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❘❡♠❡r❝✐❡♠❡♥ts

❏❡ r❡♠❡r❝✐❡ t♦✉t ❞✬❛❜♦r❞ ❋ré❞ér✐❝ ▼✐❧❛ ❡t ❉✐❞✐❡r P♦✐❧❜❧❛♥❝ ❞✬❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡ ♠❡s
r❛♣♣♦rt❡✉rs✱ ❛✐♥s✐ q✉❡ ❇❡♥♦ît ❉♦✉ç♦t ❡t ❚❤✐❡rr② ●✐❛♠❛r❝❤✐ q✉✐ ♦♥t ❢❛✐t ♣❛rt✐❡ ❞✉ ❥✉r②✳

❇✐❡♥ sûr✱ ❥❡ r❡♠❡r❝✐❡ ♠❡s ❞✐r❡❝t❡✉rs ❞❡ t❤ès❡✱ ❈❧❛✐r❡ ▲❤✉✐❧❧✐❡r ❡t ●ré❣♦✐r❡ ▼✐s❣✉✐❝❤✱ q✉✐
♠✬♦♥t✱ ❝❤❛❝✉♥ à ❧❡✉r ❢❛ç♦♥✱ ❛♣♣♦rté ❜❡❛✉❝♦✉♣✳ ❏✬❛✐ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛♣♣ré❝✐é ❧❛ ♣❛t✐❡♥❝❡
❡t ❧❛ ❞✐s♣♦♥✐❜✐❧✐té ❞❡ ❈❧❛✐r❡ ✿ ❥✬❛✈❛✐s ✉♥❡ ❞✐r❡❝tr✐❝❡ ♣♦✉r ♠♦✐ t♦✉t❡ s❡✉❧❡ ✦ ❊t ❧❛ ❝✉❧t✉r❡ ❞❡
●ré❣♦✐r❡ q✉✐ tr♦✉✈❛✐t t♦✉❥♦✉rs ✉♥ ♠♦❞è❧❡ s✉r ❧❡q✉❡❧ ❧❛ ré♣♦♥s❡ à ♠❡s q✉❡st✐♦♥s ❝♦♠♣❧✐q✉é❡s
❞❡✈❡♥❛✐t tr✐✈✐❛❧❡✳

❏❡ r❡♠❡r❝✐❡ t♦✉s ❝❡✉① ❛✈❡❝ q✉✐ ❥✬❛✐ ❝♦❧❧❛❜♦ré ❡t ❞✐s❝✉té ❛✉ ❝♦✉rs ❞❡ ❝❡s tr♦✐s ❛♥♥é❡s
✭❞❛♥s ✉♥ ♦r❞r❡ ❝❤r♦♥♦❧♦❣✐q✉❡ ❞✬❛♣♣❛rt✐♦♥✮ ✿ P❛s❝❛❧ ❱✐♦t ♠✬❛ ♣❡r♠✐s ❞❡ r❡♥❝♦♥tr❡r ❈❧❛✐r❡
❛✉ ♠♦♠❡♥t ❞❡ ❧❛ r❡❝❤❡r❝❤❡ ❞✬✉♥❡ t❤ès❡✳ ■❧ ♠✬❛ tr❛♥s♠✐s ✉♥❡ ♣❛rt✐❡ ❞❡ s❡s ❝♦♥♥❛✐ss❛♥❝❡s
❡♥ ♣r♦❣r❛♠♠❛t✐♦♥ ❡t ♠✬❛ ❛✐❞é à ❛❞❛♣t❡r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❲❛♥❣✲▲❛♥❞❛✉ à ♥♦tr❡ ♠♦❞è❧❡
❞❡ s♣✐♥s✳ ❏❡❛♥✲❈❤r✐st♦♣❤❡ ❉♦♠❡♥❣❡ ♠✬❛ ♣❛ssé ❧❡ ✢❛♠❜❡❛✉ ❞✉ ♣r♦❜❧è♠❡ ❞❡s ✈♦rt❡① ❡♥
ré♣♦♥❞❛♥t à ♠❡s q✉❡st✐♦♥s s✉r s♦♥ tr❛✈❛✐❧ ❛♥tér✐❡✉r✳ ▲❛✉r❡♥t P✐❡rr❡ ❛ t♦✉❥♦✉rs ré♣♦♥❞✉
❞❡ ♠❛♥✐èr❡ ✐❧❧✉♠✐♥❛♥t❡ à ♠❡s q✉❡st✐♦♥s ♠❛t❤é♠❛t✐q✉❡s✳ ❇❡r♥❛r❞ ❇❡r♥✉ ♠✬❛ ❛✐❞é ❞❛♥s
❧✬é❧❛❜♦r❛t✐♦♥ ❞✉ ♣r♦❣r❛♠♠❡ ♣♦✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❝❧✉st❡rs✳ ❖❧✐✈✐❡r ❈é♣❛s ♠✬❛ ❢❛✐t ❞é✲
❝♦✉✈r✐r ❧❡ ♠♦♥❞❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✳ P❤✐❧✐♣♣❡ ❙✐♥❞③✐♥❣r❡ ♠✬❛ ❡①♣❧✐q✉é
❞❡ ♥♦♠❜r❡✉① rés✉❧t❛ts ❞❡ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s✳ ❇❡♥♦ît ❉♦✉ç♦t ♠✬❛ ♣❡r♠✐s ❞❡ ❝♦♠♣r❡♥✲
❞r❡ ✭❡♥✜♥✮ ♣♦✉rq✉♦✐ ❝❡rt❛✐♥s i ❝♦♠♣❧❡①❡s ❞✐s♣❛r❛✐ss❛✐❡♥t ✦ ❇❥♦r♥ ❋å❦ ❛ é❝❧❛✐ré ✉♥ ♣❡t✐t ♣❡✉
❧✬✉♥✐✈❡rs s♦♠❜r❡ ❞❡s ❡①♣ér✐❡♥❝❡s✳ ❊t ❜✐❡♥ ❞✬❛✉tr❡s à q✉✐ ❥❡ ❞❡♠❛♥❞❡ ♣❛r❞♦♥ ❞❡ ♥❡ ♣❛s ❧❡s
♥♦♠♠❡r✳

❏✬❛✐ ♣❛ssé ✉♥ ♣❡✉ ♣❧✉s ❞❡ tr♦✐s ❛♥♥é❡s très ❛❣ré❛❜❧❡s ❛✉ ▲P❚▼❈✱ ❛✈❡❝ q✉❡❧q✉❡s ❡①✲
❝✉rs✐♦♥s à ❧✬■P❤❚✳ ❏❡ r❡♠❡r❝✐❡ t♦✉s ❧❡s ♠❡♠❜r❡s ❞❡ ❝❡s ❞❡✉① ❧❛❜♦r❛t♦✐r❡s✱ ❞❡s ❝❤❡r❝❤❡✉rs
❜é♥é✈♦❧❡s ❛✉① t❤és❛r❞s q✉✐ r❡st❡r♦♥t ❛♣rès ♠♦♥ ❞é♣❛rt✳ ▼❡r❝✐ ❛✉① ❛♠✐s ❡t à ♠❛ ❢❛♠✐❧❧❡ q✉✐
♠❡ s✉♣♣♦rt❡♥t ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ ✦
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❘és✉♠é ❡t ♠♦ts✲❝❧és

❘és✉♠é

❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① ❡t ❡①❝✐t❛t✐♦♥s ❞❡ s②stè♠❡s ♠❛❣♥ét✐q✉❡s ❢r✉strés✱ ❞✉ ❝❧❛ss✐q✉❡ ❛✉

q✉❛♥t✐q✉❡

▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡ ❡st ❝♦♥s❛❝ré❡ ❛✉① s②stè♠❡s ♠❛❣♥ét✐q✉❡s ❝❧❛ss✐q✉❡s✳
❯♥❡ ♠ét❤♦❞❡ ❞❡ r❡❝❤❡r❝❤❡ ❡①❤❛✉st✐✈❡ ❞❡s ét❛ts ♥❡ ❜r✐s❛♥t ❛✉❝✉♥❡ s②♠étr✐❡ s♣❛t✐❛❧❡ ❞❡
❞✐✈❡rs rés❡❛✉① ❡st ♣rés❡♥té❡✳ ❉❡ ♥♦✉✈❡❛✉① ♦r❞r❡s ❞❡ ◆é❡❧ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ s♦♥t ❞é❝r✐ts✳
▲❡✉rs ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ❢♦✉r♥✐ss❡♥t ✉♥❡ ❣r✐❧❧❡ ❞✬❛♥❛❧②s❡ ♣♦✉r ❧❡s rés✉❧t❛ts ❡①✲
♣ér✐♠❡♥t❛✉①✳ ❈❡rt❛✐♥s ♦r❞r❡s ❛②❛♥t ❞❡s s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s s♦♥t ❧❡s ✉♥✐q✉❡s ét❛ts ❢♦♥✲
❞❛♠❡♥t❛✉① ❞❡ ❍❛♠✐❧t♦♥✐❡♥s ❞✬❍❡✐s❡♥❜❡r❣✳ ▲❛ ❝❤✐r❛❧✐té✱ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❞✐s❝r❡t✱ ❞♦♥♥❡
❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ à t❡♠♣ér❛t✉r❡ ✜♥✐❡✱ ét✉❞✐é❡ s✉r ✉♥ ♠♦❞è❧❡ ❣é♥ér✐q✉❡✳ ◆♦✉s
♠♦♥tr♦♥s q✉❡ ❞❡s ❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s Z2 ♣r♦❧✐❢èr❡♥t ❛✉① ♠✉rs ❞❡ ❞♦♠❛✐♥❡s ❝❤✐r❛✉①✳ ▲✬♦r✲
❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✭♣r❡♠✐❡r ♦r❞r❡ ♦✉ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣✮ ❞é♣❡♥❞ ❞❡s ✐♥t❡r❛❝t✐♦♥s
❡♥tr❡ s♣✐♥s✳ ▲❛ t❤é♦r✐❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ✭❙❇▼❋❚✮ ♣❡r♠❡t ❞❡
❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ♣❤②s✐q✉❡ ❞❡ s♣✐♥s ❝❧❛ss✐q✉❡s ❡t q✉❛♥t✐q✉❡s ✿ ❡❧❧❡ ♣❡r♠❡t ❞❡ ❞é❝r✐r❡ à ❧❛
❢♦✐s ❞❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s à ❧♦♥❣✉❡ ♣♦rté❡ ❡t ❞❡s ♣❤❛s❡s ❞és♦r❞♦♥♥é❡s✱ ♣❛r♠✐ ❧❡sq✉❡❧❧❡s
❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s t♦♣♦❧♦❣✐q✉❡s✳ ▲❡s s②♠étr✐❡s ❡t ❧❡s ♠♦②❡♥s ❞❡ ❧❡s ✐♠♣♦s❡r ❡♥ ❙❇▼❋❚
s♦♥t ❛♥❛❧②sés✳ ❉✐✛ér❡♥t❡s ♣❤❛s❡s s❡ ❞✐st✐♥❣✉❡♥t ❣râ❝❡ ❛✉① ✢✉①✱ q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡
❥❛✉❣❡ ❛②❛♥t ✉♥❡ s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❛✉ss✐ ❜✐❡♥ ❞❛♥s ✉♥ s②stè♠❡ q✉❛♥t✐q✉❡ q✉❡ ❞❛♥s ❧❛
❧✐♠✐t❡ ❝❧❛ss✐q✉❡✳ ▲❡s ✈✐s♦♥s✱ ❡①❝✐t❛t✐♦♥s q✉❛♥t✐q✉❡s ♠♦❞✐✜❛♥t ❧❡s ✢✉①✱ ♦♥t ❛✐♥s✐ ❧❡✉r ❧✐♠✐t❡
❝❧❛ss✐q✉❡ ❛✈❡❝ ❧❡s ✈♦rt❡① Z2✳ ❊♥ r❡❧â❝❤❛♥t ❝❡rt❛✐♥❡s ❝♦♥tr❛✐♥t❡s ❞❡ s②♠étr✐❡✱ ♦♥ ♦❜t✐❡♥t
❞❡s ♣❤❛s❡s ❝❤✐r❛❧❡s✱ ❞♦♥t ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ r❡♥✈♦✐❡ ❛✉ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡tt❡ t❤ès❡✱ ❡t
❞♦♥t ❧❛ ♣❤❛s❡ ❞és♦r❞♦♥♥é❡ ❢♦✉r♥✐t ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❝❤✐r❛✉①✳ ▲✬❡①❡♠♣❧❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥
❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❡st ét✉❞✐é✳

▼♦ts✲❝❧és ❖r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡✱ ❝❤✐r❛❧✐té✱ ✈♦rt❡①✱ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡✱ ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r
❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ❧✐q✉✐❞❡s ❞❡ s♣✐♥s✱ ✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✱ ✢✉①✳

✐✐✐
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❆❜str❛❝t

●r♦✉♥❞ st❛t❡s ❛♥❞ ❡①❝✐t❛t✐♦♥s ♦❢ ❢r✉str❛t❡❞ ♠❛❣♥❡t✐❝ s②st❡♠s✱ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t t♦

t❤❡ q✉❛♥t✉♠ ❝❛s❡

❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s t❤❡s✐s ✐s ❞❡✈♦t❡❞ t♦ ❝❧❛ss✐❝❛❧ ♠❛❣♥❡t✐❝ s②st❡♠s✳ ❆ ♠❡t❤♦❞ ❢♦r
❛♥ ❡①❤❛✉st✐✈❡ s❡❛r❝❤ ♦❢ st❛t❡s t❤❛t ❞♦ ♥♦t ❜r❡❛❦ ❛♥② s♣❛t✐❛❧ s②♠♠❡tr② ♦♥ ❛ ❣✐✈❡♥ ❧❛tt✐❝❡
✐s ♣r❡s❡♥t❡❞✳ ◆❡✇ ◆é❡❧ st❛t❡s ♦♥ t❤❡ ❦❛❣♦♠❡ ❧❛tt✐❝❡ ❛r❡ ❞❡s❝r✐❜❡❞✳ ❚❤❡✐r st❛t✐❝ str✉❝t✉r❡
❢❛❝t♦rs ❣✐✈❡ ❛ ✇❛② t♦ ❛♥❛❧②③❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳ ❙♦♠❡ ♥♦♥✲❝♦♣❧❛♥❛r s♣✐♥ ♦r❞❡rs ❛r❡ t❤❡
♦♥❧② ❣r♦✉♥❞ st❛t❡s ♦❢ ❍❡✐s❡♥❜❡r❣ ❍❛♠✐❧t♦♥✐❛♥s✳ ❚❤❡ ❝❤✐r❛❧✐t② ✐s ❛ ❞✐s❝r❡t❡ ♦r❞❡r ♣❛r❛♠❡t❡r
❛♥❞ ❣✐✈❡ r✐s❡ t♦ ❛ ✜♥✐t❡ t❡♠♣❡r❛t✉r❡ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ st✉❞✐❡❞ ♦♥ ❛ t♦② ♠♦❞❡❧✳ ❲❡ s❤♦✇ t❤❛t
Z2 t♦♣♦❧♦❣✐❝❛❧ ❞❡❢❡❝ts ♣r♦❧✐❢❡r❛t❡ ♥❡❛r ❝❤✐r❛❧✐t② ❞♦♠❛✐♥ ✇❛❧❧s✳ ❚❤❡ ♦r❞❡r ♦❢ t❤❡ tr❛♥s✐t✐♦♥
✭✜rst ♦r❞❡r ♦r ■s✐♥❣ ❧✐❦❡✮ ❞❡♣❡♥❞s ♦♥ t❤❡ s♣✐♥ ✐♥t❡r❛❝t✐♦♥s✳ ❚❤❡ ❙❝❤✇✐♥❣❡r ❜♦s♦♥ ♠❡❛♥✲✜❡❧❞
t❤❡♦r② ✭❙❇▼❋❚✮ ❛❧❧♦✇s ✉s t♦ ❧✐♥❦ ❝❧❛ss✐❝❛❧ ❛♥❞ q✉❛♥t✉♠ s♣✐♥ ♣❤②s✐❝s ✿ ❧♦♥❣✲r❛♥❣❡ ♦r❞❡r❡❞
❛♥❞ ❞✐s♦r❞❡r❡❞ ♣❤❛s❡s ❛s t♦♣♦❧♦❣✐❝❛❧ s♣✐♥ ❧✐q✉✐❞s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ❢r❛♠❡✳ ❙②♠♠❡tr②
❛♥❞ t❤❡ ✇❛② t♦ ✐♠♣♦s❡ t❤❡♠ ❛r❡ ❛♥❛❧②③❡❞✳ ❉✐✛❡r❡♥t ♣❤❛s❡s ❛r❡ ❞✐st✐♥❣✉✐s❤❡❞ ❜② t❤❡✐r
✢✉①❡s✳ ❚❤❡s❡ ❛r❡ ❣❛✉❣❡ ✐♥✈❛r✐❛♥t q✉❛♥t✐t✐❡s ❤❛✈✐♥❣ ❛ s✐❣♥✐✜❝❛t✐♦♥ ❛s ✇❡❧❧ ✐♥ ❛ q✉❛♥t✉♠
s②st❡♠ ❛s ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t✳ ❱✐s♦♥s ❛r❡ q✉❛♥t✉♠ ❡①❝✐t❛t✐♦♥s t❤❛t ❝❤❛♥❣❡ ✢✉①❡s✳ ❚❤✉s✱
t❤❡ Z2 ✈♦rt✐❝✐❡s ❛r❡ t❤❡✐r ❝❧❛ss✐❝❛❧ ❧✐♠✐t✳ ❇② r❡❧❛①✐♥❣ s♦♠❡ s②♠♠❡tr② ❝♦♥str❛✐♥ts✱ ❝❤✐r❛❧
♣❤❛s❡s ❛r❡ ♦❜t❛✐♥❡❞✱ ✇❤♦s❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t s❡♥❞s ❜❛❝❦ t♦ t❤❡ ✜rst ❝❤❛♣t❡r ♦❢ t❤✐s t❤❡s✐s✱ ❛♥❞
✇❤♦s❡ ❞✐s♦r❞❡r❡❞ ♣❤❛s❡ ❣✐✈❡s ❝❤✐r❛❧ s♣✐♥ ❧✐q✉✐❞s✳ ❚❤❡ ❡①❛♠♣❧❡ ♦❢ t❤❡ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛
✐♥t❡r❛❝t✐♦♥ ♦♥ t❤❡ ❦❛❣♦♠❡ ❧❛tt✐❝❡ ✐s st✉❞✐❡❞✳

❑❡② ✇♦r❞s ▲♦♥❣✲r❛♥❣❡ ♦r❞❡r✱ ❝❤✐r❛❧✐t②✱ ✈♦rt❡①✱ ♣❤❛s❡ tr❛♥s✐t✐♦♥✱ ❙❝❤✇✐♥❣❡r ❜♦s♦♥ ♠❡❛♥✲
✜❡❧❞ t❤❡♦r②✱ s♣✐♥ ❧✐q✉✐❞s✱ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥✱ ✢✉①✳

✐✈ ❘➱❙❯▼➱ ❊❚ ▼❖❚❙✲❈▲➱❙



❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘❡♠❡r❝✐❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐
❘és✉♠é ❡t ♠♦ts✲❝❧és ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐✐✐
❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐✐✐
❚❛❜❧❡ ❞❡s ✜❣✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ①

■♥tr♦❞✉❝t✐♦♥ ✶

✶ ▲❡s ♦r❞r❡s à ❧♦♥❣✉❡ ♣♦rté❡ ❝❧❛ss✐q✉❡s ✾

✶ ▲❡s ét❛ts ❝❧❛ss✐q✉❡s ♦r❞♦♥♥és ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✶ ❙②♠étr✐❡s ❞✬✉♥ ét❛t ❞❡ s♣✐♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

◆♦t❛t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
❊①❡♠♣❧❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸
❘❡❝❤❡r❝❤❡ ❞✬ét❛ts ré❣✉❧✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✷ ●r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺
✶✳✸ ❊t❛ts ré❣✉❧✐❡rs s✉r ♣❧✉s✐❡✉rs rés❡❛✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

❘❡❝❤❡r❝❤❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
❆✉tr❡s t②♣❡s ❞✬ét❛ts ré❣✉❧✐❡rs ♣♦ss✐❜❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✹ ❆♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❞❡ ❲❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✶✳✺ ❊♥❡r❣✐❡ ❞❡ ♠♦❞è❧❡s ❍❡✐s❡♥❜❡r❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

▲❡s ét❛ts s♣✐r❛✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✷✷

✶✳✻ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹
❉é✜♥✐t✐♦♥s ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✷✻
❆♣♣❧✐❝❛t✐♦♥s à ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❡t à ❧❛ ❱♦❧❜♦rt❤✐t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷ ▲❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✷✳✶ P♦ss✐❜✐❧✐té ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝❤✐r❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

▲❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
▲❡ ♠♦❞è❧❡ ❞✬■s✐♥❣ ❋ s✉r ❧❡ rés❡❛✉ ❝❛rré ✷❉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
❊①❡♠♣❧❡ ❞❡ s②♠étr✐❡s ❞✐s❝rèt❡s ❞❛♥s ❞❡s ♠♦❞è❧❡s ❍❡✐s❡♥❜❡r❣ ✳ ✳ ✳ ✳ ✳ ✸✵
❈♦♥♥❡①✐té ❞❡ ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
▲❡ ♠♦❞è❧❡ J1 − J2 s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✷ ▲❡s ✈♦rt❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
❉é✜♥✐t✐♦♥ ❞✬✉♥ ✈♦rt❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷
▲❡ ♠♦❞è❧❡ ❍❡✐s❡♥❜❡r❣ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✿ Eop ∼ SO3 ✳ ✳ ✸✹
▲❡ ♠♦❞è❧❡ J1 − J2 s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❢♦♥❞❛♠❡♥t❛❧ ❝✉❜♦❝✷ ✿

Eop ∼ O3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
❘❡❧❛t✐♦♥ ❡♥tr❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ✈♦rt❡① Z2 ❡t ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ✳ ✳ ✳ ✳ ✸✺

✷✳✸ ▲❡ ♠♦❞è❧❡ ■s✐♥❣−RP3 ✿ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ❡t ✈♦rt❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✈



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

❘❡❢♦r♠✉❧❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
❈❛❧❝✉❧ ❞❡ ❧❛ ✈♦rt✐❝✐té ❞✬✉♥❡ ♣❧❛q✉❡tt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
◆✉❝❧é❛t✐♦♥ ❞❡ ✈♦rt❡① ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡s ❞❡ ❝❤✐r❛❧✐té ✸✾
▲✬♦r❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸ ❆rt✐❝❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷ ❉❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❛✉① ♦r❞r❡s ❞❡ ◆é❡❧ ❡♥ ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ✻✶

✶ ▲❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✶✳✶ ▲❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✶✳✷ ❘♦t❛t✐♦♥ ❞❡s s♣✐♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✶✳✸ ■♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ❧♦❝❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✶✳✹ ▲❡s ✢✉① ✿ ❞❡s ♦❜s❡r✈❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✶✳✺ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❜♦s♦♥✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼
✷✳✶ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽
✷✳✷ ❘és❡❛✉ ♣ér✐♦❞✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
✷✳✸ ▲✬❛✉t♦❝♦❤ér❡♥❝❡ ❡t ❧✬❛❥✉st❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✷✳✹ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✷✳✺ ❊①❡♠♣❧❡ ❞ét❛✐❧❧é ✿ ✉♥ ❧✐❡♥ ✐s♦❧é ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

▲✐❡♥ ❆❋ ✿ J12 = 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
▲✐❡♥ ❢❡rr♦♠❛❣♥ét✐q✉❡ ✿ J12 = −1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✷✳✻ ❊✛❡ts ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ s✉r ❧❡s ♦❜s❡r✈✲
❛❜❧❡s ❞✉ s②stè♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸ ❉❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❛✉① ét❛ts ❞❡ ◆é❡❧ s❡♠✐✲❝❧❛ss✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻
✸✳✶ P♦ss✐❜✐❧✐té ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✸✳✷ ❇r✐s✉r❡ ❞❡ s②♠étr✐❡ ❡t ét❛ts ❝♦❤ér❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✸✳✸ ❊①❡♠♣❧❡ ❞✉ ♠♦❞è❧❡ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❆♥s❛t③ (0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
❆♥s❛t③ (π) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✸✳✹ ❆♥❛❧②s❡ ❞❡ t❛✐❧❧❡ ✜♥✐❡ ❞❡ ❧✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
▲❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹
▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸ ❋❧✉① ❡t s②♠étr✐❡s ❡♥ ❙❇▼❋❚ ✿ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ✾✶

✶ ●r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❡t ❆♥sät③❡ s②♠étr✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✶✳✶ ❉é✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

▲❡ ❣r♦✉♣❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
▲❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ✭P❙●✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
▲❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❛❧❣é❜r✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✶✳✷ ❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✾✹
❈❛❧❝✉❧ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹
❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺
❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✷ ▲❡s ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
✷✳✶ ●é♥ér❛❧✐tés s✉r ❧❡s ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

▲❡s ❞✐✛ér❡♥ts ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
❙✐♠♣❧✐✜❝❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
❈♦♠♣♦s✐t✐♦♥ ❞❡s ❜♦✉❝❧❡s ♣♦✉r ❧❡s ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
◆♦♠❜r❡ ❞❡ ✢✉① ✐♥❞é♣❡♥❞❛♥ts ❞✬✉♥ rés❡❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
❋❧✉① ❡t s②♠étr✐❡s ❞✉ P❙● ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽
❙✐❣♥✐✜❝❛t✐♦♥ ❡t ♣❡rt✐♥❡♥❝❡ ❞❡s ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✈✐ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

✷✳✷ ▲❡s ✢✉① ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s S = 1/2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
▲❡s ✢✉① ❞❡s Bij ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
▲❡s ✢✉① ❞❡s Aij ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✷✳✸ ▲❡s ✢✉① ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
❙✐❣♥✐✜❝❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡s ✢✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶
❱❛❧❡✉r ❞❡s ✢✉① ♣♦✉r ❞❡s ♦r❞r❡s ❞❡ ◆é❡❧ ♣❛rt✐❝✉❧✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✷✳✹ ▲❡s ✢✉① ❛✉t♦✉r ❞❡ ❜♦✉❝❧❡s ♥♦♥ ❧♦❝❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷
❘és❡❛✉① ♣ér✐♦❞✐q✉❡s r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✐♥✜♥✐ ✳ ✳ ✳ ✳ ✶✵✸
❆♥sät③❡ s②♠étr✐q✉❡s s✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛♥t✐♣ér✐♦❞✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✷✳✺ ▲✐❡♥ ❡♥tr❡ ✈✐s♦♥s ❞❡s ❙▲ ❡t ✈♦rt❡① Z2 ❞❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s ✳ ✳ ✳ ✳ ✳ ✶✵✻
✸ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ s②♠étr✐❡ s✉r ❧❡s ❆♥sät③❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✸✳✶ ▲❡s s②♠étr✐❡s ❜r✐sé❡s ❞❛♥s ❧❡s ♦r❞r❡s ❝❧❛ss✐q✉❡s ré❣✉❧✐❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
✸✳✷ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

▲❡s P❙● ❛❧❣é❜r✐q✉❡s s❛♥s σ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵
▲❡s ❆♥sät③❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s s❛♥s σ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✶✶✵
▲❡ ❝♦♥❞❡♥s❛t ❞❡ ❧✬❆♥s❛t③ (±π/3) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✸✳✸ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✹ ❘és✉♠é ❡t ♣❡rs♣❡❝t✐✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹ ❆♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ❙❇▼❋❚ ✿ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼ s✉r ❦❛❣♦♠❡ ✶✶✺

✶ ▲✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ❡♥ ❙❇▼❋❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✶✳✶ ❊①♣r❡ss✐♦♥ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ✳ ✳ ✶✶✻

▲❡s ♥♦✉✈❡❛✉① ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼
▲❡ ♥♦✉✈❡❧ ❍❛♠✐❧t♦♥✐❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

✶✳✷ ▲❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✷ ❘és✉❧t❛ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

✷✳✶ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✷✳✷ ▲❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✾
✷✳✸ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

✸ ❊❧❛r❣✐ss❡♠❡♥t ❞❡s P❙● à ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❝❤✐r❛✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✸✳✶ ❉ét❡r♠✐♥❛t✐♦♥ ❞❡s ❆♥sät③❡ s②♠étr✐q✉❡s ♠♦❞✉❧♦ T ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

P❙● ❛❧❣é❜r✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
❆♥sät③❡ ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✸✳✷ ❈❛❧❝✉❧ ❞❡ ❧✬é♥❡r❣✐❡ ❣râ❝❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ κ ✳ ✳ ✳ ✳ ✶✷✹
✸✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺
✸✳✹ ❈♦♥❝❧✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

✹ ❆rt✐❝❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❈♦♥❝❧✉s✐♦♥ ✶✸✼

❆ ▲❡s ♦r❞r❡s ré❣✉❧✐❡rs ❝❧❛ss✐q✉❡s ✿ s✉♣♣❧é♠❡♥ts ✶✸✾

✶ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✿ ❝❛❧❝✉❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
✷ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✿ ré❝❛♣✐t✉❧❛t✐❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
✸ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✿ ❝❛❧❝✉❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵
✹ ❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✶✹✸
✺ ❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✶✹✸
✻ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✶✹✺
✼ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✶✹✺

❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙ ✈✐✐



❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

❇ ▼ét❤♦❞❡s ♥✉♠ér✐q✉❡s ✶✹✼

✶ ▲❛ ♠ét❤♦❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼
✶✳✶ ▲❛ ♠ét❤♦❞❡ ▼♦♥t❡ ❈❛r❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✼
✶✳✷ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

✷ ▲❛ ♠ét❤♦❞❡ ◆❡❧❞❡r✲▼❡❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
✷✳✶ ◗✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
✷✳✷ ▲❛ ♠ét❤♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
✷✳✸ ▲✬❛❧❣♦r✐t❤♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵

❈ ▲❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ✶✺✸

✶ ❘é❣❧❛❣❡ ❞❡s λi✱ ❡✣❝❛❝✐té ❞✉ s✐♠♣❧❡①❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✸
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✷✳✺ ❆✐♠❛♥t❛t✐♦♥ ❞❡ ❧✬❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r κ > κc ✳ ✳ ✳ ✳ ✳ ✽✺
✷✳✻ ❆♥s❛t③ (π, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✷✳✼ ❙♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ♣♦✉r ❞✐✛ér❡♥ts κ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✷✳✽ ❩♦♦♠ ❞✉ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ❞✬✉♥❡ ♣❤❛s❡ ▲❘❖ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✶ ■♥✈❛r✐❛♥❝❡ ❞✬✉♥ ❆♥sät③❡ ♣❛r ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✐①
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✸✳✷ ❙②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
✸✳✸ ❊✛❡t ❞❡ ❧❛ ré✢❡①✐♦♥ σ s✉r ❧❡ ✢✉① ❞✬✉♥ ❧♦s❛♥❣❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✾✾
✸✳✹ ❘és❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣ér✐♦❞✐q✉❡ à ✶✷ s✐t❡s ❛✈❡❝ ❧❡s ❆♥sät③❡ (0) ❡t (π) ✳ ✳ ✳ ✳ ✳ ✶✵✹
✸✳✺ ❈♦rré❧❛t✐♦♥s ❡♥tr❡ s♣✐♥s ♣♦✉r ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✸✳✻ ▲✐❡♥ ❡♥tr❡ ✈✐s♦♥s ❡t ✈♦rt❡① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
✸✳✼ ❆♥s❛t③ (π/3) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
✸✳✽ ❊t❛t tétr❛é❞r✐q✉❡✱ ♦❜t❡♥✉ ❡♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r ❧✬❆♥s❛t③ (±π/3) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
✸✳✾ ❋❧✉① ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t ❝ôtés s✉r ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷

✹✳✶ ▲✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✹✳✷ ❙②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼
✹✳✸ ▲❡s q✉❛tr❡ ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼✳ ✳ ✳ ✶✶✽
✹✳✹ ❊♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ✳ ✳ ✳ ✳ ✳ ✶✶✾
✹✳✺ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✹✳✻ ❙♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
✹✳✼ ❈♦♠♣❛r❛✐s♦♥ ❞❡ ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶
✹✳✽ ❙②♠étr✐❡s ré❞✉✐t❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷
✹✳✾ ❆♥sät③❡ r❡s♣❡❝t❛♥t ❞❡s s②♠étr✐❡s ré❞✉✐t❡s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹
✹✳✶✵ ❊♥❡r❣✐❡ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ κ ♣♦✉r ❧❡s ❆♥sät③❡ (φ, 0) ❡t (φ, π)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺
✹✳✶✶ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ❛✈❡❝ ♣♦s✲

s✐❜✐❧✐té ❞✬ét❛ts ❝❤✐r❛✉① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✹✳✶✷ ❙♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s ❞✬✉♥ ét❛t ❝❤✐r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✻
✹✳✶✸ ❈❤✐r❛❧✐té ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❙❇▼❋❚ s✉r ❦❛❣♦♠❡ ❛✈❡❝ ❉▼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✼

❆✳✶ ❙②♠étr✐❡s ❞❡s rés❡❛✉① ❤❡①❛❣♦♥❛❧ ❡t ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✾
❆✳✷ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✶
❆✳✸ ❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ J1 − J2 − J3 ✳ ✶✹✹
❆✳✹ ❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ♣♦✉r ❧❡ ♠♦❞è❧❡ J1 − J2 − J3 ✳ ✳ ✶✹✹
❆✳✺ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺
❆✳✻ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✺

❇✳✶ ❙✐♠♣❧❡①❡s à ✉♥❡✱ ❞❡✉① ❡t tr♦✐s ❞✐♠❡♥s✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✾
❇✳✷ ❊①❡♠♣❧❡ ❞❡ tr❛❥❡❝t♦✐r❡ ❞✬✉♥ s✐♠♣❧❡① ❡♥ ✷❉✳ ▲❡s ❧✐❣♥❡s r♦✉❣❡s✲♦r❛♥❣❡s s♦♥t

❞❡s ❝♦✉r❜❡s ❞❡ ♥✐✈❡❛✉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✵
❇✳✸ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✉ s✐♠♣❧❡①✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✶

❈✳✶ ❊①❡♠♣❧❡ ❞❡ rés❡❛✉ ❢r✉stré ♣♦✉r ❧❡s ✢✉① ❡♥ Aij ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺✽
❈✳✷ ❘és❡❛✉ ❡t ✐♥t❡r❛❝t✐♦♥s ❛✈❡❝ ❜r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡ s②♠étr✐❡ ❡♥ ❙❇▼❋❚ ✳ ✳ ✳ ✳ ✶✺✾
❈✳✸ ❊♥❡r❣✐❡s ♣r♦♣r❡s ♦❜t❡♥✉❡s ♣❛r ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥

❆❋ ❡t ❉▼ ♣r❡♠✐❡rs ✈♦✐s✐♥s s✉r ❞❡ ♣❡t✐ts ❝❧✉st❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵
❈✳✹ ❆♥s❛t③ (0) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
❈✳✺ ❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✷
❈✳✻ ❆♥s❛t③ (0, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
❈✳✼ ❆♥s❛t③ (π, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
❈✳✽ ❆♥s❛t③ (0, π) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
❈✳✾ ❆♥s❛t③ (π, π) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
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■♥tr♦❞✉❝t✐♦♥

▲❛ ❞é❝♦✉✈❡rt❡ ❡♥ ✶✾✽✻ ❞❡ s✉♣r❛❝♦♥❞✉❝t✐✈✐té à ❤❛✉t❡ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡ ❞❛♥s ❝❡rt❛✐♥s
✐s♦❧❛♥ts ❞❡ ▼♦tt ✭❧♦rsq✉✬✐❧s s♦♥t ❞♦♣és ❬✺✼❪✮ ❛ ❣é♥éré ✉♥❡ ❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡s ré❛❧✐✲
s❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s ❞❡ s②stè♠❡s ♠❛❣♥ét✐q✉❡s ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s ❡t ❛ r❡♥♦✉✈❡❧é ❧❡ ❜❡s♦✐♥
❞❡ ♥♦✉✈❡❧❧❡s t❤é♦r✐❡s ♣♦✉r ❡①♣❧✐q✉❡r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✳ ▲❛ ❢r✉str❛t✐♦♥ ❞❡s ✐♥t❡r❛❝t✐♦♥s
♠❛❣♥ét✐q✉❡s ♦✉✈r❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ♥♦✉✈❡❧❧❡s ♣❤❛s❡s✱ ❝❧❛ss✐q✉❡s ❡t q✉❛♥t✐q✉❡s✱ q✉✐ ❢❡r♦♥t
❧✬♦❜❥❡t ❞❡ ❝❡tt❡ t❤ès❡✳

▲❡s ✐s♦❧❛♥ts ❞❡ ▼♦tt ❊♥ ♣❤②s✐q✉❡ ❞✉ s♦❧✐❞❡✱ ❧❛ t❤é♦r✐❡ ❞❡s ❜❛♥❞❡s ♣❡r♠❡t ❞❡ ❞ét❡r✲
♠✐♥❡r s✐ ✉♥ ♠❛tér✐❛✉ ❝r✐st❛❧❧✐♥ ❡st ❝♦♥❞✉❝t❡✉r✱ s❡♠✐✲❝♦♥❞✉❝t❡✉r ♦✉ ✐s♦❧❛♥t ✿ s✬✐❧ ♣♦ssè❞❡
✉♥❡ ❜❛♥❞❡ ♣❛rt✐❡❧❧❡♠❡♥t r❡♠♣❧✐❡✱ ✐❧ ❡st ❝♦♥❞✉❝t❡✉r ❝❛r ✉♥❡ é♥❡r❣✐❡ ✐♥✜♥✐tés✐♠❛❧❡ s✉✣t à
❞é♣❧❛❝❡r ✉♥ é❧❡❝tr♦♥✳ ▼❛✐s ❝❡tt❡ t❤é♦r✐❡ très s✐♠♣❧❡ ♣♦ssè❞❡ s❡s ❧✐♠✐t❡s ✿ ❝❡rt❛✐♥s ♠❛tér✐❛✉①
t❤é♦r✐q✉❡♠❡♥t ❝♦♥❞✉❝t❡✉rs s❡ s♦♥t ré✈é❧és ✐s♦❧❛♥ts✳

▲✬é❝❤❡❝ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❜❛♥❞❡s ♣♦✉r ❝❡s ♠❛tér✐❛✉① ❛ été ❡①♣❧✐q✉é ♣❛r ▼♦tt ❡♥ ✶✾✹✻
✭q✉✐ é❝r✐✈✐t ✉♥❡ r❡✈✉❡ ♣❧✉s t❛r❞ ❬✼✾❪✮ ❣râ❝❡ à ❧✬✐♥t❡r❛❝t✐♦♥ ❝♦✉❧♦♠❜✐❡♥♥❡ ❡♥tr❡ é❧❡❝tr♦♥s ❞❡
✈❛❧❡♥❝❡✳ ❊❧❧❡ ❝ré❡ ✉♥❡ ré♣✉❧s✐♦♥ ✐♠♣♦rt❛♥t❡ ❡♥tr❡ ❧❡s é❧❡❝tr♦♥s ❡t ❧❡s ❧♦❝❛❧✐s❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t
❝❤❛❝✉♥ ❛✉t♦✉r ❞✬✉♥ ❛t♦♠❡ ❞✐st✐♥❝t✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❍✉❜❜❛r❞ ❛✈❡❝ ✉♥ r❡♠♣❧✐ss❛❣❡ ❞❡ 1/2 ✭✉♥
é❧❡❝tr♦♥ ♣❛r s✐t❡✮ ❡t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s ❡st ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ♣r♦t♦t②♣❡
❧❡ ♣❧✉s s✐♠♣❧❡ ♣♦✉r ❞é❝r✐r❡ ✉♥ ✐s♦❧❛♥t ❞❡ ▼♦tt ✿

HHub = t
∑

〈ij〉,σ
c†iσcjσ + U

∑

i

c†i↑c
†
i↓ci↑ci↓, ✭✶✮

♦ù c†i ❡st ❧✬♦♣ér❛t❡✉r ❢❡r♠✐♦♥✐q✉❡ ❞❡ ❝ré❛t✐♦♥ ❞✬✉♥ é❧❡❝tr♦♥ ❞❡ s♣✐♥ σ =↑, ↓ ❛✉ s✐t❡ i✳ ▲❡
t❡r♠❡ ❡♥ t ❡st ✉♥ t❡r♠❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡✱ q✉✐ ❢❛✐t ♣❛ss❡r ✉♥ é❧❡❝tr♦♥ s✉r ✉♥ s✐t❡ ✈♦✐s✐♥✳
▲❡ t❡r♠❡ ❡♥ U ✭U > 0✮ ❡st ❧❡ t❡r♠❡ ❞❡ ré♣✉❧s✐♦♥ ❝♦✉❧♦♠❜✐❡♥♥❡ q✉✐ ❞é❢❛✈♦r✐s❡ ❧❡s ét❛ts
♣♦ssé❞❛♥t ♣❧✉s✐❡✉rs é❧❡❝tr♦♥s s✉r ✉♥ ♠ê♠❡ s✐t❡✳

■♥t❡r❛❝t✐♦♥s ❡✛❡❝t✐✈❡s✱ ♠♦❞è❧❡ ❞✬❍❡✐s❡♥❜❡r❣ ❘❡♣r❡♥♦♥s ❧❡ ♠♦❞è❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✭✶✮
♣♦✉r ✉♥ r❡♠♣❧✐ss❛❣❡ ❞❡ 1/2✳ ❙✐ t = 0✱ t♦✉t❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛✈❡❝ ❡①❛❝t❡♠❡♥t ✉♥ é❧❡❝tr♦♥ s✉r
❝❤❛q✉❡ s✐t❡ ❡st ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ■❧ ② ❡♥ ❛ 2Ns ❛✈❡❝ Ns✱ ❧❡ ♥♦♠❜r❡ ❞❡ s✐t❡s ❞✉ rés❡❛✉ ✭✐❧
r❡st❡ ❧❛ ❧✐❜❡rté ❞❡ s♣✐♥ ♣♦✉r ❝❤❛❝✉♥ ❞❡s é❧❡❝tr♦♥s✮✳ ▲❡ ♣r❡♠✐❡r ét❛t ❡①❝✐té ❡st ❞✬é♥❡r❣✐❡ U ✳
P♦✉r ✉♥ t ♣❡t✐t ✭|t| ≪ U✮ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ❧❡✈é❡✱ ♠❛✐s ❧❡s 2Ns

ét❛ts à ✉♥ é❧❡❝tr♦♥ ♣❛r s✐t❡ r❡st❡♥t ❞✬é♥❡r❣✐❡s ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡s q✉❡ ❝❡❧❧❡s ❞❡s ❛✉tr❡s
ét❛ts✳ ▲❡s ♣r♦♣r✐étés ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞✉ s②stè♠❡ ✈♦♥t ❞♦♥❝ ❞é♣❡♥❞r❡ ❡①❝❧✉s✐✈❡♠❡♥t ❞❡s
✐♥t❡r❛❝t✐♦♥s ❞❡ s♣✐♥✳ P♦✉r ♦❜t❡♥✐r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ✈❡❝t♦r✐❡❧s ❞❡
s♣✐♥ Si✱ ♦♥ ♣❡✉t tr❛✐t❡r ❧❡ t❡r♠❡ ❞✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✱ ❝❡
q✉✐ ♥♦✉s ❞♦♥♥❡✱ ❛✉ ❞❡✉①✐è♠❡ ♦r❞r❡ ❡♥ t ❡t ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡ ❞✐♠❡♥s✐♦♥ 2Ns ❧❡ ♠♦❞è❧❡
❞❡ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❆❋✮ s✉✐✈❛♥t ✿

H =
4t2

U

∑

〈ij〉,σ
Si · Sj . ✭✷✮

✶



■◆❚❘❖❉❯❈❚■❖◆

❊♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡ ❝❤❛♠♣ ❝r✐st❛❧❧✐♥✱ ❡♥ ❛❧❧❛♥t à ❞❡s ♦r❞r❡s s✉♣ér✐❡✉rs✱ ♦✉ ❡♥❝♦r❡
❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✱ ❝❡ ❍❛♠✐❧t♦♥✐❡♥ ♠✐♥✐♠❛❧ ♣❡✉t êtr❡ ♠♦❞✐✜é ♣❛r ✿

✕ ❞❡s ❛♥✐s♦tr♦♣✐❡s s♣❛t✐❛❧❡s ❬✺✺❪✱
✕ ❞❡s ❛♥✐s♦tr♦♣✐❡s ❞❡ s♣✐♥ ✭✉♥ ❝❛s ❡①trê♠❡ ❡st ❧❡ ♠♦❞è❧❡ ❞✬■s✐♥❣✮✱
✕ ❞❡s ✐♥t❡r❛❝t✐♦♥s s❡❝♦♥❞s✱ tr♦✐s✐è♠❡s✱ ✳ ✳ ✳✈♦✐s✐♥s ✭ ❬✶✻❪✱ ❬✶✵❪✮✱
✕ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ❬✷✼❪ ❬✷✽❪ ✭❞♦♥t ❧✬❡✛❡t s✉r ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉
rés❡❛✉ ❦❛❣♦♠❡ s❡r❛ ét✉❞✐é ❞❛♥s ✉♥❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡✮✱

✕ ❞❡s é❝❤❛♥❣❡s à ♣❧✉s ❞❡ ❞❡✉① s♣✐♥s ✭✹ s♣✐♥s ❬✶✽❪✱ ✻ s♣✐♥s✱ ✳ ✳ ✳✮✱
✕ ❞❡s t❡r♠❡s ❜✐q✉❛❞r❛t✐q✉❡s ❬✺✹❪ ✭∝ (Si · Sj)2✮ ❢❛✈♦r✐s❛♥t ❞❡s ♣❤❛s❡s ♥é♠❛t✐q✉❡s✳
▼❛❧❣ré ❧✬❛♣♣❛r❡♥t❡ s✐♠♣❧✐❝✐té ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✭✷✮✱ ♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s ❡①❛❝t❡♠❡♥t s♦♥

❢♦♥❞❛♠❡♥t❛❧ ♠ê♠❡ s✉r ✉♥ rés❡❛✉ ❛✉ss✐ s✐♠♣❧❡ q✉❡ ❧❡ rés❡❛✉ ❝❛rré✳ ❉✐✈❡rs❡s ♠ét❤♦❞❡s
✭▼♦♥t❡✲❈❛r❧♦ ❬✶✶❪✱ ♠ét❤♦❞❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❬✹✶❪✱ ♠ét❤♦❞❡s ✈❛r✐❛t✐♦♥❡❧❧❡s ❬✹✷❪✱ ❬✺✽❪✮ s✉❣✲
❣èr❡♥t q✉✬✐❧ ❡st ❞❛♥s ✉♥❡ ♣❤❛s❡ ♦r❞♦♥♥é❡✱ ❛✈❡❝ ❞❡s ❝♦rré❧❛t✐♦♥s à ❧♦♥❣✉❡ ♣♦rté❡✱ ❝✬❡st à
❞✐r❡ q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ à ❞❡✉① s♦✉s✲rés❡❛✉① ❞❡ s♣✐♥s ♦♣♣♦sés ♦❜t❡♥✉ ❝❧❛ss✐q✉❡♠❡♥t ❡st
❤❛❜✐❧❧é ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳ ❈❡s ✢✉❝t✉❛t✐♦♥s r❡♥♦r♠❛❧✐s❡♥t ❧❡ ♣❛r❛♠ètr❡ ❞✬♦r✲
❞r❡✱ ✐❝✐ ❧✬❛✐♠❛♥t❛t✐♦♥ ❛❧t❡r♥é❡✱ ❞✬✉♥ ❢❛❝t❡✉r ∼ 0.6 ❬✶✵✵❪✳ ■❧ ❡♥ ❡st ❞❡ ♠ê♠❡ s✉r ❞✬❛✉tr❡s
rés❡❛✉① ✭❤❡①❛❣♦♥❛❧ ❬✸✶❪✱ tr✐❛♥❣✉❧❛✐r❡ ❬✻❪✮✱ ❛✈❡❝ ❞✬❛✉tr❡s ✈❛❧❡✉rs ❞✉ ❢❛❝t❡✉r ❞❡ r❡♥♦r♠❛❧✐s❛✲
t✐♦♥✱ ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❢r✉str❛t✐♦♥✳ P❧✉s ❧❛ ❢r✉str❛t✐♦♥ s❡r❛ ✐♠♣♦rt❛♥t❡✱ ♣❧✉s ❧✬❛✐♠❛♥t❛t✐♦♥
s❡r❛ ❞✐♠✐♥✉é❡ ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳

▲❛ ❢r✉str❛t✐♦♥ ❊❧❧❡ s❡ ❞é✜♥✐t ❝♦♠♠❡ ❧✬✐♠♣♦ss✐❜✐❧✐té ❞❡ ♠✐♥✐♠✐s❡r ❡♥s❡♠❜❧❡ t♦✉s ❧❡s
t❡r♠❡s ❞❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡✳ ▲✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s s✐♠♣❧❡ ❡t ❧❡ ♣❧✉s s♦✉✈❡♥t ✉t✐❧✐sé ❞❡ ❢r✉str❛t✐♦♥
❡st ❝❡❧✉✐ ❞❡ ❧❛ ❋✐❣✳✶ ✿ ✉♥ tr✐❛♥❣❧❡ ❆❋ ❛✈❡❝ ❞❡s s♣✐♥s ❝❧❛ss✐q✉❡s ❍❡✐s❡♥❜❡r❣✱ ♦ù ❧❛ ❝♦♥✜❣✉r❛t✐♦♥
❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❡st ❝❡❧❧❡ ♦ù ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s ❡t ♣♦✐♥t❡♥t ✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥
tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧✳ ▼❛❧❣ré ❧❛ s✐♠♣❧✐❝✐té ❞❡ ❝❡tt❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❢r✉str❛t✐♦♥✱ ❡❧❧❡ s❡ ré✈è❧❡
❛♠❜✐❣ü❡ ❞❛♥s ❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s ✿

✕ ✉♥ ♠♦❞è❧❡ ♣❡✉t ♥❡ ♣❛s êtr❡ ❢r✉stré ❝❧❛ss✐q✉❡♠❡♥t ❡t ❧✬êtr❡ q✉❛♥t✐q✉❡♠❡♥t✳ P❛r ❡①✲
❡♠♣❧❡✱ ❧❡ rés❡❛✉ ❝❛rré ❆❋ ❡st ❝❧❛ss✐q✉❡♠❡♥t ♥♦♥ ❢r✉stré✳ ◗✉❛♥t✐q✉❡♠❡♥t✱ ✐❧ ❧✬❡st ✿
❧✬é♥❡r❣✐❡ s✉r ✉♥ ❧✐❡♥ ❡st ♠✐♥✐♠✐sé❡ ♣❛r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ s✐♥❣✉❧❡t ❛❧♦rs q✉❡ ❧✬♦♥ ♥❡
♣❡✉t ♣❛s ♠❡ttr❡ s✐♠✉❧t❛♥é♠❡♥t q✉❛tr❡ s✐♥❣✉❧❡ts s✉r ❧❡s ❧✐❡♥s ♣❛rt❛♥t ❞✬✉♥ s✐t❡✳ ❈✬❡st
❝❡ q✉✐ ❞✐✛ér❡♥❝✐❡ ❧❡ rés❡❛✉ ❝❛rré ❆❋ ❞❡ s♦♥ éq✉✐✈❛❧❡♥t ❋ ❡t ❝❛✉s❡ ❧❛ r❡♥♦r♠❛❧✐s❛t✐♦♥
❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❝❧❛ss✐q✉❡ ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳

✕ ✉♥ s②stè♠❡ ♣❡✉t êtr❡ ❢r✉stré ♦✉ ♥♦♥ s❡❧♦♥ ❧❛ ❢❛ç♦♥ ❞♦♥t ♦♥ é❝r✐t ❧❡ ❍❛♠✐❧t♦♥✐❡♥✳
▲❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❆❋ ✭❍❛♠✐❧t♦♥✐❡♥ ✭✷✮✮ ❡st ❢r✉stré ❛✉ ♥✐✈❡❛✉ ❝❧❛ss✐q✉❡ ✿ ❞❛♥s
❧❡ ❢♦♥❞❛♠❡♥t❛❧✱ t♦✉s ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s ❡t ❢♦r♠❡♥t ❞❡s ❛♥❣❧❡s ❞❡ 120◦ ❡♥tr❡
✈♦✐s✐♥s✱ q✉✐ ♥❡ ♠✐♥✐♠✐s❡♥t ♣❛s ❧✬é♥❡r❣✐❡ ❞❡ ❧✐❡♥ Si ·Sj ✳ ❙✐ ❧✬♦♥ réé❝r✐t ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✭à
❞❡s ❝♦♥st❛♥t❡s ❛❞❞✐t✐✈❡s ❡t ♠✉❧t✐♣❧✐❝❛t✐✈❡s ♣rès✮ ❝♦♠♠❡ ❧❛ s♦♠♠❡ s✉✐✈❛♥t❡ s✉r t♦✉s
❧❡s tr✐❛♥❣❧❡s é❧é♠❡♥t❛✐r❡s ✿

H =
∑

∆

(Si + Sj + Sk)
2, ✭✸✮

❛❧♦rs✱ ❧❡ s②stè♠❡ ❞❡✈✐❡♥t ♥♦♥ ❢r✉stré s❡❧♦♥ ♥♦tr❡ ❞é✜♥✐t✐♦♥✳
✕ ❙✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ q✉✐ ♣❡✉t êtr❡ ♣❡rç✉ ❝♦♠♠❡ ♥♦♥ ❢r✉stré✱ ✉♥ ♥♦♠❜r❡ ✜①é
❞❡ ♣❛r❛♠ètr❡s ✭tr♦✐s ❛♥❣❧❡s✱ ❝♦♥tr❡ ❞❡✉① ♣♦✉r ❧❡ rés❡❛✉ ❝❛rré✮ s✉✣s❡♥t à ❝❛r❛❝tér✐s❡r
❝♦♠♣❧èt❡♠❡♥t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ▲❛ ❢r✉str❛t✐♦♥ ❡st ♣❛r❢♦✐s ❝❛r❛❝tér✐sé❡ ♣❛r ❧❛
❞é❣é♥ér❡s❝❡♥❝❡ ♠❛❝r♦s❝♦♣✐q✉❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡✱ q✉✐ ❡st ❛❧♦rs ❢♦♥❝✲
t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉✳ ❈✬❡st ♥♦t❛♠♠❡♥t ❧❡ ❝❛s ❞❡s ♠♦❞è❧❡s ❆❋ s✉r ❞❡s rés❡❛✉①
❝♦♠♣♦sés ❞❡ tr✐❛♥❣❧❡s ♦✉ ❞❡ tétr❛è❞r❡s à s♦♠♠❡ts ♣❛rt❛❣és✱ ❡♥tr❡ ❛✉tr❡s ❧❡s rés❡❛✉①
❦❛❣♦♠❡ ❬✶✹❪ ✭✷❉✮ ❡t ♣②r♦❝❤❧♦r❡ ❬✽✽❪ ✭✸❉✮✱ r❡♣rés❡♥tés ❋✐❣✳✷✳

▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ♠❛❝r♦s❝♦♣✐q✉❡ ❡st ✭♣❛r❢♦✐s ♣❛rt✐❡❧❧❡♠❡♥t✮ ❧❡✈é❡ ♣❛r ❧❡ ♣❤é♥♦♠è♥❡
❞✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡✱ ❞é❝r✐t ♣❛r ❱✐❧❧❛✐♥ ❬✶✵✸❪✳ ❈❧❛ss✐q✉❡♠❡♥t✱ ❝❡ ♣❤é♥♦♠è♥❡ ❡♥tr♦♣✐q✉❡ s❡
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?

❋✐❣✳ ✶ ✕ ❋r✉str❛t✐♦♥ s✉r ✉♥ tr✐❛♥❣❧❡ ❆❋ ❛✈❡❝ ❞❡s s♣✐♥s ❝❧❛ss✐q✉❡s ❍❡✐s❡♥❜❡r❣✳ ❙✐ ❧✬♦♥
♠✐♥✐♠✐s❡ ❧✬é♥❡r❣✐❡ s✉r ✉♥ ❧✐❡♥✱ ❝♦♠♠❡ à ❣❛✉❝❤❡✱ ❛❧♦rs✱ ♦♥ ♥❡ ♣❡✉t ♣❛s ♣❧❛❝❡r ❧❡ tr♦✐s✐è♠❡ s♣✐♥
❡♥ ♠✐♥✐♠✐s❛♥t s✐♠✉❧t❛♥é♠❡♥t ❧❡s é♥❡r❣✐❡s ❞❡s ❞❡✉① ❧✐❡♥s r❡st❛♥ts✳ ▲❡ ♠❡✐❧❧❡✉r ❝♦♠♣r♦♠✐s
❡st ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❞r♦✐t❡ ❛✈❡❝ ❞❡s s♣✐♥s à ✶✷✵◦ ❧❡s ✉♥s ❞❡s ❛✉tr❡s✳ ❊♥ ❡✛❡t✱ à ✉♥❡
❝♦♥st❛♥t❡ ♣rés✱ ❧✬é♥❡r❣✐❡ ❡st (

∑3
i=1 Si)

2✳

✭❛✮ ❘és❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✭❜✮ ❘és❡❛✉ ❦❛❣♦♠❡ ✭❝✮ ❘és❡❛✉ ♣②r♦❝❤❧♦r❡

❋✐❣✳ ✷ ✕ ❊①❡♠♣❧❡s ❞❡ rés❡❛✉① ❢r✉strés ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❆ ❣❛✉❝❤❡✱
❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❛✈❡❝ ✉♥❡ ❣é♦♠étr✐❡ tr✐❛♥❣✉❧❛✐r❡ à ❝ôtés ♣❛rt❛❣és✳ ❆✉ ♠✐❧✐❡✉✱ ❧❡ rés❡❛✉
❦❛❣♦♠❡ ❡t à ❞r♦✐t❡✱ ❧❡ rés❡❛✉ ♣②r♦❝❤❧♦r❡✳ ❈❡s ❞❡✉① rés❡❛✉① ♣♦ssè❞❡♥t ❞❡s ❣é♦♠étr✐❡s à
s♦♠♠❡t ♣❛rt❛❣és✱ ❣é♥ér❛♥t ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ ♠❛❝r♦s❝♦♣✐q✉❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧✳

♣r♦❞✉✐t à très ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡t ❞é❝♦✉❧❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❛✉t♦✉r ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉①✳
◗✉❛♥t✐q✉❡♠❡♥t✱ ❧✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡ ❞és✐❣♥❡ ♣❧✉tôt ✉♥ ❡✛❡t ❞é❥à ♣rés❡♥t à t❡♠♣ér❛t✉r❡
♥✉❧❧❡✱ ♣r♦✈❡♥❛♥t ❞❡ ❧✬❛❜❛✐ss❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ♣❛r rés♦♥♥❛♥❝❡s ❡♥tr❡ ét❛ts✳

❙✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❝❧❛ss✐q✉❡✱ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ♠❛❝r♦s❝♦♣✐q✉❡ ❛ été ét✉❞✐é❡ ❣râ❝❡
à ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❤❛✉t❡s t❡♠♣ér❛t✉r❡s ❬✸✺❪✱ ❬✽✾❪ ❡t à ❞❡s s✐♠✉❧❛t✐♦♥s ▼♦♥t❡✲❈❛r❧♦
❬✽✾❪✱ ❬✶✹❪ ❬✶✶✽❪✳ ◗✉❛♥t✐q✉❡♠❡♥t✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❝❡ ♠♦❞è❧❡ ❡st t♦✉❥♦✉rs s✉❥❡t à ❞❡
♥♦♠❜r❡✉① ❞é❜❛ts✳ ▼ê♠❡ s✬✐❧ ❡st ♠❛✐♥t❡♥❛♥t q✉❛s✐♠❡♥t ❝❡rt❛✐♥ q✉✬❛✉❝✉♥ ♦r❞r❡ ♠❛❣♥ét✐q✉❡
à ❧♦♥❣✉❡ ♣♦rté❡ ♥✬❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧✱ ❞❡s ét✉❞❡s ❡♥ ♦♥❞❡s ❞❡ s♣✐♥s t❡♥❞❡♥t à ❢❛✈♦r✐s❡r
❧✬♦r❞r❡

√
3×

√
3 ❬✸✺❪✱ ❛❧♦rs q✉❡ ❧❡s rés✉❧t❛ts ❞❡ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s s♦♥t ♣❧✉s ❝♦❤ér❡♥ts

❛✈❡❝ ❞❡s ❝♦rré❧❛t✐♦♥s à ❝♦✉rt❡ ♣♦rté❡ q = 0 ❬✺✸❪ ❬✹✻❪✳

❈❤✐r❛❧✐té ❡t ✈♦rt❡① ❞❡ ♠♦❞è❧❡s ❝❧❛ss✐q✉❡s ❖♥ ❛ ✈✉ s✉r ❧❡ ♣❛ss❛❣❡ ❞✉ rés❡❛✉ ❝❛rré
❛✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ q✉❡ ❧❛ ❢r✉str❛t✐♦♥ ✐♥✢✉❛✐t s✉r ❧❡ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❝❧❛ss✐q✉❡ ✿ ❞✬✉♥❡
❝♦♥✜❣✉r❛t✐♦♥ ❝♦❧✐♥é❛✐r❡ ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥ ♣♦✐♥t ❞❡ ❧❛ s♣❤èr❡ S2✱ ♦♥ ♣❛ss❡ à ✉♥❡ ❝♦♥✲
✜❣✉r❛t✐♦♥ ❝♦♣❧❛♥❛✐r❡ ❝❛r❛❝tér✐sé❡ ♣❛r ✉♥❡ r♦t❛t✐♦♥ ❞❡ SO3✳ ❈❡tt❡ ♠♦❞✐✜❝❛t✐♦♥ ♥✬❡st ♣❛s
❛♥♦❞✐♥❡ ❝❛r ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❛ été ♠♦❞✐✜é❡✳ ❖♥ ♣❡✉t ❢♦r♠❡r
❞❡s ❜♦✉❝❧❡s ♥♦♥ ❝♦♥tr❛❝t✐❜❧❡s ❞❛♥s SO3✱ ❝❡ q✉✐ ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s
❛♣♣❡❧é❡s ✈♦rt❡① ✭♣♦✉r ✉♥❡ r❡✈✉❡ s✉r ❧❡s ❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s✱ ✈♦✐r ❬✻✹❪✮✳ ▲✬✐♠♣♦rt❛♥❝❡ ❞❡

■◆❚❘❖❉❯❈❚■❖◆ ✸



■◆❚❘❖❉❯❈❚■❖◆

❝❡s ❡①❝✐t❛t✐♦♥s ❡st ❣é♥ér❛❧❡♠❡♥t ❝♦♥♥✉❡ ❣râ❝❡ à ❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❑♦st❡r❧✐t③✲❚❤♦✉❧❡ss ❬✺✶❪
✭❑❚✮ ❡♥tr❡ ✉♥❡ ♣❤❛s❡ ♦ù ❧❡s ✈♦rt❡① s♦♥t ❧✐és ❡t ✉♥❡ ♣❤❛s❡ ♦ù ✐❧s s♦♥t ❧✐❜r❡s✳ ▼❛✐s ❧❛ ♥❛t✉r❡
❞❡s ✈♦rt❡① ❡st ❞✐✛ér❡♥t❡ ❞❛♥s ❝❡s ❞❡✉① s✐t✉❛t✐♦♥s✳ ❉❛♥s ❧❛ tr❛♥s✐t✐♦♥ ❑❚✱ ❧❡s ✈♦rt❡① ♦♥t
✉♥❡ ❝❤❛r❣❡ t♦♣♦❧♦❣✐q✉❡ ❛♣♣❛rt❡♥❛♥t ❛✉ ❣r♦✉♣❡ Z✱ ❛❧♦rs q✉❡ ♣♦✉r ✉♥ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡
SO3✱ ❧❛ ❝❤❛r❣❡ ❡st Z2✳ P❧✉s✐❡✉rs ❛✉t❡✉rs ✭ ❬✹✽❪✱ ❬✹✼❪✱ ❬✷✸❪✱ ❬✶✶✹❪✱ ❬✾❪✮ ♦♥t ét✉❞✐é ❧✬❡✛❡t ❞❡
❝❡s ✈♦rt❡① Z2 ❡t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❛♥❛❧♦❣✉❡ à ❧❛ tr❛♥s✐t✐♦♥ ❑❚✳ ▼❛✐s ❥✉sq✉✬à
♣rés❡♥t✱ ✉♥❡ é✈❡♥t✉❡❧❧❡ tr❛♥s✐t✐♦♥ r❡st❡ ❞✐✣❝✐❧❡ à ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✿ s✐ ❧❛ tr❛♥s✐t✐♦♥ ❑❚
sé♣❛r❡ ✉♥❡ ♣❤❛s❡ ❛✈❡❝ ❞❡s ❝♦rré❧❛t✐♦♥s ❛❧❣é❜r✐q✉❡s ❞✬✉♥❡ ♣❤❛s❡ ❛✈❡❝ ❞❡s ❝♦rré❧❛t✐♦♥s ❡①✲
♣♦♥❡♥t✐❡❧❧❡s✱ ❧❛ tr❛♥s✐t✐♦♥ ❞❡s ✈♦rt❡① Z2✱ ❡❧❧❡✱ sé♣❛r❡r❛✐t ❞❡✉① ♣❤❛s❡s ♣♦ssé❞❛♥t t♦✉t❡s ❧❡s
❞❡✉① ❞❡s ❝♦rré❧❛t✐♦♥s ❡①♣♦♥❡♥t✐❡❧❧❡s✳ ▲❛ q✉❡st✐♦♥ ❞❡ ❧✬❡①✐st❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ♥❡
s❡r❛ ♣❛s ❛❜♦r❞é❡ ❞❛♥s ❝❡tt❡ t❤ès❡✱ ❞❛♥s ❧❛q✉❡❧❧❡ ♥♦✉s ❛❧❧♦♥s ♣❧✉tôt ♠♦♥tr❡r ❧✬✐♠♣♦rt❛♥❝❡
❞❡ ❝❡s ❡①❝✐t❛t✐♦♥s ❡♥ ♣rés❡♥❝❡ ❞❡ ❝❤✐r❛❧✐té✳

▲❛ ❢r✉str❛t✐♦♥ ♣❡r♠❡t ❞❡ ♣❛ss❡r ❞❡ ❢♦♥❞❛♠❡♥t❛✉① ❝♦❧✐♥é❛✐r❡s à ❞❡s ❢♦♥❞❛♠❡♥t❛✉①
❝♦♣❧❛♥❛✐r❡s✳ ▲✬ét❛♣❡ s✉✐✈❛♥t❡ ❡st ❞✬❛rr✐✈❡r à ❞❡s ét❛ts ♥♦♥ ❝♦♣❧❛♥❛✐r❡s✳ ❊❧❧❡ ❛ été ❢r❛♥❝❤✐❡
s❡✉❧❡♠❡♥t ❞❛♥s ❞❡ très r❛r❡s s✐t✉❛t✐♦♥s ✿ ❞✬❛❜♦r❞✱ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❛✈❡❝ é❝❤❛♥❣❡ à
q✉❛tr❡ ❝♦r♣s ❬✺✵❪ ❬✺✷❪✱ ♣✉✐s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣ ♣r❡♠✐❡rs ❡t
s❡❝♦♥❞s ✈♦✐s✐♥s ❬✷✻❪✳ ▲❡ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ♣❛ss❡ ❞❡ SO3 à O3 ✿ ✉♥ ♣❛r❛♠ètr❡ ±1 s✉♣♣❧é♠❡♥✲
t❛✐r❡ ❡st ♥é❝❡ss❛✐r❡ ♣♦✉r ✜①❡r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❈❡ ♣❛r❛♠ètr❡ ❞✐s❝r❡t✱ ❛♣♣❡❧é ❝❤✐r❛❧✐té✱
♣❡✉t ♣r❡♥❞r❡ ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ♥♦♥ ♥✉❧❧❡ à t❡♠♣ér❛t✉r❡ ✜♥✐❡ s❛♥s ❝♦♥tr❡❞✐r❡ ❧❡ t❤é♦rè♠❡
❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r ❬✻✺❪✱ ❣é♥ér❛♥t ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝❤✐r❛❧❡ ❬✼✻❪✱ ❬✷✻❪ ❞✉ s❡❝♦♥❞ ♦r❞r❡
♦✉ ❢❛✐❜❧❡♠❡♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳

▲❡s ét❛ts ❝❧❛ss✐q✉❡s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s s❡r♦♥t ❧✬♦❜❥❡t ❞❡ ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡tt❡ t❤ès❡✳ ▲❡
♥♦✉✈❡❛✉ t②♣❡ ❞❡ tr❛♥s✐t✐♦♥ ❞♦♥t ✐❧s s♦♥t ❧❡ s✐è❣❡✱ ♠é❧❛♥❣❡❛♥t ❞❡s ❞❡❣rés ❞❡ ❧✐❜❡rtés ❝♦♥t✐♥✉s
✭❞❡s s♣✐♥s ❍❡✐s❡♥❜❡r❣✮✱ ❞✐s❝r❡ts ✭❧❛ ❝❤✐r❛❧✐té✮ ❡t ❞❡s ❡①❝✐t❛t✐♦♥s t♦♣♦❧♦❣✐q✉❡s ✭✈♦rt❡① Z2✮
♥✬❛ ❡♥❝♦r❡ ❥❛♠❛✐s été ét✉❞✐é ❛✉♣❛r❛✈❛♥t ❡t ♥♦✉s ♠❡ttr♦♥s ❡♥ é✈✐❞❡♥❝❡ ❞❡s ♣❛rt✐❝✉❧❛r✐tés
✐♥tér❡ss❛♥t❡s ❞❡ ❝❡s s②stè♠❡s✳

P❤❛s❡s q✉❛♥t✐q✉❡s ❉❛♥s ✉♥ s②stè♠❡ q✉❛♥t✐q✉❡✱ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡st ré❞✉✐t❡ ♣❛r ❧❡s ✢✉❝✲
t✉❛t✐♦♥s✱ ❝♦♠♣❛r❛t✐✈❡♠❡♥t ❛✉ ❝❛s ❝❧❛ss✐q✉❡✱ ❞✬❛✉t❛♥t ♣❧✉s ❢♦rt❡♠❡♥t q✉❡ ❧❡ s②stè♠❡ ❡st
❢r✉stré✳ ❉❛♥s ❧❡ ❝❛s ❡①trê♠❡✱ ❧✬❛✐♠❛♥t❛t✐♦♥ s✬❛♥♥✉❧❡ ❡t ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♥❡ ♣♦ssè❞❡ ♣❧✉s
❞✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❬✶✵✺❪ ❬✶✶✼❪✳ ❉❡ ♥♦♠✲
❜r❡✉s❡s ♣❤❛s❡s s❛♥s ❜r✐s✉r❡ ❞❡ ❧❛ s②♠étr✐❡ ❞❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s ♦♥t été ❞é❝♦✉✈❡rt❡s✱ ❞♦♥t
✈♦✐❝✐ q✉❡❧q✉❡s ❡①❡♠♣❧❡s✳

▲❡s ❝r✐st❛✉① ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ✭❱❇❈✮ ♣❡✉✈❡♥t ❜r✐s❡r ❝❡rt❛✐♥❡s s②♠étr✐❡s ❞✉ rés❡❛✉
❡t s♦♥t ✉♥❡ ❡①t❡♥s✐♦♥ à ❞❡s ❞✐♠❡♥s✐♦♥s s✉♣ér✐❡✉r❡s ❞❡ ❧❛ ♣❤❛s❡ ♦❜t❡♥✉❡ s✉r ❧❛ ❝❤❛î♥❡ ❞❡
▼❛❥✉♠❞❛r✲●♦s❤ ❬✻✵❪✳ ■❧s ♣♦ssè❞❡♥t ❞❡s ❡①❝✐t❛t✐♦♥s ❛✈❡❝ ✉♥ ❣❛♣ ❡t ❞❡s ❝♦rré❧❛t✐♦♥s ❞❡ ❧✐❡♥s
s✐♥❣✉❧❡ts à ❧♦♥❣✉❡ ♣♦rté❡✳ ▲❡ ♠♦❞è❧❡ ❞❡ ❞✐♠èr❡s q✉❛♥t✐q✉❡s ❞❡ ❘♦❦❤s❛r ❡t ❑✐✈❡❧s♦♥ ❬✾✶❪
♥✬❡st ♣❛s ✉♥ ♠♦❞è❧❡ ❞❡ s♣✐♥s✱ ♠❛✐s ♣❛r ❛♥❛❧♦❣✐❡ ❡♥tr❡ ❞✐♠èr❡s ❡t ❧✐❡♥s s✐♥❣✉❧❡ts✱ ♦♥ ♦❜t✐❡♥t
❞❡s ♣❤❛s❡s ❱❇❈ s✉r ✉♥❡ ♣❛rt✐❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡✳ ❉❡s ❢♦♥❞❛♠❡♥t❛✉① ❱❇❈ ♦♥t été
tr♦✉✈és✱ ♣❛r ❡①❡♠♣❧❡ s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ❬✸✵❪ ❡t ✉♥❡ t❡❧❧❡ ♣❤❛s❡ ❛ été ♣r♦♣♦sé❡ ❝♦♠♠❡
❢♦♥❞❛♠❡♥t❛❧ ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❬✾✼❪ ♣❛r ❙✐♥❣❤ ❡t ❍✉s❡✳ ▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞✬✉♥ ❱❇❈
❡st ❧✐é❡ ❛✉ ♥♦♠❜r❡ ❞❡ s②♠étr✐❡s ❜r✐sé❡s ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳

▲❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ✭❙▲✮ ♥❡ ❜r✐s❡♥t ❛✉❝✉♥❡ s②♠étr✐❡ ❡t s❡ ❝❛r❛❝tér✐s❡♥t ♣❛r ❞❡s ❡①✲
❝✐t❛t✐♦♥s ❢r❛❝t✐♦♥♥❛✐r❡s ❞é❝♦♥✜♥é❡s✱ ❛♣♣❡❧é❡s s♣✐♥♦♥s✱ ❞❡ s♣✐♥ S = 1/2 ❬✽✵❪ ✭❛❧♦rs q✉✬✉♥❡
❡①❝✐t❛t✐♦♥ é❧é♠❡♥t❛✐r❡ ❞❡ ♣❤❛s❡ ♦r❞♦♥♥é❡✱ ❝♦♠♠❡ ❧❡ r❡t♦✉r♥❡♠❡♥t ❞✬✉♥ s♣✐♥✱ ❡st ✉♥❡ ❡①❝✐✲
t❛t✐♦♥s ❞❡ ∆S = 1✮✳ ▲❡s ❙▲ s❡ ❞✐✈✐s❡♥t ❡♥ ❞❡✉① ❢❛♠✐❧❧❡s ✿ ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s t♦♣♦❧♦❣✐q✉❡s
✭❚❙▲✮ ❡t ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❛❧❣é❜r✐q✉❡s ✭❆❙▲✮✳ ▲❡s ♣r❡♠✐❡rs ♣♦ssè❞❡♥t ❞❡s ❡①❝✐t❛t✐♦♥s
❛✈❡❝ ✉♥ ❣❛♣ ❡t ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡ ❬✼✶❪ ✭❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡✱ ❧❡ ♠♦❞è❧❡ ❞❡
❞✐♠èr❡s q✉❛♥t✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❬✼✺❪✮✳ ▲❡s s❡❝♦♥❞s ♦♥t ❞❡s ❡①❝✐t❛t✐♦♥s ♥♦♥
❣❛♣♣é❡s ❬✶✶✷❪ ❬✸✻❪ ❬✸✼❪✳
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❯♥❡ ♣❤❛s❡ ♣♦ssé❞❛♥t t♦✉t❡s ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞✬✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ♠❛✐s ❜r✐s❛♥t ❧❛
s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s s❡r❛ ✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ❝❤✐r❛❧ ✭t♦♣♦❧♦❣✐q✉❡ ♦✉ ❛❧✲
❣é❜r✐q✉❡✮✱ ❝❛r❛❝tér✐sé ♣❛r s❛ ❝❤✐r❛❧✐té ♦✉ ❞✬❛✉tr❡s q✉❛♥t✐tés éq✉✐✈❛❧❡♥t❡s ❬✶✶✸❪ ❬✸✹❪✳

❈❛r❛❝tér✐s❡r ✉♥ ❙▲ ♣❛r ❧✬❛❜s❝❡♥❝❡ ❞❡ ❜r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡ s②♠étr✐❡ ❡st ✐♥s✉✣s❛♥t ✿
✐❧ ❡①✐st❡ ❞❡s ❱❇❈ ❞✐ts ❡①♣❧✐❝✐t❡s ✭♣❛r ♦♣♣♦s✐t✐♦♥ ❛✉① ❱❇❈ s♣♦♥t❛♥és✮ ♥❡ ❜r✐s❛♥t ❛✉❝✉♥❡
s②♠étr✐❡ ❞✉ rés❡❛✉✶✳ ❯♥ ❱❇❈ s❡ ❞✐st✐♥❣✉❡ ❞✬✉♥ ❙▲ ♣❛r s❡s ❝♦rré❧❛t✐♦♥s ❞✐♠èr❡s✲❞✐♠èr❡s ❡t
s✉rt♦✉t ♣❛r s❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❝♦♥✈❡♥t✐♦♥♥❡❧❧❡✱ ❞é♣❡♥❞❛♥t ❞❡s s②♠étr✐❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥✱
❛❧♦rs q✉✬✉♥ ❙▲ ♣♦ssè❞❡ ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞✐t❡ t♦♣♦❧♦❣✐q✉❡✳

❚♦✉t❡s ❝❡s ♣❤❛s❡s q✉❛♥t✐q✉❡s s♦♥t ❡♥❝♦r❡ ♠❛❧ ❝♦♠♣r✐s❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ✭✐✮❧❛ r❛✐s♦♥
❞❡ ❧❛ ❣r❛♥❞❡ ❞❡♥s✐té ❞✬❡①❝✐t❛t✐♦♥s ❞❡ s♣✐♥ 0 ❞❡ ❜❛ss❡ é♥❡r❣✐❡ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❬✶✵✺❪✱
✭✐✐✮❧❛ st❛t✐st✐q✉❡ ❞❡s ❡①❝✐t❛t✐♦♥s ❢r❛❝t✐♦♥♥❛✐r❡s ✿ ❜♦s♦♥✐q✉❡✱ ❢❡r♠✐♦♥✐q✉❡ ♦✉ ❛♥②♦♥✐q✉❡ ❬✶✶✻❪✱
✳✳✳ ▲❛ r❛✐s♦♥ ❡♥ ❡st ❡♥ ♣❛rt✐❡ ❧❡ ♣❡✉ ❞❡ t❡❝❤♥✐q✉❡s à ♥♦tr❡ ❞✐s♣♦s✐t✐♦♥ ♣♦✉r ❧❡s ét✉❞✐❡r✳ ❊♥
❡✛❡t✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❝❧❛ss✐q✉❡✱ ♦ù ❧✬♦♥ ♣❡✉t t♦✉❥♦✉rs ❢❛✐r❡ ❞❡s ♠❡s✉r❡s ❣râ❝❡ à ❞❡s
s✐♠✉❧❛t✐♦♥s ▼♦♥t❡✲❈❛r❧♦ ✭♦♥ ❡st ❧✐♠✐té ❡①❝❧✉s✐✈❡♠❡♥t ♣❛r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s ♦r❞✐♥❛t❡✉rs✮✱
❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ❞❡s s②stè♠❡s q✉❛♥t✐q✉❡s✱ s❛✉❢ ❝❛s ♣❛rt✐❝✉❧✐❡rs ✭s✉r ❞❡s rés❡❛✉①
❜✐♣❛rt✐t❡s ♣❛r ❡①❡♠♣❧❡✮ à ❝❛✉s❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ s✐❣♥❡✳ ▲❡s ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s ✭❊❉✱
❬✼✸❪✮ ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r très ♣ré❝✐sé♠❡♥t ❧❡ ❜❛s ❞✉ s♣❡❝tr❡✱ ♠❛✐s ❧❛ t❛✐❧❧❡ ❞❡s rés❡❛✉①
r❡st❡ ❧✐♠✐té❡ ♣❛r ❧❛ ♠é♠♦✐r❡ ❞❡s ♦r❞✐♥❛t❡✉rs ✿ ✉♥ ♥♦♠❜r❡ ❞❡ s✐t❡s Ns ∼ 40 ❡st ❧❛ ❧✐♠✐t❡
s✉♣ér✐❡✉r❡ ❛❝t✉❡❧❧❡✳ ▲❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❧❛r❣❡✲N s♦♥t ❞❡s ❛♣♣r♦❝❤❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s très
✐♥tér❡ss❛♥t❡s✳

▲❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ▲❡s ❛♣♣r♦❝❤❡s ❧❛r❣❡✲N ♦♥t été ✐♥tr♦❞✉✐t❡s
♣❛r ❆✤❡❝❦ ❡t ▼❛rst♦♥ ❬✷❪ ❛✈❡❝ ✉♥❡ ❞é❝♦♠♣♦s✐t✐♦♥ ❢❡r♠✐♦♥✐q✉❡ ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥✱ ❡t
ét❡♥❞✉❡ ♣❛r ❆r♦✈❛s ❡t ❆✉❡r❜❛❝❤ ❬✸❪ à ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳ ❊❧❧❡s ❝♦♥s✐st❡♥t à é❧❛r❣✐r
❧❛ s②♠étr✐❡ SU2 ❞❡s s♣✐♥s ❡♥ ❝❤❛q✉❡ s✐t❡ à SUN ✿ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦✉❧❡✉rs ❞❡ ❜♦s♦♥s ♣❛ss❡
❛❧♦rs ❞❡ 2 à N ✳ ❘❡❛❞ ❡t ❙❛❝❤❞❡✈ ♦♥t ✉t✐❧✐sé ❧✬é❧❛r❣✐ss❡♠❡♥t ❛✉ ❣r♦✉♣❡ SpN ❬✽✼❪✱ q✉✐ ♣❡r♠❡t
❞✬✉t✐❧✐s❡r ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❜♦s♦♥✐q✉❡ s✉r t♦✉t t②♣❡ ❞❡ rés❡❛✉✳ ❈✬❡st ❝❡tt❡
♠ét❤♦❞❡ q✉✐ s❡r❛ ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ♣❛rt✐❡ q✉❛♥t✐q✉❡ ❞❡ ❝❡tt❡ t❤ès❡✳

P♦✉r N → ∞✱ ♦♥ s❛✐t ✭❡♥ t❤é♦r✐❡✮ rés♦✉❞r❡ ❡①❛❝t❡♠❡♥t ✉♥ ♠♦❞è❧❡ SUN ♦✉ SpN ✳ ❖♥
♣❡✉t ❝♦rr✐❣❡r ❧✬ét❛t ❛✈❡❝ ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❡♥ 1/N ✭❝❛❧❝✉❧ ❡✛❡❝t✉é ♣❛r ❡①❡♠♣❧❡ ❡♥ ❬✶✵✶❪✱
❧❛ ♠❛r❝❤❡ à s✉✐✈r❡ ❡st ❡①♣❧✐q✉é❡ ❞❛♥s ❬✹❪✮✳ ❙❛♥s ❛✉❝✉♥❡ ❝♦rr❡❝t✐♦♥✱ ❧✬ét❛t ♦❜t❡♥✉ à ❧❛r❣❡ N
♥♦✉s ❢♦✉r♥✐t ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞✬✉♥ ♠♦❞è❧❡ à N ✜♥✐✱ ❞✬♦ù ❧❡ ♥♦♠ ❞❡ t❤é♦r✐❡
❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ✭❙❇▼❋❚✮✳

▲❡ ❝❤❛♠♣ ♠♦②❡♥ s✬❡✛❡❝t✉❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt é❧❛r❣✐ ✿ ❧❡ s♣✐♥ s✉r ❝❤❛q✉❡ s✐t❡
✢✉❝t✉❡ ❡t ❝✬❡st s❛ ♠♦②❡♥♥❡ q✉✐ ❡st ✜①é❡✱ ❣râ❝❡ à ✉♥ ♣❛r❛♠ètr❡ ❝♦♥t✐♥✉ κ q✉✐ ♣❡r♠❡t ❡♥
q✉❡❧q✉❡ s♦rt❡ ❞❡ ❢❛✐r❡ ✈❛r✐❡r ❝♦♥t✐♥û♠❡♥t ❧❛ ✈❛❧❡✉r ❞✉ s♣✐♥ s✉r s✐t❡✳ ❈♦♥tr❛✐r❡♠❡♥t à s♦♥
éq✉✐✈❛❧❡♥t ❢❡r♠✐♦♥✐q✉❡ q✉✐ ❞♦♥♥❡ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♣r✐♥❝✐♣❛❧❡♠❡♥t ❞✐♠ér✐sés ❬✾✵❪✱
❧❛ ❙❇▼❋❚ ❞♦♥♥❡ ❛❝❝ès à ❧❛ ❢♦✐s à ❞❡s ♣❤❛s❡s ♣♦ssé❞❛♥t ❞❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥s à ❧♦♥❣✉❡
♣♦rté❡ ❡t à ❞❡s ♣❤❛s❡s ❞és♦r❞♦♥♥é❡s✳ ❊♥ ❢❛✐s❛♥t ✈❛r✐❡r κ✱ ♦♥ ♣❡✉t ♣❛ss❡r ❞✬✉♥❡ ♣❤❛s❡ à
❧✬❛✉tr❡✳ ▲❛ ❞✐st✐♥❝t✐♦♥ ❡♥tr❡ ❝❡s ❞❡✉① t②♣❡s ❞❡ ♣❤❛s❡s ♥✬❡st ré❡❧❧❡ q✉✬à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦✲
❞②♥❛♠✐q✉❡✱ ♦ù ❧❡s ❜♦s♦♥s ❝♦♥❞❡♥s❡♥t ❞❛♥s ✉♥ ♠♦❞❡ ❞❡ s♣✐♥♦♥s s✐ ❧❡s s♣✐♥s s✬♦r❞♦♥♥❡♥t✳
◆♦✉s ✈❡rr♦♥s ❝♦♠♠❡♥t ❧❡s ❞✐✛ér❡♥❝✐❡r ❣râ❝❡ ❛✉① ❡✛❡ts ❞❡ t❛✐❧❧❡ ✜♥✐❡ ❡t ❝♦♠♠❡♥t r❡tr♦✉✈❡r
❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❧♦rsq✉❡ κ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

▲✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❣✐❣❛♥t❡sq✉❡ ✿ ✐❧ ❢❛✉t ✉♥ ♣❛r❛♠ètr❡ ❝♦♠✲
♣❧❡①❡ ♣❛r ❧✐❡♥ ij ❞✉ rés❡❛✉✱ ❝❡ q✉✐ ❛ ♣♦✉ssé ❧❡s ♣❡rs♦♥♥❡s ✉t✐❧✐s❛♥t ❝❡tt❡ t❡❝❤♥✐q✉❡ à ❢❛✐r❡
❞❡s s✉♣♣♦s✐t✐♦♥s s✉r ❧✬ét❛t ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❙❛❝❤❞❡✈ ❬✾✷❪ s✬❡st ❧✐♠✐té ❛✉① ❆♥sät③❡ ❞ér✐✈és
❞✬♦r❞r❡s ❝❧❛ss✐q✉❡s ❢♦♥❞❛♠❡♥t❛✉① ❞❛♥s s♦♥ ét✉❞❡ ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋✳ P❧✉s t❛r❞✱ ❲❛♥❣
❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪ ♦♥t r❡❝❤❡r❝❤é t♦✉s ❧❡s ét❛ts r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ ✐♥✲

✶❈❡s ❞❡✉① t②♣❡s ❞❡ ❱❇❈ ♣❡✉✈❡♥t ❝❡♣❡♥❞❛♥t ❛✈♦✐r ❞❡s ♣r♦♣r✐étés ❞✐✛ér❡♥t❡s✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ✶❉✱ ❧❡s
s♣✐♥♦♥s s♦♥t ❝♦♥✜♥és ♦✉ ❞é❝♦♥✜♥és s❡❧♦♥ ❧❡ ❝❛s✳

■◆❚❘❖❉❯❈❚■❖◆ ✺



■◆❚❘❖❉❯❈❚■❖◆

❞é♣❡♥❞❛♠♠❡♥t ❞❡ t♦✉t❡ ❝♦♥s✐❞ér❛t✐♦♥ é♥❡r❣ét✐q✉❡✳ P♦✉r ❝❡❧à✱ ✐❧s ♦♥t ✉t✐❧✐sé ❧❛ t❡❝❤♥✐q✉❡
❞❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❞❡ ❲❡♥ ❬✶✶✷❪✱ ét❡♥❞✉❡ ❞❡s s②stè♠❡s ❢❡r♠✐♦♥✐q✉❡s ❛✉①
s②stè♠❡s ❜♦s♦♥✐q✉❡s✱ q✉✐ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❧♦rs ❞✬✉♥
❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ U1✳ ❚♦✉s ❧❡s ét❛ts ♦❜t❡♥✉s ♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s s②♠étr✐❡s✳ ■❧s
s❡ ❞✐st✐♥❣✉❡♥t ✉♥✐q✉❡♠❡♥t ♣❛r ❞❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ✿ ❧❡s ✢✉①✳

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛❧❧♦♥s ❡ss❛②❡r ❞❡ ♣♦s❡r s✉r ❧❛ ❙❇▼❋❚ ✉♥ r❡❣❛r❞ ♦❜❥❡❝t✐❢ ❡t ❞❡
♣r♦♣♦s❡r ❞❡s ♦✉t✐❧s ♣♦✉r ré♣♦♥❞r❡ ❛✉① q✉❡st✐♦♥s s✉r ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♣❛r ❧✬✐♥t❡r♠é✲
❞✐❛✐r❡ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✳ ▲❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ♣r♦❥❡❝t✐❢s ❞❡ ❲❡♥ ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡
❝❧❛ss❡r ❞✐✛ér❡♥ts ❧✐q✉✐❞❡s ❞❡ s♣✐♥s s❡❧♦♥ ❧❡✉rs ✢✉①✱ ♠❛✐s q✉❡ r❡♣rés❡♥t❡♥t ♣❤②s✐q✉❡♠❡♥t ❝❡s
q✉❛♥t✐tés ❄ ❖♥t✲❡❧❧❡s ✉♥ s❡♥s ❡♥ ❞❡❤♦rs ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❄ ❈♦♥s❡r✈❡♥t✲❡❧❧❡s ✉♥
s❡♥s ❧♦rsq✉✬♦♥ ❛✉❣♠❡♥t❡ ❝♦♥t✐♥û♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ κ ❥✉sq✉✬à ❛tt❡✐♥❞r❡ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❄
◆♦✉s ré♣♦♥❞r♦♥s ♣❛r ❧✬❛✣r♠❛t✐✈❡ à ❝❡s q✉❡st✐♦♥s✳

▲❛ ♣♦ss✐❜✐❧✐té ❞❡ ❢❛✐r❡ ✈❛r✐❡r ❝♦♥t✐♥û♠❡♥t κ ❡st ✉♥❡ ❣r❛♥❞❡ r✐❝❤❡ss❡ ❞❡ ❧❛ ❙❇▼❋❚✳
❙❛❝❤❞❡✈ ❛ ✉t✐❧✐sé ❝❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ♣♦✉r ét❛❜❧✐r ❞❡s ❧✐❡♥s ❡♥tr❡ ❧❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s ❡t
❞és♦r❞♦♥♥é❡s r❡❧✐é❡s ♣❛r ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝♦♥t✐♥✉❡ ❬✾✸❪✳ ■❧ ❢❛✐t ❛✐♥s✐ ❝♦rr❡s♣♦♥❞r❡
❧❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s ❝♦❧✐♥é❛✐r❡s ❛✈❡❝ ❧❡s ❱❇❈ ❡t ❧❡s ♣❤❛s❡s ♥♦♥ ❝♦❧✐♥é❛✐r❡s ❛✈❡❝ ❧❡s ❚❙▲✱
❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❧✬❛♥❛❧♦❣✐❡ ❡♥tr❡ ✈✐s♦♥s ❡t ✈♦rt❡① Z2✱ q✉❡ ❧✬♦♥ r❡♥❝♦♥tr❡ ❞❛♥s ❧❡s
❞❡✉① ❞❡r♥✐èr❡s ♣❤❛s❡s✳ ▲❡s ✈✐s♦♥s ❬✾✹❪ s♦♥t ❞❡s ❡①❝✐t❛t✐♦♥s ❝réé❡s ♣❛r ♣❛✐r❡s✱ ♣♦rt❛♥t ✉♥❡
❝❤❛r❣❡ t♦♣♦❧♦❣✐q✉❡ Z2✱ r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡ ❞❡s ❚❙▲ ✿ ✉♥ ✈✐s♦♥
q✉✐ ♣❛r❝♦✉rt ✉♥❡ ❜♦✉❝❧❡ ♥♦♥ tr✐✈✐❛❧❡ s✉r ❧❡ rés❡❛✉ ❛✈❛♥t ❞❡ s✬❛♥♥✐❤✐❧❡r ❛✈❡❝ s♦♥ ✈✐s♦♥
♣❛rt❡♥❛✐r❡ ❝❤❛♥❣❡ ❧❡ s❡❝t❡✉r t♦♣♦❧♦❣✐q✉❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡✳

◆♦✉s ❛❧❧♦♥s✱ ♥♦✉s ❛✉ss✐✱ ✉t✐❧✐s❡r ❧❡ ♣❛r❛♠ètr❡ κ ♣♦✉r ❢❛✐r❡ ❞❡s ♣❛r❛❧❧è❧❡s ❡♥tr❡ ♣❤❛s❡s
♦r❞♦♥♥é❡s ❡t ❞és♦r❞♦♥♥é❡s ❡♥ ❙❇▼❋❚✱ ♠❛✐s ❡♥ ♣♦ssé❞❛♥t ❞❡s ♦✉t✐❧s s✉♣♣❧é♠❡♥t❛✐r❡s ✿ ❧❡s
P❙● ❡t ❧❡s ✢✉①✳ ❉❡ ♣❧✉s✱ ♥♦✉s ❞✐s♣♦s❡r♦♥s ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡
❞❡ ❧❛ t❤ès❡ s✉r ❞❡s ♠♦❞è❧❡s ❞❡ s♣✐♥s ❝❧❛ss✐q✉❡s ✿ ét❛ts é❣✉❧✐❡rs✱ ❝❤✐r❛❧✐té ❡t ✈♦rt❡① Z2✳

◆♦✉s ❝♦♥st❛t❡r♦♥s q✉✬✉♥ t②♣❡ ❞❡ ♣❤❛s❡ ♥✬❛ ♣❛s ❡♥❝♦r❡ été ❡①♣❧♦ré ❡♥ ❙❇▼❋❚ ✿ ❧❡s ❧✐q✲
✉✐❞❡s ❞❡ s♣✐♥s t♦♣♦❧♦❣✐q✉❡s ❝❤✐r❛✉①✳ ❊♥ ❡✛❡t✱ ❧❡s P❙● ✉t✐❧✐sés ❥✉sq✉✬✐❝✐ ♥❡ ♣❡r♠❡tt❛✐❡♥t ♣❛s
❧❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s T ✱ ♠❛✐s ✉♥ é❧❛r❣✐ss❡♠❡♥t ❞❡ ❧❛ ❞é✜♥✐t✐♦♥
❞❡s P❙● ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❞❡s ♣❤❛s❡s ❧❛ ❜r✐s❛♥t✳ P❡✉ ❞❡ ♠♦❞è❧❡s ❞❡ s♣✐♥s ♣♦ssè❞❡♥t ✉♥❡
❜r✐s✉r❡ s♣♦♥t❛♥♥é❡ ❞❡ T ✳ ❲❡♥ ❡t ❛❧✳ ❬✶✶✸❪ ❡t ❍❛❧❞❛♥❡ ❡t ❛❧✳ ❬✸✹❪ ♦♥t ét✉❞✐é ❧❡✉r ❝❛r❛❝tér✐✲
s❛t✐♦♥✳ ◆♦✉s ♥♦✉s ❛✐❞❡r♦♥s ❞❡ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ♣♦✉r ♣r♦♣♦s❡r ❞❡s ♠♦❞è❧❡s ♦ù ❝❡s ♣❤❛s❡s
♦♥t ❞❡ ❣r❛♥❞❡s ❝❤❛♥❝❡s ❞✬êtr❡ ♣rés❡♥t❡s✳

P❧❛♥ ❞❡ ❧❛ t❤ès❡

✕ ▲❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞❡ s②stè♠❡s ❝❧❛ss✐q✉❡s✳ ❉✬❛❜♦r❞✱ ✉♥❡ ♠ét❤♦❞❡
♣❡r♠❡tt❛♥t ❞❡ ❞ét❡r♠✐♥❡r t♦✉s ❧❡s ét❛ts ❝❧❛ss✐q✉❡s r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉
s❡r❛ ❞é❝r✐t❡✳ ❊❧❧❡ ♥♦✉s ♠è♥❡r❛ à ❝♦♥s✐❞ér❡r ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♥♦♥ ❝♦♣❧❛♥❛✐r❡s✱
♣♦ssé❞❛♥t ❞❡ ❧❛ ❝❤✐r❛❧✐té ❡t ❞❡s ✈♦rt❡① Z2✳ ▲❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ s✬❛❝❝♦♠♣❛❣♥❡ ❞✬✉♥❡
❜r✉sq✉❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ✈♦rt❡①✱ q✉✐ s❡r❛ ❡①♣❧✐q✉é❡✳ ❊♥ ❢♦♥❝t✐♦♥ ❞❡s
✐♥t❡r❛❝t✐♦♥s✱ ❧❛ tr❛♥s✐t✐♦♥ s❡r❛ ❝❧❛ssé❡ ❝♦♠♠❡ ét❛♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♦✉ ❛♣♣❛rt❡♥❛♥t
à ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣✳

✕ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ❧❛ ♠ét❤♦❞❡ ❣é♥ér❛❧❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r
❡♥ ❝❤❛♠♣ ♠♦②❡♥ ✭❙❇▼❋❚✮ s❡r❛ r❡✈✉❡✳ ▲❡ ❢♦r♠❛❧✐s♠❡ ② s❡r❛ ❡①♣❧✐q✉é✱ ❛✈❡❝ ♥♦t❛♠✲
♠❡♥t ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ❧♦❝❛❧❡ U1✳ P✉✐s✱ ♦♥ ♣❛ss❡r❛ à ❧✬❛♣♣r♦❝❤❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳
▲✬✐♥❝♦♥✈é♥✐❡♥t ♣r✐♥❝✐♣❛❧ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞✬✐♥❞✉✐r❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡
❞❡ ❜♦s♦♥s s✉r s✐t❡✱ ❞♦♥t ❧✬❡✛❡t s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❡st ❞ét❛✐❧❧é✳ ❊♥✜♥✱ ❧❛
❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s ❞✬✉♥ s②stè♠❡ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
s❡r❛ ét✉❞✐é❡✳

✕ ▲❛ tr♦✐s✐è♠❡ ♣❛rt✐❡ s❡r❛ ❝♦♥s❛❝ré❡ à ❞❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ ❡♥ ❙❇▼❋❚ ✿

✻ ■◆❚❘❖❉❯❈❚■❖◆



■◆❚❘❖❉❯❈❚■❖◆

❧❡s ✢✉①✳ ❆♣rès ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡ ♣❡r♠❡tt❛♥t ❞✬✐♠♣♦s❡r ❞❡s s②♠étr✐❡s
s♣❛t✐❛❧❡s à ✉♥ ❆♥s❛t③ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✭❛✉tr❡♠❡♥t ❞✐t✱ à s❡s ✢✉①✮✱ ♥♦✉s ✈❡rr♦♥s
❝♦♠♠❡♥t ❝❡s ✢✉① ♣❡r♠❡tt❡♥t ❞❡ ❝❧❛ss✐✜❡r ❧❡s ❞✐✛ér❡♥ts ❧✐q✉✐❞❡s ❞❡ s♣✐♥s✳ ▲✬❡①♣r❡ss✐♦♥
❞✉ ✢✉① s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ♦♣ér❛t❡✉r ❞❡ s♣✐♥ s❡r❛ ❞♦♥♥é❡✱ ❛✐♥s✐ q✉❡ ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❞✉
✢✉① ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✳ ▲❛ ❝♦♠♣r❡❤❡♥s✐♦♥ ❞❡ ❝❡tt❡ q✉❛♥t✐té ♥♦✉s ♣❡r♠❡ttr❛ ❞❡
r❡tr♦✉✈❡r ❧❡s ét❛ts ❞✉ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❣râ❝❡ à ❧❛ r❡❧❛①❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥tr❛✐♥t❡s
❞❡ s②♠étr✐❡✳ ▲❡s ❆♥sät③❡ ♦❜t❡♥✉s ♣❛r ❝❡tt❡ ♠ét❤♦❞❡ ❞♦♥♥❡♥t ❛❝❝ès à ❞❡s ❧✐q✉✐❞❡s
❞❡ s♣✐♥s ❝❤✐r❛✉①✱ q✉✐ ♣♦✉rr❛✐❡♥t êtr❡ ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❍❛♠✐❧t♦♥✐❡♥s ♣♦✉r
❧❡sq✉❡❧s ❧✬ét❛t ❝❧❛ss✐q✉❡ ❡st ❧✉✐✲♠ê♠❡ ❝❤✐r❛❧✳

✕ ❊♥✜♥✱ ❡♥ q✉❛tr✐è♠❡ ♣❛rt✐❡✱ ♥♦✉s ❛♣♣❧✐q✉❡r♦♥s ❧❛ ❙❇▼❋❚ ❛✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋✱
♣❡rt✉r❜é ♣❛r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✳ ◆♦✉s ♦❜t✐❡♥❞r♦♥s ❧❡ ❞✐❛❣r❛♠♠❡
❞❡ ♣❤❛s❡ ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ❡t ❝❛❧❝✉❧❡r♦♥s ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ❡t ❞②✲
♥❛♠✐q✉❡s ❡♥ ❞✐✛ér❡♥ts ♣♦✐♥ts ❞❡ ❝❡ ❞✐❛❣r❛♠♠❡✳ ❈❡ ❞✐❛❣r❛♠♠❡ ❝♦♠♣♦rt❡ ✉♥❡ ♣❤❛s❡
❝❤✐r❛❧❡✳

■◆❚❘❖❉❯❈❚■❖◆ ✼



■◆❚❘❖❉❯❈❚■❖◆

✽ ■◆❚❘❖❉❯❈❚■❖◆



❈❤❛♣✐tr❡ ✶

▲❡s ♦r❞r❡s à ❧♦♥❣✉❡ ♣♦rté❡ ❝❧❛ss✐q✉❡s✱

❡①✐st❡♥❝❡ ❞❡ ♣❤❛s❡s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s

▲♦rsq✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ rés❡❛✉ ❞❡ s♣✐♥s S ❡♥ ✐♥t❡r❛❝t✐♦♥✱ ❧❡ ♣r❡♠✐❡r
ré✢❡①❡ ❡st ❞❡ s❡ ♣❧❛❝❡r ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ ❝✬❡st à ❞✐r❡ ❧❛ ❧✐♠✐t❡ S → ∞ ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥
♥é❣❧✐❣❡ ❧❛ ♥♦♥✲❝♦♠♠✉t❛t✐✈✐té ❞❡s ❝♦♠♣♦s❛♥t❡s ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ s♣✐♥ ✶✳ ❯♥ ét❛t ❝❧❛ss✐q✉❡
❡st ❛❧♦rs ❞é❝r✐t ♣❛r ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ à tr♦✐s ❝♦♠♣♦s❛♥t❡s Si ✭s♣✐♥ ❍❡✐s❡♥❜❡r❣✮ ❡♥ ❝❤❛q✉❡
s✐t❡ i ❞✉ rés❡❛✉ ✿ Si ∈ S2✳ ❉❛♥s ❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s✱ ❧❡s ❞✐r❡❝t✐♦♥s ❞❡s s♣✐♥s s♦♥t ❢♦rt❡♠❡♥t
❝♦♥tr❛✐♥t❡s✳ ❊❧❧❡s ♣❡✉✈❡♥t ♣❛r ❡①❡♠♣❧❡ êtr❡ ❧✐♠✐té❡s à ✉♥ ♣❧❛♥ ✭s♣✐♥s XY ✿ Si ∈ S1✮✱ ♦ù
❡♥❝♦r❡✱ à ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞✬♦r✐❡♥t❛t✐♦♥s ✭♠♦❞è❧❡ ❞❡ P♦tts ✿ Si ∈ Zp✱ ❞♦♥t ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r
❞✉ ♠♦❞è❧❡ ❞✬■s✐♥❣ p = 2 ❡st ❜✐❡♥ ❝♦♥♥✉✮✳ ◆♦✉s ❛❧❧♦♥s ♥♦✉s ❧✐♠✐t❡r ❛✉① s♣✐♥s ❍❡✐s❡♥❜❡r❣✱
♣r❡♥❛♥t ❧❡✉rs ✈❛❧❡✉rs s✉r ❧❛ s✉r❢❛❝❡ ❞❡ ❧❛ s♣❤èr❡ à ✸ ❞✐♠❡♥s✐♦♥s S2✳

▲❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ s✐♠♣❧✐✜❡ ❣r❛♥❞❡♠❡♥t ❧❛ r❡❝❤❡r❝❤❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ s②stè♠❡✳
Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❆❋✮ ♣r❡♠✐❡rs ✈♦✐✲
s✐♥s ✿

H =
1

2

∑

〈ij〉
Si · Sj . ✭✶✳✶✮

❆❧♦rs q✉❡ ❧✬♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s ❡①❛❝t❡♠❡♥t s❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① q✉❛♥t✐q✉❡s s✉r ❧❡s rés❡❛✉①
❝❛rré✱ tr✐❛♥❣✉❧❛✐r❡ ♦✉ ❦❛❣♦♠❡✱ s❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❝❧❛ss✐q✉❡s s♦♥t r❡❧❛t✐✈❡♠❡♥t s✐♠♣❧❡s ✿

✕ ▲❡ rés❡❛✉ ❝❛rré ♥✬❡st ♣❛s ❢r✉stré ✿ ♦♥ ♣❡✉t ❧❡ ❞✐✈✐s❡r ❡♥ ❞❡✉① s♦✉s✲rés❡❛✉① A ❡t B
t❡❧s q✉❡ ❧❡ s♣✐♥ ❞✬✉♥ s✐t❡ A ♥✬✐♥t❡r❛❣✐t q✉✬❛✈❡❝ ❞❡s s♣✐♥s B ❡t ✈✐❝❡✲✈❡rs❛✳ ▲✬♦r❞r❡ ❡st
❞♦♥❝ ❆❋✱ ❧❡s s♣✐♥s ❞❡s s♦✉s✲rés❡❛✉① A ❡t B s♦♥t ❝♦❧✐♥é❛✐r❡s ❡t ♦♣♣♦sés ✭❋✐❣✳✶✳✶✭❛✮✮✳
P♦✉r ❞é❝r✐r❡ ✉♥ ❢♦♥❞❛♠❡♥t❛❧✱ ❞❡✉① ♣❛r❛♠ètr❡s s♦♥t ♥é❝❡ss❛✐r❡s ✭♣❛r ❡①❡♠♣❧❡✱ ❧❡s
❛♥❣❧❡s ❧❛t✐t✉❞❡ ❡t ❧♦♥❣✐t✉❞❡ ❞♦♥♥❛♥t ❧✬♦r✐❡♥t❛t✐♦♥ ❞✬✉♥ s♣✐♥✮✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❞❛✲
♠❡♥t❛✉① ❡st ❡♥ ❜✐❥❡❝t✐♦♥ ❛✈❡❝ S2 ∼ SO3/SO2✱ ♦ù SOn ❡st ❧❡ ❣r♦✉♣❡ ❞❡s r♦t❛t✐♦♥s à
n ❞✐♠❡♥s✐♦♥s✳ ✳

✕ ▲❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❡st ❢r✉stré ✿ ♦♥ ♥❡ ♣❡✉t ♣❛s ❧❡ ❞✐✈✐s❡r ❡♥ ❞❡✉① s♦✉s✲rés❡❛✉①
❝♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✳ ❙✉r ❝❤❛q✉❡ tr✐❛♥❣❧❡✱ ❧✬é♥❡r❣✐❡ ❡st ♠✐♥✐♠✐sé❡ ❡♥ ♦r✐❡♥t❛♥t ❧❡s
tr♦✐s s♣✐♥s à ✶✷✵ ❞❡❣rés ❧❡s ✉♥s ❞❡s ❛✉tr❡s ✭✐❧s s♦♥t ❞♦♥❝ ❞❛♥s ✉♥ ♣❧❛♥✮✳ ❯♥❡ ❢♦✐s q✉❡ ❧❡s
s♣✐♥s ❞✬✉♥ tr✐❛♥❣❧❡ s♦♥t ❝❤♦✐s✐s✱ ♦♥ ♣❡✉t r❡♠♣❧✐r ❧❡s s✐t❡s ❞✉ rés❡❛✉ ❞❡ ♣r♦❝❤❡ ❡♥ ♣r♦❝❤❡
♣♦✉r q✉❡ ❧✬é♥❡r❣✐❡ s✉r ❝❤❛q✉❡ tr✐❛♥❣❧❡ s♦✐t ♠✐♥✐♠❛❧❡✳ ▲❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦ssè❞❡ ❛✐♥s✐
tr♦✐s s♦✉s✲rés❡❛✉① ✭❋✐❣✳✶✳✶✭❜✮✮✳ ▲❡s tr♦✐s ❞✐r❡❝t✐♦♥s ❞❡ s♣✐♥ ❛ss♦❝✐é❡s s♦♥t ❝♦♣❧❛♥❛✐r❡s✳

✶❈❡tt❡ ❧✐♠✐t❡ s❡ ❥✉st✐✜❡ s✐♠♣❧❡♠❡♥t ❡♥ ❞✐s❛♥t q✉❡ ❧❡ ❝♦♠♠✉t❛t❡✉r ❞❡ ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❞✉ s♣✐♥ ❡st
❡♥ O(S) ✭♣❛r ❡①❡♠♣❧❡ [Sx, Sy] = iSz✮✱ ❝❡ q✉✐ ❡st ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t S2 ❧♦rsq✉❡ S t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ P❧✉s
r✐❣♦✉r❡✉s❡♠❡♥t✱ ❡❧❧❡ s❡ ❥✉st✐✜❡ ❣râ❝❡ ❛✉① ét❛ts ❝♦❤ér❡♥ts ❞❡ s♣✐♥✱ q✉✐ ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ s✉r❝♦♠♣❧èt❡ ❞❡
❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s✱ ❡♥ ❜✐❥❡❝t✐♦♥ ❛✈❡❝ ❧❛ s♣❤èr❡ S2✳ ▲❡ r❡❝♦✉✈r❡♠❡♥t ❞❡ ❞❡✉① ét❛ts ❝♦❤ér❡♥ts ❞✐st✐♥❝ts t❡♥❞
✈❡rs 0 ❧♦rsq✉❡ S → ∞✳ P❛r ❝♦♥séq✉❡♥t✱ ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ❧✬❡✛❡t ❞❡s s✉♣❡r♣♦s✐t✐♦♥ q✉❛♥t✐q✉❡s ❞✬ét❛ts ❡st
✐♥❡①✐st❛♥t ✿ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s s♦♥t ♥✉❧❧❡s✳

✾
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✭❛✮ ❖r❞r❡ à ❞❡✉① s♦✉s✲rés❡❛✉①✳ ✭❜✮ ❖r❞r❡ à tr♦✐s s♦✉s✲rés❡❛✉①✳

❋✐❣✳ ✶✳✶ ✕ ❊t❛t ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ s✉r ❧❡s rés❡❛✉① ❝❛rré ❡t tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ✉♥❡ ✐♥t❡r✲
❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ✭❍❛♠✐❧t♦♥✐❡♥ ✶✳✶✮✳ ▲✬♦r✐❡♥t❛t✐♦♥ ❞✬✉♥ s♣✐♥ ❡st ❝❡❧❧❡ ❞✉ ✈❡❝t❡✉r
❞❡ ❧❛ ❝♦✉❧❡✉r ❞❡ s♦♥ s✐t❡✳

P♦✉r ❞é❝r✐r❡ ✉♥ ❢♦♥❞❛♠❡♥t❛❧✱ tr♦✐s ♣❛r❛♠ètr❡s s♦♥t ♥é❝❡ss❛✐r❡s ✭❞❡✉① ♣♦✉r ❞é✜♥✐r ❧❛
❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉① s♣✐♥s✱ ❡t ❧❡ ❞❡r♥✐❡r ♣♦✉r ✐♥❞✐q✉❡r ❧✬❛♥❣❧❡ ❞❡ ❧✬✉♥ ❞❡s
s♣✐♥s ❞❛♥s ❧❡ ♣❧❛♥✮✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❞❛♠❡♥t❛✉① ❡st ❡♥ ❜✐❥❡❝t✐♦♥ ❛✈❡❝ SO3✳

✕ ❊♥✜♥✱ ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ♣♦✉✈❛♥t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❛✉q✉❡❧
✐❧ ♠❛♥q✉❡ ✉♥ q✉❛rt ❞❡s s✐t❡s✱ ❡st ❧✉✐ ❛✉ss✐ ❢r✉stré✳ ■❧ ❢❛✉t ❧à ❛✉ss✐ ♠✐♥✐♠✐s❡r ❧✬é♥❡r❣✐❡
s✉r ❝❤❛❝✉♥ ❞❡s tr✐❛♥❣❧❡s✱ ♠❛✐s à ❝❛✉s❡ ❞❡s s✐t❡s ♠❛♥q✉❛♥ts ❛✉ ♠✐❧✐❡✉ ❞❡s ❤❡①❛❣♦♥❡s✱
♦♥ ♥✬❛ ♣❧✉s ✉♥❡ ✉♥✐q✉❡ ❢❛ç♦♥ ❞❡ r❡♠♣❧✐r ❧❡ rés❡❛✉ ❞❡ ♣r♦❝❤❡ ❡♥ ♣r♦❝❤❡ ❛♣rès ❧❡
❝❤♦✐① ❞❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡s s♣✐♥s s✉r ✉♥ ♣r❡♠✐❡r tr✐❛♥❣❧❡✳ ■❧ ② ❡♥ ❛ ❡♥ ❢❛✐t ✉♥❡ ✐♥✜♥✐té✳
▲✬❡♥tr♦♣✐❡ à t❡♠♣ér❛t✉r❡ ♥✉❧❧❡ ✭❡♥ s✉♣♣♦s❛♥t q✉✬❡❧❧❡ ❡st ❞é✜♥✐❡ ❛✈❡❝ ❞❡s ❞❡❣rés ❞❡
❧✐❜❡rté ❝♦♥t✐♥✉s✮ é✈♦❧✉❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ s✐t❡s ❞✉ rés❡❛✉ ❛❧♦rs q✉✬❡❧❧❡ ❡♥ ét❛✐t
✐♥❞é♣❡♥❞❛♥t❡ ♣♦✉r ❧❡s ♠♦❞è❧❡s ♣ré❝é❞❡♥ts✳ ■❧ ❢❛✉t ❝❡tt❡ ❢♦✐s ✉♥❡ ✐♥✜♥✐té ❞❡ ♣❛r❛♠ètr❡s
♣♦✉r ❞é❝r✐r❡ ✉♥ ❢♦♥❞❛♠❡♥t❛❧ s✉r ✉♥ rés❡❛✉ ✐♥✜♥✐✳

❆✉ ♠♦✐♥s ❧✬✉♥ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❝❤❛❝✉♥ ❞❡ ❝❡s tr♦✐s ♠♦❞è❧❡s ♣♦ssè❞❡ ❞❡s s♣✐♥s
t♦✉s ❝♦♣❧❛♥❛✐r❡s✳ ❙✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ t♦✉s ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① s♦♥t ❝♦♣❧❛♥❛✐r❡s✳
P♦✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ❧❡s ❢♦♥❞❛♠❡♥t❛✉① ❝♦♣❧❛♥❛✐r❡s s♦♥t ❞é❣é♥érés ❛✈❡❝ ❞❡ ♥♦♠❜r❡✉①
❛✉tr❡s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s✳ ■❧s s♦♥t é❧✐♠✐♥és s✐ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞✬♦r❞r❡ ♣❛r
❧❡ ❞és♦r❞r❡✳ ❈❡ ♣❤é♥♦♠è♥❡ ❡st ✉♥ ❡✛❡t ❡♥tr♦♣✐q✉❡ ❞❡ très ❜❛ss❡ t❡♠♣ér❛t✉r❡ q✉✐ sé❧❡❝✲
t✐♦♥♥❡ ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♣♦ssé❞❛♥t ❧❛ ♣❧✉s ❣r❛♥❞❡ q✉❛♥t✐té ❞✬ét❛ts ❞✬é♥❡r❣✐❡ ♣r♦❝❤❡
✭❱✐❧❧❛✐♥ ❡t ❛❧✳✱ ❬✶✵✹❪✱ ✈♦✐r ❋✐❣✳✶✳✷✮✳ ❉❛♥s ❧❡ ❝❛s ❞✉ ❦❛❣♦♠❡✱ ✐❧ r❡st❡ ❝❡♣❡♥❞❛♥t ❡♥❝♦r❡ ✉♥❡
✐♥✜♥✐té ❞✬ét❛ts ❝♦♣❧❛♥❛✐r❡s ❢♦♥❞❛♠❡♥t❛✉①✳ ❆❥♦✉t❡r ✉♥❡ ❢❛✐❜❧❡ ✐♥t❡r❛❝t✐♦♥ s❡❝♦♥❞s ✈♦✐s✐♥s
❧è✈❡ ❝♦♠♣❧èt❡♠❡♥t ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ✿ ❝❡ ♠♦❞è❧❡ s✉r ❦❛❣♦♠❡ ❡st ✉♥ ♣♦✐♥t ❝r✐t✐q✉❡ ✭♠❛✐s
♥♦✉s ✈❡rr♦♥s ❞✬❛✉tr❡s ♠♦❞è❧❡s ♣♦✉r ❧❡sq✉❡❧s ❧✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡ ♣❡r♠❡t ❞❡ ❧❡✈❡r ❝♦♠✲
♣❧êt❡♠❡♥t ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡✮✳ ❊♥ ❢♦♥❝t✐♦♥ ❞✉ s✐❣♥❡ ❞✉ ❝♦✉♣❧❛❣❡ s❡❝♦♥❞s ✈♦✐s✐♥s✱ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❡st ❝❡❧✉✐ ❞é♥♦♠♠é

√
3
√

3 ♦✉ ❧❡ q = 0✱ q✉❡ ♥♦✉s ❞é❝r✐r♦♥s ✉❧tér✐❡✉r❡♠❡♥t✳
❖♥ ♣♦✉rr❛✐t ❛❧♦rs ❝♦♥❝❧✉r❡ ✉♥ ♣❡✉ r❛♣✐❞❡♠❡♥t q✉✬✐❧ ❡①✐st❡ t♦✉❥♦✉rs ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧

❝♦♣❧❛♥❛✐r❡ ✭❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❞✬❛✉tr❡s ét❛ts ❞❡ ♠ê♠❡ é♥❡r❣✐❡✱ ❝♦♣❧❛♥❛✐r❡s ♦✉ ♥♦♥✮✱ ❝❡ q✉✐
❡st s♦✉✈❡♥t ♣r✐s ❝♦♠♠❡ ❤②♣♦t❤ès❡ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❯♥❡ ♣❛rt✐❡ ❞❡ ❝❡s ét❛ts ❝♦♣❧❛♥❛✐r❡s
s❡ tr♦✉✈❡ ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts s♣✐r❛✉①✱ ❝❛r❛❝tér✐sés ♣❛r ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ Q✱ ❞♦♥t
❧✬♦r✐❡♥t❛t✐♦♥ ❞✬✉♥ s♣✐♥ à ❧❛ ♣♦s✐t✐♦♥ x s✉r ❧❡ rés❡❛✉ ❡st ❞é❝r✐t❡ ♣❛r

Sx = cos(Qx)u + sin(Qx)v, ✭✶✳✷✮

❛✈❡❝ u ❡t v✱ ❞❡✉① ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ♣❡r♣❡♥❞✐❝✉❧❛✐r❡s✳ ▼❛✐s ❧✬❤②♣♦t❤ès❡ ❞❡ ❝♦♣❧❛♥❛r✐té ❡st
❡rr♦♥é❡✱ ❝♦♠♠❡ ❧❡ ♣r♦✉✈❡ ❧❡ ♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡ ✭✐♥t❡r❛❝t✐♦♥ ♣r❡♠✐❡rs ❡t s❡❝♦♥❞s

✶✵
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Etats d’énergie comprise entre
E et E+dE

Etats fondamentaux d’énergie E

❋✐❣✳ ✶✳✷ ✕ ❘❡♣rés❡♥t❛t✐♦♥ ❞❡ ❧✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡✳ ▲✬❛✐r❡ ❞❡s ❞✐✛ér❡♥t❡s s✉r❢❛❝❡s ❡st
♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ❞❡♥s✐té ❞✬ét❛ts✳ ❆ très ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❧✬é♥❡r❣✐❡ ❞✉ s②stè♠❡ ✈❛
✢✉❝t✉❡r ❞❛♥s ✉♥❡ ❣❛♠♠❡ ❞✬é♥❡r❣✐❡ [E,E + dE]✳ ❈✬❡st ❞❛♥s ❧❛ ③♦♥❡ ♦ù ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡
❢❛✐❜❧❡ é♥❡r❣✐❡ ✈♦♥t ♣❡r♠❡ttr❡ ❧✬❛❝❝ès ❛✉ ♠❛①✐♠✉♠ ❞✬ét❛ts q✉❡ ❧❡ s②stè♠❡ ❛✉r❛ ❧❡ ♣❧✉s ❞❡
♣r♦❜❛❜✐❧✐té ❞❡ s❡ tr♦✉✈❡r ✭❞❛♥s ❧❡ r❡♥✢❡♠❡♥t ❞❡ ❧❛ ③♦♥❡ r♦✉❣❡✮✳

✈♦✐s✐♥s✮ ♣♦✉r ❧❡q✉❡❧ ✉♥ ♦r❞r❡ ❞❡ ◆é❡❧ ✷ à ✶✷ s♦✉s✲rés❡❛✉① ❛ été ♠✐s ❡♥ é✈✐❞❡♥❝❡ ♣❛r ❉♦♠❡♥❣❡
❡t ❛❧✳✱ ❬✷✻❪✱ ❛✐♥s✐ q✉❡ ❧❡ ♠♦❞è❧❡ à é❝❤❛♥❣❡ ♠✉❧t✐♣❧❡ s✉r ❧❡ tr✐❛♥❣✉❧❛✐r❡ ✭❑✉❜♦ ❡t ▼♦♠♦✐✱ ❬✺✷❪✮✱
❛✈❡❝ ✉♥ ♦r❞r❡ tétr❛é❞r✐q✉❡ à ✹ s♦✉s✲rés❡❛✉①✳

❇✐❡♥ q✉❡ t♦✉s ❧❡s ❢♦♥❞❛♠❡♥t❛✉① ♦❜t❡♥✉s ❥✉sq✉✬❛❧♦rs ❜r✐s❡♥t ✭❛✉ ♠♦✐♥s ♣❛rt✐❡❧❧❡♠❡♥t✮
❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✱ ✐❧s ♦♥t t♦✉t ❞❡ ♠ê♠❡ ✉♥❡ ❝❡rt❛✐♥❡ ré❣✉❧❛r✐té✱
❛✉ s❡♥s ♦ù✱ s✐ ❧✬♦♥ s❡ ♣❧❛❝❡ s✉r ✉♥ s✐t❡ ❡t q✉❡ ❧✬♦♥ r❡❣❛r❞❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ s♣✐♥ q✉✐ s✬②
tr♦✉✈❡✱ ❧❡s s♣✐♥s ❡♥✈✐r♦♥♥❛♥ts ✈♦♥t ❢♦r♠❡r ✉♥ ♣❛②s❛❣❡ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧
❛✉tr❡ s✐t❡✳ ❈❡❧❛ r❡st❡ ✈r❛✐ ❞❛♥s ✉♥❡ ❝❡rt❛✐♥❡ ❧✐♠✐t❡ ♣♦✉r ❧❡s ét❛ts s♣✐r❛✉①✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡
s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ❢♦r♠❛❧✐s❡r ❝❡tt❡ ♥♦t✐♦♥ ❞❡ ré❣✉❧❛r✐té ❞✬✉♥ ét❛t ❞❡ s♣✐♥s
❡t ❡①♣❧✐q✉❡r♦♥s ❧❛ ♠❛♥✐èr❡ ❞❡ tr♦✉✈❡r t♦✉s ❧❡s ét❛ts r❡s♣❡❝t❛♥t ✉♥❡ ré❣✉❧❛r✐té s♣é❝✐✜q✉❡✳
P❧✉s✐❡✉rs ❡①❡♠♣❧❡s s❡r♦♥t ♣rés❡♥tés✱ ❛✐♥s✐ q✉❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❡tt❡ ♠ét❤♦❞❡✳

▲♦rsq✉❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ r❡s♣❡❝t❡ ❧❛ s②♠étr✐❡ ♣❛r r❡t♦✉r♥❡♠❡♥t ❞❡s s♣✐♥s ✭Si → −Si✮✱
❧✬❡①✐st❡♥❝❡ ❞✬ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❛♥s ❧❡sq✉❡❧s ❧❡s s♣✐♥s ♥❡ s♦♥t ♣❛s ❝♦♣❧❛♥❛✐r❡s ❛ ❞❡s
❝♦♥séq✉❡♥❝❡s ✐♠♣♦rt❛♥t❡s s✉r ❧❛ t♦♣♦❧♦❣✐❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢♦♥❞❛♠❡♥t❛✉①✱ ❝❛r ❝❤❛q✉❡
❢♦♥❞❛♠❡♥t❛❧ ♣♦ssè❞❡ ✉♥❡ ❝❤✐r❛❧✐té ±1✳ ❈❡ ♣❛r❛♠ètr❡ r❛♣♣❡❧❧❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❞✉ ❢♦♥❞❛♠❡♥t❛❧
❞✉ ♠♦❞è❧❡ ❞✬■s✐♥❣ ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✮✱ q✉✐ ❞♦♥♥❡ ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡
✭❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣✮ ❡♥tr❡ ✉♥❡ ♣❤❛s❡ ❛✐♠❛♥té❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡t
❞és♦r❞♦♥♥é❡ à ❤❛✉t❡ t❡♠♣ér❛t✉r❡✳ ▲❛ ❝❤✐r❛❧✐té ❞♦♥♥❡ ❡❧❧❡ ❛✉ss✐ ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥✱ ♠❛✐s
s❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ♣❡✉t êtr❡ ♠♦❞✐✜é❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞✬✐♥❣ré❞✐❡♥ts s✉♣♣❧é♠❡♥t❛✐r❡s ❛✉
♠♦❞è❧❡ ❞✬■s✐♥❣ ✿

✕ ▲❡s s♣✐♥s s♦♥t ❝♦♥t✐♥✉s✳ ❉❡s ♦s❝✐❧❧❛t✐♦♥s ✐♥✜♥✐tés✐♠❛❧❡s ❞❡s s♣✐♥s ♦♥t ✉♥❡ é♥❡r❣✐❡
✐♥✜♥✐♠❡♥t ❢❛✐❜❧❡✱ ❝❡ q✉✐ ❡st ❧❡ s✐❣♥❡ ❞❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ♠♦❞❡s ❞❡ ●♦❧❞st♦♥❡✱ ♦✉ ♦♥❞❡s
❞❡ s♣✐♥s✳

✕ ▲❛ t♦♣♦❧♦❣✐❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡✱ ❡♥ ♣❧✉s ❞❡ ♣rés❡♥t❡r ✉♥❡ ❝❤✐r❛❧✐té✱ ♣❡✉t ♣❡r♠❡ttr❡
❧✬❡①✐st❡♥❝❡ ❞❡ ❞é❢❛✉ts ♣♦♥❝t✉❡❧s✱ ♦✉ ✈♦rt❡①✳

❉❛♥s ❧❛ s❡❝♦♥❞❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❞ét❛✐❧❧❡r♦♥s ❝❡tt❡ tr❛♥s✐t✐♦♥ s✉r ❧✬❡①❡♠♣❧❡ ❞✉
♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡✱ ♣✉✐s s✉r ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é q✉❡ ♥♦✉s ♣rés❡♥t❡r♦♥s✳ ▲✬♦r❞r❡
❞❡ ❧❛ tr❛♥s✐t✐♦♥ s❡r❛ ét✉❞✐é✱ ❛✐♥s✐ q✉❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ✈♦rt❡① s✉r ❝❡❧❧❡✲❝✐✳

✷❯♥ ét❛t ❞❡ ◆é❡❧ ❡st à ❧✬♦r❣✐♥❡ ✉♥ ét❛t ♣♦ssé❞❛♥t ✉♥❡ ♠❛✐❧❧❡ ❞❡ ❞❡✉① s✐t❡s ❛✈❡❝ ❞❡s s♣✐♥s ♦♣♣♦sé❡s✳ ▼❛✐s
❧❡ t❡r♠❡ ❛ été ét❡♥❞✉ à t♦✉t ét❛t ♣♦ssé❞❛♥t ✉♥❡ ♠❛✐❧❧❡ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ s✐t❡s✱ ❝❤❛❝✉♥ ❛②❛♥t s♦♥
♦r✐❡♥t❛t✐♦♥ ❞❡ s♣✐♥✳

✶✶
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✶

✷

✸

✹

T1

❋✐❣✳ ✶✳✸ ✕ ❊①❡♠♣❧❡s ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ s✉r ✉♥❡ ❝❤❛î♥❡ ✐♥✜♥✐❡ ❞❡ s♣✐♥s ❍❡✐s❡♥❜❡r❣✳ ▲❡s ❝♦♥✲
✜❣✉r❛t✐♦♥s ✶✱ ✷ ❡t ✸ s♦♥t ré❣✉❧✐èr❡s ♣♦✉r ❧❛ tr❛♥s❧❛t✐♦♥ T1✱ ♠❛✐s ♣❛s ❧❛ ✹✳

✶ ▲❡s ét❛ts ❝❧❛ss✐q✉❡s ♦r❞♦♥♥és ✿ ré❣✉❧❛r✐té✱ ✐♥térêt

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛❧❧♦♥s ❞é✜♥✐r r✐❣♦✉r❡✉s❡♠❡♥t ❧❛ ré❣✉❧❛r✐té ❞✬✉♥❡ ❝♦♥✜❣✉r❛✲
t✐♦♥ ❞❡ s♣✐♥s ❝❧❛ss✐q✉❡s✱ ❞é✜♥✐t✐♦♥ ❞é♣❡♥❞❛♥t ❞❡s s②♠étr✐❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥✳ P❛r♠✐ ❝❡s
s②♠étr✐❡s✱ ✉♥ s♦✉s✲❣r♦✉♣❡ ✈❛ ❢♦❝❛❧✐s❡r ♥♦tr❡ ❛tt❡♥t✐♦♥ ✿ ❝❡❧✉✐ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ SR✳
P♦✉r ❛✈♦✐r ✉♥ r❛♣✐❞❡ ❛♣❡rç✉ ❞❡ ❝❡ q✉✬❡st ❧❛ ré❣✉❧❛r✐té ❞✬✉♥ ét❛t✱ ♣r❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✬✉♥❡
❝❤❛î♥❡ ✐♥✜♥✐❡ ❞❡ s♣✐♥s ❍❡✐s❡♥❜❡r❣ ❞♦♥t ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ✐♥✈❛r✐❛♥t❡s ♣❛r tr❛♥s❧❛t✐♦♥ T1

❞✬✉♥ ❝r❛♥ ❡t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ♦✉ ✐♥✈❡rs✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ P❧✉s✐❡✉rs ❝♦♥✲
✜❣✉r❛t✐♦♥s s♦♥t r❡♣rés❡♥té❡s s✉r ❧❛ ❋✐❣✳✶✳✸✳ ❙❡✉❧❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ✶✱ ♦ù t♦✉s ❧❡s s♣✐♥s s♦♥t
♦r✐❡♥tés ❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥ ❡st ✐♥✈❛r✐❛♥t❡ ♣❛r T1✳ ▲❛ ♥♦t✐♦♥ ❞❡ ré❣✉❧❛r✐té ♣❛r r❛♣♣♦rt à
T1 ❡st ♠♦✐♥s r❡str✐❝t✐✈❡ q✉❡ ❝❡❧❧❡ ❞✬✐♥✈❛r✐❛♥❝❡✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ✷ ♦✉ ✸ ❡st ré❣✉❧✐èr❡ ❝❛r ❛✉✲
❝✉♥ s✐t❡ ♥❡ s❡ ❞✐st✐♥❣✉❡ ❞❡ s❡s ✈♦✐s✐♥s✱ ❝♦♥tr❛✐r❡♠❡♥t à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ✹✳ ❈♦♠♠❡♥t ❝❡tt❡
ré❣✉❧❛r✐té s❡ tr❛❞✉✐t✲❡❧❧❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t ❄ ❚♦✉t s✐♠♣❧❡♠❡♥t ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❛ tr❛♥s✲
❧❛t✐♦♥ T1 ❛ ❡①❛❝t❡♠❡♥t ❧❡ ♠ê♠❡ ❡✛❡t s✉r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ✷ ♦✉ ✸ q✉✬✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥
❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✱ ❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ✹✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❝♦♠♠❡♥t ❢♦r♠❛❧✐s❡r
❝❡tt❡ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ré❣✉❧❛r✐té ❡t ❝♦♠♠❡♥t ❧✬✉t✐❧✐s❡r ♣♦✉r tr♦✉✈❡r ❞❡ ❢❛ç♦♥ ❡①❤❛✉st✐✈❡ t♦✉s
❧❡s ét❛ts ré❣✉❧✐❡rs ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ s✉r ✉♥ rés❡❛✉✳

❖♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ❧✬✉t✐❧✐té ❞✬✉♥ t❡❧ ✐♥✈❡♥t❛✐r❡ ✦ ▲✬✉♥❡ ❞❡s ré♣♦♥s❡s ❡st q✉✬❛✉❝✉♥❡
♠ét❤♦❞❡ ❡①❛❝t❡ ♥❡ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❧❡s ❢♦♥❞❛♠❡♥t❛✉① ❝❧❛ss✐q✉❡s ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥✱ ❡①✲
❝❡♣tés ❞❛♥s ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✱ ❧♦rsq✉❡ ❧❡s rés❡❛✉① ❡t ❧❡s ❍❛♠✐❧t♦♥✐❡♥s s♦♥t s✐♠♣❧❡s✳ ❯♥❡
❞❡s ♠ét❤♦❞❡s ❢réq✉❡♠♠❡♥t ✉t✐❧✐sé❡s ❡st ❧❛ s✐♠✉❧❛t✐♦♥ ▼♦♥t❡ ❈❛r❧♦✱ q✉✐ ♣♦ssè❞❡ ♣❧✉s✐❡✉rs
❧✐♠✐t❛t✐♦♥s ✿

✕ s♦♥ rés✉❧t❛t ♣❡✉t êtr❡ ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ❞✬é♥❡r❣✐❡ ❡t ♥♦♥ ❣❧♦❜❛❧✱
✕ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✭s♦✉✈❡♥t ♣ér✐♦❞✐q✉❡s✮ ♣❡✉✈❡♥t ❢r✉str❡r ❧✬♦r❞r❡ ❞✉ rés❡❛✉
✐♥✜♥✐✱

✕ ❡♥✜♥✱ ❡❧❧❡ ♥❡ s❡rt q✉✬à ✉♥ ❡♥s❡♠❜❧❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✜①é✱ ❝❡ q✉✐ ♦❜❧✐❣❡
à ❡✛❡❝t✉❡r ❞❡ ♥♦♠❜r❡✉s❡s s✐♠✉❧❛t✐♦♥s ♣♦✉r tr❛❝❡r ✉♥ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s✳

▲❡s ét❛ts ré❣✉❧✐❡rs ❢♦✉r♥✐ss❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞✬ét❛ts ❝❛♥❞✐❞❛ts ❛✉ ❢♦♥❞❛♠❡♥t❛❧ q✉✐ ♦♥t
✉♥ ❣r❛♥❞ ✐♥térêt✳ ❊♥ ❡✛❡t✱ ♣❛r s②♠étr✐❡✱ ♦♥ ♣❡✉t ❞é❞✉✐r❡ ♣♦✉r ❝❡rt❛✐♥s ❞❡ ❝❡s ét❛ts q✉✬✐❧s
s♦♥t ❞❡s ét❛ts st❛t✐♦♥♥❛✐r❡s ❡♥ é♥❡r❣✐❡ ✭s♦✐t ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧✱ s♦✐t ✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧✱
s♦✐t ✉♥ ♣♦✐♥t s❡❧❧❡✮✳ ❉❡ ♣❧✉s✱ ♦♥ ❝♦♥st❛t❡ ❡♠♣✐r✐q✉❡♠❡♥t q✉❡ ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❡
♥♦♠❜r❡✉① s②stè♠❡s ♦♥t ✉♥❡ ❝❡rt❛✐♥❡ ré❣✉❧❛r✐té✳

❯♥❡ ❛✉tr❡ ré♣♦♥s❡ à ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬✉t✐❧✐té ❞❡ ❧✬✐♥✈❡♥t❛✐r❡ ♣r♦✈✐❡♥t ❞❡ ❧❛ r❡♠❛rq✉❡
s✉✐✈❛♥t❡ ✿ ♣♦✉r ❧❡ ré❛❧✐s❡r✱ ♦♥ ♥✬❛ ✉t✐❧✐sé ❛✉❝✉♥❡ ❝♦♥s✐❞ér❛t✐♦♥ é♥❡r❣ét✐q✉❡ ♠❛✐s ✉♥✐q✉❡♠❡♥t
❞❡s ❝♦♥s✐❞ér❛t✐♦♥ ❞❡ s②♠étr✐❡ ❞✉ s②stè♠❡✳ ❖r✱ ♦♥ ♥❡ ❝♦♥♥❛ît ❡♥ ❣é♥ér❛❧ ♣❛s ❧❡ ❍❛♠✐❧t♦♥✐❡♥

✶✷ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙
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❞✬✉♥ ❝♦♠♣♦sé q✉✐ ✈✐❡♥t ❞✬êtr❡ s②♥t❤ét✐sé✱ ♦✉ ❛❧♦rs✱ ❞❡ ♠❛♥✐èr❡ très ❛♣♣r♦①✐♠❛t✐✈❡✳ ■❧ ♣❡✉t
❝♦♠♣♦rt❡r ❞❡s ❝♦♠♣♦s❛♥t❡s ❢❛✐❜❧❡s q✉✐ ♣❡✉✈❡♥t ♠♦❞✐✜❡r ❝♦♠♣❧èt❡♠❡♥t ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧✳ ▼❛✐s ♦♥ ❝♦♥♥❛ît s❡s s②♠étr✐❡s✳ ▲❡s q✉❛♥t✐tés ❛✉①q✉❡❧❧❡s ♦♥ ❛ ❛❝❝ès s♦♥t ❞❡s
♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✳ ❖♥ ♣❡✉t ❛❧♦rs ❧❡s
❝♦♠♣❛r❡r à ❝❡❧❧❡s ❞❡s ét❛ts ❞❡ ❧✬✐♥✈❡♥t❛✐r❡ ♦❜t❡♥✉ ❣râ❝❡ ❛✉① s②♠étr✐❡s ❞✉ rés❡❛✉ ❡t ✐❞❡♥t✐✜❡r
✉♥ ♦r❞r❡ ❝❛♥❞✐❞❛t✳ ❘❡st❡ ❡♥s✉✐t❡ à ✐❞❡♥t✐✜❡r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❢❛✈♦r✐s❛♥t ❝❡t ♦r❞r❡ ❡t à ❡♥
✈ér✐✜❡r ❧❛ ❝♦♠♣❛t✐❜✐❧✐té ❛✈❡❝ ❧❛ ❝❤✐♠✐❡ ❞✉ ❝♦♠♣♦sé✳

✶✳✶ ❙②♠étr✐❡s ❞✬✉♥ ét❛t ❞❡ s♣✐♥s

◆♦t❛t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s

❖♥ s❡ ♣❧❛❝❡ s✉r ✉♥ rés❡❛✉ ♥♦♠♠é R✱ ❝♦♥st✐t✉é ❞❡ s✐t❡s i s✉r ❝❤❛❝✉♥ ❞❡sq✉❡❧s s❡ tr♦✉✈❡
✉♥ s♣✐♥ ❝❧❛ss✐q✉❡ Si✱ ✈❡❝t❡✉r à n ❞✐♠❡♥s✐♦♥s✳ ❯♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✭♦✉ ét❛t✮ ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥
c q✉✐ ❛ss♦❝✐❡ ✉♥ s♣✐♥ à ❝❤❛q✉❡ s✐t❡ ❞✉ rés❡❛✉ ✿

c : R→ Sn
i 7→ Si

. ✭✶✳✸✮

▲✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❡st ♥♦té C✳ ❈♦♥♥❛✐ss❛♥t ❧❡ ❍❛♠✐❧t♦♥✐❡♥ H ❞✉ ♣r♦❜❧è♠❡✱ ♦♥
♣❡✉t ❛ss♦❝✐❡r ✉♥❡ é♥❡r❣✐❡ à ❝❤❛q✉❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ s♣✐♥s s✉r ❧❡ rés❡❛✉✳ ▼❛✐s ✐❝✐✱ ♦♥ ♥❡ ✈❛
♣❛s s✬✐♥tér❡ss❡r à ✉♥ ❍❛♠✐❧t♦♥✐❡♥ s♣é❝✐✜q✉❡✳ ❈❡ s♦♥t s❡✉❧❡♠❡♥t s❡s s②♠étr✐❡s SH ✭tr❛♥s✲
❢♦r♠❛t✐♦♥s ❞❡ C → C ♥❡ ♠♦❞✐✜❛♥t ♣❛s ❧✬é♥❡r❣✐❡✮ q✉✐ ✈♦♥t ♥♦✉s ✐♥tér❡ss❡r✱ q✉✐ ❞é❝♦✉❧❡♥t
❞❡s s②♠étr✐❡s ❞✉ ❝r②st❛❧ q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡✳ ❊❧❧❡s s♦♥t ❞♦♥❝ ❛❝❝❡ss✐❜❧❡s ♠ê♠❡ ❧♦rsq✉❡ ❧✬♦♥
♥✬❛ ❛✉❝✉♥❡ ✐❞é❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❛✉①q✉❡❧❧❡s s♦♥t s♦✉♠✐s ❧❡s s♣✐♥s✳ ▲❡ ❣r♦✉♣❡ SH ♣♦ssè❞❡
❡♥tr❡ ❛✉tr❡s ❞❡✉① s♦✉s✲❣r♦✉♣❡s q✉✐ ✈♦♥t ♥♦✉s ✐♥tér❡ss❡r ✿ SR✱ ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❡t
SS ✱ ❧❡s s②♠étr✐❡s ❞❡s s♣✐♥s✳ ❈❡s ❞❡✉① ❣r♦✉♣❡s s♦♥t ❝♦♥st✐t✉és ❞❡s é❧é♠❡♥ts ❞❡ SH ❛❣✐ss❛♥t
✉♥✐q✉❡♠❡♥t s✉r ❧❡s ♣♦s✐t✐♦♥s ❞❡s s♣✐♥s ♣♦✉r SR✱ ✉♥✐q✉❡♠❡♥t s✉r ❧❡✉r ♦r✐❡♥t❛t✐♦♥ ♣♦✉r SS ✳
❆ ❝❤❛q✉❡ é❧é♠❡♥t ❞❡ SR✱ ♦♥ ✐❞❡♥t✐✜❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ R → R ❝♦rr❡s♣♦♥❞❛♥t❡✱ ❡t à
❝❤❛q✉❡ é❧é♠❡♥t ❞❡ SS ✱ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ Sn → Sn ❝♦rr❡s♣♦♥❞❛♥t❡

∀f ∈ SR,∀c ∈ C, f(c) : i 7→ Sf(i), ✭✶✳✹✮

∀g ∈ SS ,∀c ∈ C, g(c) : i 7→ g(Si), ✭✶✳✺✮

❉❛♥s ❧❛ ❝❛❞r❡ ❞❡ ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ s❡ ❧✐♠✐t❡ ❛✉ ❝❛s ♦ù SH = SS × SR ✿ t♦✉t❡ s②♠étr✐❡ ❞✉
❍❛♠✐❧t♦♥✐❡♥ ❡st ❢❛❝t♦r✐s❛❜❧❡ ❡♥ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛❣✐ss❛♥t ✉♥✐q✉❡♠❡♥t s✉r ❧❛ ❞✐r❡❝t✐♦♥
❞❡s s♣✐♥s ❡t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❛❣✐ss❛♥t ✉♥✐q✉❡♠❡♥t s✉r ❧❡✉r ♣♦s✐t✐♦♥ ✸✳

P♦✉r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ s♣✐♥s ❞♦♥♥é❡✱ ♦♥ ❞é✜♥✐t ❧❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞❡ ❧✬ét❛t

Se ❝♦♠♠❡ ❧❡ s♦✉s✲❣r♦✉♣❡ ❞❡ SH ❧❛✐ss❛♥t ❧✬ét❛t ✐♥✈❛r✐❛♥t✳ ❈❡ s♦✉s✲❣r♦✉♣❡ ❝❛r❛❝tér✐s❡ ❧❡s
♣r♦♣r✐étés ♣❤②s✐q✉❡s ❞❡ ❧✬ét❛t✳ ◆♦✉s ❛❧❧♦♥s ❡♥ ét✉❞✐❡r ✉♥ ❡①❡♠♣❧❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳

❊①❡♠♣❧❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ à ❞❡✉① ❞✐♠❡♥s✐♦♥s✱ ❛✈❡❝ ❞❡s s♣✐♥s ❍❡✐s❡♥❜❡r❣
❡t ❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s t❡❧❧❡s q✉❡ SR ♣♦ssè❞❡ t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡
❡t SS t♦✉t❡s ❧❡s s②♠étr✐❡s ❞❡ ❧❛ s♣❤èr❡ S2 ❝♦♥s❡r✈❛♥t ❧❡s ❛♥❣❧❡s✳ SS ❡st ✐s♦♠♦r♣❤❡ à O3✳
SR ❡st ❡♥❣❡♥❞ré ♣❛r q✉❛tr❡ tr❛♥s❢♦r♠❛t✐♦♥s ✿ ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ✉♥❡ r♦t❛t✐♦♥ R6

❞❡ π
3 ❛✉t♦✉r ❞✬✉♥ s✐t❡ ❞✉ rés❡❛✉ ❡t ✉♥❡ ré✢❡①✐♦♥ σ ✭❋✐❣✳✶✳✹✮✳ ❖♥ ❡st ❜✐❡♥ ❞❛♥s ✉♥ ❝❛s ♦ù

SH = SS × SR✳
✸▼❛✐s ❝❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❡ ❝❛s✱ ♣❛r ❡①❡♠♣❧❡✱ SH 6= SS × SR ❞❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ ❛♣♣❧✐q✉❡ ✉♥ ❝❤❛♠♣

♠❛❣♥ét✐q✉❡ ❛❧t❡r♥é s✉r ❞❡✉① s♦✉s✲rés❡❛✉① ❞✉ rés❡❛✉ ❝❛rré✳ ▲❛ tr❛♥s❧❛t✐♦♥ ❧❡ ❧♦♥❣ ❞✉ ❝ôté ❞✬✉♥ ❝❛rré ♥✬❡st
♣❛s ❞❛♥s SR✱ ❧✬✐♥✈❡rs✐♦♥ ❞❡s s♣✐♥s ♥✬❡st ♣❛s ❞❛♥s SS ✱ ♠❛✐s ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ❞❡✉① ❡st ❞❛♥s SH ✳ ❉❛♥s ❝❡
❝❛s✱ ✐❧ s✉✣t ❞❡ r❡♠♣❧❛❝❡r SR ♣❛r SH/SS ♣♦✉r ♣♦✉✈♦✐r ✉t✐❧✐s❡r ❝❡ q✉✐ s✉✐t✳

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✶✸



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

❋✐❣✳ ✶✳✹ ✕ ❙②♠étr✐❡s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠❡✳ ❉❡s ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ❞✉
rés❡❛✉ SR s♦♥t r❡♣rés❡♥tés ✿ ❧❡s ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ❧❛ r♦t❛t✐♦♥ R6 ❡t ❧❛ ré✢❡①✐♦♥ σ✳

❖♥ ❞é❝r✐t ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬✉♥ ♣♦✐♥t ❞❛♥s ❧❡ r❡♣èr❡ ❢♦r♠é ❞❡s ❞❡✉① ✈❡❝t❡✉rs ❞❡ ❜❛s❡ T1

❡t T2 ✭❋✐❣✳✶✳✹✮ ❡t ❛②❛♥t ♣♦✉r ♦r✐❣✐♥❡ ❧✬✉♥ ❞❡s s✐t❡s✳ ▲✬❡✛❡t ❞❡s ❣é♥ér❛t❡✉rs ❞é✜♥✐s ❝✐✲❞❡ss✉s
s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❡st

T1 : (r1, r2) 7→ (r1 + 1, r2)

T2 : (r1, r2) 7→ (r1, r2 + 1) ✭✶✳✻✮

σ : (r1, r2) 7→ (r2, r1)

R6 : (r1, r2) 7→ (r1 − r2, r1)

❆♥❛❧②s♦♥s ❧❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s Se ❞❡ ❧✬ét❛t à tr♦✐s s♦✉s✲rés❡❛✉① ♦❜t❡♥✉ ❝♦♠♠❡ ❢♦♥✲
❞❛♠❡♥t❛❧ ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ✭❋✐❣✳✶✳✶✭❜✮✮✳ ▲❡s s②♠étr✐❡s ❞❡ SS s♦♥t
ré❞✉✐t❡s à ❞❡✉① é❧é♠❡♥ts ✿ ❧✬✐❞❡♥t✐té ❡t ❧❛ ré✢❡①✐♦♥ ❞❛♥s ❧❡ ♣❧❛♥ ❞❡s s♣✐♥s ❛♣♣❡❧é❡ σS ✿
❧❛ s②♠étr✐❡ SO3 ❡st ❝♦♠♣❧èt❡♠❡♥t ❜r✐sé❡ ❝❛r {I, σS} ∼ O3/SO3✳ ❉❡ SR✱ ✐❧ ♥❡ r❡st❡ q✉❡
❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❣é♥éré❡s ♣❛r T 3

1 ✱ T
3
2 ✱ σ ❡t R2

6✳ ▼❛✐s ❞❡ SH ✱ ✐❧ r❡st❡ ❜❡❛✉❝♦✉♣ ♣❧✉s
❞❡ s②♠étr✐❡s q✉❡ ❝❡❧❧❡s ❣é♥éré❡s ♣❛r ❝❡s s②♠étr✐❡s ❝♦♥s❡r✈é❡s✱ ❝❛r ❜❡❛✉❝♦✉♣ ♥❡ s♦♥t ♣❛s
❢❛❝t♦r✐s❛❜❧❡s ❡♥ ✉♥ é❧é♠❡♥t ❞❡ SR ❧❛✐ss❛♥t ❧✬ét❛t ✐♥✈❛r✐❛♥t ❡t ✉♥ ❞❡ SS ❧❡ ❧❛✐ss❛♥t ❛✉ss✐
✐♥✈❛r✐❛♥t✳ P❛r ❡①❡♠♣❧❡✱ ❧✬✉♥❡ ❞❡s s②♠étr✐❡s q✉❡ ❧✬♦♥ ♥✬❛ ♣❛s ❡♥❝♦r❡ ❝♦♥s✐❞éré❡s ❡st ❧❛ ❝♦♠✲
♣♦sé❡ ❞❡ T1 ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞❡s s♣✐♥s ❞✬✉♥ ❛♥❣❧❡ 2π

3 tr❛♥s❢♦r♠❛♥t ❧❡ s♣✐♥ r♦✉❣❡ ❡♥ ❧❡ s♣✐♥
❜❧❡✉ s✉r ❧❛ ❋✐❣✳✶✳✶✭❜✮✳

▲❡ ❞é♥♦♠❜r❡♠❡♥t ❞❡s é❧é♠❡♥ts ❞❡ Se ♥♦✉s ♠è♥❡ à ❧❛ ❝♦♥❝❧✉s✐♦♥ q✉✬✐❧ ② ❡♥ ❛ ✜♥❛❧❡♠❡♥t
❞❡✉① ❢♦✐s ❛✉t❛♥t q✉❡ ❞✬é❧é♠❡♥ts ❞❡ SR ✿ Se ❡st ✐s♦♠♦r♣❤❡ à SR × {I, σS}✳ ❆✉tr❡♠❡♥t ❞✐t✱
à ❝❤❛q✉❡ é❧é♠❡♥t X ❞❡ SR✱ ♦♥ ♣❡✉t ❛ss♦❝✐❡r ✉♥ é❧é♠❡♥t GX ❞❡ SS t❡❧ q✉❡ ❧✬ét❛t s♦✐t
✐♥✈❛r✐❛♥t ♣❛r GXX✳ ❖♥ ♣❡✉t ❛❧♦rs é❝r✐r❡ Se = {GXX,X ∈ SR} × {I, σS}✳ ▲❡s s②♠étr✐❡s
❞✉ rés❡❛✉✱ ❜✐❡♥ q✉✬❡❧❧❡s ♥❡ s♦✐❡♥t ♣❛s ❝♦♥s❡r✈é❡s ❛✉ s❡♥s str✐❝t✱ ❧❡ s♦♥t à ✉♥ é❧é♠❡♥t ❞❡ SS
♣rès✳ ❈✬❡st ❝❡ q✉✐ ❞♦♥♥❡ ❝❡tt❡ ré❣✉❧❛r✐té à ❧✬ét❛t ✿ ❛✉❝✉♥ ❧✐❡♥✱ ❛✉❝✉♥ s✐t❡ ♥❡ ❥♦✉❡ ❞❡ rô❧❡
♣❛rt✐❝✉❧✐❡r✱ ❝❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ❧❡ s❝❤é♠❛ ❡♥ ❋✐❣✳✶✳✶ ✿ ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉ ♥❡ ♠♦❞✐✜❡
❛✉❝✉♥❡ ♦❜s❡r✈❛❜❧❡ ✐♥✈❛r✐❛♥t❡ ♣❛r tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ SS ❞❡s s♣✐♥s ✭❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡✱ ❧❡s
❝♦rré❧❛t✐♦♥s s♣✐♥✲s♣✐♥✮✳

❘❡❝❤❡r❝❤❡ ❞✬ét❛ts ré❣✉❧✐❡rs

❈♦♥♥❛✐ss❛♥t SH ✱ ♦♥ ❝❤❡r❝❤❡ t♦✉s ❧❡s ét❛ts ❞♦♥t ❧❡ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ Se ♣❡✉t s❡ ❢❛❝✲
t♦r✐s❡r ♣❛r ✉♥ s♦✉s✲❣r♦✉♣❡ Se = {GXX,X ∈ SR}✱ ❛✈❡❝ GX ∈ SS ✭s✐ ♦♥ ✈❡✉t ✉♥ ♠❛①✐♠✉♠
❞❡ ré❣✉❧❛r✐té✱ X ♣❛r❝♦✉rt t♦✉t ❧❡ ❣r♦✉♣❡ SR✱ ♠❛✐s ✐❧ ❡st ❛✉ss✐ ♣♦ss✐❜❧❡ ❞❡ s❡ ❧✐♠✐t❡r à ✉♥ s♦✉s
❣r♦✉♣❡ ❞❡ SR✱ ❝♦♠♠❡ ♦♥ ❧❡ ❢❡r❛ ♣❛r ❧❛ s✉✐t❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s ét❛ts s♣✐r❛✉① ♣❛r ❡①❡♠♣❧❡✮✳
▲❡ q✉♦t✐❡♥t Se/Se ❡st ❧❡ s♦✉s✲❣r♦✉♣❡ ❞❡ SS ❧❛✐ss❛♥t ❧✬ét❛t ✐♥✈❛r✐❛♥t✳

■❧ ❡st é✈✐❞❡♥t q✉❡ ❧✬♦♥ ♥❡ ♣❡✉t ♣❛s ❝❤♦✐s✐r ❧❡s GX ♥✬✐♠♣♦rt❡ ❝♦♠♠❡♥t✳ ■❧s ❞♦✐✈❡♥t ✈ér✐✜❡r
❧❡s rè❣❧❡s ❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞✉ ❣r♦✉♣❡ SR✳ ❙♦✐❡♥t X✱ Y ❡t Z✱ tr♦✐s é❧é♠❡♥ts ❞❡ SR t❡❧s

✶✹ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙
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c

c′

X ∈ SR ✿
s②♠étr✐❡
❞✉ rés❡❛✉

GX ∈ SS ✿
s②♠étr✐❡
❞❡s s♣✐♥s

♦❜s❡r✈❛❜❧❡s
✐♥✈❛r✐❛♥t❡s
♣❛r ❧✬❛❝t✐♦♥

❞❡ SS

X

❋✐❣✳ ✶✳✺ ✕ ❊✛❡t ❞✬✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉ X s✉r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ré❣✉❧✐èr❡ c✳ ▲❡s ♦❜✲
s❡r✈❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ♣❛r ❧❡s ♦♣ér❛t✐♦♥s ❞✉ ❣r♦✉♣❡ SS ❞❡s s②♠étr✐❡s ❞❡s s♣✐♥s ♥❡ s♦♥t ♣❛s
♠♦❞✐✜é❡s ♣❛r X s✐ ❧✬ét❛t ❡st ré❣✉❧✐❡r✳ ■❧ ❡①✐st❡ ❛❧♦rs ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ GX ❞❡ SS q✉✐
❛♥♥✐❤✐❧❡ ❧✬❡✛❡t ❞❡ X✳

q✉❡ Z = XY ✳ ❛❧♦rs✱ ❧✬ét❛t ❛②❛♥t s✉❜✐t Z ❞♦✐t êtr❡ ✐❞❡♥t✐q✉❡ à ❝❡❧✉✐ ❛②❛♥t s✉❜✐ Y ♣✉✐s X ✿
GZZ = GXXGY Y ✳ ❈♦♠♠❡ ❧❡s é❧é♠❡♥ts ❞❡ SS ❡t ❞❡ SR ❝♦♠♠✉t❡♥t✱ ❧✬éq✉❛t✐♦♥ s❡ s✐♠♣❧✐✜❡
❡♥ GZ = GXGY ✳ P♦✉r tr♦✉✈❡r t♦✉s ❧❡s Se ♣♦ss✐❜❧❡s✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ✈ér✐✜❡r ❧❡s rè❣❧❡s
❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡♥tr❡ ❧❡s ❣é♥ér❛t❡✉rs ❞❡ SR ❡t ❧❡✉r ✐♠❛❣❡ ❞❛♥s Se✳ ❈❡s rè❣❧❡s ❞♦♥♥❡♥t
✉♥ ♥♦♠❜r❡ r❡str❡✐♥t ❞✬éq✉❛t✐♦♥s ❢❛❝✐❧❡♠❡♥t s♦❧✉❜❧❡s ❡t ❝❤❛q✉❡ s♦❧✉t✐♦♥ ❢♦✉r♥✐t ✉♥ ❝❛♥❞✐❞❛t
♣♦✉r Se✳ ❯♥ ❝❛♥❞✐❞❛t ❡st ❛♣♣❡❧é❡ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡ ❡t ♥✬❡st r✐❡♥ ❞✬❛✉tr❡ q✉✬✉♥❡
r❡♣rés❡♥t❛t✐♦♥ ❧✐♥é❛✐r❡ ❞✉ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ SR ❞❛♥s ❧✬❡s♣❛❝❡ O3✳ ❈❤❛q✉❡
❝❛♥❞✐❞❛t ♣❡✉t êtr❡ s♦✐t ❧❡ ♣r♦❞✉✐t ❞❡ ✸ r❡♣rés❡♥t❛t✐♦♥s ✐rré❞✉❝t✐❜❧❡s ❞❡ ❞✐♠❡♥s✐♦♥ ✶✱ s♦✐t ❧❡
♣r♦❞✉✐t ❞✬✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ✐rré❞✉❝t✐❜❧❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✶ ♣❛r ✉♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✷✱ s♦✐t ✉♥❡
❞❡ ❞✐♠❡♥s✐♦♥ ✸✳✳

❚♦✉s ❝❡s ❝❛♥❞✐❞❛ts ♥❡ s❡r♦♥t ♣❛s ✈✐❛❜❧❡s ✿ ❝❡rt❛✐♥s ♥❡ s❡r♦♥t ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❛✉❝✉♥
ét❛t ❞❡ s♣✐♥s✳ ◆♦✉s ❛❧❧♦♥s ♣♦✉rs✉✐✈r❡ ♥♦tr❡ ❡①❡♠♣❧❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♣✉✐s ♥♦✉s
é❧❛r❣✐r♦♥s ❛✉ rés❡❛✉ ❦❛❣♦♠❡ ✭❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ❡st ❡♥ ❆♥♥❡①❡ ❆✳✶ ❡t ✷✮ ❡♥ ❝❤❡r❝❤❛♥t s✉r
❝❡s ❞❡✉① rés❡❛✉① ❧❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s✱ ♣✉✐s ❧❡s ét❛ts ❞❡ s♣✐♥s r❡s♣❡❝t❛♥t ❛✉
♠♦✐♥s ❧✬✉♥ ❞❡ ❝❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ✹✳

✶✳✷ ●r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

▲❡s s②♠étr✐❡s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦ssè❞❡♥t q✉❛tr❡ ❣é♥ér❛t❡✉rs✱ q✉✐ ♣❡✉✈❡♥t êtr❡
❝❤♦✐s✐s ❝♦♠♠❡ T1✱ T2✱ R6 ❡t σ✱ ❞é✜♥✐s ♣ré❝é❞❡♠♠❡♥t ❡t r❡♣rés❡♥tés ❋✐❣✳ ✶✳✹✳ ▲❡s rè❣❧❡s
❞❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❡♥tr❡ ❝❡s é❧é♠❡♥ts ❞❡ SR s♦♥t ❝♦♠♣❧èt❡♠❡♥t ❞é❝r✐t❡s ♣❛r ❝❡ s②stè♠❡ ✭I
r❡♣rés❡♥t❡ ❧✬é❧é♠❡♥t ♥❡✉tr❡ ❞✉ ❣r♦✉♣❡✮ ✿






T1T2 = T2T1

T1R6 = R6T
−1
2

T2R6 = R6T1T2

T1σ = σT2

R6
6 = I

σ2 = I
R6σ = σR5

6.

