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> ( # -@(- +,  -  # +&-$, 6+5$ #@ -(A%$ -+ @#$ ->$ #36A+%# Ψ(0)" Ψ′(0)  ,#-$()+& Ψv" Ψ′v. !" #$%&'()* +, -)./)$ 
+1'(234*R# E$ >(?$ #$$,  , ->$ 25$? +@# #$
- +," ->$ &(6 %3 +& ?$5-$B 
+@2% ,F#  # ?$53 5 
>S  &
deg(v) = n"  - >(# n2 5$(% 2(5(6$-$5#. 4+E$?$5" ->$5$ (5$ #$?$5(% -32$# +& 
+@2% ,F#->(- (5$ &+5 
$5-( , 5$(#+,# # F, T
(,- (,) >(?$ F+- #2$
 (% (22$%%(- +,#. U$- @# % #->$5$ ->$ 6+#-  62+5-(,- +& ->$6.
δ)*+,!$#
,*.+V$ #-(5- E -> ->$ 25+6 ,$,- $B(62%$ +& ->$ δ' ,-$5(
- +, H#+6$- 6$# (%#+ 
(%%$)
δ 2+-$,- (%J E> 
>  # 
>(5(
-$5 Q$) A3 ->$ 
+,- ,@ -3 +& ->$ E(?$ &@,
- +,. D>$
δ' ,-$5(
- +,  , ->$ 2+ ,- x = a  # )$#
5 A$) A3 ->$ 5$%(- +,#

ψ(a+) = ψ(a−) =: ψ(a) , ψ′(a+)− ψ′(a−) = αψ(a) , HI.WJE>$5$ α ∈ R ∪ {+∞}. D>$ #2$
 (% 
(#$ α = 0 
+55$#2+,)# -+ ( &5$$ 6+- +, (,)  ##+6$- 6$# 
(%%$) 9 5
>>+! A+@,)(53 
+,) - +,#" ->$ 
(#$ α = +∞ %$()# &+56(%%3 -+->$ X 5 
>%$- A+@,)(53 
+,) - +,#"  .$. ψ(a+) = ψ(a−) = 0"  , -> # 
(#$ ->$ ?$5-$B6(3 A$ 5$F(5)$) (# n  ,)$2$,)$,- ?$5- 
$# +& )$F5$$ I E -> X 5 
>%$- $,)2+ ,-#.



 !" #$%&'()* +, -)./)$ 
+1'(234* 5
δ 
"#$%&'( !" δ#
%&'()*+ ), - +"*".-()/-0)%* %1 0!" δ#)*0".-
0)%* 1%. 2".0)
", %1 3"+."" n > 2450 ), 3",
.)6"3 67 0!" ."(-0)%*,

ψj(0) = ψk(0) =: ψ(0) , j, k ∈ n̂ ,
n

∑

j=1

ψ′j(0) = αψ(0) 894:;1%. α ∈ R ∪ {+∞}< 0!" 3".)2-0)2", -." 0-="* )* 0!" %&0+%)*+ ,"*,"4 >)?)(-.(7 -, )*0!" 
-," %1 0!" δ#)*0".-
0)%*@ α = 0 
%..",'%*3, 0% - 1."" ?%0)%* -*3 α = +∞ 0%A).)
!("0 6%&*3-.7 
%*3)0)%*,@ )4"4 0!" 2".0"B ?-7 6" ."+-.3"3 -, n )*3"'"*3"*02".0)
", %1 3"+."" 9 C)0! A).)
!("0 "*3'%)*0,4 D" ,0.",, 0!-0 )0 ), 0!" 
%*0)*&)07 %1 0!"C-2" 1&*
0)%* )* 0!" 2".0"B C!)
! 
!-.-
0".)/", 0!" δ#
%&'()*+ -*3 0!" δ#)*0".-
0)%*-*3 ?-=" 0!"? )?'%.0-*04 E%0! %1 0!"?@ 0!" δ#)*0".-
0)%* -*3 0!" δ#
%&'()*+@-." ,%?"0)?", 
-(("3  !"#$% )* %.3". 0% 6" 3),0)*+&),!"3 1.%? 0!" %0!".@ &'("#$% @
%&'()*+, 0!-0 3% *%0 !-2" 0!), '.%'".07 %1 
%*0)*&)074D" C)(( ,!%C !%C 894:; 
-* 6" "B'.",,"3 )* 0!" 1%.? 8949;F894G; -*3 !%C 0!"
%..",'%*3)*+ ?-0.)B U 1.%? 894H; (%%=, ()="4  !" *-0&.-( C-7 ), 0% ."C.)0" 894:; )*0!" 1%((%C)*+ C-7I
















1 −1 0 0 · · · 0
1 0 −1 0 · · · 0
1 0 0 −1 · · · 0444 444 444 444 444 444
1 0 0 0 · · · −1
−α 0 0 0 · · · 0

















Ψ(0)+

















0 0 0 0 · · · 0
0 0 0 0 · · · 0
0 0 0 0 · · · 0444 444 444 444 444 444
0 0 0 0 · · · 0
1 1 1 1 · · · 1

















Ψ′(0) = 0 894J;
 !" &*)0-.7 ?-0.)B U *""3"3 1%. "B'.",,)*+ 0!" δ#
%&'()*+ )* 0!" 1%.? 894H; !-,0!" 1%.? 2

n+iα
J − I@ C!"." J 3"*%0", 0!" n × n ?-0.)B C!%," -(( "*0.)", -." "K&-(0% %*"4 L"*
" A = U − I = 2

n+iα
J − 2I@ B = 2i

n+iα
J < C" %6,".2" 0!-0 0!"," ?-0.)
",-." *%0 ."-( -*3 0!"). "("?"*0,@ 
%?'-."3 0% 0!%," %1 894J;@ 
%?'()
-0"34

δ′ &')*+,
)&"'D!)(" 0!" δ#)*0".-
0)%* %* - ()*" ), 
!-.-
0".)/"3 67 
%*0)*&)07 %1 0!" C-2" 1&*
0)%*@0!" δ′#)*0".-
0)%* ."K&).", 
%*0)*&)07 %1 0!" M.,0 3".)2-0)2" %1 0!" C-2" 1&*
0)%*@*-?"(7
ψ′(a+) = ψ′(a−) =: ψ

′(a) , ψ(a+)− ψ(a−) = βψ′(a) , 894N;C!"." β ∈ R ∪ {+∞}4 50 ), - 
%&*0".'-.0 %1 0!" δ#)0".-
0)%* )* 0!" ,"*," 0!-0 0!".%(", %1 2-(&", -*3 3".)2-0)2", )* 894N; -." )*0".
!-*+"3 C)0! .",'"
0 0% 894O;4  !"*%0)%* δ′ ), .-0!". !),0%.)
-( -*3 *%0 -

&.-0"< )0 !-, 6""* '.%2"* )* PQ"RJ℄ 0!-0 0!),)*0".-
0)%* !-, ()00(" 0% 3% C)0! 0!" 3".)2-0)2" %1 0!" δ#)*0".-
0)%*4  !-0 ), C!7,%?" -&0!%., '."1". 0!" *%0)%* Tε#)*0".-
0)%*U )*,0"-34 !" δ′#)*0".-
0)%* %* 0!" ()*" !-, 0C% '%,,)6(" -*-(%+&", 1%. n > 2@ 
14 PVBW:@VBWJ-℄@ *-?"(7 0!" δ′s)
+#,$'(" -*3 0!" δ′#
+#,$'(" I



 ! "#$%&'(  ) %('*+,+-$(+'.
δ′s 
"#$%&'( !" δ′s#
%&'()*+ ), -* -*-(%+&" %. /!" δ′#)*/"0-
/)%* )* /!" ,"*," /!-/ )/ ), - 
%&*/"0#'-0/ /% 12345 6)/! /!" 0%(", %. Ψ(0), Ψ′(0) )*/"0
!-*+"78 )3"3

ψ′j(0) = ψ′k(0) =: ψ
′(0) , j, k ∈ n̂ ,

n
∑

j=1

ψj(0) = βψ′(0) ,6!"0" β ∈ R ∪ {+∞}9 /!" ,'"
)-( 
-," β = +∞ 0"."0, /% .&(( :"&;-** 7"
%&'()*+3 !), 
%&'()*+ ;-< =" ">'0",,"7 )* - ,);'(" ;-/0)> .%0; -*-(%+%&, /% 123?58 )/ ,&@
",/% )*/"0
!-*+" Ψ(0) -*7 Ψ′(0) -*7 0"'(-
" α =< β3  !" 
%00",'%*7)*+ &*)/-0< ;-/0)>*""7"7 .%0 /!" .%0; 123A5 ), +)B"* =< U = I − 2
n−iβ

J 3
δ′ 
"#$%&'( !" δ′#
%&'()*+ ), -* -*-(%+&" %. /!" δ′#)*/"0-
/)%* )* /!" ,"*," /!-/ 6!"* '&//)*+
n = 28 %*" %=/-)*, ">-
/(< /!" δ′#)*/"0-
/)%* %* - ()*"3 C/ ), ">'0",,"7 =< /!"
%*7)/)%*,

n
∑

j=1

ψ′j(0) = 0 , ψj(0)− ψk(0) =
β

n

(

ψ′j(0)− ψ′k(0)
)

, j, k ∈ n̂ 123D56)/! β ∈ R ∪ {+∞}9 /!" 
-," β = +∞ -+-)* 0"."0, /% .&(( :"&;-** 7"
%&'()*+3 C/), "-,< /% 0"60)/" 123D5 )*/% - ;-/0)> .%0; -*-(%+%&, /% 123?58 -*7 -, .%0 /!" .%0;123A58 /!" 
%00",'%*7)*+ ;-/0)> U ), "E&-( /% −n+iβ
n−iβ

I + 2
n−iβ

J 3:%/" /!-/ /!" ,'"
)-( 
-," β = 0 ("-7, /% /!" δ#
%&'()*+ 6)/! '-0-;"/"0 F3
δp 
"#$%&'(G%;"/);", -(,% /!" δp#
%&'()*+ 1%0 H'"0;&/"7 δI5 ), )*/0%7&
"7 -, /!" 
%&*/"0'-0//% /!" δ′#
%&'()*+8 )3"3

n
∑

j=1

ψj(0) = 0 , ψ′j(0)− ψ′k(0) =
α

n
(ψj(0)− ψk(0)) , j, k ∈ n̂6)/! α ∈ R ∪ {+∞}9 /!" B-(&" α = +∞ 
%00",'%*7, /% /!" 7"
%&'("7 
-," 6)/!J)0)
!("/ =%&*7-0< 
%*7)/)%*,3 C/ !%(7, U = n−iα

n+iα
I − 2

n−iα
J 3 !" ,'"
)-( 
-," α = 0 ), *%/!)*+ =&/ /!" δ′s#
%&'()*+ 6)/! '-0-;"/"0 F3)*+,-. /010/0 K" %=,"0B" /!-/ )* -(( /!" -=%B" ">-;'(", /!" ;-/0)
", U -0"+)B"* -, ()*"-0 
%;=)*-/)%*, %. I -*7 J 3 C/ 
-* =" "-,)(< ,!%6*8 
.3 LM F?℄8 /!-//!), '0%'"0/< ), "E&)B-("*/ /% /!" .-
/ /!-/ /!" =%&*7-0< 
%*7)/)%*, -0" )*B-0)-*/6)/! 0",'"
/ /% '"0;&/-/)%*, %. /!" "7+",32
,%* &'3,-&,'4 
"#$%&'( !" ,
-(" )*B-0)-*/ ,&=.-;)(< %. B"0/"> 
%&'()*+,8 )*/0%7&
"7 =< OP(Q' -*7  ,&/,&) )*LO FF℄8 
%;'0),", B"0/"> 
%&'()*+, 7",
0)="7 =< /!" =%&*7-0< 
%*7)/)%* 12325R123S5,&
! /!-/ =%/! ;-/0)
", A -*7 B -0" ,)*+&(-08 )3"3

det(A) = det(B) = 0 .



 !" #$%&'()* +, -)./)$ 
+1'(234*    !"#$%&'()&* +,'%-#(./ )0' ("12'3+ 45 %(6 5 %3' '#.'($%&"'+ 78 )0' 1%)3#9 U %3#+#(.#( )0' 8731 :5;<=; >0' 27"(6%3* 
7(6#)#7(+ 
%( 2' #( )0#+ 
%+' 8731"&%)'6 %+
AΨv = 0 , BΨ′v = 0,73

(U − I)Ψv = 0 , (U + I)Ψ′v = 0 ,#;'; )0' 
7(6#)#7(+ 873 Ψv %(6 873 Ψ′v %3' +',%3%2&';@( )0' +,'
#%& 
%+' 78 )0' +
%&' #($%3#%() #()'3%
)#7( 7( )0' &#(' )0' 1%)3#9 U(''6'6 873 )0' 8731 :5;<= #+ .#$'( 2*
U =

(

cos θ eiφ sin θ
eiφ sin θ − cos θ

)873 θ, φ ∈ R :
8; ABCDE℄=/ %(6 #8 )0' #()'3%
)#7( #+ ,&%
'6 #( )0' ,7#() x = 0/ )0'27"(6%3* 
7(6#)#7(+ 1%* 2' G3#))'( %+
ψ(0+) =

eiφ

α
ψ(0−) , ψ′(0+) = eiφαψ′(0−) ,G0'3' α = −cotg θ

2
;



 ! "#$%&'(  ) %('*+,+-$(+'.



 !"#$%& ' !"!#$%"&'!%&() (* +$"%$, 
(./0&)12&) 3.!)%.# 1"!/42 ! "#$% 
#'(")* +) (*)%)!" ,-* *)%-."% ,! ('*'/)"*$0'"$,!% ,1 2)*")3 
,-(.$!4% $!5-'!"-/ 4*'(# 2)*"$
)%6 !'/).7 +) $!"*,8-
) "+, '.")*!'"$2) +'7% #,+ ", )3(*)%%"#) 9,-!8'*7 
,!8$"$,!%: ;#) )%%)!"$'. ('*" 
,/)% 1*,/ "#) ('()* ' 
,(7 ,1 +#$
#$% '""'
#)8 '% <(()!8$3 <:=) 9)4$! "#) )3(,%$"$,! +$"# *)
'..$!4 "#) "+, 
.'%%$
'. 1,*/% ,1 9,-!8'*7 
,!8$>"$",!% $! ' 5-'!"-/ 4*'(# 2)*")3 ,1 8)4*)) n "#'" +) #'2) $!"*,8-
)8 $! ?)
"$,! @:A6!'/).7 !" "#) %"'!8'*8 1,*/ ,1 B,%"*7C$! '!8 ?
#*'8)* D@EEEF6
AΨv +BΨ′v = 0 , DG:@F+#)*)

• rank(A|B) = n,

• "#) /'"*$3 AB∗ $% %).1>'8H,$!", DG:GF'!8 !!" $"% -!$5-) 2)*%$,! ,1 I'*/)* '!8 B,%"*7C$! J ?
#*'8)* DGKKKF6
(U − I)Ψv + i(U + I)Ψ′v = 0 ,+#)*)

• U ∈ U(n) . ! +#'" 1,..,+% +) +$.. *)1)* ",  !" '% ", "#) AB#$%&'6 ",  !!" '% ", "#) U#$%&': L)
'.. "#'" "#) U>1,*/ /'7 9) 
,!%$8)*)8 '% ' ('*'/)"*$0'"$,! ,1 '.. 2)*")3
,-(.$!4%M '!7 2)*")3 
,-(.$!4 $! ' 2)*")3 ,1 8)4*)) n 
,**)%(,!8%6 (!) *+, ')*&!-
U 6 ", 
)*"'$! n2>"-(.) ,1 *)'. ('*'/)")*%:;#) !'"-*'. 5-)%"$,! '*$%$!4 #)*) $% +#)"#)* $" $% (,%%$9.) ", N!8 ' .!&,
* ('*'>/)"*$0'"$,!6 $:): $1 ,!) /'7 +*$") )2)*7 ).)/)!" ,1 A '!8 B $! ")*/% ,1 "#) n2*)'. !-/9)*% ('*'/)"*$0$!4 "#) 
,-(.$!4: O)" -% $..-%"*'") "#) (*,9.)/ ,! ' %$/(.))3'/(.) ,1 n = 2M  !



 ! "#$%&'( )* %$($+'&(,-$&,./ .0 1'(&'2 ".3%4,/56 !"#$%&'  !"#"$%& '#()%$* +%)$(, U ∈ U(2) 
%# ." /%$%+")$(0"1 .* % 23'$4)'/&"
(θ1, θ2, θ3, θ4) ∈ R

4 %5
U = eiθ2 ·

(

ei(θ3+θ4) cos θ1 ei(θ3−θ4) sin θ1
−ei(θ4−θ3) sin θ1 e−i(θ3+θ4) cos θ1

)

.67"# 8" 5'.5)()')" )7(5 ",/$"55(3# (#)3 )7" U423$+ %#1 1(9(1" .3)7 5(1"5 32 )7"":'%)(3# .* )7" 2%
)3$ eiθ2; 8" 3.)%(# % 1($"
) /%$%+")$(0%)(3# 32 )7" 2%+(&* 32 9"$)",
3'/&(#!5 (# % 9"$)", 32 1"!$"" <=
(

ei(θ3+θ4) cos θ1 − e−iθ2 ei(θ3−θ4) sin θ1
−ei(θ4−θ3) sin θ1 e−i(θ3+θ4) cos θ1 − e−iθ2

)

Ψv+

+ i

(

ei(θ3+θ4) cos θ1 + e−iθ2 ei(θ3−θ4) sin θ1
−ei(θ4−θ3) sin θ1 e−i(θ3+θ4) cos θ1 + e−iθ2

)

Ψ′v = 0 .>(+(&%$&* %5 (# )7" ",%+/&" 3#" 
%# /$3
""1 (# )7" 
%5" 32 % !"#"$%& n ∈ N;.') )7" $"5'&) (5 #3) 9"$* 
3#9"#("#) 23$ 2'$)7"$ '5" ."
%'5" 32 )7" ",/$"55(3#5%$(5(#! (# )7" +%)$(, "&"+"#)5 87(
7 ."
3+" &3#! %#1 
3+/&(
%)"1 %5 n !$385?@$%
)(
%& %//&(
%)(3#5; 23$ ",%+/&" )7" /$3.&"+ 32 %//$3,(+%)(3#5 1(5
'55"1 2'$)7"$(# A7%/)"$ B; $":'($" $%)7"$ % /&%(# %#1 )$%#5/%$"#) /%$%+")$(0%)(3#? !" #$%&'(%&$)C# )7(5 83$D 8" 5'!!"5) % 1(E"$"#) 8%* 738 )3 /%$%+")$(0" +%)$(
"5 A %#1 B? 6"8(&& ",/&%(# )7" (1"% F$5) 3# % 5/"
(%& 5'.2%+(&* 32 9"$)", 
3'/&(#!5?G") .3'#1%$* 
3#1()(3#5 (# )7" AB423$+ ." !(9"#; %#1 %55'+" )7%) B  ! "#$%&'"?H7(5 %55'+/)(3# (++"1(%)"&* (+/&("5 )7%) )7" 
3#1()(3# rank(A|B) = n (5 5%)(5F"1;%#1 %&53 %&&385 '5 )3 +'&)(/&* .3)7 5(1"5 32 )7" .3'#1%$* 
3#1()(3#5 .* B−1=
B−1AΨv + IΨ′v = 0 .H7" 5"&24%1I3(#)#"55 32 AB∗ (5 )7"# ":'(9%&"#) )3 )7" 5"&24%1I3(#)#"55 32 B−1AI∗;(?"? 32 B−1A? C2 8" 1"#3)" )7" 5?%? +%)$(, −B−1A J#3)" )7" +(#'5 5(!#K %5 S %#1",/$"55 Ψ′v (# )"$+5 32 Ψv; 8" 3.)%(# )7" 23&&38(#! 23$+ 32 .3'#1%$* 
3#1()(3#5=

Ψ′v = SΨv , S (5 5"&24%1I3(#) .H7" $"&%)(3# .")8""# )7" n24)'/&" 32 $"%& /%$%+")"$5 %#1 )7" 
3'/&(#! (5 #38 5)$%(!7423$8%$1= (2 8" 1"#3)" )7" /%$%+")"$5 .* θjk; j, k ∈ n̂; %#1 /')
θjj = Sjj ,

θjk = Re (Sjk) = Re (Skj) 23$ j < k ,

θjk = −Im (sjk) = Im (skj) 23$ j > k ,)7" (j, k)4)7 "&"+"#) 32 )7" +%)$(, S (5 !(9"# .*
Sjk =







θjj (2 j = k ,
θjk + iθkj (2 j < k ,
θkj − iθjk (2 k < j .



 ! ST "#$%& '( !" #$%& '"()*%&+,&"' -,. )/ 0,+,("&+12,&1)* 1%
• $*13$"4
• %1(05"4
• 6$& *)& $*17"+%,58 1& ')"% *)& 1*
)+0)+,&" 6)$*',+. 
)*'1&1)*% -1&! , %1*:$5,+(,&+1; B<=* &!" *";& %"
&1)* -" %!)- !)- &) '",5 -1&! &!" :"*"+,5 
,%" rank(B) ≤ n< ! ST "#$%&>"/)+" %&,&1*: &!" (,1* &!")+"( )/ &!1% %"
&1)*4 1*&+)'$
1*: &!" 0+)(1%"' ,5&"+*,&17"0,+,("&+12,&1)*4 -" &,?" *)&" )/ )*" 0+)0"+&. -!1
! 1% 
)(()* &) 6)&! AB@/)+(,*' U@/)+(4 *,("5. &!"1+ 1*%"*%1&171&. &) , 0,+&1
$5,+ "':" *$(6"+1*: A6. B*$(6"+@1*:C )/ "':"% 1* &!" :+,0! 7"+&"; )/ '":+"" n -" (",* ";
5$%17"5. *$(6"+1*: 6. &!""5"("*&% )/ &!" %"& n̂D< =/ &!" "':" *$(6"+1*: 1% 0"+($&"'4 )*" !,% #$%& &) +"05,
"&!" (,&+1
"% A,B ,*' U 6. Ã, B̃ ,*' Ũ 4 +"%0"
&17"5.4 )6&,1*"' 6. &!" ,00+)0+1,&"+",++,*:"("*& )/ 
)5$(*% ,*' +)-%< =* &!" &!")+"( -" -155 )6%"+7" &!,& &!1% ')"%*)& /$55. !)5' /)+ )$+ 0,+,("&+12,&1)*4 
/< 0,+& A111D8 !"#$"% &'&'('  !" #$ 
&'$()!* + ,#+'"#- .*+/0 1!*"!2 v &3 "0! )!.*!! n45(6 73 m ≤ n8 S ∈ Cm,m ($ + $!93:+);&('" -+"*(2 +') T ∈ Cm,n−m8 "0!' "0! !,#+"(&'

(

I(m) T
0 0

)

Ψ′v =

(

S 0
−T ∗ I(n−m)

)

Ψv AE<FD!2/*!$$!$ +)-($$(<9! <&#')+*= 
&')("(&'$4 >0($ $"+"!-!'" 0&9)$ "*#! 3&* +'='#-<!*('. &3 "0! !).!$45((6 ?&* +'= 1!*"!2 
&#/9('. "0!*! !2($" + '#-<!* m ≤ n +') + '#-<!*('. &3 !).!$$#
0 "0+" "0! 
&#/9('. ($ )!$
*(<!) <= "0! <&#')+*= 
&')("(&'$ AE<FD @("0 "0!#'(,#!9= .(1!' -+"*(
!$ T ∈ C
m,n−m +') $!93:+);&('" S ∈ C

m,m45(((6 A&'$()!* + ,#+'"#- .*+/0 1!*"!2 &3 "0! )!.*!! n @("0 "0! '#-<!*('. &3 "0!!).!$ !2/9(
("9= .(1!'B "0!' "0!*! ($ + /!*-#"+"(&' Π ∈ Sn $#
0 "0+" "0! <&#'):+*= 
&')("(&'$ -+= <! @*(""!' (' "0! -&)(C!) 3&*-
(

I(m) T
0 0

)

Ψ̃′v =

(

S 0
−T ∗ I(n−m)

)

Ψ̃v AE<GD3&*
Ψ̃v =





ψΠ(1)(0)444
ψΠ(n)(0)



 , Ψ̃′v =







ψ′Π(1)(0)444
ψ′Π(n)(0)






,@0!*! "0! $!93:+);&('" -+"*(2 S ∈ Cm,m +') "0! -+"*(2 T ∈ Cm,n−m )!/!')#'+-<(.#&#$9= &' Π4 >0($ 3&*-#9+"(&' &3 <&#')+*= 
&')("(&'$ ($ (' .!'!*+9'&" #'(,#!8 $('
! "0!*! -+= <! )(D!*!'" +)-($$(<9! /!*-#"+"(&'$ Π8 <#" &'!
+' -+E! (" #'(,#! <= 
0&&$('. "0! 9!2(
&.*+/0(
+99= $-+99!$" /!*-#"+"(&' Π4
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B <+$ .1/$<+.> 1/0$-$/0$/%6G6 H+*, $<
' *) %'$ .<"% n−m +*?" *) %'$ ABD)*+, *) %'$ C6
6 ":C%+<
% ":
'.1/$<+ 
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# 1/ B </0 %'$ I(n−m) </0 %'$ L$+* C.*
#" 1/ −A6M6 E:C"%1%:%$ %'$ F/<. ,<%+1
$" A3 B 1/%* AB∗ </0 "'*? %'<%  5658 1" $N:1ID<.$/% %* %'$ )<
% %'<% %'$ .*?$+ .$)% C.*
# *) −A 1" %'$ 
*/O:@<%$ %+</"-*"$*) %'$ :--$+ +1@'% C.*
# *) B6 1118 4'$ "%<%$,$/% 1" </ 1,,$01<%$ 
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$0)+*, n2 %* <% ,*"% m(2n − m) = n2 − (n − m)23 ?'$+$ m = rank(B)6 !/*%'$++$0:
%1*/ 
</ 
*,$ )+*, < .*?$+ +</# *) %'$ ,<%+12 A3 <" ?$ ?1.. "$$ 1/ %'$ )*..*?1/@"$
%1*/6 !"#$% &'&'(' 9/ %'$ -+**) *) 4'$*+$, 565673 
.<1,  1183 ?$ -$+,:%$0 
*.:,/"</0 <--.1$0 .1/$<+ %+</")*+,<%1*/" %* %'$ +*?" *) %'$ ">"%$,  5678 ?1%' +$"-$
% %*%'$ ,<%+12 B3 C:% */$ 
</ "%<+% C> "<,$ +1@'% )+*, %'$ ,<%+12 A <" ?$..6 9/ %'1"?<> ?$ ?*:.0 *C%<1/ "1,1.<+ C*:/0<+> 
*/01%1*/" <"  56=83 */.> %'$ I$
%*+" Ψv </0

Ψ′v ?*:.0 C$ 1/%$+
'</@$06 4'$*+$, 56567 
</ C$ %':" )*+,:.<%$0 ?1%' PN:<%1*/ 56=8 +$-.<
$0 C>
(

I(m̃) T̃
0 0

)

Ψv =

(

S̃ 0

−T̃ ∗ I(n−m̃)

)

Ψ′v ,  56J8?'1
' ?$ 
<.. %'$ !'('!)' ST %#"!&6 Q$ <

$/% %'$ 1/I*.I$0 ,<%+1
$" S, T 3 <" ?$.. <"%'$ /:,C$+ m3 C> %1.0<"3 "1/
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 ! ST "#$%& '( !"#$%#&'()
• *+,-.' /'.#%+0$ 1'%2''$ %3' -#/#,'%'/( #$! %3' 104$!#/5 
0$!+%+0$(7
• %3' ,#%/+
'( +$"0."'! #/' 08%'$ (-#/('7 +9'9 ,#$5 08 %3' ,#%/+: '.','$%( "#$+(37
• 4$+;4'$'((9<+(#!"#$%#&'()
• *%/4
%4/' !'-'$!( 0$ rank(B)7
• "'/%': $4,1'/+$& +( $0% 84..5 -'/,4%#1.'9 !"#$% &'&'('  $0%3'/ 80/,4.#%+0$ 08 104$!#/5 
0$!+%+0$( 2+%3 # ,#%/+: (%/4
=%4/' (+$&.+$& 04% %3' /'&4.#/ -#/% #( +$ >?9@A 3#( 1''$ !'/+"'! +$ # !+B'/'$% 2#515 C9 D4
3,'$% +$ ED4F@℄9 H'
#.. %3#% +$ %3' ('%%+$& #$#.0&04( %0 04/( 3' (%#%'!':+(%'$
' 08 #$ 0/%30&0$#. -/0I'
%0/ P +$ Cn 2+%3 %3' 
0,-.','$%#/5 -/0I'
%0/

Q = Id−P #$! # ('.8=#!I0+$% 0-'/#%0/ L +$ QCn (4
3 %3#% %3' 104$!#/5 
0$!+%+0$(,#5 1' 2/+%%'$ +$ %3' 80/,
PΨv = 0

QΨ′v + LQΨv = 0 .
>?9JA .%304&3 %3' 1#(+
 +!'# 08 D4
3,'$%K( 80/,4.#%+0$ +( 
.0(' %0 %3' +!'# 08 %3' ST =80/,7 %3'/' #/' (+&$+L
#$% !+B'/'$
'(7 -/'!'%'/,+$+$& 10%3 80/,4.#%+0$( 80/ !+B'/'$%%5-'( 08 #--.+
#%+0$(9 M' ':-.#+$ %3' ,#+$ 0$'9 M3'$ %3' 104$!#/5 
0$!+%+0$(>?9JA #/' %/#$(80/,'! +$%0 # ,#%/+: 80/,7 %3'5 
0$(+(% 08 2n .+$'#/.5 !'-'$!'$%';4#%+0$(9 N8 # (+$&.' &/04- 08 n .+$'#/.5 +$!'-'$% ';4#%+0$( +( ':%/#
%'!7 0$' #//+"'(#% 104$!#/5 
0$!+%+0$( 3#"+$& %3' 80..02+$& (%/4
%4/')

(

A11 A12

A21 A22

)

Ψ̃v +

(

B11 B12
0 0

)

Ψ̃′v = 0 . >?9OAM' ('' %3#% +$ 
0$%/#(% %0 >?9@A 23'/' #.,0(% 0$' 3#.8 08 %3' ,#%/+: '.','$%( "#$=+(3'!7 %3'/' #/' &'$'/#..5 $0 "#$+(3+$& %'/,( +$ >?9OA ':
'-% %3' .02'/ 1.0
P( 08 B7#$! ,0/'0"'/7 %3' "#.4'( 08 %3' 
04-.+$& -#/#,'%'/( #/' +$ >?9OA $0% 01"+04(9 Q$%3' 0%3'/ 3#$!7 %3' D4
3,'$%K( 80/,4.#%+0$ +$ +%( 0/+&+$#. -/0I'
%0/ "'/(+0$ >?9JA+( -/01#1.5 ,0/' 'R
+'$% +$ (+%4#%+0$( 23'/' %3' ':-.+
+% "#.4'( 08 %3' -#/#,'%'/(-.#5 $0 /0.'9N$ %3' /'(% 08 %3' ('
%+0$ 2' 2+.. !'/+"' %3' %/#$(80/,#%+0$ /'.#%+0$( 1'%2''$ 04/,#%/+
'( S #$! T #$! D4
3,'$%K( 0-'/#%0/( P,Q #$! LQ9N$ %3' L/(% (%'- 2' ('-#/#%' %3' .#(% n−m 
0$!+%+0$( 8/0, %3' ST =80/,7
(

0 0
)

Ψ′v =
(

−T ∗ I(n−m)
)

Ψv ,%3+( ('% 08 
0$!+%+0$( 01"+04(.5 
0//'(-0$!( %0 PΨv = 09 S0$(';4'$%.57 %3' 1#(+(08 %3' +,#&' 08 P +( &+"'$ #( %3' .+$'#/ (-#$ 08 %3' 
0.4,$( 08 %3' ,#%/+: BP :=
(

−T ∗ I(n−m)
)∗
=

(

−T
I(n−m)

)9 T02 2' ,#5 ',-.05 %3' (%#$!#/! 80/,4.# !'%'/,+$+$&%3' 0/%30&0$#. -/0I'
%0/ 0$ # (-#
' &+"'$ #( %3' .+$'#/ (-#$ 08 ,#%/+: 
0.4,$()
P = BP (B∗PBP )

−1 B∗P =

(

T (I(n−m) + T ∗T )−1T ∗ −T (I(n−m) + T ∗T )−1

−(I(n−m) + T ∗T )−1T ∗ (I(n−m) + T ∗T )−1

)

.



 ! "#$%&'( )* %$($+'&(,-$&,./ .0 1'(&'2 ".3%4,/56 !"
$ %&$ '()*$
%)( Q !+ )(%&),)"-. %) P -"/ P + Q = Id0 %&$ 1-+!+ )2 Q !+ ,!3$"14 %&$ 
).56"+ )2 BQ =
(

I(m)

T ∗

) 7+!"
$ )13!)5+.4 rank(BP ) = n −m0 rank(BQ) = m-"/ -.. 
).56"+ )2 BQ -($ )(%&),)"-. %) %&$ 
).56"+ )2 BP 80 &$"
$
Q = BQ

(

B∗QBQ

)−1 B∗Q =

(

(I(m) + TT ∗)−1 (I(m) + TT ∗)−1T
T ∗(I(m) + TT )−1 T ∗(I(m) + TT ∗)−1T

)

.9) 
)6'5%$ %&$ )'$(-%)( LQ )"$ &-+ %) ($-.!:$ %&-% QΨ′v + LQΨv = 0 
)(($+')"/+%)
(

I(m) T
)

Ψ′v =
(

S − CT ∗ C
)

Ψv2)( +)6$ C ∈ Cm,n−m; <5.%!'.4!", 1)%& +!/$+ )2 %&$ $=5-%!)" 14 BQ

(

B∗QBQ

)−1 >$)1%-!"
QΨ′v =

(

I(m)

T ∗

)

(

I(m) + TT ∗
)−1 (

S − CT ∗ C
)

Ψv . 7?;@8A% 2)..)>+ 2()6 %&$ +$
)"/ 
)"/!%!)" )2 7?;B8 %&-% %&$ 6-%(!C )" %&$ DE !+ $=5-. %)
−LQ; F$ >!.. G"/ LQ !" - 1.)
H 2)(6 (

L11 L12
L21 L22

)0 %&$ 1.)
H+ -($ )2 %&$ +-6$+!:$+ -+ %&)+$ )2 P -"/ Q0 +$$ -1)3$; 9&$ 1.)
H+ >!.. 1$ /$%$(6!"$/ !" %&$ 2)..)>!",%>) +%$'+IJ% G(+%0 >$ +51+%!%5%$ %&$ 1.)
H 2)(6 )2 L !"%) −LQ -"/ 
)6'-($ %&$ ($+5.%>!%& %&$ 6-%(!C )" %&$ DE )2 7?;@8; 9&!+ -..)>$+ )"$ %) $.!6!"-%$ C -"/ )1%-!"%&$ $=5-%!)"+
(

I(m) + TT ∗
)

(L11 + L12T
∗) = S -"/ L21 + L22T

∗ = T ∗(L11 + L12T
∗) . 7?;K8L$C%0 +!"
$ %&$ 
).56"+ )2 BP ($'($+$"% - 1-+!+ )2 %&$ !6-,$ )2 P 0 -"/ %&5+ - 1-+!+)2 ker(Q)0 >$ &-3$ LQBP = 00 !;$;

(

L11 L12
L21 L22

)(

−T
I(n−m)

)

= 0 ,&$"
$ L12 = L11T 0 L22 = L21T ; F$ +51+%!%5%$ %&$+$ %>) $=5-.!%!$+ !"%) 7?;K80 -"/-2%$( - 2$> 6-"!'5.-%!)"+ >$ -((!3$ -%
LQ =

= −
(

(I(m) + TT ∗)−1S(I(m) + TT ∗)−1 (I(m) + TT ∗)−1S(I(m) + TT ∗)−1T
T ∗(I(m) + TT ∗)−1S(I(m) + TT ∗)−1 T ∗(I(m) + TT ∗)−1S(I(m) + TT ∗)−1T

)
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 !" PQRS#$%&' ()
• δ 
"#$%&'( )&*+ $,-,./*/- α !" ST #$%&' "()&"**+,- .!" δ#
%0)1+,- 2+.! )3&3'"."& α +* -+4", 56













1 1 1 · · · 1
0 0 0 · · · 0
0 0 0 · · · 0777 777 777 777 777
0 0 0 · · · 0













Ψ′v =













α 0 0 · · · 0
−1 1 0 · · · 0
−1 0 1 · · · 0777 777 777 777 777
−1 0 0 · · · 1













Ψv .8, %.!"& 2%&9*: +. +* 
!3&3
."&+;"9 56 .!" $%11%2+,- m: S 3,9 T <
m = 1 , S = (α) ∈ C

1,1 , T = (1 1 · · · 1) ∈ C
1,n−1.

• δ′ 
"#$%&'( )&*+ $,-,./*/- β 6= 0

m = n , S =
1

β
(nI − J) ∈ C

n,n , .!" '3.&+( T +* ,%. )&"*",. 90" .% m = n

• 0
,%/ &'1,-&,'* 1/-*/2 
"#$%&'(
m ∈ n̂ , S = 0 ∈ C

m,m , T 3&5+.&3&6%& m = 07=* $%& .!" 
%0)1+,-* %$ .!" .6)" δ′s 3,9 δ′p: +. +* '%&" ">
+",. .% "()&"** .!"' +, .!"&"4"&*" ST #$%&'<
• δ′s 
"#$%&'( )&*+ $,-,./*/- β

m = 1 , S̃ = (β) ∈ C
1,1 , T̃ = (1 1 · · · 1) ∈ C

1,n−1

• δ′p 
"#$%&'( )&*+ $,-,./*/- α 6= 0

m = n , S̃ =
1

α
(nI − J) ∈ C

n,n , T̃ +* ,%. )&"*",. !" PQRS#$%&'8, .!" )&"4+%0* *"
.+%, 2" !34" *!%2, !%2 .!" '3.&+
"* A 3,9 B '36 5" *+'01.3#,"%0*16 9"
%')%*"9 +,.% 3 2×2 51%
? $%&' *0
! .!3. @ %$ .!" A 51%
?* 2"&" 50+1. %$;"&%*7  !" *+;"* %$ .!" 51%
?* 2"&" 9"."&'+,"9 56 .!" ,0'5"& m = rank(B)7 B"1%2 !"%&"' C7C7D .!"&" 2"&" .2% &"'3&?* .!3. 2" 3&" -%+,- .% 9"31 2+.! ,%2 +, '%&"9".3+1: ,3'"16



 ! "#$%&'(  ) %$($*'&(+,$&+-. -/ 0'(&'1 "-2%3+.45
•  !"#$% &'&'& (#)*+, -.#- -.! +/"0!$ 12 $!#3 4#$#"!-!$( 12 5!$-!6 
1/43*+,(8 0!9*+, ,!+!$#33) !:/#3 -1 n28 $!;/
!( 1+ 
1+;*-*1+ -.#- rank(B) < n 1$ rank(A) <
n8

•  !"#$% &'&'< "!+-*1+*+, -.#- -.! ;!
1"41(*-*1+ "#) 0! ;1+! !*-.!$ =*-.$!(4!
- -1 B8 1$ =*-. $!(4!
- -1 A'>1-. -.! 2#
-( #$! $!3#-!; -1 -.! 105*1/( #()""!-$) 12 -.! ST 921$"' ?+ -.*( (!
-*1+=! #*" -1 ;!$*5! # 5!$(*1+ =.*
. *( ()""!-$*
8 =! =*33 
#33 *- -.! PQRS !"#$8 #+;8*+-!$ #3*#8 =! =*33 10-#*+ # 21$"/3# 21$ -.! +/"0!$ 12 4#$#"!-!$( 12 # 5!$-!6 
1/43*+,*+ -!$"( 12 -.! $#+%( rank(A) #+; rank(B)' !"#$"% &'(')' %&' () 
"+),-&# . /(.+'($ 0#.12 3&#'&4 V "! . -&0#&& n56,7 %&'
• rA8 rB 9& ,+'&0&#) ).',)!:,+0 0 ≤ rA ≤ n8 0 ≤ rB ≤ n8
• S 9& . )&;! .-<",+' $.'#,4 ,+ CrA+rB−n,rA+rB−n8
• P 8 Q8 .+- R 9& .#9,'#.#: $.'#,
&) ,+ CrA+rB−n,n−rB 8 Q ∈ Cn−rA,n−rB .+-
R ∈ C

n−rA,rA+rB−n8 #&)1&
',3&;:5=2&+ '2& &/(.',"+




I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0



Ψ′v =





S −SR∗ 0
0 0 0
−P ∗ −Q∗ I(n−rB)



Ψv@&'ABC&41#&))&) .-$,)),9;& 9"(+-.#: 
"+-,',"+)5 =2,) )'.'&$&+' 2";-) '#(& !"# .+:+($9&#,+0 "! '2& &-0&)56,,7 >"# .+: 3&#'&4 
"(1;,+0 '2&#& &4,)' +($9&#) 0 ≤ rA ≤ n8 0 ≤ rB ≤ n .+- .+($9&#,+0 "! &-0&) )(
2 '2.' '2& 
"(1;,+0 ,) -&)
#,9&- 9: '2& 9"(+-.#: 
"+-, ',"+) @&'<C ?,'2 (+,/(&;: 0,3&+ $.'#,
&) P ∈ CrA+rB−n,n−rB8 Q ∈ Cn−rA,n−rB 8
R ∈ Cn−rA,rA+rB−n .+- . $!,/3#$ )&;! .-<",+' $.'#,4 S ∈ CrA+rB−n,rA+rB−n56,,,7 @"+),-&# . /(.+'($ 0#.12 3&#'&4 "! -&0#&& n ?,'2 '2& +($9&#,+0 "! '2& &-0&)&41;,
,';: 0,3&+5 =2&+ '2&#& ,) . 1&#$('.',"+ Π ∈ Sn )(
2 '2.' '2& 9"(+-.#:
"+-,',"+) $.: 9& ?#,''&+ ,+ '2& $"-,A&- !"#$





I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0



 Ψ̃′v =





S −SR∗ 0
0 0 0
−P ∗ −Q∗ I(n−rB)



 Ψ̃v@&'AAC!"#
Ψ̃v =





ψΠ(1)(0)555
ψΠ(n)(0)



 , Ψ̃′v =







ψ′Π(1)(0)555
ψ′Π(n)(0)






,?2&#& '2& #&0(;.# )&;! .-<",+' $.'#,4 S ∈ C

m,m .+- '2& $.'#,
&)
P ∈ CrA+rB−n,n−rB 8 Q ∈ Cn−rA,n−rB 8 R ∈ Cn−rA,rA+rB−n -&1&+- (+.$9,0( "();: "+ Π5 =2,) !"#$(;.',"+ "! 9"(+-.#: 
"+-,',"+) ,) ,+ 0&+&#.; +"' (+,/(&8



 !" PQRS#$%&'  ( !"
$ %&$'$ ()* +$ ,!-$'$"% ),(!  !+.$ /$'(0%)%!1" Π2 +0% 1"$ 
)" ()3$ !%0"!40$ +* 
&11 !"5 %&$ .$6!
15')/&!
)..*  ()..$ % /1  !+.$ /$'(0%)%!1" Π7 !"#$% &'('&'  !" #$%&"'( rA  !" rB #! $%& $%&'(&)  (& #! * 
$ &,- . $' rank(A) !" rank(B)/ !""#$ 01%&'(&) 2/3/456& 7$ ($ 8#$% $%& 
. #) 0##5/ 9'!7#"&( :'-!" (; 
'!"#$#'!7 <#=&! #! $%& *'() 02/>5?#/&/
(

I(rB) T
0 0

)

Ψ′v =

(

S 0
−T ∗ I(n−rB)

)

Ψv8%&(& rB = rank(B) ≤ n? S ∈ Cm,m #7  7&.*@ "A'#!$ ) $(#B  !" T ∈ Cm,n−m #7  <&!&( . ) $(#B/C* 8& "&!'$& rS = rank(S)  !" rA = rank(A)? 8& 7&& $% $ rA = rS + n − rB?%&!
&
rS = rA + rB − n .6& ) ; 7-DD'7& 8#$%'-$ .'77 '* <&!&( .#$; $% $ $%& E(7$ rA+rB−n(= rS) ('87 '* S (& .#!& (.; #!"&D&!"&!$  !" $%& (&) #!#!< n−rA ('87  (& $%&#( .#!& ( 
'):#! $#'!7/C* #$ #7 !'$ $%& 
 7&? #$ ':=#'-7.; 7-F
&7 $'  DD.;  7#)-.$ !&'-7 D&()-$ $#'! '! E(7$

rB ('87  !" 
'.-)!7 '* :'$% ) $(#
&7 A  !" B  !" (&!-):&( $%& 
')D'!&!$7 '*
Ψv? Ψ′v #! $%& 7 )& ) !!&(/ G'8 8& "&
')D'7& :'$% ) $(#
&7 A? B #! $%& *'..'8#!<8 ;H





I(rA+rB−n) 0 P
0 I(n−rA) Q
0 0 0



Ψ′v =





S11 S∗21 0
S21 S22 0
−P ∗ −Q∗ I(n−rB)



Ψv 02/4258%&(&
(

P
Q

)

= T ,
(

S11 S∗21
S21 S22

)

= S !" $%& 7#I&7 '*  .. 7-:) $(#
&7  (& "&$&()#!&" :; $%& :.'
J7 I(rA+rB−n)? I(n−rA)  !"
I(n−rB)/ K#!
& $%& ('87 '* (S21 S22)  (& .#!& ( 
'):#! $#'!7 '* $%'7& '* (S11 S∗21)08%#
%  (& .#!& (.; #!"&D&!"&!$5? $%&(& #7  -!#,-& ) $(#B −R ∈ Cn−rA,rA+rB−n 7-
%$% $

(S21 S22) = −R (S11 S∗21) . 02/4>5C! $%& !&B$ 7$&D 8& )-.$#D.; $%& 7;7$&) 02/425 *(') $%& .&*$ :; $%& ) $(#B




I(rA+rB−n) 0 0
R I(n−rA) 0
0 0 0



$' ':$ #!




