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ao laboratório MAPMO pela excelente hospitalidade. Agradeço aos colegas

franceses por criarem um ambiente de trabalho agradável. Agradeço ao gato

Lilo pelos arranhões de brincadeira e o pêlo na roupa depois de sair do colo.
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Resumo

Primeiramente, estudamos três formas de associar uma C*-álgebra a uma

transformação cont́ınua. Em seguida, damos uma nova definição de entropia.

Relacionamos, então, os estados KMS das álgebras anterioremente definidas

com os estados de eqúılibro, vindos de um prinćıpio variacional. Na segunda

parte, estudamos as álgebras de Kajiwara-Watatani associadas a um sistema

de funções iteradas. Comparamos tais álgebras com a álgebra de Cuntz

e a álgebra do produto cruzado. Finalmente, estudamos os estados KMS

das álgebras de Kajiwara-Watatani para ações vindas de um potencial e

relacionamos tais estados KMS com medidas encontradas numa versão do

teorema de Ruelle-Perron-Frobenius para sistemas de funções iteradas.

Palavras-Chave: C*-álgebras, sistemas dinâmicos, entropia, estados KMS,

sistemas de funções iteradas.
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Abstract

First, we study three ways of associating a C*-algebra to a continuous map.

Then, we give a new definition of entropy. We relate the KMS states of the

previously defined algebras with the equilibrium states, given by a variational

principle. In the second part, we study the Kajiwara-Watatani algebras

associated to iterated function system. We compare these algebras with the

Cuntz algebra and the crossed product. Finally, we study the KMS states

of the Kajiwara-Watatani algebras for actions coming from a potential and

we relate such states with measures found in a version of the Ruelle-Perron-

Frobenius theorem for iterated function systems.

Keywords: C*-algebras, dynamical systems, entropy, KMS states, iterated

function systems.
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Résumé

D’abord, on étudie trois façons d’associer une C*-algèbre à une transforma-

tion continue. Ensuite, nous donnons une nouvelle définition de l’entropie.

Nous trouvons des relations entre les états KMS des algèbres préalablement

définies et les états d’équilibre, donné par un principe variationnel. Dans la

seconde partie, nous étudions les algèbres de Kajiwara-Watatani associées à

un système des fonctions itérées. Nous comparons ces algèbres avec l’algèbre

de Cuntz et le produit croisé. Enfin, nous étudions les états KMS des algèbres

de Kajiwara-Watatani pour les actions provenant d’un potentiel et nous trou-

vouns des relations entre ces états et les mesures trouvée dans une version

de le théorème de Ruelle-Perron-Frobenius pour les systèmes de fonctions

itérées.

Mots-clés: C*-algèbres, systèmes dynamiques, entropie, étas KMS, systèmes

de fonctions itérées.
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Introdução

A interação entre álgebra de operadores e sistemas dinâmicos existe desde a

década de 1930, quando Murray e von Neumann constrúıram uma álgebra,

o produto cruzado, a partir de um automorfismo de um espaço de medidas

[32]. Esperava-se que a estrutura algébrica desse informações a respeito da

dinâmica em questão. Tal teoria foi amplamente estudada e generalizada de

diversas formas.

O tipo de álgebra contrúıda por Murray e von Neumann é do tipo que

hoje é conhecida como álgebra de von Neumann. São álgebras de operadores

limitados num espaço de Hilbert 𝐻 que são fechadas em 𝐵(𝐻) na topologia

fraca de operadores. Quando ela é fechada na topologia uniforme, temos

uma C*-álgebra, que foi descrita de forma abstrata na década de 1940 por

Gelfand e Naimark [19].

O produto cruzado foi generalizado para o caso de um homeomorfismo

resultando numa C*-álgebra. Também para os casos de um automorfismo de

uma álgebra ao invés de uma transformação, e finalmente para o caso de uma

ação de um grupo na álgebra. Ver por exemplo [34] para diversos resultados

na área.

Quando a transformação não é bijetora, as técnicas utilizadas não funcio-

nam diretamente. Existem várias tentativas de generalizar tanto a construção

da álgebra a partir de uma transformação quanto a construção de produto

cruzado para o caso de endomorfismos. Ver [15] para uma descrição mais

detalhada do histórico da teoria assim como algumas referências.

Neste trabalho, vamos nos focar em três das abordagens. O produto

cruzado por endomorfismo de Exel [11], a C*-álgebra de uma relação de

equivalência aproximadamente própria [14] e a C*-álgebra de um grupoide
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[37], [9]. Nas três técnicas, para lidar com a falta de reversibilidade do

sistema, utilizamos uma medida (de probabilidade) para a imagem inversa

de cada ponto. Isso pode ser interpretado como termos uma probabilidade

de estarmos em cada um dos posśıveis passos anteriores.

Tal abordagem está intimamente relacionada com o operador de Ruelle,

também conhecido como operador de transferência, vindo do formalismo ter-

modinâmico. O estudo desse operador permitiu generalizar o teorema de

Perron-Frobenius, além de auxiliar no problema de encontrar medidas inva-

riantes para algumas transformações e de medidas de equiĺıbrio para deter-

minados sistemas.

Um problema de grande interesse em álgebra de operadores é o estudos

dos estados KMS, que estão intimamente ligados aos estados de equiĺıbrio

em mecânica quântica estat́ıstica [3]. Os estados KMS das álgebras vindas

de uma transformação estão ligadas com as medidas vindas do formalismo

termodinâmico [13], [14], [26].

Em [31], Lopes mostrou que, em certos casos, podemos calcular a entro-

pia de uma medida através de um operador de transferência. O prinćıpio

variacional fica reescrito como um prinćıpio min-max.

O primeiro objetivo da tese é dar uma nova definição de entropia baseado

em operadores de transferência e relacionar os estados KMS com o prinćıpio

variacional.

Numa outra direção, estudamos as álgebras de Kajiwara-Watatani vindas

de um sistema de funções iteradas (IFS) [23]. Tais sistemas nasceram da

teoria de fractais e vários exemplos conhecidos caem nesse contexto.

Jorgensen e colaboradores juntaram as teorias de sistema de funções ite-

radas, álgebra de operadores e ondeletas [2], [28]. Entre outros resultados,

eles definiram certas represenções da álgebra de Cuntz a partir de um IFS

e partir dáı constrúıram uma base de ondeletas através do formalismo de

multi-resoluções.

A álgebra de Cuntz é um exemplo de uma C*-álgebra de grupoide, cuja

teoria de representações está bem estabelecida [37]. Ionescu e Muhly utliza-

ram a teoria de grupoides para tentar generalizar os resultados de Jorgensen
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et al. [21]. Para o caso de um IFS, eles sugerirarm levantar o sistema para

um que satisfaz a condição de separação forte. Neste caso o sistema são os

ramos inversos de um homeomorfismo local e podemos considerar a álgebra

de grupoide. Acontece que tal álgebra nada mais é que a álgebra de Cuntz.

O segundo objetivo da tese é relacionar as álgebras de Kajiwara-Watatani

com as álgebras de Cuntz via o levantamento de um IFS.

Para ligar com as álgebras acima, podemos pensar que o sistema de

funções iteradas funciona como a dinâmica quando revertemos a flecha do

tempo. Isso não é sempre verdade, mas, em alguns casos, os ramos inversos

de uma transformação formam um IFS.

O terceiro objetivo da tese é mostrar que, nesse caso, as álgebras de

Kajiwara-Watatani e o produto cruzado de Exel são isomorfas.

Izumi, Kajiwara e Watatani estudaram os estados KMS das álgebras pro-

venientes de sistemas de funções iteradas para o caso da ação de gauge [24],

[20]. Eles mostraram que certas obstruções na dinâmica estão refeletidas na

estrutura do espaço dos estados KMS.

O quarto objetivo da tese é generalizar os resultados de estados KMS das

álgebras de Kajiwara-Watatani para ações provenientes de um potencial e

relacionar com as medidas vindas de teorema análogo ao de Ruelle-Perron-

Frobenius para o caso de IFS.

A tese segue a seguinte estrutura. O primeiro caṕıtulo contém alguns

pré-requisitos tanto da teoria de sistemas de funções iteradas como da teoria

de C*-álgebras. No segundo caṕıtulo, revemos três das formas de associar

uma C*-álgebra a uma transformação cont́ınua. Na última seção estudamos

os estados KMS e como relacioná-los com o prinćıpio variacional. No ter-

ceiro caṕıtulo estudamos as álgebras de Kajiwara-Watatani e mostramos os

resultados mencionados acima. O quarto caṕıtulo é um resumo substancial

em francês de acordo com a convenção de co-tutela para obtenção de dupla

diplomação.
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Caṕıtulo 1

Pré-requisitos

Neste caṕıtulo, revisaremos as definições e resultados que serão utilizados

ao longo da tese. Começamos com a teoria de sistemas de funções iteradas.

Na segunda seção revemos algumas partes da teoria de C*-álgebras e seus

estados KMS. Na última seção, estudamos as álgebras de Cuntz-Pimsner, que

apresenta uma técnica bastante utilizada para a construção de C*-álgebras.

1.1 Sistemas de funções iteradas

Nesta seção, revemos uma parte da teoria básica de sistemas de funções

iteradas e conjuntos auto-similares (veja por exemplo [1], [10] e [16]). Fixe

(𝑋, 𝜌) um espaço métrico compacto.

Definição 1.1.1 Dizemos que uma função 𝛾 : 𝑋 → 𝑋 é

∙ uma contração se ∃𝑐 ∈ (0, 1) tal que 𝜌(𝛾(𝑥), 𝛾(𝑦)) ≤ 𝑐𝜌(𝑥, 𝑦);

∙ uma contração própria se ∃𝑐1, 𝑐2 ∈ (0, 1) tal que 𝑐1𝜌(𝑥, 𝑦) ≤ 𝜌(𝛾(𝑥), 𝛾(𝑦)) ≤
𝑐2𝜌(𝑥, 𝑦);

∙ uma similaridade se ∃𝑐 > 0 tal que 𝜌(𝛾(𝑥), 𝛾(𝑦)) = 𝑐𝜌(𝑥, 𝑦).

Definição 1.1.2 Um sistema de funções iteradas (IFS - do inglês: Itera-

ted Function System) sobre 𝑋 é um conjunto finito de funções cont́ınuas

{𝛾𝑖 : 𝑋 → 𝑋}𝑑𝑖=1. Dizemos que o sistema é hiperbólico se todas as funções

do IFS são contrações.
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CAPÍTULO 1. PRÉ-REQUISITOS 5

Neste trabalho, vamos sempre assumir que o IFS é hiperbólico a menos

que dito o contrário.

Proposição 1.1.3 Dado um IFS {𝛾𝑖}𝑑𝑖=1, existe um único subespaço com-

pacto não vazio 𝐾 of 𝑋 tal que

𝐾 = ∪𝑑𝑖=1𝛾𝑖(𝐾). (1.1)

Chamaremos tal conjunto de atrator do IFS e diremos que 𝐾 é um conjunto

auto-similar.

Exemplo 1.1.4 1. Sejam 𝑋 = [0, 1], 𝛾1(𝑥) = 𝑥/3 e 𝛾2(𝑥) = (𝑥 + 2)/3,

então o conjunto atrator 𝐾 é o conjunto de Cantor.

2. Seja 𝑋 o triângulo cheio no plano complexo cujos vértices são 1, 𝑒2𝜋𝑖/3

e 𝑒4𝜋𝑖/3. Defina as funções 𝛾1(𝑧) = (𝑧 + 1)/2, 𝛾2(𝑧) = (𝑧 + 𝑒2𝜋𝑖/3)/2 e

𝛾3(𝑧) = (𝑧 + 𝑒4𝜋𝑖/3)/2. O atrator 𝐾 é o triângulo de Sierpinski.

Note que por causa de (1.1) o atrator é invariante por todos 𝛾𝑖 e podemos

restringir o IFS para seu atrator. De agora em diante, assumiremos que

𝑋 = 𝐾.

Definição 1.1.5 Dizemos que um IFS {𝛾𝑖}𝑑𝑖=1 satisfaz:

∙ a condição de separação forte se a união em (1.1) é uma união disjunta;

∙ a condição do conjunto aberto se ∃𝑈 ⊆ 𝐾 aberto e denso tal que

𝑈 ⊆ ∪̇𝑑𝑖=1𝛾𝑖(𝑈)

onde a união acima é disjunta.

Denotemos Ω = {1, . . . , 𝑑}ℕ com a topologia produto, 𝜎 : Ω → Ω a

translação à esquerda e 𝜎𝑖 : Ω→ Ω a função dada por

𝜎𝑖(𝑖0, 𝑖1, . . .) = (𝑖, 𝑖0, 𝑖1, . . .)

onde 𝑖 ∈ {1, . . . , 𝑑}.
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Proposição 1.1.6 Seja {𝛾𝑖}𝑑𝑖=1 um IFS e 𝐾 seu atrator, então existe uma

sobrejeção cont́ınua 𝐹 : Ω → 𝐾 tal que 𝐹 ∘ 𝜎𝑖 = 𝛾𝑖 ∘ 𝐹 . Esta aplicação é

dada pela fórumla

𝐹 (𝑖0, 𝑖1, . . .) = lim
𝑛→∞

𝛾𝑖0 ∘ ⋅ ⋅ ⋅ ∘ 𝛾𝑖𝑛(𝑥)

para 𝑥 ∈ 𝐾 arbitrário. Se o IFS satisfaz a condição de separação forte

então 𝐹 é um homeomorfismo. A aplicação 𝐹 é chamada de aplicação de

codificação.

Observação 1.1.7 Note que sob a condição de separação forte, podemos

definir a função 𝛾 = 𝐹 ∘𝜎∘𝐹−1 e neste caso as funções 𝛾𝑖 são exatamente os

ramos inversos de 𝛾. Além disso 𝐹 nos dá uma conjugação topológica entre

𝛾 e o shift 𝜎.

Para um IFS arbitrário {𝛾𝑖}𝑑𝑖=1, podemos sempre construir um novo IFS

satisfazendo a condição de separação forte e que compartilha algumas pro-

priedades com o original [1]. Definimos 𝑋̃ = 𝐾 ×Ω e as funções 𝛾𝑖 : 𝑋̃ → 𝑋̃

por 𝛾𝑖(𝑥, 𝜔) = (𝛾𝑖(𝑥), 𝜎𝑖(𝜔)). Seja 𝐾̃ = {(𝑥, 𝜔) ∈ 𝑋 × Ω∣𝐹 (𝜔) = 𝑥} então

𝐾̃ = ∪𝑑𝑖=1𝛾𝑖(𝐾̃).

É fácil checar que {𝛾𝑖 : 𝐾̃ → 𝐾̃}𝑑𝑖=1 satisfaz a condição de separação forte.

Definição 1.1.8 O IFS {𝛾𝑖}𝑑𝑖=1 como acima é chamado de sistema levantado

de {𝛾𝑖}𝑑𝑖=1.

1.2 C*-álgebras e estados KMS

Definição 1.2.1 Uma C*-álgebra 𝐴 é uma álgebra de Banach complexa mu-

nida de uma involução ∗ : 𝐴→ 𝐴 satisfazendo:

∙ (𝑎+ 𝜆𝑏)∗ = 𝑎∗ + 𝜆𝑏∗;

∙ (𝑎𝑏)∗ = 𝑏∗𝑎∗;

∙ ∥𝑎𝑎∗∥ = ∥𝑎∥2,
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para 𝑎, 𝑏 ∈ 𝐴 e 𝜆 ∈ ℂ.

Uma C*-álgebra que estaremos interessados em particular é a álgebra de

Cuntz [8].

Definição 1.2.2 Tome 𝑑 ∈ ℕ∖0. A álgebra de Cuntz 𝒪𝑑 é a C*-álgebra

gerada por 𝑑 isometrias 𝑆𝑖 sujeitas a relação
∑𝑑

𝑖=1 𝑆𝑖𝑆
∗
𝑖 = 1.

Definição 1.2.3 Um estado numa C*-álgebra 𝐴 é um funcional linear po-

sitivo 𝜙 : 𝐴→ ℂ de norma 1. Se 𝐴 tem unidade então 𝜙(1) = 1.

Definição 1.2.4 Um grupo a um parâmetro de automorfismos em uma C*-

álgebra 𝐴 é uma famı́lia de automorfismos {𝜎𝑡}𝑡∈ℝ tal que 𝜎 : ℝ → Aut(𝐴)

é um homomorfismo de grupos fortemente cont́ınuo. Dizemos que elemento

𝑎 ∈ 𝐴 é anaĺıtico se a função 𝑡 �→ 𝜎𝑡(𝑎) pode ser estendida para uma função

anaĺıtica em ℂ

Pode-se provar que o conjunto dos elementos anaĺıticos para 𝜎 é denso

em 𝐴 [34].

Definição 1.2.5 Dado um grupo a um parâmetro de automorfismos 𝜎 de

𝐴 e um número 𝛽 ∈ ℝ, dizemos que um estado 𝜙 : 𝐴 → ℂ é um estado

(𝜎, 𝛽)-KMS se

𝜙(𝑎𝑏) = 𝜙(𝑏𝜎𝑖𝛽(𝑎))

para todo 𝑏 ∈ 𝐵 e 𝑎 elemento anaĺıtico.

Para mais detalhes a respeito dos estados KMS e suas relações com a

mecânica quântica estat́ıstica ver [3].

Definição 1.2.6 Sejam 𝐴 uma C*-álgebra com unidade e 𝐵 uma sub-C*-

álgebra também com unidade. Uma esperança condicional 𝐸 : 𝐴→ 𝐵 é uma

aplicação linear positiva sobrejetora que satisfaz:

(i) 𝐸(𝑎𝑏) = 𝐸(𝑎)𝑏;

(ii) 𝐸(𝑏𝑎) = 𝑏𝐸(𝑎);
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(iii) 𝐸(𝑏) = 𝑏;

(iv) 𝐸(𝑎)∗ = 𝐸(𝑎∗),

para 𝑎 ∈ 𝐴 e 𝑏 ∈ 𝐵. Dizemos que 𝐸 é fiel se 𝐸(𝑎∗𝑎) = 0 implica que 𝑎 = 0.

Definição 1.2.7 Uma esperança condicional é de ı́ndice finito se existe um

conjunto finito {𝑢𝑖}𝑖=1,...,𝑛 de elementos de A tal que para todo 𝑎 ∈ 𝐴 vale

𝑎 =
𝑛∑
𝑖=1

𝐸(𝑎𝑢𝑖)𝑢
∗
𝑖 .

O ı́ndice de 𝐸 é dado por Ind(𝐸) =
∑

𝑖 𝑢𝑖𝑢
∗
𝑖 .

Pode-se mostrar que o ı́ndice pertence ao centro de 𝐴 e não depende da

escolha dos 𝑢𝑖.

1.3 Álgebras de Cuntz-Pimsner

Fixe 𝐴 uma C*-álgebra.

Definição 1.3.1 Um C*-módulo de Hilbert (à direita) sobre 𝐴 é um 𝐴-

módulo (à direita) 𝑀 com uma aplicação sesquilinear ⟨ , ⟩ : 𝑀 ×𝑀 → 𝐴

tal que:

(i) ⟨𝜉, 𝜂𝑎⟩ = ⟨𝜉, 𝜂⟩ 𝑎;

(ii) (⟨𝜉, 𝜂⟩)∗ = ⟨𝜂, 𝜉⟩;

(iii) ⟨𝜉, 𝜉⟩ ≥ 0;

(iv) 𝑀 é completo com respeito à norma ∣∣𝜉∣∣2 = ∣∣ ⟨𝜉, 𝜉⟩ ∣∣1/2

para 𝑎 ∈ 𝐴 e 𝜉, 𝜂 ∈𝑀 . Dizemos que 𝑀 é cheio se ⟨𝑀,𝑀⟩ é denso em 𝐴.

Seja𝑀 um C*-módulo de Hilbert e denote por ℒ(𝑀) o espaço dos opera-

dores em 𝑀 que possuem adjunto. Temos que ℒ(𝑀) é uma C*-álgebra [30].

Para 𝜉, 𝜂 ∈𝑀 definimos o operador 𝜃𝜉,𝜂 : 𝑀 →𝑀 por 𝜃𝜉,𝜂(𝜁) = 𝜉 ⟨𝜂, 𝜁⟩. Es-
tes operadores possuem adjunto e denotamos por 𝒦(𝑀) o subespaço fechado

de ℒ(𝑀) gerado por todos 𝜃𝜉,𝜂.
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Definição 1.3.2 Uma C*-correspondência sobre 𝐴 é um C*-módulo de Hil-

bert 𝑀 junto com um C*-homomorfismo 𝜙 : 𝐴→ ℒ(𝑀).

Seja (𝑀 ,𝜙) uma C*-correspondência sobre 𝐴 e por simplicidade suponha

que 𝜙 é fiel. Denote por 𝐽𝑀 o ideal 𝜙−1(𝒦(𝑀)).

Definição 1.3.3 Um par (𝜄, 𝜓) de aplicações 𝜄 : 𝐴→ 𝐵, 𝜓 : 𝑀 → 𝐵, onde

𝐵 é uma C*-álgebra e 𝜄 um C*-homomorfismo, é dito ser uma representação

covariante de 𝑀 se:

(i) 𝜓(𝜙(𝑎)𝜉𝑏) = 𝜄(𝑎)𝜓(𝜉)𝜄(𝑏);

(ii) 𝜓(𝜉)∗𝜓(𝜂) = 𝜄(⟨𝜉, 𝜂⟩);

(iii) (𝜓, 𝜄)(1)(𝜙(𝑐)) = 𝜄(𝑐) onde a aplicação (𝜓, 𝜄)(1) : 𝒦(𝑀)→ 𝐵 é dada por

(𝜓, 𝜄)(1)(𝜃𝜉,𝜂) = 𝜓(𝜉)𝜓(𝜂)∗,

para 𝑎, 𝑏 ∈ 𝐴, 𝜉, 𝜂 ∈𝑀 e 𝑐 ∈ 𝐽𝑀 .

Para uma C*-correspondência (𝑀 ,𝜙), existe uma álgebra 𝒪(𝑀) e uma

representação covariante (𝑘𝐴, 𝑘𝑀) que é universal, no sentido que se (𝜄, 𝜓)

é uma representação covariante de 𝑀 numa C*-álgebra 𝐵, exite um único

C*-homomorfismo 𝜄×𝜓 : 𝒪(𝑀)→ 𝐵 tal que 𝜄 = (𝜄×𝜓)∘𝑘𝐴 e 𝜓 = (𝜄×𝜓)∘𝑘𝑀 .

Definição 1.3.4 ([35], [22]) A álgebra 𝒪(𝑀) é chamada de álgebra de Cuntz-

Pimsner de 𝑀 .

Para o estudo de estados KMS nas álgebras de Cuntz-Pimsner, vamos

rever alguns dos resultados de [29] para o caso de ações de gauge genereliza-

das, as quais logo definiremos. Seguiremos tanto [29] quanto as simplificações

feitas em [20]. Seja (𝑀,𝜙) uma C*-correspondência fiel e cheia sobre 𝐴. Pre-

cisamos de um grupo a um parâmetro de automorfismos 𝛿𝑡 de 𝐴 e de um

grupo a um parâmetro de isometrias 𝜐𝑡 of 𝑀 tal que 𝜐𝑡(𝑎𝜉) = 𝛿𝑡(𝑎)𝜐𝑡(𝜉) e

⟨𝜐𝑡(𝜉), 𝜐𝑡(𝜂)⟩ = 𝛿𝑡(⟨𝜉, 𝜂⟩).
Em nosso caso, iremos supor que 𝛿𝑡(𝑎) = 𝑎 e 𝜐𝑡(𝜉) = ℎ𝑖𝑡𝜉 onde ℎ é um

elemento positivo e inverśıvel do centro de 𝐴. Esses igredientes nos dão um

grupo a um parâmetro de automorfismos 𝜎𝑡 de 𝒪(𝑀). Vamos denotar por

𝐾𝛽(𝜎) para 𝛽 ≥ 0 o conjunto dos estados (𝜎, 𝛽)-KMS.
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Definição 1.3.5 Defina a aplicação ℱ : 𝐴∗ → 𝐴∗ por

ℱ(𝜔)(𝑎) = lim
𝑘→∞

∑
𝜉∈𝐼𝑘

𝜔(⟨𝜉, 𝑎𝜉⟩)

onde {𝑒𝑘 =
∑

𝜉∈𝐼𝑘 𝜃𝜉,𝜉} é uma unidade aproximada de 𝒦(𝑀). Para ℎ ele-

mento positivo e inverśıvel no centro de 𝐴 e 𝛽 ∈ ℝ∗
+, definimos ℱℎ,𝛽 : 𝐴∗ →

𝐴∗ por

ℱℎ,𝛽(𝜔)(𝑎) = ℱ(𝜔)(ℎ−𝛽𝑎).

