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Chapitre I

Introduction, notions générales

Les chroniques des phénomenes qui évoluent dans le temps sont la plupart du temps trop
complexes pour étre fidelement représentées par des modeles mathématiques dont I’étude est
abordable. On cherche alors en général a se concentrer sur un aspect du phénomene étudié, et
a faire des simplifications qui permettent I’analyse. Il est souvent fructueux de se placer dans
un cadre stochastique, c’est-a-dire de considérer le phénomene comme un processus aléatoire.
Une hypothese fréquente est alors de supposer que les accroissements de ce processus sont
stationnaires et indépendants. Si on suppose de plus que les données présentent une forme
d’invariance d’échelle, c’est-a-dire que les observations par exemple journalieres ont la méme
loi de probabilité que les observations horaires ou mensuelles, modulo une renormalisation,
alors on se place dans le cadre des mouvements de Lévy stables, sur lesquels il existe une
littérature tres riche. Ceux-ci sont principalement caractérisés par un exposant o € (0, 2],
I’exposant de stabilité, qui controle l'intensité des sauts dans les trajectoires. Un petit «
signifie des sauts de tailles tres dispersées, tandis que « proche de 2 se traduit par une trajec-
toire plus homogene. En ajustant «, on peut ainsi rendre compte de phénomenes ayant des
allures différentes (voir Figure I.1). Les graphes de la figure 1.1 pourraient ainsi par exemple
représenter des approximations convenables de I’évolution de certains actifs financiers, comme
ceux présentés sur la figure [.2.

Cependant, dans de nombreux cas, I’hypothese de stationnarité des accroissements est
trop loin de la réalité pour pouvoir étre conservée. Pour rester dans le domaine financier, on
s’attend intuitivement a ce que, suivant I’heure de la journée ou ’environnement économique,
les fluctuations soudaines (les sauts) soient plus ou moins prononcées (voir par exemple Figure
[.4). 11 est donc important de pouvoir étendre les modeles de maniere a accomoder cette
variabilité supplémentaire. Malheureusement, la non-stationnarité n’est pas une propriété, et
a ce titre, ne fournit pas de procédure opératoire pour définir des modeles plus généraux. Une
fagon de pallier ce probleme, tout en conservant en partie certaines propriétés des processus
stables, est de considérer des modeéles qui, & chaque instant, ”ressemblent” & un processus
stable, mais dont I’exposant de stabilité varie au cours du temps : de méme que la courbe
représentative d’une fonction suffisamment réguliere peut étre approchée en chaque point
par un segment de droite dont la pente est la dérivée de la fonction, on peut considérer des
processus, dits multistables, qui sont en chaque point tangents, dans un sens qui sera précisé
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FiGUurE 1.2 — Cours financiers des entreprises CapGemini, Bonduelle, Dexia et France
Télécom, dont les trajectoires présentent des sauts.

plus tard, a un processus stable. On saura alors modéliser des phénomenes qui, par moment,
présentent une faible intensité de sauts, mais qui sont au contraire tres erratiques a d’autres
périodes. La figure 1.3 montre des exemples de réalisations de tels processus. En comparant
a la figure 1.4, on voit que de tels modeles sont plus convaincants que ceux de la figure I.1.
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Ficure 1.3 — Réalisations de processus multistables présentant diverses évolutions de .
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FIGURE 1.4 — Cours financiers dont les accroissements sont clairement non stationnaires :

I'intensité des sauts varie au cours du temps.
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Outre lintensité des sauts, on peut noter sur certaines chroniques de cours finan-
ciers que la "rugosité” locale des trajectoires évolue au cours du temps (voir Figure 1.5).
Mathématiquement, celle-ci peut-étre mesurée par un exposant appelé exposant de Hoélder.
En s’éloignant un peu plus du cadre simple des mouvements de Lévy stables et en renongant
a I’hypothese d’indépendance des accroissements, on peut construire des modeles ou la rugo-
sité varie au cours du temps, mais qui restent, a chaque instant, tangents a un processus a
accroissements stationnaires. Un exemple de tel processus, dit multistable multifractionnaire,
est présenté sur la figure 1.6. On remarque que son aspect est similaire a celui du graphe de
la figure L.5.

temps

F1GuRE 1.5 — Cours financier dont la rugosité varie au cours du temps.

temps

Fi1GURE 1.6 — Réalisation d’un processus multistable multifractionnaire présentant des varia-
tions de la rugosité.



1.1. Processus stables

Le but de cette these est de définir et d’étudier de tels processus, en mettant 1’accent
sur certaines de leurs propriétés probabilistes et trajectorielles. Nous abordons aussi I'aspect
statistique, dans ’optique de permettre ’application de nos modeles & des phénomenes réels.

I.1 Processus stables

On rappelle brievement pour commencer une définition d’une variable aléatoire stable.

Définition I.1. Une variable aléatoire X est distribuée selon une loi stable s’il existe des
parametres 0 < a <2, -1 < B < 1,0 >0 et p € R tels que sa fonction caractéristique soit
de la forme :

exp {—UO‘\H\Q(I — if(sign 0) tan E) + iuﬁ} sia#1
E [eiQX} _ 2
exp {—0o0|(1 + B2 (sign 0) In |6]) + in6} sia=1

ou
1 sif6>0,

sign § = 0 sif=0,

-1 sif<0.

On note alors, comme dans [49], X ~ S,(o, 8, 1).

Le parametre « est I'indice de stabilité. Il caractérise la loi, avec les parametres d’échelle
o, de biais 3 et de décalage pu.

On rappelle ensuite deux propriétés de moments pour ces variables stables (voir [49,
Property 1.2.16 et Property 1.2.17]) :
Proposition I.1. Soit X ~ S, (0,8, ) avec 0 < a < 2. Alors

E|X|P <oo pourtout 0<p<a,
E|X|?P =00 pourtout p>a.

Proposition I.2. Soit X ~ S,(0,8,0) avec 0 < a < 2 et f = 0 dans le cas a = 1. Alors,
pour tout p € (0, ), il existe une constante c, g(p) telle que

(E[X[")'? = cas(p)o. (L.1)

L’expression de la constante est donnée dans [21] :

2r-IT(1-2 p/2
(cap(p)? = M <1 + B? tan? %) cos (g arctan (B tan %)) . (1.2)
0 wuptl
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Rappelons a présent qu'un processus {X(¢) : t € T'}, ou T est un sous-intervalle de R,
est appelé a-stable (0 < a < 2) si toutes ses lois finie-dimensionnelles sont a-stables (voir le
travail encyclopédique sur les processus stables [49]). Les processus 2-stables sont les processus
Gaussiens.

Nous allons donner maintenant trois représentations des processus a-stables. Dans toute
la suite, nous supposerons § = p = 0. La plupart des résultats obtenus sont a priori
généralisables au cas non symétrique, impliquant seulement des preuves plus complexes.

I.1.1 Représentation intégrale des processus stables

Beaucoup de processus stables admettent une représentation sous forme d’intégrale sto-
chastique.

Soit (E,&,m) un espace de mesure o-finie (m sera dans nos exemples la mesure de Le-
besgue). En prenant m comme mesure de controle, on définit une mesure aléatoire a-stable
M sur E telle que pour A € &, on ait M(A) ~ Sa(m(A)Y*,0,0) (comme 8 = 0, la variable
est symétrique). Soit

Fo = Fa(E,E,m) ={f: f est mesurable et || f|o < oo},

ol || ||o est la quasi-norme (ou norme pour 1 < a < 2) donnée par

i1~ (/. If(w)lam(dar)>1/a- (13

L’intégrale stochastique de f € F,(F,E, m) par rapport a la mesure M existe alors (voir [49,
Chapter 3]) avec

/E (@) M(dz) ~ Sa(o7,0,0), (1.4)

ol 0y = || f|la- Pour I'étude des propriétés des variables et des processus stables, on peut se
référer aux premiers chapitres de [49]. En particulier,

E|I(f)] = { (cas@PIflle (0<p<a) (L5)

00 (p>a)

ol (cq,8(p))? est défini en (I.2). On peut utiliser la norme || ||, entre autres pour démontrer la
convergence en probabilité d’une suite d’intégrales stables en vertu de la proposition suivante :

Proposition L.3. Soit X; = [, fj(x)M(dz), j € N et soit intégrale X = [, f(x)M (dx)

N , . A . D s .
ou M est une mesure aléatoire a-stable de mesure de controle m. Alors, si — désigne la
convergence en probabilité,

p .
X, —— X & lim ||fj — flla =0.
J : J
J—00 J]—00
Pour terminer, on indique une formule de changement de variable, ou plus précisément de
changement de mesure de controle. Elle permet notamment de passer du cas d’une mesure
de controle finie au cas d’une mesure de controle o-finie.
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Proposition I.4 (Changement de variable). Soit M,, et M, deux mesures a-stables avec
0 < a < 2, de mesures de controle respectives m et v, vérifiant

m(dx)
v(dx)

/ )My (d) 2 / F@)r(z) M, (dz).
E E

I.1.2 Représentation de Poisson d’une intégrale stable

= (r(x))*, x€E,r(z)>0.

Alors Vf € F*(E, m),

On donne maintenant une autre représentation de l'intégrale stochastique stable a I’aide
d’une mesure aléatoire de Poisson. Soit (S,S,n) un espace mesuré et soit Sp = {A € S :
n(A) < oco}. En prenant n comme mesure de controle, on définit une mesure aléatoire de
Poisson N sur Sy telle que pour A € Sp, on ait N(A) ~ P(n(A)), i.e.

P(N(A) =k) = e—"<A>W, k> 0.

Soit § = E x R*. Pour un ensemble mesurable A C S et g : A — R mesurable, on pose

g(z,u)N(dz,du) 14(X5,U;)g( X5, U;
J st Z )
ou {X;,U;} est une réalisation des points de N.
On pose
du
n(dz,du) = EN(dz,du) = m(dz) ———

| ’a-l—l’

ou m est la mesure de controle d’'une mesure aléatoire a-stable M.

On définit & présent comme dans [49] les intégrales stables & I’aide des intégrales de Poisson
J49(x,u)N(dx,du). Soit (E;);>1 une partition de E en ensembles de mesures m(E;) finies
(on suppose m o-finie).

Théoréme 1. 5 (Représentation de Poisson, cas symétrique). L’intégrale stochastique c-stable
fE M (dz) admet comme représentation (les limites sont au sens de la convergence
presque stire )
e 0<ax<l:

Z(f) 4 (2a7T(1 — ) cos l/a/ f(@)uN(dz, du).
R*

if
= W%%Z/ /]56[3 uN dzr du)
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o l<a<?2:

r2-a) m)‘)>_1/a %

a(a_l)(—cos—

() & (2 .

lim / / f(x)uN(dz, du).
MO; - ()ulN( )

1.1.3 Représentation de Ferguson - Klass - LePage

Nous présentons maintenant une représentation alternative d’une intégrale stochastique
a-stable, a l'aide d’'une somme convergente de temps d’arrivée d’'un processus de Poisson.
Ceci constitue un résultat tres important pour la suite. Cette représentation est a la base
de I’étude des processus multistables faite ici, aussi bien pour la définition des processus que
pour I'établissement de leurs propriétés. Pour plus de détails sur cette représentation, on peut
se référer par exemple a [4,18,32,33,48] et a [49, Theorem 3.10.1].

Soit (E,&,m) un espace de mesure finie, et U un intervalle ouvert de R. On se donne
0 < o < 2 et une fonction f de l'espace Fo(E,E, m). On considere (I';);>1 une suite de temps

7
d’arrivée d’un processus de Poisson d’intensité 1, i.e. I'; = > e; ol les e; sont des variables
j=1
aléatoires indépendantes identiquement distribuées de loi ejxponentielle de parametre 1. On
se donne également (V;);>1 une suite de variables aléatoires indépendantes identiquement dis-
tribuées de loi i = m/m(E) sur E, et (7;);>1 une suite de variables aléatoires indépendantes
identiquement distribuées de loi P(vy; = 1) = P(v; = —1) = 1/2. On suppose finalement que
les trois suites (I';)i>1, (Vi)i>1, et (7i)i>1 sont indépendantes.

On a alors le théoreme de représentation en série de Ferguson-Klass-LePage de 'intégrale

stochastique a-stable, énoncé ici comme dans [49, Theorem 3.10.1].

Théoréme 1.6 (Représentation de Ferguson-Klass-LePage, cas symétrique). On pose C, =

o ~1
({ x " sin(x)da:) et Z(f) = [ f(x)M(dx), ot M est une mesure aléatoire a-stable de me-

o0
sure de contréle m. La série (Com(E))Y* 3 *yiffl/a
i=1

;U f(Vh) est presque sirement convergente

et on a

Z(f) £ (Cam(E)Y S 77 Vo (V7).
=1

Une preuve de ce théoreme repose en partie sur le théoreme des trois séries, que I'on peut
trouver par exemple dans [42] :

Théoréeme 1.7 (des trois séries). Soit (Xp)nen wune suite de wvariables aléatoires
+00

indépendantes. Pour que la série Y X; converge presque siurement, il est nécessaire que
i=1

pour tout ¢ > 0, les trois séries Y, P(|Xi| > ¢), >, Var(Xpl x,<c) et D E(Xplx,|<c)

convergent presque sturement, et il est suffisant qu’elles convergent pour un ¢ > 0.



1.1. Processus stables

1.1.4 Exemples de processus stables

Dans la suite, M désignera une mesure aléatoire symétrique a-stable (0 < a < 2) sur R,
de mesure de controle la mesure de Lebesgue L.

Mouvement stable de Lévy
Soit .
L, (t) ::/ M(dz).
0

Le processus L, vérifie les propriétés :
1. Ly(0) = 0 presque siirement.
2. L, est a accroissements indépendants.
3. La(t) — La(s) ~ Sa((t — 5)/2,0,0).

Le processus L, est un processus de Lévy. C’est le mouvement Brownien pour o = 2. Il est
1/a-auto-similaire et & accroissements stationnaires et indépendants. C’est le seul processus
a-stable vérifiant ces propriétés si a € (0, 1), ce qui n’est plus vrai pour a > 1.

Mouvement Log-Fractionnaire Stable

Le Mouvement Log-Fractionnaire Stable est défini par

Aa(t) = [ (og(]t — ol) ~ log(Jal)) M(ds) (€ )

—00

Ce processus n’est bien défini que pour « € (1, 2] (le noyau n’appartient pas a F,, pour o < 1).
Il est 1/a-auto-similaire & accroissements stationnaires.

Mouvement Linéaire Fractionnaire Stable

Ce processus est défini pour tout ¢t € R par :
Loty 4 (6) = / " fa (bt b t,2) M (de)
ot H € (0,1),bT,b~ € R, et
A (e e C O
b (- )T Y,

Lo g p+ p- st un processus H-auto-similaire a accroissements stationnaires. Quand bt =
b~ =1, il est appelé Mouvement Linéaire Fractionnaire a-Stable Bien Equilibré, et est noté
La7 H- On a

Lon(t) = /_OO (|t — x|H=Ve — |z H=1 o) M (dx). (1.6)
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Dans le cas a = 2, on retrouve le mouvement Brownien fractionnaire.

S. Stoev et M.S. Taqqu ont introduit en 2004 une version multifractionnaire du proces-
sus Lo g (voir [54]), reprenant ainsi une construction analogue a celle de R.F. Peltier et J.
Lévy-Véhel dans [40] pour définir une version multifractionnaire du mouvement Brownien
fractionnaire. Les propriétés trajectorielles du processus stable L, g4 (t) ot H est une fonc-
tion et -

Lo, mn)(t) :/ (Jt — | 1O — |z O M (da), (L.7)

—00

sont étudiées dans [55].
Processus d’Ornstein-Uhlenbeck Rétrograde Stable

Soit A > 0. Le processus stationnaire défini par
Y(t) = / exp(—A(x — t))M(dz), (t € R),
t

est appelé Processus d’Ornstein-Uhlenbeck Rétrograde Stable.
Dans la suite, nous étudierons des “versions multistables” des processus introduits dans
cette partie.

I[.2 Régularité locale

L’étude de la régularité locale est utile dans beaucoup de domaines, comme les équations
aux dérivées partielles, la mécanique des fluides, I'analyse financiére, ’analyse des trafics,
ou encore le traitement du signal. En turbulence, ’énergie dissipée est directement liée a
la structure des singularités du flux [19]. En analyse de données de trafics ou financieres,
la régularité locale donne une mesure de 'erraticité des enregistrements autour d’un point
donné, permettant ainsi un meilleur controle de ces données [2,46]. Enfin, dans le domaine
du traitement du signal, la régularité locale est parfois plus pertinente que par exemple
Pamplitude, pour la segmentation ou la détection [9,35,41].

Il est donc important de définir de maniere pertinente une mesure de la régularité locale.
Beaucoup d’exposants de régularité ont été proposés et étudiés ces dernieres années. On peut
se référer par exemple a [10,24,25,28,38,51,52]. Dans cette theése, nous nous intéresserons
uniquement & ’exposant de Holder ponctuel H et a 'exposant de Holder local h;. La question
qui se pose alors est de savoir quelles sont les relations entre ces différents exposants. Par
exemple, on montre dans [10] et [24] que la fonction de Holder ponctuelle, c’est-a-dire la
fonction qui & un point ¢ associe son exposant de Holder ponctuel H(t), est la limite inférieure
d’une suite de fonctions continues. De méme, la fonction de Holder locale doit étre une fonction
semi-continue inférieurement ( [20,51]). De plus il y a quelques relations entre les exposants.
Par exemple, les fonctions de Holder ponctuelle et locale doivent coincider sur un ensemble
non dénombrable de points [51], et on a la relation h; < H.

Définissons a présent ces exposants de régularité classiques.
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1.2.1 Définitions d’exposants de régularité

La plupart du temps, on mesure la régularité locale en utilisant ’exposant de Holder
ponctuel H. On rappelle ici sa définition.

Définition I.2. Soit 2 € R, et s € R tel que s > —1. Une fonction f : R — R appartient a
I'espace C3, si et seulement §’il existe une constante C' et un polynome P de degré au plus
[s]1 tels qu’au voisinage de z

|f(z) — P(x — 20)| < Clz — x0|*.
L’exposant de Holder ponctuel de f au point zg, noté H(xo), est alors défini par
H(xo) =sup{s: f € C; }. (L.8)

Dans le cas d’une fonction non différentiable, la définition (I.8) devient

H(t) = sup{y : lim LEET) = SO

r—0 ‘T”Y

—0}.

Dans certains cas, la seule connaissance de H ne donne pas assez d’informations, et se
révele méme parfois hors de propos. En traitement du signal, par exemple, on doit souvent
faire agir sur les signaux des opérateurs pseudo-différentiels, tels que la transformée de Hilbert.
Le probleme est alors que I'exposant H n’est pas stable sous I'action de ces opérateurs, donc
on ne peut prédire quel sera ’exposant de Holder ponctuel du signal transformé. On dispose
de plusieurs manieres pour apporter de l'information supplémentaire et ainsi obtenir une
description plus riche.

Une possibilité consiste a utiliser I’exposant de Holder local h;. Pour définir h;, on pose
d’abord h; (f,z0,m) = sup{a: f € C¥(B (zo,n))}, ou C*(E) est I'espace de Holder global
usuel sur E et B(xg,n) est la boule ouverte de centre x et de rayon 7. hy (f,xo,n) est alors
une fonction décroissante de 7, et on pose :

Définition I.3. (voir [20])
Soit f : R — R une fonction. L’exposant de Holder local de f au point xg est le nombre
réel :
hi (z0) = %1_% hi (f,z0,m) -

Contrairement a H, h; est stable sous ’action d’opérateurs pseudo-différentiels. Une étude
complete de hy et de ses liens avec H est faite dans [51].

1.2.2 Exemples

Dans le cas de fonctions singulieres telles que f(z) = |z|7, H(0) = h(0) = v et Iy
n’apporte pas de nouvelle information par rapport a H. C’est aussi le cas pour des fonctions
partout irrégulieres avec une fonction de Holder ponctuelle réguliere comme dans le cas de la
fonction de Weierstrass.

1. [s] désigne la partie entiere de s.
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La fonction la plus simple telle que ’exposant local apporte de I'information est la fonction
f(x) = |z|7 sin ﬁ ou vy >0, 8> 0. Dans ce cas, on montre que H(0) =~ et h;(0) = ﬁ

Concernant les processus stochastiques, on donne ici les exemples du Mouvement Brow-
nien Fractionnaire et du Mouvement Brownien Multifractionnaire définis par les relations
(I.6) et (I.7) pour @ = 2. On a tout d’abord pour le Mouvement Brownien Fractionnaire un
résultat que 'on peut retrouver par exemple dans [12] :

Proposition 1.8. Soit Ly y le processus défini par la relation (I1.6). Les exposants de Holder
satisfont la relation, pour presque toute trajectoire,

vVt e R, H(t) = Iy(t) = H.

Pour la version multifractionnaire du processus Lg p, le Mouvement Brownien Multi-
fractionnaire défini par la relation (I.7), les exposants sont étudiés dans [23]. On peut dans
certains cas expliciter completement les exposants.

Proposition 1.9. Soit U un intervalle ouvert de R. Soit H une fonction Holdérienne telle
que son exposant de Holder local h vérifie la relation Vt € U, H(t) < h(t). Soit Y le processus
défini par (1.7).

Alors, presque stirement, pour tout ¢t € U,

L’exposant local n’est cependant pas toujours égal a ’exposant ponctuel. Un exemple
classique ou les exposants sont différents provient de la classe des processus de Lévy. Pour un
tel processus Z symétrique défini sur R, d’exposant caractéristique

B(u) = /R (em . 12‘22) V(dz),

oll v est une mesure borélienne telle que [ 1_f%l/(al:z:) < 400, on introduit comme dans [6]

I'indice B par la relation
B = inf / |z|*dv(x) < 400 p .
a>0 |x\§1

Un résultat de [45] montre alors que, pour un point ¢ donné, I’exposant de Hélder ponctuel
H(t) de Z vérifie la relation, presque sirement, H(t) = % Pour le Mouvement de Lévy
symétrique stable L, on a 8 = «, d’ou la relation, pour tout ¢ € (0, 1), presque stirement,

1
H(t) = —.
()=
On sait de plus que 'exposant local est différent, puisque h; = 0.
Nous démontrerons un résultat analogue concernant le Mouvement de Lévy multistable
dans le chapitre IV. Pour cela nous utiliserons a plusieurs reprises le lemme suivant, que 1'on
peut retrouver par exemple dans [34, Lemme 1.5] :
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Lemme 1.10. Soit (X;);<n des variables aléatoires indépendantes centrées. On suppose que

N 1/2
Xil|loo < 400 et on pose a = X;||? . Alors, pour tout ¢t > 0,
| p o0 p

i=1

N
P <| S x| > t) < 2¢~ /207,

=1
1.3 Processus localisables

Les processus localisables sont utiles en théorie et en pratique. En effet, ils fournissent
un moyen efficace de controler des propriétés locales variant au cours du temps telles que
I’exposant de Holder ponctuel ou encore 'intensité des sauts. Dans le premier cas, on parle
de processus multifractionnaires, et dans le second cas de processus multistables.

1.3.1 Définition et propriétés
On donne a présent la définition d’un processus localisable [13,14] :

Définition I.4. On dit que Y = {Y (¢),t € R} est h(u)-localisable au point u € R s’il existe
un processus non trivial Y, = {Y,/(¢),t € R} tel que

lim Y(u+rt)—Y(u)
r—0 rh(u)

=Y/(t), (L.9)

u

ou la convergence est au sens des lois finies-dimensionnelles.

Quand le processus Y, existe, il est appelé forme locale. En général, il varie avec le point
u. Si'Y et Y, ont des versions dans C'(R) (I'espace des fonctions continues sur R) ou D(R)
(espace des fonctions cadlag sur R), et si la convergence est en loi pour la métrique appro-
priée, on dit que Y est fortement localisable au point u. Cette notion est proche de celle des
processus localement asymptotiquememt auto-similaires, décrite par exemple dans [7].

Les processus localisables les plus simples sont les processus auto-similaires a accroisse-
ments stationnaires.

Proposition I.11. (voir [13]) Soit {Y(¢),t € R} un processus h-auto-similaire & accroisse-
ments stationnaires. Alors Y est h-localisable pour tout u € R, avec Y, = Y. Si de plus Y
admet une version dans C'(R) ou D(R), alors Y est fortement localisable pour tout u € R.

La proposition suivante montre que le produit par une fonction Héldérienne n’influe pas
sur la localisabilité (voir [16]).

Proposition I.12. Soit U un intervalle et v un point intérieur. On suppose que {Y (¢),t € U}
est h-localisable en u. Soit a : U — R une fonction n-Holdérienne :

la(t) —a(t)| < clt =t|" (t,t' €U),n > h.

Alors aY = {a(t)Y (t),t € U} est h-localisable avec (aY)!, = a(u)Y,.

u
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Ainsi la classe des processus localisables comprend par exemple le Mouvement stable
de Lévy L., le Mouvement Linéaire Fractionnaire Stable Bien Equilibré L, g, ou encore le
Mouvement Log-Fractionnaire Stable et le Processus d’Ornstein-Uhlenbeck Rétrograde Stable
(pour ce dernier, la localisabilité est prouvée dans [15]).

Un autre exemple classique est le mouvement Brownien multifractionnaire (mBm) Y, qui
ressemble, au voisinage du point u, au mouvement Brownien fractionnaire de parametre h(u)
(noté Byy), c’est-a-dire

lim Y(u+rt)—Y(u)
r—0 rh(“)

L Bhw (t): (1.10)

Une généralisation du mBm, en remplacant la mesure gaussienne par une mesure a-stable
conduit au Mouvement Linéaire Stable Multifractionnaire défini par (I.7). Sous certaines
conditions sur la fonction h, K. Falconer et J. Lévy-Véhel ont obtenu la localisabilité du
processus, d’apres le théoreme suivant de [16] :

Théoréme 1.13 (Mouvement Linéaire Stable Multifractionnaire). Soit U un intervalle fermé
avec u point intérieur. Soit 0 < a <2 et H:U — (0,1). Soit Y = {Lq p1)(t),t € U} défini

par (1.7).
a) On suppose que H vérifie une condition n-Héldérienne en u :

|H(v) — H(u)| < klv—ulT (vel)

ot H(u) <n < 1. Alors Y est H(u)-localisable en u avec pour forme locale Yy = Lq fi(u)-
b) Sil<a<2etH estdifférentiable avec 1/ae < H(u) <1 et

H'(v) = H'()| < klo =" (0,0 € U)

ot 1/a < n < 1, alors Y est fortement H(u)-localisable en w avec pour forme locale Y, =
La,H(u)'

1.3.2 Forme locale prescrite de processus localisables

On veut construire ici des processus localisables de forme locale donnée. La h-forme locale
Y, au point u, si elle existe, doit étre h-auto-similaire, c’est-a-dire Y, (rt) 4 rPY!(t) pour
r > 0. De plus, d’apres [13, 14], sous certaines hypotheses générales, Y, doit également étre
& accroissements stationnaires pour presque tout w. Ainsi les formes locales typiques sont
auto-similaires & accroissements stationnaires, c’est-a-dire 7~"(Y/(u + rt) — Y/ (u)) g Y. (t)
pour tout w et r > 0.

L’ensemble des processus auto-similaires a accroissements stationnaires comprend, par
exemple, le Mouvement Brownien fractionnaire, le Mouvement Linéaire Fractionnaire Stable
et le Mouvement Stable de Lévy (voir [12,49]).

Dans [16], on construit des processus de forme locale prescrite en juxtaposant des processus
localisables connus : soit U un intervalle et v un point intérieur de U. Soit {X (t,v) : (t,v) €
U x U} un champ aléatoire et Y le processus diagonal Y = {X(¢,t) : t € U}. De manieére a
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ce que Y et X(-,u) aient la méme forme locale au point u, c’est-a-dire Y,(-) = X/ (-,u) ou
X/, (-,u) est la forme locale X (-,u) au point u, une condition suffisante est donnée par

lim X(u+rt,u +hrt) — X (u,u)
r—0 T

= X/ (t,u) (L.11)

ou la convergence est en lois finies-dimensionnelles.

Cette approche permet de construire facilement des processus localisables a partir de
processus que 1’on sait localisables. On peut 'utiliser en particulier pour des champs X (¢, v)
tels que pour chaque v, le processus X (-, v) est auto-similaire & accroissements stationnaires.
Ainsi nous construisons au Chapitre III des processus localisables de maniére analogue a
celle de [16], en utilisant le champ aléatoire {X (t,v), (t,v) € R?}, o t est le temps, et ol
le processus t — X (t,v) est localisable pour tout v. Ce champ permet ainsi de controler la
forme locale du processus diagonal Y = {X (t,t) : t € R}. Par exemple, dans le cas du mBm,
X sera un champ de mouvements Browniens fractionnaires, i.e. X (t,v) = Bj()(t), ot h est
une fonction lisse de v & valeurs dans (0, 1). Cela correspond & l’approche originale utilisée
pour étudier le mBm dans [1].

D’un point de vue heuristique, prendre la diagonale d’un tel champ stochastique permet de
construire un nouveau processus dont la forme locale dépend du parametre ¢. Nous utiliserons
des champs aléatoires {X (¢,v) : (t,v) € R?} tels que pour chaque v, la forme locale X/ (-, )
de X(+,v) au point v soit la forme locale désirée, c’est-a-dire celle de Y au point v, Y.

Des criteres généraux garantissant le transfert de localisabilité de X(-,v) vers Y =
{X(t,t) : t € R} sont obtenus dans [16]. Dans la suite, nous utiliserons le critére suivant :

Théoreme 1.14. Soit U un intervalle et u un point intérieur. On suppose que pour un
certain 0 < h < 1, le processus {X (t,u),t € U} est h-localisable au point w € U de forme
locale X, (-,u) et

P(|X (v,v) — X(v,u)| > |v —u|") = 0 (I1.12)

quand v — u. Alors Y = {X(t,t) : t € U} est h-localisable au point u avec Y, (-) = X! (-, u).

1.4 Processus multistables

Nous présentons ici brievement deux approches existantes pour la construction de proces-
sus multistable.

La méthode de [16] consiste a utiliser la construction de processus localisables de forme
locale prescrite de la section 1.3.2; avec pour forme locale prescrite un processus stable. On
note £ la mesure de Lebesgue sur R, et on se donne un processus de Poisson II sur R?
d’intensité £2. 11 s’agit donc d’un ensemble dénombrable de points aléatoires de R?, tel qu’en
notant N(A) le nombre de points de IT appartenant & A un ensemble mesurable de R?, N(A)
est une variable aléatoire de Poisson d’intensité £2(A).

On définit ensuite ’espace F,p pour 0 < a < b < 2 par

Fap = 1{f: [ est mesurable et ||f|q, < 400}
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1o = ([ 1rCoeas) i ([ 1seras) " (L13)

On se donne « une fonction de classe C'' définie sur U intervalle ouvert de R, et f(t,u,.)
une famille de fonctions telles que, pour tout (¢,v) € U?, f(t,v,.) € Fap. On définit le champ

ou

X(tv)= > f(t,o,X)Y<" o>
X,Y)ell

ot Y<™V/eW)> = gign(VY)|Y|~1/2(), Un processus multistable est alors défini comme le pro-
cessus diagonal
Y (t) = X(t,1). (I.14)

On trouve dans [16] des criteres sur les fonctions f et a pour obtenir des processus multistables
Y localisables, ainsi que des critéres de localisabilité forte. On rappelle ici ceux permettant
d’obtenir la localisabilité simple.

Théoréeme 1.15. Soit U un intervalle fermé de R, u un point intérieur de U et 0 < a < b < 2.
Soit X le champ aléatoire défini par

X(tv)= Y flto,X)Y<TVW> 1 (£ eU)
(X,Y)ell

ou f(t,v,.) € Fap sont des fonctions conjointement mesurables et o : U — (a,b).