I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0



Ψ′v =





S11 S∗21 0
0 0 0
−P ∗ −Q∗ I(n−rB)



Ψv . 02/435
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



I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0



Ψ′v =





S −SR∗ 0
0 0 0
−P ∗ −Q∗ I(n−rB)



Ψv . )*+,A.B$ <#44#71 <5#9 $'! 
#"1$5>
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! $'! 
4(%9 )%%%. 
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!1
A =





−S SR∗ 0
0 0 0
P ∗ Q∗ −I(n−rB)



 ("8 B =





I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0




#"<#59 7%$' ),+*.+  ! '(0!
rank





−S SR∗ 0 I(rA+rB−n) 0 P
0 0 0 R I(n−rA) Q+RP
P ∗ Q∗ −I(n−rB) 0 0 0



 =

= rank





I(rA+rB−n) 0 0 −S SR∗ P
R I(n−rA) 0 0 0 Q+RP
0 0 −I(n−rB) P ∗ Q∗ 0



 = n("8




−S SR∗ 0
0 0 0
P ∗ Q∗ −I(n−rB)



 ·





I(rA+rB−n) 0 P
R I(n−rA) Q+RP
0 0 0





∗

=

=





−S 0 0
0 0 0
0 0 0


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j=1

∫ +∞
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$"#%$7=7 A-!%,+<4 5$ ,$#$%1!"$, #-$ 9&+0$) (/ #-$ *&%&1$#$%) u(d)4 vj(d) &", wj(d)4 &)5$++ &) #-$ ,$*$",$"
$ (/ D(d) (" d7L$ $1*+(<$, #-$ 6(0",&%< 
(",!#!(") !" #-$ 9$%#!
$) 5-$%$ #-$ δ 
(0*+!".&", #-$ δ !"#$%&
#!(") &%$ *+&
$,4 &) 5$++ &) &)<1*#(#!
 $;*&")!(") (/ #-$ 5&9$



 !" #$$%&'()*+(&,- .(+/&0+ *1121 2132-   

4(30%2  !56 7
/2)2 &9 * 2n:$*%*)2+2% *$$%&'()*+(&, !"
$%&" 
&'(&")"$* %" $+)%, ")%-+.&!,+&&/*0 1" $+%* 234 5
 0 6(()"/%7 89:)
$%&" ;0<  &, /)$3%=*> 2) &.$3%")/ )7(,)**%&"*  &, u(d)9 vj(d) 3"/ wj(d) 3"/ &!"/ $+3$ D(d) 
&!=/ .) 
+&*)" 3* d30 6 +)!,%*$%
 3,-!')"$ *+&2)/ $+3$ $+%*
+&%
) & $+) (3,3')$),* ,)3=%?)* 3" 3((,&7%'3$%&" & $+) 2n@(3,3')$),  3'%=42+%
+ 23*  &!"/ %" $+) A,*$ *$)( 3* '37%'3= 3
+%)B3.=)0C0 D%"3==49 2) (,&B)/ $+) "&,'@,)*&=B)"$ 
&"B),-)"
)0E)$ $+) 
)"$), & $+) -,3(+ Γ *!((&,$ 3 
&!(=%"- 2+%
+  3== 2%$+%" $+)  3'%=4$+3$ +3* .))"  &!"/ %" $+) A,*$ *$)(F 2) /)"&$) $+) 
&,,)*(&"/%"- G3'%=$&"%3".4 H
~θ9 2+),) ~θ ∈ R

2n %* $+) B)
$&, & (3,3')$),*0 E)$ Hu,~v, ~w(d) /)"&$) $+)G3'%=$&"%3" & $+) 3((,&7%'3$%"-  3'%=4 
&"*$,!
$)/ 3.&B)0 !"#$"% &'(')'  !" u(d)# vj(d) $%& wj(d)# j ∈ n̂ '()'!(*+ &!'!%& )% d, -.!%
Hu,~v, ~w(d) 
)%0!(1!2 ") H~θ 3% ".! %)(45(!2)*0!%" 2!%2! $2 d→ 0+,*"
,#$ -#,".,/012H&2 2) )7(=3%" +&2 $+%* ,)*!=$ 
3" .) )7$)"/)/ % B)
$&, (&$)"$%3=* 3,) %"B&=B)/01$ %'')/%3$)=4  &==&2*  ,&' E)''3 ;0<0< $+3$ 3 B)
$&, (&$)"$%3= A *!((&,$)/ .4$+) %"$),B3= (0, a) *+% $* $+) (+3*) & $+) 23B)  !"
$%&"9 3* 2)== 3* $+) (+3*) & %$*/),%B3$%B)9 3 $), $+) (&%"$ x = a .4 $+)  3
$&, ei ∫ a

0 A(x)dx0 1$ %* 3" %'(&,$3"$  3
$$+3$ &"=4 $+) %"$)-,3= & A %* & *%-"%A
3"
)9 "&$ $+) A %$*)= 0 I+),) &,)9 3 B)
$&,(&$)"$%3= (=3
)/ &" &") )/-) 
3" %"
,)3*) $+) "!'.), & (3,3')$),* & 3((,&7%'3.=)
&!(=%"-* .4 J9 .!$ 
3""&$ %"
,)3*) %$ .4 '&,)F % B)
$&, (&$)"$%3=* 3,) (=3
)/ &" 3==)/-)*9 $+)" $+) "!'.), & *& -3%"3.=) (3,3')$),* )K!3=* n0:()
%A
3==49 % 2) 
&"*%/), $+) 3((,&7%'3$%"- -,3(+ 2%$+ $2& δ@%"$),3
$%&"* &"$+) +3= =%")* 2+%
+ +3* .))" 
&"*$,!
$)/ 3.&B) 5
 0 D%-0 ;0<> 3"/ (=3
) 3 
&"*$3"$



 ! "#$%&'(  ) $%%(*+,-$&,*./ *0 /,.123$( 4'(&'+ "*2%3,.1/ !
#$% &$#!'#()* $+ #,! -#%!'.#, Aj/d )# #,! -!./!'# (d3, d3 + d) $' #,! j0#, ,)*+*('! +$% !)
, j ∈ n̂1 #,!  )*2!- $+ ψj(d
3+ d) )'3 ψ′j(d3+ d+) 
,)'.! #$ ψA

j (d
3+ d) =

eiAjψj(d
3+d) )'3 ψA

j
′(d3+d+) = eiAjψ′j(d

3+d+)1 %!-&!
#( !*45 6,! 
,$(
! $+ ,$7 #,! !
#$% &$#!'#()* 3!&!'3- $' d !'-2%!- #,)# #,! &,)-! -,(+# +)
#$%- %!/)(' 
$'-#)'#7,!' d )&&%$)
,!- 8!%$1 #,!%!+$%! (' #,! *(/(#




ψA
1 (0+)555
ψA

n (0+)



 =





eiA1ψ1(0+)555
eiAnψn(0+)



 ,





ψA
1
′(0+)555

ψA
n
′(0+)



 =





eiA1ψ′1(0+)555
eiAnψ′n(0+)



 .9+ 7! 3!'$#! DA = diag
(

eiA1, . . . , eiAn
)1 7! ,) !

ΨA(0) = DAΨ(0) , Ψ′A(0) = DAΨ
′(0) .:!# Γ̃(d) 3!'$#! #,! )&&%$;(/)#('. .%)&, 7(#,$2#  !
#$% &$#!'#()*- #,)# 7! ,) !3!-
%(<!3 (' #,! -#!& = )<$ !1 
+5 >(.5 ?5=5 @2&&$-! #,)# #,! *(/(#('. 
)-! +$% d→ 0+
$%%!-&$'3- #$ ) -#)% .%)&, 7(#, #,!  !%#!; 
$2&*('. 7,(
, (- 3!#!%/('!3 <4 #,!<$2'3)%4 
$'3(#($'-

(U − I)Ψ(0) + i(U + I)Ψ′(0) = 0 ,7,!%! U (- ) 2'(#)%4 /)#%(; <!*$'.('. #$ #,! 
*)-- 3!-
%(<!3 <4 A?5BC5:!# '$7 Γ̃A(d) 3!'$#! #,! )&&%$;(/)#('. .%)&, $<#)('!3 +%$/ Γ̃(d) <4 )33('.#,! 
$'-#)'#  !
#$% &$#!'#()* Aj/d )# (d3, d3 + d) $' #,! j0#, ,)*+ *('! +$% )** j ∈ n̂1)- 3!-
%(<!3 )<$ !5 D(#, %!.)%3 #$ $2% 3(-
2--($'1 #,! *(/(#('. 
)-! $+ Γ̃A(d) +$%
d→ 0+ 
$%%!-&$'3- #$ #,!  !%#!; 
$2&*('. 3!#!%/('!3 <4 #,! <$2'3)%4 
$'3(#($'-

(U − I)DAΨ(0) + i(U + I)DAΨ
′(0) = 0 .D,!' 7! /2*#(&*4 #,! *)-# !E2)#($' <4 D−1A +%$/ #,! *!+#1 7! $<#)('

(

D−1A UDA − I
)

Ψ(0) + i
(

D−1A UDA + I
)

Ψ′(0) = 0)'3 
)' /)F! #,! 
$'
*2-($'G !"#"$%&%"' ()*)+)  !" #$%& '"(")*+ ,")&"- 
$/0+1('2 *00)$-1#*3+" 41&! &!" !"+0$5 &!" δ61(&")*
&1$(% *(7 ,"
&$) 0$&"(&1*+% 0+*
"7 $( &!" "7'"% $5 &!" $)1'1(*+ %&*)')*0!2 1% 7"%
)13"7 38 &!" /(1&*)8 #*&)1- UA 4!1
! 7"0"(7 $( 3n )"*+ 0*)*#"&")%
θ, c2, c3, . . . , cn, t2, t3, . . . tn, ρ2 A1, . . . , An *(7 1% '1,"( 38

UA =
2i

ρ+ i
(

1 +
∑n

ℓ=2
1

c2
ℓ
+t2

ℓ

)D−1A D(1)JD(1)DA −D(2) ,4!")" D(1)2 D(2)2 J *)" #*&)1
"% 7"9("7 *3$," :
5; <=/*&1$( A?5BC>2
DA = diag

(

eiA1 , . . . , eiAn
);H'! 
)' )*-$ &%$ ! #,! '$%/0%!-$* !'# 
$' !%.!'
! $+ -2
, )&&%$;(/)#($'G



 !" #$$%&'()*+(&,- .(+/&0+ *1121 2132-  4 !"
• H ~θA #!$%"! "&! '()*+"%$*($ %, ( -"(. /.(0& 1*"& ( 2!."!3 
%50+*$/ 6!+%$/*$/ "%"&! ,()*+7 #!-
.*6!# *$ 8.%0%-*"*%$ 9:;:< *$ "&! 
!$".!= "&! 2!
"%. ~θA .!0.!-!$"-"&! 
%..!-0%$#*$/ 
%50+*$/ 0(.()!"!.-= *:!:
~θA = (θ, c2, c3, . . . , cn, t2, t3, . . . tn, ρ, A1, . . . , An) ∈ R3n=

• Hu,~v, ~w, ~A(d) #!$%"! "&! '()*+"%$*($ %, "&! (00.%3*)("*$/ /.(0& 
%$-".5
"!#(6%2!: !"#$"% &'('&'  !" u(d)# vj(d) $%& wj(d) '()'!(*+ &!'!%& )% d# Aj(d) =
Aj

d,j ∈ n̂-. /0!% Hu,~v, ~w, ~A(d) 
)%2!(3!4 ") H ~θA 5% "0! %)(67(!4)*2!%" 4!%4! $4 d→ 0+.8())9. • >&! 0.%%, )(?!- 5-! %, @.!*$A- ,%.)5+(=
• *"- -".5
"5.! *- -*)*+(. "% "&! %$! %, >&!%.!) ;:B ,.%) C00!$#*3 D= 65" -+*/&"+7)%.! 
%)0+*
("!# #5! "% "&! 2!
"%. 0%"!$"*(+-=
• "&! !E!
" %, "&! 2!
"%. 0%"!$"*(+- 
($ 6! ".!("!# *$ "&! -()! 1(7 (- *$ "&!0.%%, %, >&!%.!) 9:9:B ,%.)5+("!# *$ "&! +(-" -!
"*%$= -!! *"- #!"(*+!# 2!.-*%$*$ C00!$#*3 C= 0.%%, %, >&!%.!) ;:B:
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 !"#$%& ' !"
$%&' ('$"%)*+ )* ,-&*$-./01-*
$)2* !" ST #$%&' %$ (%)*+,&- 
%*+/0/%*12 +"&/3"+ /* 4!,50"& 62 !"75"+ )1 /* 4!,50"& 80% 
%*10&)
0 ,* ,55&%9/',0/%* %$ , :"*"&,7 1/*:)7,& 3"&0"9 
%)57/*:; <%= =" =/770,>" ,+3,*0,:" %$ 0!" ST #$%&' %*
" ,:,/*; ?0 0)&*1 %)0 0!,0 /0 !"751 0% 
7,11/$-1/*:)7,& 3"&0/
"1 ,*+ "9,'/*" 0!"/& 1
,00"&/*: 5&%5"&0/"1;  !" &"1)701 5&"1"*0"+ /*0!/1 
!,50"& 
%'" $&%' 0!" 5,5"& , 
%5- %$ =!/
! /1 ,00,
!"+ ,1 @55"*+/9 4;  !" #
%&&'()*+ ,%&()-4%*1/+"& , A),*0)' 5,&0/
7" %* , 10,& :&,5! =/0! n !,7$ 7/*"1; B" +"*%0" Ψ =
(ψ1, . . . , ψn)

T 0!" 3"
0%& %$ =,3" $)*
0/%* 
%'5%*"*01;  !" 1-10"' /1 15"
/C"+ (-(%)*+,&- 
%*+/0/%*1 /* 0!" 3"&0"92
AΨ(0) +BΨ′(0) = 0 , DE;FG=!"&" Ψ(0) 10,*+1 $%& (ψ1(0+), . . . , ψn(0+))

T ,*+ Ψ′(0) $%& (ψ′1(0+), . . . , ψ′n(0+))TD0!" +"&/3,0/3"1 ,&" 0,>"* /* 0!" %)0:%/*: 1"*1"G; H"0 )1 &"
,77 0!,0 /* 0!" ST #$%&'D6;8G2 =!/
! /1 , 15"
/,7 $%&')7,0/%* %$ 0!" (%)*+,&- 
%*+/0/%*1 DE;FG2 0!" ',0&/
"1
A ,*+ B ,
A)/&" 0!" $%&'

A = −
(

S 0
−T ∗ I(n−rB)

)

, B =

(

I(rB) T
0 0

)

,

rB = rank(B); ?* 4!,50"& 8 =" !,3" /*0&%+)
"+ ,71% 0!" &"3"&1" ST #$%&' D6;IG2=!/
! /1 
!,&,
0"&/J"+ (-
A =

(

I(rA) T̃
0 0

)

, B = −
(

S̃ 0

−T̃ ∗ I(n−rA)

)

;

rA = rank(A); ?* 0!/1 
!,50"& =" =/77 )1" "9
7)1/3"7- 0!"1" 0=% $%&')7,0/%*1;  ! "# 
!%&'&(#%( )'(* (*# !(*#+ 
*,-(#+& )# .&# *#+# , %!(,('!% (*,( &/'0*(/1 2'3#+& 4+!5 (*# !%##5-/!1#2 '% 6--#%2'7 89  !



 ! "#$%&'( )* +%'"&($, -.,&'(./0 ./ 12$/&23 4562/"&.7/ !" Ψ(j) =
(

ψ
(j)
1 , . . . , ψ

(j)
n

)T #! "$! %
'""!()*+ %,-."),* /,( )*
,0)*+ 1'2! !*"!()*+/(,0 j3"$ -)*! 1)"$ "$! 1'2! *.0#!( k4 5$!* )" $,-6%
ψ
(j)
i (xi) =

{

e− kxi +Rie
 kxi (i = j) ,

Tij e
 kxi (i 6= j) ,1$!(! Ri (!7(!%!*"% "$! (!8!
"),* '07-)".6! /,( i3"$ -)*! '*6 Tij "$! "('*%0)%%),*'07-)".6! /(,0 j3"$ ", i3"$ -)*!45$! %
'""!()*+ 0'"()9 S(k) :1$)
$ )% *," ", #! 
,*/.%!6 1)"$ "$! %.#30'"()9 S'77!'()*+ )* "$! ST 3/,(0; )% +)2!* #<

S(k) =









R1(k) T12(k) · · · T1n(k)
T21(k) R2(k) · · · T2n(k)444 444
Tn1(k) Tn2(k) · · · Rn(k)







'*6 
'* #! 
,07."!6 '%
S(k) = −(A + )kB)−1(A− )kB) . :=4>;?" )% !'%< ", 
$!
@ "$'" )/ "$! 0'"()
!% A '*6 B ,

.(()*+ )* :=4A; )*"!(
$'*+! "$!)(7,%)"),*%B "$! %
'""!()*+ 0'"()9 Sd(k) 
,((!%7,*6)*+ ", "$! %, ,#"')*!6 C%1'77!6D#,.*6'(< 
,*6)"),*% :"$! C6.'-D %
'""!()*+ 0'"()9; )% +)2!* #< Sd(k) = −S(−1/k)4?" )% .%!/.- /,( ,.( *!9" 
,*%)6!('"),*% ", 0!*"),* $,1 "$! "('*%0)%%),* '07-)3".6!% -,,@ -)@! /,( "$! δ3)*"!('
"),*B δ′3)*"!('
"),* '*6 %
'-! )*2'()'*" )*"!('
"),*E

• δ3)*"!('
"),* 1)"$ 7'('0!"!( αE Tij(k) =
2k

2k+ α B$!*
! Tij(0) = 0B Tij(+∞) = 1

• δ′3)*"!('
"),* 1)"$ 7'('0!"!( βE Tij(k) =
−2

2− kβ
B$!*
! Tij(0) = −1B Tij(+∞) = 0

• %
'-! )*2'()'*" )*"!('
"),* 1)"$ 7'('0!"!(% α, φE Tij(k) =
2α

1+α2 e
iφ = const.5$! "!(0% Tij(0) '*6 Tij(+∞) '(! $!(! 
,*%)6!(!6 
,*2!*"),*'--< '%  !"!#$B '% 1!--'% )* "$! (!%" ,/ "$! 
$'7"!(4 !" #$%&&'(
%*'+, ', *-. 
%&. n = 2! /0%,&1'&&'+, %12$'*34.&F! 7(!%!*" G(%" "$! (!%.-"% /,( "$! @*,1* 
'%! ,/ n = 2B *'0!-<B "$! %&!'# !'#()*
#!&'&' *  !'(B )* ,(6!( ", %!! "$! !H!
")2!*!%% ,/ "$! ST 3/,(0 )* )6!*")/<)*+ "$! 7$<%)
'-
,*"!*" ,/ "$! %)*+.-'( 2!("!94 5$! 
-'%%)G
'"),* 1)-- #! 6,*! 1)"$ (!%7!
" ", rank(B)'*6 rank(A)4 ?" )% .%!/.- ", *,")
! "$'" )/ rank(B) )% G9!6B "$! 2'-.! rank(A) )%.*)I.!-< (!-'"!6 ", rank(S) #< "$! !I.'-)"< rank(A) = n− rank(B) + rank(S)B '*6$'% ", #! +(!'"!( ,( !I.'- ", n− rank(B)4

• rank(B) = 05$! ST 3/,(0 +)2!% A = −IB $!*
!
0 = Ψ(0) ,1$)
$ ,#2),.%-< 6!G*!% 6)%J,)*" K)()
$-!" #,.*6'()!% ψ1(0+) = ψ2(0+) = 04



 !" #$%&&'(
%*'+, ', *-. 
%&. n = 2! /0%,&1'&&'+, %12$'*34.& 56
• rank(B) = 1

(

1 t
0 0

)

Ψ′(0) =

(

s 0
−t̄ 1

)

Ψ(0) !"# 
%#& 
%' (& #&)%*%+&, "'+- +.- #"+/%+"-'#0
◦ s = 01 "2&2 rank(A) = 13+ *&)*&#&'+# +!& #
%4& "'5%*"%'+ "'+&*%
+"-'1 
62 7&
+"-' 8292
◦ s 6= 01 "2&2 rank(A) = 2:& '-+& %+ ;*#+ +!%+ +!& #)&
"%4 
%#& t = 1 
-**&#)-',# +- +!& δ<"'+&*%
+"-' ."+!)%*%=&+&* s >
62 7&
+2 829?2 @-* % A&'&*%4 5%4/& -6 t1 +!& #/(#+"+/+"-' -6 +!&=%+*"
&# A %', B "'+- >B28? 4&%,# +- +!& 6-44-."'A 6-*=/4% 6-* +!& +*%'#="##"-'%=)4"+/,&1

T12(k) =
2kt

k(1 + |t|2) + "s ,#!-."'A +!& 4-. .%5& '/=(&* (4-
C%,& >T12(0) = 0? %', %#D=)+-+"
%44D 
-'<#+%'+ !"A! .%5& '/=(&* +*%'#)%*&'
D >T12(+∞) = 2t
1+|t|2

?1 .!"
! (&
-=&# +!&)&*6&
+ +*%'#)%*&'
D T12(+∞) = 1 6-* t = 12 :& 
-'
4/,& +!%+ +!& 
-/)4"'A
-**&#)-',"'A +- rank(B) = 1 
%' (& 5"&.&, %# % 
-=("'%+"-' -6 δ %', #
%4&"'5%*"%'+ "'+&*%
+"-'#2
• rank(B) = 2 !& ST <6-*= A"5&# B = I1 A = −S1 !&'
&

Ψ′(0) =

(

s11 s12
s12 s22

)

Ψ(0) .:& ,"5",& +!& &E)4%'%+"-' "'+- +!*&& #"+/%+"-'# %

-*,"'A +- rank(A) >= rank(S)?2
◦ rank(A) = rank(S) = 01 "2&2 S = 0:& A&+ Ψ′(0) = 01 .!"
! *&)*&#&'+# ,"#F-"'+ G&/=%'' (-/',%*"&# ψ′1(0+) =
ψ′2(0+) = 02

◦ rank(A) = rank(S) = 11 "2&2 S "# % #"'A/4%* '-'H&*- =%+*"E23' +!"# 
%#& "+ "# 
-'5&'"&'+ +- &=)4-D +!& *&5&*#& ST <6-*=1
(

s̃ 0

−t̃ 1

)

Ψ′(0) =

(

1 t̃
0 0

)

Ψ(0) ,.!&'
& .& #&& "==&,"%+&4D +!%+ t̃ = 1 *&)*&#&'+# +!& δ′<"'+&*%
+"-'2 I&'&*%44D1+!& +*%'#="##"-' %=)4"+/,& "# A"5&' (D
T12(k) =

−2t̃
(

1 + |t̃|2
)

− "ks̃ ,.!"
! #!-.# (-+! +!& !"A! .%5& '/=(&* (4-
C%,&1 T12(+∞) = 01 %', 4-..%5& '/=(&* )%## ;4+&*"'A (&!%5"-*1 T12(0) = −2t̃
1+|t̃|2

2  !&*&6-*& +!"# 
%#& 
%'(& 5"&.&, %# +!& δ′<"'+&*%
+"-' %=&',&, (D +!& #
%4& "'5%*"%'+ "'+&*%
+"-'2



 ! "#$%&'(  ) *%'"&($+ ,-+&'(-./ -. 01$.&12 3451."&-6.
◦ rank(A) = rank(S) = 2 !"#" S !$ %#&'()%"*+# ,%)-$.!$$!/- ).0(!,'1# !$ +#%# &!2#- 34

T12(k) =
2ks12

ik2 − k tr[S]− !det[S])-1 $+/5$ 3/,+ (/565)2# -'.3#% )-1 +!&+65)2# -'.3#% 3(/
8)1#9 T12(0) = 0 
T12(+∞) = 0" *+!$ !-1!
),#$ ) 
/.3!-),!/-$ /: δ )-1 δ′ !-,#%)
,!/-$";- $'..)%4 ,+# %)-8$ /: ,+# .),%!
#$ B )-1 A )%# ,+# 1#,#%.!-!-& :)
,/%$ /:0+4$!
)( 
/-,#-,$ /: ,+# 0/!-, !-,#%)
,!/-$" !" #$% 
'(% n = 3 )*+,-./
012/34<# -/5 #=).!-# ,+# >')-,'. ?6@'-
,!/- -).#(4 ,+# $!-&'()% 2#%,#= /: 1#&%##

n = 3" <# 5!(( )&)!- #=0%#$$ ,+# ,%)-$.!$$!/- ).0(!,'1#$ 3#,5##- #)
+ ,5/ (!-#$/',&/!-& :%/. ,+# 2#%,#= !- ,#%.$ /: ,+# 0)%).#,#%$ !-2/(2#1 !- ,+# ST 6:/%. /% ,+#%#2#%$# ST 6:/%."<# $,)%, 5!,+ )- #=0()-),!/- /:  !"#$ δ%&'($) )-1  !"#$ δ′%&'($) 
/--#
,!/- 3#6,5##- ,5/ (!-#$ 
/'0(#1 !- ) 2#%,#=" ;- !1#)(!A#1 (!.!, ,5/ (!-#$ i )-1 j )%# !1#-,!B#1)$ +)2!-& C0'%# δ6(!8#D 
/--#
,!/-$ 5+#- 5# +)2#
Tij(0) = 0, and Tij(+∞) ∈ C ;
/-2#%$#(4 i )-1 j )%# !1#-,!B#1 )$ C0'%# δ′6(!8#D !: 5# +)2#
Tij(0) ∈ C, and Tij(+∞) = 0 .E/5#2#% $!-
# ,+# >')-,'. F'= 
)- 
!%
'.2#-, 1!%#
, 3(/
8!-& 3#,5##- i )-1

j ,+%/'&+ !-1!%#
, 0),+ i → k → j $,%!
, 
/-1!,!/-$ Tij(0) = 0 :/% δ6(!8# )-1
Tij(+∞) = 0 :/% δ′6(!8# 
/--#
,!/- )%# ,/ 3# 3%#)
+#1 5+#- /,+#% ,40#$ /: 
/--#
6,!/-$ )%# 0%#$#-, )./-& /,+#% (!-#$ )-1 ,+#%#:/%# A#%/$ :/% Tij -##1 ,/ 3# %#0()
#134 *+,&& -'.3#%$ Tij ≈ 0 !- )3/2# 
/-1!,!/-$" G#-#%)( 
+)%)
,#%!A),!/- /: 0'%# δ6(!8# 
/--#
,!/- )$ +!&+60)$$ :%#>'#-
4 B(,#% )-1 0'%# δ′6(!8# 
/--#
,!/- )$ (/560)$$B(,#% !$ $,!(( 2)(!1"H$ !- ,+# 
)$# /: n = 2 ,+# 3/'-1)%4 
/-1!,!/-$ )%# 
()$$!B#1 )

/%1!-& ,/ ,+#2)('#$ /: rank(B) )-1 rank(A)" <# 5!(( 0%#$#-, ,+# .)!- %#$'(,$ /: H00#-1!= I J#
,!/- K 5+#%# ,+# :'(( $,'14 
)- 3# :/'-1 !"#" ,+# 
()$$!B
),!/- #=0%#$$!/-$ :/%,%)-$.!$$!/- )-1 %#F#=!/- ).0(!,'1#$ &%)0+$ !(('$,%),!-& $>')%#1 )3$/(',# 2)('#$/: ,+# ).0(!,'1#$ !- 1#0#-1#-
# /- k )$ 5#(( )$ #=0/$!,/%4 %#.)%8$"
• rank(B) = 0;- ,+# ST 6:/%. 5# +)2# A = −I +#-
#

0 = Ψ(0) .*+!$ 
)$# 
/%%#$0/-1$ ,/ 1!$
/--#
,#1 L!%!
+(#, 3/'-1)%!#$ ψ1(0+) = ψ2(0+) =
ψ3(0+) = 0"



 !" #$% 
'(% n = 3 )*+,-./
012/34  5
• rank(B) = 1





1 t2 t3
0 0 0
0 0 0



Ψ′(0) =





s 0 0
−t2 1 0
−t3 0 1



Ψ(0) ! "#$%& rank(A) = rank(S) + 2' !"(& !")*) +*) !,# -#&&./$) 0+$()& #1 rank(A)'2+3)$4 5 +2% 67
◦ rank(A) = 2 ' .7)7 rank(S) = 08.2
) S = 0' !".& 
+&) *)-*)&)2!& !") &
+$) .20+*.+2! 
#(-$.2: ;
17 8)
!.#2 576<7
◦ rank(A) = 3 ' .7)7 rank(S) = 1 =") &-)
.+$ &.!(+!.#2 T = (1 1) 
#**)&-#2%& !# !") δ>
#(-$.2:7 ?#* + :)2)*+$ T ' !") !*+2&3.&&.#2 
#)@
.)2!&' :.0)2 /4

T31(k) =
2t3k.s+ (1 + |t2|2 + |t3|2)k

,

T12(k) =
2t2k.s+ (1 + |t2|2 + |t3|2)k

,

T23(k) =
2t2t3k.s+ (1 + |t2|2 + |t3|2)k

,&"#, !") ".:" ,+0) 2(3/)* -+&& A$!)*.2: /)"+0.#(*
Tij(0) = 0, Tij(+∞) ∈ C ,,".
" .& + "+$$3+*B #1 -(*) δ 
#22)
!.#2& /)!,))2 +$$ /*+2
")& ;&)) ?.:7C7D<7

�

�

� �

��

617.8%  !59 :.8% δ 0;<% 
2//%
012/ =%0>%%/ '?? ?1/%(@ 2=0'1/%A B82C 0$% ST ,B28C >10$
rank(B) = 1 '/A rank(A) = 3!
• rank(B) = 2E) "+0) rank(A) = rank(S) + 1 +2% !"*)) -#&&./$) 0+$()& #1 rank(A)7
◦ rank(A) = 1 ' .7)7 rank(S) = 0=".& &.!(+!.#2 *)-*)&)2!& + &
+$) .20+*.+2! .2!)*+
!.#2 /)!,))2 !") $.2)& DF6+2% + &
+$) .20+*.+2! .2!)*+
!.#2 /)!,))2 !") $.2)& 5F67



 ! "#$%&'(  ) *%'"&($+ ,-+&'(-./ -. 01$.&12 3451."&-6.
◦ rank(A) = 2  !"#" rank(S) = 1$%!& 
(&# !& )* &+#
!(, !-.#/#&." 0. 
(- 1# &%)2- 
*" 3++#-4!5 6 7#
." 8"9": .%(. .%# +/)+#/ 
%)!
# )* +(/(;#.#/& #-(1,#& )-# .) 
)-&./<
. .%# *),,)2!-=.2) .>+#& )* ?<-
.!)-&@ ( ?<-
.!)- 2!.% +</# δA,!B# 
)--#
.!)-& 1#.2##- .%# ,!-#& 3−1 (-4 1#.2##-

2− 3 (-4 ( +</# δ′A,!B# 
)--#
.!)- 1#.2##- .%# ,!-#& 1− 2 C&## D!=" 8": ,#*.E  ( ?<-
.!)- 2!.% +</# δ′A,!B# 
)--#
.!)-& 1#.2##- .%# ,!-#& 1−2 (-4 1#.2##-
2− 3 (-4 ( +</# δA,!B# 
)--#
.!)- 1#.2##- ,!-#& .%# 3− 1 C&## D!=" 8": /!=%.E"

�

�

� ��

� �

�

�

�

�

�

��

�

,789:;  )!< 27=;> ?@A; B;:?;= 
D9AE7F8 DG?H7F;> I:DJ ?K; ST 4ID:J L7?K rank(B) = 2 HF>
rank(A) = 2< 
DFF;
?7DFM δNδNδ′ OE;I?P HF> δ′Nδ′Nδ O:78K?P)F# /#*#/ (,&) .) 3++#-4!5 6 D!=&" 8 (-4 G 2%#/# .%# ./(-&;!&&!)- (-4/#H#5!)- (;+,!.<4#& (/# +,)..#4 !- ( 
)-
/#.# &#..!-=" $%# =/(+%& 
,#(/,>!,,<&./(.# .%# I,.#/!-= 1#%(J!)</ )* 1).% .%# 
)--#
.!)-& δKδKδ′ (-4 δ′Kδ′Kδ"L.%#/ *(
.& 
)-
#/-!-= .%# 
(&# rank(B) = 2 = rank(A) = 2 
(- 1# *)<-4 !-3++#-4!5 6" M#-#/(,,> &+#(B!-= !. /#+/#&#-.& ( ;!5.</# )* δ (-4 δ′ 
)--#
A.!)-& (-4 .%# .2) +</# 
)--#
.!)-& δ − δ − δ′ (-4 δ′ − δ′ − δ 4#&
/!1#4 (1)J#(/# !.& ,!;!.!-= 
(&#&"
◦ rank(A) = 3  !"#" rank(S) = 2$%!& 
(&# 
)//#&+)-4& .) ( =#-#/(, 
);1!-(.!)- )* δ (-4 δ′ !-.#/(
.!)-& 1#.2##-#(
% .2) %(,* ,!-#&" 0* T = (t1 t2)

T 4#-).#& .%# ;(./!5 T ∈ C2,1 )

</!-= !-.%# ST A*)/; !. 
(- 1# &%)2- .%(.
Tij(0) = 0 *)/ (,, i (-4 j ,

T31(+∞) ∝ t1 , T12(+∞) ∝ t2t1 , T23(+∞) ∝ t2 .F# )1&#/J# .%# N#/) #-#/=> 1,)
B(4# Tij(0) = 0 *)/ (,, i (-4 j 2%!
% =<(/(-.##&.%# +/#&#-
# )* ( δA,!B# 
)--#
.!)- 1#.2##- (,, .%# ,!-#&" $%# %!=% #-#/=> 1,)
BA(4# Tij(+∞) = 0 4#.#/;!-!-= .%# +/#&#-
# )/ (1&#-
# )* ( δ′A,!B# 
);+)-#-. !& 
)-./),,#4 1> .%# #,#;#-.& )* T "
• rank(B) = 3F# %(J# B = I A = −S (-4 .%# ST A*)/; Ψ′(0) = SΨ(0)" $%#/# (/# *)</ +)&&!1,#J(,<#& )* rank(A) C= rank(S)E@



 !" #$% 
'(% n = 3 )*+,-./
012/34  "
◦ rank(A) = rank(S) = 0  !"#" S = 0$%!& &!'()'!*+ 
*--#&.*+/& '* /!&0*!+' 1#(2)++ 
*+/!'!*+ ϕ′1(0+) = ϕ′2(0+)
= ϕ′3(0+) = 0"

◦ rank(A) = rank(S) = 13' !& (&#4(5 '* -#6-!'# '%# 7*(+/)-8 
*+/!'!*+& !+ '%# -#9#-&# ST :4*-2




s̃ 0 0

−t̃2 1 0

−t̃3 0 1



Ψ′(0) =





1 t̃2 t̃3
0 0 0
0 0 0



Ψ(0) ;'%# '-)+&2!&&!*+ )2.5!'(/#& )-# '%#+ ;!9#+ 78
T31(k) =

−2t̃3
−!s̃k + (1 + |t̃2|2 + |t̃3|2)

,

T12(k) =
−2t̃2

−!s̃k + (1 + |t̃2|2 + |t̃3|2)
,

T23(k) =
−2t̃2t̃3

−!s̃k + (1 + |t̃2|2 + |t̃3|2))+/ &)'!&48 Tij(+∞) = 0  !" Tij(0) ∈ C# $%& '(&
* + 
%,*
& T = (t̃2 t̃3) = (1 1)+& "' -, -%& δ′s.
,/(+*!0 1
2# 3&
-# 4#567 2,8  0&!&8 + T 9& 0&- -%& δ′s.
,/(+*!0:*;&" 9*-% -%& '
 +& *!< 8* !0 
,/(+*!0# 3&& =*0# >#5#
�

�

�

� �

�

� �

�

 !"#$% &'() *#$% δ′ +,-% 
/00%
+!/0 1%+2%%0 344 4!0%56 /1+3!0%7 8$/9 +:% ST ;8/$9 2!+:
rank(B) = 3 307 rank(A) = 1'
◦ rank(A) = rank(S) = 2$%& 
 +
/+ -*,!  0 *! '*:(+*?&' 9%&! -%& 8&<&8'& ST .2,8: *' /'&"@ 9& 'A*(-&
%!*
 + "&- *+'7 '*!
& -%&B  8& '*:*+ 8 -, -%& (8&<*,/' 
 '&'  !" 
 ! C& 2,/!" *!3&
-*,! >#>#5 ,2 D((&!"*; E# $%*' '*-/ -*,! *' "/ + -, -%& ,!& ,2 rank(B) = 27
rank(A) = 3F -%& -8 !':*''*,!  :(+*-/"&' !,9 ' -*'2B

Tij(+∞) = 0 2,8  ++ i  !" j ,
T31(0) ∝ t̃1 , T12(0) ∝ t̃2t̃1 , T23(0) ∝ t̃2 ,9%&8& (t̃1 t̃2)T *' -%& : -8*; T̃ 28,: -%& 8&<&8'& ST .2,8:# $%& -8 !':*''*,! :(+*-/"&' '%,9 -%& %*0% &!&80B C+,
A "& Tij(+∞) = 0 2,8  ++ i  !" j7 0/ 8. !-&&*!0 -%& (8&'&!
& ,2 δ′.+*A& 
,!!&
-*,! C&-9&&!  ++ +*!&'# $%& G&8, &!&80B&;(8&''*,!' Tij(0)  8& (8,(,8-*,! + -, t̃1  !" t̃27 *#&# -%& (8&'&!
& ,8  C'&!
& ,2-%& δ.+*A& 
,:(,!&!- *' 
,!-8,++&" CB -%& ( 8 :&-&8' ,2 -%& 
,/(+*!0#



  !"#$%&'  ( )$&!%'#* +,*%&',-. ,- /0#-%01 2340-!%,5-
◦ rank(A) = rank(S) = 3 !"# $!" %&#'( )* $!" +&$%,
"( A &#. B &%" /)$! "01&2 $) n = 33 4" !&5"$!" 6"#"%,
 
)##"
$,)# 
)#.,$,)# *)% & 01&#$1+ 7&%$,
2" %"(,.,#6 )# 8),#$ $!%""2,#"(3 #&+"29 $!" 
)+/,#&$,)#( )* δ &#. δ′ ,#$"%&
$,)#(:;!" $%&#(+,((,)# &+72,$1."( &%" 6,5"# /9

Tij(k) =
−2,k2sij + 2k det[S(j, i)]

k3 + ,k2tr[S]− k
∑3

i=1 det[S(i, i)]− ,det[S] , i, j ∈ 3̂ , i 6= j ,!"#
" Tij(0) = Tij(+∞) = 0 *)% &22 i 6= j: ;!,( (,6#,<"( $!" 61&%&#$"". 7%"("#
")* /)$! δ=2,'" &#. δ′=2,'" 
)+7)#"#$( ,# &22 
)##"
$,)#(:;!,( ">7%"((,)#3 &2)#6 4,$! $!" &#&2)6)1( ">7%"((,)# *)% n = rank(A) =
rank(B) = 2 
&("3 ,#5,$"( &# "&(9 ($%&,6!$*)%4&%. ">$"#(,)# $) 6"#"%&2 n: ! "#$$%&'?1% +&,# <#.,#6 ,( $!" *&
$ $!&$ ,# & 01&#$1+ @=81#
$,)# $!" 
)172,#6( /"$4""#"&
! 7&,% )* )1$6),#6 2,#"( &%" ,#.,5,.1&229 $1#&/2": ;!" ST =*)%+ )* 5"%$"> /)1#.&%9
)#.,$,)# ,( *)1#. $) /" ,#($%1+"#$&2 ,# ,."#$,*9,#6 $!" $97" )* 
)172,#6 /"$4""#"&
! $4) )1$6),#6 2,#"(: ;!" %&#'( )* +&$%,
"( A &#. B %"7%"("#$ 
%1
,&2 01&#$,$,"($) ,."#$,*9 $!" 7!9(,
( )* (,#612&% 5"%$">:A7"
,<
&2293 $!" 71%" δ=$97" 
)172,#6 ,( 
)#($%1
$". *%)+ rank(B) = 1 /)1#.&%9
)#.,$,)#3 4!,2" $!" 71%" δ′=$97" 
)172,#6 ,( 
)#($%1
$". *%)+ rank(A) = 1:B)1#.&%9 
)#.,$,)#( 
)%%"(7)#.,#6 $) rank(A) = rank(B) = 2 ,#
21." /)$! δC

