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❚❤✐s t❤❡s✐s ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❊✉r♦♣❡❛♥ ❈♦♠♠✉♥✐t② ✉♥❞❡r t❤❡ ▼❛r✐❡ ❈✉r✐❡
❘❡s❡❛r❝❤ ❚r❛✐♥✐♥❣ ◆❡t✇♦r❦ ●❚❊▼ ✭▼❘❚◆✲❈❚✲✷✵✵✻✲✵✸✺✹✾✺✮✳ ■ ✇♦✉❧❞ ❧✐❦❡ ✐♥
♣❛rt✐❝✉❧❛r t♦ t❤❛♥❦ ❛❧❧ t❤❡ s❝✐❡♥t✐sts ✐♥ ❝❤❛r❣❡ ♦❢ t❤❡ ♣r♦❥❡❝t✱ ✇❤♦ ❞✐❞ ❛ ❧♦t ♦❢
✇♦r❦ t♦ ♠❛❦❡ t❤✐s ♥❡t✇♦r❦ ❛❝t✐✈❡✱ t♦ ♦r❣❛♥✐s❡ ♠❡❡t✐♥❣s ❛♥❞ ✇♦r❦s❤♦♣s ❛♥❞✱ ❧❛st
❜✉t ♥♦t ❧❡❛st✱ t♦ s♦❧✈❡ ❛❞♠✐♥✐str❛t✐✈❡ ♣r♦❜❧❡♠s ✿ ❇✳ ❉❡ ❙♠✐t✱ ▼✳ ▼❛t✐❣♥♦♥✱
❚✳ ❈r❡s♣♦✱ ●✳ ❋r❡②✱ ❍✳ ▼❛t③❛t✱ ❊✳ ❇❛②❡r✱ ❏✳ ❉❡♥❡❢✱ P✳ ❉è❜❡s✱ ❏✳ ❈r❡♠♦♥❛✱
▲✳ ❙❝❤♥❡♣s✱ ❘✳ ❙❝❤♦♦❢ ❛♥❞ ▼✳ ❏❛r❞❡♥✳

❚❤✐s ❣r❛♥t ❛❧❧♦✇❡❞ ♠❡ t♦ ♠❡❡t ❛ ❧♦t ♦❢ ♥✐❝❡ ♣❡♦♣❧❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ■ ✇♦✉❧❞
❧✐❦❡ t♦ ❣r❡❡t ❛❧❧ t❤❡ ●❚❊▼ ❊❙❘✬s✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② t❤❡s✐s r❡❢❡r❡❡s✿ ❏♦❤♥ ❈r❡♠♦♥❛ ❛♥❞ ❏ür❣❡♥ ❑❧ü♥❡rs✱
✇❤♦ ❞✐❞ ❛ ❣r❡❛t ✇♦r❦ ❛♥❞ ♠♦r❡♦✈❡r✱ t❤❡② r❡s♣❡❝t❡❞ ❛❞♠✐♥✐str❛t✐✈❡ ❞❡❛❞❧✐♥❡s✳

■ ❛♠ ❣r❛t❡❢✉❧ t♦ t❤❡ ❥✉r② ❡①t❡r♥❛❧ ♠❡♠❜❡rs✱ ✇♦ ❛❝❝❡♣t❡❞ t♦ ❝♦♠❡ ❛t ♠②
❞❡❢❡♥s❡✱ ❛❧s♦ ✐❢ ✇❡ ♣r❡✈❡♥t❡❞ t❤❡♠ q✉✐t❡ ❧❛t❡ ✿ ❏✳ ▼✳ ❈♦✉✈❡✐❣♥❡s ❛♥❞ ❈✳ ❉❡❧❛✉♥❛②✳

▼♦r❡♦✈❡r✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❲❛r✇✐❝❦ ❯♥✐✈❡rs✐t② st❛✛ ❛♥❞ st✉❞❡♥ts ✇❤♦
❤❛✈❡ ❜❡❡♥ ✈❡r② ♥✐❝❡ ❞✉r✐♥❣ ♠② st❛② t❤❡r❡ ✭❤✉❣s t♦ ▼❛✐t❡ ❛♥❞ ❈❛r❧♦s✮✳

■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ✐t❛❧✐❛♥ ♣r♦❢❡ss♦r✱ ❆✳ ▲❛♥❣✉❛s❝♦✱ ✇❤♦ ❡♥❝♦✉r✲
❛❣❡❞ ♠❡ t♦ ❝♦♠❡ t♦ ❋r❛♥❝❡✳
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❏❡ r❡♠❡r❝✐❡ ♠♦♥ ❞✐r❡❝t❡✉r ❞❡ t❤ès❡✱ ❑❛r✐♠ ❇❡❧❛❜❛s✱ ♣♦✉r ♠✬❛✈♦✐r ♣r♦♣♦sé ❝❡
s✉❥❡t ❞❡ t❤ès❡ ❡t ♠✬❛✈♦✐r s✉✐✈✐❡ ♣❡♥❞❛♥t ❝❡s tr♦✐s ❛♥♥é❡s✱ ❡♥ ♠❡ ♣❡r♠❡tt❛♥t ❞❡
s♦✉t❡♥✐r ❞❛♥s ❧❡s ❞é❧❛✐s s♦✉❤❛✐tés✳

❏❡ r❡♠❡r❝✐❡ ❍❡♥r✐ ❈♦❤❡♥✱ q✉✐ ❡st ❞❡♣✉✐s ♣❧✉s✐❡✉rs ❛♥♥é❡s ✉♥❡ ❞❡ ♠❡s ré❢ér❡♥❝❡s
♣r✐♥❝✐♣❛❧❡s✱ ❡t q✉✐ ❡st ✉♥❡ ♣❡rs♦♥♥❡ ❞❡ ❧❛q✉❡❧❧❡ ♦♥ ♣❡✉t t♦✉❥♦✉rs ❛♣♣r❡♥❞r❡
q✉❡❧q✉❡ ❝❤♦s❡✳

❏❡ r❡♠❡r❝✐❡ ❛✉ss✐ t♦✉t ❧❡ ♣❡rs♦♥♥❡❧ ❛❞♠✐♥✐str❛t✐❢ ❞❡ ❧✬❯♥✐✈❡rs✐té ❇♦r❞❡❛✉① ✶✱
❡♥ ♣❛rt✐❝✉❧✐❡r ❆♥♥✐❡ P♦❧③✐♥✱ ❑❛r✐♥❡ ▲❡❝✉♦♥❛ ❡t ❈❛t❤❡r✐♥❡ ❱r✐t q✉✐ ♦♥t s♦✉✈❡♥t
rés♦❧✉ ♠❡s ♣r♦❜❧è♠❡s✳ ❯♥ ♠❡r❝✐ très s✐♥❝èr❡ ❛✉① ✐♥❣é♥✐❡✉rs ❞❡ ❝❛❧❝✉❧ ♣♦✉r t♦✉s
❧❡s ❜❛t❝❤ q✉❡ ❥✬❛✐ ❢❛✐t ♣❧❛♥t❡r ❡♥ tr♦✐s ❛♥s✱ ✈♦✐r❡ ♣❧✉s✳✳✳

❏❡ r❡♠❡r❝✐❡ ❧❡ ❈❊▲❆❘ ❞❡ ❘❡♥♥❡s ♦ù ❥✬❛✐ ♣✉ ❢❛✐r❡ ❞❡✉① st❛❣❡s✱ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r
❉❛✈✐❞ ▲✉❜✐❝③ ❡t ❘❡②♥❛❧❞ ▲❡r❝✐❡r✳

▼❡r❝✐ ❡♥✜♥ à t♦✉s ❧❡s ❝♦❧❧è❣✉❡s ❞♦❝t♦r❛♥ts ❡t ❛♥❝✐❡♥ ❞♦❝t♦r❛♥ts ✿ P❛s❝❛❧ ✭q✉✐
♠❡ s✉♣♣♦rt❡ ♣❡♥❞❛♥t ♠❡s ♣❡r♠❛♥❡♥❝❡s ❛✉ ❜✉r❡❛✉✮✱ ❋❛❜✐❡♥✱ ❋❧♦r❡♥t✱ ❋r❛♥ç♦✐s✱
❏♦②❝❡✱ ❆❧✐❝❡✱ ❡t t♦✉s ❧❡s ❛✉tr❡s✳

❯♥ ♠❡r❝✐ s♣é❝✐❛❧ ❛✉① ❞♦❝t♦r❛♥ts ✐t❛❧✐❡♥s q✉✐ ♦♥ ❢❛✐t ✉♥ sé❥♦✉r à ❇♦r❞❡❛✉①
❡t q✉✐ ♦♥t ❛❞♦✉❝✐ ♠❛ ♣❡✐♥❡ ❞✬êtr❡ ❧♦✐♥ ❞❡ ♠♦♥ P❛②s✿ ✉♥ ❛❜❜r❛❝❝✐♦ ❛ ▼❛r❝♦ ■✳✱
▼❛r❝♦ ❙✳✱ ❈❤✐❛r❛✱ ❋❡❞❡r✐❝♦ ❡ ▲✉❝❛✳
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❯♥ s❛❧✉t♦ ❛ t✉tt✐ ✐ ♠✐❡✐ ❛♠✐❝✐ ✐t❛❧✐❛♥✐✱ ❝❤❡ ✈❡❞♦ tr♦♣♣♦ ♣♦❝♦ s♣❡ss♦✱ ♠❛ ❛ ❝✉✐
✈♦❣❧✐♦ ❜❡♥❡ ✿ ▲✉❝❦②✱ ❊❧❡♥❛✱ ❱❛❧❡✱ ❊❧✐s❛ ❈✳✱ ❊❧✐s❛ ❘✳✱ ❋r❛♥❝❡s❝❛✱ ▼❛r❝♦ ▼✳ ✭❝♦♥
❝✉✐ ❛✈❡✈♦ ❢❛tt♦ ✉♥❛ s❝♦♠♠❡ss❛ q✉❛❧❝❤❡ ❛♥♥♦ ❢❛✳✳✳✮✳

■♥✜♥❡✱ ✉♥ ❛❜❜r❛❝❝✐♦ ❛ t✉tt❛ ❧❛ ♠✐❛ ❢❛♠✐❣❧✐❛ ❡ ✉♥ ❣r❛③✐❡ ❞✐ t✉tt♦ ❝✉♦r❡ ❛✐ ♠✐❡✐
❣❡♥✐t♦r✐✱ ❝❤❡ ❤❛♥♥♦ ❝r❡❞✉t♦ ✐♥ ♠❡ ❛♥❝❤❡ q✉❛♥❞♦ ✐♦ st❡ss❛ ♥♦♥ ❝✐ ❝r❡❞❡✈♦ ❡ ♠✐
❤❛♥♥♦ s♦st❡♥✉t❛ ♥❡✐ ♠♦♠❡♥t✐ ❞✐✣❝✐❧✐✳

❊t ♠❡r❝✐ ❆❧❡①❛♥❞r❡✱ ❝❛r s❛♥s t♦✐ r✐❡♥ ♥❡ s❡r❛✐t ♣❛r❡✐❧✳
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■♥tr♦❞✉❝t✐♦♥ ✭❢r❛♥ç❛✐s✮ ✈

■♥tr♦❞✉❝t✐♦♥ ✭❡♥❣❧✐s❤✮ ①✐

✶ ❈♦✉♥t✐♥❣ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s ✇✐t❤ ❣✐✈❡♥ ◗✉❛❞r❛t✐❝ ❘❡s♦❧✈❡♥t ✶
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✶✳✸ ❈♦♥❞✉❝t♦rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✶✳✹ ❚❤❡ ❉✐r✐❝❤❧❡t ❙❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✺ ❈♦♠♣✉t❛t✐♦♥ ♦❢ fα0

(b) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✻ ❋✐♥❛❧ ❋♦r♠ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❙❡r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✼ ❊rr♦r t❡r♠ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✶✳✽ ❙♣❡❝✐❛❧ ❈❛s❡s✿ k = Q✱ ❈❛s❡s ✭✷✮✱ ✭✹✮✱ ❛♥❞ ✭✺✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✽✳✶ ❈❛s❡ ✭✷✮✿ ❈②❝❧✐❝ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✽✳✷ ❈❛s❡ ✭✹✮✿ P✉r❡ ❈✉❜✐❝ ❋✐❡❧❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾
✶✳✽✳✸ ❈❛s❡ ✭✺✮✿ K2 = Q(

√
D) ✇✐t❤ D 6= −3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✶✳✽✳✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❘❡s✉❧ts ♦❢ ❬✶✹❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✶✳✽✳✺ ❆♥ ❊①❛❝t ❘❡s✉❧t ✇❤❡♥ D < 0 ❛♥❞ 3 ∤ h(D) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✶✳✾ ❙♣❡❝✐❛❧ ❈❛s❡s✿ k ■♠❛❣✐♥❛r② ◗✉❛❞r❛t✐❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✶✳✾✳✶ ❈❛s❡ ✭✶✮✿ k = Q(

√
−3)✱ ❈②❝❧✐❝ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✾✳✷ ❈❛s❡ ✭✸✮✿ k = Q(
√
−3)✱ [K2 : k] = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✶✳✾✳✸ ❈❛s❡ ✭✹✮✿ k ■♠❛❣✐♥❛r② ◗✉❛❞r❛t✐❝ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷ ❆♥ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ r❡❧❛t✐✈❡ ❝✉❜✐❝ ✜❡❧❞s ✹✶
✷✳✶ ●❡♥❡r❛❧ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✷✳✶✳✷ ❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
✷✳✶✳✸ ❘❡❞✉❝t✐♦♥ ♦❢ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸
✷✳✶✳✹ ❇♦✉♥❞s ❢♦r t❤❡ t✲❝♦♠♣♦♥❡♥t ♦❢ ❛ r❡❞✉❝❡❞ ♣♦✐♥t ✐♥ H3 ✳ ✳ ✹✻

✷✳✷ ❈♦♠♣✉t✐♥❣ tK ❢♦r ❛❧❧ K ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✇✐t❤ hK = 1 ✳ ✳ ✳ ✳ ✹✼
✷✳✷✳✶ ❇♦✉♥❞s ❢♦r ❛ r❡❞✉❝❡❞ ❜✐♥❛r② ❍❡r♠✐t✐❛♥ ❢♦r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼
✷✳✷✳✷ ❇♦✉♥❞s ❢♦r r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✷✳✷✳✸ ❆✉t♦♠♦r♣❤✐s♠s ❛♥❞ ♠♦r♣❤✐s♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✸ ❚❤❡ ❛❧❣♦r✐t❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✷✳✹ ❚❤❡ ❝❛s❡ K = Q(i) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✹✳✶ ▲♦♦♣s ♦♥ a, b, c, d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✷✳✺ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✺✳✶ ❈❤❡❝❦✐♥❣ r✐❣♦r♦✉s❧② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✐✐✐



✷✳✺✳✷ ❆♥ ✐❞❡❛ t♦ ❝♦✉♥t ♦♥❧② ❤❛❧❢ ♦❢ t❤❡ ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✷✳✺✳✸ ▲♦♦♣ ♦♥ d ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✷✳✺✳✹ ❆♥♦t❤❡r ❦✐♥❞ ♦❢ r❡❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✷✳✻ ❘❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
✷✳✻✳✶ ▲✐st ♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ Q(i) ✉♣ t♦ Nd(L/Q(i)) ≤ 104 ✳ ✻✶

❆ ✻✾
❆✳✶ ❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❇ ✼✸
❇✳✶ ❆♥♦t❤❡r ❛❧❣♦r✐t❤♠ t♦ ❡♥✉♠❡r❛t❡ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

❇✳✶✳✶ ◗✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
❇✳✶✳✷ ❈✉❜✐❝ ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

❈ ✼✼
❈✳✶ ❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥ ❆❧❣♦r✐t❤♠ ❄❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

❈✳✶✳✶ ❊rr♦r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵
❈✳✶✳✷ ❊rr♦r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ |d− x1||d− x2| ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

❉ ✽✺
❉✳✶ ▼❛♣❧❡ ❝♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻
❉✳✷ ●P ❝♦❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✐✈



■♥tr♦❞✉❝t✐♦♥

▼♦t✐✈❛t✐♦♥

❙♦✐t K ✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s✱ G ✉♥ ❣r♦✉♣❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s tr❛♥s✐t✐❢ s✉r n é❧é✲
♠❡♥ts✳ ❖♥ ❞é✜♥✐t FK,n(G) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❝❧❛ss❡s ❞✬✐s♦♠♦r♣❤✐s♠❡ ❞✬❡①t❡♥s✐♦♥s
L/K ❞❡ ❞❡❣ré n t❡❧❧❡s q✉❡ ❧❛ ❝❧ôt✉r❡ ❣❛❧♦✐s✐❡♥♥❡ N ❞❡ L/K ❛✐t ❣r♦✉♣❡ ❞❡ ●❛❧♦✐s
✐s♦♠♦r♣❤❡ à G✳

❈❡tt❡ t❤ès❡ ét✉❞✐❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦♠♣t❛❣❡

NK,n(G,X) = |{L ∈ FK,n(G),Nd(L/K) ≤ X}|,
q✉✐ é♥✉♠èr❡ ❧❡s é❧é♠❡♥ts ❞❡ FK,n(G), ♦r❞♦♥♥és ♣❛r ❞✐s❝r✐♠✐♥❛♥t r❡❧❛t✐❢✳ ❖♥ ✈❛
❛❞♦♣t❡r ❞❡✉① ♣♦✐♥ts ❞❡ ✈✉❡ ❞✐✛ér❡♥ts✱ ❡t✱ ❡♥ q✉❡❧q✉❡ s♦rt❡✱ ❝♦♠♣❧é♠❡♥t❛✐r❡s✳

❆s②♠♣t♦t✐q✉❡

❉✬✉♥ ❝ôté✱ ♦♥ ❛ ❧❡ ♣♦✐♥t ❞❡ ✈✉❡ ❛s②♠♣t♦t✐q✉❡✱ q✉❛♥❞ X t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❈❡❧✉✐✲
❝✐ ❡st ✉♥ t❤è♠❡ ❝❧❛ss✐q✉❡✱ q✉✐ r❡♠♦♥t❡ à ●❛✉ss ❬✸✺❪✱ q✉✐ ❝♦♠♣t❛ ❧❡s ❝❧❛ss❡s ❞❡
❢♦r♠❡s q✉❛❞r❛t✐q✉❡s ❜✐♥❛✐r❡s ❛✈❡❝ ❞✐s❝r✐♠✐♥❛♥t ❜♦r♥é✳ ❯♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡
❝♦♥❥❡❝t✉r❡s ✐♠♣♦rt❛♥t❡s ♦♥t été ❢♦r♠✉❧é❡s ré❝❡♠♠❡♥t à ♣r♦♣♦s ❞❡ ❝❡ s✉❥❡t✱ ♣❛r
▼❛❧❧❡ ❬✹✸❪✱ ❇❤❛r❣❛✈❛ ✭❬✸✱ ➓✻✳✷❪✮ ❡t ❊❧❧❡♥❜❡r❣ ❡t ❱❡♥❦❛t❡s❤ ❬✸✵❪✳ ▲❛ ❝♦♥❥❡❝t✉r❡ ❞❡
▼❛❧❧❡ ❡st s❛♥s ❞♦✉t❡ ❧❛ ♣❧✉s ❝é❧è❜r❡✳ ❊❧❧❡ ❛✣r♠❡ q✉❡

NK,n(G,X) ∼ c(G,K)Xa(G)(logX)b(G,K)−1,

❛✈❡❝ ❞❡s ❝♦♥st❛♥t❡s ❡①♣❧✐❝✐t❡s✱ a ❞é♣❡♥❞❛♥t s❡✉❧❡♠❡♥t ❞❡ G ❡t b ❡t c ❞é♣❡♥❞❛♥t
❞❡ G ❡t ❞❡ K✳

❈❡tt❡ ❝♦♥❥❡❝t✉r❡ ❛ été ♣r♦✉✈é❡ ♣♦✉r ❧❡s ❣r♦✉♣❡s ❛❜é❧✐❡♥s ❬✹✷✱ ✺✺❪✱ ❡t ♣♦✉r ❧❛
♣❧✉♣❛rt ❞❡s ❡①t❡♥s✐♦♥s ❞❡ ❞❡❣ré ≤ 5✱ ❛✉ ♠♦✐♥s s✉r Q✳ ❯♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡
rés✉❧t❛ts ❢♦♥❞❛♠❡♥t❛✉① ❛ été ♦❜t❡♥✉✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ ♣❛r ❈♦❤♥ ❬✷✶❪✱ ❉❛✈❡♥♣♦rt✲
❍❡✐❧❜r♦♥♥ ❬✷✻❪✱ ❉❛ts❦♦✈s❦②✲❲r✐❣❤t ❬✷✼❪✱ ❈♦❤❡♥✲❉✐❛③ ② ❉✐❛③✲❖❧✐✈✐❡r ❬✶✼✱ ✶✽✱ ✶✾❪✱
❡t ❇❤❛r❣❛✈❛ ❬✺✱ ✻✱ ✼❪✳ P♦✉r ✉♥ s✉r✈♦❧ ❤✐st♦r✐q✉❡ s✉r ❧❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❞❡ ❝❡
s✉❥❡t ❥✉sq✉✬à ✷✵✵✺✱ ♦♥ ✐♥✈✐t❡ ❧❡ ❧❡❝t❡✉r à ❢❛✐r❡ ré❢ér❡♥❝❡ à ❬✶✻❪ ❡t ❬✸❪✳

❊♥ ✷✵✵✺✱ ❑❧ü♥❡rs ❬✹✵❪ ❞♦♥♥❛ ✉♥ ❝♦♥tr❡✲❡①❡♠♣❧❡ à ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ▼❛❧❧❡✱
q✉✐ s❡ ❜❛s❛✐t s✉r ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❡rt❛✐♥❡s r❛❝✐♥❡s ❞❡ ❧✬✉♥✐té ❞❛♥s ❞❡s ❡①t❡♥s✐♦♥s
✐♥t❡r♠❡❞✐❛✐r❡s✳ ❚ür❦❡❧❧✐ ❬✺✷❪ ❛ ♣r♦♣♦sé ✉♥❡ ♠♦❞✐✜❝❛t✐♦♥ à ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ▼❛❧❧❡✱
q✉✐ é✈✐t❡ ❝❡ t②♣❡ ❞❡ ❝♦♥tr❡✲❡①❡♠♣❧❡s✳

❆❧❣♦r✐t❤♠✐q✉❡

◆♦tr❡ ❞❡✉①✐è♠❡ ♣♦✐♥t ❞❡ ✈✉❡ ❞❛♥s ❧❡ ❝♦♠♣t❛❣❡ ❞✬❡①t❡♥s✐♦♥s ❞❡ ❝♦r♣s ❞❡ ♥♦♠❜r❡s
❡st ❛❧❣♦r✐t❤♠✐q✉❡✳ ❉❛♥s ❝❡ ❝❛❞r❡✱ ♦♥ ♣❡✉t ♣❧❛❝❡r ❧❡ tr❛✈❛✐❧ ❞❡ ❇❡❧❛❜❛s ❬✶✱ ✷❪

✈



❛✐♥s✐ q✉❡ ❜❡❛✉❝♦✉♣ ❞✬❛✉tr❡s ✭♣♦✉r ✉♥ s✉r✈♦❧✱ ✈♦✐r ❬✹✹❪✮✳ ❉❛♥s ❝❡tt❡ ♣❡rs♣❡❝t✐✈❡
♣❛rt✐❝✉❧✐èr❡✱ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❡t ❧❛ ❣é♦♠❡tr✐❡ ❞❡s ♥♦♠❜r❡s✱ ❛✐♥s✐ q✉❡
❧❡s ❜✐❥❡❝t✐♦♥s ❡①♣❧✐❝✐t❡s ♠♦t✐✈é❡s ♣❛r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ❡s♣❛❝❡s ♣ré❤♦♠♦❣è♥❡s✱
❞❡✈✐❡♥♥❡♥t ❧❡s ❛❝t❡✉rs ♣r✐♥❝✐♣❛✉①✳ ❙✐ ❧❡s ❞❡r♥✐❡rs s♦♥t ❞❡s ♦❜❥❡ts ♣❧✉tôt ré❝❡♥ts✱
❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❛ ✉♥❡ ❤✐st♦✐r❡ ❛ss❡③ ❧♦♥❣✉❡✱ q✉✐ r❡♠♦♥t❡ ❛✉ ♠♦✐♥s ❛✉
tr❛✈❛✐❧ ❞❡ ●❛✉ss s✉r ❧❡s ❢♦r♠❡s q✉❛❞r❛t✐q✉❡s ❜✐♥❛✐r❡s ❡t t❡r♥❛✐r❡s✳ ❆♣rès ❧✉✐✱
❇✐❛♥❝❤✐ ❬✶✵❪✱ ❏✉❧✐❛ ❬✸✾❪ ❡t ❞✬❛✉tr❡s✱ ♦♥t ❣❡♥❡r❛❧✐sé ❝❡tt❡ t❤é♦r✐❡ à ❞✬❛✉tr❡s ❝♦r♣s
❞❡ ♥♦♠❜r❡s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❝❡✉① q✉❛❞r❛t✐q✉❡s ✐♠❛❣✐♥❛✐r❡s✳ ❚♦✉t ❧❡ ✶✾è♠❡ s✐è❝❧❡
❛ été ❢❛s❝✐♥é ♣❛r ❧❛ t❤é♦r✐❡ ❞❡s ✐♥✈❛r✐❛♥ts✱ ✉♥ ❝❤❛♣✐tr❡ ❝♦♥❝❧✉ ♣❛r ❧❛ ♣r❡✉✈❡
❞❡ ❍✐❧❜❡rt q✉❡ ❧✬❛❧❣è❜r❡ ❞❡s ✐♥✈❛r✐❛♥ts ❡st ❞❡ t②♣❡ ✜♥✐ ❬✸✼❪✳ ❆♣rès ❝❡❧❛✱ ❧❛
t❤é♦r✐❡ ❞❡s ✐♥✈❛r✐❛♥ts ❛ été r❡♥❞✉❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❛❜str❛✐t❡✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s
ré♣r❡s❡♥t❛t✐♦♥s ❞❡ ❣r♦✉♣❡s ❡t ❧❛ t❤é♦r✐❡ ❞❡s ✐♥✈❛r✐❛♥ts ❣é♦♠❡tr✐q✉❡s ❞❡ ▼✉♠❢♦r❞
❬✹✻❪✳ ▼❛✐s ❧❛ t❤é♦r✐❡ ❞❡s ✐♥✈❛r✐❛♥ts ❝❧❛ss✐q✉❡ tr♦✉✈❛ ❞❡s ♥♦✉✈❡❧❧❡s ❛♣♣❧✐❝❛t✐♦♥s✱
❡t ❞❡✈✐♥t à ♥♦✉✈❡❛✉ très ❛❝t✉❡❧❧❡ ❞❛♥s ❧❡s tr❛✈❛✉① ♣❧✉s ré❝❡♥ts ❞❡ ❊❧str♦❞t✱
●r✉♥❡✇❛❧❞ ❡t ▼❡♥♥✐❝❦❡ ❬✸✶✱ ✸✷✱ ✸✸❪ ✭❞❛♥s ❧❡✉r tr❛✈❛✐❧ s✉r ❧✬❡s♣❛❝❡ ❤②♣❡r❜♦❧✐q✉❡
3✲❞✐♠❡♥s✐♦♥♥❡❧✮✱ ❈r❡♠♦♥❛ ❡t ❙t♦❧❧ ❬✷✸✱ ✷✺❪ ✭q✉✐ ét❛✐❡♥t ♠♦t✐✈és ♣❛r ❧✬ét✉❞❡ ❞❡s
❝♦✉r❜❡s ❡❧❧✐♣t✐q✉❡s ❡t ❤②♣❡r❡❧❧✐♣t✐q✉❡s✮ ❡t ❡♥✜♥ ❞❛♥s ❧❡ tr❛✈❛✐❧ ❞❡ ❇❤❛r❣❛✈❛ ❬✺✱
✻✱ ✼✱ ✽✱ ✾❪✱ q✉✐ ❣é♥ér❛❧✐s❡ ❧❛ ❧♦✐ ❞❡ ❝♦♠♣♦s✐t✐♦♥ ❞❡ ●❛✉ss ❡t tr♦✉✈❡ ❞❡s ❜✐❥❡❝t✐♦♥s
très ✐♥tér❡ss❛♥t❡s✱ ♣♦✉r ♣❛r❛♠étr✐s❡r ❧❡s ❝♦r♣s ❞❡ ♥♦♠❜r❡s ❞❡ ❞❡❣ré ≤ 5 ❡t ❞❡s
♣❛rt✐❡s ❞❡ ❧❡✉r ❣r♦✉♣❡ ❞❡ ❝❧❛ss❡s✳

❙tr✉❝t✉r❡ ❞❡ ❧❛ t❤ès❡

❈❡tt❡ t❤ès❡ s✬✐♥tér❡ss❡ ❛✉① ❞❡✉① ♠❛♥✐èr❡s ❞❡ ❝♦♠♣t❡r ❧❡s ❝♦r♣s ❞❡ ♥♦♠❜r❡s
❞é❝r✐t❡s ❝✐✲❞❡ss✉s✳

▲❡ ♣r❡♠✐❡r ❝❤❛♣✐tr❡ ❡st ✉♥ tr❛✈❛✐❧ ❥♦✐♥t ❛✈❡❝ ❍❡♥r✐ ❈♦❤❡♥❀ ♦♥ ♣r♦✉✈❡ ✉♥❡ ♥♦✉✲
✈❡❧❧❡ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ♣♦✉r ❧❡s ❡①t❡♥s✐♦♥s q✉❛❞r❛t✐q✉❡s ❛✈❡❝ ✉♥❡ rés♦❧✈❛♥t❡
q✉❛❞r❛t✐q✉❡ ✜①é❡ ✭❚❤❡♦r❡♠ ✶✳✻✳✷✮✱ ❡♥ r❛✣♥❛♥t ❧❛ ❈♦♥❥❡❝t✉r❡ ❞❡ ▼❛❧❧❡✳

▲❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡ ❞é❝r✐t ✉♥ ♥♦✉✈❡❛✉ ❛❧❣♦r✐t❤♠❡✱ ♣♦✉r é♥✉♠❡r❡r t♦✉t❡s ❧❡s
❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s ❞✬✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s q✉❛❞r❛t✐q✉❡ ✐♠❛❣✐♥❛✐r❡ ❞❡ ♥♦♠❜r❡
❞❡ ❝❧❛ss❡s 1✱ ❛✈❡❝ ❞✐s❝r✐♠✐♥❛♥t r❡❧❛t✐❢ ❜♦r♥é✱ ❡♥ t❡♠♣s ♣r❡sq✉❡✲❧✐♥é❛✐r❡✳

▲✬❛♣♣❡♥❞✐① ❆ ❡sq✉✐ss❡ ❧❛ ♣r❡✉✈❡ ❞❡ ❧✬❡①t❡♥s✐♦♥ ❞❡ ❧❛ t❤é♦r✐❡ ❞❡ ❉❛✈❡♥♣♦rt✲
❍❡✐❧❜r♦♥♥✱ ❞û❡ à ❚❛♥✐❣✉❝❤✐✳

▲✬❛♣♣❡♥❞✐① ❇ ❞é❝r✐t ❧✬❛❧❣♦r✐t❤♠❡ ❝❧❛ss✐q✉❡ ♣♦✉r é♥✉♠❡r❡r ❧❡s ❡①t❡♥s✐♦♥s ❝✉✲
❜✐q✉❡s ❞✬✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s ❞♦♥♥é✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ t❤é♦r✐❡ ❞❡s ❝♦r♣s ❞❡ ❝❧❛ss❡s
❞❡ r❛②♦♥✳

▲✬❛♣♣❡♥❞✐① ❈ ét✉❞✐❡ ❧❡s ❡rr❡✉rs ❞✬❛rr♦♥❞✐s ❞❛♥s ❧❡s ❝❛❧❝✉❧s ❡♥ ♣ré❝✐s✐♦♥ ✢♦t✲
t❛♥t❡ ❞❛♥s ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ♣r✐♥❝✐♣❛❧✳

▲✬❛♣♣❡♥❞✐① ❉ ❞♦♥♥❡ ❞❡s ♣♦❧②♥ô♠❡s ❡①♣❧✐❝✐t❡s ❞♦♥t ♦♥ ❛ ❜❡s♦✐♥ ♣♦✉r ✈ér✐✜❡r
r✐❣♦✉r❡✉s❡♠❡♥t ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❜♦r❞s ❞❛♥s ♥♦tr❡ t❤é♦r✐❡ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ♣♦✉r
❢♦r♠❡s ❝✉❜✐q✉❡s ❜✐♥❛✐r❡s s✉r ❞❡s ❝♦r♣s q✉❛❞r❛t✐q✉❡s ✐♠❛❣✐♥❛✐r❡s✳

❖♥ ✈❛ ♠❛✐♥t❡♥❛♥t ♣rés❡♥t❡r ❡♥ ❞ét❛✐❧ ♥♦s rés✉❧t❛ts ♣r✐♥❝✐♣❛✉①✳

❈♦♠♣t❛❣❡ ❞✬❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s ❛✈❡❝ rés♦❧✈❛♥t❡ q✉❛❞r❛✲
t✐q✉❡ ✜①é❡

❙♦✐t k ✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s ✜①é✳ ❖♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❡①t❡♥s✐♦♥ ❝✉❜✐q✉❡ K/k ❡t
♦♥ ❛♣♣❡❧❧❡ N ❧❛ ❝❧ôt✉r❡ ●❛❧♦✐s✐❡♥♥❡ ❞❡ K/k✳ ◗✉❛♥❞ K/k ♥✬❡st ♣❛s ❝②❝❧✐q✉❡ ♦♥

✈✐



❛ Gal(N/k) ≃ S3✱ ❡t ❧❡ ❝♦r♣s ❞❡ ♥♦♠❜r❡s N ❝♦♥t✐❡♥t ✉♥❡ ✉♥✐q✉❡ s♦✉s✲❡①t❡♥s✐♦♥
q✉❛❞r❛t✐q✉❡ K2/k✳

N

2
|
|
|
|
|
|
|
|

C3K

3 K2

2
|
|
|
|
|
|
|
|

k

◗✉❛♥❞ K/k ❡st ❝②❝❧✐q✉❡ ♦♥ ❛ N = K ❡t Gal(N/k) ≃ C3✳ ❈❡ ❝❛s ❛ ❞é❥à été
tr❛✐té ❞❛♥s ❬✶✽❪✱ ♠❛✐s ♦♥ ❧✬✐♥❝❧✉t ✐❝✐ ♣♦✉r ❞❡s r❛✐s♦♥s ❞✬❡①❤❛✉st✐✈✐té✱ ❡♥ ♣♦s❛♥t
K2 = k❀ ♣❛r ❛❜✉s ❞❡ ❧❛♥❣❛❣❡ ♦♥ ❛♣♣❡❧❧❡ t♦✉❥♦✉rs K2 ✉♥❡ ❡①t❡♥s✐♦♥ q✉❛❞r❛t✐q✉❡
❞❡ k✱ ♠ê♠❡ s✐ [K2 : k] = 1✳

❖♥ ✜①❡ ❧✬❡①t❡♥s✐♦♥ q✉❛❞r❛t✐q✉❡ K2/k✱ ❡t ♦♥ ❛♣♣❡❧❧❡ F(K2) ❧✬❡♥s❡♠❜❧❡ ❞❡s
❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s K/k✱ ♠♦❞✉❧♦ k✲✐s♦♠♦r♣❤✐s♠❡✱ t❡❧❧❡s q✉❡ ❧❛ s♦✉s✲❡①t❡♥s✐♦♥
q✉❛❞r❛t✐q✉❡ ❞❡ ❧❛ ❝❧ôt✉r❡ ●❛❧♦✐s✐❡♥♥❡ ❞❡ K/k s♦✐t ✐s♦♠♦r♣❤❡ à K2✳

❖♥ ❞é✜♥✐t

N(K2/k,X) = |{K ∈ F(K2), Nk/Q(d(K/k)) ≤ X}| .

♦ù d(K/k) ❡st ❧❡ ❞✐s❝r✐♠✐♥❛♥t r❡❧❛t✐❢ ❞❡ K/k ❡t Nk/Q ❞é♥♦t❡ ❧❛ ♥♦r♠❡ ❛❜s♦❧✉❡✳
❖♥ ✐♥✈✐t❡ ❧❡ ❧❡❝t❡✉r à r❡♠❛rq✉❡r q✉❡

Nk,3(S3, X) =
∑

K2/k,K2 6=k

N(K2/k,X), ❡t Nk,3(C3, X) = N(k/k,X),

❞♦♥❝ ♦♥ ❡st ❡♥ tr❛✐♥ ❞✬ét✉❞✐❡r ✉♥ r❛✣♥❡♠❡♥t ❞❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ ▼❛❧❧❡✳ ◆♦tr❡
t❤é♦rè♠❡ ♣r✐♥❝✐♣❛❧ ✭❚❤❡♦r❡♠ ✶✳✻✳✷✮ ❞♦♥♥❡ ✉♥❡ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ♣♦✉r
N(K2/k,X)❀ ♦♥ ❧✬é♥♦♥❝❡ ✐❝✐ s❡✉❧❡♠❡♥t ❞❛♥s ❧❡ ❝❛s k = Q✳ ❉❛♥s ❝❡ s✐♠♣❧❡ ❝❛s✱
♦♥ ✉t✐❧✐s❡ ❧❛ ♥♦t❛t✐♦♥ N(K2, X) à ❧❛ ♣❧❛❝❡ ❞❡ N(K2/Q, X)✳

❚❤é♦rè♠❡✳ ❈♦♠♠❡ ❝✐✲❞❡ss✉s✱ s♦✐t K2 = Q(
√
D) ✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ Q ❛✈❡❝

[K2 : Q] ≤ 2✱ ♦♥ ❞é♥♦t❡ ♣❛r K ′
2 = Q(

√
−3D) ❧❡ ❝♦r♣s ♠✐r♦✐r ❞❡ K2✱ ❡t ❧✬♦♥ ♣♦s❡

g(K ′
2) = 3 s✐ K ′

2 = Q(
√
−3)✱ ❡t g(K ′

2) = 1 s✐♥♦♥✳ ❆❧♦rs✿

✭✶✮ ✭❈♦r♣s ❝✉❜✐q✉❡s ♣✉rs✳✮ ❖♥ ❛

N(Q(
√
−3), X) = C(Q(

√
−3))Y (log(Y ) +D(Q(

√
−3))− 1) +O(Y 2/3+ε),

♣♦✉r t♦✉t ε > 0✱ ♦ù Y =
√
X/d(K2/k)

C(Q(
√
−3)) =

7

30

∏

p

(
1 − 3

p2
+

2

p3

)

D(Q(
√
−3)) = 2γ − 16

35
log(3) + 6

∑

p

log(p)

p2 + p− 2
,

❡t γ ❡st ❧❛ ❝♦♥st❛♥t❡ ❞✬❊✉❧❡r✳

✈✐✐



✭✷✮ ✭❈❛s ❣é♥ér❛❧✳✮ P♦✉r D 6= −3✱ ♦♥ ♥♦t❡ aK′

2
(p) ❧❡ ♥♦♠❜r❡ ❞✬✐❞é❛✉① ♣r❡♠✐❡rs

❞❡ ❞❡❣ré 1 ✭♥♦♥ r❛♠✐✜és✮ ❛✉ ❞❡ss✉s ❞❡ p ❞❛♥s K ′
2✳ ❆❧♦rs

N(Q(
√
D), X) = C(Q(

√
D))Y +O(Y 2/3+ε) ,

♦ù Y =
√
X/d(K2/k)

C(Q(
√
D)) = g(K ′

2)
c3(K

′
2)

33+r2(K′

2)

∏

p6=3

(
1 +

aK′

2
(p)

p

)(
1 − 1

p

)
,

❡t

c3(K
′
2) =





11 s✐ 3ZK′

2
= p2

1 ✱

15 s✐ 3ZK′

2
= p1 ✱

21 s✐ 3ZK′

2
= p1p2 ✳

❖♥ s♦✉❧✐❣♥❡ ❧❡ ❢❛✐t q✉❡ ❧❛ ❢♦r♠✉❧❡ ❞❛♥s ✭✷✮ ❛ été ❞♦♥♥é❡ à ❝❛✉s❡ ❞❡ s♦♥ é❧é❣❛♥❝❡✱
♠❛✐s ❡❧❧❡ ♥❡ ❞♦✐t ♣❛s êtr❡ ✉t✐❧✐sé❡ ♣♦✉r ❧❡s ❝❛❧❝✉❧s ♣r❛t✐q✉❡s ❞❡s ❝♦♥st❛♥t❡s❀ ♣♦✉r
❝❡❧❛ s❡ ré❢ér❡r ❛✉ ❈♦r♦❧❧❛✐r❡ ✶✳✽✳✻ ❝✐✲❞❡ss♦✉s✳

❯♥ ❛❧❣♦r✐t❤♠❡ ♣♦✉r é♥✉♠❡r❡r ❧❡s ❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s

▲❡ s❡❝♦♥❞ ❝❤❛♣✐tr❡ ❝♦♥❝❡r♥❡ ❧❡ ♣♦✐♥t ❞❡ ✈✉❡ ❛❧❣♦r✐t❤♠✐q✉❡✳ ▲✬✐❞é❡ ❡st ❞❡ ❣é♥ér❛❧✐s❡r
❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❇❡❧❛❜❛s é♥✉♠ér❛♥t ❧❡s ❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s ❞❡ Q✱ à ❞✬❛✉tr❡s
❝♦r♣s ❞❡ ♥♦♠❜r❡s✳ ▲✬♦✉t✐❧ ♣r✐♥❝✐♣❛❧ q✉✐ ♥♦✉s ♣❡r♠❡t ❝❡tt❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❡st ❧❡
t❤é♦rè♠❡ ❞❡ ❚❛♥✐❣✉❝❤✐ ❬✺✵❪✱ q✉✐ ét❡♥❞ ❧❡s ❜✐❥❡❝t✐♦♥s ❞❡ ❉❛✈❡♥♣♦rt✲❍❡✐❧❜r♦♥♥✳

▲❡ t❤é♦rè♠❡ ❞❡ ❚❛♥✐❣✉❝❤✐ é♥✉♠èr❡ ❧❡s O✲❛❧❣è❜r❡s ❝✉❜✐q✉❡s ❛✉ ❞❡ss✉s ❞✬✉♥
❛♥♥❡❛✉ ❞❡ ❉❡❞❡❦✐♥❞ ❛r❜✐tr❛✐r❡ O✱ ♠❛✐s ❧✬❛♣♣❧✐q✉❡r ❝♦♥❝rèt❡♠❡♥t ♣♦✉r ♦❜t❡♥✐r
✉♥ ❛❧❣♦r✐t❤♠❡ ♠✬❛ ♦❜❧✐❣é❡ à ❢❛✐r❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ r❡str✐❝t✐♦♥s✳

❊♥ ❝❡ ♠♦♠❡♥t✱ ❧✬❛❧❣♦r✐t❤♠❡ ♣r❡s❡♥té ✐❝✐ ♠❛r❝❤❡ s❡✉❧❡♠❡♥t s✉r ❧❡s ❝♦r♣s
❞❡ ♥♦♠❜r❡s q✉❛❞r❛t✐q✉❡s ✐♠❛❣✐♥❛✐r❡s ❛✈❡❝ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s 1✱ ❝✬❡st à ❞✐r❡
Q(

√
−D)✱ ❛✈❡❝ D ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}.
❯♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ à ❞✬❛✉tr❡s ❝♦r♣s ❞❡ ♥♦♠❜r❡s q✉❛❞r❛t✐q✉❡s ✐♠❛❣✐♥❛✐r❡s

❡st s❛♥s ❞♦✉t❡ ♣♦ss✐❜❧❡✱ ♠❛✐s ♥é❝❡ss✐t❡ ✉♥ tr❛✈❛✐❧ ❛❞❞✐t✐♦♥❡❧ s✉r ❧❡s ❛❝t✐♦♥s ❞❡
❝❡rt❛✐♥s ❣r♦✉♣❡s ❞❡ ♠❛tr✐❝❡s s✉r ❧✬❡s♣❛❝❡ ❤②♣❡r❜♦❧✐q✉❡ 3✲❞✐♠❡♥s✐♦♥♥❡❧✱ ❞♦♥❝
♦♥ ❧❡ ❧❛✐ss❡r❛ ❝♦♠♠❡ ✉♥ ♣r♦❜❧è♠❡ ♦✉✈❡rt✳ P♦✉r ❧❡s ❝♦r♣s ❞❡ ♥♦♠❜r❡s ❛✈❡❝ ✉♥
♥♦♠❜r❡ ✐♥✜♥✐ ❞✬✉♥✐tés✱ ❧❡ ♣r♦❜❧è♠❡ s❡♠❜❧❡ ♠ê♠❡ ♣❧✉s ❞✐✣❝✐❧❡✳

▲❡ rés✉❧t❛t ♣r✐♥❝✐♣❛❧ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❧❡ s✉✐✈❛♥t✳

❚❤é♦rè♠❡✳ ❙♦✐t K ✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s q✉❛❞r❛t✐q✉❡ ✐♠❛❣✐♥❛✐r❡ ❛✈❡❝ ♥♦♠❜r❡ ❞❡
❝❧❛ss❡s 1✳ ■❧ ❡①✐st❡ ✉♥ ❛❧❣♦r✐t❤♠❡ q✉✐ é♥✉♠èr❡ t♦✉t❡s ❧❡s ❡①t❡♥s✐♦♥s ❞❡ K ❥✉sq✉✬à
✉♥❡ ❜♦r♥❡ X s✉r ❧❛ ♥♦r♠❡ ❞✉ ❞✐s❝r✐♠✐♥❛♥t r❡❧❛t✐❢✳ ❈❡t ❛❧❣♦r✐t❤♠❡ ♠❛r❝❤❡ ❡♥
t❡♠♣s Oε(X

1+ε)✱ ♣♦✉r t♦✉t ε > 0✳

◆♦tr❡ ❛❧❣♦r✐t❤♠❡ ✉t✐❧✐s❡ ❧❛ t❤é♦r✐❡ ❞❡ ❧❛ ré❞✉❝t✐♦♥ ❞❡s ❢♦r♠❡s ❤❡r♠✐t✐❡♥♥❡s ❜✐✲
♥❛✐r❡s s✉r ❧✬❛♥♥❡❛✉ ❞❡s ❡♥t✐❡rs OK ❞❡K✳ ❈♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❝♦r♣s ❞❡ ♥♦♠❜r❡s
❝❛❧❝✉❧és ❡st ≫K X✱ ♥♦tr❡ ❛❧❣♦r✐t❤♠❡ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✐♥é❛✐r❡ ❞❛♥s ❧❛ t❛✐❧❧❡
❞❡ ❧❛ s♦rt✐❡✳

■❧ ❡st ✐♥tér❡ss❛♥t ❞❡ ❝♦♠♣❛r❡r ❝❡t ❛❧❣♦r✐t❤♠❡ ❛✈❡❝ ❧❡ ❝❧❛ss✐q✉❡✱ q✉✐ ✉t✐❧✐s❡
❧❛ t❤é♦r✐❡ ❞❡s ❝♦r♣s ❞❡ ❝❧❛ss❡s ❞❡ r❛②♦♥✳ ❈❡ ❞❡r♥✐❡r ♠❛r❝❤❡ s✉r ✉♥ ❝♦r♣s ❞❡

✈✐✐✐



❜❛s❡ q✉❡❧❝♦♥q✉❡ K❀ ✉♥❡ ❜♦r♥❡ ♣♦✉r ❧❡ ❞✐s❝r✐♠✐♥❛♥t r❡❧❛t✐❢ ❞✬✉♥❡ ❡①t❡♥s✐♦♥ ❝✉✲
❜✐q✉❡ L/K ❞♦♥♥❡ ✉♥❡ ❜♦r♥❡ ♣♦✉r ❧❡ ❞✐s❝r✐♠✐♥❛♥t ❞✉ s♦✉s✲❝♦r♣s q✉❛❞r❛t✐q✉❡
K2/K ❞❡ s❛ ❝❧ôt✉r❡ ❣❛❧♦✐s✐❡♥♥❡ L2/K✱ ♠❛✐s ❛✉ss✐ ✉♥❡ ❜♦r♥❡ s✉r ❧❡ ❝♦♥❞✉❝t❡✉r
❞❡ ❧✬❡①t❡♥s✐♦♥ ❝②❝❧✐q✉❡ ❝✉❜✐q✉❡ L2/K2✳ ▲✬❛❧❣♦r✐t❤♠❡ ♣❛r❝♦✉rt t♦✉s ❧❡s ❝♦r♣s
♣♦ss✐❜❧❡s K2✱ ❡t ❧❡s ❝♦♥❞✉❝t❡✉rs f ⊂ OK2 ❡t ét✉❞✐❡ ❧❡s s♦✉s✲❣r♦✉♣❡s ❞✬✐♥❞✐❝❡ 3
❞❛♥s ❧❡s ❝♦r♣s ❞❡ ❝❧❛ss❡s ❞❡ r❛②♦♥ ❈❧f(K2)✳

❖♥ ❛ ét✉❞✐é ❡t ✐♠♣❧❡♠❡♥té ❝❡t ❛❧❣♦r✐t❤♠❡ ❝❧❛ss✐q✉❡✱ q✉✐ r❡q✉✐❡rt ❡♥ ♣❛rt✐❝✲
✉❧✐❡r ❧❡ ❝❛❧❝✉❧ ❞✉ ❝♦r♣s ❞❡ ❝❧❛ss❡s ❞❡ r❛②♦♥ ❞❡ t♦✉s ❧❡s ❝♦r♣s K2❀ s❛♥s s✉♣♣♦s❡r
●❘❍✱ ❝❡❧❛ r❡q✉✐❡rt ✉♥ t❡♠♣s (discK2)

1/2 ♣♦✉r ❝❤❛q✉❡ ❝♦r♣s✱ ❝❡ q✉✐ ❡st ❞❡
❧✬♦r❞r❡ ❞❡ X1/2❀ ❡t ✐❧ ② ❛✱ ♠❛❧❤❡✉r❡s❡♠❡♥t✱ ≫K X ❞❡ t❡❧s ❝♦r♣s K2✱ ❝❡ q✉✐
❞♦♥♥❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ ❝♦♠♣❧❡①✐té Ω(X3/2)✳ ❖♥ s♦✉❧✐❣♥❡ ❧❡ ❢❛✐t q✉❡ ♥♦tr❡ ❛❧✲
❣♦r✐t❤♠❡ ❡st ♣r❡sq✉❡✲❧✐♥é❛✐r❡ ✐♥❝♦♥❞✐t✐♦♥❡❧❧❡♠❡♥t ✿ ♣♦✉r ✉♥ ❝♦r♣s ❞❡ ♥♦♠❜r❡s
q✉❛❞r❛t✐q✉❡ ✐♠❛❣✐♥❛✐r❡ K ❞❡ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s 1 ❞♦♥♥é✱ ♦♥ é♥✉♠èr❡ ❧❡s éq✉❛✲
t✐♦♥s q✉✐ ❞é✜♥✐ss❡♥t t♦✉t❡s ❧❡s ❡①t❡♥s✐♦♥s ❝✉❜✐q✉❡s ❞❡ K ❞❡ ❞✐s❝r✐♠✐♥❛♥t ❜♦r♥é
s❛♥s ❛✈♦✐r ❜❡s♦✐♥ ❞❡ ❝❛❧❝✉❧❡r ❞❡s ✐♥✈❛r✐❛♥ts ❛r✐t❤♠ét✐q✉❡s ♣♦✉r ❞✬❛✉tr❡s ❝♦r♣s
❞❡ ♥♦♠❜r❡s q✉❡ K✳

✐①
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■♥tr♦❞✉❝t✐♦♥

▼♦t✐✈❛t✐♦♥

▲❡t K ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✱ G ❛ tr❛♥s✐t✐✈❡ ♣❡r♠✉t❛t✐♦♥ ❣r♦✉♣ ♦♥ n ❧❡tt❡rs✳ ❲❡
❞❡✜♥❡ FK,n(G) ❛s t❤❡ s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ❡①t❡♥s✐♦♥s L/K ♦❢ ❞❡❣r❡❡ n
s✉❝❤ t❤❛t t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡ N ♦❢ L/K ❤❛s ●❛❧♦✐s ❣r♦✉♣ ✐s♦♠♦r♣❤✐❝ t♦ G✳

❚❤✐s t❤❡s✐s st✉❞✐❡s t❤❡ ❝♦✉♥t✐♥❣ ❢✉♥❝t✐♦♥

NK,n(G,X) = |{L ∈ FK,n(G),Nd(L/K) ≤ X}|,

❡♥✉♠❡r❛t✐♥❣ t❤❡ ❡❧❡♠❡♥ts ♦❢ FK,n(G), ♦r❞❡r❡❞ ❜② r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t✳ ❲❡ ✇✐❧❧
✉s❡ t✇♦ ❞✐✛❡r❡♥t✱ ❛♥❞ s♦♠❡❤♦✇ ❝♦♠♣❧❡♠❡♥t❛r②✱ ♣♦✐♥ts ♦❢ ✈✐❡✇✳

❆s②♠♣t♦t✐❝s

❖♥ ♦♥❡ s✐❞❡✱ ✇❡ ❤❛✈❡ t❤❡ ❛s②♠♣t♦t✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❛s X t❡♥❞s t♦ ✐♥✜♥✐t②✳❚❤✐s ✐s
q✉✐t❡ ❛ ❝❧❛ss✐❝❛❧ t❤❡♠❡ ❞❛t✐♥❣ ❜❛❝❦ t♦ ●❛✉ss ❬✸✺❪✱ ✇❤♦ ❝♦✉♥t❡❞ ❝❧❛ss❡s ♦❢ ❜✐♥❛r②
q✉❛❞r❛t✐❝ ❢♦r♠s ♦❢ ❜♦✉♥❞❡❞ ❞✐s❝r✐♠✐♥❛♥t✳ ❆ ♥✉♠❜❡r ♦❢ ✐♠♣♦rt❛♥t ❝♦♥❥❡❝t✉r❡s
❤❛✈❡ ❜❡❡♥ ❢♦r♠✉❧❛t❡❞ r❡❝❡♥t❧② ♦♥ t❤✐s s✉❜❥❡❝t✱ ❜② ▼❛❧❧❡ ❬✹✸❪✱ ❇❤❛r❣❛✈❛ ✭s❡❡ ❬✸✱
➓✻✳✷❪✮ ❛♥❞ ❊❧❧❡♥❜❡r❣ ❛♥❞ ❱❡♥❦❛t❡s❤ ❬✸✵❪✳ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡ ✐s ♣❡r❤❛♣s t❤❡ ♠♦st
❢❛♠♦✉s✳ ■t s❛②s t❤❛t

NK,n(G,X) ∼ c(G,K)Xa(G)(logX)b(G,K)−1,

✇✐t❤ ❡①♣❧✐❝✐t ❝♦♥st❛♥ts✱ a ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ G ❛♥❞ b ❛♥❞ c ❞❡♣❡♥❞✐♥❣ ♦♥ G ❛♥❞
K✳

❚❤✐s ❝♦♥❥❡❝t✉r❡ ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ❢♦r ❛❜❡❧✐❛♥ ❣r♦✉♣s ❬✹✷✱ ✺✺❪✱ ❛♥❞ ❢♦r ♠♦st ❡①✲
t❡♥s✐♦♥s ♦❢ ❞❡❣r❡❡ ≤ 5✱ ❛t ❧❡❛st ♦✈❡r Q✳ ❆ ♥✉♠❜❡r ♦❢ ❧❛♥❞♠❛r❦ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥
♦❜t❛✐♥❡❞ ✐♥ ♣❛rt✐❝✉❧❛r ❜② ❈♦❤♥ ❬✷✶❪✱ ❉❛✈❡♥♣♦rt✲❍❡✐❧❜r♦♥♥ ❬✷✻❪✱ ❉❛ts❦♦✈s❦②✲
❲r✐❣❤t ❬✷✼❪✱ ❈♦❤❡♥✲❉✐❛③ ② ❉✐❛③✲❖❧✐✈✐❡r ❬✶✼✱ ✶✽✱ ✶✾❪✱ ❛♥❞ ❇❤❛r❣❛✈❛ ❬✺✱ ✻✱ ✼❪✳ ❋♦r
❛♥ ❤✐st♦r✐❝❛❧ s✉r✈❡② ♦♥ t❤✐s t♦♣✐❝ ❞❡✈❡❧♦♣♠❡♥ts ✉♥t✐❧ ✷✵✵✺✱ s❡❡ ❬✶✻❪ ❛♥❞ ❬✸❪✳

■♥ ✷✵✵✺✱ ❏✳ ❑❧ü♥❡rs ❬✹✵❪ ❣❛✈❡ ❛ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡✱ r❡❧②✐♥❣
♦♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ r♦♦ts ♦❢ ✉♥✐t② ✐♥ ✐♥t❡r♠❡❞✐❛t❡ ❡①t❡♥s✐♦♥s✳ ❚ür❦❡❧❧✐
❬✺✷❪ ♣r♦♣♦s❡❞ ❛ ♠♦❞✐✜❝❛t✐♦♥ t♦ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡ ✇❤✐❝❤ ❛✈♦✐❞s t❤✐s ❦✐♥❞ ♦❢
❝♦✉♥t❡r❡①❛♠♣❧❡s✳

❆❧❣♦r✐t❤♠✐❝s

❖✉r s❡❝♦♥❞ ♣♦✐♥t ♦❢ ✈✐❡✇ ✐♥ ❝♦✉♥t✐♥❣ ♥✉♠❜❡r ✜❡❧❞ ❡①t❡♥s✐♦♥s ✐s ❛❧❣♦r✐t❤♠✐❝✳ ■♥
t❤✐s ❛r❡❛ ✇❡ ❝❛♥ ♣❧❛❝❡ t❤❡ ✇♦r❦ ❜② ❇❡❧❛❜❛s ❬✶✱ ✷❪ ❛♥❞ ♠❛♥② ♦t❤❡rs ✭❢♦r ❛ s✉r✲
✈❡②✱ s❡❡ ❬✹✹❪✮✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ♣❡rs♣❡❝t✐✈❡✱ r❡❞✉❝t✐♦♥ t❤❡♦r② ❛♥❞ ❣❡♦♠❡tr② ♦❢
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♥✉♠❜❡rs✱ ❛s ✇❡❧❧ ❛s ❡①♣❧✐❝✐t ❜✐❥❡❝t✐♦♥s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ♣r❡❤♦✲
♠♦❣❡♥❡♦✉s ✈❡❝t♦r s♣❛❝❡s✱ ❜❡❝♦♠❡ t❤❡ ♠❛✐♥ ❛❝t♦rs✳ ■❢ t❤❡ ❧❛tt❡r ♦♥❡s ❛r❡ r❛t❤❡r
r❡❝❡♥t ♦❜❥❡❝ts✱ r❡❞✉❝t✐♦♥ t❤❡♦r② ❤❛s ❛ q✉✐t❡ ❧♦♥❣ st♦r②✱ ❞❛t✐♥❣ ❜❛❝❦ ❛t ❧❡❛st t♦
●❛✉ss✬s ✇♦r❦ ♦♥ ❜✐♥❛r② ❛♥❞ t❡r♥❛r② q✉❛❞r❛t✐❝ ❢♦r♠s✳ ❆❢t❡r ❤✐♠✱ ❇✐❛♥❝❤✐ ❬✶✵❪✱
❏✉❧✐❛ ❬✸✾❪ ❛♥❞ ♦t❤❡rs ❣❡♥❡r❛❧✐③❡❞ t❤✐s t❤❡♦r② t♦ ♦t❤❡r ♥✉♠❜❡r ✜❡❧❞s✱ ✐♥ ♣❛rt✐❝✉❧❛r
✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♦♥❡s✳ ❚❤❡ ✇❤♦❧❡ ✶✾t❤ ❝❡♥t✉r② ✇❛s ❢❛s❝✐♥❛t❡❞ ❜② t❤❡ t❤❡♦r②
♦❢ ✐♥✈❛r✐❛♥ts✱ ❛ ❝❤❛♣t❡r ❝❧♦s❡❞ ❜② ❍✐❧❜❡rt✬s ♣r♦♦❢ ♦❢ t❤❡ ✜♥✐t❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡
❛❧❣❡❜r❛ ♦❢ ✐♥✈❛r✐❛♥ts ❬✸✼❪✳ ❆❢t❡r t❤❛t✱ ✐♥✈❛r✐❛♥t t❤❡♦r② ✇❛s ♠♦r❡ ❛♥❞ ♠♦r❡ ❛❜✲
str❛❝t❡❞✱ ✉s✐♥❣ ❣r♦✉♣ r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ▼✉♠❢♦r❞✬s ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r②
❬✹✻❪✳ ❇✉t ❝❧❛ss✐❝❛❧ ✐♥✈❛r✐❛♥t t❤❡♦r② ❢♦✉♥❞ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥s✱ ❛♥❞ ✐t ❣♦t ❛❣❛✐♥ ✈❡r②
❛❝t✉❛❧ ✐♥ ♠♦r❡ r❡❝❡♥t ✇♦r❦s ❜② ❊❧str♦❞t✱ ●r✉♥❡✇❛❧❞ ❛♥❞ ▼❡♥♥✐❝❦❡ ❬✸✶✱ ✸✷✱ ✸✸❪
✭♦♥ t❤❡✐r ✇♦r❦ ❛❜♦✉t t❤❡ ❤②♣❡r❜♦❧✐❝ 3✲s♣❛❝❡✮✱ ❈r❡♠♦♥❛ ❛♥❞ ❙t♦❧❧ ❬✷✸✱ ✷✺❪ ✭✇❤♦
✇❡r❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ st✉❞② ♦❢ ❡❧❧✐♣t✐❝ ❛♥❞ ❤②♣❡r❡❧❧✐♣t✐❝ ❝✉r✈❡s✮ ❛♥❞ ✜♥❛❧❧② ✐♥
t❤❡ ✇♦r❦ ♦❢ ❇❤❛r❣❛✈❛ ❬✺✱ ✻✱ ✼✱ ✽✱ ✾❪✱ ✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s ●❛✉ss✬s ❝♦♠♣♦s✐t✐♦♥ ❧❛✇
❛♥❞ ✜♥❞s ❛♠❛③✐♥❣ ❜✐❥❡❝t✐♦♥s ♣❛r❛♠❡tr✐③✐♥❣ ♥✉♠❜❡r ✜❡❧❞s ♦❢ ❞❡❣r❡❡ ≤ 5✱ ❛♥❞
♣❛rts ♦❢ t❤❡✐r ✐❞❡❛❧ ❝❧❛ss ❣r♦✉♣s✳

❚❤❡s✐s✬ ❙tr✉❝t✉r❡

❚❤✐s t❤❡s✐s ✐s ❛❜♦✉t ❜♦t❤ ✏✇❛②s✑ ♦❢ ❝♦✉♥t✐♥❣ ♥✉♠❜❡r ✜❡❧❞s✳

❚❤❡ ✜rst ❝❤❛♣t❡r ✐s ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❍❡♥r✐ ❈♦❤❡♥❀ ✐t ♣r♦✈❡s ❛ ♥❡✇ ❛s②♠♣t♦t✐❝
❢♦r♠✉❧❛ ❢♦r ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✇✐t❤ ❣✐✈❡♥ q✉❛❞r❛t✐❝ r❡s♦❧✈❡♥t ✭❚❤❡♦r❡♠ ✶✳✻✳✷✮✱
r❡✜♥✐♥❣ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡✳

❚❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❛ ♥❡✇ ✭❡ss❡♥t✐❛❧❧②✮ ❧✐♥❡❛r✲t✐♠❡ ❛❧❣♦r✐t❤♠ t♦
❧✐st ❛❧❧ t❤❡ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞s ♦❢ ❝❧❛ss
♥✉♠❜❡r 1✱ ❣✐✈❡♥ ❛ ❜♦✉♥❞ ♦♥ t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t✳

❆♣♣❡♥❞✐① ❆ s❦❡t❝❤❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❛♥✐❣✉❝❤✐✬s ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❉❛✈❡♥♣♦rt✲
❍❡✐❧❜r♦♥♥ t❤❡♦r②✳

❆♣♣❡♥❞✐① ❇ ❞❡s❝r✐❜❡s t❤❡ ❝❧❛ss✐❝❛❧ ❝❧❛ss ✜❡❧❞ t❤❡♦r② ❛❧❣♦r✐t❤♠ t♦ ❡♥✉♠❡r❛t❡
❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ✜❡❧❞✳

❆♣♣❡♥❞✐① ❈ st✉❞✐❡s t❤❡ r♦✉♥❞✲♦✛ ❡rr♦rs ✐♥ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥s
✐♥ ♦✉r ♠❛✐♥ ❛❧❣♦r✐t❤♠✳

❆♣♣❡♥❞✐① ❉ ❣✐✈❡s ❡①♣❧✐❝✐t ♣♦❧②♥♦♠✐❛❧s ♥❡❡❞❡❞ t♦ ❝❤❡❝❦ r✐❣♦r♦✉s❧② t❤❡ ❜♦✉♥❞✲
❛r② ❝♦♥❞✐t✐♦♥s ✐♥ ♦✉r r❡❞✉❝t✐♦♥ t❤❡♦r② ❢♦r ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ♦✈❡r ✐♠❛❣✐♥❛r②
q✉❛❞r❛t✐❝ ✜❡❧❞s✳

❲❡ ♥♦✇ ♣r❡s❡♥t ✐♥ ♠♦r❡ ❞❡t❛✐❧ ♦✉r ♠❛✐♥ r❡s✉❧ts✳

❈♦✉♥t✐♥❣ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✇✐t❤ ❣✐✈❡♥ q✉❛❞r❛t✐❝ r❡s♦❧✈❡♥t

▲❡t ✉s ✜① ❛ ♥✉♠❜❡r ✜❡❧❞ k✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝✉❜✐❝ ❡①t❡♥s✐♦♥ K/k ❛♥❞ ✇❡ ❝❛❧❧ N
t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡ ♦❢ K/k✳ ❲❤❡♥ K/k ✐s ♥♦t ❝②❝❧✐❝ ✇❡ ❤❛✈❡ Gal(N/k) ≃ S3✱
❛♥❞ t❤❡ ✜❡❧❞ N ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ q✉❛❞r❛t✐❝ s✉❜❡①t❡♥s✐♦♥ K2/k✳

①✐✐



N

2
|
|
|
|
|
|
|
|

C3K

3 K2

2
|
|
|
|
|
|
|
|

k

❲❤❡♥ K/k ✐s ❝②❝❧✐❝ ✇❡ ❤❛✈❡ N = K ❛♥❞ Gal(N/k) ≃ C3✳ ❚❤✐s ❝❛s❡ ❤❛s ❛❧r❡❛❞②
❜❡❡♥ tr❡❛t❡❞ ✐♥ ❬✶✽❪✱ ❜✉t ✇❡ ✐♥❝❧✉❞❡ ✐t ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ❜② s❡tt✐♥❣
K2 = k❀ ❜② ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡ ✇❡ st✐❧❧ ❝❛❧❧ K2 ❛ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ♦❢ k✱ ❡✈❡♥
t❤♦✉❣❤ [K2 : k] = 1✳

❲❡ ✜① t❤❡ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ K2/k✱ ❛♥❞ ✇❡ ❝❛❧❧ F(K2) t❤❡ s❡t ♦❢ ❝✉❜✐❝
❡①t❡♥s✐♦♥s K/k✱ ✉♣ t♦ k✲✐s♦♠♦r♣❤✐s♠✱ s✉❝❤ t❤❛t t❤❡ q✉❛❞r❛t✐❝ s✉❜❡①t❡♥s✐♦♥ ♦❢
t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡ ♦❢ K/k ✐s ✐s♦♠♦r♣❤✐❝ t♦ K2✳

❲❡ ❞❡✜♥❡

N(K2/k,X) = |{K ∈ F(K2), Nk/Q(d(K/k)) ≤ X}| .

