N

N

Test d’ajustement d’un processus de diffusion ergodique
a changement de régime

Anis Gassem

» To cite this version:

Anis Gassem. Test d’ajustement d’un processus de diffusion ergodique a changement de régime.
Mathématiques [math]. Université du Maine, 2010. Frangais. NNT: . tel-00543318

HAL Id: tel-00543318
https://theses.hal.science/tel-00543318v1
Submitted on 6 Dec 2010

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00543318v1
https://hal.archives-ouvertes.fr

.
®

D
y Vg Sacuiic
SCIENCES ET TECHNIQUES

UniversitﬂéﬂM aine Le Mans

THESE DE DOCTORAT

Spécialité « Mathématiques »
Option « Statistique »

présentée par

Anis Gassem

TEST D’AJUSTEMENT D'UN PROCESSUS
DE DIFFUSION ERGODIQUE A
CHANGEMENT DE REGIME

Thése soutenue le 07/07/2010 devant le jury composé de :

M. D. Bosq Université Pierre et Marie Curie (Examinateur)
M. D. DeEnay Université de Rennes 2 (Examinateur)
M.  P. DEHEUVELS Université Pierre et Marie Curie (Rapporteur)
M.  R. HOPFNER Johannes-Gutenberg University (Rapporteur)
M.  Yu. I INGSTER St. Petersburg Electrotechnical University (Invité)

Mme M. L. KLEpTsYNA  Université du Maine (Co-directrice)
M.  Yu. A. Kutovants Université du Maine (Directeur)



ii

X

UnwersndéuMaine

Theése préparée au
Laboratoire Manceau de
Mathématiques
Université du Maine
Avenue Olivier Messiaen
72085 Le Mans CEDEX g



REMERCIEMENTS

E voudrais tout d’abord exprimer mes plus profonds remerciements au

Professeur Yury A. Koutoyants qui a été un directeur de these exem-

plaire. J'ai beaucoup apprécié ses qualités humaines et professionnelles.
Je le remercie donc pour la qualité et la rigueur de son suivi.

J'adresse également mes remerciements a ma co-directrice Marina Klept-
syna pour son suivi efficace et régulier dans le cadre de mes travaux ainsi
que pour sa disponibilité.

J'exprime ma sincére reconnaissance a tous les membres du jury de
me faire ’honneur d’assister & ma soutenance. Je remercie trés chaleureu-
sement les Professeurs Paul Deheuvels et Reinhard Hopfner pour avoir
accepté d’étre rappoteurs de cette these. J’adresse mes sincéres remerci-
ments aux Professeurs Denis Bosq, Dominique Dehay et Yuri I. Ingster
pour l'intérét qu’ils ont accordé & mon travail et pour avoir accepté de
participer au jury.

Je remercier tous les membres du Département de Mathématiques de
I"Université du Maine pour leur accueil et leur sympathie.

Pour finir, je tiens a remercier mes freres, mes soeurs et mes amis pour
leurs encouragements réguliers. Je réserve le plus grand des mercis a mes
parents qui m’ont soutenu et aidé a arriver jusque la.

1ii






TABLE DES MATIERES

(TABLE DES MATIERES| v
|[LISTE DES FIGURES| vi
[LISTE DES TABLEAUX| vi
INTRODUCTION] 1
[1 PRELIMINARIES| 5
[1.1 STOCHASTIC CALCULUS| . . . . o v v v e oo e e e 5
1.2 LocaLTiME . . ... ... ... 13
[1.3 (GAUSSIAN PROCESSES AND KARHUNEN-LOEVE EXPANSION| . . 14
[1.4 (GOODNESS-OF-FIT TESTS|. . . . . . . .. ... ... ....... 16
2 GOODNESS-OF-FIT TEST WITH SIMPLE BASIC HYPOTHESIS| 21
2.1 INTRODUCTIONI. . . . . . . . . . . o e e e 21
2.2 AUXIITARY RESULTS| « « « v v v v v v e e e e e e e e e e e e 22
2.3 CRAMER-VON MISES TESTS| . . . . . . . .. ... ..o ... 23
2.4 K-L EXPANSION OF GAUSSIAN PROCESSES 7¢(+) AND 7j(-)[ . . 29
2.5 PROOF OF THEOREM[2.3] . . . . . . ... ... ... ... ... 34
2.6 PROOF OF IHEOREM|2.4] . . . . . . .. ... ... ... . .... 40
[3 PARAMETER ESTIMATION| 43
[3.1 INTRODUCTION|. . . . . ... .. .. ... ... ... 43
[3.2 MAXIMUM LIKELIHOOD AND BAYESIAN ESTIMATORS| . . . . . . 44
[3.3 ESTIMATOR OF THE METHOD OF MOMENTS| . . . . . . .. ... 52

|4 (GOODNESS-OF-FIT TEST WITH COMPOSITE PARAMETRIC HYPO- |

[ THEST 57
4.1 INTRODUCTION|. . . ... ... ... ... .. ... ..... 57
[4.2 MODEL OF OBSERVATION| . . . . ¢ ¢ v v v v v v vv e oo 58
[4.3 COMPOSITE HYPOTHESIS|. . . « « o v v v v v e v e e oo 59

[5 ON LIMIT DISTRIBUTIONS OF SOME GOODNESS-OF-FIT TESTS |

[ STATISTICS IN GENERAL CASE] 65
[5.1 INTRODUCTION|. . . . ... ... ... ... . ... . .... 65
[5.2 MAIN RESULTS| . . . . . . . . . oo ittt e 67
[5.3 ProoOFs OF THEOREMS|5.1[{5.3|. . . . . . . . . . ... .. .... 69

[A ANNEXES| 77
[A.1 SOME USEFUL PROPERTIES OF BESSEL FUNCTIONS|. . . . . . . . 78




[BIBLIOGRAPHY| 85

NOTATIONS 89

LISTE DES FIGURES

2.1 Thresholds choice of the random variable [p y#(x)dx| ... 32

2.2 Thresholds choice of the random variable fol ﬁj%(t) dtf . ... 33

LISTE DES TABLEAUX

2.1 Values of some quantiles of the random variable [, n]%(x) dx.l 32

2.2 Values of some quantiles of the random variable f01 ﬁj%(t) dat| 33

5.1 Values of some quantiles of distribution of [;” e #W7dt|. . 69
5.2 Values of some quantiles of distribution of fooo efthtZH dt.| . 69




INTRODUCTION

CE travail est consacré a la construction et I'étude des tests d’ajustement

des processus de diffusion ergodiques. Une attention particuliere a
été accordée au processus de diffusion a changement de régime dont la
dérive est de type signe "switching diffusion".

Les tests d’ajustement occupent une place trés importante dans 1'infé-
rence statistique, car ils permettent de vérifier I'adéquation des modeles
mathématiques par rapport aux données réelles.

Parmi les tests d’ajustement les plus fréquemment utilisés, dans le
cadre des observations indépendantes et identiquement distribuées (i.i.d.),
nous pouvons citer respectivement le test de Cramér-von Mises (C-vM) et
le test bilatéral de Kolmogorov-Smirnov (K-S) :

N ~

T = ]I{HHFYI_FUHZ>C&}' Y= ]1{\/5\|ﬁ,,—FgHoo>d“}'

Ces deux tests sont basés essentiellement sur la comparaison de la fonc-
tion de répartition empirique F,(x) = %Z?:l Iix,<x) avec la fonction de
répartition théorique Fy(x) dans les différentes métriques :

a

o =Ungocy, WE=n [ [B(x) = Fo(x)P dho(x),

et

Fo = Nyoay, Vo= Visup|Fu(x) = Fo(x)]

Il est souvent important de distinguer les alternatives qui different de
I'hypothese par le comportement des queues des distributions. Dans ce
cas, il est commode d’utiliser le test dit d’Anderson-Darling et basé sur la
statistique suivante :

B = RWP
A= | B R

dPg(x).

Une propriété intéressante de ces tests est que les distributions limites
des statistiques sous-jacentes, lorsque la taille de ’échantillon n s’accroit
a l'infini, et lorsque Xj, ..., X, sont indépendantes de méme fonction de
répartition continues, sont de simples fonctionnelles d"un pont Brownien.
En d’autre termes, si {B;,0 < t < 1} est un pont Brownien, nous avons,
quand n — oo,

1 1 BZ
w2:>/ B2dt, V, — sup |Bl, A2:>/ Ot g
n 0 t n Ogtgpl ’ ’ n 0 t(l . t)

Par conséquent et comme ces seuils sont les mémes pour toute hypo-
thése de base simple avec une fonction de répartition continue, le choix
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des seuils pour ces tests est simplifié. Ces tests sont dits distribution-free.
Le choix des seuils pour ces tests nécessite la connaissance de la fonction
de répartition limite (et des quantiles appropriés). Pour les statistiques de
type C-vM, tels que W2 ou A2, il est généralement réalisé par la combi-
naison du développement de Karhunen-Loeve (K-L) avec la formule de
Smirnov. Nous nous référons a Deheuvels et Martynov (2003) pour plus
de détails, ainsi qu'une étude des tests basés sur les statistiques :

D2 = n/]RFO(x)Zﬁ[ﬁn(x) ~ Fo(x)]PdFy(x) = /01 2PB2dt, B> —1.

La théorie de tests d’ajustement a une longue histoire et elle a été dé-
veloppée pour de nombreux modeles d’observations. Nous pouvons citer
ici les travaux de [Durbin| (1973) ; Shorack et Wellner (1986) ; Greenwood et
Nikulin (1996) ; Lehmann et Romano (2005) et les références qui y sont.

Dans le cas ot I'hypotheése de base n’est pas simple (par exemple
contient une famille paramétrique de fonctions de répartition), les mémes
tests avec la fonction de répartition théorique remplacée par la fonction
avec le parametre estimé, ne sont plus généralement distribution-free et
leur distribution limite dépend du vrai modele sous-jacent.

Néanmoins, il existe un cas particulier d’hypothése de base paramé-
triques avec des statistiques distribution-free. Ce cas correspond a des ex-
périences statistiques non régulieres, autrement dit les modéles ou 'infor-
mation de Fisher est infinie et le taux de convergence est meilleur que /1.
Par exemple si nous avons un parametre de translation et la fonction de
densité admet des sauts (discontinuités).

L’objectif principal de ce travail est de construire une théorie analogue
dans le cas d’observations de processus de diffusion ergodiques en temps
continu.

Le premier chapitre est consacré aux résultats auxiliaires relatifs au
processus de diffusion et de test d’ajustement.

Dans le deuxiéme chapitre, nous commengons avec le processus de
diffusion a changement de régime

dXt = —sgn (Xt) dt —|—th, X(), 0 <t< T,

comme modele de base sous I'hypothése nulle. Les tests statistiques sont
basés sur le temps local At (x) de ce processus et sont présentés comme
suit :

V=T [ ()~ fao(P dr, WE=T [ [F(x) ~ o, (0] dFs, (),

ot 'estimateur de temps local de la densité invariante est défini par 1'éga-
lité :

o _AT(X)_IXT—xI—IXo—XI_l/T N
fr(x) = T = T T/ sgn(X; — x) dX;.