Segue de [29] que as aplicações acima estão bem definidas e não dependem

da escolhar da unidade aproximada.

Teorema 1.3.6 Nas condições acima, existe um isomorfismo entre 𝐾𝛽(𝜎)

e o conjunto 𝒯ℎ,𝛽(𝐴) dos estados traciais 𝜏 de 𝐴 satisfazendo as seguintes

condições:

(K1) ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(𝑎) para 𝑎 ∈ 𝐽𝑀 ;

(K2) ℱℎ,𝛽(𝜏)(𝑎) ≤ 𝜏(𝑎) para 𝑎 ∈ 𝐴+.

A correspondência de 𝐾𝛽(𝜎) para 𝒯ℎ,𝛽(𝐴) é dada pela restrição.

Definição 1.3.7 Dizemos que um traço finito positivo 𝜏 é do tipo finito (com

respeito a (ℎ, 𝛽)) se existe um traço finito 𝜏0 tal que 𝜏 =
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0) na

topogia fraca*. Dizemos que 𝜏 é do tipo infinito (com respeito a (ℎ, 𝛽)) se

ℱℎ,𝛽(𝜏) = 𝜏 .

Definição 1.3.8 Dizemos que 𝜙 ∈ 𝐾𝛽(𝜎) é do tipo finito (resp. infinito) se

𝜙∣𝐴 é do tipo finito (resp. infinito). Denotamos por 𝐾𝛽(𝜎)𝑓 (resp. 𝐾𝛽(𝜎)𝑖)

o conjunto dos estados (𝜎, 𝛽)-KMS do tipo finito (resp. infinito).

Proposição 1.3.9 Todo elemento de 𝜏 ∈ 𝒯ℎ,𝛽(𝐴) pode ser decomposto de

forma única como 𝜏 = 𝜏1 + 𝜏2 onde 𝜏1 é do tipo finito e 𝜏2 é do tipo in-

finito. Temos que 𝜏1 é dado por
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0) onde 𝜏0 = 𝜏 − ℱℎ,𝛽(𝜏) e

𝜏2 = limℱ𝑛
ℎ,𝛽(𝜏) na topologia fraca*.

Corolário 1.3.10 Se 𝜙 ∈ 𝐾𝛽(𝜎) então existe uma única combinação con-

vexa 𝜙 = 𝜆𝜙1 + (1− 𝜆)𝜙2 onde 𝜙1 ∈ 𝐾𝛽(𝜎)𝑖 e 𝜙2 ∈ 𝐾𝛽(𝜎)𝑓 .

Segue do corolário que para estudar o conjunto dos estados (𝜎, 𝛽)-KMS,

é suficiente estudar os conjuntos 𝐾𝛽(𝜎)𝑖 e 𝐾𝛽(𝜎)𝑓 .



Caṕıtulo 2

C*-álgebras associadas a uma

transformação cont́ınua

Neste caṕıtulo começamos com três das formas para constrúırmos uma C*-

álgebra a partir de um transformação cont́ınua. A primeira seção lida com o

produto cruzado, a segunda com relações de equivalência aproximadamente

próprias e o terceiro com grupoides. Na terceira seção, também estudamos

como a álgebra de Cuntz pode ser vista como uma álgebra de grupoide, o

que nos facilitará em algumas provas do caṕıtulo seguinte.

Na útlima seção apresentamos uma nova definição de entropia e vemos

como relacionar os estados KMS com o prinćıpio variacional. Os resultados

dessa seção foram publicados em [6].

2.1 Produto cruzado

Seja 𝐴 uma C*-álgebra com unidade e suponha que sejam dados:

∙ Um endomorfismo unital injetor 𝛼 : 𝐴→ 𝐴.

∙ Um operador de transferência 𝐿 : 𝐴→ 𝐴 para 𝛼, isto é, um aplicação

linear positiva cont́ınua tal que 𝐿(𝛼(𝑎)𝑏) = 𝑎𝐿(𝑏) para 𝑎, 𝑏 ∈ 𝐴. Supo-

mos que 𝐿(1) = 1.

Seja 𝒯 (𝐴,𝛼, 𝐿) a C*-álgebra universal gerada por uma cópia de 𝐴 e um

elemento 𝑆 com as relações:

11
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(i) 𝑆𝑎 = 𝛼(𝑎)𝑆,

(ii) 𝑆∗𝑎𝑆 = 𝐿(𝑎),

para 𝑎 ∈ 𝐴. Note que a aplicação canônica de 𝐴 em 𝒯 (𝐴,𝛼, 𝐿) é injetiva.

Definição 2.1.1 Uma redundância é um par (𝑎, 𝑘) ∈ 𝐴 × 𝐴𝑆𝑆∗𝐴 tal que

𝑎𝑏𝑆 = 𝑘𝑏𝑆 para todo 𝑏 ∈ 𝐴.

Definição 2.1.2 O produto cruzado de Exel 𝐴 ⋊𝛼,𝐿 ℕ é o quociente de

𝒯 (𝐴,𝛼, 𝐿) pelo ideal bi-lateral fechado gerado pelo conjunto de todas as dife-

renças 𝑎− 𝑘 onde (𝑎, 𝑘) é uma redundância.

Uma outra maneira de constuir o produto cruzado é através das álgebras

de Cuntz-Pimsner. Seja 𝐴𝐿 a álgebra 𝐴 vista como um pré módulo de Hilbert

à direita cujos elementos serão denotatos por 𝑎. A multiplicação por escalar

à direita é dada por 𝑎 ⋅ 𝑏 = 𝑎𝛼(𝑏), e defina o produto interno 𝐴-valuado

⟨, ⟩𝐿 : 𝐴𝐿 × 𝐴𝐿 → 𝐴 por
〈
𝑎, 𝑏

〉
𝐿
= 𝐿(𝑎∗𝑏).

Seja𝑁 = {𝑎 ∈ 𝐴𝐿∣ ⟨𝑎, 𝑎⟩𝐿 = 0} e defina o módulo de Hilbert𝑀𝐿 = 𝐴𝐿/𝑁 .

Considerando o homorfismo 𝜙 : 𝐴→ ℒ(𝑀𝐿) dado por 𝜙(𝑎)(𝑏+𝑁) = 𝑎𝑏+𝑁 ,

temos uma C*-correspondência (𝑀𝐿, 𝜙).

Teorema 2.1.3 ([4]) As álgebras 𝐴⋊𝛼,𝐿 ℕ e 𝒪(𝑀𝐿) são isomorfas.

Uma das álgebras que podemos associar a uma transformação cont́ınua é

o produto cruzado.

Sejam 𝑋 um espaço compacto Hausdorff e 𝑇 : 𝑋 → 𝑋 um homeomor-

fismo local sobrejetivo. Definimos 𝐴 = 𝐶(𝑋) e 𝛼 : 𝐴→ 𝐴 por 𝛼(𝑓) = 𝑓 ∘ 𝑇 .
Dada a função cont́ınua 𝜌 : 𝑋 → (0,∞), podemos definir o operador de

transferência 𝐿𝜌 : 𝐶(𝑋)→ 𝐶(𝑋) por

𝐿𝜌(𝑓)∣𝑥 =
∑

𝑇 (𝑦)=𝑥

𝜌(𝑦)𝑓(𝑦)

para 𝑓 ∈ 𝐶(𝑋) e 𝑥 ∈ 𝑋 [27]. Como queremos que 𝐿𝜌(1) = 1, supomos que∑
𝑇 (𝑦)=𝑥 𝜌(𝑦) = 1 para todo 𝑥 ∈ 𝑋. Para a transformação 𝑇 , associamos a

álgebra 𝐴⋊𝛼,𝐿𝜌 ℕ.
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Proposição 2.1.4 A álgebra 𝐴⋊𝛼,𝐿𝜌 ℕ acima não depende de 𝜌.

Demonstração. Se 𝜌 : 𝑋 → (0,∞) é outra função cont́ınua tal que∑
𝑇 (𝑦)=𝑥 𝜌(𝑦) = 1 então

𝐿𝜌(𝑓) = 𝐿𝜌(𝜌
−1𝜌𝑓).

Segue que a aplicação Φ : 𝐴 ⋊𝛼,𝐿𝜌
ℕ → 𝐴 ⋊𝛼,𝐿𝜌 ℕ que manda os elementos

de 𝐴 neles mesmos e 𝑆 em 𝜌−1/2𝜌1/2𝑆 é um isomorfismo.

Fixe 𝜌 como acima e vamos denotar 𝐿𝜌 simplesmente por 𝐿.

Suponha agora que exista uma medida 𝜇 que é positiva nos abertos e

que satisfaz 𝐿∗(𝜇) = 𝜇 onde 𝐿∗ é operador dual de 𝐿. Neste caso podemos

construir uma representação 𝜋 em 𝐵(𝐿2(𝑋,𝜇)) por:

∙ 𝜋(𝑓)(𝜉) = 𝑓𝜉 para 𝑓 ∈ 𝐶(𝑋) e 𝜉 ∈ 𝐿2(𝑋,𝜇);

∙ 𝜋(𝑆)(𝜉)(𝑥) = 𝜉(𝑇 (𝑥)) para 𝜉 ∈ 𝐿2(𝑋,𝜇) e 𝑥 ∈ 𝑋.

Pensando em 𝑓, 𝑔 ∈ 𝐶(𝑋) como elementos de 𝐿2(𝑋,𝜇), temos que 𝜋(𝑆)(𝑓) =

𝛼(𝑓) e

⟨𝜋(𝑆)(𝑓), 𝑔⟩ =
∫

𝛼(𝑓)𝑔𝑑𝜇 =

∫
𝐿(𝛼(𝑓)𝑔)𝑑𝜇 =

∫
𝑓𝐿(𝑔)𝑑𝜇,

ou seja, 𝜋(𝑆∗)(𝑔) = 𝐿(𝑔).

2.2 Álgebra de relações de equivalência apro-

ximadamente próprias

Uma outra álgebra que podemos associar a uma transformação é a definida

em [14].

Fixe 𝐴 uma C*-álgebra com unidade.

Definição 2.2.1 Uma relação de equivalência aproximadamente própria em

𝐴 é uma sequência decrescente de subálgebras com unidade ℛ = {𝑅𝑛}𝑛∈ℕ.
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Para a construção a seguir, precisamos também de uma sequência de

esperanças condicionais fiéis ℰ = {𝐸𝑛}𝑛∈ℕ satisfazendo 𝐸𝑛(𝐴) = 𝑅𝑛 e 𝐸𝑛+1 ∘
𝐸𝑛 = 𝐸𝑛+1 para todo 𝑛.

Definimos 𝒯 (ℛ, ℰ) como sendo a C*-álgebra universal gerada por 𝐴 e um

conjunto de projeções {𝑒𝑛}𝑛∈ℕ sujeitos a:

(i) 𝑒0 = 1,

(ii) 𝑒𝑛+1𝑒𝑛 = 𝑒𝑛+1,

(iii) 𝑒𝑛𝑎𝑒𝑛 = 𝐸𝑛(𝑎)𝑒𝑛

para todo 𝑎 ∈ 𝐴 e 𝑛 ∈ ℕ. Pode-se mostrar que a inclusão canônica de 𝐴 em

𝒯 (ℛ, ℰ) é injetora.
Para cada 𝑛 defina o conjunto 𝐾̂𝑛 = span{𝑎𝑒𝑛𝑏 : 𝑎, 𝑏 ∈ 𝐴}. Temos que,

se 𝑖 ≤ 𝑛, então 𝐾̂𝑖𝐾̂𝑛 e 𝐾̂𝑛𝐾̂𝑖 estão contidos em 𝐾̂𝑛 e, em particular, 𝐾̂𝑛 é

uma sub-C*-álgebra de 𝒯 (ℛ, ℰ).

Definição 2.2.2 Para 𝑛 ∈ ℕ, uma 𝑛-redundância é um elemento (𝑘0, . . . , 𝑘𝑛) ∈∏𝑛
𝑖=0 𝐾̂𝑖 tal que

∑
𝑖 𝑘𝑖𝑥 = 0 para todo 𝑥 ∈ 𝐾̂𝑛. O ideal bi-lateral fechado de

𝒯 (ℛ, ℰ) gerado pelos elementos
∑

𝑖 𝑘𝑖 para todas 𝑛-redundâncias (𝑘0, . . . , 𝑘𝑛)

e todo 𝑛 é chamado de ideal das redundâncias.

Definição 2.2.3 A álgebra 𝐶∗(ℛ, ℰ) é o quociente de 𝒯 (ℛ, ℰ) pelo ideal das

redundâncias.

Um caso particular da construção acima se dá quando temos um endo-

morfismo injetivo 𝛼 : 𝐴 → 𝐴 e um operador de transferência 𝐿 : 𝐴 → 𝐴.

Nesse caso, definimos 𝑅𝑛 = 𝛼𝑛(𝐴) e 𝐸𝑛 = 𝛼𝑛 ∘𝐿𝑛. Se 𝛾 : 𝕊1 → 𝐴⋊𝛼,𝐿 ℕ é a

ação de gauge dada por 𝛾𝑧(𝑎) = 𝑎 e 𝛾𝑧(𝑆) = 𝑧𝑆, então 𝐶∗(ℛ, ℰ) é exatamente

a sub-C*-álgebra de 𝐴⋊𝛼,𝐿 ℕ dos pontos fixos de 𝛾.

Suponha agora que 𝑋 é um espaço Hausdorff compacto, 𝑇 : 𝑋 → 𝑋 é um

homeomorfismo local sobrejetivo e 𝜌 : 𝑋 → (0,∞) é uma função cont́ınua

tal que 𝐿𝜌(1) = 1. Se 𝛼(𝑓) = 𝑓 ∘ 𝑇 e 𝐿 = 𝐿𝜌, então podemos construir a

álgebra 𝐶∗(ℛ, ℰ).
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Se existir uma medida 𝜇 que é positiva nos abertos e que satisfaz 𝐿∗(𝜇) =

𝜇, podemos construir a representação 𝜋 : 𝐴⋊𝛼,𝐿 ℕ→ 𝐵(𝐿2(𝑋,𝜇)) como na

seção anterior e restringi-lá para 𝐶∗(ℛ, ℰ). Teremos neste caso que 𝜋(𝑒𝑛) =

𝜋(𝑆𝑛)𝜋(𝑆𝑛)∗.

2.3 A álgebra de uma transformação via gru-

poides

Para facilitar algumas provas no caṕıtulo seguinte, vamos rever a construção

da álgebra de Cuntz como uma C*-álgebra de grupoide [9], [37]. Esse cons-

trução é um caso particular da álgebra de um grupoide para um homeomor-

fismo local.

Definição 2.3.1 Um grupoide é um conjunto 𝐺 munido de uma aplicação
−1 : 𝐺→ 𝐺, chamada de inversa, e uma uma operação parcialmente definida

∗ : 𝐺(2) → 𝐺 chamada produto, onde 𝐺(2) é um subconjunto de 𝐺 × 𝐺,

satisfazendo:

(i) Se (𝑎, 𝑏) ∈ 𝐺(2) e (𝑏, 𝑐) ∈ 𝐺(2) então (𝑎 ∗ 𝑏, 𝑐) ∈ 𝐺(2) e (𝑎, 𝑏 ∗ 𝑐) ∈ 𝐺(2).

Além disso (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐).

(ii) (𝑎, 𝑎−1) ∈ 𝐺(2) para todo 𝑎 ∈ 𝐺.

(iii) Se (𝑎, 𝑏) ∈ 𝐺(2) então 𝑎−1∗𝑎∗𝑏 = 𝑏 e se (𝑏, 𝑎) ∈ 𝐺(2) então 𝑏∗𝑎∗𝑎−1 = 𝑏.

Um grupoide topológico é um grupoide munido de uma topologia de forma

que a inversa e o produto sejam cont́ınuos.

Sejam agora 𝑋 um espaço compacto Hausdorff e 𝑇 : 𝑋 → 𝑋 um homeo-

morfismo local. Defina

𝐺 = {(𝜔,𝑚− 𝑛, 𝜏) ∈ 𝑋 × ℤ×𝑋 : 𝑚,𝑛 ∈ ℕ;𝑇𝑚(𝜔) = 𝑇 𝑛(𝜏)}

com produto e inversa dados por

(𝜔,𝑚− 𝑛, 𝜏)(𝜏, 𝑘 − 𝑙, 𝜈) = (𝜔, (𝑚+ 𝑘)− (𝑛+ 𝑙), 𝜈)
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(𝜔,𝑚− 𝑛, 𝜏)−1 = (𝜏, 𝑛−𝑚,𝜔).

A base para a topologia em 𝐺 é dada pelos conjuntos

𝐵(𝑈, 𝑉,𝑚, 𝑛) := {(𝜔,𝑚− 𝑛, 𝜏) ∈ 𝐺 : 𝜔 ∈ 𝑈, 𝜏 ∈ 𝑉 }

onde 𝑚,𝑛 ∈ ℕ e 𝑈 e 𝑉 são abertos de 𝑋 tais que 𝑇𝑚∣𝑈 , 𝑇 𝑛∣𝑉 são homeo-

morfismos com 𝑇𝑚(𝑈) = 𝑇 𝑛(𝑉 ).

A multiplicação em 𝐶𝑐(𝐺) é dada por

(𝑝 ∗ 𝑞)(𝜔,𝑚− 𝑛, 𝜏) =
∑

𝑝(𝜔, 𝑘 − 𝑙, 𝜈)𝑞(𝜈, (𝑛+ 𝑘)− (𝑚+ 𝑙), 𝜏)

onde a soma é sobre todos 𝑘, 𝑙 ∈ ℕ and 𝜈 ∈ 𝑋 tais que 𝑇 𝑘(𝜔) = 𝑇 𝑙(𝜈) e

𝑇 𝑛+𝑘(𝜈) = 𝑇𝑚+𝑙(𝜏); e a involução é dada por

𝑝∗(𝜔,𝑚− 𝑛, 𝜏) = 𝑝(𝜏, 𝑛−𝑚,𝜔)

para 𝑝, 𝑞 ∈ 𝐶𝑐(𝐺).

Ver a referência [37] para a construção da norma em 𝐶𝑐(𝐺). Para nós, é

suficiente saber que tal norma existe e que o completamento de 𝐶𝑐(𝐺) é a

C*-álgebra do grupoide 𝐺 denotada por 𝐶∗(𝐺).

Dada ℎ ∈ 𝐶(𝑋) definimos a função ℎ ∈ 𝐶𝑐(𝐺) por

ℎ(𝜔,𝑚− 𝑛, 𝜏) = [𝑚 = 𝑛][𝜔 = 𝜏 ]ℎ(𝜔)

onde [⋅] é a função booleana que vale 1 se seu argumento é verdadeiro e 0

caso contrário.

Também definimos a função 𝑆 ∈ 𝐶𝑐(𝐺) por

𝑆(𝜔,𝑚− 𝑛, 𝜏) = [𝑚− 𝑛 = 1][𝑇 (𝜔) = 𝜏 ].

Teorema 2.3.2 ([15]) Nas condições desta seção, se 𝛼 : 𝐶(𝑋) → 𝐶(𝑋) é

dado por 𝛼(𝑓) = 𝑓 ∘ 𝑇 e 𝐿 : 𝐶(𝑋)→ 𝐶(𝑋) é um operador de transferência

para 𝛼, então 𝐶(𝑋)⋊𝛼,𝐿 ℕ é isomorfa a 𝐶∗(𝐺).

Um outro grupoide que podemos construir a partir de 𝑇 é o grupoide da

relação de equivalência

𝑅∞ = {(𝑥, 𝑦) ∈ 𝑋 ×𝑋∣ ∃𝑛 ∈ ℕ : 𝑇 𝑛(𝑥) = 𝑇 𝑛(𝑦)}
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cujo produto é dado por (𝑥, 𝑦)(𝑦, 𝑧) = (𝑥, 𝑧) e inversa dada por (𝑥, 𝑦)−1 =

(𝑦, 𝑥). A álgebra 𝐶∗(𝑅∞) é a sub-C*-álgebra dos pontos fixos pela ação de

gauge e portanto isomorfa a 𝐶∗(ℛ, ℰ).
Agora, para acharmos a álgebra de Cuntz 𝒪𝑑, tomamos por 𝑋, o con-

junto Ω = {1, . . . , 𝑑}ℕ e por 𝑇 , a translação à esquerda 𝜎(𝜔0, 𝜔1, 𝜔2, . . .) =

(𝜔1, 𝜔2, . . .).

Note que se 𝜒𝑖 é a função caracteŕıstica do cilindro 𝑖 := {𝜔 ∈ 𝑋 : 𝜔0 = 𝑖}
então 𝑆𝑖 = 𝑑1/2𝜒𝑖 ∗ 𝑆 para 𝑖 ∈ {1, . . . , 𝑑} são 𝑑 isometrias que satisfazem a

relação de Cuntz e geram 𝐶∗(𝐺).

2.4 Estados KMS

Em [31], Lopes mostrou que em certos casos podemos definir a entropia a

partir de um operador de transferência. Motivados por tais resultados, iremos

dar uma nova definição de entropia.

Suponha que 𝑋 é um espaço compacto Hausdorff e 𝑇 : 𝑋 → 𝑋 é um

homeomorfismo local Indicaremos por 𝐿𝜌 o operador de transferencia definido

por 𝜌 e 𝐴 = 𝐶(𝑋). Queremos definir uma noção de entropia para um

estado 𝜙 : 𝐴 → ℂ utilizando o operador de transferência. Para isso defina

𝐴+ := {𝑎 ∈ 𝐴 ∣ 𝜎(𝑎) ∈ (0,∞)}, onde 𝜎(𝑎) é o espectro de 𝑎.

Definição 2.4.1 Dado um estado 𝜙 em 𝐴, definiremos a entropia de 𝜙 por:

h(𝜙) = inf
𝑎∈𝐴+

{
𝜙

(
ln

(
𝐿𝜌(𝑎)

𝜌𝑎

))}
(2.1)

onde 𝐿𝜌 é um operador de transferência para 𝜌 : 𝑋 → (0,∞).

Note que a definição acima independe da escolha de 𝜌. De fato, se 𝜌′ :

𝑋 → (0,∞) é outra função cont́ınua, então definindo 𝑎′ = 𝑎𝜌(𝜌′)−1 para

algum 𝑎 ∈ 𝐴 arbitrário, temos que 𝑎′ ∈ 𝐴+ e

𝐿𝜌′(𝑎
′)

𝜌′𝑎′
=

1

𝜌𝑎

∑
𝑦=𝑇 (𝑥)

𝜌′(𝑥)𝑎(𝑥)𝜌(𝑥)𝜌′(𝑥)−1 =
𝐿𝜌(𝑎)

𝜌𝑎
,

e portanto estamos tomando o ı́nfimo sobre o mesmo conjunto.
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Definição 2.4.2 Diremos que um estado 𝜙 é 𝛼-invariante se 𝜙 ∘ 𝛼 = 𝜙.

