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Chapter 1

Introduction

Cette these porte sur 'application des algorithmes stochastiques a la gestion et au
controle des risques sur les marchés financiers et de ’énergie. Rares sont les activités
économiques (ou dans d’autres domaines comme la physique, la biologie, ...) qui ne
comportent aucun risque. Dans le cadre des activités des marchés financiers et de
I’énergie on en distingue principalement quatre:

e Le risque de crédit (ou de contrepartie) résulte de l'incertitude qu’'un tiers (un
particulier ou une entreprise) ne rembourse pas sa dette a 1’écheance fixée.

e Le risque de marché résulte de ’exposition de la valeur d’un portefeuille aux
fluctuations des facteurs de risque liés au marché (cours des actions, taux, prix
des matiéres premiéres, ...)

e Le risque climatique provient de la dépendance de la valeur d’un portefeuille
aux aléas climatiques (température, intensité du vent, ...)

e Le risque opérationnel est le risque qu'une erreur humaine, une panne (tur-
bine & gaz, stockage gazier,...), un dysfonctionnement (informatique) perturbe
I’activité économique du détenteur du portefeuille.

Ce travail se compose de trois chapitres indépendants.

Le premier chapitre développe une méthode d’estimation par algorithme stochas-
tique de deux mesures de risque couramment utilisées dans la pratique du controle
des risques: la Value-at-Risk (VaR) et la Conditional Value-at-Risk (CVaR). Etant
fixé un niveau de confiance av € (0,1) et un horizon de temps 7' (la valeur oo = 95%
est souvent utilisée), la VaR au seuil a (VaR,,) de la perte du portefeuille est la valeur
qui ne sera pas dépassée par celle-ci avec une probabilité «. Avec une telle défini-
tion, la VaR est un indicateur synthétique du risque utile dans beaucoup d’autres
domaines que la finance: physique, biologie, assurance,...

Pour autant, la VaR ne donne aucune information sur la perte maximale pos-
sible du portefeuille. Les mouvements des marchés sont parfois tels que les pertes
peuvent dépasser le seuil de la VaR et s’avérer trés lourdes si la queue de distribu-
tion des pertes du portefeuille est épaisse. La CVaR au seuil « tente de palier ce
manque. Elle représente la moyenne des pertes du portefeuille lorsque celles-ci sont
supérieures a la VaR,. Ainsi, la VaR et la CVaR sont fortement liées. Elles le sont
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CHAPTER 1. INTRODUCTION

d’autant plus qu’elles apparaissent comme la solution et la valeur d’un méme prob-
leme d’optimisation convexe (c.f. [78] et [77]). La fonction objective de ce probléme
et son gradient s’écrivent sous forme d’espérance. Par conséquent, I’estimation de
ces deux quantités peut étre réalisée a ’aide d’un algorithme stochastique.

Un algorithme stochastique est une suite de vecteurs aléatoires (X,,),>; prenant
ses valeurs dans un espace euclidien de dimension finie (en général dans R?) et définie
récursivement par

Vn € N, Xn+1 = Xn + ’7n+1vn+1, (].].)

ot la suite positive (v,),>1, appelé pas de I'algorithme vérifie > _ v, = +00 et ou
V41 est une variable aléatoire appelée I'observation de I’algorithme dépendant de
la variable X,,, qui peut par exemple caractériser I’état d’un systéme au pas n dont
son évolution au pas n+ 1 dépend de son propre état et d’'une variable aléatoire €,
de loi p (indépendante de Xy), i.e. Vo1 = H(X,, €,01), avec H : R? x RY — R?
vérifiant:

Vo € RY, H(z,) € Lya(p) et h:xw [ H(z,u)u(du) est borélienne.
Ra

A partir d’'une observation ou d’une simulation, 'utilisateur disposant de X, con-
struit H (X, €,41), i-e. la variable aléatoire €, de loi p est simulable & un cout
raisonnable et la fonction H est calculable numériquement & un coiit raisonnable
également. La fonction moyenne de I’algorithme A n’est pas calculable numérique-
ment & un coit raisonnable. Si elle ’est, on remplacera I'algorithme stochastique
ci-dessus par son homologue déterministe

Tpy1 = Tp — ’Yn—l—lh(xn)) n 2> 0.

Par conséquent, il est courant d’utiliser un algorithme stochastique lorsque le calcul
numeérique de h est couteux comparé au calcul numérique de H et de la simulation
de la loi p. Remarquons que 'algorithme stochastique (1.1) peut s’écrire

vn € N7 Xn+1 = Xn + Yn+1 (h(Xn) + AMnJrl) ) (12)

ou les termes AM,, 11 := H(X,,,€,41) — h(X,,), n > 0 sont des accroissements de la
martingale (M,,),>1 par rapport a la filtration F,, := o(Xo, €1, -+ , €,).

L’étude des algorithmes stochastiques débuta dans les années 1950 avec les
travaux de Robbins-Monro [76] et Kiefer et Wolfowitz [53]. Elle fat 'objet de nom-
breux travaux liés par exemple au controle adaptatif (c.f. [57]) ou aux estimations
récursives (c.f. par exemple [69]), ... Dans le cadre de ce travail, nous nous intéres-
sons aux questions de controle et de gestion du risque sur les marchés financiers et
de I'énergie.

Ce premier chapitre de la thése est découpé en trois parties.

Dans la premiére partie, nous étudions I'estimation de la VaR et de la CVaR en
utilisant la théorie des algorithmes stochastiques. Cette premiére étude est réalisée
dans le cas ou la perte du portefeuille L s’écrit ¢(X) ot ¢ est une fonction mesurable
a valeurs dans R et X est un vecteur aléatoire structurel a valeurs dans R?. Partant
de la caractérisation de la VaR et de la CVaR introduite dans 78], nous proposons un
algorithme stochastique & deux composantes afin d’estimer récursivement ces deux
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CHAPTER 1. INTRODUCTION

quantités. Des résultats classiques de la théorie des algorithmes stochastiques (c.f.
[23], [22], [57] et [13]) nous permettent d’établir facilement la convergence presque
sire de ’algorithme proposée vers le couple VaR-CVaR. De la méme maniére, nous
obtenons la vitesse de convergence faible de ’algorithme vers sa cible: elle est donnée
par un théoréme central limite (TCL) gaussien. Néanmoins la vitesse de convergence
de T'algorithme est lente en pratique surtout lorsque le niveau de confiance « est
proche de 1 (ou de 0). En effet, la VaR et la CVaR sont des quantités liées a la queue
de distribution des pertes, leur estimation fait donc intervenir des événements rares
et doit donc étre combinée avec une méthode de réduction de variance en pratique.

La plus adaptée & cette problématique est I’échantillonnage préférentiel (ou Im-
portance Sampling). Pour cette raison, nous proposons de combiner notre premiére
procédure avec un algorithme d’échantillonnage préférentiel récursif. L’algorithme
stochastique ainsi obtenu vérifie un TCL avec une vitesse de convergence optimale.
Cependant, lorsque la dimension d du vecteur X est grande, par exemple dans le
cas ou X est un vecteur d’accroissements browniens liés au schéma d’Euler d'une
diffusion, des problémes de convergence des paramétres de réduction de variance
apparaissent.

Afin de remédier a ce probléme, nous propons dans la deuxiéme partie de ce
chapitre une extension de I’étude précédente. Nous nous intéressons au cas ou
la perte du portefeuille s’écrit ¢(X) ot ¢ est & présent une fonctionnelle définie
sur Pespace C ([0,7],R?) des fonctions continues de [0,7] & valeurs dans R? et
X = (Xt>t€[O,T] est un processus d’Ito a valeurs dans R? solution d’une équation
différentielle stochastique. Afin de suppléer aux défauts de ’algorithme stochas-
tique d’échantillonnage préférentiel en dimension finie, nous proposons une nouvelle
procédure récursive et adaptative basée sur 'identité de Girsanov. Celle-ci se com-
bine facilement avec la procédure d’estimation de la VaR et de la CVaR qui reste
en tout point identique & sa premiére version en dimension finie. I.’algorithme ainsi
obtenu vérifie un TCL dont la vitesse de convergence est optimale. L’efficacité de
la méthode est étudiée sur un ensemble de portefeuilles et une comparaison avec la
procédure en dimension finie est proposée qui prouve l’'utilité de notre approche.

Dans la premiére étude que nous avons menée, a chaque pas de l'algorithme
VaR-CVaR, la génération pseudo-aléatoire du vecteur X a valeurs dans R? est
généralement obtenue comme une fonction d’'un autre vecteur pseudo-aléatoire U ~
U([0,1]°) (s > d): X =¥(U) en loi. Une idée naturelle est de remplacer a chaque
pas de 'algorithme la simulation pseudo-aléatoire d’une copie de U, qui est déter-
ministe mais dont le but est de reproduire les propriétés idéales des sources com-
plétement aléatoires, i.e. les lois du hasard, par la valeur déterministe z,, d’une suite
équirépartie x = (z,),>1 sur [0,1]* dont le but est de remplir 'espace [0, 1]° de le
plus uniformément possible. C’est pour cette raison que dans la troisiéme partie,
nous nous intéressons a l’algorithme VaR-CVaR étudié dans la premiére partie de
ce chapitre dans le cas ou les innovations de l'algorithme ne sont plus obtenues via
des nombres pseudo-aléatoires mais par une suite équirépartie déterministe a discré-
pance faible. Etant donnée I'efficacité des méthodes de Quasi-Monte Carlo appliquée
au calcul d’espérance, I'idée d’utiliser des suites a discrépance faible dans le cadre
des algorithmes stochastiques semble naturelle. Une premiére étude menée dans [58]
montre que sous certaines hypothéses (d’une certaine maniére plus restrictives que
dans le cadre pseudo-aléatoire), ces algorithmes déterministes “quasi-stochastiques”
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CHAPTER 1. INTRODUCTION

convergent et que leur vitesse de convergence est meilleure que celle de leur ho-
mologue stochastique. De nombreux résultats numériques appuient les conclusions
de cette premiére étude. Cependant, ces résultats théoriques ne s’appliquent pas a
notre algorithme. En utilisant un résultat récent obtenu dans [60] basé sur une hy-
pothése de moyennisation du processus d’innovations et des hypothéses de Lyapunov
classiques, ainsi que des résultats sur la discrépance d’ensemble Jordan mesurable
(c.f. [70] et [71]), nous démontrons la convergence de I'algorithme VaR-CVaR. Bien
que dans ce cadre non stochastique, les techniques de réduction de variance en
tant que telles n’ont théoriquement pas lieu d’étre, nous montrons que d’un point
de vue numérique 'algorithme préférentiel accélére la convergence de 'algorithme
VaR-CVaR.

Dans le deuxiéme chapitre de cette thése, nous nous intéressons a la couverture
du risque dans un marché incomplet opérant a temps discret. Plus précisément,
nous proposons une méthode de couverture d’une perte (ou d’'un actif) dépendant
d’une source de risque observable mais non négociable sur les marchés financiers
ou de I'énergie (par exemple, la température). La stratégie autofinancée optimale
est obtenue en minimisant dynamiquement la CVaR. Pour cela nous utilisons trois
outils: les algorithmes stochastiques, la quantification vectorielle optimale et deux
techniques de réduction de variance (I’échantillonnage préférentiel et les variables
de controle). Dans un premier temps, nous introduisons la notion de CVaR dy-
namique qui est une version aléatoire et dynamique de la CVaR classique. Ensuite,
nous étudions le cas simple mais intéressant des stratégies a un pas, i.e. a un rebal-
ancement. Une telle stratégie décidée a la date ty, € [0, 7] est une stratégie ou le
nombre d’actifs négociables est fixé a la date t,, € [0,7] et reste inchangé jusqu’a
la date T'. Nous établissons un résultat d’existence de stratégie optimale sous des
hypothéses simples. En utilisant des idées similaires au principe de la programma-
tion dynamique, nous établissons I’existence d’une stratégie optimale dans le cas des
stratégies auto-financées dynamiques sous des hypothéses de non dégénérescence du
processus de prix.

D’un point de vue numérique, nous nous placons sous I’hypothése principale que
le processus constitué par le couple risque observable mais non négociable et prix est
markovien. Nous supposons également que le processus de prix est une martingale
sous la filtration propre des deux processus. Nous proposons un algorithme stochas-
tique afin d’estimer la stratégie optimale ainsi que la VaR et la CVaR associées au
portefeuille avec couverture. Nous nous appuyons sur ce premier algorithme lorsque
nous nous intéressons au cas des stratégies dynamiques. Nous proposons et com-
parons quatre stratégies dynamiques sous-optimales différentes afin d’approcher la
stratégie optimale.

Ces résultats sont appliqués a la couverture de plusieurs portefeuilles sur les
marchés de I’énergie, typiquement ceux de 1’électricité et du gaz. Ces marchés sont
incomplets pour plusieurs raisons: les sous-jacents comme l'électricité et le gaz ne
sont pas stockables (ou difficilement et surtout pas a moindre cott), les prix de
I’electricité et du gaz dépendent clairement de la température, ...

La troisiéme partie traite de la modélisation conjointe des prix spot du gaz et
de D’électricité. Nous proposons un modeéle fondé sur des processus de retour a
la moyenne (processus d’Ornstein) markovien dont le coefficient de diffusion est
paramétrique. Les paramétres du modéle sont choisis de fagon a reproduire la struc-
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CHAPTER 1. INTRODUCTION

ture de corrélation des deux énergies ainsi que ’ensemble des propriétés statistiques
des prix spot: stationnarité, pics de prix, distributions a queues épaisses. La méth-
ode de calibration que nous utilisons est basée sur des outils statistiques standards
et robustes: méthodes des moindres carrés, méthode du maximum de vraisemblance
(tronquée). Nous appliquons ce modéle au marché anglais du gaz et au marché
francais de I’électricité. Nous illustrons I'importance de la prise en compte de la
structure de corrélation des prix spot du gaz et de 1’électricité et de la présence des
pics de prix en mesurant le risque sur un portefeuille lié au marché de 1’énergie.

Dans la suite de cette introduction, nous allons exposer la probléematique de
chaque chapitre ainsi que les résultats importants obtenus.

1.1 Estimation de la VaR et de la CVaR par algo-
rithme stochastique

Le controle et la gestion des risques est une composante de plus en plus impor-
tante de toutes activités de marché. Controler le risque c¢’est avant toute chose
le mesurer & 'aide d’indicateurs pertinents et de procédures fiables. Le risque de
marché est présent dés lors qu’une position sur les marchés financiers ou de I’énergie
peut entrainer des pertes importantes. Les autorités de réglementation (Bale IT)
pronent et exigent l'utilisation de la Value-at-Risk (VaR) comme mesure de risque.
De la méme maniére, face & la croissance des marchés des matiéres premiéres et de
I’énergie, les énergéticiens utilisent couramment la VaR pour mesurer le risque lié
aux pertes de leurs divers portefeuilles d’actifs physiques ou financiers. Cependant,
la VaR a suscité beaucoup de critiques émanant tant des practiciens que des milieux
académiques. La VaR n’est pas une mesure cohérente du risque (selon la terminolo-
gie introduite dans [3]): la VaR de deux portefeuilles intégrés peut étre supérieure
a la somme des VaRs de chacun des portefeuilles, ce qui va a I’encontre du principe
de diversification. De plus, la VaR ne dit rien sur les pertes effectives en cas de
dépassement. Ces pertes peuvent étre tres élevées si les queues de distribution des
pertes sont épaisses. Afin de palier les problémes de la VaR, d’autres mesures de
risque ont donc été proposées comme la Conditional Value-at-Risk (CVaR). Cette
derniére est une mesure de risque cohérente. Elle représente la moyenne des pertes
lorsque celles-ci dépassent le seuil de la VaR. Dés lors, la CVaR permet de mieux
cerner ce qui peut se passer lorsque des événements anormaux surviennent sur les
marchés et de donner une estimation de la perte moyenne du portefeuille dans les
mauvais jours. Mesurer efficacement le risque des pertes de portefeuilles lourds et
complexes en actifs détenus est un défi de taille. Cela est la principale motivation
qui nous a conduit a nous intéresser au probléme d’estimation de la VaR et de la
CVaR.

Ce probléme est trés largement étudié dans la littérature. D’un point de vue
mathématique, sur un intervalle de temps donné [¢, T, la perte du portefeuille L est
définie comme 'opposé de la différence de valeur de portefeuille entre la date ¢ et
la date T: L := —AV = V(S;,t) = V(S; + AS,T), ot S; représente les différentes
sources de risque du portefeuille au sein du marché considéré (prix de marché, taux,
aléas climatiques, ...) observées a la date t, AS = Sr — S, représente la variation de
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S sur l'intervalle de temps [t, T| et V(S;,t) représente la valeur du portefeuille a la
date t. Contrairement & la valorisation et a la couverture des produits dérivés, ou
les prix de marché sont modélisés sous la probabilité risque neutre, la distribution
des variations AS qui est pertinente est la distribution observée sous la probabilité
historique. La VaR au seuil « est le plus petit quantile de L au seuil «, i.e.:

VaRa(L) :=inf {€ | P(L <€) > a}.

Nous travaillerons sous I’hypothése que la distribution L est continue (i.e. sans
atomes), ainsi la VaR,, est la plus petite solution de ’équation

P(L<¢) =

Si la fonction de répartition de la perte L est (strictement) croissante alors la solution
a cette équation est unique, sinon il peut y en avoir plusieurs. Si L vérifie E[L,] <
400, la CVaR,, est définie par

CVaR, (L) :=E[L|L > VaR,(L)].
De nombreuses méthodes ont été proposées pour estimer la VaR:

e La plus simple suppose que la distribution AS est une loi normale multivariée
centrée N (0, Xg) (la matrice de variance covariance g est connue ou estimée)
et que la perte est linéaire en AS:

L~ —0TAS, (1.3)

ot ¢ est le vecteur de sensibilité dont la iéme composante est égale & §; =
g—;(St,t), ou V représente la valeur du portefeuille & la date t. Ce vecteur
de sensibilité est la plupart du temps estimé par les entités de controle des
risques. Alors la perte est de loi normale L ~ N (0;02) avec 02 = §7Xg0.
La VaR est alors facilement calculable. Néanmoins, beaucoup de portefeuilles
ne dépendent pas linéairement des sources de risques. Une telle approxima-
tion reste assez grossiére. L’approximation Delta-Gamma tente de palier ce
probléme en ajoutant des termes d’ordre 2 a (1.3):

%—Vm +6TAS + = ASTPAS

N . 2 4,
ou chaque terme de la matrice I', I';; = aggs (Si, t) est supposé connu ou

facile & estimer. Ensuite, il est possible d’en déduire une approximation de
la fonction de répartition de la perte L et de trouver par inversion la VaR,,.
Pour plus de détails, nous renvoyons a [17], [40], [39], [80] parmi d’autres.
Cependant ces deux méthodes ne fonctionnent plus lorsque la maturité 7" — ¢
du portefeuille est grande (T — ¢ est de P'ordre de la semaine dans le secteur
bancaire alors que T'— ¢ > 1,2 mois pour les marchés de I’énergie) ou lorsque
L est une fonctionnelle d’un processus solution d’une EDS.
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e Laméthode par simulation historique ou Monte Carlo consiste dans un premier
temps a générer n vecteurs de loi AS en utilisant des historiques de prix
ou un modele de prix et des variables pseudo-aléatoires. Puis, pour chaque
vecteur AS simulé, on évalue la perte associée. Enfin, on inverse la fonction
de répartition empirique de la perte L

. 1
Fn(f) = E Z 1{L¢§5}7
=1

et on obtient le quantile d’ordre a:

A~

gn,a = r:l(a)'

Dans le cadre des simulations Monte Carlo, ce quantile converge presque stire-
ment vers la VaR,, lorsque celle-ci est unique. De plus, si L admet une densité
fr strictement positive au voisinage de £ := VaR,, alors

Vi (e =€) S5 N (0;,02), 1 — 400, (1.4)

a(l-a)

N 2
U G0 = e

. Pour une preuve de ce résultat, nous nous réferons a [84].

e Dans le cadre de la couverture ou plutot de 'optimisation de portefeuille pour
réduire la CVaR, R.T. Rockafellar et S. Uryasev dans [77] ont montré que la
VaR et la CVaR sont respectivement la solution et la valeur d’un probléme de
minimisation convexe. Plus précisément,

Proposition 1.1.1. Soit V' la fonction définie par
V(&) =Efu(E, L)],

ou 1
v(§ L) =8t (L8,

On suppose que la fonction de répartition de L est continue, croissante et que
E[L,] < 4+00. Alors la fonction V est convexe, Lipschitz continue, dérivable,
satisfait lim¢|, o0 V(§) = 400 et la VaR, est définie par

argmin V' ={ € R [ V/(§) =0} ={¢ | P(L < &) = o},

ou V' est la dérivée de V' définie pour tout & € R par

vie -k |5 €.

De plus,

CVaR, (L) = réneilél V(§)
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Dans la pratique, la plupart des institutions de controle des risques sont in-
téressées par le cas ou « est proche de 1. Trois valeurs de « sont couramment
utilisées: 95%, 99%, 99.5%. Par conséquent, la VaR, se situe dans la queue de dis-
tribution extréme de droite. Dans cette situation, les évenements intéressants sont
observés avec une probabilité trés faible (moins de 5%). Par conséquent, ces méth-
odes doivent étre combinées avec des procédures de réduction de variance. La plus
adaptée au cadre des évenements rares est la méthode d’échantillonnage préférentiel
(importance sampling). Appliquée a I'estimation de la VaR, [39] propose une méth-
ode d’échantillonnage préférentiel basée sur une analyse par grande déviation qui
fournit de bons résultats en terme de réduction de variance. Cependant, dans [41]
ces résultats sont contrastés. En effet, les auteurs remarquent qu’une telle analyse
peut conduire a une variance qui augmente avec «, voire une variance infinie dans
certains cas. Dans [25], la VaR est estimée par la méthode d’inversion de la fonction
de répartition pondérée. Afin d’estimer les paramétres optimaux d’échantillonnage
préférentiel, celle-ci est combinée avec un algorithme stochastique contraint (i.e.
projeté). Cet algorithme fut étudié dans le cadre gaussien dans [1]. La convergence
s’effectue aprés une période de stabilisation si la suite de compacts sur lesquels la
projection s’effectue a été spécifiée correctement.

Dans les trois parties de ce premier chapitre, nous proposons une nouvelle méth-
ode d’estimation de la VaR et la CVaR par simulation basée sur les algorithmes
stochastiques et une méthode d’échantillonnage préférentiel récursive non contrainte.

1.1.1 Cas de la dimension finie

Dans la premiére partie, nous étudions le cas ou la perte L s’écrit: L = p(X) ou
¢ : R? — R est une fonction borélienne et X est un vecteur aléatoire a valeurs dans
R? modélisant AS sur ’horizon de temps considéré. Si on pose

8_ 1

(
o (60 =1 T Lpsa,

H1(§7x> =

la proposition 1.1 montre que la VaR,, := £ est une solution de 'équation E [H; (¢, X)] =
0. Par conséquent, une méthode possible pour estimer £ est d'implémenter I’algorithme
de gradient stochastique:

gn = £n—1 - 'YnHl(gn—laXn)a n Z 1a

ot (X,,)n>1 est une suite i.i.d. de variables aléatoires de méme loi que X, indépen-
dante de &, avec E[|§]?] < 400 et (7,),>, est une suite de pas déterministe et
positive vérifiant

Z’yn = +o0 et Z’yi < +00. (1.5)

n>1 n>1

Sous des hypothéses appropriées, nous montrons a l'aide du théoréme classique de
Robbins-Monro que &, —= £, n — 4oo. Pour estimer la CVaR, := C} nous
proposons la procédure compagnon,

Cn = Cnfl - ’YnHQ (gnfla Cnfla Xn) , 1 > 17
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ou Hy (&,¢,x) == ¢ —v(& x). Dés que la distribution des pertes satisfait (X)) €
L2 (P) et que (1.5) est vérifiée, nous obtenons (&,, C,,) 25 (&5, C%).

La vitesse de convergence faible de la procédure (&,, C,),~, est régie par un TCL
classique (c.f. les livres [23], [13] ou [57] par exemple). La vitesse de convergence
optimale est obtenue en choisissant un pas v, = 33+, a,b > 0. Cependant, le choix
de la constante a est sujet & une condition faisant intervenir f7,(£!). En pratique, cela
nous conduit a choisir @ de maniére arbitraire. Afin de résoudre ce probléme, une
méthode couramment utilisée est le principe de moyennisation de Ruppert & Polyak
(c.f. les deux articles fondateurs [81] et [45]). On écrit tout d’abord l'algorithme
VaR-CVaR de maniére plus synthétique pour n > 1

¢n - (gnacn)a ¢0 - (§0a 00)7
et,
(bn - (bnfl - ’VnH((énfla Xn)a

ou H(¢p,z) = (Hi(§,x), Ha(§, ¢, x)). Ensuite, nous calculons de fagon adaptative la
moyenne de Cesaro de la procédure,

_bot et b
n Y

o, n > 1.

La nouvelle suite (¢,) _, converge presque siirement vers ¢* = (£, C7). Un choix

n>1
approprié de la suite de pas (7,),~; (pas lentement décroissant) garantit la conver-

gence de (¢n)n>1 a la vitesse optimale \/n avec une variance asymptotique minimale.

Theorem 1.1.2. On suppose que la distribution des pertes vérifie o(X) € L**(P)
pour un a > 1 et que la densité de L au point £ est strictement positive. Si la
séquence de pas est définie par 7y, = 15 avec % <pB<1etvy >0 alors

Vi (6, = ¢7) <5 N (0,)

ot la matrice de variance covariance asymptotique Y est définie par

a(l—a) a .
f(€) (1—a)fL(§*)E [(SO(X) —§ )J

(1.6)
e E [0 — €),] ke Var ((o(X) — €).)

D’un point de vue numérique, I'algorithme VaR-CVaR converge lentement. En
effet, le désavantage de cette premiére version réside dans la mise a jour de I’estimateur
de la VaR qui n’est effectuée que lorsqu’un événement rare du type ¢(X) > & in-
tervient. Celui-ci arrive avec une probabilité tres faible: P(o(X) > &) =1—a =0
lorsque « est proche de 1, autrement la procédure converge rapidement. De plus,
dans la pratique, nous sommes souvent limités en nombre de scénarios a cause de la
complexité des portfeuilles utilisés. Pour ces deux raisons, il est nécessaire de com-
biner notre premier algorithme avec une méthode de réduction de variance. Une
méthode adaptée a notre problématique est I’échantillonnage préférentiel. Celle-ci
consiste & modifier la distribution de la perte L afin de donner plus de poids aux
scénarios “importants”. Nous supposons que X admet une densité p.
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Appliqué au calcul de l'espérance E[F(X)], I’échantillonnage préférentiel par
translation consiste a utiliser 'invariance par translation de la mesure de Lebesgue
sur R? pour introduire un paramétre § € R?

mmxn:Eme+mﬁ£i@}

p(X)

Dés que F(X) € L? (P) satisfait P (F(X) # 0) > 0, on désire choisir parmi toutes
ces nouvelles variables aléatoires de méme espérance celle qui minimise la variance,
i.e. le moment d’ordre 2

PX +0)

P*(X)

Plusieurs procédures ont été proposées dans la littérature afin d’estimer le parameétre
optimal #* := Argmin Q. Lorsque X est un vecteur gaussien, B. Arouna (c.f. [1])
propose un algorithme stochastique projeté (Projection a la Chen) basé sur la
représentation de V@Q sous forme d’espérance. V. Lemaire & G. Pages dans [62]
ont proposé récemment un nouvel algorithme stochastique non-projeté basé sur une

nouvelle représentation de V@ sous forme d’espérance VQ(0) = E[K (6, X)] et sur
un controle de F' & l'infini,

O = On1 — WV (0,)K(0,_1, X,), 0y € RY,

Q) :=E |F*(X +0) ] =E {F%X)pp(i} < 400, #e€R™

(X —0)

ott ¥(#) > 0, pour tout § € R? est une fonction permettant de “controler” le com-
portement de F' & I'infini. Sous certaines hypothéses de controle de F' & I'infini et sur
la densité p, ils obtiennent 6,, 2= 6*. C’est cette derniére version que nous allons
utiliser pour réduire la variance de notre algorithme VaR-CVaR. Dans notre cas, il
s’agit de minimiser les deux variances asymptotiques

ol —a)  Var(l,se)

e - (e pour la VaR,, (1.7)
et,
Var((zol()_()a;f )+) pour la CVaR,, (1.8)
donc de minimiser les deux moments d’ordre 2,
X
Q1(0,¢") :=E {hwmzm%} )

Alinsi, nous obtenons deux procédures récursives
en = Qn—l - ’YnKl (gn—la en—la Xn)7
M = Up—1 — ’YnKQ(fnfla Hn—1, Xn)a

que nous combinons adaptativement (i.e. en utilisant les mémes innovations) avec
notre premier algorithme VaR-CVaR:

gn = gn—l - /YnLl (gn—la 071—17 Xn)a
Cn = Up—1 — ’YnLQ(é-nfla Hn—1, Xn)7
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ou

_ 1 plx+0)
Li,0,2) = e (1— 1 pon i
1(&,0,z) =€ =g Hewrnzg — ne )

La(€, € o) i= O = € = ﬁ(s@(x +u) = £)+%

I

avec p > 0 et b € [1,2]. Nous montrons sous certaines hypothéses (&,, Cy, On, in) ——>

(&8, Cx. 0% 1), n — +o00. Quant a la vitesse de convergence faible, la procédure
obtenue vérifie, sous certaines hypothéses que nous énoncerons plus tard, un TCL

gaussien.

Theorem 1.1.3. On suppose que la séquence des pas (V,)n>1 est définie pour n > 1
par v, = 1%, avec % < B < 1 et que les hypothéses du théoréeme 1.1.2. sont satisfaites.

La séquence (€, Cp)n>1 définie par

£ - §o+...+£n_17 o .- (JO+...+(Jn_17 w1
n n
satisfait B
Vil &8 ) SN0,5) o oo, (1.9)
c,-0c
avec
\ 1 p(X + 9*))
X1, = Var | 1 . ol )
1,1 f]%(f*) ( {o(X+05)>¢*} p(X)
by = Y,,=——————Cov X+u,)— —_
1,2 2.1 (1 o CY)fL(f*) (((,0( 2 ) g )+ p(X)
1 p(X +67)
{p(X+6%)>¢*} p(X) )
— 1 o ey PX )
Z2,2 - (1 . &)2var ((QD(X + /‘La) g )+ p(X) '

Un paragraphe de cette partie est consacré a l'application de cet algorithme
d’estimation de la VaR et de la CVaR & de nombreux portefeuilles typiques rencon-
trés sur le marché de I’énergie. Les résultats numériques montrent que la réduction
de variance est trés significative. Elle I'est d’autant plus que « est proche de 1, i.e.
plus on cherche a simuler des événements extrémes plus la méthode d’échantillonnage
préférentiel est efficace.

Par la méme occasion, nous proposons d’autres algorithmes de réduction de vari-
ance lorsque la méthode d’échantillonnage préférentiel s’appuie sur la transformation
d’Esscher (changement de mesure exponentiel). Cette derniére transformation est
trés efficace lorsque le vecteur X est & queue lourde comme c’est le cas pour les
distributions hyperboliques généralisées.

Les estimateurs des parameétres d’échantillonnage préférentiel (6, i,)n>1 sont
chacun de dimension d. Lorsque celle-ci devient grande (d > 50 en pratique)
comme c’est souvent le cas des portefeuilles des praticiens, ot par exemple le vecteur
X représente les accroissements browniens liés au schéma d’Euler d’une diffusion,
I’algorithme récursif d’échantillonnage préférentiel présente des difficultés de conver-
gence et n’est plus utilisable.
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1.1.2 Cas de la dimension infinie

Dans la deuxiéme partie, nous étudions le cas ou la perte L s’écrit: L = ¢(X) ou
@ est une fonctionnelle définie sur I'espace C ([0, T}, Rd) des fonctions continues de
[0, 7] dans R? et la source de risque X est un processus d’Ito solution d’une EDS:

dX, = b(t, X")dt + o(t, X )dW,, Xy =z R, (Epo)

ou W = (VVt)te[o,T] est un mouvement brownien de dimension ¢, X! := (XtAs)se[o,T}
est le processus arrété au temps ¢ et b : [0,7] x C ([0,T],R?) — R ¢[0,T] x
C ([0,T],R?Y) — M (d,q) sont des fonctions mesurables vérifiant les deux conditions
suivantes:

(7) b(.,0) et o(.,0) sont continues,
(id) it € [0,T], Y, y € C ([0, T, RY) , b(t, y) — b(t, )]
+lo(ty) — ot )l < Coo lle =yl

L’algorithme VaR-CVaR sans méthode de réduction de variance reste identique
a celui développé dans la premiére partie de ce chapitre. Cependant, l'algorithme
d’échantillonnage préférentiel est maintenant fondé sur la transformation de Gir-
sanov. Si f est une fonction borélienne bornée de C ([0,7],R?) & valeurs dans
M(d,q) et si 0 € L7, := L*([0, T],RP), la transformation de Girsanov appliquée au
calcul de E [F(X)] s’écrit

T(F(X© )0, W) 1 || F(x @) ||,

oit X @ est la solution de (Ey 4 9,0). Dés que F(X) € L*(P) satisfait P (F(X) # 0) >
0, on désire choisir parmi toutes ces nouvelles variables aléatoires de méme espérance,
celle qui minimise la variance,i.e. le moment d’ordre 2

2 [T{F(X©5)0,,dw. ) —|| F(x @0 ||,
00) —E | pxope 5 )-l HLT,q]

=E |F(X)%

_ f0T<f(X(6),S)Gs,dWS>+% ”f(X(e)’)G ”i% ]
sq .

En pratique, nous minimisons ) sur un sous-espace fini £ = Vect (e, - ,e,,) C
L7 ,. Dés que E [F(X)*™] < 400 pour un 1 > 0 et que les deux conditions (i), (ii)
sont vérifiées alors on peut montrer que ) est finie sur L?F’p, log-convexe, diﬁ'éren—
tiable et lim”g”LQTpﬁJroo Q(0) = +o0 ainsi Argming Q@ = {6 € L3, | DQ(#) =0} est
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non vide, la différentielle DQ(0) € L7, est donnée par

o —Io (X @0 aws) 13 [ 5(x 0 [
e T

P

F(X)

T,p

(90,1900, - [ ) o) |

.9 |2
F(X(_G))Qellﬂx )9.||L2Tﬂ><

(20000700000, - [ (x|,

ou ¢ € Lj,. Pour une preuve de ce résultat, nous renvoyons a [62]. En ce qui
concerne 'implémentation numérique, nous considérons un sous-espace E de L%’p
non trivial de dimension finie. La restriction de () sur E atteint un minimum 67,.
On considére alors (eq, -+ , e,,) une base orthornormale de E. Sous des hypothéses
de controle de la discrépance entre X et X% et de controle de F a I’infini, on
définit 'algorithme d’échantillonnage préférentiel par le schéma récursif

Op = 0p_1 — ’)/nK (enfla X(_Gnil)a W(n)) >

Ol (Yp>1)n>1 est une suite de pas vérifiant (1.5), (W®)) _  est une suite indépen-

n>1
dante de mouvements browniens pour lesquels le processus X (~%»-1) est une solution
forte de Eb—af(X(’en—l))Gn,l,W(")' La fonction K est définie sur la base (e, - ,€ey)

pour 0 € L?F’p, W mouvement brownien, ¥ = (Y}).cj0.17 processus FV-adapté a
valeurs dans R? par

)

(K(0,Y,W),e0) 5 =C0, HEY )z g, (2 (FY)0, F(Y)ei s

- [ o).

ot C'(0, f) est une constante positive dépendant de 6 et f. La séquence (6,,), -, ainsi

définie vérifie: 6, 25 03, n — 4o00. Pour une preuve et plus de détails a propos
de cet algorithme, nous nous référons a [62]. Dans notre cas, il s’agit toujours de
minimiser les variances asymptotiques (1.7) et (1.8). Afin de définir notre algorithme
d’échantillonnage préférentiel, nous supposons que ¢ vérifie I’hypothése suivante:

I >0, Vo e ([0,7],RY), o) <C (1 + qugo) . (1.10)
Nous obtenons ainsi deux procédures récursives
O = b1 = Y It (Enmr, O, X W)
fn = pn-1 — Vo (Eamt, 1, XTHr=0) W)
que nous combinons adaptativement avec notre premier algorithme VaR-CVaR:

é-n = é-nfl - ’YnLl (fnfla enfla W(n))a
Cn =Up—1 — ’YnLQ(é—nfla Hn—1, W(n)>7
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ou

1
T a Hexoze)

_foT<f1(x(9>»s)es,dWs>—%Hfl(X(e)")"-Hi% )
»q
)

Lyi(&,6,W) = e*%llfllloo||9_||L2T,p (1 B

Xe

Lol €, W) 1= € = € = ———(p(X W) — £)e

— S (F2(X9) g AW ) — 3 yfg(x(mvmuj%q
Nous montrons que si les conditions (i) et (ii) sont vérifices, o(X) € L*(P) et
que I’hypothése (1.10) est satisfaite alors (&, Ch, O, ftn) ——> ( o ;,OzyE,,uj;’E),
n — +00.

Quant a la vitesse de convergence faible, la procédure moyennisée (toujours en
utilisant le principe de moyennisation de Ruppert & Polyak) vérifie sous certaines
hypotheses un TCL gaussien.

Theorem 1.1.4. On suppose que la suite de pas (%)n21 est définie pour n > 1 par
Yo =L avee £ < B < 1. Sip(X) € L**(P) pour un a > 1, (i) et (ii) sont vérifices
et si (1.10) est satisfaite alors la séquence moyennisée définie par

£ §o+...+£n,1’ o - CO+...+Cn,1’ N>,
n n
satisfait ~
\/ﬁ(%:%& ) LS N(0,5%) = 400, (1.11)
avec

. 1
21’1 = %Var ( l{go(X(GZ»E))Zg*}X

2

. . 0* 3o\
_fOT<f1(X(9 @,E)7s)9a,E,57dWS>_% fl(X( a5 )GO"E" L2
. T,q s
22 = m— g var | (¢ 7))
(1—a) *
. 2
= J§ (X0 B W)= (X By
L
T,q

Un paragraphe de cette partie est consacré aux applications numériques sur de
nombreux portefeuilles liés aux marchés de 1’énergie. Les résultats numériques mon-
trent que la réduction de variance est trés significative. Notamment, nous comparons
sur un méme portefeuille I'efficacité de cette nouvelle version de I’algorithme avec
sa version en dimension finie développée dans la partie précédente: 1’algorithme
VaR-CVaR en dimension infinie résout le probléme de la dimension rencontré par
I’algorithme VaR-CVaR en dimension finie.
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1.1.3 Version QMC de approximation stochastique

Dans cette partie, nous étudions le cas ou le vecteur aléatoire X n’est plus généré a
l'aide d’une séquence (déterministe) pseudo-aléatoire mais a I’aide d’une suite (déter-
ministe) uniformément distribuée a discrépance faible. Généralement, une variable
aléatoire X de dimension d est simulée a partir d’une loi uniforme U ([0, 1}7), avec
q > d, par des méthodes standards tels que I'inverse de la fonction de distribution,
la méthode de Box-Miiller, ... Etant donné les performances des méthodes dites de
quasi-Monte Carlo concernant l'intégration numérique, il parait naturel d’essayer
d’introduire des suites a discrépance faible dans les algorithmes stochastiques. La
premiére étude fit menée par [58] ou il est clairement montré (dans un cadre uni-
dimensionel) que dans certains cas la convergence des algorithmes ainsi obtenus est
bien meilleure que celle ot une séquence pseudo-aléatoire est utilisée. D’un point de
vue théorique, les deux principaux résultats sont basés sur une hypothése de con-
traction et sur une hypothése de bornitude de la fonction H. Dans le premier cas,
une vitesse de convergence de ’algorithme vers sa cible est obtenue justifiant ainsi
le gain par rapport a ’approximation stochastique classique basée sur des nombres
pseudo-aléatoires.

Récemment, de nouveaux résultats concernant les algorithmes quasi-stochastiques
ont été obtenus dans [60] (incluant d’autres cadres d’études) généralisant les ré-
sultats de [58]. Le résultat principal est basé sur une hypothése de moyennisa-
tion de la séquence aléatoire utilisée dans 1’algorithme stochastique et sur des hy-
pothéses de Lyapunov classiques (retour a la moyenne et croissance linéaire). Cepen-
dant, ces résultats ne s’appliquent pas directement a ’algorithme VaR-CVaR car
dans la majorité des cas, I’hypothése de moyennisation n’est pas vérifiée. Dans
cette partie, nous présentons un cadre dans lequel nous obtenons la convergence de
I’algorithme VaR-CVaR. L’idée principale est d’utiliser des résultats concernant la
discrépance pour des suites uniformément distribuées a valeurs dans des ensembles
Jordan mesurable (c.f. [70] et [71]). Cela nous permet de satisfaire une hypothése
de moyennisation.

Definition 1.1.1. Une séquence (u,),>1 & valeur sur [0, 1]¢ est uniformément dis-

tribuée dans [0, 1] si

] — a
=3 6 U (0,1)9), 0 oo,
n

k=1

. . (R9) ) .
ou 6, est la masse de Dirac en u, = représente la convergence faible des mesures
de probabilités sur (R, Bor(R?)) et U ([0, 1]9) représente la loi uniforme sur [0, 1]9.

La notion de discrépance permet de quantifier I'erreur de répartition des suites
uniformément distribuées.

Proposition 1.1.5. Une suite (uy,),>1 @ valeur dans [0,1]9 est uniformément dis-
tribuée si et seulement si

1 < 1
D (u) :== ES[%% ! Z 1j0,0)(ur) — Hxl — 0, n—+4oo.
0T T =1 i=1

D} (u) est la discrépance étoile.
23



CHAPTER 1. INTRODUCTION

On considére couramment qu’une suite uniformément distribuée sur [0, 1]7 est a
discrépance faible si elle vérifie D} (u) = O (N~*(log N)9).

L’idée principale de cette partie est fondée sur la notion de discrépance des
sous-ensembles de [0, 1]9 qui sont Jordan-mesurables (i.e. les sous-ensembles dont
la frontiére est réguliére ou dont la fonction caractéristique est intégrable au sens
de Riemann). Cette discrépance sera trés utile lorsque nous nous intéresserons
a l'algorithme VaR-CVaR dans le cas des suites a discrépance faible. Nous nous
réferons a [71] pour une preuve.

Proposition 1.1.6. Soit B C [0,1]7 et € > 0. Soient

B.={u€[0,1]7: d(u,v) <€ pour unv € B},
B_.={ue€l0,1]7: d(u,v) > € pour tout v € [0,1]"\B},

ot d est la distance Euclidienne sur R. Soit My la famille d’ensemble B C [0, 1]9
mesurable au sens de Lebesque vérifiant

A (BAB) <ble) and A (B\B_.) < b(e),

pour tout € > 0, ou A\, désigne la mesure de Lebesgue sur (RY, Bor(RY)) et b est une
fonction positive, croissante tel que lim o+ b(e) = 0. Si (up)n>1 est uniformément
distribuée sur [0,1]9 alors

n

1
D, (My,u) := sup |— Z dp(ug) — Ay(B)| =0, n — +oo.
BeM, n =1

De plus, si la fonction b est de la forme b(e) = Ce, pour tout € > 0 el pour une
constante C' > 0 alors il existe K > 0 tel que

Dy (My,u) < KD (u)i.

Les résultats suivants établissent un lien entre la discrépance et ’erreur numeérique
d’intégration d’une fonction f sur [0,1]%. Ils fournissent l'erreur que 'on commet
lorsqu’on estime la quantité E [f(U)], oa U ~ U ([0, 1]9) et f est une fonction & vari-
ation finie (au sens de Hardy et Krause) ou lipschitzienne, par la moyenne empirique

% > e f ().

Proposition 1.1.7. Soit v = (ug)1<k<n une suite a valeurs dans [0,1]7 et f une

fonction a variation finie V(f). Alors
e (Inégalité de Koksma-Hlwaka)

< V(f)Dy(u).

S ) - T
k=1 0,1}

e ([19]) Si B € M,, alors on a

n

L s = [ )

k=1, uxeB

<(V(f)+ f(1,---,1)) Dp(My, u).
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Un autre résultat trés utile concerne le cas ot la fonction f est lipschitzienne. Le
théoréme suivant est di a Proinov (c.f. [75])

Theorem 1.1.8. On suppose que R? est muni de la norme (>, (|2|s = maxi<;<, |z;], € RY).
Soit u une suite uniformément distribuée a valeurs dans [0,1]9. Soit py,-- -, p, une

suite de réels positifs vérifiant
n
Sh-t
k=1

Alors, pour toute fonction continue f:[0,1]7 = R,

Q=

S peflw) — [ f@)A(de)

[0,1]

< Cywy (D} ()

)

wy(0) = sup [f(x) = f(y)l, d€(0,1),

x,yE[O,l}q,u—ylooSé

o

et Cy € (0,00) est une constante universelle dépendant uniquement de q. Si q =1,
Co=1etsiqg>2, C,e[l,4].

Pour revenir a 'algorithme VaR-CVaR, nous supposons que X = U (U), avec
U [0,1]7 — R Nous allons remplager U par une suite a discrépance faible u.
Nous nous placons sous I’hypothése suivante

Hypotheése 1.1.9. La fonction ¢ o ¥ : [0,1]7 — R est lipschitz.

Soit F' la fonction de distribution de la perte L, i.e. la fonction de distribution de
la variable aléatoire (¥ (U)). D’un point de vue théorique, la convergence de la
procédure VaR-CVaR peut étre obtenue a partir de la convergence faible suivante:

1 & ®Y)
= ﬁ 25\p(uk) = F
k=1

Nous notons D (u, V) pour la discrépance des n premiers termes de u associé au
systéme et définie par

D (u, V) := sup |—
£eER

Ty <e — . 1.12
13t <s>| (L12)
Remarquons que dés que u est uniformément distribuée sur [0, 1]? alors D} (u, V) —
0, n = 4o0.

Proposition 1.1.10. On suppose que [’hypothése 1.1.9 est vérifiée et que la fonction
de distribution de L = (W (U)) est lipschitz. Alors pour tout £ € R

(pow) ™ (1= 00,61 ) € M,,

ot pour tout € > 0, b(e) = Ce pour une certaine constante C > 0. Si u est une suite
uniformément distribuée a discrépance faible alors

ly, == max kDj(u,V) =0 <n1_% log(n)> , n>1

1<k<n
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La vitesse de convergence obtenue ci-dessus pour la discrépance étoile correspond
a ’hypothése de moyennisation introduite dans [60|. Soit « une suite uniformément
distribuée dans [0, 1]9, 'algorithme VaR-CVaR en utilisant la suite u est naturelle-
ment définie pour n > 1 par

é-n = fnfl - ’YnKl(fnflg Un) (113)
Cn - Cn—l - 'YnKQ(gn—ly Cn—la un)a (114)

ou pour tout £ € R, uw € [0,1)9, Ki(§,u) = 1 — =Lz et Ka(§ c,u) ==
c—&— 15 (p(¥(u) =),

Theorem 1.1.11. On suppose que [’hypothese 1.1.9 est satisfaite et que la fonc-
tion de distribution de L = @(V(U)) est lipschitz. Soit u une suite uniformément
distribuée sur [0,1]7 & discrépance faible. Soit v = (Vn)n>1 une suite de pas réels
positifs vérifiant

Z’Yn = —|—OO, ,ynnl—%log(n) — 07 Zmax (|A7n+1‘ 777%) nl_% log(n> < +o0.
n>1 n>1

(1.15)
Alors les procédures (1.13) et (1.14) convergent vers & et C%.

Remarquons que la suite de pas v, = 2, ¢ > 0, n > 1 vérifie toujours (1.15). Des
tests numériques complétent cette étude. Nous comparons notamment la vitesse de
convergence entre ’algorithme VaR-CVaR avec suite a discrépance faible et avec une
suite pseudo-aléatoire comme étudiée dans [6]. Les résultats montrent que lorsque
la dimension ¢ est faible (disons ¢ < 10), 'algorithme quasi-stochastique VaR-CVaR
converge plus rapidement que son homologue stochastique.

1.2 Couverture en CVaR par algorithme stochas-
tique

Dans ce deuxiéme chapitre, nous nous intéressons a la couverture d’une perte (ou
d’un actif) par minimisation du risque en CVaR dans un marché incomplet opérant
a temps discret.

