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∏
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JF42/Q7 R(-7(- KE%M6 34 ),-7./1).*,- 5( 3F4/:/( 5( N,-).*,-6 ),//(72,-54-. < 1- /;7(41

:4S;7*(- B 4S4-. 2,1/ (-7(+:3( 5( 84/*4:3(7 X = {Xi}6 2477( 24/ 3(7 ;.42(7 71*84-.(7 B
T ),-7./1*/( 1- D/42G( +,/43 B 1- D/42G( -,- 5*/*D; 48() 5(7 ),--(U*,-7 (-./( .,1.(7

3(7 84/*4:3(7 54-7 3F(-7(+:3( pa(Xi) ∪Xi 2,1/ .,1.( 84/*4:3( Xi ∈ X$



 !"#$%!&% '(!) *%) $#)%(+, -(.#)/%!)  !

 !"# "#$ % &'()*+,-. /. 0120)3)4+2* /. (2**)+,,)*(., )5 *+6.)5 /75* *85/ /)*, 5*

1',.)5 9):',+.* .* ;21-. /7)191.#

% 41+)*35<.1 <. 31)0=. -21)< > )?254.1 /., (2**.(4+2*, ?5,@57A (. @5. 425, <., (:(<.,

):)*4 0<5, /. 412+, (2**.B+2*, )+.*4 5*. (21/.# C., *85/, /. <7)191. /. ?2*(4+2*

,2*4 )<21, <., (<+@5., /5 31)0=. 41+)*35<' D

% (2**.(4.1 <., (<+@5., /5 31)0=. 41+)*35<' )6.( /., <+.*, )E* /. (2*,415+1. <7)191.

/. ?2*(4+2* D

% /2**.1 A (=)@5. (<+@5. 5*. 4)9<. *. (2*4.*)*4 @5. /., 5*+4',# F251 (=)@5. 6)G

1+)9<. XiH 41256.1 5*. (<+@5. (2*4.*)*4 pa(Xi) ∪ Xi .4 -5<4+0<+.1 ,) 4)9<. 0)1

P (Xi|pa(Xi))#

C7)191. /. ?2*(4+2* )+*,+ (2*,415+4 1.01',.*4. <. 1',.)5 9):',+.* B#

 !"!# $%&'()%*) +,,(-*.')

C7+*;'1.*(. .B)(4. /)*, 5* 1',.)5 9):',+.* .,4 5* 0129<I-. JFG/+K(+<. L$MN# O*.

+*;'1.*(. .B)(4. *7.,4 /2*( 0), 425?251, 02,,+9<. /75* 02+*4 /. 65. ()<(5<)42+1.H /5 ;)+4

/5 41I, 31)*/ *2-91. /. 6)1+)9<.,# P., -'4=2/., /7+*;'1.*(. )0012(='., 2*4 )<21, '4'

01202,'., 0251 <., 1',.)5B 41I, (2-0<.B.,#

O*. 01.-+I1. ()4'321+. /. -'4=2/., )0012(='., L$QN 20I1. ,51 /., 1',.)5B )0012(=',

/5 1',.)5 1'.<# R., 1',.)5B )0012(=', ,2*4 (2*,415+4, .* '<+-+*)*4 5* (.14)+* *2-91.

/. (2**.B+2*, ?53'., ;)+9<., /5 1',.)5 1'.<#

C) ,.(2*/. ()4'321+. /. -'4=2/., ,. 9),. ,51 <., -'4=2/., ,42(=),4+@5., /. ,+-5G

<)4+2*# C. 01+*(+0. .,4 /7.S.(45.1 5* 31)*/ *2-91. /. 4+1)3., )<')42+1., (2*;21-'-.*4

)5B 0129)9+<+4', (2*/+4+2**.<<., /5 1',.)5 9):',+.* .4 /7.,4+-.1 .*,5+4. <) 0129)9+<+4'



 !  !"#$%&' (

"#$%#"$%&#' ()"*+ $#,,# $),&-."+# /# *&,%./#01 .2 3#4, $+,#" 5#0 *&,%./#0 /+,#0 /#

6.2,#78)"5. .4 /#  !"#$#%&%'(%) *"+%) ,$-.&%/+ 9:;<' (.4" 3540 /# /&,)+50 $.2$#"2)2,

5#0 *&,%./#0 /=+2>&"#2$# )33".$%&#01 5# 5#$,#4" 3#4, 0# "&>&"#" ? 9:@< '

 !" #$$%&'()**+,& -+'* .&* %/*&+01 2+3/*)&'*

A=&,)3# /=+2>&"#2$# 4,+5+0# 42 *./B5# $.*35#, )C#$ 42# 0,"4$,4"# D+#2 /&E2+ )+20+

F4# /#0 3)")*B,"#0 "#3"&0#2,)2, 5#0 ,)D5#0 /# 3".D)D+5+,&0 $.2/+,+.22#55#0 /&G? EH&#0'

I.40 2.40 +2,&"#00.201 /)20 $#,,# 3)",+#1 ? 5) 3%)0# /=)33"#2,+00)-# /4 "&0#)4 D)J&0+#2'

 !"!# $%%&'()*++,-' .' %,&,/0)&'+

A#0 3)")*B,"#0 /=42 "&0#)4 D)J&0+#2 0.2, 5#0 3".D)D+5+,&0 $.2/+,+.22#55#0 )4 2+C#)4

/# $%)F4# 2K4/' L50 3#4C#2, M,"# EH&0 *)24#55#*#2, 0+ .2 5#0 $.22)N,' O.4,#>.+01 $#5)

0=)CB"# M,"# ,"B0 $.2,")+-2)2, 04",.4, 0+ 5# 0J0,B*# #0, $.*3.0& /=42 -")2/ 2.*D"# /#

C)"+)D5#01 $# F4+ 0# ,")/4+, 3)" 42 -")2/ 2.*D"# /# 3)")*B,"#0'

P2 #0,+*# /.2$ 5# 3540 0.4C#2, 5#0 3)")*B,"#0 ? 3)",+" /=42# D)0# /# /.22&#0 /=)37

3"#2,+00)-#' A#0 ,J3#0 /=)33"#2,+00)-# /# 3)")*B,"#0 5#0 3540 $.2240 /)20 5) 5+,,&"),4"#

0.2, 5=)33"#2,+00)-# 0,),+0,+F4# #, 5=)33"#2,+00)-# D)J&0+#2'

 !"!#!# $%%&'()*++,-' +),)*+)*./'

A# D4, 3"+2$+3)5 /# 5=)33"#2,+00)-# 0,),+0,+F4# #0, 5) *)H+*+0),+.2 /# 5) C")+0#*7

D5)2$# Q&F4),+.2 R'RR /#0 /.22&#0 /=)33"#2,+00)-# D 3)" ")33.", ? 5=#20#*D5# /#0 3)7

")*B,"#0 θ /4 *./B5#'