On suppose que X(.,u) est h-localisable au point u pour h > 0. On suppose que
sup || f(t,v,.)|lap < 00, et que pour un certain n > h,
teU

a(v) —a(u)] < kilv —u|” (vel),

et

Hf(t,v,.)—f(t,u, -)Ha,bSth}_u’?7 (t,"UEU).
Alors le processus Y = {X(t,t) : t € U} est h-localisable au point u de forme locale Y,(.) =
X (o u).

On dispose également d’une autre notion de processus multistable, introduite dans [17] &
I'aide de fonctions caractéristiques.

On se donne une fonction « : R — [a, b] Lebesgue mesurable pour 0 < a < b < 2. Pour
(f1, f2, - fa) € f;l’b et (01,02, ...,0;) € R% on pose

a(z)

d
(I>fh_“7fd(91, ceny Gd) = exp —/ Z ijj(q:) da: . (Il5>
J=1

On montre alors que ®f,  r définit bien une fonction caractéristique, et en appliquant le
théoreme d’extension de Kolmogorov, on définit un processus {I,,(f) : f € Fap} appelé
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Intégrale multistable de f. Ceci conduit a une autre définition des processus multistables, non
équivalente a (I.14). En effet, pour un méme noyau f, il est facile de voir que I,,(f) et Y
n’auront pas les mémes lois. On donne également des criteres de localisabilité de ces intégrales
multistables dans [17].

Théoréme 1.16. Soit a: R — [a,b] C (0,2) une fonction continue et Y (t) = In,(f(t,.)). On
suppose que f(t,.) € Fqp pour tout t et qu’il existe une fonction h mesurable telle que pour
tout t, h(t,.) € Fap et
lim Hf(u+rt,u+r.) — flu,u+r.)
r—0 rH=1/a(utr.)
Alors Y est H-localisable au point u de forme locale Y, = {f h(t, z)Ma(u)(dz)} ot M) est
une mesure o(u)-stable.

—h(t, )|lap = 0.

Nous travaillerons ici dans le méme esprit que celui de [16]. Dans le chapitre II, nous
utiliserons la représentation de Poisson des processus multistables, avant de proposer dans
le chapitre III une définition alternative basée sur la représentation de Ferguson - Klass -
LePage des processus stables.

1.5 Présentation des travaux de la these

Nous avons effectué jusqu’a présent quelques rappels concernant I’étude des processus
stochastiques, ainsi que les définitions et les principaux résultats utilisés par la suite. L’objectif
de cette these est d’étudier une nouvelle classe de processus, celle des processus multistables
définis & partir d’une représentation de Ferguson - Klass - LePage.

Le chapitre II, extrait d’un article écrit en collaboration avec K. Falconer et J. Lévy-Véhel
[15], présente des criteres de localisabilité pour des moyennes mobiles stables et multistables
définies par la représentation de Poisson. On donne ainsi des critéres sur le noyau ou des
criteres sur sa transformée de Fourier, pour obtenir des moyennes mobiles localisables.

Proposition 1.17. Soit 0 < a < 2, g € F, et M une mesure aléatoire symétrique a-stable
sur R de mesure de controle L. Soit Y le processus a moyenne mobile

Y(t) = / g(t —2)M(dz) (t€R). (L.16)

S’il existe cér,ca,'y,a,c,nERavec c>0,n>0et0<~v+1/a<a<1tels que

g(=r)  _

M—>c+e‘57—>60
rvy

Y 0

quand r N\, 0 et
lg(u+h) — glw)| < A" (u € R, |h| <n), (117)

alors Y est (7 4 1/a)-localisable au point u € R, avec pour forme locale
@ V= Lay i 5720
u

(b) Y)=(cd —cy)La siy=0.
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Si, de plus, v > 0 et 0 < o < 2 alors Y admet une version dans C'(R) et est fortement
localisable.

On peut aussi donner des conditions suffisantes de localisabilité portant sur la transformée
de Fourier du noyau :

Proposition 1.18. Soit 1 < o < 2, et Y défini par (1.16). S’il existe | = I + il € C*,
ve(-1,1-1)aec(0,1-(v+2)) et K€ LP(R) avec p € [1,1/(v+ 1 + a)), tels que pour
presque tout & > 0,

sﬁ@@=z+;k@, (L18)

alors Y est (v + 1/a)-localisable pour tout point u € R, avec pour forme locale
(@) Yy=Laoyt1/aptp- Siv#0,
(b) Y,=210Z4+1L, siy=0,
ou
— 1 < Iy B Iy )
20(y + 1) \cos(n(y + 1)/2) _ sin(r(y + 1)/2))°
o 1 ( ll + 12 )
T (v 1) \cos(n(y + 1)/2)  sin(n(y +1)/2) )

Le cas de moyennes mobiles multistables Y (t) = > g(X —t)Y<~1a®)> (¢ ¢ R) est
(X,Y)ell
également traité dans ce chapitre avec le théoreme I1.9, que ’on peut appliquer, par exemple,
au processus de Ornstein-Uhlenbeck rétrograde.

Proposition 1.19 (Processus d’Ornstein-Uhlenbeck rétrograde multistable). Soit A > 0 et
a: R — (1,2) une fonction continument différentiable. Soit

Y(t)= Y exp(-AX—t)Y<TVeO> (reR).
(X,Y)€eILX>t

Alors Y est 1/a(u)-localisable en tout point u € R avec Y, = c(a(u)) ™ Ly(y), ot Ly est le
Mouvement de Lévy a-stable.

La derniere partie du chapitre II aborde la question de la simulation de tels processus. On
propose une méthode de simulation, ainsi qu'un controéle de ’erreur d’approximation dans le
cas stable.

Les chapitres IIT et IV sont des extraits d’articles écrits en collaboration avec J. Lévy-
Véhel, respectivement [29] et [30].

Dans le chapitre III, nous considérerons une construction des processus multistables al-
ternative a celle introduite dans [16], basée sur la représentation de Ferguson-Klass-LePage
des processus stables.

On considere (E, £, m) un espace de mesure finie, et U un intervalle ouvert de R. On se
donne (I';);>1 une suite de temps d’arrivée d’un processus de Poisson d’intensité 1, (7;)i>1
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de variables aléatoires indépendantes identiquement distribuées selon la loi P(y; = 1) =
P(v;i =—1) =1/2, et (V;);>1 un suite de variables aléatoires indépendantes et identiquement
distribuées selon la loi m = m/m(E) sur E. On supposera que les trois suites (I';)i>1, (Vi)i>1,
et (7i)i>1 sont indépendantes.

Lorsque la mesure n’est pas finie, on ne peut considérer m. Cependant, dans le cas o-
fini, on utilise la formule de changement de variables des intégrales stables et 'on considere

r: E — Ry telle que m(dx) = T(lx)m(dx) soit une mesure de probabilité.

On se donne o une fonction de classe C'! définie sur U et & valeurs dans (0,2). Soit b une
fonction de classe C! définie et bornée sur U, et f(t,u,.) une famille de fonctions telles que,
pour tout (t,u) € U2, f(t,u,.) € Fa(u)(E,E,m).

On considere le champ aléatoire :

X(t,u) = b(u)(m(E) O STl M f (8, Vi), (1.19)
i=1

ou Cy = ([, ™" sin(:c)dx)_l. Lorsque la fonction « est constante, (I.19) correspond donc a
la représentation de Ferguson - Klass - LePage d’une variable stable. Dans le cas o-fini, on
considere le champ :

X(tu) = b)CYo" 3 (V) £t 1)) (120
i=1
Les processus multistables sont alors obtenus en prenant la diagonale du champ X, i.e.

Y(t) = X(t,1). (L.21)

Le résultat principal du Chapitre III donne des critéres sur les noyaux f pour obtenir des
processus multistables localisables :

Théoréme 1.20. On considére (E,E, m) un espace de mesure finie, avec m % 0, et le champ
aléatoire X (.,.) défini par (1.19). On suppose que X (.,u) est localisable au point u d’exposant
h € (0,1) et de forme locale X|,(.,u). On suppose de plus que :
o (C1) La famille de fonctions v — f(t,v,x) est différentiable pour tout (v,t) dans un
voisinage du point u et presque tout x dans E. La dérivée de f par rapport a v est notée
-
e (C2) Il existe € > 0 tel que :

sup / sup (| f(t, w,2)|*™) f(dz) < . (1.22)
teB(u,e) J E weB(u,e)
e (C3) Il existe € > 0 tel que :
sup / sup  (|f/(t, w, z)|*™)) m(dx) < oo. (1.23)
teB(u,e) J E weB(u,e)
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e (C4) Il existe € > 0 tel que :

sup / sup [[f(t,w,x)log\f(t,w,a:)Ha(w) m(dz) < co. (1.24)
teB(u,e) J E weB(u,e)

Alors Y (t) = X(t,t) est localisable au point u d’exposant h et de forme locale Y, (t) =
X/ (t,u).

On donne également des versions multistables de processus stables classiques, comme par
exemple le processus de Lévy multistable.

Théoréme 1.21 (Mouvement de Lévy symétrique multistable, cas compact). Soit « :
[0,T] — (1,2) et b:[0,T] — RT des fonctions de classe C'. Soit (I';);>1 une suite de temps
d’arrivée d’un processus de Poisson d’intensité 1, (7;)i>1 de variables aléatoires indépendantes
identiquement distribuées selon la loi P(y; = 1) = P(y; = —1) = 1/2, et (Vi)i>1 un suite
de variables aléatoires indépendantes et identiquement distribuées selon la loi uniforme sur
[0,T]. On suppose que les trois suites (I';)i>1, (Vi)i>1, et (7i)i>1 sont indépendantes, et on
définit

+o0
Y (t) = b(t)Colg TV O N r D1 (Vi) (k€ [0, T)). (1.25)
i=1

Alors Y est 1/a(u)-localisable en tout point u € (0,T), de forme locale Yy, = b(u) Lo (y)-

Dans le chapitre IV, nous étudions la régularité locale des processus multistables, avec
notamment ’étude de I'exposant de Holder ponctuel. On considere les moments des processus
multistables, et nous établissons ensuite un lien entre ’exposant de Holder ponctuel et celui
de localisabilité.

Théoréeme 1.22. Soitt € R et U un intervalle ouvert de R avect € U. Soitn € (0,c). Alors,
sous des hypothéses techniques sur f, quand € tend vers 0,

EY(t+ )~ Y(OI") ~ " OE [[v/ ()]"].

Théoréme 1.23 (Borne supérieure de 'exposant de Holder). Soit t € U. On suppose que Y
est h(t)-localisable au point t. Sous des hypotheses techniques sur f, on a, presque stirement :

H; < h(t), (1.26)

Y ()Y@l _ oy

ot Hy = sup{v: }1_1)1(1) e
Le cas particulier du processus de Lévy multistable est également étudié ici. Nous
établissons dans ce cas que l'inégalité (1.26) est en fait une égalité.
Enfin le chapitre V, extrait de [31], aborde la question de I’estimation de la fonction de
stabilité « et de la fonction de localisabilité h. Etant donnée une trajectoire observée, nous
donnons deux estimateurs de ces fonctions, convergeant dans tous les espaces LP.
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Les observations de la trajectoire du processus multistable Y se font par pas de % On
définit la suite (Y n)kez Nen Par

k+1 k

Soit tp € R fixé. On introduit alors un estimateur de H(ty) avec

. [Nto]+ 20 1
Hy(tg) = ————— log |Y;
k=[Nto]— ")

oll (n(N))nen est une suite d’entiers pairs. On obtient alors la convergence de Hy.

Théoreme 1.24. Soit Y un processus multistable. On suppose que Nlim % = +o00.

Alors, sous des hypothéses techniques sur f, pour tout tg € U et tout r > 0,

lim E|Hx(t) — H(ty)| = 0.
v E|Av) — Hito)| =0

Pour I'estimation de la fonction «, on considere les moments empiriques Sy (p) définis par

1
[NtO}Jrn(QN)fl P

= p
Sn(p) ) Yoo Wl
k=[Nto] -2

oupy >0etye(0,1).
On note

Sn(po)
Sn(p)

(E|Z|po)1/po

o ®) = (Epzpy e

et Ro(p) =

ou Z ~ 54(1,0,0).
On définit ensuite un estimateur de a(tg) par

2 1/

an(tp) = min <arg min ( | Rexp(p) — Ra(p)]"ydp> ) .
0[6[072] po

On obtient également la convergence de ay.

Théoreme 1.25. Soit Y un processus multistable. On suppose que :
e lim n(N)=+oo.

N—4o00

e lim N =4cc.
N—+oo ™ N) +

e Le processus X (., tg) est H(to)-auto-similaire a accroissements stationnaires et H(ty) <
1.
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o (C*) Il existe €1 > 0 et jo € N tels que pour tout j > jo,

a(

to) a
/E [ho 40 (2) 10 (2)| 2 m(da) < (1= e1)[ho o 124529,

ol hju(z) = f(j+ 1, u,2) — f(j,u, ).

o

. to)
. jglfoo S 1hoto (@) Rt ()] 2 m(dx) = 0.

Alors, sous des hypotheses techniques sur f, pour tout to € U et r > 0,

li Ela — "=0.
yhm &N (to) — afto)]” =0

Nous illustrons les performances de ces estimateurs a partir de deux exemples, le Mouve-
ment de Lévy Multistable et le Mouvement Linéaire Multifractionnaire Multistable.
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Abstract

We study a particular class of moving average processes which possess a property called
localisability. This means that, at any given point, they admit a “tangent process”, in a sui-
table sense. We give general conditions on the kernel g defining the moving average which
ensures that the process is localisable and we characterize the nature of the associated tan-
gent processes. Examples include the reverse Ornstein-Uhlenbeck process and the multistable
reverse Ornstein-Uhlenbeck process. In the latter case, the tangent process is, at each time ¢, a
Lévy stable motion with stability index possibly varying with ¢. We also consider the problem

of path synthesis, for which we give both theoretical results and numerical simulations.
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LOCALISABLES

The remainder of this paper is organized as follows : in Section II.1, we give general
conditions on the kernel g defining the moving average process to ensure (strong) localisability.
Section I1.2 specializes these conditions to cases where explicit forms for the tangent process
may be given, and presents some examples. In Section I1.3, we deal with multistable moving
average processes, which generalize moving average stable processes by letting the stability
index vary over time. Finally, Section I1.4 considers numerical aspects : for applications, it
is desirable to synthesize paths of these processes. Using the approach developed in [53], we
first explain how to build traces of arbitrary moving average stable processes. In the case
where the processes are localisable, we then give error bounds between the numerical and
theoretical paths. Under mild additional assumptions, an ‘optimal’ choice of the parameters
defining the synthesis method is derived. Finally, traces obtained from numerical experiments
are displayed.

II.1 Localisability of stable moving average processes

We will be concerned with a special kind of stable processes that are stationary and may
be expressed as moving average stochastic integrals in the following way :

Y(t) = / g(t — 2)M(dz) (t € R), (IL.1)

where g € F, is sometimes called the kernel of Y.

Such processes are considered in several areas (e.g. linear time-invariant systems) and it
is of interest to know under what conditions they are localisable. A sufficient condition is
provided by the following proposition.

Proposition II.1. Let 0 < a < 2 and let M be a symmetric a-stable measure on R with
control measure Lebesgue measure L. Let g € F,, and let Y be the moving average process

Y(t):/g(t—x)M(da:) (t €R).

Suppose that there exist jointly measurable functions h(t,.) € F, such that

«

Tim / ‘g(r(t + Zr)j =902 _ )| dz =0 (I.2)

for all t € R, where v+ 1/a > 0. Then Y is (v + 1/a)-localisable with local form Y, =
{[h(t,z)M(dz) : t € R} at all u € R.

Proof
Using stationarity followed by a change of variable z = —z/r and the self-similarity of M,

Y(u+rt) =Y (u) = Y(rt)—Y(0)
= [ttt =)~ g-a))a(d)

= yla / (g(r(t + 2)) — glr2))M(d2),
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where equalities are in finite dimensional distributions. Thus

Y (u+rt) = Y(u) _/h(t,z)M(dz) _ / (g(r(t+z)) —9(rz) _h(w)) M(d2),

rY+1l/a rY

By [49, Proposition 3.5.1] and (11.2), r=7~Y*(Y (u +rt) — Y (u)) — [ h(t,2)M(dz) in proba-
bility and thus in finite dimensional distributions m

A particular instance of (I.1) is the reverse Ornstein-Uhlenbeck process, see [49, Section
3.6]. This process provides a straightforward application of Proposition II.1. One could also
consider the Ornstein-Uhlenbeck process, which satisfies the conditions of Proposition II.1
too.

Proposition II.2 (Reverse Ornstein-Uhlenbeck process). Let A > 0 and 1 < o < 2 and let
M be an a-stable measure on R with control measure £. The stationary process

V() = /too exp(—A(z — 1)) M(dz) (t€R)

has a version in D(R) that is 1/a-localisable at all v € R with Y, = L,, where L,(t) :=
f(f M (dz) is a-stable Lévy motion.

Proof

The process Y is a moving average process that may be written in the form (II.1) with
g(x) = exp(Ar)1(_o0)(2). It is easily verified using the dominated convergence theorem that
g satisfies (I1.2) with v = 0 and h(t,z) = —1(_4(2) for t > 0 and h(t,2) = =1 _y(2) for
t < 0, so Proposition II.1 gives the conclusion with Y, (t) = —M([—t,0]) = Lu(t) for t > 0
and a similar formula for ¢ < O m

Proposition II.1 gives a condition on the kernel ensuring localisability. With an additio-
nal constraint we can get strong localisability. First we need the following proposition on
continuity.

Proposition I1.3. Let 0 < a < 2, g € F, and let M be an a-stable symmetric random
measure on R with control measure £. Consider the moving average process defined by (IL.1).
Suppose that g satisfies, for all sufficiently small h,

/ lg(h — ) — g(—2)| dz < |

where ¢ > 0 and A > 1. Then Y has a continuous version which satisfies a 6-Holder condition
for all 0 < (A —1)/a.

Proof
By stationarity,

Y(t)-Y({) = Y(t—t)-Y(0)
= / (g(t —t' —z)— g(—x)) M (dx).
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Sofor0<p<a

E[Y(t) - Y ()

IN

o (/ gt —# — ) — g(—o)|° dm)p/a

colt — '/,

IN

The result then follows from the Kolmogorov criterion by taking p arbitrarily close to o m

Proposition II.4. With the same notation and assumptions as in Proposition II.1, suppose
that in addition that g satisfies, for all sufficiently small h,

/ lg(h — @) = g(=2)|* dz < c[n|*7*, (IL.3)

where ¢ > 0 and v > 0. Then Y has a version in C'(R) that is (7 + 1/«)-strongly localisable
with Y, = {[ h(t,2)M(dz) : t € R} at all u € R.

Proof

By Proposition I1.3, Y (t) has a continuous version and so Z,.(t) := r~ V) (Y (rt) =Y (0))
also has a continuous version. Thus, for 0 < p < «, by stationarity and setting h = r|t — t/|
sufficiently small,

E[Z:(t) - Z,(t)" = E|Z:(t—1) = Z0)

otz

« p/a
_ </ ‘g h7a+1( l‘)’ dl‘) |t_tl|(7a+1)p/a

< elt—t |(“/04+1)P/04,

provided |t — /| is sufficiently small, using (II.3) in the last step. We may choose p suffi-
ciently close to « so that (ya+ 1)p/a > 1. By a corollary to Kolmogorov’s criterion (see
g. [47, Theorem 85.5]) the measures on C'(R) underlying the processes Z, are conditionally
compact. Thus convergence in finite dimensional distributions of Z, to Y, as r ~\, 0 implies
the convergence in distribution (with Y, necessarily having a continuous version). Together
with localisability which follows from Proposition II.1 this gives strong localisability m
Note that the reverse Ornstein-Uhlenbeck process is a stationary Markov process which
has a version in D(R) see [50, Remark 17.3]. It also satisfies (I.3) for a > 1 with v = 0.
However, we cannot deduce that it is strongly localisable since Proposition I1.4 is only valid
for v > 0. The case v = 0 would be interesting to deal with, but is much harder and would
require different techniques.

II.2 Sufficient conditions for localisability and examples

For the reverse Ornstein-Uhlenbeck process, it was straightforward to check the conditions
of Proposition II.1. In general, however, it is not easy to guess which kind of functions ¢ in
Fo will satisfy (I1.2). In this section we will find simple practical conditions ensuring this.
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Recall that the following process is called linear fractional a-stable motion :
o0
Lo mp+p-(t) = / fam(b, 07t )M (dz),
—0o0
where t € R, b,b~ € R, and

fOé,H(bJr? b, t, $) =b" ((t - x)f_l/a - (_m)f_l/a)
s ((t ~ )V (—x){“/a> : (IL.4)
where M is a symmetric a-stable random measure (0 < o < 2) with control measure Lebesgue
measure. Being sssi, L, g p+ p- is localisable. In addition, it is strongly localisable when H >

1/a, since its paths then belong to C(R).
Recall also that the process

t
L. (t) = / M(dzx) (I1.5)
0
is a-stable Lévy motion and the process
“+oo
Zo(t) = / (In|t — x| — In|x|) M (dzx) (IL.6)

is called log-fractional stable motion.
We are now ready to describe easy-to-check conditions that ensure that Propositions II.1
and I1.4 apply.

Proposition IL.5. Let 0 < a < 2, g € F,, and M be an a-stable symmetric random measure
on R with control measure £. Let Y be the moving average process

Y(t)= /g(tm)M(daz) (t € R).
If there exist car,ca,’y,a,c,n €eRwithe>0,7>0and 0 <y+1/a < a<1such that

g(r)

rYy

— cg and 9(7—77‘) —cy (IL.7)
r

as r \, 0 and
l9(u+h) = g(u)] < c[p*lu]™*  (ueR, || <n), (IL.8)

then Y is (v + 1/a)-localisable at all v € R with local form

(@ Yi=Lopiracie; 1770

(b) Y= (cf —cy)La ify=0.

u

If, in addition, v > 0 and 0 < o < 2 then Y has a version in C'(R) and is strongly localisable.
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Note that condition (II.8) on the increments of g may be interpreted as a 2-microlocal
condition, namely that g belongs to the global 2-microlocal space Cj*"", see [36]. Remark
also that, in order for this condition to be satisfied by non-trivial functions g, one needs a < 1,
which in turns implies that 7 <1—1/a and a —y € (1/a, 1 —]. Finally note that condition
(I1.7) induces a special behaviour of the kernel near the origin. By a stationary argument,
one could equivalently give a sufficient condition for localisability which involves a similar
condition near any other point.

Proof
(a) We have

g(r(t+2)) —g(rz) _ g(rft+ z|)

g(—rlt+ z|)
= [t + 2 142500 + giorli + 2])

It + 2 11 .<0)

rY (rlt 4 z|)7 (rlt + z|)7
g(rl|z]) g(=rlzl)
TR 12710y — W|Z|Wl{z<0}-
Asr — 0,
glr(t+2)) —g(rz) - _
o = Gyt 2" gs0p + 6o It + 2 g cop — cg 12 1 zz0y — ¢ |2 ey

= cf(t+2)L —cf(2)] +eg(t+2) —cy(2)L (I1.9)
fa,’y—i—l/a(cg) Cav t) _Z)'

To get convergence in L® we use the dominated convergence theorem. Fix ¢ > 0 and m > 0
such that for all 0 < u < e,

g(—u)
u”y

g9(u) _ Car
u”y

<m.

Smand’

For fixed t write f.(z) =r (g(r(t+ 2)) — g(rz)). If t =0,
fr(z) = fa,’y-ﬁ-l/a(caru Ca,t, _Z) = 07

thus f.(.) — faﬁﬂ/a(caﬂca,t, —.) which belongs to L%*. Assume now ¢t € R*. There is a
constant m; such that |f,(2)|* < my(1+|2|7 + |t + 2|7)* for all |r| < 477 and |z] < 1. From
(IL.8)

L e

(03
B > < [t 207
.

() < (

for |r| < n/|t|, so, as (y — a)a < —1 and ya > —1,

/ mi(l+ [z]7 + [t + 2]7)%dz +/ 2|0~z < oo
|z]<1 |z|>1

Since also fq y41/a (c(')F ,Co,t,—2) € L, the dominated convergence theorem implies that
fr(2) = fart+1 /a(car,ca ,t,—z) in L®. The conclusion in case (a) follows from Proposition
I1.1, (IL.4), and noting that M is a symmetric a-stable measure.
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(b) In this case the limit (I1.9) is

g(r(t+2)) — g(rz) . (cg —cg)py(=2) if >0
Y —(cg — g ) poy(—2) if t<0

Dominated convergence follows in the same way as in case (a) so the conclusion follows from
Proposition II.1 and (IL5).
Moving to strong localisability, for A small enough,

/ g(h — 2) — g(—2)|°dz < 1 / | < eof T,
|z|<3]h| |z|<3|h]|

and

[ lath-a) - g-alde < alpe [ a0
|z[=3]h] 30|

< 62‘h|aa‘h|l+(’y—a)o¢
— 02‘h|a'y+1

and the conclusion follows from Propositions I1.3 and 11.4 =

We now give an alternative condition for localisability in terms of Fourier transforms.
Note that the Fourier transform fo g (b%,07,¢,&) of fom(b™,b7,¢,.) is given by

et 1

Far(bF,07,1,6) =T(H +1 - 1/@@

X [b+ exp (%ngn(f)(H +1-— 1/a)> +b exp ( — %ngn(f)(H +1-— 1/@)} .

Proposition I1.6. Let 1 < o <2, and Y be defined by (II.1). If there exist | = Iy +ils € C*,
ye(-21-1)ae(0,1-(y+1)) and K € LP(R) with p € [1,1/(y + % + a)), such that
for almost all £ > 0,

&) =1+ aK(E) (I1.10)

§
then Y is (v + 1/«a)-localisable at all u € R with local form

(a’) YQZ = Loz,'erl/a,b"',b— if Y 7& Oa

(b) Y.=210Z,+1Ly ify=0,
where

b+

1= o)
’y+1 cos(m ’y+1/2) Csin(n(y+1)/2) )7

b —

v+ ) ( /2) sin(w(vli 1)/2)) |
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CHAPITRE II. MOYENNES MOBILES SYMF:)TRIQUES STABLES ET PROCESSUS MULTISTABLES
LOCALISABLES

Proof (a)
First note that, with b™ and b~ as above, we have, for z # 0,

~ _ e_ift — 1 _
Sarmt1/a(0t,07,1,6) = W(llbo + l1ecq).

Set fr(z2) =7r""(g(r(t+ z)) — g(rz)). Then f, € F, and

—~ etét _ 1.

fr(€) = Wg(ﬁ)

r

With o/ such that é + i = 1 we have fr € Fo and faﬁﬂ/a(bﬂb_,t,ﬁ) € Fo. We now
show that || fr(.) = fay+1/a(b%,07,t,—)|la — 0 when r — 0. Note that (I1.10) implies that

for £ <0
1

€l
Writing ]?(5) = f;ﬁﬂ/a(bﬂ b—,t,—&), for almost all £ € R

o~ o~ i€t _ 1 7L 7+l .
[ (€)= f(&) = (e‘§|w+1 : ((ELH 9(%) - l> leso + (ﬂﬂg(f) - l) 1£<0>
NG R
= e e

a(eigt — 1) 6

EHIG(6) =T+ —-K ().

Let H,(u) = K(ru). Then H,(£) = %I?(%) and we may write for a +y # 0

€= F©) = M urtrjara(d, b t,—E)HL(E), (IL.11)

where b = 1/(2I'(y 4+ a + 1) cos(m(y + a + 1)/2)).

It is easy to verify that foia41/a(bT,07,t,—) € Lg for all 3 > 1/(1 — v — a). By the
conditions on « and p, there exists such a 8 which also satisfies é +1 = % + % and in
particular, £ + 1 > 1. Consequently we may take the inverse Fourier transform of (II.11) see,
for example, [56, Theorem 78] to get :

fT(Z) - f(Z) = ra+1fa,’y+1/a+a(b+7 bivta _-) * Hr(z)

where * denotes convolution. As é +1= % + %, the Hausdorff-Young inequality yields

Hfr—fa,'y+1/a(b+7b77t7_')”a < ra+1Hfa,'erl/a+a”5HHT’Hp

+1-21
< T fant1/atall I -

We conclude that f. — fo 141/a(b",b7,t, —) in L. The result follows from Proposition IL.1.
The case a + v = 0 is dealt with in a similar way.
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(b) Let z and l; be defined by

lt(x) a { —1]15,0[(1‘) ift<O

and
zi(z) =In|t —z| — In|z|.

A straightforward computation shows that

1

Zt('r) = Sgn(_t) ;1_1;% > ;1[min(x—t,:c),max(a:—t,a:)}(S)dsa
s|>e

so that, in the space of distributions we get
zZt = —PV(l/) * lt
where PV denotes the Cauchy principal value. Thus

4(6) = —PVI/)(©L(E)
— (cimsgn(e))(— Qe@ft 1)

With f(z) = —2l2i(—2) — loly(—2), we obtain
et —1
iy

As in (a) we conclude that f, — f in L. Proposition II.1 implies that Y is (y + 1/a)-
localisable at all u € R with local form Y, = %llZa + lo L, since M is symmetric m

F(6) = (1150 + 11eco).

We give examples to illustrate Propositions I1.5 and II.6.

Example I1.7. Let g < a <2 and let M be an a-stable symmetric random measure on R
with control measure L. Let

0 (z <0)
glz)=< 26 (0<z<1)
z=5/6 (x>1)
The stationary process defined by
Y(t) = / ot — 2)M(dz) (i €R)

is (1/6 + 1/a)-strongly localisable at all u € R with local form Y, = Lq 1/611/a,1,0-
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Proof

We apply Proposition IL.5 case (a) with a € (%, 2]. The function g satisfies the assumptions
With’y:%,cgzl,ca:Oandazll

To verify condition (II.10) of Proposition II.6, one needs to check that g € L*(R) and
also that £97H1G(¢) — 1£€% is the Fourier transform of a function in LP(R) for some a, 7, p in
the admissible ranges. For this purpose, one may for instance apply classical theorems such
as in [56, Theorems 82-84]. We give below an example that uses a direct approach.

Example I1.8. For 1 < a < 2 let M be an a-stable symmetric random measure on R with
control measure L. Let g be defined by its Fourier transform

00 (d<y
g@‘{ o (€> 1)

where v € (—2,1 — 1) C (~1,0). Then g € L*(R) and the moving average process

Y(t) = / ot — 2)M(dz) (t€R)

is well-defined and (y+1/a)-localisable at all u € R, with local form Y, = L, 111 /q.55, Where
b=—1/(2(y+ 1) cos(m(y + 1/2))).

Proof

Taking IA((f) = \§|1/21[,1’1} (¢) with I = —1 and @ = 3 in (IL10) gives g. To check that
K € LP(R) for all p > 1, note that K is continuous (in fact C*) and that |K(z)| < C|z|™!
for all . Then Y (¢) will be well-defined if g is in L*(R). To verify this, one computes the
inverse Fourier transform of g, to get g(x) = 2(y + 1)|x|” f@(l) |v| 772 sinvdv — 22~ sinz. By
Proposition I1.6(a), Y is a-localisable at all v € R with the local form as stated m

The approach of this example may be used for general classes of functions g.

I1.3 Multistable moving average processes

In [16], localisability is used to define multistable processes, that is processes which at each
point ¢ € R have an «(t)-stable random process as their local form, where «(t) is a sufficiently
smooth function ranging in (0, 2). Thus such processes “look locally like” a stable process at
each t but with differing stability indices as time evolves.

Before we recall how this was done in [16], we note briefly that “stable-like” processes
have been defined and studied in [39]. These stable-like processes are Markov jump processes,
and are, in a sense, “localisable”, but with localisability defined by the requirement that
they are solutions of an order a(x) fractional stochastic differential equations. See Theorem
2.1 in [39], which shows that the local form of sample paths is considered rather than of
the limiting process. Another essential difference is that stable-like processes are Markov,
whereas, in general, multistable ones, as defined below, are not. In fact, formula (I1.17),
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where a Poisson process element Y is independent of ¢ but is raised to a power that involves
t means that our processes are “far” from Markov.

