, 1(b;a) = —b"V ou V a pour loi une N(0,a(1 — a)D). Le deuxiéme terme

AL, 2(b; ) peut s’écrire
AL, o(b;a) = E[AL,2(b; )| X] + (AL, 2(b; ) — E[AL, 2(b; )| X])

Un développement de Taylor de Fy|x(-) autour du quantile d’ordre a nous assure que
n XTb
E[ALus(a)|X] =0ty / F(Q(a]X3)|X: udu + o 1).
i=1 70

Donc d’apreés iii, on a E[AL, »(b; a)| X] — b D(a)b/2. De plus nous avons Var(AL, »(b; ) <
C max? ;(XTb)/n'/? donc d’aprés iv, on a AL, (b;a) = —bT'V + b7 D(a)b/2.
D’aprés Hjort et Pollard (1993), la convexité de la fonction limite b +— —b"V + b7 D(a)b/2

assure 'unicité du minimum et donc

nl/? (Bn . 6(04)) — Arg Min Gu(b) = D(a)~'V = Arg Min(—b7V + b7 D(a)b/2).0
b b

1.1.3 Estimation non-paramétrique de quantiles conditionnels

Comme extension naturelle aux problématiques initiées par Koenker et Bassett (1978), nous
présentons maintenant quelques résultats concernant ’estimation non-paramétrique de quan-
tiles conditionnels. De fait, on suppose désormais que les fonctionnelles & estimer appartiennent
a des espaces de dimension infinie. La méthode des polynémes locaux est introduite dans Stone
(1977, 1982) ou encore Cleveland (1979). Leur résultats sont le plus souvent appliqués a 'esti-
mation de la régression et de ses dérivées. Parmi les articles traitant de la méthode polyndémes

locaux, on trouve ceux de Tsybakov (1986), Hastie et Loader (1993), Ruppert et Wand (1994)
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parmi d’autres. Parmi ceux-ci, Hastie et Loader (1993) donne une bonne revue de la littérature
existante et les avantages de la méthode des polynomes locaux. Fan et Gijbels (1996) donne
aussi beaucoup de résultats sur la méthode des polynémes locaux.

He et Shi (1994) estiment des quantiles conditionnels par B-splines. Yu et Jones (1998) ont
étudié dans leur papier une régression quantile avec la méthode de la constante locale en utilisant
deux méthodes de caractérisation des quantiles conditionnels. La premiére méthode est celle
exposée dans Koenker et Basset (1978) et 'autre méthode consiste & définir comme estimateur
du quantile conditionnel I'inverse de la fonction de répartition conditionnelle. Ils comparent dans
ce papier les deux méthodes, et montrent leur équivalence asymptotique. Chaudhuri (1991) a
établi une représentation de Bahadur non-paramétrique du quantile conditionnel.

Avant de présenter le résultat de Chaudhui (1991), nous définissons la notion de régularité
en introduisant les classes de Holder. Dans la suite, || - || désigne la norme euclidienne usuelle.
Siu= (uy, - ,uq)’ est un vecteur tel que u; € N pour tout 1 < i < d, on définit 'opérateur

différentiel D" par

ou [u] =ug + -+ ug.

Définition 2 Soient deuz réels s, L > 0. On définit la classe de Holder C(L,s) sur un sous-
ensemble A de RY comme étant 'ensemble des fonctions f : A — R qui soient dérivables |s|

fois et telles que

|D*f(2) = D" f(')| < Ll|z = 2'|]""1,
pour tout (z,2') dans A% el tout [u] = |s].

L’article de Chaudhuri (1991) développe une représentation de Bahadur avec la méthode po-
lynomes locaux utilisant des noyau uniformes. Soit 0 < o < 1 fixé. On dispose d’observations
(X1, Y1), -+, (X,,Y,) iid. o les Y; sont des variables réelles et les X; appartiennent a R?.

Chaudhuri (1991) considére le modéle de régression quantile non-paramétrique

Y =Q(a| X)) + e, 0<i<n, (1.1.7)
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les ¢; étant indépendantes des X; pour tout i et telles que F.(0) = v on F, désigne la fonction
de répartition commune des ¢;. Cette hypothése sur les résidus ¢; = ¢;(a) traduit que le quantile
d’ordre « de la variable Y sachant X = z est égale a Q(alz).

Les hypothéses et notations faites par Chaudhuri sont les suivantes. On considére le probléme
de Pestimation de la fonction de quantile au point 0 de R?. Pour cela, on définit un voisinage V
de 0 dans R?. On suppose que Q(a|r) appartient & la classe de Hélder C'(L,p + v) sur V avec
p € N, vy dans ]0,1] et s =p+ 7.

On considére ensuite une suite (h,),>1 de réels strictement positifs tels que h,, = an‘l/(25+d),
a > 0. Soit C,, le cube [—ah,,, ah,]?. 1l est clair qu'il existe ng tel que pour tout n > ng, C,, C V.

Dans la suite nous supposerons que n est suffisamment grand pour que C, est inclus dans V.

Soit S, 'ensemble des indices des X; tels que X; € C,

et soit N,, = Card(S,). Soit A I'ensemble des vecteurs u de dimension d & entrées entiéres tels

que [u] < p et s(A) le cardinal de A. Soit 5, = (Bn.u)uca le vecteur de dimension s(A) tel que

/Bn,u = DUQ(OAO)}LQL} [U}_l. (1]_8)
Pour z dans R¢, soit
Q*(alr) =) Bauhlla", (1.1.9)
u€A
ot par convention, 2% = ML 2% si u = (uy,---,uq) € A. Il est clair que d’aprés I’équation

(1.1.8), le polynome donné en (1.1.9) est le polynoéme de Taylor du quantile conditionnel a
Iordre p.
Nous sommes en mesure de définir 'estimateur proposé par Chaudhuri (1991). Soit donc B\n

une des solutions du probléme de minimisation

ArgMin ) "¢, (Yi - 5uh;[“]X;‘> I(X;€C,),

BERAM) ucA
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ou la fonction ¢, (-) est définie sur R et telle que £,(t) = |t| + (2a — 1)¢. Définissons ensuite le
réel X;(h,,u) = h;[u]Xi“ et le vecteur X;(hy, A) = (X;(hn, u))uea. Soit w la densité des erreurs
dans le modele (1.1.7). Soit

wn (2) = w(hnz) < /[-1,1]d w(hnt)dt) -

et Q,, la matrice carrée symétrique d’ordre s(A) : Q, = (f[—Ll}d txwp,, (2)dr) 1<), v]<s- S0it
Brn = (Bnuw)uca avec B, = D“Q(a|0)h[ﬁ](u!)_1 et u! = 1%, (u;!), u dans A. Nous pouvons

maintenant présenter la représentation de Bahadur de Chaudhuri (1991).

Théoréme 8 Chaudhuri (1991). Supposons que la densité w de X est continue en 0 et
strictement positive sur V, et que les erreurs €; possedent une densité Holderienne continue de

parameétre n. Alors

B =B = (N7 F0)HQa) D Xi(ha, A) (@ = I(Y; < Q(a|X))) + Ra,

1€Sn

avec

1+n
log'/?(n) .
Ry = Ops. (W si n € (0,1/2),

3/2
log!/?(n) .
R, = Ops. (m , siome[l/2,1],

lorsque n tend vers 'infina.

1.2 M-estimateurs

Les M-estimateurs ont été introduits par Huber (1964). Dans cet article, Huber propose de
généraliser I'estimateur du maximum de vraisemblance en le considérant comme un probléme

de minimisation d’un certaine fonction.
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On considére un échantillon i.i.d. de n variable aléatoire réelles X1, ..., X, issu d’une variable

X. Huber se place dans un cadre général d’estimateurs 0 définis par

n
0= ArgMin > p(X;,0), (1.2.10)
7S S——
ou la fonction p : R? — R est supposée mesurable. Différents choix de la fonction p conduisent
a différents estimateurs de fonctionnelles de la loi de X.
Intuitivement, on peut voir les M-estimateurs comme une généralisation d’une des définitions
de l'espérance. En effet, 'espérance E [X] d’une variable aléatoire X peut-étre définie comme
la solution du probléme de minimisation suivant,

E[X] = ArgMinE [(X —t)?] .

teR

La loi des grands nombre nous assure que 1 (X; — t)?/n est un estimateur de E[X — ¢]*. Tl
est donc naturel de proposer d’estimer la moyenne par

n

~ 1
EX = ArgMin— ) (X, —t)%
teR 1N 121( )
Nous pouvons étendre cette procédure & d’autres fonctions p dans (1.2.10). Deux exemples
classiques sont ceux de la médiane et de la fonction de vraisemblance. Pour la médiane d’une

variable aléatoire X, notée ()1/2, nous avons la propriété suivante :
Q172 = ArgMin E [[X —¢[],
teR

cf (1.2.10). Alors, I'estimateur de la médiane de X obtenu en remplagant p par la fonction valeur
absolue dans I’équation (1.2.10) nous donne le M-estimateur du quantile.

Dans son papier de 1964, Huber propose de séparer I’étude des M-estimateurs selon que la
fonction p est convexe ou non. Nous présentons différents résultats selon ces cas.

Dans les deux cas, convexe et non convexe, la fonction p est supposée vérifier pour tout y et

t dans R, p(y;t) = p(y —t).
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1.2.1 M-estimateurs paramétriques

Un M-estimateur est donc une statistique définie comme un argument du minimum d’une
certaine fonction p. Si la fonction p vérifie un certain nombre de conditions de régularité (conti-
nuité, dérivabilité, etc.), le probléme de minimisation peut devenir la vérification d’une condition

du premier ordre, autrement dit ’annulation d’une dérivée.

a) Consistance et normalité asymptotique

Fonction de perte convexe p est supposée convexe non constante, continue sur R et telle
que limyy o0 p(t) = oco. On considére X, ---, X, n variables i.i.d. ayant pour distribution F.

On note X = (X, -+, X,,). Soit Q,,(t) = > 1", p(X; —t) et

[T.(X)} = {teR / Q.1 Zp (1) = minQ,(r >}.
Enfin, on note T},(X) le milieu de {7,,(X)}.

Lemme 1 (Huber (1964)). La fonction Q,(-) est convexre, l’ensemble {T,,(X)} n'est pas
Iensemble vide, et est convexe et compact. De plus, si p(-) est strictement conveze, alors

Card{T,(X)} = 1.

Ce premier résultat de Huber (1964) indique premiérement lexistence de solutions au pro-
bléme de minimisation donné par (1.2.10). En second lieu nous pouvons constater les liens de
convexité (stricte ou pas) entre les fonctions p(-) et Q,(:). C'est ce lien qui permet d’avoir

I'existence des arguments du minimum, la stricte convexité impliquant 1'unicité de la solution.

Lemme 2 (Huber (1964)). Soit ¢ la dérivée presque partout de p et A(t) = E [p(X —t)]. Sl
existe un réel ¢ tel que A(t) > 0 pour tout t > ¢ et A\(t) < 0 pour tout t < ¢, alors T,(X) tend

vers ¢ presque sirement.

Ce deuxiéme lemme nous donne la consistance des M-estimateurs. La condition sur A(-)
indique que ce résultat de consistance reste valable méme si la fonction A(-) est discontinue la

ou E [p(Y — )] atteint son minimum.
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Nous présentons maintenant un résultat de normalité asymptotique.

Lemme 3 Nous reprenons les notations du Lemme 2. Supposons que A(c) = 0, et que \(-) est
continuement dérivable avec N (c) < 0. Si de plus E [¢?(X — t)] existe pour tout t et est continue

en t dans un voisinage de ¢, on a

VAT, (X) — ) = N (0, W) |

Constatons que les hypothéses sont plus restrictives que celles faites pour la consistance. La
fonction A(+) est supposée continue et une hypothése sur le moment d’ordre 2 de ¢(X —-) est faite
pour 'application du théoréme de la limite centrale. Dans les applications, il sera intéressant
de comparer la variance de la loi normale asymptotique avec d’autres techniques d’estimations.

Un bonne revue de la littérature est disponible dans I'article de Koltchinskii (1997).

Fonction de perte quelconque Dans le cas général, il existe plusieurs méthode d’étude des
M-estimateurs. Nous présentons quelques résultats de consistance des M-estimateurs.
Considérons une fonction M(-) déterministe définie sur ©, un espace métrique compact,
admettant un minimum en 6,. Considérons maintenant une suite de fonctions M,,(-), dépendant
de T’échantillon (X7i,---,X,), telle que M, (-) converge simplement vers M (-) en probabilité.
Cette situation inclue par exemple les cas ot M (0) = E [mg(X;)] et ou M, (0) = >"7"  mg(X;)/n.

La question est de savoir a quelles conditions la suites des arguments du minimum 6, des

fonctions M, (-) converge vers 6y en probabilité. Autrement dit si

0, = Arg Min M, (),

tcO

a quelles conditions a-t-on #,, — 6, en probabilité ? Nous considérerons les estimateurs 0 vérifiant

o~

M, (6) < inf Ma(6) + os(1), (1.2.11)

définition légérement plus faible que le strict minimum de M, (-). Il est facilement démontrable
que la converge simple de M,,(-) vers M(-) n’est en général pas suffisante pour avoir la conver-

gence de 6, vers 6. Nous supposerons ici que M, (-) converge vers M (-) uniformément sur ©.
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Cette hypothése est suffisante pour avoir la consistance, mais pas nécessaire. Néanmoins sa véri-
fication dans certains modéles est relativement facile notamment si © est compact. Le théoréme

ci-dessous semble trés connu et se trouve aussi dans van der Vaart (1998).

Théoréme 9 Soit M, () une suite de fonction aléatoires et M(-) une fonction déterministe

telles que pour tout € > 0,

sup |M,(8) — M(6)] =0
0cO
inf  M(0) > M(b).

0,10—6p|>¢

Alors toute suite 6 vérifiant (1.2.11) converge en probabilité vers 0.

Preuve du Théoréme 9. L’équation (1.2.11) nous donne que 0 vérifie Mn(é\) < M, (6y)+op(1

).
Ceci et la convergence uniforme de M, (-) vers M(-) en probabilité nous assure que M, (0) <

M (6) + op(1). Nous avons donc

~

0< M@®) — M) < M(®B) — M@+ op(1)

< sup | M(6) = Ma(8)] + 0x(1) = ox(1). (1.2.12)

D’apreés la deuxiéme hypothése du théoréme, pour tout ¢ > 0, il existe un n > 0 tel que

M (6y) < M(0) + n et donc
P (|6 00| =) <P (M(B) — M(Bo) = n).
Ceci termine la preuve par (1.2.12). O

Dans le cas général, il existe plusieurs méthode d’étude des M-estimateurs. Nous présentons
quelques résultats de normalité asymptotique pour les M-estimateurs.
Supposons que l'on dispose d’une suite de v.a. @\n convergeant en probabilité vers un pa-

ramétre 6y. Supposons de plus que 6, soit caractérisé par 'annulation d’une fonction score
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~

(R(é\n) = 0) telle que
R(0h) = E[b(X)] =0,

RO) = =3 ou(X,),

Théoréme 10 Supposons que la fonction t — g(t) est deuz fois continuement dérivable dans
un voisinage de 0y pour tout t avec pour dérivées &g(ac) et 1%9(1‘) telles que ’1/19(513)‘ < 2/1(95) pour
une fonction w() admettant un moment d’ordre 1. De plus supposons que E [&90(){)2] < 00,

E H@ZJ@O (X)H < oo et E [@bg[)(X)} # 0. Alors nl/z(é\n — 0y) converge en loi vers une variable

: 2
normale centrée et de variance E [y, (X)?] /E [¢90(X):| .

b) Représentation de Bahadur pour une fonction de perte convexe

A ce stade, il est intéressant de développer une représentation de Bahadur pour de tels
estimateurs car cette représentation permet d’approximer les M-estimateurs par une somme de
variables aléatoires et ainsi de ramener leur étude a celle des sommes de variables aléatoires.

Nous présentons une représentation de Bahadur pour les M-estimateurs définis par rapport
a une fonction p convexe due & Niemiro (1992). Niemiro fournit un tel résultat dans un cadre
multivarié, en ne supposant plus que la fonction p est telle que p(z;t) = p(z—t). Nous supposons
donc que la variable X est a valeurs dans R?. Soit o* un réel tel que Q(a*) = minscg Q(t) =
mingeg E [p(X, 1)] et soit ¢ la dérivée presque partout de p par rapport a t. Dans toutes les
hypothéses qui suivent, |- | désigne la norme euclidienne usuelle. Niemiro fait les hypothéses

suivantes :
i. La fonction p(z,t) est convexe en t pour tout z dans le support de X.
ii. La fonction Q(t) = E [p(X;1)] existe et est finie pour tout ¢ dans R.
iii. o existe et est unique.
iv. Il existe un r tel que E [|¢(X;t)|"] < oo pour tout ¢ dans un voisinage de a*.

v. E[exp(alp(X;t))|] < oo pour tout ¢ dans un voisinage de a* et un certain a > 0.
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vi. Q(-) est deux fois différentiable en a* et Q)”(a*) est définie positive.
vii. |Q'(t) — Q"(a*)(t — a*)| = O(|t — a*[3/%%/2), lorsque t — .
vili. E[|o(X;t) — o(X;a)|?] = O(|t — o*|'F), lorsque t — a*.

ix. Il existe un r tel que E[|¢(X;t)|"] = O(1).

On a alors le résultat suivant :

Théoréme 11 (Niemiro (Theorem 5, 1992)). Si les hypothéses ci-dessus sont vérifiées pour
un s dans [0,1] et pour un r > [8 + d(1 + s)|/(1 — s), alors on a presque sdrement lorsque n

tend vers l'infini,

nA(Th(X) — o) = —(Q”(a*))*# Z 6(Xi;0%) + O (n~ 0+ log!/2(n) log log(n))*+)/1)
i=1

Remarquons que le théoréme 2 de Bahadur (1966) est un cas particulier de celui-ci avec s = 0
et d =1 (cas univarié).

Parmi les hypothéses faites par Niemiro (1992), ¢’est 'hypothése viii. qui donne ordre exact
dans la représentation de Bahadur. le paramétre s est supposé appartenir & [0, 1], la valeur 0
correspondant a I'existence du discontinuité de ¢ en a*. Lorsque s tend vers 1, cela correspond
au cas le plus régulier d’une fonction ¢ continue et Lipschitzienne dans une voisinage de «o*.

On déduit du théoréme 11 un résultat de normalité asymptotique :

Corollaire 2 Sous les hypothéses du théoréme 11, on a

n'? (T,(X) — o) = N (0,Q"(a") " Var(¢(X;a"))Q"(a") ) .
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c) Représentation de Bahadur pour un fonction de perte quelconque

Nous présentons essentiellement le résultat di & He et Shao (1996). Les auteurs étudient
directement la fonction score (dérivée presque partout de la fonction de perte p). Cette démarche
est aussi utilisée dans Jureckova (1985) et dans Jureckova et Sen (1987). Dans le papier de
He et Shao (1996), les auteurs supposent les variables indépendantes mais pas nécessairement
identiquement distribuées. Nous présentons leur résultat dans un cadre i.i.d..

Soit a* un réel tel que la fonction t — E [¢(X, )] s’annule en o*, pour une certaine fonction ¢
mesurable. Dans toute la suite, la norme |-| désigne la norme infinie. Considérons, sans supposer

de forme particuliére pour la fonction mesurable ¢, les estimateurs 7,, définis par
> A(Xii Tn) = o(6n), (1.2.13)
i=1

oll §,, est une suite réelle et les X, des réalisations i.i.d d’une variable aléatoire X. Notons

U(Z’tvd) = Sup |¢(Z;t1) - ¢(Z,t)|

[t1—t|<d
Les auteurs supposent :

i. Pour tout ¢ dans ©, ouvert de R™, m > 1, la fonction ¢(z;t) est mesurable.

ii. Il existe un a* tel que E [¢(X;a*)] =0 et |T,, — a*| — 0 presque stirement lorsque n tend

vers 'infini.

iii. Il existe 7 > 0, dyg > 0, a > 0, tels que E [u*(X,t,d)] < ad” pour tout |t — a*| < dy et
d < d.

iv. lexiste 0 < B <bet By > 0 tels que E [u*P(X, a*, d)] < a*Prd@HAm/2 pour tout d < dj.

v. Il existe une suite (s,),>1, telle que s, — 00, s, < an pour tout n et telle que

lim sup (s, loglog(n))~/2 <2,

n—oo

> (X"
i=1

presque siirement.
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vi. |E[o(X;T,)]] > cn|T,, — | presque siirement pour une certaine suite déterministe (c,,)n>1

strictement positive.

vii. Il existe une matrice non dégénérée D,, et une suite (b,),>1 strictement positive telles que
InE [¢(X;T)] — DT — )| < by,

presque stirement lorsque n tend vers l'infini.

He et Shao ont alors prouvé :

Théoréme 12 Supposons que toutes les hypothéses ci-dessus sont vérifiées avec n/c, = O(1),
ID,,| = O(n™Y), etb, = O(n'/?>7"/*(loglog(n))"/?). Alors n’importe quelle T, satisfaisant (1.2.13)

avec 6, = O(n*/>77/%) peut s’écrire
T,—a"=-D;' Z O(X;; ) + O(n~ Y2/ (loglog(n)) /374,
i=1

presque strement lorsque n tend wvers l'infini.

Dans ce théoréme, le paramétre r est & rapprocher du paramétre s du théoréme 5 de Niemiro
(1992). En effet, ce paramétre indique le degré de régularité de la fonction score et détermine

I'ordre du reste dans la représentation de Bahadur.

1.2.2 Estimation non-paramétrique des M-estimateurs

Hong (2003) a établi une représentation de Bahadur presque siire pour les M-estimateurs
non-parameétriques en utilisant la méthode des polynoémes locaux. Le modéle non-paramétrique
est

}/z:m(Xz)+€z i:17"'7n7

ot les €;, ¢« = 1,---,n, sont i.i.d. et la fonction m est inconnue. Ce résultat généralise celui de
Chaudhuri (1991) établi pour les quantiles bien que le cadre ne soit pas tout a fait le méme

dans la mesure ou Hong (2003) utilise le lissage a l'aide de noyaux. m(z) est ici argument du



34 CHAPITRE 1. INTRODUCTION

minimum de la quantité E [p(Y,t)|X = z| par rapport a la variable ¢. Hong (2003) suppose que
pour tout y dans R, la fonction de perte p(y, #) est absolument continue en 6, ¢’est-a-dire qu’il

existe une fonction ¢(y, 0) telle que

p(y,0) = p(y, 0)+/0 P(y, t)dt,

et
E[o(Y,m(z))|X =] = 0.

Ce modéle englobe entre autre la régression quantile, ainsi que le modéle défini par rapport a

la fonction de Huber (1967)

et = (% ) 6l <0+ (3l = 5 ) 1l 2 ),

Soit Bn(x) = (mo(x,p, h),...,plmy(x,p, h)) 'argument du minimum de la quantité
n P .
D (Vi) (X — 2) ) Ku(X; — o),
i=1 =0
par rapport & la variable t = (to,- - -,t,) dans RP*! et ou K(-) est un noyau de probabilité assez

régulier. Soit

m® (2)\ ©
(o) = (pala) - Bpy0) = (o) D)

de facon a définir le terme linéaire dans la représentation de Bahadur

o) = o Sk (K)o (Y > - fc>j5p,j<fc)> ,

Jj=0

ou K, . est un noyau re-normalisé. Ce terme sera explicité plus loin. Pour I'¢tude du biais, la
fonction m(-) est supposée p + 2 fois dérivable et telle que mP*+?)(-) soit continue. L’estimation
étant faite ponctuellement autour d’un point x du support de X supposé compact. Il existe

C > 0 tel que pour tout t assez petit,

E [(¢(Y,t +a) = ¢(Y,a))* |X = u] < Clt],
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uniformément en (a,u) dans un voisinage de (m(x),z), et
[p(Y,u+1t) —o(Y,u)| < C,

pour tout y, u dans R. De plus, on note G(t,u) = E[¢(Y,t)|X = u] et on pose G;(t,u) =
(0/0t")G(t,u) pour i = 1,2. On suppose Gi(m(z),z) > 0 et Go(t,u) est continue dans un
voisinage de (m(x), z). Pour rapprocher le résultat de Hong (2003) a celui de Chaudhuri (1991),
observons que la variable explicative est supposée appartenir & un espace de dimension 1 dans
I'article de Hong (2003). Donc pour reprendre les notations de l'article de Chaudhuri (1991),
constatons que A = (1,---,s) et le résulat de Hong (2003) s’écrit

Théoréme 13 Hong (2003). On suppose que pour un certain réel s > 0, la fenétre h vérifie

h — 0, nh — oo et nh?P+9)+3 = O(1) lorsque n tend vers Uinfini. Alors pour tout v dans A
W (e, p,h) = m(2)) = B, .(2) + Re(x,p, h),
et ot le terme de reste R.(x,p,h) vérifie
R(z,p, h) = Op ((nh) ),

avec

A(s):mm< p+1 3(p+1)+2$)‘

p+s+1 4(p+s+1)

1.2.3 Extensions : Approche uniforme

Une des questions qui peuvent se poser ensuite est de savoir si la représentation de Bahadur
pour les M-estimateurs localement polynomiaux est toujours valable pour les "pires" valeurs des
parameétres en jeu, que sont par exemple la valeur de la variable de conditionnement ou encore
la taille de la fenétre. Kong, Linton et Xia (2008) proposent une représentation de Bahadur
uniforme par rapport au paramétre de conditionnement pour les M-estimateurs localement

polynomiaux.
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L’article de Kong, Linton et Xia (2008) utilise des notations proches de celui de Hong (2003).
Néanmoins, ces auteurs développent une représentation de Bahadur uniforme par rapport a la
variable explicative X supposée dans leur article multi-dimensionnelle de dimension d. Nous
présentons leur résultat dans un cadre i.i.d. bien que leur résultats soient présentés dans le
contexte plus général de données corrélées.

Considérons une fonction de perte p(-;-). Les auteurs se proposent d’estimer une fonction

de régression multivariée
m(z1,...,2q) = ArgMInE [p(Y; )| X = (z1,...,24) "],
t

a partir d’un échantillon (X;,Y;)1<;<n. Soient ¢; = Y; —m(X;), i = 1,...,n. Les auteurs font les
hypothéses suivantes : On définit pour tout M > 2, Ay dans |0, 1] et Ay dans |Ag, (1+ A2)/2], les

suites

d, = (nh?/ 10g<n))—(A1+A2)/2(nhd 10g(n))1/2
r(n) = (nhd/ log(n)>(1*/\2)/2
M, = M(nhd/ log(n))—)\l‘

i. Pour tout y et t dans R, p(y;t) = p(y — t). La fonction p(-) est absolument continue. La
densité des v.a. €; est supposée bornée et satisfait E [¢(g;)|X;] = 0 ou ¢(-) est la dérivée

presque partout de p(-). De plus, il existe v, > 2 tel que E [|o(g;)]"] < oo.

ii. ¢(-) est une fonction lipshitzienne sur les intervalles (—o0, ag|, (ag, a1, - -+, (ap, 00), ou les

a;j, j =0,---, D sont les points de discontinuité de ¢.

ili. Le noyau K(-) est supposé a support compact et satisfaisant & une condition de Lipschitz

sur son support.
iv. La densité f(-) des X; est supposée bornée, dérivable et de dérivée bornée.
v. La fonction m(-) est supposée appartenir a la classe de Holder C(L, s).

vi. La densité f(:|-) est supposée bornée.
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vii. La fenétre h tend vers 0. De plus
nh?/log(n) — oo,
nh P2 [log(n) = O(1),
n~tr(n)2%d, M, — oo,
pour un certain 2 < vy < 1.
On a alors,
Théoréme 14 Kong, Linton et Xia (2008). Soit s > 0 tel que les hypothéses ci-dessus

soient vérifices avec Ao = (p+1)/2(p + s + 1). Alors, pour tout compact D de R? et pour tout
r dans N tel que 0 < |r| < p, on a

h" (T?L(:r;,p, h) — m™) (:U)) — Bno(x) = Ro(x,p,h),
et ou le terme de reste R,.(z,p, h) vérifie

sup |R.(z,p, h)| = O ((nh) )|

zeD

avec

A(S)_mm( p+1 3(p+1)—|—25).

p+s+1 4(p+s+1)

Moyennant un terme logarithmique dans les hypothéses du théoréme ci-dessus, les auteurs
arrivent a la méme conclusion que celle du théoréme de Hong (2003) uniformément en x dans

n’importe quel compact de R?.

1.3 Apports de la thése

1.3.1 Présentation de la deuxiéme partie

[estimation localement polynomiale (LP) robuste d’une fonction de régression et de ses

dérivées a été un sujet grandement étudié dans de nombreux articles de recherche. Voir en
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particulier Tsybakov (1986) pour I’estimation ponctuelle optimale et Fan and Gijbels (1996)
pour une revue de la littérature. Le modéle étudié dans papier présenté dans la deuxiéme partie
est proche de ceux étudiés dans les articles de Truong (1989), Chauduri (1991) and Kong, Linton
and Xia (2009).