δCδ′ $97" &#. δ′Cδ′Cδ $97" (,#612&% 
)##"
$,)#( &( 2,+,$,#6 
&("( *)% & 7%)7"% 
!),
")* 7&%&+"$"% 5&21"(: ;!"(" $97"( )* (,#612&% 5"%$,
"( "#&/2" (7"
$%&2 <2$"%,#6 )*01&#$1+ 4&5"(:;!" $%"&$+"#$ 
&# /" ">$"#.". $) 01&#$1+ (,#612&% 5"%$"> )* ."6%""( n ≥ 4)#
" $!" #"". )* ."$&,2 &#&29(,( ,( %"01,%". &( & +)."2 )* 01&#$1+ (,#62" "2"
$%)#."5,
"(:  " !)7" $!&$ $!,( 4)%' 4,22 /"
)+" & ($"77,#6 ($)#" *)% (1
! ">$"#(,)#(:?/5,)1(293 $!" ">7"%,+"#$&2 %"&2,D&$,)# &#. ."+)#($%&$,)# 4,$! 01&#$1+ 4,%"( &#.01&#$1+ .)$( &%" !,6!29 ."(,%".: E)% $!&$ 71%7)("3 & 
)#($%1
$,)# )* & %"&2=4)%2.&77%)>,+&$,)# )* (,#612&% 5"%$,
"(3 4!,
! !&( /""# ">&+,#". &2() ,# $!" 7%"5,)1(
!&7$"%3 4,22 /"
)+" 
%1
,&2:



 !"#$%& ' !"
$%&' () * +",$ 
-*., /%*!- !" #$ %&" $'"()"!% ()"*%+#!* +! %&" %&"#', #$ ()-!%). /'-0&* 
#!
"'!* '"2-%+#!*3"%4""! %&" /"#."%', #$ - /'-0& Γ -!5 *0"
%'-2 0'#0"'%+"* #$ - 6
&'75+!/"' #0"'-%#'*)00#'%"5 3, Γ8 9)% 2+:" %&-%; %&" ()"*%+#! -22#4* 5+<"'"!% +!%"'0'"%-%+#!*8  ! #!"&-!5; 4" 
-! &-=" +! .+!5 %&" +!%'+!*+
 /"#."%', #$ Γ 4&+
& "!%"'* %&" 0'#32".%&'#)/& %&" -5>-
"!
, .-%'+? #$ %&" /'-0& -!5 %&" 2"!/%&* #$ +%* "5/"*8  ! %&" #%&"'&-!5; ()+%" #$%"! #!" %&+!:* #$ Γ -* #$ - *)3*"% #$ R
n 4+%& %&" /"#."%', +!&"'+%"5$'#. %&" -.3+"!% *0-
"8 @! %&-% 
-*" /"#."%'+
 0"'%)'3-%+#!* 
-! -
()+'" - '-%&"'+22)*%'-%+=" ."-!+!/ -!5 #!" 
-! -*: +! 4&+
& 4-, %&", +!A)"!
" *0"
%'-2 0'#0"'%+"*#$ - ()-!%). 0-'%+
2" B2+=+!/C #! ΓD +! %&+* 
#!%"?% #!" 
-! %&+!: #$ /'-0&* 4&+
&-'" B3"!%C; 2#
-22, B0'#%')5"5C #' B*()""E"5C; "%
8F&" -+. #$ %&+* 
&-0%"' +* %# -!-2,E" %&" +!A)"!
" #$ - B3"!5+!/C 5"$#'.-%+#! #!- /'-0& 4&+
& "?&+3+%* - #!"G5+."!*+#!-2 0"'+#5+
+%,8 H+%&#)% *%'+=+!/ $#' /"!"'-2+%,4" 4+22 5+*
)** +! 5"%-+2 - *+.02" !#!%'+=+-2 "?-.02" +! 4&+
& %&" )!0"'%)'3"5 *,*%".+* - B
&-+! /'-0&C 
#!*+*%+!/ #$ -! -''-, #$ '+!/* #$ %&" *-." '-5+)*; 
$8 I+/8 J8K;
#!!"
%"5 %&'#)/& %&"+' %#)
&+!/ 0#+!%*8 H" *)00#*" %&-% %&"'" +* δG
#)02+!/ +! %&"

 !"#$% &'() *+% #,-%$.#$/%0 
+2!, "$2-+="'%+
"*; 2"% )* '"
-22 %&-% +% +* 
&-'-
%"'+E"5 3, %&" 
#!5+%+#!*
ψj(0) = ψk(0) =: ψ(0) , j, k ∈ n̂ ,

n
∑

j=1

ψ′j(0) = αψ(0) , LJ8KM
$8 LK8JM; 4&"'" n̂ = {1, 2, . . . , n} +* %&" +!5"? *"% !).3"'+!/ %&" "5/"* ".-!-%+!/$'#. %&" ="'%"? -!5 α ∈ R +* %&" 
#)02+!/ 
#!*%-!% 4&+
& +* *)00#*"5 %# 3" %&"*-." -% "="', ="'%"? #$ %&" 
&-+!8 @! #)' 
-*" +% &#25* n = 483&



 ! "#$%&'( )* +%'"&(,- ./ $ 0'1& "#$21 3($%# !" #"$%"&'(
 *"'&+',-&($. &$ 
$./(0"' (/ &!" /(%*1"/& *$//(,1" ,".0(.# $2 /+
!- 
!-(. $,&-(."0 ,3 - /!(2& $2 $." $2 &!" 
$.&-
& *$(.&/4 -/ /5"&
!"0 (. 6(#7 8794:!(
! (/ *-'-%"&'(;"0 ,3 &!" ,".0(.# -.#1" ϑ 
!-'-
&"'(;(.# &!" '-&($ $2 &!" &:$"0#"/ 
$./&(&+&(.# &!" *"'&+',"0 '(.#7 <+' -(% (/ &$ /!$: &!-& &!" ,".0(.# #(="/

/45678 )*9: $ ;8<= 57>?@'(/" &$ "(#".=-1+"/ (. &!" #-*/ $2 &!" +.*"'&+',"0 /*"
&'+% -.0 &$ -.-13;" !$: &!"30"*".0 $. ϑ7 >& &!" /-%" &(%" &!" ,".& 
!-(. :(11 "?!(,(& '"/$.-.
"/ -.0 :" :(110(/
+// ,"!-=($+' $2 &!" 
$''"/*$.0(.# *$1"/7 !" #$ %$&$%'( )(*%+,%
 
./%$@" ,"#(. :(&! &!" -.-13/(/ $2 &!" /&'-(#!& 
!-(.7 A$./(0"' - *"'($0(
 #'-*! Γ0 -//5"&
!"0 (. 6(#7 87BC :(&!$+& 1$// $2 #"."'-1(&3 :" %-3 /+**$/" &!-& &!" 
('
+%D2"'".
" $2 "-
! '(.# (/ 2π7  !" /&-&" E(1,"'& /*-
" $2 - .$.'"1-&(=(/&(
 -.0 /*(.1"//*-'&(
1" 1(=(.# $. Γ0 (/ L2(Γ0)7 @" /+**$/" &!-& &!" *-'&(
1" (/ 2'""4 (7"7 (&/ E-%(1&$D.(-.4 0".$&"0 ,3 H04 -
&/ -/ &!" ."#-&(=" F-*1-
(-. $. "-
! #'-*! 1(.54 ψj 7→ −ψ′′j 4-.0 (&/ 0$%-(. 
$./(/&/ $2 -11 2+.
&($./ 2'$% W 2,2
loc (Γ0) :!(
! /-&(/23 &!" ,$+.0-'3
$.0(&($./ G87BH -& &!" ="'&(
"/ $2 Γ07

/45678 )*A: 'B8C8<=>7D 
8BB FG =@8 ?874FH4
 IDI=8CI. =(": $2 &!" *"'($0(
(&3 $2 Γ0 G&!" "1"%".&-'3 
"11 (/ 0"*(
&"0 (. &!" 6(#7 87JH4:" K.0 &!" /*"
&'-1 ,-.0/ $2 H0 +/(.# L1$
!D61$M+"& 0"
$%*$/(&($.7  !" '"/+1& (/2$'%+1-&"0 (. &!" 2$11$:(.# &!"$'"%7



 !" #$ %$&$%'( )(*%+,%
 
./%$ 01 !"#$"% &'('('  !" #$"
&'() *+ H0 
*,#-#&# *+ -,.,-&"/0 1"2","'3&" "-2",43/("#"5(3/ &* n2 6-&! n ∈ N7 3,1 38#*/(&"/0 
*,&-,(*(# #$"
&'3/ 83,1# 6-&! &!" +*//*6-,2$'*$"'&-"#9:+ α > 07 &!", "4"'0 #$"
&'3/ 83,1 -# 
*,&3-,"1 -, 3, -,&"'43/ (n2, (n + 1)2] 6-&!
n ∈ N; :&# ($$"' "12" 
*-,
-1"# 6-&! &!" 43/(" (n + 1)27 &!" /*6"' *," 6-&! &!"#5(3'"1 #*/(&-*, *+

∣

∣

∣

∣

cos kπ +
α

4
· sin kπ

k

∣

∣

∣

∣

= 1 ∧ k ∈ (n, n+ 1) .  !"#$:+ α < 07 &!", -, "3
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Abstract

The longstanding open problem of approximating all singular vertex couplings in a quantum
graph is solved. We present a construction in which the edges are decoupled; an each pair of
their endpoints is joined by an edge carrying a δ potential and a vector potential coupled to the
“loose” edges by a δ coupling. It is shown that if the lengths of the connecting edges shrink
to zero and the potentials are properly scaled, the limit can yield any prescribed singular vertex
coupling, and moreover, that such an approximation converges in the norm-resolvent sense.

Key words: singular quantum interaction, solvable quantum model, quantum wires
PACS: 03.65.-w, 03.65.Db, 73.21.Hb

1. Introduction

While the origin of the idea to investigate quantum mechanics of particles confined to a
graph was conceived originally to address to a particular physical problem, namely the spectra
of aromatic hydrocarbons [RS53], the motivation was quickly lost and for a long time the prob-
lem remained rather an obscure textbook example. This changed in the last two decades when
the progress of microfabrication techniques made graph-shaped structures of submicron sizes
technologically important. This generated an intense interest to investigation of quantum graph
models which went beyond the needs of practical applications, since these models proved to be
an excellent laboratory to study various properties of quantum systems. The literature on quan-
tum graphs is nowadays huge; we limit ourselves to mentioning the recent volume [AKST08]
where many concepts are discussed and a rich bibliography can be found.

The essential component of quantum graph models is the wavefunction coupling in the ver-
tices. While often the most simple matching conditions (dubbed free, Kirchhoff, or Neumann)
or the slightly more general δ coupling in which the functions are continuous in the vertex are
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used, these cases represent just a tiny subset of all admissible couplings. The family of the latter
is determined by the requirement that the corresponding Hamiltonian is a self-adjoint operator,
or in physical language, that the probability current is conserved at the vertices. It is not difficult
to find all the admissible conditions mathematically; if the vertex joins n edges they contain n2

free parameters, and with exception of the one-parameter subfamily mentioned above they are
all singular in the sense that the wavefunctions are discontinuous at the vertex.

What is much less clear is the physical meaning of such conditions. It is longstanding open
problem whether and in what sense one can approximate all the singular couplings by regular
ones depending on suitable parameters, and the aim of the present paper is to answer this question
by presenting such a construction, minimal in a natural sense using n2 real parameters, and to
show that the closeness is achieved in the norm-resolvent sense, so the convergence of all types
of the spectra and the corresponding eigenprojections is guaranteed.

The key idea comes from a paper of one of us with Shigehara [CS98] which showed that
a combination of regular point interactions on a line approaching each other with the coupling
scaled in a particular way w.r.t. the interaction distance can produce a singular point interaction.
Later it was demonstrated [ENZ01] that the convergence in this model is norm-resolvent and the
scaling choice is highly non-generic. The idea was applied by two of us to the simplest singular
coupling, the so-called δ′s, in [CE04] and was demonstrated to work; the question was how much
it can be extended. Two other of us examined it [ET07] and found that with a larger number of
regular interactions one can deal with families described by 2n parameters, and changing locally
the approximating graph topology one can deal with all the couplings invariant with respect to
the time reversal which form an

(

n+1
2

)

-parameter subset.
It was clear that to proceed beyond the time-reversal symmetry one has to involve vector

potentials similarly as it is was done in the simplest situation in [SMMC99]. In this paper we
present such a construction which contains parameters breaking the symmetry and which at the
same time is more elegant than that of [ET07] in the sense that the needed “ornamentation” of the
graph is minimal: we disconnect the n edges at the vertex and join each pair of the so obtained
free ends by an additional edge which shrinks to a point in the limit. The number of parameters
leans on the decomposition n2 = n+2

(

n

2

)

, where the first summand, n, corresponds to δ couplings
of the “outer” edge endpoints with those of the added shrinking ones. The second summand can
be considered as

(

n

2

)

times two parameters: one is a δ potential placed at the edge, the other is a
vector potential supported by it.

Our result shows that any singular vertex coupling can be approximated by a graph in which
the vertex is replaced by a local graph structure in combination with local regular interactions and
local magnetic fields. This opens way to constructing “structured” vertices tailored to the desired
conductivity properties, even tunable ones, if the interactions are controlled by gate electrodes,
however, we are not going to elaborate such approximations further in this paper.

We have to note for completeness that the problem of understanding vertex couplings has also
other aspects. The approximating object needs not to be a graph but can be another geometrical
structure. A lot of attention was paid to the situation of “fat graphs”, or networks of this tubes
built around the graph skeleton. The two approaches can be combined, for instance, by “lifting”
the graph results to fat graphs. In this way approximations to δ and δ′s couplings by suitable
families of Schrödinger operators on such manifolds with Neumann boundaries were recently
demonstrated in [EP08]. The results of this paper can be similarly “lifted” to manifolds; that will
be the subject of a subsequent work.

Let us review briefly the contents of the paper. In the next section we gather the needed
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preliminary information. We review the information about vertex couplings and derive a new
parametrization of a general coupling suitable for our purposes. In Section 3 we describe in
detail the approximation sketched briefly above and show that on a heuristic level it converges
to a chosen vertex coupling. Finally, in the last section we present and prove our main result
showing that the said convergence is not only formal but it is valid also in the norm-resolvent
sense.

2. Vertex coupling in quantum graphs

Let us first recall briefly a few basic notions; for a more detailed discussion we refer to the
literature given in the introduction. The object of our interest are Schrödinger operators on metric
graphs. A graph is conventionally identified with a family of vertices and edges; it is metric if
each edge can be equipped with a distance, i.e. to be identified with a finite or semi-infinite
interval.

We regard such a graph Γ with edges E1, . . . , En as a configuration space of a quantum me-
chanical system, i.e. we identify the orthogonal sum H =

⊕n

j=1 L
2(E j) with the state Hilbert

space and the wave function of a spinless particle “living” on Γ can be written as the column
Ψ = (ψ1, ψ2, . . . , ψn)T with ψ j ∈ L2(E j). In the simplest case when no external fields are present
the system Hamiltonian acts as (HΓΨ) j = −ψ′′

j
, with the domain consisting of functions from

W2,2(Γ) :=
⊕n

j=1 W
2,2(E j). Not all such functions are admissible, though, in order to make the

operator self-adjoint we have to require that appropriate boundary conditions are satisfied at the
vertices of the graph.

We restrict our attention to the physically most interesting case when the boundary conditions
are local, coupling values of the functions and derivatives is each vertex separately. Our aim
is explain the meaning of a general vertex coupling using suitable approximations; the local
character means that we can investigate how such a system behaves in the vicinity of a single
vertex. A prototypical example of this situation is a star graph with one vertex in which a finite
number of semi-infinite edges meet; this is the case we will mostly have in mind in the following.

Let us thus consider a graph vertex V of degree n, i.e. with n edges connected at V . We
denote these edges by E1, . . . , En and the components of the wave function values at them by
ψ1(x1), . . . , ψn(xn). We choose the coordinates at the edges in such a way that x j ≥ 0 for all
j = 1, . . . , n, and the value x j = 0 corresponds to the vertex V . For notational simplicity we put
ΨV = (ψ1(0), . . . , ψn(0))T andΨ′

V
= (ψ′1(0), . . . , ψ

′
n(0))

T . Since our Hamiltonian is a second-order
differential operator, the sought boundary conditions will couple the above boundary values, their
most general form being

AΨV + BΨ′
V = 0 , (1)

where A and B are complex n × n matrices.
To ensure self-adjointness of the Hamiltonian, which is in physical terms equivalent to con-

servation of the probability current at the vertex V , the matrices A and B cannot be arbitrary but
have to satisfy the following two conditions,

• rank(A|B) = n,

• the matrix AB∗ is self-adjoint,
(2)

where (A|B) denotes the n × 2n matrix with A, B forming the first and the second n columns,
respectively, as stated for the first time by Kostrykin and Schrader [KS99]. The relation (1)
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together with conditions (2) (for brevity, we will write (1)&(2)) describe all possible vertex
boundary conditions giving rise to a self-adjoint Hamiltonian; we will speak about admissible
boundary conditions.

On the other hand, it is obvious that the formulation (1)&(2) is non-unique in the sense that
different pairs (A1, B1), (A2, B2) may define the same vertex coupling, as A, B can be equiva-
lently replaced by CA,CB for any regular matrix C ∈ C

n,n. To overcome this ambiguity, Harmer
[Ha00], and independently Kostrykin and Schrader [KS00] proposed a unique form of the bound-
ary conditions (1), namely

(U − I)ΨV + i(U + I)Ψ′
V = 0 , (3)

where U is a unitary n × n matrix. Note that in a more general context such conditions were
known before [GG91], see also [FT00].

The natural parametrization (3) of the family of vertex couplings has several advantages in
comparison to (1)&(2), besides its uniqueness it also makes obvious how “large” the family is:
since the unitary group U(n) has n2 real parameters, the same is true for vertex couplings in
a quantum graph vertex of the degree n. Of course, this fact is also clear if one interprets the
couplings from the viewpoint of self-adjoint extensions [EŠ89].

On the other hand, among the disadvantages of the formulation (3) one can mention its com-
plexity: vertex couplings that are simple from the physical point of view may have a complicated
description when expressed in terms of the condition (3). As an example, let us mention in the
first place the δ-coupling with a parameter α ∈ R, characterized by relations

ψ j(0) = ψk(0) =: ψ(0) , j, k = 1 . . . , n ,
n

∑

j=1

ψ′j(0) = αψ(0) , (4)

for which the matrix U used in (3) has entries given by

U jk =
2

n + iα
− δ jk , (5)

δ jk being the Kronecker delta. When we substitute (5) into (3) and compare with (4) rewritten
into a matrix form (1), we observe that the first formulation is not only more complicated with
respect to the latter, but also contains complex values whereas the latter does not. This is a reason
why it is often better to work with simpler expressions of the type (1)&(2). Another aspect of this
parametrization difference concerns the meaning of the parameters. Since the n2 ones mentioned
earlier are “encapsulated” in a unitary matrix, it is difficult to understand which role each of them
plays.

On the other hand, both formulations (1)&(2) and (3) have a common feature, namely that
they have a form insensitive to a particular edge numbering. If the edges are permuted one has
just to replace the matrices A, B and U by Ã, B̃ and Ũ, respectively, obtained by the appropriate
rearrangement of rows and columns. This may hide different ways in which the edges are cou-
pled; it is easy to see that a particular attention should be paid to “singular” situations when the
matrix U has eigenvalue(s) equal to ±1.

Since the type of the coupling will be important for the approximation we are going to con-
struct, we will rewrite the vertex coupling conditions in another form which is again simple and
unique but requires an appropriate edge numbering. This will be done in Theorem 2.1, before
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stating it we introduce several symbols that will be employed in the further text, namely

C
k,l − the set of complex matrices with k rows and l columns,

n̂ − the set {1, 2, . . . , n},
I(n) − the identity matrix n × n.

To be precise, let us remark that the term “numbering” with respect to the edges connected in the
graph vertex of the degree n means strictly numbering by the elements of the set n̂.

Theorem 2.1. Let us consider a quantum graph vertex V of the degree n.

(i) If m ≤ n, S ∈ C
m,m is a self-adjoint matrix and T ∈ C

m,n−m, then the equation

(

I(m) T

0 0

)

Ψ
′
V =

(

S 0
−T ∗ I(n−m)

)

ΨV (6)

expresses admissible boundary conditions. This statement holds true for any numbering

of the edges.

(ii) For any vertex coupling there exist a number m ≤ n and a numbering of edges such that

the coupling is described by the boundary conditions (6) with the uniquely given matrices

T ∈ C
m,n−m and self-adjoint S ∈ C

m,m.

(iii) Consider a quantum graph vertex of the degree n with the numbering of the edges explicitly

given; then there is a permutationΠ ∈ S n such that the boundary conditions may be written

in the modified form
(

I(m) T

0 0

)

Ψ̃
′
V =

(

S 0
−T ∗ I(n−m)

)

Ψ̃V (7)

for

Ψ̃V =

























ψΠ(1)(0)
...

ψΠ(n)(0)

























, Ψ̃
′
V =



























ψ′
Π(1)(0)
...

ψ′
Π(n)(0)



























,

where the self-adjoint matrix S ∈ C
m,m and the matrix T ∈ C

m,n−m depend unambigu-

ously on Π. This formulation of boundary conditions is in general not unique, since there

may be different admissible permutations Π, but one can make it unique by choosing the

lexicographically smallest permutation Π.

Proof. The claim (iii) is an immediate consequence of (ii) using a simultaneous permutation of
elements in the vectors ΨV and Ψ′

V
, so we have to prove the first two. As for (i), we have to show

that the vertex coupling (1) with matrices

A =

(

−S 0
T ∗ −I(n−m)

)

and B =

(

I(n) T

0 0

)

,

conform with (2). We have

rank

(

−S 0 I(m) T

T ∗ −I(n−m) 0 0

)

= rank

(

I(m) 0 −S T

0 −I(n−m) T ∗ 0

)

= n
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and
(

−S 0
T ∗ −I(n−m)

)

·
(

I(n) T

0 0

)∗
=

(

−S 0
0 0

)

;

the latter matrix is self-adjoint since S = S ∗, thus (2) is satisfied.
Now we proceed to (ii). Consider a quantum graph vertex of the degree n with an arbitrary

fixed vertex coupling. Let ΨV and Ψ′
V
denote the vectors of values and derivatives of the wave

function components at the edge ends; the order of the components is arbitrary but fixed and the
same for both vectors. We know that the coupling can be described by boundary conditions (1)
with some A, B ∈ C

n,n satisfying (2). Our aim is to find a number m ≤ n, a certain numbering
of the edges and matrices S and T such that the boundary conditions (1) are equivalent to (6).
Moreover, we have to show that such a number m is the only possible and that S ,T depend
uniquely on the edge numbering.

When proceeding from (1) to (6), we may use exclusively manipulations that do not affect
the meaning of the coupling, namely

• simultaneous permutation of columns of the matrices A, B combined with corresponding
simultaneous permutation of components in ΨV and Ψ′

V
,

• multiplying the system from left by a regular matrix.

We see from (6) that m is equal to the rank of the matrix applied at Ψ′
V
. We observe that the

rank of this matrix, as well as of that applied at ΨV , is not influences by any of the manipulations
mentioned above, hence it is obvious thatm = rank(B) and that such a choice is the only possible,
i.e. m is unique.

Since rank(B) = mwithm ∈ {0, . . . , n}, there is anm-tuple of linearly independent columns of
the matrix B; suppose that their indices are j1, . . . , jm. We permute simultaneously the columns
of B and A so that those with indices j1, . . . , jm are now at the positions 1, . . . ,m, and the same
we do with the components of the vectors ΨV , Ψ′

V
. Labelling the permuted matrices A, B and

vectors ΨV , Ψ′
V
with tildes, we get

ÃΨ̃V + B̃Ψ̃′
V = 0 . (8)

Since rank(B̃) = rank(B) = m, there are m rows of B̃ that are linearly independent, let their
indices be i1, . . . , im, and n −m rows that are linear combinations of the preceding ones. First we
permute the rows in (8) so that those with indices i1, . . . , im are put to the positions 1, . . . ,m; note
that it corresponds to a matrix multiplication of the whole system (8) by a permutation matrix
(which is regular) from the left, i.e. an authorized manipulation. In this way we pass from Ã

and B̃ to matrices which we denote as Ǎ and B̌; it is obvious that this operation keeps the first m
columns of the matrix B̌ linearly independent.

In the next step we add to each of the last n − m rows of ǍΨ̃(0) + B̌Ψ̃′(0) = 0 such a linear
combination of the first m rows that all the last n −m rows of B̌ vanish. This is possible, because
the last n − m lines of B̌ are linearly dependent on the first m lines. It is easy to see that it
is an authorized operation, not changing the meaning of the boundary conditions; the resulting
matrices at the LHS will be denoted as B̂ and Â, i.e.

ÂΨ̃V + B̂Ψ̃′
V = 0 . (9)

From the construction described above we know that the matrix B̂ has a block form,

B̂ =

(

B̂11 B̂12

0 0

)

,

6



where B̂11 ∈ C
m,m and B̂12 ∈ C

m,n−m; the square matrix B̂11 ∈ C
m,m is regular, because its

columns are linearly independent. We proceed by multiplying the system (9) from the left by the
matrix

(

B̂−1
11 0
0 I(n−m)

)

,

arriving at boundary conditions
(

A11 A12

A21 A22

)

Ψ̃V +

(

I(m) B12

0 0

)

Ψ̃
′
V = 0 , (10)

where B12 = B̂−1
11 B̂12.

Boundary conditions (10) are equivalent to (1), therefore they have to be admissible. In other

words, the matrices

(

A11 A12

A21 A22

)

and

(

I(m) B12

0 0

)

have to satisfy both the conditions (2),

which we are now going to verify. Let us begin with the second one. We have
(

A11 A12

A21 A22

)

·
(

I(m) 0
B∗

12 0

)

=

(

A11 +A12B∗
12 0

A21 +A22B∗
12 0

)

and this matrix is self-adjoint if and only ifA11 +A12B∗
12 is self adjoint andA21 +A22B∗

12 = 0.
We infer thatA21 = −A22B∗

12, hence condition (10) acquires the form

(

A11 A12

−A22B∗
12 A22

)

Ψ̃V +

(

I(m) B12

0 0

)

Ψ̃
′
V = 0 . (11)

The first one of the conditions (2) says that

rank

(

A11 A12 I(m) B12

−A22B∗
12 A22 0 0

)

= n ,

hence rank
(

−A22B∗
12|A22

)

= n − m. Since
(

−A22B∗
12|A22

)

= −A22 ·
(

B∗
12|I(n−m)

)

we obtain the
condition rank(A22) = n − m, i.e. A22 must be a regular matrix. It allows us to multiply the
equation (11) from the left by the matrix

(

I(m) −A12A−1
22

0 −A−1
22

)

,

which is obviously well-defined and regular; this operation leads to the condition
(

A11 +A12B∗
12 0

B∗
12 −I(n−m)

)

Ψ̃V +

(

I(m) B12

0 0

)

Ψ̃
′
V = 0 .

If follows from our previous considerations that the square matrixA11 +A12B∗
12 is self-adjoint.

If we denote it as −S , rename the block B12 as T and transfer the term containing Ψ̃′
V
to the right

hand side, we arrive at boundary conditions
(

I(m) T

0 0

)

Ψ̃
′
V =

(

S 0
−T ∗ I(n−m)

)

Ψ̃V . (12)
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The order of components in Ψ̃V and Ψ̃
′
V
determines just the appropriate numbering, in other

words, the vectors Ψ̃V and Ψ̃′
V
represent exactly what we understood by ΨV and Ψ′

V
in the for-

mulation of the theorem.
Finally, the uniqueness of the matrices S and T with respect to the choice of the permutation

Π is a consequence of the presence of the blocks I(m) and I(n−m). First of all, the block I(n−m)

implies that there is only one possible T , otherwise the conditions for ψ̃′
m+1, . . . , ψ̃

′
n would change,

and next, the block I(m) together with the uniqueness of T implies that there is only one possible
S , otherwise the conditions for ψ̃1, . . . , ψ̃m would change.

Remark 2.2. The expression (7) implies, in particular, that if B has not full rank, the number of
real numbers parametrizing the vertex coupling (1) is reduced from n2 to at most m(2n − m) =
n2 − (n − m)2, where m = rank(B). Another reduction can come from a lower rank of the matrix
A.

Remark 2.3. The procedure of permuting columns and applying linear transformations to the
rows of the system (1) has been done with respect to the matrix B, but one can start by same
right from the matrix A as well. In this way we would obtain similar boundary conditions as (6),
only the vectors ΨV and Ψ′

V
would be interchanged. Theorem 2.1 can be thus formulated with

Equation (6) replaced by
(

I(m) T

0 0

)

ΨV =

(

S 0
−T ∗ I(n−m)

)

Ψ
′
V .

For completeness’ sake we add that another possible forms of Equation (6) in Theorem 2.1 are
(

S 0
−T ∗ I(n−m)

)

ΨV +

(

I(m) T

0 0

)

Ψ
′
V = 0

and
(

I(m) T

0 0

)

ΨV +

(

S 0
−T ∗ I(n−m)

)

Ψ
′
V = 0 ;

having the standardized form AΨV + BΨ′
V
= 0, last two formulations may be sometimes more

convenient than (6).
Obviously, an analogous remark can be made for Equation (7).

Remark 2.4. A formulation of boundary conditions with a matrix structure singling out the
regular part as in (7) has been derived in a different way by P. Kuchment [Ku04]. Recall that
in the setting analogous to ours he stated existence of an orthogonal projector P in C

n with the
complementary projector Q = Id−P and a self-adjoint operator L in QC

n such that the boundary
conditions may be written in the form

PΨV = 0
QΨ′

V
+ LQΨV = 0 .

(13)

Let us briefly explain how P. Kuchment’s form differs from (7). When transformed into a matrix
form, (13) consists of two groups of n linearly dependent equations. If we then naturally extract
a single group of n linearly indepent ones, we arrive at a condition with a structure similar to
(11), i. e. the upper right submatrix standing at Ψ′

V
is generally a nonzero matrix m × (n − m).

In other words, whilst P. Kuchment aimed to decompose the boundary conditions with respect to
8



two complementary orthogonal projectors, our aim was to obtain a unique matrix form with as
many vanishing terms as possible; the form (6) turned out to have a highly suitable structure for
solving the problem of approximations that we are going to analyze in the rest of the paper.

To conclude this introductory section, let us summarize main advantages and disadvantages
of the conditions (6) and (7). They are unique and exhibit a simple and clear correspondence
between the parameters of the coupling and the entries of matrices in (6), furthermore, the matri-
ces in (6) are relatively sparse. On the negative side, the structure of matrices in (6) depends on
rank(B) and the vertex numbering is not fully permutable.

3. The approximation arrangement

We have argued above that due to a local character one can consider a single-vertex situation,
i.e. star graph, when asking about the meaning of the vertex coupling. In this section we consider
such a quantum graph with general matching conditions and show that the singular coupling may
be understood as a limit case of certain family of graphs constructed only from edges connected
by δ-couplings, δ-interactions, and supporting constant vector potentials.

Following the above discussion, one may consider the boundary conditions of the form (6),
renaming the edges if necessary. It turns out that for notational purposes it is advantageous to
adopt the following convention on a shift of the column indices of T :

Convention 3.1. The lines of the matrix T are indexed from 1 to m, the columns are indexed

from m + 1 to n.

Now we can proceed to the description of our approximating model. Consider a star graph
with n outgoing edges coupled in a general way given by the condition (7). The approximation
in question looks as follows (cf. Fig.1):

• We take n halflines, each parametrized by x ∈ [0,+∞), with the endpoints denoted as V j,
and put a δ-coupling (to the edges specified below) with the parameter v j(d) at the point
V j for all j ∈ n̂.

• Certain pairs V j,Vk of halfline endpoints will be joined by edges of the length 2d, and
the center of each such joining segment will be denoted as W{ j,k}. For each pair { j, k}, the
points V j and Vk, j , k, are joined if one of the following three conditions is satisfied (keep
in mind Convention 3.1):

(1) j ∈ m̂, k ≥ m + 1, and T jk , 0 (or j ≥ m + 1, k ∈ m̂, and Tk j , 0),

(2) j, k ∈ m̂ and (∃l ≥ m + 1)(T jl , 0 ∧ Tkl , 0),

(3) j, k ∈ m̂, S jk , 0, and the previous condition is not satisfied.

• At each point W{ j,k} we place a δ interaction with a parameter w{ j,k}(d). From now on we
use the following convention: the connecting edges of the length 2d are considered as
composed of two line segments of the length d, on each of them the variable runs from 0
(corresponding to the point W{ j,k}) to d (corresponding to the point V j or Vk).

• On each connecting segment described above we put a vector potential which is constant
on the whole line between the points V j and Vk. We denote the potential strength between
the points W{ j,k} and V j as A( j,k)(d), and between the points W{ j,k} and Vk as A(k, j)(d). It
follows from the continuity that A(k, j)(d) = −A( j,k)(d) for any pair { j, k}.
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Figure 1: The scheme of the approximation. All inner links are of length 2d. Some connection links may be missing if
the conditions given in the text are not satisfied. The quantities corresponding to the index pair { j, k} are marked, and the
grey line symbolizes the vector potential A( j,k)(d).

The choice of the dependence of v j(d), w{ j,k}(d) and A( j,k)(d) on the parameter d is crucial for the
approximation and will be specified later.

It is useful to introduce the set N j ⊂ n̂ containing indices of all the edges that are joined to
the j-th one by a connecting segment, i.e.

N j ={k ∈ m̂| S jk , 0} ∪ {k ∈ m̂| (∃l ≥ m + 1)(T jl , 0 ∧ Tkl , 0)}
∪ {k ≥ m + 1|T jk , 0} for j ∈ m̂ (14)

N j ={k ∈ m̂|Tk j , 0} for j ≥ m + 1

The definition of N j has these two trivial consequences, namely

k ∈ N j ⇔ j ∈ Nk (15)

j ≥ m + 1⇒ N j ⊂ m̂ (16)

For the wave function components on the edges we use the following symbols:

• the wave function on the j-th half line is denoted by ψ j,

• the wave function on the line connecting points V j and Vk has two components: the one on
the line between W{ j,k} and V j is denoted by ϕ( j,k), the one on the half between the middle
and the endpoint of the k-th half line is denoted by ϕ(k, j). We remind once more the way in
which the variable x of ϕ( j,k) and ϕ(k, j) is considered: it grows from 0 at the point W{ j,k} to
d at the point V j or Vk, respectively.

Next we describe how the δ couplings involved look like; for simplicity we will refrain from in-
dicating in the boundary conditions the dependence of the parameters u, v j, w{ j,k} on the distance
d.

The δ interaction at the edge connecting the j-th and k-th half line (of course, for j, k ∈ n̂

such that k ∈ N j only) is expressed through the conditions

ϕ( j,k)(0) = ϕ(k, j)(0) =: ϕ{ j,k}(0) ,
ϕ′( j,k)(0+) + ϕ

′
(k, j)(0+) = w{ j,k}ϕ{ j,k}(0) , (17)
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the δ coupling at the endpoint of the j-th half line ( j ∈ n̂) means

ψ j(0) = ϕ( j,k)(d) for all k ∈ N j ,

ψ′
j
(0) −∑

k∈N j
ϕ′( j,k)(d) = v jψ j(0) . (18)

Further relations which will help us to find the parameter dependence on d come from Taylor
expansion. Consider first the case without any added potential,

ϕ( j,k)(d) = ϕ{ j,k}(0) + d ϕ′( j,k)(0) + O(d2) ,
ϕ′( j,k)(d) = ϕ′( j,k)(0) + O(d) , j, k ∈ n̂ .

(19)

To take the effect of added vector potentials into account, the following lemma will prove
useful:

Lemma 3.2. Let us consider a line parametrized by the variable x ∈ (0, L), L ∈ (0,+∞)∪ {+∞},
and let H denote a Hamiltonian of a particle on this line interacting with a potential V,

H = − d2

dx2
+ V , (20)

sufficiently regular to make H self-adjoint. We denote by ψs,t the solution of Hψ = k2ψ with the

boundary values ψs,t(0) = s, ψs,t′(0) = t. Consider the same system with a vector potential A

added, again sufficiently regular; the Hamiltonian is consequently given by

HA =

(

−i d
dx

− A

)2

+ V . (21)

Let ψs,t
A
denote the solution of HAψ = k2ψ with the same boundary values as before, i.e. ψs,t

A
(0) =

s, ψs,t
A

′
(0) = t. Then the function ψs,t

A
can be expressed as

ψs,t
A
(x) = ei

∫ x

0
A(z)dz · ψs,t(x) for all x ∈ (0, L) .

Proof. The aim is to prove that

−ψs,t′′
+ Vψs,t

= k2ψs,t ∧ ψs,t(0) = s ∧ ψs,t′(0) = t

implies
(

−i d
dx

− A

)2
(

ei
∫ x

0
A(z)dz · ψs,t

)

+ V · ei
∫ x

0
A(z)dz · ψs,t

= k2ei
∫ x

0
A(z)dz · ψs,t

and ψs,t
A
(0) = s, ψs,t

A

′
(0) = t. The last part is obvious, since the exponential factor involved is equal

to one, hence it suffices to prove the displayed relation. It is straightforward that the Hamiltonian
HA acts generally as

HA = −
d2

dx2
+ 2iA

d
dx

+ iA′ + A2
+ V .

We substitute ei
∫ x

0
A(z)dz · ψs,t for ψ, obtaining

[

HA

(

ei
∫ x

0
A(z)dz · ψs,t

)]

(x) = − d2

dx2
(

ei
∫ x

0
A(z)dz · ψs,t

)

(x)+

+ 2iA(x)
d
dx

(

ei
∫ x

0
A(z)dz · ψs,t

)

(x) +
(

iA′(x) + A(x)2 + V(x)
)

ei
∫ x

0
A(z)dz · ψs,t(x) .
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Now we express the derivatives applying the formula d
dx

∫ x

0
A(z)dz = A(x). Most of the terms

then cancel, it remains only
[

HA

(

ei
∫ x

0
A(z)dz · ψs,t

)]

(x) = ei
∫ x

0
A(z)dz ·

(

−ψs,t′′(x) + V(x) · ψs,t(x)
)

.

Due to the assumption −ψs,t′′
+ Vψs,t

= k2ψs,t, we have
[

HA

(

ei
∫ x

0
A(z)dz · ψs,t

)]

(x) = k2ei
∫ x

0
A(z)dz · ψs,t(x) ,

what we have set out to prove.

The lemma says that adding a vector potential on an edge of a quantum graph has a very
simple effect of changing the phase of the wave function by the value

∫ x

0
A(z)dz. We will work in

this paper with the special case of constant vector potentials on the connecting segments of the
lengths 2d, hence the phase shift will be given here as a product of the value A and the length in
question.

Lemma 3.2 has the following very useful consequence.

Corollary 3.3. Consider a quantum graph vertex with n outgoing edges indexed by 1, . . . , n and
parametrized by x ∈ (0, L j). Suppose that there is a δ coupling with the parameter α at the vertex,

and moreover, that there is a constant vector potential A j on the j-th edge for all j ∈ n̂. Let ψ j

denote the wave function component on the j-the edge. Then the boundary conditions acquire

the form

ψ j(0) = ψk(0) =: ψ(0) for all j, k ∈ n̂ , (22)
n

∑

j=1

ψ′j(0) =

















α + i
n

∑

j=1

A j

















ψ(0) , (23)

where ψ j(0), ψ′j(0), etc., stand for the one-sided (right) limits at x = 0.

In other words the effect of the vector potentials on the boundary conditions corresponding to a
“pure” δ coupling is the following:

• the continuity is not affected,

• the coupling parameter is changed from α to α + i
∑n

j=1 A j.

Proof. Consider first the situation without any vector potentials. If ψ0
j
, j ∈ n̂, denote the wave

function components corresponding to this case, the boundary conditions expressing the δ cou-
pling have the form (4), i.e.

ψ0
j
(0) = ψ0

k
(0) =: ψ0(0) for all j, k ∈ n̂ ,
∑n

j=1 ψ
0
j

′
(0) = αψ0(0) .

(24)

If there are vector potentials on the edges, A j on the j-th edge, one has in view of the previous
lemma, ψ j(x) = eiA jxψ0

j
(x), i.e.

ψ0
j (x) = e−iA jxψ j(x) ,

ψ0
j

′
(x) =

d
dx

(

e−iA jxψ j(x)
)

= e−iA jxψ j
′(x) − iA j · e−iA jxψ j(x) .

12



Thence we express ψ0
j
(0) and ψ0

j

′
(0): they are equal to

ψ0
j (0) = ψ j(0) ,

ψ0
j

′
(0) = ψ j

′(0) − iA jψ j(0) ;

substituting them to (24) we obtain

ψ j(0) = ψk(0) =: ψ(0) for all j, k ∈ n̂ ,
n

∑

j=1

(

ψ′j(0) − iA j · ψ j(0)
)

= αψ(0) .

The first line expresses the continuity of the wavefunction in the vertex supporting the δ coupling
in the same way as in the absence of vector potentials, whereas the second line shows how the
condition for the sum of the derivatives is changed. With the continuity in mind, we may replace
ψ j(0) by ψ(0) obtaining

n
∑

j=1

ψ′j(0) =

















α + i
n

∑

j=1

A j

















ψ(0) ,

which finishes the proof.

Recall that approximating we are constructing supposes that constant vector potentials are
added on the joining edges. If an edge of the length 2d joins the endpoints of the j-th and k-th
half line, there is a constant vector potential of the value A( j,k)(d) on the part of the length d closer
to the j-th half line and a constant vector potential of the value A(k, j)(d) = −A( j,k)(d) on the part
of the length d closer to the k-th half line. With regard to Lemma 3.2, the impact of the added
potentials consists in phase shifts by d · A( j,k)(d) and d · A(k, j)(d). Let us include this effect into
the corresponding equations, i.e. into (19):

ϕ( j,k)(d) = eidA( j,k) (ϕ{ j,k}(0) + d ϕ′( j,k)(0)) + O(d2) ,
ϕ′( j,k)(d) = eidA( j,k)ϕ′( j,k)(0) + O(d) , j, k ∈ n̂ .

(25)

The system of equations (17), (18), and (25) describes the relations between values of wave
functions and their derivatives at all the vertices. Next we will eliminate the terms with the
“auxiliary” functions ϕ{ j,k} and express the relations between 2n terms ψ j(0), ψ′j(0), j ∈ n̂.

We begin with the first one of the relations (25) together with the continuity requirement (18),
which yields

d ϕ′( j,k)(0) = e−idA( j,k)ψ j(0) − ϕ{ j,k}(0) + O(d2) . (26)

The same relation holds with j replaced by k, summing them together and using the second of
the relations (17) we get

(

2 + d w{ j,k}
)

ϕ{ j,k}(0) = e−idA( j,k)ψ j(0) + e−idA(k, j)ψk(0) + O(d2) .

We express ϕ{ j,k}(0) from here and substitute into the first of the equations (25); using at the same
time the first relation of (18) we get

ψ j(0) = eidA( j,k) ·
(

e−idA( j,k)ψ j(0) + e−idA(k, j)ψk(0) + O(d2)
2 + d · w{ j,k}

+ d ϕ′( j,k)(0)

)

+ O(d2) ,
13



and considering the second of the equations (25), we have

ψ j(0) =
ψ j(0) + eid(A( j,k)−A(k, j))ψk(0) + O(d2)

2 + d · w{ j,k}
+ d ϕ′( j,k)(d) + O(d2) .