1.2.1 Introduction

Rappelons que dans un marché viable (i.e. en absence d’opportunité d’arbitrage),
il existe une probabilité P* (équivalente a la probabilité historique IP) sous laquelle
le processus des prix des actifs négociables actualisé est une martingale. Le prix
d’un actif contingent (option sur un actif négociable) est déterminé par la valeur
courante d’un portefeuille autofinancé ayant presque siirement pour valeur terminale
la valeur de 'option & maturité. On dira que le marché est complet si la probabilité
P* est unique. Harrison et Kreps dans [43] ont montré que dans un marché complet
tout actif contingent s’exprime comme une intégrale stochastique par rapport au
processus des prix et peut ainsi étre répliqué par un portefeuille autofinancé sans
aucun risque.
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Quand le marché est incomplet, le probléme est plus délicat. La mesure mar-
tingale IP* n’est plus unique et il n’y a aucune raison pour que la valeur d’un actif
contingent s’exprime comme une intégrale stochastique par rapport au processus
des prix. Il existe une littérature abondante sur le probléme de I’évaluation du prix
des actifs contingents et de leur couverture en marché incomplet. Citons [33], [32]
et [83] pour une approche par minimisation du risque quadratique, [26] pour une
approche par sur-réplication, [34] et [67] pour une approche basée sur la mesure de
probabilité d’entropie minimale.

Une autre méthode largement étudiée dans la littérature est basée sur la max-
imisation de l'utilité espérée. Cela consiste a déterminer la proportion optimale de
richesse que l'investisseur doit détenir pour chaque actif en fonction de son prix
afin de maximiser 1'utilité espérée finale de son portefeuille. I’evaluation du prix
d’un actif se fait en utilisant le principe d’indifférence d’utilité: 1'utilité espérée d’un
portefeuille contenant 'actif doit étre égale a 1'utilité de ce méme portefeuille sans
cet actif. Plusieurs approches et extensions ont été proposées a ce probléme de
maximisation. Nous nous référons a [27], [44], [47] et [65] pour plus de détails.

Dans ce chapitre, nous nous intéressons a la minimisation du risque en CVaR
d’une perte (ou d’un actif) comprenant une source de risque observable mais non
négociable sur les marchés de I’énergie (ou financiers). Evaluer et couvrir un actif
en utilisant les mesures de risque est une approche récente qui a été étudiée par
de nombreux auteurs. P. Barrieu et N. El Karoui dans [9] se sont intéressées au
probléme de minimisation du risque non-couvrable (a l'aide des actifs présents sur
le marché financier) en utilisant les mesures de risque convexes. Les stratégies max-
imisant la probabilité de réussite d’'une couverture sont étudiées dans [30] comme
alternative aux stratégies de sur-couverture.

Dans le cadre de I'optimisation de portefeuille pour réduire la CVaR, R.T. Rock-
afellar et S. Uryasev dans [77] proposent une méthode afin d’estimer a un instant
donné la proportion optimale que 'investisseur doit détenir en chaque actif afin de
minimiser la CVaR de son portefeuille. La méthode est basée sur la programmation
linéaire et consiste dans un premier temps a générer des scénarios de perte puis a les
introduire comme des contraintes dans le probléme de programmation linéaire. Le
principal désavantage de la méthode est que le nombre de contrainte du probléme
est égale au nombre de scénarios simulés. Par conséquent, nous sommes trés vite
limités dans la pratique.

Dans ce travail, nous considérons un marché (de I’énergie ou financier) opérant
a temps discret tg = 0 < t; < --- < t)y = T et constitué d'un actif sans risque
dont le prix est supposé constant et égal & 1 et de d actifs risqués négociables
dont les prix a l'instant ¢, seront notés X, = (Xé)lgigd. La perte du portefeuille
subie a l'instant T (ou le payoff du produit dérivé a l'instant T') qu’on désire cou-
vrir est une variable aléatoire réelle L définie sur un espace probabilisé (€2, A, P).
La source d’incomplétude du marché vient de la présence dans L d’un processus
Z = (Zy)1<e<m qui est observable mais non négociable, cela induit une source de
risque qui n’est pas couvrable a I'aide des actifs présents sur le marché. Par exemple,
sur le marché de I’électricité ou du gaz, la perte pour un fournisseur d’énergie peut
étre due a une consommation de ses clients (entreprises ou particuliers) en électricité
ou en gaz. Généralement, cette consommation dépend de la température qui est un
processus observable mais non négociable sur les marchés. De plus, on peut consid-
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érer que les prix de I’électricité dépendent eux aussi de la température de sorte que le
processus Z peut intervenir dans la dynamique des prix. Ce type de dépendance vis
a vis d'un processus observable mais non négociable est particulierement pertinente
sur les marchés financiers et de I'énergie (par exemple, volatilité stochastique et
temps de défaut sur les marchés financiers; température et autres aléas climatiques
sur les marchés de I'énergie). Nous notons G = (Gy),-,-,, la filtration engendrée
par les processus X et 7, i.e. Gy = 0 {X;, Z;;0 <i < /(}.

Afin de réduire son risque (ou couvrir son actif contingent), nous considérons
que l'investisseur utilise une stratégie dynamique autofinancée. A temps discret,
celle-ci peut étre représentée par un processus 0 = (6¢),.,_,, adapté a la filtration
G, tel que 0, € LY, (G), on LY,(G) est 'espace des variables aléatoires G-mesurable
et finies p.s. a valeurs dans R%. Dans une telle stratégie, §, peut étre vu comme la
quantité d’actifs investie a l'instant ¢,. Le gain a l'instant 7" d’une telle stratégie
partant d’une richesse initiale nulle est donné par l'intégrale stochastique discréte
Zéj\il 05_1.AXE ol AX( = Xg — Xg_l.

Le probléme pour l'investisseur est de trouver une stratégie autofinancée 67 qui
minimise le risque résiduel de la perte du portefeuille. Nous nous intéressons donc
au probléme de minimisation de la CVaR:

M
inf CVaR,, <L — ; eg_l.AXg) , (1.16)

ou

A={016,€ L% (G), (=0,---, M—1}

est ’ensemble des stratégies admissibles sous I’hypothése crucial que le processus de
prix (X¢)o<e<pr est une (G, P)-martingale.

Afin de mesurer le risque a un instant ¢, nous introduisons une nouvelle mesure
de risque que nous noterons G,-CVaR qui est une version dynamique et donc aléa-
toire de la CVaR et qui est basée sur la représentation introduite par Rockafellar et
Uryasev (voir Proposition 1.1.1). Nous considérons une sous-tribu F C A.

Definition 1.2.1. Soit L tel que E[L,] < +o0. La F-CVaR est la mesure de risque
aléatoire définie par

) 1
F-CVaR,(L) := !;_GESLSD%}(Hff)ﬁ +1E [(L-¢), |F].

Par construction, il est clair qu’elle satisfait les propriétés suivantes

1. Sous-additivité: Pour tout L, L' € L' (P), F-CVaR,(L+L') < F-CVaR,(L)+
F-CVaRa (L),

2. Homogénéité positive: Soit A € LY (F) tel que A > 0 p.s., F-CVaR,(\L) =
A x F-CVaRo(L).

3. Invariance par translation: Pour tout Z € LY (F), F-CVaR. (L + Z) = Z +
F-CVaR,(L).

4. Monotonicité: Pour tout L, L' € L'(P) tel que L < L', F-CVaR,(L) <
F-CVaR,(L)).
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Ainsi, afin d’estimer cette quantité qui apparait comme une espérance condition-
nelle, nous utilisons une formule de quadrature basée sur la quantification optimale.

Pour plusieurs raisons (cotits de transaction, cotits d’entrée et de sortie liés au
stockage du gaz, impossibilité de stocker de I’électricité, horizon de temps court,
...), un investisseur peut ne pas vouloir intervenir sur les marchés chaque jour. Il
peut étre intéressé par une couverture approximative de son profil de risque. Pour
ces raisons, nous nous intéressons d’abord aux stratégies de couverture & un pas.
Une telle stratégie décidée a 'instant ty,, ¢y = 0,---, M — 1, est obtenue en fixant
définitivement la quantité initiale d’actifs contenue dans le portefeuille 6, = 6,,,
pour £ = {ly,---, M — 1. Elle est donc représentée par une seule variable aléatoire
0s € LYa(Gy,). Le risque de I'investisseur a I'instant t;, est mesuré par la quantité
aléatoire connue uniquement a linstant ty,: Gy -CVaR,, (L — 0y, (Xpr — X)) A
la date 0, I'investisseur l'estime en calculant E [G,,-CVaR, (L — 0y,. (Xar — X4,))]-
Cette quantité représente un risque forward, i.e. c’est la meilleur approximation a
la date 0 du risque a la date t,, alors que la quantité CVaR,, (L — 8y,. (Xn — Xy,))
représente le risque a la date 0. Par conséquent, il y a deux problémes d’optimisation
possibles pour 'investisseur.

Le premier consiste & minimiser le risque forward, i.e. ’espérance du profile de
risque a la date t,, de la perte du portefeuille en utilisant une stratégie auto-financée
a un pas probléme et une richesse initiale nulle

inf E [ggo—CVaRa (L - 0@0. (XM - Xgo))] . (117)

60 €L0, (Geq P)

Le second consiste & minimiser le risque a la date 0 des pertes du portefeuille en
utilisant un critére de CVaR statique et le méme type de stratégie

inf CVaRa (L - ng. (XM - XEO)) . (118)

6[0 ELH%d (gZO 7P)

La VaR, et la CVaR,, sont des mesures de risque disymétriques contrairement a
I’écart-type. En utilisant la couverture en CVaR, nous cherchons & modifier la distri-
bution de la perte L de maniére disymétrique, i.e. nous désirons réduire davantage
la queue de distribution a droite (celle qui correspond aux pertes extrémes) que celle
a gauche qui correspond aux pertes faibles voire aux gains potentiels. C’est la dif-
férence fondamentale entre la couverture en CVaR et la couverture par minimisation
du risque quadratique.

Nous étudions I'existence de solutions aux problémes (1.16), (1.17) et (1.18).

1.2.2 Aspects théoriques de la couverture en CVaR

Dans un premier temps, nous nous intéressons aux propriétés de la G,-CVaR,, afin
de mieux comprendre comment le risque du portefeuille détenu par l'investisseur
évolue jusqu’a la maturité T'.

Proposition 1.2.1. Nous posons M = +oo pour ce résultat. Soit Y une vari-
able aléatoire réel tel que E[Y,] < +oo. La séquence (Gr-CVaRo(Y)),s, est une
surmartingale. De plus, si 'Y est Goo-mesurable, ot Goo = V.G alors on a

G.-CVaR,(Y) 25V, n — +oc.
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Cela a pour conséquence immédiate que la séquence (E[Gi-CVaRq(Y)])gcr<ns €St
décroissante et donc 'estimation a la date 0 du risque dynamique de 'investisseur
décroit au cours du temps. Nous dirons que la mesure de risque aléatoire G,-CVaR, (V)
est cohérente.

Nous continuons ensuite avec un corollaire concernant le portefeuille avec stratégie
de couverture dynamique.

Corollary 1.2.2. Soit L tel que E[L] < +oo. On suppose qu’il existe p' > 1
tel que AX, € LY (P) pour £ = 1,--- M. Soit § € A tel que 0, € L? (P), pour

{=0,---,M—1 avec p = p,p_l. Alors la séquence
M
(Qk—CVaRa (L - Z Hgl.AXg>> est une surmartingale
(=1 0<k<M

et vérifie pour k € {0,--- , M — 1},

M M k
gk—CVaRa (L — Z 05_1.AXE> = gk—CVaRa (L — Z Qg_l.AXg> — Z Qg_lAXg
{=k+1 (=1 =1
(1.19)

Si X est une (G, P)-martingale, il en découle I'identité suivante

M M
Gi-CVaR,, (L — Z egl.AXg> Gi-CVaR,, (L - Z e“.AX@>
/=1

t=k+1
qui signifie que 'estimation a la date 0 du risque a la date ¢, ne dépend pas des
décisions prises avant cette derniére date.

On considére une sous-tribu F C A avec la possibilité par la suite (lorsque nous
proposerons des procédures numériques d’estimation de stratégie optimale) de poser
F =0, lhy=0,--- M —1. On pose X = X, — Xy, et nous nous intéressons aux
deux problémes

E =K

Y

inf E[F-CVaR, (L —6.X)], (1.20)
GEL?R +(F.P)
et
inf  CVaR, (L —0.X). (1.21)
0€L? ;(F,P)

Remarquons que le probléme (1.21) peut étre écrit

1
inf hﬁ)EF+Tja@—&X—QJ, (1.22)

EELR(FP) OEL) ;(F.P

ainsi par conséquent, nous résolvons dans un premier temps le probléme suivant

1
inf E (L -6.X— . 1.2
eagwm F+1_Q( 0 €M] (1.23)

Sans perte de généralité, nous pouvons supposer que £ = 0 et a = 0. Ainsi le
probléme (1.23) est équivalent & minimiser le risque “short fall”

inf E[(L-6X),]. (1.24)

0€L? ;(F.P)
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Soit II(dy,dz) = II(w,dy,dz) une version réguliére de la loi conditionnelle de
(L, X) sachant F.

Afin d’établir I'existence de solutions aux deux problémes ci-dessus, nous faisons
I’hypothéses suivantes concernant cette loi conditionnelle

Hypothése 1.2.3. Cas du risque statique
i) La distribution de L et de X satisfait L € L (P), X € Lg,(P).

ii) essinfueL?Rd(;,P), et E[(uw.X)y | F] >0 p.s.
Hypothése 1.2.4. Cas du risque forward
i) La distribution de L et de X satisfait L € L (P), X € L.(P).

ii) ess infueL?Rd(f,lP’), uj=1 F-CVaR, (u.X) > 0 a.s.

Proposition 1.2.5. Soit V; et V, deuz fonctions définies sur Q x R x R? et Q x R?
par

Vi(w, &, 0) = /vf(f,e,y,x)ﬂ(w,da:,dy), (1.25)
Vi(w, &, 0) = /US(Q,y,x)H(w,dx,dy) (1.26)
ou .
(&0, y,2) =k [y — o = &), (1.27)
et
Us(ea Y, %’) = (y - (9.%')+ ) (128)

Alors, on a

i) Risque statique: Supposons que U’hypothése 1.2.3 est vérifiée. Alors pour tout
w €, la fonction Vi(w, .) est conveze, Lipschitz continue et limg|_, ;.o Vi(w,0) =
+00. De plus, on a

inf E[(L-0X), |=E inf E((L-0.X), |F 1.29
- [( )] ot [( ol FT L (129)

et
GeeLsH%sdl(r}f’P)E [(L—0.X), | F] (w) = mnin Vi(w, 9). (1.30)

ii) Risque forward: Supposons que l’hypothése 1.2.4 est vérifiée. Alors, pour tout

w € Q, la fonction Vi(w, ., .) est conveze, continue et V§ € R, limy gy 100 Vi(w, &, 0) =

+00. De plus on a,

inf E[F-CVaR, (L —0.X)]=E
eeLﬂgd(f,P)

essinf
0EL) j(FP), EELY(F.P)

E[&ﬁ@—e.x—gh
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et

1
ess inf El{+—-(L-0X-¢),
€LY, (FP), EELY(F,P) 11—«

]:} (W)= min Vi(w,&,0).

(€,0)ERXRY
(1.32)

Le membre de droite des deux équations (1.30) et (1.32) montre que les deux
problémes d’optimisation (1.20) et (1.21) s’écrivent

inf E[F-CVaR,(L—-0.X)=E 1 V(& 0)|, 1.33
et ) [ aRq ( )] { comn (€ )} (1.33)
et,
inf CVaR, (L —60.X)=infE [min V(& 9)} . (1.34)
0eL? ;(F) EER | geRd

Par conséquent, pour tout w € €2, nous devons résoudre des problémes d’optimisation
déterministes. Le résultat suivant permet de caractériser ces minimas et nous perme-
ttra par la suite d’en déduire des procédures numériques afin d’estimer les stratégies
optimales.

Proposition 1.2.6. Supposons que U'hypothése 1.2.3 est vérifie. Alors, pour tout
EeR
Argmin Vi (€,.) = {6 € R VoV;(£,0) =0} # @.

Supposons que [’hypothése 1.2.4. est vérifiée alors
Arg min Vf = {(5,‘9) € R x Rd| V(gyg)Vf(g,Q) = O} £+ .

ou le gradient de Vy peut étre représenté pour tout (£,60) € R x R? par
VienVs(€.0) = / Vieovs(§, 0,y,2)I(dz, dy) (1.35)
et,
VoVi(€,0) :/ngf(f,e,y,x)ﬂ(dx,dy). (1.36)

De plus, & — E [mingega V¢ (€, 0)] est Lipschitz continue, conveze, et lim¢|—, 1o E [mingega Vi (€, 0)] =
+00. Par conséquent, (1.20) et (1.21) admettent des solutions.

Concernant les stratégies de couverture dynamique, on considére de la méme
facon le probléme plus général suivant

M M
gier}‘lff CVaR,, (L — Zegl.AXg> = érelufwieri\f;E &+ ﬁ (L — 295,1.AX5 — §> ]
/=1 /=1 +
(1.37)
ot Ar est I'ensemble des séquences 0 = (0, -+ ,0p—1) tel que 0, € LY, (Fy), Fo C
Fi1 C - Fu_1 € A sont des sous-tribus avec la possibilité de fixer F; to G,.

Afin d’obtenir des résultats similaires au cadre “un pas”, nous considérons une
famille de lois conditionnelles (IIy)q,cy,_, 0oU II(dy,dz) = Iy(w,dy,dz) est une
version réguliére de la loi conditionnelle du vecteur (L, AXy,- -+, AXy,) sachant F.
Nous nous placons sous I'hypothése suivante:
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Hypothése 1.2.7. i) La distribution de (L, AXy,- -+, AXy) satisfait L € Ly (P),
AX, €LY (P), (=1, M

ii) essinfueL?Rd(RPL =1 E[(w.AXy)y | Foa] >0 pes.

Avant d’établir P’existence d’une solution au probléme (1.37), nous le décom-
posons en deux sous-problémes. Dans une premier temps, nous intéressons aux
problémes de controle stochastiques suivant

mf E

£+ — ( Z@g 1.AX, — ) ] , pour tout & € R. (1.38)
+

En utilisant des idées similaires a celles utilisées dans le principe de la programmation
dynamique (fonctions de Bellman, etc), nous montrons I'existence d’une stratégie
optimale. Dans cet esprit, nous construisons la solution de (1.38) de maniére “back-
ward”, pas & pas de la date ¢ & la date £ — 1. Sans perte de généralité, on pose £ = 0
et @« = 0. On remarque que le probléme (1.38) peut s’écrire

M
inf E essinf L — Z Or_1.AX, Fu_1|] -
GKEL?Rd (]'—g,]P)),f:O,--- ,M—2 6]\4,16L§d (]:]\4,1,1?) —1 n
(1.39)
Donc, nous pouvons commencer par résoudre le probléme
M
essinf L — Or_1.AX, Fu_1| (w) =
On—1€LY 4 (Far—1) ( ; ' ) M 1] ( )
min  Vi_1(w,0) p (1.40)

9M 1€Rd

ot Viy_1 est définie pour tout w € Q, 6, € LY, (F;), (L =1,--- , M — 21, par

M—-1
(L _ Z 0, 1.AX, — OM_l.AXM>
/=1 +

= /’w(eo:M%@M17y733)HM1(W,d33ady) (1.41)

Vair—1(w, Bo.ar—2,0p-1) :=E

.7}4_1] QU)

avec

w(,y, ( Zez L A;cg> . (1.42)
+

En utilisant des arguments similaires a ceux utilisés dans le cadre statique, nous
montrons que pour tout w € Q, 6, € Lg(F), £ = 0,---,M — 1, pour tout
¢ € R, la fonction Oy 1 — Viyr_1(w, 0p.1—2,00r—1) est convexe, Lipschitz et satisfait
limjg,, |-+oo VM,l(w,HO;M,Q,HM,l) +o00o. Par conséquent, le probléme (1. 40) ad-
met une solution que 'on notera 9M 1. Ensuite si GMM 1= (9075, cee GQ,M 1)
est la solution construite jusqu’a I’étape ¢, on montre qu’il possible de construire
émg_l au pas £ — 1, en résolvant le probléme d’optimisation suivant

ess inf E[Vi(0o.0—2,00-1)| Fo-1] (w) = min Vi_q(w,00.0-2,00-1) a.s. (1.43)

92—1€L§d(fe—1yp) 0y, €R?
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oll pour tout #y_, € LHOW (Fe—1,P), les fonctions V; and V,_; sont définies par

{—1
Vi(w, 00.0-2,001) == E (L ) O AXp = 0, AX, — Z Or1. AXk> Fol| (w)

k=1 k=0+1
:/w(90:£—2,9@—1,§K:M—1,y7$)né(wadx,dy) (1-44)

et,
Vici(w, 0p.0—2,0i-1) = /w(eo:e—m9&—1,éﬁzM—l,y,ﬁ)HE—l(Wad%dy)- (1.45)

Une fois que la stratégie optimale 0 est construite donc également la solution 07,
de (1.38), on revient au probléme global (1.37) qui s’écrit

S )

dont on établit 'existence d’un “£” optimal grace a une uniforme Lipschitzité en la
variable “0”. La proposition suivante implique que le probléme (1.37) admet une
solution optimale (&£,0%) € R x Ax.

inf inf E
EER AR

Proposition 1.2.8. Supposons que l'hypothése 1.2.7 est vérifiée. Alors, (1.39) est
satisfaite, le probléme (1.40) admet une solution et pour ¢ = M —1,--- |1, il existe
0% 1 Fe-1-mesurable, solution du probleme (1.43).

De plus, la fonction § — infgca, E [§+ <L Ze 100-1.AXy — §> } est con-
Jr

vexe, Lipschitz et satisfait limg ;o infoe 4, E {g+ <L Ze 10021 AX, — g) } =
Jr

+o0o. Ainsi le probleme (1.37) admet une solution.

1.2.3 Aspects numériques de la couverture en CVaR

Nous nous intéressons dans une seconde partie aux aspects numériques de la couver-
ture en CVaR dans un cadre markovien. Nous étudions des méthodes numériques
afin d’estimer les stratégies optimales solutions de (1.17), (1.18) et (1.16) sous
I’hypotheése

Hypothése 1.2.9. (Cadre Markovien)

1. Le processus (X, Zé’)ogng a valeurs dans R? x RY est markovien par rapport
a la filtration G.

2. Le processus (X¢)g<p<p €St une (G,P)-martingale.

Sur les marchés de I’énergie, par exemple ceux du gaz et de ’électricité, le prix des
actifs X présents sont essentiellement les contrats day-ahead et les contrats forward.
Du fait de I'impossibilité de stocker de ’électricité et du coiit trés élevé pour le
stockage du gaz, il est impossible d’établir une stratégie de gestion autofinancée sur
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les contrats day-ahead et seules les contrats forwards sont disponibles a cette fin.
Le prix de ces derniers est souvent modélisé par une martingale sous la probabilité
historique a 1’aide de modéles de type Heath-Jarrow-Morton.

Dans un premier temps, nous développons un algorithme stochastique pour les deux
problémes a un pas. Soit ¢, € 0,---, M — 1. D’un point de vue modélisation,
nous supposons que la perte s’écrit L = ¢(X, Z) et qu'il existe deux fonction F' :
R? x RY x R™ — R et G : R x RY x R — RY tel que

Xy — Xgo = G(Xgo, Zgo, Ugo + 1) and L = F(Xgo, Zgo, UgOJrl)
ou Uy, 41 est un vecteur aléatoire de dimension 4, indépendant de Gy, := o (Xy,, Zy, )-

On note U pour Uy 4;1. Dans ce cadre markovien, la fonction (1.25) peut s’écrire
pour tout (x,z) € R? x RY

Vi€, 0,x,2) =€+ ﬁE [(F(ZL‘,Z, U)—0.G(x,2,U) — S)J ,
donc (1.32) devient

1
ess inf E{£+—(L—0.X—§)+
0€LL ,(Gry)£€ LY (Guy) l -«

ggo] :( min Vf(ﬁ,Q,x,z))

(£,0)eRxRY

(1.46)

Par conséquent, afin de résoudre le probléme global (1.17) nous devons résoudre

le probléme local qui apparait dans le membre de droite de 1’égalité ci-dessus pour
chaque (Xy,(w), Zy,(w)). Ensuite, nous devons estimer la quantité suivante

E (1.47)

v ;
((9,5)1£Rde f(f, , T, z))

Pour cela, nous proposons d’utiliser une grille de quantification optimale du

N Ny N, .
{igeo,Zeo} = ((x%o, Z0)s (xgoeo, zzol°)> de taille Ny,.

Pour chaque noeud (:L'zo, zgo) de la grille, ce qui correspond & un état probable

xXgO,ngj
processus (Xy,, Zs,), L'y :=T

de la variable aléatoire (Xy,, Zy,), nous estimons la stratégie 0} (xZO, zZO) ainsi que
la VaR,, locale &} (7, , ;,) et la CVaR,, locale CV;(x; , ;) a Iaide d'un algorithme
stochastique (&,,0,,C,),s,- Puis, nous estimons la CVaR globale du portefeuille

C*, i.e. la quantité (1.47) a laide de la formule de quadrature suivante

Ng
> CVi (g, AP (X, Zk) € Cyln, 21)) (1.48)
j=1

ot la suite (C}(z,, Zgo))lngNeo est la partition de Voronof associée a la grille (4, 24,)-

Comme pour l'algorithme d’estimation du couple VaR-CVaR étudiée dans [6],
afin d’obtenir la meilleure vitesse de convergence asymptotique, nous utilisons le
principe de moyennisation de Ruppert & Polyak. Nous nous intéressons ensuite aux
stratégies autofinancées dynamiques et nous en proposons quatre différentes afin
d’approcher la stratégie optimale solution de (1.16):
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e Crude CVaR hedging algorithm (C.H.): C’est la procédure qui est la
plus naturelle. Elle consiste & résoudre directement le probléme en (1.16) en
généralisant I’algorithme développé dans le cadre statique. Pour étre plus pré-
cis, nous quantifions le processus (X, Z) a chaque date t;, pour 1 < k < M.
Le nombre d’actifs & détenir pendant la période (k, k + 1], 05 dépend de toute
la trajectoire du processus (X, Z). Nous faisons ’approximation consistant a
faire dépendre 65 uniquement de (Xy, Z). A Pétape n de I’algorithme stochas-
tique, la stratégie dynamique optimale est estimée par la variable aléatoire
0, = (Gons- - ,0p—1n) et pour k=1,--- M. La VaR et la CVaR sont égale-
ment calculées par algorithme stochastique mais, contrairement au cas sta-
tique, elles sont estimées de maniére globable et non plus locale, i.e. qu’elles
ne dépendent plus du noeud de I’arbre de quantification considéré.

Le principale désavantage de cette méthode réside dans la dimension de I'algorithme
stochastique mis en oeuvre. Elle est égale a D = 2 +d + 224:2‘1 X N.
Lorsque celle-ci est faible (D < 100) on observe un trés bon comportement de
I’algorithme. Mais dés que la dimension devient grande D > 150, 200, ce qui

est souvent le cas en pratique, I’algorithme ne converge plus et Uefficacité de la
méthode diminue grandement. Les trois autres méthodes que nous proposons
palient ce probléme tout en approchant la solution du probléme (1.16).

e Backward Dynamic hedging algorithm (B.H.): Cette stratégie est basée
sur (1.19) et consiste en une résolution backward. Si I’on considére M dates
sur la période, alors afin de se couvrir au mieux a la derniére date, i.e. ala date
tar—1, équation (1.19) nous dit qu’il faut résoudre le probléme d’optimisation
suivant

inf E
e A

M
QM_l—CVaRa <L — Z 05_1.AXE>

(=1

inf E [QM,l—CVaRa (L - erlAXM)] .

GMfleLﬂogd(ngfl)

Remarquons que c’est un probléme d’optimisation statique a la date t,;_;. La
stratégie optimale 65, | peut étre facilement estimée a I’aide d’un algorithme
stochastique. Ensuite, nous pouvons reculer d’un pas et résoudre le probléme
a la date t,/_» connaissant la solution optimale a la date t,,_1, i.e.

inf E [Grn—2-CVaR, (L — 65, . AXy — Oy—2AX )],

91»1726L?Rd(gtM,2)

en utilisant encore une fois 'algorithme statique. On poursuit ainsi jusqu’a

obtenir la stratégie optimale backward 6 = (62)1<k<M'

e Martingale Decomposition of L (M.D.H.): Cette stratégie est basée sur
une décomposition de la perte L a maturité 7' comme somme d’accroissements
de martingale, i.e.

L=E[L]+ i ALy, (1.49)

36



CHAPTER 1. INTRODUCTION

ot AL, = E[L|G]-E[L|G,1],1 < ¢ < M, définie une séquence d’accroissements
de martingale par rapport a G. Maintenant, on utilise la propriété de sous-
additivité de la CVaR,

M
] — <
inf CVaR,, <L ;aHAXO <E[L]+
M ~
Y inf  CVaR, <AL5 _ 95,1AX5) .

=1 0¢—1€LY ;(Ge—1)

(1.50)

Nous pouvons maintenant résoudre chaque probléme locaux apparaissant dans
le membre de droite de (1.50) séparément. Cependant, il n’y a aucune raison
pour que la stratégie ainsi obtenue soit optimale pour le probléme global (1.16).
D’un point de vue numérique, nous remarquons que lorsque le nombre de dates
M est élevé (M > 10 en pratique) cette stratégie fournit de bons résultats.
D’encore meilleurs résultats sont obtenus en la modifiant légérement. Pour
cela nous utilisons I'inégalité

it E [gg,l-cvaRa <AL5 _ 95,1AX5)] <

Op_1 GLD%d

inf  CVaR, (ALg - eg_lAXg) ,

0p—1€LY ;1 (Ge—1)

(1.51)

ce qui nous conduit a résoudre le probléme

M

inf  E[G,_,-CVaR, (ALg _ @HA)@] ,

— 91&—16L?Rd(gz—1)

i.e. une somme de problémes locaux.

e Classical Decomposition of L (C.D.H.): Cette stratégie est similaire a la
précédente. La seule différence réside dans la décomposition de L qui est ici
classique, i.e.

M
L=Lo+Y L— L.
(=1

Enfin, a Uinstar de I’algorithme stochastique VaR-CVaR développé dans [6], nous
proposons de combiner tous ces algorithmes avec des méthodes de réduction de
variance afin d’accélérer la convergence asymptotique.

La premiére méthode que nous proposons est basée sur un algorithme récursif
d’échantillonnage préférentiel que nous combinons adaptativement avec la procé-
dure d’estimation des quantités (£&,0%,C*). Notons que cet algorithme est plus
complexe que dans le cas de la VaR-CVaR car une nouvelle composante apparait
ici: la stratégie estimée 6, au pas n.

La seconde méthode est basée sur la variable de controle X, — X (dans le cas de
la stratégie statique) ou AX, (dans le cas de la stratégie dynamique), { = 1,--- , M.
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Puisque le processus X est une martingale, ’espérance de celle-ci est nulle. Nous
établissons alors une formule pour calculer les poids optimaux qui réduisent la vari-
ance asymptotique dans le TCL vérifiée par la procédure (&,,6,,C,),~,. Ces poids

peuvent étre estimés de maniére adaptative avec les quantités (&3, 6%, C).

[e 2o}

Pour terminer ce chapitre, nous étudions l'efficacité des différentes stratégies
étudiées ainsi que des méthodes de réduction de variance proposées sur des porte-
feuilles lies au marché de 1’énergie (qui est fortement incomplet) ot nous prenons
I’exemple de la température comme processus observable mais non négociable. Nous
tragons les histogrammes des pertes avant et aprés couverture afin de bien saisir com-
ment la couverture en CVaR transforme et désymétrise la distribution des pertes.

1.3 Modélisation Conjointe des prix spot du gaz et
de I’électricité

La récente évolution des marchés de I'énergie en Europe ces derniéres années a
confronté ses différents acteurs a de nombreux problémes de modélisation et de val-
orisation. Comprendre et modéliser I’évolution des prix des énergies est maintenant
devenu un enjeu stratégique pour les énergéticiens.

Il existe essentiellement trois types de produit que 'on peut échanger sur ces
nouvelles places boursiéres.

Le premier est le contrat forward (ou futures). C’est un contrat qui permet a son
détenteur de recevoir dans le futur une certaine quantité d’énergie fixée a ’avance
durant toute une période comprise entre deux dates 77 et 75 (une semaine, un mois,
un trimestre, une année, ...). Le prix a I'instant ¢ < T} < T3 d’un tel contrat est noté
F(t,T1,T5). Le deuxiéme est le contrat spot ou day-ahead. C’est un contrat qui livre
pour le lendemain une quantité d’énergie connue a ’avance. A la date t, le prix spot
est noté Sy = F(t,t+1,t+1). Le troisiéme concerne les produits dérivés sur les prix
de ces deux premiers contrats. Certaines de ces options font intervenir plusieurs én-
ergies comme le spark spread (gaz et électricité). Dés lors, modéliser conjointement
les dynamiques des prix des contrats devient une problématique intéressante. De
plus, les modéles de prix pour les énergies sont fondamentalement différents de ceux
des prix des actions sur les marchés financiers. Par exemple, I’évolution des prix des
contrats spots gaz et électricité possédent des propriétés statistiques particuliéres:
saisonnalité, structures de corrélations forte, stationnarité, pics de prix, queues de
distribution épaisses, ... Toutes ces particularités doivent étre prises en compte afin
de bien valoriser les actifs physiques (Turbine a gaz, stockages, options swing, ...) et
les options sur les marchés du gaz et de I’électricité. Ceci est I'une des motivations
qui nous a conduit a nous intéresser a la modélisation conjointe des prix spot du gaz
et de I’électricité.

De nombreux modéles ont été proposés dans la littérature. Généralement, ils
sont basés sur les processus d’Ornstein afin de modéliser la propriété de retour a la
moyenne des prix. Des modéles d’équilibre ont été proposés afin de reproduire le
phénomeéne d’offre et de demande dans la formation des prix. Nous nous référons a |7
et [46] pour plus de détails concernant cette approche. Son principal désavantage
réside dans la structure d’autocorrélation des prix du gaz et de 'électricité ainsi
que la structure de corrélation croisée qui ne sont pas reproduites correctement.
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Afin de bien représenter le phénomeéne de pics de prix, [37| propose une diffusion
markovienne avec sauts. Cependant, appliqué aux prix des contrats spot gaz et
électricité, ce modeéle ne pourrait pas représenter les structures d’autocorrélations et
de corrélations croisées des deux énergies.

Une autre classe de dynamiques récemment introduite est celle des modeéles multi-
facteurs. De nombreux auteurs ont étudié ce type de diffusion. Nous pouvons
citer [10], [20], [66], [85] parmi bien d’autres. Le logarithme du prix (on parlera
alors de modéle géométrique) ou directement le prix (on parlera alors de modéle
arithmétique) est représenté par une somme de processus d’Ornstein. Certains de
ces processus sont & sauts purs tandis que d’autres sont des processus avec des
variations plus réguliéres. Par exemple dans [66], un modéle & deux facteurs est
étudié. Le log des prix désaisonnalisés X (t) est modélisé par

X(t) =Yi(t) + Ya(t)

ou

dY;(t) = —\Y:(O)dt + dLi(t), i=1,2.

Y1 est un processus d’Ornstein Uhlenbeck (OU), i.e. L est un mouvement brownien
standard alors que Y5 est un processus d’Ornstein & sauts discontinues, i.e. Lo est
un processus a sauts purs. Dans ce type de modeéle, la difficulté réside dans la
détection et le filtrage des pics de prix afin d’estimer les paramétres du processus
a sauts. Plusieurs méthodes ont été proposées pour résoudre ce probléme. Nous
nous référons a [66| et [10] pour plus de détails au sujet du processus de calibration
associé a ces modéles.

Dans ce troisiéme chapitre, afin de représenter I’ensemble des propriétés statis-
tiques observées par les prix des contrats spot du gaz et de I’électricité, nous pro-
posons une nouvelle classe de modéles multi-facteurs (géométrique et arithmétique)
basée sur des processus d’Ornstein a volatilité locale paramétrique. La principale
motivation de ce travail réside dans I’article [15]. Dans celui-ci, les auteurs montrent
qu’il est possible & partir d’une fonction d’autocorrélation décroissante en exponen-
tielle et une loi marginale données de construire un processus de diffusion avec drift
linéaire et coefficient de diffusion paramétrique reproduisant la structure de corréla-
tion demandée et dont la loi stationnaire correspond a la loi marginale. Afin de
reproduire des pics de prix nous utilisons ce type de processus. Cela nous permet
d’éviter d’introduire des processus a sauts. Notre processus de calibration est basé
sur des méthodes statistiques robustes et rapides ce qui est un avantage considérable
comparé a la classe des diffusions a sauts. Notre modéle nous permet de reproduire
les structures d’autocorrélation de chaque énergie ainsi que la structure de corréla-
tion croisée entre les prix spot gaz et électricité. Nous avons choisi de réaliser cette
étude dans le cas du modéle géométrique afin de garantir la positivité des prix.

Les principales propriétés statistiques des prix spot du gaz et de 1’électricité sont:

e la premiére et sans doute la plus partagée par les autres matiéres premiéres est
la saisonnalité. Elle est généralement modélisée par un trend (fonction affine
du temps) et une somme de sinusoides. Le log des prix de chaque énergie

39



CHAPTER 1. INTRODUCTION

electricity spot price

fluctuent autour des deux fonctions

2mt 2mt
log g(t) = a? + bgt—I—chcos(lk)—l—dgsm( )

k=1 i
2rt 2rt
loge(t) = a° —}-bet+chcos( ;l: ) + dj sin (%),

ou ly, = |252/k], k=1, ....m, et |z] est la partie entiére de z. Pour m = 2,
nous prenons en compte une saisonnalité annuelle et semestrielle. Tous les
coefficients sont calibrés par une méthode des moindre carrés ordinaires.

I’électricité n’étant pas une énergie stockable cela entraine la présence de pics
de prix. Le gaz peut étre stocké mais pas a moindre coiit, par conséquent ce
dernier partage la propriété de pics de prix avec ’électricité comme nous le
montre les historiques de prix suivants. Cela a pour conséquence directe que
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Figure 1.1: Prix des contrats spot électricité sur le marché de Powernext (sur la
gauche) et du gaz au NBP (sur la droite) pour la période du 14 Janvier 2003 jusqu’au
20 Aott 2008.

40

les distributions marginales des prix sont a queues épaisses et disymétriques.

Une fois la saisonnalité enlevée, nous avons remarqué que les séries des log-
prix désaisonnalisés sont stationnaires (phénoméne de retour a la moyenne)
et liées entre elles en niveau. Il existe une dépendance long terme entre les
deux énergies. Ces deux propriétés sont observables au niveau des fonctions
d’autocorrélation et de corrélation croisée. Elles peuvent étre représentées par
une somme de fonctions exponentielles décroissantes avec différentes vitesses,
i.e. que nous choisissons la modélisation suivante pour 7 > 0

P7) = Cone (V2(04.7),Y10) = gt (1)
pe(r) = Corr (Yt + 1), V(1)) = ¢fe 17 + (1 — ¢T)€_k577
p?e(1) = Corr (Y9(t +7),Y°(t)) = (bg’ee*)‘g o
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Les vitesses de décroissance A9, \¢ sont les vitesses rapides de retour a la
moyenne, celles qui permettront aprés un pic de prix de revenir autour de
la moyenne alors que A9° est la vitesse lente et correspond a la vitesse de
retour a la moyenne du processus a variations normales ou d’équilibre. Notons
que dans notre modélisation nous avons choisi la méme vitesse lente \%¢ dans
les fonctions d’autocorrélation du gaz et de I'électricité. Ces coefficients sont
calibrés en utilisant la méthode des moindres carrés ordinaire.

Afin de reproduire ces propriétés statistiques grace a notre modéle, nous étudions
la construction d’un processus de diffusion X a valeurs dans l'intervalle (, ) solution
d’une EDS dont la loi invariante f et la fonction d’autocorrélation sont connues et
données.

Proposition 1.3.1. Soitb: z € (I,7) — —A(x — ). On suppose que la densité f a
pour moyenne u et une variance finie. Alors il existe une unique fonction o définie

par
T2 M=) f(y)dy
Ve e (I,r), o(x) = \/ @) ;

tel que I’EDS
dX; = 0(Xy)dt + o(Xy)dBy, Xo € (I,7), (Ebo)

a une unique solution X, qui est un processus de diffusion ergodique de distribution
stationnaire v satisfaisant v(dz) = f(x)dx, et de fonction d’autocorrélation

Vt,7 >0, Corr (X, X;)=e V.

La fonction o est calculable de maniére explicite pour la majorité des distribu-
tions utilisées en pratique. Cependant, pour certaines d’entre elles, aucune formule
explicite existe. Dans ce cas, une approximation par point selle est envisageable.
Celle-ci est basée sur la fonction génératrice des moments M () et son logarithme
k(t) = log(M(t)). L’approximation par point selle d’ordre 1 de la densité f est
donnée par la densité f

Vo € (l,?"), f(x) = (271'5”(1%))71/2 e—(fxx—n(fx))’

oit t = 1, est la solution (unique) de I’équation #'(t) = x. En général, pour les
distributions ou le coefficient de diffusion n’est pas explicite dans la proposition
1.3.1, t, est connue et une formule “simple” existe.

Une comparaison entre f et la mesure de vitesse de (E},), nous suggére la
relation t = =22. Cela nous améne alors a considérer la solution de 'EDS (E;,)

dont le drift est b : & € (I,7) — —A(z — p) et le coefficient de diffusion est défini par

Vo e (L), ofx)= _t?(lj;").

Celle-ci posséde une unique solution X ergodique de distribution stationnaire f (r) =

o?(z)

e~ (28@=r(E@) o ¢ est une constante de normalisation. Nous étudions Pexemple
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de laloi NIG (Normal Inverse Gaussian) qui fait partie de la famille des distributions
hyperboliques généralisées. La densité de la loi NIG est définie par

adK <om/52 +(zx—1 2)

1 ( ) % 66 /a2—52+6(23—l)’ = R,

T/ 0% + (v —1)?
ou S eER, a>|f],d >0,1 € R et Ky est la fonction de Bessel modifiée d’ordre
3 et d’indexe 1. Cette distribution permet de générer de grandes valeurs avec une
probabilité élevée. Nous nous baserons sur cette distribution afin de générer des pics

de prix. La fonction t est connue explicitement et I'EDS ayant pour densité f est
entiérement spécifié par les deux fonctions

VR W il Gt )
Vo €R, b(z)=—A(z—p) et (’9)_a(x—o—5m’ (1.52)
8

ou pu=10+ et et 0 := (a, B, 9,1) représente les quatre paramétres de la loi.

fx) =

Le modéle que nous proposons est basé sur une somme de diffusions définies par
(Eb,) avec des choix judicieux des fonctions b et 0. Afin de bien reproduire les
fonctions d’autocorrélation et de corrélation croisée des séries log-prix désaisonnal-
isés Y9 (pour le gaz) et Y¢ (pour I'électricité), nous étudions la dynamique a deux
facteurs suivante

/=X +7Z;, et Y=X+ 27,

ot (Zt)50> (X7) 150 €t (X))~ sont des processus mutuellement indépendants définies
comme suit:

e Le diffusion Z est le processus d’équilibre entre les deux énergies avec une
vitesse de retour & la moyenne lente A\, = \§ = \5. Ce processus représente les
variations normales et nous choisissons pour celui-ci un processus d’Ornstein-
Uhlenbeck

dZ, = =\, Z,dt 4 o, dW/,

avec A, >0 et o, > 0.

e Les diffusions X9 et X€ représentent les processus responsables des pics de prix
pour chaque énergie. Nous les modélisons par des processus de loi invariante
NIG et de vitesses de retour a la moyenne rapides A, = A > 0 and A\, = A\§ > 0,
i.e.

AX] = =X (X] = ) dt + 05(XT:0;)dWY, j = g.e,

olt 0;(.;0) est définie par (1.52).
Ensuite, nous proposons un processus de calibration adapté & ce modéle et basé

sur des outils statistiques rapides et robustes. Sans rentrer dans le détail, les grandes
étapes sont les suivantes:

e Etape 1: On désaisonnalise le log des prix par régression sur les fonctions
log g et loge a l'aide de la méthode des moindre carrés ordirnaire.
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e Etape 2: Ensuite, on calibre les coefficients apparaissant dans les fonctions
d’autocorrélation et de corrélations croisées par la méthode des moindre carrés
encore une fois.

e Etape 3: Puis, pour finir, on estime les coefficients #9 et 6° en utilisant la
méthode du maximum de vraisemblance tronquée d’ordre m > 0. Celle-ci
consiste & approximer la vraisemblance de Y9 et Y¢ dont on ne peut pas
obtenir une formule explicite par la vraisemblance tronquée d’ordre m > 0,
i.e. celle qui consiste & tenir compte & chaque date des m données passées.
Dans [5], il est montré qu’un tel estimateur est fortement consistant et vérifie
asymptotiquement un TCL. Dans notre méthode de calibration, nous étudions
les estimateurs de 6, et 0. d’ordre 0 et 1. L’estimateur d’ordre 0 est plus robuste
et fournit de meilleurs résultats sur les simulations effectuées.

Dans la derniére partie, nous proposons des simulations du modéle calibré, ainsi
qu’une comparaison de trois différents modéles appliqués a la valorisation (calcul
d’espérance sous la probabilité historique) et au controle du risque (calcul de la
VaR,) d’un portefeuille modélisant de maniére simple le comportement d’une tur-
bine a gaz. Cette comparaison a pour but de mettre en évidence I'importance de la
prise en compte des phénomeénes de pics de prix et de lien long terme entre les prix
spot du gaz et de I'électricité.
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Computation of VaR and CVaR
using stochastic approximations
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Chapter 2

Computation of VaR and CVaR
using stochastic approximations and

unconstrained importance sampling

This work appeared in Monte Carlo Methods and Applications.

Joint paper with O. Bardou and G. Pagés.

Abstract: Value-at-Risk (VaR) and Conditional-Value-at-Risk (CVaR) are two
risk measures which are widely used in the practice of risk management. This
paper deals with the problem of estimating both VaR and CVaR using stochastic
approximation (with decreasing steps): we propose a first Robbins-Monro (RM)
procedure based on Rockafellar-Uryasev’s identity for the CVaR. Convergence rate
of this algorithm to its target satisfies a Gaussian Central Limit Theorem. As a
second step, in order to speed up the initial procedure, we propose a recursive and
adaptive importance sampling (IS) procedure which induces a significant variance
reduction of both VaR and CVaR procedures. This idea, which has been investigated
by many authors, follows a new approach introduced in [62]. Finally, to speed up the
initialization phase of the IS algorithm, we replace the original confidence level of
the VaR by a slowly moving risk level. We prove that the weak convergence rate of
the resulting procedure is ruled by a Central Limit Theorem with minimal variance
and its efficiency is illustrated on several typical energy portfolios.

Keywords: VaR, CVaR, Stochastic Approximation, Robbins-Monro algorithm, Im-
portance Sampling, Girsanov Transform.
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2.1 Introduction

Following financial institutions, energy companies are developing a risk manage-
ment framework to face the new price and volatility risks associated to the growth
of energy markets. Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR) are
certainly the best known and the most common risk measures used in this context,
especially for the evaluation of extreme losses potentially faced by traders. Nat-
urally related to rare events, the estimation of these risk measures is a numerical
challenge. The Monte Carlo method, which is often the only available numerical
device in such a general framework, must always be associated to efficient reduction
variances techniques to encompass its slow convergence rate. In some specific cases,
Gaussian approximations can lead to semi-closed form estimators. But, if these ap-
proximations can be of some interest when considering the yield of a portfolio, they
turn out to be useless when estimating e.g. the VaR on the EBITDA (Earnings
Before Interest, Taxes, Depreciation, and Amortization) of a huge portfolio as it is
often the case in the energy sector.

In this article, we introduce an alternative estimation method to estmate both
VaR and CVaR, relying on the use of recursive stochastic algorithms. By definition,
the VaR at level a € (0,1) (VaR,) of a given portfolio is the lowest amount not
exceeded by the loss with probability « (usually o > 95%). The Conditional Value-
at-Risk at level a (CVaR,) is the conditional expectation of the portfolio losses
beyond the VaR,, level. Compared to VaR, CVaR is known to have better properties.
It is a coherent risk measure in the sense of Artzner, Delbaen, Eber and Heath,
see [3].

The most commonly used method to compute VaR is the inversion of the simu-
lated empirical loss distribution function using Monte Carlo or historical simulation
tools. The historical simulation method usually assumes that the asset returns in
the future are independent and identically distributed, having the same distribu-
tion as they had in the past. Over a time interval [t,T], the loss is defined by
L=V (S,t)— V(S + AS,T), where S; denotes the market price vector observed
at time ¢, AS = Sy — S; the variation of S over the time interval [t, T] -which can
be calculated using historical data- and V (S, t) the portfolio value at time ¢. The
distribution of this loss L can be computed with the corresponding VaR at a given
probability level by the inversion of the empirical function method. However, when
the market price dynamics follow a general diffusion process solution of a stochas-
tic differential equation (SDE), the assumption of asset returns independence is no
longer available.