Truong (1989) & montré que 'estimation de la médiane conditionnelle peut atteindre les
vitesses d’estimation optimales décrites par Stone (1982) au sens minimax. Chaudhuri (1991) a
établi une représentation de Bahadur pour 'estimateur LP de la fonction de quantile condition-
nel pour un paramétre de fenétre préalablement défini et pour une variable explicative fixée.
L’article de Kong et al. (2009) développe une représentation de Bahadur pour une classe plus
générale de M-estimateurs qui de plus est uniforme par rapport a la variable explicative. Dans
la deuxiéme partie de ce mémoire, nous étendons ces résultats en donnant une représentation
de Bahadur pour 'estimateur LP du quantiles conditionnel, uniforme par rapport au niveau du
quantile, la variable explicative et la fenétre d’estimation.

Dans un premier temps, nous étudions le biais 'estimateur LP du quantile conditionnel.
La plupart des résultats dans ce domaine supposent que 'ordre p de I'estimateur LP doit étre
inférieur ou égal a ’ordre de régularité de la fonction a estimer. Nous donnons un résultat sous
I’hypothése que 'ordre de I’estimateur LP est plus grand que 'ordre de régularité de la fonction
a estimer. Nous montrons que les estimateurs des dérivées supposées existantes convergent aux
vitesses optimales de Stone (1982). Pour ce qui est des dérivées "non-existantes", c¢’est-a-dire
lorsque l'ordre de l'estimateur LP est plus grand que 'ordre de régularité de la fonction a
estimer, il est intéressant de constater que notre estimateur peut diverger.

Dans un deuxiéme temps, nous donnons une représentation de Bahadur, puis nous utilisons
cette représentation dans différents cadres. En effet, grace a notre représentation de Bahadur
uniforme, nous montrons que nos estimateurs convergent aux vitesses optimales décrites par
Stone (1982) aux sens L,,, 0 < m < oo. Ces résultats peuvent étre combinées aux procédures
décrites dans Li and Racine (2008) pour la construction d’une fenétre dépendant des données.

Le théoréme de la limite centrale (TLC) pour le quantile conditionnel fait intervenir dans le

terme de variance la quantité f (Q(az)|z)”" appelée fontion de sparsité et on Q(az) et f(:|z)
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sont respectivement le quantile conditionnel de Y sachant X = x et la densité conditionnelle
de Y sachant X = z. Cette quantité mesure la concentration de la distribution de Y sachant
X = x dans le voisinage du quantile d’ordre o. En un mot, plus la concentration est grande,
plus la densité est grande et plus la variance est petite. Pour appliquer statistiquement le TLC
a Pestimateur du quantile conditionnel et/ou ses dérivées, nous devons avoir un estimateur de
la fonction de sparsité. Nous proposons un estimateur de cette quantité basé sur 'estimation de
la fonction de quantile conditionnel. En effet, nous savons que f(Q(a|z)|x) n’est autre que la
dérivée de la fonction de quantile par rapport a la variable a. En renforcant nos hypothéses de

régularité sur la fonction de quantile, nous obtenons un estimateur de la fonction de sparsité.

1.3.2 Présentation de la troisiéme partie

La troisiéme partie consiste en un article a rapprocher des résultats récents de Hong (2003)
and Kong et al. (2009). Hong (2003) considére une fonction de perte général et propose une
représentation de Bahadur pour 'estimateur LP ponctuelle par rapport a la variable explicative
et a la fenétre d’estimation. Kong et al. (2009) ont proposé d’étendre ce résultat en fournissant
une représentation de Bahadur uniforme par rapport a la variable explicative.ainsi que dans un

cadre de données non-indépendantes.

Dans notre travail, nous étendons les résultats de Kong et al. (2009) et Hong (2003) en
donnant une représentation de Bahadur pour le M-estimateur LP qui soit uniforme par rapport
a la variable explicative et uniforme par rapport a la fenétre A dans un intervalle [h, E]. Cette
derniére propriété est par exemple utile pour des procédures de validation croisée afin d’estimer
la fenétre optimale & partir des données. Une autre application possible de ce type de résultats
est la construction de procédures de tests dans les cadres de Horowitz et Spokoiny (2001) et
Guerre and Lavergne (2005). Ces procédures combinent des statistiques non-paramétriques avec

différentes fenétres pour créer des tests d’ajustement de fonctions de régression.
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1.3.3 Présentation de la quatriéme partie

En tirant avantage des résultats de la deuxiéme partie, nous donnons la loi limite de la
déviation maximale de 'estimateur de la fonction de quantile conditionnelle et de ses dérivées.
Ce résultat étend celui de Hardle et Song (2009) puisqu’il est donné dans le cadre plus général de
LP. Nous présentons aussi une méthode d’estimation de la variance pour rendre statistiquement

applicables nos résultats.
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This paper investigates the bias and the Bahadur representation of a
local polynomial estimator of the conditional quantile function and its
derivatives. The bias and Bahadur remainder term are studied uniformly
with respect to the quantile level, the covariates and the smoothing pa-
rameter. The order of the local polynomial estimator can be higher than
the differentiability order of the conditional quantile function. Applica-
tions of the results deal with global optimal consistency rates of the local
polynomial quantile estimator, performance of random bandwidths and
estimation of the conditional quantile density function. The latter allows
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2.1 Introduction

Consider independent and identically observations (X,Y), (X1,Y1),...,(X,,Y,) where Y is
a real random variable and X is a random vector of dimension d. Define, for ain (0, 1), the loss
function

la(q) = lgl + (2a = 1)g = 2¢ (o — (¢ £ 0)), ¢ in R, (2.1.1)
where R stands for the set of real numbers. It is well known that
Q () :arginﬂgE[ﬁa(Y—Q)|X=$] (2.1.2)
qc

is the conditional quantile of Y given X = x. When d = 1, the local polynomial estimator of

order p of Q(a|z) is Qp(cz) :/b\o(a; h, z) where, for b = (by, ..., b,)",

~ = b X; —
b(a; h,z) = argbgll%iplil 2 Uy (Yi —bg—by (X;— ) — - — ;’;(Xi —x)p) K ( ) x) .
(2.1.3)
In the expression above, p! is the factorial p X (p — 1) x --- x 1, K(+) is a kernel function and

h is a smoothing parameter which goes to 0 with the sample size. As noted in Fan and Gijbels
(1996, Chapter 5), the local polynomial estimator @h(a|:1:) is a modification of the Least Squares
local polynomial estimator of a regression function which uses the square loss function in (2.1.3)

instead of the loss function ¢,(-). A Taylor expansion

Qa|X;) ~ Qalz) + % (X;—2) 4+

107Q(ex)

p!  Oxp (Xi — 2y’

suggests that 31(04; h,x),... ,/l;p(a; h,x) estimate the partial derivatives 0Q(«|z)/0x provided
Q(alx) is smooth enough. As detailed in Section 2 and studied throughout the paper, the local
polynomial estimator Q,(a|z) has a natural extension which covers the multivariate case d > 1.

Robust local polynomial estimation of a regression function and its derivatives, including
quantile methods, has already been considered in many research articles. See in particular
Tsybakov (1986) for optimal pointwise consistency rates, Fan (1992) for design adaptation, and
Fan and Gijbels (1996) and Loader (1999) for a general overview. The present paper is perhaps
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more specifically related to Truong (1989), Chauduri (1991) and Kong, Linton and Xia (2009).
Truong (1989) showed that local median estimators achieve the global optimal rates of Stone
(1982) with respect to L, norms, 0 < m < oo, for conditional quantile function satisfying a
Lipschitz condition. Chauduri (1991) obtained a Bahadur representation for the local polynomial
quantile estimators when the kernel function K(-) of (2.1.3) is uniform. In few words, a Bahadur
expansion is an approximation of @h(oz|x) —Q(a|x) by a bias term plus a leading stochastic term
up to remainder term with an explicit order. The Bahadur representation of Chaudhuri (1991)
is pointwise, that is holds for some prescribed x and o and a given deterministic bandwidth
h — 0. As explained and illustrated in Kong et al. (2009), pointwise Bahadur representations
are not sufficient for many applications including plug in estimation of conditional quantile
functionals or marginal integration estimators. Hence Kong et al. (2009) derived a uniform
Bahadur representation for robust local polynomial estimators. Here uniformity is with respect
to the location variable z and Kong et al. (2009) mostly focus on the study of the remainder
term under the difficult framework of dependent observations. In this work, we extend the
scope of uniformity to the quantile level o and the bandwidth h. We study the bias term and

the Bahadur remainder term uniformly in «, h and z for local polynomial quantile estimators.

A first contribution given in Theorem 1 below deals with the study of the bias of local
polynomial quantile estimators. Most of the literature has focused on the case where the order
p of the local polynomial is equal to the order of differentiability of z — Q(«|x), say s. This is
somehow unrealistic since it amounts to assume that s is known. Since the case where p < s
can be easily dealt with by ignoring derivatives of order higher than p + 1, we focus in the
more interesting case where p > s, which has apparently not been considered in the statistical
and econometric literature. As shown in Corollary 1, a local polynomial quantile estimator
with p > s still allows to estimate Q(«a|x) with the optimal rate n=*/(s*9 of Stone (1982). This
suggests that local polynomial estimators using high order p should be preferred since they allow
to estimate in an optimal way a wider range of smooth conditional quantile functions. Another
interesting conclusion of our bias study is that the additional local polynomial coefficients

By(a; h,x), v=s+41,...,p can diverge and Proposition 1 describes a simple example where it
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indeed happens. Such finding contrasts with standard regression models where standard ¢-tests
can be used to remove a useless covariate. In the local polynomial setup, a high value of the vth
t-statistic may also correspond to a non smooth quantile function in which case a lower degree
p < v could have been used. This shows that relying on standard interpretation of ¢-statistics

is misleading in the context of local methods.

Our uniform study of the Bahadur remainder term, namely Theorem 2, is the second main
contribution of the paper. A third contribution builds on the fact that Theorems 1 and 2
hold uniformly with respect to x in a compact inner subset of the support of X. Combining
these results with a study of the stochastic part of the Bahadur representation allows us to
show that the local polynomial quantile estimator achieves the global optimal rates of Stone
(1982) for the L,, and uniform norms provided the bandwidth goes to 0 with an appropriate
rate. This result, stated in Corollary 1, is apparently new and extends Truong (1989) which is
restricted to Lipshitz quantile functions, or Chauduri (1991) who considers pointwise optimality.
A fourth contribution uses the fact that Theorems 1 and 2 hold uniformly with respect to h
in an interval [h, h]. Proposition 2 shows that a random bandwidth performs as well as its
deterministic equivalent counterpart with respect to convergence rates of the uniform norm
sup, |Qn(alz) — Q(alz)|. Such a result gives a solid theoretical basis to Li and Racine (2008)
suggestion of choosing the local polynomial bandwidth A via a simpler cross validation procedure

for the conditional cumulative distribution function.

A fifth contribution exploits uniformity with respect to the quantile order . Uniformity in
a is important per se for quantiles due to graphical representations that uses several values of
a when plotting x — Q(«|z) to better illustrate the dependence relation between Y and X.
Proposition 3 extends this scope of applications by considering estimation of the conditional

quantile density function
09Q(lz) 1
da F(Qalz)|x)

As argued in Parzen (1979), the quantile density function g(a|x) or its inverse 1/q(a|z) is a

q(alz) = (2.1.4)

renormalization of the density function f(y|x) which is well suited for statistical explanatory
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analysis. The function ¢(«|z) is also crucial for quantile based statistical inference. Indeed, the
asymptotic variance of @h(oz|x) is proportional to
1 ol —a)
nh ¢*(alz) f(x)

where f(-) is the marginal density of X, see Fan and Gijbels (1996, p. 202). Hence estimating
q(a|z) is useful to estimate the variance of Qp(a|z). As noted in Guerre, Perrigne and Vuong
(2009), the conditional quantile density function plays an important role in the identification of
first-price sealed bids auction models. Under the independent private values paradigm and risk
neutrality, the conditional quantile function of the private values Q" («|z) satisfies

ag’(alz)

Q"(ak) = Q(af) + “1,

where Q°(a|z) and ¢®(a|z) are the conditional quantile function and quantile density function
of the bids. Hence estimating Q°(a|r) and ¢°(a|z) gives a straightforward estimation of the
conditional quantile function of the private values Q(«|x) which is an alternative to the two
steps approach of Guerre, Perrigne and Vuong (2000). See Marmer and Shneyerov (2008) for a
related estimation strategy.

There is however just a few references that address the estimation of ¢(a|z). For a related
function g(a|x)0F(Q(«|z)|x)0x, Lee and Lee (2008) uses a composition approach which non-
parametrically estimates OF (y|z)/0z, f(y|z) and Q(a|r) = F~!(alzr). Marmer and Shneyerov
(2008) proceed similarly. Xiang (1995) proposes the estimator

1 [ ~
h—/F_1 (o + hyalz) dK (a),
q

where F(y|z) is a kernel estimator of the conditional cumulative distribution function, K,() a
probability distribution and h, a smoothing parameter. As argued in Fan and Gijbels (1996),
local polynomial estimators may have better design adaptation properties than kernel ones.
Hence we propose to use the local polynomial @h(a]x) instead of the kernel ]/5_1(04|;r). Thanks

to uniformity with respect to o in Theorems 1 and 2, the resulting conditional quantile density
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function estimator g(«|x) has a simple Bahadur representation which facilitates the study of its
consistency rate, see Proposition 3.

The rest of the paper is organized as follows. The next section groups our main assumptions
and notations and explained in particular how to extend (2.1.3) to multivariate covariates. Sec-
tion 3 exposes our main results and Section 4 concludes the paper. The proofs of our statements

are gathered in two appendices.

2.2 Main assumptions and notations

The definition (2.1.3) of Qp(|z) assumes that the covariate X is univariate. In the mul-
tivariate case, we use a multivariate kernel function K(z) = K(z1,...,24) but we restrict
to an univariate bandwidth for the sake of simplicity. The univariate polynomial expansion
bo+b1 (X; —x)+---+0b, (X; — x)” /p! is replaced by a multivariate counterpart as defined now.
Let N be the set of natural integer numbers. For v = (vq,...,v4) let |v] = v; + -+ + vg and
let P be the number of v’s with |v| < p. Then a generic expression for multivariate polynomial
function of order p is, for b in R?,

U(2)"b = Z bvi—:, where 2¥ = 2" x - x z0¢, U(2)" = (i—‘;, lv| < p> :
vilvl<p

and v! = 1% ,v;!. In the expression above, the vectors v of N are ordered according to the

lexicographic order. The multivariate version of the local polynomial estimator (2.1.3) is

B(a; h,x) = arg min £, (b;«a, h,x) with (2.2.1)
beRP

L, (b, h,x) = #iea(m—U(Xi—x)Tb)K(Xig‘r).
=1

As in the univariate case, the entry bo(c; b, 2) = Qu(a|z) of b(a h, ) is an estimator of Q(a|z).

The entry /b\v(a; h,z) can be viewed as an estimator of the partial derivative

MQ(ax
(o) — 0@

o vl Vg
Ozt X -+ x Oz
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provided this partial derivative exists. A convenient way to assume its existence is to suppose
that Q(:]-) is in a suitable modification of the standard Hoélder class considered in Chauduri
(1991). Consider a subset [o, @] of (0,1) over which Q(«|z) or its partial derivatives will be
estimated. Let [s] be the lowest integer part of s, i.e. |s] is the unique integer number with

|s] <s<|s|+1 Then Q(-|-)isin C(L,s), L,s > 0, if
i. for all a in [, @], = — Q(«|z) is | s|-th continuously differentiable over the support X of
X;

ii. for all v in N with |v| = |s], all @ in [, @], all z, 2’ in X,
bu (@) = by (ala!)] < L fla =2/

where || - || stands for the Euclidean norm.

Since the estimators by (c; h, x) of the partial derivatives by (a|z) converge with different rates,

we use the diagonal standardization matrix
H = H(h) = Diag (b, v € N4 |v| < p).

It is well known that local polynomial estimation techniques apply at the boundaries. How-
ever we will focus on those x which are in an inner subset A of the support & of X to

avoid technicalities. Our main assumptions are as follows. Let B(0,1) be the closed unit ball

{zeR": |z| <1}.

Assumption X The distribution of X has a probability density function f(-) with respect to
the Lebesque measure, which is strictly positive and continuously differentiable over the compact

support X of X. The set Xy is a compact subset of the interior of X.

Assumption F The cumulative distribution function F(-|-) of Y given X has a continuous
probability density function f(y|x) with respect to the Lebesgue measure, which is strictly positive
fory in R and x in X. The partial derivative OF (y|z)/0x is continuous over R x X. There is
a Lo > 0, such that

|fylz) = f(]2")] < Lo [[(z,y) — (2, 4)|| for all (z,y), («',y') of X x R.
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Assumption K The nonnegative kernel function K (-) is Lipschitz over R, with compact sup-
port K and satisfies [ K(z)dz = 1. For some K >0, K(z) > K1(z € B(0,1)). The bandwidth

is in [h,, hy] with 0 < h,, < hy, < 00, limy,_,e0 Ay = 0 and lim,,_,o (logn)/(nh?) = 0.

Assumption X is standard. Assumption F ensures uniqueness of the conditional quantile function
Q(alz) = F~Y(a|z) in (2.1.2) and existence of the quantile density function (2.1.4). Assumption
K allows for a wide range of smoothing parameters h — 0 in [h,,, h,]. In the univariate case
d = 1, Hong (2003) restricts to bandwidths h = O(n~1/(2»*3)) a condition which is not imposed
here, and Chauduri assumes that h has the exact order n=%/(?+9 1In the simpler context of
univariate kernel regression, Einmahl and Mason (2005) assume h¢ > C(logn)/n to obtain

uniform consistency so that Assumption K is fairly general.

2.3 Bias study and Bahadur representation

Applying standard parametric M-estimation theory as detailed in White (1994) or van der
Vaart (1998) suggests that the local polynomial estimator B(a; h,x) of (2.2.1) is an estimator
of b*(a; h, x) with

b*(as h, ) = arg min E [éa (Y UK —a2)" b) K (X;xﬂ . (2.3.1)

In particular, the conditional quantile estimator Q(a|z) = gg(a; h,x) is an estimator of
Q; (alx) = by(a; h, ) which may differ from the true conditional quantile Q(a|x) due to a bias

term @} (a|r) — Q(a|z). Studying this bias term can be done using the first-order condition

9 g {ga <Y— U(X — 2)"b*(e; h,:@) K (X;l“)} —0,

obT
and the Implicit Functions Theorem. This approach gives in particular the order of the differ-
ence between b} (a; h,x) and the vth partial derivative by (a|z) of Q(«|z) provided the partial

derivative exists.
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Theorem 1 Assume that Q(:|-) is in a Holder class C(L,s) with |s| < p. Then under As-
sumptions F, K and X and provided h is small enough, there is a constant C such that for all

[v| < |s] and n large enough,

sup bv(a;h,xg_:bv (] ) <ClL.
(a,h,z)E[a,a] x [R,h] x Xo h

It follows that Q*(a|z) — Q(a]z) = O(h*) and more generally that
by (a; h,x) — by (a]z) = O (h3_|"|)

uniformly provided |v| < |s]. Since [s] < p, the bias order 2*~Vl is not affected by the order p
of the local polynomial estimator. This bias order is better than the bias order h?~Vl |v| < p,
that would be achieved by suboptimal local polynomial estimators of lower order p < |s].

The proof of Theorem 1 establishes a slightly stronger result since it also gives the order of
the coefficients b (a; h, ) with |v| > |s] which correspond to partial derivatives that may not

exist. Indeed, equation (A.8) of the proof of Theorem 1 implies that

by(a;h,z) = 0O (h‘“'v‘) for |v| > s (2.3.2)

uniformly in («, h,z) € [a, @] x [k, h] X Xp. See also Loader (1999, Theorem 4.2) which gives
a less precise bi(a;h,z) =0 (h*"'). Hence the higher order polynomial coefficients b%(«; h, x),
|v| > s, may diverge when h > 0. That this may be indeed the case can be seen on a simple

regression example. Consider

lz|V? ifx >0

Y=m(X)+e mz)= ,
—|z|Y? ifz <0

(2.3.3)

where the U ([—1,1]) random variable X and the A (0,1) ¢ are independent. Let ®(-) be the
cumulative distribution function of the standard normal N (0,1). In this example, Q(«o|z) =

O~ () + m(z) is at best in an Holder class C(L,1/2) since, for L large enough,

im(z) —m(z)| < Lz —2/|"?  for all (z,2') € [—1,1]2,
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an inequality that cannot be improved by increasing the exponent 1/2 as seen by taking = = 0
and 2’ — 0. The next Proposition uses the behavior of m(:) at = 0 to show that the rate

given in (2.3.2) is sharp.

Proposition 1 Suppose that (X,Y) satisfies (2.3.3). Let b*(a; h, ) = (b(a; b, z), b (a; b, z))"

from (2.3.1) be given by a local polynomial procedure of order 1. Then under Assumption K and

[ 2K (2)dz =0, b;(0.5; h,0) = m(0)+O(h*?) and b%(0.5; h,0) diverges with the exact rate h='/2,
_ JIPPE(2)d>

lim RY2b*(0.5: h, 0) = 0
P 1(0:5:1,0) [ 22K (z)d= 7

We now consider the stochastic terms Qy,(c|z) — Q7 (a|z) and the rescaled
H (B(oz; h,x) — b*(a; h,x)) :

Let us first introduce some additional notations. Local polynomial estimation builds on a Taylor
expansion of order p for 2’ in the neighborhood of z, Q(a|z') ~ U(2' — z)"b,(a|z). Consider

the following counterpart of the Taylor approximation,
Q*(2";a,h,x) = U(z' — 2)'b*(a, h, ) (2.3.4)

Define also S;(a; h,z) = S(X,,Y;; o, h,x) and J;(o; b, x) = J(X;; o, h, z) with

Si(ash, ) = 2 {I(Y; < Q*(Xiia, b, 7)) — a} U (Xh_ 5’3) K (Xh_ x) , (2.3.5)

Ji(a; h,x) = 2f (Q*(Xi;a, h,2) | Xi) U (Xh_"’”) U (Xih_x)TK (Xh_x) . (2.3.6)

Since

U (X; —2) =HU (Xh— I)

and (2.1.1) gives

%(}Q—U(Xi—x)Tb)K<Xi_x)

ob” h

— 2{H<K§U(Xi—37)Tb> _O‘}U<Xi_$)K(Xih_x)
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almost everywhere, the variables S;(a; h, ) satisfy

L, . . . _H .
ShT (b*(a, h,z); 00, b, x) = i ZSZ(a,h,x)

i=1
almost everywhere. Although the criterion function of (2.2.1) is not twice differentiable, it can

be shown that it admits a quadratic approximation with second-order derivatives

1 n
H (W ;Ji(a, h,x)) H.

Classical results of White (1994) or van der Vaart (1998) for parametric estimation suggests

that a candidate approximation for B(a; h,x) —b*(a; h,x) is

-1
I H

-1
(1 Z” 1 Z"
i=1 i=1

Hence the rescaled (nhd)1/2 H (E(a; h,x) — b*(a; h, x)) is expected to be close to

-1
1 < 1 -

Bn(a;h,x) = — (WZJZ»(@; h,x)) WZSZ-(@; h,x). (2.3.7)
[ (nhd)=

It follows from Lemma A.1 in Appendix A that 5,(«;h,x) is asymptotically centered with

Bn(a; h,z) = Op(1). Our Bahadur representation result studies the error term
E,(a;h,z) = (nhd)l/2 H <B(o¢; h,x) —b*(a; h, x)) — Bulas h, ). (2.3.8)

Techniques to study E,(a;h,x) for a fixed argument a, h and = are given in Hjort and
Pollard (1993). See also Fan, Heckman and Wand (1995) and Fan and Gijbels (1996, p.210). In
our uniform setup, obtaining an uniform order for E,(a; h, z) is performed using a preliminary
uniform study of a stochastic process we introduce now. Define first
H™'p

. _ d *( . .
Lln(ﬂugahw%) - nh {ﬁn (b (057 h,iC)—'— (nhd)l/zu

a, h,x) — L, (b*(a; h,x); a, h, x)}
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n

= {ea (m @ (X h ) - U(—T)6> (Vi Q*(Xi;a,h,x»}

i=1 (“hd)1/2

Xi—l'
K
().

which is such that
(nhd) 2y (B(a; h,x) —b*(a; h, x)) = arg mﬁinLln(ﬁ; a,h,x).
It then follows from (2.3.8) that

E,(a;h,z) = argminlL, (6,(c;h,x),€; a;h, z) where
Ly, (B? € Q; h? .13) = Lln(ﬁ + €, hu JJ) o Lln(ﬁ; a, h7 .T) (239)

Hence the stochastic process L,, plays a central role in our analysis. Especially useful is the

decomposition

L, (8,6 a;h,z) =1L (B, 6 a;h, ) + R, (3,6 a;h,z) where

LY (B, e;a;h,x) = (hd)l/QZS (a;h, )T e+§e ( hdZJ ahx) (e+28), (2.3.10)

and R,, is a remainder term. Indeed, as noted in Fan et al. (1995) in the pointwise case, the
order of E, («;h,x) is driven by the order of R,. The proof of the next Theorem relies on an
uniform study of R,, based on a maximal inequality under bracketing entropy conditions which

plays here the role of the Bernstein inequality used in the pointwise framework of Hong (2003).

Theorem 2 Under Assumptions F, K and X,

log® (n 1/4
sup ||En(oz;h,x)||:O]p< i( )) .

(arh,) €] x [ To] Xo h?
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In the case where the lower and upper bandwidths h and h have the same order, Theorem 2

gives uniformly in % in [k, h], @ and z,

Qulale) = Qj(ale) +

€ Bl h, @) logn’) */*
— 2 10 ,
(nhd)1/2 nhd
where e is the first vector of the canonical basis of R”, which first coordinate is equal to 1 and
the other ones are equal to 0. For h of order n=%/(2P+4) a5 studied in Chauduri (1991, Theorem
3.2), the order of the remainder term is n3?/2+d) 16634 as found by this author. When
d = 1, Hong (2003) obtain the better order (loglogn/(nh))~*/* but his Bahadur representation
only holds pointwisely in « and z. It can be conjectured that the order (logn/(nh®))=3/* is
optimal for Bahadur expansion holding uniformly with respect to x.
For higher order partial derivatives, Theorem 2 yields
elB.(a;h,x) N 1 0 logn\ ¥/
(nhd)2 vl RV npd ’

where the vth entry of e, is 1 and the other are 0, see also Hong (2003) for a pointwise version

gv(a; h,z) = b*(a; h, z) +

of this expansion and Kong et al. (2009) for a version which is uniform with respect to x. Such
expansion can be used to study the pointwise asymptotic normality of the local polynomial
quantile estimator. Combining this Bahadur representation with the bias study of Theorem 1
gives a global rate result which is apparently new. The next Corollary extends the study of local

medians in Truong (1989).
Corollary 1 Assume that Q(a|x) is in C(L, s) for some |s] < p. Suppose that Assumptions F),
K and X hold. Then for all partial derivative order v with |v| < |s] and all o in |, @,
m 1/m s=lv|
(fx (a; h,x)) — (oz|x)‘ dx) = Op (2) % for any finite m > 0 provided h is
asymptotically proportional (a.s.) to nfﬁ'

/b\v (Oé, h7 33') - bv(&"%)

s=|v|

= O[p (logn) 25+d th is a.s. to (loin)26+d

i, SUP,ex,

Since the by(a|x) are estimators of the partial derivatives of m(x) in a regression model as
(2.3.3), It follows from Stone (1982) that the global rates derived in Corollary 1 are optimal in

a minimax sense.
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A second application builds on the uniformity with respect to the bandwidth A of our

Bahadur representation. The next Proposition allows for data-driven bandwidths.

Proposition 2 Consider a random bandwidth ﬁn such that /}Zn = Op(hy,) and 1/ﬁn = Op(1/hy,)
where h,, is a deterministic sequence satisfying h, = o(1) and lim,,_,.(logn)/(nhl) = 0. Suppose

that Assumption K, F and X hold and that Q(«|z) is in C(L,s). Then for any v with |v| < |s],

1/2
~ ~ ~ ~ 1
sup by(a; hn, ) — by(alz)| = hMOp [ B2 + (ﬂ)

(a,x)Ela,a] x Xo nhg
logn 1/2
= h,MOp | b ,
R nhd

In particular, if the exact order of h, is (log(n)/n)/ s+ in probability,

sup /b\v(&;ﬁ,x) - bv(a|$)’
r€Xy

has the optimal order (log(n)/n)®~V)/2s+d) of Corollary 1-(ii). It is likely that an L,, version of
Proposition 2 holds but it is slightly longer to prove. Proposition 2 can be for instance fruitfully
applied to cross-validated bandwidths for the conditional cumulative distribution as proposed
by Li and Racine (2008).

