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Une physique complexe. . .mais périodique en temps

−→
V0

Figure: Isocontours de vorticité (300 s−1), simulation RANS 3D, thèse de J. Zanette (2010)

Phénomènes périodiques induits par l’excitation harmonique (pales)
Phénomènes périodiques auto-induits (arbre)
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Contexte de la thèse Solver incompressible BDF Approche TSM Comparaison TSM/BDF Conclusion et Perspectives

Calcul instationnaire complet

Calcul avec marche en temps séquentielle :
Pas de temps ∆t = tn+1 − tn correspondant à 1̊ de rotation

Période transitoire avant d’atteindre le périodique établi Ncycles = 5

Temps de calcul RANS 3D ≈ 45 jours sur 12 processeurs
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Objectif

Réduire le temps de calcul d’écoulements incompressibles périodiques en temps

Simplification du problème

S’affranchir du calcul du transitoire
pour ne rechercher que la solution

périodique établie

Piste de réflexion
Utiliser des pas de temps plus grands

Contrainte
Facile à mettre en oeuvre dans un

solveur temporel

Solution proposée

Utiliser une méthode de décomposition spectrale temporelle
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Réduire le temps de calcul d’écoulements incompressibles périodiques en temps

Simplification du problème

S’affranchir du calcul du transitoire
pour ne rechercher que la solution

périodique établie

Piste de réflexion
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Méthodes harmoniques temporelles pour le compressible

internes

Turboréacteur CFM 56-3

externes

Eurocopter EC 135 T2 Colibri

K.C. Hall, J.P Thomas et W.S Clark, 2002,
”Harmonic Balance Technique” HBT : Application aux turbomachines

A. Gopinath et A. Jameson, 2005,
”Time Spectral Method” TSM : Application aux écoulements externes

A. Jameson, 2009,
Tentative d’utilisation de la TSM avec méthode de compressibilité artificielle
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Logique de développement

1 Point de départ : solveur 2D compressible sur maillages non structurés fixes

2 Formulation ALE (Arbitrary Lagrangian Eulerian) pour prendre en compte le
mouvement de maillages

3 Implémentation et analyse de la TSM sur le cas de l’équation de la chaleur +
cas classiques compressibles

4 Ecriture d’un code incompressible BDF-ALE en utilisant la méthode de
compressibilité artificielle

5 Implémentation de la TSM dans le solveur incompressible et analyse
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5 Implémentation de la TSM dans le solveur incompressible et analyse
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Contexte de la thèse Solver incompressible BDF Approche TSM Comparaison TSM/BDF Conclusion et Perspectives

Logique de développement
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compressibilité artificielle
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compressibilité artificielle
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Plan de la présentation

1 Contexte de la thèse

2 Solver incompressible BDF

3 Approche TSM

4 Comparaison TSM/BDF

5 Conclusion et Perspectives
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Système Compressibilité Artificielle (CA)
Système incompressible Euler 2D instationnaire

∂u

∂x
+
∂v

∂y
= 0 Continuité

∂

∂t

(
u

v

)
+

∂

∂x

(
u2 + p

uv

)
+

∂

∂y

(
uv

v2 + p

)
= 0 Quantité de mouvement

On doit résoudre le problème stationnaire en temps dual

∂

∂τ
(w) = −K

∂

∂t
(w)−∇ · FE (w, β)
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Système incompressible Euler 2D instationnaire

1

β

∂p

∂τ
+
∂u

∂x
+
∂v

∂y
= 0

∂

∂τ

(
u

v

)
+

∂

∂t

(
u

v

)
+

∂

∂x

(
u2 + p

uv

)
+

∂

∂y

(
uv

v2 + p

)
= 0
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Choix de discrétisation

∂

∂τ
(w) = −K

∂

∂t
(w)−∇ ·

(
FE (w, β)− FV (∇w)

)

Méthode Volume Finis : w = (w0, · · · ,wi , · · · ,wNcells )
t Ncells

Discrétisation spatiale : Schéma de ROE, reconstruction MUSCL à l’ordre 2

∂

∂τ
(w) = −K

∂

∂t
(w)−R(w)

Discrétisation en temps physique : schéma BDF implicite à l’ordre 2

∂

∂τ
(w) = −K

(
3
2 wn+1 − 2wn + 1

2 wn−1
)

∆t
−R

(
wn+1

)

N∆t =
T

∆t

Discrétisation en temps dual : Schéma implicite à l’ordre 1

wn,m+1 −wn,m

∆τn,m
= −K

(
3
2 wn,m+1 − 2wn + 1

2 wn−1
)