To circumvent this problem, Monte Carlo simulation tools are generally used.
Another widely used method relies on a linear (Normal approximation) or quadratic
expansion (Delta-Gamma approximation) and assume a joint normal (or log-normal)
distribution for AS. The Normal approximation method gives L a normal distribu-
tion, thus the computation of the VaR,, is straightforward. However, when there is a
non-linear dependence between the portfolio value and the prices of the underlying
assets (think of a portfolio with options) such approximation is no longer acceptable.
The Delta-Gamma approximation tries to capture some non linearity by adding a
quadratic term in the loss expansion. Then, it is possible to find the distribution
of the resulting approximation in order to obtain an approximation of the VaR. For
more details about these methods, we refer to [17], [21], [39], [40] and [80]. Such
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approximations are no longer acceptable when considering portfolios with long ma-
turity (7"— ¢ = 1 year up to 10 years) or when the loss is a functional of a general
path-dependent SDE.

In the context of hedging or optimizing a portfolio of financial instruments to
reduce the CVaR, it is shown in [77]| that it is possible to compute both VaR and
CVaR (actually calculate VaR and optimize CVaR) by solving a convex optimization
problem with a linear programming approach. It consists in generating loss scenarios
and then in introducing constraints in the linear programming problem. Although
they address a different problem, this method can be used to compute both VaR
and CVaR. The advantage of such a method is that it is possible to estimate both
VaR and CVaR simultaneously without assuming that the market prices have a
specified distribution (e.g. normal, log-normal, ...). The main drawback is that the
dimension (number of constraints) of the linear programming problem to be solved
is equal to the number of simulated scenarios. In our approach, we are no limited
by the number of generated sample paths used in the procedure.

The idea to compute both VaR and CVaR with one procedure comes from the
fact that they are strongly linked as they appear as the solutions and the value
of the same convex optimisation problem (see Proposition 2.1) as pointed out [77].
Moreover both the objective function of the minimization problem and its gradi-
ent read as an expectation. This leads us to define consistent and asymptotically
normal estimators of both quantities as the limit of a global Robbins-Monro (RM)
procedure. Consequently, we are no longer constrained by the number of samples
paths used in the estimation.

A significant advantage of this recursive approach, especially in regard to the
inversion of the empirical function method is that we only estimate the quantities of
interest and not the whole inverse of the distribution function. Furthermore, we do
not need to make approximations of the loss or of the convex optimization problem
to be solved. Moreover, the implementation of the algorithm is straightforward.
However to make it really efficient we need to modify it owing to the fact that VaR
and CVaR computation is closely related to the simulation of rare events. That is
why as a necessary improvement, we introduce a (recursive and adaptive) variance
reduction method based on an importance sampling (IS) paradigm.

Let us be a bit more specific. Basically in this kind of problem we are interested
in events that are observed with a very low probability (usually less that 5%, 1% or
even 0.1%) so that we obtain few significant replications to update our estimates.
Actually, interesting losses are those that exceed the VaR, i.e. the ones that are “in
the tail” of the loss distribution. Thus in order to compute more accurate estimates
of both quantities of interest, it is necessary to generate more samples in the tail of
L, the area of interest. A general tool used in this situation is IS.

The basic principle of IS is to modify the distribution of L by an equivalent
change of measure to obtain more “interesting” samples that will lead to better
estimates of the VaR and CVaR. The main issue of IS is to find a right change
of measure (among a parameterized family) that will induce a significant variance
reduction. In [39] and [38], a change of measure based on a large deviation upper
bound is proposed to estimate the loss probability P(L > z) for several values of x.
Then, it is possible to estimate the VaR by interpolating between the estimated loss
probabilities.
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Although this approach provides an asymptotically optimal IS distribution, it
is strongly based on the fact that the Delta-Gamma approximation holds exactly
and relies on the assumption that, conditionally to the past data, market moves are
normally distributed. Moreover, as shown in [41]|, importance sampling estimators
based on a large deviations change of measure can have variance that increases with
the rarity of the event, and even infinite variance. In [25], the VaR, is estimated
by using a quantile estimator based on the inversion of the empirical weighted func-
tion and combined with Robbins-Monro (RM) algorithm with repeated projection
devised to produce the optimal measure change for IS purpose. This kind of IS
algorithm is known to converge toward the optimal importance sampling parameter
only after a (long) stabilization phase and provided that the compact sets have been
appropriately specified. By contrast, our parameters are optimized by an adaptive
unconstrained (i.e. without projections) RM algorithm naturally combined with our
VaR-CVaR procedure.

One major issue that arises when combining the VaR-CVaR algorithm with the
recursive IS procedure is to ensure that the IS parameters do move appropriately
toward the critical risk area. They may remain stuck at the very beginning of the IS
procedure. To circumvent this problem, we make the confidence level slowly increase
from a low level (say 50%) to a by introducing a deterministic sequence (ay,),>o of
confidence level that converges toward . This kind of incremental threshold increase
has been proposed previously [55] in a different framework (use of cross entropy in
rare event simulation). It speeds up the initialization phase of the IS algorithm
and consequently improves the variance reduction. Thus, we can truly experiment
asymptotic convergence results in practice.

The paper is organized as follows. In the next section, we present some theoretical
results about VaR and CVaR. We introduce the VaR-CVaR stochastic algorithm
in its first and naive version and study its convergence rate. We also introduce
some background about IS using stochastic approximation algorithm. Section 3 is
devoted to the design of an optimal procedure using an adaptive variance reduction
procedure. We present how it modifies the asymptotic variance of our first CLT.
In Section 4 we provide some extensions to the exponential change of measure and
to deal with the case of infinite dimensional setting. Section 5 is dedicated to
numerical examples. We propose several portfolios of options on several assets in
order to challenge the algorithm and display variance reduction factors obtained
using the IS procedure. To prevent the freezing of the algorithm during the first
iterations of the IS procedure, we also consider a deterministic moving risk level a,
which replace a to speed up the initialization phase and improve the reduction of
variance. We prove theoretically that modifying in this way the algorithm doesn’t
change the previous CLT and fasten the convergence.

Notations: e |.| will denote the canonical Euclidean norm on R? and (.,.) will
denote the canonical inner product.

e £ will denote the convergence in distribution and =% will denote the almost
sure convergence.

e z, := max(0, z) will denote the positive part function.
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2.2 VaR, CVaR using stochastic approximation and
some background on recursive IS

It is rather natural to consider that the loss of the portfolio over the considered time
horizon can be written as a function of a structural finite dimensional random vector,
i.e. L = p(X), where X is a Re-valued random vector defined on the probability
space (2, A,P) and ¢ : RY — R is a Borel function. ¢ is the function representing
the composition of the portfolio which remains fixed and X is a structural random
vector used to model the market prices over the time interval; therefore we do not
need to specify the dynamics of the market prices and only rely on the fact that it
is possible to sample from the distribution of X. For instance, in a Black-Scholes
framework, X is a Gaussian vector and ¢ can be a portfolio of vanilla options. In
more sophisticated models or portfolio, X can be a vector of Brownian increments
related to the Euler scheme of a diffusion. The VaR at level o € (0, 1) is the lowest
a-quantile of the distribution ¢(X) i.e.:

VaRa (p(X)) := inf {& [ P (p(X) < &) = a}.

Since limg_, 1 P (¢(X) < &) =1, we have {{ | P(p(X) < &) > a} # &. Moreover,
we have limg, P (¢(X) <) = 0, which implies that {£ | P(¢(X) < &) > a} is
bounded from below so that the VaR always exists. We assume that the distribution
function of p(X) is continuous (i.e. without atoms) so that the VaR is the lowest
solution of the equation:

Pp(X) <) =a.

Three values of o are commonly considered: 0.95, 0.99, 0.995 so that it is usually
close to 1 and the tail of interest has probability 1 — a. If the distribution function
is (strictly) increasing, the solution of the above equation is unique, otherwise, there
may be more than one solution. In fact, in what follows, we will consider that any
solution of the previous equation is the VaR. Another risk measure generally used
to provide information about the tail of the distribution of ¢(X) is the Conditional
Value-at-Risk (CVaR) (at level o). As soon as ¢(X) € L'(P), it is defined by:

CVaRa(p(X)) = E [p(X)|p(X) = VaRa(p(X))].

The CVaR of ¢(X) is simply the conditional expectation of ¢(X) given that it
lies inside the critical risk area. To capture more information on the conditional
distribution of p(X), it seems natural to consider more general risk measures like for
example the conditional variance. In a more general framework we can be interested
in estimating the W-Conditional Value at Risk (V-CVaR) (at level o) where U : R —
R is a continuous function. As soon as ¥(p(X)) € L'(PP), it is defined by:

U-CVaRa((X)) := E[¥(p(X))|p(X) = VaRa(p(X))] . (2.1)

When ¥ = Id and ¢(X) € L'(P), (2.1) is the regular CVaR of ¢(X). When
U = x +— 2%, equation (2.1) is but the conditional quadratic norm of p(X).
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2.2.1 Representation of VaR and V-CVaR as expectations

The idea to devise a stochastic approximation procedure to compute VaR and CVaR,
and more generally the U-CVaR, comes from the fact that these two quantities are
solutions of a convex optimization problem whose value function can be represented
as an expectation as pointed out by Rockafellar and Uryasev in [77].

Proposition 2.2.1. Let V and Viy be the functions defined by:

V(E) =EP(6X)] and Va(€) = E[uw(¢, X) (2.2

where
o(E7) = Eh m—(p(X) ~ €)1 and w(€,7) = &+ ——(V(p(a)) ~ E)Lipimzg)
(2.3)

Suppose that the distribution function of ¢(X) is continuous and that o(X) € L'(PP).
Then, the function V is convex, differentiable and the VaR,(p(X)) is any point of
the set:

argmin V' = { € R [ V'(§) =0} = {{ | P(p(X) < §) = a},
where V' is the derivative of V' defined for every £ € R by

V(e —E |5 6 x)]. 2.4)

Furthermore,

CVaR,(p(X)) = min V(€)

EeR

and, if U (o(X)) € LY(P), for every £ € argminV (i.e., £ is a VaR,(o(X)))

V-CVaRq (p(X)) = Va(£).

Proof. Since the functions £ — (¢(z) — &)y, © € R?, are convex, the function V is
convex. P(dw)-a.s., 2¢(&, X (w)) exists at every £ € R and
ov

a—g(é,X(w))

Thanks to Lebesgue Dominated Convergence Theorem, one can interchange dif-
ferentiation and expectation, so that V' is differentiable with derivative V'(§) =
1—7=P(¢(X) > £) and reaches its absolute minimum at any £* satisfying P(¢(X) >
) =1—aie Plp(X) <& =a.

Moreover, it is clear that:

P(dw)-a.s.,

<1lv .
- l—«

. ., Ellp(X) —€)4]
VE) = S e e
EEMp)se] + El(0(X) — €)4]
P(p(X) > €%)
= E[p(X)[e(X) > £
and, in the same way, V4 (£*) = W-CVaR, (¢(X)). This completes the proof. O
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Remark: Actually, one could consider a more general framework by including any
risk measure defined by an integral representation with respect to X:

E[A(E7, X)]

where A is a (computable) Borel function.

2.2.2 Stochastic gradient and its adaptive companion proce-
dure: a first naive approach

The above representation (2.4) naturally yields a stochastic gradient procedure de-
rived from the convex Lyapunov function V' which will (hopefully) converge toward
¢* := VaR,(¢(X)). Then, a recursive companion procedure based on (2.2) can be
easily devised having C* := U-CVaR,(¢(X)) as target. There is no reason to believe
that this first version can do better than the empirical quantile estimate. But, it
is a necessary phase in order to understand how our recursive IS algorithm (to be
devised further on) can be combined with this first procedure.

First we set
ov 1

(& x) =1— ——1@)>e), (2.5)

(g, z) = o€ j —

so that,
V(&) =E[H (£ X)].

Since we are looking for ¢ for which E[H;(¢, X)] = 0, we implement a stochas-
tic gradient descent derived from the Lyapunov function V to approximate £* :=
VaR,(o(X)), i.e., we use the RM algorithm:

fn == é-nfl - ’YnHl(fnflaXn)an Z 17 50 S Ll(P)7 (26)

where (X,,),>1 is an i.i.d. sequence of random variables with the same distribution
as X, independent of &), with E[|&]|] < 400 and (y,)n,>1 is a deterministic step
sequence (decreasing to 0) satisfying:

Z’yn = +oo and Z’yi < +o00. (A1)

n>1 n>1

In order to derive the a.s. convergence of (2.6) we introduce the following additional
assumption on the distributions of (X) and VU (p(X)). Let a > 0,

©(X) has a continuous distribution function and ¥(p(X)) € L**(P). (A2),

Actually, Equation (2.6) can be seen either as a regular RM procedure with mean
function V"’ since it is increasing (see e.g. [23| p.50 and p.66) or as a recursive gradient
descent, procedure derived from the Lyapunov function V. Both settings yield the
a.s. convergence toward its target £*. To establish the a.s. convergence of (&,),>1
under assumptions (A1) and (A2); (and of our different RM algorithms), we will
rely on the following theorem. For a proof of this slight extension of Robbins-Monro
Theorem we refer to the appendix.
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Theorem 2.2.2. (Robbins-Monro Theorem (variant)). Let H : R? x R? — R be
a Borel function and X be an R%-valued random vector such that E[|H (z, X)|] < oo
for every z € R?. Then set

VzeRY h(z) =E[H(z, X)].
Suppose that the function h is continuous and that T* := {h = 0} satisfies

Vz e RY | T* V2* € TF, (2 — 2" h(z)) > 0. (2.7)
Let (7,)n>1 be a deterministic step sequence satisfying condition (A1). Suppose that

Vz e RY E[|H(z X)) < C(1+ |z} (2.8)

(which implies that |h(z)] < C'(1+ |z])).

Let (X,,)n>1 be an i.i.d. sequence of random vectors having the distribution of X,
let zo be a random vector independent of (X,,)n>1 satisfying E[|zo|] < oo, all defined
on the same probability space (2, A,P). Let F, = o(20, X1, ..., Xp) and let (r,)n>1
be an F,-measurable remainder sequence satisfying

Z'yn\rn|2 < 00. (2.9)

Then, the recursive procedure defined for n > 1 by
Zn = anl - ’YnH(anla Xn) + YnTn,
satisfies:
3 2., such that Z, =% 2 and 2o € T* a.s.
The convergence also holds in LP(P),p € (0,2), where LP(P) denotes the set of all
1
random vectors defined on (Q, A,P) such that E[| X|"]» < oo.

Remark: It is in fact a slight variant (see the appendix for a proof) of the regular
RM Theorem since Z, converges to a random vector having its value in the set
{h =0} even if {h = 0} is not reduced to a singleton or a finite set. The remainder
sequence in the above theorem plays a crucial role when we will (slightly) modify
the first IS procedure to improve its efficiency.

The second step concerns procedure for the numerical computation of the ¥-CVaR,,.
A naive idea is to compute the function Vi at the point £*:

U-CVaR, = Vg (€") = Elw(¢*, X))

using a regular Monte Carlo simulation,

[y

3

W(E, Xpar). (2.10)
0

SEES
il

However, we first need to get from (2.6) a good approximate of £* and subsequently
to use another sample of the distribution X. A natural idea is to devise an adaptive

54



CHAPTER 2. COMPUTATION OF VAR AND CVAR USING STOCHASTIC
APPROXIMATIONS AND UNCONSTRAINED IMPORTANCE SAMPLING

companion procedure of the above quantile search algorithm by replacing £* in (2.10)
by its approximation at step k, namely

3
—_

Cn = w(fk,XkH), n Z 1, C() =0. (211)

0

SEE
il

Hence, (C),),>0 is the sequence of empirical means of the non i.i.d. sequence
(w(&k, Xk+1))k>1, which can be written recursively:

1
Cn = C -1 — _H2 (gn 17 n— 17Xn)7 n Z 17 (212)

where Hy (€, ¢, ) := ¢ — w(&, x).

At this stage, we are facing two procedures (¢, C,,) with different steps. This may
appear not very consistent or at least natural. A second modification to the original
Monte Carlo procedure (2.12) consists in considering a general step [, satisfying
condition (A1) instead of L (with in mind the possibility to set 3, = 7, eventually).
This leads to:

C —Cn I_BnHQ (gn 1, n— 17Xn)7 7’LZ 1. (213)

In order to prove the a.s. convergence of (C,,),>1 toward C*, we set for convenience
Bo := sup,>; B + 1. Then, one defines recursively a sequence (A, ),>1 by

ﬁn-i—l BO
An — An 5
i B Bo— Bt

Elementary computations show by induction that

TLZO) A():l

A, : -
By = ﬁos—n, n >0, with S, = ;Ak. (2.14)

Furthermore, it follows from (2.14) that for every n > 1
ATL ATL n
log(S,) — log(S,—1) = —log (1 — —) > = ﬁ_

Consequently,
log( > B
g(S ﬁo Z k

which implies that lim,, .S,, = +o0.
Now using (2.13) and (2.14), one gets for every n > 1

Snon - Sn—lon—l + An (ANn-‘rl + V\I/(gn))

where, AN,, := w(&,-1, X,) — Vo(&,—1), n > 1, define a martingale increments se-
quence with respect to the natural filtration of the algorithm F,, := o(&y, X1, -+, X,,), n >
0. Consequently,

n—1
1
Cn = 5 (Z Apy1ANg + ZAkHpr(fk)) :
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The second term in the right hand side of the above equality converges to Vg (£*) =
U-CVaR,(p(X)) owing to the continuity of Vg at £* and Cesaro’s Lemma.

The convergence to 0 of the first term will follow from the a.s. convergence of the
series

k=1

by the Kronecker Lemma since 3, = fy5*. The sequence (NP1 is an F,-
martingale since the ANy’s are martingale increments and

T e ) - -

E [(AN,)?|Foea] <
The continuity of & — E [(V (¢ (X)) — 5)2} at &, and the a.s. convergence of &
toward £* imply that

sup E[(AN,)?|F, 1] < 00 a.s.

n>1

Consequently, assumption (A1) implies

(N)oo = BEE[(AN,)?|Foa] < 00

n>1

which in term yields the a.s. convergence of (N?),,>1, so that C,, =% U-CVaR,, (¢(X)) .
The resulting algorithm reads as for n > 1:

{ fn == é-nfl - ’YnHl (gnfla Xn) s é-O S Ll(P>7

(2.15)
Cn == Cnfl - BnHZ (fnfla Cnfla Xn) 5 CYO - 07
and converges under (Al) and (A2);.

The question of the joint weak convergence rate of (,,C,,) is not trivial owing
to the coupling of the two procedures. The case of two different step scales refers
to the general framework of two-time-scale stochastic approximation algorithms.
Several results have been established by Borkar in [16], Konda and Tsitsiklis in [54]
but the more relevant in our case are those of Mokkadem and Pelletier in [68].
The weak convergence rate of (§,),>1 is ruled by the CLT for “regular” (single-time
scale) stochastic approximation algorithms (we refer to Kushner and Clark in [57],
Métivier and Priouret in [13], Duflo in [23] among others). In order to achieve the
best asymptotic rate of convergence, one ought to set 7, = 2 where the choice of
7o depends on the value of the density f,x) of p(X) at £*, which is unknown. To
circumvent the difficulties induced by the specification of vy, which are classical in
this field, we are led to modify again our algorithm by introducing the averaging
principle independently introduced by Ruppert [81] and Polyak [45] and then widely
investigated by several authors. It works both with two-time or single-time scale
steps and leads to asymptotically efficient procedures, i.e., satisfying a CLT at the
optimal rate y/n and minimal variance (see also [68]). See also a variant based
on a gliding window developed in [61]. Our numerical examples indicate that the
averaged one-time-scale procedure provides less variance during the first iterations
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than the averaged procedure of the two-time-scale algorithm. Finally, we set v,, = 3,
in (2.15) so that, the VaR-CVaR algorithm can be written in a more synthetic way
by setting Z,, = (&,,C,,) and for n > 1:

Zn - Zn—l - /YTLH(Zn—lan)a ZO - (§0a OO)) 50 € LI(IP))a (216)

where H(z,z) := (Hq(§,x), Ho(§, C,x)). Throughout the rest of this section, we
assume that the distribution ¢(X) has a positive probability density f,x) on its
support. As a consequence the VaR,(¢(X)) is unique so that the procedure algo-
rithm Z,, converges a.s. to its single target (VaR,(¢(X)), ¥-CVaR,(¢(X))). Thus,
the Cesaro mean of the procedure

Zo+ -+ Zp

Zy = , n>1
n

’

where Z,, is defined by (2.16), converges a.s. to the same target. The Ruppert and
Polyak’s Averaging Principle says that an appropriate choice of the step yields for
free the smallest possible asymptotic variance. We recall below this result (following
a version established in 23], see [23] (p.169) for a proof).

Theorem 2.2.3. (Ruppert and Polyak’s Averaging Principle) Suppose that the R-
sequence (Zy)n>o is defined recursively by

Zn = anl — Tn (h(anl) + €, + Tn)

where h is a Borel function. Suppose that h is C' in the neighborhood of z* and that
M = Dh(z*) is a uniformly repulsive matriz (all its eigenvalues have positive real
parts), and (€,)n,>1 s a random sequence satisfying

(

i) Elens1]Fn]1q2,—241<cy = 0,
3C >0, such that a.s. 2
iit) B [(Yn-1) " ral” 1gz,—2e<c3] = O,

i) 3T € ST(d,R) such that E [e 1€l 4| F,] == T.
(2.17)

(
(1) 3b > 2, sup,, E[||ent1||’|Fn] 1fjz,—j1<cy < +00,
(
(

\
Set v, = L with%<a<1, and

_ VA i /R 5
Znﬂ:uzzn_ _
n+1

Then, on the set of convergence {Z, — z*}:

N (Zn — z*) AN (O, Mﬁlf(Mfl)T) as n — +oo,
where (M~ denotes the transpose of the matriz M.

To apply this theorem to our framework we are led to compute the Cesaro means
of both components, namely for n > 1

{ gn = %2221 fk = Enfl - %(gnfl - fn)a
Un = L Zzzl Ck - Un—l - %(Un—l - Cn)a

T n

(2.18)

where (§, C), k > 0 is defined by (2.16). In the following theorem, we provide the
convergence rate of the couple 7, := (ﬁn, Cn).
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Theorem 2.2.4. (Convergence rate of the VaR-CVaR procedure). Suppose (A2),
holds for some a > 1, that the density function fux) of ¢(X) is continuous and
strictly positive at £*. If the step sequence is vy, = 15 with % <a<1landy >0
then

\/E(Zn—z*)iw\/((),Z) as n — 400

where the asymptotic covariance matriz > is given by

a(l—a) @ *
o) WE [(W(p(X)) = &) Lpixyzey]
Tarm@ B [(YeX) = &) 1pmzey]  rap Var (P(e(X) =€) Leroze)
(2.19)

Proof. First, the procedure (2.16) can be written as for n > 1

Ly = Lp-1— Tn (h(Zn—l) + en) ) Zy = (fo, CO) ) 50 € Ll(]P))a (220)
where h(z) = E[H(z,X)] = (1- =P (p(X) >¢),C —Elw({, X)]) and ¢, :=
(AM,,,AN,), n > 1, denotes the F,-adapted martingale increment sequence with

1
AM,, = 1_—a <IP) (p(X) = §)|g:5n_1 - 1{¢(Xn)2£n—1}> :

Owing to Assumption (A2),, the differentiability of U at £* and Lebesgue’s dif-
ferentiation Theorem, one can interchange expectation and derivation, so that the
function h is differentiable at z* = (£*, C*) and

Lo (67) 0
E [(e%w(@X))M:J 1

Now, owing to Lebesgue Dominated Convergence Theorem, E [((%w(g, X)>| } =
§=¢*

ale0(€7) 0
0 1

W(z) =M := (2.21)

11—«

(1 - =P(p(X) =€) =0, so that, M = < ) is diagonal and M

is uniformly repulsive.
To apply Theorem 2.3, we need to check assumptions (i)-(iv) of (2.17).
Let A > 0. First note that

1
1l —«o

2a
) 2% < 4.

Thanks to Assumption (A2),, there exists C, ¢ > 0 such that

E [AMS(—T—”Fn] 1{|anz*‘§A} < (

E[ANGIF] 1giz,-21<ay < Caw (1+E [¥(0(X)*]) < +o0.

Consequently, (iz) of (2.17) holds true with b = 2a > 2 since

sup B [[en1|*[Fn] 12,224y < +00.

n>0
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It remains to check (iv) for some positive definite symmetric matrix I". The domi-
nated convergence theorem implies that

] _ 1 \2
E _(enﬂegﬂ)l,1 Fau| = (1 — a) <E [ Loz e, —E | 1{¢<X>2£}]|2§:sn)
a.s. a{
_> s
] ] 11—«
E _(€n+152+1)172 |-7:n_ = E [(E"Jrlegﬂ)m ‘}—"}

_ ( ! >E[(\II(<,0(X))—£) 1{eo(X)2§}Lg:gn

l—«
X (1 —E [ 1{¢(X)2£}] \g:%)

a.s ﬁ[@ [(W(p(X)) =€) Lipx)ze]
E[(onehn)y, o] = E[ANw) 7]
_ ﬁ <E [(((Xnt1) =€) Yorxarzer| Fnl e,
~E [(¥(p(X)) - €) l{so(X)z&}]\Qg:sn)
- ﬁ (B [(W(e(X)) =€) Lipmzer]
—E [(T(p(X)) — £ 1{¢(X>zs*}]2>
_ ﬁ\/ar((\lf(go()())—g*) 1ip(x)267}) -

Using the continuity of both functions & — E [(¥(¢(X)) — &) 1{px)>¢}] and

¢ E[(T(p(X)) - £)? Lip(x)>¢r] at €, which follows from the continuity of W
and of the distribution function of ¢(X), finally yields the a.s. convergence of
E [ep41€l 1] Fn] toward

r_ Ta B (X)) =€) Lipozey]
-\ g5k (T (p(X)) =€) Lipzey] anr ((P(p(X)) =€) Lppxzey)

N—

If 7, = 1% with 7, > 0 and % < a < 1, Ruppert-Polyak’s Theorem implies that
Vi (Z, — %) =55 N (0,5)
where ¥ = M~'T (M~1)" is given by (2.19). This completes the proof. O

Remarks: e It is possible to replace w(§,z) in (2.13) and (2.15) by w(§,x) =
=0 (p(2))Lp@)ze; since C* = E[w (%, X)]. Thus, we only have to change also
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the martingale increment sequence (AN, ),>1 by <Aﬁn) defined by
= 1

nz
1

11—«

AN,, = (E [\I’(QP(XDI{SD(X)EG]|£:£n_1 - ‘I’(SO(Xn))l{so(Xn)2£n71}> '

This provides another procedure C, for the computation of the U-CVaR,, which
satisfies a Gaussian CLT with the same asymptotic covariance matrix.

e The quantile estimate based on the inversion of the empirical distribution function
satisfies a Gaussian CLT with the same asymptotic covariance matrix than the one of
the procedure &, see for example [84] p.75. Obviously, there is no reason to believe
that this first version can do better than the empirical quantile estimate. However,
our quantile estimate has the advantage to be recursive: it naturally combines with
a recursive IS algorithm in an adaptive way. In terms of computational complexity,
once N loss samples have been generated, the behaviour of the inversion of the
empirical distribution function method needs a sorting algorithm: good behaviour
is O (Nlog(N)) element comparisons to sort the list of loss samples. Whereas the
behaviour of the recursive quantile algorithm is O (N). e One shows that if we
choose , = £, n > 1 and v, = =& with £ < a < 1 in (2.15), the resulting two-
time scale procedure satisfies a Gaussian CLT with the same asymptotic covariance
matrix ' (at rates \/7,,! and /n). However, by averaging the first component &,,
the resulting procedure becomes asymptotically efficient (i.e. rate \/n).

Proposition 2.2.5. (Estimation of variance and confidence interval) For every n >
1, set

n

1 1
op = n=ap (5 D (W(p(Xk) = &a1)? Lp(x)zee 1)
k=1

_ (l Z (\I/((p(Xk)) — fk;—l) 1{¢(Xk)2§k—1}>

n
k=1

where (&,)n>0 1S the first component of (2.6). If (A2), is satisfied for some a > 2,
then 1
o = A—ap Var ((P(p(X)) =€) Lox)er)
and
c,—C*

On

vn —£5 N(0,1). (2.22)

Proof. The proof follows from standard arguments already used in the proof of the
a.s. convergence of the sequence (C),),>1 defined by (2.13). O

In practice, the convergence of the algorithm will be chaotic. The bottleneck
of this algorithm is that it is only updated on rare events since it tries to measure
the tail distribution of ¢(X) : P(p(X) > VaR,) = 1 — @ = 0. Another problem
may be the simulation of ¢(X). In practice, we have to deal with large portfolios
of complex derivative securities and options. Each evaluation may require a lot of
computational efforts and takes a long time. So, for practical implementation it
is necessary to combine the above procedure with variance reduction techniques to
achieve accurate results at a reasonable cost. The most appropriate technique when
dealing with rare events is IS.
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2.2.3 Some background on IS using stochastic approximation
algorithm

The second tool we want to introduce in this paper is a recursive IS procedure
which increases the probability of simulations for which ¢(X) exceeds £. Our goal
is to combine it adaptively with our first naive algorithm. Assume that X has
an absolutely continuous distribution Px(dx) = p(x)A;(dx) where A\; denotes the
Lebesgue measure on (RY, Bor(R?)). The main idea of importance sampling by
translation applied to the computation of

E[F(X)],

where F' € L*(Px) satisfies P(F(X) # 0) > 0, is to use the invariance of the
Lebesgue measure by translation, for every 6 € R,

p(X —1—0)]
p(X) |’

and among all these random vectors with the same expectation, we want to select
the one with the lowest variance, i.e. the one with lowest quadratic norm

E[F(X)] = E lF(X +0) (2.23)

(X +6
Q) :=E [Fz(X + 9)%] < 400, 6HeR% (2.24)
P*(X)
If the following assumption
Vo € R E {F%X)ﬂ} < 400 (B1)
’ p(X = 0)
holds true, then @) is everywhere finite and a reverse change of variable shows that:
p(X) d
QQzE[Fin], 0 € R”. 2.25
) -5 (2.25)

Now if p satisfies

(i) Vo € RY 0+ p(x — 0) is log-concave

(i4) Vo € RY, limpsyoop(x —0) =0 or Vo € R limpg 400 p’;((g;:‘?) =0,

()
one shows that @ is (strictly) finite, convex, goes to infinity at infinity so that
argmin @ = {VQ = 0} is non empty (see [1| and [62]). Provided that V@ admits
a representation as an expectation, then it is possible to devise a recursive RM
procedure to approximate the optimal parameter 6*. Recursive IS by stochastic
approximation has been first investigated by Kushner and then by several authors,
see e.g. [24] and [35] in order to “optimize” or “improve” the change of measure in
IS using a stochastic gradient RM algorithm based on the representation of VQ(6).
Recently, it has been brought back to light by Arouna (see [1]) in the Gaussian
case, based on the natural representation of V() obtained by formally differentiat-
ing (2.25). Since we have no knowledge about the regularity of /' and do not wish
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to have any, we differentiate the second representation of @ in (2.25) and not (2.24).
We obtain VQ(8) = E[K (0, X)].

0|2

When X = N(0,1), Q(0) = e 2 E[F?(X)e %] so that K(0,z) = e@FQ(x)e*(’“((‘)—
x). However, given this resulting form of K, the classical convergence results do
not apply since ||K (60, X)||2 is not sub-linear in 6 (see condition (2.8) of Theorem
2.2). This induces the explosion of the procedure at almost every implementation
as pointed out in [1]. This leads the author to introduce a “constrained” variant of
the regular procedure based on repeated reinitializations known as the projection
“a la Chen”. It forces the stability of the algorithm and prevents explosion. Let us
also mention a first alternative approach investigated in [1] and [2], where Arouna
and Bardou change the function to be minimized by introducing an entropy based
criterion. Although it is only an approximation, it turns out to be often close to the
original method.

Recently, Lemaire and Pagés in [62| revisited the original approach and provided
a new representation of VQ(#) for which the resulting K (6, X) has a linear growth in
f so that all assumptions of Theorem 2.2 are satisfied. Thanks to a third translation
of the variable 6, it is possible to plug back the parameter 6 “into” F', the function F'
having in common applications a known behaviour at infinity which makes possible
to devise a “regular” and “unconstrained” stochastic algorithm. We will rely partially
on this approach to devise our final procedure to compute both VaR and CVaR. To
be more specific about the methodology proposed in [62], we introduce the following
assumption on the probability density p of X

(i) BRI = O(z[7!) as |z| — oo

b € [1, 2] such that (B3)
(1) Jp > 0,1og (p(x)) + p|z|® is convex,

and introduce the assumption on F':
VA > 0,E [F(X)%/¥] < oo, (B4)

One shows that as soon as (B1), (B2), (B3) and (B4) are satisfied, ); and @5 are
both finite and differentiable on R? with a gradient given by

p’(X —0) Vp(X —20)
p(X)p(X —20) p(X —20)

-~

W(0,X)

VQ@#) = E|F(X —0) (2.26)

J/

This expression may look complicated at first glance but in fact the weight term
W (6, X) can be easily controlled by a deterministic function of 0 since

W (0, X)| < " (Al + Al6]"" + B) (2.27)
for some real constants A and B. In the case of a normal distribution X < N(0;1),

W0, X)=e" (20 — X).
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So, if we have a control on the growth of the function F', typically for some positive
constant ¢

Ve € RY|F(2)] < G(z) and Gz +y) < C(1+G(x)¢(1+ G(y))°

(B5)
E [‘X|2(b71)G(X>4c} < 400,
then by setting
W9, X v x
= 2.28
( ) ) 1+ G(—0)2C ( ) )7 ( )
we can define K by -
K(9,z):=F(z —0)*W (0, X) (2.29)

so that it satisfies the linear growth assumption (2.8) of Theorem 2.2 and
{0eR! |E[K(0,X)] =0} ={0 R | VQ(9) =0}.

Moreover, since @ is convex V() satisfies (2.7). Now we are in position to derive a
recursive unconstrained RM algorithm

On = 01 — WK (0p_1,X,), 0 € RY, (2.30)

that a.s. converges to an arg min (-valued (square integrable) random variable 6*.

2.3 Design of a faster procedure: importance sam-
pling and moving confidence level

2.3.1 Unconstrained adaptive importance sampling device

We noted previously that the bottleneck in using the above algorithm lies in its
very slow and chaotic convergence owing to the fact that P(o(X) > £*) =1 -«
is close to 0. This means that we observe fewer and fewer simulations for which
©(X)) > &1 as the algorithm evolves. Thus, it becomes more and more difficult to
compute efficiently some estimates of VaR,, and CVaR,, when a ~ 1. Moreover, in
the bank and energy sectors, practitioners usually deal with huge portfolio made of
hundreds or thousands of risk factors and options. The evaluation step of p(X) may
be extremely time consuming. Consequently, to achieve accurate estimates of both
VaR,, and CVaR,, with reasonable computational effort, the above algorithm (2.16)
drastically needs to be speeded up by an IS procedure to “recenter" the simulations
where “things do happen”, i.e. which generates scenarios for which ¢(X) exceeds &.

In this section we will focus on IS by mean translation. Our aim is to combine
adaptively the IS (unconstrained) recursive procedure investigated in [62| with our
first “naive” approach described in (2.16). Doing so every new sample is used to
both optimize the IS change of measure and update VaR and CVaR. procedures. We
plan to minimize the asymptotic variance of both components of the algorithm (in
its “averaged” form, as detailed in Theorem 2.4), namely

a(l—a) Var(lyx)>¢)
Som(€7) 200(6)

for the VaR,, (2.31)
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and,
Var((W(p(X)) — &)1 *
ar((¥(e(X) =€) o00ze) 1 ovar 0
(1-a)
provided the non-degeneracy assumption
V¢ € argmin V, P ((U(p(X)) = €)* Lipxyzey > 0) >0, (43)

holds. Since the density f,(x)(£*) is an intrinsic constant (and comes in fact from
the Jacobian matrix Dh(£*, C*) of the mean function h of the algorithm) we are led
to apply the IS paradigm described in Section 2.3 to

F(X) = 1opze and Fy(X) = (U(p(X)) = &) Lipozey-

Let us temporary forget that of course we do not know £* at this stage. Those two
functionals are related to the minimization of the two convex functions

N p(X)
Q1(0,€) = E { 1{¢(X)2g*}m] (2.33)
Q€)= E [(@(wm) ~ ¢ 1{«:<X)z£*}z%} - (234)

We can apply to these functions the minimizing procedure (2.30) described at section
2.3. Since

Hy (& x) = 1—LF1*(90) and H, (£",C" x) = C*—\IJ(S*)—;ng(x) (2.35)

1 -« -«
it is clear, owing to (2.23) that

p(X +0)

i= 1, 2.

Now, since we do not know either £* and C* (the VaR, and the CVaR,) respec-
tively we make the whole procedure adaptive by replacing at step n, these unknown
parameters by their running approximation at step n — 1. This finally justifies to
introduce the following global procedure. One defines the state variable, for n > 0,

Zn = (gm Cna ‘97’“ /~Ln) )

where &,, C, denotes the VaR, and the CVaR,, approximate, 6,,, pu, denotes the
variance reducers for the VaR and the CVaR procedures. We update this state
variable recursively by

Zn = Zn1 — YL (Zn-1,Xy), (2.36)

where (Xn)n21 is an i.i.d. sequence with distributions X (and probability density
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p) and
b 0
Li(,0,2) = eV (1 - ﬁ l{go(erG)Zé}%) ,
1
L2(£7 Cnu’a "L‘) = C- \11(5) - E(\II(@(‘I + /‘L)) - 5) 1{¢(z+u)25}%7
b 2(x—0) Vp(z—20
Ls(&,0,x) = e~ 2010l l{w(x_e)zg}p(g);fx — ;9) p](?ix_ 29)), (2.37)
e—2plul® )
L4 (fa,uax> = 2 (“I’(@(x_ﬂ)) _€>

1+ G(—p)* +¥(¢)
Pz —p)  Vp(r —2u)
x)p(z —2p) plz —2p)

x1 T—p)>
{e( M)_f}p(

The following proposition establishes the a.s. convergence of the procedure. For the
sake of simplicity we will assume the uniqueness of the VaR,, of p(X).

Proposition 2.3.1. (Efficient computation of VaR and CVaR). Suppose that V(p(X)) €
L? (P), that the distribution function of p(X) is continuous and increasing (so that
VaR,(o(X)) is unique) and that (A3) holds. Assume that, for every £ € R, Q;(.,§)
(i=1,2) satisfies (B1), i.e.

[\

Vo cRY, E {(1 + (T(p(X)) — &) 7)(} < +00. (2.38)

Suppose that p satisfies (B2) and (B3) and that
VA > 0,E | (W(p(X)) +1) ¥ < oo
Assume that the step sequence (v, )n>1 satisfies (A1). Then,
Z 5 = (6,0 05 )

where £ = VaR,(p(X)), C* = U-CVaR,(¢(X)) and (0%, ut) are the optimal vari-
ance reducers (to be precise some random vectors taking values in {VQ1(£*,.) =0}

and {VQ2(&*,.) = 0} respectively).

Proof. We first prove the a.s. convergence of the 3-tuple (&, 0,,, i) that of (C,)n>1
will follow by the same arguments used in the proof in Section 2.2. The mean
function [ is defined by

_ b
e—2plul

1 i aIP) (QD(X) Z g) ) 6_2p|6‘va1 (07 5) ’ 1+ G(_/l)c + \Ij(é")

1,0, ) = (1 - N@(wé)) :

hence,

T ={l=0} ={} x{VQi(£",.) = 0} x {VQ2({",.) = 0}.
In order to apply the extended Robbins-Monro Theorem, we have to check the
following facts:

e Mean reversion: One checks that V¢ = (£,0,u) € R x R x R4\ T, V¢* € T*,
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(Plp(X) <& —a) | eI
_|_
11—« 11—«
e—20lul®

i (1 —a)(1+ F(—p)2) (1= o, VQa(p,£)) > 0,

(C=¢IQ) = (€-¢7)

(0 — 0., VQi(0,8))

owing to the convexity of 6 — 1(6,&) and p +— Qa(p, &), for every & € R.
e Linear growth: Let us first deal with L;. First note that:

b 2(X + 6

<C (1 +E {e—%@lb%b .

Now, elementary computations show (see [62] for more details) that (B3)(ii) implies
that
(z)

E [er”p(iX))} <E {M} = 1.

p(X -0 p(X)

Ls and L4 can be treated by a straightforward adaptation of the proofs in [62].
Then, one can apply Theorem 2.2 which yields the announced result for (&, 6, tt,)-
The a.s. convergence of C,, toward C* can be deduced from the a.s. convergence of
the series

< e*p(z +0),

so that

M = Z’YkA]T/[/k, n>1,
=1

where AMn are martingale increments defined by
AM, = E[(¥(p(X)) = &) Lipx)>e)ie=¢.s

p(Xn + ,U/n—l)
—(U( (X + ttn-1)) = En-1) Lo(Xntpn1)2tn)— o~ N =>1

p(Xn) 7 )

satisfying

p(X +p)

B [ATEIF ] < B (U0 +10) = ©) Lo ™oy -
p( ) ‘§:§n,1,6:6n,1,uzun,1

We conclude by the same arguments used in the proof in Section 2.2. O

Now, we are interested by the rate of convergence of the procedure. It shows that
the algorithm behaves as expected under quite standard assumptions: it satisfies a
Gaussian CLT with optimal rate and minimal variances.

Theorem 2.3.2. Suppose the assumptions of Proposition 3.1 hold true. Assume
that W(p(X)) € L**(P) for some a > 1 and that the step sequence is v, = L with

P

% <p<1andy > 0. Suppose furthermore that the density f,(x) is differentiable
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and strictly positive on its support. Let (En,Un)nzl be the sequence of Cesaro means

defined by:

— I — Co+...+C,_
£HZZM7 C, = 0ot . T 17 n>1.
n n

This sequence satisfies the following CLT:

vn ( é” : gC’* ) A N(0,X%)  asn — +oo, (2.39)
where
1 p(X + 9*))

o = ——Var| 1 sy ————22 )

1,1 fi(x)(f*) ( {p(X+0%)>¢*} p(X)

1 p(X + )

Sty = Tp, = Cov ([ (W(p(X + 12)) = &) Lip(x s yoer) el

1,2 2.1 § —Oé)ﬁp(x)(ﬁ*) (( (¢( ta)) — &) {o(X+pk)>€e*} p(X)

L p(X +6)
(eoxsozey = |

. 1 ) ) p(X + )

E2,2 = (1 — a)Qvar ((\I](‘P(X +:“a>) —¢& ) Lio(X+uz)>e} p(X) :

Proof. The proof is built like the one of Theorem 2.4. If we denote h the mean
function of the global algorithm h(z) = E[L(z, X)], the algorithm (2.36) can be
written as

Zn="Tp1 = (W(Zn1) + &), n>1, Zy=(£,0), & € LY(P), (2.40)

where the first two components of h are the same function as the ones in the proof
of Theorem 2.4 and (€,),>1 denotes the F,-adapted martingale increments sequence
where

~ 1 p(XnJrl + 9n)
N = P(o(X)>6). . — 1 PRni1 T 7n) )
. 1
€am — (E[(Y(p(X)) = ) Lipze)ie=c.
p(Xn+1 + Mn)
—(V(p(Xnt1 + fin)) — &n) 1{so(Xn+1+un)2§n}m)
One can check easily that the sequence (€,),>; satisfies (i) — (iv) of (2.17). O

Remarks: e There exists a CLT for the whole sequence (Z,,),>; and for its empirical
mean (Z,),>1 according to Ruppert and Polyak averaging principle. We only stated
the result for the two components of interest (the ones which converge to VaR and

CVaR respectively) since we only need rough estimates for the other two (see below).

e In the first Central Limit Theorem (Theorem 2.4) for quantile estimation, the
factor a(1 — «) is the variance of the indicator function of the event {¢(X) > £*}.
With our recursive IS procedure, it is replaced by the variance of the shifted in-

dicator function modified by the measure change: Var (1{¢(X+93)>§*}p(§;6);)> . For
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further details on the rate of convergence of the unconstrained recursive importance
sampling procedure, we refer to [62].

Now, let us point out an important issue. The algorithm (2.36) raises an impor-
tant problem numerically speaking. Actually, we have two algorithm &, and (6, )
that are in competitive conditions, 7z.e. on one hand, we added an IS procedure to
(&n)n>1 to improve the convergence toward £*, and on the other hand, the adjustment
of the parameters (0, 1,) “need” some samples X, satisfying ¢(X, 11 —6,) > &,
and (X, 41 — fn) > &, (¥ = Id) which tend to become rare events. Somehow, we
postponed the problems resulting from rare events on the IS procedure itself which
may “freeze”. This in term suggests to break the link between the VaR-CVaR and
the IS procedures by introducing a VaR companion procedure that will drive the IS
parameters to the tail distribution. A solution to do this is to make the confidence
level increase slowly from a lower value (say ap = 50%) up to the target level a.
This kind of incremental threshold increase has been already proposed in [55] in a
different framework. This idea is developed in the next section.

2.3.2 How to control the move towards the critical risk area:
the final procedure

From a theoretical point of view, so far, we considered the purely adaptive approach
where we approximate (£*,C*, 0%, u*) using the same innovation sequences. From
a numerical point of view, we only need a rough estimate of the optimal IS param-
eters (0%, pk). So that we are led to break the algorithm into two phases. Firstly,
we compute a rough estimate of the optimal IS parameters (6,/, 1a7) with a small
number of iterations M and in a second time, estimate the VaR, and the CVaR,,
with those optimized parameters with N iterations (M < N in practice).

Now, in order to circumvent the problem induced by the IS procedure, we propose
to introduce companion VaR, procedure (without IS, i.e., based on H; from Section
2.2) that will lead the IS parameters into the critical risk area during a first phase
of the simulation, say the first M iterations. An idea to control the growth of 6,
and p, at the beginning of the algorithm, since we have no idea on how to twist
the distribution of ¢(X), is to move slowly toward the target critical risk area (at
level av) in which (X)) exceeds £ by introducing a non-decreasing sequence «,, slowly
converging to a during the first phase. Since the algorithm for the CVaR component
C, is free of o, by doing so, we only modify the VaR procedure &,. The function
Hy in (2.16) is replaced by its counterpart which depends on the moving confidence
level ay,,, namely

én = én—l - ’Ynﬁl (én—laXnaoén> , N Z ]-750 - 50 € LI(IP)) (241)

where,

X 1
VEER, Vo eRLY G €0, 1], Hy (&,2,6) =1— s L{p(2)>6}-
_a -

The sequence <$n> is only designed to drive “smoothly” the IS procedures toward
n>0

the “critical area” at the beginning of the procedure, say during the first M iterations
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and in no case to approximate £* or C*. To be more precise, we define recursively
the variance reducer sequence (6,,),>1, (fin)n>1 by plugging at each step n, &,_; into

~

Ls(.,0,-1,X,) and Ly(., fi,—1, X,,) as defined in Section 3.1. This reads as follows,
forn >1,

én = én,1 - ’ynﬁl (énflaXTLaOWL) ) éO € Ll(P)7
én = én—l - /YnLB <£n—17én—17Xn) ) 00 € Rda (242)

ﬂn - /ln—l - VnL4 (én—laﬂn—laXn> IS Rd~

Although, we are not really interested in the asymptotic of this procedure (én), its
theoretical convergence follows from Theorem 2.2: as a matter of fact if we define a
remainder term r, by:

Tn = ]:Il <én—1aXnaan) - Hl <én—1aXn> y N Z ]-7
the procedure defined by (2.42) now reads

& =bnr — Yu(Hi(Gor, Xo) + 1), n>1, & € L'(P). (2.43)

One checks that
|an — O“

(1—a)?
so that Assumption (2.9) of Theorem 2.2 is satisfied as soon as

Zvn(oz —ay)? < +oo.

n>1

ral <

2.3.3 A final procedure for practical implementation

In practice, we divide our procedure into two phases:
> Phase I is devoted to the estimation of the variance reducers (07, 1) using (2.42).
The moving confidence level o has been settled as follows (M = 15000) :

e o, =50% for 1 <n < M;:=M/3,
o o, = 80% for My, <n < 2M,,

e and «,, = « for 2M; < n < M.

> Phase II produces some estimates for (£*,C*) based on the procedure defined
by (2.36) and its Cesaro mean with N iterations. Note that during this phase, we
keep on updating the IS parameters adaptively.