Our last application builds on the fact that Theorems 1 and 2 hold uniformly with respect
to the quantile order o. This application concerns estimation of the conditional quantile density
function (2.1.4). The considered estimator of g(a|x) is a conditional version of the convolution

estimator of Parzen (1979),

a— o

lolz) = hiq/@h(a|x>df(q< 3 ) = hiq/éh(amqtmdf(q (1), (2.3.11)

see also Xiang (1995). In the expression above, h, > 0 is a bandwidth and K,(-) is a signed

/qu (t) =0, /tqu () = 1.

measure over R such that
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In particular, if K,(-) has a Lebesgue derivative dKy(t) = K| (t)dt, substituting in (2.3.11) gives

qlalr) = hi/@h(a + hyt|z) K, (t) dt.

Computing these integrals may request intensive numerical steps so that the resulting estimator
may be difficult to implement in practice. A more realistic estimator uses a discrete measure
K,(-) in (2.3.11). If K,(-) is a linear combination of Dirac masses at ¢; with weights x;, j =

1,...,J, the resulting estimator

Jj=1

J J J
N 1 ~
q(a|z) = > E ki Qn(o + hytj|z), E k; =0 and E tik; =1,
7 j=1 j=1

may be indeed simpler to compute. Note that this includes the well known numerical derivatives

Qnla+ hylr) — Qulalr)  Qulalz) = Qula —hylz)  Quler+ helz) — Qnler — hyl)
h ’ hy 2h,, '

q

To study the bias of g(«|z), we strengthen the definition of the smoothness class C(L,s) as
follows. Q(alx) is in C,(L, s) if

i. Q(alz)isin C(L, s+ 1);

ii. For each z in X, o € [a, @] — ¢(a|z) is | s]th differentiable;

iii. For each x in X and all (o, ') € [a,a]?
‘q(tsj)w‘x) — q(LSJ)(O/\I)} < Lla— O/lstsJ _

We shall assume in addition that K,(-) has a compact support and satisfies the additional

conditions

/tdeq(t) —0, =1, 5], /yqu(t)y < .
Proposition 3 Assume that Q(a|x) is in Cy(L,s) and |s + 1| < p. Suppose that Assumptions
K, F and X holds with h = O(h,), hy — 0 and (logn)/(nh?) — 0. Then for any x in Xy and o

- 1 log3/4n 1
qlalr) = q(alz) + Op | A, + + Op| —— | -
( | ) ( | ) P < q (nhdhq)l/2> (nhdh§)1/4 P (nhqhd>1/2

in (o, @),
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Taking h, and h of the same order is the optimal choice for the order of h in the expansion of

Proposition 3. This gives

N s 1 log®* n 1
q(Oé|.T) - Q(Oé’x) + OP (h + (nhd+1)1/2> + (nhd+2)1/4OP (nhd+1)1/2 '

The item (log®* n) (nh4+?) " Op ((nhd“)*lm) is given by the Bahadur error term E, («; h, x)

of Theorem 2. The other item, Op (h* 4 (nh?*!)71/2), can be viewed as a bias variance decom-
position component. The latter is the leading term of the expansion provided nh?t? — oo, a
condition also used in Lee and Lee (2008) when d = 1. In this case, the optimal order for h is
n~1/@s+d+1) which is such that nh%"? — oo provided s > 1/2. In this case, the optimal rate
for pointwise estimation of g(a|x) is n=%/2s+4+1) which, as expected from (2.1.4), coincides with

the optimal rate for pointwise estimation of f(y|x).

2.4 Final remarks

This paper has investigated the bias and the Bahadur representation of a local polynomial
estimator of the conditional quantile function and its derivatives. Compared to the existing
literature, a distinctive feature is that the bias and Bahadur remainder term are studied uni-
formly with respect to the quantile level, the covariates and the smoothing parameter, extending
so Chauduri (1991) and Kong et al. (2009). Our framework also considers the case where the
order of the local polynomial estimator p is higher than the order of differentiability s of the
conditional quantile function. An interesting consequence of our bias study is that using a local
polynomial estimator of order p > s does not affect its rate optimality.

Our uniform study of the bias and of the Bahadur remainder term are applied to derive the
global rate optimality of the local polynomial estimators of the conditional quantile function and
its derivatives with respect to L,, norms, 0 < m < oo provided the bandwidth goes to 0 with
an appropriate rate. This extends Truong (1989) who states a similar result for local medians

and under a rather strong Lipschitz condition for the conditional quantile function. Another
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application deals with the performance of randomly selected bandwidths that are shown to
perform as well as their deterministic equivalent in term of consistency rates in uniform norm.
Our framework is flexible enough to be adapted to other global norms. This new result is
especially useful in view of Ii and Racine (2008) suggestion of implementing local polynomial
quantile estimation with a data-driven bandwidth given by a cross validation criterion for the
conditional cumulative distribution function. A last application to nonparametric estimation
of the quantile density function can be useful for confidence intervals and in Econometrics of

Auctions where the conditional quantile density function plays an important role.

2.5 Appendix A: Proofs of main results

Appendix A groups the proofs of Theorems 1 and 2, Propositions 1, 2 and 3, and Corollary
1. The proofs of intermediary results used to prove these main results are grouped in Appendix
B.

We first introduce some additional notations. Sequences {a,} and {b,} satisfy a, =< b, if
la,|/C < |b,| < Clay| for some C' > 0 and n large enough. Recall that || - || is the Euclidean
norm and B(0,1) = {z;||z|| < 1}. Let > be the usual order for symmetric matrices, that is
A; > A, if and only if A; — A, is a non-negative symmetric matrix. If A is a symmetric
matrix, [|A| = supuepo1) [Au|l = supyep.1) [u” Aul is the largest eigenvalue in absolute value
of A. This norm is such that [|[AB|| < ||A||||B]| for any matrix or vector B. Denote by || - ||«
the uniform norm, [|f(-|-)|l., = sup ) eraxr [f(y|7)[. We use the abbreviation 6 = (a, b, z). In
particular, Q*(z';0), S;(0) and J;(0) stand for Q*(2'; «, h, x), S(X;,Y;; o, h, x) and J(X;; «, b, x),
see equations (2.3.4), (2.3.5) and (2.3.6). We abbreviate h,, and h,, into h and h. Define

0% = [a,a@] x [0,h] x Xy, O = [a,a] x [h, h] x X,

where Aj is as in Assumption X and [o,@] C (0,1) is as in the definition of the smoothness
class C(L, s). For L, (b;a, h,z) = L,, (b;0) as in (2.2.1), define

L(b:0) =E[L, (b;§)] = %]E [{Ea (Y—U(X—gc)Tb> 0, (Y)}K (X;‘”)] .
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We also use Kj(z) = K(z/h). It is convenient to change b into its standardization B = Hb and
to define B() = Hb(6) and B*(d) = Hb*(f). Absolute constants are denoted by the generic
letter C' and may vary from line to line.

The following argument is used systemically. Recall that &} is an inner subset of the compact
X under Assumption X. Hence for any (z,h) € Xy X K, x + hz is in X under Assumption K
provided h is small enough.

The next lemma is used in the proof of Theorems 1 and 2. Its proof is given in Appendix B

with the proof of the other intermediary results.

Lemma A.1 Under Assumption F, K and X, we have for h small enough,
i. b*(0) exists and is unique for all 0 in O°.

ii. B*(0) = Hb*(0) satisfies

E[S; (0)] = /{F(U(z)TB*(H)]erhz)—F(Q(a\erhz)\erhz)}

X f(x 4+ h2)U(2)K(z)dz =0, (A.1)
lim sup [|B*(0) — B*(a;0,2)|| =0, (A.2)
h—09ce0

where B*(a; 0, z) = (Q(a|x),0,...,0)".
iii. for all (z',0;) in X x ©', 1 =1,2,
|Q*(2;61) — Q*(a";65)] < CA™P(L+ L") |61 — 6a].
. There exists C' such that, for all 0 in ©' and 2’ and X,

o () ox(57)

A.1 Proof of Theorem 1

Since Q(-|-) is in C(L, s), the Taylor-Lagrange Formula and Assumption K yield that there
exists t = t(h,x,z) in (0,1) such that for h small enough and all (z, z) in Ay x IC,

Qalz + hz) = Z M(hz)v—k Z (hj!)v (by(a]x + thz) — by(a|z))

o<ivi<ls) IvI=Ls]
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= U(z)"Hb(a|z) + (0, 2). (A.3)
In the equation above, by(alz) is the vth partial derivatives of Q(a|z) with respect to = and
bale) = (be(alz), [v] < [),0,. .., 0)" € B”. Since Q(|) € (L, 5),
€(0,2)

< CL. (A4)

lim  sup
h—0 (6,2)€0! xK

Let
1
106, 2) = / £ (Qalz + he) + £ (UE)TB*(0) — Q(ale + h2) |z + he) dt.
0
Assumptions F, K, X, Q(-|-) € C(L, s) and (A.2) give
lim sup  |I(0, 2) — f(Q(alz)|z)] = 0. (A.5)
h—0(0,2)e09xK
A Taylor expansion with integral remainder gives
F(U(2)"B*(0)|z + hz) — F (Q(a|z + hz)|z + hz) = (U(2)"B*(0) — Q(a|z + hz)) I(0, 2).
Substituting in the first-order condition (A.1) yields

/U (2)"B*(0) — Q(alz + hz)) I(0, 2) f(x + hz) K (z)dz = 0. (A.6)

We show that the matrix [U(2) U (2)" I (6,2) f (x + hz) K (2) dz has an inverse. Indeed, As-
sumptions K and X, (A.5) and h small enough give that uniformly in 6 in ©° and A in R,

AT/U T1(0,2) f(x+he) K (2)d=A — /HU(z)TAHQI(é),z)f(erhz)K(z) d

= (14 o(1) f Qlaflo) [ [U )" A
xK (z)dz
> ClAl*,

using the fact that A — [ HU 2 A‘
RP. It follows that [U (2) U (2)" 1(6,z) f (x + hz) K (z) dz is strictly positive definite and has

z)dz is a square norm and norm equivalence over
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an inverse which satisfies, for n large enough

sup
0ce0

UU 1(0,2) f(x+hz) K (2) dz} Tl < oo (A7)

(A.6) and (A.3) give
Hb*(6) = Hb(alz)
[/U 2)T10,2) f(x + hz)K(z)dz} B
« / €8, 2)1(6, 2) f(x + h=)U(2) K (2)dz.
It then follows from (A.4) and (A.7) that

[Hb*(6) — Hb(alz)|

—H
UU ()T1(0, ) f(x + h=) K }

< CLK (A.8)

€0,2)1(0,z)f(x+ hz)U(2)K(2)dz

uniformly in 6 in ©°. This ends the proof of the Theorem and also establishes (2.3.2) since
b(alz) = (b (afe), [v] < |5).0,...,0)". O

A.2 Proof of Proposition 1

Let o(t) = exp(—t2/2)/v2r, ®(t) = ['_p(u)du be the p.d.f and c.d.f of the standard

normal. The regression model (2.3.3) is such that

F(ylz) = ®(y—m(x)), [flz)=1I(ze[-11]).

(A.2) gives that lim,_,o max.ex |U(2)"B(0.5; h,0)| = Q(0.5]0) = m(0) = 0. Hence (A.6), (A.5)

and Assumption K give

(1+ of /U (2)"B(0.5; h,0) — m (hz)) K(z)dz = 0.
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Recall that U(z) = (1,2)”, so that the equation above gives
bo(0.5; 1, 0 | a2 K(z)d
of ) ~ (1401 (/U YU (2 )d) Jm(2)K(z)dz
hb1(0.5; h,0) hY2 [1232 K (2)dz

[ m(2)K(z)dz
[ 122K (2)dz 0

J 22K (z)d=

= (1+0(1)) A2

A.3 Proof of Theorem 2

We first state some intermediary results. The two following propositions deals with the

remainder term R,, (8,¢;0) =>"" | R; (8, € 0) from (2.3.10)7 where

. - * . _U( h )Tﬁ
- (K G >}

<k (F50) - SO 5 (5t ) (29

h nh)
Define also
_ e U (B9
B {E“(Y’ TXsif) (nhd)'/? )
oy oy U8
g“(YZ v (Xah) (nh)'/? >

S2{1(Y, € Q" (X:6)) — o} (( h)i )

R} (B,60) = Ri(f,60) —E[R:(B,60)]X,], (A.10)
1

RY5.0) = B[R (3.60) %] - 5 (5000 ) (29, (A
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which are such that
R, (8,60) =Ry, (B,660) + Ry (8,660), R, (5,¢0) ZRJ B,€:0),

Proposition A.1 Consider two real numbers tg,t. > 0 which may depend upon on n with
tg >1,te>1/n and (ts + t)"? Jt. <O <(nﬁd) 1/Zl/logl/2 n) Then, under Assumptions F, K

and X and for n large enough,

E

1
sup ‘R}l (B, € 9)‘ <C——r g’
(8,6,0)€B(0,t5) X B(0,t) x O (nh

Proposition A.2 Consider two real numbers tg,t. > 0 which may depend upon on n with
tg > 1 and tg/te = O (nﬁd/ logl/2 n) Then, under Assumptions F, K and X and for n large
enough,

te(tg +t)

E (nhd) T

sup IR? (B, €0)]
(8,6,0)€B(0,t3) xB(0,tc)x O

<C

The next lemma is used to bound the eigenvalues of Y7 | J;(0)/(nh?) from below. It implies in
particular that all the £,(6) in (2.3.7), 6 in ©', are well defined with a probability tending to
1. Let v (0) be the smallest eigenvalue of the nonnegative symmetric matrix 3" Ji(0)/(nh)4.

Lemma A.2 Under Assumptions F, K and X, infoecer1y (0) > v+ op(1) for some v > 0.
Lemma A.2 together Lemma A.3 below gives supgcer ||5.(0)|| = Op (logl/2 n>

Lemma A.3 Suppose that Assumptions F, K and X are satisfied. Then

n

1
W Z Si(0)

=1

sup
feol

= Op <log1/2 n) .
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The rest of the proof of Theorem 2 is divided in two steps. In what follows

1 3/4
=128 45,
(nhd)1/4

Under Assumption K, (logn)/(nh?) = o(1) so that t,, = o (logl/2 n) In the sequel, t,, will play

the role of t. whereas ¢ will be chosen such that t5 < log'/?n. Hence

(ts 10" _ mﬂwﬂ%mn_lO(mMWj

te B tlog¥*n ¢ log*? n
1/4
ts = (n)"*log!* =0 nh' =0 nh’ x log"?n ) =o —nﬁd .
le tlog®4n logn logn log'?n

Hence these choices of tg and t. satisfy the conditions of Propositions A.1 and A.2 provided ¢

is chosen large enough.

Step 1: order of SUp (. gyep(0.4,)xo1 IRn(Bn(0), € 0)|. Consider 7 > 0 arbitrarily small. Let  be
as in Lemma A.2. Since Lemmas A.2 and A.3 give supycgr ||6n(0)] = Op <log1/2 n), there is a
C, such that, for n large enough,

2

t
P sup [Ru(Bu(0),60)] > L2
(c.0) 4

€B(0,tn)xO61

Vts
< P ( sup IR, (B.(0),€8)] > _T’ sup ||8.(0)] < C, log!/? n)
(6,0)EB(0,t,) x O pco!

+ (sup 1,(0)] > € 0g' 1 )

fcol

ta
< P sup |Rn(57670)| > = + 1.
(8,6,0)€B(0,Cy log'/? n) x B(0,t,,) x ©1 4

Propositions A.1 and A.2, R, = R} + R? and the Markov inequality give

1t
P sup IR,(8,¢60)] > =~
(B,6,0)€B(0,Cy log/? n) x B(0,t, ) x 1 4

1/2
o [ tn (On logl/2 n+ tn> logl/2 n t, (Cn logl/2 n+ tn>
< = +
t2 (nhd) 1/4 (nﬁd) 1/2

2
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C log®/* tn 172 1 1/4 2t, 2
22 o+ —2) 4+ (=2 Copt+—— ] |-
tn (nh*)1/4 log"? n nh log? n

The definition of ¢, t, = o (logl/2 n) and Assumption K give

2 L2
limsup P sup IR,.(8n(0),€,0) > _Tn =n+0 Z when ¢t — co.  (A.12)
(¢,0)

n—00 ,0)EB(0,t,) xO1

Step 2: supgeer ||En (0)|| and sup (. g)epo., <o IRa(8n(0), € 0)|. Consider 7, > t, and € = 7,e,

lle]| = 1 so that ||e|| > ¢,. Since £,(+) is convex, € — L, (3(0),¢;0) is convex. This gives since
L.(3(6),0;0) = 0 and L, = L? + R,

tn tn tn

L, () 60) = Lo (0).60) + (1) Ly (5,(0).00

v

Lo (50(0).26:0) = L, (5,(0). 50

Hence E,, (0) = argmin,L,,(8,(0), €;8) and the latter inequality give

UBO 20} © { b L(8a0).0) < _inf L3 (0).c0)]

c {”u”l; Lo(6a(0), €:6) < ann(e),o;e):o}
e { it (L2 ((0),10:6) + R (51(6),t0e:6)] <0}
C {mf Ly, (8a(6),€;6) — sup \Rn(ﬁn(9),6;9)\§0}.
tn llell=tn
Since
{suan ||>t} U B0 > .}
peo! peo!
this gives

{Sup IEn(0)]] Etn} < U { inf Ly, (Ba(0),€:0) — sup |Ry (8a(0),€:0)] SO}

st oo | leli=tn leli=tn
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00! [lell=tn (6,0)€B(0,t,)xO1

C { inf inf L2 (8,(0),¢0) < sup IR, (Bn(0),€; 9)|} .(A.13)

Consider first infyegr infj =, LY (6,(0), €;0). The definition (2.3.10) of LY gives, for any ¢ with
lell = tn,

1 1 o 1
Ly (Ba(6), 66) = 3¢ (W ;Ji(0)> €2 57,00

Hence (A.13), Lemma A.2 and (A.12) give

lim sup P (sup IE.(0)] > tn>

n—00 0co!

2
< limsup P ( sup (R (B,(6). :6)] > (1+ 0 (1)) %)
(

n—00 ,0)€B(0,tn) xO1

t2
< limsupP sup IR, (Bn(0),€,0)| > L
n—00 (e,0)€B(0,tn)xO1 4

L2
:n+0<%) when ¢ — oo.

Since the latter can be made arbitrarily small by taking n arbitrarily small and then ¢ large

enough, the Theorem is proved. O

A.4 Proof of Corollary 1

Part (i) follows from Theorems 1 and 2 and the triangular inequality, together with

1/m
([ Iastanas) " = 0sta)

We now prove the latter. Lemma A.2 and the Holder inequality give, since X} is compact,

1/m
( 18a(as x>umdx) o
Xo Xo

1 n
i=1
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Since E[S;(#)] = 0, the Marcinkiewicz-Zygmund inequality (see Chow and Teicher (2003)),
(2.3.5) and h? > C(logn)/n give

2[m]+2

N fm]+1
1
E1/C2m]+2) ‘ < CREY@im+2) <WZ||SZ-(0)||2>
i=1

1 n
W;Si(e)

1 - X —x KXifpgsr =
< - - il Sl Zlmltt 7
<C ()T E 1E{H< - GIC) X ><]I< 7 EIC)}

uniformly in z. Part (ii) similarly follows from Lemmas A.2 and A.3 which gives

sup [|8,(0) = O (log!/*n) .0

ISCh

A.5 Proof of Proposition 2

Let h = h,,/C and h = Ch,,. The condition on h,, ensures that h and h satisfy Assumption
K for all C' > 1. Theorems 1 and 2 give, for all C' > 1,

N N 1 1/2
sup by(a;h,x) = by(alz)| = hMOp (ﬁs ! ( Ogj}) )

(a,z,h)€[a,a)x Xo x [R,h]

This ends the proof of the Proposition since lim inf,,_, ., P (ﬁn € [h, _]> can be made arbitrarily

close to 1 by increasing C. O
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A.6 Proof of Proposition 3

Substituting (2.3.8) in (2.3.11) yields
—~ 1
q(a)z) — qlalz) = > /Q(a + hyt|x)dK,(t) — q(o|z)
q

*i / (Q* (o + hyt|x) — Q(o + hyt|z)) dI,(t)

13, hyt; h IE, hyt; h
T e ()
hq (nhd) hq (nhd)

Theorems 1 and 2 with h = O(h,) and h, — 0 give

hiq/(Q*(a+hqt\x)—Q(oz+hqt]x))qu(t) = <h5+1/\dK )z O(hy),

E, (a+ hgt; h,x log/n 1
/ El h;] 1/2 )qu(t) = o 1/40]13 ( h hd 1/2) .
¢ (nh?) (nhdh2) (nhqh?)

Hence it remains to show that

hi / Qla+ hyt|z)dK, (1) — qlalz) = O (k). (A.14)

1/2/571 (a+ hgt;h,x)dK,(t) = Op(1). (A.15)

The two next steps establish these two equalities.

Step 1: proof of (A.14). Since Q(ajz) € C(L, s + 1), the Taylor-Lagrange Formula gives, for

some w in [0, 1],

Ls] (Ls]) — s
(o] ) a + whyt|x o|lx s

]+1 ([s] + 1!

Qo+ hytlz) — Q(alz) =

The definition of the smoothness class C,(L, s) gives

’q(LSJ)(a + whyt|x) — q(w)(odx)‘ <L |hqt|5_L :
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Hence, since the support of K,(+) is compact, [ [dK,(t)| < oo and [dK,(t) =0, [tdK,(t) =
[ 2R (1) = - = 1K, (1) =0,
1 h
et nmar e = QD L) satafe) [rasco + D e
q q

i (o))

([s] +1)
= ¢(alz)+ O(R?).

ot /tLSJqu(t) + O(h?)

Step 2: proof of (A.15). Let 0, = (o + hyt, h,x), 6 = 6. Since [ dK,(t) =0, (2.3.7) gives

hi/ [ Ao ari o - h}/2 [ 600~ @) arc0

_ 1 (g Tz siar, )
= W”(W;Me)) —(W;Ji(@g } (ah) 7 (A.16)

hl/2 / (nhd 2 > nh) 1/2 Z{ Si (01)} dKy(t). (A.17)

Since A +— A~! is Lipshitz over the set of semi-definite positive matrices A with smallest

eigenvalue bounded from below by v, Lemma A.2, (2.3.6) and Assumption F yield that (A.16)

satisfies

n

1 1 & AR e
F/{(W;Ji (9)> - (W;Ji (Qt)> }W;Siw)d}(q(t)
O]p 1 n
Ve / nhdZ{J (B) = 3:(6) WZSM)
Op(1)

i=1
1
B2 1/2 Z S:(0)
q

|dE, ()]

n

Xi—I

/c) A, ()] .

‘< ) /WZ'Q*<Xi§‘9t)_Q*(XiQQ)|H(

The definition (2.3.4) of Q*(X;0) and (A.8) give, since Q(alx) € C(L,s + 1) and because the

support of K, is compact,

1 1 <
12 / i D 1@ (Xis6:) — Q (X5 0)|1 (
q =1

Xi—a/:

) a5, 0)
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IN

IA

IN

U (Xh_ ”3>T (Hb*(6,) — Hb*())

i (Xh_‘” € IC) K, (1)]

Coa 1 (Tt en) e 1B (60— b7 0) a6, 0)

“1/2 | hd
he / nh —

nhd h

Op(1) e (/\|Hba+ht|x) Hb(a|x)\||dK()|+O(hS“))

0r(1)—1 ([ 1010+ hule) = Qe lak )] +0 (51 -+.1) ) = O (172).

This together > | S;(0)/(nh?)Y/? = Op(1) gives that the item in (A.16) is Op (h;ﬂ) = op(1).

For (A.17), Lemma A.2, E[S;(6;)] = 0, (2.3.5), Q*(X;6;) = Q*(X;0)+ O(h,) uniformly with
respect to ¢ in the support of K, and X € = + hiC (as easily seen arguing as in the equation

above) and Assumptions F, X give

<

IN

h1/2/<nhdz ) hd 1/22{ et)}dK ()

K, (2)]

1/2 o 1/22{5 (6:)}
(2—(/)1@ M > (50) -5 )
& | s - s
(s

Q* (x+hz0)+Chq 1/2
op(n/ / (i/ Flylz + hz)dy> 1(: € K) f(z + hz)dz] K, (¢)]

hq Q*(z+hz;0)—Chq
Op(1).0

Iqu(t)|]

] | B, (1)]
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2.6 Appendix B: Proofs of intermediary results

B.1 Proof of Lemma A.1

Recall

UX -2)"b=UX -2)TH'B=U (X — x)TB

and define

£(B:0) = £ (b:0) %E [{0a(Y — U((X — 2)/0)"B) — €a(Y)} Kn(X — )] .

The change of variable x1 = x + hz gives

L(B;0) = % [/ <€a(y—U (Ilh_x)TB) —fa(y)> flylan)dy| fa1) K (xl}zx) dz,

~ [|[ (o= 067 B) = ) ol )] o+ hK G (Ba)

showing that £ (B;6) is also defined for h = 0.

Proof of (i). It is sufficient to show that B*(§) = arg mingcgr £(B;6) exists and is unique.
Note that B ~— L£(B;6) is convex by (B.1) because (,(-) is convex. Since limyy o0 ba(t) =
+o00 and U(z)"B diverges almost everywhere when ||B|| diverges, equation (B.1) implies that
limB = oo L(B;#) = co. Hence £(B;#) has a minimum. We show that this minimum is unique
by showing that B +— E(B; 0) is strictly convex for all § in ©°. We compute the first and second
B-derivatives of £(B;0). Equation (2.1.1) gives that for almost all B,

Iy (y —U(2)"B)
0BT

=2(I(y <U(2)"B) — a) U(2)

which is bounded for z in the compact K. Assumptions F, K and X, the Lebesgue Dominated
Convergence Theorem and (B.1) yield that

Evpg) = B0 2 | (/ (I(y < U()"B) —a) f(ylo + hz)dy)

Xf(zx+ h2)U(2)K(2)dz
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= 2/F <U (z)TB]x—i—hz) flz+ h2)U(2)K(2)dz
—Qa/f (x 4+ h2)U(2)K (2) d=. (B.2)

Applying again the Dominated Convergence Theorem yields that

/3(2)(B; ) = 8;£BTBa]§ =2 / F(UR)Blz + h2) f(z + h2)U(2)U(2)T K (2)dz. (B.3)

For all A # 0 in R?, (B.3), Assumptions I, K X and = € &, give
ATLO(B:hA = / fUR)Blz + hz)f(z + h2) ATU(2)U(2)"AK(2)dz

_ /f (=) Bl + hz) f (z + h2) ||U (2) AH 2)dz > 0. (BA)

Hence £3)(-;6) is a positive definite symmetric matrix for all § in ©° and B in R? so that the
strictly convex function £(B;#) achieves it minimum for a unique B*(6).

Proof of (ii). Consider a fixed h to be chosen small enough, and let 00 be the corresponding
©°, which is compact. The proof of (i) yields that B*(6) is unique for all § in ©° and is the
unique solution of the first-order condition E(l)(B; 0) =0, that is

/F (U ()" Bz + hz) fz + h2)U(2)K(2)dz = a / fx+h2)URK (2)dz,  (B.5)

see (B.2), so that (A.1) is proved. In particular, observe that B*(«; 0, x) is the unique solution
of E(l)(B; a,0,2) = 0. If h =0, the first order condition (A.1) is equivalent to

/F(U(Z)TB*(a; 0,2)|x)U(2)K(2)dz = a/U(z)K 2)dz

Let Bl (a]z) = (Q(a|z),0,...,0) in RY. Since U(2)TBy(alr) = Q(a|z), Bo(a|r) satisfies the
first-order condition equation above. Hence B*(«; 0, z) = By(«|z) by uniqueness.

We now show that B*(0) is continuously differentiable in 6 over 0" and give bounds for
B*(6), 0LY (B*(0);0)/007 and L (B*(6);6). As shown above, B — £1)(B:6) is continuously

differentiable and £ (B;0) is a symmetric positive definite matrix for all B in R and so has an
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inverse. Assumptions F, K and X yield that F(U(2)"B|z + hz) and f(z+ hz) are bounded and
have bounded #-partial derivatives over Qv provided % is small enough. Hence the Dominated
Convergence Theorem and (B.2) yield that £ (B;6) is continuously differentiable in 6 over
©°. Then the Implicit Function Theorem (see e.g. Zeidler (1985), p.130) and the first-order
condition £ (B*(6); 0) = 0 yields that B*(6) is continuously differentiable in  over 6°, with

OB*(6)
907

~1 LM (B*(0); 0)

— — [22(B(0):0) —

(B.6)

Recall now that ©° C ©° when % tends to 0. Hence continuity of B*(:), £1(-,-)/067 and

compactness of ©° give

lim sup [|B*(0) — B*(a; 0,2)|| = 0,
h—0 9ce0
_ OLMD(B*(0);60) LD (B*(;0,2); , 0, )

Since the first limit is (A.2), (ii) is proved.