✇❤❡r❡ d(K/k) ✐s t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧ ♦❢ K/k ❛♥❞ Nk/Q ❞❡♥♦t❡s t❤❡
❛❜s♦❧✉t❡ ♥♦r♠✳ ◆♦t❡ t❤❛t

Nk,3(S3, X) =
∑

K2/k,K2 6=k

N(K2/k,X), ❛♥❞ Nk,3(C3, X) = N(k/k,X),

s♦ ✇❡ ❛r❡ st✉❞②✐♥❣ ❛ r❡✜♥❡♠❡♥t ♦❢ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡✳ ❖✉r ♠❛✐♥ t❤❡♦r❡♠ ✭❚❤❡✲
♦r❡♠ ✶✳✻✳✷✮ ❣✐✈❡s ❛♥ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ❢♦r N(K2/k,X)❀ ✇❡ st❛t❡ ✐t ❤❡r❡ ♦♥❧②
❢♦r k = Q✳ ■♥ t❤✐s s✐♠♣❧❡ ❝❛s❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ N(K2, X) ✐♥st❡❛❞ ♦❢
N(K2/Q, X)✳

❚❤❡♦r❡♠✳ ❆s ❛❜♦✈❡✱ ❧❡t K2 = Q(
√
D) ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ Q ✇✐t❤ [K2 : Q] ≤ 2✱

❞❡♥♦t❡ ❜② K ′
2 = Q(

√
−3D) t❤❡ ♠✐rr♦r ✜❡❧❞ ♦❢ K2✱ ❛♥❞ s❡t g(K ′

2) = 3 ✐❢ K ′
2 =

Q(
√
−3)✱ ❛♥❞ g(K ′

2) = 1 ♦t❤❡r✇✐s❡✳ ❚❤❡♥✿

✭✶✮ ✭P✉r❡ ❝✉❜✐❝ ✜❡❧❞s✳✮ ❲❡ ❤❛✈❡

N(Q(
√
−3), X) = C(Q(

√
−3))Y (log(Y ) +D(Q(

√
−3))− 1) +O(Y 2/3+ε),

❢♦r ❡✈❡r② ε > 0✱ ✇❤❡r❡ Y =
√
X/d(K2/k)

C(Q(
√
−3)) =

7

30

∏

p

(
1 − 3

p2
+

2

p3

)

D(Q(
√
−3)) = 2γ − 16

35
log(3) + 6

∑

p

log(p)

p2 + p− 2
,

❛♥❞ γ ✐s ❊✉❧❡r✬s ❝♦♥st❛♥t✳

①✐✐✐



✭✷✮ ✭●❡♥❡r❛❧ ❝❛s❡✳✮ ❋♦r D 6= −3✱ ❞❡♥♦t❡ ❜② aK′

2
(p) t❤❡ ♥✉♠❜❡r ♦❢ ✭✉♥r❛♠✐✜❡❞✮

❞❡❣r❡❡ 1 ♣r✐♠❡s ❛❜♦✈❡ p ✐♥ K ′
2✳ ❚❤❡♥

N(Q(
√
D), X) = C(Q(

√
D))Y +O(Y 2/3+ε) ,

✇❤❡r❡ Y =
√
X/d(K2/k)

C(Q(
√
D)) = g(K ′

2)
c3(K

′
2)

33+r2(K′

2)

∏

p6=3

(
1 +

aK′

2
(p)

p

)(
1 − 1

p

)
,

❛♥❞

c3(K
′
2) =





11 ✐❢ 3ZK′

2
= p2

1 ✱

15 ✐❢ 3ZK′

2
= p1 ✱

21 ✐❢ 3ZK′

2
= p1p2 ✳

◆♦t❡ t❤❛t t❤❡ ❢♦r♠✉❧❛ ✐♥ ✭✷✮ ✐s ❣✐✈❡♥ ❜❡❝❛✉s❡ ♦❢ ✐ts ❡❧❡❣❛♥❝❡✱ ❜✉t ✐t s❤♦✉❧❞ ♥♦t
❜❡ ✉s❡❞ ❢♦r ♣r❛❝t✐❝❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝♦♥st❛♥ts❀ s❡❡ ❈♦r♦❧❧❛r② ✶✳✽✳✻ ❜❡❧♦✇✳

❆♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s

❚❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ ✐❞❡❛ ✐s t♦
❣❡♥❡r❛❧✐③❡ ❇❡❧❛❜❛s✬s ❛❧❣♦r✐t❤♠ ❢♦r ❧✐st✐♥❣ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ Q t♦ ♦t❤❡r ♥✉♠❜❡r
✜❡❧❞s✳ ❚❤❡ ♠❛✐♥ t♦♦❧ ❛❧❧♦✇✐♥❣ ✉s t❤✐s ❣❡♥❡r❛❧✐③❛t✐♦♥ ✐s ❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠ ❬✺✵❪✱
✇❤✐❝❤ ❣❡♥❡r❛❧✐③❡s ❉❛✈❡♥♣♦rt✲❍❡✐❧❜r♦♥♥ ❜✐❥❡❝t✐♦♥s✳

❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠ ❡♥✉♠❡r❛t❡s ❝✉❜✐❝O✲❛❧❣❡❜r❛s ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❉❡❞❡❦✐♥❞
❞♦♠❛✐♥ O✱ ❜✉t ❛♣♣❧②✐♥❣ ✐t ❝♦♥❝r❡t❡❧② t♦ ♦❜t❛✐♥ ❛♥ ❛❧❣♦r✐t❤♠ ♦❜❧✐❣❡❞ ♠❡ t♦ ♠❛❦❡
❛ ♥✉♠❜❡r ♦❢ r❡str✐❝t✐♦♥s✳

❆t t❤✐s ♠♦♠❡♥t✱ t❤❡ ❛❧❣♦r✐t❤♠ ♣r❡s❡♥t❡❞ ❤❡r❡ ✇♦r❦s ♦♥❧② ♦✈❡r ✐♠❛❣✐♥❛r②
q✉❛❞r❛t✐❝ ✜❡❧❞s ✇✐t❤ ❝❧❛ss ♥✉♠❜❡r 1✱ t❤❛t ✐s Q(

√
−D)✱ ✇✐t❤D ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}.

❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ ♦t❤❡r ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✜❡❧❞s s❤♦✉❧❞ ❜❡ ♣♦ss✐❜❧❡✱ ❜✉t
t❤✐s ♥❡❡❞s s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ✇♦r❦ ♦♥ t❤❡ ❛❝t✐♦♥s ♦❢ s♦♠❡ ❣r♦✉♣s ♦❢ ♠❛tr✐❝❡s ♦♥
t❤❡ ❤②♣❡r❜♦❧✐❝ 3✲s♣❛❝❡✱ s♦ ✇❡ s❤❛❧❧ ❧❡❛✈❡ ✐t ❛s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳ ❋♦r ♥✉♠❜❡r
✜❡❧❞s✱ ✇✐t❤ ✐♥✜♥✐t❡❧② ♠❛♥② ✉♥✐ts✱ t❤❡ ♣r♦❜❧❡♠ s❡❡♠s ❡✈❡♥ ♠♦r❡ ❞✐✣❝✉❧t✳

❖✉r ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠✳ ▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤ ❝❧❛ss ♥✉♠❜❡r 1✳
❚❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❧✐sts ❛❧❧ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ K ✉♣ t♦ ❛ ❜♦✉♥❞
X ♦♥ t❤❡ ♥♦r♠ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧✳ ❚❤✐s ❛❧❣♦r✐t❤♠ r✉♥s ✐♥ t✐♠❡
Oε(X

1+ε)✱ ❢♦r ❛❧❧ ε > 0✳

❖✉r ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ♦❢ ❜✐♥❛r② ❍❡r♠✐t✐❛♥ ❢♦r♠s ♦✈❡r t❤❡
r✐♥❣ ♦❢ ✐♥t❡❣❡rs OK ♦❢ K✳ ❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♠♣✉t❡❞ ✜❡❧❞s ✐s ≫K X✱ ♦✉r
❛❧❣♦r✐t❤♠ ✐s ❡ss❡♥t✐❛❧❧② ❧✐♥❡❛r ✐♥ t❤❡ ♦✉t♣✉t s✐③❡✳

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝♦♠♣❛r❡ t❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❝❧❛ss✐❝❛❧ ♦♥❡✱ ✉s✐♥❣ ❝❧❛ss
✜❡❧❞ t❤❡♦r②✳ ❚❤❡ ❧❛tt❡r ✇♦r❦s ♦✈❡r ❛♥ ❛r❜✐tr❛r② ❜❛s❡ ♥✉♠❜❡r ✜❡❧❞ K❀ ❛ ❜♦✉♥❞
❢♦r t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ ❛ ❝✉❜✐❝ ❡①t❡♥s✐♦♥ L/K ②✐❡❧❞s ❜♦t❤ ❛ ❜♦✉♥❞ ❢♦r
t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ q✉❛❞r❛t✐❝ s✉❜✜❡❧❞ K2/K ♦❢ ✐ts ●❛❧♦✐s ❝❧♦s✉r❡ L2/K✱ ❛s
✇❡❧❧ ❛s ♦♥ t❤❡ ❝♦♥❞✉❝t♦r ♦❢ t❤❡ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥ L2/K2✳ ❚❤❡ ❛❧❣♦r✐t❤♠
❧♦♦♣s ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ K2✱ ❛♥❞ ❝♦♥❞✉❝t♦rs f ⊂ OK2

❛♥❞ st✉❞✐❡s t❤❡ ✐♥❞❡①✲✸
s✉❜❣r♦✉♣s ✐♥ t❤❡ r❛② ❝❧❛ss ❣r♦✉♣s ❈❧f(K2)✳

①✐✈



❲❡ st✉❞✐❡❞ ❛♥❞ ✐♠♣❧❡♠❡♥t❡❞ t❤✐s ❝❧❛ss✐❝❛❧ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ r❡q✉✐r❡s ✐♥ ♣❛rt✐❝✲
✉❧❛r t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ❣r♦✉♣s ♦❢ ❛❧❧ t❤❡ ✜❡❧❞s K2❀ ✇✐t❤♦✉t ❛ss✉♠✐♥❣
t❤❡ ●❘❍✱ t❤✐s ❛❧r❡❛❞② r❡q✉✐r❡s t✐♠❡ (discK2)

1/2 ❢♦r ❛ s✐♥❣❧❡ ✜❡❧❞✱ ✇❤✐❝❤ ✐s ♦❢
t❤❡ ♦r❞❡r ♦❢ X1/2❀ ❛♥❞ t❤❡r❡ ❛r❡ ✉♥❢♦rt✉♥❛t❡❧② ≫K X s✉❝❤ ✜❡❧❞s K2✱ ②✐❡❧❞✐♥❣
❛♥ Ω(X3/2) ❛❧❣♦r✐t❤♠✳ ❲❡ str❡ss t❤❡ ❢❛❝t t❤❛t ♦✉r ❛❧❣♦r✐t❤♠ ✐s ❛❧♠♦st ❧✐♥❡❛r
✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✿ ❢♦r ❛ ❣✐✈❡♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ K ♦❢ ❝❧❛ss ♥✉♠✲
❜❡r 1✱ ✇❡ ❧✐st ❞❡✜♥✐♥❣ ❡q✉❛t✐♦♥s ❢♦r ❛❧❧ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ ❜♦✉♥❞❡❞ ❞✐s❝r✐♠✐♥❛♥t
♦❢ K ✇✐t❤♦✉t ♥❡❡❞✐♥❣ t♦ ❝♦♠♣✉t❡ ❛r✐t❤♠❡t✐❝ ✐♥✈❛r✐❛♥ts ❢♦r ♥✉♠❜❡r ✜❡❧❞s ♦t❤❡r
t❤❛♥ K✳

①✈



①✈✐



❈❤❛♣t❡r ✶

❈♦✉♥t✐♥❣ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s

✇✐t❤ ❣✐✈❡♥ ◗✉❛❞r❛t✐❝

❘❡s♦❧✈❡♥t

❚❤✐s ❝❤❛♣t❡r ✐s ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❍❡♥r✐ ❈♦❤❡♥ ❬✷✵❪✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t k ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✱ ✜①❡❞ ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧ ❛s ♦✉r ❜❛s❡ ✜❡❧❞✱ ❧❡t K/k ❜❡ ❛
❝✉❜✐❝ ❡①t❡♥s✐♦♥ ♦❢ k✱ ❛♥❞ ❧❡t N ❜❡ ❛ ●❛❧♦✐s ❝❧♦s✉r❡ ♦❢ K/k✳ ❲❤❡♥ K/k ✐s ♥♦t
❝②❝❧✐❝ ✇❡ ❤❛✈❡ Gal(N/k) ≃ S3 ≃ D3✱ t❤❡ ❞✐❤❡❞r❛❧ ❣r♦✉♣ ✇✐t❤ 6 ❡❧❡♠❡♥ts✱ ❛♥❞
t❤❡ ✜❡❧❞ N ❝♦♥t❛✐♥s ❛ ✉♥✐q✉❡ q✉❛❞r❛t✐❝ s✉❜❡①t❡♥s✐♦♥ K2/k✱ s♦ t❤❡ ✈❡r② s✐♠♣❧❡
✜❡❧❞ ❞✐❛❣r❛♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱ ❞❡♥♦t✐♥❣ ❜② τ2 t❤❡ ❣❡♥❡r❛t♦r ♦❢ Gal(K2/k) ❛♥❞
❜② σ ❛ ❣❡♥❡r❛t♦r ♦❢ Gal(N/K2)✿

N

2

〈τ2〉

|
|
|
|
|
|
|
|

C3〈σ〉K

3 K2

2

〈τ2〉

|
|
|
|
|
|
|
|

k

❚❤❡ ❣r♦✉♣ r❡❧❛t✐♦♥s ❛r❡ τ2
2 = σ3 = 1 ❛♥❞ τ2στ

−1
2 = σ−1✳

❲❤❡♥ K/k ✐s ❝②❝❧✐❝ ✇❡ ❤❛✈❡ N = K ❛♥❞ Gal(N/k) ≃ C3✳ ❆❧t❤♦✉❣❤ t❤✐s
❝❛s❡ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ tr❡❛t❡❞ ✐♥ ❬✶✽❪✱ s✐♥❝❡ t❤❡ ♠❡t❤♦❞s ❛r❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ ✇❡
✐♥❝❧✉❞❡ ✐t ✐♥ t❤❡ ♣r❡s❡♥t ❝❤❛♣t❡r ❜② s❡tt✐♥❣ K2 = k✱ ✇❤✐❝❤ ❜② ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡
✇❡ ✇✐❧❧ st✐❧❧ ❝❛❧❧ ❛ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ ♦❢ k✱ ❡✈❡♥ t❤♦✉❣❤ [K2 : k] = 1✳

❲❡ ✜① t❤❡ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥ K2/k✱ ❛♥❞ ✇❡ ❝❛❧❧ F(K2) t❤❡ s❡t ♦❢ ❝✉✲
❜✐❝ ❡①t❡♥s✐♦♥s K/k ✭❝♦♥s✐❞❡r❡❞ ✉♣ t♦ k✲✐s♦♠♦r♣❤✐s♠✮ s✉❝❤ t❤❛t t❤❡ q✉❛❞r❛t✐❝

✶



s✉❜❡①t❡♥s✐♦♥ ♦❢ t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡ ♦❢ K/k ✐s ✐s♦♠♦r♣❤✐❝ t♦ K2✳ ❖✉r ❣♦❛❧ ✐s t♦
❝♦♠♣✉t❡ ❛♥ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ❢♦r

N(K2/k,X) = |{K ∈ F(K2), Nk/Q(d(K/k)) ≤ X}| ,

✇❤❡r❡ d(K/k) ✐s t❤❡ r❡❧❛t✐✈❡ ✐❞❡❛❧ ❞✐s❝r✐♠✐♥❛♥t ♦❢ K/k ❛♥❞ N ❞❡♥♦t❡s t❤❡ ❛❜✲
s♦❧✉t❡ ♥♦r♠✳

❇② ❛ ✇❡❧❧✲❦♥♦✇♥ t❤❡♦r❡♠ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❚❤❡♦r❡♠ ✾✳✷✳✻ ♦❢ ❬✶✷❪✮✱ t❤❡ ❝♦♥✲
❞✉❝t♦r ♦❢ t❤❡ ❝②❝❧✐❝ ❡①t❡♥s✐♦♥ N/K2 ✐s ♦❢ t❤❡ ❢♦r♠ f(N/K2) = f(K/k)ZK2

✱ ✇❤❡r❡
f(K/k) ✐s ❛♥ ✐❞❡❛❧ ♦❢ t❤❡ ❜❛s❡ ✜❡❧❞ k ✭✇❤❡♥ K/k ✐s ♥♦♥❝②❝❧✐❝ t❤✐s ✐s ♦❢ ❝♦✉rs❡
♥♦t ❛ ❝♦♥❞✉❝t♦r ✐♥ t❤❡ ✉s✉❛❧ s❡♥s❡✮✳ ❲❤❡♥ k = Q ✇❡ ✇✐❧❧ ✇r✐t❡ f(K/Q) ❢♦r t❤❡
♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❣❡♥❡r❛t✐♥❣ t❤❡ ✐❞❡❛❧ f(K/Q) ♦❢ Z✳

❙✐♥❝❡ d(K/k) = d(K2/k)f(K/k)
2✱ ✐t ✐s ❝❧❡❛r t❤❛t

N(K2/k,X) = M(K2/k, (X/Nk/Q(d(K2/k)))
1/2) ,

✇❤❡r❡

M(K2/k,X) = |{K ∈ F(K2), Nk/Q(f(K/k)) ≤ X}|
= |{K ∈ F(K2), NK2/Q(f(N/K2)) ≤ X2}| ,

s♦ ✐t ✐s t❤✐s q✉❛♥t✐t② t❤❛t ✇❡ ✇❛♥t t♦ ❝♦♠♣✉t❡✳

✶✳✷ ●❛❧♦✐s ❚❤❡♦r②

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❲❡ ❞❡♥♦t❡ ❜② ρ = ζ3 ❛ ♣r✐♠✐t✐✈❡ ❝✉❜❡ r♦♦t ♦❢ ✉♥✐t② ❛♥❞ ✇❡
s❡t L = K2(ρ) ❛♥❞ kz = k(ρ)✳ ❲❡ ❧❡t τ ❜❡ ❛ ❣❡♥❡r❛t♦r ♦❢ Gal(L/K2) ✭s♦ t❤❛t
τ = 1 ✐❢ ρ ∈ K2✮✱ ❛♥❞ ✇❡ ❧❡t τ2 ❜❡ ❛ ❣❡♥❡r❛t♦r ♦❢ Gal(K2/k) ✭s♦ t❤❛t τ2 = 1 ✐❢
K2 = k✮✳ ❲❡ ❞❡♥♦t❡ ❜② G = Gal(L/k)✳ ❋✐♥❛❧❧②✱ ❛s ❛❜♦✈❡ ✇❡ ❧❡t σ ❜❡ ♦♥❡ ♦❢ t❤❡
t✇♦ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❝②❝❧✐❝ ❣r♦✉♣ ♦❢ ♦r❞❡r 3 Gal(N/K2) ≃ Gal(Nz/L)✱ ✇❤❡r❡
Nz = N(ρ)✳

❘❡♠❛r❦s✳

✭✶✮ ❇② ❞❡✜♥✐t✐♦♥ K2 ✐s t❤❡ ✜①❡❞ ✜❡❧❞ ♦❢ L ❜② τ ✱ s♦ t❤❛t τ = 1 ✐❢ ❛♥❞ ♦♥❧② ✐❢
τ(ρ) = ρ✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡ ♥♦t tr✉❡ ❢♦r τ2✳

✭✷✮ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

τ2 = τ2
2 = 1 , ττ2 = τ2τ , τσ = στ .

■t ❢♦❧❧♦✇s t❤❛t ✇❤❡♥ τ ❛♥❞ τ2 ❛r❡ ♥♦♥tr✐✈✐❛❧ ✇❡ ❤❛✈❡ G ≃ V4✱ t❤❡ ❑❧❡✐♥
4✲❣r♦✉♣✱ ❛♥❞ ♦t❤❡r✇✐s❡ G ✐s ❡✐t❤❡r tr✐✈✐❛❧ ♦r ✐s♦♠♦r♣❤✐❝ t♦ C2✳

❲❡ ✇✐❧❧ ♥❡❡❞ t♦ ❞✐st✐♥❣✉✐s❤ ✜✈❡ ❝❛s❡s✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ tr✐✈✐❛❧✐t② ♦r ♥♦t ♦❢ τ ♦r
τ2✱ ❛♥❞ t♦ t❤❡✐r ❛❝t✐♦♥ ♦♥ ρ✳ ❲❡ ✇✐❧❧ ♦r❞❡r t❤❡♠ ❛s ❢♦❧❧♦✇s✱ ❛♥❞ t❤✐s ♥✉♠❜❡r✐♥❣
✇✐❧❧ ❜❡ ❦❡♣t t❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ s♦ s❤♦✉❧❞ ❜❡ r❡❢❡rr❡❞ t♦✳

✭✶✮ τ = τ2 = 1✿ ❤❡r❡ K/k ✐s ❛ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥✱ ✐♥ ♦t❤❡r ✇♦r❞s K2 = k✱
Gal(Nz/k) ≃ C3✱ ❛♥❞ ρ ∈ k✳

✭✷✮ τ2 = 1 ❛♥❞ τ(ρ) = ρ−1✿ ❤❡r❡ K/k ✐s ❛ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥✱ s♦ t❤❛t
K2 = k✱ Gal(Nz/k) ≃ C6✱ ✐♥ ♦t❤❡r ✇♦r❞s τσ = στ ✱ ❛♥❞ ρ /∈ k s♦ L = k(ρ)✳

✷



✭✸✮ τ = 1 ❛♥❞ τ2(ρ) = ρ ❜✉t τ2 6= 1✿ ❤❡r❡ K/k ✐s ♥♦♥❝②❝❧✐❝✱ ρ ∈ k✱ ❛♥❞ ✐♥
♣❛rt✐❝✉❧❛r L = K2✱ ❛♥❞ Gal(Nz/k) ≃ D3✱ ✐♥ ♦t❤❡r ✇♦r❞s τ2σ = σ−1τ2✳

✭✹✮ τ = 1 ❛♥❞ τ2(ρ) = ρ−1✿ ❤❡r❡ L = K2✱ s♦ t❤❛t ρ ∈ K2✱ ❜✉t ρ /∈ k✱ s♦
K2 = k(ρ)✱ ❛♥❞ ❛❣❛✐♥ Gal(Nz/k) ≃ D3✱ ✐♥ ♦t❤❡r ✇♦r❞s τ2σ = σ−1τ2✳

✭✺✮ τ 6= 1 ❛♥❞ τ2 6= 1✿ ❤❡r❡ ρ /∈ K2✱ s♦ τ(ρ) = ρ−1 ❜✉t τ2(ρ) = ρ✱ s♦ t❤❛t t❤❡
✜①❡❞ ✜❡❧❞ ♦❢ L ✉♥❞❡r τ2 ✐s ❡q✉❛❧ t♦ kz = k(ρ)✱ ❛♥❞ Gal(Nz/k) ≃ D3 ×C2✱
✐♥ ♦t❤❡r ✇♦r❞s τσ = στ ❛♥❞ τ2σ = σ−1τ2✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✷✳ ✭✶✮ ■♥ ❝❛s❡s ✭✶✮ t♦ ✭✺✮ ❛❜♦✈❡✱ ✇❡ s❡t T = ∅✱ {τ + 1}✱
{τ2 + 1}✱ {τ2 − 1}✱ {τ + 1, τ2 + 1}✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ T ✐s ❝♦♥s✐❞❡r❡❞ ❛s
❛ s✉❜s❡t ♦❢ t❤❡ ❣r♦✉♣ r✐♥❣ Z[Gal(L/k)] ♦r ♦❢ F3[Gal(L/k)]✳

✭✷✮ ❲❡ ❞❡✜♥❡ ι(τ ± 1) = τ ∓ 1 ❛♥❞ ι(τ2 ± 1) = τ2 ∓ 1✳

✭✸✮ ❋♦r ❛♥② ❣r♦✉♣ M ♦♥ ✇❤✐❝❤ T ❛❝ts✱ ✇❡ ❞❡♥♦t❡ ❜② M [T ] t❤❡ s✉❜❣r♦✉♣ ♦❢
❡❧❡♠❡♥ts ♦❢ M ❛♥♥✐❤✐❧❛t❡❞ ❜② ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ T ✳

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐✈✐❛❧ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✷✳✸✳ ▲❡t M ❜❡ ❛♥ F3[G]✲♠♦❞✉❧❡✳ ❋♦r ❛♥② t ∈ T ✇❡ ❤❛✈❡ M [t] =
ι(t)(M)✱ ❛♥❞ ❝♦♥✈❡rs❡❧② M [ι(t)] = t(M)✳

Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t tι(t) = ι(t)t = 0✳ ❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t
x ∈ M [t]✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❛t t(x) = 1✳ ■❢ t = τ + ε ✇✐t❤ ε = ±1 ✇❡ t❤✉s ❤❛✈❡
τ(x) = x−ε✳ ❇✉t t❤❡♥ s✐♥❝❡ ι(t) = τ − ε✱ ✇❡ ❤❛✈❡

ι(t)(xε) = τ(xε)x−ε2

= x−2ε2

= x−2 = x ,

s✐♥❝❡ ε = ±1 ❛♥❞ s✐♥❝❡ x3 = 1✱ M ❜❡✐♥❣ ❛♥ F3✲✈❡❝t♦r s♣❛❝❡✳ ❙❛♠❡ ❢♦r τ2✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✹✳ ✭✶✮ ❚❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♦♥ t❤❡ ♦♥❡ ❤❛♥❞ ✐s♦✲
♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ❡①t❡♥s✐♦♥s K/k ❤❛✈✐♥❣ q✉❛❞r❛t✐❝ r❡s♦❧✈❡♥t ✜❡❧❞ ✐s♦✲
♠♦r♣❤✐❝ t♦ K2✱ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❝❧❛ss❡s ♦❢ ❡❧❡♠❡♥ts α ∈ (L∗/L∗3)[T ]
s✉❝❤ t❤❛t α 6= 1 ♠♦❞✉❧♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✐❞❡♥t✐❢②✐♥❣ α ✇✐t❤ ✐ts ✐♥✲
✈❡rs❡✳

✭✷✮ ■❢ α ∈ L∗ ✐s s♦♠❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ α✱ t❤❡ ❡①t❡♥s✐♦♥ K/k ❝♦rr❡s♣♦♥❞✐♥❣ t♦
α ✐s t❤❡ ✜①❡❞ ✜❡❧❞ ✉♥❞❡r Gal(L/k) ♦❢ t❤❡ ✜❡❧❞ Nz = L( 3

√
α)✳

Pr♦♦❢✳ ❙✐♥❝❡ ρ ∈ L✱ ❜② ❑✉♠♠❡r t❤❡♦r②✱ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s Nz ♦❢ L
❛r❡ ♦❢ t❤❡ ❢♦r♠ Nz = L( 3

√
α)✱ ✇❤❡r❡ α 6= 1 ✐s ✉♥✐q✉❡ ✐♥ (L∗/L∗3) ♠♦❞✉❧♦ t❤❡

❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✐❞❡♥t✐❢②✐♥❣ α ✇✐t❤ ✐ts ✐♥✈❡rs❡✳ ■❢ θ3 = α✱ t❤❡♥ ✐❢ ♥❡❝❡ss❛r②
❝❤❛♥❣✐♥❣ σ ✐♥t♦ σ−1 ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t σ(θ) = ρθ✳ ❈♦♥s✐❞❡r ✜rst t❤❡ r❡❧❛t✐♦♥s
✐♥✈♦❧✈✐♥❣ τ ✳ ◆♦t❡ t❤❛t ✐♥ ❛❧❧ ❝❛s❡s τ ❝♦♠♠✉t❡s ✇✐t❤ σ✱ ❛♥❞ t❤❛t ✐t ✐s ♥♦♥tr✐✈✐❛❧
✐❢ ❛♥❞ ♦♥❧② ✐❢ τ(ρ) = ρ−1 ✭❝❛s❡s ✭✷✮ ❛♥❞ ✭✺✮✮✳ ❚❤✉s✱

σ(θτ(θ)) = ρθτ(σ(θ)) = ρθτ(ρθ) = θτ(θ) ,

s♦ ❜② ●❛❧♦✐s t❤❡♦r② θτ(θ) ∈ L ✭s✐♥❝❡ ✐t ✐s tr✐✈✐❛❧❧② st❛❜❧❡ ❜② τ ✐t ✐s ✐♥ ❢❛❝t ✐♥ K2✱
❜✉t ✇❡ ❞♦ ♥♦t ♥❡❡❞ t❤✐s✮✱ s♦ ατ(α) ✐s ❛ ❝✉❜❡✱ ✐♥ ♦t❤❡r ✇♦r❞s α ∈ (L∗/L∗3)[τ+1]✳

✸



❈♦♥s✐❞❡r ♥♦✇ t❤❡ r❡❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ τ2✳ ❲❤❡♥ ✐t ✐s ♥♦♥tr✐✈✐❛❧ ✇❡ ❤❛✈❡
τ2σ = σ−1τ2✳ ❚❤✉s✱ ✐❢ ✐♥ ❛❞❞✐t✐♦♥ τ2(ρ) = ρ ✭❝❛s❡s ✭✸✮ ❛♥❞ ✭✺✮✮✱ ❛ s✐♠✐❧❛r
❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡s

σ(θτ2(θ)) = ρθτ2(σ
−1(θ)) = ρθτ2(ρ

−1θ) = θτ2(θ) ,

s♦ α ∈ (L∗/L∗3)[τ2 + 1]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ τ2(ρ) = ρ−1 ✭❝❛s❡ ✭✹✮✮✱ ✇❡ ❝❤❡❝❦
✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t τ2(θ)/θ ✐s st❛❜❧❡ ❜② σ s♦ ❤❡r❡ α ∈ (L∗/L∗3)[τ2 − 1]✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ❣r♦✉♣ ❝♦♥❞✐t✐♦♥s
♦♥ τ ❛♥❞ τ2 ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞✱ s✐♥❝❡ t❤❡② ❛r❡ s♦ ❛t t❤❡ ❧❡✈❡❧ ♦❢ G =
Gal(L/k) ✇❤✐❝❤ ✐s ❛ tr✐✈✐❛❧✱ C2 ♦r V4 ❡①t❡♥s✐♦♥✱ ❛♥❞ t❤❡ ❣r♦✉♣ ❝♦♥❞✐t✐♦♥s ♦♥ σ
❛r❡ ❡①❛❝t❧② t❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡t T ✳ ■t ❢♦❧❧♦✇s t❤❛t Nz/k ✐s ●❛❧♦✐s ✇✐t❤
s✉✐t❛❜❧❡ ●❛❧♦✐s ❣r♦✉♣✳ ❚❤❡ ✉♥✐q✉❡♥❡ss st❛t❡♠❡♥t ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
st❛t❡♠❡♥t ♦❢ ❑✉♠♠❡r t❤❡♦r②✱ s✐♥❝❡ α ❛♥❞ α−1 ❣✐✈❡ t❤❡ s❛♠❡ ❡①t❡♥s✐♦♥✳

❘❡❝❛❧❧ ❢r♦♠ ❬✶✷❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✺✳ ❲❡ ❞❡♥♦t❡ ❜② V3(L) t❤❡ ❣r♦✉♣ ♦❢ 3✲✈✐rt✉❛❧ ✉♥✐ts ♦❢ L✱ ✐♥
♦t❤❡r ✇♦r❞s t❤❡ ❣r♦✉♣ ♦❢ u ∈ L∗ s✉❝❤ t❤❛t uZL = q3 ❢♦r s♦♠❡ ✐❞❡❛❧ q ♦❢ L✱
♦r ❡q✉✐✈❛❧❡♥t❧② s✉❝❤ t❤❛t 3 | vp(u) ❢♦r ❛♥② ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ L✳ ❲❡ ❞❡✜♥❡ t❤❡
3✲❙❡❧♠❡r ❣r♦✉♣ S3(L) ♦❢ L ❜② S3(L) = V3(L)/L∗3✳

❙✐♥❝❡ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r 3✲✈✐rt✉❛❧ ✉♥✐ts ❛♥❞ t❤❡ 3✲❙❡❧♠❡r ❣r♦✉♣✱ ✇❡ ✇✐❧❧
s✐♠♣❧② s♣❡❛❦ ♦❢ ✈✐rt✉❛❧ ✉♥✐ts ❛♥❞ ❙❡❧♠❡r ❣r♦✉♣✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t t❤❡ ❙❡❧♠❡r
❣r♦✉♣ ✐s ✜♥✐t❡✿ ♠♦r❡ ♣r❡❝✐s❡❧② ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✷✳✻✳ ❲❡ ❤❛✈❡ ❛ s♣❧✐t ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3[G]✲♠♦❞✉❧❡s

1 −→ U(L)

U3(L)
−→ S3(L) −→ Cl(L)[3] −→ 1 ,

✇❤❡r❡ t❤❡ ❧❛st ♥♦♥tr✐✈✐❛❧ ♠❛♣ s❡♥❞s u t♦ t❤❡ ✐❞❡❛❧ ❝❧❛ss ♦❢ q s✉❝❤ t❤❛t uZL = q3✳

Pr♦♦❢✳ ❚❤❡ ❡①❛❝t♥❡ss ✐s ✐♠♠❡❞✐❛t❡ ❛♥❞ ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳ ❙✐♥❝❡ ✐t ✐s ❛❧s♦ ❛♥
❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3✲✈❡❝t♦r s♣❛❝❡s ❛♥❞ s✐♥❝❡ |G| ❞✐✈✐❞❡s 4 ❛♥❞ ✐s ❤❡♥❝❡ ❝♦♣r✐♠❡
t♦ 3✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❛ ❣❡♥❡r❛❧ t❤❡♦r❡♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛ t❤❛t ✐t ✐s ❛♥
❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3[G]✲♠♦❞✉❧❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳ ✭✶✮ ❚❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s
♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s K/k ✇✐t❤ ❣✐✈❡♥ q✉❛❞r❛t✐❝ r❡s♦❧✈❡♥t ✜❡❧❞ K2 ❛♥❞ ❡q✉✐✈❛✲
❧❡♥❝❡ ❝❧❛ss❡s ♦❢ tr✐♣❧❡s (a0, a1, u) ♠♦❞✉❧♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ (a0, a1, u) ∼
(a1, a0, 1/u)✱ ✇❤❡r❡ a0✱ a1✱ ❛♥❞ u ❛r❡ ❛s ❢♦❧❧♦✇s✿

✭❛✮ ❚❤❡ ai ❛r❡ ❝♦♣r✐♠❡ ✐♥t❡❣r❛❧ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s ♦❢ L s✉❝❤ t❤❛t a0a
2
1 ∈

Cl(L)3 ❛♥❞ a0a
2
1 ∈ (I/I3)[T ]✱ ✇❤❡r❡ I ✐s t❤❡ ❣r♦✉♣ ♦❢ ❢r❛❝t✐♦♥❛❧s

✐❞❡❛❧s ♦❢ L✳

✭❜✮ u ∈ S3(L)[T ]✱ ❛♥❞ u 6= 1 ✇❤❡♥ a0 = a1 = ZL✳

✭✷✮ ■❢ (a0, a1) ✐s ❛ ♣❛✐r ♦❢ ✐❞❡❛❧s s❛t✐s❢②✐♥❣ ✭❛✮ t❤❡r❡ ❡①✐st ❛♥ ✐❞❡❛❧ q0 ❛♥❞ ❛♥
❡❧❡♠❡♥t α0 ♦❢ L s✉❝❤ t❤❛t a0a

2
1q

3
0 = α0ZL ✇✐t❤ α0 ∈ (L∗/L∗3)[T ]✳ ❚❤❡

❝✉❜✐❝ ❡①t❡♥s✐♦♥s K/k ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✉❝❤ ❛ ♣❛✐r (a0, a1) ❛r❡ ❣✐✈❡♥ ❛s
❢♦❧❧♦✇s✿ ❢♦r ❛♥② u ∈ S3(L)[T ] t❤❡ ❡①t❡♥s✐♦♥ ✐s t❤❡ ❝✉❜✐❝ s✉❜❡①t❡♥s✐♦♥ ♦❢
Nz = L( 3

√
α0u) ✭❢♦r ❛♥② ❧✐❢t u ♦❢ u✮✳

✹



Pr♦♦❢✳ ▲❡t Nz = L( 3
√
α) ❛s ❛❜♦✈❡✳ ❲❡ ❝❛♥ ✇r✐t❡ ✉♥✐q✉❡❧② αZL = a0a

2
1q

3

✇❤❡r❡ t❤❡ ai ❛r❡ ❝♦♣r✐♠❡ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s ♦❢ L✳ ❙✐♥❝❡ α ∈ (L∗/L∗3)[T ]✱ ✇❡
❝❧❡❛r❧② ❤❛✈❡ a0a

2
1 ∈ (I/I3)[T ]✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡ ❝❧❛ss ♦❢ a0a

2
1 ✐s ❡q✉❛❧ t♦

t❤❛t ♦❢ q−3 s♦ a0a
2
1 ∈ Cl(L)3✳ ◆♦✇ ❧❡t a0, a1 ❜❡ ❣✐✈❡♥ s❛t✐s❢②✐♥❣ t❤❡s❡ ♣r♦♣❡rt✐❡s✳

❚❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ q ✭✇❤♦s❡ ❝❧❛ss ✐s ♥♦t ♥❡❝❡ss❛r② ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ T ✮ ❛♥❞ ❛♥
❡❧❡♠❡♥t α ∈ L s✉❝❤ t❤❛t (a0a

2
1)q

3 = αZL✳ ❆♣♣❧②✐♥❣ ❛♥② t ∈ T ✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠
t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ a0a

2
1 t❤❛t q3

1 = t(α)ZL ❢♦r s♦♠❡ ✐❞❡❛❧ q1✱ s♦ t❤❛t t(α) ✐s ❛
✈✐rt✉❛❧ ✉♥✐t✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❛t t❤❡ ❝❧❛ss ♦❢ t(α) ✐s ✐♥ S3(L)✳ ❙✐♥❝❡ t ◦ ι(t) = 0✱
✇❡ ❤❛✈❡ t(α) ∈ S3(L)[ι(t)]✱ s♦ ❜② ▲❡♠♠❛ ✶✳✷✳✸ ✇❡ ❞❡❞✉❝❡ t❤❛t t(α) ∈ t(S3(L))✱
✐♥ ♦t❤❡r ✇♦r❞s t❤❛t t(α) = γ3t(u)✱ ♦r ❡q✉✐✈❛❧❡♥t❧② t(α/u) = γ3✱ ❢♦r s♦♠❡ ✈✐rt✉❛❧
✉♥✐t u ❛♥❞ s♦♠❡ ❡❧❡♠❡♥t γ✳ ❚❤✉s✱ ✐❢ ✇❡ s❡t α0 = α/u✱ ✇❡ ❤❛✈❡ α0 ∈ (L∗/L∗3)[t]✱
❛♥❞ ✐❢ uZL = q3

2 ✇❡ ❤❛✈❡ a0a
2
1(q/q2)

3 = α0ZL✳ ❲❡ ❤❛✈❡ t❤✉s s❤♦✇♥ t❤❛t✱ ❣✐✈❡♥
a0a

2
1 ∈ (I/I3)[T ]✱ t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t a0a

2
1 ∈ Cl(L)3 ✐s ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t

❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ q0 ❛♥❞ α0 s✉❝❤ t❤❛t a0a
2
1q

3
0 = α0ZL ✇✐t❤ α0 ∈ (L∗/L∗3)[T ]✳

❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ✐♠♠❡❞✐❛t❡✿ ✐❢ a0a
2
1q

3
0 = α0ZL ✇✐t❤ α0 ∈ (L∗/L∗3)[T ]✱

t❤❡♥ a0a
2
1q

3 = αZL ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦r α ✐❢ ❛♥❞ ♦♥❧② ✐❢ α/α0 = (q/q0)
3 ∈

V3(L)[T ]✱ s♦ α = α0u ❢♦r s♦♠❡ ❧✐❢t u ♦❢ u ∈ S3(L)[T ]✳ ❋✐♥❛❧❧② α ❛♥❞ β ❣✐✈❡
❡q✉✐✈❛❧❡♥t ❡①t❡♥s✐♦♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✐t❤❡r β = αγ3✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡
ai ❛♥❞ ❝❤❛♥❣❡s u ✐♥t♦ uγ3 s♦ ❞♦❡s ♥♦t ❝❤❛♥❣❡ u✱ ♦r ✐❢ β = α−1γ3✳ ■♥ t❤✐s ❝❛s❡

βZL = a−1
0 a−2

1 q−3γ3 = a1a
2
0(γa

−1
0 a−1

1 q−1)3 ,

✇❤✐❝❤ ✐♥t❡r❝❤❛♥❣❡s a0 ❛♥❞ a1✱ ❛♥❞ s✐♥❝❡ α ✐s r❡♣❧❛❝❡❞ ❜② α−1✱ ✐t ❝❤❛♥❣❡s u ✐♥t♦
1/u✱ ✜♥✐s❤✐♥❣ t❤❡ ♣r♦♦❢✳ ◆♦t❡ t❤❛t t❤❡ ♦♥❧② ✜①❡❞ ♣♦✐♥t ♦❢ t❤✐s ✐♥✈♦❧✉t✐♦♥ ♦♥
tr✐♣❧❡s ✐s ♦❜t❛✐♥❡❞ ❢♦r a0 = a1 ❛♥❞ u2 = 1✱ ❜✉t s✐♥❝❡ a0 ❛♥❞ a1 ❛r❡ ❝♦♣r✐♠❡ t❤✐s
♠❡❛♥s t❤❛t a0 = a1 = ZL✱ ❛♥❞ u = u3/u2 = 1✳

▲❡♠♠❛ ✶✳✷✳✽✳ ✭✶✮ ❚❤❡ ❝♦♥❞✐t✐♦♥ a0a
2
1 ∈ (I/I3)[T ] ✐s ❡q✉✐✈❛❧❡♥t t♦ a1 =

τ(a0)✱ a1 = τ2(a0)✱ a0 = τ2(a0) ❛♥❞ a1 = τ2(a1)✱ ❛♥❞ a1 = τ(a0) = τ2(a0)
✐♥ ❝❛s❡s ✭✷✮✱ ✭✸✮✱ ✭✹✮✱ ❛♥❞ ✭✺✮✱ r❡s♣❡❝t✐✈❡❧②✳

✭✷✮ ❚❤❡ ✐❞❡❛❧ a0a1 ♦❢ L ❝♦♠❡s ❢r♦♠ ❛♥ ✐❞❡❛❧ aα ♦❢ K2 ✭✐♥ ♦t❤❡r ✇♦r❞s a0a1 =
aαZL✮✱ ❛♥❞ ✐♥ ❝❛s❡s ✭✶✮✱ ✭✷✮✱ ❛♥❞ ✭✸✮ ✐t ❝♦♠❡s ❢r♦♠ ❛♥ ✐❞❡❛❧ ♦❢ k✱ ✇❤✐❧❡
✐♥ ❝❛s❡s ✭✹✮ ❛♥❞ ✭✺✮✱ aα ✐s ❛♥ ✐❞❡❛❧ ♦❢ K2 ✐♥✈❛r✐❛♥t ❜② τ2✳

Pr♦♦❢✳ ■♥ ❝❛s❡ ✭✹✮✱ ✇❡ ❤❛✈❡ τ2(a0)τ2(a1)
2 = a0a

2
1q

3 ❢♦r s♦♠❡ ✐❞❡❛❧ q✳ ❇②
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t a0 ❛♥❞ a1 ❛r❡ st❛❜❧❡ ❜② τ2 ✭❛♥❞
q = ZL✮✱ ❛s ❝❧❛✐♠❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r a0a1 ✐s ❛❧s♦ st❛❜❧❡ ❜② τ2✱ ❛♥❞ ❜② τ = 1✳ ■♥
❝❛s❡ ✭✸✮✱ ✇❡ ❤❛✈❡

τ2(a0)τ2(a1)
2 = a−1

0 a−2
1 q3 = a1a

2
0(q/a0a1)

3 ,

❛♥❞ ❛❣❛✐♥ ❜② ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ❞❡❞✉❝❡ t❤❛t a0 ❛♥❞ a1 ❛r❡
❡①❝❤❛♥❣❡❞ ❜② τ2✱ ❛s ❝❧❛✐♠❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r a0a1 ✭✇❤✐❝❤ ✐s ❛♥ ✐❞❡❛❧ ♦❢ L = K2✮
✐s ♥♦t ♦♥❧② st❛❜❧❡ ❜② τ2 ❜✉t ❝♦♠❡s ✐♥ ❢❛❝t ❢r♦♠ ❛♥ ✐❞❡❛❧ ♦❢ k✳ ❚❤❡ ♦t❤❡r ❝❛s❡s
❢♦❧❧♦✇ s✐♠✐❧❛r❧②✳

◆♦t❡ t❤❛t ✐♥ ❝❛s❡ ✭✹✮ ✇❤❡r❡ L = K2 = k(ρ)✱ ❛♥ ✐❞❡❛❧ ♦❢ k ✐s ✐♥✈❛r✐❛♥t ❜② τ2✱
❜✉t ❝♦♥✈❡rs❡❧② a0a1 ✐s ❛♥ ✐❞❡❛❧ ♦❢ L ✐♥✈❛r✐❛♥t ❜② τ2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❡q✉❛❧ t♦ ❛
♣r♦❞✉❝t ar✱ ✇❤❡r❡ a ❝♦♠❡s ❢r♦♠ ❛♥ ✐❞❡❛❧ ♦❢ k✱ ❛♥❞ r ✐s ❛ ♣r♦❞✉❝t ♦❢ ❞✐st✐♥❝t ♣r✐♠❡
✐❞❡❛❧s p ♦❢ L ❝♦♣r✐♠❡ t♦ a ❛♥❞ ❛❜♦✈❡ ❛ r❛♠✐✜❡❞ ♣r✐♠❡ p ✐♥ L/k ✭✐♥ ♣❛rt✐❝✉❧❛r
❛❜♦✈❡ 3✮✳

✺



■♥ ❝❛s❡ ✭✺✮✱ ✇❤✐❝❤ ✐s t❤❡ ♦♥❧② ❝❛s❡ ✇❤❡r❡ G = Gal(L/k) ≃ V4✱ ✇❡ ❞❡✜♥❡ K ′
2 t♦

❜❡ t❤❡ q✉❛❞r❛t✐❝ s✉❜❡①t❡♥s✐♦♥ ♦❢ L/k ❞✐✛❡r❡♥t ❢r♦♠ K2 ❛♥❞ kz✳ ❋♦r ❧❛t❡r ✉s❡✱
✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❞❡s❝r✐❜✐♥❣ t❤❡ ♣r✐♠❡ ✐❞❡❛❧s p ♦❢ k✱ pZK2

| aα✳ ❋♦r t❤✐s✱ ✇❡
s❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✳ ❲❡ ❞❡✜♥❡ D ✭r❡s♣✳✱ D3✮ t♦ ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡ ✐❞❡❛❧s p
✐♥ k ✇✐t❤ p ∤ 3Zk ✭r❡s♣✳✱ ✇✐t❤ p | 3Zk✮✱ s✉❝❤ t❤❛t✿

• ♥♦ ♦t❤❡r ❝♦♥❞✐t✐♦♥s ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮❀

• p ✐s s♣❧✐t ✐♥ L/k ✐♥ ❝❛s❡ ✭✷✮ ❛♥❞ ✭✸✮❀

• t❤❡ ✐❞❡❛❧s ❛❜♦✈❡ p ❛r❡ s♣❧✐t ✐♥ L/K2 ❛♥❞ L/kz ✐♥ ❝❛s❡ ✭✺✮✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✵✳ ✭✶✮ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ K2 ❞✐✈✐❞✐♥❣ aα ❛♥❞ ❧❡t p
❜❡ t❤❡ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ k ❜❡❧♦✇ p✳ ❚❤❡♥ p ∈ D ♦r p ∈ D3✳

✭✷✮ ■♥ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮✱ s❡t K ′
2 = L✳ ❚❤❡♥ ✐♥ ❝❛s❡s ✭✷✮✱ ✭✸✮✱ ❛♥❞ ✭✺✮ ✇❡ ❤❛✈❡

p ∈ D ♦r p ∈ D3 ✐❢ ❛♥❞ ♦♥❧② p ✐s s♣❧✐t ✐♥ K ′
2/k✳

Pr♦♦❢✳ ✭✶✮✳ ▲❡t ✉s tr❡❛t ❝❛s❡ ✭✷✮✳ ▲❡t pz ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✳ ❚❤✉s pz

❞✐✈✐❞❡s ♦♥❡ ♦❢ t❤❡ ai✱ s♦ τ(pz) ❞✐✈✐❞❡s τ(ai) = aj ✇✐t❤ j 6= i✳ ❙✐♥❝❡ t❤❡ ai ❛r❡
❝♦♣r✐♠❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t τ(pz) ✐s ❝♦♣r✐♠❡ t♦ pz✱ s♦ p ✐s s♣❧✐t✳ ❈❛s❡s ✭✸✮ ❛♥❞
✭✺✮ ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳

✭✷✮✳ ❙✐♥❝❡ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮ r❡♣❡❛t t❤❡ ❞❡✜♥✐t✐♦♥✱ ❛ss✉♠❡ ✇❡ ❛r❡ ✐♥ ❝❛s❡
✭✺✮✱ ❧❡t pz ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✱ ❧❡t p1✱ p2✱ ❛♥❞ p3 ❜❡ t❤❡ ✐❞❡❛❧s ❜❡❧♦✇ pz

✐♥ kz✱ K2✱ ❛♥❞ K ′
2 r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❞❡♥♦t❡ ❛s ✉s✉❛❧ ❜② D() t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

❣r♦✉♣s✳ ◆♦✇ pz/p2 ✐s s♣❧✐t ✐❢ ❛♥❞ ♦♥❧② ✐❢ D(pz/p2) = 1✱ ❛♥❞ s✐♥❝❡ D(pz/p2) =
D(pz/p) ∩ Gal(L/K2)✱ t❤✐s ✐s ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ /∈ D(pz/p)✳ ❙✐♠✐❧❛r❧②✱ pz/p1 ✐s
s♣❧✐t ✐❢ ❛♥❞ ♦♥❧② ✐❢ τ2 /∈ D(pz/p)✳ ❙✐♥❝❡ Gal(L/k) = {1, τ, τ2, ττ2}✱ ✐t ❢♦❧❧♦✇s
t❤❛t t❤❡ ✐❞❡❛❧s ❛❜♦✈❡ p ❛r❡ s♣❧✐t ✐♥ L/K2 ❛♥❞ L/kz ✐❢ ❛♥❞ ♦♥❧② ✐❢ D(pz/p) ⊂
{1, ττ2}✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ p ✐s s♣❧✐t ✐♥ K ′

2/k ✐❢ ❛♥❞ ♦♥❧② ✐❢ D(p3/p) = 1✱ ❛♥❞
s✐♥❝❡ D(p3/p) ≃ D(pz/p)/D(pz/p3)✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ D(pz/p) =
D(pz/p3)✱ ❛♥❞ ❛❣❛✐♥ s✐♥❝❡ D(pz/p3) = D(pz/p) ∩ Gal(L/K ′

2)✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢
D(pz/p) ⊂ Gal(L/K ′

2) = {1, ττ2}✱ ♣r♦✈✐♥❣ t❤❡ r❡s✉❧t✳

✶✳✸ ❈♦♥❞✉❝t♦rs

❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ✭❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ ❝♦♥❞✉❝t♦r✮ ♦❢ ❛ ❝②❝❧✐❝ ❑✉♠♠❡r ❡①t❡♥s✐♦♥
✐s ❣✐✈❡♥ ❜② ❛♥ ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ♦❢ ❍❡❝❦❡ ✭s❡❡ ❬✶✷❪✱ ❙❡❝t✐♦♥ ✶✵✳✷✳✾✮✳ ❲❡ ✇✐❧❧
♠❛✐♥❧② ♥❡❡❞ ✐t ✐♥ t❤❡ ❝✉❜✐❝ ❝❛s❡✱ ❜✉t ✇❡ ❛❧s♦ ♥❡❡❞ ✐t ✐♥ t❤❡ q✉❛❞r❛t✐❝ ❝❛s❡✱ ✇❤❡r❡
✐t t❛❦❡s ❛♥ ❡s♣❡❝✐❛❧❧② ♥✐❝❡ ❢♦r♠✿

❚❤❡♦r❡♠ ✶✳✸✳✶✳ ▲❡t k ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✱ ❧❡t K2 = k(
√
D) ❜❡ ❛ q✉❛❞r❛t✐❝

❡①t❡♥s✐♦♥ ✇✐t❤ D ∈ k∗ \ k∗2✱ ❛♥❞ ✇r✐t❡ ✉♥✐q✉❡❧② DZk = aq2✱ ✇❤❡r❡ a ✐s ❛♥
✐♥t❡❣r❛❧ sq✉❛r❡❢r❡❡ ✐❞❡❛❧✳ ❚❤❡♥

d(K2/k) = f(K2/k) = 4a/c2 ,

✇❤❡r❡ c ✐s t❤❡ ❧❛r❣❡st ✐❞❡❛❧ ✭❢♦r ❞✐✈✐s✐❜✐❧✐t②✮ ❞✐✈✐❞✐♥❣ 2Zk ❛♥❞ ❝♦♣r✐♠❡ t♦ a s✉❝❤
t❤❛t t❤❡ ❝♦♥❣r✉❡♥❝❡ x2/D ≡ 1 (mod ∗c2) ❤❛s ❛ s♦❧✉t✐♦♥✳

✻



❈♦r♦❧❧❛r② ✶✳✸✳✷✳ ▲❡t K ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞ s✉❝❤ t❤❛t ρ /∈ k✱ ✇❤❡r❡ ρ = ζ3 ✐s ❛
♣r✐♠✐t✐✈❡ ❝✉❜❡ r♦♦t ♦❢ ✉♥✐t②✱ ❛♥❞ s❡t Kz = K(ρ)✳ ❚❤❡♥

d(Kz/K) =
∏

p|3ZK

e(p/3) ♦❞❞

p .

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ r❛♠✐✜❡❞ ♣r✐♠❡s ✐♥ Kz/K ❛r❡ t❤♦s❡ ❛❜♦✈❡ 3 s✉❝❤ t❤❛t e(p/3)
✐s ♦❞❞✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ Kz = K(
√
−3)✱ s♦ ✇❡ ✉s❡ t❤❡ t❤❡♦r❡♠ ✇✐t❤ D = −3✳ ❲❡

❤❛✈❡ DZK = 3ZK = aq2 ✇✐t❤

a =
∏

p|3ZK

e(p/3) ♦❞❞

p .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ a ✐s ❝♦♣r✐♠❡ t♦ 2 ❛♥❞ t❤❡ ❝♦♥❣r✉❡♥❝❡ x2 ≡ −3 (mod 4) ❤❛s
t❤❡ s♦❧✉t✐♦♥ x = 1✱ s♦ c = 2ZK ❛♥❞ t❤❡ ❝♦r♦❧❧❛r② ❢♦❧❧♦✇s✳

■❢ p ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ K2✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② pz ❛♥② ♣r✐♠❡ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✳
❇② t❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r②✱ ✇❡ ❤❛✈❡ e(pz/p) = 2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ L 6= K2 ❛♥❞ e(p/3)
✐s ♦❞❞✱ ♦t❤❡r✇✐s❡ e(pz/p) = 1✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s✱ t❤❡ r❡s✉❧t ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ❡s♣❡❝✐❛❧❧②
✇❤❡♥ L 6= K2✳ ❲❡ ✜rst ♥❡❡❞ s♦♠❡ ❞❡✜♥✐t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✸✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ k✱ p ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡ p✱
pz ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✳ ❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✿

• ❲❡ s❡t p1/2 = p ✐❢ p ✐s r❛♠✐✜❡❞ ✐♥ K2/k ✭✐✳❡✳✱ pZK2
= p2✮✱ ❛♥❞ s✐♠✐❧❛r❧②

p1/2 = pz ✐❢ p ✐s r❛♠✐✜❡❞ ✐♥ L/K2 ✭✐✳❡✳✱ pZL = p2
z✮✳

• ❲❡ s❡t r = r(p/p) = 1/e(p/p)

• ❲❡ s❛② t❤❛t p ⊂ k ❞✐✈✐❞❡s s♦♠❡ ✐❞❡❛❧ b ♦❢ K2 ✭r❡s♣✳✱ ♦❢ L✮ ✇❤❡♥ (pZK2
)r

✭r❡s♣✳✱ (pZL)1/e(pz/p)✮ ❞♦❡s✳

◆♦t❡ t❤❛t e(pz/p) ≤ 2 ✭✐♥❞❡❡❞✱ ✐❢ ❢♦r ✐♥st❛♥❝❡ e(p/p) = 2 t❤❡♥ e(p/3) ✐s ❡✈❡♥ s♦
pz/p ✐s ✉♥r❛♠✐✜❡❞ ❜② ❈♦r♦❧❧❛r② ✶✳✸✳✷✮✱ s♦ ✇❡ ✇✐❧❧ ♥❡✈❡r ♥❡❡❞ t♦ ❞❡✜♥❡ ✏p1/4✑✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✹✳ ▲❡t α ∈ (L∗/L∗3)[T ] ❛s ❛❜♦✈❡✱ ❧❡t p ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ k ❛❜♦✈❡
3✱ ❧❡t p ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡ p✱ ❧❡t pz ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✱ ❛♥❞ ❞❡♥♦t❡ ❜②
Cn t❤❡ ❝♦♥❣r✉❡♥❝❡ x3/α ≡ 1 (mod ∗pn

z ) ✐♥ L✳ ■❢ t❤✐s ❝♦♥❣r✉❡♥❝❡ ✐s s♦❧✉❜❧❡ ❢♦r
n = 3e(pz/3)/2 ✇❡ s❡t Aα(p) = 3e(pz/3)/2 + 1✳ ❖t❤❡r✇✐s❡✱ ✐❢ n < 3e(pz/3)/2
✐s t❤❡ ❧❛r❣❡st ❡①♣♦♥❡♥t ❢♦r ✇❤✐❝❤ ✐t ❤❛s ❛ s♦❧✉t✐♦♥✱ ✇❡ s❡t Aα(p) = n✳ ■♥ ❜♦t❤
❝❛s❡s ✇❡ s❡t

aα(p) =
Aα(p) − 1

e(pz/p)
.

■t ✐s ❝❧❡❛r t❤❛t Aα(p) ❛♥❞ aα(p) ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ✐❞❡❛❧ pz ❛❜♦✈❡ p✱ ✇❤❡♥❝❡
t❤❡ ♥♦t❛t✐♦♥✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✼



Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺✳ ✭✶✮ ❲❡ ❤❛✈❡ 3 ∤ Aα(p)✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥ ✇❤❡♥ e(pz/p) =
2 ❛♥❞ Aα(p) < 3e(pz/3)/2 + 1 ✇❡ ❛❧s♦ ❤❛✈❡ 2 ∤ Aα(p)✳

✭✷✮ ❲❡ ❤❛✈❡ 0 ≤ aα(p) < 3e(p/3)/2 − 1/e(p/p) ❛♥❞ aα(p)e(p/p) ∈ Z✱ ♦r
aα(p) = 3e(p/3)/2✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ Aα(p) = 3e(pz/3)/2 + 1✱
✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t ✐s ♦♥❧② ❛ ❤❛❧❢ ✐♥t❡❣❡r ✇❤❡♥ e(pz/p) = 2✳

✭✸✮ ❲❡ ❤❛✈❡ aα(p) 6≡ −e(pz/p) (mod 3)✳

❚❤❡♦r❡♠ ✶✳✸✳✻✳ ▲❡t N ❝♦rr❡s♣♦♥❞ t♦ α ❛s ❛❜♦✈❡✱ ✇r✐t❡ ✉♥✐q✉❡❧② αZL = a0a
2
1q

3

✇✐t❤ a0 ❛♥❞ a1 ✐♥t❡❣r❛❧ ❝♦♣r✐♠❡ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s✱ ❛♥❞ ❧❡t aα ❜❡ t❤❡ ✐❞❡❛❧ ♦❢ K2

s✉❝❤ t❤❛t a0a1 = aαZL ✭s❡❡ ▲❡♠♠❛ ✶✳✷✳✽✮✳ ❚❤❡♥

f(N/K2) =

3aα

∏
p|3Zk

(pZK2
)e(p/3)/2

∏
p|3Zk

e(p/3) ♦❞❞

(pZK2
)1/2

∏
p|3Zk

p∤aα

(pZK2
)⌈aα(p)e(p/p)⌉/e(p/p)

.