Now, we can summarize the two phase of the final procedure by the following
pseudo-code:

An alternative, especially as concerns practical implementation, is to replace to
Phase II by

Phase II’ in which the variance reducers coming from Phase I are frozen
at 0y, fips. The only updated sequence is (&, C,,), as follows

fn - fnfl - ’YnLl (fnfla éMa Xn) s
On - Cn—l - 'ynL2 (gn—la Cn—la ﬂM) Xn) .
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Phase I: Estimation of (u%,6%). M < N (typically M ~ N/100).
forn=1to M do
£n - £n—1 - /YnHl <£n—17 Xa, an) ’

én - énfl - ’YnLB <én717 énfla Xn) )

,&n == /lnfl - ’YnL4 <€n717 /lnfla Xn) .
end for
Phase II: Estimation of (£*,C*). Set, for instance, &, = Evr, Co =0, 0y = By, and
Mo = fim-
for n=1to N do
£n - £n—1 - /YnLl (gn—la 071—17 Xn) 5
Cn - Cn—l - /YnL2 (gn—la Cn—la Hn—1, Xn) )
en = enfl - ’YnLB (fnfla enfla Xn) )
HUn = Un—1 — ’YnL4 (fnfla Hn—1, Xn) )
Compute the Cesaro means
€n=En1— 5 (o1 = &)
Cn = Cn—l - % (On—l - Cn) .
end for

(€*,0%) is estimated by (Ey,Ch).

2.4 Towards some extensions

2.4.1 Extension to exponential change of measure: the Ess-
cher transform

Considering an exponential change of measure (also called Esscher transform) in-
stead of the mean translation is a rather natural idea that has already been in-
vestigated in [50] and [62] to extend the constrained IS stochastic approximation
algorithm with repeated projections introduced in [1]. We briefly introduce the
framework and give the main results without any proofs (for more details, see [62]).
Let ¢ denote the cumulant generating function (or log-Laplace) of X i.e. the func-
tion defined by ¥(6) := log E[e*)]. We assume that 1)(f) < +oo, which implies
that 1 is an infinitely differentiable convex function and define

po(z) = OV Op(a), o e RY.

We denote by X any random variable with distribution pg. We make the following
assumption on the function v

1%{1@/}(0) — 29 (g) =+4oo and 30 >0, 0+ (0) — §|0* is concave.  (HS®)

The two functionals to be minimized are

Q:1(0,§%) = E[1{¢(X)>§*}€_<6’X>+w(6)} (2.44)
Qa1 €)= E[(U(p(X)) = &) Lgpxseye W] (2.45)
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According to Proposition 3 in [62] as soon as v satisfies (H§*) and that,
VE e R,VO € RY, E[X] (1+ ¥(p(X))?) Y] < +o0, (2.46)

for every & € R, the functions Q4 (., &) and Qs(., &) are finite, convex, differentiable
on R?, go to infinity at infinity, so that argmin Q:(.,€) and argmin Q,(., £) are non
empty. Moreover, their gradients are given by

VoQu(0,6) = E[(Ve(0) = X1 gy | O (2.47)
ViQa(,€) = E[(Vih(u) = XCOO)(W(G(X ) = %Ly, gy | €0 5:8)

with Vi (6) = %. Now, the main result of this section is the following theorem
(for more details, we refer to [62]).

Theorem 2.4.1. Suppose that ¢ satisfies (H§®) and that (A2),, (A3) hold. Assume
that (2.46) is fulfilled and that

Vo € RY |WU(p(2))] < Ceil!  and E[|X|2eNX)] < +o0.
One considers the recursive procedure
Zn = anl - ’YnL(anla Xn)a n > 17 ZO = (§07 007 907:“0) (249)

where (Y, )n>1 satisfies the usual step assumption (A1), Z, = (&, Ch, On, itn) and
each component of L is defined by

w(en—l)‘ﬂb(*en—l) 1
(0n—1)

(On-1)) .__ R R— _
Ll (gn—la 0n—17Xn ! ) =€ (1 1 — Oél{go(xn )>§n—1}

" ew(6n1>—<X£9"-”,en1>)

Ly (fn—1, Cn1, Bn—1, XT(L””‘I)) = C — (&1, fin_1, X V=1,
Ly (&1, 01, XU ) = 1 ccmn g,y (T(00) = XE00),
Ly (n-1, 1 X(*un—l)) - eﬁﬂww(_“nfl)‘(\I,((p(x(wn-l))) )
S EEEICEE "

X 1{¢(X(7”"—1))>§n71}(vw(ﬂnfﬁ — X(_Mn71)>’

Y

L 1 o
with w(&, p, x) ==&+ ﬂ(\p(@(;p)) — O 1ipm)e) ()= ()

Then, Z, converges a.s. toward z* := (£*,C*, 0% u%), where & = VaR,(p(X)),
C* = U-CVaR, (p(X)), 0% is a (square integrable) arg min Q1 (.,&*)-valued random
vector and pf, is a (square integrable) arg min Qo(., £*)-valued random vector.

2.4.2 Extension to infinite dimensional setting

In the above sections, we proposed our algorithm in a finite dimensional setting
where the value of the loss L = ¢(X) is a function of a random vector having
values in R?. This is due to the fact that generally the value of a portfolio may
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depend on a finite number of decisions taken in the past. Thus, the value of the
loss at the horizon time 7' — ¢ may depend on a large number of dates in the past
to=1t <t <ty.. <ty=T-—t with N = 250 for a portfolio with time interval
T —t =1 year. For instance, if we consider a simple portfolio composed of short
positions on 250 calls with a maturity at each ¢; and a strike K. The loss at time
ty = 1 year can be written:

N
L= Z "N (G, — K), — "™ CE,
k=1

where Cf denotes the price of the call of maturity ¢; and strike K, with
S, . = S, = ten—t)to /i) %,
+

So that, X = Z = (Zy, ..., Za50) is a Gaussian vector with d = 250. Consequently,
with our above procedure, #,, and p,, are two random vectors of dimension d and we
have to control the growth of each component. If one grows too fast and take too
high values, it may provides bad performance and bad estimates of both VaR and
CVaR. To circumvent this problem, one can reduce the dimension of the problem
by choosing the same shift parameters for several dates, i.e. for instance

On = (01, ...00 ... 0%, .. 6%).
—— —
10 times 10 times

Now, we can run the IS algorithm for 01, ..., 0% so that, we have to deal with a pro-
cedure in dimension 25. It is sub-optimal with respect to the procedure in dimension
250 but it is more tractable. Another relevant example is a portfolio composed by
only one barrier option, for instance a Down & In Call option

p(X) = (Xr - K)

+1 {mingo<e<ry X¢<L}

where the underlying X is a process solution of the path-dependent SDE
dX, = b(X,) dt + o(X,) dW;, Xy =z € R?, (2.50)

W = (Wy)icpp,r) being a standard Brownian motion. A naive approach is to dis-

th+1 = th + b(th)(thrl - tk) + U(th)(Wtk+1 - Wtk)’ XO =T € R.

This kind of approximation is known to be poor for this kind of options. In this
case, our IS parameters 6 and p are n-dimensional vectors which correspond to the
number of steps in the Euler scheme. Now, if you consider a portfolio composed
by several barrier options with different underlyings, the dimension can increase
greatly and becomes an important issue, so that our first IS procedure is no longer
acceptable and tractable. To overcome this problem, the idea is to shift the entire
distribution of X in (2.50) thanks to a Girsanov transformation. This last case is
analyzed and investigated in [62]. It can be adapted to our framework (see the next
section for further developments)
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2.5 Numerical examples

For the sake of simplicity, we focus in this section on the finite dimensional setting
and on the computation of the regular CVaR,, (V = Id). We first consider the usual
Gaussian framework in which the exponential change of measure coincide with the
mean translation change of measure. Then we illustrate the algorithm (2.49) in a
simple case.

2.5.1 Gaussian framework
In this setting, X ~ N(0, I,) and p is given by

- 2
pla) = (2m)fe T, zeR!
so that (B3) and (B4) are satisfied with p = 1 and b = 2. In this setting, we already
noticed that

L3 (ga ‘9, :L‘) = 1{90(X79)2£}(20 - l’),

1

L4(€7:u7 %’) = 1+ G(—ILL) + 52 ((p(X - :u) - f)i (2:u - l‘)

Moreover, we use a stepwise constant sequence «,, that slowly converges toward
«a as proposed in Section 3.3. We consider three different portfolios of options
(puts and calls) on 1 and 5 underlying assets (except for the last case). In the
third case, we study the behaviour of a portfolio composed by a power plant that
produces electricity from gas with short positions in calls on electricity. The assets
are modeled as geometric Brownian motions for the first two examples. In the
third example, the assets (electricity and gas day-ahead prices) are modeled as
exponentials of an Ornstein-Uhlenbeck process. This last derivative is priced using
an approximation of Margrabe formulae (see e.g. [64]). We assume an annual risk
free interest rate of 5%. In each example, we use three different values of the
confidence level a = 95%, 99%, 99.5%, which are specified in the Tables. We use
the following test portfolios:

Example 1. Short position in one put with strike K = 110 and maturity T = 1
year on a stock with initial value Sy = 100 and volatility o = 20%. The loss is given
by
(pl(X) = (K — ST)+ — GTTPO
with )
Sp = Soe((r—%)T+a\/TX)

where X ~ N(0,1) and Py is the initial price at which the put option was sold (it is
approzimately equal to 10.7). The dimension d of the structural vector X is equal
to 1. The numerical results are reported in Table 1.

Example 2. Short positions in 10 calls and 10 puts on each of the five underlying
assets, all options having the same maturity 0.25 year. The strikes are set to 130
for calls, to 110 for puts and the initial spot prices to 120. The underlying assets
have a volatility of 20% and are assumed to be uncorrelated. The dimension d of the
structural vector X is equal to 5. The numerical results are reported in Table 2.
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Example 3. Short position in a power plant that produces electricity day by day
with a maturity of T = 1 month and 30 long positions in calls on electricity day-
ahead price with the same strike K = 60. FElectricity and gas initial spot prices are
S¢ =40 $/MWh and S§ = 3 $/MMBTU (BTU: British Thermal Unit) with a Heat
Rate equals hg = 10 BTU/kWh and generation costs C =5 $/MWh. The two spot
prices have a correlation of 0.4. The payoff can be written

30

os(X) = <€r(Tftk) Y o) g P(t):erT>+<erTCO T (5 - K)+>
K=1

where Py is a prozy of the price of the option on the power plant and is equal to
149.9 and Cy s the price of the call options which is equal to 3.8. This is a sum
of spark spread options where we decide to exchange gas and electricity each day
during one month. The dimension d of the structural vector X is equal to 60. The
numerical results are reported in Table 3.

The results displayed in the following tables correspond to the VaR, the CVaR
and the variance reduction ratios estimations for both VaR and CVaR procedure
using a number of steps specified in the first column, still for the same three levels
of a. The variance ratios correspond to the ratio of an estimation of the asymptotic
variance using the averaging procedure of (2.16) divided by an estimation of the
asymptotic variance using the averaging procedure of (2.36): VRy,gr corresponds to
the variance reduction ratio of the VaR estimate and VRcv,r corresponds to the
variance reduction ratio of the CVaR estimate. The results emphasize that the IS
procedure yields a very significant, sometimes huge variance reduction especially
when « is closed to 1.

In the three examples, we define the step sequence by 7, = where = %.

1
nf+100

Table 2.1: Example 1 Results
Number of steps « VaR CVaR VRwvir VRcovar

10 000 9%5% 246  29.9 5.5 30.5
9% 344 375 11.1 125.3
99.5% 378 414 13.4 192.9
100 000 9%5% 246 304 6.6 32.2
9% 342 379 11.5 127.9
99.5% 37.3  40.7 15.1 185
500 000 95% 246  30.3 7.7 31.3
9%  34.2 38 14.6 118.4
99.5% 37.3 40.5 15.5 184

2.5.2 Esscher transform: the NIG distribution

Now, we consider a simple case of portfolio composed by a long position on a Call
option with strike K = 0.6 and maturity 7" = 1 year, where the underlying is
e*T (Xo = 0), where X7 is a Normal Inverse Gaussian (NIG) variable, X7 ~
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Table 2.2: Example 2 Results
Number of steps « VaR CVaR VRwvir VRcovar

10 000 95% 339 440.5 6.5 14.9
99% 493.1 5614  10.1 24.3
99.5% 540.1 606.4  18.2 37.9
100 000 95%  349.8 439.7 6.7 17
99%  495.7 563.8 11.3 28.6
99.5% 544.8 607.8  18.9 40.3

500 000 95%  352.4 439.6 6.8 17.3
99%  495.2 563 11.1 27.7
99.5% 545.3 608.4  19.2 37

Table 2.3: Example 3 Results
Number of steps « VaR CVaR VRwir VRewvar

10 000 95% 115.7 150.5 3.4 6.8
99% 169.4 196 8.4 12.9
99.5% 186.3 213.2 13.5 20.3
100 000 95% 118.7 150.5 4.5 8.7
99% 169.4 1954  12.6 17.5
99.5% 188.8 2129 156 29.5

500 000 95% 119.2  150.4 Y 9.2
99% 169.8 195.7  13.1 18.6
99.5% 188.7 212.8 17 29

NIG(a, 8,0, 1), @« > 0, |8 <, 6 > 0, u € R. Tts density is given by

5Ky (a/ BT (@ = )2
pXT(:L‘7 «Q, B’ 67 lu) = - l(a 2 - (x Qu) )GJ’YJFB(I*,U'),
T/ 6%+ (z — 1)

where K is a modified Bessel function of the second kind and v = \/a? — 2. Note
that the generating function of the NIG distribution is given by

P(0) = pb +0(y — a2 — (B +0)?),

and is not well defined for every 6 € R, so that we change the algorithm parametriza-
tion (see section 4.3 of [62]). The loss of the portfolio can be written L = p,(Xr) =
50(eXT — K), —e"'Cy. Note that the price Cy is computed by a crude Monte Carlo
and is approximately equal to 42. The parameters of the NIG random variable X
are = 2.0, =0.2, 6 = 0.8, = 0.04. We want to compare the variance reduc-
tion achieved by the translation of the mean (see section 3.1) and the one achieved
by the Esscher Transform (see section 4.1). In the Robbins-Monro procedure, we

define the step sequence by v, = m where 5 = %.
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> Translation case. The functions L3 and L, of the IS procedure are defined by:

oy DX (XY
L€ o) = o S ()

B e~ 2l 2 P(X —2u) [ p(X —p) \?
Lil&om %) = gy re X —m -0 (p(X - 2u)> ’

where p’ is easily obtained using the relation on the modified Bessel function K (x) =

> Esscher Transform. In this approach, the functions L3 and L, are defined by
Ly(€,0,X) 1= Lyxiose(Ve(0) = XU7),

€_|M|

Ly p, X) = Hfz(@(X(’“))—f)i(Vw(u)—X(’”’),

where X *9 ~ NIG(a, B £0,0, ).
Table 4 compares the variance reduction ratios of the VaR,, and CVaR,, algorithms

achieved by the translation of the mean (VRY/ , and VRY,, ) and the one achieved
by the Esscher Transform (VR and VRS, .z)-

Table 2.4: Example 4 Results
Number of steps  « VaR  CVaR VRY . VRELr VRGrR VRE.r

10 000 9%5%  85.8 215.7 Y 10 4.2 08.8
99% 217 518 6 12 8 60
99.5% 304 748 8 25 8.9 110
100 000 9%5% 872 215.1 5 12 4.5 60
99% 218 521 Y 12 8.2 70
99.5% 303.5 747.8 7 30 12 100
500 000 9%5% 879 215.6 5 9 3 o7
99% 227  518.9 5.5 11.8 11.5 68
99.5% 312.8 T741.8 6 31 10 123

The IS procedure is very efficient when P(¢(X) > £*) = 1 —« is close to zero and
becomes more and more efficient as a grows to 1. Even for the complex portfolio
considered in Example 3, where X is a Gaussian vector with d = 60, it is possible
to achieve a great variance reduction for both VaR, and CVaR,,.

We observed that IS based on Esscher transform is well adapted to distributions
with heavy tails (i.e. heavier tails than the normal distribution). It is therefore
suitable when large values are more frequent than for the normal distribution, as it
is the case when the vector X is a NIG random variable. Indeed, in this setting,
the IS parameters modify the parameter S which controls the asymmetric shape
of the NIG distribution. We think that the IS procedure by Esscher transform
outperforms the IS procedure by mean translation when the IS parameter impacts
on the symmetry of the distribution.
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Concluding Remarks

In this article, we propose a recursive procedure to compute efficiently the Value-
at-Risk and the Conditional Value-at-Risk using the same innovation for both pro-
cedures. In our approach, for a given risk level «, the VaR, and the CVaR,, are
estimated simultaneously by a regular RM algorithm. Ruppert and Polyak’s averag-
ing principle provides an asymptotically efficient procedure. The estimates satisfy a
Gaussian CLT. However, due to the slow convergence of the global procedure since
we are interested in rare events, the regular version of this algorithm cannot be used
in practice. To speed-up and thus greatly reduce the number of scenarios, we devise
an unconstrained adaptive IS procedure. The resulting procedure provides estimates
that satisfy a CLT with minimal variances. To optimize the move to the critical
risk area, the risk level o can be temporarily replaced by a slowly increasing level
a,, (stepwise constant in practice) converging to «. This produces a VaR compan-
ion procedure (€,),>1 that controls the IS change of measure parameters (6,,, fi,).
Numerically speaking, the resulting procedure converges efficiently and can drasti-
cally reduce the variance. It is possible to extend the methods to portfolio whose
losses depend on a general diffusion process, using Girsanov transform to introduce
a potentially infinite dimensional variance reducer. Finally, we aim at extending
the method by implementing low-discrepancy sequences in our procedure instead of
pseudo-random numbers. Preliminary numerical experiments showed a significant
improvement of the convergence rate. This also raises interesting theoretical prob-
lems. See [58] for some first theoretical results in that direction in a one-dimensional
framework and chapter 4 for further developments in higher dimensional setting.
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Chapter 3

VaR-CVaR algorithm with
unconstrained importance sampling:

the infinite dimensional setting

This work was submitted to the Journal Monte Carlo Methods and Applications.

Abstract: In this paper, we extend the method of finding Value-at-Risk (VaR)
and Conditional Value-at-Risk (CVaR) by stochastic approximation and adaptive
importance sampling, as introduced in [6], to a large class of portfolio losses that
depend on a path-dependent diffusion like processes. In this context, we show how to
devise a regular Robbins-Monro algorithm to approximate the optimal importance
sampling (I.S.) process, which somehow follows the new approach introduced in
[62]. Like in the finite dimensional framework, the convergence rate of the resulting
algorithm to its target satisfies a Gaussian Central Limit Theorem with optimal rate
and minimal variance.

Numerous simulations are provided to assert its efficiency. In particular, we
carry out a comparison with the finite dimensional procedure on an energy related
portfolio.

Keywords: VaR, CVaR, Stochastic Approximation, Robbins-Monro algorithm, Im-
portance Sampling, Girsanov Transform.
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3.1 Introduction

Measuring the risk of a financial portfolio has become a key problem for financial
institutions and energy companies. The Value-at-Risk (VaR) is widely used in this
context to summarize extreme losses potentially faced by an agent that holds the
considered portfolio. However, it has recognized several limitations. It lacks subad-
ditivity and convexity so that it can discourage diversification. Moreover, it does not
take into account the magnitude and the distribution of the loss beyond the VaR.
Following [3], it does not satisfy the set of requirements of coherent risk measure.
An alternative risk measure to VaR that has many attractive properties, including
subadditivity and convexity, is the Conditional Value-at-Risk (CVaR).

Several methods have been proposed to compute VaR using historical or Monte
Carlo simulation. The most commonly used method is the inversion of the empirical
loss distribution function. Approximations of the portfolio loss distribution known
as “Delta-Gamma approximation” relying on a linear or quadratic expansion are
also used, see e.g. [17], [39], [38]. Such approximations are non longer tractable and
acceptable when considering portfolios with long maturity (1 year up to 10 years)
or when the loss is a functional of a general path-dependent Stochastic Differential
Equation (S.D.E.).

In the context of portfolio optimization to reduce the CVaR, it is demonstrated
in [77] that it is possible to approximate both VaR and CVaR (optimize CVaR) by
solving (an approximation of) a convex optimization problem which reduces to a
linear programming problem. However, the linear programming problem is subject
to huge number of linear constraints so that it remains difficult to handle in practice.

Recently, in [6], we proposed a method for computing both VaR and CVaR
based on a stochastic approximation algorithm derived from the fact that they are
the solution and the value of the same convex optimization problem as demonstrated
in [77]. In [6], it is shown that the convergence rate of this algorithm to its target
satisfies a Gaussian Central Limit Theorem under standard assumptions. However,
the original procedure converges slowly as soon as the confidence level is closed to
1, as it is often the case in practice. Actually, in this kind of problem, we are
interested by events that are observed with a very low probability (usually less that
5%). Thus, as a necessary improvement, an adaptive variance reduction procedure
based on a recursive importance sampling (I.S.) stochastic approximation algorithm
was proposed. Originally introduced by [1] in the gaussian case, it has been revisited
recently in [62] in a more general framework. The L.S. procedure combined with
the VaR-CVaR procedure in [6] follows this new approach. However, as noticed
in [6], when we have to sample from a high dimensional structural random vector
X (X € R with d > 50) to simulate the loss L, as it is often the case in financial
institutions or energy companies, we have to optimize two vectors of dimension d
and thus control the growth of each component. Actually, in most cases, X is a
vector of Brownian increments related to the Euler scheme of a diffusion so that the
dimension of X is often greater than 100 especially if the portfolio is composed of
several market prices. This is no longer tractable.

In this paper, we show that it is possible to extend the algorithm investigated
in [6] to the case where the loss is a functional of a path-dependent diffusion X.
To be more precise, we want now to compute both VaR and CVaR of L := ¢(X)
where ¢ is a functional defined on the space C([0,T],R?) of continuous functions
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defined on [0, T and to devise a Robbins-Monro I.S. algorithm based on the approach
investigated in [62]. Thus, ¢ is the function describing the composition of the
portfolio which remains fixed and X models the market prices over the time interval,;
thus we do not need to specify the dynamics of the market prices and only rely on
the fact that it is possible to sample from the distribution of X. Thus, we consider a
d-dimensional It6 process X solution to the stochastic differential equation (S.D.E.)

dX, = b(t, X") dt + o(t, X*) dW,, Xy =z € R?, (Epo)

W = (Wy)iejo,r) being a g-dimensional standard Brownian motion and where X* :=
(Xtns)sefo,r) 1s the stopped process at time t, b : [0, T]xC([0,T],R?) — R?, o : [0, T]x
C([0,T],RY) — M(d,q) are measurable with respect to the canonical predictable
o—field on [0, 7] x C([0,T],R?). The VaR at level a € (0,1) is the lowest a-quantile
of the distribution ¢(X) i.e.:

VaRa (0(X)) := inf {& [ P (p(X) < &) = a}.

We assume that the distribution function of ¢(X) is continuous (i.e. without atoms)
so that it is the lowest solution of the equation:

Plp(X) <§) = o

If the distribution function is strictly increasing, the solution of the above equation
is unique, otherwise, there may be more than one solution. In fact, in what follows,
we will consider that any solution of the previous equation is the VaR. Like in the
static framework, we also introduce the W-Conditional Value-at-Risk (V-CVaR) (at
level ). As soon as W(p(X)) € L*(P), it is defined by:

W-CVaRa(p(X)) = E[B(p(X)|p(X) > VaRa(p(X))]. (31)
When ¥ = Id and p(X) € L'(P), (3.1) is the regular CVaR of p(X).

This paper is organized as follows. Section 2 is devoted to some background on the
finite dimensional setting where we briefly recall the main tools and assumptions
used to devise the VaR-CVaR investigated in [6]. In Section 3, we introduce the
functional version of the algorithm where the [.S. procedure is based on the Girsanov
theorem. In Section 4, numerical experiments are carried out on several portfolios
to emphasize its efficiency.

Notations: e |.| will denote the canonical Euclidean norm on R? and (.,.) will
denote the canonical inner product.

e %5 will denote the convergence in distribution and % will denote the almost
sure convergence.

o 1fllis, = (Jy (£ 4o+ F2@) dt) " i = (fi,-, ) is an RP-valued (class
of) Borel function(s).
e z, := max(0, z) will denote the positive part function.
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3.2 Some background: the finite-dimensional set-
ting

In [6], we proposed a Robbins-Monro (R.M.) algorithm to compute the VaR,, and
the U-CVaR,, at a given confidence level o € (0, 1), for a portfolio whose loss L
can be written L = ¢(X), where X : (Q,A4,P) — (R4 ].]) and ¢, ¥ : R - R
are two Borel functions (¥(p(X)) is integrable). We proved that the VaR,, and the
VU-CVaR,, can be estimated as the limit of the following algorithm

Zn = anl - ’)/nH(anlaXn)a n 2 1 (32)

where (X,,),>1 is an i.i.d. sequence of random vectors having the same distribution of
X, Zy = (&, Cy) is a random vector independent of (X,,),>1 such that E[|&|*] < +o0
with H(z,z) :== (H, (§,2), Hy (§,C, z)) and for all x € R?

H1(£,$):1— !

ﬂlw)zg
Hy(6,Coa) = C — € — —— (U (p(2)) — €) Loyoc.

11—«
To obtain the a.s. convergence and the weak convergence rate of the procedure, we
introduced the quite standard step assumption

Z’yn = +o0 and Z’yﬁ < +o00. (A1)

n>1 n>1

and the following additional assumption on the distributions of ¢(X) and ¥(p(X))

©(X) is continuous and increasing, and V(p(X)) € L*(P) for a > 0.  (A2),
The two main results of [6] are the two following propositions.

Proposition 3.2.1. (a.s. convergence) Suppose that assumptions (Al) and (A2),
are satisfied. Then, (3.2) a.s. converges toward z* := (£, C*) where & is a random
variable taking its value in {{ € R | P(p(X) < &) = a} and C! = ¥U-CVaR,,.

Proposition 3.2.2. (Convergence rate) Suppose that assumptions (Al) and (A2),
are satisfied for some a > 1. Assume that the distribution has a positive probability
density fu(x) on its support (which implies that VaR,(p(X)) is unique so that the se-

quence (Zy,)n>1 a.s. converges to its single target z;, == (VaRa(¢(X)), ¥-CVaRq(0(X))).

Let (Z,)n>1 be the Cesaro mean of the sequence (Z,)n>1, i.e. the sequence defined

by
_ Zo+ -+ 2,
Ly = ot 1, n>1,
n
which converges to z;,. If the step sequence is defined by v, = -5 with % < p <1,
the Ruppert and Polyak’s Averaging Principle ensures that

\/H(Zn—z*)iw\f((),il) as n — 400

where X is given by

a(l—a) *
fi((x)(g*) mE [((p(X)) =€) Lipx)2e]
ar @ B (VX)) =€) Lpmzey]  qoae Var (2(0(X)) =€) Lipzey)
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For more details about this algorithm, we refer to [6].

This procedure is known to converge slowly owing to the fact that P (o(X) > &) =
1 — « is close to zero as the confidence level « is often close to 1 in practical ap-
plications (otherwise the procedure behaves well), meaning that we observe fewer
and fewer simulations for which ¢(Xj) > &,—1 as the algorithm evolves. Moreover,
practitioners usually deal with huge portfolio so that the evaluation step of ¢ (X)
may consume a lot of time. Consequently, as a crucial improvement, we combined
the VaR-CVaR algorithm with a recursive variance reduction method based on an
adaptive [.S. algorithm. The aim of this procedure is to modify the distribution of
X in order to minimize the asymptotic variance of the two components in the above
CLT, the asymptotic variance of the VaR,, algorithm

Var ( 1pxzez)) ol —a)
2 2
f<P(X) (X)

and the asymptotic variance of W-CVaR,, algorithm, namely

1 *

mvaf (U(p(X) = &) Lpxyzes)) -

We investigated the translation of mean and the exponential change of measure
(also called the Esscher transform). In both cases, it consists in approximating the
optimal parameters ¢ (for the VaR algorithm), u* (for the U-CVaR algorithm) by
two R.M. procedures in R%, namely:

en - ‘9n—1 - /YnHB(gn—la en—lan)a ‘90 € Rd
P = pn—1 — VnHa(En-1, -1, Xn), po € R

where &, is the approximation at step n of the VaR algorithm modified by the
L.S. procedure (for more details, we refer to [6]). Generally, in the energy sector
as in financial institutions, we want to estimate the VaR and the CVaR on a huge
portfolio, so that the dimension of the random vector X can be very large (hundreds
up to thousands for portfolio with a long maturity). As already noticed in the
introduction, we have to control the growth of each component of (6,, fin)n>1 to
ensure its a.s. convergence. If one component remains “stuck” at the beginning of
the algorithm, this may provide bad performance and bad estimates of both VaR and
CVaR. This version of the 1.S. algorithm is no longer tractable in a high dimensional
setting.

3.3 VaR-CVaR algorithm for diffusions

3.3.1 Framework and practical results

Applied to the computation of the mean E[F(X)] (F € L?(Px) with P (F(X) # 0) >
0), it is shown in [62] that it is possible to circumvent the problem of the dimension
by extending the adaptive I.S. algorithm to infinite dimensional setting (where X is a
path-dependent diffusion like processes). In this framework, the loss of the portfolio
is related to a diffusion X solution of (Ej ), the loss functional ¢ is defined on the
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space C([0,T],R?) of continuous functions defined on [0,7] and the LS. change of
measure will be based on the Girsanov transform. Under the following assumption

(7) b(.,0) and o(.,0) are continuous,
(i) ¥ € [0,T), Ve, € (10, T RY, ot y) — b(t, o) o)
Hlo(ty) = ot, 2)|| < Coollz = yllo-

strong existence and uniqueness of solutions for (£, ) can be proved (for more
details, see [79]).
If b(t,z') = B(t,x(t)) and o(t,2!) = I(t,2(t)) for every z € C([0,T],R%), where
t = L%”J %, then X is the continuous Euler scheme with step % of (Epow) with
drift # and diffusion coefficient ).

Let f be a fixed borel bounded functional on C([0, 7], RY) with values in M(q, p).

Then a Girsanov transform yields that for every 6 € L3, := L*([0,T],R?),

= Jo (FXO)05.aws) || F(X D012,
E[F(X)=E|F(X9)e I ) g

where X(@ denotes the strong solution to (Ej; .t ). As we already noticed in [6],
applying this idea to the computation of both VaR and CVaR amounts to translate
the distribution of X in order to minimize the asymptotic variance of the VaR,
Var (1{,(x)>¢-}) and of the CVaR,, algorithm Var ((¥(p(X)) — £°) 1{px)>¢+}). Let
f1 and f5 be two Borel functions, fi, f> : C([0,T],R%) — M(q,p). The two func-
tionals to be minimized are

min Q1(9,§2) and HllQIl QQ(M?&Z)
rely ,

0€Ly,
where
. =2 [ (X ©2)05,dWs )~ F1(X D)0 12,
Ql(ea ga) =E |:1{30(X(9))>§§}€ LTq
and,
* " 72fT<f2(X(“)’s)Ms,dWs>*||f2(X(“)")M_||22
Qal, &) = B | (W(p(X W) = €)1 xumpneye

In practice, we will only minimize @)1 and ()5 over a finite dimensional subspace
E = span{ey,...,en,} C L7, Using another Girsanov Transform (see Lemma 3
in [62]) yields

— JT (A (X )05, dW )+ L[| f1(X (@0 |2
Q1(0,6)=F {1{¢(X)>£;}e Jo (h Y+l L%,q] :

and

i} . — S (2 (X 2) g W )+ 3 f2 (X W) ]2,
Qulp ) = B | (1(60) - €1 emgire : ).
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Now we are in position to ensure under some assumptions that @1 (resp. Q2) is

finite, log-convex, and goes to infinity as HGHLQT (resp. H,uHLQT ) goes to infinity so
3P 5P

that Argmin ()7 and Argmin ()5 are non empty.

Moreover, we will show that, @:(., &) and QQ( ¢*) are differentiable thus Argmin 1 =

{VoQ1(.,&) =0} and Argmin Q3 = {V,Q2(.,¢&) = 0}. This will allow us to de-
rive a stochastic gradient algorithm. For that, we need to introduce the following
assumption where Argmin V = {& | P(¢(X) > &) =1 —a}

P((U(0(X) = £ Lipxroes) > 0) > 0, V€L € Argmin V. (43)
Proposition 3.3.1. Suppose that (A2), holds for some a > 1 as well as (A3) and
(Hbo). Then, for every & € R, Q1(.,€) and Qa(., §) are finite on L2T7p and log-convex.

1. Assume that the bounded matriz-valued Borel functions fi and fo satisfy that
f1(X?®) (resp.  f2(X?®)) has a non-atomic kernel on the event {p(X) > &}
(resp. on the event

{(\Ij(‘P(X)) - 5;)2 lipx)>eny > O}) ie.
P ({EI 0 L2T7p\ {0} s.t. O(s) € Kerfi(X?®) ds—a.e and p(X) > 5;}) =0

P ({El 0 € L%,p\ {O} s.t. 9(5) € K@TfQ(XS) ds — a.e (33)

and (¥(p(X)) =€) Lpx)sezy > 0F) =0
then for every finite dimensional subspace E C LTp,

Qu(0,£) = +00 and lim  Qa( &) = +oo

1m
||9HL2 —+o0, EE ||,u||L2 —+o0, peE
T,p T,p

2. For every & € R, the functions Q1(.,€) and Qs(.,&) are differentiable at every
0, € Ly, and the differentials DQ1(0,€) and DQy(p,§) are characterized
on every ¢ € L, by

(X962
T,p

<DQ1(975)7 <>L%p =K {1{¢(x(9>)>£}e

s

(2<f1(X( D)0, AN, /<f1 >vs>cs,dws>)}

and,

12Xl 2,

(DQa(p.€). C)pp =E [(\If(so(X ) =) Vg "

< (208 ) ey, = [ (axang,any)].

Proof. The proof of those results follows the line of the proof of Proposition 4 in
[62]. [l

For practical implementations, the first conclusion is the only result of interest.
It ensures that

T = {(£.0,) | £ € ArgminV, 0 € ArgminzQ1(.,€), p € ArgmingpQs(.,€)} # 0.
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3.3.2 The resulting algorithm

Following the design of the algorithm in [62], for practical implementation, we con-
sider finite dimensional spaces E of L?F’p. Thanks to the result above, we know
that the restriction of Q1(.,&}) (resp. Q2(.,£})) on £ attains a minimum ¢}, 5 (resp.
th ;) which will be the target of our adaptive L.S. algorithm. Like for the static
framework, the a.s. convergence of the global algorithm (composed of the VaR al-
gorithm and the two 1.S. procedures) toward z} := (&,0%, us) € T is ensured by
the Robbins-Monro Theorem (in fact, we will rely on a slight extension which takes
into account the case of non-uniqueness of the target, see e.g. [6]) applied to the
Lyapunov function L(z) := ||z — z%||>. Then, the a.s. convergence of the U-CVaR,
algorithm follows. The I.S. algorithm is based on the above representation of the
two differential. However, first we need to control the discrepancy between X and
X9 (vesp. X(=#) (this is a general result about SDE, see e.g. Lemma 4 in [62])

Lemma 3.3.2. Assume that (Hy) holds. Let f be a bounded Borel M(q, p)-valued
function defined on C([0,T),R%), let 6 € L3 and let X and X denote strong
solutions of Ey,w and Eyi,p9.0w driven by the same Brownian motion W. Then,
for every r > 1, there exists a real constant Cy,, > 0 such that

sup )Xt — Xt(e)‘
te[0,77

[ 1o (X0 1 (x0) 0] as

0

S Cb,aer’UT
r

r

Remark 1. Note that it is crucial that we have for all Brownian motion W a strong
solution X =9 . This is case if X is the Euler scheme of a diffusion or if the driver
f s Lipschitz in space.

Like for the static framework, we need to control the growth of the function Woep.
So that, we are led to introduce the following assumption

3> 0, Vo € C([0,TLRY), [ ¥((x))] < Cuy (1+ 2]l (Gu)

which induces that U(p(X)) € L"(P) for every » > 0. Now given a finite dimen-
sional subspace E of L2T7p spanned by an orthonormal basis (eq, ..., €,,) and two
bounded Borels M, ,-valued functions fi, fo (with p > 1), we are lead to define two
procedures by

{ en = Qn—l - /YnHB (Qn—la gn—laX(ion_l)a W(n)) ’ 00 € Ea

3.4
Hn = Hn—1 — ’YnH4,>\,T] (/‘Ln—la gn—la X(iun_l)v W(n)) » Mo € E, ( )

where (7,)n>1 satisfies (A1), (W), is a sequence of independent Brownian mo-
tions, X“0n-1) = F(=0,_1, W) (resp. X#n=1) = F(—p,_1, W™)) is a strong so-
lution t0 (Ey_,p0, ,wo) (1eD. (Ey_gpypn s wm))s (§a)nzo is the VaR algorithm
(modified by the I.S. procedure) defined by

fn = gnfl - ’YnHl (fnfla enflaX(en_l)a W(n)) ) gO € LQ(]P)>7 (35)

and for every standard Brownian motion W and every F}"-adapted RP-valued pro-
cess ¢ = (Ct)eeo,r), H1, Hz and Hy )y, are defined by

1 I3 {1605, dWa) =3 112601} )
»q

_%HleooHGHiQ
Hl(ga ‘9, gv W) =e€ Ta (11— 1— a1{¢(4)>5}6

)
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and

(

(H3 (0,6,C,W) ey = Lgsomae o (20(C) 0, AC)edss,
— I (A(¢ei(s). W) ).

(i (16,6 W) iz = Caa(11,0) (T (0(0)) = ) Lproepe

(20 () i o)y, = Ji (ol Ches). W)

12(Cmlg.

\
t=1,...,m where for n > 0,

=2l ookl 2

T, . .
SN2 if o is bounded,
C . 1+£ +||:U*||L2
A777(/’L) - I
=2 N+l g
e ,p . .
e 1f o is unbounded.

To compute the W-CVaR,, we are lead to devise the usual companion procedure
defined by

Cn = Cnfl - ’YnHQ (fnfla Cnfla ,unflaX(Mn_l)a W(n)) ) CYO S Ll (]P) ) (36)
where Ho(&,C,p, ¢, W) = C —w(&, u, ¢, W) with

1 — [T f2(QOms dWe) = L1 F2(Ore |12
w(&, ¢ W) = £ 77— (V(p(0) = ) Lo v

.a,

Consequently, the global procedure can be written in a more synthetic way
Ly = Zyp_q — ’YnH (anla W(n)) ) Zo = (§07 007 907:“0) ) (37)
with

H(z,W) = (H, (£,0, X9 W), Hy (§,C, 0, X, W), Hy (0,6, X0 W),
H4,)\,77 (,LL, ga X(_M)a W)) .

Next result shows that this procedure a.s. converges.

Theorem 3.3.3. Suppose that (A2)1, (Hbo), (Gupn) and (A3) are satisfied. Then,
if the step sequence v = (7, )n>1 satisfies (A1), the recursive algorithm (3.7) satisfies

Zy =2 2= (&5, C 0 [hg), as n— +oo,

ar Vo, B

where £ is an arg min V-valued (squared integrable) random variable, C := W-CVaR,,
0% g is an Argminp Q1(,&;)-valued (squared integrable) random variable and p}, g
is an Argming Qq(,&,)-valued (squared integrable) random variable.

Proof. Like for the static case, we firstly demonstrate that the tuple t,, = (&, 05, )
converges a.s. toward t, 1= (£3, 07, p, 1, p) € T*. Then, it will be straightforward
that (C),)n>1 a.s. converges toward C?. The mean function of the three components

algorithm is defined by

l(t) = (E [Hl (é-aeaX(G)a W)] 7E [HB (eafaX(io)a W)} 7E [H4,/\,77 (/’LafaX(iu)a W)]) )
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so that for every t := (£,0,u) e R x E X E,
—3l1f1llsol16112

()01 = e b (1- T2Be00 > 9) (6 - €)

+ <DQ1(9)a 0 — 92E>E + C (1) <DQ2(M)7 [ M2E>E > 0.
It remains to check that

2 _ 2 N 2
[H1(€,0, X0, W) ||, 4[| Hs (6,& XU W) || 4] Han (1, & XTH W) ||, < COHIE]?)
(3.8)
in order to apply the Extended Robbins-Monro Theorem. A straightforward ap-
plication of the proof of Theorem 4 in [62| shows that HH3 (O,S,X(_‘g),W)H2 <
C(1+ HHHLQM) and || Hyy (1, & XOW W), <CQ+ "M|’L%,p) and we have
= fillsollO1]?
E[H} (0, X9 W)] <C (1 e T
=2 [o (F1(XO2)05,dWs ) —[| fL(X D)0, |2,
xE [1{¢(X(9))>§}€ 0 LT,q:|) ,

{11l 612
_ (1+6 AallclOlZy

— [T (X @), dW ) +3 || 1 (X ©)%)0. |2
< [1{¢(X>>s}€ i el Pt

— [T (X050, dWe Y — 1| | £1 (X (9)3)0 |2
§0(1+E{e S (rc ) V=2 lIf1( ) LQMDSQQ

so that the linear growth assumption (3.8) is satisfied. This completes the proof. [
Like for the static framework, to circumvent the problem induced by the a priori

optimal choice of the step sequence v, = £, n > 1 (the choice of ¢ is more or less
“blind” since it depends on the density of (X)) at £ which is unknown), we are led
to introduce the Cesaro mean Z, of the algorithm (3.7) implemented with a slowly
decreasing step v, = -5 with % < f < 1“ala Ruppert & Polyak”. Next result shows
that Z,, satisfies a Gaussian CLT with the optimal variance and the optimal rate

V.
Theorem 3.3.4. Suppose that (A2), with some a > 1, (Hp,), (Gw,pn) and (A3)

are satisfied and that the step sequence is v, = - with % <p<1landc>0. Then
Z, satisfies the Gaussian CLT

Vi (Zy = 25) 55 N(0,5%) 0 — +oo (3.9)

where X* satisfies
(

* 1
M S e ( l{so(X(G;»E))Zfz}

T o0* NP 0 18\ Nk
-1y <f1<x( o.5) S>9a,E,S,dW5>+éHf1<X( S N [c
Xe T,q

S50 = ap Var ((‘I’QP(X(”“’E)) - 52) 1{¢(sz,E>)2£*}

- foT<fz(X(“a7E>’S>uz,E,s’dWs>+é||f2<x<“a,E)">u;,E,.Hig
Xe T,q
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Proof. The proof follows the line of the proof of the equivalent result for the static
framework. It consists in applying the Ruppert & Polyak’s averaging principle (see
Theorem 3.2 in [6]). O

Remark 2. e Only a rough estimate of 07, and 11, is needed to reduce the asymptotic
variance of the VaR-CVaR algorithm. That’s why we don’t specify the asymptotic
variance of the 1.S. procedure.

e For numerical implementation, as proposed in the static framework, we make
the confidence level slowly move from oy = % to the final level o by introducing a
deterministic confidence level sequence (a,)n>0- As demonstrated in [6], this leads
to a new I.S. procedure (émﬂn)nzo different from (3.4) that numericaly speeds up
the initialization phase and improves the variance reduction. Finally, our optimal
algorithm to compute the VaR, and the V-CVaR,, is given by the empirical mean
(&n, C) where &, is given by (3.5) and C, is given by (3.6) with (O, fin)nso a5
adaptive variance reducers.

e Finally as proposed in the finite dimensional setting, in practical implementation,
we divide our procedure into two phases. Phase I is devoted to the estimation of the
variance reducers (07, p, piy, i) using M iterations. Phase II produces some estimates
of (§*,C*) based on (3.5) and (3.6) and its Cesaro mean with N iterations. During
this phase, one can either keep on updating the 1.S. parameters adaptively or “freeze”
them at (éM,ﬂM) and only update (&,,C,). Note that since we only need a rough
estimate of the optimal 1.S. parameters, we set M << N. For more details about
the practical implementation of the algorithm, we refer to Chapter 2 Section 3.

3.4 Numerical examples

For the sake of simplicity, we focus on the computation of the VaR,, and CVaR,, (V =
Id). We also consider three values of the confidence level o = 95%, 99%, 99.5%.

3.4.1 Asian option

We consider a process (X;);cpo,7] solution of the following SDE:
dXt = b(Xt)dt +0o (Xt) th, XO =z eR.

The portfolio is composed of a short position on European Asian Call option. Such
options are of particular interest and importance to prevent price manipulations
and represent a large proportion of the options traded in commodity markets. For
instance, most options on oil are Asian options. The value of the loss of the portfolio
at maturity 7' is defined by

p(X) = (A(T) - K)

rT
+ — € C(),

where Cj is the price of the Asian option, r is the interest rate (and r = 5%) and
A(T) is the average of the stock S; over the time interval [0, 7], namely

AT) = /O S(u) du. (3.10)
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The problem of computing the price Cj is known to be hard. Here, for the sake of
simplicity we simply use a standard Monte Carlo method under a Black&Scholes
model with a variance reduction technique based on the method developed by Kemna
and Vorst [51]. It consists in using the random variable ¢~ (¢ — K) where

Z = %fOT log(S,) du as a control variable. In order to approximate the integral
A(T), we use one of the schemes developed in [59]. To be precise, if we consider
the continuous Euler scheme X¢ obtained by extrapolation of the Brownian between
two instants of discretization, i.e. for every ¢ € [ty tx11],

Xi=X; +0(X;) (t—tp)+0(Xp) W, —W,), X§=z€R

The step size will be noted h = % and we define the times t;, = k% = kh. We set

T =4 months and N = 100. Now we can approximate the integral A(T") by
1 g V C fietd V C Vv C
?E:X#n+[ (X¢— X¢)ds. (3.11)
k=0 K

It is shown in [59] that the weak convergence of this scheme holds at the rate ni.
To compute this scheme, at each time step, we have to simulate W, knowing W,

and < t:““ Wy ds| Wy, Wtkﬂ) using the fact that for every s € [tg, tgi1]

h h ’ h

tpt1 " _ _y ' B 4
L ( Wy ds| Wy, = u, Wy, = v) :N( k+1 Su n s kt1 (tkr1 — 5)(5 — tr)
t

k

Under the Black&Scholes model, by using a Taylor expansion, one can approximate
the integral by the scheme

13 rh? bt
k=0 te

We consider three different basis of L?([0, 1], R)
e a polynomial basis composed of the shifted Legendre polynomials (ﬁ)n)nZO de-
fined by

~ 1 d’n
VnZQVNﬂQH,Rﬁ%z&@ﬁ%)w@mfﬂw:Q @;«ﬁ_ny
nn' n

(ShLeg)

e the Karhunen-Loeve basis defined by

1
Vn >0, Vt €[0,1], en(t) =2 sin ((n + 5) 7Tt) : (KL)
e the Haar basis which is defined by
Vn >0, Vk=0,..,2" =1, Vt € [0,1], Ynx(t) = 2§w(2kt —n), (Haar)
where,

1 iftelo,3)
Yty =4 -1 ifteli 1)
0 otherwise.
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Blacké9Scholes Model

First, we consider that X follows the classical Black&Scholes model with a volatility
o = 50%. The strike of the call is set at K = 115 and the initial price at x = 100.
Note that in this case the price Cy of the asian call option is computed with the
help of our control variate which can be written

2\ N—1 ptk+1
e T (:L‘€<T02)2+% 2k—0 Jiy  Wudu _ K> ]
+

The price of this call is approximately equal to 2.24. We experiment our algorithm
with trivial drivers f; = fo = 1. For different basis, the results of our algorithm
are summarized in the following table. The optimal I.S. parameters are obtained
using 100 000 iterations in the Robbins-Monro procedure then, with this optimized
parameters, we compute the VaR,, the CVaR,, and the two variance ratios RVy,g,
RV var with 500 000 trials. For the three different basis, the results are summarized
in the three following tables. In figure 1 are depicted the optimal variance reducer
0* (the 1.S. parameter for the VaR algorithm) when the optimization is carried out
on E,, for several values of m (2, 4 and 8) in the different basis mentioned above
and for a confidence level a = 95%. The results are summarized in Tables 3.1, 3.2,
3.3.

Basis Dim. [0 VaR CVaR RVVaR RVCV&R

Constant 1 95%  14.1  24.47 3.8 9.03
99%  30.84 40.48 8.11 20.21
99.5% 37.71 47.10 11.95 25.16
ShLeg 2 95% 14.3  24.76 9.8 33.1
99%  31.12 40.69 20.4 52.8
99.5% 37.85 47.32 27.19 57.27
ShLeg 4 95% 14.26 24.72 9.5 34.24
99%  31.05 40.65 21.3 47.6
99.5% 37.78 47.33 23.23 55.54
ShLeg 8 95% 14.47 24.84 9.9 33.4
99%  31.37 40.85 22.1 45.7
99.5% 37.99 47.3 21.94 69.85

Table 3.1: VaR, CVaR and variance ratios obtained using the Legendre basis in the
Black&Scholes model.