❖♥ ♣❡✉t r❡♠❛rq✉❡r à ❝❡ st❛❞❡ q✉❡ ❧❡s s②♠étr✐❡s ❞❡ ❝❡rt❛✐♥s ❛✉tr❡s rés❡❛✉① ❛②❛♥t ❛✉ss✐ ✉♥
rés❡❛✉ ❞❡ ❇r❛✈❛✐s tr✐❛♥❣✉❧❛✐r❡ ✈ér✐✜❡♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s r❡❧❛t✐♦♥s ❞❡s ❣é♥ér❛t❡✉rs✱ ♣❛r

✹❯♥ ét❛t q✉✐ r❡s♣❡❝t❡ ♣❧✉s✐❡✉rs ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s ❡st ✉♥ ét❛t q✉✐ ♥❡ ❜r✐s❡ ♣❛s t♦t❛❧❡♠❡♥t
SS ✿ ❝❤❛q✉❡ GX ❛ss♦❝✐é à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ s♣❛t✐❛❧❡ X ♥✬❡st ♣❛s ✉♥✐q✉❡ ♣✉✐sq✉✬✐❧ ♣❡✉t êtr❡ ❝♦♠♣♦sé ❛✈❡❝
✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♥♦♥ tr✐✈✐❛❧❡ ❞❡ SS ♥❡ ♠♦❞✐✜❛♥t ♣❛s ❧✬ét❛t✳

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✶✺



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

❡①❡♠♣❧❡ ❧❡s rés❡❛✉① ❤❡①❛❣♦♥❛✉① ❡t ❦❛❣♦♠❡✳ ■❧s ❛✉r♦♥t ❞♦♥❝ ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s ❣r♦✉♣❡s
❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s q✉❡ ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳

❖♥ ❝❤❡r❝❤❡ ❞❡s é❧é♠❡♥ts GT1 ✱ GT2 ✱ GR6 ❡t Gσ ❞❡ SS ❛②❛♥t ❧❡s ♠ê♠❡s ♣r♦♣r✐étés ❞❡ ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥✱ ❞❡ ❢❛ç♦♥ à ❝♦♥str✉✐r❡ ✉♥ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡ Se = {GXX,X ∈ SR}✱
é✈❡♥t✉❡❧❧❡♠❡♥t s♦✉s✲❣r♦✉♣❡ ❞❡s s②♠étr✐❡s Se ❞✬✉♥ ét❛t ❞❡ s♣✐♥s✳ ❈♦♠♠❡ SS ∼ O3✱ ♦♥ ♣❡✉t
❛ss♦❝✐❡r à ❝❤❛q✉❡ GX ✉♥❡ ♠❛tr✐❝❡ ❞❡ O3 ✭❣r♦✉♣❡ ❞❡s ♠❛tr✐❝❡s ♦rt❤♦♥♦r♠❛❧❡s✮✳ ▲❡ ❣r♦✉♣❡
O3 ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s ♦rt❤♦♥♦r♠❛❧❡s ❞❡ t❛✐❧❧❡ 3 × 3✳ ❈❤❛❝✉♥ ❞❡ s❡s é❧é♠❡♥ts M
♣❡✉t s❡ r❡♣ér❡r ♣❛r ✉♥ tr✐♣❧❡t (ε, θ,n)✱ ♦ù ε ❡st ❧❡ ❞ét❡r♠✐♥❛♥t ❞❡ M ✱ ❡t θ ❡t n s♦♥t ❧✬❛♥❣❧❡
✭∈ [0, π]✮ ❡t ❧✬❛①❡ ❞❡ ❧❛ r♦t❛t✐♦♥ εM ✳ ❖♥ ♥♦♠♠❡ M1✱ M2✱ MR ❡t Mσ ❧❡s ♠❛tr✐❝❡s ❛ss♦❝✐é❡s
❛✉① GX ✱ ❛✈❡❝ ✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ é✈✐❞❡♥t❡✱ ❡t ♦♥ ❝❤♦✐s✐t ❞❡s tr✐♣❧❡ts (ε1, θ1,n1), ... ♣♦✉r
❧❡s r❡♣ér❡r ❞❛♥s O3✳ ▲❡s q✉❛tr❡s ♠❛tr✐❝❡s ❞é✜♥✐❡s ❝✐✲❞❡ss✉s ❞♦✐✈❡♥t ✈ér✐✜❡r ✿






M1M2 = M2M1

M1MR = MRM
−1
2

M2MR = MRM1M2

M1Mσ = MσM2

M6
R = I

M2
σ = I

MRMσ = MσM
5
R.

✭✶✳✼✮

❘❡st❡ à tr♦✉✈❡r t♦✉t❡s ❧❡s s♦❧✉t✐♦♥s ❞❡ ❝❡ s②stè♠❡✳ ▲❡s ♠❛tr✐❝❡s M1 ❡t M2 ❝♦♠♠✉t❡♥t
✭❊q✳✶✳✼✱ ♣r❡♠✐èr❡ ❧✐❣♥❡✮✳ ❉❡ ♣❧✉s✱ ❡❧❧❡s s♦♥t s❡♠❜❧❛❜❧❡s ✭❊q✳✶✳✼✱ q✉❛tr✐è♠❡ ❧✐❣♥❡✮✱ ❝✬❡st à
❞✐r❡ q✉✬❡❧❧❡s r❡♣rés❡♥t❡♥t ❧❛ ♠ê♠❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ❞❛♥s ❞❡✉① ❜❛s❡s ❞✐✛ér❡♥t❡s ♦❜t❡♥✉❡s
❧✬✉♥❡ ❞❡ ❧✬❛✉tr❡ ♣❛r r♦t❛t✐♦♥✳ ❈❡❧❛ ♥♦✉s ❧❛✐ss❡ q✉❛tr❡ ❝❛té❣♦r✐❡s ❞❡ s♦❧✉t✐♦♥s ✿






M1 = M2 = I
θ1 = θ2 = π ❡t n1 ⊥ n2

M1 = M2 6= I

M1 = M−1
2 6= I ❡t θ 6= π.

▲❛ ❞❡r♥✐èr❡ ❝❛té❣♦r✐❡ ❡st ✈✐❞❡ ❝❛r ❧❛ tr♦✐s✐è♠❡ ❧✐❣♥❡ ❞❡ ❧✬❊q✳✶✳✼ ♥❡ ♣❡✉t ♣❛s êtr❡ ✈ér✐✜é❡✳
❆ ✉♥❡ r❡❧❛t✐♦♥ ❞❡ s✐♠✐❧❛r✐té ❣❧♦❜❛❧❡ ♣rès ✭❝❡ q✉✐ r❡✈✐❡♥t à ❞é✜♥✐r ❧❡s tr♦✐s ❛①❡s ❞❡ ♥♦tr❡
r❡♣èr❡ à ♥♦tr❡ ❝♦♥✈❡♥❛♥❝❡✮✱ ♥♦✉s ❛❧❧♦♥s ❞ét❛✐❧❧❡r ❧❡s s♦❧✉t✐♦♥s ❞❡ ❝❤❛❝✉♥❡ ❞❡ ❝❡s ❝❛té❣♦r✐❡s
❡t ❧❡✉r ❞♦♥♥❡r ✉♥ ✐♥❞✐❝❡✳ ❈❡❧❛ ❢❡r❛ ❛✉ ✜♥❛❧ ✹✵ s♦❧✉t✐♦♥s✳ ▲❛ r♦t❛t✐♦♥ ❞✬❛①❡ α ❡t ❞✬❛♥❣❧❡ θ
s❡r❛ ♥♦té❡ Rαθ✳

Pr❡♠✐❡r ❝❛s ✿ M1 = M2 = I✳ ✷✽ s♦❧✉t✐♦♥s ❞✐st✐♥❝t❡s ✿

S0
e (εσ, εR) ↔M1 = M2 = I,Mσ = εσI,MR = εRI

S1
e (εσ, εR) ↔M1 = M2 = I,Mσ = εσI,MR = εRRzπ

S2
e (εσ, εR) ↔M1 = M2 = I,Mσ = εσRzπ,MR = εRI

S3
e (εσ, εR) ↔M1 = M2 = I,Mσ = εσRzπ,MR = εRRzπ

S4
e (εσ, εR) ↔M1 = M2 = I,Mσ = εσRzπ,MR = εRRxπ

S5
e

(
εσ, εR, θ ∈

{
π

3
,
2π

3

})
↔M1 = M2 = I,Mσ = εσRzπ,MR = εRRxθ.

❉❡✉①✐è♠❡ ❝❛s ✿ θ1 = θ2 = π ❡t n1 ⊥ n2✳ ✹ s♦❧✉t✐♦♥s ❞✐st✐♥❝t❡s ✿

S6
e (εσ, εR) ↔M1 = Rxπ,M2 = Ryπ,Mσ = −εσ




0 1 0
1 0 0
0 0 1



 ,MR =




0 εR 0
0 0 1
1 0 0
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❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

❚r♦✐s✐è♠❡ ❝❛s ✿ M1 = M2 6= I✳ ✽ s♦❧✉t✐♦♥s ❞✐st✐♥❝t❡s ✿

S7
e (εσ, εR) ↔M1 = M2 = Rz 2π

3
,Mσ = εσI,MR = εRRxπ

S8
e (εσ, εR) ↔M1 = M2 = Rz 2π

3
,Mσ = εσRzπ,MR = εRRxπ

✶✳✸ ❊t❛ts ré❣✉❧✐❡rs s✉r ♣❧✉s✐❡✉rs rés❡❛✉①

❘❡❝❤❡r❝❤❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

▼❛✐♥t❡♥❛♥t q✉❡ ❧✬♦♥ ❝♦♥♥❛ît ❧❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉✲
❧❛✐r❡✱ ♦♥ ♣❡✉t ♣❛ss❡r à ❧❛ ❞❡r♥✐èr❡ ét❛♣❡ q✉✐ ❡st ❧❛ r❡❝❤❡r❝❤❡ ♣♦✉r ❝❤❛❝✉♥ ❞❡ ❝❡s ❣r♦✉♣❡s
❞❡s ét❛ts ✐♥✈❛r✐❛♥ts s❡❧♦♥ ❧✬❛❝t✐♦♥ ❞❡ s❡s é❧é♠❡♥ts✳ ❈❡tt❡ ét❛♣❡ ❛ss❡③ ❧❛❜♦r✐❡✉s❡ ❡st ❞ét❛✐❧❧é❡
❞❛♥s ❝❡ ♣❛r❛❣r❛♣❤❡ à t✐tr❡ ❞✬❡①❡♠♣❧❡✳ ❊❧❧❡ ♥❡ ❧❡ s❡r❛ ♣❛s ♣♦✉r ❧❡s rés❡❛✉① s✉✐✈❛♥ts✳ ▲❡s
ét❛ts tr♦✉✈és s♦♥t ré❝❛♣✐t✉❧és ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t✳

❈♦♠♠❡♥ç♦♥s ♣❛r ❧❡s ❣r♦✉♣❡s Sie✱ i ❛❧❧❛♥t ❞❡ 0 à 5✳ P✉✐sq✉❡ M1 = M2 = I✱ ❛✉❝✉♥❡
tr❛♥s❧❛t✐♦♥ ♥✬❛ ❞✬❡✛❡t s✉r ✉♥ ét❛t r❡s♣❡❝t❛♥t ❝❡s ❣r♦✉♣❡s✳ ❈♦♥❝❧✉s✐♦♥ ✿ à ✉♥❡ r♦t❛t✐♦♥
❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ♣rès✱ s❡✉❧ ❧✬ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✐❣✳✶✳✻✭❛✮✮ ♣❡✉t ❛✈♦✐r ❧❡s s②♠étr✐❡s ❞❡
❝❡s ❣r♦✉♣❡s✳ ❈♦♠♠❡ ❝❡t ét❛t r❡s♣❡❝t❡ ❧❡s s②♠étr✐❡s ❞❡ S0

e (1, 1)✱ ✐❧ ❡st ❜✐❡♥ ré❣✉❧✐❡r✳ ❙♦♥
❣r♦✉♣❡ ❞❡ s②♠étr✐❡ Se ❡st ❞♦♥❝ ❢❛❝t♦r✐s❛❜❧❡ ♣❛r S0

e (1, 1)✱ ❧❡ q✉♦t✐❡♥t ét❛♥t ❧❡ s♦✉s✲❣r♦✉♣❡
❞❡ SS ❧❛✐ss❛♥t ❧✬ét❛t ✐♥✈❛r✐❛♥t ✿ O2✳

▲❡ ❣r♦✉♣❡ S0
e (−1, 1) ❡st ✉♥ ❡①❡♠♣❧❡ tr✐✈✐❛❧ ❞❡ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡ ❛✈❡❝ ❧❡q✉❡❧

❛✉❝✉♥ ét❛t ♥✬❡st ❝♦♠♣❛t✐❜❧❡✳ ❊♥ ❡✛❡t✱ s✉♣♣♦s♦♥s q✉✬✉♥ ét❛t r❡s♣❡❝t❡ ❝❡s s②♠étr✐❡s✳ ❙♦✐t
S(x,y) ❧❡ s♣✐♥ s✉r ❧❡ s✐t❡ ❞❡ ❝♦♦r❞♦♥♥é❡s (x, y)✳ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥ σ ❧❛✐ss❡ ❧❡ s✐t❡ (0, 0)
✐♥❝❤❛♥❣é✱ ❞♦♥❝ S(0,0) = MσS(0,0)✱ ❝❡ q✉✐ ❡st ✐♠♣♦ss✐❜❧❡ ♣♦✉r ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ♣✉✐sq✉❡
Mσ = −I✳

❈❡rt❛✐♥❡s ♣r♦♣r✐étés ❞✉ rés❡❛✉✱ s✐♠✐❧❛✐r❡s à ❝❡❧❧❡ ✉t✐❧✐sé❡ ❥✉st❡ ❛✈❛♥t ♣♦✉r é❧✐♠✐♥❡r
S0
e (−1, 1)✱ ✈♦♥t ♥♦✉s ♣❡r♠❡ttr❡ ❞✬é❧✐♠✐♥❡r ❞✬❛✉tr❡s ❣r♦✉♣❡s ❛✈❡❝ ❧❡sq✉❡❧s ❛✉❝✉♥ ét❛t ♥✬❡st

❝♦♠♣❛t✐❜❧❡✳ P❛r♠✐ ❡❧❧❡s ✿ σ(0, 0) = (0, 0) ❡t R6(0, 0) = (0, 0)✱ ❝❡ q✉✐ ✐♠♣❧✐q✉❡ q✉❡ ❧❡s ♠❛✲
tr✐❝❡s Mσ ❡t MR ❞♦✐✈❡♥t ❛✈♦✐r ✉♥ ✈❡❝t❡✉r ✐♥✈❛r✐❛♥t ♥♦♥ ♥✉❧ ❡♥ ❝♦♠♠✉♥✳ P❛r♠✐ ❧❡s ❣r♦✉♣❡s
S6
e (εσ, εR)✱ s❡✉❧ S6

e (−1, 1) ✈ér✐✜❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥✳ ▲❡ s♣✐♥ à ❧✬♦r✐❣✐♥❡ ♣❡✉t ❛❧♦rs ♣r❡♥❞r❡ ❞❡✉①
❞✐r❡❝t✐♦♥s ♦♣♣♦sé❡s ✿ S(0,0) = ±(1, 1, 1)/

√
3✱ ❝❡ q✉✐ ❞♦♥♥❡ ❧❡ ♠ê♠❡ ét❛t✱ à ✉♥ r❡t♦✉r♥❡♠❡♥t

❣❧♦❜❛❧ ❞❡s s♣✐♥s ♣rès✳ ❖♥ ♦❜t✐❡♥t ✹ s♦✉s✲rés❡❛✉①✱ ❛✈❡❝ ❧❡s s♣✐♥s ♣♦✐♥t❛♥t ❛✉① s♦♠♠❡t ❞✬✉♥
tétr❛è❞r❡ ✭❋✐❣✳✶✳✻✭❜✮✮✳

S7
e (εσ, 1) ❡t S8

e (εσ, 1) ♥❡ s♦♥t ♣♦ss✐❜❧❡s q✉❡ s✐ S(0, 0) = ±(1, 0, 0) ❡t ♣♦✉r ✉♥❡ s❡✉❧❡ ✈❛❧❡✉r
❞❡ εσ ✭r❡s♣❡❝t✐✈❡♠❡♥t 1 ❡t −1✮✳ ▲✬✉♥✐q✉❡ ét❛t ❝♦♠♣❛t✐❜❧❡ ✭t♦✉❥♦✉rs à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡
O3 ♣rès✮ ❡st ❧✬ét❛t à tr♦✐s s♦✉s✲rés❡❛✉①✱ ❛✈❡❝ ❧❡s s♣✐♥s à 2π/3 ❧❡s ✉♥s ❞❡s ❛✉tr❡s ✭❋✐❣✳✶✳✻✭❝✮✮✳

S7
e (−1,−1) ♥❡ ❞♦♥♥❡ ❛✉❝✉♥ ét❛t✳

S7
e (1,−1) ♣❡r♠❡t ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛t ✿ ❧❡ s♣✐♥ à ❧✬♦r✐❣✐♥❡ ♣❡✉t s❡ tr♦✉✈❡r ❞❛♥s ♥✬✐♠♣♦rt❡

q✉❡❧❧❡ ❞✐r❡❝t✐♦♥ ❞✉ ♣❧❛♥ Oyz✳ ▲✬ét❛t ♦❜t❡♥✉ ♣♦ssè❞❡ tr♦✐s s♦✉s✲rés❡❛✉① ❡t ❧❡s s♣✐♥s ♣♦✐♥t❡♥t
✈❡rs ❧❡s ❝♦✐♥s ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ✭❋✐❣✳✶✳✻✭❞✮✮✳

❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

❖♥ ré❝❛♣✐t✉❧❡ ✐❝✐ ❡t s✉r ❧❛ ❋✐❣✳✶✳✻ ❧❡s q✉❛tr❡ ét❛ts ré❣✉❧✐❡rs ♦❜t❡♥✉s ♣ré❝é❞❡♠♠❡♥t ✿
✕ ▲✬ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✐❣✳✶✳✻✭❛✮✮ ✿ t♦✉s ❧❡s s♣✐♥s ♦♥t ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✳ ❈✬❡st ♣❛r

❡①❡♠♣❧❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳
✕ ▲✬ét❛t tétr❛é❞r✐q✉❡ ✭❋✐❣✳✶✳✻✭❜✮✮ ✿ ❧❡s s♣✐♥s ❞❡s q✉❛tr❡ s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs

❧❡s s♦♠♠❡ts ❞✬✉♥ tétr❛è❞r❡✳ ❈❡t ét❛t ♣♦ssè❞❡ ✉♥❡ ❝❤✐r❛❧✐té ✿ ❧❡ r❡t♦✉r♥❡♠❡♥t ❞❡s
s♣✐♥s ❞♦♥♥❡ ✉♥ ét❛t ♥♦♥ ❛❝❝❡ss✐❜❧❡ ♣❛r ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ ❈✬❡st ❧✬✉♥ ❞❡s
ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞✉ ♠♦❞è❧❡ J1 −J2 ✭♣r❡♠✐❡rs ❡t s❡❝♦♥❞s ✈♦✐s✐♥s✮ ♣♦✉r ✉♥ ❝❡rt❛✐♥
❞♦♠❛✐♥❡ ❞❡ ♣❛r❛♠ètr❡s✱ ♠❛✐s ❞❛♥s ❝❡ ♠♦❞è❧❡✱ ✐❧ ❡st ❞é❣é♥éré ❛✈❡❝ ❞❡s ét❛ts s♣✐r❛✉① ♦ù

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✶✼
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✭❛✮ ❊t❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ r❡s♣❡❝t❛♥t S0
e (1, 1)✳ ✭❜✮ ❊t❛t tétr❛é❞r✐q✉❡✱ r❡s♣❡❝t❛♥t S6

e (−1, 1)✳

✭❝✮ ❊t❛t ❝♦♣❧❛♥❛✐r❡✱ r❡s♣❡❝t❛♥t S7
e (1, 1)✳ ✭❞✮ ❊t❛t ♣❛r❛♣❧✉✐❡✱ r❡s♣❡❝t❛♥t S8

e (1,−1)✳

❋✐❣✳ ✶✳✻ ✕ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ P♦✉r ❝❤❛❝✉♥✱ ❧✬✉♥ ❞❡s ❣r♦✉♣❡s ❞❡
s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s ❧❡ ❧❛✐ss❛♥t ✐♥✈❛r✐❛♥t ❡st ❞♦♥♥é✳

t♦✉s ❧❡s s♣✐♥s s♦♥t ❞❛♥s ✉♥ ♠ê♠❡ ♣❧❛♥✱ ❢❛✈♦r✐sés ♣❛r ❧✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡✳ ❈✬❡st ♣❛r
❝♦♥tr❡ ❧✬✉♥✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥❣❡ ♠✉❧t✐♣❧❡ ♣♦✉r ✉♥ ❝❡rt❛✐♥ ❞♦♠❛✐♥❡
❞❡ ♣❛r❛♠ètr❡s ✭❑✉❜♦ ❡t ▼♦♠♦✐✱ ❬✺✷❪✮✳

✕ ▲✬ét❛t ❝♦♣❧❛♥❛✐r❡ ✭❋✐❣✳✶✳✻✭❝✮✮ ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s
s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ❡t s♦♥t ❝♦♣❧❛♥❛✐r❡s✳ ❈❡t ét❛t ♥✬❡st ♣❛s ❝❤✐r❛❧ ✭✐❧ ❧❡
s❡r❛✐t s✐ ❧✬♦♥ ❛✈❛✐t ❞❡s s♣✐♥s XY ❝❛r ❛❧♦rs✱ ♦♥ ♥❡ ♣♦✉rr❛✐t ♣❧✉s ♣❛ss❡r ❝♦♥t✐♥û♠❡♥t
❞✬✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ à ❝❡❧❧❡ ♦ù ❧❡s s♣✐♥s ♦♥t été r❡t♦✉r♥és ✿ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ s♦rt✐r ❞✉
♣❧❛♥ ❞❡s s♣✐♥s ♣♦✉r ❝❡❧❛✮✳ ❖♥ ❛ ✈✉ q✉❡ ❝✬ét❛✐t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋
♣r❡♠✐❡rs ✈♦✐s✐♥s✳

✕ ▲✬ét❛t ♣❛r❛♣❧✉✐❡ ✭❋✐❣✳✶✳✻✭❞✮✮ ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s
s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ✭❧✬ét❛t ❝♦♣❧❛♥❛✐r❡ ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ♣❛r❛✲
♣❧✉✐❡✱ ❛✐♥s✐ q✉❡ ❧✬ét❛t ❋✮✳ ❈✬❡st ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs
✈♦✐s✐♥s ❛✈❡❝ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✉♥✐❢♦r♠❡✱ ♠❛✐s ❝❡t ❡①❡♠♣❧❡ ❡st ♠❛✉✈❛✐s ❝❛r
SS 6= O3✳

❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

▲❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s s♦♥t ❧❡s ♠ê♠❡s q✉❡ ❝❡✉① ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱
♣♦✉r ❧❡s s②♠étr✐❡s ❞❡ ❧❛ ❋✐❣✳✶✳✹✳ ▲❛ r❡❝❤❡r❝❤❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ❡st ❞é❝r✐t❡ ❡♥ ❆♥♥❡①❡ ❆✳✸✳

▲❡s ❤✉✐t ét❛ts ré❣✉❧✐❡rs ♦❜t❡♥✉s s♦♥t ❞é❝r✐ts ✐❝✐ ❡t s✉r ❧❛ ❋✐❣✳✶✳✼ ✿
✕ ▲✬ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✐❣✳✶✳✼✭❛✮✮ ✿ t♦✉s ❧❡s s♣✐♥s ♦♥t ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✳
✕ ▲✬ét❛t q = 0 ✭❋✐❣✳✶✳✼✭❜✮✮ ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s
s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ❡t s♦♥t ❝♦♣❧❛♥❛✐r❡s✳ ▲❛ ♠❛✐❧❧❡ ❞❡ ❝❡t ét❛t ♣♦ssè❞❡
✸ s✐t❡s✳ ❈❡t ét❛t ♥✬❡st ♣❛s ❝❤✐r❛❧✳

✕ ▲✬ét❛t q = 0 ♣❛r❛♣❧✉✐❡ ✭❋✐❣✳✶✳✼✭❝✮✮ ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés
✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ❡t ♥❡ s♦♥t ♣❛s ❢♦r❝é♠❡♥t ❝♦♣❧❛♥❛✐r❡s ✭❝❛s
♣❛rt✐❝✉❧✐❡rs ✿ ❧❡s ❞❡✉① ét❛ts ♣ré❝é❞❡♥ts✱ ❋ ❡t q = 0 ❝♦♣❧❛♥❛✐r❡✮✳

✕ ▲✬ét❛t ❝✉❜♦❝t❛é❞r✐q✉❡ ✶ ✭❋✐❣✳✶✳✼✭❞✮✮✱ ❛❜ré❣é ❝✉❜♦❝✶ ✿ ❧❡s s♣✐♥s ❞❡s ❞♦✉③❡ s♦✉s✲rés❡❛✉①
s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥ ❝✉❜♦❝t❛è❞r❡✳ ❉❡✉① s♣✐♥s ✈♦✐s✐♥s s♦♥t à 120o✳ ❈❡t
ét❛t ❡st ❝❤✐r❛❧ ❡t ♥✬❛ ❥❛♠❛✐s été ét✉❞✐é ❥✉sq✉✬❛❧♦rs✱ ❜✐❡♥ q✉✬✐❧ ❛✐t été ♣r♦♣♦sé ❝♦♠♠❡

✶✽ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙
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✭❛✮ ❊t❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ r❡s♣❡❝t❛♥t S0
e (1, 1)✳ ✭❜✮ ❊t❛t q = 0✱ r❡s♣❡❝t❛♥t S5

e (1, 1, 2π
3

)✳

✭❝✮ ❊t❛t q = 0 ♣❛r❛♣❧✉✐❡✱ r❡s♣❡❝t❛♥t S5
e (−1, 1, 2π

3
)✳ ✭❞✮ ❊t❛t ❝✉❜♦❝✶ ✭♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s à ✶✷✵o✮✱ r❡✲

s♣❡❝t❛♥t S6
e (−1,−1)✳

✭❡✮ ❊t❛t ♦❝t❛é❞r✐q✉❡✱ r❡s♣❡❝t❛♥t S6
e (−1, 1)✳ ✭❢✮ ❊t❛t ❝✉❜♦❝✷ ✭♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s à ✻✵o✮✱ r❡✲

s♣❡❝t❛♥t S6
e (1,−1)✳

✭❣✮ ❊t❛t
√

3 ×
√

3✱ r❡s♣❡❝t❛♥t S7
e (1, 1)✳ ✭❤✮ ❊t❛t

√
3×

√
3 ♣❛r❛♣❧✉✐❡✱ r❡s♣❡❝t❛♥t S7

e (1,−1)✳

❋✐❣✳ ✶✳✼ ✕ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✳ P♦✉r ❝❤❛❝✉♥✱ ❧✬✉♥ ❞❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡
❛❧❣é❜r✐q✉❡s ❧❡ ❧❛✐ss❛♥t ✐♥✈❛r✐❛♥t ❡st ❞♦♥♥é✳

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✶✾
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♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ ♣♦✉r ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❬✹✹❪✳
✕ ▲✬ét❛t ♦❝t❛é❞r✐q✉❡ ✭❋✐❣✳✶✳✼✭❡✮✮ ✿ ❧❡s s♣✐♥s ❞❡s s✐① s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s
s♦♠♠❡ts ❞✬✉♥ ♦❝t❛è❞r❡✳ ❉❡✉① s♣✐♥s ✈♦✐s✐♥s s♦♥t à 90o✳ ❈❡t ét❛t ❡st ❝❤✐r❛❧ ❡t ♥✬❛
❥❛♠❛✐s été ét✉❞✐é ❥✉sq✉✬❛❧♦rs✳

✕ ▲✬ét❛t ❝✉❜♦❝t❛é❞r✐q✉❡ ✷ ✭❋✐❣✳✶✳✼✭❢✮✮✱ ❛❜ré❣é ❝✉❜♦❝✷ ✿ ❧❡s s♣✐♥s ❞❡s ❞♦✉③❡ s♦✉s✲rés❡❛✉①
s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥ ❝✉❜♦❝t❛è❞r❡✳ ❉❡✉① s♣✐♥s ✈♦✐s✐♥s s♦♥t à 60o✳ ❈❡t
ét❛t ❡st ❝❤✐r❛❧ ❡t ❛ été ét✉❞✐é ♣❛r ❉♦♠❡♥❣❡ ❡t ❛❧✳ ❬✷✻❪ s✉r ✉♥ ♠♦❞è❧❡ ❞❡ ❍❡✐s❡♥❜❡r❣
♣r❡♠✐❡rs ❡t s❡❝♦♥❞s ✈♦✐s✐♥s✳

✕ ▲✬ét❛t
√

3×
√

3 ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥
tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ❡t s♦♥t ❝♦♣❧❛♥❛✐r❡s✳ ▲❛ ♠❛✐❧❧❡ ❞❡ ❝❡t ét❛t ♣♦ssè❞❡ ✾ s✐t❡s✳ ❈❡t ét❛t
♥✬❡st ♣❛s ❝❤✐r❛❧✳

✕ ▲✬ét❛t
√

3×
√

3 ♣❛r❛♣❧✉✐❡ ✿ ❧❡s s♣✐♥s ❞❡s tr♦✐s s♦✉s✲rés❡❛✉① s♦♥t ♦r✐❡♥tés ✈❡rs ❧❡s s♦♠✲
♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ❡t ♥❡ s♦♥t ♣❛s ❢♦r❝é♠❡♥t ❝♦♣❧❛♥❛✐r❡s ✭❝❛s ♣❛rt✐❝✉❧✐❡rs ✿
❧✬ét❛t ♣ré❝é❞❡♥t ❡t ❧✬ét❛t ❋✮✳

❆✉tr❡s t②♣❡s ❞✬ét❛ts ré❣✉❧✐❡rs ♣♦ss✐❜❧❡s

■❝✐✱ ♦♥ s✬❡st ♣❧❛❝é ❞❛♥s ❧❛ s✐t✉❛t✐♦♥ ♦ù SS = O3 ❛✈❡❝ ❞❡s s♣✐♥s ❞❡ S2✳ ▼❛✐s ♦♥ ♣❡✉t
✐♠❛❣✐♥❡r ❞❡s ♠♦❞è❧❡s ❝♦♠♣❧êt❡♠❡♥t ❞✐✛ér❡♥ts✳ ❙✐ ❧❡s s♣✐♥s s♦♥t XY ♦✉ ■s✐♥❣✱ ♦♥ ♦❜t✐❡♥t
SS = O2 ♦✉ O1✱ ❝❡ q✉✐ ré❞✉✐t ❧❛ ❧✐st❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ❛✉① ét❛ts ❝♦♣❧❛♥❛✐r❡s ♦✉ ❝♦❧✐♥é❛✐r❡s✳

▼❛✐s ❞❡s ❝❛s ♣❧✉s ✐♥tér❡ss❛♥ts ❡①✐st❡♥t✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t ✐♥✈❛r✐❛♥t❡s
♣❛r r❡♥✈❡rs❡♠❡♥t ❧♦❝❛❧ ❞✬✉♥ s♣✐♥ Si → Si✱ ❛❧♦rs✱ ✉♥ s♣✐♥ ♥✬❡st ♣❧✉s ❞é❝r✐t q✉❡ ♣❛r ✉♥❡
❞✐r❡❝t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡✱ ❝✬❡st à ❞✐r❡ ✉♥ ♣♦✐♥t ❞❡ S2/Z2✳ ▲❡ ❣r♦✉♣❡ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡
s♣✐♥ SS ❞❡✈✐❡♥t ❛❧♦rs O3/Z2 ∼ SO3✳ ▲❡s P❙● ❛❧❣é❜r✐q✉❡s s♦♥t ♠♦✐♥s ♥♦♠❜r❡✉①✱ ♠❛✐s ♣❧✉s
❞✬ét❛ts s♦♥t ❝♦♠♣❛t✐❜❧❡s ✭♦♥ ❛ ❞é❥à t♦✉s ❧❡s ét❛ts ♦❜t❡♥✉s ♣ré❝é❞❡♠♠❡♥t ❞❛♥s ❧❡sq✉❡❧s ♦♥
♥❡ ❣❛r❞❡ q✉❡ ❧❛ ❞✐r❡❝t✐♦♥ ❞❡s s♣✐♥s✮✳ ❖♥ ♦❜t✐❡♥t ❞❡s ét❛ts ♥é♠❛t✐q✉❡s✳

❆✐♥s✐✱ ❞❡s ♦r❞r❡s ré❣✉❧✐❡rs ♥é♠❛t✐q✉❡s✱ q✉❛❞r✐♣♦❧❛✐r❡s✱ ✳ ✳ ✳s♦♥t ♣♦ss✐❜❧❡s ❡♥ ♠♦❞✐✜❛♥t
❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s ❡t s❡s s②♠étr✐❡s✳

✶✳✹ ❆♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❞❡ ❲❡♥

❖♥ ♣❡✉t ét❛❜❧✐r ✉♥❡ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❞❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s
✭P❙●✮ ét❛❜❧✐❡ ♣❛r ❲❡♥ ♣♦✉r ❞❡s ♣r♦❜❧è♠❡s ❞❡ ❢❡r♠✐♦♥s ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ❬✶✶✷❪✳

❆✜♥ ❞❡ ♠✐♥✐♠✐s❡r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥s S = 1/2✱ ❧❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥s s♦♥t tr❛♥s✲
❢♦r♠és ❡♥ ♦♣ér❛t❡✉rs ❢❡r♠✐♦♥✐q✉❡s f↑ ❡t f↓✳ ❖♥ ❢❛✐t ❛❧♦rs ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣
♠♦②❡♥ s✉r ❝❡ ♥♦✉✈❡❧ ❍❛♠✐❧t♦♥✐❡♥✱ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡
❢❡r♠✐♦♥s ♣❛r s✐t❡

f †↑f↑ + f †↓f↓ = 1 ✭✶✳✽✮

❡t ♦♥ ♦❜t✐❡♥t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❝❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳
❈♦♠♠❡ ❧❛ ❝♦♥tr❛✐♥t❡ ♥✬❡st r❡s♣❡❝té❡ q✉✬❡♥ ♠♦②❡♥♥❡✱ ♦♥ s♦rt ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt

❞❡s s♣✐♥s ✭❧✬ét❛t ♣♦ssè❞❡ ❞❡s ❝♦♠♣♦s❛♥t❡s à ✵ ♦✉ ✷ ❢❡r♠✐♦♥s s✉r ❝❡rt❛✐♥s s✐t❡s✮✳ ❖♥ ❞♦✐t ②
r❡t♦✉r♥❡r ❡♥ ♣r♦❥❡t❛♥t ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞❛♥s ❧✬❡s♣❛❝❡
❞✬♦r✐❣✐♥❡✳ ❆ ❝❛✉s❡ ❞❡ ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ❧♦❝❛❧❡✱ ❞❡✉① ét❛ts ❢❡r♠✐♦♥✐q✉❡s ❞✐✛ér❡♥ts ♠❛✐s
r❡❧✐és ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❞♦♥♥❡♥t ❡①❛❝t❡♠❡♥t ❧❡ ♠ê♠❡ ét❛t ❞❡ s♣✐♥s ❛♣rès
♣r♦❥❡❝t✐♦♥✳ P♦✉r ❧❛ ♠ê♠❡ r❛✐s♦♥✱ ✉♥ ét❛t ♥♦♥ ✐♥✈❛r✐❛♥t s❡❧♦♥ ❧✬✉♥❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉
♣❡✉t ❧❡ ❞❡✈❡♥✐r ❛♣rès ♣r♦❥❡❝t✐♦♥✳

▲❡s P❙● ♣❡r♠❡tt❡♥t ❞❡ tr♦✉✈❡r t♦✉s ✭à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ♣rès✮ ❧❡s ét❛ts ❞❡
❝❤❛♠♣ ♠♦②❡♥ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❛♣rès ♣r♦❥❡❝t✐♦♥✳ P♦✉r ❝❡❧à✱ ✐❧ s✉✣t ❞❡
r❡♠❛rq✉❡r q✉❡ ❧❡s q✉❛♥t✐tés ❞❡✈❛♥t r❡s♣❡❝t❡r ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s♦♥t ❝❡❧❧❡s ❝♦♥s❡r✈❛♥t
❧❡ ♥♦♠❜r❡ ❞❡ ❢❡r♠✐♦♥s ♣❛r s✐t❡✱ ❡t q✉❡ ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ♥✬❛✛❡❝t❛♥t ♣❛s ❝❡s q✉❛♥t✐tés s♦♥t
❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡✳ ❆❧♦rs✱ s✐ ♣♦✉r ❝❤❛q✉❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ rés❡❛✉ X✱ ✐❧ ❡①✐st❡

✷✵ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ GX t❡❧❧❡ q✉❡ GXX ❧❛✐ss❡ ❧✬ét❛t ✐♥✈❛r✐❛♥t✱ ❧✬ét❛t ♣r♦❥❡té s❡r❛
✐♥✈❛r✐❛♥t ♣❛r X✳

❉❛♥s ♥♦tr❡ ♣r♦❜❧è♠❡ ❝❧❛ss✐q✉❡✱ ♦♥ ✈❡✉t q✉❡ ❧❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ♣❛r ❧❡s s②♠étr✐❡s
❞❡ s♣✐♥ SS r❡s♣❡❝t❡♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✭♣❛r ❡①❡♠♣❧❡✱ ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥s Si ·Sj✮✳
▲❡s tr❛♥s❢♦r♠❛t✐♦♥s ♥❡ ❧❡s ❛✛❡❝t❛♥t ♣❛s s♦♥t é✈✐❞❡♠♠❡♥t ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❣❧♦❜❛❧❡s ❞❡s
s♣✐♥s SS ✱ q✉✐ ♦♥t ❥♦✉é ❧❡ rô❧❡ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡✳

✶✳✺ ❊♥❡r❣✐❡ ❞❡ ♠♦❞è❧❡s ❍❡✐s❡♥❜❡r❣

▼❛✐♥t❡♥❛♥t q✉❡ ♥♦✉s ❛✈♦♥s ✉♥❡ ❝♦❧❧❡❝t✐♦♥ ❞✬ét❛ts ré❣✉❧✐❡rs s✉r ♣❧✉s✐❡✉rs rés❡❛✉①✱ ✐❧ s❡r❛✐t
✐♥tér❡ss❛♥t ❞❡ ❝♦♥♥❛îtr❡ ❞❡s s✐t✉❛t✐♦♥s ❞❛♥s ❧❡sq✉❡❧❧❡s ❝❡ s♦♥t ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉①✳ ▲❡
❍❛♠✐❧t♦♥✐❡♥ ❧❡ ♣❧✉s s✐♠♣❧❡ à t❡st❡r ❡st ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❍❡✐s❡♥❜❡r❣

H =
J1

2

∑

〈ij〉
Si · Sj +

J2

2

∑

〈〈ij〉〉
Si · Sj +

J3

2

∑

〈〈〈ij〉〉〉
Si · Sj , ✭✶✳✾✮

♦ù ❧❡s s♦♠♠❡s ♣♦rt❡♥t s✉r t♦✉s ❧❡s ❝♦✉♣❧❡s ❞❡ ♣♦✐♥ts à ❧❛ ♠ê♠❡ ❞✐st❛♥❝❡ ✭❧❡ ❧✐❡♥ ij ❡st
♣r✐s ✉♥❡ ❢♦✐s ❞❛♥s ❝❤❛q✉❡ s❡♥s✮✳ ◆♦✉s ❛rrêt❡r♦♥s ❛✉① tr♦✐s✐è♠❡s ✈♦✐s✐♥s✳ P♦✉r ❝❤❛q✉❡ ❥❡✉
❞❡ ♣❛r❛♠ètr❡s {Ji, i = 1, 2, 3}✱ ❡t ♣♦✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡✱ ♥♦✉s ❛❧❧♦♥s ❝❤❡r❝❤❡r ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ♣❛r♠✐ ❧❡s ét❛ts ré❣✉❧✐❡rs ❞é❝r✐ts ♣ré❝é❞❡♠♠❡♥t ❡t ♣❛r♠✐ ❧❡ ❝♦♥t✐♥✉✉♠ ❞❡s
ét❛ts s♣✐r❛✉①✱ ❞é❝r✐ts ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t✳

▲❡s ét❛ts s♣✐r❛✉①

❙✐ ❧✬♦♥ s❡ ♣❧❛❝❡ s✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❞❡ Nm ♠❛✐❧❧❡s ❞❡ m s✐t❡s ✭❧❡ ♥♦♠❜r❡ ❞❡ s✐t❡s
❡st ❛❧♦rs Ns = Nmm✮✱ ♦♥ ♣❡✉t ❡①♣r✐♠❡r H ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡s
s♣✐♥s ✿

Siq =
1√
Nm

∑

x

Sixe
−iqx. ✭✶✳✶✵✮

❖♥ r❡♣èr❡ ✉♥ s✐t❡ ♣❛r ❧❡ ✈❡❝t❡✉r x ✐♥❞✐q✉❛♥t s❛ ♠❛✐❧❧❡ ❡t ♣❛r i✱ s♦♥ ✐♥❞✐❝❡ ❞❛♥s ❧❛ ♠❛✐❧❧❡✳
▲❡s Siq s♦♥t r❡❣r♦✉♣és ❞❛♥s ❞❡s ✈❡❝t❡✉rs Sq à m ❝♦♠♣♦s❛♥t❡s ✭❝❤❛❝✉♥❡ ét❛♥t ❡❧❧❡✲♠ê♠❡
✉♥ ✈❡❝t❡✉r à tr♦✐s ❝♦♠♣♦s❛♥t❡s✮✳

H =
∑

q

St−q(MqSq). ✭✶✳✶✶✮

(Mq)ij =
∑

v

J(i0,jv)e
iqv ✭✶✳✶✷✮

▲❛ ♣❧✉s ♣❡t✐t❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ♠❛tr✐❝❡s Mq ❡st ✉♥❡ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❞❡ ❧✬é♥❡r❣✐❡
♣❛r s✐t❡ ✭❝❛r ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❛ ❧♦♥❣❡✉r ❞❡s s♣✐♥s ✐♠♣♦s❡ ❡♥tr❡ ❛✉tr❡

∑
q |Siq|2 = Nm✮✳

❖♥ ♥♦t❡ ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❝♦rr❡s♣♦♥❞❛♥t Q✳
❙✐ ❧❡ rés❡❛✉ ❡st ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s ✭m = 1✮✱ ❧❛ ❜♦r♥❡ ✐♥❢ér✐❡✉r❡ ❡st ❛tt❡✐♥t❡ ♣♦✉r ❧✬ét❛t

t❡❧ q✉❡

Sq =

√
Ns

2
(δq,Q(u − iv) + δq,−Q(u + iv)), ✭✶✳✶✸✮

❛✈❡❝ u ❡t v ❞❡✉① ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s ♦rt❤♦❣♦♥❛✉①✳ ❈❡❧❛ ❞♦♥♥❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞✐r❡❝t ❧✬ét❛t
s♣✐r❛❧ ✿

Sx = cos(Qx)u + sin(Qx)v, ✭✶✳✶✹✮

q✉✐ r❡s♣❡❝t❡ ❜✐❡♥ ❧✬✉♥✐t❛r✐té ❞❡ ❝❤❛❝✉♥ ❞❡s s♣✐♥s✳ ❖♥ ❛ ❛❧♦rs ❝♦♥str✉✐t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱
q✉✐✱ ❝❡rt❡s✱ ♥✬❡st ♣❛s ✉♥✐q✉❡ ✿ ♦♥ ♣❡✉t ❢❛✐r❡ ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥✱ ♦✉✱ s✐ ♣❧✉s✐❡✉rs
✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ♠❛tr✐❝❡s Mq s♦♥t é❣❛❧❡s à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ ♠✐♥✐♠❛❧❡✱ ❝♦♥str✉✐r❡ ❞❡s

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✷✶



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

❋✐❣✳ ✶✳✽ ✕ Pr❡♠✐❡rs✱ ❞❡✉①✐è♠❡s ❡t tr♦✐s✐è♠❡s ✈♦✐s✐♥s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

ét❛ts ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ❞❡ ♠ê♠❡ é♥❡r❣✐❡ ❬✶✵✸❪✳ ▼❛✐s ✐❧ ❛ ❧✬✐♥térêt ❞❡ ♠♦♥tr❡r q✉✬✐❧ ❡①✐st❡
t♦✉❥♦✉rs ✉♥ ét❛t ❝♦♣❧❛♥❛✐r❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣ s✉r ✉♥ rés❡❛✉ ❞❡
❇r❛✈❛✐s✳ ❯♥ ét❛t s♣✐r❛❧ q✉❡❧❝♦♥q✉❡ ✭❞♦♥t ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ Q ♥✬❡st ♣❛s ✉♥ ♣♦✐♥t ♣❛rt✐❝✉❧✐❡r
❞❡ ❧❛ ❩❞❇✱ ❝♦♠♠❡ ✉♥ ❝♦✐♥✱ ❧❡ ❝❡♥tr❡ ♦✉ ✉♥ ♠✐❧✐❡✉ ❞❡ ❝ôté✮ ♣♦ssè❞❡ ✉♥ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡
Se r❡str❡✐♥t ✿ ❛✉❝✉♥❡ r♦t❛t✐♦♥ ♦✉ ré✢❡①✐♦♥ ❞✉ rés❡❛✉ ❝♦♠❜✐♥é❡ ❛✈❡❝ ✉♥ é❧é♠❡♥t ❞❡ SS ♥❡
❢❛✐t ♣❛rt✐❡ ❞❡ s♦♥ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡✳ ▲❡s ét❛ts s♣✐r❛✉① s♦♥t ♦❜t❡♥✉s ❡♥ ♥❡ ♣r❡♥❛♥t ♣❧✉s ❡♥
❝♦♠♣t❡ ❞❛♥s SR q✉❡ ❧❡s tr❛♥s❧❛t✐♦♥s ❡t ❡♥ s❡ ❧✐♠✐t❛♥t ❛✉① ❝❛s ♦ù M1 ❡t M2 ♦♥t ❧❡ ♠ê♠❡
❛①❡ ❞❡ r♦t❛t✐♦♥✳

❙✐ ❧❡ rés❡❛✉ ♥✬❡st ♣❛s ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ♠❛♥✐èr❡ ❛✉t♦♠❛t✐q✉❡ ❞❡
❣é♥ér❡r ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ♥✐ ❞❡ ♠♦♥tr❡r q✉✬✐❧ ❡①✐st❡ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝♦♣❧❛♥❛✐r❡✳
❖♥ é❧❛r❣✐t ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ét❛t s♣✐r❛❧ ❞♦♥♥é❡ ❝✐✲❞❡ss✉s à ❝❡❧❧❡✲❝✐✱ ✈❛❧❛❜❧❡ s✉r ♥✬✐♠♣♦rt❡
q✉❡❧ rés❡❛✉ ❡t ❝♦♥t❡♥❛♥t ❛✉ss✐ ❞❡s ét❛ts ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ✿ ✉♥ ét❛t s♣✐r❛❧ ❡st ✉♥ ét❛t ✐♥✈❛r✐❛♥t
♣❛r ❧✬❛❝t✐♦♥ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥sGT1T1 ❡tGT2T2✱ ♦ùGT1 ❡tGT2 s♦♥t ❞❡✉① r♦t❛t✐♦♥s ❣❧♦❜❛❧❡s
❞❡s s♣✐♥s ❞✬❛♥❣❧❡s Q1 ❡t Q2 ❛✉t♦✉r ❞✬✉♥ ♠ê♠❡ ❛①❡✳ ❯♥ ét❛t s♣✐r❛❧ s❡ ❝❛r❛❝tér✐s❡ ❞♦♥❝ ♣❛r
✉♥ ❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s✱ ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ Q ❡t ❛✉t❛♥t ❞❡ ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s q✉❡ ❞❡
s✐t❡s ❞❛♥s ❧❛ ♠❛✐❧❧❡ ✭✉♥ ♣♦✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❞❡✉① ♣♦✉r ❧✬❤❡①❛❣♦♥❛❧ ❡t tr♦✐s ♣♦✉r
❧❡ ❦❛❣♦♠❡✮✳ ❖♥ ❞✐t q✉✬✐❧ ❡st ❝♦♠♠❡♥s✉r❛❜❧❡ s✐ Q ❡st ✉♥❡ ❢r❛❝t✐♦♥ ❞❡s ✈❡❝t❡✉rs ❞❡ ❜❛s❡ ❞✉
rés❡❛✉ ré❝✐♣r♦q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❝✬❡st ✉♥ ♦r❞r❡ ❞❡ ◆é❡❧✱ ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ s♦✉s✲rés❡❛✉①✳
❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❧✬♦r❞r❡ ❡st ✐♥❝♦♠♠❡♥s✉r❛❜❧❡ ❡t ♣♦ssè❞❡ ✉♥❡ ✐♥✜♥✐té ❞❡ s♦✉s✲rés❡❛✉①✳
❉❡s s✐♠✉❧❛t✐♦♥s ▼♦♥t❡ ❈❛r❧♦ s✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ s❡r♦♥t t♦✉❥♦✉rs ❢r✉stré❡s ♣❛r ❧❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✳

P❛r♠✐ t♦✉s ❧❡s ét❛ts ré❣✉❧✐❡rs ❞é❝r✐ts ♣ré❝é❞❡♠♠❡♥t✱ t♦✉s s♦♥t ❞❡s ét❛ts s♣✐r❛✉① ♣❛rt✐✲
❝✉❧✐❡rs✱ ❡①❝❡♣tés ❝❡✉① ♦❜t❡♥✉s ❞❡ S6

e ✳ P❛r ❧❛ s✉✐t❡✱ ❧♦rsq✉❡ ♥♦✉s ♣❛r❧❡r♦♥s ❞✬ét❛ts s♣✐r❛✉①✱
♥♦✉s ❡①❝❧✉❡r♦♥s ❝❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs✳

◆♦✉s ❛❧❧♦♥s ❝❤❡r❝❤❡r ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❝❧❛ss✐q✉❡s✱ ♥♦♥ ♣❛s ♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s
❝♦♥✜❣✉r❛t✐♦♥s ❝❧❛ss✐q✉❡s ✭q✉✐ ❡st ❜❡❛✉❝♦✉♣ tr♦♣ ❣r❛♥❞✮✱ ♠❛✐s ♣❛r♠✐ ❧❡ s♦✉s✲❡♥s❡♠❜❧❡ ❝♦♠✲
♣r❡♥❛♥t ❧❡s ét❛ts ré❣✉❧✐❡rs ❡t ❧❡s ét❛ts s♣✐r❛✉①✳ ◆♦✉s ❛❧❧♦♥s ♥♦✉s ❝♦♥❝❡♥tr❡r s✉r ❧❡ rés❡❛✉
❦❛❣♦♠❡✱ ❝❛r ❝✬❡st ❝❡❧✉✐ q✉✐ ♣♦ssè❞❡ ❧❡ ♣❧✉s ❞❡ ♣❛rt✐❝✉❧❛r✐tés✳ ❈❡ q✉❡ ♥♦✉s ♦❜t❡♥♦♥s ❡st
❞♦♥❝ ✉♥❡ ♣r♦♣♦s✐t✐♦♥ ❞❡ ❢♦♥❞❛♠❡♥t❛❧✱ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❛❜s♦❧✉ s❡ tr♦✉✈❛♥t ♣❡✉t✲êtr❡ ❤♦rs ❞✉
s♦✉s✲❡♥s❡♠❜❧❡ ❞❡s ét❛ts ❡①♣❧♦rés✳ ▲❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❤❡①❛❣♦♥❛❧ s♦♥t ét✉❞✐és ❞❛♥s
❧✬❆♥♥❡①❡ ❆✳✹ ❡t ✺✳

❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

❙✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ✉♥ s✐t❡ ♣♦ssè❞❡ ✹ ♣r❡♠✐❡rs ✈♦✐s✐♥s ✭J1✮✱ ✹ s❡❝♦♥❞s ✈♦✐s✐♥s ✭J2✮✱ ❡t
❞❡✉① t②♣❡s ❞❡ tr♦✐s✐è♠❡s ✈♦✐s✐♥s ✿ ✹ ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❝❛té❣♦r✐❡ ✭J3✮ ❡t ✷ ❞❛♥s ❧❛ ❞❡✉①✐è♠❡
✭J ′

3✮✳ ❈❡s ❞✐✛ér❡♥ts ✈♦✐s✐♥s s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ✜❣✉r❡ ✶✳✽✳ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st

H =
J1

2

∑

〈ij〉
Si · Sj +

J2

2

∑

〈〈ij〉〉
Si · Sj +

J3

2

∑

〈〈〈ij〉〉〉1
Si · Sj +

J ′
3

2

∑

〈〈〈ij〉〉〉2
Si · Sj . ✭✶✳✶✺✮

✷✷ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙
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✭❛✮ J1 = 1✱ J ′
3 = −0.2 ✭❜✮ J1 = 1✱ J ′

3 = 0.2

✭❝✮ J1 = −1✱ J ′
3 = −0.2 ✭❞✮ J1 = −1✱ J ′

3 = 0.2

❋✐❣✳ ✶✳✾ ✕ ❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r ❧❡ ♠♦❞è❧❡ J1 − J2 − J3 − J ′
3

✭❊q✳✶✳✶✺✮✳ ❊♥ ♥♦✐r ✿ ét❛ts s♣✐r❛✉①✳

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✷✸



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

▲❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳ ✶✳✾ ♣♦✉r J1 = −1 ❡t 1✱ J ′
3 = −0.2

❡t 0.2 ❡♥ ❢♦♥❝t✐♦♥ ❞❡ J2 ❡t J3✳ ▲❡s é♥❡r❣✐❡s ♣❛r s✐t❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ✭❞é❝r✐ts s✉❜s❡❝t✐♦♥
✶✳✸ ❡t r❡♣rés❡♥tés ♣❛❣❡ ✶✾✮ s♦♥t ✿

✕ ♣♦✉r ❧✬ét❛t ❋ ✿ Ef = 2J1 + 2J2 + J ′
3 + 2J3✱

✕ ♣♦✉r ❧✬ét❛t q = 0 ✿ E0 = −J1 − J2 + J ′
3 + 2J3✱

✕ ♣♦✉r ❧✬ét❛t ♦❝t❛é❞r✐q✉❡ ✿ E6 = J ′
3 − 2J3✱

✕ ♣♦✉r ❧✬ét❛t ❝✉❜♦❝✶ ✿ E1 = −J1 + J2 − J ′
3✱

✕ ♣♦✉r ❧✬ét❛t ❝✉❜♦❝✷ ✿ E2 = J1 − J2 − J ′
3✱

✕ ♣♦✉r ❧✬ét❛t
√

3 ×
√

3 ✿ E3 = −J1 + 2J2 − J ′
3/2 − J3✳

P♦✉r ❝❤❛q✉❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s✱ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❝❤♦✐s✐ ❡st ❝❡❧✉✐ ♣rés❡♥t❛♥t ❧❡ ♠❛①✐♠✉♠ ❞❡
ré❣✉❧❛r✐té ✭s✐ ✉♥ ét❛t s♣✐r❛❧ ❡st ❞é❣é♥éré ❛✈❡❝ ❧✬✉♥ ❞❡s ét❛ts ré❣✉❧✐❡rs✱ ❝✬❡st ❝❡ ❞❡r♥✐❡r q✉✐
❡st ❢❛✈♦r✐sé✮✳ ❊♥ ❢❛✐s❛♥t ❝❡ ❝❤♦✐①✱ ♦♥ ♦✉❜❧✐❡ ❧❡ ♣❤é♥♦♠è♥❡ ❞✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡✱ ♠❛✐s ❧❡
❜✉t ❡st ❞❡ ♠♦♥tr❡r q✉❡ ❧❡s ét❛ts ré❣✉❧✐❡rs s♦♥t ❝♦♠♣ét✐t✐❢s é♥❡r❣ét✐q✉❡♠❡♥t✳ ▲♦rsq✉✬✉♥ ét❛t
s♣✐r❛❧ ❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧✱ ❝❡❧❛ s✐❣♥✐✜❡ ♣❛r ❝♦♥séq✉❡♥t q✉✬❛✉❝✉♥ ét❛t ré❣✉❧✐❡r ♥❡ ❧✬❡st✳

❖♥ r❡♠❛rq✉❡ s✉r ❧❡s ❞✐❛❣r❛♠♠❡s ❞❡ ♣❤❛s❡s ❋✐❣✳✶✳✾ q✉❡ ❧❡s ét❛ts s♣✐r❛✉① ♦❝❝✉♣❡♥t ✉♥❡
s✉r❢❛❝❡ ♥♦♥ ♥✉❧❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❛r❛♠ètr❡s✳ P❛r♠✐ ❧❡s ❤✉✐ts ét❛ts ré❣✉❧✐❡rs✱ s❡✉❧s tr♦✐s ♥❡
s♦♥t ♣❛s s♣✐r❛✉① ✿ ❧❡s ét❛ts ❝✉❜♦❝✶✱ ❝✉❜♦❝✷ ❡t ❧✬ét❛t ♦❝t❛é❞r✐q✉❡✳ ▲❡ ❢❛✐t q✉❡ ❧✬✉♥ ❞❡ ❝❡s
ét❛ts s♦✐t ❧✬✉♥✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❊q✳✶✳✶✺ ❝♦♥tr❡❞✐t ❧❛ s✉♣♣♦s✐t✐♦♥ s♦✉✈❡♥t
❢❛✐t❡ ❞❡ ❧❛ ❝♦♣❧❛♥❛r✐té ❞❡s ❢♦♥❞❛♠❡♥t❛✉① ❞❡s ❍❛♠✐❧t♦♥✐❡♥s ❍❡✐s❡♥❜❡r❣✳

▲❡ ❝✉❜♦❝✷ ❛ ❞é❥à été tr♦✉✈é ❝♦♠♠❡ ét❛♥t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ J1 − J2

♣♦✉r J1 < 0 ❡t J2 > |J1|/3 ✭ ❬✷✻❪✮✳ ❖♥ ❧❡ r❡tr♦✉✈❡ s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❋✐❣✳✶✳✾
❞❛♥s t♦✉t ✉♥ ❞♦♠❛✐♥❡ ❞❡ ♣❛r❛♠ètr❡s ✿ ✐❧ ♥✬❡st ♣❛s ❞ést❛❜✐❧✐sé ♣❛r ❧✬❛❥♦✉t ❞✬✐♥t❡r❛❝t✐♦♥s J ′

3

❡t J3 ❛✉ ♠♦❞è❧❡ J1 − J2✳ ▲✬ét❛t ❝✉❜♦❝✶ ❡t ❧✬ét❛t ♦❝t❛é❞r✐q✉❡✱ q✉✐ ♥✬♦♥t ❥❛♠❛✐s étét✉❞✐és
❛✉♣❛r❛✈❛♥t✱ s♦♥t ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r t♦✉t ✉♥ ❞♦♠❛✐♥❡ ❞❡s ♣❛r❛♠ètr❡s✳ ❈❡s tr♦✐s
●❙ ❛✉① s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s s♦♥t ✐♥tér❡ss❛♥ts ❝❛r ❝♦♠♠❡ ♦♥ ❧❡ ✈❡rr❛ à ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱
✐❧s ❞♦♥♥❡♥t ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝❤✐r❛❧❡ à t❡♠♣ér❛t✉r❡ ✜♥✐❡✳ ▼❛✐s ❡st✲❝❡ q✉❡ ❧✬♦♥
❛ ré❡❧❧❡♠❡♥t ✉♥❡ ❝❤❛♥❝❡ ❞❡ ❧❡s ♦❜s❡r✈❡r ❄

▲❛ ❣r❛♥❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞✉ ❦❛❣♦♠❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ✭J1 > 0✱ J2 = J3 = J ′
3 = 0✮

❡st ❧❡✈é❡ ♣♦✉r ✉♥ J ′
3 ♣♦s✐t✐❢ ✐♥✜♥✐tés✐♠❛❧✱ q✉✐ ❢❛✈♦r✐s❡ ❧✬♦r❞r❡ ❝✉❜♦❝✶✳ ▲✬♦❜s❡r✈❛t✐♦♥ ❞❡ ❝❡t

♦r❞r❡ ♣❛r❛ît ❞♦♥❝ ❡♥✈✐s❛❣❡❛❜❧❡✳ ▲✬ét❛t ♦❝t❛é❞r✐q✉❡ ♥✬❡st ♣❛s ❧✬✉♥✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❛♥s ❧❡s
③♦♥❡s r♦✉❣❡s ❞❡ ❧❛ ❋✐❣✳✶✳✾✳ ❊♥ ❡✛❡t✱ t♦✉t❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ t②♣❡ ❞❡ ❧❛ ❋✐❣✳✶✳✶✵✭❛✮ ♣♦ssè❞❡ ❧❛
♠ê♠❡ é♥❡r❣✐❡ ♣♦✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✭✶✳✶✺✮✳ ■❧ ② ❛ ❞♦♥❝ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❝♦❧✐♥é❛✐r❡s ❞❡ ♠ê♠❡
é♥❡r❣✐❡✱ q✉✐ r✐sq✉❡♥t ❞✬êtr❡ ❢❛✈♦r✐sé❡s à ❢❛✐❜❧❡ t❡♠♣ér❛t✉r❡ ♣❛r ❧❡ ♣❤é♥♦♠è♥❡ ❞✬♦r❞r❡ ♣❛r
❧❡ ❞és♦r❞r❡✳ ❈❡♣❡♥❞❛♥t✱ ❧✬♦r❞r❡ ♦❝t❛é❞r❛❧ r❡st❡ ✐♥tér❡ss❛♥t ❝❛r s❛ ❞é❣é♥ér❡s❝❡♥❝❡ ♣♦✉rr❛✐t
êtr❡ ❧❡✈é❡ ♣❛r ❞❡ ❢❛✐❜❧❡s ✐♥t❡r❛❝t✐♦♥s ♥♦♥ ❍❡✐s❡♥❜❡r❣✳

▲❛ ♠ét❤♦❞❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ♥♦✉s ❛ ❞♦♥❝ ♣❡r♠✐s ❞❡ ♣r♦♣♦s❡r s②sté♠❛✲
t✐q✉❡♠❡♥t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❛✉ ♠♦❞è❧❡ ❞❡ ❍❡✐s❡♥❜❡r❣ ♣r❡♠✐❡rs✱ s❡❝♦♥❞s ❡t tr♦✐s✐è♠❡s
✈♦✐s✐♥s✱ ♣♦✉r ✉♥❡ ❧❛r❣❡ ❣❛♠♠❡ ❞❡ ♣❛r❛♠ètr❡s✳ ▲❛ ❞é❝♦✉✈❡rt❡ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ♣❤❛s❡ ♣r♦✈✐❡♥t
❧❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s ❞❡ ❧✬❡①♣❧♦r❛t✐♦♥ ♣♦✐♥t à ♣♦✐♥t ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s
♣❛r❛♠ètr❡s ✭♣❛r ❡①❡♠♣❧❡✱ ♣❛r ✉♥ ▼♦♥t❡ ❈❛r❧♦ ❝❧❛ss✐q✉❡ ♠✐♥✐♠✐s❛♥t ❧✬é♥❡r❣✐❡✮✳ ❈✬❡st ❛✐♥s✐
q✉❡ ❧❡ ❝✉❜♦❝✷ ❛ été tr♦✉✈é ♣❛r ❉♦♠❡♥❣❡ ❡t ❛❧✳✳ ❈❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❛ ✐❝✐ ♣❡r♠✐s ❞❡ ♠❡t✲
tr❡ à ❥♦✉r ❞❡s ③♦♥❡s ❞❡ ♣❛r❛♠ètr❡s ♣♦✉r ❧❡sq✉❡❧s ❞❡✉① ♥♦✉✈❡❛✉① ét❛ts ❞❡ ◆é❡❧ ✿ ❧❡ ❝✉❜♦❝✶
❡t ❧✬♦r❞r❡ ♦❝t❛é❞r✐q✉❡✱ ♣♦✉rr❛✐❡♥t êtr❡ ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉①✳ P♦✉r ❝♦♥✜r♠❡r ❝❡tt❡ s✉♣✲
♣♦s✐t✐♦♥✱ ✐❧ ❢❛✉❞r❛✐t ♠❛✐♥t❡♥❛♥t ❡✛❡❝t✉❡r ✉♥ ▼♦♥t❡ ❈❛r❧♦ ❞❛♥s ❝❡s ③♦♥❡s s✉r ❞❡s rés❡❛✉①
❞❡ ❣r❛♥❞❡s t❛✐❧❧❡✱ ❛✜♥ ❞❡ ✈ér✐✜❡r q✉✬❛✉❝✉♥ ét❛t ♥✬❡st ♣❧✉s ❜❛s ❡♥ é♥❡r❣✐❡✳

✶✳✻ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs

❯♥❡ ❛✉tr❡ ❛♣♣❧✐❝❛t✐♦♥ ♣♦ss✐❜❧❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡s ét❛ts ré❣✉❧✐❡rs ❡st ❝❡❧❧❡✲
❝✐ ✿ ♦♥ ♥❡ ❝♦♥♥❛ît ❞✬✉♥ ♠❛tér✐❛✉ q✉❡ s❡s s②♠étr✐❡s✱ ♠❛✐s ♦♥ ❛ ❞❡s ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s
❞❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥s ❡t ♦♥ ❝❤❡r❝❤❡ ❧❡s ♦r❞r❡s ❞❡ s♣✐♥s ♣♦ss✐❜❧❡s✳ ❙✐ ❧✬♦♥ tr♦✉✈❡ ♣❛r♠✐

✷✹ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙



❈❍❆P■❚❘❊ ✶✳ ▲❊❙ ❖❘❉❘❊❙ ➚ ▲❖◆●❯❊ P❖❘❚➱❊ ❈▲❆❙❙■◗❯❊❙

✭❛✮ ✭❜✮

❋✐❣✳ ✶✳✶✵ ✕ ✭❛✮❈♦♥✜❣✉r❛t✐♦♥ à ✻ s♦✉s✲rés❡❛✉① s✉r ❧❡ ❦❛❣♦♠❡ ♣♦ssé❞❛♥t ❧❛ ♠ê♠❡ é♥❡r❣✐❡ q✉❡
❧✬ét❛t ♦❝t❛é❞r✐q✉❡ ♣♦✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✭✶✳✶✺✮✳ ▲❡s ❧❡ttr❡s ♦♣♣♦sé❡s r❡♣rés❡♥t❡♥t ❞❡s s♣✐♥s
♦♣♣♦sés✳ ❉❡✉① s✐t❡s ♣♦rt❛♥t ❞❡s ❧❡ttr❡s ❞✐✛ér❡♥t❡s ♦♥t ❞❡s ♦r✐❡♥t❛t✐♦♥s r❡❧❛t✐✈❡s q✉❡❧❝♦♥✲
q✉❡s✳ ✭❜✮❈♦♥✜❣✉r❛t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s ❝♦❧✐♥é❛✐r❡s ✭❧❡s ❞❡✉① ❝♦✉❧❡✉rs r❡♣rés❡♥t❡♥t ❞❡s s♣✐♥s
♦♣♣♦sés✮✳

❧❡s ét❛ts ré❣✉❧✐❡rs ✉♥ ét❛t ♣♦ssé❞❛♥t ❧❡s ♠ê♠❡s ❝♦rré❧❛t✐♦♥s✱ ♦♥ ♣❡✉t ❡♥s✉✐t❡ ❝❤❡r❝❤❡r ❧❡s
✐♥t❡r❛❝t✐♦♥s ❛✈❡❝ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ♣❧✉s ♣ré❝✐s❡s✳

◆♦✉s ❛❧❧♦♥s ❞✬❛❜♦r❞ ❞é✜♥✐r ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✱ ♣✉✐s ♥♦✉s ❧❡s ❝❛❧❝✉❧❡r♦♥s ♣♦✉r
❧❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ✭❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ❛✉tr❡s rés❡❛✉① s♦♥t
❡♥ ❆♥♥❡①❡ ❆✳✻ ❡t ✼✮✳ ❊♥✜♥✱ ♥♦✉s ❝♦♠♣❛r❡r♦♥s ❝❡s ❝❛❧❝✉❧s à ❞❡✉① ♠❛tér✐❛✉① ré❝❡♠♠❡♥t
s②♥t❤ét✐sés ✿ ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❡t ❧❛ ❱♦❧❜♦rt❤✐t❡✳

❉é✜♥✐t✐♦♥s ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✳

▲❡s ❞✐✛✉s✐♦♥s ❞❡ ♥❡✉tr♦♥s ✐♥é❧❛st✐q✉❡s ❞✬✉♥ ♠❛tér✐❛✉ ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r s♦♥ ❢❛❝t❡✉r
❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡ S(Q, ω)✳ ❯♥❡ ♣❛rt✐❡ ❞✉ s✐❣♥❛❧ ♣r♦✈✐❡♥t ❞❡ ❧❛ str✉❝t✉r❡ ❛t♦♠✐q✉❡ ❞✉
♠❛tér✐❛✉✱ ♠❛✐s ❧❡s ♥❡✉tr♦♥s ♣♦rt❛♥t ✉♥ s♣✐♥✱ ✉♥❡ ♣❛rt✐❡ ❝♦♥❝❡r♥❡ s❛ str✉❝t✉r❡ ♠❛❣♥ét✐q✉❡
✭❧✬❛rt ❞❡s ❡①♣ér✐♠❡♥t❛t❡✉rs ❝♦♥s✐st❛♥t ❡♥tr❡ ❛✉tr❡ ❡♥ ❧❛ sé♣❛r❛t✐♦♥ ❞❡ ❝❡s ❞❡✉① ♣❛rt✐❡s✮✳ ▲❛
❞é♣❡♥❞❛♥❝❡ ❞❡ ❝❡ s✐❣♥❛❧ ❡♥ ω ✭♦✉ ❞❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡✱ ❡♥ é♥❡r❣✐❡✮ ♥❡ ♥♦✉s ❝♦♥❝❡r♥❡ ♣❛s
♣♦✉r ❧✬✐♥st❛♥t✱ ♣✉✐sq✉✬♦♥ ♥❡ s✬✐♥tér❡ss❡ q✉✬à ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❈✬❡st ❞♦♥❝ ❧❡ ❢❛❝t❡✉r ❞❡
str✉❝t✉r❡ st❛t✐q✉❡ S(Q) ✭❛✉ss✐ ❛♣♣❡❧é ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ à t❡♠♣s é❣❛✉①✮✱ ♦❜t❡♥✉ ❡♥ ✐♥té✲
❣r❛♥t ❧❡ ♣ré❝é❞❡♥t ❡♥ ω✱ ♦✉ ♣❛r ✉♥ ❜♦♠❜❛r❞❡♠❡♥t é❧❛st✐q✉❡ ❞❡ ♥❡✉tr♦♥✱ q✉✐ ♥♦✉s ✐♥tér❡ss❡✳
▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s s♣✐♥s à ❝❡ s✐❣♥❛❧ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡s ❝♦rré❧❛t✐♦♥s ✐♥st❛♥t❛♥é❡s ❞❡s
s♣✐♥s✳ ❖♥ ♦✉❜❧✐❡ ❧❛ ♣❛rt✐❡ ❞✉ s✐❣♥❛❧ q✉✐ ♥❡ ♣r♦✈✐❡♥t ♣❛s ❞❡s s♣✐♥s✳ ▲❛ ❢♦r♠✉❧❡ ❞❡ S(Q) ♣♦✉r
✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❡st ✿

S(Q) =
1

NQ

∑

i

∑

j

e−iQ(ri−rj)Si · Sj , ✭✶✳✶✻✮

❛✈❡❝ NQ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ét❡♥❞✉❡ ✭é❣❛❧ à Ns/r ✿ ❧❡
♥♦♠❜r❡ ❞❡ s✐t❡s Ns ❞✐✈✐sé ♣❛r ❧❡ r❡♠♣❧✐ss❛❣❡ r✱ r = 1 ♣♦✉r ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✱ r = 2/3
♣♦✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧✱ r = 3/4 ♣♦✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✮✳ ▲❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ét❡♥❞✉❡
✭❩❞❇❊✮ ❡st ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ✭❩❞❇✮ ❞✉ rés❡❛✉ ❛✉q✉❡❧ ♦♥ ❛ ❛❥♦✉té ❞❡s s✐t❡s ❞❡ ❢❛ç♦♥ à
♦❜t❡♥✐r ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✳ P♦✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❧❛ ❩❞❇❊ ❡st ✐❞❡♥t✐q✉❡ à ❧❛ ❩❞❇✳
P♦✉r tr❛♥s❢♦r♠❡r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ❡♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✱ ✐❧ ❢❛✉t ❛❥♦✉t❡r ✉♥ s✐t❡ ❛✉ ❝❡♥tr❡
❞❡ ❝❤❛q✉❡ ❤❡①❛❣♦♥❡✳ ❙❛ ❩❞❇❊ ❛✉r❛ ❞♦♥❝ ✉♥❡ s✉r❢❛❝❡ tr♦✐s ❢♦✐s ♣❧✉s ❣r❛♥❞❡ q✉❡ s❛ ❩❞❇✳
P♦✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ❧❛ ❩❞❇❊ ❛✉r❛ ✉♥❡ s✉r❢❛❝❡ q✉❛tr❡ ❢♦✐s ♣❧✉s ❣r❛♥❞❡ q✉❡ ❧❛ ❩❞❇✳

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✷✺
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1/12

1/121/12

1/12

1/12

1/12

Γ
Κ
Μ

Κe

Μe

✭❛✮ ❊t❛t ❋✳

1/3

1/31/3

1/3

1/3

1/3

Γ

Κ
Μ

Κe

Μe

✭❜✮ ❊t❛t q = 0✳

3/8

1/3

3/83/8

3/8

3/8 3/8

1/241/24

1/24 1/24
1/24

1/24

Γ

Κ
Μ

Κe

Μe

✭❝✮ ❊t❛t
√

3 ×
√

3✳

1/121/12

1/12 1/12
1/12

1/12

1/12

1/12 1/12

1/12

1/121/12

Γ

Κ
Μ

Κe

Μe

✭❞✮ ❊t❛t ♦❝t❛é❞r✐q✉❡✳

1/6

1/6 1/6

1/6

1/61/6

Γ

Κ
Μ

Κe

Μe

✭❡✮ ❊t❛t ❝✉❜♦❝✶✳

1/61/6

1/6 1/6
1/6

1/6

Γ

Κ
Μ

Κe

Μe

✭❢✮ ❊t❛t ❝✉❜♦❝✷✳

❋✐❣✳ ✶✳✶✶ ✕ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ S(Q)/Ns ❡t S(|Q|)/Ns ❞❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉
❦❛❣♦♠❡✳ P♦✉r ❝❤❛q✉❡ ♣✐❝ ❞❡ ❇r❛❣❣ ❞❡ S(Q)✱ ❧❛ ✈❛❧❡✉r ♥✉♠ér✐q✉❡ ❞❡ ❧✬✐♥t❡♥s✐té ❡st ❞♦♥♥é❡✳
P♦✉r S(|Q|)✱ ■❧s s♦♥t r❡♣rés❡♥tés ❧é❣èr❡♠❡♥t é❧❛r❣✐s✳

S(Q) ✈ér✐✜❡ ❧❛ rè❣❧❡ ❞❡ s♦♠♠❡ ✿

∑

Q

S(Q) = NsS
2. ✭✶✳✶✼✮

S(Q) ❡st ❡♥ ré❛❧✐té ❛❝❝❡ss✐❜❧❡ ❛✉① ❡①♣ér✐♠❡♥t❛t❡✉rs s❡✉❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s ♦ù ✐❧s ♣♦ssè✲
❞❡♥t ✉♥ ❝r✐st❛❧ ❞✉ ♠❛tér✐❛✉ ét✉❞✐é✳ ❉❡s ♣♦✉❞r❡s ♣❡✉✈❡♥t ❧❡✉r ❞♦♥♥❡r S(|Q|)✱ ❝✬❡st à ❞✐r❡
❧❛ q✉❛♥t✐té ♣ré❝é❞❡♥t❡ ♠♦②❡♥♥é❡ s✉r t♦✉t❡s ❧❡s ❞✐r❡❝t✐♦♥s ❞✉ ✈❡❝t❡✉r Q ❞❡ ♥♦r♠❡ ✜①é❡ ✿

S(|Q|) =

∫
S(Q′)δ(|Q| − |Q′|)dQ′
∫
δ(|Q| − |Q′|)dQ′ . ✭✶✳✶✽✮

▲❡ Q′ ❞❡ ❧✬✐♥té❣r❛❧❡ ♣❛r❝♦✉rt ❧❛ ❩❞❇❊ ❞✉ rés❡❛✉✳

▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

■❧s s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳✶✳✶✶✳

✷✻ ✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙
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Q  (Å-1)

Kapellasite
E=[0.16,1.2] meV

❋✐❣✳ ✶✳✶✷ ✕ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ❑❛♣❡❧❧❛s✐t❡ ✭à ❣❛✉❝❤❡✱ r❡ss❡♠❜❧❡ à ❧❛ ❋✐❣✳✶✳✶✶✭❢✮✮
❡t ❞❡ ❧❛ ❱♦❧❜♦rt❤✐t❡ ✭à ❞r♦✐t❡✱ r❡ss❡♠❜❧❡ à ❧❛ ❋✐❣✳✶✳✶✶✭❞✮✮✳ ❊♥ ♣r❡♥❛♥t ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡
❛t♦♠❡s ❞❡ ❝✉✐✈r❡ ❞❡ ✸✳✶✻✺➴✱ Me/2 s❡ tr♦✉✈❡ à ✵✳✺✼✸➴−1

❆♣♣❧✐❝❛t✐♦♥s à ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❡t à ❧❛ ❱♦❧❜♦rt❤✐t❡✳

◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ❛♥❛❧②s❡r ❞❡s rés✉❧t❛ts ❡①♣ér✐♠❡♥❛✉① ❞❡ ❞❡✉① ❝♦♠♣♦sés ❞♦♥t ♦♥
♥❡ ❝♦♥♥❛ît ♣❛s ❡①❛❝t❡♠❡♥t ❧❡s ♣r♦♣r✐étés ♠❛❣♥ét✐q✉❡s ✿ ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❈✉❩♥✭❖❍✮6❈❧2 ❬✷✶❪
❡t ❧❛ ❱♦❧❜♦rt❤✐t❡ ❈✉3❱2❖7✭❖❍✮2 · 2❍2❖ ❬✹✺❪✳ ❚♦✉s ❞❡✉① ♦♥t ❞❡s ❛t♦♠❡s ❞❡ ❝✉✐✈r❡ ❢♦r♠❛♥t
❞❡s ♣❧❛♥s ❦❛❣♦♠❡ ❞❡ s♣✐♥s 1/2✳ ▲❡✉rs ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ♦♥t été ♠❡s✉rés
r❡s♣❡❝t✐✈❡♠❡♥t ♣❛r ❋å❦ ✭❝♦♠♠✉♥✐❝❛t✐♦♥ ♣r✐✈é❡✮ ❡t ◆✐❡❧s❡♥ ❡t ❛❧✳ ❬✽✶❪✳ ■❧s s♦♥t r❡♣r♦❞✉✐ts
❡♥ ❋✐❣✳✶✳✶✷✳

▲❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ❞❡ ❧❛ ❑❛♣❡❧❧❛s✐t❡ r❡ss❡♠❜❧❡ ❜❡❛✉❝♦✉♣ à ❝❡❧✉✐ ❞❡ ❧✬♦r❞r❡
ré❣✉❧✐❡r ❝✉❜♦❝✷ ✭❋✐❣✳✶✳✶✶✭❢✮✮✱ ❛✈❡❝ ✉♥ ♣r❡♠✐❡r ♣✐❝ ✈❡rsMe/2 ❡t ♣❛s ❞✬❛✉tr❡s ♣✐❝s ❛✈❛♥t ✉♥❡
❞✐st❛♥❝❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 2Me✳ P♦✉rt❛♥t ❧❡ ♣✐❝ ❡①♣ér✐♠❡♥t❛❧ ♥✬❡st ♣❛s ✉♥ ♣✐❝ ❞❡ ❇r❛❣❣ ✿ ❧❡
❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❧❛ ❑❛♣❡❧❧❛s✐t❡ ♥❡ ♣♦ssè❞❡ ♣❛s ❞✬♦r❞r❡ ❞❡ ◆é❡❧✳ ❈❡ ♣✐❝ tr❛❞✉✐t ❧✬❡①✐st❡♥❝❡
❞✬✉♥ ♦r❞r❡ à ❝♦✉rt❡ ♣♦rté❡ ❡♥ ❝❡rt❛✐♥s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❡t ❧❡ r❡❧✐❡r à ✉♥ ♦r❞r❡ ❞❡ ◆é❡❧ ❡st
✉t✐❧❡ ✿ s✐ ❧❡ s♣✐♥ S ét❛✐t ♣❧✉s ❣r❛♥❞✱ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s s❡r❛✐❡♥t ♣❧✉s ❢❛✐❜❧❡s ❡t ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ ♣♦✉rr❛✐t ❞❡✈❡♥✐r ✉♥ ♦r❞r❡ ❞❡ ◆é❡❧✳ ❖♥ ♣❡✉t ❞♦♥❝ ♦❜t❡♥✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r
❧❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞❡s ét❛ts ❞❡ ◆é❡❧ ✈♦✐s✐♥s à ♣❛rt✐r ❞❡ ❧✬♦r❞r❡ à ❝♦✉rt❡ ♣♦rté❡✱ ❡t ❛✐♥s✐✱
♣r♦♣♦s❡r ❞❡s ❍❛♠✐❧t♦♥✐❡♥s ♣♦ss✐❜❧❡s ❛②❛♥t ♣♦✉r ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ ❝❡t ♦r❞r❡ ❞❡
◆é❡❧✳

▲❡ ❝✉❜♦❝✷ ❡st ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ s✉r ❦❛❣♦♠❡ ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ♣r❡♠✐❡rs
✈♦✐s✐♥s ❋ ❡t ❞❡✉①✐è♠❡s ✈♦✐s✐♥s ❆❋✳ ❈❡s ✐♥t❡r❛❝t✐♦♥s s♦♥t✲❡❧❧❡s ♣♦ss✐❜❧❡s s✉r ❧❛ ❑❛♣❡❧❧❛s✐t❡ ❄
▲❡ ❝❛r❛❝tèr❡ ❋ ♦✉ ❆❋ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❞é♣❡♥❞ ❞❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ❛t♦♠❡s ❞✬♦①②❣è♥❡ ♣❡r✲
♠❡tt❛♥t ✉♥ é❝❤❛♥❣❡ ❡♥tr❡ ❛t♦♠❡s ❞❡ ❝✉✐✈r❡✳ ◗✉❛❧✐t❛t✐✈❡♠❡♥t✱ ♦♥ ♣❡✉t ❞✐r❡ q✉❡ s✐ ❧✬❛♥❣❧❡
❈✉−❖−❈✉ ❡st ♣r♦❝❤❡ ❞❡ 90◦✱ ❧✬é❝❤❛♥❣❡ ❡st F ✱ ♠❛✐s ❧❡ ❝❛❧❝✉❧ ♣ré❝✐s ❞✉ ❝♦✉♣❧❛❣❡ à ♣❛r✲
t✐r ❞❡s ♣♦s✐t✐♦♥s ❞❡s ❛t♦♠❡s ❡st ❞✐✣❝✐❧❡✳ ▲❡s rè❣❧❡s ❞❡ ●♦♦❞❡♥♦✉❣❤✲❑❛♥❛♠♦r✐✲❆♥❞❡rs♦♥
❞♦♥♥❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡s ❝♦✉♣❧❛❣❡s✱ ♠❛✐s s♦♥t s♦✉✈❡♥t ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥
tr♦♣ ✈✐♦❧❡♥t❡✳ ▲❛ ❑❛♣❡❧❧❛s✐t❡ ❡st ❥✉st❡♠❡♥t ❞❛♥s ✉♥ ❝❛s ♦ù ❧❡ s✐❣♥❡ ❞✉ ❝♦✉♣❧❛❣❡ ♣r❡♠✐❡rs
✈♦✐s✐♥s ❡st ❛♠❜✐❣✉✳ ❉❡ ♣❧✉s✱ ✐❧ s❡♠❜❧❡r❛✐t q✉❡ ❧❡ ❝♦✉♣❧❛❣❡ tr♦✐s✐è♠❡s ✈♦✐s✐♥s ✭ ❬✹✸❪✮ ♥❡ s♦✐t
♣❛s ♥é❣❧✐❣❡❛❜❧❡ ❞❡✈❛♥t ❝❡❧✉✐ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❉❛♥s ❧✬❛rt✐❝❧❡ ❬✹✹❪✱ ❏❛♥s♦♥ ❡t ❛❧✳ ♦♥t ❝❤❡r❝❤é
❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ ♣♦✉r J1 > 0 ❡t J ′

3 > 0 ❡t ✐❧s ♦♥t ♦❜t❡♥✉ ❧❡ ❝✉❜♦❝✶✳ ▲❡ ❢❛❝t❡✉r
❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ♦❜t❡♥✉ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❛♣♣✉✐❡r❛✐t ♣❧✉tôt ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ♦r❞r❡
❝✉❜♦❝✷✱ ❧✉✐ ❛✉ss✐ ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ✉♥ J ′

3 ❆❋ ✐♠♣♦rt❛♥t✱ ♠❛✐s ❛✈❡❝ ✉♥ ❝♦✉♣❧❛❣❡ ♣r❡♠✐❡rs

✶✳ ▲❊❙ ➱❚❆❚❙ ❈▲❆❙❙■◗❯❊❙ ❖❘❉❖◆◆➱❙ ✷✼
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✈♦✐s✐♥s ❋✳
▲❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ❞❡ ❧❛ ❱♦❧❜♦rt❤✐t❡ ♣rés❡♥t❡ ❞❡s ❛♥❛❧♦❣✐❡s ❛✈❡❝ ❝❡❧✉✐

❞❡ ❧✬♦r❞r❡ ♦❝t❛é❞r✐q✉❡ ✭❋✐❣✳✶✳✶✶✭❞✮✮ ❡t ❧✬♦♥ ❛ ✈✉ q✉❡ ❝❡t ♦r❞r❡ ét❛✐t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r
❞❡s ✐♥t❡r❛❝t✐♦♥s ❛❧❧❛♥t ❥✉sq✉✬❛✉① tr♦✐s✐è♠❡s ✈♦✐s✐♥s✱ ❛✈❡❝ t♦✉t ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛ts ❞♦♥t
❝❡rt❛✐♥s s♦♥t ❝♦❧✐♥é❛✐r❡s✳ ❈❡♣❡♥❞❛♥t✱ ♦♥ s♦✉♣ç♦♥♥❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞✬êtr❡ ❛♥✐s♦tr♦♣❡✱ ❛✈❡❝
❞❡✉① ❝♦✉♣❧❛❣❡s ♣r❡♠✐❡rs ✈♦✐s✐♥s J ❡t J ′ ✭q✉✐ ♣♦✉rr❛✐❡♥t ♠ê♠❡ êtr❡ ❞❡ s✐❣♥❡s ♦♣♣♦sés ❬✹✺❪✱
❝❡ q✉✐ r❡♥❞r❛✐t ❛❧♦rs ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ét❛ts ré❣✉❧✐❡rs ✐♥❢♦♥❞é❡✮✳ ▲✬❛♥✐s♦tr♦♣✐❡ r✐sq✉❡ ❞✬ét❡♥✲
❞r❡ ❧❛ ③♦♥❡ ❞❡s ❢♦♥❞❛♠❡♥t❛✉① s♣✐r❛✉① ❞❡ ❧❛ ❋✐❣✳✶✳✾ ♠❛✐s ♣❡✉t ❧❛✐ss❡r ❞❡s ét❛ts ré❣✉❧✐❡rs
❢♦♥❞❛♠❡♥t❛✉① s✐ ❡❧❧❡ ❡st ❢❛✐❜❧❡✳

●râ❝❡ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✬✉♥ ♦r❞r❡ ❞❡ ◆é❡❧ ❞♦♥t ❧❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❝♦rr❡s♣♦♥❞❡♥t
❛✉① ❜♦ss❡s ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s✱ ♦♥ ❛ ♣✉ ♣r♦♣♦s❡r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ♣♦✉r
❝❡s ❞❡✉① ❝♦♠♣♦sés✳ ❉❡ ♥♦♠❜r❡✉s❡s ❡①t❡♥s✐♦♥s s♦♥t ♣♦ss✐❜❧❡s✳ ❈❡tt❡ ❛♥❛❧②s❡ ❡st ❝❧❛ss✐q✉❡ ❡t
s✉♣♣♦s❡ ❧❡s ❝♦♠♣♦sés ♣❛r❢❛✐ts✳ ❊♥ ré❛❧✐té✱ ✐❧ ② ❛ ❞❡ ♥♦♠❜r❡✉① ❞é❢❛✉ts q✉✐ ♣❡✉✈❡♥t ❛❧tér❡r ❧❡s
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ t❤é♦r✐q✉❡s ❡t ❞♦♥t ✐❧ ❢❛✉❞r❛✐t ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡✳ ❖♥ ♣❡✉t ❛✉ss✐ ét❡♥❞r❡
❧✬❛♥❛❧②s❡ ❡♥ ❣❛r❞❛♥t ❞❡s rés❡❛✉① ♣❛r❢❛✐ts✱ ♠❛✐s ❡♥ ❛❥♦✉t❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❛✉①
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ♣♦✉r ❛ss✐st❡r à ❧❛ ré❞✉❝t✐♦♥ ♦✉ ❧❛ ❞✐s♣❛r✐t✐♦♥ ❞❡s ♣✐❝s ❞❡ ❇r❛❣❣✳
❖♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡s ❛✈❡❝ ♥♦s ❍❛♠✐❧t♦♥✐❡♥s s✉♣♣♦sés
❛✜♥ ❞❡ ❝♦♠♣❛r❡r ❛✉① ❡①♣ér✐❡♥❝❡s ❢✉t✉r❡✳ ❉❛♥s ✉♥ ❝❤❛♣✐tr❡ ✉❧tér✐❡✉r✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❛
t❡❝❤♥✐q✉❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ♣♦✉r ❝❛❧❝✉❧❡r ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡
❞②♥❛♠✐q✉❡s ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❡t ❛✐♥s✐✱ ❛✈♦✐r ❛❝❝ès à ❞❡s
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞✬ét❛ts s❛♥s ♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡✳

✷ ▲❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ✿ rô❧❡ ❞❡s ✈♦rt❡① ❡t ♦r❞r❡ ❞❡ ❧❛ tr❛♥✲
s✐t✐♦♥

❆♣rès s✬êtr❡ ✐♥tér❡ssé à ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ♠♦❞è❧❡s ❞❡ s♣✐♥s ❍❡✐s❡♥❜❡r❣✱ ❝✬❡st à ❞✐r❡✱
à ❧❡✉r ét❛t à t❡♠♣ér❛t✉r❡ str✐❝t❡♠❡♥t ♥✉❧❧❡✱ ♥♦✉s ❛❧❧♦♥s ét✉❞✐❡r ❧✬❡✛❡t ❞❡ ❧❛ t❡♠♣ér❛t✉r❡
❡♥ r❡st❛♥t ❞❛♥s ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝❧❛ss✐q✉❡✳

❈❡rt❛✐♥s ❞❡s ♦r❞r❡s ré❣✉❧✐❡rs ❞ét❛✐❧❧és ♣ré❝é❞❡♠♠❡♥t ♦♥t ❞❡s s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s✱ ❝❡
q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥❡ ❝❤✐r❛❧✐té s❝❛❧❛✐r❡ ♥♦♥ ♥✉❧❧❡ ♣♦✉r ❝❡rt❛✐♥s tr✐♣❧❡ts ijk ❞❡ s✐t❡s ✿

σijk = (Si ∧ Sj) · Sk 6= 0. ✭✶✳✶✾✮

❯♥ s②stè♠❡ q✉✐ r❡s♣❡❝t❡ ❧❛ s②♠étr✐❡ ❞✬✐♥✈❡rs✐♦♥ ❞❡s s♣✐♥s Si → −Si ♣❡✉t très ❜✐❡♥ ❛✈♦✐r
❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❝❤✐r❛✉①✱ r❡♣érés ♣❛r ✉♥ ✐♥❞✐❝❡ ❞✐s❝r❡t σ = ±1✳ ▼❛❧❣ré ❧❛ ♣rés❡♥❝❡
❞✬♦♥❞❡s ❞❡ s♣✐♥ q✉✐ ❞étr✉✐s❡♥t ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥ à ❧♦♥❣✉❡ ♣♦rté❡ ❞ès q✉❡ T 6= 0✱ ❧❛
❝❤✐r❛❧✐té ❧♦❝❛❧❡ r❡st❡ ♥♦♥ ♥✉❧❧❡ à ❜❛ss❡ t❡♠♣ér❛t✉r❡✳ ❙✉r ❞❡s ❡①❡♠♣❧❡s✱ ♥♦✉s ✈❡rr♦♥s ❡♥
❙❡❝✳✷✳✶ q✉✬❡❧❧❡ ❞♦♥♥❡ ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ à t❡♠♣ér❛t✉r❡ ♥♦♥ ♥✉❧❧❡✳

❈❡s s②stè♠❡s ♣♦ssè❞❡♥t ❛✉ss✐ ❞❡s ❞é❢❛✉ts ♣♦♥❝t✉❡❧s✱ ❛♣♣❡❧és ✈♦rt❡① ✭❙❡❝✳✷✳✷✮✳ ●râ❝❡ à
✉♥ ♠♦❞è❧❡ ❥♦✉❡t✱ ♥♦✉s ❡①♣❧✐q✉❡r♦♥s ❡♥ ❙❡❝✳✷✳✸ ❧❡ ❧✐❡♥ ❡♥tr❡ ✈♦rt✐❝✐té ❡t ❝❤✐r❛❧✐té ❡t ❧❛ r❛✐s♦♥
♣♦✉r ❧❛q✉❡❧❧❡ ❧❛ tr❛♥s✐t✐♦♥ ♦❜s❡r✈é❡ ❡st ♣❛r❢♦✐s ❞✉ ♣r❡♠✐❡r✱ ♣❛r❢♦✐s ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ♠❛❧❣ré
❧❡ ❝❛r❛❝tèr❡ ■s✐♥❣ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ✭±1✮✳

✷✳✶ P♦ss✐❜✐❧✐té ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❝❤✐r❛❧❡

▲♦rsq✉✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ s❡ ♣r♦❞✉✐t✱ ❡❧❧❡ ❡st ❧❛ ♣❧✉♣❛rt ❞✉ t❡♠♣s ❛ss♦❝✐é❡ à
✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ ❞❡s s②♠étr✐❡s ❞✉ s②stè♠❡ ❡t sé♣❛r❡ ✉♥❡ ♣❤❛s❡ ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❞✬✉♥❡
♣❤❛s❡ ❤❛✉t❡ t❡♠♣ér❛t✉r❡ ♣❧✉s s②♠étr✐q✉❡ ✭❧❛ tr❛♥s✐t✐♦♥ ❞❡ ❑♦st❡r❧✐t③ ❚❤♦✉❧❡ss ❬✺✶❪ ❡st
✉♥❡ ❡①❝❡♣t✐♦♥✮✳ ❈♦♥♥❛✐ss❛♥t ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ Eop ❞✬✉♥ s②stè♠❡ ✭Eop ❡st
❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉①✮✱ ❝✬❡st à ❞✐r❡ ❧❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞❡ SH ❜r✐sé❡s à

✷✽ ✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊
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T = 0✱ ❡t s❛❝❤❛♥t q✉✬❡❧❧❡s s♦♥t t♦✉t❡s r❡st❛✉ré❡s ❧♦rsq✉❡ T → ∞✱ ♦♥ ♣❡✉t ❛✈♦✐r ✉♥❡ ✐❞é❡
❞❡s tr❛♥s✐t✐♦♥s ♣♦ss✐❜❧❡s✳

▲♦rsq✉❡ ❧❡s s②♠étr✐❡s r❡st❛✉ré❡s s♦♥t ❝♦♥t✐♥✉❡s✱ ❧❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r ♥♦✉s
❞♦♥♥❡ ❧❛ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡ ✿ Tc = 0✳ ◆♦✉s ❡①♣❧✐q✉❡r♦♥s r❛♣✐❞❡♠❡♥t ❝❡ t❤é♦rè♠❡ ❛✈❛♥t ❞❡
♣❛ss❡r à ✉♥ ❝❛s ❞✬é❝♦❧❡ ❞❡ s②♠étr✐❡ ❞✐s❝rèt❡✱ r❡st❛✉ré❡ à Tc 6= 0 ✿ ❧❛ tr❛♥s✐t✐♦♥ ❞✬■s✐♥❣✳ ◗✉❛♥❞
❧❡s ❞❡✉① t②♣❡s ❞❡ s②♠étr✐❡ ❞♦✐✈❡♥t êtr❡ r❡st❛✉ré❡s✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❞❛♥s ❧❡s s②stè♠❡s
❝❤✐r❛✉①✱ ❧❡s ❞❡✉① t②♣❡s ❞❡ tr❛♥s✐t✐♦♥ s❡ ♣r♦❞✉✐s❡♥t ❞♦♥♥❛♥t ✉♥❡ tr❛♥s✐t✐♦♥ à Tc = 0 ❡t ✉♥❡
tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ à Tc 6= 0✳ ◆♦✉s ❡♥ ✈❡rr♦♥s q✉❡❧q✉❡s ❡①❡♠♣❧❡s✳

▲❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r

❯♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ré❣✉❧✐❡r ✭❛✉ s❡♥s ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✮ ♣♦ssè❞❡ ❞❡ ❧✬♦r❞r❡ à
❧♦♥❣✉❡ ♣♦rté❡✱ ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ❛✐♠❛♥t❛t✐♦♥ ❛❧t❡r♥é❡ m q✉✐ ♣❡✉t êtr❡ ❝❤♦✐s✐❡ ❝♦♠♠❡ ❧❡
♣r♦❞✉✐t ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❞✬✉♥ s♦✉s✲rés❡❛✉ A ✿

∥∥∑
i∈A Si

∥∥ ♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ s♦✉s✲rés❡❛✉①✳
❆ t❡♠♣ér❛t✉r❡ ♥✉❧❧❡✱ ❧✬❛✐♠❛♥t❛t✐♦♥ ❡st ♠❛①✐♠❛❧❡ ✿ m(T = 0) = Ns✱ ❛✈❡❝ Ns ❧❡ ♥♦♠❜r❡
❞❡ s✐t❡s ❞✉ rés❡❛✉✳ ▼❛✐s ♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ ✐♥✜♥✐tés✐♠❛❧❡✱ ❝❡tt❡ ❛✐♠❛♥t❛t✐♦♥ ❞✐s♣❛r❛ît ✿
m(T > 0) = 0✳

❊♥ ❡✛❡t✱ ❧❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r ❬✻✺❪ é♥♦♥❝❡ q✉✬❛✉❝✉♥❡ s②♠étr✐❡ ❝♦♥t✐♥✉❡ ♥❡
♣❡✉t êtr❡ s♣♦♥t❛♥é♠❡♥t ❜r✐sé❡ ❡♥ ❞✐♠❡♥s✐♦♥ s♣❛t✐❛❧❡ d ≤ 2 ♣♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s à ❝♦✉rt❡
♣♦rté❡✱ ❝❛r ❞❡s ❡①❝✐t❛t✐♦♥s ❞❡ ❣r❛♥❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✭♦♥❞❡s ❞❡ s♣✐♥ ♦✉ ♠♦❞❡s ❞❡ ●♦❧❞✲
st♦♥❡✮ ❞✬é♥❡r❣✐❡ t❡♥❞❛♥t ✈❡rs 0 ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ ❞és♦r❞♦♥♥❡♥t t♦t❛❧❡♠❡♥t ❧❡s s♣✐♥s✳
▲❛ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ r❡st❛✉r❛♥t ❧❡s s②♠étr✐❡s ❝♦♥t✐♥✉❡s ❡st ❞♦♥❝ Tc = 0✳
❙❡✉❧❡s ❞❡s s②♠étr✐❡s ❞✐s❝rèt❡s ♣❡✉✈❡♥t ❞♦♥♥❡r ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ à t❡♠♣ér❛t✉r❡ ♥♦♥ ♥✉❧❧❡✳
▲✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s ❝♦♥♥✉ ❞✬✉♥❡ t❡❧❧❡ tr❛♥s✐t✐♦♥ ❡st ❧❛ tr❛♥s✐t✐♦♥ ❞✬■s✐♥❣✳

▲❡ ♠♦❞è❧❡ ❞✬■s✐♥❣ ❋ s✉r ❧❡ rés❡❛✉ ❝❛rré ✷❉

▲❡s s♣✐♥s ❞✬■s✐♥❣ ♥❡ ♣❡✉✈❡♥t ♣r❡♥❞r❡ q✉❡ ❞❡✉① ♦r✐❡♥t❛t✐♦♥s ♦♣♣♦sé❡s✳ ▲✬é♥❡r❣✐❡ ❞✬✉♥❡
❝♦♥✜❣✉r❛t✐♦♥ ❡st ❞♦♥♥é❡ ♣❛r

− J

2

∑

〈ij〉
SiSj , ✭✶✳✷✵✮

♦ù ❝❤❛q✉❡ ❧✐❡♥ ❡st ♣❛r❝♦✉r✉ ❞❛♥s ❧❡s ❞❡✉① s❡♥s✳ ❉❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❧❡s s♣✐♥s s♦♥t t♦✉s
✐❞❡♥t✐q✉❡s ✿ ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ Eop ♣❡✉t êtr❡ ❝❤♦✐s✐ é❣❛❧ à ∼ {−1, 1}✳ ❖♥ ♥❡ ♣❡✉t
♣❛s ♣❛ss❡r ❝♦♥t✐♥û♠❡♥t ❞✬✉♥ ❢♦♥❞❛♠❡♥t❛❧ à ❧✬❛✉tr❡✳ ▲❡s ❡①❝✐t❛t✐♦♥s s♦♥t t♦✉t❡s ❣❛♣♣é❡s✳
▲❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r ♥❡ s✬❛♣♣❧✐q✉❡ ❞♦♥❝ ♣❛s ✐❝✐ ❝❛r ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ s②♠étr✐❡
❝♦♥t✐♥✉❡✳ ▲✬❛✐♠❛♥t❛t✐♦♥ ❞✐♠✐♥✉❡ ❡♥ ❡✛❡t ❞❡ ❢❛ç♦♥ ❝♦♥t✐♥✉❡ ❛✈❡❝ ❧❛ t❡♠♣ér❛t✉r❡✱ ♣♦✉r ❛t✲
t❡✐♥❞r❡ 0 ❡♥ Tc = 2.269J ❧♦rs ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❝r✐t✐q✉❡✳ ❈❡tt❡ tr❛♥s✐t✐♦♥ ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t
✐♠♣♦rt❛♥t❡ ❡♥ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ ❝❛r ❞✬❛✉tr❡s ♠♦❞è❧❡s ♣♦ssè❞❡♥t ❧❡s ♠ê♠❡s ♣r♦♣r✐étés
à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ♣rès ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡✳ ▲❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s ❞❡ ❝❡
s②stè♠❡ ♦♥t été ❝❛❧❝✉❧é❡s ❛♥❛❧②t✐q✉❡♠❡♥t ♣❛r ❖♥s❛❣❡r ❬✽✷❪✳ ▲❡s ❡①♣♦s❛♥ts ❝r✐t✐q✉❡s s♦♥t
❧❡s s✉✐✈❛♥ts ✿

α = 0, β = 1/8, ν = 1, η = 1/4, γ = 7/4, δ = 15, ∆ = 15/8.

❈❤❛❝✉♥ ❞❡ ❝❡s ❡①♣♦s❛♥ts ❝❛r❛❝tér✐s❡ ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ s②stè♠❡ à ❧❛ tr❛♥s✐t✐♦♥ ✿

m ∼ |t|βΦ±(h/|t|∆),

ξ ∼ |t|−ν ,
χ ∼ |t|−γ ,
Cv ∼ |t|−α,

✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊ ✷✾
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G(r) ∼ r2−d−ηΓ

(
r

|t|−ν ,
h

|t|∆
)
,

hc ∼ |m|δ s✐ t > 0,

♦ù t ❡st ❧❛ t❡♠♣ér❛t✉r❡ ré❞✉✐t❡ (T − Tc) /Tc✱ m ❡st ❧✬❛✐♠❛♥t❛t✐♦♥✱ ξ ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡
❝♦rré❧❛t✐♦♥ ✭t❛✐❧❧❡ ❞❡s ❛♠❛s✮✱ χ ❡st ❧❛ s✉s❝❡♣t✐❜✐❧✐té ♠❛❣♥ét✐q✉❡✱ Cv ❡st ❧❛ ❝❤❛❧❡✉r s♣é❝✐✜q✉❡✱
G ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡ s♣✐♥✱ hc ❡st ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝❛r❛❝tér✐st✐q✉❡ ❡t Φ±
❡t f s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ✉♥✐✈❡rs❡❧❧❡s✳

▲❡ ♠♦❞è❧❡ ❞✬■s✐♥❣ ❡st ♣✉r❡♠❡♥t ❞✐s❝r❡t ✿ ✐❧ ♥❡ ♣♦ssè❞❡ ❛✉❝✉♥❡ s②♠étr✐❡ ❝♦♥t✐♥✉❡✳ ◆♦✉s
❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ✈♦✐r ❞❡s ❡①❡♠♣❧❡s ♦ù ❞❡s s②♠étr✐❡s ❞✐s❝rèt❡s ❡t ❝♦♥t✐♥✉❡s ❝♦❡①✐st❡♥t✳

❊①❡♠♣❧❡ ❞❡ s②♠étr✐❡s ❞✐s❝rèt❡s ❞❛♥s ❞❡s ♠♦❞è❧❡s ❍❡✐s❡♥❜❡r❣

❈❤♦✐s✐ss♦♥s ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❡t ré✢❡①✐♦♥ ❞❡s s♣✐♥s ✿ Ss = O3✱ ❡t
♣❛r t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ SR✳

❈♦♠♠❡♥ç♦♥s ♣❛r ✉♥ ❝❛s s❛♥s s②♠étr✐❡ ❞✐s❝rèt❡ ♣♦✉r ❜✐❡♥ ❝♦♠♣r❡♥❞r❡ ❝❡ q✉✐ ❡♥tr❛î♥❡
✉♥❡ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡ ❞✐s❝rèt❡✳ ❙✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ s✐ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ❧✬é✲
t❛t ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ✭❋✐❣✳ ✶✳✶✭❜✮✮✱ Se ∼ SR × {IS , σS} ✿ ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s♦♥t
t♦✉t❡s r❡s♣❡❝té❡s ♠♦❞✉❧♦ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ SS ✱ ❡t s❡✉❧❡s ❞❡✉① tr❛♥s❢♦r♠❛t✐♦♥s ❞❡
s♣✐♥ ♥❡ ♠♦❞✐✜❡♥t ♣❛s ❧✬ét❛t ✿ ❧✬✐❞❡♥t✐té IS ❡t ❧❛ ré✢❡①✐♦♥ σS ❞❛♥s ❧❡ ♣❧❛♥ ❞❡s s♣✐♥s✳
Eop ∼ O3/{IS , σS} ∼ SO3✳ ❖♥ r❡❧✐❡ ❞❡✉① ét❛ts ❢♦♥❞❛♠❡♥t❛✉① q✉❡❧❝♦♥q✉❡s ♣❛r ✉♥❡ r♦✲
t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ P❛r ✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ r♦t❛t✐♦♥s ✐♥✜♥✐tés✐♠❛❧❡s✱ ♦♥ ❝♦♥str✉✐t ❞♦♥❝
✉♥ ❝❤❡♠✐♥ ❝♦♥t✐♥✉ r❡❧✐❛♥t ❞❡✉① ❢♦♥❞❛♠❡♥t❛✉① q✉❡❧❝♦♥q✉❡s ❞❡ Eop ✿ ♦♥ ♥✬❛ ♣❛s ❞❡ ❜r✐s✉r❡
❞❡ s②♠étr✐❡ ❞✐s❝rèt❡✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r✱ t♦✉t❡s ❧❡s s②♠étr✐❡s s♦♥t
r❡st❛✉ré❡s ❞ès q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❡st ♥♦♥ ♥✉❧❧❡✳

❚♦✉❥♦✉rs s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♣r❡♥♦♥s ❝❡tt❡ ❢♦✐s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ à q✉❛tr❡
s♦✉s✲rés❡❛✉① ♦ù ❧❡s s♣✐♥s s♦♥t ❛✉① s♦♠♠❡ts ❞✬✉♥ tétr❛è❞r❡ ✭❋✐❣✳✶✳✻✭❜✮✮✳ ■❧s ♥❡ s♦♥t ♣❛s
❝♦♣❧❛♥❛✐r❡s ❡t ♣♦ssè❞❡♥t ✉♥❡ ❝❤✐r❛❧✐té s❝❛❧❛✐r❡ σijk ✭❊q✳✶✳✶✾✮ ♥♦♥ ♥✉❧❧❡ s✉r ❝❤❛q✉❡ tr✐❛♥❣❧❡
ijk ❞✉ rés❡❛✉✳ Se ∼ SR × {IS} ✿ t♦✉t❡s ❧❡s s②♠étr✐❡s ❞❡ SS s♦♥t ❜r✐sé❡s✳ Eop ∼ O3✳ ❈♦♥✲
tr❛✐r❡♠❡♥t ❛✉ ❝❛s ♣ré❝é❞❡♥t✱ ♦♥ ♥❡ ♣❡✉t ♣❛s t♦✉❥♦✉rs r❡❧✐❡r ❞❡✉① ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♣❛r
✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ ❈❡❧❛ ♥✬❡st ♣♦ss✐❜❧❡ q✉❡ s✬✐❧s ♦♥t ❧❡s ♠ê♠❡s ❝❤✐r❛❧✐tés✳ ❉❛♥s ❧❡
❝❛s ❝♦♥tr❛✐r❡✱ ✐❧s s♦♥t ✐♠❛❣❡s ❧✬✉♥ ❞❡ ❧✬❛✉tr❡ ♣❛r ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ Si → −Si✱ s✉✐✈✐❡ ❞✬✉♥❡
r♦t❛t✐♦♥✳ ❖♥ ❞✐st✐♥❣✉❡ ❞❡✉① ❝❛té❣♦r✐❡s ❞✬ét❛t ❢♦♥❞❛♠❡♥t❛✉①✱ ❞❡ ❝❤✐r❛❧✐tés ♦♣♣♦sé❡s✱ ❝❡ q✉✐
♣❡r♠❡t ❞❡ ❞✬❛ss♦❝✐❡r à ❝❤❛q✉❡ ét❛t ✉♥ ♣❛r❛♠ètr❡ ❞✬■s✐♥❣✱ ✈❛❧❛♥t ±1 ❡t ❛♣♣❡❧é ❝❤✐r❛❧✐té✳

❈❡t ét❛t ❝❤✐r❛❧ ❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✬❍❛♠✐❧t♦♥✐❡♥s ♣♦ssé❞❛♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞✬é❝❤❛♥❣❡
❝②❝❧✐q✉❡ à q✉❛tr❡ ❝♦r♣s ❬✺✵❪ ❬✺✷❪✳ ❆✉ ❞❡ss✉s ❞✬✉♥❡ ❝❡rt❛✐♥❡ t❡♠♣ér❛t✉r❡ ❝r✐t✐q✉❡ ♥♦♥ ♥✉❧❧❡✱
❧❛ s②♠étr✐❡ Si 7→ −Si ❡st r❡st❛✉ré❡ ❧♦rs ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ q✉✐ ❛ ❞✬❛❜♦r❞ été ❝r✉❡
❝r✐t✐q✉❡✳ P✉✐s✱ ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❛ ré✈é❧é q✉✬❡❧❧❡ ét❛✐t ❢❛✐❜❧❡♠❡♥t
❞✉ ♣r❡♠✐❡r ♦r❞r❡ ❬✼✻❪✳

❚♦✉t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ♣♦ssè❞❡ ✉♥❡ ❝❤✐r❛❧✐té ♣♦✉✈❛♥t ❞♦♥♥❡r ❧✐❡✉ à
✉♥❡ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ✭♣♦✉r H r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞♦♥♥é❡s ❛✉ ❞é❜✉t ❞✉ ♣❛r❛❣r❛♣❤❡✮✳
❈✬❡st ❧❡ ❝❛s ♣♦✉r ❧✬ét❛t ❝✉❜♦❝✷✱ q✉✐ ❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡✳
▲✬ét✉❞❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ s❡r❛ ❞ét❛✐❧❧é❡ ❞❛♥s ❧❛ s✉✐t❡ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❉✬❛✉tr❡s ❡①❡♠♣❧❡s ❞✬ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♣♦ssé❞❛♥t ✉♥❡ s②♠étr✐❡ ❞✐s❝rèt❡✱ ❞✐✛ér❡♥t❡ ❞❡
❧❛ ❝❤✐r❛❧✐té✱ ❡①✐st❡♥t ✿

✕ ❧❡ rés❡❛✉ ❝❛rré ❛✈❡❝ é❝❤❛♥❣❡s ♣r❡♠✐❡rs ❡t ❞❡✉①✐è♠❡s ✈♦✐s✐♥s ✭J2 > J1/2✮ t❡❧s q✉❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧ s♦✐t ❝♦♥st✐t✉é ❞❡ ❞❡✉① rés❡❛✉① ❝❛rrés ♦r❞♦♥♥és ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡♠❡♥t
✐♠❜r✐q✉és ❧✬✉♥ ❞❛♥s ❧✬❛✉tr❡✳ ❆❧♦rs✱ Eop ∼ S2 × S2✳ ▼❛✐s ❡♥ ré❛❧✐té✱ ❧✬♦r❞r❡ ♣❛r ❧❡
❞és♦r❞r❡ sé❧❡❝t✐♦♥♥❡ ❧❡s ét❛ts ❝♦❧✐♥é❛✐r❡s✱ ❝❡ q✉✐ ❞♦♥♥❡ Eop ∼ S2 × Z2 ✿ ❞❡s ❧✐❣♥❡s
❢❡rr♦♠❛❣♥ét✐q✉❡s ❞❡ s♣✐♥s s❡ ❢♦r♠❡♥t ❞❛♥s ❧✬✉♥❡ ❞❡s ❞❡✉① ❞✐r❡❝t✐♦♥s ♣♦ss✐❜❧❡s✱ ❜r✐s❛♥t

✸✵ ✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊
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❋✐❣✳ ✶✳✶✸ ✕ ❊①❡♠♣❧❡ ❞✬✉♥ ❡s♣❛❝❡ ❝♦♥♥❡①❡ ❡t ❞✬✉♥ ❡s♣❛❝❡ ♥♦♥ ❝♦♥♥❡①❡✱ ✐♥❝❧✉s ❞❛♥s R
2✳

▲✬❡s♣❛❝❡ ✈❡rt ❡st ❝♦♥♥❡①❡ ✿ ♦♥ ♣❡✉t r❡❧✐❡r ✉♥ ❝♦✉♣❧❡ q✉❡❧❝♦♥q✉❡ ❞❡ s❡s ♣♦✐♥ts ♣❛r ✉♥
❝❤❡♠✐♥ ❝♦♥t✐♥✉ ❞❛♥s ❝❡t ❡s♣❛❝❡✳ ❉❛♥s ❧❡ r♦✉❣❡✱ ❝✬❡st ✐♠♣♦ss✐❜❧❡✳ ▲✬❡s♣❛❝❡ r♦✉❣❡ ❝♦♠♣♦rt❡
tr♦✐s ❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s✳

❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡ 90◦ ❡t ❣é♥ér❛♥t ✉♥ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ Z2✳ ❈❡tt❡ s②♠étr✐❡
❡st r❡st❛✉ré❡ ❧♦rs ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞✬■s✐♥❣ ❬✶✺❪ ❬✶✵✾❪✳

✕ ❧❡ rés❡❛✉ ❝❛rré ❛✈❡❝ é❝❤❛♥❣❡s ♣r❡♠✐❡rs ❡t tr♦✐s✐è♠❡s ✈♦✐s✐♥s t❡❧s q✉❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧
s♦✐t ✉♥ ét❛t s♣✐r❛❧ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ (q, q) ♦✉ (q,−q) ✐♥❝♦♠♠❡♥s✉r❛❜❧❡✳ Eop ∼ {I, σ}×
SO3 ✿ t♦✉t❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s ❝♦♠❜✐♥é❡ ♦✉ ♥♦♥ ❛✈❡❝ ❧❛ ré✢❡①✐♦♥ ❞✉ rés❡❛✉ s❡❧♦♥ ❧✬❛①❡
(1, 0) ❛♣♣❧✐q✉é❡ à ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞♦♥♥❡ ✉♥ ♥♦✉✈❡❧ ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ▲❛ s②♠étr✐❡
♣❛r ré✢❡①✐♦♥ ❞✉ rés❡❛✉ ❡st r❡st❛✉ré❡ à t❡♠♣ér❛t✉r❡ ✜♥✐❡ ❧♦rs ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡
s✉♣♣♦sé❡ ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣ ❬✶✵❪✳

◆♦✉s ♥✬❛✈♦♥s ♣♦✉r ❧✬✐♥st❛♥t ✈✉ q✉❡ ❞❡s ❡①❡♠♣❧❡s ♦ù ❧❡s s②♠étr✐❡s ❞✐s❝rèt❡s ❢♦✉r♥✐ss❛✐❡♥t
✉♥ ♣❛r❛♠ètr❡ ❞✬■s✐♥❣✳ ❙✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❬✶✾❪ ❬✺✻❪ ❡t ❤❡①❛❣♦♥❛❧ ❬✸✶❪✱ ❧❡ ♠ê♠❡ t②♣❡
❞❡ tr❛♥s✐t✐♦♥ q✉❡ ❧❛ ♣ré❝é❞❡♥t❡ ♣♦✉rr❛✐t s❡ ♣r♦❞✉✐r❡✱ ❛✈❡❝ ❝❡tt❡ ❢♦✐s ✉♥ ♣❛r❛♠ètr❡ ❞✐s❝r❡t
à tr♦✐s ✈❛❧❡✉rs ❞❛♥s ❧❡ ❢♦♥❞❛♠❡♥t❛❧✱ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ rés❡❛✉ ♣r✐✈✐❧é❣✐é❡✳ ▲❛ tr❛♥s✐t✐♦♥
♣♦✉rr❛✐t s❡ tr♦✉✈❡r ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✉ ♠♦❞è❧❡ ❞❡ P♦tts q = 3 ✭r❡✈✉❡ ❞❡ ❝❡
♠♦❞è❧❡ ✿ ❬✶✶✺❪✮✱ ♠❛✐s ❡❧❧❡ ♥✬❛ ♣❛s été ét✉❞✐é❡ ❥✉sq✉✬à ♣rés❡♥t à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✳

❙✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ s✐ ❧✬♦♥ ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ♦r❞r❡s ❝♦❧✐♥é❛✐r❡s s♦♥t ❢❛✈♦r✐sés ❞❛♥s
❧❛ ③♦♥❡ ♦ù ❧✬♦r❞r❡ ♦❝t❛é❞r✐q✉❡ ❡st ❢♦♥❞❛♠❡♥t❛❧✱ ♦♥ ❛ ❛❧♦rs ✉♥ ♣❛r❛♠ètr❡ ❞✐s❝r❡t à q✉❛tr❡
✈❛❧❡✉rs ♣♦ss✐❜❧❡s✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① q✉❛tr❡ ●❙ ❞❡ ❧❛ ❋✐❣✳✶✳✶✵✭❜✮✳ ❈♦♥t✐♥✉❛♥t s✉r ♥♦tr❡
❧❛♥❝é❡✱ ♦♥ ♣❡✉t ♣r♦♣♦s❡r ✉♥❡ tr❛♥s✐t✐♦♥ à t❡♠♣ér❛t✉r❡ ✜♥✐❡ ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✉
♠♦❞è❧❡ ❞❡ P♦tts q = 4 ✭❝❡ ♠♦❞è❧❡ ❡st ✉♥ ♣♦✐♥t tr✐❝r✐t✐q✉❡✮✳

❈♦♥♥❡①✐té ❞❡ ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡

▲❛ ♥♦♥✲❝♦♣❧❛♥❛r✐té ❞❡s s♣✐♥s ❞✬✉♥ ♠♦❞è❧❡ ♥✬❡st ♣❛s s✉✣s❛♥t❡ ♣♦✉r ❛✣r♠❡r q✉❡ ❧❡
s②stè♠❡ ❡st ❧❡ s✐è❣❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧✬♦♥ ❛♣♣❧✐q✉❡ ✉♥ ❝❤❛♠♣ ♠❛❣✲
♥ét✐q✉❡ ❞é♣❡♥❞❛♥t ❞✉ s✐t❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❞❡ ❢❛ç♦♥ à ❢❛✈♦r✐s❡r ✉♥❡ ♦r✐❡♥t❛t✐♦♥
❞❡s s♣✐♥s s❡❧♦♥ ❧❡s ✹ s♦♠♠❡ts ❞✬✉♥ tétr❛è❞r❡ ✜①é✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ s❡r❛ ✉♥✐q✉❡ ❡t ❛✉❝✉♥❡
s②♠étr✐❡ ❞✐s❝rèt❡ ♥❡ ♣♦✉rr❛ êtr❡ ❜r✐sé❡✱ ❜✐❡♥ q✉❡ ❧❡s s♣✐♥s ♣♦ssè❞❡♥t ✉♥❡ ❝❤✐r❛❧✐té s❝❛❧❛✐r❡
♥♦♥ ♥✉❧❧❡✳

▲✬✐♥❢♦r♠❛t✐♦♥ ❞♦♥t ♦♥ ❛ ❜❡s♦✐♥ ♣♦✉r ❞ét❡r♠✐♥❡r s✐ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣♦ssè❞❡ ✉♥❡
s②♠étr✐❡ ❞✐s❝rèt❡ s❡ tr♦✉✈❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ Eop✳ ❙✐ ❧✬♦♥ ♣❡✉t r❡❧✐❡r
♥✬✐♠♣♦rt❡ q✉❡❧ ❝♦✉♣❧❡ ❞❡ ♣♦✐♥ts ❞❡ Eop ♣❛r ✉♥ ❝❤❡♠✐♥ ❝♦♥t✐♥✉ ❞❛♥s ❝❡t ❡s♣❛❝❡✱ ❛✉❝✉♥❡
s②♠étr✐❡ ❞✐s❝rèt❡ ♥✬❡st ❜r✐sé❡ à T = 0✳ Eop ❡st ❛❧♦rs ❝♦♥♥❡①❡ ✭❋✐❣✳✶✳✶✸✮ ❡t t♦✉t❡s ❧❡s
s②♠étr✐❡s ❜r✐sé❡s s♦♥t r❡st❛✉ré❡s à t❡♠♣ér❛t✉r❡ ♥✉❧❧❡✳ P❛r ❝♦♥tr❡✱ s✬✐❧ ❝♦♠♣♦rt❡ ♣❧✉s✐❡✉rs
❝♦♠♣♦s❛♥t❡s ❝♦♥♥❡①❡s✱ ❞✐s♦♥s ✉♥ ♥♦♠❜r❡ n✱ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣♦ssé❞❡r❛ ✉♥ ♣❛r❛♠ètr❡
❞✬♦r❞r❡ ❞✐s❝r❡t à n ✈❛❧❡✉rs ♣♦ss✐❜❧❡s✱ ❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❛♥s ❧❛q✉❡❧❧❡ ✐❧
s❡ tr♦✉✈❡✳ ❈❡ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ♣❡✉t ❞♦♥♥❡r ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ à t❡♠♣ér❛t✉r❡

✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊ ✸✶
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❋✐❣✳ ✶✳✶✹ ✕ ❊t❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡ ♣♦✉r J1 < 0 ❡t J2 > −J1/3 ✿
❧✬ét❛t ❝✉❜♦❝✷✳ ▲✬ét❛t ❛ss♦❝✐é ❛✉① ♦r✐❡♥t❛t✐♦♥s ❞❡s s♣✐♥s ❞❡ ❣❛✉❝❤❡ ✭♦❜t❡♥✉❡s ♣❛r ré✢❡①✐♦♥
❞❡s s♣✐♥s ❞❡ ❞r♦✐t❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠✐r♦✐r✮ ♥✬❡st ♣❛s r❡❧✐é ❝♦♥t✐♥û♠❡♥t ❞❛♥s Eop à ❧✬ét❛t ❞❡
❞r♦✐t❡ ❝❛r ✐❧s s❡ tr♦✉✈❡♥t ❝❤❛❝✉♥ ❞❛♥s ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞✐✛ér❡♥t❡ ❞❡ Eop✳ ❯♥ ét❛t
❢♦♥❞❛♠❡♥t❛❧ ❡st ❞♦♥❝ ❝❤✐r❛❧✳

✜♥✐❡✱ s❛♥s ❞ér♦❣❡r ❛✉ t❤é♦rè♠❡ ❞❡ ▼❡r♠✐♥✲❲❛❣♥❡r✳

▲❡ ♠♦❞è❧❡ J1 − J2 s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

❖♥ s✬✐♥tér❡ss❡ ❛✉ ❞♦♠❛✐♥❡ ❞❡ ♣❛r❛♠ètr❡s ♦ù ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❡st ❧✬ét❛t ❝✉❜♦❝✷ ✭❋✐❣✳✶✳✼✭❢✮
♣❛❣❡ ✶✾✮✳ ▲✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❡st ✐s♦♠♦r♣❤❡ à O3✱ q✉✐ ♣♦ssè❞❡ ❞❡✉① ❝♦♠♣♦s❛♥t❡s
❝♦♥♥❡①❡s ✿ ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❧❛ s②♠étr✐❡ ♣❛r r❡t♦✉r♥❡♠❡♥t ❞❡s s♣✐♥s ❡st ❜r✐sé❡
✭❋✐❣✳✶✳✶✹✮✳

❖♥ ❞é✜♥✐t ✉♥ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ mσ ❛ss♦❝✐é à ❝❡tt❡ s②♠étr✐❡ ✿

mσ =
3

2Ns

∑

〈ijk〉
(−1)αijk(Si ∧ Sj) · Sk, ✭✶✳✷✶✮

♦ù ❧❛ s♦♠♠❡ ♣♦rt❡ s✉r t♦✉s ❧❡s tr✐❛♥❣❧❡s ❞✉ rés❡❛✉à Ns s✐t❡s ❡t αijk = 0 ✭r❡s♣✳ ✶✮ s✉r ❧❡s
tr✐❛♥❣❧❡s ♣♦✐♥t❡ ❡♥ ❤❛✉t ✭r❡s♣✳ ♣♦✐♥t❡ ❡♥ ❜❛s✮ ❞♦♥t ❧❡s s♦♠♠❡ts ijk s♦♥t ♣❛r❝♦✉r✉s ❞❛♥s ❧❡
s❡♥s tr✐❣♦♥♦♠étr✐q✉❡✳

P❧✉s✐❡✉rs q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s ♦♥t été é✈❛❧✉é❡s ♥✉♠ér✐q✉❡♠❡♥t ♣❛r ✉♥ ❛❧❣♦✲
r✐t❤♠❡ ▼♦♥t❡ ❈❛r❧♦ ❞❡ ♣❛r❛❧❧❡❧ t❡♠♣❡r✐♥❣ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ T ✿ ❧❛ ❝❤✐r❛❧✐té
♠♦②❡♥♥❡✱ ❧❛ ❝❤❛❧❡✉r s♣é❝✐✜q✉❡✱ ❧✬é♥❡r❣✐❡ ♠♦②❡♥♥❡ ♣❛r s✐t❡✳ ▲✬❛♥❛❧②s❡ ❡♥ t❛✐❧❧❡ ✜♥✐❡ ❞❡ ❝❡s
q✉❛♥t✐tés ✭q✉✐ s❡r❛ ❞ét❛✐❧❧é❡ ✉❧tér✐❡✉r❡♠❡♥t s✉r ✉♥ ❛✉tr❡ ❡①❡♠♣❧❡✮ ♠è♥❡ à ❧❛ ❝♦♥❝❧✉s✐♦♥
q✉❡ ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ❡st ❞✉ ♣r❡♠✐❡r ♦r❞r❡ ♣♦✉r 1/3 < J2/|J1| < 0.45 ❬✷✺❪ ✭❋✐❣✳✶✳✶✺✮✳

✷✳✷ ▲❡s ✈♦rt❡①

▲❡ ♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡ ❞♦♥♥❡ ❧✐❡✉ à ✉♥❡ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ q✉✐ ♣❡✉t êtr❡ s♦✐t ❞✉
♣r❡♠✐❡r ♦r❞r❡✱ s♦✐t ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ s❡❧♦♥ ❧❛ ✈❛❧❡✉r ❞❡ J1 ❡t ❞❡ J2✳ ▲❛ s②♠étr✐❡ ❜r✐sé❡ ét❛♥t
Z2✱ ❧❛ tr❛♥s✐t✐♦♥ ♣♦✉rr❛✐t s❡ tr♦✉✈❡r ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬■s✐♥❣ ❧♦rsq✉✬❡❧❧❡ ❡st ❝♦♥t✐♥✉❡✳

❈❡♣❡♥❞❛♥t✱ ❞❡✉① é❧é♠❡♥ts r❡♥❞❡♥t ❝❡tt❡ tr❛♥s✐t✐♦♥ ❞✐✛ér❡♥t❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞✬■s✐♥❣✳
❉✬❛❜♦r❞✱ ❧❡s ♦♥❞❡s ❞❡ s♣✐♥s✱ ❝✬❡st à ❞✐r❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s à ❣r❛♥❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❞❡s s♣✐♥s✱
❞✬é♥❡r❣✐❡ t❡♥❞❛♥t ✈❡rs 0 ❧♦rsq✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❊♥✜♥✱ ❧✬❡①✐st❡♥❝❡ ❞❡
❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s ♣♦♥❝t✉❡❧s ❛♣♣❡❧és ✈♦rt❡①✱ q✉❡ ♥♦✉s ❛❧❧♦♥s ❞é✜♥✐r✳

❉é✜♥✐t✐♦♥ ❞✬✉♥ ✈♦rt❡①

❙♦✐t ✉♥ ♠♦❞è❧❡ ❞❡ s♣✐♥s ❞♦♥t ♦♥ ❝♦♥♥❛ît Eop✳ P❡✉t✲✐❧ ♣♦ssé❞❡r ❞❡s ✈♦rt❡① ❄ ❖♥ ❞✐✈✐s❡
❧❡ rés❡❛✉ ❡♥ ♠❛✐❧❧❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❛ss♦❝✐❡r ✉♥ é❧é♠❡♥t ❞❡ Eop à ❝❤❛q✉❡

✸✷ ✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊
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Chiral ordered

Disordered

Ferro Cuboc

❋✐❣✳ ✶✳✶✺ ✕ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ❞✉ ♠♦❞è❧❡ J1−J2 s✉r ❦❛❣♦♠❡✳ ❚❡♠♣ér❛t✉r❡ ❞❡ tr❛♥s✐t✐♦♥
T ∗ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ J2/|J1|✳ ▲♦rsq✉❡ J2/|J1| < 0.45✱ ❧❛ tr❛♥s✐t✐♦♥ ❡st ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❆✉
❞❡ss✉s✱ ❡❧❧❡ ❡st ❝♦♥t✐♥✉❡ ♦✉ très ❢❛✐❜❧❡♠❡♥t ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳

❘és❡❛✉ ♣❤②s✐q✉❡ SO3 × {−I} SO3 × {I}

AAA
B

B

B

❋✐❣✳ ✶✳✶✻ ✕ ❙✉r ❧❡ rés❡❛✉ ❞✬✉♥ ♠♦❞è❧❡ ❞♦♥t Eop ∼ O3✱ ❧❡s ❞♦♠❛✐♥❡s ❞❡ ❝❤✐r❛❧✐té s♦♥t
r❡♣rés❡♥tés ❡♥ ✈❡rt ❡t ❣r✐s✳ ❯♥❡ ❜♦✉❝❧❡ s✉r ❝❡ rés❡❛✉ ♣❡✉t r❡st❡r ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❞❡
❝❤✐r❛❧✐té ❝♦♥st❛♥t❡✱ ❝♦♠♠❡ ❧❛ ❜♦✉❝❧❡ ♠❛❣❡♥t❛✱ ♦✉ tr❛✈❡rs❡r ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡✱ ❝♦♠♠❡
❧❛ ❜♦✉❝❧❡ ❥❛✉♥❡✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s✱ ❧❛ ✈♦rt✐❝✐té ❞❡ ❧❛ ❜♦✉❝❧❡ ♥✬❡st ♣❛s ❞é✜♥✐❡✳

♠❛✐❧❧❡✱ ❝♦♥♥❛✐ss❛♥t ✉♥✐q✉❡♠❡♥t s❡s s♣✐♥s✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧✬ét❛t ❡st ❢❡rr♦♠❛❣♥ét✐q✉❡✱ ✉♥
s✐t❡ ♣❛r ♠❛✐❧❧❡ s❡r❛ s✉✣s❛♥t✱ ♣✉✐sq✉❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞✬✉♥ s♣✐♥ ❡st s✉✣s❛♥t❡ ♣♦✉r ❝❛r❛❝tér✐s❡r
❝♦♠♣❧èt❡♠❡♥t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❙✐ ❧✬ét❛t ❡st ❝❤✐r❛❧✱ ✐❧ ❢❛✉❞r❛ ❛✉ ♠♦✐♥s tr♦✐s s✐t❡s ♣❛r
♠❛✐❧❧❡ ♣♦✉r ❝♦♥♥❛îtr❡ ❧❛ ❝❤✐r❛❧✐té ❞✉ ❢♦♥❞❛♠❡♥t❛❧✳ ▲❡s ♠❛✐❧❧❡s ❢♦r♠❡♥t ✉♥ ♥♦✉✈❡❛✉ rés❡❛✉
R′✳

❖♥ ❝❤♦✐s✐t ✉♥❡ ❜♦✉❝❧❡ ♦r✐❡♥té❡ ♣❛ss❛♥t ♣❛r ❧❡s ♠❛✐❧❧❡s i0, · · · , in−1, in ≡ i0 ❡t ❡♥t♦✉r❛♥t
✉♥❡ ♣❧❛q✉❡tt❡ é❧é♠❡♥t❛✐r❡ ❞❡ R′✳ ❆ ❝❤❛q✉❡ ♠❛✐❧❧❡ ♦♥ ❛ss♦❝✐❡ ✉♥ é❧é♠❡♥t ❞❡ Eop ❡t ♦♥ ❢♦r♠❡
❛✐♥s✐ ✉♥❡ ❜♦✉❝❧❡ ❞❛♥s Eop ✿ Mi0 , · · · ,Min−1 ,Min ✳ ▲❡ ❝❤❡♠✐♥ ❝❤♦✐s✐ r❡❧✐❛♥t Mi à Mi+1 ❡st
❧❡ ♣❧✉s ❝♦✉rt✳

❙✐ ❞❡✉① Mi ❝♦♥sé❝✉t✐❢s ♥❡ ❢♦♥t ♣❛s ♣❛rt✐❡ ❞❡ ❧❛ ♠ê♠❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❡ Eop✱ ♦♥
♥❡ ♣❡✉t ♣❛s tr♦✉✈❡r ❞❡ ❝❤❡♠✐♥ ❧❡s ❥♦✐❣♥❛♥t ❞❛♥s Eop ✿ ❧❛ ✈♦rt✐❝✐té ❞❡ ❧❛ ❜♦✉❝❧❡ ♥✬❡st ♣❛s
❞é✜♥✐❡ ✭❋✐❣✳✶✳✶✻✮✳ ❙✐ t♦✉s ❧❡s Mi s♦♥t ❞❛♥s ❧❛ ♠ê♠❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡ ❞❡ Eop✱ ♦♥ ❛ ❜✐❡♥
❢♦r♠é ✉♥❡ ❜♦✉❝❧❡ ❞❡ Eop q✉✐ ♣❡✉t êtr❡ s♦✐t ❝♦♥tr❛❝t✐❜❧❡ ✭♦♥ ♣❡✉t ❧❛ ❞é❢♦r♠❡r ❝♦♥t✐♥û♠❡♥t
❥✉sq✉✬à ❧❛ ré❞✉✐r❡ à ✉♥ ♣♦✐♥t✮✱ ❞❛♥s ❝❡ ❝❛s ❧❛ ♠❛✐❧❧❡ é❧é♠❡♥t❛✐r❡ ♥❡ ♣♦rt❡ ♣❛s ❞❡ ✈♦rt❡①✱
s♦✐t ♥♦♥ ❝♦♥tr❛❝t✐❜❧❡ ✿ ♦♥ ❛ r❡♣éré ✉♥ ❝♦❡✉r ❞❡ ✈♦rt❡① ✭❈❱✮✳

▲✬❡①✐st❡♥❝❡ ❞❡ ✈♦rt❡① éq✉✐✈❛✉t ❞♦♥❝ à ❧✬❡①✐st❡♥❝❡ ❞❡ ❜♦✉❝❧❡s ♥♦♥ ❝♦♥tr❛❝t✐❜❧❡s ❞❛♥s
Eop✳ ▲❡ ❣r♦✉♣❡ ❞❡s ❝❧❛ss❡s ❞❡ ❜♦✉❝❧❡s ❞✬✉♥ ❡s♣❛❝❡ t♦♣♦❧♦❣✐q✉❡ ❡st ❛♣♣❡❧é ♣r❡♠✐❡r ❣r♦✉♣❡
❞✬❤♦♠♦t♦♣✐❡ ❡t ❡st ♥♦té π1 ❬✻✹❪ ❬✹✾❪✳ ❉❡✉① ❜♦✉❝❧❡s s♦♥t ❞❛♥s ❧❛ ♠ê♠❡ ❝❧❛ss❡ s✐ ❡❧❧❡s s♦♥t
❝♦♥t✐♥û♠❡♥t ❞é❢♦r♠❛❜❧❡s ❧✬✉♥❡ ❡♥ ❧✬❛✉tr❡✳ ❙✐ π1 ♥❡ ❝♦♠♣♦rt❡ q✉❡ ❧✬é❧é♠❡♥t ♥❡✉tr❡✱ ♦♥ ❞✐t
q✉❡ ❧✬❡s♣❛❝❡ ❡st s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡ ✭❡①❡♠♣❧❡s ✿ R✱ ♦✉ S2✮ ✭❋✐❣✳✶✳✶✼✭❛✮✮ ✿ t♦✉t❡s ❧❡s ❜♦✉❝❧❡s
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L1
L2

✭❛✮ ❊s♣❛❝❡ s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡✳

L1
L2

L3

✭❜✮ ❊s♣❛❝❡ ♥♦♥ s✐♠♣❧❡♠❡♥t ❝♦♥♥❡①❡✳

❋✐❣✳ ✶✳✶✼ ✕ ▲❡s ❜♦✉❝❧❡s L1 ❡t L2 s♦♥t ❤♦♠♦t♦♣❡s✱ ♠❛✐s ♣❛s ❧❡s ❜♦✉❝❧❡s L1 ❡t L3✳

s♦♥t ❝♦♥tr❛❝t✐❜❧❡s✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡ ✭❋✐❣✳✶✳✶✼✭❜✮✮✱ ❝❡rt❛✐♥❡s ❜♦✉❝❧❡s ❞❡ ❧✬❡s♣❛❝❡ ♥❡ s♦♥t
♣❛s ❝♦♥tr❛❝t✐❜❧❡s ✭❡①❡♠♣❧❡s ✿ ❧❡ t♦r❡✱ ♦✉ S1✮✳ ❆ ❝❤❛q✉❡ ♣❧❛q✉❡tt❡ é❧é♠❡♥t❛✐r❡ ❞❡ R′ s✉r
❧❛q✉❡❧❧❡ ❧❛ ✈♦rt✐❝✐té ❡st ❞é✜♥✐❡✱ ♦♥ ❛ss♦❝✐❡ ❧✬é❧é♠❡♥t ❞❡ π1(Eop) ❞❡ s❛ ❜♦✉❝❧❡ ❞❛♥s Eop

▲❛ ❧♦✐ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ❜♦✉❝❧❡s ❝♦rr❡s♣♦♥❞ à ❧❛ ❧♦✐ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❞✉ ❣r♦✉♣❡ π1 ✿
❧❛ ✈♦rt✐❝✐té v ❞✬✉♥❡ ❜♦✉❝❧❡ q✉❡❧❝♦♥q✉❡ ❡st ❞♦♥♥é❡ ♣❛r ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ✈♦rt✐❝✐tés ❞❡s
❜♦✉❝❧❡s é❧é♠❡♥t❛✐r❡s q✉✬❡❧❧❡ ❝♦♥t✐❡♥t✺✳

❆♣rès ❝❡s ❞é✜♥✐t✐♦♥s✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r ❞❡s ❡①❡♠♣❧❡s ❞❛♥s ❧❡sq✉❡❧s ❡①✐st❡♥t ❞❡s ✈♦rt❡① ✿
❧❡ ♠♦❞è❧❡ ❍❡✐s❡♥❜❡r❣ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❡t ❧❡ ♠♦❞è❧❡ J1 − J2 s✉r ❦❛❣♦♠❡ ❛✈❡❝
❢♦♥❞❛♠❡♥t❛❧ ❝✉❜♦❝✷✳

▲❡ ♠♦❞è❧❡ ❍❡✐s❡♥❜❡r❣ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✿ Eop ∼ SO3

❉❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s✱ à ✶✷✵ ❞❡❣rés ❧❡s ✉♥s ❞❡s ❛✉tr❡s
✭❋✐❣✳✶✳✻✭❝✮✮ ❡t ❧✬♦♥ ❛ ✈✉ q✉❡ ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ Eop ∼ SO3✳ ❯♥❡ ♠❛✐❧❧❡ ❞✉
❢♦♥❞❛♠❡♥t❛❧ ♣♦ssè❞❡ tr♦✐s s✐t❡s✳ ❆ ❝❤❛q✉❡ ♠❛✐❧❧❡ ✭♣r❡♥♦♥s ♣❛r ❡①❡♠♣❧❡ ❧❡s tr✐❛♥❣❧❡s ♣♦✐♥t❡
❡♥ ❤❛✉t ♣❛✈❛♥t ❧❡ rés❡❛✉✮✱ ♦♥ ❛ss♦❝✐❡ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s ✢✉❝t✉✲
❛t✐♦♥s t❤❡r♠✐q✉❡s s♦♥t ❛ss❡③ ❢❛✐❜❧❡s ♣♦✉r q✉❡ ❝❡ s♦✐t ♣♦ss✐❜❧❡ s❛♥s ❛♠❜✐❣✉ïté✳ P✉✐s à ❝❡
❢♦♥❞❛♠❡♥t❛❧✱ ♦♥ ❛ss♦❝✐❡ ✉♥ é❧é♠❡♥t ❞❡ SO3✳ ❖♥ ♣❡✉t ❛❧♦rs ❛ss♦❝✐❡r à ✉♥❡ ❜♦✉❝❧❡ ♣❛ss❛♥t
♣❛r ❞❡s ♠❛✐❧❧❡s ❞✉ rés❡❛✉ ✉♥❡ ❜♦✉❝❧❡ ❞❛♥s SO3✳