∆t
−R

(
wn,m+1
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wn,m+1 −wn,m

∆τn,m
= −K

(
3
2 wn,m+1 − 2wn + 1

2 wn−1
)

∆t
−R

(
wn,m+1

)

mmax
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wn,m+1 −wn,m

∆τn,m
= −K

(
3
2 wn,m+1 − 2wn + 1

2 wn−1
)

∆t
−R

(
wn,m+1

)
mmax
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Système implicite BDF
A chaque pas de temps physique, on doit résoudre

∆wn,m︷ ︸︸ ︷
wn,m+1 −wn,m

∆τn,m
=

−Rt(wn,m+1)︷ ︸︸ ︷
−
(

3
2 wn,m+1 − 2wn + 1

2 wn−1
)

∆t
−R(wn,m+1)

On linéarise le résidu

Rt(wn,m+1) ≈ Rt(wn,m) + Jn,m ∆wn,m +O
(
(∆wn,m)2

)

On a un système linéaire à résoudre de taille Ncells × 3

On résout le système avec une méthode de relaxation de type Point Jacobi

On utilise un flux numérique simplifié pour la phase implicite

lmax , nombre d’itérations nécessaire pour résoudre la phase implicite
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Soutenance de thèse 04-11-2010 12 / 57
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On a un système linéaire à résoudre de taille Ncells × 3
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Evaluation du coût total BDF

8>>>>>><>>>>>>:

Boucle temps physique Ncycles × N∆t

N∆t nombre de pas de temps par période

Ncycles nombre de cycles avant le périodique

Coût total BDF

CBDF = Ncycles × N∆t ×mmax × Ncells × lmax × Cu
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mmax nombre d’itérations en temps dual

Ncells nombre de cellules

lmax nombre d’itérations Jacobi
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Décomposition en série de Fourier

Jean Baptiste Joseph Fourier (1768-1830)

”Théorie Analytique de la Chaleur”(1822)

Soit f une fonction périodique en temps f (x , t + T ) = f (x , t),T est la période

f = 1
T est la fréquence fondamentale et ω =

2π

T
la pulsation fondamentale

Série de Fourier complète

f (x , t) =
k=+∞∑
k=−∞

f̂k(x)e ikωt
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Illustration d’une décomposition

Figure: Décomposition en série de Fourier du CX de la turbine Achard

Série de Fourier tronquée à N

C (x , t) =
∑k=N

k=−N Ĉk(x)e ikωt
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Série de Fourier tronquée à N

C (x , t) =
∑k=N
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Soutenance de thèse 04-11-2010 16 / 57
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Reconstruction depuis le domaine temporel

Théorème de Nyquist-Shannon (1928)

La fréquence d’échantillonnage d’un signal doit être égale ou supérieure au double
de la fréquence maximale contenue dans ce signal, afin de convertir ce signal
d’une forme analogique à une forme numérique.

Ĉk(x) =
1

2N + 1

2N∑
n=0

Cne
−ikωtn

On peut reconstruire exactement
les harmoniques jusqu’au rang N
à partir de la solution en 2N+1 points.

On échantillonne avec des instants
équirépartis dans la période

tn =
n T

2N + 1
, n ∈ [0 : 2N]
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Figure: Approche en temps séquentielle et approche harmonique temporelle

Pour obtenir la solution périodique établie :

1 On cherche la solution en un nombre limité d’instants 2N + 1
2 A partir de 2N + 1 instants, on obtient les harmoniques jusqu’au rang N
3 La série de Fourier tronquée à N donne la solution à n’importe quel instant t
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Dérivée Spectrale en temps TSM
On cherche la solution wn = w(tn) pour n ∈ [0 : 2N] au problème

∂

∂τ
(wn) = −K

∂

∂t
(wn)−R(wn)

Expression dans le domaine fréquentiel

∂

∂τ
(ŵk) = −Kikω ŵk(x)e ikωtn − R̂k(ŵ) k ∈ [−N : N]

A cause de la non linéarité de R : R̂k(ŵ) 6= R(ŵk)

On repasse donc dans le domaine temporel

∂

∂τ
(wn) = −KDt(wn)−R(wn)
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Opérateur spectral
On a un nouvel opérateur spectral qui approche la dérivée en temps physique

Dt(wn) ≈ ∂

∂t
(wn)

L’opérateur Dt à l’instant tn s’écrit :