Local Volatility Model
Now, we consider the same product in a local volatility model (inspired by the CEV
model) defined by

XB
dXt = TXtdt + O‘XtitZ th, X() =,

VIt X

with r = 0.05, 0 = 7, x = 100 and S = 0.5. The price of the Asian Call option
given by a crude Monte Carlo with Brownian interpolation after 100 000 trials is
approximately equal to 4.16. The results are summarized in Tables 3.4, 3.5, 3.6.
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Basis Dim. (6] VaR CVaR RVVaR RVCV&R

KL 2 95%  14.1  24.66 3.5 7.3
99%  31.0 4090 7.04 15.48
99.5% 37.73 47.18  9.05 19.87
KL 4 9%5%  14.1  24.64 4.9 11.66
99% 30.95 40.6  10.64 23.45
99.5% 37.73 47.18 13.72 24.5
KL 8 95%  14.17 24.65 6.0 11.8
99% 31 40.57  14.53 24.0
99.5% 37.76 47.23 19.56  42.87

Table 3.2: VaR, CVaR and variance ratios obtained using the Karhunen-Loéve basis
in the Black&Scholes model.

Basis Dim. « VaR CVaR RVwviar RVcovar

Haar 2 95% 14.28 24.73 6.9 23.5
99%  31.04 40.9 16.8 35.4
99.5% 37.82 47.25 19.23  39.58
Haar 4 95% 14.41 24.78  8.16 25.54
99% 31.17 40.79 19.78 42.8
99.5% 37.95 47.32 23.07 49.84
Haar 8 95% 14.38 24.79 8.0 29.53
99% 31.05 40.73 18.97  41.74
99.5% 37.84 47.23 24 51.46

Table 3.3: VaR, CVaR and variance ratios obtained using the Haar basis in the
Black&Scholes model.

3.4.2 Power plant

Like for the static framework, we consider a portfolio composed of a short position in
a power plant that produces electricity day by day with a maturity of 7' = 3 months
(we set N=100) and 100 long positions in calls on electricity day-ahead price with
the same strike K = 60. We consider the Black&Scholes model, electricity’s and
gas’s initial spot prices are S§ =40 $/MWh and S§ = 3 $/MMBTU (BTU: British
Thermal Unit) with a Heat Rate equals hg = 10Btu/kWh and generation costs
C' =5/MWh. The two brownian motions have a correlation of 0.4. The payoff can
be written

P(X) = D7 (T (S5, = haSH, =€), = Per™ )+ (€7 Co — T (87, ~ K) )

N
k=1

For different basis, the results are reported in the tables 3.7, 3.8, 3.9.

In the static framework, we also considered this example with different parameters
and obtained the following results (see Table 3.10). For more details we refer to [6].
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Figure 3.1: Optimal 6 for different basis obtained with our algorithm using 100 000

steps and with a confidence level o = 95%.

3.4.3 Adaptive case: Up & In Put option

We consider a portfolio composed of short position on an Up & In Put option of
strike K and barrier L. This option is activated when the underlying process X
moves up and hits the barrier L. The value of the loss of the portfolio at maturity

T is given by

p(X) = (K — Xr)

+ l{maXogng X ZL} —¢

rT PO

where Py is the price of the option. A standard approach to price the option is to
consider the continuous Euler scheme X of step ¢, = k:% obtained by extrapolation
of the brownian bridge between two instants of discretization. For every ¢ € [ty tx11],

we can write

Xt — th + b(th)(t - tk) —|— O'(th)(wt - Wtk>7 XO — ZL'O c R
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Basis Dim. (6] VaR CVaR RVVaR RVCV&R

Constant 1 95% 22.77 3540  3.77 8.29
99%  44.77 5456  8.78 15.04

99.5% 51.06 61.36  10.29 16.71

ShlLeg 2 95% 23.12 35.60  9.12 22.70
99% 43.23 54.10  15.5 23.4

99.5% 51.36 61.53 25.20  36.86

ShLeg 4 95%  23.04 35.62 9.8 24.3
99%  43.46 54.17  19.38 29.37

99.5% 52.23 61.81  23.6 35.9

ShLeg 8 95% 23.26 35.71  11.2 23.7
99%  43.65 54.28  20.5 33.60

99.5% 51.44 61.65 23.81 37.35

Table 3.4: VaR, CVaR and variance ratios obtained using the Legendre basis in the
local volatility model.

Basis Dim. (6] VaR CVaR RVVaR RVCV&R

KL 2 95% 22.85 35.52  3.33 6.95
99%  43.34 5417  6.55 12.08
99.5% 51.10 61.54  8.89 17.03
KL 4 95% 2295 3557  4.79 11.60
99%  43.26 54.13  10.81 17.56
99.5% 51.11 61.48 14.96 23.03
KL 8 95% 22.92 3554  5.80 13.00
99%  43.33 54.19 14.16 22.70
99.5% 51.13 61.53 18.72 29.24

Table 3.5: VaR, CVaR and variance ratios obtained using the Karhunen-Loéve basis
in the local volatility model.

By preconditioning,

E (K — XT)—}—]-{maXogththL}] -k

(K — X1, (1 o X>>] |

k=0

where p(xkaxk-f-l) =P (mathStStk+1 Xt <L ‘ (tha th-H) = (:L‘ka xk-ﬁ-l)) is the pI'Ob—
ability of non exit of some brownian bridge. Using the law of the brownian bridge
(see for example [42]), we can write

_2(L71k)(L7;k+1)
1—e =)o) if [ > max(zk, Tee1),
P(k, Th1) = (3.13)

0 , otherwise.

In the following simulation, we consider the classical Black&Scholes model. We set
the number of steps of the Euler scheme N to 100, the interest rate r to 4%, the
volatility to 70%. The strike of the option is set at K = 80 and the barrier level at
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Basis Dim. (6] VaR CVaR RVVaR RVCVaR

Haar 2 95% 23.06 35.63  6.88 16.86
99%  43.39 54.23 17.11 28.47
99.5% 51.18 61.49 2143  31.22
Haar 4 95% 2321 35.71  8.16 20.82
99%  43.55 54.30  20.0 30.68
99.5% 51.29 61.63 2590  35.44
Haar 8 95% 23.19 35.68 8.3 22.41
99% 43.49 54.25 21.89  34.91
99.5% 51.26 61.58 26.29  38.53

Table 3.6: VaR, CVaR and variance ratios obtained using the Haar basis in the local
volatility model.

Basis Dim. (6] VaR CVaR RVV&R RVCVaR

Constant 1 95%  386.81 1244.23 3.2 4.1
99%  812.14 1468.08 14.40 53
99.5% 980.28 1486.65 31.21 85.2
ShLeg 2 95% 390.29 1251.24 5.24 26.76
99%  815.17 1472.38 28.89 67.2
99.5% 981.14 1484.62 62.11 120.9
ShlLeg 4 95%  389.82 1251.72 5.3 25.63
99%  813.71 1471.61 28.15 66.54
99.5% 982.13 1481.98 65.2 118.5
ShLeg 8 95%  385.97 1267.41 5.5 24.5
99%  819.53 1473.15 29.35 75.2
99.5% 978.64 1485.73 64.03 120.3

Table 3.7: VaR, CVaR and variance ratios obtained using the Legendre basis for the
power plant portfolio in a Black&Scholes model.

L = 110. We set the price F, to the one given by a crude Monte Carlo after 500 000
trials. We obtain Py = 1.73 with a variance of 28.85.

We compare the efficiency of our algorithm with a trivial driver f = 1 and with
the non-trivial driver f defined for t = t; by

k—1

F(6,¢) = (Br 1—pe) with pe = [ [ p(¢", ¢,

1=0

where p is defined by (3.13). There is no extra-computation for the drivers since
the probabilities are already computed for the brownian bridge interpolation. In the
adaptive case, for t = t;, the optimal parameter can be written 8;, = 6,px+02(1—py)
with (0;,6,) € R% In the trivial-driver case, the optimal parameter is constant and
can be written ¢, = 0; € R for every ¢t = t;. The results for different confidence
levels with the optimal parameter for the VaR L.S. procedure are reported in table
3.11.
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Basis Dim. (6] VaR CVaR RVV&R RVCVaR

KL 2 95% 387.36 1248.19 3.4 5.6
99%  818.90 1458.28  6.32 15.02
99.5% 982.08 1485.43  9.56 27.44
KL 4 95%  388.27 1247.25 4.1 8.4
99%  817.40 1465.55 8.9 23.30
99.5% 977.07 1492.10 13.29  39.46
KL 8 95%  386.76 1252.09 4.3 11.2
99% 819.29 1461.08 11.21 30.73
99.5% 980.13 1489.30 16.32 49.45

Table 3.8: VaR, CVaR and variance ratios obtained using the Karhunen-Loéve basis
for the power plant portfolio in a Black&Scholes model.

Basis Dim. (6] VaR CVaR RVV&R RVCVaR

Haar 2 95%  389.67 1236.90 3.95 13.23
99%  818.74 1457.53 12.33  36.15
99.5% 981.03 1479.13 1858  62.88
Haar 4 95%  392.97 122857 4.45 17.27
99%  819.85 1452.08 14.7 43.6
99.5% 988.29 1480.01 22.88 79.66
Haar 8 95%  384.54 1260.15 4.4 174
99%  814.14 1477.63 14.49  36.95
99.5% 983.27 1482.86 22.15 65.3

Table 3.9: VaR, CVaR and variance ratios obtained using the Haar basis for the
power plant portfolio in a Black&Scholes model.

Number of steps « VaR CVaR RVvir RVevar

10 000 95% 115.7 150.5 3.4 6.8
99% 169.4 196 8.4 12.9
99.5% 186.3 213.2  13.5 20.3
100 000 95%  118.7 150.5 4.5 8.7
99% 169.4 1954  12.6 17.5
99.5% 188.8 2129 15.6 29.5

500 000 95% 119.2  150.4 5 9.2
99% 169.8 1957 13.1 18.6
99.5% 188.7 212.8 17 29

Table 3.10: VaR, CVaR and variance ratios obtained using the finite dimensional
[.S. algorithm for the power plant portfolio.
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Q@ VaR, CVaR RVyv,k RVcvar 67 65 (adaptive case only)

Trivial 9%5% 138 224 1.3 1.7 -0.47
driver 9% 275  33.0 1.7 2.3 -0.59
99.5% 31.8 36.6 1.8 2.5 -0.65
Adaptive  95% 153 24.2 4.4 13.8 0.58 -4.12
case 9% 283 34.1 7.6 28.2 0.22 -3.6
99.5% 325 37.7 9.1 04.0 0.03 -3.2

Table 3.11: VaR, CVaR and variance ratios obtained for the Up & In Put option in
the Blacké&Scholes model.
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Chapter 4

VaR-CVaR algorithm using
quasi-stochastic approximation

A part of this work appeared in Monte-Carlo and Quasi Monte-Carlo Methods 2008.

Abstract: The aim of the paper is to extend the method of finding Value-at-
Risk (VaR) and Conditional Value-at-Risk (CVaR) by stochastic approximation,
as introduced in [6], to quasi-random innovations. Using theoretical results about
the discrepancy of Jordan measurable subsets of [0,1] (¢ > 1), we establish a
convergence theorem for the global Robbins-Monro algorithm under somewhat more
restrictive assumptions than in the random case. Several simulations are provided
to assert the superiority of this deterministic algorithm on the random one. In
particular, we show that devising an [.S. algorithm in this context does accelerate
the convergence of the VaR-CVaR algorithm.

Keywords: VaR, CVaR, Stochastic Approximation, Quasi-Monte Carlo, sequence
with low discrepancy.
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4.1 Introduction

Value-at-risk (VaR) and Conditional Value-at-risk (CVaR) are two widely used risk
measures in the practice of financial risk management. CVaR is known to have better
properties than VaR. Following the terminology introduced in the seminal paper [3]
about risk measures, VaR does not satisfy the set of requirements of coherent risk
measures whereas the CVaR does. For a given confidence level o € (0,1) and
portfolio loss distribution L, the VaR at level a (VaR,, is the lowest amount not
exceeded by the loss with probability « (usually o > 95%). The Conditional Value-
at-Risk at level a (CVaR,) is the conditional expectation of the portfolio losses
beyond the VaR,, level.

Several methods have been proposed to estimate VaR using historical or Monte
Carlo simulation. The most commonly used method is the inversion of the empirical
loss distribution function. Approximations of the portfolio loss distribution known
as “Delta approximation” (resp. “Delta-Gamma approximation”) relying on a linear
(resp. quadratic expansion) are often used. For more details about those methods,
we refer to [17], [39], [38].

In the context of portfolio optimization to reduce the CVaR, it is demonstrated
in [77| that it is possible to approximate both VaR and CVaR (actually to optimize
CVaR) by solving an approximation of a convex optimization problem which reduces
to a linear programming problem. However, the linear programming problem is
subject to huge number of linear constraints so that it remains difficult to handle
in practice. In [6], the authors relies on a stochastic approximation algorithm to
estimate simultaneously VaR and CVaR. This algorithm is derived from the fact
that they are solutions of a convex optimization problem as demonstrated in [77]. It
is shown that the convergence rate of this algorithm to its target satisfies a Gaussian
Central Limit Theorem under standard assumptions. However, it is well known that
in this kind of problem, we are interested by events that are observed with a very
low probability (usually less that 5%). Thus, as a necessary improvement, a variance
reduction technique based on an adaptive R.M. importance sampling was proposed
and combined with the original VaR-CVaR algorithm (see [6] for more details). It
has been shown in [39] that I.S. based on a large deviation analysis of a rare event can
lead to efficient variance reduction. However, as noticed in [41], importance sampling
estimators based on a large deviation analysis can have variance that increases with
the rarity of the event and even infinite variance. In [25], a quantile estimator based
on the inversion of the empirical weighted function with a projected version (on
convex compact set) of a Robbins-Monro I.S. algorithm is introduced to find the
optimal change of measure. The procedure proposed in [6] to select the optimal I.S.
parameters is an unconstrained adaptive Robbins-Monro algorithm which somehow
follows the new approach introduced in [62].

In this paper, we investigate the VaR-CVaR algorithm without L.S. in the case
of quasi-random innovations, i.e. the case where the innovations are uniformly dis-
tributed on [0,1]7 (¢ > 1) and have low discrepancy. Given the performance of
quasi-Monte Carlo method for numerical integration, it is a rather natural idea to
try plugging quasi-random numbers into a recursive stochastic approximation pro-
cedure instead of usual pseudo-random numbers. In the seminal paper [58], it is
shown that it may significantly accelerate the convergence of the procedure like it
does in numerical integration when using sequences with low discrepancy instead
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of Monte-Carlo simulations. From a theoretical point of view, the two main results
are based on a contraction assumption and on a stringent boundedness assumption.
In the first framework, which is purely one-dimensional, some a priori error bounds
emphasize that quasi-stochastic approximation does accelerate the convergence rate
of the procedure.

Including several other frameworks than quasi-random innovations, quasi-stochastic
approximation has been revisited recently in [60] generalising results obtained in [58]
to multi-dimensional setting without boundedness assumption. The main result is
based on averaging assumption on innovations and more classical Lyapunov assump-
tions (mean reverting and linear growth assumptions). However, those results do
not apply directly to the VaR-CVaR algorithm since in most cases the averaging
assumption is not satisfied.

This paper presents a convergence result for the VaR-CVaR Robbins-Monro
(R.M.) algorithm originally investigated in [6]. We use general results about Jordan
discrepancy (see [70] and [71]) so that the averaging assumption is satisfied.

This paper is organized as follows: Section 2 is devoted to the VaR-CVaR al-
gorithm and low discrepancy sequences where we recall some definitions and char-
acterizations. In Section 3, we describe our framework and our assumptions which
lead us to the statement and the proof of the main convergence theorem. Section 4
gives numerical results. In particular we show that using low discrepancy sequences
instead of pseudo-random numbers may accelerate significantly the convergence of
the original procedure.

4.2 Some background: sequences with low discrep-
ancy and VaR-CVaR algorithm

The purpose of this first part is to recall some classical results about sequences
with low discrepancy in order to justify their use instead of i.i.d. pseudo-random
numbers. Then, we will recall the R.M. algorithm proposed in [6] to estimate the
VaR, and the CVaR,, of a portfolio loss distribution L.

4.2.1 Sequences with low discrepancy: Definitions and char-
acterizations

Definition 4.2.1. A [0, 1]%-valued sequence (uy),>1 is uniformly distributed (u.d.)
on [0, 1]9 if

1 & q
=, E (0,19, n— +oo,
k=1

where for any subset A of R?, §,, denotes the unit mass at u defined by 6,(A) = 14(u),

&Y stands for the weak convergence of probability measures on (R?, Bor(R?)) and

U ([0, 1]7) denotes the uniform distribution on [0, 1]%.

The following proposition is a classical result in the theory of uniform distribution
of sequences (see e.g. [56]). It introduces the notion of star discrepancy which can
be viewed as a quantification of the definition of uniformly distributed sequences.
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Proposition 4.2.1. The [0, 1]?-valued sequence (u,),>1 is uniformly distributed on
[0,1]7 if and only if

D2 (u) is called the star discrepancy.

We now introduce the notion of discrepancy for Jordan measurable subsets of
[0,1]7 (i.e. subsets with smooth boundary for which the characteristic function is
Riemann integrable). This discrepancy will be usefull later when dealing with the
VaR-CVaR procedure with quasi-random innovations. We refer to [71] for a proof.

Proposition 4.2.2. Let B C [0,1]7 and € > 0. Define

B.={u€l0,1]?: d(u,v) <€ for somev € B},
B_.={ue€l0,1]?: d(u,v) >e€ forallve]|0,1]\B},

where d denotes the standard Fuclidean metric in RY. Let M, be the family of all
Lebesgue measurable B C [0, 1]7 for which

A (BAB) <ble) and A (B\B_.) < b(e),

for all € > 0, where A\, denotes the Lebesgue measure on (R?, Bor(R?)), b is a
positive non decreasing function satisfying lime o+ b(e) = 0. If (uy)n>1 is uniformly
distributed on [0,1]7 then

n

1
D, (Mp,u) := sup |— Z(SB(uk) —N(B)| =0, n— +oo.
BeM, n =1
Moreover, if the function b is of the form b(e) = Ce, for all € > 0 and for some
constant C' > 0 then there exists K > 0 such that

Dy (M, u) < KD (u)a.

Actually, it has become customary to speak of low-discrepancy sequences if the
sequence u satisfies D*(u) = O (N~!(log N)1).

We now briefly discuss two important results for numerical integration using
quasi-random innovations. It provides error bounds for the empirical %2221 f(ug)
as estimator of E [f(U)] where U ~ U ([0, 1]7) and f is a function with finite variation
(in the measure sense or in the Hardy and Krause sense).

Proposition 4.2.3. Let u = (ux)1<k<n be a [0,1]%-valued sequence and let f be a
function with finite variation V(f). Then
e (Koksma-Hlwaka Inequality)

< V(f)D,(u).

Ao d) = [ s

e ([19]) If B € M,, we have
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Another usefull error bound is based on a Lipschitz assumption of f. The following
theorem is due to Proinov (see [75])

Theorem 4.2.4. Assume R? is equipped with the (>°-norm (|z|s = maxi<;<4 |z;|, x € RY).
Let u be a u.d. sequence on [0,1]7. Let py,--- ,p, be a sequence of non negative num-

bers satisfying
-t
k=1

Then, for every continuous function f:[0,1]9 — R

Q=

< Cyuy (D3 ()

).

wy(0) = sup [f(z) = f)l, d€(0,1),

xvye[ovl}%'z*y'OOS‘S

>l = [ S ()

7}(1

where

and Cy € (0,00) is a universal constant only depending on q. If g =1, C; =1 and
ifq>2, C,€1,4].

4.2.2 VaR-CVaR stochastic approximation algorithm

In this section we briefly recall the main tools and assumptions used to devise the
VaR-CVaR algorithm investigated in [6].

We consider that the loss of the portfolio over the considered time horizon can be
written as a function of a structural finite dimensional random vector, i.e., L = ¢(X)
where X is a R%-valued random vector defined on the probability space (€2, A, P) and
¢ : R? — R is a Borel function. Thus, ¢ is the function describing the composition
of the portfolio which remains fixed and X is a structural d-dimensional random
vector used to model the market prices over a given time interval. We only rely
on the fact it is possible to sample from the distribution of X. For instance, in a
Black-Scholes framework, X is generally a vector of Brownian increments related to
the Euler scheme of a diffusion. The VaR at level a € (0,1) is the lowest a-quantile
of the distribution p(X):

VaRa (0(X)) := inf {& [ P (p(X) <€) = a}.

We assume that the distribution function of ¢(X) is continuous (i.e., without atoms)
thus the VaR,, := & is the lowest solution of the equation:

P(p(X) < &) =a.

If the distribution function of ¢(X) is (strictly) increasing then the solution of the
above equation is unique. Assuming that ¢(X) € L'(P), the CVaR,, := C is defined
by:

CVaRa(p(X)) = E [p(X)|p(X) > VaRa(p(X))].

The idea to devise a stochastic approximation algorithm to estimate the couple
(&, C*) comes from the fact that it appears as the solution and the value of a convex
optimisation problem. (see [77] and [6] for more details)
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Proposition 4.2.5. Let V' be the function defined on R by: £ — E4+1=F [(o(X) — &)1)].
Suppose that the distribution function of ¢(X) is continuous. Then, the function V
is convez, differentiable and the VaR,(p(X)) is any point of the set:

argmin V ={¢ € R [ V'(§) = 0} ={¢ | P(p(X) <¢) = a}

where V' is the derivative defined of V. Moreover, for every & € R, V'(§) =

E [Hl(ga X)] U)hBT’e,
1
Hi(€,2) =1 = Loz}

Furthermore, CVaR,(¢(X)) = mingeg V().

Since we are looking for ¢ for which E [H;(¢, X)] = 0, we implement a stochastic
gradient descent derived from the Lyapunov function V' to approximate £, i.e., we
use the RM algorithm:

£n - gn—l - 'YnHl(gn—len)v n Z 1 (41)

where (X,,),,>1 is an i.i.d. sequence of random variables with the same distribution
as X, independent of &y, with E[|{|] < co and (7,)n>1 is a positive deterministic
step sequence (decreasing to 0) satisfying

Z’yn = +oo and Z’yi < +00. (A1)

n>1 n>1

In order to estimate C, [6] proposed to devise an averaging procedure of the
above quantile search algorithm with the same step sequence (7,,),>1, hamely Cy = 0
and forn =1, 2, ...,

Cn - Cnfl - ’YnH2(§n717 Cnfla Xn) (42)

where Hy(§, ¢, 2) := c—&— 1= (¢(z) — £),. The resulting algorithm reads for n > 1:

{ §n = &n1 — VnH1(§n-1, X0n), & ER (4.3)

Cp = Cho1 — YHa(&—1, Cro1, X)), Cop=0.

As soon as the distribution of p(X) is continuous, ¢(X) € L*(P) and that
the step sequence satisfies (A1), the sequence (&,,Cp),>1 a.s. converges toward
(&, C*a)y>1 where £ is an Argmin V-valued random variable and C = CVaR,(¢(X))
(we refer to [6] for a proof).

To achieve the best convergence rate, we are led to introduce the Ruppert and
Polyak’s averaging principle (see [45] and [81]). If we set v, = cn™?, with 1 < p <
1, ¢> 0 in (4.3) and compute the Cesaro means of both components

En = %2221 fk = gnfl - %(gnfl - fn) (4 4)
671 = %Zzzl Ok; - 671—1 - %(Un—l - On)
where (&, Ck), k > 0 is defined by (4.3) then, provided that
E [|¢(X)[**] < +o0 for some a > 1, (4.5)
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and that the distribution of ¢(X) has a positive probability density f,x) on its
support, we obtain asymptotically efficient estimators which satisfy the Gaussian
CLT:

Jn ( UEZ B gv; ) £ N0, %) (4.6)

where the asymptotic covariance matrix X is given by

a(l—a) o .
Y= Fox)€) (1*a)fw<X>(f*)E (el =€), (4.7)
arm@E [(e(X) - €),] ez Var (p(X) =€),

The bottleneck in using the above algorithm lies in its very slow convergence ow-
ing to the fact that P(p(X) > ") = 1 —a is close to 0 in practical implementations,
so that we observe few significant replications to update our estimates. Moreover,
in the bank and energy sectors, practitioners usually deal with huge portfolio com-
posed by hundreds or thousands of risk factors and options. The evaluation step of
©(X) may require a lot of computational time. Consequently, to achieve accurate
estimates of both VaR,, and CVaR,, with reasonable computational effort, the above
algorithm (4.4) needs to be speeded up by an IS procedure to recenter simulation
“where things do happen”, i.e., scenarios for which ¢(X) exceeds . In [6], an IS
algorithm based on an adaptive RM procedure is combined with (4.4). However, in
this deterministic framework, we no longer need to reduce the asymptotic variance.

4.3 VaR-CVaR algorithm using quasi-stochastic ap-
proximation

The aim of this section is to describe the framework of the VaR-CVaR algorithm
using quasi-random innovations and to establish the convergence theorem of this
deterministic procedure. We aim at building a framework in which the averaging
assumption introduced in [60] is satisfied. As a consequence, we will use the main
theorem of [60] in order to establish the convergence of the VaR-CVaR procedure
in this deterministic context. Then, we will discuss the possibility of plugging a
recursive [.S. R.M. algorithm in order to accelerate the convergence.

4.3.1 VaR-CVaR quasi-stochastic approximation algorithm

Generally, the d-dimensional random variable X can be simulated from the uniform
distribution U ([0, 1]?), with ¢ > d by standard methods like inverse distribution

function, Box-Miiller, etc, so that X = W(U), with ¥ : [0,1]? — RY. Instead of the
pseudo-random variable U, we will use a low-discrepancy sequence u. We will need
the following assumption on the function ¢ and W:

Assumption 4.3.1. The function oV : [0,1]7 — R is Lipschitz.

We denote by F' the loss distribution function, i.e. the distribution function of
©(¥(U)). From a theoretical point of view, the convergence of the procedure can be
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derived from the weak convergence:

1 « (R)
= gz%(uk) = F
k=1

We write D} (u, V) for the star discrepancy of the first n terms of u associated to
the system defined naturally by

D7 (u, V) := sup
£eR

nZlm — )|. (4.8)

Note that as soon as w is u.d., D} (u, V) — 0, as n — +o0.

Proposition 4.3.2. Suppose that assumption 4.3.1 is satisfied and that the distri-
bution function of L = p(V(U)) is Lipschitz. Then, for all £ € R

(po®) ™" (] = 00,1 ) € M,

where for all € > 0, b(e) = Ce for some constant C' > 0. If u is a u.d. sequence with
low discrepancy then,

ly, := max kDj(u, V) =0 <n17% log(n)> , n=>1

1<k<n

Proof. Let £ € R and B = (gpo‘ll)*1 ] — o0 §]> By definition of B., we have

and,

where

w(poV) = sup
z,y€[0,1]9 17— Yoo

and |7]s = maxi<i<q |T;].
Consequently,

Aq (BAB) < A ((po®) 7 (] = 00, + w(poW)e]))
= F(£+w(poW)e) — (&),
< Cka

and, in the same way, we have
Ag (B\B-) < F(§) — F(§ — w(po¥)e) < Ce.

Proposition 4.2.2. implies that

D} (u, %) = O (n” 5 log(n))

so that,
1—-1
— q >
L, Inax kEDj(u, V) =0 (n log(n)) , n>1
This completes the proof. O
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The above convergence rate obtained for the star discrepancy of the system
corresponds to the averaging assumption introduced in [60]. Let u be u.d. sequence
in [0,1]%, the VaR-CVaR quasi stochastic algorithm is defined for n > 1 by

fn = fn,1 - ’YnKl (fnfla un) (49)

Cn = Cn—l - 'YnK2(§n—1a Cn—la un)~ (410)
where for all £ € R, w € [0,1]9, K1(&,u) = 1 — 7= L{pw)>e; and Ko(&, ¢, u) ==
c—&— 1 ((T(u) — &),

Now we are in position to state the main convergence theorem.

Theorem 4.3.3. Suppose that assumption 4.3.1 is satisfied and that the distribution
Junction of L = o(W(U)) is Lipschitz. Let u be u.d. sequence in [0,1]7 with low
discrepancy. Let v = (y,)n>1 be a non-negative non-increasing sequence of gain
parameters satisfying

D = +00, Al — 0, Y max (Al 1) b < Fo0. (4.11)

n>1 n>1
Then the recursive procedure defined by (4.9) and (4.10) converge toward (£, CY).

Proof. In order to proove the convergence of the sequence (&,,),>1, we use Theorem
2.1 of [60]. Let L be the continuously differentiable function defined for all £ € R
by L(§) = 5(£ — €°)2. This functions satisfies

VL is Lipschitz continuous and |VL|* < C(1+ L).

Since K is bounded, it satisfies the linear growth assumption which in this deter-
ministic framework is

VEER, Yuel0,1)9, |Ki(& )| <C(1+L(€)). (4.12)

The local mean reverting assumption is satisfied since

1
1l -«

(V(E), Ki(§,u) — K1(&,,u) = (€= &) (Lpn<er — Lipwmy<ez}) > 0,

for € # & and for all u € [0,1]%. Proposition 4.3.2 implies that

1 « . o
=3 Lequse — FIE)| = O(n 7 log(n)),
k=1

thus, owing to Theorem 2.1 in [60], the sequence (&,),>1 converges toward &, as
n — +oo. In order to prove the convergence of (C,),>1 toward C¥, we set for
convenience vy := 1 + sup,,~; ¥,. Then, one defines recursively a sequence (4A,,),>1
by -
Apg = An7n+l L ,n>0, Ag=1.
Tno Y0 T Tn+l
Elementary computations show by induction that

Ay . $
Yo =g n2 0, with Sy = ;Ak. (4.13)

107



CHAPTER 4. VAR-CVAR ALGORITHM USING QUASI-STOCHASTIC
APPROXIMATION

Furthermore, it follows from (4.13) that for every n > 1, log(S,) > %22:1 Vs
which implies that lim,, .S,, = +o0.
Now using (4.10) and (4.13), one gets for every n > 1

1
SnCn = Sn—lcn—l + An (gn—l + E(F(Uk) - 5]9—1)-1—) :

This implies that

Cn = Si <Z A& 1) — @Si (Z Ag(F(uy) — fk—1)+> :

so that

Cp—Ch= Si (Z Ag(&rr — 5:;))

k=1

1—aS (ZAk — &)+ —E[(F(U) —Q)J)) :

(4.14)

The first term of the right-hand side of (4.14) converges toward 0 owing to Cesaro
Lemma and the convergence of (§,),>1 toward &!. The second term can be written

ZAk —&1)+ [(F(U) - 5;)+]) -
5 Z Ay (( — &) — (Fu) — &)+)
n Si 3 Ac((Flu) = €)1 — E[(F(U) - €5)-])

For all u € [0, 1]%, the functions & — (F'(u) — &), are Lipschitz so that
* 1 - *
Z A (( = &) = (Fur) = €)4) < 5 D Axl€r — &1 = 0, as n — +oo.
" k=1
Now, Assumption 4.3.1 implies that the function u — (F(u) — &) is Lipschitz so

that owing to Theorem 4.2.4

n

1 1
T Z Ap(Flug) — &)+ —E[(F(U) = &)+]| < Cuw(po¥)D)(u)s — 0, as n — +0o0.
" k=1
This completes the proof. O

Remark 3. The choice of 7, := - with 1 — é < p <1 s always acceptable.

P
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4.3.2 Design of a faster procedure: I.S. quasi-stochastic al-
gorithm

Obviously, there is no theoretical reason in this deterministic context to plug the
L.S. procedure investigated in [62| and already used in [6] in a stochastic framework
with the VaR-CVaR quasi-stochastic approximation algorithm. However, from a
numerical point of view, we observe that it does accelerate the convergence of the
original procedure as it did in the stochastic context.

Suppose that F'(X) is a square integrable random variable such that P(F(X) #
0) > 0 and where X is a random vector with density function p over R%. The main
idea of I.S. by translation, applied to the computation of E[F(X)], is to use the
invariance of the Lebesgue measure by translation: it follows that for every 6 € R,

p(X +0)
p(X)
(4.15)
Among all these random vectors with the same expectation, we want to select the
one with the lowest variance, i.e., the one with lowest quadratic norm

E[F(X)] = /Rd F(x)p(x)dr = /Rd F(x+68)p(x+0)de =E {F(X +0)

_ P(X +0) d
Q) :=E [FQ(X _'_9)7]92()() ] , 0 eR%
A reverse change of variable shows that:
Q) =E [F%X)%} , HeR? (4.16)

Under some assumptions on the probability density function p (see [62]), one shows
that @ is finite, convex, differentiable and that limjg_, o Q(f) = 400 so that
argmin() = {0 eRY|VQ() = O} # . If VQ admits a representation as an
expectation, then it is possible to devise a recursive R.M. procedure to approximate
the optimal parameter #*, namely

9n = Gn,l — ’ynLl(Gn,l,Xn), n Z 1 (417)

where L, is naturally defined by the formal differentiation of Q, for every z € R%:

x

Li(0,x) = FQ(x)I%Vp(x —0). (4.18)
Since we have no knowledge about the regularity of /' and do not wish to have
any, we differentiate the second representation of @ in (4.16) and not the first one.
However, the regular RM procedure (4.17) suffers from an instability issue coming
from the fact that the classical sub-linear growth assumption in quadratic mean
in the Robbins-Monro Theorem is only fulfilled when F' is constant, due to the
behaviour of the annoying term p(z)/p(z — 0) as 6 goes to infinity.

Recently, IS using stochastic algorithm was deeply revisited in [62] to remove
the constraints introduced by the original algorithm. Moreover, this construction is
extended to a large class of probability distributions and to diffusion process. Thanks
to another translation of the variable 0, it is possible to plug back the parameter ¢
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“into” F'(X), the function F' having in common applications a known behaviour at
infinity.
From now on, we assume that there exist two positive constants a, C' > 0 such
that
vz € R, |F(z)]? < C el (4.19)

Now under (4.19), we can use another change of variable so that @ is differentiable
on R? with a gradient given by

p’(X —0) Vp(X—20)
p(X)p(X —20) p(X —20)

-~

W(0,X)

VQ(0) :=E[L(6,X)] =E | F*(X — 0)

J/

We make the following assumption on the probability density p of X

N Ve b—1

3b € [1, 2] such that (2) P O(|z|”~") as |z| = o0
2 > (0 such that log(p(x)) -+ p|x|” 1s convex.
(i)) 3 p >0 such that log (p(a)) + plol”

(4.20)
Now under condition (4.20), there exist here exist two constants A and B such that

(W (0, X)| < X" (Alz|"~' + A|6]"" + B) (4.21)

so that this weight can always be controlled by a deterministic function of 6 (for
more details, one can refer to [62]). Then by setting,

W0, X):=e Wb, X),

we can define Ly by

Ly(0,2) = F*(X — )W (0, z), (4.22)

so that it satisfies the linear growth assumptions and
{0 e R |E[Ly(0,X)] =0} = {6 e R* | VQ(§) =0},

and the sequence (6,),>; defined by (4.17) with L, instead of L; satisfies 6, —
0* € Argmin Q.

This new version was the starting point to define two R.M. [.S. algorithms. Indeed,
applied to the problem we are dealing with, the main idea is to twist (by transla-
tion) the distribution of X in order to minimize the asymptotic variance of the two
components in the CLT (4.6): the asymptotic variances of the VaR, and CVaR,
algorithm

20E) P ™ (1—a)

Var (Lpxze) _ofl—a) - Var((e(X) —€),)

By importance sampling, it is not possible to modify the quantity f,x)(£*) since it
is an intrinsic constant which appears in the CLT (4.6) through the Jacobian matrix
of h, where (&, C) = E[H(¢,C. X)] and H(¢,C,X) := (Hi(€,C, X), Hy(€.C, X)),
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Consequently, we are led to find the parameters #* and p* minimizing the two
functionals:

p(X) 2> p(X)
0,)=E| 1 " — =K X)—&), ——| .
Ql( 7§ ) {p(X)>¢ }p(X — 9) 5 QQ(Maf ) (90( ) f )+ p(X _,u)
(4.23)
The I.S. procedure investigated in [6] consists in using the second I.S. algorithm

based on (4.22), namely

L3(6,€) == Lo -02¢W (0, ¥(u),
La(p,€) == (p(U () — p) = )% e AW (1, U (w)).
where A is some positive real constant. The VaR-CVaR procedure is modified
adaptively by the two 1.S. algorithms
fn - é-nfl - ’Yni/l (fnfla enfla un) (424)
Cn - Cnfl - ’YnLQ(é—nfla Cnfla Hn—1, un) (425)

where for all ¢ € R, u € [0,1]9, § € RY, u € RY,

- 1 p(
Ll(ga ‘9, U) =1- mlgo(\ll(u)-‘r@)Zf

1 p(¥(u) + p)
- (p(W(u) +p) —&), )

From a theoretical point of view, we didn’t succeed in proving that the new procedure
(&ny Chy Oy i) >0 defined as above converges toward (£, C, 0%, 1u* ). However, from
a numerical point of view, we observe that this procedure converges and that the
[.S. does accelerate the convergence of the initial VaR-CVaR algoritm defined by
(4.9) and (4.10).

zg(f,c,u,u) =c—&—

4.4 Numerical results

Tukey-Lambda distribution

The first example is a trivial case where we want to estimate the VaR and the
CVaR of the Tukey-lambda distribution. This distribution is often used to identify
an appropriate distribution. Although its probability density function does not have
a simple form, the inverse of its distribution function, i.e. its quantile function is
explicitly known and is given by

1
F_l(p) =3 (p’\ —(1 —p)’\) , for A #£0, and F_l(p) = log(p)—log(1—p), for A = 0.
We devise the algorithm defined by (4.9) and (4.10) for three different values of
a = 95%, 99%, 99.5%. Note that ¢ = Id and for A > 1, U = F~! is clearly
lipschitz so that owing to Theorem 4.3.3, the VaR-CVaR quasi-stochastic approxi-
mation algorithm converges. Of course, this is just a toy-example since the explicit
1

computation of & is trivial since & := F~*(a) = 1 (a* — (1 — @)*). However, note

that C is not explicitly known. Concerning the uniformly distributed sequence
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with low discrepancy, we use a Van Der Corput sequence, for more details about
this sequence, we refer to [70].

The following simulation and results were achieved with A = 5. The step se-
quence is defined for n > 0 by v, = nigoo.

The results displayed in Table 4.1 correspond to the VaR,, CVaR, with both
VaR and CVaR procedures using a low discrepancy sequence and a pseudo-random
sequence. The columns VaR . and CVaR,. correspond to the VaR and the CVaR
estimates using (4.9) and (4.10). The columns VaR and CVaR correspond to the
VaR and the CVaR estimate using the procedure developed in [6]. Although we
don’t have any a priori error bound, Figure 4.1 clearly indicate that it reduces the

number of steps needed to obtain good approximates.

Number of steps « VaRgme CVaRgme VaR  CVaR

500 95%  0.1583 0.1804  0.1818 0.1992

99%  0.1909 0.2088  0.2303 0.2131

99.5%  0.1947 0.1725  0.1950 0.2169

1000 95%  0.1578 0.1809  0.1586 0.1862

99%  0.1928 0.2072  0.1910 0.1973

99.5% 0.1995 0.1841  0.2328 0.2396

10 000 95%  0.1562 0.1783  0.1509 0.1729
99%  0.1940 0.2009  0.1913 0.1980

99.5%  0.1908 0.2010  0.1909 0.2011

Table 4.1: The values of the VaR, of the Tukey-lambda distribution are: ;o5 =
0.15475, &£ .99 = 0.19019, &7 995 = 0.19505.

Conver: gence of the VaR algorithm with Ids and iids, alpha=95%

VaR
015 016 017 018
|

0.14

013

0.12

o 2000 4000 6000 8000 10000

Nb Step

Figure 4.1: Convergence of the VaR procedure using a low-discrepancy sequence
(normal lines) and a pseudo-random sequence (dashed lines) at level o = 95%. The
horizontal line is the value of £; g5 = 0.15475.

Calls and Puts portfolio
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We consider a portfolio composed of short positions in 10 calls and 10 puts on
each of 5 underlying assets, all options having the same maturity 0.25 years with
several strikes. The underlying assets are modeled as geometric Brownian Motions,
all having a volatility of 20% and are assumed to be uncorrelated. The dimension d of
the structural vector X is equal to 5. The procedure (4.9) and (4.10) is implemented
with a sequence of some quasi-random normal numbers, namely

(XF Xk = <\/ —2log(uk) sin(2muf™), \/—2log(uk) cos(27rufl+1)> , k=1, 3, 5.

where u,, = (uf)1<p<g, n > 1 is simply a regular 6-dimensional Sobol sequence (see
e.g. [70]). We compare the performance of the algorithm (4.9) using a Sobol sequence
(VaR(qmc)) and stochastic approximation for the computation of the VaR, with
(VaR(IS)) and without (VaR) variance reduction using pseudo-random numbers.
The numerical results are reported in Table 4.2.

Number of steps  « VaR VaR(IS) VaR(qmc)

1000 95% 3054  317.1 330.4
99% 493.9  490.1 411.3

99.5% 291.5  540.1 507.3

99.9% 471.8 484 534.1

10 000 95% 348.6  356.8 362.2
99%  501.7  494.2 502.7

99.5% 475.5  551.9 543.3

99.9% 597.1  598.6 612.1

100 000 95% 364.1  361.1 362.5
99% 507.3  502.9 506.9

99.5% 553.3  554.1 555.1

99.9% 648.2  652.5 657.4

Table 4.2: Portfolio 2 (QMC).

Spark spread Option We consider a portfolio composed of a spark spread option
with a maturity of 1 year and where gas spot prices S7 and electricity spot prices
S¢. are modeled by two geometric brownian motions, all having a volatility of 40%.
Electricity and gas initial spot prices are S§ = 40 $/MWh and S§ = 3 $/MMBTU
(BTU: British Thermal Unit) with a Heat Rate equals hp = 10 BTU/kWh and
generation costs C' =5 $/MWh. The two spot prices are uncorrelated. The loss can
be written

L= (S5 — hgS4 - C)

The dimension d of the structural vector X is equal to 2. In order to estimate
(&, C%), we use the VaR-CVaR algorithm with adaptive I.S. as developed in Section
4.3.2.

T
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Figure 4.2: Fig 4.3.a (left): VaR using a Sobol sequence (normal line) and VaR
using IS procedure with pseudo-random numbers (dotted line) for o = 95%. Fig
4.3.b (right): log-distance to the VaR, estimate using a Sobol sequence (normal
line) and using IS procedure (dotted line). The VaR (QMC) converges faster than the
VaR with IS. A good approzimate of VaR, is approzimately 362 (log(362) ~ 5.9).

Number of steps a VaR(IS) VaR(qmc) CVaR(IS) CVaR(qme)

1000 95% 38.1 35.3 49.5 93.5
99% 54.9 60 156.1 78.3

99.5% 58.3 68.6 68.7 96.1

99.9% 68.1 84.3 149.1 107.2

10 000 95% 41.8 37.6 93.5 54.5
99% 95.3 62.4 89.1 79.1

99.5% 66.4 73.7 83.1 88.1

99.9% 81.7 85.2 116.4 108.3

100 000 95% 40.8 38.8 54.7 54.1
99% 99.3 62.7 774 76.7

99.5% 69.3 74.1 88.8 86.5

99.9% 88.9 90.4 114.3 110.1

Table 4.3: Portfolio 3 (QMC).
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Chapter 5

CVaR hedging using quantization
based stochastic approximation
algorithm

Joint work with O. Bardou and G. Pageés.

Abstract: In this paper, we investigate a method based on risk minimization to
hedge observable but non-tradable source of risk on financial or energy markets. The
optimal portfolio strategy is obtained by minimizing dynamically the Conditional
Value-at-Risk (CVaR) using three main tools: stochastic approximation algorithm,
optimal quantization and variance reduction techniques (importance sampling (IS)
and linear control variable (LCV)) as the quantities of interest are naturally related
to rare events. As a first step, we investigate the problem of CVaR regression,
which corresponds to a static portfolio strategy where the number of units of each
tradable assets is fixed at time 0 and remains unchanged till time T. We devise
a stochastic approximation algorithm and study its a.s. convergence and rate of
convergence. Then, we extend to the dynamic case under the assumption that the
process modelling the non-tradable source of risk and financial assets prices are
Markov. Finally, we illustrate our approach by considering several portfolios in the
incomplete energy market.

Keywords: VaR, CVaR, Stochastic Approximation, Robbins-Monro algorithm,
Quantification.
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5.1 Introduction

It is well known that in a complete financial market, an investor faced with a con-
tingent claim can hedge perfectly on a finite horizon time 7" without any risk. How-
ever, from a practical standpoint, an agent would like to have a more realistic view
of financial or energy markets which are intrinsically incomplete for many reasons
(stochastic volatility, jumps, temperature dependance of prices on energy markets,
...). There is no exact replication to provide a unique price. Thus, pricing and
hedging contingent claims in such a framework require new approaches. One may
still price and hedge using a super-hedging criterion as studied in [26]. However, the
price is often too high, actually, the trader can only hedge partially and often has
to bear some risk of loss. Many authors studied pricing theory under a martingale
measure which corresponds to an optimized criterion. For instance, one can refer
to [32] for the minimal martingale measure, to [4], [34] and [67] for the minimal
entropy martingale measure among others.

Another method widely used to adress this problem is based on expected utility
maximization. Indeed, there is a huge litterature on hedging and pricing in incom-
plete markets using expected utility maximization method and utility indifference
pricing. It consists in pricing an unhedgable claim so that the investor’s utility re-
mains unchanged between holding and not holding the contingent claim. We refer
to [44], [47] and [27] among many others for some developments. Although, this ap-
proach has been studied for long, the main drawback for a pratician remains the lack
of knowledge of his own utility function for hedging and pricing derivatives. More-
over, different agents may price and hedge a contingent claim differently according
to their own risk preference so that it has little acceptance in practice.

In this article, we propose an alternative method based on risk minimization
using stochastic approximation algorithm. To be more precise, we focus on mini-
mizing dynamically the Conditional Value-at-Risk (CVaR). The CVaR is strongly
linked to the famous risk measure called Value-at-Risk (VaR) which is certainly the
most widely used risk measure in the practice of risk management. By definition,
the VaR at level o € (0, 1) (VaR,,) of a given portfolio loss distribution is the lowest
amount not exceeded by the loss with probability a (usually a € [0.95,1)). The
Conditional Value-at-Risk at level o (CVaR,,) is the conditional expectation of the
portfolio losses beyond the VaR,, level. Compared to VaR, the CVaR is known to
have better properties. Risk measures of this type were introduced in [3| and have
been shown to share basic coherence properties (which is not the case of VaR,,). The
extension to convex risk measures were introduced and extensively studied in [31].

Pricing and hedging using risk measures is a recent approach which has been
investigated by many authors. Barrieu and El Karoui in |9] developped a risk min-
imization problem to hedge non-tradable risk on financial market using convex risk
measures. Hedging strategy which maximizes the probability of successfull hedge
is studied in [30]| as an alternative to super-hedging strategy which requires a large
amount of initial capital.

In [77], a portfolio optimization method which calculates the VaR, and opti-
mizes the CVaR, using a linear programming approach is developed. Portfolio
strategies with a low CVaR,, necessarily have a low VaR,. The method first con-
sists in generating loss scenarios and then in introducing them as constraints in the
linear programming problem. The main drawback is that the dimension (number of
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constraints) of the linear programming problem to be solved is equal to the number
of simulated scenarios so that this approach turns out to have strong limitations in
practice. In our approach, we are not limited by the number of simulated scenarios.

We consider an energy (or financial) market operating at discrete trading dates
to=0< t1 <---< tyy =T. We have d assets available for trade with price process
X = (X' XY and X' = (X}) _,p, fori=1,--- d. We will denote X, for
X,. For simplicity, we assume that the risk free rate is equal to zero. The portfolio
loss (or the payoff of a financial instrument) with maturity 7" is described by an
R-valued random variable L defined on a probability space (€2, G,P). In our frame-
work, the source of market incompleteness comes from the presence in L of a state
process Z that is observable but not available for trade. Thus, it induces a source of
risk that is not completely hedgable. Typically, in the electricity market, the loss L
suffered by an energy company may be due to an anormal annual electricity (or gas)
anormal consumption. This consumption depends on the temperature, which is an
observable but non tradable source of risk. In this example the process (Zy); <,
can be considered as the temperature which may influence not only the loss but
the assets available for trade, i.e. electricity prices of spot and forward contracts
(which are in this example the only available assets for hedge). More generally,
this kind of dependance with respect to an observable but non available source of
risk is a particularly relevant source of incompleteness in financial and energy mar-
kets (stochastic volatility, default time, temperature for energy derivatives, weather
contracts, ...). The probability space is equiped with a filtration G = (Gy)ycpcp;-
Intuitively, G, represents the observable information at time ¢, by all investors, so
that Gy = 0 { X}, Z;;0 < i < (}.