Proof of (i11). We bound the partial derivative (B.6). Observe that (A.2), the expression
of B*(a; 0, 1), the compactness of ©° and Assumption F yield that there is a compact B such
that B*(#) is in B for all § in ©°, provided h is small enough. Then (B.3) and (B.4) give that
uniformly in 6 in ©°,

LO(B*(0):0) = C U(2)U(2)"dz.
B(0,1)

Hence (B.6) and (B.7) give

0L (B*(6);6)
ol

oB*(0)
907

lim sup <C. (B.8)

lim sup 4
h—09c@0

h—0 90

( s U(z)U(z)sz> B

B

Let us now return to the proof of (iii). The differentiability results above yield that 6 €
O! — Q*(2';0) = U((x — 2')/h)"B*(0) is continuously differentiable in §. We have for all z, 2’

in X and h > h,
A C 0 x—a C
< — < — .
HU< h )H T HaeTU( h )H e
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Hence for h small enough, (A.2) and (B.8) yield that for all # in ©' and 2’ in X
0Q (1 0)|| 0 y(r== T
T || a0 h

< Jaaro (557 Jimon o (5

The Taylor inequality shows that (iii) is proved.

z—a"\" OB*(0)
h 007

B(6) + U (

oB*(0 _ _
o[

Proof of (iv). The change of variable 2’ = x 4 hz shows that it is sufficient to prove that, for
all @ in ©° and z in K,

f(Q*(x + hz; 0)|z + hz) > C with f(Q*(z + hz;0)|x + hz) = f(U(2)"B*(0)|z + hz),

which is true for i small enough by (A.2) and under Assumption F which gives that f(y|z) >
C > 0 for y in any compact subset of R and any x in X a

B.2 Proof of Proposition A.1

The proof of the Proposition uses the two following Lemmas. In what follows, the stochastic
processes R(-;-), R'(-;+) and R?(-;-) have the same distribution than the R;(-;-), R'(-;-) and
R?(+;+) in (A.9), (A.10) and (A.11). Define also

X —2\" 15}
i(p,0) =0 < ; ) (nhd)l/Q. (B.9)
Lemma B.1 Under Assumptions F, K and X, we have
lell” A1+ lell)
Var (R(f,¢,0)) < C o (k)
Proof of Lemma B.1. Observe {,(t) = 2 fo a —1(z <0))dz. Hence (A.9) and (B.9) yield
5(8,0)+6(c,0)
R(B,€0) =2K,(X — x)/ (LY <Q*(X;0)+t) —I(Y <Q"(X;0)))dt. (B.10)
5(8,9)



2.6. APPENDIX B: PROOFS OF INTERMEDIARY RESULTS 81

The Cauchy-Schwarz inequality give

, (8,0)+5(c.0) 2
R(B,e:0) = 4Ky (X —2) ( / (Y < Q" (X:0) +1) —~1(Y < Q*(X:6))) dt)
5(3,9)

< AKR(X —2)?|8(e, 0)|

(B,0)+0(e,0)
[y - @) < ) ar.
5(8,9)

Hence Assumption I and (B.9) give

E[R*(B,60)|X] < 4K, (X - )% |6(e, 0)]
5(8,0)+6(c,0)
/ { [ty -@ o)< ) f(le)dy} it

5(8,0)

X

8(8,0)+6(e,0)

< 4K (X — 22 (|F (1) (. 0) / ]t
5(8,0)

< cm ) < 07 (303,01 + 15(c )

< B CEIYCEN e 1+ e

( hd>3/2
Then, under Assumptions K and X,

Var (R(8,€:0)) < E[R*(8,¢0)] =E[E[R*(8,¢0) |X]]

C llel® (18]l + lle ||) ’ /

= (nhd)?? ( ) H < ) fx @) dw
Cllel® (18] + llel]) , 4 2 3 )

< prra / K2 (2) [U ()| fx (2 + h2) da

- ol Bl + el

- n (nhd)/?

Define
F=F (st 0") = {R(B,e;0),(B,€,0) € B(0,t5) x B(0,t.) x ©O'}.
The next lemma studies coverings of F with brackets [E, R]. Recall that the bracket

[R,R] = [R(X,Y),R(X,Y)]

is the set of random variables r = r(X,Y) such that R <r < R almost surely.
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Lemma B.2 Under Assumptions F, K and X and if tz +t. > 1 and n is large enough,

2

1. There are some ° and w, with

= t2(te + tg) o tg + 1t
n(nhd)l/Q ! (nhd)l/z’

such that for all integer number k > 2, (8,€,0) in B(0,t5) x B(0,t.) x
k k!—k—2—2
E [|R(ﬂ,e; 0) —E[R(S, € 0)]| } < Sw
ii. Let T in (0,1) be a bracket length. There is an set of brackets
Z. = {[B;, Rj;] .1 <j <7},

=—1,T7

such that
Fc |J BB,
1<j<eH ()

— k!
E DEW — Rj,f‘k} < 5@“272 for all integer number k > 2 and all j in [1, eH(T)},

t t
H(t) < Clog (TL(B—H) for all 7, tg and t..
T

Proof of Lemma B.2. Define for 3 in R”
~ 4(8,9)
R0 = 28X =) [ @0 £ QX30) +0) ~ T < Q(X50) du
0
Let sgn(t) = I(t > 0) — I(¢ < 0). Observe that R(3;6) > 0 with
[6(8,0)]
R(B:0) = 2Kn(X — :c)/ (Y < Q*(X:0) + sen(6(8,0))u) — 1(Y < Q*(X:0))| du
0
1
= 2K - )6(5,0)] [ (Y < QUX6) 4 6(5,0)0) ~ 1Y < @ (X:0)]do
0

1
— KX — 2)|5(B. e)|/ (Y — Q*(X: ) lies between 0 and §(8, 0)v) dv. (B.11)
0
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(B.10) and 0(5,0) + 6(e,0) = 6(8 + ¢,0) give
R(Bie,0) = R(B+€0)— R(5:0). (B.12)

It also follows from (B.9) and Assumption K that for all 8 in B(0,¢5 +t.) and all § in ©'

= X -z X -z 1A wo __ tgtte
‘R(B,G)‘§2HU( - )HK( - )(nhd)l/zé? wAW. (B.13)

Part (i) follows from Lemma B.1 and (B.12) which give

E[|R(8,66) — E[R(,0)]|"]
. UE(B ted) —E [é(ﬁ + ¢ 9)} - (E(ﬁ; 0) —E [§<5% ‘9)]) ‘H
x |R(B,¢;0) — E[R(B, ¢ 0)]]

N\ k—2
< (2 x %) Var (R(3, €;0)) < @52

The proof of part (i) will be divided in three steps. Let F; be {R(8:6), (3,0) € B(0,t) x '} .
For the sake of brevity we abbreviate Ejj,ﬁjﬁ into Ej,ﬁj.

Step 1 : Coverings of F and ft, t =tg+t. > 1. We show in this step that it is sufficient to
find a covering of F, with H(7) = H(r:t) brackets satisfying

E|R -] < %(%)H#, (B.14)
H(t) < Clog ("{) (B.15)

Indeed, consider two such coverings of F;, and Fi 4.,

-~ 1 =1 -~ 2 =2
EB - U [E]J Rji| ) Eﬁ—i-te - U [ﬁ]’ R_]] )
1<j<ef1(m) 1<j<eH2(7)

H,(1) < Ho(1) = H(1,tz+1.). Consider a R(f3,¢€;6) in F. Since E(ﬁ; ) € [R1< R

=j1’ "7

] and R(8+
€,0) € [RQ- EZ} for some j; and jp, (B.12) implies that R(f8,¢;0) € [E?Q —}_%]1-1,}_%?2 —Ejl-l]

=—J2? 7]
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)

Hence these e

?|

7) brackets form a covering of F with, using (B.14) and (B.15),
7R - (B-r)| < 2 (e||R - E
j2 T =1 2 241 = J2 T 2o ‘ +
Ko(w\"? , K
< ok (W 2 _ N _p2 2
< ot ( 2) rt = Mg

H'(t) = Hi(1) + Hy(1) < Clog (M) .

_Rl|

T

Step 2: Preliminary results for the construction of a covering of]?t. We bound the increments

of (8,0) — Q*(X;0), Ki,(X —z),6(8,6). Lemma A.1-(iii) gives that for all §, §' in ©'

Q" (X:0) — Q" (X;0)| <ChP(1+0L )0 -0

Under Assumption K

< (5) - ()] = e )
< C(Glo=ol+ mlh-1) < o -01.

For the increments of §(3,0), define U =U(X —z), U =U(X —2), H =

H(#'). This gives
16(8,0) = 6(8',6")]

H- 1 / Hfl , , Hfl Hlfl ,
UT( hd)l/Q (8-p8)+(U U>T 1/26 +U” <( - )ﬁ

(nhd) nhd)1/2 (nh/d)1/2
Hi1 , H*1 , Hfl H/—l
< W 18— B + l|x — W 1811 + (k)2 - ()12

(1 ’(1
ﬁ(uﬂ B+l =l + 3 I - h’l)_ﬁ(w 7+ o — el
_— n_

Step 3 : Construction of the covering of F,. Define

plq,0) = [[(g<d)—I(g<0)|=T(ge (0,0)I(6>0)+1T(q€6,0)I(d<0),
r(q,6) = /p(qﬁv)dv-

0
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Hence (B.11) shows

R(B;0) = 2K,(X — 2)[8(8,0)|r (Y — Q*(X;0),5(5,0)).

For any n > 0, there exists functions p(q,d) = L, (¢,0) and p(q,6) = p,(¢,0) and an open set
D = D, C R? such that

p—(1) 0<p(q,0) <plg,n) <p(g.0) < 1forall (q,0), withp(q,d) = p(q,n) = p(q,0)
if(¢,0) € R*\ D,,

ap(q, 5 8p(q 3)

_ (11) Sup(q,é)GDn < ‘ + ‘ + ‘) S C"T]—l/Q7

p
p— (i) DC D' ={(qg,0) R |q| < Cn~'2 or |q—5| <Con 2y

Define r(q, 0 fo (q,v0)dv, T(q, 0 fo (q,v0)dv and

(8,0) = 2Kn(X —2)[6(8,0)|r (Y — Q"(X;0),0(8,0)),
(8,0) = 2Kn(X —2)[6(8,0)F (Y — Q"(X;6),5(8,0)) .
Since K(-) > 0, p-(i) gives that these functions are such that
R(5.0) < R(5.0) < R(5,0). (B.16)
We now bound R(3,6) — R(',6') and R(j,0) — R(3',0"). We have
[B(B,0) — R(5',6")] < 2|Kn(X — ) = K (X = 2)[[6(8,0)|r (Y — Q"(X:6),6(8,0))

+2K (X —2)[6(8,0) — o(8',0)|r (Y — Q7(X;0),6(8,0))
+2E (X = 2)[5(8,0)| | (Y — Q*(X;6),6 (8,6)) —r (Y — Q"(X;6),6(6,6)].

Hence Step 1, p-(i,ii), (B.9) and the Taylor inequality give for all (3,0), (3,0) in B(0,t) x ©1,

!l t ”‘9 _ GIH 141 ’ ’
_ < _ _
— He — elH 141 / /
von 2 (B s (=01 + 18- 21

(1+n72)(1+1)
- hP T (nh™)1/2

(0 =61+ 118 =81
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Arguing symmetrically gives

(T+n7 ) (141

ﬁpﬂ(nﬁd)l/? (HQ—Q’H_'_HB_B/H)

|R(B,0) — R(B",0')| <

We now construct the brackets. Recall that there is a covering of B(0,¢) x ©! with N balls
B((B;,60;),m), 8; = (a;j, hj, z;), with center (5;,0;) and radius 7 such that

P
N < max <1 i) , (B.17)

" pPrd+2
see van de Geer (1999, p.20). Define

(I+n2) 0+t -
hp-i-l (nhd)l/z 5 .=

(T+n Y3 (141
ﬁp+1(n@d)l/z )

= R(B;,0;) — Cn R(B;,6;) + C

J J

R; =max (0,R}), R;=min (%,El-) : (B.18)
Bounding R(f3,0) — R; and R(f,0) — R; for (3,0) in B((6;,6;),n), (B.16) and (B.13) give

R, <R, <R(3,0) <R; <R. (B.19)

_‘7 _
It then follows that {[Ej,ﬁj] g =1,... ,N} is a covering of]?t with, since 0 < R; < }_%j <w/2,

C(L. (B.20)

=gl <5 =0t

MISI

We now bound E [(Ej — R)) ] and E DR - R, | } (B.19), p-(i,iii), (B.9) and Assumptions
F, K give

E [(Ej - Ej)Q] <E {(E; - EQ’)? <2E [(E (85, 05) — E(ﬁjﬁj))z} +Cn? 2+ Z;ZZS +Y)]

< 8K [Kﬁj (X — ) 6% (B;,60;) (F (Y — Q" (X;6;).6(B;,6;))

—r(Y = Q7 (X:05).8(8;.9,))"] + C% (n°

+77)

2

< 8E | K, (X—mj)52(5179j)/</0 I((y — Q" (X;6;),v6 (85,0 ))GD)d> f(?/\X)dy]
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(1+1)
+C vz (1 +7)
T
o / K2(2) |U(2)

X {// I((y — Q" (z;j + hyjz;0;),v0 (8;,0;)) € D) dvf(ylz; + hjz)dy| f(z; + hjz)dz
0
(1 +

po LD oy
h2p+2+d mn

1+¢

This together with (B.20) give for any integer number £ > 2

§e) k w)" o 2 k! o (1+ t)z 2 1/2
E“Rj_ﬁjl } < (5) E[(Rj_ﬂj) } ) (5) chh2p+2+d (77 +n+n )
Hence (B.14) holds if 1 satisfies
- gmm (nﬁ2p+2+d)1/27_ n@2p+2+d7_2 (nﬂ2p+2+d>274 |
3 (1+1)? T+t T\ 1+t

Recall now that 7 < 1, ¢ > 1 and that h > Cn~"/? under Assumption K. The bound (B.17) for

N = exp(H(7)) gives taking n as above

ctf
H(r)
< max | 1, 2 5 Prdra
. nh2p+2+d nﬁ2p+2+d 9 nh2p+2+d 4
min (1+t)? L (14t)? (A (14t)? T

< max (1, CE)

T

It then follows for n large enough

3n (4p+4)/d 4 4
H(r) < (P+d+2)max<0,log(c—)):C(Blogt+ P

-
< Clog (tn>

logn — log 7')
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and (B.15) is proved. This ends the proof of the Lemma. O

Let us now return to the proof of Proposition A.1. Define X = (X7, ---, X,,). The definition
of R} and (A.10) give

E ap  [RL(B.60)
(8,6,0)€B(0,t3) xB(0,tc) x O
_ E sup S (R, (8,¢:9) — E[R (8, :6) [X])
| (B,6.0)€B(0,t5)xB(0,te) xO! | 1=
< E sup > (Ri(B;€,0) - E[R; (B; 6,9)])'
| (B,6,0)€B(0,t5)xB(0,te) xO! | ;]
+E sup E|> (Ri(B,660) —E[R;(8,0)) X
(8,6,0)€B(0,t3) x B(0,te) x O i1
(B,e,0)€B(0,t5) x B(0,te)xO | ]

Let H(-), & and w be as in Lemma B.2. Recall that t3 +t. > 1 and that 7 < 1 < n(tg +t.) for
n large enough under the assumptions for ¢3 and ¢, of the Proposition. It follows from Massart

(2007, Theorem 6.8) that

n

E sup

(B,6,0)€B(0,t5)xB(0,t) xO1

<(C <n1/2

(Ri (B,6;,0) —E[R; (&6;9)])“

=1

03{(u)1/2du +w+7)H (a)) .

Since & < 1, Lemma B.2 gives, for all v in (0,7], H(u) < C'log(n(tg + t.)/u). This gives

" /Ong/Q(U)du < (no)'? (/OUH(u)du) v < C(no)'/? (/Oalog (@) du) 1/2
e lla().)

< Cn'5log? (M) .
g
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The order for & given in Lemma B.2, assumption on t3 + ¢, and Assumption K give

3/2 (nh VY (4, 1 1)1/2 3/2 ()2
log (n(tg +t.)/a) < Clog <n (nh) . (ts + t) < Clog 711(?—/_2) < Clogn.
e og’ n

Substituting gives

E sup IRL(B,60)|| <C <n1/2510g1/2n+ (0 +w) logn)
(B,6,0)€B(0,t5) x B(0,tc) x O

te(tsg +t.)Y? 1 tg + )12 t(ts + )12
< C’—( i 1/)4 logl/Qn 1+10g1/2n 73 + (ts + )1/4 < C—( st 1/)4 logl/2 n.O
(ot W () (ot

B.3 Proof of Proposition A.2

The proof of Proposition A.2 follows the same steps of the proof of Proposition A.1 and
we only sketch it. The integral expression of R(f,¢;6) in (B.10) and the expression (A.11) of
R?(, € 0) give

8(8,0)+4(e,0)
R*(B,60) = 2K, (X — x)/ (F(Q"(X;0)+ulX)— F(Q"(X;0)|X))du
5(8,0)

o€ 3(6) (e 4 2).

The definition (2.3.6) of J(0) gives

R? B,e,0
( ‘ ) 3(B,0)+6(e,0)
— 20, (X — 1) / L U@ OG0 ) P (@ (X:0)[X) ~uf (@ (X:0) X))
5(76,0)+6(e70) 1
- 2 | u { | 0@ xi0)+0lx) - 5 (@ (X30) |X>>dv} .
5(ﬁ,9) 0
Define

5([3,9) 1
r(6:0) = 26, (x —) | u{ | @ o+ uix) - @ (xi0) rX>>dv}du
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which is such that R*(3,¢;0) = (8 + €;0) — r(8;0). Since | f(q + v|z) — f(q|z)| < Lo|v| under

Assumption F, (B.9) gives
5(8,0)+6(e,0)
/ u?du
(8,0

. CHU (X;x> BK(X];x) el ((|7|1ﬁh||d)+3/|2|e||>27 (B.21)
r(8:0) < CEu(X -a)l5(8,0) < C HU(XQ ) MK(X; ) (gf!/

The latter inequality gives for all 8 in B(0,t5 + t.) and all § in ©*

IR*(B,6:0)] < Kn(X —x)Ly < CKu(X = x)|d(e, 0)[(16(8,0)] + |d(e, 0)])°

w o, (tg+t)?
o) <D, @ = Ut

= (nhd)?’/z.
It follows from (B.21) that, for all (5, ¢€) in B(0,t5) x B(0,t.),

Var (R*(8,¢;0)) < E [R*(8,¢0)?]

(H ”((‘f,ﬁ/! ) ) /HU(_)H KQ( - )f( e

el 181 + el : el it
< S T [IU @I K (e < @), =

Then constructing brackets as in Lemma B.2 and arguing as in the proof of Proposition A.1

IN

give

E sup IR%(8,€;0) —E [R3.(B,:0)]|

(8,6,0)€B(0,t3) xB(0,tc)x O

t te t te
< n'%5 1og!/? (—n<6+ )> + (@' +w') log <—(ﬂ+ )>
o

El

Since (B.21) yields for all (3,¢,60) € B(0,t3) x B(0,t.) x ©!

X =\ el (18] el
K< h ) (nh?)*" ]

E[RZ(8,6,0)]| = [nE[R*S,60)]|

o (57

IN

CnkE
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t(t. +15)°
o (te +1p)

: (nh")"*

substituting gives, with t53 > 1, t3/t. = O(nh?/log/*n) and Assumption K which gives
log(n¥2ht t,) = Olog n),

E

sup !Ri(ﬁ,ae)ll

(B,.0)€B(0,t5)xB(0,tc) xO1

< E sup {|R%(8,6,0) —E [R3(8,60)]| + E [Ri(ﬁ,E;Hﬂ}]

(B,6.0)EB(0,t5)xB(0,t:) xO1

clelta+td® (1 ts+te Om(vﬁmd) te(te+1t5)° _ te(tetts)”
- nhd . (nﬁd) 1/2 te (ts + te) (nﬁd) /2 = (nhd) 1/2

B.4 Proof of Lemma A.2

Lemma A.1 (iv) and Assumptions K and F give that there is a C' > 0 such that for all  in
©! and all i,

J,(0) = CM, (0), M, (0) = 2K, (X; —2)U (Xh_“’) U (Xi _“”)T.

Hence for all § in O,
1 n C n
WZL‘ (6) > WZMi (6) = M, (6). (B.22)
=1

i=1
The entries of M, () write

C - XZ—ZL' vitve Xz—l’
-~ K < < p.
nhdé( n ) ( 3 >70_\V1|;|V2’_p

Let M (0) be the matrix with entries

X — g\t X —x
(T) K( . >],0§|V1\,|V2|Sp.

Arguing as in the proof of Proposition A.1 for each of the entries of M, (#) gives

C
hd

sup [|M,,(6) — M(0)]| = op (1).
fco!
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endequation®™ Assumptions K, F and X give, for all u in R?, all z in &, and h small enough,

C X — g\ X —ux
uTM(G)u:WE Z uvlqu< . ) K< . )

0<vil,|va|<p

2

= C Z Uy, Uy /zvlJrVQK(z)f(x + hz)dz = C’/ Z uyz¥ | K(2)f(z+ hz)dz

0< v, |[ve|<p 0<|v|<p
2
2
> C’/ E uyz¥ | dz > C|ul”,
O1) \ o<vi<p

where the last bound uses the fact that

2 1/2

u+— uvz’ | dz
| 2

0<|v|<p

is a norm and that norms over R” are equivalent. Hence (B.22) and ||M,(0) — | = op(1)

M(6)
yield that there is a v > 0 such that infpee1 7 () > infpeer infjy =1 u"M,(f)u >y +op(1). O

B.5 Proof of Lemma A.3

The first order condition (A.1) implies that E[S;(0)] = 0. Consider the vth coordinate of

Si(0), )
V(i)

Hence Assumptions K and X give, uniformly in § € ©! and for all 4,

Sv.i(0) = 2{1(Y; < Q" (X;;0)) — o} (X

E//7 E// — (nhd)_l/2 ’

vil0)
( (nht)'”

5.0 Suilf) | CE) K CEN| o [ e o
Var((nhdf/?) = ((nhd)1/2> <E ( A ) — o [ )

< (@), 7" =n"2

2
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Hence arguing as in the proof of Proposition A.1 gives, under Assumption K,
1 n
E|sup |——— Y Sy.(0)|| =0 (nl/QE” log?n + (@ 4+ w") log'/? n) =0 <log1/2 n) :
pcol (nhd)1/2 ; ( ) ( )
The Markov inequality then shows that the Lemma is proved. a
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UNIFORM BIAS STUDY AND BAHADUR REPRESENTATION
FOR LOCAL POLYNOMIAL M-ESTIMATORS

Camille Sabbah !

Abstract

This paper investigates the bias and the Bahadur representation of a lo-
cal polynomial M-estimator. The bias and Bahadur remainder term are
studied uniformly with respect to the the covariates and the smoothing
parameter. The order of the local polynomial M-estimator can be higher
that the differentiability order of the function to be estimated. Applica-
tions of the results deal with global optimal consistency rates of the local

polynomial M-estimator and performance of random bandwidths.

Keywords: Bahadur representation; Local polynomial estimation; M-

estimator; Uniform consistency.
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3.1 Introduction

Consider independent and identically distributed (i.i.d.) observations (X,Y), (X;,Y;), i =
1,...,n, where Y is a real variable and X is d-dimensional. Let p(-) be a loss function and

suppose that there is an unique m(x) satisfying
E[p(Y —m(x))|X =z] = mtinEf p(Y —t)|X =z]. (3.1.1)

The minimization problem in (3.1.1) is a generalization of the classical least square case p(t) = %,
which gives that m(x) = E[Y|X = z|. Another interesting case is when p(t) = |t| which gives
that m(x) is the conditional median of Y. In a robust parametric estimation framework, Huber
(1964) has proposed the choice of various loss functions p(-) which can be less sensitive to outliers
than the standard square loss function. See Huber (1981) for an overview. In the present work
we are interested in the nonparametric local polynomial (LP) estimation of m(-). Namely m(-) is
not supposed to belong to any parametric class of functions and we aim to estimate m(-) and its
derivatives. LP extension of (3.1.1) have been widely studied, see for example Cleveland (1979),
Tsybakov (1986), Miiller (1987), Chaudhuri (1991), Fan (1993), Hastie and Loader (1993), Fan,
Hu and Truong (1994) and Ruppert and Wand (1994) among others. Fan and Gijbels (1996)
gave an good review of LP methods and discuss their advantages over classical kernel smoothing
methodology.

In the univariate case, LP M-estimation builds on the following pth order Taylor expansion

(x — xo)P

m(z) = m(xo) + (x — zo)m™M (z) + - + ) m® (),
where p! = 1 x 2 x -+ x p, and aims to estimate all the derivatives m¥(zg), j = 0,....p
based on an i.i.d. sample (X;,Y;), ¢ = 1,...,n. Let K(-) be a kernel function and consider a

bandwidth parameter h = h(n) which goes to 0 when n diverges. The vector of derivatives

(m(x),mM(z),...,m®(x))7 is estimated using B(h, x) which achieves the minimum of

;p(n—bo—(xi—mbl—---—prK — .
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w.r.t. b= (by,...b,)", the so-called LP M-estimator of m(z) and its derivatives.

When the square loss function p(t) = ¢* is used the resulting least squares estimator E(h, x)
is a linear combination of Y;, ¢ = 1,...,n. This important property facilitates the theoretical
study of the LP least squares estimator. However linearity is lost in many other cases as for the
popular case p(t) = |t| which corresponds to LP estimation of the conditional median. In the
parametric setup, Bahadur (1966) first provided a representation of the median estimator as a
sum of i.i.d. variables up to a small remainder term. From this so-called Bahadur representation,
the study of the behavior of the sample quantile is reduced to the study of a sum of i.i.d. variables.
Extension of the Bahadur representation to the LP M-estimation setup has been widely studied.
This representation is useful to derive for example asymptotic normality see e.g. Bhattacharya
and Gangopadhyay (1990), Chaudhuri (1991), Welsh (1996), Hong (2003) and Kong, Linton
and Xia (2009) among others.

The present paper is perhaps more related to the works of Hong (2003) and Kong et al.
(2009). Hong (2003) considered general loss functions and proposes Bahadur representation for
the LP M-estimator that is pointwise and with a deterministic bandwidth. Kong et al. (2009)
proposes to extend this result by providing a Bahadur representation for the LP M-estimator in
the difficult framework of data-dependence. Furthermore, their representation holds uniformly
with respect to the explanatory variable x over a compact subset of the range of X. Kong et
al. (2009) motivate the interest of their uniform results with many applications including the
important case of semiparametric plug-in estimation.

In the present work, we go one step further studying the bias term and the Bahadur repre-
sentation for the LP M-estimator uniformly with respect to the explanatory variable and the
bandwidth parameter. Hence a potentially interesting development of the paper is a Bahadur
representation which holds uniformly with respect to the bandwidth. Such a result can be useful
to study cross validation bandwidth choices and the properties of the resulting local polynomial
estimators. Another potential interesting application is adaptive testing with M-estimators,
extending so the procedures of Horowitz et Spokoiny (2001) and Guerre and Lavergne (2005)

which combines nonparametric kernel statistics associated with different bandwidth to obtain
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a lack of fit test for the regression function.

A first contribution given in Theorem 1 below deals with the study of the bias of LP M-
estimators. In the LP bias study, most of authors has considered that the order p of the LP
M-estimator is equal to s — 1 where s is the order of differentiability of  — m(z). Considering
this amounts to assume that s is known, which is not possible in most of cases. The case where
p < s can be dealt with by ignoring derivatives of order higher than p + 1. In this paper we
consider the more interesting case p > s. As shown in Corollary 1, assuming that p > s still
allows to estimate m(x) with the optimal rate n=%/(2*1) of Stone (1982). This suggests that LP
M-estimators using high order p should be preferred since they allow to estimate in an optimal
way a wider range of smooth M-estimate functions. An interesting consequence of our bias
study is that the additional LP coefficients /l;v(h, x), v = s,...,p can diverge and Proposition
1 describes a simple example where it indeed happens. Fortunately this does not affect the
nonparametric M-estimator of the existing derivatives gv(h, z),v=0,...,s— L

A distinct group of contributions involves our uniform study of the Bahadur remainder term,
namely Theorem 2, which is the second main contribution of the paper. A third contribution
builds on the fact that Theorems 1 and 2 hold uniformly with respect to = in a compact inner
subset of the support of X. Combining these results with a study of the stochastic part of the
Bahadur representation allows us to show that the LP M-estimator achieves the global optimal
rates of Stone (1982) for the L,, and uniform norms provided the bandwidth goes to 0 with an
appropriate rate.

A fourth contribution uses the fact that Theorems 1 and 2 hold uniformly with respect
to h in an interval [ﬁ,m. Proposition 2 shows that a random bandwidth performs as well as

its deterministic equivalent counterpart with respect to convergence rates of the uniform norm

by(h, z) — m(”)(x)‘ :

sup,

The rest of the paper in organized as follows. In Section 3.2 are given the main Assumptions
and notations for the estimator together a short discussion on the Assumptions. We give our
main results in Section 3.3 including the bias study and the Bahadur representation. Finally

the proofs of main results are gathered in Appendix A and the proofs of intermediary results
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are gathered in Appendix B.