Definição 2.4.3 Dada um elemento 𝑏 ∈ 𝐴+, definiremos a pressão to-

pológica de 𝑏 por

𝑝(𝑏) = sup
𝜙 inv

{h(𝜙) + 𝜙(ln 𝑏)} .

Se 𝜙 é um estado invariante tal que h(𝜙) + 𝜙(ln 𝑏) = 𝑝(𝑏), diremos que 𝜙 é

um estado de equiĺıbrio.

Proposição 2.4.4 Se 𝐿𝜌(1) = 1 então existe um estado 𝜙 tal que 𝜙∘𝐿𝜌 = 𝜙.

Demonstração. Como 𝐿𝜌(1) = 1, temos que 𝐿∗
𝜌(𝒮) ⊂ 𝒮 onde 𝒮 é o con-

junto dos estados de 𝐴. Usando o teorema de Tychonoff-Schauder, temos

que 𝐿∗
𝜌∣𝒮 tem um ponto fixo.

Proposição 2.4.5 Se 𝐿𝜌(1) = 1 então 𝑝(𝜌) = 0. Além disso os estados 𝜙

que satisfazem 𝜙 ∘ 𝐿𝜌 = 𝜙 são estados de equiĺıbrio para 𝜌.

Demonstração. Note que utilizando o próprio 𝐿𝜌 na definição de entropia

temos que

𝑝(𝜌) = sup
𝜙 inv

{
inf
𝑎∈𝐴+

{
𝜙

(
ln

(
𝐿𝜌(𝑎)

𝑎

))}}
.

Escolhendo 𝑎 = 1 dentro do ı́nfimo, segue fácil que 𝑝(𝜌) ≤ 0.

Por outro lado, como 𝐿𝜌 é normalizado temos que 𝐿𝜌 ∘ 𝛼 = 𝐼𝑑 e se

𝜙 ∘ 𝐿𝜌 = 𝜙 então 𝜙 ∘ 𝛼 = 𝜙 ∘ 𝐿𝜌 ∘ 𝛼 = 𝜙. Como ln é uma função côncava,

temos que ln(𝐿𝜌(𝑎)) ≥ 𝐿𝜌(ln 𝑎) e portanto

𝜙

(
ln

(
𝐿𝜌(𝑎)

𝑎

))
= 𝜙 (ln(𝐿𝜌(𝑎))− ln 𝑎) ≥ 𝜙 (𝐿𝜌(ln 𝑎)− ln 𝑎) .

Se 𝜙 ∘ 𝐿𝜌 = 𝜙, o lado direito da desigualdade acima se anula e portanto

inf𝑎∈𝐴+

{
𝜙
(
ln

(
𝐿𝜌(𝑎)

𝑎

))}
= 0. Segue que 𝑝(𝜌) ≥ 0 e no caso do auto-estado,

temos ℎ(𝜙) + 𝜙(𝜌) = inf𝑎∈𝐴+

{
𝜙
(
ln

(
𝐿𝜌(𝑎)

𝑎

))}
= 0 = 𝑝(𝜌).

Queremos relacionar os estados KMS de 𝐴 ⋊𝛼,𝐿 ℕ [12] e 𝐶∗(ℛ, ℰ) [14]
com os estados de equiĺıbrio (em 𝐴) do potencial ℎ−𝛽. Como a álgebra
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𝐴 é comutativa, temos únicas esperanças condicionais 𝐹 : 𝐴 ⋊𝛼,𝐿 ℕ→𝐴 e

𝐺 : 𝐶∗(ℛ, ℰ) → 𝐴. Além disso 𝐸 := 𝛼 ∘ 𝐿 : 𝐴 → 𝛼(𝐴) for uma esperança

condicional de ı́ndice finito, pois 𝑇 é um homeomorfismo local. Neste caso,

os estados KMS 𝜓 de 𝐴⋊𝛼,𝐿ℕ podem ser decompostos como 𝜓 = 𝜙∘𝐹 onde

𝜙 é um estado em 𝐴 satisfazendo

𝜙(𝑎) = 𝜙(𝐿(Λ𝑎)), ∀𝑎 ∈ 𝐴

com Λ = ℎ−𝛽ind(𝐸) e os estados KMS 𝜓 de 𝐶∗(ℛ, ℰ) podem ser decompostos

da forma 𝜓 = 𝜙 ∘𝐺 onde 𝜙 é um estado em 𝐴 satisfazendo

𝜙(𝑎) = 𝜙(Λ−[𝑛]𝐸𝑛(Λ
[𝑛]𝑎)), ∀𝑎 ∈ 𝐴 ∀𝑛 ∈ ℕ

com 𝐸𝑛 = 𝛼𝑛 ∘ 𝐿𝑛 e Λ[𝑛] =
∏𝑛−1

𝑖=0 𝛼
𝑖(ℎ−𝛽ind(𝐸)).

Proposição 2.4.6 Se 𝜓 = 𝜙 ∘ 𝐹 é um estado (ℎ, 𝛽)-KMS de 𝐴 ⋊𝛼,𝐿 ℕ e

𝐿(Λ1) = 1 então 𝜙 é um estado de equiĺıbrio (em 𝐴) para o potencial ℎ−𝛽.

Demonstração. A condição 𝐿(Λ1) = 1 implica que 𝐿ℎ−𝛽 é um operador

de transferência normalizado e portanto 𝑝(ℎ−𝛽) = 0. Além disso, a condição

KMS nos diz que 𝜙(𝑎) = 𝜙(𝐿ℎ−𝛽(𝑎)), o que implica que 𝜙(𝛼(𝑎)) = 𝜙(𝑎).

Segue da proposição 2.4.5 que 𝜙 é um estado de equiĺıbrio para ℎ−𝛽.

Como vimos nas seções anteriores, na construção das álgebras de inte-

resse, a escolha de dois operadores de transferência normalizados nos dão

álgebras isomorfas, de forma que a escolha do operador pode ser feita de

forma arbitrária.

Suponha agora, que 𝐿𝜌(𝑘) = 𝜆𝑘 para algum 𝜆 > 0 e 𝑘 ∈ 𝐴+. Definindo

𝜌 = 𝜌𝑘
𝜆𝛼(𝑘)

temos que 𝐿𝜌 é um operador de transferência normalizado para 𝛼

e portanto podemos utilizá-lo para construir 𝐶∗(ℛ, ℰ).

Proposição 2.4.7 Suponha que 𝜓 = 𝜙 ∘ 𝐺 seja um estado (ℎ, 𝛽)-KMS de

𝐶∗(ℛ, ℰ). Seja 𝜌 = ℎ−𝛽 e suponha que 𝐿𝜌(𝑘) = 𝜆𝑘 para algum 𝜆 > 0 e

𝑘 ∈ 𝐴+. Seja 𝜌 = 𝜌𝑘
𝜆𝛼(𝑘)

e 𝜙 estado de 𝐴 dado por 𝜙(𝑎) = 𝜙(𝑘𝑎). Suponha

que lim𝑛→∞
∥∥∥𝐿𝑛

𝜌(𝑎)− 𝜙(𝑎)
∥∥∥ = 0 ∀𝑎 ∈ 𝐴, então 𝜙 é um estado de equiĺıbrio

para 𝜌.
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Demonstração. Podemos supor que a construção de 𝐶∗(ℛ, ℰ) foi feita a

partir de 𝐿𝜌, de forma que ind(𝐸) = 𝜌−1. Temos que

Λ[1] =
(
𝜌𝜌−1

)
= 𝜌

𝜆𝛼(𝑘)

𝜌𝑘
=

𝜆𝛼(𝑘)

𝑘

e mais geralmente

Λ[𝑛] =
𝑛−1∏
𝑖=0

𝛼𝑖
(
𝜌𝜌−1

)
= 𝜆𝑛

∏𝑛−1
𝑖=0 𝛼

𝑖+1(𝑘)∏𝑛−1
𝑖=0 𝛼

𝑖(𝑘)
=

𝜆𝑛𝛼𝑛(𝑘)

𝑘

A condição KMS nos dá

𝜙(𝑎) = 𝜙

(
𝑘

𝜆𝑛𝛼𝑛(𝑘)
𝛼𝑛𝐿𝑛

𝜌

(
𝜆𝑛𝛼𝑛(𝑘)

𝑘
𝑎

))
=

= 𝜙
(
𝑘𝛼𝑛𝐿𝑛

𝜌

(𝑎
𝑘

))
para todo 𝑛 ∈ ℕ. Segue que

𝜙(𝑎) = 𝜙(𝑎𝑘) = 𝜙
(
𝑘𝛼𝑛𝐿𝑛

𝜌

(𝑎
𝑘
𝑘
))

= 𝜙
(
𝛼𝑛𝐿𝑛

𝜌 (𝑎)
)
.

Agora, ∣∣∣𝜙(𝐿𝜌(𝑎)− 𝑎)
∣∣∣ = ∣∣∣𝜙(𝛼𝑛(𝐿𝑛+1

𝜌 (𝑎)− 𝐿𝑛
𝜌(𝑎))

∣∣∣ ≤
≤ 𝜙

(∥∥∥𝛼𝑛(𝐿𝑛+1
𝜌 (𝑎)− 𝐿𝑛

𝜌(𝑎))
∥∥∥) ≤ 𝜙

(∥∥∥𝐿𝑛+1
𝜌 (𝑎)− 𝐿𝑛

𝜌(𝑎)
∥∥∥)

≤ 𝜙
(∥∥∥𝐿𝑛+1

𝜌 (𝑎)− 𝜙(𝑎)
∥∥∥)− 𝜙

(∥∥∥𝜙(𝑎)− 𝐿𝑛
𝜌(𝑎)

∥∥∥) −→𝑛→∞ 0

e assim 𝜙 ∘ 𝐿𝜌 = 𝜙. Pela proposição 2.4.5, o resultado segue.



Caṕıtulo 3

C*-álgebras associadas a

sistemas de funções iteradas

Neste caṕıtulo, revisamos a construção das álgebras de Kajiwara-Watatani.

Em seguida, relacionamos as álgebras de Kajiwara-Watatani com a álgebra

de Cuntz e com o produto cruzado de Exel, no caso do IFS vir das imagens

inversas de uma função cont́ınua. Os resultados da primeira seção aparecem

em [8].

Na última seção, ampliamos alguns dos resultados encontrados por Izumi,

Kajiwara e Watatni e encontramos os estados KMS das álgebras de Kajiwara-

Watani para ações mais gerais que a ação de gauge. Também relacionamos

os estados KMS com auto-medidas do dual de um operador de Ruelle para

o caso de IFS.

3.1 Álgebras de Kajiwara-Watatani

Seja Γ = {𝛾𝑖}𝑑𝑖=1 um sistema de funções iteradas e 𝐾 seu atrator. Vamos

relembrar a C*-correspondência definida em [23]. Sejam 𝐴 = 𝐶(𝐾), 𝐸 =

𝐶(𝒢) onde
𝒢 = ∪𝑑𝑖=1𝒢𝑖

com

𝒢𝑖 = {(𝑥, 𝑦) ∈ 𝐾 ×𝐾 : 𝑥 = 𝛾𝑖(𝑦)}

21



CAPÍTULO 3. C*-ÁLGEBRAS DE UM IFS 22

sendo os co-gráficos na terminologia de [23]. A estrutura de C*-correspondência

é dada por

(𝜙(𝑎)𝜉𝑏)(𝑥, 𝑦) = 𝑎(𝑥)𝜉(𝑥, 𝑦)𝑏(𝑦)

e

⟨𝜉, 𝜂⟩𝐴 (𝑦) =
𝑑∑
𝑖=1

𝜉(𝛾𝑖(𝑦), 𝑦)𝜂(𝛾𝑖(𝑦), 𝑦)

para 𝑎, 𝑏 ∈ 𝐴 e 𝜉, 𝜂 ∈ 𝐸.

Proposição 3.1.1 ([23]) (𝐸 = 𝐶(𝒢), 𝜙) é uma C*-correspondência cheia

sobre 𝐴 = 𝐶(𝐾) e 𝜙 : 𝐴 → ℒ(𝐸) é fiel e unital. Além disso, a norma de

módulo de Hilbert é equivalente à norma do sup em 𝐶(𝒢).

Definição 3.1.2 A álgebra de Kajiwara-Watatani 𝒪Γ associada a Γ é a

álgebra de Cuntz-Pimsner associada à C*-correspondência definida acima.

Enxergando 𝒪𝑑 como 𝐶∗(𝐺) como na seção 2.3 e recordando a aplicação

de codificação 𝐹 dado na proposição 1.1.6, definimos 𝜄 : 𝐴→ 𝒪𝑑 por

𝜄(𝑎)(𝜔,𝑚− 𝑛, 𝜏) = [𝑚 = 𝑛][𝜔 = 𝜏 ]𝑎(𝐹 (𝜔)) (3.1)

e 𝜓 : 𝐸 → 𝒪𝑑 by

𝜓(𝜉)(𝜔,𝑚− 𝑛, 𝜏) = [𝑚− 𝑛 = 1][𝜎(𝜔) = 𝜏 ]𝜉(𝐹 (𝜔), 𝐹 (𝜏)) (3.2)

Note que se 𝜎(𝜔) = 𝜏 , então 𝜎𝜔0(𝜏) = 𝜔 and 𝐹 (𝜔) = 𝛾𝜔0(𝐹 (𝜏)) de forma

que (𝐹 (𝜔), 𝐹 (𝜏)) ∈ 𝒢 e 𝜓 está bem definida.

Antes de mostrarmos que isto nos dá uma representação covariante de

Cuntz-Pimsner, vamos relembrar algumas definições e resultados de [23] and

[24].

Definição 3.1.3 Seja Γ = {𝛾1, ..., 𝛾𝑑} um IFS, definimos os seguintes con-

jutos

𝐵(𝛾1, ..., 𝛾𝑑) := {𝑥 ∈ 𝐾∣∃𝑦 ∈ 𝐾 ∃𝑖 ∕= 𝑗 : 𝑥 = 𝛾𝑖(𝑦) = 𝛾𝑗(𝑦)};

𝐶(𝛾1, ..., 𝛾𝑑) := {𝑦 ∈ 𝐾∣∃𝑖 ∕= 𝑗 : 𝛾𝑖(𝑦) = 𝛾𝑗(𝑦)}.
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𝐼(𝑥) := {𝑖 ∈ {1, ..., 𝑑}; ∃𝑦 ∈ 𝐾 : 𝑥 = 𝛾𝑖(𝑦)}.
Chamamos os pontos de 𝐵(Γ) pontos ramificados e os pontos de 𝐶(Γ) valores

ramificados. E dizemos que Γ satisfaz a condição dos ramos finitos se 𝐶(Γ)

é finito.

Temos que 𝐵(𝛾1, ..., 𝛾𝑑) é um subconjunto fechado, pois

𝐵(𝛾1, ..., 𝛾𝑑) = ∪𝑖 ∕=𝑗{𝑥 ∈ 𝛾𝑖(𝐾) ∩ 𝛾𝑗(𝐾); 𝛾−1
𝑖 (𝑥) = 𝛾−1

𝑗 (𝑥)}

e cada conjunto da união é claramente fechado.

Lemma 3.1.4 ([23]) Na situação acima, se 𝑥 ∈ 𝐾∖𝐵(𝛾1, ..., 𝛾𝑑), então

existe uma vizinhança aberta 𝑈𝑥 of 𝑥 satisfazendo:

(i) 𝑈𝑥 ∩𝐵 = ∅;

(ii) Se 𝑖 ∈ 𝐼(𝑥), então 𝛾𝑗(𝛾
−1
𝑖 (𝑈𝑥)) ∩ 𝑈𝑥 = ∅ para 𝑗 ∕= 𝑖;

(iii) Se 𝑖 /∈ 𝐼(𝑥), então 𝑈𝑥 ∩ 𝛾𝑖(𝐾) = ∅.

Lemma 3.1.5 ([23],[24]) Se Γ satisfaz a condição dos ramos finitos ou a

condição do conjunto aberto e 𝐽𝐸 = 𝜙−1(𝒦(𝐸)) é definido como na seção

1.3, então 𝐽𝐸 = {𝑎 ∈ 𝐴 = 𝐶(𝐾); 𝑎 se anula em 𝐵(𝛾1, ..., 𝛾𝑑)}.

Observação 3.1.6 Na prova a seguir, precisaremos de uma descrição expĺıcita

de 𝜙(𝑎) para certos elementos de 𝐽𝐸. Fazemos como em [23]. Seja 𝐵 =

𝐵(𝛾1, ..., 𝛾𝑑) e tomemos 𝑎 ∈ 𝐴 tal que 𝑌 := supp(𝑎) ⊆ 𝐾∖𝐵. Claramente

𝑎 ∈ 𝐽𝐸.

Para cada 𝑥 ∈ 𝑌 escolha uma vizinhaça aberta 𝑈𝑥 como no lema 3.1.4.

Uma vez que 𝑌 é compacto, existe um conjunto finito {𝑥1, . . . , 𝑥𝑚} tal que

𝑌 ⊆ ∪𝑚𝑘=1𝑈𝑥𝑘 . Seja 𝑈𝑘 = 𝑈𝑥𝑘 para 𝑘 = 1, . . . ,𝑚 e 𝑈𝑚+1 = 𝐾∖𝑌 , então

{𝑈𝑘}𝑚+1
𝑘=1 é uma cobertura aberta de 𝐾. Seja {𝜑𝑘}𝑚+1

𝑘=1 ⊆ 𝐶(𝐾) uma partição

da unidade subordinada a essa cobertura aberta. Defina 𝜉𝑘, 𝜂𝑘 ∈ 𝐶(𝒢) por

𝜉𝑘(𝑥, 𝑦) = 𝑎(𝑥)
√
𝜑𝑘(𝑥) e 𝜂𝑘(𝑥, 𝑦) =

√
𝜑𝑘(𝑥) então 𝜙(𝑎) =

∑𝑚
𝑘=1 𝜃𝜉𝑘,𝜂𝑘 (o

somatório vai somente até 𝑚 pois 𝜉𝑚+1 = 0).
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Observação 3.1.7 Por causa do lema 3.1.5, nossos resultados vão precisar

que o IFS satisfaça a condição dos ramos finitos ou a condição do conjunto

aberto, e note que essas condições são independentes.

Proposição 3.1.8 Se o IFS Γ satisfaz a condição dos ramos finitos ou a

condição do conjunto aberto, então o par (𝜄, 𝜓) definido pelas equações (3.1)

é (3.2) é uma representação covariante de Cuntz-Pimsner de (𝐴,𝐸) em 𝒪𝑑.

Demonstração. A maior parte dos cálculos são parecidos então mostrare-

mos apenas alguns deles. Seja 𝑎 ∈ 𝐴 e 𝜉 ∈ 𝐸. Temos que

𝜓(𝑎𝜉)(𝜔,𝑚− 𝑛, 𝜏) = [𝑚− 𝑛 = 1][𝜎(𝜔) = 𝜏 ]𝑎(𝐹 (𝜔))𝜉(𝐹 (𝜔), 𝐹 (𝜏)) (3.3)

Por outro lado

(𝜄(𝑎) ∗𝜓(𝜉))(𝜔,𝑚−𝑛, 𝜏) =
∑

𝜄(𝑎)(𝜔, 𝑘− 𝑙, 𝜈)𝜓(𝜉)(𝜈, (𝑚+ 𝑙)− (𝑛+ 𝑘), 𝜏) =

𝑎(𝐹 (𝜔))𝜓(𝜉)(𝜔,𝑚− 𝑛, 𝜏) (3.4)

onde a segunda igualdade é verdadeira pelo fato que 𝜄(𝑎) é zero a não ser que

𝑘 = 𝑙 e 𝜔 = 𝜈. Podemos facilmente ver que (3.3) e (3.4) coincidem.

Para o produto escalar 𝐴-valuado, seja 𝜉, 𝜂 ∈ 𝐸. Então

𝜄(⟨𝜉, 𝜂⟩𝐴)(𝜔,𝑚− 𝑛, 𝜏) = [𝑚 = 𝑛][𝜔 = 𝜏 ] ⟨𝜉, 𝜂⟩𝐴 (𝐹 (𝜔)) =

[𝑚 = 𝑛][𝜔 = 𝜏 ]
𝑑∑
𝑖=1

𝜉(𝛾𝑖(𝐹 (𝜔)), 𝐹 (𝜔))𝜂(𝛾𝑖(𝐹 (𝜔)), 𝐹 (𝜔)) (3.5)

e por outro lado

(𝜓(𝜉)∗∗𝜓(𝜂))(𝜔,𝑚−𝑛, 𝜏) =
∑

𝜓(𝜉)∗(𝜔, 𝑘−𝑙, 𝜈)𝜓(𝑔)(𝜈, (𝑚+𝑙)−(𝑛+𝑘), 𝜂) =
∑

𝜓(𝜉)(𝜈, 𝑙 − 𝑘, 𝜔)𝜓(𝑔)(𝜈, (𝑚+ 𝑙)− (𝑛+ 𝑘), 𝜏) =

[𝑚 = 𝑛][𝜔 = 𝜏 ]
∑

𝜎(𝜈)=𝜔

𝜉(𝐹 (𝜈), 𝐹 (𝜔))𝜂(𝐹 (𝜈), 𝐹 (𝜔)) (3.6)

e note que 𝜎(𝜈) = 𝜔 se e somente se 𝜈 = 𝜎𝑖(𝜔) para algum 𝑖 = 1, . . . , 𝑑 e

neste caso 𝐹 (𝜈) = 𝛾𝑖(𝐹 (𝜔)). Segue que podemos reescrever (3.6) como (3.5).
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Finalmente, temos que mostrar que (𝜓, 𝜄)(1)(𝜙(𝑎)) = 𝜄(𝑎) para 𝑎 ∈ 𝐽𝐸

onde 𝐽𝐸 =
{
𝑎 ∈ 𝐴 : 𝑎∣𝐵(𝛾1,...,𝛾𝑑) = 0

}
pelo lema 3.1.5. Tome 𝑎 ∈ 𝐽𝐸 tal que

𝑌 := supp(𝑎) ⊆ 𝐾∖𝐵 e 𝜉𝑘 e 𝜂𝑘 como na observação 3.1.6, então

(𝜓, 𝜄)(1)(𝜙(𝑎))(𝜔,𝑚− 𝑛, 𝜏) =
∑
𝑘

(𝜓(𝜉𝑘) ∗ 𝜓(𝜂𝑘)∗)(𝜔,𝑚− 𝑛, 𝜏) =

∑
𝑘

∑
𝜓(𝜉𝑘)(𝜔, 𝑘 − 𝑙, 𝜈)𝜓(𝜂𝑘)

∗(𝜈, (𝑚+ 𝑙)− (𝑛+ 𝑘), 𝜏) =

[𝑚 = 𝑛][𝜎(𝜔) = 𝜎(𝜏)]
∑
𝑘

𝜉𝑘(𝐹 (𝜔), 𝐹 (𝜎(𝜔)))𝜂𝑘(𝐹 (𝜏), 𝐹 (𝜎(𝜔))) =

[𝑚 = 𝑛][𝜎(𝜔) = 𝜎(𝜏)]
∑
𝑘

𝑎(𝐹 (𝜔))
√
𝜑𝑘(𝐹 (𝜔))

√
𝜑𝑘(𝐹 (𝜏)). (3.7)

Note que 𝐹 (𝜔) = 𝛾𝜔0(𝐹 (𝜎(𝜔))) e 𝜎(𝜔) = 𝜎(𝜏) implica que 𝐹 (𝜏) = 𝛾𝜏0(𝐹 (𝜎(𝜔)))

onde 𝜔0, 𝜏0 são as coordenadas zero de 𝜔 e 𝜏 respectivamente. Agora, se

𝐹 (𝜔) ∈ 𝑈𝑥𝑘 então 𝜔0 ∈ 𝐼(𝑥𝑘) por causa da propriedade (iii) do lema 3.1.4

e 𝐹 (𝜎(𝜔) ∈ 𝛾−1
𝜔0
(𝑈𝑥𝑘). Temos que 𝐹 (𝜏) ∈ 𝛾𝜏0(𝛾

−1
𝜔0
(𝑈𝑥𝑘)) e se 𝜔0 ∕= 𝜏0 então

pela propriedade (ii) do lema 3.1.4, temos que 𝐹 (𝜏) /∈ 𝑈𝑥𝑘 . Como o suporte

de 𝜑𝑘 está contido em 𝑈𝑥𝑘 e se 𝜔0 = 𝜏0 então 𝜔 = 𝜏 , temos de (3.7) que

(𝜓, 𝜄)(1)(𝜙(𝑎))(𝜔,𝑚− 𝑛, 𝜏) = [𝑚 = 𝑛][𝜔 = 𝜏 ]𝑎(𝐹 (𝜔)) =

𝜄(𝑎)(𝜔,𝑚− 𝑛, 𝜏).