In order to reduce its risk (or hedge the contingent claim), the holder of the
portfolio uses a dynamic self-financed strategy represented by a d-dimensional pre-
dictable process 0 = (0;) <, 1, Where 0, € LS, (G, P) (LY. (Gr,P) denotes the space
of all G-mesurable and P — a.s. finite random variables with values in Rd). In such
a strategy, we may regard 6, as the number of shares invested in the stock at time
te. The gains from a self-financed trading strategy 6 with an initial investment of
0 are described by the discrete stochastic integral Zé‘il 0,—1.AX,, where we denote
by AX, the increments X, — X, ;. Throughout the paper, we will use the following
main assumptions

Assumption 5.1.1. The process (Xy)o<s<ps 8 a (G, P)-martingale,
and

Assumption 5.1.2. The process (Xy, Zi)ocpcps taking its values in R? x RY s
Markovian with respect to the filtration G.

In energy markets, there are two kind of assets available for trade: day-ahead or spot
and forward contracts. However, due to the impossibility to store electricity or high
costs to store gas, it is not possible to use the electricity and the gas spot contracts
in a self-financed trading strategy. Consequently, one often has to rely on forward
contracts which are the only assets available for trade. Forward price dynamic is
often modelized using Heath-Jarrow-Morton approach directly under the historical
probability P so that assumption 5.1.1 may be satisfied in practice.
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The basic problem for the holder of the portfolio is to find the optimal self-
financed strategy 0 which minimizes the residual risk of the portfolio’s losses, i.e.
the solution of the following minimization problem

M

jnf CVaR, (L -y egl.AX,g> 1 (5.1)
=1

where Ag = {0 = (00)o<e<ri—1 | 00 € L%, (Go,P), £ =0,---, M — 1} is the set of

admissible strategies, that is minimizing the residual risk of the portfolio risk profile

over all self-financed strategies.

A natural question which arises is how to measure dynamically the risk of the
considered portfolio in this context. To measure the risk at a given time t,, we
introduce in a quite natural way and for the first time to our knowledge, the defini-
tion of a dynamic version of the CVaR that will be denoted G,-CVaR based on the
Rockafellar & Uryasev’s static representation of the CVaR. In order to estimate at
time 0, this random risk measure, which reads as a conditional expectation, we use
integration cubature formula based on optimal quantization.

For many reasons (transaction costs, difficulties to store energy assets, ...), the
holder of the portfolio may not want to trade every day but may be only interested
by a rough hedge to reduce its risk. Consequently, we firstly investigate one step
self-financed strategies. Decided at time ¢,, such strategy is obtained by setting
Or = 0y, for k = {y,--- , M — 1. Consequently, a one-step portfolio strategy decided
at time ¢4, is an R%valued random variable 0;, € L3, (G, P). The investor risk at
time 4, can be measured by the quantity G, -CVaR, (L — 0,. (Xar — Xy,))? which
is only known at time ¢,,. However, the investor can estimate this quantity at time
0 by numerically computing E [Gy,-CVaR,, (L — 0y,. (X3 — Xy,))]. This quantity is
a forward risk, i.e. it is the best estimation at time 0 of the risk at time ¢,, while the
quantity CVaR,, (L — 0y,. (X — Xy,)) represents the risk at time 0. Consequently,
there are two optimization problems.

The first one is to minimize the forward risk, i.e. the expectation of the risk
profile measured at time ¢,, of the portfolio losses using a self-financed one step
portfolio strategy starting from an initial wealth of 0

inf  E[Gy-CVaRa (L — by (Xar — Xg))] - (5.2)

60 €L0,(Ge P)

The second one consists in minimizing the risk measured at time 0 (i.e. we use a
static CVaR criterion) of the portfolio losses using a self-financed one step portfolio
strategy starting from an initial wealth of 0

inf  CVaRy (L — 0y, (Xar — Xa,)) - (5.3)

6@0 ELH%d (gZO 7P)

The VaR, and the CVaR, are disymetric risk measures unlike standard devi-
ation. By CVaR hedging we aim at modifying the shape of the loss distribution

'We consider the general definition of expectation of a random variable Y, i.e. the quantity
E [Y] exists as soon as E [V} ] < +oo or E [Y_] < +00.

2We consider the general definition of conditional expectation of a random variable Y, i.e. the
quantity E [Y|G,] as soon as E [V, ]Gy, ] < +o0 or E[Y_| Gy, ] < +00
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L, i.e. we reduce the right-hand side of the distribution which corresponds to high
loss greater than the left-hand side which corresponds to small losses or potential
gains. That is the main difference between CVaR hedging and hedging by means of
a quadratic criterion as developed in [33] and [83] among others.

Under a Markovian framework, i.e. under Assumptions 5.1.1 and 5.1.2, we
propose a stochastic approximation algorithm to compute the optimal self-financed
portfolio strategy 67 solution of (5.3), (5.2) and (5.1) (and both the VaR and the
CVaR of the resulting portfolio).

However, in the case of dynamic self-financed strategies framework, when the number
of trading dates M is too large (say M > 10, in practice) or when the dimension of
the process (X, Z) is too large, the proposed algorithm to solve (5.1) turns out to be
numerically untractable. We develop other approaches based on some majorations
of the objective function of (5.1) in order to approximate the optimal solution.

All proposed algorithms are built on some Rockafellar & Uryasev’s representation
of the CVaR and spatial discretization of the process (X, Zs)o<s<pr using optimal
vector quantization. This leads us to devise a global Robbins-Monro (RM) procedure
to estimate all the quantities of interest. This kind of idea has already been used
in [6] to propose an algorithm which simultaneously computes both the VaR and
the CVaR. The estimator provided by the algorithm satisfies the standard Central
Limit Theorem (CLT) for recursive stochastic algorithm. However, the proposed
algorithm is just a first building block. When « is close to 1 (otherwise the original
procedure behaves well), VaR and CVaR are fundamentaly related to rare events.
As a matter of fact, in this kind of probem, we are interested in hedging extreme
events, i.e. events that are observed with a very small probability (usually less
than 5%, 1% or even 0.1%) thus we obtain few significant scenarios to update our
estimates. As a crucial improvement, we need to introduce a recursive variance
reduction method. To compute more accurate estimates, it is necessary to generate
more samples in the area of interest, the tail of the distribution. A natural tool used
in this situation is importance sampling (IS). Following the IS procedure developed
in [62], which has already been used in [6] for the estimation of the VaR and the
CVaR, our IS parameters are optimized adaptively by a companion (unconstrained)
RM algorithm which is combined with our first procedure. We also propose another
variance reduction method based on a linear control variable which can be used alone
when IS is not necessary or can be combined with the IS algorithm. It dramatically
accelerates the convergence of the original procedure. The weak convergence rate of
the resulting procedure is ruled by a CLT with optimal rate and minimal variance.

The paper is organized as follows: in Section 5.2, we present the dynamic version
of the CVaR and develop some fundamental theoretical results on the G-CVaR and
CVaR hedging. This will allow us to devise a RM algorithm. Section 5.3 is devoted
to numerical aspects of CVaR hedging. We show how to devise a RM algorithm
to compute the optimal strategy with its associated VaR and CVaR. We establish
its a.s. convergence and rate of convergence. In order to approximate conditional
expectation, we rely on optimal vector quantization. We present our several algo-
rithms to approximate the optimal strategy solution of (5.1). In Section 5.4, we
introduce and develop the two variance reduction tools in the strategy framework.
We show how it modifies the asymptotic variance of the CLT. Finally, Section 5.5 is
devoted to numerical examples. We focus on the energy market which is known to
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be incomplete. We propose several portfolios to challenge the algorithm and display
dynamic CVaR estimations.

Acknowledgments: I would like to thank Sandrine Bouthemy and Sophie Auchapt
for stimulating discussions.

Notations: e |.| will denote the canonical Euclidean norm on R?, u.v will denote
the canonical inner product of the two column vector u, v € R? and u” denotes the
transpose of the column vector u € R

e £ will denote the convergence in distribution and == will denote the almost
sure convergence.

e . := max(0, z) will denote the positive part function.

e L7 (P) will denote the sub-space of random variable U such that (E[|U["])"" <
+00.

e L7 (du) will denote the sub-space of function f such that ([ |f|Pdu) P < 4o

5.2 Theoretical aspects of CVaR hedging

5.2.1 Definitions and preliminaries

We start this section by briefly recalling the definitions of the VaR and the CVaR
(for more details, we refer to [6]). Then, we introduce the notion of dynamic CVaR
that will be fundamental throughout the paper. To measure the risk associated
to a loss (or a short position on the contingent claim with payoff) L, one usually
considers the VaR at level a € (0,1) i.e. the lowest a-quantile of the distribution L

VaR, (L) :=inf {{ e R |P(L <&) > a}.

We assume that the distribution function of L is continuous (i.e. with no atom) so
that the VaR is the lowest solution of the equation:

P(L<¢§) =

If the distribution function is (strictly) increasing, the above equation has a unique
solution, otherwise there may (infinitely) more. In fact, in what follows, we will
consider that any solution of the previous equation is the VaR,(L). Another risk
measure commonly used to provide information about the tail of the distribution
of L is the Conditional Value-at-Risk (at level o). Assuming that L € L'(P), it is
defined by:

CVaRu(L) := E[L|L > VaRy(L)] .

The next proposition shows that these two quantities are solutions to a convex
optimization problem which value function can be represented as an expectation,
as pointed out in [77]. It has already been used in [6] to devise a RM algorithm
to compute both the VaR and the CVaR. We briefly recall this important result in
order to justify the definition of the dynamic CVaR.

Proposition 5.2.1. Suppose that the distribution function of L is continuous and
that L € L'(P). Let V be the function defined on R by:

V) =¢+—E[(L-¢),]. (5.4)

11—«
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Then, the function V is convex, Lipschitz continuous, differentiable and VaR, (L) is
any point of the set

argminV ={{ eR [ V({) =0} ={{ e R | P(L <) = a},

where V' denotes the derivative of V. This derivative V' can in turn be represented
as an expectation by

1

VEER, V(§)=E {1 - ml{Lzs}] - (5.5)

Furthermore,
CVaR, (L) = min V(). (5.6)

£eR

We refer to [77] or [6] for a proof. Now we are in position to define the dynamic
CVaR. We consider a sub o-field 7 C G, representative of the information observable
by all investors. Given the above result concerning the CVaR, it is quite natural to
define the G-CVaR, according to the following definition.

Definition 5.2.1. Let L € L'(P). The F-CVaR is a random risk measure defined
by

F-CVaR, (L) := essinf & + ) (L&), |F].

£€LO(F) 11—«

By construction, it is straightforward that it satisfies the following coherence prop-
erties

1. Sub-additivity: for every L, L' € L (P), F-CVaR, (L + L') < F-CVaR, (L) +
F-CVaR,(L').

2. Positive homogeneity: If A € L°(F) with A > 0 a.s., F-CVaR,(A\L) = \ X
F-CVaR,(L).

3. Translation invariance: forall Z € L° (F), F-CVaR,(L+Z2) = Z+F-CVaR,(L).

4. Monotonicity: for every L, L' € L' (P) such that L < L/, F-CVaR,(L) <
F-CVaR,(L').

When F = {@,Q}, the F-CVaR, (L) coincides with the usual CVaR,(L). To
estimate F-CVaR, (L) at time 0, one may compute the quantity E [F-CVaR,(L)]
which is still a coherent risk measure in the sense of [3].

5.2.2 General properties

In this section, we state some useful properties satisfied by the G,-CVaR,,.

If one aims at measuring the risk at time ¢, of his financial strategy 6 € A started
at time ty = 0 using a CVaR criterion, one has to compute G,-CVaR,, (L — 224:1 Hp,l.AXp) ,
which is only known at time ¢,. It is natural for the holder of the portfolio to ask

how the risk evolves with time until maturity. Next result shows that the G,-CVaR
risk measure is time consistent, i.e. the risk of any position decreases with time.
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Proposition 5.2.2. We set M = +oo for this result. Let Y € L'(Gu,P) where
goo = \/ZQZ-

The sequence (Gp-CVaRa(Y)),<p<ps i a G-supermartingale. Moreover, it satisfies,

Gn-CVaR,(Y) 25 Y,  asn — +oo.

Proof. First note that for £ =1,--- M,

1 1 .
G-CVaRa(Y) = essinf € + T——E [(V =€), |6)] < 7—=E[V4[G] € L'(P)

and by Jensen’s inequality,

E[Y|G] = gesgol(nf £+ %( [Y1Ge) — &), < G-CVaR,(Y), (5.7)

so that, G,-CVaR,(Y) € L*(P). Then, by definition, we have

1
Gi-CVaR,(Y) <&+ 1-— aE (Y =€), 1G], forall&e LG, ,),
which implies that

1
E [G,-CVaR,(Y)|G_1] <§ess(1gnf)§+—E (Y =€), |Gi-1] = Go—1-CVaR,(Y).

Consequently, the sequence (G;-CVaRq(Y)), /<, is a G-supermartingale.
Now, owing to (5.7), for n > 1 o

(Gn-CVaRo(Y)) . < (E[YG,]) - < (E[Y-|Ga]) <E[IY]]Gn],

and
sup E [(G,-CVaR,(Y))_] <E[|Y]] < 4o0.
n>0
Doob’s martingale convergence theorem implies that the sequence (G,-CVaR4(Y)),,5,

a.s. converges toward Y., € L' (P). Now, from the first inequality and the a.s. con-
vergence of the sequence (E[Y[G,]),~, toward E [Y|G.] =Y (the convergence also
holds in L'), we get -

Y, >Y.

On the other hand, for every n > 1
Gn-CVaRo(Y) < E[Y]|G,] + ﬁE (Y —E[Y|G.)), 1G] .
so that, for every n > m > 1 and every A € G,,,
E[14G,-CVaR(Y)] < E [1A (Y + ﬁ (Y —E [Y|Qn])+)] . (5.8)

It follows from Fatou’s Lemma that

E [1,41700] — E[14lim, G,-CVaRy(Y)] < lim, E [1,G,-CVaRa(Y)],
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since G,-CVaR,(Y) > E[Y|Qn] , for every n > 1 and E[Y|G,] converges in
LY(P). Now (Y — E[Y[G,]), =% 0 which shows that

— 1
-«
Combining these inequalities with (5.8) yields
Vvm>1,YAeG,, E [m@} <E[14Y],

which in turn implies that
Y, <Y.

This completes the proof. O

This result naturally implies that the sequence (E [G,-CVaR,(Y)]); /<y, is non-
increasing, thus the average risk (hopefully) decreases with time for any strategy
0 € A. The result concerning the convergence of the supermartingale is quite
intuitive. If the loss of the considered portfolio satisfies L € Gy, (as it is the case in
our modelization) then the average risk associated to this position decreases toward
the average loss itself.

Another useful result concerns the supermartingale property of the hedged port-
folio.

Corollary 5.2.3. Suppose that L € L'(P) and that there exists p' > 1 such that
AX, € LV (P) for £ =1,--- M. Let 0 € A such that 0, € LP(P) with p = p/pf
Then,

1

M
(Qk—CVaRa (L - Z Hgl.AXg>> 1S a supermartingale
=1 0<k<M

and satisfies, for every k € {0,--- M — 1},

M M ¢
gk—CVaRa (L — Z 05_1.AXE> = gk—CVaRa (L — Z Qg_l.AXg> —Z 05_1AX5.
(=k+1 =1 =1
(5.9)
Proof. Holder’s inequality implies that Zé\il 0, 1.AX, € L'(P) so that in view of
the definition of the G-CVaR, G-CVaR,, (L —M 9, AXE> € L' (P). Now by

the change of variable, £ = £ + Z];:l 0,_1AX,, we have

£€LO(Gy)

M
. 1
G.-CVaR,, (L - ; Ggl.AXg> = essinf & + EE

M
(L —) 6. AX, - g)
/=1

.

M
- 1 g
+9ssmf§—|—1 E <L— E 9&—1~AX£—5> Ok
+

€€LO(Gy) -G =k+1

+

e

M
Zez (AX, + G-CVaR, (L— Z 9“.AX@>.

=1 (=k+1
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O

In particular, if Assumption 5.1.1 is satisfied (5.9) implies that for every k €
0, M~ 1}

M
Gi-CVaR, (L - egl.AXg>
(=1

which means that the mean estimate at time 0 of the risk at time ¢, does not depend
on the decisions taken prior to time t;. This property follows from the fact that the
hedging strategy is self-financed.

E =K

Y

M
Gi-CVaR, (L — Z Ggl.AXg>

{=k+1

5.2.3 CVaR hedging using a one step self financed strategy

In this section, we adress the two problems (5.2) and (5.3), that is hedging a con-
tingent claim using a one step strategy starting with an initial investment of 0 and
a CVaR or a Gy,-CVaR criterion at a fixed time ,,.

By one step strategy decided at time ¢,,, we mean that the investor is restricted
to rebalance its portfolio only once at time ¢, € {to,--- ,typ_1}. By a one step static
strategy, we mean that the investor uses a one step strategy decided at time ¢ty = 0.

This case of study is interesting since in energy markets, practiciens may be
interested only by a rough hedge of their loss using only few forward contracts, es-
pecially when dealing with physical assets like gas storage or power plant. Moreover,
theoretical results in the dynamic framework will be built on similar ideas used in
this section.

Without loss of generality, we can suppose that the market operates with only
two dates ty, and T' = t);. We will denote X for X, —Xj,. Actually, we use a general
o-algebra F C A with the possibility of setting F to Gy, with ¢o =0,--- , M — 1.
Consequently, we consider the two more general problems

inf E[F-CVaR, (L —6.X)], (5.10)
0EL? ;(F,P)
and
inf  CVaR, (L —6.X). (5.11)
0€L? ;(F,P)

Note that (5.11) can be written

1
nf ot B [g o (L0 — 5)4 (5.12)

EELY(FP) GEL]% 4(FP

so that, in a first step, one may adress the stochastic optimization problem

1
inf [ - (L-6.X— . 1
9€L;%Idl(f,lP’) [5 N 5)4 (5.13)

Up to the change of variable L := L — &, we can suppose that £ = 0 and a = 0 so
that, without loss of generality, the problem (5.13) is equivalent to minimizing the
short fall risk

inf E[(L-6X),]. (5.14)

0€L? ;(F.P)
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First, we will show that there exists an optimal one step trading strategy 6 solution
to (5.14) thus for all £ € R there exists 6 (&) solution to (5.13). Finally, we will
come back to (5.12) and deduce the existence of an optimal £ solution of (5.12)

Now in order to derive the existence of solutions to (5.10) and (5.11), we assume
the existence of a regular conditional distribution of the couple (L, X) given F
denoted by II(dy, dz) = II(w, dy, dz) and we make the following assumptions on the
conditionnal distribution of the couple (L, X).

Assumption 5.2.4 (Static Case).

i) The distribution of L and X satisfies L € Lg(PP), X € L, (P).
ii) essinfueL?Rd(;,P), =1 Ef(u.X)y | F] >0 as.
Assumption 5.2.5 (Forward Case).

i) The distribution of L and X satisfies L € L(P), X € L, (P).
ii) ess infueL?Rd(f,lP’), uj=1 F-CVaR, (u.X) > 0 a.s.

The following proposition is the key result to solve our optimization problem.
The proof is postponed to an appendix and relies on classical arguments from
stochastic control theory.

Proposition 5.2.6. Let V; and V; be the two functions defined respectively on €2 x
R x R? and Q x R? by

Vi(w, &, 0) = /vf(f,e,y,x)ﬂ(w,dx,dy), (5.15)
Vil 6) = [ o(6..0)11w,do,dy) (5.16)
where )
&0y, 1) =t s (y —bx = &), (5.17)
and
Us(ea Y, %’) = (y - (9.%')+ ) (518)

Then, we have

i) Static Risk: Suppose that Assumption 5.2.4 is satisfied. Then, for allw € Q, the
function Vi(w,.) is convex, lipschitz continuous and limg_, o Vi(w, ) = +00.
Moreover, we have

inf E[(L-0.X),]=E inf E[(L—0.X 5.19
GGL;%S(]-',IP’) [ )+] GeeLSD‘il(r]l-',P) I Vol F ] (5.19)

and
inf E[(L—0.X) |F] (w)=minV,(w,0). 5.20
ot [( )o| F] () = min Vi (w,6) (5.20)
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ii) Forward Risk: Suppose that Assumption 5.2.5 is satisfied. Then, for all w € Q,
the function Vy(w, ., .) is convez, continuous and for all§ € R, lim¢ g)|— 400 Vi(w, §,0) =
+00. Moreover, we have

GEL]% 4(FP)

inf E[F-CVaR, (L —60.X)]=E

ess inf
GEL]% 4(F.P), €LY (F,P)

E[§+ﬁ(L—9.X—§)+

and

0eL) ,(F.P), €Ly

. 1
essinf (HP)E {ﬁ + T—a (L—-0.X—-¢),

.7:} (w)= min Vi(w,&,0).

(£,0)ERXRY
(5.22)

Remark 4. The non-degeneracy Assumptions 5.2.4 ii) and 5.2.5 ii) can be replaced
by the stronger assumption.:

E[X | F1 =0 and E [XXT | F| is a.s. positive definite in S(d,R).

The conditional distribution of X given F is continuous (no affine hyperplane
has positive mass).

Ao

Indeed, forw € Q, we have essinf,cro (7 p) jy=1 F-CVaRq (u.X) (W) = infeer ues,0,1) Vi(w, & u)
R

where Sy (0,1) := {u € R? | |u| = 1} denotes the (compact) unit sphere. Further-
more, since the function v(&, ., y, x) is Lipschitz continuous for all{,y € R, x € R?,
it follows that for any u,u’ € S4(0,1),

inf
€€R

/vf (&,u,0,2) (dx, dy)— éilég/vf (&u',0,7) H(dx,dy)'
< sup | [ (05(6, 9. 2) = vy (€. ) ()
¢ER

o
‘?i u‘/|:p|H(dx,dy), a.s.
—«

<

Consequently, for all w € Q, the function u — infeer Vi(w, &, u) is continuous on

S, (0,

1). Thus, it remains to check that for all u € S4(0,1), infeer Vi(w, &, u) > 0,

knowing that E[X | F] = 0 a.s. Proposition 5.2.1 implies that there exists &, such
that infeep Vi(w, &, u) = Vi(w, &, u). There are three cases to check:

128

if £ > 0, then it is straighforward that Vi(w, & u) > €5 >0,

if & < 0, then Jensen’s inequality leads to

(6]
— 5 >0,

1
Vi€ 2 €4 1 (ol doan - &) =

11—« n 1
if & =0, fvf( o, 0,2) (w, dr, dy) = ﬁE [(u.X)+ | .7-—} (w). Now, if
E[(u.X), | F] =0, then E[|u.X| | F] = 0, since E[u.X | F] = 0. Then

u.X =0 a.s., so that it tmplies that uw = 0, which is impossible.
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The right-hand sides of (5.20) and (5.22) show that the two optimization prob-
lems (5.10) and (5.11) can be written

inf [E|F-CVaR, (L —-0.X)]=E min Ve(E,0)], 5.23

GeLl]%d (F) [ A ( )] Lg,@)eﬁ%de f(£ )} ( )
and,

inf V L—-0X fE 1% .24

eelfgd( )C aRa( 0 ) %relR {grelgcll f(f 9)] (5 )

respectively. Consequently, for all w € 2, we have to solve deterministic optimization
problems. Next result provides a characterization of those minima and will allow us
to devise (later on) numerical procedures to estimate the quantities of interest.

Proposition 5.2.7. Suppose Assumption 5.2.4 is satisfied. Then, for all £ € R
Argmin V;(€,.) = {0 € RY| VoV;(£,0) =0} # @.
If Assumption 5.2.5 is satisfied then
Argmin Vy = {(£,0) e R x RY V(¢ V;(£,0) =0} £ 2.

where the gradient of V; can be represented for every (,0) € R x R? by

VieaVi(€,0) = / Vieovs(&, 0y, 2)I(dz, dy) (5.25)

and,
VoVi(€,0) :/ngf(f,e,y,x)ﬂ(dx,dy). (5.26)

Moreover, § — E [mingera V¢ (€, 0)] is Lipschitz continuous, convez, limie|_, o0 E [mingega Vi (&, 0)] =
+oo. Consequently, (5.10) and (5.11) admit solutions.

Proof. Since the functions (&,6) — vs(¢,0,y,2), (y,z) € R x RY, are convex, the
function V is convex. To justify the formal differentiation of V; to get (5.25) and
(5.26), we only need to check the domination property. First note that we have, for

all (y,r) € R x R?

an 1
8—5 (ga 97 Y, %’) =1- ml{yfe.ng},
c%

f (g 0 Y, X ) — Oﬁl{y—e.zzg},

so that there exists C' > 0 such that
Vieovs(&0,L,X)| <C(1+|X]) € Ly (P).

Now, let &, & € R, there exists a real constant K > 0 such that

sup Vi (£, 0) = Vi (£, 0)]

PERE

SK |€_§/|7

’E[mf Vi (€, 9)} E[lnf V(€ 0)” <E

AcRd OeR
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and, owing to Jensen’s inequality

1
E > —— (E[L] -
[ég]glvf(i 9)} 2+ (E[L] &),
so that limje|—, oo B [mingega Vi(€, 0)] = 4+00. This completes the proof.

U

5.2.4 CVaR hedging using a dynamic self financed strategy

In this section, we adress the main problem (5.1), that is hedging a contingent claim
with a dynamic self-financed strategy starting with an initial investment of 0 using
a static CVaR criterion at a fixed time t = 0. Actually, in this theoretical section,
we consider the more general multistage stochastic optimization problem:

1 M
— (L =) b1 AX, - g) ]
- /=1 +

(5.27)
where Az is the set of all sequences 6 = (fy,---,0y_1) such that 6, € LY(F,),
Fo € Fp C - Fy-1 C A fixed o-algebras. Later on, for numerical applications, we
will set Fy to Gy, £ =0,--- , M — 1.

Note that in order to solve (5.27), we may adress firstly the multistage stochastic
optimization problem

e Ar EER AR

M
inf CVaR, (L— Zeu.AXg> —inf inf E |+

mf E

f—l— — ( 295 1.AX,) — ) ] , foreach £ eR. (5.28)
+

Up to the change of variable L := L — &, we can suppose that £ = 0 and a = 0 so
that, without loss of generality, the problem (5.28) is equivalent to minimizing the

shortfall risk "
<L > Ggl.AXg> ] : (5.29)
/=1 +

The optimization (5.29) is a classical stochastic control problem. One may think
that it is possible to derive existence of solutions of problem (5.29) using results
on dynamic programming. Unfortunately, in our case, standard assumptions of
dynamic programming are not fulfilled (see e.g. [29]).

However, we can adapt this classical approach in order to derive the existence
of an optimal shortfall-hedging sequence  := (f;)o<s<rs—1 solution of (5.29), thus
we obtain the existence of an optimal CVaR-hedging sequence 60}, := (6} ,)o<e<n—1
solution of (5.28). Finally, we will come back to (5.27) and using similar arguments
to those of the static framework, we will deduce the existence of £ solution of the
problem

inf E
0eAxr

inf inf E
EEROEAR

§+—< 295 LAX, — )J -

inf £
EER
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In order to derive similar results to those obtained in Section 5.2.3, we con-
sider a family of regular conditional distributions (Il;),.,.,,_; where II,(dy,dz) =
Iy (w, dy, dz) denotes the regular conditional distribution of the couple (L, AX,, -+, AX )
given F; and we make the following assumption.

Assumption 5.2.8.

i) The distribution of (L,AXy,---,AXy) satisfies L € Ly(P), AX, € Lg.(P),
(=1, M

ii) essinfueL?Rd(;,P), et E[(w.AXy)y | Fra] >0 aus.

Remark 5. In the same way that Remark 4 in the one step framework, the non-
degeneracy Assumption 5.2.8 can be replaced by the stronger assumption

o E[X, | Fooa] =0 and E [X, X[ | Fou1] is a.s. positive definite in S(d,R) for
(=1,--- M.

e The conditional distribution of X, given F,_1 is continuous (no affine hyper-
plane has positive mass) for £ =1,--- M.

In the spirit of the dynamic programming principle, we construct the solution of
(5.29) using a step by step backward induction. To be more precise, using similar
arguments to those used to prove (5.21), one first notices that (5.29) can be written

M
(L — Z 9@1.AX5> -7:M1” ;
/=1 +

(5.30)

inf E

essinf E
QZEL?Rd(]:lJP)ve:Ov'”vM*Q )

9M—1€L]%d (Fr—1,P

so that one may start by solving the following problem

M
inf E|{L- 0i—1.AX Far— = in  Vir—1(w, 0o:01—2, O —
eM,leeLs?sdl(r}Mfl,P) ( ; -1 z>+ M 1] (w) erflllng v—1(w, 0o-nr—2, Oar—1)
(5.31)
= Var1(w, 002,001 1) as.
(5.32)

where 0y, € LYy (Fr-1), Var—r is defined for all w € Q, 0, € LY,(F), ¢ =
.o, M—1, by

Y

Vir—1(w, a2, 0p-1) == E

<L — Z Qg_l.AXg> .FM_1] (w)
(=1 +

:/(y—z(%_l(w).Axg> My (w,de,dy).  (5.33)
=1

+

This follows from similar arguments to those of the proof of Proposition 5.2.5, i.e.
from the fact that for all w € Q, 6, € L°(F,), ¢ = 1,--- , M — 2, the function (de-
fined on R?) by 0y 1 — Var_1(&, 0o.ar—2, Oar—1) is convex, Lipschitz continuous and
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limg,, j=+o0 Var—1(&, Oo:nr—2,0ar—1) = +00. Thus, it implies that (5.31) has a solu-
tion that we denote by 01 = Op_1 (w, g, -+ ,0r—_2), which is Fj;_1-measurable
(owing to measurable selection, see e.g. Lemma 3 and Lemma 4 in [29]) so that
(5.32) holds.

Then we proceed by a backward induction: we denote by 0p.p7—1 := (ég, e éM,l)
the solution built down to step ¢. At step £ — 1, we adress for every 6y, o €
LY. (Fo,P) x -+ x LY, (Fy—o,P), the problem

essinf [ [W(Qo:é—hée)’}_zq} (w) = min Vi (w, Oo.p—2,0r-1)
9z71€LH%d(]:2717P) 6y_1€RI

= Vg,l(w, 90;572, égfl) a.s. (534)

where for all ;, € LHOW (Fr,P), k=0,--- ,£—1, the functions V; and V,_; are defined
by

Vi(w, Oop—1,0;) = E ( Zek 1. AXy — Z Or1. AXk) Fi| (w)

k=(+1

:/ Y — Z@k 1(w). Az — Z 0, 1Axk> y(w, dz, dy)
Jr

k=41
(5.35)
and,
Viei(w, 0.2, 00-1) /( Z(‘)k 1(w). Az — Z O 1A$k> Iy (w, dz, dy)
k=t+1 N
(5.36)

The following proposition implies that (5.27) has an optimal solution (£, 0%) €
R x .A]:.

Proposition 5.2.9. Suppose that Assumipion 5.2.8 is satisfied. Then,

i) (5.30) is satisfied, the problem (5.31) has a solution and for £ = M —1,--- 1,
one can find an F;_1-measurable random variable 6,1 solution of (5.34). Thus,
(5.28) has an optimal solution denoted by 0}, := (07, ,)o<e<rr—1-

i) The function § — &+ 1nf9€AFE {(L — Zé\il Op_1.AX, — §> J s convex,

Lipschitz continuous and satisfies lime| 4 f—i—ﬁ infpe 4. E {(L — Zé\il Or_1.AX, — f) } =
+
+00 so that (5.27) admits a solution.

Proof. i) The proof of (5.30) uses similar arguments than those used in the proof of
(5.19).

Let 071 be a solution of (5.31). We go one step backward. For all w € Q, 6, €
LYy (Fe), €=0,---, M — 3, (using the definition of Vj;_;) we are interested by the
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function

Ori—o — VMfQ(wa Oo:nr—3, 9M72) =

M—2
E ess inf E L— Z Qg_l.AXg - QM_Q.AXM_l - éM_l.AXM -FM—I
9M—1€L?Rd(]:M—1) (=1 —+

(. J
g

=Var—1(00:n1—2,001-1)

It is straightforward that this function is convex. Let 0y_o, 63 o € LY (Far—2),
using the standard inequality |essinf;c;a; — essinfic; b;| < esssup;c;|a; — by, we
have

’

FM—Q

Var—2(Bo:ar—3, Onr—2) — Var—2(0o.nr—3, 05 5) | < ‘9M72_9;\/[72|EHAXM71‘ | Frr—so] a.s.

so that the function is Lipschitz continuous.

Lemma 5.2.10. (Conditional Jensen’s inequaility) Let F be a non-negative con-
vex function and B be a sub-c-algebra of A. If X is random wvariable such that
E[|X]| | B] < +o0, a.s. then

E[F(X)| B >F(E[X|B]) a.s.
Proof. This is a straightforward adaptation of the proof of Jensen’s inequality. O

Now, owing to Lemma 5.2.9 , we have

Vir—2(Oo:ni—s, Ori—2) > E

M—-2
< (L | Far—i] Zeg_l.AXg—HM_Q.AXM_1>
JF

(5.37)
We aim at showing that the right-hand side of (5.37) goes to infinity as |0y/_o| —
+o00. First, the sub-additivity of the function x + x, implies that

M—-1
( [L|Far-a] — Ze .AXL;>
+

=1

E[ (_9M72-AXM71>+’ -FMfQ} <E

-

+E

We focus on the left-hand side of the above inequality, this quantity is lower bounded
by
|0pr—2| inf E[(u AXy-1) }.7:M 2}
uESd 0 1)
where 8;(0,1) := {u € R?| |z| =1} denotes the (compact) unit sphere. Using
Assumtpion 5.2.7 and similar arguments than those of the proof of Proposition
5.2.5, one shows that

inf E [(UAXM—I)_F} .FM_Q] > O, a.s.

uESd(O,l)
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ThUS, forallw € Q, 0( € L%d(Fg), (= O, ce ,M—g, lim|9M_2|*>+oo VM_Q(CU, QQZM_g, QM_Q) =
+o00 and the function y;_o +— Vi _o(w, Oo.ar—3, 0rr—2) has a minimum 0o which is
Fr—o-measurable owing to measurable selection theorem.

Furthermore, using similar arguments to those used for the proof of Proposition

5.2.5, one shows that for all w € Q, for every O35 € LY (Fo) X -+ x Lo (Far—s3)

ess inf Var—a(w, Oo:nr—3, Orr—2) =
On—2€Lg 4 (Frr—2)

ess inf E
(Orr—2,00—1)ELY § (Fr—2) X LY 4 (Far—1)

M
(L — Z Qg_l.AXg> | fM_gl a.s.
/=1 +

Using similar arguments, one shows that if the solution is built down to step ¢, for
allw € Qand 0, € L°(F), k =0,--- ,£—2, the function 0, — V;_1(w, Op.r—2,0¢1)
is convex, Lipschitz continuous and satisfies limjg, |- 400 Vie1(w, 0o.0—2, 0¢—1) = +00.
Consequently, there exists §,_; solution of (5.34). Thus, (5.28) has an optimal
05 = (0%, Joe<nr—1-

Now we come back to our original problem

M
<L — ZG,H.A)Q — g) ] =
=1 +

1
inf & +

£ER 1-—

inf £ + inf E
€€R 1 —aocAr

E
o

M
(L =) 6, AX, - 5) ] .
(=1 +

For all x € R, the functions £ — S—i—ﬁ(x—S)Jr are convex and Lipschitz continuous
so that & — & + ﬁ infge s, E {(L — Zé\il Op_1.AX, — 5) } is convex, Lipschitz
+

continuous. Owing to Assumtpion 5.2.7 and using Lemma 5.2.9 with a backward
induction, one shows

M
1
$+ 1 (L =) 0, .AX, - 5)
/=1

E

z&+ﬁ(E[L]—£)+,

+

so that lim¢ 4o §—|—ﬁ infgca, E {(L — Ze]\i1 Op_1.AX, — 5) } = +00. This com-
+
pletes the proof. O

5.3 Computational and numerical aspects of CVaR
hedging

In this section, we propose several methods to compute the optimal strategies of the
three problems (5.3), (5.2) and (5.1). First, we will focus on (5.2) since it will be the
main building block when we are going to propose several algorithms to approximate
the optimal dynamic strategy solution of (5.1).
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5.3.1 Markovian framework and Optimal Vector Quantiza-
tion

In order to simplify the numerical computation of conditional expectations that
appear in the problem (5.2), we will work under Assumptions 5.1.1 and 5.1.2.

To be more precise, from a modeling point of view, it is quite natural to consider
that the random variable L can be written as a function of the process (X, Z7),
i.e. L = ¢(X,Z). Typically, in the electricity market, Z can be considered as
the temperature process and may influence electricity spot prices and electricity
forward prices. Consequently, we assume that there exists two continuous functions
F:RYxRIxR™ — Rand G : (RY)“T x (R x R™ — R? such that

Xy — Xgo = G(Xgo, Zgo, Ugo -+ 1) and L = F(Xgo, Zgo, UgOJrl)

where Uy, 1 is a r4,-dimensional random variable independent of G, := o (Xy,, Z,)-
We will denote U for Uy,11. Under this markovian framework, the function (5.15)
can be written for all (z,z) € R? x R¢

V(0,2,2) =E[v,0,x,2,U)],

where v(€,0,x, z,u) := {+1= (F(x, z,u) — 0.G(x, z,u) — £), so that (5.22) becomes

) 1
essinf )E [§+E(L—9-X—f)+

0€L? 1 (Geg P)EELR(Gey P

geo] =

( min  V(¢,0,z, z)) a.s.

(¢ )RR (@,2)=(Xeg,Zey)

(5.38)

Consequently, in order to solve the global problem (5.2) we need to solve the local
optimization problem that appears in the right-hand side of the above equation for
each (X, (w), Zs,(w)). Then, we have to estimate the quantity

<(9,5)1£Rdx]1§ (5, ,ZL',Z))

When the dimension of the random variable (X, Z,,) is large (greater than
5,10), one can use Monte-Carlo simulations and estimates (5.39) using N samples
by

E (5.39)

|$X20,ZZZJ

N
1
- Ve
N;((e,g)lngxR (fa ,x,z)) |

le=Xeg,k:2=Z0 gk

where (X, 1, Ziy )<<y are i.i.d. random vectors having the distribution of (Xy,, Zy,).
When the dimension of the random variable (X,,, Z;,) is small (say less than
5,10), we can use an integration cubature formula based for instance on a spa-
tial discretization of (Xy,, Zs). A commonly used method in such a framework
is optimal vector quantization. Thus, we consider an optimal N, -quantization

(Xgo, Zg()) of the random variable (X,,, Z,, ), based on an optimal quantization grid

Ny Ny Ny . * (0 j
Ly, := P(X(LO,ZzO) = ((xio,zl}o) S (xgoo,zgo 0)) Then if we denote CV; (z7,,2;,)
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for inf g ¢)eraxr V(€. 0, (xféo, zgo)), j=1,---, Ny, the quantization based quadrature
formula to approximate (5.39) is given by

Ny,

Z CV; (xZ(ﬂ Zg())]P) ((Xé(), ZZO) € Cj (xfov Zgo)) ’ (540)

J=1

where (Cj(xg,, 24,)) is a Voronoi tesselation of the Ny -quantizer I'y,. Fore

i=1,--,Np
more details about (])ptimalovector quantization, including error bounds for cubature
formulae, we refer to [72].

Consequently, we need to compute the solution as well as the value of the objec-
tive function for all nodes of a quantifization grid (or for all Monte-Carlo samples).
Thus, throughout this section, we will focus on the value function that appears
within the brackets of the right-hand side of (5.38).

For the sake of simplicity, we will temporarily drop (x,z) in the notations so
that we will denote F'(U) for F(x, z,U), G(U) for G(z, z,U), V(§,0) for V(,0,z, 2),
V(£,0,U) for v(€,0,2,2,U) and so on. Thus, we will omit “for all (z, z) € R? x R?”
in any assumption or property given below about those distributions or functions.

5.3.2 Computing CVaR hedging by stochastic approxima-
tion: a first approach

The above local representation (5.38) naturally yields a stochastic gradient algo-
rithm derived from the Lyapunov function V' which will converge toward (£, 0%) €
Argmin V. Then, following the procedure investigated in [6], a companion recursive
procedure can be easily devised which has CV} := CV(x, z) = CVaR,, (F(U) — 6:.G(U))
as a target, i.e., the CVaR,, of the CVaR-hedged portfolio at the point (z, z). Fi-
nally, in order to compute the value function at time ¢, i.e. the global expectation
(5.39), we will rely on the cubature formula based on optimal vector quantization
given by (5.40).

First we set,

ov 1
Hy(§,0,U) := 3_€ (&0,U)=1- EI{F(U)*&G(U)EQ’ (5.41)
ov 1
Hy.q41(8,0,U) = 20 (£,0,U) = _EG(U)l{F(U)fQ.G(U)zé}a (5.42)

so that,
V(&G)V(éﬂ, ‘9) =K [(Hl (ga 0, U) ) H2:d+1 (ga 0, U))] .

Since we are looking for (&, 6) for which E[H; (£,60,U)] and E [Hs.4.1 (£,0,U)] = 0,
we implement a classical R.M. algorithm to approximate (£%,07%), i.e., we define
recursively for n > 1:

fn == fnfl - ’YnHl (fnfla enfla Un) 5 (543)

en == enfl - ’YnHQ:dJrl (gnfla enfla Un) s (544)
where (Uy,),~, is an i.i.d. sequence of random vectors with the same distribution as
U, independent of (&, 6), with & € Lg(P), 6y € L3,(P) and (), is a positive
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deterministic step sequence satisfying

Z% =400 and 272 < +00. (5.45)

n>1 n>1

Following [6], as a second step, in order to estimate CVaR,, (F'(U) — 6%.G(U)),
i.e. the CVaR, of the local CVaR hedged loss, we devise a companion procedure
using the same step sequence than (5.43) and (5.44), for n > 1

Cn = Cnfl - ’YanJrQ (gnfla enfla Cnfla Un) ) (546)

with Hy0 (§,0,c,u) :== ¢ — v(&,0,u). In order to derive the a.s. convergence of
(5.43), (5.44) and (5.46), we introduce the following additional assumption on the
distribution of F(U) and G(U).

Assumption 5.3.1. Let a > 0. F(U) € L**(P) and G(U) € L*(P).

To establish the a.s. convergence of (&,,60,,C,),~,, we will rely on Robbins-
Monro Theorem (see e.g. [23]). In fact we will use the following slight extension
(which takes into acount the case of non-uniqueness of the target). For a proof, we
refer e.g. to [62].

Theorem 5.3.2. (Extended Robbins-Monro Theorem) Let H : R? x R? — R? be a
Borel function and let X be an R¥-valued random vector such that E[|H (y, X)|] <
+00 for every y € R Then set

vy €RY h(y) =E[H (y, X)].
Suppose that the function h is continuous and that T* := {h = 0} satisfies

Yy € RT (T* Vy* € T*, (y—y* h(y)) > 0. (5.47)
Let (yn)n>1 be a deterministic step sequence satisfying (5.45). Suppose that

vy € RY, E[|H(y, X)) < C(1+[y*) (5.48)

(which implies that [h(y)|*> < C(1 + |y|)).

Let (X,,)n>1 be an i.i.d. sequence of random vectors having the distribution of X, let
Yo be a random vector independent of (X,,)n>1 satisfying E|yo|* < +o0, all defined
on the same probability space (2, A, P).

Then, the recursive procedure defined for n > 1 by

Yn = Yn—1 — ’YnH(ynfla Xn)7

satisfies:
I Yoo : (U A) = T yso € L*(P)  such that y, — Yoo.

The convergence also holds in LP(P),p € (0,2).

In the next proposition, we establish the a.s. convergence of the sequence (&,,6,,,Cy,), -,
toward its target (&%, 0%, C%).

137



CHAPTER 5. CVAR HEDGING USING QUANTIZATION BASED STOCHASTIC
APPROXIMATION ALGORITHM

Theorem 5.3.3. Suppose that Assumptions 5.2.4 and 5.3.1 are satisfied (fora = 1),
and that the step sequence (7,),~, satisfies the usual decreasing step assumption
(5.45). -

Then the recursive procedure defined by (5.43), (5.44) and (5.46) satisfies:

3 (&,0%) : (2, A) — Argmin V, (which is a compact set),

such that
(ny On) == (€5,0%), n — +00,
Moreover,

C, 2% CVr = min V(£60)=V(E,05) n— +oo.

(6,6) R xR o

Proof. We first prove the a.s. convergence of (&,,6,),-, using the above Extended
Robbins-Monro Theorem; that of (C,),>; will follow the lines of the proof of the
a.s. convergence of the CVaR algorithm in [6] (Section 2.2). In order to apply the
R.M. theorem, we have to check the following facts:

e Mean reversion. For the sake of simplicity, we denote by y the couple (&,6).
The mean function of the algorithm defined by (5.43) and (5.44) reads

l(y) =E [(Hl (ya U) ) H2:d+1 (y7 U))] =VV (y>
so that 7% := {l = 0} = {VV = 0}. Moreover, if y* € T* and y € R x RN\ T*,
y—y"1ly) = -y, VV () >0

since the function V is a convex differentiable function and Argmin V' is non
empty.

o Linear Growth of (£,0) — E[|H, (£,0,U)° + |Hyar1 (€,60,U)[*]. This condi-
tions is clearly fulfilled since there exists a real constant C' > 0 such that

E [|H; (€,9, U)ﬂ < C and E [|Hyat1 (.9, U)|2] < 51 UG(U))|2] <C,

)

so that,
E [|Hi (€,0,0))* + [Hagr (€,0,U)] < C (1+yl).

Consequently, we have
(&ns 0) == (£3,03) -

In order to prove the a.s. convergence of (C),),,>1 toward C'V.*, we set for convenience
Y0 := 1 4 sup,>; V»- Then, one defines recursively a sequence (A,),>1 by

Appr = A, L0 >0, A= 1.
Tn Y0 — Vn+1

Elementary computations show by induction that

Ay : -
=g n 20, with S, = ;Ak. (5.49)
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Furthermore, it follows from (5.49) that for every n > 1, log(S,) > %22:1 Vs
which implies that lim,, S,, = +o0.
Now using (5.46) and (5.49), one gets for every n > 1

Sncn = Snflcnfl + An (ANn + V(fnfla 9n71>>

where, AN,, :=v(§,-1,0,-1,U,) — V(&-1,0,-1), n > 1, defines a sequence of mar-
tingale increments with respect to the natural filtration of the algorithm F,, :=
0(&,00,Uy, -+ ,Uy,), n> 0. This implies that

n—1 n—1
1 1
Cn= 5 (kzzo Ak+1ANk+1> T (; Akﬂv(fka@k)) .

n

The second term in the right hand side of the above equality converges to V (£, 0%) =
C% owing to the continuity of V at (£, 6%) and Cesaro’s Lemma. The convergence

) o

to 0 of the first term will follow from the a.s. convergence of the series

N;Z = Z’ykANka n > 1,

k=1
by the Kronecker Lemma since v, = ’yog—:. The sequence (N]),>1 is an F,-
martingale since the AN,’s are martingale increments and
1
2 2
E [(ANn) |-Fn71] S WE [(F(U) - GG(U)) - g) }|§:£n_179:9n_1 .

Assumption 2 and the a.s. convergence of (&,,0,) toward (£, 6%) imply that

sup E[(AN,,)?|F1] < 400 a.s.

n>1

Consequently, the step assumption (5.45) implies (N7)oo = 37, 1 E[(AN,)?|F, 1] <
oo, which in term yields the a.s. convergence of (N]),>1, so that C,, == CVr. O

As concerns the rate of convergence, the global procedure composed by (5.43),
(5.44), (5.46) is a regular stochastic algorithm that behaves as described in usual
Stochastic Approximation textbooks like [13], [22], [57]. As soon as T* is reduced to
a single point (£, 6%) (the local CVaR CV.' is always unique), the procedure satisfies

a)r o
under quite standard assumptions a CLT at rate v, 2. It is well known that the best
asymptotic rate is obtained by specifying v,, = 7n» b > 0. However, the choice of
¢ is subject to a stringent condition depending on (£, ") (which is unknown to the
user). This always induces a more or less (sub-optimal) blind choice for the constant
c.