3.2 Main Assumptions and Notations

Let us now extend our LP M-estimation strategy to the case where X is d-dimensional. LP

M-estimators of m(z) builds on Taylor expansions

/ (x/_xv
Q) = Z va)7

[v|<p
where v = (vy,...,v,) is a d-dimensional vector with integer numbers entries, |v| = vy +- - -+vy,
v = H?:1 z; and v! = H;lzl(vj!). Let P be the number of coefficients of Q(-), namely P =

Card {V eNd |v| < p} where N stands for the set of natural integer numbers, and stack the
by’s and (' — x)V/v! in P-dimensional vectors b and U(z’ — z) using lexicographic order so
that Q(z') = U(z' — 2)"b.

The LP M-estimator of the Taylor coefficients B(h, x) achieves the minimum over the set

R” of P-dimensional vectors of

1 — X, —
ﬁn(b;h,x):WZM)@-U()Q-@%)K( - x)
=1

77777

generally by(h, z) is an estimator of the v-th partial derivatives

by(x) = WW(@,

provided this quantity exists. To ensure that this quantity exists, we will suppose, as in Chaud-
huri (1991), that the map m(-) belongs to a slightly modified version of the Holder class of func-
tions. Let s > 0 be a strictly real number that will be an order of smoothness. Define the lowest
integer part |s| of the real number s as the unique integer number such that |s| < s < |s]| + 1.

The function m(-) is said to be in the Holder smoothness class C(L, s) if

— m(+) is | s]-times differentiable over the support of X.
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— |by(z) = by(a))] < Lz — 2|, for L > 0, all v = (vy,...,v4) in N? with |v| = |s],
and all z and 2’ in the support of X
and where | - || stands for the Euclidean norm. Define b(x) = (by(x),v < |s],0,...,0)" the
vector of derivatives of m(-) at « up to order |s] completed with 0’s to achieve dimension P.
In the following we use the fact that a function of bounded variation on R can be represented
as the difference of two nondecreasing functions on R, see Kolmogorov and Fomin (1969, p.331).
More specifically, we shall assume that the differential —r(-) of the function p(-) has bounded

variations so that it can be written at the difference of nondecreasing functions,

r(-) =r1(-) — o). (3.2.1)

We will focus on those x which are in an inner subset Xy of the support A of X. Let
B(0,1) be the closed ball {z € R?: ||z]| < 1}. Define for all z in the range of X, the functions
t € R+ R(t|z) = E[p(Y —t)|X = ] and RY(t|x) = 0’ R(t|z)/0t, j = 1,2,3 provided these
quantities exist. Positive constants are denoted by the generic letter C' and may vary from line

to line and I(-) stands for the indicator function. Our main Assumptions are as follows.

Assumption X The distribution of X has a probability density function f(-) with respect to
the Lebesque measure, which is strictly positive and continuously differentiable over the compact

support X of X. The set Xy is a compact subset of the interior of X.

Assumption R i. For any x in X, the function t € R — R(t|x) has a unique minimum
achieved for t = m(x). There is an increasing continuous function t € R — (t) such that
¥(0) = 0 and satisfying for all x in X, R(t|x) — R(m(z)|x) > (|t — m(z)|), for all t in
R.

ii. There is an increasing continuous subadditive function t € R — W(t) such that ¥(0) =0,
lim; o V() = oo, m(x) achieves the minimum over R of t — E[V (|Y —t|)|X = z],
V() <p(-) and W(|-[) < C|-| over R.

iti. The map (t,x) € R x X — R(t|x) is three times continuously differentiable. The second
order partial derivative R® (t|x) is such that there is C > 0 such that for all x in X

inf R3(t|lz) > C > 0.
te[m(z)—C,m(z)+C]
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Assumption L i. The loss function p(-) > 0 is continuous and piecewise differentiable
over R with derivative —r(-). Furthermore, r(-) is piecewise continuous and of bounded

variation on R.

1. For some a > 1 and for all x in X,
E [(rj(Y —u—t)—r;(Y — w)? X = :L‘] < Cmax([t],[t]*) , =12,
for all (u,t) in R? and where ri(-) and ro(-) are as in (8.2.1).
11. There is some positive constant v > 2 such that

supE |sup |r(Y —)|"|X =2| < oo and supE[|p(Y)]"|X = 2] < oc.
zeX  ||i<C zeX

Assumption M The function v € X — m(x) is in the Hélder smoothness class C(L, s).

Assumption K The nonnegative kernel function K(-) is Lipschitz over RY, has a compact
support K and satisfies [ K(z)dz = 1. For some K > 0, K(z) > K I(z¢€ B(0,1)). The
bandwidth h s in [@,m with 0 < h < h < 00, lim,, oo h = 0, lim,,_, logn/ (nﬁd) =0 and

liminf, o ' ~2/*h?/logn > 0, where v is as in Assumption L-(iii).

Assumption X is standard. Assumption K allows for a wide range of smoothing parameters
h — 0 in [Q, E]. When v = oo, Assumption K is standard. When 2 < v < oo we compare
our assumptions on the lower bound for the bandwidth with the one made in Dony and Mason
(2008) since this paper also provides uniform in bandwidth type results. The order of our lower
bound h is (10g n/nl_Q/”)l/d while the order of the corresponding h in Dony and Mason (2008,
Theorem 2) is (log n/nl_Q/”)l/d log=%"n. Our order of h is then slightly larger than the one
of Dony and Mason (2008) in their Theorem 2 but only differs to a logarithmic term, thus
Assumption K is fairly general. The differentiability and local convexity properties assumed for
t — R(t|z) are standard and can be checked provided the conditional density f(-|-) of Y given
X is smooth enough. Indeed

R(t]x) = / ply — ) (ylo)dy,
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under the conditions of the Lebesgue Dominated Convergence Theorem, and the pointwise

differentiability of p(-) will ensure that ¢ — R(t|x) has a first order derivative

RO (t]z) = / J(y — 1) (yle)dy.

Assumption R-(iii) follows from the fact that m(z) is the unique minimum of ¢t — R(t|z). A
celebrated example that satisfies Assumption R-(iii) is the case where p(t) = |t| so that m(x) is

a conditional quantile function. In this case
RW(t|z) = 2F (tx) — 1,

where ¢ +— F(t|z) is the cumulative distribution of Y given X and R®(t|z) exists provided
the p.d.f. f(t|x) is continuous. Hence assuming existence and continuity of ¢ — R®(t|z) is a
weak assumption. Assumption R also includes some lower bound conditions that involves some
functions () and ¥(-) in R-(i), (ii). These are used to show that the LP estimator bias term
studied in Theorem 1 below asymptotically vanishes and to obtain the consistency of B(h, x).
Any other conditions that ensure these two requirements can be used instead. A more important
group of differentiability conditions for p(-) are gathered in Assumption L. Assumption L-(i)
allows for a wide class of loss functions p(-) that can have kinks including the absolute value |- |

and the Huber’s loss function
2

t? k
pu(0) = S < )+ (e = 5 ) 10 > )
k > 0. Assumption L-(ii) is a typical condition for the derivative r(-) of such loss functions p(-).
Proposition 2.1 in Hong (2003) ensures that a condition as L-(ii) holds provided that y — f(y|z)
is continuously differentiable and () is continuously differentiable over each interval (a;,a;11)
where the a;’s are the finite discontinuity points of r(-). Such requirements holds for p(t) = |¢|

and the Huber’s loss function. The fact that the r;(-)’s satisfy
E[(rj(Y —u—1t)—rj(Y —u))’|X = ) <Clt|, j=1,2,

for small values of ¢ is a characteristic feature of such piecewise differentiable loss functions and

the upper bound C|t| cannot be improved by C|¢|?, which would hold for the smoother function
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p(t) = t2. Assumption L-(iii) is a standard condition that could be used to obtain asymptotic
normality of vVnhdh!Vl (E,(h, x) — bv(m)>. The part of L-(iii) that deals with r(-) obviously holds
for p(t) = |t| in which case v can be taken as large as wanted. The part that deals with p(-) is

used to obtain consistency of b(h, z).

3.3 Bias study and Bahadur representation

Observe that the conditional expectation of £, (b;h,x) given the X;’s is always finite, and
that its mean is L£(b; h,z) = E[L,(b; h, z)]. Classical parametric estimation theory as detailed
in van der Vaart (1998) suggests that b(h, z) should be viewed as an estimator of

b*(h,x) = Arg Min L(b; h, x) , (3.3.1)

beR”

instead of b(x). Hence the quantity b*(h,z) — b(z) can be viewed as a bias term. The study of
the bias term b*(h, x) — b(z) can be done considering the first order condition (F.O.C.)

8 * . —
W‘c(b (h,l'), h,flﬁ') =0,

and the Implicit Functions Theorem. In order to state our first result we define the standard-

ization matrix

H = H(h) = Diag (hl"l, veN |v| <p),

using the lexicographic order for the hVI’s as for b. We now state our first result on the bias

term.

Theorem 1 Assume that |s| < p. Under Assumptions and K, L, M, R and X

H(b"(h, z) — b(x))
hs

scu

sup
(h,z)€[h,h] x X0

for some C' > 0.
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It follows that
b5 (hy ) — by () = O (R M),

uniformly provided |v| < [s]. It is worth noting that the the order p of the LP M-estimator
does not influence the bias order h*~IVl. This bias order is better than the bias order h?~IVl,
|v| < p, that would be achieved by suboptimal LP M-estimators of lower order p < [s].
Furthermore Theorem 1 also gives the order of the coefficients b (h, z) with |v| > [s] which
correspond to partial derivatives that may not exist. Indeed Theorem 1 and definition of H
imply that
by (hyx) = O (R M) for |v| > s (3.3.2)

uniformly in (h,z) € [h,h] x Xy. See also Loader (1999, Theorem 4.2) which gives a less precise
b%(h,z) = o (h~I¥1). Hence the higher order polynomial coefficients b3 (h, z), |[v| > s, may diverge
when h > 0. That this may be indeed the case can be seen on a simple regression example.
Consider a loss function p(-) and a M-function m(-) satisfying respectively Assumption L and
(3.1.1) so that

ArgMinE [p(Y — t)|X = 2] = m(z), m(z) = sgn(x)|z|"?, (3.3.3)

teR

where the U ([—1,1]) random variable X and ¢ are independent and where sgn(z) = I(X >
0) — I(z < 0). In this example, m(-) is at best in an Holder class C(L, 1/2) since, for L large
enough,

1/2

|m(x) —m(2")| < L)z — 2| for all (x,2') € [-1,1]%,

an inequality that cannot be improved by increasing the exponent 1/2 as seen by taking = = 0
and 2’ — 0. The next Proposition uses this example to show that the rate given in (3.3.2) is

sharp due to the behavior of m(-) at x = 0.

Proposition 1 Suppose that (X,Y) satisfies the model (3.3.3) and let the vector b*(h,z) =
(bi(h, ), bt (h, @) from (3.3.1) be given by a LP procedure of order 1. Then under Assumptions
K, L, M, R, X, and [ zK(2)dz = 0, b5(h,0) = m(0) + O(h/?) and b;(h,0) diverges with the
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exact rate h=1/2,
32K (2)dz
h 1(,0) [ 22K (z)d=

We now introduce some additional notations specific to Theorem 2. Finding the Bahadur ex-

~

pansion of H(b(h,z) — b*(h,x)) builds on

m*(2';h,x) = Uz’ —z) b*(h,2), (3.3.4)
S(X;,Yi;hyz) = K (th_ x) r(Y; —m* (X h,z)) H'U (X; — 2), (3.3.5)

J(X;ho) = K (Xh_ x) R® (m*(X;; h, )| X;)
xH'U(X; —2)U(X; —2) ' H ™, (3.3.6)

abbreviating these variables in S;(h,z) and J;(h,z), and where R®)(-|-) is as in Assumption

R-(ii). This part builds on a local study of £, (b; h, z) based on the change of variables

H5

B = (nh)*?H(b — b*(h,z)) so that b =b"(h,z) + ()

Hence

Bo(h,x) = (nhd)V?H <B(h,x) ~b*(h, x)) ,

achieves the minimum over RY of
* 1 - *
Lln(ﬁ; ha {K) = nhd (‘Cn (b (h7 $) + WH 15; h7 .1') - ﬁn (b (hv '1'); ha x))

It is known that an approximation of Bn(h, x) is given by

Bu(hz) = — <# > uh x)) W > Sih.), (3.3.7)

see for example van der Vaart (1998). It will be shown that 3, (h,x) is well defined uniformly
in (h,x) in [@,ﬂ X Xy with probability which can be arbitrarily large.
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The Bahadur representation studies the error in the approximation of Bn(h, x) by Bu(h,z).

Namely, the purpose of Theorem 2 is to give an uniform convergence rate of the quantity

EYL(h’x) - Bﬂ(ha‘r)_ﬂnUZ?'I)
— (nhY)Y?H (B(h, ) — b*(h, x))

-1

N (#;J*h’l’)) W;Si(h,x% (3.3.8)

Observe that since B\n(h, r) achieves the minimum over R” of 8+ Li,(8; h, ) for all (h,x) in

[h, m x Xy, then E, (h,z) can be viewed as the minimizer w.r.t. ¢ over R of
Lln(ﬂn(ha l’) + €] h7 [E) - Lln(ﬁn(f% I)7 h, ZL’)

Define
Ln(ﬁ7€; h,.%') = Lln(ﬁ + €] h7 I) - L1n<ﬁ7 ha I)

Now observe that one can write

.
1 n
L.(8,e;h,x) = (WZsi(h,x)> 2nhd (ZJ hx) (e +28)
1=1 ]
+R,(5,¢; h, x)
= Lg(ﬂ,&;h,l‘)—i‘Rn(ﬁ,&;h,l‘). (339)

As explained in Fan and Gijbels (1996), the behavior of E,,(h, x) is closely related to the one of
R,.(5,¢; h,z). Indeed, the proof of the next Theorem involves the study of the uniform behavior
of R, (B, ¢; h,x), using a maximal inequality under bracketing entropy conditions instead of the
classical Bernstein inequality used in the pointwise case e.g. in Hong (2003). The next theorem

gives the order of E,(h, z) uniformly with respect to h and z.

Theorem 2 Under Assumptions K, L, M, R and X and

log®(n) > v
nh? .

sup |E.(h,z)|| = Op (

(h,w)€[h,h] x Xo
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The following Corollary is a combination of Theorems 1 and 2 with a optimal choice of the

order of the bandwidth.

Corollary 1 Assume that m(-) is in C(L,s) for some |s] < p. Suppose that Assumptions K,
L, M, R and X hold. Then for all partial derivative order v with |v| < |s]

i (1

ically proportional (a.p.) to n_ﬁ;

s—|v]|

N k 1/k
by (h,x) — bv(x)‘ dx) = Op ()% for any finite k > 0 provided h is asymptot-

~ s—|v| 1

by () = by (x)| = O (B52) 70 if his a.p. to (“52) %57,

n

4. SUD,ey,

Since the by (h, x)’s are estimators of the by (x), it follows from Stone (1982) that the global
rates derived in Corollary 1 are optimal in a minimax sense.
A second application builds on the uniformity with respect to the bandwidth A of our

Bahadur representation. The next Proposition allows for the use of data-driven bandwidths.

Proposition 2 Consider a random bandwidth h such that h = Op(h) and 1/% = Op(1/h) where
h is a deterministic sequence satisfying h = o(1) and limsup, .. log(n)/(nh?) < co. Suppose
that Assumptions K, L, M, R and X hold and that m(-) is in C(L,s). Then for any v with
vI < [s],

N - R | 1/2
sup [By (b, 2) = bo(2)| = B Mop hs+<ﬂ)
nhd

TEX)
logn 1/2
= L MO | A :
op< o ()

In particular, if the exact order of h is (log(n)/ n)'/(2s+d) in probability,

sup |by(h, z) — bv(x)‘

TEX)

has the optimal order (log(n)/n)=VN/Zs+d) of Corollary 1-(ii). It is likely that an Lj, version of
Proposition 2 holds but it is slightly longer to prove.
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3.4 Appendix A: Proofs of main results

Appendix A groups the proofs of Theorems 1 and 2, Propositions 1 and 2 and Corollary 1.
The proofs of intermediary results are gathered in Appendix B.

Let B(z,t) be the closed ball with center z and radius ¢. Depending on the context B(z,t)
will be a subset of R?, RY or RPT¥+! without further indications. Let > be the usual order
for symmetric matrices, that is A; > A, if and only if A; — A, is a non-negative symmetric
matrix. If A is a symmetric matrix, |All = sup,cp,1) [Aul| = sup,epq) [u Aul is the largest
eigenvalue in absolute value of A. This norm is such that ||[AB|| < ||A||||B]| for any matrix
or vector B. Denote by || - ||« the uniform norm, ie. ||f(-)||,, = sup,crs f(z). We also use
Ky(z) = K(z/h). Sequences {a,} and {b,} satisfy a,, < b, if |a,|/C < |b,| < Cla,| for some
C > 0 and n large enough.

In the proofs of our main and intermediary results, we use the abbreviation 6 = (h, z) for

notational convenience. Define
0" =[0,h] x X, © = [h,h] x X,

where Aj is as in Assumption X. The following argument is used systemically. Recall that A&} is
an inner subset of the compact X under Assumption X. Hence for any (z, h, z) in Xy X [Q m X IC,
x + hz is in X under Assumption K provided h is small enough.

The following Lemma is used in the proofs of both Theorems 1 and 2. Its proof is given in

Appendix B with the proofs of other intermediary results.
Lemma A.1 Under Assumptions K, L, M, R and X we have for h small enough
i. b*(0) erists and is unique for all 0 in OV,
ii. B*(0) = Hb*(0) satisfies [ RV (U(2) "B*(0)|z + hz)f(x + hz)K(2)U(z) "dz = 0.
. limg_, sup |H (b*(0) — (m(z),0,...,0)T)| = 0.
iv. The ms;ge — m*(2';0) = U(x' — x) "b*(0) is continuously differentiable over ©, and for
all ' in X and (6, 63) in ©2,

/ / C
[m(x";0,) — m(a';0,)] < WHel

— 05|
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v. limy o Suppee SUPyex Kn(z' — ) [m*(2';0) — m(x)| = 0.

A.1 Proof of Theorem 1

Recall that b(z) is the vector of derivatives of m(-) at x up to order |s| completed with 0’s
to achieve dimension P. Observe that since m(-) is in C(L, s) by Assumption M, we have for

some C' > 0 that

m(x + hz) — U(z) "Hb(z) = V,,(2,0), with supsup Vm(,6) ‘ < CL. (A.1)
oco zek | h°
Lemma A.1-(ii) yields that
/R(l)(U(z)TB*(GNx +hz)f(x + hz)K(2)U(2)dz = 0. (A.2)

Assumption R-(iii) yields that the map ¢ € R — R(t|x) is continuously differentiable for all
in X and Assumption R-(i) yields that it achieves its unique minimum at m(z) w.r.t. t in R, so
that R (m(z)|x) = 0. Then for h small enough we have R (m(z + hz)|x + hz) = 0 for all 4
in © and

/R(l)(m(m + h2)|z + hz) f(x + hz) K(2)U(z)dz = 0.

It then follows from (A.2) that
/ (R(l)(U(z)TB*(9)|x + hz) — RY(m(z + hz)|z + hz)) f(z + h2)K(2)U(2)"dz = 0. (A.3)

Define
I(z,0) = / R® (m(x + h2) +1 (U(2) TB*(0) — m(z + hz)) |x + h2) dt, (A4)

so that
RY(U(2) "B*(0)|z + hz) — RV (m(z + hz)|x + hz) = (U(2) ' B*(0) — m(x + h2)) 1(0, 2).
This and (A.3) then yield that

/ (U(2)TB*(0) — m(z + h2)) 10, 2)f (z + h=)K (2)U(2)d= = 0. (A.5)
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Continuity of (¢, z) € Rx X +— R®(t|z) under Assumption R-(iii), continuity of z € X + m(x)
under Assumption M, Lemma A.1-(iii) and the dominated Convergence Theorem yield that

lim sup sup |1(6, z) — R® (m(z)|z)| =0,
h—0 €0 zek

so that

lim sup

Ji — 0. (A.6)
h—0 0O

/U(Z)U(Z)TK(Z) (f(z+h2)1(0,2) — f(x)R® (m(z)|v)) dz

Now since inf,cx f(z)R® (m(z)|z) > C > 0 under Assumptions R-(iii) and X we have

inf f(z)R® (m(z)|z) /U 2) K (2)dz ~ C/U (2) T K(2)dz,

rzeX

where the last symmetric matrix is positive definite under Assumption K on the kernel. It then

follows form this and (A.6) that the symmetric matrix
/ U U)K () f(z + h2)1(6, 2)dz,

is positive definite for ~ small enough and so has an inverse. Now observe that (A.1) and (A.5)

yield that

(/U flx+h2)K (z)[(@,z)dz) H (b*(0) /f (x 4+ h2)K(2)Viu(z,0)U(2)dz.
Then (A.1) and (A.6) yield that

sup H(b*(Qf)LS— b(f))H < sup /U flz+h2)K(2)I(0,z)dz :

4SS) 0ce

Vin(z,0)
X zlelg /f(:lc + hz)K(z)TU(z)dzH
< C U(2)U(2)"dz|| supsup Vm(i’e)' < CL, (A7)
B(0,1) 0€6 zek

which ends the proof. O
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A.2 Proof of Proposition 1
Recall that U(z) = (1,2)" and that (A.5) yields that at x = 0,
/ (U(2) "B*(n,0) — m(h2)) I(h,0,z) f(hz)K(2)U(z)dz = 0,

where 1(0, z) is defined in (A.4). Then (A.6) and assumptions K and X yield that

(500 ) = (unrioncre)” fmammcrmton

Recall that m(z) = sgn(2)|z|*/2, z in [~1, 1] so that the equation above gives

bo(h, 0) 1o | Jm(2)K(z)dz

A.3 Proof of Theorem 2
Let
R(8,e:0) = RYX,Y;B,e0), RY(B,c0) =R (X,Y;B,e,0) and
R*(,e:0) = R*(X:B,e.0),

be such that

0q gy g OO B U e
R'(B,&0) = {P (Y (X:0) (nhd)l/Q (nhd)1/2 > (A.8)
oy —mrxin - UER) B oSO
$ <Y G0 == ey )}Kh(x )~ Gy
R'(8,5:0) = R°(B,e0) —E[R°(B,0)|X], (A.9)
R2(3,5,6) = E[R'(5,:6) ]X]—2nlhdgTJ(9)(e+2ﬁ). (A.10)

Let R)(6,¢;0) = > i  RY(X;, Y5 8,6,0), Ry (B,6;0) = Y77 RY(X;, Y55 8,¢,0) and R (B, 6;0) =
St R (X3 8,¢,0), so that R,(8,e;0) = RL(B,£;0) + R2(5,e;60) where R, (5,¢;0) is as in
(3.3.9).

In order to prove the Theorem, we first need an uniform consistency result.
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Proposition A.1 Under Assumptions K, L, R and X,

21611@) HH (B(@) - b*(Q)) H = op(1).

Proposition A.2 deals with R} (3, ¢;6) and Proposition A.3 studies R2(S,¢;6).

Proposition A.2 Consider two real numbers tg,t. > 0 which may depend upon on n with
tg > 1, t. > 1/n, (tg+t.)2/t. <O ((71@‘1)1/4/10g1/2 n) and tg+1t. =o0 (nhd) Y2 Then under
Assumptions K, L, R, X and for n large enough,

1/2
<022 Dy (ty+ 1)V,

E hd)1/4 €

sup IR}, (8,;0)|
(B,e,0)€B(0,t3) xB(0,t:) x©

Proposition A.3 Consider two real numbers tg,t. > 0 which may depend upon on n with
tg >1,t.>1/n, t.+1t5 =0 (nhd)l/2 and t.(tg +t-)* = o (n3/zﬁd). Then under Assumptions
K, L, R, X and for n large enough,

t(tg +t.)?

E —(nhd)1/2 .

sup |R2(5,6;9)|] <C
(8,6,0)€B(0,tg) xB(0,te) x©
We also need the two following Lemmas to control the term [,(#) defined in (3.3.7).

Lemma A.2 let \,(0) be the smallest eigenvalue of the positive symmetric matriz

1 n
i=1

Under Assumptions K, L, R and X, there is a A > 0 such that, inface A, (0) > A+ op(1).

Lemma A.3 Under Assumptions K, L, R and X

n

1
W Z Si(0)

=1

= Op <log1/2 n) )

up
SC]
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Recall that (3.3.7) yields that

n

Ba(0) = — <# 231(9)) WESM)-

i=1
Then Lemma A.2 provides existence of 3,(0) by proving that the matrix Y., J;()/nh? is
definite positive and thus has an inverse with a probability that can be arbitrarily large and

Lemma A.2 together with A.3 yield that
sup||5,(6)| = Oz (log"/*n) (A11)
)

We now return to the proof of Theorem 2. Recall that by (3.3.8),

En(e) 5n(9) N *
gt i+ 150 v10).

Then (A.11) and Proposition A.1 yield that

1EA(0)]] logn\ /?
B i = ) For) =er (),

under Assumption K which yields that logn/(nh?) = o(1). Then there is a sequence 7, = o(1)

such that
1/2
sup |, (6) | = o (7. (na?)'"*) (A12)
00
In what follows "
1
wi =200 >, (A.13)
(nn)"

where j and J are integer numbers. In the sequel, ¢, ; will play the role of t. whereas ¢ will be

chosen such that tg < log'/? n. Let J be the unique integer number such that

) 3/4 - a\3/4
()" e, (10)

27+1 )
log3/ n log3/ n

< M (A.14)

This and Assumption K then yield that

1/4 1/4
i <C log'/*n + 27/ 2os ) < ¢ (nn) "~

1/2
(tg + tng)" sup
(nhd)l/S > 2J/2 10g1/2n

sup ——— < sup —
> tnj j>J 27 log3/4n



3.4. APPENDIX A: PROOFS OF MAIN RESULTS 119

o)
log'/?n

tnj(ts + tn;)? - log™* . log”*
sup —’J( i—; p] J) sup 2/ o8 n5/4 3j_ 08 N n7/4
J<j<T+1 n3/2h J<j<i+1  nl/? (n@d) ni/2 (nﬁd)
7/4
L 4 9207+D) log' " n
logn
< e e = o(1),
nl/2 (nhd)
tgtin; i 10g3/4n logl/Zn o741 log3/4n log1/2n
Sup a2z o Sup 4\ 3/4 a2z d\3/4 dy1/2
7<i<7+1 (nh?) 7<j<iti  (nh?) (nh®) (nh) (nh?)

< C (UnﬂL(nT)lZ) =o(1).

Hence these choices of ¢z and ¢, ; satisfy the conditions of Propositions A.2 and A.3 uniformly
with respect to J < 7 < J+1.