■❧ ❡①✐st❡ ❞❡✉① ❝❧❛ss❡s ❞❡ ❜♦✉❝❧❡s ❞❛♥s SO3✱ ❝❡ q✉❡ ♣r♦✉✈❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♠♦r♣❤✐s♠❡
f ❞✉ ❣r♦✉♣❡ ❞❡s q✉❛t❡r♥✐♦♥s ✉♥✐t❛✐r❡s Q1 ❞❛♥s SO3 ✿

f : Q1 → SO3

(a, b, c, d) 7→




1 − 2b2 − 2c2 2dc− 2ba 2db+ 2ca

2dc+ 2ba 1 − 2b2 − 2d2 2cb− 2da
2db− 2ca 2cb+ 2da 1 − 2c2 − 2d2



 . ✭✶✳✷✷✮

❈❤❛q✉❡ é❧é♠❡♥t ❞❡ SO3 ♣♦ssè❞❡ ❞❡✉① ❛♥té❝é❞❡♥ts q ❡t −q ✭SO3 ∼ Q1/Z2✮✳ ■❧ ❡①✐st❡
❞♦♥❝ ✉♥ ❤♦♠é♦♠♦r♣❤✐s♠❡ ❡♥tr❡ SO3 ❡t RP 3 ✭RP 3 ❡st ❧❛ s♣❤èr❡ ✉♥✐té s✉r ❧❛q✉❡❧❧❡ ❞❡✉①
♣♦✐♥ts ❛♥t✐♣♦❞❛✉① s♦♥t ✐❞❡♥t✐✜és✮✳ ▲❡ ♣r❡♠✐❡r ❣r♦✉♣❡ ❞✬❤♦♠♦t♦♣✐❡ ❞❡ Q1 ♥❡ ❝♦♠♣t❡ q✉❡
❧✬é❧❡♠❡♥t ♥❡✉tr❡ ❝❛r Q1 ∼ S3✳ ❈❡❧✉✐ ❞❡ RP 3 ❝♦♠♣♦rt❡ ❞❡✉① é❧é♠❡♥ts ✿ ✉♥ ❝❤❡♠✐♥ ❢❡r♠é
❞❡ RP 3 ❞❡ss✐♥é s✉r S3 ❞❡ ❢❛ç♦♥ à ❝❡ q✉✬✐❧ s♦✐t ❝♦♥t✐♥✉ ♣❡✉t s♦✐t r❡✈❡♥✐r à s♦♥ ♣♦✐♥t ❞❡
❞é♣❛rt✱ s♦✐t s❡ t❡r♠✐♥❡r à ❧✬❛♥t✐♣♦❞❡ ❞❡ s♦♥ ♣♦✐♥t ❞❡ ❞é♣❛rt ✭❋✐❣✳✶✳✶✽✮✳ π1(SO3) ❛ ❧❛ ♠ê♠❡

✺■❧ ❢❛✉t ❜✐❡♥ ❡♥t❡♥❞✉ r❡s♣❡❝t❡r ❧❡ s❡♥s ❡t ❧✬♦r❞r❡ ❞❡s ❜♦✉❝❧❡s é❧é♠❡♥t❛✐r❡s ♣♦✉r q✉✬❡♥ ❧❡s s✉✐✈❛♥t ❧✬✉♥❡
❛♣rès ❧✬❛✉tr❡✱ ♦♥ ❢♦r♠❡ ❧❛ ❣r❛♥❞❡ ❜♦✉❝❧❡✳ ▲❡✉r ♦r❞r❡ ♥✬❡st ✐♠♣♦rt❛♥t q✉❡ ❧♦rsq✉❡ π1 ❡st ♥♦♥✲❆❜é❧✐❡♥✳ ▲❡
s❡♥s ❡st ✐♠♣♦rt❛♥t ❧♦rsq✉❡ ❧❡s ✈♦rt❡① ❡t ❧❡s ❛♥t✐✈♦rt❡① ♥✬♦♥t ♣❛s ❧❛ ♠ê♠❡ ❝❤❛r❣❡ ✿ ♣♦✉r π1 = Z ♣❛r ❡①❡♠♣❧❡✱
♠❛✐s ♣❛s ♣♦✉r π1 = Z2✳
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SO3 S3

❋✐❣✳ ✶✳✶✽ ✕ ▲❡ ♣r❡♠✐❡r ❣r♦✉♣❡ ❞✬❤♦♠♦t♦♣✐❡ ❞❡ SO3 ❡st Z2✳ ❖♥ ♣❡✉t r❡♣rés❡♥t❡r ✉♥ ❝❤❡♠✐♥
❝♦♥t✐♥✉ ❞❡ SO3 ♣❛r ✉♥ ❝❤❡♠✐♥ ❝♦♥t✐♥✉ s✉r S3 ✭s♣❤èr❡ ✉♥✐té à ✹❉✮✳ ❙✐ ❝❡ ❝❤❡♠✐♥ ❡st ❢❡r♠é
❞❛♥s SO3 ✭s✐ ❝✬❡st ✉♥❡ ❜♦✉❝❧❡✮✱ ✐❧ ♥❡ ❧✬❡st ♣❛s ❢♦r❝é♠❡♥t ❞❛♥s S3 ❝❛r ✐❧ ♣❡✉t s❡ t❡r♠✐♥❡r
✉♥ ✉♥ ♣♦✐♥t ♦♣♣♦sé à s♦♥ ♣♦✐♥t ❞❡ ❞é♣❛rt✳ ❈✬❡st ❧❡ ❝❛s ❞❡ ❧❛ ❜♦✉❝❧❡ ❜❧❡✉❡ ❞♦♥t ❧❛ ❝❧❛ss❡
❞✬❤♦♠♦t♦♣✐❡ ❞❛♥s SO3 ♥✬❡st ♣❛s ❧❛ ❝❧❛ss❡ ❞❡ ❧✬é❧é♠❡♥t ♥❡✉tr❡✳

str✉❝t✉r❡ q✉❡ t♦✉t ❣r♦✉♣❡ à ❞❡✉① é❧é♠❡♥ts ✭♣❛r ❡①❡♠♣❧❡✱ q✉❡ ❧❡ ❣r♦✉♣❡ ❛❞❞✐t✐❢ Z2 = {0, 1}
♦✉ ♠✉❧t✐♣❧✐❝❛t✐❢ {1,−1}✮✳

■❧ ❡①✐st❡ ✉♥❡ s❡✉❧❡ ❝❧❛ss❡ ❞❡ ❜♦✉❝❧❡s ♥♦♥ tr✐✈✐❛❧❡s✱ ❞♦♥❝ ✉♥ s❡✉❧ t②♣❡ ❞❡ ✈♦rt❡①✳ ❖♥
❛♣♣❡❧❧❡ ❝❡ t②♣❡ ❞❡ ✈♦rt❡① ❧❡s ✈♦rt❡① Z2✳ ■❧s s♦♥t ❞✐✛ér❡♥ts ❞❡s ✈♦rt❡① Z q✉❡ ❧✬♦♥ tr♦✉✈❡
❞❛♥s ❧❡ ♠♦❞è❧❡ XY ❝❛r ✐❧s s♦♥t ❧❡✉rs ♣r♦♣r❡s ❛♥t✐✈♦rt❡① ✿ ✉♥ ❜♦✉❝❧❡ ❡♥t♦✉r❛♥t ❞❡✉① ❝♦❡✉rs
❞❡ ✈♦rt❡① ✭❈❱✮ ♣♦ssè❞❡ t♦✉❥♦✉rs ✉♥❡ ✈♦rt✐❝✐té ♥❡✉tr❡✳ ▲✬❡①✐st❡♥❝❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡
❞✉ t②♣❡ ❑♦st❡r❧✐t③✲❚❤♦✉❧❡ss ✭❑❚✮ ❬✺✶❪ ♣♦✉r ❧❡s ✈♦rt❡① Z2 ❡st ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ s✉❥❡t à
❞é❜❛t✳ ❉❡s ❛✉t❡✉rs ❛✣r♠❡♥t ❧✬♦❜s❡r✈❡r ✭ ❬✹✽❪✱ ❬✹✼❪✮✳ ❯♥❡ ❞✐✛ér❡♥❝❡ ✐♠♣♦rt❛♥t❡ ❛✈❡❝ ❧❛
tr❛♥s✐t✐♦♥ ❑❚ ❡st ❧❛ ❞é❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥✱ ♠ê♠❡ à ❜❛ss❡
t❡♠♣ér❛t✉r❡✳ ▲❛ r✐❣✐❞✐té✱ q✉✐ ❡st ✉♥ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❑❚✱ ♥✬❡♥ ❡st ♣❧✉s
✉♥ ♣♦✉r ❝❡tt❡ tr❛♥s✐t✐♦♥ é✈❡♥t✉❡❧❧❡ ✿ ❡❧❧❡ ✈❛✉t ✵ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ t❡♠♣ér❛t✉r❡✳ ❆✉❝✉♥
♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ♥✬❛ été tr♦✉✈é ♣♦✉r ❝❡tt❡ tr❛♥s✐t✐♦♥✱ ♠❛✐s ✉♥❡ ❧♦✐ ❞❡s ♣ér✐♠ètr❡s ❡t ❞❡s
❛✐r❡s ♣♦✉r ❧❛ ✈♦rt✐❝✐té ❞✬✉♥❡ ❣r❛♥❞❡ ❜♦✉❝❧❡ ✭r❡s♣❡❝t✐✈❡♠❡♥t à ❜❛ss❡ ❡t ❤❛✉t❡ t❡♠♣ér❛t✉r❡✮
❛ été ♣r♦♣♦sé❡ ♣♦✉r ❞✐✛ér❡♥❝✐❡r ❧❡s ❞❡✉① ♣❤❛s❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ❞❡s ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❞❡ ❧❛
r✐❣✐❞✐té à t❛✐❧❧❡ ✜♥✐❡ ♦♥t été ♠❡s✉ré❡s ✭ ❬✾❪✱ ❬✽❪✱ ❬✶✶✹❪✮✳

▲❡ ♠♦❞è❧❡ J1 − J2 s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❢♦♥❞❛♠❡♥t❛❧ ❝✉❜♦❝✷ ✿ Eop ∼ O3

❈♦♠♠❡ ♣ré❝é❞❡♠❡♥t✱ ♦♥ ❞✐✈✐s❡ ❧❡ rés❡❛✉ ❡♥ ✉♥ rés❡❛✉ ❞❡ ♠❛✐❧❧❡s ❞❡ ✶✷ s✐t❡s✱ ♣♦✉r
♣♦✉✈♦✐r ❛ss♦❝✐❡r ❛✉① ♣♦✐♥ts ❞❡ ❝❡ ♥♦✉✈❡❛✉ rés❡❛✉ ✉♥ é❧é♠❡♥t ❞❡ O3✳ ❆ ✉♥❡ ❜♦✉❝❧❡ ❞✉ rés❡❛✉
♥❡ ❝♦rr❡s♣♦♥❞ ♣❛s ♦❜❧✐❣❛t♦✐r❡♠❡♥t ✉♥❡ ❜♦✉❝❧❡ ❞❡ O3 ❝❛r O3 ♣♦ssè❞❡ ❞❡✉① ❝♦♠♣♦s❛♥t❡s
❝♦♥♥❡①❡s ✿ ♦♥ ♥❡ ♣❡✉t ♣❛s t♦✉❥♦✉rs r❡❧✐❡r ♣❛r ✉♥ ❝❤❡♠✐♥ ❝♦♥t✐♥✉ ❞❡✉① ❞❡ s❡s ♣♦✐♥ts✳ ❈✬❡st
❧❡ ❝❛s ✉♥✐q✉❡♠❡♥t s✐ t♦✉s ❧❡s ♣♦✐♥ts ❞❡ ❧❛ ❜♦✉❝❧❡ s❡ tr♦✉✈❡♥t ❞❛♥s ❧❛ ♠ê♠❡ ❝♦♠♣♦s❛♥t❡
❝♦♥♥❡①❡ ❞❡ O3 ✭❋✐❣✳✶✳✶✻✮✳

❆ ✉♥❡ ♣❧❛q✉❡tt❡ é❧é♠❡♥t❛✐r❡ ❞✉ rés❡❛✉✱ ♦♥ ♥✬❛ss♦❝✐❡ ❞♦♥❝ ✉♥❡ ✈♦rt✐❝✐té v = 0 ♦✉ 1
q✉❡ s✐ t♦✉s ❧❡s é❧é♠❡♥ts ❞❡ O3 s♦♥t ❞❛♥s ❧❛ ♠ê♠❡ ❝♦♠♣♦s❛♥t❡ ❝♦♥♥❡①❡✳ ❖♥ ❞✐t ❞✬✉♥❡ t❡❧❧❡
♣❧❛q✉❡tt❡ q✉✬❡❧❧❡ ❡st ✉♥✐❢♦r♠❡✳

❘❡❧❛t✐♦♥ ❡♥tr❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ✈♦rt❡① Z2 ❡t ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡

●râ❝❡ ❛✉① ✈♦rt✐❝✐tés v(pu) = 0 ♦✉ 1 ❞❡ ❝❤❛q✉❡ ♣❧❛q✉❡tt❡ é❧é♠❡♥t❛✐r❡ ✉♥✐❢♦r♠❡ pu ✱ ♦♥
❞é✜♥✐t ✉♥❡ ❞❡♥s✐té ❞❡ ✈♦rt❡① nv ✿

nv =

∑
pu
v(pu)∑
pu

1
. ✭✶✳✷✸✮
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❋✐❣✳ ✶✳✶✾ ✕ ❊✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ✈♦rt❡① ✭r♦✉❣❡✮ ❡t ❞❡ ❧❛ ❝❤✐r❛❧✐té ✭♠❛❣❡♥t❛✮ ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ♣♦✉r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ t❛✐❧❧❡ L = 64 ❡t J2/|J1| = 0.38 s✉r ❧❡ ♠♦❞è❧❡
J1 − J2 s✉r rés❡❛✉ ❦❛❣♦♠❡ ✭❡①tr❛✐t ❞❡ ❬✷✹❪✮✳

▲❛ ♠♦②❡♥♥❡ ❞❡ ❝❡tt❡ q✉❛♥t✐té ❡st ♣r♦❝❤❡ ❞❡ ③ér♦ à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡t ❛✉❣♠❡♥t❡ ❜r✉sq✉❡✲
♠❡♥t ✭❋✐❣✳✶✳✶✾✮✳ ❊♥ ② ❝♦♠♣❛r❛♥t ❧❛ ❝❤✐r❛❧✐té ♠♦②❡♥♥❡✱ ♦♥ ♦❜s❡r✈❡ q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✬✲
❡①♣❧♦s✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ✈♦rt❡① ❝♦rr❡s♣♦♥❞ à ❧❛ t❡♠♣ér❛t✉r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡✳ ▲❡s
♣r✐♥❝✐♣❛❧❡s ❞✐✣❝✉❧tés ❞❡ ❝❡ ♠♦❞è❧❡ s♦♥t ❧❛ ♠❛✐❧❧❡ ❞❡ ✶✷ s✐t❡s ✭q✉✐ ♥é❝❡ss✐t❡ ❞❡s s✐♠✉❧❛t✐♦♥s
♥✉♠ér✐q✉❡s ❛✈❡❝ ❞❡s rés❡❛✉① très ❣r❛♥❞s ♣♦✉r ❛✈♦✐r ✉♥ ♥♦♠❜r❡ r❛✐s♦♥♥❛❜❧❡ ❞❡ ♣❧❛q✉❡tt❡s
é❧é♠❡♥t❛✐r❡s✮ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣rés ❞❡ ❧✐❜❡rté très é❧❡✈é à ❧✬✐♥tér✐❡✉r ❞✬✉♥❡ ♠❛✐❧❧❡ ✭✷✹
❞❡❣rés ❞❡ ❧✐❜❡rtés ❝❛r ✶✷ s♣✐♥s✱ ❞✬♦ù ✉♥❡ ❞✐✣❝✉❧té ♣♦✉r ❛ss♦❝✐❡r à ❝❡s ✷✹ ♣❛r❛♠ètr❡s ✉♥
é❧é♠❡♥t ❞❡ O3✮✳ P♦✉r ét✉❞✐❡r ♣❧✉s ❡♥ ❞ét❛✐❧ ❧❡s r❛✐s♦♥s ❞❡ ❝❡ ❧✐❡♥ ❡♥tr❡ ✈♦rt❡① ❡t ❝❤✐r❛❧✐té✱
♥♦✉s ❛❧❧♦♥s ✉t✐❧✐s❡r ✉♥ ♠♦❞è❧❡ s✐♠♣❧✐✜é✳

✷✳✸ ▲❡ ♠♦❞è❧❡ ■s✐♥❣−RP3 ✿ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ❡t ✈♦rt❡①

▲❡s ✐♥❣ré❞✐❡♥ts q✉❡ ❧✬♦♥ ✈❡✉t tr♦✉✈❡r ❞❛♥s ❝❡ ♠♦❞è❧❡ s♦♥t ❛✉ ♥♦♠❜r❡ ❞❡ tr♦✐s ✿
✕ ❞❡s ♠♦❞❡s ❞❡ ●♦❧❞st♦♥❡✱ ❞♦♥❝ ✉♥ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❝♦♥t✐♥✉✱
✕ ✉♥❡ ✈❛r✐❛❜❧❡ ❞✬■s✐♥❣ ✿ ❧❛ ❝❤✐r❛❧✐té✱
✕ ❞❡s ❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s Z2✳

P♦✉r ❧❡s ❛✈♦✐r✱ ✐❧ s✉✣t ❞❡ ♣r❡♥❞r❡ ✉♥ ❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ✐s♦♠♦r♣❤❡ à O3✳ ❖♥
❝❤♦✐s✐t ✉♥ ♠♦❞è❧❡ q✉❡ ❧✬♦♥ ♥♦♠♠❡ ■s✐♥❣−RP3 ♦ù s✉r ❝❤❛q✉❡ s✐t❡ ❞✬✉♥ rés❡❛✉ ❝❛rré ✈✐t
✉♥ é❧é♠❡♥t ❞❡ O3✱ ❛✉tr❡♠❡♥t ❞✐t tr♦✐s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s Sai ✭a = 1, 2, 3✮ ♦❜é✐ss❛♥t à ❧❛
❝♦♥tr❛✐♥t❡ ❞✬♦rt❤♦❣♦♥❛❧✐té

Sai · Sbi = δa,b, ✭✶✳✷✹✮

❡t ❧✬♦♥ ❝❤♦✐s✐t ❧❡s ✐♥t❡r❛❝t✐♦♥s s✉✐✈❛♥t❡s

H = −
3∑

a=1

∑

〈i,j〉
Sai · Saj . ✭✶✳✷✺✮

❖♥ ❝♦♥s✐❞èr❡ ❛✐♥s✐ tr♦✐s ♠♦❞è❧❡s ❍❡✐s❡♥❜❡r❣ ❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ❝♦✉♣❧és ♣❛r ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡
❧✬❊q✳✶✳✷✹✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡st ❞♦♥♥é ❋✐❣✳✶✳✷✵✳ ❆ T = 0✱ ❧✬é♥❡r❣✐❡ ❡st ♠✐♥✐♠✐sé❡
♣❛r t♦✉t❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦ù ❧❡s tr✐è❞r❡s s♦♥t ♦r✐❡♥tés ✐❞❡♥t✐q✉❡♠❡♥t✱ ❡t ❧✬❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡
❞✬♦r❞r❡ ❡st O3 ❝♦♠♠❡ ✈♦✉❧✉✳

◆♦✉s ❛❧❧♦♥s t♦✉t ❞✬❛❜♦r❞ r❡❢♦r♠✉❧❡r ❝❡ ♠♦❞è❧❡ ❣râ❝❡ à ❞❡s q✉❛t❡r♥✐♦♥s✱ ♣✉✐s ♥♦✉s ❡♥
❢❡r♦♥s ✉♥❡ ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✬❛❜♦r❞ ❞❛♥s ✉♥❡ ✈❡rs✐♦♥ s✐♠♣❧✐✜é❡✱ s❛♥s ❝❤✐r❛❧✐té✱ ♣✉✐s✱ ❛✈❡❝
❧❛ ❝❤✐r❛❧✐té✳ ❊♥✜♥✱ ♥♦✉s ❡①♣❧✐q✉❡r♦♥s ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡s ✈♦rt❡① ❡t ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡✳

✸✻ ✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊
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❋✐❣✳ ✶✳✷✵ ✕ ❊①❡♠♣❧❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ■s✐♥❣−RP3 s✉r ✉♥ rés❡❛✉ ❝❛rré✳ ▲❡s s♣✐♥s
Sai s♦♥t ❡♥ r♦✉❣❡ ✭r❡s♣✳ ❜❧❡✉✱ ✈❡rt✮ ♣♦✉r a = 1 ✭r❡s♣✳ ✷✱✸✮✳ ■❧s s♦♥t ❧✐és ♣❛r ❧❛ ❝♦♥tr❛✐♥t❡
❞✬♦rt❤♦♥♦r♠❛❧✐té ❞❡ ❧✬❊q✳✶✳✷✹✳

❘❡❢♦r♠✉❧❛t✐♦♥ ❞✉ ♠♦❞è❧❡

❈❤❛q✉❡ tr✐è❞r❡ ♣❡✉t êtr❡ ❞é❝r✐t ♣❛r s❛ ❝❤✐r❛❧✐té σi = ±1 ❡t ♣❛r ✉♥❡ ♠❛tr✐❝❡ ❞❡ SO3

S1
i = σiMi




1
0
0



 , S2
i = σiMi




0
1
0



 , S3
i = σiMi




0
0
1



 . ✭✶✳✷✻✮

▲✬❊q✳✶✳✷✺ ❞❡✈✐❡♥t ❛❧♦rs
H = −

∑

〈i,j〉
σiσjTr

(
M t
iMj

)
. ✭✶✳✷✼✮

▲❛ ♠❛tr✐❝❡ Rn,θ ❞✬✉♥❡ r♦t❛t✐♦♥ ❞✬✉♥ ❛♥❣❧❡ θ ❛✉t♦✉r ❞✬✉♥ ❛①❡ n = (x,y, z) s✬é❝r✐t

Rn,θ =




cos θ + (1 − cos θ)x2 (1 − cos θ)xy + z sin θ (1 − cos θ)xz − y sin θ
(1 − cos θ)xy − z sin θ cos θ + (1 − cos θ)y2 (1 − cos θ)yz + x sin θ
(1 − cos θ)xz + y sin θ (1 − cos θ)yz − x sin θ cos θ + (1 − cos θ)z2



 . ✭✶✳✷✽✮

●râ❝❡ ❛✉ ♠♦r♣❤✐s♠❡ s✉r❥❡❝t✐❢ ❞❡ ❧✬❊q✳✶✳✷✷✱ ♦♥ ♣❡✉t ❧✉✐ ❛ss♦❝✐❡r ❞❡✉① q✉❛t❡r♥✐♦♥s ✉♥✐t❛✐r❡s ✿
±q = ±(cos θ/2, z sin θ/2, y sin θ/2, x sin θ/2)✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ♦♥ ❝❤♦✐s✐t ✉♥ q✉❛t❡r♥✐♦♥ qi
♣♦✉r ❝❤❛q✉❡ ♠❛tr✐❝❡ Mi ✭❧❡ s✐❣♥❡ ♥✬❛ ♣❛s ❞✬✐♠♣♦rt❛♥❝❡✮✳ ▲❛ ♠❛tr✐❝❡ M t

iMj ❝♦rr❡s♣♦♥❞
❛❧♦rs ❛✉① ❞❡✉① q✉❛t❡r♥✐♦♥s ♦♣♣♦sés ±q−1

i qj ✳ ❈❤❡r❝❤♦♥s ♠❛✐♥t❡♥❛♥t à ❡①♣r✐♠❡r ❧❛ tr❛❝❡ ❞❡
M t
iMj ❡♥ ❢♦♥❝t✐♦♥ ❞❡ qi ❡t qj ✳

Tr
(
M t
iMj

)
= 4 cos2 θ/2 − 1 = 4

((
q−1
i qj

)
1

)2 − 1, ✭✶✳✷✾✮

♦ù
(
q−1
i qj

)
1
❡st ❧❛ ♣r❡♠✐èr❡ ❞❡s q✉❛tr❡ ❝♦♠♣♦s❛♥t❡s ❞✉ q✉❛t❡r♥✐♦♥ q−1

i qj ✳ ▲❡s rè❣❧❡s ❞❡
♣r♦❞✉✐t ❞❡s q✉❛t❡r♥✐♦♥s ♥♦✉s ❞♦♥♥❡♥t

((
q−1
i qj

)
1

)2
=

4∑

u=1

qiuqju. ✭✶✳✸✵✮

P❛r ❝♦♥séq✉❡♥t✱ ❡♥ ❛ss♦❝✐❛♥t à ❝❤❛q✉❡ ♠❛tr✐❝❡ Mi ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ vi ❞❡ S3 ❛②❛♥t ♣♦✉r
❝♦♦r❞♦♥♥é❡s ❧❡s ❝♦♠♣♦s❛♥t❡s ❞❡ qi✱ ♦♥ ♣❡✉t réé❝r✐r❡ ❧✬é♥❡r❣✐❡ s♦✉s ❧❛ ❢♦r♠❡

H = −
∑

〈i,j〉
σiσj(4(vi · vj)2 − 1). ✭✶✳✸✶✮

✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊ ✸✼
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❖♥ ✈ér✐✜❡ s✉r ❝❡tt❡ éq✉❛t✐♦♥ q✉❡ ❧❡ s✐❣♥❡ ❝❤♦✐s✐ ♣♦✉r qi ♥✬❛ ❛✉❝✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧✬é♥❡r❣✐❡✳
❈❡tt❡ r❡❢♦r♠✉❧❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ❡♥ t❡r♠❡ ❞❡ ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s à ✹ ❞✐♠❡♥s✐♦♥s r❡♥❞ très

s✐♠♣❧❡ ❧✬é❝❤❛♥t✐❧❧♦♥❛❣❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❧♦rs ❞❡ s✐♠✉❧❛t✐♦♥s ▼♦♥t❡ ❈❛r❧♦✳ ❆ ♣❛rt✐r ❞❡ tr♦✐s
♥♦♠❜r❡s ❛❧é❛t♦✐r❡s ✭r✱ η ❛♥❞ ν✮ t✐rés ✉♥✐❢♦r♠é♠❡♥t ❡t ❞❡ ♠❛♥✐èr❡ ✐♥❞é♣❡♥❞❛♥t❡ s✉r [0, 1]✱
♦♥ ♣❡✉t é❝❤❛♥t✐❧❧♦♥❡r ✉♥✐❢♦r♠é♠❡♥t ❧❡s ♣♦✐♥ts ❞❡ S3 ✿

v =





√
r cos(2πη)√
r sin(2πη)√

1 − r cos(2πν)√
1 − r sin(2πν)



 . ✭✶✳✸✷✮

❈❛❧❝✉❧ ❞❡ ❧❛ ✈♦rt✐❝✐té ❞✬✉♥❡ ♣❧❛q✉❡tt❡

❈❤❡r❝❤♦♥s ❧❛ ✈♦rt✐❝✐té ❞✬✉♥❡ ♣❧❛q✉❡tt❡ é❧é♠❡♥t❛✐r❡ ❝❛rré❡ ijkl ✉♥✐❢♦r♠❡ ✭σi = σj =
σk = σl✮✳ ❙✉r ❝❤❛q✉❡ s✐t❡ i✱ ✉♥ é❧é♠❡♥t Mi ❞❡ SO3 ✐♥❞✐q✉❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡s tr✐è❞r❡s✱ ❛✐♥s✐
q✉❡ ❞❡✉① é❧é♠❡♥ts ±qi ❞❡ Q1✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ❞❡✉① ✈❡❝t❡✉rs ±vi ❞❡ S3✳ ▲❛ ♠❛tr✐❝❡
Mi→j = MjM

−1
i ❡st ❧❛ ♠❛tr✐❝❡ ❞❡ r♦t❛t✐♦♥ q✉✐ ❡♥✈♦✐❡ ❧❡ tr✐è❞r❡ i s✉r ❧❡ tr✐è❞r❡ j✳ ❊❧❧❡

✐♥❞✐q✉❡ ❧❡ ❝❤❡♠✐♥ à ♣❛r❝♦✉r✐r ❞❛♥s SO3 ♣♦✉r ♣❛ss❡r ❞❡Mi àMj ✳ ❇✐❡♥ sûr✱ s✐ ❧✬♦♥ ♠✉❧t✐♣❧✐❡
❧❡s ♠❛tr✐❝❡s ❞❡s ✹ ❧✐❡♥s ❛✉t♦✉r ❞❡ ❧❛ ♣❧❛q✉❡tt❡ ijkl✱ ♦♥ ♦❜t✐❡♥t ❧✬✐❞❡♥t✐té

Ml→iMk→lMj→kMi→j = I3, ✭✶✳✸✸✮

❝❛r ♦♥ ❛ ❢♦r♠é ✉♥❡ ❜♦✉❝❧❡ ❞❛♥s SO3✳ P❛r ❝♦♥tr❡✱ s✐ ❧✬♦♥ ❢❛✐t ❧❛ ♠ê♠❡ ❝❤♦s❡ ❞❛♥s ❧✬❡s♣❛❝❡
❞❡s q✉❛t❡r♥✐♦♥s ✉♥✐t❛✐r❡s Q1 ❛✈❡❝ qi→j = qjq

−1
i ✱ ♦♥ ♦❜t✐❡♥t ❧❡ q✉❛t❡r♥✐♦♥ ✉♥✐té✱ ♦✉ s♦♥

♦♣♣♦sé ✭❧✬✉♥ ❞❡s ❞❡✉① q✉❛t❡r♥✐♦♥s ❛♥té❝é❞❡♥ts ❞❡ I3 ♣❛r ❧❡ ♠♦r♣❤✐s♠❡ ✶✳✷✷✮ ✿

ql→iqk→lqj→kqi→j = ±1Q1 . ✭✶✳✸✹✮

▲❡ s✐❣♥❡ ♥♦✉s ✐♥❞✐q✉❡ ❧❛ ❝❧❛ss❡ ❞✬❤♦♠♦t♦♣✐❡ ❞❡ ❧❛ ❜♦✉❝❧❡ ❞❡ SO3✳ ■❧ ② ❛ q✉❛tr❡ ♣♦ss✐❜✐❧✐tés
❞❡ ❝❤❡♠✐♥ ❡♥tr❡ ❧❡s ♣♦✐♥ts ±vi ❡t ±vj s✉r S3✱ s❡❧♦♥ ❧❡s s✐❣♥❡s ❝❤♦✐s✐s✳ ❖♥ ✜①❡ ❛r❜✐tr❛✐r❡♠❡♥t
vi ❡t ♦♥ ❝❤♦✐s✐t ❧❡ s✐❣♥❡ ❞❡ vj ♠✐♥✐♠✐s❛♥t ❧❡ ❝❤❡♠✐♥ ✭❝✬❡st à ❞✐r❡ t❡❧ q✉❡ vi · vj > 0✮✳ P✉✐s✱
❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ♦♥ ❝❤♦✐s✐t ❧❡s s✐❣♥❡s ❞❡ vk ❡t ❞❡ vl✳ P♦✉r ❧❡ ❞❡r♥✐❡r ❧✐❡♥✱ ❧❡ s✐❣♥❡ ❞❡ vi
❛ ❞é❥à été ✜①é ✿ ♦♥ ❝❤♦✐s✐t ✉♥ ♥♦✉✈❡❛✉ v′

i t❡❧ q✉❡ vl · vi > 0✳ ❙✐ vi = v′
i✱ ♦♥ ❛ ❢♦r♠é ✉♥❡

❜♦✉❝❧❡ ❞❛♥s S3 ✭❜♦✉❝❧❡ ✈❡rt❡ ❞❡ ❧❛ ❋✐❣✳✶✳✶✽✮ ❡t ❧❛ ❜♦✉❝❧❡ ❞❡ ❞é♣❛rt ❞❡ SO3 ❡st ❝♦♥tr❛❝t✐❜❧❡✳
❙✐ vi = −v′

i✱ ♦♥ ❛ ❢♦r♠é ✉♥ ❝❤❡♠✐♥ ❞❛♥s S3 q✉✐ ❝♦♠♠❡♥❝❡ ❡t s❡ t❡r♠✐♥❡ ❡♥ ❞❡✉① ♣♦✐♥ts
♦♣♣♦sés ✭❜♦✉❝❧❡ ❜❧❡✉❡ ❞❡ ❧❛ ❋✐❣✳✶✳✶✽✮ ❡t ijkl ♣♦rt❡ ✉♥ ❈❱✳

❘❡st❡ à ❝❛❧❝✉❧❡r ql→iqk→lqj→kqi→j ✳ ❊♥ ✉t✐❧✐s❛♥t ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡s ❜♦✉✲
❝❧❡s✱ ♦♥ ♣❡✉t ❞é❝♦♠♣♦s❡r ❧❛ ✈♦rt✐❝✐té ❞❡ ijkl ❡♥ ❧❛ s♦♠♠❡ ❞❡s ✈♦rt✐❝✐tés ❞❡ q✉❛tr❡s tr✐❛♥❣❧❡s
❞♦♥t ❧❡s ❜❛s❡s s♦♥t ❧❡s q✉❛tr❡ ❧✐❡♥s ❞✉ ❝❛rré ❡t ❧❡s s♦♠♠❡ts s♦♥t ✉♥ s✐t❡ ✜❝t✐❢ 0 ❛✉q✉❡❧ ♦♥
❛ss♦❝✐❡ ❧❡ q✉❛t❡r♥✐♦♥ q0 = ±1 ❡t ❧❡ ✈❡❝t❡✉r v0 = ±(1, 0, 0, 0) ✭❋✐❣✳✶✳✷✶✮✱ ❝❡ q✉✐ ✈❛ ♥♦✉s
♣❡r♠❡ttr❡ ❞❡ tr♦✉✈❡r ✉♥❡ ❢♦r♠✉❧❡ très s✐♠♣❧❡ ♣♦✉r ❧❛ ✈♦rt✐❝✐té✳ ❖♥ ❛ss✐❣♥❡ ❛✐♥s✐ ✉♥❡ ✈♦rt✐❝✐té
à ❝❤❛q✉❡ ❧✐❡♥✱ q✉✐ ♥✬❛ ❛✉❝✉♥ s❡♥s à ❡❧❧❡ s❡✉❧❡✱ ♠❛✐s q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥♥❛îtr❡ ❧❛ ✈♦rt✐❝✐té
❞✉ ❝❛rré ❧♦rsq✉✬♦♥ ❧✉✐ ❛ss♦❝✐❡ ❧❡s ✈♦rt✐❝✐tés ❞❡s ❛✉tr❡s ❧✐❡♥s ❞✉ ❝❛rré✳ ▲❛ ✈❛❧❡✉r ❞❡ q0 ♥✬❛
❛✉❝✉♥❡ ✐♠♣♦rt❛♥❝❡ ❡t ❛ été ❝❤♦✐s✐❡ ❞❡ ❢❛ç♦♥ à s✐♠♣❧✐✜❡r ❧❡s ❝❛❧❝✉❧s✳ ▲❛ ❝❤❛♥❣❡r ♠♦❞✐✜❡ ❧❡s
✈♦rt✐❝✐tés ❞❡ ❧✐❡♥s✱ ♠❛✐s ♣❛s ❧❛ ✈♦rt✐❝✐té ❞❡ ❧❛ ♣❧❛q✉❡tt❡ ✿ ❝✬❡st ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ❊♥
❝❤❛q✉❡ s✐t❡✱ ♦♥ ❝❤♦✐s✐t vi ❞❡ ❢❛ç♦♥ à ❛✈♦✐r vi · v0 > 0✳ ❆❧♦rs✱ ❧❛ ✈♦rt✐❝✐té ❞✬✉♥ ❧✐❡♥ ij ❡st
t♦✉t s✐♠♣❧❡♠❡♥t ❞♦♥♥é❡ ♣❛r ❧❡ s✐❣♥❡ ❞❡ vi ·vj ✳ ❊♥ ré❝❛♣✐t✉❧❛♥t✱ ♦♥ ♦❜t✐❡♥t q✉❡ ❧❛ ✈♦rt✐❝✐té
❞✉ ❝❛rré ❡st ❞♦♥♥é❡ ♣❛r

v(ijkl) =
1

2



1 +
∏

ijkl

sgn(vi · vj)



 , ✭✶✳✸✺✮

❝❡ q✉✐ ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ s✐❣♥❡ ❞❡s vi ❝❤♦✐s✐✳

✸✽ ✷✳ ▲❆ ❚❘❆◆❙■❚■❖◆ ❈❍■❘❆▲❊
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kl

i j

0

❋✐❣✳ ✶✳✷✶ ✕ ❈❛❧❝✉❧ ❞❡ ❧❛ ✈♦rt✐❝✐té s✉r ✉♥❡ ♣❧❛q✉❡tt❡ ❝❛rré❡✳ ▲❡ ❝❛rré ijkl ❡st ✉♥❡ ♣❧❛q✉❡tt❡
❞✉ rés❡❛✉✳ ❖♥ ❛❥♦✉t❡ ✉♥ s✐t❡ ✜❝t✐❢ 0✳ ▲❛ ✈♦rt✐❝✐té ❞❡ ❧❛ ❜♦✉❝❧❡ ijkl ❡st ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❞❡s
✈♦rt✐❝✐tés ❞❡s ❜♦✉❝❧❡s ij0✱ jk0✱ kl0 ❡t li0 ❡t ♥❡ ❞é♣❡♥❞ ♣❛s ❞✉ tr✐è❞r❡ ♣❧❛❝é ❡♥ 0✳

P♦✉r ét✉❞✐❡r ❝❡ ♠♦❞è❧❡ ■s✐♥❣−RP3✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♠ét❤♦❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ✭ ❬✶✵✼❪✱
❬✶✵✻❪✮✱ ❞ét❛✐❧❧é❡ ❡♥ ❆♥♥❡①❡ ❇✳✶ s✉r ❞❡s rés❡❛✉ ♣ér✐♦❞✐q✉❡s ❞❡ t❛✐❧❧❡s L×L✱ ♣✉✐s ♥♦✉s ❢❛✐s♦♥s
✉♥❡ ❛♥❛❧②s❡ ❡♥ t❛✐❧❧❡ ✜♥✐❡✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s rés✉♠❡r♦♥s s✉❝❝✐♥t❡♠❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s
s✉r ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❛ ✈♦rt✐❝✐té ❡t ❧❛ ❝❤✐r❛❧✐té✱ ❛✐♥s✐ q✉❡ s✉r ❧✬♦r❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥✳
▲❡s ❞ét❛✐❧s s❡ tr♦✉✈❡♥t ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✻✼❪✳

◆✉❝❧é❛t✐♦♥ ❞❡ ✈♦rt❡① ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡s ❞❡ ❝❤✐r❛❧✐té

❖♥ ❝♦♥s✐❞èr❡ ❞✬❛❜♦r❞ ❧❡ ♠♦❞è❧❡ s✐♠♣❧✐✜é ♦ù ❧✬♦♥ ❛ ❣❡❧é ❧❡s ❞❡❣rés ❞❡ ❧✐❜❡rté ❝❤✐r❛✉①
❡♥ ✜①❛♥t ♣❛r ❡①❡♠♣❧❡ σi = +1✳ ❉❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ♦♥ r❡tr♦✉✈❡ ❧❡ ♠♦❞è❧❡ RP 3✱ ♣♦ssé❞❛♥t
❞❡s ♦♥❞❡s ❞❡ s♣✐♥ ❡t ❞❡s ✈♦rt❡① Z2✱ ét✉❞✐é ♣❛r ❡①❡♠♣❧❡ ♣❛r ❈❛✛❛r❡❧ ❡t ❛❧✳ ❬✾❪✳ ▲❡s ✈♦rt❡①
❛♣♣❛r❛✐ss❡♥t ✈❡rs ✉♥❡ t❡♠♣ér❛t✉r❡ T ≃ 1.1 ✭❋✐❣✳✶✳✷✷✭❛✮✮✱ ♠❛✐s ❛✉❝✉♥ s✐❣♥❡ ♥❡ tr❛❤✐t ✉♥❡
é✈❡♥t✉❡❧❧❡ tr❛♥s✐t✐♦♥ ❞❡ t②♣❡ ❑❚✳ ❆ ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ❧❡s ✈♦rt❡① s♦♥t ♠❛❥♦r✐t❛✐r❡♠❡♥t
♣❛r ♣❛✐r❡s✳ ❯♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❡st r❡♣rés❡♥té❡ ❋✐❣✳✶✳✷✷✭❛✮✳

❘❡♣r❡♥♦♥s ❧❡ ♠♦❞è❧❡ ■s✐♥❣−RP 3✱ ❛✈❡❝ ❝❤✐r❛❧✐té✳ ❯♥❡ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ❡st ♦❜s❡r✈é❡
♣♦✉r ✉♥❡ t❡♠♣ér❛t✉r❡ Tc = 0.97✳ P❛r ❧✬ét✉❞❡ ❞❡s ❡①♣♦s❛♥ts ❝r✐t✐q✉❡s ✭❝❤❛❧❡✉r s♣é❝✐✜q✉❡✱
❝❤✐r❛❧✐té✱ s✉s❝❡♣t✐❜✐❧✐té ❝❤✐r❛❧❡✱ ❝✉♠✉❧❛♥ts ❞❡ ❇✐♥❞❡r✮✱ ❧❛ tr❛♥s✐t✐♦♥ s❡♠❜❧❡ s❡ tr♦✉✈❡r ❞❛♥s
❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣ ✭❞ét❛✐❧s ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✻✼❪✮✳

▲❛ ❞❡♥s✐té ❞❡ ✈♦rt❡① ❡t ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ à Tc s♦♥t ❞♦♥♥é❡s ❋✐❣✳✶✳✷✷✭❜✮✳ ❖♥ r❡♠❛rq✉❡
q✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞✬❛♣♣❛r✐t✐♦♥ ❞❡s ✈♦rt❡① ❡st 0.97✱ ❝♦♥tr❡ 1.1 ❞❛♥s ❧❡ ♠♦❞è❧❡ s❛♥s ❝❤✐r❛❧✐té✳
■❧ s❡♠❜❧❡ q✉❡ ❧❛ ❝❤✐r❛❧✐té ❢❛✈♦r✐s❡ ❧❛ ❝ré❛t✐♦♥ ❞❡ ❈❱✳ P♦✉r s✬❡♥ ❛ss✉r❡r✱ ♥♦✉s ❛✈♦♥s ét✉❞✐é ✉♥
rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❞❡ ❝❤✐r❛❧✐té ❣❡❧é❡ ✿ + ❞❛♥s ✉♥❡ ♠♦✐t✐é✱ − ❞❛♥s ✉♥❡ ❛✉tr❡ ✭❋✐❣✳✶✳✷✸✭❛✮✮✳ ❖♥
❢♦r♠❡ ❛✐♥s✐ ❞❡✉① ❛♥♥❡❛✉① ✐❞❡♥t✐q✉❡s ✭❞❡✉① ❞❡♠✐✲t♦r❡s✮ sé♣❛ré❡s ♣❛r ❞❡✉① ♠✉r ❞❡ ❞♦♠❛✐♥❡✳
▲❛ ❞❡♥s✐té ❞❡ ✈♦rt❡① à t❡♠♣ér❛t✉r❡ ✜①é❡ ❞é♣❡♥❞ ❞❡ ❧❛ ❞✐st❛♥❝❡ r ❛✉ ♠✉r ❞❡ ❞♦♠❛✐♥❡✳ P❧✉s
♦♥ ❡♥ ❡st ♣r♦❝❤❡✱ ♣❧✉s ❡❧❧❡ ❡st é❧❡✈é❡ ✭✈♦✐r ❋✐❣✳✶✳✷✸✭❜✮✮✳ ❈✬❡st ❡♥ ❡✛❡t ✉♥❡ r❡♠❛rq✉❡ q✉❡
❧✬♦♥ ❛✉r❛✐t ♣✉ ❢❛✐r❡ s✉r ❧❛ ❋✐❣✳✶✳✷✷✭❜✮✱ ♦ù ❧❡s ❈❱ s❡♠❜❧❡♥t s❡ ❝♦♥❝❡♥tr❡r à ♣r♦①✐♠✐té ❞❡s
♠✉rs ❞❡ ❞♦♠❛✐♥❡✳

❈♦♠♠❡♥t ❡①♣❧✐q✉❡r ❧✬❛ttr❛❝t✐✈✐té ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡s ♣♦✉r ❧❡s ✈♦rt❡① ❄ ❆ ❝❛✉s❡ ❞❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣ér✐♦❞✐q✉❡s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ✈♦rt❡① t♦t❛❧ ❡st ♣❛✐r✳ ❯♥ ✈♦rt❡① ♥❡ ♣❡✉t
❞♦♥❝ ❛rr✐✈❡r q✉✬❛❝❝♦♠♣❛❣♥é ❞❡ s♦♥ ❛♥t✐✈♦rt❡①✳ ❆ ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ✐❧s r❡st❡♥t à ♣r♦①✲
✐♠✐té ❝❛r s✬é❧♦✐❣♥❡r ❧✬✉♥ ❞❡ ❧✬❛✉tr❡ ❝♦ût❡ ❞❡ ❧✬é♥❡r❣✐❡✳ P♦✉rt❛♥t✱ s✉r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧❛
❋✐❣✳✶✳✷✷✭❜✮✱ ✐❧s s❡♠❜❧❡♥t ✐s♦❧és✳ ❊♥ ré❛❧✐té✱ ✐❧ ♥✬❡♥ ❡st r✐❡♥✳ ▲❛ ♣rés❡♥❝❡ ❞❡ ♠✉rs ❞❡ ❞♦♠❛✐♥❡
♣❡r♠❡t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ s♦rt❡ ❞❡ ♣❛✐r❡ ✈♦rt❡①✲❛♥t✐✈♦rt❡① ✿ ❧✬✉♥ ❞❡s ❞❡✉① ❡st ✉♥
❈❱ ✉s✉❡❧✱ ❧✬❛✉tr❡ ❡st ❧❡ ♠✉r ❞❡ ❞♦♠❛✐♥❡✱ q✉✐ ♣♦rt❡ ❛❧♦rs ✉♥❡ ✈♦rt✐❝✐té ♥♦♥ tr✐✈✐❛❧❡✱ q✉❡
♥♦✉s ❛❧❧♦♥s ❞é✜♥✐r✳

❈❤♦✐s✐ss♦♥s ✉♥❡ ❜♦✉❝❧❡ ♣❛r❝♦✉r❛♥t ❞❡s s✐t❡s ❞❡ ❝❤✐r❛❧✐té ✐❞❡♥t✐q✉❡ s✉r ♥♦tr❡ rés❡❛✉✱ ❞❡
✈♦rt✐❝✐té v✳ ❙♦✐t vu ❧❛ s♦♠♠❡ ♠♦❞✉❧♦ ✷ ❞❡s ✈♦rt✐❝✐tés ❞❡ t♦✉t❡s ❧❡s ♣❧❛q✉❡tt❡s ✉♥✐❢♦r♠❡s à
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✭❛✮ ▼♦❞è❧❡ RP3✳ ❆ ❞r♦✐t❡✱ T = 1.1✳

✭❜✮ ▼♦❞è❧❡ ■s✐♥❣−RP3✳ ❆ ❞r♦✐t❡✱ T = 0.97✳

❋✐❣✳ ✶✳✷✷ ✕ ❊✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ✈♦rt❡① ❛✈❡❝ ❧❛ t❡♠♣ér❛t✉r❡ ♣♦✉r ❞✐✛ér❡♥t❡s t❛✐❧❧❡s ❞❡
rés❡❛✉ à ❣❛✉❝❤❡ ❡t ❡①❡♠♣❧❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥ à ❞r♦✐t❡ ✭♠♦r❝❡❛✉ ❞❡ t❛✐❧❧❡ 45×45 ❞✬✉♥ rés❡❛✉
❞❡ 72 × 72✮✳ ▲❡s ♣♦✐♥ts r♦✉❣❡s r❡♣rés❡♥t❡♥t ❧❡s ❝♦❡✉rs ❞❡ ✈♦rt❡①✳ ▲❡s ♣❧❛q✉❡tt❡s ❜❧❛♥❝❤❡s
❡t ✈❡rt❡s s♦♥t ❞❡ ❝❤✐r❛❧✐tés ♦♣♣♦sé❡s✳ ▲✬é♣❛✐ss❡✉r ❞❡s tr❛✐ts ♥♦✐rs ❡st ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à
1−(vi ·vj)2✳ ◆♦t❡r ❧❛ t❡♠♣ér❛t✉r❡ ❞✬❛♣♣❛r✐t✐♦♥ ❞❡s ✈♦rt❡①✱ ❞✐✛ér❡♥t❡ ❞❛♥s ❧❡s ❞❡✉① ♠♦❞è❧❡s✳
■❧s ❛♣♣❛r❛✐ss❡♥t ♣❛r ♣❛✐r❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ RP3✱ ❡t ♣❧✉tôt ✐s♦❧és ❡t ♣r♦❝❤❡s ❞✬✉♥ ♠✉r ❞❡
❝❤✐r❛❧✐té ❞❛♥s ❧❡ ♠♦❞è❧❡ ■s✐♥❣−RP3
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✭❛✮

r
1 2 3 4 5 6 7 8 9 10

n
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0.01

0.02

0.03

0.04

0.05

✭❜✮

❋✐❣✳ ✶✳✷✸ ✕ ✭❛✮▲❡ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❡st ❞✐✈✐sé ❡♥ ❞❡✉① ❞♦♠❛✐♥❡s ❞❡ ❝❤✐r❛❧✐té ❣❡❧é❡✳
✭❜✮❉❡♥s✐té ❞❡ ✈♦rt❡① à ❧❛ ❞✐st❛♥❝❡ r ❞✉ ♠✉r ❞❡ ❞♦♠❛✐♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞❡♥s✐té ❞❡
✈♦rt❡① s❛♥s ♠✉r ❞❡ ❞♦♠❛✐♥❡✳ ❯♥ ♠✉r ❞❡ ❞♦♠❛✐♥❡ ❢❛✈♦r✐s❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ✈♦rt❡①✳

v
m

v
u

v

❋✐❣✳ ✶✳✷✹ ✕ ❉é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈♦rt✐❝✐té ❞✬✉♥ ♠✉r ❞❡ ❞♦♠❛✐♥❡ s✉r ❧❡ ♠♦❞è❧❡ ❞❡s tr✐è❞r❡s✳ ▲❡s
♣♦✐♥ts r♦✉❣❡s ✭❜❧❡✉s✮ r❡♣rés❡♥t❡♥t ❞❡s s✐t❡s ❞❡ ❝❤✐r❛❧✐té 1 ✭−1✮✳ ▲❛ ✈♦rt✐❝✐té vm ❞✉ ♠✉r ❞✉
❞♦♠❛✐♥❡ ❡st ♦❜t❡♥✉❡ ❡♥ ❝♦♠♣♦s❛♥t ❧❛ ✈♦rt✐❝✐té v ❞❡ ❧❛ ❜♦✉❝❧❡ ✈❡rt❡ ❛✈❡❝ ❧❛ ✈♦rt✐❝✐té vu ❞❡
❧❛ ❜♦✉❝❧❡ ♠❛❣❡♥t❛✳

❧✬✐♥tér✐❡✉r ❧❛ ❜♦✉❝❧❡✳ ❙✐ t♦✉s ❧❡s s✐t❡s à ❧✬✐♥tér✐❡✉r ❡t s✉r ❧❛ ❜♦✉❝❧❡ s♦♥t ❞❡ ♠ê♠❡ ❝❤✐r❛❧✐té✱
❛❧♦rs✱ v = vu✳ P❛r ❝♦♥tr❡✱ s✬✐❧ ② ❛ ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡s à ❧✬✐♥tér✐❡✉r✱ ♦♥ ♣❡✉t ❛✈♦✐r v 6= vu✱
❝❡ q✉✐ s✐❣♥✐✜❡ q✉❡ ❧❡s ♣❧❛q✉❡tt❡s ♥♦♥ ♣r✐s❡s ❡♥ ❝♦♠♣t❡✱ ❝✬❡st à ❞✐r❡ ❧❡s ♣❧❛q✉❡tt❡s ♥♦♥
✉♥✐❢♦r♠❡s✱ ♣♦rt❡♥t ✉♥❡ ✈♦rt✐❝✐té✳ ❊♥ ❢❛✐s❛♥t ❝❡ r❛✐s♦♥♥❡♠❡♥t s✉r ❧❛ ♣❧✉s ♣❡t✐t❡ ❜♦✉❝❧❡
✉♥✐❢♦r♠❡ ✭❡♥ t❡r♠❡ ❞❡ s✉r❢❛❝❡✮ ❡♥t♦✉r❛♥t ✉♥ ❞♦♠❛✐♥❡ s❛♥s s♦✉s✲❞♦♠❛✐♥❡s ✭✈♦✐r ❋✐❣✳✶✳✷✹✮
❞❡ ✈♦rt✐❝✐té v✱ ❡t ❡♥ r❡♠❛rq✉❛♥t q✉❡ vu ❡st ❛❧♦rs ❧❛ ✈♦rt✐❝✐té ❞❡ ❧❛ ♣❧✉s ❣r❛♥❞❡ ❜♦✉❝❧❡
✉♥✐❢♦r♠❡ à ❧✬✐♥tér✐❡✉r ❞✉ ❞♦♠❛✐♥❡✱ ♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ✈♦rt✐❝✐té ❞✉ ♠✉r ❞❡ ❞♦♠❛✐♥❡ vm ❡st
t❡❧❧❡ q✉❡ vm + vu = v ✭❧❡ s✐❣♥❡ ✰ ❡st ❞û à ❧❛ ❧♦✐ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❛❞❞✐t✐✈❡ s✉r Z2✮✳

❈❡ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ♣❛✐r❡ ✈♦rt❡①✲❛♥t✐✈♦rt❡① ♠♦❞✐✜❡ ❧❡ r❛♣♣♦rt ❝♦ût é♥❡r❣ét✐q✉❡ s✉r
❣❛✐♥ ❡♥tr♦♣✐q✉❡ ❞❡ ❧❛ ❝ré❛t✐♦♥ ❞✬✉♥ ❈❱✳ ❈✬❡st ❝❡ q✉✐ ❡①♣❧✐q✉❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❈❱ ❛♣♣❛r✐és
à ✉♥ ♠✉r ❞❡ ❞♦♠❛✐♥❡ à ❞❡s t❡♠♣ér❛t✉r❡s ♣❧✉s ❜❛ss❡s q✉❡ ❝❡❧❧❡s ♦ù ❧✬♦♥ ♦❜s❡r✈❡ ❞❡s ♣❛✐r❡s
❞❡ ❈❱✳

▲✬♦r❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥

◆♦✉s ❛✈♦♥s tr♦✉✈é ✉♥ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡ ❞❛♥s ❧❛ ❝❧❛ss❡ ❞✬✉♥✐✈❡rs❛❧✐té ❞✬■s✐♥❣✱ ❛❧♦rs q✉✬✉♥
♣r❡♠✐❡r ♦r❞r❡ ❢❛✐❜❧❡ ❡st ❢réq✉❡♥t ✿ ▼♦♠♦✐ ❡t ❛❧✳ ❬✼✼❪✱ ❉♦♠❡♥❣❡ ❡t ❛❧✳ ❬✷✺❪✳ ❉❡ ♣❧✉s✱ ❧❡
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❋✐❣✳ ✶✳✷✺ ✕ ❉✐str✐❜✉t✐♦♥ ❞❡s é♥❡r❣✐❡ à Tc ♣♦✉r ❧❡ ♠♦❞è❧❡ ■s✐♥❣−RP3✳ P♦✉r L ≤ 60✱ ❡❧❧❡ ❡st
❜✐♠♦❞❛❧❡✱ ❝❡ q✉✐ ❡st ❣é♥ér❛❧❡♠❡♥t ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ▼❛✐s
❝❡tt❡ ❝❛r❛❝tér✐st✐q✉❡ ❞✐s♣❛r❛ît ❛✉① ❣r❛♥❞❡s t❛✐❧❧❡s✳

❝♦♠♣♦rt❡♠❡♥t à ♣❡t✐t❡s t❛✐❧❧❡s ❞❡ ♥♦tr❡ ♠♦❞è❧❡ ♥♦✉s s✉❣❣èr❡ q✉❡ ♥♦tr❡ ♠♦❞è❧❡ ❡st ♣r♦❝❤❡
❞✬✉♥ ♣♦✐♥t tr✐✲❝r✐t✐q✉❡ ✿ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s é♥❡r❣✐❡s ❡st ❜✐♠♦❞❛❧❡ à ❧❛ t❡♠♣ér❛t✉r❡ ❞❡
tr❛♥s✐t✐♦♥ ♣♦✉r L ≤ 60 ✭❋✐❣✳✶✳✷✺✮✳

P♦✉r ❝♦♥✜r♠❡r ❝❡tt❡ ❤②♣♦t❤ès❡✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s✱ ❞ét❛✐❧❧és ❞❛♥s
❧✬❛rt✐❝❧❡ ❬✻✼❪ ✿

✕ ✉♥❡ ❛♥❛❧②s❡ ♥✉♠ér✐q✉❡ ❞❡ ❝❡rt❛✐♥❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ❍❛♠✐❧t♦♥✐❡♥✱ q✉✐ ❝❤❛♥❣❡♥t ❧✬♦r✲
❞r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥✳

✕ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❤❛✉t❡ t❡♠♣ér❛t✉r❡✱ s✉✐✈✐ ❞✬✉♥ ❝❤❛♠♣ ♠♦②❡♥✱ q✉✐ ♣❡r♠❡t ❞❡ r❡tr♦✉✲
✈❡r q✉❛❧✐t❛t✐✈❡♠❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s ♣ré❝é❞❡♥ts✱

✕ ❡♥✜♥✱ ✉♥❡ ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ ♠♦❞❡�❧❡ ❞✬■s✐♥❣ ❞✐❧✉é ♣♦ssé❞❛♥t ✉♥ ♣♦✐♥t tr✐✲❝r✐t✐q✉❡✳
❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧❡ ♠♦❞è❧❡ ■s✐♥❣−RP3 q✉❡ ♥♦✉s ❛✈♦♥s ❝réé ❡st ✉♥ ❡①❝❡❧❧❡♥t ♠♦❞è❧❡ ❥♦✉❡t
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The phase diagram of the classical J1–J2 model on the kagome lattice is investigated by using extensive

Monte Carlo simulations. In a realistic range of parameters, this model has a low-temperature chiral-ordered

phase without long-range spin order. We show that the critical transition marking the destruction of the chiral

order is preempted by the first-order proliferation of Z2 point defects. The core energy of these vortices appears

to vanish when approaching the T=0 phase boundary, where both Z2 defects and gapless magnons contribute

to disordering the system at very low temperatures. This situation might be typical of a large class of frustrated

magnets. Possible relevance for real materials is also discussed.
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In classical spin systems, competing interactions com-
monly frustrate the conventional �� ,�� Néel order, possibly
leading to more exotic arrangements of the local spins.
Prominent examples include helicoidal configurations,1–3

which usually break space inversion and time reversal. No-
ticeably, such spin chirality is a sufficient condition for mul-
tiferroic behavior, i.e., nonzero coupling between magnetiza-
tion and electric polarization.4,5

However, it is not uncommon that nonplanar magnetic
orders effectively relieve the frustration even more than heli-
coidal configurations do. The associated magnetic order pa-
rameter is then three dimensional and, hence, also chiral. To
date, two such orders have been exhibited, both on
triangular-based lattices with competing interactions: A
4-sublattice tetrahedral order was found on the triangular
lattice,6 while a 12-sublattice cuboctahedral order was more
recently found on the kagome lattice.7

In two dimensions, complex magnetic orders might seem
of purely theoretical interest since gapless spin waves de-
stroy the spin long-range order at arbitrarily low tempera-
tures. However, this disordering process is soft in the sense
that at low but finite temperatures, the spin-spin correlations
remain large enough to sustain emergent long-range orders.

This is exemplified by the two above-mentioned models,

wherein chiral long-range order persists up to finite tempera-

tures, whereas long-range order in the spins is lost. Interest-

ingly, the emergent chiral order parameter is Ising-type and

in a straightforward extrapolation, one expects that these chi-

ral phases will disappear through a critical transition in the

two-dimensional �2D� Ising universality class. However,

Momoi et al.6 showed that in the case of the tetrahedral

order, this is only true in the “weak universality” sense.

We point out that such three-dimensional magnetic orders

completely break the SO�3� symmetry of Heisenberg inter-

actions. Hence, the order parameter space is SO�3�, which

supports point defects, namely vortices in two dimensions,

around which the order parameter is rotated by 2�. However,

note that the rotation of 4� is equivalent to the identity, so

that the order parameter may only wind by �2�, as can be

more formally deduced from �1=Z2. This evidences the pe-

culiar topology of SO�3� vortices compared to the well-

known SO�2� vortices involved in the Berezinski–Kosterlitz–

Thouless �BKT� transition. In particular, since SO�3�
rotations of 4� are equivalent to the identity, SO�3� only

supports vortices with a “winding number” unit, as can be

more formally deduced through �1�SO�3��=Z2. These Z2

vortices were first exhibited in an early numerical work by

Kawamura and Miyashita8 on the antiferromagnetic Heisen-

berg model on the triangular lattice, wherein the defects were

shown to proliferate rather abruptly at a finite temperature.

To date, however, there is still no conclusive evidence that a

genuine phase transition indeed takes place in this model. On

the experimental front, the proof of existence of the Z2 vor-

tices remains rather elusive, although they may have been

indirectly probed in recent nuclear magnetic resonance

�NMR� experiments on NaCr2O3.9

In this Brief Report, we exhibit Z2 vortices in the J1–J2

model on the kagome lattice and show that they are respon-

sible for the first-order nature of the chiral transition and we

study the effects of frustration on the core energy of these

defects.

The Hamiltonian of this model reads

H = J1�
�i,j�

S� i · S� j + J2 + �
��i,k��

S� i · S�k, �1�

where the first sum runs over pairs of nearest neighbors �at

distance 1 on the kagome lattice� and the second sum over

pairs of second nearest neighbors �at distance �3�.
We are interested in the 12-sublattice antiferromagnetic

ground state obtained for J1�0 and J2� 	J1	 /3 �Ref. 7�. The

associated order parameter has the symmetry of a cubocta-

hedron, with the scalar chirality �ijk=�2S� i ·S
�

j �S�k either +1

or −1, where �i , j ,k� label the three sites of a triangle clock-

wise �Fig. 1�.
On the kagome lattice, triangles pointing up and those

pointing down carry opposite chirality in the ground state

and the associated chiral long-range order is evidenced by a

finite value of the staggered chirality,
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C =
3

2N
�
�ijk�

�− 1�	ijk�ijk, �2�

where the sum runs over all 2N /3 triangles of the kagome

lattice with 	ijk=0 �1� for triangles pointing up �down�.
To investigate the finite-temperature phase diagram of this

model, we perform Monte Carlo simulations by using a par-

allel tempering algorithm. This method is indeed suitable to

overcome the free energy barriers encountered at first-order

phase transitions, as we will show, as is the case for the

chiral transition in this model. Furthermore, this algorithm is

easy to parallelize and yields thermodynamic quantities over

a large range of temperatures in a single run once combined

with reweighting methods. We simulated samples of linear

size L ranging from 12 to 64, with up to N=3L2
12 288

spins. Although the tempering method suppresses the slow-

ing down associated with the crossing of free energy barriers,

the existence of a large spin-spin correlation length drives an

“effective critical” slowing down. Therefore, for the largest

samples, the number of Monte Carlo steps needs to be in-

creased up to 222 steps per spin.

The first results of the simulations are collected in Fig. 2.

Starting from J2 / 	J1	=1 /3, the temperature extent of the chi-

ral phase increases with increasing antiferromagnetic J2. We

have monitored several thermodynamic quantities, namely,

the averaged value of the energy per spin �e�, the specific

heat C
v
/kB=

N

�kBT�2 ��e2�− �e�2�, the staggered chirality �	C	�,

and the associated susceptibility kB�C=
2N

3T
��C2�− �	C	�2�. Fig-

ure 3 shows the rapid destruction of the chiral long-range

order at the transition �note the very small temperature scale�
for J2 / 	J1	=0.38.

To characterize the chiral transition, we use a standard

finite-size scaling analysis. For 1 /3�J2 / 	J1	�0.45, the en-

ergy distribution becomes bimodal in the neighborhood of

the transition, and its maxima become more pronounced with

increasing sample sizes. Both the maximum of the specific

heat C
v

max�L� and of the chiral susceptibility �C
max�L� algebra-

ically increase with L, with exponents within 2.0�0.15 for

J2 / 	J1	
0.38. For J2 / 	J1	=0.39 and 0.40, the scaling

regime is reached only for the largest samples. In

addition, by denoting TC
v

�L� and T�c�L� as the temperatures

of the maximum of C
v
�L� and �C�L�, one obtains

1 /TC
v
,�C���−1 /TC

v
,�C�L�
1 /L2 for J2 / 	J1	
0.38. The

above analysis shows that the transition does not belong to

the expected Ising universality class but is of the first order,

although the increasing difficulty to reach the scaling regime,

when increasing J2 / 	J1	, evidences the concomitant growth

FIG. 1. �Color online� 12-sublattice Néel order on the kagome

lattice. Top: The 12-site magnetic unit cell. The different sublattices

are indicated by different numbers. Bottom: The order parameter in

spin space and its mirror image. The two degenerate ground states

only differ by their scalar chirality, namely, the triple product of

three spins on a �shaded� triangle.

FIG. 2. �Color online� Transition temperature T� from chiral

order to full disorder versus the coupling ratio J2 / 	J1	. For

0
J2 / 	J1	
1 /3, the ground state is ferromagnetic. For

J2 / 	J1	�1 /3, the ground state is the 12-sublattice Néel ordered

phase described in the text and abbreviated here as “cuboc.” Dots:

Results of Monte Carlo simulations �size effects are much smaller

than the size of the symbols�. The solid line is a guide to the eye.

FIG. 3. �Color online� Top: Temperature dependence of the stag-

gered chirality �	C	� and the specific heat for J2 / 	J1	=0.38 and

L=64. Temperatures are measured relatively to T�, the temperature

where C
v

is maximum. Bottom: spatially averaged spin-spin corre-

lation length spin and the vortex density versus temperature.
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of a correlation length. This is consistent with the continuous

decrease in the latent heat with increasing J2 / 	J1	 �0.034,

0.028, and 0.012 for J2 / 	J1	=0.36, 0.38, and 0.45�.
To account for the discontinuous nature of the chiral tran-

sition, a thermally activated mechanism was looked for: Pro-

liferation of point defects is an obvious candidate and we

now proceed to compute the Z2 vortices of the model. We

define the local trihedron of a 12-site magnetic unit cell as

follows: e�1= �S� i+S� j� / 	S� i+S� j	, e�3= �S� i−S� j� / 	S� i−S� j	, and e�2

=e�3�e�1, where i and j are any two sites in the magnetic unit

cell that carry noncollinear spins. These trihedra live on a

triangular superlattice of spacing 4 in units of the original

kagome lattice. Then, we determine the rotation of axis n� and

angle � between two successive trihedra and disambiguate it

from �−n� ,2�−�� by using its universal covering element

U�n� ,��=e−i�/2�� ·n�
�SU�2�, where �� are the three Pauli matri-

ces. Finally, we define the Z2 vorticity inside an elementary

�triangular� contour by

V� =
1

2�1 −
1

2
Tr�

j��

U�n� j,� j��� , �3�

where V�=1�0� when the loop � encloses a singularity �oth-

erwise�.
We computed the vortex density �n

v
�=6 /N��V�, where

the sum runs over all N /6 triangles of the superlattice. The

results are displayed in Fig. 3 versus �T−T�� /T�, where

T��L� is the temperature of the maximum of C
v
�L�. They

clearly show that the chiral transition is concomitant with the

proliferation of vortices.

The behavior of the spin-spin correlation length spin close

to the transition evidences that vortex proliferation drasti-

cally decreases the magnetic short-range order as well as it

kills the emergent chiral order far before the expected critical

regime of the chiral phase is attained. Hence, the Ising chiral

transition is avoided simply because the vortex proliferation

triggers a first-order phase transition that preempts the criti-

cal regime. We emphasize that the disordering effect of the

Z2 defects is much stronger than that of Z vortices at the

BKT transition.10 Figure 3 indeed shows that spin is divided

by 3 in a temperature range 
10−3T�, and this brutal de-

crease may even be smoothed by the finite size of the

sample.

The chiral correlation length chiral, as computed from the

structure factor of the chirality C at the transition, measures
the discontinuity of the chiral transition. For J2 / 	J1	=0.38,
we find chiral=6, while it already exceeds the largest avail-
able lattice size �chiral�64� for J2 / 	J1	=0.40. Consistently,
the vortex proliferation smoothes upon increasing J2 / 	J1	
�Fig. 4� and for large enough J2 / 	J1	=0.45, the number of
vortices at the transition is clearly seen to decrease. Although
this is not the core of our study, note that the fast growth of
chiral with increasing J2 / 	J1	 makes it particularly delicate to
identify a possible critical end point to the line of first-order
chiral transitions shown in Fig. 2.

The chiral transition in the present J1–J2 model may be
typical of many frustrated magnets. Indeed, as emphasized
above, as long as the ground state completely breaks the
O�3� symmetry of the Heisenberg Hamiltonian, as is the case
for nonplanar Néel orders, both chirality and Z2 vortices ex-
ist. The complete breaking of SO�3� induces Z2 point defects,
while the breaking of time reversal �the discrete part of O�3��
leads to chiral degenerate ground states. Hence, we expect

very similar features for the chiral transition in the present

model and for that observed on the triangular lattice by Mo-

moi et al.:6 In a posterior study, these authors indeed noticed

that the chiral transition may be weakly discontinuous.

However, the nature of the chiral transition cannot be de-

duced from symmetry arguments alone and will ultimately

depend on the energetics of the two competing mechanisms

that suppress chiral order: formation of chiral domain walls

versus creation of Z2 vortices.

In this respect, the case of the J1–J3 model on the square

lattice is interesting. Capriotti and Sachdev11 showed that in

this model, the doubly degenerate helicoidal ground state

results in a finite temperature chiral phase. Although Z2 vor-

tices are allowed by symmetry, the chiral transition at a finite

temperature clearly falls in the 2D Ising universality class.11

Consistently, we understand that in a problem dominated by

antiferromagnetic long-wavelength fluctuations, forming a

chiral domain wall is much less costly than creating a Z2

vortex.

Correspondingly, in the J1–J2 model under study, we ex-

pect that the competing ferromagnetic and antiferromagnetic

interactions will enhance the short-range fluctuations,

thereby decreasing the core energy of Z2 vortices. This quali-

tative argument is supported by the observation that the dis-

continuity of the chiral transition is maximal when the com-

petition of interactions is highest, i.e., close to J2 / 	J1	=1 /3:

There, the chiral transition is clearly triggered by the prolif-

eration of defects.

Note also that the decrease in the transition temperature as

J2 / 	J1	→1 /3 suggests that the core energy of the Z2 vortices

vanishes at the T=0 phase boundary, i.e., J2 / 	J1	=1 /3.

However, in this very low-temperature regime, quantum

fluctuations are expected to play a significant role. The

T=0 quantum problem was actually studied previously by

three of us:7 By using exact diagonalizations for spins 1/2 as

well as spin-wave expansions, it was shown that both classi-

cal ground states, ferromagnetic and 12-sublattice antiferro-

magnetic, survive quantum fluctuations with a quantum

phase transition located at J2 / 	J1	�1 /3. Hence, although the

present study is purely classical, it yields the promising pros-

pect that additional excitations become gapless exactly at the

FIG. 4. �Color online� Evolution of the vortex density �n
v
�

around the transition temperature T� as a function of J2 / 	J1	.
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quantum phase transition, supplementing the usual gapless

magnons that exist in either of two neighboring phases. This

is highly reminiscent of the breakdown of the Landau para-

digm in quantum spin systems,12 although the route from

classical Z2 vortices to some fractionalized “spinon” excita-

tions for spins 1/2 remains a totally open problem.

Experimentally, a large number of magnets on the kagome

lattice have been synthesized up to now and it has been a

long route to arrive at the Herbertsmithite ZnCuO, which

remains an antiferromagnetic spin liquid down to 50 mK,13,14

with a dominant antiferromagnetic interaction of about 190

K. Among other difficulties, the sign of the nearest neighbor

coupling is a pending problem: atacamite, parent of parata-

camite and herbertsmithite, becomes ferromagnetic around

10 K. Similarly, Cutitmb, the organic compound at the origin

of our interest in the present model,15,16 was recently shown

to experience a transition to three-dimensional �3D� ferro-

magnetic order around 500 mK:17 This tendency to ferro-

magnetism is deeply rooted in the geometry of the exchange

paths between the nearest neighbor Cu ions on the kagome

lattice. If the malediction of such low-temperature ferromag-

netic orderings can somehow be avoided, possibly through a

decrease in the interlayer couplings, the present study would

be of direct experimental interest beyond its initial theoreti-

cal motivation.

In this Brief Report, we showed that in the J1–J2 model

on the kagome lattice, chiral order is wiped out at a finite

temperature by the first-order proliferation of Z2 vortices. In

the region of extreme frustration J2 / 	J1	�1 /3, the core en-

ergy of the defects decreases and appears to vanish exactly at

the T=0 phase boundary. This behavior is probably common

to frustrated spin systems in which competing interactions

lead to 3D antiferromagnetic order parameters.
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We introduce a minimal model describing the physics of classical two-dimensional �2D� frustrated Heisen-

berg systems, where spins order in a nonplanar way at T=0. This model, consisting of coupled trihedra �or

Ising-RP3 model�, encompasses Ising �chiral� degrees of freedom, spin-wave excitations, and Z2 vortices.

Extensive Monte Carlo simulations show that the T=0 chiral order disappears at finite temperature in a

continuous phase transition in the 2D Ising universality class, despite misleading intermediate-size effects

observed at the transition. The analysis of configurations reveals that short-range spin fluctuations and Z2

vortices proliferate near the chiral domain walls, explaining the strong renormalization of the transition tem-

perature. Chiral domain walls can themselves carry an unlocalized Z2 topological charge, and vortices are then

preferentially paired with charged walls. Further, we conjecture that the anomalous size effects suggest the

proximity of the present model to a tricritical point. A body of results is presented, which all support this claim:

�i� first-order transitions obtained by Monte Carlo simulations on several related models, �ii� approximate

mapping between the Ising-RP3 model and a dilute Ising model �exhibiting a tricritical point�, and, finally, �iii�
mean-field results obtained for Ising-multispin Hamiltonians, derived from the high-temperature expansion for

the vector spins of the Ising-RP3 model.

DOI: 10.1103/PhysRevB.78.054435 PACS number�s�: 05.50.�q, 75.10.Hk

I. INTRODUCTION

On bipartite lattices, the energy of the classical Heisen-

berg antiferromagnet, as well as that of the XY antiferromag-

net, is minimized by collinear spin configurations. Any two

such ground states can be continuously transformed into one

another by a global spin rotation. By contrast, it is quite

common that the ground-state manifold of frustrated mag-

nets comprises several connected components, with respect

to global spin rotations, that transform into one another un-

der discrete symmetry only. Examples include the fully frus-

trated XY model of Villain,1 the J1-J2 Heisenberg model on

the square lattice,2,3 the J-K4 model on the triangular lattice,4

the J1-J3 model on the square lattice,5 and the J1-J2 model on

the kagome lattice.6,7

The Mermin-Wagner theorem8 forbids the spontaneous

breakdown of continuous symmetries, such as spin rotations,

at any T�0 in two dimensions. However, as was first no-

ticed by Villain,1 the breakdown of the discrete symmetries

relating the different connected components of the ground-

state manifold may indeed give rise to finite-temperature

phase transition�s�. Such transitions have been evidenced nu-

merically in a number of frustrated systems, with either XY

�Ref. 9� or Heisenberg spins.3,4,6,7

We are interested in a particular class of models with

Heisenberg spins, where the ground state has nonplanar

long-range order.4,6,7 In this case the ground state is labeled

by an O�3� matrix. Hence the ground-state manifold is

O�3�=SO�3��Z2 which breaks down into two copies of

SO�3�. The two connected components, say 1 and 2, are

exchanged by a global spin inversion �S� i→−S� i� and may be

labeled by opposite scalar chiralities S� i · �S� j �S�k�. Hence we

introduce a local Ising variable ��r��= �1, which measures

whether the spins around r� have the chirality of sector 1 or 2.

At T=0 the chiralities ��r�� are long-range ordered and the

ground state belongs to a given sector. On the other hand, at

high enough temperature the system is fully disordered.

Hence, on very general grounds we expect the spontaneous

breakdown of the spin inversion symmetry, associated with

���r����0, at some intermediate temperature.

Further, from the standpoint of Landau-Ginzburg theory,

one anticipates a critical transition in the two-dimensional

�2D� Ising universality class. However, of the two relevant

models studied so far,4,6,7 none shows the signature of an

Ising transition. Instead, as was pointed out by some of us in

Ref. 7, the existence of underlying �continuous� spin degrees

of freedom complicates the naive Ising scenario and actually

drives the chiral transition toward first order.

To get a better sense of this interplay between discrete and

continuous degrees of freedom, it is useful to remember that

in two dimensions, although spin waves disorder the spins at

any T�0, the spin-spin correlation length may be huge

���exp�A /T�� at low temperature,10 especially in frustrated

systems. Hence, it is likely that the effective spin-wave me-

diated interaction between the emergent Ising degrees of

freedom extends significantly beyond one lattice spacing,

even at finite temperature and in two dimensions.

Further, we point out that the excitations built on the con-

tinuous degrees of freedom are not necessarily limited to

spin waves. To be more specific, if the connected compo-

nents of the ground-state manifold are not simply connected,

as is the case for SO�3�, then there also exist defects in the

spin textures. Here, �1(SO�3�)=Z2 implies that Z2 point de-

fects �vortices in two dimensions� are topologically stable.
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Clearly these additional excitations may also affect the na-

ture of the transition associated with the Ising degrees of

freedom. In fact, it was shown in one example7 that the first-

order chiral transition is triggered by the proliferation of

these defects.

In this paper we aim at clarifying the nature of the inter-

play between the different types of excitations found in

Heisenberg systems with nonplanar long-range order at T

=0. Note that the associated unit cell is typically quite large,

which severely limits the sample sizes amenable to simula-

tions. Hence, we introduce a minimal model with the same

physical content as those of the frustrated models studied in

Refs. 4, 6, and 7.

As was already mentioned, in the above frustrated spin

systems, the spin configuration at T=0 is entirely described

by an O�3� matrix or, equivalently, a trihedron in spin space.

At low temperature, the spin long-range order is wiped out

by long-wavelength spin waves. However from the consid-

erations above, we anticipate that at low enough tempera-

tures, the description in terms of trihedra in spin space still

makes sense, at least locally. To be more specific, we assign

three unit vectors S� i
a �a=1,2 ,3� to every site i of the square

lattice, subject to the orthogonality constraint

S� i
a · S� i

b = �a,b, �1�

and we assume the following interaction energy:

E = − �
a=1

3

�
�i,j�

S� i
a · S� j

a. �2�

Hence we consider three ferromagnetic Heisenberg models,

tightly coupled through rigid constraint �1�. At T=0, the en-

ergy is minimized by any configuration with all trihedra

aligned, and the manifold of ground states is O�3�, as de-

sired. This alone ensures the existence of the three types of

excitations: �i� SO�3� spin waves �corresponding to the rota-

tion of the trihedra�, �ii� SO�3� vortices, and �iii� Ising �chi-

ral� degrees of freedom, corresponding to the right- or left-

handedness of the trihedra.11

The present study is devoted to the model defined by Eqs.

�1� and �2�. In Sec. II we reformulate this model more con-

veniently in terms of chiralities and four-dimensional �4D�
vectors, yielding the so-called Ising-RP3 model. For clarity

we first consider a simplified version of this model where the

chirality variables are frozen. With this setup we outline our

method for detecting vortex cores, as well as analyzing their

spatial distribution.

In Sec. III, we return to the full Ising-RP3 model and

evidence the order-disorder transition of the Ising variables

at finite temperature. The nature of the transition is asserted

by a thorough finite-size analysis using Monte Carlo simula-

tions. To clarify the nature of the interplay between discrete

and continuous degrees of freedom, we perform a micro-

scopic analysis of typical configurations.

For the most part, the remainder of our work originates

from the observation of peculiar intermediate-size effects at

the transition. This leads us to argue that the present model

lies close to a tricritical point in some parameter space.

To support our claim, we first introduce and perform

Monte Carlo simulations on two modified versions of our

model that: �i� preserve the O�3� manifold of ground states

and �ii� lead to a first-order transition of the Ising variables.

This is further elaborated on in Sec. IV, where we draw an

analogy between the Ising-RP3 model and the large q Potts

model. Another analogy, this time to a dilute Ising model, is

drawn in Sec. V, where we argue that the regions of strong

misalignment of the trihedra, near Ising domain walls, can be

treated as “depletions” in the texture formed by the 4D vec-

tors. Finally, in Sec. VI we take another route and trace out

the continuous degrees of freedom perturbatively, resulting

in an effective model for the Ising variables, which we pro-

ceed to study at the mean-field level.

II. BASICS OF THE MODEL

A. Ising-RP3 formulation

The model defined by Eqs. �1� and �2� can be conve-

niently reformulated as an Ising model coupled to a four-

component spin system with biquadratic interactions. Indeed,

every trihedron is represented by an SO�3� matrix Mi and a

chirality �i= �1:

S� i
1 = �iMi	1

0

0

, S� i

2 = �iMi	0

1

0

, S� i

3 = �iMi	0

0

1

 . �3�

Using these variables, Eq. �2� reads

E = − �
�i,j�

�i� j Tr��Mi�
tM j� . �4�

The isomorphism between SO�3� and SU�2� / �1,−1�, maps a

rotation M�	 ,n�� of angle 	 about the n� axis onto the pair of

SU�2� matrices �exp�i 	

2n� ·�� �, where the components of ��

are the Pauli matrices. The latter can be written using two

opposite 4D real vectors �v� = � �v0 ,vx ,vy ,vz�, with v�
2=1:

expi
	

2
n� · ��� = �v0 + ivz ivx + vy

ivx − vy v0 − ivz

� , �5�

v0 = cos�	/2�, va = na sin�	/2� . �6�

Irrespective of the local �arbitrary� choice of representa-

tion �v� i, one has

Tr��Mi�
tM j� = 4�v� i · v� j�

2 − 1, �7�

whence the energy reads

E = − �
�i,j�

�i� j�4�v� i · v� j�
2 − 1� . �8�

B. Z2 vortices in the fixed-chirality limit

Here we first consider the simplified case where the Ising

degrees of freedom are frozen to, say, �i= +1. In this limit

we recover the so-called RP3 model,12 which contains both

spin waves and Z2 vortices and describes interacting SO�3�
matrices. Together with related frustrated spin models
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�Heisenberg model on the triangular lattice, for instance�, the

RP3 model has been the central subject of a number of stud-

ies focusing on a putative binding-unbinding transition of the

Z2 vortices at finite temperature.13–24 This is a delicate and

controversial issue, which is not essential to the present

work. Instead, we merely discuss some properties of the vor-

tex configurations that will be useful for comparison with the

full O�3� �or Ising-RP3� model.

To locate the topological point defects �vortex cores�, we

resort to the usual procedure: Consider a closed path L on

the lattice, running through sites i0 , . . . , in−1 , in� i0. L in-

duces a loop CL in the order-parameter space, defined by the

matrices Mi0
, . . . ,Min−1

,Min
�in this space the path between

Mik
and Mik+1

is defined as the “shortest” one�. The homo-

topy class of CL is an element of �1. If it is the identity, then

the CL loop is contractible. Otherwise, L surrounds �at least�
one topological defect.25

In the RP3 model, the fundamental group is �1(SO�3�)
=Z2, so that the topological charge can take only two values:

The homotopy class of CL corresponds to the parity of the

number of point defects enclosed in L �Fig. 1�. This is to be

contrasted with the better-known SO�2� vortices, associated,

for instance, with the XY model: The latter carries an integer

charge ��1(SO�2�)=Z�, while the former carries merely a

sign.

The number of Z2 vortices of a given configuration is

obtained by looking for vortex cores on each elementary

plaquette of the lattice. The vorticity 
�p� of a square

plaquette p is computed by mapping SO�3� onto RP3

=S3
/Z2: On every site i we arbitrarily choose one of the two

equivalent representations �v� i of the local SO�3� matrix and

compute


�p� = �
�p

sgn�v� i . v� j� , �9�

where i and j are nearest neighbors and the product runs over

the four edges of �p. The associated closed loop in SO�3� is

noncontractible when the plaquette hosts a vortex core and is

identified by 
�p�=−1. Note that 
�p� is a “gauge-

invariant” quantity; i.e., it is independent of the local choice

of representation �v� i, as it should be.

We performed a Monte Carlo simulation of the RP3

model using a Wang-Landau algorithm, detailed in the Ap-

pendix. In the upper panel of Fig. 2 we plot the vortex den-

sity n
, defined as the number of plaquettes hosting a vortex

core divided by the total number of plaquettes.

Vortices are seen to appear and the density increases upon

increasing the temperature from T�1. However, no critical

behavior �scaling� is observed upon increasing the system

size. The latter is also true of other simple thermodynamic

quantities, such as the energy or the specific heat, although

the latter is maximum when the increase in n
 is steepest, at

T�1.3.26

A typical configuration is shown in the lower panel of Fig.

2, at a temperature T=1.1, about 20% lower than that of the

maximum of the specific heat. Plaquettes hosting a vortex

core are indicated by a �red� bullet. Note that n
 is rather

small at this temperature and that all vortices are paired ex-

cept for two, evidencing the strong binding of the vortices.

D

C
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B
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F
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D
C

A
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A
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C

D

(b)

(a)

(c)

(d)

FIG. 1. �Color online� SO�3� can be represented by a ball of

radius �. A rotation of angle 	� �0,�� around the n� axis is repre-

sented in this ball by the extremity of the vector 	n� . Two opposite

points of the surface �joined by a dashed line� represent the same

rotation. A loop with an odd number of crossings, such as ABFEA

or CDEFC, cannot be continuously shrunk to a point. This is not

the case when the number of crossings is even: �a� ABCDEA

crosses the surface both at �AB� and �CD�. ��b� and �c�� It can be

continuously deformed to collapse points B on C and A on D. �d�
AD and BC become contractible closed loops, which collapse on

identical points.
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In the same figure the width of every bond �i , j� is pro-

portional to Bij =1− �v� i ·v� j�2 and indicates the relative orien-

tation of the two 4D vectors v� i and v� j. Bij =0 �no segment�
corresponds to parallel 4D vectors �or identical trihedra�,
which minimizes the bond energy �Eij =−3�. In particular, all

bonds have Bij =0 at T=0. On the contrary, Bij =1 �thick

black segment� indicates a maximally frustrated bond �Eij =

+1� with orthogonal 4D vectors �the two trihedra differ by a

rotation of angle ��. Figure 2 shows that the vortex cores are

located in regions of enhanced short-range fluctuations of the

continuous variables �represented by thick bonds� but that

the converse is not necessarily true.

III. NUMERICAL SIMULATIONS

OF THE ISING-RP3 MODEL

We now return to the full Ising-RP3 model, defined in Eq.

�8�. We report results of Monte Carlo simulations, using the

Wang-Landau algorithm described in the Appendix, for lin-

ear sizes up to L=88 with periodic boundary conditions.

A. Specific heat and energy distribution

Once the Ising degrees of freedom are relaxed, the maxi-

mum of the specific heat diverges with the system size, in-

dicating a phase transition. Further, the scaling as �log�L�
�Fig. 3� for the largest L suggests a continuous transition in

the Ising 2D universality class.

To ascertain the continuous nature of the transition, we

computed the probability distribution P�E ,T=Tc� of the en-

ergy per site, obtained from the density of states g�E� �Fig.

4�. Here Tc�L� is defined as the temperature at which the

specific heat is maximum. Rather surprisingly, from small to

intermediate lattice sizes, P�E ,T=Tc� shows the bimodal

structure characteristic of a first-order transition. However,

this feature disappears smoothly upon increasing the system

size, and a single peak finally emerges for L�72.

Hence we claim that the phase transition is continuous

indeed in the Ising 2D universality class, although the scal-

ing and energy distribution at moderate sizes is misleading.

This peculiar finite-size behavior evidences a large but finite

length scale whose exact nature has not been elucidated so

far. We conjecture that it may be related to the proximity, in

some parameter space, to a tricritical point where the transi-

tion becomes discontinuous. Further arguments in support to

this claim will be provided in Sec. III E and Sec. IV and V.

B. Ising order parameter

The ordering of the chirality variables �i is probed by the

following Ising order parameter:

1 1.1 1.2 1.3 1.4 1.5

T

0

0.04

0.08

0.12

0.16

n
Ω

16
32
48

64

(b)

(a)

FIG. 2. �Color online� Uniform frozen chirality model �see Sec.

II B�. Top: Vortex density n
 versus temperature T from L=16 to

L=64, from bottom to top. Bottom: Thermalized configuration at

T�1.1 on a system of size L=72 �only a 45�45 square snippet is

shown�. Square plaquettes carrying a Z2 vortex core are denoted by

a �red� bullet. The width of each bond �i , j� is proportional to Bij

=1− �v� i ·v� j�2 �by slices of 1/8�. Bonds with Bij 1 /8 are not drawn.
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FIG. 3. �Color online� Maximum value of the specific heat as a

function of system size L. The scaling at large L is correctly repro-

duced by the affine logarithmic fit A+B ln�L� �straight line�. Inset:

Specific heat C
v

versus temperature T for L=64 and 80 from right

to left.
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FIG. 4. �Color online� Probability distribution P�E ,Tc� of the

energy per site at Tc�L� for increasing linear L from L=16 to L

=88, from bottom to top. Tc�L� is the temperature at which C
v

is

maximum. A double peak is visible for L�60 and disappears for

L�72.
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� =� 1

N��i

�i�� , �10�

where N is the number of sites. With the results above in

mind, we analyze the finite-size effects on the chirality using

the scaling law L�/��= f�L1/��
T−Tc

Tc
��, with �=1 /8 and �=1.

Figure 5�a� shows a data collapse of the Ising order param-

eter for 40L88, in agreement with the 2D Ising critical

scenario ��=1 /8 and �=1�. Figure 5�b� shows the scaling of

the maximum of the Ising susceptibility �� versus L. The

slope � /�=1.76�0.02 is very close to the expected value of

7/4. We also plot the temperature Tc�L� of the maximum of

the specific heat at size L �Fig. 5�c��, showing the expected

asymptotic scaling Tc�L��T�+A /L1/�, with �=1. Finally,

we computed the fourth-order Binder cumulant

B�L,T� = 1 −
1

3

��4�
��2�2

, �11�

which shows a characteristic L-independent crossing at Tc

�0.97 �Fig. 5�d��. Note however that the value of the cumu-

lant at the crossing B�L=72,Tcrossing��0.65 remains larger

than the universal value of the 2D Ising model �0.6107�. This

discrepancy possibly originates from the fact that L is not

significantly larger than the crossover length scale beyond

which the two peaks in P�E ,Tc� merge �Sec. III A�, making

it uneasy to obtain a reliable estimate of the fourth moment

of the distribution of chiralities. We also point out that simi-

lar discrepancies were observed in the simulation of other

emergent Ising systems with continuous degrees of

freedom.3,9

C. Z2 vortices in the Ising-RP3 model

We now turn to the identification of Z2 vortices in the

model defined in Eq. �8�. The better-known case of an SO�3�
ground-state manifold �ferromagnetically frozen chiralities�
was detailed in Sec. II B. Once the chiral degrees of freedom

are relaxed, the ground-state manifold is enlarged to O�3�
=Z2�SO�3� and the definition of vorticity enclosed in lattice

loops requires some caution. Let us consider two sites i and

j and their associated elements of O�3�, Mi, and M j. As long

as Mi and M j have the same chirality, no extra difficulty

arises. However, if they have opposite chiralities �determi-

nants�, then the mere existence of a continuous path connect-

ing the two elements in SO�3� is ill posed, since they each

belong to a different SO�3� sector of O�3�. Hence the com-

putation of the circulation 
�L� makes sense only for loops

L enclosed in a domain of uniform chirality. In particular, the

computation of the Z2 vorticity on plaquettes located in the

bulk of uniform domains follows the lines detailed in Sec.

II B without modification.

The case of nonuniform plaquettes, sitting on a chiral do-

main wall, may be addressed in an indirect way. We consider

a closed loop L that: �i� visits only sites with chirality �i=

+1 and �ii� encloses a domain of opposite chirality �i=−1.

�i� ensures that 
�L� is well defined. On the other hand one

can always define unambiguously N
v
�L�, the number of vor-

tex cores on uniform plaquettes inside L. If the chirality

were uniform inside L, then 
�L�= �−1�N
v
�L� would hold.

However, when L encloses a domain with reversed chirality,

an extra contribution arises on the right-hand side, coming

from the nonuniform plaquettes sitting on the domain wall,

which are not accounted for by �−1�N
v
�L�. Since 
�L�= �1,

we obtain 
�L�=�w�−1�N
v
�L�, where �w= �1 acts as the to-
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FIG. 5. �Color online� Finite-size scaling at or near the transition

temperature. �a� Rescaled chirality �Eq. �10�� versus rescaled tem-

perature for 40L. �b� Log-log plot of the maximum of the Ising

susceptibility vs L. �c� Scaling of the temperature associated with

the maximum of the specific heat vs 1 /L �log-linear plot�. �d� Evo-

lution of the Binder cumulant B�L ,T� with temperature from L

=16 to L=88, from bottom to top.
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pological charge of the chiral domain wall. As a result, the
present workaround yields the total Z2 charge carried by the
chiral domain wall, which is always well defined.

Figure 6�a� shows a typical configuration near Tc. Again,

vortices in the bulk of Ising domains are indicated by �red�
bullets A thorough study of typical configurations reveals

that most of these vortex cores are actually “paired” with a

nearby charged domain wall �not represented in Fig. 6�a��.
Once the charge of the walls is appropriately accounted for,

the total measured charge is 1 indeed. Note that such vortex/

charged-wall pairs feature two Z2 charges but involve the

creation of only one vortex core. Hence they are energeti-

cally favored compared to genuine pairs of Z2 vortices in the

bulk of chiral domains. This is evidenced, for instance, by

the proliferation of vortices at lower temperatures in the full

Ising-RP3 model than in the RP3 model �compare the upper

panel of Fig. 2 with Fig. 7�b��.
To quantify the pairing effect of Z2 vortices with charged

walls, we impose a domain wall by splitting the system into

two parts with frozen but opposite chiralities �periodic

boundary conditions are used�. Figure 7�a� shows the excess

density of vortices near the domain wall, compared to the

density in the bulk of the domains, as a function of the dis-

tance to the interface for T=1.3. In agreement with the trend

observed in Fig. 6�a�, vortex/charged-wall pairs are clearly

favored compared to vortex/vortex pairs in the bulk. More-

over, this effect is robust: the excess density of vortices is

sizable in a wide range of temperatures. Overall we antici-

pate that the same mechanism will prevail near more com-

plex interfaces, such as those obtained in the full Ising-RP3

model at equilibrium.

For completeness, we computed the vortex density n


�defined as the number of vortex cores on uniform plaquettes

divided by the number of such plaquettes� as a function of

temperature for different lattice sizes: The increase in the

vortex density at the transition temperature �Fig. 7�b�� scales

with the system size. This is apparent on the associated sus-

ceptibility dn
 /dT, whose maximum scales with L like the

maximum of the specific heat �Fig. 7�c��. This is to be com-

pared with the noncritical behavior of the vortex density in

(b)

(a)

FIG. 6. �Color online� Thermalized configuration at T�Tc of a

system of size L=72 �only a 45�45 square snippet is shown�. The

red bullets indicate elementary square plaquettes that: �i� host a Z2

vortex core and �ii� have all four �i equal. Sites with up �down�
chiralities are represented by green �white� squares. �a� The width

of bonds �i , j� is proportional to Bij �see text�. �b� Bonds are drawn

only if Bij �1 /2.
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FIG. 7. �Color online� �a� Excess density of vortices vs distance

to the domain wall at T=1.3 �see text�. �b� Vortex density in the

bulk of chiral domains vs temperature T from L=16 to L=88, from

bottom to top. �c� Maximum of �
dn


dT
� versus specific heat maximum

maxT�C
v
� for 16L88.
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the RP3 model discussed in Sec. II B, where dn
 /dT remains

finite at all temperatures.

D. Spatial correlations of discrete and continuous fluctuations

Figure 6�a� also reveals that the bonds standing across

chiral domain walls ��i� j =−1� are also the most “disor-

dered” �thickest� ones. This strong correlation is all the more

apparent in Fig. 6�b�, where only the most disordered

highest-energy bonds are represented, defined as Bij �1 /2:

They are rather scarce in the bulk of Ising domains. Hence

the two kinds of fluctuations �associated with the discrete

Ising variables and with the continuous 4D vectors� are both

localized close to Ising domain walls. As a result, the energy

barrier for the formation of a domain wall is considerably

lowered compared to the pure Ising model �with all 4D vec-

tors frozen in a ferromagnetic configuration�. This is evi-

denced by the low transition temperature Tc=0.97 for the

Ising transition observed in the present Ising-RP3 model,

compared to Tc=2.269 for the Ising model in two dimen-

sions.

E. Small modifications in the Ising-RP3 model and tuning

of the nature of the phase transition

In view of the peculiar finite-size first-order-like behavior

of the energy distribution shown in Fig. 4, we argue that the

Ising-RP3 model could be near a tricritical point in some

parameter space. This is consistent with the nature of the

phase transitions observed in a number of related classical

frustrated spin models with similar “content,” i.e., spin

waves, Z2 vortices, and Ising-type chiralities.6,7,27

In support of our claim, we present two distortions of the

original Hamiltonian �Eq. �8�� which preserve the ground-

state symmetry and, hence, the nature of the excitations

above. Moreover we show that they undergo a first-order

phase transition.

As it turns out, a simple change in the bond energy,

Eij = − �i� j�4�v� i · v� j�
2 − a� , �12�

from a=1 in the original Hamiltonian �Eq. �8�� to a=1.75, is

sufficient to drive the order-disorder transition of the Ising

variables toward first order. This can be seen in Fig. 8, where

both the maximum of the specific heat �Fig. 8�a�� and that of

the chiral susceptibility �Fig. 8�b�� scale as �L2. Further-

more, contrary to the Ising-RP3 case, the energy probability

distribution P�E ,T=Tc� remains bimodal for all lattice sizes,

with a minimum that gets more and more pronounced upon

increasing the system size �not shown�.
Increasing a from a=1 in Eq. �12� clearly decreases the

energy gap for a chirality flip �i→−�i. However, the asso-

ciated modification of the entropy balance between the or-

dered and disordered phase is less obvious.

Entropic effects are more explicit and better controlled in

the following family of continuous spin models on 2D lat-

tices:

Eij = − �
�i,j�

1 + S� i · S� j

2
�p

. �13�

Indeed, it was shown that for large enough p �p�100 for XY

spins28 and p�16 for Heisenberg spins29,30�, these systems

undergo a phase transition of the liquid-gas type. Obviously,

tuning p does not change the energy scale �Eij � �−1,0��, but

increasing p gradually pushes the entropy toward the highest

energies.

Hence we tweak the Ising-RP3 model in a similar way,

with

Eij = − �i� j�4�v� i · v� j�
2p − 1� . �14�

Once again, Monte Carlo simulations of the distorted model

�Eq. �14�� show the signatures of a first-order transition for p

as small as p=2 �Fig. 9�. Overall the previous two models

illustrate our claim on the proximity of the Ising transition in

the Ising-RP3 model with a first-order transition.

16 32 64
L

25

125

625
M

a
x

(C
v
)

16 32 64
L

25

125

625

χ
|σ

|

(b)

(a)

FIG. 8. �Color online� Scalings as L2 �a� of the maximum of the

specific heat and �b� of the chiral susceptibility with increasing

system size L for a=1.75 in Eq. �12�.
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FIG. 9. �Color online� Energy distributions at the transition for

model �14�.
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IV. ENTROPY OF �i�j BONDS-POTTS MODEL ANALOGY

Here we take another route and propose a simple qualita-

tive analogy to explain how the coupling of chiralities �i to

the continuous degrees of freedom v� i drives the Ising transi-

tion in the Ising-RP3 model close to a first-order transition.

To that end we compute the density of states g�E� for a

single bond �i , j�. It has two contributions, g�E�=g+�E�
+g−�E�, depending on the value of �=�i� j:

g��E� � �
S3

d3
v� i�

S3
d3

v� j��E + ��4�v� i · v� j�
2 − 1��

� �
S3

d3
v� i��E + ��4�vi

0�2 − 1�� , �15�

where rotational invariance was used to fix v� j = �1,0 ,0 ,0�.
Explicit evaluation of the integral gives

g��− 3  �E � 1� =
1

2�
�3 + �E

1 − �E
. �16�

Figure 10 shows the evolution of g��E� with E. Interestingly,

the density of states is remarkably small in the vicinity of the

�ferromagnetic� ground-state value ��i� j =1, v� i ·v� j =1, and

E=−3�. However, if the two trihedra have opposite chirali-

ties, the lowest-energy state is attained for orthogonal vectors

v� i ·v� j =0, with energy E=−1, and the associated density of

states diverges.

This strong entropy unbalance between ordered ��=1�
and disordered bonds ��=−1� is similar to that of the well-

known q-state Potts models.31 In this model, each “spin” �
can take q different colors, and the interaction energy is E

=0 for neighboring sites �i , j� with the same color �i=� j and

E=1 otherwise, with the resulting density of states

g�0  E  1� = q��E� + q�q − 1���E − 1� .

Hence disordered configurations indeed carry more weight

than the ferromagnetic ground state. This entropy unbalance

is seen to increase with q, and in two dimensions it is known

to eventually drive the order-disorder transition toward first

order for q�4.31

A similar feature is obtained upon distorting the

Ising-RP3 model as in Eq. �14�. Indeed, the computation of

the density of states gp�E� for p=2 yields

gp=2
� �− 3  �E � 1� =

1

2�

�2 − �1 − �E

�1 − �E�3/4
, �17�

which has the same features as in Fig. 10 except that it di-

verges as �x−3/4 at E= �1, instead of �x−1/2. Hence, the

distortion of the bond energy shown in Eq. �14� essentially

increases the entropy unbalance, which ultimately drives the

Ising transition toward first order �Sec. III E�, much in the

same way as in the q-state Potts model.

To elaborate further on the proximity to a first-order tran-

sition, it is useful to recall some results from the real-space

renormalization-group �RG� treatment of the q-state Potts

model.32 As noted by Nienhuis et al.,32 in two dimensions,

conventional RG approaches give accurate results in the

critical regime �q4� but inexplicably fail to predict the

crossover to a discontinuous transition for q�4. The authors

proposed that it originates from the usual coarse-graining

procedure, by which a single Potts spin is assigned to a finite

region in real space using a majority rule. Intuitively, this

brutal substitution becomes physically questionable when

there is no clear majority spin in the domain, a situation that

is likely to occur when the number of colors, q, is large

enough. In particular, it yields the possibility of a ferromag-

netic effective interaction between such �artificially� polar-

ized supercells, even if the microscopic spins are disordered.

Hence, conventional coarse-graining overestimates the ten-

dency to ferromagnetic order.

In Ref. 32 it is argued that disordered regions interact only

weakly with their neighbors; hence they are better coarse

grained as a vacancy �missing Potts spin�. In support of this

intuitive picture, it was shown that once the parameter space

of the original Potts Hamiltonian is enlarged to include the

fugacity of these vacancies, the real-space RG treatment of

the Potts model is able to detect the crossover of the order-

disorder transition, seen as a liquid-gas transition of the va-

cancies.

In Sec. V we discuss a simplified version of the Ising-RP3

model where discrete variables ti are introduced. The latter

play a role similar to that of the vacancies in Ref. 32.

V. EFFECTIVE DILUTED ISING MODEL

In this section we propose a simplified model, with strong

analogies to Ising-RP3 model �8�, that captures the spatial

correlations evidenced in Fig. 6�b� and where the entropy

unbalance discussed above for the Potts model is at play.

We replace the vector degrees of freedom with discrete

variables ti=0,1, so that the energy becomes

E = − �
�i,j�

�i� j�4tit j − 1� + D�T��
i

ti. �18�

We introduce a temperature-dependent “chemical potential”

D�T� to tune �ti� �hence �tit j��. The relation with the original

model �Eq. �8�� can be understood as follows: A site with

ti=1 represents a vector which is collinear �or almost collin-

ear� with the “majority” of its neighbors. On the other hand,

a site with ti=0 represents a vector which is perpendicular

3 K 2 K 1 0 1 2 3

g E

0 . 2

0 . 4

0 . 6

0 . 8

1 . 0

FIG. 10. �Color online� Density of states g��E� for a single bond

in model �8�. The two colors correspond to �=�i� j =1 �green� and

�=−1 �red�. The lowest energy �E=−3 per bond� is attained when

�v� i ·v� j�2=1 and �i� j =1.
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�or almost perpendicular� to the majority of its neighbors.

The fact that the vector-vector correlation length is signifi-

cantly larger than one lattice spacing at the temperatures of

interest justifies that, locally, the vectors have a well-defined

local orientation. Then, we simply replace �v� i ·v� j�2 with tit j.

Of course, in the original model, two vectors v� i and v� j can be

simultaneously: �i� orthogonal to most of their neighbors �ti

= t j =0� and �ii� parallel to each other ��v� i ·v� j�2=1�. Such situ-

ations are clearly discarded by this discretized model.33 As a

final encouragement for studying the discrete model of Eq.

�18�, we mention that its single bond density of states is

qualitatively similar to that of the original model �Fig. 10�: It

has two ground states at E=−3 ��i=� j and ti= t j =1� and 2

�3 excited states associated with chiral flip at E=−1 ��i=

−� j and tit j =0�.
This model closely resembles the celebrated Blume-Capel

model,34 where an Ising transition becomes first order when

the concentration of “holes” �sites with ti=0� becomes large

enough.35 Since a simple mean-field approximation is suffi-

cient to predict the first- and second-order transition lines of

the Blume-Capel model �depending on the crystal-field pa-

rameter ��, we determine the mean-field phase diagram of

Eq. �18� using the two mean-field parameters �ti�= t and

��i�=�. Figure 11 shows that it is composed of four transi-

tion lines, and one obtains four distinct order-to-disorder

transitions depending on the value of D�T�. Namely, upon

increasing D�T�, we find: �i� a second-order ferromagnetic-

paramagnetic transition �large negative D�, �ii� a first-order

ferromagnetic-paramagnetic transition, �iii� a first-order

ferromagnetic-antiferromagnetic transition, and �iv� a

second-order antiferromagnetic-paramagnetic transition.

Hence we conjecture that the present model also has a tric-

ritical point, at which the ferromagnetic-to-paramagnetic

transition changes from second order to first order. This ap-

proach is obviously too crude to be quantitatively accurate.

However we can still make contact with the Ising-RP3 model

by adjusting the chemical potential D�T� to enforce �tit j�
= ��v� i ·v� j�2�. �The right-hand side is computed in the original

Ising-RP3 model.� Upon changing the temperature, this

model describes a curve in the D-T plane such as those

shown in Fig. 11. At T=�, ��v� i ·v� j�2�=
1

4
and one can show

that D�T=��=0. Further, upon decreasing the temperature,

��v� i ·v� j�2� decreases and D�T� decreases until the ferromag-

netic phase of the discrete model is reached.

Overall this supports our claim that the unusual finite-size

behavior of the Ising-RP3 model �Fig. 4�, as well as the

proximity to a first-order chiral transition �Sec. III E�, origi-

nates from a nearby tricritical point in parameter space. Fur-

ther, the present study suggests that the nature and origin of

the tricritical point can be understood, at least qualitatively,

from an effective Blume-Capel-type model.

VI. EFFECTIVE ISING MODEL WITH MULTIPLE-SPIN

INTERACTIONS

In this section we detail a more quantitative approach to

the Ising-RP3 model, in which the vector spins v� i are inte-

grated out perturbatively in �=1 /T, in order to derive an

effective Ising model for the chirality degrees of freedom.

From this standpoint, multiple-spin interactions between

chiralities are directly responsible for the “proximity” to a

first-order transition.

A. Integrating out the vector spins

Because the order parameter of the transition is the chiral-

ity and because the vector spins never order at T�0, it is

natural to look for an effective model involving only the

chiralities. Moreover, we have shown that the Ising domain

walls are accompanied by short-distance rearrangements of

the 4D vectors and that it is a very important aspect of the

energetics of the system. It is thus natural to expect that a

high-temperature expansion for the vector spins �which cap-

tures short-distance correlations� will be semiquantitatively

valid.

Formally, the integration over the 4D vectors leads to the

following energy Eeff for a configuration ��i� of the chirali-

ties:

Eeff���i�� = − T ln��e−�E���i,v� i���� , �19�

where E���i ,v� i�� is given by Eq. �8� and �¯� is the T=�
average for each vector spin v� i�S3 �uniform measure on

S3� ¯ �S3�. In the following, we derive the effective inter-

action of the chiralities by expanding Eq. �19� in powers of

�=1 /T up to order �8.

B. 1 ÕT expansion

�e−�E���i,v� i��� = �
n=0

�
�− ��n

n!

� �
�i1,j1�

�
�i2,j2�

¯ �
�in,jn�

�Ei1j1
Ei2j2

¯ Einjn
�

� �i1
� j1

¯ �in
� jn

, �20�

with

Eij = 1 − 4�v� i · v� j�
2. �21�

As �Eij�=0, expanding the logarithm of Eq. �19� in powers of

� yields the following cumulant expansion:

Disordered

F

T

D
4

AF

first order

second order

FIG. 11. �Color online� Schematic mean-field phase diagram of

discrete model �18� on the �T ,D� plane. The two thin lines are

trajectories of model �14�, with p=1,2.
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Eeff���i�� = − T��2

2!
�

�i1,j1�
�

�i2,j2�
Ci1j1i2j2

2 �i1
� j1

�i2
� j2

−
�3

3!
�

�i1,j1�
�

�i2,j2�
�

�i3,,j3�
Ci1j1i2j2i3j3

3 �i1
� j1

�i2
� j2

�i3
� j3

+
�4

4!
�

�i1,j1�
¯ �

�i4,j4�
Ci1j1¯i4j4

4 �i1
� j1

¯ �i4
� j4

+ O��5�� , �22�

with the cumulants

Ci1j1i2j2

2 = �Ei1j1
Ei2j2

� , �23�

Ci1j1i2j2i3j3

3 = �Ei1j1
Ei2j2

Ei3j3
� , �24�

Ci1j1¯i4j4

4 = �Ei1j1
¯ Ei4j4

� − �Ei1j1
Ei2j2

��Ei3j3
Ei4j4

� − �Ei1j1
Ei3j3

�

��Ei2j2
Ei4j4

� − �Ei1j1
Ei4j4

��Ei2j2
Ei3j3

� . �25�

As usual in series expansion, the cumulant Cn is nonzero

only if the graph defined by the n bonds �i1 , j1� , . . . , �in , jn� is

connected. Moreover, rotational invariance ensures that only

graphs that are one-particle-irreducible contribute. For this

reason, Ci1j1i2j2

2 is nonzero only when the two bonds coincide,

resulting in a constant contribution �independent of the �i� to

Eeff. At the next order and for the same reason, the only

nonzero C3 come from graphs where the three bonds coin-

cide �and C121212
3 =1�. This generates an effective first-

neighbor Ising interaction proportional to 1 /T2:

Eeff = −
1

6T2 �
�i,j�

�i� j . �26�

C4 only provides a constant contribution to the effective

energy. C5 and C6 terms introduce new two-chirality interac-

tions, between first, second, and third neighbors. Moreover, a

C6 term gives the first interaction with more than two chirali-

ties, namely,

−
1

9T5 �
�i,j,k,l�

�i� j�k�l, �27�

where the sum runs over square plaquettes.

At this order in �, the Ising-RP3 model appears as an

Ising model with two- and four-spin interactions. The effect

of such multiple-spin interactions has been studied for the

three-dimensional �3D� Ising model, where an additional

four-spin interaction, if it is large enough, can make the tran-

sition first order.36 This can be understood, at least qualita-

tively, from a very simple mean-field point of view. Indeed,

p-spin interactions will translate into terms of the order of mp

in the Landau free energy �m being the order parameter�.
Hence it is clear that tuning the strength of multiple-spin

��4� interactions can reshape the free-energy landscape and

drive the transition from second to first order.

However, various approaches predicted that the simplest

four-spin interactions were not enough to obtain a first-order

transition in two dimensions.37–39 To check these predictions,

we performed Monte Carlo simulations of a simple Ising

model with first-neighbor coupling, supplemented with a

four-spin plaquette interaction.40 The Hamiltonian reads

H = − J�
�ij�

�i� j − K�
�

�i� j�k�l, �28�

with J ,K�0. Using finite-size scaling analysis, we find that

the transition remains second order on the whole range 0

K /J10.

This lead us to continue the high-temperature expansion

up to order �8, where a multispin interaction involving six

chiralities is generated �with new two- and four-interaction

terms�. The effective Hamiltonian becomes quite compli-

cated and therefore we resort to a simple mean-field calcula-

tion.

C. Mean-field approximation

The expansion of Eq. �19� up to �8 leads to a huge num-

ber of terms and it is necessary to proceed systematically in

order to obtain all the diagrams. In mean field, each chirality

is replaced by its mean value ��i�=m, which simplifies the

diagrammatic expansion of the effective Hamiltonian. We

have written a �MAPLE� symbolic code that: �i� generates all

possible diagrams on the square lattice, �ii� assigns a weight

m to multiply connected vertices with an odd number of

bonds, �iii� computes the integrals over the different vectors

exactly, and �iv� computes the number of ways, Ng, the

graph g can be located on the lattice. Ng corresponds to the

product of the number of bond ordering and the number of

transformations �rotations, reflections, and deformations on

the lattice� changing the representation of the graph but not

the graph itself. It is also worth noting that graphs free of

articulation vertex have zero cumulants. In addition, we dis-

card graphs that give irrelevant constant contributions, i.e.,

graphs where the multiplicity of each vertex is even. With

these prescriptions, only 55 graphs contribute at order �8.

They are listed in Table I.

As a result, we obtain the effective energy in the mean-

field approximation:

Eeff�m� = −
�2

3
−

7�4

45
−

�5

9
−

391�6

4536
−

�7

81
+

5173�8

145 800
�m2

+ −
�5

18
−

7�7

162
−

2�8

27
�m4 + −

�8

81
�m6. �29�

Hence the mean-field free energy is given by F�m�=E�m�
−TS�m�, where the entropy S�m�=−

1+m

2
ln� 1+m

2
�−

1−m

2
ln� 1−m

2
�.

F�m� is minimized with respect to the magnetization m: A

phase transition occurs at T=1.07 between an ordered phase

m�0 and a paramagnetic phase m=0. Further, the transition
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is of first order, albeit with a very small free-energy barrier

�see Fig. 12�.
This computation is repeated for the Ising-RP3 model

with “nonlinear” interaction �Eq. �14� with p=2�. We obtain

Eeff�m� = 1 −
�2

3
−

81�4

800
−

13�5

200
−

1 281 493�6

10 080 000
−

4877�7

80 000

−
5 746 857 169�8

82 944 000 000
�m2 + −

13�5

400
−

1351�7

32 000

−
227�8

8000
�m4 + −

227�8

48 000
�m6. �30�

As can be seen in Fig. 12, the first-order transition in this

model is much stronger than in the p=1 case, i.e.,

���cF�p=2� ���cF�p=1. We also mention that similar conclu-

sions can be made for model �12� with a=1.75. Once again,

these results support our claim that the Ising-RP3 model is

close to a point in parameter space where the transition

changes from first to second order, in qualitative agreement

with the simulation results.

VII. CONCLUSION

We have proposed a minimal Ising-RP3 model that cap-

tures most of the low-energy features of frustrated Heisen-

berg models with an O�3� manifold of ground states. The

discrete symmetry breaking associated with the existence of

two connected components of O�3� leads to an Ising-type

continuous transition with unconventional features at small

sizes. The complexity of this transition is due to the strong

coupling of the Ising chirality fluctuations to short-range

continuous spin fluctuations and to the topological defects of

these textures.

We provided a consistent picture of these Z2 defects in the

presence of chiral fluctuations. Namely, we showed that chi-

ral domain walls can also carry a Z2 topological charge, al-

beit delocalized over the interface. Inspection of configura-

tions revealed that isolated vortex cores are almost always

located nearby charged domain walls. At the transition tem-

perature, most defects consist in vortex/charged-wall pairs,

while there are a few vortex/vortex pairs and almost no iso-

lated defect. This mechanism is essential in understanding

the appearance of point defects at a temperature much lower

than in the case where chiral fluctuations are absent.

TABLE I. List of all diagrams contributing to the high-

temperature series expansion up to order �8. All vertices with an

odd number of lines correspond to a �i in the effective Ising model

and to an m in the mean-field approximation. Ng is the number of

locations of the graph g on the lattice.

g Ng

2

2

240

720

360

2

840

3360

1680

2520

10080

30240

6720

3360

13440

6720

161280

80640

120960

60480

120960

2

2016

12096

6048

20160

10080

40320

20160

30240

15120

30240

120960

362880

725760

483840

725760

362880

362880

362880

181440

725760

241920

181440

725760

725760

362880

544320

1088640

181440

5806080

2903040

1451520

2903040

1451520

m
0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0

F

0

0 . 0 0 5

0 . 0 1 0

0 . 0 1 5

0 . 0 2 0

FIG. 12. �Color online� Mean-field free energy for model �14� at

the transition temperature for p=1 �Ising-RP3 model; solid line�
and p=2 �dashed line�. In both cases there are two stable mean-field

solutions and the transition is first order. However the energy barrier

is much smaller for p=1.
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We also studied some variants of the model and showed

that the continuous transition easily becomes first order,

which lead us to conjecture the existence of a nearby tricriti-

cal point in parameter space. We clarified the role of short-

range fluctuations of the continuous variables in this mecha-

nism by an analogy with the large q-state Potts model. In this

analogy the high density of states with orthogonal 4D vectors

translates into the large number q�q−1� of states with disor-

dered bonds of the Potts model. Finally we studied two de-

rived versions of the original model: �i� a diluted Ising

model, which somehow corresponds to a coarse-grained ver-

sion of the Ising-RP3 model �the continuous variables are

locally averaged and replaced by discrete variables�; and �ii�
an effective multispin Ising model, obtained by tracing out

the vector spins, order by order in � �up to �8�. These two

models predict either a weakly first-order or a continuous

transition, as well as the existence of a tricritical point.

This study sheds light on the large variety of behaviors

reported for chiral phase transitions in frustrated spin

systems.4–7 In all these models, the chirality is an emergent

variable more or less coupled to short-range spin fluctua-

tions: In the J1-J3 model on the square lattice, the chiral

variable is the pitch of a helix, the coupling to the short-

range spin fluctuations is probably small, and the transition

appears to be clearly second order and in the Ising univer-

sality class.5 In the cyclic four-spin exchange model on the

triangular lattice, the order parameter is a tetrahedron and the

chiral variable is associated with the triple product of three of

these four spins: The transition is probably very weakly first

order.4,27 In the J1-J2 model on the kagome lattice, the order

parameter at T=0 is a cuboctahedron, and the chiral variable

is associated with the triple product of three of these twelve

spins. The phase transition evolves from weakly to strongly

first order when tuning the parameters toward a

ferromagnetic-antiferromagnetic phase boundary at T=0:

This can be understood in the light of the present work.

Tuning the parameters toward the ferromagnetic phase frus-

trates the 12-sublattice Néel order and favors short-range dis-

order and vortex formation. The associated increase in the

entropy unbalance drives the transition from Ising to strongly

first order, much in the same way as in Sec. IV. On the

technical side, this proximity of a tricritical point in param-

eter space evidences why simulations and experiences must

be lead with great caution, a conclusion equally supported by

recent work from the quite different standpoint of the non-

perturbative renormalization-group approach.41
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APPENDIX: MONTE CARLO ALGORITHM

In this section we detail the Wang-Landau algorithm42,43

used to simulate model �2�. This method consists in building

the density of states g�E� progressively, using successive

Monte Carlo iterations. Elementary moves consist of rota-

tions of vectors v� i as well as flips of chiralities �i. In the case

where the chiralities are frozen �Sec. II B�, only the rotation

movements are performed. For completeness we mention

that the four vectors v� i are sampled uniformly on S3 using

three random numbers �r, �, and ��, independent and uni-

formly distributed in �0,1�, according to

v1 = �
�r cos�2���
�r sin�2���
�1 − r cos�2���
�1 − r sin�2��� .

� �A1�

Starting from an initial guess g�E�, the acceptance of a trial

flip/rotation is decided by a Metropolis rule,

��o → n� = min1,
g�Eo�
g�En�

� , �A2�

where the subscripts o and n corresponds the old and new

configurations, respectively.

Every time a configuration with energy E is visited, the

density of states g�E� is multiplied by a factor f �1, g�E�
←g�E�f . To ensure that all configurations are well sampled,

a histogram H�E� accumulates all visited states. The first part

of the run is stopped when H�E��104. In the second part,

the histogram H�E� is reset and the run is continued, but the

modification factor f is now decreased to f1� f . In the origi-

nal paper by Wang,42 f1 was taken as �f , but this choice is

not necessarily the best for continuous models.44 In this case

the convergence properties were found to be quite satisfying

upon choosing f1= f0.7. The random walk is continued until

the histogram of visits H�E� has become “flat.” Once again,

H�E� is reset and the modification factor is decreased to f2

� f1, etc. Accurate density of states gn�E� is generally ob-

tained at the nth iteration, where n is such that fn is almost 1

�typically fn−1�10−8�.
Since this model has continuous variables, its energy

spectrum is also continuous, and the choice of the energy bin

requires special care: If the bin is too large, important details

of the spectrum may be lost, whereas if it is too small, a lot

of computer time is wasted to ensure the convergence of the

method. In the temperature range of interest, a size of order

�0.1 is a good compromise for the model of Eq. �8�. In

addition, the energy range is limited to the region relevant at

the transition and yields all thermodynamic quantities accu-

rately at these temperatures.

Once the density of states g�E� is obtained, all moments

of the energy distribution can be computed in a straightfor-

ward way as

�En� =

� g�E�En exp�− �E�

� g�E�exp�− �E�

, �A3�

from which the specific heat per site is readily obtained:
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C
v

=
1

N
��E2� − ��E��2� . �A4�

For the thermodynamic quantities that are not directly related

to the moments of the energy distribution, such as the chiral-

ity, the vorticity, and their associated susceptibilities, or the

Binder cumulants, we proceed as follows: An additional

simulation is performed where g�E� is no longer modified �a
“perfect” random walk in energy space if the density of

states g�E� is very accurate�. In this last run additional his-

tograms are stored: chirality histograms ��E�, �2�E�, and

�4�E� and vorticity histograms V�E�, V2�E�, and V4�E�.
Chirality �or vorticity� moments are then obtained from

the simple one-dimensional �1D� integration

�Mn� =

� g�E�
Mn�E�
H�E�

exp�− �E�

� g�E�exp�− �E�

, �A5�

from which, say, the Binder cumulant, is readily obtained as

U = 1 −
�M4�

3��M2��2
, �A6�

where M =� or V. Contrary to the method of the joint density

of states,45 our method does not require the construction of

the two-dimensional histogram g�E ,��. Hence it is not lim-

ited to modest lattice sizes �the above quantities are com-

puted for L up to L=80�.
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❈❤❛♣✐tr❡ ✷

❉❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❛✉① ♦r❞r❡s ❞❡

◆é❡❧ ❡♥ ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r

❏✉sq✉✬à ♣rés❡♥t✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ♣❧❛❝és ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ♦ù ❧❡s ♦♣ér❛t❡✉rs
❞❡ s♣✐♥s ét❛✐❡♥t r❡♠♣❧❛❝és ♣❛r ❞❡s ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s à tr♦✐s ❞✐♠❡♥s✐♦♥s✳ P♦✉r ✉♥ s②stè♠❡
q✉❛♥t✐q✉❡ ❞❡ s♣✐♥s S = 1/2✱ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❝♦♥str✉✐r❡ ❞❡s s✉♣❡r♣♦s✐t✐♦♥s ❞✬ét❛ts ♣♦rt❡ ❧❡
♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à 2Ns ❝♦♥tr❡ 2Ns ♣ré❝é❞❡♠♠❡♥t✳ ▲❡s s②stè♠❡s q✉❛♥t✐q✉❡s ♣❡✉✈❡♥t
s❡ tr♦✉✈❡r ❞❛♥s ❞❡s ♣❤❛s❡s ❛♥❛❧♦❣✉❡s ❛✉ s②stè♠❡ ❝❧❛ss✐q✉❡ ✭♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ ❞❡s s♣✐♥s
✭▲❘❖✮✱ ♦r❞r❡ ♥é♠❛t✐q✉❡✱ q✉❛❞r✐♣♦❧❛✐r❡✳✳✳✮✱ ♠❛✐s ❛✉ss✐ ❞❛♥s ❞❡ ♥♦♠❜r❡✉s❡s ♣❤❛s❡s ♥✬❛②❛♥t
♣❛s ❞✬éq✉✐✈❛❧❡♥t ❝❧❛ss✐q✉❡✳ ▲❡s ❝♦♥✜❣✉r❛t✐♦♥s s✐♥❣✉❧❡t ✭❞❡ s♣✐♥ ✵✮ s✉r ✉♥ ❧✐❡♥ ij ✿

1√
2
(| ↑i↓j〉 − | ↓i↑j〉) ✭✷✳✶✮

❢♦r♠❡♥t ❞❡s ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ✭❱❇✮ q✉✐ ♠✐♥✐♠✐s❡♥t ❧✬é♥❡r❣✐❡ s✉r ✉♥ ❧✐❡♥ ❆❋✳ ■❧s s♦♥t s♦✉✈❡♥t
✉t✐❧✐sés ❝♦♠♠❡ ❜r✐q✉❡ é❧é♠❡♥t❛✐r❡ ♣♦✉r ❧❛ ❞❡s❝r✐♣t✐♦♥s ❞❡ ♣❤❛s❡s q✉❛♥t✐q✉❡s✳ ▲❛ ❣r❛♥❞❡
♥♦✉✈❡❛✉té ❞❡ ❝❡rt❛✐♥❡s ❞❡ ❝❡s ♣❤❛s❡s ❛ été ❧✬❡①✐st❡♥❝❡ ❞❡ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡✳ ❏✉sq✉❡
❧à✱ ❧❡s ❞é❣é♥❡r❡s❝❡♥❝❡s ét❛✐❡♥t ❛ss♦❝✐é❡s à ❞❡s s②♠étr✐❡s ❜r✐sé❡s✳ ❖r✱ ❞❡s ♣❤❛s❡s ♥❡ ❜r✐s❛♥t
❛✉❝✉♥❡ s②♠étr✐❡✱ ❛♣♣❡❧é❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s✱ ♣♦ssè❞❡♥t ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ q✉✐ ❞é♣❡♥❞ ❞❡
❧❛ t♦♣♦❧♦❣✐❡ ❞✉ rés❡❛✉ ❬✶✶✶❪✳ ❯♥ ❞❡s ♣r♦❜❧è♠❡s s♦✉❧❡✈és ♣❛r ❝❡s ♣❤❛s❡s ❡st ❧❡✉r ❝❧❛ss✐✜✲
❝❛t✐♦♥ ❬✶✶✷❪ ❬✶✶✸❪✳ ❱♦✐❝✐ ✉♥❡ ❧✐st❡ ♥♦♥ ❡①❤❛✉st✐✈❡ ❞❡ ♣❤❛s❡s q✉❛♥t✐q✉❡s q✉✐ ♥❡ ❜r✐s❡♥t ♣❛s
❧✬✐♥✈❛r✐❛♥❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s ✿

✕ ❧❡s s♦❧✐❞❡s ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ✭❱❇❙✮ ✿ ❛✉❝✉♥❡ s②♠étr✐❡ s♣❛t✐❛❧❡ ♥✬❡st ❜r✐sé❡✳ ❈❡s ét❛ts
♣r♦❞✉✐ts ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ♦♥t été ✐♥tr♦❞✉✐t ♣❛r ❆✤❡❝❦✱ ❑❡♥♥❡❞②✱ ▲✐❡❜ ❡t ❚❛s❛❦✐ ❬✶❪
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❞✉ rés❡❛✉ ♣♦rt❡ ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ❞❡ ❞✐♠èr❡s✱ ❝❡ q✉✐ ❧✐♠✐t❡ ❝❡s ét❛ts ❛✉① rés❡❛✉① ♦ù
2S ✈❛✉t ✉♥ ♥♦♠❜r❡ ❡♥t✐❡r ❞❡ ❢♦✐s ❧❛ ❝♦♦r❞✐♥❡♥❝❡ z ✭❡①❡♠♣❧❡s ✿ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ❛✈❡❝
S = 3/2, 3, . . . ✱ rés❡❛✉ ❝❛rré ❛✈❡❝ S = 2, 4, . . . ✮✳ ❊♥ r❡♠♣❧❛ç❛♥t ❧❡s ❧✐❡♥s s✐♥❣✉❧❡ts ♣❛r
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❤❡①❛❣♦♥❡s s✐♥❣✉❧❡ts s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❞❡ s♣✐♥ 1 ❬✸✽❪✳
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❛❝t✐♦♥s ❡t ❧❡ rés❡❛✉ s♦♥t t❡❧s q✉❡ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❡st ♣r♦❝❤❡ ❞✬✉♥ ♣r♦❞✉✐t ❞❡ s✐♥❣✉❧❡ts
❞é❝♦rré❧és s✉r ❝❡rt❛✐♥s ❧✐❡♥s ❡t ♥❡ ❜r✐s❡ ♣❛s ❧❡s s②♠étr✐❡s s♣❛t✐❛❧❡s✳ ❊①❡♠♣❧❡ ✿ ❧❡ rés❡❛✉
❙❤❛str②✲❙✉t❤❡r❧❛♥❞ ❬✷✵❪✳

✕ ❧❡s ❝r✐st❛✉① ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ❛✈❡❝ ❜r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡ s②♠étr✐❡✳ ■❧s ❡①✐st❡♥t✱ ❡♥
t❤é♦r✐❡✱ s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ❬✸✶❪✱ ❧❡ rés❡❛✉ ❡♥ é❝❤éq✉✐❡r ❬✸✵❪ ✭❝❤❡❝❦❡r❜♦❛r❞✮ ♦✉
❡♥❝♦r❡✱ ❧❡ rés❡❛✉ ❝❛rré ❬✻✶❪✳ ▼❛✐s ❞❛♥s ❞❡s ❝♦♠♣♦sés ❛②❛♥t ❝❡s ❣é♦♠étr✐❡s✱ ✐❧ ❡st
♣r♦❜❛❜❧❡ q✉❡ ❧❡ rés❡❛✉ ❞✬❛t♦♠❡s ♣♦rt❛♥t ❧❡s s♣✐♥s s❡ ❞é❢♦r♠❡✱ ❝❡ q✉✐ ❡♥✈♦✐❡ ❝❡tt❡
♣❤❛s❡ ❞❛♥s ❧❛ ❝❛té❣♦r✐❡ ♣ré❝é❞❡♥t❡ ✭s♣✐♥✲P❡✐❡r❧s tr❛♥s✐t✐♦♥✱ ✈♦✐r ♣❛r ❡①❡♠♣❧❡ ❬✾✽❪ s✉r

✻✶
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❧❡ rés❡❛✉ ♣②r♦❝❤❧♦r❡✮✳ ❯♥ ❱❇❈ ❛✈❡❝ ✉♥❡ ♠❛✐❧❧❡ ❞❡ ✸✻ s✐t❡s ❛ été ré❝❡♠♠❡♥t ♣r♦♣♦sé
❝♦♠♠❡ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ rés❡❛✉ ❦❛❣♦♠é ❬✾✼❪✳

✕ ❧❡s ❧✐q✉✐❞❡s ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ rés♦♥♥❛♥ts ✭❘❱❇ ❧✐q✉✐❞s✮✱ q✉✐ ♥❡ ❜r✐s❡♥t ❛✉❝✉♥❡
s②♠étr✐❡✱ ♣❛r♠✐ ❧❡sq✉❡❧s ♦♥ ❞✐st✐♥❣✉❡ ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❛❧❣é❜r✐q✉❡s ✭❆❙▲✮✱ ♥♦♥
❣❛♣♣és ❡t ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ t♦♣♦❧♦❣✐q✉❡s ✭❚❙▲✮✱ ❣❛♣♣és✳ ❈❡s ❧✐q✉✐❞❡s ♣♦ssè❞❡♥t ❞❡s
❡①❝✐t❛t✐♦♥s ❢r❛❝t✐♦♥♥❛✐r❡s ❞é❝♦♥✜♥é❡s✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ❝r✐st❛✉① ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡✳

❯♥ ❧✐❡♥ ❞❡ ✈❛❧❡♥❝❡ ♣❡✉t êtr❡ ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ❞✐♠èr❡✳ ❈❡s ❞✐♠èr❡s ♣❡r♠❡tt❡♥t
❞❡ ❣é♥ér❡r ❧❡ s♦✉s✲❡s♣❛❝❡ ❞❡s ét❛ts ❞❡ s♣✐♥ t♦t❛❧ ♥✉❧ ❣râ❝❡ ❛✉① ♣❛✈❛❣❡s ❞❡ ❞✐♠èr❡s ✿ ❧❡s
❝♦♥✜❣✉r❛t✐♦♥s ♣r♦❞✉✐ts ❞❡ s✐♥❣✉❧❡ts ❞♦♥t 2S ❞✐♠èr❡s ♣❛rt❡♥t ❞❡ ❝❤❛❝✉♥ ❞❡s s✐t❡s✳ ▲❡ ♠♦❞è❧❡
❞❡ ❞✐♠èr❡s q✉❛♥t✐q✉❡s ❞❡ ❘♦❦❤s❛r✲❑✐✈❡❧s♦♥ ❬✾✶❪ ❡st ✉♥❡ s✐♠♣❧✐✜❝❛t✐♦♥ à ❧✬❡①trê♠❡ ❞❡s
♠♦❞è❧❡s ❞❡ s♣✐♥s✱ ♦ù ❧❡ r❡❝♦✉✈r❡♠❡♥t ❞❡ ❞❡✉① ♣❛✈❛❣❡s ❞❡ ❞✐♠èr❡s ❡st ♣r✐s ❡♥ ❝♦♠♣t❡ à
❧✬♦r❞r❡ ❧❡ ♣❧✉s ❜❛s✳ ■❧ ❡st ❞ét❛✐❧❧é ♣❛r ▼♦❡ss♥❡r ❡t ❘❛♠❛♥ ❬✼✹❪✳ ❖♥ ② r❡tr♦✉✈❡ ❧✬éq✉✐✈❛❧❡♥t
❞❡ ♣❧✉s✐❡✉rs ❞❡s ♣❤❛s❡s q✉❛♥t✐q✉❡s ♣ré❝é❞❡♥t❡s✳

P❧✉s✐❡✉rs ❛♣♣r♦❝❤❡s ♣❡r♠❡tt❡♥t ❞✬ét✉❞✐❡r ❧❡s ♣❤❛s❡s q✉❛♥t✐q✉❡s✱ ♠❛✐s ❛✉❝✉♥❡ ♥✬❡st
♣❧❡✐♥❡♠❡♥t s❛t✐s❢❛✐s❛♥t❡ ✿

✕ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♦♥❞❡ ❞❡ s♣✐♥✱ à ♣❛rt✐r ❞❡ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ✿ ♣♦✉r ❧✬❡✛❡❝t✉❡r✱
♦♥ ♣r❡♥❞ ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♦r❞♦♥♥é à ❧♦♥❣✉❡ ♣♦rté❡ ❡t
♦♥ ✉t✐❧✐s❡ ❧❡s ❜♦s♦♥s ❞❡ ❍♦❧st❡✐♥✲Pr✐♠❛❦♦✛ ❬✸✾❪ ♣♦✉r ❞é✈❡❧♦♣♣❡r ❡♥ 1/S✳ ▼❛✐s ✐❧ ②
❛ ❞❡✉① ✐♥❝♦♥✈é♥✐❡♥ts ♣r✐♥❝✐♣❛✉① à ❝❡tt❡ ❛♣♣r♦❝❤❡ ✿ s❛ ❝♦♥✈❡r❣❡♥❝❡ ♥✬❡st ♣❛s ❛ss✉ré❡
✭❡t ♣❡✉t êtr❡ ❢❛❝✐❧❡♠❡♥t ♠✐s❡ ❡♥ ❞♦✉t❡ ❧♦rsq✉❡ 1/S = 2✮ ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♣♦s❡
♣r♦❜❧è♠❡ ❧♦rs ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ♠♦❞❡s ❧♦❝❛✉① ❞✬é♥❡r❣✐❡ ♥✉❧❧❡ ✭♣❛r ❡①❡♠♣❧❡✱ ❧❡ ❦❛❣♦♠❡
❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✮✱

✕ ❧❡s ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s ✿ ♦♥ rés♦✉t ❡①❛❝t❡♠❡♥t ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❛♥s ❧❛ ❜❛s❡ à
2Ns ét❛ts✳ ▲❡s s②♠étr✐❡s ❞✉ ♠♦❞è❧❡ ♣❡r♠❡tt❡♥t ❞❡ ❞✐♠✐♥✉❡r ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❜❛s❡ ✭♣❛r
❡①❡♠♣❧❡✱ ♦♥ ♣❡✉t tr❛✐t❡r ❝❤❛q✉❡ s♦✉s✲❡s♣❛❝❡ ❞❡ s♣✐♥ ✜①é sé♣❛ré♠❡♥t s✐ ❧❡ ❍❛♠✐❧t♦♥✐❡♥
❝♦♥s❡r✈❡ ❧❡ s♣✐♥✮✱ ♠❛✐s ❝❡tt❡ ♠ét❤♦❞❡ r❡st❡ ❧✐♠✐té❡ à ❞❡ ♣❡t✐ts rés❡❛✉① ✭Ns < 40✮ ♦ù
❧❡s ❡✛❡ts ❞❡ t❛✐❧❧❡ ✜♥✐❡ s♦♥t ❡♥❝♦r❡ très ✐♠♣♦rt❛♥ts ❬✾✻❪✳ ❖♥ ♣❡✉t ❛✉ss✐ ❢❛✐r❡ ✉♥❡ ❞✐❛❣✲
♦♥❛❧✐s❛t✐♦♥ ❡①❛❝t❡ s✉r ✉♥ s♦✉s✲❡s♣❛❝❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ✿ ♣❛r ❡①❡♠♣❧❡✱ s❡ ❧✐♠✐t❡r
à ❞❡s ❢♦♥❝t✐♦♥s ♣r♦❞✉✐ts ❞❡ ❞✐♠èr❡s ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s✳ ❯♥❡ ❛✉tr❡ ♣♦ss✐❜✐❧✐té ❡st
❞✬✉t✐❧✐s❡r ❧❛ ❉▼❘● ✭❞❡♥s✐t② ♠❛tr✐① r❡♥♦r♠❛❧✐s❛t✐♦♥ ❣r♦✉♣✮ q✉✐ ♣❡r♠❡t ❞✬❡①♣❧♦r❡r
❞❡s t❛✐❧❧❡s ✉♥ ♣❡✉ ♣❧✉s ❣r❛♥❞❡s ❡♥ ❧✐♠✐t❛♥t ❧❛ ❜❛s❡ ❛✉① ét❛ts ❧❡s ♣❧✉s ♣❡rt✐♥❡♥ts✱ ✐ss✉s
❞❡ s✐♠✉❧❛t✐♦♥s s✉r ❞❡s t❛✐❧❧❡s ✐♥❢ér✐❡✉r❡s ✭✉♥ ❡①❡♠♣❧❡ s✉r ❦❛❣♦♠❡ ✿ ❬✹✻❪✮✳ ❉✬❛✉tr❡s
♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ♣r♦♠❡tt❡✉s❡s ❛♣♣❛r❛✐ss❡♥t✱ ❝♦♠♠❡ ❝❡❧❧❡ ❛♣♣❡❧é❡ ▼❊❘❆ ✭♠✉❧✲
t✐s❝❛❧❡ ❡♥t❛♥❣❧❡♠❡♥t r❡♥♦r♠❛❧✐③❛t✐♦♥ ❆♥s❛t③✱ ❬✶✵✷❪✮✱ ❛✈❡❝ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❢❛✐t❡ s✉r
❦❛❣♦♠❡ ❬✷✾❪✱

✕ ❧❡s ❛♣♣r♦①✐♠❛t✐♦♥s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✭♣♦✉✈❛♥t ❞ér✐✈❡r ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❧❛r❣❡
◆ ❬✸❪✮✱ q✉✐ ♥é❝❡ss✐t❡♥t ❞❡ ❝❤♦✐s✐r ✉♥ ♣❛r❛♠ètr❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❛❞❛♣té✱ ♣✉✐s ❞❡
rés♦✉❞r❡ ❞❡s éq✉❛t✐♦♥s ❞✬❛✉t♦✲❝♦❤ér❡♥❝❡✱ ♣❛r❢♦✐s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ♣❧✉s ❣r❛♥❞
q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ❞é♣❛rt✳

❈✬❡st ❧❛ ❞❡r♥✐èr❡ t❡❝❤♥✐q✉❡ q✉❡ ♥♦✉s ❛❧❧♦♥s ❝❤♦✐s✐r✱ ❡t ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❝❡❧❧❡ ❞❡s ❜♦s♦♥s
❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ✐♥tr♦❞✉✐t❡ ♣❛r ❆r♦✈❛s ❡t ❆✉❡r❜❛❝❤ ❬✸❪ ❡t ❝♦♥♥✉❡ ♣♦✉r
♣❡r♠❡ttr❡ ❞❡ ❞é❝r✐r❡ ❞❛♥s ✉♥ ♠ê♠❡ ❢♦r♠❛❧✐s♠❡ ❧❡s ét❛ts ▲❘❖ ❡t ❧❡s ❚❙▲✳

❙♦✐t ✉♥ rés❡❛✉ ❞❡ s♣✐♥s S ✐❞❡♥t✐q✉❡s ✭= 1/2✱ 1✱ ✳✳✳✮ ❡♥ ✐♥t❡r❛❝t✐♦♥✳ ❖♥ ❝❤❡r❝❤❡ ✉♥❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ♣♦❧②♥ô♠❡ ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ Sxi ✱ S

y
i

❡t Szi ✳ P♦✉r ② ❛rr✐✈❡r✱ ♦♥ tr❛♥s❢♦r♠❡ ❧❡ ❍❛♠✐t♦♥✐❡♥ ✐♥✐t✐❛❧ ❡♥ ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ♣♦❧②♥ô♠❡
❞✬♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ❛✉q✉❡❧ ♦♥ ♣❡✉t ❡♥s✉✐t❡ ❛♣♣❧✐q✉❡r ✉♥❡ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ à
t❡♠♣ér❛t✉r❡ ♥✉❧❧❡✳ ❙✐ ❧✬♦♥ ✉t✐❧✐s❡ ❧❡s ❜♦s♦♥s ❞❡ ❍♦❧st❡✐♥✲Pr✐♠❛❦♦✛✱ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ rés✉❧✲
t❛♥t ❛ ♣❡r❞✉ ❧❛ ♣r♦♣r✐été ❞✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ❛❧♦rs q✉✬♦♥ ✈♦✉❞r❛✐t
♣♦✉✈♦✐r ❞é❝r✐r❡ ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s✱ q✉✐ ❝♦♥s❡r✈❡♥t ❝❡tt❡ s②♠étr✐❡✳ ❉❡ ♣❧✉s✱ ❧❡s ♣❤❛s❡s ❙▲
s♦♥t ❞✐✣❝✐❧❡s à ❞é❝r✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❡♥t✐❡r ❝❛r ❡❧❧❡s ♣♦ssè❞❡♥t ❞❡s
❡①❝✐t❛t✐♦♥s ❢r❛❝t✐♦♥♥❛✐r❡s ❞❡ s♣✐♥s 1/2 ✿ ❧❡s s♣✐♥♦♥s✳ ■❧ s❡r❛ ❞✐✣❝✐❧❡ ❞✬♦❜t❡♥✐r ❞❡s ❧✐q✉✐❞❡s

✻✷



❈❍❆P■❚❘❊ ✷✳ ❉❊❙ ▲■◗❯■❉❊❙ ❉❊ ❙P■◆ ❆❯❳ ❖❘❉❘❊❙ ❉❊ ◆➱❊▲ ❊◆ ❇❖❙❖◆❙ ❉❊
❙❈❍❲■◆●❊❘

❞❡ s♣✐♥s ❛✈❡❝ ❝❡s ❜♦s♦♥s✳ P❛r ❝♦♥tr❡✱ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❙❝❤✇✐♥❣❡r ❞❡ ❧✬❛❧❣è❜r❡ ❞❡s ♦♣ér❛✲
t❡✉rs ❞❡ s♣✐♥ ♣❡r♠❡t ❞✬❡①♣r✐♠❡r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ ❝♦♥s❡r✈❛♥t s♦♥ ✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥
❞❡s s♣✐♥s ❡t ♣❡r♠❡t ❞✬❛✈♦✐r ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥s S = 1/2✱ r❡❧✐és ❛✉① s♣✐♥♦♥s✳

▲❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❝♦♥t✐❡♥t ❧❡s ♥♦t✐♦♥s ❞❡ ❜❛s❡ s✉r ❧❡s ❜♦s♦♥s ❞❡
❙❝❤✇✐♥❣❡r ✭❡t ♣❡r♠❡t ❞❡ ✜①❡r ❧❡s ♥♦t❛t✐♦♥s ✉t✐❧✐sé❡s ♣❛r ❧❛ s✉✐t❡✮ ✿ ❞é✜♥✐t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs
❜♦s♦♥✐q✉❡s✱ ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥s Aij ❡t Bij ✱ ✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ U1 ❡t ❡①♣r❡ss✐♦♥ ❞❡s
♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❡♥ t❡r♠❡ ❞❡ ❜♦s♦♥s✳

❉❛♥s ❧❛ ❙❡❝✳✷✱ ❧❛ t❡❝❤♥✐q✉❡ ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞ét❛✐❧❧é❡ ✭s❛ ❥✉st✐✜❝❛t✐♦♥ ❣râ❝❡ à ✉♥❡
❛♣♣r♦❝❤❡ ❧❛r❣❡✲N ❡st ❡①♣❧✐q✉é❡ ❡♥ ❆♥♥✳❈✳✻✮✳ ❉✬❛❜♦r❞✱ ❧❛ t❡❝❤♥✐q✉❡ ❞❡ ❜❛s❡ ❡st r❛♣♣❡❧é❡✳
❊♥s✉✐t❡✱ ✉♥ ❛❧❣♦r✐t❤♠❡✱ ❞û à ❈♦❧♣❛ ❬✷✷❪ ♣❡r♠❡tt❛♥t ❞❡ tr♦✉✈❡r ❧❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡
❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ❞é❝r✐t✳ ◆♦✉s ❝❛❧❝✉❧❡r♦♥s s✉r ❞❡✉① ❡①❡♠♣❧❡s très
s✐♠♣❧❡s ❧❡s rés✉❧t❛ts ❞♦♥♥és ♣❛r ❝❡tt❡ t❡❝❤♥✐q✉❡✳ ❙✉✐t❡ à ❝❡ ❝❛❧❝✉❧✱ ♥♦✉s ✈❡rr♦♥s q✉❡ ❧✬✉♥
❞❡s ❡✛❡ts ❞✉ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞✬✐♥❞✉✐r❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡✱ ❝❡
q✉❡ ♥♦✉s ❡①♣❧✐q✉❡r♦♥s✳ ◆♦✉s ❡♥ ❞ét❛✐❧❧❡r♦♥s ❧❡s ❝♦♥séq✉❡♥❝❡s s✉r ❧❡s ♦❜s❡r✈❛❜❧❡s ❞❡ ❧✬ét❛t
❢♦♥❞❛♠❡♥t❛❧✳

❊♥✜♥✱ ❡♥ ❙❡❝✳✸✱ ♥♦✉s ét✉❞✐❡r♦♥s ❝❡ q✉✐ r❡♥❞ ❧❛ ❙❇▼❋❚ s✐ ✐♥tér❡ss❛♥t❡ ✿ s❛ ❝❛♣❛❝✐té
à ❞é❝r✐r❡ à ❧❛ ❢♦✐s ❞❡s ♣❤❛s❡s ❛✈❡❝ ♦✉ s❛♥s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥s à ❧♦♥❣✉❡ ♣♦rté❡✳ ◆♦✉s
❞é♠♦♥tr❡r♦♥s s✉r ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r q✉❡✱ s✐ ❧❡ s♣✐♥ ❡st s✉♣ér✐❡✉r ❛✉ s♣✐♥ ❝r✐t✐q✉❡✱ ♦♥ ♣❡✉t
❝❤♦✐s✐r à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❝♦❤ér❡♥t✱ ❜r✐s❛♥t ❧❛ s②♠étr✐❡
SU2 ❞❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s✳ P✉✐s✱ ♥♦✉s ❝❤❡r❝❤❡r♦♥s s✉r ❞❡s ❡①❡♠♣❧❡s ❝♦♠♠❡♥t ♦❜t❡♥✐r ❝❡s
❝♦♥✜❣✉r❛t✐♦♥s ❞❡ s♣✐♥s s❡♠✐✲❝❧❛ss✐q✉❡s✳ ▲❡s ❝❛❧❝✉❧s ét❛♥t ré❛❧✐sés ♥✉♠ér✐q✉❡♠❡♥t ✭s❛✉❢ ❝❛s
♣❛rt✐❝✉❧✐❡rs✮✱ ♦♥ ♥✬❛ ❛❝❝ès q✉✬à ❞❡s t❛✐❧❧❡s ❞❡ rés❡❛✉ ✜♥✐❡s✳ ◆♦✉s ét✉❞✐❡r♦♥s ❞♦♥❝ ❧❡s ❡✛❡ts
❞❡ t❛✐❧❧❡ s✉r ♣❧✉s✐❡✉rs ♦❜s❡r✈❛❜❧❡s✱ ❞♦♥t ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✱ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r s✐ ❧✬♦♥
s❡ tr♦✉✈❡ ❞❛♥s ✉♥❡ ♣❤❛s❡ ♦r❞♦♥♥é❡ ♦✉ ♥♦♥✳

✶ ▲❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r

✶✳✶ ▲❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s

❖♥ ✐♥tr♦❞✉✐t s✉r ✉♥ s✐t❡ ♣♦ssé❞❛♥t ✉♥ s♣✐♥ S ❞❡✉① t②♣❡s ❞❡ ❜♦s♦♥s ✿ ❞❡s ❜♦s♦♥s ✉♣ ❞❡
s♣✐♥ +1

2 s❡❧♦♥ Oz ❡t ❞❡s ❜♦s♦♥s ❞♦✇♥ ❞❡ s♣✐♥ ♦♣♣♦sé✳ ❆ ❝❤❛❝✉♥ ❞❡s ❞❡✉① t②♣❡s ❞❡ ❜♦s♦♥s
❝♦rr❡s♣♦♥❞ ✉♥ ♦♣ér❛t❡✉r ❞❡ ❝ré❛t✐♦♥ ❡t ✉♥ ♦♣ér❛t❡✉r ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ✿ a†✱ a ♣♦✉r ❧❡s ❜♦s♦♥s
✉♣ ❡t b†✱ b ♣♦✉r ❧❡s ❜♦s♦♥s ❞♦✇♥✱ ✈ér✐✜❛♥t ❧❡s ♣r♦♣r✐étés ❞❡ ❝♦♠♠✉t❛t✐♦♥ ✿

[a, a†] = [b, b†] = 1

[a, b] = [a†, b†] = 0.