To overcome this classical problem, we introduce the empirical mean of the global
algorithm implemented with a slowly decreasing step “a la Ruppert & Polyak” (see
e.g. |74]). First, we write the global algorithm in a more synthetic way by setting
forn >1

Pn = (& On, Cn) s @0 = (&0, 60, Co)
and
Gn = Pn-1 — YnH (Pn-1,Un) (5.50)
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where H(p,u) = (Hy(&,0,u), Hoq1 (€,0,u), Hyio (€,60,c,u)). Thus, the Cesaro
mean of the procedure

En: ¢0+"'+¢n—1’
n

where ¢,, is defined by (5.50), a.s. converges to the same target. The Ruppert &

Polyak’s Averaging Principle says that an appropriate choice of the step yields for

free the optimal asymptotic rate and the smallest possible asymptotic variance. We

recall below this result following a version established in [73].

n>1, (5.51)

Theorem 5.3.4. (Ruppert and Polyak’s Averaging Principle) Suppose that the R?-
sequence (¢n)n>o0 is defined recursively by

¢n = ¢n—1 — In (h(gbn—l) + En) )
where h is a Borel function. Let F, := o (&, 6, Uy, -+ ,U,) be the natural filtration
of the algorithm. Suppose that h is C* in the neighborhood of a zero ¢* of h and that

P = Dh(¢*) is a uniformly repulsive matriz (all its eigenvalues have positive real
parts), and that (€,),>1 is a random F,-adapted sequence satisfying

() Elenta | Full{jo,-4v1<cy = 0,
(RP)=3C >0, such that a.s. (44) 3b>2, sup, El|eni1]’|Fn] Lijpn—o+1<cy < +00,
(iii) 3T € S*(d,R) such that E [eq1€l, | F,] =T

(5.52)
Set vy, = 15 with % <pB <1, and

gn - o+ -+ Pt =5n_1—l(5n_1—¢n—1)7 n>1.
n n

Then, on the set of convergence {¢, — ¢*}:

Vv (¢, — ¢%) AN (0,P7'T(PH")  asn— +oo,

In order to derive the convergence rate of the averaged algorithm, we suppose
that the conditional distribution of (X — Xy, L) given (Xy,, Zy,) = (24,, 24,) has a

probability density function p();fo’zég):f)lo’zlo) for all (4, 2¢,) € R x RY that we will
M~ ALy

denote py , for the sake of simplicity. Moreover, in order to simplify the notations,
we will denote X the conditional distribution of (X, — Xy, ) given (Xy,, Zy,) =
(244, 24,)- Finally, we will denote by px and p;, the (conditional) marginal density
functions of X, — Xy, and L (given (Xy,, Zy,) = (T4, 2¢,)) respectively. Moreover,
we make the following additional assumption on the joint conditional probability
density function px 1,

Assumption 5.3.5.
(4) For all € R% v px.r(x,y) is continous on R,

(i1) For all § € R?, for every compact set K C R suppx (0.0 +y) € L' (dx).
yeK

(431) For all £ € R, for every compact set K C R? sup(1 + |z|*)px 1 (z, 0.2 + &) € L*(dx),
0eK

(w)/ px.p(z, &, + 0% .x)dr > 0, for all (£,6),) € Argmin V.
Rd
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Example 4. We take the example (that will be studied in Section 5.5) of the energy
provider which buys on an energy market a quantity Cr = uc + ocG1 where Gy ~
N (0,1) of gas at price S5, where gas spot price is modeled as a geometrice Brownian
motion correlated with p # 0 to the consumption, namely

2
Sg —g e—TgT-HTg\/T(PGl‘F 1—p2G2>
T — 0

This quantity is sold to consumers at a price K = Sy. The energy provider uses a
one step self-financed strategy based on S9 to reduce its risk so that X = S5 — S.
The loss L can be written

L = (8% — K)Cr = (S% — So)Cr.

Using the change of variable formula, one shows that the joint conditional distribu-
tion function writes for x > —Sy, x # 0, v € R,

S T O = T ST (v S u )
1 1 e 207 \ogVT log(g5+1)+=5T 1=p o%(x “C) e 20%(00 “C)
QWpJch\/T($+SO)|x| |

pX,L(:L‘vy) =

Consequently, px 1 satisfies (i) and (iv). Moreover, for all x > —Sy, x # 0 and

y, 0 €R,
1 1

27Tpogac\/T (z + So)|z|

so that, (i1) is satisfied. Now, if K C R is a compact set, for all £ € R, there erists
a constant A > 0 such that for all x > =Sy, x # 0

€ L'(dx).

px.r(z,0.2+y) <

1 L+z* 4
27Tpogoc\/T (z + So)|z|

(1+ [z[*)px,p(z, 0.2+ &) < e LYd),

so that (i) is satisfied.

In next theorem, we use notations of 5.3.4. We establish a CLT for the empirical
mean sequence ¢, defined by (5.51).

Theorem 5.3.6. (Convergence rate of the procedure) Suppose that Assumptions
5.2.4, 5.3.1 (with a > 1) and 5.3.5 are satisfied. If the step sequence is vy, = T,
with % < B <1 and ~, > 0, then the averaged procedure defined by (5.51) satisfies

\/ﬁ(an—¢*)i>N(O,E) as n — +0o
where the asymptotic covariance matriz 3 is given by

¥ =P IT(PH

with
1 fRd pX,L(xagz —|—0j;x)d:p (f]Rd pr,L(xagz +‘9;x)dx)T 0
P = 1—o | Jrawpx oz, &+ 0 x)de  [o,xa"px (2, & + 05 .2)dx 0 ;
0 0 11—«
(5.53)
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and

o 0 aE[(L—05.X—€%), |
l1—o (1—o¢)2

= 0 E[XXTI{Lfez‘;.XZE’&}] E[X(L—G;.X2—§;)+] . (5.54)
(1—-a) (1—-a)
oE[(L-05.X-€"),] E[X(L-05.X-¢),]  Var((L-05.X-¢%),)
(1-a)? (1-a)? (1-a)?

Proof. First note that the procedure (5.50) can be written

Vn Z 17 ¢n = Qﬁnfl — Tn (h((bnfl) + €n> ) (bO - (507 907 CO) )

where h(¢) := E[H(¢,U)] = VV(¢,z,z), and €,, n > 1, denotes the F,,-adapted

martingale increment sequence defined by for i =2,--- /d+ 1:
1
61’n = 14 (P (L — QX Z §)|§:§n—136:6n71 — l{Ln_anfl-angnfl}) 5
1
€in = T4 (E [Xis11{_0.x5¢)] =t 1.0=0n 1 Xzel,n1{Ln—9n,1.angn,1}> )
1

€d+2n *— ANn =

(E [(L —0.X — §)+] |€=€n_1,0=0n_1 - (Ln - enfl-Xn - fnfl>+> )

1l -«

where L, = F(U,) and X,, := G(U,,). Since the function V is convex, its hessian
matrix P is positive as soon as h is differentiable. Now, in order to differentiate A,
we write

1
hi(¢) =1— /Rd RPX,L(% Y)1y>ero.0ydady,
X

11—«

1

hi(¢) = — / ripx, (T, ) Ly>ero.mdady, i=2,--- d+1,
11—« RIXR

haralé) = C = (€4 ToE (L - 0.X - €1,]).

In order to differentiate Ay, note that, by Fubini’s Theorem,

1 oo
hl(qﬁ):l—l_a/ dy/ px..(z,y)dr = 1 / dx/ px,o(z,y)dy.
€ Rd @ JRd E4+0.x

Owing to Assumption 5.3.5, one can interchange integral and derivation. In order
to differentiate ho.qy1, first note that, by Fubini’s Theorem,

—+oc0o
h2d+1 a/ dy/dl'pXL x,y d$_—1 a/dd$/ !EPXL x y)dya
- R - R E4+0.

so that owing to Assumption 5.3.5 and Lebesgue’s differentiation Theorem, one can
interchange integral and derivation. Consequently, the functions h; and ho.4y1 are
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differentiable at ¢* := (£%,0%,C*) and for i = 2,--- ,d + 1,

ahl *\ 1 * * % * _ahdJrQ *\

8—§<¢ )=1—2 /RdPX,L(%ﬁa +05.2)de, 5= (07) = o€ (¢%) =0,
S (0) = G0 = 1= [ apwae &+ ),

Ohi .. Oh;, . 1 .

90 (¢%) = 80]- (¢%) = 1—a dxz‘xjpx,L(%fa + 0,.x)dz,

J i R
Ohi .. Ohays, . Oharo , .
S0 = =20 =0, 2R (@) =1,

so that M is given by (5.53). Let u = (uy, us, u3) € R x R? x R,

Joa w0x (2, & + 05,.2)
JeaDx.1(2, &+ 0 x)da
TfRd xprX,L(l’, £+ 0 .x)dx

 Jrapxn (@, &+ 05 2)da

ul Mu
11—«

(u% + 2uq dzus

2 Jeapxn(e, &+ 0x)de

. . . L(7,65105 %) T
using the inequality 2u1f{iidp?i&’;w;.z)zzdeQ > —u? — ulEq [X]Eq [X] ug, we

2

obtain
Ty > Jre P Bz} (uT/ (w  Jrampx (& +052) >
- I-a * Jma Jra px,p(x, &5 4 0% .x)dx
* * T
x (x - fi Hidpipf(iz;j_—g;;)z;) px.n(z, & + 05 .x)druy + u§> ,
> 0.

Consequently, the matrix P is a uniformly repulsive matrix. To apply Theorem
5.3.4, we need to check assumptions (RP) of (5.52). Let C' > 0. First note that

2a
) 2%~ 400,
11—«

E [levnt1**1Fn] g, —sr1<cy < (

Thanks to Assumtpion 5.2.4 (with a > 1), there exists A > 0, such that for i =
2, ’d + 1,
E [|€5 1% Fn] L{jgn-o+1<cy < AE [X7] < +o0,

and
E [lessznia 1] Loy < A (B 1L + E [|X[*]) < +oc.

Consequently, (iz) of (5.52) holds true with b = 2a since

SliIO)E [|en+1|2a |.7-—n} 1fi4,—g*|<cy < +00.

It remains to check (iii) for some positive definite symmetric matrix I'.
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The continuity of the functions (&,6) — E [Xi_lXj_ll{L,g,ng}] and (£,0) —
E [Xl-,l I{L,Q.ng}} at (&%, 0%) which follows from the continuity of the joint distribu-
tion (L, X), combined with the equality E [X;_11{7_g: x>y =0,i=2,--- ,d+1,
implies that

E | (ensierin)iy 152] = E[(ennrerin) 17
1
- (1—a) (E [(Xi1 X 11 g.x2¢)] =€ ,0=0n
E[Xio11(-0.x>¢)] =t 00, 1 (X111 -0.x5¢}] \gzgn,0:9n> ’

a.s 1

N 721@ [Xi_lXj_l]-{L—G(’;.XZEE}} :
(1-a)

Using similar arguments one shows that E [en+1eg+1|}"n] 2% T'. This completes the
proof. O

One may be interested by the asymptotic variance of each components of the
algorithm, namely &,, 6, and C), rather than the whole asymptotic matrix. The
inverse matrix P~! can be written

' 1+VIiTt'v —vT! 0
—
P_l = —H71V Hil 0
&6+ 05.20)d
Jpapxp(x,€ z)dx 0 0 L pxn(@, &+ 05 x)de

(5.55)

_ Joa 70,1 (2:65+05.2) Jpaapx.p@&a+ona) \T ‘L g
where I1 := [, (33 = Turxreeattad ) \F T Tamaeariodi) PXL®GH0ar)dr,
1

and V = TR EGET T Jga 2px,0(2, & + 05.2)dx, so that, fori =2, d+1,

1 2
Y1 = L+ VI V) a(l — a)
b (fdeX’L(ZL‘,gé—f—Q;.l')de‘)z <( )
+ (V) E [XX g gy xm)] TV ). (5.56)
1
Yig = mia (1 —a) +miE [ XX 1 gx xsey] M),
(fRd pX,L(xa f; + 9Z-$)d9€)2 < [ t e }} )
(5.57)
2
Yaro,dre = (1 — 04) Var (L — 0. X —€5).,), (5.58)

_ -1 -1 _ (5
where m = II""V and II"" = (mi,j)1<i<d 1<j<d"

Sty L) >

5.3.3 Dynamic CVaR hedging

In this section, we propose several methods to compute the optimal strategy of (5.1),
the VaR and the CVaR of the CVaR-hedged portfolio. From a modeling point of
view, under Assumption 5.1.2, we suppose for every ¢ = 1,---, M that there exists
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two continuous functions Gy : R? x RY x R™ — R? F, : R x R? x R — R such
that
X — X1 = Go(Xo—1, Zp-1,Up), and L= Fy(Xy_1, Ze—1,Up),

where U, is a ry~-dimensional random variable independent of G;_;.
Crude CVaR hedging Algorithm (C.H.)

The direct approach to solve (5.1) is to proceed as in the static framework and to
devise a global stochastic gradient algorithm. To be more precise, at every time #x,

we consider an optimal Nj-quantization <Xk, Zk), k=1,---,M — 1, based on an
optimal quantization N;, grid 'y, = ((xi, 20, (xév’“, z,ivk)) of the state process
at time ¢.

A careful reading of Section 5.2.4 shows that the optimal number of shares to be
held over the time period (k, k+ 1], 65 depends of the whole process (X, Z). For this
method, we make the approximation which consists of making ; depending only of
the state process at time k, (X, Z;). Thus, we only need to estimate Oi’* at each
time ty, for all nodes (l‘i, zi), J=1,---, N on the corresponding grid. This can be
done by the following stochastic algorithm, namely,

En = En1 — Yt (§n1, 001, Un),
90,n = 90,n—1 - %H2,0 (fn—h On—1, Un) )
0, =000 — s (En1,001,Up), =1, Ny, k=1, M—1,
Cn = Cnt = Y3 (§n1, On-1, Cnm1, Un)

where 6, = (0on, - . O0m—1,0), (Un)n21 = <(U17n, e ,UM,n)@l) are i.i.d. random

variables with U, ~ Uy and for £ =1,--- /M and j = 1,---, N, the functions Hy,
Hj and Hj , are defined by

1
Hy(€,0,u)=1— 1— al{zfglALi—ai_l.Axizg}’

G1(Xo, 2o, Uy)

HZ,O (ﬁ,&,u) = - 1— o I{Zf\ilALi—Gi—l-AXe&}’
; Gop1(Xe, Zo, Upsr)
H%aé (é-’ 9’ u) == 1 — I{Zfil ALi—Gi_l.AXizf}1{(XZ=ZZ)EC.7($€=Z€)}’
1 M
Hy (&,0,Cou) = C =€ = — <ZALi —6i1.AX, —5)
i=1 i

The sequence (&,,6,,Cy,), -, a.s. converges toward its target (£, 6%, C%). Note that
the dimension of the sequence (&,, 6, C,,) to be updated at each step of the algorithm
is equal to D :=2+d+ Y1', d x Ny.

When the dimension is low (D < 100), which is often due to the fact that the
number of trading dates is low (say M < 5) and the number of traded assets used for
the hedging is small (d ~ 1,2), the above algorithm is very efficient and we observe
a great reduction of the CVaR compared to the static case (5.3).

However, if we consider a portfolio with a time horizon 7" = 1 year, 12 trading
dates (one each month), if the investor hedges using 5 stocks and in the case where all
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layers in the quantization grids have the same size, ..e. N=N,=5(=1,--- M,
the dimension of the algorithm is D = 282. This example is a reasonable case
in the energy sector when an energy company has to provide electricity or gas to
consumers all year long and simultaneously needs to control and hedge its risk every
month using electricity and/or gas forward contracts since the underlying spot is
not storable. For instance, one may use 12 forward contracts with maturity 7, = t,
that delivers electricity or gas over a period which corresponds to each month of
the considered year. From a practical point of view, Electricity and Gas Futures
market enable to trade: the next three months, the next two quarters and the
next three electricity or gas seasons (see the Powernext Gas Futures market for
instance), thus one may proceed to a rough risk hedging using only some of these
contracts. However, when dealing with a portfolio that depends on several energy
commodities as it is often the case in energy market, the dimension of the considered
RM algorithm becomes a real issue.

From a numerical point of vue, we observe that in a high dimensional framework
the algorithm “freezes” and “suffers”; say as soon as the dimension is greater than 100
or 150. Moreover, we observe that some components of ,, are never updated by the
algorithm. That is the bottleneck of this first algorithm in pratical implementation.
To overcome this problem, we propose several approximate solutions to solve (5.1)
which crucially relies on Assumptions 5.1.1, 5.1.2 and 5.2.8. These solutions have
the major advantage to dramatically reduce the dimension of the above algorithm.

Backward dynamic hedging strategy (B.H.)

This strategy is based on (5.9) and consists in a backward resolution. To be more
precise, if we consider M trading dates, then (5.9) and Assumption 5.1.1 imply that
in order to hedge the risk at the last trading date ¢;;_1, we have to solve

M
QM_l—CVaRa (L — Z Qg_l.AXg>
(=1

inf E [QM,l—CVaRa (L - erlAXM)] .

HMfléL?Rd(gtM,l P)

infE
oA

The optimization problem that appears in the right-hand side of the above equalitie
can be easily solved using the static algorithm developed in Section 3. Now that we
have the solution 6, | of this problem, we can go one step backward and solve the
new problem

inf E [QM_Q—CVaRa (L — 0?\/[_1AXM - OM_QAXM_l)] s

9M_2€L?Rd (gtM_Q ,P)
using again the algorithm developed in the static framework in order to obtain 6%, .
Following this idea till time 0, we obtain step by step the backward hedging strategy

b— (pb
0" = (92)1§e§M—_1' . . . . . .
Although this method is not optimal from a theoretical point of view, it has

the advantage to provide a strategy which controls the risk at each time step until
maturity. However we observe on numerical experiments that the resulting static
CVaR related to this self-financed strategy 6°, namely

M
CVaR, (L -y ezl.AXe) :
(=1
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is significantly higher than the one obtained by the first global algorithm (C.H.).
The reason is that by solving at step k + 1 the optimization problem

inf E

GM—k—leL?Rd (Gr—k—1,P)

M
Gr—k—1-CVaR, (L - Z 952,1.AX¢ - 9Mk1AXMk1>] )

{=M—k+1

there is an error (compared to the original problem (5.1)) on the estimate 64, , | #
03,_,_, which propagates at each step and can become more and more important as
the number of trading dates increases. That is the major drawback of this procedure.

Dynamic hedging strategy based on a martingale decomposition of L (M.D.H.)
This method is based on the sub-additivity of the CVaR and on the following de-
composition of the loss L into a sum of G-martingale increments, namely

L=E[L] + f: ALy, (5.63)

where AL, = R[L|G)] —E[L|G,1], 1 < ¢ < M. Now, using the sub-additivity of
the CVaR, we obtain

M M
inf CVaR, | L — ) 6, ,AX, | <E[L inf CVaR, (AL, — 0, {AX,) .
juf Cva ( 200y f)— RIODNNE. iR, (AL - 012%)

LD (Ge—1,P)

(5.64)
The right-hand side of the last inequality shows that for each time step we have
to solve a one step static local CVaR-hedging problem. From a numerical point of
view, indeed, when the dimension of the algorithm is not too large (say D < 150), we
observe that the CVaR obtained using this strategy is almost equal to the optimal
one. When the dimension D becomes large, which is generally due to a large number
of trading dates, we observe a good behavior with a real improvement on the CVaR
when the number of trading dates increases. An even better behavior is obtained
by slightly modifying this second aproach. We use the inequality

R [gg,l-CVaRa <AL5 . w,lAX@)} < inf  CVaR, <AL5 - HHAXe) :

0p—1€LY ;(Ge—1,P - 0¢—1€LY ;(Ge—1,P)
(5.65)
and switch to the new optimization problem

M

inf K [gg,l-cvaRa <AL€ - 95,1AX,3>] . (5.66)

— 9@—1€L?Rd(ge—1,]f”)

The main difference in solving the local problem in the left hand-side of (5.65)
compared to the right hand-side appears in the variable &, of the two associated RM
algorithms, which corresponds to the estimate at step n of the VaR,. In this new
version, like in the static case, the variable &, is local and depends of the considered
nodes whereas in the other version this variable is global and is the same for all
nodes of the quantization tree.
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Although, to our knowledge, there is neither an equality nor an inequality be-
tween the original problem and (5.66), numerical experiments led us to the conclu-
sion that this last algorithm behaves better than the one obtained by solving the
right-hand side of (5.65) at each time step. To be more precise, the original CVaR
estimated by the strategy obtained by (5.66) is lower than the one obtained by the
strategy solution of the right-hand side in (5.64).

In order to solve (5.66), we use optimal vector quantization again to approxi-
mate the unknown random variable ALy, i.e., we approximate E [L|G,] by using the
cubature formula

Ny
E[Fyi1(Xe, Zo, Upn)| (Xe, Z0)) = o(Xe, Zo) = Y F(Xe, Zo, 01 )P (Uea € Cj(ugin))
j=1
(5.67)
and design at each time step a RM algorithm based on the procedure investigated
in the static framework. One may have considered the classical decomposition

M
L=Lo+Y AL (5.68)

=1
instead of (5.63). However, it is quite natural to approximate from the sequence of
martingale increments AX,, £ =1,---, M, another martingale sequence so that the

decomposition (5.63) is more appropriate to our framework than the decomposition
(5.68). The method based on this classical decomposition of L will be called C.D.H.

5.4 Design of faster procedures: variance reduction
techniques

In practice, the convergence of the different considered algorithms (static and dy-
namic framework) will be slow and chaotic when the confidence level « is close to 1.
This is due to the fact they are only updated on rare events since it tries to measure
the tail distribution: P (L — 0:.X > &) =1 — a ~ 0. Another problem may be the
simulation of L and X. Each evaluation may require a lot of computational efforts
and takes a long time. So, for practical implementation it is necessary to combine the
above procedures with variance reduction techniques to achieve accurate estimates
at a reasonable cost.

In this section, we develop two variance reduction techniques in order to reduce
the asymptotic variance in the CLT (5.53). The first one is based on the uncon-
strained importance sampling (IS) stochastic algorithm developed in [62] and then
applied to both VaR and CVaR in [6]. We show how it can be combined adap-
tively with our algorithms. Consequently, every new sample is used to dynamically
optimize the IS change of measure and the estimate of (£, 6%, C¥). This kind of
algorithm is known to be a powerfull tool when dealing with rare events. The sec-
ond one is based on LCV. We use a control variable based on X, since Assumption
5.1.1 implies E [X] = 0. For sake of simplicity, we only develop those two methods
in the static self-financed strategy framework though it can be easily generalized to
the other considered algorithm.
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5.4.1 Unconstrained Recursive Importance Sampling

In this section, we study the classical IS by translation. Since the procedure is very
similar to the one applied in [6], we only give results without any proof.

Applied to the Monte-Carlo computation of E[F(Y)], where Y is an R%-valued
random variable, F' € L*(Py) satisfies P(F(Y) # 0) > 0 and Y has a probability
density function p, it consists in using the invariance of the Lebesgue measure by
translation, for every p € R,

p(Y + u)}
EFY)=E|F(Y 4+pu)————-|, 5.69
P =B [P0+ (5.69)
and among all these random variables with the same expectation in selecting the
one with the lowest variance, i.e. the one with the lowest quadratic norm

. T pQ(Yﬂt)] _ { 2y PY) ]}
;ﬁﬁg{@(“) =" {F ¥+u) P(Y) =P (Y)p(Y—u) '

Applied to our framework, we plan to minimize the asymptotic variance of each
components of the algorithm (in its averaged form, as detailed above) i.e. each
Yii, t =1,---,d+ 2 which appears in the CLT (5.53). However, the two matrix
II-! and TI7'V are intrinsic constant (and comes in fact from the Jacobian matrix
Dh(&:, 0%, C*) of the mean function h of the algorithm and cannot be change by ap-

plying IS unless we deeply modify the nature of the original algorithm (&, 0,,, Cy,)n>1.
The asymptotic variance of the VaR procedure 3 ; in (5.56) presents two terms:

(1+VTT V) a(l—a) = (1+ VIIT'WV)* Var (11, g xse2))
corresponds to the “intrinsic” asymptotic variance of the VaR procedure, and
V7B (XX 6] 1TV

corresponds to the influence of the regression procedure. The asymptotic variance
obtained in the above equation cannot be minimized directly by IS since it is a
quadratic form in the unknown vector II"'VT. In order to devise an IS algorithm,
we write

I'VTE [XXT 1 gx xoey ] TV < ’HflV}QE [|X|2 Lir-oz.x>e2)] »

The asymptotic variances ¥;;, ¢ = 2,--- ,d + 1, appear quite similar so that we can
obtain similar inequalities. Thus, in order to improve the convergence of the VaR,
and the 0 components we aim at minimizing by IS the two quantities

d

Var<1{L79:;.X2£;:}>> and E[| X" Lz gy xoeny] = D B [X7 105 x2e1)]
i=1
provided the non-degeneracy assumption
V(,0) € ArgminV, P (Xil{z_gxse #0) >0, i=1,---,d, (5.70)

holds. From a theoretical point of view, it is not optimal but our numerical exper-
iments indicate that minimizing those terms provides less variance during the first
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iterations than the original procedure without variance reduction. As concerns the
CVaR,,, we can minimize directly the asymptotic variance

Var (L — 0. X —€5).,) -

Now, we assume that U has an absolutely continuous distribution Py (du) =
where A, denotes the Lebesgue measure on (R”, Bor(R")).

p(u)Ar(du)

To minimize the three variances Var(1(r g« x>¢xy ), E [XZ-QI{L,%,XEQ}} and

Var ((L —0:.X — SZ)JF) respectively, we use the invariance of the Lebesgue mea-
sure by translation for y; € R", i =1,--- ,d + 2 as follows,

p(U + 1)
E 1 —fQ* * == E 1 - @
[ L 9a~X2€a}] {L i) —gy X (hr) >ex ) o(0) )
. U+p)|
ElX1rr o Al =F X.(Jr“zl , , p(il —9 .. d+1
[ i+{L Ga'X2£oz}] i 7 {L<+”U—63_X(+M)Z§;} p(U) , b ) ; + )
[ U
E[(L-0:X—¢),]=E (L(+ud+2) — g7 X (Frara) _ §2)+ p( pJ(r;)dH)} ’

where for sake of simplicity L&* = F(U+pu) = F(z,2,U+p), XEW = GU £ pu) =
G(z,z,U £ p) —x and X; &) = @, (U £ p) — ax;, for p; € R™. Let us temporarily
forget that of course we do not know (&, 0%) at this stage. Among all these random
random variables with the same expectation, we want to select the one with the
lowest quadratic norms for = (p1,- - - , ftass) € (R")*2,

1{L(+u1) 0z X(+u1)>§*} P n)
p*(U)
l{L +HZ 6* X(+;¢Z)>£*} (U + /‘LZ)
p*(U)

Q (:ul faa a) =E

<X(+Hz)>

Q (:ul?fom a) = E

|

i * %\ 2 U +
Qd+2(ud+27£a7 a) =K (L(+“d+2) — Qa.X(+“d+2) — £a)+ w} ’
. p*(U)
If the following assumption
p(U)
E 1. — | < +09,
|: {L 9X2€}p(U_,u)_
p(U) ]
E Xi21 —0. — | < 100, 5.71
{ 02280 — )| (5.71)
p(U) ]
E L_G-X_§2 —— | < +00,
‘ " 0= )
holds true, for all 1 € R”, for all (£,0) € R x R, then, fori =1,---,d+ 2, Q; is

everywhere finite and a reverse change of variable shows that for every p € R",

p(U)

Q11 &5, 05) = _1{L—63.X2§3}m] ) (5.72)
_ [ o p(U)

Qi(p, &, 05) = :Xi 1{L—9:;-X2€;:}p7(U — M)] : (5.73)

Quialin.€2,0) = B (L= 0,.X = €2)} %} | (5.74)
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Now if p satisfies

(1) Yu e R", p+— p(u— p) is log-concave,

(17) Yu € R", limjyqoop(u —p) =0 or Vu € R, lim, 4o Pt

(5.75)
one shows that, for i = 1,--- ,d+ 2, Q;(.,&%,0") is (strictly) finite, convex, goes to

infinity at infinity so that arg min Q;(.,&%,0%) = {i € R" | V,,,Qi(1i, &5, 0%) = 0} is
non empty (see [62]). In order to devise a recursive RM procedure to approximate
the optimal parameters p ,, 7 = 1,---,d+2, we are led to differentiate Q;(., &}, 07).
We introduce the following assumption on the probability density p of U

(i) B2l — O(jul7Y) as |u = oo

3b € [1, 2] such that (5.76)
(i) Jp > 0,u > log (p(u)) + plul® is convex,

and introduce the assumption on F'(U) and G(U)
vC >0, E [(1 +FU)?+|GU)°) eC'U‘H] < +o0. (5.77)

One shows that as soon as (5.70), (5.71), (5.75), (5.76), (5.77) are satisfied, @) is
finite and differentiable on R” with a gradient given by

2
=FE |1/, . (- . ) .
VQl(:ua é-om ea) {L( H)_GQ_X( “)Zfa} CD(U)]?(U - 2,“) p(U — 2,“) ) (5 78)
I =W (V)
o (v em)
VQi(p, €4, 02) =B | (X)L 100 gp i mse W (B U)] , (5.79)
VQar2(p, &5, 05) = E [ (LTH —0; XTH —&8)" W, U)} : (5.80)

for all © € R". This expression may look complicated at first glance but in fact the
weight term W (u, U) can be easily controlled by a deterministic function of u since

(W (1, u)| < 2 (Alu)t~" + Alp|t~" + B), (5.81)
for some real constants A and B. In the case of a normal distribution U < N(0;1),
W(p,U) = e (2u—=U).

Now if we have a control on the growth of the function F' and G, typically for some
positive constants C' and ¢

( Vu e R, |F(u)| < F(u) and F(u+v) < C(1+ F(w)e(1 + F(v)),

Yu € R, |G(u)] < G(u) and G(u+v) < C(1+ G(u))(1+ G(v))°,

E [|U|2<b—1> (F(U)4C + é(U)4C) + G(U)4°] < 400,
(5.82)
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then we can define, for p € (]R’")UPr2 andt1=2,---,d+1

* )% — b
Kl(/ila gom eaa U) =ec 20l l{L(*M)f@;.X(*m)Zgz}W(/'Lla U)a (583)
i g e 2pluil® ) 2
(i 5,05, U) = m < i ) 1{L(—MLG;.X(—M)zié}W(Mi’ ),
(5.84)
e~ 2plnat2l’

Ky 2(,Ud 27&27927[]) = L $ )
+2\fd+ Lt F(—para)® + 105G (= pray2)*
_ * — 2 )2
(L( ta+2) _ ga.X( Hd+2) _ ga)Jr Wpase2,U),
(5.85)

so that it satisfies the linear growth assumption (2.8) of the RM Theorem and

{:ul € R" ‘ E [Ki(ﬂi7§27927 U)] = O} = {MZ € R" | VMZQZ(M17§2792) = 0} .

Moreover, since @); is convex V. Q; satisfies (2.7). Now the RM algorithms defined
forn > 1 by
i = Min—1 = Yndi(fin—1, &4 O0ns Un), prip € R,

a.s. converges to an Argmin Q;(.,&},0}) (square integrable) random variable y; ,
(for more details about unconstrained recursive IS, we refer to [62] and [6]). Now,
since we do not know either £ and 67 respectively, we make the whole procedure
adaptive by replacing at step n, these unknown parameters by their running ap-
proximation at step n — 1. This finally justifies to introduce the following global
procedure. One defines the state variable, for n > 0,

gbn - (gna Qna Cna Hin, - 7,U/d+2,n) s (586)

where &,, 0,,, C,, denotes the VaR,,, the regression vector and the CVaR,, estimates
at step m, p; denotes the variance reducer for the VaR,, pu; denotes the variance
reducer for the ith component of 07, i.e. 07, and jiq,2 denotes the variance reducer

for the CVaR,. We update this state variable recursively by
Gn = Pn-1— VnL(Pn-1,Un), n > 1, (5.87)

where (U,),,», is an i.i.d. sequence with distribution U (and probability density p)
and for e =2,--- ,d+ 1,

ol 1 p(u+ py)
Ly (§,0,p1,u)) =e el (1 - ml{uwl)_e.xwul)zg}w , (5.88)
e—plui\b ) p U + i
Li (&0, pi,u)) = - 1/2X(+M1)1{L(+Hi)Q.X(-Hw)zg}%a
(1+ G2(-m)) P
(5.89)
_ Vo Ghaare) (+1a+2) p(u+ pay2)
Lo (579707Md+2,u)—0—5—m([/ —0.X _£)+W7
90)
Ld+2+j (é-aea,ujau) :Kj(uj7€797u>7 j: 17 7d+27 (591)

The following proposition establishes the a.s. convergence of the procedure.
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Proposition 5.4.1. Suppose that the assumptions of Theorem 5.3.3 holds true.
Moreover, assume that (5.70), (5.71), (5.75), (5.76), (5.77) and (5.82) are satisfied.
Now if the step sequence (7,),s, satisfies (5.45), then

bn — ¢Z = ( ;7927 C;’Mia’ T 7:U;kl+2,a) :

The proof can be deduced by a straightforward adaptation of the proof of Propo-
sition 3.1 in [6].

Now, we are interested by the rate of convergence of the procedure. It shows that
the algorithm behaves as expected under quite standard assumptions: it satisfies a
Gaussian CLT with optimal rate and minimal variances.

Theorem 5.4.2. Suppose that the assumptions of Theorem 5.53.6 holds true. More-
over, assume that (5.70), (5.71), (5.75), (5.76), (5.77) and (5.82) are satisfied. Sup-
pose that the step sequence is defined by v, = 1y, with % < pB<1and~ >0. Let
(En,gn,én)nx be the sequence of Cesaro means defined by:

P e 1 G B ke i N S e e 5 Y
n n n
where (&, 0n, Cy) are defined by (5.87).
This sequence satisfies the following CLT:
gn - f; -
vnl| 6,06 =S N(0,X*)  asn — +oo, (5.92)
C,—Cr

where, fori=1,--- d+1

1 2
2* — (1_'_VTH71V) 5
U (fpapxon (@, €+ 0a)da) (
p(U + 1 o) o
Var (1{L(+”i°‘)9;.X(+”T7°¢)253}W) + I VATV
Z:z = 1 (mfx

(Jae pxon (2, & + eg.x)dx)Q

PUF BTN | or s
Var (1{L(+uia)QZ.X(WT’QE%}W +m AN

" 1 i * p * p(U + :“2+2,a)
Zd+2,d+2 = (1 — a) Var ((L(+/Ld+2) _ ea.X(+ud+27°‘) _ é‘a)+ W ’

where A* = (A;j)lgi,jgd and fori,jg=1,---.d,

T (+17 o)
A, =E |:Xi I{L(Jruf,a)793.X(+uf,a)2£;} X

)y p(U + i )p(U + 115 ,)
j {LHM;O‘)—G(’;.XH“;»Q)2&3} pQ(U) .
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Remark 6. e There exists a CLT for the whole sequence (¢n)n>1 and for its em-

pirical mean (¢,)n>1 according to Ruppert and Polyak averaging principle. We only
stated the result for the three components of interest (€,,,0,,C,,) since we only need
rough estimates for the IS parameters.

e The same problem as the one noticed in the averaged global algorithm proposed
in [6] to estimate both VaR and CVaR is raised by the algorithm (5.86). Indeed, we
added IS procedures to (&,,0,, Cy,)n>1 to improve the convergence toward (§5,07%, C*)
but the adjusment of the parameters p;, i = 1,--- ,d + 2 need some samples U,
satisfying F'(Ups1 — i) — 0n-G(Upt1 — pin) > &, which tend to become rare events.
We postponed the problems resulting from rare events on the IS procedures itself
which may freeze. One may introduce a companion VaR procedure (without IS)
that will lead the IS parameters to the critical risk area during a first phase of the
algorithm which will depend on a moving confidence level «,. Numerical results
show that it speeds up the initialzation phase and improve the reduction of variance.
For more details, we refer to [6].

e [n practice we divide our procedure into two phases: Phase I is devoted to the
estimation of the variance reducers yif ,, t = 1,--- ,d+2 using (5.86) and a moving
confidence level (when « is close to 1) with M iterations (M is small compared to
the total number of iterations N ); Phase II produces some estimates for (£%, 0%, C%)
based on the procedure defined by (5.87) and its Cesaro mean with N — M iterations.
During this phase, one can either keep updating the IS parameters adaptively or only
update (&, 0n, Cy) using (5.87) with frozen IS parameters at [i; pr, 1 =1, ,d+ 2.
As concerns practical implementation, our numerical results shows that this last
choice produces better estimates.

5.4.2 Linear Control Variable

LCV, which is among the most widely used variance reduction techniques, takes
advantage of known properties of simulated model to improve the accuracy of the
estimates. It relies on knowing the expectation of simulated random variables which
is compared with the estimated expectation obtained during simulation.

In our framework, a natural LCV is X = G(U) since Assumption 5.1.1 implies
E[X] = 0. However, if there is more information about the model (quantile of X
or L, expectation of L, ...), one can include other LCV to achieve better variance
reduction.

We slightly modify the function H of the original algorithm (5.50) in order to
introduce LCV, namely

f{l((ba U) = Hl((ba U) + B?Xa
f{2:d+1(¢7 U) = H2:d+1(¢7 u) + Xﬁa
Hypo(d,u) = Hypo(o,u) + B1,5X,

where 1, Ba12 € RT and Ag = (B X, - ,BdHX)T, G €eR,i=2,---,d+ 1. Note
that E [ (6,U)] = h(9), with H(9,U) = (H(9,U), Hza1(6,U), Hasz(6, 1)), 50
that the matrix P in Theorem 2.7 is not modified. Actually, only the matrix I is
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modified and is replaced by T, which is given by
~ Q@ 2
'y = 1= a + E [(ﬁlTX) } ,
fl,z’ = fi,l =E [ﬂfXXg} s
= = 1
Bruas = Fans = Puasa + =B [BTX (L - 03X = €),] + B[(61X) 8L.X]
1
(1— a)QE [(Xifll{L*%-Xz&;} —(1- a)ﬁz’Xiﬂ)
X (Xjorli-gpxzeny — (L= a)B X))
= = 1
Piarr =Lavas = Lavns + 3= (B[Xp (L -0 X =€), ] +E [Basa X XLp-p; x261y])
+E [XﬁﬁdTJer] J

SVar (L —0;.X —€5), —(1—a)B1,,X) .

Lij=Tj=

The matrix I depends deeply of the control variates used: the simple form of the
terms fu, 1=2,---,d+ 2, is due to the choice of X as a control variate and to the
fact that E [Xl{LfG;;.nggt}} = 0. Consequently, the matrix may be more complex
if one chooses other control variates. Now, for sake of simplicity and in order to
obtain a matrix I similar to T, i.e. I'';=0,1=2,---,d+1, we set 31 =0, so that
the new asymptotic covariance matrix )

1
(fRd px.o(T, 88+ Qzﬁ)d@
+ (W) E [(XLiogy xoey — (1 — 0)Xp)
X (X1(rgzx>e5y — (1 Q)XB)T} H_IV) ;
(5.93)

Y1 =

; ((L+VTIY) a(i - a)

~ 1
i = (mia(l—a)

(Ja P22, & + 0.2)da)”
ik [(XI{L_HZ"XZQ} — (1= a)Xpg) (XLpp xzezy — (1= &)Xﬁ)T} ﬁ%z> :

id+2,al+2 = m\/ar ((L — 05X &), — (- a)ﬁngQX) : (5.95)

Now, in order to improve the convergence of the original algorithm, we follow the
idea developed in the beginning of the last paragraph, i.e. we plan to minimize for
1=1,---.,d,

E |(Xilixoe — (1 a)Bia Xi)*|, and Var (L= 05X =€), — (1 - a)8f,,X)

The minimum is found by setting each gradient to zero and the optimal least square
variables are given by

E I:XZ]'{L—G* X>§*}:| 1
P02l =1, ,d and B, = —— X3\
(1—OJ)E[XZ2] y 1 ) 9 an BdJrQ 1—a X “XY>

B;Jrl =
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where Yy = E [XXT] and Yxy = E [X (L—6:.X — 5;)+]. This quantities are
estimated adaptively during the RM algorithm using the same innovations. More-
over, it is always possible to combine the IS algorithm with LCV in order to achieve
better variance reduction.

Remark 7. In this paragraph, we proposed a LCV method based on X to accelerate
the convergence of the estimate of (£%,0%,C%). However, due to the particular form
of the matriz M one may use another control variable = with known expectation
(without loss of generality we can suppose E[Z] = 0) only in order to improve the

convergence of the sequence (Cy,)n>1 toward C. The optimal coefficient (3}, , is given
by
. |
Bara =7 2n Zav,

where ¥z := E [EE7] and L=y :=E [2(L — 6;.X — &), ]. Substituing this value in
the asymptotic variance of the sequence (Cy,),>1 we find

Var ((L —0nX - &), —(1-a) (5;+2)Tx) —Var((L—0,.X —&),) (1R,

where
R? L

" Var (L— 05X — &),

IS Jed s

5.5 Numerical Examples

5.5.1 Static setting

First we consider two simple examples in the static framework in order to show
the efficiency of the CVaR hedging algorithm and of the two variance reduction
techniques. For all example, we use RM algorithm with two phases (see Remark
4) combined with the Ruppert & Polyak’s averaging principle. In all examples, we
define the step sequence by v, = n%, with § = %.
Spark Spread

We consider a short position on an exchange option between gas and electricity
(called spark spread). Since Electricity has very limited storage possibilities, the
seller of this option hedges by trading only gas spot contracts. The process Z can
be considered as the electricity spot price since it is observable on the energy market
but cannot be used to set up hedging strategies. We choose to model the price of
the two spot contracts by the Black & Scholes model with a correlation p = 0.8
between the two Brownian motions. The loss L can be written

L= (St —hgrS}—C)_,

where the time horizon 7' = 1 (year), the heat rate hgp = 4BTU/kWh (BTU: British
Thermal Unit), the generation costs C' = 3$/MWHh, the two volatilities o, = 0.4,
0. = 0.8 and the electricity and gas initial spot prices are S§ = 40$/MWh, S§ =
3$/MMBTU. The seller of the option uses a self-financed static strategy based on the
gas spot price in order to reduce its risk at time ¢y, = 0. Thus, its optimal strategy is
given by the solution of (5.3) with ¢ = 0. A crude Monte Carlo gives E[L] = 11.86
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No hedging Static hedging
! VaR | CVaR | VaR | 6, | CVaR
95% | 65.1 | 114.4 | 63.1 | 7.8 | 98.3
99% | 142.2 | 208.3 | 120.2 | 13.6 | 163.2
99.5% | 183.1 | 257.8 | 146.8 | 16.4 | 190.2

Table 5.1: One step Self-financed static CVaR-hedging of Spark Spread option

o VRvar(IS) | VRReg (IS) | VRevar (IS) | VRevar (LCV)
95% 3.0 1.9 16.7 2.0
99% 3.7 2.3 19.0 1.7
99.5% 4.5 3.0 20.2 1.5

Table 5.2: Variance Ratios for the One-step Self-financed static CVaR-hedging of
Spark Spread option

with a variance of 3692 after 3 000 000 trials. The variance ratios correspond to
an estimate of the asymptotic variance obtained without any variance reduction
techniques, i.e. (5.56), (5.57) and (5.58) divided by an estimate of the asymptotic
variance using IS (column (IS)) or LCV (column (LCV)) (see the asymptotic matrix
obtained in Section 5.4).

In this example, the LCV method based on X doesn’t provide any variance
reduction. However, for the CVaR component, we use the control

A= I{S%qu} — (1 — 5),

where ¢§ is the quantile of S at level 6. We choose: § = 0.995 (¢§ ~ 228.04) for
a = 0.95 5 = 0.999 (¢5§ ~ 344.15) for a = 0.99 and § = 0.9995 (¢5 ~ 403.95) for
a = 0.9995. The results obtained for three different values of the confidence level
a = 95%, 99%, 99.5% after 3 000 000 iterations of the Robbins-Monro procedure
are specified in Table 1. We provide the VaR and CVaR of the loss without any
hedging strategy which are computed using the Robbins-Monro procedure developed
in [6].

To complete this numerical example, we provide the histograms of the loss ob-
tained with and without hedging. We clearly see on Figure 5.1 that the asymetry
of the histogram has been changed from right(loss) to left (gain) so that gains are
more likely to occured with the hedged portfolio. In order to change the right tail
distribution of the loss, the mode of the original portfolio has been greatly reduced
and slightly translated to the right. Figure 5.2 confirms this idea: in order to hedge
rare events that happen in the right tail distribution, the strategy consists in en-
larging the left tail distribution. This induces a slight reduction of the mode and its
translation to the right.

Consumption hedging

At time T =1 (year), an energy provider buys on an energy market a quantity
Cr of gas at price S7 and sells it to consumers at a fixed price K = 11€/MWh. The
quantity Cr denotes the consumption at time 7" and is equal to C'r = a — b1, with
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Histogram of Loss with and without CVVaR hedge 95%b
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Figure 5.1: Histogram of loss with (dashed lines) and without (normal lines) one
step CVaR-hedging at level o = 95%. The vertical line is the mean of the portfolio
loss distribution.

Histogram of Loss with CVvaR hedge 95 and 99%%0
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Figure 5.2: Histogram of one step CVaR-hedged loss at level & = 95% (normal
lines) and o = 99% (dashed lines). The vertical line is the mean of the portfolio loss
distribution.

a = 100 Mwh and b = 3 MWh/°C. The temperature is modeled as an Ornstein-
Uhlenbeck process so that the temperature at time 7' is given by

1 — 6_2>‘T

Tr=eMTy+m(l —e ™) +orp )

Gla
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with Ty, = 11°C, A = 0.02, m = 11°C, o7 = 6°C and G; ~ N (0,1). Gas spot
price is modeled as a geometric Brownian motion with Sy = 11 €/MWh and the
Brownian motion of gas spot price is correlated with the one of the temperature,
p = —0.8, namely

5 — SoeféTJrUg\/T(pGﬁJr 17p2G2>’

where 0, = 0.4, G5 ~ N (0,1), and is independent of G;. Consequently, the loss
suffered by the energy provider at time 7" is given by

L= (Sr— K)Cr.

The energy provider uses a self-financed static strategy based on the gas spot price
in order to reduce its risk at time ¢, = 0. A crude Monte Carlo gives E[L] = 62.6
with a variance of 10747.4 after 3 000 000 trials.

In this example, the functions Q;(.,&%,0%), i = 1,---,d + 2 defined by (5.78),
(5.79) and (5.80) reach their minimum for i, ~ 0, so that the IS algorithms doesn’t
achieve any significative variance reduction. Moreover, the LCV method based on
X doesn’t achieve a significative variance reduction. Consequently, for the hedged
portfolio, we don’t provide any variance reduction ratio. However, we notice that
in order to estimate both VaR and CVaR of the loss L without hedging portfolio,
the IS algorithm provides significant variance reduction. Those results are due to
the fact that, in this example, CVaR hedging already appears as a way to reduce
the variance of the loss. Consequently, reducing again the different variances by 1S
doesn’t provide any further variance reduction whereas in the first example, CVaR
hedging did not reduce the variance of the original loss but tries to capture some
gains in order to reduce the global CVaR so that IS and LCV succeeds in reducing
the considered variances. Results are summarized in Table 5.3.

To complete this numerical example, we provide the histograms of the loss ob-
tained with and without CVaR hedging using 3 000 000 samples. We can see on
Figure 5.3. that the right tail distribution (which corresponds to high loss) is greatly
reduced. The deformation provided by a CVaR hedging at level 95% is very impre-
sive. The mode of the hedged loss distribution has been translated to the right
near 0 whereas without hedging it was negative, which means that the loss occur-
ing the most frequently has changed from negative (gain) to positive value (loss).
In order to reduce the right heavy tail which corresponds to high loss, the CVaR
hedging strategy translates the mode near the mean and thus gives more probabil-
ity to small losses. Figure 5.4. illustrates the histrograms obtained with a CVaR
hedging at level 95% and 99%. We remark that the distribution which corresponds
to a CVaR hedging at level 99% has heavier tails than the one corresponding to a
CVaR hedging at level 95%. The more « is close to 1, the heavier CVaR-hedged loss
distribution tails are. Note that the mode of the distribution slightly translated to
the left.

5.5.2 Dynamic setting

We keep on studying the consumption hedging example and now, we experiment our
4 different algorithms to compute the optimal self-financed dynamic strategy: C.H.,
B.H., M.D.H. and C.D.H. (see Section 3 for more details about each strategy and the
RM algorithm associated). The parameters of the last example remain unchanged.
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No hedging Static hedging
! VaR | CVaR | VaR | 6 | CVaR
95% | 784.6 | 1226.3 | 259.6 | 81.6 | 366.5
99% | 1452.4 | 2012.3 | 437.1 | 89.9 | 537.3
99.5% | 1769.9 | 2382.8 | 505.7 | 92.3 | 608.6

Table 5.3: Self-financed static hedging of Consumption

Histogram of Loss with and without CVvaR hedge 95%
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Figure 5.3: Histogram of loss with (dashed lines) and without (normal lines) one
step CVaR-hedging at level o = 95%. The vertical line is the mean of the portfolio
loss distribution.