❆❧❧ t❤❡s❡ r❡s✉❧ts ❝♦♠❡ ❢r♦♠ s✐♠✐❧❛r r❡s✉❧ts ✐♥ ❬✶✽❪ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❥✉st r❡♣❧❛❝❡❞
aα(p) ❜② aα(p) = aα(p)/e(p/p)✳

◆♦t❡ t❤❛t ⌈ae(p/p)⌉/e(p/p) ✐s ❡q✉❛❧ t♦ a ✇❤❡♥ e(p/p) = 2 ✭r❡❝❛❧❧ t❤❛t ✐♥
t❤❛t ❝❛s❡ a ❝❛♥ ❜❡ ❛ ❤❛❧❢ ✐♥t❡❣❡r✮ ❛♥❞ ❡q✉❛❧ t♦ ⌈a⌉ ♦t❤❡r✇✐s❡ ✭✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥
e(pz/p) = 2✮✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✼✳ ▲❡t p ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ k✱ ❧❡t p ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡ p✱ ❛♥❞ ❧❡t
pz ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✳ ▲❡t a ❜❡ s✉❝❤ t❤❛t 0 ≤ a < 3e(p/3)/2−1/e(p/p) ❛♥❞
ae(p/p) ∈ Z✱ ♦r a = 3e(p/3)/2✳ ❋♦r ε = 0 ♦r 1 ✇❡ ❞❡✜♥❡ h(ε, a, p) ❛s ❢♦❧❧♦✇s✿

✭✶✮ ✇❤❡♥ a = 3e(p/3)/2 ✇❡ s❡t h(0, a, p) = 0❀

✭✷✮ ✇❤❡♥ a < 3e(p/3)/2 ✇❡ s❡t

h(0, a, p) =





1 ✐❢ e(pz/p) = 1✱

1/2 ✐❢ e(p/p) = 2 ✭❤❡♥❝❡ e(pz/p) = 1✮✱

0 ✐❢ e(pz/p) = 2 ✭❤❡♥❝❡ e(p/p) = 1✮❀

✭✸✮ ✇❡ s❡t h(1, a, p) = 2/e(pz/p)✳

▲❡♠♠❛ ✶✳✸✳✽✳ ▲❡t b = a+ h(ε, a, p)✳

✭✶✮ ❆ss✉♠❡ t❤❛t b ≤ 3e(p/3)/2✳ ❚❤❡♥ h(ε, b, p) = h(ε, a, p)✱ s♦ t❤❛t a =
b− h(ε, b, p)✳

✭✷✮ ❲❡ ❤❛✈❡ b = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ a = 0✱ ε = 0✱ ❛♥❞ e(pz/p) = 2✳ ■♥ ♣❛rt✐❝✉❧❛r✱
✐❢ e(pz/p) = 1 ✇❡ ❤❛✈❡ b > 0✳

Pr♦♦❢✳ ✭✶✮✳ ■❢ h(ε, a, p) = 0 ✇❡ ❤❛✈❡ b = a✱ ❛♥❞ h(1, a, p) ♦♥❧② ❞❡♣❡♥❞s ♦♥
t❤❡ ✈❛❧✉❡ ♦❢ e(pz/p) ✭❛♥❞ t❤❡ ❢❛❝t t❤❛t a ≤ 3e(p/3)/2✮✱ s♦ t❤❡ r❡s✉❧t ✐s tr✐✈✐❛❧
✐♥ ❜♦t❤ ❝❛s❡s✳ ❲❡ ♠❛② t❤❡r❡❢♦r❡ ❛ss✉♠❡ t❤❛t ε = 0 ❛♥❞ t❤❛t h(0, a, p) > 0✱
s♦ t❤❛t a < 3e(p/3)/2 ❛♥❞ e(pz/p) = 1 ♦r e(p/p) = 2✱ ❤❡♥❝❡ ❜② ❞❡✜♥✐t✐♦♥
h(0, a, p) = 1/e(p/p)✳ ❙✐♥❝❡ ❜② ❛ss✉♠♣t✐♦♥ a < 3e(p/3)/2 − 1/e(p/p) ✐t ❢♦❧❧♦✇s
t❤❛t b < 3e(p/3)/2✱ s♦ h(ε, b, p) = h(ε, a, p) ❛s ❝❧❛✐♠❡❞✳

✭✷✮✳ ❊✈✐❞❡♥t❧② b = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ a = 0 ❛♥❞ h(ε, a, p) = 0✱ ❤❡♥❝❡ h(ε, 0, p) =
0✳ ❙✐♥❝❡ 0 < 3e(p/3)/2✱ ❜② ❞❡✜♥✐t✐♦♥ t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ε = 0 ❛♥❞
e(pz/p) = 2✳

✽



▲❡♠♠❛ ✶✳✸✳✾✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ k ❛♥❞ ❞❡♥♦t❡ ❜② Dk t❤❡ ❝♦♥❣r✉❡♥❝❡
x3/α ≡ 1 (mod ∗pk) ✐♥ L✳ ■❢ a ✐s ❛s ✐♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥✱ t❤❡♥ aα(p) = a ✐❢ ❛♥❞
♦♥❧② ✐❢ Dk ✐s s♦❧✉❜❧❡ ❢♦r k = a+ h(0, a, p) ❛♥❞ ♥♦t s♦❧✉❜❧❡ ❢♦r k = a+ h(1, a, p)✱
✇❤❡r❡ t❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ✐s ✐❣♥♦r❡❞ ✐❢ a+ h(1, a, p) > 3e(p/3)/2✳

Pr♦♦❢✳ ❙✐♥❝❡ α ∈ (L∗/L∗3)[T ] ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ s♦❧✉❜✐❧✐t② ♦❢ t❤❡ ❝♦♥❣r✉❡♥❝❡
Ck ❢♦r pk

z ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ❢♦r τ(pz)
k ♦r τ2(pz)

k ✐♥ ❛❧❧ ❝❛s❡s✳ ❚❤✉s t❤❡
s♦❧✉❜✐❧✐t② ♦❢ Dk ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ Ck ✇❤❡♥ e(pz/p) = 1✱ ❛♥❞ t♦ t❤❛t ♦❢
C2k ✇❤❡♥ e(pz/p) = 2✳

❆ss✉♠❡ ✜rst t❤❛t a = aα(p) = 3e(p/3)/2✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ s♦❧✉❜✐❧✐t② ♦❢ t❤❡ ❝♦♥❣r✉❡♥❝❡ Ck ❢♦r k = 3e(pz/3)/2 = 3e(p/3)e(pz/p)/2✱
❤❡♥❝❡ t♦ t❤❛t ♦❢ D3e(p/3)/2 = Da ✇❤❡t❤❡r e(pz/p) = 1 ♦r 2✱ ♣r♦✈✐♥❣ t❤❡ r❡s✉❧t
s✐♥❝❡ h(0, a, p) = 0 ✐♥ t❤✐s ❝❛s❡✳

❆ss✉♠❡ ♥♦✇ t❤❛t a < 3e(p/3)/2 ❛♥❞ t❤❛t e(pz/p) = 1✱ s♦ t❤❡ s♦❧✉❜✐❧✐t② ♦❢
Dk ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ Ck✳ ■♥ t❤✐s ❝❛s❡ Aα(p) = aα(p) + 1✱ s♦ aα(p) = a ✐s
❡q✉✐✈❛❧❡♥t t♦ t❤❡ s♦❧✉❜✐❧✐t② ♦❢ Da+1 ❛♥❞ t❤❡ ♥♦♥s♦❧✉❜✐❧✐t② ♦❢ Da+2✱ ♣r♦✈✐♥❣ t❤❡
r❡s✉❧t s✐♥❝❡ h(0, a, p) = 1 ❛♥❞ h(1, a, p) = 2✳

❆ss✉♠❡ t❤❛t a < 3e(p/3)/2 ❛♥❞ t❤❛t e(pz/p) = 2✳ ❚❤❡ ❝♦♥❣r✉❡♥❝❡ Dk ✐s
♥♦✇ t❤❡ s❛♠❡ ❛s t❤❡ ❝♦♥❣r✉❡♥❝❡ C2k✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✺ ✇❡ ❤❛✈❡ Aα(pz) =
2aα(p) + 1 < 3e(pz/3)/2✱ ✇✐t❤ aα(p) ∈ Z✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♠❛①✐♠❛❧ m ❢♦r
✇❤✐❝❤ Cm ✐s s♦❧✉❜❧❡ ✐s ♦❞❞✳ ❚❤✉s aα(p) = a ♠❡❛♥s t❤❛t C2a+1 ✐s s♦❧✉❜❧❡ ❛♥❞
C2a+2 ✐s ♥♦t✱ s♦ ❡q✉✐✈❛❧❡♥t❧② t❤❛t Da = C2a ✐s s♦❧✉❜❧❡ ❛♥❞ Da+1 = C2a+2 ✐s
♥♦t✱ s♦ h(0, a, p) = 0 ❛♥❞ h(1, a, p) = 1✳

❋✐♥❛❧❧② ❛ss✉♠❡ t❤❛t a < 3e(p/3)/2 ❛♥❞ t❤❛t e(p/p) = 2✳ ❚❤❡ ❝♦♥❣r✉❡♥❝❡ Dk

✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝♦♥❣r✉❡♥❝❡ C2k✳ ❙✐♥❝❡ aα(p) ❝❛♥ ❜❡ ❛ ❤❛❧❢ ✐♥t❡❣❡r✱ t❤❡ ❝❤♦✐❝❡
h(0, a, p) = 1/2 ❛♥❞ h(1, a, p) = 1 t❤❛t ✇❡ ❤❛✈❡ ♠❛❞❡ ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦✳ ❲❡ ❤❛✈❡ ✉s❡❞ ✐♥ ❛♥ ❡ss❡♥t✐❛❧ ✇❛② t❤❡ ❢❛❝t t❤❛t Aα(p) ✐s ♦❞❞ ✇❤❡♥
e(pz/p) = 2 ❛♥❞ Aα(p) ≤ 3e(pz/3)/2✳ ◆♦t❡ t❤❛t t❤✐s r❡s✉❧t ✐s r❛t❤❡r s✉❜t❧❡✱ ❛♥❞
❢♦❧❧♦✇s ❢r♦♠ t❤❡ st✉❞② ♦❢ ❤✐❣❤❡r r❛♠✐✜❝❛t✐♦♥ ❣r♦✉♣s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s
♥♦t ♥❡❝❡ss❛r② t♦ ✉s❡ t❤❡ ❢❛❝t t❤❛t 3 ∤ Aα(p)✱ ❝♦♥tr❛r② t♦ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥ ❬✶✽❪✳
❚❤❡ r❡s✉❧t✐♥❣ ❢♦r♠✉❧❛s✱ ✇❤✐❝❤ ❛r❡ ♦❢ ❝♦✉rs❡ ❡q✉✐✈❛❧❡♥t✱ ❛r❡ s✐♠♣❧❡r✳

✶✳✹ ❚❤❡ ❉✐r✐❝❤❧❡t ❙❡r✐❡s

❘❡❝❛❧❧ t❤❛t f(N/K2) = f(K/k)ZK2
❢♦r s♦♠❡ ✐❞❡❛❧ f(K/k) ♦❢ k✱ ❛♥❞ t❤❛t t❤✐s

r❡s✉❧t ❛❧s♦ ❝♦♠❡s ❢r♦♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❤✐❣❤❡r r❛♠✐✜❝❛t✐♦♥ ❣r♦✉♣s✳ ■♥ ♣❛r✲
t✐❝✉❧❛r✱ NK2/Q(f(N/K2)) = Nk/Q(f(K/k))[K2:k]✳ ❚♦ ❛✈♦✐❞ ❤❛✈✐♥❣ ❜♦t❤ t❤❡ ♥♦r♠
❢r♦♠ K2/Q ❛♥❞ ❢r♦♠ k/Q✱ ❛♥❞ t♦ ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ♠❛✐♥❧② ✐♥t❡r✲
❡st❡❞ ✐♥ t❤❡ ❧❛tt❡r✱ ✇❡ s❡t ❡①♣❧✐❝✐t❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✶✳✹✳✶✳ ■❢ a ✐s ❛♥ ✐❞❡❛❧ ♦❢ k✱ ✇❡ s❡t N(a) = Nk/Q(a)✱ ✇❤✐❧❡ ✐❢ a ✐s ❛♥
✐❞❡❛❧ ♦❢ K2✱ ✇❡ s❡t

N(a) = NK2/Q(a)1/[K2:k] .

❚❤✐s ♣r❛❝t✐❝❛❧ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❝❛♥♥♦t ❝r❡❛t❡ ❛♥② ♣r♦❜❧❡♠s s✐♥❝❡ ✐❢ a ✐s ❛♥ ✐❞❡❛❧
♦❢ k ✇❡ ❤❛✈❡ N(a) = N(aZK2

)✳ ❋♦r ✐♥st❛♥❝❡✱ s✐♥❝❡ f(N/K2) = f(K/k)ZK2
✱ ✇❡

❤❛✈❡ N(f(K/k)) = N(f(N/K2))✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❛t ✉♥❧❡ss ❡①♣❧✐❝✐t❧② ✇r✐tt❡♥
♦t❤❡r✇✐s❡✱ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ♦♥❧② ✉s❡ t❤❡ ❛❜♦✈❡ ♥♦t❛t✐♦♥✳

✾



❉❡✜♥✐t✐♦♥ ✶✳✹✳✷✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❉✐r✐❝❤❧❡t s❡r✐❡s ✐s ❞❡✜♥❡❞ ❜②

Φ(s) =
1

2
+

∑

K∈F(K2)

1

N(f(K/k))s
,

✇❤❡r❡ N ✐s ❛s ✐♥ t❤❡ ♣r❡❝❡❞✐♥❣ ❞❡✜♥✐t✐♦♥✳

❇② t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❜✐❥❡❝t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✮✱ ✇❡ ❤❛✈❡

Φ(s) =
1

2

∑

(a0,a1)∈J

∑

u∈S3(L)[T ]

1

N(f(N/K2))s
,

✇❤❡r❡ J ✐s t❤❡ s❡t ♦❢ ♣❛✐rs (a0, a1) ♦❢ ❝♦♣r✐♠❡ ✐♥t❡❣r❛❧ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s ♦❢ L s✉❝❤
t❤❛t a0a

2
1 ∈ (I/I3)[T ] ❛♥❞ a0a

2
1 ∈ Cl(L)3✱ ❛♥❞ ✇❤❡r❡ f(N/K2) ✐s t❤❡ ❝♦♥❞✉❝t♦r

♦❢ t❤❡ ❡①t❡♥s✐♦♥ N/K2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ tr✐♣❧❡ (a0, a1, u)✳
■♥❞❡❡❞✱ t❤❡ ❛❞❞✐t✐♦♥ ♦❢ 1/2 ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Φ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡①❝❧✉❞❡❞

tr✐♣❧❡ (ZL,ZL, 1)✱ ❛♥❞ t❤❡ ❢❛❝t♦r 1/2 ✐♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛ ❝♦rr❡s♣♦♥❞s t♦ t❤❡
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ tr✐♣❧❡s✳

❚❤✉s✱ r❡♣❧❛❝✐♥❣ f(N/K2) ❜② t❤❡ ❢♦r♠✉❧❛ ❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✸✳✻ ✇❡ ♦❜t❛✐♥

Φ(s) =
1

2 · 3(3/2)[k:Q]s
∏

p|3Zk,
e(p/3) ♦❞❞

N(p)s/2

∑

(a0,a1)∈J

Sα0(s)

N(aα)s
, ✇❤❡r❡

Sα0
(s) =

∑

u∈S3(L)[T ]

∏

p|3Zk

p∤aα

N(p)⌈aα0u(p)e(p/p)⌉s/e(p/p) ,

❛♥❞ ✇❤❡r❡ α0 ✐s ❛♥② ❡❧❡♠❡♥t ♦❢ L s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ q0 s✉❝❤ t❤❛t
a0a

2
1q

3
0 = α0ZL ❛♥❞ α0 ∈ (L∗/L∗3)[T ]✳ ◆♦t❡ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ r❡q✉✐r❡ t❤✐s

❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt② t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✸✳ ❋♦r α0 ∈ L∗ ❛♥❞ b ❛♥ ✐❞❡❛❧ ♦❢ L ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

fα0
(b) =

∣∣{u ∈ S3(L)[T ], x3/(α0u) ≡ 1 (mod ∗b) s♦❧✉❜❧❡ ✐♥ L}
∣∣ ,

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t fα0
(b) = 0 ✐❢ b ∤ 3

√
−3.

▲❡t pi ❢♦r 1 ≤ i ≤ g ❜❡ t❤❡ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ k ❛❜♦✈❡ 3 ❛♥❞ ♥♦t ❞✐✈✐❞✐♥❣ aα ✭✐♥
t❤❡ s❡♥s❡ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳✸✳✸✮✱ s❡t ei = e(pi/3)✱ ❛♥❞ ❢♦r ❡❛❝❤ i ❧❡t ai ❜❡ s✉❝❤
t❤❛t 0 ≤ ai < 3ei/2 − 1/e(pi/pi) ✇✐t❤ aie(pi/pi) ∈ Z ✭✇❤❡r❡ ❛s ✉s✉❛❧ pi ✐s ❛♥
✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡ pi✮✱ ♦r ai = 3ei/2✳ ◆♦t❡ t❤❛t s✐♥❝❡ pi ✐s ❛❜♦✈❡ 3 ✇❡ ❤❛✈❡
ei = e(pi/3) ≥ 1✳

❚❤❛♥❦s t♦ ▲❡♠♠❛ ✶✳✸✳✾✱ ❛♥ ❡❛s② ✐♥❝❧✉s✐♦♥✲❡①❝❧✉s✐♦♥ ❛r❣✉♠❡♥t s❤♦✇s t❤❛t

∑

u∈S3(L)[T ]
∀i, aα0u(pi)=ai

1 =
∑

(ε1,...,εg)∈{0,1}g

(−1)
P

i εifα0


 ∏

1≤i≤g

(piZK2
)bi


 ,

✇❤❡r❡ bi = ai + h(εi, ai, pi)✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ s❡t fα0
(b) = 0 ✇❤❡♥ b ∤

3
√
−3ZL✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t 0 ≤ bi ≤ 3ei/2✳ ◆♦t❡ ❛❧s♦ t❤❛t e(pi/pi)bi ∈

Z ∪ {3e(pi/3)/2}✳

✶✵



❋r♦♠ ▲❡♠♠❛ ✶✳✸✳✽ ✐t ❢♦❧❧♦✇s t❤❛t ✐❢ ✇❡ ❧❡t B ❜❡ t❤❡ s❡t ♦❢ g✲✉♣❧❡s (b1, . . . , bg)
s✉❝❤ t❤❛t 0 ≤ bi ≤ 3ei/2✱ bie(pi/pi) ∈ Z ∪ {3e(pi/3)/2}✱ t❤❡♥ ✇❡ ❤❛✈❡

Sα0
(s) =

∑

(b1,...,bg)∈B
(ε1,...,εg)∈{0,1}g

∏

1≤i≤g

N(pi)
⌈(bi−h(εi,bi,ei))e(pi/pi)⌉s/e(pi/pi)(−1)

P

i εifα0

(
∏

i

(piZK2
)bi

)
.

▲❡♠♠❛ ✶✳✹✳✹✳ ❲❡ ❤❛✈❡

Sα0
(s) =

∑

(b1,...,bg)∈B

fα0


 ∏

1≤i≤g

(piZK2
)bi


 ∏

1≤i≤g

(
N(pi)

⌈bie(pi/pi)⌉s/e(pi/pi)Q((piZK2
)bi , s)

)
,

✇❤❡r❡ Q((pZK2
)b, s) ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡t e = e(p/3)✱ p ❛♥ ✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡

p ❛♥❞ pz ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p✱ ❛♥❞ ❞❡✜♥❡ s′ = s/e(p/p)✳ ❚❤❡♥✿

• ✐❢ e(pz/p) = 1✱ ✭❤❡♥❝❡ e(p/3) ✐s ❡✈❡♥✮ ✇❡ ❤❛✈❡

Q((pZK2
)b, s) =





0 ✐❢ b = 0 ,

1/N(p)s′

✐❢ b = 1/e(p/p) ,

1/N(p)s′ − 1/N(p)2s′

✐❢ 2/e(p/p) ≤ b ≤ 3e/2 − 1/e(p/p) ,

1 − 1/N(p)2s′

✐❢ b = 3e/2 .

• ✐❢ e(pz/p) = 2 ✭❤❡♥❝❡ e(p/p) = 1✮ ✇❡ ❤❛✈❡

Q((pZK2
)b, s) =





1 ✐❢ b = 0 ,

1 − 1/N(p)s′

✐❢ 1 ≤ b ≤ 3e/2 − 3/2 ,

−1/N(p)s′

✐❢ b = 3e/2 − 1/2 ,

1 ✐❢ b = 3e/2 .

Pr♦♦❢✳ ❙✐♥❝❡ t❤❡ ✐♥❞✐❝❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛s
❢♦r g = 1✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡

Sα0
(s) =

∑

0≤a<3e/2−1/e(p/p) ♦r a=3e/2
ae(p/p)∈Z∪{3e(p/3)/2}

N(p)⌈ae(p/p)⌉s/e(p/p)fα0

(
(pZK2)

(a+h(0,a,e)))
)

−
∑

0≤a<3e/2−1/e(p/p) ♦r a=3e/2
ae(p/p)∈Z∪{3e(p/3)/2}

N(p)⌈ae(p/p)⌉s/e(p/p)fα0

(
(pZK2)

(a+h(1,a,e))
)
.

❚❤✉s✱

Sα0
(s) =

∑

0≤a<3e/2−1/e(p/p)
ae(p/p)∈Z

N(p)asfα0

(
(pZK2

)(a+h(0,a,e))
)

+N(p)⌈3e/2⌉sfα0

(
(pZK2)

3e/2
)

−
∑

0≤a<3e/2−1/e(p/p)
ae(p/p)∈Z

N(p)asfα0

(
(pZK2)

(a+h(1,a,e))
)
,

✶✶



s♦ ❜② ❛♥ ❡❛s② ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

Sα0
(s) =

∑

h0≤b<3e/2−1/e(p/p)+h0

be(p/p)∈Z

N(p)(b−h0)sfα0

(
(pZK2

)b
)

+N(p)⌈3e/2⌉sfα0

(
(pZK2

)3e/2
)

−
∑

h1≤b<3e/2−1/e(p/p)+h1

be(p/p)∈Z

N(p)(b−h1)sfα0

(
(pZK2

)b
)
,

✇❤❡r❡ h0 = 1, 1/2, 0 ✐❢ e(pz/p) = 1✱ e(p/p) = 2✱ e(pz/p) = 2✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞
h1 = 2/e(pz/p)✳

▲♦♦❦✐♥❣ ❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ fα0
((pZK2

)b)N(p)⌈be(p/p)⌉s/e(p/p) ❣✐✈❡s t❤❡ ❢♦r✲
♠✉❧❛s ❢♦r Q((pZK2

)b, s)✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✺✳ ✭✶✮ ❲❡ ❧❡t B ❜❡ t❤❡ s❡t ♦❢ ❢♦r♠❛❧ ♣r♦❞✉❝ts ♦❢ t❤❡ ❢♦r♠∏
pi|3Zk

(piZK2)
bi ✱ ✇❤❡r❡ t❤❡ bi ❛r❡ s✉❝❤ t❤❛t 0 ≤ bi ≤ 3e(pi/3)/2 ❛♥❞

e(pi/pi)bi ∈ Z ∪ {3e(pi/3)/2}✳
❚❤✐s ✐s t❤❡ s❛♠❡ ❛s t❛❦✐♥❣

∏

pi|3ZK2

pi ✐♥❡rt ✐♥ K2/k

pbi
i

∏

pi|3ZK2

pi s♣❧✐t ✐♥ K2/k

(piτ2(pi))
bi

∏

pi|3ZK2

pi r❛♠✐✜❡❞ ✐♥ K2/k

p2bi
i ,

✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❞✉❝t ♦❢ ♣r✐♠❡ ✐❞❡❛❧s p ♦❢ K2 ❛❜♦✈❡ 3 ✇✐t❤ ❡①♣♦♥❡♥ts
b′ s✉❝❤ t❤❛t 0 ≤ b′ ≤ 3e(p/3)/2✱ b′ ∈ Z∪{3e(p/3)/2}✱ ❛♥❞ ✇❤✐❝❤ ❛r❡ st❛❜❧❡
❜② τ2✳

✭✷✮ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❛♥② b ∈ B ❛s ❛♥ ✐❞❡❛❧ ♦❢ K2 ✇❤❡r❡✱ ❜② ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡✱
✇❡ ❛❝❝❡♣t t♦ ❤❛✈❡ ❤❛❧❢ ♣♦✇❡rs ♦❢ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ K2 ❛♥❞ ✇❡ ✇✐❧❧ s❡t bz =
bZL✳

✭✸✮ ■❢ b =
∏

pi|3ZK2
pbi

′

i ∈ B✱ bi′ = e(pi/pi)bi✱ ✇❡ s❡t

⌈N⌉(b) =
∏

pi|b
N(pi)

⌈bi
′⌉ .

❲❡ ✇♦✉❧❞ ♥♦✇ ❧✐❦❡ t♦ s❡t

b =
∏

1≤i≤g

(piZK2)
bi ∈ B

❛♥❞ r❡✇r✐t❡ t❤❡ ❢♦r♠✉❧❛s ❛s ❢✉♥❝t✐♦♥s ♦❢ b ✐♥st❡❛❞ ♦❢ t❤❡ bi✱ ❜✉t ✐♥ ❞♦✐♥❣ s♦ ✇❡
✇♦✉❧❞ ❧♦s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t t❤❡ s❡t ♦❢ t❤❡ pi ✭✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❧♦s❡ t❤❡
✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ pi ❢♦r ✇❤✐❝❤ bi = 0✮✳

❚❤✉s✱ ✇❡ ❧❡t E = {p1, . . . , pg} ⊂ {p | 3Zk} t♦ ❜❡ t❤❡ s❡t ♦❢ ✭❞✐st✐♥❝t✮ ♣r✐♠❡
✐❞❡❛❧s ♦❢ k ❛❜♦✈❡ 3 ♥♦t ❞✐✈✐❞✐♥❣ aα✱ s♦ t❤❛t

aα =
∏

pi|3Zk

pi 6∈E

(piZK2)
ri ,

✶✷



✇❤❡r❡ ❛s ✉s✉❛❧ ri = 1/(e(pi/pi))✳ ❲❡ ♦❜t❛✐♥

∑

(a0,a1)∈J

Sα0
(s)

N(aα)s
=

∑

E⊂{p|3Zk}

∑

(a0,a1)∈J
{p|3Zk,p∤aα}=E

1

N(aα)s

∑

(b1,...,bg)∈B

fα0


 ∏

1≤i≤g

(piZK2
)bi


 ·

·
∏

pi∈E

(Q((piZK2
)bi , s)N(p

⌈bie(pi/pi)⌉s/e(pi/pi)
i )) ,

s♦ t❤❛t

∑

(a0,a1)∈J

Sα0
(s)

N(aα)s
=

∑

E⊂{p|3Zk}

∑

b∈B
p|b⇒p∈E

⌈N⌉bs
∏

pi∈E

Q((piZK2
)bi , s)

∑

(a0,a1)∈J
{p|3Zk,p∤aα}=E

fα0
(b)

N(aα)s
.

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❤❡♥ bi = 0 ✇❡ ❣❡t

Q(pbi , s) =

{
1 ✐❢ e(p/3) ✐s ♦❞❞

0 ✐❢ e(p/3) ✐s ❡✈❡♥✱

s♦ ✇❤❡♥ e(pi/3) ✐s ♦❞❞ ✇❡ ❝❛♥ ♦♠✐t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ pi ✐♥ t❤❡ ♣r♦❞✉❝t✱ ❛♥❞
✇❤❡♥ e(pi/3) ✐s ❡✈❡♥ ✇❡ ❣❡t ❛ ③❡r♦ t❡r♠✳

❚❤✉s ✇❡ ❝❛♥ ✇r✐t❡

∑

(a0,a1)∈J

Sα0
(s)

N(aα)s
=

∑

E⊂{p|3Zk}

∑

b∈B
p|b⇒p∈E

p∈E ❛♥❞ e(p/3) ❡✈❡♥ ⇒p|b

⌈N⌉bs
∏

p|b
Q((pZK2)

vp(b), s) ·

·
∑

(a0,a1)∈J
{p|3Zk,p∤aα}=E

fα0
(b)

N(aα)s

=
∑

b∈B
⌈N⌉(b)sPb(s)

∑

E⊂{p|3Zk}
p|b⇒p∈E

p∤b ❛♥❞ e(p/3) ❡✈❡♥ ⇒p6∈E

∑

(a0,a1)∈J
{p|3Zk,p∤aα}=E

fα0
(b)

N(aα)s
,

✇❤❡r❡ Pb(s) =
∏

p|bQ((pZK2)
vp(b), s)✱ s♦ t❤❛t

∑

(a0,a1)∈J

Sα0(s)

N(aα)s
=
∑

b∈B
⌈N⌉(b)sPb(s)

∑

(a0,a1)∈J
(aα,b)=1

p∤b ❛♥❞ e(p/3) ❡✈❡♥ ⇒p|aα

fα0
(b)

N(aα)s
.

◆♦✇ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✹✳✻✳ ❲✐t❤ t❤❡ ♣r❡s❡♥t ♥♦t❛t✐♦♥✱ ✇❡ ❤❛✈❡

(aα, 3ZK2
) =

∏

p|3ZK2
, p∤b

e(p/3) ❡✈❡♥

p .

✶✸



Pr♦♦❢✳ ❇♦t❤ s✐❞❡s ❜❡✐♥❣ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s ♦❢ K2 ❞✐✈✐❞✐♥❣ 3ZK2
✱ ✇❡ ♠✉st

s❤♦✇ t❤❛t ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ ❛❜♦✈❡ 3 ❞✐✈✐❞✐♥❣ ♦♥❡ s✐❞❡ ❞✐✈✐❞❡s t❤❡ ♦t❤❡r✳ ■♥ ♦♥❡
❞✐r❡❝t✐♦♥ t❤✐s ✐s ❝❧❡❛r✿ ✐❢ p ∤ b ❛♥❞ e(p/3) ✐s ❡✈❡♥ t❤❡♥ p | aα✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t
p | aα ❛❜♦✈❡ 3✳ ❙✐♥❝❡ (aα, b) = 1 ✇❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t p ∤ b✳ ■♥ ❝❛s❡s ✭✶✮✱ ✭✸✮✱
❛♥❞ ✭✹✮ ✇❡ ❤❛✈❡ ρ ∈ K2 s♦ e(p/3) = vp(3) = 2vp(1−ρ) ✐s ❡✈❡♥✳ ■♥ ❝❛s❡s ✭✷✮ ❛♥❞
✭✺✮✱ ✐❢ e(p/3) ✇❛s ♦❞❞✱ t❤❡♥ ❜② ❈♦r♦❧❧❛r② ✶✳✸✳✷✱ p ✇♦✉❧❞ ❜❡ r❛♠✐✜❡❞ ✐♥ L/K2✱
❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇♦✉❧❞ ♥♦t ❜❡ s♣❧✐t✱ s♦ t❤❛t p /∈ D3✱ ❝♦♥tr❛❞✐❝t✐♥❣ Pr♦♣♦s✐t✐♦♥
✶✳✷✳✶✵✱ ❛♥❞ ♣r♦✈✐♥❣ t❤❡ ❧❡♠♠❛✳

❚❤✉s✱ ✇❡ s❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✶✳✹✳✼✳ ✭✶✮ ❋♦r b ❛s ❛❜♦✈❡ ✇❡ ❞❡✜♥❡

re(b) =
∏

p|3ZK2
, p∤b

e(p/3) ❡✈❡♥

p .

✭✷✮ ❲❡ s❡t d3 =
∏

p∈D3
p✳

❚❤❡ ❛❜♦✈❡ ❧❡♠♠❛ st❛t❡s t❤❛t (aα, 3ZK2) = re(b)✱ ❛♥❞ ✐t ✐s ❝❧❡❛r t❤❛t ✐❢ t❤✐s
✐s t❤❡ ❝❛s❡ t❤❡♥ aα ✐s ❝♦♣r✐♠❡ t♦ b ❛♥❞ t❤❛t p ∤ b✱ e(p/3) ❡✈❡♥ ✐♠♣❧✐❡s t❤❛t
p | aα✳ ❋✉rt❤❡r♠♦r❡✱ ❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✵ s✐♥❝❡ p | (aα, 3ZK2

) ✐♠♣❧✐❡s
t❤❛t p ∈ D3✱ ✇❡ ♠✉st ❤❛✈❡ re(b) | d3✳ ◆♦t❡ t❤❛t ❜② ❝♦♥tr❛♣♦s✐t✐♦♥✱ t❤✐s ✐s ❝❧❡❛r❧②
❡q✉✐✈❛❧❡♥t t♦ d′3 | b✱ ✇❤❡r❡ d′3 =

∏
p|3Zk, p/∈D3

e(p/3) ❡✈❡♥

p✳

❚❤✉s ✇❡ ♦❜t❛✐♥

∑

(a0,a1)∈J

Sα0
(s)

N(aα)s
=

∑

b∈B
re(b)|d3

⌈N⌉(b)sPb(s)
∑

(a0,a1)∈J
(aα,3ZK2

)=re(b)

fα0
(b)

N(aα)s
.

✶✳✺ ❈♦♠♣✉t❛t✐♦♥ ♦❢ fα0
(b)

❘❡❝❛❧❧ t❤❛t bz | 3
√
−3 ❛♥❞ t❤❛t t❤❡ ai ❛r❡ ❝♦♣r✐♠❡ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s s✉❝❤ t❤❛t

a0a
2
1 ∈ (I/I3)[T ] ❛♥❞ a0a

2
1 ∈ Cl(L)3✳ ❲❡ ❤❛✈❡ ❛❧s♦ s❡t a0a

2
1q

3
0 = α0ZL ✇✐t❤

α0 ∈ (L∗/L∗3)[T ]✳ ❈❤❛♥❣✐♥❣ q0 ❛♥❞ α0 ✐❢ ♥❡❝❡ss❛r②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t α0 ✐s
❝♦♣r✐♠❡ t♦ bz✱ ❛❧t❤♦✉❣❤ t❤✐s ✐s ♥♦t ❡ss❡♥t✐❛❧ ❢♦r t❤❡ ♣r♦♦❢✳ ❋✐♥❛❧❧②✱ r❡❝❛❧❧ t❤❛t

fα0
(b) =

∣∣{u ∈ S3(L)[T ], x3 ≡ α0u (mod ∗bz) s♦❧✉❜❧❡ ✐♥ L}
∣∣ ,

✇❤❡r❡ ✇❡ ❤❛✈❡ r❡♣❧❛❝❡❞ t❤❡ ❝♦♥❣r✉❡♥❝❡ x3/(α0u) ≡ 1 (mod ∗bz) ❜② t❤❡ ❛❜♦✈❡
s✐♥❝❡ ✇❡ ❛ss✉♠❡ α0 ❝♦♣r✐♠❡ t♦ bz✳

❋✐♥❛❧❧②✱ r❡❝❛❧❧ t❤❛t ❢♦r ❡❛❝❤ b ∈ B ✇❡ ❤❛✈❡ b = τ2(b)✳

❚♦ ❝♦♠♣✉t❡ fα0
(b)✱ ✇❡ ✇✐❧❧ ♣r♦❝❡❡❞ ❜② ❛ s❡r✐❡s ♦❢ ❧❡♠♠❛s✳

❉❡✜♥✐t✐♦♥ ✶✳✺✳✶✳ ❙❡t

Sb(L)[T ] = {u ∈ S3(L)[T ], x3 ≡ u (mod ∗bz) s♦❧✉❜❧❡} ,

✇❤❡r❡ u ✐s ❛♥② ❧✐❢t ♦❢ u ❝♦♣r✐♠❡ t♦ bz✱ ❛♥❞ t❤❡ ❝♦♥❣r✉❡♥❝❡ ✐s ✐♥ L✳

✶✹



▲❡♠♠❛ ✶✳✺✳✷✳ ■❢ fα0
(b) 6= 0 t❤❡♥ fα0

(b) = |Sb(L)[T ]|✳
Pr♦♦❢✳ ■♥❞❡❡❞✱ ❛ss✉♠❡ t❤❛t x3

0 ≡ α0u0 (mod ∗bz) ❢♦r s♦♠❡ u0 ∈ S3(L)[T ]✳
❚❤❡ ❝♦♥❣r✉❡♥❝❡ x3 ≡ α0u (mod ∗bz) ✐s t❤✉s ❡q✉✐✈❛❧❡♥t t♦ (x/x0)

3 ≡ (u/u0)
(mod ∗bz)✱ ✐♥ ♦t❤❡r ✇♦r❞s t♦ u/u0 ∈ Sb(L)[T ]✱ s♦ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ u ✐s ❡q✉❛❧
t♦ u0Sb(L)[T ]✱ ✇❤♦s❡ ❝❛r❞✐♥❛❧✐t② ✐s |Sb(L)[T ]|✳

▲❡♠♠❛ ✶✳✺✳✸✳ ▲❡t a0, a1 ❛s ✐♥ ❝♦♥❞✐t✐♦♥ ✭✶✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✼✳ ❚❤❡♥ fα0
(b) 6=

0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ a0a
2
1 ∈ Clb(L)3✳

Pr♦♦❢✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ a0a
2
1 ∈ Clb(L)3 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ q1

❛♥❞ β1 ≡ 1 (mod ∗bz) s✉❝❤ t❤❛t a0a
2
1q

3
1 = β1ZL✳ ❆ss✉♠❡ ✜rst t❤❛t u ❡①✐sts✱

s♦ t❤❛t x3
0 = α0uβ ❢♦r s♦♠❡ β ≡ 1 (mod ∗bz) ❛♥❞ uZL = q3✳ ■t ❢♦❧❧♦✇s t❤❛t

a0a
2
1q

3
0q

3 = α0uZL = (x3
0/β)ZL✱ s♦ ✇❡ ❝❛♥ t❛❦❡ q1 = q0q/x0 ❛♥❞ β1 = 1/β ≡ 1

(mod ∗bz)✳ ❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t a0a
2
1q

3
1 = β1ZL ✇✐t❤ β1 ≡ 1 (mod ∗bz)✳

❙✐♥❝❡ a0a
2
1 ∈ (I/I3)[T ]✱ ✇❡ ❤❛✈❡ t(β2) = γ3 ❢♦r s♦♠❡ γ ∈ L∗✳ ■t ❢♦❧❧♦✇s t❤❛t

α0ZL = a0a
2
1q

3
0 = β1(q0/q1)

3✳ ❚❤✉s✱ u = α0/β2 ✐s ❛ ✈✐rt✉❛❧ ✉♥✐t✱ ❛♥❞ ut ✐s ❛ ❝✉❜❡
♦❢ L s✐♥❝❡ t❤✐s ✐s tr✉❡ ❢♦r α0 ❛♥❞ ❢♦r β1✳ ❚❤✉s u ∈ S3(L)[T ] ❛♥❞ 13 ≡ β1 ≡ α0/u
(mod ∗bz)✱ s♦ fα0

(b) 6= 0✱ ♣r♦✈✐♥❣ t❤❡ ❧❡♠♠❛✳

❘❡♠❛r❦ t❤❛t ✇❤❡♥ ✇❡ s✉♣♣♦s❡ a0a
2
1 ∈ Clb(L)3 ✇❡ ❤❛✈❡ ❛✉t♦♠❛t✐❝❛❧❧② a0a

2
1 ∈

Cl(L)3✱ s♦ ✇❡ ❥✉st ♥❡❡❞ t♦ s✉♣♣♦s❡ a0a
2
1 ∈ (I/I3)[T ].

▲❡♠♠❛ ✶✳✺✳✹✳ ❙❡t Zb = (ZL/bz)
∗✳ ❚❤❡♥

|Sb(L)[T ]| =
|(U(L)/U(L)3)[T ]||(Clb(L)/Clb(L)3)[T ]|

|(Zb/Z3
b)[T ]| .

■♥ ♣❛rt✐❝✉❧❛r

|S3(L)[T ]| = |(U(L)/U(L)3)[T ]||(Cl(L)/Cl(L)3)[T ]| .

Pr♦♦❢✳ ❙✐♥❝❡ t❤✐s ✐s ♥♦✇ st❛♥❞❛r❞ ✭s❡❡ ❬✶✷❪ ❛♥❞ ❬✶✽❪✮ ✇❡ ♦♥❧② s❦❡t❝❤ t❤❡ ♣r♦♦❢✳
❋r♦♠ ▲❡♠♠❛ ✶✳✷✳✻ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3[T ]✲♠♦❞✉❧❡s

1 −→ U(L)

U(L)3
−→ S3(L) −→ Cl(L)[3] −→ 1 ,

❚❛❦✐♥❣ t❤❡ ❦❡r♥❡❧ ❜② T t❤✉s ❦❡❡♣s ❡①❛❝t♥❡ss✱ s♦ ✇❡ ❞❡❞✉❝❡ t❤❛t

|S3(L)[T ]| = |(U(L)/U(L)3)[T ]||(Cl(L)[3])[T ]| .

❙✐♥❝❡ T ❤❛s ♦r❞❡r ❞✐✈✐❞✐♥❣ 4✱ ✐t ✐s ❝♦♣r✐♠❡ t♦ 3✱ s♦ ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡
✜♥✐t❡ F3[T ] ♠♦❞✉❧❡s Cl(L)[3] ❛♥❞ Cl(L)/Cl(L)3 ❛r❡ ✐s♦♠♦r♣❤✐❝✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r
(Cl(L)[3])[T ] ≃ (Cl(L)/Cl(L)3)[T ]✱ ♣r♦✈✐♥❣ t❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❧❡♠♠❛✳
❋♦r t❤❡ ✜rst✱ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3[T ]✲♠♦❞✉❧❡s

1 −→ Sb(L) −→ S3(L) −→ Zb

Z3
b

−→ Clb(L)

Clb(L)3
−→ Cl(L)

Cl(L)3
−→ 1 ,

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t

|Sb(L)[T ]| =
|S3(L)[T ]||(Clb(L)/Clb(L)3)[T ]|
|(Zb/Z3

b)[T ]||(Cl(L)/Cl(L)3)[T ]| ,

✶✺



❣✐✈✐♥❣ t❤❡ ❞❡s✐r❡❞ ❢♦r♠✉❧❛ ❛❢t❡r r❡♣❧❛❝✐♥❣ |S3(L)[T ]| ❜② ✇❤❛t ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞
❛❜♦✈❡✳

❚❤❡ q✉❛♥t✐t② |(Clb(L)/Clb(L)3)[T ]| ✇✐❧❧ ✐♥ ❢❛❝t ❞✐s❛♣♣❡❛r ✐♥ s✉❜s❡q✉❡♥t ❝♦♠✲
♣✉t❛t✐♦♥s✱ ❛♥❞ ✐♥ ❛♥② ❝❛s❡ ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞ ♠♦r❡ ❡①♣❧✐❝✐t❧②✳
❚❤❡ q✉❛♥t✐t② |(U(L)/U(L)3)[T ]| ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✺✳✺✳ ❋♦r ❛♥② ♥✉♠❜❡r ✜❡❧❞ K✱ ❞❡♥♦t❡ ❜② rk3(K) t❤❡ 3✲r❛♥❦ ♦❢ t❤❡
❣r♦✉♣ ♦❢ ✉♥✐ts ♦❢ K✱ ✐♥ ♦t❤❡r ✇♦r❞s rk3(K) = dimF3(U(K)/U(K)3)✱ s♦ t❤❛t
|U(K)/U(K)3| = 3rk3(K)✳

✭✶✮ ❲✐t❤ ❡✈✐❞❡♥t ♥♦t❛t✐♦♥ ✇❡ ❤❛✈❡

rk3(K) =

{
r1(K) + r2(K) − 1 ✐❢ ρ /∈ K✱

r1(K) + r2(K) ✐❢ ρ ∈ K✳

✭✷✮ ❲❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 3r(U)✱ ✇❤❡r❡

r(U) =





rk3(k) ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮✱

rk3(L) − rk3(k) ✐♥ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮✱

rk3(L) + rk3(k) − rk3(K2) − rk3(kz) ✐♥ ❝❛s❡ ✭✺✮✳

Pr♦♦❢✳ ✭✶✮ ✐s ❝❧❡❛r ❢r♦♠ ❉✐r✐❝❤❧❡t✬s t❤❡♦r❡♠✱ s♦ ❧❡t ✉s ♣r♦✈❡ ✭✷✮✳ ❈❛s❡ ✭✶✮ ✐s
tr✐✈✐❛❧✱ ❛♥❞ ✐t ✐s ✐♠♠❡❞✐❛t❡ t♦ s❡❡ t❤❛t ✐♥ ❝❛s❡ ✭✹✮ ✇❡ ❤❛✈❡ (U(L)/U(L)3)[T ] =
U(k)/U(k)3✳ ❋♦r ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮✱ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

1 −→ U(k)

U(k)3
−→ U(K2)

U(K2)3
−→ U(K2)

U(K2)3
[τ2 + 1] −→ 1 ,

✇❤❡r❡ t❤❡ r✐❣❤t♠♦st ♥♦♥tr✐✈✐❛❧ ♠❛♣ ✐s ✐♥❞✉❝❡❞ ❜② u 7→ τ2(u)/u✱ ❛s ✇❡❧❧ ❛s t❤❡
❡①❛❝t s❡q✉❡♥❝❡

1 −→ U(K2)

U(K2)3
−→ U(L)

U(L)3
−→ U(L)

U(L)3
[τ + 1] −→ 1 ,

✇❤✐❝❤ ❡♥❛❜❧❡s ✉s t♦ ❝♦♥❝❧✉❞❡✳ ❋✐♥❛❧❧②✱ ❢♦r ❝❛s❡ ✭✺✮ ✇❡ ❤❛✈❡

1 −→ U(K2)

U(K2)3
[τ2 + 1] −→ U(L)

U(L)3
[τ2 + 1] −→ U(L)

U(L)3
[τ + 1, τ2 + 1] −→ 1 ,

❛♥❞

1 −→ U(kz)

U(kz)3
−→ U(L)

U(L)3
−→ U(L)

U(L)3
[τ2 + 1] −→ 1

s♦ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❚❤❡ ❧❛st q✉❛♥t✐t② t❤❛t ✇❡ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ✐s |(Zb/Z
3
b)[T ]|✳

▲❡♠♠❛ ✶✳✺✳✻✳ ❆ss✉♠❡ t❤❛t b ✐s ❛♥ ✐❞❡❛❧ ♦❢ B✱ st❛❜❧❡ ❜② τ2 ❛♥❞ s✉❝❤ t❤❛t
bz | 3

√
−3✱ ❛♥❞ ❞❡✜♥❡

cz =
∏

pz⊂L
pz|bz

p
⌈vpz (bz)/3⌉
z .

❚❤❡♥

|(Zb/Z
3
b)[T ]| =

∣∣∣∣
cz

bz
[T ]

∣∣∣∣ .

✶✻



Pr♦♦❢✳ ❚❤✐s ❤❛s ❛❧s♦ ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❛ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❝♦♥t❡①t ✐♥ ❬✶✽❪✱ ❜✉t
❛❣❛✐♥ ❢♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ s❦❡t❝❤ t❤❡ ♣r♦♦❢✳ ❲❡ ✜rst ❝❧❛✐♠ t❤❛t ✇❡ ❤❛✈❡ t❤❡
❡①❛❝t s❡q✉❡♥❝❡

1 −→ 1 + cz

1 + bz
−→ Zb −→ Z3

b −→ 1 ,

✇❤❡r❡ t❤❡ ♠❛♣ t♦ Z3
b ✐s ♦❢ ❝♦✉rs❡ ❝✉❜✐♥❣✳ ■♥❞❡❡❞✱ ✜rst ♥♦t❡ t❤❛t ✐❢ x ∈ cz t❤❡♥

(1+x)3 = 1+3x+3x2 +x3 ≡ 1 (mod bz) s✐♥❝❡ x3 ∈ bz ❜② ❞❡✜♥✐t✐♦♥ ♦❢ cz✱ ❛♥❞

vpz
(3x) ≥ e(pz/3) + vpz

(bz)/3 ≥ vpz
(bz)

s✐♥❝❡ bz | 3
√
−3✱ s♦ t❤❛t (1 + cz)/(1 + bz) ✐s ✐♥ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❝✉❜✐♥❣ ♠❛♣✳

❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t x3 ≡ 1 (mod bz)✱ s♦ t❤❛t
∏

0≤j≤2(x−ρj) ∈ bz✳ ❚❤✉s ❢♦r
❛♥② ♣r✐♠❡ pz | bz ✇❡ ♠✉st ❤❛✈❡ vpz

(x−ρj) ≥ vpz
(bz)/3 ❢♦r ❛t ❧❡❛st ♦♥❡ j✱ s♦ t❤❛t

❢♦r t❤❛t j ✇❡ ❤❛✈❡ vpz
(x−ρj) ≥ vpz

(cz)✳ ❙✐♥❝❡ vpz
(cz) ≤ e(pz/3)/2 = vpz

(1−ρ)✱
✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ j ✇❡ ✇✐❧❧ ❤❛✈❡ vpz (x−ρj) ≥ vpz (cz)✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r x ≡ 1
(mod cz)✳

❚❤✉s t❤❡ F3[T ]✲♠♦❞✉❧❡s (1 + cz)/(1 + bz) ❛♥❞ Zb[3] ❛r❡ ✐s♦♠♦r♣❤✐❝✱ ❛♥❞
s✐♥❝❡ 2 ❛♥❞ 3 ❛r❡ ❝♦♣r✐♠❡ ♦♥❝❡ ❛❣❛✐♥ t❤❡ ❧❛tt❡r ✐s F3[T ]✲✐s♦♠♦r♣❤✐❝ t♦ Zb/Z

3
b ✱ s♦

✐♥ ♣❛rt✐❝✉❧❛r (Zb/Z
3
b)[T ] ≃ ((1 + cz)/(1 + bz))[T ]✳ ❚❤❡ ✉s❡ ♦❢ t❤❡ ❆rt✐♥✕❍❛ss❡

❧♦❣❛r✐t❤♠ ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣s ✭❤❡r❡ s✐♠♣❧② x−x2/2 ❛♥❞ x+x2/2✮ s❤♦✇s t❤❛t
(1 + cz)/(1 + bz) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❛❞❞✐t✐✈❡ ❣r♦✉♣ cz/bz✱ s♦ ✇❡ ❝♦♥❝❧✉❞❡

▲❡♠♠❛ ✶✳✺✳✼✳

|(Zb/Z
3
b)[T ]| =





|cz/bz| ✐♥ ❝❛s❡ ✭✶✮
|cz/bz|

|(cz ∩ k)/(bz ∩ k)|
✐♥ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮

|(cz ∩ k)/(bz ∩ k)| ✐♥ ❝❛s❡ ✭✹✮
|cz/bz||(cz ∩ k)/(bz ∩ k)|

|(cz ∩K2)/(bz ∩K2)||(bz ∩ kz)/(cz ∩ kz)|
✐♥ ❝❛s❡ ✭✺✮✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ∣∣∣∣
cz

bz
[τ ′ − 1]

∣∣∣∣ =
∣∣∣∣∣
cz ∩ Lτ ′

bz ∩ Lτ ′

∣∣∣∣∣ ,

✇❤❡r❡ τ ′ ∈ {τ, τ2} ❛♥❞ Lτ ′

✐s t❤❡ s✉❜❡①t❡♥s✐♦♥ ♦❢ L st❛❜❧❡ ❜② τ ′✳
▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

1 −→ cz

bz
[τ ′ − 1] −→ cz

bz
−→ cz

bz
[τ ′ + 1] −→ 1,

s♦ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

▲❡♠♠❛ ✶✳✺✳✽✳ ■♥ ❝❛s❡ ✭✺✮ ✇❡ ❤❛✈❡

|(Zb/Z
3
b)[T ]| =

∏

p⊂k
p|b

N(p)(2b/3+x(b,p)) ,

✇❤❡r❡ x(b, p) = r3(2b)/3 ✐❢ e(pz/p) = 1✱ x(b, p) = r3
′(b)/3 ✐❢ e(pz/p) = 2 ❛♥❞

b < 3e(p/3)/2✱ x(b, p) = −1/(3r3(2b)) ✐❢ e(p/p) = 2 ❛♥❞ 2b 6≡ 0 (mod 3)✱ ❛♥❞
r3(b) ✐s t❤❡ ❝❧❛ss ♠♦❞✉❧♦ 3 ♦❢ b ✐♥ {0, 1, 2} ❛♥❞ r3′(b) ✐s t❤❡ ❝❧❛ss ♦❢ b ♠♦❞✉❧♦ 3
✐♥ {−1, 0, 1}✳

✶✼



Pr♦♦❢✳ ❇② ♠✉❧t✐♣❧✐❝❛t✐✈✐t② ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❢♦r♠✉❧❛s ❢♦r ❛ ♣r✐♠❡ p
♦❢ k ❞✐✈✐❞✐♥❣ b✳

• ■❢ e(pz/p) = 1 t❤❡♥ t❤❡r❡ ✐s ♥♦ r❛♠✐✜❝❛t✐♦♥ ✐♥ L/k✱ s♦ bz =
∏

pz|b pb
z✱

cz =
∏

pz|b p
⌈b/3⌉
z ✱ ❛♥❞ s✐♠✐❧❛r❧② bz ∩K2 =

∏
p|b pb✱ cz ∩K2 =

∏
p|b p⌈b/3⌉

bz ∩ k =
∏

p|b p
b✱ cz ∩ k =

∏
p|b p

⌈b/3⌉ bz ∩ kz =
∏

p′|b,p′⊂kz
p′b✱ cz ∩ kz =∏

p′|b p′⌈b/3⌉✳

▼♦r❡♦✈❡rNL/Q(pZL) = N(p)4 ❛♥❞NK2/Q(pZK2
) = Nkz/Q(pZkz

) = N(p)2.

❙♦ ✇❡ ❣❡t

|(Zb/Z
3
b)[T ]| = N(p)b−⌈b/3⌉ = N(p)(2b/3+r3(2b)/3).

• ■❢ e(pz/p) = 2 t❤❡♥ p ✐s r❛♠✐✜❡❞ ✐♥ L/K2✱ e(p/3) ✐s ♦❞❞ ❛♥❞ s♦ p ✐s ❛❧s♦
r❛♠✐✜❡❞ ✐♥ kz/k✳

❲❡ ❤❛✈❡ bz∩K2 =
∏

p|b p⌈b⌉✱ cz∩K2 =
∏

p|b p⌈⌈2b/3⌉/2⌉❀ bz∩k =
∏

p|b p
⌈b⌉✱

cz ∩ k =
∏

p|b p
⌈⌈2b/3⌉/2⌉ ❛♥❞ bz ∩ kz =

∏
p′|b p′2b✱ cz ∩ kz =

∏
p′|b p′⌈2b/3⌉✳

◆♦✇✱ NL/Q((pZL)1/2) = NK2/Q(pZK2) = N(p)2 ❛♥❞ Nkz/Q((pZkz )1/2) =
N(p)✳

❙♦ ✇❡ ♦❜t❛✐♥

|(Zb/Z
3
b)[T ]| = N(p)2b−⌈2b/3⌉−⌈b⌉+⌈⌈2b/3⌉/2⌉ = N(p)⌊b⌋−⌊⌈2b/3⌉/2⌋.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ b = 3e(p/3)/2 ✇❡ ♦❜t❛✐♥

|(Zb/Z
3
b)[T ]| = N(p)e(p/3),

❛♥❞ ✐❢ b < 3e(p/3)/2✱ t❤❡♥ b ∈ Z ❛♥❞ ✇❡ ♦❜t❛✐♥

|(Zb/Z
3
b)[T ]| = N(p)b−⌊⌈2b/3⌉/2⌋ = N(p)2b/3+r3

′(b)/3.

• ❲❤❡♥ e(p/p) = 2 t❤❡♥ p ✐s r❛♠✐✜❡❞ ✐♥ K2/k ❛♥❞ ✐t ❝❛♥ ❜❡ r❛♠✐✜❡❞ ♦r ♥♦t
✐♥ kz/k ❞❡♣❡♥❞✐♥❣ ♦♥ e(p/3) ♣❛r✐t②✳

❲❡ ❤❛✈❡ bz ∩K2 =
∏

p|b p2b✱ cz ∩K2 =
∏

p|b p⌈2b/3⌉✱ bz ∩ k =
∏

p|b p
⌈b⌉✱

cz ∩ k =
∏

p|b p
⌈⌈2b/3⌉/2⌉ ❛♥❞ bz ∩ kz =

∏
p′|b p′2b✱ cz ∩ kz =

∏
p′|b p′⌈2b/3⌉

✐❢ e(p/3) ✐s ♦❞❞✱ ♦t❤❡r✇✐s❡ ✇❡ ❣❡t bz ∩ kz =
∏

p′|b p′⌈b⌉ ❛♥❞ cz ∩ kz =
∏

p′|b p′⌈⌈2b/3⌉/2⌉✳

❙♦ ✇❡ ❤❛✈❡ NL/Q((pZL)1/2) = N(p)2✱ NK2/Q((pZK2
)1/2) = N(p) ❛♥❞

Nkz/Q(pZ
1/2
kz

) = N(p) ✐❢ e(p/3) ✐s ♦❞❞✱ ♦t❤❡r✇✐s❡ Nkz/Q(pZkz
) = N(p)2✳

❙♦ ✐❢ e(p/3) ✐s ♦❞❞ ✇❡ ♦❜t❛✐♥

|(Zb/Z
3
b)[T ]| = N(p)⌈b⌉−⌈⌈2b/3⌉/2⌉

❛♥❞ ✐❢ e(p/3) ✐s ❡✈❡♥ ✇❡ ❤❛✈❡

|(Zb/Z
3
b)[T ]| = N(p)⌊b⌋−⌊⌈2b/3⌉/2⌋

✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ❢♦r♠✉❧❛s✱ ❛❢t❡r s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s✳

❚❤✐s ✜♥✐s❤❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ fα0
(b)✳

✶✽



✶✳✻ ❋✐♥❛❧ ❋♦r♠ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❙❡r✐❡s

❲❡ ❝❛♥ ♥♦✇ ♣✉t t♦❣❡t❤❡r ❛❧❧ t❤❡ ✇♦r❦ t❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡✳ ❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡
❝♦♠♣✉t❡❞ |U(L)/U(L)3[T ]| ✐♥ ▲❡♠♠❛ ✶✳✺✳✺ ❛♥❞ |(Zb/Z

3
b)[T ]| ✐♥ ▲❡♠♠❛s ✶✳✺✳✼

❛♥❞ ✶✳✺✳✽✳ ▼♦r❡♦✈❡r✱ B ❛♥❞ ⌈N⌉ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳✹✳✺ ❛♥❞ Pb(s) =∏
p|bQ((pZK2

)vp(b), s)✱ ✇❤❡r❡ Q(pb, s) ✐s ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✶✳✹✳✹✳ ❋✐♥❛❧❧②✱ r❡❝❛❧❧
t❤❛t ✇❡ ❤❛✈❡

Φ(s) =
1

2
+

∑

K∈F(K2)

1

N(f(K/k))s
.

❚❤❡♦r❡♠ ✶✳✻✳✶✳ ❙❡t d3 =
∏

p∈D3
p✱ ❛♥❞ ❢♦r ❛♥② ✐❞❡❛❧ b✱ s❡t ❢♦r s✐♠♣❧✐❝✐t②

Gb = (Clb(L)/Clb(L)3)[T ]✳ ❲❡ ❤❛✈❡

Φ(s) =
|(U(L)/U(L)3)[T ]|

2 · 3(3/2)[k:Q]s
∏

p|3Zk,
e(p/3) ♦❞❞

N(p)s/2
·

·
∑

b∈B
re(b)|d3

( ⌈N⌉(b)

N(re(b))

)s
Pb(s)

|(Zb/Z3
b)[T ]|

∑

χ∈ cGb

F (b, χ, s) ,

✇❤❡r❡

F (b, χ, s) =
∏

p|re(b)
p∈D′

3(χ)

2
∏

p|re(b)
p∈D3\D3

′(χ)

(−1)
∏

p∈D′(χ)

(
1 +

2

N(p)s

) ∏

p∈D\D′(χ)

(
1 − 1

N(p)s

)
,

✇❤❡r❡ ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮✱ D′(χ) ✭r❡s♣❡❝t✐✈❡❧② D′
3(χ)✮ ✐s t❤❡ s❡t ♦❢ p ∈ D

✭r❡s♣❡❝t✐✈❡❧② p ∈ D3✮ s✉❝❤ t❤❛t χ(pZL) = 1✱ ✇❤✐❧❡ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s ✐t ✐s t❤❡ s❡t
♦❢ p ∈ D ✭r❡s♣❡❝t✐✈❡❧② p ∈ D3✮ s✉❝❤ t❤❛t χ(pz) = χ(τ ′(pz)) ✐❢ pZL = pzτ

′(pz)✱
τ ′ ∈ {τ, τ2} ♦r χ(pzττ2(pz)) = χ(τ(pz)τ2(pz)) ✐❢ pZL = pzτ(pz)τ2(pz)ττ2(pz).

Pr♦♦❢✳ ❲❡ ❤❛✈❡ s❤♦✇♥ ❛❜♦✈❡ t❤❛t

Φ(s) =
1

2 · 3(3/2)[k:Q]s
∏

p|3Zk,
e(p/3) ♦❞❞

N(p)s/2

∑

(a0,a1)∈J

Sα0(s)

N(aα)s
,

✇❤❡r❡ J ✐s ❛ s✉✐t❛❜❧❡ s❡t ♦❢ ♣❛✐rs ♦❢ ✐❞❡❛❧s (a0, a1)✱ ❛♥❞ ✇❡ ❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❛t

∑

(a0,a1)∈J

Sα0(s)

N(aα)s
=

∑

b∈B
re(b)|d3

⌈N⌉(b)sPb(s)
∑

(a0,a1)∈J
(aα,3ZK2

)=re(b)

fα0(b)

N(aα)s
.

✇❤❡r❡ Pb(s) ✐s ❣✐✈❡♥ ❜② ▲❡♠♠❛ ✶✳✹✳✹✳ ■♥ t❤❡ ♣r❡❝❡❡❞✐♥❣ s❡❝t✐♦♥ ✇❡ ❤❛✈❡ s❡❡♥
t❤❛t fα0

(b) 6= 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ a0a
2
1 ∈ Clb(L)3 ✭s♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❛ss✉♠❡

❝♦♥❞✐t✐♦♥ ✭✶✮ ♦❢ ▲❡♠♠❛ ✶✳✷✳✽✮✱ ❛♥❞ ✐♥ t❤❛t ❝❛s❡ t❤❛t

fα0
(b) =

|(U(L)/U(L)3)[T ]||(Clb(L)/Clb(L)3)[T ]|
|(Zb/Z3

b)[T ]| .