Como o conjunto dos elementos 𝑎 ∈ 𝐶(𝐾) tais que supp(𝑎) ⊆ 𝐾∖𝐵 é denso

em 𝐽𝐸, a igualdade (𝜓, 𝜄)(1)(𝜙(𝑎)) = 𝜄(𝑎) é válida para 𝑎 ∈ 𝐽𝐸 arbitrário.

Lemma 3.1.9 ([18]) Suponha que (𝜓, 𝜄) é uma representação covariante

isométrica de 𝐸 numa C*-álgebra 𝐵. Então 𝜓 × 𝜄 é fiel se e somente se

𝜄 é fiel e existe uma ação (fortemente cont́ınua) 𝛽 : 𝕊1 → Aut(𝐵) tal que

𝛽𝑧 ∘ 𝜄 = 𝜄 e 𝛽𝑧 ∘ 𝜓 = 𝑧𝜓 para todo 𝑧 ∈ 𝕊1.

Proposição 3.1.10 Se o IFS Γ satisfaz a condição dos ramos finitos ou a

condição do conjunto aberto, então homomorfismo 𝜓 × 𝜄 dado pela repre-

sentação covariante definida por (3.1) and (3.2) é fiel.
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Demonstração. Dado 𝑎 ∈ 𝐶(𝐾),

(𝜄(𝑎)∗ ∗ 𝜄(𝑎))(𝜔,𝑚− 𝑛, 𝜏) = [𝑚 = 𝑛][𝜔 = 𝜏 ]∣𝑎(𝐹 (𝜔))∣2

e como 𝐹 é sobrejetiva, temos que 𝜄 é fiel. Seja 𝛽 : 𝕊1 → Aut(𝒪𝑑) a ação de

gauge dada por

𝛽𝑧(𝑓)(𝜔,𝑚− 𝑛, 𝜏) = 𝑧𝑚−𝑛𝑓(𝜔,𝑚− 𝑛, 𝜏)

então 𝛽𝑧(𝜄(𝑎)) = 𝜄(𝑎) pois 𝜄(𝑎) é zero para 𝑚 ∕= 𝑛; e dado 𝜉 ∈ 𝐸, 𝛽𝑧(𝜓(𝜉)) =

𝑧𝜓(𝜉) pois 𝜓(𝜉) é zero para 𝑚− 𝑛 ∕= 1.

Conclúımos com essa proposição que 𝒪Γ é uma sub-álgebra de 𝒪𝑑.

Observação 3.1.11 Como 𝒢 é um subconjunto fechado, e portanto com-

pacto, de 𝐾 ×𝐾, todas funções cont́ınuas em 𝒢 podem ser vistas como res-

trições de funções cont́ınuas de 𝐾 × 𝐾. E observando que 𝐶(𝐾 × 𝐾) =

𝐶(𝐾)⊗ 𝐶(𝐾), temos que toda função cont́ınua em 𝒢 pode ser escrita como

um limite de somas de elementos do tipo 𝑎 ⊗ 𝑏 onde 𝑎, 𝑏 ∈ 𝐶(𝐾). Podemos

fazer isso tanto com respeito à norma do sup quanto à norma de módulo de

Hilbert por causa da proposição 3.1.1.

Também notamos que a aplicação de codificação 𝐹 : Ω→ 𝐾 definida na

proposição1.1.6 induz uma injeção de 𝐶(𝐾) em 𝐶(Ω).

Proposição 3.1.12 Se o IFS Γ satisfaz a condição dos ramos finitos ou a

condição do conunto aberto, então 𝒪Γ é a sub-C*-álgebra de 𝒪𝑑 gerada por

𝐶(𝐾) e 𝑆.

Demonstração. Como uma álgebra de Cuntz-Pimsner é gerada por cópias

dos elementos da álgebra e cópias dos elementos do módulo, temos que 𝒪Γ é

gerado por todos elementos 𝑎 ∈ 𝐶(𝐾) e 𝜉 ∈ 𝐶(𝒢). Basta notar que 𝜓(1) = 𝑆

onde 1 é a identidade de 𝐶(𝒢) e 𝜓(𝑎 ⊗ 𝑏) = 𝜄(𝑎)𝜓(1)𝜄(𝑏) para 𝑎, 𝑏 ∈ 𝐶(𝐾).

Vamos relembrar algumas definições de [23] e dar uma prova diferente

para isomorfismo entre 𝒪Γ e 𝒪𝑑 para uma certa classe de IFS.
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Definição 3.1.13 Dizemos que o IFS {𝛾𝑖}𝑑𝑖=1 satisfaz a condição de se-

paração dos co-gráficos se os co-gráficos definidos por

𝒢𝑖 = {(𝛾𝑖(𝑦), 𝑦) ∈ 𝐾 ×𝐾 : 𝑦 ∈ 𝐾}

são disjuntos.

Note que os co-gráficos de um IFS são sempre subconjuntos fechados de 𝒢
e se o IFS satisfaz a condição de separação dos co-gráficos então eles também

são subconjuntos abertos. Neste caso, não existem pontos ramificados e em

particular, o IFS satisfaz a condição dos ramos finitos.

Proposição 3.1.14 Se o IFS {𝛾𝑖}𝑑𝑖=1 satisfaz a condição de separação dos

co-gráficos então 𝒪𝛾 ≃ 𝒪𝑑.

Demonstração. Se 𝜒𝒢𝑖
é a função caracteŕıstica de 𝒢𝑖 então ela pertence a

𝐶(𝒢) e note que 𝜓(𝜒𝒢𝑖
) = 𝜒𝑖 ∗𝑆 onde 𝜒𝑖 é a função caracteŕıstica do cilindro

𝑖. Como vimos na seção 2.3, os elementos 𝑆𝑖 = 𝑑1/2𝜒𝑖 ∗ 𝑆 = 𝑑1/2𝜓(𝜒𝒢𝑖
) são 𝑑

isometrias que satisfazem as relações de Cuntz e geram 𝒪𝑑.

3.2 Estados KMS nas álgebras de Kajiwara-

Watatani

Sejam Γ = {𝛾1, . . . , 𝛾𝑑} um IFS sobre seu atrator 𝐾, 𝒪Γ a álgebra definida na

seção anterior, ℎ ∈ 𝐶(𝐾) uma função estritamente positiva e 𝜎 o grupo a um

parâmetro de automorfismos definido a partir de ℎ como na seção 1.3. Sejam

𝐵(𝛾1, . . . , 𝛾𝑑) e 𝐶(𝛾1, . . . , 𝛾𝑑) os conjuntos definidos em (3.1.3) e suponha que

Γ satisfaça a condição dos ramos finitos, isto é, 𝐵 e 𝐶 são finitos.

Para um ponto (𝑥, 𝑦) ∈ 𝐾 ×𝐾 defina

𝑒(𝑥, 𝑦) = #{𝑗 ∈ {1, . . . , 𝑑} : 𝛾𝑗(𝑦) = 𝑥}

e para 𝑎 ∈ 𝐶(𝐾), seja 𝑎̃ a função definida por

𝑎̃(𝑥) =
𝑑∑

𝑗=1

1

𝑒(𝛾𝑗(𝑥), 𝑥)
𝑎(𝛾𝑗(𝑥)).
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Note que a função 𝑎̃ não precisa ser cont́ınua.

Proposição 3.2.1 Se 𝜇 é uma medida positiva não nula em 𝐾 então

ℱ(𝜇)(𝑎) =
∫
𝐾

𝑎̃𝑑𝜇

para todo 𝑎 ∈ 𝐶(𝐾).

Se 𝜔 ∈ 𝐶(𝐾)∗ é dado pela medida 𝜇, iremos abusar a notação e escreve-

remos o lado direito da equação acima como 𝜔(𝑎̃).

Definição 3.2.2 Para cada número real 𝛽 > 0, definimos o operador de

Ruelle-Perron-Frobenius ℒℎ,𝛽 : 𝐶(𝐾)→ 𝐶(𝐾) por

ℒℎ,𝛽(𝑎)(𝑥) =
𝑑∑

𝑗=1

ℎ−𝛽(𝛾𝑗(𝑥))𝑎(𝛾𝑗(𝑥)).

Para 𝑥 ∈ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑑), temos que 𝑒(𝛾𝑗(𝑥), 𝑥) = 1 para todo 𝑗 =

1, . . . , 𝑑 e neste caso ℒℎ,𝛽(𝑎)(𝑥) = ℎ̃−𝛽𝑎(𝑥).

Lemma 3.2.3 Se 𝑎 ∈ 𝐽𝐸 então ℎ̃−𝛽𝑎(𝑥) = ℒℎ,𝛽(𝑎)(𝑥) para todo 𝑥 ∈ 𝐾.

Demonstração. A igualdade é trivial para 𝑥 ∈ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛). Então

suponha que 𝑥 ∈ 𝐶(𝛾1, . . . , 𝛾𝑛). Para 𝑖 ∈ {1, . . . , 𝑑}, se ∃𝑗 ∕= 𝑖 tal que

𝛾𝑖(𝑥) = 𝛾𝑗(𝑥) então 𝛾𝑖(𝑥) ∈ 𝐵(𝛾1, . . . , 𝛾𝑛) e neste caso 𝑎(𝛾𝑖(𝑥)) = 0. Se não

existe tal 𝑗 então 𝑒(𝛾𝑖(𝑥), 𝑥) = 1. Comparando as fórmulas, é fácil ver que a

igualdade também é válida para 𝑥 ∈ 𝐶(𝛾1, . . . , 𝛾𝑛).

Proposição 3.2.4 Seja 𝜏 ∈ 𝐶(𝐾)∗ estado tracial, se ℒ∗
ℎ,𝛽(𝜏) = 𝜏 então 𝜏

satisfaz (K1) e (K2) do teorema (1.3.6). Além disso, se supp(𝜏) ⊆ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛)
então ℒ∗

ℎ,𝛽(𝜏) = 𝜏 se e somente se 𝜏 é do tipo infinito com repeito a (ℎ, 𝛽).

Demonstração. Tome 𝑎 ∈ 𝐽𝐸, então pelo lema anterior

ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(ℎ̃−𝛽𝑎) = 𝜏(ℒℎ,𝛽(𝑎)) = 𝜏(𝑎)
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o que mostra (K1). Agora, tome 𝑎 ∈ 𝐴+, então

ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(ℎ̃−𝛽𝑎) ≤ 𝜏(ℒℎ,𝛽(𝑎)) = 𝜏(𝑎)

o que prova (K2).

Se supp(𝜏) ⊆ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛) então
ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(ℎ̃−𝛽𝑎) = 𝜏(ℒℎ,𝛽(𝑎))

para todo 𝑎 ∈ 𝐶(𝐾), e a equivalência entre ℒ∗
ℎ,𝛽(𝜏) = 𝜏 e ser do tipo infinito

segue.

Agora, vamos restringir nossa atenção a uma certa classe de funções

ℎ para a qual temos um resultado análogo ao teorema de Ruelle-Perron-

Frobenius [17].

Definição 3.2.5 Para uma função 𝑓 : 𝐾 → ℝ definimos o módulo de con-

tinuidade por 𝜔(𝑓, 𝑡) = sup{∣𝑓(𝑥) − 𝑓(𝑦)∣ : 𝑑(𝑥, 𝑦) ≤ 𝑡}. E diremos que 𝑓

satisfaz a condição de Dini se∫ 1

0

𝜔(𝑓, 𝑡)

𝑡
𝑑𝑡 <∞.

Note que se ℎ satisfaz a condição de Dini então ℎ ∘ 𝛾𝑖 também satisfaz

pois 𝛾𝑖 é uma contração.

Denote por 𝜌(𝛽) o raio espectral de ℒℎ,𝛽. Como ℒℎ,𝛽 é um operador

positivo, então ℒ∗
ℎ,𝛽 também o é e seus raios espectrais coincidem. Também

temos a seguinte fórmula:

𝜌(𝛽) = lim
𝑛→∞

∥ℒ𝑛ℎ,𝛽∥1/𝑛.
Teorema 3.2.6 ([17]) Suponha que log ℎ satisfaz a condição de Dini, então

para cada 𝛽 existe uma única função positiva 𝑘𝛽 = 𝑘 ∈ 𝐶(𝐾) e um único

estado 𝜏𝛽 = 𝜏 ∈ 𝐶(𝐾)∗ tal que

ℒℎ,𝛽(𝑘) = 𝜌(𝛽)𝑘, ℒ∗
ℎ,𝛽(𝜏) = 𝜌(𝛽)𝜏, 𝜏(𝑘) = 1.

Além disso, para cada 𝑎 ∈ 𝐶(𝐾), 𝜌(𝛽)−𝑛ℒ𝑛ℎ,𝛽(𝑎) converge uniformemente

para 𝜏(𝑎)𝑘 e para todo estado 𝜃 ∈ 𝐶(𝐾)∗, 𝜌(𝛽)−𝑛(ℒ∗
ℎ,𝛽)

𝑛(𝜃) converge para

𝜃(𝑘)𝜏 na topologia fraca*. Em particular, 𝜌(𝛽) é o único auto-valor tanto

para ℒℎ,𝛽 como para ℒ∗
ℎ,𝛽.
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Proposição 3.2.7 ([17]) Suponha que log ℎ satisfaz a condição de Dini,

então a função real 𝛽 �→ log(𝜌(𝛽)) é anaĺıtica e portanto estritamente de-

crescente.

Dividiremos o estudo dos estados KMS para 𝛽 tal que 𝜌(𝛽) < 1, 𝜌(𝛽) = 1

e 𝜌(𝛽) > 1.

Lemma 3.2.8 Para cada funcional positivo não nulo 𝜔 ∈ 𝐶(𝐾)∗, 𝑎 ∈
𝐶(𝐾)+ e 𝑛 ∈ ℕ, temos que

ℱ𝑛
ℎ,𝛽(𝜔)(𝑎) ≤ (ℒ∗

ℎ,𝛽)
𝑛(𝜔)(𝑎).

Demonstração. Como ℒ∗
ℎ,𝛽 é um operador positivo, é suficiente mostrar

para 𝑛 = 1, mas neste caso

ℱℎ,𝛽(𝜔)(𝑎) = 𝜔(ℎ̃−𝛽𝑎) ≤ (ℒ∗
ℎ,𝛽)(𝜔)(𝑎).

Proposição 3.2.9 Se 𝜌(𝛽) < 1, então 𝐾𝛽(𝜎)𝑖 = ∅ e existe uma corres-

pondência biuńıvoca entre os pontos extremos de 𝐾𝛽(𝜎) e os pontos de 𝐵(𝛾1, . . . , 𝛾𝑑).

Demonstração. Seguimos algumas das ideias de [20]. Primeiro mostramos

que 𝐾𝛽(𝜎)𝑖 = ∅. Suponha que 𝜏 é um estado tracial do tipo infinito com

respeito a (ℎ, 𝛽), então pelo lema anterior

1 = 𝜏(1) = ℱ𝑛
ℎ,𝛽(𝜏)(1) ≤ (ℒ∗

ℎ,𝛽)
𝑛(𝜏)(1) = ∣(ℒ∗

ℎ,𝛽)
𝑛(𝜏)(1)∣ ≤

∥(ℒ∗
ℎ,𝛽)

𝑛∥∥𝜏∥∥1∥ = ∥(ℒ∗
ℎ,𝛽)

𝑛∥
e assim

1 ≤ lim
𝑛→∞

∥(ℒ∗
ℎ,𝛽)

𝑛∥1/𝑛 = 𝜌(𝛽) < 1

o que é uma contradição.

Segue que 𝐾𝛽(𝜎)𝑓 = 𝐾𝛽(𝜎).

Seja 𝒯 (𝐶(𝐾)/𝐽𝐸) o conjunto dos estados traciais que se anulam em 𝐽𝐸

que é igual a {𝑎 ∈ 𝐴 = 𝐶(𝐾); 𝑎 se anula em 𝐵(𝛾1, ..., 𝛾𝑑)} pelo lema 3.1.5.
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Segue que um elemento 𝜏 de 𝒯 (𝐶(𝐾)/𝐽𝐸) deve ter o suporte contido em

𝐵(𝛾1, ..., 𝛾𝑑), que é finito como suposto no ińıcio desta seção. Podemos facil-

mente ver que neste caso os pontos extremos de 𝒯 (𝐶(𝐾)/𝐽𝐸) são exatamente

os deltas de Dirac 𝛿𝑦 para 𝑦 ∈ 𝐵.

É suficiente mostrar agora que existe uma correspondência biuńıvoca

entre 𝒯 (𝐶(𝐾)/𝐽𝐸) e 𝐾𝛽(𝜎)𝑓 preservando os pontos extremos. Dado 𝜙 ∈
𝐾𝛽(𝜎)𝑓 , seja 𝜏 = 𝜙∣𝐴 então 𝜏0 = (𝜏−ℱℎ,𝛽(𝜏))/(𝜏(1)−ℱℎ,𝛽(𝜏)(1)) ∈ 𝒯 (𝐶(𝐾)/𝐽𝐸)

pela condição (K1) do teorema (1.3.6).

Para a rećıproca, vamos mostrar que dado 𝜏0 ∈ 𝒯 (𝐶(𝐾)/𝐽𝐸), temos que

a soma
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0) converge para um elemento 𝜔 ∈ 𝐶(𝐾)∗ na topologia

fraca*. Tome um elemento 𝑎 ∈ 𝐶(𝐾)+, então pelo lema anterior

∞∑
𝑛=0

ℱ𝑛
ℎ,𝛽(𝜏0)(𝑎) ≤

∞∑
𝑛=0

(ℒ∗
ℎ,𝛽)

𝑛(𝜏0)(𝑎).

Agora

lim
𝑛→∞

(∣(ℒ∗
ℎ,𝛽)

𝑛(𝜏0)(𝑎)∣)1/𝑛 ≤ lim
𝑛→∞

∥(ℒ∗
ℎ,𝛽)

𝑛∥1/𝑛∥𝑎∥1/𝑛 = 𝜌(𝛽) < 1

e pelo teste da raiz, a séria acima converge. Para uma função 𝑎 ∈ 𝐶(𝐾)

arbitrária, podemos escrevê-la como a diferença entre a parte positiva e a

parte negativa.

Se 𝜔 =
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0), então o estado tracial do tipo finito 𝜏 = 𝜔/𝜔(1)

satisfaz as condições (K1) and (K2) do teorema (1.3.6) e desta forma podemos

associar a ele um elemento 𝜙 ∈ 𝐾𝛽(𝜎)𝑓 .

As construções acima, 𝜏0 a partir de 𝜙 e a rećıproca, são inversas uma da

outra. Vejamos que os pontos extremos são preservados nessas construções.

Suponha que 𝜙 = 𝜆𝜙′ + (1 − 𝜆)𝜙′′ para 𝜆 ∈ (0, 1) e 𝜙, 𝜙′, 𝜙′′ ∈ 𝐾𝛽(𝜎)𝑓 .

Sejam 𝜏 , 𝜏 ′ e 𝜏 ′′ as restrições em 𝐴 e 𝐶, 𝐶 ′ e 𝐶 ′′ as constantes dadas por

𝐶() = 𝜏 ()(1) − ℱℎ,𝛽(𝜏 ())(1) onde () pode ser substitúıdo por nada, ′ ou ′′.

Então

𝜏0 =
𝜏 −ℱℎ,𝛽(𝜏)

𝜏(1)−ℱℎ,𝛽(𝜏)(1) =

𝜆(𝜏 ′ −ℱℎ,𝛽(𝜏 ′)) + (1− 𝜆)(𝜏 ′′ −ℱℎ,𝛽(𝜏 ′′))
𝐶

=

𝜆𝐶 ′(𝜏 −ℱℎ,𝛽(𝜏))
𝐶𝐶 ′ +

(1− 𝜆)𝐶 ′′(𝜏 ′′ −ℱℎ,𝛽(𝜏 ′′))
𝐶𝐶 ′′ =
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𝜆𝐶 ′

𝐶
𝜏 ′0 +

(1− 𝜆)𝐶 ′′

𝐶
𝜏 ′′0 .

Note que
𝜆𝐶 ′

𝐶
+
(1− 𝜆)𝐶 ′′

𝐶
=

𝜆𝐶 ′ + (1− 𝜆)𝐶 ′′

𝐶
=

𝐶

𝐶
= 1

e portanto 𝜏0 é uma combinação convexa de dois elementos de 𝒯 (𝐶(𝐾)/𝐽𝐸).

De maneira similar, podemos provar que se 𝜏0 pode ser escrita como uma

combinação convexa, então o 𝜙 correspondente também pode.

Para 𝜌(𝛽) ≥ 1, imporemos uma condição extra como feito em [20]. Se

𝑥 ∈ 𝐾 e 𝑛 ∈ ℕ, definimos a 𝑛-ésima orbita de 𝑥 por

𝑂𝑛(𝑥) = {𝛾𝑖1 ∘ ⋅ ⋅ ⋅ ∘ 𝛾𝑖𝑛(𝑥) ∈ 𝐾 : 1 ≤ 𝑖1, . . . , 𝑖𝑛 ≤ 𝑑}

e definimos a órbita por

𝑂(𝑥) = ∪∞
𝑛=0𝑂𝑛(𝑥).

Lemma 3.2.10 Sejam 𝜏 um estado tracial satisfazendo (K2) e 𝜇 a medida

definida por 𝜏 . Se 𝜇 tem massa pontual em 𝑥 então tem massa pontual em

𝑦 para todo 𝑦 ∈ 𝑂(𝑥).

Demonstração. Se 𝜇 satisfaz (K2) então, 𝜇 ≥ ℱℎ,𝛽(𝜇) ≥ 𝜇({𝑥})ℱℎ,𝛽(𝛿𝑥).
Para 𝑎 ∈ 𝐶(𝐾), temos

ℱℎ,𝛽(𝛿𝑥)(𝑎) = 𝛿𝑥(ℎ̃−𝛽𝑎) =
𝑑∑
𝑖=1

ℎ−𝛽(𝛾𝑖(𝑥))
𝑒(𝛾𝑖(𝑥), 𝑥)

𝑎(𝛾𝑖(𝑥))

de forma que

ℱℎ,𝛽(𝛿𝑥) =
𝑑∑
𝑖=1

ℎ−𝛽(𝛾𝑖(𝑥))
𝑒(𝛾𝑖(𝑥), 𝑥)

𝛿𝛾𝑖(𝑥).

Segue que

𝜇({𝛾𝑗(𝑥)}) ≥ 𝜇({𝑥})ℱℎ,𝛽(𝛿𝑥)({𝛾𝑗(𝑥)}) = 𝜇({𝑥})ℎ
−𝛽(𝛾𝑗(𝑥))
𝑒(𝛾𝑗(𝑥), 𝑥)

de forma que se 𝜇({𝑥}) > 0 então 𝜇({𝛾𝑗(𝑥)}) > 0.
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Lemma 3.2.11 Se 𝑂(𝑥) ∩ 𝐶(𝛾1, . . . , 𝛾𝑛) = ∅ então

ℱ𝑛
ℎ,𝛽(𝛿𝑥) = (ℒ∗

ℎ,𝛽)
𝑛(𝛿𝑥)

para todo 𝑛 ∈ ℕ.