We now come back to our multistable processes. One route to defining such processes is to
rewrite stable integrals as countable sums over Poisson processes. We recall briefly how this
can be done, see [16] for fuller details. Let (E, &, m) be a o-finite measure space and let II be
a Poisson process on E X R with mean measure m x £. Thus II is a random countable subset
of E' x R such that, writing N(A) for the number of points in a measurable A C E' x R, the
random variable N (A) has a Poisson distribution of mean (m x £)(A) with N(A1),...,N(4,)
independent for disjoint Aq,..., A, C E x R, see [26]. In the case of constant «, with M a
symmetric a-stable random measure on £ with control measure m, one has, for f € F,
( [49, Section 3.12]),

/f(m)M( Z FOY<TVe> (0<a<2), (I1.12)
(XY )ell
where
cla) = (2a7'T(1 — a) cos(%wa))_l/a, (I1.13)

and a<¥> = sign(a)|al’.
Now define the random field

X(tv)= > flt,o,X)y="1/ew)>, (I1.14)
(X,Y)ell

Under certain conditions the “diagonal” process X (t,t) gives rise to a multistable process
with varying « of the form

Y(t)=X(tt) = Y ftt,X)Y< Vo0, (IL.15)
(X,Y)ell

Theorem 5.2 of [16] gives conditions on f that ensure that Y is localisable (or strongly
localisable) with Y] = X/ (-, u) at a given u, provided X (-, u) is itself localisable (resp. strongly
localisable) at u. These conditions simplify very considerably in the moving average case,
taking F = R and m = £ with f(¢,v,2) = g(z —t). Our next theorem restates [16, Theorem
5.2] in this specific situation.

We need first to define a quasinorm on certain spaces of measurable functions on E. For
O<a<b<2let

Fap = Fap(E,E,m) ={f: f is m-measurable with || f||,» < oo}

[ fllap = (/ f(x da:)l/a (/ |f(x )1/b. (IL.16)
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Theorem II.9 (Multistable moving average processes). Let U be a closed interval with u an
interior point. Let a : U — (a,b) C (0,2) satisfy

la(v) — a(u)] < kilv—u|" (vel)
where 0 < n < 1. Let g € Fup, and define

Y(t)= Y gX-ty="> (teR). (IL.17)
(X,Y)ell

Assume that g satisfies, for allt € U,

a(u)
lim/ ‘g(r(t + ?’v) =902 o az=o (IL18)

r—0

for jointly measurable functions h(t, ) € Fu), where 0 < v+ 1/a(u) <n < 1. Then Y is
(v + 1/a(u))-localisable at u with local form Y, = { [ h(t, z) My (dz) : t € R}, where My,
is the symmetric a(u)-stable measure with control measure L and skewness 0.

Suppose further that v > 0 and for h sufficiently small

lg(h — ) — g(=)||o < ¢|h| /W),

Then'Y has a continuous version and is strongly (v 4+ 1/a(u))-localisable at u with local form
Y, = {[ h(t, 2) My (dz) : t € R} under either of the following additional conditions :

(1) 0 < a(u) <1 and g is bounded

(17) 1 < a(u) < 2 and a is continuously differentiable on U with

|0/ (v) = o/ (w)] < kafo —w[? (v,w €T),
where 1/a(u) <n <1.

Proof
Taking
X(tv)= > gX-pY<="VeW> (tyeR). (I1.19)
(X,Y)el

this theorem is essentially a restatement of [16, Theorem 5.2] in the special case of E = R
and m = L with f(¢t,v,z) = g(z—t) in (I1.14). Since f(¢, v, z) no longer depends on v most of
the conditions in [16, Theorem 5.2] are trivially satisfied and we conclude that Y, = X/, (-, u),
noting that X(-,u) is (7 + 1/a(u))-localisable (or strongly localisable) with the local form
given by Propositions II.1 or I11.4 m

It is curious that neither cases (i) or (ii) address localisability if «(u) = 1. This goes back
to the proof of [3, Theorem 5.2] where different approaches are used in the two cases. For
a(u) < 1 the proof uses that the sum (4.8) is absolutely convergent almost surely, whereas
for a(u) > 1 we need to find a number p such that 0 < p < «(t) for ¢ near u with np > 1 to
enable us to apply Kolmogorov’s criterion to certain increments.
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Corollary I1.10. Let U, a and g be as in Theorem I1.9. Then the same conclusion holds if
Y (t) in (I1.17) is replaced by Y (£) = a(t) X (x.y)en 9(X — )Y<"VeB> (1 € R), where a is
a non-zero function of Holder exponent 1 > h.

Proof
This follows easily in just the same way as Proposition 2.2 of [16] m

We may apply this theorem to get a multistable version of the reverse Ornstein-Uhlenbeck
process considered in Section II.1 :

Proposition II.11 (Multistable reverse Ornstein-Uhlenbeck process). Let A > 0 and « :
R — (1,2) be continuously differentiable. Let

Y(t)= Y exp(-AX—t)Y<TVeO> (reR).
(X,Y)€eILX>t

Then Y is 1/a(u)-localisable at all u € R with Y,) = ¢(a(u)) ™ Lo(y), where Ly is a-stable
Lévy motion.

Proof

Taking g(z) = 1jg00)(®) exp(—=Ax) and h(t,z) = —1_g(2) for t > 0 (and a similar
formula for t < 0) with v = 0, localisability follows from Theorem II.9 with the limit (II.18)
being checked just as in Proposition I11.2 m

Theorem I1.9 applies in particular to functions g satisfying the conditions of Proposition
I1.5. Thus, for instance, the moving averages of Examples I1.7 and I1.8 admit multistable
versions. The process of Example I1.7 is strongly v + 1/a(u) localisable at u whenever «
verifies condition (7).

II.4 Path synthesis and numerical experiments

We address here the issue of path simulation. In the previous sections, we have considered
two kinds of stochastic processes : moving average stable ones, that are stationary, and their
multistable versions, which typically are not, nor have stationary increments. Our simulation
method for the moving average stable processes is based on that presented in [53]. There, the
authors propose an efficient algorithm for synthesizing paths of linear fractional stable motion.
In fact, this algorithm really builds traces of the increments of linear fractional stable motion.
These increments form a stationary process, an essential feature for the algorithm to work.
It is straightforward to modify it to synthesize any stationary stable process which possesses
an integral representation. In addition, we are able to obtain bounds on the approximation
error measured in the a-norm, and thus on the r** moments for < «, as shown below.

For non (increment) stationary processes, like multistable processes, a possibility would
be to use the general method proposed in [8]. It allows to synthesize (fractional) fields defined
by integration of a deterministic kernel with respect to a random infinitely divisible measure.
When the control measure is finite, the idea is to approximate the integral with a generalized
shot noise series. In this situation, a bound on the L" norm of the error is obtained for
appropriate r. In the case of infinite control measure, one needs to deal with the points
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“far from the origin” through a normal approximation. This second approximation maybe
controlled through Berry-Esseen bounds which lead to a convergence in law. Thus the overall
error when the control measure is infinite may only be assessed in law, and not in the stronger
L™ norm.

Although the method of [8] may be used for the synthesis of multistable processes, we will
rather take advantage here of the particular structure of our processes : being localisable, they
are by definition tangent, at each point, to a stable process. Thus we may simulate them by
“gluing” together in a appropriate way paths of their tangent processes, which are themselves
synthesized through the simpler procedure of [53].

We briefly present in the next subsection the main ingredients of the method. We then
give bounds estimating the errors entailed by the numeric approximation, in the case where
the process is localisable. Finally, we display graphs of localisable moving average processes
obtained with this synthesis scheme.

I1.4.1 Simulation of stable moving averages

Let Y = {Y(¢),t € R} be the process defined by (IL.1). To synthesize a path Y (k),k =
1,...,N,N € N, of Y, the usual (Euler) method consists in approximating the integral by a
Riemann sum. Two parameters tune the precision of the method : the discretization step w
and the cut-off value for the integral 2. The idea in [53] is to use the fast Fourier transform
for an efficient computation of the Riemann sum. More precisely, let

Y(k) = /Rg(kz —s)dM(s) = —/ g(s)dM(k — s).

R
Let w,2 € N and

0 . w )

Yoot = 3 g(%)za,w(wk —p+Y g(g)za,w(wk ~i, (120
j=—wQ+1 Jj=1

where Z, ,(j) = M(%) - M(%) are i.i.d. a-stable symmetric random variables. Let Z,(j)
denote a sequence of normalised i.i.d a-stable symmetric random variables. Then one has the
equality in law : {Z,w(5),j € Z} = {w™Y*Z,(j),j € Z}. One may thus write :

2w
Yoalk) =Y au(j) Za(w(k + Q) = ),
j=1

where '
au(j) = wil/o‘g(% - Q) for j € {1,...,w2}
w\J) = wl/og(L — Q) for j € {wQ+1,..., 200}
For n € Z, let
2w$2
W(n) = Zaw(])za(n_])
j=1
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Then {Y, o(k),k =1,..., N} has the same law as {W(w(k +Q)),k=1,..., N}. But W is the
convolution product of the sequences a,, and Z,. As such, it may be be efficiently computed
through a fast Fourier transform. See [53] for more details.

11.4.2 Estimation of the approximation error

When the moving average process is localisable, or more precisely when the conditions
of Proposition I1.5 are satisfied, it is easy to assess the performances of the above synthesis
method.

The following proposition gives a bound on the approximation error in the a—norm. Recall
that the a—norm (defined in (I.3)) is just the scale factor of the random variable, and is thus
independent of the integral representation that is used. In addition, it is, up to a constant
depending on 7 and «, equals to the moments of order 0 < r < a.

Proposition II.12. Let Y be defined by (II.1), and let Y, o be its approximation defined
n (I1.20). Assume g satisfies the conditions of Proposition II.5. Then, for all w, € N and
k € Z with w > %, one has

Err =Y (k) ~ Yook o < AV

where
w

A A o +/_Q|<>|ad +/+m|<>rad
w == - S S S S
,Q (1 +aa)w1+'ya s j(af'y)a - g 0 g

Proof
By stationarity and independence of the increments of Lévy motion, one gets :

Brr = Z /]/w (1= 1) |ads+2/ — g(s)[*ds

j=—w+1
—Q +o0o
+/ |g(s)|°‘ds+/ lg(s)|%ds. (I1.21)
Q

By assumption, for almost all s € R, |g(s + k) — g(s)| < ¢|h|?|s|"™® when 0 < h < n.
Recall that w > % A change of variables yields

j/w i1 1/w i1
/ 9 h) — g(s)ds < / Jspee) L =L | mmagy
( 0 w

j—=1)/w w
and thus

Err < Z / a|3’aa| A’_a)o‘ds+2/ a|s!‘w‘| |—aags

j=—wQ+1
—Q 400
4 / l9(s)[°ds + /Q lg(s)[ds.

—0o0
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Rearranging terms :

Err < e 1 20: U_1|(v—a)a+wz%|j|(v—a)a
(14 aq)wltre P st
—Q +00
b [ laras s [ gtoeas
—o0 Q
= A,q.

)

which is the stated result m

Corollary II.13. Under the conditions of Proposition I1.12, ||Y (k) — Y, o(k)|lo — 0 when
(w, ) tends to infinity.
If in addition g(z) < C|z|~? when |z| — oo for some C' > 0 and 8 > 1, then :

IV (k) = Yoak)g < K (w77 4 177) (I.22)

where K is a constant independent of k, w, (2.

Proof

Since ¢ satisfies the assumptions of Proposition I1.5, a > v + é As a consequence, the
sum in the first term of A, o converges when (w,(2) tends to infinity. The first statement
then follows from the facts that ay+1 > 0 and g € F,. The second part follows by making
the obvious estimates m

The significance of (I1.22) is that it allows us to tune w and 2 to obtain an optimal
approximation, provided a bound on the decay of g at infinity is known : optimal pairs (w, ()

are those for which the two terms in (I1.22) are of the same order of magnitude. More precisely,
if the value of 3 is sharp, the order of decay of the error will be maximal when ) = w 11*07;.
Note that the exponent _11__0%7 is always positive, as expected. Intuitively, w is related to the
regularity of g (irregular g requires larger w), while 2 is linked with the rate of decay of g at
infinity.

For concreteness, let us apply these results to some specific processes :

Example II.14. (reverse Ornstein-Uhlenbeck process) Let Y be the reverse Ornstein-
Uhlenbeck process defined in Proposition I1.2. When a > 1, we may apply Proposition 11.12
with g(z) = exp(x)1(x <0),y=0,a=1,c=2,n=1. One gets, for w > 1, Q > 1,

2a+1 w2 1 1 —af)
Apo = ~ )=
w7 1 v = jo | w T

However, we may obtain a more precise bound on the approximation error, valid for any
a € (0,2), by using (I1.21) directly :

2% 1 — e o 1 e oL
(6%
HY(k) - Yw,ﬂ(k)Ha < 1+ a <6a/w _ 1> wlta + a
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When (w, Q) = +00, Err < O(2) 4+ O(e=*?), which is better than A,, o above when o > 1.
We note finally that the optimal choice for (w,(2) is here = In(w), which is consistent
with the fact that the 8 in Corollay I1.13 may be chosen arbitrarily large.

Example II.15. (linear fractional stable noise) Let 0 < a < 2 and let M be an a-stable
symmetric random measure on R with control measure L. Let :

ga) = @)§ "~ @i

and

Y (¢) :/g(t—x)M(dx) (t € R)

Applying the analysis above with v = H — é, a = 1,c = 2|y|,n =1 one gets, for w > 1, Q > 1,

20t H — L] ZWQ 1 1 e He1y H-1/

— (8] —l/« —l/o|jx

Aw,Q — 1+« ( . j1+a(1_H))waH —I_/SY2 ’(33) - (ﬂj— 1) | dr
]:

When (w, Q) — 400,

1 oo - (0% - [eA)e%

A = Olg)+ [ 1@/ — (@ = )=/
1

woH
1 1

= O(ﬁ) + O(w)

— O( )_i_O(QlJra(Hfl/afl))

This process is the one considered in [53]. Here we reach a conclusion similar to [53,
Theorem 2.1], which yields the same order of magnitude for the error when (w, ) — +oc0.
Extensive tests are conducted in [53] to choose the best values for (w,(2). The criterion
for optimizing these parameters is to test how an estimation method for H performs on
synthesized traces. Here we adopt a different approach based on Corollary I1.13 : optimal
pairs (w, 2) are those for which (I1.22) is minimized. Since the value of § =1 — H + 1/« is

sharp here, one gets = WTH Tt is interesting to note that the exponent H/(1— H) depends
only on the scaling factor H and not on «, and that it may be larger or smaller than one
depending on the value of H. We do not have an explanation for this fact nor for the reason
why H = 1/2 plays a special role.

Example I1.16. As a final illustration, we consider the process of Example I1.7. With v = %,
a=1l,c=1mn=1, one gets, forw >1, Q > 1,

w

2 1 1 1 1
Ao = > &= - .
“ T 14 a Pl Rl B - 1%t
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Again, the value of f = 5/6 is sharp, and the optimal choice is to set Q = w%. Since
(o +6)/(ba — 6) > 1, Q is larger than w in this case, in contrast to the reverse Ornstein-
Uhlenbeck process : it is the decay at infinity of the kernel that dictates the parameters
here, while it was the regularity that mattered in the case of the reverse Ornstein-Uhlenbeck
process.

11.4.3 Numerical experiments

We display in Figure II.1 traces of :

e moving average stable processes : the reverse Ornstein-Uhlenbeck process (Figures
1(e),(f)), and the processes of Examples I1.7 (figure 1(c)) and IL.8 (figure 1(a)). In
each case, a = 1.8. Some of the relevant features of the processes of Examples I1.7 and
I1.8 seem to appear more clearly when one integrates them. Thus integral versions are
displayed in the right-hand part of the corresponding graphs, Figures 1(b),(d).

e a multistable version of the reverse Ornstein-Uhlenbeck process, using the theory deve-
loped in Section II.3 (Figures 1(g),(h)). Since these processes are localisable, one may
obtain paths by computing first stable versions with all values assumed by «, and then
“gluing” these tangent processes together as appropriate. More precisely, assume we
want to obtain, at the discrete points (¢1,...,t,), the values of a multistable process
Y defined by a random field X. We first synthesize the n stable processes X (.,t;) with
the method described before, all are simulated from the same random seed because the
three series (7;);, (Vi); and (I';); are common for all the ¢;. The multistable process Y’
is then obtained by setting Y (¢;) = X (¢;,t;),i = 1,...,n. Two graphs are displayed for
the multistable process : in figure 1(g) the graphs are as explained above. In figure 1(h)
each “line” X (.,t;) of the random field (i.e. the process obtained for a fixed value of
«) is renormalized so that it ranges between -1 and 1, prior to building the multistable
process by gluing the paths as appropriate.
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F1aure II.1 — Paths of localisable processes. (a) The process in Example I1.8 and (b) the
integrated version. (c¢) The process in Example I1.7 and (d) the integrated version. (e) Re-
verse Ornstein-Uhlenbeck processes with A = 1, and (f) A = 0.01. (g) A multistable reverse
Ornstein-Uhlenbeck process with A = 0.01 and (h) the renormalised version along with a(t).

The parameters are as follows :
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e Process of Example I1.8 : w = 5000, 2 = 877, N = 2000. The approximation error Err
is bounded by 2.172.

e Process of Example I1.7 : w = 104,Q = 175504, N = 2000. The term Ai/g is equal to
0.074. ’

e Reverse Ornstein-Uhlenbeck process with A =1:w =512,Q =7, N = 7392. The term
Ai/g is equal to 0.0018.

e Reverse Ornstein-Uhlenbeck process with A = 0.01 : w = 256, = 800, N = 7392. The
term Ai}/g is equal to 0.0032.

e Multistable reverse Ornstein-Uhlenbeck process : A = 0.01,w = 256, = 800, N =
7392. The « function is the logistic function starting from 1.2 and ending at 1.85. More

precisely, we take : a(t) = 1.2 + 1+exp(—0i65(t—N/2))’ where N is the number of points
1000

and ¢ ranges from 1 to IV (the graph of «(t) is plotted in figure 1(h) ). Thus, one expects
to see large jumps at the beginning of the paths and smaller ones at the end. Note that
we do not have any results concerning the approximation error for these non-stationary
processes.
The value of Q in all cases is adjusted so that the pair (w,(2) is approximately “optimal”
as described in the preceding subsection (optimality is not guaranteed for the multistable
processes. Nevertheless, since the relation between w and € does not depend on « for the
reverse Ornstein-Uhlenbeck process, it holds in this case).

The function g of Example I1.8 cannot be treated using Corollary I1.13 nor Proposition
I1.12 since g does not satisfy the conditions of Proposition I1.5. However, it is possible to
estimate Err directly. Since |g(z+h)—g(x)| < 2|h|(|x|7%1|x‘<1+|1:]_11|m|21) and |g(z)| < ﬁ,
one gets :

Err® < o i 1 8 1
T 14+« 1jaw1_2 a—10Qa-1
ga+2 1 8 1
Err® < a +

l+aa—1pl=3 a—-10a1"

The asymptotic optimal relation between w and 2 is thus Q = wﬁ = w0125 The values
in our simulation are slightly different since they are chosen to optimize the actual expression
with a finite w.

Finally, we stress that the same random seed (i.e. the same underlying stable M (dx)) has
been used for all simulations, for easy comparison. Thus, for instance, the jumps appear at
precisely the same locations in each graph. Notice in particular the ranges assumed by the
different processes.

The differences between the graphs of the processes of Examples I1.7, I1.8 and the reverse
Ornstein-Uhlenbeck process are easily interpreted by examining the three kernels : the kernel
of the process of Example I1.8 diverges at 0, thus putting more emphasis on strong jumps, as
seen on the picture, with more jaggy curves and an “antipersistent” behaviour. The kernel
of the process of Example I1.7, in contrast, is smooth at the origin. In addition, it has a
slow decay. These features result in an overall smoother appearance and allow “trends” to
appear in the paths. Finally, the kernel of the reverse Ornstein-Uhlenbeck process has a decay
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controlled by A. For “large” A\ (here, A = 1), little averaging is done, and the resulting path
is very irregular. For “small” A (here, A = 0.01), the kernel decays slowly and the paths look
smoother (recall that, in the Gaussian case, the Ornstein-Uhlenbeck tends in distribution to
white noise when A tends to infinity, and to Brownian motion when A tends to 0).
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Représentation en séries de
Ferguson-Klass-LePage des
processus multifractionnaires
multistables

Plan du chapitre

ITI.1 A Ferguson - Klass - LePage series representation of localisable

processes in the finite measure spacecase. . . . . ... ... ... 46
III.2 A Ferguson - Klass - LePage series representation of localisable

processes in the o-finite measure spacecase . ... .. ... ... 61
IT1.3 Examples of localisable processes . . . . . . ... ... ....... 63
IT1.4 Finite dimensional distributions . . . . . ... .. ... .. .. ... 72
ITL.5 Numerical experiments . . . . . . . . ..o v v v v oo, 73

Abstract

The study of non-stationary processes whose local form has controlled properties is a
fruitful and important area of research, both in theory and applications. In [16], a particular
way of constructing such processes was investigated, leading in particular to multifractional
multistable processes, which were built using sums over Poisson processes. We present here
a different construction of these processes, based on the Ferguson - Klass - LePage series
representation of stable processes. We consider various particular cases of interest, including
multistable Lévy motion, multistable reverse Ornstein-Uhlenbeck process, log-fractional mul-
tistable motion and linear multistable multifractional motion. We also show that the processes
defined here have the same finite dimensional distributions as the corresponding processes
constructed in [16]. Finally, we display numerical experiments showing graphs of synthesized

paths of such processes.
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In the sequel, we shall consider specific classes of random fields and use Theorem 1.14 to
build localisable processes with interesting local properties. As a particular case, we will study
multifractional multistable processes, where both the local Holder regularity and intensity of
jumps will evolve in a controlled manner.

The remaining of this article is organized as follows : we first build localisable processes
using a series representation that yields the necessary flexibility required for our purpose.
We need to distinguish between the situations where the underlying space is finite (Section
II1.1), or merely o— finite (Section III.2). In each case, we define a random field depending
on a “kernel” f, and give conditions on f ensuring localisability of the diagonal process. We
then consider in Section III.3 some examples : multistable Lévy motion, multistable reverse
Ornstein-Uhlenbeck process, log-fractional multistable motion and linear multistable multi-
fractional motion. Section II1.4 is devoted to computing the finite dimensional distributions of
our processes, and proving that they are the same as the ones of the corresponding processes
constructed in [16]. Finally, Section IIL.5 displays graphs of certain localisable processes of
interest, in particular multifractional multistable ones.

Before we proceed, we note that constructing localisable processes using a stochastic field
composed of sssi processes is obviously not the only approach that one can think of. It is
for instance possible to follow a rather different path and construct localisable processes
from moving average ones by imposing conditions on the kernel defining the moving average.
See [15] for details.

III.1 A Ferguson - Klass - LePage series representation of lo-
calisable processes in the finite measure space case

A well-known representation of stable random variables is the Ferguson - Klass - LePage
series one [4,18,32,33,48]. This representation is particularly adapted for our purpose since,
as we shall see, it allows for easy generalization to the case of varying a.

In this work, we will use the following version :

Theorem IIL.1. ( /49, Theorem 3.10.1])

Let (E,E,m) be a finite measure space where m # 0, and M be a symmetric a-stable
random measure with o € (0,2) and finite control measure m. Let (I';)i>1 be a sequence of
arrival times of a Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random
variables with distribution m = m/m(E) on E, and (v;)i>1 be a sequence of i.i.d. random
variables with distribution P(y; = 1) = P(vy; = —1) = 1/2. Assume finally that the three
sequences (I';)i>1, (Vi)i>1, and (vi)i>1 are independent. Then, for any f € Fo(E,E,m),

/E F(@)M(dz) L (Com(E)M™ S il V2 £ (1), (I1L1)
=1

where Co = ([ a7 sin(z:)daz)_1 (Theorem 3.10.1 in [49] is more general, as it extends
to non-symmetric stable processes, that are not considered here). As mentioned above, a
relevant feature of this representation for us is that the distributions of all random variables
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appearing in the sum are independent of ov. We will use (III.1) to construct processes with
varying « as described in the following theorem.

Theorem II1.2. Let (E,E,m) be a finite measure space where m # 0. Let a be a C* function
defined on R and ranging in (0,2). Let b be a C! function defined on R. Let f(t,u,.) be a
family of functions such that, for all (t,u) € R?, f(t,u,.) € Faw)(E,E,m). Let (T';)i>1 be a
sequence of arrival times of a Poisson process with unit arrival time, (V;);>1 be a sequence
of i.i.d. random variables with distribution m = m/m(E) on E, and (;)i>1 be a sequence
of i.i.d. random variables with distribution P(v; = 1) = P(y; = —1) = 1/2. Assume finally
that the three sequences (I';)i>1, (Vi)i>1, and (vi)i>1 are independent. Consider the following
random field :

X (tu) = b(u) (m( )/ oo S0 W f (0, 7), (IT1.2)
i=1

where Co = ([ ™ sin(x)dac)fl. Assume that X(.,u) is localisable at u with exponent h €
(0,1) and local form X/ (.,u). Assume in addition that :

e (C1) The family of functions v — f(t,v,x) is differentiable for all (v,t) in a neighbou-
rhood of uw and almost all x in E. The derivatives of f with respect to v are denoted by
fo-

e (C3) There exists € > 0 such that :

sup / sup (| f(t, w, z)|*™) m(dz) < co. (ITL.3)
teB(u,e) J E weB(u,e)

e (C4) There exists € > 0 such that :

sup / sup [|f(t,w,a:) log]f(t,w,x)Ho‘(wq m(dz) < . (II1.4)
teB(u,e) J E weB(u,e)

Then Y (t) = X (t,t) is localisable at u with exponent h and local form Y, (t) = X/ (t,u).
Proof

First, note that the condition (C4) implies the following condition :
o (C2) There exists € > 0 such that :

sup / sup  (|f(t, w, 2)|*™) m(dz) < . (IT1.5)
teB(u,e) J E weB(u,e)

Indeed, for all t € B(u,¢), w € B(u,¢) and = € E,

|f(tw,2)] = ’f(t7wvx)‘1|f(t,w,x)|<é + |t w, 21w,y e + (2 wvx)|1\f(t,w,x)|e[%,e]
2[f(t, w, z)||log | f (£, w,z)[| + e.

IN
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1/a(u)

The function u — C is C! since a(u) ranges in (0,2). We shall denote a(u) =

a(u)
b(u)(m(E))l/a(“)CiéZ‘)(u). The function a is thus also C'. We want to apply Theorem I.14.
With that in view, we estimate, for v € B(u,¢) (the ball centered at u with radius ¢),

X(v,0) = X(v,u) =Y 7i(@i(v) = Di(u) + D %(Wilv) — ¥i(w)),
i=1 i=1

where

q)z(’l,U) = a(w)i—l/a(w)f(,v7 w, ‘/1)

and
Wi(w) = a(w) (17177 = i/el) fo,w, V7).

The reason for introducing the ®; and the W, is that the random variables I'; are not inde-
pendent, which complicates their study. We shall decompose the sum involving the ®; into
series of independent random variables which will be dealt with using the three series theo-
rem. The sum involving the ¥; will be studied by taking advantage of the fact that, for large
enough i, each I'; is “close” to ¢ in some sense.

Let ¢ = inf,c(ue) @(v), d = supycp(ue) (V). If infuepu,e) (V) = SUPyepu,e) @(v), we let
instead ¢ = inf,cp(y,) @(v), d = c+¢, for some € > 0. Note that, in both cases, by decreasing
€, d — ¢ may be made arbitrarily small.

Thanks to the assumptions on a and f, ®; and ¥; are differentiable almost surely and
one computes :

P (w) = a’(w)i—l/a(w)f(v,w, W)—i—a(w)i—l/a(w)fz’u(v, w, Vi)+a(w) z;%é log(i)i—l/a(w)f(v,w, Vi),

(w) = d(w) (r.—l/a“” - z'*l/a(w)) Fv,w,V;) + a(w) (r;l/a“”) _ fl/a<w>) fL (v, w, Vi)

7

+aw) 2 (1gDI0T )~ 0g()i ) 0,0,

Notice that the functions ®; and ¥} depend on v.
®i(v) — Pi(u)

Consider now the function h; :  — ®;(x) — ®;(u) —
v—u

K; ={z € [u,v] : hi(x) = 0}.
The mean value theorem yields that K; is a non-empty closed set of R. We define then

(x — u), and the set

w; = min K.

\I/i (’U) — \Ifl (’LL)

Considering the function k; : z — ¥;(z) — V;(u) —
v—u

F; = {z € [u,v] : k/(z) = 0}, we define also

(r — u), and the set

r; = min F;.
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Then there exists a sequence of independent measurable random numbers w; € [u,v] (or
[v,u]) and a sequence of measurable random numbers x; € [u,v] (or [v,u]) such that :

¢] oo
X(v,u) = X(v,0) = (u=0) Y (ZI + 27+ Z)) + (u—v) ) (V' + Y7 +Y),
i=1 1=1

where
7} = i (w;)i ) f (v, w3, Vi),
7} = yia(w)i D £ (v, w;, V7),
o/ (wy)
a(w;)?
Yil e (Fi—l/a(m‘) _ ifl/a(:m)) f(v, 2, Vi),

Z} = yia(w;) og(i)i =1/ f (v, w;, Vi),

(]

Yz‘2 = ~via(z;) (Ffl/a(xi) _ i*l/a(zi)> fl(v, 2, Vi),

3 o () Np—L/alz) o —1/o(xs) RV
Yy = %a(%)a(xi)Q (10g(rl)ri log ()i > f(v, i, Va).

Note that each w; depends on a, f, a, u, v, V;, but not on ~;. This remark will be useful in the
sequel.

o0
We establish now a lemma in order to control the series Y P(|Z}]| > \).
i=1

Lemma ITI.3. There exists a positive constant K such that for all A > 0,

o KE [subye e | (v, w, V1) 2|
Z PlZi1> A < min(\¢, \9) '
i=1 ’
Proof of Lemma II1.3
Fix A > 0.
Ail/a(wd)
P(Z{|>X) = P <|f(vawi7vi)’ > T (wy)|

IN

1
1) MWD S S min(\C A4 i _—
P (]f(v,wl,vm > imin(A° A\ )wean(f;L,a) |:|a/(w)’a(w):|> :

Note that, since @’ is bounded on the compact interval [u,v], K := inf,cp(y,e) [W} is

strictly positive.

P(1Z}| > )) < P< sup ]f(v,w,V;)a(“’)>Kz‘min(/\c,)\d)>
wEB(u,e)

= P| sup |f(v,w,V))|*™ > Kimin(A¢,\9) | .
wEB(u,e)
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Thus

+o0 +oo
S Pz >N < )P ( sup | f (v, w, V1)|*®) > Ki min()\c,)\d))
i=1 i—1 wEB(u,e)

1

T e vd\ a(w)
K min(e, A0 - L;;(g}s) £ (0,0, V3)) ] .

Now we come back to the proof of Theorem III.2. The remainder of the proof is divided
into four steps. The first step will apply the three-series theorem to show that each series
i Zij ,j = 1,2,3, converges almost surely. In the second step, we will prove that i Yij also
Z:T)ilverges almost surely for j = 1,2, 3. In the third step we will prove that conditié?(l.lZ) is
verified by iZZj,j = 1,2, 3. Finally, step four will prove the same thing for i Yij,j =1,2,3.

i= .

=1

o0 .
First step : almost sure convergence of Y 77,5 =1,2,3.
i=1

o0
Consider Z! = >~ Z!. Fix A > 0. We shall deal successively with the three series involved

i=1
the three-series theorem.

o0
First series : S1 = > P(|Z}] > ).
i=1
One has S < 400 from Lemma II1.3 and the condition (C2).

Second series : ST = Y E(Z1{|Z}] < A}).
i=1

E(ZIY|Z} < A}) = E(yid (wi)i™ /9 f(v,wi, Vi) H]a (wi)i= /9 f (v, w3, Vi) < A})
= E(m)E(a’(w)i =) f (o, wi, Vi) o (wy)i ™0 f (0, w3, Vi) < A})
= 0,

—

where we have used the facts that v; is independent of (w;, Vi) and E(v;) = 0. As a
consequence, lim,,_, 1+ S5 = 0.
oo
Third series : The final series we need to consider is S5 = Y E [(Z}1{|Z}| < 1})?]. Chose
i=1

A=11

Let n be such that d < n < 2.