Since the values of vector potentials are supposed to have the “antisymmetry” property, A(k, j)(d) =
−A( j,k)(d), we may simplify the above equation to

ψ j(0) =
ψ j(0) + e2idA( j,k)ψk(0) + O(d2)

2 + d · w{ j,k}
+ d ϕ′( j,k)(d) + O(d2) . (27)

Summing the last equation over k ∈ N j yields

#N j · ψ j(0) = ψ j(0) ·
∑

k∈N j

1
2 + d · w{ j,k}

+

∑

k∈N j

e2idA( j,k)ψk(0)
2 + d · w{ j,k}

+ d ·
∑

k∈N j

ϕ′( j,k)(d)+

+

∑

k∈N j

O(d2)
2 + d · w{ j,k}

+ O(d2)

(#N j denotes the cardinality of N j), and with the help of the second of the relations (18) we arrive
at the final expression,

dψ′j(0) =



















dv j + #N j −
∑

k∈N j

1
2 + d · w{ j,k}



















ψ j(0) −
∑

k∈N j

eid(A( j,k)−A(k, j))ψk(0)
2 + d · w{ j,k}

+

∑

k∈N j

O(d2)
2 + d · w{ j,k}

+ O(d2) . (28)

Our objective is to choose v j(d), w{ j,k}(d) and A( j,k)(d) in such a way that in the limit d → 0
the system of relations (28) with j ∈ n̂ tends to the system of n boundary conditions (7). The
lines of (7) are of two types, let us recall:

ψ′j(0) +
n

∑

l=m+1

T jlψ
′
l(0) =

m
∑

k=1

S jkψk(0) j ∈ m̂ (29)

0 = −
m

∑

k=1

Tk jψk(0) + ψ j(0) j = m + 1, . . . , n . (30)

We point out here with reference to (14) that these relations may be written also with the sum-
mation indices running through the restricted sets, namely

ψ′j(0) +
∑

l∈N j\m̂
T jlψ

′
l(0) =

m
∑

k=1

S jkψk(0) j ∈ m̂ (31)

0 = −
∑

k∈N j

Tk jψk(0) + ψ j(0) j = m + 1, . . . , n , (32)

since for any pair j ∈ m̂, l ∈ {m + 1, · · · , n} the implication T jl , 0 ⇒ l ∈ N j holds, see also
Eqs. (15), (16).
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When looking for a suitable dependence of v j(d), w{ j,k}(d) and A( j,k)(d) on d, we start with
Eq. (28) in the case when j ≥ m+ 1. Our aim is to find conditions under which (28) tends to (32)
as d → 0. It is obvious that the sufficient conditions are

lim
d→0



















dv j + #N j −
∑

k∈N j

1
2 + d · w{ j,k}



















∈ R\{0} , (33)

lim
d→0

1
2 + d · w{ j,k}

∈ R\{0} ∀k ∈ N j , (34)

e2idA( j,k)
2+d·w{ j,k}

dv j + #N j −
∑

h∈N j

1
2+d·w{ j,h}

= Tk j ∀k ∈ N j . (35)

Now we proceed to the case j ∈ m̂. Our approach is based on substitution of (28) into the
left-hand side of (31) and a subsequent comparison of the right-hand sides. The substitution is
straightforward,

ψ′j(0) +
∑

l∈N j\m̂
T jl · ψ′l(0) =



















v j +
#N j

d
− 1
d

∑

h∈N j

1
2 + d · w{ j,h}



















ψ j(0) −
1
d

∑

k∈N j

e2idA( j,k)ψk(0)
2 + d · w{ j,k}

+

∑

l∈N j\m̂
T jl

































vl +
#Nl

d
− 1
d

∑

h∈Nl

1
2 + d · w{l,h}

















ψl(0) −
1
d

∑

k∈Nl

e2idA(l,k)ψk(0)
2 + d · w{l,k}

















+ O(d) +
∑

k∈N j

O(d)
2 + d · w{ j,k}

+

n
∑

l=m+1

T jl

















O(d) +
∑

h∈Nl

O(d)
2 + d · w{l,h}

















, (36)

then we apply two identities, which can be easily proven, namely

(i)
∑

k∈N j

e2idA( j,k)ψk(0)
2 + d · w{ j,k}

=

∑

k∈N j∩m̂

e2idA( j,k)ψk(0)
2 + d · w{ j,k}

+

∑

l∈N j\m̂

e2idA( j,l)ψl(0)
2 + d · w{ j,l}

,

(ii)
∑

l∈N j\m̂
T jl

∑

k∈Nl

e2idA(l,k)ψk(0)
2 + d · w{l,k}

=



















∑

l∈N j\m̂
T jl

e2idA(l, j)

2 + d · w{l, j}



















ψ j(0) +
∑

k∈N j∩m̂

















∑

l∈Nk\m̂
T jl

e2idA(l,k)

2 + d · w{l,k}

















ψk(0)
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and obtain

ψ′j(0) +
∑

l∈N j\m̂
T jl · ψ′l(0)

=



















v j +
#N j

d
− 1
d

∑

h∈N j

1
2 + d · w{ j,h}

− 1
d

∑

l∈N j\m̂
T jl

e2idA(l, j)

2 + d · w{l, j}



















ψ j(0)

− 1
d

∑

k∈N j∩m̂

















e2idA( j,k)

2 + d · w{ j,k}
+

∑

l∈Nk\m̂
T jl

e2idA(l,k)

2 + d · w{l,k}

















ψk(0)

+

∑

l∈N j\m̂

















−1
d
· e2idA( j,l)

2 + d · w{ j,l}
+ T jl

















vl +
#Nl

d
− 1
d

∑

h∈Nl

1
2 + d · w{l,h}

































ψl(0)

+ O(d) +
∑

k∈N j

O(d)
2 + d · w{ j,k}

+

∑

k∈N j∩m̂

∑

l∈Nk∩N j\m̂

O(d)
2 + d · w{l,k}

. (37)

As we have announced above, the goal is to determine terms v j(d), w{ j,k}(d) and A( j,k)(d) such
that if d → 0, the right-hand side of (37) tends to the eight-hand side of (31) for all j ∈ m̂. We
observe that this will be the case provided

v j +
#N j

d
− 1
d

∑

h∈N j

1
2 + d · w{ j,h}

− 1
d

∑

l∈N j

T jl

e2idA(l, j)

2 + d · w{l, j}
= S j j , (38)

−1
d

e2idA( j,k)

2 + d · w{ j,k}
− 1
d

∑

l∈Nk\m̂
T jl

e2idA(l,k)

2 + d · w{l,k}
= S jk ∀k ∈ N j ∩ m̂ , (39)

−1
d

e2idA( j,l)

2 + d · w{ j,l}
+ T jl

















vl +
#Nl

d
− 1
d

∑

h∈Nl

1
2 + d · w{l,h}

















= 0 ∀l ∈ N j\m̂ , (40)

lim
d→0

1
2 + d · w{ j,k}

∈ R ∀k ∈ N j , (41)

lim
d→0

1
2 + d · w{l,k}

∈ R ∀k ∈ N j ∩ m̂, l ∈ Nk ∩ N j\m̂ . (42)

It is easy to see that the set of equations (40) for j ∈ m̂, l ∈ N j\m̂ is equivalent to the set (35) for
j ≥ m + 1, k ∈ N j. Similarly, Eq. (42) for j ∈ m̂, k ∈ N j ∩ m̂, l ∈ Nk ∩ N j\m̂ is a weaker set of
conditions than (34) with j ≥ m + 1, k ∈ N j. Finally, Eq. (41) reduces for k ∈ N j\m̂ to (34), thus
it suffices to consider (41) with k ∈ N j ∩ m̂.

The procedure of determination of v j(d), w{ j,k}(d) and A( j,k)(d) will proceed in three steps,
at the end we add the fourth step involving the verification of the limit conditions (33), (34),
and (41) restricted to k ∈ N j ∩ m̂.

Step I. We use Eq. (40) to find an expression for w{ j,l}(d) and A( j,l)(d) when j ∈ m̂ and l ∈ N j\m̂.
We begin with rearranging Eq. (35) into the form

1
2 + d · w{ j,l}

= e−2idA( j,l) · T jl

















dvl + #Nl −
∑

h∈Nl

1
2 + d · w{l,h}

















∀l ∈ N j\m̂ . (43)
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Since all the terms except e−2idA( j,l) and T jl are real, we can obtain immediately a condition for
A( j,l): We put

e2idA( j,l) =















T jl/‖T jl‖ if Re T jl ≥ 0 ,

−T jl/‖T jl‖ if Re T jl < 0 ;

it is easy to see that such a choice ensures that the expression e−2idA( j,l) · T jl is always real. The
vector potential strength may be then chosen as follows,

A( j,l)(d) =















1
2d arg T jl if Re T jl ≥ 0 ,

1
2d

(

arg T jl − π
)

if Re T jl < 0
(44)

for all j ∈ m̂, l ∈ N j\m̂. We remark that this choice is obviously not the only one possible.
Note that in this situation, namely if j ∈ m̂ and l ∈ N j\m̂, the potentials do not depend on d.
Taking (44) into account, Eq. (43) simplifies to

1
2 + d · w{ j,l}

= 〈T jl〉 ·
















dvl + #Nl −
∑

h∈Nl

1
2 + d · w{l,h}

















∀l ≥ m + 1, j ∈ Nl ; (45)

note that j ∈ m̂∧ l ∈ N j\m̂⇔ l ≥ m+1∧ j ∈ Nl. The symbol 〈·〉 here has the following meaning:
if c ∈ C, then

〈c〉 =
{

|c| if Re c ≥ 0 ,
−|c| if Re c < 0 .

Summing (45) over j ∈ Nl we get

∑

j∈Nl

1
2 + d · w{ j,l}

=

∑

j∈Nl

〈T jl〉 ·
















dvl + #Nl −
∑

h∈Nl

1
2 + d · w{l,h}

















,

i.e.
















1 +
∑

h∈Nl

〈Thl〉
















∑

j∈Nl

1
2 + d · w{ j,l}

=

∑

j∈Nl

〈T jl〉 · (dvl + #Nl) .

We have to distinguish here two situations:
(i) If 1 +

∑

h∈Nl
〈Thl〉 , 0, one obtains

∑

h∈Nl

1
2 + d · w{l,h}

=

∑

h∈Nl
〈Thl〉

1 +
∑

h∈Nl
〈Thl〉

· (dvl + #Nl) ,

and the substitution of the left-hand side into the right-hand side of (45) leads to the formula for
1/(2 + d · w{ j,l}), namely

1
2 + d · w{ j,l}

= 〈T jl〉 ·
dvl + #Nl

1 +
∑

h∈Nl
〈Thl〉

∀ j ∈ m̂, l ∈ N j\m̂ .

We observe that the sum in the denominator may be computed over the whole set m̂ as well, since
h < Nl ⇒ Thl = 0, which slightly simplifies the formula,

1
2 + d · w{ j,l}

= 〈T jl〉 ·
dvl + #Nl

1 +
∑m

h=1〈Thl〉
∀ j ∈ m̂, l ∈ N j\m̂ .

17



From here one can easily express w{ j,l}, if vl is known. However, it turns out that vl(d), l ≥ m + 1
can be chosen almost arbitrarily, the only requirements are to keep the expression dvl + #Nl

nonzero and to satisfy (33), (34) and (41). The simplest choice possible is to define vl by the
expression

dvl + #Nl

1 +
∑m

h=1〈Thl〉
= 1 ,

which simplifies the expressions for other parameters. Here we obtain already expressions for vl
and w{ j,l} if l ≥ m + 1, viz

vl(d) =
1 − #Nl +

∑m
h=1〈Thl〉

d
∀l ≥ m + 1 , (46)

w{ j,l}(d) =
1
d

(

−2 + 1
〈T jl〉

)

∀ j ∈ m̂, l ∈ N j\m̂ . (47)

(ii) If 1 +
∑

h∈Nl
〈Thl〉 = 0, it holds necessarily dvl + #Nl = 0, and consequently, vl = − #Nl

d
. Note

that this equation may be obtained from Eq. (46) by putting formally 1 +
∑m

h=1〈Thl〉 = 0. It is
easy to check that w{ j,l} given by Eq. (47) satisfies (43) in the case 1 +

∑

h∈Nl
〈Thl〉 = 0 as well.

Summing these facts up, we conclude that Eqs. (46), (47) hold universally regardless whether
1 +

∑

h∈Nl
〈Thl〉 equals zero or not.

We would like to stress that the freedom in the choice of vl(d) is a consequence of the fact
mentioned in Remark 2.2, namely that the number of parameters of a vertex coupling decreases
with the decreasing value of rank(B).

Step II. Equation (39) together with the results of Step I will be used to determine w{ j,k}(d) and
A( j,k)(d) in the case when j ∈ m̂ and k ∈ N j ∩ m̂. From (39) we have

− e2idA( j,k)

2 + d · w{ j,k}
= d · S jk +

∑

l∈Nk\m̂
T jl

e2idA(l,k)

2 + d · w{l,k}
;

the pairs (l, k) appearing in the sum are of the type examined in Step I, i.e. k ∈ m̂, l ∈ Nk\m̂).
Thus one may substitute from (46) and (47) to obtain

− e2idA( j,k)

2 + d · w{ j,k}
= d · S jk +

∑

l∈Nk\m̂
T jlTkl .

We observe that the summation index may run through the whole set n̂\m̂, because l ≥ m+1∧ l <
Nk ⇒ Tkl = 0. This allows one to obtain a more elegant formula. In a similar way as above, we
find the expression for A( j,k),

A( j,k)(d) =
1
2d

arg















d · S jk +

n
∑

l=m+1

T jlTkl















for Re















d · S jk +

n
∑

l=m+1

T jlTkl















≥ 0 (48a)

and

A( j,k)(d) =
1
2d















arg















d · S jk +

n
∑

l=m+1

T jlTkl















− π














for Re















d · S jk +

n
∑

l=m+1

T jlTkl















< 0 , (48b)

18



and for S jk,
1

2 + d · w{ j,k}
= −

〈

d · S jk +

n
∑

l=m+1

T jlTkl

〉

. (49)

Step III. Substitution of the results of Steps I and II into Eq. (38) provides an expression for v j(d)
in the case when j ∈ m̂. A simple calculation gives

v j(d) = S j j −
#N j

d
−

m
∑

k=1

〈

S jk +
1
d

n
∑

l=m+1

T jlTkl

〉

+
1
d

n
∑

l=m+1

(1 + 〈T jl〉)〈T jl〉 . (50)

Since S is a self-adjoint matrix, the term S j j is real, thus the whole right-hand side is a real
expression.

Step IV. Finally, we verify conditions (33), (34), and (41), the last one being restricted to k ∈
N j ∩ m̂. This step consists in trivial substitutions:

(33) : lim
d→0



















dv j + #N j −
∑

k∈N j

1
2 + d · w{ j,k}



















= lim
d→0

1 = 1 ∈ R\{0} ∀ j ≥ m + 1 ,

(34) : lim
d→0

1
2 + d · w{ j,k}

= lim
d→0

〈Tk j〉 = 〈Tk j〉 ∈ R\{0} ∀ j ≥ m + 1, k ∈ N j ,

(41) : lim
d→0

1
2 + d · w{ j,k}

= − lim
d→0

〈

d · S jk +

n
∑

l=m+1

T jlTkl

〉

=

〈 n
∑

l=m+1

T jlTkl

〉

∈ R

∀ j ∈ m̂, k ∈ N j ∩ m̂ .

4. The norm-resolvent convergence

In the previous section we have shown that any vertex coupling in the center point of a star
graph may be regarded as a limit of a certain family of graphs supporting nothing but δ couplings,
δ interactions and constant vector potentials. The parameter values of all the δ’s and vector
potentials have been derived using a method devised originally in [CS98, SMMC99] for the case
of a generalized point interaction on the line. The aim of this section is to give a clear meaning to
this convergence. Specifically, we are going to show that the Hamiltonian of the approximating
system converges to the Hamiltonian of the approximated system in the norm-resolvent sense,
with the natural consequences for the convergence of eigenvalues, eigenfunctions, etc.

We denote the Hamiltonian of the star graph Γ with the coupling (6) at the vertex as HAd

(referring to the approximated system), and H
Ag
d

will stand for the approximating family of

graphs that has been constructed in the previous section. Symbols RAd(k2) and R
Ag
d
(k2) will then

denote the resolvents of HAd and H
Ag
d

at the points k2 from the resolvent set. Needless to say,
the operators act on different spaces: RAd(k2) on L2(G), whereG = (R+)n corresponds to the star
graph Γ, and RAg

d
(k2) on L2(Gd), where

Gd = (R+)n ⊕ (0, d)
∑n

j=1 N j . (51)

Our goal is to compare these resolvents. In order to do that, we need to identify RAd(k2) with the
orthogonal sum

RAd
d (k2) = RAd(k2) ⊕ 0 , (52)
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where 0 is a zero operator acting on the space L2
(

(0, d)
∑n

j=1 N j

)

which is removed in the limit.

Then both the operators RAd
d
(k2) and R

Ag
d
(k2) are defined as acting on functions from the set Gd

which are vector functions with n +
∑n

j=1 N j components; we will index the components by the
set

I = n̂ ∪ { (l, h)| l ∈ n̂, h ∈ Nl} . (53)

In this setting we are able to state now the main theorem of this section and the whole paper.

Theorem 4.1. Let v j, j ∈ n̂, , w{ j,k} j ∈ n̂, k ∈ N j and A( j,k)(d) depend on d according to (50),
(46), (49), (47), (48) and (44), respectively. Then the family HAg(d) converges to HAd

d
in the

norm-resolvent sense as d → 0+.

Proof. We have to compare the resolvents RAd
d
(k2) and RAg

d
(k2). It is obviously sufficient to check

the convergence in the Hilbert-Schmidt norm,
∥

∥

∥

∥

R
Ag
d
(k2) − RAd

d (k2)
∥

∥

∥

∥

2
→ 0+ as d −→ 0+ ,

in other words, to show that the difference of the corresponding resolvent kernels denoted as
GAg,d

k
and GAd,d

k
, respectively, tends to zero in L2(Gd ⊕Gd). Recall that these kernels, or Green’s

functions, are in our case matrix functions with
(

n +
∑n

j=1 N j

)

×
(

n +
∑n

j=1 N j

)

entries. We will
index the entries by pairs of indices taken from the set I (cf. (53)).

The proof is divided into three parts. In the first and the second part we will derive the
resolvent kernels GAg,d

k
and GAd,d

k
, respectively, in the last part we compare them and demonstrate

the norm-resolvent convergence.

I. Resolvent of the approximated Hamiltonian

Let us construct first GAd
k

for the star-graph Hamiltonian with the condition (1) at the vertex. We
begin with n independent halflines with Dirichlet condition at its endpoints; Green’s function for
each of them is well-known to be

Giκ(x, y) =
sinh κx< e−κx>

κ
,

where x< := min{x, y}, x> := max{x, y}, and we put iκ = k assuming conventionally Re κ > 0.
The sought Green’s function is then given by Krein’s formula [AGHH05, App. A],

RAd(k2) = RHl(k2) +
n

∑

j,l=1

λ jl(k
2)

(

φl
(

k2
)

, ·
)

L2((R+)n)
φ j(k

2) , (54)

where RHl(k2) acts on each half line as an integral operator with the kernel Giκ, and for φ j(k2)
one can choose any elements of the deficiency subspaces of the largest common restriction; we
will work with

(

φ j(k2)(~x)
)

l
= δ jle−κx j where the symbol ~x stands here for the vector (x1, . . . , xn) ∈

(R+)n. Then we have

RAd(k2)

























ψ1
...

ψn

















































x1
...

xn

























=





























∫

+∞
0

Giκ(x1, y1)ψ1(y1)dy1
...

∫

+∞
0

Giκ(xn, yn)ψn(yn)dyn





























+

n
∑

j,l=1

λ jl(k
2)

(

e−κ̄yl , ψl(yl)
)

L2(R+)



















































0
...

e−κx j
...

0



















































,
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which should be satisfied for any (ψ1, . . . , ψn)
T ∈

⊕n

j=1 L
2(R+). We observe that for all j ∈ n̂,

the j-th component on the right hand side depends only on the variable x j. That is why one can
consider the components as functions of one variable; we denote them as g j(x j), j ∈ n̂, in other
words,

RAd(k2)

























ψ1
...

ψn

















































x1
...

xn

























=:

























g1(x1)
...

gn(xn)

























.

The functions g j are therefore given explicitly by

g j(x j) =
∫

+∞

0
Giκ(x j, y)ψ j(y)dy +

n
∑

l=1

λ jl(k
2)

∫

+∞

0
e−κyψl(y)dy · e−κx j .

Since the resolvent maps the whole Hilbert space into the domain of the operator, these functions
have to satisfy the boundary conditions at the vertex,

n
∑

h=1

A jhgh(0) +
n

∑

h=1

B jhg
′
h(0) = 0 for all j ∈ n̂ , (55)

where

A =

(

S 0
−T ∗ I(n−m)

)

, −B =

(

I(m) T

0 0

)

.

Using the explicit form of Giκ(xh, y) and the equality
∂Gκ(xh,y)
∂xh

∣

∣

∣

∣

xh=0
= e−κy, we find

gh(0) =
n

∑

l=1

λhl(k
2)

∫

+∞

0
e−κyψl(y)dy

and

g′h(0) =
∫

+∞

0
e−κyψh(y)dy − κ

n
∑

l=1

λhl(k
2)

∫

+∞

0
e−κyψl(y)dy .

Substituting from these two relations into (55) we get a system of equations,

n
∑

l=1

∫

+∞

0















n
∑

h=1

A jhλhl(k
2) + B jl − κ

n
∑

h=1

B jhλhl(k
2)















e−κyψl(y)dy = 0

with j ∈ n̂. We require that the left-hand side vanishes for any ψ1, ψ2, . . . , ψn; this yields the
condition AΛ+ B− κBΛ = 0. From here it is easy to find the matrix Λ(k2): we have (A− κB)Λ =

−B, and therefore
Λ(k2) = (A − κB)−1(−B) .

Substituting the explicit forms of A and −B into the expression for Λ, we obtain

Λ(k2) =

(

S + κI(m) κT

−T ∗ I(n−m)

)−1 (

I(m) T

0 0

)

,

or explicitly

Λ(k2) =

(

(S + κI(m) + κTT ∗)−1 (S + κI(m) + κTT ∗)−1T
T ∗(S + κI(m) + κTT ∗)−1 T ∗(S + κI(m) + κTT ∗)−1T

)
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provided that (S + κI(m) + κTT ∗)−1 is well defined. To check that the matrix S + κI(m) + κTT ∗ is
regular, we notice that

S + κI(m) + κTT ∗ = S + κ(I(m) + TT ∗) , (56)

where the matrix I(m) + TT ∗ is positive definite and thus regular, and the value κ may be chosen
arbitrarily with the only restriction Re κ > 0. Consequently, it suffices to choose Re κ big enough
to make the matrix κ(I(m)+TT ∗) dominate over S , which ensures the regularity of S+κ(I(m)+TT ∗).

Having found the coefficients λ jl(k2), we have fully determined the Green’s function GAd
iκ of

the approximated system. Recall that it is an n× n matrix-valued function the ( j, l)-th element of
which is given by

GAd
iκ, jl(x, y) = δ jl

sinh κx< e−κx>

κ
+ λ jl(k

2) e−κxe−κy ; (57)

we use the convention that x is from the j-th halfline and y from the l-th one. The kernel of the
operator RAd

d
(k2) is according to (52) given simply by

GAd,d
iκ =

(

GAd
iκ 0
0 0

)

, (58)

i.e. all entries of GAd,d
iκ except for those indexed by j, l ∈ n̂ vanish.

II. Resolvents of the approximating family of Hamiltonians

Next we will pass to resolvent construction for the approximating family of operators HAg
d
. As a

starting point we consider n independent halflines and
∑n

j=1 N j lines of the length d with constant
vector potentials A( j,l)(d), both halflines and lines of the finite length are supposed to have Dirich-
let endpoints. We know that the Green’s function is Giκ(x, y) = κ−1 sinh κx<e−κx> in the case of
the halflines. The Green’s function in the case of the lines of the length d will be found in two
steps. We begin with a line without vector potential and with Dirichlet endpoints; the Green’s
function can be easily derived being equal to

G̃iκ(x, y) =
sinh κx< sinh κ(d − x>)

κ sinh κd
.

The Hamiltonian of a free particle on a line segment acts as − d2

dx2 , if a vector potential A is added

it changes to
(

−i d
dx − A

)2
. Using Lemma 3.3 it is easy to check that

(

−i d
dx

− A

)2

= U

(

− d2

dx2

)

U∗ , (59)

where U is the unitary operator acting as

(Uψ)(x) = eiAxψ(x) .

If we denote H0 = − d2

dx2 and HA =

(

−i d
dx − A

)2
, we see that

(HA − λ)−1 = (UH0U
∗ − λ)−1 = (U(H0 − λ)U∗)−1 = U (H0 − λ)−1 U∗ ,
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so the corresponding resolvents are related by the relation analogous to (59). This yields

(

(HA − λ)−1ψ
)

(x) =
(

U(HA − λ)−1U∗ψ
)

(x) = eiAx
∫ d

0
G̃iκ(x, y) e

−iAyψ(y)dy

=

∫ d

0
eiAx

sinh κx< sinh κ(d − x>)
κ sinh κd

e−iAyψ(y)dy ,

thus the sought integral kernel is equal to

G̃A
iκ(x, y) = eiAx

sinh κx< sinh κ(d − x>)
κ sinh κd

e−iAy .

Now we can proceed to the derivation of the complete resolvent RAg
d
(k2) which will be done

again by means of the Krein’s formula. The situation here is more complicated than in the case
of the approximated system; recall that RAg

d
(k2), as well as HAd

d
(k2), acts on the larger Hilbert

space L2(Gd), where Gd has been defined in (51). Moreover, the application of Krein’s formula
means that we have to connect all the line segments using the appropriate boundary conditions,
i.e. we must change boundary conditions at n + 2

∑n
j=1 N j endpoints, specifically n belonging to

n half lines and 2
∑n

j=1 N j belonging to
∑n

j=1 N j segments of the length d. Thus the index set for
the indices in the sum on the right hand side of the formula has n + 2

∑n
j=1 N j elements; we will

index them by the set

Î = n̂ ∪
{

(l, h)0
∣

∣

∣ l ∈ n̂, h ∈ Nl

}

∪
{

(l, h)d
∣

∣

∣ l ∈ n̂, h ∈ Nl

}

.

The elements of n̂ correspond to changed boundary conditions at the endpoints of the half lines,
and the elements of the type (l, h)0 and (l, h)d (h ∈ Nl) correspond to changed boundary conditions
at the endpoints of the segments of the length d which are connected to the endpoint of the l-th
half line. If we denote by the symbol RDc

d
(k2) the resolvent of the system of the n +

∑n
j=1 N j

decomposed edges with Dirichlet boundary conditions at the endpoints, Krein’s formula for this
pair of operators has the form

R
Ag
d
(k2) = RDc

d (k2) +
∑

J,L∈Î

λdJL(k
2)

(

φdL

(

k2
)

, ·
)

L2(Gd)
φdJ(k

2) . (60)

The role of the superscript d in the lambda symbols is to distinguish them from λ jl that have been
used in Eq. (54) for the resolvent of the approximated system. The functions φd

J
(J ∈ Î) may be

chosen, as before in the case of the approximated system, as any elements of the corresponding
deficiency subspaces of the largest common restriction. Note that each function φd

J
has n+

∑n
j=1 N j

components indexed by elements of the set I = n̂ ∪ { (l, h)| l ∈ n̂, h ∈ Nl}. It turns out that a
suitable choice is

(

φ j(k2)d(~x)
)

L̃
= δ jL̃e

−κx j for j ∈ n̂ , L̃ ∈ I ,
(

φd
(l,h)0

(k2)(~x)
)

L̃
= eiA(l,h)x(l,h)δ(l,h)L̃ sinh κx(l,h) for l ∈ n̂, h ∈ Nl , L̃ ∈ I

(

φd
(l,h)d

(k2)(~x)
)

L̃
= eiA(l,h)x(l,h)δ(l,h)L̃ sinh κ(d − x(l,h)) for l ∈ n̂, h ∈ Nl , L̃ ∈ I ,

(61)

where the symbol ~x denotes the vector from Gd with the components indexed by I. We remark
that if J ∈ n̂, φd

J
is independent of d and equal to the corresponding function chosen above in the

case of the approximated system.
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If we apply the operator (60) to an arbitrary Ψ ∈
⊕n

j=1 L
2(Gd), we obtain a vector function

with n+
∑n

j=1 N j components indexed by I, we denote them by g j ( j ∈ n̂) and g(l,h) with l ∈ n̂, h ∈
Nl. As in the case of the approximated system, a component gJ depends on xJ only, thus each gJ
can be considered as a function of a single variable. A calculation leads to the following explicit
expressions for g j, j ∈ n̂ and g(l,h), l ∈ n̂, h ∈ Nl; for better clarity we distinguish the integral
variables on R

+ and on (0, d) by a tilde, i.e. y ∈ R
+, ỹ ∈ (0, d).

g j(x j) =
∫

+∞

0
Giκ(x j, y)ψ j(y) dy +

n
∑

j′=1

λdj j′ (k
2)

∫

+∞

0
e−κy · ψ j′ (y) dy · e−κx j

+

n
∑

l′=1

∑

h′∈Nl′

(

λd
j(l′h′)0 (k

2)
∫ d

0
e−iA(l′ ,h′) ỹ sinh κỹ · ψ(l′,h′)(ỹ) dỹ

+ λd
j(l′h′)d (k

2)
∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ) · ψ(l′,h′)(ỹ) dỹ

)

· e−κx j . (62a)

g(l,h)(x(l,h)) =
∫ d

0
G̃A(l,h)

iκ (x(l,h), ỹ)ψ(l,h)(ỹ) dỹ

+ eiA(l,h)x(l,h) · sinh κx(l,h) ·
















n
∑

j′=1

λd(l,h)0 j′ (k
2)

∫

+∞

0
e−κy · ψ j′ (y) dy

+

n
∑

l′=1

∑

h′∈Nl′

(

λd(l,h)0(l′h′)0 (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κỹ · ψ(l′,h′)(ỹ) dỹ

+ λd(l,h)0(l′h′)d (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ) · ψ(l′,h′)(ỹ) dỹ

)]

+ eiA(l,h)x(l,h) · sinh κ(d − x(l,h)) ·
















n
∑

j′=1

λd(l,h)d j′ (k
2)

∫

+∞

0
e−κy · ψ j′ (y) dy

+

n
∑

l′=1

∑

h′∈Nl′

(

λd(l,h)d(l′h′)0 (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κỹ · ψ(l′,h′)(ỹ) dỹ

+ λd(l,h)d(l′h′)d (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ) · ψ(l′,h′)(ỹ) dỹ

)]

. (62b)

By definition the function (gJ)J∈I belongs to the domain of the operator HAg
d
, in particular, it has

to satisfy the boundary conditions at the points where the edges are connected by δ interactions
and δ couplings. Step by step we will write down now all these boundary conditions; this will
lead to the explicit expressions for the coefficients λd

JL
(k2).

Step 1. The continuity at the points W{ j,k} means

g(l,h)(0) = g(h,l)(0) (63)
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for all l ∈ n̂, h ∈ Nl. Since G̃A(l,h)

iκ (0, ỹ) = 0 for all ỹ ∈ (0, d), it holds

g(l,h)(0) = sinh κd ·
















n
∑

j′=1

λd(l,h)d j′ (k
2)

∫

+∞

0
e−κyψ j′ (y) dy

+

n
∑

l′=1

∑

h′∈Nl′

(

λd(l,h)d(l′h′)0 (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κỹψ(l′,h′)(ỹ) dỹ

+ λd(l,h)d(l′h′)d (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ)ψ(l′,h′)(ỹ) dỹ

)]

,

the expression for g(h,l)(0) is similar, just the positions of l and h are interchanged. Since Eq. (63)
must be satisfied for any choice of the function Ψ = (ψJ)J∈I, the following equalities obviously
hold for ∀l ∈ n̂, h ∈ Nl:

λd
(l,h)d j′

(k2) = λd
(h,l)d j′

(k2) ∀ j′ ∈ n̂ ,

λd
(l,h)d(l′,h′)0

(k2) = λd
(h,l)d(l′,h′)0

(k2) ∀l′ ∈ n̂, h′ ∈ Nl′ ,

λd
(l,h)d(l′,h′)d

(k2) = λd
(h,l)d(l′,h′)d

(k2) ∀l′ ∈ n̂, h′ ∈ Nl′ .

(64)

In other words, all the coefficients λd
(l,h)d J

(k2) with J ∈ Î(k2) are symmetric with respect to an
interchange of l and h.

Step 2. The sum of derivatives in points W{ j,k} is

g′(l,h)(0) + g′(h,l)(0) = w{l,h} · g(l,h)(0) (65)

for all l ∈ n̂, h ∈ Nl. We substitute

∂G̃A
iκ(x, ỹ)

∂x

∣

∣

∣

∣

∣

∣

∣

x=0

=
sinh κ(d − ỹ)

sinh κd
e−iAỹ ,

(

eiAx sinh κx
)′∣∣
∣

∣

x=0
= κ

and
(

eiAx sinh κ(d − x)
)′∣∣
∣

∣

x=0
= κ cosh κd − iA sinh κd

into Eq. (65) and require the equality to be satisfied for any Ψ = (ψJ)J∈I. In the course of the
calculation, the outcome of the Step 1 is also used. As a result, we find how the coefficients
λd
(l,h)d J

(k2) (J ∈ I) can be expressed in terms of λd
(l,h)0J

(k2) and λd
(h,l)0J

(k2):

λd(l,h)d j′ (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd

(

λd(l,h)0 j′ (k
2) + λd(h,l)0 j′ (k

2)
)

∀ j′ ∈ n̂ , (66a)

λd(l,h)d(l′,h′)0(k
2) =

κ

2κ cosh κd + w{l,h} sinh κd

(

λd(l,h)0(l′,h′)0 (k
2) + λd(h,l)0(l′,h′)0 (k

2)
)

∀l′ ∈ n̂, h′ ∈ Nl′ ,

(66b)

λd(l,h)d(l′,h′)d (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd

(

λd(l,h)0(l′,h′)d (k
2) + λd(h,l)0(l′,h′)d (k

2) +
δ(l,h)(l′,h′)

κ sinh κd

)

∀l′ ∈ n̂, h′ ∈ Nl′ (66c)
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for the indices l ∈ n̂, h ∈ Nl.

Step 3. The continuity at the points V j requires

g j(0) = g( j,h)(d) (67)

for all j ∈ n̂, h ∈ N j. Since Giκ(0, y) = 0 for all x ∈ R
+ and G̃A(l,h)

iκ (d) = 0 for all ỹ ∈ (0, d), it holds

g j(0) =
n

∑

j′=1

λdj j′ (k
2)

∫

+∞

0
e−κyψ j′ (y) dy · e−κx j

+

n
∑

l′=1

∑

h′∈Nl′

(

λd
j(l′h′)0 (k

2)
∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κỹψ(l′,h′)(ỹ) dỹ

+ λd
j(l′h′)d (k

2)
∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ)ψ(l′,h′)(ỹ) dỹ

)

, (68)

and

g( j,h)(d) = eiA( j,h)d · sinh κd ·
















n
∑

j′=1

λd( j,h)0 j′ (k
2)

∫

+∞

0
e−κyψ j′ (y) dy

+

n
∑

l′=1

∑

h′∈Nl′

(

λd( j,h)0(l′h′)0 (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κỹψ(l′,h′)(ỹ) dỹ

+ λd( j,h)0(l′h′)d (k
2)

∫ d

0
e−iA(l′ ,h′ ) ỹ sinh κ(d − ỹ)ψ(l′,h′)(ỹ) dỹ

)]

. (69)

The relation (67) should be satisfied for any choice of Ψ = (ψJ)J∈I, hence we obtain the coeffi-
cients λd

( j,h)0J
(k2) with J ∈ I expressed in terms of λd

jJ
(k2) in the following way

λd( j,h)0 j′ (k
2) =

1
sinh κd

e−idA( j,h) · λdj j′ (k2) ∀ j′ ∈ n̂ , (70a)

λd( j,h)0(l′,h′)0 (k
2) =

1
sinh κd

e−idA( j,h) · λd
j(l′,h′)0 (k

2) ∀l′ ∈ n̂, h′ ∈ Nl′ , (70b)

λd( j,h)0(l′,h′)d (k
2) =

1
sinh κd

e−idA( j,h) · λd
j(l′,h′)d (k

2) ∀l′ ∈ n̂, h′ ∈ Nl′ (70c)

for j ∈ n̂, h ∈ N j. We also return to the result of Step 2 – we substitute there for λd
( j,h)0J

(k2) the
expressions that we have just obtained arriving thus at

λd(l,h)d j′ (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·
(

e−idA(l,h)λdl j′ (k
2) + e−idA(h,l)λdh j′ (k

2)
)

∀ j′ ∈ n̂ ,

(71a)

λd(l,h)d(l′,h′)0 (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·
(

e−idA(l,h)λd
l(l′,h′)0 (k

2) + e−idA(h,l)λd
h(l′,h′)0 (k

2)
)

∀l′ ∈ n̂, h′ ∈ Nl′ , (71b)
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λd(l,h)d(l′,h′)d (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·

·
(

e−idA(l,h) · λd
l(l′,h′)d (k

2) + e−idA(h,l) · λd
h(l′,h′)d (k

2) +
1
κ
δ(l,h)(l′,h′)

)

∀l′ ∈ n̂, h′ ∈ Nl′ (71c)

for l ∈ n̂, h ∈ Nl.

Step 4. In this step we examine the sum of derivatives at the points V j, i.e. at the junctions
of the halflines and connecting segments. Since the connecting lines support constant vector
potentials, one has to rewrite the original condition into the form derived in Corollary 3.3. Note
that the variable on the connecting segments is considered in the ingoing sense, thus the sign of
the potentials A( j,h) (h ∈ N j) has to be taken with the minus sign. The resulting condition is

g′j(0) −
∑

h∈N j

g′( j,h)(d) =



















v j − i
∑

h∈N j

A( j,h)



















· g j(0) (72)

for all j ∈ n̂.
The way how to proceed in this step is essentially the same as in previous steps, only the

calculus is slightly longer. With the aid of the formulæ

∂Giκ(x, y)
∂x

∣

∣

∣

∣

∣

x=0
= e−κy ,

∂G̃A
iκ(x, ỹ)

∂x

∣

∣

∣

∣

∣

∣

∣

x=d

= − eiAd

sinh κd
· sinh κỹ e−iAỹ

and
(

eiAx sinh κx
)′∣∣
∣

∣

x=d
= (κ cosh κd + iA sinh κd) · eiAd ,

(

eiAx sinh κ(d − x)
)′∣∣
∣

∣

x=d
= −κ eiAd ,

used in Eq. (72), we arrive at an expression containing ψ1 . . . , ψn that should be satisfied for any
choice of Ψ = (ψJ)J∈I. This yields the following three groups of conditions:

δ j j′ − κλdj j′ (k2) −
∑

h∈N j

(

κ cosh κd + iA( j,h) sinh κd
)

· eidA( j,h)λd( j,h)0 j′ (k
2)

+ κ
∑

h∈N j

(

eidA( j,h)λd( j,h)d j′ (k
2)
)

=



















v j − i
∑

h∈N j

A( j,h)



















λdj j′ (k
2) , (73a)

δ jl′
eidA( j,h′ )

sinh κd
− κλd

j(l,h′)0 (k
2) −

∑

h∈N j

(

κ cosh κd + iA( j,h) sinh κd
)

· eidA( j,h)λd( j,h)0(l,h′)0 (k
2)

+ κ
∑

h∈N j

(

eidA( j,h)λd( j,h)d(l,h′)0 (k
2)
)

=



















v j − i
∑

h∈N j

A( j,h)



















λd
j(l,h′)0 (k

2) , (73b)
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− κλd
j(l,h′)d (k

2) −
∑

h∈N j

(

κ cosh κd + iA( j,h) sinh κd
)

· eidA( j,h)λd( j,h)0(l,h′)d (k
2)

+ κ
∑

h∈N j

(

eidA( j,h)λd( j,h)d(l,h′)d (k
2)
)

=



















v j − i
∑

h∈N j

A( j,h)



















λd
j(l,h′)d (k

2) . (73c)

We use the equalities (70) and (71) to eliminate all terms of the type λd
( j,h)0J

(k2) and λd
( j,h)d J

(k2),

J ∈ Î. In this way we obtain three independent systems of equation for λd
j j′ (k

2) ( j, j′ ∈ n̂),

λd
j(l′,h′)0

(k2) ( j, l′ ∈ n̂, h′ ∈ N′
l
) and λd

j(l′,h′)d
(k2) ( j, l′ ∈ n̂, h′ ∈ N′

l
):

δ j j′ − κλdj j′ (k2) − κ#N j

cosh κd
sinh κd

λdj j′ (k
2) +

∑

h∈N j

κ2

sinh κd
·
λd
j j′ (k

2) + e2idA( j,h)λd
h j′ (k

2)

2κ cosh κd + w{ j,h} sinh κd
= v jλ

d
j j′ (k

2) ,

(74a)

δ jl′
eidA(l′ ,h′ )

sinh κd
− κλd

j(l,h′)0 (k
2) − κ#N j

cosh κd
sinh κd

λd
j(l,h′)0 (k

2)

+

∑

h∈N j

κ2

sinh κd
·
λd
j(l,h′)0

(k2) + e2idA( j,h)λd
h(l,h′)0

(k2)

2κ cosh κd + w{ j,h} sinh κd
= v jλ

d
j(l,h′)0 (k

2) , (74b)

− κλd
j(l,h′)d (k

2) − κ#N j

cosh κd
sinh κd

λd
j(l,h′)d (k

2) +
∑

h∈N j

κ2

sinh κd
·
λd
j(l,h′)d

(k2) + e2idA( j,h)λd
h(l,h′)d

(k2)

2κ cosh κd + w{ j,h} sinh κd

+
κ

sinh κd
·
∑

h∈N j

eidA( j,h)

2κ cosh κd + w{ j,h} sinh κd
δ jl′δhh′ = v jλ

d
j(l,h′)d (k

2) . (74c)

Let us focus, e.g., on Eq. (74a), which can be rewritten in the form

n
∑

h=1





















δ jh





















κ + κ#N j

cosh κd
sinh κd

− κ

sinh κd

∑

h̃∈N j

κ

2κ cosh κd + w{ j,h̃} sinh κd
+ v j





















−χN j
(h) · κ

sinh κd
· e2idA( j,h)

2κ cosh κd + w{ j,h} sinh κd

]

λdh j′ (k
2) = δ j j′ (75)

for all j, j′ ∈ n̂; the symbol χN j
(h) is equal to one if h ∈ N j holds and zero otherwise. As we will

see within a short time, it is convenient to introduce a matrix Md the ( j, h)-th element of which is
defined by

[Md] jh = δ jh





















κ + κ#N j

cosh κd
sinh κd

− κ

sinh κd

∑

h̃∈N j

κ

2κ cosh κd + w{ j,h̃} sinh κd
+ v j





















− χN j
(h) · κ

sinh κd
· e2idA( j,h)

2κ cosh κd + w{ j,h} sinh κd
. (76)
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We also rewrite the set Î as a union,

Î = n̂ ∪ J0 ∪ Jd ,

where J0
=

{

(l, h)0
∣

∣

∣ l ∈ n̂, h ∈ Nl

}

and Jd
=

{

(l, h)d
∣

∣

∣ l ∈ n̂, h ∈ Nl

}

, and define the symbols

Λ
Ag,d
XY

(k2) for X,Y ∈
{

n̂,J0,Jd
}

by the relation

Λ
Ag,d
XY

(k2) =
(

λdJL(k
2)
)

J∈X,L∈Y
,

e.g. ΛAg,d
n̂J0 (k

2) =
(

λd
j(l′,h′)0

(k2)
)

j∈n̂,(l′,h′)0∈J0
. Obviously, the matrix ΛAg,d(k2) has the block structure

Λ
Ag,d(k2) =



























Λ
Ag,d
n̂n̂

(k2) Λ
Ag,d
n̂J0 (k

2) Λ
Ag,d
n̂Jd (k

2)

Λ
Ag,d
J0n̂

(k2) Λ
Ag,d
J0J0 (k

2) Λ
Ag,d
J0Jd (k

2)

Λ
Ag,d
Jd n̂

(k2) Λ
Ag,d
JdJ0 (k

2) Λ
Ag,d
JdJd (k

2)



























.