Les tests d’ajustement correspondants sont :

or(XT) = 1aoay o1(XT) = Tpwase-
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Les lois limites de ces statistiques sont représentées par les variables aléa-
toires suivantes

sz/]RqJZc(x)dx, sz/ﬂ{iy]%(x)dl-"so(x) :/Olﬁ%(u)du.

Ici 77 (x) and 7jf (x) sont des processus Gaussiens. Nous proposons de
calculer le développement de K-L des processus Gaussiens limites corres-
pondants (voir Théoremes [2.3}{2.4).

Le processus de diffusion a changement de régime appartient a la
classe des processus de diffusion a seuil (threshold diffusion processes) étu-
diés par [Kutoyants| (2004). Un exemple de ces processus est

dX; = —O1sgn(X; — )dt +dW;, Xo, 0<t<T, (1)

ou le parametre inconnu ¢, est appelé le seuil. La construction du test
d’ajustement pour un tel modéle nécessite la connaissance du comporte-
ment des estimateurs de ces parametres. Par conséquent, le chapitre sui-
vant est consacré a I’étude du comportement de l’estimateur de maximum
de vraisemblance et 1'estimateur bayésien pour ce modeéle. Il est montré
que l'estimateur du "paramétre régulier" ¢; est v/T-normale, que I'estima-
teur de "seuil" ¥, a une distribution limite avec la normalisation T et sont
tous les deux asymptotiquement indépendants (voir Théoremes [3.1}f3.2).

Dans le chapitre quatre, nous étudions les tests d"ajustement de type C-
vM pour le modele (1)). Dans le cas ot les deux parametres sont inconnus
ces tests ne sont pas asymptotiquement distribution-free. Par contre dans
le cas du parametre de seuil inconnu ces tests sont asymptotiquement
distribution-free.

Dans le dernier chapitre, le cas général du processus de diffusion est
considéré

dXt = SO(X,}) dt + U'(Xt) th, XO/ 0 S t S T,

comme hypothese de base. Les statistiques de C-vM pour ce modele sont
les suivantes :

Br=T [ H(x) [Fr(x) - Fs, ()" dFs, (),
or=T /ﬂ " () [F(x) = f, () dFs, (x),

ou Fr(x) = 1 fOT Ix,<x) dt est la fonction de répartition empirique et
est la médiane de la loi invariante (Fy(¢) = 1/2), elles ont été étudiées par
Kutoyants (2009) qui a montré comment choisir les fonctions de poids
H(-) and h(-) pour que ces tests aient la propriété asymptotiquement
distribution-free :

AT:>/ e YW (y)*dy, 5T:>/ e YW (y)*dy.
0 1

Notons ici que la fonction e peut étre remplacée par toute autre fonction
P(y) qui rend ces intégrales finies.

Dans ce chapitre, pour certains cas particuliers de la fonction ¢(y),
nous établissons les distributions explicites de ces variables aléatoires par
le calcul direct de la transformée de Laplace (voir Théoremes [5.1}5.3). Le
choix des seuils est par conséquent réduit a 'application directe de la
formule de Smirnov.
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IN this chapter we introduce the main concepts of the stochastic calculus

necessary to deal with diffusion processes. We recall some preliminaries
on Gaussian process theory and Karhunen-Loéve expansions. We recall
also some basic results of the large samples theory for the goodness-of-fit
tests.

1.1 STOCHASTIC CALCULUS

Throughout this work, we are given a probability space (Q), F,P),
where Q) = {w} is a space of elementary events, F is a o-algebra of sub-
sets of () and P is a probability measure defined on the sets from F, i.e.,
P is a measurable mapping P : 7 — [0,1], which is countably additive
and P{Q} = 1. We suppose that this probability space is complete, i.e., it
contains all subsets of the sets of measure zero. Random variables ¢(w) are
defined as measurable mappings ¢ : O — R, i.e., for any set B € B(R),
B(R) is the o-algebra of Borel subsets of the real line R, the inclusion
{w:¢(w) € B} € F holds. We say that the stochastic process (collection
of random variables) {h(t,w),0 < t < T} is measurable if for any Borel
set B € B(IR) we have

{(w,t) : h(t,w) € B € F x B0, T},

where B|0, T] is the Borel c-algebra of the interval [0, T]. Let {F;,0 < t <
T} be an increasing family of o-algebra (filtration), i.e., for any 0 < s <
t < T the inclusions F; C F; C F hold. The measurable stochastic process
{h(t,w),0 < t < T} is said to be Fi-adapted if the random variables
h(t, w) are Fi-measurable for every t € [0, T], i.e., for any Borel B, we have
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{w: h(t,w) € B} € F;. An Fi-adapted stochastic process is progressively
measurable if for any ¢ € [0, T] and Borel B we have

{(t,w): s <t, h(s,w) € B} € F; @ B0, t].

Let M7 be the class of progressively measurable random functions

h(-) such that
T
P{/ h(t,w)?dt < oo} =1
0

We say that h(-) € M2 if h(-) € Mt and the expectation :

E {/[)Th(t,w)zdt} < 0.

A random process W = {W;, F;,0 < t < T} is called standard Wiener process if
it fulfills the following three conditions :

1. Wop =0a.s.

2. The increments of W on disjoint intervals are independent. For example,
for any partition 0 < t; < ... < t, the random variables Wy, W;, —
Wy, ..., Wy, — Wy, are independent.

3. The random variable W; is Gaussian with the following first moments :
EWtZO, EWtWS:t/\S, t,s € [O,T]

Stochastic integrals. Ité6 formula

In this section, the notion of stochastic integration is introduced.
The stochastic It6 integral :

Tr(h) = /OTh(t,w) aw,,

is defined for the functions h(-) € My as follows. Let {h,(-,w), n =
1,2,...} be a sequence of elementary functions, i.e., h,(t,w) = h,;(w)

for t € [tl("), tl(i)l), where the random variables /,, ;(w) are ., measurable
!

and {tl(n),l =0,1,..., Ln} is some subdivision of the interval [0, T]. Then
the stochastic integral of 11, (-, w) is defined as

1

L,—1
Zr(hn) = 5 hale) (W, =Wy ).

For the functions h(-,w) € Mt we can take such a sequence of elementary
functions {h,(-,w),n =1,2,...} that
T 2
P — lim [h(t,w) — hy(t,w)]"dt =0

n—oo Jo

and the stochastic integral is defined as the limit
T
Ir(h) =P —lim [ h,(t,w)dW;.

n—oo Jo

It has the following properties.
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1. If h(-) € M2, then EZr(h) = 0, and E{Z7(h)|F:} = Z;(h).
2. For any two functions h(-), g(-) € M3

EZ;(h) Zr(g) = E {/()Th(t,w) 2(t,w) dt} .

In particular

EZr(h)? = E {/Th(t,w)zdt} .

0
3. If h(-) € Mr, then

E {exp (It(h) - % /OTh(t,aJ)zdt> } <1

(Burkholder-Davis-Gundy inequality). Let h(-) € M?2 and for some m > 1

E {/OT yh(t,w)\z’”dt} < 0.

Then, there exists a constant C,, such that

2m

T m
E|sup Zi(h)| <CuE < / h(t,w)zdt>
0<t<T 0
In particular,
2 T
E|sup Z;y(h)| < 4E{/ h(t,w)2dt}.
0<t<T J0

The proof of these properties can be found in any book on stochastic calcu-
lus (see, e.g., Durett|1996| Karatzas and Shreve|1991, Lipster and Shiryayev
2001, |[Revuz and Yor|1991).

Let g(t, w) be Fi-adapted for almost all t € [0, T],

P{/OT g(t, w)|dt < oo} —1,

and h(-) € Mr. Then the stochastic process

t t
Xy = Xp +/ Q(s,w)ds +/ h(s,w)dWs, te]0,T], (1.1)
0 0

is called the Itd process. Here Xy is a Fp-measurable random variable. In
the shortened form it is usually written as

dX; = g(t,w)dt + h(t,w)dW;, Xo, t€[0,T]. (1.2)

This last equality is called the stochastic differential of the 16 process. It can
be shown that the trajectory {X;,0 < t < T} is continuous with probability
1 and F;-adapted.

The class of Itd processes is closed with respect to smooth transforma-
tions in the following sense. Let {X;,0 < t < T} be an It process with
stochastic differential and G(x,t) be a differentiable function with
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the following continuous derivatives : G;(x, t), Gi(x,t), GI.(x,t) (with ob-
vious notation). Then the stochastic process Y; = G(X;,t),0 <t < T is the
Itd process too with the stochastic differential

1
dy, = [G;(Xt,t) + Gy (X, 1) g(t, w) + EG;/X(Xt,t)h(t,w)z dt

+ GL(Xy, t) h(t,w)dW;, Yy = G(Xo,0), te[0,T]. (1.3)

This equality is called the It6 formula and it can be written as
1
dy; = [G{(Xt, t) + EG;’,C(X,f, ) h(t,w)?| dt + GL(Xe, t) h(t, w) dXi, (1.4)
with the same initial value.

Diffusion Process

In the framework of this work, we are interested in a particular case of
the Itd processes. The so-called homogeneous diffusion processes defined
as solutions of the stochastic differential equation (SDE)

dXt = S(Xt) dt + (T(Xt) th, XO =X, 0 <t< T, (15)

ie., it is the Itd process with ¢(t,w) = S(X;) and h(t,w) = o(X;).
The function S(-) is called drift or trend coefficient, o>(-) is called diffusion
coefficient and o(-) is called volatility, where again is a short version
of the integral representation :

t t
Xf:X(H_/O S(Xs)ds+/0 o(Xs)dW,, te[0,T]. (1.6)

This equality can be considered as an integral equation with respect to the
random function XT = {X;,0 < t < T} and the question of the existence
of the solution of this equation naturally arises. Two types of solutions
namely, strong and weak solutions are possible.

Consider a family of c-algebras

FOW — 0{Xo,W,,0<s<t}, 0<t<T,

generated by the initial value Xy and by the given Wiener process up to
time t.

We say that equation has a strong solution X on the given probability space
(Q, F,P) with respect to the fixed Wiener process WT = {W;,0 < t < T} and
initial condition Xo if the random function X" satisfies the equality (1.5), has
continuous sample paths and

Xy is ]-'tXO’W measurable, for allt € [0, T]. (1.7)

We say that SDE has a unique strong solution if for any two solutions
{Xt(l),O <t<T}and {Xt(z),O <t < T} the equality

P{ sup ‘Xt(z) —Xt(l)’ > 0} =0,

0<t<T

holds.
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By this definition the solution X; depends on the initial value X, and
the trajectory of the Wiener process up to time ¢.

There are different sufficient conditions on the functions S(-), o(-) en-
suring the strong existence and uniqueness of solution of (1.5). The most
convenient result for our purposes is the following :

Theorem 1.2 (cf. Durett|1996, p. 190). If P{|Xo| < oo} = 1 and the functions S(-) and o (-) are
locally Lipschitz, i.e., for any positive N, there exists a constant Ly such that

S(x) =S| +lo(x) —o(x)] < Lnlx —yl, Vx,y € [0, N],
and for some constant B we have
2xS(x) +0%(x) < B(1+|x]?), VxeR,

then the equation has a unique strong solution {X;,0 < t < T}, continuous
with probability 1.