Dt(wn) =
N∑

p=−N

dpwn+p

La dérivée spectrale dépend des solutions wq, q ∈ [0 : 2N] et d0 = 0

On doit donc résoudre un système couplé stationnaire

∂

∂τ
(wn) = −KDt(wn)−R(wn) 0 ≤ n < 2N + 1

Intérêt de la TSM
On simplifie un problème instationnaire en 2N + 1 problèmes stationnaires couplés
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Contexte de la thèse Solver incompressible BDF Approche TSM Comparaison TSM/BDF Conclusion et Perspectives
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Précision de l’opérateur spectral Dt

t/T

(t)

0 0.2 0.4 0.6 0.8 1

-1

-0.5

0

0.5

1 cos( t)
50 samples
3 samples

t/T
(t)

0 0.2 0.4 0.6 0.8 1

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
- sin( t)
BDF(50)
BDF(3)
TSM N=1

Figure: Dérivée de la fonction α définie par α(t) = cos(ωt) avec un schéma BDF et TSM

BDF

∂α

∂t
(tn) ≈

(
3
2αn+1 − 2αn + 1

2αn−1

)
∆t

TSM

∂α

∂t
(tn) ≈ Dt(αn) =

N∑
p=−N

dpαn+p
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Figure: Dérivée de la fonction α définie par α(t) = cos(ωt) avec un schéma BDF et TSM

Avantage

La précision spectrale de Dt permet l’utilisation de grands pas de temps
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Discrétisation en temps dual TSM
Euler explicite pour l’approximation de la dérivée en temps fictif

wm+1
n −wm

n

∆τ
= −KDt(wm

n )−R(wm
n ) 0 ≤ n < 2N + 1

Figure: Principe de convergence en temps dual de la méthode TSM pour N = 2
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Comparaison algorithmes BDF/TSM
BDF

Boucle temps physique Ncycles × N∆t

Boucle temps dual mBDF
max

Boucle sur les cellules Ncells

{
Boucle Point Jacobi lBDF

max�� ��Système Implicite BDF CBDF
u

TSM



Boucle temps dual mTSM
max

Boucle sur les cellules Ncells × (2N + 1)

et instants TSM{
Boucle Point Jacobi lTSM

max�� ��Système Implicite TSM CTSM
u

En terme d’occupation mémoire, la TSM revient à calculer un problème
stationnaire sur un maillage ”espace-temps” (2N + 1) fois plus grand

Avec BDF, on cherche

wn,m
i

Avec TSM, on cherche

wm
i,n
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Limitation de Stabilité
Formulation explicite

wm+1
n −wm

n

∆τm
= −KDt(wm

n )−R(wm
n ) 0 ≤ n < 2N + 1

Limitation sur le temps dual

∆τm < CFL
h

||λ||mN + ωNh

Les hautes fréquences et/ou un grand nombre d’harmoniques N limitent le CFL

Linéarisation des opérateurs

R(wm+1
n ) ≈ R(wm

n ) + Jm
n ∆wm

n +O
(
(∆wm

n )2
)

Dt(wm+1
n ) = Dt(wm

n ) + Dt(∆wm
n )
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Formulation explicite

wm+1
n −wm

n

∆τm
= −KDt(wm

n )−R(wm
n ) 0 ≤ n < 2N + 1

Limitation sur le temps dual

∆τm < CFL
h

||λ||mN + ωNh

Les hautes fréquences et/ou un grand nombre d’harmoniques N limitent le CFL

Implicitation totale : on implicite le résidu et le terme TSM

wm+1
n −wm

n

∆τ
= −KDt(wm+1

n )−R(wm+1
n ) 0 ≤ n < 2N + 1
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Formulation explicite

wm+1
n −wm

n

∆τm
= −KDt(wm

n )−R(wm
n ) 0 ≤ n < 2N + 1

Limitation sur le temps dual

∆τm < CFL
h

||λ||mN + ωNh

Les hautes fréquences et/ou un grand nombre d’harmoniques N limitent le CFL

Implicitation totale : on implicite le résidu et le terme TSM

wm+1
n −wm

n

∆τ
= −KDt(wm+1

n )−R(wm+1
n ) 0 ≤ n < 2N + 1
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Linéarisation des opérateurs
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Système implicite(
Id

∆τm
+ Jm

n

)
∆wm

n + KDt(∆wm
n ) = −KDt(wm

n )−R(wm
n )

Sous forme matricielle

A∗,m∆w∗,m = −Rt (w∗,m) , w∗ = [w0, · · · ,wn, · · · ,w2N ]t

comme d0 = 0, on a

A∗ =



Id

∆τ + J0 d1Id · · · dN Id d−N Id · · · d−1Id

d−1Id
. . .

. . .
...

. . .
. . .

...
...

. . .
. . . d1Id

. . .
. . .

...

d−N Id · · · d−1Id
Id

∆τ + JN d1Id · · · dN Id
...