◆✬✐♠♣♦rt❡ q✉❡❧ ♦♣ér❛t❡✉r ❞❡ s♣✐♥ s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ❣râ❝❡
❛✉① r❡❧❛t✐♦♥s

2Sz = a†a− b†b = n̂a − n̂b ✭✷✳✷✮

S+ = Sx + iSy = a†b ✭✷✳✸✮

S− = Sx − iSy = b†a, ✭✷✳✹✮

r❡❣r♦✉♣é❡s ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ❧❡s ♠❛tr✐❝❡s ❞❡ P❛✉❧✐ ~σ ✿

2S =
(
a†, b†

)
~σ

(
a
b

)
✭✷✳✺✮

σx =

(
0 1
1 0

)
σy =

(
0 −i
i 0

)
σz =

(
1 0
0 −1

)
. ✭✷✳✻✮

✶✳ ▲❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ✻✸
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▲❡s ♦♣ér❛t❡✉rs n̂a = a†a ❡t n̂b = b†b s♦♥t ❧❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s ✉♣ ❡t ❞♦✇♥✱ n̂ ❡st ❧❡✉r
s♦♠♠❡ ✿ ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s t♦t❛❧✳ ❉❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡s s♣✐♥s✱ ❧✬♦♣ér❛t❡✉r ✈❡❝t♦r✐❡❧
❞❡ s♣✐♥ ❛✉ ❝❛rré S2 s✉r ✉♥ s✐t❡ ❡st é❣❛❧ à S(S + 1) ❡t s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs

❜♦s♦♥✐q✉❡s ❝♦♠♠❡ bn
2

(
bn
2 + 1

)
✳ ▲✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❡♥❣❡♥❞ré ♣❛r ❧❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s

❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❣r❛♥❞ q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞✉ rés❡❛✉ ❞❡ s♣✐♥s ✐♥✐t✐❛❧✳ P♦✉r ♥❡ ♣❛s ❡♥
s♦rt✐r✱ ✐❧ ❢❛✉t ✐♠♣♦s❡r ❧❛ ❝♦♥tr❛✐♥t❡ s✉✐✈❛♥t❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s✱ ❛✈❡❝ κ = 2S ✿

κ = n̂ = n̂a + n̂b. ✭✷✳✼✮

Pr❡♥♦♥s à ♣rés❡♥t ✉♥ rés❡❛✉ ❡♥t✐❡r ❞❡ Ns s✐t❡s ♥✉♠ér♦tés i ❡t ét❡♥❞♦♥s ❝❡ q✉✐ ♣ré❝è❞❡✳
▲❡s ♦♣ér❛t❡✉rs ai✱ a

†
i ✱ bi ❡t b

†
i ♦♥t ♠❛✐♥t❡♥❛♥t ✉♥ ✐♥❞✐❝❡ i ✐♥❞✐q✉❛♥t ❡♥ q✉❡❧ s✐t❡ ✐❧s ❝ré❡♥t

♦✉ s✉♣♣r✐♠❡♥t ✉♥ ❜♦s♦♥✳ ▲❡s rè❣❧❡s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❞❡✈✐❡♥♥❡♥t

[ai, a
†
j ] = [bi, b

†
j ] = δij ,

[a†i , bj ] = [ai, b
†
j ] = [ai, bj ] = [ai, aj ] = [bi, bj ] = 0.

▲❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s s✬❛♣♣❧✐q✉❡ ❡♥ ❝❤❛q✉❡ s✐t❡✳

✶✳✷ ❘♦t❛t✐♦♥ ❞❡s s♣✐♥s

P♦s♦♥s ❧✬♦♣ér❛t❡✉r φi✱ ♠❛tr✐❝❡ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ❛✉ s✐t❡ i✱ ❞é✜♥✐ ♣❛r

φi =

(
ai bi
b†i −a†i

)
. ✭✷✳✽✮

▲♦rs ❞✬✉♥❡ r♦t❛t✐♦♥ Rnθ ❞✉ s♣✐♥ i ❞✬❛①❡ n = (x, y, z) ❡t ❞✬❛♥❣❧❡ θ✱ φi s❡ tr❛♥s❢♦r♠❡
s❡❧♦♥ ✿

φti → φti
′
= ei~σ·n

θ
2φti =

(
cos θ2 + iz sin θ

2 (y + ix) sin θ
2

(−y + ix) sin θ
2 cos θ2 − iz sin θ

2

)
φti, ✭✷✳✾✮

♦ù φti ❡st ❧❛ tr❛♥s♣♦sé❡ ❞❡ φi✳
❙♦✐t |ψi〉 = P (ai, bi, a

†
i , b

†
i )|0〉 ✉♥ ét❛t ♦❜t❡♥✉ ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞✬✉♥ ♣♦❧②♥ô♠❡ ❞✬♦♣ér❛✲

t❡✉rs ❜♦s♦♥✐q✉❡s s✉r ❧❡ ✈✐❞❡✳ ❆❧♦rs✱ ❧❡ s♣✐♥ ❞❡ ❧✬ét❛t |ψ′
i〉 = P (a′i, b

′
i, a

†
i

′
, b†i

′
)|0〉 ❡st ❧✬✐♠❛❣❡

❞❡ ❝❡❧✉✐ ❞❡ |ψi〉 ♣❛r ❧❛ r♦t❛t✐♦♥ Rnθ✳

❖♣ér❛t❡✉r q✉❛❞r❛t✐q✉❡ ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ ❙✐ ❧✬❍❛♠✐❧✲
t♦♥✐❡♥ ❡st ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✱ ♦♥ ❝❤❡r❝❤❡r❛ à ❧✬❡①♣r✐♠❡r ❡♥ ❢♦♥❝t✐♦♥
❞✬♦♣ér❛t❡✉rs q✉❛❞r❛t✐q✉❡s ❡♥ ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ❡t ✐♥✈❛r✐❛♥ts ♣❛r r♦t❛t✐♦♥✱ ❞é✜♥✐s s✉r
❞❡s ❧✐❡♥s ij ❞✉ rés❡❛✉✱ ❧❡ ❜✉t ét❛♥t ❡♥s✉✐t❡ ❞✬✉t✐❧✐s❡r ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❝❡s ♦♣ér❛t❡✉rs
❝♦♠♠❡ ♣❛r❛♠ètr❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❉❡ t❡❧s ♦♣ér❛t❡✉rs Oij s✬❡①♣r✐♠❡♥t ❣râ❝❡ à ✉♥❡ ♠❛tr✐❝❡
❝♦♠♣❧❡①❡ Mij ✱ ❞❡ t❛✐❧❧❡ 4 × 4 ❡t à ✉♥ ♦♣ér❛t❡✉r ✈❡❝t♦r✐❡❧ ψi ✿

Oij = ψ†
iMijψj , ψi =





ai
bi
b†i
−a†i



 . ✭✷✳✶✵✮

P♦✉r q✉❡ Oij s♦✐t ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✱ Mij ❞♦✐t ✈ér✐✜❡r

∀R ∈ SU2,

(
R 0
0 R

)−1

Mij

(
R 0
0 R

)
= Mij . ✭✷✳✶✶✮

✻✹ ✶✳ ▲❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘
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❈❡tt❡ ❝♦♥❞✐t✐♦♥ ❡st ✈ér✐✜é❡ ♣♦✉r ✹ ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts Aij ✱ Bij ✱ A
†
ij

❡t B†
ij ✱ ❞é✜♥✐s ♣❛r

Âij =
1

2
(aibj − ajbi) ✭✷✳✶✷✮

B̂ij =
1

2
(a†iaj + b†ibj), ✭✷✳✶✸✮

r❡❣r♦✉♣és ❞❛♥s ❧❛ ♠❛tr✐❝❡ Uij ✿

Uij = φiφ
†
j = 2

(
B̂†
ij Âij

−Â†
ij B̂ij

)
. ✭✷✳✶✹✮

✶✳✸ ■♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ❧♦❝❛❧❡

❈❡rt❛✐♥❡s tr❛♥s❢♦r♠❛t✐♦♥s ❧✐♥é❛✐r❡s ❧♦❝❛❧❡s ✭s✉r ✉♥ s❡✉❧ s✐t❡ i✮ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s
♥❡ ♠♦❞✐✜❡♥t ♥✐ ❧❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✺✱ ♥✐ ❧❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥
❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳ ❊❧❧❡s s♦♥t ❛♣♣❡❧é❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ❧♦❝❛❧❡s✳

❘❡❝❤❡r❝❤❡ s②sté♠❛t✐q✉❡✳ ❈❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ s❡ ♠❡tt❡♥t s♦✉s ❧❛ ❢♦r♠❡
❞❡ ♠❛tr✐❝❡s Mi ❝♦♠♣❧❡①❡s 4 × 4 r❡♣rés❡♥t❛♥t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧✐♥é❛✐r❡ ❞❛♥s ❧❛ ❜❛s❡
(ai, bi, a

†
i , b

†
i )✳ ■♥✈❡rs❡♠❡♥t✱ ✉♥❡ ♠❛tr✐❝❡ Mi ❝♦♠♣❧❡①❡ 4 × 4 ❞♦✐t ✈ér✐✜❡r ❝❡rt❛✐♥❡s ❝♦♥✲

❞✐t✐♦♥s ♣♦✉r r❡♣rés❡♥t❡r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✳ ◆♦✉s ❛❧❧♦♥s r❡❝❤❡r❝❤❡r t♦✉t❡s ❧❡s
tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♣♦ss✐❜❧❡s✳ Mi ❞♦✐t êtr❡ t❡❧❧❡ q✉❡

∀(x, y, z, t) ∈ C
4,∃(a, b, c, d, e) ∈ C

5,

M †
i





z − t x 0 0
y −z − t 0 0
0 0 t 0
0 0 0 t



Mi −





z − t x 0 0
y −z − t 0 0
0 0 t 0
0 0 0 t



 =





a b 0 c
d −a −c 0
0 e −a −d
−e 0 −b a





▲❛ ♠❛tr✐❝❡ ❝♦♠♣♦rt❛♥t ❞❡s x✱ y ❡t z ✭❛✈❡❝ t = 0✮ ❡st ✉♥ r❡♣rés❡♥t❛♥t ❞❡ ❧✬♦♣ér❛t❡✉r
❜♦s♦♥✐q✉❡ q✉❛❞r❛t✐q✉❡ ❛ss♦❝✐é à ❧✬♦♣ér❛t❡✉r xS+

i + yS−
i + 2zSzi ✳ ▲✬é❣❛❧✐té ♣r✐s❡ ♣♦✉r t 6= 0

❡t x = y = z = 0 ❛ss✉r❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥s✳ ▲❛ ♠❛tr✐❝❡ ❝♦♠♣♦r✲
t❛♥t ❞❡s a✱ b✱✳✳✳ ❢❛✐t ♣❛rt✐❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s r❡♣rés❡♥t❛♥t ✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡
♥✉❧❧❡ ✭❝❛r ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ 4×4 s♦♥t r❡❞♦♥❞❛♥ts✱ ♣❛r ❡①❡♠♣❧❡✱ ✐❧ ② ❛ ✉♥ ❝♦❡✣❝✐❡♥t
♣♦✉r aib

†
i ❡t ✉♥ ❛✉tr❡ ♣♦✉r b†iai✮✳

▲❡s ♠❛tr✐❝❡s Mi s♦♥t à r❡❝❤❡r❝❤❡r ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛tr✐❝❡s s❡ ❞é❝♦♠♣♦s❛♥t ❡♥

Mi =

(
U V
V ∗ U∗

)
, ✭✷✳✶✺✮

♦ù U, V s♦♥t ❞❡s ♠❛tr✐❝❡s ❝♦♠♣❧❡①❡s ❞❡ t❛✐❧❧❡ 2 × 2✱ ❝❛r ❧✬✐♠❛❣❡ ❞✬✉♥ ♦♣ér❛t❡✉r ❜♦s♦♥✐q✉❡
s❡ ❞é❞✉✐t ❞❡ ❧✬✐♠❛❣❡ ❞❡ s♦♥ ❤❡r♠✐t✐q✉❡ ❝♦♥❥✉❣✉é✳

▲❡s ♠❛tr✐❝❡s Mi ✈ér✐✜❛♥t ❝❡s ❝♦♥❞✐t✐♦♥s ♥♦✉s ❞♦♥♥❡♥t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡
❧♦❝❛❧❡ U(1)✱ ❝❛r ❡❧❧❡s s❡ ❝❛r❛❝tér✐s❡♥t ♣❛r ✉♥ ❛♥❣❧❡ θi ∈ [0, 2π[ ♣♦✉r ❝❤❛q✉❡ s✐t❡ i ∈ J1, NsK}
❞✉ rés❡❛✉ ✿ 



ai
bi
a†i
b†i



→





eiθi 0 0 0
0 eiθi 0 0
0 0 e−iθi 0
0 0 0 e−iθi









ai
bi
a†i
b†i



 , ✭✷✳✶✻✮

✶✳ ▲❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ✻✺
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♦ù ❞❡ ♠❛♥✐èr❡ ♣❧✉s ❝♦♠♣❛❝t❡ ✿

φi →
(
eiθi 0
0 e−iθi

)
φi, ✭✷✳✶✼✮

♦✉ ❡♥❝♦r❡ (
ai
bi

)
→ eiθi

(
ai
bi

)
. ✭✷✳✶✽✮

●é♥ér❛t❡✉r ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡✳ ●râ❝❡ ❛✉① ♣r♦♣r✐étés s✉✐✈❛♥t❡s

eiθa
†aa†e−iθa

†a = e−iθa†

eiθa
†aae−iθa

†a = eiθa,

✈❛❧❛❜❧❡ ❛✉ss✐ ♣♦✉r ❧❡s ♦♣ér❛t❡✉rs b✱ ♦♥ ❞é❞✉✐t q✉❡ ❧✬♦♣ér❛t❡✉r ✉♥✐t❛✐r❡ Uθ ❡✛❡❝t✉❛♥t ✉♥❡
tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❡st

Uθ = ei
P

j θj bnj . ✭✷✳✶✾✮

✶✳✹ ▲❡s ✢✉① ✿ ❞❡s ♦❜s❡r✈❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡

P❛r ❝♦♥str✉❝t✐♦♥✱ ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♥✬♦♥t ❛✉❝✉♥ ❡✛❡t s✉r ❧❡s ♦❜s❡r✈❛❜❧❡s ❞❡
s♣✐♥s✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡ ❞❡s q✉❛♥t✐tés ❢♦r♠é❡s à ♣❛rt✐r ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥s Aij ❡t
Bij ❞❡s éq✉❛t✐♦♥s ✷✳✶✷ ❡t ✷✳✶✸✱ ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t ♥♦♥ ✐♥✈❛r✐❛♥ts ❞❡ ❥❛✉❣❡✱ s♦♥t ✐♥✈❛r✐❛♥t❡s
❞❡ ❥❛✉❣❡s✳ ❈❡s q✉❛♥t✐tés s♦♥t ❛♣♣❡❧é❡s ✢✉①✳

▲❡s ♦♣ér❛t❡✉rs Ô ✐♥✈❛r✐❛♥ts s❡❧♦♥ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ Ô → U †
θ ÔUθ s♦♥t ❞❡s

♦♣ér❛t❡✉rs q✉✐ ❝♦♥s❡r✈❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥ ❡♥ ❝❤❛q✉❡ s✐t❡ ❡t ré❝✐♣r♦q✉❡♠❡♥t✳ ❖♥ ❡♥
❞é❞✉✐t ❞♦♥❝ q✉❡ ❧❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ✭❝❡❧❧❡s ♥❡ ✈✐♦❧❛♥t ♣❛s ❧❛ ❝♦♥tr❛✐♥t❡ ✷✳✼✮ s♦♥t ❧❡s
q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳

▲✬❡✛❡t ❞✬✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ s✉r ❧❡s ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥ Âij ❡t B̂ij ❡st ✿

Âij → Âije
i(θi+θj), ✭✷✳✷✵✮

B̂ij → B̂ije
i(θj−θj). ✭✷✳✷✶✮

❈❡s ❞❡✉① ♦♣ér❛t❡✉rs ♥❡ s♦♥t ♣❛s ✐♥✈❛r✐❛♥ts ❞❡ ❥❛✉❣❡✳ P❛r ❝♦♥tr❡✱ ✐❧s ❡♥❣❡♥❞r❡♥t ❞❡ ♥♦♠❜r❡✉①
♦♣ér❛t❡✉rs ❞❡ ❜♦✉❝❧❡ q✉✐ ❧❡ s♦♥t✳ P♦✉r ❢❛✐r❡ ❞✐s♣❛r❛îtr❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❥❛✉❣❡ ❛✉ s✐t❡ j
❞❡ Âij ♦✉ ❞❡ B̂†

ij ✱ ♦♥ ♣❡✉t ❧❡ ❝♦♠❜✐♥❡r ❛✈❡❝ B̂jk ♦✉ Â†
jk✳ ❙✐ k = i✱ ♦♥ ❛ ❢♦r♠é ❞❡✉①

♣r❡♠✐❡rs ♦♣ér❛t❡✉rs ✐♥✈❛r✐❛♥ts ❞❡ ❥❛✉❣❡ ✿ ÂijÂ
†
ij ❡t B̂ijB̂

†
ij ✳ ❙✐♥♦♥✱ ♦♥ ♣♦✉rs✉✐t ❡♥ ❛❥♦✉t❛♥t

❞❡s ♦♣ér❛t❡✉rs✳ ❆✐♥s✐✱ ♦♥ ♣❡✉t ❢♦r♠❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦♣ér❛t❡✉rs ✐♥✈❛r✐❛♥ts ❞❡ ❥❛✉❣❡
s✉r ❞❡s ❜♦✉❝❧❡s ijk . . . z✳ P❛r ❡①❡♠♣❧❡✱ ❡♥ ♥✬✉t✐❧✐s❛♥t q✉❡ ❞❡s Âij ✱ ♦♥ ♣❡✉t ❢♦r♠❡r s✉r ❧❡s
❜♦✉❝❧❡s à ♥♦♠❜r❡ ❞❡ s✐t❡s ♣❛✐r ❧✬♦♣ér❛t❡✉r

Âij(−Â†
jk) . . . Âyz(−Â

†
zi). ✭✷✳✷✷✮

❊♥ ♥✬✉t✐❧✐s❛♥t q✉❡ ❞❡s B̂ij ✱ ♦♥ ♣❡✉t ❢♦r♠❡r s✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❜♦✉❝❧❡

B̂ijB̂jk . . . B̂yzB̂zi. ✭✷✳✷✸✮

❈❡s ♦♣ér❛t❡✉rs ❝♦♥s❡r✈❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❡♥ ❝❤❛q✉❡ s✐t❡ ❡t s♦♥t ❞♦♥❝ ❞❡s ♦❜s❡r✈✲
❛❜❧❡s ♣❤②s✐q✉❡s✳ ▲❡s ♣❤❛s❡s ❞❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❞❡ ❝❡s ♦♣ér❛t❡✉rs✱ ❛♣♣❡❧é❡s ✢✉① ✭✐♥tr♦✲
❞✉✐ts ♣❛r ❚❝❤❡r♥②s❤②♦✈ ❡t ❛❧✳ ❬✾✾❪✮ ❞♦♥♥❡♥t ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s②stè♠❡ ❞❡ s♣✐♥s✱ s✉r s❡s
s②♠étr✐❡s✳ ◆♦✉s ét✉❞✐❡r♦♥s ❡♥ ❞ét❛✐❧ ❧❡s ✢✉① ❡t ❧❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s
❡♥ ❙❡❝✳✷❞✉ ❈❤❛♣✳✸✳

✻✻ ✶✳ ▲❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘
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✶✳✺ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❜♦s♦♥✐q✉❡

◆♦✉s ❛❧❧♦♥s ♣♦✉r ❧✬✐♥st❛♥t ♥♦✉s ❝♦♥❝❡♥tr❡r s✉r ✉♥ ♠♦❞è❧❡ s✐♠♣❧❡ ✿Ns s♣✐♥s s✉r ✉♥ rés❡❛✉
❛✈❡❝ ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❍❡✐s❡♥❜❡r❣✱ s❛♥s ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ s✬❡①♣r✐♠❡ ❡♥
❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥s ❝♦♠♠❡ ✿

H =
1

2

∑

i,j

JijSi · Sj . ✭✷✳✷✹✮

P❛r ❝♦♥✈❡♥t✐♦♥✱ ❝❤❛q✉❡ ❧✐❡♥ ij ❡st ♣r✐s ❞❛♥s ❧❡s ❞❡✉① s❡♥s✱ ❞✬♦ù ❧❡ ❢❛❝t❡✉r 1/2✳ ❖♥ r❡♠❛rq✉❡
q✉❡ H ❡st ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ ❖♥ ✈❛ ❞♦♥❝ ❡ss❛②❡r ❞❡ ❧❡ ré❡①♣r✐♠❡r ❡♥
❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s q✉❛❞r❛t✐q✉❡s Âij ❡t B̂ij ❞é✜♥✐s ❛✉① éq✉❛t✐♦♥s ✷✳✶✷ ❡t
✷✳✶✸✱ ❡✉① ❛✉ss✐ ✐♥✈❛r✐❛♥ts ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳

❈❡s ❞❡✉① ♦♣ér❛t❡✉rs s♦♥t r❡❧✐és à ❧❛ ❞❡♥s✐té ❞❡ tr✐♣❧❡ts ❡t ❞❡ s✐♥❣✉❧❡ts ❞❡ s♣✐♥ 0 s❡❧♦♥
Oz s✉r ✉♥ ❧✐❡♥✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❞❛♥s ❧❡s ❢♦r♠✉❧❡s ❝✐✲❞❡ss♦✉s✳ ❖♥ ✉t✐❧✐s❡r❛ ❞♦♥❝
♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t Âij ♣♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡s ✭❆❋✮ ❡t B̂ij ♣♦✉r ❞❡s
✐♥t❡r❛❝t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s ✭❋✮✶✳ ❈❡s ♦♣ér❛t❡✉rs ✈ér✐✜❡♥t ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

Âij = −Âji ✭✷✳✷✺✮

B̂†
ij = B̂ji ✭✷✳✷✻✮

Si · Sj =: B̂†
ijB̂ij : −Â†

ijÂij ♣♦✉r i 6= j ✭✷✳✷✼✮

♦ù : . : s✐❣♥✐✜❡ q✉❡ ❧❡s ♦♣ér❛t❡✉rs s♦♥t ❞❛♥s ❧✬♦r❞r❡ ♥♦r♠❛❧ ✭❝ré❛t❡✉rs à ❣❛✉❝❤❡✮✳
❉❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ s❡ r❡str❡✐♥t ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ ❧✬éq✳✷✳✼

❡st r❡s♣❡❝té❡✱ ♦♥ ❛ ❧❛ r❡❧❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡ s✉✐✈❛♥t❡ ✿

: B̂†
ijB̂ij : +Â†

ijÂij = S

(
S − δij

2

)
✭✷✳✷✽✮

✭❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt é❧❛r❣✐✱ : B†
ijBij : +A†

ijAij = ni(nj−δij)/4✮✳ ❖♥ ♣❡✉t ✉t✐❧✐s❡r ❝❡tt❡
r❡❧❛t✐♦♥ ♣♦✉r ✉t✐❧✐s❡r ✉♥ s❡✉❧ ❞❡s ❞❡✉① ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥ s✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s✱ ❡♥ ❢♦♥❝t✐♦♥
❞✉ s✐❣♥❡ ❞❡ Jij ✳

Si · Sj = S2 − 2Â†
ijÂij ♣♦✉r i 6= j ✭✷✳✷✾✮

= 2 : B̂†
ijB̂ij : −S2 ♣♦✉r i 6= j, ✭✷✳✸✵✮

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❍❡✐s❡♥❜❡r❣ ✷✳✷✹ s❡ ré❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ✿

H =
1

2

∑

i,j,Jij>0

Jij

(
S2 − 2Â†

ijÂij

)
+

1

2

∑

i,j,Jij<0

Jij

(
2 : B̂†

ijB̂ij : −S2
)
. ✭✷✳✸✶✮

✷ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥

❆ ♣❛rt✐r ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✸✶✱ ♦♥ ♣❡✉t ❡✛❡❝t✉❡r ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡♥
✉t✐❧✐s❛♥t ❝♦♠♠❡ ♣❛r❛♠ètr❡s ❧❡s ♠♦②❡♥♥❡s ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡s ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥s
Âij ❡t B̂ij ✳ ✷

✶❈❡tt❡ ♣ré❢ér❡♥❝❡ s❡ ❥✉st✐✜❡ ❡♥s✉✐t❡ ❞❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ✈♦✐r ❙❡❝✳✷
✷▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛ r❡❧❛t✐♦♥ ✷✳✷✽ ♣♦✉r ♦❜t❡♥✐r ❧❡s ❞❡✉① éq✉❛t✐♦♥s ✷✳✷✾ ❡t ✷✳✸✵ ❛ ❞♦♥♥é ❧✐❡✉ à ❞❡ ♥♦♠❜r❡✉①

❞é❜❛ts✳ ❖♥ ♣❡✉t ❡♥ ❡✛❡t ❢❛✐r❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ s✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ♦❜t❡♥✉ ♣❛r ✷✳✷✼ ❛✈❡❝
❞❡✉① ♣❛r❛♠ètr❡s ♣❛r ❧✐❡♥ ♦✉ ♣❛r ✷✳✷✾ ♦✉ ✷✳✸✵ ❛✈❡❝ ✉♥ s❡✉❧ ♣❛r❛♠ètr❡ ♣❛r ❧✐❡♥✱ ❝❡ q✉✐ ❝❤❛♥❣❡ ❜❡❛✉❝♦✉♣ ❞❡
❝❤♦s❡s ✭♣rés❡♥❝❡ ❞✬✉♥ ❢❛❝t❡✉r 2 ❞❛♥s ❧✬é♥❡r❣✐❡ s❡❧♦♥ ❈❡❝❛tt♦ ❡t ❛❧✳ ❬✶✷❪✮✳ ▲❛ ré♣♦♥s❡ ❡st s✐♠♣❧❡ ✿ s✐ ❧✬♦♥ ❡st

✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆ ✻✼
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✷✳✶ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✸✶ ❡st r✐❣♦✉r❡✉s❡♠❡♥t ✐❞❡♥t✐q✉❡ ❛✉ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✷✹✱ à ❧❛ ❝♦♥❞✐t✐♦♥
❞❡ r❡st❡r ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ✷✳✼ ❡st r❡s♣❡❝té❡✳ ▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣
♠♦②❡♥ ♥é❣❧✐❣❡ ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ B̂ij ❡t ❞❡ Âij ✿

: B̂†
ijB̂ij : = : (B̂†

ij −B∗
ij)(B̂ij −Bij) : +B̂†

ijBij + B̂ijB
∗
ij − |Bij |2

∼ B̂†
ijBij + B̂ijB

∗
ij − |Bij |2, ✭✷✳✸✷✮

Â†
ijÂij ∼ Â†

ijAij + ÂijA
∗
ij − |Aij |2, ✭✷✳✸✸✮

♦ù Bij ✭r❡s♣ Aij✮ ❡st ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧✬♦♣ér❛t❡✉r B̂ij ✭r❡s♣ Âij✮ ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥✲
t❛❧✱ ❡t ❧✬ét♦✐❧❡ ∗ s✐❣♥✐✜❡ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é✳ ❈✬❡st ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❣r♦ss✐èr❡✱ ♠❛✐s q✉✐ s❡
❥✉st✐✜❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❧❛r❣❡ N q✉✐ s❡r❛ ❞ét❛✐❧❧é❡ ❡♥ ❆♥♥✳❈✳✻✳

▲❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ✭éq✉❛t✐♦♥ ✷✳✼✮ ♥é❝❡ss✐t❡ ❧✬❛❥♦✉t ❞✬✉♥
t❡r♠❡ ❞❛♥s ❧❡ ❍❛♠✐❧t♦♥✐❡♥✱ ❢❛✐s❛♥t ✐♥t❡r✈❡♥✐r ✉♥ ♠✉❧t✐♣❧✐❝❛t❡✉r ❞❡ ▲❛❣r❛♥❣❡ λi ❡♥ ❝❤❛q✉❡
s✐t❡ i ❞✉ rés❡❛✉✳ ❈❡ t❡r♠❡ ❡st

∑
i λi(κ − n̂i)✱ ♦ù n̂i = n̂ai + n̂bi✳ ■❧ ♣❡r♠❡t✱ ♣❛r ✉♥ ré❣❧❛❣❡

❞❡s ♣❛r❛♠ètr❡s λi✱ ❞✬❛❥✉st❡r ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ à κ ❞❛♥s
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ✭●❙✮✳ ▲❡s λi s♦♥t ❛✐♥s✐ ❞❡s ♣♦t❡♥t✐❡❧s ❝❤✐♠✐q✉❡s ❢❛✈♦r✐s❛♥t ♦✉ ♣é♥❛❧✐s❛♥t
❧❛ ♣rés❡♥❝❡ ❞❡s ❜♦s♦♥s✳ ❖♥ ♣❡✉t ❝❤♦✐s✐r κ = 2S ✿ ❧❡ ●❙ s❡r❛ ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞✬ét❛ts à
❞✐✛ér❡♥ts ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s✱ ❞♦♥t ✉♥✐q✉❡♠❡♥t ❧❛ ♠♦②❡♥♥❡ s❡r❛ 2S✳ ❇✐❡♥ sûr✱ ❝✬❡st ✉♥
♣♦✐♥t ♥é❣❛t✐❢ ❞❡ ❧❛ t❤é♦r✐❡ ❝❛r ❧❡ ●❙ ❛♣♣r♦①✐♠é s❡r❛ ❤♦rs ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡s s♣✐♥s✱
♠❛✐s ❝♦♠♠❡ κ ♥✬❛ ♣❧✉s ❛✉❝✉♥❡ r❛✐s♦♥ ❞✬êtr❡ ❡♥t✐❡r✱ ❝❡❧❛ ♣❡r♠❡t ❞❡ ❝❤♦✐s✐r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡
✈❛❧❡✉r ré❡❧❧❡ ♣♦s✐t✐✈❡ ❡t ❞❡ ♥❡ ♣❧✉s s❡ ❧✐♠✐t❡r ❛✉① ✈❛❧❡✉rs ❡♥t✐èr❡s✳ κ ❡st ❛❧♦rs ✉♥ ♣❛r❛♠ètr❡
❝♦♥t✐♥✉ q✉✐ ♣❡r♠❡t ❞✬❛❥✉st❡r ❧❡ ♣♦✐❞s ❞❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡st

H▼❋ =
∑

ij,AF

Jij

(
A∗
ijbiaj −Aija

†
ib

†
j

)
+
∑

ij,F

Jij

(
B∗
ija

†
iaj +Bijbib

†
j

)
−
∑

i

λi(a
†
iai + bib

†
i )

+
∑

ij,AF

Jij

(
S2

2
+ |Aij |2

)
−
∑

ij,F

Jij

(
|Bij |2 +

S2

2

)
+
∑

i

λi (κ+ 1) . ✭✷✳✸✹✮

▲❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❡st q✉❛❞r❛t✐q✉❡ ❡♥ ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳ ▲❛ ❞❡✉①✐è♠❡ ❧✐❣♥❡ ❡st ✉♥❡
❝♦♥st❛♥t❡✱ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ♣❛r ❧❛ s✉✐t❡ ǫ0✳ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ s❡ ♠❡t s♦✉s ❧❛ ❢♦r♠❡

HMF = ψ†Mψ + ǫ0, ✭✷✳✸✺✮

ǫ0 =
∑

ij,AF

Jij

(
S2

2
+ |Aij |2

)
−
∑

ij,F

Jij

(
|Bij |2 +

S2

2

)
+
∑

i

λi (κ+ 1) , ✭✷✳✸✻✮

♦ù ❧❡ ✈❡❝t❡✉r ❞✬♦♣ér❛t❡✉rs ψ ❡st ❞é✜♥✐ ♣❛r

ψ =
(
a1, a2, · · · , aNs , b

†
1, b

†
2, · · · , b†Ns

)t
, ✭✷✳✸✼✮

❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à ❡①❛❝t❡♠❡♥t κ = 2S ❜♦s♦♥s ♣❛r s✐t❡✱ ❧❡s ❞❡✉① ❍❛♠✐❧t♦♥✐❡♥s s♦♥t t♦✉t à ❢❛✐t ✐❞❡♥✲
t✐q✉❡s✱ ♣❛r ❝♦♥séq✉❡♥t✱ ❧❡s ❢♦♥❞❛♠❡♥t❛✉① ❡t ❧❡s é♥❡r❣✐❡s ❧❡ s♦♥t ❛✉ss✐✳ ▲❡s ❝♦♠♣❧✐❝❛t✐♦♥s ❛rr✐✈❡♥t ❧♦rsq✉✬♦♥
♣❛ss❡ ❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ✷✳✼ ♥✬❡st ♣❧✉s ✈ér✐✜é❡ q✉✬❡♥ ♠♦②❡♥♥❡✳ ❆❧♦rs✱ ❧❛ r❡❧❛t✐♦♥ ✷✳✷✽ ♥✬❡st
♣❧✉s ✈r❛✐❡ ❡t ❧❡s ❍❛♠✐❧t♦♥✐❡♥s ♥❡ s♦♥t ♣❧✉s ✐❞❡♥t✐q✉❡s✳ ■❧s ♦♥t ❞❡s ❢♦♥❞❛♠❡♥t❛✉① ❡t ❞❡s é♥❡r❣✐❡s ♣r♦♣r❡s
❞✐✛ér❡♥t❡s✱ ♠❛✐s ❛✉❝✉♥ ♥✬❡st ♠❡✐❧❧❡✉r q✉❡ ❧✬❛✉tr❡✳ ■❧s ❞♦♥♥❡♥t ❥✉st❡ ❧✐❡✉ à ❞❡✉① t❤é♦r✐❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥
❞✐✛ér❡♥t❡s✳ P♦✉r ❧❛ s✐♠♣❧✐❝✐té ❞❡s ❝❛❧❝✉❧s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❞❡ ❢❛✐r❡ ❧❡ ❝❤❛♠♣ ♠♦②❡♥ s✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥
✷✳✸✶✳
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❡t ♦ù M ❡st ✉♥❡ ♠❛tr✐❝❡ ❤❡r♠✐t✐❡♥♥❡ 2Ns × 2Ns s❡ ❞é❝♦♠♣♦s❛♥t ❡♥ ✹ ❜❧♦❝s ✸ ✿

M =

(
B∗ − L −A
A∗ B − L

)
, ✭✷✳✸✽✮

Lij = δijλi ✭✷✳✸✾✮

Bij = JijBij s✐ Jij < 0 ✭✷✳✹✵✮

Aij = JijAij s✐ Jij > 0. ✭✷✳✹✶✮

✷✳✷ ❘és❡❛✉ ♣ér✐♦❞✐q✉❡

❙✐ ❧❡ rés❡❛✉ s✉r ❧❡q✉❡❧ s❡ tr♦✉✈❡♥t ❧❡s s♣✐♥s ❡st ♣ér✐♦❞✐q✉❡ ❡t q✉❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ét✉❞✐é
r❡s♣❡❝t❡ ❝❡tt❡ s②♠étr✐❡ ♣❛r tr❛♥s❧❛t✐♦♥ ✹ ✱ ❛❧♦rs ♦♥ ♣❡✉t ♣❛ss❡r ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡ ❞✉
rés❡❛✉ ❞❡ ❇r❛✈❛✐s✳ P♦✉r ❝❡❧❛✱ ♦♥ ❝♦♠♠❡♥❝❡ ♣❛r r❡♥✉♠ér♦t❡r ❝❤❛q✉❡ s✐t❡ ❞✉ rés❡❛✉ ❡♥ ❧✉✐
❞♦♥♥❛♥t ❞❡✉① ✐♥❞✐❝❡s ✿ ❧❛ ♣♦s✐t✐♦♥ ❞❡ s❛ ♠❛✐❧❧❡ x ❡t s♦♥ ♥✉♠ér♦ ❞❡ s✐t❡ à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛
♠❛✐❧❧❡ i✳ ❖♥ ❛♣♣❡❧❧❡ m ❧❡ ♥♦♠❜r❡ ❞❡ s✐t❡s ❝♦♥t❡♥✉s ❞❛♥s ✉♥❡ ♠❛✐❧❧❡ é❧é♠❡♥t❛✐r❡ ❞✉ rés❡❛✉
❞❡ ❇r❛✈❛✐s ❡t Nm = Ns/m ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛✐❧❧❡s ❞✉ rés❡❛✉✳ ▲✬✐♥❞✐❝❡ i ♣❡✉t ❞♦♥❝ ✈❛r✐❡r ❞❡
1 à m✳ ▲❡s ♦♣ér❛t❡✉rs tr❛♥s❢♦r♠és ❞❡ ❋♦✉r✐❡r s♦♥t ❞é✜♥✐s ♣❛r ✿

aiq =
1√
Nm

∑

x

aixe
−iqx, ✭✷✳✹✷✮

biq =
1√
Nm

∑

x

bixe
−iqx. ✭✷✳✹✸✮

▲❛ tr❛♥s❢♦r♠é❡ ✐♥✈❡rs❡ s✬é❝r✐t ❛❧♦rs

aix =
1√
Nm

∑

q

aiqe
iqx, ✭✷✳✹✹✮

bix =
1√
Nm

∑

q

biqe
iqx. ✭✷✳✹✺✮

▲❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡ s♦♥t ❝♦♠♣❛r❛❜❧❡s à ❝❡❧❧❡s ❞❡ ❧✬❡s♣❛❝❡
ré❡❧ ✿

[aiq, (ajk)†] = [biq, (bjk)†] = δijδqk,

[(aiq)†, bjk] = [aiq, (bjk)†] = [aiq, bjk] = [aiq, ajk] = [bi−q, bjk] = 0.

❊♥ ré❡①♣r✐♠❛♥t HMF ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡s ♥♦✉✈❡❛✉① ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✱ ♦♥ ♦❜t✐❡♥t
✉♥ ❞é❝♦✉♣❧❛❣❡ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s✱ ❝❤❛❝✉♥ ét❛♥t r❡♣éré ♣❛r ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ q ✿

HMF =
∑

q

(ψq)†Nqψq + ǫ0, ✭✷✳✹✻✮

✸▲❛ t❛✐❧❧❡ ❞❡ M ❡st 2Ns × 2Ns ❝❛r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❝♦♥s❡r✈❡ ❧❡ s♣✐♥ s❡❧♦♥ Oz✳ ❊♥ ❡✛❡t✱ ❧❡ ❍❛♠✐❧t♦♥✐❡♥
♥✬❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ q✉❡ ❞❡s ♦♣ér❛t❡✉rs s✉✐✈❛♥ts ✿ a†iaj ✱ a

†
i b

†
j ✱ biaj ✱ bib

†
j ❡t ♥❡ ❝♦♠♣♦rt❡ ♣❛s ❞❡

t❡r♠❡s ❞✉ t②♣❡ aiaj ✱ a
†
ia

†
j ✱ aib

†
j ✱ b

†
iaj ✱ bibj ✱ b

†
i b

†
j ✳ ❙✐ ❝❡❧❛ ♥✬❛✈❛✐t ♣❛s été ❧❡ ❝❛s✱ ✐❧ ❛✉r❛✐t ❢❛❧❧✉ ♠❡ttr❡ ❧❡

❍❛♠✐❧t♦♥✐❡♥ s♦✉s ❧❛ ❢♦r♠❡
HMF = ψ†Mψ + ǫ0,

♦ù ❝❡tt❡ ❢♦✐s M ❛✉r❛✐t été ✉♥❡ ♠❛tr✐❝❡ ❤❡r♠✐t✐❡♥♥❡ 4Ns × 4Ns✱ ❡t ♦ù ❧❡ ✈❡❝t❡✉r ψ ❛✉r❛✐t été ❞é✜♥✐ ♣❛r

ψ =
“
a1, · · · , aNs

, b1, · · · , bNs
, a†1, · · · , a

†
Ns

, b†1, · · · , b
†
Ns

”t

.

✹❆tt❡♥t✐♦♥✱ ❞❛♥s ♥♦tr❡ ❝❛s✱ ✐❧ s✬❛❣✐r❛ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ■❧ ♣♦✉rr❛ ❛rr✐✈❡r q✉❡ ❧❡ ❍❛♠✐❧✲
t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❛✐t ♠♦✐♥s ❞❡ s②♠étr✐❡s q✉❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞✬♦r✐❣✐♥❡✳
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♦ù ǫ0 ❡st t♦✉❥♦✉rs ❧❛ ❝♦♥st❛♥t❡ ❞é✜♥✐❡ ❡♥ ✷✳✸✻✳ ▲❡s ψq s♦♥t ❞é✜♥✐s ♣❛r

ψq =
(
a1q, · · · , amq, (b1−q)†, · · · (bm−q)†

)t
. ✭✷✳✹✼✮

▲❛ ♠❛tr✐❝❡ Nq ❡st ❤❡r♠✐t✐q✉❡ ❡t s❡ ❞é❝♦♠♣♦s❡ ❡♥ 4 ♠❛tr✐❝❡s ❝♦♠♣❧❡①❡s m×m ✿

Nq =

( Bt−q − L −Aq

−A†
q Bq − L

)
, ✭✷✳✹✽✮

(L)ij = δijλi, ✭✷✳✹✾✮

(Bq)ij =
∑

x,J(0,i)(x,j)<0

eiqxJ(0,i)(x,j)B(0,i)(x,j), ✭✷✳✺✵✮

(Aq)ij =
∑

x,J(0,i)(x,j)>0

eiqxJ(0,i)(x,j)A(0,i)(x,j). ✭✷✳✺✶✮

▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ q✉❡ ❧✬♦♥ ❛ ❡✛❡❝t✉é❡ ❡st très ✐♥tér❡ss❛♥t❡ ♣✉✐sq✉✬❡❧❧❡
♣❡r♠❡t ❞❡ ♣❛ss❡r ❞✬✉♥❡ ♠❛tr✐❝❡ 2Ns×2Ns à Nm ♠❛tr✐❝❡s 2m×2m✳ ●râ❝❡ à ❧❛ tr❛♥s❢♦r♠é❡
❞❡ ❋♦✉r✐❡r✱ ♦♥ ❛ ❞✐❛❣♦♥❛❧✐sé ♣❛r ❜❧♦❝ ❧❛ ❣r♦ss❡ ♠❛tr✐❝❡ M ✳

✷✳✸ ▲✬❛✉t♦❝♦❤ér❡♥❝❡ ❡t ❧✬❛❥✉st❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞é♣❡♥❞ ❞❡s ♣❛r❛♠ètr❡s Aij ✱ Bij ❡t λi✳ ❖♥ ♥❡ ❧❡s
❝♦♥♥❛ît ♣❛s à ♣r✐♦r✐✳ ❖♥ ❛♣♣❡❧❧❡ ❆♥s❛t③ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♣❛r❛♠ètr❡s ❞❡ ❧✐❡♥s {Aij , Bij}✳
❉❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡s s♣✐♥s✱ à ✉♥ ❜♦s♦♥ ♣❛r s✐t❡✱ Aij ❡t Bij s♦♥t ♥✉❧s ✳ ❊♥ ❡✛❡t✱ Âij
❡t B̂ij ♥❡ ❝♦♥s❡r✈❡♥t ♣❛s ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s s✉r ❧❡s s✐t❡s ❛✉①q✉❡❧s ✐❧s s✬❛♣♣❧✐q✉❡♥t✳ ■❧s ♥❡
♣❡✉✈❡♥t ❛✈♦✐r ✉♥❡ ✈❛❧❡✉r ♥♦♥ ♥✉❧❧❡ q✉❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt é❧❛r❣✐✳ ❈✬❡st ❝❡tt❡ ✈❛❧❡✉r
q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à ❛❥✉st❡r ❞❡ ❢❛ç♦♥ à r❡s♣❡❝t❡r ❧✬❛✉t♦❝♦❤ér❡♥❝❡ ✿ ❧❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s ❞❡
Âij ❡t B̂ij ❞❛♥s ❧❡ ●❙ ❞❡ HMF ❞♦✐✈❡♥t ❝♦rr❡s♣♦♥❞r❡ ❛✉① ♣❛r❛♠ètr❡s Aij ❡t Bij ❡t ❧❡ ♥♦♠❜r❡
♠♦②❡♥ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❞♦✐t êtr❡ κ✳

P♦✉r ❞❡s Aij ❡t Bij ✜①és✱ ré❣❧❡r ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s éq✉✐✈❛✉t à
❡①tré♠✐s❡r ❧✬é♥❡r❣✐❡ E0 ❞✉ ●❙ ✺ ♣❛r r❛♣♣♦rt ❛✉① λi ✿

∀k, ∂E0({Aij}, {Bij}, {λi})
∂λk

= 0 ✭✷✳✺✷✮

❈❡tt❡ éq✉❛t✐♦♥ ♣♦ssè❞❡ s♦✐t ✉♥❡ s♦❧✉t✐♦♥ ♦ù ❧✬é♥❡r❣✐❡ ❡st ✉♥ ♠❛①✐♠✉♠ ❡♥ λk✱ s♦✐t ♥✬❡♥
♣♦ssè❞❡ ❛✉❝✉♥❡ ✭♣r❡✉✈❡ ♣❛r ❧❛ t❤é♦r✐❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s✱ ❆♥♥✳❈✳✶✳✶✮✳ ❙✬✐❧ ♥✬② ❛ ♣❛s ❞❡
s♦❧✉t✐♦♥✱ ❧❡ ●❙ ❜r✐s❡ ❧❛ s②♠étr✐❡ ❞❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s ✭❙❡❝✳✸✮✳ ❖♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❝❛s ♦ù
✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ✿ ♦♥ ❝♦♥♥❛ît ❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ λi({Aij}, {Bij})✳ ■❧ ♥❡ r❡st❡ ❛❧♦rs ♣❧✉s
q✉✬à r❡s♣❡❝t❡r ❧✬❛✉t♦❝♦❤ér❡♥❝❡ s✉r ❧❡s Aij ❡t Bij ✱ ❝❡ q✉✐ r❡✈✐❡♥t à ❡①tré♠✐s❡r ❧✬é♥❡r❣✐❡ s❡❧♦♥
❝❡s ✈❛r✐❛❜❧❡s ✭❆♥♥✳❈✳✷✳✶✮ ✿

∀k,∀l, ∂E0({Aij}, {Bij}, {λi({Aij}, {Bij})})
∂Akl

= 0 s✐ Jkl > 0, ✭✷✳✺✸✮

∀k,∀l, ∂E0({Aij}, {Bij}, {λi({Aij}, {Bij})})
∂Bkl

= 0 s✐ Jkl < 0. ✭✷✳✺✹✮

❖♥ ♣❡✉t ♠♦♥tr❡r ✭❆♥♥✳❈✳✷✳✷✮ q✉❡ ♣♦✉r r❡s♣❡❝t❡r ❝❡s éq✉❛t✐♦♥s✱ ❧❡s ♠♦❞✉❧❡s ❞❡s ♣❛r❛✲
♠ètr❡s ❞♦✐✈❡♥t ✈ér✐✜❡r |Bij | ≤ κ/2 ❡t |Aij | ≤ (κ + 1)/2✳ ❯♥❡ ♠ét❤♦❞❡ ✉t✐❧s❛❜❧❡ ♣♦✉r

✺❈❡tt❡ é♥❡r❣✐❡ E0 ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ HMF s❡ ❝❛❧❝✉❧❡ ❣râ❝❡ à ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✉❜♦✈✱ ❡①♣❧✐q✉é❡
❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✳

✼✵ ✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆
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rés♦✉❞r❡ ♥✉♠ér✐q✉❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❡①tré♠✐s❛t✐♦♥ ✭♠✐♥✐♠✐s❛t✐♦♥ ♦✉ ♠❛①✐♠✐s❛t✐♦♥✮
❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❡st ❝❡❧❧❡ ❞❡ ◆❡❧❞❡r✲▼❡❛❞✱ ❞ét❛✐❧❧é❡ ❡♥ ❆♥♥✳❇✳✷✳ P♦✉r ❧❡ ré❣❧❛❣❡ ❞❡s λi✱ ❡❧❧❡
❝♦♥✈❡r❣❡ t♦✉❥♦✉rs ✈❡rs ❧❛ s♦❧✉t✐♦♥ s✐ ❡❧❧❡ ❡①✐st❡ ✭❆♥♥✳❈✳✶✳✷✮✳ ❖♥ ♣❡✉t ❛✉ss✐ ✉t✐❧✐s❡r ❞❡s
♠ét❤♦❞❡s ✉t✐❧✐s❛♥t ❧❡s ❞ér✐✈é❡s ❧♦❝❛❧❡s ✭❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♣❛r ✉♥❡ ♣❛r❛❜♦❧❡✮✳

❯♥❡ ❢♦✐s t♦✉s ❧❡s ♣❛r❛♠ètr❡s ❛❥✉stés✱ ♦♥ ❛ ❡♥✜♥ ♥♦tr❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥
✜♥❛❧✱ ❡t ♦♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ ❧❡s ♣r♦♣r✐étés ❞❡ s♦♥ ❢♦♥❞❛♠❡♥t❛❧✱ q✉❡ ❧✬♦♥ ❡s♣èr❡ ♣r♦❝❤❡s ❞❡
❝❡❧❧❡s ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❞é♣❛rt✳ P♦✉r ❢❛✐r❡ ❞❡s ❝❛❧❝✉❧s s✉r ❧❡ ❢♦♥❞❛♠❡♥t❛❧
❞❡ HMF ✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ s❡ ♣❧❛❝❡r ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❣râ❝❡ à ❧❛
tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ ♠ê♠❡ ♥♦♠✳

✷✳✹ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✉❜♦✈

▲❡ s②stè♠❡ à rés♦✉❞r❡ ❖♥ ♣❛rt ❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✸✺✱ r❛♣♣❡❧é❡ ✐❝✐ ✭♠❛✐s ❧❛ rés♦❧✉t✐♦♥ ❡st
tr❛♥s♣♦s❛❜❧❡ ❛✉ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✹✻✮ ✿

HMF = ψ†Mψ + ǫ0. ✭✷✳✺✺✮

❖♥ ❝❤❡r❝❤❡ ✉♥ ♥♦✉✈❡❧ ❡♥s❡♠❜❧❡ ❞✬♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✱ r❡♣érés ♣❛r ✉♥ t✐❧❞❡✱ q✉❡ ❧✬♦♥
r❛♥❣❡ ❞❛♥s ❧❡ ✈❡❝t❡✉r

ψ̃ =
(
ã1, ã2, · · · , ãNs , b̃

†
1, b̃

†
2, · · · , b̃†Ns

)t
, ✭✷✳✺✻✮

t❡❧ q✉❡ ❧❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❛♥s ❝❡tt❡ ♥♦✉✈❡❧❧❡ ❜❛s❡ ❞✬♦♣ér❛t❡✉rs M̃ s♦✐t ❞✐❛❣♦♥❛❧❡✳
❖♥ ❛♣♣❡❧❧❡ é♥❡r❣✐❡s ♣r♦♣r❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❧❡s 2Ns ❝♦❡✣❝✐❡♥ts ❞✐❛❣♦♥❛✉① ❞❡ M̃ ❡t ♦♥
❧❡s ♥♦t❡ ωi✳ ❈❡s ♥♦✉✈❡❛✉① ♦♣ér❛t❡✉rs s♦♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡s ❛♥❝✐❡♥s✳ ■❧s s♦♥t
r❡❧✐és ♣❛r ✿

ψ = Pψ̃, ✭✷✳✺✼✮

♦ù P ❡st ✉♥❡ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❝❛rré❡ à ❝♦❡✣❝✐❡♥ts ❝♦♠♣❧❡①❡s ❞❡ t❛✐❧❧❡ 2Ns × 2Ns✳
▲❛ ♠❛tr✐❝❡ P ❞♦✐t ✈ér✐✜❡r ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s s✉✐✈❛♥t❡s ✿
✕ ❧❡s ♥♦✉✈❡❛✉① ❜♦s♦♥s ❞♦✐✈❡♥t ❛✈♦✐r ❞❡s r❡❧❛t✐♦♥s ❞❡ ❝♦♠♠✉t❛t✐♦♥ ❝♦rr❡❝t❡s✱
✕ M̃ ❞♦✐t êtr❡ ❞✐❛❣♦♥❛❧❡✱

❝❡ q✉✐ s❡ tr❛❞✉✐t ♣❛r ❧❡ s②stè♠❡ ❞❡ ❞❡✉① éq✉❛t✐♦♥s ✿
{
PJP † = J

P †MP = M̃
✭✷✳✺✽✮

♦ù J ❡st ❧❛ ♠❛tr✐❝❡ ❝❛rré❡ ❞✐❛❣♦♥❛❧❡ ❞❡ t❛✐❧❧❡ 2Ns × 2Ns

J =

(
INs 0Ns

0Ns −INs

)
✭✷✳✺✾✮

❖♥ ❛♣♣❡❧❧❡ ❝❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ✉♥❡ ♣❛r❛✲❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ♦✉ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❇♦❣♦❧✐✲
✉❜♦✈✱ ❡t ❧❛ ♣r❡♠✐èr❡ ❝♦♥❞✐t✐♦♥ ❞❡ ✷✳✺✽ s✉r P ❡st ❛♣♣❡❧é❡ s❛ ♣❛r❛✲✉♥✐t❛r✐té✳ ▲❡s ♥♦✉✈❡❛✉①
❜♦s♦♥s ✭❛✈❡❝ ✉♥ t✐❧❞❡✮ s♦♥t ❛♣♣❡❧és ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈✳

▲❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ✷✳✺✽ ✐♠♣❧✐q✉❡ q✉❡ ❧✬éq✉❛t✐♦♥

P−1(JM)P = (JM̃) ✭✷✳✻✵✮

❡st ✈ér✐✜é❡✳ ▲❡s é♥❡r❣✐❡s ♣r♦♣r❡s ❞❡ HMF s♦♥t ❞♦♥❝✱ ❛✉ s✐❣♥❡ ♣rès✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
❧❛ ♠❛tr✐❝❡ JM ✱ ❡t ❧❡s ❝♦❧♦♥♥❡s ❞❡ P ✱ s❡s ✈❡❝t❡✉rs ♣r♦♣r❡s✳ ▲❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♣♦s✐t✐✈❡s
❝♦rr❡s♣♦♥❞❡♥t ❛✉① é♥❡r❣✐❡s ♣r♦♣r❡s ωi ❞❡s ♠♦❞❡s ã†i ãi✱ ❝❡❧❧❡s ♥é❣❛t✐✈❡s à ❧✬♦♣♣♦sé ❞❡s
é♥❡r❣✐❡s ♣r♦♣r❡s ωi+Ns ❞❡s ♠♦❞❡s b̃ib̃

†
i ✳

✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆ ✼✶
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❆❧❣♦r✐t❤♠❡ ❞❡ rés♦❧✉t✐♦♥ ■❧ ❡①✐st❡ ✉♥ ❛❧❣♦r✐t❤♠❡✱ ❡①♣❧✐q✉é ♣❛r ❈♦❧♣❛ ❬✷✷❪ ♣❡r♠❡tt❛♥t
❞❡ tr♦✉✈❡r ❧❛ ♠❛tr✐❝❡ P ✈ér✐✜❛♥t ♥♦tr❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ✷✳✺✽ ✿

✕ ❖♥ ❝❤❡r❝❤❡ ✉♥❡ ♠❛tr✐❝❡ K tr✐❛♥❣✉❧❛✐r❡ s✉♣ér✐❡✉r❡ ✭t♦✉s ❧❡s ❝♦❡✣❝✐❡♥ts s♦✉s ❧❛ ❞✐❛❣✲
♦♥❛❧❡ s♦♥t ♥✉❧s✮ t❡❧❧❡ q✉❡ M = K†K✱ ❣râ❝❡ à ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❞❡ ❈❤♦❧❡s❦②✱

✕ ❖♥ ❞✐❛❣♦♥❛❧✐s❡ ❡♥s✉✐t❡ ❧❛ ♠❛tr✐❝❡ KJK† ❣râ❝❡ à ✉♥❡ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ✉♥✐t❛✐r❡ U ✱
❞❡ t❡❧❧❡ ❢❛ç♦♥ q✉❡ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ♣♦s✐t✐✈❡s s♦✐❡♥t s✉r ❧❡s ♣r❡♠✐❡rs ❝♦❡✣❝✐❡♥ts ❞❡
❧❛ ♠❛tr✐❝❡ ❞✐❛❣♦♥❛❧❡ JÑ = U †KJK†U

✕ ❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧❡s é♥❡r❣✐❡s ♣r♦♣r❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✿ Ñ ❡t ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡
P = K−1UÑ1/2✳

▲✬✐♥❝♦♥✈é♥✐❡♥t ♠❛❥❡✉r ❞❡ ❝❡t ❛❧❣♦r✐t❤♠❡✱ ♣❛r ❛✐❧❧❡✉rs très ❡✣❝❛❝❡✱ ❡st q✉✬✐❧ ♥❡ ❢♦♥❝t✐♦♥♥❡
q✉❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ♠❛tr✐❝❡ M ❡st ❞é✜♥✐❡ ♣♦s✐t✐✈❡ ✭❝✬❡st à ❞✐r❡ s✐ t♦✉t❡s s❡s ✈❛❧❡✉rs
♣r♦♣r❡s s♦♥t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✮✱ ❝❡ q✉✐ ❡st éq✉✐✈❛❧❡♥t à ♥✬❛✈♦✐r q✉❡ ❞❡s é♥❡r❣✐❡s ♣r♦♣r❡s
str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s ✻✳ ▲♦rsq✉✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs é♥❡r❣✐❡s ♣r♦♣r❡s s♦♥t ♥✉❧❧❡s✱ ❧❛ s✐t✉❛t✐♦♥
❡st ♣❧✉s ❝♦♠♣❧✐q✉é❡ ✿ P ♣❡✉t ♥❡ ♣❛s ❡①✐st❡r ✭✈♦✐r s❡❝t✐♦♥ ✸✮✳

▲✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡ ❣❛♣ ▲✬é♥❡r❣✐❡ E0 ❞✉ ●❙ ❡st ❝❡❧❧❡ ❞✉ ✈✐❞❡ ❞❡s ❜♦s♦♥s
❞❡ ❇♦❣♦❧✐✉❜♦✈ ✿

E0 =

Ns∑

i=1

ωi+Ns + ǫ0, ✭✷✳✻✶✮

❛✈❡❝ ǫ0 ❞é✜♥✐t ♣❧✉s ❤❛✉t ❡t ❞♦♥t ❧❛ ✈❛❧❡✉r ❡st r❛♣♣❡❧é❡ ✐❝✐ ✿

ǫ0 =
∑

ij,Jij>0

Jij

(
S2

2
+ |Aij |2

)
−

∑

ij,Jij<0

Jij

(
S2

2
+ |Bij |2

)
+
∑

i

λi (κ+ 1) ✭✷✳✻✷✮

❖♥ ❞é✜♥✐t ❧❡ ❣❛♣ ❞❡ ❜♦s♦♥s ❝♦♠♠❡

gb = min
i∈{1,...,2Ns}

ωi, ✭✷✳✻✸✮

❡t ❧❡ ❣❛♣ ❞❡ s♣✐♥ ❝♦♠♠❡
gs = min

i,j∈{1,...,2Ns}
ωi + ωj = 2gb. ✭✷✳✻✹✮

▲❡ ♣r❡♠✐❡r ❡st ❧✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❞✬✉♥❡ ❡①❝✐t❛t✐♦♥ é❧é♠❡♥t❛✐r❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ❜♦s♦♥s✱
❛♣♣❡❧é❡ s♣✐♥♦♥✳ ▲❡ ❞❡✉①✐è♠❡ ❣❛♣ ❡st ❧✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❞✬✉♥❡ ❡①❝✐t❛t✐♦♥ é❧é♠❡♥t❛✐r❡ ❞❛♥s
❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s✱ ❛♣♣❡❧é❡ ♠❛❣♥♦♥✳ ▲❡s s♣✐♥♦♥s ♦♥t ✉♥ s♣✐♥ S = 1/2 ❡t s♦♥t ❞❡s ❡①❝✐t❛t✐♦♥s
❢r❛❝t✐♦♥♥❛✐r❡s ❞✉ s②stè♠❡ ❞❡ s♣✐♥ ✭❛✉❝✉♥ ♦♣ér❛t❡✉r ❧♦❝❛❧ ❞❡ s♣✐♥ ♥❡ ♣❡✉t ❝ré❡r ✉♥ s❡✉❧
s♣✐♥♦♥✱ ❝❛r ✉♥ t❡❧ ♦♣ér❛t❡✉r ♠♦❞✐✜❡ ❧❡ s♣✐♥ t♦t❛❧ ❞✬✉♥ ♥♦♠❜r❡ ❡♥t✐❡r✮✳ ▲❡s ♠❛❣♥♦♥s s♦♥t
❝♦♠♣♦sés ❞❡ ❞❡✉① s♣✐♥♦♥s ❡t ❧❡✉r é♥ér❣✐❡ ❡st ❧❛ s♦♠♠❡ ❞❡s é♥❡r❣✐❡s ❞❡s s♣✐♥♦♥s✳ ❙❡❧♦♥ ❧❡
♠♦❞è❧❡ ❝♦♥s✐❞éré✱ ❞❡✉① ❝❛s s♦♥t ♣♦ss✐❜❧❡s ✿

✕ ❧❡s s♣✐♥♦♥s s♦♥t ❝♦♥✜♥és ✿ ✐❧ ❢❛✉t ✉♥❡ é♥❡r❣✐❡ ✐♥✜♥✐❡ ♣♦✉r é❧♦✐❣♥❡r ❞❡✉① s♣✐♥♦♥s à
❧✬✐♥✜♥✐ ❧✬✉♥ ❞❡ ❧✬❛✉tr❡✱

✕ ♦✉ ❧❡ ❝♦♥tr❛✐r❡ ✿ ❧❡s s♣✐♥♦♥s s♦♥t ❞é❝♦♥✜♥és✳
❉❛♥s ♥♦tr❡ ♠♦❞è❧❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❧❡s s♣✐♥♦♥s s♦♥t t♦✉❥♦✉rs ❞é❝♦♥✜♥és✳ ▼❛✐s ❛❥♦✉t❡r ❞❡s
✢✉❝t✉❛t✐♦♥s ♣❡✉t t♦✉t ❝❤❛♥❣❡r✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ ❝❛❧❝✉❧ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s ✢✉❝t✉❛t✐♦♥s
❞❡ ❥❛✉❣❡ à ❧✬♦r❞r❡ 1/N ❞❛♥s ❧✬❛♣♣r♦❝❤❡ ❧❛r❣❡✲N ✭✈♦✐r ❆♥♥✳❈✻✮ s❡ tr♦✉✈❡ ❞❛♥s ❧✬❛rt✐❝❧❡ ❞❡
❙❛❝❤❞❡✈ ❬✾✷❪✳

✻❉é♠♦♥str❛t✐♦♥ ✿ ❧❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ r❡♣rés❡♥t❡ ✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡✳ ❖♥ ❛♣♣❡❧❧❡ ✐♥❡rt✐❡ ❞❡ ❧❛
♠❛tr✐❝❡ ❧❡ tr✐♣❧❡t ❝♦♥st✐t✉é ❞✉ ♥♦♠❜r❡ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ♣♦s✐t✐✈❡s✱ ♥✉❧❧❡s ❡t ♥é❣❛t✐✈❡s✳ ❈♦♥❥✉❣✉❡r ❧❛ ♠❛tr✐❝❡
r❡✈✐❡♥t à ❝❤❛♥❣❡r ❞❡ ❜❛s❡ ❡t ♥❡ ❝❤❛♥❣❡ ♣❛s s♦♥ ✐♥❡rt✐❡ ✭❧❛ ❝♦♥❣✉❣❛✐s♦♥ ❞✬✉♥❡ ♠❛tr✐❝❡ M ❡st ❧✬♦♣ér❛t✐♦♥
M → P †MP ♦ù P ❡st ✉♥❡ ♠❛tr✐❝❡ ✐♥✈❡rs✐❜❧❡✮✳ ❉♦♥❝✱ ♣♦✉r ❛✈♦✐r ❞❡s é♥❡r❣✐❡s ♣r♦♣r❡s str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✱
✐❧ ❢❛✉t q✉❡ ❧❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ s♦✐t ❞é✜♥✐❡ ♣♦s✐t✐✈❡✳

✼✷ ✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆
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✷✳✺ ❊①❡♠♣❧❡ ❞ét❛✐❧❧é ✿ ✉♥ ❧✐❡♥ ✐s♦❧é

◆♦✉s ❛❧❧♦♥s ♣r❡♥❞r❡ ✉♥ ❡①❡♠♣❧❡ très s✐♠♣❧❡ ✿ ❞❡✉① s♣✐♥s S s✉r ❞❡s s✐t❡s ♥✉♠ér♦tés 1 ❡t
2✱ ❝♦✉♣❧és ♣❛r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❞✬❍❡✐s❡♥❜❡r❣ J12 = ±1 ✿

H = J12S1 · S2. ✭✷✳✻✺✮

P♦✉r J12 = 1 ♦✉ J12 = −1✱ ❧❡s rés♦❧✉t✐♦♥s ❡♥ ❙❇▼❋❚ s♦♥t très ❞✐✛ér❡♥t❡s ❡t r❡♣rés❡♥t❛t✐✈❡s
❞❡ ❧✬✐♥térêt ❡t ❞❡s ❧✐♠✐t❡s ❞❡ ❧❛ ❙❇▼❋❚✳ ▲❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞✉ ❧✐❡♥ ❆❋ ❡st
❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ s✐♥❣✉❧❡ts ❞❡s t♦✉s ❧❡s s♣✐♥s ♣♦ss✐❜❧❡s✱ ❛✈❡❝ ❞❡s ❝♦❡✣❝✐❡♥ts ❞é♣❡♥❞❛♥t
❞❡ κ✳ P♦✉r ❧❡ ❧✐❡♥ ❋✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ❜r✐s✉r❡ ❞❡ SU2✱ ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✳

▲✐❡♥ ❆❋ ✿ J12 = 1

▲❡s ♣❛r❛♠ètr❡s à ❛❥✉st❡r s♦♥t λ1✱ λ2 ❡t A12✱ q✉❡ ❧✬♦♥ ♣❡✉t ❝❤♦✐s✐r ré❡❧ ❡t ♣♦s✐t✐❢ ❣râ❝❡
à ❧❛ ❧✐❜❡rté ❞❡ ❥❛✉❣❡✳ ❆❧♦rs

M =





−λ1 0 0 −A12

0 −λ2 A12 0
0 A12 −λ1 0

−A12 0 0 −λ2



 . ✭✷✳✻✻✮

P♦✉r q✉❡ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❡①✐st❡✱ ✐❧ ❢❛✉t q✉❡ M s♦✐t ♣♦s✐t✐✈❡✱ ❝❡ q✉✐ ♥é❝❡ss✐t❡

λ1λ2 ≥ A2
12 ❡t λ1 + λ2 ≤ 0. ✭✷✳✻✼✮

❖♥ s❡ ♣❧❛❝❡ ♣❛r ❧❛ s✉✐t❡ ❞❛♥s ❝❡ ❝❛s✳ ▲❡s é♥❡r❣✐❡s ❞❡s ♠♦❞❡s ♣r♦♣r❡s s♦♥t ❧❡s ✈❛❧❡✉rs ❛❜s♦❧✉❡s
❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ JM ✭J ❡st ❧❛ ♠❛tr✐❝❡ ❞é✜♥✐❡ ❡♥ ❊q✳✷✳✺✾✮ ✿

± λ1 − λ2

2
+

√(
λ1 + λ2

2

)2

−A2
12, ✭✷✳✻✽✮

❝❤❛❝✉♥❡ ❡♥ ❞❡✉① ❡①❡♠♣❧❛✐r❡s ✭✉♥❡ ♣♦✉r ❧❡s ãi✱ ❧✬❛✉tr❡ ♣♦✉r ❧❡s b̃i✮✳ ▲✬é♥❡r❣✐❡ ❞✉ ✈✐❞❡ ❞❡s
❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ❛❧♦rs✱ ❞✬❛♣rès ❧❡s ❢♦r♠✉❧❡s ✷✳✻✶ ❡t ✷✳✻✷ ✿

E0 =

√
(λ1 + λ2)

2 − 4A2
12 + S2 + 2A2

12 + (λ1 + λ2)(κ+ 1). ✭✷✳✻✾✮

❊♥ rés♦❧✈❛♥t ❧❡s éq✉❛t✐♦♥s ❞✬❛✉t♦❝♦❤ér❡♥❝❡✱ ♦♥ ♦❜t✐❡♥t ♣♦✉r κ = 2S ✿

A =
√
S(S + 1), ✭✷✳✼✵✮

λ1 + λ2 = −(2S + 1), ✭✷✳✼✶✮

E = −S(S + 2). ✭✷✳✼✷✮

❖♥ r❡♠❛rq✉❡ q✉❡ s❡✉❧❡ ❧❛ s♦♠♠❡ λ1 + λ2 ❡st ✜①é❡✳ ▲❛ ❞✐✛ér❡♥❝❡ λ1 − λ2 ❡st ❧✐❜r❡✱ ❞❛♥s
❧❛ ❧✐♠✐t❡ ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ✷✳✻✼ ❡st r❡s♣❡❝té❡✳ ▲✬❡①♣❧✐❝❛t✐♦♥ t✐❡♥t ❡♥ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ✉♥✐q✉❡
♣❛r❛♠ètr❡ Aij ✱ q✉✐ ❝♦♥tr❛✐♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s à êtr❡ ✐❞❡♥t✐q✉❡ s✉r ❧❡s ❞❡✉① s✐t❡s✳ ▲❡s
❞❡✉① λi s❡ ❝♦♠♣❡♥s❡♥t ❞♦♥❝ ❡t s❡✉❧❡ ❧❡✉r s♦♠♠❡ ✐♥t❡r✈✐❡♥t✳ ✼ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❣❛♣ ❞❡
s♣✐♥ ✈❛r✐❡ ❞❡ 1 ♣♦✉r ✉♥❡ ❞✐✛ér❡♥❝❡ ♥✉❧❧❡ ✭♦♥ r❡tr♦✉✈❡ ✐❝✐ ❧❡ ❣❛♣ ❞✉ ♠♦❞è❧❡ ❞❡ s♣✐♥s ✐♥✐t✐❛❧✮
à 0 ♣♦✉r ✉♥❡ ❞✐✛ér❡♥❝❡ ♠❛①✐♠❛❧❡✳ ❈❡tt❡ ❧✐❜❡rté s❡ r❡tr♦✉✈❡ ❞❛♥s ❜❡❛✉❝♦✉♣ ❞❡ s②stè♠❡s à
❞❡✉① s♦✉s✲rés❡❛✉① ❡t ♥❡ s❡♠❜❧❡ ♣❛s ❛✈♦✐r ❞❡ ré❛❧✐té ♣❤②s✐q✉❡ ✭s✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ s♣✐♥✱
❧❡ ❣❛♣ ❡st ✉♥✐✈♦q✉❡✮✳

✼▲❡ t❡r♠❡ ❞❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ −(λ1bn1 + λ2bn2) ♣❡✉t s❡ réé❝r✐r❡ −1/2((λ1 + λ2)(bn1 + bn2) + (λ1 −
λ2)(bn1 − bn2))✳ ❈♦♠♠❡ bn1 − bn2 = 0 ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❧❛ ❞✐✛ér❡♥❝❡ λ1 − λ2 ♥✬✐♥✢✉❡ ♣❛s s✉r s♦♥
é♥❡r❣✐❡✳

✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆ ✼✸
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P♦✉r ✉♥ s♣✐♥ S = 1/2✱ A =
√

3/2✱ λ = −1 ❡t E = −3/5✳
❈❤❡r❝❤♦♥s ♠❛✐♥t❡♥❛♥t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ |φMF > q✉❡ ❧✬♦♥ ❛ ♦❜t❡♥✉ ❣râ❝❡ à ♥♦tr❡ t❤é♦r✐❡

❞❡ ❝❤❛♠♣ ♠♦②❡♥✳ ❖♥ ❞é❝♦♠♣♦s❡ |φMF > ❞❛♥s ❧❛ ❜❛s❡ ❝❛♥♦♥✐q✉❡ ❞❡s ét❛ts ♣r♦♣r❡s ❞❡ na1 ✱
na2 ✱ nb1 ❡t nb2 ✿

|φMF >=
∑

xyzt

αxyzt|x, y, z, t >,

♦ù ❧❡s ❡♥t✐❡rs x✱ y✱ z ❡t t s♦♥t ❧❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s a1✱ a2✱ b1 ❡t b2✳ ▲❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡
✐♥✈❡rs❡ ❡st ✭à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ♣rès✮

P−1 =
√
S





−v 0 0 1
0 −v −1 0
0 −1 −v 0
−1 0 0 v



 , ✭✷✳✼✸✮

♦ù v =
√

S+1
S ✳ P−1 ♣❡r♠❡t ❞✬❡①♣r✐♠❡r ❧❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❜♦s♦♥s ❞❡

❞é♣❛rt✳ |φMF 〉 ❞♦✐t êtr❡ ét❛t ♣r♦♣r❡ ❞❡s ♦♣ér❛t❡✉rs ã1✱ ã2✱ b̃1 ❡t b̃2 ♣♦✉r ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ 0✳
❆♣rès rés♦❧✉t✐♦♥ ❞✉ s②stè♠❡✱ ♦♥ ♦❜t✐❡♥t à ✉♥❡ ♣❤❛s❡ ♣rès

|φMF 〉 =
1

S + 1

(
|0〉 +

1

v
(| ↑, ↓〉 − | ↓, ↑〉) +

1

v2
(| ↑↑, ↓↓〉 − | ↑↓, ↑↓〉 + | ↓↓, ↑↑〉)

+
1

v2
(| ↑↑↑, ↓↓↓〉 − | ↑↑↓, ↓↓↑〉 + | ↑↓↓, ↑↑↓〉 − | ↓↓↓, ↑↑↑〉) + ...

)

=
1

S + 1
e(a

†
1b

†
2−a

†
2b

†
1)/v|0〉. ✭✷✳✼✹✮

❖♥ ❛ ♦❜t❡♥✉ ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ à ♣❛rt✐r ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ P ✳ ▲❛
❢♦r♠✉❧❡ ❣é♥ér❛❧❡✱ ✈❛❧❛❜❧❡ ♣♦✉r ✉♥❡ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ q✉❡❧❝♦♥q✉❡ ❡st ❞♦♥♥é❡ ❡t ❞é♠♦♥tré❡
❞❛♥s ❧❡ ❧✐✈r❡ ❞❡ ❇❧❛✐③♦t ❡t ❘✐♣❦❛ ❬✼❪ ✭❝❤❛♣✐tr❡ ✷✳✶✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❡st ❜✐❡♥
〈ni〉 = 2S ❡♥ ♠♦②❡♥♥❡✱ ♠❛✐s ❛✈❡❝ ✉♥ é❝❛rt q✉❛❞r❛t✐q✉❡ ❞❡ 〈n2

i 〉− 〈ni〉2 = 2S(S+1)✱ ❝❡ q✉✐
s❡ r❡tr♦✉✈❡ ❣râ❝❡ ❛✉ t❤é♦rè♠❡ ❞❡ ❲✐❝❦ ✭❙❡❝✳✷✳✻✮✳

▲✐❡♥ ❢❡rr♦♠❛❣♥ét✐q✉❡ ✿ J12 = −1

▲❡s ♣❛r❛♠ètr❡s à ❛❥✉st❡r s♦♥t λ1✱ λ2 ❡t B12✱ q✉❡ ❧✬♦♥ ♣❡✉t ❝❤♦✐s✐r ré❡❧ ❡t ♣♦s✐t✐❢ ❣râ❝❡
à ❧❛ ❧✐❜❡rté ❞❡ ❥❛✉❣❡✳ ❆❧♦rs

M =





−λ1 −B12 0 0
−B12 −λ2 0 0

0 0 −λ1 −B12

0 0 −B12 −λ2



 . ✭✷✳✼✺✮

P♦✉r q✉❡ M s♦✐t ♣♦s✐t✐✈❡✱ ✐❧ ❢❛✉t q✉❡

λ1λ2 ≥ B2
12 ❡t λ1 + λ2 ≤ 0. ✭✷✳✼✻✮

▲❡s é♥❡r❣✐❡s ❞❡s ♠♦❞❡s ♣r♦♣r❡s s♦♥t ❧❡s ✈❛❧❡✉rs ❛❜s♦❧✉❡s ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ JM ✿

− λ1 + λ2

2
±
√(

λ1 − λ2

2

)2

+B2
12, ✭✷✳✼✼✮

❝❤❛❝✉♥❡ ❡♥ ❞❡✉① ❡①❡♠♣❧❛✐r❡s ✭✉♥ ♣♦✉r ❧❡s ãi✱ ❧✬❛✉tr❡ ♣♦✉r ❧❡s b̃i✮✳

✼✹ ✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆
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▲✬é♥❡r❣✐❡ ❞✉ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ❛❧♦rs

E0 = S2 + 2B2
12 + κ(λ1 + λ2). ✭✷✳✼✽✮

❖♥ ♥❡ ♣❡✉t ♣❛s ❛❥✉st❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s✳ ❖♥ ♣r❡♥❞ ❞♦♥❝ λ1 ❡t λ2 t❡❧s q✉❡ ❧❛ ♠❛tr✐❝❡
M s♦✐t ❞é✜♥✐❡ ♥♦♥ ♣♦s✐t✐✈❡ ✿ λ1λ2 = B2

12 ❡t λ1 + λ2 < 0✳ ❖♥ ❛❥♦✉t❡r❛ ❡♥s✉✐t❡ ❞❡s ❜♦s♦♥s
❛✉ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ♣♦✉r ❛❥✉st❡r ❧❡✉r ♥♦♠❜r❡✳ ▲❛ s♦❧✉t✐♦♥ ❛✈❡❝ κ = 2S ❡st ✿

B12 = S ✭✷✳✼✾✮

λ1 = λ2 = −S ✭✷✳✽✵✮

E = −S2 ✭✷✳✽✶✮

P =
1√
2





−1 −1 0 0
1 −1 0 0
0 0 −1 −1
0 0 −1 1



 . ✭✷✳✽✷✮

❈♦♠♠❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ❡st ❞✐❛❣♦♥❛❧❡ ♣❛r ❜❧♦❝s ❞❡ ✷✱ ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈
❡st ❛✉ss✐ ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s s✉r s✐t❡✳ ■❧ ❢❛✉t ❞♦♥❝ ❛❥♦✉t❡r 2S ❜♦s♦♥s s✉r ❝❤❛q✉❡ s✐t❡ ❡♥
♣r❡♥❛♥t ♣❛r ❡①❡♠♣❧❡ ✉♥ ét❛t ❝♦❤ér❡♥t ❞❡ ❧✬✉♥ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ❞✬é♥❡r❣✐❡ ♥✉❧❧❡✳
❆✐♥s✐✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♦❜t❡♥✉ ❜r✐s❡ ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✳ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ ❇♦❣♦❧✐✉❜♦✈ ❡st ♣♦ss✐❜❧❡ ❞❛♥s ❝❡ ❝❛s✱ ♠❛✐s ♥♦✉s ✈❡rr♦♥s q✉❡ ♣❛r❢♦✐s✱ ❧♦rsq✉❡ ❧✬✉♥❡ ❞❡s
é♥❡r❣✐❡s ♣r♦♣r❡s ❡st ♥✉❧❧❡✱ ❡❧❧❡ ♥❡ ❧✬❡st ♣❛s ✭❙❡❝✳✸✮✳

✷✳✻ ❊✛❡ts ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ s✉r ❧❡s ♦❜s❡r✈✲
❛❜❧❡s ❞✉ s②stè♠❡

▲❛ ❙❇▼❋❚ ♥♦✉s ❢♦✉r♥✐t ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡s ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡s ❜♦s♦♥s✱
♣❧✉s ❣r❛♥❞ q✉❡ ❝❡❧✉✐ ❞❡s s♣✐♥s ✿ ❝❡ s♦♥t ❞❡s s✉♣❡r♣♦s✐t✐♦♥s ❞✬ét❛ts à 0✱ 1 ♦✉ ♥✬✐♠♣♦rt❡ q✉❡❧
♥♦♠❜r❡ ❞❡ ❜♦s♦♥s s✉r ❧❡s ❞✐✛ér❡♥ts s✐t❡s ❞✉ rés❡❛✉ ❛❧♦rs q✉✬✐❧ ❡♥ ❢❛✉❞r❛✐t ❡①❛❝t❡♠❡♥t 2S
♣♦✉r êtr❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s✳

❖♥ ❛ ❞❡✉① ♣♦ss✐❜✐❧✐tés ♣♦✉r ❡①♣❧♦✐t❡r ✉♥ rés✉❧t❛t ❞❡ ❙❇▼❋❚ ✿ ❝❤♦✐s✐r ❞❡ ❝❛❧❝✉❧❡r ❧❡s
✈❛❧❡✉rs ♠♦②❡♥♥❡s ❞✬♦❜s❡r✈❛❜❧❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ q✉✐ ❡st ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❍❛♠✐❧✲
t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ❡♥ s✉♣♣♦s❛♥t q✉✬❡❧❧❡ s❡r♦♥t q✉❛❧✐t❛t✐✈❡♠❡♥t ❝♦rr❡❝t❡s✱ ♦✉ ❜✐❡♥
❞✬❛❜♦r❞ ♣r♦❥❡t❡r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❡ ❜♦s♦♥s s✉r ❧❡ s♦✉s✲❡s♣❛❝❡ à ✉♥ ❜♦s♦♥ ♣❛r s✐t❡✱ ❡t
❛❧♦rs s❡✉❧❡♠❡♥t ❝❛❧❝✉❧❡r ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡s ♦❜s❡r✈❛❜❧❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❞❡ s♣✐♥
♦❜t❡♥✉❡✳ ▲✬ét❛t ♣r♦❥❡té ❛ ❛❧♦rs ❝♦♠♠❡ ✐♥térêt ❞✬êtr❡ ✈❛r✐❛t✐♦♥♥❡❧✱ ❝✬❡st à ❞✐r❡ q✉❡ s♦♥
é♥❡r❣✐❡ ❡st s✉♣ér✐❡✉r❡ ♦✉ é❣❛❧❡ à ❝❡❧❧❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧✳ ▲❛ ♣r♦❥❡❝t✐♦♥ ❞❡ ●✉t③✇✐❧❧❡r ❡st
❧♦✉r❞❡ ♥✉♠ér✐q✉❡♠❡♥t ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ ❞✬♦♥❞❡ ❜♦s♦♥✐q✉❡ ✭❡❧❧❡ ❡st ❞é❝r✐t❡ ♣❛r ❡①❡♠♣❧❡
❞❛♥s ❬✶✼❪ ♣♦✉r ❞❡s ❜♦s♦♥s✮✳ ❉❡ ♣❧✉s✱ ❧❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡st ❞é❥à ❡♥ ❡❧❧❡✲♠ê♠❡ très
r✐❝❤❡ ❡t ❞♦♥♥❡ ❛❝❝ès à ❞❡ ♥♦♠❜r❡✉s❡s ✐♥❢♦r♠❛t✐♦♥s q✉❛❧✐t❛t✐✈❡s✱ t❡❧❧❡s ❧❡s ❞✐✛ér❡♥t❡s ♣❤❛s❡s
♣♦ss✐❜❧❡s ♣♦✉r ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡t ❧❡s ✐♥st❛❜✐❧✐tés ❢❛✈♦r✐s❛♥t ❧✬✉♥❡ ♦✉ ❧✬❛✉tr❡✳

❈❡ s♦♥t ❞♦♥❝ ❧❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❞❡s ❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ♦❜t❡♥✉❡s ♣❛r ❧❡ ❝❤❛♠♣
♠♦②❡♥ q✉✐ ✈♦♥t ♥♦✉s ✐♥tér❡ss❡r✳ ❊❧❧❡s s♦♥t q✉❛❧✐✜é❡s ❞❡ ♣❤②s✐q✉❡s ♣❛r ♦♣♣♦s✐t✐♦♥ ❛✉① q✉❛♥✲
t✐tés ♥♦♥ ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡s✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r ❧✬❡✛❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s
♣❛r s✐t❡ s✉r ❝❡s ♦❜s❡r✈❛❜❧❡s✳

❯♥❡ ❢♦✐s ❧❡s λi ❡t ❧❡s Aij ✜①és✱ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st q✉❛❞r❛t✐q✉❡ ❡♥ ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳
❖♥ ♣❡✉t ❞♦♥❝ ❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡ ❞❡ ❲✐❝❦ ✿ t♦✉t❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✬✉♥ ♣r♦❞✉✐t ❞✬♦♣ér❛✲
t❡✉rs ❜♦s♦♥✐q✉❡s ❡♥ ♥♦♠❜r❡ ♣❛✐r ❡st é❣❛❧❡ à ❧❛ s♦♠♠❡ ❞❡ t♦✉s ❧❡s ♣r♦❞✉✐ts ❞❡ ♠♦②❡♥♥❡s ❞❡
❝♦♥tr❛❝t✐♦♥s ♣♦ss✐❜❧❡s✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❛ ♠♦②❡♥♥❡ ❡st ♣r✐s❡ à t❡♠♣ér❛t✉r❡ ♥✉❧❧❡✳

〈e1e2 · · · ek〉 =
∑

σ

〈eσ1eσ2〉 · · · 〈eσk−1
eσk

〉, ✭✷✳✽✸✮

✷✳ ▲✬❆PP❘❖❳■▼❆❚■❖◆ ❉❊ ❈❍❆▼P ▼❖❨❊◆ ✼✺
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❙❈❍❲■◆●❊❘

❛✈❡❝ ❧❛ s♦♠♠❡ ♣♦rt❛♥t s✉r t♦✉t❡s ❧❡s ♣❡r♠✉t❛t✐♦♥s ❞❡ {1, · · · , z}✳ ❈❛❧❝✉❧♦♥s ♣❛r ❡①❡♠♣❧❡
❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ s✉✐✈❛♥t❡ ✭❧❡s ✐♥❞✐❝❡s ix s♦♥t ✐♠♣❧✐❝✐t❡s s✉r ❧❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✮

〈S+
ixS

−
ix〉MF = 〈a†bb†a〉MF

= |〈ba〉MF |2 + |〈b†a〉MF |2 + 〈a†a〉MF 〈b†b〉MF + 〈a†a〉MF . ✭✷✳✽✹✮

❖♥ ❝♦♥♥❛ît ❝❡rt❛✐♥s t❡r♠❡s ♣❛r❝❡ q✉❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❝♦♥s❡r✈❡ ❧❡ s♣✐♥ ❡t ❣râ❝❡ ❛✉ ré❣❧❛❣❡
❞✉ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ ✿

〈aa〉MF = 〈bb〉MF = 〈b†a〉MF = 〈a†b〉MF = 0, 〈a†a〉MF + 〈b†b〉MF = κ. ✭✷✳✽✺✮

❙✐ ❞❡ ♣❧✉s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s

〈ba〉MF = 0, 〈a†a〉MF = 〈b†b〉MF = κ/2. ✭✷✳✽✻✮

❖♥ ♣❡✉t ❛❧♦rs ❝❛❧❝✉❧❡r ❡①❛❝t❡♠❡♥t ❧❡s q✉❛♥t✐tés ✿

〈(Szix)2〉MF =
1

8
κ(κ+ 2) ✭✷✳✽✼✮

〈S+
ixS

−
ix〉MF =

1

4
κ(κ+ 2), ✭✷✳✽✽✮

〈n2
ix〉MF − 〈nix〉2MF =

1

2
κ(κ+ 2). ✭✷✳✽✾✮

▲✬é❝❛rt q✉❛❞r❛t✐q✉❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❡st ♥♦♥ ♥✉❧ ❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ❝❡ q✉✐
tr❛❞✉✐t ❧❡ r❡s♣❡❝t ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ✷✳✼ s❡✉❧❡♠❡♥t ❡♥ ♠♦②❡♥♥❡✳ ▲✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❝❤❛♠♣
♠♦②❡♥ ❡st ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞✬ét❛ts à ❞✐✛ér❡♥ts ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s s✉r ❝❤❛q✉❡ s✐t❡✳ ❈❡s
✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ♠♦❞✐✜❡♥t ❧❛ ❧♦♥❣✉❡✉r ❛♣♣❛r❡♥t❡ ❞✉ s♣✐♥ ✿ s✐ ❧✬♦♥
❝❤♦✐s✐t κ = 2S✱ ♦♥ ♦❜t✐❡♥t 〈S2

ix〉MF = 3/2S(S + 1) = ❛✉ ❧✐❡✉ ❞❡ S(S + 1) ♣♦✉r ✉♥ ét❛t ❞❡
s♣✐♥ ré❡❧✳

❉❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ ♥✬❛ ♣❛s ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✱ ❝❡s éq✉❛t✐♦♥s s♦♥t
♠♦❞✐✜é❡s ✭♦♥ ❡♥ ✈❡rr❛ ✉♥ ❡①❡♠♣❧❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✱
❙❡❝✳✹✮✳

P♦✉r ❛✈♦✐r ✉♥❡ ✐❞é❡ ❞❡ ❧❛ ré♣❛rt✐t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡✱ ♦♥
♣r❡♥❞ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ❞✉ ❧✐❡♥ ❆❋ ✭✈♦✐r ❙❡❝✳✷✳✺✮✳ ▲❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉
♣r♦❥❡❝t❡✉r Pn s✉r ❧❡ s♦✉s✲❡s♣❛❝❡ à n ❜♦s♦♥s s✉r ❧❡ s✐t❡ 1 ❡st

〈φMF |Pn|φMF 〉 = (n+ 1)
Sn

(S + 1)n+2
. ✭✷✳✾✵✮

❊❧❧❡ ❡st r❡♣rés❡♥té❡ ♣♦✉r ♣❧✉s✐❡✉rs ✈❛❧❡✉rs ❞❡ κ ❋✐❣✳✷✳✶✳ ❖♥ ② ✈♦✐t ♥♦♥ s❡✉❧❡♠❡♥t q✉❡ ❧✬é❝❛rt
q✉❛❞r❛t✐q✉❡ ❡st ❣r❛♥❞✱ ♠❛✐s ❛✉ss✐ q✉❡ t♦✉s ❧❡s ♠♦♠❡♥ts ❞✬♦r❞r❡s s✉♣ér✐❡✉rs ❧❡ s♦♥t✳

✸ ❉❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❛✉① ét❛ts ❞❡ ◆é❡❧ s❡♠✐✲❝❧❛ss✐q✉❡s

❖♥ ❛ ✈✉ q✉❡ ♣♦✉r r❡s♣❡❝t❡r ❧❛ ❝♦♥tr❛✐♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡✱ ♦♥ ❞❡✈❛✐t ❛❥✉st❡r
❧❡s ♣♦t❡♥t✐❡❧s ❝❤✐♠✐q✉❡s ❡♥ ❝❤❛q✉❡ s✐t❡✳ ▼❛✐s ❞❛♥s ❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s✱ ❝✬❡st ✐♠♣♦ss✐❜❧❡ ✿
❡♥ ♠❛①✐♠✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞❛♥s ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ✭❧❡ ❢♦♥❞❛♠❡♥t❛❧
❞❡ ❝❤❛♠♣ ♠♦②❡♥✮✱ ♦♥ ❛tt❡✐♥t ❧❛ ❧✐♠✐t❡ ❞❡s λi✱ ♣♦✉r ❧❛q✉❡❧❧❡ ❧✬✉♥❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ❧❛
♠❛tr✐❝❡ M ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✈❛✉t 0✳ ❈✬❡st ❝❡ q✉✐ s❡ ♣r♦❞✉✐t ♣♦✉r ❧❡ ❧✐❡♥ ❋ ✭❙❡❝✳✷✳✺✮✳ ❉❛♥s
❝❡ ❝❛s✱ ♦♥ ♣❡✉t r❡♠♣❧✐r ❧❡ ♠♦❞❡ ❞✬é♥❡r❣✐❡ ♥✉❧❧❡ ❡♥ ❝❤♦✐s✐ss❛♥t ✉♥ ét❛t ❝♦❤ér❡♥t q✉✐ ✈ér✐✜❡
❧❛ ❝♦♥tr❛✐♥t❡✳ ❈❡t ét❛t ❜r✐s❡ ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ✿ ✐❧ ♣♦ssè❞❡ ✉♥❡
❛✐♠❛♥t❛t✐♦♥✳

✼✻ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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✭❛✮ S = 0.5 ✭❜✮ S = 2 ✭❝✮ S = 5

❋✐❣✳ ✷✳✶ ✕ ❱❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ Pn✱ ❧❡ ♣r♦❥❡❝t❡✉r s✉r ❧❡ s♦✉s✲❡s♣❛❝❡ à n ❜♦s♦♥s s✉r ❧❡ s✐t❡
♥✉♠ér♦ 1✱ ♣♦✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞✉ ❧✐❡♥ ❆❋✱ ❛✈❡❝ κ = 2S ✭❊q✳✷✳✾✵✮✳

❙✉r ❞❡s rés❡❛✉① ♣ér✐♦❞✐q✉❡s✱ ✐❧ ❛rr✐✈❡ q✉❡ ❧✬♦♥ ♣✉✐ss❡ ✈ér✐✜❡r ❧❛ ❝♦♥tr❛✐♥t❡ ♣♦✉r t♦✉t❡
t❛✐❧❧❡ ✜♥✐❡ ❞✉ rés❡❛✉✱ ♠❛✐s ♣❧✉s à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ Ns → ∞ s✐ κ ❡st s✉♣ér✐❡✉r à
✉♥ ♥♦♠❜r❡ ❝r✐t✐q✉❡ κc ❛✉q✉❡❧ ♦♥ ❛ss♦❝✐❡ ✉♥ s♣✐♥ ❝r✐t✐q✉❡ Sc = κ/2✳ ❯♥ ❡①❡♠♣❧❡ s✐♠♣❧❡ ♦ù
❝❡tt❡ s✐t✉❛t✐♦♥ s❡ r❡♥❝♦♥tr❡ ❡st ❧❡ ❝❛s ♦ù t♦✉s ❧❡s s✐t❡s ❞✉ rés❡❛✉ s♦♥t éq✉✐✈❛❧❡♥ts ❡t ♦ù ❧❡s
✐♥t❡r❛❝t✐♦♥s s♦♥t ❆❋✱ ❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❡♥ ❙❡❝✳✸✳✶✳ ◆♦✉s ❛❧❧♦♥s ❡♥s✉✐t❡ ♠♦♥tr❡r ❡♥
❙❡❝✳✸✳✷ q✉❡ ❧✬♦♥ ♣❡✉t ❛❧♦rs ❝❤♦✐s✐r ❝♦♠♠❡ ét❛t ❢♦♥❞❛♠❡♥t❛❧ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
✉♥ ét❛t ❝♦❤ér❡♥t ♣♦ssé❞❛♥t ✉♥❡ ❛✐♠❛♥t❛t✐♦♥ ♥♦♥ ♥✉❧❧❡✳ ▲✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ❛❧♦rs ❞✐t
❝♦♥❞❡♥sé✳ ❊♥✜♥✱ ❞❡s ❡①❡♠♣❧❡s ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ ❡t ❞❡ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡
é♠❡r❣❡❛♥t s❡r♦♥t ❞♦♥♥és ❡♥ ❙❡❝✳✸✳✸✳

✸✳✶ P♦ss✐❜✐❧✐té ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ♣r❡♥❞ ❞❡s ❆♥sät③❡ s❛♥s Bij ✱ ❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❞❡s ♣❛r❛♠ètr❡s
Aij ✭✐♥t❡r❛❝t✐♦♥s t♦✉t❡s ❆❋✮✱ t❡❧s q✉❡ t♦✉s ❧❡s s✐t❡s s♦✐❡♥t éq✉✐✈❛❧❡♥ts ❞❛♥s ❧❡ GS✱ ❞♦♥❝✱
♦ù t♦✉s ❧❡s ♣♦t❡♥t✐❡❧s ❝❤✐♠✐q✉❡s λi s♦♥t ✐❞❡♥t✐q✉❡s✳ ❖♥ s❡ ♣❧❛❝❡ s✉r ✉♥ rés❡❛✉ à Ns s✐t❡s✳
▲✬é♥❡r❣✐❡ ❞✉ ●❙ ❡st ♥♦té❡ E0✳ ❖♥ ❝❤❡r❝❤❡r à ♠♦♥tr❡r q✉❡ ♣♦✉r t♦✉t κ✱ ❝❡s ❤②♣♦t❤ès❡s
✐♠♣❧✐q✉❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ λ t❡❧ q✉❡ ❧❛ ❝♦♥tr❛✐♥t❡ s♦✐t ✈ér✐✜é❡ ❞❛♥s ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡
❇♦❣♦❧✐✉❜♦✈✱ ❝❡ q✉✐ éq✉✐✈❛✉t à ♣r♦✉✈❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ λ ❛♥♥✉❧❛♥t ∂E0/∂λ✳

▲❛ ♠❛tr✐❝❡ M ❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✸✽ ❛ ❧❛ ❢♦r♠❡ ♣❛rt✐❝✉❧✐èr❡ ✿

M =

(
−L −A
A∗ −L

)
, ✭✷✳✾✶✮

❝❡ q✉✐ ♥♦✉s ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ JM ❞♦♥❝✱ ❧❡s é♥❡r❣✐❡s ♣r♦♣r❡s ✿

ωi =
√
λ2 − l2i , ✭✷✳✾✷✮

❛✈❡❝ l2i ✱ ❧❛ iè♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ A†A✳
❉é♠♦♥str❛t✐♦♥ ✿ ❙♦✐t v = (v1,v2)

t ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ JM ♣♦✉r ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ α✳
❖♥ ✈ér✐✜❡ q✉❡ v1 ❡st ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ A†A ♣♦✉r ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ2 − x2✳ �

❆❧♦rs✱ ❞✬❛♣rès ❧❡s éq✉❛t✐♦♥s ✷✳✻✶ ❡t ✷✳✻✷ ♣❛❣❡ ✼✷

∂E0

∂λ
=

Ns∑

i=1

λ√
λ2 − l2i

+ (κ+ 1)Ns. ✭✷✳✾✸✮

▲✬✐♥t❡r✈❛❧❧❡ ❞❡ λ s✉r ❧❡q✉❡❧ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ♣♦ssè❞❡ ✉♥ ❢♦♥❞❛♠❡♥t❛❧ ✉♥✐q✉❡ ✭♣❛s ❞✬é♥❡r❣✐❡
♣r♦♣r❡ ♥✉❧❧❡ ♦✉ ♥é❣❛t✐✈❡✮ ❡st ] − ∞,−maxi(|li|)]✳ ▲❛ ❢♦♥❝t✐♦♥ ∂E0/∂λ ② ❡st ❝♦♥t✐♥✉❡ ❡t

✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙ ✼✼
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♣❛r❝♦✉rt ❧✬✐♥t❡r✈❛❧❧❡ ]−∞, 2SNs]✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡s ✈❛❧❡✉rs ✐♥t❡r♠é❞✐❛✐r❡s✱ ✐❧ ❡①✐st❡
❞♦♥❝ ✉♥ λ ♣♦✉r ❧❡q✉❡❧ ❝❡tt❡ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ s✬❛♥♥✉❧❡ ✿ ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s
♥✬❡st ❥❛♠❛✐s ❜r✐sé❡ à t❛✐❧❧❡ ✜♥✐❡✳ P❛r ❝♦♥tr❡✱ ❡❧❧❡ ♣❡✉t ❧✬êtr❡ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
❞✬✉♥ s②stè♠❡ ♣ér✐♦❞✐q✉❡ ❧♦rsq✉❡ λ→ −maxi(|li|)✳

❖♥ r❡♣r❡♥❞ ❧❡ s②stè♠❡ ♣ré❝é❞❡♥t✱ ❛✈❡❝ ❝♦♠♠❡ ❤②♣♦t❤ès❡ s✉♣♣❧é♠❡♥t❛✐r❡ q✉✬✐❧ ❡st ♣ér✐✲
♦❞✐q✉❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ♣❛ss❡r ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡✳ ▲❡s ωiq✱ Aq ❡t liq ♦♥t ♠❛✐♥t❡♥❛♥t
❡♥ ✐♥❞✐❝❡ s✉♣♣❧é♠❡♥t❛✐r❡ ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ q ✭❧✬✐♥❞✐❝❡ i ♥❡ ✈❛ ♣❧✉s q✉❡ ❞❡ ✶ à m✱ ❧❡ ♥♦♠❜r❡
❞❡ s✐t❡s ♣❛r ♠❛✐❧❧❡✮✳ ▲❡s liq s♦♥t tr✐és ♣❛r ♦r❞r❡ ❝r♦✐ss❛♥t ✭l1q ≤ · · · ≤ lmq✮✳ ▲❡ ♥♦♠❜r❡
t♦t❛❧ ❞❡ ❜♦s♦♥s ❞❛♥s ❧❡ ●❙ ❡st ❧❛ s♦♠♠❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞❛♥s ❝❤❛❝✉♥ ❞❡s ♠♦❞❡s ✿∑

ix〈nix〉MF =
∑

iq〈niq〉MF ✳ ❆ t❛✐❧❧❡ ✜♥✐❡✱ ♦♥ s❛✐t q✉❡ ❝❡tt❡ q✉❛♥t✐té ✈❛✉t κNs✳ ▲❡ ♥♦♠❜r❡
❞❡ ❜♦s♦♥s ❞❛♥s ✉♥ ♠♦❞❡ iq ❡st ❞é✜♥✐ ❝♦♠♠❡

〈niq〉MF = 〈(aiq)†aiq + (bi−q)†bi−q〉MF . ✭✷✳✾✹✮

■❧ s❡ ❝❛❧❝✉❧❡ ❣râ❝❡ à ❧❛ ❞ér✐✈é❡ ❞❡ ❧✬é♥❡r❣✐❡ ♣❛r r❛♣♣♦rt à λ✱ ♦✉ ❣râ❝❡ à ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡
Pq ✿

〈niq〉MF = −1 − λ√
λ2 − l2iq

=
2m∑

l=1

|Pqil|2. ✭✷✳✾✺✮

❋❛✐s♦♥s t❡♥❞r❡ Ns ✈❡rs ❧✬✐♥✜♥✐ ❞❛♥s ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✿

κ =
1

Ns

∑

iq



−1 − λ√
λ2 − l2iq



 . ✭✷✳✾✻✮

❙✐ ❛✉❝✉♥ ❞❡s t❡r♠❡s ❞❡ ❧❛ s♦♠♠❡ ♥❡ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✱ ❧❛ s♦♠♠❡ ✈❛ ❝♦♥✈❡r❣❡r ✈❡rs ✉♥❡
✐♥té❣r❛❧❡ é❣❛❧❡ à κ✳ ❈✬❡st ❝❡ q✉✐ s❡ ♣r♦❞✉✐t ♣♦✉r κ ♣❡t✐t✳ P❛r ❝♦♥tr❡✱ ❛✉ ❞❡ss✉s ❞✬✉♥ κ
❝r✐t✐q✉❡✱ ♥♦té κc ✭❧❡s liq ❡t ❧❡s Aij ❞é♣❡♥❞❡♥t ❞❡ κ✮✱ ❝❡rt❛✐♥s t❡r♠❡s ❞✐✈❡r❣❡♥t✳ ■❧ ❢❛✉t
❛❧♦rs ❧❡s s♦rt✐r ❞❡ ❧❛ s♦♠♠❡✳ ❙✉♣♣♦s♦♥s q✉✬✐❧ ♥✬② ❡♥ ❛✐t q✉✬✉♥ ✿ ❝❡❧✉✐ ❞✉ ♠♦❞❡ mq0 ✭❧❛
❣é♥ér❛❧✐s❛t✐♦♥ à ♣❧✉s ❞❡ ♠♦❞❡s ❡st s✐♠♣❧❡✮✳ ❯♥ t❡❧ ♠♦❞❡ ❡st ❛♣♣❡❧é ♠♦❞❡ ♠♦✉✳ ❆❧♦rs✱

κ =
1

4π2

∫
dq

(
−1 − λ√

λ2 − li(q)2

)
+ lim
Ns→∞

1

Ns



−1 − λ√
λ2 − l2mq0



 . ✭✷✳✾✼✮

▲❛ ❝♦♥tr✐❜✉t✐♦♥ ❞✬✉♥ ♠♦❞❡ ♥♦♥ ♠♦✉ ❛✉ r❡♠♣❧✐ss❛❣❡ ❞✉ rés❡❛✉ ❡st ❡♥ O(1/Ns)✱ ❛❧♦rs q✉❡
❝❡❧❧❡ ❞✉ ♠♦❞❡ ♠♦✉ ❡st ❡♥O(1) ✿ ✐❧ ❝♦♥t✐❡♥t ✉♥❡ ❢r❛❝t✐♦♥ ♠❛❝r♦s❝♦♣✐q✉❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s
t♦t❛❧✳ ❖♥ ❞✐t q✉✬✐❧ ② ❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞❛♥s ❝❡ ♠♦❞❡ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❖♥ ❡①tr❛✐t
❞❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥sé❡ x ✭s✉♣♣♦sé❡ ♥♦♥ ♥✉❧❧❡✮ ❡♥ ✐❞❡♥t✐✜❛♥t ❧❡ t❡r♠❡
❞❡ ❞r♦✐t❡ à κx✳

❉❡ ❝❡s éq✉❛t✐♦♥s✱ ♦♥ ♣❡✉t ❞é❞✉✐r❡ ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❞❡ ❝❡rt❛✐♥❡s q✉❛♥t✐tés ❡♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ s✬✐❧ ② ❛ ❝♦♥❞❡♥s❛t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱ ❝❡❧✉✐ ❞✉ ❣❛♣ ❞❡ ❜♦s♦♥ ✿ gb =

O
(

1
Ns

)
❡t ❞❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♠♦❞❡ ♠♦✉ ❞❛♥s ❧❛ ♣❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ✿ Pq0ml = O

(√
Ns

)
✳

❈❡s ❝♦♠♣♦rt❡♠❡♥ts s❡r♦♥t très ✐♠♣♦rt❛♥ts ❧♦rs ❞❡ ❧✬ét✉❞❡ ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❡♥ t❛✐❧❧❡
✜♥✐❡ ✿ ✐❧s ♣❡r♠❡ttr♦♥t ❞✬ét❛❜❧✐r ❞❡s ❡✛❡ts ❞❡ t❛✐❧❧❡ ❞✐✛ér❡♥ts s❡❧♦♥ ❧❛ ♣❤❛s❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♦♥
s❡ tr♦✉✈❡r❛✳

✼✽ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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✸✳✷ ❇r✐s✉r❡ ❞❡ s②♠étr✐❡ ❡t ét❛ts ❝♦❤ér❡♥ts

❖♥ ✈✐❡♥t ❞❡ ✈♦✐r q✉❡ ❝❡rt❛✐♥s ❝♦❡✣❝✐❡♥ts ❞❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡ ❞✐✈❡r❣❡♥t ❧♦rsq✉❡
❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐ ✿ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ ❇♦❣♦❧✐✉❜♦✈ ♥✬❡st ♣❧✉s ❞é✜♥✐❡ ❡t ✐❧ ♥✬❡①✐st❡ ♣❧✉s ❞❡ ❜❛s❡ ❞❡ ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ❖♥
♥❡ ♣❡✉t ❞♦♥❝ ♣❧✉s ❞é✜♥✐r ❧❡ ✈✐❞❡ ❞❡ ❝❡s ❜♦s♦♥s✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r ❝♦♠♠❡♥t rés♦✉❞r❡ ❝❡
♣r♦❜❧è♠❡✳

P♦✉r ♣♦✉✈♦✐r ❝♦♥t✐♥✉❡r ❧✬❛♥❛❧②s❡ ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡t ♠♦♥tr❡r q✉✬♦♥ ♣❡✉t ♣r❡♥❞r❡
♣♦✉r ét❛t ❢♦♥❞❛♠❡♥t❛❧ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✉♥ ét❛t ❝♦❤ér❡♥t✱ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ✉♥
❝❛s ❡♥❝♦r❡ ♣❧✉s ♣❛rt✐❝✉❧✐❡r q✉✬❛✈❛♥t ✿ ♦♥ s✉♣♣♦s❡ t♦✉s ❧❡s Aij ré❡❧s✳ ❉❡ ♣❧✉s✱ ♦♥ s✉♣♣♦s❡ ❧❛
s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ❛✉t♦✉r ❞✬✉♥ ❛①❡ Oz r❡s♣❡❝té❡✳ ❆❧♦rs✱ ❧❛ ♠❛tr✐❝❡ ❞❡
♣❛ss❛❣❡ ❞❡ ❧✬✐♠♣✉❧s✐♦♥ q0 ♣❡✉t s❡ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡

Pq0 =

(
Uq0 −Vq0

Vq0 Uq0

)
. ✭✷✳✾✽✮

◆♦✉s ❛❧❧♦♥s ❝❤❡r❝❤❡r ✉♥ ét❛t r❡s♣❡❝t❛♥t ❧❛ ❝♦♥tr❛✐♥t❡✱ ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡✳ ❙♦✐t (u,v)t

❧❛ ❝♦❧♦♥♥❡ ❞✉ ♠♦❞❡ ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ Pq0 ♣♦✉r ❧✬é♥❡r❣✐❡ ω ✭♥♦♥ ❞é❣é♥éré❡✮✳
▲❡ s②stè♠❡ ✷✳✺✽ éq✉✐✈❛✉t à ✿

u∗ · u = 1 + v∗ · v
−u∗ · v = v∗ · u

(ω + λ)v = Aq0 · u
(ω − λ)u = Aq0 · v.

▲❡s ❞❡✉① ❞❡r♥✐èr❡s éq✉❛t✐♦♥s ❝♦♥❞✉✐s❡♥t à é❝r✐r❡ q✉❡ u ❡t v s♦♥t ♣r♦♣♦rt✐♦♥♥❡❧s ✿ ❝❡ s♦♥t
❞❡✉① ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ A2

q0
♣♦✉r ❧❛ ♠ê♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ✭♦♥ s✉♣♣♦s❡ ❝❡tt❡ ✈❛❧❡✉r ♣r♦✲

♣r❡ ♥♦♥ ❞é❣é♥éré❡✮✳ ❆ ♣❛rt✐r ❞❡ ❧❛ ❞❡✉①✐è♠❡ éq✉❛t✐♦♥✱ ♦♥ ♦❜t✐❡♥t q✉❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡
♣r♦♣♦rt✐♦♥♥❛❧✐té ❡st ✐♠❛❣✐♥❛✐r❡ ♣✉r u = iγv✱ ♣✉✐s✱





|v|2 = −1+ω/λ

2ω/λ

u = iγv = ±i
√

1−ω/λ
1+ω/λv

✭✷✳✾✾✮

❖♥ s✬✐♥tér❡ss❡ ❛✉① ❞❡✉① ♦♣ér❛t❡✉rs ❞✐❛❣♦♥❛✉① ã ❡t b̃† ❞✬é♥❡r❣✐❡ ♣r♦♣r❡ ω✱ ❞♦♥t ♦♥ ❞é♥♦t❡
❧❡s ❝♦❧♦♥♥❡s ❛ss♦❝✐é❡s (iγv,v)t ❡t (v,−iγv)t✱ ♦ù iγ ❡st ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ♣r♦♣♦rt✐♦♥♥❛❧✐té
✐♠❛❣✐♥❛✐r❡ ♣✉r ❞♦♥♥é ♣ré❝é❞❡♠❡♥t✳ ▲❛ ♣❛rt✐❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❝♦♥❝❡r♥❛♥t ❝❡s ♦♣ér❛t❡✉rs
❡st

ω(ã†ã+ b̃b̃†). ✭✷✳✶✵✵✮

▲❛ ♣❛r❛✲✉♥✐t❛r✐té ❞❡ P ♥♦✉s ❞♦♥♥❡ ❢❛❝✐❧❡♠❡♥t s♦♥ ✐♥✈❡rs❡ ❡t ✐♥❞✐q✉❡ q✉❡
(

ã

b̃†

)
=

(
v†(−iγa − b†)
v†(−a + iγb†)

)
, ✭✷✳✶✵✶✮

♦ù a ❡t b† s♦♥t ❞❡s ✈❡❝t❡✉rs ❞✬♦♣ér❛t❡✉rs ❞❡ ❧✬✐♠♣✉❧s✐♦♥ ❝♦♥s✐❞éré❡ ✭❛✉t❛♥t ❞❡ ❝♦❡✣❝✐❡♥ts
q✉❡ ❞❡ s✐t❡s ❞❛♥s ❧❛ ♠❛✐❧❧❡✮✳

❖♥ s✉♣♣♦s❡ q✉❡ ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ♣❡✉t êtr❡ ✈ér✐✜é❡
à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛✈❡❝ é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ❝♦♥❞❡♥s❛t ✉♥✐q✉❡♠❡♥t ❞❛♥s ❝❡s ❞❡✉①
♠♦❞❡s ✭❞❛♥s ❧❡ ❝❛s ♦ù ♣❧✉s ❞❡ ♠♦❞❡s ❝♦♥❞❡♥s❡♥t✱ ❧❛ ❝♦♥tr❛✐♥t❡ ❝♦♥❝❡r♥❡ t♦✉s ❧❡s ♠♦❞❡s à ❧❛
❢♦✐s✮✳ ❊♥ ✉t✐❧✐s❛♥t ❧✬♦rt❤♦❣♦♥❛❧✐té ❞❡s ❝♦❧♦♥♥❡s ❞❡ ❧❛ ♠❛tr✐❝❡ Vq0 ✱ ♦♥ sé♣❛r❡ ❧❡s ❝♦♥tr✐❜✉t✐♦♥s
❞❡ ❝❤❛q✉❡ ♠♦❞❡ ❛✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s t♦t❛❧✱ ❝❡ q✉✐ ❧❛✐ss❡ ♣♦✉r ❧❡s ❞❡✉① ♠♦❞❡s q✉✐ ♥♦✉s
✐♥tér❡ss❡♥t ✿

1

|v|2 (a† · v)(v† · a) +
1

|v|2 (v† · b†)(b · v) = n, ✭✷✳✶✵✷✮

✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙ ✼✾
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♦ù n ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞♦♥t ♦♥ ❛ ❜❡s♦✐♥ ❞❛♥s ❧❡s ❞❡✉① ♠♦❞❡s ❝♦♥s✐❞érés ♣♦✉r
s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❣❧♦❜❛❧❡✳

❙♦✐❡♥t k = γ−1
γ+1 ✱ X = v†√

2|v|(a+ib†)✱ P = (ia†−b) v√
2|v| ✱ ♦♥ ♣❡✉t réé❝r✐r❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥

❡t ❧❛ ❝♦♥tr❛✐♥t❡ ❡①❛❝t❡♠❡♥t ❝♦♠♠❡ ✿

H = 2
ω

k

(
PP † + k2X†X

)
. ✭✷✳✶✵✸✮

n = PP † +X†X ✭✷✳✶✵✹✮

✭♦♥ ❛ ✉t✐❧✐sé ❧❡s ❡①♣r❡ss✐♦♥s ❞❡ γ ❡t ❞❡ |v|2 ♣♦✉r s✐♠♣❧✐✜❡r✮✳ ❉❡ ♣❧✉s✱ ❧❡s ♦♣ér❛t❡✉rs X ❡t P
s♦♥t t❡❧s q✉❡

[X,X†] = 0 [P, P †] = 0 [X,P ] = i [X,P †] = 0.

❊♥ r❡♠❛rq✉❛♥t ❧❛ r❡ss❡♠❜❧❛♥❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✶✵✸ ❛✈❡❝ ❝❡❧✉✐ ❞✬✉♥ ♦s❝✐❧❧❛t❡✉r ❤❛r✲
♠♦♥✐q✉❡ ❞❡ ♣✉❧s❛t✐♦♥ k✱ ♦♥ ❡st t❡♥té ❞❡ ❝♦♥s✐❞ér❡r ❧❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s s✉✐✈❛♥ts ✿

{
d1 = 1√

2
(P − iX†) = −bv

|v|
d†2 = 1√

2
(P + iX†) = ia†v

|v|
✭✷✳✶✵✺✮

q✉✐ ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ réé❝r✐r❡ ❧❡s éq✉❛t✐♦♥s ♣ré❝é❞❡♥t❡s ❝♦♠♠❡

H =
ω

k

(
(d1 + d†2)(d

†
1 + d2) + k2(d1 − d†2)(d

†
1 − d2)

)
. ✭✷✳✶✵✻✮

n = 2d†1d1 + 2d†2d2 ✭✷✳✶✵✼✮

❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧✬é♥❡r❣✐❡ ❞✬✉♥ ét❛t ❝♦❤ér❡♥t ❞❡s ❜♦s♦♥s d1 ❡t d2✱ |φ〉 = ez1d
†
1+z2d

†
2 |0〉✱ ♦♥

♣❡✉t s❛t✐s❢❛✐r❡ ❧❛ ❝♦♥tr❛✐♥t❡ ❡♥ ❝❤♦✐s✐ss❛♥t 2|z1|2 + 2|z2|2 = n✳ ▲✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ❝♦❤ér❡♥t
❡st

Ecoh =
ω

k

(
1 + |z1 + z∗2 |2 + k2(1 + |z1 − z∗2 |2

)
. ✭✷✳✶✵✽✮

❙✬✐❧ ② ❛ ❝♦♥❞❡♥s❛t✐♦♥ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ω = α
Ns

+ O
(

1
N2

s

)
✿ ❧❡ ❣❛♣ t❡♥❞

✈❡rs 0 ❧♦rsq✉❡ ❧❛ t❛✐❧❧❡ ❞✉ rés❡❛✉ ❛✉❣♠❡♥t❡✳ ❆❧♦rs✱ γ✱ ❞é✜♥✐ ❡♥ ✷✳✾✾✱ t❡♥❞ ✈❡rs 1 ❡t k =
α

2Ns
+O

(
1
N2

s

)
t❡♥❞ ✈❡rs 0 ✭❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✷✳✶✵✸ ❞❡✈✐❡♥t ❝❡❧✉✐ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡ ❧✐❜r❡ ❞❡ ♠❛ss❡

1/8✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞❛♥s ❧❡s ❞❡✉① ♠♦❞❡s ❞❡✈✐❡♥t ♠❛❝r♦s❝♦♣✐q✉❡ ✿ n = xNs + O(1)
✭x ❡st ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥sé❡✮✳✽ ❖♥ ♠✐♥✐♠✐s❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ❝♦❤ér❡♥t ❡♥ ❝❤♦✐s✐ss❛♥t
z1 = −z∗2 ✿

Ecoh =
ω

k

(
1 + k2

(
1 +

n

2

))
. ✭✷✳✶✵✾✮

lim
Ns→∞

Ecoh = 2. ✭✷✳✶✶✵✮

▲❡ ♥♦♠❜r❡ ♠❛❝r♦s❝♦♣✐q✉❡ n ❞❡ ❜♦s♦♥s à ♣❧❛❝❡r ❛ ❞♦♥❝ été ♠✐s ❞❛♥s ❝❡s ❞❡✉① ♠♦❞❡s✱
♣♦✉r ✉♥❡ é♥❡r❣✐❡ ❞❡ 2✱ ❛❧♦rs q✉❡ ❧✬é♥❡r❣✐❡ t♦t❛❧❡ ❞✉ s②stè♠❡ ❡st ❡♥ O(Ns)✳ ❆ ❧❛ ❧✐♠✐t❡
t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ♥❡ ❝♦ût❡ r✐❡♥ ❡t ♣❡r♠❡t ❧✬❛❥✉st❡♠❡♥t ❞❡ ❧❛ ❝♦♥tr❛✐♥t❡✳
P♦✉r ❝♦♥❞❡♥s❡r✱ ✐❧ ❢❛✉t ✜①❡r ❧❛ ♣❤❛s❡ ❞❡ z1✱ ❝❡ q✉✐ ❜r✐s❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s
❛✉t♦✉r ❞❡ Oz✳ ❆✐♥s✐✱ ❧✬ét❛t ❝♦♥❞❡♥sé ♣♦ssè❞❡ ✉♥❡ ❛✐♠❛♥t❛t✐♦♥✳ ❉❛♥s ❧❡ ❝❛s q✉❡ ❧✬♦♥ ✈✐❡♥t
❞❡ ❞ét❛✐❧❧❡r✱ ♦♥ ♥✬❛ q✉✬✉♥ s❡✉❧ ❞❡❣ré ❞❡ ❧✐❜❡rté✳ ▼❛✐s s✐ ❧✬♦♥ ❛✈❛✐t ❡✉ ♣❧✉s✐❡✉rs ♠♦❞❡s ♠♦✉s✱
♦♥ ❛✉r❛✐t ♣✉ ❡♥ ❛✈♦✐r ♣❧✉s✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ✉♥ s②stè♠❡ ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡
❞❡s s♣✐♥s✱ ♦♥ ❛✉r❛✐t ❡✉ ❛✉ ♠♦✐♥s ❞❡✉① ❞❡❣rés ❞❡ ❧✐❜❡rté ♣❡r♠❡tt❛♥t ❞❡ ✜①❡r ❧✐❜r❡♠❡♥t ❧❛
❞✐r❡❝t✐♦♥ ❞✉ s♣✐♥ s✉r ✉♥ s✐t❡✳

✽❖♥ ❛ s✉♣♣♦sé γ > 0✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❝✬❡st k q✉✐ ❡st ❡♥ O(Ns) ❡t ❧❡s rô❧❡s ❞❡ P ❡t X s♦♥t ✐♥✈❡rsés✱
♠❛✐s ❝❡❧❛ ♥❡ ❝❤❛♥❣❡ r✐❡♥ ❛✉① ❝❛❧❝✉❧s✳

✽✵ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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✭❛✮ ❘és❡❛✉ ❞✐r❡❝t ✭❜✮ ❘és❡❛✉ ré❝✐♣r♦q✉❡

❋✐❣✳ ✷✳✷ ✕ ❱❡❝t❡✉rs ❞❡ ❜❛s❡ ❞❡s rés❡❛✉① ❞✐r❡❝t ❡t ré❝✐♣r♦q✉❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ▲❛ ❩❞❇
❡st ❧✬❤❡①❛❣♦♥❡ ✈❡rt ♣♦✉r ❧✬❆♥s❛t③ (0)✱ ❧❡ r❡❝t❛♥❣❧❡ r♦✉❣❡ ♣♦✉r ❧✬❆♥s❛t③ (π)✳

◆♦✉s ❛✈♦♥s ♠✐s ❡♥ é✈✐❞❡♥❝❡ s✉r ❞❡s ❡①❡♠♣❧❡s s✐♠♣❧❡s ❞❡✉① ❝♦♠♣♦rt❡♠❡♥ts ♣♦ss✐❜❧❡s
à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ❙♦✐t ❧❡ ❣❛♣ ❞❡ ❜♦s♦♥s t❡♥❞ ✈❡rs ✉♥❡ ❝♦♥st❛♥t❡ ♥♦♥ ♥✉❧❧❡
✭κ < κc✮✱ ❝❡ q✉✐ ❞♦♥♥❡ ✉♥ ét❛t ❧✐♠✐t❡ q✉✐ ♥❡ ❜r✐s❡ ♣❛s ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❣❧♦❜❛❧❡
❞❡s s♣✐♥s ❡t ♣❡✉t êtr❡ ✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ t♦♣♦❧♦❣✐q✉❡ ✭❚❙▲✮ s✐ ❧❡s ❛✉tr❡s s②♠étr✐❡s ❞✉
❍❛♠✐❧t♦♥✐❡♥ s♦♥t ❡❧❧❡s ❛✉ss✐ r❡s♣❡❝té❡s✳ ▲❡s ♠❛❣♥♦♥s ② s♦♥t ❣❛♣♣és✳ ❙♦✐t ❧❡ ❣❛♣ t❡♥❞ ✈❡rs
0 ❡♥ O(1/Ns) ✭κ > κc✮✳ ❆❧♦rs✱ ❧✬ét❛t ❧✐♠✐t❡ ❡st ✉♥ ét❛t ❝♦♥❞❡♥sé✱ ♦r❞♦♥♥é à ❧♦♥❣✉❡ ♣♦rté❡
✭▲❘❖✮ ❛✈❡❝ ✉♥❡ ❛✐♠❛♥t❛t✐♦♥ s✉r s✐t❡ ♥♦♥ ♥✉❧❧❡✳ ❉❡s ♠♦❞❡s ❞❡ ●♦❧❞st♦♥❡ ✭❧❡s ♠❛❣♥♦♥s
❞✬é♥❡r❣✐❡ ♥✉❧❧❡✮ ❡①✐st❡♥t✳

▲❛ ♣♦ss✐❜✐❧✐té ❞✬♦❜t❡♥✐r ❝❡s ❞❡✉① ♣❤❛s❡s ❝♦♠♣❧êt❡♠❡♥t ❞✐✛ér❡♥t❡s ❡st ✉♥ ❣r♦s ✐♥térêt
❞❡ ❧❛ ❙❇▼❋❚✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♥♦✉s ❛❧❧♦♥s ✈♦✐r ❞❡s ❡①❡♠♣❧❡s ❞❡ ▲❘❖✱ ♣✉✐s✱ ♥♦✉s
✈❡rr♦♥s ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❝❤❛❝✉♥❡ ❞❡s ♣❤❛s❡s s✉r ❞❡s ♦❜s❡r✈❛❜❧❡s ❝♦♠♠❡ ❧❡s ❢❛❝t❡✉rs
❞❡ str✉❝t✉r❡✳

✸✳✸ ❊①❡♠♣❧❡ ❞✉ ♠♦❞è❧❡ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

◆♦✉s ❛❧❧♦♥s ✈♦✐r ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❞❡✉① ❡①❡♠♣❧❡s ❞❡ ❝♦♥❞❡♥s❛t✐♦♥ s✉r ❧❡ rés❡❛✉ tr✐❛♥✲
❣✉❧❛✐r❡ ❛✈❡❝ é❝❤❛♥❣❡ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❆❋✱ ❛✈❡❝ ❧❡s ❆♥sät③❡ ♥♦♠♠és (0) ❡t (π) s❡❧♦♥ ❧❡✉r
✢✉① ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ é❧é♠❡♥t❛✐r❡ ✭❞é✜♥✐t✐♦♥ ❞✉ ✢✉① ♣❛❣❡ ❙❡❝✳✶✳✹ ❞✉ ❈❤❛♣✳✷✮✳ ▲❡s Aij
② s♦♥t t♦✉s ré❡❧s ❡t ❞❡ ♠ê♠❡ ♠♦❞✉❧❡ A ❡t ❧❡✉r s✐❣♥❡ ❡st ❞♦♥♥é ❋✐❣✳✷✳✸✭❛✮ ❡t ✷✳✹✭❛✮ ♦ù ❧❡s
✢ê❝❤❡s ✐♥❞✐q✉❡♥t ❧❡s ❧✐❡♥s ♦r✐❡♥tés s✉r ❧❡sq✉❡❧s ✐❧s s♦♥t ♣♦s✐t✐❢s✳ ❖♥ ✉t✐❧✐s❡ ❧❡s r❡♣èr❡s ❞✉
rés❡❛✉ ❞✐r❡❝t ❡t ré❝✐♣r♦q✉❡ ❞é❝r✐ts ❋✐❣✳✷✳✷✳ ▲❡s ✈❡❝t❡✉rs ❞❡ ❜❛s❡ ❞✉ rés❡❛✉ ré❝✐♣r♦q✉❡ e

q
i

s♦♥t t❡❧s q✉❡ e
q
i · ej = δij ✳ ❉❡s ♣♦✐♥ts éq✉✐✈❛❧❡♥ts ❞✉ rés❡❛✉ ré❝✐♣r♦q✉❡ s♦♥t sé♣❛rés ❞❡

2π ❢♦✐s ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❡♥t✐èr❡ ❞❡s e
q
i ✳ ▲❡ ♣r❡♠✐❡r ❡①❡♠♣❧❡ ✭✢✉① (0)✮ ❡st ❞ét❛✐❧❧é

♣♦✉r ❞❡s r❛✐s♦♥s ♣é❞❛❣♦❣✐q✉❡s ❡t ❡st très s✐♠♣❧❡ ✿ ♦♥ r❡tr♦✉✈❡ ✉♥❡ ❛✐♠❛♥t❛t✐♦♥ à tr♦✐s
s♦✉s✲rés❡❛✉ ❛✈❡❝ ❧❡s ❞✐r❡❝t✐♦♥s ❞❡ ❧✬♦r❞r❡ ❝❧❛ss✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧✳ ■❧ ❛ ❞é❥à été ét✉❞✐é ♣❛r
❙❛❝❤❞❡✈ ❬✾✷❪✳ ▲✬❆♥s❛t③ (π) ❛ été ❞é❝♦✉✈❡rt ♣❛r ❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪✱ ♠❛✐s ✐❧s ♥✬♦♥t
♣❛s ❞ét❛✐❧❧é ❧✬❛✐♠❛♥t❛t✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ♦❜t❡♥✉✱ ❝❡ q✉❡ ♥♦✉s ❢❡r♦♥s✳ ▲❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st
très ❞✐✛ér❡♥t❡ ❞❡ ❧❛ ♣ré❝é❞❡♥t❡ ✿ ❡❧❧❡ ❜r✐s❡ ♥♦♥ s❡✉❧❡♠❡♥t ❧❛ s②♠étr✐❡ ❞❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s✱
♠❛✐s ❛✉ss✐ ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✿ ❧✬ét❛t ♦❜t❡♥✉ ♥✬❡st ♣❛s ré❣✉❧✐❡r ❛✉ s❡♥s ❞é✜♥✐ ❞❛♥s ❧❛
❙❡❝✳✶ ❞✉ ❈❤❛♣✳✶✳

✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙ ✽✶
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✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ (0) ✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ✷✳✸ ✕ ❆♥s❛t③ (0) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r A = 1 ❡t λ = λc✳ ▲❡ ♠❛❣❡♥t❛ ❡st
❧✬é♥❡r❣✐❡ ❧❛ ♣❧✉s ❜❛ss❡✱ ❧❡ r♦✉❣❡✱ ❧❛ ♣❧✉s ❤❛✉t❡✳

❆♥s❛t③ (0)

▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ ✉♥ s❡✉❧ s✐t❡ ✭❋✐❣✳✷✳✸✭❛✮✮✳ P♦✉r κc = 0.34 ❬✾✷❪✱ ❞❡s s♣✐♥♦♥s
❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t ❛✉① ❝♦✐♥s ❞❡ ③♦♥❡ ✭♣♦✉r ❝❡ ❝❤♦✐① ❞❡
❥❛✉❣❡✮✱ ❞♦♥❝ ❡♥ ❞❡✉① ♣♦✐♥ts ✐♥éq✉✐✈❛❧❡♥ts ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ♥♦tés K ❡t −K✳ ▲❛
❢r❛❝t✐♦♥ ❝♦♥❞❡♥sé❡ ❡st x = 1−κc/κ ❡t ❧❡ λ ❝r✐t✐q✉❡ ❡st λc = −3

√
3A ✭❝✬❡st ❧❡ λ ♣♦✉r ❧❡q✉❡❧

❛✉ ♠♦✐♥s ✉♥❡ é♥❡r❣✐❡ ♣r♦♣r❡ ✈❛✉t 0 ❡t t♦✉t❡s ❧❡s ❛✉tr❡s s♦♥t ♣♦s✐t✐✈❡s ♦✉ ♥✉❧❧❡s✮✳
▲❡ s♣❡❝tr❡ ❞❡s s♣✐♥♦♥s ❡t ❞❡s ♠❛❣♥♦♥s ❡st r❡♣rés❡♥té ❋✐❣✳✷✳✸ ♣♦✉r λ = λc✳ ❖♥ ② ✈♦✐t

❧✬é♥❡r❣✐❡ ❞❡ ❧❛ ❜❛♥❞❡ ❞❡ s♣✐♥♦♥s ✭✉♥✐q✉❡ ❝❛r ✉♥ s✐t❡ ♣❛r ♠❛✐❧❧❡✱ ♠❛✐s ❞♦✉❜❧❡♠❡♥t ❞é❣é♥éré❡ ✿
❧❡s ã ♦♥t ❧❛ ♠ê♠❡ é♥❡r❣✐❡ q✉❡ ❧❡s b̃✮ s✉r t♦✉t❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ✭❩❞❇✮✱ ❛✐♥s✐ q✉✬✉♥❡ ❝♦✉♣❡
s✉r ✉♥ ❝❤❡♠✐♥ ❞❡ ❝❡tt❡ ③♦♥❡✳ ▲✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❞❡s ♠❛❣♥♦♥s ❡♥ ❝❤❛q✉❡ ♣♦✐♥t ❞❡ ❧❛ ❩❞❇
❡st r❡♣rés❡♥té❡ ❡♥ ❋✐❣✳ ✷✳✸✭❜✮✳ ❊❧❧❡ ❛tt❡✐♥t s♦♥ ♠✐♥✐♠✉♠ ❛✉① ❝♦✐♥s ❡t ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ❩❞❇✳

▲❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ K = (2π
3 ,

4π
3 ) ✭❞❛♥s ❧❛ ❜❛s❡ e

q
i ✮ ❡st

MK = 3
√

3

(
1 −i
i 1

)
✭✷✳✶✶✶✮

♦ù ❧✬♦♥ ❛ ♣r✐s A = 1 ❡t λ = λc✳ ❈❡tt❡ ♠❛tr✐❝❡ ♣♦ssè❞❡ ✉♥ ✉♥✐q✉❡ ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ ✈❛❧❡✉r
♣r♦♣r❡ ♥✉❧❧❡✱ ❞❡ ❝♦♦r❞♦♥♥é❡s

vK =

(
i
1

)
✭✷✳✶✶✷✮

❖♥ r❡tr♦✉✈❡ ❧❡ ❢❛❝t❡✉r ±i ❡♥tr❡ ❧❡s ❞❡✉① ✈❡❝t❡✉rs u ❡t v ❞❡ ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳ ❖♥ ❛ ❧❛
♠❛tr✐❝❡ ❡t ❧❡ ✈❡❝t❡✉r ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é ♣♦✉r ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ −K✳

P♦✉r ♦❜t❡♥✐r ❧❡s 〈ax〉 ❡t 〈bx〉 ❞✬✉♥ ét❛t ❝♦♥❞❡♥sé s✉r ✉♥ s✐t❡ x✱ ♦♥ ✉t✐❧✐s❡ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡
(

〈ax〉
〈bx〉∗

)
= cKvKe

iKx + c−Kv−Ke
−iKx, ✭✷✳✶✶✸✮

♦ù cK, c−K ∈ C✳ ❉❡ ❝❡tt❡ é❣❛❧✐té✱ ♦♥ ❞é❞✉✐t
(

〈ax〉
〈bx〉

)
=

(
icK −ic−K

c∗−K c∗K

)(
eiKx

e−iKx

)
✭✷✳✶✶✹✮

▲❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞û ❛✉ ❝♦♥❞❡♥s❛t s✉r ❝❤❛q✉❡ s✐t❡ x ❡st |〈ax〉|2 + |〈bx〉|2 q✉✐✱ ❝♦♠♣t❡
t❡♥✉ ❞❡ ❧❛ ❢♦r♠❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s✱ ❡st é❣❛❧ à 2|cK|2 + 2|c−K|2✳ ❈❡ ♥♦♠❜r❡
❞♦✐t êtr❡ é❣❛❧ à ❧❛ ❢r❛❝t✐♦♥ ❝♦♥❞❡♥sé❡ x✳ ▲✬♦r✐❡♥t❛t✐♦♥ ❞✉ s♣✐♥ s✉r ✉♥ s✐t❡ ❡st ❞♦♥♥é❡ ♣❛r

Sx =
1

2
(〈a∗x〉〈b∗x〉)~σ

(
〈ax〉
〈bx〉

)
. ✭✷✳✶✶✺✮
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✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ (π) ✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ✷✳✹ ✕ ❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r A = 1 ❡t λ = λc✳

❋❛✐r❡ ✉♥❡ r♦t❛t✐♦♥ ❡st éq✉✐✈❛❧❡♥t à ♠✉❧t✐♣❧✐❡r ❧❛ ♠❛tr✐❝❡ ❞❡s ❝♦♠♣❧❡①❡s ❞❡ ❧✬éq✉❛t✐♦♥
✭✷✳✶✶✹✮ ♣❛r ✉♥❡ ♠❛tr✐❝❡ R ❞❡ SU(2)✱ ❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ ❞❡ ♥♦✉✈❡❛✉① ❝♦❡✣❝✐❡♥ts c′K ❡t
c′−K✳ ❈❡s ♥♦✉✈❡❛✉① ❝♦❡✣❝✐❡♥ts ❞♦✐✈❡♥t ✈ér✐✜❡r

(
ic′K −ic′−K

c′∗−K c′∗K

)
= R

(
icK −ic−K

c∗−K c∗K

)
. ✭✷✳✶✶✻✮

❖♥ ❛ ❞♦♥❝ q✉❛tr❡ éq✉❛t✐♦♥s ♣♦✉r s❡✉❧❡♠❡♥t ❞❡✉① ✐♥❝♦♥♥✉❡s✳ ❙✐ ❡❧❧❡s ♦♥t t♦✉❥♦✉rs ✉♥❡
s♦❧✉t✐♦♥✱ ❝✬❡st ❞û à ❧❛ ❢♦r♠❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ MK ❡t M−K ✿

(v±K)j = ±i(v±K)j+m ✭✷✳✶✶✼✮

✭❝❡tt❡ ♣r♦♣r✐été ❡st ❣é♥ér❛❧❡ ❞ès q✉❡ ❧❡ s♣✐♥♦♥ ❣❛♣❧❡ss ❡st ✉♥✐q✉❡✱ ♠ê♠❡ ♣♦✉r ♣❧✉s✐❡✉rs s✐t❡s
❞❛♥s ❧❛ ♠❛✐❧❧❡✳ P❛r ❝♦♥tr❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ♣❧✉s✐❡✉rs s♣✐♥♦♥s ❣❛♣❧❡ss ♣♦✉r ✉♥ s❡✉❧ ✈❡❝t❡✉r
❞✬♦♥❞❡✱ ❝✬❡st ♣❧✉s ❝♦♠♣❧✐q✉é✱ ✈♦✐r ❧❡ ❝❛s s✉✐✈❛♥t ❛✈❡❝ ❧❡ ✢✉① π✮✳

❖♥ ♣❡✉t ❞♦♥❝ ✜①❡r cK =
√
x/2 ❡t c−K = 0 ✭tr♦✐s ❛♥❣❧❡s ❞✬❊✉❧❡r ✜①és ✿ ✸ ♣❛r❛♠ètr❡s✱

❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ✿ ✶ ♣❛r❛♠ètr❡✮✱ ❝✬❡st à ❞✐r❡ ♣r✐✈✐❧é❣✐❡r ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s
s♣✐♥s✱ ❝❡ q✉✐ ❧❛✐ss❡ ❧✬❛✐♠❛♥t❛t✐♦♥ s✉✐✈❛♥t❡ ✿

Sx =

√
x

2




− sin(2Kx)
− cos(2Kx)

0



 , ✭✷✳✶✶✽✮

❝✬❡st à ❞✐r❡ ❧✬❛✐♠❛♥t❛t✐♦♥ ❞❡ ❧✬ét❛t ❝♦♣❧❛♥❛✐r❡ à ✶✷✵o ✭❋✐❣✳✶✳✻✭❝✮✮✳

❆♥s❛t③ (π)

▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ ❞❡✉① s✐t❡s ✭❋✐❣✳✷✳✹✭❛✮✮✳ ▲❛ ❜❛♥❞❡ ❞✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s
❣❛♣❧❡ss ❡st q✉❛tr❡ ❢♦✐s ❞é❣é♥éré❡ ✭❞❡✉① s✐t❡s ♣❛r ♠❛✐❧❧❡✱ ♠✉❧t✐♣❧✐é ♣❛r ❞❡✉① ❜♦s♦♥s ♣❛r
♠♦❞❡✮✳ P♦✉r κc = 0.75 ❬✶✵✽❪✱ ❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t
❛✉① ♣♦✐♥ts Q = (π2 , 0) ❡t −Q ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ r❡❝t❛♥❣✉❧❛✐r❡ ❞✉ rés❡❛✉ ✭❞❛♥s ❧❛
❜❛s❡ e

q
i ✮✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc = −2

√
3A✳ ▲✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳✷✳✹✭❝✮

❡t ✷✳✹✭❞✮✱ ❝❡❧❧❡ ❞❡s ♠❛❣♥♦♥s✱ ❡♥ ❋✐❣✳ ✷✳✹✭❜✮✳ ▲❡s ♠❛❣♥♦♥s ♠♦✉s ♦♥t ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡
❛✉① ❝♦✐♥s ❡t ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ❩❞❇ r❡❝t❛♥❣✉❧❛✐r❡ ✭s♦✐t ❛✉ ❝❡♥tr❡ ❡t ❛✉① ♠✐❧✐❡✉① ❞❡ ❝ôtés ❞❡
❧❛ ❩❞❇ ❞✉ ❝r✐st❛❧✮✳ ▲❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ Q ❡st

MQ = 2





√
3 0 −i 1 − i

0
√

3 −1 − i i

i −1 + i
√

3 0

1 + i −1 0
√

3



 ✭✷✳✶✶✾✮
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♦ù ❧✬♦♥ ❛ ♣r✐s A = 1 ❡t λ = λc✳ ❈❡tt❡ ♠❛tr✐❝❡ ♣♦ssè❞❡ ❞❡✉① ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ✈❛❧❡✉rs
♣r♦♣r❡s ♥✉❧❧❡s✱ ❞❡ ❝♦♦r❞♦♥♥é❡s

uQ =





1+
√

3√
2
e3iπ/4

i
1+

√
3√

2
eiπ/4

1




=

(
u1Q

−iu1Q

)
vQ =





√
3−1√
2
e3iπ/4

−i√
3−1√
2
e−3iπ/4

1




=

(
v1Q

iv1Q

)
.