1. Recall that, in the three series theorem, for the series ;2 X; to converge almost surely, it is necessary
that, for all A > 0, the three series Y =) P(|Xs| > A), 202, E(X:1(|X5] < A)), and 322, Var(X:1(|X5| < X))
converge, and it is sufficient that they converge for one A > 0, see, e.g. [42], Theorem 6.1.
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2z} < 1))’ < |12z <1
E[(Z11|Z) < 1) < E[Z}"1|Z)] < 1]

+o0o

— / P(IZ!"1{|Z}] <1} > o)dx
0
1

— / P(ZL 1|2} < 1} > 2)da
0
1

< /P(\Z,L»1|’7>:c)d1:.
0

Now from Lemma III.3 and (C2), there exists a positive constant K such that

! d
€
S3 < K| ————
0 min(xn,xm)
L dx
= K| =
0 gxn
< +o0.

oo
The case of the Z2 = Y Z? is treated similarly, since the conditions required on (a’, f)
i=1
in the proof above are also satisfied by (a, f},).

Consider finally Z3 = Y~ Z3.
i=1

o0
Since the series > vi(®;(v) — ®;(u)) converges almost surely (see for instance [34, page
i=1
132]), the convergence of Z! and Z? imply the convergence of Z3.
We have thus shown that the series Z!, Z? and Z2 are almost surely convergent.

o0 .
Second step : almost sure convergence of > Y/ j=1,23.
i=1

oo .
To prove that the series Y Y/, j = 1,2 converge almost surely, we will first show that it
i=1

o0 .
is enough to prove that ) ¥/1
=1

[e.e] —_— . _—
we prove now that > P ({% < % <2} U{|Y/]| > 1}) < oo for j = 1,2, where T' denotes
i=1

(<D coynfvi|<1) converges almost surely for j = 1, 2. Indeed,

the complementary set of the set T, and conclude with the Borel Cantelli lemma. The case

400 +o0 o)
of 37 V3 is then treated as Y. Z3. We know that the series > 7;(¥;(v) — ¥;(u)) converges
i=1 i=1 i=1
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+oo +oo
almost surely (see again [34, page 132]), the convergence of Y. V! and 3 Y;? will imply the

i=1 i=1
+o0
convergence of > V3.
i=1
We have

o1

T,
< —
i

ls%uwbu)=PG;3}szWDuﬂ{<<}>
<L

< P(Ty <2)+P(F >2z)+P<{]Yﬂ>1}ﬁ{

N

<)),

I';, as a sum of independent and identically distributed exponential random variables with

mean 1, satisfy a Large Deviation Principle with rate function A*(x) = x — 1 — log(z) for

x > 0 and infinity for 2 < 0 (see for instance [11] p.35), thus )  P(I'; < §) < +oco and
i>1

Z P(Fi > 21') < 4o0.
i>1

Consider now P <{\Y]] >1pn{i<ki< }) ,for j =1,2.
i>1

PGmﬂ>um{<<fé2Q - Pmem*mmvm%,ﬂ\ —iy-tfale) _ u>H“B>

< P ({(21/0‘(”) — D)d (2;)i V@) f v, 25, Vi) > 130 BZ-)

< P( sup |f(v,w,V1)|°‘(“’)>Ki)

weB(u,e)

where K is a positive constant. Thus » 5, P ({]YZI\ >1}n{3 S L < 2}) < +00.
Case j = 2 : Since the conditions required on (d/, f) in the proof above are also satisfied
(ﬂ)ZM,Gw%>umg<&<zn<+w
We are thus left with proving that Z Y/? 1

=1
Jj=12
In that view, we shall apply the following well-known lemma, :

(1<Dicoyngyi|<y COBvVerges almost surely for
2— 1 — 7 1=

+oo
Lemma ITL.4. Let { X, k > 1} be a sequence of random variables such that > E|X,,| < +oo,
n=1
+oo

then ) X, converges almost surely.
n=1
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Let us show that Z E [|Y]\1 1o } < +o0.
2

<TE<opn{y/|<1}

A P /0 <{1>’YJ|>”C}“{2 ¢§2}> du

AN
\H
/—\

-

}.<

T
V
8
——
D
——
l\.')\r—t
N‘p
IN
[\)
——
N———"
U
IS

Let BZZ{%
Case j=1:

Iy
<Li<oy

_ 1
Using the finite-increments formula applied to the function y — y @) on [%, 2], one

easily shows that

PH{IY}'|>a}nB;) < P

(
°(

¢
2T ol (w)

T
1o Ni—1/a(zi) VA
la'(x;)1 f(v,zi, Vi)||— 7 —1] >$21+1/ rnB >

a(x I_‘
{1 0,2, V| =

IN

17 > K ig® m}mB)

a(w)
where K. 1= inf,cp(y,) [( ) } is strictly positive by the assumptions on a’ and

a. Thus, for z € (0,1),

T
PUYY >atnB) < P swp [f(o,w )02 11> Kiat ).
weB(u,e) i

Cased>1:

Fix n € (d,14 §) (since « is continuous and d < 2, by decreasing if necessary ¢, one may
ensure that d < 1+ ¢/2). By Markov and Holder inequalities, and the independence of V;
and T,

1/n
) ({|Y;1’ > 2} ﬂBi) < P [ sup \f(v,w,Vl)]O‘(w)] |% _ Hc/n > Kg/"il/”ggd/"
wEB(u,e)

1 T c/2n 1/n
= (Kcia:d)l/ﬁ[E'i_”ﬂ ( sup E( sup |f(7),w,V1)|a(W))>

vEB(u,e) weB(u,e)
K 1
xd/n j1/n+c/2n

where we have used that the variance of I'; is equal to i, and K does not depend on v thanks

s 1 K 1
to condition (C2). Thus E [|Y ]1 (2<Ticonyn(vi<i) < 7mrerz Where o4 o5 > 1.
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Cased < 1:

1 I
P{|Y!|>2}nB;) < ———E( sup |f(v,w, W} awhE|—L — |
(V7> 2} nB) < <w€B(u5)\ N 1]
< gtil E— 1]2)e/?
< K—o(E-1P)
< 1 1
= il+e/2 pd’

thus E ||V;! |1 I

K .
1<lic }n{mwsu} < e With 143 > 1.

2

The case of ) E [|Y |1 {(Bin {|Y2|<1}} is treated similarly, since the conditions required on
i>1

(d, f) in the proof above are also satisfied by (a, f,).

+o0o .
As a conclusion, for j =1,2,3, > Y/ converges almost surely.
i=1

We now move to the last two steps of the proof to verify h- locahsablhty, we need to check
that for some 7 such that h < n < 1, P(| Z Z]| > |v —ul""1) and P(] Z Yj| > v — w7

=1

tend to 0 when v tends to u, for j = 1,2, 3.

o .
Third step : verification of (1.12) for > 7/,j =1,2,3.
i=1

o0 .
We need to estimate P(| > Z/| > |v — u|7h).
i=1

Let a € (0,1 — 7).

i 1 i o —ul"!
P |ZZZ| > |v—ul < P |2Zi1|Zg|§‘v_u‘fa’ S
i=1

i=1

N lv — w771
+ P |ZZi1|zg|>\v_u\—a!>72 .

=1

Since ~; is independent from ~;, for ¢ # k and \Zf | is independent of ;, Markov inequality
yields

o0

o0 -1
j ‘ |U — U|77 4 |: 712 ‘ ]
i (‘ .X;ZillZiSvtLl‘“' ST ) S —upe Z;E 1212 231 <o -
1= 1=

Let v € (d,2). For any M > 1, we get :
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12
2]

E[|Z{|21 }:M2E i

1
2 j 1
Z<n 1|zg|gM] < [ P(zi| > Ma e

For j =1, we use again Lemma II1.3 : there exists a positive constant K such that

iE[Z”l - ] < wk [ d
— 7‘| |z} |<Mm - 0 min(Mcgjc/'Y’Mdgjd/'Y)

< Mz‘c/1 A
- o min(x¢/7, xd/7)’

Thus, there exists a positive constant K such that

M

Il
—

E [|Z}|21|Z}‘§M} < KM?*.

1

The same conclusion holds for j = 2 :

M

E [\Z§|21|Z3‘§M} < KM?*.

=1

For j = 3, choose u € (0,1 — %)

Fix A > 0.

la(w;)a! (w;)| log i

2,1/ a(w;)
PIZ| > N) = P(\f<v,wi,v;>|> Aalwi)"d )

IN

P i ‘/; a(wi) > K//)\Oz(’wi) 1’
(170w 2) G )

o(w)
where K" := inf e Bue) [(Ia(féu()%) ] is strictly positive by the assumptions on a, o and
o’. In the sequel, K will always denote a finite positive constant, that may however change
from line to line.

Let gi(z) = W for x > 1 and ¢ € N*. For x large enough and for all 4, g; is strictly
increasing and lim,_, 1 o g;(2) = +00. For z large enough (independently of i),

z(log z)*(wi)
(log z + a(w;) log log 2)(w:)

gi(z(log 2)*V) =

z
> —.
-2

Let A > e be such that : Vz > A,Vi € N* g7 !(2) < Kz(log2)*(). The constant A
depends only on .
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Let U; = | f(v, w;, Vi)\a(wi), and ¢* depending only on « such that for all ¢ > ¢*, W >
A. We have, for i > i*,

P(IZ}] > X)

IN
-

U, - 7
K//)\oc(wi) (log z‘)a(wi)

KU, Ui x(uws)
> K\ e(w;) Og(K//)\a(wi))

+ kUi +K|log/\|U->

IN
-

IN
-
e S NN
IA
=
S
)
(5
S

e(wi) e(wi) Aa(wi) ~°
< P sup [|f(v,w,V1)log|f(v,w,V1)||a(w>] > Kimin(\%, \9)
wEB(u,e)
: c \d
+P | sup |f(v,w,VP)2™) > Kiw :
we B(u,e) |log)\|

Finally, with (C4), for M > e,

=t 1 log(Mx1/7)|
P(|Z3| > Mz'/Ydz < KM~° K/ | d
_Z/o (121> Mz™yde < RS win(reae, agaiy

< Klog(M)M™°.

We get then

S E (123 g31cn] < K log(M)M .

i=i*
Let M = |v — u|~“. Using previously obtained inequalities, we get, for j = 1,2,3 :
— v — w7 2(1—n)—a(2—c) 2(1—1)—2
J ) —n)—a(2—c —n)—2a
P |Z;Zilzgg|u—u|a|>2 < Klo—u* " log |v—u|+ K|v—u|[*"7"
1=

and

P (1521, lo—ul)
o |Z; 128 lo—u el > T =Y
1=

. . T
We consider now the second term P (] Zfil ZijllZ7|>\fu—u\fa’ > v 1;\ )

Let i* = inf{n > 1:4 >n,|Z!| < |v—u|"%}. Since 3 P(|Z/] > |v — u|™*) < +o0, the
i>1

Borel-Cantelli lemma yields P(i* = +00) = 0. As a consequence,
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\Zzﬂ R i N - ip {\izﬂi : s “' _l}ﬂ{z = n}
|Z]\>\U u|~e 9 - — = i | Z | >v—u| e -
oo oo 1
_ iy v U|"
= Z;P<{‘Z;Zi1|25|>vu—a’
> P(i* =mn).
n=2

— N {7 —n}>

IN

P(1Z_1l > o —ul™).
P(SupwEB (u,e) ‘f(va w, Vl)‘a(w) > |'U - u|—acK(n - 1))7 and thus

Y P =n) < Klo—ul*E( sup |f(v,w, V1))
n—9 weB(u,e)
< Klw—ul* sup E( sup |f(t,w,Vi)[*™).
teB(u,e) weB(u,e)
For 5 = 2,
Z P(i ) < Klv—ul™ sup E( sup |[f(t,w,V)|"™),
teB(u,e) weEB(u,e)
and for j = 3,

S P(i*=n) < Klo—ul* sup E( sup |f(t,w,Vi)log|f(t,w, V1)|[*™))
teB(u,e) weB(u,e)

o(w; —ac(w; KZ‘
+ Y P(A> [ f(0,wi, Vi) > o — w7 l)lo (1)
i>2 i

a):

We have shown previously that the second term in the sum on the right hand side of the
above inequality is bounded from above by K|v — u|*. Finally,

b P (1521, o—ul1)
Jim l2 P25 oo > T3 =0.
1=

oo .
Fourth step : verification of (I1.12) for > Y/,j=1,2,3.
i=1

o .
We consider now P(| > Y| > v — u|771).
i=1
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Let i* = inf{n > 1:4 > n,|[Y/| <1land 3 <% < 2}. Since 3" P({|Y/| > 1} U{l; <
i>1

%} U{T; > 2i}) < 400, the Borel-Cantelli lemma yields P(i* = +oo)_: 0. As a consequence,

PUY Y[ =0 —ul"™) ZF’({!ZY]DIU I"l}ﬂ{i*Zn})
i=1

n>1

i=1
that, for each fixed n, b,(v) tends to 0 when v tends to u. Then we prove that there exists
a summable sequence (¢, ), such that, for all n and all v, b,(v) < ¢,. We conclude using the

dominated convergence theorem that >, -, b,(v) tends to 0 when v tends to w.
For all n > 1,

Let b,(v) =P <{| > YZ]| > v —ul" N {i* = n}> Our strategy is the following : we show

\
bo(v) < P( \ZW\> )+ P( yZY L yiicynpi<tion] = 5 )

2— 1

n—1 . -1
For n > 2, consider P(| YlJ| > %)
i=1

ul?”!

ZYJ\> ZP|YJ\_7_)).

Let p € (0, ). With K a positive constant that may change from line to line and depend
on n but not on v, we have, for j =1 :

— |t T, i|v — u|® (n—1)
TR el R o) Liy-1/a@) _ jja@) >
P <|}/,L | = 2(n_ 1) ~ P sup ]f(v,w,‘/;)\ ‘( i ) 1| — (2(’0- 1)a,($i))a(zi)

wEB(u,e)

< P sup [f(vw, V)| a) _qjad > Ky — gt
wEB(u,e) ¢

< P{( sup \f(v,w,Vz‘)lo‘(w))p\(&)*l/“(“) — 1) > Ko — a1V )
weB(u,e) ?

We use the following inequalities :
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|(7) Valz) _ ppal) = |(7) Ved@i) _ pped 1)1Fi>i+|(7) Vedws) _qpe(zadyn
Ui\ _1/a(2: a(z;
< 1_|_|(7) Vad@i) _ q pel Z)lFi<i
< 1+ |(%)—1/0 _ 1’pa($i)1ri<i
| c c I c
[ AR LN O R T
and obtain

— |1 K
p <|Yzl| > M) < P (( sup |f(v7w7vi)’oz(w))p > ?’U _ u‘pC(Ti—l))

Q(n B 1) wEB(u,e)
I, _ K B
P (s 1w, vy Eiye e 5 Kpy et
weB(u,e) ? 3
| K B
+P ([ sup [f (v, w, V)PP — 1t > Sy — ufpe)
weB(u,e) ? 3

Since p < 3 < 1, E(|(%)_1/C — 1P¢) < 400 and E(|(12)=1/¢ — 1|P?) < 400 (this is easily

i
verified by computing these expectations using the density of I';). Using the independence of
V; and I'; and Markov inequality,

— quln1
P (12 5 ) = Kl a0 (s (o vy
2(” - 1) weB(u,e)

< Klv—uPe=m,
and -
i P (v > =) D
v—u 2(n—1)

Since the conditions required on (d’, f) are also satisfied by (a, f}),

— |1
hmPOEﬂzwuu)>—0

v—u Q(n —

We consider now the case j = 3. Wheni=1:

a(x1)2 v — ulm1
= e @) )

og(T)[° + [ log(T)[%.,
N ) ) ,

v—u -1 —1/a(z
i <’Y13’ = |2(n—’1)) - ° (‘ log(I' )Ty /Y f (v, 21, 11)

< Klv—uP=mE ((
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(K depends on n but not on v). Since p < 1 and a bounded, E ((llog(rl)|clj_1| 1Og(rl)l‘i)P) < +o00,

and | i .
. 3 v—ul"" .
For ¢ > 2,

— |t log(T;) T _ ()2t /@@ |y — =1
piys>l=u""\ _ p 8(T%) Liy_1/a@) 4 e .
(1= 5 log()) 1) T V| 2 o alatea Gea)ln — 1)

One has :

logI‘i Fi_ alz: alz: IOng Pi_ c c IOgFZ Fi_ c
|L(7’) 1/(1)_1| (zi)p <« | <.)( ) 1/ _1‘p+|¥(7‘) 1/ _1|dp+

log (1) — " log(i) g log (i)
log(Ti) T'ii“1/a  qiep , 1 1o8(%) Tis /a1 iap
Ty = ap 4 | A e g,

Since p € (0, §), the four terms in the right hand side of the above inequality have finite
expectation (use again the density of I';). Reasoning as in the case of Y;3, one gets :

!
lim P ( |Y3| > w =0.
v—=u 2(n—1)

Finally, we have, for j € {1,2, 3},

hmP{]ZYJ]> L _hH=o.

v—Uu 1
Let us now consider, for n > 1, P ({] > YJ {‘YJ|<1}0{1 r; 2}| > ||n}) :

2— 4

o —u"! 1-
(ﬂZy Yviicnngelienl =2 = 1] < 2v-ulTE ZY Livicnngi<ticy!
< 2‘”_u|1inZE|Yij|1{|YJ\<1}m{% <Licoy
i=1 ‘T
< Klo—ult™"

(recall that the constants K used in bounding the series E(|Yij 11

depend on v). Thus b,(v) — 0 when v — u for each n.
In view of using the dominated convergence theorem, we compute (recall that B; = {% <

L <o}y

{17 |<13n{3< 7@2})

bn(v) < P({i" =n})
< P{YiLl>13UBL)
< PVl > 1N Ba) + P(};"_ﬂl < %) + P(};"_*ll > 2).

60



III.2. A Ferguson - Klass - LePage series representation of localisable processes in the
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Forj=1andd>1,

K
———————( sup E( sup |f(t,w, Vs a(w))y1/n
(n—l)l/"+c/2’7(te3(u,a) (weB(u,a)| ( DT

P{|Y, 1] >1}NBy1) <
and if d < 1,

P{|Y,_1| > 1} N B,1) < ( sup E( sup [f(t,w,V1)|*™)).

(n—1)"2 e Blue)  weB(ue)
The same conclusion holds for j = 2, while, for j = 3,

(log(n — 1))%/
(n — 1)1/n+e/2n d=1:

(log(n — 1))

PUNA > 1} 0 Buoy) < K- CP sl

+ K

This finishes the proof m

II1.2 A Ferguson - Klass - LePage series representation of
localisable processes in the o-finite measure space case

When the space E has infinite measure, one cannot use the representation above, since
it is no longer possible to renormalize by m(F). This is a major drawback, since typical
applications we have in mind deal with processes defined on the real line, i.e. F = R and
m is the Lebesgue measure. However, in the o-finite case, one may always perform a change
of measure that allows to reduce to the finite case, as explained in [49], Proposition 3.11.3
(for specific examples of changes of measure, see Section II1.3). In terms of localisability, this
merely translates into adding a natural condition involving both the kernel and the change
of measure :

Theorem IIL.5. Let (E,€,m) be a o-finite measure space. Let v : E — Ry be such that

m(dx) = %x)m(dx) is a probability measure. Let o be a C function defined on R and ranging

in (0,2). Let b be a C function defined on R. Let f(t,u,.) be a family of functions such that,
Jor all (t,u) € R?, f(t,u,.) € Fou)(E,E,m). Let (Ts)i>1 be a sequence of arrival times of a
Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random variables with
distribution m on E, and (v;)i>1 be a sequence of i.i.d. random variables with distribution
P(yi =1) = P(yi = —1) = 1/2. Assume finally that the three sequences (I';)i>1, (Vi)i>1, and
(7i)i>1 are independent. Consider the following random field :

X (6, u) = bu)Cyfi® 3ol () (1w Vo), (IIL6)
=1

where Co, = ([~ 27 sin(x)dac)fl. Assume that X (t,u) (as a process in t) is localisable at u
with exponent h € (0,1) and local form X (t,u). Assume in addition that :
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e (Cs1) The family of functions v — f(t,v,x) is differentiable for all (v,t) in a neigh-
bourhood of u and almost all x in E. The derivatives of f with respect to v are denoted
.

o (Cs3) There exists € > 0 such that :

sup / sup (| £ (t, w,2)|*™)) m(dz) < co. (I11.7)
teB(u,e) J E weB(u,e)

e (Cs4) There exists € > 0 such that :

sup / sup “f(t,w,x) log |f(t,w,x)]|a(w)} m(dzr) < . (IIL.8)
teB(u,e) J E weB(u,e)

e (Cs5) There exists € > 0 such that :

sup / sup [| F(t,w, ) log(r(x))|a(w)] m(dz) < co. (IIL.9)
teB(u,e) J E weB(u,e)

Then Y (t) = X (t,t) is localisable at u with exponent h and local form Y, (t) = X! (t,u).

Remark : from (II1.6), it may seem as though the process Y depends on the particular
change of measure used, i.e. the choice of a specific r. However, this is not case. More precisely,
Proposition II1.12 below shows that the finite dimensional distributions of Y only depend on
m.

Proof

We shall apply Theorem II1.2 to the function g(t, w,z) = r(z)"/*®@) f(t,w, z) on (E, £, m).

e By (Csl), the family of functions v — f(¢,v,z) is differentiable for all (v, %) in a neigh-
bourhood of w and almost all = in E thus v — g(t,v,z) is differentiable too and (C1)
holds.

e Choose £ > 0 such that (Cs4) and (Csb) hold.

[ sw {lottwe)toglg(e, w )] sl
R weB(u,e)

:/r(q:) sup Uf(t,w,a:) log|r(x)1/a(w)f(t,w,x)|‘a(w)] i(dz)
R

weB(u,e)
= [ sw [\f(t,w,x>log|r<x>1/a<w>f<t,w,xw”‘(“’)] m(da).
R weB(u,e)

Expanding the logarithm above and using the inequality |a + b|® < max(1,2°~1)(|a|® +
|b]%), valid for all real numbers a, b and all positive §, one sees that (C4) holds.
e Choose £ > 0 such that (Cs3) and (Csb) hold.

o/ (w)
o?(w)

gt w,2) = r(a) /) (f;<t,w,a:> - 1og<r<x>>f<t,w,x>)
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and
[ swp (ghttw) ) i)
R weB(u,e)
:/ sup fl(t,w,x) — o/ (w) log(r(z)) f(t,w, z) " m(dx).
R weB(u,e) e a2(w) n

The inequality |a + b|° < max(1,2°71)(|a|® 4 |b|°) shows that (C3) holds.
Theorem III.2 allows to conclude m

II1.3 Examples of localisable processes

In this section, we apply the results above and obtain some localisable processes of in-
terest. In particular, we consider “multistable versions” of several classical processes. Similar
multistable extensions were considered in [16], to which the interested reader might refer for
comparison.

We first recall some definitions. In the sequel, M will denote a symmetric a-stable (0 <
a < 2) random measure on R with control measure the Lebesgue measure £. We will write

La(t) = /O M(dz)

for a-stable Lévy motion.
The log-fractional stable motion is defined as

Aa(?) Z/Oo (log(|t — 2|) —log(|z[)) M(dz) (t € R).

—00

This process is well-defined only for o« € (1,2] (the integrand does not belong to F, for
a < 1). Both Lévy motion and log-fractional stable motion are 1/«-self-similar with stationary
increments.

The following process is called linear fractional a-stable motion :

Lapra- (0= [ foa®,07t.0)M(do)
where t € R, H € (0,1), b",b~ € R, and
Jan 67 6, w) =+ (= 2) 7Y% = (=) 1)
+b” ((t — :L")Ij_l/a — (—m)lj_l/a> .
Lo i p+p— is again an sssi process. When bt = b~ = 1, this process is called well-balanced

linear fractional a-stable motion and denoted L, p.
Finally, for A > 0, the stationary process

Y(t) = /too exp(—A(z — 1)) M(dz) (t € R)
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is called reverse Ornstein-Uhlenbeck process.

The localisability of Lévy motion, log-fractional stable motion and linear fractional a-
stable motion simply stems from the fact that they are sssi. The localisability of the reverse
Ornstein-Uhlenbeck process is proved in [15].

We will now define multistable versions of these processes.

For the multistable Lévy motion, we give two versions : one is fitted to the case where
the time parameter varies in a compact interval [0, 7], and one where it spans R.

Theorem III.6 (Symmetric multistable Lévy motion, compact case). Let o : [0,T] — (1,2)
and b : [0,T] —]0,+o0[ be continuously differentiable. Let (I';);>1 be a sequence of arrival
times of a Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random
variables with distribution m(dx), the uniform distribution on [0,T], and (v;)i>1 be a sequence
of i.i.d. random wvariables with distribution P(v; = 1) = P(y; = —1) = 1/2. Assume finally
that the three sequences (I';)i>1, (Vi)i>1, and (7i)i>1 are independent and define

+oo
Y (1) = b(t) O OO N 010 4(v) (e [0,7)). (IT1.10)
=1

Then'Y is 1/a(u)-localisable at any u € (0,T), with local form Y, = b(u)La(y)-
The proof is a simple application of Theorem III.2, and is omitted.

Theorem III.7 (Symmetric multistable Lévy motion, non-compact case). Let a: R — (1,2)
and b : R =10, +00[ be continuously differentiable. Let (I';);>1 be a sequence of arrival times
of a Poisson process with unit arrival time, (V;);>1 be a sequence of i.i.d. random variables
with distribution m(dx) = Z+°°2 Iy ((@)dz on R, and (v;)i>1 be a sequence of i.i.d.
random variables with dzstmbutwn P(yi =1) = P(y; = —1) = 1/2. Assume finally that the
three sequences (I';)i>1, (Vi)i>1, and (vi)i>1 are independent and define

+00 400
Y (1) = b(t)Ca SN i VOO0 (V) (LERy), (ITL.11)

i=1 j=1

Then'Y is 1/ca(u)-localisable at any u € Ry, with local form Yy = b(u)Lay)-

Here and below for the other examples that we consider, we have chosen a specific function
r in order to write an explicit representation of the multistable Levy motion in the non-
compact case. In this example, r(x) = E 1 271 j{(). Section II1.4 entails that the process
does not depends on this specific choice, as long as 1 satisfies the conditions of Theorem III.5.

Proof
We apply Theorem II1.5 with m(dz) = dz, r(x) = > 272, 21 ji(x), f(t,u,x) =1 ()
and the random field

X (t,u) = b(u)Cay o™ Z% Y glaty g (V).
3,j=1
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X(.,u) is the symmetrical o(u)-Lévy motion [49] and is thus ﬁ—localisable with local
form X (., u) = X(.,u).

o (Csl) The family of functions v — f(¢, v, z) is differentiable for all (v,?) in a neighbou-
rhood of u and almost all z in E. The derivatives of f with respect to u vanish.

e (Cs3) f/ =0 so (Cs3) holds.
o (Cs4) f(t,w,z)log|f(t,w,z)| =0 so (Cs4) holds.
o (Csbh)
£ (t, w0, 2) log(r(w))|"™ = Zf ) log(2)* " Lo py-1,51(a)
< log@)cZjdl[o,t]m[j—l,j[(ﬂf)
thus
[t]+1
[ swp [If w0 log(r()|"] do < log(2)" 3 5
R weB(u,e) 7=1

and (Csb) holds m

Theorem III.8 (Log-fractional multistable motion). Let o : R — (1,2) and b: R —]0, +00]
be continuously differentiable. Let (I';)i>1 be a sequence of arrival times of a Poisson pro-
cess with unit arrival time, (V;)i>1 be a sequence of i.i.d. random variables with distribution

m(dx) = +°°j 1—j—jr1upi—15((x)dx on R, and (v;)i>1 be a sequence of i.i.d. random
variables wzth dzstrzbutwn P(y; = 1) = P(y; = —1) = 1/2. Assume finally that the three
sequences (I';)i>1, (Vi)i>1, and (7i)i>1 are independent and define

+oo+

72/
Y (1) = b(t)Cu @SN VO log t— V\—log|V|)3l/a(t G015 poa(Vi) (tER).
=1 j=1

(IIL.12)
Then'Y is 1/c(u)-localisable at any v € R, with Y, = b(u)Ay(w)-

Proof
We apply Theorem IIL.5 with m(dz) = dz, r(z) = %2Z;”;lj21[,j7,j+1[u[j,1yj[(x),
f(t,u,z) =log(|t — z|) — log(|x|) and the random field

2/a(w)

- T /et

X (t,u) = b(u) o™ Z D70 (g |t — Vi — log Vi) o ——
,5=1

L —jr1[opi-1,41(V)-

X (.,u) is the symmetrical a(u)-Log-fractional motion. It is ﬁ—localisable with local
form X, (., u) = b(u) A [49].
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e (Csl) The family of functions v — f(t, v, z) is differentiable for all (v,t) in a neighbou-
rhood of u and almost all  in E. The derivatives of f with respect to u vanish.

e (Cs3) f/, =0so (Cs3) holds.

o (Cs4)

£ (8w, @) log(| £, w, @) )M < |f(tw, )| + | £(t,w, @) log(| £ (£, w, @) DI L plraw ) e}
1 (b w, @) log (1 (£ w, ) DI Ly g < 1y

We shall bound each of the three terms that are added up in the right hand side of the
above inequality. For the first term,

f(tw, )| < sup |f(tw, )4,
wEB(u,e)

For the second term, fix K > 0, § > 0 such that Va > e, |z log(|z|)| < K|z|'*°.

|£(tw,2)log (£ (1w, ) )L sy < KIF(Ew )|,

For the third term, fix Ko > 0, d2 > 0 such that ¢ — d2 > 1 and
Vel < © ol log |z < Kolal*~.
This implies :
[t w, ) dog (1 £ (6w, )DLty < Kol F(E w0, )|,
We have then :

|f(t,w, @) log(|f(t,w,2) )" < sup | f(tw, )" 4 K| f(t w, 2)[ 0
weB(u,e)

+ K| f(t,w, x)| 7%,

For the first term,
£t w, )" = |log(|t — x]) — log(|a])|*™)
t
[log [1 — —[|**)
x

t t
< log |1 — —||+ |log |1 — —|°.
€T x

Then Va > 1, 3K, > 0 such that
/ |f(t,w,x)|%dr < K,|t]. (III.13)
R
The condition (Cs4) is then satisfied thanks to (II1.13).
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e (Csh)
2
£t w,2)log(r(2)|*™) < K| f(tw, 2) log(—-)[*")
+oo
+Ka Y |f(w,2)[*) (log (1) u-1,51(2):
Jj=1

For j large enough (57 > j* where j* does not depend on ¢t w,x),

’f(t?w?x)‘a(w)l[fj,fjJrl[U[jfl,J[( ) < Ks \|f;||c1[fj,fj+1[u[j71,j[(x))' Thus

[f(t,w,2) log(r(2))|*™) < Kol £(t,w,)[*™) +K7Z log(j , ‘c Hjmjraop-141(2).

To conclude, note that

) 1 . i dx
/R (08 T s @)ds = 2o(7)’ /

7j—1 |w’C

, (og(7)’

jC

Theorem III.9 (Linear multistable multifractional motion). Let b: R —]0,+o00[ , a : R —
(0,2) and h : R — (0,1) be continuously differentiable. Let (I';);>1 be a sequence of arrival
times of a Poisson process with um't arriwal time, (Vi)i>1 be a sequence of i.i.d. random
variables with distribution m(dz) = 7r2 Z] T 1_j—j+1ufj—14(x)dx on R, and (vi)i>1 be a
sequence of i.i.d. random variables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume
finally that the three sequences (I';)i>1, (Vi)i>1, and (7vi)i>1 are independent and define for
teR

CY (64 « o 7I'2 2 @
Y () = b(t)C 1/ Z% —1/e (\t Vi | PO 1/alt) |y h0)-1/ (t))(Tj)l/ (t)1[7j’7j+1[u[j71’j[(%).