. . .
. . . d1Id

. . .
. . .

...
...

. . .
. . .

...
. . .

. . . d1Id

d1Id · · · dN Id d−N Id · · · d−1Id
Id

∆τ + J2N


2N + 1
×
Ncells
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n
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∆wm
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. . .
. . .
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. . .
. . . d1Id

. . .
. . .
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. . .
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. . .

. . . d1Id
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Résolution du Système implicite Id

∆τm
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n + K
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p=−N

|dp|Id

∆wm
n + KDt(∆wm

n ) = −Rt
n(wm)

On résout le système avec une méthode de relaxation de type Point Jacobi

∆w(0)
n = 0

l = 0, lmax − 1 Id

∆τm
+ Jm

n + K
N∑

p=−N

|dp|Id

∆w
(l+1)
n = −Rt

n(wm)−KDt(∆w
(l)
n )

∆w(lmax )
n = ∆wm

n

En relaxant le terme TSM, on facilite le couplage des instants

Même discrétisation spatiale que pour la marche en temps classique

=⇒ Pour chaque instant TSM, on se retrouve avec un sytème implicite similaire
au système stationnaire classique

Soutenance de thèse 04-11-2010 26 / 57
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Effet de la correction diagonale

Figure: Historique de convergence pour l’équation de la chaleur avec TSM et résolution
Point Jacobi du système implicite (lmax = 2,N = 1)
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Comparaison des coûts TSM et BDF
BDF

Boucle temps physique Ncycles × N∆t

Boucle temps dual mBDF
max

Boucle sur les cellules Ncells

{
Boucle Point Jacobi lBDF

max�� ��Système Implicite BDF CBDF
u

TSM



Boucle temps dual mTSM
max

Boucle sur les cellules Ncells × (2N + 1)

et instants TSM{
Boucle Point Jacobi lTSM

max�� ��Système Implicite TSM CTSM
u

Coût total TSM

CTSM(N) = (2N + 1)×mTSM
max × lTSM

max × Ncells × CTSM
u

Coût total BDF

CBDF = N∆t × Ncycles ×mBDF
max × lBDF

max × Ncells × CBDF
u
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Contexte de la thèse Solver incompressible BDF Approche TSM Comparaison TSM/BDF Conclusion et Perspectives

Comparaison des coûts TSM et BDF
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Rapport des coûts TSM(N)/BDF

η =
CTSM(N)

CBDF
=

(2N + 1)

N∆t × Ncycles
× m

TSM(N)
max

mBDF
max

× C
TSM(N)
u

CBDF
u

N

2

5 10 15 20

1

1.5

2

2.5
real
linear approximation

Φ2(N) ≈ 0.8208 + 0.0925× N
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Présentation des cas tests

X

Y

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

Equations du mouvement{
Pitching θ(t) = θ0 sin(ωt)
Heaving y(t) = H0 sin(ωt + π

2 )

θ0, amplitude de rotation
H0, amplitude du battement

Pulsation ω = 2π f

Fréquence réduite f ∗ =
fc

U∞
U∞ est la vitesse à l’infini amont
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Régimes de fonctionnement

Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Figure: Mode turbine
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Figure: Régimes H0/c = 1

Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
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linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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quasi-steady hypothesis.
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Régimes de fonctionnement

Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the

0.00 0.05 0.10 0.15 0.20 0.25

20

40

60

80

f *

θ0 [º]

FEATHERING  LIMIT (χ= 1)

Propulsion

0.0 0.2 0.4 0.6 0.8 1.0

-2.0

-1.0

0.0

1.0

2.0

t / T

CY

CX

Vy /U∞

CX < 0

CY ⋅ Vy / U∞ < 0

0.0 0.2 0.4 0.6 0.8 1.0

-2.0

-1.0

0.0

1.0

2.0

t / T

CY

C X

Vy / U∞

C X > 0

CY ⋅ Vy / U∞ > 0

20
º

30
º

40
º

Power extraction

α
T / 4= 10

º

Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Modeling of the unsteady flows about moving bodies with
inviscid aerodynamic approaches, such as panel methods, would
thus improve matters. However, inviscid approaches are limited to
cases experiencing no dynamic stall [2]. This limitation is seriously
restrictive, because dynamic stall plays a key role in oscillating-
airfoil performance, as will be discussed in Sec. IV. In this study, we
therefore rely on amore computational intensivemethod: namely, on
an unsteady Navier–Stokes solver.