The existence of the strong solution translates into the fact that given
the probability space, Wiener process and initial random variable, then
for given S(-) and o(-) the process with can be constructed. It
is possible to consider the "inverse" problem, which is described in the

definition

Definition 1.3  Suppose that we are given the functions S(-) and o (-) and the distribution func-
tion F(-). We say that there exists a weak solution of equation if there
exists a probability space (Q), F,P), a nondecreasing family of sub-sigma alge-
bras {F;,0 < t < T}, a continuous random process {X;, F1,0 < t < T} and a
Wiener process {W;, F¢,0 < t < T}, such that

P{/OT [1S(X:)| + o (X)?] dt < oo} =1,
and for all t € [0, T].
Xy =Xo+ /OtS(Xs)ds + /Ot o(Xs)dWs, with P{Xy < x} = F(x).

Note that existence of a weak solution does not imply the existence of a
strong solution but the existence of a strong solution implies the existence
of the weak solution (see, e.g., Karatzas and Shreve|[1991} Durett 1996).

Throughout this work, we suppose that the SDE has a unique
weak solution. For our purposes, the following one is sufficient.

Theorem 1.3 (cf. Durett|1996, p.210). Suppose that the function S(-) is locally bounded, the
function o(+)? is continuous and positive and for some A > 0 the condition

xS(x) +0%(x) < A(1+ |x]?), VxeER,
holds. Then the SDE has a unique weak solution.

Definition 1.4 A continuous random process X is called diffusion process, if there exist two
function S and o from R to itself, such that the equality (1.6) is satisfied for any
positive T.
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Moreover, any solution of equation (1.6) possess the strong Mar-
kov property : for any stopping time T and for any borelian function
C(Ry) — Ry, we have

E[®(Xrsy t > 0| Fr] = E[®(Xrs t > 0|X7].

Therefore, the solution of is a strong Markov process. We say that
a Markov process is ergodic or possess ergodic properties if there is a ran-
dom variable Xy, such that, the process X; having X, as initial value
is stationary. The law (distribution) of this random variable is called
invariant law (distribution) of the process X, the density of this distribution
with respect to the Lebesgue measure (if it exists) is called invariant density
of the process X. The next result gives a necessary and sufficient condi-
tion on the coefficients of the equation ensuring the ergodicity of the
solution.

Theorem 1.4 Let the diffusion coefficient o(-)? be strictly positive and the following conditions
be fulfilled

x Y
V(x) = /0 exp {—2/0 USZ((I;)) dv} dy — oo, as x — +oo,

G(S) = /IR (thy) exp {Z/Oy USZ((Z;)) dv} dy < 0.

Then the process X defined by process ergodic properties and the invariant
density is given by formula

1 * Sv
fs(x) = FOrZ0] exp {2/0 02((0)) dv}. (1.8)
The proof of this theorem can be found in Gikhman and Skorohod
(1969). A good exposition of results concerning ergodic properties of the
solution of can be found in [Hasminskii| (1980), for more details see
Dynkin| (1965). It is proved there that under the conditions of Theorem|1.4}
the process X is recurrent positive. In fact, the first condition of this theo-
rem guarantees the recurrence of the process X and the second one the
positiveness. The recurrence means that for any initial value x and for any
open ball B € R the process starting at x visits infinitely many times B for
almost every w’s. A recurrent process is called positive, if the mathemati-
cal expectation of the visiting time of an open ball B is finite for any B. It
is well known that for Markov process the positiveness does not depend
on the choice of the initial value x. Moreover, if the process X issuing from
xp is recurrent and positive with respect to an open ball By C R — {x¢},
then it is so for any initial value x and any open ball B C IR. This feature

can be interpreted as a kind of stability of the solution.

An important consequence of ergodicity is the so called law of large

numbers. It can be formulated in the following way.

and

Theorem 1.5 (see |Hasminskii |1980). Let the conditions of previous theorem be satisfied and let
us denote the invariant law by ug. Then, for any initial value x and for any
us-integrable function g, we have

P{]l,/ng(Xt)dtTif/le(x) ys(dx)} _1,
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where X is the solution of (1.5).

Theorems and invoke that under suitable conditions on the
trend coefficient S(-) and diffusion coefficient o(+)?, there exists a unique
weak solution of equation and this solution is an ergodic diffusion
process. But the conditions of Theorem have a form which is rather
complicated. That is why we formulate below a result which gives a very
simple condition ensuring the existence, uniqueness and ergodicity of dif-
fusion process.

Proposition 1.1 Let the diffusion coefficient o(-)? be bounded away from zero and has at most
linear growth (i.e., |o(x)| < C(1+ |x|) for any x) and the condition

lim sup sgn(x
leWp gn( )Uz(x)

is fulfilled. Then the conditions of Theorem [1.3| and [1.4] are satisfied (see, e.g.,
Kutoyants 2004, p.29).

< 0. (1.9)

Likelihood ratio for diffusion processes

Let XT = {X;,0 < t < T} be a diffusion process given by equation
(1.5), with initial value Xy. As mentioned above, this process is a.s. conti-

nuous. Consequently, it induces a probability measure PgT) on the measu-

rable space (Cr, Br) = (C[0, T], B(C[0,T}])).

Let us consider the stochastic differential equations

AXy = S1(X) dt + o(X)dW, XSV, 0<t<T,

dXy = Sy(X) dt + o(X)dW,, XY, 0<t<T,

and denote by Pg), Pg) the probability measures induced in (Cr, Br) by

the solutions of these equations respectively. Let us introduce the follo-
wing condition :

EM. The functions S1(-), Sa(-) and o(-) satisfy the condition of Theorem
and the densities f1(-), f2(-) (with respect to the Lebesque measure) of the
corresponding initial values have the same support (if the initial value is nonran-
dom then we suppose that it takes the same value for all processes).

Theorem 1.6  Suppose that the condition €M is fulfilled and

P; {/OT (&(xg&jz(xt))Z dt < oo} =1 for i=1,2. (1.10)

Then the measures Pg), Pg) are equivalent and the corresponding Radon-

Nikodym derivatives is given by the formula

Py f2(X0) " $2(Xe) = 51(Xy)
ap(]) (X) = Fo) {/o o

1 (TS (Xt)Z—S (Xt)2
5/0 2 O'(Xt)zl dt}.
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Proof. The proof of this theorem can be found in [Lipster and Shiryayev
(2001)). O

We give below the likelihood ratio formula for the parametric family
of the diffusion processes which will be used later. We are given a set
© C R? and a parametric family of diffusion processes

dXt = 5(19, Xt) dt +0'<Xt> th, X(), 0 <t< T, (1.11)

where ¢ € O is an unknown parameter. Therefore, the statistical experi-
ment (see, e.g., Le Cam! 1981, Ibragimov and Khasminskii||1986) is given

by the triplet
(cr. Br.{P}", 0 c 0}).
T)

Here Pl(9 is the measure induced in the space Cy by the process (1.11). This
statistical experiment is the starting point for statistical inference. There-

fore all we need is the family of measure {Pg), %€ @}. The conditions of

the existence and uniqueness of a measure corresponding to a stochastic
process having the stochastic differential equation are weaker and
the notion of the weak solution of equation fits statistical problems
better.

Theorem 1.7  Suppose that the functions S(9,-), for all ¢ € © and o(-) satisfy the condition

E M and the following conditions be fulfilled

o [F ¥ S5(9,0)
V(ﬁ,x)—/o exp{ 2/0 (o) dv} dy — oo, as x — Foo,

G(9) = /IR azty) exp {Z/Oy 5(7(219(,:)) dv} dy < oo.

Then there exists an invariant distribution with density function

*S(9,
f(8,x) = (3(19)1(72(35) exp {2/0 (7(2(00)) dv} , (1.12)

and if we suppose that the initial value Xy has the density fy(-) = f(9,-),
then the process {X;,t > 0} is stationary. The measures {Pg),ﬁ € ®} are

and

equivalent. The likelihood ratio

ap(l

L (19, 191;XT) N dPl(gT) (XT> ,
1
is given by the formula

I (19, y XT) _ ((3;((1391)) exp {2 /Oxo s(ﬁ,vgr(—v ;92(191,0) dv}

T'5(8,Xt) — S(01, Xt)
X exp {/0 (X, )? dX;
LTS8, X = S(8, Xe)?
2 Jo o(X;)? )
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If 01 is the true value, then with Pg) probability 1 (see Kutoyants||2004, p.37)

o) - Lol S-S0

T'S(0, Xt) — S(01, X¢)
X exp{/o o (X0) ! AW

1 /T (s(ﬂ,xt) —S(ﬂl,Xf))z dt}.

B E 0 U'(Xt)

LocAL TIME

From now on, we fix a probability space (Q), F,P) with filtration
{Ft, t > 0} and a random process X strong solution of SDE whose coef-
ficients satisfy the conditions of Theorem A very important feature
of the diffusion processes from statistical point of view is the fact that
the empirical function Fr(x) = + fOT Iyx,<x} dt has a Radon-Nikodym
derivative with respect to the Lebesgue measure for any positive T. To
formulate the corresponding result we need the following:

TANAKA FORMULA. For any real number x, there exists an increasing
continuous process At (x) called the local time of X at the point x such that,

T
Xr— x| = yxo—x|+/ sen(X; — x)dX; + Ar(x), T>0,x€R.
0

Note that this formula is something like Itd6 formula for the function
F(y) = |y — x|, which is not two times continuous differentiable.

In the particular case of a diffusion process given by equation (1.6), the
process Ar(x) can be rewritten as

T
Ar(x) = |Xr — x| — [Xo — x| /0 sgn(X; — x) S(X,) dt
T
- / sgn(X; — x)o(X:)dW;, T >0, x €R.
0
Let /() be a measurable function. Then with probability 1

T
/ (X))o (Xy) dt = / h(x)Ar(x) dx.
0 R

We will use this equality (Occupation times formula) in a different form.
Thus, if we denote
ory — Ar(x)
fT(x) - To_z(x)/ (1.13)

then the empirical distribution function is

. 1 /T o Voo
Fr(y) = T/o Lix,<yydt = /]R T;f(yx}) Ar(x)dx = [wa(x) dx.

These and many other properties of the local time can be found in [Revuz
and Yor| (1991); [Karatzas and Shreve (1991).
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1.3

The function f7(-) is called local time estimator of invariant density. It has
been introduced and studied by |[Kutoyants (1997, 1998, |2004). Who gives,
the following representation of the local time estimator

fit) =) = 2L [ S

T Xo f(v)
2f(x) [T x> — F(Xi)
-7 /0 FOG) AW;, (1.14)

where F(-) and f(-) are respectively the invariant distribution function
and the invariant density of an ergodic diffusion process X.