1,j=1
(IT1.14)

The process Y is h(u)-localisable at all u € R, with Yy, = b(u) Loy n(w) (the well balanced
linear fractional stable motion).

Proof
. 71-2 o0 .
We apply Theorem IIL5 with m(dz) = dz, r(z) = 5372, F2j —iug-10(2),
ft,u,z) = |t — | W-1/aw) _|g)hw)=1/a(w) and the random field
2,2 o0
X(t,u) _ b(u)cl/a(u)(&)l/a(u) Z ’Yiri_l/a(m(|t_vi|h(u)_1/a(u)_H/i|h(u)_1/a(u))1[—j,—j+1[u[j—1,j[(v%)-

a(u) 3 —
Z7j:
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X(.,u) is the (a(u),h(u))-well balanced linear fractional stable motion and it is a(lu)—

localisable with local form X7, (., u) = b(u) Loy heu) [16]-

e (Csl) The family of functions v — f(¢,v,z) is differentiable for all (v,?) in a neighbou-
rhood of u and almost all = in R. The derivatives of f with respect to u read :

o (w)
a?(w)

e (Cs3) First we note (Cs2) the following condition :
There exists € > 0 such that :

fult,w,x) = (W (w) + ) [(log [t — @)t — ") —(log !wl)!wlh(w)’”a(w)} :

sup / sup  (|f(t, w,2)|*™) m(dz) < . (I11.15)
teB(u,e) J E weB(u,e)

In [16], it is shown that, given u € R, one may choose € > 0 small enough and numbers

a,b,h— hy with 0 < a < a(w) <b<2,0<h_ <h(w) <hy <landi-—j<h_ <

a

hy <1— (% —3) such that, for all t and w in U := (u — ,u + ¢) and all real x :
[t w, ), |4t w,2)] < Bt 2) (ITL.16)
where

¢y max{1, [t — z|P-—Vo 4 |zh-—1e}  (|z| <14 2maxeey [t])

II1.17
co|x|h+—1/0-1 (lz] > 14 2maxcr [t]) ( )

ki (t,2) = {

for appropriately chosen constants ¢; and co. The conditions on a, b, h_, hy entail that
supser [|k1(t, -)|lap < 00, where ||k (2, -)[|q,p is defined by (I.13), and (Cs2) hold for k;.
(Cs3) is obtained with (II1.16).

o (Cs4)

|f(t,’LU,$) 10g(’f(tvwvx)‘)’a(w) < |f(t7w7x)|a(w) + ‘f(tv w,x) 10g(|f(t>w)x)’)|a(w)1{\f(t,w,a:)|>e}
LA w,2) og (£t w0, D)L 1y

Since
|f(t,w, @)| < K (t, ) (II1.18)

one gets

k1 (t, x) log (k1 (t, ©)) 14| (tw,2)[>e}
|k1(t, ) log(k1(t, x))|
|1 (¢, ) Log (ki (, ) )| ().

|f(t> w, l‘) 10g(|f(ta w, x)|)|1{\f(t,w,;v)|>e}

VARRVANNVAN

|F(t,w, 2) log(| £ (£, w0, 2))*™ L f w2y >e)
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Fixn>Osuchthat1<n<a+%—ah+and)\>Osuchthat%<)\<1.

IN

K| f(t,w,z) )
K|k (t, ) )

‘f(t7 w, 1’) 10g(’f<t7 w, x)‘)’a(w)l{ﬁ(t,w,a})Ké}

IN

and thus, since k; satisfies the conditions (Cs2) and (Cs4), (Cs4) holds for f.
e (Cs5) For j large enough (5 > j*),

|f (8w, 2)log(r(2))[*™) < Kulky(t, )"

“+o0o
+K> Z ’f(tawa95)|a(w)(1082(J))dl[—j,—j+1[u[j—1,j[($)-
i=*

alw 1
£t w, )L go(e) < s et Hegminoi-1a(®):

Thus

|f(t,w, x)log(r(x)) (W) < K|k (t :I:)] )+ K, Z er(l/l),);ur)l[—i—jJrl[u[j—Lj[(x)-

To conclude, note that

(log(4))* g [? dx
/R|x|a(1+1/bh+)1[—j,—j+1[u[j—1,j[($)dx = 2(log(j)) /j—1|$|“<1+1/bh+)

. (108(j))*
ja(i+1/b=hy)

Theorem III.10 (Multistable reverse Ornstein-Uhlenbeck process). Let A > 0, v : R —
(1,2) and b : R —]0, 400 be continuously differentiable. Let (I';)i>1 be a sequence of arrival
times of a Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random
variables with distribution m(dzx) = Z;r:(xf 27971 —1(@)dz on R, and ()1 be a
sequence of i.i.d. random variables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume
finally that the three sequences (I';)i>1, (Vi)i>1, and (7vi)i>1 are independent and define

Y (1) = b(1) oV ZZ% [T NI o1y (V) (EER).
=1 j=1

(IT1.19)
Then Y is 1/a(u)-localisable at any u € R, with local form Y, = b(u)Lqy)-
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Proof
We apply Theorem IIL5 with m(dz) = dz, r(z) = 372,277 i1 (@),
flt,u,x) = e*A(x*t)l[Hoo) (z) and the random field

X(tu) = bu)CHe) 37 qry VAUt AV oy (V)
ij=1

X (., u) is the symmetrical o (u)-reverse Ornstein-Uhlenbeck process and is ﬁ—locaﬁsable

with local form X,(.,u) = b(u) Loy [15].

e (Csl) The family of functions v — f(¢,v,z) is differentiable for all (v,?) in a neighbou-
rhood of u and almost all x in E. The derivatives of f with respect to u vanish.

e (Cs3) f/, =0so (Cs3) holds.

o (Cs4)

|f(t,w, ) log(| f(t,w, z)[)| ) = AW (g — p)a@eral@)e=0y, | (z)

< max(1, %) max(1, (z — t)d)e_’\c(x_t)l[woo[(x)

as a consequence

/R sup [ f(t,w, 2)log(|f (¢, w,2))*™] do < max(1,A%) ( /Oleww /Oludexcud@

weB(u,e)
< —o00.
° (CS5)
“+o0o
|f(t,w, @) log(r(2)) ) = 3 (j+1)*) log(2)* e @01, | s iiug-1p (@),
j=1

Fix j* large enough such that for all j > j*, 1 {oon((—j—j+1[uli—1,4) (T) = 1j—1,5((7)-
Then

ot (G + 1) og(2)°
| osw [l5twatosr@)] do < YN

weB(u,e)
+00 . j \
+3 GHTos) [ e s
j=5*+1 il
I d c Foo s dy—Acj
1)*log(2 1 J
< Z (] + ))\ Og( ) —|—10g(2)66/\0t(6)\c _ 1) Z (.7 + )? € -
C C
J=1 Jj=j*+1
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We provide now an example of a localisable process where the kernel f is not satisfying
the criteria of [16]. We can state that the process is localisable thanks to Theorem III.2, but
we cannot use Theorem 5.2 of [16] anymore. Indeed, for all open set U C (0,1/e), we will
have ?ucIf) | f(t,u,.)|lc,a = +00 where ¢ = 3161504(1)), d = supa(v) and ||f(t,u,.)|¢q defined by

€

velU
(L13).

Theorem IIL.11. Let o : U := (0, %) = R, a(t) = 1+t. Let (T;)i>1 be a sequence of arrival
times of a Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random
variables with distribution m(dx), the uniform distribution on U, and (7;)i>1 be a sequence
of i.i.d. random wvariables with distribution P(y; = 1) = P(y; = —1) = 1/2. Assume finally

that the three sequences (I';)i>1, (Vi)i>1, and (7i)i>1 are independent and define
+oo

1 _ 1
Y(t)=cleW —— N e® log(Vi) (t€U). (1120
(t) a(t) (26)1/a(t) ;’7 i V;l/a(t)‘ an;|4/O‘(t) [O,t]( ) ( ) ( )
Then'Y is 1/a(u)-localisable at any u € U, with local form Y, = WLQ(U).

Proof
We apply Theorem II1.2 with m(dz) = dz, f(t,u,z) = ml[w] (z) and the
random field

o0

_ /a1 —1/a(w) 1 A
X(t,u) = Ch (2¢)1/a(w) Z;%Fi Y70 1y v/t Lo, (Va)-

X(.,u)is ﬁ—localisable with local form X/ (.,u) = mLa(u).

e (C1) The family of functions v — f(t,v,x) is differentiable for all (v,¢) in a neighbou-
rhood of u and almost all x in E. The derivatives of f with respect to v is

o(w)lnz 160/ (v)In(] Inz|) 1 )
a?(v) - a3(v) z1/o@)|In z|4/a() 0, (%)

e (C3) There exists a positive constant K such that

sup | £ (t,w,2)| ") <

wEB(u,e) .’E‘ 1H$|4

so (C3) holds.
e (C4) We compute

(Imzf® + [In(| nz))| + [ In(| Inz])?) 14 (),

1 Inz 4ln|lnz| a(w)
a(w) _ _ _
|f(t,w,x) log|f(t,w,:6)|| :E|1nl'|4 < a(w) a(w) > 1[0,75](‘7:)?

so there exists a positive constant K such that

K
sup |f(t,w,x)log|f(t,w,x a(w) <
weB(u,s)| ( ) log |/ i z|ln x|t

and (C4) holds m
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II1.4 Finite dimensional distributions

In this section, we compute the finite dimensional distributions of the family of processes
defined in Theorem III.5, and compare the results with the ones in [16].

Proposition IT1.12. With notations as above, let {X(t,u),t,u € R} be as in ([11.6) and

Y (t) = X(t,t). The finite dimensional distributions of the process Y are equal to

i3 0,¥(1)) too m cfetw)
E|ei= = exp —2// sin? ZQ b(t;) o 1/ (t)f(t],t], r)) dy m(dx)

formeN,0=(01,...,0p) € R™ t = (t1,...,t,) € R™.

Proof

. i i 0;Y (t5) )
Let m € N and write ¢¢(f) = E | e 7=} . We proceed as in [49], Theorem 1.4.2.

Let {U;}ien be an i.i.d sequence of uniform random variables on (0,1), independent of the
sequences {7;} and {V;}, and g(¢t,u,z) = b(u)C;{:)(u)r(m)l/a(“)f(t,u,x). For all n € N,

m 1/a(tj) n
Z" _1/at>z7 U)o ) A Z" ( n+1> S o le O g, 15, Vi),
J=1 k=1 k=1

(I11.21)
m
The right-hand side of (III.21) converges almost surely to > 6;Y (¢;) when n tends to infinity
j=1
and thus
Zen 1/a(t;) Z WU, —1/a(t; )g(twtka)
— 1 Jj=
(Z)t(e) ngriloo Ele
i g 6;n =1/ 32 "YkU:/a(tj)g(tj,tj,Vk) ) ] _
Set ¢7(0) =E | e 7=t k=1 . This function may be written as :
ik Z ;W V) o485, 03)

)=E He 7=t

All the sequences {Vt}, {Ux}, {Vi} are i.i.d. As a consequence,

1/a(t;) n

iy1 Z O;n —1/alt >U T g(t;,t5,V1)

GO = e~

We compute now the expectation using conditioning and independence of the sequences
{w}, {Ux} and {Vi}.
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in i 9;n —1/a(tz) s 1/a(t ) 9l V1) i i ejnfl/a(tj)Ulfl/a(tj) (t;,£,V1)

e J= = E[E|e = |U1,V1

= E [ cos( ZGn 1/a(t;) l/a( ) g(tj,t5, V1))

L™ = _a
= E n/o COS(Zij v (tj)g(tjatju‘/l)) dy
j=1

2 n . = t; —1/a(t;
_ 1—/0 E [ sin® (Y Sy Wg(t.t;, V) | dy.

n -
j=1

The function sin? is positive and thus, when n tends to +oo,

n ) 9. ot +o0 ' "9, ol
/0 E sm2(z éy Vet g(t;,t5, V1)) dy—>/0 E sm2(z gjy Veltig(t;, t;, V1)) | dy.
j=1 j=1

To conclude, note that

sin? Z b y /el t],tj,Vl)) :/sm Z y /el g(tj, tj,x)) m(de) m

Comparing with Proposition 8.2, Theorems 9.3, 9.4, 9.5 and 9.6 in [16], it is easy to prove
the following corollary, which shows that the approach based on the series representation and
the one based on sums over Poisson processes yield essentially the same processes :

Corollary III.13. The linear multistable multifractional motion, multistable Lévy motion,
log-fractional multistable motion and multistable reverse Ornstein-Uhlenbeck process defined
in Section II1.3 have the same finite dimensional distributions as the corresponding processes
considered in [16].

III.5 Numerical experiments

We display in this section graphs of synthesized paths of some of the processes defined
above. The idea is just to picture how multistability translates on the behaviour of random
trajectories, and, in the case of linear multistable multifractional motion, to visualize the
effect of both a varying H and a varying «, these two parameters corresponding to two
different notions of irregularity. The synthesis method is described in [15]. Theoretical results
concerning the convergence of this method will be presented elsewhere.
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The two graphs on the first line of Figure III.1 ((a) and (b)) display multistable Lévy
motions, with respectively « increasing linearly from 1.02 to 1.98 (shown in (d)) and « a
sine function ranging in the same interval (shown in (c)). The graph (e) displays an Ornstein-
Uhlenbeck multistable process with same sine « function. A linear multistable multifractional
motion with linearly increasing o and H functions is shown in (f). H increases from 0.2 to
0.8 and « from 1.41 to 1.98 (these two functions are displayed on the right part of the bottom
line). The graph in (g) is again a linear multistable multifractional motion, but with linearly
increasing « and linearly decreasing H. H decreases from 0.8 to 0.2 and « increases from
1.41 to 1.98 (these two functions are displayed on the left part of the bottom line). Finally,
a zoom on the second half of the process in (f) is shown, that allows to appreciate how the
graph becomes smoother as H increases.

In all these graphs, one clearly sees how the variations of « translates in terms of the
“intensity” of jumps. Additionally, in the case of linear multistable multifractional motions,
the interplay between the smoothness governed by H and the stability function « indicate that
such processes may prove useful in various applications such as finance or biomedical signal
modeling. However, the graphs (f) and (g), observed in the range «(t)H(t) < 1, are a little
misleading. In that case, the linear multistable multifractional motion is in fact unbounded
on every interval, which is not apparent on the plots.
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a: Lévy multistable motion b: Lévy multistable motion

0.5 0.5
0 0
0.5 -0.5

0.5 1 1.5 2 0.5 1 1.5 2

X 4 4

c: alpha function of the process in (a),(e) d: alpha function of the process in (b)

2 2
1.5 1.5
1 1

0] 0.5 1 1.5 2 0 0.5 1 1.5 2

4 4

X
e: OrnsteinUhlenbeck multistable process f: linear multistable multifractional motion

1000 20

0 0
-1000

-2000 -20

0.5 1 1.5 2 0.5 1 1.5 2
4 4

X
g: linear multistable multifractional motion zoom on the second half of the process in (f)

e

OORNONA

0 0.5 1 1.5 2 1.2 1.4 1.6 1.8 2
¢ x 10*
alpha and H functions of the process in (g) alpha and H functions of the process in (f)

2 2

; alpha ; alpha |

H‘\ // H

0 0

0 0.5 1 1.5 2 0 0.5 1 1.5 2

x 10 x 10"

Fi1GURE III.1 — Paths of multistable processes. First line : Levy multistable motions with sine
(a) and linear (b) « function. Second line : (c¢) o function for the process in (a), (d) o function
for the process in (b). Third line : (e) multistable Ornstein-Uhlenbeck process with « function
displayed in (c), and (f) linear multistable multifractional motion with linear increasing o and
H functions. Fourth line : (g) linear multistable multifractional motion with linear increasing
« function and linear decreasing H function, and zoom on the second part of the process in
(f). Last line : a and H functions for the process in (g) (left), « and H functions for the
process in (f) (right).

75



CHAPITRE III. REPRESENTATION EN SERIES DE FERGUSON-KLASS-LEPAGE DES
PROCESSUS MULTIFRACTIONNAIRES MULTISTABLES

76



Chapitre 1V

Moments des accroissements et
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Abstract

In this work, we give further results on (multifractional) multistable processes related
to their local structure. We show that, under certain conditions, the incremental moments
display a scaling behaviour, and that the pointwise Holder exponent is, as expected, related to
the local stability index. We compute the precise value of the almost sure Holder exponent in
the case of the multistable Lévy motion, which turns out to reveal an interesting phenomenon.
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The aim of this work is twofold :

1. We show that, for a large class of (multifractional) multistable processes, a precise
estimate for the incremental moments holds. More precisely, we prove in Section IV.1.1
that there exists a natural scaling relation for E[|Y (¢t 4+ ¢) — Y (¢)|"] and € small. This
class includes (multifractional) multistable processes considered in [16,29], in particular
Lévy multistable motions and linear multistable multifractional motions.

2. We then study the pointwise Holder regularity of (multifractional) multistable processes.
For the same class as above, we obtain an almost sure upper bound for this exponent.
In the case of the Lévy multistable motion, we are able to compute its exact value. An
interesting phenomenon occurs : when the functional parameter « is smooth, not sur-
prisingly, the Holder exponent is equal, at each point, almost surely, to the localisability
index. However, when « is smaller than one and sufficiently irregular, the regularity of
the process is governed by the one of « : their Holder exponent coincide. Note that a
uniform statement, i.e. a statement like “almost surely, at each point”, cannot hold true
in general. Indeed, it already fails for the case of a Lévy stable motion. The right frame
in this respect is multifractal analysis, and results in this direction will be presented in
a forthcoming work.

The remainder of this work is organized as follows. Our main results on incremental
moments and upper bound for the pointwise Holder exponents are described in Subsections
IV.1.1 and IV.1.2. Subsection IV.1.3 applies these findings to the linear multistable multifrac-
tional motion. In Subsection IV.1.4, we state the result giving the exact value of the pointwise
Hoélder regularity of the Lévy multistable motion. In Section IV.2, we give intermediate re-
sults, some of which being of independent interest, which are used in the proofs of the main
statements. Section IV.3 gathers technical results followed by the proofs of the statements
related with the incremental moments and upper bounds on the exponents. Section IV.4
contains the computation of the exponent for the multistable Lévy motion. Finally, Section
IV.5 gives a list of the various technical conditions on multistable processes required by our
approach so that their incremental moments and Holder exponents may be estimated.

IV.1 Main results

The two following theorems apply to a diagonal process Y defined from the field X given
by (I.19) or (I1.20). For convenience, the conditions required on X and the function f that
appears in (I.19) and (1.20), denoted (C1), ..., (C15), are gathered in Section IV.5.

IV.1.1 Moments of multistable processes

Theorem IV.1. Let t € R and U be an open interval of R with t € U. Let n € (0,c¢).
Suppose that f satisfies (C1), (C2), (C3) (or (C1), (Cs2), (Cs3), (Cs4) in the o-finite case),
and (C9), and that X verifies (C5) at t. Then, when € tends to 0,

E[Y (t+¢) - Y(0)]"] ~ ™"V (D))
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Proof
See Section IV.3.

Remark : Under the conditions listed in the theorem, Theorems 3.3 and 4.5 of [29] imply
that Y is h(t)—localisable at ¢.

IV.1.2 Pointwise Holder exponent of multistable processes

[Y(t+r) =Y (?)]
[y

Let H; = sup{y : lim = 0} denote the Holder exponent of the (non-

r—0

differentiable) process Y at .

Theorem IV.2 (Upper bound). Suppose that there exists a function h defined on U such
that (C6), (C7), (C8), (C10), (C11), (C12), (C13), (C14) and (C15) holds for some t € U.
Assuming (C1), (C2), (C3), (or (C1), (Cs2), (Cs3), (Cs4) in the o-finite case), one has :

H, < h(t).

Proof
See Section IV.3.

IV.1.3 Example : the linear multistable multifractional motion

In this section, we apply the results above to the “multistable version” of a classical
process known as the linear stable multifractional motion, which is itself a extension of the
linear stable fractional motion, defined as follows (in the sequel, M will always denote a
symmetric a-stable (0 < o < 2) random measure on R with control measure Lebesgue
measure L) :

Lo mptp-(t) = / fa,m (b7, b7, t, )M (dx)
where t € R, H € (0,1), b",b~ € R, and

faut B+, 57 t,2) = b* (t—2){ V" = (=)

+b (=)= (=),

When b™ = b~ = 1, this process is called well-balanced linear fractional a-stable motion
and denoted L, p.

The localisability of the linear fractional a-stable motion simply stems from the fact that
it is 1/a-self-similar with stationary increments [14].

The multistable version of this processes was defined in [15,16]. Its incremental moments
and regularity are described by the following theorems :

Theorem IV.3 (Linear multistable multifractional motion). Let a: R — [¢,d] C (0,2) and
H :R — (0,1) be continuously differentiable. Let (I';)i>1 be a sequence of arrival times of a
Poisson process with unit arrival time, (V;)i>1 be a sequence of i.i.d. random variables with
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distribution m(dx) = % ;r:“fj*21[_j7_j+1[u[j_1,j[(x)dm on R, and (v;)i>1 be a sequence of

i.i.d. random variables with distribution P(vy; = 1) = P(y; = —1) = 1/2. Assume finally that
the three sequences (I';)i>1, (Vi)i>1, and (7;)i>1 are independent and define

1a() = 252 ~1/a(w) Hw)—1 Hw)—1
X(tu) = Coly" D ()L (= Vi Ot —y =1 oo (V)
ij=1

(IV.1)
and the linear multistable multifractional motion

Y(t) = X(t1).

Then for allt € R and n < ¢, when € tends to 0,

21-1T(1 — Z) »
E(IY(t+¢e) =Y ()" ~ —= ' az(t) </ “1 _ x‘H(t)—ﬁ B ,$|H(t)—ﬁ
n Jo w1 sin®(u)du \Jr

Proof
See Section IV.3.

Theorem IV.4. Let Y be the linear multistable multifractional motion defined on R with
H - é a non-negative function. For all t € R, almost surely,

M, < H(t).

Proof
See Section IV.3.

IV.1.4 Example : the Lévy multistable motion

In the case of the Lévy multistable motion, we are able to provide a more precise result,
to the effect that, at each point, the exact almost sure value of the Holder exponent is known.
Let us first recall some definitions. With M again denoting a symmetric a-stable (0 < a < 2)
random measure on R with control measure Lebesgue measure £, we write

Lo(t) = /0 M(d>)

for a-stable Lévy motion.

The localisability of Lévy motion is a consequence of the fact that it is 1/c-self-similar with
stationary increments [14]. Its multistable version and incremental moments are described in
the following theorem :

Theorem IV.5 (Symmetric multistable Lévy motion). Let o : [0,1] — [e,d] C (1,2) be
continuously differentiable. Let (I';);>1 be a sequence of arrival times of a Poisson process with
unit arrival time, (V;);>1 be a sequence of i.i.d. random variables with distribution m(dz) = dz
on [0,1], and (vi)i>1 be a sequence of i.i.d. random variables with distribution P(y; = 1) =
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P(vy; = —1) = 1/2. Assume finally that the three sequences (I';)i>1, (Vi)i>1, and (vi)i>1 are
independent and define

X (t,u) = Cop® Z% “110,9(Vi) (IV.2)

and the symmetric multistable Lévy motion
Y(t) = X(t,¢).
Then for all t € (0,1) and n < ¢, when e tends to 0,

21710 (1 — s
U= a5

1 fo° u= sin® (u)du

E[Y(t+e) - Y(®)"] ~

Proof
See Section IV.3.

Theorem IV.6. Let Y be the symmetric multistable Lévy motion defined on (0,1) with
a:[0,1] = [e,d] € (0,2). For allt € (0,1), almost surely,
1
< —.
0

Proof
See Section IV.3.

Theorem IV.7. Let ue U C (0,1).
1. If 0 < a(u) < 1, almost surely,

H, = min <1,Hfj> ,
a(u)

where Hy, denotes the Holder exponent of a at u, at least when —i—~ 7& He.

2. If 1 < a(u) <2, and « is C', almost surely,

Proof
See Section 1V 4.

Thus, in the case 0 < a(u) < 1, the regularity of the multistable Lévy motion is the
smallest number between —— and the regularity of the function o at u. This is very similar to
the case of the multlfractlonal Brownian motion, where the Holder exponent is the minimum
between the functional parameter h and its regularity [22,23]. We conjecture that the same
result holds even when o > 1.
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IV.2 Intermediate results

Let ¢x denote the characteristic function of the random variable X. We first state the
following almost obvious fact :

Proposition IV.8. Assume that for a given ¢ € R there exists €y > 0 such that

+0o0
sup /
reB(0,e0) JO

where Y is a symmetrical process. Then there exists K > 0 which depends only on ¢t and ¢
such that for all z > 0, and all » € (0, &¢),

dv < 400,

Oy -y (V)
R0

P(Y(t+7)—Y(t)| <)< K%

dv < +oo, then for

If furthermore we suppose that sup,c;; SUDPc B(0,20) f0+o° ’gDY(t+r)_Y(t) (v)
rh(t)
allt € U, for all 7 € (0,20), P(|Y(t+7) - Y(t)| <) < K55
Proof
This is a straightforward consequence of the inversion formula. Let x > 0 and r < &.
Since Y is a symmetrical process, ¢y (;4r)—y () is an even function and

/0+°° OY (t4+r)—Y (t) (%) sin <%> %v

PIV(E+1) - Y()| <2) = ~

T
1 =z +oo
< R SuP / Pyen-ve (v)| dv
Tr r€B(0,e0) J0O #h(®)
< x
S —
= B0

We now consider multistable processes, first in the finite measure space case, and then in
the o-finite measure space case :

Proposition IV.9. Assuming (C1), (C2) and (C3), there exists Ky > 0 such that for all
ueU,veUandz >0,

v —ul

o=l , o —ul v—u
)+ 1 g P )

_d
P(1(0,0) = X (o) > ) < Ko (2004 1og

Proof
See Section IV.3.
In the o-finite space case, a similar property holds :

Proposition IV.10. Assuming (C1), (Cs2), (Cs3) and (Cs4), there exists Ky > 0 such that
forallu e U, v € U and = > 0,

v —ul?

P(X(v,v) — X(v,u)| > z) SKU< o (14 |log

v — ul
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Proof
We shall apply Proposition IV.9 to the function g(t,w,z) = r(z)"/*®) f(t,w,z) on
(E,E,m).
e By (C1), the family of functions v — f(t,v,x) is differentiable for all (v,t) in U? and
almost all z in E thus v — ¢(¢, v, x) is differentiable too i.e (C1) holds for g.
e Choose § > ¢ — 1 such that (Cs2) holds.

sup (|g(t, w, 2)|*™) = r(x) sup (|f (¢, w, )| "),
wey welU

One has

146
() [222 (1f(tw, x)\aw)} in(de)

/ [supug(t,w,:c)rawh]mem) -

welU

=

= /R [Sup(|f(t,w7$)!a(w))]Hé?‘(«%’)&m(dl’)

welU

thus (C2) holds.
e Choose § > ¢ — 1 such that (Cs3) and (Cs4) hold.

gu(tow,) = r(@) O (1 w,@) = 5 5 log(r(@) f (1w, )

and

/ [sup<\g;<t7w7x>|“<w>>] " )

wel

< [ |su ritew) - 252 10g<r(x)>f(t,w,@\awﬂMr@)&m(d@.

welU a? (w)

The inequality |a + b|° < max(1,2°~1)(|a|® 4 [b|°) shows that (C3) holds.
Proposition IV.9 allows to conclude m

Proposition I'V.11. We suppose that there exists a function h defined on U such that (C8),
(C10) and (C14) hold. Assuming (C1), (C6), (C7), (C11), (C12), (C13), (C15), one has :

“+o0o
sup / Oyirn-ve (v)dv < +oo.
reB(0,e) JO h(#)

r

If in addition we suppose (Cu8), (Cul0), (Cull), (Cul2), (Culd) and (Culb), then

400
sup  sup / Pytn-ym (v)dv < 4o0.
tel reB(0,6) Jo G
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Proof
The expression of the characteristic function ¢y u4rm-y@ is given in [29] :
rh(t)
1/a(t+r) 1/a(t)
(v) =exp [ -2 o sin? UCQ(HT) AL - UCa(t) 164,2) dy m(dx)
Prutoym i) = exp - 2h(D) 1 /a(t+7) 2rh(D)y1/a0) Y

For v <1, @yuin v (v) < 1. For v > 1, we fix £ < 2. Lemma (IV.14) entails that there
IO
exists Ky > 0 such that

2
vC’ié:ﬁJ)ﬂ)f(t +rt+r ) UCi{;(t)f(t, t, )
Pricenve (V) S exp | - /R / Ko T QD) /et i) ~ umyian | W midr)

Let

- dy m(dz).

1/a(t+r) 1/a(t) 2
N(o.tor) = ) vCa(tM) ft+rt+rx) UC’a(t) f(t,t, )
s by R J Ky 2rh(t)yl/a(t+r) 2rh(t)yl/a(t)

Using Lemma (IV.15), there exist Ky > 0 and €p > 0 such that for all v > 1,

N(v,t,r) > KUU2+1—dEd(1_%).

The inequality becomes
d 2
Py iy (v) < exp (-KUUHQ(I_E)) 7
rh(t)

and

+o00 o ) ) 2
/ Pyurn-v (v)dv < 1+/ exp (—KU’U +m(1_;)) "
0 1

A
< 400 =

IV.3 Proofs and technical results

Proof of Proposition IV.9
We proceed as in [29]. Note that condition (C2) implies that there exists § > % — 1 such
that :

1+46
sup/ [sup [\f(t,w,w) log]f(t,w,x)Ho‘(w)H m(dr) < . (IV.3)
teU JR LweU

The function u — Coléé:)(u) is a C! function since a(u) ranges in [c, d] C (0,2). We shall denote

a(u) = (m(E))l/a(“)Ciég)(“). The function a is thus also C!. Let (u,v) € U2 We estimate :
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X(v,0) = X (v,u) = > 7i(@i(v) = Bi(w) + Y %i(Wilv) — Ti(u)),
=1 1=1
where
®;(w) = a(w)i ) f(v,w, V)

and
\Ifl(w) _ CL(’LU) (Fi_l/a(w) _ i—l/a(w)) f(U,U% V;)

Thanks to the assumptions on a and f, ®; and V¥, are differentiable and one computes :

@j(w) = o ()i f (0,0, Vi) ta(w)i O (0, w, Vi>+a<w>§;§u“;l log(i)i™!/*1) f (v, w, V7),

and
3

\I’;(w) _ a/(w) (Ffl/a(w) o i—l/a(w)) f(?),w,‘/;) + CL(’U)) (F;l/a(w) . i—l/a(w)) f{v(vvw’ V;)

o (w)
a(w)?

+a(w) (tog(r)ry /) —tog(@)i /) f(v,w, V7).

q)i (v) — (I)z (u)

Consider now the function h; : z = ®;(x) — ®;(u) —
v—u

K; ={x € [u,v] : hj(x) = 0}.
The mean value theorem yields that K; is a non-empty closed set of R. We define then

(z — u), and the set

w; = min Kj;.

\I/Z' (1}) — \I/Z' (u)

Considering the function k; : * — ¥;(z) — ¥;(u) —
v—u

F, = {x € [u,v] : ki(z) = 0}, we define also

(r — u), and the set

T; = min Fj.

Then there exists a sequence of independent measurable random numbers w; € [u,v] (or
[v,u]) and a sequence of measurable random numbers z; € [u,v] (or [v,u]) such that :

X(v,u) — X(v,0) = (u—0) i(z} +Z2+Z) + (u—0) i(Yf +Y24+Y?), (Iv4)
i=1 =1

where
Zt =i (wy )i WD f (v, w3, V),

7} = mia(w;)i ) £l (v, wi, Vi),

3 _ () ) 1oa (110w o Vi
Zz - ’Yla(wz)a(wi)Q 10g(’L>Z f(vv Wi, VYZ)?
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CHAPITRE IV. MOMENTS DES ACCROISSEMENTS ET EXPOSANTS DE HOLDER DES
PROCESSUS MULTIFRACTIONNAIRES MULTISTABLES

Yf = yia (@) (17 V00 =706 f(0, 0, 7).