B. Flow Solver

High resolution two-dimensional unsteady computations are
performed in this study at Reynolds numbers from 500 to 10,000
with the commercial finite volume code FLUENT 6.1 [6]. A second-
order-accurate upwind scheme is used to discretize convection terms,
and diffusion-term discretization is done with the second-order
central-differencing scheme. A second-order-accurate backward-
implicit scheme is used to discretize time. A pointwise Gauss–Seidel
linear equation solver is used to solve the discretized equations, in
conjunction with an algebraic multigrid method accelerating
convergence. The velocity-pressure coupling is based on a semi-
implicit method for pressure-linked equations (SIMPLE) segregated
algorithm.

C. Dynamic Mesh Strategy

Because FLUENT allows for the use of moving meshes, the
straightforward strategy would be to consider an inertial (fixed)
reference frame. Both heaving and pitching motions of the airfoil
would then be taken into account through mesh motion and regular
remeshing. However, this approach in FLUENT requires the use of
first-order time integration, which therefore imposes the use of very
small time-step sizes to control the inherent numerical diffusion.

To circumvent this constraint, a different meshing strategy was
developed in this work. In the present approach, the problem is set in
a heaving reference frame (vertical translation) attached to the airfoil.
The pitching portion of the airfoil motion is left as such; that is, the
airfoil is actually rotating in the translating reference frame. This
implies the use of time-varying velocity conditions on the inflow
domain boundary and the addition of a new source term in the
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Fig. 5 Operating regimes in !f ";!0# parametric space with isolines of
maximum effective angle of attack !"max $ j"T=4j#; typical force
coefficients CX and CY along with heaving velocity Vy=U1 are provided
over one periodic cycle for a power-extraction case (top) and a
propulsion case (bottom).

Fig. 6 Instantaneous vorticity field with directions of wake-vortice-
induced velocities for a) a typical power-extraction case (f " % 0:22), and
b) a typical propulsion case (f " % 0:35); mean x velocity profiles are also
sketched.

Fig. 7 Unsteady effects in feathering-mode cases with "!t# % 0 [see
Eq. (8)]; NACA 0015; Re% 1100: a) vorticity fields at t=T % 0 with the
airfoil path line added for reference (gray for positive ! and black for
negative) and b) instantaneous lift; CL!t# % 0 would be predicted under
quasi-steady hypothesis.
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Etude paramétrique du mode turbine

xp=c! 1=3. A mapping of the predicted efficiencies (nearly 50
simulations) in the parametric space "f#; !0$ is provided in Fig. 11 for
the basic set of parameters. Note that the dimensionless frequency is
defined here as f# % fc=U1.

First, we find that the highest efficiency achieved ("max & 34%) is
obtained for high pitching amplitudes (!0 & 70–80 deg) and at
nondimensional frequencies in the range of f# & 0:12–0:18. As a
reference, let us recall the theoretical limit of Betz [5] (from actuator
disk theory) at 59%, which should apply to the present oscillating-
wing problem because a cycle-averaged stationary flow concept may
be defined. In any case, efficiencies higher than 30% for a single
oscillating airfoil appear quite encouraging from a practical point of
view for the present turbine concept.

We further note that the best-efficiency cases in Fig. 11 correspond
to operating conditions of roughly f# ! 0:15, which yields

Vymax=U1 ! 2#f#H0=c& 1

(maximum heaving velocity, comparable with the freestream
velocity). At the same time, these cases are found to involve effective
angles of attack [see Eq. (3) and the isolines of j$T=4j in Fig. 11]
reaching as high as 35 deg during their cycles.With such large values
of angle of attack, it is no surprise to observe some dynamic-stall

vortex shedding taking place during themotion.Although boundary-
layer separation leads to unfavorable effects in stationary
aerodynamics, dynamic-stall vortex shedding is found to contribute
toward increased performances. Indeed, LEVS is seen to occur
during the cycles of most of the efficient cases (see Fig. 12). In fact,
one finds that well-timed LEVS, occurring each half-period just
before t& 0 and T=2, is a very important mechanism to maximize
the power-extraction efficiency, as can be illustrated with the help of
Fig. 12.

Case 1 (shown in Fig. 12a) exhibits dynamic-stall vortex shedding
and reaches a mean efficiency of nearly 34%, whereas case 2 (shown
in Fig. 12b), which is at a slightly higher frequency and lower
pitching amplitude, corresponds to a typically smooth aerodynamic
flow with a moderate efficiency of "! 11%. Note that a straight
horizontal line corresponding to the theoretically available power
CPa

was added to the figures as a reference level.
The main feature revealed by Fig. 12 is that case 2 (Fig. 12b),

without LEVS, shows a poor synchronization between the heaving
velocity Vy and the vertical force coefficient CY (i.e., they have
opposite signs at times), causing the total power curve CP to go
negative in some parts. On the other hand, case 1 (Fig. 12a),
exhibiting dynamic stall, shows good timing in the sign switch of Vy

and CY , resulting in positive values of total extracted power over
almost all of the cycle. It is clearly the shed vortices and their suction
effect on the airfoil (see pressure contours) that are responsible for
maintaining a negative Y force much closer to the midcycle time at
t=T ! 0:5.