P (D|θ) =
∏

P (Xi|θ) QR'RRS

8#,,# *)H+*+0),+.2 #0, &F4+C)5#2,# ? 5) *)H+*+0),+.2 /# 5) 5.-7C")+0#*D5)2$# T

L(D|θ) =
∑

log(P (Xi|θ)) QR'R S

U2 4,+5+0)2, 5) 3".D)D+5+,& G.+2,# /4 "&0#)4 D)J&0+#21 5) C")+0#*D5)2$# 0# /&$.*3.0# /.2$

$.**# 42# 0.**# /# ,#"*#0' A=#0,+*),+.2 /# 3)")*B,"#0 "#C+#2, )5."0 ? 5) *)H+*+0)7

,+.2 /#0 ,#"*#0 /# $#,,# 0.**#' I.,"# 3".D5B*# /# *)H+*+0),+.2 +2+,+)5 0# /&$.*3.0#

/.2$ #2 /#0 3".D5B*#0 5.$)4H /=#0,+*),+.2 )4 2+C#)4 /# $%)F4# 2K4/ /4 "&0#)4 D)J&7

0+#2'

8#, )33"#2,+00)-# 0=)335+F4# 5."0F4# ,.4,#0 5#0 C)"+)D5#0 0.2, .D0#"C&#0' 8=#0, 5)

*&,%./# 5) 3540 0+*35# #, 5) 3540 4,+5+0&# /)20 5) 5+,,&"),4"#' U55# $.20+0,# ? #0,+*#"

5) 3".D)D+5+,& /=42 &C&2#*#2, 3)" 0) >"&F4#2$# /=)33)"+,+.2 /)20 5) D)0# /# /.22&#0'

8#,,# )33".$%# #0, &-)5#*#2, )33#5&# *)H+*4* /# C")+0#*D5)2$# MV ' V)20 $# $)0 T

θMV
ijk = P (Xi = xk

i |pa(Xi) = pxj) QR'RWS

=
Nijk

∑

k Nijk



 !"#$%& '$(!")#*" +$,-).%/)#,"  !

"# Nijk $%& '$ (")*+$ ,-"../++$(.$% ,0(% '0 *0%$ ,$ ,"((1$% ,$ '0 ."(23/+0&4"( 5 Xi

$%& ,0(% '-1&0& xk
i $& %$% 60+$(&% %"(& ,0(% '0 ."(23/+0&4"( pxj 78

 !"!#! $%%&'()*++,-' .,/0+*'(

9$ */& ,$ '-066+$(&4%%03$ *0:1%4$( $%& '0 )0;4)4%0&4"( ,$ P (θ|D) ."(&+04+$)$(& <

'-066+$(&4%%03$ %&0&4%&4=/$ "# 4' >0''04& )0;4)4%$+ P (D|θ)8 ?( .@$+.@$ ,"(. θMAP
&$'

=/$ A

θMAP = arg maxP (θ|D)

= arg maxP (D|θ)P (θ) BC8CDE

BC8CFE

90 =/0(&4&1 P (θ|D) 6$/& G&+$ >0.&"+4%1$ ."))$ %/4& A

P (θ|D) =
∏

i

∏

j

∏

k

P (θijk|D) BC8CHE

I"/+ '$ .0'./' ,$ P (θ) "( %/66"%$ =/$ ("/% 0J"(% ."))$  !"#$"# %/+ '$% 60+0)K&+$%

,$ +1%$0/; /($ ,4%&+4*/&4"( ,$ L4+4.@'$&8 M4(%4 A

P (θ) =
∏

i

∏

j

∏

k

θ
αijk−1
ijk BC8CNE

"# αijk 6$/& G&+$ J/ ."))$ /( (")*+$ ,-"../++$(.$%  !"#$"# ,$ '0 ."(23/+0&4"( 5 Xi

$%& ,0(% '-1&0& xk $& %$% 60+$(&% %"(& ,0(% '0 ."(23/+0&4"( pxj 7 %4 .$&&$ ,$+(4K+$ (-$%&

60% "*%$+J1$ ,0(% '0 *0%$ ,$ ,"((1$%8

L0(% OFCPQ '-0/&$/+ 0 ,1)"(&+1 =/$ θMAP
ijk = P (Xi = xk|pa(Xi) = pxj) %-$;6+4)$ ,$

'0 >0R"( %/4J0(&$ A

θMAP
ijk =

Nijk + αijk − 1
∑

k Nijk + αijk − 1
BC8C!E

 !"! #$$%&'()**+,& -& .+ *(%/0(/%&

90 %&+/.&/+$ ,-/( +1%$0/ *0:1%4$( $%& /( 60+0)K&+$ =/0'4&0&4> ,/ +1%$0/8 9-066+$(&4%S

%03$ ,$ .$&&$ %&+/.&/+$ ."(%&4&/$ /($ 1&06$ .'1 ,$ ("&+$ &+0J04'8 I'/&T& =/$ ,-$( ,"(($+

/( 06$+R/ ,K% < 6+1%$(&Q ("/% 6+1>1+"(% ."(%0.+$+ /($ 3+0(,$ 60+&4$ ,/ .@064&+$ %/4J0(&

< '0 6+1%$(&0&4"( ,$% ,4U1+$(&% 0%6$.&% ,$ .$& 066+$(&4%%03$8

 !" #$%&'() *'+$%,&-% .'/0,1(2,&/%

 !1!2 34*&+/ 5+64*)&' '+78

L$ &$'% +1%$0/; "(& 1&1 '0+3$)$(& /&4'4%1% ,0(% '0 '4&&1+0&/+$ 6"/+ '0 .'0%%42.0&4"( OF P8

V'% %$ .0+0.&1+4%$(&Q $( $U$&Q 60+ '0 +064,4&1 ,$% "61+0&4"(% ,-066+$(&4%%03$ $& ,-4(>1+$(.$8



 !  !"#$%&' (

"#$ %&$#'() *'+&$,#-$ -'./$ 01%%#$21-3#-4 5 (- 4+2# 2'%4,0(6,#% 3# %&$#'() *'+&$,#-$ 17

681- $(221$# 9(# 6#$ '44%,*(4$ X1, · · · , Xn $1-4 ,-3&2#-3'-4$ 01-3,4,1--#66#:#-4 5 6'

;'%,'*6# 06'$$# 9(# -1($ 3,$4,-<(#%1-$ 2'% 6' -14'4,1- Xc= >#44# ?+214?@$# #-4%'A-# 6'

$,:26,B0'4,1- 3# 6' 61, C1,-4# 3# 68&9('4,1- D=EE $1($ 6' /1%:# 3# 68&9('4,1- D=F!=

P (Xc, X1, ...Xn) =
∏

i=1..n

P (Xi|Xc) GD=F!H

I'-$ 6#$ %&$#'() *'+&$,#-$ -'./$J '(0(-# 01%%&6'4,1- #-4%# 6#$ '44%,*(4$ -8#$4 2%,$# #-

01:24#= K1(4#$ 6#$ 0'%'04&%,$4,9(#$ 01-4%,*(#-4 5 6' 06'$$,B0'4,1- 3# 6' :L:# :'-,@%#=

"# -M(3 3# 06'$$,B0'4,1- 2%1B4# 3# 68,-/1%:'4,1- 31--&# 2'% 0?'9(# 0'%'04&%,$4,9(#

,-3&2#-3'::#-4 3# 68,-/1%:'4,1- ,$$(# 3#$ '(4%#$ 0'%'04&%,$4,9(#$=

 !"# D=N O P&$#'( *'+&$,#- -'./=

 !"! #$%&'( )'*$%+&, -*,'.+/(&

Q- %&$#'( *'+&$,#- 3+-':,9(# ' 21(% 1*C#04,/ 3# :13&6,$#% 6' 3,$4%,*(4,1- 3# 2%1R

*'*,6,4& 38(-# $(,4# 3# ;'%,'*6# $(% (-# $&9(#-0# 3'-$ 6# 4#:2$ T ∈ N
∗
= S6 2#(4 L4%#

3&B-, 2'% (- 01(26# 3# %&$#'() *'+&$,#-$(B0,Btrans) T B0 ' 21(% *(4 3# 3&B-,% 6' 61,