7

= yiala) (07 V0 =700 £ (0,0, Vi),
o/ (@

Y = yia(a)— e ))2( log(T)T; /) _1og(i)i Ua(%)) F(v, 24, V).

Note that each w; depends on a, f, o, u,v,V;, and each x; depends on a, f, o, u, v, V;,I'; but
not on ;. This remark will be useful in the sequel.

o0 . o0 .
In [29], it is proved that each series Y Z/ and > Y/ , j = 1,2, 3, converges almost surely.
i=1 i=1

o . 700 .
Let x > 0. We consider P <| >zl > x) and P <| Y| > ac) for j =1,2,3.
i=1 i=1
Let n € (0,min(% — 1, £(§ + 1) — 1)). Markov inequality yields

P(\Zzﬂm) < 1>z
=1 =1
1 Sl ) T
< - E Z‘?d(1+77 .
< h(e| e

The random variables Zz-j are independent with mean 0 thus, by Theorem 2 of [57] :

—+o00 —+00
’ ZZZj’d(H-?])] < QZEHZij‘d(H_n)]'
=1 =1

For j =1,
E[|Zi1|d(1+n)} - E[]a’(w,-)|d(1+n)i_m|f(v,wi,Vi)|d(1+n)]
B d(éJrn))
KU alw;
< —+—E sup | f(v, w, V;)|*®)
it (wGB(u,s)| ( )|
7K _ d
< SHE[(C sup [fo,w, V)P4 (Csup [ f(v,w, V)[o0) ()
G | weB(ue) weB(u,e)
< Bu
S i
For j = 2,

2 d(1+7l) ﬁ !/ a(w) 1+77 a w 4 1+77)
E(IZ210] < ZEEN( sup [fu(w,w, VIS4 (sup | fi (o, w, V)[)E
i weB(u,e) weB(u,e)
< Ku
S G
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For j =3,
1o N\d(1+n)
34| 3 (W) ) -y 1081)
E Iz ] = E [ra<wz>a(wi)2| (0, w3, Vi) i
(log )2(+m)
s Ko

+oo .
Finally, sup > E [|Zf|d(l+")} < +o00 thus
velU i=1
(o]
. Ky
j
1=

We consider now P <| > YZJ] > x) for j =1,2,3.
i=1

P(linl”) Sp(mj|2§>+P<!ZYJ|>>.

=1

1
00 . 0 . 1+n
Since P <| Y| > 92”> < i—j <E [| D YiJ|d(1+n)}) ! , we want to apply Theorem 2 of [57]
=2 1=2

again. Let S, = > Yij and write Yf = ’inij . Note that ; is independent of W/ and S;_1.

%
=1

(1) = (L )
= E(E Ym+1 W, +1‘Sm,Wm+1)‘S )
= E(W E(vmt1|Sm, Win41)|Sm )
e (¥

W E(Ym+1)|Sm )

We apply Theorem 2 of [57] with (d(1 + n) < 2),

’ Z }/’ij|d(1+77)] <2 Z E|}/ij‘d(1+n)’
=2 =2

and
1

e . . T 2d & . 1+n
P (‘ ZY;J‘ > $> <P (|Y1J‘ > 5) + E (2ZE’Y;’]|CI(1+77)> .
=2

i=1

For j =1,
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1
F}/a(m)

a(w1)
x o\xr o\ o\xr x
J(AE P<|a’<x1>| @) —1|(1)|f(v,m1,V1)|(1)22a(m>

wEB(u,e)

1 a\x a\w a(T
< P(lrl/a(zl)—ll “0 sup | f(0,w, )T 2 Kya ”)-
1

For z < 1,

1 x 1 a(z1) a(w) d
>2) < - 1 >
P(=3) < P ('ri/“‘“’ 1P sup [f(ww I 2 Ko

IN

P ({ sup | f(v,w,V1)|*™ > Kyad} n{T > 1})
weB(u,e)

1 alx olx alw
+ P {| o) Zqeen) sup (v, w, V1)) > Kpay n{Ty < 1} .
Iy wEB(u,e)

P<{ sup If(v,w,Vl)la(“’)ZKUﬂcd}ﬂ{Tl>1}> < KUE( sup If(v,w,Vl)lo‘(w)>

weB(u,e) weB(u,e)

IN

Let W(v,2) = sup |f(v,w,x)|*™) and F,y; be the distribution of W (v, V4).
weB(u,e)

1 ol
P <{|Flyr}/ @) _ 0@ W v, Vi) > Kya®} 0 {T < 1}> < P (W(U,Vl) > KU:L"dF1>

+oo
= / P (Z > KU.CCdrl) Fv,Vl (dz)
0

_ /;OO (1- e‘ﬁ) Fy v, (d2)

+o0o 2
< —F d
— 0 KUJ:d ’U,Vl( Z)
Ky
xd
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For x > 1,
1
P(MN23) < Pllmagy — 1) sup [f(v,w, W)™ > Kya®
2 Fi/a(xl) wEB(u,e)
P(vi>2) < AU
2 x¢
For i > 2,

d(14n)
E|Yz-l|d(1+77) - E (|a/(xi)|d(1+77)|1“i1/a(mz‘) . i—l/a(mi)|d(1+n) <|f(v,l‘i,‘/;)|a(zi)) a(zin) )

< KyE (i_mW(v, Vi) dﬁiﬁ) ’(%)1/06(961') — 1|d(1+77))

< € ([ W 0] |iye - e gyt~ api )
Ky a 1 /e i

< /LlTnE (W(U, %)14’77 + W(U7 ‘/i)c(l+77)> E <|(Fz)1/ _ 1‘d(1+77) + |(E)1/d . 1d(1+77)> .

Using the fact that n < ¢ and %(1 +n) <1479,

. (W(”’ Vi W (v, Vi)%(lm) = E (W(v, VT 4 W (v, V1)g(l+n)>
KUv

IN

Bl -1 < K+ ()

IN

Ky,

and )
)
E|() V4 — 140 < Ky

As a consequence :

“+o00
sup Z E|}/Zl ’d(1+7]) < Ky
vel i—9

1 1
1
P( g Y; >x> SKU<$c+xd>'
i=1

For j = 2, since the conditions required on (a’, f) are also satisfied by (a, f,), one gets in

a similar fashion
2
P ( ;ZlYi >x> < Ky <xc +$d> .

and
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For j =3,

Pomﬂzﬁ)::P(M@o“@”bynwﬁ“mvwmhm»zx>

a(z)? 2
a(z1)
< p KU’f(U,ﬂ?l,Vﬁ’ > I'y ‘
xe(zn) | log I'y| (1)
Let g(z) = W, for z < 1.

g is a one-to-one increasing function, and for all z < 1 such that z|log z|°‘(°””1) < 1 and

1+ afan) o) < 2,

logz\o‘(xl)
1 a(xl) = Z|
g(z| og 2| ) |10g2+a(xl)log]longo‘(m)

Vv
DN |

thus g~1(%) < z|log z|@),
Fix A > 0 such that for all 0 < z < A, g7'(2) < 2z|log 2 + log 2|*®1) 4.

g 1(2) < Kyz|log z|*(®1),

(K, Mty r,
Let B = {Ky Mg > ey ).

a(z1)
P(B)=P(BN{Ty >1})+P(BN{T1 <1}n{0< KJ““’ZZ(E))' < A}

a(z1)
+P(BN{T < 11N {KUW“’“’(V;))' > A}).
x()f X

Each of these three terms will be treated separately.

a(z1)
e P (B N {Fl > 1}) < P (KU|f(’Ua$17(‘/ll))| |10g1-\1|04(:131) > 1)
rolz

< P (KU su(p )|f(vaw,V1)\a(w)(|10gF1]c 1 logF1|d) > xa(zﬂ) .
weB(u,e

For x > 1,

PBN{I;>1}) < P (KU sup | f(v,w, V1)|*™) (Jlog 'y |° + |log ' |4) > :1:)
wEB(u,e)

K

< o E( sup |f<v,w,v1>|°‘<w>>E(!logr1\c+rlogr1\")
T weB(u,e)
Ky

< =
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For x < 1,

P(BN{T1>1}) < P(KU sup |f(v,w,vl>|°‘<w><llogr1|0+llogr1|d>de)
wEB(u,e)

Ky
xd

VAN

o(z1)
) P<BH{F1<1}0{KU”“““k?N >f”> < P (Kulf(o,z1, Ve = Age(en)
:L-a X
< v, Ko
- ac x

a(zr)
xT

o(z1) Vi a(z1)
= Pl {s(I") <Ky 7w, 21, 11) }m{P1<1}m{0§KU|f(v’xl’ 0l < A}
xo(z1) ro(r)
a(z1)
ax1) a(zy) a(z)
< I, < Ky f(v,z1,V1)| _|_KU|f(v,m1,V1)\ log |f(v, 21, V1)
ro(z1) (1) (1)
ey 1+ log z|a(@1) v,z1, V1)|lo v, 21, V; a(z1)
< p< Kol o, e (IO 1w Vil oglS o, Vo

With W(v,z) = sup [f(v,w,2)|*") and Z(v,2) = sup |f(v,w,z)log|f (v, w,z)[|*"),
wEB(u,e) wEB(u,e)

afz)
P (B N{r <131n{o< KJ“”’”’&&B' < A})
X

1+ |log z|*(=1) Z(v, V;
< P(FngUW(v,Vl)(—H 08 7| )+ Ky @, 1)>
X

po(z1)

1+ |log z|*(=1)
po(z1)

IN

rolz1)

P <F1 < KyW (v, V1)(

og z|*®1)
)) +P (rl < KUZ(U,Vl)(W)) .
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1+ log z|*(=1) 14| log x|© 14| log x|®

Since oD < - . ’

1 1 | 1 d
R e )

zo(z1) zd

1+ |log z|*(=1)
P <F1 < KUW(U,Vl)(—Hng’)>

1+ |logx|° n 1+ |logz|?

< Ky( o i

)7

and

1 4 |log z|*(*1)
T opel)

1 1 c 1 1 d
P (Fl SKUZ(’U,Vl)( —|‘| Og.’E| + —|—‘ 0ga}| )> ‘

x¢ xd

)) < P(F1§KUZ(%V1)(

Denoting Gy, the distribution of Z(v, V1),

1 1 c 1 1 d
P<P1§KUZ(U,V1)( +|(C)gx| i + |log x| )>

T zd

+eo 1+ |logz|® 1+ |logx|?
= /0 (1 —exp(—Ky/( — + p
1+ |logz|® N 1+ |logz|?

x¢ xd

)2))G,v; (dz)

IN

+oo
Ky ( ) /0 2Gy s (dz)

1+ |logz|® 1+ |logxz|?
c + d
X T

IN

Ky (

),

since sup E(Z(v,V1)) < +o0.

veB(u,e)
Finally,
a(z1) 1 1 c 1 1 d
P Bm{Fl<1}m{0§KU|f(”"T1’V1)| < AV) < Ky( +[logz|® 1+ [loga| )
gja(fl) xe xd
and
1+ |logz|® 1+ |logx|?
P ( Y| > {) <K .
Y7l > 5) < Kv(— + )
For ¢ > 2,
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i1d(14n) loo T i
3)d(1+1) [log | ™ (W, vy 1+ W (o, vy 20 ) (|81 Lypatey _gjaaen
PO < Ry BT (W v e w o, ) ) (1REE (et -y
|log 4|4(1+n) log L'y 4 1 /0(as
< K Z\Va(zi) _ qd(1+n)
G |
| log 4|(1+n) logTy i .1/ a1 logT; i
< K Ve _qdQ4n) 28ty 2 1/d _ qd(1+n)
< PR (IR Ve - 1t 4 SE (e -
i1d(14n)
< KU\logz]

¢1+n ’

thus

supz E|Y3]d ) < Ky
vel 75

and

).

P (
i=1

Let us go back to P (| X (v,v) — X (v,u)| > z).

1+ |logz|¢ 1+ |logx|?
) < syt logel" | 1+ logal

P (X (v,v) — X(v,u)| > x)

o0
P (yu—v|Z(Z;+z§+zf+5gl+1f3+n3)y >x>

=1
< P 7> T > yi|> %
: Z( ('Z z|—6|“,)+ (‘Z w—GH\))

\U—u|d lv—u| 4 |lv — ul® |v — ul
< K, — (1 1 1+ |log ——|¢
< wo (Mo ot P2 g

and the proof is complete m

Lemma IV.12. Assume (C11), (C12), (C14), (C15). There exists a function > 0 such that
lim |A(r,t) — ()] = 0,
r—0

where

l/a (t+r) 1/af(t) 2
a(t+r Ca(t)
A(r,t) 7”2h(t) Ji/aH ft+rt+rzx)— J1/a® f(t,t,x)| dy m(dz).

Assuming in addition (Cull), (Cul2), (Cul4d), (Culb), the convergence is uniform on U.
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Proof
o2/ = aty
Let I(t) = Wz—lg(t). Note that condition (C14) implies the following :
e
Ve > 0,3Ky > 0,Vr < ¢, T E—— / |f(t+7rt,x)— f(t,t,2))* m(de) < Ky. (IV.5)
|

The uniform condition (Cul4) 1mphes also that :

dKy > 0,Vv € U,Vu € U, | |1+2 / |f(v,u, z) — f(u,u, x)|2m(d;v) < Kyp.
v—u

(IV.6)
Expanding the square, we can write A(r,t) — [(t) = Ay (r,t) + Aa(r,t) + Ag(r,t) where

1/a(t+r 1/af(t) 2

Aq(r,t) // —odtir) t—l—rt+rac)—ca(t) ft+rt z)| dym(dr)
,,«2h /el ’ ’ y1/a® 14 Y ’

2Cl/a
a(t
Ag(r,t) = 7"2’L((Z / / J17a gl(r t,x,y)g2(r, t, z)dy m(dzx),

and
2/04(15

2
As(r,t r2h // 2/a t) flt+rt,x)— f(t,t,z))" dy m(dx) — (1),
) Clétcit-;—r) Cl{g(t)
Wlth 91(7", t? xz, y) = y?/a(t:-r) f(t+?”, t—|—7“, LIZ‘) - yf/a(t) f(t+7’, t: .CL‘) and 92(7", ta I’) - f(t+T, ta iL') -
f(t,t,z). Since « is continuous, there exists a positive constant Ky (that may change from
line to line) such that

g1(r,t,z,y)g2(r, t, )

2atr0 < ity [ [P i)
3
Ky (r,t,z)
) (// l91(r,t, 2, )| dymd:r) (// 921/a dym(dﬂf)>
< v o ai( [ [ 2Ly i)
— T2h r l/a ym( J;)
1
2 1 11 1 a(t)
< a®) 2 K2 a)
< rht) 1(r, 1) (/!ggrt:p (dm)) ro® 2K2 ot ol
1
< Al(r,t)< /|ft+rtx f(t,t,x)|2m(dx))2
1+2(h(t)— 5h7)
< Ky+/Aq(r,t) with (IV.5).
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Let us show that lim,_,o /A1 (r,t) = 0. The triangle inequality yields /A1 (r,t)) < d1(r, t) +
d2(r, t) + 63(r,t) where

D=

1/at+r 1/a 2|f(t—|—7“ t+r, aj)]
01(r,t) 27“h ( alt+r) a(t) J2/a(trT) dy m(dzx) |
2/a %
! (// o St 2 S ) dy m<dx>> ,

and

1
2

_ ! 2/al(t) 2 1 A
53<r,t>w< [ [ ctiras ) (s = e ) dumide)

Now,

1
|Ci/a(i+7") _ Col/a(t)| - 3 1
Si(rt) < Kyt © L By ( / \f<t+r,t+r,x>\2m<dm>)2-
( R

rh(®) t+r) -1

Since the function u — C’léa)(u) is a C'! function,

[NIES

51 (7“, t)

IN

Kyr' MOt a2 (/ \f(t+7t+r ) m(dx))
R

1 1
Kyr' "OTa@m 72 with (C12)

1,1
< Kyrata e,

IN

Since % + é — hy >0, li_r>r(1)51(r,t) =0.
T

Cl/a(t) 1 K ) % 1
b(rt) < —=0_ (1 (Zy-a / [ttt trz) — f(E+rt,2) 2 m(d)
27"h(t) W—l r R
1
—Ln)-1 2
< Kyrad ( [ 15+ ) - st m(dm)
R
< Kyritaem M0 with (C15)
141 4
S KUT2+d 7L7

thus lim da(r,t) = 0.
r—0
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Cl{c;(t) % 1 1 2 %
a(t 2
53(T, t) S 2Th(t) </]R |f(t + r, t7 .’13)| m(d‘r)> (/K <y1/a(t+r) B yl/a(t)> dy)

Since the function u — a(u) is a C! function, Vn < 1,

1
B ,
5y t) < h(@( / |f<t+r,t,x>|2m<da:>)2KUr%+é-”
R

< Kyr2ta mhe with (C11)

thus lin% d3(r, t) = 0. Finally, lir% VAL (r,t) = 0.
r— r—
Let us now consider the last term Ag(r,t) :

Cn :
M) = = (s [ U+ rtie) = S0 mide) - (1))

thus, with (C14), hH(l) |As(r,t)| =0 =
r—

Lemma IV.13. Assume (C6), (C10), (C12), (C13), (C15), and let :

1 1
A(r,t) =: 1 Cifg(t)KauH)‘W(a(fﬂ) —1) [p ft+rt+r2)f(tt,2)m(dz)
[ —1/a at4r) —A Lo -
rl+2(h(t)—1/a(t)) C(‘iétﬁ? ) 36T~ a0 (ﬁ + ﬁ —1) fg f(t + 7t +7,2)2m(dx)
Then :

lim |A(r,t)| = 0.
r—0
If in addition we suppose (Cul0), (Cul2), (Culb), the convergence is uniform on U.

Proof
Since the function ¢ — a(t) is a C'* function, there exists Ky > 0 such that

o
a(t
a(t+r)

1 1
|[KammEw - 1] < vk, (IV.8)

and
_2 1
a(t+r)

1 1 1

ot T a® T

-1

<rKy. (IV.9)
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Increasing Ky if necessary, we also have, Va > 0,

1
S - 1‘ < rKy. (IV.10)

ralt+r) at)

For the last term, we write

Jo ft+rt+rx)f(t,t, x)m(dx)
Sz ft+r,t+r,x)?m(dx)

—1=A(r,t) + Ag(r,t)

where
1
Aq(r,t) = T FE i+ ra)Pm(d) (/Rf(tJrr,t+r,a:) (f(t,t,x) f(tJrr,t,a:))m(d:C))
and
1
Ag(r,t) = T FE i+ ra)Pm(ds) </Rf(t+r,t+r,x)(f(t—l—r,t,:v)—f(t+r,t+r,x))m(d:v)).

With (C13), we may choose Kp; such that
’Al(r7t)| < KU/ ’f(t +rt+ Tvx)’ |f(t7ta .’IJ) - f(t +,t, l’)‘ m(dx)
R

Let p € (a(t),2) , p > 1 satisfying (C10), and ¢ such that % + % = 1. Hoélder inequality
entails :

1/p

IN

|A1(r,1)] Ky (/R |f(t+r,t+r,:c)|qm(dx)> v </R |f(t,t,z) — f(t+rtx)f m(dw))

IN

1/p
Ky < /R F(t+ 7t 2) — f(t,t,:z:)]pm(da:)> with (C6) and (C12)

1
< KUT%—HZ(t)_W with (C10).

With (C12), (C13) and Cauchy-Schwarz inequality, we select Ky such that

[SIE

‘AQ(n t)’

IN

Ko ( [+t - f(t+r,t,w)!2m(dx)>
R
Kyr with (C15).

N

Finally, since h(t) + % - ﬁ <1,

Jo [t +rt+rx)f(tt,z)m(dx)
Jg ft 47t +r x)?m(dx)

_ 1] < Kyr"®O+5 -5t (IV.11)
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Using the inequalities (IV.7), (IV.8), (IV.9), (IV.10) and (IV.11), we may find a constant K
such that for all a > 0,

1 2 20, 2h()+i-5)
|A(r )| < T1+2(h(t)—1/a(t))KU(r +ret 4 @7).
Choosing a € (h(t) + % — ﬁ, 1), this entails :
3 o(h(t)Ll_ 1
|A(r,t)] < T1+2(h(t)—1/a(t))KUT (h(D+5—at)
< 3Kyrv !

Since 2 —1 >0, lim |[A(r,t)] =0 =
p r—0
Lemma IV.14. Assuming (C1), (C6), (C7), (C8), one has :

1
Ve < g,EIKU < 1 such that Vv > 1,Vr < &,

e Cl/a(t—l—r)

.- L vC,y ) ft+rt+rx) B UC;{S( )f(t,t,a:)
Yy U 2rh(t) y1/alt+r) 2rh(D) 1/ ()
2
1 vci{fﬁj”f(t +rt+rx) vCiég(t)f(t, t,x)
= 9 2rh(D)yl/a(t+r) o 2rh() g1/ (1)
If in addition we suppose (Cu8),
a o/t 1/a(®)
S K o e v [ (Catn SUERIETD 0Cay T4
y=~hu ’ 2rh(t)gy1/alt+r) 27 (t)qy1/a(t)
2
1 ”Cclvffﬁf) flt+rt+ra) vC’iég(t) F(t,t,z)
= 9 2rh(D)y1/a(t+r) o 2rh(t)y1/a(1)
Proof 1/a(t+r) 1/a(t)
. vC T ftrttrm)  wC A f ()
Let € < é. We write g;hgt)yl/a(tﬂ) — 27,,52)1/1/&“) = r1(r,t,v,x,y) + Ka(r, t,v, x,y),
with
o (O Rt ) OO+t )
ki(rt,v,z,y) = ( _ Ze)
y U, U, T, 0 1/a(t+7") yl/a(t)
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and
vClég(t)
ko (r,t,v,z,y) = 2rh(B)y1/a(t) (ft+rtz)— f(t,t,2)).
Using the finite-increments theorem,
v Kulf(t +r,a,2)| Cole | fut +7,0,2)]
[k1(r,t,v,2,y)] < QTh(t)T(a‘elg y1/al@) +sup y1/ala)
1/a(a)
- ]o/(a)] oy Ca(a) lf(t+7 a2)
act | @*(a) y!/eda)

For y > 1, conditions (C6) and (CT7) imply
KU‘f(t + 7, a,x)| < Ky

yl/a(a) - yl/d’
KU]fU(t+r,a,a;)| < KU
yl/a(a) - yl/d’
and /@)
ala
o’ (@)] |, Coltay 1+ 7, 0,2) _ Ku|lny|
2(a) | Iny| y1/ala) =Tyl
Finally,
KUWI*’L(“
[k1(r t,v,z,y)| < T(1+|lny|)
Kyv
< yl/d—a'

Condition (C8) allows to estimate ra(r,t,v,x,y) as follows :

KUU

|I€2(T,t,?],l’,y)| < W

_d
I—ed
r )

Finally, VK > 0, Ve < é,EIKU > 1Vv > 1Vr <egg, Vy > Kyt

Oy f et rz) wCy Y f ()

2D yL/altr) T T oh@yle® | S

Lemma IV.15. Assuming (C6), (C10), (C11), (C12), (C13), (C14), (C15), there exist &g
and Ky > 0 such that Vr < e, Vo > 1

d 2
N(v,t,r) > Kyv*Ta=2),
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where

2
Ottt m) wC Y ()
(v, t,r) / / m(dz).
KU,Ul Ed

oph(t) 1 /olt+r) a 2rh(D)y1/a(t)

If in addition we suppose (Cul0), (Cull), (Cul2), (Cul4), (Culb), the constant Ky does not
depend on t.

Proof
Expanding the square above, we may write

d d
N(v,t,r) = Ar(r, )02 T Ta075w0m) — Ay (r, )0 Taa(-awm ~a®) 4 Ay(r, o> a1 am),

where
C2/a(t+r)(K )1 a(t+T)
Al (T t) _ a(t+r) U
’ 2 142(h(t) = —7t57)
4 (Q(HT) _ 1> r P GT]

Cl/a(t+r)cl/a(t) (KU)lfﬁ* aé)
Ay (7’, t) = a(t+r) a(t)

1 1 42h()— 5 — =
2<W+@_1)T 0

/|f (t+rt+r, x)] m(dz),

/ft—i—r t+rx)f(t,t,z)m(dx),

and

o210 (g

o) (Kv) “am
(1)

a(t)

We obtain

2d(1

d
N(v,t,r) = W ral-am) (Al(r, t)(vi-=d e tfﬁ))z — Ao (r,t)(vi-ed

2d(1 1

a®~anm)) +A3(r,t)>.

Let P(r,t,X) = Ay(r,t) X% — Ay(r,t) X + Az(r,t). Write :

P(r.t, X) = P(r,t, X) — P(r.t, 220 *””“M
17,

A1) )— P(r,t,1)+ P(r,t,1).

Since P( ((T 2)) is the minimum of P,

AQ (7” t)
b 2A1 (7“ t)
Note that P(r,t,1) = N(1,¢,7), thus Lemma (IV.12) entails that there exists a positive

function [ such that 1ir% P(r,t,1) =1(t). For P(r,t, ;Z({ft)))—P(r, t,1), we use Lemma (IV.13).
— )

Plr,t,X) > P(r,t, =221 _ P(r,t,1) + P(r,t,1).

With the same notations,

A2 (T, t)

__1_
,m)—P(r,t,m N e GO N

| P(r,t

< KUA(T7 t)
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thus lim |P(r,t, 2‘212(7"’75)) — P(r,t,1)] = 0. As a consequence, there exist a positive
r—0 1(rt)
constant Ky and €9 > 0 such that for all z € R and r € (0,g9), P(r,t,x) > Ky. We
d 2
obtain N(v,t,r) > v2+1—7€d(1_m)KU for all v € R and r € (0,g9). Since a(t) > ¢,

N(v,t,r) > KUUQJFﬁ(l_%) ]

Proof of Theorem IV.1
Consider

: H Y(t +;)(t)— Y(t)

- (P

Thanks to (C1), (C2), (C3) and (C5), Y is h(t)-localisable at ¢ [29], thus for all z > 0,

p (‘ Y (t +;L)(t)_ Y (t)

n
> x> - P(|Y/()]">=).
We shall make use of Lebesgue dominated convergence theorem.

For z <1, P (’7Y(t+5)_y(t)

eh(®)

n
>x)§1.

For xz > 1,

gh(t) gh(®)

p[|X(ttette)—X(t+et) 't/
1D ~

o <‘ Y(t+e)—Y(t)

">x> _ P(’Y(t+s)—Y(t)’ >x1/77>

IN

X(t+et)—X(t,t)| zl/n
(s xen o)

For the first term, by Proposition IV.9 (or IV.10),

X(t+et+e)—X(t+e,t) zt/n Ky d Ky .
P(’ 2h(t) > 9 = 2/ (1—|—|log3:| )-1-76/17 (1+ |logz|°).
For the second term, let p € (n, a(t)).
— 1/n — p p/n
o(|X(ttet) —X(tt)|_ = _ o (| X ten — X /)
eh(®) 2 ch(®) 2p
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With Markov inequality and (C9),

IA

0 5 mca(t),o(p)pnf(t +e,t,.) — ft,t, -)||Z(t)

_ 1/n P
P(‘X(t—i—s,t) X(t,t)'>q; > 5
2°Co1)0(P)? . p/alt)
W (/R [f(t+et,2) = f(t,t,2)] (t)m(d:p)>
Bpat)

xP/n

IN

)

thus

Y(it+e)-Y(@)|"

P
<\ g

1 N1 o1
> ) < Ky (xd/” <1 + | log x| ) + ey (1+ |logz|®) + W) 1,si+1,<1m

Proof of Theorem IV.2
Let v > h(t) and = > 0.

P(]Y(t+:;—Y(t)! >a:> :P<|Y(t+r)—Y(t)| < w)

Applying Proposition (IV.11), there exists 9 > 0 such that

“+o0o
sup / Oy tn-v (V)dv < +o0.
reB(0,50) J0 @

Thus with Proposition (IV.8), there exists Ky > 0 such that

al Y—h(t)
(I -yl <) < xof
x x
Let r, = =& with n(y—h(t)) > 1. Vz >0, > P (Mﬁ > a:) < 400. Borel Cantelli
n
lemma entails that, almost surely, liI_’I_l w = 4o00. As a consequence, almost
n——+o0o n
surely, lim sup WHM = +o00, and
r—0
Hi < h(t) ]

Proof of Theorem IV.5
We want to apply Theorem (IV.1) with f(t,u,r) = 1jg4(z). Let us show that conditions
(C1), (C2), (C3), (C5) and (C9) are satisfied.
e (C1) The family of functions v — f(t,v,z) is differentiable for all (v,t) in (0,1)? and
almost all z in E. The derivatives of f with respect to u vanish.
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(C2)
|f(t7w7x)’a(w) = 1[0,t] (gj)
thus, for all § > 0, all t € (0,1),

149
/ [ sup (f(t,w,$)|a(w))] de =t
R

we(0,1)

and (C2) holds.
(C3) f/ =0 thus (C3) holds.

e (C5) X (t,u) (as a process in t) is localisable at u with exponent ﬁ e, Hc(n),
with local form X, (¢,u), and u — ﬁ is a C! function (see [29]).

(C9)

1 / 1 t+r
— [ 1ft+nrtz)— ft,t, )" Om(dr) = / s
Fh(t)a(t) R\ ( ) ( | (dz) t

r

thus (C9) holds.
From Theorem (IV.1), we get that

E[[¥ (1 +2) — Y(0)]"] ~ e7TE [/ ()]
Since Y/ (1) is an Sy )(1,0,0) random variable, Property 1.2.17 of [49] allows to conclude m

Proof of Theorem IV.6
We want to apply Theorem (IV.2) with f(t,u,z) = 1 4(7) and h(t) = ﬁ in order to
obtain the inequality. Let us show that the conditions (C6), (C7), (Cu8), (Cul0), (Cull),
(Cul2), (C13), (Culd) and (Culb) are satisfied.
(C6) Obvious.
(C7) Obvious.
(Cu8) Vv € U, Vu € U, Vx € R,

1
"U _ u‘h(u)—l/a(u) ]f(v,u,a:) - f(u7 u?'%')’ = 1[1_“}] (.f)

IN
[t

thus (Cu8) holds.
e (Cul0) Vv e UNu e U,

1 1
_ p —
T L) =t ) = = [ @)
1

v —

thus (Cul0) holds.
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e (Cull)YoveU,VueU,
/ £ (0,5, 2) P m(dz) = v
R

thus (Cull) holds (U = (0,1)).

e (Cul2) For the same reason as (Cull), (Cul2) holds.

e (C13) Since t € (0,1) (in particular ¢ # 0), one can choose U such that inf,epv > 0
thus (C13) holds.

e (Cul4)
1 ) 1
T1+2(h(t)—1/a(t)) /R(f(t—kr,t,x)—f(t,t,a?)) m(dm) = T/R]'[t,t+1”](w)dx
=1

thus (Cul4) holds.
o (Culb)VoeU,VueU,

1
|v_u|2/R]f(v,v,x)—f(v,u,m)Qm(dx) = 0

thus (Cul5) holds m
Proof of Theorem IV.3
We want to apply Theorem (IV.1) with f(¢,u,x) = |t — x]H(u)_ﬁ — |z
show that conditions (C1), (Cs2), (Cs3), (Cs4), (C5) and (C9) are satisfied.
e (C1) The family of functions u — f(t, u,z) is differentiable for all (u,?) in a neighbou-
rhood of tg and almost all = in E. The derivatives of f with respect to u read :

1
Hw -5t . Let us

o (w)

fﬂi(tvwv‘r) = (h/(w) + ag(w)

) [(log [t —z|)|t — x‘h(w)*l/a(w) — (log ’x|)’x|h(w)71/a(w)} '

e (Cs2) In [16], it is shown that, given to € R, one may choose £ > 0 small enough and
numbers a,b,h_,hy with 0 < a < a(w) < b < 2,0 < h— < h(w) < hy < 1 and
sl b <ch.—(E-HH<ho<hy<hi+(E-1)<1—(L-1)such that, for all ¢
and w in U := (ty — ¢,t9 + ¢) and all real x :

|f(t,w, )|, | fr, (6w, 2)| < k() (Iv.12)
where
[ eymax{1,|t — x]h—fl/a -+ ]a:\h—’l/“} (lz] <14+ 2maxey |t])
F(t,z) = { cola 161 (2] > 1+ 2maxey ) OV
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for appropriately chosen constants ¢; and ce. One has, for all § > 0,

/[sup |f(t, w, x)| ) r(z)’dx < /(kl(t,x)“—l—kl(t,x)b) r(z)’dz
R LweU R
< Kg/kl(t, )0+ ()0 da
R

+K5/kl(t,x)b(1+5)r(x)5d:r:.
R

Let us study [g k1 (t,2)P19r(z)%dz, where p=a or p = b.