❙❡t Gb = (Clb(L)/Clb(L)3)[T ]✳ ▲❡t a0 ❛♥❞ a1 ❜❡ ❛s ✐♥ ❝♦♥❞✐t✐♦♥ ✭❛✮ ♦❢ Pr♦♣♦s✐✲
t✐♦♥ ✶✳✷✳✼✳ ❲❡ ❤❛✈❡ a0a

2
1 ∈ Clb(L)3 ✐❢ ❛♥❞ ♦♥❧② ✐❢ χ(a0a

2
1) = 1 ❢♦r ❛❧❧ ❝❤❛r❛❝t❡rs

✶✾



χ ∈ Ĝb✳ ❚❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ❝❤❛r❛❝t❡rs ❜❡✐♥❣ ❡q✉❛❧ t♦ |Gb|✱ ❜② ♦rt❤♦❣♦♥❛❧✐t②
♦❢ ❝❤❛r❛❝t❡rs ✇❡ ❤❛✈❡

Φ(s) =
|(U(L)/U(L)3)[T ]|

2 · 3(3/2)[k:Q]s
∏

p|3Zk,
e(p/3) ♦❞❞

N(p)s/2
·

·
∑

b∈B
re(b)|d3

⌈N⌉(b)sPb(s)

|(Zb/Z3
b)[T ]|

∑

χ∈ cGb

H(b, χ, s) ,

✇✐t❤

H(b, χ, s) =
∑

(a0,a1)∈J′

(aα,3ZK2
)=re(b)

χ(a0a
2
1)

N(aα)s
,

✇❤❡r❡ J ′ ✐s t❤❡ s❡t ♦❢ ♣❛✐rs ♦❢ ❝♦♣r✐♠❡ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s ♦❢ L✱ s❛t✐s❢②✐♥❣ t❤❡
❝♦♥❞✐t✐♦♥ ✭✶✮ ♦❢ ▲❡♠♠❛ ✶✳✷✳✽✱ ✇✐t❤ ♥♦ ❝❧❛ss ❣r♦✉♣ ❝♦♥❞✐t✐♦♥✳

❚❤✉s

H(b, χ, s) =
χ(re(b))

N(re(b))s

∑

(a,3ZL)=1
a sq✉❛r❡❢r❡❡

τ(a)=τ2(a)=a

χ(a)

N(a)s

∑

a1|are(b), a1∈J′′

χ(a1) ,

✇❤❡r❡ J ′′ ✐s t❤❡ s❡t ♦❢ sq✉❛r❡❢r❡❡ ✐❞❡❛❧s a1 s✉❝❤ t❤❛t a1 ✐s st❛❜❧❡ ❜② τ2 ✐♥ ❝❛s❡
✭✹✮✱ a1τ

′(a1) = are(b) ❢♦r ❡❛❝❤ ♥♦♥tr✐✈✐❛❧ τ ′ ∈ {τ, τ2} ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s✳
▲❡t ✉s ❞❡✜♥❡ G(χ, p) ❜②✿

G(χ, p) =





1 + χ(pZL) ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮✱ ❛♥❞ ♦t❤❡r✇✐s❡ ✿

χ(pz) + χ(τ ′(pz)) ✇❤❡♥ pZL = pzτ
′(pz)

χ(pzττ2(pz)) + χ(τ(pz)τ2(pz)) ✇❤❡♥ pZL = pzτ(pz)τ2(pz)ττ2(pz).

❙✐♥❝❡ a ✐s ❝♦♣r✐♠❡ t♦ 3✱ ❜② ♠✉❧t✐♣❧✐❝❛t✐✈✐t② ✇❡ ❤❛✈❡ H(b, χ, s) = S1S2 ✇✐t❤

S1 =
χ(re(b))

N(re(b))s

∏

p|re(b)

G(χ, p) ❛♥❞

S2 =
∑

(a,3ZL)=1
a sq✉❛r❡❢r❡❡

τ(a)=τ2(a)=a

χ(a)

N(a)s

∏

p|a
G(χ, p) =

∏

p∈D

(
1 +

χ(pZL)G(χ, p)

N(p)s

)
,

✇❤❡r❡ D ✐s ❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✳
◆♦✇✱ χ t❛❦❡s ♦♥❧② ✈❛❧✉❡s 1✱ ρ✱ ❛♥❞ ρ2✱ s♦ ❧♦♦❦✐♥❣ ❛t t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ❢♦r

G(χ, p)✱ ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮ ✇❡ ❤❛✈❡ ❥✉st t♦ ❞✐st✐♥❣✉✐s❤ ✇❤❡t❡r χ(pZL) = 1 ♦r
♥♦t✱ ✇❤✐❧❡ ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s ✇❡ ♥❡❡❞ t♦ t❛❦❡ ❛❧s♦ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✈❛❧✉❡s ♦❢
χ(pz)✱ χ(τ ′(pz)) ♦r χ(pzττ2(pz))✱ χ(τ(pz)τ2(pz))✱ s♦ ✇❡ ♦❜t❛✐♥

S1 =
1

N(re(b))s

∏

p|re(b)
p∈D′

3(χ)

2
∏

p|re(b)
p∈D3\D3

′(χ)

(−1) ,

S2 =
∏

p∈D′(χ)

(
1 +

2

N(p)s

) ∏

p∈D\D′(χ)

(
1 − 1

N(p)s

)
.

✷✵



❋r♦♠ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✇❡ ♦❜t❛✐♥ ✿

❚❤❡♦r❡♠ ✶✳✻✳✷✳ ■♥ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮✱ s❡t K ′
2 = L✱ ❛♥❞ ✐♥ ❛❧❧ ❝❛s❡s ❞❡♥♦t❡ ❜②

d(K ′
2/k) t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ K ′

2/k✳ ▲❡t ✉s ❞❡✜♥❡

c1 =
|(U(L)/U(L)3)[T ]|

2 · 3(3/2)[k:Q]
∏

p|3Zk

e(p/3) ♦❞❞

N(p)1/2
,

c2 =
∑

b∈B
re(b)|d3

⌈N⌉(b)

N(re(b))

Pb(1)

|(Zb/Z3
b)[T ]|2

ω(re(b)) ,

c3 =
∏

p⊂k

(
1 − 3

N(p)2
+

2

N(p)3

) ∏

p|3Zk

(
1 +

2

N(p)

)−1

,

c4 =
1

ζk(2)

∏

p∈D

(
1 − 2

N(p)(N(p) + 1)

) ∏

p|d(K′

2/k)

(
1 − 1

N(p) + 1

)
,

✇❤❡r❡ ω(re(b)) =
∑

p|re(b) 1✳

• ■♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮✱ ❛r♦✉♥❞ s = 1 ✇❡ ❤❛✈❡

Φ(s) =
C(K2/k)

(s− 1)2
+
C(K2/k)D(K2/k)

s− 1
+O(1) ,

✇✐t❤ ❝♦♥st❛♥ts

C(K2/k) = c1c2c3(Ress=1 ζk(s))2 ❛♥❞

D(K2/k) = 2γk + lim
s→1

G′(s)

G(s)
✇❤❡r❡

G(s) =
Φ(s)

ζk(s)2
❛♥❞ γk = lim

s→1

(
ζk(s)

Ress=1 ζk(s)
− 1

s− 1

)
,

❛♥❞ ✇❤❡r❡ lims→1G
′(s)/G(s) ❝❛♥ ❡❛s✐❧② ❜❡ ❝♦♠♣✉t❡❞ ♠♦r❡ ❡①♣❧✐❝✐t❧② ✐❢

❞❡s✐r❡❞✳

■♥ ❛❞❞✐t✐♦♥✱ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ❣✐✈❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ❛s
X → ∞✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(K2/k,X) = C(K2/k)X(log(X) +D(K2/k) − 1) +O(Xα+ε), . ✭✶✳✶✮

❢♦r s♦♠❡ α < 1 ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳

• ■♥ ❝❛s❡s ✭✷✮✱ ✭✸✮✱ ❛♥❞ ✭✺✮ ✇❡ ❤❛✈❡

Φ(s) =
C(K2/k)

(s− 1)
+O(1),

✇✐t❤
C(K2/k) = c1c2c4(Ress=1 ζK′

2
(s)) ,

❛♥❞ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(K2/k,X) = C(K2/k)X +O(Xα+ε), ✭✶✳✷✮

❢♦r s♦♠❡ α < 1 ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✼✮✳

✷✶



Pr♦♦❢✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇❤❡♥ χ ✐s ♥♦t t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✱ t❤❡ ❢✉♥❝t✐♦♥s
F (b, χ, s) ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ❢♦r ❘❡(s) > 1/2✱ s♦ ❞♦ ♥♦t ♦❝❝✉r ✐♥ t❤❡ ♣♦❧❛r ♣❛rt
❛t s = 1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ re(b) | d3✱ ❢♦r χ = 1 ✇❡ ❤❛✈❡ F (b, 1, s) =

2ω(re(b))P (s)✱ ✇❤❡r❡ P (s) =
∏

p∈D

(
1 +

2

N(p)s

)
✱ s♦ ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮ ✇❡ ❣❡t

P (s) =

ζk(s)2
∏

p⊂k

(
1 − 3

N(p)2s
+

2

N(p)3s

)

∏
p|3Zk

(
1 +

2

N(p)s

) ,

s♦ ✇❡ ♦❜t❛✐♥ C(K2/k) = c1c2c3(Ress=1 ζk(s))2✳ ◆♦✇ t♦ ❝♦♠♣✉t❡ D(K2/k) ✇❡
r❡♠❛r❦ t❤❛t

D(K2/k) = lim
s→1

(
Φ′(s)

Φ(s)
+

2

s− 1

)
,

❛♥❞ t❤❛t
2

s− 1
= −2ζ ′k(s)

ζk(s)
+ 2γk +O((s− 1)),

✇❤❡r❡ R = Ress=1 ζk(s)✱ s♦

D(K2/k) = lim
s→1

(
Φ′(s)

Φ(s)
− 2ζ ′k(s)

ζk(s)
+ 2γk

)
.

◆♦✇ ✇❡ r❡♠❛r❦ t❤❛t
Φ′(s)

Φ(s)
− 2ζ ′k(s)

ζk(s)
=
G′(s)

G(s)
,

✇❤❡r❡ G(s) =
F (s)

ζk(s)2
, s♦ ✇❡ ♦❜t❛✐♥

D(K2/k) = lim
s→1

G′(s)

G(s)
+ 2γk .

■♥ ❝❛s❡s ✭✷✮✱ ✭✸✮ ❛♥❞ ✭✺✮ ✇❡ ♦❜t❛✐♥ ✇✐t❤ ❡✈✐❞❡♥t ♥♦t❛t✐♦♥

P (s) =

ζK′

2
(s)
∏(K′

2/k
p

)
=1

(
1 − 3

N(p)2s
+

2

N(p)3s

)

∏(K′

2/k
p

)
=0

(1 − 1/N(p)s)
−1∏(K′

2/k
p

)
=−1

(1 − 1/N(p)2s)
−1

s♦ t❤❡ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣♦❧❛r ♣❛rt ♦❢ Φ(s) ❢♦❧❧♦✇s ❛❢t❡r ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥✱
✇✐t❤ c4 ❣✐✈❡♥ ❜②

c4 =
∏

(K′

2/k
p

)
=1

(
1 − 3

N(p)2
+

2

N(p)3

)

∏

(K′

2/k
p

)
=0

(
1 − 1

N(p)

) ∏

(K′

2/k
p

)
=−1

(
1 − 1

N(p)2

)
.

■♥❞❡❡❞✱ ♥♦t❡ t❤❛t s✐♥❝❡ ✐♥ ❝❛s❡s ✭✷✮ ❛♥❞ ✭✸✮ ✇❡ ❤❛✈❡ s❡t K ′
2 = L✱ ❜② Pr♦♣♦s✐t✐♦♥

✶✳✷✳✶✵ t❤❡ ❝♦♥❞✐t✐♦♥ p ∈ D ✐s ❡q✉✐✈❛❧❡♥t t♦
(K′

2/k
p

)
= 1✳

✷✷



◆♦✇ ✇❡ ❤❛✈❡ ❡✈✐❞❡♥t❧② 1/ζk(2) = P−1P0P1 ✇✐t❤

Pε =
∏

(K′

2/k
p

)
=ε

(
1 − 1

N(p)2

)
,

s♦ r❡♣❧❛❝✐♥❣ P−1 ❜② (ζk(2)P0P1)
−1 ✐♥ t❤❡ ❢♦r♠✉❧❛ ❢♦r c4 ❣✐✈❡s t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡

❝♦r♦❧❧❛r②✳
❋✐♥❛❧❧②✱ s✐♥❝❡ ♦✉r ❉✐r✐❝❤❧❡t s❡r✐❡s ❤❛✈❡ ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞

❝♦❡✣❝✐❡♥ts✱ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦❧❧♦✇ ❢r♦♠ ❛ ❣❡♥❡r❛❧ ✭❛♥❞ ✐♥ t❤✐s ❝❛s❡ ❡❛s②✮
❚❛✉❜❡r✐❛♥ t❤❡♦r❡♠✳ ❋♦r t❤❡ ❡rr♦r t❡r♠ O(Xα) ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t α < 1✱ ✇❡ r❡❢❡r
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳

❘❡♠❛r❦✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ✭✶✳✶✮ ❢♦r k = Q ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❝②❝❧✐❝ ❝✉❜✐❝ ✜❡❧❞s✮
✐s ❞✉❡ t♦ ❈♦❤♥ ❬✷✶❪✱ ❛♥❞ ♦✈❡r ❛ ❣❡♥❡r❛❧ ♥✉♠❜❡r ✜❡❧❞ t♦ ❈♦❤❡♥✱ ❉✐❛③ ② ❉✐❛③ ❛♥❞
❖❧✐✈✐❡r ❬✶✽❪✳ ❚❤❡ ❡q✉❛t✐♦♥ ✭✶✳✷✮ ♦✈❡r Q ✐s ❝❡rt❛✐♥❧② ❛❧s♦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❛t
❧❡❛st ✐ts ♠❛✐♥ t❡r♠✮✱ ❜✉t ♦✈❡r ❛ ❣❡♥❡r❛❧ ♥✉♠❜❡r ✜❡❧❞ ✐t s❡❡♠s t♦ ❜❡ ♥❡✇✳

✶✳✼ ❊rr♦r t❡r♠ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❡rr♦r t❡r♠ ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛s
✭✶✳✶✮ ❛♥❞ ✭✶✳✷✮✳

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♥❡❡❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❉✐r✐❝❤❧❡t s❡r✐❡s Φ(s)✳

▲❡♠♠❛ ✶✳✼✳✶✳ ❋♦r t❤❡ ❉✐r✐❝❤❧❡t s❡r✐❡s Φ(s) =
∑∞

n=1 ann
−s ✇❡ ❤❛✈❡ |an| ≪ nε✱

❢♦r ❡✈❡r② ε > 0✳

Pr♦♦❢✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❥✉st r❡❢❡rr✐♥❣ t♦ ❬✷✼✱ ▲❡♠♠❛ ✻✳✶❪✱ ✇❤♦ ♣r♦✈❡ t❤❡
❜♦✉♥❞ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✇✐t❤ ✜①❡❞ ♥♦r♠ ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥t✳

❲❡ ❣✐✈❡ ❛ ❞✐r❡❝t ♣r♦♦❢ ❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✳
❚❤❡ ♦♥❧② ♣❛rt ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ ✐s F (b, χ, s) ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ♥❡❡❞ t♦

❜♦✉♥❞ t❤❡ ❉✐r✐❝❤❧❡t ❝♦❡✣❝✐❡♥ts bn ♦❢

∞∑

n=1

bnn
−s :=

∏

p∈D′(χ)

(
1 +

2

N(p)s

) ∏

p∈D\D′(χ)

(
1 − 1

N(p)s

)
, ❘❡(s) > 1.

❜✉t ❢♦r ❡✈❡r② n ✇❡ ❥✉st ♥❡❡❞ t♦ ❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ❞✐st✐♥❝t ♣r✐♠❡s ✭∈ Z✮
❞✐✈✐❞✐♥❣ n ✭t❤❛t ✐s ω(n)✮ ❛♥❞ ❢♦r ❡❛❝❤ ♦♥❡ ♦❢ t❤♦s❡ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛t ♠♦st [k : Q]
♣r✐♠❡ ✐❞❡❛❧s ♦❢ k ❛❜♦✈❡ ✐t✱ s♦ ✇❡ ♦❜t❛✐♥

|bn| ≪ 2ω(n)[k:Q]

❛♥❞ s✐♥❝❡ ω(n) ≤ (1 + o(1)) log n
log log n ✭❢♦r n→ ∞✮ ✭❬✺✶✱ ➓✺✳✸❪✮ ✇❡ ♦❜t❛✐♥

|bn| ≪ nε, ∀ε > 0,

❜✉t |an|/|bn| ✐s ❜♦✉♥❞❡❞✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t |an| ≪ nε✱ ❢♦r ❛❧❧ ε > 0✳

❙♦ Φ(s) ✐s ❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ❢♦r ❘❡(s) > 1✳
▲❡t ✉s ❞❡✜♥❡ S(x) =

∑
n≤x an ❛♥❞ S∗(x) =

∑
n<x an + 1

2ax✱ ✇❤❡r❡ ax ✐s
❞❡✜♥❡❞ t♦ ❜❡ 0 ✐❢ x ∈ R \ N ✭x ≥ 0✮✳

✷✸



❖✉r ❛✐♠ ✐s t♦ ❝♦♠♣✉t❡ S(x)✱ ❢♦r t❤✐s ✇❡ ✇✐❧❧ ♥❡❡❞ s♦♠❡ ❝♦♠♣❧❡① ❛♥❛❧②s✐s r❡s✉❧ts✳
▲❡t ✉s ✜① δ > 0✱ s❡t κ = 1 + δ✱ κ0 = 1/2 + δ✳ ❇② P❡rr♦♥ ❢♦r♠✉❧❛ ❬✺✶✱ ➓✷✳✶✱

❚❤é♦rè♠❡ ✶❪✱ ✇❡ ❤❛✈❡

S∗(x) =
1

2πi

∫ κ+i∞

κ−i∞
Φ(s)xss−1ds, (x > 0)

❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ❢♦r♠✉❧❛ ❬✺✶✱ ➓✷✳✶✱ ❚❤é♦rè♠❡ ✷❪

S(x) =
1

2πi

∫ κ+iT

κ−iT

Φ(s)xss−1ds+O

(
xκ

∞∑

n=1

|an|
nκ(1 + T | log(x/n)|)

)
, T ≥ 1.

▲❡t Γ ❜❡ t❤❡ ❜♦r❞❡r ♦❢ t❤❡ r❡❝t❛♥❣❧❡ ♦❢ ✈❡rt✐❝❡s κ0 − iT ✱ κ0 + iT ✱ κ + iT ✱
κ− iT ✳

S(x) =
1

2πi

(∫

Γ

Φ(s)xss−1ds−B(T ) −B(−T ) − C

)
+O(A),

✇❤❡r❡

A = xκ
∞∑

n=1

|an|
nκ(1 + T | log(x/n)|)

B(t) =

∫ κ+it

κ0+it

Φ(s)xss−1ds

C =

∫ κ0+iT

κ0−iT

Φ(s)xss−1ds.

❲❡ ❤❛✈❡
1

2πi

∫

Γ

Φ(s)xss−1ds = Ress=1

(
Φ(s)xs

s

)
.

❙♦ ✇❡ ♦❜t❛✐♥

S(x) = Ress=1

(
Φ(s)xs

s

)
+ E,

✇❤❡r❡ t❤❡ ❡rr♦r t❡r♠ E ✐s ❣✐✈❡♥ ❜②

E = E(δ, T ) = − 1

2πi
(B(T ) +B(−T ) + C) +O(A).

❚♦ ❜♦✉♥❞ t❤✐s ❡rr♦r t❡r♠ ✇❡ ✇✐❧❧ ♥❡❡❞ t♦ ❜♦✉♥❞ Φ(s) ♣♦❧②♥♦♠✐❛❧❧② ✐♥ ■♠(s) ✐♥
t❤❡ str✐♣ 1

2 ≤ ❘❡(s) ≤ 1✳ ❲❡ ✇✐❧❧ ❜❡ ❝♦♥t❡♥t ✇✐t❤ t❤❡ s✐♠♣❧❡st s✉❝❤ ❜♦✉♥❞✱
♥❛♠❡❧② t❤❡ ❝♦♥✈❡①✐t② ❜♦✉♥❞ ✭P❤r❛❣♠é♥✲▲✐♥❞❡❧ö❢✬s ♣r✐♥❝✐♣❧❡✮✱ ❜✉t ✐t ✐s ♣♦ss✐❜❧❡
t♦ ✐♠♣r♦✈❡ ✐t ❢♦r ❝❡rt❛✐♥ ❝❧❛ss❡s ♦❢ ❜❛s❡ ✜❡❧❞s k✳

❇② ❬✸✽✱ ✭✺✳✷✵✮❪✱ ✇❡ ❤❛✈❡

s− 1

s+ 1
ζk(s) ≪ q(ζk, s)

(1−σ)/2+ε, ❢♦r ❛❧❧ ε > 0, ✭✶✳✸✮

✇❤❡r❡ ✐♥ ♦✉r ❝❛s❡ t❤❡ ❛♥❛❧②t✐❝ ❝♦♥❞✉❝t♦r q(ζk, s) ✐s ❧❡ss t❤❛♥ |dk| (|t|+4)[k:Q] ❬✸✽✱
➓✺✳✶✵✱ ♣✳ ✶✷✺❪✳ ❚❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ✜❡❧❞ ❞❡❣r❡❡ ❛♥❞ ε✳

■♥ ♣❛rt✐❝✉❧❛r ❢♦r |t| ≥ 1 ✇❡ ❤❛✈❡

ζk(s) ≪ |t|µk(σ)+ε, s = σ + it, ✭✶✳✹✮

❢♦r s♦♠❡ µk(σ)✳ ❲❡ ❝❛♥ ❢♦r ✐♥st❛♥❝❡ ✉s❡ µk(σ) = (1 − σ)[k : Q]/2✱ ❛♥❞ t❤❡
✐♠♣❧✐❡❞ ❝♦♥st❛♥t ♥♦✇ ❞❡♣❡♥❞s ♦♥ t❤❡ ✜❡❧❞ ❞✐s❝r✐♠✐♥❛♥t ❛♥❞ ε ✿ t❤❡ ❞❡♣❡♥❞❡♥❝❡
♦♥ t❤❡ ❞❡❣r❡❡ ✐s ♥♦ ❧♦♥❣❡r ♥❡❡❞❡❞ ❜② ❖❞❧②③❦♦✬s ❜♦✉♥❞ ✿ [k : Q] = O(log |dk|)✳

✷✹



▲❡♠♠❛ ✶✳✼✳✷✳ ❋♦r ❛❧❧ s = σ + it, 1
2 + δ ≤ σ ≤ 1 + δ✱ |t| ≥ 1✱ ✇❡ ❤❛✈❡

|Φ(s)| ≪ |t|µ(σ)+ε, ❢♦r ❛❧❧ ε > 0,

✇❤❡r❡ µ(σ) = 0 ❢♦r σ > 1 ❛♥❞ µ(σ) ✐s ❝♦♥✈❡① ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ str✐♣
0 < σ < 1✳ ❆ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡ ❢♦r µ ✐s µ(σ) = 2µk(σ)✳

Pr♦♦❢✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ❜♦✉♥❞ |F (b, χ, s)|✳ ❲❤❡♥ χ ✐s ♥♦♥ tr✐✈✐❛❧✱ F (b, χ, s)
✐s ❤♦❧♦♠♦r♣❤✐❝ ❢♦r ❘❡(s) > 1

2 ✱ s♦ ✇❡ ❥✉st ♥❡❡❞ t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡ χ = χ0

t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♦❜t❛✐♥ F (b, 1, s) = 2ω(re(b))P (s)✱ ✇❤❡r❡

P (s) =
∏

p∈D

(
1 +

2

N(p)s

)
s♦ ✐♥ ❝❛s❡s ✭✶✮ ❛♥❞ ✭✹✮ ✇❡ ❣❡t

P (s) =

ζk(s)2
∏

p⊂k

(
1 − 3

N(p)2s
+

2

N(p)3s

)

∏
p|3Zk

(
1 +

2

N(p)s

) ,

✇❤✐❧❡ ✐♥ ❝❛s❡s ✭✷✮✱ ✭✸✮ ❛♥❞ ✭✺✮ ✇❡ ♦❜t❛✐♥ ✇✐t❤ ❡✈✐❞❡♥t ♥♦t❛t✐♦♥

P (s) =

ζK′

2
(s)
∏(K′

2/k
p

)
=1

(
1 − 3

N(p)2s
+

2

N(p)3s

)

∏(K′

2/k
p

)
=0

(1 − 1/N(p)s)
−1∏(K′

2/k
p

)
=−1

(1 − 1/N(p)2s)
−1 .

❚❤❡ ♣r♦❞✉❝ts ✐♥ t❤❡ ❢♦r♠✉❧❛ ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ❢♦r ❘❡(s) > 1/2✱ ❛♥❞ ✇❡ ❝❛♥
❡①t❡♥❞ ζK′

2
t♦ ❛ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✐♥ t❤✐s ✈❡rt✐❝❛❧ str✐♣ s♦ t❤❛t

|F (b, 1, s)| ≪ |ζK′

2
(s)| ≪ |ζ2

k(s)|

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ✭✶✳✹✮✳

❖✉r ❣♦❛❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✿

Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✸✳ ❚❤❡ ❡rr♦r t❡r♠ E s❛t✐s✜❡s

|E| ≪ε,dk
xα+ε, ❢♦r ❛❧❧ ε > 0,

✇❤❡r❡ µ ✐s ❛s ✐♥ ▲❡♠♠❛ ✶✳✼✳✷ ❛♥❞

α = 1 − 1

2
(
1 + µ

(
1
2

)) .

❚❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞s ♦♥ ε ❛♥❞ t❤❡ ✜❡❧❞ ❞✐s❝r✐♠✐♥❛♥t✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s ♣r♦♣♦s✐t✐♦♥✱ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ |A|✱ |B(±T )| ❛♥❞ |C|✳ ❲❡
♠❛② ❛ss✉♠❡ x ≥ 1✳

▲❡♠♠❛ ✶✳✼✳✹✳ ❲❡ ❤❛✈❡

|A| ≪δ
xκ

T
+
x

T
log T.

✷✺



Pr♦♦❢✳ ▲❡t ✉s ✇r✐t❡ A = A1 + A2✱ ✇❤❡r❡ A2 ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ n ✐♥
t❤❡ ✐♥t❡r✈❛❧ [ 12x, 2x]✱ ❛♥❞ A1 ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♦t❤❡r n✳

❋♦r n ♥♦t ✐♥ t❤❡ ✐♥t❡r✈❛❧ [ 12x, 2x] ✇❡ ❤❛✈❡ | log(x/n)| > log 2✱ ❤❡♥❝❡

|A1| ≤
xκ

T
log 2

∞∑

n=1

|an|
nκ

,

❜✉t ♥♦✇ t❤❡ s✉♠ ✐s ❡①❛❝t❧② Φ(κ) ✭r❡♠❡♠❜❡r t❤❛t t❤❡ an ≥ 0✮✱ ✇❤✐❝❤ ✐s ❝♦♥✈❡r✲
❣❡♥t ❢♦r κ > 1✱ s♦ |A1| ≪δ

xκ

T ✳
■t r❡♠❛✐♥s t♦ ❞❡❛❧ ✇✐t❤ t❤❡ n ✐♥ t❤❡ ✐♥t❡r✈❛❧ [ 12x, 2x]✳
▲❡t ✉s s✉♣♣♦s❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t x ✐s ❛♥ ✐♥t❡❣❡r✱ ❛♥❞ ❧❡t ✉s ✇r✐t❡ n = x+h✱

✇❤❡r❡ |h| < x✳
❲❡ ❤❛✈❡ t❤❛t | log(x/n)| = | log(1 + h

x )| ≫ |h|
x , s✐♥❝❡

|h|
x < 1.

A2 =
∑

x/2≤n≤2x

xκ

nκ

|an|
1 + T | log(x/n)| ≪ε (2x)ε

∑

−x/2≤h≤x

1

1 + T |h|/x,

✇❤❡r❡ ✇❡ ✉s❡ x
n = O(1) ❛♥❞ |an| = Oε(n

ε). ❋✐♥❛❧❧②

∑

−x/2<h≤x

1

1 + T |h|/x ≤ 2
∑

0≤h≤x

1

1 + Th/x
≪ 1 +

∑

1≤h≤x/T

1 +
∑

x/T<h≤x

x

Th

≪ 1 +
x

T
+ x

log T

T
.

❙♦ |A2| ≪ x
T log T ✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳

▲❡♠♠❛ ✶✳✼✳✺✳ ❋♦r ❛❧❧ |T | ≥ 1✱ ✇❡ ❤❛✈❡

|B(±T )| ≪ε,dk

( x

Tµ(0)

)κ

T (µ(0)−1)+ε,

✇❤❡r❡ t❤❡ ✐♠♣❧✐❡❞ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞s ♦♥ ε ❛♥❞ t❤❡ ✜❡❧❞ ❞✐s❝r✐♠✐♥❛♥t✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡

B(t) =

∫ κ

κ0

xσ+it Φ(σ + it)

σ + it
dσ,

❤❡♥❝❡

|B(t)| ≪ε,dk

∫ κ

κ0

xσ|t|µ(σ)+ε dσ

|t| , ❢♦r |t| ≥ 1.

❇② ❝♦♥✈❡①✐t② µ(σ) ≤ µ(0) − σµ(0)✳ ❙♦

|B(t)| ≪ε,dk
|t|(µ(0)−1)+ε

∫ κ

κ0

(
x

|t|µ(0)

)σ

dσ ≤ |t|(µ(0)−1)+ε|κ− κ0|
(

x

|t|µ(0)

)κ

.

❙✐♥❝❡ |κ− κ0| = 1/2✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✶✳✼✳✻✳ ❲❡ ❤❛✈❡

|C| ≪ε,dk
xκ0Tµ(κ0)+ε.

✷✻



Pr♦♦❢✳ ◆♦✇ ❧❡t ✉s ❡st✐♠❛t❡

C =

∫ T

−T

xκ0+itΦ(κ0 + it)(κ0 + it)−1i dt.

❍❡♥❝❡

|C| ≪ε,dk

∫ 1

0

xκ0 |Φ(κ0 + it)| dt
κ0

+

∫ T

1

xκ0 |t|µ(κ0)+ε dt

|t| .

❯s✐♥❣ ✭✶✳✸✮ ❛♥❞ κ0 > 1/2 ✇❡ ♦❜t❛✐♥

∫ 1

0

|Φ(κ0 + it)| dt
κ0

≪dk
1.

❋✐♥❛❧❧②

C ≪ε,dk
xκ0Tµ(κ0)+ε

∫ T

1

dt

t
≪ε,dk

xκ0Tµ(κ0)+2ε,

❢♦r ❛❧❧ ε > 0✳

Pr♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✸✳ ❚❤❛♥❦s t♦ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✱ ✇❡ ❝♦♥❝❧✉❞❡
t❤❛t t❤❡ ❡rr♦r t❡r♠

E = − 1

2πi
(B(T ) +B(−T ) + C) +O(A)

s❛t✐s✜❡s

|E| ≪δ,ε,dk

(
xκ

T
+
x

T
log T

)
+
( x

Tµ(0)

)κ

T (µ(0)−1)+ε + xκ0Tµ(κ0)+ε.

❇❡❧♦✇✱ ✇❡ ✇✐❧❧ ❝❤♦♦s❡ T = xτ ❢♦r s♦♠❡ τ > 0✳ ❙✐♥❝❡ κ > 1 ✇❡ ❝❛♥ t❤❡♥ s✐♠♣❧✐❢②

|E| ≪δ,ε,dk

xκ

T
+ xκ0Tµ(κ0)+ε.

❚❤❡ ❜❡st ❡rr♦r t❡r♠ ✐s ♦❜t❛✐♥❡❞ ✇❤❡♥ ✇❡ ❝❤♦♦s❡

T = x
κ−κ0

1+µ(κ0) :

r❡❝❛❧❧✐♥❣ t❤❛t κ− κ0 = 1/2✱ ✇❡ t❤❡♥ ♦❜t❛✐♥

|E| ≪δ,ε,dk
xα+ε,

✇❤❡r❡

α = κ− 1

2 (1 + µ (κ0))
. ✭✶✳✺✮

❙✐♥❝❡ µ ✐s ❞❡❝r❡❛s✐♥❣✱ ✇❡ ❤❛✈❡ µ(κ0) ≤ µ(1/2)✱ ❤❡♥❝❡

α ≤ κ− 1

2 (1 + µ(1/2))
. ✭✶✳✻✮

❲❡ t❤❡♥ ❧❡t δ = ε ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

■♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ k = Q ✇❡ ❝❛♥ t❛❦❡ µ(1/2) = 1/2✱ ❛♥❞ ✇❡ ♦❜t❛✐♥ ❛♥ ❡rr♦r
t❡r♠ |E| ≪ε x

2/3+ε✳

✷✼



❘❡♠❛r❦✳ ❋♦r k = Q ✇❡ ✉s❡❞ t❤❡ ❝♦♥✈❡①✐t② ❜♦✉♥❞

ζ(s) ≪ε t
(1−σ)/2+ε.

❯s✐♥❣ s✉❜❝♦♥✈❡①✐t② ❜♦✉♥❞s✱ ❢♦r ✐♥st❛♥❝❡ ζ(1/2 + it) ≪ε t
1/6+ε ✭❬✸✽✱ ♣❛❣❡ ✶✵✶❪✮✱

✇❡ ✇♦✉❧❞ ❣❡t ❜❡tt❡r ❡rr♦r t❡r♠s✳
❖✈❡r ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ✜❡❧❞ k t❤❡ ❝♦♥✈❡①✐t② ❜♦✉♥❞ ❣✐✈❡s µk(1/2) = d/4✱

✇❤❡r❡ d = [k : Q]✱ s♦ t❤❡ ❡rr♦r t❡r♠ ✐♥ Pr♦♣♦s✐t✐♦♥
❣❡ts ❜✐❣❣❡r✱ ❜✉t ✇❡ st✐❧❧ ❣❡t ❛ ♣♦✇❡r s❛✈✐♥❣ ✐♥ t❤❡ ❡rr♦r t❡r♠✱ s✐♥❝❡ ✇❡ ♦❜t❛✐♥

O(X1−β)✱ ❢♦r s♦♠❡ β > 0✳

❈♦r♦❧❧❛r② ✶✳✼✳✼ ✭♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✸✮✳

✭✶✮ ❯♥❝♦♥❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡rr♦r t❡r♠ ✐s

E ≪ε,dk
x1−1/(2+[k:Q])+ε, ❢♦r ❛❧❧ ε > 0.

✭✷✮ ❯♥❞❡r ▲✐♥❞❡❧ö❢ ❍②♣♦t❤❡s✐s✱ t❤❡ ❡rr♦r t❡r♠ ✐s

E ≪ε x
1/2+ε, ❢♦r ❛❧❧ ε > 0.

Pr♦♦❢✳ ❚❤❡ ✜rst ♣♦✐♥t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✸✱ ✭✶✳✹✮ ✇✐t❤ µk(1/2) =
[k : Q]/4✱ ❛♥❞ µ(1/2) = 2µk(1/2)✳ ❯♥❞❡r ▲✐♥❞❡❧ö❢ ❍②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ µ(σ) = 0
❢♦r ❡✈❡r② σ > 1/2✳

■♥ ♣❛rt✐❝✉❧❛r✱ ❈♦r♦❧❧❛r② ✶✳✼✳✼ ❤♦❧❞s ✉♥❞❡r t❤❡ ●❘❍ ❬✸✽✱ ❈♦r♦❧❧❛r② ✺✳✷✵❪✳ ❲❡
s✉♠ ✉♣ t❤❡ ✇♦r❦ ♦❢ t❤✐s s❡❝t✐♦♥ ✐♥ ❛ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✽✳ ▲❡t F (s) =
∑∞

n=1 ann
−s ❜❡ ❛ ❉✐r✐❝❤❧❡t s❡r✐❡s ✇❤✐❝❤ ✐s

❛❜s♦❧✉t❡❧② ❝♦♥✈❡r❣❡♥t ❢♦r ❘❡(s) > 1✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ♠❡r♦♠♦r♣❤✐❝❛❧❧② t♦
❘❡(s) > 1/2 ✇✐t❤ ❛ ♣♦❧❡ ♦❢ ♦r❞❡r k ≥ 1 ❛t s = 1 ❛♥❞ ♥♦ ♦t❤❡r ♣♦❧❡ ✐♥ t❤❡ str✐♣
1
2 < ❘❡(s) < 1✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✶✮ ❚❤❡ ❝♦❡✣❝✐❡♥ts an ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ❛♥❞ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

an ≪ε n
ε .

✭✷✮ F (s) ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✜♥✐t❡ ♦r❞❡r ✐♥ t❤❡ ✈❡rt✐❝❛❧ str✐♣ 1
2 < σ ≤ 1 ✿ ✇❡ ❤❛✈❡

|F (σ + it)| ≪ε |t|µ(σ)+ε, ✇❤❡♥ |t| ≥ 1✱ ❢♦r ❛❧❧ ε > 0,

✇❤❡r❡ µ(1) = 0✱ ❛♥❞ µ(σ) ✐s ❝♦♥✈❡① ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ str✐♣✳

✭✸✮ ❚❤❡ ✐♥t❡❣r❛❧ ∫ 1

0

|F (σ + it)| dt

✐s ❜♦✉♥❞❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ 1
2 < σ < 1

2 + δ✱ ❢♦r s♦♠❡ δ > 0✳

❚❤❡♥ ❢♦r ❛❧❧ ε > 0✱ ✇❡ ❤❛✈❡
∑

n≤x

an = Ress=1

(
F (s)

xs

s

)
+O(xα+ε) ,

✇❤❡r❡

α = 1 − 1

2 (1 + µ(1/2))
. ✭✶✳✼✮

Pr♦♦❢✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

✷✽



✶✳✽ ❙♣❡❝✐❛❧ ❈❛s❡s✿ k = Q✱ ❈❛s❡s ✭✷✮✱ ✭✹✮✱ ❛♥❞ ✭✺✮

❚❤❡ ❝♦♠♣✉t❛t✐♦♥s t❤❛t ✇❡ ❤❛✈❡ ❞♦♥❡ ❛r❡ ♥♦t ✈❡r② ❞✐✣❝✉❧t✱ ❛♥❞ ❡①tr❡♠❡❧② s✐♠✐❧❛r
t♦ t❤♦s❡ ♦❢ ❬✶✽❪✱ ❜✉t st✐❧❧ t❤❡② ❛r❡ q✉✐t❡ ❝♦♠♣❧❡①✱ ❛♥❞ ✐t ✐s ✈❡r② ❡❛s② t♦ ♠❛❦❡
♠✐st❛❦❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ❝❛s❡s✳ ■t ✐s t❤✉s ❡ss❡♥t✐❛❧ t♦
❝♦♠♣✉t❡ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ❢♦r ❡❛❝❤✳ ❲❡ ❜❡❣✐♥ ❜② t❤❡ s✐♠♣❧❡st ❢♦r k = Q✱ ❛♥❞
s✐♥❝❡ ρ /∈ k ♦♥❧② ❝❛s❡s ✭✷✮✱ ✭✹✮✱ ❛♥❞ ✭✺✮ ♦❝❝✉r✳

✶✳✽✳✶ ❈❛s❡ ✭✷✮✿ ❈②❝❧✐❝ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s

❚❤✐s ❝❛s❡ ✐s ❝❧❛ss✐❝❛❧ ✭s❡❡ ❬✷✶❪✮✱ ❜✉t ✇❡ tr❡❛t ✐t ♥♦♥❡t❤❡❧❡ss✳ ❍❡r❡ K2 = Q ❛♥❞
L = Q(

√
−3)✳ ❇② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 3✱ [K2 : Q] = 1✱

❛♥❞ ✐❢ p3 =
√
−3ZL ✐s t❤❡ ✉♥✐q✉❡ ✐❞❡❛❧ ❛❜♦✈❡ 3✱ t❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s bz ❛r❡ p

j
3

❢♦r j = 0✱ 2✱ ❛♥❞ 3✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s cz ❡q✉❛❧ t♦ ZL✱ p3✱ ❛♥❞ p3✳ ❚❤✉s✱
|cz/bz| = 1✱ 3✱ 9✱ ❛♥❞ |(cz ∩ Q)/(bz ∩ Q)| = 1✱ 1✱ 3✱ s♦ ❜② ▲❡♠♠❛ ✶✳✺✳✼ ✇❡ ❤❛✈❡
|(Zb/Z

3
b)[T ]| = 1✱ 3✱ 3✳ ❙✐♥❝❡ e(3/3) = 1✱ re(b) ✐s ❛❧✇❛②s tr✐✈✐❛❧✱ ❛♥❞ ✇❡ ❤❛✈❡

r❡s♣❡❝t✐✈❡❧② ⌈N⌉(b)s = 1✱ 3s✱ 32s✱ ❛♥❞ Pb(s) = 1✱ −1/3s✱ 1✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾
✇❡ ❤❛✈❡ D3 = ∅✱ ❛♥❞ D ✐s t❤❡ s❡t ♦❢ ♣r✐♠❡s p ≡ 1 (mod 3)✳ ❋✐♥❛❧❧②✱ ❛♥ ❡❛s②
❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t Gb ✐s tr✐✈✐❛❧ ❢♦r ❛❧❧ b✱ s♦ t❤❡ s✉♠ ♦✈❡r χ ♦❢ t❤❡ ❢✉♥❝t✐♦♥s
F (b, χ, s) ✐s ❛❧✇❛②s ❡q✉❛❧ t♦ F (s) =

∏
p≡1 (mod 3)(1 + 2/ps)✳ ❲❡ ❞❡❞✉❝❡ t❤❛t✱

✇✐t❤ ❡✈✐❞❡♥t ♥♦t❛t✐♦♥

Φ(s) =
3/2

32s

(1, 3s, 32s)(1,−1/3s, 1)

(1, 3, 3)
F (s) =

1

2
(1 + 2/32s)F (s) .

❲❡ ❤❛✈❡ t❤✉s ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✶✳ ❲❡ ❤❛✈❡

∑

K/Q ❝②❝❧✐❝ ❝✉❜✐❝

1

f(K/Q)s
= −1

2
+

1

2

(
1 +

2

32s

) ∏

p≡1 (mod 3)

(
1 +

2

ps

)
.

❈♦r♦❧❧❛r② ✶✳✽✳✷✳ ■❢✱ ❛s ❛❜♦✈❡✱ M(Q/Q, X) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧✐❝ ❝✉❜✐❝
✜❡❧❞s K ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ f(K/Q) ≤ X✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(Q/Q, X) = C(Q/Q)X +O(X2/3+ε) ✇✐t❤

C(Q/Q) =
11
√

3

36π

∏

p≡1 (mod 3)

(
1 − 2

p(p+ 1)

)

= 0.1585282583961420602835078203575 . . .

✶✳✽✳✷ ❈❛s❡ ✭✹✮✿ P✉r❡ ❈✉❜✐❝ ❋✐❡❧❞s

■♥ ❝❛s❡ ✭✹✮✱ ✇❡ ❤❛✈❡ K2 = Q(ρ) = Q(
√
−3)✱ s♦ t❤❛t L = K2✱ ❛♥❞ K/Q ✐s ❛ ♣✉r❡

❝✉❜✐❝ ✜❡❧❞✱ ✐♥ ♦t❤❡r ✇♦r❞s K = Q( 3
√
m)✳

❇② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 1✱ [K2 : Q] = 2✱ ❛♥❞ s✐♥❝❡
p3 =

√
−3ZL ✐s t❤❡ ♦♥❧② ✐❞❡❛❧ ❛❜♦✈❡ 3✱ t❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s b = bz ❛r❡ b = p

j
3

❢♦r 0 ≤ j ≤ 3 ✭t❤✐s t✐♠❡ ✐♥❝❧✉❞✐♥❣ j = 1✮✱ ❛❧❧ ♦❢ ❝♦✉rs❡ st❛❜❧❡ ❜② τ2✱ ✇✐t❤
❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s c = cz ❡q✉❛❧ t♦ ZL✱ p3✱ p3✱ ❛♥❞ p3✳ ❚❤✉s ❜② ▲❡♠♠❛ ✶✳✺✳✼
✇❡ ❤❛✈❡ |(Zb/Z

3
b)[T ]| = (cz ∩ Q)/(bz ∩ Q)| = 1✱ 1✱ 1✱ 3✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾

✇❡ ❤❛✈❡ D3 = {3} ❛♥❞ D ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡s p 6= 3✱ s♦ t❤❛t d3 = 3Z✳ ❲❡

✷✾



❤❛✈❡ r❡s♣❡❝t✐✈❡❧② ⌈N⌉(b)s = 1✱ 3s/2✱ 3s✱ 33s/2✱ N(re(b))s = 3s/2✱ 1✱ 1✱ 1✱ ❛♥❞ t❤❡
❝♦♥❞✐t✐♦♥ re(b) | d3 ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ❙✐♥❝❡ e(p/3) = 2✱ ✇❡ ❤❛✈❡ Pb(s) = 1✱
1/3s/2✱ 1/3s/2 − 1/3s✱ 1 − 1/3s✳ ■❢ χ = χ0 ✐s t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✱ ✇❡ t❤✉s ❤❛✈❡
F (pj

3, χ0, s) = F (s) =
∏

p6=3(1 + 2/ps) ❢♦r j ≥ 1✱ ✇❤✐❧❡ F (ZK2 , χ0, s) = 2F (s)✳
❚❤✉s✱ ✇✐t❤ t❤❡ s❛♠❡ ❡✈✐❞❡♥t ♥♦t❛t✐♦♥ ❛s t❤❡ ♦♥❡ ✉s❡❞ ❛❜♦✈❡✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥
♦❢ t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ✐s ❡q✉❛❧ t♦

Φ0(s) =
1/2

33s/2

(1/3s/2, 3s/2, 3s, 33s/2)(2, 1/3s/2, 1/3s/2 − 1/3s, 1 − 1/3s)

(1, 1, 1, 3)
F (s)

=
1

6

(
1 +

2

3s
+

6

32s

)∏

p6=3

(
1 +

2

ps

)
.

❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❣r♦✉♣ Gb ✐s tr✐✈✐❛❧ ❢♦r b = p
j
3 ✇✐t❤ 0 ≤

j ≤ 2✱ ❜✉t ❤❛s ♦r❞❡r 3 ❢♦r b = p3
3✳ ❚❤✉s✱ ✇❡ ♠✉st s✐♠♣❧② ❛❞❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥

♦❢ t❤❡ t✇♦ ❝♦♥❥✉❣❛t❡ ♥♦♥tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ♦❢ ♦r❞❡r 3 ♦❢ Gp3
3
✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✐❢ χ

✐s ♦♥❡ ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡rs ✇❡ ❤❛✈❡

F (p3
3, χ, s) =

∏

χ(p)=1

(1 + 2/ps)
∏

χ(p) 6=1

(1 − 1/ps) .

❚❤❡ ❝♦♥❞✐t✐♦♥ χ(p) = 1 ✐s ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ p ≡ ±1 (mod 9)✱ s♦ ✇❡
♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✸✳ ❲❡ ❤❛✈❡

∑

K/Q ♣✉r❡ ❝✉❜✐❝

1

f(K/Q)s
= −1

2
+

1

6

(
1 +

2

3s
+

6

32s

)∏

p6=3

(
1 +

2

ps

)

+
1

3

∏

p≡±1 (mod 9)

(
1 +

2

ps

) ∏

p6≡±1 (mod 9)

(
1 − 1

ps

)
,

✇❤❡r❡ p 6≡ ±1 (mod 9) ✐♥❝❧✉❞❡s p = 3✳

❈♦r♦❧❧❛r② ✶✳✽✳✹✳ ■❢✱ ❛s ❛❜♦✈❡✱ M(Q(
√
−3)/Q, X) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ♣✉r❡

❝✉❜✐❝ ✜❡❧❞s K ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ f(K/Q) ≤ X✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(Q(
√
−3)/Q, X) = C(Q(

√
−3)/Q)X(log(X)+D(Q(

√
−3)/Q)−1)+O(X2/3+ε) ,

✇❤❡r❡

C(Q(
√
−3)/Q) =

7

30

∏

p

(
1 − 3

p2
+

2

p3

)

= 0.066907733301378371291841632984295637501344 . . .

D(Q(
√
−3)/Q) = 2γ − 16

35
log(3) + 6

∑

p

log(p)

p2 + p− 2

= 3.45022279783059196279071191967111041826885 . . . ,

✇❤❡r❡ γ ✐s ❊✉❧❡r✬s ❝♦♥st❛♥t ❛♥❞ t❤❡ s✉♠ ✐s ♦✈❡r ❛❧❧ ♣r✐♠❡s ✐♥❝❧✉❞✐♥❣ p = 3✳
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❚♦ ❝❤❡❝❦ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ ❝♦♥st❛♥ts✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r ✐♥st❛♥❝❡ ❢♦r X = 1016

✇❡ ❤❛✈❡

M(Q(
√
−3)/Q, X) = 26289108423790515 , ✇❤✐❧❡

C(Q(
√
−3)/Q)X(log(X) +D(Q(

√
−3)/Q) − 1) = 26289108423786084 . . .

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞✱ t❤❡ ❡rr♦r ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ O(X1/4) ✭✐♥ t❤✐s ♣r❡❝✐s❡ ❝❛s❡
0.4431X1/4✮✱ ♠✉❝❤ s♠❛❧❧❡r t❤❛♥ O(X2/3+ε) ♣r♦✈❡❞ ❛❜♦✈❡✳

✶✳✽✳✸ ❈❛s❡ ✭✺✮✿ K2 = Q(
√

D) ✇✐t❤ D 6= −3

■♥ ❝❛s❡ ✭✺✮✱ ✇❡ ❤❛✈❡ K2 = Q(
√
D) ✇✐t❤ D 6= −3✱ s♦ L = Q(

√
D,

√
−3)✳ ❘❡❝❛❧❧

❢r♦♠ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t❤❛t ✇❡ ❞❡♥♦t❡ ❜② F(K2) t❤❡ s❡t ♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s K/Q
✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ s✉❝❤ t❤❛t t❤❡ q✉❛❞r❛t✐❝ s✉❜❡①t❡♥s✐♦♥ ♦❢ t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡
♦❢ K/Q ✐s ✐s♦♠♦r♣❤✐❝ t♦ K2✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t❤❡ ♣r♦♦❢ ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✺✳ ▲❡t D ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞✐s❝r✐♠✐♥❛♥t ✇✐t❤ D 6= −3✱ ❧❡t
K2 = Q(

√
D)✱ ❛♥❞ ❧❡t r2(D) = 1 ❢♦r D < 0 ❛♥❞ r2(D) = 0 ❢♦r D > 0✳ ❚❤❡r❡

❡①✐sts ❛ ❢✉♥❝t✐♦♥ φD(s) ❤♦❧♦♠♦r♣❤✐❝ ❢♦r ❘❡(s) > 1/2 s✉❝❤ t❤❛t

∑

K∈F(K2)

1

f(K/Q)s
= φD(s) +

3r2(D)

6
L3(s)

∏
(−3D

p

)
=1

(
1 +

2

ps

)
,

✇❤❡r❡

L3(s) =





1 + 2/32s ✐❢ 3 ∤ D✱

1 + 2/3s ✐❢ D ≡ 3 (mod 9)✱

1 + 2/3s + 6/32s ✐❢ D ≡ 6 (mod 9)✳

Pr♦♦❢✳ ■❢ ✇❡ ❞❡♥♦t❡ ❜② φD(s) t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♥♦♥tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ✐♥
❚❤❡♦r❡♠ ✶✳✻✳✶ ✐t ✐s ❝❧❡❛r t❤❛t φD(s) ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ❢♦r ❘❡(s) > 1/2✱
s♦ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs✳ ❲❡
❝♦♥s✐❞❡r t❤❡ t❤r❡❡ ❝❛s❡s s❡♣❛r❛t❡❧②✳

✭✶✮✳ ❆ss✉♠❡ ✜rst t❤❛t 3 ∤ D✳
❇② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 3r2(D) ✇❤❡r❡ r2(D) = 1 ✐❢ D < 0
❛♥❞ r2(D) = 0 ✐❢ D > 0✱ ✇❡ ❤❛✈❡ [K2 : Q] = 2✱ ❛♥❞ s✐♥❝❡ 3 ✐s ✉♥r❛♠✐✜❡❞ ✐♥
K2/Q t❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s bz ❛r❡ bz = p

j
3 ❢♦r j = 0✱ 2✱ ♦r 3✱ ✇❤❡r❡ ❛s ✉s✉❛❧

p3 =
√
−3ZL✱ ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ ♣r✐♠❡ ✐❞❡❛❧ s✐♥❝❡ 3 ♠❛② s♣❧✐t ✐♥ K2/Q✱

✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s cz = ZL✱ p3✱ p3✳ ❚❤✉s ❜② ▲❡♠♠❛ ✶✳✺✳✼ ✇❡ ❤❛✈❡ ✇✐t❤
♦✉r ✉s✉❛❧ ♥♦t❛t✐♦♥

|(Zb/Z
3
b)[T ]| =

(1, 32, 34)(1, 1, 3)

(1, 1, 32)(1, 3, 32)
,

s♦ |(Zb/Z
3
b)[T ]| = 1✱ 3✱ 3✳ ❲❡ ❤❛✈❡ ⌈N⌉(b)s = 1✱ 3s✱ 32s✱ ❛♥❞ Pb(s) = 1✱ −1/3s✱

1✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾ ✇❡ ❤❛✈❡ D3 = ∅ ❛♥❞ D ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡s p s✉❝❤
t❤❛t

(−3D
p

)
= 1✳ ❚❤✉s re(b) ✐s ❛❧✇❛②s tr✐✈✐❛❧ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦♥❞✐t✐♦♥

re(b) | d3 ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ■❢ χ = χ0 ✐s t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✱ ✇❡ t❤✉s ❤❛✈❡
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F (pj
3, χ0, s) = F (s) =

∏
(−3D/p)=1(1 + 2/ps)✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢

t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ✐s ❡q✉❛❧ t♦

Φ0(s) =
3r2(D)/2

32s

(1, 3s, 32s)(1,−1/3s, 1)

(1, 3, 3)
F (s)

=
3r2(D)

6

(
1 +

2

32s

) ∏
(−3D

p

)
=1

(
1 +

2

ps

)
,

♣r♦✈✐♥❣ t❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ ❝❛s❡ 3 ∤ D✳

✭✷✮✳ ❆ss✉♠❡ ♥♦✇ t❤❛t D ≡ 3 (mod 9)✳
❖♥❝❡ ❛❣❛✐♥ ❜② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 3r2(D)✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ 3 ✐s r❛♠✐✜❡❞ ✐♥ K2/Q✱ s♦ ❞❡♥♦t❡ ❜② p3 t❤❡ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ K2 ❛❜♦✈❡ 3
✭s♦ t❤❛t p3ZL =

√
−3ZL✮✳ ❚❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s b ❛r❡ b = p

j
3 ✇✐t❤ 0 ≤ j ≤ 3

✭✐♥❝❧✉❞✐♥❣ j = 1✮✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s c = ZK2
✱ p3✱ p3✱ p3✳ ❚❤✉s ❜②

▲❡♠♠❛ ✶✳✺✳✼ ✇❡ ❤❛✈❡ ✇✐t❤ ♦✉r ✉s✉❛❧ ♥♦t❛t✐♦♥

|(Zb/Z
3
b)[T ]| =

(1, 1, 32, 34)(1, 1, 1, 3)

(1, 1, 3, 32)(1, 1, 3, 32)
,

s♦ |(Zb/Z
3
b)[T ]| = 1✱ 1✱ 1✱ 3✳ ❲❡ ❤❛✈❡ ⌈N⌉(b)s = 1✱ 3s/2✱ 3s✱ 33s/2✱ ❛♥❞ Pb(s) = 1✱

1/3s/2✱ 1/3s/2 − 1/3s✱ 1 − 1/3s✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾✱ s✐♥❝❡ 3 ✐s ✐♥❡rt ✐♥ K ′
2 =

Q(
√
−D/3) ✭❜❡❝❛✉s❡ −D/3 ≡ 2 (mod 3)✮✱ ✇❡ ❤❛✈❡ D3 = ∅ ✭s♦ t❤❛t d3 = ZK2

✮✱
❛♥❞ D ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡s p s✉❝❤ t❤❛t

(−3D
p

)
= 1✳ ❲❡ ❤❛✈❡ re(b) = p3✱ ZK2

✱
ZK2 ✱ ZK2 r❡s♣❡❝t✐✈❡❧②✱ s♦ t❤❡ ❝♦♥❞✐t✐♦♥ re(b) | d3 ✐♠♣❧✐❡s t❤❛t b = ZK2 ♠✉st ❜❡
❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ s✉♠✳ ❙✐♥❝❡ F (pj

3, χ0, s) = F (s) =
∏

(−3D/p)=1(1 + 2/ps)✱ ✐t
❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ✐s ❡q✉❛❧ t♦

Φ0(s) =
3r2(D)/2

33s/2

(1, 3s/2, 3s, 33s/2)(0, 1/3s/2, 1/3s/2 − 1/3s, 1 − 1/3s)

(1, 1, 1, 3)
F (s)

=
3r2(D)

6

(
1 +

2

3s

) ∏
(−3D

p

)
=1

(
1 +

2

ps

)
,

♣r♦✈✐♥❣ t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ D ≡ 3 (mod 9)✳

✭✸✮✳ ❆ss✉♠❡ ✜♥❛❧❧② t❤❛t D ≡ 6 (mod 9) ✇✐t❤ D 6= −3✳
❚❤✐s ❝❛s❡ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r❡❝❡❞✐♥❣ ♦♥❡✳ ❚❤❡ ✐♥✐t✐❛❧ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ t❤❡
s❛♠❡✱ ❜✉t ♥♦✇ 3 ✐s s♣❧✐t ✐♥ K ′

2✱ s♦ D3 = {3}✱ ❤❡♥❝❡ d3 = 3Zk✳ ❲❡ ❤❛✈❡ t❤❡
s❛♠❡ ✈❛❧✉❡s ♦❢ b ❛♥❞ re(b)✱ ❜✉t s✐♥❝❡ d3 = 3Zk t❤❡ ❝♦♥❞✐t✐♦♥ re(b) | d3 ✐s ❛❧✇❛②s
s❛t✐s✜❡❞✱ ❡✈❡♥ ❢♦r b = ZK2 ✳ ❚❤✉s ❢♦r 1 ≤ j ≤ 3 ✇❡ ❤❛✈❡ ❛s ❛❜♦✈❡ F (pj

3, χ0, s) =
F (s) =

∏
(−3D/p)=1(1 + 2/ps)✱ ✇❤✐❧❡ ❢♦r j = 0 ✇❡ ❤❛✈❡ F (ZK2

, χ0, s) = 2F (s)✳
■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ✐s ❡q✉❛❧ t♦

Φ0(s) =
3r2(D)/2

33s/2

(1/3s/2, 3s/2, 3s, 33s/2)(2, 1/3s/2, 1/3s/2 − 1/3s, 1 − 1/3s)

(1, 1, 1, 3)
F (s)

=
3r2(D)

6

(
1 +

2

3s
+

6

32s

) ∏
(−3D

p

)
=1

(
1 +

2

ps

)
,

❣✐✈✐♥❣ t❤❡ t❤✐r❞ ❢♦r♠✉❧❛ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

✸✷



❈♦r♦❧❧❛r② ✶✳✽✳✻✳ ❙❡t D′ = −3D ✐❢ 3 ∤ D ❛♥❞ D′ = −D/3 ✐❢ 3 | D✱ ❛♥❞
❞❡♥♦t❡ ❛s ✉s✉❛❧ ❜② χD′ t❤❡ ❝❤❛r❛❝t❡r

(
D′

.

)
✳ ❚❤❡♥ ✐❢ D 6= −3 ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧

❞✐s❝r✐♠✐♥❛♥t✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(Q(
√
D)/Q, X) = C(Q(

√
D)/Q)X +O(X2/3+ε) ✇✐t❤

C(Q(
√
D)/Q) =

3r2(D)ℓ3L(χD′ , 1)

π2

∏

p|D′

(
1 − 1

p+ 1

) ∏
(

D′

p

)
=1

(
1 − 2

p(p+ 1)

)
,

✇❤❡r❡

ℓ3 =





11/9 ✐❢ 3 ∤ D✱

5/3 ✐❢ D ≡ 3 (mod 9)✱

7/5 ✐❢ D ≡ 6 (mod 9)✳

◆♦t❡ t❤❛t L(χD′ , 1) ✐s ❣✐✈❡♥ ❜② ❉✐r✐❝❤❧❡t✬s ❝❧❛ss ♥✉♠❜❡r ❢♦r♠✉❧❛✱ ✐♥ ♦t❤❡r ✇♦r❞s
✇✐t❤ st❛♥❞❛r❞ ♥♦t❛t✐♦♥✱ L(χD′ , 1) = 2πh(D′)/(w(D′)

√
|D′|) ✐❢ D′ < 0 ❛♥❞

L(χD′ , 1) = 2h(D′)R(D′)/
√
D′ ✐❢ D′ > 0✳

❚❤❡ ❢♦r♠✉❧❛ ✐♥ t❤❡ ❛❜♦✈❡ ❈♦r♦❧❧❛r② ❛❧❧♦✇s t♦ ❝♦♠♣✉t❡ t❤❡ ❝♦♥st❛♥t C ✉s✐♥❣
t❤❡ t❤❡ ❢♦❧❦❧♦r❡ ♠❡t❤♦❞ ❡①♣❧❛✐♥❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❬✶✺✱ ➓✶✵✳✸✳✻❪✳

✶✳✽✳✹ ❈♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ❘❡s✉❧ts ♦❢ ❬✶✹❪

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ t❤❡ ❝✉❜✐❝ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❢♦r
q✉❛rt✐❝ ❡①t❡♥s✐♦♥s st✉❞✐❡❞ ✐♥ ❬✶✹❪✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ ✜♥❛❧ ❢♦r♠✉❧❛
✭❡ss❡♥t✐❛❧❧② ❈♦r♦❧❧❛r② ✶✳✽✳✻ ❛❜♦✈❡✮ ✐s ❡①tr❡♠❡❧② s✐♠✐❧❛r t♦ t❤❛t ♦❜t❛✐♥❡❞ ✐♥ ❬✶✹❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✼✳ ❑❡❡♣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❈♦r♦❧❧❛r② ✶✳✽✳✻✱ ❛♥❞ ❞❡♥♦t❡ ❜② aD′(p)
t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ Qp ♦❝❝✉rr✐♥❣ ✐♥ K ′

2 ⊗ Qp ✭aD′(p) = 0 ♦r 2 ❛❝❝♦r❞✐♥❣
t♦ ✇❤❡t❤❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❡ ✐❞❡❛❧s pi ❛❜♦✈❡ p ✐♥ K ′

2 ❡q✉❛❧s 1 ♦r 2✮✳ ❋♦r
D 6= −3 ✇❡ ❤❛✈❡

M(Q(
√
D)/Q, X) = C(Q(

√
D)/Q)X +O(X2/3+ε) ✇✐t❤

C(Q(
√
D)/Q) =

c3(D
′)

33+r2(D′)

∏

p6=3

(
1 +

aD′(p)

p

)(
1 − 1

p

)
,

✇❤❡r❡

c3(D
′) =





11 ✐❢ 3ZK′

2
= p2

1 ✱

15 ✐❢ 3ZK′

2
= p1 ✱

21 ✐❢ 3ZK′

2
= p1p2 ✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✺ ✇❡ ❝❛♥ ✇r✐t❡

ΦD(s) = φD(s) +
3r2(D)

6
L3(s)

∏

p6=3

(
1 +

aD′(p)

ps

)
,

s♦ t❤❛t

ΦD(s)

(1 − 1/3s)ζ(s)
= ψD(s) +

3r2(D)

6
L3(s)

∏

p6=3

(
1 +

aD′(p)

ps

)(
1 − 1

ps

)
,

✸✸



✇❤❡r❡ ψD(s) = φD(s)/((1 − 1/3s)ζ(s))✳ ❲❤❡♥ s t❡♥❞s t♦ 1✱ ψD(s) t❡♥❞s t♦
0✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ t❡♥❞s t♦ ❛ ❧✐♠✐t✱ ❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ t❡♥❞s t♦ ❛ s❡♠✐✲❝♦♥✈❡r❣❡♥t ❊✉❧❡r ♣r♦❞✉❝t✳ ❚❤✉s✱ ✐❢ ✇❡ s❡t P (D′) =∏

p6=3((1 + aD′(p)/p)(1 − 1/p))✱ ✇❡ ❤❛✈❡

C(Q(
√
D/Q)) = Ress=1 ΦD(s) =

1

32−r2(D)
L3(1)P (D′) =

c3(D
′)

33+r2(D′)
P (D′) ,

✇❤❡r❡ c3(D′) ✐s ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ s✐♥❝❡ t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s ❢♦r L3(1)
❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❞✐✛❡r❡♥t s♣❧✐tt✐♥❣s ♦❢ 3 ✐♥ K ′

2/Q✳

❋♦r ❝♦♠♣❛r✐s♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ r❡s✉❧ts ♦❢ ❬✶✹❪✳ ❲❡ ❧❡t k ❜❡ ❛ ❝✉❜✐❝ ♥✉♠❜❡r
✜❡❧❞✱ ❛♥❞ s❡t g(k) = 3 ✐❢ k ✐s ❝②❝❧✐❝✱ g(k) = 1 ♦t❤❡r✇✐s❡✳ ❲❡ ❧❡t F(k) ❜❡ t❤❡
s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ q✉❛rt✐❝ ♥✉♠❜❡r ✜❡❧❞s K ✇❤♦s❡ ❝✉❜✐❝ r❡s♦❧✈❡♥t
✐s ✐s♦♠♦r♣❤✐❝ t♦ k✳ ■❢ K ∈ F(k) t❤❡♥ ✐ts ❞✐s❝r✐♠✐♥❛♥t d(K) ✐s ♦❢ t❤❡ ❢♦r♠
d(K) = d(k)f2 ❢♦r s♦♠❡ ✐♥t❡❣❡r f ✱ ✇❤✐❝❤ ❜② ❛❜✉s❡ ♦❢ ❧❛♥❣✉❛❣❡ ✇❡ ❝❛❧❧ t❤❡
❝♦♥❞✉❝t♦r ♦❢ K ❛♥❞ ❞❡♥♦t❡ ❜② f(K/Q)✳ ❆s ✐♥ ♦✉r ❝❛s❡✱ ✇❡ ❧❡t

M(k/Q, X) = |{K ∈ F(k), f(K/Q) ≤ X}| .