Using this representation and the occupation times formula. We obtain
for any integrable function h(-) such that Ei(&) = [ h(x)f(x)dx =0,

;]}/()Th(xﬁdt = /IRh(x)f%(x)dx:/Rh(x) [f2(x) = f(x)] dx

_ T
_ M(XT) T M(XO) o ’:11_‘/0 m(Xt) th, (1.15)

where we used the following auxiliary notations:

M) = [ [ 2050 <]1{02<}>}<F(>)> i
Yy

2 v
_ /0 W/wh(x)f(x)dxdv (1.16)

2 y
m(y) = az(y)f(y)/_ooh(x)f(x)dx' (1.17)

The equality plays a very important role in this work and is one of
the main technical tools to prove the statistical properties for the model of
ergodic diffusion.

Note that the local time estimators of the density of wide class of sta-
tionary processes were studied by Davydov and Bosq (1999).

(GAUSSIAN PROCESSES AND KARHUNEN-LOEVE EXPANSION

Let Z = {Z;, t € R} be a Gaussian process with mean value zero and
continuous covariance function

R(s,t) = E(ZiZs), s,t€R.

Below, we will be mainly concerned with the study of the quadratic func-
tional

/ 724t (1.18)
R

with dt denoting the Lebesgue measure on IR. To render (1.18) meaningful,
we consider the minimal assumption that

E (/]R Z?dt) = /]RR(t,t) dt < co. (1.19)
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Below, we briefly discuss the meaning and implications of this assump-
tion. The condition (1.18) entails that Z € L?(RR) a.s. Moreover, making use
of the Cauchy-Schwarz inequality, it can be seen that, for each s, t € 12 (R),

R(s,t)* = E(Z:Zs)* < E(Z})E(Z2) = R(s,s)R(t, 1).
When combining this last inequality with (1.19), we obtain the following

inequality:
2
//R(s,t)zdsdtg (/ R(t,t)dt> < 0. (1.20)
R JR R

Routine analytical arguments show that, under only, the Fredholm
transformation f(-) € L*(R) — Zzf € L?(R), defined by

Izf(t) = /]RR(t,s)f(s) ds for teRR, (1.21)

is a continuous linear mapping of L?(RR) onto itself. The condition (1.20)
implies the existence of {A,, e,(-) : n > 1} with the following properties.
The {A,, n > 1} are nonnegative constants such that A; > Ay > --- >0,
with {e,(-) : n > 1} form an orthonormal sequence of functions in L?(RR),
fulfilling

1 if n=m,
.Aaen(t)em(t)dt:{o if n#m.

By Mercer’s theorem (see, e.g., /Anderson and Darling||1952} p.198; Riesz
and Nagy||1955; Neveu||[1968, p. 49; [Loeve 1978, p. 143-144; Novitskii|1984;
Buescu|2004), it is well known that R(s, t) can be represented as

R(s, t) = i Anen(s)en(t), (1.22)
n=1

where the series in is absolutely and uniformly convergent. This last
property entails that

R(s, t)%dsdt = - A2 < oo
JRED pags

The A, (resp. e, (-)) are the eigenvalues (resp. eigenfunctions) of the Fred-
holm operator (1.21), since they fulfill the relations,

Anen(-):/]RR(t,-)en(t)dt, /Reg(t)dt:l, (1.23)

The following result is widely known as Karhunen-Loeéve representation
of Z (see, e.g., Kac and Siegert||1947; Kac |[1951; |/Ash and Gardner| 1975, p.
39-40). This representation decomposes Z into the sum of the series

Z; = 2 VAnCuen(t), teER, (1.24)
n=1
where the random variables {¢, : n > 1} are i.i.d. N'(0,1). In general, the

series in (1.24)) is convergent in mean square. This follows from the obser-
vation that, in terms of {A, : n > 1}, the condition (1.19) is equivalent

to
E (/ th dt> = Z Ay < oo, (1.25)
R n=1
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1.4

Obviously, the condition (1.19) (or equivalently (1.25)) is strictly stronger
than (1.20). Moreover, is readily checked that, under (1.19) (or equivalently
(1.25), the quadratic functional (1.18) can be rewritten as the sum of the
series

:/ 72t =Y A 2. (1.26)
R n=1

An easy argument, which we omit, shows that the series in is a.s.
convergent if and only if (or equivalently (1.25)) holds.

The relation readily implies (see, e.g.,[Kac|1951;Rosenblatt|1952),
that the characteristic function of the distribution of Q? is given by,

¢(v) =E [eivgz} —E [exp <in i An gﬁ)] = f‘o[ E [exp (ivA, ¢2)]

n=1 n=1

(1.27)

H1—2zv/\ 1/2, v e R.

By the method of Smirnov| (1937) (see also the correction by Darling|1957;
Martynov| (1975, 1977)), the distribution function F(x) of the variable Q2
admits the representation

b —xu/2
F(x) =1+ / ——————du for x>0, (1.28)
P

21 /| D(u)]

where D(u) is the Fredholm determinant defined under (1.25), for u > 0,
by

n[\ﬂz

L
T £

:ﬁ 1—uAy) 1‘[(1—;’;)

n=1 n=1

Here 6, =1/A,, forn > 1.

(GOODNESS-OF-FIT TESTS

The problem of goodness-of-fit testing is one of the central themes
of statistical theory and practice. It is important to verify the degree of
correspondence between observed outcomes and expected outcomes that
is the foundation of classical statistics. The classical nonparametric ap-
proaches to this hypothesis testing problem can be found in Durbin! (1973);
Greenwood and Nikulin! (1996); Lehmann and Romano| (2005))). The most
known tests are: Pearson’s goodness-of-fit Chi-Squared test, Kolmogorov-
Smirnov and Cramér-von Mises tests.

The advantage of classical tests is that they are distribution-free, i.e.,
the distribution of the underlying statistics do not depend on the basic
model and this property allows to choose the universal thresholds, which
can be used for all models.

Remind the construction of the C-vM test. Suppose that we observe
n i.i.d. random variables (X, ..., X,;) = X" with continuous distribution
function F(x) and the basic hypothesis is simple: Hy : F(x) = Fy(x), then
we can introduce the well-known C-vM family statistics,

2= [ 9 (B) [Ba(x) = o)) dho(x), (1.29)
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where
1 n
x) = ; Zl{xigx},
i=1

is the empirical distribution function and ¥(+) is some nonnegative weight
function. After the transformation t = Fy(x) we get the standard form of
the statistic:

Wa=n [ () (Eu(e) — 02,

where F,(t) is the empirical distribution function of a random sample
of size n from the uniform distribution on (0,1) (under hypothesis #)
and the function () may be continuous on [0,1], or it may in certain
circumstances tend to infinity at t = 0 or t = 1 (or both).

Recall that the standard Brownian bridge is a centered Gaussian pro-
cess with continuous paths p.s., such that B = {B; : t € [0,1]} with
EB; = 0. The covariance function is given by

K(t,s) =EBiBs =tAs—ts, Vs, te€]0,1].

Then the limit distribution of W2 under hypothesis H, is the distribution
of the functional

W2 = /01 ¥ (t)BAdt.

The hypothesis Hy is accepted, if W2 < c,, and rejected, if W2 > ¢, 4,
where the constant ¢, , is solution of the equation P(W? > ¢, ,) = a. The
constant ¢, , can be approximated by its limit (n — oo) value ¢,, solution
of the equation P(W? > ¢,) = a.

The classical solution of this problem requires a preliminary computa-
tion of the sequence of eigenvalues A1 > A, > --- > 0 and eigenfunctions
e1(t),ex(t), ... of the Fredholm operator (1.21). In particular, if the weight
function (¢ ) = 1, we obtain the ordinary C-vM statistic, its limit distribu-
tion coincides with the distribution of the quadratic form

[ole]

1 1
C,%:/O (Fn(t)—t)zdt:>02:/0 B?dt =

where the K-L expansion of the Brownian bridge process B; is given by
= 1
Bi=) — V2§, si t), for tel0,1].
' Elnn\fénsm(nn) or tel0,1]

The function (t) = [t(1 —t)]" gives the Anderson-Darling statistic, the
limit distribution of this statistic coincides with the distribution of the
quadratic form

_ [ (FRa() —1)? _ [ B -
“4%_/0 t(1—t) dt:>“42_/o (1—t 2

where, we have on the interval (0,1)

B 1 2n +1 /
NCEn mg"zm\/ﬁpﬂ(zt ~1),

n+1
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with P/ denoting the derivative of the nth Legendre polynomial (see, e.g.,
Robinl[1959, formula (35), p. 13 or Magnus et al 1966, p.232).

1 d
P,(t) = o W(tz — 1)

Thus, using the equality (1.27) we obtain,

' ) ) 00 2i -1/2 ‘ B
e e R Oy e CE I

n=1

with
sin(/u)
Vi

D(u) =

For the Anderson-Darling statistic

lim E [eivAﬁ] [ zzJ,Az} ﬁ ( 210)) ~1/2 _ {D(ziv)}71/2/

n—o0 =1 1’l +1

with

D(u) = —% cos (2 M)

These relations provides, for large n, a reasonable approximation to the
null distribution of the test statistic C,%, (resp. .A%), whose distribution be-
comes close to that of C?, (resp. A?) for large n.

The distribution function F;(x), (resp. F»(x)) of the limiting variable
C2, (resp. A?) is given by the formula

2 X 2nm e—xuz/Z
Fl(x)zl—i—;Z(—l)”/ —————du for x>0,
n=

2n-1)m \/—usin(u)
and
4n+1 —x(u?-1)/8
Fx:l—l— / du for x>0.
2(x) -1 /( u2—1 s (um/2)

The percentage points of C> and .A? were calculated by Anderson and
Darling| (1952, 1954) using different formulas and these values are repro-
duced by [Shorack and Wellner| (1986).

It is important to extend the test Hy to the composite null hypothesis
(see, e.g., |[Cramer||1946):

Hy: F(x) =F.(x,9), 0€0,

where the parameter ¢ ranges over a set ©. For the case when © consists
of an interval of the reals, a < ¢ < b, a test of H analogous to W2 (with
¢ = 1 in (1.29)) was introduced by Darling| (1955):

2= /R [£,(x) — F.(x,8,)]” dF.(x, ),
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where 8, = 9,(X") is an estimate of the parameter ¢. H} is to be rejected
if C2 is sufficiently large. The main result obtained by Darling (1955) is
that, under suitable regularity conditions, if we have the convergence:

Vi (0, — ) = &~ N(0,0%(8)),

then the limiting distributions of C? is the distribution of the functional

CZZ/IR[B(F*(x,ﬂ))—C£9F*(x,t9)rdl-"*(x,t9).

Note that the limit distribution C? depends on F.(x,¢) and the test is no
more distribution-free.