26 I j+1
/ k1 (t, x)P(lJrS)T(x)zde — 7;76 Z(] + 1)26/ (k1 (t, _x)p(1+5) + ki (t, $)p(1+6))dx
R - ;
j=0 J

+oo
7T26

j+1
= 2 0+Y? / (e (—t, 2P0 4k (2, 2)P 1)) d,
j=0 J

We consider now fjo ki (%t, )PU+0) dz. There exists K, 5 > 0 such that, for all real
such that |z| <14 2maxep [t]

ky (&, )P0 < Kps <1 + |+t — g|pA+O)h-——1/a) 4 ‘$|p(1+5)(h—*1/a)> ,

and for all real = such that |z| > 1+ 2maxey |t],
kl(ﬂ:t,x)P(l—i—é) < Kp5]m|p(1+5)(h+—1/b—1).

Let jo = [1 4+ 2maxey [t])] . For j < jo,

J+1 J+1 J+1
/ Fn(t, 2P de < K, (1 + / |4t — PO =1/a) gy / I O
J J J

Choose ¢ such that p(1+0)(h——1/a) > —1 (we show below that such a ¢ exists). Then

g+l g
/ |+t — 3;|p(1+6)(h_—1/a)dm _ / |u|p(1+6)(h_71/a)du
J tojo1
+ ¢ i[14p(14+6)(h——1/a) Ly (1) (Ao —1/a)

< | j| + | j—1
B 1+ p(1+0)(h- —1/a)
< KU‘t’1+p(1+6)(h,—1/a)|1 _I_j|1+p(1+5)(h,_1/a)
< KU(l +j)1+p(1+6)(h,—1/a)
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where Ky > 0 depends on U and may have changed from line to line. We deduce :

j+1
/a ki (&t 2P0 dy < Kiy(1 4 j1P0+0)(-—1/a)y,
J

For j = jo,
o jo+1
/ k1(it,x)p(1+5)dx < KU‘jO‘l-i-p(l-&-é)(h—1/a)+KU/ ]a:\l’(1+5)(h+—1/b—1)dx
Jo N
< Ky.
For j > jo,
j+1 .
/ k:1(it,m)p(1+6)dg; < KU/ ’x‘p(1+5)(h+,1/b,1)dx
7 J
< KUjP(1+5)(h+fl/b71)'
Finally,
jo—1
SUP/ kl(t,$)p(1+5)r(aj)5dl' < KU 1+ Z j26(1 —|—j1+p(1+5)(h7—1/a))
teU JR =~
+Ky Z j20+p(14+6) (e —1/b=1),
Jj=jo+1

To conclude, we need to show that we may chose § > 2—1 such that p(1+6)(h_—1/a) >
—1 and 26 + p(1 +6)(hy —1/b—1) < —1, for p = a and p = b. We consider several
cases.

3 . 1 1 2
Flrstcase.h_—EZOandh+—5—1§—a.

Let 6 > 2 —1. One has p(1+6)(h— — 1) > 0> —1. We consider 1+ 25+ p(1 + &) (hy —
1/b—1).

2
1420+ p(1+6)(hy —1/b—1) < 1426 — =p(1+6)
a

2
= 1-2L -2
a a

Since 1—%” <0and 1 -2<0,1426+p(1+6)(hy —1/b—1) <0.
Secondcase:h_—%ZOandh+—%—1>—%.

b p—atl-hs
Let (5 S (a — 17%—%—71+h+
p(1+9)(hy —1/b—1).

). One has p(146)(h— — 1) > 0> —1. We consider 1+ 26 +
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Forp=a:
2 1 1 1
14+20+p(1+0)(hy —1/b—1) = a5(g+h+—g—l)+a(h+—g—l+a)
1 1 1 1
= 0.
Forp=1b:
1
14+20+p(1+6)(hy —1/b—1) = b5(5+h+—1)+b(h+—1).
If 3 +hy —1 <0, then b5(3 + hy — 1) + b(hy — 1) < 0. Else
b5(3+h — D +bhy—1) < b%*%“*h*(lwz — 1) +b(hy —1)
bt * 2 L qypb T *
b 1 1 1
- (=P —1-7)
%—%—14—]14_ a b b
< 0.
Thirdcase:h,—%<0andh+—%—1§—%.
Lot g e (5 -1, %tit)
Forp=a:
1
1+p(1+5)(h_—5) = ah_ +d(ah_ —1)
ah_ +% —1
h_ he —1)——b—
> ah_+ (a ) T
a
= ah,—l—l—g—ah,
> 0,
and
2 1 1 1
14+20+p(1+0)(hy —1/b—1) = a5(g+h+—g—l)+a(h+—g—l+a)
1 1
< hy ———1+4-
< alhy b +a)
< -1
< 0.

107



CHAPITRE IV. MOMENTS DES

ACCROISSEMENTS ET EXPOSANTS DE HOLDER DES
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Forp=5b:

1+ p(1+8)(h — %)

and

1+ 26+ p(1+6)(hy —1/b— 1)

: 1 1
Fourth case : h — ; < Oand hy — 3 —1>

1
b(h— — =+ 3) +b5(h_ — ~)
1 l.ah_+%—1
T
1
b(h = —+ ) +b(> =5 —h_)
0,

1
b3(5 + i = 1)+ b(hy — 1)

2 2
b3(>

b a
0.

IN

)+ b(hy — 1)

2

a

b . sah_+9-1 1-L41-p,
Let 6 € (CL 17m1n( 1l—ah_ %_%_1+h+)>.
Forp=a:
1+p(1+5)(h_—a) = ah_+0(ah_ —1)
ah_+ 3 —1
> ah_‘i_(ah_—l)ﬁ
= ah,+1—%—ah,
> 0,
and
2 1 1 1
1 1 1 1
———+1-h hy ———1+4 —
> a(b (1+ +)+CL( + b +CL)
= 0.
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Forp=1b:
1 1 1 1
1+p(1 _-2) = -4 e
+p(1+6)(h a) b(h a+b)+b5(h a)
1 ah_+ % —
> b<h‘_£+5)+b(h‘_£) T
1 1 1
= b(h__5+5)+b(5_5_h‘)
= 0,
and

1
1420+ p(1+8)(hs —1/b=1) = bd(5 +hs —1)+b(hs — 1).

If + +hy —1 <0, then 1425+ p(1+6)(hy —1/b—1) <0, else

1 Ll 1 _hy
b6(= +hy —1)+b(he —1 b(L—a hye —1)+bhe —1
(b++ ) +b(hy —1) < (% %—1+h+)(b++ )+ b(hy —1)
b 1 1 1
= Y he—1-Z=

2
< 0.
e (Cs3) is obtained with (IV.12) for the same reason as in (Cs2).
e (Cs4) For j large enough (5 > j*),
|f (8w, @) log(r(2))[*™) < Kulky(t, ) )

+Ks Z ’f(tawa95)|a(w)(log(j))dl[—j,—j+1[u[j—1,j[(fﬂ)-
i=3*

alw 1
£t w, @)1 augo(e) < Ko e Hegm-1a(®)

(K3 may have changed from line to line). Thus

144
sup (17t ogr@)"®]| @) < Kl @) + K0 (o)’

welU

2 (log(4))*
+K Z |x’a (14+6)(1+1/b— h+)1[ —J,—j+1{Ui— 17][( )

Let § > 2 — 1 be such that (Cs2) holds. Since 2§ + a(1 + §)(hy — 1 — 1) < —1, (Cs4)
holds .
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e (C5) X(t,u) (as a process in t) is localisable at u with exponent H(u) € (h—,hy) C
(0,1), with local form X, (¢,u), and u + H(u) is a C* function (see [29]).
e (C9)

| o 1)
Htt/|f(t+r,t7x)—f(t,t,x)\a(t)m(dw) = /“1_37|H(t) w0 — [2| 1050 |7 da
NIORON A R

o (C9) holds.
From Theorem IV.1, we obtain that

E(lY (t+¢e) =Y (1)) ~™OEY/(1)]7] .

Since Y/(1) is an Sy (0,0, 0) random variable with

1 1
”‘(/W—w! e — | 107e@

Property 1.2.17 of [49] allows to conclude m

Proof of Theorem IV .4 ) )

We want to apply Theorems IV.2 with f(t,u,x) = |t — x|H(u)7W - |x\H(u)7W in order
to obtain the inequality. Let us show that conditions (C6), (C7), (Cu8), (Cul0), (Cull),
(Cul2), (C13), (Cul4d) and (Culb) are satisfied.

(C6) Since H (t) — ﬁ >0, (C6) holds.
e (C7) We also use the fact that H(t) — ﬁ > 0 in order to prove that (C7) holds.
(Cu8) Vv e U, Vu e U, Vx € R,

1 w)—
v.u,@) = flu,uz)| = o |lo— e

1
v — u|HW)-1/a "0 = fu -z

1
|U — u|H(“)*1/O‘(“) |f(

thus (Cu8) holds.
e (Cul0) Vv e UNu e U,

1
PH 0 )

v —u

so (Cul0) holds.
(Cull )Yv e U, YueU,

2
/V”“$ m(dr) = 1mmwwu/M1mﬁwa@—uﬁwa@ da
thus (Cull) holds.
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e (Cul2) For the same reason as (Cull), (Cul2) holds.

. (CI3) T . 142(H(v)— =)
or t # 0, one can choose U such that inf,cpyv @’ > 0 thus (C13)
holds.
e (Cul4)

1 B 2 _ H(t)— a() H(t)_ﬁ2
ey [, Ut~ () midn) = [ (1= ol O a0 g

12
thus, choosing g(t) = [ ‘|1 — x]H(t W — |x]H(t)_W dz, (Cul4) holds.

e (Culb) Vv e U, Vu eU,

1 2 .
S /R F(w,0,2) — £(v, w22 m{de) =

2
[ o= ol — o= oM — o7 o5 [
R

thus (Culb) holds m

IV.4 Proof of Theorem IV.7

Recall the definition of the Lévy Multistable field on [0, 1] :

o)
X(w,) = Oy ST 1y (V).
i=1

To prove Theorem IV.7, we need a series of lemma :
Lemma IV.16. Assume « is C!. Then, for all u € (0, 1), almost surely,

X - X
wp KO = X@wl
vel0,1] v — ul

Proof
In the case of the Lévy multistable field, (IV.4) reads :

+00 +o0 +o0
X(v,v) = X(v,u) = (v—u (ZZl +ZZS’(U)+ZY;1(U)+ZY;3(U)),
i=1 i=1 i=1
where Zil7 ... are defined as above. Let A > 0 and B > 0 be constants such that YVw € U,

, +o0 +oo [2it1-1 +oo
o (w)| < A and |a(w) S| < B. ite 3 Z (v) = 3. ( S Ziw >> =: Y X}(v) and
i=1 j=1

Jj=1 §=27

e too (2 3 53 . P 1 AjV2I
l; Z2(v) = Y, > Z(v) | = J;lXj(v). We consider liminf;{ sup [X;(v)| < QJJ/d }

7=1 =27 vel0,1
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and liminf;{ sup ]Xg( )| < w} Let VO, V@ V@) denote the order sta-

ve(0,1] 2474
tistics of the V; (i.e.V() =minVj, ...). Then :
AjV2i ) AjV2i
{vi%p1]|X (v)| > T9j/d }C UN>1U11, LnE[29,20+1 1] <{\Z’Yla wy; ) N | > 9i/d }

AV =y VO Z v L v = V,N}) .

/27 27 —1/a(w, J
2] ( sup ]X (v)| > A;Jf) < Z Z (2]( (!Zwa wy,) 1/ ( )| A;;;?)

vel0,1] N=11y,. . Iny€[29,20+1 1]

3 (2 (w 9i/d
_ zi |
< > Z v COE <|Z s ey >]\/N>
N=11y,...,Ix€[29,29t1-1] l
27 ‘
(27 —N)_ 2
S Z Z W26 2
N=11y,..Iy€[27,27+1-1]
5 1
_i%
s 203 Zﬁ
N=1
j2
< 277

where we have used the following inequality (Lemma 1.5, chapter 1 in [34]) :

n 2
P <]Zul\ > /\\/ﬁ> < %~ r

i=1
for (u;); independent centered random variables verifying —1 < u; < 1, with u; =

a/(wli) 2j/d -
Vi~ x ety 0d A=

We deduce that P (hm inf; { sup |X]1 (v)] < Ai;ﬁ}) =1.
v€[0,1]
Similarly :

log(2)Bj(j + 1)@) < 20k

P sup |X3(v)| > .
(ve[o,l}‘ 7 ()l 2i/d

and P (hminfj { sup |X3( )| < W}) = 1. We work on the event
vel0,1]

log(2)Bj(j + 1)v27
2j/d

i\/27
lim‘inf{ sup \X (v)] < A;j\/é?}

Nliminf ¢ sup |X3( )| <
J vel0,1]

Alim inf {T"; > 1} .
J ve(0,1] ¢
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There exists Jy € N such that Vj > Jy, sup |X1( )| < AV nd sup |X3( )| <

—= 9j/d
v€e[0,1] vel0,1]
log(2)Bj(j+1)V27
27/d :
2701
<> et S A
and
2701
Blog(7) +1
<> DB S piog U D,
- Z/ d 2)
Jj=0 j=Jo
“+00 —+o00
thus sup |, Z}(v)| < +oc and sup |, Z3(v)| < +oo.
vel0,1] =1 vel0,1] li=1

Fix ig € N such that Vi > 79, I'; > 1.

ZYI ’<AZ 1/c 1/d

le

and

log r; log(i)
3
3o 3 (1950 25D

+oo +oo
—1 o Ty —1/a(x; .
DoV < ANt el

=10 1=1g

“+oo
+A Z |Fi—1/a($i) _ i_l/a(zi)|1{%<l“i§2i}

=10

+o0
FA YT i e g,

=10

—+00 +oo
-1/ T4 —1/a(x; .
24 (Lyar,cgy + L) T AD [T fole) it sar <o

+oo
PRAC

<
1=10 i—io 1=10
=1
< 2AZI{1<F< }+1{F>21} "’chz 1‘7_1|
=10 i= 710
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+oo
> Y@l < B Nog(Tary VT —log(i)i VL g iy

=10 i:io

loczvl —1/a(x
+BZ\log [ og(iyimi/el s ari<on

i=ig

+BZ | log(T" l/a ") log(i)i~ /e i)‘l{Fi>2i}7

=i

+oo o]

| Z Yig(v) < K Z log(i)(1{1<n§%} + 1{F¢>2i})

=10 Z'_iO

~1/a(z; .
+B Z | log(I" S S O A |1{ i (T,<2i}
=19
= log( ) Iy
< KZlog(i 1{1<r< }+1{F >2z})+chZ 5 |—= —1].
- 7d (3
1=10 =10
+00 +00
Finally, sup |Y Y;'(v)| < +o00 and sup |Y Y?(v)| < +oc.
vel0,1] [i=1 vel0,1] [i=1

| X (v,0)—X (v,u)]
[v—ul

As a consequence, sup <+oom

ve(0,1]

Lemma IV.17. For all v € (0,1) and all 5 € (0, —1~), one has, almost surely,

a(u)/?

X(v,u) — X(u,u)
sup < +o0.
ve[0,1] [v — ul"
Proof
JH1_
Let n € (0, T)) m €N, Cj _012 2i 1{V1€[ jzlzjv +j212j]}7
20+1 1 :
D - - S it Ml V) 1L
2m+1 <|v— “|< =27 |U o u|77 J
and D; = ﬁmzoD}n- D; may be written :
2J+1_
Vi)| 1
D. = sup vil —1/0( u) u,v] < =
! ve[0,1] 122:] ’ |v — ul" 2

114



IV.4. Proof of Theorem IV.7

Let us evaluate liminf Cj.

and thus P (liminf; C;) = 1. Now,
. 1 .
P (D]) < F + P(Dj N C])

= lz +P (Umzo(DT”ﬂ Cj))

J
< j12 +ffP(Dmmc)

We consider several cases, depending on the respective values of j and m :
° Ifm>j+log( )logj,

P(DFnc;) =0,

oIfj+10g()logj>m>],

21+l 1
S . 1
P (Djm) < P sup Z Vit 1/a(u)1[u7v}(‘/i) > 2+ 2
2m+1<‘v u|<2m i=2J
. 2
Let Jy € N be such that for all j > Jy, AT RN 277j3+1°g?2>. The event :
29+l 1
{ sup Z %i—l/a(u)l[uw](‘/}) = W}
2m+1<|”U u|< =27 J
is included in the event
: ) 1 11
Uzt (ull, et 211l Zm 1> S N OS AV~ ul € [ 5l -
i=1

1t (= ] € [ el )
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Notice that for j > Jy and N < j, <\ >l Led u)\ > 2(m+1)nj > = 0, and thus

P(D

;-ﬂ)si >

=1

N=jly,...,In€[29,20+1 1]

27
1 l/au 1
= 2(mtN Z _ <‘ > wli | > i j2
N=j l1,...,INE[279,20+1—1]
2/ 27+l 1
< Sgmmw X ey
- m
N=j 11,4..,zNe[[2j,2j+1_1]] i—2i @a(u)
Y ag2(mil)n
J2 i0-5E5) N
< WQ (w) 02].
N=j
27 i YN
2105
N=j
; ji—No(i—m)N
< M 92 at) Z%
N=j :
A2 _j(n——L.)
< 3 T ee@ 2?1 st

e When j >m > 198(7) ' the same computations lead to :

IN

IN

IN

IN

log(2)”
27

N=j2i—m [, Ine[29,20+1 1]
j
2 j422(m+1)77
2(m+1)N
N=j2i—m

i(1——2—
2]( a(u))cé\jf

27
jAg2(m+1)n—2j/a(u) Z
N=j2i-m
I 9@i-m)N

402102J (N—5t7)

D
N=j2i—m

2 T o(j—m)(j29 7™ +1)

(2™ + 1)

9i—N9o(j—m)N
N!

Kj422j(777ﬁ)
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1

1
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. N+1 .
where we have used the estimate > - v % <e m We arrive at :

P(DF) < Kjio¥ira@) 4

j2-m

1 1 oy 1/a(w) 1
S - ) S (I k)
N=1 ll,...,lNG[[Qj,QjWLl—l]] =1

We need to distinguish two cases depending on the value of n. If n < %, fix J; € N such
that for all j > J;, 2/@@ 3 > 21/0 3.7 1f > L fix J; € N such that for all j > J;,
2]'(%7”) > ol/a(w) 33, /5 Then for all n and all j > J;, one has — 21/0t) > 1 and

]3‘ /j2j—m2(m+1)’q
l/au 1 Hatw
(10> din) < P (0 (7)

< 26_J2/2.

>j\/N>

We then get

j2imm

m 462i(N— 50
P(DF) < Kji2M0 <>+Z

2/—N ~No —j2/2
o(m+1)N 2m+1) Cyi2e?/

1 1
< Kjio¥0 a<u>>+2e*32/22 o (- PNl

> 9(m+1)N om+1
N2
< Kj422j(nfﬁ)+2€—j2/2.
e Assume finally that m < ;ggg
. 1 1
Fix J; € N such that for all j > Ja, 9 (Gtm—2) > 21/a(“) i3+t1. Then, for j > Jo, one has
f”\/éii/z% > 1 and computations similar the ones above lead to
2 1 1 N Jo(w) 1
— 21N —1/a(u
P <D;n) < Z 2(m+1)N(1 - 2m+1) Z P <| Z’nili | > 2(m+1)77j2>
N=1 lh,.,ly€e[29,20+1-1] i=1
2 1
_ 2-N 1/ (u)
S > e (I )
N=1 I, v €[29,29+1 1]
< 26_j2/2.
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We thus get that, for j > max(Jy, Ji, J2),

+00 - 4 ) 1
S P(DFncy) < Klog(j) metn ¥ am),
m=0
and thus P (liminf; D;) = 1.
On the event liminf; C; Nliminf; D;, we may fix jo € N such that for all j > jo,

27+l -
vel01] | jv—ul" |~ j?
Pt 1) (Vi)
Since SL[Bpl] 21 ’yii_l/o‘(“)% < 400, we obtain
ve|0, 1=

+o00o
1py,0 (Vi
Zw-—l/a(mw < oo

sup
Let us now deal with
2/+1 1
- (Vi)| 1
E:={ sup »i(T; Va(u) _ ;=1/a(u)y ~[u] < =
’ ve[0,1] 1222] ( ) v —ul" j?
_ 1 _
P (Ej) < F + P(Ej N CJ)
1 o 1
< P2 sup | D (0 it ey, ()| >
J vel0,1] | 55 J
1 ey Ja(u) 1
il —1/a(w) _ —1/a(u) -
= ;2 +P Z ‘(Fi L )‘ > 27m j2(1+n)
i=27
1 2011
in - —1/a(u —1/a(u
< ﬁ+23nj2(1+n) Z E[r; /o) j=1/aw)
i=27
1 20+1 1 .
. ) .
< 2 4 99m 20+ D 2P < §) + P(T; > 2i))
§=2J
2i+1_1
2 1
i=27
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However

~1/a(u) _ 1 | 1 L

E’Fz —1 /a(u)’]‘{%<f‘i<2i} < Zl/a(u)KuE|7_1‘
1
< K
uZ1+o¢(1u)
and
27+l 1
2j7]j2(1+77) Z E|Fl_l/a(“) _ i_l/a(U)|1{i<F-<2i} < Kj2(1+7])2j(77*ﬁ).

1=27 ’

We thus obtain P (liminf; E}) = 1. As a consequence,

+o00 |
sup | S (T V) =1/ L G0

; g | < o0 and finally
vel0,1] li=1

X(v,u) — X(u,u)
|[v — uln

sup ‘<+oo ]

v€E(0,1]

Lemma IV.18. For all u € (0,1), one has almost surely, for all € (0, =%+),

a(u)

|X(Ua u) B X(”a U)|
sup < +o00.
v€[0,1] v — ul"

Proof
Fix v € (0,1). Lemma IV.17 yields that, for all n € (O,ﬁ), we may choose an

X (v,u)—X (u,u)
[v—u|m

2,, having probability one and such that, on €2,, sup < 4o00. Thus, on

ve(0,1]
Q= ﬂjzogﬁ,ga which still has probability one, it holds that, for all n € (O,ﬁ),

27
X (v,u)—X (u,
SUPyelo,1] A ﬁi),um(u Wl < +oo m

Proof of Theorem IV.7

From Theorem IV.6, we already know that H, < ﬁ To prove the reverse inequality,
we treat separately the situations where o < 1 and « > 1.

e Consider first the case 0 < a(u) < 1.
Write :

Y(v) =Y (u) = X(v,v) — X(v,u) + X(v,u) — X(u,u).

By Lemma IV.18, we know that the Holder regularity of v — X (v, u) — X (u, u) at u is almost
surely not smaller than ﬁ Now, by applying the finite increments theorem to the functions

1/tp=1/t

t— C, T, 77, we get
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l/a(v) —1/a(v) 1/a(u)—1/a(u)
X(U7U) ZFYZI[OU] ( a(v) F -C L, )

a(u) 7

_ _ | . Ny ot/etw) 1081 ) po1/aw)
= (a(v) a(u));m[w(m (CP(a(wz)) Colonn a(wi)z)ri :

1t

where, for each i, w; € [u,v] (or [v,u]), and C'P denotes the derivative of the function t — C,
However,

> lo F’L —1/a(w; =
13 i) (Cotatw) - 22 )TV < S
i=1 !

i=1

- V/aw)

7

a(w;) logI';
CPa(w) = Cola 3o

IN

KZ +|logTy)) ( ‘1/C+r‘1/")

Thus the quantity T'(u,v) = Y22 viljo (Vi) (CP(a(wi)) — ¢Mewi) logT ) pL/etws) is, uni-

a(w;)  a(w)? ) "1
formly in v, almost surely finite and not 0. As a consequence, the function v — X (v,v) —
X(v,u) = (a(u) — a(v))T(u,v) has almost surely the same Holder exponent at u as the func-
tion v — a(v) at u. If HE < ﬁ, this entails that Y has exponent HE at w. If HE > ﬁ,
then the exponent of Y at w is at least a(lu) and thus exactly ( ) by Theorem IV.6.
e Assume now that 1 < a(u) < 2.

Let n < ﬁ and J € (n,ﬁ). Then :

Y () =Y (@)] _ [X(v,0) = X(v,u)| [X(v,u) = X(u,u)|
|v — uln - |v — w|m |v — uln

By Lemma IV.18, there exists X > 0 such that Xw=Xwuw| o Kl|v — u[®™", and, by

[o—ul"

Lemma IV.16, there exists K > 0 such that w < Kl|v — u['™". This entails

[v—ul
limvﬁ % =0 and
1
>
= o

IV.5 Assumptions

This section gathers the various conditions required on the considered processes so that our
results hold. For all the assumptions, we shall denote ¢ = inf ey a(v) and d = sup,,c;y a(v).
e (C1) The family of functions v — f(t,v, ) is differentiable for all (v,¢) in U? and almost
all z in E. The derivatives of f with respect to v are denoted by f;.
e (C2) There exists 6 > % — 1 such that :

1+6
s [ [SUP(If(t,w,a:)“(w)) sin(di) < oo

teU JR LweU
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I1V.5. Assumptions

(Cs2) There exists § > g — 1 such that :

1446
aup [ {supuf(t,w,xna“"))} r(2)? m(dz) < oo
teU JR LweU
o (C3) There exists § > g — 1 such that :
146
sup [ [sup (fitw )] o) < o
R

teU welU

(Cs3) There exists § > g — 1 such that :

sup [ [sup<rf;<t,w7x>|a<w>>] 7 (@) m(da) < o0

teU JR LweU

Cs4) There exists § > ¢ — 1 such that :
( c

sup/ [sup [|f(t,w,:c) 10g(r(:ﬂ))|a(w)H e r(z)° m(dz) < oo

teU JR LweU

(C5) X (t,u) (as a process in t) is localisable at u with exponent h(u) € (h—,hy) C (0,1),
with local form X/ (t,u), and u +— h(u) is a C! function .
(C6) There exists Ky > 0 such that Vv € U, Yu € U, Vx € R,

|f(v,u, )| < Ky.
e (C7) There exists Ky > 0 such that Vo € U, Vu € U, Vx € R,

‘f{}(v,u,x)‘ < Ky.

(C8) There exists a function h defined on U, g¢ € (0,1) and Ky > 0 such that Vr < o,
Vx € R,

1
mﬁ(t—i‘ﬂt,@ — f(t,t,z)| < Ky.

(Cu8) There exists a function h defined on U and Ky > 0 such that Vv € U, Vu € U,
Vr € R,

1
|U — u’h(u)—l/a(u) \f(v, U7$) - f(u7u7x)| < Ky.

e (C9) There exists a function h defined on U, g9 > 0 and Ky > 0 such that Vr < &,

1
W/R\f(ﬂrnt,x)—fttx)\a m(dz) < Ky .

(C10) There exists a function h defined on U and p € (a(t),2), p > 1, such that for all
€ > 0, there exists Ky > 0 such that, Vr <e¢,

/|f (t+rtz)— f(t,t,x)P m(dr) < Ky.

1+p(h(t
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PROCESSUS MULTIFRACTIONNAIRES MULTISTABLES

e (Cul0) There exists a function h defined on U, p € (d,2), p > 1 and Ky > 0 such that
Yve UNu e U,

1
T p(h(u)— i)

/R F,u,2) — F(u,u, 2)[ m(de) < Ko,

v = ul

e (Cl11) Ve > 0, 3Ky > 0 such that, Vr < ¢,
/R\f(t trt,2)m(dr) < Ky.

e (Cull) There exists Ky > 0 such that Vv € U, Yu € U,

[Vt ) mido) < K.
e (C12) Ve > 0, 3Ky > 0 such that Vr < ¢,

/R |f(t+7,t+r2)° m(dz) < Ky.

e (Cul2) There exists Ky > 0 such that Vv € U,

[ 1) mida) < Ko
o (C13)

inf /Rf(v,v,x)Qm(dx) > 0.

velU

e (C14) There exists a function h and a positive function g defined on U such that

1
li sy [, (ot = £t .2) m) = ().

e (Cul4) There exists a function h and a positive function g defined on U such that

1
rHQ(h(t)1/a(t))/R(f(t+r,t,:v)—f(t,t,x))2m(d:c)—g(t) = 0.

lim sup
r—0 teU

e (C15) Ve > 0, 3Ky > 0 such that Vr < ¢,
1
|7,‘2/ F(t+rt+ra) — f(t 4+t @) m(dr) < Kp.
R
e (Culb) 3Ky > 0 such that, Vo € U, Yu € U,

wluy? /R [F(v,0,2) = f(v,u,2) m(dz) < Ky,
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Abstract

In this work, we give two estimators of the stability and the localisability functions, and
we prove the consistency of those two estimators. We illustrate these convergences with two
classical examples, the Levy multistable process and the Linear Multifractional Multistable
Motion.

123



CHAPITRE V. ESTIMATION DE LA FONCTION DE STABILITE ET DE LA FONCTION DE
LOCALISABILITE DES PROCESSUS MULTISTABLES

V.1 Construction of the estimators

Let Y be a multistable process defined in (I.21). The estimation of the localisability
function and the stability function is based on the increments (Y, n) of Y. Define the sequence

(Yi N)kez Nen by
k+1 k
Yin = Y(E ) v (.

Let typ € R fixed. We introduce an estimator of H(tp) with

1 [Nto]+ 2 1
Hy(t)) = ———— log |Y;
k=[Nto]— M)

where (n(N))yen is a sequence taking even integer values. We expect the sequence (Hy (to))n
to converge to H(tp) thanks to the localisability of the process Y. For the integers k and N

such that % is close to tq, is asymptotically distributed as Y; (1). We have then

k,N
(& )H (o)
log |Y; Z
_()lg()’sgllc{f]\f‘ = H(tg)+ log% where (Zy, n)r,n converge weakly to —log [Y; (1)| when N tends
to infinity and N tends to tg. We regulate the sequence (Zj n) near ty using the mean

[Nto]+ M) 1

n&\,) > Zy, N and we can expect this sum will be bounded in the L" spaces to obtain
k=[Nto] -2

the convergence with a rate

1
log N

. The convergence is proved in Theorem V.1.

Let pp € (0,2) and v € (0,1). With the increments of the process, we define the empirical
moments Sy (p) by

1
[Nt0]+"(21V)_1 D
k=[Nto)— ")
Let
_ Sn(po) _ (E|Z]po)!/o
Rexp(p) = S () and Rq(p) = Wlpm
where Z is a standard symmetric a-stable random variable (written Z ~ S,(1,0,0) as in [49]),
ieE|zpp = 2 T0=5

pf0+°° u=P~Llsin?(u)du

1/
Consider the set Ay =: argmin (prO | Rexp(p) — Ra(p)\vdp> " Since the function o —
a€(0,2]

1/~
2
( [ |Rexp(p) — Ra(p)ﬂdp) is a continuous function, Ay is a non empty closed set. We
Po

124



V.2. Main results

define then an estimator of a(tg) by

an(tp) = min <arg min (/2 | Rexp(p) — Ra(p)]"ydp> 1/V> .