,-,4,'6# 3#$ ;'%,'*6#$ #4 Btrans 3&B-,4 6' 61, 3# 4%'-$,4,1- #-4%# 6#$ ;'%,'*6#$ 21(% 3#()

4%'-0?#$ 4#:21%#66#$ $(00#$$,;#$=

"#$ %&$#'() *'+&$,#-$ 3+-':,9(#$ $1-4 01-$,3&%&$ 5 6' /1,$ 01::# (-# <&-&%'6,$'4,1-

#4 01::# (- 0'$ 2'%4,0(6,#% 3#$ %&$#'() *'+&$,#-$ $4'4,9(#$= U- #V#4J #- 3&%1(6'-4

6# %&$#'( $(% 6#$ T 4%'-0?#$ 4#:21%#66#$J 1- %&0(2@%# 3#$ %&$#'() *'+&$,#-$ $4'4,9(#$

&9(,;'6#-4$ '( %&$#'( 3+-':,9(#= "' 61, C1,-4# 3( :13@6# #$4 '61%$ 0'60(6&# <%W0# 5 6'

/1%:(6# $(,;'-4# T

PB(X[0], ..., X[T ]) = PB0

T−1
∏

t=0

PBtrans(X(t+1)|X(t)) GD=FEH

I'-$ X FYJ 68'(4#(% :1-4%# 9(# 6#$ %&$#'() *'+&$,#-$ 3+-':,9(#$ 2#%:#44#-4 38(-,B#%

3# -1:*%#($#$ '22%10?#$ ,$$(#$ 3# 6' :13&6,$'4,1- 3#$ $&%,#$ 4#:21%#66#$ 4#66#$ 9(# 6#$

:13@6#$ 3# Z'%[1;J 1( 6#$ B64%#$ 3# \'6:'-=



 !"#$%&'!"  !

 !" #$%&'()*$%

"#$% &' &(#)*+,'- $./% #0.$% ),.).%1 /$' *$+,.2/&+*.$ 31$1,#4' 2/ 5.,6#4*%6' 2'%

,1%'#/7 8#91%*'$%: ;./% #0.$% 13#4'6'$+ ),1%'$+1 /$ 8,'5 1+#+ 2' 4<#,+ 2'% 61&#$*%6'%

2<*$51,'$&' '+ 2<#)),'$+*%%#3' $1&'%%#*,'% = 4# 6*%' '$ )4#&' '+ = 4</+*4*%#+*.$ 2</$ ,1%'#/

8#91%*'$:

>.66' *4 # 1+1 10.?/1 2#$% &' &(#)*+,'- 4'% )#,#6@+,'% 2</$ ,1%'#/ 8#91%*'$ %.$+

4'% ),.8#8*4*+1% &.$2*+*.$$'44'% '+ 4# %+,/&+/,' 2/ ,1%'#/: ;./% $./% #++#,2.$% 2#$% 4'

&(#)*+,' %/*0#$+ %/, 4<1+/2' 2' &'++' %+,/&+/,' '+ 2'% 2*A1,'$+% 61+(.2'% 2<#)),'$+*%B

%#3' /+*4*%1'% 2#$% 4# 4*++1,#+/,': ;./% ),1%'$+',.$% 13#4'6'$+ /$ &#% 2</+*4*%#+*.$ 2'

4<#)),'$+*%%#3' 2' %+,/&+/,' '+ $./% 1+/2*',.$% %.$ #)).,+ 2#$% /$ %9%+@6' 2<*$2'7#+*.$

0*21.:



 !  !"#$%&' (



 !"#$%&' (

 !!"#$%&''()# *# '%"+,%+"# !-+"

./&$*#0(%&-$ 1&*2-

 !" #$%&'()*%+'$

 !""# $% & '()* (+( #,-%$./( '&01 %# 23&-$+4# 56 %& 2!02#-+$!0 '7/0 4(1#&/ 8&9(1$#0

-&11# -&4 %7&--4#0+$11&:# '#1 -&4&";+4#1 '/ 4(1#&/6 "&$1 &/11$ -&4 %& "$1# #0 -%&2# '# %&

1+4/2+/4# #0 #%%#<"="#> ?& 1+4/2+/4# 2!44#1-!0' * %7#01#"8%# '# +!/+#1 %#1 2!00#,$!01

./$ #,$1+#0+ #0+4# %#1 @&4$&8%#1 '/ 191+;"#>  #1 2!00#,$!01 4#-4(1#0+#0+ %#1 2!44(%&+$!01

#0+4# %#1 '$A(4#0+#1 @&4$&8%#1> B&01 %& "&)!4$+( '#1 "!';%#1 '7$0'#,&+$!0 @$'(! 8&1(1

1/4 %#1 4(1#&/, 8&9(1$#016 %#1 2!00#,$!01 #0+4# %#1 &++4$8/+1 1!0+ C,(#1 -&4 %# 2!02#-+#/4

'/ "!';%#>  # '#40$#4 -#/+ 17&--/9#4 1/4 '#1 2!00&$11&02#1  !"#$"# 1/4 %# '!"&$0# '#

%& @$'(! * +4&$+#4> D% E&/+ +!/+#E!$1 '$1-!1#4 '# 2#1 2!00&$11&02#1  !"#$"#6 #+ $% 07#1+ -&1

+!/)!/41 (@$'#0+ '# %#1 !8+#0$4> F(0(4&%#"#0+6 %!41./7!0 0# '$1-!1# -&1 '# 2!00&$11&02#1

1/4 %# '!"&$0# +4&$+(6 %#1 2!00#,$!01 1!0+ C,(#1 '7/0# "&0$;4# &48$+4&$4#6 #0 1/--!1&0+

-&4 #,#"-%# /0# $0'(-#0'&02# #0+4# %#1 &++4$8/+1> G!/+#E!$16 '&01 %& "&)!4$+( '#1 2&16

2#++# 39-!+3;1# '7$0'(-#0'&02# 0# +$#0+ -&1> H&4 &$%%#/416 +#0$4 2!"-+# '#1 2!44(%&<

+$!01 #0+4# %#1 &++4$8/+1 -#/+ -#4"#++4# '7&/:"#0+#4 %#1 -#4E!4"&02#1 '/ 191+;"#> H!/4

'(+#4"$0#4 '# E&I!0 &/+!"&+$./# 2#1 '$A(4#0+#1 2!44(%&+$!016 0!/1 -4!-!1!01 '&01 2#

23&-$+4# '7/+$%$1#4 /0# (+&-# '7&--4#0+$11&:# '# %& 1+4/2+/4# #%%#<"="#6 2#++# (+&-# #1+