In the superfficient case, i.e., if Var(d,) goes to zero sufficiently rapidly
(see Darling||1955, Theorem 2.1), the limiting distributions of C2 and W?>
are the same, and the test is distribution-free.
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IN this chapter we consider the Cramér-von Mises goodness-of-fit tests for

hypotheses that the observed diffusion process has sign-type trend coef-
ficient based on empirical density function. It is shown that the limit dis-
tributions of the proposed tests statistics are defined by the integral type
functionals of continuous Gaussian processes. We provide the Karhunen-
Loéve expansion of the corresponding limiting processes. Approximations
of the thresholds are given through the representation for the limit statis-
tics. The behavior of these statistics under the alternative hypothesis is
also studied and the consistency of the tests proven.

2.1 INTRODUCTION

Let XT = {X;,0 <t < T} be an observed trajectory of ergodic diffu-
sion process

dXt = S(Xt) dt —}—dWh X(), 0 S t S T, (2.1)

where Xj is its initial value, independent of the Wiener process {W, t >0}
and the trend coefficient S(-) is supposed to be unknown to the observer.
Diffusion processes of this type are widely used as models in many differ-
ent fields such as biology, physics, economics and finance. Nevertheless,
few works are devoted to the goodness-of-fit testing for diffusions.

All statistical inference concerns the trend coefficient S(-) only. We
have two hypotheses: the basic hypothesis in our consideration is always
simple Ho : S(-) = So(-) and the alternative corresponds to the process
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2.2

with a different trend coefficient S(-) # So(+). As usual in goodness-
of-fit testing there are two problems. The first one is to find the threshold
which provides the asymptotic size a of the test and the second is to de-
scribe the behavior of the power function for some classes of alternatives.

The Cramér-von Mises statistics, based on the observation X' solution

of can be:
VE=T [ (0~ feo(x)Pdx, WE=T [ [f(x) = fi, (0] dFs, (),

where f7(x) is the estimate of the invariant density function fg, (x) (see,
Section Iﬁ[) The tests ¢p7 = 1 (vi>d) and ¢ =1 (Wise,) Were proposed

by [Dachian and Kutoyants (2007), but they are not distribution-free.

These statistics converge in distribution under the null hypothesis to
quadratic functionals of Gaussian processes (see Kutoyants 2004). How-
ever, due to the structure of the covariance of these processes, the choice
of the thresholds d,, c, for these tests are much more complicated (see
Dachian and Kutoyants, 2007). In practice it is very difficult to find explicit
expressions of these limits processes even for relatively simple diffusion
process. To circumvent this difficulty, weighting functions of these statis-
tics were introduced to make these tests asymptotically distribution-free
(see [Kutoyants |2009). Note that some other asymptotically distribution-
free tests were proposed by Dachian and Kutoyants| (2007), Negri| (2008).

In the present work, we are interested in the case where the trend
coefficient Sy (-) of the process under hypothesis takes just two values
+1 and —1 (simple switching So(x) = —sgn(x)), i.e., is a discontinuous
function (see Kutoyants 2000, for the further details). We study the limit
distribution of the corresponding Cramér-von Mises type statistics based
on the empirical density estimator (local time estimator) of the invariant
density. The behavior of these statistics under the alternative hypothesis
is also studied and the consistency of the tests proven. The main tool is
the K-L expansions of the limit Gaussian processes. Finally, using these
expansion and numerical simulation we compute the thresholds of these
tests.

AUXILIARY RESULTS

Let us consider a one dimensional diffusion process which is a solution
of the following stochastic differential equation

dXt = S(Xt) dt + th, Xo, 0 <t< T, (2.2)

where {W;,t > 0} is a Wiener process, and the initial random value X is
independent of W;. We suppose that the trend coefficient S(-) is unknown
to the observer and belongs to the set Cy of all real functions satisfying
the conditions of Theorem |1.3| and Theorem [1.4| with o(-) = 1. By these
conditions the process {X;,t >0} is ergodic, i.e., there exists an invariant
distribution Fs(-) with density defined for every x € R by the equality

fs(x) = G(ls)exla {Z/OXS(U) dv} ,
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where G(S) is the normalizing constant:

G(S) = /]Rexp {Z/OyS(v) dv} dy < oo.

Moreover, for any measurable function h(-) with Eg|h(&)| < oo (here ¢ has
distribution function Fs(-)), the law of large numbers holds with probabil-
ity 1

;/OTh(Xt)dt s Bsh(9),

The invariant density function fs(x) can be estimated by the local time
type estimator f7(x) defined by the equality

. Ar(x .1 /T
fT(X) — T’IE ) :hﬁ}m/o 1{|Xt—x|<£}dt for xR

Let S(-) € Cy, then this estimator is unbiased

Esfr(x) = fs(x),
and is \/T asymptotically normal (as T— o)

nr(x) = VT (f7(x) = fs(x)) = N (0, Ry(x, %)) .

Moreover, the process (nr(x),x € R) converges weakly to the zero mean
Gaussian process (177(x), x € R) with the covariance function

Ry(x,y) = Es [n7(x)n5(y)]

= 4fs(x)fs(y) Es (

[Lyesry — Fs(E)[Lgesyy — Fs(8)]
fs(¢)? ’

Of course,

Tesay — Fs(¢) ?
fs(¢) '

Proof. For the proof of this theorem, see Kutoyants (2004), Proposition 1.57
and Theorem 4.13. O

Rf(x,x) = ES [qf(x)z] = 4f5(x)2E5 (

CRAMER-VON MISES TESTS
Let us introduce the simple switching diffusion process
dX; = —sgn(X;)dt +dW;, Xo, 0<t<T, (2.3)

where the trend coefficient So(x) = —sgn(x) is a discontinuous function
and taking just two values +1 and -1.

It is easy to see that So(-) € Cp and is an ergodic diffusion process.
Its stationary density fs,(x) and invariant distribution function Fs,(x) are

_ 1 _
fSo(x) =e 2\x|, FSo(x) = 1{x>0} - E Sgn(x) e Z\x\, x e R
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Here, we suppose that the initial random variable Xy has fs,(-) as a density
function, so the process is stationary.

The goodness-of-fit testing problem is introduced as follows:

Suppose that we observe the process {X;,0 <t < T}, solution of the
stochastic differential equation and we wish to test the following two
hypotheses

Ho : S(-) = So(+), against alternative ~ Hj : S(+) # So(+)-

In order to test these hypotheses, the local time estimator (LTE) is used
for construction of goodness-of-fit tests based on the Cramér-von Mises
statistics:

VE=T [ [0~ foo()P dr, WE=T [ ()~ foo ()] dFs, ().

The test procedure starts by fixing the number « € (0,1). Let us con-
sider the class of asymptotic test of level 1 — a or size a. Given any statisti-
cal decision function 7 = Ppr(XT), the value of Pr(XT) is the probability
to reject hypothesis H, having the observation X7 = {X;,0 <t < T}. Let
Es denote the mathematical expectation with respect to the measures Pg
induced by the process XT = {X;,0 <t < T} in the space C[0,T] (the
space of all the continuous functions on [0, T]).

Furthermore, define the class of tests of asymptotic level 1 — a as

Ky = {7 : limsup Es, 7(X") < a}.

T—o0

The power of the test based on 7 is the probability of the true decision
under #4, and is given by

Br (S, ¢1) = Espr(XT).

A test procedure is consistent if
lim Esl[JT(XT) =1
T— oo

Let (17¢(x), x € R) denote a Gaussian process with zero mean and covari-
ance function

Ry (x,y) = Es, [17(x)n¢(y)],
and consider the following statistical decision functions
or(XT) = 1aoay O1(XT) = Liwaac,y

where the critical values d, and ¢, are defined by the equations

P{/}R q%(x) dx > da} =, P{/an%(x) dFs,(x) > ca} = . (2.4)

Let P be the probability distribution corresponding to the null hypothesis
Ho.

The objective is to find a test ¢ which rejects Hp when it is true with
a probability asymptotically equal to a and is consistent. Introduce the
conditions (under alternative)

/]R Esn3(x) dx < oo, /IR Esy?(x) dFs, (x) < co. (2.5)
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Let conditions be fulfilled. Then the C-uM type tests o1(XT) and ¢pr(XT),
belong to K, and are consistent.

Proof. The proof of ¢t € K, and ¢r € K, is based on the general result
by Gikhman and Skorohod| (1969), Theorem 9.7.1. Hence, we check the
conditions of this theorem and show that the distribution of V2 and W2
converge (under Hy) to the distribution of [, 77(x)dx and [, 77 (x) dFs, (x )
respectively. The proof is detailed in the Theorem [2.2] -below

To prove the consistency it is enough to verify that, under H;,

<hmVT—oo):1, <11mWT—oo>:1.
T—c0 T—o0

Let L2(R, v) be the basic Hilbert space of our framework. We employ the
usual notation for its norm

Ju3) 1 = F76) = fea )l = (L7~ F (0 v )
where v(dx) is either dx or dFs,(x). Thus,

VT [u(x)lly > VT || fs(x) = fs ()l = VT I (x) = fs(x) ]l — oo,

as from Theorem the normed difference v/T (f3(x) — fs(x)) converges
weakly to the corresponding limit Gaussian process. On the other hand,
S # Sp implies that || fs(x) — fs,(x)|, > 0. Therefore,

P(VF>d)=P(Vr> &) —1,
P (W2 >c,) =P (Wr > /c,) — L.
O

The Theorem [2.2]is used to study the limit distribution of these statis-
tics under hypothesis for the switching diffusion process model (2.3).

Under hypothesis Ho, we have, the convergence in distribution
T [ 1) = o ()P v(dx) = [ 3 v(a)
Proof. First, we prove that
sup TEs, [ [f7(x) — fo, () v(dx) < oo
In fact, the following inequalities
/ Es, ¢(C, x)2v(dx) < / Es, G(&,x)2v(dx) < 0o,  (2.6)

are verified via the use of Lemmas and By the Itd formula, the
process {#7(x),x € R} admits the representation (1.14)):

nr(x) = VT (f7(x) = fs,(x)) =

/

G(XTz ) XOI / g Xt’
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where
. y . y 1{v>x} - FSo (Z))
G(y, x) —/0 g(v,x)dv =2 fs,(x) /0 ( o) ) do.
Therefore
o vx) = 1 [ (60, %) - G(Xa,2)? vidx)
_ % (G(Xz, %) — G(Xo, x)) /O " o(Xe, ) dWs v(dx)

2
T / </ Xt, th) V(dX).
Note that by the stationarity, the following inequality holds
Es, [ (G(Xr,x) = G(Xo,x))? v(dx)
< 2E, / (G(Xr, x)2 + G(Xo, ¥)2) v(dx)
R
— 4E, / G(& x)?v(dx).
R

Applying the Cauchy-Schwartz inequality, we obtain

Eg, /]R <(G(XT,x) — G(Xp,x)) /OTg(Xt,x) th> v(dx)

SZ\/?(/]RESOG(QX)ZV( )1/2 (/ Es, 8(&,x)*v (dx)>

Due to inequalities (2.6) we have

1/2

lim sup — ! ESO/ (G(Xr,x) — G(Xo,x))* v(dx) = 0,
R

T—o T

T
lim sup — LE, /R (G(X1, %) — G(Xo, %)) /0 2(X;, x) dWiw(dx) = 0,

T—oo 1

which achieves the proof of the first step.
The second step is to prove that

Es, [7(x)? —nr(y)?] <2V22|x —y|'/2
Indeed, starting from the following inequality

B, [yr(x)” — 1r(y)’
< (Bs, b1 ()~ ) x (Bsy lyr() + 1))

<V2 (Eso nr(x) — 77T(y)|2)1/2 x (Esonr(x)? + Esynr(y)?)