We consider 3 different values for the number of trading dates: M = 4 (one
trade each trimester), M = 12 (one trade each month), M = 52 (one trade each
week) and the CVaR-hedging level is 95%. All layers in the quantization tree of
the process (Xy, Z;),.,<,; have the same size, i.e. N = N, =10, ¢ =1,--- M.
Note that we do not quantify the process (S, Tt,)1<am—1 but only the two gaussian
random variables (G1, G2) so that our quantization trees are obtained as a transform
of the 2-dimensional normal distribution optimal grid. It is crucial to have a good
approximate of the random variable ALy, ¢ = 1,---, M, for the method M.D.H.
so that we use an optimized quantization grid of size 100 in (5.67). Results are
summarized in Table 3.

We clearly see that the optimal strategy is given by the M.D.H. method when
the number of trading dates becomes large. The C.H. method for M < 12 is
optimal but suffers from convergence when M > 12. When M is large enough, the
dimension of the algorithm in the C.H. method becomes too high and the estimate of
the optimal strategy doesn’t converge anymore. The larger is the number of trading
dates, the greater is the difference between the M.D.H. and C.D.H. methods. Figure
5.5 presents the histograms of the loss without any hedging strategy and with a
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Histogram of CvvaR—hedged Loss at level 95% and 99%
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Figure 5.4: Histogram of one step CVaR-hedged loss at level & = 95% (normal lines)
and o = 99% (dashed lines).

method C.H. B.H. M.D.H. C.D.H.
M VaR | CVaR | VaR | CVaR | VaR | CVaR | VaR | CVaR
4 178.3 | 240.9 | 175.9 | 252.5 | 177.8 | 252.9 | 178.9 | 259.2
12 163.2 | 214.1 | 160.7 | 233.8 | 158.7 | 221.7 | 161.9 | 232.9
52 272.6 | 395.1 158 233.2 | 148.7 | 210.1 | 153.1 | 223.7

Table 5.4: Self-financed dynamic CVaR hedging of Consumption at level 95% with
different strategies.

CVaR-hedging at level 95% using the M.D.H. method with 52 trading dates. The
deformation of the loss distribution is very impresive. Like in the static framework,
the mode of the CVaR hedged loss distribution has been translated near the mean
and in order to reduce the right tail distribution, the CVaR hedging strategy makes
middle loss more likely. Figure 5.6 compares the CVaR hedged loss distribution
at level 95% using the static strategy and the dynamic strategy M.D.H. with 52
dates. The dynamic strategy translates the mode on the mean and removes losses
under the mean to reduce the right tail distribution. Note that the very left tail
of the two distributions (which corresponds to gains) are quite similar: dynamic
strategy reduces greatly high losses and slightly high gains. Figure 5.7 shows the 10
components of the optimal trading strategy using the M.D.H with 52 trading dates.

5.6 Appendix: Proof of Proposition 5.2.5

We propose below the proof of (5.21) and (5.22) which are the key results in order to
derive our R.M. algorithm. The proof of (5.19) and (5.20) will follow using similar
arguments.
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histogram of loss with and without dynamic CVaR hedge at level 95%
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Figure 5.5: Histogram of Consumption’s Loss with (dashed lines) and without (nor-
mal lines) dynamic CVaR-hedging at level o = 95% using the M.D.H. strategy (52
trading dates).

Histogram of CVaR hedged loss at level 95% using static and dynamic strategy
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Figure 5.6: Histogram of CVaR hedged Loss at level @ = 95% with one step
static (normal lines) and dynamic (dashed lines, M.D.H. with 52 trading dates)
self-financed strategies.

Proof. First note that since L € Ly(P), E[L| F] € L} (F) so that
E[F-CVaR, (L — 0.X)] = E[L] + E[F-CVaR,, (L — E[L| F] — 0.X)].

Consequently, we can suppose that E[L|F| = 0 for the rest of the proof. It is
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Optimal trading strategy with the M.D.H. method
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Figure 5.7: Optimal trading strategy using the M.D.H. at level a = 95% with 52
trading dates and 10 quantization nodes per dates.

straightforward that

inf E[F-CVaR, (L —60.X)]>E

0eL 1 (F)

essinf
0EL) 1 (F),EELY(F)

E{fqtﬁ(L—Q.X—f)H}"H.

Let (6,,),>1 be a sequence in LY, (F) such that

: 1 :
ess inf (f)E [{ + T (L—-0.X—-¢), |.7-"] = rlzrzlfl F-CVaR, (L —0,.X),

0eL? ,(F). €Ly

and consider the sequence (=), ., with Z; = 6y := 0, and defined recursively for
n > 1 by -

=, ,if F-CVaR, (L —Z=".X) < F-CVaR, (L — 6,.X),

n+1 =

6, ,if F-CVaR (L — Z".X) > F-CVaRy (L — 6,.X).
Note that =, € LY,(F) for n > 1 and

F-CVaR, (L —Z,41.X) = Or<ni£1 F-CVaR, (L —0,X) a.s.,
<p<n

so that the sequence <.7——CVaRa (L — EnX)) is non increasing and by Jensen’s
n>0
inequality

1 1
F-CVaRa (L~ Z,.X) 2 7= E[L4| F] = 7—E[L| F], =0
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Moreover, by definition for n > 0

1
F-CVaR,, (L — Z,.X) < F-CVaR, (L) < EE [Ly|F] e L%@(P)-

The sequence <.7——CVaRa (L—=,.X) ) converges in L}, (P) ought to Beppo-Levi’s
n>0
Theorem and

inf  E[F-CVaRa (L — 0.X)] > inf E[F-CVaRq (L - Z,.X)]

GeL]%d (F,P)

>E [i%f F-CVaR, (L — En.X)]

=K

essinf F-CVaR, (L — O.X)] .
96L?Rd(f,1p>)

The proof of (5.19) follows using similar arguments.

Let w € Q. The convexity of Vi(w,.,.) is a consequence of the convexity of
(£,0) — vy(&,0,y,x) for all (y,x) € R x R%. Owing to Jensen’s inequality, for all
(£,0) e R x RY,

Vi &) > 4 1 ([t dndy) <)
11—« N
Now, if & < [yIl(w,dz,dy), we have £ + - ([ yIl(w,dz, dy) — )+:——§+
ﬁfyﬂ ,dz,dy) — 400, & — —oo. Moreover forall £ € R, £+ 1%( w,dx, dy) —§)+ >
&, thus it imples that lime_, o § + E (f yll(w, dz, dy) — §) = 400 h1ch finally
yields, for all # € R?,
lim Vi(w,&,0) =

€] =00

Now, in order to establish that the function Vi(w,&,.) goes to infinity as |0| goes
to infinity for all £ € R, we show that infeer Vi(w,§,0) = F-CVaR, (L — 0.X) (w)
satisfies

lim F-CVaR, (L —0.X) (w) = +o0.

|0|—+oc0

First note that the sub-additivity of the function z +— x, implies that
F-CVaR, (—0.X) < F-CVaR,, (L — 0.X) + F-CVaR, (—L),
so that,

7

6] F-CVaR,, <_WX) — F-CVaR, (—L) < F-CVaR, (L — 0.X),

which finally yields,

0] essinf  F-CVaR, (u.X)— F-CVaR, (—L) < F-CVaR,, (L — 0.X),

uELﬂgd(f,P)Ju‘:l

so that owing to Assumption 5.2.5 ii), limg|_ 4o F-CVaR, (L — 0.X) (w) = +o00.
The proof of (5.20) follows using similar arguments.
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Consequently, there exists (3,07 ,) == (§;(w), 0 (w)) and for all £ € R, 05, :=
0% (w, &) which are F-measurable owing to measurable selection theorem (see e.g.
Lemma 3 and Lemma 4 in [29]), such that

inf Vf(fa 9) = min Vf(fa 9) = Vf(fZ, eio) a.s.

(£,0)ERXR? (€,0)ERx R4
and

inf V;(§,0) = grel]gcll Vi(€,0) =Vi(£,05,) as.

PERE
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Chapter 6

Joint Modelling of Gas and
Electricity spot prices

Joint paper with V. Lemaire.

Abstract: The recent liberalization of the electricity and gas markets has resulted
in the growth of energy exchanges and modelling problems. In this paper, we mod-
elize jointly gas and electricity spot prices using a mean-reverting model which fits
the correlations structures for the two commodities. The dynamics are based on
Ornstein processes with parameterized diffusion coefficients. Moreover, using the
empirical distributions of the spot prices, we derive a class of such parameterized
diffusions which captures the most salient statistical properties: stationarity, spikes
and heavy-tailed distributions.

The associated calibration procedure is based on standard and efficient statistical
tools. We calibrate the model on French market for electricity and on UK market
for gas, and then we simulate some trajectories which reproduce well the observed
prices behavior. Finally, we illustrate the importance of the correlation structure
and of the presence of spikes by measuring the risk on a power plant portfolio.

Keywords: Electricity markets; spot price modelling; ergodic diffusion; stochastic
differential equation; saddlepoint.
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6.1 Introduction

The recent deregulation of energy markets has led to the development in several
countries of market places for energy exchanges. Consequently, understanding and
modelling the behavior of energy market is necessary for developing a risk manage-
ment framework as well as pricing of options. Many derivatives on both electricity
and gas spot (and futures) prices are traded. Understanding the correlation struc-
ture between both energies is a significant challenge. For instance, spark spread
options are commonly traded in energy markets as a way to hedge price differences
between electricity and gas prices or are used in order to price projects in energy
(see [36] for an introduction). Thus, modelling jointly the evolution of gas and
electricity prices is a relevant issue.

Numerous diffusion-type and econometric models have been proposed for elec-
tricity and gas spot prices. In energy markets, spot price dynamics are commonly
based on Ornstein processes, which are the classical way to model mean-reversion.
Geometric models represent the logarithmic prices by a sum of Ornstein processes
with different speeds of mean reversion whereas arithmetic models represent the price
itself (see for instance [82] for a geometric model). Also, equilibrium models ( [7]
and [46]) have been investigated in order to reproduce price formation as a balance
between supply and demand. The main drawback of such model is that they do not
reproduce the autocorrelation structure of a commodity and the cross-correlation
structure between commodities. In [37], a markov jump diffusion is investigated for
electricity spot prices. Though, it properly represents the spiky behaviour of spot
electricity prices, the process reverts to a deterministic mean level whereas it usu-
ally reverts to the pre-spike value on data. Moreover applied to electricity and gas
spot prices, it does not capture the autocorrelation and cross-correlation struture
observed on data.

Another class of spot price dynamics is represented by multifactor models. Sev-
eral authors (see [10], [20], [66], [85] among others) have investigated this kind of
diffusion. The logarithmic prices or the price itself is represented by a sum of Orn-
stein processes in order to incorporate a mixture of jump variations and “normal”
variations. For instance, in [66] the deseasonalized spot price or log-spot price X (¥)
is given by:

X(t) = Yi(t) + Ya(t)

where

dY;(t) = —\Yi(O)dt + dLi(t), i=1,2.

The Ornstein Uhlenbeck (OU) component Y] is responsible for the normal vari-
ation and is assumed to be Gaussian, i.e. L(t) is a Brownian motion, whereas Y5
is the Levy driven OU component responsible for spikes, i.e. Lo(t) is a jump Lévy
process. In this kind of framework, the difficulty is to detect and filter the spikes in
order to estimate the jump part. Several methods have been proposed to circumvent
this problem (see e.g. [66] and [10]). In [12], the following spot price dynamics for
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two energies A and B are proposed
SA(E) = M) + Y XA + Y VA,
i=1 j=1
SP(t) = AP(6) + Y XP(W) + Y V),
i=1 j=1

where A4(t) and AB(t) are seasonal floors, X! and X7 are common OU processes,
i.e. they are driven by the same jump process L;. A different approach based on
copula is proposed in [11] where the joint evolution of electricity and gas prices is
modeled by a bivariate non-Gaussian OU pure jump process with a non-symmetric
copula.

In this paper, we propose an alternative class (arithmetic and geometric) of
models to reproduce adequately the statistical features of gas and electricity spot
prices based on parameterized local volatility processes. This approach is motivated
by [14] where diffusion models with linear drift and prespecified marginal distribution
are investigated with an application in a different context. The spiky behaviour of
both spot prices is captured without introducing jump diffusion models. Moreover,
this approach provides a significant advantage over the class of jump diffusion models
since the calibration process involves only classical statistical tools like least squares
method so that it is robust and fast. It allows to reproduce (for the first time to our
knowledge) both the auto-correlation and the cross-correlation strutures between
two energies. The model was successfully tested on several markets and seems to
fit well the statistical features and the marginal distributions of gas and electricity
spot prices.

Our results are presented as follows. Section 2 is devoted to the description of
the stylised features of gas and electricity spot prices. Then, in Section 3, we briefly
recall some important theoretical results on which are based our model. To be more
precise, we recall how to construct a mean reverting diffusion process X solution of a
stochastic differential equation (SDE) with a prespecified continuous invariant den-
sity f. Such diffusions involves parameterized local volatility processes. In Section
4, we present the model of our choice and focus on the calibration procedure. In the
last section, we perform the calibration on the data sets coming from the NBP for
the gas spot price and the Powernext market for the electricity spot price. Then,
we proceed to the simulation and, finally, analyze the impact of the modelization
by measuring the risk of an energy related portfolio using several models. We show
that introducing the cross-commodity correlation structure can greatly modify the
risk of a portfolio.

6.2 Stylised features of gas and electricity spot prices

6.2.1 Seasonality

A first characteristic of gas and electricity (and many commodities) prices is the
presence of annual (and possibly multi-time scales) seasonality and a trend (see e.g.
[37], [66]). For each commodity, we model the seasonality and the trend component
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of the logarithmic spot prices with the mean level functions around which spot prices
fluctuate

- 27t 2mt
log g(t) = a + bt + Zc% cos (i) + df sin (i) ,
Uy

k=1 i

- 2t 2t
loge(t) = a® + bt + Z cj, COs (i) + dj sin (i) ,

pt lk Lk

where I, = |252/k|, k =1, ...,m, |x| denotes the integer part of x. For instance,
if we choose m = 2, we only consider a seasonal function over the year and the
semester. We assume 252 trading days in a year except for electricity spot price on
Powernext which has 365 trading days in a year so that, we have to take into account
this particularity in the seasonality function. The coefficients above are estimated
using ordinary least squares. The log-seasonality functions are represented with the
estimated values for m = 2 using gas spot price at the NBP and electricity spot
price from the Powernext market in Figure 6.1. All parameters are not significant
at the 5% level. We only report and take into account the significant values !. We
checked the seasonality over week, month and quater, but the coefficients were not
significant.

g |
dates
Figure 6.1: The fitted log-seasonality functions log(g(t)) and log(e(t))
Now we focus our attention on the deseasonalized data Y9(t) := logS9(t) —

log g(t) and Y¢(t) := log S¢(t) — loge(t) for the specification of the model. A geo-
metric model consists in modelling the stochastic processes Y9(¢) and Y¢(t) whereas

an arithmetic model consists in modelling the stochastic processes ¥’ and e¥“®.

a9 = 153,09 = 0.000688,c¢] = 0.121,d5 = 0.0287,c¢5 = 0.00533 et a® = 3.02,0° =
0.000405, c{ = 0.138, d5 = 0.0368.
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6.2.2 Spikes and heavy tails

Electricity has very limited storage possibilities. It induces the possibility of spikes
in spot prices. Natural gas can be stored but it is often costly, so that it shares
the spiky behaviour of spot electricity prices. Gas and electricity markets share
this similarity as it can be seen in Figure 6.2 presenting the electricity spot prices
coming from the Powernext market on the left and gas spot prices at the National
Balancing Point (NBP) on the right. From a stochastic modelling point of view,
spikes are commonly represented by jump diffusions with mean reversion. However
(to the best of our knowledge) there is no evidence that it is rather jumps than
spikes caused by clusters of volatility for instance.

250 300
| |
80
|

200
|
60
|

150
|

electricity spot price
gas spot price

2

100

20
|

50

T T T T T T T T T T T T
Jan 03 Jan 04 Jan 05 Jan 06 Jan 07 Jan 08 Jan 03 Jan 04 Jan 05 Jan 06 Jan 07 Jan 08

Figure 6.2: Electricity spot prices on the Powernext market (on the left) and gas
spot prices at the NBP (on the right) for the period 14 January 2003 till 20 August
2008.

The histograms of Y9 and Y¢ with the fitted normal density curve is presented
in Figure 6.3. We observe that the two residuals time series Y9 and Y are far from
being normally distributed. The excess of kurtosis of Y9 and Y*¢ are respectively
equal to 4.5 and 2.3 meaning that the two distributions are peaked and have heavy
tails. The skewness of Y9 and Y are respectively equal to 0.77 and 0.57 meaning
that the two distributions are not symmetric.

6.2.3 Mean reversion and long term dependency

Gas and Electricity spot prices are known to be stationary. This can be tested using
an augmented Dickey-Fuller test (ADF) or the Phillips-Perron test. For the UKPX,
Powernext electricity spot prices and gas spot prices at the NBP the unit root
hypothesis was rejected using both tests. Figure 6.4 shows that gas and electricity
deseasonalized prices are strongly linked by a long term dependency, i.e. it seems
that there is a stochastic equilibrium between Y9(¢) and Y*¢(t) from which they
cannot deviate for a long time. This long term dependency can be observed on the
cross-correlation function.
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Figure 6.3: Histograms of Y9 and Y* with normal density curves.
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Figure 6.4: The log-deseasonalized gas (normal line) and electricity spot (dashed
line) prices

6.2.4 Auto-correlation and cross-correlation

In energy spot price modelling, the auto-correlation functions (ACFs) are often
analyzed. The ACFs of both Y9(t) (respectively ¢¥*®), p9, on one hand Y*(t)
(respectively e¥“®), p¢ on the other hand present both a two-scale (or three-scale
at most) decreasing behaviour with one quickly decreasing component and one or

two slow decreasing components. The same behaviour is observed on the cross-
correlation function (CCF) p?¢. This kind of decreasing ACFs and CCF are well
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explained by sum of decreasing exponentials components, namely for 7 > 0:

p%(7) = Corr (Y9(t + 1), Y9(t)) = ¢le M7 4 (1 — ¢)e 7,
p°(1) = Corr (Ye(t+7),Y*(t)) = ¢fe “MT (1= 6)e AST
p?e(1) = Corr (YI(t +7),Y(t)) = PIee AT,

For the sake of simplicity in our stochastic modelization, we focused on one type
of cross-correlation Corr (Y9(t 4+ 7),Y¢(t)) and we assumed that the cross-correlation
is symetric that is Corr (Y9(t + 7),Y(t)) = Corr (Y(t + 7),Y9(t)) which is a rather
natural approximation. We observed that the slower rates of mean reversion for
each commodities are quite similar A\ = \§ and that a rather good approximation
is obtained by setting A\9¢ = A\ = X5. Using a least squares approach, we fitted

corr
corr

(a) ACF of Y¢ (b) ACF of Y

(c) CCF of (Y9,Y°)

Figure 6.5: Empirical ACF and CCF of deseasonalized gas spot price and electricity
spot price

simulteanously p?(7), p°(7), p2¢(7) (7 = 1, ...,150) to the empirical ACFs and CCF.
We assumed that the observed spot prices have reached the stationarity. Both
empirical and fitted ACFs? and CCF? are plotted in Figure 6.5.

269 = 0.43, A = 7.2, and ¢¢ = 0.49, \S = 69.4
39 = 0.53, A = \S = A9¢ = 2.6
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We can see the separation into a fast speed of mean reversion for gas and electric-
ity spot prices A and \{ which corresponds to a correlation dependence of approx-
imately 2 and 30 days probably due to the spikes components whereas the slower
speed of mean reversion corresponds to a correlation dependence of 64 days and cor-
responds to the stochastic equilibrium or the normal variation of gas and electricity
spot prices.

6.3 Theoretical background

In order to modelize heavy tails (and spikes) of stationary spot prices distribution,
a natural idea is to consider an ergodic diffusion process like representation of de-
seasonalized spot prices.

In this section, we briefly recall how to construct a one dimensional process X
solution of a stochastic differential equation with a prespecified continuous invariant
density f. Throughout the sequel we assume that f is a strictly positive bounded
continuous probability density on (,r) (and zero outside (I,7)).

6.3.1 The general case

Let (Xt)
(SDE)

+~o the diffusion solution of the following stochastic differential equation

dX, = b(X,)dt + o(X,)dB,, Xo € (I,7), (Eyo)

where b : (I,7) — R and o : (I,7) — R are locally Lipschitz functions and that o
is not degenerate on (I,r) i.e. Vo € (I,7),0%(z) > 0. We introduce for the diffusion
(Xt)t>0’ the scale function p : (I,r) — R defined for any ¢ € (I,r) by

Vo e (I,r), pla)= / exp (— /Cy :f;gdz) dy,

and the speed measure density m : (I,7) — R* defined by

22 e
e, m) = s = e ([ ) 6

We recall (see e.g. [48], [49]) that the process <p(Xf)> with{ =inf{t > 0,X; =1l or X; =1}
>0

is a local martingale if and only if p is the scale function (unique up to an affine trans-
formation). Moreover, if the diffusion (Xt) i>0 18 positive recurrent, the stationary
probability distribution v defined on (I, r) satisfies

v(dz) = Om(z)dz with C = ( /l Tm(:zc)dx) o

This classical result is the key to construct a one-dimensional ergodic process that fits
prescribed stationary probability distribution. For a more general result to construct
an inhomogeneous Markov martingale process that has prespecified marginal density
we refer to [63].
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Proposition 6.3.1. Let b: (I,7) — R be a continuous drift function. Suppose that
b and f satisfy the following conditions

voe ). [ Wiy >0 ad [ H)fdi=0. ()
Then there exists a unique continuous diffusion function defined by

Ve e (I,r), o(z)= \/QM,

/()

such that (Ey,) has a unique solution (Xt)t>0’ which is an ergodic diffusion process

with stationary distribution v satisfying v(dz) = f(z)dx.
Further details of the proof outlined below can be found in [15].

Proof. Let B be the function defined by B(z) = [

; 0(y)f(y)dy. One checks easily
that the scale function of (Xt)t>o satisfies

vz e (Lr), px)=B() / %dy.

One then obtains that lim, ,; p(z) = —oo and lim,_,, p(x) = +o0.

On the other hand, the speed measure of (Xt)t>o has density m that satisfies

Ve e (I,r), m(z)=

The normalized speed measure density is then equal to the probability density f.
To prove existence and uniqueness of the solution (Xt) 4>0» One proves existence

and uniqueness of the process (p(X;)),s, satisfying a SDE without drift (see [48]).
- U

Corollary 6.3.2. Letb: x € (I,r) — —A(z —p) and assume that probability density
f has expectation i and finite variance. Then there exists a unique continuous
diffusion function defined by

Ve e (I,r), o(zx) = \/fl QA(Mf_(xy))f(y)dy’

such that (Ey») has a unique solution (Xt)

i>o» Which is an ergodic diffusion process

with stationary distribution v satisfying v(dx) = f(z)dz, and ACF given by
Vt,T Z 0, COI'(Xt+T,Xt) = 67/\7-.

The squared diffusion coefficients are explicitly known for a large number of com-
monly used probability diffusions. However, for some specific distributions, it is not
possible to obtain a closed form of the diffusion coefficient. An approximation based
on saddlepoint technique and the moment generating function (which is generaly
known explicitly) is developed in [14].
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6.3.2 Quasi-Saddlepoint approximation

We first recall that saddlepoint approximations are constructed by performing var-
ious operations on the moment generating function (MGF) of a random variable
(see e.g. [18]). Let X be an absolutely continuous random variable with density f
(with respect to the Lebesgue measure on (I, 7)), moment generating function M (t)
and cumulant-generating function x(t) = log M(t). Then the first-order saddlepoint
density approximation to f is given by

\V’ZL‘ € (l,?“), f(l') — (271’/{”(596))_1/2 ef(fzx*“(fz))’

where t = {, is the (unique) solution to the saddlepoint equation «/(f) = z, and
primes denote derivatives. We assume that the probability density f has expectation
, i.e. p=k'(0).

Considering the continuous differentiable function ¢ : x — t,, an integration by
parts gives

since y = #/(£(y)). The saddlepoint density f writes then

Vo e (1), flo)= (2" (i(z)) " exp (— /O ’ f(y)dy) . (6.2)

To construct an ergodic process (Xt) solution of (E},) with prespicified station-

>0
ary density f, the exponential terms that appear in (6.2) and (6.1) suggest the
relation =32 = ¢. This construction is not exact but in [15] is proved that the speed

density m of X is approximately propotional to the saddlepoint density f . To be pre-
cise both \/ k" ((z)) and o?(z) are approximately proportional to £”(0)+2£®) (0)i(z)
near the mean of the distribution. From now this normalized speed density m will
be called the quasi-saddlepoint density approximation to f.

To summarize, if the saddlepoint function ¢ is explicity known and efficiently

computed, then we consider the diffusion with drift b, such that b6 > 0 on (I, ) and
b < 0on (i), and with diffusion coefficient

Ve e (I,r), o(x)= ~

which is ergodic with stationary distribution f(z) = J%(x)e_(xi(x)_“(i(m))) (where ¢
is a normalizing factor), the quasi-saddlepoint density approximation to f (see [15]
Theorem 3.1 for more details).

The following example will become useful later when we are going to modelize

deseasonalized gas and electricity spot prices.
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Example 5. The NIG-distribution The normal-inverse Gaussian (NIG) distribu-
tion is a member of the class of generalized hyperbolic distributions (see e.g. [8]).
The NIG density is given by

3 2
a0 K <Oz 0%+ (z —1) ) y e&/ﬁJrﬁ(x*l)

/6% + (v — )2

r € R,

fx) =

where § € R, a > |f|, § > 0, Il € R and K, is the the modified Bessel function of
third order and index 1. Note that if X ~ NIG («, 8, 6,1) then its two first moments
are

2
o and Var(X) = ba

o? — 32 N (oﬂ—ﬁQ)%'
The two parameters § and | determine respectivelly the scale and the location of the
law, and the two parameters o and [ determine the shape: « being responsible for
the tail heavyness and 8 for the skewness (asymmetry).
The cumulant-generating function k of the NIG distribution is defined for all t
such that |3+t < a by

/f(t):lt—l—é(\/oﬂ —Var—(B+1) )

and the saddlepoint function is defined by

E[X]=1+

a(x—1)
02 + (z —1)?

VreR, tx)= —p.

In order to have an Ornstein process solution of (Eb») with stationary density the
quasi-saddlepoint density approximation f to f, we consider the following drift and
diffusion functions

Vr €R, b(z)=-A(x—p) and o’(z) = 2):; '_6; ;\;{;Mﬁ (6.3)

with p =1+

\/2—52
6.4 Cross-commodity multi-factor model

In this section, we present two class of cross-commodity multi factor models: the
geometric and the arithmetic class. Those two class are commonly used in stochastic
modelling of commodity prices. The first one ensures the positivity of simulated spot
prices. However, when dealing with forward contracts which have a delivery period
or options pricing, the second one is analytically more tractable. Both class of
models are based on stationary diffusion-type models analyzed in [15].

6.4.1 Proposed modelization

In order to represent the ACFs and CCF of gas and electricity deseasonalized spot
prices, we are led to introduce stochastic processes that are sums of diffusions defined
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by (Eb). To be more precise, we focus on the following two factor modelization for
the deseasonalized log spot prices Y9 and Y*°

Y/ =XI+ 7, and Y¢ =X+ 7, (6.4)

where (Zt) and (Xf)

following:

X/ ) are mutually independant processes defined as

>0 ( >0 >0

e the process (Zt) accounts for the stochastic equilibrium between both com-

>0
modities with a slow rate of mean reversion A\, = AJ = \5. Thus, it represents
the normal variation and will be defined by an Ornstein-Uhlenbeck process

dZt = _)\Ztht + O'ZthZ, (65)

with A\, > 0 and o, € R. Note that Z is ergodic with the Gaussian invariant
probability N (0,02/2),).

z

e the processes (th)t>0 and (Xte)t>0 represent the spikes component for each
commodity. We modelize them by general Ornstein processes with high rate
of mean reversion A, = A\{ > 0 and A\, = A\§ > 0, namely

AX] = =X, (X7 — ) dt + 05(X7:0,)dW7, j = g,e, (6.6)

where o0; is a parametric diffusion function such that (th) is an ergodic

>0
diffusion with invariant probability f7(.,6;).

Remark 8. The following contruction can be extended to a more general multi-factor
model. We can consider m general Ornstein processes and p Ornstein-Uhlenbeck
processes so that

YU =3 X0+ Y20,

YVE(R) = D XE0) + D Z(0),

where all processes are assumed to be mutually independent, i.e. driven by indepen-
dent Wiener processes. We already observed that a two-factor model (m = 1 and
p =1) fits the ACFs and CCF well.

Proposition 6.4.1 (The correlation structures). Let Y9, Y* be the processes defined
in (6.4). Then, the ACFs of Y9 and Y with lag 7 > 0 are given by

pg(T) = Cor (Y;Z_T’ Y;g) — gbge—)\g’r + (1 _ ¢g)€_>\z7—,

pe(T) = Cor (Y;fiw Yf) = ¢e€*)\57 + (1 _ (be)eﬂ\zrj

where

b, = Var (X9(t))
9 Var (Y9(t))’

The CCF with lag T > 0 s given by

p*e(7) 1= Cor (Y, Yf) = ¢ge e,

_ Var(X“(1)

and ¢, = W.

) B Var(Z(t))
wlth, ng,e - \/Var(yg(t))Var(Ye(t)) .
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From the definition of ¢, ., we find that o2 = 2X\,¢,.+/Var (Y9(t)) Var (Y<(t)),
where the last term is the product of the two stationary variance of the two processes.
Consequently, one can easily derive o, from the ACFs and CCF calibration.

6.4.2 Calibration

We propose a three-step calibration procedure for the model described above.

Step 1: Deseasonalizing spot prices

We fit the seasonality functions g(t) and e(t) defined in section 2.1 to the logarithmic
spot prices. The parameters of the functions are estimated using the least squares
approach. Now, we focus on the deseasonalized spot prices Y¢ and Y defined by

Y9(t) = log (57(t)) —log (9(t)) and Y*(t) = log (5°(t)) — log (e())

One can consider the deseasonalized spot prices ¥’ and e¥“® instead of this
geometric approach.

Step 2: ACFs and CCF

The least squares method consists in fitting the empirical ACFs p?(7), p°(7) and
CCF p?¢(7) defined in section 2.4 to the empirical ones (p9(7))._; ., (0°(7)),—y s
(p7°(7)) =1, in order to derive the three speeds of mean reversion A{, Af, A, with
the diffusion coefficient o, of the stochastic equilibrium process Z. This can be done
by minimizing the sum of squared differences, namely

1
argmin 3 ((p7(r) — P°(1))° + (p°(7) = 5°(7)) + (2 (7) — #(7))?) .

A97A€7A2702 =1

Stability tests showed that the estimates are robust with respect to small changes
in the initial values of the parameters.

Step 3: Estimating the parameters of the spikes component

The final step consists in statiscally estimating the parameters ¢, of the invariant
density f9(.,0,) of the process X9 and the parameters 6. of the invariant density
fe(.,0.) of the process X €. For instance, if one decide to choose the quasi-saddlepoint
approximation to the NIG density for f¢ and f€, there will be four parameters to fit
for each density. The model proposed is a sum of diffusion processes and hence is not
Markovian. Thus, the likelihood cannot be written down explicitly. To overcome this
problem, we use the maximum likelihood estimation of order m (m =0 or m =1 in
our case) method for stationary processes introduced in [5]. Strong consistency and
a Central Limit Theorem are proved for such estimates. It consists in approximating
the log-likelihood of the serie (y])1<x<n (j = g, €), where n is the number of sample
points, by a sum whose generic term is the density function of Y}/ conditional on the
m most recent observations, for some m > 0, namely,

G,0) = "log (W (yl | yi™: ;). (6.7)
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where y/™ = (yl_,_,---,yl_,) and h7(. | y/™;6;) is the conditional probability den-
sity function of Y} given Y™ = /™ for the parameters 6;. Note that if m = 0, there
is no conditioning and A’ is simply the marginal density of ij, k=1,---,n, which
is the convolution of Z, and X,z. We suppose that (X}Z;)lgkgn (resp. (Zi)i<k<n) is
ergodic with stationary distribution f7(.;6;) (resp. with Gaussian invariant proba-
bility A (0,0%” := 02/2).)) so that the conditional probability density function is
given by

) ) +oo ) o equ .
B (yi;0;) = / 17 (yé — \/f_zu;ej) NG du, j=g,e. (6.8)

Note that it corresponds to the case of (ij)lgkgn is independent and identically
distributed random variables having the distribution of the stationary distribution
of Y7.

Numerically, the above integral can be approximated using a Gauss-Hermite
quadrature method, namely

0z

o 1 o .
h](yisej) ~ ﬁ ;f] (90 - \/—)\—Zuk;ej) W, J=49,¢6,

where (uy),<;, are the roots of the Hermite polynomial P, and (wy),.,.,, are the
associated weights given by

2nInl/m
n? (P (ur))?

If m = 1, we need to compute the transition probability density p,.; |Yj_yk(.; 6;)
k4+11"k —

of (Ytj)t>0 for j = g,e. The two series (X7)1<x<, and (Zg)1<x<n are discrete observa-
tions of (6.6) and (6.5). Let g be a Borel bounded test function and k € 1,--- ,n — 1,
by conditioning we have

Wy, = kzl,...,n.

E[g(Y{) | Y =wu] = /RE gV ) | Y =y, Zi=2]P(Zh =2 | Y] =y)dz.
:/E[g(XIZH—i—ZkH) | ij:yk, Zk:z]IP’(Zk:z | ij:y)dz.
R

Note that the two processes X7 and Z are independent so that if we denote by
pxlz(xi,.) = px(te, e, 2, .) and pz, (2k,.) = pz(te, tks1, 2k, .), the conditional
probability density functions of X}, and Z41 given Z = 2, X = 27, the expec-
tation E [g(X,zJrl + Zv) | Ye=yl, Z = z] is given by

/g(U)/pr(yi — 2,0)pz, (2, u — v)dvdu.
R R F
Moreover, we have

_ J o .J _ Jo_ .3
IP’(Zk:z|Y,g:yi):P(Zk_z,’ Y ‘_yk) :P(Zk—Z)PI(kayk Z)’
P (Y] =) P(Y{ =)
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where,
J_ T L ez
P(Y/ = = J —w;0;) ——e ¥z du,
( k yk) /_OO f (yk ]) NS
. . o 12
and P(X{ =yl —z2) = fI (vl — z6;), P(Zr=2) = \/%626 2z . Finally, one

easily identifies the transition probability density Pyj, 1vi=yl (y;6;) which is given by

122

, 1 f7 (yi -z 0]-) e 2%
iyl —z,v z,u—v)dv : : du.
[ ([ gt = == vyaw) LT T

_ 12 —
Note that we have pz, (2x,2) = \/%626 23" , with g, = 021/% using an
exact scheme of the Ornstein-Uhlenbeck process (Zy)i<g<n of step A > 0, namely

1 _ 672/\2A

ZkJrl = e_)\zAZk + 0z TGZ—FU (69)

where (G7),-, is a sequence of i.i.d. standard normal random variables. However,

in most cases, there is no closed expression for Pxi (x7,.). To overcome this problem

one solution is to consider the transition probability density function p; (a:i;, .) of
k

the Euler scheme (Xl{;)k>0

1 _ e*Q/\jA
2);

J

L= e MAXT 4y, (1—e M%) +0; (X,z;(‘)j) Giﬂ, k>0 (6.10)

where (Gi;) 4> 18 a sequence of i.i.d. standard normal random variables independent
- 1 2
j B 52 zj; : v : - j
of (GZ)kzl Consequently, pXi(xi’) = me 205 (w3,30;) , with O'j(ZL‘?C;Qj) =
_j 1_e 2%A
of (xk, 0, %, S0 that we have
. 1 *%(”*mi)Q
(2] — 252 (y],,2;09)
Pwily, — 2,0)pz. (2, u —v)dv = — —e k
R ,
where for k € {1,---,n}, mi = e A% 4 e Nyl — 2) + (1 — e N2) and

G2yl z:07) = &2 (y, — 2,0;) + &%

Remark 9. In [28], a transition probability density function based on Milstein
scheme is used. In [52], a gaussian transition probability density function with Tay-
lor expansions is used to propose an efficient estimator for 0;.

The method of maximum likelihood of order m estimates éj,m by finding the
value of #; that maximizes (6.7) using standard numerical optimization procedure.
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6.5 Simulation and application

6.5.1 Empirical results on Powernext and NBP spot prices

In this section, we perform the calibration procedure on electricity spot prices coming
from the Powernext market and on gas spot prices at the NBP. Then, we perform
a simulation with estimated parameters over the same period. To avoid negative
prices, we choose to represent spot prices by an arithmetic model, namely

S9I(t) = g(t) x X' OFZO, (6.11)
Se(t) = e(t) x X OFZO), (6.12)

where ¢(t), e(t) are the trend and seasonality functions defined in Section 6.2.1,
X9, X¢ are solutions of (E,,) with b and o defined in (6.3) and Z is a Gaussian
Ornstein-Uhlenbeck process solution of (6.5).

We choose the NIG distribution for those two processes in order to capture the
heavy tails behavior observed on data, i.e. large values with low probability that
cannot be obtained by a Gaussian process. We observed that the quasi-saddlepoint
approximation of the NIG-distribution is well suited to represent the two spike
components. One can choose another distribution and devise the same calibration
process as in the previous section. The results of steps 1 and 2 of the calibration
procedure are reported in Figure 6.1 and the quality of the ACFs and CCF fits is
represented in Figure 6.5. Now, we proceed to the estimation of the four parameters
0, = (0, By, 04, 1,) of the process X9 and the four parameters 0. = (o, fe, d., l.) of
the process X¢ using the maximum likelihood estimation method described in the
previous section on the deseasonalized spot prices. We observed that the maximum
likelihood estimation method of order 0 is more robust and gives better results than
the one of order 1*. The initial parameters are set to (1,0, 1, 0) for both components.

The algorithms converged quickly. The diffusion coefficient functions ;(.,6;),
J = g,e, with the fitted parameters, are documented in Figure 6.6. We see that the
shape of the diffuion coefficients are quite similar for the gas and electricity spot
deseasonalized spot prices. Spikes are obtained when the processes Y9 and Y€ are
far from their mean by clusters of volatility, i.e. periods of high volatility. As we see,
large values are more likely and the asymmetry is more pronounced for electricity
spot prices than for gas spot prices. We clearly see spikes as cluster of volatility are
more probable and more intense for electricity deseasonalized spot prices than for
gas deseasonalized spot prices.

In order to simulate price trajectories, we consider the Euler-Maruyama schemes
defined by (6.10) and (6.9). If one is concerned by estimating some quantities (for
instance quantiles) on only one trajectory then one should replace the above Euler
schemes of X9 and X¢ with their respective Milstein schemes X and X¢ in order
to achieve a smaller strong error rate. It consists in devising the following schemes

*Fitted parameters of order 1 are: ay = 0.76, 3, = 7.8¢ — 2, 6, = 7.8¢ — 4, I, = —0.11 and
ae = 1.56, . = 0.34, 6, = 1.1e — 2, I, = 0.16
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Diffusion coefficient for gas Diffusion coefficient for electricity

coeff diffus
3
|
coeff diffus

Figure 6.6: Squared diffusion coefficients using fitted parameters with maximum
likelihood estimation of order 0 (normal lines) and of order 1 (dashed lines). Fitted
parameters of order 0 are: ay, = 1.93, 8, = 0.90, 6, = 2.25¢ — 3, [, = —8.8¢ — 3 and
o = 3.49, B, = 1.24, 6, = 0.08, [, = 0.11.

for j=g.e,

1
ngH — oAtk —tr) (XJ (Nj/\] O']O'] (the )> A)

+ U] tk§ G?ngl + U]U] (Xt]kJQ ) (Giﬂ) , X§ = xp,

where aj' is the first derivative of o;.

In the following simulations, we consider Milstein schemes of step ¢, = kA, with
A= % Next, we add to the simulated processes the two seasonality functions.
In Figure 6.7, the simulated deseasonalized spot prices are represented. We see
that both commodities are strongly linked and that the model mimics the statistical
behaviour of the deseasonalized spot prices. In Figure 6.8, the simulated spot prices
are represented. In Figure 6.9, both simulated and historical ACFs and CCF are

plotted. We clearly see that the model reproduces the correlation structures.

6.5.2 Application: measuring risk of a cross-commodity port-
folio

In this section, we aim at measuring the risk of a portfolio composed of a short
position in a power plant that produces electricity from gas day by day t; < ... < ty
for several maturities 7' =ty = 6 months, 1 year and 3 years. The loss at time 0
of the portfolio with a time horizon T can be written

N
Ly =) e (Sf — hpS§, — C), - Pf,

k=1

where r = 5% is the annual interest rate, hg = 3 denotes the Heat Rate, C' = 5
€/MWh denotes the generation costs and where P% is an estimation of the price of
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A simlation of deseasonazed st pies

T T T T T T
Jan o3 Jan oa Jan Os Jan O6 Jan o7 Jan os

Figure 6.7: A simulation of gas (normal line) and electricity (dotted line) deseason-
alized spot prices.
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Figure 6.8: Simulated Electricity spot prices on the Powernext market on the left
and Gas spot prices at the NBP on the right for the period 14 January 2003 till 20
August 2008.

the option on the power plant obtained by a crude Monte Carlo simulation, namely

N
i~y e THE((S;, — hrsi, - C), .
ke

1

Since gas and electricity markets are incomplete, we price and estimate risk
measures under the historical probability. In order to measure the risk, we consider
the Value-at-Risk (VaR), which is certainly the most commonly used risk measures in
the context of risk management. By definition, the Value-at-Risk at level a € (0, 1)
(VaR,) of a given portfolio is the lowest amount not exceeded by its loss with
probability a. In this example, we set a = 95%. Actually, for the considered
portfolio, the VaR,, is the unique solution ¢ of the equation

P(Ly < &) = a.
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corr
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(a) ACF of one simulation of Y9 (b) ACF of one simulation of Y°
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(c) CCF of the simulations

Figure 6.9: ACFs and CCF of simulated gas and electricity spot prices (normal
lines) with the historical ACFs and CCF (dotted lines).

The portfolio’s VaR,, is just a quantile of its loss and is interpreted as a reasonable
worst case level.

Now, we are interested in measuring the impact of the proposed model for gas
and electricity spot prices on the portfolio’s VaR. In order to do that, we consider
three different models:

e Case 1: the mean-reverting cross-commodity model (in its geometric form)
proposed in this paper and defined by (6.11) and (6.12). It modelizes typi-
cal features of gas and electricity spot prices likes spikes and the long term
dependency.

e Case 2: a slight modification of the previous model in which we do not take
into account the dependence of the two energy spot prices. To be more precise,
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we consider the following model specification
Sg(t) — g(t) X exg(t)JFZg(t)’
Se(t) _ e(t) > eXe(t)qLZe(t)’

where X9 and X¢ are solutions of (Ep,) with b and o defined in (6.3), and
where Z9, Z¢ are two independant Gaussian OU processes solution of (6.5).
By this model, we want to measure the impact on the VaR,, of the long term
dependency modeling. The calibration process is slightly modified since S9 and
S¢ are now independent. The step 2 is replaced by two different minimizations
corresponding to each ACF. Steps 1 and 3 remain unchanged.

e Case 3: a slight modification of the case 1 in which we do not modelize the
spikes feature. To be more precise, we replace the NIG-distributed processes
by Gaussian Ornstein-Uhlenbeck processes, namely

Sg(t) — g(t) X eZg(t)JFZ(t)’
Se(t) _ e(t) « eZe(t)JrZ(t)’

where Z9, Z¢, Z are three different Gaussian OU processes solution of (6.5).
By this model, we want to quantify the impact on the VaR,, of the spike feature
of gas and electricity spot prices.

In each case, we estimate Py and the VaR,, using 10 000 Monte Carlo simulations.
We devise Euler schemes of step ¢, = kA with A = 25% In order to estimate the
VaR,, we use the inversion of the simulated empirical distribution function.

Remark 10. Since gas and electricity spot prices are sums of diffusion processes so-
lution of (Ey), one can easily use the method investigated in Chapter 3 to estimate
the VaR, and other risk measures. It is based on stochastic approzimation algo-
rithms with an adaptive variance reduction tool (unconstrained importance sampling
algorithm). The method is known to achieve good variance reduction when o ~ 1
as it is often the case. For the sake of simplicity, we only considered the classical
method based on the inversion of the empirical distribution function.

The results are summarized in Tables 6.1. Note that for each case, the esti-
mations are computed using the same pseudo-random number generator initialized
with the same seed. The number in parentheses refers to the 95% confidence level.

We observe that there are slight differences in terms of the price Py between the
case 1 and 2 but huge differences in terms of risk. Taking into account the long
term correlation between gas and electricity spot prices can reduce substantially
the risk of this portfolio. Modeling independently each energy spot prices leads
to an overestimation of the VaR, of the portfolio’s loss. The results obtained by
using the model investigated in case 3 shows that introducing the spikes behavior
into the model can increase greatly both Pjf and the risk of the portfolio. We
also estimated the same quantities using the arithmetic version of the three models
presented above. We obviously obtained different values from the ones presented but
the same conclusions hold: modeling adequatly the cross correlation between gas
and electricity spot prices reduces the risk of portfolio whereas modeling adequatly
the spiky behavior of both commodities increases greatly the price of the option and
the risk associated to the portfolio.
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Maturity P§. (£Error) | VaR,
Cose 1 6 months | 83.3  (£3.3) | 262.4
(Proposed model) | 1 Y641 220.1  (4£5.5) | 495.4

3 years 745.0  (£11.2) | 1081.0
Case 2 6 months 51.2 (£2.9) | 250.1
(No 1 year 222.6  (£8.4) | 880.2
cross-correlation) 3 years 850.6  (£21.3) | 2213.1
e 3 6 months | 329  (£L.1)| 107.7
(Gomssian model) | L Y6 129.8  (£2.7) | 275.9

3 years 4371 (£5.8) | 565.5

Table 6.1: Estimation of the price of the Power plant and the VaR,, of the portfolio.
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RESUME

Cette theése est consacrée & des problématiques numériques probabilistes liées & la
modélisation, au controle et & la gestion du risque et motivées par des applications dans les
marchés de I'énergie. Le principal outil utilisé est la théorie des algorithmes stochastiques
et des méthodes de simulation. Cette thése se compose de trois parties. La premiére est
dévouée a l'estimation de deux mesures de risque de la distribution L des pertes d'un porte-
feuille: la Value-at-Risk (VaR) et la Conditional Value-at-Risk (CVaR). Cette estimation
est effectuée a I’aide d’un algorithme stochastique combiné avec une méthode de réduction
de variance adaptative. La premiére partie de ce chapitre traite du cas de la dimension
finie, la deuxiéme étend la premiére au cas d’une fonction de la trajectoire d’un processus
et la derniére traite du cas des suites & discrépance faible. Le deuxiéme chapitre est dédié a
des méthodes de couverture du risque en CVaR dans un marché incomplet opérant a temps
discret a 'aide d’algorithmes stochastiques et de quantification vectorielle optimale. Des
résultats théoriques sur la couverture en CVaR sont présentés puis les aspects numériques
sont abordés dans un cadre markovien. La derniére partie est consacrée a la modélisation
conjointe des prix des contrats spot Gaz et 'Electricité. Le modeéle multi-facteur présenté
repose sur des processus d’Ornstein stationnaires & coefficient de diffusion paramétrique.

MOT-CLEFS

Approximation stochastique, Marchés de ’énergie, Echantillonnage préférentiel, Value-
at-Risk, Conditional Value-at-Risk, Couverture du risque, Modéle multi-facteur, Processus
stationnaire

TITLE
Contribution to modeling and dynamic risk hedging of energy markets

ABSTRACT

This thesis is concerned with probabilistic numerical problems about modeling, risk
control and risk hedging motivated by applications to energy markets. The main tool is
based on stochastic approximation and simulation methods. This thesis consists of three
parts. The first one is devoted to the computation of two risk measures of the portfolio
loss distribution L: the Value-at-Risk (VaR) and the Conditional Value-at-Risk (CVaR).
This computation uses a stochastic algorithm combined with an adaptive variance reduc-
tion technique. The first part of this chapter deals with the finite dimensional case, the
second part extends the results of the first part to the case of a path-dependency process
and the last one deals low discrepancy sequences. The second chapter is devoted with risk
minimizing hedging strategies in an incomplete market operating in discrete time using
quantization based stochastic approximation. Theoretical results on CVaR hedging are
presented then numerical aspects are adressed in a Markovian framework. The last part
deals with joint modeling of Gas and Electricity spot prices. The multi-factor model pre-
sented is based on stationnary Ornstein process with parameterized diffusion coefficient.
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Stochastic approximation, Energy markets, Importance Sampling, Value-at-Risk, Con-
ditional Value-at-Risk, Risk hedging, Multi-factor model, stationnary process.
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