We observe that the system of equations (75) is nothing but

MdΛ
Ag,d
n̂n̂

(k2) = I ,

and therefore ΛAg,d
n̂n̂

(k2) = (Md)−1, or in the components

λdj j′ (k
2) =

[

(Md)
−1

]

j j′
. (77a)

The matrices ΛAg,d
n̂J0 (k

2) and ΛAg,d
n̂Jd (k

2) can be found in a similar way. We start from Eqs. (74b)
and (74c) and arrive at

λd
j(l′,h′)0 (k

2) =
eidA(l′ ,h′)

sinh κd

[

(Md)
−1

]

jl′
(77b)

and

λd
j(l′,h′)d (k

2) =
κ

sinh κd
· eidA(l′ ,h′ )

2κ cosh κd + w{l′,h′} sinh κd

[

(Md)
−1

]

jl′
. (77c)

To obtain expressions for ΛAg,d
J0X

(k2) and ΛAg,d
JdX

(k2) (X = J0,Jd) we substitute (77a), (77b) and
(77c) into Equations (70) and (71) which gives

λd(l,h)0 j′ (k
2) =

e−idA(l,h)

sinh κd
·
[

(Md)
−1

]

l j′
, (77d)

λd(l,h)0(l′,h′)0 (k
2) =

e−idA(l,h)

sinh κd
· e

idA(l′ ,h′ )

sinh κd

[

(Md)
−1

]

ll′
, (77e)

λd(l,h)0(l′,h′)d (k
2) =

e−idA(l,h)

sinh2 κd
· κ · eidA(l′ ,h′ )

2κ cosh κd + w{l′,h′} sinh κd

[

(Md)
−1

]

ll′
, (77f)

λd(l,h)d j′ (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·
(

e−idA(l,h)
[

(Md)
−1

]

l j′
+ e−idA(h,l)

[

(Md)
−1

]

h j′

)

,

(77g)
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λd(l,h)d(l′,h′)0 (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· e

idA(l′ ,h′)

sinh2 κd
·

·
(

e−idA(l,h) ·
[

(Md)
−1

]

ll′
+ e−idA(h,l) ·

[

(Md)
−1

]

hl′

)

, (77h)

λd(l,h)d(l′,h′)d (k
2) =

κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·

·
[

κ

sinh κd
· eidA(l′ ,h′ )

2κ cosh κd + w{l′,h′} sinh κd

(

e−idA(l,h) ·
[

(Md)
−1

]

ll′
+ e−idA(h,l) ·

[

(Md)
−1

]

hl′

)

+
1
κ
δ(l,h)(l′,h′)

]

.

(77i)

Once we compute the elements of (Md)−1 explicitly, we will have fully explicit formulae for
Λ

Ag,d(k2) we need. We start from the matrix Md itself. We take the formula (76), substitute
there the expressions for v j(d), w{ j,k}(d) and A( j,k)(d) that have been obtained heuristically in
the previous section and apply Taylor expansions to appropriate orders. A slightly laborious
calculation leads to the formulae written below; note that the structure of the expression for the
( j, h)-th element of the matrix Md depends on whether j, h belong to m̂ or to n̂\m̂:

[Md] jh = δ jh















κ + S j j +
1
d

n
∑

l=m+1

T jlTl j















+ S jh +
1
d

n
∑

l=m+1

T jlThl + O(d) for j, h ∈ m̂ , (78a)

[Md] jh = −
1
d
T jh + O(d) for j ∈ m̂, h ≥ m + 1 , (78b)

[Md] jh = −
1
d
Th j + O(d) for j ≥ m + 1, h ∈ m̂ , (78c)

[Md] jh = δ jh

(

κ +
1
d

)

+ O(d) for j, h ≥ m + 1 . (78d)

The matrix Md has thus the form

Md =

















S + κI(m) + 1
d
TT ∗ − 1

d
T

− 1
d
T ∗

(

κ + 1
d

)

I(n−m)

















+ O(d) ,

where O(d) on the eight-hand side represents a matrix n × n the all entries of which are of order
of O(d) as d → 0.

Our aim is to find the inverse of Md. For this purpose, we denote the first term on the right-
hand side, the principal one, as Md,P and notice that if Md,P is regular, then

[Md]
−1

=
(

Md,P + O(d)
)−1

=

[

Md,P(I + [Md,P]
−1O(d))

]−1
=

=

[

I − [Md,P]
−1O(d)

]

[Md,P]
−1

= [Md,P]
−1 − [Md,P]

−1O(d)[Md,P]
−1 . (79)

Moreover, if [Md,P]−1 = O(1) it obviously holds [Md]−1 = [Md,P]−1+O(d); in other words, under
certain assumptions it suffices to find the inverse of Md,P.
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Since the matrix Md,P has a block structure, one can find Md,P in the same block structure.

This in other words means that we are looking for a matrix

(

N1 N2

N3 N4

)

such that the relation

(

N1 N2

N3 N4

)

·












S + κI(m) + 1
d
TT ∗ − 1

d
T

− 1
d
T ∗

(

κ + 1
d

)

I(n−m)













=

(

I(m) 0
0 I(n−m)

)

holds true. It turns out that

[Md,P]
−1

=

(

(S + κI(m) + κ
1+κdTT

∗)−1 1
1+κd (S + κI(m) + κ

1+κdTT
∗)−1T

1
1+κdT

∗(S + κI(m) + κ
1+κdTT

∗)−1 1
(1+κd)2 T

∗(S + κI(m) + κ
1+κdTT

∗)−1T +
d

1+κd I
(n−m)

)

provided the matrix S + κI(m) + κ
1+κdTT

∗ is regular. Since κ
1+κd = κ + O(d), we may proceed in

the same way as in (79), and we obtain

(

S + κI(m) +
κ

1 + κd
TT ∗

)−1
= (S + κI(m) + κTT ∗ + O(d))−1 = (S + κI(m) + κTT ∗)−1 + O(d) ,

if the matrix S +κI(m)+κTT ∗ is regular. However, the regularity of this matrix has been discussed
and proven for an appropriate κ at the end of the part devoted to the approximated system, see
Eq. (56) and the paragraph following it. It follows that Md,P is regular as well, i.e. the condition
on the regularity of Md,P in (79) is satisfied. Hence

[Md,P]
−1

=

(

(S + κI(m) + κTT ∗)−1 (S + κI(m) + κTT ∗)−1T
T ∗(S + κI(m) + κTT ∗)−1 T ∗(S + κI(m) + κTT ∗)−1T

)

+ O(d) ,

and together with (79) we have

[Md]
−1

=

(

(S + κI(m) + κTT ∗)−1 (S + κI(m) + κTT ∗)−1T
T ∗(S + κI(m) + κTT ∗)−1 T ∗(S + κI(m) + κTT ∗)−1T

)

+ O(d) .

It is important to notice that
[Md]

−1
= O(1) for d → 0+ . (80)

Combining the above result with Eq. (77a), we can conclude that

Λ
Ag,d
n̂n̂

(k2) =

(

(S + κI(m) + κTT ∗)−1 (S + κI(m) + κTT ∗)−1T
T ∗(S + κI(m) + κTT ∗)−1 T ∗(S + κI(m) + κTT ∗)−1T

)

+ O(d) ,

hence
Λ

Ag,d
n̂n̂

(k2) = Λ
Ad(k2) + O(d) . (81)

Having the coefficient matrix we can determine the resolvent kernel. First we introduce
symbol J = { (l, h)| l ∈ n̂, h ∈ Nl} (i.e. I = n̂ ∪ J), then we employ a notation similar to the
case of the matrix ΛAg,d(k2) and its submatrices. We introduce symbols GAg,d

XY,k
for any pair X,Y ∈

{n̂,J} to denote the blocks GAg,d
k,XY

=

(

GAg,d
k,JL

)

J∈X,L∈Y
; then the integral kernel GAg,d

k
of RAg

d
(k2) has

the structure

GAg,d
k

(x, y) =















GAg,d
k,n̂n̂

(x, y) GAg,d
k,n̂J (x, y)

GAg,d
k,J n̂

(x, y) GAg,d
k,JJ (x, y)















(82)
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for x, y ∈ Gd. Using (58) we can write the difference in question as

GAg,d
iκ − GAd,d

iκ =















GAg,d
iκ,n̂n̂ − GAd

iκ GAg,d
iκ,n̂J

GAg,d
iκ,n̂J GAg,d

iκ,JJ















. (83)

III. Comparison of the resolvents

To make use of the above results we compute first explicit expressions for all the entries of
GAg,d

k
(x, y), up to the error term in the lambda coefficients indicated in (81). They may be derived

from Eqs (62) together with (61):

GAg,d
iκ, j j′ (x j, y j′ ) = δ j j′

sinh κx< e−κx>

κ
+ λdj j′ (k

2) e−κx je−κy j′ for j, j′ ∈ n̂ , (84a)

GAg,d
iκ, j(l′,h′)(x j, y(l′,h′)) = e−κx j ·e−iA(l′ ,h′ )y(l′ ,h′ ) ·

[

λd
j(l′,h′)0 (k

2) sinh κy(l′,h′) + λ
d
j(l′,h′)d (k

2) sinh κ(d − y(l′,h′))
]

for j ∈ n̂ , (l′, h′) ∈ J , (84b)

GAg,d
iκ,(l,h) j′ (x(l,h), y j′ ) = eiA(l,h)x(l,h) ·

[

λd(l,h)0 j′ (k
2) sinh κx(l,h) + λ

d
(l,h)d j′ (k

2) sinh κ(d − x(l,h))
]

· e−κy j′

for (l, h) ∈ J , j′ ∈ n̂ , (84c)

GAg,d
iκ,(l,h)(l′,h′)(x(l,h), y(l′,h′)) = δ(l,h)(l′,h′)e

iA(l,h)x(l,h)
sinh κx< sinh κ(d − x>)

κ sinh κd
e−iA(l′ ,h′ )y(l′ ,h′ )

+ eiA(l,h)x(l,h) · sinh κx(l,h) · e−iA(l′ ,h′ )y(l′ ,h′ ) ·
[

λd(l,h)0(l′h′)0 sinh κy(l′,h′) + λ
d
(l,h)0(l′h′)d sinh κ(d − y(l′,h′))

]

+ eiA(l,h)x(l,h) · sinh κ(d − x(l,h)) · e−iA(l′ ,h′ )y(l′ ,h′ ) ·
[

λd(l,h)d(l′h′)0 sinh κy(l′,h′) + λ
d
(l,h)d(l′h′)d sinh κ(d − y(l′,h′))

]

for (l, h), (l′, h′) ∈ J . (84d)

Now we are able to compare the entries of GAg,d
k

(x, y) given by (82) and GAd,d
k

(x, y) as speci-
fied in (58)). We begin with the upper left submatrix n× n of (83). From the expressions for GAd

iκ

and GAg,d
iκ,n̂n̂, cf. (57) and (84a), we have

[

GAg,d
iκ,n̂n̂ − G

Ad
iκ

]

j j′
(x j, y j′ )

= δ j j′
sinh κx< e−κx>

κ
+ λdj j′ (k

2) e−κx je−κy j′ −
[

δ jl
sinh κx< e−κx>

κ
+ λ j j′ (k

2) e−κx je−κy j′
]

=

(

λdj j′ (k
2) − λ j j′ (k

2)
)

e−κx je−κy j′ =
[

Λ
Ag,d
n̂n̂

(k2) − Λ
Ad(k2)

]

j j′
e−κx je−κy j′ = O(d) e−κx je−κy j′ ,

(85)

where the last equality holds by virtue of (81). Since such estimate is valid for all j, j′ ∈ n̂, there
is a constant K1 independent of j, j′ and d such that

∣

∣

∣

∣

GAg,d
iκ, j j′ (x j, y j′ ) − G

Ad
iκ, j j′ (x j, y j′ )

∣

∣

∣

∣

< K1 d e
−κx je−κy j′ (86)
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holds for all j, j′ ∈ n̂, x j, y j′ ∈ R
+ and any d sufficiently small.

Then we proceed to the upper right submatrix of (83). To find a bound for the entries of
GAg,d

k,n̂J (x, y), cf. (84b), we substitute values of λ
d
j(l′,h′)0

(k2) and λd
j(l′,h′)d

(k2) that we have obtained in
(77b) and (77c):

GAg,d
iκ, j(l′,h′)(x j, y(l′,h′)) =

e−κx j · e−iA(l′ ,h′ )y(l′ ,h′ ) · eidA(l′ ,h′) ·
[

sinh κy(l′,h′)
sinh κd

+
κ

sinh κd
·

sinh κ(d − y(l′,h′))

2κ cosh κd + w{l′,h′} sinh κd

]

·
[

(Md)
−1

]

jl′
.

It holds
[

(Md)−1
]

jl′
= O(1) by virtue of (80) and obviously

∣

∣

∣e−iA(l′ ,h′)y(l′ ,h′)
∣

∣

∣ =

∣

∣

∣eidA(l′ ,h′ )
∣

∣

∣ = 1, thus it

suffices to estimate the terms in the brackets. When d is sufficiently small, it holds
∣

∣

∣

∣

sinh κy(l′ ,h′ )
sinh κd

∣

∣

∣

∣

< 1,

because 0 < y(l′,h′) < d; similarly
∣

∣

∣

∣

sinh κ(d−y(l′ ,h′ ))
sinh κd

∣

∣

∣

∣

< 1. As for the denominator of the second term,
we substitute for w{l′,h′} from (49) or (47), depending on whether both l′, h′ belong to m̂ or not,
and we easily obtain the estimate

1
2κ cosh κd + w{l′,h′} sinh κd

= O(1) .

Summing all this up, we get

GAg,d
iκ, j(l′,h′)(x j, y(l′,h′)) = e−κx j (O(1) + O(1)) = e−κx jO(1)

independently of j, (l′, h′) and x, y, thus there is a constant K2 independent of d such that
∣

∣

∣

∣

GAg,d
iκ, j(l′,h′)(x j, y(l′,h′))

∣

∣

∣

∣

< K2 e
−κx j (87)

for all j ∈ n̂, (l′, h′) ∈ J , x j ∈ R
+, y(l′,h′) ∈ (0, d) and d sufficiently small.

Similarly we proceed in the case of the left and right bottom submatrices of (83), i.e. when es-
timating the entries of GAg,d

k,J n̂
(x, y) and GAg,d

k,JJ (x, y). As for G
Ag,d
k,J n̂

(x, y), we substitute for λd
(l,h)0 j′

(k2)

and λd
(l,h)d j′

(k2) from (77d) and (77g) into (84c) and obtain

GAg,d
iκ,(l,h) j′ (x(l,h), y j′ ) = e−κy j′ · eiA(l,h)x(l,h) ·

[

e−idA(l,h)

sinh κd
·
[

(Md)
−1

]

l j′
sinh κx(l,h)

+
κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

· sinh κ(d − x(l,h))·

·
(

e−idA(l,h)
[

(Md)
−1

]

l j′
+ e−idA(h,l)

[

(Md)
−1

]

h j′

)]

.

Using analogous estimates as in the case of GAg,d
iκ, j(l′,h′)(x, y) above, we obtain

GAg,d
iκ,(l,h) j′ (x(l,h), y j′ ) = e−κy j′ (O(1) + O(1)) = e−κy j′O(1) ,

thus there is a constant K3 independent of d such that
∣

∣

∣

∣

GAg,d
iκ,(l,h) j′ (x(l,h), y j′ )

∣

∣

∣

∣

< K3 e
−κy j′ (88)
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for all (l, h) ∈ J , j′ ∈ n̂, x(l,h) ∈ (0, d), y ∈ R
+ and d sufficiently small.

Finally, we substitute from (77e), (77f), (77h) and (77i) for λd
(l,h)0(l′h′)0

(k2), λd
(l,h)0(l′h′)d

(k2),

λd
(l,h)d(l′h′)0

(k2) and λd
(l,h)d(l′h′)d

(k2), respectively, into Eq. (84d) and obtain

GAg,d
iκ,(l,h)(l′,h′)(x(l,h), y(l′,h′)) = δ(l,h)(l′,h′)e

iA(l,h)x(l,h)
sinh κx< sinh κ(d − x>)

κ sinh κd
e−iA(l′ ,h′ )y(l′ ,h′ )

+ eiA(l,h)x(l,h) · e−iA(l′ ,h′)y(l′ ,h′) · e−idA(l,h) · eidA(l′ ,h′) ·
sinh κx(l,h)
sinh κd

·

·
[

sinh κy(l′,h′)
sinh κd

+
κ

sinh κd
·

sinh κ(d − y(l′,h′))

2κ cosh κd + w{l′,h′} sinh κd

]

·
[

(Md)
−1

]

ll′

+ eiA(l,h)x(l,h) · sinh κ(d − x(l,h)) · e−iA(l′ ,h′ )y(l′ ,h′ ) · κ

2κ cosh κd + w{l,h} sinh κd
· 1
sinh κd

·

·
[

eidA(l′ ,h′ ) ·
sinh κy(l′,h′)
sinh κd

(

e−idA(l,h) ·
[

(Md)
−1

]

ll′
+ e−idA(h,l) ·

[

(Md)
−1

]

hl′

)

+ eidA(l′ ,h′ ) · κ

sinh κd
·

sinh κ(d − y(l′,h′))

2κ cosh κd + w{l′,h′} sinh κd
·

·
(

e−idA(l,h) ·
[

(Md)
−1

]

ll′
+ e−idA(h,l) ·

[

(Md)
−1

]

hl′

)

+
1
κ
δ(l,h)(l′,h′)

]

. (89)

It obviously holds

GAg,d
iκ,(l,h)(l′,h′)(x(l,h), y(l′,h′)) = = O(d) + O(1) · [O(1) + O(1)] + O(1) · [O(1) + O(1)] = O(1) ,

thus there is a constant K4 independent of d such that
∣

∣

∣

∣

GAg,d
iκ,(l,h)(l′,h′)(x(l,h), y(l′,h′))

∣

∣

∣

∣

< K4 (90)

for all (l, h), (l′, h′) ∈ J , x(l,h), y(l′,h′) ∈ (0, d) and any d sufficiently small.
With the help of (86), (87), (88) and (90), we may now estimate all the entries of (83), which

will allows us to assess the Hilbert-Schmidt norm of the resolvent difference for the operators
HAd

d
and H

Ag
d
. This norm can be written explicitly as follows,

∥

∥

∥

∥

R
Ag
d
(k2) − RAd

d (k2)
∥

∥

∥

∥

2

2
=

n
∑

j, j′=1

∫

+∞

0

∫

+∞

0

∣

∣

∣

∣

GAg,d
iκ, j j′ (x j, y j′ ) − G

Ad
iκ, j j′ (x j, y j′ )

∣

∣

∣

∣

2
dx jdy j′

+

n
∑

j=1

∑

(l′,h′)∈I

∫

+∞

0

∫ d

0

∣

∣

∣

∣

GAg,d
iκ, j(l′,h′)(x j, y(l′,h′))

∣

∣

∣

∣

2
dx jdy(l′,h′)

+

∑

(l,h)∈I

n
∑

j′=1

∫ d

0

∫

+∞

0

∣

∣

∣

∣

GAg,d
iκ,(l,h) j′ (x(l,h), y j′ )

∣

∣

∣

∣

2
dx(l,h)dy j′

+

∑

(l,h)∈I

∑

(l′,h′)∈I

∫ d

0

∫ d

0

∣

∣

∣

∣

GAg,d
iκ,(l,h)(l′h′)(x(l,h), y(l,h′))

∣

∣

∣

∣

2
dx(l,h)dy(l′,h′) .
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Now we employ the estimates derived above obtaining

∥

∥

∥

∥

R
Ag
d
(k2) − RAd

d (k2)
∥

∥

∥

∥

2

2
≤

n
∑

j, j′=1

∫

+∞

0

∫

+∞

0

∣

∣

∣K1 d e
−κx je−κy j′

∣

∣

∣

2
dx jdy j′ +

n
∑

j=1

∑

(l′,h′)∈I

∫

+∞

0

∫ d

0

∣

∣

∣K2 e
−κx j

∣

∣

∣

2
dx jdy(l′,h′)

+

∑

(l,h)∈I

n
∑

j′=1

∫ d

0

∫

+∞

0

∣

∣

∣K3 e
−κy j′

∣

∣

∣

2
dx(l,h)dy j′ +

∑

(l,h)∈I

∑

(l′,h′)∈I

∫ d

0

∫ d

0
|K4|2 dx(l,h)dy(l′,h′)

≤
n

∑

j, j′=1

K2
1d

2
∫

+∞

0
e−2(Re κ)x j dx j

∫

+∞

0
e−2(Re κ)y j′ dy j′

+

n
∑

j=1

∑

(l′,h′)∈I
K2
2

∫

+∞

0
e−2(Re κ)x j dx j ·

∫ d

0
1 dy(l′,h′)

+

∑

(l,h)∈I

n
∑

j′=1

K2
3

∫ d

0
1 dx(l,h) ·

∫

+∞

0
e−2(Re κ)y j′ dy j′

+

∑

(l,h)∈I

∑

(l′,h′)∈I
K2
4

∫ d

0
1 dx(l,h) ·

∫ d

0
1 dy(l′,h′)

=

n
∑

j, j′=1

K2
1d

2 1
(2Re κ)2

+

n
∑

j=1

∑

(l′,h′)∈I
K2
2

1
2Re κ

· d +
∑

(l,h)∈I

n
∑

j′=1

K2
3d ·

1
2Re κ

+

∑

(l,h)∈I

∑

(l′,h′)∈I
K2
4d

2

= O(d) .

Hence
∥

∥

∥

∥

R
Ag
d
(k2) − RAd

d (k2)
∥

∥

∥

∥

2
= O

(√
d
)

for d → 0+ ,

and consequently, the Hilbert-Schmidt norm of the difference RAg
d
(k2) − RAd

d
(k2) tends to zero as

d → 0+ with the explicit convergence rate. Since the HS norm dominates the operator one, it
follows immediately

lim
d→0+

∥

∥

∥

∥

R
Ag
d
(k2) − RAd

d (k2)
∥

∥

∥

∥

= 0 ,

therefore the resolvent difference tends to zero in L2(Gd) as d → 0+, which we set out to prove.
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We discuss approximations of the vertex coupling on a star-shaped quantum graph of
n edges in the singular case when the wave functions are not continuous at the vertex
and no edge-permutation symmetry is present. It is shown that the Cheon–Shigehara
technique using δ interactions with nonlinearly scaled couplings yields a 2n-parameter
family of boundary conditions in the sense of norm resolvent topology. Moreover, using
graphs with additional edges, one can approximate the
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1. Introduction

The concept of quantum mechanics on a graph is more than half a century old hav-

ing roots in modeling of aromatic hydrocarbons [1]. For many years, however, it was

rather a curiosity, or maybe an interesting textbook example. The situation changed

two decades ago with the advent of microfabrication techniques which allow us to

produce tiny graph-shaped structures of semiconductor and other materials which

became a useful and versatile model. This motivated a new theoretical attention to

the subject — see, e.g., [2,3]. Since then the literature on quantum graphs grew to

a formidable volume, and we restrict ourselves here to mentioning recent reviews

in [4–6] where an extensive bibliography can be found.

From the mathematical point of view the attractive feature of the model is that

it deals with families of ordinary differential equations, the solutions of which have

to be properly matched at the graph edge endpoints. Since the solutions are often

explicitly known, the spectral analysis can be reduced to an algebraic problem.
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The key point here are the boundary conditions through which the wave

functions are matched. The Hamiltonian is typically a second-order differential

operator, for instance, in the simplest case of a free spinless particle it acts on the

jth edge as Hψj = −ψ′′
j . Thus the boundary conditions are linear relations coupling

the values of the functions and their first derivatives at graph vertices; from the

physical point of view it is usually sufficient to consider only local couplings which

involve values at a single vertex only. Another general physical restriction is the

self-adjointness of the Hamiltonian; it implies that a vertex joining n graph edges

may be characterized by boundary conditions involving n2 real parameters [3].

This leaves a considerable freedom in the choice of a model to describe particular

physical systems, and an understanding of the physical meaning of vertex coupling is

needed to pick the appropriate operator from the class of admissible Hamiltonians.

A natural way to approach this problem is through approximation, i.e. regarding

the quantum graph in question as a limit of a family of more “realistic” systems

with a less number of free parameters. One possibility is to approximate a graph

by a family of “fat graphs” or similar manifolds equipped with the corresponding

Laplace–Beltrami operators. The best studied case is the one where the approx-

imated manifolds have Neumann boundary, or no boundary at all [7–12], where

unfortunately the limit yields — of the multitude of available boundary conditions

— only the most simple ones. There are also fresh results [13, 14] on the case with

Dirichlet boundary but in general the approach based on squeezed manifolds did

not yield so far a satisfactory answer to the question.

Another, maybe less ambitious approach is to model vertex boundary conditions

through families of interactions on the graph itself. Here two cases have to be

distinguished. In the n2-parameter family mentioned above the boundary conditions

with wave functions continuous at the vertex form just one-parameter subfamily.

These boundary conditions can be approximated by families of scaled potentials in

analogy is analogy with one-dimensional δ interactions [15]. The remaining, more

singular cases require a different approach. An inspiration may be derived from the

approximation of one-dimensional δ′ interactions suggested, somewhat surprisingly,

by Cheon and Shigehara in [16] and elaborated in a mathematically consistent way

in [17,18]. It is based on a family of δ interactions which approach each other being

scaled in a particular nonlinear way. An analogous procedure for vertices of degree

n ≥ 2 was proposed in [19] in the case of the so-called δ′
s coupling; the key element

here was the symmetry with respect to permutation of the edges which allowed

to reduce the analysis to a one-dimensional halfline problem. The same technique

was afterwards in [20] applied to the class of all permutation-symmetric boundary

conditions which form a two-parameter subfamily in the n2-parameter set.

The main goal of the present paper is to explore whether the idea of [16] can

be adapted to situations without a permutation symmetry and how wide class of

boundary conditions can be in this way described. As in the work mentioned above

we will consider a star graph with a single vertex and n semi-infinite edges. For

simplicity we will also assume that the motion on graphs edges is free; the obtained
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approximations extend easily to Schrödinger operators on the graph provided the

potentials involved are sufficiently regular around the vertex. We are going to show

that the Cheon–Shigehara technique can produce for n > 2 at most a 2n-parameter

family of boundary conditions at the vertex. Furthermore, we will demonstrate that

such approximations, with two δ interactions at each edge, do indeed exist and that

they converge in the norm resolvent topology.

The next question is how to extend the approximation to a wider class of cou-

plings. A natural possibility is to amend the star by extra edges supporting δ

interactions which shrink to the “main” vertex with the parameter controlling the

approximation. We devise such a scheme to show that it yields an
(
n+1

2

)
-parameter

family, generically all couplings which are time-reversal invariant. In this case,

however, we restrict ourselves to deriving the boundary condition formally. We are

convinced that the norm resolvent convergence could be verified as in the case

mentioned but the argument would be extremely cumbersome. Notice that the idea

of using additional edges to model singular couplings appeared already in [21]. In

contrast to that paper, however, we keep here the number of added edges fixed.

Let us review briefly the contents of the paper. In the next section we gather

the needed preliminary information. We review the quantum graph concept, recall

different vertex couplings and review briefly the known approximations. In Sec. 3

we analyze a CS-type approximation to the vertex in a star graph based on adding

δ interactions on star edges, the following section is devoted to the proof of norm-

resolvent convergence. Finally, in Sec. 5 we will describe the afore-mentioned more

general approximation with extra edges added to the star graph.

2. Preliminaries

2.1. Quantum graphs

Let us first recall a few basic notions. A graph Γ is an ordered pair Γ = (V,E), where

V and E are finite or countably infinite sets of vertices and edges, respectively.

Without loss of generality we may identify E with a family of two-element subsets

in V , excluding thus loops and multiple edges, since in the opposite case we can

simply add extra vertices. The vertex degree of v ∈ V is the number of edges which

have v as its endpoint. Γ is a metric graph if each of its edges can be equipped with

a distance, i.e. identified with a finite or semi-infinite interval of length ℓ ∈ (0,+∞];

the endpoints “at infinity” are conventionally not counted as vertices. In particular

a star graph has a finite number n ≥ 2 of edges and a single center which is the

only vertex where all the edges (called also arms in this case) meet.

The subject of our interest is quantum mechanics on graphs. Given a metric

graph Γ with edges J1, . . . , Jn we identify the orthogonal sum H=
⊕n

j=1
L2(Jj)

with the state Hilbert space, i.e. the wave function of a spinless particle “liv-

ing” on Γ can be written as the column Ψ =(ψ1, ψ2, . . . , ψn)T with ψj ∈L2(Jj).

In the absence of external fields the Hamiltonian H acts as (HΓΨ)j =−ψ′′
j ,

where as usual we put ~ =2m=1. Its domain consists of functions from
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W 2,2(Γ) :=
⊕n

j=1
W 2,2(Jj); since H is required to be a self-adjoint operator they

must satisfy appropriate boundary conditions at the vertices which we will recall

below.

The meaning of these boundary condition is our main concern in this paper,

therefore we restrict ourselves to graphs with a single vertex, namely star graphs

with n semi-infinite edges Jj ≃ R+, j = 1, . . . , n; we denote them as Γ or Γn.

2.2. Vertex couplings

Since the Hamiltonian mentioned above is a second-order operator, the matching

conditions involve boundary values of the functions in the vertex and of their first

derivatives. Both regarded as one-sided limits, the derivatives are taken in the

outward direction. We arrange them into column vectors Ψ(0) and Ψ′(0). The self-

adjointness of H , which in the physical language means conservation of probability

current at the vertex, is expressed through a linear relation between these vectors,

AΨ(0) + BΨ′(0) = 0 , (2.1)

by [22] the operator H is self-adjoint if and only if A,B ∈ C
n,n satisfy the conditions

rank(A,B) = n , AB∗ is self-adjoint, (2.2)

where (A,B) denotes the n× 2n matrix with A,B forming the first and the second

n columns, respectively. This parametrization is obviously non-unique, since A,B

can be replaced by CA, CB with any regular n × n matrix C. This defect can be

corrected by choosing the matrices in the standard form [23,24],

(U − I)Ψ(0) + i(U + I)Ψ′(0) = 0 , (2.3)

where U is an n×n unitary matrix; the Hamiltonian corresponding to this condition

will be labeled as HU . Elements of this family are labeled by n2 real parameters

which is, of course, the right number because all the HU are self-adjoint extensions

of a common symmetric restriction with deficiency indices (n, n), refer to [3].

Let us next recall a few examples of the boundary conditions (2.3). As men-

tioned in the introduction, the requirement of continuity at the vertex selects a

one-parameter subfamily corresponding to the so-called δ coupling,

ψj(0) = ψk(0) =: ψ(0) , j, k ∈ n̂ ,

n∑

j=1

ψ′
j(0) = αψ(0) , (2.4)

where α ∈ R and for brevity we have introduced the symbol n̂ := {1, 2, . . . , n}. We

can add the case corresponding formally to α = ∞, when the system decomposes

into n halflines with Dirichlet endpoints, however, it is not interesting as long as

we are concerned with nontrivial vertex couplings. In the particular case α = 0

we speak about free boundary conditions since for the δ function on line, n = 2,

this corresponds to a free motion (sometimes the term Kirchhoff b.c., not very
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appropriate, is used). In terms of (2.3) the δ coupling corresponds to the matrix

U = 2

n+iαJ − I, where J denotes the n× n matrix where all entries equal one.

The δ′ interaction on the line has two possible analogues for n > 2 [25,26]. One

is a counterpart to (2.4) called δ′
s coupling with the role of Ψ(0), Ψ′(0) interchanged,

ψ′
j(0) = ψ′

k(0) =: ψ′(0) , j, k ∈ n̂ ,

n∑

j=1

ψj(0) = βψ′(0) , (2.5)

where β ∈ R ∪ {+∞}. It corresponds to U = I − 2
n−iβJ , in particular, the case

β = ∞ refers to full Neumann decoupling. The other one, called δ′ coupling, is
n∑

j=1

ψ′
j(0) = 0 , ψj(0)− ψk(0) =

β

n

(
ψ′
j(0)− ψ′

k(0)
)

j, k ∈ n̂ , (2.6)

with β ∈ R ∪ {+∞} which corresponds to U = −n+iβ
n−iβ I + 2

n−iβJ .

All the above examples have a common property, namely that the corresponding

operators are invariant with respect to permutation of the edges, which is clear from

the fact that matrices U are not changed by a simultaneous permutations of the rows

and columns. The most general family of HU with this property is characterized by

two parameters, U = aI+bJ with |a| = 1 and |a+nb| = 1, cf. [20], the corresponding

boundary conditions being

(a− 1) (ψj(0)− ψk(0)) + i(a + 1)
(
ψ′
j(0)− ψ′

k(0)
)

= 0 , j, k ∈ n̂ ,

(a− 1 + nb)

n∑

k=1

ψk(0) + i(a + 1 + nb)

n∑

k=1

ψ′
k(0) = 0 .

(2.7)

2.3. Approximation of δ couplings

Let us next recall briefly known results about approximations of vertex couplings

starting from the δ coupling. The idea is the same as for δ interactions on the line.

Let Uδ(α) := 2
n+iαJ − I be the corresponding matrix of the condition (2.3).

Given a family of real-valued functions W = {Wj : j ∈ n̂}, for simplicity assumed

to be compactly supported, we define scaled potentials at graph edges by

Wǫ,j :=
1

ǫ
Wj

(x

ǫ

)

, j ∈ n̂ . (2.8)

Starting from the free boundary conditions and choosing the family (2.8) we can

approximate any nontrivial δ coupling as the following result shows.

Theorem 2.1. Suppose that Wj ∈ L1(0, 1) for j ∈ n̂, then

HUδ(0) + Wǫ −→ HUδ(α) as ǫ → 0+ (2.9)

in the norm resolvent sense, where α :=

n∑

j=1

∫ 1

0

Wj(x) dx.

Proof. See [15] where a more general result of this type is derived, together with

other extensions of the standard Sturm–Liouville theory to star graphs.
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2.4. Approximation of singular permutation-invariant couplings

Consider further permutation-invariant couplings with wave functions discontinu-

ous at the vertex. Denote the operator HU corresponding to U = aI + bJ with

a, b satisfying the stated conditions as Ha,b. The approximating family can be con-

structed as follows: we start from the operator Hu,0 := HUδ(u) and pass to Hu,v

obtained by adding a δ interaction of strength v on each edge at a distance d from

the center. We will let the δ’s approach the centre scaling properly u, v.

Theorem 2.2. Fix a pair of complex numbers a *= −1 and b *= 0 such that |a| = 1

and |a + nb| = 1, and set

u(d) := i
n

d2

(
a− 1 + nb

a + 1 + nb
+

a− 1

a + 1

)−1

, v(d) := −
1

d
− i

a− 1

a + 1
. (2.10)

Suppose that a+1+nb *= 0 and a(a+nb) *= 1, then the operators Hu(d),v(d) converge

to Ha,b in the norm resolvent topology as d→ 0+. Moreover, the claim remains true

in the two excluded cases, provided we replace the above u(d) by −nd−1 and ζd−ν

with R ∋ ζ *= 0 and ν > 2, respectively.

Proof. This can be found in [20], the particular case of δ′
s coupling (2.5) in which

u(d) = −βd−2 and v(d) = −d−1 was discussed in [19].

3. CS-type Approximation of Singular Couplings

After the preliminaries let us turn to our proper task, namely approximations of

singular couplings à la Cheon and Shigehara, i.e. by means of additional δ inter-

actions, properly scaled, on edges of our star graph, without the requirement of

permutation invariance.

3.1. The class of approximable couplings

The first question is how large is the class of operators HU which can be treated

in this way. We are going to answer it using the technique of [16], i.e. looking into

convergence of the corresponding boundary conditions.

Proposition 3.1. Let Γ be a star graph with n semi-infinite edges and Γ(d) be a

graph obtained from Γ by adding a finite number of vertices at each edge. Consider

a family {Γ(d) : d ∈ R+} of such graphs with the properties that the number of the

added vertices at each edge is independent of d and their distances from the center

are O(d) as d→ 0+. Suppose that a family of functions Ψd ∈W 2,2 (Γ\({c} ∪ Vd)),

where c is the center of Γ and Vd is the set of added vertices, satisfies the conditions

(2.4) with d-dependent parameters, and that it converges to Ψ ∈W 2,2 (Γ\{c}) which

obeys the condition (2.1) with some A,B satisfying the requirements (2.2). The

family of the conditions (2.1) which can be obtained in this way depends on 2n

parameters if n > 2, and on three parameters for n = 2.
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Proof. The δ coupling in the center of Γ is expressed by the condition (2.4).

Consider first δ interactions on a halfline and look how the boundary values change

when we pass between different sites. Suppose that at a point x the function and

its derivative have the right limits, and that x+ ǫ is the site of a δ interaction, then

the Taylor expansion gives

ψ(x + ǫ−) = ψ(x+) + ǫψ′(x+) +O(ǫ2) , ψ′(x + ǫ−) = ψ′(x+) +O(ǫ) ,

and the δ interaction is according to (2.4) described by

ψ(x + ǫ+) = ψ(x + ǫ−) =: ψ(x + ǫ) , ψ′(x + ǫ+)− ψ′(x + ǫ−) = α(ǫ)ψ(x + ǫ) ,

where α(ǫ) is the coupling parameter. The may be ǫ-dependent but we suppose

such a dependence that the error terms can be neglected as ǫ→ 0+; then we have

ψ(x + ǫ) = ψ(x+) + ǫψ′(x+) +O(ǫ2) ,

ψ′(x + ǫ+) = ψ′(x+) +O(ǫ) + α(ǫ)(ψ(x+) + ǫψ′(x+) +O(ǫ2))

= (1 + α(ǫ)ǫ)ψ′(x+) + α(ǫ)ψ(x+) +O(ǫ) + α(ǫ)O(ǫ2) ,

so that ψ(x + ǫ) and ψ′(x + ǫ+) depend on ψ(x+) and ψ′(x+) linearly up to error

terms. In case of a finite number of δ interactions on a halfline one can show in a

similar way recursively that the function value and the right limit of the derivative

at the site of the last δ depends, up to error terms, linearly on the function value

and the right limit of the derivative for the first δ interaction.

Let us apply this conclusion to the edges of our star graph. We denote by dj
the distance of the last δ interaction on the jth halfline family of edges in Γ(d); by

assumption we have dj = O(d). Then we have

f̃
(1)
j (d)ψj(dj) = g̃

(1)
j (d)ψ(0) + h̃

(1)
j (d)ψ′

j(0) + r̃
(1)
j (d) ,

f̃
(2)
j (d)ψ′

j(dj+) = g̃
(2)
j (d)ψ(0) + h̃

(2)
j (d)ψ′

j(0) + r̃
(2)
j (d)

for some f̃
(1)
j , g̃

(1)
j , h̃

(1)
j , f̃

(2)
j , g̃

(2)
j , h̃

(2)
j : R+ → R. The functions r̃

(1)
j and r̃

(2)
j (d)

are error terms and we suppose that they can be neglected in the limit. We are

interested in the situation when the last relations can be inverted and ψ(0), ψ′
j(0)

can be expressed by means of ψj(dj) and ψ′
j(dj+),

ψ(0) = f
(1)
j (d)ψj(dj) + g

(1)
j (d)ψ′

j(dj+) +R(d) , j ∈ n̂ , (3.1)

ψ′
j(0) = f̃

(2)
j (d)ψj(dj) + g̃

(2)
j (d)ψ′

j(dj+) +R(d) , j ∈ n̂ , (3.2)

where we have introduced R(d) as the symbol for a generic remainder; we still

assume that it can be neglected with respect to the other terms as d → 0+. The
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Eq. (3.1) yield for j, k ∈ n̂ the conditions

f
(1)
j (d)ψj(dj)− f

(1)
k (d)ψk(dk) + g

(1)
j (d)ψ′

j(dj+)− g
(1)
k (d)ψ′

k(dk+) = R(d) ,

j, k ∈ n̂ (3.3)

and from (3.2) together with the second one of the conditions (2.4) we get

αψ(0) =
n∑

k=1

(f
(2)
k (d)ψk(dk) + g

(2)
k (d)ψ′

k(dk+)) +R(d) . (3.4)

We substitute for ψ(0) from (3.1) and perform a repeated summation of (3.4) over

j. After an easy rearrangement we get

n∑

j=1

(αf
(1)
j (d)− nf

(2)
j (d))ψj(dj) +

n∑

j=1

(αg
(1)
j (d)− ng

(2)
k (d))ψ′

j(dj+) = R(d) . (3.5)

Now we pass to the limit d→ 0+ in the Eqs. (3.3) and (3.5). Before that we multiply

both sides by a power of d such that the right-hand side tends to zero as d → 0+,

while at least one coefficient at the left-hand side remains nonzero, in other words,

we use the assumed existence of the limit in which the error terms can be neglected

with respect to the leading ones. Equation (3.3) acquires then the form

cjψj(0)− ckψk(0) + tjψ
′
j(0+)− tkψ

′
k(0+) = 0 , j, k ∈ n̂ (3.6)

while (3.5) gives

n∑

j=1

γjψj(0) +

n∑

j=1

τjψ
′
j(0+) = 0 , (3.7)

where cj , tj , γj , τj are the appropriate limiting values of the functions involved.

The obtained conditions can also be written in a matrix form,










c1 −c2 0 · · · 0

c1 0 −c3 · · · 0
...

. . .

c1 0 0 · · · −cn
γ1 γ2 γ3 · · · γn










︸ ︷︷ ︸

A

Ψ(0) +










t1 −t2 0 · · · 0

t1 0 −t3 · · · 0
...

. . .

t1 0 0 · · · −tn
τ1 τ2 τ3 · · · τn










︸ ︷︷ ︸

B

Ψ′(0) = 0 . (3.8)

It is clear already now — from the fact that the coefficients cj , tj , γj , τj , j ∈ n̂ are

real-valued — that the achievable number of parameters cannot exceed 4n.

So far we have not brought the self-adjointness into the game. To find the true

number of parameters we pass from A, B to the unitary matrix U of standard

boundary conditions (2.3). This is achieved by multiplying the relation (3.8) from
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the left by a regular matrix M such that U − I = MA and i(U + I) = MB . This

determines U since the last relations imply

U =
1

2
M(A− iB) , I = −

1

2
M(A + iB) ;

notice that A + iB is regular because A and B are real and the matrix (A|B) has

the full rank by assumption. Hence we have M = −2(A + iB)−1, which further

gives

U = −(A + iB)−1 · (A− iB) .

We shall apply the Gauss elimination method to get the chain of equivalences

(
−(A + iB)|(A− iB)

)
∼ · · · ∼

(
I| −(A + iB)−1 · (A− iB)

︸ ︷︷ ︸

U

)
;

the explicit form of A ± iB is obtained from (3.8). We notice that the regularity

of A + iB implies the following facts: (i) there is at most one j ∈ n̂ such that

cj + itj = 0 (and for such a j it holds that γj + iτj *= 0), (ii) there is at least one

j ∈ n̂ such that γj + iτj *= 0. The matrix
(
−(A + iB)|(A − iB)

)
equals to










−(c1 + it1) c2 + it2 · · · 0

−(c1 + it1) 0 · · · 0
...