#0 #A#+ '$1-!0$8%# '&01 %# 2&'4# +3(!4$./# '#1 4(1#&/, 8&9(1$#01>

J!/1 4(&%$1!01 2#+ &--4#0+$11&:# '# 1+4/2+/4# -!/4 %7$0'#,&+$!0 @$'(!> ?#1 &++4$8/+1

/+$%$1(1 (+&0+ %# -%/1 1!/@#0+ '#1 &++4$8/+1 '# 8&1 0$@#&/6 +4!/@#4 "&0/#%%#"#0+ %#1 '$E<

E(4#0+#1 2!44(%&+$!01 ./$ #,$1+#0+ #0+4# 2#1 &++4$8/+1 07#1+ -&1 (@$'#0+> ?# E!4"&%$1"# '#1

4(1#&/, 8&9(1$#01 -#4"#+ '7&--4#0'4# 2#1 2!44(%&+$!01 * -&4+$4 '7/0# 8&1# '7&--4#0+$1<

1&:#>  #+ &+!/+ '#1 4(1#&/, 8&9(1$#01 & (+( +4;1 -#/ /+$%$1( '&01 %# 2&'4# '# %7$0'#,&+$!0

@$'(!>

B&01 2# 23&-$+4#6 0!/1 &%%!01 '!02 $0+4!'/$4# %7&--4#0+$11&:# '# 1+4/2+/4# '&01 %#1

4(1#&/, 8&9(1$#01 2!""# "(+3!'# -!/4 &"(%$!4#4 %#1 -#4E!4"&02#1 '/ 191+;"# '7$0'#,&<

+$!0 @$'(!> J!/1 &%%!01 @!$4 ./# 2#++# "(+3!'# -#4"#+ '7&/+!"&+$1#4 %& 2!01+4/2+$!0

'/ "!';%# #+ '# 0!/1 &A4&023$4 '# +!/+ 8#1!$0 '7$0E!4"&+$!0  !"#$"# 1/4 %# -4!8%;"#

KL



   !"#$%&' (

! "#$%&'"() *#+#",-(.(+/ ,$$(0 '1231-( ! ,4%1"5

6%&$ 7"#$(+/%+$ (+ 7"(.1(" -1(& -($ .#3,+1$.($ /8#%"19&($ '( -:,77"(+/1$$,*( '(

$/"&3/&"() ,1+$1 9&( -($ '1;#"(+/($ .#/8%'($ (<1$/,+/($ 7(".(//,+/ '( -( "#,-1$("5 6%&$

+%&$ ,//,"'%+$ $&" -($ .#/8%'($ ':,77"(+/1$$,*( '( $/"&3/&"( =,$#($ $3%"(5 6%&$ 7"#>

$(+/%+$ (+?+ &+ 3,$ ':&/1-1$,/1%+ '( -:,77"(+/1$$,*( '( $/"&3/&"( 7%&" ,.#-1%"(" -, 7(">

@%".,+3( '($ $A$/B.($ ':1+'(<,/1%+ 41'#%5

 !" #$$%&'()**+,& -& *(%./(.%&

C%..( 1- , '#D! #/# #+%+3# ',+$ -( 38,71/"( E) 1- (<1$/( '(&< /A7($ ':,77"(+/1$$,*(

',+$ -($ "#$(,&< =,A#$1(+$ F &+ ,77"(+/1$$,*( 9&,+/1/,/1@ G3:($/>!>'1"( ,77"(+/1$$,*( '($

7,",.B/"($H 7(".(//,+/ ':,77"(+'"( -($ '1;#"(+/($ '1$/"1=&/1%+$ '( 7"%=,=1-1/#$ ,& +1>

4(,& '( 38,9&( +I&' (/ &+ ,77"(+/1$$,*( 9&,-1/,/1@ 7(".(//,+/ ':,77"(+'"( -, $/"&3>

/&"() 3:($/>!>'1"( -:(<1$/(+3( ':,"3$ (+/"( -($ +I&'$ '& "#$(,&5 J- ($/ #41'(+/ 9&( 38,9&(

@%1$ 9&:%+ 38,+*( '( $/"&3/&"() %+ '%1/ "(@,1"( -:,77"(+/1$$,*( '($ 7,",.B/"($5 K:,7>

7"(+/1$$,*( '( $/"&3/&"() 3%..( /%&/ /A7( ':,77"(+/1$$,*() &/1-1$( &+( =,$( '( '%++#($

':,77"(+/1$$,*(5

J- (<1$/( '(&< 3-,$$($ ':,-*%"1/8.($ 7%&" @,1"( '( -:,77"(+/1$$,*( '( $/"&3/&"( ',+$

-($ "#$(,&< =,A#$1(+$ F

L -($ ,-*%"1/8.($ =,$#$ $&" -, "(38("38( '( 3,&$,-1/# (+/"( -($ 4,"1,=-($ M

L -($ ,-*%"1/8.($ =,$#$ $&" -($ $3%"($5

 !"!# $%%&'()*++,-' .' +)&/0)/&' %,& &'01'&01' .' 0,/+,2*)3

N,+$ 3( /A7( '( .#/8%'($) %+ 38("38( ! '#/(".1+(") ! 7,"/1" '($ '%++#($ ':,77"(+/1$>

$,*() -($ "(-,/1%+$ ':1+'#7(+',+3( 9&1 (<1$/(+/ (+/"( '(&< 4,"1,=-($ 3%+'1/1%++(--(.(+/

! -:(+$(.=-( '($ 4,"1,=-($ '& 7"%=-B.(5 O+ #/,/ '( -:,"/ 3%.7-(/ '($ .#/8%'($ ':,7>

7"(+/1$$,*( '( $/"&3/&"( =,$#($ $&" -, "(38("38( '( 3,&$,-1/# ($/ 7"%7%$# ',+$ PQRS5 6%&$

(<7-131/%+$ /%&/(@%1$ -($ 7"1+317,-($ .#/8%'($ ',+$ 3( 9&1 $&1/5

N(&< #9&17($ 3%+3&""(+/($ %+/ /",4,1--# $&" -( '#4(-%77(.(+/ '( .#/8%'($ ':,77"(+>

/1$$,*( '( $/"&3/&"( 7," -, "(38("38( '( 3,&$,-1/# F T(,"- (/ U("., ,4(3 -($ ,-*%"1/8.($

JC (/ JCV PQ S (/ W71"/($) X-A.%&" (/ W38(1+($ 7%&" -($ ,-*%"1/8.($ WXW (/ TC PQYS5

K:,-*%"1/8.( TC G7%&" T(/(" (/ C-,"ZH , #/# 1+/"%'&1/ ',+$ PQYS 7," W71"/($) X-A.%&"

(/ W38(1+($5 J- &/1-1$( '($ /($/$ $/,/1$/19&($ 7%&" #4,-&(" -:1+'#7(+',+3( 3%+'1/1%++(--(

(+/"( -($ 4,"1,=-($ '& "#$(,& (/ "(3%+$/"&1"( ,1+$1 -, $/"&3/&"( '& "#$(,& =,A#$1(+ ! 7,"/1"

'( 3($ "(-,/1%+$ ':1+'#7(+',+3(5 K:,-*%"1/8.( ($/ 1+1/1,-1$# 7," &+ *",78( 3%.7-B/(.(+/

3%++(3/#5 O+ ,"3 ($/ $&77"1.# $1 &+( 1+'#7(+',+3( 3%+'1/1%++(--( (+/"( -($ '(&< 4,>

"1,=-($ 9&:1- "(-1( ($/ '#/(3/#(5 [?+ '( "#'&1"( -( +%.="( '( /($/$ (;(3/&#$) 3(&<>31 $%+/

,-%"$ "#,-1$#$ $(-%+ &+ %"'"( 7"#,-,=-(.(+/ #/,=-1 $&" -($ 4,"1,=-($5

K( '(&<1B.( /A7( ':,-*%"1/8.( ':,77"(+/1$$,*( '( $/"&3/&"( 7," "(38("38( '( 3,&>

$,-1/# ($/ -:,-*%"1/8.( JC 1+/"%'&1/ ',+$ PQ S5 C(/ ,-*%"1/8.( $&1/ -( .\.( 7"1+317( 9&(

-:,-*%"1/8.( TC) ! -, '1;#"(+3( 7"B$ 9&:1- ($/ 1+1/1,-1$# 7," &+( $/"&3/&"( 41'( (/ 9&:%+

7"%3B'( 7," ,D%&/ ':,"3$ ,& @&" (/ .($&"( 9&( -, $/"&3/&"( $( 3%+$/"&1/5 K($ ,"3$ $%+/



 !!"#$%&''()# *# '%"+,%+"#  !