1/2

1/2

1/2
<2 (Bs, Inr(@) —mr)P) " x (sup Rf<x,x>> ,

x€R
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we first consider the case where y < x and let

1P(xzz) = fSo(x) (1{z>x} - F50<Z>) fso(z)il'

Then,
2
Es, [77(x) — 7 (y)* = Es, [\f/ (x, Xe) = 9(y, X4)) th] 27)
=4Es, ($(x,8) — (1, 8))* = 4(IY + [} + L),
where
2
P = () =S [ (3205) St
. 2
e2fer [ (20) fa
X _ v 2
+2 f5,(y)? /y (1 fSF(S;’Jg )> fs,(v) do,
_ * 1—F50(’0) ?
L= ()=o) [ (2 ) falo)do
In the case x < 0, we have
(fso(x) _fso(y))z < fso(x) (ng(x) _fso(y)) < fso(x) _fso(y)
=2 [ fi(wdu < 2(x—y).
Hence,
, 17
Es, ($(E ) — 9(Ey))* < L (x—y)
In fact
2
L 206 9) fol) | (1fsf§°§ N s
:}l(x—y) <4+8xe‘2" 2€2x> <(x—y),

fso /f o) do +2 fs, (y ( >/f50

< §<x—y>+§<x—y>=s<x—y>.

In the case y > 0, by symmetry and similarly to the case x < 0, we obtain
the same result.
In the case x > 0 and y < 0, we have

(fso(¥) = fo ) < Ifso () = fs(0)] < 2/;fso(u)du <2(x—y)

Hence
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resulting from the following analyze:

2
vty [ (B) =S <o

0 . 2
Ixsz<x—y>/x (o) fso<v>dv:§<x—y>e-“s}(x—w,

I;_fso /fSO )dv +2 fs, (x) ( . ) /fso

fSO /f v) do +2 fs, (y)* (ezy—2> /yfso(v)dv

< §<x—y>+2<x—y> = 5(x—).

Returning to (2.7), we obtain

Es, [77(x) — nr(y)[> < 22 (x —y).

So we have the result for all x,y € R.

Finally the convergence of marginal distributions of #r(-) was proved
by [Kutoyants| (2004)).

It is clear that for any constant L > 0

Jor@vn = [ @+ [ e ).

|x|<L |x|>L
According to Theorem 9.7.1 in Gikhman and Skorohod|(1969), by these
relations, the distribution of the integral f‘x‘ <L 1%(x) v(dx) convergence to
the distribution of the integral f| f<L 7% (x) v(dx).
Now we prove that f| <L n72(x) v(dx) tends to zero at infinity i.e. we
prove that for any € > 0

lim sup P </x|>L nr(x)?v(dx) > 8) = 0.

L—co0 T
From Lemma we have
Es, [n7(x)[* < 2e721

Therefore, by Tchebychev’s inequality we have

sup P (/ nr(x)?v(dx) > s) < E sup E5017T(x)21/(dx)
T |x|>L € |x|>

< _ZL/S, when v(dx) = dx,
e 4L/2e, when v(dx) = dFs(x).

Now, for L > —In(2¢?) and L > — In(4¢?) /2 respectively we have the
conclusion and the ends of the proof. O
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Note that the transformation Y; = Fs,(X;) simplifies the exposition,
because by the Itd formula the diffusion process Y satisfies the differential
equation

dYs = fso (Xs) [ZSO(XS)dS —+ dWS] , YYo= PSO(XO)/

with reflecting bounds in 0 and 1 and (under hypothesis ) has uniform
on [0, 1] invariant distribution. Therefore,

szT/IR[ffi(x)—fso( 2 4Fs, (x / dt:>/

2.4 K-L EXPANSION OF GAUSSIAN PROCESSES 7/¢(+) AND 7js(-)

In this section, we establish the Karhunen-Loéve expansion of the cor-
responding limiting Gaussian processes (17¢(x),x € R) and (7j¢(t),t €
[0,1]) respectively. The representation for the limit statistics defined by
the equation allow us to find the thresholds ¢, and d,.

Let us introduce the Gaussian process (17¢(x), x € R), with zero mean
and continuous covariance function (see Lemma

Rf(x,y) =2 (1{xVy<0}ez(X/\y) + 1{x/\y20}672(xvy)) 28)
2.
— (2(Ix] + |yl) + sgn(xy)) e 2D,
Theorem 2.3 The Gaussian process (1(x), x € R) has a K-L expansion given by
x|
x 2 J1 (Zl,n e )
= _ AN/
ﬂf(x) n;l Z1n gl,n Sgn(x) e To (Zl,n)
& (zi,0) e P (ziwe
E ‘32 n ( (2.9)
n=1 J1 (Zan) & (Zin) = Y1 (z40) 2

Zx n)

)
(
J2 (zen) (e“x‘ Y; (z*,n e lx ‘) + mm)
a 2 Z*n " T (zen) @ (zon) = Vi (zen) J2 (zin)

where {&1,,n > 1}, {Gon,n > 1} denote two independent sequences of inde-
pendent and identically distributed N'(0,1) random variables and z1 ,, Zsn, 1 =
1,2,..., are respectively the positive zeros of J1(-) and f(-), (solutions of
Ji(z1,n) = 0and f(z«,) = 0), with,

f(z)=T2(2) B(z) = (Jo(z) = 1) a(z),
where
B&) =Yo(2)~ 2 (in(z/2) +7), a(2)=Y2(2)+ oy,
T z
and v = 0.577215...is the Euler constant.
Lemma 2.1 The Gaussian process (ij f(t), 0 <t <1), admits the representation

11 —u
7 = — — 7{1{21?} < <
fe(t) =2(1— |2t 1|)/O 1—|2u—1]dW” for 0<t<1,
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and has the covariance function given by

Ky(s, t) = Efj(t)fis(s)
=(1—-12s—1))(1 =2t =1])In[(1 = |2s = 1])(1 — |2t — 1])]
+4sAt(l—svit) for 0<s,t<1

Of course, for 0 <t <1,
Ke(t, t) = Bijz(t) = 2(1 = [2t =1])*In (1 = [2t = 1]) + 4¢(1 =)  (2.10)

Proof. Note that the following representation is valid (see section

_ 2 f5(x) X Lpmay — Fsy (0)
n =0 h "R

_ 2fs(x) /T Lix, >y — Fso(Xi)
\/T 0 fSO(Xt)

Using the local time Ar(x), the following equality holds, for any integrable
function h(-)

dW; for x e R

;/()Th(xt)dt:/mh(x)ATT(,x) dx:/ﬂ{h(x)f;i(x) dx.

According to Theorem under hypothesis Hy we have (equalities in
distribution)

2
nﬂwzﬁamw(;ATC“fgogﬂ&v m)+dn

1rony — Fs (1)
= s ()W (/m ( {W}}S (y)so ! > () dy) +o(1)

2
o (W (/R (]{y>ﬁ}}s_(y1';50(y)> dFSO(y)> ,

where W(u), u > 0 is some Wiener process. Making the transformation
t = Fs,(x) we obtain

i (t di—pr—1pw | [ Hen 2d
r(t) = 2(1— |2t = 1) /0(1_|2u_1|> "

D dgsy —u
=2(1—-12t—-1 =1 4w,
(11 [ g aw,

= ¢ (t).
The covariance function of 7 f('), for 0 <s,t <1, can be written as follows:
Ky(s, t) = Efje(t)ijs(s)
1 (1{1¢2t} - u)(l{uZS} - u) du

=4(1- -1 - s - 1)) [ =T

Therefore, by a direct calculation we obtain the above expression for
Kf (S, t). O
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Theorem 2.4  The Gaussian process fj¢(t), for 0 < t <1 has a K-L expansion given by

Z Cin \fsgn(l/2—t) sin(nm(l1—1[2t—1|))

{ Y2 [ (M) i)Y s (1 - 20 -11)

2k

_(ﬁMwJ_C%@@>a@A1—Dt—HD]}

Vn

Si(vy) Vp

where {&1,,m > 1}, {&on,n > 1} denote two independent sequences of in-
dependent and identically distributed N (0,1) random variables and v,,n
1,2, ..., are the positive zeros of f(-), defined by the equation

f(t) = G(t) [sin(t) — tcos(t)] — Si(t) [a(t) — ta(t)],

where
. , . d fafs)
a(t) = Ci(t)sin(t) — Si(t) cos(t), &(t) = sz(t), G(t) = / Tds,
0

with the cosine and sine integral

t _ tgi
aw=7+mm+/cw@1% gmz/sf”%,

0 0

respectively and v = 0.577215... is the Euler constant.

Remark 2.1 As a direct consequence of equations (2.9) and (2.11), the distributions of
Jr 17f x) dx and fo t) dt, coincide with the distribution of the quadratic forms

/vf
v [

These representations allow as to evaluate the distribution of [ 13 ¥ (x)dx and

(o]

x ' Z (?%n E Cz 0 (2.12)
=1"1n n=1%
L

p Gl Z (2.13)

fo t) dt by a number of methods (see, e.g., Smirnov||1937; Martynov,|1975;

Deheuvels and Martynov 2003|and the references therein).
— Due to the Fubini theorem we have:

1—/fox i;+i;ﬂ@;+i;,
n=1%1n n=1%n n=1%n
3:/0 Ky(t ) dt = n; 21712+;1v1,%(:)é+,;v1%’
where (a) is Rayleigh’s formula :
i 11
n=1 le/,n 4(v+1)°
and (b) is Euler’s formula
SRS
n2 6



32 Chapter 2. Goodness-of-fit test with simple basic hypothesis

— Now, the numerical simulation (for N = 10°) gives

N
1 5
7_7<103 T |<12x%x1073,
Y PIEEEIE

Corollary 2.1 Under hypothesis Ho, we have, the convergence in distribution

2 2
[eS) [eS) é’
VT = E Cln + 2 CZ ns W2 = 2 1’127'[2 Z 55_” (2 14)

Proof. 1t follows from Theorem that

1
V2:>/ 2(x)dx, W2:>/ 72 (t) dt
T R’?f( ) T 0 ’7f( )
which, in turn, reduce (2.14) to a direct consequence of Theorem O

The random variables [ 7%( ¥ x) dx and fo t) dt are weighted sums of

independent 7 components. We make the truncatlon of these sum keep-
ing 10° terms and using the numerical simulation of the corresponding
Gaussian random variables and we obtain the following values for the
thresholds d, and c, of C-vM type tests

threshold

Figure 2.1 — Thresholds choice of the random variable [ nj%(x) dx

Size of the testa 0.10 0.05 0.025 0.010 0.005

Critical value d, 1.619 2.563 3.596 5.868 6.197

Table 2.1 — Values of some quantiles of the random variable [ nj%(x) dx.
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threshold

Figure 2.2 — Thresholds choice of the random variable fol ﬁ%(

0.05 0.025 0.010 0.005

Size of the testa 0.10
1.501 2.420

3.433 5.050 6.004

Critical value c,
Table 2.2 — Values of some quantiles of the random variable [ 7 i ) dt

The approach that can be used here to calculate the quantiles for the
distribution of the random variables [ 77( #(x)dx and fo t)dt in Ta-

bles [2.1]and [2.2]is based on the Smirnov formula (1.28)
Oon e_xu/z
du for x>0, (2.15)

1 & n
F(x) =1+ E£<_l) 6211 ur/[D(u)]

where
H<1—> for u>0.