Demonstração. Se 𝑂(𝑥) ∩ 𝐶(𝛾1, . . . , 𝛾𝑛) = ∅ então para todo 𝑦 ∈ 𝑂(𝑥)

temos que 𝑒(𝛾𝑖(𝑦), 𝑦) = 1. Por causa disso, podemos calcular ambos os lados

da equação do enunciado e chegamos a

𝑑∑
𝑖1,...,𝑖𝑛=1

ℎ−𝛽(𝛾𝑖1(𝑥))ℎ
−𝛽(𝛾𝑖1 ∘ 𝛾𝑖2(𝑥)) ⋅ ⋅ ⋅ℎ−𝛽(𝛾𝑖1 ∘ ⋅ ⋅ ⋅ ∘ 𝛾𝑖𝑛(𝑥))𝛿𝛾𝑖1∘⋅⋅⋅∘𝛾𝑖𝑛 (𝑥).

Lemma 3.2.12 Se 𝜇(𝐶) = 0 então ℱℎ,𝛽(𝜇)(𝐶) = 0.

Proposição 3.2.13 Suponha que para todo 𝑦 ∈ 𝐾 existe 𝑥 ∈ 𝑂(𝑦) tal que

𝑂(𝑥) ∩ 𝐶(𝛾1, . . . , 𝛾𝑛) = ∅. Então

(i) Se 𝜌(𝛽) > 1 então 𝐾𝛽(𝜎) = ∅.

(ii) Se 𝜌(𝛽) = 1 então existe único estado (𝜎, 𝛽)-KMS, que é do tipo infinito

e é dado pelo único 𝜏 tal que ℒ∗
ℎ,𝛽(𝜏) = 𝜏 .

Demonstração. (i) Vamos mostrar primeiro que se 𝜌(𝛽) > 1 e se 𝜏 satisfaz

(K1) e (K2) então supp(𝜏) ⊆ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛). Como 𝐶 é finito, se supormos

que supp(𝜏) não está contido em𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛) então 𝜏 teria massa pontual

em algum 𝑦 ∈ 𝐶. Tome 𝑥 ∈ 𝑂(𝑦) tal que 𝑂(𝑥) ∩ 𝐶(𝛾1, . . . , 𝛾𝑛) = ∅, seja 𝜇

a medida associada a 𝜏 e seja 𝑘 dado como no teorema (3.2.6), então pelo

lema anterior

𝜏(𝑘) ≥ 𝜇({𝑥})ℱ𝑛
ℎ,𝛽(𝛿𝑥)(𝑘) = 𝜇({𝑥})(ℒ∗

ℎ,𝛽)
𝑛(𝛿𝑥)(𝑘) = 𝜇({𝑥})𝛿𝑥(ℒ𝑛ℎ,𝛽(𝑘)) =

𝜇({𝑥})𝛿𝑥(𝜌(𝛽)𝑛𝑘) = 𝜌(𝛽)𝑛𝜇({𝑥})𝑘(𝑥) −→𝑛→∞ ∞
o que é uma contradição.
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Agora, se 𝜏 é do tipo infinito, então pela proposição (3.2.4), ℒ∗
ℎ,𝛽(𝜏) = 𝜏 ,

o que não é posśıvel uma vez que 𝜌(𝛽) > 1 é o único auto-valor de ℒ∗
ℎ,𝛽.

Se 𝜏 é do tipo finito então 𝜏 =
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0) onde 𝜏0 é um traço finito.

Note que 𝜏0(𝐶) = 0, então pelo lema anterior aplicado n vezes, ℱ𝑛
ℎ,𝛽(𝜏0)(𝐶) =

0 e isso implica que ℱ𝑛
ℎ,𝛽(𝜏0) = (ℒ∗

ℎ,𝛽)
𝑛(𝜏0) para todo 𝑛. Agora, aplicando 𝜏

em 𝑘, temos

𝜏(𝑘) =
∞∑
𝑛=0

ℱ𝑛
ℎ,𝛽(𝜏0)(𝑘) =

∞∑
𝑛=0

(ℒ∗
ℎ,𝛽)

𝑛(𝜏0)(𝑘) =
∞∑
𝑛=0

𝜏0(ℒ𝑛ℎ,𝛽(𝑘)) =

∞∑
𝑛=0

𝜏0(𝜌(𝛽)
𝑛𝑘) = 𝜏0(𝑘)

∞∑
𝑛=0

𝜌(𝛽)𝑛 =∞ (3.8)

de modo que não temos convergência na topologia fraca*, o que é uma con-

tradição.

(ii) Primeiro note que a equação (3.8) também é válida para 𝜌(𝛽) =

1 de modo que não temos estados KMS to tipo finito neste caso. Agora,

mostremos que se 𝜏 satisfaz ℒ∗
ℎ,𝛽(𝜏) = 𝜏 então ele nos dá um estado KMS,

que necessariamente é do tipo infinito.

Para (K1), seja 𝑎 ∈ 𝐽𝐸 e note que

ℎ̃−𝛽𝑎(𝑥) =
𝑑∑
𝑖=1

1

𝑒(𝛾𝑖(𝑥), 𝑥)
ℎ−𝛽(𝛾𝑖(𝑥))𝑎(𝛾𝑖(𝑥)) = ℒℎ,𝛽(𝑎)(𝑥)

porque ou 𝑒(𝛾𝑖(𝑥), 𝑥) = 1 ou 𝛾𝑖(𝑥) ∈ 𝐵(𝛾1, . . . , 𝛾𝑑) e neste caso 𝑎(𝛾𝑖(𝑥)) = 0.

Para (K2), tome 𝑎 ∈ 𝐴+, então

ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(ℎ̃−𝛽𝑎) ≤ 𝜏(ℒℎ,𝛽(𝑎)) = 𝜏(𝑎).

Finalmente, temos que mostrar que a restrição de 𝜏 em 𝐴 de um estado

KMS do tipo infinito satisfaz ℒ∗
ℎ,𝛽(𝜏) = 𝜏 . Isso segue facilmente uma vez que

mostrarmos que neste caso 𝜏(𝐶) = 0. Para 𝑘 a auto-função de ℒℎ,𝛽, temos

0 = 𝜏(𝑘)−ℱℎ,𝛽(𝜏)(𝑘) = 𝜏(𝑘 − ℎ̃−𝛽𝑘) = 𝜏(𝒦ℎ,𝛽(𝑘)− ℎ̃−𝛽𝑘) =∫ 𝑑∑
𝑗=1

(
1− 1

𝑒(𝛾𝑗(𝑥), 𝑥)

)
ℎ−𝛽(𝛾𝑗(𝑥))𝑘(𝛾𝑗(𝑥))𝑑𝜏(𝑥)

o que implica que 𝜏(𝐶) = 0 e assim ℒ∗
ℎ,𝛽(𝜏) = 𝜏 .



Caṕıtulo 4

Résumé en Français

Le but de la thèse est d’étudier des algèbres issues de certaines dynamiques

et leurs états KMS. On va rappeler quelques définitions et les résultats prin-

cipaux obtenus.

4.1 Préliminaires

4.1.1 Systèmes des fonctions itérées

Soit (𝑋, 𝜌) un espace métrique compact.

Définition 4.1.1 Un système des fonctions itérées (IFS) sur 𝑋 est un en-

semble fini des fonctions continues {𝛾𝑖 : 𝑋 → 𝑋}𝑑𝑖=1. On dit que le système

est hyperbolique si toutes les fonctions sont des contractions, c’est-à-dire, il

existe une constante 𝑐 ∈ (0, 1) telle que 𝜌(𝛾𝑖(𝑥), 𝛾𝑖(𝑦)) ≤ 𝑐𝜌(𝑥, 𝑦) ∀𝑥, 𝑦 ∈ 𝑋.

Proposition 4.1.2 Soit {𝛾𝑖}𝑑𝑖=1 un IFS, alors il existe un seul sous-espace

compact non vide 𝐾 de 𝑋 tel que

𝐾 = ∪𝑑𝑖=1𝛾𝑖(𝐾). (4.1)

On appelle l’attracteur du IFS.

Définition 4.1.3 On dit que le IFS {𝛾𝑖}𝑑𝑖=1 satisfait

∙ la condition de séparation forte si l’union en 4.1 est disjointe.

35
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∙ la condition de l’ensemble ouvert si ∃𝑈 ⊆ 𝐾 ouvert et dense tel que

𝑈 ⊆ ∪̇𝑑𝑖=1𝛾𝑖(𝑈)

où ∪̇ représente l’union disjointe.

4.1.2 Algèbres de Cuntz-Pimsner

Soit 𝐴 une C*-algèbre.

Définition 4.1.4 Un C*-module de Hilbert (à droite) sur 𝐴 est un 𝐴-module

(à droite) 𝑀 avec une application sesquilinéaire ⟨ , ⟩ : 𝑀 ×𝑀 → 𝐴 tel que:

(i) ⟨𝜉, 𝜂𝑎⟩ = ⟨𝜉, 𝜂⟩ 𝑎;

(ii) (⟨𝜉, 𝜂⟩)∗ = ⟨𝜂, 𝜉⟩;

(iii) ⟨𝜉, 𝜉⟩ ≥ 0;

(iv) 𝑀 est complet avec la norme ∣∣𝜉∣∣2 = ∣∣ ⟨𝜉, 𝜉⟩ ∣∣1/2

pour 𝑎 ∈ 𝐴 et 𝜉, 𝜂 ∈ 𝑀 . On dit que 𝑀 est plein si ⟨𝑀,𝑀⟩ est dense dans

𝐴.

Soit𝑀 un C*-module de Hilbert, on note par ℒ(𝑀) l’espace des opérateurs

dans 𝑀 qui ont un adjoint. L’espace ℒ(𝑀) est une C*-algèbre /citeLan1.

Pour 𝜉, 𝜂 ∈𝑀 , on définit l’opérateur 𝜃𝜉,𝜂 : 𝑀 →𝑀 par 𝜃𝜉,𝜂(𝜁) = 𝜉 ⟨𝜂, 𝜁⟩.Ces
opérateurs ont un adjoint et on note par 𝒦(𝑀) l’espace fermé de ℒ(𝑀) en-

gendré par tous 𝜃𝜉,𝜂.

Définition 4.1.5 Une C*-correspondance sur 𝐴 é un C*-module de Hilbert

𝑀 avec un C*-homomorphisme 𝜙 : 𝐴→ ℒ(𝑀).

Soit (𝑀,𝜙) une C*-correspondance sur 𝐴 et on suppose que 𝜙 est fidèle.

Note par 𝐽𝑀 l’idéal 𝜙−1(𝒦(𝑀)).

Définition 4.1.6 Une paire (𝜄, 𝜓) des application 𝜄 : 𝐴 → 𝐵, 𝜓 : 𝑀 → 𝐵,

où 𝐵 est une C*-algèbre et 𝜄 un C*-homomorphisme, est une représentation

covariante de 𝑀 si:
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(i) 𝜓(𝜙(𝑎)𝜉𝑏) = 𝜄(𝑎)𝜓(𝜉)𝜄(𝑏);

(ii) 𝜓(𝜉)∗𝜓(𝜂) = 𝜄(⟨𝜉, 𝜂⟩);

(iii) (𝜓, 𝜄)(1)(𝜙(𝑐)) = 𝜄(𝑐) où l’application (𝜓, 𝜄)(1) : 𝒦(𝑀) → 𝐵 est donnée

par (𝜓, 𝜄)(1)(𝜃𝜉,𝜂) = 𝜓(𝜉)𝜓(𝜂)∗,

pour 𝑎, 𝑏 ∈ 𝐴, 𝜉, 𝜂 ∈𝑀 et 𝑐 ∈ 𝐽𝑀 .

Etant donnée une C*-correspondance (𝑀,𝜙), il existe une C*-algèbre

𝒪(𝑀) et une représentation covariante (𝑘𝐴, 𝑘𝑀) qui est universelle, au sens

que si (𝜄, 𝜓) est une représentation covariante de𝑀 dans une C*-algèbre 𝐵, il

existe un seul C*-homomorphisme 𝜄×𝜓 : 𝒪(𝑀)→ 𝐵 tel que 𝜄 = (𝜄×𝜓)∘𝑘𝐴
et 𝜓 = (𝜄× 𝜓) ∘ 𝑘𝑀 .

Définition 4.1.7 ([35], [22]) L’algèbre 𝒪(𝑀) est appelée l’algèbre de Cuntz-

Pimsner de 𝑀 .

4.2 C*-algèbres associées à une transforma-

tion continue

Soit 𝐴 une C*-algèbre commutative. Motivé par [31], on va donner une

nouvelle définition d’entropie.

Définition 4.2.1 Soit 𝜙 un état dans 𝐴, on définit l’entropie de 𝜙 par:

h(𝜙) = inf
𝑎∈𝐴+

{
𝜙

(
ln

(
𝐿𝜌(𝑎)

𝜌𝑎

))}
(4.2)

où 𝐿𝜌 est un opérateur de transfert pour 𝜌 : 𝑋 → (0,∞).

On note par 𝐴+ l’ensemeble des eléments 𝑎 ∈ 𝐴 auto-adjoint et tel que

le spectre 𝜎(𝑎) est contenu dans (0,∞).

Définition 4.2.2 On dit qu’un état 𝜙 est 𝛼-invariant si 𝜙 ∘ 𝛼 = 𝜙.
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Définition 4.2.3 Soit 𝑏 ∈ 𝐴+, on définit la pression topologique de 𝑏 par

𝑝(𝑏) = sup
𝜙 inv

{h(𝜙) + 𝜙(ln 𝑏)} .

Si 𝜙 est un état invariant tel que h(𝜙) + 𝜙(ln 𝑏) = 𝑝(𝑏), on dit que 𝜙 est un

état d’équilibre de 𝑏.

Proposition 4.2.4 Si 𝐿𝜌(1) = 1 alors 𝑝(𝜌) = 0. De plus, les états 𝜙 qui

satisfont 𝜙 ∘ 𝐿𝜌 = 𝜙 sont des états d’équilibre de 𝜌.

On veut trouver des relations entre les états KMS de 𝐴 ⋊𝛼,𝐿 ℕ [12] et

𝐶∗(ℛ, ℰ) [14] et les états d’équilibre (dans 𝐴) du potentiel ℎ−𝛽. Comme

on a supposé que l’algèbre 𝐴 est commutative, on a des uniques espérances

conditionnelles 𝐹 : 𝐴 ⋊𝛼,𝐿 ℕ→𝐴 et 𝐺 : 𝐶∗(ℛ, ℰ) → 𝐴. De plus si 𝐸 :=

𝛼 ∘ 𝐿 : 𝐴 → 𝛼(𝐴) est une espérance conditionnelle d’indice fini, les états

KMS 𝜓 de 𝐴⋊𝛼,𝐿ℕ peuvent être décomposés de la façon 𝜓 = 𝜙 ∘𝐹 où 𝜙 est

un état dans 𝐴 qui satisfait

𝜙(𝑎) = 𝜙(𝐿(Λ𝑎)), ∀𝑎 ∈ 𝐴

où Λ = ℎ−𝛽ind(𝐸) et les états KMS 𝜓 de 𝐶∗(ℛ, ℰ) peuvent être décomposés

de la façon 𝜓 = 𝜙 ∘𝐺 où 𝜙 est un état dans 𝐴 qui satisfait

𝜙(𝑎) = 𝜙(Λ−[𝑛]𝐸𝑛(Λ
[𝑛]𝑎)), ∀𝑎 ∈ 𝐴 ∀𝑛 ∈ ℕ

où 𝐸𝑛 = 𝛼𝑛 ∘ 𝐿𝑛 et Λ[𝑛] =
∏𝑛−1

𝑖=0 𝛼
𝑖(ℎ−𝛽ind(𝐸)).

Proposition 4.2.5 Si 𝜓 = 𝜙 ∘ 𝐹 est un état (ℎ, 𝛽)-KMS de 𝐴 ⋊𝛼,𝐿 ℕ et

𝐿(Λ1) = 1 alors 𝜙 est un état d’équilibre (dans 𝐴) du potentiel ℎ−𝛽.

Proposition 4.2.6 Supposons que 𝜓 = 𝜙 ∘ 𝐺 soit un état (ℎ, 𝛽)-KMS de

𝐶∗(ℛ, ℰ). Soit 𝜌 = ℎ−𝛽 et supposons que 𝐿𝜌(𝑘) = 𝜆𝑘 pour un 𝜆 > 0 et

𝑘 ∈ 𝐴+. Soient 𝜌 = 𝜌𝑘
𝜆𝛼(𝑘)

et 𝜙 un état 𝐴 donné par 𝜙(𝑎) = 𝜙(𝑘𝑎). Supposons

que lim𝑛→∞
∥∥∥𝐿𝑛

𝜌(𝑎)− 𝜙(𝑎)
∥∥∥ = 0 ∀𝑎 ∈ 𝐴, alors 𝜙 est un état d’équilibre de 𝜌.



CAPÍTULO 4. RÉSUMÉ EN FRANÇAIS 39

4.3 C*-algèbres associées à des systèmes de

fonctions itérées

4.3.1 C*-algèbres de Kajiwara-Watatani

Soit Γ = {𝛾𝑖}𝑑𝑖=1 un système de fonctions itérées hyperbolique et K son

attracteur. On rappele la C*-correspondance définie dans [23]. Soient 𝐴 =

𝐶(𝑋) et 𝐸 = 𝐶(𝒢) où
𝒢 = ∪𝑑𝑖=1𝒢𝑖

et les ensembles 𝒢𝑖 sont définis par

𝒢𝑖 = {(𝑥, 𝑦) ∈ 𝐾 ×𝐾 : 𝑥 = 𝛾𝑖(𝑦)} .

La multiplication à droite et l’homomorphisme 𝜙 sont donés par

(𝜙(𝑎)𝜉𝑏)(𝑥, 𝑦) = 𝑎(𝑥)𝜉(𝑥, 𝑦)𝑏(𝑦)

et le produit scalaire est donné par

⟨𝜉, 𝜂⟩𝐴 (𝑦) =
𝑑∑
𝑖=1

𝜉(𝛾𝑖(𝑦), 𝑦)𝜂(𝛾𝑖(𝑦), 𝑦)

où 𝑎, 𝑏 ∈ 𝐴 et 𝜉, 𝜂 ∈ 𝐸.

Définition 4.3.1 L’algèbre de Kajiwara-Watatani 𝒪Γ associée à Γ est l’algèbre

de Cuntz-Pimsner associée à la C*-correspondance définit ci-dessus.

Définition 4.3.2 Soit Γ = {𝛾1, ..., 𝛾𝑑} un IFS, on définit les ensembles:

𝐵(𝛾1, ..., 𝛾𝑑) := {𝑥 ∈ 𝐾∣∃𝑦 ∈ 𝐾 ∃𝑖 ∕= 𝑗 : 𝑥 = 𝛾𝑖(𝑦) = 𝛾𝑗(𝑦)};

𝐶(𝛾1, ..., 𝛾𝑑) := {𝑦 ∈ 𝐾∣∃𝑖 ∕= 𝑗 : 𝛾𝑖(𝑦) = 𝛾𝑗(𝑦)}.
On appelle les éléments de 𝐵(𝛾1, ..., 𝛾𝑑) les points de branchement et les points

de 𝐶(Γ) les valeurs de branchement. On dit que Γ satisfait la conditions des

branches finies si 𝐶(𝛾1, ..., 𝛾𝑑) est fini.
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Théorème 4.3.3 Soit Γ = {𝛾1, ..., 𝛾𝑑} un IFS qui satisfait la condition

de l’ensemble ouvert ou la condition des branches finies. Il existe un C*-

homomorphisme injectif Φ : 𝒪Γ → 𝒪𝑑 tel que l’image de Φ est engendrée

par Φ(𝐴) et Φ(1), où 1 ∈ 𝐶(𝒢) et la fonction constant égale à 1 et 𝒪𝑑 est

l’algèbre de Cuntz.

Théorème 4.3.4 Soit Γ = {𝛾1, ..., 𝛾𝑑} un IFS qui satisfait la condition de

l’ensemble ouvert ou la condition des branches finies. Supposons qu’il existe

une fonction continue 𝛾 : 𝐾 → 𝐾 telle que 𝛾 ∘ 𝛾𝑖 = 𝑖𝑑 pour tous 𝑖 ∈
{1, . . . , 𝑑}, alors 𝒪Γ est isomorphe à 𝐴 ⋊𝛼,𝐿 ℕ où 𝛼 : 𝐴 → 𝐴 est donné par

𝛼(𝑎) = 𝑎 ∘ 𝛾 et 𝐿 : 𝐴→ 𝐴 est donné par 𝐿(𝑎)(𝑥) =
∑𝑑

𝑖=1 𝑎(𝛾𝑖(𝑥)).

4.3.2 États KMS dans l’algèbre de Kajiwara-Watatani

D’abord, on va rappeler quelques définitions et résultat de [29] avec les sim-

plifications faites dans [24] et [20].

Soient 𝐴 = 𝐶(𝐾) et 𝐸 = 𝐶(𝒢) comme dans la sous-section précédente.

Si ℎ ∈ 𝐴 est une fonction strictement positive, on peut définir un groupe à

un paramètre d’automorphismes 𝜎𝑡 : 𝒪Γ → 𝒪Γ par 𝜎𝑡(𝑎) = 𝑎 si 𝑎 ∈ 𝐴 et

𝜎𝑡(𝜉) = ℎ𝑖𝑡𝜉 si 𝜉 ∈ 𝐸.

Définition 4.3.5 On définit l’application ℱ : 𝐴∗ → 𝐴∗ par

ℱ(𝜔)(𝑎) = lim
𝑘→∞

∑
𝜉∈𝐼𝑘

𝜔(⟨𝜉, 𝑎𝜉⟩)

où {𝑒𝑘 =
∑

𝜉∈𝐼𝑘 𝜃𝜉,𝜉} est une unité approchée de 𝒦(𝑀). Etant donnée ℎ ∈ 𝐴

strictement positive et 𝛽 ∈ ℝ∗
+, on définit ℱℎ,𝛽 : 𝐴∗ → 𝐴∗ par

ℱℎ,𝛽(𝜔)(𝑎) = ℱ(𝜔)(ℎ−𝛽𝑎).

On note 𝐾𝛽(𝜎) l’ensemble des états (𝜎, 𝛽)-KMS de 𝒪Γ.

Théorème 4.3.6 Il existe un isomorphisme entre𝐾𝛽(𝜎) et l’ensemble 𝒯ℎ,𝛽(𝐴)
des états 𝜏 de 𝐴 qui satisfont les conditions

(K1) ℱℎ,𝛽(𝜏)(𝑎) = 𝜏(𝑎) pour tout 𝑎 ∈ 𝐽𝑀 ;
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(K2) ℱℎ,𝛽(𝜏)(𝑎) ≤ 𝜏(𝑎) pour tout 𝑎 ∈ 𝐴+.

La correspondance entre 𝐾𝛽(𝜎) et 𝒯ℎ,𝛽(𝐴) est donnée par la restriction.

Définition 4.3.7 On dit qu’une trace positive 𝜏 est de type fini (par rapport

à (ℎ, 𝛽)) s’il existe une trace 𝜏0 telle que 𝜏 =
∑∞

𝑛=0ℱ𝑛
ℎ,𝛽(𝜏0) dans la topologie

faible-*. On dit que 𝜏 est de type infini (par rapport à (ℎ, 𝛽)) si ℱℎ,𝛽(𝜏) = 𝜏 .

Définition 4.3.8 On dit que 𝜙 ∈ 𝐾𝛽(𝜎) est de type fini (resp. infini) si 𝜙∣𝐴
est de type fini (resp. infini). On note 𝐾𝛽(𝜎)𝑓 (resp. 𝐾𝛽(𝜎)𝑖) l’ensemble des

états (𝜎, 𝛽)-KMS de type fini (resp. infini).