"#$%&'( )$*(+%,%-. /'0.-/"-1. .-&*. /.%2 3"*4"5).( 1$-/4&4$--.)).6.-& 7 %- .-(.65).

/. 3"*4"5).( .(& /'&.1&'.8

9,%-. :";$- <'-'*").= )" *.1>.*1>. /.( *.)"&4$-( /,4-/'0.-/"-1. /"-( ).( 6'&>$/.(

/,"00*.-&4(("<. /. (&*%1&%*. 0"* *.1>.*1>. /. 1"%(")4&' 0"((. 0"* ),%&4)4("&4$- /. &.(&(

(&"&4(&4+%.( /,4-/'0.-/"-1.8 ?- /4(&4-<%. 0*4-140").6.-& /.%2 &.(&( /. 1. &@0. A

B ). &.(& /% χ2
C

B ). &.(& /% *"00$*& /. 3*"4(.65)"-1.8

D.( /.%2 &.(&( 6.(%*.-& ),"/'+%"&4$- /,%-. /4(&*45%&4$- &>'$*4+%. 7 %-. /4(&*45%&4$-

$5(.*3'.8 9"-( ). 1"/*. /. ).%* %&4)4("&4$- 0$%* ),"00*.-&4(("<. /. )" (&*%1&%*. /"-( ).(

*'(."%2 5"@'(4.-(= $- &.(&. ),4-/'0.-/"-1. 1$-/4&4$--.)). /. /.%2 3"*4"5).( Xi .& Xj

1$-/4&4$--.)).6.-& 7 %- .-(.65). /. 3"*4"5).( Xp8 ?- 1$60"*. "4-(4 %-. )$4 $5(.*3'.

7 &*"3.*( ).( /$--'.( /,"00*.-&4(("<. 7 )" )$4 &>'$*4+%. $E ),$- (%00$(. +%. ).( /.%2

3"*4"5).( ($-& 4-/'0.-/"-&.( 1$-/4&4$--.)).6.-& 7 %- .-(.65). /. 3"*4"5).( 0"*.-&(8

?%&*. ). :"4& +%. ). -$65*. /. &.(&( /,4-/'0.-/"-1.= .& "4-(4 )" 1$60).24&' /. )"

6'&>$/.= "%<6.-&.-& .20$-.-&4.)).6.-& .- :$-1&4$- /% -$65*. /. 3"*4"5).( /"-( ).

(@(&F6.= 1.&&. 1)"((. /. 6'&>$/.( /,"00*.-&4(("<. ($%G*. '<").6.-& /,%- "%&*. /':"%&8

H)). .(& .- .G.& 5"('. (%* )" /'1$%3.*&. /.( 4-/'0.-/"-1.( .-&*. ).( 3"*4"5).( .& 1>.*1>.

"4-(4 )" (&*%1&%*. +%4 *.0*'(.-&. ). 64.%2 ).( /$--'.(8 H)). -. 0.%& /$-1 I&*. %&4)4('. (4
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9*%1 .-1 )3+8'"-1 "#*22(-%+$11*:- "- 1+(,4+,(- "34($+-1 "*%1 4-++- 2*(+$-6 %',1
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si J(Zk − Z−) > J(Zk−1) alors

Zk−1 = Zk − Z−;
k = k − 1
$-&#/$ 0 !12&+,- .

sinon
$-&#/$ 0 !12&+,- )

34)4.4. 5$%&6$-

:/ -(.)6&0+% 9)- /&&'01,&- +;&0</,8 -) =/0& /, &'/>)'- 9) .?+;&0<0-/&0+% 9?,% 6'0&@')

A,) %+,- %+&+%- J 9/%- ./ -,0&)2 :) ;'+1.@<) 9) -(.)6&0+% 9?/&&'01,&- ;),& 9+%6 -)

=+'<,.)' -+,- ./ =+'<) 9?,% ;'+1.@<) 9?+;&0<0-/&0+% *

Y = arg max
Z⊆X,card(Z)=d

J(Z) 5B2C7

D+<<) %+,- .?/>+%- (>+A,( 9/%- .?0%&'+9,6&0+% 9) 6) 6E/;0&')F 0. )80-&) ;'0%60;/.)<)%&

9),8 6./--)- 9) <(&E+9)- 9) -(.)6&0+% 9?/&&'01,&- &)%/%& 6+<;&) 9)- 6+''(./&0+%- )%&')

.)- /&&'01,&- *

G .)- <(&E+9)- 1/-()-  !"#$%&F

G .)- <(&E+9)- 9) &H;) '#$((&#2

D)- 9),8 6./--)- -) 90-&0%I,)%& ;/' ./ %/&,') 9, 6'0&@') ,&0.0-(2 J/%- .)- <(&E+9)- 1/-()-

 !"#$%&F .) -6+') )-& &+&/.)<)%& 0%9(;)%9/%& 9) ./ ;/'&0) 6./--0K6/&0+% A,0 ,&0.0-) .)-

/&&'01,&- -(.)6&0+%%(-2 J/%- .)- <(&E+9)- 9) &H;) '#$((&#F ./ <(&E+9) 9) 6./--0K6/&0+%

)-& ,&0.0-() ;+,' L,I)' 9) ./ ;)'&0%)%6) 9, -+,-M)%-)<1.) 9?/&&'01,&-2 N+,- ;'+;+-+%-

9/%- ./ -,0&) ,%) ;'(-)%&/&0+% 9) 6)- 9),8 &H;)- 9) &)6E%0A,)-2

34)4.47 82&'#9-: ;+:2-:  !"#$%&

J/%- 6) ;')<0)' 6/-F ./ -(.)6&0+% 9?/&&'01,&- )-& =/0&) 0%9(;)%9/<<)%& 9) ./ <(&E+9)

9) 6./--0K6/&0+% A,0 6+%-&0&,) .?(&/;) -,0>/%&) 9/%- .) &'/0&)<)%& 9)- 9+%%()-2 :) 6'0&@')

J ,&0.0-( )-& 9+%6 6+<;.@&)<)%& 0%9(;)%9/%& 9, 6./--0K),' ,&0.0-(2

:) 1,& ;'0%60;/. 9) ./ -(.)6&0+% 9?/&&'01,&- )-& /.+'- ./ -(.)6&0+% 9, -+,-M)%-)<1.)

9?/&&'01,&- A,0 /;;+'&) ./ ;.,- I'/%9) A,/%&0&( 9?0%=+'</&0+%2 :)- <(&E+9)- 9) -(.)6&0+%



 !"#$%&'( )*%'+)%&,*# -.)%%/&0*%1  !