Let the random variables [, 75( 7(x x)dx and fo i%( (t t) dt be defined respec-
tively, as in (2.12) and (2.13), by
2 =8 e 4 — 4 o
ny(x) dx = ) 5 Z 2 .+ ) ——Cons (2.16)
R n=1"" n=1%1n n=1 Z%n
1 5 o] 721 oo 1
/ ﬂf(t)dtzzéi:z 2€1n+2 26271 (2'17)
0 n=1"" n=1

We deduce from (2.16) that the Fredholm determinant D(u) for #¢(x)
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2.5

Lemma 2.2

such that, with 1/4,, = {4/2%,,1,4/22,”}, forn >1,

o= fi(- ) £)

n=1 Z1 n n=1

We use the Euler’s formula (A.17), with v = 1, we obtain

() = M ,ﬁ(l‘zz)'

It is well known that

Ioj ( 7-[2”2) - Sin\(/\ﬂ/a)'

Therefore, we infer from (2.17) that the Fredholm determinant D(u) for
7j¢(t) is such that, with 1/6, = {1/m*n?,1/v2}, forn > 1,

For the numerical computation of the nth integral in (2.15), it is con-
venient to make a change of variable by writing (see (Grad and Solomon

1955)

[ 100 ) pu(@)] V2o @2 gz
. pu(2) V/ID(pn ()] iz

where
pn(z) = [(62n — San—1)z + 620 + S2n—1] /2.

The integrand in this integral contains singularities concentrated in the
factor 1/v/'1 — z2 alone. Therefore numerical integration can be carried
out by applying a quadrature formula of the form

U f(z)dz = (2k—1)m
J 2 o ),
which is accurate for sufficiently large values of m. This numerical method
was used by Martynov| (1975} 1992).

PROOF OF THEOREM

Recalling the definition of the Fredholm transformation Zx, we
set below X(-) = #¢(-).

Let {An, ¥u(y) : n > 1}, for y € R, denote the eigenvalues and eigenfunctions of
the Fredholm tranformation Iy ,. Then 1 (y) is a solution on R of the differential
equation

A (W) (y) + 25gn(y) ¥ (y)) €Y + 4 (g (y) — Cu) =0 (2.18)
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where
C, = /lRe_Z‘x‘lpn(x)dx,

with the boundary conditions

Pn(—00) = hy(00) =0, (2.19)
Mipn(0%) = [ (=2[x]+1)e 2 (x) dx, (2.20)
P (07) — 9, (07) =0, (2.21)

$,(07) = 9,(07) =2 (u(07) + u(07)) - (2.22)

Proof. To determine the eigenfunctions, one must solve the integral equa-
tion:

M (y) = /H{Rf(xry)l/’n(x) dx, yeR.

Since we have an absolute value in the covariance function R f(x,y), we
will take ¥ (y) = 2,0 (¥)1iy0) + Y1, (¥) 1 {y<0}/
0 y
Mtpan(y) = [ (@6 =29+ 1)) gy (x) dx+2672 [Ty (x) dx
o 0

+2 / e P o (x) dx — / (2y +2x +1)e 2 Wy, (x) dx,  (2.23)
y 0
0

Matpan(y) = [

—0o0

0
(2y +2x — 1) 2 W ep; (x) dx + 20 % / P1a(x)dx
¥
y (e 9]
+2/ ey (x) dx — /0 (2x —2y — 1) 2V gy, (x) dx.  (2.24)
By setting, y = 0 in and (2.24)), we get

0
—o0

Anp1,(0) = / 2x+1) e2* P10 (x) dx — /OOO(Zx -1) e 2% Yo n(x)dx,

0 S
Anp2,n(0) = / (2x+1)e* iy ,(x) dx — / (2x —1) e 2" o (x) dx.
—oo 0
Thus, when y = 0 and y — £co we obtain the boundary conditions
P1n(—00) = ¢ou(0) =0, $2,1(0) = ¢1,,(0) = 0.

Denote by § ,(y) = % ¢ ,(y) and 1 ,(y) = e=% ¢ ,(y) and take deriva-
tives of equations (2.23) and (2.24) with respect to y, then we obtain

~ 0 B ) B
M) = =2 [ e halx)dx =2 [ e o (x) dx

—|—4.€2y/ e P, (x)dx for y >0,
y

" 0 - ) .
M) =2 [ e P dx+2 [ e o) dx

y -
—4 e’zy/ e P, (x)dx for y<O.
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Lemma 2.3

When y = 0 we have ¢/, ,(0) = ¢, ,(0). Thus, we obtain the boundary
condition

¥1,0(0) = 95,,(0) = 2 (¥1,4(0) + 92,1(0)) -
Evaluating the derivative of the last equations we obtain
Mty (Y) = 20085, (y) + 472 fou(y) = 4Cy for y >0,
Ay (Y) + 220"y, (v) + 42V Pray) =4Cy for y <0,
and we have
A (¥5,(y) +295,,(y)) € +4 (¢2u(y) = Ca) =0 for y >0,
A (00 () = 291, () €72 +4 (1n(y) = Cu) =0 for y <0,

where

0 0
C, = / ex P10(x) dx —1—/ e’lepz,n(x) dx.
1) 0

O

The only solutions on R of the differential equation (2.18) fulfilling are of
the form

2
71) for yeR,

Vn

(2.25)

where vy, = 2/+/Ay and A1, Aoy, B1, are arbitrary constants.

Proof. Let u(y) = Y2,0(y)1{y>0) + ¥11(y)1{y<0} and denote by ., (y) =
P21 (y) — Cypand Py ,,(v) = P1,4(y) — Cy. The equation can be written
as
Poa(y) +292,(y) +vie ¥ ou(y) =0 for y>0, (2.26)
Pay) =291, (y) +vae? draly) =0 for y<0,  (227)

where v, = 2/+/A,. If we make the change of variables t = v, e Y for
y > 0, then

dlpZ,n _ d¢2,n « ﬂ — ¢ dll_)Z,n
dy dt dy dt '
d2¢’2,n o d dlpz,n o d d&zln dt o d dlpzln
a7 dy( dy>_dt< dy)xdy_tdt(t )
@ dip,
_ 2 N N
= t P +t FTR

Using similar arguments in the case t = v,eY for y < 0, we rewite the

equations (2.26) and as follows

tz Ipél,n(t) - t’ﬁé,n(t) + tz ¢2,n(t) =0,
7 (8) — 9, () + £ Pra(t) = 0.
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We set (0 () = t iy, (t) and ¢y ,,(t) = t Py ,(t), then we have
£, (5) £ 95, (8) + (£ = 1) §2u(t) = O,
P (6) + 1§, (1) + (2 = 1) §ra(t) =0

The last equations are the Bessel differential equations of order 1 (v = 1)
and have solutions

Pou(t) = Az 1(t) + Bou Ya (1),
P1u(t) = A1y J1(£) 4+ Bin Ya(t).

Therefore the general solutions are of the following forms

lIJZ,n (y) =Vn (AZ,n e’ ]1 (Vn eiy) + BZ,n eiyyl (Vn eiy)) + Cn; y >0,
lpl,n(]/) = Vn (Al,n eyh (Vn ey) + Bl,n e’ Y, (Vn ey)) +Cy, y< 0.

By (A.3), we get, as y — +oo,

2 2
> + Cn — Cn - BZ,n*/
7T

1 _
Pon(y) > vy (2 Agpvne® — By -

2 2
) + Cn — Cn - Bl,?’li'
7T

n

1
W1a(y) =~ vy <2 Ay vne® — By,

Thus, §1,,(—o0) = ¥P2,4(c0) = 0 holds if and only if C,, = Bl,n% = len%.
Therefore, we obtain (2.25). O

Let 1, (y) be as in (2.25). Then its derivative can be written as

lpil’l (y) = (Al,n]-{y<0} — Azrnl{yz()})v% €_2|y| ]0 (yn g_‘y‘> ( 8)
2.2

—sgn(y)By w2 e 2V Y, (Vn e*|y|) )

Proof. By (A.5), we have the recurrence relations:

Yl (X) .

1) = ho) = 29 vi) = vo(r) -

X

Therefore, we get

() = Avnl{y<oy Va e~ lvl {]1 (Vn e—ly|> Fuge Wy (Vn e—lyl)}
— Aslyys e [h (Vn e*lyl) ey (Vn e*ly\)}
— sgn(y)By ,v2e 2l [yl (Vn e—|y|> ey, (Vn e—mﬂ
= (Aunl oy = Azl gyzo)vae 2 Jo (ve ™))

—sgn(y)ByavZe 2V Yy (vn ef\y\> _

which yields (2.28). O
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Proof of Theorem Returning to the equation (2.20) and replacing
Pu(y) = Pon (y)l{yzo} + Y1, (y)l{y<0} by its general form 1) we have

2

P2(0) = =2 [ (22— 1) (g20(x) + pr(—)) dx
3

1/ (o]
=— [(A1n+A2n)/0 xe ]y (vae ) dx

+2B1, / x e 3%y, (vne™) dx] )
0

Below we change the variable t = v, 7Y in the first integral, use equalities

(A.6), and integration by parts
o0 Vn
/ vax e 3 ) (vpe ) dx = —/ In(t/vy) £ J1(t) dt
0 0
—ln(t/vn t]z —|—/ t]z

:2/Ovn () dt—/ov to(t) dt

=-2]p (Vn) —Vn 1 (Vn) +2.

The same arguments applied to the second integral together with (A.3),

provide
/oo vix e Y, (e ) dx = — /Vn In(t/vy,) £2Y;(t) dt
0 0
5 Vn Vn Un
—In(t/vy) t Yz(t)‘o +2/0 Yl(t)dt—/o EYo () dt
— (In(t/va) BYa(t) +2 Yo(1)) )O" - tYl(t)‘On
= 2 Yy (va) — v Vi () — % (1=2(In(vs/2) + 7).

Therefore, we get

$2.0(0) = (Arn+ Azn) (Jo <vn>+”E (va) —1)
+2Bi, (Yo (V) + 22 5 Vi () + %(1— (ln(vn/Z)—l-'y))).