❖♥ ❛ ❧❛ ♠❛tr✐❝❡ ❡t ❧❡s ✈❡❝t❡✉rs ❝♦♠♣❧❡①❡s ❝♦♥❥✉❣✉és ♣♦✉r ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ −Q✳
❊♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r ❞❛♥s ❧❡s ✹ ♠♦❞❡s ♠♦✉s✱ ❛✈❡❝ ❞❡s ❛♠♣❧✐t✉❞❡s ❝♦♠♣❧❡①❡s ci=1···4✱

♦♥ ♦❜t✐❡♥t ✿




〈a1x〉
〈a2x〉
〈b1x〉
〈b2x〉



 =

(
c1u1Q + c2v1Q c3u

∗
1Q + c4v

∗
1Q

−ic∗3u1Q + ic∗4v1Q ic∗1u
∗
1Q − ic∗2v

∗
1Q

)(
eiQx

e−iQx

)
. ✭✷✳✶✷✵✮

▲❡s éq✉❛t✐♦♥s ♦❜❧✐❣❡❛♥t ❧❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s ❡♥ ❝❤❛q✉❡ s✐t❡ à êtr❡ é❣❛✉① s❡ rés♦❧✈❡♥t
❡①❛❝t❡♠❡♥t ❡t ❧❡✉r s♦❧✉t✐♦♥ ❡st






c1 = a sinαeiθ1
(
1 −

√
3 +

√
2eiθ2

)

c2 = a sinαeiθ1
(
1 +

√
3 −

√
2eiθ2

)

c3 = −a cosαeiθ3
(
1 −

√
3 +

√
2e−iθ2

)

c4 = a cosαeiθ3
(
1 +

√
3 −

√
2e−iθ2

)
,

✭✷✳✶✷✶✮

♦ù a✱ α✱ θ1✱ θ2 ❡t θ3 s♦♥t ❞❡s ré❡❧s✳ P❛r ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✱ ♦♥ ♣❡✉t ✜①❡r
θ1 = −θ2/2✱ α = π/2✱ ❡t θ3 = 0✳ ■❧ ♥❡ r❡st❡ ❝♦♠♠❡ ♣❛r❛♠ètr❡ ❧✐❜r❡ q✉❡ θ2✳ ▲❡ ❝❛❧❝✉❧ ❞❡s
❞✐r❡❝t✐♦♥s ❞❡s s♣✐♥s ♥♦✉s ❞♦♥♥❡ q✉❛tr❡ s♦✉s✲rés❡❛✉①✳ ▲❡s ❞✐r❡❝t✐♦♥s ❞❡s s♣✐♥s ♣♦✉r t♦✉t❡s
❧❡s ✈❛❧❡✉rs ❞❡ θ2 s❡ r❡❣r♦✉♣❡♥t s✉r q✉❛tr❡ ❝❡r❝❧❡s ❝♦♥❝❡♥tr✐q✉❡s ❞♦♥t ❧❡s ♥♦r♠❛❧❡s ♣♦✐♥t❡♥t
✈❡rs ❧❡s s♦♠♠❡ts ❞✬✉♥ tétr❛è❞r❡ ✭❋✐❣✳✷✳✺✭❛✮✮✳ ▲❡s ❝♦s✐♥✉s ❞❡s ❛♥❣❧❡s r❡❧❛t✐❢s ❡♥tr❡ ❧❡s s♣✐♥s
s♦♥t ✐♥❞✐q✉és ❋✐❣✳✷✳✺✭❜✮✳ ❖♥ ② r❡♠❛rq✉❡ q✉❡ ❧❡s s♣✐♥s ♥❡ ♣♦✐♥t❡♥t ❥❛♠❛✐s ✈❡rs ❧❡s s♦♠♠❡ts
❞✬✉♥ tétr❛è❞r❡ ✭❧❡s tr♦✐s ❝♦s✐♥✉s ❞❡ ❧❛ ❋✐❣✳✷✳✺✭❜✮ s❡r❛✐❡♥t ✐❞❡♥t✐q✉❡s✮ ❡t q✉❡ ❧❡s s♣✐♥s ❞❡ ❞❡✉①
s♦✉s✲rés❡❛✉① ❞✐✛ér❡♥ts ♥❡ s♦♥t ❥❛♠❛✐s ❞❛♥s ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥ ✭❧✬✉♥ ❞❡s ❝♦s✐♥✉s ♣r❡♥❞r❛✐t ❧❛
✈❛❧❡✉r ✶✮✳ ▲❡ ♣♦✐♥t ❝♦♠♠✉♥ ❡♥tr❡ t♦✉t❡s ❝❡s ♦r✐❡♥t❛t✐♦♥s ❞❡ s♣✐♥ ❡st ❧❡✉r é♥❡r❣✐❡ ❝❧❛ss✐q✉❡ ✿
❧❛ s♦♠♠❡ ❞❡s tr♦✐s ❝♦s✐♥✉s ❞❡ ❧❛ ✜❣✉r❡ ✷✳✺✭❜✮ ❡st ❧❛ ❝♦♥st❛♥t❡ −1✳

❈❡tt❡ s✐t✉❛t✐♦♥ ♦ù ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ♥♦✉s ❞♦♥♥❡ ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛ts ❝❧❛ss✐q✉❡s ♣♦ss✐❜❧❡s
♥♦♥ r❡❧✐és ♣❛r ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ❡st ❛ss❡③ étr❛♥❣❡✳ ◆♦✉s ✈❡rr♦♥s ♣❛r ❧❛ s✉✐t❡
q✉❡ ❝❡t ❆♥s❛t③ ❛ été s❡❧❡❝t✐♦♥♥é ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ s②♠étr✐❡✱ ♠❛✐s q✉❡ r✐❡♥ ♥❡ ♣rés✉♣♣♦s❡
q✉✬✐❧ ❡st é♥❡r❣ét✐q✉❡♠❡♥t ✐♥tér❡ss❛♥t ♣♦✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❝❤♦✐s✐ ✐❝✐ ✭❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✮✳

❆✈❡❝ ❝❡s ❞❡✉① ❆♥sät③❡✱ ❧✬❛✐♠❛♥t❛t✐♦♥ ❞✉ ❝♦♥❞❡♥s❛t ❡st ♥♦♥ ♥✉❧❧❡ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②✲
♥❛♠✐q✉❡✳ ▼❛✐s ❝❡tt❡ ❛✐♠❛♥t❛t✐♦♥ ♥❡ ❝♦ût❡ ❛✉❝✉♥❡ é♥❡r❣✐❡ s❡✉❧❡♠❡♥t à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②✲
♥❛♠✐q✉❡✳ ❆✈❛♥t✱ à t❛✐❧❧❡ ✜♥✐❡✱ ❧❡ ●❙ ❡st ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✳ ▲♦rs ❞❡ ❧✬❛❥✉st❡♠❡♥t
♥✉♠ér✐q✉❡ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ♦♥ s❡ ♣❧❛❝❡ à t❛✐❧❧❡ ✜♥✐❡✳ ❈♦♠♠❡♥t✱ à ♣❛rt✐r
❞✬✉♥❡ ❛♥❛❧②s❡ ❡♥ t❛✐❧❧❡ ✜♥✐❡✱ s❛✈♦✐r s✐ ❧✬♦♥ ❡st ❞❛♥s ✉♥❡ ♣❤❛s❡ ▲❘❖ ♦✉ ❚❙▲ ❄

✸✳✹ ❆♥❛❧②s❡ ❞❡ t❛✐❧❧❡ ✜♥✐❡ ❞❡ ❧✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡

▲❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s

❖♥ ❛ ✈✉ ♣ré❝é❞❡♠❡♥t q✉❡ ❧♦rsq✉❡ ❧❡ s②stè♠❡ ❡st ▲❘❖✱ ❧❡ ❣❛♣ ❞❡ ❜♦s♦♥s ❡st ❡♥ 1/Ns ❡t
❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ s♦♥t ❡♥

√
Ns ❞❛♥s ❧❡s ❝♦❧♦♥♥❡s ❞❡s ♠♦❞❡s ♠♦✉s✳

Pr❡♥♦♥s ♠❛✐♥t❡♥❛♥t ❧❡ rés❡❛✉ ❦❛❣♦♠❡✱ ❛✈❡❝ ❧✬❆♥s❛t③ (π, 0) ✭✢✉① π ❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡✱
✢✉① 0 ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ à ✽ ❧✐❡♥s✮✱ q✉✐ ❞♦♥♥❡ ❧✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ q = 0 ✭❋✐❣✳✶✳✼✭❜✮✮ à

✽✹ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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✭❛✮ ✭❜✮

❋✐❣✳ ✷✳✺ ✕ ❆✐♠❛♥t❛t✐♦♥ ❞❡ ❧✬❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r κ > κc✳ ✭❛✮❉✐r❡❝t✐♦♥
❞❡s s♣✐♥s ❞❡s q✉❛tr❡ s♦✉s✲rés❡❛✉① ❧♦rsq✉❡ θ2 ♣❛r❝♦✉rt [0, 2π[✳ ✭❜✮❈♦s✐♥✉s ❞❡s ❛♥❣❧❡s ❞✬✉♥
s♣✐♥ ❛✈❡❝ ❝❡✉① ❞❡s tr♦✐s ❛✉tr❡s s♦✉s✲rés❡❛✉① ❡♥ ❢♦♥❝t✐♦♥ ❞❡ θ2✳ ❈❡s ❝♦s✐♥✉s s♦♥t ✐♥✈❛r✐✲
❛♥ts ♣❛r tr❛♥s❧❛t✐♦♥ ❞✉ ❧✐❡♥ ❝♦♥❝❡r♥é s❡❧♦♥ ✉♥ ✈❡❝t❡✉r ❞✉ rés❡❛✉ ❞❡ ❇r❛✈❛✐s ❞✉ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡✳ ❖♥ ❝♦♥♥❛ît ❞♦♥❝ ❧❡s ❛♥❣❧❡s ❡♥tr❡ ❝❤❛q✉❡ ♣❛✐r❡ ❞❡ s♣✐♥s✳

✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③
(π, 0)

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ✷✳✻ ✕ ❆♥s❛t③ (π, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r A = 1 ❡t λ = λc✳

✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙ ✽✺
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❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ♣♦✉r κc = 0.5 ✭❝❛❧❝✉❧s ❡♥ ❆♥♥✳❈✳✺✮✳ ▲✬✐♥t❡r❛❝t✐♦♥ ❡st t♦✉❥♦✉rs
❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❈❡t ❆♥s❛t③ ❡t s❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥ ❡t ❞❡ ♠❛❣♥♦♥ à ❧❛ ❝♦♥❞❡♥s❛t✐♦♥
s♦♥t ❞é❝r✐ts ❋✐❣✳✷✳✻✳ ▲❡ rés❡❛✉ ❦❛❣♦♠❡ ❡st ♣❧✉s ✐♥tér❡ss❛♥t q✉❡ ❧❡ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ❝❡ q✉✐
♥♦✉s ✐♥tér❡ss❡ ❝❛r ✐❧ ♣♦ssè❞❡ ♣❧✉s✐❡✉rs s✐t❡s ❞❛♥s s❛ ♠❛✐❧❧❡ é❧é♠❡♥t❛✐r❡s ✭m = 3✮✱ ❝❡ q✉✐ ✈❛
r❡♥❞r❡ ❧❡s r❡♠❛rq✉❡s q✉✐ ❛rr✐✈❡♥t ♣❧✉s ❣é♥ér❛❧❡s✳

❙✉r ✉♥ rés❡❛✉ ❛ss❡③ ❣r❛♥❞✱ ❧❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s ✈♦♥t êtr❡ ♣r♦❝❤❡s ❞❡
❝❡✉① ❞❡ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ▲❛ ♠❛tr✐❝❡ ❞✬✉♥ ♠♦❞❡ q ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡st ❞❡ t❛✐❧❧❡
2m✱ 6 ✐❝✐✳ ❯♥❡ ❢♦✐s ♣❛r❛✲❞✐❛❣♦♥❛❧✐sé❡✱ ❡❧❧❡ ❛✉r❛ ❞♦♥❝ ✻ é♥❡r❣✐❡s ♣r♦♣r❡s ωiq✳ ▲❛ s②♠étr✐❡
S → −S ✐♠♣❧✐q✉❡ q✉❡ t♦✉t❡s ❧❡s é♥ér❣✐❡s ✈♦♥t ♣❛r ♣❛✐r❡s ✭ãq ❡t b̃q✮✳ ❖♥ ❛ ❞♦♥❝ tr♦✐s
é♥❡r❣✐❡s ♣r♦♣r❡s ❞♦✉❜❧❡♠❡♥t ❞é❣é♥éré❡s q✉✐ ✈♦♥t ❢♦r♠❡r tr♦✐s ♥❛♣♣❡s ❞❛♥s ❧❛ ③♦♥❡ ❞❡
❇r✐❧❧♦✉✐♥✳ ❉❡s ❝♦✉♣❡s ❧❡ ❧♦♥❣ ❞✬✉♥ ❝❤❡♠✐♥ ❞❡ ❧❛ ❩❞❇ s♦♥t r❡❣r♦✉♣é❡s s✉r ❧❛ ❋✐❣✳✷✳✼ ♣♦✉r
♣❧✉s✐❡✉rs ✈❛❧❡✉rs ❞❡ κ✳ ❖♥ ♥❡ ✈♦✐t q✉❡ ❞❡✉① ❜❛♥❞❡s ✿ ❧❛ ❜❛♥❞❡ ✐♥❢ér✐❡✉r❡ ❡st ❞♦✉❜❧❡♠❡♥t
❞é❣é♥éré❡✳ ▲❛ ❜❛♥❞❡ s✉♣ér✐❡✉r❡ ❡st ♣❧❛t❡ ❡t ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞❡ ✇❡❛t❤❡r✈❛♥❡ ✭❣✐r♦✉❡tt❡✮
q✉✐ ❡st ❞✬é♥❡r❣✐❡ ♥✉❧❧❡ ❝❧❛ss✐q✉❡♠❡♥t ✭❝❡ s♦♥t t♦✉t❡s ❧❡s ♠♦❞❡s ❞❡ ●♦❧❞st♦♥❡ ❧♦❝❛✉① ❞✉
rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✮✱ ♠❛✐s ❛✉①q✉❡❧❧❡s ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❞♦♥♥❡♥t
✉♥ ❣❛♣ ✭r❡♥❞❡♥t ♠❛ss✐✈❡s ❞❛♥s ❧❡ ✈♦❝❛❜✉❧❛✐r❡ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ❝❤❛♠♣s✮✳ ▲❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡
❞❡ ❧✬é♥❡r❣✐❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛ ♥❛♣♣❡ ✐♥❢ér✐❡✉r❡ ❡st ❧❡ ❣❛♣ ❞❡ s♣✐♥♦♥s✳ ■❧ ❡st ❛tt❡✐♥t ❡♥ q = 0
❡t ❡st q✉❛tr❡ ❢♦✐s ❞é❣é♥éré✳ P♦✉r κ < κc✱ ❧❡ ❣❛♣ ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s ❡st ♥♦♥ ♥✉❧✱
❛❧♦rs q✉❡ ♣♦✉r κ > κc✱ ✐❧ ❡st ❞✬❛✉t❛♥t ♣❧✉s ♣r♦❝❤❡ ❞❡ 0 q✉❡ ❧❡ s②stè♠❡ ❡st ❣r❛♥❞✳ ▲❡s
✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞❡s ♠❛❣♥♦♥s ♠♦✉s ✭❡♥ ♠❛❣❡♥t❛ s✉r ✷✳✻✭❜✮✮ s♦♥t ♦❜t❡♥✉s ❡♥ ❛❞❞✐t✐♦♥♥❛♥t
❧❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❞❡ ❞❡✉① s♣✐♥♦♥s ♠♦✉s✱ ❝❡ q✉✐ ❞♦♥♥❡ ✶✻ ♠❛❣♥♦♥s ❡♥ q = 0✳

▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡

▲✬❛✐♠❛♥t❛t✐♦♥ ❞✬✉♥ s②stè♠❡ à t❛✐❧❧❡ ✜♥✐❡ ❡st ♥✉❧❧❡ ❡♥ ❙❇▼❋❚✱ ♠❛✐s s❡s ❝♦rré❧❛t✐♦♥s s♦♥t
à ❧♦♥❣✉❡ ♣♦rté❡ s✐ ❧✬♦♥ ❡st ❞❛♥s ✉♥❡ ♣❤❛s❡ ▲❘❖✱ ❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r ❣râ❝❡ à ❧✬❛♥❛❧②s❡ ❞❡s
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✳ P❧✉s✐❡✉rs ❝❛❧❝✉❧s ❞❡ ❝❡s q✉❛♥t✐tés ♦♥t ❞é❥à été ré❛❧✐sés à t❡♠♣ér❛t✉r❡
♥♦♥ ♥✉❧❧❡✱ s✉r ❧❡s rés❡❛✉① ❝❛rré ❬✺❪ ❬✻✽❪ ❡t ♥✐❞ ❞✬❛❜❡✐❧❧❡ ❬✻✸❪✳ ▼❛✐s ❛✉❝✉♥ ♥✬❛ été ❢❛✐t s✉r ❧❡
rés❡❛✉ ❦❛❣♦♠❡✳ ◆♦✉s ❛❧❧♦♥s ❞✬❛❜♦r❞ ❝❛❧❝✉❧❡r ❝❡s q✉❛♥t✐tés ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ♣✉✐s✱
✈♦✐r ❝♦♠♠❡♥t ❞✐st✐♥❣✉❡r ❧❡s ♣❤❛s❡s ▲❘❖ ❡t ❚❙▲ ❣râ❝❡ à ❧❡✉r é✈♦❧✉t✐♦♥ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞✉
s②stè♠❡✳ ❊♥✜♥✱ ♥♦✉s ❞✐s❝✉t❡r♦♥s ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✳

❉é✜♥✐t✐♦♥s ❆♣rès q✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s✱ ♥♦✉s ❛❧❧♦♥s ♠♦♥tr❡r q✉❡ ❝❤❛q✉❡ ❢❛❝t❡✉r ❞❡ str✉❝✲
t✉r❡ ❡♥ t❛✐❧❧❡ ✜♥✐❡ s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡ Pq✳

NQ = Ns/r ❛ été ❞é✜♥✐ ♣❛❣❡ ✷✺ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❡❝t❡✉rs ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥
ét❡♥❞✉❡ ✭❩❞❇❊✮✳ Nm ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛✐❧❧❡s ❞❡ m s✐t❡s✳ ❖♥ ❞é✜♥✐t ❧❛ tr❛♥s❢♦r♠é❡ ❞❡
❋♦✉r✐❡r ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ✿

SQ =
1√
NQ

∑

x,i

e−iQ(x+ri)Sxi. ✭✷✳✶✷✷✮

❖♥ s❡ ♣❧❛❝❡ ❡♥ r❡♣rés❡♥t❛t✐♦♥ ❞❡ ❍❡✐s❡♥❜❡r❣✱ ♦ù ❝❡ s♦♥t ❧❡s ♦♣ér❛t❡✉rs ❡t ♥♦♥ ❧❛ ❢♦♥❝t✐♦♥
❞✬♦♥❞❡ q✉✐ é✈♦❧✉❡♥t ❞❛♥s ❧❡ t❡♠♣s G(t) = eiHtGe−iHt✳ ▲❡s ❝♦rré❧❛t✐♦♥s ❡♥ t❡♠♣s ❡t ❡♥
❡s♣❛❝❡ s♦♥t ❞é❝r✐t❡s ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡ ♣❛r ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡s
Sαβ(Q, ω) ✭❛✈❡❝ α, β = x, y, z,+,−✮✱ ❞é✜♥✐s ❝♦♠♠❡

Sαβ(Q, ω) =

∫ +∞

−∞
dteiωt〈Sα−Q(t)SβQ(0)〉MF . ✭✷✳✶✷✸✮

▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ✭♦ù à t❡♠♣s é❣❛✉①✮ Sαβ(Q) s♦♥t r❡❧✐és ❛✉① ❢❛❝t❡✉rs ❞❡
str✉❝t✉r❡ ❞②♥❛♠✐q✉❡s ♣❛r ❧❛ r❡❧❛t✐♦♥

Sαβ(Q) =
1

2π

∫
dωSαβ(Q, ω). ✭✷✳✶✷✹✮

✽✻ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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▲❡s ♠♦②❡♥♥❡s s❡r♦♥t ❝❛❧❝✉❧é❡s ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❝✬❡st à ❞✐r❡ ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s
❞❡ ❇♦❣♦❧✐✉❜♦✈✱ ♥♦té |0̃〉✳ ❊♥ ✐♥sér❛♥t ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❢❡r♠❡t✉r❡ ❞❛♥s ❧✬❊q✳✷✳✶✷✸✱ ♦♥ ❛rr✐✈❡
à ❧✬é❣❛❧✐té s✉✐✈❛♥t❡ ✈❛❧❛❜❧❡ ❡♥ ❙❇▼❋❚

Sαβ(Q, ω) = 2π
∑

|p〉
〈0̃|Sα−Q|p〉〈p|SβQ|0̃〉δ(ω − ωp), ✭✷✳✶✷✺✮

♦ù |p〉 ♣❛r❝♦✉rt ❧✬❡♥s❡♠❜❧❡ ❞❡s ét❛ts à ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ✜①és✳ ❈♦♠♠❡ ❧❡s
♦♣ér❛t❡✉rs ❞❡ s♣✐♥ s♦♥t q✉❛❞r❛t✐q✉❡s ❡♥ ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✱ ✐❧ ♥❡ ♣♦✉rr♦♥t ❝ré❡r ♦✉
❞étr✉✐r❡ ❛✉ ♠❛①✐♠✉♠ q✉❡ ❞❡✉① ❜♦s♦♥s✳ ❖♥ ♣❡✉t ❞♦♥❝ ❡♥ ♣r❛t✐q✉❡ s❡ ❧✐♠✐t❡r ❛✉① ét❛ts |p〉
à 0✱ 1 ♦✉ 2 ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈✳ ■❧ ♥❡ r❡st❡ ❞♦♥❝ ♣❧✉s q✉✬à ❝❛❧❝✉❧❡r ❧❡s ♣r♦❞✉✐ts s❝❛❧❛✐r❡s
❞❡ ❝❡tt❡ ❢♦r♠✉❧❡✱ ❝❡ q✉✐ ❞♦♥♥❡ ✉♥ rés✉❧t❛t ❢♦♥❝t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡✳

❊①❡♠♣❧❡ ❞❡ ❝❛❧❝✉❧ ◆♦✉s ❛❧❧♦♥s ❞ét❛✐❧❧❡r ❧❡ ❝❛❧❝✉❧ ♣♦✉r S−+(Q, ω)✳

S−+(Q, ω) = 2π
∑

|p〉

∣∣∣〈0̃|S−
−Q|p〉

∣∣∣
2
δ(ω − ωp). ✭✷✳✶✷✻✮

❖♥ r❡♠♣❧❛❝❡ ❧❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ♣❛r ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s s✉r s✐t❡✱ q✉❡ ❧✬♦♥ ❡①♣r✐♠❡
❡♥s✉✐t❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs tr❛♥❢♦r♠é❡s ❞❡ ❋♦✉r✐❡r✱ ❝❡ q✉✐ ♠è♥❡ à

S−+(Q, ω) =
2π

NQ

∑

|p〉

∣∣∣∣∣∣

∑

i,q,k

δZdB(Q + q + k)e−i(q+k)ri〈0̃|aiq(b†i )k|p〉

∣∣∣∣∣∣

2

δ(ω − ωp),

♦ù δZdB ✈❛✉t ✶ s✐ s♦♥ ❛r❣✉♠❡♥t r❛♠❡♥é ❞❛♥s ❧❛ ❩❞❇ ❡st ♥✉❧✳ ❖♥ ❡①♣r✐♠❡ ♠❛✐♥t❡♥❛♥t
〈0̃|aiq(b†i )k|p〉 ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈ ✿

〈0̃|aiq(b†i )k|p〉 =
∑

l,n

〈0̃|(Pq,i,lãlq + Pq,i,l+m(b̃†l )q)(Pk,i+m,nãnk + Pk,i+m,n+m(b̃†n)k)|p〉.

▲❡s ♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ b̃† ✈♦♥t ❛♥♥✐❤✐❧❡r 〈0̃|✱ ❡t ❝❡✉① ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ♥❡ ✈♦♥t ♣♦✉✈♦✐r
❞♦♥♥❡r ✉♥ t❡r♠❡ ♥♦♥ ♥✉❧ q✉❡ s✐ |p〉 ❡st ❧✬ét❛t ❝♦♠♣♦rt❛♥t ❧❡s ❞❡✉① ❜♦s♦♥s ã ❝♦rr❡s♣♦♥❞❛♥ts✳
▲❛ s♦♠♠❡ s✉r |p〉 ✈❛ ❞♦♥❝ ♣♦rt❡r s✉r t♦✉s ❧❡s ét❛ts à ❞❡✉① ❜♦s♦♥s ã ✿

∑

|p〉
| · · · |p〉|2δ(ω − ωp) →

∑

q′,k′,l′,n′≥l′

∣∣∣∣∣∣
· · ·

ã†l′q′ ã
†
n′k′

√
〈0̃|ãn′k′ ãl′q′ ã†l′q′ ã

†
n′k′ |0̃〉

|0̃〉

∣∣∣∣∣∣

2

δ(ω − ωl′q′ − ωn′k′).

❋✐♥❛❧❡♠❡♥t✱ ♦♥ ♦❜t✐❡♥t ❧❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡ s✉✐✈❛♥t✱ ❞♦♥t ♦♥ ❞é❞✉✐t ❧❡ ❢❛❝t❡✉r
❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ❛ss♦❝✐é

S−+(Q, ω) =
2π

NQ

∑

q,k,l,n≥l
δ(ω − ωlq − ωnk)δZdB(Q + q + k)

∣∣∣∣∣
∑

i

eiQri (Pq,i,lPk,i+m,n

+Pq,i+m,lPk,i,n

(
1 − (2 −

√
2)δlnδZdB(q − k)

))∣∣∣
2
, ✭✷✳✶✷✼✮

S−+(Q) =
1

NQ

∑

q,k,l,n≥l
δZdB(Q + q + k)

∣∣∣∣∣
∑

i

eiQri (Pq,i,lPk,i+m,n

+Pq,i+m,lPk,i,n

(
1 − (2 −

√
2)δlnδZdB(q − k)

))∣∣∣
2
. ✭✷✳✶✷✽✮

❙✐ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✱ ♦♥ ❛ t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❞❛♥s
❝❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ✭✐❧ ❡st é❣❛❧ à 2Sxx✱ 2Syy✱ 2Szz ❡t S+−✮✳
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Γ

Κ

Κe

Μe

Μ

Γ  0

 0.2

 0.4

 0.6

 0.8

 1

 1.2 0
 0.01
 0.02
 0.03

✭❛✮ κ = 0.2

Γ

Κ

Κe

Μe

Μ

Γ  0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6
 0

 0.05
 0.1

 0.15

✭❜✮ κ = 0.4

Γ

Κ

Κe

Μe

Μ

Γ  0

 0.5

 1

 1.5

 2

 2.5

 3 0
 15
 30
 45

✭❝✮ κ = 1

❋✐❣✳ ✷✳✼ ✕ ❙♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ✭♠❛①✐♠✉♠ ❡♥ r♦✉❣❡✱ ♠✐♥✲
✐♠✉♠ ❡♥ ♠❛❣❡♥t❛✮ ❡t ❞②♥❛♠✐q✉❡ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r ❧✬❆♥s❛t③ (π, 0) ♣♦✉r ❞✐✛ér❡♥ts
κ ✭κc = 0.5✮ s✉r ✉♥ rés❡❛✉ ❞❡ t❛✐❧❧❡ ✜♥✐❡✳

✽✽ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙
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Γ

Κ

Κe

Μe

Μ

Γ  0

 0.5

 1

 1.5

 2

 2.5

 3 0
 1.5

 3
 4.5

❋✐❣✳ ✷✳✽ ✕ ❩♦♦♠ ❞✉ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ❞❡ ❧❛ ♣❤❛s❡ ▲❘❖ ❞❡ ❧✬❆♥s❛t③ (π, 0) s✉r ❧❡ rés❡❛✉
❦❛❣♦♠❡ ♣♦✉r κ = 1✳ ▲❡s ♣✐❝s ❞✉ ❝♦♥t✐♥✉✉♠✱ ❡♥ 1/Ns s♦♥t ❡♥ ♥♦✐rs✱ ❧❡s ♣✐❝s ❞❡s ❜r❛♥❝❤❡s
❞❡ ♠❛❣♥♦♥s s♦♥t ❡♥ r♦✉❣❡✱ ❡t ❧❡ ♣✐❝ ❞❡ ❇r❛❣❣ ❡st ❡♥ ❜❧❡✉✳ ■❧ ❡st ❝♦✉♣é ♣❛r ❧❡ ③♦♦♠✳

❈♦♠♣♦rt❡♠❡♥t ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡ ❉✬❛❜♦r❞✱ q✉❡❧q✉❡s r❡♠❛rq✉❡s ✐♥❞é♣❡♥✲
❞❛♥t❡s ❞❡s ♣r♦♣r✐étés ❞✉ ♠♦❞è❧❡✱ q✉❡ ❧✬♦♥ ♣❡✉t ✈ér✐✜❡r s✉r ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✉ rés❡❛✉
❦❛❣♦♠❡ ❛✈❡❝ ❧✬❆♥s❛t③ (π, 0) ❡♥ ❋✐❣✳✷✳✼✳ ❊♥ t❛✐❧❧❡ ✜♥✐❡✱ ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ s♦♥t ✉♥
❡♥s❡♠❜❧❡ ❞❡ ♣✐❝s ❞❡ ❉✐r❛❝s ❡♥ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ♣♦✐♥ts (Q, ω)✳ ▲❡s Q s♦♥t ❝❡✉① ❞❡ ❧❛
❩❞❇❊✱ ❡t ❧❡s ω s♦♥t ❧❡s é♥❡r❣✐❡s ❞❡s ❡①❝✐t❛t✐♦♥s ❞❡ s♣✐♥ ✶ ✭❝♦♠♣♦sé❡s ❞❡ ❞❡✉① s♣✐♥♦♥s✮✱
❛♣♣❡❧é❡s ♠❛❣♥♦♥s✱ ❞❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ Q✳ ▲❡ ❜❛s ❞✉ s♣❡❝tr❡ ❞❡s ♠❛❣♥♦♥s ❡st ❞♦♥❝ ❧❡ ω
♠✐♥✐♠❛❧ ♦❜t❡♥✉ ♣❛r ❛❞❞✐t✐♦♥ ❞❡ ❞❡✉① é♥❡r❣✐❡s ❞❡ s♣✐♥♦♥s✳ ❊♥ ❞❡ss♦✉s ❞❡ ❝❡tt❡ é♥❡r❣✐❡✱ ❧❡
❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡ ❡st ♥✉❧✳

❙✉♣♣♦s♦♥s q✉❡ ♥♦tr❡ s②stè♠❡ ❡st ▲❘❖ ❡t ♣♦ssè❞❡ ✉♥✐q✉❡♠❡♥t ❞❡✉① ♠♦❞❡s ♠♦✉s ãmq0

❡t b̃mq0 ✭♣♦✉r ❧❛ s✐♠♣❧✐❝✐té ❞❡s ♥♦t❛t✐♦♥s✮✳ ❆❧♦rs✱ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ✐❧ ♣♦ssè❞❡
✉♥❡ ❛✐♠❛♥t❛t✐♦♥✱ q✉✐ ❞♦✐t s❡ ❧✐r❡ s✉r ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ✭❋✐❣✳✷✳✼✭❝✮✮✳ ▲❡ ▲❘❖ s❡
tr❛❞✉✐t s✉r ❧❛ ♠❛tr✐❝❡ ❞❡ ♣❛ss❛❣❡ ♣❛r ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❡♥

√
Ns ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s ❜♦s♦♥s

❞❡ ❇♦❣♦❧✐✉❜♦✈ ♠♦✉s ✿ Pq0,l,m ❡t Pq0,l,2m✱ ♣♦✉r l ∈ [0, 2m]✳ ❉✬❛♣rès ❧❛ ❢♦r♠❡ ❞❡s ❊q✳✷✳✶✷✼
❡t ✷✳✶✷✽✱ ♦♥ ♣❡✉t ❛✈♦✐r ❞❡s t❡r♠❡s ❞✬♦r❞r❡ 1/Ns✱ 1 ❡t Ns✳ ❈♦♠♠❡ ❧❡s ♣✐❝s ♦♥t ❞❡s ♦r❞r❡s
❞❡ ❣r❛♥❞❡✉r très ❞✐✛ér❡♥ts✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ r❡♣r♦❞✉✐r❡ ❧❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ❞②♥❛♠✐q✉❡
❋✐❣✳✷✳✼✭❝✮ ❛✈❡❝ ❞❡s ❝♦✉❧❡✉rs ❞✐✛ér❡♥t❡s ♣♦✉r ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ ♣✐❝s ❡t ❛✈❡❝ ✉♥ ③♦♦♠ ✿
❋✐❣✳✷✳✽✳

✕ ❧❡ ❝♦♥t✐♥✉✉♠ ✿ s✐ (lq) 6= (mq0) ❡t (nk) 6= (mq0)✱ ❛❧♦rs✱ ❧❡ t❡r♠❡ q✱ k✱ l✱ n ❞❡ ✷✳✶✷✼
❡t ✷✳✶✷✽ ✈❛ êtr❡ ❡♥ 1/Ns✳ ▲❡ |p〉 ❞♦♥t ✐❧ ♣r♦✈✐❡♥t ❡st ✉♥ ét❛t ❝♦♠♣♦rt❛♥t ❞❡✉① s♣✐♥♦♥s
♠❛ss✐❢s✳ ▲❡ ♥♦♠❜r❡ ❞❡ t❡r♠❡s ❞❡ ❝❡t ♦r❞r❡ ❡♥ Ns ❡st ❞✬♦r❞r❡ N2

s ✱ ❡t ❧❛ s♦♠♠❡ ❞❡ ❧❡✉rs
❝♦♥tr✐❜✉t✐♦♥s s❡r❛ ❞♦♥❝ ❡♥ Ns✳ ❆ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❝❡s ♣✐❝s ❢♦r♠❡♥t ✉♥
❝♦♥t✐♥✉✉♠ ❛❧❧❛♥t ❞✉ ❜❛s ❞✉ s♣❡❝tr❡ ❞❡s ♠❛❣♥♦♥s ❥✉sq✉✬à s♦♥ ❤❛✉t✳ ■❧s s♦♥t ❞❡ss✐♥és
❡♥ ♥♦✐r s✉r ❧❡s ❋✐❣✳✷✳✼ ❡t ✷✳✽✳

✕ ❧❡s ❜r❛♥❝❤❡s ❞✬♦♥❞❡s ❞❡ s♣✐♥ ✿ s✐ (lq) = (mq0) ♦✉ ✭❡①❝❧✉s✐❢✮ (nk) = (mq0)✱
❛❧♦rs✱ ❧❡ t❡r♠❡ q✱ k✱ l✱ n ❞❡ ✷✳✶✷✼ ❡t ✷✳✶✷✽ ✈❛ êtr❡ ❞✬♦r❞r❡ 1 ❡♥ Ns✳ ▲❡ |p〉 ❞♦♥t ✐❧
♣r♦✈✐❡♥t ❡st ✉♥ ét❛t ❝♦♠♣♦sé ❞✬✉♥ s♣✐♥♦♥ ♠❛ss✐❢ ❡t ❞✬✉♥ s♣✐♥♦♥ ♠♦✉✳ ▲❡ ♥♦♠❜r❡
❞❡ t❡r♠❡s ❞❡ ❝❡t ♦r❞r❡ ❡st ❞✬♦r❞r❡ Ns✱ ❡t ❧❛ s♦♠♠❡ ❞❡ ❧❡✉rs ❝♦♥tr✐❜✉t✐♦♥s s❡r❛ ❞♦♥❝
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❡♥ Ns✳ ▲❡s ♣♦✐♥ts (Q, ω) ❛✉①q✉❡❧s ♦♥ ♣❡✉t tr♦✉✈❡r ❞❡ t❡❧s ♣✐❝s s♦♥t ✉♥✐q✉❡♠❡♥t ❧❡s
♣♦✐♥ts ❞✉ s♣❡❝tr❡ ❞❡s s♣✐♥♦♥s✳ ❆ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❝❡s ♣✐❝s ❢♦r♠❡r♦♥t ❞♦♥❝
❞❡s ♥❛♣♣❡s ❝♦ï♥❝✐❞❛♥t ❛✈❡❝ ❧❡ s♣❡❝tr❡ ❞❡s s♣✐♥♦♥s✳ ▲❡s ♥❛♣♣❡s ❝♦♠♣r❡♥❛♥t ❧❡ s♣✐♥♦♥
❣❛♣❧❡ss ❝♦♠♣r❡♥❞r♦♥t ❧❡s ♠♦❞❡s ❞❡ ●♦❧❞st♦♥❡ ❛ss♦❝✐és à ❧❛ ❜r✐s✉r❡ ❞❡ s②♠étr✐❡✳ ▲❡s
❛✉tr❡s s♦♥t ❞❡s ♠♦❞❡s ❛♣♣❡❧és ♦♣t✐q✉❡s✳ ■❧s s♦♥t ❞❡ss✐♥és ❡♥ r♦✉❣❡ s✉r ❧❡s ❋✐❣✳✷✳✼ ❡t
✷✳✽✳

✕ ❧❡s ♣✐❝s ❞❡ ❇r❛❣❣ ✿ s✐ (lq) = (mq0) ❡t (nk) = (mq0)✱ ❛❧♦rs✱ ❧❡ t❡r♠❡ q✱ k✱ l✱ n
❞❡ ✷✳✶✷✼ ❡t ✷✳✶✷✽ ✈❛ êtr❡ ❞✬♦r❞r❡ Ns✳ ▲❡ |p〉 ❞♦♥t ✐❧ ♣r♦✈✐❡♥t ❡st ✉♥ ét❛t ❝♦♠♣♦sé ❞❡
❞❡✉① s♣✐♥♦♥s ♠♦✉s✳ ▲❡ ♥♦♠❜r❡ ❞❡ t❡r♠❡s ❞❡ ❝❡t ♦r❞r❡ ❡st ❞✬♦r❞r❡ 1✱ ❡t ❧❛ s♦♠♠❡ ❞❡
❧❡✉rs ❝♦♥tr✐❜✉t✐♦♥s s❡r❛ ❞♦♥❝ ❡❧❧❡ ❛✉ss✐ ❡♥ Ns✳ ▲❡s ♣♦✐♥ts (Q, ω) ❛✉①q✉❡❧s ♦♥ ♣❡✉t
tr♦✉✈❡r ❞❡ t❡❧s ♣✐❝s ♦♥t ❧✬✐♠♣✉❧s✐♦♥ q0 ❡t ❧✬é♥❡r❣✐❡ 2ωmq0 ❡♥ 1/Ns✳ ❈❡s ♣✐❝s s♦♥t ✐s♦❧és
❡t ❞✐✈❡r❣❡♥t à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✳ ■❧s s♦♥t ❞❡ss✐♥és ❡♥ ❜❧❡✉ s✉r ❧❡s ❋✐❣✳✷✳✼ ❡t
✷✳✽✳

▲❛ s♦♠♠❡ ❞❡s ✈❛❧❡✉rs ❞❡ t♦✉s ❧❡s ♣✐❝s ❞❡ S−+(Q, ω) ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❡s s♣✐♥s
❡st è❣❛❧❡ à 2

3NsS(S + 1)✳ ❙✐ ❧✬♦♥ ❢❛✐t ❝❡tt❡ s♦♠♠❡ s✉r ❧❡s rés✉❧t❛ts ❞❡ ❙❇▼❋❚✱ ♦♥ ❝♦♥st❛t❡
q✉✬❡❧❧❡ ❡st é❣❛❧❡ à NsS(S + 1) ♣♦✉r κ = 2S✳ ▲❡ ❢❛❝t❡✉r 3/2✱ ✐♥❞é♣❡♥❞❛♥t ❞✉ s♣✐♥✱ ♣r♦✈✐❡♥t
❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s s✉r s✐t❡✱ q✉✐ ❛ été ét✉❞✐é ❡♥ ❙❡❝✳✷✳✻✳

❙✐ ❧✬ét❛t ❡st ✉♥ ❚❙▲✱ ❛❧♦rs✱ ❛✉❝✉♥ t❡r♠❡ ❞❡s ♠❛tr✐❝❡s ❞❡ ♣❛ss❛❣❡ ♥❡ ❞✐✈❡r❣❡✱ ❡t ❧❡s
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ✈♦♥t êtr❡ ✉♥ ❝♦♥t✐♥✉✉♠ à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ✭❋✐❣✳✷✳✼✭❛✮ ❡t
✷✳✼✭❜✮✮✳ ■❧ ♥✬② ❛✉r❛ ❛✉❝✉♥ ♣✐❝ ❛②❛♥t ✉♥❡ é♥❡r❣✐❡ ω ✐♥❢ér✐❡✉r❡ ❛✉ ❣❛♣ ❞❡ s♣✐♥✳ ▼❛✐s ♦♥ ♣❡✉t
✈♦✐r s✉r ❧❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ❞❡ ❧❛ ❋✐❣✳✷✳✼✭❜✮ q✉✬✐❧ r❡st❡ ✉♥❡ ❝✐❝❛tr✐❝❡ ❞❡ ❧✬♦r❞r❡ à
❧♦♥❣✉❡ ♣♦rté❡ ❧♦rsq✉❡ ❧✬♦♥ ❡st ♣r♦❝❤❡ ❞✉ κ ❝r✐t✐q✉❡ ✿ ❧❡s ♣✐❝s ❞❡ ❇r❛❣❣ ♦♥t ❜✐❡♥ sûr ❞✐s♣❛r✉✱
♠❛✐s ✐❧ r❡st❡ ✉♥❡ ❜♦ss❡ à ❧❡✉rs ❡♠♣❧❛❝❡♠❡♥ts✱ s✐❣♥❛t✉r❡ ❞✬✉♥ ♦r❞r❡ à ❝♦✉rt❡ ♣♦rté❡ ♣❛r❡♥t
❞✉ ▲❘❖✳ ❆✐♥s✐✱ ♦♥ ❛ ✈✉ ❡♥ ❙❡❝✳✶✳✻ ❞✉ ❈❤❛♣✳✳✶ ✭♣❛❣❡ ✷✼✮ ❧❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ st❛t✐q✉❡
♦❜t❡♥✉ s✉r ✉♥ é❝❤❛♥t✐❧❧♦♥ ♣♦✉❞r❡✉① ❞❡ ❑❛♣❡❧❧❛s✐t❡ ✿ ✐❧ ♣♦ssé❞❡ ✉♥❡ ❜♦ss❡ ❡♥Me/2 ♣♦✉✈❛♥t
❝♦rr❡s♣♦♥❞r❡ à ❞❡s ❝♦rré❧❛t✐♦♥s à ❝♦✉rt❡ ♣♦rté❡ ❛ss♦❝✐é❡s à ❧✬♦r❞r❡ ❝✉❜♦❝✷ ✭❋✐❣✳✶✳✼✭❢✮✮✳

✾✵ ✸✳ ❉❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❆❯❳ ➱❚❆❚❙ ❉❊ ◆➱❊▲ ❙❊▼■✲❈▲❆❙❙■◗❯❊❙



❈❤❛♣✐tr❡ ✸

❋❧✉① ❡t s②♠étr✐❡s ❡♥ ❙❇▼❋❚ ✿

❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ ❝❧❛ss✐✜❡r ❧❡s ❞✐✈❡rs❡s ♣❤❛s❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♣♦ss✐❜❧❡s
s✉r ✉♥ rés❡❛✉ ❞♦♥♥é✱ ❡♥ s❡ ❝♦♥❝❡♥tr❛♥t t♦✉t ❞✬❛❜♦r❞ s✉r ❧❛ ❙❇▼❋❚ ♣✉✐s ❡♥ é❧❛r❣✐ss❛♥t à ❞❡s
s②stè♠❡s ❞❡ s♣✐♥s ré❡❧s✳ ❉✐✛ér❡♥ts ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♦♥t ❞❡s ♣r♦♣r✐étés ♣❤②s✐q✉❡s ✐♥✈❛r✐❛♥t❡s
♣❛r ❧❡s ♦♣ér❛t✐♦♥s ❞❡ s②♠étr✐❡s s♣❛t✐❛❧❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✭❛♣♣❡❧é❡s s②♠étr✐❡s ❞✉ rés❡❛✉✮✱
❝❡ q✉✐ ❧❡s r❡♥❞ ❞✐✣❝✐❧❡s à ❞✐st✐♥❣✉❡r ❧❡s ✉♥s ❞❡s ❛✉tr❡s✳ ❊♥ ❡✛❡t✱ ✉♥❡ ♣❤❛s❡ s❡ ❝❛r❛❝tér✐s❡
❤❛❜✐t✉❡❧❧❡♠❡♥t ♣❛r s❡s s②♠étr✐❡s ❜r✐sé❡s✳ ❈❡♣❡♥❞❛♥t✱ ❲❡♥ ❛ ❝♦♠♣r✐s q✉❡ ❧❡s ❧✐q✉✐❞❡s ❞❡
s♣✐♥s ❞é❝r✐ts ♣❛r ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ rés♦♥♥❛♥ts ♣♦ssé❞❛✐❡♥t ❞❡s ♣r♦♣r✐étés ❝❛❝❤é❡s ❝♦♥❞✉✐s❛♥t
à ❞❡s ❢❛♠✐❧❧❡s ❞✐✛ér❡♥t❡s✱ s❡ ❞✐st✐♥❣✉❛♥t ♣❛r ❧❡✉r ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❬✶✶✷❪✳

❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪ ♦♥t ❛♣♣❧✐q✉é à ❧❛ ❙❇▼❋❚ ❧❛ t❤é♦r✐❡ ❞❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s
♣r♦❥❡❝t✐✈❡s ✭P❙●✮ ❞é✈❡❧♦♣♣é❡ ♣❛r ❲❡♥ s✉r ✉♥ ♣r♦❜❧è♠❡ ❢❡r♠✐♦♥✐q✉❡ ❡♥ ❝❤❛♠♣ ♠♦②❡♥✳
❈❡tt❡ t❤é♦r✐❡ ♣❡r♠❡t ❞❡ ❞ét❡r♠✐♥❡r t♦✉s ❧❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ✉♥ ❡♥s❡♠❜❧❡ ✜①é ❞❡
s②♠étr✐❡s s♣❛t✐❛❧❡s ❞❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s✳ ❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ s❡❝t✐♦♥✱ ♥♦✉s ❡①♣❧✐q✉❡r♦♥s
❧❛ ♥❛t✉r❡ ❞✉ P❙● ❡t ❞❡s P❙● ❛❧❣é❜r✐q✉❡s✱ ♣✉✐s ❞ét❛✐❧❧❡r♦♥s ❧❛ ♠❛♥✐èr❡ ❞✬ét❛❜❧✐r ❧❛ ❧✐st❡ ❡①✲
❤❛✉st✐✈❡ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s r❡s♣❡❝t❛♥t t♦✉t❡s ❧❡s s②♠étr✐❡s ❞❡ ❞✐✈❡rs rés❡❛✉① ✭❦❛❣♦♠é ❡t
tr✐❛♥❣✉❧❛✐r❡✮✱ ♣✉✐s ❞❡s ❆♥sät③❡ ♣♦ss✐❜❧❡s✳ ❈❤❛q✉❡ P❙● ❛❧❣é❜r✐q✉❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣❤❛s❡
❧✐q✉✐❞❡ ❞❡ s♣✐♥s ♣♦ss✐❜❧❡✳

◆♦✉s ✈❡rr♦♥s ❡♥s✉✐t❡ ❧❡ rô❧❡ ❥♦✉é ♣❛r ❧❡s ✢✉① ❞❛♥s ❧❛ ❞✐st✐♥❝t✐♦♥ ❞❡ ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ❞✐❢✲
❢ér❡♥ts ✭❛ss♦❝✐és à ❞❡s P❙● ❛❧❣é❜r✐q✉❡s ❞✐✛ér❡♥ts✮✳ ▲❛ ❞é✜♥✐t✐♦♥ ❞❡ ❝❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s
❞❡ ❥❛✉❣❡ ❞❡ ❧❛ ❙❡❝✳✷✳✶✳✹✱ s❡r❛ ♣ré❝✐sé❡ ❡t ♥♦✉s ❞é❝r✐r♦♥s ❧❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❛ss♦❝✐é❡s✳
❊♥ ❡✛❡t✱ ❧❡✉r ❝♦♥♥❛✐ss❛♥❝❡ ♣❡r♠❡ttr❛✐t é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡ ❞✐✛ér❡♥❝✐❡r ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t
❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❥✉sq✉❡ ❧à ✐♥❞✐s❝❡r♥❛❜❧❡s✳ ❈♦♠♠❡ ❧❡s ✢✉① r❡st❡♥t ❞é✜♥✐s ❞❛♥s ❧❛ ❧✐♠✐t❡
S → ∞✱ ❧❡✉r s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ♣❡✉t êtr❡ ❞ét❡r♠✐♥é❡ ♣♦✉r ✉♥ ét❛t ❝❧❛ss✐q✉❡✱ ♦ù ❧❡s
s♣✐♥s s♦♥t ❝♦♠♣❧êt❡♠❡♥t ♦r❞♦♥♥és✳ ❈❡❧❛ ♥♦✉s ♣❡r♠❡ttr❛ ❞✬❛ss♦❝✐❡r à ❝❤❛q✉❡ ét❛t ré❣✉❧✐❡r
❞✉ ❈❤❛♣✳✶ ❞❡s ✢✉①✳

▲❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♣♦ssè❞❡ ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡ ❧✐é❡ à ❧✬❡①✐st❡♥❝❡ ❞✬❡①✲
❝✐t❛t✐♦♥s ❛♣♣❡❧é❡s ✈✐s♦♥s✱ q✉✐ s❡r♦♥t ❞é❝r✐t❡s✳ ◆♦✉s ✈❡rr♦♥s ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s s✉r ❧❡ s❡❝t❡✉r t♦♣♦❧♦❣✐q✉❡ ❞✬✉♥ ❢♦♥❞❛♠❡♥t❛❧ ♦❜t❡♥✉ ♣❛r ❙❇▼❋❚✱ ❛✐♥s✐ q✉❡ s✉r ❧❡s
✢✉① q✉❡ ❧✬♦♥ r❡❧✐❡r❛ ❛✐♥s✐ ❛✉① ✈✐s♦♥s✳ ◆♦✉s ét❛❜❧✐r ✉♥❡ ❛♥❛❧♦❣✐❡ ❡♥tr❡ ✈✐s♦♥s ❡t ✈♦rt❡① Z2

s✉r ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❝❧❛ss✐q✉❡s ❣râ❝❡ à ❧❛ ❧✐♠✐t❡ S → ∞✳

◆♦✉s ✈❡rr♦♥s ❡♥ ❙❡❝✳✸ q✉❡ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ♥❡ ❢♦✉r♥✐ss❡♥t ♣❛s t♦✉❥♦✉rs ❞❡s ét❛ts
❝♦♥❞❡♥sés ré❣✉❧✐❡rs ❡t q✉❡ ré❝✐♣r♦q✉❡♠❡♥t✱ ✐❧ ❢❛✉t r❡❧â❝❤❡r ❝❡rt❛✐♥❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s P❙●
♣♦✉r ♣♦✉✈♦✐r ♦❜t❡♥✐r t♦✉s ❧❡s ét❛ts ré❣✉❧✐❡rs✱ ❝❡ q✉✐ s❡r❛ ✐❧❧✉stré s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳
❈❡❧❛ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ s✉♣♣♦s❡r ❧✬❡①✐st❡♥❝❡ ♣r♦❜❛❜❧❡ s✉r ❝❡ rés❡❛✉ ❞✬✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s
❝❤✐r❛❧✳

✾✶
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✶ ●r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ✭P❙●✮ ❡t ❆♥sät③❡ s②♠é✲
tr✐q✉❡s

❙♦✐t EAB = {Aij , Bij , ij ❧✐❡♥ ❞✉ rés❡❛✉} ❡t E ′
AB✱ ❞❡✉① ❆♥sät③❡ ❞✐✛ér❡♥ts✱ ❛✉t♦❝♦❤ér❡♥ts

❡t |φE〉MF ✱ |φE ′〉MF ❧❡s ❢♦♥❞❛♠❡♥t❛✉① ❞❡s ❍❛♠✐❧t♦♥✐❡♥s ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❛ss♦❝✐és✳ ❖♥ ♥❡
s✬✐♥tér❡ss❡ q✉✬❛✉① ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❞❡ ❝❡s ❞❡✉① ét❛ts✳ EAB ❡t E ′

AB ♥❡ s♦♥t q✉❡ ❞❡s
ét✐q✉❡tt❡s ❞é❝r✐✈❛♥t ❧✬ét❛t✳ ❙✐ ❧❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s ❞❡s ❞❡✉① ét❛ts s♦♥t ❧❡s ♠ê♠❡s✱ ♦♥
❡st ❡♥ ♣rés❡♥❝❡ ❞❡ ❞❡✉① ét❛ts ♣❤②s✐q✉❡♠❡♥t ✐❞❡♥t✐q✉❡s✱ ♠❛✐s ❞és✐❣♥és ♣❛r ❞❡✉① ét✐q✉❡tt❡s
❞✐✛ér❡♥t❡s ✿ ❧❡s ❆♥sät③❡✳ ▲♦rsq✉❡ ❧❡s ❞❡✉① ét❛ts s♦♥t ♣❤②s✐q✉❡♠❡♥t ✐♥❞✐st✐♥❣✉❛❜❧❡s✱ ❧❡✉rs
❆♥sät③❡ s♦♥t r❡❧✐és ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❡t ré❝✐♣r♦q✉❡♠❡♥t✳ ❈✬❡st ❝❡tt❡ r❡♠❛r✲
q✉❡ q✉✐ ❛ ♣❡r♠✐s à ❲❡♥ ❞✬ét❛❜❧✐r ❧❛ t❤é♦r✐❡ ❞❡s P❙●✱ ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s✱
♣❡r♠❡tt❛♥t ✉♥❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❡t ✉♥❡ é♥✉♠ér❛t✐♦♥ ❞❡s ét❛ts s②♠étr✐q✉❡s ❞✐✛ér❡♥ts✳

◆♦✉s ❛❧❧♦♥s rés✉♠❡r ❡♥ ❙❡❝✳✶✳✶ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❞❡✉① t②♣❡s ❞❡ P❙● ✿ ❧❡ P❙● ❛ss♦❝✐é à ✉♥
❆♥s❛t③ ✜①é✱ q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥♥❛îtr❡ ❧❡s s②♠étr✐❡s ❞❡ s❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s✱ ❡t ❧❡s P❙●
❛❧❣é❜r✐q✉❡s✱ ❛ss♦❝✐és ✉♥✐q✉❡♠❡♥t à ✉♥ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡s s♣❛t✐❛❧❡s✱ q✉✐ ♣❡r♠❡tt❡♥t ❞❡
❞✐✛ér❡♥❝✐❡r ❞❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❝❡s s②♠étr✐❡s✳ ◆♦✉s ❛✉r♦♥s ❛✉ss✐ ❜❡s♦✐♥ ❞❡ ❧❛ ❞é✜♥✐t✐♦♥
❞✉ ❣r♦✉♣❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡✳

P✉✐s✱ ❣râ❝❡ ❛✉① ♥♦t✐♦♥s ✐♥tr♦❞✉✐t❡s✱ ♥♦✉s r❡❝❤❡r❝❤❡r♦♥s t♦✉s ❧❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s
s②♠étr✐❡s ❞❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠❡✳

✶✳✶ ❉é✜♥✐t✐♦♥s

▲❡ ❣r♦✉♣❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ✭■●●✮

●é♥ér❛❧❡♠❡♥t✱ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ♠♦❞✐✜❡ ❧✬ét✐q✉❡tt❡ ❞✬✉♥ ét❛t ❞❡ ❝❤❛♠♣
♠♦②❡♥ ✿ ❧✬❆♥s❛t③✳ ❈❡♣❡♥❞❛♥t✱ ❝❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❡ ❝❛s✳ Pr❡♥♦♥s ❧✬❡①❡♠♣❧❡ ❞✉ ❧✐❡♥ ✐s♦❧é
❆❋ ✭❙❡❝✳✷✳✺✮ ❞♦♥t ❧❡s ❞❡✉① s✐t❡s s♦♥t ♥✉♠ér♦tés 1 ❡t 2✳ P♦✉r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ Gθ✱
❧✬❆♥s❛t③ ♥✬❡st ♣❛s ♠♦❞✐✜é s✐ θ1 = −θ2✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❝❡ ❝❛s A12e

i(θ1+θ2) = A12✳
▲❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♥❡ ♠♦❞✐✜❛♥t ♣❛s ✉♥ ❆♥s❛t③ ❢♦r♠❡♥t ✉♥ ❣r♦✉♣❡ ❛♣♣❡❧é ❧❡

❣r♦✉♣❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ✭■●●✮✳ ❙❛ str✉❝t✉r❡ ❞é♣❡♥❞ ❞❡ ❧✬❆♥s❛t③ ❡t ❞✉ rés❡❛✉✳ ❉❛♥s
❧❡ ❝❛s ❡①trê♠❡ ✭❡t ♣❡✉ ✐♥tér❡ss❛♥t✮ ♦ù t♦✉t❡s ❧❡s ✈❛r✐❛❜❧❡s ❞❡ ❧✐❡♥ s♦♥t ♥✉❧❧❡s✱ ❝❡ ❣r♦✉♣❡
❝♦♥t✐❡♥t t♦✉t❡s ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♣♦ss✐❜❧❡s✳ P♦✉r ❧❡ rés❡❛✉ ❝❛rré ❛✈❡❝ ✉♥✐q✉❡♠❡♥t
❞❡s Aij ♥♦♥ ♥✉❧s ❡♥tr❡ ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ❧✬■●● ❡st ✐s♦♠♦r♣❤❡ à U1 ✿ ♦♥ ❞✐✈✐s❡ ❧❡ rés❡❛✉ ❡♥
❞❡✉① s♦✉s✲rés❡❛✉① ♥♦♥ ❝♦♥♥❡❝tés ❡t ♦♥ ♠❡t ❞❡✉① θi ♦♣♣♦sés s✉r ❝❤❛q✉❡ s♦✉s✲rés❡❛✉✳ ❖♥
❡st ❞❛♥s ❧❛ ♠ê♠❡ s✐t✉❛t✐♦♥ ✭■●●∼ U1✮ s✐ ❧❡ rés❡❛✉ ❡st ♥♦♥ ❢r✉stré ✭s✐ ❛✉❝✉♥❡ ❜♦✉❝❧❡ ♥❡
❝♦♥t✐❡♥t ✉♥ ♥♦♠❜r❡ ✐♠♣❛✐r ❞❡ Aij t♦✉s ♥♦♥ ♥✉❧s✮✳

P♦✉r ✉♥ rés❡❛✉ ❡t ✉♥ ❆♥s❛t③ q✉❡❧❝♦♥q✉❡✱ ♦♥ ♣❡✉t ❞✐r❡ q✉❡ ❧✬■●● ♣♦ssè❞❡ ❛✉ ♠♦✐♥s ❧❡
s♦✉s✲❣r♦✉♣❡ ✐s♦♠♦r♣❤❡ à Z2 ❝♦♥t❡♥❛♥t ❧✬✐❞❡♥t✐té ❡t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ θi = π✳ ❈❡s
❞❡✉① tr❛♥s❢♦r♠❛t✐♦♥s ♥❡ ♠♦❞✐✜❡♥t ♥✐ Aij ♥✐ Bij s✉r ✉♥ ❧✐❡♥ ij✳ ▲✬■●● s❡ ré❞✉✐t à Z2 ♣♦✉r
❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡s ❡t ❦❛❣♦♠❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳

▲✬■●● ❞ét❡r♠✐♥❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ❝❤❛♠♣ ❞❡ ❥❛✉❣❡ ❬✶✶✷❪ ✭❡①❡♠♣❧❡ ❞❡
❝❛❧❝✉❧ ♣❛r ❙❛❝❤❞❡✈ ❬✾✷❪✮✳ ❖♥ ❞✐st✐♥❣✉❡ ❛✐♥s✐ ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♣❛r ❧❡✉r ■●● ✿ ❧✐q✉✐❞❡
❞❡ s♣✐♥s Z2✱ U1✱ ♦✉ ❡♥❝♦r❡✱ SU2 ✭♣❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❝❡rt❛✐♥s ❝❤❛♠♣s ♠♦②❡♥s ❢❡r♠✐♦♥✐q✉❡s
❬✶✶✷❪✮✳ ▲✬■●● ❡t ❧❡ P❙● q✉✐ s❡r❛ ❞é✜♥✐ ❝✐✲❞❡ss♦✉s s♦♥t ❞♦♥❝ ❞❡s ❝♦♥❝❡♣ts ✈❛❧❛❜❧❡s ❛✉ ❞❡❧à
❞✉ ❝❤❛♠♣ ♠♦②❡♥✳

▲❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ✭P❙●✮

❊t❛♥t ❞♦♥♥é ✉♥ ❆♥s❛t③ EAB✱ s♦♥ P❙● ❡st ❧❡ ❣r♦✉♣❡ ❞❡ t♦✉t❡s ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s
✭❝♦♠❜✐♥❛✐s♦♥s ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡✱ tr❛♥s❢♦r♠❛t✐♦♥s ❞✉ rés❡❛✉✱ ✐♥✈❡rs✐♦♥ ❞✉ t❡♠♣s✮
❧❡ ❧❛✐ss❛♥t ✐♥✈❛r✐❛♥t ✭♦♥ ♥❡ ❝♦♥s✐❞èr❡ ♣❛s ❧❡s r♦t❛t✐♦♥s ❞❡s s♣✐♥s ❝❛r ❡❧❧❡s s♦♥t t♦✉❥♦✉rs
r❡s♣❡❝té❡s ♣❛r ❧❡ ✈✐❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❇♦❣♦❧✐✉❜♦✈✱ s✐ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✐♥✐t✐❛❧ ❧❡s r❡s♣❡❝t❡✮✳

✾✷ ✶✳ ●❘❖❯P❊❙ ❉❊❙ ❙❨▼➱❚❘■❊❙ P❘❖❏❊❈❚■❱❊❙ ❊❚ ❆◆❙➘❚❩❊ ❙❨▼➱❚❘■◗❯❊❙



❈❍❆P■❚❘❊ ✸✳ ❋▲❯❳ ❊❚ ❙❨▼➱❚❘■❊❙ ❊◆ ❙❇▼❋❚ ✿ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❉❊❙ ▲■◗❯■❉❊❙ ❉❊
❙P■◆❙

EAB

E ′
AB

X ✿ ❧❛tt✐❝❡
s②♠♠❡tr②

X
GX ✿ ❣❛✉❣❡

tr❛♥s❢♦r♠❛t✐♦♥

P❤②s✐❝❛❧
❣r♦✉♥❞
st❛t❡

❋✐❣✳ ✸✳✶ ✕ ❙✐ ❧✬ét❛t ♣❤②s✐q✉❡ ❛ss♦❝✐é á ✉♥ ❆♥s❛t③ EAB ❡st ✐♥✈❛r✐❛♥t ♣❛r ✉♥❡ s②♠étr✐❡ ❞✉
rés❡❛✉ X✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ GX t❡❧❧❡ q✉❡ GXX ♥❡ ♠♦❞✐✜❡ ♣❛s
❧✬❆♥s❛t③✳ GXX ❢❛✐t ♣❛rt✐❡ ❞✉ P❙● ❞❡ EAB✳

▲✬■●● ❡st ✉♥ s♦✉s✲❣r♦✉♣❡ ❞✉ P❙●✳ ❙❡s é❧é♠❡♥ts ♥❡ s♦♥t r❡❧✐és q✉✬à ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
♣❤②s✐q✉❡ ✐❞❡♥t✐té✳

❙✐ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ EAB r❡s♣❡❝t❡ ♣❤②s✐q✉❡♠❡♥t ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉ X✱ EAB ❡st
✐♥✈❛r✐❛♥t ♣❛r X à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ♣rès ✭✈♦✐r ❋✐❣✳✸✳✶✮✳ ❖♥ ♣❡✉t ❛❧♦rs ❛ss♦❝✐❡r
à X ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ GX t❡❧❧❡ q✉❡ GXX ❧❛✐ss❡ EAB ✐♥✈❛r✐❛♥t✳ ■❧ ② ❛ ❜✐❡♥ sûr
❛✉t❛♥t ❞❡ ♣♦ss✐❜✐❧✐té ♣♦✉r GX q✉❡ ❞✬é❧é♠❡♥ts ❞❛♥s ❧✬■●●✳ ❖♥ ✈✐❡♥t ❞❡ tr♦✉✈❡r ♣❧✉s✐❡✉rs
é❧é♠❡♥ts ❞✉ P❙● ✿ {GθGXX,Gθ ∈ ■●●}✳ ▲❡ ❣r♦✉♣❡ q✉♦t✐❡♥t P❙●✴■●● ❞✬✉♥ ❆♥s❛t③ ✈❛
❞♦♥❝ ♥♦✉s ❞♦♥♥❡r t♦✉t❡s ❧❡s s②♠étr✐❡s s♣❛t✐❛❧❡s ❞❡ s♦♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧✳

▲❡s ❛✉t❡✉rs ❛②❛♥t ✉t✐❧✐sés ❧❛ ❙❇▼❋❚ ♦♥t s♦✉✈❡♥t ✈♦✉❧✉ s❡ r❡str❡✐♥❞r❡ ❛✉① ❆♥sät③❡
r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✳ P♦✉r ❝❡❧❛✱ ✐❧s ♦♥t ❝❤♦✐s✐ ❞❡s ❆♥sät③❡ ✐♥✈❛r✐❛♥ts ♣❛r
tr❛♥s❧❛t✐♦♥ ❬✾✷❪ ❬✸✷❪✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉✬❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✱ ✐❧s ✐❣♥♦r❛✐❡♥t ❞✬❛✉tr❡s ❆♥sät③❡
t♦✉t ❛✉ss✐ s②♠étr✐q✉❡s✳

▲❡s ❣r♦✉♣❡s ❞❡s s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ❛❧❣é❜r✐q✉❡s ✭P❙● ❛❧❣é❜r✐q✉❡s✮

❖♥ ♣♦✉rr❛✐t ❝r♦✐r❡ ✭à t♦rt✮ q✉❡ ❞❡✉① ❆♥sät③❡ ❛②❛♥t ❞❡s ♠♦❞✉❧❡s ❞❡ Aij ❡t Bij ✐❞❡♥t✐q✉❡s
s✉r ❞❡s ❧✐❡♥s éq✉✐✈❛❧❡♥ts s♦♥t ♣❤②s✐q✉❡♠❡♥t ✐♥❞✐st✐♥❣✉❛❜❧❡s✳ ❈✬❡st ❢❛✉① ❝❛r ❧❡s ♣❤❛s❡s ❞❡s
✈❛r✐❛❜❧❡s ❞❡ ❧✐❡♥s✱ ❜✐❡♥ q✉❡ ♥✬❛②❛♥t ❛✉❝✉♥❡ s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ✐s♦❧é♠❡♥t✱ ✐♥t❡r✈✐❡♥♥❡♥t
❞❛♥s ❧❡s ✢✉① ❛✉t♦✉r ❞❡ ❜♦✉❝❧❡s ❞✉ rés❡❛✉✳ ❉❡✉① ét❛ts s♦♥t ♣❤②s✐q✉❡♠❡♥t ✐♥❞✐st✐♥❣✉❛❜❧❡s
✉♥✐q✉❡♠❡♥t s✐ ❧❡s ♠♦❞✉❧❡s ❡t ❧❡s ✢✉① ❞❡ ❧❡✉rs Aij ❡t Bij s♦♥t ❧❡s ♠ê♠❡s✳

❙✐ ❧✬♦♥ ✈❡✉t q✉✬✉♥ ét❛t r❡s♣❡❝t❡ ♣❤②s✐q✉❡♠❡♥t ❧❡ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ SR ✭❝❡
q✉✐ ❡st ❧❡ ❝❛s ♣♦✉r ✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s✮✱ ✐❧ ❢❛✉t ❞♦♥❝ q✉❡ ❧❡s ♠♦❞✉❧❡s ❡t ❧❡s ✢✉① ❞❡s Aij ❡t
Bij ❧❡s r❡s♣❡❝t❡♥t✳ ▲❡s P❙● ❛❧❣é❜r✐q✉❡s ♣❡r♠❡tt❡♥t ❞❡ tr♦✉✈❡r t♦✉s ❧❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t
SR✳ ❈❡ s♦♥t ❧❡s P❙● ♠✐♥✐♠❛✉① ♣♦ss✐❜❧❡s ❧♦rsq✉❡ ❧✬♦♥ ✐♠♣♦s❡ à ❧✬❆♥s❛t③ ❧❡ r❡s♣❡❝t ❞❡s
s②♠étr✐❡s ❞✉ rés❡❛✉ SR✳ ❖♥ ✐❞❡♥t✐✜❡ ❝♦♠♣❧èt❡♠❡♥t ✉♥ P❙● ❛❧❣é❜r✐q✉❡ ❡♥ ❛ss♦❝✐❛♥t à
❝❤❛q✉❡ ❣é♥ér❛t❡✉r X ❞❡ SR ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ GX ✿

GX : aj → aje
iθX(j)

bj → bje
iθX(j) ✭✸✳✶✮

❯♥ ❆♥s❛t③ ✐♥✈❛r✐❛♥t ♣❛r t♦✉t❡s ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s GXX ❛✉r❛ ❛❧♦rs ✉♥ P❙● ❞❛♥s ❧❡q✉❡❧
s❡r♦♥t ✐♥❝❧✉s❡s t♦✉t❡s ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❧✬✉♥ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s ❡t s❡s ♦❜s❡r✈❛❜❧❡s
♣❤②s✐q✉❡s r❡s♣❡❝t❡r♦♥t ❧❡s s②♠étr✐❡s ❞❡ SR✳

■❧ ② ❛ ❞❡s ❝♦♥tr❛✐♥t❡s ❛❧❣é❜r✐q✉❡s s✉r ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s GX ✱ ♣r♦✈❡♥❛♥t ❞❡ ❧❛ str✉❝t✉r❡
❞❡ SR✳ ❯♥ ❝❤♦✐① q✉❡❧❝♦♥q✉❡ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡GX ♥❡ ❢♦✉r♥✐t ♣❛s à t♦✉s ❧❡s ❝♦✉♣s
✉♥ P❙● ❛❧❣é❜r✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ s✐ ❧✬♦♥ ❛ ✉♥❡ ré✢❡①✐♦♥ ❞✉ rés❡❛✉ σ ❞❛♥s SR✱ ❧✬❛♣♣❧✐q✉❡r
❞❡✉① ❢♦✐s ♥♦✉s r❡❞♦♥♥❡ ♥♦tr❡ EAB ❞❡ ❞é♣❛rt✱ ❝❡ q✉✐ ❧✐❡ θσ(r) ❡t θσ(σr)✳

▲❡ ♥♦♠❜r❡ ❞❡ t❡❧❧❡s ❝♦♥tr❛✐♥t❡s ❡st ✜♥✐✳ ❊♥ ❡✛❡t✱ ❝❤❛q✉❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞✉ rés❡❛✉
♣❡✉t s✬❡①♣r✐♠❡r ❞❡ ❢❛ç♦♥ ✉♥✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❣é♥ér❛t❡✉rs ❞✉ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ❞✉

✶✳ ●❘❖❯P❊❙ ❉❊❙ ❙❨▼➱❚❘■❊❙ P❘❖❏❊❈❚■❱❊❙ ❊❚ ❆◆❙➘❚❩❊ ❙❨▼➱❚❘■◗❯❊❙ ✾✸



❈❍❆P■❚❘❊ ✸✳ ❋▲❯❳ ❊❚ ❙❨▼➱❚❘■❊❙ ❊◆ ❙❇▼❋❚ ✿ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❉❊❙ ▲■◗❯■❉❊❙ ❉❊
❙P■◆❙

rés❡❛✉ {g1, g2, ...gns} s♦✉s ❧❛ ❢♦r♠❡ gp11 g
p2
2 ...g

pns
ns ✱ ❛✈❡❝ pi ∈ Z s✐ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♥✬❡st ♣❛s

❝②❝❧✐q✉❡✱ pi ∈ [0..di−1] s✐ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❡st ❝②❝❧✐q✉❡ ❞✬♦r❞r❡ di✳ Pr❡♥♦♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s
éq✉❛t✐♦♥s ♣❡r♠❡tt❛♥t ❞❡ ♠❡ttr❡ ♥✬✐♠♣♦rt❡ q✉❡❧ ♣r♦❞✉✐t s♦✉s ❝❡tt❡ ❢♦r♠❡ ✭❧✬✉♥❡ ❞✬❡♥tr✬❡❧❧❡s
❡st ♣❛r ❡①❡♠♣❧❡✱ σ2 = I✮✳ ❈❡t ❡♥s❡♠❜❧❡ ❞✬éq✉❛t✐♦♥s ✐♠♣♦s❡ ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s θgi

(r)
❡t ❧✐♠✐t❡ ❧❡ ♥♦♠❜r❡ ❞❡ P❙● ❛❧❣é❜r✐q✉❡s ♣♦ss✐❜❧❡s✳

✶✳✷ ❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠❡

▲❡s P❙● ❛❧❣é❜r✐q✉❡s ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ t♦✉t❡s ❧❡s s②♠étr✐❡s ❞❡ ❝❡s ❞❡✉① rés❡❛✉① ♦♥t
été ❝❛❧❝✉❧és ❡♥ ❞ét❛✐❧ ♣❛r ❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪✳ ◆♦✉s ❛❧❧♦♥s ❡♥ r❛♣♣❡❧❡r ❜r✐è✈❡♠❡♥t ❧❡s
❣r❛♥❞❡s ❧✐❣♥❡s ❝✐✲❞❡ss♦✉s ❞❛♥s ❧❡ ❝❛s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ▲❡ ❧❡❝t❡✉r ♣♦✉rr❛ r❡♠❛rq✉❡r ❧❡s
s✐♠✐❧❛r✐tés ♠❛rq✉é❡s ❞❡ ❝❡s ❝❛❧❝✉❧s ❛✈❡❝ ❧❛ r❡❝❤❡r❝❤❡ ❞❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s ❛❧❣é❜r✐q✉❡s
❞❡ ❧❛ ❙❡❝✳✶✳✶✳✷✳

P✉✐s ♥♦✉s ✈❡rr♦♥s q✉❡ ❝❤❛q✉❡ P❙● ❛❧❣é❜r✐q✉❡ ❢♦✉r♥✐t é✈❡♥t✉❡❧❧❡♠❡♥t ✉♥ ❆♥s❛t③ s②♠é✲
tr✐q✉❡✱ ❛✈❡❝ ❧✬❡①❡♠♣❧❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t
❦❛❣♦♠❡✳

❈❛❧❝✉❧ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

▲❡s ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s♦♥t ❝❤♦✐s✐s ✐❞❡♥t✐q✉❡s à ❝❡✉① ❞❡ ❧❛ s❡❝t✐♦♥
✶✳✶ ✿ ❧❡s ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ❧❛ r♦t❛t✐♦♥ R6 ❡t ❧❛ ré✢❡①✐♦♥ σ ✭✈♦✐r ❋✐❣✳✶✳✹ ❡t ❊q✳✶✳✻✮✳
❖♥ ❝❤❡r❝❤❡ ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ {G1, G2, GR, Gσ} t❡❧❧❡s q✉❡ ❧✬❡♥s❡♠❜❧❡

{G1T1, G2T2, GRR6, Gσσ} ✭✸✳✷✮

s♦✐t ✐♥❝❧✉ ❞❛♥s ❧❡ P❙●✳ ▲❡s é❧é♠❡♥ts ❞✉ P❙● s♦♥t ❝♦♥tr❛✐♥ts ♣❛r ❝❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s
tr❛♥s❢♦r♠❛t✐♦♥s ❞✉ rés❡❛✉ ✿

T1T2 = T2T1

σ2 = I

R6
π/3 = I ✭✸✳✸✮

T1R6 = R6T
−1
2

T2R6 = R6T1T2

T1σ = σT2

R6σR6 = σ.

P❛r ❡①❡♠♣❧❡✱ ❧❛ ❞❡r♥✐èr❡ éq✉❛t✐♦♥ ✐♠♣❧✐q✉❡ ❧❛ ❝♦♥tr❛✐♥t❡

R6σR6 = σ ⇒ GσσGRR6GσσGRR6 ∈ IGG

⇒ θσ(r) + θR(σr) + θσ(σR6r) + θR(R6r) = pπ, ✭✸✳✹✮

♦ù p ∈ Z2 ❡t r = (r1, r2) ❡st ✉♥ s✐t❡ ❞✉ rés❡❛✉✳ ❆♣rès ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ t♦✉t❡s ❧❡s
❝♦♥tr❛✐♥t❡s✱ ❡t ❡♥ ♥❡ ❝♦♥s❡r✈❛♥t q✉❡ ❧❡s P❙● ❞✐st✐♥❝ts ✭♥♦♥ r❡❧✐és ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥
❞❡ ❥❛✉❣❡✮✱ ✐❧ r❡st❡ ❤✉✐t P❙● ❛❧❣é❜r✐q✉❡s ✿

θ1(r) = 0,

θ2(r) = p1πr1, ✭✸✳✺✮

θσ(r) = p2π/2 + p1πr1r2,

θR(r) = p3π/2 + p1(r2 − 1 + 2r1)r2π/2,

♦ù p1✱ p2✱ p3 ∈ Z2✳

✾✹ ✶✳ ●❘❖❯P❊❙ ❉❊❙ ❙❨▼➱❚❘■❊❙ P❘❖❏❊❈❚■❱❊❙ ❊❚ ❆◆❙➘❚❩❊ ❙❨▼➱❚❘■◗❯❊❙



❈❍❆P■❚❘❊ ✸✳ ❋▲❯❳ ❊❚ ❙❨▼➱❚❘■❊❙ ❊◆ ❙❇▼❋❚ ✿ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❉❊❙ ▲■◗❯■❉❊❙ ❉❊
❙P■◆❙

❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

❖♥ ❝❤♦✐s✐t ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❖♥ s♦✉❤❛✐t❡ ❞♦♥❝ tr♦✉✈❡r ❞❡s ❆♥sät③❡
s②♠étr✐q✉❡s ❛✈❡❝ ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s ♥♦♥ ♥✉❧s✱ ❝❡ q✉✐ ❛❥♦✉t❡ ❞❡s ❝♦♥tr❛✐♥t❡s ❛✉ P❙● ❡t
é❧✐♠✐♥❡ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ ré✢❡①✐♦♥ σ ❡♥✈♦✐❡ ❧❡ ❧✐❡♥ (0, 0)−(1, 1) s✉r ❧✉✐✲
♠ê♠❡✳ Gσ ❞♦✐t ❞♦♥❝ ❧❛✐ss❡r ✐♥✈❛r✐❛♥t A(0,0)−(1,1)✱ ❝❡ q✉✐ ✐♠♣♦s❡ p2 = p1✳ ❉❡ ♠ê♠❡✱ ❝♦♠♠❡
❧❡s ✐♠❛❣❡s ❞✉ ❧✐❡♥ (0, 0) − (1, 0) ♣❛r R3

6 ❡t ♣❛r T1 s♦♥t r❡❧✐é❡s✱ ♦♥ tr♦✉✈❡ q✉❡ p3 = 1 − p1

mod 2✳
❆✉ ✜♥❛❧✱ s❡✉❧s ❞❡✉① ❞❡s ❤✉✐t P❙● ❛❧❣é❜r✐q✉❡s ❢♦✉r♥✐ss❡♥t ❞❡s ❆♥sät③❡ ❛✈❡❝ ❞❡s Aij

♣r❡♠✐❡rs ✈♦✐s✐♥s ♥♦♥ ♥✉❧s ✿
θ1(r) = 0,

θ2(r) = p1πr1, ✭✸✳✻✮

θσ(r) = p1π(1/2 + r1r2),

θR(r) = (p1 − 1)π/2 + p1(r2 − 1 + 2r1)r2π/2,

❛✈❡❝ p1 = 0 ♦✉ 1✳ P♦✉r tr♦✉✈❡r ✉♥ ❆♥s❛t③ ❛②❛♥t ❧✬✉♥ ❞❡ ❝❡s ❞❡✉① P❙●✱ ✐❧ s✉✣t ❞❡ ♣❧❛❝❡r
✉♥ Aij s✉r ✉♥ ♣r❡♠✐❡r ❧✐❡♥ ✭♦♥ ❝❤♦✐s✐t ❧❛ ❥❛✉❣❡ ♣♦✉r q✉✬✐❧ s♦✐t ré❡❧ ♣♦s✐t✐❢✱ ♣♦✉r s✐♠♣❧✐✜❡r✮✳
P✉✐s✱ ♣♦✉r ❝❤❛q✉❡ ❧✐❡♥ ❞✉ rés❡❛✉✱ ✐❧ ❡①✐st❡ ✉♥❡ s②♠étr✐❡ X q✉✐ ❡♥✈♦✐❡ ❧❡ ❧✐❡♥ ❝♦♥♥✉ s✉r ❝❡❧✉✐✲
❝✐ ✭❝✬❡st ✉♥ ♣❛rt✐❝✉❧❛r✐té ❞✉ rés❡❛✉ ✿ t♦✉s s❡s ❧✐❡♥s s♦♥t éq✉✐✈❛❧❡♥ts✮✳ ▲❡ P❙● ❛❧❣é❜r✐q✉❡
♥♦✉s ❞♦♥♥❡ ❧❛ ♣❤❛s❡ à ❛❥♦✉t❡r ❛✉ Aij ❞✉ ❧✐❡♥ ✐♥✐t✐❛❧ ♣♦✉r ♦❜t❡♥✐r ❝❡❧✉✐ ❞✉ ❧✐❡♥ ✐♠❛❣❡ ✿
AX(i)X(j) = Aije

i(θX(X(i))+θX(X(j)))✳ ▲❡ s❡✉❧ ♣❛r❛♠ètr❡ à ❛❥✉st❡r r❡st❛♥t ❡st ❧❡ ♠♦❞✉❧❡
|Aij |✱ ✐❞❡♥t✐q✉❡ s✉r t♦✉s ❧❡s ❧✐❡♥s✳

❈❡s ❞❡✉① ❆♥sät③❡ ♦♥t ❞é❥à été ❞ét❛✐❧❧és ❞❛♥s ❧❛ ❙❡❝✳✸✳✸ ❞✉ ❈❤❛♣✳✷ ✿
✕ ♣♦✉r p1 = 0✱ ♦♥ ♦❜t✐❡♥t ❧✬❆♥s❛t③ (0) ✭❋✐❣✳✷✳✸✮✱ ❞❡ ✢✉① 0 ❛✉t♦✉r ❞❡s ❧♦s❛♥❣❡s à ✹ ❧✐❡♥s✱
q✉✐ ❝♦♥❞❡♥s❡♥t ❞❛♥s ❧✬ét❛t ❝♦♣❧❛♥❛✐r❡✱

✕ ♣♦✉r p1 = 1✱ ♦♥ ♦❜t✐❡♥t ❧✬❆♥s❛t③ (π) ✭❋✐❣✳✷✳✹✮✱ ❞❡ ✢✉① π✱ q✉✐ ❝♦♥❞❡♥s❡ ❡♥ ✉♥ ét❛t
❢❛✐s❛♥t ♣❛rt✐❡ ❞✬✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛ts ❞é❣é♥érés✳

❖♥ ❝♦♥st❛t❡ q✉✬❛✉❝✉♥ ❞❡ ❝❡s ❞❡✉① ❆♥sät③❡ ♥❡ ❝♦♥❞❡♥s❡ ❞❛♥s ❧✬ét❛t tétr❛é❞r✐q✉❡ ❞❡ ❧❛
❋✐❣✳✶✳✻✭❜✮✳ ■❧ ② ❛ ❞❡✉① ❡①♣❧✐❝❛t✐♦♥s ♣♦ss✐❜❧❡s ✿ s♦✐t ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ❝❤♦✐s✐ ♣♦✉r ❢❛✐r❡
❝♦♥❞❡♥s❡r ❝❡s ❆♥sät③❡ ♥❡ ♣❡r♠❡t ♣❛s ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ❝❡t ♦r❞r❡✱ s♦✐t ❧❡s ❆♥sät③❡ s♦♥t
✐♥❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧✉✐✳ ◆♦✉s ✈❡rr♦♥s ❡♥ ❙❡❝✳✷ ❞✉ ❈❤❛♣✳✸ q✉❡ ❧❡s ✢✉① ♣❡r♠❡tt❡♥t ❞❡ ♠♦♥tr❡r
q✉❡ ❧❛ ❞❡✉①✐è♠❡ ❤②♣♦t❤ès❡ ❡st ❧❛ ❜♦♥♥❡✳

❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

▲❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s♦♥t ❧❡s ♠ê♠❡s q✉❡ ❝❡❧❧❡s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✭❋✐❣✳✸✳✷✮✳ ▲❛
♠❛✐❧❧❡ ❞✉ rés❡❛✉ ❞❡ ❇r❛✈❛✐s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ♣♦ssè❞❡ tr♦✐s s✐t❡s✱ r❡♣érés ♣❛r ✉♥ ✐♥❞✐❝❡
s = u, v, w✳ ❯♥ s✐t❡ r = (r1, r2, c) ❡st ❞♦♥❝ ❞é✜♥✐ ♣❛r s❛ ♠❛✐❧❧❡ ❡t s♦♥ ✐♥❞✐❝❡ ❞❡ s✐t❡✳ ▲❡s P❙●
❛❧❣é❜r✐q✉❡s s♦♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ✭❞ét❛✐❧s ❞❛♥s ❬✶✵✽❪✮ ✿
❊q✳✸✳✺✳

❖♥ ❝❤♦✐s✐t t♦✉❥♦✉rs ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ■❧ ♥❡ r❡st❡ ❛❧♦rs q✉❡ q✉❛tr❡
❞❡s ❤✉✐t P❙● ❛❧❣é❜r✐q✉❡s✱ ❢♦✉r♥✐ss❛♥t ❝❤❛❝✉♥ ❞❡s ❆♥sät③❡ ❛✈❡❝ ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s
♥♦♥ ♥✉❧s ✿

θ1(r) = 0,

θ2(r) = p1πr1, ✭✸✳✼✮

θσ(r) = p2π/2 + p1πr1r2,

θR(r) = (1 − p2)π/2 + p1(r2 − 1 + 2r1)r2π/2,

♦ù p1✱ p2 ∈ Z2✳
▲❡s q✉❛tr❡ ❆♥sät③❡ rés✉❧t❛♥ts ♦♥t ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿
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❋✐❣✳ ✸✳✷ ✕ ❙②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡✳ ❉❡s ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ SR s♦♥t
r❡♣rés❡♥tés ✿ ❧❡s ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ❧❛ r♦t❛t✐♦♥ R6 ❡t ❧❛ ré✢❡①✐♦♥ σ✳

✕ ♣♦✉r p1 = 0 ❡t p2 = 0✱ ❧✬❆♥s❛t③ ❡st ❞és✐❣♥é ♣❛r (0, 0)✳ ❙❡s ✢✉① ❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡
♦✉ ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t ❧✐❡♥s s♦♥t ♥✉❧s✳ κc = 0.54 ❡t ❧✬ét❛t ❝♦♥❞❡♥sé ❡st ❧❡

√
3
√

3
✭❋✐❣✳✶✳✼✭❣✮✮✳

✕ ♣♦✉r p1 = 0 ❡t p2 = 1✱ ❧✬❆♥s❛t③ ❡st ❞és✐❣♥é ♣❛r (π, 0)✳ ❙♦♥ ✢✉① ❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡
❡st ❞❡ π✱ ❡t ❞❡ 0 ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡✳ κc = 0.5 ❡t ❧✬ét❛t ❝♦♥❞❡♥sé ❡st ❧❡ q = 0

✭❋✐❣✳✶✳✼✭❜✮✮✳
✕ ♣♦✉r p1 = 1 ❡t p2 = 1✱ ❧✬❆♥s❛t③ ❡st ❞és✐❣♥é ♣❛r (0, π)✳ ❙♦♥ ✢✉① ❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡
❡st ❞❡ 0✱ ❡t ❞❡ π ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡✳ κc = 2.0 ❡t ❧✬ét❛t ❝♦♥❞❡♥sé ❡st ❝♦♠♣❧✐q✉é ✿ ✐❧
❛♣♣❛rt✐❡♥t à ✉♥ ❝♦♥t✐♥✉✉♠ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧✬❆♥s❛t③ (0) ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱
♠❛✐s s❛ ❞❡s❝r✐♣t✐♦♥ ❡st ❜❡❛✉❝♦✉♣ ♣❧✉s ❝♦♠♣❧❡①❡ ❡♥ r❛✐s♦♥ ❞✉ ♥♦♠❜r❡ ♣❧✉s ❣r❛♥❞ ❞❡
♠♦❞❡s ♠♦✉s✳

✕ ♣♦✉r p1 = 1 ❡t p2 = 0✱ ❧✬❆♥s❛t③ ❡st ❞és✐❣♥é ♣❛r (π, π)✳ ❙♦♥ ✢✉① ❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡
♦✉ ❞✬✉♥ ❧♦s❛♥❣❡ ❡st ❞❡ π✳ κc = 0.93 ❡t ❧✬ét❛t ❝♦♥❞❡♥sé ❛♣♣❛rt✐❡♥t ❧à ❛✉ss✐ à ✉♥
❝♦♥t✐♥✉✉♠✳

▲❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s✱ ❛✐♥s✐ q✉❡ ❧❡s s✐❣♥❡s ❞❡s Aij s✉r ❧❡s ❧✐❡♥s s♦♥t ré❝❛✲
♣✐t✉❧és ❡♥ ❛♥♥❡①❡ ❈✳✺✳ ❈♦♠♠❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ❝❡rt❛✐♥s ♦r❞r❡s
ré❣✉❧✐❡rs ❞❡ ❧❛ ❋✐❣✳✶✳✼ s♦♥t ❛❜s❡♥ts ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♥❞❡♥s❛ts ♦❜t❡♥✉s✱ ❛❧♦rs q✉❡ ❞❡s
❝♦♥t✐♥✉✉♠ ❞✬ét❛ts s♦♥t ❧à✳ ▲❡s ❝♦♥t✐♥✉✉♠ s♦♥t ❧❛ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ♣❧✉s✐❡✉rs
♠♦❞❡s ♠♦✉s ❞é❣é♥érés✳ ▲❛ ❝♦♥tr❛✐♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ r❡♥❞ ❧✬❡①♣r❡ss✐♦♥ ❞❡s
ét❛ts ❞✉ ❝♦♥t✐♥✉✉♠ ❝♦♠♣❧✐q✉é❡✱ ❝♦♠♠❡ ♦♥ ❛ ♣✉ ❧❡ ✈♦✐r ♣♦✉r ❧✬❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡✳ ▲❡s ❝♦rré❧❛t✐♦♥s s♣✐♥✲s♣✐♥ ❞✬✉♥ ét❛t ♥♦♥ ❝♦♥❞❡♥sé ♥❡ ❞♦♥♥❡♥t ♣❛s ❞✬✐♥❢♦r♠❛✲
t✐♦♥s ❧♦rsq✉❡ ❧❡ ❝♦♥❞❡♥s❛t ❡st ✉♥ ❝♦♥t✐♥✉✉♠ ❝❛r ❝❡s ❝♦rré❧❛t✐♦♥s s♦♥t ♠♦②❡♥♥é❡s s✉r t♦✉s
❧❡s ét❛ts ❞✉ ❝♦♥t✐♥✉✉♠✳

❊♥ ❢♦♥❝t✐♦♥ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❝♦♥s✐❞éré✱ ❧✬✉♥ ♦✉ ❧✬❛✉tr❡ ❞❡ ❝❡s ❆♥sät③❡ ❛✉r❛ ❧❛ ♣❧✉s ♣❡t✐t❡
é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡t ❧✬♦♥ ♦❜t✐❡♥❞r❛ ❞❡s ♣❤❛s❡s ❞✐✛ér❡♥t❡s✱ ▲❘❖ ♦✉ ❚❙▲ s❡❧♦♥ κ✳
❊♥ s❡ ❧✐♠✐t❛♥t à ❝❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ ♦♥ s✉♣♣♦s❡ q✉✬❡❧❧❡s ♥❡
♣❡✉✈❡♥t êtr❡ s♣♦♥t❛♥é♠❡♥t ❜r✐sé❡s✱ ❝❡ q✉✐ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❡ ❝❛s✳ ❯♥ ❡①❡♠♣❧❡ ❞✬ét❛t
❜r✐s❛♥t s♣♦♥t❛♥é♠❡♥t ✉♥❡ s②♠étr✐❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡st ❞♦♥♥é ❡♥ ❆♥♥✳❈✳✸✳✸ s✉r ✉♥ ♣❡t✐t
❝❧✉st❡r ❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣✳ ❯♥ ❛✉tr❡ ❡①❡♠♣❧❡ s❡r❛ ❝♦♥st❛té s✉r ❧❡ rés❡❛✉
❦❛❣♦♠é ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❆❋ ❡t ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ❡♥ ❙❡❝✳✸ ❞✉ ❈❤❛♣✳✹✳

✷ ▲❡s ✢✉①

❉❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♥♦✉s ❛✈♦♥s ❞✐✛ér❡♥❝✐é ❧❡s ❞✐✛ér❡♥t❡s ❝❧❛ss❡s ❞✬❆♥sät③❡
s②♠étr✐q✉❡s ♣❛r ❧❡✉rs ✢✉①✳ ❊♥ ❡✛❡t✱ ❞❡✉① ❆♥sät③❡ ♣♦ssé❞❛♥t ❞❡s ✢✉① ❞✐st✐♥❝ts ♦♥t ❞❡s
❢♦♥❝t✐♦♥s ❞✬♦♥❞❡ ♣❤②s✐q✉❡♠❡♥t ❞✐st✐♥❣✉❛❜❧❡s ♣✉✐sq✉✬♦♥ ♥❡ ♣❡✉t ♣❛s ♣❛ss❡r ❞❡ ❧✬✉♥ à ❧✬❛✉tr❡
♣❛r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ▲❡s ✢✉① ❞♦♥♥❡♥t ❞♦♥❝ ❛❝❝ès à ❞❡s q✉❛♥t✐tés ♣❡r♠❡tt❛♥t ❞❡

✾✻ ✷✳ ▲❊❙ ❋▲❯❳
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❞✐st✐♥❣✉❡r ❞❡s ♣❤❛s❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♣♦ssé❞❛♥t ♣♦✉rt❛♥t ❡①❛❝t❡♠❡♥t ❧❡s ♠ê♠❡s s②♠étr✐❡s
s♣❛t✐❛❧❡s✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ét✉❞✐❡r ❡♥ ❞ét❛✐❧ ❝❡s ♦❜s❡r✈❛❜❧❡s ♣❤②s✐q✉❡s✳

✷✳✶ ●é♥ér❛❧✐tés s✉r ❧❡s ✢✉①

▲❡s ❞✐✛ér❡♥ts ✢✉①

❊♥ ♣rés❡♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ❧✐❡♥s Bij ✱ ♦♥ ♣❡✉t ❢♦r♠❡r ❞❡s ✢✉① ψB1...n ❞é✜♥✐s ❝♦♠♠❡ ❧❛
♣❤❛s❡ ❞✬✉♥ ♦♣ér❛t❡✉r ❞❡ ❜♦✉❝❧❡ B̂1...n✱ ♣r♦❞✉✐t ❞❡ B̂ij ✿

Keiψ
B
1...n = 〈B̂12B̂23 . . . B̂n,1〉 = 〈B̂1...n〉. ✭✸✳✽✮

❙✐ ❧✬♦♥ ❞✐s♣♦s❡ ❞❡ ✈❛r✐❛❜❧❡s Aij ✱ ♦♥ ♣❡✉t ❢♦r♠❡r ❞❡s ✢✉① ψA1...2n ❞é✜♥✐s ❝♦♠♠❡ ❧❛ ♣❤❛s❡
❞✬✉♥ ♦♣ér❛t❡✉r s✉r ✉♥❡ ❜♦✉❝❧❡ ❞❡ ❧♦♥❣✉❡✉r ♣❛✐r❡ Â1...2n✱ ♣r♦❞✉✐t ❞❡ Âij ✭ ❬✾✾❪✮ ✿

Keiψ
A
1...2n = 〈(−1)nÂ12Â

†
23 . . . Â

†
2n,1〉 = 〈Â1...2n〉. ✭✸✳✾✮

❖♥ ♣❡✉t ❝♦♠❜✐♥❡r ❞❡s Âij ❡t ❞❡s B̂ij ♣♦✉r ❢♦r♠❡r ❞✬❛✉tr❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡
❥❛✉❣❡✱ s✉r ❞❡s ❜♦✉❝❧❡s ❝♦♠♣♦rt❛♥t ✉♥ ♥♦♠❜r❡ ♣❛✐r ❞❡ ❧✐❡♥s Âij ✱ ❡♥ ❛❧t❡r♥❛♥t ❧❡s Âij ✱ Â

†
ij ✱

B̂ij ✱ B̂
†
ij ♣♦✉r ❛♥♥✐❤✐❧❡r ❧✬❡✛❡t ❞✬✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ P❛r ❡①❡♠♣❧❡

Â†
12B̂

†
23Â34B̂41. ✭✸✳✶✵✮

❙✐♠♣❧✐✜❝❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥

❉❛♥s ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ✭♣r❡♠✐❡r ♦r❞r❡ ❞✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ 1/N ❞❡
❧❛ t❤é♦r✐❡ SpN ✮✱ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❡st ❧❡ ♣r♦❞✉✐t ❞❡s ✈❛❧❡✉rs ♠♦②❡♥♥❡s s✉r ❞✐✛ér❡♥ts ❧✐❡♥s ✿

〈B̂12B̂23 . . . B̂n,1〉 = B12B23 . . . Bn,1. ✭✸✳✶✶✮

❉❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ❡t s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ♦♥ ♣❡✉t ❡✛❡❝t✉❡r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡
❧✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❡♥ κ ✭❚❝❤❡r♥②s❤②♦✈ ❡t ❛❧✳ ❬✾✾❪✮✱ ❞é❝r✐t ❡♥ ❛♥♥❡①❡ ❈✳✸✳✶✳ ▲❡s
❆♥sät③❡ ♠✐♥✐♠✐s❛♥t ❧✬é♥❡r❣✐❡ ♦♥t ❞❡s ✢✉① ψA ♥✉❧s s✉r ❧❡s ♣❧✉s ♣❡t✐t❡s ❜♦✉❝❧❡s✱ ♣♦✉r ❞❡s
✐♥t❡r❛❝t✐♦♥s ❆❋✳ ▼❛✐s ♥♦✉s ♠♦♥tr❡r♦♥s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✹ s✉r ❧✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲
▼♦r✐②❛q✉❡ ♣♦✉r ❞✬❛✉tr❡s ✐♥t❡r❛❝t✐♦♥s✱ ❞✬❛✉tr❡s ✢✉① ♣❡✉✈❡♥t êtr❡ ❢❛✈♦r✐sés à ♣❡t✐ts κ✳

❈♦♠♣♦s✐t✐♦♥ ❞❡s ❜♦✉❝❧❡s ♣♦✉r ❧❡s ✢✉①

❙✉r ✉♥ rés❡❛✉ ♦ù ❝❤❛q✉❡ ❧✐❡♥ ♣♦rt❡ ✉♥❡ ✈❛r✐❛❜❧❡ Aij ♦✉ Bij ♥♦♥ ♥✉❧❧❡✱ ♦♥ ♣❡✉t ❛ss♦❝✐❡r
✉♥ ✢✉① à ❝❤❛q✉❡ ❜♦✉❝❧❡✱ à ❝♦♥❞✐t✐♦♥ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s Aij s♦✐t ♣❛✐r s✉r ❝❡tt❡
❜♦✉❝❧❡✳ ❚♦✉s ❝❡s ✢✉① ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥ts ❧❡s ✉♥s ❞❡s ❛✉tr❡s✳ ▲❡s rè❣❧❡s ❞❡ ❝♦♠♣♦s✐t✐♦♥
s♦♥t à ❞ét❡r♠✐♥❡r ❛✉ ❝❛s ♣❛r ❝❛s ❡t ❞é❝♦✉❧❡♥t ❞❡s r❡♠❛rq✉❡s s✉✐✈❛♥t❡s ✿

✕ ▲❡ ✢✉① ψB1...n ❞✬✉♥❡ ❜♦✉❝❧❡ ♥❡ ❞é♣❡♥❞ ♣❛s ❞❡ s♦♥ ♣♦✐♥t ❞❡ ❞é♣❛rt ✿ ψB1...n = ψB2...n1✳
P❛r ❝♦♥tr❡✱ ✐❧ ❞é♣❡♥❞ ❞❡ s♦♥ s❡♥s ✿ ψB1...n = −ψB1,n...2✳

✕ ▲❡ ✢✉① ψA1...2n ❞✬✉♥❡ ❜♦✉❝❧❡ ❞é♣❡♥❞ ❞❡ s♦♥ ♣♦✐♥t ❞❡ ❞é♣❛rt ✿ ψA1...2n = −ψA2...2n,1 ❡t ❞❡
s♦♥ s❡♥s ✿ ψA1...2n = −ψA1,2n...2✳

P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ✢✉① ❞❡ ❞❡✉① ❜♦✉❝❧❡s ❛❝❝♦❧é❡s ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❛ s♦♠♠❡ ❞❡s ✢✉① ❞❡s
❞❡✉① ❜♦✉❝❧❡s✱ ♠❛✐s ♣❡✉t êtr❡ ❧✬♦♣♣♦sé ♦✉ ❧❛ ❞✐✛ér❡♥❝❡✳

✷✳ ▲❊❙ ❋▲❯❳ ✾✼
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◆♦♠❜r❡ ❞❡ ✢✉① ✐♥❞é♣❡♥❞❛♥ts ❞✬✉♥ rés❡❛✉

P♦✉r ✉♥❡ ❝❤❛î♥❡ ✶❉ à Ns s✐t❡s✱ ♦✉✈❡rt❡✱ ❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ (Ns−1)
❧✐❡♥s ♦♥t ❝❤❛❝✉♥ ❧❡✉r ♣❛r❛♠ètr❡ Aij ♦✉ Bij ❝♦♠♣❧❡①❡✳ P♦✉r r❡s♣❡❝t❡r ❧✬❛✉t♦❝♦❤ér❡♥❝❡ s✉r ❧❛
❝❤❛î♥❡✱ ♦♥ ♣❡✉t ❛❥✉st❡r ❧❡ ♠♦❞✉❧❡ ❡t ❧✬❛r❣✉♠❡♥t ❞❡ ❝❤❛q✉❡ ♣❛r❛♠ètr❡ ✭2(Ns−1) ♣❛r❛♠ètr❡s
ré❡❧s✮✱ ♦✉ r❡♠❛rq✉❡r q✉❡ ♣❛r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✱ t♦✉s ❧❡s ❛r❣✉♠❡♥ts ♣❡✉✈❡♥t êtr❡ ✜①és
à ✵ ✭Ns− 1 ♣❛r❛♠ètr❡s ré❡❧s✮✳ ❊✈✐❞❡♠❡♥t✱ ❧✬❡s♣❛❝❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡s s♦❧✉t✐♦♥s ❡st ❜❡❛✉❝♦✉♣
♣❧✉s ♣❡t✐t ❞❛♥s ❧❡ ❞❡✉①✐è♠❡ ❝❛s✱ ❡t ❧❛ rés♦❧✉t✐♦♥ s❡r❛ ♣❧✉s r❛♣✐❞❡ ♥✉♠ér✐q✉❡♠❡♥t✳ ❙✐ ❧✬♦♥
❢❡r♠❡ ❧❛ ❝❤❛î♥❡ ❡♥ r❡❧✐❛♥t ❧❡ ♣r❡♠✐❡r ❡t ❧❡ ❞❡r♥✐❡r s✐t❡✱ ✐❧ s❡ ♣❡✉t q✉❡ ❧✬♦♥ ♥❡ ♣✉✐ss❡ ♣❧✉s
r❛♠❡♥❡r t♦✉s ❧❡s ❛r❣✉♠❡♥ts à ③ér♦ ✭❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣❛r✐té ❞✉ ♥♦♠❜r❡ ❞❡ ❧✐❡♥s Aij✮✳
❈✬❡st ❧❡ ❝❛s ❧♦rsq✉✬✐❧ ❡①✐st❡ ❞❡s ❜♦✉❝❧❡s ♥♦♥ tr✐✈✐❛❧❡s ♣♦ssé❞❛♥t ❞❡s ✢✉① s✉r ❧❡ rés❡❛✉✳ P♦✉r
ré❞✉✐r❡ ❛✉ ♠❛①✐♠✉♠ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ♥♦♠❜r❡ ❞❡ ✢✉①
✐♥❞é♣❡♥❞❛♥ts✱ ♥♦té f s✉r ❧❡ rés❡❛✉✱ q✉✐ ♥♦✉s ❞♦♥♥❡ ❧❡ ♥♦♠❜r❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❞✬❛r❣✉♠❡♥ts
❞❡s Aij ❡t Bij à ❝♦♥s❡r✈❡r✳

P♦✉r ❞ét❡r♠✐♥❡r f s✉r ✉♥ rés❡❛✉ ✜♥✐ q✉❡❧❝♦♥q✉❡✱ ✐❧ s✉✣t ❞❡ ❝♦♥♥❛îtr❡ ❧❡s ❞❡✉① ♠❛tr✐❝❡s
❞✬❛❞❥❛❝❡♥❝❡ ❞❡s ❧✐❡♥s Aij ❡t ❞❡s ❧✐❡♥s Bij ✳ ❈❡ s♦♥t ❧❡s ♠❛tr✐❝❡s ❞❡ t❛✐❧❧❡s Ns ×Ns ❞♦♥t ❧❡s
❝♦❡✣❝✐❡♥ts ❞❡ ❧❛ i✐è♠❡ ❧✐❣♥❡ ❡t j✐è♠❡ ❝♦❧♦♥♥❡ ✈❛❧❡♥t 1 s✐ ✉♥ ♣❛r❛♠ètr❡ ❞❡ ❧✐❡♥ r❡❧✐❡ ❧❡s s✐t❡s
i ❡t j✱ 0 s✐♥♦♥✳ ❆ ♣❛rt✐r ❞❡ ❝❡s ❞❡✉① ♠❛tr✐❝❡s✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ♠❛tr✐❝❡ M ❞❡ t❛✐❧❧❡ Nl × Ns

❡st ❝réé❡ ✭Nl =♥♦♠❜r❡ t♦t❛❧ ❞❡ ❧✐❡♥s✮✱ t❡❧❧❡ q✉❡ ❝❤❛q✉❡ ❧✐❣♥❡ ❝♦rr❡s♣♦♥❞❡ à ✉♥ ❧✐❡♥✱ ❝❤❛q✉❡
❝♦❧♦♥♥❡ à ✉♥ s✐t❡✳ ❈❤❛q✉❡ ❧✐❣♥❡ ♣♦ssè❞❡ ❞❡✉① ❝♦❡✣❝✐❡♥ts ♥♦♥ ♥✉❧s ✈❛❧❛♥t ±1 ❞❛♥s ❧❡s
❝♦❧♦♥♥❡s ❞❡s ❞❡✉① s✐t❡s ❞✉ ❧✐❡♥ ❝♦rr❡s♣♦♥❞❛♥t✳ ❙✬✐❧ ♣♦rt❡ ✉♥ Aij ✱ ❧❡s ❞❡✉① ❝♦❡✣❝✐❡♥ts ♦♥t ❧❡
♠ê♠❡ s✐❣♥❡✱ s✬✐❧ ♣♦rt❡ ✉♥ Bij ✱ ✐❧s s♦♥t ♦♣♣♦sés ✭❧❛ ❧✐❣♥❡ ♥✬❡st ❛✐♥s✐ ❞é✜♥✐❡ q✉✬à ✉♥ ❢❛❝t❡✉r
−1 ♣rès✱ q✉✐ ♥✬❛ ♣❛s ❞✬✐♥✢✉❡♥❝❡ s✉r ❧❡ rés✉❧t❛t✮✳ f ❡st ❛❧♦rs ❞♦♥♥é ♣❛r

f = Nl −Rank(M), ✭✸✳✶✷✮

♦ù Rank(M) ❡st ❧❡ r❛♥❣ ❞❡ M✳
❊♥ ❡✛❡t✱ ❧❛ ♠❛tr✐❝❡ M ❞é❝r✐t ❧❡s ✈❛r✐❛t✐♦♥s ❞❡s ♣❤❛s❡s ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ❧✐❡♥ ❧♦rs ❞✬✉♥

❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ ✭θi ± θj s❡❧♦♥ ❧❛ ✈❛r✐❛❜❧❡ ❞❡ ❧✐❡♥✮✳ ❙♦♥ r❛♥❣ ❡st ❞♦♥❝ ❧❡ ♥♦♠❜r❡ ❞❡
❧✐❡♥s ❞♦♥t ♦♥ ♣❡✉t ❝❤♦✐s✐r ❧❛ ♣❤❛s❡ ❣râ❝❡ à ❧❛ ❥❛✉❣❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❧✐❡♥s r❡st❛♥t ❡st ❝❡❧✉✐
❞❡s ♣❤❛s❡s q✉❡ ❧✬♦♥ ♥❡ ♣❡✉t ♣❛s ❛❥✉st❡r à ♥♦tr❡ ❝♦♥✈❡♥❛♥❝❡✱ ❞♦♥❝✱ ❧❡ ♥♦♠❜r❡ ❞❡s ✢✉① ❞✉
rés❡❛✉✳

❋❧✉① ❡t s②♠étr✐❡s ❞✉ P❙●

❙✐ ❧✬♦♥ ✐♠♣♦s❡ à ✉♥ ❆♥s❛t③ ❞❡ r❡s♣❡❝t❡r ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ ♦♥ ❧✐♠✐t❡ s♦✉✈❡♥t
❞r❛st✐q✉❡♠❡♥t ❧❡s ✢✉① q✉✬✐❧ ♣❡✉t ❛✈♦✐r✳ ▲❡s ✢✉① ❞❡s ❜♦✉❝❧❡s s❡r♦♥t ✐♥✈❛r✐❛♥ts ♣❛r ❧✬❛♣♣❧✐✲
❝❛t✐♦♥ ❞❡ ❧❛ s②♠étr✐❡ ❝❛r ❝❡ s♦♥t ❞❡s q✉❛♥t✐tés ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡✳ ❈❤♦✐s✐ss♦♥s ✉♥ ❆♥s❛t③
❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❖♥ ❛ ✈✉ ❛✈❡❝ ❧❛ r❡❝❤❡r❝❤❡ s②sté♠❛t✐q✉❡ ❞❡ t❡❧s
❆♥sät③❡ s②♠étr✐q✉❡s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡s ❡t ❦❛❣♦♠❡ ✭❙❡❝✳✶✳✷✮ q✉❡ ❧❡✉rs ✢✉① ♥❡
♣❡✉✈❡♥t ♣r❡♥❞r❡ q✉❡ ♣❡✉ ❞❡ ✈❛❧❡✉rs✳

❈❡s ✈❛❧❡✉rs s❡ ❞é❞✉✐s❡♥t très s✐♠♣❧❡♠❡♥t ❣râ❝❡ ❛✉① s②♠étr✐❡s ❞✉ rés❡❛✉✳ ❯♥ ❧♦s❛♥❣❡
❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ s❡ tr❛♥s❢♦r♠❡ ❡♥ ❧✉✐✲♠ê♠❡ ♣❛r ❧❛ ré✢❡①✐♦♥ ✐❧❧✉stré❡ ❋✐❣✳✸✳✸✳ ❙♦♥
✢✉① ❡st ✐♥❝❤❛♥❣é ♣❛r ❤②♣♦t❤ès❡✱ ♠❛✐s ❧❡s ✈❛❧❡✉rs ❞❡s Aij ♦♥t été ♠♦❞✐✜é❡s✳ ❖♥ ♣❡✉t ❞♦♥❝
✐❞❡♥t✐✜❡r ❧❡s ♣❤❛s❡s ❞❡ A1A

∗
2A3A

∗
4 ❡t ❞❡ (−A4)(−A3)

∗(−A2)(−A1)
∗✱ t♦✉t❡s ❞❡✉① é❣❛❧❡s ❛✉

✢✉① ❛✉t♦✉r ❞✉ ❧♦s❛♥❣❡✳ ❊❧❧❡ s♦♥t ♦♣♣♦sé❡s✱ ❝❡ q✉✐ ✐♠♣♦s❡ ❛✉ ✢✉① ❞✬êtr❡ 0 ♦✉ π✳ ❊♥ ✜①❛♥t ❧❡
✢✉① ❞❡s ❧♦s❛♥❣❡s✱ ♦♥ ❛ ✜①é ❧❡ ✢✉① ❞❡ t♦✉t❡s ❧❡s ❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r ♣❛✐r❡ ❞✉ rés❡❛✉✱ ❝❡ q✉✐
❞ét❡r♠✐♥❡ ❝♦♠♣❧èt❡♠❡♥t ❧✬❆♥s❛t③✱ ❛✉① ♠♦❞✉❧❡s ❞❡s Aij ❡t à ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡
♣rès✳

P❛r ❧❡ ♠ê♠❡ ❛r❣✉♠❡♥t✱ ✉♥ ❤❡①❛❣♦♥❡ ♦✉ ✉♥ ❧♦s❛♥❣❡ à ✽ ❧✐❡♥s ♣♦ssé❞❛♥t ✉♥ ❛①❡ ❞❡
s②♠étr✐❡ ♣❛ss❛♥t ♣❛r ❞❡✉① ❞❡ s❡s ❝♦✐♥s ❛✉r❛ ✉♥ ✢✉① 0 ♦✉ π✳ ❙✐ ✉♥ ❤❡①❛❣♦♥❡ é❧é♠❡♥t❛✐r❡ ♥❡
♣♦ssè❞❡ ♣❛s ❞✬❛①❡ ❞❡ s②♠étr✐❡✱ ♠❛✐s q✉✬✉♥❡ r♦t❛t✐♦♥ ❞❡ π/3 ❧❡ ❧❛✐ss❡ ✐♥✈❛r✐❛♥t✱ ♦♥ ❛rr✐✈❡
❛✉① ♠ê♠❡s ♣♦ss✐❜✐❧✐tés ❞❡ ✢✉①✳

✾✽ ✷✳ ▲❊❙ ❋▲❯❳
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❋✐❣✳ ✸✳✸ ✕ ❊✛❡t ❞❡ ❧❛ ré✢❡①✐♦♥ s✉r ❧❡ ✢✉① ❞✬✉♥ ❧♦s❛♥❣❡ ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

❙✐❣♥✐✜❝❛t✐♦♥ ❡t ♣❡rt✐♥❡♥❝❡ ❞❡s ✢✉①

▲❡s ✢✉① s♦♥t ❞❡s q✉❛♥t✐tés ❞é✜♥✐❡s q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ♣❤❛s❡ ❞❛♥s ❧❛q✉❡❧❧❡ ♦♥ s❡ tr♦✉✈❡✳
▲❡s s②♠étr✐❡s ❞❡ ❧❛ ♣❤❛s❡ ♣❡✉✈❡♥t ✐♥t❡r❞✐r❡ ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡s ✢✉①✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉
♣❛r ❡①❡♠♣❧❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♦ù t♦✉s ❧❡s Aij ♣❡✉✈❡♥t êtr❡ ❝❤♦✐s✐s ré❡❧s ❧♦rsq✉❡
❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s♦♥t r❡s♣❡❝té❡s✳ ▲❡s ✢✉① ❞❡s Aij s♦♥t ❛❧♦rs 0 ♦✉ π s✉r t♦✉t❡s ❧❡s
❜♦✉❝❧❡s✳

❊♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ❡t ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❞❛♥s ❧❡sq✉❡❧s ♦♥ s❡ tr♦✉✈❡✱ ❝❡s ✢✉① s❡
r❛tt❛❝❤❡♥t ♣❛r❢♦✐s à ❞❡s q✉❛♥t✐tés ❝♦♥♥✉❡s é✈❡♥t✉❡❧❧❡♠❡♥t ♦❜s❡r✈❛❜❧❡s✳ ◆♦✉s ❛❧❧♦♥s ✈♦✐r ❡♥
❙❡❝✳✷✳✷ ❧❡ ❝❛s ❞❡ ❧✬❡s♣❛❝❡ ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ❞❡ κ = 1 ❜♦s♦♥ ♣❛r s✐t❡ ❡st ❡①❛❝t❡♠❡♥t r❡s♣❡❝té❡ ✿
♦♥ ♣❡✉t ❛❧♦rs ❡①♣r✐♠❡r ❧❡s ✢✉① ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ♣❡r♠✉t❛t✐♦♥s ❞❡s s♣✐♥s✳ P✉✐s ♥♦✉s ✈❡rr♦♥s
❧❡ ❝❛s ♦ù ❧✬❛✐♠❛♥t❛t✐♦♥ ♣❛r s✐t❡ ❡st ♠❛①✐♠❛❧❡ ✿ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ ❡♥ ❙❡❝✳✷✳✸✳

✷✳✷ ▲❡s ✢✉① ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s S = 1/2

▲❡s ✢✉① s♦♥t ❞❡s ♦❜s❡r✈❛❜❧❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❥❛✉❣❡ q✉✐ ♦♥t ♣❛r ❝♦♥séq✉❡♥t ✉♥❡ s✐❣♥✐✜✲
❝❛t✐♦♥ ❞❛♥s ❧✬❡s♣❛❝❡ ♦ù ❧❛ ❝♦♥tr❛✐♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❡st r❡s♣❡❝té❡✳ ❆ q✉❡❧
♦♣ér❛t❡✉r ❞❡ s♣✐♥ ❧❡s ✢✉① s♦♥t✲✐❧s r❡❧✐és ❄ ◆♦✉s ❛❧❧♦♥s ré♣♦♥❞r❡ à ❝❡tt❡ q✉❡st✐♦♥ ♣♦✉r ❧❡s
s♣✐♥ 1/2✳

▲❡s ✢✉① ❞❡s Bij

▲❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❢❡r♠✐♦♥✐q✉❡ r❡ss❡♠❜❧❡ ❜❡❛✉❝♦✉♣ à ❧❛ ❙❇▼❋❚✱ s❛✉❢ ❜✐❡♥
❡♥t❡♥❞✉ q✉❡ ❧❡s ♦♣ér❛t❡✉rs ai ❡t bi s♦♥t r❡♠♣❧❛❝és ♣❛r ❞❡s ♦♣ér❛t❡✉rs ❢❡r♠✐♦♥✐q✉❡s fiσ✳
❊❧❧❡ ❡st ❞é❝r✐t❡ ♣❛r ❡①❡♠♣❧❡ ♣❛r ❲❡♥ ❬✶✶✷❪✳ ▲✬éq✉✐✈❛❧❡♥t ❞❡ ❧✬♦♣ér❛t❡✉r B̂ij ❡st ♥♦té χ̂ij =∑

σ f
†
iσfjσ✳ ❲❡♥ ❡t ❛❧✳♦♥t ♠♦♥tré ❬✶✶✸❪ q✉❡ ❧✬♦♣ér❛t❡✉r ❞❡ ♣❡r♠✉t❛t✐♦♥ ❝②❝❧✐q✉❡ ❞❡s s♣✐♥s✱

❧❛ ❝❤✐r❛❧✐té ✈❡❝t♦r✐❡❧❧❡ ❡t ❧❡s ✢✉① ❞❡s χ̂ij s♦♥t r❡❧✐és ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s s♣✐♥s à ✉♥ ❢❡r♠✐♦♥
♣❛r s✐t❡ ♣❛r ❧❡s r❡❧❛t✐♦♥s s✉✐✈❛♥t❡s ✿

ℑ〈χ̂12χ̂23χ̂31〉 = − i

4
〈S1 · (S2 ∧ S3)〉 = ℑ〈P̂123〉. ✭✸✳✶✸✮

◆♦✉s ❛✈♦♥s ét❡♥❞✉ ❝❡ ❧✐❡♥ ❡♥tr❡ ♣❡r♠✉t❛t✐♦♥ ❝②❝❧✐q✉❡ ❡t ♦♣ér❛t❡✉rs ❢❡r♠✐♦♥✐q✉❡s ❛✉①
♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳ ▲❛ ♣❡r♠✉t❛t✐♦♥ P̂12...n ❡♥✈♦✐❡ ❧❡ s♣✐♥ ❞✉ s✐t❡ 1 s✉r ❧❡ s✐t❡ 2✱ ❛✐♥s✐
❞❡ s✉✐t❡ ❥✉sq✉✬à ❡♥✈♦②❡r ❧❡ s♣✐♥ ❞✉ s✐t❡ n s✉r ❧❡ s✐t❡ 1✳ ❊❧❧❡ ❡st é❣❛❧❡ à P̂12P̂23 . . . P̂n−1n✱ ♦ù
❝❤❛q✉❡ ♣❡r♠✉t❛t✐♦♥ é❧é♠❡♥t❛✐r❡ s✬é❝r✐t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❝♦♠♠❡

Pij =
1

2
+ 2Si · Sj ✭✸✳✶✹✮

✷✳ ▲❊❙ ❋▲❯❳ ✾✾
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❉❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡ r❡s♣❡❝t❛♥t ❧❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❡s ❜♦s♦♥s ✭n̂i = 1✮✱ ❧❛ ❝♦♥st❛t❛t✐♦♥
s✉✐✈❛♥t❡ ✿

P̂12.n. = b†1σn
b†2σ1

...b†nσn−1
b1σ1b2σ2 ...bnσn . ✭✸✳✶✺✮

♠è♥❡ à ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡s ♦♣ér❛t❡✉rs ❞❡ ♣❡r♠✉t❛t✐♦♥ ❞❡s s♣✐♥s ❡t ❧❡s ♦♣ér❛t❡✉rs B̂ij

P̂12..n + P̂23..n = 2nB̂†
12B̂

†
23 . . . B̂

†
n−1nB̂

†
n1 ✭✸✳✶✻✮

P̂12..n = 2n : B̂†
12B̂

†
23 . . . B̂

†
n−1nB̂

†
n1 : . ✭✸✳✶✼✮

▲❡s ✢✉① ❞❡s Aij

❘❡❣❛r❞♦♥s ♠❛✐♥t❡♥❛♥t ❧❡s ✢✉① ♦❜t❡♥✉s à ♣❛rt✐r ❞❡s ♦♣ér❛t❡✉rs Âij ✳ ▲❡ ❧✐❡♥ ❛✈❡❝ ❧❡s
♦♣ér❛t❡✉rs ❞❡ ♣❡r♠✉t❛t✐♦♥ ♥✬❡st ♣❛s ❛✉ss✐ s✐♠♣❧❡✳ ❊♥ ❡✛❡t✱ ❧❡s ♦♣ér❛t❡✉rs Âij ❡t B̂ij s♦♥t
r❡❧✐és ♣❛r

: B̂†
ijB̂ij : +Â†

ijÂij = S

(
S − δij

2

)
, ✭✸✳✶✽✮

❝❡ q✉✐ ♥❡ ♣❡r♠❡t ♣❛s ❞✬❡①♣r✐♠❡r Âij ❡♥ ❢♦♥❝t✐♦♥ ❞❡ B̂ij ✳ P♦✉r ❞ét❡r♠✐♥❡r ❧❛ s✐❣♥✐✜❝❛t✐♦♥
♣❤②s✐q✉❡ ❞❡ ❧✬♦♣ér❛t❡✉r Â1...2n✱ ♥♦✉s ❛❧❧♦♥s ♥♦✉s ♣❧❛❝❡r s✉r ✉♥❡ ❜♦✉❝❧❡ ❞❡ ✹ s✐t❡s ❡t ❡①♣r✐♠❡r
à ❧❛ ❢♦✐s ❧✬♦♣ér❛t❡✉r ❞❡ ♣❡r♠✉t❛t✐♦♥ ❝②❝❧✐q✉❡ P̂1234 ❡t Â1234 ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❞❡
s♣✐♥✳ ◆♦✉s ✈❡rr♦♥s ❞❡s s✐♠✐❧❛r✐tés ❡♥tr❡ ❧❡s ❞❡✉① ❢♦r♠✉❧❡s✱ ❝❡ q✉✐ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ tr♦✉✈❡r
❧❛ ❢♦r♠✉❧❡ ❣é♥ér❛❧❡✱ q✉❡ ❧✬♦♥ ❞é♠♦♥tr❡r❛✳

❙✉r ✉♥❡ ❜♦✉❝❧❡ ❞❡ ✹ s✐t❡s✱

8 : Â1234 : = (S1 · S2)(S3 · S4) + (S2 · S3)(S4 · S1) − (S1 · S3)(S2 · S4) + S4

+S2(S1 · S3 + S2 · S4 − S1 · S2 − S2 · S3 − S3 · S4 − S4 · S1) ✭✸✳✶✾✮

+iS(S1 · (S2 × S3) − S2 · (S3 × S4) + S3 · (S4 × S1) − S4 · (S1 × S2)).

P̂1234

2
= (S1 · S2)(S3 · S4) + (S2 · S3)(S4 · S1) − (S1 · S3)(S2 · S4) + S4

+S2(S1 · S3 + S2 · S4 + S1 · S2 + S2 · S3 + S3 · S4 + S4 · S1) ✭✸✳✷✵✮

+iS(S1 · (S2 × S3) + S2 · (S3 × S4) + S3 · (S4 × S1) + S4 · (S1 × S2)).

▲❛ ❢♦r♠✉❧❡ ✸✳✶✾ ❡st ✈❛❧❛❜❧❡ q✉❡❧ q✉❡ s♦✐t ❧❡ s♣✐♥✱ ❛❧♦rs q✉❡ ✸✳✷✵ ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ ♣♦✉r
S = 1/2✳ ❖♥ r❡♠❛rq✉❡ q✉❡ ❧❛ ♣r❡♠✐èr❡ ❡st tr❛♥s❢♦r♠é❡ ❡♥ s♦♥ ❤❡r♠✐t✐q✉❡ ❝♦♥❥✉❣✉é s♦✉s
❧✬❛❝t✐♦♥ ❞❡ ❧❛ ♣❡r♠✉t❛t✐♦♥ ❞❡s ♥✉♠ér♦ ❞❡ s✐t❡s 1 → 2 → 3 → 4 → 1✱ ❛❧♦rs q✉❡ ❧❛ ❞❡✉①✐è♠❡
❡st ✭é✈✐❞❡♠❡♥t✮ ✐♥❝❤❛♥❣é❡✳ ▲❡s ♠ê♠❡s t❡r♠❡s ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧❡s ❞❡✉① éq✉❛t✐♦♥s✱ ♠❛✐s
❛✈❡❝ ❞✐✛ér❡♥ts s✐❣♥❡s✳ P♦✉r r❡tr♦✉✈❡r ❧❡s ♠ê♠❡s s✐❣♥❡s✱ ✐❧ ❢❛✉t ✐♥✈❡rs❡r ❧❡ s✐❣♥❡ ❞❡s ♦♣ér❛✲
t❡✉rs S2 ❡t S4 ✭♦✉ S1 ❡t S3✮✱ ❝✬❡st à ❞✐r❡ ❢❛✐r❡ ❧✬♦♣ér❛t✐♦♥ ❞✬✐♥✈❡rs✐♦♥ ❞✉ t❡♠♣s s✉r ❧❡s s♣✐♥s
♣❛✐rs✳

◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r ❣râ❝❡ à ❝❡s r❡♠❛rq✉❡s q✉❡ ❧✬♦♥ ♣❡✉t ❡①♣r✐♠❡r ❧✬♦♣ér❛t❡✉r : Â1...2n :
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ♣❡r♠✉t❛t✐♦♥s s❡❧♦♥ ❧❛ ❢♦r♠✉❧❡

22n : Â12...2n := P̂12...2n(1 − P̂12)(1 − P̂34) · · · (1 − P̂2n−1,2n). ✭✸✳✷✶✮

❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t ♣r♦♣♦s❡r ❝❡tt❡ ❢♦r♠✉❧❡ ❡♥ s✉✐✈❛♥t ❧❡ r❛✐s♦♥♥❡♠❡♥t s✉✐✈❛♥t✳ ❖♥ ♣❛rt ❞❡ ❧❛
♣❡r♠✉t❛t✐♦♥ P1...2n ❡t ♦♥ ❧❛ ❞é❝♦♠♣♦s❡ ❡♥ ♣r♦❞✉✐ts ❞❡ ♣❡r♠✉t❛t✐♦♥s t❡❧s q✉❡ ❧❡s s✐t❡s ♣❛✐rs
♥✬❛♣♣❛r❛✐ss❡♥t q✉✬✉♥❡ s❡✉❧❡ ❢♦✐s ✿

P̂123···2n = P̂135···2n−1P̂12P̂34 · · · P̂2n−1,2n. ✭✸✳✷✷✮

✶✵✵ ✷✳ ▲❊❙ ❋▲❯❳
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❉✬❛♣rès ❧✬❊q✳✸✳✶✹✱ ❧✬❡✛❡t ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ S2i → −S2i s✉r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ à ❞❡✉① s✐t❡s
❡st P̂2i−1,2i → 1 − P̂2i−1,2i✳ ❊♥ ✉t✐❧✐s❛♥t q✉❡ 1 − P̂ij = −P̂ij(1 − P̂ij)✱ ♦♥ ♦❜t✐❡♥t

P̂12...2n → (−1)nP̂123...2n(1 − P̂12)(1 − P̂34) · · · (1 − P̂2n−1,2n1), ✭✸✳✷✸✮

❝❡ q✉✐ s✉❣❣ér❡ ✉♥❡ é❣❛❧✐té ❞✉ t②♣❡ ✸✳✷✶ ✭❛✉ s✐❣♥❡ ♣rès✱ q✉❡ ❧✬♦♥ ♣❡✉t ✈ér✐✜❡r ♣♦✉r n = 1 ❡t
2✮✳

Pr❡✉✈❡ ❞❡ ❧✬❊q✳✸✳✷✶✳ ❆♣rès ❛✈♦✐r ♠♦♥tré ❝♦♠♠❡♥t ❧❛ ❢♦r♠❡ ❞❡ ❧✬éq✉❛t✐♦♥ ✸✳✷✶ ♣❡✉t s❡
❞❡✈✐♥❡r ❡♠♣✐r✐q✉❡♠❡♥t à ♣❛rt✐r ❞❡s ❢♦r♠✉❧❡s s✉r ❧❡s ♣❡t✐t❡s ❜♦✉❝❧❡s✱ ♥♦✉s ❛❧❧♦♥s ♠♦♥tr❡r
q✉✬❡❧❧❡ ❡st ❝♦rr❡❝t❡ ♣♦✉r t♦✉t❡ t❛✐❧❧❡ ❞❡ ❜♦✉❝❧❡ 2n✳ P♦✉r ❝❡❧à✱ ♥♦✉s ❛❧❧♦♥s ❛♣♣❧✐q✉❡r ❧❡s ❞❡✉①
♠❡♠❜r❡s ❞❡ ❧✬é❣❛❧✐té à ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞✬■s✐♥❣ ❞❡ s♣✐♥s s✉r ❧❛ ❜♦✉❝❧❡ ✭Siz = ±1/2✮✳ ▲❡
t❡r♠❡ ❞❡ ❣❛✉❝❤❡ ❡st

(2Â†
23) . . . (2Â

†
2n,1)(2Â12)(2Â2n−1,2n). ✭✸✳✷✹✮

▲❡s s❡✉❧s ét❛ts ♥♦♥ ❛♥♥✐❤✐❧és ♣❛r ❝❡t ♦♣ér❛t❡✉r s♦♥t ❝❡✉① ♣♦✉r ❧❡sq✉❡❧s ❝❤❛q✉❡ ♣❛✐r❡ ❞❡
s✐t❡s (2i− 1, 2i) ♣♦ssè❞❡ ❞❡✉① s♣✐♥s ♦♣♣♦sés✳ ❆❧♦rs✱ ❧❡ ♣r♦❞✉✐t ❞❡s 2Â2i−1,2i ❞♦♥♥❡ ❧❡ ✈✐❞❡
❞❡ ❜♦s♦♥s ❛✈❡❝ ❧❡ s✐❣♥❡

∏
i S2i−1,z✳ ▲❡s ♦♣ér❛t❡✉rs r❡st❛♥ts ❝ré❡♥t ❞❡s s✐♥❣✉❧❡ts | ↑↓〉− | ↓↑〉

s✉r ❧❡s ♣❛✐r❡s (2i, 2i+ 1)✳
❉❛♥s ❧❡ t❡r♠❡ ❞❡ ❞r♦✐t❡✱ ❧❡s (1 − P2i−1,2i) ❝ré❡♥t ✉♥ ❞✐♠èr❡ S2i−1,z(| ↑↓〉 − | ↓↑〉) s✉r ❧❡

❧✐❡♥ (2i − 1, 2i) s✐ S2i−1,z 6= S2i,z✱ q✉✐ ❡st ❡♥s✉✐t❡ ❞é❝❛❧é ♣❛r ❧❛ ♣❡r♠✉t❛t✐♦♥✳ ▲✬ét❛t ❡st ❧à
❛✉ss✐ ❛♥♥✐❤✐❧é s✐ ❞❡✉① ✈♦✐s✐♥s (2i− 1, 2i) ♦♥t ❧❡ ♠ê♠❡ s♣✐♥✳

▲❡s ❞❡✉① ♠❡♠❜r❡s ❞❡ ❧✬éq✉❛t✐♦♥ ✸✳✷✶ ♦♥t ❞♦♥❝ ❧❡ ♠ê♠❡ ❡✛❡t s✉r t♦✉t ét❛t ❞❡ ❧❛ ❜❛s❡
❞✬■s✐♥❣ ❞❡s s♣✐♥s✳ ■❧s s♦♥t ❜✐❡♥ ✐❞❡♥t✐q✉❡s✳

❈❡tt❡ ❢♦r♠✉❧❡ ♣♦✉rr❛ êtr❡ ✉t✐❧✐sé❡ ♣♦✉r é✈❛❧✉❡r ❧❡s ✢✉① ❞❡ ❢♦♥❞❛♠❡♥t❛✉① ♦❜t❡♥✉s ♣❛r
❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ❡①❛❝t❡ ❡t ❧❡s ❝♦♠♣❛r❡r ❛✉① ♣ré❞✐❝t✐♦♥s ❞❡ ❧❛ ❙❇▼❋❚✳

✷✳✸ ▲❡s ✢✉① ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡

❉❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ t♦✉s ❧❡s ❜♦s♦♥s ❝♦♥tr✐❜✉❡♥t à ❧✬❛✐♠❛♥t❛t✐♦♥ ❡t s♦♥t ❞❛♥s ✉♥
✉♥✐q✉❡ ♠♦❞❡ ❞✬é♥❡r❣✐❡ ♥✉❧❧❡✳ ▲❡s ♦♣ér❛t❡✉rs ai ❡t bi ❛❝q✉✐èr❡♥t ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ 〈ai〉 ❡t
〈bi〉 ♥♦♥ ♥✉❧❧❡✱ q✉❡ ❧✬♦♥ ♣❡✉t ♦❜t❡♥✐r à ♣❛rt✐r ❞✉ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ❞❡ ❧✬❛✐♠❛♥t❛t✐♦♥ mi ✿

(
〈ai〉
〈bi〉

)
=

√
S

( √
1 +mz

i√
1 −mz

i e
iArg(mx

i +imy
i )

)
, ✭✸✳✷✺✮

❡t ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧✐❡♥ s✬♦❜t✐❡♥♥❡♥t ❝♦♠♠❡

Aij =
1

2
(〈ai〉〈bj〉 − 〈aj〉〈bi〉), Bij =

1

2
(〈a†i 〉〈aj〉 + 〈b†i 〉〈bj〉). ✭✸✳✷✻✮

❖♥ ♣❡✉t ❛❧♦rs ❝❤❡r❝❤❡r ❧❛ s✐❣♥✐✜❝❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡s ✢✉① ❞❡s Bij ❡t ❞❡s Aij ✳

❙✐❣♥✐✜❝❛t✐♦♥ ❣é♦♠étr✐q✉❡ ❞❡s ✢✉①

❙✉r ✉♥❡ ❜♦✉❝❧❡ très ❣r❛♥❞❡✱ s✉r ❧❛q✉❡❧❧❡ ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡s s♣✐♥s ✈❛r✐❡ très ❧❡♥t❡♠❡♥t✱
♦♥ ♠♦♥tr❡ q✉❡ ❧❡ ✢✉① ❞❡s Bij ❡st ❧❛ ♠♦✐t✐é ❞❡ ❧✬❛♥❣❧❡ s♦❧✐❞❡ ♣❛r❝♦✉r✉ ♣❛r ❧✬❡①tré♠✐té ❞✉
✈❡❝t❡✉r s♣✐♥ s✉r ❧❛ s♣❤èr❡ S2 ❬✹❪✳ ❙✐ t♦✉s ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s✱ ❧❡ ✢✉① s❡r❛ 0 ♦✉ π✳

▲❡s ✢✉① ❞❡s Aij s♦♥t ♦❜t❡♥✉ à ♣❛rt✐r ❞✉ ✢✉① ❞❡s Bij ♣❛r ❧✬♦♣ér❛t✐♦♥ S → −S s✉r ✉♥
s✐t❡ s✉r ❞❡✉① ❞❡ ❧❛ ❜♦✉❝❧❡ ✭〈ai〉 → 〈bi〉∗ ❡t 〈bi〉 → 〈−ai〉∗✮✳ ❖♥ ❡♥ ❞é❞✉✐t ❧❛ s✐❣♥✐✜❝❛t✐♦♥
❣é♦♠étr✐q✉❡ ❞❡s ✢✉① ❞❡s Aij ✳ ▲à ❡♥❝♦r❡✱ ❧❡ ✢✉① ❡st 0 ♦✉ π s✐ t♦✉s ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s✳

▲❡s ✢✉① ♥♦♥ tr✐✈✐❛✉① s♦♥t t♦✉❥♦✉rs ❧❡ rés✉❧t❛t ❞❡ ❧❛ ♥♦♥✲❝♦♣❧❛♥❛r✐té ❞❡s s♣✐♥s✱ ♠❛✐s ❞❡s
s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ♣❡✉✈❡♥t ❞♦♥♥❡r ❞❡s ✢✉① ❞❡ 0 ♦✉ π✳

✷✳ ▲❊❙ ❋▲❯❳ ✶✵✶
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❱❛❧❡✉r ❞❡s ✢✉① ♣♦✉r ❞❡s ♦r❞r❡s ❞❡ ◆é❡❧ ♣❛rt✐❝✉❧✐❡rs

P♦✉r ✉♥❡ ♦r✐❡♥t❛t✐♦♥ ❞❡s s♣✐♥s ✜①é❡ s✉r ✉♥ rés❡❛✉✱ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❡ ✢✉① ❞❡s ♣❛r❛♠ètr❡s
Aij ❡t Bij ❛✉t♦✉r ❞❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ❜♦✉❝❧❡✳ ▲❡s rés✉❧t❛ts ♣♦✉r ❧❡s ♦r❞r❡s ré❣✉❧✐❡rs ❞❡ ❧❛
❙❡❝✳✶ s♦♥t ré❝❛♣✐t✉❧és ♣♦✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠é ❞❛♥s ❧❡s t❛❜❧❡s ✸✳✶✳ ❚♦✉s ❧❡s
❤❡①❛❣♦♥❡s ❞✉ rés❡❛✉ ❦❛❣♦♠é s♦♥t ✐♠❛❣❡s ❧❡s ✉♥s ❞❡s ❛✉tr❡s ♣❛r ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉✳
❈♦♠♠❡ ❧❡s s♣✐♥s s♦♥t r❡❧✐és ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ O3 s✉r ❝❡s ❤❡①❛❣♦♥❡s✱ ❧❡s
✢✉① ✈♦♥t êtr❡ ✐❞❡♥t✐q✉❡s ♦✉ ♦♣♣♦sés ✭s✐ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡s s♣✐♥s ♥✬❡st ♣❛s ❞❛♥s SO3✮✳
■❧ ❡♥ ❡st ❞❡ ♠ê♠❡ ♣♦✉r ❧❡s ❧♦s❛♥❣❡s à ✽ ❧✐❡♥s ❞✉ ❦❛❣♦♠é ❡t ❝❡✉① à ✹ ❧✐❡♥s ❞✉ tr✐❛♥❣✉❧❛✐r❡✳

❖♥ r❡♠❛rq✉❡ q✉❡ ❝❡rt❛✐♥s ♦r❞r❡s ❞❡ ◆é❡❧ ♦♥t ❞❡s ✢✉① s✐♠♣❧❡s ✭0 ♦✉ π✮ s✉r ❧❡s ♣❧❛q✉❡tt❡s
é❧é♠❡♥t❛✐r❡s✱ ❝❡ q✉✐ ❡st ♥♦r♠❛❧ ♣♦✉r ❧❡s ét❛ts ❝♦♣❧❛♥❛✐r❡s✱ ♠❛✐s ♣❧✉s ✐♥❛tt❡♥❞✉ ♣♦✉r ❧❡
❝✉❜♦❝✷ ♣❛r ❡①❡♠♣❧❡✳ P♦✉r ❝❡t ♦r❞r❡✱ ♦♥ ❝♦♠♣r❡♥❞ ❢❛❝✐❧❡♠❡♥t q✉❡ ❧❡ ✢✉① ❡st ♠✉❧t✐♣❧❡ ❞❡ π
s✉r ✉♥ ❤❡①❛❣♦♥❡ ✿ ❧❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s ❧♦rsq✉✬♦♥ ♣❛r❝♦✉rt ✉♥❡ ❜♦✉❝❧❡ ❤❡①❛❣♦♥❛❧❡✳

❙✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ❧❡s ét❛ts ❝❧❛ss✐q✉❡s q = 0 ❡t
√

3 ×
√

3 ♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s
♠ê♠❡s ✢✉① q✉❡ ❧❡s ❆♥sät③❡ (π, 0) ❡t (0, 0)✳ ❉✬❛✐❧❧❡✉rs✱ ❧❡s ❝♦♥❞❡♥s❛ts ♦❜t❡♥✉s ♣♦✉r ❝❡s
❞❡✉① ❆♥sät③❡ ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❞♦♥♥❡♥t ❞❡s ét❛ts ❞❡ ◆é❡❧ ❞❡
♠ê♠❡ s②♠étr✐❡ q✉❡ ❝❡s ❞❡✉① ét❛ts ❝❧❛ss✐q✉❡s✳

▲❡s ét❛ts ❝❧❛ss✐q✉❡s ♦❝t❛é❞r✐q✉❡s ❡t ❝✉❜♦❝✷ ♦♥t ❡✉① r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✢✉① ❞❡s ❆♥sät③❡
(π, π) ❡t (0, π)✳ P❛r ❝♦♥tr❡✱ ❧❡s ❝♦♥❞❡♥s❛ts ♦❜t❡♥✉s ♣♦✉r ❝❡s ❞❡✉① ❆♥sät③❡ ❛✈❡❝ ✉♥❡ ✐♥t❡r✲
❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ♥✬♦♥t ♣❛s ❧✬❛✐♠❛♥t❛t✐♦♥ ❞❡ ❝❡s ♦r❞r❡s ❝❧❛ss✐q✉❡s✳ ❈❡ s♦♥t ❞❡s
❝♦♥t✐♥✉✉♠ ❞✬ét❛ts✱ ❛♥❛❧♦❣✉❡s à ❝❡❧✉✐ ♦❜t❡♥✉ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ❧✬❆♥s❛t③ (π)✱
♥❡ ❝♦♥t❡♥❛♥t ♣❛s ❝❡s ❞❡✉① ♦r❞r❡s ❝❧❛ss✐q✉❡s✳

❉✬♦ù ♣r♦✈✐❡♥t ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❝❡s ❞❡✉① ❣r♦✉♣❡s ❞✬❆♥sät③❡ ❄ ❚♦✉t s✐♠♣❧❡♠❡♥t ❞❡ ❧❡✉r
é♥❡r❣✐❡ ❝❧❛ss✐q✉❡✳ ❖♥ ❛ ❡ss❛②é ❞❡ ❧❡s ❢❛✐r❡ t♦✉s ❝♦♥❞❡♥s❡r ❛✈❡❝ ❧❡ ♠ê♠❡ ❍❛♠✐❧t♦♥✐❡♥ ❆❋✳
❖r✱ ❝❧❛ss✐q✉❡♠❡♥t✱ ❧❡s ♦r❞r❡s ❝❧❛ss✐q✉❡s q = 0 ❡t

√
3 ×

√
3 s♦♥t ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉①✱

❝♦♥tr❛✐r❡♠❡♥t ❛✉① ♦r❞r❡s ♦❝t❛é❞r✐q✉❡s ❡t ❝✉❜♦❝✷✳ ❖♥ ♣❡✉t ❛ss✐♠✐❧❡r ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ à
❧❛ ♠✐♥✐♠✐s❛t✐♦♥ ❞✬✉♥❡ é♥❡r❣✐❡ ❝❧❛ss✐q✉❡ ✭❧❡s s♣✐♥s s♦♥t ❞❡s ✈❡❝t❡✉rs✮ ❞❛♥s ❧❡ s♦✉s✲❡s♣❛❝❡
❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ✢✉① ✜①és✳ ▲❡s ét❛ts ♦❜t❡♥✉s ❡♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r ❧✬❆♥s❛t③ (π, π)
s♦♥t ❧❡s ♦r❞r❡s ❝❧❛ss✐q✉❡s ❞❡ ✢✉① (π, π) ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡✳ ■❧s ♦♥t ✉♥❡ é♥❡r❣✐❡ ♣❧✉s ❜❛ss❡
q✉❡ ❧✬♦r❞r❡ ❝✉❜♦❝✷✱ ♣♦✉r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ❝❡ q✉✐ ❡①♣❧✐q✉❡ q✉❡ ❝❡t
♦r❞r❡ s♦✐t ✐♥tr♦✉✈❛❜❧❡ ❡♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r ❧✬❆♥s❛t③ ❞❡ ❝❡tt❡ ♠❛♥✐èr❡✳ P♦✉r ❝♦♥✜r♠❡r ❝❡tt❡
❡①♣❧✐❝❛t✐♦♥✱ ✐❧ s✉✣r❛✐t ❞❡ ♣r❡♥❞r❡ ✉♥ ❍❛♠✐❧t♦♥✐❡♥ J1 − J2 ❛✈❡❝ ❧❡s ♣❛r❛♠ètr❡s t❡❧s q✉❡
❧✬♦r❞r❡ ❝✉❜♦❝✷ s♦✐t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ ❡t ❞❡ ✈ér✐✜❡r q✉❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❞♦♥♥❡ ❜✐❡♥
✉♥✐q✉❡♠❡♥t ❝❡t ♦r❞r❡✳

❙✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♦♥ r❡♠❛rq✉❡ q✉✬❛✉❝✉♥ ♦r❞r❡ ré❣✉❧✐❡r ♥✬❛ ✉♥ ✢✉① ❡♥ Aij ❞❡
π s✉r ❧❡s ❧♦s❛♥❣❡s✳ ■❧ ❡st ❞♦♥❝ ✐♠♣♦ss✐❜❧❡ ❞❡ tr♦✉✈❡r ✉♥ ♦r❞r❡ ré❣✉❧✐❡r ❡♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r
❧✬❆♥s❛t③ (π)✱ ❝❡ q✉✐ ❛ été ✈ér✐✜é ♣♦✉r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❡♥ ❙❡❝✳✷✳✸✳✸✳

▲❡s ♦r❞r❡s ❝✉❜♦❝✶ s✉r ❦❛❣♦♠❡ ❡t tétr❛é❞r✐q✉❡ s✉r ❧❡ tr✐❛♥❣✉❧❛✐r❡ ♦♥t ❞❡s ✢✉① ♥♦♥ tr✐✈✐✲
❛✉① ❡♥ Aij ✳ ❉❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡✱ t♦✉s ❧❡s ét❛ts ♣♦ssé❞❛♥t ❞❡s s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ♣♦ssè✲
❞❡♥t ❛✉ ♠♦✐♥s ✉♥ ✢✉① ♥♦♥ tr✐✈✐❛❧✱ ❡♥ Bij ♦✉ Aij ✳ ■❧s ❜r✐s❡♥t ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉
t❡♠♣s ❡t ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✭♣❛r ❡①❡♠♣❧❡✱ σ ❡st ❜r✐sé❡ ❞❛♥s ❧❡ ❝✉❜♦❝✶✮✳ P♦✉r ♦❜t❡♥✐r
❧❡✉rs P❙●✱ ✐❧ ❢❛✉❞r❛ ❝❤❡r❝❤❡r ❞❡s P❙● ❛❧❣é❜r✐q✉❡s ♥❡ ♣♦ssé❞❛♥t ♣❛s t♦✉t❡s ❧❡s s②♠étr✐❡s
❞✉ rés❡❛✉✳ ❈✬❡st ❝❡ q✉❡ ♥♦✉s ❢❡r♦♥s ❡♥ ❙❡❝✳✸✳

✷✳✹ ▲❡s ✢✉① ❛✉t♦✉r ❞❡ ❜♦✉❝❧❡s ♥♦♥ ❧♦❝❛❧❡s ✿ ✐♠♣♦rt❛♥❝❡ ❞❡s ❝♦♥❞✐t✐♦♥s
❛✉① ❧✐♠✐t❡s

▲♦rs ❞❡ ❧❛ r❡❝❤❡r❝❤❡ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s✱ ❧❡s rés❡❛✉① ét❛✐❡♥t ✐♠♣❧✐❝✐t❡♠❡♥t s✉♣♣♦sés ✐♥✲
✜♥✐s✳ ▲♦rsq✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à r❡s♣❡❝t❡r ❧✬❛✉t♦❝♦❤ér❡♥❝❡✱ ♦♥ ♣❡✉t rés♦✉❞r❡ ❛♥❛❧②t✐q✉❡♠❡♥t ❧❡s
éq✉❛t✐♦♥s ♣♦✉r ❧❡ rés❡❛✉ ✐♥✜♥✐✱ ♠❛✐s ❝✬❡st s♦✉✈❡♥t ✐♠♣♦ss✐❜❧❡ s✐ ❧❡ rés❡❛✉ ♣♦ssè❞❡ ♣❧✉s✐❡✉rs
s✐t❡s ♣❛r ♠❛✐❧❧❡✳ ❆❧♦rs✱ ♦♥ s❡ ♣❧❛❝❡ s✉r ✉♥ rés❡❛✉ ❞❡ t❛✐❧❧❡ ✜♥✐❡✱ ♣ér✐♦❞✐q✉❡ ✭♣♦✉r ♣♦✉✈♦✐r
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♦r❞r❡ B( ) B( ) B( ) A( ) A( ) ψA( ) ψA( )

F 1 1 1 0 0

q = 0 −1
8

1
64

1
256 −27

64
81
256 π 0√

3 ×
√

3 −1
8

1
64

1
256

27
64

81
256 0 0

♦❝t❛é❞r✐q✉❡ 1+i
4 − i

8 − 1
16 −1

8 − 1
16 π π

❝✉❜♦❝✶ −1
8 − 1

64 − 1
256

23−10
√

2i
64 − 81

256 − arctan 10
√

2
23 π

❝✉❜♦❝✷ 5+i
√

2
8 −27

64 − 81
256

1
64 − 1

256 0 π

♦r❞r❡ B( ) B( ) A( ) ψA( )

❋ 1 1 0√
3 ×

√
3 −1

8
1
16

9
16 0

tétr❛é❞r✐q✉❡ i
√

3
9 −1

9
2+2i

√
3

9 π/3

❚❛❜✳ ✸✳✶ ✕ ❖♣ér❛t❡✉rs ❞❡ ❜♦✉❝❧❡s ❡t ✢✉① ❞❡s ét❛ts ❝❧❛ss✐q✉❡s ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡
✭❡♥ ❤❛✉t✮ ❡t tr✐❛♥❣✉❧❛✐r❡ ✭❡♥ ❜❛s✮✱ ♣♦✉r S ♣r✐s é❣❛❧ à 1 ❞❛♥s ❧❛ ❢♦r♠✉❧❡ ✸✳✷✺✳

♣❛ss❡r ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡✮✱ ❞é✜♥✐ ♣❛r ❞❡✉① ✈❡❝t❡✉rs t1 ❡t t2 t❡❧s q✉❡ ❧❡s s✐t❡s ✐❞❡♥✲
t✐q✉❡s s♦♥t é❧♦✐❣♥és ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❡♥t✐èr❡ ❞❡ ❝❡s ❞❡✉① ✈❡❝t❡✉rs✳ P♦✉r q✉✬✉♥
❆♥s❛t③ ✐ss✉ ❞✬✉♥ P❙● ❛❧❣é❜r✐q✉❡ r❡s♣❡❝t❡ t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✐♥✜♥✐ SR ❝♦♥t❡♥✉❡s
❞❛♥s ❧❡ P❙● ❛❧❣é❜r✐q✉❡✱ ✐❧ ❢❛✉t q✉❡ ❧❡ rés❡❛✉ ♣ér✐♦❞✐q✉❡ s✉r ❧❡q✉❡❧ ♦♥ ❧❡ ♣❧❛❝❡ r❡s♣❡❝t❡ ❧❡s
♠ê♠❡s s②♠étr✐❡s✳

❘és❡❛✉① ♣ér✐♦❞✐q✉❡s r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✐♥✜♥✐

▲❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦ssè❞❡ ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s tr✐❛♥❣✉❧❛✐r❡ ❡t ❡♥ ♣r❡♥❛♥t ❝♦♠♠❡ ♦r✐❣✐♥❡
❧❡ ❝❡♥tr❡ ❞✬✉♥ ❤❡①❛❣♦♥❡ ✭❋✐❣✳✸✳✷✱ ♣❛❣❡ ✾✻✮✱ s❡s s②♠étr✐❡s s♦♥t ❝❡❧❧❡s ❞✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳
❋♦r♠❡r ✉♥ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♦✉ ❦❛❣♦♠❡ ♣ér✐♦❞✐q✉❡ r❡s♣❡❝t❛♥t ❝❡s s②♠étr✐❡s ❡st ❞♦♥❝
❡①❛❝t❡♠❡♥t ❧❛ ♠ê♠❡ ❝❤♦s❡✳ ❖♥ s❡ ❝♦♥❝❡♥tr❡ ❞♦♥❝ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ❯♥❡ s②♠étr✐❡
X ❡st r❡s♣❡❝té❡ s✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ❞é✜♥✐ ♣❛r t1 ❡t t2 s✐ Xt1 ❡t Xt2 ❞é✜♥✐ss❡♥t ❧❡
♠ê♠❡ rés❡❛✉✱ ❝✬❡st à ❞✐r❡ s♦♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❡♥t✐èr❡s ❞❡ t1 ❡t t2✳ ▲❡s s②♠étr✐❡s
T1 ❡t T2 s♦♥t r❡s♣❡❝té❡s s✉r ♥✬✐♠♣♦rt❡ q✉❡❧ rés❡❛✉✳ ▲❡ r❡s♣❡❝t ❞❡s r♦t❛t✐♦♥s ♠è♥❡ ❛✉①
rés❡❛✉① ❣é♥érés ♣❛r t1 = (l,m) ❡t t1 = (l+m,−l) ❞❛♥s ❧❛ ❜❛s❡ ❢♦r♠é❡ ♣❛r T1 ❡t T2 +T1✳
❙✐ ❧✬♦♥ ✈❡✉t ❡♥ ♣❧✉s q✉❡ ❧❛ s②♠étr✐❡ ♣❛r ré✢❡①✐♦♥ s♦✐t r❡s♣❡❝té❡✱ ✐❧ ❢❛✉t ❝❤♦✐s✐r m = 0 ♦✉
m = l✳ ❆✐♥s✐✱ s❡✉❧s ❝❡rt❛✐♥s ♥♦♠❜r❡s ❞❡ s✐t❡s s♦♥t ♣♦ss✐❜❧❡s ♣♦✉r ✉♥ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡
s②♠étr✐q✉❡ ✿ ❝❡✉① é❣❛✉① à Ns = l2 + m2 + lm ✭Ns = 3(l2 + m2 + lm) ♣♦✉r ✉♥ rés❡❛✉
❦❛❣♦♠é✮✳ ❆ ❝❤❛q✉❡ ✈❛❧❡✉r ❞❡ l ❡t m ❝♦rr❡s♣♦♥❞❡♥t l2 + m2 + lm ♣♦✐♥ts ❞❡ ❧❛ ❩❞❇✱ q✉✐
♣♦ssè❞❡♥t ❞❡s s②♠étr✐❡s r❡❧✐é❡s à ❝❡❧❧❡s ❞✉ rés❡❛✉ ❞✐r❡❝t✳

❆♥sät③❡ s②♠étr✐q✉❡s s✉r ✉♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡

❈♦♥t✐♥✉♦♥s s✉r ❞❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡s✳ ❖♥ ❛ ❢❛✐t ❛tt❡♥t✐♦♥ à ♣r❡♥❞r❡ ✉♥ rés❡❛✉
s②♠étr✐q✉❡✱ s✉r ❧❡q✉❡❧ ♦♥ ♣❧❛❝❡ ♠❛✐♥t❡♥❛♥t ✉♥ ❆♥s❛t③ ♣♦ssé❞❛♥t ❧✬✉♥ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s
r❡s♣❡❝t❛♥t t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ✐♥✜♥✐ SR✳ ❖♥ ❛ ❞❡✉① t❡❧s ❆♥sät③❡ ✿ (0) ❡t (π)✳
❙♦✐t m ❧❡ ♥♦♠❜r❡ ❞❡ s✐t❡s ♣❛r ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ✭m = 1 ♣♦✉r (0)✱ m = 2 ♣♦✉r (π)✮✳ ❙✐
m = 1✱ ♦♥ ♥✬❛ ♣❛s ❞❡ ❝♦♥tr❛✐♥t❡✱ ❡t ♦♥ ♣❡✉t t♦✉❥♦✉rs ❤❛❜✐❧❧❡r ❧❡ rés❡❛✉ ❛✈❡❝ s❛ ♠❛✐❧❧❡✳ P❛r
❝♦♥tr❡✱ ♣♦✉r ❞✬❛✉tr❡s m✱ ❧✬❤❛❜✐❧❧❛❣❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ✭❡①❡♠♣❧❡ tr✐✈✐❛❧ ✿ ❧❡ rés❡❛✉
♣ér✐♦❞✐q✉❡ à ✉♥ s❡✉❧ s✐t❡✮✳ ❊❧✐♠✐♥♦♥s ❧❡s rés❡❛✉① ✐♥❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧✬❆♥s❛t③ ❡t ❝♦♥t✐♥✉♦♥s✳

✷✳ ▲❊❙ ❋▲❯❳ ✶✵✸
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✭❛✮ ❘és❡❛✉ ❞✐r❡❝t ✭❜✮ ❘és❡❛✉ ré❝✐♣r♦q✉❡

❋✐❣✳ ✸✳✹ ✕ ✭❛✮❆♥s❛t③ (π) s✉r ✉♥ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣ér✐♦❞✐q✉❡ à ✶✷ s✐t❡s✳ ▲❡s ♣♦✐♥ts A✱ B✱
C ❡t D s♦♥t ❛✉ ♠ê♠❡ s✐t❡✳ ▲❡s ❜♦✉❝❧❡s ✈❡rt❡ ❡t ❥❛✉♥❡✱ ✐♠❛❣❡s ❧✬✉♥❡ ❞❡ ❧✬❛✉tr❡ ♣❛r s②♠étr✐❡
❞✉ rés❡❛✉✱ ♦♥t ❞❡s ✢✉① r❡s♣❡❝t✐❢s ❞❡ 0 ❡t π✳ ▲✬❆♥s❛t③ ♥❡ r❡s♣❡❝t❡ ❞♦♥❝ ♣❛s SR s✉r ❝❡ rés❡❛✉✳
✭❜✮P♦✉r ❧✬❆♥s❛t③ (0)✱ m = 1✱ ❧❛ ❩❞❇ ❡st ❧✬❤❡①❛❣♦♥❡✳ P♦✉r ❧✬❆♥s❛t③ (π)✱ m = 2✱ ❧❛ ❩❞❇
❛ ✉♥❡ s✉r❢❛❝❡ ❞❡✉① ❢♦✐s ♣❧✉s ♣❡t✐t❡ ❡t ❡st ❧❡ r❡❝t❛♥❣❧❡✳ ▲❡s ♣♦✐♥ts ♥♦✐rs ❡♥ ❝♦✐♥s ❞❡ ③♦♥❡
s♦♥t ❧❡s s♣✐♥♦♥s ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ♣♦✉r (0)✱ ❝❡✉① ❞❛♥s ❧❡ r❡❝t❛♥❣❧❡✱ ♣♦✉r (π)✳ ▲❡s ♣♦✐♥ts
r♦✉❣❡s✱ ❜❧❡✉s✱ ✈❡rts ❡t ♠❛❣❡♥t❛ s♦♥t ❧❡s ♣♦✐♥ts ❞✉ rés❡❛✉ ✭❛✮ ♣♦✉r ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s
r❡s♣❡❝t✐✈❡♠❡♥t PP✱ ❆P✱ P❆ ❡t ❆❆✳ ▲❡s ❞❡✉① ❧❡ttr❡s ✐♥❞✐q✉❡♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❝❤♦✐s✐❡s ❞❛♥s
❧❡s ❞✐r❡❝t✐♦♥s t1 ❡t t2 ✿ P ♣♦✉r ♣ér✐♦❞✐q✉❡s ❡t ❆ ♣♦✉r ❛♥t✐♣ér✐♦❞✐q✉❡✳

❆ t✲♦♥ ♣r✐s t♦✉t❡s ❧❡s ♣ré❝❛✉t✐♦♥s ♣♦✉r q✉❡ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ r❡s♣❡❝t❡ ❧❡s s②♠étr✐❡s ❞❡ SR ❄
P♦✉r ❧❡ ✈ér✐✜❡r✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡s ❝♦rré❧❛t✐♦♥s s♣✐♥✲s♣✐♥ 〈S1 · Sj〉MF s✉r ✉♥ rés❡❛✉ s②♠étr✐q✉❡
à ✶✷ s✐t❡s✱ ❞❡ss✐♥é ❋✐❣✳✸✳✹✭❛✮✳ ❊❧❧❡s s♦♥t r❡♣rés❡♥té❡s ♣♦✉r ❧❡s ❞❡✉① ❆♥sät③❡ ❋✐❣✳✸✳✺✭❛✮ ❡t
✸✳✺✭❡✮✳ P♦✉r ❧✬❆♥s❛t③ (0)✱ ♣❛s ❞❡ ♣r♦❜❧è♠❡ ❛♣♣❛r❡♥t✱ ❧❡s ❝♦rré❧❛t✐♦♥s r❡s♣❡❝t❡♥t ❧❡s s②♠étr✐❡s
❞❡ SR✳ P❛r ❝♦♥tr❡✱ ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡ ❧✬❆♥s❛t③ (π) ♥❡ s♦♥t ♣❛s ✐♥✈❛r✐❛♥t❡s ♣❛r r♦t❛t✐♦♥ ❞❡
π/3✳

■❧ ♥✬❡st ❞♦♥❝ ♣❛s s✉✣s❛♥t ❞❡ ❝♦♠❜✐♥❡r ✉♥ rés❡❛✉ ❡t ✉♥ ❆♥s❛t③ r❡s♣❡❝t❛♥t t♦✉s ❞❡✉①
SR ♣♦✉r ♦❜t❡♥✐r ✉♥ ❢♦♥❞❛♠❡♥t❛❧ ❛✈❡❝ ❝❡s s②♠étr✐❡s✳ ❚♦✉t s✐♠♣❧❡♠❡♥t ♣❛r❝❡ q✉❡ ❧✬❆♥s❛t③
❛ été ét✉❞✐é ♣♦✉r r❡s♣❡❝t❡r ❧❡s s②♠étr✐❡s s✉r ✉♥ rés❡❛✉ ✐♥✜♥✐✱ ❝❡ q✉✐ ✈❡✉t ❞✐r❡ q✉❡ ❧❡s ✢✉①
❞❡ ❜♦✉❝❧❡s ❧♦❝❛❧❡s ✭♦✉ t♦♣♦❧♦❣✐q✉❡♠❡♥t tr✐✈✐❛❧❡s ✿ q✉✐ ♥❡ ❢♦♥t ♣❛s ❞❡ t♦✉rs ❞✉ rés❡❛✉✮ s♦♥t
✐♥✈❛r✐❛♥ts ♣❛r ❧✬❛❝t✐♦♥ ❞❡s s②♠étr✐❡s✳ ❯♥ rés❡❛✉ ♣ér✐♦❞✐q✉❡ ♣♦ssè❞❡ ❧❛ t♦♣♦❧♦❣✐❡ ❞✬✉♥ t♦r❡✳
▲❡ ♣r❡♠✐❡r ❣r♦✉♣❡ ❞✬❤♦♠♦t♦♣✐❡ ❞✉ t♦r❡ ❡st π1 = Z

2✳ ❙❡s ❝❧❛ss❡s s♦♥t ❣é♥éré❡s ♣❛r ❧❡s
❝❧❛ss❡s ❞❡ ❞❡✉① ❜♦✉❝❧❡s ♥♦♥ ❤♦♠♦t♦♣❡s ✭♥♦♥ r❡❧✐é❡s ♣❛r ✉♥❡ ❞é❢♦r♠❛t✐♦♥ ❝♦♥t✐♥✉❡✮ ❢❛✐s❛♥t
❧❡ t♦✉r ❞✉ t♦r❡ ✿ (1, 0) ❡t (0, 1)✳ P♦✉r q✉❡ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ r❡s♣❡❝t❡ Sr✱ ✐❧ ❢❛✉t q✉❡ t♦✉t❡s ❧❡s
❜♦✉❝❧❡s r❡s♣❡❝t❡♥t ❧❡s s②♠étr✐❡s✱ ② ❝♦♠♣r✐s ❝❡❧❧❡s ♥♦♥ ❧♦❝❛❧❡s ✭❧❛ ❝❧❛ss❡ ❞✬✉♥❡ ❜♦✉❝❧❡ ❧♦❝❛❧❡
❡st ✐♥❝❤❛♥❣é❡ ♣❛r ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉✱ ♠❛✐s ❝❡ ♥✬❡st ♣❛s ✈r❛✐ ♣♦✉r t♦✉t❡s ❧❡s ❝❧❛ss❡s✮✳
▲❡s ❜♦✉❝❧❡s ❥❛✉♥❡✱ ✈❡rt❡ ❡t ♠❛❣❡♥t❛ ✭❞❡ C à A✱ ❞❡ D à A ❡t ❞❡ D à C✮ ❞❡ ❧❛ ❋✐❣✳✸✳✹✭❛✮ s♦♥t
♥♦♥ ❧♦❝❛❧❡s ❡t s♦♥t ✐♠❛❣❡s ❧✬✉♥❡ ❞❡ ❧✬❛✉tr❡ ♣❛r r♦t❛t✐♦♥ ❞❡ π/3 ❛✉t♦✉r ❞❡ D✳ ❊❧❧❡s ❞♦✐✈❡♥t
❞♦♥❝ ❛✈♦✐r ❧❡ ♠ê♠❡ ✢✉① ♣♦✉r q✉❡ SR s♦✐t r❡s♣❡❝té✳ P♦✉r ❧✬❆♥s❛t③ (0)✱ ❝✬❡st ❜✐❡♥ ❧❡ ❝❛s✱
♠❛✐s ❝❡❧❛ ♥❡ ❧✬❡st ♣❛s ♣♦✉r ❧✬❆♥s❛t③ (π)✱ ♦ù ❡❧❧❡s ♦♥t ❞❡s ✢✉① ❞❡ 0✱ π ❡t 0✳ P❛r♠✐ ❧❡s tr♦✐s
❞✐r❡❝t✐♦♥s t2✱ t1 ❡t t1 − t2✱ ❝✬❡st ❧❛ ❞✐r❡❝t✐♦♥ t1 ✭❜♦✉❝❧❡ ✈❡rt❡✮ q✉✐ ❥♦✉❡ ✉♥ rô❧❡ ♣❛rt✐❝✉❧✐❡r✱
❝❡ q✉✐ s❡ r❡tr♦✉✈❡ s✉r ❧❡s ❝♦rré❧❛t✐♦♥s ✸✳✺✭❡✮✳

❖♥ ❛ tr♦✉✈é s✉r ❧❡ rés❡❛✉ ❞✐r❡❝t ❧❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡s ❝♦rré❧❛t✐♦♥s ♥❡ r❡s♣❡❝t❡♥t
♣❛s SR ♣♦✉r ❧✬❆♥s❛t③ (π)✳ ❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ❝♦♥st❛t❡r ❧❛ ❞✐ss②♠étr✐❡ ❡st ❞❡ ❝♦♠♣❛r❡r

✶✵✹ ✷✳ ▲❊❙ ❋▲❯❳
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✭❛✮ ❆♥s❛t③ (0)✱ PP ✭❜✮ ❆♥s❛t③ (0)✱ ❆P ✭❝✮ ❆♥s❛t③ (0)✱ P❆ ✭❞✮ ❆♥s❛t③ (0)✱ ❆❆

✭❡✮ ❆♥s❛t③ (π)✱ PP ✭❢✮ ❆♥s❛t③ (π)✱ ❆P ✭❣✮ ❆♥s❛t③ (π)✱ P❆ ✭❤✮ ❆♥s❛t③ (π)✱ ❆❆

❋✐❣✳ ✸✳✺ ✕ ❈♦rré❧❛t✐♦♥s s♣❛t✐❛❧❡s ❡♥tr❡ s♣✐♥s ✭s♣✐♥ ❞❡ ré❢ér❡♥❝❡ ❡♥ r♦✉❣❡✮✱ ♣♦✉r ✉♥ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡ ❞❡ ✶✷ s✐t❡s✱ ❛✈❡❝ ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✭♣❛r ❝♦❧♦♥♥❡s✮✳ ▲❡s ❝♦♥❞✐✲
t✐♦♥s ♣ér✐♦❞✐q✉❡s s♦♥t ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ❝♦❧♦♥♥❡✳ ▲❡s ✈❛❧❡✉rs ❞❡ A ❡t λ ♥❡ ❥♦✉❡ ♣❛s s✉r ❧❡s
s②♠étr✐❡s ❞❡s ❝♦rré❧❛t✐♦♥s✱ q✉✐ s♦♥t ❝❡ q✉✐ ♥♦✉s ✐♥tér❡ss❡ ✐❝✐✳

❧❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s✱ ❋✐❣✳✷✳✸✭❝✮ ❡t ✷✳✹✭❝✮ ❡t ❧❡s ♣♦✐♥ts ❞❡ ❧❛ ❩❞❇ ❞✉ rés❡❛✉ ♣ér✐♦❞✐q✉❡✱
❋✐❣✳✸✳✹✭❜✮✳ P♦✉r ❧✬❆♥s❛t③ (0)✱ ❧❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥ ❛ ❧❡s ♠ê♠❡s s②♠étr✐❡s q✉❡ ❧❡s ♣♦✐♥ts ❞✉
rés❡❛✉ ré❝✐♣r♦q✉❡✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ❧✬❆♥s❛t③ (π)✱ ❧❡s ❞❡✉① ♣♦✐♥ts ♥♦✐rs ❞❛♥s ❧❡ r❡❝t❛♥❣❧❡ ❞❡
✸✳✹✭❜✮✮ ❜r✐s❡♥t ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❞❡ ❧✬❆♥s❛t③ ✿ ❞❡✉① s♣✐♥♦♥s s♦♥t ♣❧✉s ♣r♦❝❤❡s q✉❡
❧❡s ❛✉tr❡s ❞❡ ❝❤❛❝✉♥ ❞❡ ❝❡s ♣♦✐♥ts✳ ■❧s ♣❛rt✐❝✉❧❛r✐s❡♥t ✉♥❡ ❞✐r❡❝t✐♦♥ q✉✐ ❡st ♠♦❞✐✜é❡ ♣❛r
r♦t❛t✐♦♥✳ ❈❡tt❡ ❞✐r❡❝t✐♦♥ ❡st ❥✉st❡♠❡♥t ❝❡❧❧❡ q✉✐ s❡ ❞✐st✐♥❣✉❡ ❞❛♥s ❧❡s ❝♦rré❧❛t✐♦♥s ✸✳✺✭❡✮✳
❉♦♥❝✱ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ♥✬❡st ♣❛s ✐♥✈❛r✐❛♥t ♣❛r r♦t❛t✐♦♥✳

◆♦✉s ❛❧❧♦♥s ✈♦✐r ✉♥❡ ♠❛♥✐èr❡ ❞❡ ❝♦rr✐❣❡r ❝❡ ❞é❢❛✉t ❞❡ ❝❡rt❛✐♥s rés❡❛✉① ❡♥ ✉t✐❧✐s❛♥t ❞❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛♥t✐♣ér✐♦❞✐q✉❡s✳

❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ❛♥t✐♣ér✐♦❞✐q✉❡s

▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❆♥s❛t③ (π) ❝♦♠❜✐♥é ❛✉ rés❡❛✉ ❞❡ ✶✷ s✐t❡s ♣r♦✈✐❡♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s✱ q✉✐ ✐♠♣♦s❡♥t ❞❡s ✢✉① ♥♦♥ s②♠étr✐q✉❡s s✉r ❞❡s ❜♦✉❝❧❡s ♥♦♥ ❧♦❝❛❧❡s✳ ❊ss❛②♦♥s ❞❡
♠♦❞✐✜❡r ❧❡ ✢✉① ψg✱ ψy ❡t ψm ❞❡s ❜♦✉❝❧❡s ✈❡rt❡✱ ❥❛✉♥❡ ❡t ♠❛❣❡♥t❛✱ s❛♥s ♠♦❞✐✜❡r ❛✉❝✉♥ ✢✉①
❧♦❝❛❧✳ ▲❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s tr♦✐s ❜♦✉❝❧❡s ❢♦r♠❡ ✉♥❡ ❜♦✉❝❧❡ DCA✱ ❞❡ ✢✉① ψg + ψy + ψm✱
q✉✐ ❡st ❧♦❝❛❧❡ ✿ ❡❧❧❡ ❡♥t♦✉r❡ ❝✐♥q ❧♦s❛♥❣❡s ❞❡ ✢✉① π ❞✬❛♣rès ❧✬❆♥s❛t③ ❝❤♦✐s✐✳ 5π ∼ π ❡st ❞♦♥❝
❧❡ ✢✉① ❞❡ ❧❛ ❣r❛♥❞❡ ❜♦✉❝❧❡✱ ❝❡ q✉✐ ❡st ❜✐❡♥ ❝❡ q✉❡ ❧✬♦♥ r❡tr♦✉✈❡ ❡♥ ❛❞❞✐t✐♦♥♥❛♥t ❧❡s ✢✉①
❞❡s tr♦✐s ❜♦✉❝❧❡s ❝♦❧♦ré❡s✳ ❖♥ ♥❡ ♣♦✉rr❛ ❞♦♥❝ ♣❛s ❝❤❛♥❣❡r ❝❡tt❡ s♦♠♠❡ ❡♥ ♠♦❞✐✜❛♥t ❧❡s
❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s✱ ♣✉✐sq✉✬❡❧❧❡ ♥✬❡♥ ❞é♣❡♥❞ ♣❛s✳

▲❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣ér✐♦❞✐q✉❡s ✭P✮ s❡❧♦♥ ❧❡ ✈❡❝t❡✉r ti s♦♥t ❞é✜♥✐❡s ❝♦♠♠❡

ax+nti
= ax,

bx+nti
= bx,

✭✸✳✷✼✮

❛✈❡❝ n ✉♥ ❡♥t✐❡r r❡❧❛t✐❢ q✉❡❧❝♦♥q✉❡✳

✷✳ ▲❊❙ ❋▲❯❳ ✶✵✺



❈❍❆P■❚❘❊ ✸✳ ❋▲❯❳ ❊❚ ❙❨▼➱❚❘■❊❙ ❊◆ ❙❇▼❋❚ ✿ ❈▲❆❙❙■❋■❈❆❚■❖◆ ❉❊❙ ▲■◗❯■❉❊❙ ❉❊
❙P■◆❙

❖♥ ❞é✜♥✐t ♠❛✐♥t❡♥❛♥t ❞❡s ❝♦♥❞✐t✐♦♥s ❛♥t✐♣ér✐♦❞✐q✉❡s ✭❆✮ s❡❧♦♥ ti ❝♦♠♠❡

ax+nti
= (−1)nax,

bx+nti
= (−1)nbx.