"#$%%&'()%* ($*+,* *)& -,* .-%&$/,* *)'0,1% -, *23+4$ ", -$ ./)&, !565 7, 48")-, ", *+-,29

%'81 "#$%%&'()%* $ 2844, ,1%&+, -#,1*,4(-, ",* $%%&'()%* "'*:81'(-,* X = {X1, ..., Xn}
,% &,1" ,1 *8&%', )1 *8)*9,1*,4(-, ", 2,* $%%&'()%*5 ;81%&$'&,4,1% $)< 4+%38",* ", %=:,

 !"##$! >), 18)* $--81* +08>),& :-)* -8'1? '- 1#= $ $)2)1, '1%,&$2%'81 ,1%&, -, 48")-,

", *+-,2%'81 "#$%%&'()%* ,% -, 48")-, ", 2-$**'.2$%'815 7,* $%%&'()%* $'1*' *+-,2%'811+*

*81% %8%$-,4,1% '1"+:,1"$1%* ", -$ 4+%38", ", 2-$**'.2$%'81 )%'-'*+, :$& -$ *)'%,5

;,%%, '1"+:,1"$12, ,1%&, -, 48")-, ", *+-,2%'81 ,% -, 48")-, ", 2-$**'.2$%'81 281@A&,

B -$ *+-,2%'81 "#$%%&'()%* )1 2$&$2%A&, ", /+1+&'2'%+? :)'*>), -,* $%%&'()%* *+-,2%'811+*

*81% 0$-$(-,* :8)& %8)* %=:,* ", 2-$**'.,)&*5 C1 1#,*% "812 :$* "$1* -#8(-'/$%'81 ",

23$1/,& -,* $%%&'()%* *+-,2%'811+* 23$>), @8'* >)#81 23$1/, ", 48")-, ", 2-$**'.2$%'815

D8)%,@8'*? 2,%%, /+1+&'2'%+ :,)% 281")'&, B )1 *=*%A4, 181 8:%'4$- :)'*>)#,1 *+-,2%'819

1$1% -,* $%%&'()%* '1"+:,1"$44,1% ") 48")-, ", 2-$**'.2$%'81? 81 1#8:%'4'*, :$* -$

23$E1, ", %&$'%,4,1% ", (8)% ,1 (8)%5

 !"# !56 F  !"#$"%& '& () *+(&$,"-# '.),,!"/0,* /)*+&  !"#$%&1

G$&4' -,* *28&,* -,* :-)* )%'-'*+* "$1* -$ *+-,2%'81 "#$%%&'()%* ($*+, %&'!"($? 18)*

&,%&8)081* -, /$'1 "#'1@8&4$%'81 IMG(Xc, Z) "#)1 ,1*,4(-, Z "#$%%&'()%* :$& &$::8&%

B -$ 2-$**, Xc H)*+ +>)$%'81 !5IJ5 ;, 2&'%A&, 4,*)&, -$ &+")2%'81 "#'12,&%'%)", :$& &$::8&%

B -$ 2-$**, Xc >)$1" -#'1@8&4$%'81 *)& -,* 0$&'$(-,* ") *8)*9,1*,4(-, Z *81% "'*:81'(-,*5

K- ,*% 281*%'%)+ "#)1, "'L+&,12, ,1%&, -#,1%&8:', H(Xc) &,:&+*,1%$1% -#'12,&%'%)", :$&

&$::8&% B -$ 2-$**, Xc ,% ", -#,1%&8:', 281"'%'811,--, H(Xc|Z) &,:&+*,1%$1% -#'12,&%'%)",
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"#$ $#""%$& ' (# )(#**+ Xc +, #-#,& (./,0%$1#&/%, )%,&+,2+ 3#,* (+ *%2*4+,*+15(+ Z6

IMG(Xc, Z) = H(Xc)−H(Xc|Z) 7869:

avec : H(Xc) = −
∑

P (Xc = cj)log(P (Xc = cj))

H(Xc|Z) = −
∑

P (Xc, Z)log(P (Xc, Z)/P (Z))

 !"!#!$ %&'()*+, *+ '-.+  !"##$!

;%11+ ,%2* <+,%,* 3+ (+ <%/$= (+* 1>&?%3+* 5#*>+*  !"#$%& ,+ &/+,,+,& "#* )%1"&+

3+ (# &@)?+ 3+ )(#**/A)#&/%,6 B, +C+&= +((+* "+$1+&&+,& 3+ *>(+)&/%,,+$ (+* #&&$/52&* D2/

*%,& (+* "(2* )%$$>(>* #<+) (# <#$/#5(+ )(#**+ *#,* &+,/$ )%1"&+ 32 &-"+ 3+ )(#**/A+2$ D2/

*+$# 2&/(/*> "#$ (# *2/&+6 ;+&&+ /,3>"+,3#,)+ "#$ $#""%$& #2 1%32(+ 3+ )(#**/A)#&/%,=

/((2*&$>+ 3#,* (# AE2$+ 86F= "+2& )%,32/$+ ' 2, *-*&G1+ ,%, %"&/1#(6

H+* 1>&?%3+* 3+ &-"+ '#$((&# #""%$&+,& 2,+ #(&+$,#&/<+ #2I 1>&?%3+* 5#*>+*  !)