Définition 4.3.9 Etant donné un nombre réel 𝛽 > 0, on définit l’opérateur

de Ruelle-Perron-Frobenius ℒℎ,𝛽 : 𝐶(𝐾)→ 𝐶(𝐾) par

ℒℎ,𝛽(𝑎)(𝑥) =
𝑑∑

𝑗=1

ℎ−𝛽(𝛾𝑗(𝑥))𝑎(𝛾𝑗(𝑥)).

Proposition 4.3.10 Soit 𝜏 ∈ 𝐶(𝐾)∗ un état, si ℒ∗
ℎ,𝛽(𝜏) = 𝜏 alors 𝜏 satisfait

(K1) et (K2) du théorème (4.3.6). De plus, si supp(𝜏) ⊆ 𝐾∖𝐶(𝛾1, . . . , 𝛾𝑛)
alors ℒ∗

ℎ,𝛽(𝜏) = 𝜏 si et seulement si 𝜏 est de type infini par rapport à (ℎ, 𝛽).

Pour les résultats suivants, on va utiliser une version du théorème de

Ruelle-Perron-Frobenius

Définition 4.3.11 Pour une fonction 𝑓 : 𝐾 → ℝ on définit le module de

continuité par 𝜔(𝑓, 𝑡) = sup{∣𝑓(𝑥) − 𝑓(𝑦)∣ : 𝑑(𝑥, 𝑦) ≤ 𝑡}. On dit que 𝑓

satisfait la condition de Dini si∫ 1

0

𝜔(𝑓, 𝑡)

𝑡
𝑑𝑡 <∞.

Théorème 4.3.12 ([17]) Supposons que log ℎ satisfasse la condition de Dini,

alors pour chaque 𝛽 il existe une seule fonction positive 𝑘𝛽 = 𝑘 ∈ 𝐶(𝐾) et

un seul état 𝜏𝛽 = 𝜏 ∈ 𝐶(𝐾)∗ tels que

ℒℎ,𝛽(𝑘) = 𝜌(𝛽)𝑘, ℒ∗
ℎ,𝛽(𝜏) = 𝜌(𝛽)𝜏, 𝜏(𝑘) = 1.
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De plus, si 𝑎 ∈ 𝐶(𝐾) alors 𝜌(𝛽)−𝑛ℒ𝑛ℎ,𝛽(𝑎) converge uniformément vers 𝜏(𝑎)𝑘

et si 𝜃 ∈ 𝐶(𝐾)∗ est un état alors 𝜌(𝛽)−𝑛(ℒ∗
ℎ,𝛽)

𝑛(𝜃) converge vers 𝜃(𝑘)𝜏 dans

la topologis faible-*. En particulier, 𝜌(𝛽) est le seule valeur propre de ℒℎ,𝛽 et

de ℒ∗
ℎ,𝛽.

Proposition 4.3.13 Si 𝜌(𝛽) < 1, alors 𝐾𝛽(𝜎)𝑖 = ∅ et il existe une bijection

entre les points extrêmes de 𝐾𝛽(𝜎) et les éléments de 𝐵(𝛾1, . . . , 𝛾𝑑).

Pour 𝜌(𝛽) ≥ 1, on impose une autre condition comme a été fait dans [20].

Soient 𝑥 ∈ 𝐾 et 𝑛 ∈ ℕ, on définit 𝑛-ième orbite de 𝑥 par

𝑂𝑛(𝑥) = {𝛾𝑖1 ∘ ⋅ ⋅ ⋅ ∘ 𝛾𝑖𝑛(𝑥) ∈ 𝐾 : 1 ≤ 𝑖1, . . . , 𝑖𝑛 ≤ 𝑑}

et on définit l’orbite de 𝑥 par

𝑂(𝑥) = ∪∞
𝑛=0𝑂𝑛(𝑥).

Proposition 4.3.14 Supposons que pour tout 𝑦 ∈ 𝐾 il existe 𝑥 ∈ 𝑂(𝑦) tel

que 𝑂(𝑥) ∩ 𝐶(𝛾1, . . . , 𝛾𝑛) = ∅. Alors

(i) Si 𝜌(𝛽) > 1 alors 𝐾𝛽(𝜎) = ∅.

(ii) Si 𝜌(𝛽) = 1 alors il existe un seul état (𝜎, 𝛽)-KMS, qui est de type infini

et est donné par le seule 𝜏 tel que ℒ∗
ℎ,𝛽(𝜏) = 𝜏 .
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Abstract

We relate the concepts of entropy and pressure to that of KMS states
for 𝐶∗-algebras. Several different definitions of entropy are known in our
days: the one we present here is quite natural, extending the usual one
for Dynamical Systems in Thermodynamic Formalism Theory, being
basically obtained from transfer operators (also called Ruelle operators)
and having the advantage of being very easily introduced. We also
present a concept of pressure as a min-max principle.

Later on, we consider the concept of a KMS state as an equilibrium
state for a potential, in the context of 𝐶∗-algebras, and we show that
there is a relation between equilibrium measures and KMS states for
certain algebras arising from a continuous transformation.

1 Introduction and Main Result

We want to relate equilibrium measures from the theory of Thermodynamic
Formalism with KMS states, their analogues in the 𝐶∗-algebras theory. Nowa-
days, several different definitions of entropy are known (see [19]). The defini-
tion we present here is quite natural and extends the usual one for Dynamical
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2 G. G. de Castro and A. O. Lopes

Systems in Thermodynamic Formalism Theory (see [14]), being basically ob-
tained from transfer operators, and having the advantage of being very easily
introduced. Later on (Section 3), we interpret the concepts of entropy and
pressure in the setting of commutative 𝐶∗-algebras.

Finally, we consider the concept of a KMS state as an equilibrium state
for a potential (in the context of 𝐶∗-algebras) and show that they are related
to the equilibrium measures of the Thermodynamic Formalism Theory. This
problem, in a similar context, was also considered in [22], and [11].

In the next section we describe briefly the main prerequisites for the state-
ment of our main result, which is stated and proved in the last section.

2 Review of Thermodynamic Formalism
and 𝐶∗-algebras

First we present the main concepts of the theory of Thermodynamic Formal-
ism, a mathematical theory initially developed by D. Ruelle and Y. Sinai and
inspired by problems borrowed from Statistical Mechanics.

We denote by 𝐶(𝑋) the space of continuous real functions of 𝑋, where
(𝑋, 𝑑) is a compact metric space and consider the Borel sigma-algebra over
𝑋. Given a continuous transformation 𝑇 : 𝑋 → 𝑋, we denote by ℳ(𝑇 ) the
set of invariant probabilities 𝜈 for 𝑇, that is, those probabilities satisfying∫
𝑓 ∘ 𝑇 𝑑𝜈 =

∫
𝑓 𝑑𝜈, for every 𝑓 ∈ 𝐶(𝑋).

From now on, suppose that 𝑇 is an expanding map (see definition in [26]).
We refer the reader to [24], [26], and [25] for general definitions and properties
of Thermodynamic Formalism, as well as expanding maps; for these maps
there are many nice results (see [26]).

Typical examples of such expanding maps are the shift transformation 𝑇
of the Bernoulli space Ω = {1, 2, . . . , 𝑑}ℕ, as well as the 𝐶1+𝛼-transformations
of the unit circle satisfying ∣𝑇 ′(𝑥)∣ > 𝑐 > 1, for some constant 𝑐, where ∣ ⋅ ∣
denotes the usual norm (associating the unit circle to the interval [0, 1) in a
standard way).

Our results also apply to the following type of expanding maps (see [1],
and [16]): the geodesic flow of a compact constant negative curvature surface
induces a Markov transformation 𝐺 of the boundary of the Poincaré disk such
that, for some 𝑛, the iterate 𝐺𝑛 = 𝑇 is a continuous expanding transformation
acting on the unit circle.

For each 𝜈 ∈ ℳ(𝑇 ), let ℎ(𝜈) denote the Shannon-Kolmogorov entropy of
𝜈 (see [20]). This entropy measures the dynamic complexity of the action of
the transformation 𝑇 on sets of measure one. One interesting problem is to
consider the maximal entropy among invariant probabilities, that is, ℎ(𝑇 ) =
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sup{ℎ(𝜈) ∣ 𝜈 ∈ℳ(𝑇 )}, called the topological entropy of 𝑇 . A probability that
attains such a supremum value is called a measure of maximal entropy.

This way, we are looking for the probability with the largest complexity.
In the case of the Bernoulli space Ω = {1, 2, . . . , 𝑑}ℕ, the maximal value of the
entropy of invariant probabilities is log 𝑑, and there is a unique probability 𝜇
that attains such a value. In this case, the maximal entropy measure 𝜇 is the
independent probability with weights 1/𝑑.

One of the main principles of Physics is that Nature maximizes entropy.
In Statistical Mechanics, the maximal entropy measure 𝜇 corresponds to what
is to be expected at infinite temperature (see [24], and [26]). When the
temperature is finite, Nature maximizes pressure. A probability that max-
imizes pressure is called a Gibbs probability (or state). In fact, there exists
an external potential 𝐴 : Ω → ℝ which describes the interaction 𝐴(𝑤) =
𝐴(𝑤0, 𝑤1, 𝑤2, . . .), with 𝑤 = (𝑤0, 𝑤1, 𝑤2, . . .) ∈ Ω, around neighborhoods in
the lattice Ω = {1, 2, . . . , 𝑑}ℕ.

The simplest case occurs with this potential being a function 𝐴(𝑤) which
depends only on a finite number of coordinates; for example, on two coordi-
nates, 𝐴(𝑤) = 𝐴(𝑤0, 𝑤1), when we get a finite range iteration potential. These
types of potentials are more easily dealt with, but the more important poten-
tials, for mathematical applications, are those that depend on entire sequences
𝑤 = (𝑤0, 𝑤1, 𝑤2, . . .) ∈ {1, 2, . . . , 𝑑}ℕ.

A common example in Statistical Mechanics occurs with 𝑑 = 2, when we
associate 1 to the spin + and 2 to the spin −. An element 𝑤 in this Bernoulli
space could be, for instance, 𝑤 = (+ − − + − + − + + . . .), that is, an
element with spin up or down in different positions of a lattice over the set
ℕ. The Gibbs probability for 𝐴 describes the probabilities of the Borel sets of
the space {+,−}ℕ that are determined by the interactions given by 𝐴.

As in Statistical Mechanics, we may also consider an extra real parameter
𝛽 = 1/𝜏, where 𝜏 represents the temperature.

Definition 1. Given a potential 𝐴, the pressure of 𝐴 at temperature 𝜏 = 1/𝛽
is given by

𝑃 (𝛽 𝐴) = sup

{
ℎ(𝜈) + 𝛽

∫
𝐴𝑑𝜈

∣∣∣∣ 𝜈 ∈ℳ(𝑇 )

}
.

A measure 𝜇 = 𝜇𝐴 satisfying such a supremum is called a Gibbs state for 𝐴
at temperature 𝜏 . This probability 𝜇𝐴, also called an equilibrium state for 𝐴,
describes what is physically observable, in probabilistic terms (see [24]). When
𝛽 = 1, we simply write 𝑃 (𝐴). When 𝛽 = 0, which corresponds to 𝐴 = 0, we
get the case of infinite temperature, and the Gibbs state is the independent
probability mentioned earlier.
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If the potential 𝐴 is Hölder, which corresponds to a fast decay of interaction
between neighborhoods, the Gibbs state 𝜇𝐴 is unique (see [25], and [20]).

For a differentiable transformation 𝑇 : 𝑆1 → 𝑆1 of the unit circle 𝑆1 (or
an interval), a very important potential to consider is 𝐴(𝑥) = − log 𝑇 ′(𝑥),
when − ∫

log 𝑇 ′(𝑥) 𝑑𝜇(𝑥) measures the 𝜇-mean sensibility with respect to ini-
tial conditions. In this case, the measure 𝜇 that maximizes pressure is called
the Bowen-Ruelle-Sinai probability (see [18]).

For more general transformations of the unit circle we may consider an
extra parameter 𝛽 (which now has nothing to do with temperature) and
the potentials 𝛽(− log 𝑇 ′). A special value of 𝛽, namely the one for which
𝑃 (−𝛽 log 𝑇 ′) = 0, is associated to the Hausdorff dimension of sets that are
important for the dynamical viewpoint (see [26], and [17]).

Applications to Geometry, the dimension of fractals, zeta functions, as well
as others, may be found in [3], [1], [17], [20], and [16].

The main tool for obtaining the Gibbs probability is the Ruelle operator,
which is called the transfer operator in Statistical Physics. Let us consider the
general setting.

Definition 2. Given a potential 𝐴 : 𝑋 → ℝ, the Ruelle operator, or transfer
operator, ℒ𝐴 : 𝐶(𝑋)→ 𝐶(𝑋) is given by

ℒ𝐴(𝑓)(𝑥) =
∑

𝑇 (𝑧)=𝑥

𝑒𝐴(𝑧) 𝑓(𝑧),

for each continuous 𝑓 : 𝑋 → ℝ, and any 𝑥 ∈ 𝑋.

We may also consider the dual Ruelle operator ℒ∗
𝐴, acting on measures over

the Borel sigma-algebra of 𝑋. When 𝐴 is such that ℒ𝐴(1) = 1, we say that
the potential 𝐴 is normalized; in this case, if 𝜈 is a probability, ℒ∗

𝐴(𝜈) is also
a probability. If 𝐴 is Hölder, then the Ruelle operator also acts on the space
ℋ = ℋ𝛼 of 𝛼-Hölder functions taking complex values (with fixed 0 < 𝛼 ≤ 1).

We will now state a main result of this theory in the particular setting of
Bernoulli spaces (see [25], and [20]), which is a more advanced version of the
Perron Theorem for positive matrices.

Theorem 3 (Ruelle). If 𝐴 : {1, 2, . . . , 𝑑}ℕ → ℝ is Hölder, then there exist a
maximal eigenvalue 𝜆 and an associated Hölder eigenfunction 𝜙 for ℒ𝐴, that is,
ℒ𝐴(𝜙) = 𝜆𝜙. Moreover, 𝜆 is isolated in the spectrum of the operator ℒ𝐴, and
there exists an eigen-probability 𝜈 such that ℒ∗

𝐴(𝜈) = 𝜆 𝜈. Finally, the Gibbs
state probability 𝜇𝐴 for 𝐴 is given by 𝜇𝐴 = 𝜙 𝜈 (after suitable normalization).

We point out that when 𝐴 depends only on two coordinates, Ruelle’s The-
orem is a consequence of Perron’s Theorem for positive matrices (see [20]).
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There is a different way to compute the entropy, via the Perron operator
acting on different potentials.

Theorem 4 ([14]). Let 𝔹+ denote the set of Borel positive functions of Ω.
Given 𝜇 ∈ℳ(𝑇 ) and a Hölder potential 𝐴, the entropy of 𝜇 is given by

ℎ(𝜇) = inf
𝑓∈𝔹+

∫
log

(
𝑃𝐴𝑓

𝐴 𝑓

)
𝑑𝜈.

This result shows that we may avoid the dynamical viewpoint of entropy
(considering partitions of the Bernoulli space, refinements of the partition by
iterations, and so on) and address all the computations to the action of the
Ruelle operator. This turns out to be quite useful for the generalization to 𝐶∗-
algebras, where there is no natural dynamics involved, and where a dynamics
based definition would be quite complicated.

There is also a different way to compute pressure, via a min-max principle.

Theorem 5 ([14]). Let 𝔹+ denote the set of Borel positive functions on Ω.
Given a Hölder potential 𝐴, the topological pressure is given by

𝑃 (𝐴) = sup
𝜇∈ℳ(𝑇 )

inf
𝑓∈𝔹+

∫
log

(
𝑃𝐴 𝑓

𝑓

)
𝑑𝜇.

Now we briefly describe some basic results concerning the theory of 𝐶∗-
algebras, which was initially developed by I. M. Gelfand and J. von Neumann,
and is presented, quite elegantly, in [21], and [2]. We refer the reader to [12],
[23], [6], [7], [9], [8] and [10] for a more thorough description of the relation
between Thermodynamic Formalism and 𝐶∗-algebras.

The role that KMS states play in Quantum Statistical Mechanics is very
important, being, as we will see, that of equilibrium states in 𝐶∗-algebras. In
Quantum Mechanics, the potential 𝐴 : 𝑋 → ℂ, also called an observable, is
replaced by an operator acting on the complex Hilbert space ℒ2(𝜇). Thus, the
commutative algebra of functions (with the usual complex product structure)
gives place to the non-commutative algebra of bounded operators 𝐵 of ℒ2(𝜇)
(where the product structure is the composition of operators). The norm of
the algebra is the operator norm and, for the operation ∗ of the algebra, we
consider the adjoint operator 𝐵∗ of each operator 𝐵.

We refer the reader to [2] for more detailed definitions and the main prop-
erties of 𝐶∗-algebras (see therein, for instance, Definition 2.1.1 and Example
2.1.2). Here we will only recall some terminology. Firstly, a 𝐶∗-algebra is a
complete normed algebra 𝒜 over ℂ with an involution operation ∗ satisfying

∥𝑎 𝑎∗∥ = ∥𝑎∥2,
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for all 𝑎 ∈ 𝒜. We say that an element 𝑎 ∈ 𝒜 is positive, if it is given by
𝑎 = 𝑏 𝑏∗, for some element 𝑏 ∈ 𝒜.

A state of a 𝐶∗-algebra 𝒜 with unit 1 is a linear functional 𝜙 : 𝒜 → ℂ

such that 𝜙(1) = 1 and 𝜙(𝑎) is a positive real number, whenever 𝑎 is a positive
element of 𝒜. The states 𝜙 of a 𝐶∗-algebra play the role of the probabilities 𝜈
in Thermodynamic Formalism.

A one-parameter group of automorphisms in a 𝐶∗-algebra 𝒜 is a strongly
continuous group homomorphism 𝜎 : ℝ → Aut(𝒜), which we interpret as a
dynamic temporal evolution in the 𝐶∗-algebra. We write 𝜎𝑡 for the automor-
phism 𝜎(𝑡) and we say that an element 𝑎 ∈ 𝒜 is analytic for 𝜎 if 𝜎𝑡(𝑎) has an
analytic extension from 𝑡 ∈ ℝ to all 𝑧 ∈ ℂ. We remark that the set of analytic
elements is always dense in 𝒜.

Definition 6. Let 𝜎 be a one-parameter group of automorphisms of 𝒜 and let
𝛽 ∈ ℝ be given. We say that a state 𝜙 of 𝒜 is a (𝜎, 𝛽)-KMS state if

𝜙(𝑎 𝑏) = 𝜙(𝑏 𝜎𝛽𝑖(𝑎)),

for any 𝑎, 𝑏 ∈ 𝒜, with 𝑎 analytic.

From now on, 𝐶(𝑋) denotes the space of continuous functions defined on
the compact metric space 𝑋 and taking values in ℂ. Also, 𝑇 is an expanding
map of 𝑋 and 𝜇 is a Gibbs measure for a fixed potential 𝐴. For the Bernoulli
space Ω = {1, 2, . . . , 𝑑}ℕ (our main case of interest), this potential may be
taken as the constant potential − log 𝑑; it follows that 𝜇 is the independent
probability, with weights 1/𝑑, over {1, 2, . . . , 𝑑}ℕ and the dual of Ruelle oper-
ator of 𝐴, acting on probabilities, satisfies ℒ∗

𝐴
(𝜇) = 𝜇 (see [9], and [20]).

An important class of linear operators of ℒ2(𝜇) is obtained as follows: for
any fixed 𝑓 ∈ 𝐶(𝑋), the operator 𝑀𝑓 : ℒ2(𝜇) → ℒ2(𝜇), sometimes denoted
simply by 𝑓, is defined by

𝑀𝑓 (𝜂)(𝑥) = 𝑓(𝑥)𝜂(𝑥),

for any 𝜂 in ℒ2(𝜇), 𝑥 ∈ 𝑋. The product operation satisfies 𝑀𝑓 ∘𝑀𝑔 = 𝑀𝑓 ⋅𝑔,
for 𝑓, 𝑔 ∈ 𝐶(𝑋), where the dot ⋅ denotes the complex multiplication, and the
involution operation ∗ is given by 𝑀∗

𝑓 = 𝑀𝑓 , where 𝑧 denotes the complex

conjugate of 𝑧 ∈ ℂ. Thus, 𝑀𝑓 is the adjoint operator of 𝑀𝑓 over ℒ2(𝜇).
In Thermodynamic Formalism it is usual to consider the Koopman opera-

tor 𝑆 acting on ℒ2(𝜇), that is, the bounded linear operator 𝑆 : ℒ2(𝜇)→ ℒ2(𝜇)
given by (𝑆𝜂)(𝑥) = 𝜂(𝑇 (𝑥)), for any 𝜂 ∈ ℒ2(𝜇), 𝑥 ∈ 𝑋. It is well known that
its adjoint 𝑆∗ over ℒ2(𝜇) is the operator ℒ𝐴, acting on ℒ2(𝜇) (which is well
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defined, as can be seen in [20]). The main point for our choice of 𝜇 is precisely
the assertion ℒ𝐴 = 𝑆∗.

Now we have all elements to define our two 𝐶∗-subalgebras 𝒰 and 𝒱 of the
𝐶∗-algebra of bounded operators 𝐵 : ℒ2(𝜇)→ ℒ2(𝜇).

Let 𝒱 = 𝒱(𝒯 , 𝜇) denote the 𝐶∗-subalgebra generated by 𝑆 and 𝑀𝑓 , for
all 𝑓 ∈ 𝐶(𝑋), and 𝒰 = 𝒰(𝑇, 𝜇) the 𝐶∗-subalgebra generated by the elements
𝑀𝑓𝑆

𝑛(𝑆∗)𝑛𝑀𝑔, for all 𝑛 ∈ ℕ and 𝑓, 𝑔 ∈ 𝐶(𝑋).
The algebra 𝒰 is a 𝐶∗-subalgebra of 𝒱. In fact, it suffices to observe that

each element of 𝒱 is the limit of finite sums ∑𝑖 𝑀𝑓𝑖𝑆
𝑛𝑖(𝑆∗)𝑚𝑖𝑀𝑔𝑖 , whereas an

element of 𝒰 is the limit of finite sums
∑

𝑖 𝑀𝑓𝑖𝑆
𝑛𝑖(𝑆∗)𝑛𝑖𝑀𝑔𝑖 , with identical

exponents for 𝑆 and 𝑆∗.
We now consider certain dynamical evolutions in the 𝐶∗-algebras 𝒰 and

𝒱. Given a strictly positive function 𝐻 : 𝑋 → ℝ, we define an associated
one-parameter group of automorphisms 𝜎 : ℝ → Aut(𝒱) as follows: for each
fixed 𝑡 ∈ ℝ, 𝜎𝑡 is given by 𝜎𝑡(𝑀𝑓 ) = 𝑀𝑓 , for 𝑓 ∈ 𝐶(𝑋), and 𝜎𝑡(𝑆) = 𝑀𝐻𝑖𝑡 ∘ 𝑆,
in the following sense:

(𝜎𝑡(𝑆)(𝜂))(𝑥) = 𝐻𝑖 𝑡(𝑥)𝜂(𝑇 (𝑥)) ∈ ℒ2(𝜇),

for any 𝜂 ∈ ℒ2(𝜇), 𝑥 ∈ 𝑋. Since 𝜎𝑡(𝒰) ⊂ 𝒰 for each 𝑡 ∈ ℝ, we may restrict 𝜎
to 𝒰 .

In terms of 𝐶∗-dynamical systems formalism, the shift transformation 𝑇
here simply plays the role of spatial translation in the lattice, while the positive
function 𝐻 defines the dynamics of the evolution with time 𝑡 ∈ ℝ, correspond-
ing to the potential 𝐴 in Thermodynamic Formalism, via 𝐻 = 𝑒𝐴. If we
introduce a parameter 𝛽, we will have to consider the potential 𝐻𝛽 .