✭✸✳✷✽✮

▲♦❝❛❧❡♠❡♥t✱ ❧❡ ♣❛ss❛❣❡ ❞❡ P à ❆ ❡st ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ■❧ ♥❡ ♠♦❞✐✜❡r❛ ❞♦♥❝
❛✉❝✉♥ ✢✉① ❧♦❝❛❧✱ ♠❛✐s ♣♦✉rr❛ ♠♦❞✐✜❡r ❧❡s ❛✉tr❡s✳ ❯♥❡ ❢❛ç♦♥ ❞❡ ♣❛ss❡r ❞❡ P à ❆ s❡❧♦♥ t1

✭tr❛♥s♣♦s❛❜❧❡ à t2✮ ❡st ❞❡ tr❛❝❡r ✉♥❡ ❧✐❣♥❡ ❞r♦✐t❡ s✉r ❧❡ rés❡❛✉ ✸✳✹✭❛✮ ♥❡ ♣❛ss❛♥t ♣❛r ❛✉❝✉♥
s✐t❡ ❞✉ rés❡❛✉ ✭❡①❡♠♣❧❡ ✿ ❧✐❣♥❡ ♦r❛♥❣❡ ♣♦✐♥t✐❧❧é❡✮✱ ❞❡ tr❛❝❡r t♦✉s s❡s tr❛♥s❧❛tés ♣❛r nt1 ❡t
❞❡ ❝❤❛♥❣❡r ❧❡s s✐❣♥❡s ❞❡s ✈❛r✐❛❜❧❡s ❞❡s ❧✐❡♥s ❝♦✉♣és ♣❛r ❝❡s ❧✐❣♥❡s✳ ❈❡❧à ❛❥♦✉t❡ π ❛✉① ✢✉①
❞❡s ❜♦✉❝❧❡s ✈❡rt❡ ❡t ♠❛❣❡♥t❛✱ s❛♥s ♠♦❞✐✜❡r ❝❡❧✉✐ ❞❡ ❧❛ ❜♦✉❝❧❡ ❥❛✉♥❡✳ ▲❛ s♦♠♠❡ ❞❡s tr♦✐s
✢✉① ♥✬❛ ♣❛s ❝❤❛♥❣é✱ ♠❛✐s ✐❧s ♥❡ s♦♥t t♦✉❥♦✉rs ♣❛s t♦✉s ❧❡s tr♦✐s ✐❞❡♥t✐q✉❡s✳ ❖♥ ❧❡s r❡♥❞ t❡❧s
❡♥ ❝❤♦✐s✐ss❛♥t ❧❡s ❝♦♥❞✐t✐♦♥s P s❡❧♦♥ t1 ❡t ❆ s❡❧♦♥ t2✳ ▲✬❡✛❡t ❞❡s ❞✐✛ér❡♥t❡s ❝♦♥❞✐t✐♦♥s ❛✉①
❧✐♠✐t❡s s✉r ❧❡s ❝♦rré❧❛t✐♦♥s ❞❡ s♣✐♥ ❡st r❡♣rés❡♥té ❋✐❣✳✸✳✺✳

❈❤❛♥❣❡r ❧❡ t②♣❡ ❞❡ ♣ér✐♦❞✐❝✐té ♠♦❞✐✜❡ ❧❡s ♣♦✐♥ts ❞❡ ❧❛ ❩❞❇✳ ■❧s s♦♥t tr❛♥s❧❛tés ❞✬✉♥
❞❡♠✐✲✈❡❝t❡✉r ❞❡ ❜❛s❡ ❞✉ rés❡❛✉ ré❝✐♣r♦q✉❡ ♣♦✉r ❞♦♥♥❡r ❧❡s ♣♦✐♥ts r❡♣rés❡♥tés ❋✐❣✳✸✳✹✭❜✮✳
❖♥ ✈ér✐✜❡ q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s P❆ ✭❋✐❣✳✸✳✺✭❣✮✮ ♣❡r♠❡tt❡♥t ❞❡ rét❛❜❧✐r ❧❡s s②♠étr✐❡s ❞✉ s♣❡❝tr❡
❞❡ s♣✐♥♦♥s ❞❡ ❧✬❆♥s❛t③ (π)✳

❈❡s q✉❛tr❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ♣♦ss✐❜❧❡s ❞♦♥♥❡♥t ❝❤❛❝✉♥❡ ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧
❞✐✛ér❡♥t✱ ♠❛✐s ❧♦❝❛❧❡♠❡♥t ✐♥❞✐s❝❡r♥❛❜❧❡ ❞❡s ❛✉tr❡s✳ ❆ ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡✱ ❧❡✉rs
é♥❡r❣✐❡s s❡r♦♥t ❞é❣é♥éré❡s✳ ▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ ♣r♦✈✐❡♥t ❞❡ ❧✬■●● ✭✐♥✈❛r✐❛♥❝❡ ❣❛✉❣❡ ❣r♦✉♣✱
❞é✜♥✐ ❡♥ ❙❡❝✳✸✳✶✳✶✮✱ ✐❝✐ ✐s♦♠♦r♣❤❡ à Z2✳ ■❧ ❡①✐st❡ ❞♦♥❝ ❞❡s ❡①❝✐t❛t✐♦♥s ❛♣♣❡❧é❡s ✈✐s♦♥s✱
s✐♠✐❧❛✐r❡s à ❞❡s ✈♦rt❡① Z2 ❬✾✹❪ ❬✾✸❪ ✭❧❡ ❞♦♥❝ s❡r❛ ❡①♣❧✐q✉é ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t✮✳ ■❧s s❡
❝ré❡♥t ♣❛r ♣❛✐r❡s ❡t ♦♥t ✉♥ s♣✐♥ ♥✉❧✳ ❊♥ ❝ré❛♥t ✉♥❡ ♣❛✐r❡ ❞❡ ✈✐s♦♥s ❡t ❡♥ ❢❛✐s❛♥t ♣❛r❝♦✉r✐r à
❧✬✉♥ ❞✬❡✉① ✉♥❡ ❜♦✉❝❧❡ ♥♦♥ tr✐✈✐❛❧❡ ❛✈❛♥t ❞❡ ❧❡s ❛♥♥✐❤✐❧❡r✱ ♦♥ ❝❤❛♥❣❡ ❞❡ s❡❝t❡✉r t♦♣♦❧♦❣✐q✉❡✳
❈✬❡st ❛✉ss✐ ❝❡ q✉✐ s❡ ♣r♦❞✉✐t ❧♦rsq✉❡ ❧✬♦♥ ❝❤❛♥❣❡ ❧❡s s✐❣♥❡s ❞❡s Aij s✉r ✉♥❡ t❡❧❧❡ ❜♦✉❝❧❡✳
▲❛ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡ ❬✽✺❪ ✈❛✉t ❞♦♥❝ 22g ❛✈❡❝ g✱ ❧❡ ❣❡♥r❡ ❞❡ ❧❛ s✉r❢❛❝❡ ✭❣❡♥✉s ❡♥
❛♥❣❧❛✐s✱ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♥♦♠❜r❡ ❞✬❛♥s❡s ❞❡ ❧❛ s✉r❢❛❝❡✮✳ P♦✉r ✉♥ t♦r❡✱ g = 1✳ ❖♥ r❡tr♦✉✈❡
❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ 4 ❞✬✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ Z2 s✉r ✉♥ t♦r❡✳

✷✳✺ ▲✐❡♥ ❡♥tr❡ ✈✐s♦♥s ❞❡s ❙▲ ❡t ✈♦rt❡① Z2 ❞❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s

❈♦♠♠❡♥t ❧✬❡①✐st❡♥❝❡ ❞❡ ✈✐s♦♥s s❡ ❞é❞✉✐t✲❡❧❧❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬■●●❄ P♦✉r s❡ ❧❡
r❡♣rés❡♥t❡r✱ ✐❧ ❢❛✉t s❡ ♣❧❛❝❡r ❞❛♥s ✉♥ ét❛t ❙❇▼❋❚ s✉r ✉♥❡ s✉r❢❛❝❡ ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡✱ ♣♦s✲
sé❞❛♥t é✈❡♥t✉❡❧❧❡♠❡♥t ❞❡s s✐♥❣✉❧❛r✐tés ❡♥ ❞❡s ♣♦✐♥ts ✐s♦❧és✱ ♠❛✐s r❡s♣❡❝t❛♥t ❧♦❝❛❧❡♠❡♥t ❧❡s
s②♠étr✐❡s ❞✉ rés❡❛✉✳ ❖♥ tr❛❝❡ ✉♥❡ ❜♦✉❝❧❡ s✉r ❧❛ s✉r❢❛❝❡✱ q✉✐ ♥❡ ♣❛ss❡ ♣❛s ♣❛r ❧❡s ♣♦✐♥ts
s✐♥❣✉❧✐❡rs✳ ▲♦rsq✉❡ ❧✬♦♥ s❡ ❞é♣❧❛❝❡ ❞✬✉♥ ❝r❛♥ ❧❡ ❧♦♥❣ ❞❡ ❝❡tt❡ ❜♦✉❝❧❡✱ ❧❡s ♣r♦♣r✐étés ❧♦❝❛❧❡s
r❡st❡♥t t♦✉❥♦✉rs ❧❡s ♠ê♠❡s✱ ♣✉✐sq✉✬♦♥ ❡✛❡❝t✉❡ ✉♥❡ tr❛♥s❧❛t✐♦♥ ❡t q✉❡ ❧✬ét❛t ❡st ❧♦❝❛❧❡♠❡♥t
✐♥✈❛r✐❛♥t ♣❛r tr❛♥s❧❛t✐♦♥ ✭♣❛s ❣❧♦❜❛❧❡♠❡♥t à ❝❛✉s❡ ❞❡s ❞é❢❛✉ts✮✳ ❖♥ ♣❡✉t ❞♦♥❝ ❝♦♠♣❡♥s❡r
♥♦tr❡ ❞é♣❧❛❝❡♠❡♥t ♣❛r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡✳ ▲♦rsq✉❡ ❧✬♦♥ ❝✉♠✉❧❡ t♦✉s ❧❡s ❞é♣❧❛❝❡♠❡♥ts
é❧é♠❡♥t❛✐r❡s ❞❡ ❢❛ç♦♥ à ❢❛✐r❡ ❧❡ t♦✉r ❞❡ ❧❛ ❜♦✉❝❧❡ ❡t r❡✈❡♥✐r ❛✉ ♣♦✐♥t ❞❡ ❞é♣❛rt✱ ♦♥ ❝♦♠♣♦s❡
✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♥♦♥ ❣❧♦❜❛❧❡s ✈❛r✐❛♥t très ♣❡✉ ❞❡ ❧✬✉♥❡ à ❧✬❛✉tr❡✳
▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ✜♥❛❧❡ ❞♦✐t ❛✈♦✐r ✉♥ ❡✛❡t tr✐✈✐❛❧ s✉r ❧✬ét❛t✳ ❈♦♠♠❡ ❧✬■●● ❡st Z2✱
✐❧ ② ❛ ❞❡✉① ♣♦ss✐❜✐❧✐tés✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❝❡ ♥✬❡st ♣❛s ❧✬é❧é♠❡♥t ♥❡✉tr❡✱ ❧❛ ❜♦✉❝❧❡ ❡♥t♦✉r❡ ✉♥
♥♦♠❜r❡ ✐♠♣❛✐r ❞❡ ❞é❢❛✉ts t♦♣♦❧♦❣✐q✉❡s✳ ❈❡ s♦♥t ❝❡s ❞é❢❛✉ts q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ✈✐s♦♥s✳ ▲❡✉r
❝♦♥séq✉❡♥❝❡ s✉r ❧❡s ✢✉① ❞❡s ❜♦✉❝❧❡s ❧❡s ❡♥t♦✉r❛♥t ❡st ❧✬❛❥♦✉t ❞❡ π ♣❛r ✈✐s♦♥ ❝♦♥t❡♥✉ ❞❛♥s
❧❛ ❜♦✉❝❧❡ ❛✉ ✢✉① ♦❜t❡♥✉ s❛♥s ✈✐s♦♥✳

❉❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ ❧✬ét❛t ❡st ♦r❞♦♥♥é à ❧♦♥❣✉❡ ♣♦rté❡✱ ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥
❞❡s s♣✐♥s ❡st ❜r✐sé❡✳ ❖♥ s✉♣♣♦s❡ q✉❡ ❧✬ét❛t ❡st ré❣✉❧✐❡r ♣♦✉r ❧❡s tr❛♥s❧❛t✐♦♥s ✭❛✉ s❡♥s
❞é✜♥✐ ❡♥ ❙❡❝✳✶✳✶✳✶✮✱ ❝✬❡st à ❞✐r❡ q✉✬✉♥❡ tr❛♥s❧❛t✐♦♥ ❡st ❝♦♠♣❡♥sé❡ ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥
❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ❞❡ O3✳ ◗✉✐tt❡ à ♣r❡♥❞r❡ ❞❡s ✈❡❝t❡✉rs ❞❡ tr❛♥s❧❛t✐♦♥ ❞❡✉① ❢♦✐s ♣❧✉s ❣r❛♥❞s
q✉❡ ❝❡✉① ❞✉ rés❡❛✉ s✐ ♥é❝❡ss❛✐r❡✱ ♦♥ s✉♣♣♦s❡ ♠ê♠❡ q✉❡ ❧❡s tr❛♥s❧❛t✐♦♥s s♦♥t ❝♦♠♣❡♥sé❡s

✶✵✻ ✷✳ ▲❊❙ ❋▲❯❳
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♣❛r ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ SO3 ✿ ❞❡s r♦t❛t✐♦♥s ❞❡s s♣✐♥s✳ ❊♥ ❡①♣r✐♠❛♥t ❧❡s s♣✐♥s s♦✉s
❢♦r♠❡ ❞❡ s♣✐♥❡✉rs✱ ❧❡s tr❛♥s❧❛t✐♦♥s s♦♥t ❝♦♠♣❡♥sé❡s ♣❛r ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ SU2✳ P♦✉r
q✉❡ ❧❛ r♦t❛t✐♦♥ ♣♦ss✐❜❧❡ s♦✐t ✉♥✐q✉❡ ✭❛✉ s✐❣♥❡ ♣rès✮✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ s✉♣♣♦s❡r ♥♦tr❡ ét❛t
♥♦♥ ❝♦❧✐♥é❛✐r❡✳ ❖♥ ❝❤♦✐s✐t ♠❛✐♥t❡♥❛♥t ✉♥❡ ❜♦✉❝❧❡ ❞✉ rés❡❛✉ ❡t ♦♥ ❡✛❡❝t✉❡ ✉♥❡ sér✐❡ ❞❡
tr❛♥s❧❛t✐♦♥s ♣♦✉r ❡♥ ❢❛✐r❡ ❧❡ t♦✉r✳ ▲♦rsq✉❡ ❧✬♦♥ r❡✈✐❡♥t ❛✉ ♣♦✐♥t ❞❡ ❞é♣❛rt✱ ♦♥ ❛ ❛❝❝✉♠✉❧é
❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ SU2 ❛✉ ❧♦♥❣ ❞✉ ❝❤❡♠✐♥✱ ❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ ❧✬✉♥ ❞❡s ❞❡✉① ❛♥té❝é❞❡♥ts
❞❡ ❧❛ r♦t❛t✐♦♥ ✐❞❡♥t✐té ❞❡ SO3 ❞❛♥s SU2 ✿ ±I✱ s❡❧♦♥ ❧❛ ♣rés❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥ ♥♦♠❜r❡ ✐♠♣❛✐r
❞❡ ✈♦rt❡① ❞❛♥s ❧❛ ❜♦✉❝❧❡✳ ❈❡ s♦♥t ❧❡s ✈♦rt❡① r❡♥❝♦♥trés ❞❛♥s ❧❛ ❙❡❝✳✶✳✷✳

❙✐ ❧✬ét❛t ❡st ❝♦❧✐♥é❛✐r❡✱ ✐❧ ♥✬② ❛ ♣❛s ❞✬✉♥✐❝✐té ❞❡s r♦t❛t✐♦♥s ✿ ♦♥ ♥❡ ♣❡✉t ♣❧✉s ❞é✜♥✐r ❞❡
✈♦rt❡①✳ ▲❡ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ♥✬❡st ♣❧✉s SO3 ♠❛✐s S2✱ ❧❛ s♣❤èr❡ à ✸ ❞✐♠❡♥s✐♦♥s✱ ❞♦♥t ❧❡
♣r❡♠✐❡r ❣r♦✉♣❡ ❞✬❤♦♠♦t♦♣✐❡ ❡st tr✐✈✐❛❧ ✿ t♦✉t❡s ❧❡s ❜♦✉❝❧❡s s♦♥t ❝♦♥tr❛❝t✐❜❧❡s✳ ◗✉✬❡♥ ❡st✲✐❧
❛❧♦rs ❞❡s ✈✐s♦♥s ❄ ▲✬ét❛t q✉❛♥t✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ ét❛t ❝♦❧✐♥é❛✐r❡ ❝❧❛ss✐q✉❡ ♥✬❡st ♣❛s
✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥✱ ♠❛✐s ✉♥ ❝r②st❛❧ ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ ❬✾✸❪✳ ▲✬■●● ❡♥ ❙❇▼❋❚ ♥✬❡st ♣❧✉s
Z2 ♠❛✐s U1✳ ❉❛♥s ✉♥ t❡❧ ét❛t✱ ❧❡s ✈✐s♦♥s ♦♥t ❝♦♥❞❡♥sé ❬✽✻❪ ❬✼✷❪ ❬✽✸❪✳

■❧ ❡st t❡♥t❛♥t ❞✬✐❞❡♥t✐✜❡r ❝❡s ❞❡✉① t②♣❡s ❞✬❡①❝✐t❛t✐♦♥s ✿ ✈✐s♦♥s ❡t ✈♦rt❡①✱ ❝♦♠♠❡ ❧❡ ❢❛✐t
❙❛❝❤❞❡✈ ❞❛♥s ❬✾✸❪✳ ❯♥❡ ♣❡t✐t❡ ❡①♣ér✐❡♥❝❡ ♥✉♠ér✐q✉❡ ♣❡r♠❡t ❞❡ ❝♦♥✜r♠❡r ❝❡ ❧✐❡♥✳ ❊♥ ❡✛❡t✱
♦♥ s❛✐t ❛ss♦❝✐❡r à ❞❡s ♣❧❛q✉❡tt❡s ❞✬✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❝❧❛ss✐q✉❡ à ❧❛ ❢♦✐s ❞❡s ✢✉① ❡t ❞❡ ❧❛
✈♦rt✐❝✐té✳ ❖♥ ♣❧❛❝❡ s✉r ✉♥ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❞❡s s♣✐♥s ❝❧❛ss✐q✉❡s ❞❛♥s ❧✬ét❛t ❝♦♣❧❛♥❛✐r❡
❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ✭❞❛♥s ❧❡ ♣❧❛♥ ❛♣♣❡❧é Oxy✮✳ ❖♥ r❡❣r♦✉♣❡ ❧❡s s♣✐♥s ♣❛r
❣r♦✉♣❡s ❞❡ tr♦✐s s♣✐♥s à ✶✷✵ ❞❡❣rés ❝♦♠♠❡ s✉r ❧❛ ✜❣✉r❡ ✸✳✻✭❛✮✱ ❢♦r♠❛♥t ❝❡ q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡
❧❡ s✉♣❡r✲rés❡❛✉✳

❖♥ ❞és♦r❞♦♥♥❡ ♠❛✐♥t❡♥❛♥t ❧❡ s②stè♠❡ ❡♥ ❢❛✐s❛♥t s✉❜✐r à ❝❤❛q✉❡ ❣r♦✉♣❡ ❞❡ s♣✐♥s ✉♥❡
r♦t❛t✐♦♥ s❡❧♦♥Oz ✭❡♥ t♦✉t❡ ❣é♥ér❛❧✐té✱ ♦♥ ❞❡✈r❛✐t ♣♦✉✈♦✐r ♣r❡♥❞r❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ r♦t❛t✐♦♥✱
♠❛✐s ♥♦✉s ✈❡rr♦♥s ♣❧✉s ❜❛s ❧❡s ♣r♦❜❧è♠❡s q✉❡ ❝❡❧❛ ♣♦s❡✮✳ ❆✐♥s✐✱ ❝❤❛q✉❡ ❣r♦✉♣❡ ❞❡ s♣✐♥s ❞✉
s✉♣❡r✲rés❡❛✉ ❡st ❞é❝r✐t ♣❛r ✉♥ é❧é♠❡♥t ❞❡ SO3✳ ❆ ❝❤❛q✉❡ ❧✐❡♥ ❞✉ rés❡❛✉✱ ♦♥ ❛ss♦❝✐❡ ✉♥❡
✈❛❧❡✉r ❝❧❛ss✐q✉❡ ❞❡s ♦♣ér❛t❡✉rs Aij ✱ Bij ✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❝❛❧❝✉❧❡r t♦✉s ψA ❡t ❧❡s ψB ❞✉
rés❡❛✉✳ ❈♦♠♠❡ ❧✬ét❛t ❡st ❝♦♣❧❛♥❛✐r❡✱ ❧❡s ✢✉① s♦♥t 0 ♦✉ π✳ ❖♥ ❧❡✉r s♦✉str❛✐t ❧❡ ✢✉① ❞❡ ❧✬ét❛t
❝♦♠♣❧èt❡♠❡♥t ♦r❞♦♥♥é ♣♦✉r ❞é❝✐❞❡r ❞❡ ❧❛ ♣rés❡♥❝❡ ♦✉ ♥♦♥ ❞✬✉♥ ✈✐s♦♥ s✉r ❧❛ ♣❧❛q✉❡tt❡✳
❙✐ ❧✬♦♥ ❝❛❧❝✉❧❡ ❝❡s q✉❛♥t✐tés s✉r t♦✉t❡s ❧❡s ♣❧❛q✉❡tt❡s é❧é♠❡♥t❛✐r❡s ❞✉ rés❡❛✉ ✭❧❡s ❧♦s❛♥❣❡s
♣♦✉r ❧❡s ψA✱ ❧❡s tr✐❛♥❣❧❡s ♣♦✉r ❧❡s ψB✮✱ ❡t ❧❛ ✈♦rt✐❝✐té ❞❡s tr✐❛♥❣❧❡s ❞✉ s✉♣❡r✲rés❡❛✉✱ ♦♥
♦❜t✐❡♥t ❧❡s rés✉❧t❛ts ♣rés❡♥tés ❡♥ ❋✐❣✳✸✳✻✭❜✮✱ s✉r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♣❛rt✐❝✉❧✐èr❡ q✉❡ ♥♦✉s
❛❧❧♦♥s ❞ét❛✐❧❧❡r ♣❧✉s ❜❛s✳

▲❡s ❝❛❧❝✉❧s q✉✐ ✈✐❡♥♥❡♥t ❞✬êtr❡ ❞é❝r✐ts s♦✉✛r❡♥t ❞❡ ♣❧✉s✐❡✉rs ❧✐♠✐t❛t✐♦♥s ✿
✕ ▲❡s ❞✐✛ér❡♥ts ✢✉① ❡t ❧❛ ✈♦rt✐❝✐té ♥❡ s♦♥t ♣❛s ❞é✜♥✐s s✉r ❧❡s ♠ê♠❡s ❜♦✉❝❧❡s✳ ▲♦rsq✉❡
❝✬❡st ❧❡ ❝❛s✱ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ♥✬❡st ♣❛s r✐❣♦✉r❡✉s❡ ✿ ♣❛r ❡①❡♠♣❧❡ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ψB

s✉r ❧❡s ❧♦s❛♥❣❡s ❞❡s ψA✳ ▲✬✉♥ ♣❡✉t ❛✈♦✐r ♣r✐s π ❡♥ ♣❧✉s ♣❛r r❛♣♣♦rt à ❧❛ ❝♦♥✜❣✉r❛t✐♦♥
❞❡ ré❢ér❡♥❝❡ ❡t ♣❛s ❧✬❛✉tr❡✱ ❝♦♠♠❡ ♦♥ ♣❡✉t ❧❡ ❝♦♥st❛t❡r s✉r ❧❛ ❋✐❣✳✸✳✻✭❜✮✳

✕ ▲❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ✈♦rt✐❝✐té ❧❛✐ss❡ à ❞és✐r❡r✳ ❉❛♥s ❧✬❡①❡♠♣❧❡ ♣r✐s✱ ♦♥ ❛ ✜❣é ❞❡s s♣✐♥s à
120◦ ❛✜♥ q✉✬✐❧ ♥✬② ❛✐t ♣❛s ❞✬❛♠❜✐❣✉ïté ✭t♦✉t ❝♦♠♠❡ ♦♥ ❛✈❛✐t ✜①é ❞❡s s♣✐♥s à 90◦ ❞❛♥s
❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❛✈❡❝ ❧❡s tr✐è❞r❡s✮✱ ♠❛✐s ❛✈❡❝ ❞❡s s♣✐♥s ❍❡✐s❡♥❜❡r❣ ❧✐❜r❡s✱ ❧✬❛ttr✐❜✉✲
t✐♦♥ ❞✬✉♥ é❧é♠❡♥t ❞❡ SO3 ❛✉① ♦r✐❡♥t❛t✐♦♥s ❞❡s tr♦✐s s♣✐♥s ❞✬✉♥ s✐t❡ ❞✉ s✉♣❡r✲rés❡❛✉
♥✬❡st ♣❛s ❢❛❝✐❧❡✳ ❉❛♥s ❬✹✼❪✱ ❑❛✇❛♠✉r❛ ❡t ❑✐❦✉❝❤✐ ✉t✐❧✐s❡♥t ❛✉ss✐ ❧✬❛st✉❝❡ ❝♦♥s✐st❛♥t
à ✜①❡r ❧✬❛♥❣❧❡ ❡♥tr❡ ❞❡✉① s♣✐♥s✳ ❉❛♥s ❬✹✽❪✱ ❑❛✇❛♠✉r❛ ❡t ▼✐②❛s❤✐t❛ ❝❤♦✐s✐ss❛✐❡♥t ❧❡
♠ê♠❡ s✉♣❡r✲rés❡❛✉ q✉✬✐❝✐ ❡t ❛ttr✐❜✉❛✐❡♥t ✉♥ é❧é♠❡♥t ❞❡ SO3 à tr♦✐s s♣✐♥s ♦r✐❡♥tés
❞❡ ♠❛♥✐èr❡ q✉❡❧❝♦♥q✉❡✱ ♣r♦❜❛❜❧❡♠❡♥t ❡♥ ♣❛rt✐❝✉❧❛r✐s❛♥t ❧✬✉♥ ❞❡s tr♦✐s s♦✉s✲rés❡❛✉①✳
❆ ❜❛ss❡ t❡♠♣ér❛t✉r❡✱ ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉❡ ❧❡s s♣✐♥s s♦✐❡♥t ❧♦❝❛❧❡♠❡♥t ♦r✐❡♥tés à 120◦

❡t q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ s♦✐t ❥✉st✐✜é❡✳ ▼❛✐s à ❤❛✉t❡ t❡♠♣ér❛t✉r❡✱ ❧❡s ♦♥❞❡s ❞❡ s♣✐♥ ❞❡
❝♦✉rt❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❧❛ r❡♥❞❡♥t ✐♥❛❞❛♣té❡✳

✕ ❖♥ s✬❡st ❧✐♠✐té à ❞❡s s♣✐♥s ❝♦♣❧❛♥❛✐r❡s✱ ❛✜♥ ❞✬♦❜t❡♥✐r ❞❡s ✢✉① ❞❡ 0 ♦✉ π✳ ❊♥ ❡✛❡t✱ ❛✈❡❝
❞❡s ✢✉① q✉❡❧❝♦♥q✉❡s✱ ❧❡ rés✉❧t❛t ♥✬❛✉r❛✐t ♣❧✉s ✉♥✐q✉❡♠❡♥t ❞❡✉① ✈❛❧❡✉rs ♣♦ss✐❜❧❡s ✿
♣rés❡♥❝❡ ♦✉ ❛❜s❡♥❝❡ ❞✬✉♥ ❞é❢❛✉t✳ ▲❛ ♣rés❡♥❝❡ ❞✬✉♥ ✉♥✐q✉❡ ✈✐s♦♥ ❛ ❜✐❡♥ ♣♦✉r ❡✛❡t

✷✳ ▲❊❙ ❋▲❯❳ ✶✵✼
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✭❛✮ ❈♦♥✜❣✉r❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡

✭❜✮ ❈♦♥✜❣✉r❛t✐♦♥ à ✉♥ ✈♦rt❡①

❋✐❣✳ ✸✳✻ ✕ ▲✐❡♥ ❡♥tr❡ ✈✐s♦♥s ❡t ✈♦rt❡①✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ré❢ér❡♥❝❡ ✸✳✻✭❛✮ ❡st ❧✬ét❛t ❢♦♥✲
❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ▲❡s ❞✐r❡❝t✐♦♥s ❞❡s s♣✐♥s s♦♥t
r❡♣rés❡♥té❡s ♣❛r ❞❡s ✢è❝❤❡s ♣❛rt❛♥t ❞❡ ❧❡✉r s✐t❡✳ ❉❡s ❣r♦✉♣❡s ❞❡ s♣✐♥s à ✶✷✵ ❞❡❣rés s♦♥t
❢♦r♠és✱ s②♠❜♦❧✐sés ♣❛r ❞❡s tr✐❛♥❣❧❡s ♣❧❡✐♥s ❡t ❢♦r♠❛♥t ✉♥ s✉♣❡r✲rés❡❛✉✳ ψB0 = π ❞❛♥s ❝❤❛q✉❡
tr✐❛♥❣❧❡ é❧é♠❡♥t❛✐r❡ ❞✉ rés❡❛✉✱ ψA0 = 0 ❞❛♥s ❝❤❛q✉❡ ❧♦s❛♥❣❡ é❧é♠❡♥t❛✐r❡ ❡t ❧❛ ✈♦rt✐❝✐té ❡st
♥✉❧❧❡ ❞❛♥s ❝❤❛q✉❡ tr✐❛♥❣❧❡ ❞✉ s✉♣❡r✲rés❡❛✉✳ ❉❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ✸✳✻✭❜✮✱ ✉♥ ✈♦rt❡① s❡
tr♦✉✈❡ ❛✉ ❝❡♥tr❡ ❞❡ ❧✬✐♠❛❣❡✳ ▲❡s ❧♦s❛♥❣❡s ❞♦♥t ψA−ψA0 = π s♦♥t r❡♣érés ♣❛r ✉♥ ♣♦✐♥t ❜❧❡✉
❡t ❧❡s tr✐❛♥❣❧❡s ❞♦♥t ψB−ψB0 = π ♣❛r ✉♥ ♣♦✐♥t ✈❡rt✳ ▲❡ ♣♦✐♥t r♦✉❣❡ ❡st ✉♥ ❝♦❡✉r ❞❡ ✈♦rt❡①✳
P❛r ❝♦♠♣♦s✐t✐♦♥ ❞❡ ❜♦✉❝❧❡s✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ψA − ψA0 = π ❡t ψB − ψB0 = π ❛✉t♦✉r ❞❡ ❧❛
❜♦✉❝❧❡ ✈❡rt❡ ❡♥t♦✉r❛♥t ❧❡ ❞é❢❛✉t ✭♥♦♠❜r❡ ✐♠♣❛✐r ❞❡ ♣♦✐♥ts ❜❧❡✉s ❡t ✈❡rts à ❧✬✐♥tér✐❡✉r ❞❡ ❧❛
❜♦✉❝❧❡✮✳ ■❧ ② ❛ à ❧❛ ❢♦✐s ✉♥ ✈✐s♦♥ ❡t ✉♥ ✈♦rt❡①✳

✶✵✽ ✷✳ ▲❊❙ ❋▲❯❳
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❞✬❛❥♦✉t❡r π ❛✉ ✢✉①✱ ♠❛✐s ❧❡s ✈✐s♦♥s ♥❡ s♦♥t ♣❛s ❧❡s ✉♥✐q✉❡s ❡①❝✐t❛t✐♦♥s ❞✉ s②stè♠❡✳
▲❡s ❛✉tr❡s ❡①❝✐t❛t✐♦♥s ♠♦❞✐✜❡♥t ❧❡s ♠♦❞✉❧❡s ❡t ❧❡s ♣❤❛s❡s ❞❡s Aij ❡t ❞❡s Bij ✱ r❡♥❞❛♥t
❞✐✣❝✐❧❡ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ✈✐s♦♥s✱ t♦✉t ❝♦♠♠❡ ❧❡s ✈♦rt❡① s♦♥t r❡♥❞✉s ❞✐✣❝✐❧❡s à
✐❞❡♥t✐✜❡r à ❝❛✉s❡ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ s♣✐♥s✳

P♦✉r ré❣❧❡r ❧❡ ♣r❡♠✐❡r ❞❡ ❝❡s ♣r♦❜❧è♠❡s✱ ♦♥ ❛ ❝❤♦✐s✐ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦ù ❧❡s s♣✐♥s
✈❛r✐❡♥t s♣❛t✐❛❧❡♠❡♥t très ❧❡♥t❡♠❡♥t✱ ❡①❝❡♣té ♣r♦❝❤❡ ❞✬✉♥ ♣♦✐♥t✳ ❖♥ ❝❤♦✐s✐t ✉♥❡ ❣r❛♥❞❡
❜♦✉❝❧❡ ❛✉t♦✉r ❞❡ ❝❡ ♣♦✐♥t ✿ ❧❛ ❜♦✉❝❧❡ ✈❡rt❡ ❞❡ ❧❛ ❋✐❣✳✸✳✻✭❜✮✳ ❖♥ ❝♦♥st❛t❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥
✈✐s♦♥ ❡t ❞✬✉♥ ✈♦rt❡① s✉r ❝❡tt❡ ❜♦✉❝❧❡ ❛❧♦rs q✉❡ ❧✬♦♥ ♥✬❛✈❛✐t ♥✐ ❧✬✉♥ ♥✐ ❧✬❛✉tr❡ s✉r ❧❛ ❋✐❣✳✸✳✻✭❛✮✳
❖♥ ❛ ét❛❜❧✐ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❧✐❡♥✱ ♠❛✐s ♣❛s ❞✬✉♥❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ♣❛r❢❛✐t❡ ❛✉ r❡❣❛r❞ ❞❡s
❧✐♠✐t❛t✐♦♥s é♥✉♠éré❡s✳

❋✐♥❛❧❡♠❡♥t✱ ❧❡s ✈♦rt❡① s♦♥t ❢❛❝✐❧❡♠❡♥t ✐❞❡♥t✐✜❛❜❧❡s à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❝❛r ❧❡s ♦♥❞❡s
❞❡ s♣✐♥s s♦♥t ❡♥❝♦r❡ ❞❡ ❣r❛♥❞❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡✳ ■❧ ❡♥ ❡st ♣r♦❜❛❜❧❡♠❡♥t ❞❡ ♠ê♠❡ ♣♦✉r ❧❡s
✈✐s♦♥s✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ♥é❝❡ss✐t❡r❛✐t ✉♥❡ ✈ér✐✜❝❛t✐♦♥ ❣râ❝❡ à ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s
à ❜❛ss❡ t❡♠♣ér❛t✉r❡s✱ ❛✈❡❝ t♦✉s ❧❡s ♣r♦❜❧è♠❡s q✉✬❡♥tr❛î♥❡♥t ❞❡ t❡❧❧❡s s✐♠✉❧❛t✐♦♥s ♣♦✉r ❞❡s
s②stè♠❡s q✉❛♥t✐q✉❡s✳

✸ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ❞❡ s②♠étr✐❡ s✉r ❧❡s ❆♥sät③❡

●râ❝❡ à ❧✬ét✉❞❡ ❞❡s ✢✉①✱ ♦♥ ❛ ❞ét❡r♠✐♥é q✉❡ ♣♦✉r tr♦✉✈❡r ✉♥ ❆♥s❛t③ q✉✐ ❝♦♥❞❡♥s❡ ❞❛♥s
❝❡rt❛✐♥s ❞❡s ét❛ts ré❣✉❧✐❡rs ❝❤✐r❛✉① ❞❡ ❧❛ ❙❡❝✳✶✱ ✐❧ ❢❛❧❧❛✐t q✉❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ♥❡
s♦✐❡♥t ♣❛s ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s✳

P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❛tt❡✐♥❞r❡ ❧✬ét❛t tétr❛é❞r✐q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ✐❧ ❢❛✉t ♣❡r♠❡✲
ttr❡ ❞❡s ✢✉① ❡♥ Aij ❞❡ ±π/3 s✉r ❧❡s ❧♦s❛♥❣❡s✳ ❉❡ ♠ê♠❡✱ ❧✬ét❛t ❝✉❜♦❝✶ s✉r ❦❛❣♦♠❡ ♣♦ssè❞❡
✉♥ ✢✉① ❡♥ Aij ❞❡ ± arctan(10

√
2/23) s✉r ❧❡s ❤❡①❛❣♦♥❡s✳ ❈❡rt❛✐♥❡s s②♠étr✐❡s ♣❛r ré✢❡①✐♦♥

❞✉ rés❡❛✉ tr❛♥s❢♦r♠❡♥t ❝❡s ✢✉① ❡♥ ❧❡✉rs ♦♣♣♦sés ❡t ❞♦♥❝ ❧❡s ♠♦❞✐✜❡♥t ✭❝❡ q✉✐ ♥❡ s❡r❛✐t ♣❛s
❧❡ ❝❛s ♣♦✉r ❞❡s ✢✉① 0 ♦✉ π✮✳

❈❡s ét❛ts ❜r✐s❡♥t ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s✳ ◆♦✉s ❛❧❧♦♥s ❞ét❡r♠✐♥❡r q✉❡❧❧❡s
s♦♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ q✉✬✐❧s ❜r✐s❡♥t✱ ♣✉✐s ♥♦✉s ❝❛❧❝✉❧❡r♦♥s ❧❡s P❙● q✉✐ ❡♥ ❞é❝♦✉❧❡♥t✱
❞❛♥s ❧✬❡s♣♦✐r ❞❡ tr♦✉✈❡r q✉❡ ❝❡✉① ♣♦ssé❞❛♥t ❧❡s ✢✉① ❛♣♣r♦♣r✐és ♣❡✉✈❡♥t ❝♦♥❞❡♥s❡r ❞❛♥s ❝❡s
ét❛ts ré❣✉❧✐❡rs✳

✸✳✶ ▲❡s s②♠étr✐❡s ❜r✐sé❡s ❞❛♥s ❧❡s ♦r❞r❡s ❝❧❛ss✐q✉❡s ré❣✉❧✐❡rs

❉❛♥s ❧❛ ❙❡❝✳✶ ❞✉ ❈❤❛♣✳✶✱ ♥♦✉s ❛✈♦♥s tr♦✉✈é q✉❡ ❝❤❛q✉❡ ét❛t ré❣✉❧✐❡r ét❛✐t ✐♥✈❛r✐❛♥t
s♦✉s ❧✬❛❝t✐♦♥ ❞❡ GXX ❛✈❡❝ X ∈ SR ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉✱ ❡t GX ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥
❞❡s s♣✐♥s ❞❡ O3✳ ❊♥ ❙❇▼❋❚✱ ❧❡s ✢✉① s♦♥t ✐♥✈❛r✐❛♥ts ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡s s♣✐♥s ❞❡
SO3✳ ❙✐ ❧✬♦♥ ❛♣♣❧✐q✉❡ GX à ✉♥ ét❛t ❙❇▼❋❚ ❡t q✉❡ s♦♥ ❞ét❡r♠✐♥❛♥t ❡st −1✱ ❧❡s ✢✉① s♦♥t
tr❛♥s❢♦r♠és ❡♥ ❧❡✉rs ♦♣♣♦sés ✭❝✬❡st ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞✉ r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s Si → −Si
❡t ❞✬✉♥❡ r♦t❛t✐♦♥ ❞❡s s♣✐♥s✮✳ ❯♥❡ t❡❧❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ♥❡ ♣♦✉rr❛ ❞♦♥❝ ♣❛s êtr❡ ❝♦♠♣❡♥sé❡
♣❛s ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ s✐ ❧❡s ✢✉① ♥❡ s♦♥t ♣❛s t♦✉s 0 ♦✉ π✳

P♦✉r t♦✉s ❧❡s ♦r❞r❡s ❝♦♣❧❛♥❛✐r❡s ❝❧❛ss✐q✉❡s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠❡✱ ♦♥
♣❡✉t ❝❤♦✐s✐r ❞❡s GX ❞❛♥s SO3 ♣♦✉r t♦✉t é❧é♠❡♥t X ❞❡ SR✳ ❈❡ ♥✬❡st ♣❛s ✈r❛✐ ❧♦rsq✉❡ ❧✬ét❛t
❡st ♥♦♥ ❝♦♣❧❛♥❛✐r❡✳ P❛r ❡①❡♠♣❧❡✱ ♣♦✉r ❧✬♦r❞r❡ tétr❛é❞r✐q✉❡ ❞✉ tr✐❛♥❣✉❧❛✐r❡✱ ❧❡ Gσ ❛ss♦❝✐é
à ❧❛ ré✢❡①✐♦♥ ❞✉ rés❡❛✉ σ ✭r❡♣rés❡♥té❡ ❋✐❣✳✶✳✹✱ ♣❛❣❡ ✶✹✮ ❝❤❛♥❣❡ ❧❛ ❝❤✐r❛❧✐té ❞❡ ❧✬ét❛t✳ P❛r
❝♦♥séq✉❡♥t✱ Gσ ♥❡ ♣❡✉t ♣❛s êtr❡ ❞❛♥s SO3✳ P♦✉r ❛✈♦✐r ✉♥❡ ❝❤❛♥❝❡ ❞❡ tr♦✉✈❡r ❝❡t ét❛t ❡♥
❙❇▼❋❚✱ ✐❧ ❢❛✉t ❝❤❡r❝❤❡r ❧❡s ❆♥sät③❡ ✐ss✉s ❞❡ P❙● ❛❧❣é❜r✐q✉❡s ♥❡ ♣r❡♥❛♥t ♣❛s ❡♥ ❝♦♠♣t❡
σ✳

❋❛✐s♦♥s ❧❛ ♠ê♠❡ ét✉❞❡ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❞♦♥t ❧❡s ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ❞✉
rés❡❛✉① s♦♥t r❡♣rés❡♥tés ❋✐❣✳✶✳✹✳ ❖♥ ❛ tr♦✐s ét❛ts ♥♦♥ ❝♦♣❧❛♥❛✐r❡s s❛♥s ❛✐♠❛♥t❛t✐♦♥ ❣❧♦❜❛❧❡ ✿
❧✬♦r❞r❡ ❝✉❜♦❝✶✱ ❝✉❜♦❝✷ ❡t ♦❝t❛é❞r✐q✉❡✳ ❈❤❛❝✉♥ ❞❡ ❝❡s ét❛ts ❡st ❝❤✐r❛❧✳ ▲❡ Gσ ❞❡ ❧✬ét❛t
♦❝t❛é❞r✐q✉❡ ❡t ❧❡ GR ❞❡ ❧✬ét❛t ❝✉❜♦❝✷ ♥❡ s♦♥t ♣❛s ❞❛♥s SO3✱ ♠❛✐s t♦✉s ❧❡s GX ❞❡s ❛✉tr❡s
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❣é♥ér❛t❡✉rs ❧❡ s♦♥t✳ P♦✉r ❧✬ét❛t ♦❝t❛é❞r✐q✉❡✱ ♦♥ s❡ tr♦✉✈❡ ❞❛♥s ❧❡ ❝❛s ♣ré❝é❞❡♥t ✿ ✐❧ ❢❛✉t
✐❣♥♦r❡r σ ❡t ❝♦♥s❡r✈❡r ❧❡s tr♦✐s ❛✉tr❡s ❣é♥ér❛t❡✉rs ❞❡ SR✳ P❛r ❝♦♥tr❡✱ ♣♦✉r ❧✬ét❛t ❝✉❜♦❝✷✱
✐❧ ♥❡ ❢❛✉t ♣❛s ♦✉❜❧✐❡r q✉❡ R2

6 r❡st❡ ✉♥❡ s②♠étr✐❡ à ❝♦♥s❡r✈❡r ♣✉✐sq✉✬❡❧❧❡ r❡✈✐❡♥t ❞❛♥s SO3✳
P♦✉r ❝❡t ét❛t✱ ✐❧ ♥♦✉s r❡st❡ ❞♦♥❝ ❡♥❝♦r❡ ✹ ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ✿ T1✱ T2✱ σ ❡t R2

6✳
P♦✉r ❧✬ét❛t ❝✉❜♦❝✶✱ ❝✬❡st ♣❧✉s ❝♦♠♣❧✐q✉é ✿ ♥✐ Gσ✱ ♥✐ GR ♥❡ ♣❡✉✈❡♥t s❡ tr♦✉✈❡r ❞❛♥s

SO3✳ ❈❡t ét❛t ✈❛ s❡ tr♦✉✈❡r ♣❛r♠✐ ❧❡s ❆♥sät③❡ ❞❡s P❙● ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❡s s②♠étr✐❡s
❣é♥éré❡s ♣❛r ❧❡s ✹ ❣é♥ér❛t❡✉rs ✿ T1✱ T2✱ σ2 = R6σ ❡t R3 = R2

6✳ ❙✐ ❧✬♦♥ ❝❤❡r❝❤❛✐t à ♦❜t❡♥✐r
❞❡s ét❛ts s♣✐r❛✉①✱ ❞é✜♥✐s ❙❡❝✳✶✳✺✱ ✐❧ ❢❛✉❞r❛✐t ❝❡tt❡ ❢♦✐s s❡ ❧✐♠✐t❡r ❛✉① ❣é♥ér❛t❡✉rs T1 ❡t T2✳

❊♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬ét❛t ❝♦♥❞❡♥sé q✉❡ ❧✬♦♥ r❡❝❤❡r❝❤❡✱ ✐❧ ❢❛✉t tr♦✉✈❡r ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉
r❡s♣❡❝té❡s ♣❛r ❝❡s ét❛ts✱ ❛✉ s❡♥s ♦ù ❧❡✉r ❡✛❡t ❡st ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s ❡t ❞ét❡r✲
♠✐♥❡r ❧❡s ❣é♥ér❛t❡✉rs ❞❡ ❝❡s s②♠étr✐❡s✳ ❖♥ ♣❡✉t ❡♥s✉✐t❡ ❝❛❧❝✉❧❡r ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ❛ss♦✲
❝✐és✳ ◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ♣❛ss❡r à ❧❛ r❡❝❤❡r❝❤❡ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s ❞♦♥t ❧❡s s②♠étr✐❡s
❝♦rr❡s♣♦♥❞❡♥t à ❝❡❧❧❡s ❞❡ ❧✬ét❛t ❝♦♥❞❡♥sé tétr❛é❞r✐q✉❡ ♠❛♥q✉❛♥t s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉✲
❧❛✐r❡✳ ◆♦✉s ✈ér✐✜❡r♦♥s q✉✬❡♥ ❡✛❡t✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s ❣r❛♥❞s κ✱ ❧✬✉♥ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s
s✉♣♣❧é♠❡♥t❛✐r❡s ❝♦♥❞❡♥s❡ ❛✈❡❝ ❧✬♦r✐❡♥t❛t✐♦♥ ❞❡s s♣✐♥s r❡❝❤❡r❝❤é❡✳

✸✳✷ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

▲❡s P❙● ❛❧❣é❜r✐q✉❡s s❛♥s σ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

❖♥ r❡♣r❡♥❞ ❧❡ r❛✐s♦♥♥❡♠❡♥t ❞❡ ❧❛ ❙❡❝✳✶✳✷ ♦ù ❧✬♦♥ ❞ét❡r♠✐♥❡ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s s✉r
❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ s❛✉❢ q✉✬✐❝✐✱ ♦♥ ♥❡ ♣r❡♥❞ ♣❛s ❡♥ ❝♦♠♣t❡ σ✳ ❖♥ ❡♥❧è✈❡ ❞❡s éq✉❛t✐♦♥s
✸✳✸✱ ♣❛❣❡ ✾✹ t♦✉t❡s ❧❡s ❧✐❣♥❡s ♦ù ❡❧❧❡ ✐♥t❡r✈✐❡♥t✳ ❈❡s ❝♦♥tr❛✐♥t❡s ❢♦✉r♥✐ss❡♥t ❧❡s éq✉❛t✐♦♥s
s✉✐✈❛♥t❡s ✿

θ1(r) + θ2(T
−1
1 r) − θ1(T

−1
2 r) − θ2(r) = p1π,

θR(r) + θR(Rπ/3r) + θR(R2
π/3r) + θR(R3

π/3r) + θR(R4
π/3r) + θR(R5

π/3r) = p2π,

θ1(r) + θR(T−1
1 r) + θ2(T2R

−1r) − θR(r) = p3π,

θR(r) + θ1(R
−1
6 r) + θ2(T

−1
1 R−1r) − θ2(r) − θR(T−1

2 r) = p4π.

❖♥ ♣❡✉t ♣❛r ✉♥ ❝❤♦✐① ❞❡ ❥❛✉❣❡ ❛❞éq✉❛t ✜①❡r θ1(r) = 0 ❡t θ2(0, r2) = 0✳ ▲❛ rés♦❧✉t✐♦♥
❞❡s éq✉❛t✐♦♥s ♠è♥❡ à

θ2(r) = p1πr1, ✭✸✳✷✾✮

θR(r) = p3πr1 + p4πr2 + p1πr2(r1 + (r2 − 1)/2) + kπ/6, ✭✸✳✸✵✮

❛✈❡❝ k ✉♥ ❡♥t✐❡r ❞❡ [0, 5]✳
❯♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❥❛✉❣❡ GJ ❛ ♣♦✉r ❡✛❡t s✉r ❧❡s θX(r) ❞❡ ❧❡✉r ❛❥♦✉t❡r ❧❛ ♣❤❛s❡ θJ(r)−

θJ(X(r))✳ P❛r ❧❡s ❝❤❛♥❣❡♠❡♥ts ❞❡ ❥❛✉❣❡ θJ1(r) = πr1 ❡t θJ2(r) = π(r2 − r1)✱ ♦♥ ♣❡✉t ✜①❡r
p3 = 0 ❡t p4 = 0✱ ❝❛r ❧❡✉r ❡✛❡t s✉r θ1 ❡t θ2 ❡st ❞✬❛❥♦✉t❡r ✉♥❡ ❝♦♥st❛♥t❡ 0 ♦✉ π✱ ❝❡ q✉✐ ❡st
✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❧✬■●●✱ ❡t s✉r θR(r)✱ ❞❡ ❧✉✐ ❛❥♦✉t❡r ❧❛ ♣❤❛s❡ πr1 ♦✉ πr2✱ ❝❡ q✉✐ ❛❥♦✉t❡
1 à p3 ♦✉ p4✳

❖♥ ♦❜t✐❡♥t ✜♥❛❧❡♠❡♥t ✶✷ P❙● ❛❧❣é❜r✐q✉❡s✱ ❝♦♥tr❡ ✹ ❡♥ ✐♥❝❧✉❛♥t σ✱ r❡♣érés ♣❛r p1 ❡t k✳
▲❡s ✹ ♦❜t❡♥✉s ❛✈❡❝ σ s♦♥t é✈✐❞❡♠❡♥t ✐♥❝❧✉s ❞❛♥s ❝❡✉①✲❝✐ ✿

θ1(r) = 0, θ2(r) = p1πr1, θR(r) = p1πr2(r1 + (r2 − 1)/2) + kπ/6, ✭✸✳✸✶✮

▲❡s ❆♥sät③❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s s❛♥s σ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

❖♥ ❝❤❡r❝❤❡ ♠❛✐♥t❡♥❛♥t ❧❡s ❆♥sät③❡ ❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s ❞♦♥t ❧❡
P❙● ❡st ✐♥❝❧✉ ❞❛♥s ❧✬✉♥ ❞❡s ✶✷ P❙● ❛❧❣é❜r✐q✉❡s ❞ét❡r♠✐♥é ❝✐✲❞❡ss✉s✳
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✭❛✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❝✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ✸✳✼ ✕ ❆♥s❛t③ (π/3) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r A = 1 ❡t λ = λc✳

❋✐❣✳ ✸✳✽ ✕ ❊t❛t tétr❛é❞r✐q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♦❜t❡♥✉ ❡♥ ❢❛✐s❛♥t ❝♦♥❞❡♥s❡r ❧✬❆♥s❛t③
(±π/3)✳

▲❡ ❧✐❡♥ (0, 0)(−1, 0) ❡st ❡♥✈♦②é ♣❛r R3
6 s✉r (0, 0)(1, 0) ❡t ♣❛r T1 s✉r ❧❡ ❧✐❡♥ ♦♣♣♦sé

(1, 0)(0, 0)✳ ▲❡s Aij ❞❡ ❝❡s ❞❡✉① ❧✐❡♥s s♦♥t ❞é♣❤❛sés ❞❡ π✱ ❝❡ q✉✐ ❞♦♥♥❡ ❧❛ r❡❧❛t✐♦♥

θ1(1, 0) + θ1(0, 0) = θR(0, 1) + θR(1, 1) + θR(0, 1) + 3θR(0, 0) + π, ✭✸✳✸✷✮

✐♠♣❧✐q✉❛♥t q✉❡ ❧❛ ♣❛r✐té ❞❡ k ❞♦✐t êtr❡ ❧✬♦♣♣♦sé ❞❡ ❝❡❧❧❡ ❞❡ p1✳ ▲❡ ✢✉① ❞✬✉♥ ❧♦s❛♥❣❡ ❡st
(p1 − 2k/3)π ❛✉ s✐❣♥❡ ♣rés ✭q✉✐ ❞é♣❡♥❞ ❞✉ ♣♦✐♥t ❞❡ ❞é♣❛rt ❞❡ ❧❛ ❜♦✉❝❧❡ ❡t ❞❡ s♦♥ s❡♥s✮✳
P❛r♠✐ ❧❡s ✻ P❙● r❡st❛♥ts✱ ❞❡✉① ❞♦♥♥❡♥t ❧❡s ❆♥sät③❡ (0) ✭♣♦✉r p1 = 0 ❡t k = 3✮ ❡t (π)
✭♣♦✉r p1 = 1 ❡t k = 0✮✳ ▲❡s ❛✉tr❡s ❞♦♥♥❡♥t ❞❡s ✢✉① ±2π/3 ✭s✐ p1 = 0 ❡t k = 2 ♦✉ 4✮ ❡t
±π/3 ✭s✐ p1 = 1 ❡t k = 1 ♦✉ 5✮✳

❆rr✐✈é à ❝❡ st❛❞❡✱ ♦♥ ♥❡ ♣❡✉t q✉❡ r❡♠❛rq✉❡r q✉❡ ❧✬♦♥ ♦❜t✐❡♥t ❜✐❡♥ ✉♥ ❆♥s❛t③ ♣♦ssé❞❛♥t
✉♥ ✢✉① ❞❡ ±π/3✱ q✉✐ ❡st ❧❡ ✢✉① q✉❡ ❧✬♦♥ ❛tt❡♥❞ ♣♦✉r ✉♥ ❝♦♥❞❡♥s❛t tétr❛é❞r✐q✉❡ ✭✈♦✐r
❚❛❜✳✸✳✶✮✳ ◆♦✉s ❛❧❧♦♥s ✈ér✐✜❡r q✉❡ ❧❡ ❝♦♥❞❡♥s❛t ✈ér✐✜❡ ♥♦s s✉♣♣♦s✐t✐♦♥s✳

▲❡ ❝♦♥❞❡♥s❛t ❞❡ ❧✬❆♥s❛t③ (±π/3) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡

▲❡s ❆♥sät③❡ (±π/3) ♥❡ s♦♥t ♣❛s ❢♦♥❞❛♠❡♥t❛❧❡♠❡♥t ❞✐✛ér❡♥ts ❝❛r ✐❧s s♦♥t ✐♠❛❣❡s ❧✬✉♥
❞❡ ❧✬❛✉tr❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s✳ ❖♥ ❝❤♦✐s✐t ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ▲❛
♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ ❞❡✉① s✐t❡s✳ ▲❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥ ❡st r❡♣rés❡♥té
❋✐❣✳✸✳✼✳ ▲❡s s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t ❛✉① ♣♦✐♥ts Q =
(π2 ,

π
2 ) ❡t −Q ❞❛♥s ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ r❡❝t❛♥❣✉❧❛✐r❡ ❞✉ rés❡❛✉✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc =

−2
√

6A✳ ▲❛ ♠❛r❝❤❡ à s✉✐✈r❡ ♣♦✉r ❞ét❡r♠✐♥❡r s♦♥ ❛✐♠❛♥t❛t✐♦♥ ❡st ❡①❛❝t❡♠❡♥t ❧❛ ♠ê♠❡
q✉❡ ♣♦✉r ❧✬❆♥s❛t③ (0)✳ ❖♥ ♦❜t✐❡♥t ❝♦♠♠❡ ✉♥✐q✉❡ ét❛t ❝♦♥❞❡♥sé ❧✬ét❛t tétr❛é❞r✐q✉❡ ❞❡ ❧❛
❋✐❣✳✸✳✽✱ à ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ♣rès✱ ❧❛ ❝❤✐r❛❧✐té ❞é♣❡♥❞❛♥t ❞✉ s✐❣♥❡ ❞✉ ✢✉①✳

✸✳ ❘❊▲❆❳❆❚■❖◆ ❉❊ ❈❖◆❚❘❆■◆❚❊❙ ❉❊ ❙❨▼➱❚❘■❊ ❙❯❘ ▲❊❙ ❆◆❙➘❚❩❊ ✶✶✶
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❋✐❣✳ ✸✳✾ ✕ ❋❧✉① ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t ❝ôtés s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✳ ▲❡s Aij ❞❡s ❧✐❡♥s
✐♠❛❣❡s ♣❛r tr❛♥s❧❛t✐♦♥ s♦♥t ♦❜t❡♥✉s ❣râ❝❡ ❛✉① tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ G1 ❡t G2✳

✸✳✸ ❘❡❧❛①❛t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡

❖♥ ♣♦✉rr❛✐t ❢❛✐r❡ ❧❛ ♠ê♠❡ ❝❤♦s❡ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✱ ♣♦✉r ❝❤❛❝✉♥ ❞❡s ♦r❞r❡s r❡❝❤❡r✲
❝❤és✳ ❈❡♣❡♥❞❛♥t✱ s❛♥s s❡ ❧❛♥❝❡r ❞❛♥s ❞❡ ❣r♦s ❝❛❧❝✉❧s✱ ♦♥ ♣❡✉t ❢❛✐r❡ q✉❡❧q✉❡s r❡♠❛rq✉❡s
❣é♥ér❛❧❡s✳

▲❡s tr❛♥s❧❛t✐♦♥s T1 ❡t T2 s♦♥t r❡s♣❡❝té❡s ❞❛♥s t♦✉s ❧❡s ♦r❞r❡s ré❣✉❧✐❡rs ét✉❞✐és ❡t ♦♥ ♣❡✉t
❝❤♦✐s✐r θ1(r) = 0 ❡t θ2(r) = p1π ❣râ❝❡ à ✉♥ ❜♦♥ ❝❤♦✐① ❞❡ ❥❛✉❣❡✳ ❙✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱
❝❡❧❛ ✐♠♣❧✐q✉❡ q✉❡ ❧❡ ✢✉① ❞❡s Bij s✉r ✉♥ ❧♦s❛♥❣❡ ❡st p1π ❡t ♥❡ ❝♦♥tr❛✐♥t ♣❛s ❧❡s ✢✉① ❞❡s
Aij ✱ ♠❛✐s s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✱ ❝❡❧❛ ✐♠♣♦s❡ ✉♥ ✢✉① ❞❡ p1π s✉r ❧❡ ❧♦s❛♥❣❡ à ✽ ❝ôtés à ❧❛
❢♦✐s ♣♦✉r ❧❡s Aij ❡t ❧❡s Bij ✳ ❋❛✐s♦♥s ❧❡ r❛✐s♦♥♥❡♠❡♥t s✉r ❧❛ ❋✐❣✳✸✳✾ ♣♦✉r ❧❡s Aij ✳ ◗✉❛tr❡ ❞❡s
Aij s♦♥t ❝❤♦✐s✐s ❧✐❜r❡♠❡♥t✱ ❡t ❧❡s q✉❛tr❡ r❡st❛♥ts s♦♥t ❧❡✉rs ✐♠❛❣❡s ♣❛r tr❛♥s❧❛t✐♦♥✳ T1 ♥❡
❧❡s ♠♦❞✐✜❡ ♣❛s✳ T2 ❛❥♦✉t❡ ✉♥❡ ♣❤❛s❡ ❞❡ p1π à ❧✬✉♥ ❞✬❡♥tr❡ ❡✉①✳ ❙✐ ❧✬♦♥ ❝❛❧❝✉❧❡ ❧❡ ✢✉① ❞✉
❧♦s❛♥❣❡✱ ♦♥ ♦❜t✐❡♥t q✉✬✐❧ ❡st ❧❛ ♣❤❛s❡ ❞❡

(−1)4A1A
∗
2A3A

∗
4(−A2)e

p1π(−A1)
∗(−A4)(−A3)

∗, ✭✸✳✸✸✮

❝✬❡st à ❞✐r❡ p1π✳
❘❡❣❛r❞♦♥s ❧✬ét❛t ♦❝t❛é❞r✐q✉❡ ♣♦✉r ❧❡q✉❡❧ ♦♥ ♦✉❜❧✐❡ σ✳ R6 ✐♠♣♦s❡ q✉❡ ❧✬❤❡①❛❣♦♥❡ ❛✐t

✉♥ ✢✉① ❞❡s Aij ❞❡ 0 ♦✉ π✳ ❊♥ ❡✛❡t✱ R6 tr❛♥s❢♦r♠❡ ❧❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ❡♥ s♦♥ ♦♣✲
♣♦sé ✭♦♥ ❞é❝❛❧❡ ❧❡ ♣r❡♠✐❡r ♣♦✐♥t ❞❡ ❧❛ ❜♦✉❝❧❡ ❞✬✉♥ ❝r❛♥✱ (−1)6A1A

∗
2A3A

∗
4A5A

∗
6 ❞❡✈✐❡♥t

(−1)6A2A
∗
3A4A

∗
5A6A

∗
1✮ ❡t ♥❡ ❧❡ ♠♦❞✐✜❡ ♣❛s✳ P♦✉r ❧✬ét❛t ❝✉❜♦❝✷✱ ❝✬❡st σ q✉✐ ✐♠♣♦s❡ ❧❛

♠ê♠❡ ❝♦♥tr❛✐♥t❡ ✿ σ tr❛♥s❢♦r♠❡ ❧❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ❡♥ s♦♥ ♦♣♣♦sé✳ ❋✐♥❛❧❡♠❡♥t✱ ♦♥ ❛
t♦✉❥♦✉rs ♥♦s ✢✉① 0 ❡t π ❞❛♥s ❧❡s ❤❡①❛❣♦♥❡s ❡t ❧❡s ❧♦s❛♥❣❡s ♣♦✉r ❧❡s Aij ✳ ❙✐ ❧✬♦♥ ❝❤❡r❝❤❡ ❞❡s
❆♥sät③❡ ❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ❝❡ ♥✬❡st ♣❛s ❧❛ ♣❡✐♥❡ ❞❡ ❝♦♥t✐♥✉❡r ✿ ♦♥
s❛✐t q✉❡ ❧✬♦♥ ❛✉r❛ ❧❡ ❝❤♦✐① ❡♥tr❡ ❧❡s ✹ ❆♥sät③❡ q✉❡ ❧✬♦♥ ❛✈❛✐t tr♦✉✈é ❧♦rsq✉❡ ❧✬♦♥ ❛✈❛✐t ♣r✐s
t♦✉t❡s ❧❡s s②♠étr✐❡s✳

P❛r ❝♦♥tr❡✱ s✐ ❧✬♦♥ ✈♦✉❧❛✐t ♠❡ttr❡ ❞❡s Bij ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ❧❛ s✐t✉❛t✐♦♥ s❡r❛✐t ❞✐✛ér❡♥t❡✳
❉❛♥s ❧❡s P❙● ❛❧❣é❜r✐q✉❡s r❡s♣❡❝t❛♥t t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ ❧❡ ✢✉① ❞❡s Bij s✉r
❧✬❤❡①❛❣♦♥❡ ❡st p1π ✭❧❛ ré✢❡①✐♦♥ ❝❤❛♥❣❡ ❧❡ s✐❣♥❡ ❞✉ ✢✉① q✉✐ ♥❡ ♣❡✉t ♣❛r ❝♦♥séq✉❡♥t êtr❡ q✉❡
0 ♦✉ π✱ ❝❡ q✉✐ ❡st ✈ér✐✜é ✐❝✐✮✳ ❉✬❛♣rès ❧❡ t❛❜❧❡❛✉ ✸✳✶✱ ❧✬ét❛t ♦❝t❛é❞r✐q✉❡ ♥❡ ♣♦✉rr❛✐t ❞♦♥❝
♣❛s êtr❡ ❛tt❡✐♥t ♣❛r ❝❡s ❆♥sät③❡✳ ❖♥ ❛✉r❛✐t ❞♦♥❝ ❜❡s♦✐♥ ❞❡ ❝❛❧❝✉❧❡r ❧❡s P❙● ❛❧❣é❜r✐q✉❡s
❛✈❡❝ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ré❞✉✐t❡s✳

✹ ❘és✉♠é ❡t ♣❡rs♣❡❝t✐✈❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s ❞✬❛❜♦r❞ r❡✈✉ ❧❛ ❞é✜♥✐t✐♦♥ ❡t ❧✬✉t✐❧✐s❛t✐♦♥ q✉✐ ❛✈❛✐t été
❢❛✐t❡ ❥✉sq✉✬✐❝✐ ❞❡s P❙●✳ ▲❡s P❙● ❛❧❣é❜r✐q✉❡s ♦♥t t♦✉❥♦✉rs été ✉t✐❧✐sé ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡
t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❡t ❞✉ ❍❛♠✐❧t♦♥✐❡♥✱ ❝❡ q✉✐ ✐♠♣♦s❡ à ❞❡ ♥♦♠❜r❡✉① ✢✉① ❞❡

✶✶✷ ✹✳ ❘➱❙❯▼➱ ❊❚ P❊❘❙P❊❈❚■❱❊❙
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✈❛❧♦✐r 0 ♦✉ π✳ ▲❡s ét❛ts ❝♦♥❞❡♥sés ❛✐♥s✐ ♣❡r♠✐s s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡s ❡t ❦❛❣♦♠❡ s♦♥t
♣r✐♥❝✐♣❛❧❡♠❡♥t ❝♦♣❧❛♥❛✐r❡s ♦✉ ✐rré❣✉❧✐❡rs✳ ▲❡s ét❛ts ❝❤✐r❛✉① ré❣✉❧✐❡rs s♦♥t ❛❜s❡♥ts✳

❊♥ ré❞✉✐s❛♥t ❧❡s s②♠étr✐❡s ♣r✐s❡s ❡♥ ❝♦♠♣t❡✱ ❝❡rt❛✐♥s ✢✉① ❛❝q✉✐èr❡♥t ✉♥❡ ♣❤❛s❡ ♥♦♥
tr✐✈✐❛❧❡✱ ❝❡ q✉✐ ❡st ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❝❤✐r❛❧✐té s❝❛❧❛✐r❡ Si ·(Sj∧Sk)
♥♦♥ ♥✉❧❧❡ ❞❛♥s ❧❡s ❝♦♥❞❡♥s❛ts ❡t ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ❧❡s ét❛ts ❝❤✐r❛✉① ❞❡ ❧❛ s❡❝t✐♦♥ ✶ ❞✉
❈❤❛♣✳✶✳

◆♦✉s ❛✈♦♥s ❥✉st✐✜é ❝❡t é❧❛r❣✐ss♠❡♥t ❞❡s P❙● ❛❧❣é❜r✐q✉❡s ❡♥ ♣❛rt❛♥t ❞❡ ❧❛ ❧✐♠✐t❡ ❝❧❛s✲
s✐q✉❡✳ ❊♥ ❡✛❡t✱ ❧❛ ❙❇▼❋❚ r❡❥♦✐♥t ❧❛ ♣❤②s✐q✉❡ ❝❧❛ss✐q✉❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ κ → ∞✳ ❖♥ s❛✐t
❞♦♥❝ q✉❡ ❞❛♥s ❝❡tt❡ ❧✐♠✐t❡✱ ❧❡s ❆♥sät③❡ ♠✐♥✐♠✐s❛♥t ❧✬é♥❡r❣✐❡ s❡r♦♥t ❝❡✉① ♣♦ssé❞❛♥t ❧❡s ✢✉①
♦❜t❡♥✉s ❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❝❧❛ss✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡✳

❙✐ ❧✬♦♥ r❡t♦✉r♥❡ à κ ✜♥✐ ♠❛✐s ❣r❛♥❞✱ ✐❧ ✈❛ ❡①✐st❡r ✉♥ κ é✈❡♥t✉❡❧❧❡♠❡♥t ✜♥✐ ❛✉ ❞❡ss✉s
❞✉q✉❡❧ ❧✬❆♥s❛t③ ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ s❡r❛ ❧❡ ♠ê♠❡ q✉❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✳ ❘✐❡♥ ♥✬✐♥✲
t❡r❞✐t à ❝❡ κ ❧✐♠✐t❡ ❞✬êtr❡ ✐♥❢ér✐❡✉r ❛✉ κc ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥✳ ❆❧♦rs✱ ♦♥ ❛✉r❛ ✉♥ ❧✐q✉✐❞❡ ❞❡
s♣✐♥s ♣♦ssé❞❛♥t ❧❡s ♠ê♠❡s ✢✉① q✉❡ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✳

❆✐♥s✐✱ ✐❧ s❡ ♣♦✉rr❛✐t q✉❡ ❧✬❆♥s❛t③ (π/3) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♥♦✉s ❢♦✉r♥✐ss❡ ✉♥
❧✐q✉✐❞❡ ❞❡ s♣✐♥ ❝❤✐r❛❧ ♣♦✉r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❛✈❡❝ é❝❤❛♥❣❡ ❝②❝❧✐q✉❡ à
q✉❛tr❡ ❝♦r♣s ❝❛r ❧✬ét❛t tétr❛é❞r✐q✉❡ ❡♥ ❡st ✉♥ ét❛t ❝♦♥❞❡♥sé ❡t ❝✬❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡
❞❡ ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥ ❬✼✻❪✳ ▲✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ s♣✐♥s 1/2 ❛ été ét✉❞✐é ♣❛r ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s
❡①❛❝t❡s ❬✻✾❪ ❬✼✵❪ ❬✺✾❪✱ ♠❛✐s ❞❡s ✐♥❝❡rt✐t✉❞❡s ❞❡♠❡✉r❡♥t ❞❛♥s ❝❡rt❛✐♥❡s ③♦♥❡s ❞✉ ❞✐❛❣r❛♠♠❡
❞❡ ♣❤❛s❡✳

P❡✉ ❞❡ ❧✐q✉✐❞❡s ❞❡ s♣✐♥s s♣♦♥t❛♥é♠❡♥t ❝❤✐r❛✉① ♦♥t été ♦❜t❡♥✉s ❥✉sq✉✬à ❛✉❥♦✉r❞✬❤✉✐
❞❛♥s ❞❡s ♠♦❞è❧❡s ❞❡ s♣✐♥s ❬✶✶✸❪✳ ❊♥ ❙❇▼❋❚✱ ✐❧s ❛✉r❛✐❡♥t ♣♦✉r ❝❛r❛❝tér✐st✐q✉❡s ❞❡s s♣✐♥♦♥s
❞é❝♦♥✜♥és ❡t ❛✈❡❝ ✉♥ ❣❛♣✱ t♦✉s ❝♦♠♠❡ ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥ ♥♦♥ ❝❤✐r❛✉① ♦❜t❡♥✉s ♣❛r ❧❛
♠ê♠❡ ❛♣♣r♦❝❤❡ ❡t ♣❛rt❛❣❡r❛✐❡♥t ❧❡ ♠ê♠❡ ❣r♦✉♣❡ ❞✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❥❛✉❣❡ ✭■●●= Z2✮✳ ▲❛
❞é❣é♥ér❡s❝❡♥❝❡ ❞✬✉♥ ❢♦♥❞❛♠❡♥t❛❧ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ ❝❤✐r❛❧ s❡r❛✐t ❧❡ ❞♦✉❜❧❡ ❞❡ ❝❡❧❧❡ ❞✬✉♥ ❧✐q✉✐❞❡
❞❡ s♣✐♥ ♥♦♥ ❝❤✐r❛❧ ❬✶✶✵❪✳ P♦✉r ✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ ❝❤✐r❛❧ t♦♣♦❧♦❣✐q✉❡✱ ♦♥ ❛✉r❛✐t ❛✐♥s✐ ✉♥❡
❞é❣é♥ér❡s❝❡♥❝❡ é❣❛❧❡ à ❞❡✉① ❢♦✐s ❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡ ✭2× 4 s✉r ✉♥ t♦r❡ ♣♦✉r ✉♥
❧✐q✉✐❞❡ Z2 ♣❛r ❡①❡♠♣❧❡✮✳

❆♣rès ❛✈♦✐r ❝♦♥s✐❞éré ❧❡s ✢✉① ❞❛♥s ❧❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ♦❜t❡♥✉s ♣❛r ❙❇▼❋❚✱ ♥♦✉s
♥♦✉s s♦♠♠❡s ✐♥tér❡ssés ❛✉① ❡①❝✐t❛t✐♦♥s é❧é♠❡♥t❛✐r❡s ❞❡ s♣✐♥ ♥✉❧ ✿ ❧❡s ✈✐s♦♥s✳ ❈❡ s♦♥t ❞❡s
❞é❢❛✉ts ♣♦♥❝t✉❡❧s ♣♦ssé❞❛♥t ✉♥❡ ❝❤❛r❣❡ t♦♣♦❧♦❣✐q✉❡✱ t♦✉t ❝♦♠♠❡ ❧❡s ✈♦rt❡① Z2 r❡♥❝♦♥trés
❞❛♥s ❧❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡✳ ▲à ❛✉ss✐✱ ❧❡ ♣❛ss❛❣❡ ❞✉ q✉❛♥t✐q✉❡ ❛✉ ❝❧❛ss✐q✉❡ ❣râ❝❡ à ❧❛ ❙❇▼❋❚
♥♦✉s ♣❡r♠❡t ❞✬ét❛❜❧✐r ✉♥ ❧✐❡♥ ❡♥tr❡ ❝❡s ❞❡✉① ♦❜❥❡ts✱ t♦✉t ❝♦♠♠❡ ♦♥ ❡st ♣❛ssé ❞❡ ❧❛ ❝❤✐r❛❧✐té
❞✬✉♥ ét❛t ♦r❞♦♥♥é❡ ❛✉① ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❝❤✐r❛✉①✳

▲❛ ❙❇▼❋❚ ♥♦✉s ❢♦✉r♥✐t ❞♦♥❝ ✉♥❡ ❛♣♣r♦❝❤❡ s✐♠♣❧❡ ♣♦✉r ❧❡s ✈♦rt❡① ❡t ❧❛ ❝❤✐r❛❧✐té ❞❡
s②stè♠❡s q✉❛♥t✐q✉❡s✱ ♦❜❥❡ts ét✉❞✐és ❞❛♥s ❧❡✉r ✈❡rs✐♦♥ ❝❧❛ss✐q✉❡ ❞❛♥s ❧❡ ❈❤❛♣✳✶✳ ❈❡tt❡ ❛♣✲
♣r♦❝❤❡ ❛ ♠❛✐♥t❡♥❛♥t ❜❡s♦✐♥ ❞✬êtr❡ ❡①♣❧♦✐té❡ ♣♦✉r ré♣♦♥❞r❡ à ❝❡rt❛✐♥❡s ❞❡s ♥♦♠❜r❡✉s❡s
q✉❡st✐♦♥s ❡♥❝♦r❡ s❛♥s ré♣♦♥s❡s s✉r ❝❡s s✉❥❡ts✳

✹✳ ❘➱❙❯▼➱ ❊❚ P❊❘❙P❊❈❚■❱❊❙ ✶✶✸
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❈❤❛♣✐tr❡ ✹

❆♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ❙❇▼❋❚ à

❧✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛

s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é

▲❡ rés❡❛✉ ❦❛❣♦♠é S = 1/2 ♥✬❛ ♣❛s ❡♥❝♦r❡ ❧✐✈ré t♦✉s s❡s s❡❝r❡ts ✿ ♦♥ ♥❡ s❛✐t t♦✉❥♦✉rs
♣❛s ❞é❝r✐r❡ ❧❡s ♣r♦♣r✐étés ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s✳ ❙✐ ❧❡s
❝❛❧❝✉❧s t❤é♦r✐q✉❡s ♦✉ ♥✉♠ér✐q✉❡s s♦♥t ❞✐✣❝✐❧❡s✱ ♦♥ ♣❡✉t ♣❡♥s❡r à s✬✐♥s♣✐r❡r ❞❡s rés✉❧t❛ts ❡①✲
♣ér✐♠❡♥t❛✉①✳ ❊♥ ❡✛❡t✱ ♣❧✉s✐❡✉rs rés❡❛✉① ❦❛❣♦♠é ❛✈❡❝ S = 1/2 ♦♥t été s②♥t❤ét✐sés✱ ❝♦♠♠❡
❧❛ ❑❛♣❡❧❧❛s✐t❡✱ ❧❛ ❱♦❧❜♦rt❤✐t❡ ♦✉ ❧✬❍❡r❜❡rts♠✐t❤✐t❡✳ ■❧s ❝♦♠♣♦rt❡♥t ❞❡s ❝♦✉❝❤❡s ❞✬❛t♦♠❡s
♠❛❣♥ét✐q✉❡s ❢♦r♠❛♥t ❞❡s rés❡❛✉① ❦❛❣♦♠é ❢❛✐❜❧❡♠❡♥t ❝♦✉♣❧és✳ ❈❤❛❝✉♥ ♣♦ssè❞❡ s❡s ♣❛rt✐❝✲
✉❧❛r✐tés ✭❛♥✐s♦tr♦♣✐❡s✱ ❞é❢❛✉ts ♠❛❣♥ét✐q✉❡s✱ ✳ ✳ ✳✮✱ ♠❛✐s ✉♥ ❞❡ ❧❡✉rs ♣♦✐♥ts ❝♦♠♠✉♥s ❡st ❧❛
♣rés❡♥❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✳

❈♦♥♥❛✐ss❛♥t ❧❡s s②♠étr✐❡s ❞✬✉♥ ❝♦♠♣♦sé✱ ♦♥ ♣❡✉t é❧✐♠✐♥❡r t♦✉t❡s ❧❡s ✐♥t❡r❛❝t✐♦♥s q✉✐
♥❡ ❧❡s r❡s♣❡❝t❡♥t ♣❛s✳ ❈❡❧❧❡s r❡st❛♥t❡s s♦♥t ♦❜❧✐❣❛t♦✐r❡♠❡♥t ♣rés❡♥t❡s✱ ❛✈❡❝ ✉♥❡ ✐♥t❡♥✲
s✐té q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ❝❤✐♠✐❡ ❞✉ ❝♦♠♣♦sé✳ ❙✐ ❧❡s ❧✐❡♥s ♣r❡♠✐❡rs ✈♦✐s✐♥s ♥❡ s♦♥t ♣❛s r❡✲
❧✐és ♣❛r ✉♥❡ ✐♥✈❡rs✐♦♥ s❡❧♦♥ ❧❡✉r ❝❡♥tr❡✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❞❡s ❝♦♠♣♦sés ❝✐tés✱ ❧✬✐♥t❡r❛❝✲
t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✭❉▼✮ ❡st ♣rés❡♥t❡✱ ❝♦♠♠❡ ❧✬♦♥t ♠♦♥tré ❊❧❤❛❥❛❧ ❡t ❛❧✳ ❬✷✽❪✳
❈❡tt❡ ✐♥t❡r❛❝t✐♦♥ ❛♥✐s♦tr♦♣❡✱ ♣r♦♣♦sé❡ ♣❛r ❉③②❛❧♦s❤✐♥s❦✐✐ ❬✷✼❪ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬❛✐♠❛♥t❛✲
t✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❝♦♠♣♦sé ♣♦✉rt❛♥t ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡s✱ ❛ été ❥✉st✐✜é❡ ♠✐❝r♦s❝♦♣✐q✉❡♠❡♥t
♣❛r ▼♦r✐②❛ ❬✼✽❪ à ♣❛rt✐r ❞✉ ❝♦✉♣❧❛❣❡ s♣✐♥✲♦r❜✐t❡✳ ❙♦♥ ✐♥t❡♥s✐té ❞é♣❡♥❞ ❞✉ ❝♦♠♣♦sé✱ ♠❛✐s
❡❧❧❡ ❡st ❣é♥ér❛❧❡♠❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣✳

▲✬✐♥t❡r❛❝t✐♦♥ ❉▼ s❡ ❝❛r❛❝tér✐s❡ ♣❛r ✉♥ ✈❡❝t❡✉r Dij s✉r ❝❤❛q✉❡ ❧✐❡♥ ♦r✐❡♥té ❡♥tr❡ ♣❧✉s
♣r♦❝❤❡s ✈♦✐s✐♥s✱ ❝♦♠♣♦rt❛♥t ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❞❛♥s ❧❡ ♣❧❛♥ ❞✉ rés❡❛✉ ❡t ✉♥❡ ❝♦♠♣♦s❛♥t❡
♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ✭✈♦✐r ❋✐❣✳✹✳✶✭❛✮✮✳ ❙✐ ❧✬♦♥ ♣❛r❝♦✉rt ❧❡ ❧✐❡♥ ❞❛♥s ❧❡ s❡♥s ♦♣♣♦sé✱ ❝❡ ✈❡❝t❡✉r ❡st
tr❛♥s❢♦r♠é ❡♥ s♦♥ ♦♣♣♦sé ✿ Dji = −Dij ✳ ❊♥ ♣rés❡♥❝❡ ❞✬✉♥ ❝♦✉♣❧❛❣❡ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s
❛♥✐s♦tr♦♣❡✱ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ s✬é❝r✐t

H =
∑

〈ij〉
(JSi · Sj + Dij · (Si × Sj)). ✭✹✳✶✮

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❧❧♦♥s ❝♦♥s✐❞ér❡r ❞❡s ✈❡❝t❡✉rs Dij t♦✉s ❞❡ ♠ê♠❡ ♠♦❞✉❧❡ D ❡t
❞✐r✐❣és ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t ❛✉ ♣❧❛♥ ❞✉ rés❡❛✉✱ s❡❧♦♥ ❧✬❛①❡ Oz ✭♦♥ ❡♥❧è✈❡ ❧❛ ❝♦♠♣♦s❛♥t❡
♠❛❣❡♥t❛ ❞❡s Dij ❞❡ ❧❛ ❋✐❣✳✹✳✶✭❛✮✮✳ ▲❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s ♣❛ss❡ ❛✐♥s✐ ❞❡ SU2

à U1 ✭✐❧ r❡st❡ ❧❡s r♦t❛t✐♦♥s ❣❧♦❜❛❧❡s ❛✉t♦✉r ❞❡ ❧✬❛①❡ Oz✮✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡st ❥✉st✐✜é❡
❞✬✉♥❡ ♣❛rt ♣❛r ❧❛ ✈❛❧❡✉r ❜❡❛✉❝♦✉♣ ♣❧✉s ✐♠♣♦rt❛♥t❡ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉
♣❧❛♥ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ rés✉❧t❛ts ❡①♣ér✐♠❡♥t❛✉① s✉r ❧✬❍❡r❜❡rts♠✐t❤✐t❡ ❬✶✶✾❪ ❡t ❞✬❛✉tr❡
♣❛rt✱ ♣❛r❝❡ q✉✬♦♥ ♣❡✉t s❡ r❛♠❡♥❡r à ❝❡tt❡ s✐t✉❛t✐♦♥ ♣❛r ❞❡s r♦t❛t✐♦♥s ❧♦❝❛❧❡s ❞❡s s♣✐♥s ❬✾✺❪✱
❡♥ ♥❡ r❛❥♦✉t❛♥t q✉❡ ❞❡s t❡r♠❡s ❞✬♦r❞r❡ D2✳ ❇✐❡♥ q✉❡ ❢❛✐❜❧❡✱ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼ ❛ ❞❡s ❡✛❡ts

✶✶✺
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✭❛✮ ❖r✐❡♥t❛t✐♦♥ ❞❡s Dij s✉r ❧❡s
❧✐❡♥s ♦r✐❡♥tés ❞✉ rés❡❛✉✳

Dijc

Néel q=0 order

Dij

Néel q=0 order

Classical GS

Quantum GS ?

✭❜✮ P❤❛s❡s ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❝❧❛ss✐q✉❡s ❡t
q✉❛♥t✐q✉❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✹✳✶

❋✐❣✳ ✹✳✶ ✕ ▲✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡✳

✐♠♣♦rt❛♥ts s✉r ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❊❧❧❡ ❜r✐s❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ SU2 ❞❡s s♣✐♥s ❡t ❛✐♥s✐✱
ré❞✉✐t ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s ❡t ❞é❢❛✈♦r✐s❡ ❧❡s ét❛ts ❧✐q✉✐❞❡s ❞❡ s♣✐♥✳ ❈❧❛ss✐q✉❡♠❡♥t✱
❧✬❛❥♦✉t ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❉▼ ✐♥✜♥✐tés✐♠❛❧❡ ❛ ♣♦✉r ❡✛❡t ❞❡ ❧❡✈❡r ❧✬✐♠♠❡♥s❡ ❞é❣é♥❡r❡s❝❡♥❝❡
❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ♣♦✉r ♥❡ ❝♦♥s❡r✈❡r q✉❡ ❧❡s ♦r❞r❡s q = 0 ❞♦♥t ❧❡s s♣✐♥s s♦♥t ❞❛♥s ❧❡
♣❧❛♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à Dij ❡t ♦♥t ✉♥❡ ❝❤✐r❛❧✐té ✜①é❡ ❬✷✽❪✳ ◗✉❛♥t✐q✉❡♠❡♥t✱ ❧❡ s②stè♠❡ s✉❜✐t
✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❡♥ ✉♥ D ❝r✐t✐q✉❡ ❞✬❡♥✈✐r♦♥ 0.1J ✭❋✐❣✳✹✳✶✭❜✮✮✱ ✈❛❧❡✉r ♦❜t❡♥✉❡ ❡♥
❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ❡①❛❝t❡ ♣❛r ❈❡♣❛s ❡t ❛❧✳ ❬✶✸❪✳ ❊♥ ❞❡ss♦✉s ❞❡ ❝❡tt❡ ✈❛❧❡✉r✱ ✐❧ ❡st ❡♥❝♦r❡ ❞❛♥s
❧❛ ♣❤❛s❡ ♦❜t❡♥✉❡ s❛♥s ❉▼✳ ❆✉ ❞❡ss✉s✱ ✐❧ s✬♦r❞♦♥♥♥❡ s❡❧♦♥ ❧✬♦r❞r❡ q = 0✳

❊♥ ✉t✐❧✐s❛♥t ❧❛ ♠ét❤♦❞❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥✱ ♥♦✉s ❛❧❧♦♥s ♦❜t❡♥✐r
✉♥ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ♣♦✉r ❝❡tt❡ ✐♥t❡r❛❝t✐♦♥✱ ❡t ❝❛❧❝✉❧❡r ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛✲
t✐q✉❡s ❡t ❞②♥❛♠✐q✉❡s✳ ❈❡s q✉❛♥t✐tés✱ ♠❡s✉r❛❜❧❡s ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✱ ♣♦✉rr♦♥t r❡♥s❡✐❣♥❡r
❧❡s ❡①♣ér✐♠❡♥t❛t❡✉rs s✉r ❧❛ ♣rés❡♥❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼✱ ❞♦♥t ❧✬✐♥t❡♥s✐té ❞❛♥s ✉♥ ❝♦♠♣♦sé
❡st ❞✐✣❝✐❧❡ à ❞ét❡r♠✐♥❡r✳ ❊♥ ❡✛❡t✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣❤❛s❡ ✭♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ ♦✉ ❧✐q✉✐❞❡
❞❡ s♣✐♥ t♦♣♦❧♦❣✐q✉❡✮ ❡t ❞❡ ❧✬❆♥s❛t③ ❞❛♥s ❧❡sq✉❡❧s ♦♥ s❡ tr♦✉✈❡✱ ❡❧❧❡s ♦♥t ❞❡s ❝❛r❛❝tér✐st✐q✉❡s
s♣é❝✐✜q✉❡s✳

❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡✱ ♥♦✉s ✈❡rr♦♥s ❝♦♠♠❡♥t ❧❛ t❤é♦r✐❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r
✉t✐❧✐sé❡ ❞❛♥s ❧❡s ❝❤❛♣✐tr❡s ♣ré❝é❞❡♥ts ♣♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣ ♣❡✉t êtr❡ ét❡♥❞✉❡
à ❞❡s ❍❛♠✐❧t♦♥✐❡♥s ❛✈❡❝ ❉▼✳ ❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✱ ♥♦✉s ❛♥❛❧②s❡r♦♥s ❧❡s rés✉❧t❛ts ✿
❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ❡t ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ♦❜t❡♥✉s ❡♥ ❙❇▼❋❚✳ ❊♥✜♥✱ ❡♥ ❙❡❝✳✸✱
♥♦✉s ✐♠♣♦s❡r♦♥s ♠♦✐♥s ❞❡ s②♠étr✐❡s à ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✱ ❝❡ q✉✐ ❛❥♦✉t❡r❛ ❛✉ ❞✐❛❣r❛♠♠❡
❞❡ ♣❤❛s❡s ✉♥❡ ♣❤❛s❡ ❝❤✐r❛❧❡✳

✶ ▲✬✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ❡♥ ❙❇▼❋❚

✶✳✶ ❊①♣r❡ss✐♦♥ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ✹✳✶ ♥❡ ♣❡✉t ♣❛s s✬❡①♣r✐♠❡r ✉♥✐q✉❡♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❞❡
❧✐❡♥s Âij ❞é✜♥✐s ❞❛♥s ❧❛ ❙❡❝✳✶✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❍❛♠✐❧t♦♥✐❡♥ s❛♥s ❉▼✳ ❉❡✉① ♣♦ss✐❜✐❧✐tés
s❡ ♣rés❡♥t❡♥t ❛❧♦rs ✿

✕ s♦✐t ♦♥ ❡①♣r✐♠❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❞❡✉① ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥✱ ❞♦♥t ❧❡s Âij ✱
❝❡ q✉✐ ❛ été ❢❛✐t ♣❛r ❍✉❤ ❡t ❛❧✳ ❬✹✵❪✳

✕ s♦✐t ♦♥ ♠♦❞✐✜❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡s Âij ❡♥ ❧❡s r❡♥❞❛♥t ❞é♣❡♥❞❛♥ts ❞❡ ❧✬✐♥t❡♥s✐té ❞❡
❧✬✐♥t❡r❛❝t✐♦♥ ❉▼✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❡①♣r✐♠❡r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ ❢♦♥❝t✐♦♥ ✉♥✐q✉❡♠❡♥t
❞❡ ❝❡s ♥♦✉✈❡❛✉① Âij ❛✉ ♣r❡♠✐❡r ♦r❞r❡ ❡♥ |Dij | ✭❝✬❡st ❧❛ t❡❝❤♥✐q✉❡ ✉t✐❧✐sé❡ ❞❛♥s ❬✻✷❪ ♦ù
❡❧❧❡ ❡st ❡♥ ♣❧✉s ❝♦♠❜✐♥é❡ à ✉♥❡ r♦t❛t✐♦♥ ❧♦❝❛❧❡ ❞❡s s♣✐♥s ♣♦✉r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞✬♦r❞r❡s
s♣✐r❛✉①✮✳

✶✶✻ ✶✳ ▲✬■◆❚❊❘❆❈❚■❖◆ ❉❩❨❆▲❖❙❍■◆❙❑■■✲▼❖❘■❨❆ ❊◆ ❙❇▼❋❚
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❋✐❣✳ ✹✳✷ ✕ ❙②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼✳

▲❛ ❞❡r♥✐èr❡ ❢❛ç♦♥ ❞❡ ❢❛✐r❡ ❡st ❝❡❧❧❡ q✉❡ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐❡ ❝❛r ❡❧❧❡ ♣rés❡♥t❡ ❧✬❛✈❛♥t❛❣❡ ❞❡
♥✬❛✈♦✐r à ❛❥✉st❡r q✉✬✉♥ s❡✉❧ ♣❛r❛♠ètr❡ ❡t ✉♥ s❡✉❧ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡✱ ❝♦♥tr❡ ❞❡✉① ❡t ✉♥
♣♦✉r ❧❛ ♣r❡♠✐èr❡ ♠ét❤♦❞❡✳ ◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ❧❛ ❞ét❛✐❧❧❡r✳

▲❡s ♥♦✉✈❡❛✉① ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥

❖♥ ❞é✜♥✐t θij = Dij ·ez/2J ❡t θ = D/2J ✳ ❈❡ ♣❛r❛♠ètr❡ ❞♦♥♥❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥
❉▼✳ ▲❡s ♦♣ér❛t❡✉rs ❞❡ ❧✐❡♥ Âij s♦♥t ❞é✜♥✐s ❝♦♠♠❡

Âij =
1

2

(
e−iθijaibj − eiθijbiaj

)
. ✭✹✳✷✮

❖♥ ♣❡✉t réé❝r✐r❡ ❝❡t ♦♣ér❛t❡✉r ❝♦♠♠❡

Âij =
cos θij

2
(aibj − biaj) −

i sin θij
2

(aibj + biaj). ✭✹✳✸✮

P♦✉r θ = 0✱ Â†
ij ❡st ❧❡ ❝ré❛t❡✉r ❞✬✉♥ s✐♥❣✉❧❡t s✉r ❧❡ ❧✐❡♥ ij✳ ❆✈❡❝ θ 6= 0✱ ❝✬❡st ❧❡ ❝ré❛t❡✉r

❞✬✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥ s✐♥❣✉❧❡t ❡t ❞✬✉♥ tr✐♣❧❡t Sz = 0✳

▲❡ ♥♦✉✈❡❧ ❍❛♠✐❧t♦♥✐❡♥

■❧ ❡st ♣r✐s é❣❛❧ à

H =
1

2

∑

〈i,j〉

(
S2 − 2Â†

ijÂij

)
, ✭✹✳✹✮

❝❡ q✉✐ ♣❡r♠❡t ❞✬❡✛❡❝t✉❡r ❧❡ ♠ê♠❡ ❝❤❛♠♣ ♠♦②❡♥ q✉❡ ❞❛♥s ❧❛ ❙❡❝✳✷ ❞✉ ❈❤❛♣✳✷✱ ❛✈❡❝ ❝♦♠♠❡
♣r✐♥❝✐♣❛❧❡ ♠♦❞✐✜❝❛t✐♦♥ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡s ♠❛tr✐❝❡s Aq ❞❡ ❧✬éq✉❛t✐♦♥ ✷✳✹✽ ♣❛❣❡ ✼✵ s♦♥t
♠❛✐♥t❡♥❛♥t

(Aq)ij =
∑

x

eiqxeiθ(0,i)(x,j)A(0,i)(x,j). ✭✹✳✺✮

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ✹✳✹ ♥✬❡st ♣❛s r✐❣♦✉r❡✉s❡♠❡♥t ✐❞❡♥t✐q✉❡ ❛✉ ❍❛♠✐❧t♦♥✐❡♥ ✹✳✶✱ ♠❛✐s s❡
ré❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❝♦♠♠❡

H =
cos2(θ)

2

∑

〈i,j〉

(
~Si~Sj + 2 tan θij(~Si × ~Sj).~ez + tan2 θij(2S

z
i S

z
j − ~Si~Sj)

)
✭✹✳✻✮

=
1

2

∑

〈i,j〉

(
Szi S

z
j +

e2iθij

2
S+
i S

−
j +

e−2iθij

2
S−
i S

+
j

)
, ✭✹✳✼✮

q✉✐ ♥✬❡st ❞✐✛ér❡♥t q✉✬❛✉ ❞❡✉①✐è♠❡ ♦r❞r❡ ❡♥ θ✳ ❈❡tt❡ ❞✐✛ér❡♥❝❡ ♥✬❡st ♣❛s ✐♠♣♦rt❛♥t❡✱ ❝❛r
❞✬❛✉tr❡s t❡r♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ♦♥t ❞é❥à été ♥é❣❧✐❣és ❞❛♥s ❧❡

✶✳ ▲✬■◆❚❊❘❆❈❚■❖◆ ❉❩❨❆▲❖❙❍■◆❙❑■■✲▼❖❘■❨❆ ❊◆ ❙❇▼❋❚ ✶✶✼
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✭❛✮ ❆♥s❛t③ (0, 0) ✭❜✮ ❆♥s❛t③ (π, 0) ✭❝✮ ❆♥s❛t③ (0, π) ✭❞✮ ❆♥s❛t③ (π, π)

❋✐❣✳ ✹✳✸ ✕ ▲❡s q✉❛tr❡ ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼✳ ▲❡s
❧✐❡♥s ♦r✐❡♥tés ✐♥❞✐q✉és ♣♦ssè❞❡♥t t♦✉s ❧❡ ♠ê♠❡ Aij ré❡❧ ♣♦s✐t✐❢✱ ♥♦té A✳ ❚♦✉s ❧❡s s✐t❡s ♦♥t
❧❡ ♠ê♠❡ λ✳ ❯♥ ❆♥s❛t③ ❡st r❡♣éré ♣❛r ❞❡✉① ✢✉① ✿ ❝❡❧✉✐ ❞✬✉♥ ❤❡①❛❣♦♥❡ ❡t ❝❡❧✉✐ ❞✬✉♥ ❧♦s❛♥❣❡
à ❤✉✐t ❧✐❡♥s✳

❍❛♠✐❧t♦♥✐❡♥ ✹✳✶✳ ▲❡s ✈❛❧❡✉rs ❞❡ θ q✉✐ ♥♦✉s ✐♥tér❡ss❡♥t s♦♥t ❞♦♥❝ ♣❡t✐t❡s ❡t ❧❛ ♣ér✐♦❞✐❝✐té
❞❡ 2π ❞✉ ❍❛♠✐❧t♦♥✐❛♥ ♥✬❛ q✉❡ ♣❡✉ ❞✬✐♥térêt✳ ❈❡♣❡♥❞❛♥t✱ ❝❡tt❡ ♣ér✐♦❞✐❝✐té ❛ été ét✉❞✐é❡ ❡♥
❛♥♥❡①❡ ❈✳✹ ❡t ré✈è❧❡ ✉♥❡ ♣ér✐♦❞✐❝✐té ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ♣❧✉s ❣r❛♥❞❡ ✿ π/3 ❡♥ θ✱
q✉✐ s✬❡①♣❧✐q✉❡ ❣râ❝❡ à ❞❡s r♦t❛t✐♦♥s ❧♦❝❛❧❡s ❞❡s s♣✐♥s✳

✶✳✷ ▲❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉

●râ❝❡ ❛✉ ❢♦r♠❛❧✐s♠❡ ❞❡s P❙● ✭❙❡❝✳✶✮✱ ♦♥ ♣❡✉t sé❧❡❝t✐♦♥♥❡r ❧❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t ❧❡s
s②♠étr✐❡s s♣❛t✐❛❧❡s ❞✉ s②stè♠❡✳ ❈❡❧❧❡s✲❝✐ s♦♥t ❣é♥éré❡s ♣❛r ❧❡s tr♦✐s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❧❛
❋✐❣✳✹✳✷ ✿ ❧❡s ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ❡t ❧❛ r♦t❛t✐♦♥ ❞❡ π/3 ♥♦té❡ R6✳ ▲❛ ré✢❡①✐♦♥ σ q✉✐
❛✈❛✐t été ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❧♦rsq✉❡ ❧✬♦♥ ♥✬❛✈❛✐t ♣❛s ❉▼ ♥❡ ❧✬❡st ♣❧✉s✳ ❈❡tt s✉♣♣r❡ss✐♦♥ ❞❡
σ ♣❡✉t s❡ ✈✐s✉❛❧✐s❡r s✉r ❧✬ét❛t ❝❧❛ss✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧ ✿ q = 0✳ ▲❡s s♣✐♥s s♦♥t ❝♦♥✜♥és ❞❛♥s
✉♥ ♣❧❛♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à Dij ❡t ❢♦r♠❡♥t ❞❡s ❛♥❣❧❡s ❞❡ 120o ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s✳ ❉❡s
❞❡✉① ❝❤✐r❛❧✐tés ✈❡❝t♦r✐❡❧❧❡s ✭Si×Sj✮ ♣♦ss✐❜❧❡s s✉r ✉♥ ❧✐❡♥ ❞♦♥♥é✱ ❧✬✉♥❡ ❡st é♥❡r❣ét✐q✉❡♠❡♥t
♣❧✉s ❢❛✈♦r❛❜❧❡ q✉❡ ❧✬❛✉tr❡✳ ▲❛ ré✢❡①✐♦♥ σ ❡♥✈♦✐❡ ✉♥ ❢♦♥❞❛♠❡♥t❛❧ ✈❡rs ✉♥ ét❛t ❞❡ ❝❤✐r❛❧✐té
♦♣♣♦sé❡✱ ❞♦♥❝ ❞✬é♥❡r❣✐❡ ♣❧✉s é❧❡✈é❡✳

❖♥ ♦❜t✐❡♥t q✉❛tr❡ ❆♥sät③❡ ✿ (0, 0)✱ (π, 0)✱ (0, π) ❡t (π, π)✱ ✐❞❡♥t✐q✉❡s à ❝❡✉① q✉❡ ❧✬♦♥
❛✈❛✐t ♦❜t❡♥✉s ❡♥ ✐♥❝❧✉❛♥t σ✱ ♣❛❣❡ ✾✺✳ ■❧s s♦♥t r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✳✹✳✸✳ ❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t
❢❛❝✐❧❡♠❡♥t ✈ér✐✜❡r q✉✬❛✉❝✉♥ ❆♥s❛t③ s✉♣♣❧é♠❡♥t❛✐r❡ ♥✬❡st ♣♦ss✐❜❧❡ ✿ ❧❡s tr❛♥s❧❛t✐♦♥s ✐♠✲
♣♦s❡♥t ✉♥ ✢✉① ❞❡ 0 ♦✉ π ♣♦✉r ❧❡ ❧♦s❛♥❣❡ à ❤✉✐t ❧✐❡♥s✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ✈✉ ♣❛❣❡ ✶✶✷✱ ❡t ❧❛
r♦t❛t✐♦♥ ✐♠♣♦s❡ ❧❡s ♠ê♠❡s ♣♦ss✐❜✐❧✐tés s✉r ❧✬❤❡①❛❣♦♥❡✳

✷ ❘és✉❧t❛ts

✷✳✶ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s

P♦✉r ❝❤❛❝✉♥ ❞❡ ❝❡s q✉❛tr❡ ❆♥sät③❡✱ ♦♥ ♣❡✉t à ♣rés❡♥t rés♦✉❞r❡ ❧❡s éq✉❛t✐♦♥s ❞❡ ❝❤❛♠♣
♠♦②❡♥✳ ❉❡✉① ♣❛r❛♠ètr❡s ♦♥t à êtr❡ ❛❥✉stés ✿ ❧❡ ♣♦t❡♥t✐❡❧ ❝❤✐♠✐q✉❡ λ✱ ✐❞❡♥t✐q✉❡ s✉r t♦✉s
❧❡s s✐t❡s ❡t A✱ ❧❡ ♠♦❞✉❧❡ ❞❡s Aij ✱ ✐❞❡♥t✐q✉❡ s✉r t♦✉s ❧❡s ❧✐❡♥s✳ ❈❡❧❛ ♥♦✉s ❞♦♥♥❡ ✉♥❡ é♥❡r❣✐❡
❢♦♥❝t✐♦♥ ❞❡ θ✱ r❡♣rés❡♥té❡ ❋✐❣✳✹✳✹ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ κ ✭✐❞❡♥t✐✜é à 2S✮✳ ❊♥ ❢♦♥❝t✐♦♥
❞❡ ❧❛ ✈❛❧❡✉r ❞❡ κ ❡t ❞❡ θ✱ ♦♥ sé❧❡❝t✐♦♥♥❡ ❧✬❆♥s❛t③ ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡
❞❡ss✐♥❡r ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❞❡ ❧❛ ❋✐❣✳✹✳✺✳ ▲❡s tr❛✐ts ♣♦✐♥t✐❧❧és s♦♥t ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s
❡♥ ❞é✈❡❧♦♣♣❛♥t ❧✬é♥❡r❣✐❡ ❞❡s q✉❛tr❡ ❆♥sät③❡ à ❧✬♦r❞r❡ ✽ ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ S✱ à ❧❛ ❢❛ç♦♥ ❞❡
❚❝❤❡r♥②s❤②♦✈ ❬✾✾❪ ✭❝❛❧❝✉❧s ❡♥ ❆♥♥✳❈✳✸✮✳

✶✶✽ ✷✳ ❘➱❙❯▲❚❆❚❙
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0 0.1 0.2 0.3 0.4 0.5
θ

-0.9708

-0.9706

-0.9704

-0.9702

-0.97

-0.9698
E

/S
(S

+
1)

S = 0.025

0 0.1 0.2 0.3 0.4 0.5
θ

-0.92

-0.9

-0.88

-0.86

-0.84

-0.82

E
/S

(S
+

1)

S = 0.2

0 0.1 0.2 0.3 0.4 0.5
θ

-1.1

-1

-0.9

-0.8

-0.7

E
/S

(S
+

1)

S = 0.5

Ansatz (0,0)
Ansatz (0,π)
Ansatz (π,0)
Ansatz (π,π)

❋✐❣✳ ✹✳✹ ✕ ❊♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ♣♦✉r ❧❡s
q✉❛tr❡ ❆♥sät③❡ s②♠étr✐q✉❡s✳

❈❡rt❛✐♥❡s ♣♦rt✐♦♥s ❞❡ ❝❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s s♦♥t ❜✐❡♥ ❝♦♥♥✉❡s✳ ▲❛ ❧✐♠✐t❡ S → ∞
❞♦♥♥❡ ❧✬❆♥s❛t③ (π, 0) ✭❡♥ r♦✉❣❡✮ ❝♦♠♠❡ ❢♦♥❞❛♠❡♥t❛❧ ❞ès q✉❡ θ > 0✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❞❛♥s
❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ♣✉✐sq✉✬♦♥ r❡tr♦✉✈❡ ❧✬ét❛t ♦r❞♦♥♥é

√
3 ×

√
3✳ ❊♥ θ = 0 ❡t S → ∞✱ ❧❡s

❞❡✉① ❆♥sät③❡ (0, 0) ❡t (π, 0) s♦♥t ❞é❣é♥érés✱ t♦✉s ❝♦♠♠❡ ❧❡s ❞❡✉① ❝♦♥✜❣✉r❛t✐♦♥s ❝❧❛ss✐q✉❡s
❝♦rr❡s♣♦♥❞❛♥t❡s ✿ ❧❡s ♦r❞r❡s

√
3 ×

√
3 ❡t q = 0✳ ▲❛ ❧✐❣♥❡ ❞✉ ❞✐❛❣r❛♠♠❡ θ = 0 ❛ été ét✉❞✐é

♣❛r ❙❛❝❤❞❡✈ ❬✾✷❪ ❡t ♣❛r ❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪✱ q✉✐ tr♦✉✈❡♥t ❡✉① ❛✉ss✐ q✉❡ ❧✬❆♥s❛t③
(0, 0) ❡st ❧❡ ❢♦♥❞❛♠❡♥t❛❧✱ ❛✈❡❝ ✉♥ s♣✐♥ ❝r✐t✐q✉❡ Sc = 0.27✳

❚r♦✐s ❞❡s q✉❛tr❡ ❆♥sät③❡ s②♠étr✐q✉❡s s♦♥t ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❞❛♥s ❝❡rt❛✐♥❡s ③♦♥❡s
❞✉ ❞✐❛❣r❛♠♠❡✳ ▲✬❆♥s❛t③ (π, π) ♥✬② ❛♣♣❛r❛ît ♣❛s✳ ▲✬❆♥s❛t③ (0, π) ✭❡♥ ✈❡rt✮ ❡st ♣rés❡♥t à
❜❛s s♣✐♥ ❡t ❞♦♥♥❡ ✉♥❡ ♣❤❛s❡ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ t♦♣♦❧♦❣✐q✉❡ ✭❚❙▲✮✳ ▲❡s ❞❡✉① ❛✉tr❡s ❆♥sät③❡
✭❡♥ r♦✉❣❡ ❡t ❜❧❡✉✮ s♦♥t ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ s✉r ✉♥❡ ❧❛r❣❡ ❣❛♠♠❡ ❞❡ s♣✐♥✳ ❆ ❜❛s s♣✐♥✱ ✐❧s
❞♦♥♥❡♥t ❛✉ss✐ ✉♥❡ ♣❤❛s❡ ❚❙▲✱ ❡t à ❣r❛♥❞ s♣✐♥✱ ✉♥❡ ♣❤❛s❡ ♦r❞♦♥♥é❡ à ❧♦♥❣✉❡ ♣♦rté❡ ✭▲❘❖✮ ✿√

3 ×
√

3 ♣♦✉r ❧✬❆♥s❛t③ (0, 0) ❡t q = 0 ♣♦✉r ❧❡ (π, 0)✳
❖♥ r❡♠❛rq✉❡ q✉❡ ♣♦✉r S = 0.5 ✭κ = 1✮✱ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡st ▲❘❖✱ q✉❡❧ q✉❡ s♦✐t

❧❛ ✈❛❧❡✉r ❞❡ θ✳ ❉❡ ♣❧✉s✱ ❧❛ tr❛♥s✐t✐♦♥ ❡♥tr❡ ❧✬❆♥s❛t③ (0, 0) ❡t ❧❡ (π, π) s❡ ♣r♦❞✉✐t ♣♦✉r
θ ≃ 0.01✱ ❝❡ q✉✐ ❡st ❝✐♥❣ ❢♦✐s ♣❧✉s ❢❛✐❜❧❡ q✉❡ ❧❛ ✈❛❧❡✉r tr♦✉✈é❡ ♣❛r ❈❡♣❛s ❡t ❛❧✳ ❬✶✸❪ à
♣❛rt✐r ❞❡ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s✳ ■❧ s❡♠❜❧❡ q✉❡ ❧❛ ✈❛❧❡✉r ❞❡ κ ❝❤♦✐s✐❡ ♥♦✉s ❞♦♥♥❡ ✉♥ ét❛t
♣❧✉s ♣r♦❝❤❡ ❞❡ ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ q✉❡ ❝❡❧✉✐ q✉✐ ♥♦✉s ✐♥tér❡ss❡ ✿ ❝❡❧✉✐ ❞❡ s♣✐♥ 1/2✳ ❈❡❝✐
s❡ ❝♦♠♣r❡♥❞ q✉❛❧✐t❛t✐✈❡♠❡♥t ❣râ❝❡ ❛✉ ❝♦♥t❡♥✉ ❞❡ ❧❛ ❙❡❝✳✷✳✻ ❞✉ ❈❤❛♣✳✷✱ ♣❛❣❡ ✼✺✳ ❙✐ ❧❛
✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s s✉r ❝❤❛q✉❡ s✐t❡ ❡st ❜✐❡♥ ❞❡ 2S = 1✱ ❡♥ r❡✈❛♥❝❤❡✱ ❧❡s
❝♦rré❧❛t✐♦♥s s♣✐♥✲s♣✐♥ s♦♥t s✉r❡st✐♠é❡s ❡♥ r❛✐s♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s✱ ❛✐♥s✐
q✉❡ ❞✬❛✉tr❡s q✉❛♥t✐tés ❞❡ ❞❡❣rés s✉♣ér✐❡✉rs ❡♥ S✳ P♦✉r ❧❡s ré❛❥✉st❡r✱ ✐❧ ❢❛✉❞r❛✐t ❞✐♠✐♥✉❡r κ
✭♠❛✐s ❞❡ ❝♦♠❜✐❡♥ ✿ ❝❡❧❛ r❡st❡ ❛r❜✐tr❛✐r❡✮✳ ❉❛♥s ❝❡ q✉✐ s✉✐t✱ ♦♥ ❛ ❝❤♦✐s✐ κ = 0.4✱ s♦✐t ✉♥ s♣✐♥
❡✛❡❝t✐❢ S = 0.2✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬♦❜t❡♥✐r ✉♥ θc ❝♦rr❡s♣♦♥❞❛♥t ❛✉① rés✉❧t❛ts ❞❡ ❬✶✸❪✱ ❛✐♥s✐
q✉✬✉♥❡ ♣❤❛s❡ ❞és♦r❞♦♥♥é❡ à θ = 0 ✭✈♦✐r ❋✐❣✳✹✳✺✮✳

❖♥ r❡♠❛rq✉❡ q✉❡ ❧❡ s♣✐♥ ❝r✐t✐q✉❡ Sc ❡♥tr❡ ❧❡s ♣❤❛s❡s ❚❙▲ ❡t ▲❘❖ é✈♦❧✉❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡ θ✳ P❛r ❡①❡♠♣❧❡✱ ✐❧ ❞é❝r♦ît ♣♦✉r ❧✬❆♥s❛t③ (π, 0) ✭r♦✉❣❡✮ ❧♦rsq✉❡ θ ❛✉❣♠❡♥t❡✱ ❝❡ q✉❡ ♥♦✉s
❛❧❧♦♥s ❝♦♠♣r❡♥❞r❡ q✉❛❧✐t❛t✐✈❡♠❡♥t ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ s✉✐✈❛♥t à ♣❛rt✐r ❞❡s s♣❡❝tr❡s ❞❡
s♣✐♥♦♥s✳

✷✳✷ ▲❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥

▲❡s s♣✐♥♦♥s s♦♥t ❧❡s ❡①❝✐t❛t✐♦♥s é❧é♠❡♥t❛✐r❡s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥✱ ✐♥tr♦❞✉✐t❡s
❡♥ ❙❡❝✳✷✳✹ ❞✉ ❈❤❛♣✳✷✱ ♣❛❣❡ ✼✷✳ ❈♦♠♠❡ ❧❛ ♠❛✐❧❧❡ é❧é♠❡♥t❛✐r❡ ❝♦♠♣♦rt❡ tr♦✐s ♦✉ s✐① s✐t❡s
s❡❧♦♥ ❧✬❆♥s❛t③✱ ♦♥ ❛ s✐① ♦✉ ❞♦✉③❡ ❜❛♥❞❡s ❞✬é♥❡r❣✐❡ ❞❛♥s ❧✬❡s♣❛❝❡ ré❝✐♣r♦q✉❡ ✭❧❡ ❢❛❝t❡✉r ✷
♣r♦✈✐❡♥t ❞❡ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❜♦s♦♥ ↑ ❡t ↓ ❞❛♥s ❝❤❛q✉❡ ❜❛♥❞❡✮✳ ❊❧❧❡s s♦♥t r❡♣rés❡♥té❡s ❡♥

✷✳ ❘➱❙❯▲❚❆❚❙ ✶✶✾
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❋✐❣✳ ✹✳✺ ✕ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❆❋ ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ♦❜t❡♥✉ ❡♥
sé❧❡❝t✐♦♥♥❛♥t ❧✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ♣❛r♠✐ ❝❡❧❧❡s ❞❡s q✉❛tr❡ ❆♥sät③❡ s②♠étr✐q✉❡s✳ ▲❡s tr❛✐ts
♣♦✐♥t✐❧❧és s♦♥t ♦❜t❡♥✉s ♣❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s ✹ ❆♥sät③❡ ❡♥ ♣✉✐ss❛♥❝❡s ❞❡
S à ❧✬♦r❞r❡ ✽✳

❋✐❣✳✹✳✻ ♣♦✉r ❧❡s ❆♥sät③❡ (0, 0) ❡t (π, 0)✱ ♣♦✉r S = 0.2 ❡t θ = 0 ❡t 6= 0✳
▲✬❡✛❡t ❞✬✉♥ θ 6= 0 ❡st ❞❡ ❜r✐s❡r ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r♦t❛t✐♦♥ ❞❡s s♣✐♥s✱ ❞♦♥❝✱ ❞❡ ❧❡✈❡r

❝❡rt❛✐♥❡s ❞é❣é♥ér❡s❝❡♥❝❡s✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ♣♦✉r ❧✬❆♥s❛t③ (0, 0) ❡♥ q = K✱ ❛✐♥s✐ q✉❡ ♣♦✉r
❧✬❆♥s❛t③ (π, 0) s✉r t♦✉t❡ ❧❛ ❩❞❇ ♣♦✉r ❧❡s q✉❛tr❡ ❜❛♥❞❡s ❧❡s ♣❧✉s ❜❛ss❡s✳ ❉❛♥s ❝❡ ❞❡r♥✐❡r
❝❛s✱ ♦♥ r❡♠❛rq✉❡ q✉❡ ❧❡ s♣✐♥♦♥ ❞✬é♥❡r❣✐❡ ❧❛ ♣❧✉s ❜❛ss❡ ♣❛ss❡ ❞✬✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ 4 à 2
❡t q✉❡ ❧✬é❝❛rt ❡♥tr❡ ❧❡s ❞❡✉① ❜❛♥❞❡s ❛♥❝✐❡♥♥❡♠❡♥t ❞é❣é♥éré❡s ❛✉ ♣♦✐♥t ♠♦✉ é✈♦❧✉❡ ❡♥

√
θ

✭rés✉❧t❛t ♥✉♠ér✐q✉❡✮✳

✷✳✸ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡

▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ❡t ❞②♥❛♠✐q✉❡s s♦♥t ❞❡s q✉❛♥t✐tés ❛❝❝❡ss✐❜❧❡s ❡①♣ér✐✲
♠❡♥t❛❧❡♠❡♥t✳ ❊❧❧❡s ♦♥t été ❞é✜♥✐❡s ❡♥ ❙❡❝✳✸✳✹ ❞✉ ❈❤❛♣✳✷ ❡t ❧❡s ❡✛❡ts ❞❡ ❧✬♦r❞r❡ à ❧♦♥❣✉❡
♣♦rté❡ ② ♦♥t été ❞ét❛✐❧❧és✳ ❏✉sq✉❡ ❧à✱ ❧✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ ❛ ♣❧✉tôt été ✉♥❡ ❝♦♥séq✉❡♥❝❡

✭❛✮ (0, 0)✱ θ = 0 ✭❜✮ (0, 0)✱ θ = 0.0375 ✭❝✮ (π, 0)✱ θ = 0 ✭❞✮ (π, 0)✱ θ = 0.0375

❋✐❣✳ ✹✳✻ ✕ ❙♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❛✈❡❝ ❉▼ ❡♥ ❙❇▼❋❚ ♣♦✉r S = 0.2✳ ▲❡s s♣❡❝tr❡s ❞❡s ❆♥sät③❡
(0, 0) ❡t π, 0)✱ ❛♣♣❛r❛✐ss❛♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ✹✳✺ s♦♥t r❡♣rés❡♥tés✱
❝❤❛❝✉♥ ♣♦✉r θ = 0 ❡t θ > 0✳

✶✷✵ ✷✳ ❘➱❙❯▲❚❆❚❙
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✭❛✮ (0, 0)✱ S = 0.2✱ θ = 0 ✭❜✮ (π, 0)✱ S = 0.2✱ θ = 0 ✭❝✮ ❊❉✱ Ns = 36✱ S = 1/2✱
θ = 0 ✭❊①tr❛✐t ❞❡ ❬✺✸❪✮

❋✐❣✳ ✹✳✼ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞❡ tr♦✐s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ♦❜t❡♥✉s ♣❛r ❙❇▼❋❚ ♦✉
♣❛r ❊❉✳ ▲❡s ❞❡✉① ❞❡r♥✐❡rs s♦♥t très s✐♠✐❧❛✐r❡s✳

❞❡ ❧❛ ❣r❛♥❞❡ t❛✐❧❧❡ ❞✉ s♣✐♥✳ ❆✈❡❝ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼✱ ❡♥ s❡ ♣❧❛ç❛♥t à κ = 0.4 ✜①é✱ ♦♥ ♣❡✉t
♣❛ss❡r ❞✬✉♥ ❚❙▲ à ✉♥❡ ♣❤❛s❡ ♦r❞♦♥♥é❡ ❡♥ ❢❛✐s❛♥t ✈❛r✐❡r ❧❛ ❢♦r❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ θ✳ ❆✈❡❝ ❧❡s
❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡✱ ♦♥ ❞✐s♣♦s❡ ❞✬♦❜s❡r✈❛❜❧❡s ❞♦♥t ❧❡ ❝♦♠♣♦rt❡♠❡♥t ❝❤❛♥❣❡ r❛❞✐❝❛❧❡♠❡♥t
s❡❧♦♥ ❧❛ s✐t✉❛t✐♦♥ ❞❡ θ ♣❛r r❛♣♣♦rt à ✉♥ θc ❝r✐t✐q✉❡✳

▲❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡s st❛t✐q✉❡s ❡t ❞②♥❛♠✐q✉❡s ❡st ❢❛✐t❡ ❞❛♥s ❧✬❛rt✐❝❧❡
❬✻✻❪ ✭r❡♣r♦❞✉✐t ❞❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✮ ❛✉q✉❡❧ ♥♦✉s r❡♥✈♦②♦♥s ❧❡ ❧❡❝t❡✉r ♣♦✉r ❧❡s ✜❣✉r❡s✱
❧❛ ❞✐s❝✉ss✐♦♥ ét❛♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t ❝❡❧❧❡ ❞❡ ❧❛ ❙❡❝✳✸✳✹ ❞✉ ❈❤❛♣✳✷✱ ♣❛❣❡ ✽✻✳

▲❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡s tr♦✐s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s s✉✐✈❛♥ts ❡st ✐♥str✉❝t✐✈❡ ✭❋✐❣✳✹✳✼✮ ✿
✕ ❝❡❧✉✐ ❞❡ ❧✬❆♥s❛t③ (0, 0) ♣♦✉r S = 0.2 ❡t θ = 0✱
✕ ❝❡❧✉✐ ❞❡ ❧✬❆♥s❛t③ (π, 0) ♣♦✉r ❧❡s ♠ê♠❡s ♣❛r❛♠ètr❡s✱
✕ ❝❡❧✉✐ ♦❜t❡♥✉ ♣❛r ▲❛ü❝❤❧✐ ❡t ❛❧✳ ❞❛♥s ❬✺✸❪ ❡♥ ❞✐❛❣♦♥❛❧✐s❛t✐♦♥ ❡①❛❝t❡ ✭❊❉✮ s✉r ✉♥ ❦❛❣♦♠❡
❆❋ ❞❡ ✸✻ s✐t❡s✳

❊♥ ❙❇▼❋❚✱ ❝✬❡st ❧✬❆♥s❛t③ (0, 0) q✉✐ ♣♦ssè❞❡ ❧✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡ ❡♥ S = 0.2 ❡t θ = 0✳
P♦✉rt❛♥t✱ ❧❡ ❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ ♦❜t❡♥✉ ♣❛r ❊❉ ♣♦ssè❞❡ ❞❡s ♠❛①✐♠❛ ❡♥Me ✿ ❧❡s ♠✐❧✐❡✉① ❞❡
❝ôtés ❞❡ ❧❛ ❩❞❇❊✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ♣♦✉r ❝❡❧✉✐ ❞❡ ❧✬❆♥s❛t③ (π, 0)✳ ❇✐❡♥ q✉❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s
♠❛①✐♠❛ ❡♥ ❊❉ ♣✉✐ss❡ é✈♦❧✉❡r ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞✉ s②stè♠❡✱ ❝❡tt❡ ❝♦♥st❛t❛t✐♦♥ r❡♥❞ ❧✬❆♥s❛t③
(π, 0) ✐♥tér❡ss❛♥t ♠ê♠❡ ♣♦✉r ❞❡ ♣❡t✐ts θ✱ ❜✐❡♥ q✉❡ s♦♥ é♥❡r❣✐❡ s♦✐t ♣❧✉s é❧❡✈é❡ q✉❡ ❝❡❧❧❡
❞❡ ❧✬❆♥s❛t③ (0, 0)✳ ❉❡ ♣❧✉s✱ ❞❡s ❝❛❧❝✉❧s ❞❡ ❉▼❘● ✭❞❡♥s✐t② ♠❛tr✐① r❡♥♦r♠❛❧✐s❛t✐♦♥ ❣r♦✉♣✮
s✉r ❞❡s t❛✐❧❧❡s ❧é❣èr❡♠❡♥t ♣❧✉s ❣r❛♥❞❡s q✉✬❡♥ ❊❉ ✭Ns = 108✱ ❬✹✻❪✮ ❞♦♥♥❡♥t ✉♥ ♠❛①✐♠❛ ❞✉
❢❛❝t❡✉r ❞❡ str✉❝t✉r❡ st❛t✐q✉❡ ❛✉① ♠ê♠❡s ♣♦✐♥ts Me✳

✸ ❊❧❛r❣✐ss❡♠❡♥t ❞❡s P❙● à ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❝❤✐r❛✉①

❉❛♥s ❝❡ q✉✐ ♣ré❝è❞❡✱ ♥♦✉s ♥♦✉s s♦♠♠❡s ❧✐♠✐tés ❛✉① ❆♥sät③❡ q✉✐ r❡s♣❡❝t❛✐❡♥t ❧❡s s②♠é✲
tr✐❡s s♣❛t✐❛❧❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❛✈❡❝ ❉▼✱ ❝✬❡st à ❞✐r❡ q✉✬❛✉❝✉♥❡ ♦❜s❡r✈❛❜❧❡ ♣❤②s✐q✉❡ ♥✬ét❛✐t
♠♦❞✐✜é❡ ♣❛r ✉♥❡ s②♠étr✐❡ ❞✉ rés❡❛✉✱ ♦✉ ❡♥❝♦r❡ q✉✬✉♥❡ ♦♣ér❛t✐♦♥ ❞❡ s②♠étr✐❡ ❞✉ rés❡❛✉
♣♦✉✈❛✐t s❡ ❝♦♠♣❡♥s❡r ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✳

◆♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ❛✛❛✐❜❧✐r ❝❡s ❞é✜♥✐t✐♦♥s ❞✉ r❡s♣❡❝t ❞❡s s②♠étr✐❡s s♣❛t✐❛❧❡s ✿ ❡❧❧❡s
s❡r♦♥t r❡s♣❡❝té❡s s✐ ❡❧❧❡s ♣❡✉✈❡♥t s❡ ❝♦♠♣❡♥s❡r ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❡t✴♦✉ ♣❛r
✉♥❡ ✐♥✈❡rs✐♦♥ ❞✉ t❡♠♣s T ✭q✉✐ s❡ tr❛❞✉✐t ♣❛r ✉♥❡ ❝♦♥❥✉❣❛✐s♦♥ ❝♦♠♣❧❡①❡ ❞❡s ✈❛r✐❛❜❧❡s ❞❡ ❧✐❡♥
Aij✮✳ ▲❛ s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s ❝♦rr❡s♣♦♥❞ ❝❧❛ss✐q✉❡♠❡♥t à ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
❣é♦♠étr✐q✉❡ ♣❛r ✐♥✈❡rs✐♦♥ ❞❡s s♣✐♥s✱ q✉❡ ❧✬♦♥ ❛ ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ❝❧❛ss✐q✉❡
❞❡ ❧❛ t❤ès❡ ❛✉ ♠ê♠❡ t✐tr❡ q✉✬✉♥❡ r♦t❛t✐♦♥ ✭♦♥ ❛ ❝❤♦✐s✐ SS = O3 ❡t ♥♦♥ SO3✮✱ ♠❛✐s q✉❡
❧✬♦♥ ♥✬❛✈❛✐t ♣❛s ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡s ❝❛❧❝✉❧s ❞❡ P❙● ♣ré❝é❞❡♥ts✳ ◆♦✉s ❛✉r♦♥s ❞♦♥❝ ❞❡s
❆♥sät③❡ s✉♣♣❧é♠❡♥t❛✐r❡s✳
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❋✐❣✳ ✹✳✽ ✕ ❙②♠étr✐❡s ré❞✉✐t❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❉▼✳

❚♦✉t ❞✬❛❜♦r❞✱ ♥♦✉s ❛❧❧♦♥s ❞ét❡r♠✐♥❡r ❧❡s ♥♦✉✈❡❛✉① ❆♥sät③❡ s②♠étr✐q✉❡s✳ P✉✐s✱ ♥♦✉s
✉t✐❧✐s❡r♦♥s ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t à ❜❛s s♣✐♥✱ q✉✐ ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ ❢❛✐r❡ ❞❡s ❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s
✈❛❧❛❜❧❡s ❞❛♥s ❧❛ ❧✐♠✐t❡ κ → 0✳ ◆♦✉s ✈❡rr♦♥s q✉❡ ❞❡s ♣❤❛s❡s ❝❤✐r❛❧❡s s♦♥t ♣rés❡♥t❡s s✉r ❧❡
❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s✱ q✉✐ ❡st ❞♦♥❝ ❞✐✛ér❡♥t ❞❡ ❝❡❧✉✐ ❝❛❧❝✉❧é ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳
P✉✐s ♥♦✉s ♣❛ss❡r♦♥s ❛✉① ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❡♥ t❛✐❧❧❡ ✜♥✐❡✱ ♦ù ❧✬♦♥ r❡tr♦✉✈❡r❛ ❝❡s ♣❤❛s❡s
❝❤✐r❛❧❡s✱ q✉✐ ❞✐s♣❛r❛✐ss❡♥t ❛✉ ❞❡❧à ❞✬✉♥ κ ❧✐♠✐t❡✳ ❊♥✜♥✱ ♥♦✉s ❝❛❧❝✉❧❡r♦♥s ❧❡s s♣❡❝tr❡s ❞❡
s♣✐♥♦♥s ❡t ❧❛ ❝❤✐r❛❧✐té ❞❛♥s ❝❡s ét❛ts✳

✸✳✶ ❉ét❡r♠✐♥❛t✐♦♥ ❞❡s ❆♥sät③❡ s②♠étr✐q✉❡s ♠♦❞✉❧♦ T

P❙● ❛❧❣é❜r✐q✉❡s

❖♥ ♥❡ s❛✐t ♣❛s ❝❛❧❝✉❧❡r ❞❡ ❢❛ç♦♥ s✐♠♣❧❡ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ❛✈❡❝ ❝❡tt❡ ❝♦♥✈❡♥t✐♦♥✳ ▼❛✐s
❞❛♥s ♥♦tr❡ s✐t✉❛t✐♦♥✱ ♦♥ ♣❡✉t s✬❡♥ s♦rt✐r ❡♥ ❝❛❧❝✉❧❛♥t ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ♣♦✉r ❧❡ s♦✉s✲
❣r♦✉♣❡ ❞❡s s②♠étr✐❡s s♣❛t✐❛❧❡s r❡s♣❡❝t❛♥t ♦❜❧✐❣❛t♦✐r❡♠❡♥t T ✳ ❈♦♠♠❡ ❝❡s P❙● ❛❧❣é❜r✐q✉❡s
♥❡ s♦♥t ♣❛s tr♦♣ ♥♦♠❜r❡✉① ❡t ❝♦♠♠❡ ♦♥ ❝❤❡r❝❤❡ ❞❡s ❆♥sät③❡ s✐♠♣❧❡s ✭✉♥✐q✉❡♠❡♥t ❞❡s Aij
♣r❡♠✐❡rs ✈♦✐s✐♥s✮✱ ♦♥ ♣♦✉rr❛ sé❧❡❝t✐♦♥♥❡r ❡♥s✉✐t❡ s❡✉❧❡♠❡♥t ❧❡s ❆♥sät③❡ r❡s♣❡❝t❛♥t t♦✉t❡s
❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ ② ❝♦♠♣r✐s ❝❡❧❧❡s ♥❡ r❡s♣❡❝t❛♥t ♣❛s T ❛✉ ♠✐❧✐❡✉ ❞❡ ❝❡t ❡♥s❡♠❜❧❡
♣❧✉s ❧❛r❣❡ ❞✬❆♥sät③❡✳

▲❛ r♦t❛t✐♦♥ R6 ❞♦✐t êtr❡ ❝♦♠♣❡♥sé❡ ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✱ é✈❡♥t✉❡❧❧❡♠❡♥t
❝♦♠♣♦sé❡ ❛✈❡❝ ❧❡ r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s T ✱ ♠❛✐s q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ s✐t✉❛t✐♦♥ ✭❛✈❡❝ ♦✉ s❛♥s
T ✮✱ R2

6 s❡r❛ ❝♦♠♣❡♥sé❡ ✉♥✐q✉❡♠❡♥t ♣❛r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡ ❡t ♣❡✉t ❞♦♥❝ êtr❡ ♣r✐s❡
❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s✳

P❛r ❧❡ ♠ê♠❡ t②♣❡ ❞✬❛r❣✉♠❡♥t✱ ♦♥ ♣❡✉t tr♦✉✈❡r q✉❡ ❧❡s tr❛♥s❧❛t✐♦♥s T1 ❡t T2 ❞♦✐✈❡♥t
❛✉ss✐ r❡s♣❡❝t❡r ❧❛ s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s✳ ❙✉♣♣♦s♦♥s ❧❡ ❝♦♥tr❛✐r❡✳ ❈♦♠♠❡
T1 = R−1

6 T2R6✱ T 2
1 ❡t T 2

2 ❞♦✐✈❡♥t t♦✉t❡s ❞❡✉① ❜r✐s❡r T ✳ ❖r✱ ❧❛ tr❛♥s❧❛t✐♦♥ T1T
−1
2 ❞♦✐t

r❡s♣❡❝t❡r T ❡♥ t❛♥t q✉❡ ❝♦♠♣♦sé❡ ❞❡ ❞❡✉① tr❛♥s❢♦r♠❛t✐♦♥ ✐♥✈❡rs❛♥t ❧❡ t❡♠♣s✳✳✳ ♠❛✐s ❡❧❧❡
♥❡ ❞♦✐t ♣❛s ❧❛ r❡s♣❡❝t❡r ❝❛r ❡❧❧❡ ❡st ❛✉ss✐ é❣❛❧❡ à R−1

6 T1R6✳ ❖♥ ❛❜♦✉t✐t à ✉♥❡ ❝♦♥tr❛❞✐❝t✐♦♥✳
❋✐♥❛❧❡♠❡♥t✱ ♥♦✉s ❛❧❧♦♥s ❝❤❡r❝❤❡r ✉♥ ❣r❛♥❞ ❡♥s❡♠❜❧❡ ❞❡ P❙● ❛❧❣é❜r✐q✉❡s ✿ ❝❡✉① ♦❜t❡♥✉s

s❡❧♦♥ ❧✬❛♥❝✐❡♥♥❡ ❞é✜♥✐t✐♦♥ ❞✉ r❡s♣❡❝t ❞❡s s②♠étr✐❡s✱ ❛✈❡❝ ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❣é♥éré❡s
♣❛r T1✱ T2 ❡t R2

6 = R3 ✭✈♦✐r ❋✐❣✹✳✽✮✳
▲❛ s✉✐t❡ ❞❡ ❝❡ ♣❛r❛❣r❛♣❤❡ ❝♦♥s✐st❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❡♥ ❧❡ ❝❛❧❝✉❧ ❞❡s P❙● ❛❧❣é❜r✐q✉❡s

❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❝❡s s②♠étr✐❡s✱ ♠❡♥❛♥t ❛✉① ❊q✳✹✳✶✸✳
❖♥ ❝❤♦✐s✐t ✉♥ r❡♣èr❡ ❞❡ ❝❡♥tr❡ 0 ❧❡ ❝❡♥tr❡ ❞✬✉♥ ❤❡①❛❣♦♥❡✱ ❡t ❞❡✉① ❛①❡s à ✶✷✵ ❞❡❣rés✱

~T1 ❡t ~T2✱ ♣♦✐♥t❛♥t ✈❡rs ❧❡ ❝❡♥tr❡ ❞❡ ❞❡✉① ❤❡①❛❣♦♥❡s ✈♦✐s✐♥s✱ ❞❡ ❝♦♦r❞♦♥♥é❡s ~T1 = (2a, 0)
❡t ~T2 = (−a, a

√
(3))✱ ♦✉ a ❡st ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ♣❧✉s ♣r♦❝❤❡s ✈♦✐s✐♥s ✭✈♦✐r ❋✐❣✳✹✳✽✮✳ ▲❡s

tr❛♥s❢♦r♠❛t✐♦♥s ❞✉ rés❡❛✉ s♦♥t ❡♥❣❡♥❞ré❡s ♣❛r ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2 ❡t ✉♥❡ r♦t❛t✐♦♥
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R2π/3✳

T1 : (r1, r2)u → (r1 + 1, r2)u

(r1, r2)v → (r1 + 1, r2)v

(r1, r2)w → (r1 + 1, r2)w

T2 : (r1, r2)u → (r1, r2 + 1)u

(r1, r2)v → (r1, r2 + 1)v

(r1, r2)w → (r1, r2 + 1)w

R2π/3 : (r1, r2)u → (−r2 − 1, r1 − r2 − 1)v

(r1, r2)v → (−r2 − 1, r1 − r2)u

(r1, r2)w → (−r2, r1 − r2 + 1)w

❈❡s tr❛♥s❢♦r♠❛t✐♦♥s ♦♥t ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

T1T2 = T2T1

R3
2π/3 = I ✭✹✳✽✮

R2π/3T1 = T2R2π/3

T1T2R2π/3T2 = R2π/3

▲❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ q✉✐ ❡♥ ❞é❝♦✉❧❡♥t s♦♥t ✿

T1T2 = T2T1 ⇔ G1T1G2T2T
−1
1 G−1

1 T−1
2 G−1

2 ∈ IGG

⇔ φ1(r) + φ2(T
−1
1 r) − φ1(T

−1
2 r) − φ2(r) = p1π ✭✹✳✾✮

R3
2π/3 = I ⇔ GRR2π/3GRR2π/3GRR2π/3 ∈ IGG

⇔ φR(r) + φR(Rπ/3r) + φR(R2
π/3r) = p2π ✭✹✳✶✵✮

R2π/3T1 = T2R2π/3 ⇔ GRR2π/3G1T1R
−1
2π/3G

−1
R T−1

2 G−1
2 =∈ IGG

⇔ φR(r) + φ1(R
−1
2π/3r) − φR(T−1

2 r) − φ2(r) = p4π ✭✹✳✶✶✮

T1T2R2π/3T2 = R2π/3 ⇔ G1T1G2T2GRR2π/3G2T2R
−1
2π/3G

−1
R ∈ IGG ✭✹✳✶✷✮

⇔ φ1(r) + φ2(T
−1
1 r) + φR(T−1

2 T−1
1 r) + φ2(T2R

−1
2π/3r) − φR(r) = p5π

❆♣rès q✉❡❧q✉❡s ❝❛❧❝✉❧s ❡t s✐♠♣❧✐✜❝❛t✐♦♥s ✉t✐❧✐s❛♥t ❞❡s ❝❤❛♥❣❡♠❡♥ts ❞❡ ❥❛✉❣❡✱ ♦♥ ❛rr✐✈❡
❛✉① P❙● ❛❧❣é❜r✐q✉❡s s✉✐✈❛♥ts ✿

φ1(x, y, i) = 0

φ2(x, y, i) = p1πx ✭✹✳✶✸✮

φR(x, y, i) = p1π

(
xy − x(x+ 1)

2
− xδiw

)
,

❛✈❡❝ p1 = 0 ♦✉ 1✱ ❞✐st✐♥❣✉❛♥t ❞❡✉① ❢❛♠✐❧❧❡s ❞❡ P❙● ❛②❛♥t ❞❡s ✢✉① ❞❡ 0 ❡t π ❛✉t♦✉r ❞❡s
❧♦s❛♥❣❡s à ✽ ❝ôtés✳
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❋✐❣✳ ✹✳✾ ✕ ▲❡s ❞❡✉① ❝♦♥t✐♥✉✉♠ ❞✬❆♥sät③❡ ✭à ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❥❛✉❣❡ ♣rès✮ r❡s♣❡❝t❛♥t
❧❡s s②♠étr✐❡s ❞❡ ❧❛ ❋✐❣✳✹✳✽✳ ▲❡s ✢è❝❤❡s r♦✉❣❡s ♦♥t ✉♥ Aij é❣❛❧ à A1✱ ré❡❧ ♣♦s✐t✐❢✱ ❧❡s ✢è❝❤❡s
❜❧❡✉❡s✱ à ✉♥ A2 ❝♦♠♣❧❡①❡ ✭❞❡ ♣❤❛s❡ φ/3✮✳ ❆ ❣❛✉❝❤❡✱ ❧✬❆♥sät③❡ ❝♦rr❡s♣♦♥❞ ❛✉ P❙● ❞❡
❧✬éq✉❛t✐♦♥ ✹✳✶✸ ♦❜t❡♥✉ ♣♦✉r p1 = 0 ❡t ♣♦ssè❞❡ ✉♥ ✢✉① ❞❡ 0 ❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t
❝ôtés✳ ❆ ❞r♦✐t❡✱ p1 = 1 ❡t ❧❡ ✢✉① ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t ❝ôtés ❡st ❞❡ π✳ ❉❛♥s ❝❤❛❝✉♥ ❞❡ ❝❡s
❆♥sät③❡✱ ❧❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ❞é♣❡♥❞ ❞❡ ❧✬❛r❣✉♠❡♥t ❞❡ A2 ❡t ♣❡✉t ♣r❡♥❞r❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡
✈❛❧❡✉r✳