. . .

−(c1 + it1) 0 · · · cn + itn
−(γ1 + iτ1) −(γ2 + iτ2) · · · −(γn + iτn)

c1 − it1 −(c2 − it2) · · · 0

c1 − it1 0 · · · 0
...

. . .

c1 − it1 0 · · · −(cn − itn)

γ1 − iτ1 γ2 − iτ2 · · · γn − iτn










.

Suppose first that cj + itj *= 0 for all j ∈ n̂, then by equivalent row manipulations

we pass to the matrix (D|V ), where

D =













−

(

γ1 + iτ1 + (c1+1)
n∑

ℓ=1

γℓ + iτℓ
cℓ + itℓ

)

0 0 · · · 0

0 c2 + it2 0 · · · 0

0 0 c3 + it3 · · · 0
...

. . .

0 0 0 · · · cn + itn













,

V =












(c1 − it1)S − 2i
c1τ1 − γ1t1

c1 + it1
−2i

c2τ2 − γ2t2

c2 + it2
· · · −2i

cnτn − γntn

cn + itn

2i

S

c1τ1 − γ1t1

c1 + it1
−c2 + it2 +

2i

S

c2τ2 − γ2t2

c2 + it2
· · ·

2i

S

cnτn − γntn

cn + itn

.

.

.
. . .

2i

S

c1τ1 − γ1t1

c1 + it1

2i

S

c2τ2 − γ2t2

c2 + it2
· · · −cn + itn +

2i

S

cnτn − γntn

cn + itn












,
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where we have denoted S =
∑n

ℓ=1
γℓ+iτℓ
cℓ+itℓ

. Since we used only equivalent manipula-

tions, the diagonal matrix D should have the same rank as A+iB, hence it must be

regular because none of its diagonal elements is zero. Consequently, we can divide

each row of (D|V ) by the corresponding diagobal element of D. This yields (I|U),

where U is the sought unitary matrix and its diagonal and off-diagonal elements

are given by

Ujj =
2i(cjτj − tjγj)

(cj + itj)
2

n∑

ℓ=1

γℓ + iτℓ
cℓ + itℓ

−
cj − itj
cj + itj

,

Ujk =
2i(ckτk − tkγk)

(cj + itj)(ck + itk)

n∑

ℓ=1

γℓ + iτℓ
cℓ + itℓ

if j *= k .

(3.9)

The right-hand sides make sense due to the first of the conditions (2.2) and our

assumptions about non-vanishing of all the expressions cj + itj .

So far we have not employed the second one of the requirements (2.2), namely

the self-adjointness of the matrix AB∗. This is equivalent to unitarity of U , however,

it is easier to check it in its original version. By a straightforward computation we

find that the product AB∗ = ABT equals













c1t1 + c2t2 c1t1 c1t1 · · · c1t1 c1τ1 − c2τ2
c1t1 c1t1 + c3t3 c1t1 · · · c1t1 c1τ1 − c3τ3
c1t1 c1t1 c1t1 + c4t4 · · · c1t1 c1τ1 − c4τ4

...
. . .

...

c1t1 c1t1 c1t1 · · · c1t1 + cntn c1τ1 − cnτn
γ1t1 − γ2t2 γ1t1 − γ3t3 γ1t1 − γ4t4 · · · γ1t1 − γntn γ1τ1 + γ2τ2 + · · ·+ γnτn













,

hence AB∗ is self-adjoint if and only if c1τ1 − cjτj = γ1t1 − γjtj holds for all

j = 2, . . . , n, and therefore

c1τ1 − γ1t1 = c2τ2 − γ2t2 = c3τ3 − γ3t3 = · · · = cnτn − γntn . (3.10)

We denote the common value cjτj − γjtj as κ and recall that we have denoted

S =
∑n

ℓ=1
γℓ+iτℓ
cℓ+itℓ

, then the matrix U given by (3.9) can be simplified,

U =











2iκ

(c1 + it1)2S
−
c1 − it1

c1 + it1

2iκ

(c1 + it1)(c2 + it2)S
· · ·

2iκ

(c1 + it1)(cn + itn)S
2iκ

(c2 + it2)(c1 + it1)S

2iκ

(c2 + it2)2S
−
c2 − it2

c2 + it2
· · ·

2iκ

(c2 + it2)(cn + itn)S
.
.
.

. . .

2iκ

(cn + itn)(c1 + it1)S

2iκ

(cn + itn)(c2 + it2)S
· · ·

2iκ

(cn + itn)(cn + itn)S
−
cn − itn

cn + itn











.
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Let us show that the matrix (3.9) can be parametrized by 2n real numbers. We

rewrite the quantity S introduced above in the following way,

S =
n∑

ℓ=1

(γℓ + iτℓ)(cℓ − itℓ)

c2ℓ + t2ℓ
=

n∑

ℓ=1

cℓγℓ + tℓτℓ

c2ℓ + t2ℓ
+ iκ

n∑

ℓ=1

1

c2ℓ + t2ℓ
,

and make first several observations: (i) regarding (3.8) as a system of linear equa-

tions its solvability is not affected if the last one is multiplied by a nonzero number.

At the same time, the value of κ is directly proportional to γj , τj , and consequently,

one can suppose without loss of generality that κ = 1 (the case κ = 0 gives rise

to the same situation as c1 + it1 = 0 which we shall discuss below), (ii) if κ = 1

the imaginary part of S is determined only by the values of cj , tj , j ∈ n̂ , (iii) and

finally, one can also suppose without loss of generality that |c1 + it1| = 1, since in

the opposite case we can divide all but the last of the equations in the system (3.8)

by |c1 + it1| which is nonzero by assumption.

With the above convention we can denote c1 + it1 =: eiθ and ReS =: ρ so that

S = ρ + i

(

1 +

n∑

ℓ=2

1

c2ℓ + t2ℓ

)

and U can be written explicitly as

U =










2i
S e−2iθ − e−2iθ 2i

(c2+it2)S
e−iθ · · · 2i

(cn+itn)S
e−iθ

2i
(c2+it2)S

e−iθ 2i
(c2+it2)2S

− c2−it2
c2+it2

· · · 2i
(c2+it2)(cn+itn)S

...
. . .

2i
(cn+itn)S

e−iθ 2i
(cn+itn)(c2+it2)S

· · · 2i
(cn+itn)(cn+itn)S

− cn−itn
cn+itn










(3.11)

being dependent on 2n real parameters θ, c2, c3, . . . , cn, t2, t3, . . . , tn, ρ.

The above argument applies to any n > 2. In the case n = 2 the situation is

somewhat different, because we have n2 = 2n = 4 but (3.11) does not give the whole

family of unitary 2× 2 matrices; notice that the off-diagonal elements coincide. It

is easy to show that the admissible U can be for n = 2 characterized by three real

parameters. Indeed, writing U =
(
a b
b c

)
the unitarity requirement reads

|a|2 + |b|2 = 1, |b|2 + |c|2 = 1, ab̄ + bc̄ = 0 .

Knowing the modulus and phase of a, the modulus of b is determined so one has

to choose its phase. Furthermore, since we assume b *= 0 the element c is uniquely

determined. Hence the matrix U of (3.11) is described by three parameters which

can be chosen, e.g., as the real parts of Ujj and the phase of U12.

Returning to the general case one can also write the conditions (2.1) explicitly

in terms of the parameters. A straightforward way is to put Ã = U−I, B̃ = i(U +I)
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with U given by (3.11). To get a simpler expression one can pass from the system

ÃΨ(0)+ B̃Ψ′(0) = 0 to an equivalent one multiplying it from the left by the matrix

1

2










−eiθ c2 + it2 0 · · · 0

−eiθ 0 c3 + it3 · · · 0
...

. . .

−eiθ 0 0 · · · cn + itn
eiθ c2 + it2 c3 + it3 · · · cn + itn










;

this yields an explicit parametrization of the conditions (2.1) with

A =











cos θ −c2 0 · · · 0

cos θ 0 −c3 · · · 0
...

. . .

cos θ 0 0 · · · −cn
S cos θ − i

c1+it1
Sc2 −

i
c2+it2

Sc3 −
i

c3+it3
· · · Scn −

i
cn+itn











,

B =











sin θ −t2 0 · · · 0

sin θ 0 −t3 · · · 0
...

. . .

sin θ 0 0 · · · −tn
S sin θ + 1

c1+it1
St2 + 1

c2+it2
St3 + 1

c3+it3
· · · Stn + 1

cn+itn











(3.12)

and concludes the argument in the generic case when cj + itj *= 0 for all j ∈ n̂.

It remains to deal with the case when the last mentioned requirement is violated;

without loss of generality we may suppose that c1 + it1 = 0. The corresponding

matrix
(
−(A + iB)|(A − iB)

)
has the form








0 c2 + it2 · · · 0
...

. . .

0 0 · · · cn + itn
−(γ1 + iτ1) −(γ2 + iτ2) · · · −(γn + iτn)

0 −(c2 − it2) · · · 0
...

. . .

0 0 · · · −(cn − itn)

γ1 − iτ1 γ2 − iτ2 · · · γn − iτn








.

Using the Gauss elimination scheme we arrive at (D|V ) with a diagonal D and

upper-triangular V , and from here in the same way as above to (I|U) with

U =













−γ1−iτ1
γ1+iτ1

2i
γ1+iτ1

c2τ2−γ2t2
c2+it2

2i
γ1+iτ1

c3τ3−γ3t3
c3+it3

· · · 2i
γ1+iτ1

cnτn−γntn
cn+itn

0 − c2−it2
c2+it2

0 · · · 0

0 0 − c3−it3
c3+it3

· · · 0

...
. . .

0 0 0 · · · − cn−itn
cn+itn













.
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Furthermore, it follows from the condition (3.10) with c1 = t1 = 0 that

c2τ2 − γ2t2 = c3τ3 − γ3t3 = · · · = cnτn − γntn = 0

hence all the off-diagonal elements in the above matrix U vanish which means that

it is characterized by n real parameters,

U = diag{eiθ1, . . . , eiθn}.

It is easy to rewrite the boundary conditions in the form (2.1) and check that they

correspond to the fully separated case,

sin
θj

2
· ψj(0) + cos

θj

2
· ψ′

j(0) = 0 , j ∈ n̂ , (3.13)

which is, of course, trivial for the viewpoint of quantum mechanics on Γ.

3.2. A concrete 2n-parameter approximation

Knowing the maximum number of parameters in the boundary conditions (2.1)

which can be achieved in this way, we are naturally led to the idea of placing two

δ interactions at each of the n halflines. In this section we are going to concretize

this proposal. We will concentrate at the matrix (3.11) in the generic case leaving

out the trivial situation (3.13) mentioned at the end of the previous proof. We will

also leave out the case n = 2 which was discussed in the paper [27].

Let us specify the approximation arrangement. The δ’s are placed as sketched

in Fig. 1, all dependent on a parameter d in terms of which the limit is performed:

• there is a δ coupling with parameter u(d) in the star center;

• on each halfline there is a δ interaction with parameter vj(d), where j is the

halfline index, at a distance D(d) from the center (it will turn out in the following

that we may choose D(d) = d3);

• furthermore, each halfline supports another δ interaction with parameter wj(d)

at the distance D(d) + d from the center.

For the sake of brevity we will not indicate the d-dependence of the parameters

u, vj , wj and the distance D unless necessary. The boundary conditions which the

functions ψ1, . . . , ψn on Γ have to satisfy are

ψ1(0) = ψ2(0) = · · · = ψn(0) =: ψ(0) ,
n∑

j=1

ψ′
j(0+) = uψ(0), (3.14)

ψj(D+) = ψj(D−) =: ψj(D) , ψ′
j(D+)− ψ′

j(D−) = vjψj(D), (3.15)

ψj(D + d±) =: ψj(D + d) , ψ′
j(D + d+)− ψ′

j(D + d−) = wjψj(D + d) . (3.16)

Further relations which will in the following serve to determine the parameter

dependence on d are obtained from Taylor expansion of the respective wave func-

tions,

ψj(D) = ψj(0) + Dψ′
j(0+) +O(D2) , ψ′

j(D−) = ψ′
j(0+) +O(D) , (3.17)

ψj(D + d) = ψj(D) + dψ′
j(D+) +O(d2) , ψ′

j(D + d−) = ψ′
j(D+) +O(d) (3.18)
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Fig. 1. Scheme of a 2n-parameter approximation.

for j ∈ n̂. We need to find relations between the values ψ1(D + d), . . . , ψn(D + d)

and ψ′
1(D + d+), . . . , ψ′

n(D + d+). To this aim we express them first in terms of

ψ(0) and ψ′
j(0+). Using the relations (3.15) and (3.17) we get

ψ′
j(D+) = ψ′

j(0+) +O(D) + vj(ψj(0) + Dψ′
j(0+) +O(D2))

= vjψ(0) + (1 + vjD)ψ′
j(0+) +O(D) + vjO(D2) .

Substituting into the first one of the relations (3.18) and using (3.15) again we find

ψj(D + d) = (1 + dvj)ψ(0) + (D + d(1 + vjD))ψ′
j(0+)

+O(D2) + dO(D) + dvjO(D2) +O(d2) . (3.19)

The already obtained expression for ψ′
j(D+) together with the second one of the

relations (3.18) give

ψ′
j(D + d−) = vjψ(0) + (1 + vjD)ψ′

j(0+) +O(D) + vjO(D2) +O(d) .

Substituting from here and (3.19) into the second one of the relations (3.16) we get

after a simple rearrangement

ψ′
j(D + d+) = (vj + wj(1 + dvj))ψ(0) + (1 + vjD + wj(D + d(1 + vjD)))ψ′

j(0+)

+O(D) + vjO(D2) +O(d) + wj(O(D2) + dO(D)

+ dvjO(D2) +O(d2)). (3.20)
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Next we eliminate ψ′
j(0+) (for simplicity we write ψ′

j(0)) from the obtained rela-

tions (3.19) and (3.20), multiplying them by 1 + vjD + wj(D + d(1 + vjD)) and

D + d(1 + vjD), respectively, and subtracting. In the resulting expression the

coefficient at ψ(0) equals one,

(1 + vjD + wj(D + d(1 + vjD)))ψj(D + d)

= ψ(0) + (D + d(1 + vjD))ψ′
j(D + d+) +Rj , (3.21)

with the remainder term

Rj := (1 + vjD + wj(D + d(1 + vjD)))(O(D2) + dO(D) + dvjO(D2) +O(d2))

− (D + d(1 + vjD))(O(D) + vjO(D2) +O(d)

+ wj(O(D2) + dO(D) + dvjO(D2) +O(d2))) .

So far the edge index has been kept fixed. Subtracting mutually the relations (3.21)

for different values of j, k ∈ N, we can eliminate ψ(0),

(1 + vjD + wj(D + d(1 + vjD)))ψj(D + d)

− (1 + vkD + wk(D + d(1 + vkD)))ψk(D + d)

= (D + d(1 + vjD))ψ′
j(D + d+)− (D + d(1 + vkD))ψ′

k(D + d+) +Rj −Rk.

(3.22)

Returning to the relations (3.19) and (3.20) we can eliminate from them ψ(0) in a

similar way as above arriving at the relation

(1 + dvj)ψ
′
j(D + d+)− (vj + wj(1 + dvj))ψj(D + d) = ψ′

j(0)− R̃j (3.23)

with the remainder term

R̃j := (vj + wj(1 + dvj))(O(D2) + dO(D) + dvjO(D2) +O(d2))

− (1 + dvj)((O(D) + vjO(D2) +O(d) + wj(O(D2)

+ dO(D) + dvjO(D2) +O(d2))) .

Summing the above relations over j ∈ N and using (3.14) we get

n∑

j=1

(1+dvj)ψ
′
j(D+d+)−

n∑

j=1

(vj + wj(1 + dvj))ψj(D+d)= uψ(0)−
n∑

j=1

R̃j . (3.24)

The right-hand side can rewritten using the continuity condition (3.14) in combi-

nation with the relation (3.21),

uψ(0) =
u

n

n∑

j=1

ψj(0) =
u

n

n∑

j=1

(
(1 + vjD + wj(D + d(1 + vjD)))ψj(D + d)

− (D + d(1 + vjD))ψ′
j(D + d+) +Rj

)
.
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This allows us to cast (3.24) into a form which contains neither ψ(0) nor ψ′
j(0),

n∑

j=1

(

vj + wj(1 + dvj) +
u

n
(1 + vjD + wj (D + d(1 + vjD)))

)

ψj(D + d)

=

n∑

j=1

(

1 + dvj +
u

n
(D + d(1 + vjD))

)

ψ′
j(D + d+) +

n∑

j=1

(

R̃j −
u

n
Rj

)

.

(3.25)

The Eqs. (3.22) and (3.25) are the sought relations between the function values and

derivatives at the sites of the “outer” δ’s with ψ(0) and ψ′
j(0) eliminated.

In the next step we are going to choose the dependences D =D(d),

u = u(d), vj = vj(d) and wj = wj(d) for j ∈ n̂ in such a way that the limit

d → 0+ will yield the (2n-parameter family of) boundary conditions (2.1) satisfy-

ing the requirement (2.2). It appears that a suitable choice is the following one,

D(d) := d3

1 + vjD = αjd , i.e. vj(d) := −
1

d3
+

αj

d2
,

1 + wjd = βjd , i.e. wj(d) := −
1

d
+ βj ,

u(d) :=
ω

d4
.

(3.26)

Indeed, in such a case the coefficients in (3.22) acquire the form

(1 + vjD)(1 + wjd) + wjD = (αjβj − 1)d2 + βjd
3 ,

D + d(1 + vjD) = αjd
2 + d3

(3.27)

and a straightforward computation shows that the remainders are Rj = d2O(d),

hence dividing (3.22) by d2 we arrive at

(αjβj − 1 + βjd)ψj(d
3 + d)− (αkβk − 1 + βkd)ψk(d3 + d)

= (αj + d)ψ′
j(d

3 + d+)− (αk + d)ψ′
k(d3 + d+) +O(d) .

Taking the limit d→ 0+ we have to realize that the condition ψj ∈W 2,2(R+), j ∈ n̂,

requires that ψj(d) = o(d−1/2) holds at the halfline endpoint, hence we have

(αjβj − 1)ψj(0)− (αkβk − 1)ψk(0) = αjψ
′
j(0)− αkψ

′
k(0) , j, k ∈ n̂ . (3.28)

In a similar way we proceed with Eq. (3.25). We employ (3.27), then a straight-

forward computation gives for the coefficients at ψj(D + d) and ψ′
j(D + d+) the
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following expressions

vj + wj(1 + dvj) +
u

n
(1 + vjD + wj (D + d(1 + vjD)))

=

(

− βj +
ω

n
(αjβj − 1)

)

1

d2
+

(

αjβj − 1 +
ω

n
βj

)

1

d
+ βj ,

1 + dvj +
u

n
(D + d(1 + vjD)) =

(

− 1 +
ω

n
αj

)

1

d2
+

(

αj +
ω

n

)

1

d
+ 1 ,

and the remainder terms R̃j and u
nRj are both d−2O(d). We substitute from here

to (3.25), multiply the result by d2 and pass to the limit d→ 0+; this yields

n∑

j=1

(

− βj +
ω

n
(αjβj − 1)

)

ψj(0) =
n∑

j=1

(

− 1 +
ω

n
αj

)

ψ′
j(0) , j ∈ n̂ . (3.29)

The relations (3.28) and (3.29) are the sought boundary conditions. It remains

to express them as (2.1) and to find relations between the parameters contained in

them to those of (3.11). The matrix forms of (3.28) and (3.29) looks as follows,








α1β1 − 1 −(α2β2 − 1) · · · 0
...

. . .

α1β1 − 1 0 · · · −(αnβn − 1)

γ̃1 γ̃2 · · · γ̃n








Ψ(0)

+








−α1 α2 · · · 0
...

. . .

−α1 0 · · · αn
τ̃1 τ̃2 · · · τ̃n








Ψ′(0) = 0, (3.30)

where γ̃j := ω
n (αjβj − 1)− βj and τ̃j := 1− ω

nαj . We know that the corresponding

matrix of (2.3) is given by U = −(A + iB)−1 · (A− iB), its matrix element being

Ujj =
2i

(αjβj − 1− iαj)
2

(
n∑

l=1

βl(αlβl − 1) + αl

(αlβl − 1)2 + α2l
− ω + i

n∑

l=1

1

(αlβl − 1)2 + α2l

)

−
αjβj − 1 + iαj
αjβj − 1− iαj

and

Ujk =
2i

(αjβj − 1− iαj)(αkβk − 1− iαk)

×

(
n∑

l=1

βl(αlβl − 1) + αl

(αlβl − 1)2 + α2l
− ω + i

n∑

l=1

1

(αlβl − 1)2 + α2l

)
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for j *= k. If the latter should correspond to (3.11), it is sufficient to require

|α1β1 − 1− iα1| = 1 (3.31)

and to set
n∑

l=1

βl(αlβl − 1) + αl

(αlβl − 1)2 + α2l
− ω = ρ , (3.32)

αjβj − 1 = cj , −αj = tj . (3.33)

For α1 = 0 the condition (3.31) is satified trivially, while for a nonzero value it is

equivalent to α1(α1(β
2
1 + 1)− 2β1) = 0, in other words we have to put

α1 =
2β1

β21 + 1
.

In this way we have eliminated the parameter α1, and just 2n of them is left.

The correspondence between the 2n-tuples β1, β2, β3, . . . , βn, α2, α3, . . . , αn, ω and

θ, c2, c3, . . . , cn, t2, t3, . . . , tn, ρ looks as follows:

• β1 ↔ θ: they are related by β1−i
β1+i

= eiθ

• αj , βj ↔ cj , tj , j ∈ {2, . . . , n}: see (3.33),

• ω ↔ ρ: see (3.32).

In what follows we will work with β1, β2, β3, . . . , βn, α2, α3, . . . , αn, ω, for simplicity

we will use also α1 remembering that it is determined by β1 and the relation (3.31).

4. Norm-Resolvent Convergence

The approximation worked out in the previous section was in the spirit of [16, 27]

being expressed in terms of boundary conditions. One asks naturally what can

be said about the relation between the corresponding operators. We denote the

Hamiltonian with the coupling (3.30) in center of the star as Hω,>α,>β , and Hu,>v, >w(d)

will be the approximating family constructed above, with a pair of δ interactions

added at each halfline. Our aim here is to demonstrate the following claim.

Theorem 4.1. Let u, vj , wj , j ∈ n̂, depend on d according to (3.26), i.e.

u(d) =
ω

d4
, vj(d) = −

1

d3
+

αj

d2
, wj(d) = −

1

d
+ βj .

Then Hu,>v, >w(d) converges to Hω,>α,>β in the norm-resolvent sense as d→ 0+.

Proof. We have to compare the resolvents RHu,%v,%w(d)(k
2) and RHω,%α,%β (k2) of the

two operators for k2 in the resolvent set. It is clearly sufficient to check the conver-

gence in the Hilbert–Schmidt norm,
∥
∥RHu,%v,%w(d)(k

2)−RHω,%α,%β (k2)
∥
∥
2
→ 0+ as d −→ 0+ ,

in other words, to show that the difference of the corresponding resolvent kernels

denoted as Gu,>v, >wk and Gω,>α,
>β

k , respectively, tends to zero in L2((R+)2n). Recall that

these jernels, or Green functions, are in our case n× n matrix functions.
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Let us construct first Gω,>α,
>β

k for the star-graph Hamiltonian referring to the

condition (2.1) in the center. We begin with n independent halflines with Dirichlet

condition at its endpoints; Green’s function for each of them is well known to be

Giκ(x, y) =
sinhκx< e−κx>

κ
,

where x< := min{x, y}, x> := max{x, y}, and we put iκ = k assuming Reκ > 0.

The sought Green’s function is then given by Krein’s formula [4, App. A],

RHA,B (k2) = RH(k2) +
n∑

j,l=1

λjl(k
2)(φl(k̄

2), ·)L2((R+)n)φj(k
2) , (4.1)

where RH(k2) acts on each halfline as an integral operator with the kernel Gκ and

for φj(k
2) one can choose any elements of the deficiency subspaces of the largest

common restriction; we will work with
(
φj(k

2)(x)
)

m
= δjme−κx.

To find the coefficients λjl(k
2) we apply (4.1) to an arbitrary Ψ ∈

⊕n
j=1 L

2(R+)

and denote the components of the resulting vector as hj; it yields

hj(xj) =

∫ +∞

0

Giκ(x, yj)ψj(yj)dyj +

n∑

l=1

λjl(k
2)

∫ +∞

0

e−κylψl(yl)dyl · e
−κxj .

These functions have to satisfy the boundary conditions in the center,
n∑

m=1

Ajmhm(0) +

n∑

m=1

Bjmh′
m(0) = 0 for all j ∈ n̂ . (4.2)

Using the explicit form of Giκ(x, y) and ∂Gκ(xm,ym)
∂xm

|xm=0 = e−κym we find

hm(0) =

n∑

l=1

λml(k
2)

∫ +∞

0

e−κylψl(yl)dyl (4.3)

and

h′
m(0) =

∫ +∞

0

e−κymψm(ym)dym − κ

n∑

l=1

λml(k
2)

∫ +∞

0

e−κylψl(yl)dyl . (4.4)

Substituting from these relations into (4.2) we get a system of equations,

n∑

l=1

∫ +∞

0

(
n∑

m=1

Ajmλml(k
2) + Bjl − κ

n∑

m=1

Bjmλml(k
2)

)

e−κylψl(yl)dyl = 0 ,

with j ∈ n̂. We require that the left-hand side vanishes for any ψ1, ψ2, . . . , ψn; this

yields the condition AΛ +B−κBΛ = 0. From here it is easy to find the coefficients

λjl(k
2): we have (A− κB)Λ = −B, and therefore

λjl(k
2) = −

[
(A− κB)−1B

]

jl
.

Notice that the matrix A − κB is regular in view of the first conditions in (2.2);

since A,B are real and Imκ *= 0, the requirement rank(A,B) = n implies that we

have also rank(A− κB) = n.
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Let us now concentrate on the class of couplings for which we established in the

previous section the boundary condition convergence. In this case A− κB equals










α1(β1 + κ) − 1 −(α2(β2 + κ) − 1) · · · 0

...
. . .

α1(β1 + κ) − 1 0 · · · −(αn(βn + κ) − 1)

(β1 + κ)
“

ω

n
α1 − 1

”

−

ω

n
(β2 + κ)

“

ω

n
α2 − 1

”

−

ω

n
· · · (βn + κ)

“

ω

n
αn − 1

”

−

ω

n











,

and a tedious by straightforward computation yields an explicit form of the matrix

−(A− κB)−1B, namely

[−(A− κB)−1B]jl

=
1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

·
1

(αj(βj + κ)− 1)(αl(βl + κ)− 1)
for j *= l ,

[−(A− κB)−1B]jj

=
1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

·
1

(αj(βj + κ)− 1)2
+

αj

αj(βj + κ)− 1
.

In this way we get the Green function Gω,>α,
>β

iκ . As we have mentioned above, it is an

n× n matrix-valued function the (j, l)th element of which is given by

Gω,>α,
>β

iκ,jl (x, y)

= δjl

(
sinhκx< e−κx>

κ
+ e−κ(x+y) αj

αj(βj + κ)− 1

)

+
1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

·
1

(αj(βj + κ)− 1)(αl(βl + κ)− 1)
e−κxe−κy;

we use the convention that x is from the jth halfline and y from the lth one.

Next we will pass to resolvent construction for the approximating family of

operators Hu,>v, >w(d). As a starting point we consider n independent halflines

with Dirichlet endpoints; we know that the appropriate Green’s function is

Giκ(x, y) =κ−1 sinhκx<e−κx> . The sought resolvent kernel will be then found in

several steps. Each of them represents an application of Krein’s formula. First we

add the δ interaction with the parameter v at the distance d3 from the endpoint,

then another one with the parameter w at the distance d + d3, again from the

endpoint. This is done on each halfline separately. In the final step we find Green’s

function for the star in which the Dirichlet ends are replaced by the δ coupling with
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the parameter u. That will require, of course, to distinguish the halflines by their

indices.

The first step is rather standard [19] and resulting Green function is

Gviκ(x, y) = Giκ(x, y)−
v

1 + v · Giκ(d3, d3)
Giκ(y, d3) Giκ(x, d3) . (4.5)

Adding another δ interaction at the distance d from the previous one we seek the

kernel in the form Rv,w(k2) = Rv(k2) + λ(k2)
(
φ(k̄2), ·

)
φ(k2) where the first term

is Rv(k2) := Gviκ and the deficiency-subspace element φ(k2) is chosen as

φ(k2)(x) := Gviκ(x, d + d3) .

We apply this Ansatz to any ψ ∈ L2(R+) and denote h := Rv,w(k2)ψ. It is easy to

check that Gviκ̄(x, y) = Gviκ(x, y), hence we can write h explicitly as

h(x) =

∫ +∞

0

Gviκ(x, y)ψ(y) dy + λ(k2)

∫ +∞

0

Gviκ(y, d + d3)ψ(y) dy · Gviκ(x, d + d3) .

By definition this function this function belongs to the domain of the operator with

two δ interactions, in particular, it has to satisfy the boundary conditions

h(d + d3+) = h(d + d3−) =: h(d + d3) , (4.6)

h′(d + d3+)− h′(d + d3−) = w · h(d + d3) . (4.7)

Green’s function continuity implies (4.6). Furthermore, we have

h′(x) =

∫ +∞

0

∂Gviκ(x, y)

∂x
ψ(y) dy+λ(k2)

∫ +∞

0

Gviκ(y, d+d3)ψ(y) dy·
∂Gviκ(x, d + d3)

∂x
,

which allows us to express h′(d + d3+) − h′(d + d3−). The first term obviously does

not contribute to the difference, while the contribution of the second one simplifies

in view of ∂G(x,y)
∂x

∣
∣
∣
y+
− ∂G(x,y)

∂x

∣
∣
∣
y
−

= −1 to the form

h′(d + d3+)− h′(d + d3−) = −λ(k2)

∫ +∞

0

Gviκ(y, d + d3)ψ(y) dy .

To satisfy (4.7) the coefficient λ(k2) must obey the condition

∫ +∞

0

[
λ(k2) + w + wλ(k2)Gviκ(d + d3, d + d3)

]
Gviκ(y, d + d3)ψ(y) dy = 0

for any ψ ∈ L2(R+), where we have taken Green’s function symmetry with respect

to the argument interchange into account. Consequently, the square bracket has to

vanish and we get the formula for the kernel with two δ interactions,

Gv,wiκ (x, y) = Gviκ(x, y)−
w

1 + w · Gviκ(d + d3, d + d3)
Gviκ(y, d+d3)Gviκ(x, d+d3) . (4.8)

The remaining step will be more complicated because we are going to introduce

a coupling between different halflines working this with matrix-valued functions.
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Our tool will be again Krein’s formula which now takes the form

RHu,%v,%w(k2) = RH%v,%w(k2) +

n∑

j,l=1

λjl(k
2)(φl(k̄

2), ·)L2((R+)n) · φj(k
2) ,

where the functions φj(k
2) will be chosen as

(
φj(k

2)(x)
)

m
= δjm ·

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

.

We apply this Ansatz to an arbitrary Ψ = {ψ1, . . . , ψn}
T and denote the elements

of the resulting vector as hj , explicitly

hj(x) =

∫ +∞

0

G
vj ,wj

iκ (x, y)ψj(y) dy

+

n∑

l=1

λjl(k
2)

∫ +∞

0

∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψl(y) dy ·
∂G

vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

,

(4.9)

where we have used Green’s function symmetry and the fact that its complex conju-

gation is equivalent to switching from κ to κ̄. As before the functions h1, h2, . . . , hn
have to satisfy the boundary conditions expressing the δ coupling in the star centre,

h1(0) = h2(0) = · · · = hn(0) =: h(0) , (4.10)

h′
1(0) + h′

2(0) + · · ·+ h′
n(0) = u · h(0) , (4.11)

for any ψ1, . . . , ψn ∈ L2(R+). Let us first express hj(0). The first term in the above

expression does not contribute since G
vj ,wj

iκ (0, y) = Gviκ(0, y) = 0. The second one

contains the value of Green’s function derivative which can be expressed using (4.8),

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

=
∂Gviκ(x, y)

∂y

∣
∣
∣
∣
y=0

−
w

1 + w · Gviκ(d + d3, d + d3)

·
∂Gviκ(y, d + d3)

∂y

∣
∣
∣
∣
y=0

· Gviκ(x, d + d3) .

The first term is obtained from (4.5) together with the explicit form of the “free”

kernel Giκ(x, y): we have

∂Gviκ(x, y)

∂y

∣
∣
∣
∣
y=0

= e−κx −
v

1 + v · Giκ(d3, d3)
e−κd3 · Giκ(x, d3) ,

in particular,
∂G

v
iκ(x,y)
∂y |x=y=0 = 1. This further implies

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

= e−κx −
vj

1 + vj · Giκ(d3, d3)
e−κd3Giκ(x, d3)

−
wj

1 + wj · G
vj
iκ (d + d3, d + d3)

·

(

e−κ(d+d3) −
vj

1 + vj · Giκ(d3, d3)
e−κd3Giκ(d + d3, d3)

)

· G
vj
iκ (x, d + d3) , (4.12)
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in particular,
∂G

vj,wj
iκ

(x,y)

∂y |x=y=0 = 1. Putting these results together, we can simplify

the expression for the boundary values hj(0) as follows,

hj(0) =
n∑

l=1

λjl(k
2)

∫ +∞

0

∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψl(y) dy .

Now we can find what is required to fulfill the conditions (4.10), i.e. hj(0) = hm(0)

for all j,m ∈ n̂. This is true provided

n∑

l=1

(
λjl(k

2)− λml(k
2)
)
∫ +∞

0

∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψl(y) dy = 0 ,

holds for any n-tuple of functions ψ1, . . . , ψn ∈ L2(R+) which is possible if

λjl(k
2) = λml(k

2) for all j,m ∈ n̂, l ∈ n̂ ,

thus we can simplify notation writing λl := λjl(k
2) for a fixed l ∈ n̂.

Values of the coefficients λ1, . . . , λn can be found from the remaining condi-

tion (4.11). To this aim we have to find explicit form of h′
j(0). It follows from the

expression (4.9) for hj(x) that

h′
j(0) =

∫ +∞

0

∂G
vj ,wj

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψj(y) dy

+
n∑

l=1

λl

∫ +∞

0

∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψl(y) dy ·
d

dx

(

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

.

The boundary condition (4.11) then requires that the expression

n∑

l=1

∫ +∞

0



1 + λl

n∑

j=1

d

dx

(

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

− u · λl





·
∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

ψl(y) dy

vanishes for any ψ1, . . . , ψn, and this in turn yields

λl =



u−

n∑

j=1

d

dx

(

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0





−1

for all l ∈ n̂
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showing, in particular, that λl does not depend on l, which means that all the

coefficients λjl(k
2) are the same and equal to the right-hand side of the last relation.

Before specifying the expression in the square bracket let us write down the

formula for the (j, l)th component of the sought Green function: we have

Gu,>v, >wiκ,jl (x, y)

= δjl · G
vj ,wj

iκ (x, y) +

∂G
vj ,wj

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

·
∂Gvl,wl

iκ (x, y)

∂x

∣
∣
∣
∣
x=0

u−

n∑

m=1

d

dx

(

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

. (4.13)

The first derivative in the numerator was found in (4.12) and by Green’s function

symmetry the other one is given by the same expression, with y replaced by x. The

same relation allows us to compute d
dx(

∂G
vm,wm
iκ (x,y)

∂y |y=0), in particular, to evaluate

the quantity appearing in the square bracket above,

d

dx

(

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

= −κ−
vm

1 + vm · Giκ(d3, d3)
e−κd3 · e−κd3 −

wm

1 + wm · Gvmiκ (d + d3, d + d3)

·

(

e−κ(d+d3) −
vm

1 + vm · Giκ(d3, d3)
e−κd3Giκ(d + d3, d3)

)2

. (4.14)

The relations (4.13) and (4.14) together with (4.12) and its mirror counterpart

describe completely Green’s function Gu,>v, >wiκ of the approximating operators.

After deriving explicit expressions for the resolvent we can pass to our proper

goal which is to prove that the matrix-valued kernel Gu,>v, >wiκ converges to Gω,>α,
>β

iκ as

d → 0+ which in terms of their components can be written as

lim
d→0+

∥
∥
∥G

u,>v, >w
iκ,jl − Gω,>α,

>β
iκ,jl

∥
∥
∥
L2(R+×R+)

= 0 .

Depending on the values x, y the difference Gu,>v, >wiκ,jl (x, y)−Gω,>α,
>β

iκ,jl (x, y) takes different

forms. Notice that one can suppose without loss of generality that x ≤ y, and

therefore there are six different situations to inspect, namely

• d + d3 ≤ x ≤ y,

• d ≤ x ≤ d + d3 ≤ y,

• 0 < x ≤ d3, d + d3 ≤ y,
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• d3 ≤ x ≤ y ≤ d + d3,

• 0 < x ≤ d3 ≤ y ≤ d + d3,

• 0 < x ≤ y ≤ d3.

To express the kernel difference we employ Taylor expansion of Gu,>v, >wiκ,jl (x, y). Let us

start with expressions which appear in the formulae repeatedly. The first one is

vm

1 + vm · Giκ(d3, d3)
=

−
1

d3
+

αm

d2

1 +

(

−
1

d3
+

αm

d2

)

·
sinhκd3 e−κd3

κ

= (∗).

Using sinh(x) = x +O(x2) and ex = 1 +O(x) we get

sinhκd3 e−κd3

κ
=

(κd3 +O(d6))(1 +O(d3))

κ
= d3(1 +O(d3)) ,

and this in turn allows us to express (*) as follows,

(∗) = −
1

d3
·

1− αmd

1 +

(

−
1

d3
+

αm

d2

)

· (d3(1 +O(d3)))

= −
1

d4
·

(
1

αm
+O(d)

)

.

The next frequent expression is wm
(
1 + wm · Gvmiκ (d + d3, d + d3)

)−1
. We employ

relation (4.5) with v = vm and the expansion ex = 1 + x+O(x2) together with the

explicit form of Giκ; this yields after a straightforward computation

Gvmiκ (d+d3, d+d3) = d

(

1− κd−
d

αm
+O(d2)

)

= Giκ(d+d3, d+d3)−
d2

αm
+O(d3) ,

and therefore

wm

1 + wm · Gvmiκ (d + d3, d + d3)
= −

1

d2






1

βm + κ−
1

αm

+O(d)




 .

Now we can expand the first term in Gu,>v, >wiκ,jl (x, y). Using (4.8) for the parameters

v = vj , w = wj together with the previous result we get

G
vj ,wj

iκ (x, y) =
sinhκx e−κy

κ
+

1

d2

(

1

βm + κ− 1
αm

+O(d)

)

×
sinhκ(d + d3)e−κy

κ

sinhκ(d + d3)e−κx

κ

=
sinhκxe−κy

κ
+

1

βm + κ−
1

αm

e−κxe−κy(1 +O(d)).
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As for the second term in ((4.13)), we first expand the derivative in the denominator

using Giκ(d + d3, d3) = d3(1 +O(d)) and (4.14). A direct computation yields

d

dx

(

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

=
1

d4
·

(
βm + κ

αm(βm + κ)− 1
+O(d)

)

,

and therefore

(

u−

n∑

m=1

d

dx

(

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

)∣
∣
∣
∣
∣
x=0

)−1

= d4









1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

+O(d)









.

Next we expand the derivatives which appear in the numerator using the relation

Gvmiκ (x, d + d3) = d(1 +O(d)) e−κx; it gives

∂Gvm,wm

iκ (x, y)

∂y

∣
∣
∣
∣
y=0

= e−κx −
vm

1 + vm · Giκ(d3, d3)
e−κd3Giκ(x, d3)

−
wm

1 + wm · Gvmiκ (d + d3, d + d3)

=
1

d2

(
1

αm(βm + κ)− 1
+O(d)

)

e−κx

and the analogous expression for
∂G

vm,wm
iκ (x,y)

∂x

∣
∣
∣
x=0

with x replaced by y. This deter-

mines the behavior of the second term at the right-hand side of (4.13) as d → 0+,

and for the full kernel Gu,>v, >wiκ,jl (x, y) we consequently have

Gu,>v, >wiκ,jl (x, y) = δjl

(

sinhκxe−κy

κ
+

1 +O(d)

βj + κ− 1
αj

e−κxe−κy

)

+









1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

·
1

αj(βj + κ)− 1

·
1

αl(βl + κ)− 1
+O(d)









e−κxe−κy .
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On the other hand, for x ≤ y we have

Gω,>α,
>β

iκ,jl (x, y) = δjl

(
sinhκx e−κy

κ
+ e−κ(x+y) αj

αj(βj + κ)− 1

)

+
1

ω −

n∑

m=1

βm + κ

αm(βm + κ)− 1

·
1

(αj(βj + κ)− 1)(αl(βl + κ)− 1)
e−κxe−κy ,

hence the Green function difference satisfies

Gu,>v, >wiκ,jl (x, y)− Gω,>α,
>β

iκ,jl (x, y) = O(d)e−κxe−κy as d→ 0+ .

The same estimate is obviously valid also for d < y < x, hence there is a constant

K independent of d, x and y such that

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣ < Kde−κxe−κy (4.15)

holds for all d < 1, x ≥ d + d3 and y ≥ d + d3. Now we are in position to estimate

the Hilbert–Schmidt norm of the resolvent difference for the operators Hω,>α,>β and

Hu,>v, >w(d) which can be written explicitly as follows,

∥
∥RHu,%v,%w(d)(k

2)− RHω,%α,%β

∥
∥
2

2

=

n∑

j,l=1

∫ +∞

0

∫ +∞

0

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

=

n∑

j,l=1

(∫ +∞

d+d3

∫ +∞

d+d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ d+d3

d3

∫ +∞

d+d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ +∞

d+d3

∫ d+d3

d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ d3

0

∫ +∞

d+d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ +∞

d+d3

∫ d3

0

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ d+d3

d3

∫ d+d3

d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy
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+

∫ d3

0

∫ d+d3

d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ d+d3

d3

∫ d3

0

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

+

∫ d3

0

∫ d3

0

∣
∣
∣G
u,>v, >w
iκ,jl (x, y) − Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

)

.

The inequality (4.15) makes it possible to estimate the first one of the integrals,
∫ +∞

d+d3

∫ +∞

d+d3

∣
∣
∣G
u,>v, >w
iκ,jl (x, y)− Gω,>α,

>β
iκ,jl (x, y)

∣
∣
∣

2

dxdy

≤ K2d2
(∫ +∞

d+d3
e−2(Reκ)x dx

)2

= K2d2
e−2(Reκ)(d+d3)

2Reκ
≤

K2

2Reκ
d2 ,

and it is obvious from this inequality that for d→ 0+ the integral tends to zero for

any j, l ∈ n̂. In a similar way one can estimate each of the remaining eight integrals:

using Taylor expansions of Gu,>v, >wiκ,jl we get a bound for the integrand which shows

that the integral vanishes as d → 0+. Since the argument repeats the procedure

described above, we skip the details. Putting all this together, we conclude that

lim
d→0+

∥
∥RHu,%v,%w(d)(k

2)−RHω,%α,%β

∥
∥
2

2
= 0 ,

and therefore the resolvent difference tends to zero in Hilbert–Schmidt norm as

d → 0+ which is what we set up to demonstrate.

5. Approximations with Added Edges

We have seen that a CS-type scheme can produce a 2n-parameter family of (self-

adjoint) couplings out of the whole set depending on n2 real numbers. To get a

wider class we have to add to the star graph Γ not only vertices but edges as well.