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ ❬✶✹❪ ✐s t❤❡♥ ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✶✳✽✳✽✳ ❉❡♥♦t❡ ❜② ak(p) t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♣✐❡s ♦❢ Qp ✐♥ k⊗Qp ✭ak(p) =
0✱ 1 ♦r 3 ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r t❤❡ ♥✉♠❜❡r ♦❢ ♣r✐♠❡ ✐❞❡❛❧s pi ❛❜♦✈❡ p ✐♥ k ❡q✉❛❧s
1✱ 2 ♦r 3✮✳ ❲❡ ❤❛✈❡

M(k/Q, X) = C(k/Q)X +O(X1/2+ε) ✇✐t❤

C(k/Q) =
1

g(k)

c2(k)

24+r2(k)

∏

p6=2

(
1 +

ak(p)

p

)(
1 − 1

p

)
,

✇❤❡r❡

c2(k) =





11 ✐❢ 2Zk = p1

14 ✐❢ 2Zk = p3
1

15 ✐❢ 2Zk = p1p2

16 ✐❢ 2Zk = p2
1p2 ❛♥❞ v2(d(k)) = 3

18 ✐❢ 2Zk = p2
1p2 ❛♥❞ v2(d(k)) = 2

23 ✐❢ 2Zk = p1p2p3

❚❤❡ s✐♠✐❧❛r✐t✐❡s ❛r❡ str✐❦✐♥❣✳

✶✳✽✳✺ ❆♥ ❊①❛❝t ❘❡s✉❧t ✇❤❡♥ D < 0 ❛♥❞ 3 ∤ h(D)

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t ✇❤❡♥ D < 0 ❛♥❞ 3 ∤ h(D)✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t
♥♦♥tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ❞♦ ♥♦t ♦❝❝✉r ✐♥ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s✱ s♦ t❤❛t φD(s) = 0✱
t❤✉s ❣✐✈✐♥❣ ❡①❛❝t ❢♦r♠✉❧❛s ❢♦r t❤❡ ❉✐r✐❝❤❧❡t s❡r✐❡s✳ ❚❤✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✽✳✾✳ ❆ss✉♠❡ t❤❛t K2 = Q(
√
D) ✇✐t❤ D < 0✱ D 6= −3✱ ❛♥❞

3 ∤ h(D) = |Cl(K2)|✳ ❚❤❡♥ ❢♦r ❛♥② ✐❞❡❛❧ b ∈ B ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ s✉♠ ♦❢ ❚❤❡♦r❡♠
✶✳✻✳✶✱ t❤❡ ❣r♦✉♣ Gb = (Clb(L)/Clb(L)3)[T ] ✐s tr✐✈✐❛❧✳

✸✹



Pr♦♦❢✳ ❆♥ ✐♠♣♦rt❛♥t t❤❡♦r❡♠ ♦❢ ❙❝❤♦❧③ ✭❬✹✼❪✮ s❛②s t❤❛t ✐❢ D < 0 ✐s ❛ ♥❡❣❛t✐✈❡
❢✉♥❞❛♠❡♥t❛❧ ❞✐s❝r✐♠✐♥❛♥t ❞✐✛❡r❡♥t ❢r♦♠ −3 ✇❡ ❤❛✈❡

0 ≤ rk3(Cl(Q(
√
D))) − rk3(Cl(Q(

√
−3D))) ≤ 1

❛♥❞ t❤❛t rk3(Cl(Q(
√
D))) = rk3(Cl(Q(

√
−3D))) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ε ✐s ♥♦t 3✲

♣r✐♠❛r②✱ ✐♥ ♦t❤❡r ✇♦r❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ε ✐s ♥♦t ❛ ❝✉❜❡ ♠♦❞✉❧♦ 3
√
−3ZL✱ ✇❤❡r❡

L = Q(
√
D,

√
−3)✱ ❛♥❞ ✇❤❡r❡ ε ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ ✉♥✐t ♦❢ Q(

√
−3D)✳ ❙✐♥❝❡ ✐♥

♦✉r ❝❛s❡ ✇❡ ❛ss✉♠❡ t❤❛t rk3(Cl(Q(
√
D))) = 0✱ ✐t ❢♦❧❧♦✇s t❤❛t ✇❡ ❛❧s♦ ❤❛✈❡

rk3(Cl(Q(
√
−3D))) = 0 ❛♥❞ t❤❛t ε ✐s ♥♦t ❛ ❝✉❜❡ ♠♦❞✉❧♦ 3

√
−3ZL✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ F3[T ]✲♠♦❞✉❧❡s ❛❧r❡❛❞② ✉s❡❞ ❛❜♦✈❡ ✐♥
t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ fα0(b)✿

1 −→ Sb(L)[T ] −→ S3(L)[T ] −→ Zb

Z3
b

[T ] −→ Clb(L)

Clb(L)3
[T ] −→ Cl(L)

Cl(L)3
[T ] −→ 1 .

❇② ❍❛ss❡✬s ❢♦r♠✉❧❛ ❣✐✈✐♥❣ t❤❡ ❝❧❛ss ♥✉♠❜❡r ♦❢ ❜✐q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞s ✭❬✸✻❪✮✱
✇❡ ❤❛✈❡ |Cl(L)| = 2−j |Cl(K2)||Cl(K ′

2)| ✇✐t❤ j = 0 ♦r 1✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r ❜②
❙❝❤♦❧③✬s t❤❡♦r❡♠ ✇❡ ❞❡❞✉❝❡ t❤❛t 3 ∤ |Cl(L)|✳ ❲❡ t❤✉s ❤❛✈❡ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

1 −→ Sb(L)[T ] −→ S3(L)[T ] −→ Zb

Z3
b

[T ] −→ Gb −→ 1 .

■♥ ❛❞❞✐t✐♦♥✱ ❛❧s♦ s✐♥❝❡ 3 ∤ |Cl(L)|✱ S3(L) ✐s ❛♥ F3✲✈❡❝t♦r s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥
r1(L)+r2(L) = 2✱ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❧❛ss❡s ♠♦❞✉❧♦ ❝✉❜❡s ♦❢ ρ ❛♥❞ ❛ ❢✉♥❞❛♠❡♥t❛❧
✉♥✐t ε ♦❢ K ′

2 = Q(
√
−3D)✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ τ ❛♥❞ τ2 ✐s ❣✐✈❡♥ ❜② τ(ρ) = ρ−1✱

τ2(ρ) = ρ✱ τ(ε) = ±ε−1✱ τ2(ε) = ±ε−1 ✭✇❤❡r❡ ± = NK′

2/Q(ε)✮✱ ❛♥❞ ♠♦❞✉❧♦
❝✉❜❡s t❤❡ ± s✐❣♥s ❞✐s❛♣♣❡❛r✳ ❙✐♥❝❡ T = {τ + 1, τ2 + 1}✱ ✐t ❢♦❧❧♦✇s t❤❛t S3(L)[T ]
✐s ❛ 1✲❞✐♠❡♥s✐♦♥❛❧ F3✲✈❡❝t♦r s♣❛❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❝❧❛ss ♦❢ ε✳

❙✐♥❝❡ Gb ♠❛♣s s✉r❥❡❝t✐✈❡❧② ♦♥t♦ Gb′ ❢♦r b′ | b✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♥s✐❞❡r
b = 3

√
−3✳ ■♥ t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t |(Zb/Z

3
b)[T ]| = 3 ✐♥ ❛❧❧ ❝❛s❡s✱ ❛♥❞

s✐♥❝❡ ✇❡ ❤❛✈❡ ❥✉st s❤♦✇♥ t❤❛t |S3(L)[T ]| = 3✱ ❜② t❤❡ ❛❜♦✈❡ ❡①❛❝t s❡q✉❡♥❝❡ ✐t
❢♦❧❧♦✇s t❤❛t Gb ✐s tr✐✈✐❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Sb(L)[T ] ✐s tr✐✈✐❛❧✱ ❤❡♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ ✐❢
❛♥❞ ♦♥❧② ✐❢ ε ✐s ♥♦t ❝♦♥❣r✉❡♥t t♦ ❛ ❝✉❜❡ ♠♦❞✉❧♦ bz = 3

√
−3ZL✱ ✇❤✐❝❤ ✐s ❡①❛❝t❧②

t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ ❙❝❤♦❧③✬s t❤❡♦r❡♠✱ ♣r♦✈✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❘❡♠❛r❦✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ s❤♦✇s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r D > 0✿ ✐❢ D > 0 ❛♥❞
3 ∤ h(D′)✱ ✇❤❡r❡ ❛s ✉s✉❛❧ D′ = −3D ✐❢ 3 ∤ D ❛♥❞ D′ = −D/3 ✐❢ 3 | D✱ t❤❡♥ Gb

✐s ❝❛♥♦♥✐❝❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ (Zb/Z
3
b)[T ]✱ ❤❡♥❝❡ ❤❛s ♦r❞❡r 1 ✉♥❧❡ss b = 3

√
−3 ♦r

3 ∤ D ❛♥❞ b = 3ZL✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ ✐t ❤❛s ♦r❞❡r 3✳

❈♦r♦❧❧❛r② ✶✳✽✳✶✵✳ ❯♥❞❡r t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥s✱ ✇❡ ❤❛✈❡

∑

K∈F(K2)

1

f(K/Q)s
= −1

2
+

1

2
L3(s)

∏
(−3D

p

)
=1

(
1 +

2

ps

)
,

✇❤❡r❡

L3(s) =





1 + 2/32s ✐❢ 3 ∤ D✱

1 + 2/3s ✐❢ D ≡ 3 (mod 9)✱

1 + 2/3s + 6/32s ✐❢ D ≡ 6 (mod 9)✳

✸✺



Pr♦♦❢✳ ❈❧❡❛r ❢r♦♠ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❊①❛♠♣❧❡s✳

∑

K∈F(Q(
√
−1))

1

f(K/Q)s
= −1

2
+

1

2

(
1 +

2

32s

) ∏
(

12
p

)
=1

(
1 +

2

ps

)
,

∑

K∈F(Q(
√
−2))

1

f(K/Q)s
= −1

2
+

1

2

(
1 +

2

32s

) ∏
(

24
p

)
=1

(
1 +

2

ps

)
,

∑

K∈F(Q(
√
−6))

1

f(K/Q)s
= −1

2
+

1

2

(
1 +

2

3s

) ∏
(

8
p

)
=1

(
1 +

2

ps

)
,

∑

K∈F(Q(
√
−21))

1

f(K/Q)s
= −1

2
+

1

2

(
1 +

2

3s
+

6

32s

) ∏
(

28
p

)
=1

p6=3

(
1 +

2

ps

)
.

✶✳✾ ❙♣❡❝✐❛❧ ❈❛s❡s✿ k ■♠❛❣✐♥❛r② ◗✉❛❞r❛t✐❝

✶✳✾✳✶ ❈❛s❡ ✭✶✮✿ k = Q(
√
−3)✱ ❈②❝❧✐❝ ❈✉❜✐❝ ❊①t❡♥s✐♦♥s

❍❡r❡ k = K2 = L = Q(
√
−3)✳ ❇② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡ |(U(L)/U(L)3)[T ]| = 3✱

[k : Q] = 2✱ ❛♥❞ ✐❢ p3 =
√
−3Zk ✐s t❤❡ ✉♥✐q✉❡ ✐❞❡❛❧ ❛❜♦✈❡ 3✱ t❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s

bz ❛r❡ p
j
3 ❢♦r j = 0✱ 1✱ 2 ❛♥❞ 3✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s cz ❡q✉❛❧ t♦ Zk✱ p3✱ p3

❛♥❞ p3✳ ❚❤✉s✱ |cz/bz| = 1✱ 1✱ 3✱ 9✱ s♦ ❜② ▲❡♠♠❛ ✶✳✺✳✼ ✇❡ ❤❛✈❡ |(Zb/Z
3
b)[T ]| = 1✱

1✱ 3✱ 9✳ ❙✐♥❝❡ e(p3/3) = 2✱ re(b) ✐s ❡q✉❛❧ t♦ p3✱ Zk✱ Zk ❛♥❞ Zk✱ ❛♥❞ ✇❡ ❤❛✈❡
r❡s♣❡❝t✐✈❡❧② ⌈N⌉(b)s = 1✱ 3s✱ 32s✱ 33s✱ N(re(b))s = 3s✱ 1✱ 1✱ 1✱ ❛♥❞ Pb(s) = 1✱
1/3s✱ 1/3s − 1/32s✱ 1− 1/32s✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✷✳✾ ✇❡ ❤❛✈❡ D3 = {p3}✱ ❛♥❞ D ✐s
t❤❡ s❡t ♦❢ ❛❧❧ ♣r✐♠❡s p ♦❢ k✱ p ∤ 3Zk✳

■❢ χ = χ0 ✐s t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r✱ ✇❡ t❤✉s ❤❛✈❡ F (pj
3, χ0, s) = F (s) =∏

p∤3Zk
(1 + 2/N(p)s) ❢♦r j ≥ 1✱ ✇❤✐❧❡ F (ZK2

, χ0, s) = 2F (s)✳ ❚❤✉s t❤❡ ❝♦♥✲
tr✐❜✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧ ❝❤❛r❛❝t❡r ✐s ❡q✉❛❧ t♦

Φ0(s) =
3/2

33s

(1, 3s, 32s, 33s)(2, 1/3s, 1/3s − 1/32s, 1 − 1/32s)

(3s, 1, 1, 1)(1, 1, 3, 9)
F (s)

=
1

6

(
1 +

2

32s
+

6

33s
+

18

34s

) ∏

p∤3Zk

(
1 +

2

N(p)s

)

=
1

6

(
1 +

2

32s
+

6

33s
+

18

34s

) ∏

p∈Z
p≡1 (mod 3)

(
1 +

2

ps

)2 ∏

p∈Z
p≡2 (mod 3)

(
1 +

2

p2s

)
.

❆♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t t❤❡ ❣r♦✉♣ Gb ✐s tr✐✈✐❛❧ ❢♦r b = p
j
3 ✇✐t❤ 0 ≤

j ≤ 2✱ ❜✉t ❤❛s ♦r❞❡r 3 ❢♦r b = p3
3✱ ❚❤✉s✱ ✇❡ ♠✉st s✐♠♣❧② ❛❞❞ t❤❡ ❝♦♥tr✐❜✉t✐♦♥

♦❢ t❤❡ t✇♦ ❝♦♥❥✉❣❛t❡ ♥♦♥tr✐✈✐❛❧ ❝❤❛r❛❝t❡rs ♦❢ ♦r❞❡r 3 ♦❢ Gp3
3
✳ ❇② ❞❡✜♥✐t✐♦♥✱ ✐❢ χ

✐s ♦♥❡ ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡rs ✇❡ ❤❛✈❡

F (p3
3, χ, s) =

∏

p≡x3 (mod p3
3)

(1 + 2/N(p)s)
∏

p6≡x3 (mod p3
3)

(1 − 1/N(p)s) ,

✸✻



❜✉t t❤❡ ❝♦♥❞✐t✐♦♥ p ≡ x3 (mod p3
3) ✐s ❡q✉✐✈❛❧❡♥t t♦ p ≡ ±1 (mod 9) ❢♦r p ∈ Q

❜❡❧♦✇ p✳ ❙♦ ✇❡ ♦❜t❛✐♥

F (p3
3, χ, s) =

∏

p≡1 (mod 9)

(1 + 2/ps)2
∏

p≡−1 (mod 9)

(1 + 2/p2s)
∏

p≡4,7 (mod 9)

(1 − 1/ps)2

∏

p≡2,5 (mod 9)

(1 − 1/p2s) ,

Pr♦♣♦s✐t✐♦♥ ✶✳✾✳✶✳ ❲❡ ❤❛✈❡

∑

K/k ❝②❝❧✐❝ ❝✉❜✐❝

1

N(f(K/k))s
= −1

2
+

1

6

(
1 +

2

32s
+

6

33s
+

18

34s

)∏

p∤3

(
1 +

2

N(p)s

)

+
1

3

(
1 − 1

32s

) ∏

p≡1 (mod 9)

(1 + 2/ps)2
∏

p≡−1 (mod 9)

(1 + 2/p2s)

∏

p≡4,7 (mod 9)

(1 − 1/ps)2
∏

p≡2,5 (mod 9)

(1 − 1/p2s) .

❈♦r♦❧❧❛r② ✶✳✾✳✷✳ ■❢✱ ❛s ❛❜♦✈❡✱ M(k/k,X) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧✐❝ ❝✉❜✐❝
✜❡❧❞s K ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ N(f(K/k)) ≤ X✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(k/k,X) = C(k/k)X(log(X) +D(k/k) − 1) +O(Xα+ε) ,

✇❤❡r❡

C(Q(k/k)) =
1

6

∏

p⊂k

(
1 − 3

N(p)2
+

2

N(p)3

)
(Ress=1 ζk(s))2

= 0.051904999544559289144500298804817252 . . .

D(Q(
√
−3)/Q) = 2γk − log(3) + 12

∑

p6=3

log(p)

(p2r3(p) + pr3(p) − 2)

= 1.447607037536093537714535880874836066 . . . ,

✇❤❡r❡ r3(p) ✐s t❤❡ ❝❧❛ss ♠♦❞✉❧♦ 3 ♦❢ p✱ ✐✳❡✳ 1 ♦r 2✱ γk = lims→1

(
ζk(s)

Ress=1 ζk(s)
− 1

s− 1

)

❛♥❞ t❤❡ s✉♠ ✐s ♦✈❡r ❛❧❧ ♣r✐♠❡s ✐♥❝❧✉❞✐♥❣ p = 3✳

✶✳✾✳✷ ❈❛s❡ ✭✸✮✿ k = Q(
√
−3)✱ [K2 : k] = 2

❍❡r❡ k = Q(
√
−3)✱ K2 = L = Q(

√
−3,

√
D)✳ ❇② ▲❡♠♠❛ ✶✳✺✳✺ ✇❡ ❤❛✈❡

|(U(L)/U(L)3)[T ]| = 3✱ [k : Q] = 2✱ ❧❡t p3 =
√
−3Zk ❜❡ t❤❡ ✉♥✐q✉❡ ✐❞❡❛❧

❛❜♦✈❡ 3✱ ✇❤✐❝❤ ✐s r❛♠✐✜❡❞✱ ❛♥❞ P3 ❛♥ ✐❞❡❛❧ ♦❢ L ❛❜♦✈❡ p3✳ ❚❤❡♥ p3 ❝❛♥ ❜❡
✐♥❡rt ♦r ❞❡❝♦♠♣♦s❡❞ ✐♥ L/k✳ ❚❤❡ ♣♦ss✐❜❧❡ ✐❞❡❛❧s bz ❛r❡ (p3ZL)j ❢♦r j = 0✱ 1✱ 2
❛♥❞ 3✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡❛❧s cz ❡q✉❛❧ t♦ ZL✱ p3ZL✱ p3ZL ❛♥❞ p3ZL✳ ❚❤✉s✱
|cz/bz| = 1✱ 1✱ 32✱ 34✱ ❛♥❞ |cz ∩ k/bz ∩ k| = 1, 1✱ 3✱ 32 s♦ ❜② ▲❡♠♠❛ ✶✳✺✳✼ ✇❡
❤❛✈❡ |(Zb/Z

3
b)[T ]| = 1✱ 1✱ 3✱ 9✳ ❙✐♥❝❡ e(p3/3) = 2✱ re(b) ✐s ❡q✉❛❧ t♦ P3✱ ZL✱ ZL

❛♥❞ ZL✱ ❛♥❞ ✇❡ ❤❛✈❡ r❡s♣❡❝t✐✈❡❧② ⌈N⌉(b)s = 1✱ 3s✱ 32s✱ 33s✱ N(re(b))s = 3s✱ 1✱
1✱ 1✱ ❛♥❞ Pb(s) = 1✱ 1/3s✱ 1/3s − 1/32s✱ 1 − 1/3s✳ ❇✉t P3 | d3 ✐❢ ❛♥❞ ♦♥❧② ✐❢ p3

✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ L/k

✸✼



❙♦ ✐❢ p3 ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ L/k ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ tr✐✈✐❛❧
❝❤❛r❛❝t❡r ✐s

Φ0(s) =
3

2 · 33s

(1, 3s, 32s, 33s)(2, 1/3s, 1/3s − 1/32s, 1 − 1/32s)

(3s, 1, 1, 1)(1, 1, 3, 9)
F (s)

=
1

6

(
1 +

2

32s
+

6

33s
+

18

34s

) ∏

p∈D3

(
1 +

2

N(p)s

)
.

✇❤✐❧❡ ✐❢ p3 ✐s ✐♥❡rt ✐♥ L/k ✇❡ ♦❜t❛✐♥

Φ0(s) =
3

2 · 33s

(3s, 32s, 33s)(1/3s, 1/3s − 1/32s, 1 − 1/32s)

(1, 1, 1)(1, 3, 9)
F (s)

=
1

6

(
1 +

2

32s
+

6

33s

) ∏

p∈D3

(
1 +

2

N(p)s

)
.

Pr♦♣♦s✐t✐♦♥ ✶✳✾✳✸✳ ▲❡t k = Q(
√
−3)✱ ❧❡t D ❜❡ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❞✐s❝r✐♠✐♥❛♥t

✇✐t❤ D 6= −3✱ ❧❡t K2 = L = Q(
√
−3,

√
D)✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ φD(s)

❤♦❧♦♠♦r♣❤✐❝ ❢♦r ❘❡(s) > 1/2 s✉❝❤ t❤❛t

∑

K∈F(K2)

1

N(f(K/k))s
= φD(s) +

1

6
L3(s)

∏

p∈D3

(
1 +

2

N(p)s

)
,

✇❤❡r❡

L3(s) =





1 + 2/32s + 6/33s + 18/34s ✐❢
(
D

3

)
= 1

1 + 2/32s + 6/33s ✐❢
(
D

3

)
= −1✳

❈♦r♦❧❧❛r② ✶✳✾✳✹✳ ■❢✱ ❛s ❛❜♦✈❡✱ M(K2/k,X) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧✐❝ ❝✉❜✐❝
✜❡❧❞s K ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ N(f(K/k)) ≤ X✱ ❢♦r ❛❧❧ ε > 0 ✇❡ ❤❛✈❡

M(K2/k,X) = C(K2/k)X +O(Xα+ε) ✇✐t❤

C(K2/k) = ℓ3
1

ζk(2)

∏

p|D

(
1 − 1

N(p) + 1

) ∏

p∈D

(
1 − 2

N(p)(N(p) + 1)

)
,

✇❤❡r❡

ℓ3 =





5/18 ✐❢
(
D

3

)
= 1

13/54 ✐❢
(
D

3

)
= −1

✶✳✾✳✸ ❈❛s❡ ✭✹✮✿ k ■♠❛❣✐♥❛r② ◗✉❛❞r❛t✐❝

❆s ❛❞❞✐t✐♦♥❛❧ ❡①❛♠♣❧❡s✱ ✇❡ ♥♦✇ ❛ss✉♠❡ t❤❛t k ✐s ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✜❡❧❞
♦❢ ❞✐s❝r✐♠✐♥❛♥t D < 0✱ ❛♥❞ ✇❡ ✇✐❧❧ ✐♥ ❛❞❞✐t✐♦♥ ❛ss✉♠❡ t❤❛t 3 ✐s ✐♥❡rt ✐♥ k✱ ✐♥
♦t❤❡r ✇♦r❞s t❤❛t

(
D
3

)
= −1✳ ■t ✐s ♦❢ ❝♦✉rs❡ ♥♦t ❞✐✣❝✉❧t t♦ tr❡❛t t❤❡ ♦t❤❡r ❝❛s❡s✳

◆♦t❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t ρ /∈ k✳ ■♥ t❤❡s❡ ❡①❛♠♣❧❡s✱ ✇❡ ✇✐❧❧ ♦♥❧②
❝♦♠♣✉t❡ C(K2/k)✳

✸✽



❖♥❝❡ ❛❣❛✐♥ ✇❡ ❤❛✈❡ 3ZL = p2
3 ✇✐t❤ p3 =

√
−3ZL✱ ❛♥❞ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ✐❞❡❛❧s

b ❛r❡ p
j
3 ✇✐t❤ 0 ≤ j ≤ 3✳ ❲✐t❤ st❛♥❞❛r❞ ♥♦t❛t✐♦♥ ✇❡ ❤❛✈❡ Ress=1 ζk(s) =

2πh(D)/(w(D)
√
|D|)✱ s♦

C(K2/k) =
π2h(D)2

66(w(D)/2)2|D|
∏

p⊂k

(
1 − 3

N(p)2
+

2

N(p)3

)
(S0 + S1 + S2 + S3) ,

✇❤❡r❡ Sj ✐s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ b = p
j
3✳ ❲❡ ❤❛✈❡ S0 = 2/3✱ S1 = 1✱ S2 =

9(1/3 − 1/9) = 2✱ S3 = 27(1 − 1/9)/9 = 8/3✱ s♦ S0 + S1 + S2 + S3 = 19/3✱ s♦
✇❡ ♦❜t❛✐♥

C(K2/k) =
19π2h(D)2

198(w(D)/2)2|D|
∏

p⊂k

(
1 − 3

N(p)2
+

2

N(p)3

)

=
19π2h(D)2

198(w(D)/2)2|D|
∏

p|D

(
1 − 3

p2
+

2

p3

)

∏
(

D
p

)
=−1

(
1 − 3

p4
+

2

p6

) ∏
(

D
p

)
=1

(
1 − 3

p2
+

2

p3

)2

.

✸✾
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❈❤❛♣t❡r ✷

❆♥ ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡

r❡❧❛t✐✈❡ ❝✉❜✐❝ ✜❡❧❞s

✷✳✶ ●❡♥❡r❛❧ ❝❛s❡

✷✳✶✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t L/K ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s✳ ❲❡ ❞❡✜♥❡ FK,n(X) t♦ ❜❡ t❤❡ s❡t ♦❢
✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ❡①t❡♥s✐♦♥s L/K s✉❝❤ t❤❛t

[L : K] = n, ❛♥❞ NK/Qd(L/K) ≤ X,

✇❤❡r❡ d(L/K) ✐s t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ L/K✳
❖✉r ♦❜❥❡❝t✐✈❡ ✐s t♦ ❣❡♥❡r❛❧✐③❡ ❇❡❧❛❜❛s✬s ❬✷❪ ❛❧❣♦r✐t❤♠ ❢♦r ❧✐st✐♥❣ ❛❧❧ r❡♣r❡s❡♥✲

t❛t✐✈❡s ♦❢ FK,n(X)✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ K ✐s ❛♥ ✐♠❛❣✐♥❛r②
q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ❛♥❞ n = 3✱ ❛♥❞ ✇❡ ✇✐❧❧ s♦❧✈❡ ✐t ❝♦♠♣❧❡t❡❧② ✇❤❡♥ K ❤❛s
❝❧❛ss ♥✉♠❜❡r 1✳

❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤ ❝❧❛ss
♥✉♠❜❡r hK = 1✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ✇❤✐❝❤ ❧✐sts ❛❧❧ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s
✐♥ FK,3(X) ✐♥ t✐♠❡ Oε(X

1+ε)✱ ❢♦r ❛❧❧ ε > 0.

❬✷✼✱ ❚❤❡♦r❡♠ ■✳✶❪ t❡❧❧s ✉s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❤ ❝❧❛ss❡s ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢
X✳ ❙♦

❈♦r♦❧❧❛r② ✷✳✶✳✷✳ ❚❤❡ ❛❧❣♦r✐t❤♠ r✉♥s ✐♥ t✐♠❡ ❛❧♠♦st ❧✐♥❡❛r ✐♥ t❤❡ s✐③❡ ♦❢ t❤❡
♦✉t♣✉t✳

❲❡ ♠❛❞❡ ❛♥ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ✐♥ P❆❘■✴●P ❢♦r t❤❡ ❝❛s❡ K = Q(i) ✇❤✐❝❤ ❝❛♥
❜❡ ❡❛s✐❧② ❛❞❛♣t❡❞ ❢♦r ❛♥② ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤ ❝❧❛ss ♥✉♠❜❡r
1✳

✷✳✶✳✷ ❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠

❚♦ ❣❡♥❡r❛❧✐③❡ ❇❡❧❛❜❛s✬s ❛❧❣♦r✐t❤♠ ✇❡ ♥❡❡❞ ❛ t❤❡♦r❡♠ ❜② ❚❛♥✐❣✉❝❤✐ ❬✺✵❪✱ ❛❞❛♣t✐♥❣
❉❛✈❡♥♣♦rt✲❍❡✐❧❜r♦♥♥ ❬✷✻❪ t❤❡♦r② t♦ ❝✉❜✐❝ ❛❧❣❡❜r❛s✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✸✳ ▲❡t O ❜❡ ❛ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✱ ❛♥❞ K ❜❡ ✐ts q✉♦t✐❡♥t ✜❡❧❞✳

✹✶



• ▲❡t C(O) ❜❡ t❤❡ s❡t ♦❢ ✑❝✉❜✐❝ ❛❧❣❡❜r❛s✑ t❤❛t ✐s✱ ✐s♦♠♦r♣❤✐s♠s ❝❧❛ss❡s ♦❢
O✲❛❧❣❡❜r❛s t❤❛t ❛r❡ ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ 3 ❛s O✲♠♦❞✉❧❡s✳

• ❋♦r ❡✈❡r② ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ a ♦❢ O ✇❡ ❞❡✜♥❡

C(O, a) = {R ∈ C(O) | St(R) = a},

✇❤❡r❡ St(R) ∈ Cl(O) ✐s t❤❡ ❙t❡✐♥✐t③ ❝❧❛ss ♦❢ R✱ t❤✉s R ✇✐❧❧ ❜❡ ♦❢ t❤❡ ❢♦r♠
ω1O ⊕ ω2O ⊕ ω3a✱ ❢♦r ❛♣♣r♦♣r✐❛t❡ ω1, ω2, ω3 ∈ Frac(R) := R ⊗O K✳ ▲❡t
❢✉rt❤❡r

Ga =

{(
α ∈ O β ∈ a−1

γ ∈ a δ ∈ O

) ∣∣∣∣∣ αδ − βγ ∈ O×
}
,

Va = {F = (a, b, c, d) | a ∈ a, b ∈ O, c ∈ a−1, d ∈ a−2}.

• ■❢ F ∈ Va✱ ✐ts ❞✐s❝r✐♠✐♥❛♥t disc(F ) = b2c2−27a2d2 +18abcd−4ac3−4b3d
❜❡❧♦♥❣s t♦ a−2✳

• ❲❡ ❝♦♥s✐❞❡r ❡❧❡♠❡♥ts ♦❢ Va ❛s ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s s♦ (a, b, c, d) = ax3 +
bx2y + cxy2 + dy3 ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ Ga ♦♥ Va ❜②

M · F = (detM)−1F (αx+ γy, βx+ δy),

✇❤❡r❡ M =

(
α β
γ δ

)
∈ Ga✳

❚❤❡♦r❡♠ ✷✳✶✳✹ ✭❚❛♥✐❣✉❝❤✐✮✳ ❚❤❡r❡ ❡①✐sts ❛ ❝❛♥♦♥✐❝❛❧ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ C(O, a)
❛♥❞ Va/Ga s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✿

Va/Ga −−−−→ C(O, a)

disc

y
yd

a−2/(O×)2
×a2

−−−−→ { ✐♥t❡❣r❛❧ ✐❞❡❛❧s ♦❢ O}

,

✇❤❡r❡ d ✐s t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧ ♠❛♣✳

❘❡♠❛r❦✳ ◆♦t❡ t❤❛t d ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ ❛♥ O✲❛❧❣❡❜r❛s ✐s♦♠♦r♣❤✐s♠ ♣r❡s❡r✈❡s
t❤❡ ❞✐s❝r✐♠✐♥❛♥t✳

❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❛ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✳

❘❡♠❛r❦✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ O ✐s t❤❡ ♠❛①✐♠❛❧ ♦r❞❡r ♦❢ ❛ ♥✉♠❜❡r ✜❡❧❞ K
✇✐t❤ ❝❧❛ss ♥✉♠❜❡r hK = 1✱ t❤❡♥ ❚❛♥✐❣✉❝❤✐✬s ❜✐❥❡❝t✐♦♥ s✐♠♣❧✐✜❡s t♦ ❛ ❜✐❥❡❝t✐♦♥
❜❡t✇❡❡♥ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ O ♠♦❞✉❧♦ GL2(O) ❛♥❞ ❝✉❜✐❝
O✲❛❧❣❡❜r❛s✳

❚♦ ❡♥✉♠❡r❛t❡ r❡❧❛t✐✈❡ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s L/K✱ ✇❡ s❤❛❧❧ s❡❧❡❝t ♦♥❧② t❤❡ ❝✉❜✐❝
O✲❛❧❣❡❜r❛s R ✇❤✐❝❤ ❛r❡ ❜♦t❤ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥s ✭s♦ t❤❛t t❤❡✐r r✐♥❣ ♦❢ ❢r❛❝t✐♦♥s
✐s ❛ ✜❡❧❞✮✱ ❛♥❞ ♠❛①✐♠❛❧ ♦r❞❡rs ✿ t❤♦s❡ ♠❛①✐♠❛❧ ❛❧❣❡❜r❛s ❛r❡ ❡①❛❝t❧② t❤❡ ❝❧❛ss❡s
♦❢ t❤❡ OL✳ R ✐s ❛ ❞♦♠❛✐♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ F ✐s ✐rr❡❞✉❝✐❜❧❡✳ ▼❛①✐♠❛❧✐t② ✐s ❛ ❧♦❝❛❧
♣r♦♣❡rt②✱ t❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ t❡st p✲♠❛①✐♠❛❧✐t② ❛t ❛❧❧ ♣r✐♠❡ ✐❞❡❛❧s p ⊂ OK s✉❝❤
t❤❛t p2 | d(R) ❛♥❞ t❤✐s ❝❛♥ ❞♦♥❡ ✇✐t❤ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❉❡❞❡❦✐♥❞✬s ❝r✐t❡r✐♦♥ ✿

✹✷



Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✺ ✭r❡❧❛t✐✈❡ ❉❡❞❡❦✐♥❞✬s ❝r✐t❡r✐♦♥✮✳ ❬✶✷✱ ❚❤❡♦r❡♠ ✷✳✹✳✽❪ ▲❡t
L/K ❜❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ♥✉♠❜❡r ✜❡❧❞s✱ L = K(θ)✱ θ ❛♥ ❛❧❣❡❜r❛✐❝ ✐♥t❡❣❡r ✇✐t❤
♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧ T (x) ∈ OK [x]✳ ▲❡t p ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ OK ✱ ❧❡t β ❜❡ ❛
✉♥✐❢♦r♠✐③❡r ♦❢ p−1✱ ✐✳ ❡✳ β ∈ p−1 \ OK . ▲❡t T (x) =

∏
1≤i≤k Ti(x)

ei
❜❡ t❤❡

❢❛❝t♦r✐③❛t✐♦♥ ♦❢ T (x) ∈ (OK/p)[x]✱ ✇✐t❤ Ti(x) ♠♦♥✐❝ ❜❡❧♦♥❣✐♥❣ t♦ OK [x]✳ ▲❡t

g(x) =
∏

1≤i≤k

Ti(x), h(x) =
∏

1≤i≤k

Ti(x)
ei−1,

t❤❡♥ g(x)h(x) − T (x) ∈ p[x]. ▲❡t f(x) = β(g(x)h(x) − T (x)) ∈ OK [x]. ❚❤❡♥
O = OK [θ] ✐s p✲♠❛①✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ gcd(f, g, h) = 1 ✐♥ (OK/p)[x]✳

✷✳✶✳✸ ❘❡❞✉❝t✐♦♥ ♦❢ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s

▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✜❡❧❞✳ ▲❡t O ❜❡ ✐ts r✐♥❣ ♦❢ ✐♥t❡❣❡rs✳
❲❡ ✇❛♥t ❛ r❡❞✉❝t✐♦♥ t❤❡♦r② ❢♦r ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ♦❢ (Sym3 O2)∗, ✐✳❡✳

F (x, y) = ax3 + bx2y + cxy2 + dy3, a, b, c, d ∈ O
♠♦❞✉❧♦ t❤❡ ❛❝t✐♦♥ ♦❢ SL2(O)✱ ❣✐✈❡♥ ❜②✿

M · F = F (Ax+By,Cx+Dy), ❢♦r ❡❛❝❤ M =

(
A B
C D

)
∈ SL2(O).

❘❡♠❛r❦✳ ❚❤✐s ✐s ♥♦t✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ r❡❞✉❝t✐♦♥ ❛s❦❡❞ ❜② ❚❛♥✐❣✉❝❤✐✬s ❚❤❡♦r❡♠✱
❜✉t ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱ t❤❛t ✐t ✐s s✉✣❝✐❡♥t ❢♦r t❤❡ ❝❛s❡ hK = 1✳

❚❤❡ ❝♦✈❛r✐❛♥t HF

❉❡✜♥✐t✐♦♥ ✷✳✶✳✻✳ ▲❡t F ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ ✭✐♥ ♣❛rt✐❝✉❧❛r ✐ts
✜rst ❝♦❡✣❝✐❡♥t a 6= 0✮✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ F t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❜✐♥❛r② ❍❡r♠✐t✐❛♥
❢♦r♠

HF = t21|x− α1y|2 + t22|x− α2y|2 + t23|x− α3y|2,
✇❤❡r❡

F (x, 1) = a(x− α1)(x− α2)(x− α3), ❛♥❞

t2i = |a|2|αj − αk|2, i, j, k ♣❛✐r✇✐s❡ ❞✐st✐♥❝t✳

▲❡♠♠❛ ✷✳✶✳✼✳ ❲❡ ❤❛✈❡

(t1t2t3)
2 = |a|2|disc(F )| ✭✷✳✶✮

Pr♦♦❢✳ ❙tr❛✐❣❤t❢♦r✇❛r❞ ❢r♦♠ ❞❡✜♥✐t✐♦♥ ✷✳✶✳✻ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞✐s❝r✐♠✐✲
♥❛♥t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s ❛❧s♦ ❢♦❧❧♦✇ ❢r♦♠ ❛ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✿

▲❡♠♠❛ ✷✳✶✳✽✳ ❲❡ ❤❛✈❡

HF (x, y) = P |x|2 +Qxy +Qxy +R|y|2,
✇❤❡r❡ 




P = t21 + t22 + t23 ∈ R+

Q = −(α1t
2
1 + α2t

2
2 + α3t

2
3) ∈ C

R = |α1|2t21 + |α2|2t22 + |α3|2t23 ∈ R+.

✹✸



▲❡♠♠❛ ✷✳✶✳✾✳ ▲❡t ∆ = −disc(HF ) = PR− |Q|2 ❛♥❞ D = disc(F )✳ ❚❤❡♥

∆ = 3|D|. ✭✷✳✷✮

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✵✳ ❲❡ ❞❡✜♥❡ [HF ] t♦ ❜❡ t❤❡ ♠❛tr✐① ✿

[HF ] =

(
P Q
Q R

)
.

❚❤❡ ❣r♦✉♣ GL2(C) ❛❝ts ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❜✐♥❛r② ❍❡r♠✐t✐❛♥ ❢♦r♠s ♦✈❡r C ✈✐❛✿

M · [HF ] = M∗ × [HF ] ×M,

✇❤❡r❡ M∗ = (M)t.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ∈ GL2(O)✱ t❤❡♥ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ HF ✐s ♣r❡s❡r✈❡❞ ❜② t❤✐s
❛❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✶✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ✇❤✐❝❤ s❡♥❞s F t♦ HF ✐s ❝♦✈❛r✐❛♥t✱ ✐✳ ❡✳

HM ·F = M ·HF .

Pr♦♦❢✳

❏✉st ✈❡r✐❢② ♦♥ ❣❡♥❡r❛t♦rs ♦❢ SL2(C)✿

(
0 1
−1 0

)
❛♥❞

(
1 α
0 1

)
✱ α ∈ C✳

❚❤❛♥❦s t♦ t❤✐s ♣r♦♣❡rt② ✇❡ ❝❛♥ tr❛♥s❧❛t❡ ♦✉r ♣r♦❜❧❡♠ ♦❢ ❞❡✜♥✐♥❣ ❛ ✉♥✐q✉❡
r❡❞✉❝❡❞ F t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ ✉♥✐q✉❡ r❡❞✉❝❡❞ ❝♦✈❛r✐❛♥t HF ♣❧✉s s♦♠❡
❡①tr❛ ❝♦♥❞✐t✐♦♥s ❛s ✇❡ ✇✐❧❧ s❡❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✸✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✷✳ ▲❡t F = (a, b, c, d) ∈ (Sym3 O2)∗ ❜❡ ❛ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠
✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ O✳ ❲❡ s❛② t❤❛t F ✐s r❡❞✉❝❡❞ ✐❢ ✐ts ❝♦✈❛r✐❛♥t HF ✐s r❡❞✉❝❡❞✳

■♥ t❤❡ r❡st ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ t❤❡♥ ❞❡✜♥❡ r❡❞✉❝t✐♦♥ ❢♦r ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡
❜✐♥❛r② ❤❡r♠✐t✐❛♥ ❢♦r♠s✱ ❛♥❞ ✇❡ ✇✐❧❧ s❡ t❤❛t t❤✐s ♥♦t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❡①♣❧✐❝✐t ✐♥
t❤❡ ❝❛s❡ ♦❢ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞s ✇✐t❤ ❝❧❛ss ♥✉♠❜❡r 1✳

❍②♣❡r❜♦❧✐❝ 3✲s♣❛❝❡

▲❡t

H3 = {z + tj | z ∈ C, t ∈ R+}
= {h = z + tj | h ∈ H, s✉❝❤ t❤❛t t❤❡ k − ❝♦♠♣♦♥❡♥t ✐s 0, t > 0},

✇❤❡r❡ H ✐s t❤❡ q✉❛t❡r♥✐♦♥s r✐♥❣✳
❲❡ ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ SL2(C) ♦♥ H3 ❜② M · (z + tj) = (z′ + t′j)✱ ✇✐t❤





z′ =
ρ2AC + zAD + zBC +BD

ρ2|C|2 + zCD + zCD + |D|2
t′ =

t

ρ2|C|2 + zCD + zCD + |D|2 ,

✹✹



✇❤❡r❡ M =

(
A B
C D

)
∈ SL2(C) ❛♥❞ ρ2 = |z|2 + t2✳ ❲✐t❤ t❤❡ q✉❛t❡r♥✐♦♥

♥♦t❛t✐♦♥s ✭❛♥❞ ♦♣❡r❛t✐♦♥s✮✱ t❤✐s tr❛♥s❧❛t❡s t♦ t❤❡ ♥❡❛t❡r ❢♦r♠✉❧❛

M · (h) = (Ah+B)(Ch+D)−1.

▲❡t

P = { ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❜✐♥❛r② q✉❛❞r❛t✐❝ ❍❡r♠✐t✐❛♥ ❢♦r♠s ✐♥ C}

=

{
P |x|2 +Qxy +Qxy +R|y|2

∣∣∣∣∣
P,R ∈ R+, Q ∈ C
|Q|2 − PR < 0

}
,

❛♥❞ ❧❡t P̃ = P/R+ ✇❤❡r❡ R+ ❛❝ts ♦♥ P ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
▲❡t✱ ✜♥❛❧❧②✱ Φ : P → H3 ❞❡✜♥❡❞ ❜②✿

Φ

((
P Q
Q R

))
= −Q

P
+

√
∆

P
j. ✭✷✳✸✮

❲❡ ❤❛✈❡

Φ(M ·H) = M · (Φ(H)), ❢♦r ❡❛❝❤ H ∈ P,M ∈ SL2(C).

▼♦r❡ ♣r❡❝✐s❡❧②✱ Φ ✐♥❞✉❝❡s ❛ ❜✐❥❡❝t✐♦♥ Φ̃ : P̃ → H3, ✇✐❝❤ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡
❛❝t✐♦♥ ♦❢ SL2(C)✳

❙♦✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♦r❜✐ts ♦❢ H3/SL2(O) ❛♥❞
P̃/SL2(O)✳ ❆s ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥s F ❢♦r H3 ♠♦❞✉❧♦ SL2(O) ❛r❡ ❦♥♦✇♥✱ ✇❡
❝❛♥ s❛②✿

HF ✐s r❡❞✉❝❡❞ ♠♦❞✉❧♦ SL2(O) ⇔ Φ(HF ) ∈ F .

❋r♦♠ ❬✸✶❪ ✇❡ ❤❛✈❡ ❛♥ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥s ♦❢ H3 ♠♦❞✉❧♦
PSL(2,O)✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✸✳ ▲❡t K = Q(
√
DK) ✇✐t❤ DK < 0 ❛ sq✉❛r❡❢r❡❡ ✐♥t❡❣❡r ❛♥❞

dK t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ K✳ ❲❡ ❞❡✜♥❡

FQ(i) =

{
z + tj ∈ H3 : 0 ≤ |Re(z)| ≤ 1

2
, 0 ≤ Im(z) ≤ 1

2
, |z|2 + t2 ≥ 1

}
,

FQ(
√
−3) =

{
z + tj ∈ H3 : z ∈ FQ(

√
−3), |z|2 + t2 ≥ 1

}
,

✇❤❡r❡

FQ(
√
−3) =

{
z ∈ C : 0 ≤ Re(z),

√
3

3
Re(z) ≤ Im(z), Im(z) ≤

√
3

3
(1 − Re(z))

}

∪
{
z ∈ C : 0 ≤ Re(z) ≤ 1

2
,−

√
3

3
Re(z) ≤ Im(z) ≤

√
3

3
Re(z)

}
.

❆♥❞ ❢♦r D 6= −3,−1✱

FK = {z + tj ∈ BK : z ∈ FK},✇❤❡r❡

BK =

{
z + tj ∈ H3 :

|cz + d|2 + |c|2t2 ≥ 1 ❢♦r ❛❧❧ c, d ∈ O
✇✐t❤ 〈c, d〉 = O

}
,

FK =
{
z ∈ C : 0 ≤ Re(z) ≤ 1, 0 ≤ Im(z) ≤

√
|dK |/2

}
.

✹✺



▲❡♠♠❛ ✷✳✶✳✶✹✳ ❋♦r ❛❧❧ ♥✉♠❜❡r ✜❡❧❞s K ✇❡ ❤❛✈❡

[PGL(2,OK) : PSL(2,OK)] = 2dimF2(O
×

K/(O×

K)2) = 2.

Pr♦♦❢✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡

1 → SL2(O) → GL2(O) → O× → 1

✐♥❞✉❝❡❞ ❜② t❤❡ ❞❡t❡r♠✐♥❛♥t✱ ❣✐✈❡s r✐s❡ t♦ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

1 →
〈
O× · ■❞,SL2(O)

〉
→ GL2(O) → O×/(O×)2 → 1.

❛♥❞✱ s✐♥❝❡ ❢♦r ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞K✱ ✇❡ ❤❛✈❡ dimF2

(
O×

K/(O×
K)2

)
=

1✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❘❡♠❛r❦✳ ❙♦ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥s ♦❢ H3 ♠♦❞✉❧♦ GL2(O)✱
✇❡ ❝❛♥ t❛❦❡ ❤❛❧❢ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥s ❛❜♦✈❡✳

✷✳✶✳✹ ❇♦✉♥❞s ❢♦r t❤❡ t✲❝♦♠♣♦♥❡♥t ♦❢ ❛ r❡❞✉❝❡❞ ♣♦✐♥t ✐♥
H3

❋✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥s ❛s ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ❣✐✈❡ ♦❜✈✐♦✉s ❜♦✉♥❞s
❢♦r t❤❡ z✲❝♦♠♣♦♥❡♥t ♦❢ (z, t) ∈ H3✳

◆♦✇ ✇❡ ✇❛♥t t♦ ❜♦✉♥❞ t❤❡ t✲❝♦♠♣♦♥❡♥t ❢r♦♠ ❜❡❧♦✇✳
❋♦r t❤❛t ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ Pr♦♣♦s✐t✐♦♥ ✭❬✹✾❪✱❬✸✶❪✮✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✺✳ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t κ ∈]0,∞[ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ K✱ s✉❝❤
t❤❛t ❢♦r ❛♥② z ∈ C \K t❤❡r❡ ❛r❡ ✐♥✜♥✐t❡❧② ♠❛♥② λ, µ ∈ O ✇✐t❤

∣∣∣∣z −
λ

µ

∣∣∣∣ ≤
κ

|µ|2 ❛♥❞ 〈µ, λ〉 = O

❙♦ ❢♦r ✏❜✐❣✑ |µ| ✇❡ ❤❛✈❡ κ
|µ| < 1 ❛♥❞ s♦ |zµ− λ| ≤ κ

|µ| < 1.

❇✉t ✇❡ ❦♥♦✇ t❤❛t ✐❢ z + tj ∈ FK ✇❡ ❤❛✈❡ |zµ − λ|2 + t2|µ|2 ≥ 1 ❛♥❞ s♦ ✇❡
♦❜t❛✐♥ t ≥ tK ✱ ❢♦r s♦♠❡ tK ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ K✳

■t r❡♠❛✐♥s t♦ tr❡❛t ♣♦✐♥ts z + tj ∈ FK , z ∈ K✳
▲❡t ✉s ❞❡✜♥❡

SK = {z ∈ K | |zµ+ λ| ≥ 1 ❢♦r ❛❧❧ 〈λ, µ〉 = O}.
❚❤✐s s❡t ♦❢ s✐♥❣✉❧❛r ♣♦✐♥ts ✐s ✜♥✐t❡ ♠♦❞✉❧♦ ❛❞❞✐t✐♦♥ ♦❢ ❛♥ ❡❧❡♠❡♥t ♦❢ O ✭s❡❡
❬✹✾✱ ✸✶❪✮✳ ❚❤❡ z + tj ∈ FK ❢♦r z ∈ SK ❛r❡ t❤❡ ♦♥❧② ♣♦✐♥ts ✐♥ FK ✇❤❡r❡ t❤❡r❡ ✐s
♥♦ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t✳

❋♦rt✉♥❛t❡❧②✱ ✐❢ hK = 1✱ t❤❡♥ SK = ∅ ✿ ✐♥ ❢❛❝t ✐❢ z = α
β ✇✐t❤ α, β ❝♦♣r✐♠❡

❡❧❡♠❡♥ts ♦❢ O ✇❡ ❥✉st ♥❡❡❞ t♦ t❛❦❡ µ = β ❛♥❞ λ = α t♦ ❣❡t |µz − λ| = 0 ✇✐t❤
〈λ, µ〉 = O✳

❙♦ ✇❤❡♥ hK = 1 ✇❡ ❤❛✈❡ ❛❧✇❛②s t ≥ tK > 0 ❢♦r s♦♠❡ tK ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥
K✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✻✳ ▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤ ❝❧❛ss
♥✉♠❜❡r hk = 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t tK ✱ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ K✱ s✉❝❤
t❤❛t t ≥ tK ❢♦r ❡✈❡r② (z, t) ∈ FK ✳

❙♦ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ r❡str✐❝t t♦ K ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞ ✇✐t❤
❝❧❛ss ♥✉♠❜❡r hK = 1✳

✹✻



✷✳✷ ❈♦♠♣✉t✐♥❣ tK ❢♦r ❛❧❧ K ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝
✇✐t❤ hK = 1

❆s ✇❡ s❛✇ ✐♥ s❡❝t✐♦♥ ✷✳✶✳✹✱ ✇❤❡♥ hK = 1 ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜♦✉♥❞ |t|2 ≥ t2K .
▲❡t ✉s ❣✐✈❡ ❡①♣❧✐❝✐t❧② t❤♦s❡ t2K ❢♦r ❛❧❧ t❤❡ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞s

✇✐t❤ ❝❧❛ss ♥✉♠❜❡r ♦♥❡✳

❚❤❡♦r❡♠ ✷✳✷✳✶✳ ▲❡t K = Q(
√
−D)✱ ❢♦r D ∈ {1, 2, 3, 7, 11, 19, 43, 67, 163}.

❚❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ t2K ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡s ✿
❉ 1 2 3 7 11

t2K 1/2 1/4 2/3 3/7 2/11

❉ 19 43 67 163

t2K 2/19 2/43 2/67 2/163

Pr♦♦❢✳ ❚❤❡ ✜rst t❛❜❧❡ ❞❡s❝r✐❜❡s t❤❡ ❊✉❝❧✐❞❡❛♥ ✜❡❧❞s✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥ ♦❢ tK ✐s ✈❡r② ❡❛s② ❛♥❞ ✇❡ s❦❡t❝❤ ✐t ❤❡r❡ ✭❜✉t ✐t ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ ✐♥
♠♦r❡ ❞❡t❛✐❧ ✐♥ ❬✷✷❪✮✳

■♥ ❢❛❝t✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✜♥❞ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t❤r❡❡ ✉♥✐t s♣❤❡r❡s ❝❡♥t❡r❡❞
✐♥ 0✱ 1 ❛♥❞ ω ✇❤❡r❡

ω =

{ √
−D ✇❤❡♥ −D ≡ 2, 3 (mod 4)

1+
√
−D

2 ✇❤❡♥ −D ≡ 1 (mod 4)

❙♦ ✇❡ ✜♥❞ t❤❛t t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♣♦✐♥t x = z + it ❤❛s

z =

{
1+

√
−D

2 ✇❤❡♥ −D ≡ 2, 3 (mod 4)
1
2 + (1−D)

4
√
−D

✇❤❡♥ −D ≡ 1 (mod 4)

❛♥❞ ✇❡ ♦❜t❛✐♥ tK ❢r♦♠ t2K = 1 − |z|2✳
❚❤❡ s❡❝♦♥❞ t❛❜❧❡ ❝♦♥❝❡r♥s t❤❡ ♥♦♥✲❊✉❝❧✐❞❡❛♥ ✜❡❧❞s✳ ❋♦r t❤❡s❡ ✇❡ ❥✉st r❡❢❡r

t♦ ❬✺✸❪✳

✷✳✷✳✶ ❇♦✉♥❞s ❢♦r ❛ r❡❞✉❝❡❞ ❜✐♥❛r② ❍❡r♠✐t✐❛♥ ❢♦r♠

❖♥❝❡ ✇❡ ❦♥♦✇ t ≥ tK ✇❡ ❝❛♥ ❜♦✉♥❞ P,Q ❛♥❞ R✿

▲❡♠♠❛ ✷✳✷✳✷✳ ▲❡t (P,Q,R) = P |x|2 +Qxy +Qxy +R |y|2 ❜❡ ❛ r❡❞✉❝❡❞ ❍❡r✲
♠✐t✐❛♥ ❢♦r♠ ✐♥ P✱ ✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t ∆ = |Q|2 − PR✳ ❲❡ ❤❛✈❡

P ≤
√

∆

tK
. ✭✷✳✹✮

|Q|2 ≤ cKP
2, ✭✷✳✺✮

❢♦r ❛ ❝♦♥st❛♥t cK ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ✜❡❧❞ K✱ ❛♥❞

PR ≤
(

1 +
cK
t2K

)
∆ ✭✷✳✻✮

✹✼



Pr♦♦❢✳ ❋♦r ✭✷✳✹✮ ❥✉st r❡❝❛❧❧ t❤❛t t =
√

∆/P ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Φ ✐♥ ✭✷✳✸✮
❛♥❞ t ≥ tK ✳

❚❤❛♥❦s t♦ t❤❡ ❜♦✉♥❞s ♦♥ Re (z) ❛♥❞ Im (z) ❣✐✈❡♥ ✐♥ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ F ✭✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✸✮ ✇❡ ❣❡t

• 0 ≤ |Re(Q)| ≤ P/2✱ 0 ≤ Im(−Q) ≤ 1/2✱ ❛♥❞ s♦ |Q|2 ≤ P 2/2 ✇❤❡♥
K = Q(i)❀

• 0 ≤ Re(−Q) ≤ P/2✱ −
√

3/6P ≤ Im(−Q) ≤
√

3/3P ❛♥❞ t❤❡♥ |Q|2 ≤
7/12P 2✱ ✇❤❡♥ K = Q(

√
−3)

• 0 ≤ Re(−Q) ≤ P/2✱ 0 ≤ Im(−Q)| ≤
√

|dK |
2 P ❛♥❞ t❤❡♥ |Q|2 ≤

(
1+|dK |

4

)
P 2

❙♦ ✐♥ ❛❧❧ t❤❡ ❝❛s❡s ✇❡ ❤❛✈❡

|Q|2 ≤ cKP
2 ≤ cK

∆

t2K
,

❢♦r cK =
(

1+|dK |
4

)
❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

PR− |Q|2 = ∆,

s♦ ✇❡ ♦❜t❛✐♥

PR ≤
(

1 +
cK
t2K

)
∆

✷✳✷✳✷ ❇♦✉♥❞s ❢♦r r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❣✐✈❡ ❜♦✉♥❞s ❢♦r t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ r❡❞✉❝❡❞ ❜✐♥❛r②
❝✉❜✐❝ ❢♦r♠s✱ ✇❤✐❝❤ ❛❧❧♦✇ ✉s t♦ ❧♦♦♣ ♦♥ ❛❧❧ r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s ✐♥ t✐♠❡
Õ(X)✳ ▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✜❡❧❞s ♦❢ ❝❧❛ss ♥✉♠❜❡r 1 ❛♥❞ O = OK ✳

❚❤❡♦r❡♠ ✷✳✷✳✸✳ ▲❡t F = (a, b, c, d) ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ ✇✐t❤
❝♦❡✣❝✐❡♥ts ✐♥ O ✇❤✐❝❤ ✐s r❡❞✉❝❡❞ ♠♦❞✉❧♦ SL2(O)✳ ▲❡t |disc(F )| ≤ D✳ ❚❤❡♥

|a| ≤
(
α√
3

)3/2

D1/4; |b| ≤ 3γ1/2D1/4

|ad| ≤ β3/2D1/2; |bc| ≤ 9(3β)3/2D1/2; |ac| ≤ 3γD1/2.

❲❤❡r❡ α = 1/tK ✱ β =
(
1 + cK

t2K

)
✱ γ = αβ

√
27

4 .

Pr♦♦❢✳ ▲❡t H = (P,Q,R) ∈ P ❜❡ ❛ r❡❞✉❝❡❞ ✭♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✮ ❜✐♥❛r②
❤❡r♠✐t✐❛♥ ❢♦r♠✳ ❚❤❡♥





P ≤ R
|Re(Q)| ≤ P/2

| Im(Q)| ≤
√
|dK |P/2.

✹✽



✭r❡♠❛r❦ t❤❛t r❡❞✉❝t✐♦♥ ❝♦♥❞✐t✐♦♥s ♠❛② ❜❡ str✐❝t❡r t❤❛♥ t❤❡s❡ ♦♥❡s✱ s♦ (P,Q,R)
s❛t✐s❢②✐♥❣ t❤✐s ❜♦✉♥❞s ✐s ♥♦t ❛❧✇❛②s ❛ r❡❞✉❝❡❞ ❍❡r♠✐t✐❛♥ ❢♦r♠✮✳ ❯s✐♥❣ t❤❡
r❡s✉❧ts ♦❢ ▲❡♠♠❛ ✷✳✷✳✷ ✇❡ ♦❜t❛✐♥✿

P ≤ α
√

∆ ❛♥❞ PR ≤ β∆. ✭✷✳✼✮

✇❤❡r❡ α = 1/tK ❛♥❞ β =
(
1 + cK

t2K

)
✳ ▼♦r❡♦✈❡r

t2i |αi|2 ≤ R, ❛♥❞ tjtk ≤ 1

2
(t2j + t2k) ≤ P

2
. ✭✷✳✽✮

■t ❢♦❧❧♦✇s t❤❛t

|αi|2 ≤
(
P

2

)2

R
1

t21t
2
2t

2
3

, ❢♦r ❛❧❧ i ∈ {1, 2, 3}. ✭✷✳✾✮

❋r♦♠ ✭✷✳✼✮ ❛♥❞ ✭✷✳✽✮ ✇❡ ♦❜t❛✐♥

|αi|2 ≤ αβ
√

27

4

√
D

|a|2

❙♦ ✇❡ ❤❛✈❡

|αi| ≤ γ1/2D
1/4

|a| , ✭✷✳✶✵✮

✇❤❡r❡ γ = αβ
√

27
4 . ❚❤❛♥❦s t♦ t❤❡ ❧❛st ❢♦r♠✉❧❛✱ ✇❡ ❝❛♥ ❜♦✉♥❞ |b|✿

|b| = |a(−α1 − α2 − α3)| ≤ 3γ1/2D1/4. ✭✷✳✶✶✮

■♥ t❤❡ s❛♠❡ ✇❛②

|c| = |a| |α1α2 + α1α3 + α2α3| ≤ 3γ

√
D

|a|
s♦

|ac| ≤ 3γ
√
D ✭✷✳✶✷✮

❲❡ ❝❛♥ ❛❧s♦ ❜♦✉♥❞ |a|✳ ■♥ ❢❛❝t✱ ✉s✐♥❣ t❤❡ ❆●▼ ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡

3(a2D)1/3 = 3(t21t
2
2t

2
3)

1/3 ≤ t21 + t22 + t23 = P. ✭✷✳✶✸✮

❲❡ ❦♥♦✇ t❤❛t P ≤
√

3α
√
D ❛♥❞ t21t

2
2t

2
3 = |a|2D s♦ ✇❡ ♦❜t❛✐♥

|a| ≤
(
α√
3

)3/2

D1/4.

◆♦✇ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ |ad| ❛♥❞ |bc|✳ ❋r♦♠ ✭✷✳✶✸✮ ✇❡ ♦❜t❛✐♥

|a|2 ≤ P 3

33D
.

❚❤❡♥

|a|2R3 ≤ P 3R3

33D
≤ β3∆3

33D
= β3D2.