Let 7 be an arbitrary positive real number. Define for some C,, > 0, the set
A

B, = {sup ||[E,.(0)]| > n, (nh 1/2} {su (0)] > C, lo 1/2n} {mmne <:},
{oup 12,011 = (1)} U {sup 15,0601 = €100 b U {jut 2a(0) < 5

A

where A, (f) and A are as in Lemma A.2. For any n > 0, C;, can be chosen to ensure that

P(B,) < P{suann(mnzfm (wd)”?}w{supuﬁn(muzcnlogmn}
[I=C)

e
bs

for n large enough by (A.12), (A.11) and Lemma A.2.
Now recall that E, () achieves the minimum other R” of € — L,,(8,(0),¢;6). Consider a
subset A of R such that 0 does not belong to A. Then since L, (3,0,6) = 0, for all 8 in R”

)

no | >~

+P { inf A, () <
0cO

N3

and 0 in O, we have

(B0 € 4} © {0 L (3,9),56) < Lu(5,0).0:0) | = { i Lo(5,0).56) < 0.
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This and the fact that {supycg [|En(0)| = tns} = Upeo 1I|En(0)| = tn,s}, gives that

L (Ba(0),2:0) <0 p () BS | B, (A16)

-~

An

sup [Ea(0)] > ¢ } cqmt o
{ee@ n n 0cO tn,JSIIEHST]n(nﬁd)lm

where B¢ is the complement of B, defined in (A.15) and ¢, ; is as in (A.13). We now study the

3

event A,,. Define the event

By = {sup 13,(0)1 < Gylog*n b { i 0 0) >
0cO 0eo

DO | >~

and the set
B, ={c €R” t,; <|le|| <tnjs1},

so that

L:J{mf inf L,(3.(6),e )go}

€0 B, ;

Recall that A, (0) is the smallest eigenvalue of the matrix Y. | J;(6). Then since L, (5, ¢;0)
LY(B,&;0) + R, (8,¢;0) by (3.3.9) and L2(8,(0),¢;0) =" > Ji(0)e/2 we have

J
A, C Enﬂ inf inf LY(3, g;0) <sup sup R,(5,(0),¢c;0
U{B (61(6),:6) < sup sup R0 >}
= a0
C B,N inf ~~ inf ||e||” < sup sup R, (B.(0),c;0
U{ 2 int [l < sup sup B0, () >}
= M(0)
= B,N 2 inf Zf < sup sup R, (B,.(0),¢;0
JL:JJ{ Joco 2 96856833- (Bn(8) )}
J i\ _
C U tf”: sup sup sup R,.(5,¢;0) p = Ap, (A7)
= 4 0€0© e€Bn,j BeB(0,Cy, log'/? n)

where C, is as in (A.16). We now study the event A,. For that, observe that Propositions A.2
and A.3 together with the Markov inequality and the fact that B, ; is a subset of B(0,%, ;1)
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yield that

=
—
)

3
N——
[N

M-
=]
VR

A
tig < sup sup Sup Rn(8,¢;0)
4 7 pco ceB, BEB(0,Cy log!/2 n)

J
4
< D iy |sup sup sup | n(ﬁ,e;G)ll
oy A €O ecB, 5 BeB(0,C, log!/? n)
J
< C Z t2 tnj1(Cy 1Og1/2 n+ tn,j+1)1/2 logl/2 n+ tngi1(Cy log1/2 Rt i)’
= (nn?)""! (nn')"”
- /2 10g1/4n j ~1/2 2j 1031 2 log3/4n Ny
< CZ 2_]/ d\1/4 + 2_]077/ +27 1/4077 +C d\3/4 22]
=t (nh?) (nh?) (na%)"" =5
log3/4n I
1/26—J j
< CCHM*27(1+0(1)) + : hd)S/‘*ZJQ :
147 j=

3/4 1 3/4
(2 —27) <om - 2J(°gT);/l4 — o(1),
nh

i=J (nh) W

by definition (A.14) of J and under Assumption K. Then (A.17) yields that limsup,, ,. P (4,) <
lim sup,,_,, P (Zn) < CCY?279/2 (A.16) and (A.16) yield that

lim sup P (supHE @)\ > th) < limsupP (B )+CC’1/22 2y CC’;/QZ"W.

n—oo n—oo

[\

The definition (A.13) of ¢, ; and (A.16) then give that for each 7 there is a J such that

IN

n
2

n—oo

log3/4n
S 9 067
lim sup P (SUPHE @) =2 (nhd)1/4

Hence the Theorem is proved. O
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A.4 Proof of Corollary 1

Part (i) follows from Theorems 1 and 2 and the triangular inequality, together with Lemmas

A.2 and A.3 which gives supycg ||5n(0)| = Op <log1/2 n), so that

( o i) o),

We now prove the latter. Lemma A.2 and the Holder inequality give

. o[k +2 1/(2[K+2)
(O] da) = — 3,
<XOI|B()|| ) Os /X i 2 S0

dz
Since E[S;(0)] = 0 by Lemma A.1-(ii), the Burkholder inequality gives (see Chow and Teicher
(2003), Theorem 1, p. 414)

2[k]+-2
E1/(2lk1+2)

T [k]+1
=1

1 n
(nhd)l/Q ; Si(0)

1/2
n

1 Xl-l—x Xi[‘] LT

i1yl £ 1=1
uniformly in z. Part (ii) similarly follows from Lemmas A.2 and A.3 which gives sup,cg ||5.(0)|| =
Op <log1/2 n) a

A.5 Proof of Proposition 2

Let h = h/C and h = Ch. The condition on h ensures that h and h satisfy Assumption K
for all C' > 1. Theorems 1 and 2 give, for all C' > 1,

L ] 1/2
Sup bv<h>x) - bv(x) = Q7|V|OIP’ hs + ( ng?)
IE) nh

v o (logn\"?

= h MO [ h +(nhd>
R ] 1/2

— Moy [ B+ ( O§">
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This ends the proof of the Proposition since liminf,_,., P (ﬁ € [h, E]) can be made arbitrarily

close to 1 by increasing C. a

3.5 Appendix B: Proofs of intermediary results

B.1 Proof of Lemma A.1.

Proof of (i). Observe that

L(b;h,x) = % E[p(Y —UX —2)"b)|X =u] K <u;x> f(u)du

_ / E [p(Y — U(h2) )X =z + h2] K (2) f(z + hz)dz
— /R (U(z) "Hb|z + hz) f(z + h2)K(2)dz, (B.1)

using the change of variables u = z + hz and U(hz) = HU(z). Consider m, = (m(z),0,...,0)
in RY, which is such that U(z) "Hm, = m(x). Define

£(b:6) = £(b: ) — / R(m(x + h2)e + ha) f(x + he) K (2),
and observe that b*() satisfies

b*(0) = Arg Min L' (b; ).

beR”P

Observe that definition of £(b;#) and the fact that [ K(z)dz = 1 under Assumption K yield
that

L'(b;0) = / [R(U(2) "Hb|z + hz) — R(m(z + hz)|z + hz)] f(z + h2)K(2)dz,

showing that £'(b;#) is well defined for A = 0. Then Assumptions M, R-(iii) and X and the
Lebesgue Theorem give

lim sup |£'(m,;0)| = 0. (B.2)
h—09ce0
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Now for h small enough, Assumptions R-(i) and X give that for all § in °,
C(b:6) > c/w ([UG)THD — m(x + h2)|) f(x + ha)K(2)dz

> 0/¢ ([UG)THD — m(a)| — jm(z) — m(x + he)l) K(z)dz, (B3

where the last bound comes from the triangular inequality. In a first step we prove existence of
b*(#) for all # in ©° and in a second step we prove that b*(#) is unique for all 6 in ©°.

Step 1. To show existence of b*(f) we first show that the set {b*(6),0 € ©°} is bounded.
To show that we will prove that £'(b;6) can be made as large as we want by increasing | bl|
uniformly in 6 in ©°. It will then follow from this, (B.2) and the fact that sup,c [m(z)] < C
under Assumption M that {b*(#),0 € ©°} is bounded.

We study the lower bound in (B.3). Set B = Hb. Since B = sup, . ;) [U(z) "B is a norm

over R, equivalence of norms yields that there is a constant C; > 0 such that for all B in R”,

sup |U(z)'B| > Cy||B]|. (B.4)
z€B(0,1)
Since for all B in RY, 2 € B(0,1) ~ |U(z) "B| is continuous over the compact B(0,1) in R,

there is a zg in B(0,1) such that max,ep(1) |U(z) 'B| = |U(2g) ' B|. Define also
C
Ng = {z € B(0,1); |[U(2) — U(zp)|| < 71} ,
The triangular inequality then yields that

inf |U(z)'B| > ‘U(ZB>TB — sup

z€ENB zENB

(Uzs) ~ U() T B| = B

Then since Ny is a subset of B(0, 1) which is a subset of I, since ¢(-) is an increasing function
under Assumption R-(i), and since m(-) is continuous under Assumption M, for all B outside

the ball B(0,3sup,cy |m(x)|/C1), the lower bound in (B.3) is greater than

ZIEI}\;B ¥ (|U(2) "B = m(z)| — |m(z) — m(z + hz)|) N K(z)dz
> (Zier]l\fB ‘U(z)TB‘ - (:lelg |m(z)] + §1€1’IC) |m(x) — m(z + hz)|)) N K(z)dz
> ([[B]l) K dz, (B.5)

zENB
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where K is as in Assumption K. We now prove that

inf / dz>C > 0. (B.6)
zENB

zp€B(0,1)

Since
1/2

2eB0,1)— U= [1+ Y V)]

1<|v|<p
z € B(0,1) — ||U(2)]| is continuously differentiable over the compact B(0,1) and for all z and
zp in B(0,1),
IU(z) = UGzl < Caf|z = 28] - (B.7)

It then follows by definition of Ng that for all zg in B(0,1),

Ch
— 1 Ng.
B (ZB, 202> ﬂB(O, ) C N

Then

inf / dz > inf / dz.
sBEB0,1) zB€B(0,1) B(ZB,%)HB(OJ)

Now take a large enough C5 in (B.7) such that C5 = C/(2C3) < 1/2. Then with the convention
that (||zg|| — C3/2) z8/||28|| = 0 when zg =0

— 2

Izl

It follows that

inf / dz > / dz > 0.
zBEB(0,1) JB(25,C5)NB(0,1) B(0,C3/2)

This, (B.5) and the fact that ¢(-) is increasing then yield that there exists C’ > 0 and C” > 0
such for all # in ©°,

inf  L'(b;0) > C".
b;||b[|=C"

Now observe that (B.2) yields that for A small enough and all § in °, ||b*(9)|| < C”. Hence
the set {b*(),0 € ©°} is bounded.
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Now since £'(m,;8) > L'(b*(0);8), it follows from (B.2) and (B.3) that

lim sup /w (|U(z)THb*(0) — m(z + hz)|) K(2)dz = 0.

h—0 90

Hence Hb*(0) = B*(0) gives that for any € > 0

lim sup / I(]U(z) 'B*(8) — m(z + hz)| > €) dz = 0. (B.8)
h—00ce0° J K

Let ¢(-) be an integrable function that vanishes outside K and such that [, ¢(2)dz = 1 and
Jic Z¢(2)dz =0 for all 1 < |i| <p. Then (B.8), boundedness of {B*(#),0 € ©°} and continuity
of m(-), compactness of X, and K yield that, uniformly in 6 in ©°,

Bi0) = [ UGB @)l
= / m(z + hz)p(z)dz + / (U(2) "B*(0) — m(z + hz)) ¢(2)dz = m(z)(1 + o(1)).

Consider a function ¢(-) such that fK zigo Jdz = 0,1 # j for |i| < pand [.27p(2)dz = 1.
Arguing as above gives that B} (0) = [.U(z)'B*(0)p(z)dz = m(z) [, p(2)dz + o(1) = o(1)
uniformly in 6 in ©°. It then follows that

lim sup [|B*(#) — m,|| = 0. (B.9)
h—09ce0

Step 2. We now prove that B*(6) is uniquely defined for k2 small enough. Define
L(B;0) = L(b;0), (B.10)

where L(b;0) is as in (B.1), and its Hessian matrix

62

M(B:6) = 55708

Z(B:6) = / RO(U(x) Blz + h2)U()U(=)TK(2)f(z + h=)dz.  (B.11)
Under Assumptions K, R-(iii) and X

lim sup |[M(B;0) — M(B;0,x)| =0,

h—0 9cO0
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where M(B;0,2) = [ R?(U(2)'B|z)U(2)U(2) " K(z) f(x)dz, uniformly in B in any compact
set. Under Assumption R—(lu) M(B;0,x) is a positive definite matrix for all B in B(m,, C),
and all z in Aj. It then follows that the function

B € B(m,, C) — L(B;0),

is strictly convex for all 2 in X, provided h is small enough. Now since all candidates B*(f)
tends to m, when & tends to 0 by (B.9) so that they all belong to B(m,, C) for h small enough,
B*(6) is uniquely defined and so is b*(#), for all 6 in ©°.

Proof of (ii). Recall that B*(§) = Hb*(#) achieves the minimum over RY of B s £(B;6),
where

L(B;0) = /R (U(2) "Blz + hz) K(z) f(z + hz)dz,

is defined in (B.10). Observe that B € RY + L£(B;0) is continuously differentiable by As-
sumption R-(iii) and the Lebesgue Theorem. Then (9/0BT)L(B;0) = [RW(U(z)'Blz +
hz)K(2)f(x + hz)U(2)dz, and B*(0) satisfies the first order condition

agTL‘(B*(H) 0) = /R<1>(U(Z)TB*(0)|:C +h2)K(2)f(x + hz)dz = 0,
which gives (ii).

Proof of (iii). (iii) directly follows from (B.9).

Proof of (iv). Recall that by (B.11), B € RY ~ L£(B;6) has a second order derivative
M(B; 6) and has an inverse in a neighborhood of B*(6). Observe also that for i small enough,
and for all B in R”, 0 € ©° + (9/0BT)L(B;0) is continuously differentiable under Assumptions
R-(iii) and X and by the Lebesgue Theorem. Then the Implicit Function Theorem (see e.g.

Zeidler (1985), p.130) yields that 6 — B*(6) is continuously differentiable over ©°, and that

0 * _ * . 0 *
5578 (0) = — [M(B*(0):0)] " 5 = L(B(0):6). (B.12)

It then follows by uniform continuity of the functions above over the compact ©° that

| 0 0 . B
%ir(l)eseug) Wﬁ(B (0);60) — (%TTE(B (0,2);0,2)| = 0. (B.13)
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We will bound the #-derivative of B*(#). Observe that by (B.9) and Assumption K,

lim sup sup ||U(z)" (B*(f) — m,)|| = 0.

h—060ce0 zek

Then since U(z) "m, = m(x) by definition of U(-), Assumptions K, R-(iii) and X yield that

M(B*(0);0) = / RP(U(2)"B*(0)|z+h2)U(2)U(2) 'K (2) f(z+hz)dz = CK U(2)U(2) " dz,
B(0,1)

for all § in ©° provided  is small enough. Since the RHS is positive definite, (B.12) and (B.13)

yield that

8%2(13*(9) e)H <C.

2 o <

lim sup
h—09ce0

lim sup
h—09ce0

( o U(z)U(z)sz)1

Now recall m*(z';6) = U(z' — z)b*(#) = U((a’ — z)/h)B*(#) by (3.3.4) and observe that

r—x 0 ¥ —x C
U — and U < —.
= = e (5) <
Thus uniformly in (2/,6) in X x O,

¥ —ux 0 - . 8.
s < v (55| | g + | aee (555) o < o

uniformly in 6 in ©, provided h is less than 1. The Taylor inequality shows that (iv) is proved.
Proof of (v). Lemma A.1-(iii) gives

sup
(z/,0)eX %O

lim sup sup K, (' — z) |m*(«';6) — m(x)|
h—0 0€© 2/ cX

/ _ T
=lim sup Ku(x'—2)|U (x a:) (B*(0) — m,)
h—0 (0,2)€OX X h

< lim sup ||B*(0) — m, || sup K(2) ||U (2)|| = 0,
h—0 0O ze

where m, = (m(z),0,...,0)" in R” and under Assumption K. O
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B.2 Proof of Proposition A.1

Let B = Hb and £, (B;0) = L£,(b;6), so that B(#) = Hb(6) achieves the minimum over
RP of B — L,,(B;6).
In a first step, we prove that for all ¢ > 0, we have

L,(B;6) —E [EH(B;H)” — op(1). (B.14)

sup sup
9O BeB(0,t)

In a second step we prove that the set {]AB(Q), 0 e @} is bounded and in a third step we prove
the Proposition.

Step 1 : SUPpee SUPBeB(0,1) L,(B: 0)—E [En(B; 9)} ‘ = op(1). Since © xB(0,t) is a compact
subset of RF*+4+1 for any positive sequence 1, = o (hp+2d+1) there is a finite number V,, = V,,(h)

such that © x B(0,1) is a subset of (J, <y, B((0k, Bx),7,). Now observe that

~

sup sup £n(B;9)—]E[En(B;9)” < max

-~

L.(Bii) — E |£.(By; 1)

6O BeB(0,t) lsksVa
Ay
+  max sup En(B; ) — Zn(Bk; Qk)‘
LSESVa (0,B)€B((0,Bk) )
As
+  max sup ‘E [En(B; 0) — En B;; 9;6)} ‘ .
LSk<Va (0,B)eB((0,Br) ) ) (
As

For the rest of this part of the proof observe that Assumption L-(iii) and the convex in-

equality yield that for any fixed C' > 0

supE | sup [p(Y — 2)|"|X = x] =supE | sup [p(Y) +/ r(Y —u)du| |X = :U]
TEX |z|<C reEX |z|<C 0
<supE | sup 2"7! (\p(Y)\” - ]2]”/ (Y — u)\”du) X = :1:]
TEX |z|I<C 0

< CsupE[|p(Y)]"|X = 2]+ CsupE

zeX zeX

sup |r(Y —2)"|X = :c] <oo.  (B.15)

|lz|<C
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We now return to the control of A;, A; and As.

Control of Ay and As. For all (B, ) in RY x ©, let

E(B;Q):%p (Y—U(X;x)TB>K(X;x).

First observe that by definition of En,

~ ~

E[A;] = E | max sup L,(B;0) — L,(By;0 )
A | 1SFSVn (0,B)eB((0.Bi) mn) (5:0) (B k)]

~ -~

L,(B;0)—L,(B';6)

IA
=

sup

((0,B),(0",B") €(©x5(0,1))2
[ 1(6.B)—(¢".B)[|<nn

< E sup 1£(B;0) — £(B';6")]|
((6,B),(0’,B"))e(©xB(0,t))2
L \\(973)*(9/’3/)”9771

Now observe that [((B;0) — ¢(B’;6")] is less than

() (o (7)) oo (7))

[

(o) x () (- (55 o)
\ - )
1 o e S
N > y
so that
]E[AﬂgZE sup Ej

((6,B),(0",B"))e(©xB(0,t))2
1(6.B)—(¢",B")||<nn
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We now control the three terms in the equation above. We will only consider A\l since the two
other term can be studied similarly. First observe that for all (6,B), (¢/,B’) in © x B(0, t) with
1(6,B) = (¢, B)|| < 1, we have

X—z\" X —a\"
U B-U B’
u(*5) e ()

since 7, = o (") Then for all (6, B), (¢, B') in © x B(0,t), such that [|(6,B) — (¢',B")|| <

<ol <

hp—i—l

Nn, We have
-
R 1 X—ZLJ U(X;I)B
Ay h_K( ¥ )/ [r (Y — )| du

since K (-) is bounded. Hence the Holder inequality and Assumption L-(iii) give

<C sup |r(Y — 2)],
T S (Y =)

n in
E sup Al < C——=E|sup |r(Y — 2|
((6,B),(67,B"))€(©xB(0,t))2 hp+d+1 |z|<C
[1(6,B)—(6",B")||<nn
M 1/v v o o Mn
< th+d+1]E Eripo|r(Y—z)| |1 X == —O(W).

Now arguing similarly for A, and Ajs using (B.15) yields that

3
~ 1 1 1 1

E 4] < ZE Sup 4| =0 (77” (hp—i-d—H + Rz + X + ﬁ)) =o(1),
i=1 f h h L

((6.B),(6,B/))€(OxB(0,1))2
[1(6,B)—(6",B")[|<nn

by definition of 7,. The Markov inequality yields that Ay = op(1). Finally observe that Az <
E[A3] = o(1).
Control of A;. Define for all 1 <k <V,

X — x| X; — X, —z\'
p,k—p<Y U( hx’“) Bk> and E:H< thelC)p<Yi—U( - x) B>
k
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Now observe that A; is less than

1 n
121125‘(/71 n_hz ; (pi,kth (X; —ap) 1 (’pzk’ < Unl/y) —-E [pi,kth (Xs —ap) 1 (’sz’ < lml/y)])

N J/
-~

A

1 X, — v L
- X . > /v
+1gl€z%>‘</n i ;_1 pi i K ( I )]1 (Ipik] = un')

1<k<V,

1 X; —
+ max |E [Wﬂi,kK ( - xk) I (|pix| > unl/y)}
i

where u is a positive real number.

We first consider Avg. Observe that

1 — X, —
Ay < sup sup WE |Ti]]I(\TZ-]2un1/”)K( :c)
i=1

0€0 BeB(0,t) T h
- X, —x
< maxsup sup |T|I(|T;] > un/")sup — K( : ) . B.18
LSi<n gco BeB(0,1) TIT(T ) oco nh? ; h (B.18)

Now observe that

Xi — X T Xz — X T
sup sup |U B|I e ) <sup sup |U(z) B) <C,
00 BeB(0,t) h h 2eK BeB(0,t)
so that by definition (B.17) of T;
sup sup |T;| < sup |p(Y — 2)|. (B.19)

0O BeB(0,t) |z|<C

Now observe that

P | max sup sup|T;|I(|T;| > Cun'/") #0
1<isn BeB(0,t) €O

=P |sup sup |7} > un'" for some 1 <i<n
90 BeB(0,t)
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< Z]P’ <sup sup |T;] > un””) < nP (sup sup |T;| > un“")
i=1

0€0 BeB(0,t) 0€O BeB(0,t)

E [su su 7" E [su su T
<n [supgee SuPBes(. 1Tl _ [suPsco suPBes. T3] . (B.20)
nuv u”

Now observe that by (B.15) and (B.19) we have

X—z\" X -z '
E |sup sup |T;]"| = E|E|sup sup |p Y—U( > B ]I( GIC) | X
90 BeB(0,t) 90 BeB(0,t) h h
< supE [sup [p(Y —2)|"| X =x| <C.
TEX |z|<C

It then follows from (B.20) that with a probability that can be arbitrarily large by increasing
u, we have that for all 1 < i < n, supgeg ) Supgeo | T3 1 (| T3] > un'/") = 0. Then (B.18) yields
that Ay = 0 with a probability than can be made arbitrarily large by increasing wu.
We now consider As. Definition (B.17) of T} yields that
A3 = max

1 Xi — xy, 1/
- . . > 14
1<k<Vy, = [hiK ( hy, ) pikl (|pik] = un )} ‘

1 X; —
< sup sup E {—dK( x) T T (T > un”“)} ,
0o BeB(0,) LN h

for any 1 < i <n. Then

0c® BeB(0,t)
Xi—x EHEI”!X]]
< sup sup E|—=K
- eegBeB(I()),t) {hd ( h )uyln(ul)/u

< Cu'nU I supsup sup E[|T|V|X = )
z'eX €0 BeB(0,t)

Ay < sup sup E {%K (th_ 9”) E[|ITIT(|T;| > un'") |X]}
1

< Culfun(lfu)/u sup E < C’n(lfl’)/”’

z’'eXx

sup [p(Y —2)["[X = o’
l2l<C

where P(-|X) = E[I(-)|X] and by (B.15). Now since v > 2, A3 = o <log1/2 n/ (nﬁd)l/2> under
Assumption K.



134 CHAPTER 3. BAHADUR REPRESENTATION FOR LP M-ESTIMATORS

We now consider A;. Define Tir = pixl (|pzk| < unl/”). Observe that the Bonferroni in-

1 - 73l Xi_xk =1 Xi—.l’k
— T K —E|T; K
i 2 (T (357) =2 [ror (7))

equality yields that

P(let)gvn max IP’(

1<k<Vj,

(B.21)
Observe that for all 1 <1 <n,

1 — X; — nl/v
~ T K <ol
* ( hy, )‘ -

uniformly in 1 < k < Vj,. Observe also that the definition (B.17) of T} yields that

1 Xi—l‘k)>2
—T, K
(hif * < hu

1 2 XZ—IL‘ 2
WTZ'K( h )

E

=
=]
N
| -
el
ol
=
VR
I
=
Eal
=
El
N———
N———
IA

< sup sup E
0€0 BeB(0,t)

C
T d

by (B.19) and (B.15). Then the Bernstein inequality, (B.21) and V,, = O (ﬁ_(ﬁzd“)
yield that

) P+4d+1

~ n2t? t?
P(Aizt) < CViexp | O | < Coxp | O — Clog(d)
Y nh? T nhd
d 1/v
ol n/"log(h)\\
< Cexp (—Ct v (1 T e )T o(1),

under Assumption K. This ends the proof of (B.14). Furthermore observe that since there exists

C such that sup,cy |m(z)| < C, (B.14) gives that

sup
0cO

Lo(m,:0) —E [En(mx;e)} ‘ — op(1), (B.22)

where m, = (m(z),0,...,0)" in R”.
Now observe that (B.15) still holds with W(|-|) instead of p(-) under Assumption R-(ii). Fur-

thermore W(]-|) is a positive subadditive continuous function and ¥(|-|) < |-| under Assumption
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R-(ii). Then for all (z,2’) in R?,
[W(l=]) = W'D < ¥(]z = 2) < Cfz = 2.

Then changing p(-) into ¥(|-|) in (B.16) and arguing as in Step 1 under Assumption K, M, R
and X yield

WZ< (1 = m >\>K(Xi,jx)—E{\PM—m(m)\)K(XZ’,;x)D':W(n.

Observe that

sup
0cO

L {\puy —m@)) K (X; x)} CF@EN (Y — m(@)) X = 4]

sup
0O

under Assumption R-(ii). This gives

= op(1). (B.23)

sup
9O

f@)EN (Y —m(2)]) | X = 2] - Z‘I’ (I¥; = m{z)]) K (Xh_w)

Step 2. We now show that the set {]AB(H), 0 e @} is bounded with a large probability. To
show that we will use the fact that B(#) achieves the minimum over R” of B — £, (B;#), and
we will show that £, (B:6) can be made as large as desired by increasing ||B||. Indeed, we will
show using (B.22) that

inf En B: 0 >£An m,;0),
IBl>C ( ) ( )

uniformly in 6 in © with a probability that can be arbitrarily large. This will prove that
swbgeo | BO)|| < C(1L+ 02(1)).

We now return to the proof. Using the fact that W(-) is increasing and subadditive over R

under Assumption R-(ii) we have

L.(B:0) > #Z‘I’< (U (Xih_x)TB—m(w)) —m—m(x))DK(Xi,;x)
e (fo (5 o] -

v
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% (qf ‘U(XZ’,;”")TB—mm)—\If<m—m<x>r>>f<(xi,;x)

nid }n 7 'U (Xil;x)TB—m(az))K(Xih_x)

—(L+op(1)) f(2)E[W(]Y —m(x))]X = 2],

Vv

v

uniformly in € in ©, by the triangular inequality and (B.23). Now observe that
Sugf(I)E (Y —m(2)])|X = 2] <C,
xe

under Assumptions L and R. Then

L, (B;0) > C(1 + op(1)) <—c+ #lep (‘U (X"}f)TB — m(z) ) K (Xh_‘”)) ,

uniformly in € in ©. We study the lower bound in the equation above. Using similar arguments

as those lying between (B.4) and (B.6) yields that for all |B| > C
E NB) — C)

L.(B;0) > C(1+os(1 >>(mf ¥ (|U(2)"B| - nhdZ (

z€Np h
— Z ( e NB> - c) . (B.24)
Now observe that Einmahl and Mason (2005, Theorem 1) yields that

1_(X;—x I . (Xi—=
_p (X Ng )= — S 1 (2 Ng )| = op(1
X ( no S B) nhd 2 ( no B)‘ or(1),

under Assumptions K and X. Now observe that arguing as for (B.6)

1 X, —x 1 zZ—x
EP( . ENB) = ﬁ/ﬂ< ; ENB>f(z)dz:/]l(zeNB)f(x+hz)dz
> C/]I(ZGNB)dzz inf / dz > C.
z€NB

zp€B(0,1)

> C(1+o0p(1 ))( (C1BI))

sup
0co

This and (B.24) yield that uniformly in § in © and for all B, such that ||B|| > C,

L,(B;0) > C'(1+ 0p(1))T (C|BJ|).
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Now since t € Ry +— U(t) is increasing under Assumption R-(ii)

: ~ . > / ~ .
B,||11§||f20£n<B’ 0) > C'(1+o0p(1)) > L, (m,; 0),

uniformly in 6 in © by (B.22). This ensures that supycq HE(G)H < C(1+ op(1)).
Step 3. Observe that (B.9) yields that supyeg ||B*(6)|| < C since

sup |[Hm, || = sup |m(z)| < C,
0cO reX

by continuity of m () and compactness of X. Now observe that (B.14) yields that

sup | L, (ﬁ(&);@) —Z(E(e);e)‘ — O <sup sup EH(B;G)—Z(B;H)D = op(1),
0O 00 ||B||<C
sup |Z,(B"(0); 6) — L(B*(0):0)] = O <sup sup EH(B;H)—Z(B;G)D = op(1),
0co 0o || B||<C

where £ is as in (B.10). Recall that

B(0) = ArgMin £,,(B; ) and B*(#) = Arg Min £(B; ),

BeRP BeRP

so that (ﬁ(@); 9) _Z(B*(6);0) >0 and L, (ﬁ(@); 9) < L, (B*(8);8). Then

0 < Z(ﬁ(e);e) _ 7 (B*(0):0)
= Z(B(0):0) — L. (B(0):6) + L. (B(0):6) — L(B(0);6)
< T (ﬁ(e); 9) iy (ﬁ(@);@) + L, (B*(8);0) — L, (B*(6): 6)
This gives that
sup |£ <]§(9);9> —Z(B*(G);G)’ < 2sup sup |L(B;0) — L, (B;0)| = op(1). (B.25)
6€O 0€o ||B|<C

Now observe that for all § in ©, B*(§) = ArgMin £(B;6), limp|_e0 £(B;0) = oo and
BeR”P
that supyee [|B*(0)|| < C, so that there is C' and for all § in ©, infg,s_p-@)>c L(B;6) >
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L(B*(6);0) + 1. We now consider B € B(B*(#),C) + L(B;0). Observe that B — L(B;0)
is continuous over the compact B(B*(#),C) for all § in © and that £(B;#) attains its unique
absolute minimum at B*(#) by Lemma A.1-(i). Then there exists for every ¢ > 0 a number > 0
such that £(B;6) > L(B*(#);0) + n for every B in the compact set {B;||B —B*(0)| >} N
B(B*(#),C) uniformly in 6 in ©! Then
(sup ”B B*(Q)H > 5) <P (sup L <]§(0), 0) - Z(B*(@);@)‘ > n) .
6co 9eo

The Lemma is then proved in view of (B.25). O

B.3 Proof of Proposition A.2

Recall that H'U (X — 2) = U ((X — 2)/h) and define for all b in R”

5(b,0) = (X :b.6) = (nhi)l/QU (ngf) b. (B.26)

We first need these two Lemmas which are established after the proof of the Proposition.