5.1. Admissible couplings

The first question naturally is how many parameters can be achieved in this way.

An upper bound on this number is given by the following statement.

Proposition 5.1. Let Γ be a star graph with n semi-infinite edges and denote by

{Γ̃(d) : d ∈ R+} a family of graphs obtained from Γ by adding finite edges connecting

pairwise the halflines; their number may be arbitrary finite but independent of d.

Suppose that Γ̃(d) supports only δ couplings and δ interactions, their number again

independent of d, and that the distances between all their sites are O(d) as d→ 0+.

Suppose that a family of functions Ψd ∈ W 2,2(Γ\({c} ∪ Vd)), where c is the center

of Γ, and Vd is the set of the vertices added on the halflines, satisfies the conditions

(2.4) with d-dependent parameters, and that it converges to Ψ ∈W 2,2(Γ\{c}) which

obeys the condition (2.1) with some A,B satisfying the requirements (2.2). The
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family of the conditions (2.1) which can be obtained in this way has real-valued

coefficients, A, B ∈ Rn,n, depending thus on at most
(
n+1
2

)
parameters.

Proof. The δ coupling in the center of Γ̃(d), identified with center of Γ, is expressed

by the conditions (2.4). For any j ∈ n̂ we denote by dj the coordinate of the most

distant point on the jth halfline which supports either a δ interaction or a δ coupling

at the endpoint of an added edge. We arrange the function values at these points

into the n-tuple Ψ(d), and similarly Ψ′(d+) is the n-tuple of right derivatives.

Let us stress that this a symbolic notation; the elements are ψj(dj) and ψ′
j(dj+),

respectively.

As in the proof of Proposition 3.1 we can use (2.4) to express these quantities

through the common value ψ(0) and the right derivatives Ψ′(0+) at the origin

M1(d)Ψ(d) = ψ(0) ·m2(d) + M3(d)Ψ
′(0) +R(d) ,

N1(d)Ψ
′(d+) = ψ(0) · n2(d) + N3(d)Ψ

′(0) + R̃(d)

for some M1, M3, N1, N3 : R+ → Rn,n, m2, n2 : R+ → Rn and error terms R, R̃ :

R+ → Rn supposed to be negligible as d → 0+; we may assume that R, R̃ = o(1).

The above system can be also written in a matrix form,





M1(d) 0 −m2(d) −M3(d)

0 N1(d) −n2(d) −N3(d)

0 0 −α 1 1 · · · 1











Ψ(d)

Ψ′(d+)

ψ(0)

Ψ′(0)







=





o(1)

o(1)

0



 .

To find an approximation in the described sense one has to find a relation between

Ψ(d) and Ψ′(d+) eliminating ψ(0), Ψ′(0). Since the former are determined by the

latter we may suppose that the matrices M1(d) a N1(d) are regular; the elimination

then leads to a system

A(d)Ψ(d) + B(d)Ψ′(d+) = R̆(d) ,

where the matrices A(d), B(d) are real for all d ∈ R+ and the right-hand side

consists of an error term R̆ : R+ → Rn. We multiply the last equation by a power

of d such that the right-hand side is o(1) as d → 0+ while the left-hand side one has

a nontrivial limit. It is clear that we can get in this way the condition (2.3) with

real-valued coefficients, A, B ∈ Rn,n.

5.2. A concrete approximation arrangement

The above discussion leaves open the question how such an approximation can be

constructed to cover the mentioned
(
n+1
2

)
-parameter family. Our aim here is to

demonstrate a specific way to do that. We consider the coupling (2.3) with real

A, B, and for simplicity we restrict our attention only to the generic case assuming
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that B is regular so that the boundary conditions acquire the form

Ψ′(0) = −B−1AΨ(0)

with a symmetric matrix −B−1A. We can also write them as

Ψ′(0) = (D + S)Ψ(0) , (5.1)

where the real matrix D is diagonal while S is real symmetric with a vanishing

diagonal; it is clear that D and S depend on n and
(
n
2

)
real parameters, respectively.

To construct approximation of the corresponding operator HA,B we have find

suitable family of graphs Γ̃(d). The decomposition of the matrix in (5.1) into the

diagonal and off-diagonal part inspires the following scheme:

• the center of Γ supports a δ coupling with the parameter u(d) the dependence of

which on d will be specified below;

• at each edge of Γ we place a δ coupling at the distance d from the center; the cor-

responding parameter vj(d), to be again specified, will be related to the diagonal

element Djj of the matrix D;

• the pairs of edges whose indices j, k correspond to nonzero elements of the matrix

S we join by an additional edge, whose endpoints are the δ coupling sites men-

tioned above, and in the middle of this edge we place the δ interaction with a

parameter w{j,k}(d) related to the value of Sjk.

The metric on Γ and Γ̃(d) is intrinsic, nevertheless, it is useful to think of it as

of induced by embedding of the graphs into a Euclidean space. Without loss of

generality we may consider the original star Γ as a planar graph and to construct

as embedded into R3. In such a case, of course, we have to make sure that the

added edges do not intersect. This can be achieved in the way sketched in Fig. 2.

A possible way is to employ the bijection b from the family of two-element subsets

of {1, 2, . . . , n} to the set {1, 2, . . . ,
n(n−1)
2 }. The edge connecting the jth and kth

halfline is formed by two segments connected in a V-shape. Its endpoints are at

the jth and kth halfline, both at the distance d from the center. The tip of this

V -graph is placed on the halfline starting from the center of Γ in the perpendicular

direction to its plane — see Fig. 3 — at the distance bjk · d
2, so that the length of

the connecting V-graph is d
√

1 + (bjkd)2.

As before we denote by ψj the wave function on the jth halfline assuming that

all the coordinates have zero in the center of Γ. Furthermore, we denote by ϕ
{j,k}
j

and ϕ
{j,k}
k the wave function on the line segment part of the connection between

the jth and kth halfline which is attached by one of its endpoints to the jth and

kth halfline, respectively; notice that the order of the upper indices is irrelevant.

Such a connecting link is regarded as a star with two edges of the same length. For
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Fig. 2. Approximating graph: A star amended by connections of the edges, with a δ coupling in
the center, one δ coupling at each edge and one δ interaction at each (broken) connection segment.

Fig. 3. The connecting edge between the jth and kth halfline.

the sake of brevity we introduce also the set Nj defined as

Nj = {k ∈ n̂ : Sjk (= 0} ;

its cardinality #Nj tells us how many nonzero elements are in the jth row of the

matrix S, in other words, how many V-shaped connecting edges sprout from the

point xj = d on the jth halfline.
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Next we will write down the boundary conditions describing the involved δ

couplings; for simplicity we will not indicate the dependence of the parameters

u, vj , w{j,k} on the distance d. The δ coupling in the centre of Γ means

ψ1(0) = ψ2(0) = · · · = ψn(0) =: ψ(0) ,

n∑

j=1

ψ′
j(0+) = uψ(0) , (5.2)

the δ interaction at the “tip” of the broken edge connecting the jth and kth halfline

between the vertices added at the distance d from the center (of course, for j, k ∈ n̂

such that Sjk (= 0 only) is expressed through the conditions

ϕ
{j,k}
j (0) = ϕ

{j,k}
k (0) =: ϕ{j,k}(0) ,

(ϕ{j,k})′j(0+) + (ϕ{j,k})′k(0+) = w{j,k}ϕ{j,k}(0) ,
(5.3)

and finally, the δ coupling at the mentioned added vertices added requires

ψj(d+) = ψj(d−) = ϕ
{j,k}
j

(
d
√

1 + (bjkd)2
)
=: ψj(d) , j ∈ n̂ , k ∈ Nj

ψ′
j(d+)− ψ′

j(d−)−
∑

k∈Nj

(ϕ
{j,k}
j )′

(
d

√

1 + (bjkd)2
−

)
= vjψj(d) , j ∈ n̂ .

(5.4)

Further relations which will help us to find the parameter dependence on d come

from Taylor expansion,

ψj(d) = ψj(0) + dψ′
j(0) +O)(d2) , ψ′

j(d−) = ψ′
j(0+) +O(d) , j ∈ n̂ , (5.5)

ϕ
{j,k}
j

(
d

√

1 + (bjkd)2
)
= ϕ{j,k}(0) + d

√

1 + (bjkd)2 (ϕ
{j,k}
j )′(0+) +O(d2) ,

(ϕ
{j,k}
j )′

(
d

√

1 + (bjkd)2
−

)
= (ϕ

{j,k}
j )′(0+) +O(d) , j, k ∈ n̂ ,

(5.6)

where we have used the fact that
√

1 + (bjkd)2 = 1 + O(d2). Now we employ the

first of the relations (5.6) together with the continuity (5.4), which yields

d

√

1 + (bjkd)2 (ϕ
{j,k}
j )′(0+) = ψj(d) − ϕ{j,k}(0) +O(d2) . (5.7)

The same relation holds with j replaced by k, summing them together and using

the second of the relations (5.3) we get

(
2 + d

√

1 + (bjkd)2 w{j,k}

)
ϕ{j,k}(0) = ψj(d) + ψk(d) +O(d2) .

We express ϕ{j,k}(0) from here and substitute into (5.7) obtaining

d

√

1 + (bjkd)2 (ϕ
{j,k}
j )′(0+) = ψj(d)−

ψj(d) + ψk(d) +O(d2)

2 + d
√
1 + (bjkd)2 · w{j,k}

+O(d2) . (5.8)
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The relations (5.5) and (5.2) give

dψ′
j(0+) = ψj(d) − ψ(0) +O(d2) , (5.9)

and summing this over j ∈ n̂ we arrive at the identity

d

n∑

j=1

ψ′
j(0+) =

n∑

j=1

ψj(d) − nψ(0) +O(d2) .

The right-hand side of it can be rewritten using (5.2). This makes it possible to

express ψ(0); substituting it into (5.9) we get

dψ′
j(0+) = ψj(d)−

n∑

k=1

ψk(d) +O(d2)

n + du
+O(d2) . (5.10)

Next we use consecutively the second relations of (5.4), (5.5) and (5.6) to infer

ψ′
j(d+) = vjψj(d) +

∑

k∈Nj

(ϕ{j,k})′k
(
d

√

1 + (bjkd)2
−

)
+ ψ′

j(d−)

= vjψj(d) +
∑

k∈Nj

(ϕ{j,k})′k(0+) + ψ′
j(0+) +O(d) .

Substituting into the last relation from (5.8) and (5.10) we get

ψ′
j(d+) =



vj +
1

d




∑

k∈Nj

1
√
1 + (bjkd)2

+ 1







ψj(d)

−
1

d

∑

k∈Nj

1
√
1 + (bjkd)2

·
ψj(d) + ψk(d)

2 + d
√
1 + (bjkd)2 · w{j,k}

−
1

d(n + du)

(
n∑

k=1

ψk(d) +O(d2)

)

+O(d) ,

where we have also employed the fact that O(d) [1 + (bjkd)2]−1/2 = O(d) holds as

d → 0+ for all j (= k, j, k ∈ n̂.

Now we can finally ask about the parameter dependence on d. Since the last

relation is supposed to yield in the limit d → 0+ the jth row of the matrix condition
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(5.1), it would be sufficient to have the following requirements satisfied:

lim
d→0+

0

@vj +
1

d

0

@

X

k∈Nj

1
q

1 + (bjkd)2
+ 1 −

X

k∈Nj

1

2 + d

q

1 + (bjkd)2w{j,k}

1

A

1

A = Dj

(5.11)

for all j ∈ n̂,

lim
d→0+

1

d
·

1
√

1 + (bjkd)2
·

−1

2 + d
√

1 + (bjkd)2w{j,k}

= Sjk (5.12)

for all j (= k, j, k ∈ n̂, and finally

1

d(n + du)
= O(d) (5.13)

as d → 0+. To fulfil (5.12) one can choose

w{j,k}(d) := −
1

Sjk
·
1

d2
−

2

d
, (5.14)

which makes sense because Sjk (= 0 by assumption, since then the limit equals

lim
d→0+

1

1 +O(d2)
·

−1

2d + (1 +O(d2))

(

−
1

Sjk
− 2d

) = Sjk .

With the choice (5.14) taken into account the condition (5.11) will be satisfied

provided vj +
1
d(#Nj + 1)−

∑

k∈Nj
Sjk = Dj , i.e.

vj(d) := Dj −
#Nj + 1

d
−

∑

k∈Nj

Sjk . (5.15)

Finally, the last requirement will be satisfied, e.g., if the expression equals d which

is true if

u(d) :=
1

d3
−

n

d2
. (5.16)

Summarizing the argument we conclude that choosing the parameters in the

described approximation according to (5.14)–(5.16) we get in the limit the generic

boundary conditions (5.1). We conjecture that such an approximation would again

converge in the norm-resolvent topology.

Acknowledgments

The research was supported by the Czech Academy of Sciences and Ministry of

Education, Youth and Sports within the projects A100480501 and LC06002.



Approximations of Vertex Couplings in Quantum Graphs 605

References

[1] K. Ruedenberg and C. W. Scherr, Free-electron network model for conjugated sys-
tems, I. Theory, J. Chem. Phys. 21 (1953) 1565–1581.

[2] N. I. Gerasimenko and B. S. Pavlov, Scattering problem on noncompact graphs, Teor.

Mat. Fiz. 74 (1988) 345–359.
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We examine scattering properties of singular vertex of degree n = 2 and n = 3, taking

advantage of a new form of representing the vertex boundary condition, which has been

devised to approximate a singular vertex with finite potentials. We show that proper identi-

fication of δ and δ′ components in the connection condition between outgoing lines enables

the designing of quantum spectral branch-filters.

KEYWORDS: quantum graph, singular vertex, quantum wire, spectral filtering

1. Introduction

The quantum graph is an abstract mathematical model of single-electron quantum device

made up of interconnected one-dimensional lines, in which quantum particles propagate.1)

Fundamental element of quantum graph is the star graph, or the singular vertex of degree

n, which is a single node where n outgoing half-lines are connected. Although the general

mathematical characterization of a singular vertex in terms of parameter space of unitary

group U(n) has been there for some time,2–6) the analysis of its physical contents other

than the simplest case of n = 2 is still missing. In this article, we address the problem of

making sense of U(n) parameter space by examining the basic and simplest example of n = 3

singular vertex, or Y-junction, in detail. We show that the recent work on the approximation of

singular vertex by finite potentials supplies the basis for our analysis. Central to the physical

understanding of singular vertex is the realization that a connection between each pair of

outgoing lines can be classified by its δ and δ′ contents supplemented by “magnetic” phase

change.7) We show that this classification leads directly to the spectral filtering property

between the pair of lines, enabling us to design the spectral branching filter using quantum

Y-junction.
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†Email address: exner@ujf.cas.cz
‡Email address: turekond@fjfi.cvut.cz
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2. Reduction of boundary matrices

Consider a quantum particle on a star graph with a single node and n half lines. The

system is specified by boundary conditions that have in general the following structure,

AΨ + BΨ′ = 0, (2.1)

where A and B are matrices n × n which must satisfy certain conditions, and Ψ, Ψ′ are the

state vectors given by

Ψ =









ϕ1

...

ϕn









, Ψ′ =









ϕ′1
...

ϕ′n









. (2.2)

For simplicity of the notation, we have dropped the x location when it is x = 0, i.e. we use ϕi,

ϕ′i in place of ϕi(0), ϕ′i(0). In this paper we start from the form of A, B that we have devised

in our previous work7) and where the crucial numbers are the ranks of the matrices A and B

which we denote here rA = rank(A) and rB = rank(B). We can transform the n× n matrices

A and B to the following ST form;

A = −
(

S 0

−T † I

)

, B =

(

I T

0 0

)

, (2.3)

with rB×rB Hermitian matrix S and rB×(n−rB) complex matrix T . The identity submatrix

I is understood as having proper dimensions, namely rB × rB in B and (n− rB)× (n− rB)

in A. If we denote the rank of S as rS , we obviously have 0 ≤ rS ≤ rB, and moreover,

rA + rB = n + rS , (2.4)

which comes in handy to us later on.

Let us consider the scattering solution for incoming wave entering from j-th line with the

wave number k;

ϕ
(j)
i (xi) = e−ikxi +Rie

ikxi (i = j),

= Tij eikxi (i 6= j), (2.5)

where Ri represents the reflection amplitude for i-th line, and Tij the transmission amplitude

from j-th to i-th line. From the vectors Ψ(j) and Ψ′(j) made from ϕ
(j)
i and ϕ

′(j)
i respectively,

we can construct matrices

(Ψ(1) · · ·Ψ(n)) = S(k) + I,

(Ψ′(1) · · ·Ψ′(n)) = ik(S(k)− I). (2.6)

where the scattering matrix S(k) (which is not to be confused with the sub-matrix S appearing
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in (2.3)) is given by

S(k) =















R1(k) T12(k) · · · T1n(k)

T21(k) R2(k) · · · T2n(k)
...

...

Tn1(k) Tn2(k) · · · Rn(k)















. (2.7)

From (2.1), we obtain

S(k) = − 1

A + ikB
(A− ikB), (2.8)

where 1
M

represents the inverse matrix of M .

A vertex coupling can be also described by boundary conditions formulated as ĀΨ+B̄Ψ′ =

0 for

Ā =

(

I T̄

0 0

)

, B̄ = −
(

S̄ 0

−T̄ † I

)

; (2.9)

this will be called a reverse ST form. It is obvious that for a given vertex coupling the matrices

A and Ā differ, as well as B, B̄. And conversely, a simple interchange of A and B in (2.2),

namely BΨ + AΨ′ = 0, leads to boundary conditions that correspond to a different system;

this system may be considered as a counterpart of the original one. Let us examine how the

scattering matrices are related in this case:

Sd(k) = − 1

B + ikA
(B − ikA)

=
1

A + i
−k

B
(A− i

−k
B) = −S(−1/k). (2.10)

This formula signifies a high-low wave number duality k ↔ −1/k between the scattering matrix

S(k) of system described by the ST form and Sd(k) of its counterpart.

We now consider a single system and two its characterizations: one by the ST form AΨ +

BΨ′ = 0 with (2.3), one by the reverse ST form ĀΨ + B̄Ψ′ = 0 with (2.9). Although the

matrices A and Ā are very different, as well as B, B̄, it naturally holds rank(A) = rank(Ā)

and rank(B) = rank(B̄), which, because of (2.4), further leads to rank(S) = rank(S̄). In

other words, the quantity rS = rA + rB − n is a characteristic number of a system, that is

independent of the representation.

3. Scattering matrices and boundary conditions: n=2 case

We start by examining the known case of n = 2, namely, the point interaction on a line, in

order to see the effectiveness of our ST form in identifying the physical content of the singular

vertex.
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3.1 rank(B)=0, rank(A)=2

For this case, the first condition rank(B) = 0 automatically guarantees the second condi-

tion rank(A) = 2. We have the equation

Ψ = 0, (3.11)

which determines disjoint Dirichlet boundaries ϕ1 = ϕ2 = 0.

3.2 rank(B)=1

Suppose we now have rank(B) = 1. The relation (2.4) reads rank(A) = rank(S)+1. There

are two possibilities.

3.2.1 rank(B)=1, rank(A)=1

This corresponds to rank(S) = 0. We have the equation
(

1 t

0 0

)(

ϕ′1

ϕ′2

)

=

(

0 0

−t∗ 1

)(

ϕ1

ϕ2

)

, (3.12)

which is the pure Fülöp-Tsutsui scale invariant boundary condition,5) t∗ϕ1 = ϕ2 and ϕ′1 =

−tϕ′2.

3.2.2 rank(B)=1, rank(A)=2

This corresponds to rank(S) = 1. We have, in this case, the form
(

1 t

0 0

)(

ϕ′1

ϕ′2

)

=

(

s 0

−t∗ 1

)(

ϕ1

ϕ2

)

, (3.13)

with a non-zero real number s and a complex number t. With t = 1, we have ϕ′1 + ϕ′2

= sϕ1 = sϕ2, which is nothing but the δ interaction with strength s. (Note the outgoing

directions for all xis.)

In general, the case rank(B) = 1 is understood as the combination of δ and Fülöp-Tsutsui

interactions. This is evident from the transmission amplitude

T12(k) =
2kt

k(1 + t∗t) + is
, (3.14)

whose characteristic length scale is (1 + t∗t)/s. Inverse of this length scale divides the wave

number into two regions. We find the low wave number blockade T12(0) = 0 and high wave

number transparency T12(∞) = 2t
1+t∗t

which becomes the perfect transparency T12(∞) = 1 for

t = 1.

3.3 rank(B)=2

We have the form
(

ϕ′1

ϕ′2

)

=

(

s11 s12

s∗12 s22

)(

ϕ1

ϕ2

)

. (3.15)
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From the relation (2.4), we obtain rank(A) = rank(S), which leaves us with three possibilities

rank(A) = 0, 1 and 2.

3.3.1 rank(B)=2, rank(A)=0

This corresponds to rank(S) = 0, and we have the equation

Ψ′ = 0, (3.16)

representing disjoint Neumann boundaries ϕ′1 = ϕ′2 = 0.

3.3.2 rank(B)=2, rank(A)=1

When the rank of the matrix A is one, we can re-parametrize the above equation as
(

ϕ′1

ϕ′2

)

=

(

s cs

c∗s c∗cs

)(

ϕ1

ϕ2

)

(3.17)

with a real number s and a complex number c. Multiplying the both sides by
(

1/s 0

−c∗ 1

)

, (3.18)

we obtain the reverse ST form,
(

s̄ 0

−t̄∗ 1

)(

ϕ′1

ϕ′2

)

=

(

1 t̄

0 0

)(

ϕ1

ϕ2

)

, (3.19)

with s̄ = 1/s and t̄ = c, signifying the pure δ′ interaction amended by the Fülöp-Tsutsui

scaling. The transmission amplitude,

T12(k) =
−2t̄

(1 + t̄∗t̄)− iks̄
, (3.20)

shows both the high-wave number blockade, T12(∞) = 0, and low-wave number pass filtering

behavior, T12(0) = −2t̄
1+t∗t

. Obviously, this is a dual partner of previous example of pure δ

connection.

3.3.3 rank(B)=2, rank(A)=2

When the rank of the matrix A is two, we have the generic connection condition for a

quantum particle residing on two joint lines, namely the combinations of δ and δ′ interactions.

This can be seen from the low-wave number and high-wave number blockade behavior

T12(k) =
2ks12

ik2 − k tr[S]− i det[S]
. (3.21)

In summary, for the case of n = 2, the rank of the matrices A and B, and resultantly, that

of S, are the determining factors of physical contents of point interactions.

4. Scattering matrices and boundary conditions: n=3 case

We now examine the quantum Y-junction, namely, the singular vertex of n = 3. We shall

show that the concept of “δ-like” and “δ′-like” couplings can be established between each pair
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of lines outgoing from the singular vertex.

In idealized limit, two lines i and j are identified as having “pure δ-like” connections when

we have

Tij(0) = 0, and Tij(k) = Const. (k →∞). (4.22)

Conversely, i and j are identified as “ pure δ′-like” if we have

Tij(0) = Const. (k → 0), and Tij(∞) = 0. (4.23)

Since the quantum flux can circumvent direct blocking between i and j through indirect path

i → k → j, strict conditions Tij(0) = 0 for δ-like and Tij(∞) = 0 for δ′-like connection are

to be breached when other types of connections are present among other lines, and therefore,

zeros for Tij need to be replaced by small number, Tij ≈ 0 in above conditions. General char-

acterization of pure δ-like connection as high-pass frequency filter, and pure δ′-like connection

low-pass filter is still valid.

As in the case of n = 2, we classify the boundary condition according to the ranks of

matrices A and B.

4.1 rank(B)=0, rank(A)=3

The first condition automatically ensures the second. We again have disjoint condition

Ψ = 0, (4.24)

which is disconnected Dirichlet boundaries ϕ1 = ϕ2 = ϕ3 = 0.

4.2 rank(B)=1

With this condition, the relation (2.4) now reads rank(A) = rank(S) + 2. There are two

possibilities, rank(A) = 2 and 3.

4.2.1 rank(B)=1, rank(A)=2

This corresponds to rank(S) = 0, and we have the equation








1 t2 t3

0 0 0

0 0 0

















ϕ′1

ϕ′2

ϕ′3









=









0 0 0

−t∗2 1 0

−t∗3 0 1

















ϕ1

ϕ2

ϕ3









, (4.25)

which is n = 3 version of pure scale invariant Fülöp-Tsutsui boundary condition, given by

t∗2t
∗
3ϕ1 = t∗3ϕ2 = t∗2ϕ3 and ϕ′1 + t2ϕ

′
2 + t3ϕ

′
3 = 0.
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4.2.2 rank(B)=1, rank(A)=3

This case corresponds to rank(S) = 1. We have








1 t2 t3

0 0 0

0 0 0

















ϕ′1

ϕ′2

ϕ′3









=









s 0 0

−t∗2 1 0

−t∗3 0 1

















ϕ1

ϕ2

ϕ3









, (4.26)

with non-zero real number s. With t2 = t3 = 1, we have ϕ′1 + ϕ′2 + ϕ′3 = sϕ1 = sϕ2 = sϕ3,

which is the n = 3 generalization of pure δ potential connection conditions8) between all half

lines. With general t2 and t3, Fülöp-Tsutsui scalings t∗2, t∗3 and t∗2/t∗3 are introduced on ϕ2/ϕ1,

ϕ3/ϕ1 and on ϕ2/ϕ3, respectively. The transmission amplitudes for this case are given by

3

2

1

! !

!

Fig. 1. Pure δ type connection between all lines, obtained from ST form with rank(B) = 1 and

rank(A) = 3.

 !"

"!#
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Fig. 2. Transmission and reflection probabilities for Y-junction with pure δ type connection between

all lines. In the left side, solid line represents |T12(k)|2, dashed line |T23(k)|2, and dotted line

|T31(k)|2. In the right, solid line represents |R1(k)|2, dashed line |R2(k)|2, and dotted lin |R3(k)|2.
Parameter values t2 = t3 = 1/

√
2, s = 2 are used in (4.27). Two identical lines are drawn with

slight offsets for better viewing.

T31(k) =
2t∗3k

is + (1 + t∗2t2 + t∗3t3)k
,

T12(k) =
2t2k

is + (1 + t∗2t2 + t∗3t3)k
,

T23(k) =
2t∗2t3k

is + (1 + t∗2t2 + t∗3t3)k
. (4.27)
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which has the length scale (1 + t∗2t2 + t∗3t3)/s. Below this length scale, the transmission coef-

ficients show the high-wave number pass filtering behavior

Tij(0) = 0, Tij(k) = Const. as k → 0, (4.28)

which is a hallmark of pure δ connections between all branches (See Figs. 1 and 2).

4.3 rank(B)=2

The ST form BΨ′ = −AΨ now reads








1 0 t1

0 1 t2

0 0 0

















ϕ′1

ϕ′2

ϕ′3









=









s11 s12 0

s∗12 s22 0

−t∗1 −t∗2 1

















ϕ1

ϕ2

ϕ3









. (4.29)

The relation (2.4) becomes rank(A) = 1 + rank(S). We have three possibilities:

4.3.1 rank(B)=2, rank(A)=1

This corresponds to rank(S) = 0. We have s11 = s12 = s22 = 0 in (4.29). This situation

represents a scale invariant interaction between lines 1–3, described by ϕ′1 = −t3ϕ
′
3, and a

scale invariant interaction between lines 2–3, described by ϕ′2 = −t3ϕ
′
3.

4.3.2 rank(B)=2, rank(A)=2

Suppose that the rank of the sub-matrix S is one, namely top two raws of the RHS are

linearly dependent to each other. We can write (4.29) in the form








1 0 t1

0 1 t2

0 0 0

















ϕ′1

ϕ′2

ϕ′3









=









s cs 0

c∗s c∗cs 0

−t∗1 −t∗2 1

















ϕ1

ϕ2

ϕ3









. (4.30)

Interestingly, we can reverse the role of A and B in the following manner. We now write (4.30)

in the form








1 t1 0

0 0 0

0 t2 1

















ϕ′1

ϕ′3

ϕ′2









=









s 0 cs

−t∗1 1 −t∗2

c∗s 0 c∗cs

















ϕ1

ϕ3

ϕ2









. (4.31)

Multiplying the both sides by








1/s 0 0

t∗1/s 1 0

−c∗ 0 1









, (4.32)

we obtain a reverse ST form −BΨ′ = AΨ as








s̄ c̄s̄ 0

c̄∗s̄ c̄∗c̄s 0

−t̄∗1 −t̄∗3 1

















ϕ′1

ϕ′3

ϕ′2









=









1 0 t̄1

0 1 t̄3

0 0 0

















ϕ1

ϕ3

ϕ2









, (4.33)
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with s̄ = 1/s, c̄ = t1, t̄1 = c, and t̄3 = ct∗1− t∗2. Note that two forms (4.30) and (4.33) are dual

to each other, and that this case can be also viewed as having rank(A) = 2 and rank(S̄) = 1,

as well as rank(B) = 2 and rank(S) = 1.

It is instructive to look at the transmission amplitudes, which, for this case, are given by

T31(k) =
2t∗1k + 2ic∗s(ct∗1 − t∗2)

D1k + isD0
,

T12(k) =
−2t∗2t1k − 2ics

D1k + isD0
,

T23(k) =
2t2k − 2is(c∗t1 − t2)

D1k + isD0
. (4.34)

where we set

D0 = 1 + c∗c + (ct∗1 − t∗2)(c
∗t1 − t2),

D1 = 1 + t∗1t1 + t∗2t2. (4.35)

Two special cases are noteworthy, at which we shall look in detail.

3

2

1

! !

!'

3

2

1

! !'

!'

Fig. 3. Mixed type vertex coupling obtained from ST form with rank(B) = 2 and rank(A) = 2. The

δ–δ–δ′ (left) and δ′–δ′–δ (right) type connection are obtained from conditions t̄3 = 0 and t2 = 0,

respectively.

4.3.2.1 δ-δ-δ′ type

Let us suppose for now, that we have ct∗1−t∗2(= t̄∗3) = 0. This results in T31(0) = T23(0) = 0,

indicating the presence of two pure δ-like connections between lines 3− 1, and between 2− 3.

When further condition s ≫ t∗1t1 and c 6= 0 are met, we have T12(k) = Const. as k → 0 and

T12(∞) ≈ 0, signifying the pure δ′-like connection between lines 1 − 2. The same conclusion

is drawn from the consideration of connection conditions which reads

1

t1
ϕ′1 + ϕ′3 =

1

t2
ϕ′2 + ϕ′3 =

s

t∗1t1
ϕ3

ϕ3 = t∗1ϕ1 + t∗2ϕ2

1

t1
ϕ′1 =

1

t2
ϕ′2. (4.36)

The last equation, which is not independent of the first three, is shown to display the pure

δ′-like interaction between the half lines 1 and 2, ammended by the Fülöp-Tsutsui scaling by
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factor t1/t2. The first two equations clearly show the fact that the connections between the

half lines 2 and 3, and between 3 and 1 are pure δ-like (See Fig. 3, left, and Fig. 4).

4.3.2.2 δ′-δ′-δ type

Let us now suppose, in place of previous conditions, that we have t2 = 0 and t1 6= 0.

We then have T12(∞) = T23(∞) = 0, T12(k) = Const. 6= 0 and T23(k) = Const. 6= 0 as we

let k → 0, indicating the presence of two pure δ′-like connections between lines 1 − 2 and

between 2− 3. With further assumption c≪ 1, we have T31(0) ≈ 0, signifying the pure δ-like

connection between lines 3 − 1 (See Fig. 3, right, and Fig. 5). These facts are again clearly

visible in the following expressions for the boundary condition;

1

c
ϕ1 + ϕ2 =

1

ct∗1
ϕ3 + ϕ2 =

1

sc∗c
ϕ′2,

ϕ′2 = c∗ϕ′1 + c∗t1ϕ
′
3,

t∗1ϕ1 = ϕ3. (4.37)

Thus we have shown that this case corresponds to a mixture of δ and δ′ connections

including two pure connections δ − δ − δ′ and δ′ − δ′ − δ as two limiting cases.
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Fig. 4. Transmission and reflection probabilities for Y-junction with δ–δ–δ′ type connection. In the

left side, solid line represents |T12(k)|2, dashed line |T23(k)|2, and dotted line |T31(k)|2. In the

right, solid line represents |R1(k)|2, dashed line |R2(k)|2, and dotted lin |R3(k)|2. Parameter

values t1 = t2 = 1/
√

2, s11 = s12 = s22 = 1 are used in (4.29). Two identical lines are drawn with

slight offsets for better viewing.

4.3.3 rank(B)=2, rank(A)=3

When the rank of the matrix A is three (thus giving rank(S) = 2), we have rather gen-

eral combination of δ and δ′ interactions between each pair of half lines. Let us look at the

transmission amplitudes, which are given by

T31(k) =
2t∗1k

2 + 2i(s22t
∗
1 − s∗12t

∗
2)k

k2E2 + ikE1 + E0
,

T12(k) =
−2t∗2t1k

2 − 2is12k

k2E2 + ikE1 + E0
,
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Fig. 5. Transmission and reflection probabilities for Y-junction with δ–δ′–δ′ type connection. Param-

eter values t1 = 1/3, t2 = 0, s11 = 6, s12 = 2, s22 = 2/3 are used in (4.29).

T23(k) =
2t2k

2 − 2i(s∗12t1 − s11t2)k

k2E2 + ikE1 + E0
, (4.38)

where we set

E0 = −det[S],

E1 = tr[S] + s22t
∗
1t1 − s12t

∗
1t2 − s∗12t

∗
2t1 + s11t

∗
2t2

E2 = 1 + t∗1t1 + t∗2t2. (4.39)

The guaranteed presence of δ-like connection between all lines can be seen from the zero

energy blockade Tij(0) = 0 for all i and j. The presence or absence of δ′-like component is

controlled by ti since we have T31(∞) ∝ t∗1, T12(∞) ∝ t∗2t1 and T23(∞) ∝ t2. A numerical

example of this case is shown in Fig. 6.
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Fig. 6. Transmission and reflection probabilities for Y-junction with rank(B) = 2, rank(A) = 3.

Parameter values t1 = t2 = 1/
√

2, s11 = s12 = 1, s22 = −2 are used in (4.29).

4.4 rank(B)=3

We have the ST form








ϕ′1

ϕ′2

ϕ′3









=









s11 s12 s13

s∗12 s22 s23

s∗13 s∗23 s33

















ϕ1

ϕ2

ϕ3









. (4.40)

From (2.3), we have A = S, and thus rank(A) = rank(S). We have four possibilities:
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4.4.1 rank(B)=3, rank(A)=0

This corresponds to rank(S) = 0, and the boundary condition becomes

Ψ′ = 0 (4.41)

which is the disjoint Neumann condition ϕ′1 = ϕ′2 = ϕ′3 = 0.

4.4.2 rank(B)=3, rank(A)=1

When the rank of the matrix A is one, namely three rows of the RHS are linearly dependent

on each other, we have








ϕ′1

ϕ′2

ϕ′3









=









s cs ds

c∗s c∗cs c∗ds

d∗s d∗cs d∗ds

















ϕ1

ϕ2

ϕ3









. (4.42)

Multiplying the both sides by








1/s 0 0

−c∗ 1 0

−d∗ 0 1









, (4.43)

we arrive at a reverse ST form as








s̄ 0 0

−c∗ 1 0

−d∗ 0 1

















ϕ′1

ϕ′2

ϕ′3









=









1 c d

0 0 0

0 0 0

















ϕ1

ϕ2

ϕ3









, (4.44)

with s̄ = 1/s. We have c∗d∗ϕ′1 = d∗ϕ′2 = c∗ϕ′3, and ϕ1 + cϕ2 + dϕ3 = s̄ϕ′1, signifying the

generalized pure δ′ interaction8) ammended by the Fülöp-Tsutsui scaling. This is also evident

from the transmission amplitudes, which are given by

T31(k) =
−2d∗s

−ik + s(1 + c∗c + d∗d)
,

T12(k) =
−2cs

−ik + s(1 + c∗c + d∗d)
,

T23(k) =
−2c∗ds

−ik + s(1 + c∗c + d∗d)
. (4.45)

The formulae imply Tij(∞) = 0 and Tij(k) = Const. as k → 0 (See Figs. 7 and 8).

4.4.3 rank(B)=3, rank(A)=2

When the rank of the matrix A is two, and thus that of S is two, the last row of RHS of

(4.40) is equal to some combination of the first two. We then have








ϕ′1

ϕ′2

ϕ′3









=









s q cs + dq

q∗ r cq∗ + dr

c∗s + d∗q∗ c∗q + d∗r f

















ϕ1

ϕ2

ϕ3









(4.46)
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Fig. 7. Pure δ′ type connection between all lines, obtained from ST form with rank(B) = 3 and

rank(A) = 1.
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Fig. 8. Transmission and reflection probabilities for Y-junction with pure δ′ type connection between

all lines. Parameter values s11 = s12 = s13 = s22 = s23 = s33 = 1 are used in (4.40).

with f = c∗cs + c∗dq + d∗cq∗ + d∗dr. Multiplying both sides by








r/(sr − q∗q) −q/(sr − q∗q) 0

−q∗/(sr − q∗q) s/(sr − q∗q) 0

−c∗ −d∗ 1









, (4.47)

we obtain a reverse ST form








s̄ q̄ 0

q̄∗ r̄ 0

−t̄∗1 −t̄∗2 1

















ϕ′1

ϕ′2

ϕ′3









=









1 0 t̄1

0 1 t̄2

0 0 0

















ϕ1

ϕ2

ϕ3









, (4.48)

with identification s̄ = r/(sr − q∗q), q̄ = −q/(sr − q∗q), r̄ = s/(sr − q∗q), t̄1 = c, and t̄2 = d.

This is obviously dual to the case of rank(B) = 2, rank(A) = 3, given by (4.29). Now the

presence of δ′-like connection between all lines are guaranteed, and the presence or absence

of δ-like component is controlled by c and d. The transmission amplitudes, given by

T31(k) =
2ik(c∗s + d∗q∗)− 2c∗(sr − q∗q)

k2 + ikF1 + F0
,

T12(k) =
2ikq + 2cd∗(sr − q∗q)

k2 + ikF1 + F0
,

T23(k) =
2ik(cq∗ + dr)− 2d(sr − q∗q)

k2 + ikF1 + F0
, (4.49)
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where we set

F0 = −(sr − q∗q)(1 + c∗c + d∗d),

F1 = s + r + c∗cs + c∗dq + d∗cq∗ + d∗dr, (4.50)

corroborate this assertion with high energy blockade Tij(∞) = 0 for all i and j, and also with

the zero energy expressions T31(0) ∝ c∗, T12(0) ∝ d∗c and T23(0) ∝ d. A numerical example of

this case is shown in Fig. 9.
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Fig. 9. Transmission and reflection probabilities for Y-junction with rank(B) = 3, rank(A) = 2.

Parameter values s11 = s12 = s22 = s33 = 1, s13 = s23 = 2 are used in (4.40).

4.4.4 rank(B)=3, rank(A)=3

When the ranks of the matrices A and B are both equal to n = 3, we have the generic

connection condition for a quantum particle residing on a joint three lines, namely the combi-

nations of δ and δ′ interactions. Let us look at the transmission amplitudes, which are given

 !"

"!#

"!"

$%&'($

)

*+,)"

'

- . 

-).)

-/./

 !"

"!#

"!"

$0&'($

)

*+,)"

'

- .)

-)./

-/. 

1

2

3/4-1

5

3/

Fig. 10. Transmission and reflection probabilities for Y-junction with rank(B) = 3, rank(A) = 3,

the generic condition. In the left side, solid line represents |T12(k)|2, dashed line |T23(k)|2, and

dotted line |T31(k)|2. In the right, solid line represents |R1(k)|2, dashed line |R2(k)|2, and dotted

lin |R3(k)|2. Parameter values s11 = −1/3, s12 = −1, s13 = 1, s22 = 1, s23 = −3, s33 = −4 are

used in (4.40).
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by

Tij(k) =
−2ik2sij + 2k det[Sji]

k3 + ik2tr[S]− k
∑

i det[Sii]− i det[S]
. (4.51)

We have Tij(0) = Tij(∞) = 0 for all i 6= j signifying the guaranteed presence of both δ-like

and δ′-like components in the connections between all lines.

This expression, along with the analogous expression for n = rA = rB = 2 case, invites

an easy straightforward extension to general n. A numerical example of this case is shown in

Fig. 10.

5. Conclusion

Our main finding in this article on quantum Y-junction is the fact that the couplings

between each pair of outgoing lines are individually tunable. The ST form of vertex boundary

condition, which gives the prescription for minimal construction of singular vertex as a limit

of finite potentials, is also found to be instrumental in identifying the type of coupling between

all pairs of outgoing lines. Crucial quantity to identify the physics of singular vertex is to be

found in the rank of matrices A and B appearing in the ST form.

Specifically, the pure δ-type coupling is constructed from rank(B) = 1 boundary condition,

while the pure δ′-type coupling is constructed from rank(A) = 1.

Boundary condition corresponding to ST form for n = 3 with rank(A) = rank(B) = 2 is

identified as containing Y-junction with both δ–δ–δ′ type and δ′–δ′–δ type singular verteces as

limiting cases of parameter values t̄i = 0 and ti = 0, respectively. Spectral filtering of quantum

waves is achieved by these types of singular vertices.

The extension of our treatment to quantum singular vertex of degree n = 4, or ”X-

junction”, and then to that with higher n appears tedious, but is within reach once the need

of detail analysis is required as a model of quantum single electron devices. We hope that this

work becomes a stepping stone for such extensions. Obviously, the experimental realization

and demonstration with quantum wires and quantum dots are highly desired. Designing

real-world approximation for singular vertex of quantum graph then becomes crucial.7,9–11)

We acknowledge the financial support by the Ministry of Education, Culture, Sports,

Science and Technology, Japan (Grant number 21540402), and also by the Czech Ministry of

Education, Youth and Sports (Project LC06002).
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Laboratoire affilié à la FRUMAM, France
2 Doppler Institute, Czech Technical University, Břehová 7, 11519 Prague, Czech Republic
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Abstract
We study Schrödinger operators on an infinite quantum graph of a chain form
which consists of identical rings connected at the touching points by δ-couplings
with a parameter α ∈ R. If the graph is ‘straight’, i.e. periodic with respect
to ring shifts, its Hamiltonian has a band spectrum with all the gaps open
whenever α 6= 0. We consider a ‘bending’ deformation of the chain consisting
of changing one position at a single ring and show that it gives rise to eigenvalues
in the open spectral gaps. We analyze dependence of these eigenvalues on the
coupling α and the ‘bending angle’ as well as resonances of the system coming
from the bending. We also discuss the behaviour of the eigenvalues and
resonances at the edges of the spectral bands.

PACS numbers: 03.65.Db, 03.65.Ge

1. Introduction

Quantum graphs, i.e. Schrödinger operators with graph configuration spaces, were introduced
in the middle of the last century [RuS53] and rediscovered three decades later [GP88, EŠ89].
Since then they have attracted a lot of attention; they became both a useful tool in numerous
applications and a means of making it easy to study fundamental properties such as quantum
chaos. We refrain from giving an extensive bibliography and refer to the recent proceedings
volume [AGA] which the reader can use to check the state of art in this area.

One of the frequent questions concerns relations between the geometry of a graph Ŵ and
spectral properties of a Schrödinger operator supported by Ŵ. Put like that, the question is a bit
vague and allows different interpretation. On the one hand, we can have in mind the intrinsic

1751-8113/08/415206+18$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1
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Figure 1. The unperturbed chain graph.

geometry of Ŵ which enters the problem through the adjacency matrix of the graph and the
lengths of its edges. On the other hand, quite often one thinks of Ŵ as a subset of R

n with the
geometry inherited from the ambient space. In that case geometric perturbations can acquire
a rather illustrative meaning and one can ask in which way they influence spectral properties
of a quantum particle ‘living’ on Ŵ; in such a context one can think of graphs with various
local deformations as ‘bent’, locally ‘protruded’ or ‘squeezed’, etc.