0[6[072] Po

Under the conditions of Theorem V.2, Y is H(to)-localisable and Yy (1) ~ S, (1,0,0) so
Ve, [P
(%)PH (to)
(E]Kf’o(l)]p)l/ P in probability, which is the result of Theorem V.2. Without more conditions,
prO |Rexp(p) — Ra(p)|7dp tends to fp20 |Rato)(p) — Ra(p)[Ydp . Naturally, a(to) is the only
solution of arg min (g o fp20 | Rato)(P) — Ra(p)|"dp and this leads to the definition of ay (o).

The convergence is proved in Theorem V.3.

converge weakly to [V (1)]” and with a meaning effect, N (t0)Sn(p) tends to

V.2 Main results

The three following theorems apply to a diagonal process Y defined from the field X given
by (I.20). For convenience, the conditions required on X and the function f that appears
in (I.20), denoted (C1), ..., (C14), are gathered in Section V.5. Theorem V.1 lead to the
convergence in the L" spaces of the estimator of the localisability function H, while the two
Theorems V.2 and V.3 draw to the convergence of the estimator of the stability function a.

V.2.1 Approximation of the localisability function

Theorem V.1. Let Y a multistable process. Assume the conditions (C1), (C2), (C3) (or
(C1), (Cs2), (Cs3) and (Cs4) in the o-finite space case), and that there exists a function H
such that (C5)-(C14) hold. Assume in addition that lim —N— = +oo.

N—+400
Then, for all to € U and all v > 0,

lim E|An(to) — H(to)| = 0.
ylim E|H(to) ~ Hto)| =0
Proof

See Section V .4.

Remark : Under the conditions (C1), (C2), (C3) and (C5) listed in the theorem, Theo-
rems 3.3 and 4.5 of [29] imply that Y is H (tg)—localisable at tg.

V.2.2 Approximation of the stability function

We first give conditions for the convergence in probability of Sy (p) in Theorem V.2, which
is useful to establish the consistency of the estimator ay(to).

Theorem V.2. Let Y a multistable process. Assume the conditions (C1), (C2), (C3) (or
(C1), (Cs2), (Cs3) and (Cs4) in the o-finite space case). Assume in addition that :
o Nlim n(N) = +oo.
—+00
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CHAPITRE V. ESTIMATION DE LA FONCTION DE STABILITE ET DE LA FONCTION DE
LOCALISABILITE DES PROCESSUS MULTISTABLES

. N _
* N A = oo
o The process X(.,tg) is H(ty)-self-similar with stationary increments and H(tg) < 1.

o (C*) There exists e > 0 and jo € N such that for all j > jo,

a(tg)
/ |ho,to () hjto ()] 2
E

where hj(x) = f(j + 1L,u,z) — f(j,u,x).

a(tg)
o Jim fplhoa (@) (@) 72 m(de) =

Then, for all p € [po, a(to)),

m(dz) < (1= el 20,

NHOSx(p) — (E|ZIP)Y
—+00

where the convergence is in probability and Z ~ Suy)(1,0,0).

Proof
See Section V .4.

Theorem V.3. Let Y a multistable process. Assume the conditions of Theorem V.2, then,
for allty e U and r > 0,

Nliril E ‘OéN(to) — Oé(t())‘ = 0.

Proof
See Section V.4.

V.3 Examples and simulations

In this section, we consider the “multistable versions” of some classical processes : the
a-stable Lévy motion and the Linear Fractional Stable Motion.

We first recall some definitions. In the sequel, M will denote a symmetric a-stable (0 <
a < 2) random measure on R with control measure Lebesgue measure £. We will write

)= [ M)

for a-stable Lévy motion, and we will use the Ferguson-Klass-LePage representation,
Vt € (0,1), Luf CI/QZ% 1[0t] Vi).
The following process is called linear fractional a-stable motion :
[e.9]
Lasior )= [ fan(bb t,2)M(ds)
—0o0
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V.3. Examples and simulations

where t € R, H € (0,1), b",b~ € R, and
faut B+, 57 t,2) = b* (t=2){ 7" = (=) Y?)

1o (=)= (=)

When b+ = b~ = 1, this process is called well-balanced linear fractional a-stable motion
and denoted Lq .

The localisability of Lévy motion and linear fractional a-stable motion simply stems from
the fact that they are 1/a-self-similar with stationary increments [14].

We now apply our results to the multistable versions of these processes, that were defined
in [15,16].

V.3.1 Symmetric multistable Lévy motion

Let a : [0,1] — [c,d] C (1,2) be continuously differentiable. Define
1/a(u —1/a(u
X(t,u) = Ca{u)( PNy 1 (Vi) (V.1)
i=1

and the symmetric multistable Lévy motion

Y(t) = X(t,1).
Proposition V.4. If lim n(N)=+occ and lim —H= = +oo, then for all 7 > 0,
N——+o0 N—+oo n(N)
A 1 "
li E|Hy(tg) — ——| =0and [ E|an(to) — a(ty)|” = 0.
Jm ’ ~(to) alto) and | lim Eldy(to) — a(to)]
Proof
We know from [30] that all the conditions (C1)-(C14) are satisfied. We deduce from
~ T
Theorem V.1 that lim E ’HN(tO) — %‘ = 0. Since the process X (.,%p) is a Lévy motion
N—+o00 a(to)

a(tp)-stable, X (., tp) is ﬁ—self—similar with stationary increments [49]. We then prove that
the condition (C*) is satisfied.
hjgo(2) = 1pj 5411 (2)

so for 7 > 1,
a(tg)

[ Thosy @b (@) o = 0.
R

We conclude with Theorem V.3 m

We display on Figure V.1 some examples of estimations for various functions «, the
function H satisfying the relation H(t) = ﬁ The trajectories have been simulated using
the field (V.1). For each v € (0,1), X (.,u) is a a(u)-stable Lévy Motion. It is then an a(u)-
stable process with independent increments. We have generated these increments using the
RSTAB program available in [53] or in [49], and then taken the diagonal X (t,1).
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Estimation of aoha Estimation of H
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a(t) =198 - —— H(t) =
1 4 exp(20 — 40t) 1.02 + 1.98 exp(20 — 40t)
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2 . Ty il
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o o1 oz 05 o4 05 05 07 05 05 1 o o1 oz 03 o4 05 05 07 o5 08 1 s 01 oz 05 o4 05 86 07 05 05 1
. 1
a(t) = 1.5 — 0.48 sin(27t) H(t) =

1.5 — 0.48 sin(27t)

FIGURE V.1 — Trajectories on (O,}) with N = 20000 points, n(N) = 2042 points for the
estimator &, and n(N) = 500 for H. o and & are represented in the first column, H and H
in the second column, and in the last column, we have drawn the product &H.

Each function is pretty well-evaluated. We are able to recreate with the estimators the
shape of the functions, see for instance Figure V.1. However, for many other examples of
functions not displayed here, we notice a significant bias in the estimation of H. It seems
to decrease when H is getting values close to 1. We observe this phenomenon with most
trajectories, while the estimator & seems to be unbiased. We have displayed the product aH
in order to show the link between the estimators. We actually find again the asymtpotic
relationship H(t) = %ﬂ

We observe on Figure V.2 an evolution of the variance in the estimation of «. It seems
to increase when the function « is decreasing, and we conjecture that the variance at the
point tg depends on the value a(tp) in this way. In fact, the increments Yj, y are asymptoti-
cally distributed as an «(tp)-stable variable, so we expect that Sy and Rex, have a variance
increasing when « is decreasing.

We have increased the resolution on Figure V.3, taking more points for the discretization.
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g 1
0 01 02 03 04 05 06 07 08 03 ! 0 01 02 03 04 05 06 07 08 03 ! 0 01 02 03 04 05 06 07 08 03 !

FIGURE V.2 — Trajectory of a Levy process with a(t) = 1.5+0.48 sin(2t) in figure a), and the
corresponding estimation of « in figure b) with n(/N) = 2042. The figure ¢) represents various
estimations of a for the same function a(t) = 1.5 + 0.48 sin(27t), with different trajectories.

o 01 02z 03 04 05 06 07 08 08 1 0 01 02 03 04 05 06 07 08 08 1
d) e)

FIGURE V.3 — Trajectory with N = 200000 in figure d), and the estimation with n(N) = 3546
in figure e).

The distance observed on Figure V.2.b for a near 1 is then corrected.
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V.3.2 Linear multistable multifractional motion

Let a: R — [e,d] C (0,2) and H : R — (0, 1) be continuously differentiable. Define

X(t,u) = Ccly{j)(u BIZC Z iy VO (= HOD =1 ) |y HOO=1 ey sy (Vi)
3,j=1
(V.2)
and the linear multistable multifractional motion
Y(t) = X(t,1).
Proposition V.5. Assume that H — é is a non-negative function, NlirJIrl n(N) = 400 and
—+00
. N _
Nl—lg—loo "N = 400. Then for all » > 0,
N T
I E‘Ht—Ht‘: d lim Elan(to) — a(te)]” = 0.
N ~(to) (to)] =0 an N [an (to) — a(to)]" =0
Proof

We know from [30] that all the conditions (C1)-(C14) are satisfied. We deduce from Theo-
rem V.1 that Nlil}: E ’fIN(tO) — H(tp)| = 0. Since the process X(.,to) is a (H (o), a(to)) li-
—+00

near fractional stable motion, X (., o) is H (to)-self-similar with stationary increments [49]. We
1 1
write hj¢, (z) = g(j — ) with g(u) = |1 —|—u]H(t°)_a(to> — |u|H(t0)_a(t0) so with Proposition 2.2
( )
of [43], the condition (C*) is satisfied. Let us show that 'liﬂr} Sz [ho,to (@) hjgo ()| 2 Cdr =0
J—+o0

and conclude with Theorem V.3.
Let € > 0. Let ¢y > 0 such that [ |hos(z)|®t0)dz < §. Since Vo € [—cp,col,

|z|>co
a(tg)
Hm  |hogto (2) e ()] * = 0 and (hjt(2)); is uniformly borned on [—cy, o],
Jj—+oo
] [hosy @)hi ()| 5" dz = 0
im 0,0 () jt (T r=0 m
j—+oo |lz|<co fo 7:to

We show on Figure V.4 some paths of Lmmm, with the two corresponding estimations
of & and H. To simulate the trajectories, we have used the field (V.2). All the increments of
X(.,u) are (H(u), a(u))-linear fractional stable motions, generated using the LFSN program
of [53]. After we have taken the diagonal process X (t,1).

These estimates are overall further than the estimates in the case of the Levy process,
because of greater correlations between the increments of the process. However, the estimation
of H does not seem to be disturbed by those correlations. The shape of the function H is kept.
For a, we notice some disruptions when the function is close to 1. We finally show an example
where the estimation of « is not good enough in the last line of Figure V.4. The trajectory,
Figure V.4.a), seems to have a big jump, which leads to decrease the estimator &, represented
on Figure V.4.b), while the jump is taken account in the n(N) points. The estimation of H,
represented on Figure V.4.c), does not seem to be affected by this phenomenon.
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FIGURE V.4 — Trajectories with N = 20000 in the first column, the estimations of o with
n(N) = 3000 points in the second column, and in the last one, the estimations of H with
n(N) = 500 points. 131
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V.4 Proofs

Proof of Theorem V.1
Note that it is sufficient to prove the result of Theorem V.1 for r > 1 since the convergence

in LP implies the convergence in L? for all ¢ < p. Let » > 1. Let H satisfying the condition
(C5). We write

X 1 Ntk 2571 Yi N
Hy(to) — H(ty) = TN Iog N Z log 7(%)1’{@0)
k=[Nto]— V)
o N [Nt0]+"2(]1\\7’) og Y([N}t\};rl) _ Y([LNt]) o
n(N)log N JNta] _n(N) (&) (to) ’
Let dn(dt) = o )1{[Nt0] w2 [Nl (N)}dt and fy(t) = log Y(%));;(%)
N 2N N

Since fol on(dt) =1, we obtain

. 1 1 1
(o) = Hlto) =~ | A0w(an + [ (10 = 1) b (ar).

Then, there exists a constant K, € R depending on r such that

E (| (to) — H(to)"| < K £ (1 Ixttovianr) i | [ ) - o) oxan)|
(1A (to) — H(to)'] < K, g NT + r/o( (t) — H(to)) dx(dt)
H is continuously differentiable and lim -~ = +00 so

N%+oon(N)

1
lim (H(t) — H(ty)) on(dt) = 0.
N—+oo Jo
To conclude, it is sufficient to show that there exists a constant K € R depending on ¢y and
r such that for all N € N, E (\ fo fn(t) 6N(dt)|7"> < K. Let U an open interval satisfying
all the conditions (C1)-(C14), and ¢, € U. We can fix Ng € N and V C U an open
interval depending on ty such that for all N > Ny and all ¢t € V, [N}f\],ﬂ e U, % € U and
fo In(t)on(dt) = [, fn(t)dn(dt). With the Jensen inequality,

e (1 [ atovtanr) < [ Elsvioroan.

—+00

We consider E|fx(t)]" = [ P(|fn(t)]" > z)da.
0
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—+00

Elfn ()T = / p

/

“+o00

In(t) > ml/’"> dx + / [ (fN(t) < —xl/r> dx

SO

E[fn()]" < In(t) + X () + I3 (2)

with
+00

QNH()

o= [ P(\Y(Wt}V“)—Y(t)\ 2/) .

0

1%(t) = / P (‘Y(WNt]) —Y(t)' > eml/> da

and
—+o00

QN H(t)

gl
1, (1) = / p (‘Y([th]v+ S _Y([%t])‘ < ;H(t)> dr.

0
We consider first I} (t).

“+oo

N

21/T
IL(t) < /P(‘X([Nt]]\f+17[Nt]+1)_X([Nt]+1’t)’> e )dx

0
—+00

+ 0/ P(’X(

[Nt] + 1

zl/r
N ,t) —X(t,t)’ > > dx.
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With the conditions (C1), (C2) and (C3) (or (C1), (Cs2), (Cs3) and (Cs4) in the o-finite
space case) we can apply Proposition 4.9 or 4.10 of [30] : there exists Ky > 0 such that for
all (u,v) € U? and x > 0,

v —ul? v —ul 4 Jv—ul [v — ul
P(X - X < K 71 log 1 log ——|°
(| X (v,v) (v,u)| > x) < U( o (1+ | . ) + pr (1+|log . 1)

(V.3)
so there exists Ky > 0 such that for all N > Ny and all t € V,
[Nt]+1 [Nt]+1 [Nt] + 1 et
—x(EETC >
P ('X( N ' N ) - X( N )| 2 ANH®)
(log N)© zo/T
< K K
=2U (Nc(l—H(t))ecazl/T' T AU Nec(1—H (1)) gext/T
(log N)4 x/
+Ky <Nd(1—H(t))edac1/"' + Ky NAO—H(®)) gda'/7 |
Since H; < 1, we conclude that
i [N#] +1 [N#] 4+ 1 [N#] + 1 e
li Pl IX( - X(——— > =0.
Nirfoo/f;l}} <‘ I A v t)’ = 4NH(t)>dx 0
0
With the same arguments,
N (Nt [NY] VY] e
NI %)P(‘X NN Xy ’t)‘_z;NH(t))d”f:O (V.4)
0

Let n < ¢. The Markov inequality gives

INY] + 1 z/r 4N N (t) N 1
(‘X ﬁjt) X(t, t)‘ © ) < — E [|X([t]+,t) - X(MW}
e X

N 4NH@)

and Property 1.2.17 of [49]

n/et)
e |IX A0 = x(0r]| = caoln ( [0 o) = st O mian))

With the condition (C9), there exists K > 0 such that for all N > Ny and allt € V,

+oo 1/r
[Nt]+1 et
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Finally, there exists K > 0 such that for all N > Ny and all t € V,
IL(t) < K.

Using the equation (V.4) and the condition (C9), we obtain that there exists K > 0 such
that for all N > Ny and allt € V,

1% (t) < K.
Thanks to the conditions (C1), (C6), (C7), (C8), (C10), (C11), (C12), (C13) and (C14),
we conclude for I3;(t) using Proposition 4.11 and 4.8 of [30] : there exists K > 0 such that
forall N > Ngand allt € V,

[Nt] +1 [Nt].|  e®" e ey
P(‘Y( N YR < yEw | S Eyme N T

so there exists K > 0 such that for all N > Ny and allt €V,

It <K =
Proof of Theorem V.2
Let p € [po, a(to)). We define
[Nto]+ 22X _q
NPH(to) : E4+1 k+1 E+1 P
An(p) = (V) Z X(TaT)—X(T,tO) ;
k=[Nto]— )
Nl VT N
k=[Nto]— )
and -
[Nt0]+n —
NPH(to) : k41 N
k=[Nto] -2

We have, for p <1,
P (1N SE (p) ~ E|2P| > )

IA

P(INO 5 ()~ On ()| = ) + P (EIZIP - On(p)] = 5)

P(IEIZP ~ x| 2 5) +P (A + Bx(p) = 5)

IA

and for p > 1,

P(INT®) Sx(p) — (E|Z|)?| > 2) < P (]NH(tO)SN(p) ~Ck(p)] > ‘2)

+ (Ck0) - E12P)7 = )

Y

)

< P(IE1ZP)? - R 2 5 ) +P (450 + B )
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To prove Theorem V.2, it is enough to show that An(p) P 0, Bn(p) 25 0 and
Cn(p) — E|ZJP, with Z ~ Say)(1,0,0).

We consider first An(p) 240, Let In(dt) = %1 [Nto] _n(N) o, INtg] | n(v),dt. Let U an
X . . . { —an SRty }
open interval satisfying the conditions of the theorem and ¢ty € U. We can fix Ny € N and

V' C U an open interval depending on ty such that for all N > Ny and all t € V, % eU,
[LNt] eU, fol On(dt) = [, dn(dt), and such that the inequality (V.3) holds.

1 X<[N1t]v+lv [N}E\]{—&-l) B X([N}t\][—i-l’t ) p
P(An(p) >z) = P (/0 (1/N)H(to) on(dt) >
) 1/1 c X([N}t\]f-&-l’ [N}t\]f-f—l) . X([Nf\],ﬂ,to) P ()
= aly (1/N)H (@) "
_ 1/ e X([N}f\}[-i-l’ [N}ﬁ\]/:i-l) _X([N}f\]/v-&-l’to) p 5 (dt)
z Jy (1/N) @) "

Lett e V.

|

Let u > 0. We know from (V.3) that there exists Ky > 0 such that for all t € V,

X([Nj\]ﬁ_l, [N}t\][—l—l) _ X([Nj\][—l—l,t )

(1/N)G)

p
_ /Oo ; X([Nj\][—l—l? [N;t\}[—l-l) B X([N}f\}[—l-l’to)
0 (1/N) @)

> ul/p) du.

o (‘X(W;&“,W]% - X(FF 1)

c c d d
1/p ((log N)° + |log ul°) ((log N)® + |log u|?)
> u ) < Ko i o ger TRV NaG—HG) gdlr

so, with the assumption H (tp) < 1,

. X([N}tlerl’ [N}t\];rl) _ X([N}f\};rl,to) )
lim P >u =0.
N—=¥oo (1/N)H(to)

There exists Ky, > 0 such that

p <|X<[N§]V“, DY) — (et 1)

| log u|? llogu\c)
1u21-

> ul/p> < 1yer + KU7p <

(1/N)H(to) ud/p uc/p

(V.5)

Since « is a continuous function, we can fix U small enough such that ¢ = tlné a(t) > p.
€

We deduce from the dominated convergence theorem that for all ¢t € U,

' X([N;][H’ [N}t\][—i-l) B X([N}t\}[—i-l,to) P B
Iim E =0.
N (1/N)A@)
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With the inequality (V.5),

p
I

logul’ s,

+00
S 1 + KU,p < ud/p U,C/p

(1/N) ) 1

and again with the dominated convergence theorem,

NLHEOO P(An(p) > z) =0.
The same inequalities holds with By(p) so we obtain By(p) 24 0. We conclude proving
Cn(p) 2, E|Z|P. Let ¢y > 0. We use the decomposition

[Nto]+ ™M 1

Cvp-EZP = Y

p

X(%,to) - X(%,to)

(L/N)HG@)

X (AL 10)— X (£ .19)

1’ —E|ZP17/5¢,
co

k=[Nto] - "2 (1/N)H ()
[Nto]+ 2 p
4 1 22 X(%vt()) _X(%vt()) 1 . . _ E‘Z‘pl‘z‘
H(to) X (3 t0) =X (7 to) <co*
) k=[Nto]— M) (/M) ‘ G |S

Let € > 0 and « > 0. By Markov’s inequality, we have

[Nto]+ M) 1 p
P P 1 022 X(%JO)_X(%JO) 1 > €
1 = H(t x (B t0) - X (F 1t0) 4
n(N) k=[Nt0]—w (1/N) " ‘ I\(fl/l\?)H(to)N | >co 4
[Nto]+ 22X _q p
< 4 OZQ ‘X(k]#\}latO)_X(]’fhtO) 1
= H{(to) X (B 1) -x (& )
mn(N) k=[Nto] - (L) ’ R
Since X(.,to) is H(tp)-self-similar with stationary increments,
4 p
Pi<-E X (1, 20)[” 11 x (1,10)] >0
and
[Nto]+™NM) 1 P
e, - S || X,
=c H(to) X(CN=sto)—X(§-to)
"N (1Nt O <o

2

We fix ¢g large enough such that for all N € N, P1 < § and E|Z|P1 5., < §. Writing
K(r) = |2[P13<¢, and AXy4, = X(k + 1,t0) — X(k,t0), using Chebyshev’s inequality, we
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get

A [Nto]+ ™M) 1
€
P(|Cn(p) — E|Z]P| > 2) < CRIFEEE > . Cov (K(AXp4), K(AXj4,))

n(N)—1
e 4 Var(K(AXoy)) 4 1 '
< 3+ 3 (V) 2l ; Cov (K (AXoy), K(AXj4,)) -

Under the condition (C*), we can apply Theorem 2.1 of [43] : there exists a positive constant
C' such that

a(t

20)m(dx).

Cov (K(AXot), K(AXj1,)) < CIIKII%/EIho,to(a:)hj,to(m)l

Since the process X (.,to) is H(to)-self-similar with stationary increments, the constant C'
does not depend on k, j. We then obtain the existence of a positive constant C), ., depending
on p, ¢g and x such that

€ Cpey N e a(tg)
P (C(p) ~ EIZ| > ) < S+ 2% | hagy ()" m(dn)+ 2 /wmo a0@)|“F ()

. . . alto) .
Since Nl—lgloo n(N) = +oo and jEIJPoo S5 1hoto(x)hj ()| "2 m(dx) = 0, we conclude with

Cesaro’s theorem that there exists Ny € N such that for all N > Ny,

& o ,C a(tg)
p’°/|hom )2 m(dz) + “ Z /|h0t0 i0(@)] " m(da) <

l\D\m

and
P(ICn(p) —E|ZPP|>z)<e m

Proof of Theorem V.3
Since x — 27 is an increasing function on Ry,

2
AN(tO) = min (arg min ‘Rexp(p) - Ra(p)de) .
Ppo

a€l0,2]

Let gy (a f | Rexp(p) = Ra(p)["dp and g(a f | Rato) (P) = Ra(p)["dp.
g is a contlnuous function on (0, 2], with g( ) > 0, g(2) > 0. The only solution of the

equation g(a) = 0 is a(tp). Moreover, lim “"(‘3‘)_7(50‘)(‘{?)' > 0.
a—alty) ¢alto

Then, there exists K, ) a positive constant depending only on a(tg) such that :
Va €(0,2), [g(a)] = Ka)ler = a(to)]- (V.6)
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We estimate now |g(an(to))]-

lg(an(to))|

joN
joN

lg(an(to)) — gn(an(to))] + |gn (G (to))
N(to)) — gn(an(to))] + gn(a(to)),

IA A
=Y
joN

and

2
lg(an(to)) — gn(an(to))| = / (IRato)(P) = Ran(to) (D) = [Rexp(P) = Ray (1) (P)[7) dp

po

2
< ‘Ra(to) (p) - Rexp (P) |’Y dp

Ppo

~ gulalto).
From (V.6),
(i) ~ () < g —glan(t)
< Kjto)gfv(“@()”'

Let us show that Vr > 0, Nlim Elgn(a(ty))]” = 0. Let » > 0. One has, using the
—+00
inequality Sy (p) < Sn(q) for p < g,

(to) 2
aw(alto) = [ 1Ren(®) = Raguy @) dp+ [ [Re(p)"dp
Po a(to)
a(to) S (o0) .
< Rexy(p) — R, Tdp + (2 — alty)) | —2DPO)_
<[ Vel R )+ 2 = o)) | o P
Po
For the first term, we use Theorem V.2 : for all p € [pg, a(to)),
Nt Sy (p) T (E|Z[P)HP (V.7)
where Z ~ Sy 4,)(1,0,0). It is clear that Vp € [po, a(to)),
(NH(tO)SN(pO),NH(tO)SN(p)> i) ((E|Z|p°)1/”0, (E|Z|p)1/p) ’
and S (o0)
D P
Rexp(p) = 5> = Ra(z) (p). (V8)

Sn(p)
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Note that VN € N, Vp € [po, a(to)), |Rexp(p)] < 1 so there exists a positive constant K
depending on 7, a(tp) and p such that

K
E‘Rexp<p) - Ra(to)(p)"w = /0 P (|Rexp(p) - Ra(to)(p)w > x) dz.

Finally, with (V.8), Vp € [po, a(to)), E|Rexp(p) — Rato) (@) N—+> 0. With the inequality
—+o00
E[Rexp(P) — Rato)(p)|"" < 20, where C.,, is a positive constant depending on ~r, by the

dominating convergence theorem,

a(to)

. _ N g
NLIIEOO ” E‘Rexp(p) Ra(to)(p)| dp = 0.

S v ..
SNI(VCEZ(?O)))‘ < 1, it is enough to

To conclude we show that ‘ Snlpo) |7 Ly ) Since YN € N,

~
Sn(afto)) ‘

show Si](véfzjfo))) 40. Let p < alto).
P > 2) £ P(ro > @)
x — > 7).
|NH ) Sy (afto))] T [NH)Sn(p)]
So,
lim sup P( ! >z) < limsupP(—m—"— > 12)
Voo INFEISy (@)l ~ T NDde VTS ()]
1
= lim P(——
Vi PN sy ) ~ Y
1
= P(—— >a),
NGRS
and WN(Q(M) P Using the convergence N () Sy (po) P, (E|Z|P)'/Po we obtain
Sn(po) P
Swiatioy 0 ™

V.5 Assumptions

This section gathers the various conditions required on the considered processes so that our
results hold. For all the assumptions, we shall denote ¢ = inf ey a(v) and d = sup,c;y a(v).
e (C1) The family of functions v — f(¢,v,x) is differentiable for all (v,t) in U? and almost
all z in E. The derivatives of f with respect to v are denoted by f,.
e (C2) There exists 6 > % — 1 such that :

1+6
sup / [SUP(If(t,w,a:)“(w)) (de) < oo.
teU JR LlweU
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(Cs2) There exists § > g — 1 such that :

1+46
o [ {supuf(t,w,xn“(wh} r(2)? m(dz) < oo.
teU Jr lweU
e (C3) There exists § > % — 1 such that :
1+6
sup [ [sup (1w )] fan) < o
R

teU welU

(Cs3) There exists § > ¢ — 1 such that :

146
sup/ [sup(|fé(t,w,:p)|°‘(w))] ’I“(ZL‘)6 m(dz) < oo.
teU JR LweU

Cs4) There exists § > ¢ — 1 such that :
( c

sup/R [sup [|f(t,w,x) 10g(r(az))|a(w)H e r(z)® m(dz) < oc.

teU wel

(C5) X (t,u) (as a process in t) is localisable at u with exponent H(u) € (H_,H;) C
(0,1), with local form X/,(¢,u), and u + H(u) is a C* function .
(C6) There exists Ky > 0 such that Vv € U, Vu € U, Vz € R,

[f(v,u,z)| < Ky.
e (C7) There exists Ky > 0 such that Yo € U, Yu € U, Vx € R,
| fo(v,u,2)| < Ky.

(C8) There exists Ky > 0 and a function H defined on U such that Vv € U, Yu € U,

Vx € R,
1

‘U — u|H(u)_1/f’<(“) |f(

’U,’LL,.CC) —f(u,u,:c)] S[(U

(C9) There exists ¢g > 0, Ky > 0 and a function H defined on U such that Vr < e,
VteU,

1
THDa() /R |f(t+ 7t ) — f(t,t,2)*Dm(de) < Ky.

(C10) There exists p € (d,2), p > 1, Ky > 0 and a function H defined on U such that
YveUNueU,

1
L p(H (u)— 5 7)

/R F0,u,2) — f(u,u,2) m(da) < Ko

v =

(C11) There exists Ky > 0 such that Yo € U, Vu € U,

/ 1w, 2)[ m(de) < Ky,
R
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in f(v,v,x 2771 dx 0.
e \/R ( o ) ( ) ~

velU

e (C13) There exists a positive function g and a function H defined on U such that

1
IR0 1/a(0) /R (f(t+rt,x) = f(t,t,2))* m(dz) — g(t)| = 0.

lim sup
r—0 teU

e (C14) 3Ky > 0 such that, Vo € U, Vu € U,

|U_1u|2/R\f(vav,l‘) — f(v,u,z)|* m(dz) < Ky
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Résumé : Nous étudions les propriétés probabilistes, trajectorielles et statistiques des pro-
cessus stochastiques multistables, qui sont tangents en chaque point & un processus stable. Ils
possedent ainsi une intensité de sauts et une régularité locale qui varient au cours du temps.
Nous nous intéressons dans un premier temps aux processus pouvant étre définis par une
moyenne mobile et possédant la propriété d’étre localisables, c’est-a-dire d’étre tangents en
loi & un processus en chaque point. Des critéres assurant la localisabilité, ainsi qu’une méthode
de simulation de tels processus sont donnés. Nous proposons ensuite une nouvelle construction
et des criteres de localisabilité des processus multistables a I'aide d’une représentation de type
Ferguson-Klass-LePage. Pour les processus obtenus, nous étudions certaines propriétés pro-
babilistes et trajectorielles. En particulier, nous caractérisons le comportement asymptotique
des accroissements des processus multistables, ainsi que leur régularité Holdérienne. Enfin,
nous proposons des estimateurs de la fonction de stabilité et de la fonction de localisabilité. La,
consistance au sens de la convergence LP est prouvée. Les performances des estimateurs sont
illustrées sur des séries simulées suivant deux modeles : le mouvement de Lévy multistable et
le mouvement linéaire multifractionnaire multistable.

Mots clés : Processus stables - Processus ponctuels - Processus de sauts - Représentation
de Ferguson-Klass-LePage - Régularité locale - Exposant de Holder - Théoreme limite dans
LP - Estimation fonctionnelle.

Summary : This PhD thesis deals with some probabilistic, pathwise and statistical proper-
ties of multistable stochastic processes, which are tangent at any point to a stable process.
Their intensity of jumps and their local regularity are varying with time. We first consider
the processes possibly defined as a moving average which are localisable, that is they are
tangent to a non-trivial process at any point. We give general conditions which ensure that
the moving average is localisable and we characterize the nature of the associated tangent
process. We also consider the problem of path synthesis, for which we give both theoretical
results and numerical simulations. We present then a different construction of the multistable
processes, based on the Ferguson-Klass-LePage series representation. We consider various
particular cases of interest, including multistable Levy motion and linear multistable mul-
tifractional motion. We study then some probabilistic properties. In particular, we describe
the behavior of the incremental moments and the pointwise Holder exponent. We compute
the precise value of the almost sure Holder exponent in the case of the multistable Levy
motion. Finally, we give two estimators of the stability and the localisability functions, and
we prove the consistency of those two estimators. We illustrate these convergences with the
Levy multistable process and the Linear Multifractional Multistable Motion.

Key words : Stable processes - Pointwise processes - Jump processes - Ferguson-Klass-
LePage representation - Local regularity - Holder exponent - Limit theorem in LP - Functional
estimation.
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