✹✾



▼♦r❡♦✈❡r✱

|d2D| =

∣∣∣∣
d

a

∣∣∣∣
2

|a|2D = |α1|2|α2|2|α3|2t21t22t23 ≤ R3,

s♦

|a2d2| ≤ |a|2R3

D
≤ β3D,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡
|ad| ≤ β3/2|D|1/2. ✭✷✳✶✹✮

❋✐♥❛❧❧② ✇❡ st✉❞② |bc|✿

|bc| ≤ |a|2
(
∑

i

|αi|
)
∑

i 6=j

|αiαj |


 .

s♦ ✇❡ ❤❛✈❡ ❛ s✉♠ ♦❢ 9 t❡r♠s ♦❢ t❤❡ ❢♦r♠ |a|2αiαjαk ✇✐t❤ i, j, k ♥♦t ❛❧❧ ❡q✉❛❧✳
❚❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛

|αi|2t2i (t21 + t22 + t23) ≤ PR ✭✷✳✶✺✮

✇❡ ❣❡t

|αi|2 ≤ PR

t2i t
2
j

❢♦r ❡✈❡r② j ∈ {1, 2, 3}. ✭✷✳✶✻✮

❈❤♦♦s✐♥❣ ♣r♦♣❡r❧② t❤❡ j✬s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ❢♦r♠✉❧❛ ❛❜♦✈❡✱ ✇❡ ❤❛✈❡✱ ❢♦r i, j, k
♥♦t ❛❧❧ ❡q✉❛❧

|a|4|αi|2|αj |2|αk|2 ≤ |a|4 (PR)3

t41t
4
2t

4
3

=
(PR)3

D2
≤ β333|D|,

✇❤✐❝❤ ✐♠♣❧✐❡s
|a|2|αi||αj ||αk| ≤ (3β)3/2D1/2 ✭✷✳✶✼✮

❙♦
|bc| ≤ 9(3β)3/2D1/2. ✭✷✳✶✽✮

❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❘❡♠❛r❦✳ ❘❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ SL2(O) ✐s ✇❡❛❦❡r t❤❛♥ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ GL2(O)✱
✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❜♦✉♥❞s ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❢♦r a, b, c, d st✐❧❧ ❤♦❧❞ ❢♦r ❢♦r♠s r❡❞✉❝❡❞
♠♦❞✉❧♦ GL2(O)✳

❈♦r♦❧❧❛r② ✷✳✷✳✹✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ❧✐st ❛❧❧ t❤❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s (a, b, c, d) ♠♦❞✲
✉❧♦ SL2(O)✱ ✇✐t❤ N (disc(F )) ≤ X ✭✐✳❡✳ X = D2✱ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠
✷✳✷✳✸✮ ✐♥ t✐♠❡ O(X1+ε), ❢♦r ❛❧❧ ε > 0✳

Pr♦♦❢✳ ❚❤❡ ♥✉♠❜❡r ♦❢ q✉❛❞r✉♣❧❡s (a, b, c, d) s❛t✐s❢②✐♥❣ ❛❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s
❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✐s

N =


 ∑

|a|≪D1/4

∑

|d|≪D1/2/|a|
1


 ·


 ∑

0<|b|≪D1/4

∑

|c|≪D1/2/|b|
1




+
∑

|a|≪D1/4


 ∑

|d|≪D1/2/|a|

∑

|c|≪D1/2/|a|
1


 ,

✺✵



✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ❝♦rr❡s♣♦♥❞s t♦ b = 0✳ ❚❤✉s

N ≪
∑

|a|≪D1/4

D

|a|2
∑

|b|≪|D|1/4

b 6=0

D

|b|2
+

∑

|a|≪D1/4

D2

|a|4

❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ ❢♦❝✉s ♦♥ t❤❡ ❧❛st s✉♠ ♦❢ t❤✐s ❢♦r♠✉❧❛✱ ❜✉t t❤❡ ✜rst ♦♥❡
❝❛♥ ❜❡ tr❡❛t❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳

∑

|a|≪D1/4

D2

|a|4
≪ D2 ·

D∑

n=1

#{a ∈ O : |a|4 = n}
n

.

◆♦✇✱ s✐♥❝❡ #{a ∈ O : |a|4 = n} = O(nε) = O(Dε)✱ ❢♦r ❛❧❧ ε > 0 ❛♥❞
∑D

n=1
1
n ✐s

O(log(D)). ❙♦ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

✷✳✷✳✸ ❆✉t♦♠♦r♣❤✐s♠s ❛♥❞ ♠♦r♣❤✐s♠s

❆s ✇❡ ❛❧r❡❛❞② s❛✐❞✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❞✉❝✐♥❣ F ♠♦❞✉❧♦ GL2(O) r❡❞✉❝❡s ✑♥❡❛r❧②✑
t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ r❡❞✉❝✐♥❣ HF ♠♦❞✉❧♦ GL2(O)✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❡①♣❧❛✐♥ t❤❡
♠❡❛♥✐♥❣ ♦❢ t❤✐s ✑♥❡❛r❧②✑✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✳ ▲❡t F1 6= F2 ∈ (Sym3 O2)∗✱ F2 = M · F1 ❢♦r s♦♠❡ M ∈
GL2(O)✳ ❙✉♣♣♦s❡ t❤❛t HF1

❛♥❞ HF2
❛r❡ ❜♦t❤ r❡❞✉❝❡❞ ❍❡r♠✐t✐❛♥ ❢♦r♠s✳ ❚❤❡♥

♦♥❧② t✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✿

✭✶✮ HF1
= HF2

= H ❛♥❞ M ∈ Aut(H) ✭✐✳❡✳ M ·H = H✮❀

✭✷✮ HF1
6= HF2

❜✉t t❤❡② ❛r❡ ❜♦t❤ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥
F ❛♥❞ t❤❡② ❛r❡ ✐♥ t❤❡ s❛♠❡ ♦r❜✐t ♠♦❞✉❧♦ GL2(O)✳

❲❡ ♥❡❡❞ t♦ st✉❞② t❤❡s❡ t✇♦ ❝❛s❡s t♦ ❛✈♦✐❞ ❝♦✉♥t✐♥❣ ♠♦r❡ t❤❛♥ ♦♥❝❡ t❤❡ s❛♠❡
♦r❜✐t ♦❢ (Sym3 O2)∗.

❋♦r t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❝❛♥ ❧✐st t❤❡ ✜♥✐t❡❧② ♠❛♥② ❛✉t♦♠♦r♣❤✐s♠s {Mi} ♦❢ HF

❛♥❞ ❝❤♦♦s❡ ♦♥❧② ♦♥❡ ♦❢ t❤❡ Mi · F ✭❢♦r ❡①❛♠♣❧❡ t❤❡ s♠❛❧❧❡st F = (a, b, c, d) ✐♥
❧❡①✐❝♦❣r❛♣❤✐❝❛❧ ♦r❞❡r✮✳

❋♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ❤❛✈❡ t♦ ❞♦ t❤❡ s❛♠❡ t❤✐♥❣ ❜✉t ✇✐t❤ t❤❡ ♠❛tr✐❝❡s {Nj}
✭✇❡ ✇✐❧❧ ❝❛❧❧ t❤❡♠ ✑♠♦r♣❤✐s♠s✑✮✱ ✇❤✐❝❤ s❡♥❞ HF ♦♥ t❤❡ ❜♦✉♥❞❛r② t♦ ❛♥♦t❤❡r
♣♦✐♥t ♦❢ t❤❡ ❜♦✉♥❞❛r②✳

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ t♦ ♣✉t t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s t♦❣❡t❤❡r t♦ ❣❡t ♦♥❧② ♦♥❡ r❡♣r❡✲
s❡♥t❛t✐✈❡ ❢♦r ❡❛❝❤ ♦r❜✐t✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻✳ ▲❡t F = (a, b, c, d)✱ F r❡❞✉❝❡❞ ♠♦❞✉❧♦ GL2(O)✱ N (disc(F )) ≤
X2✳ ▲❡t H = HF ✱ ❛♥❞ ∆ = PR− |Q|2✳

▲❡t M =

(
A B
C D

)
∈ GL2(O) s✉❝❤ t❤❛t M ·HF = HF ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ M ✿

|A|2 ≤ PR

∆
, |B| ≤ P√

∆
, |D|2 ≤ PR

∆
. ✭✷✳✶✾✮

✺✶



Pr♦♦❢✳ ▲❡t ✉s ✇r✐t❡ H(x, y) = P |x|2 +Qxy +Qxy +R|y|2✳ ❲❡ ❤❛✈❡

PH(x, y) = |xP + yQ|2 + ∆|y|2, ❛♥❞ ✭✷✳✷✵✮

RH(x, y) = |Ry +Qx|2 + ∆|x|2. ✭✷✳✷✶✮

❚❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛ ✭✷✳✷✵✮ ✇❡ ❝❛♥ ❣✐✈❡ ✉♣♣❡r ❜♦✉♥❞s ❢♦r |A|, |B|✱ ❛♥❞ |D|✳
▲❡t ✇❡ ✇r✐t❡ ♠♦r❡ ❡①♣❧✐❝✐t❧② t❤❡ r❡❧❛t✐♦♥ M ·H = H✿

M ·H =

(
A B
C D

)(
P Q
Q R

)(
A C
B D

)
✭✷✳✷✷✮

=

(
|A|2P +ABQ+ABQ+ |B|2R ACP +BCQ+ADQ+BDR
ACP +ADQ+BCQ+BDR |C|2P + CDQ+ CDQ+ |D|2R

)

=

(
H(A,B) . . .
. . . H(C,D)

)

❇② ✐♠♣♦s✐♥❣ t❤✐s ♠❛tr✐① t♦ ❜❡ ❡q✉❛❧ t♦ M ✇❡ ❤❛✈❡

|AP +BQ|2 + ∆|B|2 = P 2 ⇒ |B| ≤ P√
∆
,

|CP +DQ|2 + ∆|D|2 = PR ⇒ |D|2 ≤ PR

∆
,

|BR+AQ|2 + ∆|A|2 = PR ⇒ |A|2 ≤ PR

∆
.

❚❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ♣r❡✈✐♦✉s Pr♦♣♦s✐t✐♦♥ ❛r❡ ❝♦♠♣❧❡t❡❧② ❡①♣❧✐❝✐t ✇❤❡♥ hK = 1✱
s✐♥❝❡ ✇❡ ❦♥♦✇ tK ❛♥❞ cK ✳

❙♦ ✇❡ ❝❛♥ ❥✉st ❧♦♦♣ ♦♥ ❛❧❧ A,B,C,D s❛t✐s❢②✐♥❣ t❤❡s❡ ❜♦✉♥❞s✱ t❤❡♥ s❡❧❡❝t
♦♥❧② t❤❡ ♠❛tr✐❝❡s ✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t |AD − BC| = 1✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠
♥❡❡❞s t♦ ❜❡ r✉♥ ♦♥❧② ♦♥❝❡ ❢♦r ❡❛❝❤ ♦❢ ♦✉r ✾ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ✜❡❧❞s ♦❢ ❝❧❛ss
♥✉♠❜❡r ✶✿ ✐t ❧✐sts t❤❡ ✜♥✐t❡ s❡t ♦❢ ♣♦ss✐❜✐❧✐t✐❡s ❢♦r AutH✳

❆❧❣♦r✐t❤♠ ✶✳ ▲✐sts ❛❧❧ ♣♦ss✐❜❧❡ ❛✉t♦♠♦r♣❤✐s♠ ♠❛tr✐❝❡s M s✉❝❤ t❤❛t M ·HF =
HF ✭s❛♠❡ ❤②♣♦t❤❡s✐s ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻✮✳

❋♦r ❡❛❝❤ tr✐♣❧❡ (A,B,D) s❛t✐s❢②✐♥❣ t❤❡ ❣✐✈❡♥ ❜♦✉♥❞s✱ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✶✮ ❙♦❧✈❡ |AD − BC| = 1✱ ❢♦r C ∈ O✿ AD − BC ❜❡❧♦♥❣s t♦ t❤❡ ✜♥✐t❡ s❡t O∗✱
❛♥❞ ✇❡ ❝❛♥ s♦❧✈❡ ❢♦r C✳

✭✷✮ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ 4 × 4 ♠❛tr✐①✱ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ O✿

W =




(|A|2 − 1) AB AB |B|2
AC (AD − 1) BC BD
AC BC (AD − 1) BD
|C|2 CD CD (|D|2 − 1)


 .

✭✸✮ ❈♦♠♣✉t❡ t❤❡ r❛♥❦ r ♦❢ W ✭♦✈❡r t❤❡ ✜❡❧❞ K✮✳

✭✹✮ ■❢ r = 1 ♦r r = 4✱ s❦✐♣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❛❞r✉♣❧❡ (A,B,C,D)✳

✺✷



✭✺✮ ■❢ r = 0 ♦✉t♣✉t M =

(
A B
C D

)
✭M ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ❛❝t✐♥❣ ♦♥ ❛❧❧

F ∈ F✮

✭✻✮ ■❢ r = 2 ♦r r = 3 ♦✉t♣✉t M =

(
A B
C D

)
✭M ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ❛❝t✐♥❣

♦♥❧② ♦♥ ❛ ❜♦✉♥❞❛r② s✉❜s♣❛❝❡✮✳

❘❡♠❛r❦✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ ❧♦♦♣ ♦♥❧② ♦♥ A,D ❛♥❞ r❡♣❧❛❝❡ st❡♣ ✭✶✮ ❜② ✿

✭✶✮ ❙♦❧✈❡ |AD −BC| = 1 ❢♦r B,C ∈ O✳ ❚❤✐s t✐♠❡ BC ❜❡❧♦♥❣s t♦ ❛♥ ❡①♣❧✐❝✐t
✜♥✐t❡ s❡t✱ ❛♥❞ ✇❡ ❡♥✉♠❡r❛t❡ ❞✐✈✐s♦rs✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼✳ ▲❡t M = ( A B
C D ) ❜❡❧♦♥❣ t♦ AutHF ✱ ✇❤❡r❡ HF ✐s t❤❡ ❍❡s✲

s✐❛♥ ♦❢ s♦♠❡ r❡❞✉❝❡❞ ❝✉❜✐❝ ❢♦r♠ F ✳ ■❢ r ✐s t❤❡ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐① W ❝♦♥str✉❝t❡❞
✐♥ t❤❡ ❛❜♦✈❡ ❛❧❣♦r✐t❤♠✱ t❤❡♥

• r = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ B = C = 0 ❛♥❞ A = D ❛r❡ ✉♥✐ts✳ ❚❤❡♥ M ✐s ❛♥
❛✉t♦♠♦r♣❤✐s♠ ❢♦r ❛❧❧ ❍❡r♠✐t✐❛♥ q✉❛❞r❛t✐❝ ❢♦r♠s ✐♥ F ✳

• r = 1 ✐s ✐♠♣♦ss✐❜❧❡

• r = 2 ♦r r = 3 t❤❡♥ M ✐s ❛♥ ❛✉t♦♠♦r♣❤✐s♠ ❢♦r s♦♠❡ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢
F ✱ ❞❡✜♥❡❞ ❜② ❡①♣❧✐❝✐t ❡q✉❛t✐♦♥s ✐♥ t❤❡ ✈❛r✐❛❜❧❡s (P,Q,Q,R)✳

• r = 4 ✐s ✐♠♣♦ss✐❜❧❡✳

Pr♦♦❢✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ( A B
C D ) ∈ Aut(P |x|2 + Qxy + Qxy + R|y|2) tr❛♥s❧❛t❡s

t♦ t❤❡ ❧✐♥❡❛r s②st❡♠ WX = 0✱ ✇✐t❤ X = (P,Q,Q,R)t✳

• ■❢ r = 4✱ t❤❡ ♦♥❧② s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✐s (0, 0, 0, 0) ❜✉t t❤✐s ✐s ♥♦t ❛❧❧♦✇❡❞
s✐♥❝❡ P,R > 0.

• ❆ss✉♠❡ t❤❛t r ≤ 1 ✿ t❤❡ ♠❛tr✐① ( A B
C D ) ❤❛s r❛♥❦ ✷ s♦ t❤❡ t✇♦ 2 ❜② 2

♠❛tr✐❝❡s ♦♥ t❤❡ ❧♦✇❡r✲❧❡❢t ❛♥❞ ✉♣♣❡r✲r✐❣❤t ❝♦r♥❡rs ♦❢W ❤❛✈❡ r❛♥❦ 2 ✉♥❧❡ss
B = C = 0✳ ■♥ t❤✐s ❝❛s❡ W ✐s ❞✐❛❣♦♥❛❧




|A|2 − 1
AD − 1

AD − 1
|D|2 − 1


 .

❙✐♥❝❡ B = C = 0✱ ❛♥❞ AD − BC ✐s ❛ ✉♥✐t✱ ✇❡ ♠✉st ❤❛✈❡ |A| = |D| = 1✱
s♦ t❤✐s ♠❛tr✐① ❤❛s ❡✐t❤❡r r❛♥❦ 2 ♦r 0 ✭✇❤❡♥ AD = AD = 1✮✳

✷✳✸ ❚❤❡ ❛❧❣♦r✐t❤♠

❆❧❣♦r✐t❤♠ ✷✳ ●✐✈❡♥ ❛ ❜♦✉♥❞ X = D2✱ ♦✉t♣✉t t❤❡ ❧✐st ♦❢ r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝
❢♦r♠s ♠♦❞✉❧♦ GL2(O)✱ s✉❝❤ t❤❛t N (disc(F )) ≤ X✳

❋♦r ❡❛❝❤ q✉❛❞r✉♣❧❡ F = (a, b, c, d) ∈ O4 s❛t✐s❢②✐♥❣ ❛❧❧ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❚❤❡♦✲
r❡♠ ✷✳✷✳✸ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣

✺✸



✭✶✮ ❆♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♠♣❧❡① r♦♦ts ♦❢ F ✱ (α1, α2, α3) t♦ ❛ s✉✣❝✐❡♥t ❛❝❝✉r❛❝②✳
❚❤❡♥ ❛♣♣r♦①✐♠❛t❡ HF = (P,Q,R) t❤❡ ❛ss♦❝✐❛t❡❞ ❍❡r♠✐t✐❛♥ ❢♦r♠✳

✭✷✮ ❈❤❡❝❦ ✐❢ HF ✐s r❡❞✉❝❡❞ ✭✐♥ ♣❛rt✐❝✉❧❛r ✐❢ HF ✐s ✏♥❡❛r✑ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ✉s❡ ❆❧❣♦r✐t❤♠ ✸ ✭s❡❡ ❜❡❧♦✇✮ t♦ ❝❤❡❝❦ ❡①❛❝t❧② t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✮✳ ■❢ ♥♦t s❦✐♣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ F ✳

✭✸✮ ❈❤❡❝❦ ✇❤❡t❤❡r F ✐s ✐rr❡❞✉❝✐❜❧❡ ✐♥ K[x, y]✳ ■❢ ♥♦t s❦✐♣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ F ✳

✭✹✮ ❆♣♣❧② ❉❡❞❡❦✐♥❞ ❝r✐t❡r✐♦♥ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r F ❞❡s❝r✐❜❡s ❛ ♠❛①✐♠❛❧ r✐♥❣✳ ■❢
♥♦t s❦✐♣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ F ✳

✭✺✮ ❈♦♠♣✉t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❛✉t♦♠♦r♣❤✐s♠s Mi ♦❢ HF ❛♥❞ ❝♦♠♣✉t❡ ❛❧❧ t❤❡ ✐♠❛❣❡s
Mi · F ✳ ❈❤❡❝❦ ✐❢ F ✐s t❤❡ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t ✭❢♦r s♦♠❡ ♦r❞❡r✱ ❢♦r ✐♥st❛♥❝❡ t❤❡
❧❡①✐❝♦❣r❛♣❤✐❝ ♦♥❡✮ ✐♥ t❤✐s s❡t✿ ✐❢ ②❡s✱ ♣r✐♥t F ✳

❘❡♠❛r❦s✳

• ❋♦r t❤❡ ♣r❡❝✐s✐♦♥ ♥❡❡❞❡❞ ✐♥ st❡♣ (1) r❡❢❡r t♦ ❆♣♣❡♥❞✐① ❈✳

• ■♥ st❡♣ ✭✺✮✱ ✇❡ ❝♦♠♣✉t❡ ❛ ❧✐st ♦❢ ❛✉t♦♠♦r♣❤s ❢♦r F t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r F
✐s t❤❡ ♠✐♥✐♠❛❧ ✐♥ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ✭✐♥ t❤✐s ❝❛s❡ F s❤♦✉❧❞ ❜❡ ❦❡❡♣❡❞✱
♦t❤❡r✇✐s❡ ♥♦✮✳ ❆♥♦t❤❡r ✇❛② t♦ ❞❡❛❧ ✇✐t❤ t❤✐s ♣r♦❜❧❡♠ ❝♦✉❧❞ ❜❡ ✏st♦❝❦✐♥❣✑
❛❧❧ t❤♦s❡ F ❛♥❞ t❤❡♥ ❝❤❡❝❦✐♥❣ GL2(O)✲❡q✉✐✈❛❧❡♥❝❡ ♦♥❝❡ ✇❡ ❤❛✈❡ ❛❧❧ t❤❡
❢♦r♠s ✇✐t❤ ❛ ✜①❡❞ ❞✐s❝r✐♠✐♥❛♥t D✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ♦✉r ❛❧❣♦r✐t❤♠✱
❞♦❡s ♥♦t ❛ss✉r❡ t❤❛t t❤❡ ♦✉t♣✉t ❢♦r♠s ❛r❡ ♦r❞❡r❡❞ ❜② ❞✐s❝r✐♠✐♥❛♥t✱ s♦ ✇❡
❝♦✉❧❞ ❛♣♣❧② t❤✐s t❡st ♦♥❧② ❛t t❤❡ ❡♥❞✱ ❛♥❞ t❤✐s ✇♦✉❧❞ ♠❡❛♥ ❛ ❧♦t ♠♦r❡
s♣❛❝❡ ✉s❡❞ ❢♦r st♦❝❦✐♥❣ ❛❧❧ t❤❡ ❛✉t♦♠♦r♣❤✐❝ ❢♦r♠s✳ ▼♦r❡♦✈❡r✱ t❤✐s ✇♦✉❧❞
✐♠♣❧② ❛ ❞♦✉❜❧❡ ❧♦♦♣ ♦♥ t❤❡ ❧✐st ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡ ❛❧s♦ t❤❡ ❝♦♠♣❧❡①✐t② ❣r♦✇✳
❚❤❛t✬s ✇❤② ✇❡ ♣r❡❢❡rr❡❞ t♦ ❛♣♣❧② ✐♠♠❡❞✐❛t❡❧② ❛✉t♦♠♦r♣❤✐s♠ ♠❛tr✐❝❡s s♦
t❤❛t ✇❡ ❞♦♥✬t ❤❛✈❡ t♦ ❦❡❡♣ ❛♥②t❤✐♥❣ ✐♥ ♠❡♠♦r② ✭r❡❝❛❧❧ t❤❛t ✇❡ ❥✉st ♦✉t♣✉t
t❤❡ ✏❣♦♦❞✑ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ ❡❛❝❤ t✐♠❡ ✇❡ ✜♥❞ ♦♥❡✱ s♦ ✇❡ ❛r❡ ♥♦t ❡✈❡♥
♦❜❧✐❣❡❞ t♦ ❦❡❡♣ ✐♥ ♠❡♠♦r② t❤❡ ❧✐st ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s✮✳

✷✳✹ ❚❤❡ ❝❛s❡ K = Q(i)

❲❤❡♥ K = Q(i) t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥ ❢♦r ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❜✐♥❛r② ❍❡r♠✐t✐❛♥
❢♦r♠s ✐s ❣✐✈❡♥ ❜② 




P ≤ R
−P/2 ≤ Re(Q) ≤ P/2
0 ≤ Im(Q) ≤ P/2.

❲❡ ♥♦✇ s♣❡❝✐❛❧✐③❡ ❚❤❡♦r❡♠ ✷✳✷✳✸✿

❚❤❡♦r❡♠ ✷✳✹✳✶✳ ▲❡t F ❜❡ ❛♥ ✐rr❡❞✉❝✐❜❧❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥
Z[i] ✇❤✐❝❤ ✐s r❡❞✉❝❡❞ ♠♦❞✉❧♦ SL2(Z[i]) ❛♥❞ ✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t D✳ ❚❤❡♥

|a| ≤
(

2

3

)3/4

|D|1/4; |b| ≤ 3

(
27

2

)1/4

|D|1/4

|ad| ≤ 2
√

2|D|1/2; |bc| ≤ 9 · 6
√

6|D|1/2, |ac| ≤ 3

(
27

2

)1/2

|D|1/2
.

✺✹



❆s ❡①♣❧❛✐♥❡❞ ✐♥ ❈♦r♦❧❧❛r② ✷✳✷✳✹✱ ✇❡ ❝❛♥ ❧♦♦♣ ♦♥ ❛❧❧ (a, b, c, d) ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠
✷✳✹✳✶ ✐♥ t✐♠❡ O(X1+ε)✱ ❢♦r ❛♥② ε > 0✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✷✳ ▲❡t M = ( A B
C D ) ∈ GL2(Z[i])✱ s✉❝❤ t❤❛t

M ·H = H,

t❤❡♥

|A| ≤ 1, |B| ≤ 1, |D| ≤ 1, |C|2 ≤ 2.

Pr♦♦❢✳ ❇♦✉♥❞s ♦♥ |A| , |B| ❛♥❞ |D| ❞✐r❡❝t❧② ❝♦♠❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻✳
❚❤❡ ❜♦✉♥❞ ♦♥ C t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❆❧❣♦r✐t❤♠ ✶✳

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✸✳ ■❢

H =

(
P Q
Q R

)

✐s ♥♦t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✱ t❤❡♥ ✐ts ♦♥❧② ❛✉t♦♠♦r♣❤✐s♠s
❛r❡ t❤❡ ♦♥❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t✿

AutGL2(Z[i])

(
P Q
Q R

)
=

{(
1 0
0 1

)
,

(
−1 0

0 −1

)
,

(
i 0
0 i

)
,

(
−i 0
0 −i

)}

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✼✳

✷✳✹✳✶ ▲♦♦♣s ♦♥ a, b, c, d

❲❤❡♥ K = Q(i) ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② i ❛♥❞ −i ❣✐✈❡ ❛✉t♦♠♦r✲
♣❤✐s♠s ♦♥ ❛❧❧ ❝✉❜✐❝ ❢♦r♠s✳ ❙♦✱ ✐♥ ❆❧❣♦r✐t❤♠ ✷✱ ✐♥st❡❛❞ ♦❢ ❧♦♦♣✐♥❣ ♦✈❡r ❛❧❧ a ∈ Z[i]
s❛t✐s❢②✐♥❣ |a| ≤ amax✱ ✇❤❡r❡

amax :=

(
2

3

)3/4

|D|1/4
,

✇❡ ❝❛♥ ❥✉st r❡str✐❝t t♦ ❥✉st ♦♥❡ q✉❛❞r❛♥t✱ ❢♦r ❡①❛♠♣❧❡

{a : |a| ≤ amax,Re(a) ≥ 1, Im(a) ≥ 0, a 6= 0}

▼♦r❡♦✈❡r ✇❡ ♥♦t✐❝❡❞ t❤❛t [PGL2(O) : PSL2(O)] = 2✱ ❛♥❞ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ❢♦r

t❤❡ ♥♦♥tr✐✈✐❛❧ ❝♦s❡t ✐s σ =

(
i 0
0 1

)
✳ ■t s❡♥❞s ❛♥ ❍❡r♠✐t✐❛♥ ❢♦r♠ (P,Q,R) t♦

(P, iQ,R) = (P,− Im(Q) + iRe(Q), R)✱ s♦ ✇❡ ❝❛♥ r❡str✐❝t t♦ ❜✐♥❛r② ❍❡r♠✐t✐❛♥
❢♦r♠s s✉❝❤ t❤❛t Re(Q) ≥ 0 ✭✇✐t❤ ❛ ❜♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r Re(Q) = 0✮✳ ❚❤✐s ♥❡✇
❝♦♥❞✐t✐♦♥ tr❛♥s❧❛t❡s t♦ ❛ ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥t c ♦❢ t❤❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠
F = (a, b, c, d). ❲❡ ❝❛♥ ❢♦r ❡①❛♠♣❧❡ r❡str✐❝t c t♦ t❤❡ ✉♣♣❡r ❤❛❧❢ ♣❧❛♥❡✿

{c : |c| ≤ cmax, Im(c) ≥ 1 ✐❢ Re(c) < 0, Im(c) ≥ 0 ♦t❤❡r✇✐s❡ }.

❋r♦♠ ♥♦✇ ♦♥ ❧❡t ✉s ❝❛❧❧ φ t❤❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ t❛❦❡s ❛ ❝✉❜✐❝ ❢♦r♠ (a, b, c, d) t♦ ❛♥
❡q✉✐✈❛❧❡♥t ♦♥❡ (a′, b′, c′, d′) ✐♥ t❤❡ ❣♦♦❞ q✉❛❞r❛♥ts✳

✺✺



✷✳✺ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠s

✷✳✺✳✶ ❈❤❡❝❦✐♥❣ r✐❣♦r♦✉s❧② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❆s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ P,Q,R ✐♥✈♦❧✈❡s ✢♦❛t✐♥❣ ♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡
❝♦♠♣❧❡① r♦♦ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ OK [X]✱ ✐t ✇✐❧❧ ♥♦t ❣✐✈❡✱ ♦❢ ❝♦✉rs❡✱ ❡①❛❝t r❡s✉❧ts✳
❚❤♦s❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥s ✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ❜❡ s✉✣❝✐❡♥t t♦ t❡st ✇❤❡t❤❡r
t❤❡ ❍❡r♠✐t✐❛♥ ❢♦r♠ ✐s str✐❝t❧② ✐♥s✐❞❡ ♦r ♦✉ts✐❞❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✳ ❇✉t ✐❢
✐t ✐s ✈❡r② ♥❡❛r t❤❡ ❜♦✉♥❞❛r② ✭♦r ✇♦rs❡ ♦♥ t❤❡ ❜♦✉♥❞❛r②✮✱ t❤✐s ❛♣♣r♦❛❝❤ ❢❛✐❧s✳

❋♦r t❤❛t ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿

P = − |b|2
|a|2 + 3(|α1|2 + |α2|2 + |α3|2) ✭✷✳✷✸✮

Q =
bc

|a|2 + 3(α1α2α3 + α1α2α3 + α1α2α3) ✭✷✳✷✹✮

R = − |c|2
|a|2 + 3(|α1|2|α2|2 + |α1|2|α3|2 + |α2|2|α3|2) ✭✷✳✷✺✮

◆♦✇ ✇❡ ❝♦♥s✐❞❡r α1, α2, α3, α1, α2, α3 ❛s ❛❧❣❡❜r❛✐❝ ♥✉♠❜❡rs✱ ❛♥❞ ✇❡ ❧❡t S ❜❡
t❤❡ s❡t ♦❢ t❤❡ s✐① ♣❡r♠✉t❛t✐♦♥s ✜①✐♥❣ t❤❡ αi✱ ❛♥❞ ❛❝t✐♥❣ ❛s S3 ♦♥ t❤❡ αi✳ ❚❤❡
♣♦❧②♥♦♠✐❛❧

gP =
∏

σ∈S

(X − σ(α1α1 + α2α2 + α3α3))

✈❛♥✐s❤❡s ❛t |α1|2 + |α2|2 + |α3|2, ❛♥❞ ✐ts ❝♦❡✣❝✐❡♥ts ❛r❡ s②♠♠❡tr✐❝ ✐♥ (α1, α2, α3)
❛♥❞ (α1, α2, α3) ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤❡② ❝❛♥ t❤✉s ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ (b/a, c/a, d/a)

❛♥❞ (b/a, c/a, d/a)✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ fP (X) = gP

(
X
3 − |b|2

3|a|2
)
✈❛♥✐s❤❡s ❛t P ❛♥❞

❜❡❧♦♥❣s t♦ K[X]✳
■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ K[X] ✈❛♥✐s❤✐♥❣ ❛t Q✱

R✱ Re(Q) ♦r Im(Q)✳ ❙✉❝❤ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❡❛s✐❧② ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❛ ❝♦♠♣✉t❡r
❛❧❣❡❜r❛ s②st❡♠ ❧✐❦❡ ▼❛♣❧❡ ✭❛♥❞ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝♦♠♣✉t❡ t❤❡♠ ♦♥❝❡ ❢♦r ❛❧❧✮❀
t❤❡ ♣♦❧②♥♦♠✐❛❧s gP ✱ gQ✱ gR ❛♥❞ s♦ ♦♥ ❛r❡ ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❉ ✖ ❜❡❢♦r❡ t❤❡
tr✐✈✐❛❧ ❧✐♥❡❛r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ②✐❡❧❞✐♥❣ fP ✱ fQ✱ fR✱ ❡t❝✳

❲❡ ✇❛♥t t♦ ✈❡r✐❢② r✐❣♦r♦✉s❧② ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❢♦r ✐♥st❛♥❝❡ P = R✿ ✐❢ fP

❛♥❞ fR ❤❛✈❡ ♥♦ ❝♦♠♠♦♥ ❢❛❝t♦r ✐♥ K[X]✱ t❤❡♥ P 6= R✳ ❇✉t t❤✐s ✐s ♥♦t ❡♥♦✉❣❤✿
✇❡ ❛❧s♦ ✇❛♥t t♦ ❝❤❡❝❦ ✇❤❡t❤❡r P < R ♦r P > R✱ ✐✳❡✳ ✐❢ t❤❡ ♣♦✐♥t ✇❡ ❛r❡ t❡st✐♥❣
✐s ✏✐♥s✐❞❡✑ ♦r ✏♦✉ts✐❞❡✑ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦❢ ▼❛❤❧❡r ❬✹✶❪ ♣r♦✈✐❞❡s t❤❡ ❛❝❝✉r❛❝② ✇❡ ♥❡❡❞ ❢♦r ♦✉r
✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥s✿

❚❤❡♦r❡♠ ✷✳✺✳✶ ✭▼❛❤❧❡r✮✳ ▲❡t f = a0x
m + a1x

m−1 + · · · + am = a0(x −
α1) · · · (x− αm) ❜❡ ❛ s❡♣❛r❛❜❧❡ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ m ≥ 2✱ ❛♥❞ ❧❡t

∆(f) = min
1≤i<j≤m

|αi − αj |

❜❡ t❤❡ ♠✐♥✐♠❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ❞✐st✐♥❝t r♦♦ts ♦❢ f ✳ ❚❤❡♥

∆(f) >
√

3m−(m+2)/2|disc(f)|1/2M(f)−(m−1),

✇❤❡r❡ disc(f) ✐s t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ f ✱ ❛♥❞ M(f) = |a0|
∏m

h=1 max(1, |αh|)✳
❚❤✐s tr❛♥s❧❛t❡s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✿

✺✻



❆❧❣♦r✐t❤♠ ✸ ✭❈❤❡❝❦✐♥❣ ❛♥ ❛❧❣❡❜r❛✐❝ ✐❞❡♥t✐t②✮✳ ▲❡t α ❛♥❞ β ∈ R ❜❡ t✇♦ ❛❧✲
❣❡❜r❛✐❝ ♥✉♠❜❡rs✱ ❛♥❞ ❧❡t A ❛♥❞ B ∈ K[X] \ 0 t❤❛t ✈❛♥✐s❤ ❛t α✱ ❛♥❞ β r❡s♣❡❝✲
t✐✈❡❧②✳ ❆ss✉♠❡ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❛♣♣r♦①✐♠❛t✐♦♥s α̂ ❛♥❞ β̂ s✉❝❤ t❤❛t

|α− α̂| < ε✱
∣∣∣β − β̂

∣∣∣ < ε✱ ❢♦r ❛♥② ✜①❡❞ ε > 0✳

❲❡ ✇❛♥t t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r α < β✱ α > β ♦r α = β✳

✭✶✮ ▲❡t C = AB ❛♥❞ f = C/❣❝❞(C,C ′)✳

✭✷✮ ■❢ t❤❡ ❞❡❣r❡❡ ♦❢ f ✐s 1✱ t❤❡♥ ❛♥s✇❡r α = β✳

✭✸✮ ❈♦♠♣✉t❡ ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ∆̂ ♦❢

∆(f) =
√

3m−(m+2)/2|disc(f)|1/2M(f)−(m−1),

✇❤❡r❡ disc(f) ❛♥❞ M(f) ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✺✳✶ s✉❝❤ t❤❛t ∆̂ ≤ ∆(f)✳

✭✹✮ ❈♦♠♣✉t❡ α ❛♥❞ β ❛t ♣r❡❝✐s✐♦♥ ε = ∆̂/4✱ ✐✳❡✳ α̂ ❛♥❞ β̂ s✉❝❤ t❤❛t

|α− α̂| < ε,
∣∣∣β − β̂

∣∣∣ < ε.

✭✺✮ ■❢ |α̂− β̂| < 2ε✱ ❛♥s✇❡r α = β✳

✭✻✮ ■❢ α̂ < β̂✱ ❛♥s✇❡r α < β✳

✭✼✮ ■❢ α̂ > β̂✱ ❛♥s✇❡r α > β✳

Pr♦♦❢✳ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ f ✐s ♥♦♥ ❝♦♥st❛♥t ❛♥❞ ❤❛s α ❛♥❞ β ❛♠♦♥❣ ✐ts r♦♦ts✳
■❢ ✐ts ❞❡❣r❡❡ ✐s 1✱ t❤❡♥ α = β✳ ❖t❤❡r✇✐s❡✱ ❛ss✉♠❡ ✜rst t❤❛t |α̂− β̂| < 2ε✳ ❚❤❡♥

|α− β| ≤ |α− α̂| +
∣∣∣β − β̂

∣∣∣+
∣∣∣α̂− β̂

∣∣∣ < 4ε ≤ ∆(f).

❍❡♥❝❡ α = β ❜② ▼❛❤❧❡r✬s t❤❡♦r❡♠ ✐♥ t❤✐s ❝❛s❡✱ ♣r♦✈✐♥❣ ✭✺✮✳
❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t |α̂− β̂| ≥ 2ε❀ s✐♥❝❡

α− β = α̂− β̂ + (α− α̂) − (β − β̂)

❛♥❞ ∣∣∣(α− α̂) − (β − β̂)
∣∣∣ < 2ε,

α− β ❛♥❞ α̂− β̂ ❤❛✈❡ t❤❡ s❛♠❡ s✐❣♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳✷✳ ❚❤❡ s♠❛❧❧❡st ε t❤❛t ✇❡ ❝❛♥ ♦❜t❛✐♥ ✐♥ st❡♣ ✭✹✮ ♦❢ t❤❡ ❛❜♦✈❡
❛❧❣♦r✐t❤♠ ✭✐✳❡✳ t❤❡ ♠❛①✐♠❛❧ ♣r❡❝✐s✐♦♥ ♥❡❡❞❡❞✮ ✐s ≫ X−β , ❢♦r s♦♠❡ ♣♦s✐t✐✈❡
❝♦♥st❛♥t β✳

❘❡♠❛r❦✳ ❚❤❛t ♠❡❛♥s t❤❛t ❢♦r ♦✉r ❝♦♠♣✉t❛t✐♦♥ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛t ♠♦st Ω(logX)
s✐❣♥✐✜❝❛♥t ❞✐❣✐ts✳

Pr♦♦❢✳ ❖✉r ❛❧❣♦r✐t❤♠ ❧♦♦♣s ♦✈❡r r❡❞✉❝❡❞ ✐♥t❡❣r❛❧ ❝✉❜✐❝ ❢♦r♠s F = (a, b, c, d) ∈
(OK)4 ✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t disc(F ) s❛t✐s❢②✐♥❣ |disc(F )|2 ≤ X✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❚❤❡✲
♦r❡♠ ✷✳✷✳✸ ✐♠♣❧✐❡s t❤❛t |a| ≪ X1/8✳

✺✼



❋♦r ❡❛❝❤ s✉❝❤ ❢♦r♠✱ ✇❡ ♠❛② ❝♦♠♣✉t❡ ✈❛r✐♦✉s s❡♣❛r❛❜❧❡ ♣♦❧②♥♦♠✐❛❧s f ✇✐t❤
❝♦❡✣❝✐❡♥ts ✐♥ a−uOK ✱ ❢♦r s♦♠❡ ❜♦✉♥❞❡❞ ✐♥t❡❣❡r u✳ ❚❤❡♥ disc(f) ✐s ♥♦♥ ③❡r♦✱
✐♥ a−4uOK ✳ ■ts ♥♦r♠ ✐s ❛ ♥♦♥✲③❡r♦ r❛t✐♦♥❛❧ ✐♥t❡❣❡r ❞✐✈✐❞❡❞ ❜② |a|−8u✱ ❤❡♥❝❡
≫ X−u✳ ❚❤✉s disc(f) ≫ X−u/2✳

▲❛♥❞❛✉✬s t❤❡♦r❡♠ ✭s❡❡ ❬✹✱ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✸✳✶❪ ❢♦r ❡①❛♠♣❧❡✮ t❡❧❧s ✉s t❤❛t

M(f) ≤ ‖f‖2

❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ f ❛r❡ ♠♦♥♦♠✐❛❧s ✐♥ e1, e2, e3, f1, f2, f3 ✭s❡❡ ❆♣♣❡♥❞✐① ❉✮✳
❊❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ✐s ❜♦✉♥❞❡❞ ❜② c · Xα✱ ❢♦r ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝♦♥st❛♥t c ❛♥❞
❡①♣♦♥❡♥t α✳

❲❡ ❤❛✈❡
∆(f) ≫M(f)−(m−1).

❙♦ ✇❡ ♦❜t❛✐♥
‖f‖2 ≪ Xβ ,

❜✉t t❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ∆(f) ≫ X−β ✳

✷✳✺✳✷ ❆♥ ✐❞❡❛ t♦ ❝♦✉♥t ♦♥❧② ❤❛❧❢ ♦❢ t❤❡ ❡①t❡♥s✐♦♥s

■t ✐s ❡❛s② t♦ r❡♠❛r❦ t❤❛t ✐❢ H = (P,Q,R) ✐s ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦♠❛✐♥✱ t❤❡♥
❛❧s♦ H ′ = (P,−Q,R) ✐s✳ ❆♥❞✱ ✐♥ ❣❡♥❡r❛❧✱t❤❡s❡ t✇♦ ❍❡r♠✐t✐❛♥ ❢♦r♠s ❛r❡ ♥♦t
❡q✉✐✈❛❧❡♥t ♠♦❞✉❧♦ GL2(O)✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ F = (a, b, c, d) ❤❛s HF = H✱ t❤❡♥ F ′ = (a,−b, c,−d) ❣✐✈❡s
HF ′ = H ′✳

❚❤✐s ❛❧❧♦✇ ✉s t♦ ❧♦♦♣ ♦♥❧② ♦♥ ❤❛❧❢ ♦❢ t❤❡ c s❛t✐s❢②✐♥❣ t❤❡ ❣✐✈❡♥ ❜♦✉♥❞s✳
❚❤❡♥ ❝♦♥str✉❝t ❜♦t❤ t❤❡ ❢♦r♠s F = (a, b, c, d) ❛♥❞ F ′ = (a,−b, c,−d) ❛♥❞ ✇❡

❝❤❡❝❦ ✐❢ t❤❡② ❛r❡ ❡q✉✐✈❛❧❡♥t ✭❝♦♠♣❛r✐♥❣ F ′ ✇✐t❤ t❤❡ ❧✐st ♦❢ ❛✉t♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s
t♦ F ✮✳ ■❢ ♥♦t ✇❡ ✈❡r✐❢② ❛❧s♦ t❤❡ ❧✐st ♦❢ ❛✉t♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s t♦ F ′ t♦ s❡❡ ✐❢ ♦♥❡
♦❢ t❤❡♠ ✇✐❧❧ ❜❡ ❢♦✉♥❞ ✐♥ ♦✉r ❧♦♦♣s✱ ❛♥❞ ✐❢ ❜♦t❤ t❤❡ ❛♥s✇❡rs ❛r❡ ♥♦✱ ✇❡ ❛❞❞ t❤✐s
s❡❝♦♥❞ ❢♦r♠ F ′ t♦ ♦✉r ♦✉t♣✉t ❧✐st✳

✷✳✺✳✸ ▲♦♦♣ ♦♥ d

❖♥❝❡ ✇❡ ❤❛✈❡ ✜①❡❞ (a, b, c)✱ ✇❡ ❝♦✉❧❞ ❧♦♦♣ ♦♥ |d| ≤ dmax ❜✉t t❤✐s ✇✐❧❧ ❜❡ ✈❡r②
s❧♦✇✳

❚❤❡ ✐❞❡❛ ✐s t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠✉❧❛ ♦❢ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ ❝✉❜✐❝ ❢♦r♠ F ✿

D = Ad2 +Bd+ C,

✇✐t❤ A = −27a2, B = 18abc − 4b3 ❛♥❞ C = b2c2 − 4ac3. ◆❡①t ✇❡ ❝❛♥ ✜♥❞ t❤❡
s♦❧✉t✐♦♥s x1, x2 ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ Ax2 +Bx+C s♦ t❤❛t D = A(d−x1)(d−x2)✳
❆s ✇❡ ❦♥♦✇ t❤❛t |D| ≤ X✱ t❤❡♥ ✇❡ ❣❡t |d − x1||d − x2| ≤ X/|A|✳ ◆♦✇ ❧❡t ✉s
s✉♣♣♦s❡ t❤❛t |d− x1| ❛♥❞ |d− x2| ❛r❡ ≥ 1/2✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥

{
|d− x1| ≤ 2X/|A|
|d− x2| ≤ 2X/|A| ,

❛♥❞ t❤❡ s❡t ♦❢ t❤❡ s♦❧✉t✐♦♥s d ✐s ❣✐✈❡♥ ❜② t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❝✐r❝❧❡s ♦❢
❝❡♥tr❡ x1 ❛♥❞ x2 ❛♥❞ r❛② 2X/|A|✳

❖♥ t❤❡ ♦t❤❡r ❝❛s❡✱ ✐❢ |d − xi| < 1/2 ❢♦r i = 1 ♦r 2✱ t❤❡♥ ✇❡ ❥✉st ♥❡❡❞ t♦
❝♦♥s✐❞❡r ❛s ♣♦ss✐❜❧❡ d t❤❡ t✇♦ ♣♦✐♥ts ⌈x1⌋ ❛♥❞ ⌈x2⌋✳

✺✽



◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r

|x1 − x2| =

√
|∆|
|A| ,

✇❤❡r❡ ∆ = B2 − 4AC✳ ■❢ |x1 − x2| > 4X/|A|, t❤❡♥ t❤❡ t✇♦ ❝✐r❝❧❡s ❞❡s❝r✐❜❡❞
❛❜♦✈❡ ❤❛✈❡ ♥♦ ✐♥t❡rs❡❝t✐♦♥✱ s♦ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ d ❛r❡ ⌈x1⌋ ❛♥❞ ⌈x2⌋✳ ■♥ t❤❡
♦t❤❡r ❝❛s❡✱ ✐❢ t❤❡ t✇♦ ❝✐r❝❧❡s ❤❛✈❡ ✐♥t❡rs❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❜♦t❤ t❤❡✐r
✐♥t❡rs❡❝t✐♦♥ ❛♥❞ ⌈x1⌋ ❛♥❞ ⌈x2⌋✳

❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ ♠❛❦❡ ❛ ♠✉❝❤ s♠❛❧❧❡r ❧♦♦♣ ♦♥ d✳

✷✳✺✳✹ ❆♥♦t❤❡r ❦✐♥❞ ♦❢ r❡❞✉❝t✐♦♥

❆❢t❡r ♣❡rs♦♥❛❧ ❝♦♥✈❡rs❛t✐♦♥ ✇✐t❤ ❏✳ ❈r❡♠♦♥❛✱ ■ tr✐❡❞ t♦ ❛♣♣❧② ❛ ❞✐✛❡r❡♥t ❦✐♥❞
♦❢ r❡❞✉❝t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✸✱ ✺✹✱ ✷✹❪✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s✉❜❣r♦✉♣ S ♦❢ GL2(O) ♦❢ ✉♥✐♠♦❞✉❧❛r s✉❜st✐t✉t✐♦♥s ♦❢
t❤❡ ❦✐♥❞

τk :

{
x→ x+ k
y → y

,

t❤❛t ✐s t❤❡ s❡t ♠❛tr✐❝❡s ♦❢ t❤❡ ❢♦r♠ τk =

(
1 k
0 1

)
✱ ✇✐t❤ k ∈ O✳

❚❤✐s tr❛♥s❢♦r♠❛t✐♦♥s s❡♥❞

(a, b, c, d) → (a, b+ 3ak, 3ak2 + 2bk + c, ak3 + bk2 + ck + d).

❙♦ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ r❡♣❧❛❝❡ ❛ ❝✉❜✐❝ ❢♦r♠ F0 = (a0, b0, c0, d0) ❜② ❛♥ ❡q✉✐✈✲
❛❧❡♥t ♦♥❡✱ F = (a, b, c, d) ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❛♥ ❡❧❡♠❡♥t ♦❢ S ❛♥❞ s✉❝❤ t❤❛t
b ✐s r❡❞✉❝❡❞ ♠♦❞✉❧♦ 3a ✭❛❢t❡r ✇❡ ❤❛✈❡ ❝❤♦s❡♥ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛❧❧❡❧♦t♦♣❡ ❢♦r
t❤❡ ❧❛tt✐❝❡ ❣❡♥❡r❛t❡❞ ❜② 3a ❛♥❞ 3aω✱ ✇❤❡r❡ 〈1, ω〉 ✐s ❛ ✜①❡❞ ❜❛s✐s ❢♦r OK✮✳

❉❡✜♥✐t✐♦♥ ✷✳✺✳✸✳ ▲❡t F0 = (a0, b0, c0, d0) ∈ (Sym3 O2)∗ ❜❡ ❛ ❜✐♥❛r② ❝✉❜✐❝
❢♦r♠✳ ❆♥❞ ❧❡t ✉s ✜① ♦♥❝❡ ❛♥❞ ❢♦r ❛❧❧ ❛ ❝❤♦✐❝❡ ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛❧❧❡❧♦t♦♣❡
Pu,v ❢♦r t❤❡ ❧❛tt✐❝❡ ❣❡♥❡r❛t❡❞ ❜② t✇♦ ❡❧❡♠❡♥ts u, v ∈ OK ✳ ❲❡ ❛ss♦❝✐❛t❡ t♦ F0

t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠ F = (a, b, c, d) ∈ (Sym3 O2)∗ s✉❝❤ t❤❛t F = τK(F0), ❢♦r
s♦♠❡ k ∈ OK ❛♥❞ t❤❛t t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢ F ✱ b ✐s ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
♣❛r❛❧❧❡❧♦t♦♣❡ P3a,3aω ❲❡ ✇✐❧❧ ❝❛❧❧ s✉❝❤ ❢♦r♠ F τ ✲r❡❞✉❝❡❞✳

❘❡♠❛r❦✳ ❚❤✐s F ✐s ✉♥✐q✉❡ ✐❢ ✇❡ ✜① ❛ ✉♥✐q✉❡ ❝❤♦✐❝❡ ❢♦r ♣♦✐♥ts ♦♥ t❤❡ ❜♦r❞❡r ♦❢
P✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤✐s ♥❡✇ r❡❞✉❝t✐♦♥ t♦ ❏✉❧✐❛✲r❡❞✉❝❡❞ ❢♦r♠s✳ ❖♥
t❤❡ ✇❛② ❜❛❝❦✱ ✐❢ ✇❡ ❤❛✈❡ ❛ τ ✲r❡❞✉❝❡❞ ❢♦r♠ F = (a, b, c, d) ✇❤✐❝❤ ❝♦♠❡s ❢r♦♠
❛ ❏✉❧✐❛✲r❡❞✉❝❡❞ ❢♦r♠✱ t❤❡♥ t❤❡ ✉♥✐♠♦❞✉❧❛r tr❛♥s❢♦r♠❛t✐♦♥ τk ✇❤✐❝❤ s❡♥❞s ✐t
❜❛❝❦ t♦ t❤❡ ❏✉❧✐❛ r❡❞✉❝❡❞ ♦♥❡ ✐s ❣✐✈❡♥ ❜② k = ⌈Q/P ⌋, ✇❤❡r❡ (P,Q,R) ✐s t❤❡
❝♦✈❛r✐❛♥t HF ❛ss♦❝✐❛t❡❞ t♦ F ✳ ■♥ ❢❛❝t✱ ✉♥✐♠♦❞✉❧❛r tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ S ❧❡❛✈❡ P
✉♥❝❤❛♥❣❡❞ ❛♥❞ s❡♥❞ Q→ Q− kP ✱ s♦ τk ✇✐❧❧ s❡♥❞ (P,Q,R) t♦ (P,Q0, R0) s✉❝❤
t❤❛t |Re(Q)| ≤ P/2 ❛♥❞ | Im(Q)| ≤ P/2✱ ❛♥❞ ❝❛♥ ♦♥❧② ✐♥❝r❡❛s❡ R✱ s♦ P ≤ R0✳

▼♦r❡♦✈❡r✱ ❡❧❡♠❡♥ts ♦❢ S ❧❡❛✈❡ ✉♥❝❤❛♥❣❡❞ PH = b2 − 3ac ✭t❤✐s ✐s t❤❡ ✜rst
❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❍❡ss✐❛♥ ♦❢ ♦✉r ❝✉❜✐❝ ❢♦r♠✱ ❜✉t ✐t ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧ t❤❛t ✐t
✐s t❤❡ ✜rst ❝♦❡✣❝✐❡♥t ♦❢ ♦✉r ❝♦✈❛r✐❛♥t HF ✦✮❛♥❞ UH = 2b3 + 27a2d − 9abc ❛♥❞✱
❛s ✐s s❤♦✇♥ ✐♥ ❲♦♠❛❝❦✬s t❤❡s✐s ❬✺✹❪ ✇❡ ❤❛✈❡

|a| ≤ 3−3/4t
−3/2
K D1/4

✺✾



❛♥❞
|U | ≤ 33/4t

−3/2
K D3/4

s♦ ❢r♦♠ t❤❡ s②❣②③②
4P 3 = U2 + 27Da2

✇❡ ♦❜t❛✐♥

PH ≤ cHD
1/2, ✭✷✳✷✻✮

✇❤❡r❡ cH = 31/22−1/3t−1
K ✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ K = Q(i)✱ ✇❡ ❣❡t cH = 1, 944...

s♦ ✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ✷✳✺✳✹✳ ▲❡t F = (a, b, c, d) ❜❡ ❛ τ ✲r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ t❤❡♥

|c| ≤ |b|2 + cH |D|1/2

3|a| .

Pr♦♦❢✳ ■♠♠❡❞✐❛t❡ ❢r♦♠ ✭✷✳✷✻✮✳

❘❡♠❛r❦✳ ❚❤✐s ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ r❡❞✉❝t✐♦♥ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢
t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❝❤ ✐s st✐❧❧ ✐♥ Oε(X

1+ε) ❜✉t ✐t ❝❤❛♥❣❡s t❤❡ ❝♦♥st❛♥t ✐♠♣❧✐❡❞ ✐♥
t❤✐s ❝♦♠♣❧❡①✐t②✳ ■♥ ❢❛❝t✱ t❤❡ ❛❧❣♦r✐t❤♠ ❣♦❡s ♠♦r❡ t❤❛♥ 6 t✐♠❡s ❢❛st❡r✱ ✇✐❝❤ ✐s
♥♦t ♥❡❣❧✐❣✐❜❧❡ ✐♥ ♣r❛❝t✐❝❡✳

❆❧❣♦r✐t❤♠ ✹ ✭τ ✲r❡❞✉❝t✐♦♥✮✳ ▲❡t K ❜❡ ❛♥ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞
♦❢ ❝❧❛ss ♥✉♠❜❡r 1✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❧♦♦♣s ♦✈❡r ❛❧❧ t❤❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s F ′ =
(a′, b′, c′, d′) ✇✐t❤ N disc(F ) ≤ X2✱ ✇❤✐❝❤ ❛r❡ τ ✲r❡❞✉❝❡❞✱ ❛♥❞ ❛ss♦❝✐❛t❡s t❤❡ ❝♦r✲
r❡s♣♦♥❞✐♥❣ ❏✉❧✐❛ r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ F = (a, b, c, d)✳

❋♦r ❡❛❝❤ a′, b′, c′, d′ ✐♥ O s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

• |a′| ≤ amax =
(

1
tK

√
3

)3/2

X1/8✱

• b′ ❜❡❧♦♥❣s t♦ P3a′,3a′ω

• |c′| ≤ |b′|2+cHX1/4

3|a′| ,

• N (disc(a′, b′, c′, d′)) ≤ X2✳ ✭❚❤✐s ❧❛st ❝♦♥❞✐t✐♦♥ ❜♦✉♥❞s d′✳✮

❉♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

✭✶✮ ❝♦♠♣✉t❡ t❤❡ ✜rst t✇♦ ❝♦❡✣❝✐❡♥ts P ′, Q′ ♦❢ t❤❡ ❝♦✈❛r✐❛♥t HF ′ ♦❢ t❤❡ ❝✉❜✐❝
❢♦r♠ F ′ = (a′, b′, c′, d′)✳

✭✷✮ ❙❡t k t❤❡ ❝❧♦s❡st ♣♦✐♥t t♦ Q/P ✐♥ O❀ s❡❧❡❝t ❛ ✜①❡❞ r♦✉♥❞✐♥❣ r✉❧❡ t♦ ❜r❡❛❦
t✐❡s ✭❢♦r ✐♥st❛♥❝❡✱ s❡❧❡❝t t❤❡ ❧❡①✐❝❛❧❧② s♠❛❧❧❡st ♣♦✐♥t✮✳

✭✸✮ ❈♦♠♣✉t❡ F = (a, b, c, d) = τk(a′, b′, c′, d′).