Lemma B.1 Consider two real numbers tg, t. > 0 which may depend upon on n with tg+t. =
0 (nﬁd)l/Q. Then under Assumptions K, L, R and X

sup Var (RO(B,g;H)) < C'E(tﬁ——'—f/z

(0,6,8)€0xB(0,t-)xB(0,t5) (nﬁd)
The next Lemma studies coverings of the set
F =F(ts,t.,0) = {R°(B,¢,0),(B,e;0) € B(0,15) x B(0,t.) x O}

with brackets [E, Ti}. Recall that the bracket [E, R] = [E(X, Y),R(X, Y)} is the set of random
variables ¢ = ¢(X,Y) such that R < ¢ < R.

1. Indeed, if it was not true, it would be possible to find a sequence (B,,0,) with ||B,| > C’ and 6,, in ©
such that £(By,,0,) — L(B*(0,);0,) = o(1). This would contradict the fact that £(B,,,0,) > L(B*(0,);0,) + 1.
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Lemma B.2 Let B(0,tg) and B(0,t.) be compact balls of RY with radius tg and t. that my
depend upon n. Assume thatt. +ts =o (nhd)l/Q. Then under Assumptions K, L, R and X and

and for h small enough

2

1. There are some positive numbers c° and w, with

2(t. +t tg + t.
sz—s( +1ﬁ/g and @x—5+1/2,
(k) (ol
such that for any integer number k > 2, (B,¢) in B(0,t5) x B(0,t.) and 0 in O,
0 k ks s
. < _ .
EDR (8,€;0)] } N
ii. Let T in (0,1) be a bracket length. There is a set of brackets
I, = {[E](X7 Y)aﬁj(Xv Y)]v 1< < eH(T)}

such that
~ F is a subset of UeH(T) [R;(X.Y),R;j(X,Y)].
— For any integer number k > 2 and all 1 < j < eH (™)

Jj=1

— There is a constant C' such that H(t) < C'log ((ts + t-)n/7).

We now return to the proof of the Proposition. For that write X = (X,...,X,). First note
that by (A.9),

K sup IR,(8, ¢; 9)\]

(B,£:0)€B(0,t5)xB(0,t:)xO

=k sup IRO(8,;0) — E [R%(8, £ 0)|X]|
| (B.2:0)€B(0,t5)xB(0,t) x©

<E sup IR (8, 2;6) —E [RY(B,;6)]|
| (B.:£:0)€B(0,t5) xB(0,te) x©

i sup [E [(RS(8,2:0) — E [RY(8,¢:0)]) X]|
(B,&:0)€B(0,t5)xB(0,t:)x O
<2E sup ‘Rg(ﬁ,é; 0)—E [R%(ﬂ) £; 9)} }] .

(B,£:0)€B(0,t3) x B(0,t:)x©
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Let H(-), @ and W be as in Lemma B.2. Observe that n(tsz +t.) > 1 and that & < 1 under the
assumptions for 5 and ¢, of the Proposition A.2 so that & < 1 < (t3 + t.)n for n large enough.

It follows from Massart (2007, Theorem 6.8) that
E

SC’(/;Wdu—F(E—l—E)H(E)).

Since & < 1, Lemma B.2 gives, for all v in (0,7], that H(u) < C'log((ts+t-)n/u). This together

(B,e;0)€B(0,tg) xB(0,te) x©

with the Cauchy-Schwarz inequality gives

T T 1/2
n1/2/ HY2(u)du < (n7)Y/? (/ H(u)du)
0 0
i 1/2 7/ ((tg+te)n)
t. 8
< C(nz)"? < / log (M) du) = C(no)'? | =(tg +t)n / log udu]
0 U 0

1/2
= C(na)lﬂ <5 {log (—(tﬂ —f;ts)n> + 1}) < Cn1/2610g1/2 (—(tB —;te)n) .
o

The order for o given in Lemma B.2, assumptions on tg and ¢, in the Proposition and Assump-

1/2

tion K give log((t. + ts)n/ad) < C'logn. Then, substituting and using the orders of @ and w

gives

E sup RA(8,€:0) — E [Ry (8, £:0)] \]

(B,2,0)EB(0,t5)x B(0,t:)x O

<C <n1/25 log"?n + (7 + w) log n)

te(tg + 1)1/ log'/? ts+t.)!/?
<C e(ts + 15/)4 log?n 1+ Og1/2n (ts + 5)1/4 log?n | .
(nn) WP ()

Thus the result follows since (t5 +t.)Y/2/t. = O ((nﬁd) Ha /log!/? n> as assumed in the Propo-

sition. |

Proof of Lemma B.1 Observe that Assumption L-(i), (A.8) and (B.26) yield that

5(8,0)+4(e,0)
R°(B,¢;0) = Ky(X — x) /5(59) [r(Y —m*(X;0) —t) —r(Y —m*(X;0))]dt. (B.27)
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The Cauchy-Schwarz inequality gives

(5.6)
< Kj(X —2)0(e,0)]

5(8.9)+5(c.6) 2
R°(B,¢;0)> = Kp (X —uz) [/5 [r(Y —m*(X;0) —t) — r(Y —m*(X; 9))]dt]

X

6(B,0)+6(e,0)
/ (Y — m*(X:0) — £) — r(Y — m*(X: 0))dt
5(,9)

Then taking conditional expectation yields that
E [R%(8,50)* |X]

< CKX(X —2)]6(c, 0)] .

8(8,0)+6(¢,0)
/ E[(r(Y—m*(X;@) —t)—r(Y—m*(X;@)))ﬂX} dt
5(8,6)

Then since r(-) = 71(-) — ra(-) by (3.2.1), the convex inequality and Assumption L-(ii) give
E [R%(8,:0)* |X ] < CKR(X —2)d(c,0)* (16(8,0)| + 15(c, 0)| + [10(8.0)] + [d(e, 0)]]") . (B.28)

where the last bound comes from the fact that [t| < [0(8,60)] + |d(e,8)| and where a is as in
Assumption L-(ii). Recall definition (B.26) of d(b, ) = §(X; b, 8) and observe that

sup mmzc(x“‘x)uaweﬁﬁn+waueaen>

(0,8,6)€0xB(0,t5)x B(0,t) o' €X h

L K(“’J”) U(x/_JC)TB
- sup sup
(0,8,5)€OxB(0,t5)xB(0,te) z'€X (nhd)1/2 h A

1 T —x T —x
< e (50) o (577)
(2/,0)€OX X (nhd)1/2 h h

ts+te _ o totte

_|_

o —z\"
U 15
sup (18I + Nl
(57€)€B(O7tﬁ)><8(07t8)

)

(B.29)

< sup K(2) [UG)]

Now since t3 +t. =0 (nﬁd) Y2 and a > 1, (B.28) yields that for n large enough

X —x

B[RO0 250 1X] < OK* (%) (e.0) (5(5.0)] + 13(2.0)).
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Assumptions K, X and (B.29) then yield that

Var (R'(8,2;0)) < E[R’(8,56)"] =E [E [R’(8,56)* |X]]

< I Ol [ K UG el (18] + ) - (B.30)

Then under Assumption K on the bandwidth, we have that uniformly in 6 in © and (e, ) in

B(0,t.) x B(0,15),

Var (R%(8,:0)) < cleltstt)

n (nhd) 1/2°

Proof of Lemma B.2 Proof of (i). (B.30) gives that for any (3, ¢;0) in B(0,t5) x B(0, t.) x

o,
t2(ts + t.
B [RY(8,50)7] < o2t L)
n (nﬁd)
Observe also that (B.29) together with the fact that ¢. +t5 = o (nh?) 12 yield that
0 te
sup ‘R (B, 9)‘ < Cw~
(B,£:0)€B(0,t3) x B(0,t) x O (nh )

Then for any integer number k& > 2, and (5, ¢,0) in B(0,t3) x B(0,t.) x ©,

k—2 k—2

t t t2(tg + t.)
E ||R(8,e0)"| < (O—E> E [R°(8,¢:60)%] < ((1—5> ((;eﬁ—5>

|:{ | ] (nhd)l/z |: j| (nhd)1/2 n (nhd)I/Q

k!

< —@k_262

S 5 ,
with o and w are as in the Lemma.

Proof of (ii). Define for all b in R”
~ ~ 5(b,0)
R°(b;0) = R%(X,Y;b,0) = K,(X — :z:)/ [r(Y —m*(X;0) —u) —r(Y —m*(X;0))]du,
0

and observe that (B.27) and the fact that 6(53,0) + 0(g,0) = 6(5 + ¢,0) by (B.26) give
5(8.0)+8(=.0)

R°(B,5;,0) = Kn(X — ) /5(59) r(Y —m*(X;0) —u) —r(Y —m*(X;0))]du

= R%B+¢:0) —R3;0). (B.31)
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Let ftﬁ and ]T"tﬁtg be respectively the sets
{f{O(b; 0), (b,0) € B(0,t5) x @} and {ﬁo(b;e), (b,0) € B(0,t5 +t.) x @} .

The proof is divided in three steps.

Step 1 : Coverings of F, j':t/;; and ]?t5+ts. Observe that definition (B.26) of §(b,#) yields
that b — RO(b;0) is linear for all # in ©. Then since t. > 0, the cardinality of the sets of
T-brackets covering .725 is less than the one needed to cover ﬁ3+t5' Suppose then that we have

constructed sets

T (tg +to) = U R, ;(X,Y),Ry;(X,Y)] and Z.(tg) = U [R,,;(X,Y), Ry ;(X,Y)],

j<eH(r)/2 j<eH(r)/2

of brackets covering respectively ftﬁta and ftﬂ where H(-) is as in the Lemma. Suppose fur-

thermore that for all integer numbers i = 1,2, k > 2 and j < (/2]

B[R, (XY) - Ry <57 () (B.32)

Then, in view of (B.31), for any R? in F, there exists j; < (/2 and j, < ef(")/2 such that

R, (X,Y)-Ry,;,(X,)Y)<R’<R,;;,(X,Y)-R,, (X,Y).

_17j1 _27j2

Then the covering Z, of F is a subset of

=151

U U [R (Xa Y) - EQJZ (X’ Y); ]-:_{17j1 (X> Y) - EQ,jQ (Xv Y)] :

71<eH(M/2 j) <eH(T)/2

Observe that the number of brackets of Z(7) is then less than /(") as requested in the Lemma.

Note also that since k > 2, the convex inequality yields that

E [|Ri (X.7) = By (X7) = By (X.Y) = Ray (X)) ]

< 27 (E|[Rip(XY) - Ry (X V)] + B [Rea(X,Y) - Ry (X, V)] < %T%“,
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as requested in the Lemma. Finally observe that ]-}ﬁ is a subset of ]::tﬁts, so that it is sufficient
to construct a set of brackets covering ftﬁHg and satisfying the conditions above to achieve the
proof. We now construct the set of brackets i(tg + t.) covering ]?tﬁte.

Step 2: Preliminary results for the construction of brackets covering .ﬁﬁts. Consider n > 0

and set t = t3 + t.. We begin by constructing brackets for the sets of functions
{m*(X;0),0 € ©}, {K,(X —1x),0 € ©} and {(b,8),b € B(0,1),6 € ©},

to get brackets for F,. Observe first that there exists a covering of B(0,t) x © with N balls
B ((b;,0;),n), with centers (b, §;) and radius 7, such that

" Prdt2
nP+d+

P
N < max (1 CL) , (B.33)

see van de Geer (1999, p.20). For the rest of this part of the proof, we consider any (b, 0) in
B((bj,0;),n) for some integer number j in [1, N]. Lemma A.1-(iii) gives that

[m* (X:6)] < supsup|m* (;6)| < supsup|U(z — )7 (b*(6) — m,)| + sup |mi(x)| = m?, < o0,
€O zeX €O zeX z€Xp

and Lemma A.1-(iv) gives that |m* (X;0) — m* (X;6,)| < Ch™~®™ |6 — 6;|| < Ch~ "™y, Now
define m; = max(—m?,, m*(X;0;) — Ch~®™p) and m; = min(m*,, m*(X;6;) + Ch~ P+ p).
Then

m* (X;0) <m* (X;6;) + [m* (X;0) — m" (X;6;)] <m" (X;6;) + Ch~ "+,

so that m*(X;0) < m7, implies m*(X;0) < m;. Arguing symmetrically gives m*(X;0) > m;.
Hence by construction of the 0;’s, {m*(X;0),0 € ©} is a subset of |, y[m;, m;]. Observe also
that

max sup [m; —m;| < Ch~ P+,
1SN e

We now consider consider K}, (X — z). Assumption K gives for h <1,

X —=x X —ux; X—az X -—u
_ < _
w(5) - (5RE)] <

J
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xr— X
J +Ly|X—xH

L

1 1 ’
; .
C

1
< 0( o]+ 51— ho_ o6 <5y

(X —x;)/hj)+Cn/h?).

Define K; = max(0, K((X —z;)/h;)—Cn/b*) and K; = min(||K||e, K

Then
— 1) = Kp, (X —z;)| € Kp, (X —z;) + Ch™7n,

Kp (X —2) < Kp, (X — ;) + | K (X
) < K;. Arguing symmetrically gives K (X —

r) >
K;].

so that Kj(X —z) < || K||e implies K (X —
—x),0 € ©} is a subset of |J;.y[K;

K. > 0. Hence by construction of the 6;’s, {K,(X

Observe also that
max sup |K; — K;| < Ch™>n.

1<G<N ex

We now consider the set of functions {0(b,0),0 € ©,b € B(0,t)}. Recall that

1 X —z\"
5(b,0):(nhd)1/2U( . ) b,

so that, under Assumption K and X, we have
t

hp (nhd)l/Q'
Define U; = U(X —x;), U=U(X —z) , H;' = H(h;)™", § = §(b,0) and 6; = §(b;,0;) so that
-1 H—l Hfl
b; + U/ - b;
i+ U ((nhd)l/Q (nh;l)l/2>

sup sup (b, 0)| = [|6(b,0)|
€0 beB(0,t)

H-! . H
(b; —b) + (U; = U) (hd)i2

]
SR T
< s MMz—zHH b by
(2,2")EX? hd 1/2 !
Uz — - b,
+ s UG- an e

H;

+ U (z=2)][lb N
(zi};gx H (Z 4 H H JH H hd 1/2 (nh?)1/2
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C(1+1) .
T G A e RS L)
n-\nn h

AL+ 1+1¢
<—)1/2 (Ib = byl + 16 = ;1) < C————75n,
hp-f—l (nﬁd) ppt1 (nhd)

provided h is less than 1. Define for j < N

<

1+t

. 1+t
d; = min <|](5(b,9)”oo75j +CW”) '

Then
(L1+1)

Bt (nhd) i2'h

so that & (b,8) < [|6 (b,0) ||« implies § (b,6) < §;. Arguing symmetrically gives 4 (b,6) > §,.
Hence by construction of the 0;’s, {0 (b,0),(b,0) € B(0,t) x ©} is a subset of |,y [6,.9].
Observe also that

d(b,0) <6(bj,0;) +10(b,0) =6 (b;,0;)] <6, +C

- 1+t
max sup [d; — 0, < 0;1277.
1<GEN Lex A (nﬁd) /

(B.34)
Step 3 : Construction of brackets covering j':tBths- For the rest of the proof, (b,0) is an
element of B(0,t) x © and the integer number 1 < j < N is chosen such that ||(b,8)—(b;,6,)| <

7. For such choice, Step 2 gives

m; <m*(X;0) <m;, 0< K, < Kp(X —2) <K; and §; < §(b,0) <4,

=45 =

Now recall that (B.27) gives

~ 5(b,0)
R(b;0) = K;, (X — ) (/ r (Y —m* (X;0) —u)—r (Y —m' (X;@))]du) :

0
Assumption I-(i) yields that r(-) is bounded in variation so that there exists r1(-) and ra(-),

two non-decreasing functions such that r(-) = r1(-) — ro(:). Then

5(b.0)
R’(b;f) = K, (X —x) </0 (Y —m*(X;0) —u) —ri (Y —m*(X;0))] du)
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3(b,0)
+Kp, (X —x) (/0 [ro(Y — m*(X;80)) —ro(Y — m*(X;0) — u)] du)
—  Ry(b;0) + Ry(b;0).

Because the study of the two integrals above is quite similar, we will construct brackets only

for Eg(b; 0). We will furthermore distinguish three cases : §; > 0, d; <0 < d; and 6; < 0. Since

the cases éj > (0 and 5]- < 0 are symmetric, we will focus on the cases éj > (0 and éj <0< Sj.
Case 1 : 9; > 0. First observe that the function

u€ Ry = ro(u) =r(Y —m*(X;60)) —ro(Y — m*(X;0) — u)

is a non-decreasing and non-negative. We first bound this function by two functions over R

since we have supposed 9, > 0. Observe that construction in Step 2 yields
gzj(u) =71y (Y —my;) — 1o (Y —m; — u) <ro(u) <y (Y = mj) —ro (Y —mj —u) =Ty ;(u),

for all win Ry, since u € Ry + r2(u) is non-decreasing. Now since 0 < K; < Kj(X —z) < K,
we have

Kty ;(u) < Kn(X — 2)ra(u) < K;F5(u),
for all v in R, since u € Ry + ry(u) is non-negative. Now because 0 < 9, < §(b,0) < 0, we

have
éj —~ _ 5]- —

Define R;(X,Y) = max(—w/4, R}(Y, X)), R;(X,Y) = min(w/ll,ﬁ;(Y, X)) and where W is as
in the Lemma. Then R;(Y, X) < Ry(b;0) < R;(Y, X), —W/4 < R,(X,Y) < R;(X,Y) < w/4
and

max |R;(X,Y) — R,;(X,Y)| <

J<N

w'| |

(B.36)

We now study the L?-length of the brackets [R (Y, X),R;(Y, X)]. For that observe that

Ri(V, X) = R, (Y, X) <R,(Y, X) — R(Y, X) = ( /r2] du—K/JrQJ du).
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Convex and Cauchy-Schwarz inequalities yield that

< 2
0 Qj
E EJ/ fgyj(u)du — Kj / TQJ‘ (u)du]
0 0

SJ' Sj éj 2
=E |(K, - K)) / Ty j(u)du + K; / Ty j(u)du + K; / (Toj(u) — g ;(u)) du]
0 3 0
o ([0 _ 5
<CE ||K, - K; @/ E@Am%ﬂmt+CElﬁwr@A/ E@A@ﬂﬂd4
0 5j

d;
+CE [K?é]/ E [(FQJ(U) - 227]‘(21))2 ‘Xi| dU:|
0
=Vi+Va+ Vs

We now study the V;’s, i = 1,2, 3. We only bound V; since the bounds for V5 and V3 are similarly
obtained. Observe that Step 2 yields that

3
Vi £ supl(e) - K ) < 10000l X B | [ [ra 1] du]
2 3

Now observe that Assumption L-(ii) and the convex inequality yield that for all u > 0,
E ey (u?X] = E|(r: (Y =m,) =72 (Y =75 - )" |X]

< E [(rQ(Y—m- —

J

(m; = m,) = u) = ra2(Y —m,))* |X]

J

< C (maX (‘m] - mj| ) }mj - mj|a) + maX(’“‘» |u|a)) '

This, Step 2 and (B.37) then yield that

V<ot q n " ! ! a
1S 77h2p+4 (nh?) max o \ gt + max Qp(nﬁd)l/w hp(nﬁd)l/2 :

Arguing similarly for V5 and V3 yields that there is positive constants Dy, Dy and D3 not

depending upon n or 7 such that
(14 ¢)P

2[R0 - RO s 0p S

max (n,7°,7*7*) .
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This and (B.36) give,

B[R, () -y ()] < B[R0y - R, 000

(1+t)™

< Chl——F—
(nt")” 1

Case 2:0; <0< 3]-. Define
Taj(u) = (ro (Y —my) —ra(Y = —w) I (u>m; —m;) ,
) = (2 (Y =) —r2 (Y —m; —w)) I(u<mm; —m;).
These two functions satisfy
ry(u) <ro(u) <Tyj(u), for all uin R,

and furthermore, r, ;(-) < 0 and Ty ;(-) > 0. Then by construction we have that

4
RI(Y.X) = Fj/o F (u )du+K/ ry ,(w)du < By(b;6)

< Fj/ T, (u du+K/ u)du =R (YX)
0
Then construction (B.35) of the brackets gives

where R;(X,Y) = max(—w/4, R(Y, X)), R;(X,Y) = min(w/él,ﬁ;(Y,X)) and where W is as
in the Lemma. This gives that —w/4 < R,(X,Y) < R;(X,Y) <w/4 and

max |R;(X,Y) — R,;(X,Y)| <

J<N

w
— B.38
a (5.39)
X

The study of the L?-length of the brackets [Ej(Y,X),ﬁ (Y, )] is similar as the on made in

the first case so we have

E|(R;(X,Y) - R,(X,Y))’] < o L+O7
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This and (B.38) give

E“&j (X,Y) =Ry, (X,Y)ﬂ < EWLJ-(XY)—ELJ»(X,Y)]Q(g)k2

(141)™ 3 otay (W o
< C’klwmax(n,n,n ) 3 )

We now return to the construction of the brackets for the set {ﬁo(b, 6),0 @}. Cases 1
and 2 yield that there is a collection of brackets [Ej (X,Y),R;(X, Y)], 0 < j < N, such that
Fi is a subset of U,y R;(X, Y),R;(X,Y)] and satisfying

E[R.(X.V) - R (x. V)] < cp—LtD” s ey (T
Ofgjf;?](v |:|—j( YY) — Ry(X, )”_ ~Wmax(nﬂ7,ﬂ ) b .

This upper bound is smaller than k!72(w/2)%~2/4, as requested in (B.32), if

1/3 1/(2+a)
2 b, (8% )"\ (8P (n?) s
a+op o\ @b o\ T+ D !

7 < C'min

Recall now that 7 < 1 and that Assumption K gives that nh? is bounded away from 0. This
gives, from (B.33), that there is C' such that the number of balls

(148D —(P+d+2)
"2 < max 1, Ctf — 5, min (72,7'2/3, 7'2/(2+“))
(ol 1P

Then

C P+d+2 C4P/2(P+d+2)
H(T)SClog(max(l (C’n (1+1) >):CmaX<O,log(On t (1+t))).

? (P+d+2) min(2,2/3,2/(2+a)) T

And we have

C1P/2(P+d+2) c
log <On t (1+t)) < Clog ((t:z_) ) < Clog <tn>

T T

which gives the bound of H(7) stated in the Lemma. O
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B.4 Proof of Proposition A.3

The integral expression (B.27) of R%(,¢;0) and definition (B.26) of § (b;0) give

5(8,0)+6(e,0)
R*(B,e;0) = K, (X — 1) / [RY (m* (X;0) +u|X) — RY (m* (X;0) |X)] du
5(8,6)
1

Then the definition (3.3.6) of J(X;0) gives

0(8,0)+4(¢,0)

R2(8,2:0) = Ky (X — z) / " /0 VRO (m (X:0) + vulX) — R (m* (X;6) | X)] dvdu,

(8,9
by Assumption R-(iii) which gives continuous differentiability of R(V)(-|-). Observe that for all
zin X, the map ¢t — R®(t|x) is continuously differentiable under Assumption R-(iii) so that it
satisfies the Lipschitz condition over any compacts. Then Lemma A.1-(v) and (B.29) together
with the fact £5 + t. = o (nh?)""* yield that

5(8,0)+6(2,0)
/ u?du
5(8,0)

[R*(8,¢;0)| < CEW(X — ) < CKp(X —2)[0(2, 0)I(10(3, )] + [0(=, 0)])*,

since |u| < |d(e, 0)| + |0(5,0)|. Then arguing as in (B.29) yields that
c(tg +t.)?

sup IR2(8,2,0)] < O

- @2.
(B,6;0)€B(0,t3)xB(0,te)xO (nhd) 3/2

We now bound the variance of R?*(3, ¢;6). Observe that the Cauchy-Schwarz inequality yields
that

Var (R2(ﬁ7 €; 9))

IN

Var (K (X — 2)|6(¢,0)|(5(5,0)* + 8(c,60)))
2E [K(X — 2)%0(c,0)" (16(8,0)[* + 6(c, 0)|)]

1 2 2 2 4 4 4 4
W/K(U) O@)Pllel® IO@IIHIBIE + O @) *lel*)
X f(z + hu)du

te(ts +1)"
n(nﬁd)2

IN

IN

IN

(B.39)
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Then there is a @5 such that

t2(tg + t.)*
sup sup Var (RQ(B,e;G)) < OM = 2.
0€0 (B,£)EB(0,t5)xB(0,t.) n (nﬁd)

This gives that for any integer number £k,
E [|Kn(X — )l5(=,0)(5(3,0° + 5. 0)F) '] < Saimt
Consider 0 < 7 < 1 and note e2(") the number of brackets with entries in
G = {Kn(X —2)[a(e, )I(10(3, 0)I* + 15(c, 0)[*), (B,¢,0) € B(0,15) x B(0,t.) x O}
and L*length 72 needed to cover G. Then constructing brackets as in Lemma B.2, with
[, 0)| (10(8.0)* + 1d(e, 0)[)

instead of d(b, ) (see (B.34)) yields that there is C' such that Hy(7) < Clog((ts + t-)n/7).
Recall that o5 < 1 as assumed in Proposition A.3. Arguing then as in the proof of Proposition

A.2 yields that

E

sup |R,21(/3a5;9) —-E [sz(ﬁ»g? 9)”]

(B,2,0)EB(0,t5)x B(0,t:)x©

t t t t
< n'%5,log"? (—( 7 J_r E)n) + (G2 + Ws) log <—( 2 t €)n> ;
09 02

and log((tg + t-)n/d2) < C'logn. Substituting then in the equation above &, and ws by their

exact orders and using nhd/ logn > C' under Assumption K yield that

E

sup IR2(B,e;6) — E [R2(8,¢;0)]|
(B,2.0)€B(0,t5) x B(0,t:) xO

(ts +t.)%log"*n ) log'?n  log*n < Ctg(tg +t.)?
d T 2 | = d
nh n (nhd) nh

t
<C log'?n, (B.40)

under Assumption K.
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The Cauchy-Schwarz and the convex inequalities together with (B.39) yield that

sup E [Kn(X — 2)[d(e,0)[(5(8,0)* + d(e, 0)*)]
(B,e,0)€B(0,tg) xB(0,te) x©
1/2 2 2 4 4 ts(tﬁ + t5)2
<V2 sup E'? [Kn(X —2)%8(c,0)°(8(8,0)" +8(c.0)")] < C—="—— 7.
(B,£,0)€B(0,t3) xB(0,t:) x© n (n@d)
Finally observe that (B.40), the equation above and Assumption K yield that
| ]|
(B,e,0)€B(0,t3) xB(0,t:) x©
<E sup R(8,¢:0) — E [R}(8, ;0]
(B,e,0)€B(0,t3)xB(0,t:)xO
+n sup E [Kn(X — 2)[d(e,0)[(10(8,0)] + |0(<, 0)])°]

(B,e.0)EB(0,t5)xB(0,t.)x©

t(tg +t.)? log'/?n t(tg +t.)?
= d\1/2 d\1/2 < a1/2
(nh?) (nh) (nh?)

B.5 Proof of Lemma A.2

Observe that Lemma A.1-(v) and Assumptions K and R-(iii) yield that

]
Ji (6) = CML(X;36),, where M (X;:6) = K, (X; —2) U (Xih_ x> N (Xih_ x) |

for h small enough. Hence for all § in ©

R C < ~r
o ZlJ )~ — > M (X;:0) = M, (9). (B.41)

i=1

Observe now that the entries of M, (0) are

1 " Xi—LL’ vi+va Xi—x
W;( h ) K( h )’OS‘Vl\,\VﬂSp.