In this particular case, one notes further that the shedding at each
half-cycle has also a favorable impact on the pitching contribution
P!, which can play a positive role momentarily in the cycle, despite
its small overall mean contribution.

Indeed, one finds in this study that for most cases of interest (and
f# ' 0:16), the heaving contribution Py to the total power extracted
significantly dominates the pitching contribution P!. One may thus
assumeP"t$ & Y"t$Vy"t$ for most analysis purposes. Consequently,
we find that there are three major aspects affecting the level of power
extracted: 1) synchronization ofY"t$ andVy"t$, 2)magnitude ofY"t$,
and 3) magnitude of Vy"t$. Optimal synchronization between the
vertical force and the heaving velocity, such that both are of the same
sign for most of the cycle, is desired to avoid negative power
occurrences. To achieve this good synchronization, well-timed
LEVS appear to be necessary.

When the heaving velocity Vy"t$ is proportional to H0 and f [see
Eq. (2)], higher frequencies and/or higher heaving amplitudes appear
favorable, whereas vertical force presents a complex dependency on
both maximum effective angle of attack and maximum effective
velocity.

It is clear that increasing the effective velocity [Eq. (4)] by
increasing Vy (through H0=c and/or f#) leads to increased effective
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Soutenance de thèse 04-11-2010 33 / 57
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Etude paramétrique du mode turbine

xp=c! 1=3. A mapping of the predicted efficiencies (nearly 50
simulations) in the parametric space "f#; !0$ is provided in Fig. 11 for
the basic set of parameters. Note that the dimensionless frequency is
defined here as f# % fc=U1.

First, we find that the highest efficiency achieved ("max & 34%) is
obtained for high pitching amplitudes (!0 & 70–80 deg) and at
nondimensional frequencies in the range of f# & 0:12–0:18. As a
reference, let us recall the theoretical limit of Betz [5] (from actuator
disk theory) at 59%, which should apply to the present oscillating-
wing problem because a cycle-averaged stationary flow concept may
be defined. In any case, efficiencies higher than 30% for a single
oscillating airfoil appear quite encouraging from a practical point of
view for the present turbine concept.

We further note that the best-efficiency cases in Fig. 11 correspond
to operating conditions of roughly f# ! 0:15, which yields

Vymax=U1 ! 2#f#H0=c& 1

(maximum heaving velocity, comparable with the freestream
velocity). At the same time, these cases are found to involve effective
angles of attack [see Eq. (3) and the isolines of j$T=4j in Fig. 11]
reaching as high as 35 deg during their cycles.With such large values
of angle of attack, it is no surprise to observe some dynamic-stall

vortex shedding taking place during themotion.Although boundary-
layer separation leads to unfavorable effects in stationary
aerodynamics, dynamic-stall vortex shedding is found to contribute
toward increased performances. Indeed, LEVS is seen to occur
during the cycles of most of the efficient cases (see Fig. 12). In fact,
one finds that well-timed LEVS, occurring each half-period just
before t& 0 and T=2, is a very important mechanism to maximize
the power-extraction efficiency, as can be illustrated with the help of
Fig. 12.

Case 1 (shown in Fig. 12a) exhibits dynamic-stall vortex shedding
and reaches a mean efficiency of nearly 34%, whereas case 2 (shown
in Fig. 12b), which is at a slightly higher frequency and lower
pitching amplitude, corresponds to a typically smooth aerodynamic
flow with a moderate efficiency of "! 11%. Note that a straight
horizontal line corresponding to the theoretically available power
CPa

was added to the figures as a reference level.
The main feature revealed by Fig. 12 is that case 2 (Fig. 12b),

without LEVS, shows a poor synchronization between the heaving
velocity Vy and the vertical force coefficient CY (i.e., they have
opposite signs at times), causing the total power curve CP to go
negative in some parts. On the other hand, case 1 (Fig. 12a),
exhibiting dynamic stall, shows good timing in the sign switch of Vy

and CY , resulting in positive values of total extracted power over
almost all of the cycle. It is clearly the shed vortices and their suction
effect on the airfoil (see pressure contours) that are responsible for
maintaining a negative Y force much closer to the midcycle time at
t=T ! 0:5.