✭✹✮ ❈♦♥t✐♥✉❡ ❢r♦♠ st❡♣ ✭✷✮ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳

✻✵



✷✳✻ ❘❡s✉❧ts

❲❡ ♣r♦❣r❛♠♠❡❞ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛s❡ K = Q(i) ✐♥ P❛r✐✴●P✳
❍❡r❡ ❛r❡ s♦♠❡ r❡s✉❧ts ✇❡ ❣♦t ♦♥ ❛♥ ■♥t❡❧ ❳❡♦♥ ✺✶✻✵ ❞✉❛❧ ❝♦r❡✱ ✸✳✵ ●❍③✳
X ✐s t❤❡ ❜♦✉♥❞ ♦♥ d(L/K)✱ N(X) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢

❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ Q(i) ✉♣ t♦ t❤❛t ❜♦✉♥❞✱ ❛♥❞ t ✐s t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡
❛❧❣♦r✐t❤♠✳ ❋✐♥❛❧❧② t′ ✐s t❤❡ t✐♠❡ ♥❡❡❞❡❞ t♦ ❞♦ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❜✉t ✉s✐♥❣
t❤❡ ✈❡rs✐♦♥ ♦❢ r❛② ❝❧❛ss ✜❡❧❞ ❛❧❣♦r✐t❤♠ t❤❛t ✇❡ ❞❡s❝r✐❜❡ ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✳

X N(X) t t′

104 276 ✺ s ✶✻s
4 · 104 1339 ✶✾ s ✶♠♥ ✶✽s
9 · 104 3305 ✺✻ s ✸♠♥ ✹✺s
106 42692 ✷✹ ♠♥ ✶ s ✷❤ ✺✷♠♥ ✾s

4 · 106 181944 ✷ ❤ ✹✾ ♠♥ ✸✹❤ ✷✹ ♠♥ ✽s
9 · 106 421559 ✾ ❤ ✸✼ ♠♥ > ✶✸✹ ❤
108 4990974 ✸✺✾ ❤ ✷✺ ♠♥ > ✷✼✷✵ ❤

✷✳✻✳✶ ▲✐st ♦❢ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ Q(i) ✉♣ t♦ Nd(L/Q(i)) ≤
104

Nd(L/Q(i)) P (X)
169 x3 + (1 + 2i)x2 + 2ix+ i
169 x3 + (2 + i)x2 + 2ix− 1
353 x3 + (2 + 2i)x2 + 3ix− 1
353 x3 + (2 + 2i)x2 + 3ix+ i
484 x3 + (2 + 2i)x2 + 4ix+ (−1 + i)
529 x3 + 2x2 + x+ 1
745 x3 + 2ix2 − x− 1
745 x3 + 2x2 + x+ i
772 x3 + 2ix2 − 2x+ (1 − i)
772 x3 + 2x2 + 2x+ (1 − i)
841 x3 + (2 + 2i)x2 + (−1 + i)x− i
932 x3 + (1 + 2i)x2 + ix+ 1
932 x3 + (2 + i)x2 + ix− i
953 x3 + (2 + 2i)x2 + (−1 + 2i)x− i
953 x3 + (2 + 2i)x2 + (1 + 2i)x+ 1
961 x3 + 2x2 + x− 1
1025 x3 + (2 + 2i)x2 + ix− i
1025 x3 + (2 + 2i)x2 + ix+ 1
1289 x3 + (2 + 2i)x2 + 2ix− i
1289 x3 + (2 + 2i)x2 + 2ix+ 1
1369 x3 + (2 + 2i)x2 + (−2 + 3i)x+ (−2 − i)
1369 x3 + (2 + 2i)x2 + (2 + 3i)x+ (1 + 2i)
1444 x3 + (1 + i)x2 + (1 − i)

✻✶



1508 x3 + 2ix2 + (−1 − i)x+ (1 + i)
1508 x3 + 2x2 + (1 − i)x+ (−1 − i)
1513 x3 + (2 + 2i)x2 + 3ix+ (−2 + i)
1513 x3 + (2 + 2i)x2 + 3ix+ (−1 + 2i)
1665 x3 + (1 + 2i)x2 + (−2 + 2i)x− i
1665 x3 + (2 + i)x2 + (2 + 2i)x+ 1
1696 x3 + (2 + 2i)x2 + (−2 + 3i)x− 2
1696 x3 + (2 + 2i)x2 + (2 + 3i)x+ 2i
1700 x3 + (1 + 2i)x2 + (−2 + i)x+ (−1 − 2i)
1700 x3 + (2 + i)x2 − + (2 + i)x+ (2 + i)
1721 x3 + 2ix2 − 2x+ 1
1721 x3 + 2x2 + 2x− i
1753 x3 + ix2 + x+ (−1 + i)
1753 x3 + x2 − x+ (−1 + i)
1825 x3 + 2ix2 + (−1 − i)x+ i
1825 x3 + 2x2 + (1 − i)x− 1
2017 x3 + 2ix2 + (−3 + i)x− i
2017 x3 + 2x2 + (3 + i)x+ 1
2036 x3 + ix2 + 2ix+ (−1 − i)
2036 x3 + x2 + 2ix+ (1 + i)
2180 x3 + (−1 − i)x+ (1 + i)
2180 x3 + (1 − i)x+ (−1 − i)
2257 x3 + (2 + 2i)x2 + (−1 + 3i)x+ (−2 − i)
2257 x3 + (2 + 2i)x2 + (1 + 3i)x+ (1 + 2i)
2297 x3 + (1 + 2i)x2 − 2x+ (1 − 2i)
2297 x3 + (2 + i)x2 + 2x+ (2 − i)
2305 x3 + (1 + 2i)x2 − 2x+ 1
2305 x3 + (2 + i)x2 + 2x− i
2401 x3 + 2x2 − x− 1
2404 x3 + (1 + 2i)x2 + 3ix+ (−1 + 2i)
2404 x3 + (2 + i)x2 + 3ix+ (−2 + i)
2417 x3 + ix2 + (−2 + i)x− 2i
2417 x3 + x2 + (2 + i)x+ 2
2512 x3 + 2ix2 + (−2 + i)x− 2i
2512 x3 + 2x2 + (2 + i)x+ 2
2516 x3 + 2ix2 − x+ (−1 − i)
2516 x3 + 2x2 + x+ (1 + i)
2704 x3 + (2 + 2i)x2 + 5ix+ (−2 + 2i)
2809 x3 + (1 + i)x2 + 2x+ (2 + i)
2916 x3 + (1 + i)
2932 x3 − x+ (1 + i)
2932 x3 + x+ (−1 − i)
3028 x3 + (1 + 2i)x2 + (1 − i)
3028 x3 + (2 + i)x2 + (1 − i)
3104 x3 + (2 + 2i)x2 + 3ix− 2
3104 x3 + (2 + 2i)x2 + 3ix+ 2i
3161 x3 + (1 + 2i)x2 − 2x+ (−1 − 2i)
3161 x3 + (2 + i)x2 + 2x+ (2 + i)
3172 x3 + (2 + 2i)x2 + 2ix+ (−1 − i)
3172 x3 + (2 + 2i)x2 + 2ix+ (1 + i)
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3209 x3 + 2ix2 + (−2 − i)x+ (2 − i)
3209 x3 + 2x2 + (2 − i)x+ (1 − 2i)
3257 x3 + (1 + i)x2 + (−1 − i)x+ (1 − 2i)
3257 x3 + (1 + i)x2 + (1 − i)x+ (2 − i)
3313 x3 + (2 + 2i)x2 + (−1 + 2i)x+ (−1 − 2i)
3313 x3 + (2 + 2i)x2 + (1 + 2i)x+ (2 + i)
3412 x3 + 2ix2 + (−1 + 2i)x+ (−1 − i)
3412 x3 + 2x2 + (1 + 2i)x+ (1 + i)
3460 x3 + 2ix2 − 2ix+ (1 + i)
3460 x3 + 2x2 − 2ix+ (−1 − i)
3481 x3 + x2 − x− 2
3601 x3 + (1 + i)x2 − ix+ (1 − 2i)
3601 x3 + (1 + i)x2 − ix+ (2 − i)
3716 (1 + i)x3 + 4ix2 + (−3 + 3i)x+ (−2 − i)
3716 (1 + i)x3 + 4ix2 + (−3 + 3i)x+ (−2 + i)
3721 x3 + ix2 + (−2 + 2i)x+ (−1 − 2i)
3721 x3 + x2 + (−1 + 2i)x+ (−1 + i)
3721 x3 + x2 + (2 + 2i)x+ (2 + i)
3737 x3 + (2 + 2i)x2 + (−1 + 3i)x− 3
3737 x3 + (2 + 2i)x2 + (1 + 3i)x+ 3i
3793 x3 + (2 + 2i)x2 + (−2 + 2i)x+ (−1 − 2i)
3793 x3 + (2 + 2i)x2 + (2 + 2i)x+ (2 + i)
3809 x3 + 2ix2 + (−3 − i)x− 3i
3809 x3 + 2x2 + (3 − i)x+ 3
3908 x3 + (−1 − i)x+ (−1 + i)
3908 x3 + (1 − i)x+ (−1 + i)
3940 x3 − 2x+ (1 + i)
3940 x3 + 2x+ (−1 − i)
4036 x3 + (1 + i)x2 + 2ix+ (−1 − i)
4036 x3 + (1 + i)x2 + 2ix+ (1 + i)
4052 x3 + (−1 − 2i)x+ (−1 + i)
4052 x3 + (1 − 2i)x+ (−1 + i)
4084 x3 + (1 + i)x2 − x− 2i
4084 x3 + (1 + i)x2 + x+ 2
4196 x3 + (1 + 2i)x2 + (−2 + 3i)x− 3
4196 x3 + (2 + i)x2 + (2 + 3i)x+ 3i
4217 (1 + i)x3 + (1 + 4i)x2 + (−1 + 4i)x+ (−2 + i)
4217 (1 + i)x3 + (2 + i)x2 + x− 1
4304 x3 + 2ix2 + (−2 − i)x+ 2
4304 x3 + 2x2 + (2 − i)x− 2i
4432 x3 + (1 + 2i)x2 + (−3 + i)x+ (1 − i)
4432 x3 + (2 + i)x2 + (3 + i)x+ (1 − i)
4537 x3 + 2ix2 + (−1 + i)x+ (−2 − i)
4537 x3 + 2x2 + (1 + i)x+ (1 + 2i)
4777 x3 + ix2 + (1 + i)x+ (−2 + i)
4777 x3 + x2 + (−1 + i)x+ (−1 + 2i)
4825 x3 + (1 + 2i)x2 + (−1 − i)x+ (1 − 2i)
4825 x3 + (2 + i)x2 + (1 − i)x+ (2 − i)
4900 x3 + (2 + 2i)x2 + 2ix+ (1 − i)
4932 x3 + 2ix2 + (1 + i)x+ (−1 + i)
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4932 x3 + 2x2 + (−1 + i)x+ (−1 + i)
5057 x3 + ix2 + ix− 2
5057 x3 + x2 + ix+ 2i
5065 x3 + 2ix2 + (−3 − i)x+ (−1 − 2i)
5065 x3 + 2x2 + (3 − i)x+ (2 + i)
5105 x3 + (1 + 2i)x2 − 2x− 3i
5105 x3 + (2 + i)x2 + 2x+ 3
5113 x3 + (1 + 2i)x2 − x− 2i
5113 x3 + (2 + i)x2 + x+ 2
5161 x3 + 2ix2 + (−3 − 2i)x+ (2 − i)
5161 x3 + 2x2 + (3 − 2i)x+ (1 − 2i)
5329 x3 + 2ix2 + (−4 + i)x− 3i
5329 x3 + 2x2 + (4 + i)x+ 3
5364 x3 + 2ix2 + (−3 − 2i)x+ (1 − i)
5364 x3 + 2x2 + (3 − 2i)x+ (1 − i)
5449 x3 + (1 + 2i)x2 + (−2 + 2i)x+ (−2 + i)
5449 x3 + (2 + i)x2 + (2 + 2i)x+ (−1 + 2i)
5465 x3 + (1 + i)x2 − 2ix+ (1 − 2i)
5465 x3 + (1 + i)x2 − 2ix+ (2 − i)
5476 x3 + (2 + 2i)x2 + (1 − i)
5569 x3 + ix2 + (1 + i)x+ (−1 + 2i)
5569 x3 + x2 + (−1 + i)x+ (−2 + i)
5729 x3 + (2 + 2i)x2 + 4ix+ (−3 + 2i)
5729 x3 + (2 + 2i)x2 + 4ix+ (−2 + 3i)
5776 x3 + (2 + 2i)x2 + 3ix+ (−2 + 2i)
5792 x3 + 2ix2 + (−4 + i)x+ (−2 − 2i)
5792 x3 + 2x2 + (4 + i)x+ (2 + 2i)
5849 x3 + 2ix2 + (−1 − 2i)x+ (2 + i)
5849 x3 + 2x2 + (1 − 2i)x+ (−1 − 2i)
5956 x3 + (1 + 2i)x2 + (−2 + i)x+ 1
5956 x3 + (2 + i)x2 + (2 + i)x− i
5972 x3 + 2ix2 + x+ (−1 + i)
5972 x3 + 2x2 − x+ (−1 + i)
6065 x3 + ix2 + x+ (−1 − i)
6065 x3 + x2 − x+ (1 + i)
6100 (1 + i)x3 + (1 + 5i)x2 + (−3 + 6i)x+ (−2 + 2i)
6100 (1 + i)x3 + (2 + 2i)x2 + (1 + 2i)x+ 1
6241 (1 + i)x3 + 5ix2 + (−4 + 5i)x− 2
6304 x3 + (2 + 2i)x2 + ix− 2i
6304 x3 + (2 + 2i)x2 + ix+ 2
6553 x3 + (1 + 2i)x2 + (−2 + i)x− 2
6553 x3 + (2 + i)x2 + (2 + i)x+ 2i
6561 x3 + 3ix+ (−2 − i)
6561 x3 + 3ix+ (1 + 2i)
6561 x3 + 3x− i
6561 (1 + i)x3 + 3ix2 + 3ix+ 2i
6569 x3 + 2ix2 + (−1 − i)x+ (2 + i)
6569 x3 + 2x2 + (1 − i)x+ (−1 − 2i)
6625 x3 + (1 + 2i)x2 + (2 − i)
6625 x3 + (2 + i)x2 + (1 − 2i)
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6889 x3 + 2x2 + 2x− 1
6928 x3 + 2ix2 − ix+ 2i
6928 x3 + 2x2 − ix− 2
7072 (1 + i)x3 + 4ix2 + (−3 + 2i)x− 2
7072 (1 + i)x3 + 4ix2 + (−2 + 3i)x− 2
7200 x3 + ix2 + (1 − i)x+ (−1 − i)
7200 x3 + x2 + (−1 − i)x+ (1 + i)
7265 x3 + (1 + 2i)x2 + (−2 − i)x− 2i
7265 x3 + (2 + i)x2 + (2 − i)x+ 2
7328 x3 + (1 + 2i)x2 + (−3 + 3i)x+ (−3 − i)
7328 x3 + (2 + i)x2 + (3 + 3i)x+ (1 + 3i)
7345 x3 + (1 + 2i)x2 + (−3 + i)x+ (1 − 2i)
7345 x3 + (2 + i)x2 + (3 + i)x+ (2 − i)
7345 x3 + (2 + 2i)x2 + (1 − 2i)
7345 x3 + (2 + 2i)x2 + (2 − i)
7396 x3 + 2ix+ (1 − i)
7460 x3 + 2ix2 + (−3 + i)x+ (−1 − 3i)
7460 x3 + 2x2 + (3 + i)x+ (3 + i)
7529 x3 + ix2 + (−1 − 2i)x+ 2
7529 x3 + x2 + (1 − 2i)x− 2i
7569 x3 + 2x2 + 3x+ 3
7684 x3 + 2ix2 − 4x+ (1 − 3i)
7684 x3 + 2x2 + 4x+ (3 − i)
7760 x3 + (1 + 2i)x2 + (−3 + i)x+ (−1 − 3i)
7760 x3 + (2 + i)x2 + (3 + i)x+ (3 + i)
7801 x3 + ix2 − 2x+ (1 − 2i)
7801 x3 + x2 + 2x+ (2 − i)
7888 x3 + (1 + 2i)x2 + (−3 + 3i)x+ (−1 − i)
7888 x3 + (2 + i)x2 + (3 + 3i)x+ (1 + i)
7921 (1 + i)x3 + (2 + i)x2 + x+ (1 − i)
7988 (1 + i)x3 + (1 + 5i)x2 + (−1 + 6i)x+ (−2 + 2i)
7988 (1 + i)x3 + (2 + 2i)x2 + x− 1
8065 x3 + ix2 + (−1 + i)x+ (−1 − 2i)
8065 x3 + x2 + (1 + i)x+ (2 + i)
8080 x3 + 2ix2 + (−4 + i)x− 2i
8080 x3 + 2x2 + (4 + i)x+ 2
8081 x3 + 2ix2 + (−4 − i)x+ (1 − 2i)
8081 x3 + 2x2 + (4 − i)x+ (2 − i)
8185 x3 + (1 + 2i)x2 + (−2 + i)x+ (−2 − 2i)
8185 x3 + (2 + i)x2 + (2 + i)x+ (2 + 2i)
8212 (1 + i)x3 + (1 + 5i)x2 + (−2 + 5i)x+ (−2 + 2i)
8212 (1 + i)x3 + (2 + 2i)x2 + (2 + i)x− i
8324 x3 + (1 + 2i)x2 + (−2 + 3i)x+ (−1 − 2i)
8324 x3 + (2 + i)x2 + (2 + 3i)x+ (2 + i)
8420 x3 + ix2 + x+ (−1 + 2i)
8420 x3 + x2 − x+ (−2 + i)
8480 (1 + i)x3 + (1 + 2i)x2 + 2ix+ (1 + i)
8480 (1 + i)x3 + (2 + 5i)x2 + (−1 + 7i)x+ (−1 + 2i)
8489 x3 + ix2 + (−2 − 2i)x+ i
8489 x3 + x2 + (2 − 2i)x− 1
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8545 x3 + (1 + 2i)x2 + x+ 2
8545 x3 + (2 + i)x2 − x− 2i
8577 x3 + 2ix2 + (−2 + 2i)x+ (−2 + i)
8577 x3 + 2x2 + (2 + 2i)x+ (−1 + 2i)
8585 x3 + ix2 + (−1 − 3i)x+ (1 − 2i)
8585 x3 + x2 + (1 − 3i)x+ (2 − i)
8585 x3 + (1 + 2i)x2 + (−3 + i)x+ (−2 − 3i)
8585 x3 + (2 + i)x2 + (3 + i)x+ (3 + 2i)
8608 x3 + 2ix2 + (−2 + i)x+ (−2 − 2i)
8608 x3 + 2x2 + (2 + i)x+ (2 + 2i)
8705 x3 + 2ix2 + (−4 − i)x+ (−1 − 2i)
8705 x3 + 2x2 + (4 − i)x+ (2 + i)
8713 x3 + (2 + 2i)x2 + (−1 + 5i)x+ (−4 + i)
8713 x3 + (2 + 2i)x2 + (1 + 5i)x+ (−1 + 4i)
8852 x3 + ix2 + 2x+ (−1 − i)
8852 x3 + x2 − 2x+ (1 + i)
8980 x3 + (1 + 2i)x2 + (−2 + 4i)x+ (−3 + i)
8980 x3 + (2 + i)x2 + (2 + 4i)x+ (−1 + 3i)
9065 x3 + (1 + 2i)x2 + (1 + i)x+ (2 + i)
9065 x3 + (2 + i)x2 + (−1 + i)x+ (−1 − 2i)
9113 x3 + ix2 + (−1 + i)x+ (−2 − i)
9113 x3 + x2 + (1 + i)x+ (1 + 2i)
9161 x3 + 2ix2 − 3x+ (−2 − i)
9161 x3 + 2x2 + 3x+ (1 + 2i)
9169 x3 + (2 + 2i)x2 − x+ (1 − 2i)
9169 x3 + (2 + 2i)x2 + x+ (2 − i)
9248 x3 + 2ix2 + (−2 + 3i)x+ (−2 − 2i)
9248 x3 + 2x2 + (2 + 3i)x+ (2 + 2i)
9297 x3 + ix2 − 2ix+ (2 + i)
9297 x3 + x2 − 2ix+ (−1 − 2i)
9409 x3 + (2 + 2i)x2 + (−3 + 4i)x+ (−6 + i)
9409 x3 + (2 + 2i)x2 + (3 + 4i)x+ (−1 + 6i)
9425 x3 + (−2 + i)x+ (−2 + i)
9425 x3 + (2 + i)x+ (−1 + 2i)
9505 x3 + (1 + 2i)x2 + (−4 + i)x+ (−2 − 2i)
9505 x3 + (2 + i)x2 + (4 + i)x+ (2 + 2i)
9521 x3 + (1 + 2i)x2 + (−3 + i)x+ (−3 − 2i)
9521 x3 + (2 + i)x2 + (3 + i)x+ (2 + 3i)
9540 x3 + 2ix2 + (−3 + i)x+ (1 − i)
9540 x3 + 2x2 + (3 + i)x+ (1 − i)
9593 x3 + ix2 + (−1 + 3i)x+ (−2 − i)
9593 x3 + x2 + (1 + 3i)x+ (1 + 2i)
9649 x3 + (1 + i)x2 + (−2 − i)x− 3i
9649 x3 + (1 + i)x2 + (2 − i)x+ 3
9700 x3 + ix2 + ix+ (−2 + i)
9700 x3 + x2 + ix+ (−1 + 2i)
9760 x3 + (1 + i)x2 + 3ix+ (−1 − i)
9760 x3 + (1 + i)x2 + 3ix+ (1 + i)
9764 x3 + ix2 − 3x+ (1 − 2i)
9764 x3 + x2 + 3x+ (2 − i)

✻✻



9972 x3 + (1 + 2i)x2 + (−2 + 2i)x+ (−3 − i)
9972 x3 + (2 + i)x2 + (2 + 2i)x+ (1 + 3i)
10000 x3 + (1 + i)x2 − ix+ (−1 + i)

✻✼



✻✽



❆♣♣❡♥❞✐① ❆

❆✳✶ ❚❛♥✐❣✉❝❤✐✬s t❤❡♦r❡♠

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✳ ▲❡t O ❜❡ ❛ ❉❡❞❡❦✐♥❞ ❞♦♠❛✐♥✳

• ▲❡t C(O) ❜❡ t❤❡ s❡t ♦❢ ✏❝✉❜✐❝ ❛❧❣❡❜r❛s✑ t❤❛t ✐s✱ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢
O✲❛❧❣❡❜r❛s t❤❛t ❛r❡ ♣r♦❥❡❝t✐✈❡ ♦❢ r❛♥❦ 3 ❛s O✲♠♦❞✉❧❡s✳

• ❋♦r ❡✈❡r② ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ a ♦❢ O ✇❡ ❞❡✜♥❡

C(O, a) = {R ∈ C(O) | St(R) = a},

✇❤❡r❡ St(R) ∈ Cl(O) ✐s t❤❡ ❙t❡✐♥✐t③ ❝❧❛ss ♦❢ R✳ ▲❡t ❢✉rt❤❡r

Ga =

{(
α ∈ O β ∈ a−1

γ ∈ a δ ∈ O

) ∣∣∣∣∣ αδ − βγ ∈ O×
}
,

Va = {F = (a, b, c, d) | a ∈ a, b ∈ O, c ∈ a−1, d ∈ a−2}.

• ■❢ F ∈ Va✱ ✐ts ❞✐s❝r✐♠✐♥❛♥t disc(F ) = b2c2−27a2d2 +18abcd−4ac3−4b3d
❜❡❧♦♥❣s t♦ a−2✳

• ❲❡ ❝♦♥s✐❞❡r ❡❧❡♠❡♥ts ♦❢ Va ❛s ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠s s♦ (a, b, c, d) = ax3 +
bx2y + cxy2 + dy3 ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥ ♦❢ Ga ♦♥ Va ❜②

M.F = (detM)−1F (αx+ γy, βx+ δy),

✇❤❡r❡ M =

(
α β
γ δ

)
∈ Ga ✭t❤✐s t✇✐st❡❞ ❛❝t✐♦♥ ♠❛❦❡s t❤❡ r❡♣r❡s❡♥t❛t✐♦♥

❢❛✐t❤❢✉❧✱ t❤❡ ✉s✉❛❧ ♦♥❡ ❤❛s ❦❡r♥❡❧ µ3✮✳

❚❤❡♦r❡♠ ❆✳✶✳✷ ✭❚❛♥✐❣✉❝❤✐✮✳ ❚❤❡r❡ ❡①✐sts ❛ ❝❛♥♦♥✐❝❛❧ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ C(O, a)
❛♥❞ Va/Ga s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✿

Va/Ga −−−−→ C(O, a)

disc

y
yd

a−2/(O×)2
×a2

−−−−→ {✐♥t❡❣r❛❧ ✐❞❡❛❧s ♦❢ O}

✇❤❡r❡ d ✐s t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧ ♠❛♣✳

✻✾



Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ r❡♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ✐♥ t❤✐s ❆♣✲
♣❡♥❞✐①✳

❲❡ ✇✐❧❧ ♥♦t str✐❝t❧② ❢♦❧❧♦✇ ❚❛♥✐❣✉❝❤✐✬s ♣r♦♦❢✱ ❜✉t ✇❡ ✇✐❧❧ ❛❧s♦ t❛❦❡ s♦♠❡
❡❧❡♠❡♥ts ❢r♦♠ ♣r❡✈✐♦✉s ♣r♦♦❢s ♦❢ t❤❡ r❡s✉❧t ♦✈❡r Z ✭❬✷✽❪✱ ❬✸✹❪✱ ❬✺❪ ❛♥❞ ❬✼❪✮✳

▲❡t R ∈ C(O, a)✳ ▲❡t ✉s ❝❤♦♦s❡ ❛ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ ❛♥ ❡❧❡♠❡♥t R ∈ C(O, a)
✐♥ t❤❡ ❢♦r♠

R = 1R · O + ω1 · O + ω2 · a,

❢♦r ❛♣♣r♦♣r✐❛t❡ ω1, ω2, ω3 ∈ Frac(R) := R⊗O K.

▲❡t ✉s ✇r✐t❡

ω1ω2 = α+ βω1 + γω2;

s✐♥❝❡ ω1(aω2) ⊂ R✱ ✇❡ ❤❛✈❡ α, β ∈ a−1 ❛♥❞ γ ∈ aa−1 = O✳
❍❡♥❝❡ ✇❡ ❝❛♥ ♥♦r♠❛❧✐③❡ ♦✉r ❜❛s✐s ω1, ω2 ❜② r❡♣❧❛❝✐♥❣ ✐t ❜② ω1−γ ❛♥❞ ω2−β✱

✐❢ ♥❡❡❞❡❞✱ t♦ ♦❜t❛✐♥ aω1ω2 ∈ O · 1R

❲❡ ❦♥♦✇ t❤❛t ❛ ❝✉❜✐❝ r✐♥❣ ✇✐t❤ ❛ ♥♦r♠❛❧✐③❡❞ ❜❛s✐s ✐s ❞❡t❡r♠✐♥❡❞ ✉♣ t♦
✐s♦♠♦r♣❤✐s♠ ❜② t❤❡ ♣r♦❞✉❝ts





ω2
1 = j − bω1 + aω2

ω2
2 = l − dω1 + cω2

ω1ω2 = m
✭❆✳✶✮

❇② ❛ss♦❝✐❛t✐✈✐t② ♦❢ t❤❡ ♣r♦❞✉❝t ✭✐♥ ♣❛rt✐❝✉❧❛r ω1 · (ω2
2) = (ω1ω2) · ω2✮ ✇❡ ♦❜t❛✐♥





l = −bd
m = −ad
j = −ac

, ✭❆✳✷✮

s♦ R ✐s ❞❡t❡r♠✐♥❡❞ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠ ❜② (a, b, c, d)✱ ❛♥❞ s✐♥❝❡ Oω2
1 , a

2ω2
2 ⊂ R

✇❡ ❤❛✈❡

a ∈ a, b ∈ O, c ∈ a−1, d ∈ a−2,

❙♦ ✇❡ ❞❡✜♥❡ φ : C(O, a) −→ Va✱ ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❛ r❡♣r❡s❡♥t❛t✐✈❡ R ∈ C(O, a)
t❤❡ ❡❧❡♠❡♥t (a, b, c, d) ∈ Va ❣✐✈❡♥ ❜② t❤❡ ♣r♦❞✉❝t ❧❛✇s ✭❆✳✶✮ ❛♥❞ ✇❡ ❞❡✜♥❡
ψ : Va −→ C(O, a) ✇❤✐❝❤ ❛ss♦❝✐❛t❡s t♦ ❛♥ ❡❧❡♠❡♥t (a, b, c, d) ∈ Va t❤❡ O✲♠♦❞✉❧❡
O ⊕O ⊕ a ♣r♦✈✐❞❡❞ ❜② t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❧❛✇ ❣✐✈❡♥ ❜② ✭❆✳✶✮ ❛♥❞ ✭❆✳✷✮✱ ✇❤✐❝❤
♠❛❦❡s ✐t ❛♥ O✲❛❧❣❡❜r❛✳

◆♦✇ C(O, a) ✐s ❞❡✜♥❡❞ ♠♦❞✉❧♦ ✐s♦♠♦r♣❤✐s♠✱ s♦ ✇❡ ❤❛✈❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t

❜❛s✐s ❝❤❛♥❣❡s✳ ▲❡t ✉s ❝♦♥s✐❞❡r ♠❛tr✐❝❡s

(
A B
C D

)
∈ M2(K) ✭K = Fr(O)✮✱

✇✐t❤ ❞✐s❝r✐♠✐♥❛♥t ad − bc ∈ O×. ■t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t t❤❡ s✉❜❣r♦✉♣ ✇❤✐❝❤
✜①❡s R/O = O ⊕ a ❜② ❧❡❢t ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✐s ❡①❛❝t❧② Ga.

▼♦r❡♦✈❡r✱ ♦♥❝❡ ✇❡ ❛♣♣❧② t❤✐s ❜❛s✐s ❝❤❛♥❣❡✱ ❝♦♠♣✉t❛t✐♦♥s ✇✐❧❧ s❤♦✇ t❤❛t t❤❡
❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠ (a′, b′, c′, d′) ∈ Va ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 〈ω′

1, ω
′
2〉 ✇✐❧❧ ❜❡ ♦❜t❛✐♥❡❞

❜② t❤❡ ❛❝t✐♦♥ ♦❢ M ♦♥ (a, b, c, d)✳ ❙♦ ✇❡ ❤❛✈❡ ✜♥✐s❤❡❞ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❜✐❥❡❝t✐♦♥✳
▲❡t ✉s ♣r♦✈❡ t❤❛t t❤❡ ❞✐❛❣r❛♠ ✐s ❝♦♠♠✉t❛t✐✈❡✳
■s ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ ✐t ❧♦❝❛❧❧②✱ s♦ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t O ✐s ❛ ❞✐s❝r❡t❡

✈❛❧✉❛t✐♦♥ r✐♥❣✱ s♦ ✇❡ ❛r❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧ ❞♦♠❛✐♥✳ ❋✐rst ♦❢ ❛❧❧
r❡♠❛r❦ t❤❛t d ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ ❛♥ O✲❛❧❣❡❜r❛s ✐s♦♠♦r♣❤✐s♠ ♣r❡s❡r✈❡s t❤❡
❞✐s❝r✐♠✐♥❛♥t✳

✼✵



❙✐♥❝❡ 〈1, ω1, ω2〉 ✐s ❛ ❜❛s✐s ♦❢ R ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ t❤❡ r✐♥❣ ✐s

DR = D 〈1, ω1, ω2〉 =

∣∣∣∣∣∣

Tr(1) Tr(ω1) Tr(ω2)
Tr(ω1) Tr(ω2

1) Tr(ω1ω2)
Tr(ω2) Tr(ω1ω2) Tr(ω2

2)

∣∣∣∣∣∣

=

∣∣∣∣∣∣

3 −b c
−b b2 − 2ac −3ad
c −3ad c2 − 2bd

∣∣∣∣∣∣
= b2c2 + 18abcd− 4ac3 − 4b3d− 27a2d2 = disc(a, b, c, d).

❋✐♥❛❧❧②✱ s✐♥❝❡ R = 1 · O ⊕ ω1 · O ⊕ ω2 · a ❛♥❞ t❤✐s ✐s ❛ ♣s❡✉❞♦✲❜❛s✐s✱ t❤❡♥ t❤❡
❢♦r♠✉❧❛ ❢♦r t❤❡ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t ✐❞❡❛❧ ✐s

d(R) = disc(a, b, c, d) · a2,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳

✼✶



✼✷



❆♣♣❡♥❞✐① ❇

❇✳✶ ❆♥♦t❤❡r ❛❧❣♦r✐t❤♠ t♦ ❡♥✉♠❡r❛t❡ ❝✉❜✐❝ ❡①✲
t❡♥s✐♦♥s

❆♥♦t❤❡r ✇❛② t♦ ❧✐st ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ♦❢ ❛ ❣✐✈❡♥ ♥✉♠❜❡r ✜❡❧❞ K ✐s ❣✐✈❡♥ ❜② ❝❧❛ss
✜❡❧❞ t❤❡♦r②✳

■♥ ❢❛❝t ✇❡ ❦♥♦✇ t❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ❆❜❡❧✐❛♥ ❡①t❡♥s✐♦♥s L/K ✭♠♦❞✉❧♦
✐s♦♠♦r♣❤✐s♠✮ ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❝♦♥❣r✉❡♥❝❡ s✉❜❣r♦✉♣s (m, Am(L/K))
✇❤❡r❡ m ✐s ❛ s✉✐t❛❜❧❡ ♠♦❞✉❧✉s ❢♦r t❤❡ ❡①t❡♥s✐♦♥ L/K ❛♥❞ Am ❞❡♥♦t❡s t❤❡ ❆rt✐♥
❣r♦✉♣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠♦❞✉❧✉s m ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ L/K ❬✶✷✱ ❚❤❡♦r❡♠ ✸✳✺✳✶❪✳

❇✳✶✳✶ ◗✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥s

▲❡t K ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✳ ❙✐♥❝❡ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥s ❛r❡ ❛❧❧ ❆❜❡❧✐❛♥✱ ✇❡ ❝❛♥
❥✉st ❛♣♣❧② t❤❡ ❜✐❥❡❝t✐♦♥ t♦ ❧✐st ❛❧❧ t❤❡ ❡①t❡♥s✐♦♥s K2/K ♦❢ ❞❡❣r❡❡ 2✳

❆❧❣♦r✐t❤♠ ✺ ✭▲✐st ♦❢ r❡❧❛t✐✈❡ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥s✮✳ ❬✶✷✱ ❆❧❣♦r✐t❤♠ ✾✳✷✳✹❪
●✐✈❡♥ ❛ ♥✉♠❜❡r ✜❡❧❞ K ❛♥❞ ❛ ❜♦✉♥❞ B✱ t❤✐s ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❛ ❧✐st ♦❢ ❛❧❧ r❡❧❛✲
t✐✈❡ ❡①t❡♥s✐♦♥sK2/K ♦❢ ❞❡❣r❡❡ 2✱ ♠♦❞✉❧♦ ✐s♦♠♦r♣❤✐s♠ s✉❝❤ t❤❛t N (d(K2/K)) ≤
B.

✭✶✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st L0 ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s m0 ♦❢ ♥♦r♠ ≤ B ✇❤✐❝❤ ❛r❡ ❝♦♥❞✉❝t♦rs
❛t 2 ✭✐✳❡✳ ❢♦r ❛❧❧ p | m0✱ vp(m0) = 1 ✐❢ p ∤ 2✱ ✇❤✐❧❡ 2 ≤ vp(m0) ≤ 2e(p/2) + 1
✐❢ p | 2✮✳

✭✷✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st L ♦❢ ❛❧❧ ♠♦❞✉❧✐ ♦❢ t❤❡ ❢♦r♠ m = m0m∞✱ ✇✐t❤ m0 ∈ L0 ❛♥❞
m∞ r❛♥❣❡s t❤r♦✉❣❤ ❛❧❧ t❤❡ s✉❜s❡ts ♦❢ t❤❡ r❡❛❧ ♣❧❛❝❡s ♦❢ K✳

✭✸✮ ❋♦r i = 1✱✳ ✳ ✳ ✱|L|✱ ❧❡t m t❤❡ i✲t❤ ♠♦❞✉❧✉s ♦❢ t❤❡ ❧✐st L✳ ■❢ m ✐s ♥♦t ❛ ❝♦♥❞✉❝t♦r
♦❢ (m, Pm) ♦r hm ♦❞❞✱ ❣♦ t♦ st❡♣ ✸✳

✭✹✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st C ♦❢ ❛❧❧ s✉❜❣r♦✉♣s C ♦❢ ✐♥❞❡① 2 ♦❢ Clm✳

✭✺✮ ❋♦r j = 1✱✳ ✳ ✳ ✱|C|✱ ❧❡t C ❜❡ t❤❡ j✲t❤ ❡❧❡♠❡♥t ♦❢ C✳ ❈❤❡❝❦ ✐❢ m ✐s ❛ ❝♦♥❞✉❝t♦r
♦❢ (m, C)✱ ♦t❤❡r✇✐s❡ ❣♦ t♦ st❡♣ ✺✳

✭✻✮ ❈♦♠♣✉t❡ t❤❡ ❞❡✜♥✐♥❣ ♣♦❧②♥♦♠✐❛❧ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ K2/K ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ (m, C)✳

✼✸



❇✳✶✳✷ ❈✉❜✐❝ ❡①t❡♥s✐♦♥s

❚❤❡ ❛❧❣♦r✐t❤♠ ❧✐st✐♥❣ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✐s ❛♥❛❧♦❣♦✉s t♦ ❆❧❣♦r✐t❤♠ ✺ ❛♥❞ ✐t
✐s ❣✐✈❡♥ ✐♥ ❬✶✷✱ ❆❧❣♦r✐t❤♠ ✾✳✷✳✺❪✱ s♦ ✇❡ ✇✐❧❧ ♦♠✐t ✐t ❤❡r❡✳

❙♦ ❧❡t ✉s ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ♥♦♥❝②❝❧✐❝ ❝❛s❡✳
▲❡t K ❜❡ ❛ ♥✉♠❜❡r ✜❡❧❞✱ L/K ❛ ♥♦♥❝②❝❧✐❝ ❡①t❡♥s✐♦♥✱ N t❤❡ ●❛❧♦✐s ❝❧♦s✉r❡

♦❢ t❤✐s ❡①t❡♥s✐♦♥ ✭s♦ Gal(N/K) ✐s ✐s♦♠♦r♣❤✐❝ t♦ D3✮ ❛♥❞ K2 t❤❡ ♦♥❧② q✉❛❞r❛t✐❝
❡①t❡♥s✐♦♥ ♦❢ K ❝♦♥t❛✐♥❡❞ ✐♥ N ✳

L2

|
|
|
|
|
|
|
|

L

K2

|
|
|
|
|
|
|
|

K

❚❤❡♦r❡♠ ✾✳✷✳✻ ✭❬✶✷❪✮ ❣✐✈❡ ✉s ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ❦✐♥❞ ♦❢ ❡①t❡♥s✐♦♥s ✭♠♦r❡ ❣❡♥❡r❛❧❧②
❢♦r ❞✐❤❡❞r❛❧ ❡①t❡♥s✐♦♥s L2/K ✇✐t❤ ●❛❧♦✐s ❣r♦✉♣ Dn✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ n = 3✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝♦♥❞✉❝t♦r ♦❢ t❤❡ ❡①t❡♥s✐♦♥
L2/K2 ✐s ♦❢ t❤❡ ❢♦r♠ aOK2

✱ ❢♦r s♦♠❡ ✐❞❡❛❧ a ♦❢ OK ❛♥❞ t❤❛t d(L/K) =
d(K2/K)a2,✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ❧✐sts ❛❧❧ ❝✉❜✐❝ ♥♦♥❝②❝❧✐❝ ❡①t❡♥s✐♦♥s ♦❢
K ♦❢ ❜♦✉♥❞❡❞ r❡❧❛t✐✈❡ ❞✐s❝r✐♠✐♥❛♥t✿

❆❧❣♦r✐t❤♠ ✻✳ ❬▲✐st ♦❢ r❡❧❛t✐✈❡ ♥♦♥❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s❪
●✐✈❡♥ ❛ ♥✉♠❜❡r ✜❡❧❞ K✱ ❛♥❞ ❛ ❜♦✉♥❞ B✱ t❤✐s ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❛ ❧✐st ♦❢ ❛❧❧

r❡❧❛t✐✈❡ ❡①t❡♥s✐♦♥s L/K ♦❢ ❞❡❣r❡❡ 3✱ ♠♦❞✉❧♦ ✐s♦♠♦r♣❤✐s♠✱ s✉❝❤ t❤❛t Nd(L/K) ≤
B.

✭✶✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st L0 ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s a ♦❢ K ♦❢ ♥♦r♠ ≤ B1/2 ✇❤✐❝❤ ❛r❡
❝♦♥❞✉❝t♦rs ❛t 3✱ ❡①❝❡♣t t❤❛t ✇❡ ❛❧❧♦✇ vp(a) = 1 ❢♦r p | 3✳

✭✷✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st Q ♦❢ q✉❛❞r❛t✐❝ ❡①t❡♥s✐♦♥s K2/K ✉♣ t♦ K✲✐s♦♠♦r♣❤✐s♠ s✉❝❤
t❤❛t N (d(K2/K)) ≤ B✳

✭✸✮ ❋♦r i = 1, . . . , |Q| ❧❡t K2 ❜❡ t❤❡ i✲t❤ ❡❧❡♠❡♥t ♦❢ Q✱ ❧❡t d = d(K2/K)✱ ❛♥❞
❧❡t τ ❜❡ t❤❡ ❣❡♥❡r❛t♦r ♦❢ Gal(K2/K)✳

✭✹✮ ▲❡t L1 ❜❡ t❤❡ s✉❜❧✐st ♦❢ t❤❡ ✐❞❡❛❧s a ♦❢ L0 s✉❝❤ t❤❛t

N (a) ≤
(

B

Nd(K2/K)

)1/2

,

❛♥❞ s✉❝❤ t❤❛t ✐❢ p ∤ 3 ❛♥❞ p | a t❤❡♥ p ∤ d❀ ✐❢ p | 3 ❛♥❞ vp(a) = 1 ✱ t❤❡♥ p | d❀
❛♥❞ ✜♥❛❧❧② ✐❢ p | 3✱ e(p/3) ✐s ❡✈❡♥ ❛♥❞ vp(a) = ⌊3e(p/3)/2⌋ + 1✱ t❤❡♥ p ∤ d✳
❈♦♠♣✉t❡ t❤❡ ❧✐st L2 ♦❢ ✐❞❡❛❧s m0 ♦❢ K2 ♦❢ t❤❡ ❢♦r♠ m0 = aZK2

, ✇✐t❤ a ∈ L1✳

✭✺✮ ❋♦r j = 1, . . . , |L2| ❧❡t m ❜❡ t❤❡ ♠♦❞✉❧✉s ✇❤♦s❡ ✜♥✐t❡ ♣❛rt m0 ✐s t❤❡ j✲t❤
❡❧❡♠❡♥t ♦❢ L2 ❛♥❞ ✇✐t❤ m∞ = ∅✳ ❈❤❡❝❦ ✇❤❡t❤❡r m ✐s t❤❡ ❝♦♥❞✉❝t♦r ♦❢
(m, Pm). ■❢ ♥♦t ❣♦ t♦ st❡♣ 5✳

✼✹



✭✻✮ ❈♦♠♣✉t❡ t❤❡ ❧✐st C ♦❢ ❛❧❧ t❤❡ ❝♦♥❣r✉❡♥❝❡ s✉❜❣r♦✉♣s C ♦❢ Im(K2) ♦❢ ✐♥❞❡① 3✳

✭✼✮ ❋♦r c = 1, . . . , |C| ❧❡t C ❜❡ t❤❡ c✲t❤ ❝♦♥❣r✉❡♥❝❡ s✉❜❣r♦✉♣ ♦❢ C✱ ❝❤❡❝❦ ✐❢ m ✐s
t❤❡ ❝♦♥❞✉❝t♦r ♦❢ (m, C)✳ ■❢ ♥♦t ♦r ✐❢ τ(C) 6= C✱ ❣♦ t♦ st❡♣ 7✳

✭✽✮ ❚❡st ✐❢ τ(I) = I−1 ✐♥ Clm(K2)/C ✐✳❡✳ t❡st ✐❢ NK2/KI = 1 ✐♥ Clm(K2)/C✳

✭✾✮ (m, C) ✐s t❤❡ ❝♦♥❞✉❝t♦r ♦❢ ❛ s✉✐t❛❜❧❡ ❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥ ♦❢ K2✳ ❯s✐♥❣
❑✉♠♠❡r t❤❡♦r②✱ ❝♦♠♣✉t❡ ❛ ❞❡✜♥✐♥❣ ♣♦❧②♥♦♠✐❛❧ P (X) ∈ K2[X] ❢♦r t❤❡ ❝✉❜✐❝
❡①t❡♥s✐♦♥ L2/K2 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (m, C).

✭✶✵✮ ▲❡t Pc = P τ (X) ❜❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ τ t♦ ❛❧❧ t❤❡ ❝♦❡❢✲
✜❝✐❡♥ts ♦❢ P ✳ ❙❡t Q(X) = RY (Pc(Y ), P (X − Y ))✱ ✇❤❡r❡ RY ❞❡♥♦t❡s t❤❡
r❡s✉❧t❛♥t ✐♥ t❤❡ ✈❛r✐❛❜❧❡ Y ✳ ❚❤❡♥ Q(X) ∈ K[X]✳ ❋❛❝t♦r Q(X) ✐♥ K[X]✱
♦✉t♣✉t ♦♥❡ ♦❢ t❤❡ ✐rr❡❞✉❝✐❜❧❡ ❢❛❝t♦rs ♦❢ Q(X) ♦❢ ❞❡❣r❡❡ 3 ✐♥ K[X] ✭✐t ✇✐❧❧
❤❛✈❡ ♦♥❡✮ ❛s ❛ ❞❡✜♥✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❢♦r L/K✱ ❛♥❞ ❣♦ t♦ st❡♣ 7✳

❘❡♠❛r❦s✳ ❲❡ t♦♦❦ t❤❡ ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s ❢r♦♠ ❬✶✷❪✱ ✜①✐♥❣ s♦♠❡ s♠❛❧❧ ♠✐s✲
t❛❦❡s ✐♥ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ♥♦♥❝②❝❧✐❝ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s

✭✶✮ ■♥ st❡♣ ✹ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ p | a ❛r❡ ♥♦t ❝❧❡❛r✿ ❬✶✷❪ s❛②s ✏✳✳✳❛♥❞ ✜♥❛❧❧② ✐❢
p | 3 ❛♥❞ vp(a) = 3e(p/3)/2 + 1✱ t❤❡♥ p ∤ d✑ ✐♥ ❢❛❝t✱ t❤❡ ❡q✉❛❧✐t② ✐♠♣❧✐❡s
t❤❛t e(p/3) ✐s ❡✈❡♥✱ s♦ ✇❤❡♥ ✐t ✐s ♦❞❞ ✇❡ ❝❛♥ ❥✉st s❦✐♣ t❤❡ t❡st✳ ▼♦r❡♦✈❡r✱
✇❤❡♥ p ∤ 3✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ❛ ❝♦♥❞✐t✐♦♥ s❛②✐♥❣ t❤❛t vp(a) = 1✱ ❜✉t ✐♥ ❢❛❝t
t❤✐s ✇❛s ❛❧r❡❛❞② t❡st❡❞ ♦♥ st❡♣ 1✳

✭✷✮ ■♥ st❡♣ ✺ ✏t❡r♠✐♥❛t❡ t❤❡ ❛❧❣♦r✐t❤♠✑ ♠✉st ❜❡ r❡♣❧❛❝❡❞ ❜② ✏❣♦ t♦ st❡♣ ✸✑

✭✸✮ ■♥ st❡♣s 7−8✳ ■♥ ❢❛❝t ❢♦r ❡❛❝❤ C ∈ C ✐t ✐s ♥♦t s✉✣❝✐❡♥t t♦ t❡st ✇❡t❤❡r m ✐s
t❤❡ ❝♦♥❞✉❝t♦r ♦❢ (m, C)✱ ❜✉t ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ ❛❧s♦ ✐❢ τ(C) = C✳ ❚❤❛♥❦s t♦
❬✶✷✱ ❚❤❡♦r❡♠ ✾✳✷✳✻❪✐t ✐s s✉✣❝✐❡♥t t♦ t❡st t❤❡ ❝♦♥❞✐t✐♦♥ τ(I) = I−1✱ ✇❤❡r❡

Clm(K2)/C =
〈
I
〉
.

✭✹✮ ■♥ t❤❡ ♦r✐❣✐♥❛❧ ❛❧❣♦r✐t❤♠ ✐♥ ❬✶✷❪✱ t♦ ❣❡t t❤❡ ❧✐sts L,L0, ❛♥❞ s♦ ♦♥✱ ②♦✉ ✜rst
❝♦♥str✉❝t t❤❡ ❧✐st ♦❢ ❛❧❧ ✐❞❡❛❧s ✉♣ t♦ s♦♠❡ ❜♦✉♥❞ B ❛♥❞ t❤❡♥ s❡❧❡❝t t❤❡
♦♥❡s s❛t✐s❢②✐♥❣ t❤❡ ❣✐✈❡♥ ❝♦♥❞✐t✐♦♥s ✭❜② ❢❛❝t♦r✐♥❣ t❤❡♠✮✳ ■t ✐s ♠✉❝❤ ♠♦r❡
str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝♦♥str✉❝t ❞✐r❡❝t❧② t❤♦s❡ ✐❞❡❛❧s✱ ❛♥❞ ✐t ♠❛❦❡ ❛ ❜✐❣ ❣❛✐♥
♦❢ t✐♠❡ ❛♥❞ s♣❛❝❡ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ✜rst t❤✐♥❣ t♦ r❡♠❛r❦ ✐s t❤❛t ❢♦r ❛❧❧
♣r✐♠❡ ✐❞❡❛❧s p ✐♥ ZK ✱ ❛♣❛rt ❢r♦♠ t❤❡ ♦♥❡s ❛❜♦✈❡ 2 ❛♥❞ 3 t❤❡ ♦♥❧② ♣♦ss✐❜❧❡
❡①♣♦♥❡♥t ✐s 1✳ ❙♦ ✇❡ ❝❛♥ ❞✐r❡❝t❧② ♠❛❦❡ t❤❡ ❧✐st ♦❢ ❛❧❧ t❤❡s❡ ✐❞❡❛❧s ✭❥✉st
✉s✐♥❣ ❛ ❧♦♦♣ ♦♥ ♣r✐♠❡ ✐❞❡❛❧s ♦✈❡r Z✱ ❢❛❝t♦r✐♥❣ t❤❡♠ ♦✈❡r ZK ❛♥❞ ♠❛❦✐♥❣
❛❧❧ t❤❡ ♣♦ss✐❜❧❡ ♣r♦❞✉❝ts✮✱ t❤❡♥ ✇❡ ♠✉❧t✐♣❧② ❢♦r t❤❡ ❛❧❧♦✇❡❞ ♣♦✇❡rs ♦❢ p2

❛♥❞ p3 ✭✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡ st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✇❡ ❛r❡ ✿ q✉❛❞r❛t✐❝
❡①t❡♥s✐♦♥s✱ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s✱✳✳✳✮✳

✭✺✮ ❲❡ ❝❛♥ ❛❧s♦ ❛✈♦✐❞ t♦ ❢❛❝t♦r t❤❡ ✐❞❡❛❧s ♦❢ L0 t♦ t❡st t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ st❡♣ ✭✹✮
♦❢ ❆❧❣♦r✐t❤♠ ✻✳ ■♥❞❡❡❞✱ ✇❡ ❝❛♥ ❞❡✜♥❡ a3 = lcm(a, 32) ❛♥❞ a0 = a/a0✳ ❚❤❡♥
✇❡ ❥✉st ♥❡❡❞ t♦ t❡st ✐❢ lcm(a0, d) = 1 ❛♥❞ ✐❢ a3 = p3 t❤❡♥ lcm(d, p3) 6= 1.
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❆♣♣❡♥❞✐① ❈

❈✳✶ ❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥ ❆❧❣♦r✐t❤♠ ✷

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✶✳ ▲❡t F (x) = ax3 + bx2 + cx+ d ❜❡ ♦✉r ❝✉❜✐❝ ♣♦❧②♥♦♠✐❛❧✳
■❢ ✇❡ ❝♦♠♣✉t❡ ✐ts r♦♦ts α1, α2, α3 ✇✐t❤ r❡❧❛t✐✈❡ ♣r❡❝✐s✐♦♥ ε✱ t❤❛t ✐s

|αi − α̂i| < ε|αi|, ✭❈✳✶✮

❢♦r i = 1, 2, 3✱ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ❡①❛❝t ❛r✐t❤♠❡t✐❝ ✭✐✳❡✳
❝♦♠♣✉t✐♥❣ ♦♣❡r❛t✐♦♥s ❞♦❡s ♥♦t ❛❞❞ ❛♥② ❡rr♦r t❡r♠ t♦ ♦✉r ❡①♣r❡ss✐♦♥s✮ t❤❡♥ ✇❡
❤❛✈❡

max
{
|P − P̂ |, |Q− Q̂|, |R− R̂|

}
≤ 1971

2
·X · ε, ✭❈✳✷✮

✇❤❡r❡ P̂ ✱ Q̂ ❛♥❞ R̂ ❛r❡ t❤❡ ✈❛❧✉❡s ❝♦♠♣✉t❡❞ ❢♦r P,Q,R r❡s♣❡❝t✐✈❡❧②✱ ✉s✐♥❣ t❤❡
❛♣♣r♦①✐♠❛t✐♦♥s α̂i ✐♥st❡❛❞ ♦❢ t❤❡ αi✳

Pr♦♦❢✳ ▲❡t ✉s r❡❝❛❧❧ t❤❛t t2i = |a|2|αj − αk|2, ✇✐t❤ {i, j, k} = {1, 2, 3}✳
◆♦✇

||αj − αk| − |α̂j − α̂k|| ≤ |αj − α̂j | + |αk − α̂k| ≤ ε(|αj | + |αk|)),

s♦
|ti − t̂i| ≤ ε|a|(|αj | + |αk|). ✭❈✳✸✮

▼♦r❡♦✈❡r

|t2i − t̂2i | ≤ |ti + t̂i||ti − t̂i| ≤ (2ti + ε|a|(|αj | + |αk|)) · ε|a|(|αj | + |αk|)

❛♥❞ ti ≤ |a| (|αj | + |αk|) s♦ ✇❡ ❣❡t

|t2i − t̂2i | ≤ ε|a|2(2 + ε)(|αj | + |αk|)2. ✭❈✳✹✮

◆♦✇ ✇❡ ❞❡✈❡❧♦♣ P

|P − P̂ | ≤ |t21 − t̂21| + |t22 − t̂22| + |t23 − t̂23|
≤ ε|a|2(2 + ε)

(
(|α2| + |α3|)2 + (|α1| + |α3|)2 + (|α1| + |α2|)2

)

≤ 2 · ε|a|2(2 + ε) (|α1| + |α2| + |α3|)2 .

◆♦✇ ✇❡ ❝❛♥ ❜♦✉♥❞ |αi|
|αi| ≤ γ1/2X

1/4

|a| ,

✼✼



❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ K = Q(i) ✇❡ ❤❛✈❡

|αi| ≤
1

|a|

(
27X

2

)1/4

.

▲❡t ✉s ❝❛❧❧
cα = γ1/2X1/4,

✭r❡♠❛r❦ t❤❛t cα > 1 ❢♦r ❡✈❡r② X > 1✮ s♦ t❤❛t

|αi| ≤
cα
|a| . ✭❈✳✺✮

❙♦

(|α1| + |α2| + |α3|)2 ≤ 9

|a|2 c
2
α.

❆♥❞ ✜♥❛❧❧②

|P − P̂ | ≤ 2 · ε|a|2(2 + ε) · 9

|a|2 · c2α
s♦

|P − P̂ | ≤ 18 · ε · (2 + ε) · c2α ✭❈✳✻✮

▲❡t ✉s ❝❛❧❧
cP = 18 · ε · (2 + ε) · c2α ✭❈✳✼✮

❢♦r s✐♠♣❧✐❝✐t②✳
❲❤❡♥ ✇❡ ❧♦♦❦ ❛t Q ✇❡ ❤❛✈❡

|Q− Q̂| ≤ |α1t
2
1 − α̂1t̂

2
1| + |α2t

2
2 − α̂2t̂

2
2| + |α3t

2
3 − α̂3t̂

2
3|

◆♦✇ ❢♦r ❡❛❝❤ tr✐♣❧❡ i, j, k ✇✐t❤ {i, j, k} = {1, 2, 3}✱ ✇❡ ❤❛✈❡

|αit
2
i − α̂it̂

2
i | ≤ |αit

2
i − (αi ± εαi)t̂

2
i |

≤ |αit
2
i − αit̂

2
i | + |εαit̂

2
i |

≤ |αi||t2i − t̂2i | + ε|αi|
(
t2i + ε |a|2 (2 + ε)(|αj | + |αk|)2

)

❙♦

|Q− Q̂| ≤ cα
|a|cP + ε

cα
|a| (1 + (2 + ε)ε) |a|2 · 2(|α̂1| + |α̂2| + |α̂3|)2

≤ cα
|a|cP + ε

cα
|a| (1 + (2 + ε)ε) · 18c2α.

❋✐♥❛❧❧② ❢♦r R ✇❡ ❤❛✈❡

|R− R̂| ≤
∣∣|α1|2t21 − |α̂1|2t̂21

∣∣+
∣∣|α2|2t22 − |α̂2|2t̂22

∣∣+
∣∣|α3|2t23 − |α̂3|2t̂23

∣∣ .

◆♦✇✱ s✐♥❝❡ |α̂i|2 ≤ |αi|2 + 2 · ε|αi|2 + ε2|αi|2,
∣∣|αi|2t2i − |α̂i|2t̂2i

∣∣ ≤
∣∣|αi|2t2i −

(
|αi|2 ± (2 · ε+ ε2)|αi|2

)
t̂2i
∣∣

≤ |αi|2|t2i − t̂2i | + (2 · ε+ ε2)|αi|2|t̂i|2

≤ |αi|2|t2i − t̂2i | + (2 · ε+ ε2)|αi|2(t2i + ε(2 + ε) |a|2 (|αj | + |αk|)2).

✼✽



❙♦

|R− R̂| ≤ c2α
|a|2 cP + (2 · ε+ ε2)

c2α
|a|2 |a|2 (1 + ε(2 + ε))2(|α1| + |α2| + |α2|)2

≤ c2α
|a|2 cP + 18 · (2 · ε+ ε2)(1 + ε(2 + ε)) · c

4
α

|a|4 .

P✉tt✐♥❣ r♦✉❣❤❡r ❜♦✉♥❞s ✇❡ ❣❡t

|P − P̂ | ≤ 37c2α · ε
|Q− Q̂| ≤ 55c3α · ε
|R− R̂| ≤ 73c4α · ε,

❛♥❞ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✳

❈♦r♦❧❧❛r② ❈✳✶✳✷✳ ▲❡t ✉s s✉♣♣♦s❡ K = Q(i), X ≤ 105✱ ε = 10−38 ❛♥❞ t❤❛t
✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ❡①❛❝t ❛r✐t❤♠❡t✐❝✱ t❤❡♥ t❤❡ ❡rr♦r t❤❛t ❛♣♣❡❛rs ✇❤❡♥ ✇❡ t❡st
❜♦r❞❡r ❝♦♥❞✐t✐♦♥s ✐s ❜♦✉♥❞❡❞ ❜② ε ≤ 2 · 10−30✳

❯♣ t♦ ♥♦✇✱ ✇❡ ❛ss✉♠❡❞ ❡①❛❝t ❛r✐t❤♠❡t✐❝✱ ❛♥❞ t❤❡ ❡rr♦r ❝♦♠❡s ♦♥❧② ❢r♦♠ t❤❡
αi ✇❤✐❝❤ ❛r❡ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s✳ ■♥ r❡❛❧✐t②✱ ✇❡ ❤❛✈❡ ❛❧s♦ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❡rr♦r ❝♦♠✐♥❣ ❢r♦♠ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥s✳ ❋♦r ❛❧❧ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s +✱
×✱ −✱ /✱ ❧❡t ✉s ♥♦t❡ ⊕ ⊗✱ ⊖✱ ⊘ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛❝❤✐♥❡ ♦♣❡r❛t✐♦♥✳ ❋♦r ❛❧❧
∗ ∈ {+,−,×, /}✱ ✇❡ s✉♣♣♦s❡ t❤❛t

|(a ∗ b) − (a⊛ b)| ≤ ε|a ∗ b|

❢♦r ❛♥② a ❛♥❞ b ✐♥ R✳
❇② ✐♥❞✉❝t✐♦♥ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✸✳ ▲❡t x = (x1, . . . , xk) ∈ Ck✱ ❛♥❞ ❞❡✜♥❡

Sk = x1 ⊕ x2 ⊕ · · · ⊕ xk,

Pk = x1 ⊗ x2 ⊗ · · · ⊗ xk.

❚❤❡♥
∣∣∣∣∣Sk −

k∑

i=1

xi

∣∣∣∣∣ ≤
(

(1 + ε)k − (1 + ε)

ε
− (k − 1)

)
‖x‖∞ ✭❈✳✽✮

❛♥❞
∣∣∣∣∣Pk −

k∏

i=1

xk

∣∣∣∣∣ ≤
(
(1 + ε)k−1 − 1)

)
‖x‖k

∞ . ✭❈✳✾✮

❈♦r♦❧❧❛r② ❈✳✶✳✹✳ ∣∣∣∣∣Sk −
k∑

i=1

xi

∣∣∣∣∣ ≤
(
k2

2

)
ε ‖x‖∞ ✭❈✳✶✵✮

∣∣∣∣∣Pk −
k∏

i=1

xk

∣∣∣∣∣ ≤ kε ‖x‖k
∞ ✭❈✳✶✶✮
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Pr♦♦❢✳ ❆♣♣❧② ◆❡✇t♦♥ ❢♦r♠✉❧❛ t♦ (1 + ε)k ❛♥❞ (1 + ε)k−1 ✐♥ ✭❈✳✽✮ ❛♥❞ ✭❈✳✾✮
r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ✭❈✳✽✮ ✇❡ ❣❡t

Sk ≤
((

k

2

)
ε+

k∑

i=3

(
k

i

)
εi−1

)
.

■t ✐s s✉✣❝✐❡♥t t♦ ❝❤♦♦s❡ ε s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭❢♦r ❡①❛♠♣❧❡ ε ≤ 1
k4 ✮ t♦ ❜♦✉♥❞ t❤❡

s✉♠ ❜② ε✱ s♦ t❤❛t

Sk ≤
((

k

2

)
+ 1

)
ε ‖x‖∞ ≤ k2

2
ε ‖x‖∞ ,

❢♦r ❛❧❧ k ≥ 2✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭❈✳✶✶✮ ✐s s✐♠✐❧❛r ❜✉t ❡❛s✐❡r s♦ ✐t ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✺✳ ■❢ ✇❡ ❞r♦♣ ♦✛ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤
❡①❛❝t ❛r✐t❤♠❡t✐❝ ❛♥❞ ❝♦♥s✐❞❡r ❛❧s♦ t❤❡ ❡rr♦r ❣✐✈❡♥ ❜② ♠❛❝❤✐♥❡ ♦♣❡r❛t✐♦♥s✱ ✇❡
❣❡t

max
{
|P − P̂ ′|, |Q− Q̂′|, |R− R̂′|

}
≤ 179c4α · ε. ✭❈✳✶✷✮

Pr♦♦❢✳ ❲❤❡♥ ✇❡ ❧♦♦❦ ❛t t❤❡ ♦♣❡r❛t✐♦♥s ✉s❡❞ t♦ ❝♦♠♣✉t❡ P ✱ Q ❛♥❞ R✱ t❤❡
♠♦st ❝♦♠♣❧✐❝❛t❡❞ ♦♥❡ ✐s R ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ✐♥ 14 s✐♠♣❧❡ ♦♣❡r❛t✐♦♥s ♦♥ t❤❡
αi✱ ❛♥❞ ✐t ✐♥✈♦❧✈❡s t❤❡ ♣r♦❞✉❝t ♦❢ ♦♥❧② ✹ ♦❢ t❤❡s❡ αi✳ ❯s✐♥❣ ✭❈✳✶✵✮ ❛♥❞ ✭❈✳✶✶✮✱
✇❡ s❡❡ t❤❛t

|R′ −R| ≤
((

15
2

)
+ 1

)
c4α

|a|4
ε ≤ 106c4αε

❙♦ ♣✉tt✐♥❣ t♦❣❡t❤❡r t❤❡ t✇♦ ❦✐♥❞s ♦❢ ❡rr♦r ✇❡ ❣❡t

|R− R̂′| ≤ 73 · c4α · ε+ 106c4α · ε = 179 · c4α · ε.

❆♥❛❧♦❣♦✉s ✭s♠❛❧❧❡r✮ ❜♦✉♥❞s ❤♦❧❞ ❢♦r |P − P̂ ′| ❛♥❞ |Q− Q̂′|.

❈♦r♦❧❧❛r② ❈✳✶✳✻✳ ■❢ ✇❡ s✉♣♣♦s❡ K = Q(i)✱ X ≤ 105 ❛♥❞ ε = 10−38✱ t❤❡ ❡rr♦r
t❡r♠ t❤❛t ✇❡ ♦❜t❛✐♥ t❡st✐♥❣ t❤❡ ❜♦r❞❡rs ✐s ❜♦✉♥❞❡❞ ❜② 10−28✳

❈✳✶✳✶ ❊rr♦r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ k

▲❡t F = (a0, b0, c0, d0) ❜❡ ❛ ❈r❡♠♦♥❛✲r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠✱ ❛♥❞ ❧❡t HF =
(P,Q,R) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❜✐♥❛r② ❤❡r♠✐t✐❛♥ ❢♦r♠✳ ❋✐♥❛❧❧② ❧❡t G = (a, b, c, d)
❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❏✉❧✐❛✲r❡❞✉❝❡❞ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠✳ ❲❤❡♥ ✇❡ ❝♦♠♣✉t❡ k =

k1+ik2 =
⌊

Q
P

⌉
✭✇❡ r♦✉♥❞ s❡♣❛r❛t❡❧② ✐♠❛❣✐♥❛r② ♣❛rt ❛♥❞ r❡❛❧ ♣❛rt✮ ✇❡ ♦♥❧② ❤❛✈❡

❛ ♣r♦❜❧❡♠ ✇❤❡♥
⌊

Qi

P

⌉
= ki + 1

2 ✱ ❢♦r i = 1 ♦r 2✱ ✇❤❡r❡ ✇❡ s❡t Q1 = Re(Q), Q2 =

Im(Q).
❇✉t t♦ ❞❡t❡❝t ✐t ✇✐t❤ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡s ✇❡ ♥❡❡❞ ❛❣❛✐♥ t♦ ❡st✐♠❛t❡ t❤❡

♣♦ss✐❜❧❡ ❡rr♦r δ✳
▲❡t ✉s s✉♣♣♦s❡ ❢♦r ❡①❛♠♣❧❡

Qi/P = ki + ω

✇❤❡r❡ 0 ≤ ω ≤ 1✱ ❛♥❞
Q̂i/P̂ = ki + ω + δ.
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Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✼✳ ▲❡t K = Q(i). ❚❤❡ ❡rr♦r δ ❢♦r ki ✭✇✐t❤ ❡①❛❝t ❛r✐t❤♠❡t✐❝s✮
✐s ❜♦✉♥❞❡❞ ❜②

|δ| ≤ 103 ·X3/4 · ε. ✭❈✳✶✸✮

Pr♦♦❢✳ ❲❡ ❤❛✈❡
∣∣∣(Qi − (ki + ω)P ) −

(
Q̂i − (ki + ω) P̂

)∣∣∣ = δP̂ .

❙♦ ✇❡ ♦❜t❛✐♥
δ ≤ P̂ δ ≤ |Qi − Q̂i| + (ki + ω)|P − P̂ |.

✭s✐♥❝❡ P > 1✱ ❛♥❞ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡ t❤❡ ❡rr♦r ♦♥ P s✉✣❝✐❡♥t❧② s♠❛❧❧ t♦ ❣❡t
P̂ < 1 t♦♦✮✳

◆♦✇ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ k ❜✉t s✐♥❝❡ b0 = 3ak + b✱ ✇❡ ❣❡t

|k| ≤ |b| + |b0|
3

.

◆♦✇ ✇❡ ❦♥♦✇ t❤❛t |b| ≤ 3 · cα ❛♥❞

|b0| ≤ max {❘❡(3a), ■♠(3a)} ≤ |3a| ≤ 3

(
α√
3

)3/4

X1/4,

✇✐t❤ α = 1/tK s♦

ki ≤ |k| ≤ |b0| + |b|
3

≤ cα +

(
α√
3

)3/4

X1/4.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ K = Q(i)✱ ✇✐t❤ r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❡ ❣❡t

ki + ω ≤ 4X1/4

t❤❡♥
δ ≤ 55 · ε · c3α + 37 · ε · c2α · 4X1/4

■♥ ♣❛rt✐❝✉❧❛r ❢♦r K = Q(i)

δ ≤ 103 ·X3/4 · ε.

❈♦r♦❧❧❛r② ❈✳✶✳✽✳ ■❢ ✇❡ s✉♣♣♦s❡ K = Q(i)✱ X ≤ 105✱ ε = 10−38 ❛♥❞ ❡①❛❝t
❛r✐t❤♠❡t✐❝ ✇❡ ❣❡t

δ ≤ 10−30.

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✾✳ ■❢ ✇❡ s✉♣♣♦s❡ ♠❛❝❤✐♥❡ ♦♣❡r❛t✐♦♥s✱ ✇❡ ❤❛✈❡ t♦ ❛❞❞ t♦ t❤❡
♣r❡✈✐♦✉s ❡rr♦r δ✱ ❛♥ ❡rr♦r δ′ ≤ (3τ + 2ε)(4X1/4 + 1)✱ ✇❤❡r❡ τ = 106 · c4αε✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t

max
{∣∣∣P̂ − P̂ ′

∣∣∣ ,
∣∣∣Q̂− Q̂′

∣∣∣
}
≤ 106 · c4αε,

❛♥❞ t❤❛t ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❡rr♦r ❣✐✈❡♥ ❜② ❛ s✐♥❣❧❡ ♠❛❝❤✐♥❡ ♦♣❡r❛t✐♦♥ ✐s

P̂ ′ ⊘ Q̂′
i ≤ P̂ ′/Q̂′

i · (1 + ε).
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◆♦✇ P̂ ′/Q̂′ ≤ P̂ (1+τ)

Q̂(1−τ)
≤ P̂

Q̂
(1 + 3τ) ✇❤❡r❡ τ = 106 · c4αε.