This is particularly interesting if the ‘unperturbed’ system is explicitly solvable being, for
instance, an infinite periodic graph. An influence of local spectral perturbations mentioned
above is in this setting a rich subject which deserves to be investigated. So far it has been
considered only episodically but even such a brief look shows that it may have properties
uncommon in the usual theory of Schrödinger operators [KV06]. With this motivation we find
it useful to start such a programme by discussing the influence of a ‘bending’ deformation on
a graph which exhibits a one-dimensional periodicity.

To make things as simple as possible at the beginning we will not strive in this paper
for generality and we will discuss in detail a simple nontrivial example, allowing for a fully
explicit solution, in which the unperturbed system is a ‘chain graph’ consisting of an array
of rings of unit radius, cf figure 1, connected through their touching points. We suppose
that there are no external fields. Since values of physical constants are not important in our
considerations we put h̄ = 2m = 1 and identify the particle Hamiltonian with the (negative)
Laplacian acting as ψj 7→ −ψ ′′

j on each edge of the graph. It is well known that in order to
get a self-adjoint operator one has to impose appropriate boundary conditions on the graph
vertices. In our model we employ the so-called δ-coupling characterized by the conditions

ψj (0) = ψk(0) =: ψ(0), j, k ∈ n̂,

n
∑

j=1

ψ ′
j (0) = αψ(0), (1.1)

where n̂ = {1, 2, . . . , n} is the index set numbering the edges emanating from the vertex—in
our case n = 4—and α ∈ R ∪ {+∞} is the coupling constant supposed to be the same at every
vertex of the chain. It is important that the ‘straight’ graph has spectral gaps5, thus we exclude

the free boundary conditions (sometimes called, not quite appropriately, Kirchhoff), i.e. we
assume α 6= 0.

The geometric perturbation to consider is the simplest possible bending of such a chain
obtained by a shift of one of the contact points, as sketched in figure 2, which is parametrized
by the bending angle ϑ characterizing the ratio of the two edges constituting the perturbed ring.
Our aim is to show that the bending gives rise to eigenvalues in the gaps of the unperturbed
spectrum and to analyze how they depend on ϑ . At the same time the bent chain will exhibit
resonances and we will discuss behaviour of the corresponding poles.

The contents of the paper are as follows. In the following section we analyze the straight
chain. Using the Bloch–Floquet decomposition we will show that the spectrum consists of an

5 A nontrivial vertex coupling is also related to the problem of approximation of quantum graphs by ‘fat graphs’
of which the reader can learn more, e.g., in [CE07] or [EP08], references therein, and a paper in preparation by the
authors of [EP08].
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Figure 2. A bent graph.

Figure 3. Elementary cell of the periodic system.

infinite number of absolutely continuous spectral bands separated by open gaps, plus a family
of infinitely degenerate eigenvalues at band edges. In section 3 we will analyze the discrete
spectrum due to the bending showing that in each gap it gives rise to at most two eigenvalues.
Section 4 describes their dependence on the bending angle as well as complex solutions to
the spectral condition corresponding to resonances in the bent chain. In section 5 we discuss
further the angular dependence with attention to singular points where the solutions coincide
with the band edges. Finally, in the concluding remarks we draw a parallel of our results with
properties of quantum waveguides.

2. An infinite periodic chain

First we consider a ‘straight’ chain Ŵ0 as sketched in figure 1; without loss of generality
we may suppose that the circumference of each ring is 2π . The state Hilbert space of a
nonrelativistic and spinless particle living on Ŵ0 is L2(Ŵ0). We suppose that the particle is
free, not interacting with an external potentials on the edges, and denote byH0 its Hamiltonian,
i.e. it acts as the negative Laplacian on each graph link and its domain consists of all functions
fromW

2,2
loc (Ŵ0) which satisfy the δ boundary conditions (1.1) at the vertices of Ŵ0; we suppose

that the coupling constant α is the same at each vertex6.
In view of the periodicity of Ŵ0, the spectrum of H0 can be computed using the Bloch–

Floquet decomposition. Let us consider an elementary cell with the wavefunction components
being denoted according to figure 3 and ask about the spectrum of the Floquet components

6 The coupling constant α is kept fixed and for the sake of simplicity we will not use it to label the Hamiltonian
neither in the straight nor in the bent case.
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of H0. Since the operator acts as a negative second derivative, each component of the
eigenfunction with energy E = k2 6= 0 is a linear combination of the functions e±ikx . The
momentum k is conventionally chosen positive for E > 0, while for E negative we put
k = iκ with κ > 0 (the case E = 0 will be mentioned separately). For a given E 6= 0, the
wavefunction components on the elementary cell are therefore given by

ψL(x) = C+
L e

ikx + C−
L e−ikx, x ∈ [−π/2, 0]

ψR(x) = C+
R e

ikx + C−
R e−ikx, x ∈ [0, π/2]

ϕL(x) = D+
L e

ikx +D−
L e−ikx, x ∈ [−π/2, 0]

ϕR(x) = D+
R e

ikx +D−
R e−ikx, x ∈ [0, π/2].

(2.1)

As we have said, at the contact point the δ-coupling (1.1) is assumed, i.e.

ψL(0) = ψR(0) = ϕL(0) = ϕR(0) −ψ ′
L(0) + ψ ′

R(0) − ϕ′
L(0) + ϕ′

R(0) = α · ψL(0).

On the other hand, at the ‘free’ ends of the cell the Floquet conditions are imposed,

ψR(π/2) = eiθψL(−π/2) ψ ′
R(π/2) = eiθψ ′

L(−π/2)
ϕR(π/2) = eiθϕL(−π/2) ϕ′

R(π/2) = eiθϕ′
L(−π/2)

(2.3)

with θ running through [−π, π); alternatively we may say that the quasimomentum 1
2π θ runs

through [−1/2, 1/2), the Brillouin zone of the problem.
Substituting (2.1) into (2.2) and (2.3), one obtains after simple manipulations

C+
X · sin kπ = D+

X · sin kπ, C−
X · sin kπ = D−

X · sin kπ, (2.4)

where X stands for L or R, hence C+
X = C−

X and D+
X = D−

X provided k /∈ N0 := {0, 1, 2, . . .}.
We will treat the special case k ∈ N later, now we will suppose k does not belong to N, the
set of natural numbers. Furthermore, from (2.2) and (2.3) we obtain an equation for the phase
factor eiθ ,

e2iθ − eiθ
(

2 cos kπ +
α

2k
sin kπ

)

+ 1 = 0, (2.5)

which has real coefficients for any k ∈ R ∪ iR\{0} and the discriminant equal to

D =

(

2 cos kπ +
α

2k
sin kπ

)2

− 4.

We have to determine values of k2 for which there is a θ ∈ [−π, π) such that (2.5) is satisfied,
in other words, for which k2 it has, as an equation in the unknown eiθ , at least one root of
modulus 1. Note that a pair of solutions of (2.5) always gives 1 when multiplied, regardless
of the value of k; hence either both roots are complex conjugates of modulus 1, or one is
of modulus greater than 1 and the other has modulus smaller than 1. Obviously, the latter
situation corresponds to a positive discriminant, and the former one to the discriminant less or
equal to zero. We summarize this discussion as follows:

Proposition 2.1. If k2 ∈ R\{0} and k /∈ N, then k2 ∈ σ(H0) if and only if the condition
∣
∣
∣
∣
cos kπ +

α

4
·
sin kπ

k

∣
∣
∣
∣
6 1 (2.6)

is satisfied.

In particular, the negative spectrum is obtained by putting k = iκ for κ > 0 and rewriting
the inequality (2.6) in terms of this variable. Note that since sinh x 6= 0 for all x > 0, it never

4
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occurs that sin kπ = 0 for k ∈ iR+, the positive imaginary axis, thus there is no need to treat
this case separately like for k ∈ R

+, cf (2.4) above.

Corollary 2.2. If κ > 0, then −κ2 ∈ σ(H0) if and only if
∣
∣
∣
∣
cosh κπ +

α

4
·
sinh κπ

κ

∣
∣
∣
∣
6 1. (2.7)

Let us finally mention the case k ∈ N left out above. It is straightforward to check that
k2 is then an eigenvalue, and moreover, that it has an infinite multiplicity. One can construct
an eigenfunction which is supported by a single circle, which is given by ψ(x) = sin kx with
x ∈ [0, π ] on the upper semicircle and ϕ(x) = −sin kx with x ∈ [0, π ] on the lower one.

Remark 2.3. The condition (2.6) reminds us of the corresponding condition in the Kronig–
Penney model with the distance between the interaction sites equal to π , cf [AGHH], the only
difference being that the coupling constant is halved, 1

2α instead of α. In contrast to that, the
point spectrum of the KP model is empty. These facts are easy to understand if we realize
that our model has the up-down mirror symmetry, and thus H0 decomposes into a symmetric
and antisymmetric part. The former is unitarily equivalent to the KP model with modified
coupling, the latter corresponds to functions vanishing at the vertices, having thus a pure
point spectrum. Looking ahead, we remark that the bending perturbation breaks this mirror
symmetry.

Finally, in the case E = 0 we get in the similar way the equation

e2iθ − eiθ
(

2 +
απ

2

)

+ 1 = 0, (2.8)

replacing (2.5), whence we infer that 0 ∈ σ(H0) if and only if
∣
∣
∣1 +

απ

4

∣
∣
∣ 6 1, (2.9)

hence zero can belong to the continuous part of the spectrum only and it happens iff

α ∈ [−8/π, 0]. In conclusion, we can make the following claim about σ(H0).

Theorem 2.4. The spectrum of H0 consists of infinitely degenerate eigenvalues equal to n2

with n ∈ N, and absolutely continuous spectral bands with the following properties:

If α > 0, then every spectral band is contained in an interval (n2, (n + 1)2] with

n ∈ N0 := N ∪ {0}, and its upper edge coincides with the value (n + 1)2.

If α < 0, then in each interval [n2, (n + 1)2) with n ∈ N there is exactly one spectral band the

lower edge of which coincides with n2. In addition, there is a spectral band with the lower

edge (being the overall spectral threshold) equal to −κ2, where κ is the largest solution of
∣
∣
∣
∣
cosh κπ +

α

4
·
sinh κπ

κ

∣
∣
∣
∣
= 1. (2.10)

The position of the upper edge of this band depends on α. If −8/π < α < 0, then it is equal

to k2 where k is the solution of

cos kπ +
α

4
·
sin kπ

k
= −1

contained in (0, 1). On the other hand, for α < −8/π the upper edge is negative, −κ2 with κ

being the smallest solution of (2.10), and for α = −8/π it equals zero.

Finally, σ(H0) = [0,+∞) holds if α = 0.

5
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Proof. The degenerate bands, in other words, the eigenvalues of infinite multiplicity, were
found already and it is straightforward to check that no other eigenvalues exist. The continuous
spectrum can be in view of remark 2.3 treated as in [AGHH], nevertheless, we sketch the
argument not only to make the paper self-contained, but also in view of following sections
where some ideas and formula of the present proof will be used again.

Consider first the positive part of the continuous spectrum. The condition (2.6) clearly
determines bands with one endpoint at n2, n ∈ N, where the sign of α decides whether it is
the upper or lower one. If α < 0, the presence of a band in (0,1) depends on |α|. Denoting
g(x) := cos xπ + α

4 · sin xπ
x

we want to show thatB := {x ∈ (0, 1) : |g(x)| 6 1} is either empty
or an interval with zero as its edge. It is obvious that g maps (0, 1) continuously into (−∞, 1);
we will check that g(x0) = −1 implies g′(x0) < 0. We first note that the premise implies
cos x0π = −1− α

4 · sin x0π

x0
; taking the square of this relation we find after simple manipulations

that sin x0π = −2
(

α
4x0

+ 4x0
α

)−1
and cos x0π =

(
α
4x0

− 4x0
α

)(
α
4x0

+ 4x0
α

)−1
. Evaluating g′(x0)

and substituting these expressions we get

g′(x0) =
απ

4x0

(

1 −
sinπx0

πx0

)

< 0.

These properties together with the continuity of g imply that if B is not empty, then it is an
interval with the left endpoint zero. It is also clear that B is nonempty iff g(0+) > −1 which
gives the condition α > −8/π . In contrast, B is empty if α < −8/π and the borderline case
α = −8/π was mentioned above.

Let us next focus on the negative part using g̃(x) := cosh xπ + α
4 · sinh xπ

x
and ask about

B̃ := {x ∈ (0,∞) : |g̃(x)| 6 1}. It is easy to check that g̃(x) = −1 iff tanh xπ
2 = 4x

|α|
and

g̃(x) = 1 iff coth xπ
2 = 4x

|α|
. It implies that there is exactly one x1 such that g̃(x1) = 1, and that

the equation g̃(x) = −1 has one solution x−1 in the case α < −8/π and no solution in the
case α ∈ [−8/π, 0). Since obviously 0 < x−1 < x1 and g̃(0+) := limx→0+ g̃(x) = 1 + απ/4,
we infer that B̃ is a bounded interval. Its closure contains zero iff α ∈ [−8/π, 0) because then
g̃(0+) ∈ [−1, 1). In such a case the lowest spectral band is the closure of B ∪ B̃, otherwise it
is the closure of B̃ only. ¤

3. The perturbed system

3.1. General considerations

Let us suppose now that the straight chain of the previous section suffers a bending perturbation
as shown in figure 2. We call the perturbed graph Ŵϑ ; it differs from Ŵ0 by replacing the arc
lengths π of a fixed ring, conventionally numbered as zero, by π ± ϑ . The bending angle ϑ is
supposed to take values from (0, π), regardless of the fact that for ϑ > 2π/3 it is not possible
to consider Ŵϑ embedded in the plane as sketched—one can certainly realize such a ‘bending’
in an alternative way, for instance, by deforming the selected ring.

The state Hilbert space of the perturbed system is L2(Ŵϑ ) and the Hamiltonian is Hϑ

obtained by a natural modification of H0; our aim is to determine its spectrum. Since Ŵϑ has
the mirror symmetry w.r.t. the axis of the zeroth ring passing through the points x = 1

2 (π ±ϑ),
the operator Hϑ can be reduced by parity subspaces into a direct sum of an even part, H +, and
odd one, H−; for the sake of simplicity we drop mostly the subscript ϑ in the following.

All the components of the wavefunction at energy k2 are linear combinations of e±ikx .
As we have said we use the ring labelling with zero corresponding to the perturbed one; the
mirror symmetry allows us to study a half of the system only, say, with non-negative indices.

6
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The wavefunction on each ring will be a pair of functions ψj and ϕj , where j is the circle
index, ψj corresponds to the upper semicircle and ϕj to the lower one,

ψj (x) = C+
j e

ikx + C−
j e−ikx, x ∈ [0, π ]

ϕj (x) = D+
j e

ikx +D−
j e−ikx, x ∈ [0, π ],

(3.1)

for j ∈ N. The situation is different in the case j = 0, where the variables run over modified
intervals,

ψ0(x) = C+
0 e

ikx + C−
0 e−ikx, x ∈

[
π − ϑ

2
, π

]

ϕ0(x) = D+
0 e

ikx +D−
0 e−ikx, x ∈

[
π + ϑ

2
, π

]

.

(3.2)

There are δ-couplings with the parameter α in the points of contact, i.e.

ψj (0) = ϕj (0) ψj (π) = ϕj (π) (3.3)

and

ψj (0) = ψj−1(π) (3.4)

ψ ′
j (0) + ϕ′

j (0) − ψ ′
j−1(π) − ϕ′

j−1(π) = α · ψj (0). (3.5)

Substituting (3.1) into (3.3) we obtain

C+
j · sin kπ = D+

j · sin kπ and C−
j · sin kπ = D−

j · sin kπ,

thus for k /∈ N0 we have C+
j = D+

j and C−
j = D−

j . The case k ∈ N0 can be treated
analogously with the ‘straight’ case: it is easy to see that squares of integers are infinitely
degenerate eigenvalues and the eigenfunctions can be supported by any ring, now with the
exception of the zeroth one. From now on, we suppose k /∈ N0.

Using the coupling conditions (3.4) and (3.5), we arrive at a ‘transfer matrix’ relation
between coefficients of the neighbouring rings,

(
C+

j

C−
j

)

=

((

1 + α
4ik

)

eikπ α
4ik e

−ikπ

− α
4ik e

ikπ
(

1 − α
4ik

)

e−ikπ

)

︸ ︷︷ ︸

M

·

(

C+
j−1

C−
j−1

)

, (3.6)

valid for all j > 2, which yields
(

C+
j

C−
j

)

= Mj−1 ·

(

C+
1

C−
1

)

. (3.7)

It is clear that the asymptotical behaviour of the norms of
(

C+
j , C−

j

)T
is determined by spectral

properties of the matrix M. Specifically, let
(

C+
1 , C

−
1

)T
be an eigenvector of M corresponding

to an eigenvalue µ, then |µ| < 1 (|µ| > 1, |µ| = 1) means that
∥
∥
(

C+
j , C−

j

)T ∥
∥ decays

exponentially with respect to j (respectively, it is exponentially growing, or independent
of j ).

The wavefunction components on the j th ring for both H± (as well as on the (−j)th
by the mirror symmetry) are determined by C+

j and C−
j , and thus by

(

C+
1 , C

−
1

)T
by virtue of

(3.7). If
(

C+
1 , C

−
1

)T
has a non-vanishing component related to an eigenvalue of M of modulus

larger than 1, it determines neither an eigenfunction nor a generalized eigenfunction of H±.
On the other hand, if

(

C+
1 , C

−
1

)T
is an eigenvector, or a linear combination of eigenvectors,

7
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of the matrix M with modulus less than 1 (respectively, equal to 1), then the coefficients C±
j

determine an eigenfunction (respectively, a generalized eigenfunction) and the corresponding
energy E belongs to the point (respectively, continuous) spectrum of the operator H±. To
perform the spectral analysis of M, we employ its characteristic polynomial at energy k2,

λ2 − 2λ

(

cos kπ +
α

4k
sin kπ

)

+ 1, (3.8)

which we have encountered already in the relation (2.5); it shows that M has an eigenvalue of
modulus less than 1 iff the discriminant of (3.8) is positive, i.e.

∣
∣
∣cos kπ +

α

4k
sin kπ

∣
∣
∣ > 1,

and a pair of complex conjugated eigenvalues of modulus 1 iff the above quantity is 6 1. In
the former case the eigenvalues of M are given by

λ 1
2

= cos kπ +
α

4k
sin kπ ±

√
(

cos kπ +
α

4k
sin kπ

)2
− 1,

satisfying λ2 = λ−1
1 , hence λ2 < 1 holds if cos kπ + α

4k sin kπ > 1 and λ1 < 1 if this quantity
is < −1. Moreover, the corresponding eigenvectors of M are

v1,2 =

(
α
4ik e

−ikπ

λ1,2 −
(

1 + α
4ik

)

eikπ

)

.

Remark 3.1. Comparing to (2.6)we see that the perturbation does not affect the spectral bands,
and also, that new eigenvalues coming from the perturbation can appear only in the gaps. These
facts are obvious, of course, from general principles. Using the natural identification ofL2(Ŵ0)

and L2(Ŵϑ) we see that H0 and Hϑ differ by a shift of the point where a boundary condition
is applied, hence their resolvent difference has a finite rank (in fact, rank two). Consequently,
their essential spectra coincide and each spectral gap of H0 contains at most two eigenvalues
of Hϑ , see [We, sec. 8.3, cor. 1].

3.2. Spectrum of H +

The operator H + corresponds to the wavefunctions even w.r.t. the symmetry axis, hence we
may consider a half of the graph with the Neumann conditions at the boundary (i.e., the points
A, B in figure 2),

ψ ′
0

(
π − ϑ

2

)

= 0, ϕ′
0

(
π + ϑ

2

)

= 0.

At the contact point of the zeroth and the first ring (denoted by C) there is a δ-coupling with
the parameter α,

ψ0(π) = ϕ0(π) = ψ1(0) (3.9)

ψ ′
1(0) + ϕ′

1(0) − ψ ′
0(π) − ϕ′

0(π) = α · ψ0(π). (3.10)

Substituting to these conditions from (3.1) and (3.2) and using the equality ϕ′
1(0) = ψ ′

1(0),

we obtain
(

C+
1 , C

−
1

)T
up to a multiplicative constant,

(

C+
1

C−
1

)

=

(
cos kπ+cos kϑ

sin kπ
+ i

(

1− α(cos kπ+cos kϑ)

2k sin kπ

)

cos kπ+cos kϑ
sin kπ

− i
(

1 − α(cos kπ+cos kϑ)

2k sin kπ

)

)

.

8



J. Phys. A: Math. Theor. 41 (2008) 415206 P Duclos et al

The right-hand side is well defined except for sin kπ = 0, but this case has already been
excluded from our considerations; we know that for k ∈ N the number k2 is an eigenvalue of
infinite multiplicity.

Following the above discussion k2 ∈ σp(H +) requires that the vector
(

C+
1 , C

−
1

)T
is an

eigenvector of M corresponding to the eigenvalue λ of the modulus less than 1. Using the
above explicit form of the eigenvectors and solving the equation

∣
∣
∣
∣
∣

cos kπ+cos kϑ
sin kπ

+ i
(

1− α(cos kπ+cos kϑ)

2k sin kπ

)
α
4ik e

−ikπ

cos kπ+cos kϑ
sin kπ

− i
(

1 − α(cos kπ+cos kϑ)

2k sin kπ

)

λ −
(

1 + α
4ik

)

eikπ

∣
∣
∣
∣
∣
= 0

we arrive at the condition

(cos kϑ + cos kπ) ·

(

α

4k
sin kπ ±

√
(

cos kπ +
α

4k
sin kπ

)2
− 1

)

= sin2 kπ,

with the sign given by the sign of cos kπ + α
4k sin kπ . Since sin kπ 6= 0, the second factor at

the lhs is also nonzero and the last equation is equivalent to

cos kϑ = −cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(

cos kπ + α
4k sin kπ

)2
− 1

; (3.11)

for the sake of brevity we denote the expression at the rhs by f (k).
The relation (3.11) is our main tool to analyze the discrete spectrum and we are going to

discuss now its solutions. We start with an auxiliary result noting that, as a consequence of
theorem 2.4, the set of positive k for which the inequality | cos kπ + α

4k sin kπ | > 1 is satisfied
is an infinite disjoint union of closed intervals. We denote them In with n ∈ N and recall that
n ∈ In. If α > 0 we denote by I0 the interval with the edge at zero corresponding to the
non-negative part of the lowest spectral gap of H0.

Proposition 3.2. The function f introduced above maps each In\{n} into the interval

(−1, 1)∪{(−1)n}. Moreover, f (x) = (−1)n holds for x ∈ In\{n} iff |cos xπ + α
4x sin xπ | = 1,

and limx∈In,x→n f (x) = (−1)n+1.

Proof. According to (3.11), the function f is continuous in each interval In\{n}, thus it
maps the interval In\{n} again to an interval. The claim then follows from the following
easy observations. First, f (x) = (−1)n iff x is the non-integer boundary point of In (if
α < 0 and |α| is sufficiently large, the left edge of I1 is moved to zero and one checks that
limx→0 f (x) = −1). Furthermore, for all x ∈ In\{n} we have f (x) 6= (−1)n−1, and finally,
limx→n,x∈In

f (x) = (−1)n−1. ¤

Proposition 3.2 guarantees the existence of at least one solution of (3.11) in each interval
In\{n}, except for the case when ϑ satisfies cos nϑ = (−1)n−1, or equivalently, except for
the angles ϑ = n+1−2ℓ

n
π, ℓ = 1, . . . ,

[
n+1
2

]

. Later we will show that for these angles there is
indeed no solution of the equation (3.11) in In\{n}, while for the other angles in (0, π) there
is exactly one.

In a similar way one can proceed with the negative part of the spectrum. If k = iκ where
κ > 0, the condition (3.11) acquires the form

cosh κϑ = −cosh κπ −
sinh2 κπ

α
4κ sinh κπ ±

√
(

cosh κπ + α
4κ sinh κπ

)2
− 1

, (3.12)

where the upper sign in the denominator refers to cosh κπ + α
4κ sinh κπ > 1, and the lower

one to cosh κπ + α
4κ sinh κπ < −1. Let us denote the rhs of (3.12) by f̃ (κ), then we have the

following counterpart to proposition 3.2.

9
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Proposition 3.3. If α > 0, then f̃ (κ) < −cosh κϑ holds for all κ > 0 and ϑ ∈ (0, π). On

the other hand, for α < 0 we have

If limκ→0
(

cosh κπ + α
4κ sinh κπ

)

< −1, then there is a right neighbourhood of zero where

f̃ (x) = −1 − C(α)x2 + o(x2) with the constant explicitly given by C(α) :=
(
1
2 +

(
απ
4 +

√
(

απ
4

)2
+ απ

2

)−1)
π2. Moreover, f̃ (κ) = −1 holds for κ > 0 iff cosh κπ + α

4κ sinh κπ = −1.

The interval
{

κ : cosh κπ + α
4κ sinh κπ > 1 ∧ κ · tanh κπ < −α/2

}

is mapped by the function

f̃ onto [1,+∞).

If κ tanh κπ > −α/2, then f̃ (κ) < −cosh κϑ holds for all κ > 0 and ϑ ∈ (0, π).

Proof. The statement for α > 0 is obvious, assume further that α < 0. The first claim
follows from the Taylor expansions of the functions involved in f̃ , the last uses the equality
cosh2 κ − sinh2 κ = 1. The set determined by the conditions cosh κπ + α

4κ sinh κπ > 1
and κ · tanh κπ < −α/2 is obviously an interval and f̃ is continuous on it. Since
cosh κπ + α

4κ sinh κπ = 1 implies f̃ (κ) = 1 and for κ0 · tanh κ0π = −α/2 it holds
limx→κ−

0
f̃ = +∞, the second claim follows immediately. Finally, if κ · tanh κπ > −α/2,

then cosh κπ + α
4κ sinh κπ > 1 and α

4κ sinh κπ ±

√
(

cosh κπ + α
4κ sinh κπ

)2
− 1 > 0, thus

f̃ (κ) < −cosh κπ < −cosh κϑ holds for all κ > 0 and ϑ ∈ (0, π). ¤

In particular, the first claim concerning α < 0 together with the continuity of f̃ implies
that if the set

{

κ : cosh κπ + α
4κ sinh κπ > 1

}

is nonempty (and thus an interval), the graph
of f̃ on this set lies below the value −1 touching it exactly at the endpoints of this interval.

Corollary 3.4. If α > 0, then H + has no negative eigenvalues. On the other hand, for α < 0
the operator H + has at least one negative eigenvalue which lies under the lowest spectral

band and above the number −κ2
0 , where κ0 is the (unique) solution of κ · tanh κπ = −α/2.

Proof. The eigenvalues are squares of solutions to the equation cosh κϑ = f̃ (κ). The absence
of negative eigenvalues for α > 0 follows directly from the first claim in proposition 3.3. The
same proposition implies that there is exactly one interval mapped by f̃ onto [1,+∞), hence
there is at least one solution of cosh κϑ = f̃ (κ) in this interval. ¤

3.3. Spectrum of H− and a summary

The operator H− which corresponds to the odd part of the wavefunction can be treated in an
analogous way. The boundary conditions on the zero circle are now Dirichlet ones,

ψ0

(
π − ϑ

2

)

= 0, ϕ0

(
π + ϑ

2

)

= 0.

One can easily find the spectral condition,

−cos kϑ = −cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(

cos kπ + α
4k sin kπ

)2
− 1

; (3.13)

in comparison with (3.11) corresponding to H + there is a difference in the sign of the cosine
on the left-hand side. Since we already know the behaviour of the right-hand side, cf
proposition 3.2, we can infer, similarly as for H +, that there is at least one solution
of (3.13) in each interval In except for the case when −cos nϑ = (−1)n−1, i.e. when
ϑ = n−2ℓ

n
π, ℓ = 1, . . . ,

[
n
2

]

.

10
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Following the analogy with the symmetric case further we can employ proposition 3.2 to
conclude that in each interval In there is at least one solution of −cos kϑ = f (κ). The only
exception is the interval I1 for α < 0: for |α| sufficiently small it holds−cos kϑ < f (k) in the
whole I1; we will comment on this situation in more detail in the following section devoted to
resonances. The negative part of the point spectrum of H− is determined by the condition

−cosh κϑ = −cosh κπ −
sinh2 κπ

α
4κ sinh κπ ±

√
(

cosh κπ + α
4κ sinh κπ

)2
− 1

, (3.14)

where we set k = iκ for κ ∈ R
+. It follows from proposition 3.3 that (3.14) has a solution for

negative α only, and it happens if (i) the positive spectral gap touching zero extends to negative
values, and (ii) the bending angle ϑ is small enough. In other words, if there is a number κ0
solving cosh κπ + α

4κ sinh κπ = −1, the energy plot w.r.t. ϑ obtained as the implicit solutions
of (3.14) is a curve departing from (ϑ,E) =

(

0,−κ2
0

)

; in the following section we will show
that it is analytic and following it one arrives at the point (ϑ,E) = (π, 1).

Let us summarize the discussion of the discrete spectrum. We have demonstrated that for
each of the operators H± there generally arises at least one eigenvalue in every spectral gap
closure. We have also explained that such an eigenvalue can lapse into a band edge equal to
n2, n ∈ N, and thus be in fact absent. The eigenvalues of H + and H− may also coincide, in
this case they become a single eigenvalue of multiplicity two. One can check directly that it
happens only if

k · tan kπ =
α

2
.

The study of the resonances, performed in the following section, will help us to find more
precise results concerning the number of eigenvalues. We will show that there are at most

two of them in each spectral gap. However, to make the explanation clearer, we refer already
at this moment to figures 4–6 illustrating the numerical solution of the spectral condition for
different signs of the coupling constant, as well as the resonances of the system.

4. Resonances and analyticity

Proceeding further with the discussion we want to learn more about the angle dependence of
the perturbation effects. First we note, however, that the added eigenvalues are not the only
consequence of the chain bending. One has to investigate all solutions of (4.1), not only the
real ones which correspond to σp(H +), but also complex solutions describing resonances7

of H±.

Proposition 4.1. Given a non-integer k > 0, the conditions (3.11) and (3.12) for H±,

respectively, are equivalent to

α

2k
(1 ± cos kϑ cos kπ)(±cos kϑ + cos kπ) = sin kπ · (1 ± 2 cos kϑ cos kπ + cos2 kϑ).

(4.1)

Proof. First we note that changing the square root sign in denominator of (3.11) does not
give rise to a real solution. Indeed, if the sign of the right-hand side of (3.11) is changed, the
obtained expression is of modulus greater than 1, hence it cannot be equal to cos kϑ . This

7 The notion of resonance in the chain–graph system can be introduced in different, mutually equivalent, ways
similarly as in [EL07].
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Figure 4. The spectrum ofH + as a function of ϑ for repulsive coupling, α = 3. The shaded regions
are spectral bands, the dashed lines show real parts of the resonance pole positions discussed in
section 4.
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Figure 5. The spectrum of H− in the same setting as in figure 4.
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Figure 6. The spectrum of H as a function of ϑ for attractive coupling, α = −3.

further implies that one need not specify the sign in the denominator of (3.11) by the sign of
cos kπ + α

4k sin kπ , and therefore we can express the square root and subsequently square both
sides of the obtained relation. After simple manipulations, we arrive at (4.1); note that for
all k ∈ R

+\N, the denominator of (3.11) is nonzero. The equivalence of (3.11) and (4.1) for
k ∈ C\N is obvious for (4.1) considered with the complex square root, i.e. without restrictions
on the sign in the denominator. The argument for H− is analogous. ¤

Nowwe are ready to state and prove the analyticity properties. Since the cases of different
symmetries are almost the same, apart from the position of the points where the analyticity
fails, we will mention the operator H + only.

Proposition 4.2. Curves given by the implicit equation (4.1) for H + are analytic everywhere

except at (ϑ, k) =
(

n+1−2ℓ
n

π, n
)

, where n ∈ N, ℓ ∈ N0, ℓ 6
[

n+1
2

]

. Moreover, the real solution

in the nth spectral gap is given by a function ϑ 7→ k which is analytic, except at the points
n+1−2ℓ

n
π .

Proof. First we will demonstrate the analyticity of the curves ϑ 7→ k ∈ C. This is easily
done using equation (3.11); we have to prove that at each point (ϑ, k) solving the equation
G(ϑ, k) = 0 with

G(ϑ, k) = −cos kϑ − cos kπ +
sin2 kπ

α
4k sin kπ ±

√
(

cos kπ + α
4k sin kπ

)2
− 1

the derivative ∂G
∂ϑ

is nonzero. We have ∂G
∂ϑ

= k · sin(kϑ) = 0 iff sin kϑ = 0, i.e.
kϑ = mπ,m ∈ Z. This implies G(ϑ, k) = (−1)m+1 − cos kπ , and since G(ϑ, k) = 0

13
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Figure 7. The imaginary parts of resonance pole positions in the same setting as in the previous
picture; for the sake of lucidity only the curves corresponding to H + are plotted.

should be satisfied, k is an integer of the same parity asm+1. For k ∈ N,G is not defined and
we use (4.1); it is easy to check that any solution (ϑ, k) of (4.1) with k ∈ N corresponds to

ϑ =
k + 1 − 2ℓ

k
π, ℓ ∈ N, ℓ 6

[
k + 1

2

]

.

To prove that real solutions are analytic functions, it suffices to check that, except at the points
(ϕ, k) =

(
n+1−2ℓ

n
π, n

)

, for each (ϑ, k) solving F(ϑ, k) = 0 with

F(ϑ, k) := α(1 + cos kϑ cos kπ)(cos kϑ + cos kπ)

− 2k sin kπ · (1 + 2 cos kϑ cos kπ + cos2 kϑ)

it holds ∂F
∂k

6= 0. Computing the derivative one obtains an expression which can be cast in the
form

2 sin2 kπ · (1 + 2 cos kϑ cos kπ + cos2 kϑ)2 + α · [π(cos kϑ + cos kπ)4

+ sin2 kπ · (cos kϑ + cos kπ)2 + ϑ sin2 kπ sin2 kϑ(1 + cos k(π − ϑ))

+ (π − ϑ) sin2 kπ sin2 kϑ(1 + cos kϑ cos kπ)].

This is always non-negative, and vanishes iff

(cos kπ = 1 ∧ cos kϑ = −1) ∨ (cos kπ = −1 ∧ cos kϑ = 1),

i.e. iff k ∈ Z and kπ = kϑ + (2ℓ − 1)π, ℓ ∈ Z, proving this the sought claim. ¤

The resonance dependence on the bending angle ϑ is again visualized in figures 4–6
where the real parts are shown; the imaginary parts corresponding to the situation of figure 4
are plotted on figure 7.
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5. More on the angle dependence

The above results raise naturally the question about the behaviour of the curves at the singular
points [ϑ, k] =

[
n+1−2ℓ

n
π, n

]

with n ∈ N, ℓ ∈ N, ℓ 6
[

n+1
2

]

, where they touch the band edges
and where the eigenvalues and resonances may cross. Now we are going to examine the
asymptotic expansion at these points and to look how many curves ‘stem’ from them.

Consider again first the part H +. Let k0 ∈ N and ϑ0 :=
n+1−2ℓ

n
π for some ℓ ∈ N, and put

k := k0 + ε, ϑ := ϑ0 + δ.

After substituting into (4.1) with the plus signs and employing Taylor expansions of the cos
and sin functions we arrive at the relation

α

4

(

k40δ
4 + 4k30ϑ0δ

3ε + 6k20ϑ
2
0 δ

2ε2
)

− k0π
3ε3 = O(δε3) +O(ε4) +O(δ3ε).

Using the theory of algebroidal functions and Newton polygon, we find that in the
neighbourhood of (ϑ0, k0), the asymptotical behaviour of solutions is given by the terms
of the order δ4 and ε3. In other words, up to a higher-order term we have α

4 k
4
0δ

4 = k0π
3ε3,

and therefore
(

επ

k0

)3

=
α

4
δ4.

Note that α ∈ R, k0 > 0, δ ∈ R, i.e. only ε may be complex here, hence the last equation
admits exactly three types of solutions:

• ε = 3
√

α
4

k0
π

δ4/3 (a real solution corresponding to the spectrum)

• ε = e±i 23π 3
√

α
4

k0
π

δ4/3 (imaginary solutions corresponding to resonances).

Let us remark that since (4.1) has a symmetry with respect to the complex conjugation of k,
the imaginary solution comes in pairs. This is why we find pairs of curves outside the real
plane, conventionally just one of them is associated with a resonance.

Returning to properties of eigenvalues in a fixed spectral gap, we have so far demonstrated
that each real curve describing a solution of (4.1) is a graph of a function analytic except at
the singular points, cf proposition 4.2. Furthermore, at each singular point only one pair of
branches meets (with respect to the variable ϑ); it follows that there is exactly one solution
in each spectral gap closure. Assuming for definiteness α > 0 we can say that the complete
graph of solutions of (4.1) has the following structure:

• It consists of curves that are analytic and not intersecting, except at the points
(ϑ, k) =

(
n+1−2ℓ

n
π, n

)

, where n ∈ N, ℓ ∈ N, ℓ 6
[

n+1
2

]

; these are the only ramification
points.

• The real curves branches join the points
(

n+1−2ℓ
n

π, n
)

and
(

n+1−2ℓ−2
n

π, n
)

, i.e. the
consecutive points on the lines k = n ∈ N.

• The curves branches outside the plane ℑ(k) = 0 join the points
(

ℓ
n−ℓ

π, n − ℓ
)

and
(

ℓ+1
n−ℓ−1π, n − ℓ − 1

)

, i.e. the consecutive points laying on the hyperbolas (ϑ + π) · k =

n · π, k ∈ R, n ∈ N, n odd, cf figure 7.

Furthermore, we have seen that the behaviour of eigenvalues in the vicinity of the singular
points is as follows,

k ≈ k0 +
3

√

α

4

k0

π
|ϑ − ϑ0|

4/3,

and this is valid for in the particular case ϑ0 = 0, k0 ∈ N, as well provided the band edge k0
is odd.
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However, H + has an eigenvalue near ϑ0 = 0 also in the gaps adjacent to even
numbers. In these cases the curve starts at the point (0, k0) for k0 being the solution of
∣
∣cos kπ + α

4k sin kπ
∣
∣ = 1 in (n, n + 1), n even. The asymptotic behaviour of k for ϑ close to

zero is then different, namely:

Theorem 5.1. Suppose that n ∈ N is even and k0 is as described above, i.e. k20 is the right

endpoint of the spectral gap adjacent to n2. Then the behaviour of the solution of (4.1) in the

neighbourhood of (0, k0) is given by

k = k0 − Ck0,α · ϑ4 +O(ϑ5),

where Ck0,α := k20
8π ·

(
α
4

)3
(k0π + sin k0π)−1.

Proof. The argument is straightforward, it suffices to use Taylor expansions in (4.1). ¤

The analogous asymptotic behaviour applies to k2, the energy distance of the eigenvalue
from the band edge is again proportional to ϑ4 in the leading order. Note that this is true in
any spectral gap, but of course, the error term depends in general on the gap index.

We refrain from discussing in detail the odd part H− of the Hamiltonian. The
corresponding results are practically the same, the only difference is that the roles of the
even and odd gaps are interchanged.

Most of what we have discussed above modifies easily to the case of attractive coupling
with the obvious changes: for α < 0 the spectral gaps lay now below the numbers n2, n ∈ N.
Of particular interest is the spectral gap adjacent to the value one, because with the increase
of |α| its lower edge moves towards zero and may become negative for |α| large enough. The
even partH + has similar properties as before: the eigenvalue curve goes from (0, 1) to (π, k0),
where k0 ∈ (0, 1), and there two complex conjugated branches with ℜ(k) > 0 one of which
describes a resonance.

However, the odd part H− requires a more detailed examination. We know that there is
an eigenvalue curve going to the point [π, 1]. If the entire spectral gap is above zero, this
curve joins it with

[

0, k20
]

, where k20 is the lower edge of the gap. On the other hand, if |α|

is large enough the eigenvalue curve starts from [0,−κ0], where −κ2
0 is again the lower gap

edge; to show that even in this case the curve joins the points [0,−κ0] and [π, 1] analytically,
it suffices to prove that the solutions of (4.1) with the negative sign preserves analyticity when
it crosses the line k2 = 0.

The spectral condition (3.13) forH− is valid for k 6= 0. If we put all terms to the left-hand
side denoting it as G−(ϑ, k), i.e.

G
−(ϑ, k) = −cos kϑ + cos kπ −

sin2 kπ

α
4k sin kπ ±

√
(

cos kπ + α
4k sin kπ

)2
− 1

with the sign in the denominator properly chosen, we have limk→0 G
−(ϑ, k)k−l = 0 for l = 0, 1

while for l = 2 the limit is real-valued and non-vanishing. It follows that to find the behaviour
at the crossing point one has to examine the function given implicitly by G̃(ϑ, k) = 0, where

G̃(ϑ, k) =











G−(ϑ, k)

k2
for k 6= 0

lim
k→0

G−(ϑ, k)

k2
for k = 0.

This is continuous and it can be easily checked that it has continuous partial derivatives with
respect to ϑ and k in the neighbourhood of any solution of G̃(ϑ, k) = 0 with k = 0. In
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particular, the derivative w.r.t. ϑ equals k−1 sin kϑ for all k 6= 0, thus at a point [ϑ0, 0] solving
G̃(ϑ, k) = 0 we have

∂G̃(ϑ0, 0)

∂ϑ
= lim

k→0

sin kϑ0

k
= ϑ0 6= 0,

in other words, the solution of G̃(ϑ, k) = 0 is analytic also at the point [ϑ0, 0]. Needless to
say, this claim which we have checked directly here can also be obtained by means of the
analytic perturbation theory [Ka66].

Finally, note that by proposition 4.2 the solutions of (4.1) with both the positive and
negative signs are analytic in the whole open half-plane ℜ(k) < 0, and consequently, no
resonance curves can be found there.

6. Concluding remarks

We have reasons to believe that the spectral and resonance properties due to geometric
perturbations of the considered type hold much more generally. In this paper we have decided,
however, to treat the present simple example because it allowed us to find a rather explicit
solution to the problem.

The problem can be viewed from different perspectives. As an alternative one may
interpret the chain graph as a decoration of a simple array-type graph, or if you wish, the
Kronig–Penney model, in the sense of [AI00, Ku05]. The results of the paper then say that a

local modification of the decoration can produce a discrete spectrum in the gaps and the other
effects discussed here.

It is also interesting to draw a parallel between the quantum graphs discussed here and
quantum waveguides, i.e. Laplacians in tubular domains. Although the nature of the two
systems is very different, they nevertheless share some properties, in particular, the existence
of bound states below the essential spectrum threshold due to a local bend. This effect is well
studied for Dirichlet quantum waveguides where it is known for a gentle bend the binding
energy is proportional to the fourth power of the bending angle [DE95], i.e. it has exactly the
same behaviour as described by theorem 5.1.

Bent quantum waveguides with mixed (or Robin) boundary conditions were also studied
[Ji06] and it was shown that the effect of binding through bending is present for any repulsive
boundary. In our case an eigenvalue below the lowest band exists whenever α 6= 0 which
inspires another look at the waveguide case. It appears that the argument of [Ji06] works again
and proves the existence of curvature-induced bound states in all cases except the Neumann
boundary which is an analogue of the case α = 0 here.
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