In this particular case, one notes further that the shedding at each
half-cycle has also a favorable impact on the pitching contribution
P!, which can play a positive role momentarily in the cycle, despite
its small overall mean contribution.

Indeed, one finds in this study that for most cases of interest (and
f# ' 0:16), the heaving contribution Py to the total power extracted
significantly dominates the pitching contribution P!. One may thus
assumeP"t$ & Y"t$Vy"t$ for most analysis purposes. Consequently,
we find that there are three major aspects affecting the level of power
extracted: 1) synchronization ofY"t$ andVy"t$, 2)magnitude ofY"t$,
and 3) magnitude of Vy"t$. Optimal synchronization between the
vertical force and the heaving velocity, such that both are of the same
sign for most of the cycle, is desired to avoid negative power
occurrences. To achieve this good synchronization, well-timed
LEVS appear to be necessary.

When the heaving velocity Vy"t$ is proportional to H0 and f [see
Eq. (2)], higher frequencies and/or higher heaving amplitudes appear
favorable, whereas vertical force presents a complex dependency on
both maximum effective angle of attack and maximum effective
velocity.

It is clear that increasing the effective velocity [Eq. (4)] by
increasing Vy (through H0=c and/or f#) leads to increased effective
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Soutenance de thèse 04-11-2010 33 / 57
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Paramètres numériques communs BDF/TSM

-50 -25 0 25 50

Figure: Maillage NACA0015

Compressibilité artificielle β 5

Facteur accélération CFL 106

Itérations Jacobi lmax 16

Nombre de cellules Ncells 30000

Formulation ALE variables absolues,
repère absolu
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Résultats BDF, cas PH : CY
CA-BDF Kinsey & Dumas (FLUENT)

Nombre de cellules Ncells 30000 72000
Pas de temps par période N∆t 520 2000

Sous itérations temps dual mBDF
max 100 ?

Méthode incompressible Compressibilité artificielle β = 5 SIMPLE
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Figure: Comparaison des résultats du solver
CA-BDF avec Kinsey & Dumas : Evolution du CY
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Figure: Vidéo isovaleurs de pression
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Comparaison BDF/TSM PH : Cy

Figure: Comparaison des résultats BDF et TSM pour un nombre croissant
d’harmoniques : CY PH. Les carrés noir représentent les 2N + 1 instants de calcul TSM
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Historiques de convergence en temps dual BDF/TSM
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Figure: Méthode BDF, cas PH à t/T = 0.5
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Figure: Méthode TSM, cas PH pour un
nombre croissant d’harmoniques

Pour obtenir un résidu de 10−4

mBDF
max ≈ 100

mTSM
max ≈ 3300

resTSM,m
av =

1

2N + 1

2N∑
n=0

√√√√ 1

Ncell

Ncell∑
i=1

∆pm
i,n

2

∆τm
i
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Champs de pression PH
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Figure: Cas test PH. Comparaison des champs de pression BDF et TSM reconstruit
(N = 16) à t/T = 0.25 (a) et t/T = 0.45 (b).
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Spectre des résultats BDF : Cy PH

Question
Peut-on relier facilement le spectre de la solution BDF et les résultats TSM ?
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Kinsey & al (2008)

Figure: Comparaison des résultats du solver
CA-BDF avec Kinsey & Dumas : Evolution
du CY
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Figure: Spectre de la décomposition du CY

en série de Fourier

Soutenance de thèse 04-11-2010 39 / 57
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Spectre et résultats TSM : CY PH

Figure: Comparaison de la décomposition en série de Fourier de la solution BDF (gauche)
avec la solution TSM pour un nombre croissant d’harmoniques (droite) : CY PH

Réponse

Pas évident à cause de la non linéarité de l’opérateur spatial : R̂k(w) 6= R(ŵk)
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Spectre et résultats TSM : CY PH

Figure: Comparaison de la décomposition en série de Fourier de la solution BDF (gauche)
avec la solution TSM pour un nombre croissant d’harmoniques (droite) : CY PH

Réponse

Pas évident à cause de la non linéarité de l’opérateur spatial : R̂k(w) 6= R(ŵk)
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Résultats BDF, cas PP : CY

Cas test PP (Pure Pitching), η = 0.8%

Fréquence réduite f ∗ 0.12

Amplitude battement H0 [m] 0

Amplitude rotation θ0 [◦] 23
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Figure: Comparaison des résultats du solver
CA-BDF avec Kinsey & Dumas : Evolution
du CY
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Figure: Vidéo isovaleurs de pression
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Comparaison BDF/TSM, cas PP : Cy