❙♦ P̂ ′ ⊘ Q̂′ ≤ P̂
Q̂

(1 + 3τ)(1 + ε) ≤ P̂
Q̂

(1 + 2ε+ 3τ)✱ ✐❢ ✇❡ s✉♣♣♦s❡ |τ | ≤ 1/3 s♦

∣∣∣P̂ ′ ⊘ Q̂′ − P̂ /Q̂
∣∣∣ ≤ (3τ + 2ε)

∣∣∣P̂ /Q̂
∣∣∣ ✭❈✳✶✹✮

≤ (3 · 106c4α · ε+ 2ε)(4X1/4 + 1) ✭❈✳✶✺✮

■♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ K = Q(i) ✇❡ ❤❛✈❡ δ′ ≤ (4295 · ε ·X)(4X1/4 + 1)

❈♦r♦❧❧❛r② ❈✳✶✳✶✵✳ ■❢ ✇❡ s✉♣♣♦s❡ X ≤ 105✱ ε = 10−38 ❛♥❞ ♠❛❝❤✐♥❡ ❛r✐t❤♠❡t✐❝
✇❡ ❣❡t

δ ≤ 10−27.

❈✳✶✳✷ ❊rr♦r ✇❤❡♥ ❝♦♠♣✉t✐♥❣ |d − x1||d − x2|
▲❡t F = (a, b, c, d)✳ ❙❡t A = −27a2, B = 18abc − 4b3, C = b2c2 − 4ac3✳ ❲❡
❝♦♥s✐❞❡r t❤❡ ♣♦❧②♥♦♠✐❛❧ Ax2 +Bx+ C❀ ∆ = B2 − 4AC ✐s ❛♥ ❡①❛❝t ✈❛❧✉❡✱ s♦

|
√̂

∆ −
√

∆| ≤ ε|
√

∆|.

❘❡❝❛❧❧ t❤❛t x1 = −B+
√

∆
2A ❛♥❞ x2 = −B−

√
∆

2A

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✶✶✳ ❲❡ ❤❛✈❡ t❤❛t

||d− x1||d− x2| − |d− x̂1||d− x̂2|| ≤ 4 ·X · τ + τ2,

✇✐t❤ τ = γK · εX3/4, ❛♥❞ γK ✐s ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ✜❡❧❞ K✳
■♥ ♣❛rt✐❝✉❧❛r γQ(i) ≤ 104

Pr♦♦❢✳ ❋♦r i = 1 ♦r 2✱ ✇❡ ❤❛✈❡

|xi − x̂i| =

∣∣∣∣∣

√
∆

2A
−

√̂
∆

2A

∣∣∣∣∣ ≤ |
√

∆ −
√̂

∆| ≤ τ,

✇❤❡r❡ τ = ε|
√

∆|✳ ❍❡♥❝❡✱

||d− xi| − |d− x̂i|| ≤ |xi − x̂i| ≤ τ.

◆♦✇

||d− x1||d− x2| − |d− x̂1||d− x̂2|| ≤ |d− x2| ||d− x1| − |d− x̂1|| + |d− x̂1| ||d− x2| − |d− x̂2||
≤ |d− x2|τ + |d− x̂1|τ

≤ 2X

|A| · τ + |d− x̂1|τ

≤ 4X

|A| τ + τ2,

s✐♥❝❡ |d − x̂i| ≤ |d− xi| + |x̂i − xi| ≤ 2X
|A| + τ ✳ ◆♦✇ ✇❡ ♥❡❡❞ t♦ ❜♦✉♥❞ ∆, ❜✉t

❧♦♦❦✐♥❣ ❛t t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡①♣r❡ss✐♦♥ ❢♦r A✱ B ❛♥❞ C✱ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❜♦✉♥❞s
❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✸ ✇❡ ❣❡t

∆ ≤ γ2
K ·X3/2,

✽✷



❢♦r ❛ ❝♦♥st❛♥t γK ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♥✉♠❜❡r ✜❡❧❞ K❀ s♦
√

∆ ≤ γK ·X3/4,

t❤❡♥ ✇❡ ❝❛♥ r❡♣❧❛❝❡ τ ❜② t❤❡ ✉♣♣❡r ❜♦✉♥❞ γK · ε · X3/4✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥
K = Q(i) ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t γK ≤ 104

❈♦r♦❧❧❛r② ❈✳✶✳✶✷✳ ■❢ ✇❡ s✉♣♣♦s❡ K = Q(i)✱ X ≤ 105✱ ε = 10−38 ❛♥❞ ❡①❛❝t
❛r✐t❤♠❡t✐❝ ✇❡ ❣❡t

||d− x1||d− x2| − |d− x̂1||d− x̂2|| ≤ 10−24.

Pr♦♣♦s✐t✐♦♥ ❈✳✶✳✶✸✳ ▲❡t λ = 2Ad + B✳ ❚❤❡ ❛❞❞✐t✐♦♥❛❧ ❡rr♦r δ ❣✐✈❡♥ ❜②
♠❛❝❤✐♥❡ ♦♣❡r❛t✐♦♥s ✐s

δ ≤ 3 · ε ·
(
|λ| +

√̂
∆
)2

✇❤❡r❡ ε ✐s t❤❡ ♠❛❝❤✐♥❡ ❡rr♦r ❢♦r ♦♥❡ s✐♠♣❧❡ ♦♣❡r❛t✐♦♥✳

Pr♦♦❢✳ ❙✐♥❝❡ A,B ❛♥❞ C ❛r❡ ❡①❛❝t ♥✉♠❜❡rs✱ ✇❡ ❥✉st ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ♦♣❡r❛t✐♦♥s ✐♥✈♦❧✈✐♥❣

√
∆. ❧❡t ✉s ✇r✐t❡

|d− x1| |d− x2| =
|2Ad− 2Ax1| |2Ad− 2Ax2|

4A2

=

∣∣∣λ−
√

∆
∣∣∣
∣∣∣λ+

√
∆
∣∣∣

4A2

◆♦✇ ∣∣∣
(
λ⊖

√̂
∆
)
−
(
λ−

√̂
∆
)∣∣∣ ≤ ε

(
|λ| +

√̂
∆
)

❆♥❞ ∣∣∣
(
λ⊕

√̂
∆
)
−
(
λ+

√̂
∆
)∣∣∣ ≤ ε

(
|λ| +

√̂
∆
)

❙♦
(λ⊖

√̂
∆) × (λ⊕

√̂
∆) ≤ (1 + ε)2(|λ| +

√̂
∆)2

∣∣∣(λ⊖
√̂

∆) ⊗ (λ⊕
√̂

∆) − (λ−
√̂

∆) × (λ+
√̂

∆)
∣∣∣

≤ ε(1 + ε)2(|λ| +
√̂

∆)2 + 2ε(|λ| +
√̂

∆) + ε2(|λ| +
√̂

∆) =: err

❋✐♥❛❧❧② t❤❡ ♠❛❝❤✐♥❡ ❡rr♦r ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❞✐✈✐s✐♦♥ ❜② 4A2 ✐s

||d⊖ x̂′1| ⊗ |d⊖ x̂′2| − |d− x̂1| |d− x̂2||

≤ (1 + ǫ)err + (|λ| +
√̂

∆)2ǫ

4 · 27

≤ 2ε(|λ| +
√̂

∆)2 + ε2 · f(λ,∆, ε),

❛♥❞ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ε✱ ✇❡ ❝❛♥ ❜♦✉♥❞

ε2 · f(λ,∆, ε) ≤ ε
(∣∣∣λ+

√̂
∆
∣∣∣
)2

,

s♦ ✇❡ ❝♦♥❝❧✉❞❡✳
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❈♦r♦❧❧❛r② ❈✳✶✳✶✹✳ ■❢ ✇❡ s✉♣♣♦s❡ K = Q(i)✱ X ≤ 105✱ ε = 10−38 ❛♥❞ ♠❛❝❤✐♥❡
♦♣❡r❛t✐♦♥s✱ ✇❡ ❣❡t

δ ≤ 10−22.

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t √̂
∆ ≤ γK · (1 + ε) ·X3/4.

■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❝❛♥ ♣r♦✈❡

|λ| ≤ δKX
3/4,

❢♦r ❛ ❝♦♥st❛♥t δK ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ K✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ K = Q(i) ✇❡ ♦❜t❛✐♥

√̂
∆ ≤ 104X3/4

❛♥❞
|λ| ≤ 3000X3/4.

❙♦
|λ| +

√̂
∆ ≤ 13000X3/4,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳
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❆♣♣❡♥❞✐① ❉

❚❤✐s ❛♣♣❡♥❞✐① ❣✐✈❡s t❤❡ ♣♦❧②♥♦♠✐❛❧s ✉s❡❞ ✐♥ ➓✷✳✺✳✶ t♦ ❝❤❡❝❦ r✐❣♦r♦✉s❧② t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ r❡❞✉❝t✐♦♥ ✐♥❡q✉❛❧✐t✐❡s✳

❙❡❝t✐♦♥ ❉✳✶ ❣✐✈❡s t❤❡ ▼❛♣❧❡ ❝♦❞❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❣P ❛ss♦✲
❝✐❛t❡❞ t♦ t❤❡ ❜✐♥❛r② ❝✉❜✐❝ ❢♦r♠

F = ax3 + bx2y + cxy2 + dy3 = a(x− α1y)(x− α2y)(x− α3y).

■t ❜❡❧♦♥❣s t♦ K[X] ❛♥❞ ✈❛♥✐s❤❡s ❛t

|α1|2 + |α2|2 + |α3|2 .

❙✐♠✐❧❛r❧② ❣❘ ✈❛♥✐s❤❡s ❛t

(|α1|2|α2|2 + |α1|2|α3|2 + |α2|2|α3|2),

❣◗ ✈❛♥✐s❤❡s ❛t
z = α1α2α3 + α1α2α3 + α1α2α3.

❋✐♥❛❧❧②✱ ❣❘❡◗✱ ❣■♠◗ ✈❛♥✐s❤ ❛t 2❘❡(z) ❛♥❞ 2■♠(z) r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥s ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ Z[e1, e2, e3, f1, f2, f3, X]✱ ✇❤❡r❡

t❤❡ ei st❛♥❞ ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s✿

e1 = α1 + α2 + α3 = −b/a,
e2 = α1α2 + α1α3 + α2α3 = c/a,

e3 = α1α2α3 = −d/a.

❚❤❡ fi st❛♥❞ ❢♦r t❤❡✐r ❝♦♥❥✉❣❛t❡s✳

❚❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ✉s❡❞ ❜② t❤❡ ●P ❢✉♥❝t✐♦♥s ✐♥ ➓❉✳✷✱ ✇✐t❤ ♥✉♠❡r✐❝
❛r❣✉♠❡♥ts ❢♦r a, b, c, d ∈ OK ✱ ②✐❡❧❞✐♥❣ ✉♥✐✈❛r✐❛t❡ ♣♦❧②♥♦♠✐❛❧s ✐♥ K[X]✳

✽✺



❉✳✶ ▼❛♣❧❡ ❝♦❞❡

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

★ ❛✐ ❝♦rr❡s♣♦♥❞s t♦ ❭❛❧♣❤❛❴✐✱ ❜✐ t♦ ❭♦✈❡r❧✐♥❡④❭❛❧♣❤❛❴✐⑥

❙❛ ✿❂ ❛✶✰❛✷✰❛✸❂❡✶✱ ❛✶✯❛✷✰❛✶✯❛✸✰❛✷✯❛✸❂❡✷✱ ❛✶✯❛✷✯❛✸❂❡✸✿

❙❜ ✿❂ ❜✶✰❜✷✰❜✸❂❢✶✱ ❜✶✯❜✷✰❜✶✯❜✸✰❜✷✯❜✸❂❢✷✱ ❜✶✯❜✷✯❜✸❂❢✸✿

★ s✐❣♠❛ ❂ ❬✶✷✸✱ ✶✸✷✱ ✷✶✸✱ ✷✸✶✱ ✸✶✷✱ ✸✷✶❪

s✐❣♠❛❬✶❪✿❂ ❡ ✲❃ ❡✿

s✐❣♠❛❬✷❪✿❂ ❡ ✲❃ s✉❜s✭④ ❜✷❂❜✸✱ ❜✸❂❜✷⑥✱ ❡✮✿

s✐❣♠❛❬✸❪✿❂ ❡ ✲❃ s✉❜s✭④❜✶❂❜✷✱ ❜✷❂❜✶ ⑥✱ ❡✮✿

s✐❣♠❛❬✹❪✿❂ ❡ ✲❃ s✉❜s✭④❜✶❂❜✷✱ ❜✷❂❜✸✱ ❜✸❂❜✶⑥✱ ❡✮✿

s✐❣♠❛❬✺❪✿❂ ❡ ✲❃ s✉❜s✭④❜✶❂❜✸✱ ❜✷❂❜✶✱ ❜✸❂❜✷⑥✱ ❡✮✿

s✐❣♠❛❬✻❪✿❂ ❡ ✲❃ s✉❜s✭④❜✶❂❜✸✱ ❜✸❂❜✶⑥✱ ❡✮✿

★ ❡①♣❛♥❞ ❭♣r♦❞ ✭❳✲❭s✐❣♠❛❴✐✭s✮✮

★ t❤❡♥ s✉❜st✐t✉t❡ t❤❡ ❡❧❡♠❡♥t❛r② s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s

P❖▲ ✿❂ ♣r♦❝ ✭s✮ ❧♦❝❛❧ P✱ ◗❀

P ✿❂ ♠✉❧✭❳✲s✐❣♠❛❬✐❪✭s✮✱ ✐❂✶✳✳✻✮❀

◗ ✿❂ s✐♠♣❧✐❢②✭P✱ ④❙❛✱❙❜⑥✱ ❬❛✶✱❛✷✱❛✸✱❜✶✱❜✷✱❜✸❪✮❀

s♦rt✭❝♦❧❧❡❝t✭◗✱❳✮✱ ❳✮❀

❡♥❞✿

★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★★

❣P ✿❂ P❖▲✭❛✶✯❜✶ ✰ ❛✷✯❜✷ ✰ ❛✸✯❜✸✮❀

❣❘ ✿❂ P❖▲✭❛✶✯❛✷✯❜✶✯❜✷ ✰ ❛✶✯❛✸✯❜✶✯❜✸ ✰ ❛✷✯❛✸✯❜✷✯❜✸✮❀

❣◗ ✿❂ P❖▲✭❜✶✯❛✷✯❛✸ ✰ ❛✶✯❜✷✯❛✸ ✰ ❛✶✯❛✷✯❜✸✮❀

❣❘❡◗ ✿❂ P❖▲✭❜✶✯❛✷✯❛✸ ✰ ❛✶✯❜✷✯❜✸ ✰ ❛✶✯❜✷✯❛✸ ✰ ❜✶✯❛✷✯❜✸ ✰ ❛✶✯❛✷✯❜✸ ✰ ❜✶✯❜✷✯❛✸✮❀

❣■♠◗ ✿❂ P❖▲✭✲❛✶✯❜✷✯❜✸ ✰ ❜✶✯❛✷✯❛✸ ✲ ❜✶✯❛✷✯❜✸ ✰ ❛✶✯❜✷✯❛✸ ✲ ❜✶✯❜✷✯❛✸ ✰ ❛✶✯❛✷✯❜✸✮❀

❉✳✷ ●P ❝♦❞❡

❣P✭❛✱❜✱❝✱❞✮❂
④ ♠②✭❡✶ ❂ ✲❜✴❛✱ ❡✷ ❂ ❝✴❛✱ ❡✸ ❂ ✲❞✴❛✮❀
♠②✭❢✶ ❂ ❝♦♥❥✭❡✶✮✱ ❢✷ ❂ ❝♦♥❥✭❡✷✮✱ ❢✸ ❂ ❝♦♥❥✭❡✸✮✮❀

❳❫✻
✲✷✯❢✶✯❡✶✯❳❫✺
✰✭❢✶❫✷✯❡✶❫✷✰✷✯❢✷✯❡✶❫✷✰✷✯❢✶❫✷✯❡✷✲✻✯❢✷✯❡✷✮✯❳❫✹✰
✭✲✷✯❢✶❫✸✯❡✸✲✷✼✯❢✸✯❡✸✰✾✯❢✸✯❡✷✯❡✶✲✷✯❢✸✯❡✶❫✸✲✷✯❢✶✯❢✷✯❡✶❫✸✰✾✯❢✷✯❢✶✯❡✸✰ ✺✯❢✶✯❢✷✯❡✷✯❡✶✲✷✯❢✶❫✸✯❡✶✯❡✷✮✯❳❫✸✰
✭✲✻✯❢✷❫✷✯❡✷✯❡✶❫✷✲✾✯❢✸✯❢✶✯❡✷✯❡✶❫✷✰❢✶❫✹✯❡✷❫✷✲✻✯❢✶❫✷✯❢✷✯❡✷❫✷✰✷✯❢✶❫✹✯❡✸✯❡✶✰
✷✼✯❢✸✯❢✶✯❡✸✯❡✶✰❢✷❫✷✯❡✶❫✹✰✷✯❢✸✯❢✶✯❡✶❫✹✰✾✯❢✷❫✷✯❡✷❫✷✰✸✯❢✶❫✷✯❢✷✯❡✶❫✷✯❡✷
✲✾✯❢✶❫✷✯❢✷✯❡✸✯❡✶✮✯❳❫✷✰

✭✶✺✯❢✶❫✸✯❢✷✯❡✸✯❡✷✲❢✷❫✷✯❢✶✯❡✶❫✸✯❡✷✲✷✯❢✶❫✺✯❡✷✯❡✸✰✽✶✯❢✸✯❢✷✯❡✸✯❡✷✰✸✯❢✷❫✷✯❢✶✯❡✷❫✷✯❡✶
✲❢✶❫✸✯❢✷✯❡✷❫✷✯❡✶✲✷✼✯❢✸✯❢✷✯❡✷❫✷✯❡✶✰✾✯❢✸✯❢✶❫✷✯❡✷❫✷✯❡✶✲✷✼✯❢✷❫✷✯❢✶✯❡✸✯❡✷✲✷✼✯❢✸✯❢✶❫✷✯❡✸✯❡✷
✲✷✯❢✸✯❢✷✯❡✶❫✺✲✷✯❢✸✯❢✶❫✷✯❡✶❫✸✯❡✷✰✾✯❢✷❫✷✯❢✶✯❡✸✯❡✶❫✷✲✷✼✯❢✸✯❢✷✯❡✸✯❡✶❫✷✰✶✺✯❢✸✯❢✷✯❡✷✯❡✶❫✸
✲✷✯❢✶❫✸✯❢✷✯❡✸✯❡✶❫✷✮✯❳✰

❢✶❫✻✯❡✸❫✷✰❢✷❫✷✯❢✶❫✷✯❡✶❫✸✯❡✸✰❢✸✯❢✷✯❢✶✯❡✶❫✹✯❡✷✲✷✼✯❢✷❫✸✯❡✸❫✷✲✷✼✯❢✸❫✷✯❡✷❫✸✰❢✶❫✹✯❢✷✯❡✶✯❡✷✯❡✸
✰✷✼✯❢✷❫✷✯❢✶❫✷✯❡✸❫✷✲✹✯❢✷❫✸✯❡✷❫✸✲✾✯❢✷✯❢✶✯❢✸✯❡✷❫✷✯❡✶❫✷✰✷✼✯❢✸❫✷✯❡✷❫✷✯❡✶❫✷✲✹✯❢✷❫✸✯❡✸✯❡✶❫✸
✰✾✯❢✸✯❢✷✯❢✶✯❡✸✯❡✶❫✸✲✷✯❢✸✯❢✶❫✸✯❡✸✯❡✶❫✸✰❢✸❫✷✯❡✶❫✻✰❢✶❫✸✯❢✸✯❡✷❫✷✯❡✶❫✷✰✶✽✯❢✷✯❢✶✯❢✸✯❡✷❫✸
✲✾✯❢✸❫✷✯❡✷✯❡✶❫✹✰✶✽✯❢✷❫✸✯❡✸✯❡✷✯❡✶✲✾✯❢✶❫✹✯❢✷✯❡✸❫✷✲✷✼✯❢✸✯❢✷✯❢✶✯❡✸✯❡✷✯❡✶✰✾✯❢✸✯❢✶❫✸✯❡✸✯❡✷✯❡✶
✲✾✯❢✷❫✷✯❢✶❫✷✯❡✸✯❡✷✯❡✶✰❢✷❫✷✯❢✶❫✷✯❡✷❫✸✰❢✷❫✸✯❡✷❫✷✯❡✶❫✷✲✹✯❢✶❫✸✯❢✸✯❡✷❫✸❀

⑥❀

❣❘✭❛✱❜✱❝✱❞✮❂
④ ♠②✭❡✶ ❂ ✲❜✴❛✱ ❡✷ ❂ ❝✴❛✱ ❡✸ ❂ ✲❞✴❛✮❀
♠②✭❢✶ ❂ ❝♦♥❥✭❡✶✮✱ ❢✷ ❂ ❝♦♥❥✭❡✷✮✱ ❢✸ ❂ ❝♦♥❥✭❡✸✮✮❀

✽✻



❳❫✻✲✷✯❢✷✯❡✷✯❳❫✺✰✭✷✯❢✸✯❢✶✯❡✷❫✷✲✻✯❢✸✯❢✶✯❡✸✯❡✶✰✷✯❢✷❫✷✯❡✸✯❡✶✰❢✷❫✷✯❡✷❫✷✮✯❳❫✹✰
✭✾✯❢✸✯❢✷✯❢✶✯❡✸❫✷✲✷✯❢✸❫✷✯❡✷❫✸✲✷✯❢✷❫✸✯❡✸❫✷✲✷✼✯❢✸❫✷✯❡✸❫✷✰✾✯❢✸❫✷✯❡✸✯❡✷✯❡✶✰✺✯❢✸✯❢✷✯❢✶✯❡✸✯❡✷✯❡✶
✲✷✯❢✷✯❢✶✯❢✸✯❡✷❫✸✲✷✯❢✷❫✸✯❡✸✯❡✷✯❡✶✮✯❳❫✸✰✭✷✼✯❢✸❫✷✯❢✷✯❡✸❫✷✯❡✷✲✾✯❢✸❫✷✯❢✷✯❡✸✯❡✷❫✷✯❡✶
✰✾✯❡✸❫✷✯❢✸❫✷✯❢✶❫✷✯❡✶❫✷✰❢✸❫✷✯❢✶❫✷✯❡✷❫✹✲✻✯❢✸❫✷✯❢✶❫✷✯❡✸✯❡✷❫✷✯❡✶✰✷✯❢✸❫✷✯❢✷✯❡✷❫✹✰✷✯❡✸❫✷✯❢✷❫✹✯❡✷
✲✻✯❢✷❫✷✯❢✶✯❢✸✯❡✸❫✷✯❡✶❫✷✲✾✯❡✸❫✷✯❢✸✯❢✷❫✷✯❢✶✯❡✷✰❢✷❫✹✯❡✶❫✷✯❡✸❫✷✰✸✯❢✸✯❢✷❫✷✯❢✶✯❡✷❫✷✯❡✶✯❡✸✮✯❳❫✷✰
✭✾✯❢✸❫✷✯❢✷❫✷✯❡✷✯❡✸❫✷✯❡✶❫✷✲✷✯❢✷❫✺✯❡✸❫✸✯❡✶✲❢✸❫✷✯❢✷✯❢✶❫✷✯❡✷❫✸✯❡✶✯❡✸✲✷✯❢✸❫✸✯❢✶✯❡✷❫✺
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✷✯❡✷❫✹✯❢✷✯❢✶❫✷✯❢✸✯❡✸✲✷✯❡✷❫✸✯❡✶❫✷✯❢✸✯❢✷❫✷✯❡✸✰✸✯❡✷✯❡✸❫✷✯❡✶❫✷✯❢✶❫✷✯❢✷❫✸✲✷✯❡✷❫✷✯❢✸✯❢✶❫✷✯❢✷❫✸✯❡✸ ✰
✶✵✯❡✷❫✷✯❡✶❫✷✯❢✸✯❢✷❫✸✯❡✸✲❡✷✯❡✶❫✷✯❢✸✯❢✶❫✷✯❢✷❫✸✯❡✸✲✷✯❡✷✯❡✶❫✹✯❢✸✯❢✷❫✸✯❡✸✲✷✯❡✷✯❡✶❫✷✯❢✸✯❢✷❫✹✯❡✸ ✰
❡✶✯❡✷✯❢✸✯❢✶✯❢✷❫✹✯❡✸✲❡✷❫✸✯❡✶❫✷✯❢✷✯❢✶❫✷✯❢✸✯❡✸

⑥

❣❘❡◗✭❛✱❜✱❝✱❞✮❂
④ ♠②✭❡✶ ❂ ✲❜✴❛✱ ❡✷ ❂ ❝✴❛✱ ❡✸ ❂ ✲❞✴❛✮❀
♠②✭❢✶ ❂ ❝♦♥❥✭❡✶✮✱ ❢✷ ❂ ❝♦♥❥✭❡✷✮✱ ❢✸ ❂ ❝♦♥❥✭❡✸✮✮❀

❳❫✻✰✭✲✷✯❢✷✯❡✶✲✷✯❢✶✯❡✷✮✯❳❫✺✰✭❢✶❫✷✯❡✷❫✷✰✷✯❢✷✯❡✷❫✷✲✻✯❢✸✯❢✶✯❡✷✰✷✯❢✷❫✷✯❡✷✰✸✯❢✶✯❢✷✯❡✷✯❡✶
✰✸✯❢✷✯❢✶✯❡✸✲✷✼✯❢✸✯❡✸✰✷✯❢✶❫✷✯❡✸✯❡✶✲✻✯❢✷✯❡✸✯❡✶✰❢✷❫✷✯❡✶❫✷✰✸✯❢✸✯❡✷✯❡✶✰✷✯❢✸✯❢✶✯❡✶❫✷✮✯❳❫✹
✰✭✲❢✶❫✷✯❢✷✯❡✷❫✷✯❡✶✰✾✯❢✸❫✷✯❡✷✯❡✶✲✷✯❢✶❫✸✯❡✶✯❡✷✯❡✸✰✾✯❢✷✯❢✶✯❡✸❫✷✰✺✯❢✷✯❢✶✯❡✸✯❡✷✯❡✶
✰✾✯❢✸✯❡✸✯❡✷✯❡✶✲✷✯❢✷❫✸✯❡✶✯❡✷✲✺✯❢✶❫✷✯❢✷✯❡✸✯❡✷✲✷✯❢✸❫✷✯❡✶❫✸✲✷✯❢✶✯❢✷✯❡✷❫✸✲❢✷❫✷✯❢✶✯❡✶❫✷✯❡✷
✲✺✯❢✸✯❢✷✯❡✶❫✷✯❡✷✲✺✯❢✸✯❢✶✯❡✷❫✷✯❡✶✰✷✼✯❢✸✯❢✶✯❡✸✯❡✷✲✷✯❢✸✯❢✶❫✷✯❡✶❫✷✯❡✷✰✺✯❢✷✯❢✶✯❢✸✯❡✷✯❡✶
✲✷✯❢✷❫✷✯❢✶✯❡✷❫✷✰✹✯❢✷❫✷✯❡✸✯❡✶❫✷✰✷✼✯❢✸✯❢✷✯❡✸✯❡✶✲✺✯❢✷❫✷✯❢✶✯❡✸✯❡✶✰✻✯❢✸✯❢✶❫✷✯❡✸✯❡✶✰✻✯❢✷❫✷✯❡✸✯❡✷
✰✾✯❢✸✯❢✷✯❢✶✯❡✸✲✷✯❢✸✯❡✷❫✸✲✷✼✯❢✸✯❡✸❫✷✲✷✯❢✶❫✸✯❡✸❫✷✲✷✯❢✷❫✸✯❡✸✲✷✼✯❢✸❫✷✯❡✸✰✻✯❢✸✯❢✶✯❡✸✯❡✶❫✷
✲✷✯❢✶❫✷✯❢✷✯❡✸✯❡✶❫✷✲✷✯❢✷✯❢✶✯❢✸✯❡✶❫✸✰✻✯❢✸✯❢✷✯❡✷❫✷✲✷✯❢✷❫✷✯❡✷❫✷✯❡✶✰✹✯❢✸✯❢✶❫✷✯❡✷❫✷✮✯❳❫✸
✰✭✷✼✯❢✸✯❢✶✯❡✸❫✷✯❡✷✰❢✶❫✹✯❡✸❫✷✯❡✶❫✷✲✻✯❢✷❫✷✯❢✶✯❢✸✯❡✷❫✷✰✷✯❢✸✯❢✶❫✷✯❡✶✯❡✷❫✸✲✷✼✯❢✸✯❢✷✯❡✷❫✷✯❡✸
✲✸✯❢✷❫✷✯❢✶✯❡✷❫✷✯❡✸✲✻✯❢✶❫✷✯❢✷✯❡✸❫✷✯❡✶❫✷✰✷✯❡✸❫✷✯❢✶❫✹✯❡✷✰✸✯❢✶❫✷✯❢✷✯❡✷❫✷✯❡✶✯❡✸
✲✾✯❡✸❫✷✯❢✷✯❢✶❫✷✯❡✷✲✻✯❢✷❫✷✯❡✸✯❡✷❫✷✯❡✶✲✶✽✯❢✸✯❢✷✯❢✶❫✷✯❡✸✯❡✷✰✷✯❢✷❫✹✯❡✸✯❡✶✰❢✸❫✷✯❢✶❫✷✯❡✶❫✹
✲✶✽✯❢✸✯❢✷✯❡✸✯❡✷✯❡✶❫✷✰✷✯❢✷❫✸✯❢✶✯❡✸✯❡✶❫✷✲✾✯❢✸❫✷✯❢✷✯❡✷✯❡✶❫✷✲✻✯❢✸❫✷✯❢✶❫✷✯❡✷✯❡✶❫✷
✲✷✼✯❢✸❫✷✯❢✶✯❡✸✯❡✶❫✷✰✶✵✽✯❢✸❫✷✯❢✶✯❡✸✯❡✷✰✽✶✯❢✸✯❢✷✯❢✶✯❡✸❫✷✲✾✯❢✸✯❢✶✯❡✸✯❡✷❫✷✯❡✶✲✷✼✯❢✷❫✸✯❡✸❫✷
✰✾✯❡✸❫✷✯❢✷❫✷✯❡✶❫✷✰❢✷❫✷✯❢✶❫✷✯❡✶❫✸✯❡✸✰✷✯❢✸✯❢✶✯❡✷❫✹✰✽✶✯❢✸❫✷✯❡✸✯❡✷✯❡✶✲✷✯❢✷❫✸✯❡✷❫✸
✲✷✼✯❢✸❫✷✯❡✷❫✸✰✺✯❢✷❫✸✯❢✶✯❡✸✯❡✷✰✺✯❢✸❫✷✯❢✶✯❡✶❫✸✯❡✷✰✷✯❢✷❫✷✯❢✸✯❡✶❫✸✯❡✷✰✺✯❢✸✯❢✷✯❡✶✯❡✷❫✸
✲✸✯❢✸✯❢✶❫✷✯❡✸✯❡✶❫✷✯❡✷✲✷✼✯❢✷❫✷✯❢✸✯❡✸✯❡✷✰✾✯❢✷❫✷✯❢✶❫✷✯❡✸❫✷✰❢✷❫✷✯❢✶✯❡✶✯❡✷❫✸✰❢✷❫✸✯❢✶✯❡✷❫✷✯❡✶
✲✶✽✯❢✸❫✷✯❢✶✯❡✷❫✷✯❡✶✲✸✯❢✷❫✷✯❢✸✯❡✷❫✷✯❡✶✲✷✼✯❢✸✯❢✶❫✷✯❡✸❫✷✯❡✶✲✾✯❢✷❫✷✯❢✶✯❢✸✯❡✸✯❡✶
✰❢✶❫✸✯❢✷✯❡✶❫✷✯❡✷✯❡✸✰✶✵✽✯❢✸✯❢✷✯❡✸❫✷✯❡✶✰✷✼✯❢✸❫✷✯❢✷✯❡✸✯❡✶✲✶✽✯❢✷❫✷✯❢✶✯❡✸❫✷✯❡✶
✰✸✯❢✷❫✷✯❢✶✯❢✸✯❡✶❫✷✯❡✷✰❢✷✯❢✶❫✷✯❢✸✯❡✶❫✸✯❡✷✲✷✼✯❢✶❫✸✯❢✸✯❡✸❫✷✰✷✯❢✶❫✸✯❢✷✯❡✷❫✷✯❡✸✰❢✷❫✷✯❡✷❫✹
✰✻✯❢✸✯❢✷✯❢✶✯❡✸✯❡✶❫✸✰✸✯❢✷✯❢✶✯❢✸✯❡✷❫✷✯❡✶❫✷✰✾✯❢✸❫✷✯❡✷❫✷✯❡✶❫✷✲✷✯❢✷❫✸✯❡✸✯❡✶❫✸✲✷✯❢✸✯❢✶❫✸✯❡✸✯❡✶❫✸
✰❢✶❫✸✯❢✸✯❡✷❫✷✯❡✶❫✷✰✻✯❢✷✯❢✶✯❢✸✯❡✷❫✸✰✻✯❢✷❫✸✯❡✸✯❡✷✯❡✶✲✼✷✯❢✸✯❢✷✯❢✶✯❡✸✯❡✷✯❡✶
✰✻✯❢✸✯❢✶❫✸✯❡✸✯❡✷✯❡✶✰✸✯❢✷❫✷✯❢✶❫✷✯❡✸✯❡✷✯❡✶✰❢✷❫✷✯❢✶❫✷✯❡✷❫✸✰❢✷❫✸✯❡✷❫✷✯❡✶❫✷✲✷✯❢✶❫✸✯❢✸✯❡✷❫✸
✰❢✷❫✹✯❡✷❫✷✲✸✯❢✸✯❢✷✯❢✶❫✷✯❡✸✯❡✶❫✷✰✺✯❢✶❫✸✯❢✷✯❡✸❫✷✯❡✶✰✾✯❢✸❫✷✯❢✶❫✷✯❡✷❫✷✲✷✼✯❢✸❫✷✯❡✸✯❡✶❫✸
✰✷✯❢✸❫✷✯❢✷✯❡✶❫✹✮✯❳❫✷
✰✭✲✺✹✯❢✷❫✸✯❡✸❫✸✲✺✹✯❢✸❫✸✯❡✷❫✸✲✸✯❢✶❫✹✯❢✷✯❡✸❫✸✲✷✼✯❢✸❫✷✯❡✸✯❡✷❫✸✰✸✯❢✶✯❢✷❫✸✯❡✸❫✷✯❡✶❫✷
✲✽✯❢✶❫✸✯❢✸✯❡✷❫✸✯❡✸✰✶✽✯❢✶✯❢✷❫✸✯❡✸❫✷✯❡✷✲✷✯❢✶❫✸✯❢✷❫✷✯❡✸❫✷✯❡✶❫✷✲✷✼✯❢✸❫✸✯❢✶✯❡✷❫✷✯❡✶
✲✸✯❢✷✯❢✶✯❢✸✯❡✷❫✹✯❡✶✲✷✯❢✷❫✹✯❡✸✯❡✷✯❡✶❫✷✰✶✽✯❢✸❫✷✯❢✷✯❢✶✯❡✷❫✸✰✷✼✯❢✷❫✷✯❢✶❫✷✯❢✸✯❡✸❫✷
✰✶✽✯❢✷❫✸✯❡✸❫✷✯❡✷✯❡✶✲✷✯❢✷❫✸✯❢✶❫✷✯❡✸✯❡✷❫✷✲✺✹✯❢✸❫✷✯❢✶❫✸✯❡✸❫✷✰✷✼✯❢✸❫✷✯❢✶❫✷✯❡✸✯❡✷❫✷
✲✸✯❢✷❫✹✯❢✶✯❡✸❫✷✰✷✼✯❢✷❫✷✯❢✶❫✷✯❡✸❫✸✲✷✯❢✶❫✸✯❢✸❫✷✯❡✷❫✸✰✹✯❢✸✯❢✷❫✷✯❡✷❫✹✲✷✯❢✸✯❢✷❫✸✯❡✷❫✸
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✲✻✯❢✷❫✷✯❢✶❫✸✯❢✸✯❡✸❫✷✯❡✶❫✷✰✷✼✯❢✷❫✸✯❢✶✯❢✸✯❡✸❫✷✯❡✷✰✷✯❢✸✯❢✶❫✹✯❡✸❫✷✯❡✷❫✷✯❡✶✲✺✯❢✷❫✹✯❢✶✯❡✸❫✷✯❡✷✯❡✶
✲✽✶✯❢✸✯❢✷❫✷✯❡✸❫✸✯❡✷✲✶✺✯❢✸✯❢✷✯❢✶❫✸✯❡✸❫✷✯❡✷❫✷✲✾✯❢✸✯❢✷❫✷✯❡✷✯❡✸❫✷✯❡✶❫✸✰❢✶❫✸✯❢✷❫✷✯❡✸❫✷✯❡✷❫✷✯❡✶
✰✷✼✯❢✸✯❢✶❫✷✯❢✷✯❡✸❫✸✯❡✷✲✸✯❢✶✯❢✷❫✸✯❡✸❫✷✯❡✷❫✷✯❡✶✲✻✯❢✷❫✷✯❢✶✯❢✸✯❡✸❫✷✯❡✶❫✹✰✷✼✯❢✸✯❢✷❫✷✯❡✷❫✷✯❡✸❫✷✯❡✶
✲✶✺✯❢✷❫✸✯❢✶✯❢✸✯❡✸❫✷✯❡✶❫✷✰✷✼✯❢✷❫✸✯❢✸✯❡✸❫✷✯❡✷✯❡✶✲✶✺✯❢✷❫✸✯❢✶❫✷✯❢✸✯❡✸❫✷✯❡✶✰✸✯❢✷❫✸✯❢✶❫✷✯❡✸❫✷✯❡✷✯❡✶❫✷
✰❢✷❫✸✯❢✶✯❡✸❫✷✯❡✷✯❡✶❫✸✲✾✯❢✸✯❢✷❫✷✯❢✶❫✸✯❡✸❫✷✯❡✷✰✷✯❢✷❫✷✯❢✸✯❡✷❫✸✯❡✶❫✷✯❡✸✰✷✯❢✶❫✹✯❢✷✯❢✸✯❡✷❫✸✯❡✸
✰✷✯❢✸✯❢✷✯❢✶❫✷✯❡✷❫✹✯❡✸✰✷✼✯❢✸❫✸✯❢✶❫✷✯❡✸✯❡✷❫✷✰✷✯❢✸✯❢✶❫✺✯❡✷❫✷✯❡✸❫✷✲✻✯❢✸✯❢✶❫✹✯❡✸❫✸✯❡✶❫✷
✰✷✯❢✸❫✸✯❢✶❫✷✯❡✶❫✸✯❡✷❫✷✰❢✷❫✷✯❢✶❫✹✯❡✷❫✷✯❡✸❫✷✲✻✯❢✸✯❢✶❫✺✯❡✸❫✸✯❡✶✲✾✯❢✷❫✸✯❢✶❫✷✯❡✸❫✸✯❡✶
✰❢✷❫✹✯❢✶❫✷✯❡✶❫✷✯❡✸❫✷✲✾✯❢✷❫✹✯❢✶✯❢✸✯❡✸❫✷✰✷✯❢✶❫✺✯❢✷✯❡✸❫✸✯❡✷✰✷✯❢✷❫✷✯❢✶❫✹✯❡✸❫✸✯❡✶✰✷✯❢✷❫✹✯❢✶✯❡✶❫✸✯❡✸❫✷
✲✽✯❢✷❫✸✯❢✸✯❡✸❫✷✯❡✶❫✸✰✷✼✯❢✸✯❢✷❫✷✯❡✸❫✸✯❡✶❫✷✲✶✺✯❢✶❫✸✯❢✷❫✷✯❡✸❫✸✯❡✷✰✷✼✯❢✸❫✷✯❢✷❫✷✯❢✶❫✷✯❡✸❫✷
✰✷✯❢✸❫✷✯❢✶❫✸✯❡✷❫✹✯❡✶✰✷✯❢✷❫✸✯❢✶❫✷✯❢✸✯❡✷❫✷✯❡✸✲✶✵✯❢✷❫✸✯❢✸✯❡✷❫✷✯❡✶❫✷✯❡✸✰✸✯❢✷❫✸✯❢✶✯❢✸✯❡✶❫✸✯❡✷✯❡✸
✰❢✷❫✸✯❢✶❫✷✯❢✸✯❡✶❫✷✯❡✷✯❡✸✰❢✸❫✸✯❢✶❫✸✯❡✷❫✷✯❡✶❫✷✰✷✼✯❢✸❫✸✯❢✷✯❡✷❫✸✯❡✶✲✺✯❢✶❫✹✯❢✷✯❢✸✯❡✷✯❡✸❫✷✯❡✶
✰✷✼✯❢✸❫✷✯❢✶❫✷✯❢✷✯❡✸❫✷✯❡✶❫✷✲✻✯❢✸❫✷✯❢✷✯❡✷❫✺✰✾✯❢✷❫✹✯❡✸❫✷✯❡✷❫✷✰✷✯❢✸❫✷✯❢✶❫✷✯❡✷❫✺✰✸✯❢✷❫✷✯❢✶✯❢✸✯❡✷❫✷✯❡✶❫✸✯❡✸❀
⑥
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❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❑✳ ❇❡❧❛❜❛s✱ ❱❛r✐❛t✐♦♥s s✉r ✉♥ t❤è♠❡ ❞❡ ❉❛✈❡♥♣♦rt ❡t ❍❡✐❧❜r♦♥♥✱ P❤❉ ❚❤❡s✐s✱
❯♥✐✈❡rs✐té ❇♦r❞❡❛✉① ✶✱ ✶✾✾✻✳

❬✷❪ ❑✳ ❇❡❧❛❜❛s✱ ❆ ❢❛st ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣✉t❡ ❝✉❜✐❝ ✜❡❧❞s✱ ▼❛t❤✳ ❈♦♠♣✳ ✻✻ ✭✶✾✾✼✮✱
♥♦✳✷✶✾✱ ✶✷✶✸✕✶✷✸✼✳

❬✸❪ ❑✳ ❇❡❧❛❜❛s✱ P❛r❛♠étr✐s❛t✐♦♥ ❞❡ str✉❝t✉r❡s ❛❧❣é❜r✐q✉❡s ❡t ❞❡♥s✐té ❞❡ ❞✐s❝r✐♠✲
✐♥❛♥ts ❬❞✬❛♣rès ❇❤❛r❣❛✈❛❪✱ ❆stér✐sq✉❡✱ ❱♦❧✳ ✷✾✾ ✭✷✵✵✺✮✱ ❊①♣✳ ◆♦✳ ✾✸✺✱ ♣♣✳
✷✻✼✕✷✾✾✱ ❙é♠✐♥❛✐r❡ ❇♦✉r❜❛❦✐✳ ❱♦❧✳ ✷✵✵✸✴✷✵✵✹✳

❬✹❪ ❑✳ ❇❡❧❛❜❛s✱ ▲✬❛❧❣♦r✐t❤♠✐q✉❡ ❞❡ ❧❛ t❤é♦r✐❡ ❛❧❣é❜r✐q✉❡ ❞❡s ♥♦♠❜r❡s✱ ❞❛♥s
❚❤é♦r✐❡ ❛❧❣♦r✐t❤♠✐q✉❡ ❞❡s ♥♦♠❜r❡s ❡t éq✉❛t✐♦♥s ❞✐♦♣❤❛♥t✐❡♥♥❡s ✭◆✳ ❇❡r❧✐♥❡✱
❆✳ P❧❛❣♥❡✱ ❈✳ ❙❛❜❜❛❤ ❡❞s✳✮ ❊❞✳ ❞❡ ❧✬➱❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ✽✺✕✶✺✸ ✭✷✵✵✺✮✳

❬✺❪ ▼✳ ❇❤❛r❣❛✈❛✱❍✐❣❤❡r ❝♦♠♣♦s✐t✐♦♥ ❧❛✇s✱ P❤❉ ❚❤❡s✐s✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t②✱
✷✵✵✶✳

❬✻❪ ▼✳ ❇❤❛r❣❛✈❛✱❍✐❣❤❡r ❝♦♠♣♦s✐t✐♦♥ ❧❛✇s ■✿ ❆ ♥❡✇ ✈✐❡✇ ♦❢ ●❛✉ss ❝♦♠♣♦s✐t✐♦♥✱
❆♥♥✳ ♦❢ ▼❛t❤✳ ✶✺✾ ✭✷✵✵✹✮✱ ✷✶✼✕✷✺✵✳

❬✼❪ ▼ ❇❤❛r❣❛✈❛✱❍✐❣❤❡r ❝♦♠♣♦s✐t✐♦♥ ❧❛✇s ■■✿ ❖♥ ❝✉❜✐❝ ❛♥❛❧♦❣✉❡s ♦❢ ●❛✉ss ❝♦♠✲
♣♦s✐t✐♦♥✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✶✺✾ ✭✷✵✵✹✮✱ ✽✻✺✕✽✽✻✳

❬✽❪ ▼✳ ❇❤❛r❣❛✈❛✱ ❚❤❡ ❞❡♥s✐t② ♦❢ ❞✐s❝r✐♠✐♥❛♥ts ♦❢ q✉❛rt✐❝ r✐♥❣s ❛♥❞ ✜❡❧❞s✱ ❆♥♥✳
♦❢ ▼❛t❤✳ ✶✻✷ ✭✷✵✵✺✮✱ ✶✵✸✶✕✶✵✻✸✳

❬✾❪ ▼✳ ❇❤❛r❣❛✈❛✱ ❚❤❡ ❞❡♥s✐t② ♦❢ ♦❢ ❞✐s❝r✐♠✐♥❛♥ts ♦❢ q✉✐♥t✐❝ r✐♥❣s ❛♥❞ ✜❡❧❞s✱
❆♥♥✳ ♦❢ ▼❛t❤✳✱ t♦ ❛♣♣❡❛r✳

❬✶✵❪ ▲✳ ❇✐❛♥❝❤✐✱ ❙✉✐ ❣r✉♣♣✐ ❞✐ s♦st✐t✉③✐♦♥✐ ❧✐♥❡❛r✐ ❝♦♥ ❝♦❡✣❝✐❡♥t✐ ❛♣♣❛rt❡♥❡♥t✐ ❛
❝♦r♣✐ q✉❛❞r❛t✐❝✐ ✐♠♠❛❣✐♥❛r✐✱ ▼❛t❤✳ ❆♥♥✳ ✹✵ ✭✶✽✾✷✮✱ ✸✸✷✕✹✶✷ ❬❖♣❡r❡ ▼❛t❡♠✲
❛t✐❝❤❡✱ ❱♦❧✳ ✶✱ ♣t✳ ✶✱ ♣✳ ✷✼✵✕✸✼✸❪✳

❬✶✶❪ ❍✳ ❈♦❤❡♥✱ ❆ ❈♦✉rs❡ ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❆❧❣❡❜r❛✐❝ ◆✉♠❜❡r ❚❤❡♦r② ✭❢♦✉rt❤
❝♦rr❡❝t❡❞ ♣r✐♥t✐♥❣✮✱ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤✳ ✶✸✽✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✵✳

❬✶✷❪ ❍✳ ❈♦❤❡♥✱ ❆❞✈❛♥❝❡❞ ❚♦♣✐❝s ✐♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ◆✉♠❜❡r ❚❤❡♦r② ✱ ●r❛❞✉❛t❡
❚❡①ts ✐♥ ▼❛t❤✳ ✶✾✸✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✵✳

❬✶✸❪ ❍✳ ❈♦❤❡♥✱ ❈♦♠♣t❛❣❡ ❡①❛❝t ❞❡ ❞✐s❝r✐♠✐♥❛♥ts ❞✬❡①t❡♥s✐♦♥s ❛❜é❧✐❡♥♥❡s✱
❏✳ ❚❤✳ ◆♦♠❜r❡s ❞❡ ❇♦r❞❡❛✉① ✶✷ ✭✷✵✵✵✮ ✸✼✾✕✸✾✼✳

❬✶✹❪ ❍✳ ❈♦❤❡♥✱ ❈♦✉♥t✐♥❣ A4 ❛♥❞ S4 ♥✉♠❜❡r ✜❡❧❞s ✇✐t❤ ❣✐✈❡♥ r❡s♦❧✈❡♥t ❝✉❜✐❝✱
❋✐❡❧❞s ■♥st✐t✉t❡ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✹✶ ✭✷✵✵✹✮ ✶✺✾✕✶✻✽✳
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❬✶✺❪ ❍✳ ❈♦❤❡♥✱ ◆✉♠❜❡r ❚❤❡♦r② ■■✱ ❆♥❛❧②t✐❝ ❛♥❞ ▼♦❞❡r♥ ❚♦♦❧s ✱ ●r❛❞✉❛t❡ ❚❡①ts
✐♥ ▼❛t❤✳ ✷✹✵✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✼✳

❬✶✻❪ ❍✳ ❈♦❤❡♥✱ ❈♦♥str✉❝t✐♥❣ ❛♥❞ ❝♦✉♥t✐♥❣ ♥✉♠❜❡r ✜❡❧❞s✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡
■❈▼✱ ❇❡✐❥✐♥❣ ✷✵✵✷✱ ❱♦❧✳ ✷✱ ✶✷✾✕✶✸✽✳

❬✶✼❪ ❍✳ ❈♦❤❡♥✱ ❋✳ ❉✐❛③ ② ❉✐❛③✱ ❛♥❞ ▼✳ ❖❧✐✈✐❡r✱ ❈②❝❧♦t♦♠✐❝ ❡①t❡♥s✐♦♥s ♦❢ ♥✉♠❜❡r
✜❡❧❞s✱ ■♥❞❛❣✳ ▼❛t❤✳ ✶✹ ✭✷✵✵✸✮ ✶✽✸✕✶✾✻✳

❬✶✽❪ ❍✳ ❈♦❤❡♥✱ ❋✳ ❉✐❛③ ② ❉✐❛③✱ ❛♥❞ ▼✳ ❖❧✐✈✐❡r✱ ❖♥ t❤❡ ❞❡♥s✐t② ♦❢ ❞✐s❝r✐♠✐♥❛♥ts
♦❢ ❝②❝❧✐❝ ❡①t❡♥s✐♦♥s ♦❢ ♣r✐♠❡ ❞❡❣r❡❡✱ ❏✳ r❡✐♥❡ ❛♥❣❡✇✳ ▼❛t❤✳ ✺✺✵ ✭✷✵✵✷✮ ✶✻✾✕
✷✵✾✳

❬✶✾❪ ❍✳ ❈♦❤❡♥✱ ❋✳ ❉✐❛③ ② ❉✐❛③✱ ❛♥❞ ▼✳ ❖❧✐✈✐❡r✱ ❈♦✉♥t✐♥❣ ❞✐s❝r✐♠✐♥❛♥t ♦❢ ♥✉♠❜❡r
✜❡❧❞s✱ ❏✳ ❚❤✳ ◆♦♠❜r❡s ❇♦r❞❡❛✉① ✶✽ ✭✷✵✵✻✮ ✺✼✸✕✺✾✸✳

❬✷✵❪ ❍✳ ❈♦❤❡♥ ❛♥❞ ❆✳ ▼♦rr❛✱ ❈♦✉♥t✐♥❣ ❝✉❜✐❝ ❡①t❡♥s✐♦♥s ✇✐t❤ ❣✐✈❡♥ q✉❛❞r❛t✐❝
r❡s♦❧✈❡♥t✱ ♣r❡♣r✐♥t✳

❬✷✶❪ ❍✳ ❈♦❤♥✱ ❚❤❡ ❞❡♥s✐t② ♦❢ ❛❜❡❧✐❛♥ ❝✉❜✐❝ ✜❡❧❞s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✺
✭✶✾✺✹✮ ✹✼✻✕✹✼✼✳

❬✷✷❪ ❏✳ ❈r❡♠♦♥❛✱ ❍②♣❡r❜♦❧✐❝ t❡ss❡❧❧❛t✐♦♥s✱ ♠♦❞✉❧❛r s②♠❜♦❧s✱ ❛♥❞ ❡❧❧✐♣t✐❝ ❝✉r✈❡s
♦✈❡r ❝♦♠♣❧❡① q✉❛❞r❛t✐❝ ✜❡❧❞s✱ ❈♦♠♣♦s✐t✐♦ ▼❛t❤❡♠❛t✐❝❛✱ ✺✶✱ ♥✳ ✸ ✭✶✾✽✹✮ ✷✼✺✕
✸✷✹✳

❬✷✸❪ ❏✳ ❈r❡♠♦♥❛✱ ❘❡❞✉❝t✐♦♥ ♦❢ ❜✐♥❛r② ❝✉❜✐❝ ❛♥❞ q✉❛rt✐❝ ❢♦r♠s✱ ▲♦♥❞♦♥ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❙♦❝✐❡t② ■❙❙◆ ✶✹✻✶✕✶✺✼✵✱ ✶✾✾✾✳

❬✷✹❪ ❏✳ ❈r❡♠♦♥❛✱ ❘❡❞✉❝t✐♦♥ ♦❢ ❜✐♥❛r② ❢♦r♠s ♦✈❡r ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝
✜❡❧❞s✱ s❧✐❞❡s ♦❢ t❤❡ t❛❧❦ ❣✐✈❡♥ ✐♥ ❇♦r❞❡❛✉① ✭✷✵✵✼✮✱ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛t
❤tt♣✿✴✴✇✇✇✳✇❛r✇✐❝❦✳❛❝✳✉❦✴st❛✛✴❏✳❊✳❈r❡♠♦♥❛✴♣❛♣❡rs✴❥❡❝❴❜♦r❞❡❛✉①✳♣❞❢✳

❬✷✺❪ ❏✳ ❈r❡♠♦♥❛ ❛♥❞ ▼✳ ❙t♦❧❧✱ ❖♥ t❤❡ r❡❞✉❝t✐♦♥ t❤❡♦r② ♦❢ ❜✐♥❛r② ❢♦r♠s✱ ❏✳ r❡✐♥❡
❛♥❣❡✇✳ ▼❛t❤✳ ✺✻✺ ✭✷✵✵✸✮ ✼✾✕✾✾✳

❬✷✻❪ ❍✳ ❉❛✈❡♥♣♦rt ❛♥❞ ❍✳ ❍❡✐❧❜r♦♥♥✱ ❖♥ t❤❡ ❞❡♥s✐t② ♦❢ ❞✐s❝r✐♠✐♥❛♥ts ♦❢ ❝✉❜✐❝
✜❡❧❞s ✭✐✐✮✱ Pr♦❝✳ ❘♦②✳ ❙♦❝✳ ▲♦♥❞✳ ❆ ✸✷✷ ✭✶✾✼✶✮✱ ♣♣✳ ✹✵✺✕✹✷✵✳

❬✷✼❪ ❇✳ ❉❛ts❦♦✈s❦② ❛♥❞ ❉✳ ❏✳ ❲r✐❣❤t✱ ❉❡♥s✐t② ♦❢ ❞✐s❝r✐♠✐♥❛♥ts ♦❢ ❝✉❜✐❝ ❡①t❡♥✲
s✐♦♥s✱ ❏✳ r❡✐♥❡ ❛♥❣❡✇✳ ▼❛t❤✳ ✸✽✻ ✭✶✾✽✽✮ ✶✶✻✕✶✸✽✳

❬✷✽❪ ❇✳ ◆✳ ❉❡❧♦♥❡ ❛♥❞ ❉✳❑✳ ❋❛❞❞❡❡✈✱ ❚❤❡ t❤❡♦r② ♦❢ ✐rr❛t✐♦♥❛❧✐t✐❡s ♦❢ t❤❡ t❤✐r❞
❞❡❣r❡❡✱ ✈♦❧✉♠❡ 10 ♦❢ ❚r❛♥s❧❛t✐♦♥s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ▼♦♥♦❣r❛♣❤s✱ ❆♠❡r✐❝❛♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡ ✭✶✾✻✹✮✳

❬✷✾❪ ❏✳ ❆✳ ❉✐❡✉❞♦♥♥é ❛♥❞ ❏✳ ❇❀ ❈❛rr❡❧❧✱ ■♥✈❛r✐❛♥t t❤❡♦r②✱ ♦❧❞ ❛♥❞ ♥❡✇✱ ❆❝❛❞❡♠✐❝
Pr❡ss✱ ◆❡✇ ❨♦r❦✲▲♦♥❞♦♥ ✭✶✾✼✶✮✳

❬✸✵❪ ❏✳ ❙✳ ❊❧❧❡♥❜❡r❣ ❛♥❞ ❆✳ ❱❡♥❦❛t❡s❤✱ ❈♦✉♥t✐♥❣ ❡①t❡♥s✐♦♥s ♦❢ ❢✉♥❝t✐♦♥ ✜❡❧❞s
✇✐t❤ ❜♦✉♥❞❡❞ ❞✐s❝r✐♠✐♥❛♥t ❛♥❞ s♣❡❝✐✜❡❞ ●❛❧♦✐s ❣r♦✉♣✱ ✐♥ ✏●❡♦♠❡tr✐❝ ♠❡t❤♦❞s
✐♥ ❛❧❣❡❜r❛ ❛♥❞ ♥✉♠❜❡r t❤❡♦r②✑✱ Pr♦❣✳ ▼❛t❤✳✱ ✷✸✺✱ ❇✐r❦❤ä✉s❡r ❇♦st♦♥ ✭✷✵✵✺✮✱
✶✺✶✕✶✻✽✳

✾✷



❬✸✶❪ ❏✳ ❊❧str♦❞t✱ ❋✳ ●r✉♥❡✇❛❧❞ ❛♥❞ ❏✳ ▼❡♥♥✐❝❦❡✱ ●r♦✉♣s ❆❝t✐♥❣ ♦♥ ❍②♣❡r✲
❜♦❧✐❝ ❙♣❛❝❡✱❍❛r♠♦♥✐❝ ❛♥❛❧②s✐s ❛♥❞ ♥✉♠❜❡r t❤❡♦r②✳ ❙♣r✐♥❣❡r ▼♦♥♦❣r❛♣❤s ✐♥
▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✾✽✳

❬✸✷❪ ❏✳ ❊❧str♦❞t✱ ❋✳ ●r✉♥❡✇❛❧❞ ❛♥❞ ❏✳ ▼❡♥♥✐❝❦❡✱ ❩❡t❛✲❢✉♥❝t✐♦♥s ♦❢ ❜✐♥❛r② ❍❡r✲
♠✐t✐❛♥ ❢♦r♠s ❛♥❞ s♣❡❝✐❛❧ ✈❛❧✉❡s ♦❢ ❊✐s❡♥st❡✐♥ s❡r✐❡s ♦♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧
❤②♣❡r❜♦❧✐❝ s♣❛❝❡✱ ▼❛t❤✳ ❆♥♥✳ ✷✼✼ ✭✶✾✽✼✮✱ ✻✺✺✕✼✵✽✳

❬✸✸❪ ❏✳ ❊❧str♦❞t✱ ❋✳ ●r✉♥❡✇❛❧❞ ❛♥❞ ❏✳ ▼❡♥♥✐❝❦❡✱ ❊✐s❡♥st❡✐♥ s❡r✐❡s ♦♥ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ❤②♣❡r❜♦❧✐❝ s♣❛❝❡ ❛♥❞ ✐♠❛❣✐♥❛r② q✉❛❞r❛t✐❝ ♥✉♠❜❡r ✜❡❧❞s✱ ❏✳ ❘❡✐♥❡
❆♥❣❡✇✳▼❛t❤✳ ✸✻✵ ✭✶✾✽✺✮✱ ✶✻✵✕✷✶✸✳

❬✸✹❪ ❲✳ ❚✳ ●❛♥✱ ❇✳ ●r♦ss ❛♥❞ ●✳ ❙❛✈✐♥✱ ❋♦✉r✐❡r ❝♦❡✣❝✐❡♥ts ♦❢ ♠♦❞✉❧❛r ❢♦r♠s
♦♥ G2✱ ❉✉❦❡ ▼❛t❤✳ ❏✳ ✭✷✵✵✷✮✱ ✶✵✺✕✶✻✾✳

❬✸✺❪ ❈✳ ❋✳ ●❛✉ss✱ ❆r✐t❤♠❡t✐s❝❤❡ ❯♥t❡rs✉❝❤✉♥❣❡♥ ✭❉✐sq✉✐s✐t✐♦♥❡s ❆r✐t❤♠❡t✐❝❛❡✱
❈❤❡❧s❡❛✱ ✶✽✽✾✳

❬✸✻❪ ❍✳ ❍❛ss❡✱ Ü❜❡r ❞✐❡ ❑❧❛ss❡♥③❛❤❧ ❛❜❡❧s❝❤❡r ❩❛❤❧❦ör♣❡r ✱ ❆❦❛❞❡♠✐❡ ❱❡r❧❛❣✱
❇❡r❧✐♥✱ ✶✾✺✷✳

❬✸✼❪ ❉✳ ❍✐❧❜❡rt✱ ❚❤❡♦r② ♦❢ ❛❧❣❡❜r❛✐❝ ✐♥✈❛r✐❛♥ts✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱
❈❛♠❜r✐❞❣❡ ✭✶✾✾✸✮✳

❬✸✽❪ ❍✳ ■✇❛♥✐❡❝ ❛♥❞ ❊✳ ❑♦✇❛❧s❦✐✱ ❆♥❛❧②t✐❝ ◆✉♠❜❡r ❚❤❡♦r②✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡✲
♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ❈♦❧❧♦q✉✐✉♠ P✉❜❧✐❝❛t✐♦♥s✱ ✺✸ ✭✷✵✵✹✮✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✳

❬✸✾❪ ●✳ ❏✉❧✐❛✱ ❊t✉❞❡ s✉r ❧❡s ❢♦r♠❡s ❜✐♥❛✐r❡s ♥♦♥ q✉❛❞r❛t✐q✉❡s à ✐♥❞ét❡r♠✐♥é❡s
ré❡❧❧❡s ♦✉ ❝♦♠♣❧❡①❡s✱ ▼é♠♦✐r❡s ❞❡ ❧✬❆❝❛❞é♠✐❡ ❞❡s ❙❝✐❡♥❝❡s ❞❡ ❧✬■♥st✐t✉t ❞❡
❋r❛♥❝❡ ✺✺ ✭✶✾✶✼✮ ✶✕✷✾✻✳ ❆❧s♦ ✐♥ ❏✉❧✐❛✬s ❖❡✉✈r❡s✱ ✈♦❧✳ ✺✳

❬✹✵❪ ❏✳ ❑❧ü♥❡rs✱ ❆ ❝♦✉♥t❡r❡①❛♠♣❧❡ t♦ ▼❛❧❧❡✬s ❝♦♥❥❡❝t✉r❡ ♦♥ t❤❡ ❛s②♠♣t♦t✐❝s ♦❢
❞✐s❝r✐♠✐♥❛♥ts✱ ❈✳ ❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ✸✹✵ ✭✷✵✵✺✮✱ ✹✶✶✕✹✶✹✳

❬✹✶❪ ❑✳ ▼❛❤❧❡r✱ ❆♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧✱ ▼✐❝❤✐❣❛♥
▼❛t❤ ❏✳ ✶✶✱ ■ss✉❡ ✸✱ ✭✶✾✻✹✮✱ ✷✺✼✕✷✻✷✳

❬✹✷❪ ❙✳ ▼ä❦✐✱ ❖♥ t❤❡ ❞❡♥s✐t② ♦❢ ❛❜❡❧✐❛♥ ♥✉♠❜❡r ✜❡❧❞s✱ ❚❤❡s✐s✱ ❍❡❧s✐♥❦✐✱ ✶✾✽✺✳

❬✹✸❪ ●✳ ▼❛❧❧❡✱ ❖♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ●❛❧♦✐s ❣r♦✉♣s✱ ❏✳ ◆✉♠❜❡r ❚❤❡♦r② ✾✷
✭✷✵✵✷✮✱ ✸✶✺✕✸✷✾✳
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