"#$%&6 J, %"&/1/*+ 3#,* )+ )#* (# *>(+)&/%, 3.#&&$/52&* "#$ $#""%$& ' (# &@)?+ 3+ )(#**/4

A)#&/%,6 H+ 1%32(+ 3+ )(#**/A)#&/%, +*& 2&/(/*> "%2$ 1+*2$+$ (# "+$&/,+,)+ 3+* #&&$/52&*

*>(+)&/%,,>*6 H+ )$/&G$+ J +*& 3%,) 2,+ 1+*2$+ 3+ (# "+$0%$1#,)+ 32 )(#**/A+2$ +, "$>4

*+,)+ 3.2, +,*+15(+ 3.#&&$/52&*6

H+ )(#**/A+2$ +*& )%,*/3>$> )%11+ 2,+ 5%K&+ ,%/$+ #-#,& )%11+ +,&$>+ 2, *%2*4

+,*+15(+ 3+* #&&$/52&* +& )%11+ *%$&/+ 2,+ 1+*2$+ 3+ (# D2#(/&> 3+ "$>3/)&/%, 32 )(#**/4

A+2$6 H+ *)?>1# 3+ "$/,)/"+ 3+* 1>&?%3+* 3+ *>(+)&/%, 3.#&&$/52&* 3+ &-"+ '#$((&# +*&

/((2*&$> 3#,* (# AE2$+ 8696 L, 5%, >&#& 3+ (.#$& *2$ )+ &-"+ 3+ 1>&?%3+* +*& 3/*"%,/5(+

3#,* MN O6

P%2$ (+ )#()2( 32 )$/&G$+ J = ,%2* 2&/(/*%,* 2, "$%)+**2* 3+ )$%**4<#(/3#&/%,6 Q/,*/=

,%2* 0#/*%,* (.#""$+,&/**#E+ 32 $>*+#2 5#->*/+, %2 32 )(#**/A+2$ *2$ 2,+ "#$&/+ 3+*

3%,,>+* +& ,%2* 3>)%3%,* *2$ (# 3+2I/G1+ "#$&/+ 3+* 3%,,>+*6 %, $>"G&+ (+ "$%)+**2* 3+

0#R%, ' )+ D2+ &%2&+* (+* 3%,,>+* 3+ (# 5#*+ *%,& 2&/(/*>+* 3#,* (# "?#*+ 3+ 3>)%3#E+6

S%2* 1+*2$%,* #(%$* (+ &#2I 3+ 5%,,+ )(#**/A)#&/%, *2$ )?#)2, 3+* *%2*4+,*+15(+* 3+

3%,,>+* /**2* 3+ (# )$%**4<#(/3#&/%,6 H+ )$/&G$+ J E(%5#( *+$# (# *%11+ 3+* &#2I 3+ 5%,,+

)(#**/A)#&/%, *2$ (# &%&#(/&> 3+* *%2*4+,*+15(+* 3+ 3%,,>+*6

B, )%,&$+"#$&/+ 3+ (+2$ #<#,&#E+ 3+ &+,/$ )%1"&+ 3+ (.>&#"+ 3+ )(#**/A)#&/%,= (+*

1>&?%3+* 3+ &-"+ '#$((&# *%,& )+"+,3#,& &$G* E%2$1#,3+* +, &+1"* 3+ )#()2(6

 !" #$%&'()(% *( +,(*-.-$()(+/,

 !"!# $%&'()(*+%, -.+ -*/0).,1.+ &012%-.+ -. +03.41*%, -5(11)*671+

'%7) 7, 43(++*8.7) -%,,0

S%2* "$%"%*%,* 3#,* )+ "#$#E$#"?+ 2,+ )%1"#$#/*%, 3+* $>*2(&#&* 3+* &$%/* &-"+*

3+ 1>&?%3+* 3+ *>(+)&/%, 3.#&&$/52&* T (+* 1>&?%3+* "#$ *!$++&,&-"= (+* 1>&?%3+* 5#4

*>+*  !"#$%& +& )+((+* 3+ &-"+ '#$((&#6 P%2$ )+ 0#/$+= ,%2* )?%/*/**%,* 3.2&/(/*+$ )%11+

)(#**/A+2$ (+ $>*+#2 5#->*/+, #2E1+,&> "#$ 2,+ *&$2)&2$+ 3.#$5$+6

U( +*& ></3+,& 3.#"$G* (# AE2$+ 86V D2+ (+* $>*2(&#&* 3+ (# *>(+)&/%, 3.#&&$/52&* 3+ &-"+

'#$((&# *2$"#**+,& (#$E+1+,& )+2I 3+ (# *>(+)&/%, 5#*>+  !"#$%& +& )+2I 3+ (# *>(+)&/%,
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 !"# "#$ %  !"#$% &' (% )#('!*+,- &.%**/+01*) &' *23'  !"##$!4



   !"#$%&' (

!"#$%  !"##$%$&'& '( %)%*+ ,% -". #" ,$/(0*01(+ 2" 3$*41,% ,% *5-% ()"**$) 6*020#%

27"281.0*43% ,% 92"##0/9"*01( 260:3;3%+ 2%# "**.0!6*# .$96-$.$# #7"<=.%(* ,1(9 30%6>

","-*$# ? 2" 92"##0/9"*01( @6% 9%6> ,1(($# -". 2%# "6*.%# "--.194%#& A7"6*.% -".*+ 2"

#$2%9*01( !"#$% +!')",$ ,1((% ,%# .$#62*"*# 2$8=.%3%(* #6-$.0%6.# ? 9%6> ,% 27"--.194%

!"#$%  !"##$%$&'& B%90 -%6* #7%>-20@6%. -". 2% C"0* @6% 9%**% 3$*41,% *0%(* 913-*% ,%

2" 91..$2"*01( @60 %>0#*% %(*.% 2%# ,0)$.%(*# "**.0!6*# ,6 -.1!2=3%+ 91(*."0.%3%(* ? 2"

#$2%9*01( !"#$%  !"##$%$&'&

 !"# D&E F  !"#$%$&'!( )*' #*%+!%"$(,*' *(-%* .*' -%!&' "/-0!)*' )* '/.*,-&!( )1$--%&23-'4  .$''&5*3%

3-&.&'/ 6 %/'*$3 2$7/'&*( *(%&,0& #$% 3(* '-%3,-3%* *( $%2%*4

G16# 6*020#%.1(# ,"(# 2% .%#*% ,% 9% 3$310.% 2" 3$*41,% ,% #$2%9*01( ,7"**.0!6*# ,%

*5-% ()"**$) -".*16* 1H 1( (% 3%(*01((% -"# ,% C"I1( %>-2090*% 6(% "6*.% 3$*41,% ,%

#$2%9*01(&

 !"!" #$%&'$(' )' *+ ,-*'(./0$ )1+..2/3&., ,&2 *' 2-,'+& 3+4-,/'$ $+56

J(% #$2%9*01( ,7"**.0!6*# ,% *5-% ()"**$) "--20@6$% ? 6( .$#%"6 !"5$#0%( ("KC -%.3%*

,7"683%(*%. 2%# -%.C1.3"(9%# ,% 92"##0/9"*01( ,% 9% *5-% ,% .$#%"6 L -.- /86.% D&MN& '(

%)%*+ 2" #$2%9*01( ,7"**.0!6*# -%.3%* ,% (% 8".,%. @6% 2%# "**.0!6*# @60 3">030#%(* 2%

-16<10. ,% 92"##0/9"*01(& O2 %#* ? (1*%. @6% 276*020#"*01( ,% 2" #$2%9*01( ,7"**.0!6*# ,%

*5-% ()"**$) 0(*.1,60* 6( 9"."9*=.% ,0#9.030("(* ? 2" 3$*41,% 6*020#$%& '( %)%*+ 2%#

"**.0!6*# #$2%9*01(($# #1(* 9%6> @60 ,1((%(* 2" 3%022%6.% 92"##0/9"*01( #6. 27%(#%3!2%

,7"--.%(*0##"8%&
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 !"# "#$ %  !"#$!%$ &$ '( )*'$%+,-! &.(++/,0#+) )#/ '$ /*)$(# 0(1*),$! !(234

 !"!# $%&'(%)( *( +, -.+()/01% *2,//304'/- -'3 +(- ,5531)6(- (%30)60(-

&'(() *'+, -./0'*, 123,)*43 5/*, -) 67/1842) $9 -./112)*48,,/:) 5) ,42+64+2) /+:;

()*43) 1/24 5.+* 23,)/+ </=3,8)* */>? 6'(() ,42+64+2) 5) </,)# @'+, -), /4428<+4, ,'*4

/8*,8 6'**)643, /+ *A+5 6-/,,)# B), 6'**)C8'*, 8*4)2;/4428<+4, ,'*4 )*,+84) /D'+43), 1'+2

)*286782 -) 23,)/+# &)4 )*28678,,)()*4 5) -/ ,42+64+2) )*42/E*) +*) ()8--)+2) /53F+/48'*

5) -/ ,42+64+2) /+C 5'**3),# G- 6'*5+84 4'+4)?'8, H 5), 58,428<+48'*, 5) 12'</<8-843, 1-+,

6'(1-)C), F+) 6)--), 5), 23,)/+C </=3,8)*, */>?,# B.)C8,4)*6) 5./4428<+4, F+8 *) ,'*4 1/,

1)248*)*4, 1'+2 -/ 6-/,,8I6/48'* /+:()*4) -/ 6'(1-)C843 5), 58,428<+48'*, ,/*, 1'+2 /+;