Figure: Comparaison des résultats BDF et TSM pour un nombre croissant
d’harmoniques : CY PP. Les carrés noir représentent les 2N + 1 instants de calcul TSM
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Convergence TSM, cas PP
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Figure: Historique de convergence de la méthode TSM pour le cas PP et pour un nombre
croissant d’harmoniques

Pour obtenir un résidu moyen de 10−4, mTSM
max ≈ 2800
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Champs de pression PP
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Figure: Cas test PP. Comparaison des champs de pression BDF et TSM reconstruit
(N = 22) à t/T = 0.25 (a) et t/T = 0.45 (b).
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Spectre des résultats BDF : Cy PP
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Figure: Comparaison des résultats du solver
CA-BDF avec Kinsey & Dumas : Evolution
du CY
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Fourier
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Spectre et résultats TSM : CY PP

Figure: Comparaison de la décomposition en série de Fourier de la solution BDF (gauche)
avec la solution TSM pour un nombre croissant d’harmoniques (droite) : CY PP
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Précision : Calcul de l’erreur

L’erreur RMS sur le coefficient CY est définie par :

εRMS(CY ) =

vuut 1

N∆t

N∆tX
k=1

„
(CY )TSM(N)(tk)− (CY )BDF (tk)

(∆CY )BDF

«2
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Erreur sur le CY
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Figure: Erreur RMS de la difference normalisée entre le CY calculé avec la méthode BDF
et 520 pas de temps par période et la méthode TSM(N) pour un nombre croissant
d’harmoniques N.

Erreur inférieure à 1% sur le CY =⇒
{

7 harmoniques pour PH
16 harmoniques pour PP
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Résultats coûts

η =
CTSM(N)

CBDF

=
(2N + 1)

N∆t × Ncycles
× m

TSM(N)
max

mBDF
max| {z }

Φ1

× C
TSM(N)
u

CBDF
u| {z }
Φ2

Φ2(N) ≈ 0.8208 + 0.0925× N

N
0 5 10 15 20

0.5

1

1.5 PH
PP

Figure: Rapport de cout TSM sur BDF en
fonction du nombre d’harmoniques N

Méthode mmax N∆t Ncycle

BDF 100 520 6
TSM 3300

Table: PH case

Méthode mmax N∆t Ncycle

BDF 100 520 4
TSM 2800

Table: PP case
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Résultats combinés de précision et coût
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Figure: Erreur RMS sur le CY en fonction du rapport de cout η

Erreur inférieure à 1% sur le CY =⇒
{
ηPH = 0.2 Gain de facteur 5 N = 7
ηPP = 1 Gain nul N = 16
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Résultats obtenus

Gains en temps de calcul

Pour les cas incompressibles 2D laminaires présentés → gain d’un facteur 1 à 5

Quel gain peut-on espérer pour la turbine Achard ?
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Gain estimé pour la turbine Achard

η =
CTSM(N)

CBDF
=

(2N + 1)

N∆t × Ncycles| {z }
Φ1−physique

× m
TSM(N)
max

mBDF
max| {z }

Φ1−dual

× C
TSM(N)
u

CBDF
u| {z }
Φ2

Φ1−physique : rapport indépendant de l’implémentation de la méthode TSM

Nombre de pas de temps par période N∆t = 360
Nombre de cycles pour arriver à l’état périodique établi Ncycles = 5
Nombre d’harmoniques N nécessaires pour représenter la solution N ≈ 20
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Nombre de pas de temps par période N∆t = 360
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Table: Paramètres de calcul estimés
pour la turbine Achard

ηestime(20) ≈ 1.7

Figure: Rapport de coût TSM/BDF estimé pour la turbine Achard
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Perspectives d’amélioration de la TSM
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Améliorer le rapport de coût unitaire TSM/BDF Φ2
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Table: Paramètres de calcul estimés
pour la turbine Achard

ηestime(20) ≈ 1.7

Idéalement Φ2 = 1

ηideal(20) ≈ 0.7

Figure: Rapport de coût TSM/BDF estimé et idéal pour la turbine Achard
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Perspectives d’amélioration des approches BDF et TSM
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Amélioration de la convergence en temps dual m
TSM(N)
max et mBDF

max

1 Amélioration de la résolution du système implicite

I Méthode de relaxation Gauss Seidel par point
I Solveur GMRES (pas sensible à la perte de dominance diagonale)

2 Amélioration de la phase implicite

3 Implémentation de la TSM dans un solveur purement incompressible
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1 Amélioration de la résolution du système implicite
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2 Amélioration de la phase implicite
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Soutenance de thèse 04-11-2010 56 / 57
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Merci de votre attention
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