❆♥sät③❡ ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s

❖♥ ❝❤❡r❝❤❡ ♠❛✐♥t❡♥❛♥t ❧❡s ❆♥sät③❡ ❝♦♠♣♦rt❛♥t ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s ❝♦♠♣❛t✐❜❧❡s
❛✈❡❝ ❧❡s P❙● ❛❧❣é❜r✐q✉❡s ❞❡s ❊q✳✹✳✶✸✳ ❖♥ ❛ ❜❡s♦✐♥ ❞❡ ❞❡✉① Aij ✐♥❞é♣❡♥❞❛♥ts ♣♦✉r ❞ét❡r✲
♠✐♥❡r t♦✉s ❧❡s Aij ❞✉ rés❡❛✉ à ♣❛rt✐r ❞✬✉♥ P❙● ❛❧❣é❜r✐q✉❡ ❝❛r ❞❡✉① ❧✐❡♥s s✉✣s❡♥t à ❣é♥ér❡r
❧❡ rés❡❛✉ ❡♥t✐❡r à ♣❛rt✐r ❞❡s s②♠étr✐❡s T1✱ T2 ❡t R3✳ ▲✬✉♥ ❞❡s ❞❡✉①✱ ❞és✐❣♥é ♣❛r A1✱ ♣❡✉t
êtr❡ ❝❤♦✐s✐ ré❡❧ ♣♦s✐t✐❢ ♣❛r ✉♥ ❝❤♦✐① ❞❡ ❥❛✉❣❡ ❛♣♣r♦♣r✐é✳ ▲❡ ❞❡✉①✐è♠❡✱ ❛♣♣❡❧é A2✱ ♣♦ssè❞❡ ✉♥
❛r❣✉♠❡♥t q✉❡❧❝♦♥q✉❡ φ✳ ■❧ ♥♦✉s r❡st❡ ❞❡✉① ❝♦♥t✐♥✉✉♠ ❞✬❆♥sät③❡✱ ❝❛r❛❝tér✐sés ♣❛r p1 = 0
♦✉ 1 ❡t φ✱ ❧✬❛r❣✉♠❡♥t ❞❡ A2✱ r❡♣rés❡♥tés s✉r ❧❛ ❋✐❣✳✹✳✾✳

■❧ ♥❡ ❢❛✉t ♣❛s ♦✉❜❧✐❡r q✉❡ ❝❡rt❛✐♥❡s s②♠étr✐❡s ♦♥t été ♥é❣❧✐❣é❡s ❥✉sq✉❡ ❧à ❡t é❧✐♠✐♥❡r ❧❡s
❆♥sät③❡ ♥❡ ❧❡s r❡s♣❡❝t❛♥t ♣❛s✳ ▲❛ s②♠étr✐❡ R6 ♥✬❛ ♣❛s été ♣r✐s❡ ❡♥ ❝♦♠♣t❡✳ ▲❛ ❝♦♥tr❛✐♥t❡
s✉♣♣❧é♠❡♥t❛✐r❡ q✉✐ ❡♥ ❞é❝♦✉❧❡ ❡st |A1| = |A2|✳ ❙✐ A2 = A1✱ ❛❧♦rs✱ ♦♥ r❡tr♦✉✈❡ ❧❡s ❆♥sät③❡
(π, 0) ♣♦✉r p1 = 0 ❡t (0, π) ♣♦✉r p1 = 1✳ ❙✐ A2 = −A1✱ ♦♥ ❛ ❧❡s ❆♥sät③❡ (0, 0) ♣♦✉r p1 = 0
❡t (π, π) ♣♦✉r p1 = 1✳ ▲❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ♣❡✉t ♣r❡♥❞r❡ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣♦ss✐❜❧❡s ❞❛♥s
❝❤❛❝✉♥ ❞❡s ❞❡✉① ❝♦♥t✐♥✉✉♠ ❞✬❆♥sät③❡ ❧♦rsq✉❡ ❧✬❛r❣✉♠❡♥t ❞❡ A2 ✈❛r✐❡✳

✸✳✷ ❈❛❧❝✉❧ ❞❡ ❧✬é♥❡r❣✐❡ ❣râ❝❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ κ

❆ θ ❡t S ✜①é✱ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧✬é♥❡r❣✐❡ ❞❡ ❝❡s ❞❡✉① ❆♥sät③❡ à ❧✬♦r❞r❡ 8 ❡♥ S ❡♥
❢♦♥❝t✐♦♥ ❞❡ φ✱ ❧❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡✱ ❡♥ ✜①❛♥t |A1| = |A2|✱ ❣râ❝❡ ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡
❚❝❤❡r♥②s❤②♦✈ ❬✾✾❪ ❛❞❛♣té à ❧❛ ♣rés❡♥❝❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼ ❡t ❡✛❡❝t✉é ❥✉sq✉✬à ❧✬♦r❞r❡ ✽
✭❧❡s ❝❛❧❝✉❧s s❡ tr♦✉✈❡♥t ❡♥ ❆♥♥✳❈✳✸✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡st é❝r✐t ❡♥ ❊q✳❈✳✶✾✱ ♣❛❣❡ ✶✺✼✮✳ ❈❡
❝❛❧❝✉❧ ✉t✐❧✐s❡ ❧❛ ♠❛tr✐❝❡ ❞✬❛❞❥❛❝❡♥❝❡ ❞✬✉♥ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r tr♦✉✈❡r ❧❡s ✢✉① ❞❡ t♦✉t❡s ❧❡s
❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r ❛❧❧❛♥t ❥✉sq✉✬á ✶✻ ❧✐❡♥s ✭❝❛r ♦♥ ❡st à ❧✬♦r❞r❡ ✽ ❡♥ S✮✳ P♦✉r q✉❡ ❧✬é♥❡r❣✐❡
s♦✐t ❝❡❧❧❡ ❞✉ rés❡❛✉ ✐♥✜♥✐✱ ✐❧ s✉✣t ❞♦♥❝ ❞❡ ♣r❡♥❞r❡ ✉♥ rés❡❛✉ ❛ss❡③ ❣r❛♥❞ ♣♦✉r q✉❡ ❧❡s
❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r ✶✻ ♥❡ ♣✉✐ss❡ ♣❛s ❡♥ ❢❛✐r❡ ❧❡ t♦✉r✳ ❈❡tt❡ ♠ét❤♦❞❡✱ très ✜❛❜❧❡ à ❜❛s s♣✐♥✱
♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡ ♣r❡♠✐èr❡ ✐❞é❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ❡t ❞❡ ❝♦rr♦❜♦r❡r ❧❡s rés✉❧t❛ts
♥✉♠ér✐q✉❡ q✉❡ ♥♦✉s ❞♦♥♥♦♥s ❞❛♥s ❧❡ ♣❛r❛❣r❛♣❤❡ ♣ré❝é❞❡♥t✳

❊♥ ❋✐❣✳✹✳✶✵ ❡st r❡♣rés❡♥té❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ φ✱ ❧❡
✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡✱ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞❡ θ ❡t S t❡❧❧❡s q✉❡ t♦✉t❡s ❧❡s s✐t✉❛t✐♦♥s r❡♥❝♦♥✲
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✭❛✮ S = 0.2✱ θ = 0 ✭❜✮ S = 0.1✱ θ = 0.1 ✭❝✮ S = 0.1✱ θ = 0.2 ✭❞✮ S = 0.01✱ θ = 0.2

❋✐❣✳ ✹✳✶✵ ✕ ❊♥❡r❣✐❡ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❝❤❡r♥②s❤②♦✈ ♣♦✉r ❧❡s ❆♥sät③❡ (φ, 0) ✭❡♥ ❜❧❡✉✮
❡t (φ, π) ✭❡♥ r♦✉❣❡✮✳ ◗✉❛tr❡ s✐t✉❛t✐♦♥s s❡ r❡♥❝♦♥tr❡♥t ❧♦rq✉❡ ❧✬♦♥ ❢❛✐t ✈❛r✐❡r S ❡t θ✱ q✉✐
❞♦♥♥❡r♦♥t q✉❛tr❡ ③♦♥❡s s✉r ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ✿ ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡✱ ❧❡s ✢✉① ❞❡s ét❛ts
❢♦♥❞❛♠❡♥t❛✉① s♦♥t (0, 0) ✱ (φ 6= 0, 0)✱ (π, 0) ❡t (0, π)✳

tré❡s ❧♦rs ❞❡ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✉ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s s♦✐❡♥t ♣rés❡♥t❡s ✿ ét❛t ❢♦♥❞❛♠❡♥t❛❧
❞❡ ✢✉① (0, 0)✱ (π, 0)✱ (0, π) ♦✉ (φ 6= 0[π], 0)✳ ❖♥ ❛ ❞♦♥❝ q✉❛tr❡ ③♦♥❡s s✉r ❧❡ ❞✐❛❣r❛♠♠❡
❞❡ ♣❤❛s❡ r❡♣rés❡♥té ❡♥ ❋✐❣✳✹✳✶✶✳ ▲❡s ❢r♦♥t✐èr❡s ❡♥tr❡ ❝❡s ③♦♥❡s ❝♦rr❡s♣♦♥❞❡♥t t♦✉t❡s à ❞❡s
tr❛♥s✐t✐♦♥s ❞✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❡①❝❡♣té ❝❡❧❧❡ ❡♥tr❡ ❧❛ ③♦♥❡ ❥❛✉♥❡ ❡t r♦✉❣❡✱ ❝✬❡st à ❞✐r❡ ❡♥tr❡
❧❡s ♣❤❛s❡s (φ 6= 0[π], 0) ❡t (π, 0)✱ ♦ù ❧❛ tr❛♥s✐t✐♦♥ ❡st ❝♦♥t✐♥✉❡✳

✸✳✸ ❘és✉❧t❛ts ♥✉♠ér✐q✉❡s

▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ♦❜t❡♥✉ ♥✉♠ér✐q✉❡♠❡♥t ❡st ❡♥ ❋✐❣✳✹✳✶✶✱ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞✉
❞é✈❡❧♦♣♣❡♠❡♥t à ❜❛s s♣✐♥✳ ▲✬❛❝❝♦r❞ à ❜❛s s♣✐♥ ❡st ❡①❝❡❧❧❡♥t✱ ♠❛✐s ♣♦✉r S > 0.2✱ ❧❡s ét❛ts
❝❤✐r❛✉① ✭❥❛✉♥❡✮ ❞✐s♣❛r❛✐ss❡♥t ❞❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s✳

▲❡ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s ❞❛♥s ❧❛ ♣❤❛s❡ ❝❤✐r❛❧❡ ♣♦✉r λ = λc ❡st r❡♣rés❡♥té
❋✐❣✳✹✳✶✷✳ ▲❡s ♠✐♥✐♠❛ ❞✉ s♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ♥❡ s❡ tr♦✉✈❡♥t ♣❛s ❡♥ ❞❡s ♣♦✐♥ts ❞❡ ❤❛✉t❡
s②♠étr✐❡ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥✱ ♠❛✐s ❡♥ ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ✐♥❝♦♠♠❡♥s✉r❛❜❡❧s ✿ ❝❡ s♦♥t
❞❡s ♣♦✐♥ts ❞❡s ❧✐❣♥❡s ΓK✳

▲❛ ♥♦✉✈❡❧❧❡ ♣❤❛s❡ ❡st ❛♣♣❡❧é❡ ❝❤✐r❛❧❡ ♣❛r❝❡ q✉✬❡❧❧❡ ❜r✐s❡ ❧✬✐♥✈❛r✐❛♥❝❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉
t❡♠♣s ✿ ❡❧❧❡ ♣♦ssè❞❡ ❞❡s ✢✉① ❞✐✛ér❡♥ts ❞❡ 0 ❡t π✳ ❖♥ ❡st t❡♥té ❞✬❛♣♣❧✐q✉❡r ❧❡s ❢♦r♠✉❧❡s s✉r ❧❡s
✢✉① ♣r♦✈❡♥❛♥t ❞✉ ❈❤❛♣✳✸✱ ♠❛✐s ✐❧ ♥❡ ❢❛✉t ♣❛s ♦✉❜❧✐❡r q✉❡ ❝❡❧❧❡s✲❝✐ ♥❡ s♦♥t ♣❧✉s ✈❛❧❛❜❧❡s ✿
❧✬♦♣ér❛t❡✉r Aij ❢❛✐t ♠❛✐♥t❡♥❛♥t ✐♥t❡r✈❡♥✐r θij ✳ ❈❛❧❝✉❧♦♥s ❧❛ ❝❤✐r❛❧✐té s✉r ✉♥ tr✐❛♥❣❧❡ ❡♥
❞✐✛ér❡♥ts ♣♦✐♥ts ❞✉ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ✿

σijk = |(Si ∧ Sj) · Sk|. ✭✹✳✶✹✮

▲❡s rés✉❧t❛ts s♦♥t ❞♦♥♥és ❡♥ ❋✐❣✳✹✳✶✸✳ ❙❡❧♦♥ ❧❡ s♣✐♥✱ ♦♥ ♣❡✉t r❡♥❝♦♥tr❡r ③ér♦✱ ✉♥❡✱ ♦✉ ❞❡✉①
❞✐s❝♦♥t✐♥✉✐tés ❞❛♥s ❧❛ ❝❤✐r❛❧✐té ❢♦♥❝t✐♦♥ ❞❡ θ✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❝❡rt❛✐♥s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❡♥ ❙❇▼❋❚ ♣♦✉✲
✈❛✐❡♥t ♥❡ ♣❛s r❡s♣❡❝t❡r t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✳ P♦✉r ❛rr✐✈❡r à ❝❡tt❡ ❝♦♥❝❧✉s✐♦♥✱ ♥♦✉s
❛✈♦♥s é❧❛r❣✐ ❧✬❡s♣❛❝❡ ❞❡s ❆♥sät③❡ ♣♦ss✐❜❧❡s✱ ❡♥ ♥❡ ❧❡✉r ✐♠♣♦s❛♥t ♣❛s ❞❡ r❡s♣❡❝t❡r ❛✉t❛♥t
❞❡ s②♠étr✐❡s q✉✬❛✈❛♥t✳ ▲✬é❧❛r❣✐ss❡♠❡♥t ❝♦♥s❡♥t✐ ❡st ❛ss❡③ ❢❛✐❜❧❡ ✿ ❧✬❡s♣❛❝❡ ❞❡s ❆♥sät③❡ s❛♥s
❛✉❝✉♥❡ ❝♦♥tr❛✐♥t❡ ❡st ✐♠♠❡♥s❡ ❡t ♥❡ s❡ ❧❛✐ss❡ ♣❛s ❡①♣❧♦r❡r ❢❛❝✐❧❡♠❡♥t✱ à ♠♦✐♥s ❞❡ s❡ ❧✐♠✐t❡r
à ❞❡ ♣❡t✐ts rés❡❛✉①✱ ♠❛✐s ❝✬❡st ✉♥❡ ♣r❡♠✐èr❡ ét❛♣❡ q✉✐ ❛ été ❢r❛♥❝❤✐❡✱ ❛✈❡❝ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡
♣❤❛s❡s ❝❤✐r❛❧❡s ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡ ❙❇▼❋❚✱ s✉r✈✐✈❛♥t é✈❡♥t✉❡❧❧❡♠❡♥t ❛✉ ❞❡❧à ❞✉
❝❤❛♠♣ ♠♦②❡♥✳
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❋✐❣✳ ✹✳✶✶ ✕ ❉✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ♣♦✉r ❧❡s ❆♥sät③❡ (φ, 0) ❡t (φ, π) s✉r ❦❛❣♦♠❡ ❛✈❡❝ ❉▼✳
❊♥ ❜❧❡✉✱ ❧✬❆♥s❛t③ (0, 0)✱ ❡♥ r♦✉❣❡ ❧❡ (π, 0)✱ ❡♥ ✈❡rt ❧❡ (0, π) ❡t ❡♥ ❥❛✉♥❡✱ ❧❡ ♥♦✉✈❡❛✉ ❞♦♠❛✐♥❡✱
❝❤✐r❛❧✱ q✉✐ ❜r✐s❡ T ✿ ❧✬❆♥s❛t③ (φ, 0) ❛✈❡❝ 0 < φ < π✳ ▲❡s tr❛✐ts s♦♥t ❧❡s ❢r♦♥t✐èr❡s ❡♥tr❡ ❧❡s
❞✐✛ér❡♥t❡s ♣❤❛s❡s ♦❜t❡♥✉❡s à ♣❛rt✐r ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❝❤❡r♥②s❤②♦✈✳ ▲❡s
❧✐❣♥❡s ❝♦♥t✐♥✉❡s s♦♥t ❞❡s tr❛♥s✐t✐♦♥s ❞✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❧❛ ❧✐❣♥❡ ♣♦✐♥t✐❧❧é❡ ❡st ✉♥❡ tr❛♥s✐t✐♦♥
❝♦♥t✐♥✉❡✳ ▲❡s ♣♦✐♥ts s♦♥t ❧❡s rés✉❧t❛ts ♥✉♠ér✐q✉❡s✳ ▲❡s ♣♦✐♥ts ✈✐❞❡s s♦♥t ❝❡✉① ❞❡ ♣❤❛s❡s
♦r❞♦♥♥é❡s✱ ❧❡s ♣♦✐♥ts r❡♠♣❧✐s✱ ❞❡ ♣❤❛s❡s ❣❛♣♣é❡s✳ ▲❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s rés✉❧t❛ts
♣r♦✈❡♥❛♥t ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡t ❝❡✉① ♣r♦✈❡♥❛♥t ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡st très ❜♦♥♥❡
♣♦✉r S <∼ 0.15✳

✭❛✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❝✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ✹✳✶✷ ✕ ❙♣❡❝tr❡ ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s ❞❡ ❧✬ét❛t ❝❤✐r❛❧✳ A = 1✱ λ = λc ❡t φ = π/2✳
❈❡s ✈❛❧❡✉rs ♥❡ ❝♦rr❡s♣♦♥❞❡♥t à ❛✉❝✉♥ ♣♦✐♥t ❞✉ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s✱ ♠❛✐s ♣❡r♠❡tt❡♥t ❞❡
❞é❣❛❣❡r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❝❡ t②♣❡ ❞✬❆♥s❛t③✳
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❋✐❣✳ ✹✳✶✸ ✕ ❈❤✐r❛❧✐té σ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ❡♥ ❙❇▼❋❚ ♣♦✉r ❙❂✵✳✶✺✳ ❊❧❧❡ ♥✬❡st ♥♦♥
♥✉❧❧❡ q✉❡ ❞❛♥s ❧❛ ♣❤❛s❡ ❝❤✐r❛❧❡✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ③♦♥❡ ❥❛✉♥❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❡♥ ❋✐❣✳✹✳✶✶✳
❱❡rs θ = 0.02✱ ✐❧ ② ❛ ✉♥❡ ❞✐s❝♦♥t✐♥✉✐té ❞✉❡ à ✉♥❡ tr❛♥s✐t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳ ❱❡rs θ = 0.95✱
❧❛ ❝❤✐r❛❧✐té ♣❛ss❡ ❝♦♥t✐♥û♠❡♥t à ✵✳

❈é♣❛s ❡t ❛❧✳ ❬✶✸❪ ♦♥t ❞ét❡r♠✐♥é ✉♥ θ ❝r✐t✐q✉❡ ❡♥ ❞❡ss♦✉s ❞✉q✉❡❧ ✐❧ ♥✬② ❛ ♣❛s ❞✬♦r❞r❡
à ❧♦♥❣✉❡ ♣♦rté❡ ❞❛♥s ❧❡ s②stè♠❡ ❞❡ s♣✐♥s 1/2 ✭❋✐❣✳✹✳✶✭❜✮✮✳ ▼❛✐s ❧❛ ♥❛t✉r❡ ❞❡ ❝❡tt❡ ♣❤❛s❡
❡st ❡♥❝♦r❡ ✐♥❝♦♥♥✉❡✱ t♦✉t ❝♦♠♠❡ ❝❡❧❧❡ ❛✉ ♣♦✐♥t θ = 0✳ ❈❡ ♣♦✐♥t s❡r❛✐t ❜✐❡♥ ❞é❝r✐t ♣❛r
✉♥❡ ❛♣♣r♦❝❤❡ ❢❡r♠✐♦♥✐q✉❡✱ ♠❛✐s ❛❧♦rs✱ ❧✬❡①t❡♥s✐♦♥ à ❞❡s ✈❛❧❡✉rs ❞❡ θ ♥♦♥ ♥✉❧❧❡s s❡r❛✐t
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interactions: Phase diagram and dynamical structure factors
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We have obtained the zero-temperature phase diagram of the kagomé antiferromagnet with Dzyaloshinskii-
Moriya interactions in Schwinger-boson mean-field theory. We find quantum phase transitions �first or second
order� between different topological spin-liquid and Néel-ordered phases �either the �3��3 state or the
so-called Q=0 state�. In the regime of small Schwinger-boson density, the results bear some resemblances with
exact diagonalization results and we briefly discuss some issues of the mean-field treatment. We calculate the
equal-time structure factor �and its angular average to allow for a direct comparison with experiments on
powder samples�, which extends earlier work on the classical kagomé to the quantum regime. We also discuss
the dynamical structure factors of the topological spin-liquid and the Néel-ordered phases.
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I. INTRODUCTION

The Dzyaloshinskii-Moriya �DM� interactions1 are inevi-
tably present in S=1 /2 magnetic oxides when the magnetic
bonds lack inversion centers, which is the case of the
kagome lattice. Although small in strength �it originates in
the spin-orbit coupling�, such a correction may favor other
phases than the ones usually predicted by using the standard
Heisenberg model. By breaking explicitly the spin-rotation
symmetry of the system, the Dzyaloshinskii-Moriya forces
tend to reduce the spin fluctuations and may therefore be
detrimental to the long-searched spin-liquid phases. How-
ever, would the Heisenberg phase be gapped, such as in va-
lence bond crystals �generalized spin-Peierls states� or in to-
pological spin liquids �TSLs�,2–4 then it would be robust
against perturbations typically smaller than the gap. An ex-
ample is given by the Shastry-Sutherland compound
SrCu2�BO3�2 which remains in the singlet phase in the pres-
ence of Dzyaloshinskii-Moriya couplings.5 In the kagome
antiferromagnet �with pure nearest-neighbor Heisenberg in-
teraction�, the very existence of a gap remains an open
question,6 algebraic spin-liquid and gapless vortex phases
have been proposed as alternatives in the recent years.7–9

Current numerical estimates of the gap provide a small upper
bound �0.05J.6,10–13 In any case the gap �if it exists� could
be smaller than the Dzyaloshinskii-Moriya coupling �espe-
cially in copper oxides where it is typically �0.1J� and the
latter is therefore particularly relevant. Experiments on the
kagome compound ZnCu3�OH�6Cl3 �Refs. 14–17� have
found no spin gap �despite a temperature much lower than
the upper estimation of the gap� but the chemical
disorder18–20 and, precisely, the existence of Dzyaloshinskii-
Moriya interactions21–24 make the spin gap issue not yet
clear.

In fact, the Dzyaloshinskii-Moriya interactions were ar-
gued to induce long range Q=0, 120° Néel order in the
kagome antiferromagnet: the algebraic spin-liquid theory
predicts the instability at a critical strength Dc=0 �Ref. 25�
while there is a finite quantum critical point at Dc�0.1J in

exact diagonalization results on samples of size up to N
=36.23 Since it is clear that there is no Néel order at D
strictly zero10,26 and there is Néel order for D large enough,23

it is tempting to tackle the problem using the Schwinger-
boson representation for the spin operators.27 Indeed this ap-
proach allows in principle to capture both topological spin-
liquid and Néel-ordered phases28 and offers a first framework
to describe this quantum phase transition. The caveat is that
the actual Schwinger-boson mean-field solution for the S
=1 /2, D=0 kagome antiferromagnet is already long-ranged
ordered �LRO� and it is only at smaller values of S �which in
this approach is a continuous parameter� that a disordered
spin-liquid phase is stabilized. This result may however be
an artifact of the mean-field approach and it is possible that
fluctuations not taken into account at this level do stabilize
the disordered phase for the physical spin-1/2 system. It is
therefore interesting to see what phases the Schwinger-boson
mean-field theory predicts for the kagome antiferromagnet
perturbed by Dzyaloshinskii-Moriya interactions.

In Sec. II we present the model and the method. In Sec.
III we discuss the phase diagram together with general
ground-state properties. In Sec. IV, we illustrate the evolu-
tion of observables across the quantum phase transition from
topological spin liquid to long-ranged Néel order: the spinon
spectrum, the gap, the order parameter, and the condensed
fraction of bosons. We calculate the equal-time structure fac-
tor, its powder average, and briefly compare both to classical
calculation and experimental results. In Sec. V we present
the dynamical spin structure factor and its behavior in the
two phases. We also describe how these behaviors emerge
from the properties of the spinon spectrum.

II. MODEL

We have considered additional DM interactions to the
standard Heisenberg model on the kagome lattice

H = �
�i,j�

�JSi · S j + Dij · �Si � S j�	 , �1�

where �i , j� stands for nearest neighbors �each bond is
counted once� and Si is a quantum spin operator on site i, the
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Dzyaloshinskii-Moriya field Dij is taken to be along the z

axis and is staggered from up to down triangles �see Fig. 1�.
For this, we work in a rotated frame which allows to elimi-
nate the other components �the Si are to be viewed as rotated
operators�.23 In this case, the Dzyaloshinskii-Moriya field fa-
vors a vector chirality along z and the model �1� has a global
U�1� symmetry which can be spontaneously broken or not.

The Schwinger-boson representation is written

Si =
1

2
�ai

†
bi

† ��
ai

bi

� ni � ai
†
ai + bi

†
bi = 2S , �2�

where ai
† �respectively, bi

†� creates a boson on site i with spin
↑ �respectively, ↓� and � are the Pauli matrices. To fix the
length of the spin, Si

2= �ni /2��ni /2+1�=S�S+1�, we need to
have ni=2S bosons per site. We define the bond creation
operator

Aij
† �

1

2
�ei�ijai

†
b j

† − e−i�ijbi
†
a j

†� �3�

with �ij =Dij / �2J�. A similar approach has been developed by
Manuel et al.29 on the square lattice. With this definition and
up to small corrections of order Dij

2
/J, the model takes its

standard form27

H = − 2J�
�i,j�

Aij
†
Aij + NzJS2

/2, �4�

where N is the number of lattice sites and z=4 the coordina-
tion number. H has a local U�1� gauge symmetry: it is in-
variant under �ai ,bi�→ �ei�iai ,e

i�ibi�, where �i� �0,2�	. Ap-
plied to the vacuum of boson, Aij

† creates a superposition of a
singlet and a triplet state on the ij bond, i.e., the exact ground
state of a single bond of Eq. �4�. In mean-field theory,27,30 the
quartic Hamiltonian �4� is replaced by a self-consistent qua-
dratic Hamiltonian with a bond varying order parameter
Aij ��Aij� and the constraint ni=2S enforced on average
with Lagrange multipliers �i. Up to a constant the mean-field
Hamiltonian reads

HMF = − 2J�
�i,j�

Aij
�
Aij + Aij

†Aij − Aij
2 − �

i

�i�ni − 2S� .

�5�

We now restrict our search to solutions whose physical �thus
gauge invariant� observables do not break the space-group
symmetry of the Hamiltonian and hence could realize spin-
liquid states. There are only four classes of such states
�called Ansätze in Refs. 28 and 31 and in the following�,
labeled by their projective symmetry group,31 or equivalently
by fluxes around hexagons and rhombus ��Hex ,�Rho�
= �0,0�, �� ,0�, �0,��, or �� ,��. The flux � around a loop
�i1 , i2 , . . . , i2n� with an even number of links is defined by32

Kei� = A12�− A23
� �, . . . ,A2n−1,2n�− A2n,1

� � . �6�

It is a gauge-invariant quantity. In each of the four Ansätze,
all Aij have the same amplitude Aij=A and are real in a
well chosen gauge. Their signs are represented on Fig. 2.
These four Ansätze are identical to those obtained by Wang
and Vishwanath for the kagome Heisenberg model: they are
fully determined by rotational and translational invariances
of the spin Hamiltonian on the lattice. Note that to be invari-
ant under the lattice symmetries, the bosonic Hamiltonian of
these Ansätze must be gauge transformed, which does not
modify the corresponding spin Hamiltonian. That explains
the noninvariance of these Ansätze under the lattice symme-
tries. The �0,0� Ansatz corresponds to the �3��3 state and
the �� ,0� Ansatz to the Q=0 state, originally found by
Sachdev28 while the last two involve larger unit cells and
may as well be relevant for longer range interaction or ring
exchange.31,33

Using the translation symmetry of the mean-field Ansätze,
the Hamiltonian is Fourier transformed,

�
�
�
�

D

z

y

x

FIG. 1. The Dzyaloshinskii-Moriya field in the model �spin ro-
tated frame—see text�.
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� � � � � � � � � � � � � � �
� � � � � � � � � � � � � � �
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FIG. 2. �Color online� The bond order parameter Aij of the four
symmetric Ansätze of model Eq. �1�. Its modulus A is a constant for
all bonds, an arrow from i to j means Aij �0. The fluxes through
the hexagon and the rhombus ��Hex ,�Rho� are in �a� �0,0�, �b�
�� ,0�, �c� �0,��, and �d� �� ,��. The unit cell is shown by dashed
lines �twice larger for the last two Ansätze�.
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HMF = �
q

	q
†
Nq	q + NJzA2 + �2S + 1�N� �7�

with

	q
† � ��a1q�†, . . . ,�amq�†,b1−q, . . . ,bm−q	 , �8�

aiq �
1

�N/m
�

x
e−iqxaix �9�

�the same for the biq operators�, where m is the number of
sites in the unit cell: m=3 for the first two Ansätze and m

=6 for the second two. A given site is defined by a sublattice
i� �1,m	 and unit-cell x indices. Nq are 2m�2m matrices
whose coefficients depend on A, �, q, and of the Ansatz. The
Hamiltonian is diagonalized using a numerically
constructed34 Bogoliubov transformation

	q = Pq	̃q Pq = 
Uq − Vq

Vq Uq
� , �10�

where Uq and Vq are m�m matrices,

HMF = �
q


�q
	̃q

† 	̃q
 + NJzA2 + �2S + 1�N� , �11�

where �q
 is the dispersion relation of the 
=1, . . . ,2m

spinon modes. Each mode is twice degenerate because of the

time-reversal symmetry. The ground state 0̃� is the vacuum
of the Bogoliubov bosons. At zero temperature, A and � are
determined by extremizing the total energy, subject to the
constraints,

A = �Aij� �ni� = 2S �12�

�the energy is in fact a saddle point, minimum in A and
maximum in � �Ref. 35�	.

III. PHASE DIAGRAM

To obtain the phase diagram, the two self-consistent Eq.
�12� are implemented numerically for each of the four An-

sätze of Fig. 2. The energies of the different Ansätze are
shown in Fig. 3 versus �=D / �2J� for three values of S:
0.025, 0.2, and 0.5. The corresponding full phase diagram of
the model is shown in Fig. 4.

Before discussing the predictions of this model, let us
remark that in the small S limit all these phases can in fact be
captured by an analytic perturbative expansion in term of
flux through closed loops.32 At small S, the density of bosons
is small and the constraints �Eq. �12�	 imply that A must be
small compared to �. The mean-field energy can then be
expanded in terms of gauge-invariant products of bond order
parameters Aij along closed loops. Following Tchernyshyov
et al.,32 we have computed the expansion up to loops of
length 16 in order to calculate the energy difference between
the four Ansätze. The results of these calculations give the
low S phase boundaries �dashed lines superimposed to the
exact results in Fig. 4�. It is seen on this example that the
so-called flux expulsion conjecture32 which predicts that the
ground state in nonfrustrated models has zero flux through

any closed loop does not apply to frustrated problem, where
the �0,�� and �� ,0� appear as ground states in an extended
range of parameters.

For the sake of clarity, we will first discuss the full phase
diagram �Fig. 4�. �We postpone to the next paragraph the
illustration on the spinon spectrum of the differences be-
tween topological spin-liquid and Néel-ordered phases. Let
us only mention at this stage that a spin-liquid phase is char-
acterized by a fully gapped spinon spectrum, whereas in a
Néel-ordered phase the spinon spectrum is gapless at the
thermodynamic limit, as the magnon modes.� For S=1 /2,
there is a direct first-order transition between the long-ranged
Néel-ordered �3��3 and Q=0 phases for a finite
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FIG. 3. �Color online� Ground state energies per site of the four
Ansätze vs �=D /2J, for S=0.025, 0.2, and 0.5.
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FIG. 4. Phase diagram at zero temperature �spin S , �=D / �2J�	:
TSL and Néel LRO phases characterized by their fluxes through
hexagons and rhombi. For larger S the region of existence of the
�0,0� phase shrinks. Dashed lines are the result of a perturbative
expansion at small S �see text�.
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Dzyaloshinskii-Moriya coupling. This finite range of exis-
tence of the �3��3 phase shrinks with increasing values of
the spin, which is fully compatible with the classical
solution.36

For low S values, and increasing �, Figs. 3 and 4 show a
sequence of first-order transitions between the �0,0� ��3
��3 short-range fluctuations�, �0,��, and �� ,0� �Q=0,
short-range fluctuations� spin-liquid phases. �The �� ,�� state
is always at higher energy and never realized.	 The �0,��
state was argued to be stabilized by four-spin interactions up
to a large critical S.31 It also appears here in a small part of
the phase diagram for very small S but first-order transitions
prevent its stability at larger S.

In the absence of Dzyaloshinskii-Moriya coupling, the S

=1 /2 results of this approach are qualitatively not consistent
with exact diagonalizations which point to a nonmagnetic
phase. But in the range of parameters around S�0.2, the
�� ,0� Schwinger-boson mean-field results are qualitatively
not very far from exact diagonalization results: there are
short-ranged Q=0 correlations in the Heisenberg case12,37

and a second-order phase transition to 120° Q=0 Néel order
under the effect of Dzyaloshinskii-Moriya coupling.23

As already mentioned, it may be that a theory beyond
mean field, with a better treatment of the constraint shifts the
region S�0.2 to the physically accessible S=1 /2. Indeed in
the Schwinger bosons mean-field approach it is well known27

that there are large fluctuations of the number of bosons. As
a consequence, the square of the spin operator

�Si
2� = S�S + 1� + ��ni

2� − �ni�
2�/4 �13�

takes a value 3/2 times larger than S�S+1� �at D=0�.38 The
prefactor is even larger in the presence of Dzyaloshinskii-
Moriya interaction and amounts to �1.75 for �=0.25. From
the physical spin-1/2 point of view, the mean-field approxi-
mation leads to �unwanted� extra fluctuations and, on aver-
age, the spin length is larger than assumed �because of �13�	.
The SU�2� symmetry of the Heisenberg model can be gener-
alized to Sp�N� �which reduces to SU�2� when N=1	 by
duplicating N times each pair �ai ,bi� of boson operators:
�ai� ,bi��, where �=1¯N is a “flavor” index.2 It can be
shown that the different boson flavors decouple in the limit
of large N, leading to N uncorrelated copies of the single
flavor problem, for which the exact solution is given by the
present mean-field treatment of the N=1 model. Thus, it is
only in the N=� limit of the model that the mean-field treat-
ment becomes exact and that the fixed “spin length” is re-
covered. However, the mean-field theory can describe quali-
tatively the magnetically ordered phases and the deconfined
Z2 spin-liquid phases of the SU�2� model.39

IV. SPINON SPECTRUM AND QUANTUM PHASE
TRANSITION FROM A TOPOLOGICAL

SPIN-LIQUID TO A NÉEL-ORDERED
PHASE

A. Spin-liquid phases (low S)

In the low S regime, the spinon spectrum of Eq. �11� is
gapped everywhere. Figure 5 �left� gives a typical example

of such a spectrum for the Ansatz �� ,0�. The spinon band
structure is shown in the first Brillouin zone, it has a gap of
order O�1� at point  indicative of short-range Q=0 corre-
lations. This gap does not go to zero in the thermodynamic
limit: this phase is a disordered topological spin liquid. Add-
ing a Dzyaloshinskii-Moriya perturbation has two effects on
the spectrum. It lifts the degeneracy of the lower band cor-
responding to the symmetry breaking of the model from
SU�2� to U�1� and it reduces the gap of the spinon mode that
has the chirality opposite to that of the Dzyaloshinskii-
Moriya field.

B. Bose-Einstein condensation

With increasing S or �, the gap decreases and above a
critical spin Sc���, the spinon spectrum shows a finite-size
gap, which collapses with system size N as O�1 /N�. Such a
spectrum is shown in Fig. 5 �right�. In the thermodynamic
limit, the bosons condense in the soft mode �noted 	̃q0l0�

with �= ↑ ,↓�.41 This gives a macroscopic contribution to the
total number of Schwinger bosons,

1

2S
�

i

�ni� = N = �
qij

Vqij
2

S
= xq0

N + �
q�q0,ij

Vqij
2

S
. �14�

The condensed fraction xq0
in the soft mode is of order O�1�

�or equivalently Vq0il0
��N�. The transition to this Bose-

Einstein condensed phase corresponds to the development of
long-range antiferromagnetic correlations, as can be seen by
computing the static structure factor,

Sxx�Q� =
3

4N
�
i,j

eiQ·�Ri−Rj��0̃Si
xS j

x0̃� , �15�

where Ri is the position of site i and x is an axis in the easy
plane perpendicular to Dij.

The difference in static structure factor between topologi-
cal spin-liquid and Néel-ordered phases is illustrated in Fig.
6 for the �� ,0� Ansatz across the Bose-Einstein condensa-
tion. In the spin-liquid phase, the structure factor has broad

(b)(a)

FIG. 5. Spinon dispersions along -K-M- of the first Brillouin
Zone �see Fig. 6 for the definition� for the �� ,0� Ansatz, S=0.2.
Left: �=0, the system has a gap and is a topological spin liquid with
short-range Q=0 correlations. The lower band is twofold degener-
ate corresponding to two different chiralities. Right: �=0.25, the
lower branch becomes gapless at  in the thermodynamic limit and
gives rise to the Goldstone mode of the long-range Néel order.
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features located at Q=Me �Fig. 6, left� and at equivalent
reciprocal points �these are the  points of the second Bril-
louin zone�. This structure factor looks very similar to exact
diagonalization and density matrix renormalization group
�DMRG� results.12,37 The features become sharp in the Bose-
Einstein condensed phase �Fig. 6, right�, where Sxx�Me� be-
comes proportional to N,

3

4N
Sxx�Me� = mAF

2 +
Cst

�N
+ ¯ , �16�

where mAF
2 is the order parameter corresponding to long-

range correlations of the 120° Q=0 Néel type.42 We have
extracted mAF

2 by fitting the numerical results �up to N

=1764� to Eq. �16� with finite-size corrections up to order
1 /N.43 The extrapolation to the thermodynamic limit of mAF,
together with the condensate fraction xq0

and the gap of the
soft spinon are given in Fig. 7 for S=0.2. While near the
second-order phase transition, the extrapolation of the con-
densed fraction behaves very smoothly and vanishes right at
the point where the gap opens, the extrapolation of the order
parameter gives a small shift. We note that mAF is very small
�a few percent� in this range of parameters and, therefore,
more accurate extrapolations would require using larger sys-
tem sizes close to the critical point. For strong enough Néel
order, however, the two order parameters are clearly propor-
tional �mAF�xq0

�.

We have also calculated the static structure factor for
powder samples �denoted by S�Q�	 by averaging Eq. �15�
over all directions of Q. In the �� ,0� spin-liquid phase �Fig.
8 at small D�, the overall shape is characteristic of short-
range correlations of liquids. We can compare with the cal-
culation of the diffuse scattering for the classical spin-liquid
kagomé antiferromagnet by Monte Carlo simulation.44 Here
the position of the first broad peak is at Me instead of Ke
�and the second broad feature is at �7Me�. This simply
reflects the difference of short-range correlations of the
�� ,0� Ansatz and the �3��3 classical spin liquid. In addi-
tion, compared with classical Monte Carlo simulations, we
find no intermediate shoulder between the two main broad
peaks �except for a little hump at �3Me�, a point which
seems in fact to be closer to recent experiments on a spin-
liquid deuteronium jarosite.45 Moreover, since the response
is due to quantum fluctuations we expect a rather weak sen-
sitivity to the temperature up to temperatures of the order of
a fraction of J. When D increases, we see the development of
the Bragg peaks in the ordered phase, which increase as the
square of the order parameter when we go deep into the
ordered phase �Fig. 8 �inset�	. In the ordered phase we can
identify two distinct contributions to Eq. �15� by using the
sum rule

Sxx�Q� =
1

2�
� d�Sxx�Q,�� . �17�

There are the Bragg peaks ��=0� and also the inelastic col-
lective modes �which we will detail below� which give the
additional magnetic background scattering �which is the only
contribution to scattering in the spin-liquid phase�. It is note-
worthy that the latter is relatively strong for low spin �Fig. 8�
and becomes relatively much smaller once the order param-
eter is large �inset of Fig. 8�. In fact the transfer of spectral
weight from the magnetic continuum background to the
Bragg peaks goes as the square of the order parameter. Note
also that S�Q� does not vanish any more for small Q at D

�0, this is because in the presence of the anisotropy the
ground state is no longer an SU�2� singlet. Although the
effect is small the measurement at small Q in the spin-

(b)(a)

FIG. 6. �Color online� Static structure factor Sxx in the extended
Brillouin zone for the �� ,0� state �Q=0� for a lattice size N

=1296. In the spin-liquid phase TSL�,0 �left, S=0.2, �=0� there are
broad features about Me which become peaks with divergent inten-
sity in the ordered phase LRO�,0 �right, S=0.2, �=0.25�.
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FIG. 7. �Color online� Gap of the soft mode, order parameter
mAF, and condensed fraction, xq0

extrapolated to the thermody-
namic limit for the �� ,0� Ansatz as a function of �=D / �2J��S
=0.2�.
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FIG. 8. �Color online� Static structure factor �powder averaged�
across the quantum phase transition from the spin liquid to the Néel
phase �S=0.2 and �=0 �solid, black�, 0.05 �dash, blue�, and 0.2
�dot, red�	. Inset: S=1 /2, �=0. Small oscillations are finite-size
effects.

SCHWINGER-BOSON APPROACH TO THE KAGOME… PHYSICAL REVIEW B 81, 064428 �2010�

064428-5



liquid phase could help to figure out what the anisotropy is
�or give an upper bound when the signal is small, see, e.g.,
Ref. 46�. In the ordered phase, the finite uniform susceptibil-
ity should give a finite contribution at Q=0 but we recall that
this contribution is absent for the U�1� singlet ground state of
Schwinger-boson theory.

V. DYNAMICAL SPIN STRUCTURE FACTOR

The Schwinger-boson approach allows to calculate the
dynamical response of the system, which is interesting both
theoretically and for a direct comparison with experiments.
The inelastic neutron cross section is proportional to the spin
dynamical structure factor

S���Q,�� = �
−�

+�

dtei�t�S−Q
� �t�SQ

� �0�� , �18�

=2��
p

�pSQ
� 0̃�2��� − �p� , �19�

where �=x ,y ,z depending on the polarization of the incident

neutrons, 0̃� is the ground state, and

SQ =� 3

4N
�
xi

e−iQ·RixSix �20�

with Rix the position of the site ix. We use the Fourier trans-
form and the Bogoliubov transformation to express SQ in
terms of quasiparticle operators �Eq. �10�	. At zero tempera-

ture, since 0̃� is the vacuum of quasiparticles, only creation
operators are retained. Given that Six is quadratic in boson
operators, we can only create spinons by pair. For example,
the following term is present in SQ

z :

�
qln

Uqil
�

V�q+Q�in�ãlq�†�b̃n−�q+Q��
†, �21�

which applied to 0̃� in the matrix element �Eq. �19�	 creates
a pair of spinons p� with energy �p=�ql+�−�q+Q�n and wave
vector −Q. The intensity of the transition is obtained by
computing the product of matrices such as in Eq. �21� for
each pair of modes.

We now discuss the general features of the dynamical spin
structure factor and show the results for the Q=0 Ansatz in
Fig. 9. In the spin-liquid phase �S�Sc���	, all spinons are
gapped and the two-spinon excitations form a gapped con-
tinuum, the bottom edge of which is given by the minimum
of �ql+�−�q+Q�n over all q and all spinon bands �l ,n�.
Sxx�Q ,�� and Szz�Q ,�� are given in Figs. 9�a� and 9�b�. In

FIG. 9. �Color online� Dynamical structure factors Sxx�q ,�� and Szz�q ,�� for the Q=0 Ansatz in the spin-liquid phase, S=0.1 or with
long-range order, S=0.2. The system size is N=576. � is taken to be 0.25 to emphasize the anisotropy of Sxx�q ,�� and Szz�q ,��. In the Néel
phase, the largest peak �in blue online� is the quasielastic peak, next in intensity are the magnon branches �in red online� �intensities are cut
to see the weaker continuum�.

MESSIO, CÉPAS, AND LHUILLIER PHYSICAL REVIEW B 81, 064428 �2010�

064428-6



these figures, we have taken D large enough to see the an-
isotropy of the response �and a small S=0.1 to be in the
spin-liquid phase�. When S increases the lower edge of the
continuum shifts to zero and its intensity increases continu-
ously.

For S�Sc��� �Figs. 9�c� and 9�d�, S=0.2, �=0.25	, due to
the soft spinon mode 	̃q0l0� �see Fig. 5 �right�	 the system
enters a Bose-condensed phase: it has long-range correla-
tions and low-energy excitations varying as 1 /N, at Me. This
spinon mode has a singular contribution ��N �see Eq. �14�	.
As a consequence, the intensities have different finite-size
scaling, depending on whether the pair of excited spinons
contains the soft spinon or not. We can therefore identify
three contributions.

Elastic peak. This is the peak with the largest intensity at
Q=Me �shown in blue �online� in Fig. 9�c� and cut in inten-
sity to show the other excitations	. It comes from a pair of
�identical� soft spinons �with wave vector q0=0� in Eq. �21�
and so has energy O�1 /N� and intensity proportional to
Uq0il0

Vq0il0
/�N2�N. By integrating over all frequencies,

only this �zero-frequency� peak contributes to the peak of the
�equal-time� structure factor, Sxx�Me� �Fig. 6 �right�	. We also
note that the peak is absent in the zz response �Fig. 9�d�	,
which is expected because the correlations are long ranged in
the plane only.

Magnon branches. There are three magnon branches
�shown in red �online� in Figs. 9�c� and 9�d�	, two are “op-
tical” modes, the third one, gapless, is the Goldstone mode of
the U�1� symmetry. The �almost� flat mode is the weather-

vane mode which is always gapped in the Schwinger-boson
approach, contrary to spin-wave theory,47 and irrespective of
S.28 The magnon here consists of a pair of the soft spinon
and a spinon of wave vector Q �see Eq. �21�	 so that the
magnon dispersion is the spinon dispersion �Q
 �Ref. 48�
and the intensities are of order UqinVq0il0

/�N2�1.
Continuum. As for the spin-liquid phase, there is a con-

tinuum of excitations obtained from contributions in Eq. �21�
with two spinons both different from the soft mode. Each
peak has intensity UqinVkil /

�N2�O�1 /N� and the sum of
them gives a continuum with finite intensity in the thermo-
dynamic limit, which is absent in lowest-order spin-wave
theory.

All these excitations contribute to the sum rule, N��Si
x�2�

=�q��d� /2��Sxx�q ,��, given the different density of states.
Note that, as expected, the Dzyaloshinskii-Moriya interac-

tion introduces an anisotropy between the in-plane �Figs.
9�a� and 9�c�	 and the out-of-plane �Figs. 9�b� and 9�d�	 dy-
namical factors. This anisotropy is visible in the spin-liquid
as well as in the Néel-ordered phase. The effect is more
spectacular in the latter where the Dzyaloshinskii-Moriya in-
teraction strongly suppresses the low-energy response in the
zz channel around the Me point.

VI. CONCLUSION

We have obtained the Schwinger-boson mean-field phase
diagram for different values of S. The large S limit is in
agreement with the semiclassical order by disorder mecha-
nism which selects the �3��3 state.28 We find that this
phase remains stable at small anisotropy in a region which
becomes broader and broader when the spin decreases �and
hence quantum-mechanical effects increase�. It is therefore
possible in principle to observe both ordered phases experi-
mentally and first-order transitions between them. However,
given the small critical strength, the Q=0 phase is more
likely to occur in a real compound with large enough S and
the kagome potassium jarosite �S=5 /2� offers such an
example.49,50

We have identified a region of the phase diagram �S
�0.2, Ansatz �� ,0�	 which resembles qualitatively to the
exact diagonalization results for the S=1 /2 system, where
the Dzyaloshinskii-Moriya interaction induces a quantum
phase transition between a topological spin liquid and the
Q=0 Néel-ordered phase. This suggests to consider smaller
values of the “spin” parameter S as possibly relevant within
the Schwinger-boson theory, given that the treatment on av-
erage of the constraint leads to enhance �Si

2� compared to
S�S+1�. Within this framework, we could calculate observ-
ables such as �i� the cross section of diffuse neutron scatter-
ing, with the evolution from broad diffuse scattering to
Bragg peaks across the quantum phase transition �Figs. 6 and
8� and �ii� the neutron inelastic cross section which, in addi-
tion to Bragg peaks and spin waves, shows a broad con-
tinuum in both disordered and ordered phases �Fig. 9�, absent
in the lowest-order of spin-wave theory.

ACKNOWLEDGMENTS

We thank G. Misguich and B. Douçot for numerous en-
lightening comments on the Schwinger-boson theory.

1 I. Dzyaloshinskii, J. Phys. Chem. Solids 4, 241 �1958�; T.
Moriya, Phys. Rev. 120, 91 �1960�.

2 N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 �1991�.
3 X. G. Wen, Phys. Rev. B 44, 2664 �1991�.
4 G. Misguich and C. Lhuillier, in Frustrated Spin Systems, edited

by H. T. Diep �World Scientific, Singapore, 2005�.
5 O. Cépas, K. Kakurai, L. P. Regnault, T. Ziman, J. P. Boucher, N.

Aso, M. Nishi, H. Kageyama, and Y. Ueda, Phys. Rev. Lett. 87,
167205 �2001�.

6 P. Sindzingre and C. Lhuillier, EPL 88, 27009 �2009�.
7 M. B. Hastings, Phys. Rev. B 63, 014413 �2000�.
8 Y. Ran, M. Hermele, P. A. Lee, and X.-G. Wen, Phys. Rev. Lett.

98, 117205 �2007�.
9 S. Ryu, O. I. Motrunich, J. Alicea, and M. P. A. Fisher, Phys.

Rev. B 75, 184406 �2007�.
10 P. Lecheminant, B. Bernu, C. Lhuillier, L. Pierre, and P. Sindz-

ingre, Phys. Rev. B 56, 2521 �1997�.
11 C. Waldtmann, H.-U. Everts, B. Bernu, C. Lhuillier, P. Sindzin-

SCHWINGER-BOSON APPROACH TO THE KAGOME… PHYSICAL REVIEW B 81, 064428 �2010�

064428-7



gre, P. Lecheminant, and L. Pierre, Eur. Phys. J. B 2, 501
�1998�.

12 H. C. Jiang, Z. Y. Weng, and D. N. Sheng, Phys. Rev. Lett. 101,
117203 �2008�.

13 R. R. P. Singh and D. A. Huse, Phys. Rev. B 77, 144415 �2008�.
14 P. Mendels, F. Bert, M. A. de Vries, A. Olariu, A. Harrison, F.

Duc, J. C. Trombe, J. S. Lord, A. Amato, and C. Baines, Phys.
Rev. Lett. 98, 077204 �2007�.

15 J. S. Helton, K. Matan, M. P. Shores, E. A. Nytko, B. M. Bartlett,
Y. Yoshida, Y. Takano, A. Suslov, Y. Qiu, J.-H. Chung, D. G.
Nocera, and Y. S. Lee, Phys. Rev. Lett. 98, 107204 �2007�.

16 M. A. de Vries, K. V. Kamenev, W. A. Kockelmann, J. Sanchez-
Benitez, and A. Harrison, Phys. Rev. Lett. 100, 157205 �2008�.

17 M. A. de Vries, J. R. Stewart, P. P. Deen, H. M. Ronnow, and A.
Harrison, Phys. Rev. Lett. 103, 237201 �2009�.

18 G. Misguich and P. Sindzingre, Eur. Phys. J. B 59, 305 �2007�.
19 T. Imai, E. A. Nytko, B. M. Bartlett, M. P. Shores, and D. G.

Nocera, Phys. Rev. Lett. 100, 077203 �2008�.
20 A. Olariu, P. Mendels, F. Bert, F. Duc, J. C. Trombe, M. A. de

Vries, and A. Harrison, Phys. Rev. Lett. 100, 087202 �2008�.
21 M. Rigol and R. R. P. Singh, Phys. Rev. Lett. 98, 207204 �2007�;

Phys. Rev. B 76, 184403 �2007�.
22 A. Zorko, S. Nellutla, J. van Tol, L. C. Brunel, F. Bert, F. Duc, J.

C. Trombe, M. A. de Vries, A. Harrison, and P. Mendels, Phys.
Rev. Lett. 101, 026405 �2008�.

23 O. Cépas, C. M. Fong, P. W. Leung, and C. Lhuillier, Phys. Rev.
B 78, 140405�R� �2008�.

24 I. Rousochatzakis, S. R. Manmana, A. M. Läuchli, B. Normand,
and F. Mila, Phys. Rev. B 79, 214415 �2009�.

25 M. Hermele, Y. Ran, P. A. Lee, and X.-G. Wen, Phys. Rev. B 77,
224413 �2008�.

26 P. W. Leung and V. Elser, Phys. Rev. B 47, 5459 �1993�.
27 A. Auerbach and D. P. Arovas, Phys. Rev. Lett. 61, 617 �1988�.
28 S. Sachdev, Phys. Rev. B 45, 12377 �1992�.
29 L. O. Manuel, C. J. Gazza, A. E. Trumper, and H. A. Ceccatto,

Phys. Rev. B 54, 12946 �1996�.
30 S. Sarker, C. Jayaprakash, H. R. Krishnamurthy, and M. Ma,

Phys. Rev. B 40, 5028 �1989�.
31 F. Wang and A. Vishwanath, Phys. Rev. B 74, 174423 �2006�.
32 O. Tchernyshyov, R. Moessner, and S. L. Sondhi, Europhys.

Lett. 73, 278 �2006�.
33 J.-C. Domenge, P. Sindzingre, C. Lhuillier, and L. Pierre, Phys.

Rev. B 72, 024433 �2005�.
34 J. H. P. Colpa, Physica A 93, 327 �1978�.
35 This fact was already mentioned implicitly by T. Yavors’kii, W.

Apel, and H.-U. Everts, Phys. Rev. B 76, 064430 �2007�.
36 M. Elhajal, B. Canals, and C. Lacroix, Phys. Rev. B 66, 014422

�2002�.
37 A. Laeuchli and C. Lhuillier, arXiv:0901.1065 �unpublished�.
38 A simple way to derive the 3/2 factor �see, however, A. Auer-

bach, Interacting Electrons and Quantum Magnetism �Springer-
Verlag, Berlin, 1994 for the discussion of the 1 /N corrections� is
to use the Wick theorem:�ni

2�− �ni�
2= �nai���nai�+1�+ �nbi���nbi�

+1�+ �ai
2�2+ �bi

2�2+2�aibi�
2+2�ai

†bi�
2. At D=0, the Hamil-

tonian is SU�2� invariant and we obtain �ni
2�− �ni�

2=2S�S+1�.
For D�0, �aibi��0.

39 At finite N and for sufficiently small boson density, the problem
is strictly equivalent to gapped spinons �the Schwinger bosons�
interacting with a fluctuating bond field. It has been understood
that the low-energy physics of such a system will be that of a
lattice gauge theory coupled to charged matter fields. But the
nature �group� of the gauge field crucially depends on the lattice
geometry and in the present case where the lattice is not bipar-
tite, it should generically be of Z2 type and has two types of
phases �Refs. 2 and 40�. If the effective Z2 gauge theory is in a
deconfined phase �which should be the case for large enough N�,
the ground state is qualitatively close to the mean-field one, with
gapped and unconfined spinons. If the phase is instead confined,
the gauge fluctuations are strong and cannot be neglected, the
mean-field picture is not valid any more.

40 G. Misguich, arXiv0809 �unpublished�. Lectures given at the Les
Houches summer school on Exact Methods in Low-Dimensional

Statistical Physics and Quantum Computing, 2008.
41 For the sake of simplicity we develop only the formulas corre-

sponding to a unique soft mode. This is the case of the Néel
order in presence of a Dzyaloshinskii-Moriya interaction: due to
the U�1� symmetry of the original Hamiltonian, the Goldstone
mode is unique. The general case is straightforward but more
cumbersome in writing.

42 mAF
2 is delicate to normalize because of the fluctuations of the

spin length on each site. Fluctuations also increase with the
strength of the Dzyaloshinskii-Moriya coupling, making the nor-
malization partly arbitrary.

43 H. Neuberger and T. Ziman, Phys. Rev. B 39, 2608 �1989�; D. S.
Fisher, ibid. 39, 11783 �1989�; P. Hasenfratz and F. Nieder-
mayer, Zeitschrift für Physik B 92, 91 �1993�.

44 J. N. Reimers, Phys. Rev. B 46, 193 �1992�.
45 B. Fåk, F. C. Coomer, A. Harrison, D. Visser, and M. E. Zhito-

mirsky, EPL 81, 17006 �2008�.
46 S.-H. Lee, C. Broholm, G. Aeppli, A. P. Ramirez, T. G. Perring,

C. J. Carlile, M. Adams, T. J. L. Jones, and B. Hessen, Euro-
phys. Lett. 35, 127 �1996�.

47 A. B. Harris, C. Kallin, and A. J. Berlinsky, Phys. Rev. B 45,
2899 �1992�.

48 If q0�0, the spinon dispersion is folded in the magnetic Bril-
louin zone.

49 A. S. Wills, Phys. Rev. B 63, 064430 �2001�.
50 For S�1 /2, we note that single-ion anisotropies are also present

and may affect the form of magnetic order.

MESSIO, CÉPAS, AND LHUILLIER PHYSICAL REVIEW B 81, 064428 �2010�

064428-8



❈❍❆P■❚❘❊ ✹✳ ❆PP▲■❈❆❚■❖◆ ❉❊ ▲❆ ❙❇▼❋❚ ✿ ▲✬■◆❚❊❘❆❈❚■❖◆ ❉▼ ❙❯❘ ❑❆●❖▼❊

✶✸✻ ✹✳ ❆❘❚■❈▲❊



❈♦♥❝❧✉s✐♦♥

❉❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s ❛✈♦♥s ❝❤❡r❝❤é à ❡①♣❧✐q✉❡r ❧❡s ♣r♦♣r✐étés ❞❡ ❜❛ss❡ é♥❡r❣✐❡ ❞❡
rés❡❛✉① ❜✐✲❞✐♠❡♥s✐♦♥♥❡❧s ❞❡ s♣✐♥s ❢r✉strés q✉✐✱ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ ♦♥t ✉♥ ét❛t ❢♦♥❞❛✲
♠❡♥t❛❧ ♥♦♥ ❝♦♣❧❛♥❛✐r❡✳ ❈❡s ♦r❞r❡s ❝❤✐r❛✉① s✉❜✐ss❡♥t ✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ à t❡♠♣ér❛t✉r❡
✜♥✐❡✱ ❧✐é❡ ❛✉ ❝❛r❛❝tèr❡ ❞✐s❝r❡t ❞❡ ❧❛ ❝❤✐r❛❧✐té ✭±1✮✳ ❉❡s ❧✐❣♥❡s ❞❡ ❞é❢❛✉ts ✿ ❧❡s ♠✉rs ❞❡
❞♦♠❛✐♥❡s ❞❡ ❝❤✐r❛❧✐té✱ ❛♣♣❛r❛✐ss❡♥t ❧♦rsq✉❡ ❧❛ t❡♠♣ér❛t✉r❡ ❛✉❣♠❡♥t❡ ❡t ♣r♦❧✐❢èr❡♥t à ❧❛
t❡♠♣ér❛t✉r❡ ❞❡ tr❛♥s✐t✐♦♥✳ ▲❡s ♦r❞r❡s ❝❤✐r❛✉① ét❛♥t ♥♦♥ ❝♦❧✐♥é❛✐r❡s✱ ✐❧s ♣♦ssè❞❡♥t ❞❡ ♣❧✉s
❞❡s ❞é❢❛✉ts ♣♦♥❝t✉❡❧s ❛♣♣❡❧és ✈♦rt❡① Z2✳ ▲✬ét✉❞❡ ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s ✈♦rt❡① ❡t ❧❡s
♠✉rs ❞❡ ❞♦♠❛✐♥❡s ❛ ♠♦♥tré q✉❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s ♠✉rs ❞❡ ❞♦♠❛✐♥❡s ❢❛✈♦r✐s❛✐t ❝❡❧❧❡ ❞❡s
✈♦rt❡① ❡♥ ❧❡✉r ✈♦✐s✐♥❛❣❡✱ ❝♦♥❞✉✐s❛♥t à ❧✬❡①♣❧♦s✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té ❞❡ ✈♦rt❡① à ❧❛ t❡♠♣ér❛t✉r❡
❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡✳

P❡✉ ❞✬ét❛ts ❝❤✐r❛✉① ❝❧❛ss✐q✉❡s ♦♥t été ❞é❝♦✉✈❡rts ❥✉sq✉✬à ❛✉❥♦✉r❞✬❤✉✐ ❬✺✵❪ ❬✷✻❪✱ ♣♦✉r ❧❛
r❛✐s♦♥ s✐♠♣❧❡ q✉✬✐❧ ♥✬② ❛ ♣❛s ❞❡ ♠ét❤♦❞❡ ❣é♥ér❛❧❡ ♣❡r♠❡tt❛♥t ❞❡ tr♦✉✈❡r ❧✬ét❛t ❢♦♥❞❛♠❡♥✲
t❛❧ ❞✬✉♥ ♠♦❞è❧❡ ❞❡ s♣✐♥ ❝❧❛ss✐q✉❡ s✉r ✉♥ rés❡❛✉✳ ◆♦✉s ❛✈♦♥s ❞é✜♥✐ ❞❡s ét❛ts ❞✐ts ré❣✉❧✐❡rs

❛ss♦❝✐és à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ s②♠étr✐❡s ❞✉ rés❡❛✉✳ ❈❡s ét❛ts ❢♦r♠❡♥t ✉♥ ✈✐✈✐❡r ❞✬ét❛ts ❢♦♥✲
❞❛♠❡♥t❛✉① ♣♦ss✐❜❧❡s✳ ❊♥ ❡✛❡t✱ ✐❧ ❛rr✐✈❡✱ ❝♦♠♠❡ ♦♥ ✈✐❡♥t ❞❡ ❧❡ ❞✐r❡✱ q✉❡ ❧✬♦♥ ♥❡ s❛❝❤❡
♣❛s ❞ét❡r♠✐♥❡r ❛♥❛❧②t✐q✉❡♠❡♥t ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞♦♥♥é✱ ♠❛✐s ❛✉ss✐
q✉❡ ❧✬♦♥ ♥❡ ❝♦♥♥❛✐ss❡ ♣❛s ❧❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ s♣✐♥s ❞❛♥s ✉♥ ❝♦♠♣♦sé ♠❛✐s ✉♥✐q✉❡♠❡♥t
❧❡s s②♠étr✐❡s ❞❡ s♦♥ ❝r✐st❛❧✳ ◆♦✉s ❛✈♦♥s ✈✉ s✉r ❞❡s ❡①❡♠♣❧❡s q✉❡❧❧❡ ♣♦✉✈❛✐t êtr❡ ❧✬✉t✐❧✐té
❞❡s ét❛ts ré❣✉❧✐❡rs ❞❛♥s ❝❡s s✐t✉❛t✐♦♥s✳ ◆♦t❛♠❡♥t✱ ♥♦✉s ♣r♦♣♦s♦♥s ❧✬♦r❞r❡ ❛♣♣❡❧é ❝✉❜♦❝✷
❝♦♠♠❡ ét❛t ❝❧❛ss✐q✉❡ ♣❛r❡♥t ❞❡ ❧✬ét❛t ❞és♦r❞♦♥♥é r❡♥❝♦♥tré à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ❞❛♥s ❧❛
❑❛♣❡❧❧❛s✐t❡✱ ❝♦♠♣♦sé ❞❡ ❢♦r♠✉❧❡ ❈✉3❩♥✭❖❍✮6❈❧2 ❝♦♠♣♦rt❛♥t ✉♥ rés❡❛✉ ❦❛❣♦♠❡ ❞❡ s♣✐♥s
1/2✳ ❉❡s ♠❡s✉r❡s ❞❡ ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s s♦♥t à ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡ s✉♣♣♦s✐t✐♦♥✳
❯♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❡♥tr❡ ❡①♣ér✐♠❡♥t❛t❡✉rs ❡t t❤é♦r✐❝✐❡♥s ❡st ❡♥ ❝♦✉rs s✉r ❝❡ s✉❥❡t ❛✈❡❝ ❡♥tr❡
❛✉tr❡ ✉♥ ♣r♦❥❡t ❞❡ ♠❡s✉r❡s ❡①♣ér✐♠❡♥t❛❧❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s ❛✜♥ ❞❡ ♣ré❝✐s❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s
✭s✉s❝❡♣t✐❜✐❧✐té✱ ❝❤❛❧❡✉r s♣é❝✐✜q✉❡✮✱ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❞é❢❛✉ts ✭♣rés❡♥❝❡ ❞❡
❧❛❝✉♥❡s ❞❛♥s ❧❡ rés❡❛✉ ❞❡ s♣✐♥s 1/2✮✳ ◆♦✉s ♣r♦❥❡t♦♥s ❞❡ ❝❛❧❝✉❧❡r ❞❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡s
st❛t✐q✉❡s ❡t ❞②♥❛♠✐q✉❡s ❡♥ t❤é♦r✐❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ✭❙❇▼❋❚✮
❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❢❡rr♦♠❛❣♥ét✐q✉❡s ❡♥tr❡ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❡t ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡s ✭❆❋✮
❡♥tr❡ s❡❝♦♥❞s ✈♦✐s✐♥s ♣♦✉r ✉♥❡ ❝♦♠♣❛r❛✐s♦♥ ♣❧✉s ❛♣♣r♦❢♦♥❞✐❡ ❛✈❡❝ ❧❡s ❡①♣ér✐❡♥❝❡s✳

◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ❝❡s q✉❛♥t✐tés s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ❛✈❡❝ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❆❋ ♣r❡♠✐❡rs
✈♦✐s✐♥s ❡t ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✭❉▼✮✱ q✉✐ ❡st ♣rés❡♥t❡ ❞❛♥s ❞❡ ♥♦♠❜r❡✉①
❝♦♠♣♦sés✱ ♠❛✐s ❞♦♥t ❧✬✐♥t❡♥s✐té ❡st ❞✐✣❝✐❧❡ à ❝♦♥♥❛îtr❡✳ ▲❡ ❞✐❛❣r❛♠♠❡ ❞❡ ♣❤❛s❡s ❙❇▼❋❚
❛ été ❞ét❡r♠✐♥é ❛✐♥s✐ q✉❡ ❧❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ st❛t✐q✉❡s ❡t ❞②♥❛♠✐q✉❡s ❞❛♥s ❝❡rt❛✐♥❡s
❞❡ ❝❡s ♣❤❛s❡s✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ❧❡s ❞✐st✐♥❣✉❡r ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t✳ ▲✬❛♥❛❧②s❡ ❡♥ t❛✐❧❧❡ ✜♥✐❡
❞❡ ❝❡s q✉❛♥t✐tés ♣❡r♠❡t ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ♣❤❛s❡s ♦r❞♦♥♥é❡s à ❧♦♥❣✉❡ ♣♦rté❡ ❞❡s ❛✉tr❡s✳
▲✬❡✛❡t ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼ ❡st ❞❡ ❢❛✈♦r✐s❡r ❧✬♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡ q = 0✱ ❝❡ q✉✐ ❝♦♥✜r♠❡
❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ❈é♣❛s ❡t ❛❧✳ ❬✶✸❪✳ ▲❛ ♥❛t✉r❡ ❞❡ ❧❛ ♣❤❛s❡ ❞✉ ♠♦❞è❧❡ s❛♥s ❉▼ r❡st❡
✉♥❡ q✉❡st✐♦♥ ♦✉✈❡rt❡✳ ❈❡♣❡♥❞❛♥t ❧❡s ❝♦rré❧❛t✐♦♥s à ❝♦✉rt❡ ♣♦rté❡ ❞❡ ❧❛ ♣❤❛s❡ ❧✐q✉✐❞❡ ❞❡
s♣✐♥s (π, 0) ✭♣❛r❡♥t ❞❡ ❧✬♦r❞r❡ q = 0✮ r❡ss❡♠❜❧❡♥t ❢♦rt❡♠❡♥t à ❝❡❧❧❡s ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞✬✉♥
é❝❤❛♥t✐❧❧♦♥ ❞❡ ✸✻ s✐t❡s ❬✺✸❪✳ ◆♦✉s ❛✈♦♥s tr♦✉✈é ✉♥❡ ♣❤❛s❡ ❝❤✐r❛❧❡ ❞❛♥s ❧❡ ❞✐❛❣r❛♠♠❡ ❞❡
♣❤❛s❡✱ ❞♦♥t ❧✬é♥❡r❣✐❡ ❡♥ ❝❤❛♠♣ ♠♦②❡♥ ❡st ♣❧✉s ❜❛ss❡ q✉❡ ❝❡❧❧❡ ❞❡s ét❛ts ♥❡ ❜r✐s❛♥t ♣❛s ❞❡
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s②♠étr✐❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥✳ ❈✬❡st à ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ❧❛ ♣r❡♠✐èr❡ ❜r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡ ❧❛
s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s ❡♥ ❙❇▼❋❚✳

▲❛ t❤é♦r✐❡ ❞❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s ♣r♦❥❡❝t✐✈❡s ✭P❙●✮ ❞❡ ❲❡♥ ♣❡r♠❡t ❞❡ ❝❧❛ss✐✜❡r ❞❡s
❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❡♥ ❧❡s ❞✐st✐♥❣✉❛♥t ♣❛r ❧❡✉rs ✢✉①✱ t♦✉t ❝♦♠♠❡ ❧❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡s
♦♥t ♣❡r♠✐s ❞❡ ❝❧❛ss✐✜❡r ❧❡s ét❛ts ré❣✉❧✐❡rs ❝❧❛ss✐q✉❡s✳ ▲❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♥✬♦♥t ♣❛s ❞❡
♣❛r❛♠ètr❡ ❞✬♦r❞r❡ ❧♦❝❛❧✱ ❝❡ q✉✐ ❝♦♠♣❧✐q✉❡ ❧❡✉r ❝❛r❛❝tér✐s❛t✐♦♥✳ ▲❡✉r s✐❣♥❡ ❞✐st✐♥❝t✐❢ ❡st ❧❛
❞é❣é♥ér❡s❝❡♥❝❡ t♦♣♦❧♦❣✐q✉❡✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ s❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ♥✉♠ér✐q✉❡ ❡st ❞é❧✐❝❛t❡✳
▲❡s ✢✉① s♦♥t ❞❡s ♦❜s❡r✈❛❜❧❡s ❧♦❝❛❧❡s q✉✐ ♣♦✉rr❛✐❡♥t ♣❡r♠❡ttr❡ ✉♥ ❥♦✉r ❞❡ ❝❛r❛❝tér✐s❡r ❞❡s
♣❤❛s❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s✳ ●râ❝❡ à ❧❛ ❙❇▼❋❚✱ ❡t à s♦♥ ♣❛r❛♠ètr❡ κ ❝♦♥t✐♥✉✱ ❛♥❛❧♦❣✉❡ à
✉♥❡ ❧♦♥❣✉❡✉r ❞❡ s♣✐♥✱ ❞❡s ❛♥❛❧♦❣✐❡s ❡♥tr❡ ❞❡s q✉❛♥t✐tés ❞é✜♥✐❡s ❞❛♥s ❞❡s ét❛ts ❞❡ ◆é❡❧ ❡t
❞✬❛✉tr❡s ❞é✜♥✐❡s ❞❛♥s ❞❡s ♣❤❛s❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♦♥t été ♠✐s❡s ❡♥ é✈✐❞❡♥❝❡✱ ❞♦♥t ✉♥❡
❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❞✉ ✢✉①✳ ❉❡s ❧✐❡♥s ❡①✐st❛✐❡♥t ❞é❥à ❡♥tr❡ ❝❡rt❛✐♥s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❡t ❞❡s
♦r❞r❡s ré❣✉❧✐❡rs✱ ❧♦rsq✉❡ ❧❛ ❧✐♠✐t❡ ♣♦✉r κ → ∞ ❞✉ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ❞♦♥♥❛✐t ❝❡t ♦r❞r❡
ré❣✉❧✐❡r✳ ❙❛❝❤❞❡✈ ❬✾✷❪ ❛✈❛✐t ❛♥❛❧②sé ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s t♦♣♦❧♦❣✐q✉❡s ❛ss♦❝✐és ❛✉① ♦r❞r❡s
❝♦♣❧❛♥❛✐r❡s ré❣✉❧✐❡rs s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡ ❡t ❦❛❣♦♠é✳ ▼❛✐s ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s
❛✉tr❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ♦❜t❡♥✉s ❣râ❝❡ ❛✉① P❙● ♣❛r ❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤ ❬✶✵✽❪ r❡st❛✐t
❧✐♠✐té❡ ❡t ✉♥❡ q✉❡st✐♦♥ ét❛✐t ♦✉✈❡rt❡ ✿ ♣♦✉rq✉♦✐ ♥❡ ❞♦♥♥❛✐❡♥t✲✐❧s ♣❛s ❧❡s ♦r❞r❡s ré❣✉❧✐❡rs
♦❜t❡♥✉s ❞❛♥s ❧❡ ❈❤❛♣✳✶ ❄ ❉❛♥s ❝❡tt❡ t❤ès❡✱ ❧❛ ♥♦t✐♦♥ ❞❡ ✢✉① ❛ été ❛♣♣r♦❢♦♥❞✐❡✳ ■❧s ♦♥t été
❡①♣r✐♠é ❡♥ t❡r♠❡ ❞✬♦♣ér❛t❡✉rs ❞❡ s♣✐♥s ❡t ❧❡✉r ❞é✜♥✐t✐♦♥ ❛ été é❧❛r❣✐❡ ❛✉① ét❛ts ❝❧❛ss✐q✉❡s✳
❈❡❝✐ ❛ ♣❡r♠✐s ❞❡ ♣r❡♥❞r❡ ❧❡ ♣r♦❜❧è♠❡ ❡♥ s❡♥s ✐♥✈❡rs❡ ✿ ❛✉ ❧✐❡✉ ❞❡ ♣❛rt✐r ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s
✐♥❝♦♠♣r✐s ❡t ❞✬❛❧❧❡r ✈❡rs ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✱ ♦♥ ❛ ♣r✐s ❝♦♠♠❡ ♣♦✐♥t ❞❡ ❞é♣❛rt ❧❡s ♦r❞r❡s
ré❣✉❧✐❡rs ❡t ♦♥ ❛ ❞ét❡r♠✐♥é ❧❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❛ss♦❝✐és✱ q✉✐ s❡ s♦♥t ré✈é❧és ❞✐✛ér❡♥ts ❞❡s
❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❞❡ ❲❛♥❣ ❡t ❱✐s❤✇❛♥❛t❤✳ ❖♥ ❛ ❛✐♥s✐ ❞ét❡r♠✐♥é ❧❛ ♣❤❛s❡ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s
❛ss♦❝✐é❡ à ❧✬♦r❞r❡ tétr❛é❞r✐q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳

❈❡ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ♠❛♥q✉❛✐t à ❧❛ ❧✐st❡ ❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s t♦t❛❧❡♠❡♥t s②♠étr✐q✉❡s ♣♦✉r
❧❛ s✐♠♣❧❡ r❛✐s♦♥ q✉✬✐❧ ❡st ❝❤✐r❛❧ ✿ ✐❧ ❜r✐s❡ ❧❛ s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s ❞✉ ❍❛♠✐❧✲
t♦♥✐❡♥ ❡t ♣♦ssè❞❡ ❞❡s ✢✉① ❞✐✛ér❡♥ts ❞❡ 0 ♦✉ π✳ ▲❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥s ❝❤✐r❛✉① ♥❡ s♦♥t ❡♥❝♦r❡
❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞✬❛✉❝✉♥ ♠♦❞è❧❡ ❞❡ s♣✐♥s ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ré❛❧✐s❛❜❧❡ ❞❛♥s ❧❡q✉❡❧ ❧❛
s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s ❡①✐st❡✳ ◆♦✉s ♣r♦♣♦s♦♥s ✉♥ t❡❧ ♠♦❞è❧❡ ♣♦✉r ❧❡q✉❡❧
♥♦tr❡ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ❝❤✐r❛❧ ♣♦✉rr❛✐t êtr❡ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ✿ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❞✬é❝❤❛♥❣❡ ♠✉❧t✐✲
♣❧❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ❊♥ ❡✛❡t✱ ❝❡ ♠♦❞è❧❡ ♣♦ssè❞❡ ✉♥ ❧❛r❣❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ♣❛r❛♠ètr❡s
❞❛♥s ❧❡q✉❡❧ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❝❧❛ss✐q✉❡ ❡st ❧✬♦r❞r❡ tétr❛é❞r✐q✉❡✳ ■❧ ❡st ❞♦♥❝ ❢♦rt ♣♦ss✐❜❧❡ q✉✬❡♥
❞✐♠✐♥✉❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t ❧❛ ✈❛❧❡✉r ❞❡ κ ❡♥ ❙❇▼❋❚✱ ❝❡tt❡ ♣❤❛s❡ tétr❛é❞r✐q✉❡ s✉r✈✐✈❡
❛ss❡③ ❧♦♥❣t❡♠♣s ♣♦✉r ❛tt❡✐♥❞r❡ ✉♥ κ éq✉✐✈❛❧❡♥t à ✉♥ s♣✐♥ 1/2✱ ❡t q✉✬❡♥ ❝❡ ♣♦✐♥t✱ ❧✬♦r❞r❡ à
❧♦♥❣✉❡ ♣♦rté❡ ❛✐t ❞✐s♣❛r✉ ♣♦✉r ❧❛✐ss❡r ♣❧❛❝❡ à ✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ❝❤✐r❛❧✳ ▲❡s ❞✐❛❣r❛♠♠❡s ❞❡
♣❤❛s❡s ♦❜t❡♥✉s ❡♥ ❙❇▼❋❚ ét❛♥t s♦✉✈❡♥t q✉❛❧✐t❛t✐✈❡♠❡♥t ❝♦rr❡❝ts✱ ✐❧ s❡r❛✐t ❛❧♦rs ❡♥✈✐s❛❣❡✲
❛❜❧❡ q✉❡ ❝❡tt❡ ♣❤❛s❡ s♦✐t ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❛✉ ❞❡❧à ❞✉ ❝❤❛♠♣ ♠♦②❡♥✳ ❉❡s ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s
❡①❛❝t❡s ✭❊❉✮ ♦♥t ❞é❥à été ♠❡♥é❡s s✉r ❝❡ ♣r♦❜❧è♠❡ ❬✻✾❪ ❬✼✵❪ ❬✺✾❪ ❡t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥ ❧✐q✉✐❞❡
❞❡ s♣✐♥s ❝❤✐r❛❧ ♣❡r♠❡ttr❛ ♣❡✉t✲êtr❡ ❞✬❡①♣❧✐q✉❡r ❞❡s rés✉❧t❛ts ✐♥❝♦♠♣r✐s ❥✉sq✉✬✐❝✐✳ ▲✬❡①♣r❡s✲
s✐♦♥ ❞✉ ✢✉① ❡♥ t❡r♠❡ ❞✬♦♣ér❛t❡✉rs ❞❡ s♣✐♥ ❧❡ r❡♥❞ ♠❡s✉r❛❜❧❡ ❡♥ ❊❉✱ ❝❡ q✉✐ ♣♦✉rr❛ s❡r✈✐r à
♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❝❡tt❡ ♣❤❛s❡✳ ❊❧❧❡ ♣♦ssè❞❡r❛✐t à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❧❡ ❞♦✉❜❧❡ ❞❡
❧❛ ❞é❣é♥ér❡s❝❡♥❝❡ ❞✬✉♥ ❧✐q✉✐❞❡ ❞❡ s♣✐♥s ♥♦♥ ❝❤✐r❛❧✱ ❝✬❡st à ❞✐r❡ ✉♥❡ ❞é❣é♥ér❡s❝❡♥❝❡ ❞❡ 8 s✉r
✉♥ t♦r❡ à s✉r❢❛❝❡ ✷❉✳ ❯♥ ✐♥❞✐❝❡ ❞❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ❝❡tt❡ ♣❤❛s❡ s❡r❛✐t ✉♥❡ tr❛♥s✐t✐♦♥ ❝❤✐r❛❧❡
à t❡♠♣ér❛t✉r❡ ♥♦♥ ♥✉❧❧❡✳ ▲❡s ✈✐s♦♥s✱ ❛♥❛❧♦❣✉❡s q✉❛♥t✐q✉❡s ❞❡s ✈♦rt❡① Z2✱ ♣♦✉rr❛✐❡♥t ❛❧♦rs
❛♣♣❛r❛îtr❡ ❡♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t à ❧❛ tr❛♥s✐t✐♦♥✱ ❝♦♠♠❡ ❝✬❡st ❧❡ ❝❛s ❝❧❛ss✐q✉❡♠❡♥t✳
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❆♥♥❡①❡ ❆

▲❡s ♦r❞r❡s ré❣✉❧✐❡rs ❝❧❛ss✐q✉❡s ✿

s✉♣♣❧é♠❡♥ts

✶ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✿ ❝❛❧❝✉❧s

▲❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✭❋✐❣✳❆✳✶✮ ❡t ♣❛r ❝♦♥séq✉❡♥t ❧❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡
❛❧❣é❜r✐q✉❡s s♦♥t ❧❡s ♠ê♠❡s q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♠❛✐s ✐❧ ② ❛ ❞❡✉① t②♣❡s ❞❡ s✐t❡s ✿
u ❡t v✳

❖♥ ❞é❝r✐t ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬✉♥ ♣♦✐♥t ❞❛♥s ❧❡ r❡♣èr❡ ❢♦r♠é ❞❡s ❞❡✉① ✈❡❝t❡✉rs ❞❡ ❜❛s❡
T1 ❡t T2 ✭❋✐❣✳❆✳✶✮ ❡t ❛②❛♥t ♣♦✉r ♦r✐❣✐♥❡ ❧❡ ❝❡♥tr❡ ❞✬✉♥ ❤❡①❛❣♦♥❡✳ ▲✬❡✛❡t ❞❡s ❣é♥ér❛t❡✉rs
❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❡st

T1 : (r1, r2, u) 7→ (r1 + 1, r2, u)

(r1, r2, v) 7→ (r1 + 1, r2, v)

T2 : (r1, r2, u) 7→ (r1, r2 + 1, v)

(r1, r2, u) 7→ (r1, r2 + 1, v)

σ : (r1, r2, u) 7→ (r2, r1, u)

(r1, r2, v) 7→ (r2, r1, v)

Rπ/3 : (r1, r2, u) 7→ (r1 − r2 − 1, r1, v)

(r1, r2, v) 7→ (r1 − r2, r1, u).

▲❡s ♣r♦♣r✐étés ❞✉ rés❡❛✉ ✭✐♥✈❛r✐❛♥❝❡ ❞❡ ❝❡rt❛✐♥s s✐t❡s s❡❧♦♥ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞✉

❋✐❣✳ ❆✳✶ ✕ ❙②♠étr✐❡s ❞❡s rés❡❛✉① ❤❡①❛❣♦♥❛❧ ❡t ❦❛❣♦♠❡✳ ❉❡s ❣é♥ér❛t❡✉rs ❞❡s s②♠étr✐❡s ❞✉
rés❡❛✉ SR s♦♥t r❡♣rés❡♥tés ✿ ❧❡s ❞❡✉① tr❛♥s❧❛t✐♦♥s T1 ❡t T2✱ ❧❛ r♦t❛t✐♦♥ R6 ❡t ❧❛ ré✢❡①✐♦♥ σ✳

✶✸✾
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rés❡❛✉✮ s♦♥t ♠♦❞✐✜é❡s ♣❛r r❛♣♣♦rt ❛✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ❉❡✉① ♥♦✉s s❡r♦♥t ✉t✐❧❡s ✿

σR6(0, 0, v) = (0, 0, v) ✭❆✳✶✮

T1R
2
6(0, 0, v) = (0, 0, v). ✭❆✳✷✮

▲❡s ❣r♦✉♣❡s S0
e ✱ S1

e ❡t S2
e ♥❡ ❧❛✐ss❡♥t ❝♦♠♠❡ ♣♦ss✐❜✐❧✐tés q✉❡ ❧❡s ét❛ts ❋ ❡t ❆❋ ✭✈♦✐r

❋✐❣✳❆✳✷✭❛✮ ❡t ❆✳✷✭❜✮✮✳
S3
e ♣❡r♠❡t ❞❡✉① s♦✉s✲rés❡❛✉① ❝♦♠♣❧ét❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts ♣♦✉r εσ = εR ✭✈♦✐r ❋✐❣✳❆✳✷✭❝✮✮

S4
e ❡t S5

e ❞♦♥♥❡r♦♥t ❡♥❝♦r❡ ❞❡s ét❛ts ✐♥✈❛r✐❛♥ts ♣❛r tr❛♥s❧❛t✐♦♥✳ ❖r✱ ♦♥ ❛ ❢❛✐t t♦✉s ❧❡s
ét❛ts ♣♦ss✐❜❧❡s✳ ❉♦♥❝✱ ❝❡s ❣r♦✉♣❡s ♥❡ ❞♦♥♥❡r♦♥t ❛✉❝✉♥ ♥♦✉✈❡❧ ét❛t✳

P♦✉r ❧❡ ❣r♦✉♣❡ S6
e ✱ ✐❧ ❢❛✉t ❞✐st✐♥❣✉❡r ✹ ❝❛s ✿

✕ εσ = εR = 1 ▲❡ s♣✐♥ S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à (−1, 0, 1) ❞✬❛♣rès ❧❛ ♣r❡♠✐ér❡
❝♦♥❞✐t✐♦♥✳ ❖r✱ ✐❧ ❞♦✐t ❛✉ss✐ êtr❡ ❝♦❧✐♥é❛✐r❡ à (1,−1, 1) ❞✬❛♣rès ❧❛ ❞❡✉①✐è♠❡✳ ❉♦♥❝✱ ♣❛s
❞✬ ét❛t ♣♦✉r ❝❡ ❣r♦✉♣❡✳

✕ εσ = εR = −1 ▼ê♠❡ ❝♦♥❝❧✉s✐♦♥ ✿ S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à ❧❛ ❢♦✐s à (1, 0, 1) ❡t
à (−1, 1, 1)✳

✕ εσ = −εR = 1 S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à (−1, 1, 1) ❞✬❛♣rès ❧❛ ❞❡✉①✐è♠❡ ❝♦♥❞✐t✐♦♥✳
❈❡ ✈❡❝t❡✉r ❢❛✐t ♣❛rt✐❡ ❞✉ s♦✉s ❡s♣❛❝❡ ✐♥✈❛r✐❛♥t ❞❡ MσMR✳ ❉♦♥❝✱ ✐❧ r❡♠♣❧✐t ❧❡s ❞❡✉①
❝♦♥❞✐t✐♦♥s✳ ❖♥ ♦❜t✐❡♥t ✽ s♦✉s✲ rés❡❛✉①✳ ▲❡s s♣✐♥s s❡ ♣❧❛❝❡♥t ❛✉① s♦♠♠❡ts ❞✬✉♥ ❝✉❜❡✳
❖♥ ❛ ❞❡✉① ♣♦ss✐❜✐❧✐tés ❞❡ s❡♥s ♣♦✉r S(0, 0, v)✱ ❝❡ q✉✐ ❞♦♥♥❡ ❞❡✉① ét❛ts r❡❧✐és ♣❛r ✉♥❡
✐♥✈❡rs✐♦♥ ❞❡s s♣✐♥s✳ ❈❡t ét❛t ❡st ❝❤✐r❛❧✳ ❋✐❣✳❆✳✷✭❝✮✳

✕ −εσ = εR = 1 ❈❡tt❡ ❢♦✐s S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à (1,−1, 1)✳ ❖♥ ♦❜t✐❡♥t ✹
s♦✉s✲rés❡❛✉①✳ ▲❡s s♣✐♥s s❡ ♣❧❛❝❡♥t ❛✉① s♦♠♠❡ts ❞✬✉♥ tétr❛é❞r❡✳ ❈❡t ét❛t ❡st ❝❤✐r❛❧✳
❋✐❣✳❆✳✷✭❞✮✳

P♦✉r S7
e ❡t S8

e ✱ ❧❡ ✈❡❝t❡✉r S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à ❧✬❛①❡ z ❞✬❛♣rès ❧❛ ❞❡✉①✐è♠❡
❝♦♥❞✐t✐♦♥✳ ❖♥ ♥✬❛ ❞♦♥❝ q✉❡ ❞❡s ét❛ts à ❞❡✉① s♦✉s rés❡❛✉① ♣♦ss✐❜❧❡s✳ ❖♥ ❧❡s ❛ ❞é❥à t♦✉s
❡①♣❧♦rés✳

✷ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ✿ ré❝❛♣✐t✉❧❛t✐❢

▲❡s ❝✐♥q ét❛ts ré❣✉❧✐❡rs ♦❜t❡♥✉s s♦♥t ❞é❝r✐ts ✐❝✐ ❡t s✉r ❧❛ ❋✐❣✳❆✳✷ ✿
✕ ▲✬ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✐❣✳❆✳✷✭❛✮✮ ✿ t♦✉s ❧❡s s♣✐♥s ♦♥t ❧❛ ♠ê♠❡ ❞✐r❡❝t✐♦♥✳
✕ ▲✬ét❛t ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡ ✭❋✐❣✳❆✳✷✭❜✮✮ ✿ ❧❡s s♣✐♥s ❞❡s ❞❡✉① s♦✉s✲rés❡❛✉① s♦♥t ♦♣✲
♣♦sés✳

✕ ▲✬ét❛t à ❞❡✉① s♦✉s✲rés❡❛✉① q✉❡❧❝♦♥q✉❡s ✭❋✐❣✳❆✳✷✭❝✮✮ ✿ ❧❡s s♣✐♥s ❞❡s ❞❡✉① s♦✉s✲rés❡❛✉①
♣r❡♥♥❡♥t ❞❡✉① ❞✐r❡❝t✐♦♥s ❧✐❜r❡s✳ ▲❡s ét❛ts ❋ ❡t ❆❋ s♦♥t ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ❞❡ ❝❡t
ét❛t✳

✕ ▲✬ét❛t ❝✉❜✐q✉❡ ✭❋✐❣✳❆✳✷✭❞✮✮ ✿ ❧❡s s♣✐♥s ❞❡s ❤✉✐t s♦✉s✲rés❡❛✉① ♣r❡♥♥❡♥t ❧❡s ❞✐r❡❝t✐♦♥s
❞❡s s♦♠♠❡ts ❞✬✉♥ ❝✉❜❡✳ ❈❡t ét❛t ❡st ❝❤✐r❛❧✳

✕ ▲✬ét❛t tétr❛é❞r✐q✉❡ ✭❋✐❣✳❆✳✷✭❡✮✮ ✿ ❧❡s s♣✐♥s ❞❡s q✉❛tr❡ s♦✉s✲rés❡❛✉① ♣r❡♥♥❡♥t ❧❡s ❞✐✲
r❡❝t✐♦♥s ❞❡s s♦♠♠❡ts ❞✬✉♥ tétr❛è❞r❡✳ ❈❡t ét❛t ❡st ❝❤✐r❛❧✳

✸ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ✿ ❝❛❧❝✉❧s

▲❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❦❛❣♦♠❡ ✭❋✐❣✳❆✳✶✮ ❡t ♣❛r ❝♦♥séq✉❡♥t ❧❡s ❣r♦✉♣❡s ❞❡ s②♠étr✐❡
❛❧❣é❜r✐q✉❡s s♦♥t ❧❡s ♠ê♠❡s q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ♠❛✐s ✐❧ ② ❛ tr♦✐s t②♣❡s ❞❡ s✐t❡s ✿
u✱ v ❡t w✳

❖♥ ❞é❝r✐t ❧❡s ❝♦♦r❞♦♥♥é❡s ❞✬✉♥ ♣♦✐♥t ❞❛♥s ❧❡ r❡♣èr❡ ❢♦r♠é ❞❡s ❞❡✉① ✈❡❝t❡✉rs ❞❡ ❜❛s❡
T1 ❡t T2 ✭❋✐❣✳❆✳✶✮ ❡t ❛②❛♥t ♣♦✉r ♦r✐❣✐♥❡ ❧❡ ❝❡♥tr❡ ❞✬✉♥ ❤❡①❛❣♦♥❡✳ ▲✬❡✛❡t ❞❡s ❣é♥ér❛t❡✉rs

✶✹✵ ✷✳ ❊❚❆❚❙ ❘➱●❯▲■❊❘❙ ❙❯❘ ▲❊ ❘➱❙❊❆❯ ❍❊❳❆●❖◆❆▲ ✿ ❘➱❈❆P■❚❯▲❆❚■❋
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✭❛✮ ❊t❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ r❡s♣❡❝t❛♥t S0
e (1, 1)✳ ✭❜✮ ❊t❛t ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡✱ r❡s♣❡❝t❛♥t

S0
e (−1,−1)✳

✭❝✮ ❊t❛t à ❞❡✉① s♦✉s✲rés❡❛✉①✱ r❡s♣❡❝t❛♥t S3
e (1, 1)✳ ✭❞✮ ❊t❛t ❝✉❜✐q✉❡✱ r❡s♣❡❝t❛♥t S6

e (1,−1)✳

✭❡✮ ❊t❛t tétr❛é❞r✐q✉❡✱ r❡s♣❡❝t❛♥t S6
e (1, 1)✳

❋✐❣✳ ❆✳✷ ✕ ❊t❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧✳ P♦✉r ❝❤❛❝✉♥✱ ❧✬✉♥ ❞❡s ❣r♦✉♣❡s ❞❡
s②♠étr✐❡ ❛❧❣é❜r✐q✉❡s ❧❡ ❧❛✐ss❛♥t ✐♥✈❛r✐❛♥t ❡st ❞♦♥♥é✳

✸✳ ❊❚❆❚❙ ❘➱●❯▲■❊❘❙ ❙❯❘ ▲❊ ❘➱❙❊❆❯ ❑❆●❖▼❊ ✿ ❈❆▲❈❯▲❙ ✶✹✶
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❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉ s✉r ❧❡s ❝♦♦r❞♦♥♥é❡s ❡st

T1 : (r1, r2, u) 7→ (r1 + 1, r2, u)

(r1, r2, v) 7→ (r1 + 1, r2, v)

(r1, r2, w) 7→ (r1 + 1, r2, w)

T2 : (r1, r2, u) 7→ (r1, r2 + 1, u)

(r1, r2, v) 7→ (r1, r2 + 1, v)

(r1, r2, w) 7→ (r1, r2 + 1, w)

σ : (r1, r2, u) 7→ (r2, r1, w)

(r1, r2, v) 7→ (r2, r1, v)

(r1, r2, w) 7→ (r2, r1, u)

Rπ/3 : (r1, r2, u) 7→ (r1 − r2, r1 − 1, w)

(r1, r2, v) 7→ (r1 − r2, r1, u)

(r1, r2, w) 7→ (r1 − r2, r1, v).

▲❡s ♣r♦♣r✐étés ❞✉ rés❡❛✉ ✭✐♥✈❛r✐❛♥❝❡ ❞❡ ❝❡rt❛✐♥s s✐t❡s s❡❧♦♥ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞✉
rés❡❛✉✮ s♦♥t ♠♦❞✐✜é❡s ♣❛r r❛♣♣♦rt ❛✉ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✳ ❉❡✉① ♥♦✉s s❡r♦♥t ✉t✐❧❡s ✿

σ(0, 0, v) = (0, 0, v) ✭❆✳✸✮

T1T2R
3
6(0, 0, v) = (0, 0, v). ✭❆✳✹✮

▲❡s ❣r♦✉♣❡s S0
e à S5

e ♣❡r♠❡tt❡♥t ❞❡ ✉♥ à tr♦✐s s♦✉s rés❡❛✉① ✭M1 = M2 = I3✮✳ ▲❡s
❝✐♥q ♣r❡♠✐❡rs ♥❡ ♣❡r♠❡tt❡♥t ❛✉ ♠❛①✐♠✉♠ q✉❡ ❞❡✉① ♦r✐❡♥t❛t✐♦♥s ❞✐✛ér❡♥t❡s ❞❡ s♣✐♥s ✭❝❛r
M2
r = I3✮✳ ❊♥ ❢❛✐t✱ ❞❡✉① ♦r✐❡♥t❛t✐♦♥s ❞✐✛ér❡♥t❡s ♥❡ s♦♥t ♣❛s ♣♦ss✐❜❧❡s ✿ ♦♥ ❛ ❢♦r❝é♠❡♥t

S(0, 0, u) = S(0, 0, w) ♣✉✐sq✉❡ S(0, 0, u) = M2
r S(0, 0, w) = S(0, 0, w)✳ ▼❛✐s ♦♥ ❛ ❛✉ss✐

S(0, 0, v) = S(0, 0, w) ♣♦✉r ❧❛ ♠ê♠❡ r❛✐s♦♥✳ ■❧ ♥✬② ❛ ❞♦♥❝ q✉❡ ❧✬ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭✈♦✐r
❋✐❣✳✶✳✼✭❛✮✮ ♣❡r♠✐s ♣♦✉r ❧❡s ❣r♦✉♣❡s S0

e à S4
e ✱ ♣♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡s ε✳

▲❡ ❣r♦✉♣❡ S5
e ♥♦✉s ❞♦♥♥❡ ✶✷ ♣♦ss✐❜✐❧✐tés ✭εσ✱ εR ❡t k✮✳

✕ εσ = εR = 1 S(0, 0, v) ❡st ❞✐r✐❣é s❡❧♦♥ z✳
✕ k = 1 ♦✉ 3 ✿ ❧❡s ❞❡✉① ❝♦♥❞✐t✐♦♥s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ r❡♠♣❧✐❡s s✐♠✉❧t❛♥é♠❡♥t✳
✕ k = 2 ✿ S(0, 0, v) ❞♦✐t êtr❡ ❝♦❧✐♥é❛✐r❡ à ez✳ ❖♥ ❛ ✉♥ ❢♦♥❞❛♠❡♥t❛❧ à tr♦✐s s♦✉s✲rés❡❛✉①✳

▲❡s s♣✐♥s s♦♥t ❝♦♣❧❛♥❛✐r❡s ❡t s❡ ♣❧❛❝❡♥t ❛✉① s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ✭✈♦✐r
❋✐❣✳✶✳✼✭❜✮✮✳

✕ εσ = 1✱ −εR = −1 ✿
S(0, 0, v) ❞♦✐t êtr❡ s❡❧♦♥ ez✳
✕ k = 1 ✿ ét❛t à tr♦✐s s♦✉s✲rés❡❛✉① ♣ré❝é❞❡♥t ✭✈♦✐r ❋✐❣✳✶✳✼✭❜✮✮✱
✕ k = 2 ✿ ♣❛s ❞❡ s♦❧✉t✐♦♥s✱
✕ k = 3 ✿ ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡ ✭✈♦✐r ❋✐❣✳✶✳✼✭❛✮✮✳

✕ εσ = εR = −1
S(0, 0, v) ❞♦✐t êtr❡ ♦r✐❡♥té ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t à ez✳
✕ k = 1 ✿ ét❛t à tr♦✐s s♦✉s✲rés❡❛✉①✱ S(0, 0, v) s❡❧♦♥ ey ✭✈♦✐r ❋✐❣✳✶✳✼✭❜✮✮✱
✕ k = 2 ✿ ♣❛s ❞❡ s♦❧✉t✐♦♥s✱
✕ k = 3 ✿ ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ S(0, 0, v) s❡❧♦♥ ey ✭✈♦✐r ❋✐❣✳✶✳✼✭❛✮✮✳

✕ εσ = −1✱ εR = 1
S(0, 0, v) ❞♦✐t êtr❡ ♦r✐❡♥té ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t à z✳
✕ k = 1 ✿ ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ S(0, 0, v) s❡❧♦♥ ex ✭✈♦✐r ❋✐❣✳✶✳✼✭❛✮✮✳
✕ k = 2 ✿ S(0, 0, v) ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ ex ❡t ey✳ ❊t❛t à tr♦✐s s♦✉s rés❡❛✉①✳ ▲❡s

s♣✐♥s s❡ ♣❧❛❝❡♥t ❛✉① s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧✱ ♠❛✐s ✐❧s ♣❡✉✈❡♥t ♥❡ ♣❛s
êtr❡ ❝♦♣❧❛♥❛✐r❡s ✭✈♦✐r ❋✐❣✳✶✳✼✭❝✮✮✳

✶✹✷ ✸✳ ❊❚❆❚❙ ❘➱●❯▲■❊❘❙ ❙❯❘ ▲❊ ❘➱❙❊❆❯ ❑❆●❖▼❊ ✿ ❈❆▲❈❯▲❙
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✕ k = 3 ✿ ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ S(0, 0, v) s❡❧♦♥ ex ✭✈♦✐r ❋✐❣✳✶✳✼✭❛✮✮✳
▲❡ ❣r♦✉♣❡ S6

e

✕ ❙✐ εσ = εR = 1✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ s♦❧✉t✐♦♥✳
✕ ❙✐ εR = εσ = −1✱ S(0, 0, v) ❡st ❝♦❧✐♥é❛✐r❡ à ex+ey✳ ❖♥ ❛ ❞♦✉③❡ s♦✉s✲rés❡❛✉①✳ ▲❡s s♣✐♥s
s❡ ♣❧❛❝❡♥t s✉r ❧❡s ♠✐❧✐❡✉① ❞❡s ❝ôtés ❞✬✉♥ ❝✉❜❡ ✭❛✉① s♦♠♠❡ts ❞✬✉♥ ❝✉❜♦❝t❛é❞r♦♥✮✳ ▲❡s
s♣✐♥s ❞✬✉♥ tr✐❛♥❣❧❡ ❞✉ rés❡❛✉ ❢♦r♠❡♥t ❞❡s ❛♥❣❧❡s ❞❡ ✶✷✵ ❞❡❣rés ❡♥tr✬❡✉① ✭♦r❞r❡ ❛♣♣❡❧é
❝✉❜♦❝✶✱ ✈♦✐r ❋✐❣✳✶✳✼✭❞✮✮✳

✕ ❙✐ εR = 1 ❡t εσ = −1✱ S(0, 0, v) ❡st ❝♦❧✐♥é❛✐r❡ à ez✳ ❖♥ ❛ ❞♦✉③❡ s♦✉s✲rés❡❛✉①✱ ❧❡s s♣✐♥s
s❡ ♣❧❛❝❡♥t s✉r ❧❡s ♠✐❧✐❡✉① ❞❡s ❢❛❝❡s ❞✬✉♥ ❝✉❜❡ ✭❛✉① s♦♠♠❡ts ❞✬✉♥ ♦❝t❛è❞r❡ ✿ ✻ ♦r✐❡♥✲
t❛t✐♦♥s ❞✐✛ér❡♥t❡s✮✳ ▲❡s s♣✐♥s ❞✬✉♥ tr✐❛♥❣❧❡ ❞✉ rés❡❛✉ ❢♦r♠❡♥t ✉♥ tr✐è❞r❡ ♦rt❤♦❣♦♥❛❧
✭♦r❞r❡ ❛♣♣❡❧é ♦❝t❛è❞r✐q✉❡✱ ✈♦✐r ❋✐❣✳✶✳✼✭❡✮✮✳

✕ ❙✐ εR = −1 ❡t εσ = 1✱ S(0, 0, v) ❡st ❝♦❧✐♥é❛✐r❡ à ey−ex✳ ❖♥ ❛ ❞♦✉③❡ s♦✉s✲rés❡❛✉①✳ ▲❡s
s♣✐♥s s❡ ♣❧❛❝❡♥t s✉r ❧❡s ♠✐❧✐❡✉① ❞❡s ❝ôtés ❞✬✉♥ ❝✉❜❡ ✭❛✉① s♦♠♠❡ts ❞✬✉♥ ❝✉❜♦❝t❛é❞r♦♥✮✳
▲❡s s♣✐♥s ❞✬✉♥ tr✐❛♥❣❧❡ ❞✉ rés❡❛✉ ♥❡ s♦♥t ♣❛s ❝♦♣❧❛♥❛✐r❡s ❡t s♦♥t t♦✉s à ✉♥❡ ❞✐st❛♥❝❡
❞✬✉♥❡ ❞❡♠✐✲❛rêt❡ ❞❡ ❝✉❜❡ ❞✬✉♥ ♠ê♠❡ ❝♦✐♥ ✭♦r❞r❡ ❛♣♣❡❧é ❝✉❜♦❝✷✱ ✈♦✐r ❋✐❣✳✶✳✼✭❢✮✮✳

▲❡ ❣r♦✉♣❡ S7
e ✿ ♦♥ ❞♦✐t ❛✈♦✐r εσ = 1✳

✕ ❙✐ εR = 1✱ S(0, 0, v) ❡st ❝♦❧✐♥é❛✐r❡ à (−1,
√

3)✳ ❊t❛t à tr♦✐s s♦✉s✲rés❡❛✉①✳ ❙♣✐♥s
❝♦♣❧❛♥❛✐r❡s ❛✉① s♦♠♠❡t ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ✭✈♦✐r ❋✐❣✳✶✳✼✭❣✮✮✳

✕ ❙✐ εR = −1✱ S(0, 0, v) ❡st ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ (
√

3, 1, 0) ❡t ❞❡ (0, 0, 1)✳ ❊t❛t à
tr♦✐s s♦✉s✲rés❡❛✉①✳ ❙♣✐♥s ♥♦♥✲❝♦♣❧❛♥❛✐r❡s ❛✉① s♦♠♠❡t ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧ ✭✈♦✐r
❋✐❣✳✶✳✼✭❤✮✮✳ ▼❛✐❧❧❡ é❧é♠❡♥t❛✐r❡ à ✾ s♣✐♥s✳

▲❡ ❣r♦✉♣❡ S8
e ✿

✕ ❙✐ εσ = εR = 1✱ ♣❛s ❞❡ s♦❧✉t✐♦♥s✳
✕ ❙✐ εσ = 1 ❡t εR = −1✱ ét❛t ❢❡rr♦♠❛❣♥ét✐q✉❡✱ S(0, 0, v) s❡❧♦♥ z ✭✈♦✐r ❋✐❣✳✶✳✼✭❛✮✮✳
✕ ❙✐ εσ = εR = −1✱ S(0, 0, v) s❡❧♦♥ (

√
3, 1, 0)✱ ♦r❞r❡ à ✸ s♦✉s rés❡❛✉①✱ s♣✐♥s ❝♦♣❧❛♥❛✐r❡s

❛✉① s♦♠♠❡ts ❞✬✉♥ tr✐❛♥❣❧❡ éq✉✐❧❛tér❛❧✳ ▼❛✐❧❧❡ é❧é♠❡♥t❛✐r❡ à ✾ s♣✐♥s ✭✈♦✐r ❋✐❣✳✶✳✼✭❣✮✮✳✳
✕ ❙✐ εσ = −1 ❡t εR = 1✱ S(0, 0, v) s❡❧♦♥ (−1,

√
3, 0)✳ ❚r♦✐s s♦✉s rés❡❛✉①✱ s♣✐♥s ❝♦♣❧❛♥❛✐r❡s

à ✶✷✵ ❞❡❣rés ✭❱♦✐r ❋✐❣✳✶✳✼✭❣✮✮✳

✹ ❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡

■❧s s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳ ❆✳✸ ♣♦✉r J1 = −1✱ 0 ❡t 1 ❡♥ ❢♦♥❝t✐♦♥ ❞❡ J2 ❡t J3✳ ▲❡s
é♥❡r❣✐❡s ♣❛r s✐t❡ ❞❡s ♦r❞r❡s ré❣✉❧✐❡rs s♦♥t ✿

✕ ♣♦✉r ❧✬ét❛t ❋ ✿ Ef = 3J1 + 3J2 + 3J3✱
✕ ♣♦✉r ❧✬ét❛t tétr❛é❞r✐q✉❡ ✿ Ep = −J1 − J2 + 3J3✱
✕ ♣♦✉r ❧✬ét❛t ❝♦♣❧❛♥❛✐r❡ Et = −3/2J1 + 3J2 − 3/2J3✳
❈♦♠♠❡ ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ❡st ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✱ ♦♥ s❛✐t q✉❡ ❝❤❛q✉❡ ét❛t ❢♦♥❞❛✲

♠❡♥t❛❧ ❡st ✉♥ ét❛t s♣✐r❛❧ ♦✉ ❡st ❞é❣é♥éré ❛✈❡❝ ✉♥ ét❛t s♣✐r❛❧ à s♣✐♥s ❝♦♣❧❛♥❛✐r❡s✳ ▲❡s ét❛ts
❋ ❡t ❝♦♣❧❛♥❛✐r❡s s♦♥t s♣✐r❛✉①✱ ❡t ❧✬ét❛t tétr❛é❞r✐q✉❡ ❡st ❞é❣é♥éré ❛✈❡❝ ❧✬ét❛t s♣✐r❛❧ ❞é❝r✐t
♣❛r Q ❛✉ ♠✐❧✐❡✉ ❞✬✉♥ ❝ôté ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ❡t ❞❡✉① s♦✉s✲rés❡❛✉① ♣♦rt❛♥t ❞❡s s♣✐♥s
♦♣♣♦sés✳ ❯♥❡ ♣♦rt✐♦♥ ❞❡s ❞✐❛❣r❛♠♠❡s ❞❡ ♣❤❛s❡ ❡st ♦❝❝✉♣é❡ ♣❛r ❞❡s ét❛ts s♣✐r❛✉①✳

✺ ❋♦♥❞❛♠❡♥t❛✉① ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ s✉r ❧❡ rés❡❛✉
❤❡①❛❣♦♥❛❧

■❧s s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳ ❆✳✹ ♣♦✉r J1 = −1✱ 0 ❡t 1 ❡♥ ❢♦♥❝t✐♦♥ ❞❡ J2 ❡t J3✳ ▲❡s
é♥❡r❣✐❡s ❞❡s ♦r❞r❡s ré❣✉❧✐❡rs s♦♥t ✿

✕ ♣♦✉r ❧✬ét❛t ❋ ✿ Ef = 3/2J1 + 3J2 + 3/2J3✱

✹✳ ❋❖◆❉❆▼❊◆❚❆❯❳ ❉❯ ❍❆▼■▲❚❖◆■❊◆ ❍❊■❙❊◆❇❊❘● ❙❯❘ ▲❊ ❘➱❙❊❆❯
❚❘■❆◆●❯▲❆■❘❊

✶✹✸
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✭❛✮ J1 = 1 ✭❆❋✮ ✭❜✮ J1 = 0 ✭❝✮ J1 = −1 ✭❋✮

❋✐❣✳ ❆✳✸ ✕ ❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✶✳✶✺✳ ❊♥
❜❧❡✉ ✿ ét❛t ❋✱ ❡♥ ✈❡rt ✿ ét❛t tétr❛é❞r✐q✉❡✱ ❡♥ r♦✉❣❡ ✿ ét❛t ❝♦♣❧❛♥❛✐r❡✱ ❡♥ ♥♦✐r ✿ ét❛t s♣✐r❛❧✳

✭❛✮ J1 = −1 ✭❆❋✮ ✭❜✮ J1 = 0 ✭❆❋✮ ✭❝✮ J1 = 1 ✭❆❋✮

❋✐❣✳ ❆✳✹ ✕ ❊t❛ts ❢♦♥❞❛♠❡♥t❛✉① s✉r ❧❡ rés❡❛✉ ❤❡①❛❣♦♥❛❧ ♣♦✉r ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ✶✳✶✺✳ ❊♥
❜❧❡✉ ✿ ét❛t ❋✱ ❡♥ ✈❡rt ✿ ét❛t ❆❋✱ ❡♥ ❥❛✉♥❡ ✿ ét❛t tétr❛é❞r✐q✉❡✱ ❡♥ r♦✉❣❡ ✿ ét❛t ❝✉❜✐q✉❡✱ ❡♥
♥♦✐r ✿ ét❛t s♣✐r❛❧✳

✕ ♣♦✉r ❧✬ét❛t ❆❋ ✿ Ea = −3/2J1 + 3J2 − 3/2J3✱
✕ ♣♦✉r ❧✬ét❛t ❝✉❜✐q✉❡ Ec = J1/2 − J2 − 3/2J3✱
✕ ♣♦✉r ❧✬ét❛t tétr❛é❞r✐q✉❡ ✿ Et = −J1/2 − J2 + 3/2J3✳

❖♥ r❡tr♦✉✈❡ ❧❡s ❞✐❛❣r❛♠♠❡s ❞❡ ♣❤❛s❡ ❞❡ ❧✬❛rt✐❝❧❡ ❞❡ ❋♦✉❡t ❡t ❛❧✳ ❬✸✶❪✳ ▲❡s ét❛ts ❋ ❡t ❆❋
s♦♥t s♣✐r❛✉① ❝♦❧✐♥é❛✐r❡s✳ ❈❤❛q✉❡ ♦r❞r❡ ré❣✉❧✐❡r ❛✈❡❝ ❞❡s s♣✐♥s ♥♦♥ ❝♦♣❧❛♥❛✐r❡s ♣♦ssè❞❡ ✉♥
ét❛t s♣✐r❛❧ ❝♦♣❧❛♥❛✐r❡ ❞❡ ♠ê♠❡ é♥❡r❣✐❡✱ ❢❛✈♦r✐sé ❡♥tr♦♣✐q✉❡♠❡♥t à ❜❛ss❡ t❡♠♣ér❛t✉r❡ ✭♦r❞r❡
♣❛r ❧❡ ❞és♦r❞r❡✮✳ ▲✬ét❛t tétr❛é❞r✐q✉❡ ❛ ❧❛ ♠ê♠❡ é♥❡r❣✐❡ q✉✬✉♥ ét❛t ♦ù ❧❡s s♣✐♥s ♣r❡♥♥❡♥t ❧❡s
❞✐r❡❝t✐♦♥s ↑↑↓↓ s✉r ❧❡s ✹ s♦✉s✲rés❡❛✉①✱ ❝❡ q✉✐ ❡st ✉♥ ét❛t s♣✐r❛❧ ❝♦❧✐♥é❛✐r❡✳ ▲✬ét❛t ❝✉❜✐q✉❡ ❛
❧❛ ♠ê♠❡ é♥❡r❣✐❡ q✉❡ ❧✬ét❛t ♦ù ✹ ❞❡s ✽ s♣✐♥s ❞❡ ❧❛ ♠❛✐❧❧❡ ✭✹ s♣✐♥s t♦✉❝❤❛♥t ❧✬✉♥❡ ❞❡s ❢❛❝❡s
❞✉ ❝✉❜❡ ❞❡ ❧❛ ❋✐❣✳❆✳✷✭❞✮✮ s♦♥t ↑✱ ❡t ❧❡s ✹ ❛✉tr❡s ↓✳

▲❡s ét❛ts ❝♦❧✐♥é❛✐r❡s ❞é❣é♥éré ❛✈❡❝ t♦✉t ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛ts ♦♥t ❞❡s ❝❤❛♥❝❡s ❞✬êtr❡
st❛❜✐❧✐sés ♣❛r ❧✬♦r❞r❡ ♣❛r ❧❡ ❞és♦r❞r❡✳ P❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♦♥❞❡ ❞❡ s♣✐♥✱ ❋♦✉❡t ❡t

❛❧✳ ❬✸✶❪ ♦♥t ♠♦♥tré q✉✬✐❧s ét❛✐❡♥t sé❧❡❝t✐♦♥♥és ♣❛r ❧❡s ✢✉❝t✉❛t✐♦♥s q✉❛♥t✐q✉❡s✳
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Κ

Μ

1

✭❛✮ ❊t❛t ❋✳

1/31/3

1/3 1/3

1/3

1/3

Γ

Κ

Μ

1/3

✭❜✮ ❊t❛t tétr❛é❞r✐q✉❡✳

1/2

1/2 1/2

1/2

1/21/2

Γ

Κ

Μ

1/2

✭❝✮ ❊t❛t ❝♦♣❧❛♥❛✐r❡✳

❋✐❣✳ ❆✳✺ ✕ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ S(Q)/Ns ❡t S(|Q|)/Ns ❞❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡✳ ▲✬❤❡①❛❣♦♥❡ ❡st ❧❛ ❩❞❇✳

✻ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉
tr✐❛♥❣✉❧❛✐r❡

■❧s s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳❆✳✺✳

✼ ▲❡s ❢❛❝t❡✉rs ❞❡ str✉❝t✉r❡ ❞❡s ét❛ts ré❣✉❧✐❡rs s✉r ❧❡ rés❡❛✉
❤❡①❛❣♦♥❛❧

■❧s s♦♥t ré❝❛♣✐t✉❧és s✉r ❧❛ ❋✐❣✳❆✳✻✳

2/3

1/6

1/6

1/6

1/6

1/6

1/6

Γ
Κ

Μ

ΜeΚe

✭❛✮ ❊t❛t ❋✳

1/2

1/2

1/2

1/2

1/2

1/2

Γ

Κ
Μ

Μe
Κe

✭❜✮ ❊t❛t ❆❋✳

1/61/6

1/6 1/6

1/6

1/6

Γ

Κ
Μ

Μe
Κe

✭❝✮ ❊t❛t ❝✉❜✐q✉❡✳

2/9

2/9 2/9

2/9

2/92/9

1/181/18

1/18 1/18

1/18

1/18

Γ

Κ
Μ

Μe
Κe

✭❞✮ ❊t❛t tétr❛é❞r✐q✉❡✳

❋✐❣✳ ❆✳✻ ✕ ❋❛❝t❡✉rs ❞❡ str✉❝t✉r❡ S(Q)/Ns ❞❡s ét❛ts ré❣✉❧✐❡rs ❞✉ rés❡❛✉ ❤❡①❛❣♦♥❛❧✳
▲✬❤❡①❛❣♦♥❡ ❝❡♥tr❛❧ ❡st ❧❛ ❩❞❇✱ ❧❡ ❣r❛♥❞ ❧❛ ❩❞❇❊✳

✻✳ ▲❊❙ ❋❆❈❚❊❯❘❙ ❉❊ ❙❚❘❯❈❚❯❘❊ ❉❊❙ ➱❚❆❚❙ ❘➱●❯▲■❊❘❙ ❙❯❘ ▲❊ ❘➱❙❊❆❯
❚❘■❆◆●❯▲❆■❘❊
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❆♥♥❡①❡ ❇

▼ét❤♦❞❡s ♥✉♠ér✐q✉❡s

✶ ▲❛ ♠ét❤♦❞❡ ❲❛♥❣✲▲❛♥❞❛✉

✶✳✶ ▲❛ ♠ét❤♦❞❡ ▼♦♥t❡ ❈❛r❧♦

▲❛ ♠ét❤♦❞❡ ▼♦♥t❡ ❈❛r❧♦ ❡st ✉♥ ♣r♦❝❡ss✉s st♦❝❤❛st✐q✉❡ ❛✈❡❝ ✉♥ ♣r♦❝❡ss✉s ❞✬é✈♦❧✉t✐♦♥
❞é❝r✐t ♣❛r ✉♥❡ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈✳ P♦✉r ❧❡s s②stè♠❡s ❡♥ éq✉✐❧✐❜r❡✱ ❧✬éq✉❛t✐♦♥ ♠❛îtr❡ss❡ ❞❡
❝❡ ♣r♦❝❡ss✉s ✈ér✐✜❡ ❧❛ st❛t✐♦♥♥❛r✐té ❞❡ ❧❛ ❝✐♥ét✐q✉❡ à ❧♦♥❣ t❡r♠❡ ✿ ❝❡❧à ❞♦♥♥❡ ✉♥ s②stè♠❡
❛✈❡❝ ✉♥❡ ✐♥✜♥✐té ❞✬éq✉❛t✐♦♥s à rés♦✉❞r❡✳ P♦✉r ♦❜t❡♥✐r ✉♥ ❛❧❣♦r✐t❤♠❡ ❢❛❝✐❧❡ à ✐♠♣❧é♠❡♥t❡r✱
♦♥ ♣❡✉t ✐♥tr♦❞✉✐r❡ ❧❡ ❜✐❧❛♥ ❞ét❛✐❧❧é ♣♦✉r ❝❤❛q✉❡ ♣❛✐r❡ ❞✬ét❛ts A ❡t B ✿

p(A)w(A→ B) = p(B)w(B → A) ✭❇✳✶✮

♦ù p(A) ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬êtr❡ ❞❛♥s ❧✬ét❛t A ❡t w(A → B) ❧❛ ♣r♦❜✐❧✐té ❞✬❛❧❧❡r ✈❡rs ❧✬ét❛t
B ét❛♥t ❞❛♥s ❧✬ét❛t A✳

▲✬✐♥t❡r♣rét❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❡st ✉♥❡ ré✈❡rs✐❜✐❧✐té ❧♦❝❛❧❡✳ ■❧ ❡st ❢❛❝✐❧❡
❞❡ ✈ér✐✜❡r q✉❡ ❧❡ ❜✐❧❛♥ ❞ét❛✐❧❧é ❡st ✉♥❡ ❝♦♥❞✐t✐♦♥ s✉✣s❛♥t❡ ♣♦✉r ♦❜t❡♥✐r ✉♥ ❛❧❣♦r✐t❤♠❡
st❛t✐♦♥♥❛✐r❡✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❜✐❧❛♥ ❞ét❛✐❧❧é ❛❞♠❡t ✉♥❡ ✐♥✜♥✐té ❞❡ s♦❧✉t✐♦♥s✳

▲❡ ❝❤♦✐① ❤✐st♦r✐q✉❡ ❞❡ ▼❡tr♦♣♦❧✐s ❝♦♥s✐st❡ à ré❛❧✐s❡r ✉♥ é❝❤❛♥t✐❧❧♦♥ {αi}i=1..n ❞❡ n
❝♦♥✜❣✉r❛t✐♦♥s s♣❛t✐❛❧❡s à ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡ T ✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞✬✉♥ ét❛t α ❞✬é♥❡r❣✐❡
Eα ❡st

P (α, T ) =
e−Eα/kBT

Z(T )
✭❇✳✷✮

❛✈❡❝ Z ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ❡t kB ❧❛ ❝♦♥st❛♥t❡ ❇♦❧t③♠❛♥♥✳

Z(T ) =
∑

α

e−Eα/kBT ✭❇✳✸✮

❊♥ ♣❛rt❛♥t ❞✬✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ αi ❡t ❞✬✉♥❡ é♥❡r❣✐❡ Ei✱ ♦♥ ❢❛✐t ✉♥ ❝❤❛♥❣❡♠❡♥t ❧♦❝❛❧
✭✉♥ r❡t♦✉r♥❡♠❡♥t ❞❡ s♣✐♥✱ ✉♥ ❞é♣❧❛❝❡♠❡♥t ❛❧é❛t♦✐r❡ ❞✬✉♥❡ ♣❛rt✐❝✉❧❡✱ ✳✳✳✮ ♦♥ ♦❜t✐❡♥t ✉♥❡
♥♦✉✈❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥ αj ❞✬é♥❡r❣✐❡ Ej ✳ ▲❛ ♥♦✉✈❡❧❧❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡st ❛❝❝❡♣té❡ s❡❧♦♥ ❧❡
❝r✐tèr❡ ❞❡ ▼étr♦♣♦❧✐s ❛✈❡❝ ❧❛ ♣r♦❜❛❜✐❧✐té

p(αi → αj) = min(1, e−β(Ej−Ei)).

❙❡❧♦♥ ❧✬❛❝❝❡♣t❛t✐♦♥ ♦✉ ❧❡ r❡❢✉s✱ ❧✬ét❛t s✉✐✈❛♥t ❡st αi ♦✉ αj ✳
❯♥❡ s✐♠✉❧❛t✐♦♥ t②♣✐q✉❡ ❡st ❞✐✈✐sé❡ ❡♥ ❞❡✉① ♣❛rt✐❡s ✿ ❞✬❛❜♦r❞✱ ♦♥ ♣❛rt ❞✬✉♥❡ ❝♦♥✜❣✉r❛✲

t✐♦♥ ❛❧é❛t♦✐r❡✱ ♣✉✐s ❧❡ s②stè♠❡ é✈♦❧✉❡ ❥✉sq✉✬à ❛tt❡✐♥❞r❡ ❧✬éq✉✐❧✐❜r❡✳ ❊♥s✉✐t❡✱ ❧❛ ❝✐♥ét✐q✉❡ s❡
♣♦✉rs✉✐t ❡t ❞❡s ♠♦②❡♥♥❡s ✭❧❛ ♠❛❣♥❡t✐s❛t✐♦♥✱ ❧❛ ❝❤✐r❛❧✐té✱ ❧❛ ✈♦rt✐❝✐té✳✳✳✮ s♦♥t ❝❛❧❝✉❧é❡s ❡♥

✶✹✼
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✉t✐❧✐s❛♥t ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ❣é♥éré❡s ♣❛r ❧❛ ❝❤❛î♥❡ ❞❡ ▼❛r❦♦✈ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼étr♦♣♦❧✐s✳
❙✐ ❧✬♦♥ ❝❤♦✐s✐t ✉♥❡ q✉❛♥t✐té A✱ s❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❡①❛❝t❡ à ❧❛ t❡♠♣ér❛t✉r❡ T ❡st

〈A〉(T ) =
1

Z(T )

∑

α

A(α)e−Eα/kBT ✭❇✳✹✮

❆✈❡❝ ❧❛ ♠ét❤♦❞❡ ▼♦♥t❡ ❈❛r❧♦✱ ❡❧❧❡ ❡st ❛♣♣r♦①✐♠é❡ ♣❛r

〈A〉(T ) ≈ 1

n

n∑

i=1

A(αi) ✭❇✳✺✮

❈❡t ❛❧❣♦r✐t❤♠❡ ❞❡ ▼étr♦♣♦❧✐s ❡st ✉♥❡ ♠ét❤♦❞❡ ♣✉✐ss❛♥t❡ ❡t ❡st très ❢❛❝✐❧❡ à ✐♠♣❧é♠❡♥t❡r✱
♠❛✐s ❡❧❧❡ ❛ ❞❡✉① ✐♥❝♦♥✈é♥✐❡♥ts ♠❛❥❡✉rs ✿ ♣r❡♠✐èr❡♠❡♥t✱ ❡❧❧❡ ♥é❝❡ss✐t❡ ✉♥❡ s✐♠✉❧❛t✐♦♥ ♣♦✉r
❝❤❛q✉❡ t❡♠♣ér❛t✉r❡ ❡t ❞❡✉①✐è♠❡♠❡♥t✱ ♦♥ ♦❜s❡r✈❡ ✉♥ r❛❧❡♥t✐ss❡♠❡♥t ❝r✐t✐q✉❡ ♣rès ❞✬✉♥❡
tr❛♥s✐t✐♦♥ ❞❡ ♣❤❛s❡ ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ❝❡ q✉✐ ♠è♥❡ à ✉♥❡ ❢❛✐❜❧❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳
▲❡ r❛❧❡♥t✐ss❡♠❡♥t ❝r✐t✐q✉❡ ❡st ❝❛r❛❝tér✐sé ♣❛r ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞✐✈❡r❣❡♥t ❛ss♦❝✐é à ❧❛
r❡❧❛①❛t✐♦♥ ❞❡s ✢✉❝t✉❛t✐♦♥s✳ ❈❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❛✉ss✐ ❛ss♦❝✐é❡s à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❧♦♥❣✉❡✉r
❝❛r❛❝tér✐st✐q✉❡✱ ❛♣♣❡❧é❡ ❧♦♥❣✉❡✉r ❞❡ ❝♦rré❧❛t✐♦♥✱ q✉✐ ❞❡✈✐❡♥t ✐♥✜♥✐❡ à ❧❛ tr❛♥s✐t✐♦♥✳ P♦✉r ✉♥❡
tr❛♥s✐t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✱ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ▼étr♦♣♦❧✐s ♣rés❡♥t❡ ✉♥ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡
❛ss♦❝✐é à ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❜❛rr✐èr❡ ❞✬é♥❡r❣✐❡ ❧✐❜r❡ ❞✐✈❡r❣❡♥t❡ ❡♥tr❡ ét❛ts st❛❜❧❡s✳

P♦✉r s✉r♠♦♥t❡r ❝❡s ❞✐✣❝✉❧tés✱ ❞✐✛ér❡♥t❡s str❛té❣✐❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s ❞✉r❛♥t ❧❡s
✷✵ ❞❡r♥✐èr❡s ❛♥♥é❡s✳ P❛r♠✐ ❡❧❧❡s✱ ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ ❝❧✉st❡r ✭❙✇❡♥❞s❡♥ ❛♥❞ ❲❛♥❣✱ ✮✱ ❧❛
♠ét❤♦❞❡ ❞✉ r❡❝✉✐t s✐♠✉❧é ✭❇❡r❣s ❛♥❞ ◆❡✉❤❛✉s✱ ✮✱ ✳✳✳ ❈♦♠♠❡ ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡
♣❤❛s❡ ♥✬❡st ♣❛s ❜✐❡♥ ❞é✜♥✐❡ ❞❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ✉♥❡ ♠ét❤♦❞❡ ré❝❡♥t❡✱ ❞✉❡ à
❲❛♥❣✲▲❛♥❞❛✉✱ ❜❛sé❡ s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ❞❡♥s✐té ❞✬ét❛ts g(E)✳

❊♥ ❡✛❡t✱ ✉♥❡ ❢♦✐s ❝❡tt❡ q✉❛♥t✐té ♦❜t❡♥✉❡✱ ❧❡s q✉❛♥t✐tés t❤❡r♠♦❞②♥❛♠✐q✉❡s ♣❡✉✈❡♥t êtr❡
❢❛❝✐❧❡♠❡♥t ♦❜t❡♥✉❡s s❡❧♦♥ ❧❛ ❢♦r♠✉❧❡

〈A〉(T ) =

∫

E
〈A〉Eg(E)e−E/kBTdE ✭❇✳✻✮

♦ù 〈A〉E ❡st ❧❛ ♠♦②❡♥♥❡ ❞❡ A s✉r ❧❡s ét❛ts ❞✬é♥❡r❣✐❡ E ❡t g(E) ❧❛ ❞❡♥s✐té ❞✬ét❛t ♣♦✉r E✳
❈♦♥♥❛✐ss❛♥t 〈A〉E ❡t g(E)✱ ♦♥ ❝♦♥♥❛ît ❛❧♦rs 〈A〉T ♣♦✉r t♦✉t❡ t❡♠♣ér❛t✉r❡ T ✳ ▲❛ ♠ét❤♦❞❡
❲❛♥❣✲▲❛♥❞❛✉ ♥♦✉s ♣❡r♠❡t ❞✬❛❝❝é❞❡r à ❝❡s q✉❛♥t✐tés ❡♥ ✉♥❡ s❡✉❧❡ s✐♠✉❧❛t✐♦♥✳ ❉❡ ♣❧✉s✱ ♥♦✉s
♥✬❛✈♦♥s ♥✐ ❧❡ ♣r♦❜❧è♠❡ ❞✉ r❛❧❡♥t✐ss❡♠❡♥t ♣♦✉r ✉♥❡ tr❛♥s✐t✐♦♥ ❞✉ s❡❝♦♥❞ ♦r❞r❡✱ ♥✐ ❧✬❡✛❡t
❞✬❤②stérés✐s ♣♦✉r ✉♥❡ tr❛♥s✐t✐♦♥ ❞✉ ♣r❡♠✐❡r ♦r❞r❡✳

✶✳✷ ▲✬❛❧❣♦r✐t❤♠❡ ❞❡ ❲❛♥❣✲▲❛♥❞❛✉

❙✐ ❧✬♦♥ ré❛❧✐s❡ ✉♥❡ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ à t❡♠♣ér❛t✉r❡ ✜♥✐❡ T ✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬♦❜t❡♥✐r
❧✬é♥❡r❣✐❡ E ❡st ♣r♦♣♦rt✐♦♥❡❧❧❡ à g(E)e−E/kBT ✳ ◗✉❛♥❞ T → ∞✱ ❝✬❡st ♣r♦♣♦rt✐♦♥♥❡❧ à g(E)✳
▼❛✐s ✉♥❡ t❡❧❧❡ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ ♥✬❡st ♣❛s ré❛❧✐s❛❜❧❡ ❝❛r ❧✬ét❛❧❡♠❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ g(E) ❡st
❣r❛♥❞ ✿ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛✈♦✐r ✉♥❡ é♥❡r❣✐❡ ♦ù g(E) ❡st ❣r❛♥❞ ❡st ❣r❛♥❞❡ ❡t ❧❛ ♣ré❝✐s✐♦♥ s✉r
g(E) s❡r❛ ❡①❝❡❧❧❡♥t❡✳ ▼❛✐s ❞✬✉♥ ❛✉tr❡ ❝ôté✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛✈♦✐r ✉♥❡ é♥❡r❣✐❡ ♣♦✉r ❧❛q✉❡❧❧❡
g(E) ❡st ❢❛✐❜❧❡ ❡st ❢❛✐❜❧❡ ❡t ❧✬❡rr❡✉r s✉r g(E) s❡r❛ ❣r❛♥❞❡✳ P♦✉r ❛✈♦✐r ✉♥❡ ❜♦♥♥❡ ❞✐str✐❜✉t✐♦♥
❧à ♦ù g(E) ❡st ♣❡t✐t✱ ♦♥ ❛✉r❛✐t ❜❡s♦✐♥ ❞✬✉♥ ♥♦♠❜r❡ ❞❡ ♣❛s é♥♦r♠❡✳

▲❛ s♦❧✉t✐♦♥ ❡st ❞✬é❝❤❛♥t✐❧❧♦♥♥❡r ✉♥✐❢♦r♠é♠❡♥t ❡♥ é♥❡r❣✐❡✳ ❙✐ ❧✬♦♥ ❛❝❝❡♣t❡ ✉♥❡ ❝♦♥✜❣✉r❛✲
t✐♦♥ ❞✬é♥❡r❣✐❡ E ❛✈❡❝ ✉♥❡ ♣r♦❜❛❜✐❧✐té ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à 1/g(E)✱ ❛❧♦rs ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛✈♦✐r
❧✬é♥❡r❣✐❡ E ❞❡✈✐❡♥t ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ E✳ ▲❛ ♠ét❤♦❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ❝♦♥s✐st❡ à tr♦✉✈❡r ♣❛r
❛♣♣r♦①✐♠❛t✐♦♥ s✉❝❝❡ss✐✈❡ ✉♥❡ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té q✉✐ ❞♦♥♥❡ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ✉♥✐❢♦r♠❡ ❡♥
é♥❡r❣✐❡ ❧♦rs ❞✬✉♥❡ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡✳ ✭ ❬✶✵✼❪✱ ❬✶✵✻❪✮ ▲♦rs ❞❡ ❧❛ s✐♠✉❧❛t✐♦♥✱ ❧✬é♥❡r❣✐❡ ❡st ❞✐s✲
❝r❡t✐sé❡ ✿ E ∈ {Ej = Edown + j∆E, j = 0..NE}✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❢♦✐s ♦ù ❝❤❛q✉❡ é♥❡r❣✐❡ ❡st

✶✹✽ ✶✳ ▲❆ ▼➱❚❍❖❉❊ ❲❆◆●✲▲❆◆❉❆❯
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❋✐❣✳ ❇✳✶ ✕ ❙✐♠♣❧❡①❡s à ✉♥❡✱ ❞❡✉① ❡t tr♦✐s ❞✐♠❡♥s✐♦♥s✳

❛tt❡✐♥t❡ ❡st st♦❝❦é❡ ❞❛♥s ✉♥ ❤✐st♦❣r❛♠♠❡ ❡t ✉♥❡ ❢♦♥❝t✐♦♥ sg(E) ✭❧❡ g(E) s✉♣♣♦sé✱ ♣r✐s
❝♦♥st❛♥t ❛✉ ❞é♣❛rt✮ ❡st ♠♦❞✐✜é ❥✉sq✉✬à ♦❜t❡♥✐r ✉♥ ❤✐st♦❣r❛♠♠❡ ♣❧❛t✳

❆ ❝❤❛q✉❡ ❢♦✐s q✉✬✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡st ❛❝❝❡♣té❡✱ sg(E) ❡st ♠✉❧t✐♣❧✐é ♣❛r ✉♥ ❢❛❝t❡✉r ❞❡
♠♦❞✐✜❝❛t✐♦♥ f ✭f > 1✮✱ ♦ù E ❡st ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t✳ ❖♥ ❛ ❛❧♦rs ❢❛✐t ✉♥ ♣❛s ❞❡ ❧❛ ♠❛r❝❤❡
❛❧é❛t♦✐r❡✳ ❖♥ ❛❝❝❡♣t❡ ❧❡ ♠♦✉✈❡♠❡♥t ❛✈❡❝ ❧❛ ♣r♦❜❛❜✐❧✐té

min

(
sg(E)

sg(Enew)
, 1

)
✭❇✳✼✮

✭s❡❧♦♥ ❧❡ ❝r✐tèr❡ ❞❡ ▼étr♦♣♦❧✐s✮✳ ❙✐ ❧❡ ♠♦✉✈❡♠❡♥t ❡st ❛❝❝❡♣té✱ ♦♥ ♠✉❧t✐♣❧✐❡ sg(Enew) ♣❛r f ✱
s✐♥♦♥✱ ♦♥ ❧❡ ❢❛✐t ❞❡ ♥♦✉✈❡❛✉ à sg(E)✱ ♣♦✉r r❡s♣❡❝t❡r ❧❡ ❜✐❧❛♥ ❞ét❛✐❧❧é✳

▲♦rsq✉❡ ❧✬❤✐st♦❣r❛♠♠❡ ❡st ✧♣❧❛t✧ ✭❧♦rsq✉❡ t♦✉t❡s ❧❡s ❝♦❧♦♥♥❡s s♦♥t ♣❧✉s ❣r❛♥❞❡s q✉✬✉♥
♣♦✉r❝❡♥t❛❣❡ ❛r❜✐tr❛✐r❡ ❞❡ ❧❡✉r ✈❛❧❡✉r ♠♦②❡♥♥❡✱ ♣❛r ❡①❡♠♣❧❡ ✽✵ ✪✮✱ ♦♥ ❞✐♠✐♥✉❡ ❧❡ ❢❛❝t❡✉r ❞❡
♠♦❞✐✜❝❛t✐♦♥ ✭♣❛r ❡①❡♠♣❧❡✱ f → √

f✮✱ ♦♥ ❡✛❛❝❡ ❧✬❤✐st♦❣r❛♠♠❡ ❡t ♦♥ r❡❝♦♠♠❡♥❝❡✱ ❥✉sq✉✬à
❝❡ q✉❡ f s♦✐t ❛ss❡③ ♣r♦❝❤❡ ❞❡ 1✳ ❊♥ ❢❛✐s❛♥t ❛✐♥s✐✱ sg(E) ❝♦♥✈❡r❣❡ ✈❡rs g(E)✳ ❯♥❡ ❢♦✐s ❧❡
sg(E) ♦❜t❡♥✉ s❛t✐s❢❛✐s❛♥t✱ ♦♥ ♣❡✉t ❝❛❧❝✉❧❡r ❧❛ ♠♦②❡♥♥❡ ❞❡ q✉❛♥t✐tés ❝♦♠♠❡ ❧❛ ❝❤✐r❛❧✐té ❡t ❧❛
✈♦rt✐❝✐té✱ ♣♦✉r ❝❤❛q✉❡ é♥❡r❣✐❡✱ ♣❡♥❞❛♥t ✉♥❡ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ ♣r♦❞✉✐s❛♥t ✉♥ ❤✐st♦❣r❛♠♠❡
♣❧❛t✳

❖♥ ♣❡✉t ❡♥s✉✐t❡ ❝❛❧❝✉❧❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❝❤✐r❛❧✐té C ❛✈❡❝ ❧❛
t❡♠♣ér❛t✉r❡✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬é♥❡r❣✐❡ à ✉♥❡ t❡♠♣ér❛t✉r❡ ❞♦♥♥é❡ P (E, T )✱ ✳✳✳ ✿

Z(T ) =
∑

E

g(E)eE/kBT∆E ✭❇✳✽✮

〈C〉(T ) =
1

Z(T )

∑

E

g(E)〈C〉EeE/kBT∆E ✭❇✳✾✮

P (E, T ) =
1

Z(T )
g(E)eE/kBT∆E ✭❇✳✶✵✮

✷ ▲❛ ♠ét❤♦❞❡ ◆❡❧❞❡r✲▼❡❛❞

✷✳✶ ◗✉❡❧q✉❡s ❞é✜♥✐t✐♦♥s

P♦❧②t♦♣❡ ❯♥ ♣♦❧②t♦♣❡ ❡♥ ✷❉ ❡st ✉♥ ♣♦❧②❣♦♥❡✱ ❡♥ ✸❉✱ ❝✬❡st ✉♥ ♣♦❧②è❞r❡✳✳✳ ❡♥ ❞✐♠❡♥s✐♦♥
q✉❡❧❝♦♥q✉❡✱ ❝✬❡st ✉♥ ♣♦❧②t♦♣❡✳

❙✐♠♣❧❡①❡ ❯♥ s✐♠♣❧❡①❡ ❡st ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡①❡ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞❡ n + 1 ♣♦✐♥ts ❢♦r♠❛♥t
✉♥ r❡♣èr❡ ❛✣♥❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ❊♥ ❞✐♠❡♥s✐♦♥ 1✱ ✉♥ s✐♠♣❧❡①❡
❡st ✉♥ s❡❣♠❡♥t ❞❡ ❧♦♥❣✉❡✉r ♥♦♥ ♥✉❧❧❡✳ ❊♥ ❞✐♠❡♥s✐♦♥ 2✱ ❝✬❡st ✉♥ tr✐❛♥❣❧❡ ♥♦♥ tr✐✈✐❛❧✳ ❊♥
❞✐♠❡♥s✐♦♥ 4✱ ❝✬❡st ✉♥ tétr❛è❞r❡ ✭✈♦✐r ❋✐❣✳❇✳✶✮✱ ✳✳✳ ❊♥ ❞✐♠❡♥s✐♦♥ n✱ ❝✬❡st ✉♥ ♣♦❧②t♦♣❡ à n+1
♣♦✐♥ts✳

✷✳✷ ▲❛ ♠ét❤♦❞❡

■♥✈❡♥té❡ ❡♥ ✶✾✻✺✱ ❡❧❧❡ s❡rt à ♠✐♥✐♠✐s❡r ✉♥❡ ❢♦♥❝t✐♦♥ f ❞❛♥s ✉♥ ❡s♣❛❝❡ à N ❞✐♠❡♥s✐♦♥s✳
❊❧❧❡ ❡st ✐♥❢❛✐❧❧✐❜❧❡ ♣♦✉r ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥✈❡①❡✳

✷✳ ▲❆ ▼➱❚❍❖❉❊ ◆❊▲❉❊❘✲▼❊❆❉ ✶✹✾
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x
K1 0 1 2 3 4

y

K1.0

K0.8

K0.6

K0.4

K0.2

0.0

0.2

❋✐❣✳ ❇✳✷ ✕ ❊①❡♠♣❧❡ ❞❡ tr❛❥❡❝t♦✐r❡ ❞✬✉♥ s✐♠♣❧❡① ❡♥ ✷❉✳ ▲❡s ❧✐❣♥❡s r♦✉❣❡s✲♦r❛♥❣❡s s♦♥t ❞❡s
❝♦✉r❜❡s ❞❡ ♥✐✈❡❛✉✳

❖♥ ❞é♠❛rr❡ ❛✈❡❝ ✉♥ s✐♠♣❧❡①❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ✐♥❝♦♥♥✉❡s✳ ❙♦✐t xM ❧❡ ❝♦✐♥ ♦ù ❧❛ ❢♦♥❝t✐♦♥
❡st ♠❛①✐♠❛❧❡✱ x0 ❧❡ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té ❞❡ t♦✉s ❧❡s ♣♦✐♥ts s❛✉❢ xM ✳ ❖♥ ❝❤❡r❝❤❡ à r❡♠♣❧❛❝❡r
xM ♣❛r ✉♥ ❛✉tr❡ ♣♦✐♥t✳ P❧✉s✐❡✉rs ♦♣ér❛t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s ♣♦✉r ♦❜t❡♥✐r ❧❡ ♣♦✐♥t ❞❡ r❡♠✲
♣❧❛❝❡♠❡♥t ✿

✕ ❧❛ ré✢❡①✐♦♥ ❞❡ xM ♣❛r r❛♣♣♦rt à ❧✬❤②♣❡r♣❧❛♥ ❞é✜♥✐ ♣❛r ❧❛ ❢❛❝❡ ♦♣♣♦sé❡ ❞✉ s✐♠♣❧❡①❡
✭❝❡❧❧❡ ♣❛ss❛♥t ♣❛r t♦✉s ❧❡s ♣♦✐♥ts ❛✉tr❡s q✉❡ xM ✮ q✉✐ ❞♦♥♥❡ ❧❡ ♣♦✐♥t 2x0 − xM ✱

✕ ❧✬❤♦♠♦t❤ét✐❡ ❞❡ r❛♣♣♦rt −2 ❡t ❞❡ ❝❡♥tr❡ x0 q✉✐ ❞♦♥♥❡ ❧❡ ♣♦✐♥t 3x0 − 2xM ✱
❙✐ ♦♥ t♦✉r♥❡ ❡♥ ❜♦✉❝❧❡ ✭ré✢❡①✐♦♥ ❞✉ ♠ê♠❡ ♣♦✐♥t à ré♣ét✐t✐♦♥✮✱ ♦♥ ❡st ❞❛♥s ✉♥❡ ✈❛❧❧é❡✱ ❡t
♦♥ ré❞✉✐t ❧❡ s✐♠♣❧❡① ♣❛r ✉♥❡ s✐♠✐❧✐t✉❞❡ ❝❡♥tré❡ s✉r ❧❡ ♣♦✐♥t ❞✉ s✐♠♣❧❡①❡ ♦ù ❧❛ ❢♦♥❝t✐♦♥
❡st ♠✐♥✐♠❛❧❡✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ tr❛❥❡❝t♦✐r❡ ❞❛♥s ✉♥ ❡s♣❛❝❡ à ❞❡✉① ❞✐♠❡♥s✐♦♥s ❡st r❡♣rés❡♥té
❋✐❣✳❇✳✷✳ ▲❡ s✐♠♣❧❡①❡ ✭✉♥ tr✐❛♥❣❧❡✮ s✉❜✐t ❞❡s r✬❡✢❡①✐♦♥s✱ ❞❡s ét✐r❡♠❡♥ts ❡t ❞❡s ❝♦♥tr❛❝t✐♦♥s
✈❡rs ❧❛ ✜♥ ❞❡ ❧❛ tr❛❥❡❝t♦✐r❡✱ ♦ù ✐❧ ❡st t♦♠❜é ✈❡rs ❧❡ ♠✐♥✐♠✉♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥✳

✷✳✸ ▲✬❛❧❣♦r✐t❤♠❡

■❧ ❡st ❞é❝r✐t ❋✐❣✳❇✳✸✳

✶✺✵ ✷✳ ▲❆ ▼➱❚❍❖❉❊ ◆❊▲❉❊❘✲▼❊❆❉
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❈❤♦✐① ❞❡ N + 1 ♣♦✐♥ts ❞❡ ❧✬❡s♣❛❝❡ à
N ❞✐♠❡♥s✐♦♥s✱ ❢♦r♠❛♥t ✉♥ s✐♠♣❧❡①❡ ✿

{x1, x2, ..., xN+1}

❈❛❧❝✉❧ ❞❡ {f(x1), f(x2), ..., f(xN+1)},

❘é✐♥❞❡①❛t✐♦♥ ❞❡s
♣♦✐♥ts ❞❡ ❢❛ç♦♥ à ❛✈♦✐r

f(x1) ≤ f(x2) ≤ ... ≤ f(xN+1)

❈❛❧❝✉❧ ❞❡ x0✱ ❝❡♥tr❡ ❞❡ ❣r❛✈✐té ❞❡ {x1, x2, ..., xN}
❈❛❧❝✉❧ ❞❡ xr = x0 + (x0 − xN+1)
✭ré✢❡①✐♦♥ ❞❡ xN+1 ♣❛r r❛♣♣♦rt à x0✮

❈❛❧❝✉❧ ❞❡
xe = 3x0 − 2xN+1

❡t ❞❡ fe = f(xe)
✭ét✐r❡♠❡♥t

❞✉ s✐♠♣❧❡①❡✮

❈❛❧❝✉❧ ❞❡
xc = xN+1+

x0−xN+1

2
✭❝♦♥tr❛❝t✐♦♥
❞✉ s✐♠♣❧❡①❡✮

❈♦♥tr❛❝t✐♦♥
❣❧♦❜❛❧❡

❘❡♠♣❧❛❝❡♠❡♥t
❞❡ xN+1 ♣❛r xe

❘❡♠♣❧❛❝❡♠❡♥t
❞❡ xN+1 ♣❛r xr

❘❡♠♣❧❛❝❡♠❡♥t
❞❡ xN+1 ♣❛r xc

❆✲t✬♦♥ ❛tt❡✐♥t ❧❛
♣ré❝✐s✐♦♥ ✈♦✉❧✉❡ ❄

❙✐ f(xr) < f(x1)

❙✐ f(xN ) < f(xr) ❙✐ f(xN ) ≥ f(xr) ≥ f(x1)

> f(xr)

❙✐ f(xc)

❙✐ f(xc) ≤ f(xr)❙✐ f(xe) < f(xr) ❙✐ f(xe) ≥ f(xr)

♥♦♥
♦✉✐

❋✐❣✳ ❇✳✸ ✕ ❉❡s❝r✐♣t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞✉ s✐♠♣❧❡①✳

✷✳ ▲❆ ▼➱❚❍❖❉❊ ◆❊▲❉❊❘✲▼❊❆❉ ✶✺✶
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✶✺✷ ✷✳ ▲❆ ▼➱❚❍❖❉❊ ◆❊▲❉❊❘✲▼❊❆❉



❆♥♥❡①❡ ❈

▲❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥ ❝❤❛♠♣

♠♦②❡♥

✶ ❘é❣❧❛❣❡ ❞❡s λi✱ ❡✣❝❛❝✐té ❞✉ s✐♠♣❧❡①❡

✶✳✶ ❯♥✐❝✐té ❞❡s λi r❡s♣❡❝t❛♥t ❧❛ ❝♦♥tr❛✐♥t❡

❙♦✐t H ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❞✬♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s ❝♦♠♣r❡♥❛♥t ❧❡ t❡r♠❡

−
∑

i

λi(n̂i − κ). ✭❈✳✶✮

♣❡r♠❡tt❛♥t ❞✬❛❥✉st❡r ❧❡ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❜♦s♦♥s s✉r ❝❤❛q✉❡ s✐t❡ i ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❣râ❝❡
❛✉① ♠✉❧t✐♣❧✐❝❛t❡✉rs ❞❡ ▲❛❣r❛♥❣❡ λi✳

❙✐ ❝❡ ❍❛♠✐❧t♦♥✐❡♥ ♣♦ssè❞❡ ❞✬❛✉tr❡s ♣❛r❛♠ètr❡s q✉❡ ❧❡s λi ✭♣❛r ❡①❡♠♣❧❡ ❞❡s ♣❛r❛♠ètr❡s
❞❡ ❧✐❡♥ Aij ♦✉ Bij✮✱ ♦♥ ❧❡s ♣r❡♥❞ ✜①és ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥✳ ▲✬é♥❡r❣✐❡ E0 ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ H
♥✬❡st ❞♦♥❝ ✉♥❡ ❢♦♥❝t✐♦♥ q✉❡ ❞❡s λi ✿ E0({λi})✳ ❖♥ ❝❤❡r❝❤❡ ❧❡s λi q✉✐ ✈ér✐✜❡♥t ❧❛ ❝♦♥tr❛✐♥t❡✱
❝✬❡st à ❞✐r❡ ❝❡✉① ♣♦✉r ❧❡sq✉❡❧s ❧❛ ❞ér✐✈é❡ ❞❡ E0 ♣❛r r❛♣♣♦rt à ❝❤❛❝✉♥ ❞❡s λi ❡st ♥✉❧❧❡ ✿

∀k, ∂E0({λi})
∂λk

. ✭❈✳✷✮

◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r q✉❡ s✬✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥✱ ❡❧❧❡ ❡st ✉♥✐q✉❡ ❡t ❝♦rr❡s♣♦♥❞ à ✉♥ ♠❛①✐♠✉♠
❞❡ ❧❛ ❢♦♥❝t✐♦♥ E0({λi})✳ P♦✉r ❝❡❧à✱ ✐❧ ❡st s✉✣s❛♥t ❞❡ ♠♦♥tr❡r q✉❡ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❝♦♥❝❛✈❡
❛✉① ♣♦✐♥ts ❞❡ ❞ér✐✈é❡ ♥✉❧❧❡ ❡♥ λi✱ ❝❡ s❡ ♠♦♥tr❡ ❢❛❝✐❧❡♠❡♥t ❣râ❝❡ à ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥
♣❡rt✉r❜❛t✐♦♥ ❛✉t♦✉r ❞✬✉♥ ❞❡ ❝❡s ♣♦✐♥ts ❞❡ ❞ér✐✈é❡ ♥✉❧❧❡ ✿

Hδ = H − α
∑

i

δλi(ni − κ) ✭❈✳✸✮

= H + αV. ✭❈✳✹✮

❙♦✐t |φ〉 ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ Hδ ✭q✉❡ ❧✬♦♥ s✉♣♣♦s❡ ♥♦♥ ❞é❣é♥éré✮ ❛ss♦❝✐é à ❧✬é♥❡r❣✐❡
E✳ ❖♥ ♣❡✉t ❡①♣r✐♠❡r |φ〉 ❡t E ❝♦♠♠❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧✐♠✐té ❡♥ α ✿

|φ〉 = |φ0〉 + α|φ1〉 + α2|φ2〉 +O(α3) ✭❈✳✺✮

E = E0 + αE1 + α2E2 +O(α3) ✭❈✳✻✮

❊♥ ré✐♥❥❡❝t❛♥t ❝❡s ❡①♣r❡ss✐♦♥s ❞❛♥s ❈✳✹ ❡t ❡♥ sé♣❛r❛♥t ❧❡s ❞✐✛ér❡♥ts ♦r❞r❡s✱ ♦♥ ♦❜t✐❡♥t ✿





H0|φ0〉 = E0|φ0〉
H0|φ1〉 + V |φ0〉 = E0|φ1〉 + E1|φ0〉
H0|φ2〉 + V |φ1〉 = E0|φ2〉 + E1|φ1〉 + E2|φ0〉

✭❈✳✼✮

✶✺✸
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❊♥ ♠✉❧t✐♣❧✐❛♥t ❝❡s é❣❛❧✐tés à ❣❛✉❝❤❡ ♣❛r 〈φ0| ♦✉ ♣❛r ✉♥ é❧é♠❡♥t ❞✬✉♥❡ ❜❛s❡ ❞❡ ✈❡❝t❡✉rs
♣r♦♣r❡s ❞❡ H0 ✿ 〈φi0|✱ ❛ss♦❝✐és ❛✉① é♥❡r❣✐❡s ♣r♦♣r❡s Ei 6= E0✱ ♦♥ ♦❜t✐❡♥t ✿

E1 = 〈φ0|V |φ0〉 ✭❈✳✽✮

|φ1〉 =
∑

i

〈φi0|V |φ0〉
E0 − Ei

|φi0〉 ✭❈✳✾✮

E2 =
∑

i

|〈φi0|V |φ0〉|2
E0 − Ei

. ✭❈✳✶✵✮

E2 ≤ 0✱ ❞♦♥❝✱ ❧✬é♥❡r❣✐❡ ❡st ❝♦♥❝❛✈❡ ✭s❛✉❢ ❝❛s ♣❛rt✐❝✉❧✐❡r ♦ù ❝❡tt❡ ✈❛❧❡✉r ❡st ♥✉❧❧❡✱ ❝❡ q✉✐ s❡
♣r♦❞✉✐t s✐ |φ0〉 ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞❡ V ✮✳ ▲❡ ♣♦✐♥t ♦ù ❧❛ ❞ér✐✈é❡ s✬❛♥♥✉❧❡ ❡st ❞♦♥❝ ✉♥
♠❛①✐♠✉♠ ❞❡ ❧✬é♥❡r❣✐❡✳ ❙✬✐❧ ❡①✐st❡✱ ✐❧ ❡st ❞♦♥❝ ✉♥✐q✉❡ ✭♣r❡✉✈❡ ♣❛r ❧✬❛❜s✉r❞❡ ✿ s✬✐❧ ❡♥ ❡①✐st❡
❞❡✉①✱ ✐❧ ② ❛ ✉♥ ♣♦✐♥t ❡♥tr❡ ❧❡s ❞❡✉① ♦ù ❧✬é♥❡r❣✐❡ ❡st ♠✐♥✐♠❛❧❡ ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ❞❡ ❧✬❡s♣❛❝❡
❞❡s λi✱ ❞♦♥❝✱ ♥♦♥ ❝♦♥❝❛✈❡✮✳

✶✳✷ ▼ét❤♦❞❡ ♥✉♠ér✐q✉❡ ❞❡ rés♦❧✉t✐♦♥

❯♥❡ ♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ♣♦ss✐❜❧❡ ❡st ❝❡❧❧❡ ❞✉ s✐♠♣❧❡①❡
✭♦✉ ♠ét❤♦❞❡ ❞❡ ◆❡❧❞❡r✲▼❡❛❞✮✳ P♦✉r ❧✬❛❥✉st❡♠❡♥t ❞❡s λi✱ ✐❧ s❡ tr♦✉✈❡ q✉❡ ❝❡tt❡ ♠ét❤♦❞❡
❡st ♣❛rt✐❝✉❧✐�r❡♠❡♥t ❛♣♣r♦♣r✐é❡✳ ❊♥ ❡✛❡t✱ ❧❡ s✐♠♣❧❡①❡ tr♦✉✈❡ t♦✉❥♦✉rs ❧❡ ♠❛①✐♠✉♠ ❞✬✉♥❡
❢♦♥❝t✐♦♥ ❧♦rsq✉❡

✕ ❧❛ ❢♦♥❝t✐♦♥ ❡st ❝♦♥❝❛✈❡✱
✕ ❡t ❧❡ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡ ❡st ❝♦♥✈❡①❡✳

▲❡ rô❧❡ ❞❡ ❧❛ ❞❡✉①✐è♠❡ ❝♦♥❞✐t✐♦♥ ❡st q✉❡ ❧❡ s✐♠♣❧❡①❡ ♥❡ r❡st❡ ♣❛s ❝♦✐♥❝é à ♣r♦①✐♠✐té ❞✬✉♥❡
❢r♦♥t✐èr❡ ♦ù s❡ tr♦✉✈❡ ❜✐❡♥ ✉♥ ♠❛①✐♠✉♠ ❧♦❝❛❧✱ ♠❛✐s ♦ù ❧❡s ❞ér✐✈é❡s ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ♥❡ s♦♥t
♣❛s ♥✉❧❧❡s✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ❧❡ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡ ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s λi ♣♦✉r ❧❡sq✉❡❧s
❧❡s é♥❡r❣✐❡s ♣r♦♣r❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ s♦♥t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✳ Pr❡♥♦♥s ❞❡✉① ♣♦✐♥ts ❞❡ ❝❡t
❡s♣❛❝❡✳ ❊♥ ❝❡s ♣♦✐♥ts✱ ❧❡s ❍❛♠✐❧t♦♥✐❡♥s ♥✬♦♥t q✉❡ ❞❡s é♥❡r❣✐❡s ♣r♦♣r❡s str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✳
❈❡ s♦♥t ❞♦♥❝ ❞❡✉① ❢♦r♠❡s q✉❛❞r❛t✐q✉❡s str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡s✳ ▲❡s ♣♦✐♥ts ❞❡ ❧❛ ❞r♦✐t❡ ❧❡s
r❡❧✐❛♥t ❝♦rr❡s♣♦♥❞❡♥t ❞♦♥❝ à ❞❡s ❍❛♠✐❧t♦♥✐❡♥s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s à ❝♦❡✣❝✐❡♥ts ♣♦s✐t✐❢s
❞❡ ❝❡s ❞❡✉① ❢♦r♠❡s q✉❛❞r❛t✐q✉❡s✱ q✉✐ ♣♦ssè❞❡♥t ❞♦♥❝ ❛✉ss✐ ❞❡s é♥❡r❣✐❡s ♣r♦♣r❡s str✐❝t❡♠❡♥t
♣♦s✐t✐✈❡s✳ ❈❡s ♣♦✐♥ts ❢♦♥t ❞♦♥❝ ♣❛rt✐❡ ❞✉ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡✳ ◆♦✉s ❛✈♦♥s ♣r♦✉✈é q✉✬✐❧
ét❛✐t ❝♦♥✈❡①❡✳

❊♥ ❝♦♥❝❧✉s✐♦♥✱ ❧♦rsq✉❡ ❧❡s λi ❛❥✉st❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ❡①✐st❡♥t✱ ❧❡ s✐♠♣❧❡①❡ ❡st ✉♥❡
♠ét❤♦❞❡ ♥✉♠ér✐q✉❡ ❛❞❛♣té❡✱ q✉✐ ✈❛ t♦✉❥♦✉rs ❝♦♥✈❡r❣❡r ✈❡rs ❧❛ s♦❧✉t✐♦♥ r❡❝❤❡r❝❤é❡✳

✷ ❘é❣❧❛❣❡ ❞❡s Aij ❡t Bij

✷✳✶ ❈♦♥séq✉❡♥❝❡ ❞❡ ❧✬❛✉t♦❝♦❤ér❡♥❝❡ s✉r ❧❡s ❞ér✐✈é❡s ❞❡ ❧✬é♥❡r❣✐❡

❖♥ ❛ ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ❝♦♠♠❡♥t ❛❥✉st❡r ❧❡s λi✳ ❖♥ ❧❡s ❝♦♥s✐❞èr❡ à ♣rés❡♥t
❝♦♠♠❡ ❞❡s ❢♦♥❝t✐♦♥s ❞❡s Aij ❡t Bij ✳ ▲❡ ❍❛♠✐❧t♦♥✐❡♥ ♥✬❛ ❞♦♥❝ ♣❧✉s ❝♦♠♠❡ ♣❛r❛♠ètr❡s q✉❡
❝❡s Aij ❡t Bij ✳

❙♦✐t E0({Aij}, {Bij}) ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ |0̃〉 ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥
HMF ✳ ◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r q✉❡ ♣♦✉r ❛✈♦✐r ❧✬❛✉t♦❝♦❤ér❡♥❝❡ ✭Aij ❡t Bij é❣❛✉① ❛✉① ✈❛❧❡✉rs
♠♦②❡♥♥❡s ❞❡s ♦♣ér❛t❡✉rs Âij ❡t B̂ij ❞❛♥s ❧✬ét❛t |0̃〉✮✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❡t s✉✣s❛♥t q✉❡ ❧❡s
❞ér✐✈é❡s ❞❡ E0 ♣❛r r❛♣♣♦rt à ❝❡s ✈❛r✐❛❜❧❡s s♦✐❡♥t ♥✉❧❧❡s✳

∂E0

∂Aij
=

∂(〈0̃|HMF |0̃〉)
∂Aij

✭❈✳✶✶✮

=
∂〈0̃|
∂Aij

HMF |0̃〉 + 〈0̃|∂HMF

∂Aij
|0̃〉 + 〈0̃|HMF

∂|0̃〉
∂Aij

. ✭❈✳✶✷✮

✶✺✹ ✷✳ ❘➱●▲❆●❊ ❉❊❙ AIJ ❊❚ BIJ
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▲❛ ❝♦♥tr❛✐♥t❡ s✉r ❧❛ ♥♦r♠❡ ❞❡ ❧✬ét❛t |0̃〉 ✐♠♣❧✐q✉❡ q✉❡ ∂〈0̃|
dAij

|0̃〉 ❡st ✐♠❛❣✐♥❛✐r❡ ♣✉r✳

⇒ ∂E0

∂Aij
= 〈0̃|∂HMF

∂Aij
|0̃〉. ✭❈✳✶✸✮

❖r✱ ❞✬❛♣rès ❧✬❊q✳✷✳✸✹✱ ∂HMF

∂Aij
❞♦♥♥❡ ✉♥ t❡r♠❡ ♣r♦♣♦rt✐♦♥♥❡❧ à A∗

ij − Â†
ij ♣❧✉s ❧❡ t❡r♠❡

∑
l
∂λl

∂Aij
(n̂l − κ)✳ ▲❛ ♠♦②❡♥♥❡ ❞❡ ❝❡ ❞❡r♥✐❡r t❡r♠❡ ❞❛♥s ❧✬ét❛t |0̃〉 ❡st ♥✉❧❧❡ ❧♦rsq✉❡ ❧❛ ❝♦♥✲

tr❛✐♥t❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❡st r❡s♣❡❝té❡✳
❖♥ ❛ ❞♦♥❝ ♠♦♥tré q✉✬❛✉① ♣♦✐♥ts ❛✉t♦❝♦❤ér❡♥ts✱ ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧ ❡st ✉♥ ♣♦✐♥t

♦ù t♦✉t❡s ❧❡s ❞ér✐✈é❡s ♣❛r r❛♣♣♦rt ❛✉① ♣❛r❛♠ètr❡s s✬❛♥♥✉❧❡♥t✳ P♦✉r ❛♣♣❧✐q✉❡r ❝❡tt❡ ❝♦♥✲
st❛t❛t✐♦♥✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r à ♥♦✉✈❡❛✉ ❧❛ ♠ét❤♦❞❡ ❞❡ ◆❡❧❞❡r✲▼❡❛❞✳ ❈❡tt❡ ❢♦✐s ❝✐✱ ♦♥ ♥✬❛
♣❛s ❞✬❛r❣✉♠❡♥t ❞✐s❛♥t q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ ❡st ❛❞❛♣té❡✳ ▲❡ ♣❛②s❛❣❡ é♥❡r❣ét✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥
❞❡s Aij ❡t Bij ♣❡✉t êtr❡ très ❝♦♠♣❧✐q✉é✱ ❡t ♣♦ssé❞❡r ❞❡ ♠✉❧t✐♣❧❡s ♣♦✐♥ts ❛✉t♦❝♦❤ér❡♥ts✳ ▲❡
s✐♠♣❧❡①❡ ♥♦✉s ♦❜❧✐❣❡ à ♥♦✉s ❧✐♠✐t❡r ❛✉① ❡①tré♠❛s ✭❡♥ ❢❛✐t✱ ♦♥ s✬❡st ♠ê♠❡ ❧✐♠✐té ❡♥ ♣r❛t✐q✉❡
❛✉① ♠✐♥✐♠❛✮✳

✷✳✷ ❇♦r♥❡ s✉♣ér✐❡✉r❡ ❛✉ ♠♦❞✉❧❡ ❞❡s Aij ❡t Bij

P♦✉r t♦✉t ❧✐❡♥ ij✱ ❧❛ ♣❤❛s❡ ❞❡ Aij ♣❡✉t êtr❡ q✉❡❧❝♦♥q✉❡✱ ♣✉✐sq✉✬♦♥ ♣❡✉t ❧❛ ♠♦❞✐✜❡r ♣❛r
✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❥❛✉❣❡✳ P❛r ❝♦♥tr❡✱ s♦♥ ♠♦❞✉❧❡ ❡st ✐♥✈❛r✐❛♥t ❞❡ ❥❛✉❣❡ ❡t ❛ ❞♦♥❝ ✉♥❡
s✐❣♥✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡✳ P♦✉r ❧✬❛❥✉st❡r ♣❛r ❛✉t♦❝♦❤ér❡♥❝❡✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ ❝♦♥♥❛îtr❡ s❡s ❜♦r♥❡s✱
❝❡ q✉✐ r❡str❡✐♥t ❧❡ ❞♦♠❛✐♥❡ à ❡①♣❧♦r❡r✳ ❊♥ ✉♥ ♣♦✐♥t ✈ér✐✜❛♥t ❧❡s éq✉❛t✐♦♥s ❞✬❛✉t♦❝♦❤ér❡♥❝❡✱
|Aij | ≤ (κ+ 1)/2 ❡t |Bij | ≤ κ/2✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ s✉✐t ❝✐✲❞❡ss♦✉s✳

❙♦✐t ✉♥ ét❛t ❢♦♥❞❛♠❡♥t❛❧ |φ〉 ♥♦r♠é✳ ❖♥ ❧✬❡①♣r✐♠❡ ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ét❛ts à ♥♦♠❜r❡ ❞❡
❜♦s♦♥s ✜①és ✿

|φ〉 =
∑

n

αn|n〉, ✭❈✳✶✹✮

♦ù n ❡st ❧✬❡♥s❡♠❜❧❡ ❞❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s nai
✱ nbi ❡t αn ❡st ✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡✳

❖♥ ❝❤❡r❝❤❡ à ♠❛❥♦r❡r |A12| ❡t |B12|✳ ▲❛ ♣r❡♠✐èr❡ ❧✐❣♥❡ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧✬❛✉t♦✲
❝♦❤ér❡♥❝❡✳

|A12| = |〈φ|A12|φ〉|

=
1

2

∣∣∣∣∣〈φ|a1b2 − a2b1|
∑

n

αn|n〉
∣∣∣∣∣

=
1

2

∣∣∣∣∣
∑

n

αn〈φ|(
√
na1

√
nb2 |na1 − 1, nb2 − 1, . . .〉 − √

na2

√
nb1 |na2 − 1, nb1 − 1〉)

∣∣∣∣∣

=
1

2

∣∣∣∣∣
∑

n

αn
√
na1

√
nb2α

∗
na1−1,nb2

−1,... − αn
√
na2

√
nb1α

∗
na2−1,nb1

−1,...