Then changing 6(b, 0) into ((X —x)/h)V'*V2K((X —z)/h) in (B.34) and arguing as in Lemma

B.2 and Proposition A.2 yield that
X,L' — X vitv Xz — X
K = 1
(5 n (5o

1 - Xl—fE vitva XZ—Z'
— K —E
m{p hZ(( o))
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where maxy, v, is the maximum over the vy, vo’s with 0 < |vq,|ve| < p. Let M(6) be the

X -\ X —=x
( - > K( . >],0§\V1\,|V2\§p-

= op (1). (B.42)

matrix with entries

It follows that

By definition of M(6), for all z in RY,

1 X -\ X—z
-
z M(0)z = ﬁE Z Zy, Zv, ( ; ) K( ; )

0< v, ve|<p

= Z Zy, Zy, /uv1+"2K(u)f(:L’ + hu)du
0<[val,|va|<p
2

Assumption X gives that there exists C' in R such that, f(z 4 hu) > C > 0 for all = in &p, h
small enough and all u in K. Recall also that K(z) > Kl(z € B(0,1)) by Assumption K. This
gives for all x in &, h in [ﬁ,ﬂ, h small enough,

2

z M(0)z > c/ Y ozt | du>Cz’,

BOD) \ o<jvi<p

since (f301)(X0<ivi<p z,u¥)%du)'/? is a squared norm in z and by norm equivalence. Hence the

lower bound above, (B.41) and (B.42) yield that there exists A > 0 such that,

i > inf i T > .0
inf A,(0) 2 inf Inf = (M(6) +o(1))z = A+ 0p(1)
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B.6 Proof of Lemma A.3

Definition (3.3.5) of S;(¢) and the F.O.C. in Lemma A.1-(ii) yield that E [S;(0)] = 0, for all

@ in ©. Define i
) = ot (S50 ) () ot e

for 1 <7 <nand |k| < p. It is sufficient to show that for all |k| < p,

logn 1/2
Zszk nhd ;

sup
0cO

to prove the Lemma since

su S;(0)]] < maxsu Sik(0)].
eeg ; (6) |k|<p eeg z; +(6)
Define
" Xi—x k
N;=r(Y; — m"(X;;0))I . € K|, and Ky(z) = K(z)z".
Now define

n

1 XZ_ v v v
. Znthk< - >[NI[(|N|<tn1/)+tn1/ sen(NJL(IN)| > )],
=1

n

= 3 () (- N L > 00"

L~ nhd
=1

where v is as in Assumption L-(iii) and where t is a strictly positive real number, so that
ZSM =) (Sik(0) —E[Six(0)]) = (Vi —E[Vi]) + Vo — E[V3],
=1

since E [S; x(8)] = 0. We will bound separately Vi — E [Vi], V5 and E [V;]. We first bound V5.

First observe that

< NL(|N;] > tn*
plVi < sup > (S ) I 2 )

< max sup | N|I (|V;] > tn'/") <SupZWKk( ”’)) (B.43)
n

I<i<n geco HcO
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Now observe that

P (max sup [ N;| I (|V;] > tnl/”) # O) =P (sup |N;| > tn!/" for some 1 < i < n)

I<i<n geco 6O

< ZIP’ (sup |N;| > tnl/”) < nP (sup |N;| > tn””)
P e) e)

nE [supgee [Nil”] _ E [supgee | Vil ] (B.44)

ntv tv

We now bound E [sup,cg | V;|”]. Observe that Lemma A.1-(v) yields that for h small enough we

have

I I
supsupl[(aj $GIC)T(Y—m*(x’;G))Ssupsupl[(x $€l€) supr (Y —t),
0€0 o'eX h 0€0 'eX h lt|<C

since sup,cy |m(z)| < C. Now recall the definition of N; so that for h small enough we can

apply Assumption L-(iii) and have

X
E {sup |Ni|y} = E [sup]l (
6€6 6€6

LK) by = o))

X —
< E |supl ( e IC) sup |[r(Y — t)|”]
60 h jtI<C
< supE |sup |[r(Y = )] | X ==z| <C. (B.45)
veX |p<c

It then follows from this and (B.44) that with a probability that can be arbitrarily large by
increasing ¢, we have that for all 1 < i < n, supgee |N;| I (|V;| > tn'/*) = 0. It then follows from
(B.43) that supyeg |V2| = 0 with a probability that can be made arbitrarily large by increasing
L.

We now bound E [V5]. For that observe that (B.45) and the Holder inequality yield that
Supgeo |E [V2]] is less than

2 Xz—l' 1/v
e 5 (55 ) oz )

2 X, —x
= —E | |K ¢
wup |1 (T

[r(Y = m* (X O (Ir(Y = m*(X;:0))] > tn'")
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= sup2/|Kk (w)| f(x + hu)

0cO
XE [[r(Y — m* (e + hu; 0)| T (Jr(Y —m* (@ + hu;0)] = /") |X = & + hu] du

< CsupsupE [|r(Y — m*(z + hu; 0))| L (|r(Y — m*(z + hu; 0))] > tn'/") | X =z + hu] .
0c6 uek

Now observe that Lemma A.1-(iii) yields that

lim sup sup |m*(z + hu; ) — m(x)| = lim supsup |U(u) "H (b*(f) — m,)| =0,

h—0 €6 uek h—0 0c6 uek
where m, = (m(z),0,...,0)" in R”. This, the Holder inequality and sup,c |m(z)| < C then
yield that

sup|E[V2]] < CsupE |sup [r(Y —1)|1 (sup Ir(Y —t)| > tnl/”) | X = x']

0cO r'eX [t|<C [t|<C
< Csup EY |sup [r(Y —t)]" | X =2/
a'€X lt<c

(v—1)/v
xP <sup Ir(Y —t)] > tn'/"|X = x')

[t|<C

oS Prex E [suppy<c [r(Y — )" | X = 2]
— tv—1p(=-1)/v

-0 (n(lfz/)/zz)

Y

under Assumption L-(iii). Then Assumption K on the bandwidth yields that

logn 1/2
supE [V5] = O y :
0€© nh

We finally bound V; —E [V}]. We will argue as in Lemma B.2 and Proposition A.2 to bound
E [supee, |Vi — E(V1)]]. For that, observe that

n

Vi = Z (Vi —E Vi),

i=1
where the V; ;’s are i.i.d. random variables. Observe that there is C' such that

nl/l/
sup Vi1 < Ct—7 = wy;.
0co nh
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Observe also that Var(V; ;) is less than

2

E[V34] = (nTld)2E2 'Kk (Xh_“’> (NI (IN;] < tn/*) + tn"7sgn(N)IL (|N;] > tn'¥))
C X, — 2\
< | ()|

- n(fhd) / | Ki(w)|” f (2 + hu)E [r(Y — m*(z + hu; 0))*| X =z + hu] du.
Now observe that by Lemma A.1-(v) yields that

sup sup Kj(z' — z) |m*(2';60) — m(z)| —n-00 0.
0eO x'eX
Assumption L-(iii) then yields that
sup Var(V; 1) < —— =77
eeg (Vi) n (nhd) Vi
It then follows that E [|V;|F] < k!ﬁ%ﬁ@’fﬁ_?ﬂ for all integer number k. Consider 0 < 7 < 1 and
define e#v1(") the number of brackets with entries in {V;; = V;,(#),0 € ©} and L*length 72
needed to cover {V;(0),0 € ©}. Now observe that

Vi = K( i x) T(N,),

nhd h

where T'(2) = 21 (|z]| < tn'/”) + tn!/sgn(2)L (|z] > tn'/¥) is such that [T(z) — T(2)| < |z — 2|
for all (z,2') in R?. Then arguing as in Lemma B.2 yields that Hy, (1) < C'log(n/7). Note that

oy, <1 for n large enough, so that as in Proposition A.2, we have to bound the quantity

Evl
12 / HYP(u)du + @y, + v,) Hy, (7).
0

Applying the Cauchy-Schwarz inequality to the integral in the equation above and substituting

oy, and wy,; by their exact orders give that this quantity is less than

log'/?n log'/?n N tn'/v log*?n o log'?n
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under Assumption K on the bandwidth. Then
logn 1/2
sup |[Vi| = O ,
968 Vil g < n@d )
by the Markov inequality. O
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This paper deals with uniform consistency and uniform confidence bands
for the quantile function and its derivatives. We describe a kernel local
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4.1 Introduction

Consider independent and identically distributed (i.i.d.) variables (X;,Y;), i = 1,...,n
having the same distribution than (X,Y’) where X and Y are real random variables. Define
for @ in (0,1) the conditional quantile function of Y given X, Q(a|z) = F~!(a|z), where
F(:]) is the cumulative distribution function of Y given X. It is well-known that Q(a|x) =
argmin; E [0, (Y — ¢)|X = 2] where (4(t) = |t| + (2a — 1)t. The LP estimator b(c, z) of order p
of Q(a|z) is

n p
, X, —
argmin > £, (3@ Y b(x, —x)J) K< - x) ,
i=1 j=0

where b = (by,...,b,)", h is a bandwidth parameter and K(-) a kernel function. In particular,
the first coordinate Q(a|z) = bo(a, ) of the vector b(a, z) is an estimator of Q(«|z). Similarly
Bj(aw), the jth coordinate of the vector B(a,x) is an estimator of Q;(alr) = QW (alx)/;j!
provided this quantity exists.

The main contribution of the present paper is to give the law of the maximal deviation of
the LP conditional quantile estimator. Namely for some deterministic diverging sequences {a, },

{b,}, and a map (a, x) — r;(a, z) we have for all t and when n diverges

P (an (su/g ri(a, z) "2 Bj(a,x) - Q]—(a|x)‘ - bn) < t) — exp (—2exp(—t)), (4.1.1)
reXo
for all 0 < 7 < p such that the derivatives exists and where A} is an inner compact subset of the
support of X. An interesting feature of this result compared with the vast majority of existing
results is that the order of the LP estimator may differ from the actual differentiability order of
Q(«|z). This also extends Hérdle and Song (2009) which is limited to LP estimators of order 0
and estimation of the quantile function. The papers is organized as follows. Section 2 gives our
main notations and assumptions and Section 3 states our main results. Proofs are gathered in

two Appendices.
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4.2 Notations and Assumptions

Define the lowest integer part |s] of s as the unique integer number with |s] < s < |s] +1.
For the rest of the paper let [a, @] be a compact subset of (0,1). ||(z,y)|| stands for the Euclidean
norm and I(-) for the indicator function. Positive constants are denoted by the generic letter C'

and may vary from line to line. Our main assumptions are as follows.

Assumption X The distribution of X has a cumulative distribution function F(-) twice con-

tinuously differentiable over the compact support X of X and F'(-) = f(-) > C > 0.

Assumption F The cumulative distribution function F(-|z) of Y given X = x is continuously
differentiable over R with derivative f(-|x) > C >0 for all x in X. The map (x,y) € X xR —
f(yl|x) is Lipschitz.

Assumption K The nonnegative kernel function K(-) has a compact support K = |[a,b] with
[ K(z)dz = 1. For some K >0, K(-) > KI(|-| <1). The kernel K(-) is continuously differ-
entiable over IC, and K(a) = K(b) = 0.

Assumption Q For some real number s > 1, (a,z) — Q(alx) is | s+ 1]-times continuously
differentiable. The maps o € [a, @] — 0THUQ(alz)/0als™ and x € X > 0L Q(alx)/dals+!]

are Holder continuous with exponent s — |s| respectively for all x in X and for all o in [, @).

Assumption H The order p of the LP estimator is such that p > |s] for s as in Assumption Q.
The bandwidth parameter h is such that h — 0, nh — oo, log” n/(nh) — 0, (nh)'/?h* log'?n —

0 and limsuplogn/(nh**')Y/2 < oo when n diverges.

Assumption F implies in particular that the conditional quantile Q(«|z) is uniquely defined
for all o. Assumptions K and X are standard. For s = 2 Assumption H is similar to Assump-
tion (A2) of Hérdle and Song (2009) since it allows the bandwidth to belong to the interval
[C ((log®n) /n) 1/3 ,En} , for any sequence h, = o(nlogn)~'/>. Finally Assumption ( is common

in nonparametric statistics.
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4.3 Main Results

In the sequel o will be any element of [a, @]. Define the (p + 1) x (p + 1) standardization
diagonal matrix H = Diag (h¥,v € N,v < p). Our limit distribution result depends upon

Q - | [wopara - WDV [geza]

2

o N-1Q,N-)
T, = (/ Kz(u)u”Jdu) , Gy = ( z 7 pl)ﬂ“ﬂ“_ (4.3.2)
0<i,j<p (Np TPNp )j+1,j+1
Theorem 1 Assume that Assumptions F, H, K, Q) and X are verified. Then (4.1.1) holds for

all j =0,...,|s] with

an, = (=2logh)'*, b, = (=2logh)"* + (=2logh) *log(C;/(27)),
rilo,x) = a(l—a) -1 -1y
D = Pl N T i

Note that r;(«, ) involves the sparsity function ¢(a|z) = f(Q(alx)|z)~ and f(x). Our feasible
quantile confidence bound relies on an estimator of ¢(«|z), g(a|x) which can be found in Guerre
and Sabbah (2009, Proposition 3). Let g(a|z) = [ Q(a + ht|z)dK,(t), where K,(-) is a signed
measure over R with compact support K, and satisfying

/tqu(t)zl, /tdeq(t):O, i=0,2...]s], /|qu(t)\<oo.

-~

Now define f(z) =", K((X; —x)/h)/(nh) and
o a(l —a)glalz)® 1 gt
Via,z) = 222 N;'T,N;". 433
(o, ) o (4.3.3)

Theorem 2 Under Assumptions F, H, K, Q) and X, for any 0 < X\ < 1, a (1—X)100% confidence

band for x +— QU (alx), 7 =0,...,|s| is given by the collection of all maps belonging to the set
of functions Q;

Lo sup |30 - @yt (Vi) ] <1},

IEGXO 753
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where for all j =0,...,|s],

Ly, = j! (nh2j+1)—1/2 (—2log h) (1 + (=2logh)™" [aA + log (C’;/2/(27r)>D :

and ay = —log(—log(1 —\)/2).

4.4 Appendix A: Proofs of main results

For the rest of the paper we define § = («, z) for notational convenience.

A.1 Proof of Theorem 1

In order to give the limit distribution of the maximal deviation of the quantity

sup |b;(, ) — Q;(alz)|,

reX)

we need a Bahadur expansion of the process B(a, x) — b(a|x) where

b(alz) = (Qale), Qi(ale). ... Qy(al),0,...0) .

Define N, = ( K(u)u”jdu)oﬁjq and J(0) = 2f(Q(a|z)|z) f(x)N,. Furthermore define for
any integer number p > |s] the vectors in RPFY U(u) = (1,u,...,uv?)", Ky(u) = K(u)U(u).

Lemma A.1 Under Assumptions F, H, K, @ and X
(nh)1/2H (B(a ) — b(a|x)>
X, —=x

nh 1/2 Z{O‘ I(Y; < Q(a]Xi))} Ku ( Zh ) +rp(a,x),

with sup,ex, [[t2(0)|| = Op((nh)/?h* + hlog'/2n + (logn)®/4/(nh)V/4).
Define m(z) = a(1 — a)f(2), z in Xy and observe that there exists 0 < m < m < oo such that

m < inf m(z) < sup  m(z) <m

(Ol,Z)E[Q,E]XXo (a Z)E[Oé (X]XX()
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under Assumption X. Define for all 0 < j < p, K;(u) = K(u)u’/ and

m(z) % & =T
Vaule) = i 32 (107 = QGalx)) - o) K ().

In a first step we will write the process Y,, ;(z) with the uniform empirical process. In a second

step we will compare the process Y, j(x) with the process

Z,(z) = h—1/2/Kj (Z;l“) AW (2),

where W (-) is a Wiener process defined on the support of X, and we prove that for all j =

0,...,p, Y, ;(z) has the same limit distribution than the one of Z;(z). This will end the proof
arguing as in Claeskens and van Keilegom (2003, proof of Theorem 2.2).
Step 1 :Y, ;j(x). Since K(-) is continuously differentiable and has compact support,

K, (%) _ —/I[(Xi < 2)dK, (%) ,

and because F(q(a|X)|X) = a, we can rewrite Y,, ;(z) as

m(x)1? & S
WZ{@—H(F(Y@’XDSa)}/H(XiSZ)dKj< h >

1=1

m(z

:(—IZQ n /{a—I[ (Vi|X:) < a)} [(F(X )gF(z))dKj(Z;x).

Rosenblatt (1952) yields that (F(X;), F'(Y;]X;)) is uniformly distributed over [0, 1] so that there

exists a sequence of i.i.d. random vectors (U;, V;);>; uniformly distributed on [0, 1]? such that
~1/2 Jo
Yol = T 2 [ e =10 S @10 < Fear; (7).
Define U, (-, -) the empirical process

U, (u,v) = n_l/QZ{]I(Ui <z, V; <v)—w}, (u,v) in [0,1]%

=1
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Then Y, ;(z) can be written w.r.t. U,(-,-) as

L [ HaU(F ). 1) = UL (F )00} d, U)
+% / {aF(2) — aF(2)} dK, <%>

m(z)"'/? z—x
M [au e - vre .y (5). )

Step 2 : Y, ;j(x) and Z;(x) have the same limit distribution. First recall that the result of
Tusnady (1977, Theroem 1) yields that there exists a sequence of Brownian bridges (B, (+,))n>1
defined on [0, 1]? such that

log?n
sup  [Un(u,0) — B, v)| = O (—) |
(u,v)€[0,1]2 n1/2

Now take Y,, ;(z) as in (A.1) and observe that

B-1/2
p | / @ (UL(F().1) = B(F(2),1)) = Un(F(2). ) + Bu(F(2), )
x€XD
xdK; (Z - x)‘
h~1/2 z—x
< sup —/1+a sup |U,(u,v) — B,(u,v dK-(—)
z€Xp m(g;)l/Q ( ) (u,v)€[0,1]2 ‘ ( ) ( )| ’ h
1 Z—x log?n
< — | dK; | —— — .
= ety | m(@) 72 / : ( h ) "o ((nhw?)

The change of variable z = x + hu in the integral above yields that

g | i) < (Jéﬁomm”)l [ 18 @) du

Since K (-) is continuously differentiable and have a compact support under Assumption K, and

sup
z€X)y

since inf,ex, m(x) > C > 0, we have that

e [ (57)| = ¢

sup
z€Xy
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It follows that

Y, i(z) = 1/12/2/{aB By (F(2), )} dK, (i‘”) Lel0),  (A2)

with sup,c .y, |1(0)| = op((—log #)~/?) under Assumption H.
Define now a sequence of bivariate Wiener processes (W, (-,+)), > 1 on [0,1]* such that

By (u,v) = W, (u,v) — uvW,(1,1) for all (u,v) in [0, 1]%. Equation (A.2) then yields that

—1/2 Z—x
Voslo) = i [@(FGELD - WG, ()
—1/2 Z—x
(L, 1)W/(aF(z) _aF(2) K, (T) +e1(6)
—1/2 Z—x
_ W / (QWa(F(2),1) — Wa(F(2), ) dE, (T)
+e1(0) (A.3)

since W, (1,1) is almost surely finite. We now rewrite the integral in (A.3). For that observe

that since W,,(u,0) = W,(0,t) = 0 for all (u,t) in [0, 1]> we have

AW (F(2), 1) — Wa(F(2), a) = / / 0 — (v < )] I(u < F(2))dWa(u,v).

Then (A.3) and Fubini’s Theorem yield that Y,, ;(x) — &1(#) can be written as

T:(—l/fm/<//oz—]lv<a)]]I(U<F( ))dW (u, U))dK (Z;$>
_ h1/12/2/// I(v < a)]I(F~ ()<z)dK( - )dW( v)

1/12/2 //{1[ v<a)—alK; (%) AW, (u, ) (A4)

Observe that Y,, j(x) —¢
tion of the process Y,, j(x) — &1(0).Then

r(wy, @) = (m(ml)h; 1/2//{Hv<a _ oK, (W)

1(0) is a centered Gaussian processes. Define (-, -) the covariance func-




174 CHAPTER 4. MAXIMAL DEVIATIONS FOR THE LP QUANTILE ESTIMATOR

F(u)™t -
x K (w) dvdu

) <m<x1>hn;m2>>”2/ U {H(“éo‘*o‘}zd”} " (_h)

K (z _hx2> F(2)dz

B <m<xl>ﬂx2»w/ Al = e)rla)k <_T> R <_TI> *

- <m<x1>};zx2>>m / I ( _hxl) K ( _11:62) o

= 71(71, 1),

where (-, ) is the covariance function of the centered Gaussian process

v EX h—1/2/ (%)m K, (z . x) dw (2),

and where W (-) is a Wiener process defined on X It then follows from (A.4) that Y,, ;(x) —e1(0)

have the same distribution than

rEX > h1/2/ (%)W K; (z . I) AW (2).

It remains to show that

h—1/2/ ({%] " 1) K, (z B x) AW (2)

to achieve the proof. The change of variable z = 2 + hu and integration by parts in (A.5) under

= op((—logh)'/?), (A.5)

A =sup
zeX

Assumption K and X yield that

o () m (5)s

12 / W (e + hu) ({W} " 1) K’ (u) du

>=

<

pis2 Flo + hu)
— [ W(x + hu K (u)dul .
+g W+ " Fart ety
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Since f(-) is continuously differentiable, bounded away from 0 under Assumption X and since
Sup,ex, |[W(u)| = Op(1), Assumption K yields that the second integral in the inequality above
is a Op(h/?) uniformly in 2 in &;. To control the first integral in the inequality above, ob-
serve continuous differentiability of f(-) under Assumption X and compactness of A yield
that sup,cy, |[f(z + hu)/f(x)]Y/? — 1] < Ch|u|. Hence A < | [ CK} (u) [u|du| Op (h*/?), since
sup,ey, |W(z)| = Op(1), which gives the result under Assumption K.

A.2 Proof of Theorem 2

The Theorem is proved if we show that

a(l — a)q(afr)?
f ()

First observe that Einmahl and Mason (2005, Theorem 1) under Assumptions K, H and X yields

that )
log'?n

Then since inf,cx, f(z) > C > 0 under Assumption X and inf,cx, g(a|z) > C > 0 under

—-1/2

sup \Af(@) - = op (logn)

reXp

-1 -1
N.T,N;

n

- 2k (M)

=1

sup
r€Xp

Assumption F, the Theorem is proved if we show that

sup [q(alz) — g(a|z)| = op (logn)™/*.
r€Xy

Guerre and Sabbah (2009, Lemmas A.2, A.3 and Theorems 1 and 2) under Assumptions F, H,
K, Q and X yields that

sup
(a,z) €€l x X

~ 1/2
Q(al) - Qlale)| = O (ﬁ_)ﬁ N h)

Now recall that g(ajz) = L [ Q(ov + ht|z)dK,(t). Then

sup
r€X)y

ilale) - 5 [ Qo+ nla)ar )

Q(alz) — Q(alx) ’/|dK (lic()gh)l/z +hé‘> :

1
<—  sup
h (a,z) €[, @] x Xo
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Now since

sup  |Q(a + ht) — Q(alz) — htg(alz)| = O(h),
teky
(a,z)€[a, @] X Xo
under Assumptions H and Q, and since [dK,(t) =0 and [tdK,(t) =1, we have

logl/2 n

et h? + h) = op (logn) /%,

sup [7(alr) — q(alo)| = O (W

r€Xp

under Assumption H.

4.5 Appendix B: Proof of intermediary results

B.1 Proof of Lemma A.1

The vector b(a, z) is in a first step an estimator of

b*(a,z) = arg min E [éa (Y —U(X —2)"b) K (X_x)} .

beRP+1 h

Under Assumptions F, H, K, Q and X and provided A is small enough we have by Guerre and
Sabbah (2009, Theorem 1),

H (b*(0) - b(alm))‘

< C. B.1
= c (B.1)

sup
r€Xp

We now present the Bahadur representation given in Guerre and Sabbah (2009). In order to do
that, define Q*(X;;0) = U(X; — z) "b*(#) and

S.0) = o 2o (10 @ (X)) - o) K ()

) ()

J.(0) = nhZf “(X;;0)|X;) Ky (

E.(0) = (nh)/°H ( )
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Under Assumptions F, H, K, Q and X, Guerre and Sabbah (2009, Theorem 2) yields that

a0 = 0r (251) (8.2)

TEXp

Lemma A.2 Under Assumptions F, H, K and X and uniformly in x in Xy,

ﬁ D I(Y; < Q(alX) Ky (

and sup,ey, [|[J(0) — I (0)| = Op (h + (logn)*/?/(nh)'/?).

)|| — s ((uh)21),

We now return to the Proof of Lemma A.1. We consider the Bahadur representation in equation

(B.2) so that (nh)2H(b(6) — b(6)) can be written as

nh 2 Z{ 1(Y; < Q(alX)} Ku (XZ' - ) T ra(0)

with r,(0) = Z?Zl r,;(0), and where

O ®) = s 00 < @Gl ) — ek (T2 - 8.0)
ra(6) = () PH(b(6) = blala)), 10a(6) = 7500, 0),

and r, 4(0) = E, (). We now bound the r, ;(6) for j = 1,2,3,4, uniformly in x in Aj showing
that maxi<j<ssup,cy, [[tn;(0)|| = op(logn) /2. Lemma A.2 and the fact infex, [|[J(6)]| > C >
0 yield that r,;(0) is a Op((nh)Y/2h*) uniformly in x in Xy. Equation (B.1) yields that r,, 5(6) is
a O(h*) uniformly in x in Xy. Now observe that Guerre and Sabbah (2009, Lemma A.3) together
with the fact that Guerre and Sabbah (2009, Lemma A.2) yields that inf,cy, ||J,(0)] > C >0
with a probability that can be arbitrarily large yield that r, 5(8) is a Op(logn/(nh)"/?>+hlog"? n)
uniformly in z in Xp. Finally (B.2) yields that sup,c .y, |[Eq(0)|| = Op (log® n/(nh))1/4. Then

()2 8 (B(6) ~ blala)) =~ 002 31V < Q(alX) —a) +1,(0)




178 CHAPTER 4. MAXIMAL DEVIATIONS FOR THE LP QUANTILE ESTIMATOR

with

log log3/4n
o 1/21s
sup [rn(0)[] = O ((”h) Zh + ( )1/2 + hlog!*n + (nh)/4 )

h
The result then follows since (logn)/(nh)'/? = o ( (log®* n)/(nh) 1/4) under Assumption H.

B.2 Proof of Lemma A.2

For simplicity of notations, define Q*(u) = Q*(u;0) and Q(u) = Q(«a|u). A Taylor expansion

of Q(-) in a neighborhood of = can be written as
Q(z + hz) = U(hz)b(0) + Rg(0, 2),
where b(a, z) is as in Lemma A.1. This gives that

sup Q" (x + hz) — Q(x + hz2)|

(z,2)EXo XK
= sup |U(hz)b™(, h,z) — U(hz)b(a, z) — Ro(6)]
(z,2)eXo XK
<sup |[U(z)|| sup |H (b*(a, h,z) — b(a,z))| + sup |Rg(0, 2)]
zeK z€Xo (z,2)EXo XK
= O(h*),

by equation (B.1) and under Assumption Q. Define

Ans) = 32 (10 £ QX 0) ~ 1% < Qo) 1 (2

i=1

Define W; = Y; — Q(«|X;) and observe that (B.3) yields that

s s XZ—fL’
A < o h+1ZH (% - Qlalx)] < o) |1, (270
X, —«x
_ s+1 s 7

= nhsﬂf(x, 0),

(B.3)
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where f(z,0) is a kernel estimator of the density of the couple (X;, W;) at (z,0). Observe that

f(‘T’O)‘ < sup

TEXp

f(m, 0)—E [f(x, O)} ‘ + sup

rEXp

sup
rEXy

E [f(m, 0)} ‘ . (B.5)
We now bound the two terms in the RHS of (B.5). Einmahl and Mason (2005, Theorem 1)
yields that

sup
re€Xp

F(a,0) —E [ﬂx,oﬂ ] — O (%) , (B.6)

under Assumptions F, K and X. The change of variables z = x + hu yields that E [f(a:, 0)} can

be written as
/ / I(ly - Qalz + hu)| < Ch*) |K;(w)| £yl + hu) f (& + has)dydlu

It then follows from Assumptions I, K and X that sup,.x,

E [f(x, 0)} ‘ < (. This, Assumption
H and (B.6) yield that the RHS in (B.5) is a Op(1) which together with (B.4) proves the first
part of the Lemma.

We now prove the second part of the Lemma. For that first note that

sup [|Jn(0) = J(O)]| < sup [[Jn(0) = E [T (O)]]] + sup [E[In(6)] = I(O)]]-

TEXy TEX) z€EXy

We control the first term in the RHS of the above equation. Observe that J,(0) is the matrix

with entries

vl ’L}2 Z h v1+'uz (%) f(Q X1,0 ’X ZJvl U2’L

where 0 < vy, vy < p. Using Einmahl and Mason (2005, Theorem 1) yields that

logn 1/2
SUP [ Toy 03 (6) — E [ Toy 0y (6) ch( g ) |

reXy nh

for all 0 < vy, v9 < p, under Assumptions F, H, K and X. The Lemma is then proved if we show
that sup ey, | E [Jn(0)] = J(0)|| = O(h). (B.3) and the change of variables z = x + hu then yield
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that the generic entries of ||J,,(6) — J(0)]| are less than

/ (( sup £ (Q"(x + hus )|z + has) (f( + hu) — f(2))]

)GXOX’C

+ sup  [f(2) (f(Q (2 + hu; 0) |z + hu) — f(Q(a\x)p:)f(a;))\)

(z,u)eXg XK
X ’Kv1+v2 (u)‘ du

<c / (( sup |z + hu) — f(2)

)EX) XK

+  sup lf(Q*(varhu;@)!HhU)—f(Q(OéII)IOCH) | Koy ()] d

(zu)eXoxK

= O(h),

under Assumption F, X and equation (B.1).
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