4/*4 /+:()*4)2 -) 1'+0'82 5) 6-/,,8I6/48'* 5+ ,=,4J()# K'+, 4),4'*, 5/*, 6)44) 1/248)

-./11'24 5) -/ ,3-)648'* 5./4428<+4, )4 5'*6 5) -.3-8(8*/48'* 5), /4428<+4, F+8 *.'*4 1/,

23)--)()*4 5) 0/-)+2 /D'+43) 1'+2 *'42) 12'<-J() 5) 6-/,,8I6/48'*#

 !"!#!$ %&'()&*) +) ,- ./,)*012& +3-00415(0. .(4 ,3-6642*7) +) 086) 4/.)-(

5-8/.1)& &-9: )&41*71) 6-4 (&) .04(*0(4) )& -454)

L/*, 6)44) 1/248)9 *'+, 34+58'*, -.8*M+)*6) 5) -/ ,3-)648'* ,+2 -./112)*48,,/:) 5)

,42+64+2) +48-8,/*4 -./112'67) 5) 4=1) @NK O !" 1/2/:2/17) $#P#QR# S+2 -/ I:+2) "#"9

*'+, 123,)*4'*, -), 23,+-4/4, 5) -./112)*48,,/:) 5) ,42+64+2) ,/*, ,3-)648'* 5./4428<+4,9

/0)6 +*) ,3-)648'* 5./4428<+4, (/*+)--) )4 /0)6 +*) ,3-)648'* 5./4428<+4, 5) 4=1) #$%&&'$#

L/*, -) 6/, 5) -/ ,3-)648'* (/*+)--)9 *'+, /0'*, 67'8,8 -), /4428<+4, )* *'+, </,/*4 ,+2

-/ 6'**/8,,/*6) 5'*4 *'+, 58,1','*, 1/2 2/11'24 H -/ 534)648'* 5.( )*+,- 5/*, +* (/467
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 !"# "#" $  !"#$!%$ &$ '( )*'$%+,-! &.(++/,0#+) 1-#/ '$) /*)$(#2 0(3*),$!) !(45) (#67$!+*) 1(/ #!$

)+/#%+#/$ &.(/0/$8

%& '(()*+,,# -(./ 0&1+02.(3/ 2.& ,+ /4,&5)6(3 %7+))06*.)/ +.81&3)& 5(3/6%40+*,&1&3)

,&/ 9&0'(01+35&/ %& 5,+//6:5+)6(3 %. /;/)<1&# =63/6> 9(.0 .3& 90456/6(3 %& !#?> 3(./

9+//(3/ %7.3 0+99&, %& !#"" @ .3 0+99&, %& !#AB#

C, +99+0+D) 48+,&1&3) 2.& ,&/ 9&0'(01+35&/ %& ,+ /4,&5)6(3 +.)(1+)62.& /(3) 48+,&/

@ 5&,,& %& ,+ /4,&5)6(3 1+3.&,,&# -(./ +E(3/ %(35 04.//6> +. )0+E&0/ %& 3()0& /;/)<1&> @

+.)(1+)6/&0 ,74)+9& %& /4,&5)6(3 %7+))06*.)/#

F3 +.)0& +E+3)+8& 3(3 348,68&+*,& %& ,74)+9& %& /4,&5)6(3 %7+))06*.)/ &/) ,+ 04%.5)6(3

%. 3(1*0& %7+))06*.)/ .)6,6/4/> 5& 2.6 &3 )&01& %& 9.6//+35& %& 5+,5., 5(3%.6) @ %&/

+,8(06)G1&/ %& 5,+//6:5+)6(3 1(63/ 8(.01+3%/#

 !"!#!" $%&'(%)( *( +, -.+()/01% *2,//304'/- -'3 +2,5531)6( *( /75( 3.-(,'

4,7.-0(% %,89 (%30)60( 5,3 '%( -/3')/'3( :.%.30;'(

H+3/ 5&))& 9+0)6&> 3(./ 4).%6(3/ ,763I.&35& %& ,+ /4,&5)6(3 %7+))06*.)/ /.0 ,&/ +9J

90(5G&/ %& );9& 04/&+. *+;4/6&3 3+K' &3065G6 9+0 .3& /)0.5).0& 8434062.&# -(./ .)6,6/(3/

%+3/ 3(/ )&/)/ .3& /4,&5)6(3 %7+))06*.)/ %& );9&  !"##$!# L3 5(19+0+3) ,+ 5(.0*& %&

5(.,&.0 *,&.& 9(.0 ,&/ 9&0'(01+35&/ %7.3 04/&+. /+3/ /4,&5)6(3 %7+))06*.)/ &) ,+ 5(.0*&

0(.8& 9(.0 ,&/ 9&0'(01+35&/ %7.3 04/&+. +E&5 /4,&5)6(3 %& ,+ :8.0& "#A> 3(./ 0&1+0J

2.(3/ 2.& ,+ /4,&5)6(3 %7+))06*.)/ 37+.81&3)& 9+/ ,&/ 9&0'(01+35&/ %. 04/&+. *+;4/6&3

&3065G6 9+0 .3& /)0.5).0& 8434062.&> 1M1& /6 ,+ /4,&5)6(3 &/) 04+,6/4& +E&5 .3& +990(5G&

%& );9&  !"##$!# N& 04/.,)+) &/) +//&O %45&E+3)> 9.6/2.& 3(./ 3(./ +))&3%6(3/ @ 5& 2.&
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"#$ %#&'(&)*+,#$ -. &/$#*. *.0)#+1#+1 *2#, "* 3*4$$# -. +()3&# -# %*&*)51&#$ #1 -#$

*&,$ 6 *%%&#+-&# -*+$ "* $1&.,1.&#7

8(.1#'(4$9 +(.$ %(.2(+$ &#%&(,:#& 6 +(1&# )4$# #+ ;.2&# -# "* $/"#,14(+ -<*11&43.1$

"# '*41 =.# +(.$ *2(+$ >?/ 6 "<*2*+,# "# %*&*)51&# λ $#&2*+1 %(.& "<*%%&#+14$$*0# -#

$1&.,1.&# -. $,(&# BIC )(-4>/ @ !" /=.*14(+ A7AB7 C# %*&*)51&# -/%#+- -# "* ,()%"#?41/

-# "* $1&.,1.&#9 #1 -(+, -. +()3&# -# +;.-$ -*+$ "# &/$#*.7 C# +()3&# -# +;.-$ #$1

2*&4*3"# "(&$ -# "<(%/&*14(+ -# $/"#,14(+ -<*11&43.1$7 C#,4 +/,#$$41# -(+, .+# *-*%1*14(+

-. %*&*)51&# λ *. +()3&# -# +;.-$ 4)%"4=./$ -*+$ "# &/$#*. *. '.& #1 6 )#$.&# =.<(+

$/"#,14(++# "#$ *11&43.1$7 D(.$ %&(%($(+$ *"(&$ -<*-*%1#& ,# %*&*)51&# 6 %*&14& -# $*

2*"#.& &/,.%/&/# -# )*+45&# #?%/&4)#+1*"# -*+$ "# %*&*0&*%:# A7E7E7!7

F4+$49 %(.& "<*-*%1*14(+ -. %*&*)51&# λ9 +(.$ .14"4$(+$ "* $1&*1/04# $.42*+1# G +(.$
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