∣∣∣∣∣

≤ 1

2

∑

n

(∣∣∣
√
na1αn

√
nb2α

∗
na1−1,nb2

−1,...

∣∣∣+
∣∣∣
√
na2αn

√
nb1α

∗
na2−1,nb1

−1,...

∣∣∣
)
.

❖♥ ✉t✐❧✐s❡ ♠❛✐♥t❡♥❛♥t ❧✬✐♥é❣❛❧✐té |u||v| < (|u|2 + |v|2)/2 ♣♦✉r s❡ ❞é❜❛r❛ss❡r ❞❡s ♣r♦❞✉✐ts
❞✬α✳

|A12| ≤
1

4

∑

n

(
na1 |αn|2 + nb2 |α∗

na1−1,nb2
−1,...|2 + na2 |αn|2 + nb1 |α∗

na2−1,nb1
−1,...|2

)
.

❈❤❛❝✉♥❡ ❞❡s ✹ s♦♠♠❡s s✉r n ❡st ✉♥❡ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞✬✉♥ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s✳ ❖r✱ ❣râ❝❡
à ❧✬❛✉t♦❝♦❤ér❡♥❝❡✱ ♦♥ ❝♦♥♥❛ît ❧❡✉r ♥♦♠❜r❡ t♦t❛❧ κ s✉r ✉♥ s✐t❡✱ ❝❡ q✉✐ ♣❡r♠❡t ❞✬❛✈♦✐r ✉♥❡

✷✳ ❘➱●▲❆●❊ ❉❊❙ AIJ ❊❚ BIJ ✶✺✺
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❜♦r♥❡ s✉♣ér✐❡✉r❡ ♥❡ ❞é♣❡♥❞❛♥t q✉❡ ❞❡ κ ✿

|A12| ≤ 1

4
(〈na1〉 + 〈nb2 + 1〉 + 〈na2〉 + 〈nb1 + 1〉)

≤ κ+ 1

2
. �

❖♥ s✬② ♣r❡♥❞ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ♣♦✉r B12 ✿

|B12| =
1

2

∣∣∣∣∣〈φ|a
†
1a2 + b†1b2|

∑

n

αn|n〉
∣∣∣∣∣

=
1

2

∣∣∣∣∣
∑

n

(αn
√
na2

√
na1 + 1α∗

na1+1,na2−1,... + αn
√
nb2
√
nb1 + 1α∗

nb1
+1,nb2

−1,...)

∣∣∣∣∣

≤ 1

4

∑

n

(na2 |αn|2 + (na1 + 1)|αna1+1,na2−1,...|2 + nb2 |αn|2

+(nb1 + 1)|α∗
nb1

+1,nb2
−1,...|2)

≤ 1

4
(〈na2〉 + 〈na1〉 + 〈nb2〉 + 〈nb1〉)

≤ κ

2
.

✸ ❊①♣✉❧s✐♦♥ ❞✉ ✢✉① ✿ ❝♦♥❞✐t✐♦♥s ❡t ❧✐♠✐t❛t✐♦♥s

▲❛ r❛✐s♦♥ ♣♦✉r ❧❛q✉❡❧❧❡ ♦♥ ❝❤♦✐s✐t ❞✬✐♠♣♦s❡r ❞❡s s②♠étr✐❡s ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧❛ ❧✐♠✐t❛✲
t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❛❥✉st❡r ❡♥ ❙❇▼❋❚✱ t♦✉t ❡♥ ❣❛r❛♥t✐ss❛♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥
ét❛t ❛✉t♦❝♦❤ér❡♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ r❡st❛♥t✳ ❚❝❤❡r♥②s❤②♦✈ ❡t ❛❧✳ ❬✾✾❪ ♦♥t ♠♦♥tré q✉✬❛❧♦rs✱
❣râ❝❡ à ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ κ✱ ❧❡s ✢✉① ✐♥t❡r✈✐❡♥♥❡♥t ❞❛♥s ❧✬é♥❡r❣✐❡ ❞❡ ❝❤❛♠♣
♠♦②❡♥ ♣♦✉r ✉♥ ❍❛♠✐❧t♦♥✐❡♥ ❍❡✐s❡♥❜❡r❣ ❆❋✳ ❈❡ ❞é✈❡❧♦♣♣❡♠❡♥t✱ r❛♣♣❡❧é ❡♥ ❙❡❝✳✸✳✶ s✉❣❣èr❡
q✉❡ ❧❡s ✢✉① 0 ♠✐♥✐♠✐s❡♥t ❧✬é♥❡r❣✐❡✳ ❉❡s ✢✉① ♥✉❧s ♥❡ s♦♥t ♣❛s t♦✉❥♦✉rs ♣♦ss✐❜❧❡s ✿ ❝❡rt❛✐♥s
rés❡❛✉① ❞✐t ❢r✉strés ♥❡ ♣❡✉✈❡♥t ♣❛s ❛✈♦✐r ❞❡s ✢✉① ♥✉❧s ♣❛rt♦✉t✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ❛rr✐✈❡ q✉❡
❝❡ s♦✐❡♥t ❧❡s ✐♥t❡r❛❝t✐♦♥s q✉✐✱ ❡♥ ♠♦❞✐✜❛♥t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ κ✱ ♠♦❞✐✜❡♥t ❧❛ ❝♦♥❝❧✉s✐♦♥✱
❝♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❡♥ ❙❡❝✳✸✳✷✳

▼❛✐s ❧❡ ❝❤♦✐① ❞✬✐♠♣♦s❡r ❞❡s s②♠étr✐❡s ❡st✲✐❧ ❥✉st✐✜é ❄ ■❧ s✉♣♣♦s❡ q✉❡ ❧❡s s②♠étr✐❡s ❞✉
rés❡❛✉ ♥❡ s♦♥t ♣❛s ❜r✐sé❡s ❞❛♥s ❧✬ét❛t ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞✬é♥❡r❣✐❡ ♠✐♥✐♠❛❧❡✳ ◆♦✉s ✈❡rr♦♥s
❡♥ ❙❡❝✳✸✳✸ s✉r ✉♥ ❡①❡♠♣❧❡ q✉✬✐❧ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❥✉st✐✜é✳

✸✳✶ ❉é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❝❤❡r♥②s❤②♦✈

❙♦✐t ✉♥ ❆♥s❛t③ ❛✈❡❝ ✉♥✐q✉❡♠❡♥t ❞❡s Aij ✱ ❛✈❡❝ Pij = JijAij/8✳ ❆✈❡❝ ❧✬❤②♣♦t❤ès❡ q✉❡
t♦✉s ❧❡s λ s♦♥t ✐❞❡♥t✐q✉❡s ❡t q✉❡ t♦✉s ❧❡s Jij s♦♥t ✐❞❡♥t✐q✉❡s✱ ❞✐s♦♥s 1✱ ♦♥ ❛rr✐✈❡ ❛✉① ❞❡✉①
éq✉❛t✐♦♥s s✉✐✈❛♥t❡s ✭❧❡s ❝❛❧❝✉❧s s♦♥t ❞ét❛✐❧❧és ❞❛♥s ❧✬❛rt✐❝❧❡ ❬✾✾❪✮ ✿

H = −

(
Tr
(
U (I − U)−1/2

))2

4Tr (U)
✭❈✳✶✺✮

Ns(1 + κ) = Tr
(
(I − U)−1/2

)
✭❈✳✶✻✮

♦ù U = PP †

λ2 ✳

✶✺✻ ✸✳ ❊❳P❯▲❙■❖◆ ❉❯ ❋▲❯❳ ✿ ❈❖◆❉■❚■❖◆❙ ❊❚ ▲■▼■❚❆❚■❖◆❙
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❙♦✐t ui = 1
Ns
Tr
(
U i
)
✳ κ ❡t H s♦♥t ❞é✈❡❧♦♣♣❛❜❧❡s ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ U ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡

❞❡s ui✳

2κ = u1 +
3u2

4
+

5u3

8
+

35u4

56
+O(u5) ✭❈✳✶✼✮

H

Ns
= −u1

4
− u2

4
− 3u3

16
− u2

2

16u1
− 5u4

32
− 3u2u3

32u1
+O(u5) ✭❈✳✶✽✮

❊♥ ❝♦♠❜✐♥❛♥t ❝❡s ❞❡✉① ❞é✈❡❧♦♣♣❡♠❡♥ts✱ ♦♥ ♣❡✉t ❞é✈❡❧♦♣♣❡r H ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ κ ❥✉sq✉à
❧✬♦r❞r❡ ✈♦✉❧✉ ❡♥ U ✱ ▲❡s ❝♦❡✣❝✐❡♥ts ❞❡✈❛♥t ❧❡s κi ét❛♥t ❞✬♦r❞r❡ 0 ❡♥ U ✳ ❱♦✐❧à ❧❡ rés✉❧t❛t à
❧✬♦r❞r❡ ✽ ✿

H

Ns
= −κ

2
− κ2

4

u2

u2
1

− κ3

4

(
u3

u3
1

− u2
2

u4
1

)
− κ4

16

(
5
u4

u4
1

− 14
u2u3

u5
1

+ 9
u3

2

u6
1

)

−κ
5

16

(
7
u5

u5
1

− 12
u2

3

u6
1

− 25
u2u4

u6
1

+ 57
u2

2u3

u7
1

− 27
u4

2

u8
1

)

−κ
6

32

(
21
u6

u6
1

− 91
u2u5

u7
1

− 85
u3u4

u7
1

+ 230
u2u

2
3

u8
1

+ 240
u2

2u4

u8
1

− 504
u3

2u3

u9
1

+ 189
u5

2

u10
1

)

−κ
7

32

(
33
u7

u7
1

− 168
u2u6

u8
1

− 154
u3u5

u8
1

− 75
u2

4

u8
1

+ 940
u2u3u4

u9
1

+ 504
u2

2u5

u9
1

+ 150
u3

3

u9
1

−1170
u3

2u4

u1
10

− 1680
u2

3u
2
2

u1
10

+ 2349
u4

2u3

u1
11

− 729
u6

2

u1
12

)

− κ8

256

(
−2268

u3u6

u9
1

+ 429
u8

u8
1

+ 7525
u2u

2
4

u10
1

− 2508
u2u7

u9
1

− 2170
u4u5

u9
1

+ 8442
u2

2u6

u10
1

+24057
u7

2

u14
1

− 21546
u3

2u5

u11
1

− 19200
u2u

3
3

u11
1

+ 89100
u3

2u
2
3

u12
1

+ 46575
u4

2u4

u12
1

−90882
u5

2u3

u13
1

− 60210
u2

2u3u4

u11
1

+ 15456
u2u3u5

u10
1

+ 7200
u2

3u4

u10
1

)
+O(u9) ✭❈✳✶✾✮

❯♥ t❡r♠❡ un ❡st ❧❛ s♦♠♠❡ s✉r t♦✉t❡s ❧❡s ❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r 2n✱ {ijkl...z} ❞✉ ♣r♦❞✉✐t

PijP
†
jkPkl..P

†
zi =

1

(−64)n
AijA

∗
jkAkl..A

∗
zi, ✭❈✳✷✵✮

❝❡ q✉✐ ❢❛✐t ❛♣♣❛r❛îtr❡ ❧❡s ❝♦s✐♥✉s ❞❡s ✢✉① ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ✭❧❡ t❡r♠❡ ♣ré❝é❞❡♥t ❛♣♣❛✲
r❛ît✱ ❛✐♥s✐ q✉❡ s♦♥ ❝♦♠♣❧❡①❡ ❝♦♥❥✉❣✉é ♣♦✉r ❧❛ ❜♦✉❝❧❡ ❞é❝❛❧é❡ ❞✬✉♥ ❝r❛♥✮✳ P♦✉r ♠✐♥✐♠✐s❡r
❧✬é♥❡r❣✐❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡✱ ✐❧ ❢❛✉t ♠❛①✐♠✐s❡r u2✱ ❝❡ q✉✐✱ à ♠♦❞✉❧❡s ❞❡s Aij ✜①és s❡ ré❛❧✐s❡ ❡♥
❛❥✉st❛♥t t♦✉s ❧❡s ✢✉① à ✵✳ ❙✉r ❧❡ rés❡❛✉ ❦❛❣♦♠é✱ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r ✹ ♥♦♥
tr✐✈✐❛❧❡s✳ ❈✬❡st ❞♦♥❝ ❧❡ t❡r♠❡ ❞✬♦r❞r❡ κ3 q✉✐ ❥♦✉❡r❛ ❧❡ ♣r❡♠✐❡r ✉♥ rô❧❡ ❡t ❧❡s ét❛ts ❞❡ ✢✉① 0
s✉r ❧❡s ❤❡①❛❣♦♥❡s q✉✐ s❡r♦♥t ❢❛✈♦r✐sés✳

❚❝❤❡r♥②s❤②♦✈ ❡t ❛❧✳♦♥ ❛❧♦rs ❢❛✐t ❧❛ ❝♦♥❥❡❝t✉r❡ ❞✬❡①♣✉❧s✐♦♥ ❞✉ ✢✉① ✿ s✐ ❞❡s ❆♥sät③❡ ❞❡
✢✉① 0 ❛✉t♦✉r ❞❡ t♦✉t❡ ❜♦✉❝❧❡ ♣❛✐r❡ ❡①✐st❡♥t✱ ❛❧♦rs✱ ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❛✉r❛
❧✬✉♥ ❞❡ ❝❡s ❆♥sät③❡✳

▼❛✐s s✉r ❝❡rt❛✐♥s rés❡❛✉①✱ ❞❡ t❡❧s ❆♥sät③❡ ♥✬❡①✐st❡♥t ♣❛s✳ ❖♥ ❞✐t q✉✬✐❧s s♦♥t ❢r✉strés✳
❈✬❡st ❧❡ ❝❛s ❞ès q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❜♦✉❝❧❡ ♣♦ssé❞❛♥t ✉♥ ♥♦♠❜r❡ ✐♠♣❛✐r ❞❡ ❧✐❡♥s ✿ ♦♥ ♣❡✉t
❢❛❜r✐q✉❡r ✉♥❡ ❜♦✉❝❧❡ ❞❡ ❧♦♥❣❡✉r ♣❛✐r❡ ❡♥ ❧❛ ♣❛r❝♦✉r❛♥t ❞❡✉① ❢♦✐s ❞❛♥s ❧❡ ♠ê♠❡ s❡♥s✱ ♦✉
✉♥❡ ❢♦✐s ❞❛♥s ✉♥ s❡♥s ❡t ✉♥❡ ❢♦✐s ❞❛♥s ❧✬❛✉tr❡✳ ▲❡ ✢✉① ❞❡ ❧✬✉♥❡ ❞❡ ❝❡s ❞❡✉① ❜♦✉❝❧❡s ❡st
π✳ ❯♥ ❡①❡♠♣❧❡ ♠♦✐♥s tr✐✈✐❛❧ ♠❛✐s ❝♦♥str✉✐t s✉r ❧❡ ♠ê♠❡ ♣r✐♥❝✐♣❡ ❝♦♥s✐st❡ ❡♥ ❧❡ ♠♦t✐❢ ❞✉
♥♦❡✉❞ ♣❛♣✐❧❧♦♥ ✭❋✐❣✳❈✳✶✮✳ ❊♥ ♣❛r❝♦✉r❛♥t s❡s ✻ ❧✐❡♥s ❞❡ ❞❡✉① ❢❛ç♦♥s ❞✐✛ér❡♥t❡s✱ ♦♥ ♦❜t✐❡♥t
❞❡✉① ✢✉① ❞♦♥t ❧❛ ❞✐✛ér❡♥❝❡ ✈❛✉t π ✿ q✉❡❧❧❡s q✉❡ s♦✐❡♥t ❧❡s ✈❛❧❡✉rs ❞❡s ✻ Aij ✱ ♦♥ ♥❡ ♣♦✉rr❛
❥❛♠❛✐s ❛♥♥✉❧❡r s✐♠✉❧t❛♥é♠❡♥t ❝❡s ❞❡✉① ✢✉①✳ ❚❝❤❡r♥②s❤②♦✈ ❢♦✉r♥✐t ❧✬❡①❡♠♣❧❡ ❞✉ tétr❛è❞r❡✱
❧✉✐ ❛✉ss✐ ❝♦♠♣♦sé ❞❡ tr✐❛♥❣❧❡s✳

✸✳ ❊❳P❯▲❙■❖◆ ❉❯ ❋▲❯❳ ✿ ❈❖◆❉■❚■❖◆❙ ❊❚ ▲■▼■❚❆❚■❖◆❙ ✶✺✼
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❋✐❣✳ ❈✳✶ ✕ ❊①❡♠♣❧❡ ❞❡ rés❡❛✉ ❢r✉stré ♣♦✉r ❧❡s ✢✉① ❡♥ Aij ✿ ❧❡ ♥♦❡✉❞✲♣❛♣✐❧❧♦♥✱ q✉❡ ❧✬♦♥
r❡tr♦✉✈❡ s✉r ❧❡s rés❡❛✉① tr✐❛♥❣✉❧❛✐r❡s ❡t ❦❛❣♦♠❡✳ ▲❡s ✢✉① r♦✉❣❡s ❡t ✈❡rts ♦♥t ✉♥❡ ❞✐✛ér❡♥❝❡
❞❡ π✳

✸✳✷ ❉é✈❡❧♦♣♣❡♠❡♥t ❡♥ κ ❛✈❡❝ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛

❚❝❤❡r♥②s❤②♦✈ s✬❡st ❧✐♠✐té ❛✉① ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣✳ ❙✐ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❞✬❛✉tr❡s
t②♣❡s ❞✬✐♥t❡r❛❝t✐♦♥s✱ s❛ ❝♦♥❥❡❝t✉r❡ ♥❡ s✬ét❡♥❞ ♣❛s ✿ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❞❛♥s ❧❛ ❧✐♠✐t❡ κ→ 0
♥✬❡st ♣❛s ❝❡❧✉✐ q✉✐ ❡①♣✉❧s❡ ❧❡s ✢✉①✳ ◆♦✉s ❛❧❧♦♥s ❧❡ ♠♦♥tr❡r s✉r ❧✬❡①❡♠♣❧❡ ❞✉ rés❡❛✉ ❦❛❣♦♠❡
❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡rs ✈♦✐s✐♥s ❡t ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✭❉▼✮✳

▲✬✐♥t❡♥s✐té ❞❡ ❧✬✐♥t❡r❛❝t✐♦♥ ❉▼ ❡st ♥♦té❡ θij ❡t ✐♥t❡r✈✐❡♥t ❞❛♥s ❧✬é♥❡r❣✐❡ s❡❧♦♥

H =
cos2(θ)

2

∑

〈i,j〉

(
~Si~Sj + 2 tan θij(~Si × ~Sj).~ez + tan2 θij(2S

z
i S

z
j − ~Si~Sj)

)
✭❈✳✷✶✮

❈❡ ❍❛♠✐❧t♦♥✐❡♥ s✬❡①♣r✐♠❡ ❝♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞✬♦♣ér❛t❡✉rs Âij s✉r ❧❡s ❧✐❡♥s
♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ♠❛✐s ❝❡s ♦♣ér❛t❡✉rs ❞é♣❡♥❞❡♥t ❞❡ θij s❡❧♦♥ ✿

Âij =
1

2

(
aibje

−iθij − ajbje
iθij

)
. ✭❈✳✷✷✮

▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❝❤❡r♥②s❤②♦✈ ❡st très s✐♠✐❧❛✐r❡ à ❝❡✉✐ s❛♥s ❉▼✳ ▼❛✐s ❧❡s t❡r♠❡s
un ❢♦♥t ✐♥t❡r✈❡♥✐r ❧❡s θij ✿ ✐❧s s♦♥t ❧❛ s♦♠♠❡ s✉r t♦✉t❡s ❧❡s ❜♦✉❝❧❡s ❞❡ ❧♦♥❣✉❡✉r 2n✱ {ijkl...z}
❞✉ ♣r♦❞✉✐t

PijP
†
jkPkl..P

†
zi =

1

(−64)n
AijA

∗
jkAkl..A

∗
zie

i(θij+θjk+···+θzi), ✭❈✳✷✸✮

❈✬❡st ❝❡tt❡ ❢♦✐s ❧❡ ✢✉① ❝♦rr✐❣é ❞❡ ❧❛ s♦♠♠❡ ❞❡s θij s✉r ❧❛ ❜♦✉❝❧❡ q✉✬✐❧ ❢❛✉t ♣r❡♥❞r❡ ❡♥
❝♦♠♣t❡✳ ❙✉r ✉♥ ❤❡①❛❣♦♥❡✱ ❧❛ s♦♠♠❛t✐♦♥ ❞❡ t♦✉t❡s ❧❡s ❜♦✉❝❧❡s ❞♦♥♥❡ ❞❡s t❡r♠❡s ❞✉ t②♣❡
cos(6θ + φ)✱ ❛✈❡❝ θ = |θij | ♣r✐s ✐❞❡♥t✐q✉❡ s✉r t♦✉s ❧❡s ❧✐❡♥s ❡t φ ❧❡ ✢✉① ❞✬✉♥ ❤❡①❛❣♦♥❡✳
❖♥ ❝♦♠♣r❡♥❞ ❣râ❝❡ à ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❡s t❡r♠❡s q✉❡ ❧❡ ✢✉① 0 s✉r ❧✬❤❡①❛❣♦♥❡ ♥❡ s♦✐t ♣❛s
é♥❡r❣ét✐q✉❡♠❡♥t ❢❛✈♦r❛❜❧❡ ♣♦✉r ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ❞❡ κ ❡t ❞❡ θ✱ ❛❧♦rs q✉✬✐❧ ❡st ❢❛✈♦r✐sé s❛♥s
❉▼✳ ▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❥✉sq✉✬à ❧✬♦r❞r❡ ✽ ❡♥ κ s❡r❛ ❡✛❡❝t✉é ♣♦✉r ❧❡s ❞✐✛ér❡♥ts ❆♥sät③❡
r❡s♣❡❝t❛♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❡♥ ❙❡❝✳✹✳ ■❧ ❝♦rr❡s♣♦♥❞r❛ ❛✈❡❝ ✉♥❡ ❣r❛♥❞❡ ♣ré❝✐s✐♦♥ ❛✉①
❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❞❡ ❙❇▼❋❚✳

❖♥ ❛ ❞♦♥❝ ♠♦♥tré q✉❡ ❝❡ ♣r✐♥❝✐♣❡ ❞✬❡①♣✉❧s✐♦♥ ❞✉ ✢✉① ❞é♣❡♥❞ ❞❡s ✐♥t❡r❛❝t✐♦♥s✳ ❙✬✐❧ ❡st
✈❛❧❛❜❧❡ ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❍❡✐s❡♥❜❡r❣✱ ✐❧ ♥❡ ❧✬❡st ♣❧✉s ❧♦rsq✉✬♦♥ ② ❛❥♦✉t❡ ✉♥❡ ✐♥t❡r❛❝t✐♦♥
❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✳ ❖♥ ♣❡✉t ❛✉ss✐ s✉♣♣♦s❡r q✉❡ ❧✬❛❥♦✉t ❞✬✉♥ é❝❤❛♥❣❡ ♠✉❧t✐♣❧❡ ♠♦❞✐✜❡r❛
❞✬✉♥❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❝❡tt❡ ❝♦♥❥❡❝t✉r❡ ❡t q✉❡ s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡✱ ❧❡ ❢♦♥❞❛♠❡♥t❛❧
♣♦✉rr❛ ♣♦ssé❞❡r ❞❡s ✢✉① ♥♦♥ ♥✉❧s ❛✉t♦✉r ❞❡s ❧♦s❛♥❣❡s✳

✸✳✸ ❇r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉

▲❛ ❝♦♥❥❡❝t✉r❡ ❞✬❡①♣✉❧s✐♦♥ ❞✉ ✢✉① ❛ été ♣r♦✉✈é❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ κ → 0 ❡t ❞❛♥s ❧❡ ❝❛s
très ♣❛rt✐❝✉❧✐❡r ♦ù t♦✉s ❧❡s s✐t❡s ♦♥t ❧❡ ♠ê♠❡ λ ✭❝❡ q✉✐ ❡st ❥✉st✐✜é s✐ ❧✬♦♥ ❝❤♦✐s✐t ✉♥ ❆♥s❛t③

✶✺✽ ✸✳ ❊❳P❯▲❙■❖◆ ❉❯ ❋▲❯❳ ✿ ❈❖◆❉■❚■❖◆❙ ❊❚ ▲■▼■❚❆❚■❖◆❙
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1

2 3

4

56

7

8

9

1012

11

Jb

Ja

Jc

✭❛✮ ✭❜✮

❋✐❣✳ ❈✳✷ ✕ ❘és❡❛✉ ❡t ✐♥t❡r❛❝t✐♦♥s ❛✈❡❝ ❜r✐s✉r❡ s♣♦♥t❛♥é❡ ❞❡ s②♠étr✐❡ ❡♥ ❙❇▼❋❚✳ ✭❛✮▲✬ét♦✐❧❡
❞❡ ❉❛✈✐❞ ❛✈❡❝ ❧❡s ❝♦✉♣❧❛❣❡s ✐♥❞✐q✉és✳ ✭❜✮ ❊✈♦❧✉t✐♦♥ ❞✉ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ❡t ❞❡ ❧✬é♥❡r❣✐❡
♣❛r s✐t❡ ❧♦rsq✉❡ Ja = Jb = 1 ❡♥ ❢♦♥❝t✐♦♥ ❞❡ Jc ♣♦✉r ❞✐✛ér❡♥ts ♠✐♥✐♠❛ ❧♦❝❛✉① ❞✬é♥❡r❣✐❡✳

r❡s♣❡❝t❛♥t ❛ss❡③ ❞❡ s②♠étr✐❡s ♣♦✉r q✉❡ t♦✉s ❧❡s s✐t❡s s♦✐❡♥t éq✉✐✈❛❧❡♥ts✮✱ ❡t ♦ù t♦✉t❡s ❧❡s
✐♥t❡r❛❝t✐♦♥s s♦♥t ❍❡✐s❡♥❜❡r❣ ❡t ❞❡ ♠ê♠❡ ✐♥t❡♥s✐té ✭❧❡s Jij s♦♥t t♦✉s ✐❞❡♥t✐q✉❡s✮✳ ▼❛✐s ❡st✲♦♥
❝❡rt❛✐♥s q✉❡ ❧❡s ❆♥sät③❡ q✉✐ r❡s♣❡❝t❡♥t ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉ ❢♦✉r♥✐ss❡♥t ❧❡ ❢♦♥❞❛♠❡♥t❛❧ ❄

◆♦✉s ❛❧❧♦♥s ♠♦♥tr❡r q✉❡ ❝❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❧❡ ❝❛s✳ Pr❡♥♦♥s ✉♥ rés❡❛✉ ❡♥ ❢♦r♠❡
❞✬ét♦✐❧❡ ❞❡ ❉❛✈✐❞ ❛✈❡❝ ❞❡s Aij ♣r❡♠✐❡rs ✈♦✐s✐♥s✱ ❞❡ss✐♥é ❋✐❣✳❈✳✷✭❛✮✳ ■❧ ♣♦ssè❞❡ ❞❡✉① ❢❛♠✐❧❧❡s
❞❡ s✐t❡s ♥♦♥ éq✉✐✈❛❧❡♥ts ♣❛r s②♠étr✐❡✱ q✉❡ ❧✬♦♥ ✈❛ ♥♦♠♠❡r ❧❡s s✐t❡s ✐♥tér✐❡✉rs ❡t ❡①tér✐❡✉rs✱
❡t tr♦✐s t②♣❡s ❞❡ ❧✐❡♥s✱ s✉r ❧❡sq✉❡❧s ♦♥ ♣❧❛❝❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s ❍❡✐s❡♥❜❡r❣ ❞✬✐♥t❡♥s✐té Ja✱ Jb
❡t Jc✳ ❈❡ rés❡❛✉ ❝♦♠♣♦rt❡ ❞❡s tr✐❛♥❣❧❡s✱ ❞♦♥❝✱ ❡st ❢r✉stré ❛✉ ♥✐✈❡❛✉ ❞❡s ✢✉①✳ ▼❛✐s ✐❧ ♥❡
❝♦♠♣♦rt❡ q✉✬✉♥❡ ❜♦✉❝❧❡ ❞❡ ❧♦♥❣✉❡✉r 6 ♥♦♥ tr✐✈✐❛❧❡ ❡t ♥❡ r❡❝♦✉♣❛♥t ♣❛s ❞❡✉① ❢♦✐s ❧❡ ♠ê♠❡
s✐t❡ ✿ ❧✬❤❡①❛❣♦♥❡ ❝❡♥tr❛❧✳

▲❡ rés❡❛✉ ❡t ❧❡s ✐♥t❡r❛❝t✐♦♥s r❡s♣❡❝t❡♥t ❧❛ s②♠étr✐❡ ♣❛r r♦t❛t✐♦♥ ❞✬♦r❞r❡ 6 ❛✉t♦✉r ❞✉
❝❡♥tr❡ ❞❡ ❧✬❤❡①❛❣♦♥❡✳ ❙✐ ❧✬♦♥ ✐♠♣♦s❡ ❝❡tt❡ s②♠étr✐❡ à ❧✬❆♥s❛t③✱ ♦♥ ❛ ❞❡✉① ♣♦ss✐❜✐❧✐tés ❞❡
✢✉① ❞❛♥s ❧✬❤❡①❛❣♦♥❡ ✿ 0 ♦✉ π✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❝♦♥s✐st❡ ❡♥ ❧✬❛❥✉st❡♠❡♥t ❞❡ ✸
♠♦❞✉❧❡s ❞❡ Aij ✱ ✉♥❡ ♣❤❛s❡ ❡t ✷ λ ♣♦✉r ❝❡s ❞❡✉① ♣♦ss✐❜✐❧✐tés✳ ▲❡s é♥❡r❣✐❡s ♣❛r s✐t❡ ♦❜t❡♥✉❡s
s♦♥t E/Ns = −0.46958 ♣♦✉r ❧❡ ✢✉① ✵ ❡t E/Ns = −0.46786 ♣♦✉r ❧❡ ✢✉① π✱ ♣♦✉r κ = 1 ❡t
Ja = Jb = Jc = 1✳

❘❡❧â❝❤♦♥s ♠❛✐♥t❡♥❛♥t ♣❛rt✐❡❧❧❡♠❡♥t ❧❡s s②♠étr✐❡s✱ ❡♥ ♥✬✐♠♣♦s❛♥t ♣❧✉s q✉❡ ❧❛ s②♠étr✐❡
♣❛r r♦t❛t✐♦♥ ❞✬♦r❞r❡ 3✳ ❖♥ ❞♦✉❜❧❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ❛❥✉st❡r ❡t ❧❡s ❞❡✉① ❆♥sät③❡
♣ré❝é❞❡♥ts s♦♥t ♠❛✐♥t❡♥❛♥t r❡❧✐és ❝♦♥t✐♥û♠❡♥t✳ ▲✬é♥❡r❣✐❡ ♣❛r s✐t❡ ♦❜t❡♥✉❡ ❡st E/Ns =
−0.47045✱ ♣♦✉r ✉♥ ✢✉① ❞✬❡♥✈✐r♦♥ 3π/4✳ ❆✉❝✉♥ é❧é♠❡♥t ♥❡ ♣❡r♠❡t ❞✬❛✣r♠❡r q✉❡ ❧✬♦♥ ❛
tr♦✉✈é ❧❡ ♠✐♥✐♠✉♠ ❛❜s♦❧✉ ❞✬é♥❡r❣✐❡✱ ♠❛✐s ❝❡tt❡ s♦❧✉t✐♦♥ ♣r♦✉✈❡ q✉❡ ❞❡s s②♠étr✐❡s s♣❛t✐❛❧❡s
s♦♥t s♣♦♥t❛♥é♠❡♥t ❜r✐sé❡s ❞❛♥s ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧ ❡♥ ❝❤❛♠♣ ♠♦②❡♥✳

▲✬é✈♦❧✉t✐♦♥ ❞✉ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ ❡t ❞❡ ❧✬é♥❡r❣✐❡ ♣❛r s✐t❡ ❛✈❡❝ Jc ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✷✭❜✮✳
❉✐✛ér❡♥ts ♠✐♥✐♠❛ ❧♦❝❛✉① s♦♥t r❡♣rés❡♥tés✳ ▲✬é✈♦❧✉t✐♦♥ ❞❡s ✢✉① ❞❡s ❞✐✛ér❡♥t❡s s♦❧✉t✐♦♥s s❡
❝♦♠♣r❡♥❞ q✉❛❧✐t❛t✐✈❡♠❡♥t ✿ P♦✉r Jc très ♣❡t✐t✱ ❧❛ s♦❧✉t✐♦♥ r♦✉❣❡ ❡st ❞✬é♥❡r❣✐❡ ❝♦♥st❛♥t❡✳
❊♥ ❡✛❡t✱ ❧❡s Aij s✉r ❧❡s ❧✐❡♥s Jc s♦♥t ♥✉❧s ❡t ❧❡s ❛✉tr❡s ♥❡ ❞é♣❡♥❞❡♥t ❞♦♥❝ ♣❛s ❞❡ Jc✳ ❈✬❡st
✉♥❡ s♦❧✉t✐♦♥ ❞❡ t②♣❡ ❣r❡❡❞② ❜♦s♦♥s ❬✾✾❪✳ ■❧ ♥❡ r❡st❡ ❛❧♦rs q✉✬✉♥ s❡✉❧ ✢✉① ❞é✜♥✐ s✉r ❧✬ét♦✐❧❡ ✿
❝❡❧✉✐ ❞❡ ❧✬❤❡①❛❣♦♥❡✳ ■❧ ❡st ❡①♣✉❧sé ❡t ✈❛✉t 0✳ ▲♦rsq✉❡ Jc ❛✉❣♠❡♥t❡✱ ✐❧ ❛rr✐✈❡ ✉♥ ♠♦♠❡♥t
♦ù ♠❡ttr❡ ✉♥❡ ❢❛✐❜❧❡ ✐♥t❡♥s✐té s✉r ❝❡s ❧✐❡♥s ❞❡✈✐❡♥t r❡♥t❛❜❧❡ ✭❧✐❣♥❡s ❜❧❡✉❡ ❡t ✈❡rt❡✮✱ ♠ê♠❡
s✐ ❧❛ s♦❧✉t✐♦♥ ♣ré❝é❞❡♥t❡ r❡st❡ ❧♦❝❛❧❡♠❡♥t st❛❜❧❡✳ ▼❛✐s ❧❡s ❜♦✉❝❧❡s ❝♦♥tr✐❜✉❛♥t ❧❡ ♣❧✉s à
✉♥ é✈❡♥t✉❡❧ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ κ ét❛♥t ❝❡✉① ❞❡s ❜♦✉❝❧❡s ❛✈❡❝ ❧❡s Aij ❧❡s ♣❧✉s ❣r❛♥❞s ❡♥
♠♦❞✉❧❡✱ ❧❡ ✢✉① s✬é❝❛rt❡ ♣r♦❣r❡ss✐✈❡♠❡♥t ❞❡ 0 ❛✉t♦✉r ❞❡ ❧✬❤❡①❛❣♦♥❡ ❛✉ ❢✉r ❡t à ♠❡s✉r❡ q✉❡
Jc ❛✉❣♠❡♥t❡✳ ▲❛ s♦❧✉t✐♦♥ ✈❡rt❡✱ q✉✐ ❛ ❞❡s |Aij | ♣❧✉s ❣r❛♥❞s q✉❡ ❧❛ ❜❧❡✉❡ s✉r ❧❡s ❧✐❡♥s Jc
❡st ❞✬❛❜♦r❞ ❧❛ ♣❧✉s ❜❛ss❡ ❡♥ é♥❡r❣✐❡✳ ❊❧❧❡ ❝ré❡ ❞✉ ✢✉① s✉r ❧✬❤❡①❛❣♦♥❡ ♠❛✐s ❡♥ ❞é❢❛✐t s✉r

✸✳ ❊❳P❯▲❙■❖◆ ❉❯ ❋▲❯❳ ✿ ❈❖◆❉■❚■❖◆❙ ❊❚ ▲■▼■❚❆❚■❖◆❙ ✶✺✾



❆◆◆❊❳❊ ❈✳ ▲❊❙ ❇❖❙❖◆❙ ❉❊ ❙❈❍❲■◆●❊❘ ❊◆ ❈❍❆▼P ▼❖❨❊◆

✭❛✮ ❚r✐❛♥❣❧❡ ✭❜✮ ❈❛rré ✭❝✮ P❡♥t❛❣♦♥❡

❋✐❣✳ ❈✳✸ ✕ ❊♥❡r❣✐❡s ♣r♦♣r❡s ♦❜t❡♥✉❡s ♣❛r ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s ♣♦✉r ✉♥❡ ✐♥t❡r❛❝t✐♦♥
❆❋ ❡t ❉▼ ♣r❡♠✐❡rs ✈♦✐s✐♥s s✉r ❞❡ ♣❡t✐ts ❝❧✉st❡rs✳

❞✬❛✉tr❡s ❜♦✉❝❧❡s✱ ❝❡ q✉✐ ❧❡ r❡♥❞ ❝♦♠♣ét✐t✐✈❡✳ ❱❡rs Jc = 0.65✱ ❧❡ ✢✉① ❞❡ ❧✬❤❡①❛❣♦♥❡ s❛t✉r❡
à π ❡t ❧❛ s♦❧✉t✐♦♥ ❜❧❡✉❡ ❧❛ r❛ttr❛♣❡ ❡♥ é♥❡r❣✐❡ ✈❡rs 0.9✳ P✉✐s✱ ♣♦✉r Jc > 1✱ ♦♥ ♦❜t✐❡♥t ✉♥❡
s♦❧✉t✐♦♥ ♠❛❣❡♥t❛ ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ ✢✉① ♥✬❡st ♣❛s ❞é✜♥✐ ✿ ❧❡s Aij s♦♥t ♥✉❧s s✉r ❧✬❤❡①❛❣♦♥❡✳
P♦✉r Jc ∼ 2.5✱ ❝✬❡st ❛✉ t♦✉r ❞❡s Aij ❞❡s ❧✐❡♥s Jb ❞❡ s✬❛♥♥✉❧❡r✳ ❆❧♦rs✱ ❧✬é♥❡r❣✐❡ ❡st ❝❡❧❧❡ ❞❡
✻ ❧✐❡♥s ✐s♦❧és✳ ❊♥❝♦r❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ❣r❡❡❞② ❜♦s♦♥s✳

▲❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s s②♠étr✐❡s ♣❡r♠❡t ❞♦♥❝ ✉♥❡ ré❞✉❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡
q✉✐ ♥✬❡st ♣❛s ❞✉ t♦✉t ❥✉st✐✜é❡✳ ▲♦rsq✉❡ ❧✬♦♥ ❝❤♦✐s✐t ❞❡ ❝❤❡r❝❤❡r ❞❡s ❢♦♥❞❛♠❡♥t❛✉① q✉✐ ❧❡s
r❡s♣❡❝t❡♥t✱ ♦♥ r✐sq✉❡ ❞❡ ❧♦✉♣❡r ❞❡s s♦❧✉t✐♦♥s ❞✬é♥❡r❣✐❡ ♣❧✉s ❜❛ss❡✱ q✉✐ ❝❡rt❡s ♥❡ s❡r♦♥t ♣❛s
❞❡s ❧✐q✉✐❞❡s ❞❡ s♣✐♥✱ ♠❛✐s q✉✐ ♣♦✉rr❛✐❡♥t r❡ss❡♠❜❧❡r ❛✉ ❢♦♥❞❛♠❡♥t❛❧ ❞✉ s②stè♠❡ ❞❡ s♣✐♥s
✐♥✐t✐❛❧✳

✹ Pér✐♦❞✐❝✐té ❡♥ θ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ✉t✐❧✐sé ❡♥ ❙❇▼❋❚ ♣♦✉r
❉▼

❙♦✐t ❧❡ ❍❛♠✐❧t♦♥✐❡♥ s✉✐✈❛♥t

Hθ =
1

2

∑

〈i,j〉

(
Szi S

z
j +

e2iθij

2
S+
i S

−
j +

e−2iθij

2
S−
i S

+
j

)
, ✭❈✳✷✹✮

✉t✐❧✐sé ❡♥ ❛♣♣r♦①✐♠❛t✐♦♥ ❞✬✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❆❋ ♣r❡♠✐❡r ✈♦✐s✐♥s ♣❡rt✉r❜é❡ ♣❛r ✉♥❡ ✐♥t❡r❛❝t✐♦♥
❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛✭❉▼✮ ❞✬✐♥t❡♥s✐té θ s❡❧♦♥ ❧❛ ❞✐r❡❝t✐♦♥ Oz ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ ❛✉ rés❡❛✉✳

▲❛ rés♦❧✉t✐♦♥ ❡♥ ❙❇▼❋❚ ❞❡ ❝❡ ❍❛♠✐❧t♦♥✐❡♥ s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r ❞✐✛ér❡♥ts ❆♥✲
sät③❡ ✭❞ét❛✐❧❧é❡ ❙❡❝✳✹✳✶✮ ❡t ♣♦✉r θ ✈❛r✐❛♥t ❞❡ 0 à 2π s❡♠❜❧❡ ✐♥❞✐q✉❡r ✉♥❡ ♣ér✐♦❞✐❝✐té ❞❡ π/3
❞❡ ❧✬é♥❡r❣✐❡ ❞❡ ❧✬ét❛t ❢♦♥❞❛♠❡♥t❛❧✳ ❈❡tt❡ ♣ér✐♦❞✐❝✐té ♣r♦✈✐❡♥t ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❈✳✷✹ ❡t ❞✉
rés❡❛✉✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈ér✐✜é ♣❛r ❞❡s ❞✐❛❣♦♥❛❧✐s❛t✐♦♥s ❡①❛❝t❡s s✉r ❞❡ ♣❡t✐t❡s ❝❤❛î♥❡s
❢❡r♠é❡s à ✸✱ ✹ ❡t ✺ s✐t❡s✳ ▲✬é♥❡r❣✐❡ ❞❡s ❞✐✛ér❡♥ts ét❛ts ♣r♦♣r❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ♣♦✉r ❝❡s
tr♦✐s ❝❧✉st❡rs ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✸ ❡t ♣♦ssè❞❡ ✉♥❡ ♣ér✐♦❞✐❝✐té ❞❡ π/Ns ❡♥ θ✱ ❛✈❡❝ Ns ❧❡
♥♦♠❜r❡ ❞❡ s✐t❡s ❞❡ ❧❛ ❝❤❛î♥❡✳

❈❡tt❡ ♣ér✐♦❞✐❝✐té s✬❡①♣❧✐q✉❡ ♣❛r ✉♥❡ r♦t❛t✐♦♥ ❧♦❝❛❧❡ ❞❡s s♣✐♥s ❡♥✈♦②❛♥t ✉♥ ét❛t ♣r♦♣r❡
♣♦✉r θ ❡♥ ✉♥ ét❛t ♣r♦♣r❡ ❞❡ ♠ê♠❡ é♥❡r❣✐❡ ❡♥ θ+π/Ns✳ ❈❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣❡✉t s✬ét❡♥❞r❡
❛✉ rés❡❛✉ ❦❛❣♦♠é ❡t ❡①♣❧✐q✉❡ ❧❛ ♣ér✐♦❞✐❝✐té ❞❡ π/3 ❝♦♥st❛té❡✳ ◆♦✉s ❧❛ ❞ét❛✐❧❧♦♥s ❝✐✲❞❡ss♦✉s✳

✶✻✵ ✹✳ P➱❘■❖❉■❈■❚➱ ❊◆ θ ❉❯ ❍❆▼■▲❚❖◆■❊◆ ❯❚■▲■❙➱ ❊◆ ❙❇▼❋❚ P❖❯❘ ❉▼
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❙✉♣♣♦s♦♥s q✉❡ ❧✬♦♥ ♣✉✐ss❡ ❞✐✈✐s❡r ❧❡ rés❡❛✉ ét✉❞✐é ❡♥ N s♦✉s rés❡❛✉①✱ ♥✉♠ér♦tés ❞❡ ✵ à
N t❡❧s q✉❡ t♦✉s ❧❡s ❧✐❡♥s ✭❞✐r✐❣és✮ s✉❜✐ss❛♥t ✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❉▼ ❞✬✐♥t❡s✐té θ r❡❧✐❡ ❞❡✉① s✐t❡s
❞❡s s♦✉s✲rés❡❛✉① i, i+ 1[N ]✳ ❆❧♦rs✱ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ✿

aj → aje
2ijπ/N ✭❈✳✷✺✮

bj → bje
−2ijπ/N ✭❈✳✷✻✮

✭q✉✐ ❝♦rr❡s♣♦♥❞ à ✉♥❡ r♦t❛t✐♦♥ ❞✬❛♥❣❧❡ −2jπ/N ♣♦✉r ❧❡s s♣✐♥s ❞❡s s✐t❡s ❞✉ s♦✉s✲rés❡❛✉
j✮✱ ❡♥✈♦✐❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ Hθ ✈❡rs Hθ+π/N ✳ ❖♥ ❛ ❞♦♥❝ ✉♥❡ ♣ér✐♦❞✐❝✐té ❞❡ π/N ❡♥ θ ♣♦✉r
❧✬é♥❡r❣✐❡✳

▲❡ rés❡❛✉ ❑❛❣♦♠é ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥ ❉▼ s❡❧♦♥ ✉♥ ❛①❡ ✜①é ✈ér✐✜❡ ❝❡tt❡ ♣r♦♣r✐été ♣♦✉r
N = 3✱ ❝❡ q✉✐ ❡①♣❧✐q✉❡ ❧❛ ♣ér✐♦❞✐❝✐té ❞❡ ❧✬é♥❡r❣✐❡ ❞✉ ❢♦♥❞❛♠❡♥t❛❧✳

✺ ❈❡rt❛✐♥s ❆♥sät③❡ ♣❛rt✐❝✉❧✐❡rs

✺✳✶ ❘és❡❛✉ tr✐❛♥❣✉❧❛✐r❡

■❧ ② ❛ ❞❡✉① ❆♥sät③❡ r❡s♣❡❝t❛♥t t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ r❡♣érés ♣❛r ❧❡✉r ✢✉①
❛✉t♦✉r ❞✬✉♥ ❧♦s❛♥❣❡ à q✉❛tr❡ ❝ôtés ✿ (0) ❡t (π) ❬✶✵✽❪✳ ▲❡s s♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s
s♦♥t ❞é❝r✐ts ❡♥ ❋✐❣✳❈✳✹ ❡t ❈✳✺✳ ▲✬❛✐♠❛♥t❛t✐♦♥ ♦❜t❡♥✉❡ ❧♦rs ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st ❧✬♦r❞r❡
❝♦♣❧❛♥❛✐r❡ ✭❋✐❣✳✶✳✻✭❝✮✮ ♣♦✉r (0) ❡t ✉♥ ❝♦♥t✐♥✉✉♠ ❞✬♦r❞r❡s ♥♦♥ ré❣✉❧✐❡rs ♣♦✉r (π)✳

▲✬❆♥s❛t③ (0) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ ✉♥ s❡✉❧ s✐t❡ ✭❋✐❣✳❈✳✹✭❛✮✮✳ ▲✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✹✭❝✮ ❡t ❈✳✹✭❞✮✱ ❝❡❧❧❡ ❞❡s ♠❛❣♥♦♥s✱ ❡♥ ❋✐❣✳ ❈✳✹✭❜✮✳ ❊♥ κc = 0.34
❬✾✷❪✱ ❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t ❛✉① ❝♦✐♥s ❞❡ ③♦♥❡ ✭♣♦✉r
❝❡ ❝❤♦✐① ❞❡ ❥❛✉❣❡✮✱ ❞♦♥❝ ❡♥ ❞❡✉① ♣♦✐♥ts ✐♥éq✉✐✈❛❧❡♥ts ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ♥♦tés K ❡t
−K✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc = −3

√
3A✳ ▲✬❛✐♠❛♥t❛t✐♦♥ ♦❜t❡♥✉❡ ❧♦rs ❞❡ ❧❛ ❝♦♥❞❡♥s❛t✐♦♥ ❡st

❧✬♦r❞r❡ ❝♦♣❧❛♥❛✐r❡ ✭❋✐❣✳✶✳✻✭❝✮✮

▲✬❆♥s❛t③ (π) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ ❞❡✉① s✐t❡s ✭❋✐❣✳❈✳✺✭❛✮✮✳ ▲❛ ❜❛♥❞❡ ❞✬é♥❡r❣✐❡
❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss ❡st q✉❛tr❡ ❢♦✐s ❞é❣é♥éré❡✳ P♦✉r κc = 0.75 ❬✶✵✽❪✱ ❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss
à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t ❛✉① ♣♦✐♥ts Q = (π2 , 0) ❡t −Q ❞❛♥s ❧❛ ③♦♥❡ ❞❡
❇r✐❧❧♦✉✐♥ r❡❝t❛♥❣✉❧❛✐r❡ ❞✉ rés❡❛✉ ✭❞❛♥s ❧❛ ❜❛s❡ e

q
i ✮✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc = −2

√
3A✳ ▲✬é♥❡r❣✐❡

❞❡s s♣✐♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✺✭❝✮ ❡t ❈✳✺✭❞✮✱ ❝❡❧❧❡ ❞❡s ♠❛❣♥♦♥s✱ ❡♥ ❋✐❣✳ ❈✳✺✭❜✮✳ ▲❡s
♠❛❣♥♦♥s ♠♦✉s ♦♥t ❞❡s ✈❡❝t❡✉rs ❞✬♦♥❞❡ ❛✉① ❝♦✐♥s ❡t ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ❩❞❇ r❡❝t❛♥❣✉❧❛✐r❡ ✭s♦✐t
❛✉ ❝❡♥tr❡ ❡t ❛✉① ♠✐❧✐❡✉① ❞❡ ❝ôtés ❞❡ ❧❛ ❩❞❇ ❞✉ ❝r✐st❛❧✮✳ ▲✬❛✐♠❛♥t❛t✐♦♥ ♦❜t❡♥✉❡ ❧♦rs ❞❡ ❧❛
❝♦♥❞❡♥s❛t✐♦♥ ❢❛✐t ♣❛rt✐❡ ❞✬✉♥ ❝♦♥t✐♥✉✉♠ ❞✬ét❛ts ✭❝❛❧❝✉❧s ❡✛❡❝t✉és ❡♥ ❙❡❝✳✸✳✸✮✳

✺✳✷ ❘és❡❛✉ ❦❛❣♦♠❡

■❧ ② ❛ q✉❛tr❡ ❆♥sät③❡ r❡s♣❡❝t❛♥t t♦✉t❡s ❧❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ r❡♣érés ♣❛r ❧❡✉r ✢✉①
❛✉t♦✉r ❞✬✉♥ ❤❡①❛❣♦♥❡ ❡t ❞✬✉♥ ❧♦s❛♥❣❡ à ❤✉✐t ❝ôtés ✿ (0, 0)✱ (π, 0)✱ (0, π) ❡t (π, π) ❬✶✵✽❪✳ ▲❡s
s♣❡❝tr❡s ❞❡ s♣✐♥♦♥s ❡t ❞❡ ♠❛❣♥♦♥s s♦♥t ❞é❝r✐ts ❡♥ ❋✐❣✳❈✳✻✱ ❈✳✼✱ ❈✳✽✱ ❡t ❈✳✾✮✳

▲✬❆♥s❛t③ (0, 0) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ tr♦✐s s✐t❡s✳ ▲❛ ♠❛✐❧❧❡✱ ❧✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s
❡t ❞❡s ♠❛❣♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✻✳ ■❧ ② ❛ tr♦✐s ♥❛♣♣❡s ❞✐✛ér❡♥t❡s ❞❡ s♣✐♥♦♥s✱ ❝❤❛❝✉♥❡
❞❡✉① ❢♦✐s ❞é❣é♥éré❡✳ ❊♥ κc = 0.54✱ q✉❛tr❡ s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
❛♣♣❛r❛✐ss❡♥t ❡♥ ❞❡✉① ❝♦✐♥s ♦♣♣♦sés ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥✱ ❡♥ ±K = ±(2π/3, 4π/3)✳ ▲❡ λ
❝r✐t✐q✉❡ ❡st λc = −2

√
3A✳

✺✳ ❈❊❘❚❆■◆❙ ❆◆❙➘❚❩❊ P❆❘❚■❈❯▲■❊❘❙ ✶✻✶
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✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ (0) ✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✹ ✕ ❆♥s❛t③ (0) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r A = 1 ❡t λ = λc✳ ▲❡ ♠❛❣❡♥t❛ ❡st
❧✬é♥❡r❣✐❡ ❧❛ ♣❧✉s ❜❛ss❡✱ ❧❡ r♦✉❣❡✱ ❧❛ ♣❧✉s ❤❛✉t❡✳

✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ (π) ✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✺ ✕ ❆♥s❛t③ (π) s✉r ❧❡ rés❡❛✉ tr✐❛♥❣✉❧❛✐r❡ ♣♦✉r A = 1 ❡t λ = λc✳

✶✻✷ ✺✳ ❈❊❘❚❆■◆❙ ❆◆❙➘❚❩❊ P❆❘❚■❈❯▲■❊❘❙
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❙♦✐t z = ei
π
6 ✳ ▲❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ K ❡st

MK =
√

3





2 0 0 0 z −z∗
0 2 0 −z∗ 0 z
0 0 2 z −z∗ 0
0 −z z∗ 2 0 0
z∗ 0 −z 0 2 0
−z z∗ 0 0 0 2




, ✭❈✳✷✼✮

♦ù ❧✬♦♥ ❛ ♣r✐s A = 1 ❡t λ = λc✳ ❈❡tt❡ ♠❛tr✐❝❡ ♣♦ssè❞❡ ✉♥ ✈❡❝t❡✉r ♣r♦♣r❡ ❞❡ ✈❛❧❡✉r ♣r♦♣r❡
♥✉❧❧❡✱ ❞❡ ❝♦♦r❞♦♥♥é❡s

uK =





z∗

−z
i

−iz∗
iz
1




. ✭❈✳✷✽✮

P♦✉r −K✱ ♦♥ ❛ ❧❡ ✈❡❝t❡✉r ♣r♦♣r❡ u−K ❝♦♥❥✉❣✉é✳
P♦✉r ♦❜t❡♥✐r ❧❡s 〈aix〉 ❡t 〈bix〉 ❞✬✉♥ ét❛t ❝♦♥❞❡♥sé✱ ♦♥ ✉t✐❧✐s❡ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡

(〈a1x〉, 〈a2x〉, 〈a3x〉, 〈b1x〉∗, 〈b2x〉∗, 〈b3x〉∗)t = c1uKe
iKx + c2u−Ke

−iKx ✭❈✳✷✾✮

♦ù ci ❡st ✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡✳
▲❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s s✉r ❧❡s ❞✐✛ér❡♥ts s✐t❡s s♦♥t ✐❞❡♥t✐q✉❡s✱ q✉❡❧s q✉❡ s♦✐❡♥t c1 ❡t

c2✳ ❯♥❡ ❤♦♠♦t❤ét✐❡ ❞❡s ci ♠♦❞✐✜❡ ❝❡ ♥♦♠❜r❡✳ ▲❡s ❧✐❜❡rtés r❡st❛♥t❡s✱ ❛✉ ♥♦♠❜r❡ ❞❡ ✸✱
❝♦rr❡s♣♦♥❞❡♥t à ✉♥❡ r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳

❖♥ ♣❡✉t ✜①❡r c2 = 0 ❡t c1 = 1✳ ▲✬♦r✐❡♥t❛t✐♦♥ ♦❜t❡♥✉❡ ❡st ❧✬♦r❞r❡
√

3 ×
√

3 ❛✈❡❝ ✸
s♦✉s✲rés❡❛✉① ❞❡ s♣✐♥s à ✶✷✵ ❞❡❣rés ❧❡s ✉♥s ❞❡s ❛✉tr❡s ✭❋✐❣✳✶✳✼✭❣✮✮✳

▲✬❆♥s❛t③ (π, 0) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ tr♦✐s s✐t❡s✳ ▲❛ ♠❛✐❧❧❡✱ ❧✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s
❡t ❞❡s ♠❛❣♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✼✳ ■❧ ② ❛ ❞❡✉① ♥❛♣♣❡s ❞✐✛ér❡♥t❡s ❞❡ s♣✐♥♦♥s✱ ❧❛ ♥❛♣♣❡
s✉♣ér✐❡✉r❡ ét❛♥t ❞❡✉① ❢♦✐s ❞é❣é♥éré❡✱ ❧❛ ♥❛♣♣❡ ✐♥❢ér✐❡✉r❡ ✹ ❢♦✐s✳ ❊♥ κc = 0.5✱ q✉❛tr❡ s♣✐♥♦♥s
❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡ ❛♣♣❛r❛✐ss❡♥t ❛✉ ❝❡♥tr❡ ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ Γ✳ ▲❡
λ ❝r✐t✐q✉❡ ❡st λc = −2

√
3A✳

▲❛ ♠❛tr✐❝❡ ❞✉ ❍❛♠✐❧t♦♥✐❡♥ ❡♥ Γ ❡st

MΓ = 2





√
3 0 0 0 −1 1

0
√

3 0 1 0 −1

0 0
√

3 −1 1 0

0 1 −1
√

3 0 0

−1 0 1 0
√

3 0

1 −1 0 0 0
√

3





✭❈✳✸✵✮

♦ù ❧✬♦♥ ❛ ♣r✐s A = 1 ❡t λ = λc✳ ❈❡tt❡ ♠❛tr✐❝❡ ♣♦ssè❞❡ ❞❡✉① ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ✈❛❧❡✉rs
♣r♦♣r❡s ♥✉❧❧❡s✱ ❞❡ ❝♦♦r❞♦♥♥é❡s

uΓ =





−i
e5iπ/6

eiπ/6

1

e−2iπ/3

e2iπ/3




vΓ = u∗Γ





i

e−5iπ/6

e−iπ/6

1

e2iπ/3

e−2iπ/3




✭❈✳✸✶✮
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✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③
(0, 0)

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✻ ✕ ❆♥s❛t③ (0, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r A = 1 ❡t λ = λc✳

✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③
(π, 0)

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✼ ✕ ❆♥s❛t③ (π, 0) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r A = 1 ❡t λ = λc✳

P♦✉r ♦❜t❡♥✐r ❧❡s 〈aix〉 ❡t 〈bix〉 ❞✬✉♥ ét❛t ❝♦♥❞❡♥sé✱ ♦♥ ✉t✐❧✐s❡ ❧✬é❣❛❧✐té s✉✐✈❛♥t❡

(〈a1x〉, 〈a2x〉, 〈a3x〉, 〈b1x〉∗, 〈b2x〉∗, 〈b3x〉∗)t = c1uΓ + c2vΓ, ✭❈✳✸✷✮

♦ù ci ❡st ✉♥ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡✳
▲❡s ♥♦♠❜r❡s ❞❡ ❜♦s♦♥s s✉r ❧❡s ❞✐✛ér❡♥ts s✐t❡s s♦♥t ✐❞❡♥t✐q✉❡s q✉❡❧s q✉❡ s♦✐❡♥t ❧❡s ci✳

❯♥❡ ❤♦♠♦t❤ét✐❡ ❞❡s ci ♠♦❞✐✜❡ ❝❡ ♥♦♠❜r❡✳ ▲❡s ✸ ❧✐❜❡rtés r❡st❛♥t❡s ❝♦rr❡s♣♦♥❞❡♥t à ✉♥❡
r♦t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❡s s♣✐♥s✳ ❖♥ ♣❡✉t ✜①❡r c2 = 0 ❡t c1 = 1✳ ▲✬♦r✐❡♥t❛t✐♦♥ ♦❜t❡♥✉❡ ❡st ❧✬♦r❞r❡
q = 0 ❛✈❡❝ ✸ s♦✉s✲rés❡❛✉① ❞❡ s♣✐♥s à ✶✷✵ ❞❡❣rés ❧❡s ✉♥s ❞❡s ❛✉tr❡s ✭❋✐❣✳✶✳✼✭❜✮✮✳

▲✬❆♥s❛t③ (0, π) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ s✐① s✐t❡s✳ ▲❛ ♠❛✐❧❧❡✱ ❧✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s
❡t ❞❡s ♠❛❣♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✽✳ ■❧ ② ❛ tr♦✐s ♥❛♣♣❡s ❞✐✛ér❡♥t❡s ❞❡ s♣✐♥♦♥s✱ ❝❤❛❝✉♥❡
ét❛♥t q✉❛tr❡ ❢♦✐s ❞é❣é♥éré❡✳ ❊♥ κc = 2.0✱ ❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
❛♣♣❛r❛✐ss❡♥t ❡♥ q✉❛tr❡ ♣♦✐♥ts ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ r❡❝t❛♥❣✉❧❛✐r❡ ✿ q1 = (π6 ,

π
3 )✱ −q1✱

q2 = (5π
6 ,

2π
3 ) ❡t −q2✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc = −

(√
19−

√
3

2

)
A✳

▲✬❆♥s❛t③ (π, π) ▲❛ ♠❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③ ♣♦ssè❞❡ s✐① s✐t❡s✳ ▲❛ ♠❛✐❧❧❡✱ ❧✬é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s
❡t ❞❡s ♠❛❣♥♦♥s ❡st r❡♣rés❡♥té❡ ❋✐❣✳❈✳✾✳ ■❧ ② ❛ s✐① ♥❛♣♣❡s ❞✐✛ér❡♥t❡s ❞❡ s♣✐♥♦♥s✱ ❝❤❛❝✉♥❡
ét❛♥t ❞❡✉① ❢♦✐s ❞é❣é♥éré❡✳ ❊♥ κc = 0.93✱ ❞❡s s♣✐♥♦♥s ❣❛♣❧❡ss à ❧❛ ❧✐♠✐t❡ t❤❡r♠♦❞②♥❛♠✐q✉❡
❛♣♣❛r❛✐ss❡♥t ❡♥ q✉❛tr❡ ♣♦✐♥ts ❞❡ ❧❛ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ✿ q1 = (π6 ,

π
3 )✱ −q1✱ q2 = (5π

6 ,
2π
3 ) ❡t

−q2✳ ▲❡ λ ❝r✐t✐q✉❡ ❡st λc = (−
√

3 −
√

2)A✳

✶✻✹ ✺✳ ❈❊❘❚❆■◆❙ ❆◆❙➘❚❩❊ P❆❘❚■❈❯▲■❊❘❙
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✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③
(0, π)

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✽ ✕ ❆♥s❛t③ (0, π) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r A = 1 ❡t λ = λc✳

✭❛✮ ▼❛✐❧❧❡ ❞❡ ❧✬❆♥s❛t③
(π, π)

✭❜✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s ♠❛❣♥♦♥s

✭❝✮ ❇❛♥❞❡ ❞❡ ♣❧✉s ❜❛ss❡
é♥❡r❣✐❡ ❞❡s s♣✐♥♦♥s

✭❞✮ ❈♦✉♣❡ ❞❡ ❧✬é♥❡r❣✐❡ ❞❡s
s♣✐♥♦♥s

❋✐❣✳ ❈✳✾ ✕ ❆♥s❛t③ (π, π) s✉r ❧❡ rés❡❛✉ ❦❛❣♦♠❡ ♣♦✉r A = 1 ❡t λ = λc✳

✻ ▲✬❛♣♣r♦❝❤❡ ❧❛r❣❡ ◆

▲✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❤❛♠♣ ♠♦②❡♥ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ♣❡✉t êtr❡ ✈✉❡ ❝♦♠♠❡ ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t à ❧✬♦r❞r❡ ✵ ❡♥ 1/N ❞❡s q✉❛♥t✐tés ❞✬✉♥ s②stè♠❡ à N s❛✈❡✉rs ❞❡ s♣✐♥ ❡♥
❝❤❛q✉❡ s✐t❡✱ ❧❡s ❝❛s ♣❤②s✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t à ✉♥ N ✜♥✐✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ été ♣r♦♣♦sé❡
✐♥✐t✐❛❧❡♠❡♥t ♣❛r ❆r♦✈❛s ❡t ❆✉❡r❜❛❝❤ ❬✸❪ s✉r ❧❡s s②stè♠❡s ❋ ♦✉ ❜✐♣❛rt✐t❡s ❡t ét❡♥❞✉ ♣❛r
❘❡❛❞ ❡t ❙❛❝❤❞❡✈ ❬✽✼❪ à t♦✉s ❧❡s s②stè♠❡s✳

●râ❝❡ ❛✉① ét❛ts ❝♦❤ér❡♥ts✱ ♦♥ ♣❡✉t ❡①♣r✐♠❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ❝♦♠♠❡ ✉♥❡ ✐♥té✲
❣r❛❧❡ ❞❡ ❝❤❡♠✐♥✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r✱ ❧❡ ▲❛❣r❛♥❣✐❡♥ ❡st ❜✐q✉❛❞r❛t✐q✉❡
❡♥ ♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s✳ ❯♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❍✉❜❜❛r❞✲❙tr❛t♦♥♦✈✐❝❤ ♣❡r♠❡t ❞❡ ♥♦✉s
r❛♠❡♥❡r à ✉♥ ▲❛❣r❛♥❣✐❡♥ q✉❛❞r❛t✐q✉❡✱ ♠❛✐s ❡♥ ❛❥♦✉t❛♥t ❞❡s ✐♥té❣r❛❧❡s s✉r ❞❡s ✈❛r✐❛❜❧❡s
❝♦♠♣❧❡①❡s ❞❡ ❧✐❡♥✳ ▲❛ t❤é♦r✐❡ ❧❛r❣❡ N ♣❡r♠❡t ❞❡ ♥é❣❧✐❣❡r ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ ❝❡s ✈❛r✐❛❜❧❡s
❝♦♠♣❧❡①❡s ❞❡ ❧✐❡♥ ❡♥ ✉t✐❧✐s❛♥t ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣♦✐♥t s❡❧❧❡✳ ❖♥ ♣❡✉t ❡♥s✉✐t❡ ✐♥té❣r❡r ❧❡s
❡✛❡ts ❞✬✉♥ N ✜♥✐ ❡♥ ✐♥❝❧✉❛♥t ❧❡s ✢✉❝t✉❛t✐♦♥s✳

✻✳✶ ❊t❛ts ❝♦❤ér❡♥ts

❖♥ ❞é✜♥✐t ❧❡s ét❛ts ❝♦❤ér❡♥ts ❛ss♦❝✐és ❛✉ ✈❡❝t❡✉r ❞✬♦♣ér❛t❡✉rs ❜♦s♦♥✐q✉❡s a ♣❛r

|z〉 = ea
†z |0〉 , ✭❈✳✸✸✮

♦ù z ❡st ✉♥ ✈❡❝t❡✉r ❝♦♠♣❧❡①❡ ✭♣♦✉r ❞❡s ❢❡r♠✐♦♥s✱ ❝❡ s❡r❛✐t ✉♥ ✈❡❝t❡✉r ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ●r❛ss✲
♠❛♥♥✮✳ ❈❡s ét❛ts ❝♦❤ér❡♥ts s♦♥t très ✐♥tér❡ss❛♥ts ❝❛r ✐❧ ♣❡r♠❡tt❡♥t ❞❡ ❢♦r♠✉❧❡r ❧❛ ❢♦♥❝t✐♦♥

✻✳ ▲✬❆PP❘❖❈❍❊ ▲❆❘●❊ ◆ ✶✻✺
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❞❡ ♣❛rt✐t✐♦♥ ❝♦♠♠❡ ✉♥❡ ✐♥té❣r❛❧❡ ❞❡ ❝❤❡♠✐♥✱ ❣râ❝❡ ♥♦t❛♠♠❡♥t ❛✉① r❡❧❛t✐♦♥s s✉✐✈❛♥t❡s

ai |z〉 = zi |z〉 ✭❈✳✸✹✮

〈z|z′〉 = ez
∗z′ ✭❈✳✸✺✮

1 =

∫
dze−z∗z |z〉 〈z| ✭❈✳✸✻✮

〈z|Â|z′〉 = A(z∗, z′)ez
∗z′ ✭❈✳✸✼✮

Tr(Â) =

∫
dze−z∗z〈z|Â|z〉 ✭❈✳✸✽✮

♦ù Â ❡st ✉♥ ♦♣ér❛t❡✉r ♥♦r♠❛❧ ✭Â =: Â :✱ t♦✉s ❧❡s ♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ s♦♥t à ❣❛✉❝❤❡ ❞❡s
♦♣ér❛t❡✉rs ❞✬❛♥♥✐❤✐❧❛t✐♦♥✮ ❡t A(z∗, z′) ❡st ❧❡ ♥♦♠❜r❡ ❝♦♠♣❧❡①❡ ♦❜t❡♥✉ ❡♥ r❡♠♣❧❛❝❛♥t ❧❡s
♦♣ér❛t❡✉rs ❞❡ ❝ré❛t✐♦♥ ❡t ❞✬❛♥♥✐❤✐❧❛t✐♦♥ ♣❛r ❧❡s ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s ❛♣♣r♦♣r✐és✳ ▲✬éq✉❛t✐♦♥
❈✳✸✺ ♥♦✉s ♠♦♥tr❡ q✉❡ ❧❡s ét❛ts ❝♦❤ér❡♥ts ♥❡ s♦♥t ♣❛s ♦rt❤♦❣♦♥❛✉①✱ ♠❛✐s ❞✬❛♣rès ❧✬éq✉❛t✐♦♥
s✉✐✈❛♥t❡ ✭❈✳✸✻✮✱ q✉✐ ❡st ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❢❡r♠❡t✉r❡✱ ✐❧s ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ s✉r❝♦♠♣❧èt❡ ❞❡
❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt✳

▲❡s ✐♥té❣r❛❧❡s ❞❡ ❝❡s r❡❧❛t✐♦♥s s✉r z ♥♦♠❜r❡ ❝♦♠♣❧❡①❡ s♦♥t ❞é✜♥✐❡s ♣❛r

∫
dz =

∫ ∏

i

dxidyi
π

, ✭❈✳✸✾✮

✻✳✷ ❋♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ✿ ✐♥té❣r❛❧❡ ❞❡ ❝❤❡♠✐♥

❖♥ r❡❝❤❡r❝❤❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ Z✳ ❊❧❧❡ ❡st ♣❛r ❞é✜♥✐t✐♦♥ é❣❛❧❡ à ❧❛ tr❛❝❡ ❞❡ e−βH ✳

Z = Tr(e−β
bH) ✭❈✳✹✵✮

=

∫
dz0e

−z∗0z0〈z0| lim
Nτ→∞

(
1 − βĤ

Nτ

)Nτ

|z0〉 ✭❈✳✹✶✮

=

∮
D[z(τ)]e−

R β

0 L(τ)dτ , ✭❈✳✹✷✮

♦ù L(τ) ❡st ❧❡ ▲❛❣r❛♥❣✐❡♥

L(τ) = z∗(τ)∂τz(τ) +H(z∗(τ), z(τ)). ✭❈✳✹✸✮

❱♦✐❝✐ ❧❡s ét❛♣❡s ❞✉ ❝❛❧❝✉❧ ✿ ♦♥ r❡♠♣❧❛❝❡ ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ♣❛r ❧❛ ❧✐♠✐t❡ ❞✬✉♥ ♥♦♠❜r❡ Nτ ❞❡
♣r♦❞✉✐ts ❧♦rsq✉❡ ❝❡ ♥♦♠❜r❡ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❖♥ ✐♥sèr❡ ✉♥ ♥♦♠❜r❡ Nτ − 1 ❞❡ r❡❧❛t✐♦♥s ❞❡
❢❡r♠❡t✉r❡ ❡♥tr❡ ❝❤❛❝✉♥ ❞❡ ❝❡s ♣r♦❞✉✐ts✳ ❖♥ ♣♦s❡ zNτ+1 = z1 ❡t ♦♥ ✉t✐❧✐s❡ ❧❛ ❢♦r♠✉❧❡ ❈✳✸✼
♣♦✉r ❛rr✐✈❡r à ❧❛ ❞❡r♥✐èr❡ ❧✐❣♥❡✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st ♦r❞♦♥♥é ♥♦r♠❛❧❡♠❡♥t
✭Ĥ =: Ĥ :✮✳ ❘❡st❡ ❧❛ ❞❡r♥✐èr❡ ét❛♣❡✱ ♥♦♥ ❥✉st❡ ♠❛t❤é♠❛t✐q✉❡♠❡♥t✳✳✳ ♦ù ❧✬♦♥ r❡♠♣❧❛❝❡ ❧❛
❧✐♠✐t❡ s✉r Nτ ♣❛r ✉♥❡ ✐♥té❣r❛❧❡ ❞❡ ❝❤❡♠✐♥ s✉r z✳ P♦✉r ❧❡s ❜♦s♦♥s✱ z(β) = z(0)✱ ❞✬♦ù ❧❡
s②♠❜♦❧❡

∮
✳

❖♥ ♣❛r❧❡ ♣❛r❢♦✐s ❞✬✐♥té❣r❛❧❡ ❡♥ t❡♠♣s ✐♠❛❣✐♥❛✐r❡ ❝❛r ❡❧❧❡ ❡st ♦❜t❡♥✉ ❞❡ ❧❛ tr❛❝❡ ❞❡
❧✬♦♣ér❛t❡✉r ❞✬é✈♦❧✉t✐♦♥ ❞❛♥s ❧❡ t❡♠♣s e−i/~ bHt ♣❛r ❧❛ tr❛♥s❢♦r♠❛t✐♦♥

t→ i~β, ✭❈✳✹✹✮

▲✬✐♥té❣r❛❧❡ ❞❡ 0 à t ❡st r❡♠♣❧❛❝é❡ ♣❛r ✉♥❡ ✐♥té❣r❛❧❡ ❞❡ 0 à β✳

✶✻✻ ✻✳ ▲✬❆PP❘❖❈❍❊ ▲❆❘●❊ ◆
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✻✳✸ Pr✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s ❝♦♥tr❛✐♥t❡s

❙✉r ❝❤❛q✉❡ s✐t❡ i✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❜♦s♦♥s ni ❞♦✐t êtr❡ é❣❛❧ à κ✳ ❖♥ ❞♦✐t ❞♦♥❝ ré❞✉✐r❡
❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❡♥❣❡♥❞ré ♣❛r ❧❡s ét❛ts ❝♦❤ér❡♥ts |z〉 ❛✉ s♦✉s✲❡s♣❛❝❡ ❞❡s ét❛ts ✈ér✐✜❛♥t
❧❛ ❝♦♥tr❛✐♥t❡✳ P♦✉r ❝❡❧❛✱ ♦♥ ♣r♦❥❡tt❡ ❧❡s ét❛ts ❞❡ ❧✬❡s♣❛❝❡ ❞❡ ❞é♣❛rt s✉r ❝❡ s♦✉s✲❡s♣❛❝❡ ❡♥
❢❛✐s❛♥t ❛❣✐r ❧✬♦♣ér❛t❡✉r ❛✉t♦✲❛❞❥♦✐♥t

∏
i δ (ni − κ) ✭q✉✐ ❞♦♥♥❡ ✉♥ ♣♦✐❞s ✵ ♦✉ ✶ à ✉♥ ét❛t ❞❡

❧❛ ❜❛s❡ ❞❡ ❋♦❝❦✮✳ ❖♥ ♥❡ ❢❛✐t ❞♦♥❝ ♣❧✉s ❧❛ tr❛❝❡ ❞✬✉♥ ♦♣ér❛t❡✉r A q✉❡ s✉r ❧❡s ét❛ts ✈ér✐✜❛♥t
❧❛ ❝♦♥tr❛✐♥t❡ ❡♥ ❞♦♥♥❛♥t ✉♥ ♣♦✐❞s ♥✉❧ ❛✉① ❛✉tr❡s✱ ❝❡ q✉✐ ❞♦♥♥❡ ✿

Tr(Â) =

∫
dze−z∗z〈z|Â

∏

i

δ (n̂i − κ) |z〉. ✭❈✳✹✺✮

❖♥ ✉t✐❧✐s❡ ♠❛✐♥t❡♥❛♥t ❧✬é❣❛❧✐té

δ(p) =
1

2π

∫ ∞

−∞
dλe−iλp ✭❈✳✹✻✮

♣♦✉r réé❝r✐r❡ ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ ❛✐♥s✐ q✉❡ ❧❛ r❡❧❛t✐♦♥ ❞❡ ❢❡r♠❡t✉r❡✳
❙✐ ❧✬♦♥ r❡❞ér✐✈❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ à ♣❛rt✐r ❞❡ ❝❡s ♥♦✉✈❡❧❧❡s ❢♦r♠✉❧❡s✱ ♦♥ ♦❜t✐❡♥t ✿

Z =

∮ η

D[z(τ), λ(τ)]e−
R β

0 L(τ)dτ , ✭❈✳✹✼✮

❛✈❡❝
L(τ) = z∗(τ)∂τz(τ) +H(z∗(τ), z(τ)) + i

∑

i

λi(τ)(ni(τ) − κ). ✭❈✳✹✽✮

✻✳✹ ❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❍✉❜❜❛r❞✲❙tr❛t♦♥♦✈✐❝❤

▲✬✐❞❡♥t✐té ❞❡ ❍✉❜❜❛r❞✲❙tr❛t♦♥♦✈✐❝❤ ❡st

e
αF∗F

N =
αN

π

∫
dQ2e−α(NQ∗Q−F ∗Q−Q∗F ). ✭❈✳✹✾✮

♦ù α ❡t N s♦♥t ❞❡s ré❡❧s ♣♦s✐t✐❢s✱ F ♣❡✉t êtr❡ ✉♥ t❡r♠❡ q✉❛❞r❛t✐q✉❡ ❞❡ ✈❛r✐❛❜❧❡s ❞❡ ●r❛ss✲
♠❛♥♥ ♦✉ ❞❡ ♥♦♠❜r❡s ❝♦♠♣❧❡①❡s✳ ❈❡tt❡ ✐❞❡♥t✐té ♣❡r♠❡t ❞❡ tr❛♥s❢♦r♠❡r ✉♥ t❡r♠❡ ❜✐q✉❛❞r❛✲
t✐q✉❡ ❡♥ ✉♥ t❡r♠❡ q✉❛❞r❛t✐q✉❡ ❞❛♥s ✉♥❡ ❡①♣♦♥❡♥t✐❡❧❧❡✱ ❜❡❛✉❝♦✉♣ ♣❧✉s s②♠♣❛t❤✐q✉❡ ❝❛r
♦♥ ❝♦♥♥❛ît ❧❡s ✐♥té❣r❛❧❡s ❣❛✉ss✐❡♥♥❡s✳ ▲❡ ♣r✐① à ♣❛②❡r ❡st ✉♥❡ ✐♥té❣r❛t✐♦♥ s✉r ✉♥❡ ✈❛r✐❛❜❧❡
s✉♣♣❧é♠❡♥t❛✐r❡ Q✳

❱♦②♦♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ❢♦r♠✉❧❡ t♦✉t ❞✬❛❜♦r❞ ❞❛♥s ❧❡ ❝❛s ❞❡s ❜♦s♦♥s ♣♦✉r ❞❡s
✐♥t❡r❛❝t✐♦♥s t♦✉t❡s ❆❋ ✭❝❡❝✐ ❡①❝❧✉s✐✈❡♠❡♥t ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ ❝♦♠♣❛❝✐té ❞❡s ❢♦r♠✉❧❡s✱
♠❛✐s ❧❛ ❣é♥ér❛❧✐s❛t✐♦♥ ❛✉ ❝❛s ❣é♥ér❛❧ ❡st tr✐✈✐❛❧❡✮✳

Ĥ =
1

2

∑

i,j

Jij

(
S2 − 2Â†

ijÂij

)
✭❈✳✺✵✮

▲❡ ❍❛♠✐❧t♦♥✐❡♥ ❡st ♥♦r♠❛❧✳ ❖♥ ♣❡✉t ❧✉✐ s♦✉str❛✐r❡ ❧❛ ❝♦♥st❛♥t❡ ❡♥ S2✳ ❆♣rès ❛✈♦✐r ✉t✐❧✐sé
❧✬❊q✳❈✳✹✾ s✉r ❝❤❛❝✉♥ ❞❡s ❧✐❡♥s ❡t ❡♥ ❝❤❛q✉❡ ✐♥st❛♥t τ ✱ ❛✈❡❝ F (τ) = Aij(z

∗(τ), z(τ)) ✭q✉❡
❧✬♦♥ ♥♦t❡ ♣❛r ❧❛ s✉✐t❡ Aij(τ)✮✱ ♦♥ ♦❜t✐❡♥t

Zb =

∫
D[z(τ),Q(τ), λ(τ)]e−

R β

0 Lb(τ)dτ ✭❈✳✺✶✮

Lb = z∗∂τz +
∑

i,j

Jij

(
−A†

ijQij −AijQ
∗
ij + |Qij |2

)
+ i
∑

i

λi(ni − κ), ✭❈✳✺✷✮

♦ù Q(τ) ❡st ✉♥ ✈❡❝t❡✉r ❝♦♠♣❧❡①❡ ❞❡ ❞✐♠❡♥s✐♦♥ ❧❡ ♥♦♠❜r❡ ❞❡ ❧✐❡♥s ❞✉ rés❡❛✉ ✭Qij(τ) =
−Qji(τ)✮✳ ❖♥ ♣❡✉t ♠❛✐♥t❡♥❛♥t ✐♥té❣r❡r ❢♦r♠❡❧❧❡♠❡♥t s❡❧♦♥ ❧❡s ✈❛r✐❛❜❧❡s z✱ ❝❡ q✉✐ s❡r❛ ❢❛✐t
❞❛♥s ❧❛ s♦✉s✲s❡❝t✐♦♥ s✉✐✈❛♥t❡ ❛♣rès ❛✈♦✐r ❡✛❡❝t✉é ❧❡ ♣❛ss❛❣❡ ❛✉ ♠♦❞è❧❡ Sp(2N)✳
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✻✳✺ ❆♣♣r♦①✐♠❛t✐♦♥ ❧❛r❣❡ ◆✱ ♠ét❤♦❞❡ ❞✉ ♣♦✐♥t s❡❧❧❡

▼❛✐♥t❡♥❛♥t q✉❡ ❧✬♦♥ ❛ ♥♦tr❡ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ ✐♥té❣r❛❧❡ ❞❡
❝❤❡♠✐♥✱ ♦♥ ✈♦✉❞r❛✐t ❧❛ ❝❛❧❝✉❧❡r✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ♦♥ ♥❡ s❛✐t ♣❛s ❧❡ ❢❛✐r❡ ♣♦✉r ❧❡ ♠♦❞è❧❡
❞é✈❡❧♦♣♣é ❥✉sq✉✬✐❝✐✳ ❈❡❧à ♥❡ s❡r❛ ♣♦ss✐❜❧❡ q✉✬❛♣rès ❛✈♦✐r ét❡♥❞✉ ♥♦tr❡ ♠♦❞è❧❡ ❞❡ s♣✐♥s
SU2 à ✉♥ ♠♦❞è❧❡ Sp2N ✱ ❞❡ ❢❛ç♦♥ à ❞❡✈♦✐r ❝❛❧❝✉❧❡r ❧✬✐♥té❣r❛❧❡ ❞✬✉♥❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞♦♥t
❧✬❛r❣✉♠❡♥t ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à N ♣♦✉r ♦❜t❡♥✐r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥✳ ❖♥ ♣♦✉rr❛ ❛❧♦rs
✉t✐❧✐s❡r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✉ ♣♦✐♥t s❡❧❧❡✱ ♣✉✐s ❧❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ♣♦✉r ♦❜t❡♥✐r ✉♥
❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ♣✉✐ss❛♥❝❡s ❞❡ 1/N ✳

P♦✉r ❛✈♦✐r ✉♥ ❢❛❝t❡✉r N q✉❡ ❧✬♦♥ ♣❡✉t ❢❛✐r❡ t❡♥❞r❡ ✈❡rs ❧✬✐♥✜♥✐ ❞❛♥s ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧❛
❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥✱ ✐❧ ❢❛✉t ❝❤❛♥❣❡r ❞❡ ♠♦❞è❧❡✳ ◆♦✉s ❛✈♦♥s ✉♥ ♠♦❞è❧❡ ❞❡ s♣✐♥s q✉✐ ✈✐✈❡♥t
s✉r SU2✳ ■♥✐t✐❛❧❡♠❡♥t✱ ❧✬❡①t❡♥s✐♦♥ à SUN ❛ été ♣r♦♣♦sé❡ ♣❛r ❆r♦✈❛s ❡t ❆✉❡r❜❛❝❤ ❬✸❪ s✉r ❧❡s
s②stè♠❡s ❋ ♦✉ ❜✐♣❛rt✐t❡s✳ ❊❧❧❡ r❡♠♣❧❛❝❡ ❧❡s ❞❡✉① s❛✈❡✉rs ↑ ❡t ↓ ♣❛r N s❛✈❡✉rs✳ ❊❧❧❡ ♣❡r♠❡t
❞❡ tr❛✐t❡r ❧❡s ❜♦s♦♥s ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❋ s✉r ♥✬✐♠♣♦rt❡ q✉❡❧ rés❡❛✉✱ ♦✉ ❛✈❡❝ ✐♥t❡r❛❝t✐♦♥s ❆❋
s✉r ✉♥ rés❡❛✉ ❜✐♣❛rt✐t❡✳ ▼❛✐s ✉♥❡ ❡①t❡♥s✐♦♥ ♣❡r♠❡tt❛♥t ❞❡ tr❛✐t❡r ❧❡s ❜♦s♦♥s ❞❛♥s t♦✉s ❧❡s
❝❛s ❛ été ♣r♦♣♦sé❡ ♣❛r ❘❡❛❞ ❡t ❙❛❝❤❞❡✈ ❬✽✼❪ ✿ SpN ✭❧❡ ❝❛s SU2 ❝♦rr❡s♣♦♥❞❛♥t à N = 1✱
❛❧♦rs q✉✬✐❧ ❝♦rr❡s♣♦♥❞❛✐t à N = 2 ♣♦✉r SUN ✮✳ ❊❧❧❡ r❡♠♣❧❛❝❡ ❧❡s ❞❡✉① s❛✈❡✉rs ↑ ❡t ↓ ♣❛r
2N s❛✈❡✉rs✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣❛rt✐❝✉❧❡s ♣❛r s✐t❡ ❡st ❛❧♦rs Nκ✳ ❉❛♥s ❧❡ ❝❛s ❞❡s ❜♦s♦♥s ❛✈❡❝
✉♥✐q✉❡♠❡♥t ❞❡s ❧✐❡♥s ❆❋ ✭q✉✐ s❡r❛ ❧✬❡①❡♠♣❧❡ q✉❡ ❧✬♦♥ ❣❛r❞❡r❛ ♣♦✉r ❧❛ s✉✐t❡✮✱ ❧❡s ♥♦✉✈❡❛✉①
♦♣ér❛t❡✉rs Aij ❡t ❧❡ ♥♦✉✈❡❧ ❍❛♠✐❧t♦♥✐❡♥ s✬é❝r✐✈❡♥t

Âij =
1

2

N∑

m=1

(aimbjm − ajmbim), ✭❈✳✺✸✮

Ĥ = −
∑

i,j

Jij
N
Â†
ijÂij ✭❈✳✺✹✮

▲❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ZNb ❡st ♠❛✐♥t❡♥❛♥t ✉♥❡ ✐♥té❣r❛❧❡ s✉r ❞❡s ✈❡❝t❡✉rs z ❛②❛♥t N
❢♦✐s ♣❧✉s ❞❡ ❝♦♠♣♦s❛♥t❡s✳ ▲❛ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ❍✉❜❜❛r❞ ❙tr❛t♦♥♦✈✐❝❤ ❡st très s✐♠✐❧❛✐r❡ à
♣ré❝é❞❡♠❡♥t✱ à ❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥ ❢❛❝t❡✉r N ♣rès ❞❛♥s ❧✬❛❝t✐♦♥✳

ZNb =

∫
D[z(τ),Q(τ), λ(τ)]e−

R β

0 LN
b

(τ)dτ ✭❈✳✺✺✮

LNb (τ) = z∗∂τz +
∑

i,j

Jij

(
−A†

ijQij −AijQ
∗
ij +N |Qij |2

)
+ i
∑

im

λi(ni − κ)

= v∗G−1(Qij , λi)v +N
∑

i,j

Jij |Qij |2 − iNκ
∑

i

λi ✭❈✳✺✻✮

✭❞❡s ❞é♣❡♥❞❛♥❝❡s ❡♥ τ ♦♥t été ♦♠✐s❡s✮✳ ▲❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s ❡♥ z ❡t z∗ s♦♥t r❡❣r♦✉♣és
❞❛♥s v∗G−1(Qij , λi)v✳ ▲❡ ✈❡❝t❡✉r v ❡st ✉♥ ✈❡❝t❡✉r ❞♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts s♦♥t ❞❡s ❝♦❡✣❝✐❡♥ts
❞❡ z ❡t z∗ ❞é♣❡♥❞❡♥t ❞❡s t❡r♠❡s q✉❛❞r❛t✐q✉❡s ♣rés❡♥ts ❞❛♥s ❧❡ ▲❛❣r❛♥❣✐❡♥✳ P♦✉r ♥♦tr❡
❡①❡♠♣❧❡✱ ♦♥ ❛ ✿

v =

(
za
z∗b

)
✭❈✳✺✼✮

ZNb ❡st ✉♥❡ ✐♥té❣r❛❧❡ ❣❛✉ss✐❡♥♥❡ ❡♥ z✱ ♦♥ ♣❡✉t ❞♦♥❝ ❡✛❡❝t✉❡r ❝❡tt❡ ✐♥té❣r❛t✐♦♥ ✭❢♦r♠❡❧❧❡✲
♠❡♥t s❡✉❧❡♠❡♥t ✿ ❞❛♥s ❧❛ ré❛❧✐té✱ ♦♥ ♥❡ s❛✐t ♣❛s ❧❛ ❝❛❧❝✉❧❡r s❛♥s ❞♦♥♥❡r ❞❡ ✈❛❧❡✉rs ❛✉① Qij
❡t ❛✉① λi✮✱ ❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ ✉♥❡ ❛❝t✐♦♥ S ❞é♣❡♥❞❛♥t ❞❡s Qij ❡t ❞❡s λi ✿

ZNb =

∫
D[Q(τ), λ(τ)]e−NS(Q,λ) ✭❈✳✺✽✮
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S(Q, λ) =

∫ β

0
dτ




∑

i,j

Jij |Qij |2 − iκ
∑

i

λi



+ ln

(∫
D[z(τ)]e−

1
N

R β

0 v∗G−1(Qij ,λi)vdτ

)
.

S ❡st ❞✬♦r❞r❡ 1 ❡♥ N ✳ ❊♥ ❡✛❡t✱ ♦♥ ♣❡✉t sé♣❛r❡r ❧❡s ❝♦♥tr✐❜✉t✐♦♥s ❞❡ ❝❤❛q✉❡ s❛✈❡✉r m
❞❛♥s v∗G−1(Qij , λi)v ❡t t♦✉t❡s s♦♥t éq✉✐✈❛❧❡♥t❡s✳ ❖♥ ♣❡✉t ❞♦♥❝ ✉t✐❧✐s❡r ❧❛ ♠ét❤♦❞❡ ❞✉
♣♦✐♥t s❡❧❧❡ s✉r ❧✬❊q✳❈✳✺✽✳

▼ét❤♦❞❡ ❞✉ ♣♦✐♥t s❡❧❧❡✳ ❙♦✐t f : z → f(z) ✉♥❡ ❢♦♥❝t✐♦♥ ❛♥❛❧②t✐q✉❡✳ ▲❛
♠ét❤♦❞❡ ❞✉ ❝♦❧ ✭♦✉ ❞✉ ♣♦✐♥t s❡❧❧❡✮ ❝♦♥s✐st❡ ❡♥ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ s✉✐✈❛♥t❡ ❧♦rsq✉❡
N → ∞ ✿ 





∫
γ e

Nf(z) ≈
√

2π
Nρe

iψeNf(z0)

f ′(z0) = 0
f ′′(z0) = ρeiθ

ψ = −θ/2 ± π/2 ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛t❤✮✳

✭❈✳✺✾✮

❊❧❧❡ ❡st ♦❜t❡♥✉❡ ❡♥ ❞é❢♦r♠❛♥t ❧❡ ❝❤❡♠✐♥ ❞✬✐♥té❣r❛t✐♦♥ γ ❞❡ ❢❛ç♦♥ à ♣❛ss❡r ❡♥ z0
✭♣♦✐♥t s❡❧❧❡ ♣♦✉r ❧❛ ♣❛rt✐❡ ré❡❧❧❡ ❞❡ f ✱ ❛✐♥s✐ ❞✬❛✐❧❧❡✉rs q✉❡ ♣♦✉r s❛ ♣❛rt✐❡ ✐♠❛❣✐♥❛✐r❡✮
s❡❧♦♥ ❧✬✐♥❝❧✐♥❛✐s♦♥ t❡❧❧❡ q✉✬♦♥ tr❛✈❡rs❡ ❧❡ ❝♦❧ ❛✈❡❝ ❧✬❛♥❣❧❡ ♦♣t✐♠❛❧ ✭❞✬♦ù ❧✬❛♥❣❧❡ ψ✮✳

▲❡ ❝❤❛♠♣ ♠♦②❡♥ ❡st ♦❜t❡♥✉ ❡♥ ❛♣♣r♦①✐♠❛♥t ❧✬❊q✳❈✳✺✽ ♣❛r ❧✬❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧✬❛❝t✐♦♥
❡♥ ✉♥ ♣♦✐♥t st❛t✐♦♥♥❛✐r❡✱ ❡♥ s✉♣♣♦s❛♥t q✉✬❡♥ ✉♥ t❡❧ ♣♦✐♥t✱ ❧❡s Qij ❡t λi s♦♥t ✐♥❞é♣❡♥❞❛♥ts
❞❡ τ ❡t q✉❡ ❧❡s λi s♦♥t ✐♠❛❣✐♥❛✐r❡s ♣✉rs ✭❝❡ q✉✐ ♣❡r♠❡t ❞✬é❧✐♠✐♥❡r ❧❡ i ❞❡ ❧✬❛❝t✐♦♥✮✳
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❆♥♥❡①❡ ❉

▲✐st❡ ❞❡s ❛❜❜ré✈✐❛t✐♦♥s ❡t ❞é✜♥✐t✐♦♥s

✕ ❆❋ ✿ ❛♥t✐❢❡rr♦♠❛❣♥ét✐q✉❡✱
✕ ❆❙▲ ✿ ❛❧❣❡❜r❛✐❝ s♣✐♥ ❧✐q✉✐❞✱ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ ❛❧❣é❜r✐q✉❡✱
✕ ❈❱ ✿ ❝♦❡✉r ❞❡ ✈♦rt❡①✱
✕ Eop ✿ ❡s♣❛❝❡ ❞✉ ♣❛r❛♠ètr❡ ❞✬♦r❞r❡✱ ❡s♣❛❝❡ ❞❡s ét❛ts ❢♦♥❞❛♠❡♥t❛✉① ✭❙❡❝✳✷✳✶✮✱
✕ ❋ ✿ ❢❡rr♦♠❛❣♥ét✐q✉❡✱
✕ ✢✉① ✿ ❞é✜♥✐t✐♦♥ ♣✳✻✻✳
✕ ●❙ ✿ ❣r♦✉♥❞ st❛t❡✱ ét❛t ❢♦♥❞❛♠❡♥t❛❧✱
✕ κ ✿ ♥♦♠❜r❡ ♠♦②❡♥ ❞❡ ❜♦s♦♥s ♣❛r s✐t❡ ❡♥ ❙❇▼❋❚✱ ❛❥✉sté ❣râ❝❡ ❛✉① ♣♦t❡♥t✐❡❧s ❝❤✐♠✲
✐q✉❡s λi✱

✕ ❑❚ ✿ ❑♦st❡r❧✐t③✲❚❤♦✉❧❡ss✱
✕ ▲❘❖ ✿ ❧♦♥❣ r❛♥❣❡ ♦r❞❡r✱ ♦r❞r❡ à ❧♦♥❣✉❡ ♣♦rté❡✱
✕ ▼❋ ✿ ♠❡❛♥✲✜❡❧❞✱ ❝❤❛♠♣ ♠♦②❡♥✱
✕ On ✿ ❣r♦✉♣❡ ❞❡s ♠❛tr✐❝❡s ♦rt❤♦♥♦r♠❛❧❡s ❞❡ t❛✐❧❧❡ n× n✱
✕ P❙● ✿ ♣r♦❥❡❝t✐✈❡ s②♠♠❡tr② ❣r♦✉♣✱ ❣r♦✉♣❡ ❞❡ s②♠étr✐❡ ♣r♦❥❡❝t✐✈❡✱
✕ ❘❱❇ ✿ r❡s♦♥❛t✐♥❣ ✈❛❧❡♥❝❡ ❜♦♥❞✱
✕ ❙❇▼❋❚ ✿ ❙❝❤✇✐♥❣❡r ❜♦s♦♥ ♠❡❛♥✲✜❡❧❞ t❤❡♦r②✱ t❤é♦r✐❡ ❞❡s ❜♦s♦♥s ❞❡ ❙❝❤✇✐♥❣❡r ❡♥
❝❤❛♠♣ ♠♦②❡♥✱

✕ SOn ✿ ❣r♦✉♣❡ ❞❡s ♠❛tr✐❝❡s s♣é❝✐❛❧❡s ♦rt❤♦♥♦r♠❛❧❡s ❞❡ t❛✐❧❧❡ n× n✱
✕ Se ✿ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✬✉♥ ét❛t ✭❙❡❝✳✶✳✶✮✱ s♦✉s✲❣r♦✉♣❡ ❞❡ SH ❧❛✐ss❛♥t ❧✬ét❛t ✐♥✲
✈❛r✐❛♥t✱

✕ SH ✿ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✉ ❍❛♠✐❧t♦♥✐❡♥✱ ❣r♦✉♣❡ ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ❧✬❡s♣❛❝❡
❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❛♥s ❧✉✐✲♠ê♠❡ ❡t ♥❡ ♠♦❞✐✜❛♥t ♣❛s ❧❡✉r é♥❡r❣✐❡ ✭❙❡❝✳✶✳✶✮✱

✕ SR ✿ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ s♦✉s✲❣r♦✉♣❡ ❞❡ SH ❛❣✐ss❛♥t ✉♥✐q✉❡♠❡♥t s✉r ❧❡s
♣♦s✐t✐♦♥s ❞❡s s♣✐♥s ✭❙❡❝✳✶✳✶✮✱

✕ SS ✿ ❣r♦✉♣❡ ❞❡s s②♠étr✐❡s ❞✉ rés❡❛✉✱ s♦✉s✲❣r♦✉♣❡ ❞❡ SH ❛❣✐ss❛♥t ✉♥✐q✉❡♠❡♥t s✉r
❧✬♦r✐❡♥t❛t✐♦♥ ❞❡s s♣✐♥s ✭❙❡❝✳✶✳✶✮✱

✕ ❙▲ ✿ s♣✐♥ ❧✐q✉✐❞✱ ❧✐q✉✐❞❡ ❞❡ s♣✐♥✱
✕ ❚ ✿ t❡♠♣ér❛t✉r❡ ♦✉ s②♠étr✐❡ ♣❛r r❡♥✈❡rs❡♠❡♥t ❞✉ t❡♠♣s✱
✕ ❚❙▲ ✿ t♦♣♦❧♦❣✐❝❛❧ s♣✐♥ ❧✐q✉✐❞✱ ❧✐q✉✐❞❡ ❞❡ s♣✐♥ t♦♣♦❧♦❣✐q✉❡✱
✕ ❘❱❇ ✿ r❡s♦♥❛t✐♥❣ ✈❛❧❡♥❝❡ ❜♦♥❞✱ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡ rés♦♥♥❛♥ts
✕ ❱❇ ✿ ✈❛❧❡♥❝❡ ❜♦♥❞✱ ❧✐❡♥ ❞❡ ✈❛❧❡♥❝❡
✕ ❱❇❈ ✿ ✈❛❧❡♥❝❡ ❜♦♥❞ ❝r②st❛❧✱ ❝r✐st❛❧ ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡✱
✕ ❱❇❙ ✿ ✈❛❧❡♥❝❡ ❜♦♥❞ s♦❧✐❞✱ s♦❧✐❞❡ ❞❡ ❧✐❡♥s ❞❡ ✈❛❧❡♥❝❡✱
✕ ❩❞❇ ✿ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥✱
✕ ❩❞❇❊ ✿ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ét❡♥❞✉❡✱ ③♦♥❡ ❞❡ ❇r✐❧❧♦✉✐♥ ✭❩❞❇✮ ❞✉ rés❡❛✉ ❛✉q✉❡❧ ♦♥ ❛
❛❥♦✉té ❞❡s s✐t❡s ❞❡ ❢❛ç♦♥ à ♦❜t❡♥✐r ✉♥ rés❡❛✉ ❞❡ ❇r❛✈❛✐s✳

✶✼✶
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❇✐❜❧✐♦❣r❛♣❤✐❡

❬✶❪ ■✳ ❆✤❡❝❦✱ ❚✳ ❑❡♥♥❡❞②✱ ❊✳ ❍✳ ▲✐❡❜✱ ❛♥❞ ❍✳ ❚❛s❛❦✐✳ ❘✐❣♦r♦✉s r❡s✉❧ts ♦♥ ✈❛❧❡♥❝❡✲❜♦♥❞
❣r♦✉♥❞ st❛t❡s ✐♥ ❛♥t✐❢❡rr♦♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✺✾✭✼✮ ✿✼✾✾✕✽✵✷✱ ❆✉❣ ✶✾✽✼✳

❬✷❪ ■✳ ❆✤❡❝❦ ❛♥❞ ❏✳ ❇✳ ▼❛rst♦♥✳ ▲❛r❣❡✲n ❧✐♠✐t ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣✲❍✉❜❜❛r❞ ♠♦❞❡❧ ✿
■♠♣❧✐❝❛t✐♦♥s ❢♦r ❤✐❣❤✲Tc s✉♣❡r❝♦♥❞✉❝t♦rs✳ P❤②s✳ ❘❡✈✳ ❇✱ ✸✼✭✼✮ ✿✸✼✼✹✕✸✼✼✼✱ ▼❛r
✶✾✽✽✳

❬✸❪ ❉✳ P✳ ❆r♦✈❛s ❛♥❞ ❆✳ ❆✉❡r❜❛❝❤✳ ❋✉♥❝t✐♦♥❛❧ ✐♥t❡❣r❛❧ t❤❡♦r✐❡s ♦❢ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥✲
t✉♠ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧s✳ P❤②s✳ ❘❡✈✳ ❇✱ ✸✽✭✶✮ ✿✸✶✻✕✸✸✷✱ ❏✉❧ ✶✾✽✽✳

❬✹❪ ❆✳ ❆✉❡r❜❛❝❤✳ ■♥t❡r❛❝t✐♥❣ ❊❧❡❝tr♦♥s ❛♥❞ ◗✉❛♥t✉♠ ▼❛❣♥❡t✐s♠✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
❇❡r❧✐♥✱ ✶✾✾✹✳

❬✺❪ ❆✳ ❆✉❡r❜❛❝❤ ❛♥❞ ❉✳ P✳ ❆r♦✈❛s✳ ❙♣✐♥ ❞②♥❛♠✐❝s ✐♥ t❤❡ sq✉❛r❡✲❧❛tt✐❝❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✳
P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✻✶✭✺✮ ✿✻✶✼✕✻✷✵✱ ❆✉❣ ✶✾✽✽✳

❬✻❪ ❇✳ ❇❡r♥✉✱ P✳ ▲❡❝❤❡♠✐♥❛♥t✱ ❈✳ ▲❤✉✐❧❧✐❡r✱ ❛♥❞ ▲✳ P✐❡rr❡✳ ❊①❛❝t s♣❡❝tr❛✱ s♣✐♥ s✉s❝❡♣✲
t✐❜✐❧✐t✐❡s✱ ❛♥❞ ♦r❞❡r ♣❛r❛♠❡t❡r ♦❢ t❤❡ q✉❛♥t✉♠ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥❡t ♦♥ t❤❡
tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✺✵✭✶✹✮ ✿✶✵✵✹✽✕✶✵✵✻✷✱ ❖❝t ✶✾✾✹✳

❬✼❪ ❏✳✲P✳ ❇❧❛✐③♦t ❛♥❞ ●✳ ❘✐♣❦❛✳ ◗✉❛♥t✉♠ ❚❤❡♦r② ♦❢ ❋✐♥✐t❡ ❙②st❡♠s✳ ▼■❚ Pr❡ss✱ ✶✾✽✻✳

❬✽❪ ▼✳ ❈❛✛❛r❡❧✱ P✳ ❆③❛r✐❛✱ ❇✳ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❉✳ ▼♦✉❤❛♥♥❛✳ ▼♦♥t❡ ❝❛r❧♦ ❝❛❧❝✉❧❛t✐♦♥
♦❢ t❤❡ s♣✐♥ st✐✛♥❡ss ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❤❡✐s❡♥❜❡r❣ ♠♦❞❡❧✳ ❊P▲✱ ✷✻✭✼✮ ✿✹✾✸✱ ❏✉♥
✶✾✾✹✳

❬✾❪ ▼✳ ❈❛✛❛r❡❧✱ P✳ ❆③❛r✐❛✱ ❇✳ ❉❡❧❛♠♦tt❡✱ ❛♥❞ ❉✳ ▼♦✉❤❛♥♥❛✳ ❙♣✐♥ st✐✛♥❡ss ❛♥❞ t♦♣♦❧♦❣✲
✐❝❛❧ ❞❡❢❡❝ts ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❢r✉str❛t❡❞ s♣✐♥ s②st❡♠s✳ P❤②s✳ ❘❡✈✳ ❇✱ ✻✹✭✶✮ ✿✵✶✹✹✶✷✱
❏✉♥ ✷✵✵✶✳

❬✶✵❪ ▲✳ ❈❛♣r✐♦tt✐ ❛♥❞ ❙✳ ❙❛❝❤❞❡✈✳ ▲♦✇✲t❡♠♣❡r❛t✉r❡ ❜r♦❦❡♥✲s②♠♠❡tr② ♣❤❛s❡s ♦❢ s♣✐r❛❧
❛♥t✐❢❡rr♦♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✾✸✭✷✺✮ ✿✷✺✼✷✵✻✱ ❉❡❝ ✷✵✵✹✳

❬✶✶❪ ❏✳ ❈❛r❧s♦♥✳ ●r♦✉♥❞✲st❛t❡ ❛♥❞ ❧♦✇✲❧②✐♥❣ ❡①❝✐t❛t✐♦♥s ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣✲
♥❡t✳ P❤②s✳ ❘❡✈✳ ❇✱ ✹✵✭✶✮ ✿✽✹✻✕✽✹✾✱ ❏✉❧ ✶✾✽✾✳

❬✶✷❪ ❍✳ ❆✳ ❈❡❝❝❛tt♦✱ ❈✳ ❏✳ ●❛③③❛✱ ❛♥❞ ❆✳ ❊✳ ❚r✉♠♣❡r✳ ◆♦♥❝❧❛ss✐❝❛❧ ❞✐s♦r❞❡r❡❞ ♣❤❛s❡ ✐♥ t❤❡
str♦♥❣ q✉❛♥t✉♠ ❧✐♠✐t ♦❢ ❢r✉str❛t❡❞ ❛♥t✐❢❡rr♦♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ❇✱ ✹✼✭✶✽✮ ✿✶✷✸✷✾✕
✶✷✸✸✷✱ ▼❛② ✶✾✾✸✳

❬✶✸❪ ❖✳ ❈é♣❛s✱ ❈✳ ▼✳ ❋♦♥❣✱ P✳ ❲✳ ▲❡✉♥❣✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ ◗✉❛♥t✉♠ ♣❤❛s❡ tr❛♥s✐t✐♦♥ ✐♥✲
❞✉❝❡❞ ❜② ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❦❛❣♦♠❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✳ P❤②s✐❝❛❧
❘❡✈✐❡✇ ❇✱ ✼✽✭✶✹✮ ✿✶✹✵✹✵✺✱ ❖❝t ✷✵✵✽✳

❬✶✹❪ ❏✳ ❚✳ ❈❤❛❧❦❡r✱ P✳ ❈✳ ❲✳ ❍♦❧❞s✇♦rt❤✱ ❛♥❞ ❊✳ ❋✳ ❙❤❡♥❞❡r✳ ❍✐❞❞❡♥ ♦r❞❡r ✐♥ ❛ ❢r✉str❛t❡❞
s②st❡♠ ✿ Pr♦♣❡rt✐❡s ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ❦❛❣♦♠é ❛♥t✐❢❡rr♦♠❛❣♥❡t✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱
✻✽✭✻✮ ✿✽✺✺✕✽✺✽✱ ❋❡❜ ✶✾✾✷✳

❬✶✺❪ P✳ ❈❤❛♥❞r❛✱ P✳ ❈♦❧❡♠❛♥✱ ❛♥❞ ❆✳ ■✳ ▲❛r❦✐♥✳ ■s✐♥❣ tr❛♥s✐t✐♦♥ ✐♥ ❢r✉str❛t❡❞ ❍❡✐s❡♥❜❡r❣
♠♦❞❡❧s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✻✹✭✶✮ ✿✽✽✕✾✶✱ ❏❛♥ ✶✾✾✵✳

❬✶✻❪ P✳ ❈❤❛♥❞r❛ ❛♥❞ ❇✳ ❉♦✉❝♦t✳ P♦ss✐❜❧❡ s♣✐♥✲❧✐q✉✐❞ st❛t❡ ❛t ❧❛r❣❡ S ❢♦r t❤❡ ❢r✉str❛t❡❞
sq✉❛r❡ ❍❡✐s❡♥❜❡r❣ ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✸✽✭✶✸✮ ✿✾✸✸✺✕✾✸✸✽✱ ◆♦✈ ✶✾✽✽✳
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❬✶✼❪ ❨✳✲❈✳ ❈❤❡♥ ❛♥❞ ❑✳ ❳✐✉✳ ❖♣t✐♠✐③❡❞ ❘❱❇ st❛t❡s ♦❢ t❤❡ ✷✲❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t ✿ ❣r♦✉♥❞
st❛t❡ ❛♥❞ ❡①❝✐t❛t✐♦♥ s♣❡❝tr✉♠✳ P❤②s✳ ▲❡tt✳ ❆✱ ✶✽✶✭✺✮ ✿✸✼✸✱ ✶✾✾✸✳

❬✶✽❪ ❆✳ ❈❤✉❜✉❦♦✈✱ ❊✳ ●❛❣❧✐❛♥♦✱ ❛♥❞ ❈✳ ❇❛❧s❡✐r♦✳ P❤❛s❡ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❢r✉str❛t❡❞ s♣✐♥✲
✶✴✷ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥❡t ✇✐t❤ ❝②❝❧✐❝✲❡①❝❤❛♥❣❡ ✐♥t❡r❛❝t✐♦♥✳ P❤②s✳ ❘❡✈✳ ❇✱
✹✺✭✶✹✮ ✿✼✽✽✾✕✼✽✾✽✱ ❆♣r ✶✾✾✷✳

❬✶✾❪ ❆✳ ❱✳ ❈❤✉❜✉❦♦✈ ❛♥❞ ❚✳ ❏♦❧✐❝♦❡✉r✳ ❖r❞❡r✲❢r♦♠✲❞✐s♦r❞❡r ♣❤❡♥♦♠❡♥❛ ✐♥ ❍❡✐s❡♥❜❡r❣
❛♥t✐❢❡rr♦♠❛❣♥❡ts ♦♥ ❛ tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✹✻✭✶✼✮ ✿✶✶✶✸✼✕✶✶✶✹✵✱ ◆♦✈
✶✾✾✷✳

❬✷✵❪ ❈✳ ❍✳ ❈❤✉♥❣✱ ❏✳ ❇✳ ▼❛rst♦♥✱ ❛♥❞ ❙✳ ❙❛❝❤❞❡✈✳ ◗✉❛♥t✉♠ ♣❤❛s❡s ♦❢ t❤❡
❙❤❛str②✲❙✉t❤❡r❧❛♥❞ ❛♥t✐❢❡rr♦♠❛❣♥❡t ✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❙r❈✉2✭❇❖3✮2✳ P❤②s✳ ❘❡✈✳ ❇✱
✻✹✭✶✸✮ ✿✶✸✹✹✵✼✱ ❙❡♣ ✷✵✵✶✳

❬✷✶❪ ❘✳ ❍✳ ❈♦❧♠❛♥✱ ❈✳ ❘✐tt❡r✱ ❛♥❞ ❆✳ ❙✳ ❲✐❧❧s✳ ❚♦✇❛r❞ ♣❡r❢❡❝t✐♦♥ ✿ ❑❛♣❡❧❧❛s✐t❡✱
❈✉3❩♥✭❖❍✮6❈❧2✱ ❛ ♥❡✇ ♠♦❞❡❧ s = 1/2 ❦❛❣♦♠❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✳ ❈❤❡♠✳ ▼❛t❡r✳✱
✷✵✭✷✷✮ ✿✻✽✾✼✕✻✽✾✾✱ ✷✵✵✽✳

❬✷✷❪ ❏✳ ❍✳ P✳ ❈♦❧♣❛✳ ❉✐❛❣♦♥❛❧✐③❛t✐♦♥ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❜♦s♦♥ ❤❛♠✐❧t♦♥✐❛♥✳ P❤②s✐❝❛ ❆
❙t❛t✐st✐❝❛❧ ▼❡❝❤❛♥✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✾✸ ✿✸✷✼✕✸✺✸✱ ❙❡♣ ✶✾✼✽✳

❬✷✸❪ ❏✳ ❊✳ ❘✳ ❈♦st❛✱ ❇✳ ❱✳ ❈♦st❛✱ ❛♥❞ ❉✳ P✳ ▲❛♥❞❛✉✳ ❉②♥❛♠✐❝ ❜❡❤❛✈✐♦r ♦❢ ✈♦rt✐❝❡s ✐♥ t❤❡
❝❧❛ss✐❝❛❧ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛♥✐s♦tr♦♣✐❝ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧✳ P❤②s✳ ❘❡✈✳ ❇✱ ✺✼✭✶✽✮ ✿✶✶✺✶✵✕
✶✶✺✶✻✱ ▼❛② ✶✾✾✽✳

❬✷✹❪ ❏✳✲❈✳ ❉♦♠❡♥❣❡✳ ❇r✐s✉r❡s ❞❡ s②♠étr✐❡ ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞❡ ❍❡✐s❡♥❜❡r❣ ❝❧❛ss✐q✉❡s ❡t
q✉❛♥t✐q✉❡s ❡♥ ❞❡✉① ❞✐♠❡♥s✐♦♥s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s ❱■✳ ❋r❛♥❝❡✱ ✷✵✵✺✳

❬✷✺❪ ❏✳✲❈✳ ❉♦♠❡♥❣❡✱ ❈✳ ▲❤✉✐❧❧✐❡r✱ ▲✳ ▼❡ss✐♦✱ ▲✳ P✐❡rr❡✱ ❛♥❞ P✳ ❱✐♦t✳ ❈❤✐r❛❧✐t② ❛♥❞ Z2 ✈♦r✲
t✐❝❡s ✐♥ ❛ ❍❡✐s❡♥❜❡r❣ s♣✐♥ ♠♦❞❡❧ ♦♥ t❤❡ ❦❛❣♦♠❡ ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✼✼✭✶✼✮ ✿✶✼✷✹✶✸✱
▼❛② ✷✵✵✽✳

❬✷✻❪ ❏✳✲❈✳ ❉♦♠❡♥❣❡✱ P✳ ❙✐♥❞③✐♥❣r❡✱ ❈✳ ▲❤✉✐❧❧✐❡r✱ ❛♥❞ ▲✳ P✐❡rr❡✳ ❚✇❡❧✈❡ s✉❜❧❛tt✐❝❡ ♦r❞❡r❡❞
♣❤❛s❡ ✐♥ t❤❡ J1 − J2 ♠♦❞❡❧ ♦♥ t❤❡ ❦❛❣♦♠é ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✼✷✭✷✮ ✿✵✷✹✹✸✸✱ ❏✉❧
✷✵✵✺✳

❬✷✼❪ ■✳ ❉③②❛❧♦s❤✐♥s❦②✳ ❆ t❤❡r♠♦❞②♥❛♠✐❝ t❤❡♦r② ♦❢ ✇❡❛❦ ❢❡rr♦♠❛❣♥❡t✐s♠ ♦❢ ❛♥t✐❢❡rr♦♠❛❣✲
♥❡t✐❝s✳ ❏✳ P❤②s✳ ❈❤❡♠✳ ❙♦❧✐❞s✱ ✹✭✷✹✶✮ ✿✷✹✶✕✷✺✺✱ ✶✾✺✽✳

❬✷✽❪ ▼✳ ❊❧❤❛❥❛❧✱ ❇✳ ❈❛♥❛❧s✱ ❛♥❞ ❈✳ ▲❛❝r♦✐①✳ ❙②♠♠❡tr② ❜r❡❛❦✐♥❣ ❞✉❡ t♦ ❉③②❛❧♦s❤✐♥s❦②✲
▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❦❛❣♦♠❡ ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✻✻✭✶✮ ✿✵✶✹✹✷✷✱ ❏✉❧ ✷✵✵✷✳

❬✷✾❪ ●✳ ❊✈❡♥❜❧② ❛♥❞ ●✳ ❱✐❞❛❧✳ ❋r✉str❛t❡❞ ❛♥t✐❢❡rr♦♠❛❣♥❡ts ✇✐t❤ ❡♥t❛♥❣❧❡♠❡♥t r❡♥♦r♠❛❧✲
✐③❛t✐♦♥ ✿ ●r♦✉♥❞ st❛t❡ ♦❢ t❤❡ s♣✐♥✲12 ❤❡✐s❡♥❜❡r❣ ♠♦❞❡❧ ♦♥ ❛ ❦❛❣♦♠❡ ❧❛tt✐❝❡✳ P❤②s✳
❘❡✈✳ ▲❡tt✳✱ ✶✵✹✭✶✽✮ ✿✶✽✼✷✵✸✱ ▼❛② ✷✵✶✵✳

❬✸✵❪ ❏✳✲❇✳ ❋♦✉❡t✱ ▼✳ ▼❛♠❜r✐♥✐✱ P✳ ❙✐♥❞③✐♥❣r❡✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ P❧❛♥❛r ♣②r♦❝❤❧♦r❡ ✿ ❆
✈❛❧❡♥❝❡✲❜♦♥❞ ❝r②st❛❧✳ P❤②s✳ ❘❡✈✳ ❇✱ ✻✼✭✺✮ ✿✵✺✹✹✶✶✱ ❋❡❜ ✷✵✵✸✳

❬✸✶❪ ❏✳❇✳ ❋♦✉❡t✱ P✳ ❙✐♥❞③✐♥❣r❡✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ ❆♥ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ J1✲J2✲J3

♠♦❞❡❧ ♦♥ t❤❡ ❤♦♥❡②❝♦♠❜ ❧❛tt✐❝❡✳ ❊✉r✳ P❤②s✳ ❏✳ ❇✱ ✷✵ ✿✷✹✶✱ ✷✵✵✶✳

❬✸✷❪ ●✳ ●✳ ▼✐s❣✉✐❝❤✱ ❇✳ ❇❡r♥✉✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ ❚❤❡ ♠✉❧t✐♣❧❡✲s♣✐♥ ❡①❝❤❛♥❣❡ ♣❤❛s❡
❞✐❛❣r❛♠ ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡ ✿ ❙❝❤✇✐♥❣❡r✲❜♦s♦♥ ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢ ▲♦✇
❚❡♠♣❡r❛t✉r❡ P❤②s✐❝s✱ ✶✶✵✭✶✮ ✿✸✷✼✕✸✸✷✱ ❏❛♥ ✶✾✾✽✳

❬✸✸❪ ❋✳ ❉✳ ▼✳ ❍❛❧❞❛♥❡✳ ❈♦♥t✐♥✉✉♠ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✶✲❞ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥❡t ✿
■❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ t❤❡ ❖✭✸✮ ♥♦♥❧✐♥❡❛r s✐❣♠❛ ♠♦❞❡❧✳ P❤②s✐❝s ▲❡tt❡rs ❆✱ ✾✸✭✾✮ ✿✹✻✹ ✕
✹✻✽✱ ✶✾✽✸✳

❬✸✹❪ ❋✳ ❉✳ ▼✳ ❍❛❧❞❛♥❡ ❛♥❞ ❉❛♥✐❡❧ P✳ ❆r♦✈❛s✳ ◗✉❛♥t✐③❡❞ s♣✐♥ ❝✉rr❡♥ts ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧
❝❤✐r❛❧ ♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ❇✱ ✺✷✭✻✮ ✿✹✷✷✸✕✹✷✷✺✱ ❆✉❣ ✶✾✾✺✳

✶✼✹ ❇■❇▲■❖●❘❆P❍■❊



❇■❇▲■❖●❘❆P❍■❊

❬✸✺❪ ❆✳ ❇✳ ❍❛rr✐s✱ ❈✳ ❑❛❧❧✐♥✱ ❛♥❞ ❆✳❏✳ ❇❡r❧✐♥s❦②✳ P♦ss✐❜❧❡ ◆é❡❧ ♦r❞❡r✐♥❣s ♦❢ t❤❡ ❦❛❣♦♠❡
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❬✸✻❪ ▼✳ ❇✳ ❍❛st✐♥❣s✳ ❉✐r❛❝ str✉❝t✉r❡✱ ❘❱❇✱ ❛♥❞ ●♦❧❞st♦♥❡ ♠♦❞❡s ✐♥ t❤❡ ❦❛❣♦♠é ❛♥t✐❢❡r✲
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❬✸✼❪ ▼✳ ❍❡r♠❡❧❡✱ ❨✳ ❘❛♥✱ P✳ ❆✳ ▲❡❡✱ ❛♥❞ ❳✳✲●✳ ❲❡♥✳ Pr♦♣❡rt✐❡s ♦❢ ❛♥ ❛❧❣❡❜r❛✐❝ s♣✐♥ ❧✐q✉✐❞
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❬✸✽❪ ❑✳ ❍✐❞❛✳ ●r♦✉♥❞ st❛t❡ ❛♥❞ ❡❧❡♠❡♥t❛r② ❡①❝✐t❛t✐♦♥s ♦❢ t❤❡ ❙❂ ✶ ❦❛❣♦♠❡ ❤❡✐s❡♥❜❡r❣
❛♥t✐❢❡rr♦♠❛❣♥❡t✳ ❏✳ P❤②s✳ ❙♦❝✳ ❏♣♥✳✱ ✻✾✭✶✷✮ ✿✹✵✵✸✱ ❉❡❝❡♠❜❡r ✷✵✵✵✳

❬✸✾❪ ❚✳ ❍♦❧st❡✐♥ ❛♥❞ ❍✳ Pr✐♠❛❦♦✛✳ ❋✐❡❧❞ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ✐♥tr✐♥s✐❝ ❞♦♠❛✐♥ ♠❛❣♥❡t✐③❛t✐♦♥
♦❢ ❛ ❢❡rr♦♠❛❣♥❡t✳ P❤②s✳ ❘❡✈✳✱ ✺✽✭✶✷✮ ✿✶✵✾✽✕✶✶✶✸✱ ✶✾✹✵✳

❬✹✵❪ ❨✳ ❍✉❤✱ ▲✳ ❋r✐t③✱ ❛♥❞ ❙✳ ❙❛❝❤❞❡✈✳ ◗✉❛♥t✉♠ ❝r✐t✐❝❛❧✐t② ♦❢ t❤❡ ❦❛❣♦♠❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t
✇✐t❤ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥s✳ ❛r❳✐✈ ✿✶✵✵✸✳✵✽✾✶✱ ✷✵✶✵✳

❬✹✶❪ ❉✳ ❆✳ ❍✉s❡✳ ●r♦✉♥❞✲st❛t❡ st❛❣❣❡r❡❞ ♠❛❣♥❡t✐③❛t✐♦♥ ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✉♠
❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ❇✱ ✸✼✭✹✮ ✿✷✸✽✵✕✷✸✽✷✱ ❋❡❜ ✶✾✽✽✳

❬✹✷❪ ❉✳ ❆✳ ❍✉s❡ ❛♥❞ ❱✳ ❊❧s❡r✳ ❙✐♠♣❧❡ ✈❛r✐❛t✐♦♥❛❧ ✇❛✈❡ ❢✉♥❝t✐♦♥s ❢♦r t✇♦✲❞✐♠❡♥s✐♦♥❛❧
❍❡✐s❡♥❜❡r❣ s♣✐♥✲1/2 ❛♥t✐❢❡rr♦♠❛❣♥❡ts✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✻✵✭✷✹✮ ✿✷✺✸✶✕✷✺✸✹✱ ❏✉❧ ✶✾✽✽✳

❬✹✸❪ ❖✳ ❏❛♥s♦♥✱ ❏✳ ❘✐❝❤t❡r✱ ❛♥❞ ❍✳ ❘♦s♥❡r✳ ▼♦❞✐✜❡❞ ❦❛❣♦♠❡ ♣❤②s✐❝s ✐♥ t❤❡ ♥❛t✉✲
r❛❧ s♣✐♥✲✶✴✷ ❦❛❣♦♠❡ ❧❛tt✐❝❡ s②st❡♠s ✲ ❑❛♣❡❧❧❛s✐t❡ ❈✉3❩♥✭❖❍✮6❈❧2 ❛♥❞ ❍❛②❞❡❡✐t❡
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❬✹✹❪ ❖✳ ❏❛♥s♦♥✱ ❏✳ ❘✐❝❤t❡r✱ ❛♥❞ ❍✳ ❘♦s♥❡r✳ ■♥tr✐♥s✐❝ ♣❡❝✉❧✐❛r✐t✐❡s ♦❢ r❡❛❧ ♠❛t❡r✐❛❧ r❡❛❧✐③❛✲
t✐♦♥s ♦❢ ❛ s♣✐♥✲✶✴✷ ❦❛❣♦♠❡ ❧❛tt✐❝❡✳ ❏✳ P❤②s✳ ✿ ❈♦♥❢✳ ❙❡r✳✱ ✶✹✺ ✿✵✶✷✵✵✽✱ ✷✵✵✾✳

❬✹✺❪ ❖✳ ❏❛♥s♦♥✱ ❏✳ ❘✐❝❤t❡r✱ P✳ ❙✐♥❞③✐♥❣r❡✱ ❛♥❞ ❍✳ ❘♦s♥❡r✳ ❈♦✉♣❧❡❞ ❢r✉str❛t❡❞ q✉❛♥✲
t✉♠ s♣✐♥✲✶✴✷ ❝❤❛✐♥s ✇✐t❤ ♦r❜✐t❛❧ ♦r❞❡r ✐♥ ❱♦❧❜♦rt❤✐t❡ ❈✉3❱2❖7✭❖❍✮2✭❍2❖✮2✳
❛r❳✐✈ ✿✶✵✵✹✳✷✶✽✺✈✶✱ ❆♣r ✷✵✶✵✳

❬✹✻❪ ❍✳ ❈✳ ❏✐❛♥❣✱ ❩✳ ❨✳ ❲❡♥❣✱ ❛♥❞ ❉✳ ◆✳ ❙❤❡♥❣✳ ❉❡♥s✐t② ♠❛tr✐① r❡♥♦r♠❛❧✐③❛t✐♦♥ ❣r♦✉♣
♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ❦❛❣♦♠❡ ❛♥t✐❢❡rr♦♠❛❣♥❡t✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✶✵✶✭✶✶✮ ✿✶✶✼✷✵✸✱
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❬✹✼❪ ❍✳ ❑❛✇❛♠✉r❛ ❛♥❞ ▼✳ ❑✐❦✉❝❤✐✳ ❋r❡❡✲✈♦rt❡① ❢♦r♠❛t✐♦♥ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ♣❤❛s❡ tr❛♥s✐✲
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❬✹✽❪ ❍✳ ❑❛✇❛♠✉r❛ ❛♥❞ ❙✳ ▼✐②❛s❤✐t❛✳ P❤❛s❡ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❍❡✐s❡♥❜❡r❣
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❬✺✵❪ ❙✳ ❊✳❞♦♠❡♥❣❡ ❑♦rs❤✉♥♦✈✳ ❈❤✐r❛❧ ♣❤❛s❡ ♦❢ t❤❡ ❍❡✐s❡♥❜❡r❣ ❛♥t✐❢❡rr♦♠❛❣♥❡t ✇✐t❤ ❛
tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱ ✹✼✭✶✵✮ ✿✻✶✻✺✕✻✶✻✽✱ ▼❛r ✶✾✾✸✳
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❬✺✷❪ ❑✳ ❑✉❜♦ ❛♥❞ ❚✳ ▼♦♠♦✐✳ ●r♦✉♥❞ st❛t❡ ♦❢ ❛ s♣✐♥ s②st❡♠ ✇✐t❤ t✇♦✲ ❛♥❞ ❢♦✉r✲s♣✐♥
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❜✐q✉❛❞r❛t✐❝ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧ ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱
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❛♥t✐❢❡rr♦♠❛❣♥❡t ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡ ✿ ❆ ❣r♦✉♣✲s②♠♠❡tr② ❛♥❛❧②s✐s ♦❢ ♦r❞❡r ❜②
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t❡♠♣❡r❛t✉r❡ s✉♣❡r❝♦♥❞✉❝t✐✈✐t②✳ ❘❡✈✳ ▼♦❞✳ P❤②s✳✱ ✼✽✭✶✮ ✿✶✼✕✽✺✱ ❏❛♥ ✷✵✵✻✳

❬✺✽❪ ❙✳ ▲✐❛♥❣✱ ❇✳ ❉♦✉❝♦t✱ ❛♥❞ P✳ ❲✳ ❆♥❞❡rs♦♥✳ ❙♦♠❡ ♥❡✇ ✈❛r✐❛t✐♦♥❛❧ r❡s♦♥❛t✐♥❣✲✈❛❧❡♥❝❡✲
❜♦♥❞✲t②♣❡ ✇❛✈❡ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ s♣✐♥✲1/2 ❛♥t✐❢❡rr♦♠❛❣♥❡t✐❝ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧ ♦♥ ❛
sq✉❛r❡ ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✻✶✭✸✮ ✿✸✻✺✕✸✻✽✱ ❏✉❧ ✶✾✽✽✳

❬✺✾❪ ❲✳ ▲✐▼✐♥❣✱ ●✳ ▼✐s❣✉✐❝❤✱ P✳ ❙✐♥❞③✐♥❣r❡✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ ❋r♦♠ ♥é❡❧ ❧♦♥❣✲r❛♥❣❡ ♦r❞❡r
t♦ s♣✐♥ ❧✐q✉✐❞s ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲s♣✐♥ ❡①❝❤❛♥❣❡ ♠♦❞❡❧✳ P❤②s✳ ❘❡✈✳ ❇✱ ✻✷✭✶✵✮ ✿✻✸✼✷✕✻✸✼✼✱
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❬✻✵❪ ❈✳ ❑✳ ▼❛❥✉♠❞❛r ❛♥❞ ❉✳ ❑✳ ●❤♦s❤✳ ❖♥ ♥❡①t✲♥❡❛r❡st✲♥❡✐❣❤❜♦r ✐♥t❡r❛❝t✐♦♥ ✐♥ ❧✐♥❡❛r
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❬✻✶❪ ▼✳ ▼❛♠❜r✐♥✐✱ ❆✳ ▲ä✉❝❤❧✐✱ ❉✳ P♦✐❧❜❧❛♥❝✱ ❛♥❞ ❋✳ ▼✐❧❛✳ P❧❛q✉❡tt❡ ✈❛❧❡♥❝❡✲❜♦♥❞ ❝r②st❛❧
✐♥ t❤❡ ❢r✉str❛t❡❞ ❍❡✐s❡♥❜❡r❣ q✉❛♥t✉♠ ❛♥t✐❢❡rr♦♠❛❣♥❡t ♦♥ t❤❡ sq✉❛r❡ ❧❛tt✐❝❡✳ P❤②s✳
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❬✻✷❪ ▲✳ ❖✳ ▼❛♥✉❡❧✱ ❈✳ ❏✳ ●❛③③❛✱ ❆✳ ❊✳ ❚r✉♠♣❡r✱ ❛♥❞ ❍✳ ❆✳ ❈❡❝❝❛tt♦✳ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧
✇✐t❤ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥ ✿ ❆ ♠❡❛♥✲✜❡❧❞ ❙❝❤✇✐♥❣❡r✲❜♦s♦♥ st✉❞②✳ P❤②s✳
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t✐❢❡rr♦♠❛❣♥❡t ✿ ❆ ❙❝❤✇✐♥❣❡r✲❜♦s♦♥ ❛♣♣r♦❛❝❤✳ P❤②s✳ ❘❡✈✳ ❇✱ ✹✾✭✻✮ ✿✸✾✾✼✕✹✵✵✷✱ ❋❡❜
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❬✻✺❪ ◆✳ ❉✳ ▼❡r♠✐♥ ❛♥❞ ❍✳ ❲❛❣♥❡r✳ ❆❜s❡♥❝❡ ♦❢ ❢❡rr♦♠❛❣♥❡t✐s♠ ♦r ❛♥t✐❢❡rr♦♠❛❣♥❡t✐s♠ ✐♥
♦♥❡✲ ♦r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✐s♦tr♦♣✐❝ ❍❡✐s❡♥❜❡r❣ ♠♦❞❡❧s✳ P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✶✼✭✷✷✮ ✿✶✶✸✸✕
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❬✻✻❪ ▲✳ ▼❡ss✐♦✱ ❖✳ ❈é♣❛s✱ ❛♥❞ ❈✳ ▲❤✉✐❧❧✐❡r✳ ❙❝❤✇✐♥❣❡r✲❜♦s♦♥ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❦❛❣♦♠❡ ❛♥t✐✲
❢❡rr♦♠❛❣♥❡t ✇✐t❤ ❉③②❛❧♦s❤✐♥s❦✐✐✲▼♦r✐②❛ ✐♥t❡r❛❝t✐♦♥s ✿ P❤❛s❡ ❞✐❛❣r❛♠ ❛♥❞ ❞②♥❛♠✐❝❛❧
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❬✻✾❪ ●✳ ▼✐s❣✉✐❝❤✱ ❇✳ ❇❡r♥✉✱ ❈✳ ▲❤✉✐❧❧✐❡r✱ ❛♥❞ ❈✳ ❲❛❧❞t♠❛♥♥✳ ❙♣✐♥ ❧✐q✉✐❞ ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲
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t❤❡ ♠✉❧t✐♣❧❡✲s♣✐♥ ❡①❝❤❛♥❣❡ ❍❛♠✐❧t♦♥✐❛♥ ♦♥ t❤❡ tr✐❛♥❣✉❧❛r ❧❛tt✐❝❡✳ P❤②s✳ ❘❡✈✳ ❇✱
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