Given 𝐻 and 𝛽, we let 𝜙𝐻,𝛽 denote a KMS state, leaving the letter 𝜙 for
a general 𝐶∗-dynamical system state. The state 𝜙𝐻,𝛽 is what is expected,
from the Quantum Statistical point of view, of a system governed by 𝐻, under
temperature 𝜏 = 1/𝛽 (see [2]).

Our purpose is to analyze these KMS states 𝜙𝐻,𝛽 . Given a pair (𝐻,𝛽), it
is easy to see that the condition

𝜙(𝑎 ⋅ 𝑏) = 𝜙(𝑏 ⋅ 𝜎𝛽𝑖(𝑎)), for all 𝑎, 𝑏 ∈ 𝒜
is equivalent to

𝜙(𝜎𝜏 (𝑎) ⋅ 𝑏) = 𝜙(𝑏 ⋅ 𝜎𝜏+𝛽𝑖(𝑎)), for all 𝑎, 𝑏 ∈ 𝒜 and 𝜏 ∈ ℝ.

It follows (see Section 8.12 of [20]) that if 𝜙 is a KMS state for (𝐻,𝛽), then,
for any analytic 𝑎 ∈ 𝒰 , the extension of 𝜏 → 𝜙(𝜎𝜏 (𝑎)) to 𝑧 → 𝜙(𝜎𝑧(𝑎)) is a
bounded entire function, and therefore constant. In this sense, 𝜙 is stationary.
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A natural question arises: for given 𝛽 and 𝐻, when does the KMS state
𝜙𝐻,𝛽 exist, and when is it unique? This question is considered in [7], for the
𝐶∗-algebra 𝒱, and in [9], for the 𝐶∗-algebra 𝒰 . Another presentation of the
uniqueness part of this question appears in [10].

Notice that the action of the linear functional 𝜙 on the set of operators 𝑀𝑓

(with 𝑓 ranging over all continuous functions) defines a measure 𝜈 over 𝑋, via
the Riesz Theorem, that is, we have 𝜙(𝑀𝑓 ) =

∫
𝑓 𝑑𝜈, for each 𝑓 ∈ 𝐶(𝑋). In

fact, 𝜈 is a probability, by the hypotheses we imposed on the 𝐶∗-states 𝜙.
One of the main points in [9] is that for the KMS state of 𝒰 associated

to 𝐻 and 𝛽, this measure 𝜈 is the eigen-measure 𝜈𝐻,𝛽 for the dual Ruelle
operator ℒ∗

𝐴, where 𝐴 = −𝛽 log𝐻. Thus, we associate, in a unique way, each
KMS state 𝜙𝐻,𝛽 to an eigen-measure 𝜈𝐻,𝛽 , establishing an interesting relation
between the Thermodynamic Formalism and 𝐶∗-algebras.

For the KMS states in 𝒱, there exists the extra condition that the pressure
of 𝐻−𝛽 is zero, therefore the KMS states exist for only one value of 𝛽 [8] [6].

3 Statement and Proof of Our Results

In this section we will present our results: a definition of entropy and pres-
sure for states in the 𝐶∗-algebra and a proof of the existence of a state with
maximum pressure.

Suppose that 𝒜 is a commutative 𝐶∗-algebra with unit and that 𝛼 : 𝒜 → 𝒜
is an injective unit preserving endomorphism. We say that a state 𝜙 in 𝒜 is
𝛼-invariant if 𝜙 ∘ 𝛼 = 𝜙.

In the special case 𝒜 = 𝒞(𝒳 ), the Gelfand-Naimark Theorem yields a
continuous transformation 𝑇 : 𝑋 → 𝑋 satisfying 𝛼(𝑎) = 𝑎∘ 𝑇, for each 𝑎 ∈ 𝒜.
In the general case, we say that a linear transformation 𝐿 : 𝒜 → 𝒜 is a transfer
operator for 𝛼 if

𝐿
(
𝛼(𝑎)𝑏

)
= 𝑎𝐿(𝑏),

for every 𝑎, 𝑏 ∈ 𝒜.Moreover, we say that such a transfer operator is normalized
if 𝐿(1) = 1.

If 𝒜 is a commutative algebra, the transfer operator takes the form of a
Ruelle operator (see [20], [5], [4], [12], and [6]).

Proposition 7 ([13]). If 𝐿 is a transfer operator for 𝛼, then 𝐿(1) is a central
positive element of 𝒜, and

𝐿(𝑎𝛼(𝑏)) = 𝐿(𝑎) 𝑏,

for every 𝑎, 𝑏 ∈ 𝒜.
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Proposition 8 ([13]). If 𝑇 is a local homeomorphism, then every transfer
operator 𝐿 for 𝛼 is of the form 𝐿𝜌, given, for every 𝑎 ∈ 𝒜, and 𝑥 ∈ 𝑋, by

𝐿𝜌(𝑎)(𝑥) =
∑

𝑇 (𝑦)=𝑥

𝜌(𝑦) 𝑎(𝑦),

where 𝜌 : 𝑋 → [0,∞) is some continuous function. Moreover, for any con-
tinuous function 𝜌 : 𝑋 → [0,∞), the sum on the right side defines a transfer
operator. (In the notation of the previous section, 𝜌 = 𝑒𝐴.)

From now on, we will assume that 𝑇 is a local homeomorphism and we
will write 𝒜+ := {𝑎 ∈ 𝒜 ∣ 𝜎(𝑎) ∈ (0,∞)}.

Generalyzing the viewpoint of [14], and [15], we now introduce a notion of
entropy for a state 𝜙 : 𝒜 → ℂ, using the transfer operator 𝐿𝜌 defined by 𝜌.

Definition 9. Given a state 𝜙 in 𝒜, we say that

ℎ(𝜙) = inf
𝑎∈𝒜+

𝜙

[
log

(𝐿𝜌(𝑎)

𝜌 𝑎

)]

is the entropy of 𝜙.

Our definition is independent of the choice of 𝜌. Indeed, if 𝜌′ : 𝑋 → [0,∞)
is another continuous function, then 𝑎′ = 𝑎 𝜌 (𝜌′)−1 ∈ 𝒜+, for any 𝑎 ∈ 𝒜+,
implying

𝐿𝜌′(𝑎′)
𝜌′𝑎′

=
1

𝜌 𝑎

∑
𝑦=𝑇 (𝑥)

𝜌′(𝑥)𝑎(𝑥)𝜌(𝑥)𝜌′(𝑥)−1 =
𝐿𝜌(𝑎)

𝜌 𝑎

and showing that the infimum is taken over the same set.

Definition 10. Given an element 𝑏 ∈ 𝒜+, we say that

𝑝(𝑏) = sup
{
ℎ(𝜙) + 𝜙(log 𝑏) ∣ 𝛼-invariant 𝜙

}
is the topological pressure of 𝑏. We say that 𝜙 is a 𝐶∗-equilibrium state for 𝑏
if 𝜙 is an 𝛼-invariant state such that 𝑝(𝑏) = ℎ(𝜙) + 𝜙(log 𝑏).

Proposition 11. If 𝐿𝜌(1) = 1, there exists a state 𝜙 such that 𝜙 ∘ 𝐿𝜌 = 𝜙.

Proof. Let 𝒮 denote the set of all states of 𝒜. From 𝐿𝜌(1) = 1, it follows
that 𝐿∗

𝜌(𝒮) ⊂ 𝒮. Now the Tychonoff-Schauder Theorem yields a fixed point

for 𝐿∗
𝜌

∣∣
𝒮 .
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Proposition 12. If 𝐿𝜌(1) = 1, then 𝑝(𝜌) = 0. Moreover, every state 𝜙 that
satisfies 𝜙 ∘ 𝐿𝜌 = 𝜙 is an equilibrium state for 𝜌.

Proof. Using our definitions of entropy and pressure, we obtain

𝑝(𝜌) = sup
𝜙 inv

inf
𝑎∈𝒜+

𝜙

[
log

(𝐿𝜌(𝑎)

𝑎

)]

and, therefore, a choice of 𝑎 = 1 inside the infimum, guarantees that 𝑝(𝜌) ≤ 0.
On the other hand, 𝐿𝜌 ∘𝛼 = 𝐼𝑑, because 𝐿𝜌 is normalized, and 𝜙 ∘𝐿𝜌 = 𝜙

implies 𝜙 ∘ 𝛼 = 𝜙 ∘ 𝐿𝜌 ∘ 𝛼 = 𝜙. Since log is concave, log(𝐿𝜌(𝑎)) ≥ 𝐿𝜌(log 𝑎)
and, therefore,

𝜙

[
log

(𝐿𝜌(𝑎)

𝑎

)]
= 𝜙

(
log(𝐿𝜌(𝑎))− log 𝑎

) ≥ 𝜙
(
𝐿𝜌(log 𝑎)− log 𝑎

)
.

If 𝜙 ∘ 𝐿𝜌 = 𝜙, the right hand side of this inequality equals zero, and

therefore, inf
{
𝜙
[
log

(𝐿𝜌(𝑎)
𝑎

)] ∣ 𝑎 ∈ 𝒜+

}
= 0. It follows that 𝑝(𝜌) ≥ 0 and,

therefore,

ℎ(𝜙) + 𝜙(𝜌) = inf
𝑎∈𝒜+

𝜙

[
log

(𝐿𝜌(𝑎)

𝑎

)]
= 0 = 𝑝(𝜌)

holds for eigen-states.

In the context of an algebra 𝒜, an injective unit preserving endomorphism
𝛼, and a normalized transfer operator 𝐿, we may consider, among others, two
different 𝐶∗-algebras, namely, the cross-product endomorphism 𝒜⋊𝛼,𝐿 ℕ and
the 𝐶∗-algebra given by approximately proper equivalence relations 𝐶∗(ℛ, ℰ)
(see [6], and [9]). The second algebra is related to the equivalence relation
𝑥 ∼ 𝑦 ⇐⇒ there exists 𝑛 ∈ ℕ such that 𝑇𝑛(𝑥) = 𝑇𝑛(𝑦), and the first
considers the broader equivalence relation 𝑥 ∼ 𝑦 ⇐⇒ there exist 𝑛,𝑚 ∈ ℕ

such that 𝑇𝑛(𝑥) = 𝑇𝑚(𝑦).
The algebra 𝐶∗(ℛ, ℰ) generalizes the algebra 𝒰 of the previous section,

whereas 𝒜 ⋊𝛼,𝐿 ℕ generalizes the algebra 𝒱. In fact, in the context of the
previous section, for each Gibbs measure 𝜇, we find representations of 𝒜⋊𝛼,𝐿ℕ

and 𝐶∗(ℛ, ℰ) in the Hilbert space ℒ2(𝜇) with images 𝒱 and 𝒰 , respectively.
We want to relate the KMS states of 𝒜 ⋊𝛼,𝐿 ℕ and 𝐶∗(ℛ, ℰ) with the

equilibrium states (in 𝒜) of the potential ℎ−𝛽 , where 𝛽, again, represents the
reciprocal of temperature.

If the algebra 𝒜 is commutative, we have unique conditional expectations
𝐹 : 𝒜⋊𝛼,𝐿ℕ→𝒜 and 𝐺 : 𝐶∗(ℛ, ℰ)→ 𝒜. Moreover, if 𝐸 := 𝛼∘𝐿 : 𝒜 → 𝛼(𝒜),
for some conditional expectation with finite index, then the KMS states 𝜓 of
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𝒜 ⋊𝛼,𝐿 ℕ can be decomposed as 𝜓 = 𝜙 ∘ 𝐹, where 𝜙 is a state of 𝒜 which
satisfies

𝜙(𝑎) = 𝜙
(
𝐿(Λ 𝑎)

)
, for all 𝑎 ∈ 𝒜,

with Λ = ℎ−𝛽 ind(𝐸). The KMS state 𝜓 of 𝐶∗(ℛ, ℰ) can be decomposed as
𝜓 = 𝜙 ∘𝐺, where 𝜙 is a state of 𝒜 which satisfies

𝜙(𝑎) = 𝜙
(
Λ−[𝑛]𝐸𝑛(Λ

[𝑛]𝑎)
)
, for all 𝑎 ∈ 𝒜 and 𝑛 ∈ ℕ,

with 𝐸𝑛 = 𝛼𝑛 ∘ 𝐿𝑛, and Λ[𝑛] =
∏𝑛−1

𝑖=0 𝛼𝑖
(
ℎ−𝛽 ind(𝐸)

)
.

Proposition 13. If 𝜓 = 𝜙 ∘ 𝐹 is an (ℎ, 𝛽)-KMS state for 𝒜 ⋊𝛼,𝐿 ℕ, and
𝐿(Λ1) = 1, then 𝜙 is an equilibrium state (in 𝒜) for the potential ℎ−𝛽 .

Proof. The condition 𝐿(Λ1) = 1 implies that 𝐿ℎ−𝛽 is a normalized transfer
operator, and, therefore, 𝑝(ℎ−𝛽) = 0. Moreover, the KMS condition says that
𝜙(𝑎) = 𝜙(𝐿ℎ−𝛽 (𝑎)), which implies that 𝜙(𝛼(𝑎)) = 𝜙(𝑎). By Proposition 12, it
follows that 𝜙 is an equilibrium state for ℎ−𝛽 .

In the constructions of the algebras that interest us, the choice of the nor-
malized transfer operator is arbitrary, since two such operators define isomor-
phic algebras. If we suppose that 𝐿𝜌(𝑘) = 𝜆 𝑘, for some 𝜆 > 0 and 𝑘 ∈ 𝒜+, and

write 𝜌 = 𝜌 𝑘
𝜆𝛼(𝑘) , it therefore follows that 𝐿𝜌 is a normalized transfer operator

for 𝛼, which can be used to construct 𝐶∗(ℛ, ℰ).
Theorem 14. Let 𝜓 = 𝜙∘𝐺 be an (ℎ, 𝛽)-KMS state of 𝐶∗(ℛ, ℰ). Let 𝜌 = ℎ−𝛽 ,
suppose that 𝐿𝜌(𝑘) = 𝜆 𝑘, for some 𝜆 > 0 and 𝑘 ∈ 𝒜+, and denote 𝜌 = 𝜌 𝑘

𝜆𝛼(𝑘) .

Finally, let 𝜙 be the state of 𝒜 given by 𝜙(𝑎) = 𝜙(𝑘𝑎). If, for every 𝑎 ∈ 𝒜,

lim
𝑛→∞

∥∥𝐿𝑛
𝜌 (𝑎)− 𝜙(𝑎)

∥∥ = 0,

then 𝜙 is an equilibrium state for 𝜌.

Proof. Without loss of generality, we may assume that 𝐶∗(ℛ, ℰ) has been
obtained from 𝐿𝜌 in such a way that ind(𝐸) = 𝜌−1. Then,

Λ[1] =
(
𝜌𝜌−1

)
= 𝜌

𝜆𝛼(𝑘)

𝜌 𝑘
=

𝜆𝛼(𝑘)

𝑘
,

and, more generally,

Λ[𝑛] =

𝑛−1∏
𝑖=0

𝛼𝑖
(
𝜌𝜌−1

)
= 𝜆𝑛

∏𝑛−1
𝑖=0 𝛼𝑖+1(𝑘)∏𝑛−1
𝑖=0 𝛼𝑖(𝑘)

=
𝜆𝑛 𝛼𝑛(𝑘)

𝑘
.
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The KMS condition implies that, for every 𝑛 ∈ ℕ,

𝜙(𝑎) = 𝜙
[ 𝑘

𝜆𝑛𝛼𝑛(𝑘)
𝛼𝑛𝐿𝑛

𝜌

(𝜆𝑛𝛼𝑛(𝑘)

𝑘
𝑎
)]
= 𝜙

[
𝑘 𝛼𝑛𝐿𝑛

𝜌

(𝑎

𝑘

)]
,

and it follows that, for every 𝑛 ∈ ℕ,

𝜙(𝑎) = 𝜙(𝑎 𝑘) = 𝜙
[
𝑘 𝛼𝑛𝐿𝑛

𝜌

(𝑎

𝑘
𝑘
)]
= 𝜙

[
𝛼𝑛𝐿𝑛

𝜌 (𝑎)
]
.

Now,∣∣∣𝜙(𝐿𝜌(𝑎)− 𝑎
)∣∣∣ = ∣∣∣𝜙[𝛼𝑛

(
𝐿𝑛+1
𝜌 (𝑎)− 𝐿𝑛

𝜌 (𝑎)
)]∣∣∣

≤ 𝜙
(∥∥𝛼𝑛

(
𝐿𝑛+1
𝜌 (𝑎)− 𝐿𝑛

𝜌 (𝑎)
)∥∥)

≤ 𝜙
(∥∥𝐿𝑛+1

𝜌 (𝑎)− 𝐿𝑛
𝜌 (𝑎)

∥∥)
≤ 𝜙

(∥∥𝐿𝑛+1
𝜌 (𝑎)− 𝜙(𝑎)

∥∥)− 𝜙
(∥∥𝜙(𝑎)− 𝐿𝑛

𝜌 (𝑎)
∥∥)−−−−→

𝑛→∞
0,

and, therefore 𝜙 ∘ 𝐿𝜌 = 𝜙. The claim follows by Proposition 12.

Notice that our main hypothesis, namely, the convergence of 𝐿𝑛
𝜌 , is one of

the conclusions of the Ruelle-Perron-Frobenius Theorem (see [20], [9], and [4]),
which means that the classical setting satisfies the hypotheses of our result.

Acknowledgment. The authors wish to thank the referees for their con-
structive criticism of the first draft.
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C*-ALGEBRAS ASSOCIATED WITH ITERATED
FUNCTION SYSTEMS

Gilles G. de Castro

Abstract. We review Kajiwara and Watatani’s construction of a C*-algebra
from an iterated function system (IFS). If the IFS satisfies the finite branch
condition or the open set condition, we build an injective homomorphism from
Kajiwara-Watatani algebras to the Cuntz algebra, which can be thought as the
algebra of the lifted system, and we give the description of its image. Finally,
if the IFS admits a left inverse we show that the Kajiwara-Watatani algebra
is isomorphic to an Exel’s crossed product.

1. Introduction

In [16], Kajiwara and Watatani defined a C*-algebra defined from an iterated
function system (IFS). Although their paper was entitled C*-algebras associated
with self-similar sets, they gave examples of different iterated function systems
which give rise to the same self-similar set but which associated algebras are not
isomorphic. So their algebra depends not only on the self-similar set but on the
dynamics of the iterated function system.

If the IFS satisfies the strong separation condition, then the system can be
interpreted as the inverses branches of a local homeomorphism. For an arbitrary
IFS we can lift it to a new one that satisfies the strong separation condition [1].
Ionescu and Muhly suggested in [13] the construction of a C*-algebra from an IFS
by lifting it and using Renault-Deaconu construction [6], [19] of a groupoid C*-
algebra from a local homeomorphism. As we will see this local homeomorphism we
find is topologically conjugate to the left shift on {1, . . . , d}N and the algebra we
find is the Cuntz algebra Od.

From the relations between an IFS and its lifted system, we will build a natu-
ral homomorphism from the Kajiwara-Watatani algebra to the Cuntz algebra and
thus connect Kajiwara anda Watatani’s construction with Ionescu and Muhly’s
suggestion. We show that this homomorphism is injective and show that its image
is generated by the algebra of the self-similar set associated to the IFS and an
isometry S similar to a crossed product description.
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The interplay between IFS and Cuntz algebras have been deeply studied by Jor-
gensen and collaborators. Among other thing, they established some relationships
between certain representations of Cuntz algebras coming from IFS and certain
wavelet basis. See [2], [14] and references therein for details and other results.

It may happen that the IFS admits a left inverse which is not necessarily a local
homeomorphism. In this case Renault-Deaconu’s construction no longer works and
we have different approaches to build a C*-algebra. In this paper, we show that
under some assumptions, the algebra considered by Kajiwara and Watatani can be
seen as an Exel’s crossed product [8].

2. Iterated function systems

In this section, we review some of the basic theory of iterated function systems
and self-similar sets (see for instance [1], [7] and [11]). Fix (X, ρ) be a compact
metric space.

Definition 2.1. We say that a function γ : X → X is

• a contraction if ∃c ∈ (0, 1) such that ρ(γ(x), γ(y)) ≤ cρ(x, y);
• a proper contraction if ∃c1, c2 ∈ (0, 1) such that c1ρ(x, y) ≤ ρ(γ(x), γ(y)) ≤

c2ρ(x, y);
• a similarity if ∃c > 0 such that ρ(γ(x), γ(y)) = cρ(x, y).

Definition 2.2. An iterated function system (IFS) over X is a finite set of
continuous functions {γi : X → X}d

i=1. We say that the IFS is hyperbolic if all
functions are contractions.

Throughout this paper we will always assume that the system is hyperbolic
unless stated otherwise.

Proposition 2.3. Given an IFS {γi}d
i=1, there is a unique compact nonempty

subset K of X such that

(2.1) K = ∪d
i=1γi(K).

We will call this set the attractor of the IFS and say it is self-similar.

Note that because of (2.1) the attractor is invariant by all γi and we can restrict
the IFS to its attractor. From now on, we assume that X = K.

Definition 2.4. We say that an IFS {γi}d
i=1 satisfies:

• the strong separation condition if the union in (2.1) is a disjoint union;
• the open set condition if ∃U ⊆ K open and dense such that

U ⊆ ∪̇d
i=1γi(U)

where ∪̇ represents the disjoint union.

Let’s denote Ω = {1, . . . , d}N with the product topology, σ : Ω → Ω the left
shift and σi : Ω → Ω the function given by

σi(i0, i1, . . .) = (i, i0, i1, . . .)

where i ∈ {1, . . . , d}.
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Proposition 2.5. Let {γi}d
i=1 be an IFS and K its attractor then there is a

continuous surjection F : Ω → K such that F ◦ σi = γi ◦ F . This map is given by
the formula

F (i0, i1, . . .) = lim
n→∞ γi0 ◦ · · · ◦ γin

(x)

for an arbitrary x ∈ K. If the IFS satisfies the strong separation condition F is a
homeomorphism.

Remark 2.6. Note that under the strong separation condition, we can define
the function γ = F ◦σ◦F−1 and in this case the functions γi are exactly the inverse
branches of γ. Moreover F gives us a topological conjugacy between γ and the shift
σ.

For an arbitrary IFS {γi}d
i=1, we can always build a new one that satisfies the

strong separation condition and which share some properties with the original one
[1]. We define X̃ = K × Ω and define the functions γ̃i : X̃ → X̃ by γ̃i(x, ω) =
(γi(x), σi(ω)). Let K̃ = {(x, ω) ∈ X × Ω|F (ω) = x} then

K̃ = ∪d
i=1γ̃i(K̃).

And it’s easily checked that {γ̃i : K̃ → K̃}d
i=1 satisfy the strong separation condi-

tion.

Definition 2.7. The IFS {γ̃i}d
i=1 as above is called the lifted system of {γi}d

i=1.

3. C*-algebras associated with an IFS

We start this section by giving a description of the Cuntz algebra as a groupoid
C*-algebra which will be useful in some proofs. We review some of the key elements
of Cuntz-Pimsner algebras which will be used to build Kajiwara-Watatani algebras.
We build the homomorphism from Kajiwara-Watatani algebras to the Cuntz alge-
bra from a very natural covariant representation. We give some basic properties
of this homomorphism. Finally, in the last subsection, we compare the Kajiwara-
Watatani algebra to a crossed product construction.

3.1. Cuntz algebras.

Definition 3.1. [5] For d ∈ N\{0}, the Cuntz algebra Od is the C*-algebra
generated by d isometries satisfying the relation

∑d
i=1 SiS

∗
i = 1.

For the sake of some proofs, we review the construction of the Cuntz algebra
as a groupoid C*-algebra [6], [19]. Let

G = {(ω,m − n, τ) ∈ Ω × Z× Ω : m, n ∈ N; σm(ω) = σn(τ)}
with the product and the inverse given by

(ω,m − n, τ)(τ, k − l, ν) = (ω, (m + k) − (n + l), ν)

(ω,m − n, τ)−1 = (τ, n − m, ω).
We give a basis for the topology on G by the sets

B(U, V, m, n) := {(ω,m − n, τ) ∈ G : ω ∈ U, τ ∈ V }
where m, n ∈ N and U and V are open subsets of Ω such that σm|U , σn|V are
homeomorphisms with σm(U) = σn(V ). With this topology G is étale and so
admits a Haar system by the counting measures.
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The multiplication in Cc(G) is given by

(p ∗ q)(ω,m − n, τ) =
∑

p(ω, k − l, ν)q(ν, (n + k) − (m + l), τ)

where the sum is taken over all k, l ∈ N and ν ∈ Ω such that σk(ω) = σl(ν) and
σn+k(ν) = σm+l(τ); and the involution by

p∗(ω,m − n, τ) = p(τ, n − m, ω)

for p, q ∈ Cc(G).
We refer to [19] for the construction of a norm in Cc(G). For us, it suffices to

know that there exists a norm in Cc(G) such that its completion with respect to
this norm is Od.

Finally, given h ∈ C(Ω) we define a function h ∈ Cc(G) by

h(ω, m − n, τ) = [m = n][ω = τ ]h(ω)

where [·] is the boolean function that gives 1 if its argument is true and 0 otherwise.
We also define a function S ∈ Cc(G) by

S(ω,m − n, τ) = [m − n = 1][σ(ω) = τ ].

And we note that if χi is the characteristic function of the cylinder i := {ω ∈ Ω :
ω0 = i} then Si = d1/2χi ∗ S for i ∈ {1, . . . , d} are d isometries that satisfies the
Cuntz relation and generates C∗(G).

3.2. Cuntz-Pimsner algebras. We briefly recall the key elements for the
construction of Cuntz-Pimsner algebras ([15], [18]) that will be used throughout
the paper. For that fix A a C*-algebra.

Definition 3.2. A (right) Hilbert C*-module over A is a (right-)A-module E
with a sesquilinear map 〈 , 〉 : E × E → A such that:

(i) 〈ξ, ηa〉 = 〈ξ, η〉 a;
(ii) (〈ξ, η〉)∗ = 〈η, ξ〉;
(iii) 〈ξ, ξ〉 ≥ 0;
(iv) E is complete with respect to the norm ||ξ||2 = || 〈ξ, ξ〉 ||1/2

for a ∈ A and ξ, η ∈ E. We say that E is full if 〈E,E〉 is dense in A.

Let E be a Hilbert C*-module and denote by L(E) the space of adjointable
operators in E. We note that L(E) is a C*-algebra. For ξ, η ∈ E we define an
operator θξ,η : E → E by θξ,η(ζ) = ξ 〈η, ζ〉. This is an adjointable operator and we
denote by K(E) the closed subspace of L(E) generated by all θξ,η.

Definition 3.3. A C*-correspondence over A is a Hilbert C*-module E to-
gether with a C*-homomorphism φ : A → L(E).

Let (E,φ) be a C*-correspondence over A and for simplicity suppose that φ is
faithful. We denote by JE the ideal φ−1(K(E)).

Definition 3.4. A pair (ι, ψ) of maps ι : A → B, ψ : E → B, where B is a
C*-algebra and ι a C*-homomorphism, is said to be a covariant representation of
E if:

(i) ψ(φ(a)ξb) = ι(a)ψ(ξ)ι(b);
(ii) ψ(ξ)∗ψ(η) = ι(〈ξ, η〉);
(iii) (ψ, ι)(1)(φ(c)) = ι(c) where the function (ψ, ι)(1) : K(E) → B is given by

(ψ, ι)(1)(θξ,η) = ψ(ξ)ψ(η)∗,
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for a, b ∈ A, ξ, η ∈ E and c ∈ JE .

For a C*-correspondence (E,φ), there exists an algebra O(E) and a covariant
representation (kA, kE) that is universal, in the sense that if (ι, ψ) is a covariant
representation of E in a C*-algebra B, there is a unique C*-homomorphism ι×ψ :
O(E) → B such that ι = (ι × ψ) ◦ kA and ψ = (ι × ψ) ◦ kE

Definition 3.5. The algebra O(E) is called the Cuntz-Pimsner algebra of E.

3.3. Kajiwara-Watatani algebras. Let Γ = {γi}d
i=1 be an iterated function

system and K its attractor. We recall the C*-correspondence defined in [16]. We
let A = C(K), E = C(G) where

G = ∪d
i=1Gi

with
Gi {(x, y) ∈ K × K : x = γi}

being the cographs in the terminology of [16]. The structure of C*-correspondence
is given by

(φ(a)ξb)(x, y) = a(x)ξ(x, y)b(y)

and

〈ξ, η〉A (y) =
d∑

i=1

ξ(γi(y), y)η(γi(y), y)

for a, b ∈ A and ξ, η ∈ E.

Proposition 3.6 ([16]). (E = C(G), φ) is a full C*-correspondence over A =
C(K) and φ : A → L(E) is faithful and unital. Moreover, the Hilbert module norm
is equivalent to the sup norm in C(G).

Definition 3.7. The Kajiwara-Watatani algebra OΓ associated to Γ is the
Cuntz-Pimsner algebra associated to the C*-correspondence defined above.

Regarding Od as C∗(G) as in subsection 3.1 and recalling the code map F given
in proposition 2.5, we define ι : A → Od by

(3.1) ι(a)(ω, m − n, τ) = [m = n][ω = τ ]a(F (ω))

and ψ : E → Od by

(3.2) ψ(ξ)(ω,m − n, τ) = [m − n = 1][σ(ω) = τ ]ξ(F (ω), F (τ))

Note that if σ(ω) = τ , then σω0(τ) = ω and F (ω) = γω0(F (τ)) so that
(F (ω), F (τ)) ∈ G and ψ is well defined.

Before showing that this give us a Cuntz-Pimsner covariant representation, let
us recall some definitions and results from [16] and [17].

Definition 3.8. Let Γ = {γ1, ..., γd} be an IFS, we define the following sets

B(γ1, ..., γd) := {x ∈ K|∃y ∈ K ∃i 
= j : x = γi(y) = γj(y)};
C(γ1, ..., γd) := {y ∈ K|∃i 
= j : γi(y) = γj(y)}.

I(x) := {i ∈ {1, ..., d};∃y ∈ K : x = γi(y)}.
We call the points of B(Γ) branched points and the points of C(Γ) branched values.
And we say that Γ satisfies the finite branch condition if C(Γ) is finite.
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Then B(γ1, ..., γd) is a closed set, because

B(γ1, ..., γd) = ∪i �=j{x ∈ γi(K) ∩ γj(K); γ−1
i (x) = γ−1

j (x)}
and each of the union is clearly closed.

Lemma 3.9. In the above situation, if x ∈ K\B(γ1, ..., γd), then there exists an
open neighborhood Ux of x satisfying the following:

(i) Ux ∩ B = ∅;
(ii) If i ∈ I(x), then γj(γ−1

i (Ux)) ∩ Ux = ∅ for j 
= i;
(iii) If i /∈ I(x), then Ux ∩ γi(K) = ∅.
Lemma 3.10. If Γ satisfies the finite branch condition or the open set condition

then JE = {a ∈ A = C(K); a vanishes on B(γ1, ..., γd)} where JE = φ−1(K(E)) as
in the previous subsection.

Remark 3.11. In the following proof, we will need an explicit description of
φ(a) for certain elements in JE . We do as in [16]. Let B = B(γ1, ..., γd) and take
a ∈ A such that Y := supp(a) ⊆ K\B. Clearly a ∈ JE .

For each x ∈ Y choose an open neighborhood Ux as in lemma 3.9. Since Y
is compact, there exists a finite set {x1, . . . , xm} such that Y ⊆ ∪m

k=1Uxk
. Let

Uk = Uxk
for k = 1, . . . , m and Um+1 = K\Y , then {Uk}m+1

k=1 is an open cover
of K. Let {ϕk}m+1

k=1 ⊆ C(K) be a partition of unity subordinate to this open
cover. Define ξk, ηk ∈ C(G) by ξk(x, y) = a(x)

√
ϕk(x) and ηk(x, y) =

√
ϕk(x) then

φ(a) =
∑m

k=1 θξk,ηk
(the summation goes to m only because ξm+1 = 0).

Remark 3.12. Because of the lemma 3.10, our results will need that the IFS
satisfies the finite branch condition or the open set condition, but we note that
these conditions are independent.

Proposition 3.13. If the IFS Γ satisfies the finite branch condition or the
open set condition, then the pair (ι, ψ) defined by equations (3.1) and (3.2) is a
Cuntz-Pimsner covariant representation of (A, E) in Od.

Proof. Most calculations are very similar so we only show some of them. Let
a ∈ A and ξ ∈ E. We have

(3.3) ψ(aξ)(ω,m − n, τ) = [m − n = 1][σ(ω) = τ ]a(F (ω))ξ(F (ω), F (τ))

On the other hand

(ι(a) ∗ ψ(ξ))(ω,m − n, τ) =
∑

ι(a)(ω, k − l, ν)ψ(ξ)(ν, (m + l) − (n + k), τ) =

(3.4) a(F (ω))ψ(ξ)(ω, m − n, τ)

where the second equality is true due to the fact that ι(a) is zero unless k = l and
ω = ν. We can easily see then that (3.3) and (3.4) coincide.

For the A-valued scalar product, let ξ, η ∈ E. Then

ι(〈ξ, η〉A)(ω,m − n, τ) = [m = n][ω = τ ] 〈ξ, η〉A (F (ω)) =

(3.5) [m = n][ω = τ ]
d∑

i=1

ξ(γi(F (ω)), F (ω))η(γi(F (ω)), F (ω))

and on the other hand

(ψ(ξ)∗ ∗ ψ(η))(ω,m − n, τ) =
∑

ψ(ξ)∗(ω, k − l, ν)ψ(g)(ν, (m + l) − (n + k), η) =
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∑
ψ(ξ)(ν, l − k, ω)ψ(g)(ν, (m + l) − (n + k), τ) =

(3.6) [m = n][ω = τ ]
∑

σ(ν)=ω

ξ(F (ν), F (ω))η(F (ν), F (ω))

and we note that σ(ν) = ω iff ν = σi(ω) for some i = 1, . . . , d and in this case
F (ν) = γi(F (ω)). It follows that we can rewrite (3.6) as (3.5).

Finally, we have to show that (ψ, ι)(1)(φ(a)) = ι(a) for a ∈ JE where JE ={
a ∈ A : a|B(γ1,...,γd) = 0

}
by lemma 3.10. We take a ∈ JE such that Y := supp(a) ⊆

K\B and ξk and ηk as in remark 3.11, then

(ψ, ι)(1)(φ(a))(ω, m − n, τ) =
∑

k

(ψ(ξk) ∗ ψ(ηk)∗)(ω, m − n, τ) =

∑
k

∑
ψ(ξk)(ω, k − l, ν)ψ(ηk)∗(ν, (m + l) − (n + k), τ) =

[m = n][σ(ω) = σ(τ)]
∑

k

ξk(F (ω), F (σ(ω)))ηk(F (τ), F (σ(ω))) =

(3.7) [m = n][σ(ω) = σ(τ)]
∑

k

a(F (ω))
√

ϕk(F (ω))
√

ϕk(F (τ)).

Note that F (ω) = γω0(F (σ(ω))) and σ(ω) = σ(τ) implies that F (τ) = γτ0(F (σ(ω)))
where ω0, τ0 are the coordinates zero of ω and τ respectively. Now if F (ω) ∈ Uxk

then ω0 ∈ I(xk) because of property (iii) of lemma 3.9 and F (σ(ω) ∈ γ−1
ω0

(Uxk
).

We have that F (τ) ∈ γτ0(γ
−1
ω0

(Uxk
)) and if ω0 
= τ0 then by property (ii) of lemma

3.9, we have F (τ) /∈ Uxk
. Since the support of ϕk is contained in Uxk

and if ω0 = τ0

then ω = τ , we have from (3.7) that

(ψ, ι)(1)(φ(a))(ω, m − n, τ) = [m = n][ω = τ ]a(F (ω)) =

ι(a)(ω, m − n, τ).
As the elements a ∈ C(K) such that supp(a) ⊆ K\B are dense in JE , the equality
(ψ, ι)(1)(φ(a)) = ι(a) holds for an arbitrary a ∈ JE . �

Lemma 3.14 ([12]). Suppose that (ψ, ι) is an isometric covariant representation
of E into a C*-algebra B. Then ψ×ι is faithful if and only if ι is faithful and there is
a (strongly continuous) action β : T → Aut(B) such that βz ◦ ι = ι and βz ◦ψ = zψ
for all z ∈ T.

Proposition 3.15. If the IFS Γ satisfies the finite branch condition or the open
set condition, then the homomorphism ψ × ι given by the covariant representation
defined by (3.1) and (3.2) is faithful.

Proof. Given a ∈ C(K),

(ι(a)∗ ∗ ι(a))(ω,m − n, τ) = [m = n][ω = τ ]|a(F (ω))|2

and as F is surjective, we have that ι is faithful. Let β : T → Aut(C∗(G)) be the
gauge action given by

βz(f)(ω,m − n, τ) = zm−nf(ω, m − n, τ)

then βz(ι(a)) = ι(a) because ι(a) is zero for m 
= n; and for ξ ∈ E, βz(ψ(ξ)) = zψ(ξ)
because ψ(ξ) is zero for m − n 
= 1. �

We conclude with this proposition that OΓ is a subalgebra of Od.
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Remark 3.16. As G is a closed, and therefore compact, subset of K × K, all
continuous functions in G can be seen as restrictions of continuous functions in
K × K. And viewing C(K × K) = C(K) ⊗ C(K), we have that every continuous
function in G can be written as a limit of sums of elements of the type a ⊗ b
where a, b ∈ C(K). We can do this both with respect to the sup norm and to the
Hilbert-module norm because of proposition 3.6.

We also note that the code map F : Ω → K defined in proposition 2.5 induces
an injection of C(K) in C(Ω).

Proposition 3.17. If the IFS Γ satisfies the finite branch condition or the
open set condition, then OΓ is the sub-C*-algebra of Od generated by C(K) and S.

Proof. As a Cuntz-Pimsner algebra is generated by copies of elements of the
algebra and copies of elements of the module, we have that OΓ is generated by all
elements a ∈ C(K) and ξ ∈ C(G). It suffices to note that ψ(1) = S where 1 is the
identity of C(G) and ψ(a ⊗ b) = ι(a)ψ(1)ι(b) for a, b ∈ C(K). �

We recall a definition from [16] and give a different proof of the isomorphism
between Oγ and Od for a certain class of IFS.

Definition 3.18. We say that the IFS {γi}d
i=1 satisfies the cograph separation

condition if the cographs

Gi = {(γi(y), y) ∈ K × K : y ∈ K}
are disjoint.

We note that the cographs of an IFS are always closed subsets of G and if
the IFS satisfies the cograph separation condition then they are also open. In this
case, there are no branched points and in particular, it satisfies the finite branch
condition.

Proposition 3.19. If the IFS {γi}d
i=1 satisfies the cograph separation condition

then Oγ � Od.

Proof. If χGi is the characteristic function of Gi then it belongs to C(G) and
we note that ψ(χGi

) = χi ∗S where χi is the characteristic function of the cylinder
i. As we’ve seen in subsection 3.1, the elements Si = d1/2χi ∗ S = d1/2ψ(χGi

) are
d isometries that satisfies the Cuntz relations and generates Od. �

3.4. The case of inverse branches of a continuous function. In this
subsection we suppose that there exists a continuous function γ : K → K such
that γ ◦ γi = id for all i ∈ {1, . . . , d}. Our goal is to show that if the IFS satisfies
the finite branch condition than we can see OΓ as an Exel’s crossed product by
endomorphism [8].

We note that γ needs not to be a local homeomorphism and in this case we
cannot use the construction by Renault [19] and Deaconu [6]. But when it does,
their construction is isomorphic to Exel’s one [10].

We begin by recalling the ingredients to build Exel’s crossed product. Let A
be a unital C*-algebra and suppose we’re given:

• An unital injective endomorphism α : A → A.
• A transfer operator L : A → A for α, that is, a positive continuous linear

map such that L(α(a)b) = aL(b) for a, b ∈ A. We suppose that L(1) = 1.
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Let T (A, α, L) be the universal C*-algebra generated by a copy of A and an
element Ŝ with relations:

(i) Ŝa = α(a)Ŝ,

(ii) Ŝ∗aŜ = L(a),
for a ∈ A. Note that the canonical map from A to T (A, α, L) is injective.

Definition 3.20. A redundancy is a pair (a, k) ∈ A×AŜŜ∗A such that abŜ =
kbŜ for all b ∈ A.

Definition 3.21. The Exel’s crossed product A 
α,L N is the quotient of
T (A, α, L) by the closed two-sided ideal generated by the set of differences a − k
for all redundancies (a, k).

In our case, let A = C(K) and α : A → A be given by

α(a) = a ◦ γ.

Then L : A → A defined by

L(a) =
1
d

d∑
i=1

a ◦ γi

is a transfer operator for α.

Theorem 3.22. Let Γ = {γi}d
i=1 be an IFS satisfying the finite branch condition

or the open set condition, and let A, α and L be as above then A
α,LN is isomorphic
to OΓ.

Proof. The steps of the proof are similar to what we have done last subsection.
Let (A = C(K), E = C(G)) be the C*-correspondence given in last subsection. We
start by giving a covariant representation of (A, E) in A 
α,L N.

Let ι : A → A 
α,L N be the canonical inclusion and ψ : E → A 
α,L N be
given by

ψ(a ⊗ b) = aSb

for a, b ∈ A. To show that ψ is well defined in all C(G), we let
∑

j aj ⊗ bj be a
finite sum where aj , bj ∈ A, then∥∥∥∥∥∥ψ

⎛
⎝∑

j

aj ⊗ bj

⎞
⎠

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑

j

ajSbj

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑

j

ajα(bj)S

∥∥∥∥∥∥ ≤

∥∥∥∥∥∥
∑

j

ajα(bj)

∥∥∥∥∥∥ =

= sup
x∈K

∣∣∣∣∣∣
∑

j

aj(x)bj(γ(x))

∣∣∣∣∣∣ ≤
⎛
⎜⎝sup

x∈K

d∑
i=1

∣∣∣∣∣∣
∑

j

aj(γi(x))bj(x)

∣∣∣∣∣∣
2
⎞
⎟⎠

1/2

=

∥∥∥∥∥∥
∑

j

aj ⊗ bj

∥∥∥∥∥∥
2

where ‖·‖2 is the norm in C(G) thinking of C(G) as an A-Hilbert module. To justify
that the second inequality above holds, we note that because K is self-similar, for
any x ∈ K there is y ∈ K such that x = γi(y) for some i = 1, . . . , d.

We have to show that (ι, ψ) is a Cuntz-Pimsner covariant representation, i.e.,
it satisfies conditions (i)-(iii) of definition 3.4. Condition (i) is easily verified. For
(ii), it suffices to show for monomials a ⊗ b, e ⊗ f ∈ C(G) because of linearity and
continuity. We have

〈a ⊗ b, e ⊗ f〉 (y) =
∑

i

a(γi(y))b(y)e(γi(y))f(y) = b∗(y)L(a∗e)(y)f(y)
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and then

ι(〈a ⊗ b, e ⊗ f〉) = b∗L(a∗e)f = b∗S∗a∗eSf = ψ(a ⊗ b)∗ψ(e ⊗ f).

Finally, for condition (iii), we take a ∈ JE such that supp(a) ⊆ K\B and ξk, ηk

as in remark 3.11. Then

(ι, ψ)(1)(φ(a)) =
∑

k

ψ(ξk)ψ(ηk)∗ =
∑

k

a
√

ϕkSS∗√ϕk

and we have to show that this equals a inside A 
α,L N. For that, we show that
the pair (a,

∑
a
√

ϕkŜŜ∗√ϕk) is a redundancy. We let b ∈ A, then
∑

a
√

ϕkŜŜ∗√ϕkbŜ =
∑

a
√

ϕk(α ◦ L)(
√

ϕkb)Ŝ.

To show that the pair above is a redundancy, it suffices to show that

b(x) =
∑√

ϕk(x)(α ◦ L)(
√

ϕkb)(x)

for x ∈ supp(a). For such x, we have that x /∈ B and hence, there is a unique i0
and a unique y such that γi0(y) = x. If ϕk(x) = ϕk(γi0(y)) 
= 0 then i0 ∈ I(xk)
because of (iii) of lemma 3.9 and because of (ii) we have that γi(y) /∈ Uxk

for i 
= i0.
It follows that

∑√
ϕk(x)(α ◦ L)(

√
ϕkb)(x) =

∑√
ϕk(x)

d∑
i=1

√
ϕk(γi(γ(x)))b(γi(γ(x))) =

∑√
ϕk(x)

d∑
i=1

√
ϕk(γi(y))b(γi(y)) =

∑√
ϕk(x)

√
ϕk(γi0(y))b(γi0(y)) =

∑
ϕk(x)b(x) = b(x).

By the universality of OΓ, we have a homomorphism ι × ψ : OΓ → A 
α,L N.
Since A 
α,L N is generated by A and S, and ι(A) = A, ψ(1) = S, where 1 is the
unity of C(G), we have that ι × ψ is surjective.

To show that ι × ψ is injective, we first note that ι is faithful [9]. Then we see
that β : T → A
α,L N given by βz(a) = a and βz(S) = zS is an action of the circle
in A 
α,L N [9] which clearly satisfies the conditions of lemma 3.14. �

Remark 3.23. It was pointed out by the referee two references close related
to this work. In [3], it’s studied the construction of an algebra from a shift space
using Exel’s crossed product. The dynamics of a IFS is closed related to a symbolic
dynamic (proposition 2.5) and the Cuntz algebra can be thought as the algebra
associated to the full shift. In [4], it’s proved that some dynamical properties can
be translated into algebraic ones in the case of cover maps, which in our context is
related to IFS that have no branched points. A result similar to theorem 6 in [4]
to the context of IFS is an interesting problem for future work.
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Current address: Instituto de Matemática, Universidade Federal do Rio Grande do Sul, Av.
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[C*-ALGÈBRE ASSOCIÉES À CERTAINS 

SYSTÈMES DYNAMIQUES ET LEURS ÉTATS KMS] 

D'abord, on étudie trois façons d'associer une C*-algèbre à une transformation continue. Ensuite, nous 
donnons une nouvelle définition de l'entropie. Nous trouvons des relations entre les états KMS des algèbres 
préalablement définies et les états d'équilibre, donné par un principe variationnel. Dans la seconde partie, 
nous étudions les algèbres de Kajiwara-Watatani associées à un système des fonctions itérées. Nous 
comparons ces algèbres avec l'algèbre de Cuntz et le produit croisé. Enfin, nous étudions les états KMS des 
algèbres de Kajiwara-Watatani pour les actions provenant d'un potentiel et nous trouvouns des relations 
entre ces états et les mesures trouvée dans une version de le théorème de Ruelle-Perron-Frobenius pour les 
systèmes de fonctions itérées.  
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[C*-ALGEBRAS ASSOCIATED WITH CERTAIN 
DYNAMICAL SYSTEMS AND THEIR KMS STATES]

First, we study three ways of associating a C*-algebra to a continuous map. Then, we give a new definition 
of entropy. We relate the KMS states of the previously defined algebras with the equilibrium states, given 
by a variational principle. In the second part, we study the Kajiwara-Watatani algebras associated to 
iterated function system. We compare these algebras with the Cuntz algebra and the crossed product. 
Finally, we study the KMS states of the Kajiwara-Watatani algebras for actions coming from a potential 
and we relate such states with measures found in a version of the Ruelle-Perron-Frobenius theorem for 
iterated function systems.  
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