Finally, we obtain

2
(A1 + A2n) (Jo(vn) —1) +2Byp <Yo (V) — g (In(v,/2) + 7)) . (2.29)
Now, using the boundary condition (2.21), we have

(Al,n - AZ,n)]] (Vn) =0. (2-30)
Then, using the boundary condition (2.22),

(Al,n + AZ,n) []O (Vn) - 1/3]1 (Vn):|

n

2
—|—2B1,n |:Y0 (Vn) — 7Y1 (1/,1) —— | =0.
n

2
VA
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By (A.6), we have the recurrence relations:
2 2
]2(.7() + ]O(x) = ;]l (x)/ YZ(X) + YO(x) - ;Yl(?()
Therefore, we get
4
(Al,n + AZ,H)IZ (Vn) +2 Bl,n (YZ (Vn) + 7_[) =0. (2.31)

The equations (2.29)-(2.31), can be written as a linear system

J1 (Vn) — (Vn) 0 Al,n 0
|: J2 <Vn) J2 <Vn) 20 (Vn> ] AZ,n = |: 0 ] ’ (2.32)
Jo (Vn) -1 Jo (Vn) -1 Z,B (Vn) Bl,n 0

where

() = Yo (va) + gy B (1) = Yo () — = (Infu/2) 7).

n

System has non-zero solutions in (A1 ,;, Az, B1 ), if and only if

{ J1 (va) —Ji(v) O
det | ] (va) J2 (Va) 2a (vy)
Jown) =1 Jo(va) =1 2B (vy)

=4J1 (va) f (va) =0, (233)

where

fwn) = T2 (vn) B (vn) = (Jo (vn) = 1) & (v) - (234)

Next we consider the function ¢,(y) of the form and A1, A2, Bin
fulfilling (2.32). Now vy, 12,5, = 1,2, ..., denote respectively the positive
zeros of Ji(+), f(-). We have the following two cases:

Case 1: Let v, = 11, for some n = 1,2,..., then J; (11,) = 0 and
implies that Ay, = —Az, and B;, = 0. The requirement that
7, ¥2(y) dy = 1 yields (see, Lemma ,

] Vin E_M

Case 2: Let v, = 15, for some n = 1,2, ..., then f (1,,) = 0 and (2.32)
implies that Ay, = Az, = —Byiu& (V2,u) /J2(v2,1). The requirement that
2 ¥2(y) dy = 1 yields (see, Lemma E ,

o (Vo) e ]y (m e—|y|>
J1 (o) & (Vo) — Y1 (vau) J2 (Vo)
T2 (Vo) (e—\yl Y, (m,ne"y') + nfm)
Ji (Vo) & (vo,n) — Y1 (Vo) J2 (Vo)

()
(2.36)

for yeR.
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2.6 PrOOF OF THEOREM

To determine the eigenfunctions, we propose to solve the integral equa-
tion:

A (t) = /01 Ke(t,s) Pu(s)ds for 0<t<1. (2.37)

Since we have an absolute value in the covariance function K¢ (s, t), the
function ¢, (t) is split into:

Yn(t) = P10() <12y + Y2 (D) 1172

Here, A, n =1...0c0 are the eigenvalues yet to be determined. Recall that
P1,,(t) and ¢ , () satisfy the boundary conditions

$1,0(0) = 92n(1) =0,  ¥1..(1/2) = 24(1/2), (2.38)
such that
1
Autpn(1/2) = /0 (1—P2s—1)[1+In(1— 25 — 1)) gu(s)ds.  (2.39)
Taking the derivative of equation (2.37) with respect to t, we obtain

1 9K ((t,
/\nlIJZ(f)Z/O fa(ts)lpn(s)ds for 0<t<1.

Evaluating the derivative of the last equation we obtain

4C
Auty (8) + 4 pu(t) = T:—H for 0<t<1,

where
1
Cp = /0 (1— 25 —1|) ¢u(s)ds. (2.40)
Let v, = 1/4/Ay, then the last equation can be written as follow

78+ 42y, () = 255 for < 1/2,
2+ 402, (1) = 2% for ¢ >1/2.

The solution of the homogeneous equation is given by

(1) = P1,(t) = Aqpsin(2uyt) + By, cos(2u,t) for t<1/2,
Pult) = P2 u(t) = Ao psin(2uyt) + By, cos(2uyt) for t>1/2.

The Lagrange method provides the relations

AL, () sin(2uut) 4+ By () cos(2v,t) = 0,
v,Cy,

A, (1) cos(2unt) — By ,(t) sin(2u,t) =
Hence, we obtain

A1 (t) = v,CyCi(2uyt), B1u(t) = —v4CySi(2vpt),
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with

Fsin(s)
E

Ci(t) = v +In(t) + /Ot COS(SS)_lds, Si(t) = /0 ds.

Then, the first equation has a solution of the following form
P10 (t) = Aqpsin(2uut) + By, cos(2uut) + v,Cy a(2uyt) for t<1/2,
where

a(t) = Ci(t) sin(t) — Si(t) cos(t).

In the same manner, we have for the second equation

5 n(t) sin(2v,t) + By ,(t) cos(2vut) = 0,
C
A (1) cos(2uut) — By, (£) sin(2ut) = 11/"_';.

Therefore, we obtain

Ay (t) = —v,Cy [Ci(2uy (1 — 1)) cos(2vy,) + Si(2v, (1 — t)) sin(2v,)],
By, (t) = vy Cy [Ci(2vy (1 — 1)) sin(2vy,) — Si(2v, (1 — £)) cos(2vy)] .

Then, the second equation has a solution of the following form
Pon(t) = Agpsin(2uyt) + By, cos(2unt) + v, Cpa(2u, (1 —t)), t>1/2.

Therefore, using the boundary conditions (2.38), we conclude that the gen-
eral solution is of the following form

Pn(t) = (Aunlizcryoy — Aznlisi/2)) sin(va (1 — 26 — 1))
+ v, Cha(vy(1— |2t —1])) for 0<t<1. (2.41)

Now, returning to the equation (2.39), replacing 9, (s) by this general form
and making the change of variable u = v,s, we obtain

Pu(1/2) = 1/2’% /01 s (1+1In(s)) [(A1n — Azpn) sin(vys) + 2 Cyvpa(vys)] ds

_ %(Al,n ~ s /O "W [1 = In(ve) + In(u)] sin(u) du

+Cuvy /Ov" u[l—1In(v,) +1In(u)] a(u) du.

By a simple integration by parts we have

$n(1/2) = %(Al,n — A) [25in(vn) — v c0s(v) — Si(vn)]

+ Covn 2a(vy) — vui(vy) — G(vy)],

a(F) = La(r) = Si(t) sin(t) + Ci() cos(t),  G(t) = /0 Hals) 4
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Finally we have
(A1, — Azy) [sin(vy) — v, cos(vy,) — Si(vy)]
+2Cuvy [(X(Vn) - Vn‘j‘(Vn) - G(Vn)] =0.
In the same manner, we obtain for equality (2.40)

(2.42)

1 Un .
G g [ 0l Ansinfa) +2 o))
n
1 .
= ﬁ(Al,n — Agn) [sin(vy) — vy cos(vy)]
n

1
+ﬁ CnVn [“(Vn) - Vna(]/n) + Vn] .
n

Hence, we have
(A1 — Azp) (sin(vy) — vy cos(vn)) + 2 Cuvy (a(vy) — Vit (vy)) = 0. (2.43)
Using the boundary conditions (2.38) and equalities (2.42), (2.43), we get

the linear system
sin(vy,) sin(vy,) 0
Si(vy) —Si(vy) 21,G(vy)
sin(vy) — vy cos(vy) vy cos(vy) —sin(vy) 2vy, [a(vy) — vad(vy)]

A1y 0
X | Ay | =10 |, (2.44)
Cn O
which has non-zero solutions in (A1 ,,, A2, Cy), if and only if
sin(vy,) sin(vy,) 0
Si(vy) —Si(vy) 2v,G(vy)
sin(vy) — vp cos(vy)  Vncos(vy) —sin(vy) 2v, [w(vy) — vai(vy)]
=4v,sin(vy,) f (vy) =0. (2.45)

Here

f (vn) = G(vy) [sin(vy) — vy cos(vy)] — Si(va) [@(vn) — vai(vy)] . (2.46)

Next we consider the function ,(t) of the form (2.41) and
At Az, Cy fulfilling (2.44). Now vy, v2,,,n = 1,2,... denote respec-
tively solutions of sin(v,) = 0 and f(v,) = 0. We have the following two
cases:

Case 1: Let v, = vy, = nm, forsomen = 1,2,..., thensin(vy,) =0
and implies that A;,, = Az, and C, = 0. The requirement that

fol P2 (t) dt = 1 yields,
Pa(t) = V2sgn(1/2 —t) sin(n (1 — |2t —1|)) for te[0,1].

Case 2: Let v, = 15, for some n = 1,2,..., then f (v,) = 0 and (2.44)
implies that Ay, =—C, [a(Va,n) — Vonk(Van)] / [sin(va,n) — vo,n cos(12,,)] =
—Aj ;. The requirement that fol P2 (t) dt = 1 yields,

V2 [(“(Vzn)

(VZ,H) V2,n

_ (Slrz/t/jn) B Cos(Vz,n)> a(vyn(1—[26=1])) | for te][0,1].

Pu(t) = S — &(V2,H)> sin (12, (1 — |2t —1]))
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N this chapter we consider the problem of parameter estimation by the
observation of ergodic diffusion process. We suppose that the unknown
parameter is two-dimensional and the trend coefficient of the process is
discontinuous "sign-type". We describe the asymptotic properties of the
maximum likelihood estimator, Bayesian estimator and the estimator of
the method of moments in this case.

INTRODUCTION

We consider the problem of parameter estimation by the observation
of diffusion process

dX; = —tsgn(X; — %)dt +dW;, Xo, 0<t<T, (3.1)

where the unknown parameter ¢ = (91, %) € ® = (a1, B1) X (a2, B2) with
a1 > 0. The problems of parameter estimation for ergodic diffusion pro-
cesses are well studied. It is shown that under regularity conditions the
classical estimators (maximum likelihood, Bayesian and method of mo-
ments) are consistent, asymptotically normal (with the rate V/T). More-
over, the maximum likelihood and Bayesian estimators are efficient (see
Kutoyants 2004).

The case of singular estimation, when the Fisher information is infinite
is less studied. We can mention here the works by Kiichler and Kutoyants
(2000), Dachian and Kutoyants (2003), where such problems of parameter
estimation were considered in the situations of discontinuous and cusp-
type singular us usual, the rate of convergence of the same estimators (in
singular case) is better than in regular case.

Statistical estimation for the switching diffusion process first was stud-
ied in Kutoyants| (2000), where the problem of estimations of the one-
dimensional parameter ¢ = ¢, by observation (3.1) was treated.

43
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3.2

In the present work we consider the same model of observation, but we
suppose that the both parameters ¢; and ¢, are unknown. We show that
the maximum likelihood estimator and Bayesian estimator have different
limit distributions with the normalizing rates VT for ®; and T for &,. We
follow the same method as used in Kutoyants (2004).

The proof is based on the general theorems by Ibragimov and Khas-
minskii (1981), which allow to describe the asymptotic properties of these
estimators through the properties of the properly normalized likelihood
ratio process.

MAXIMUM LIKELIHOOD AND BAYESIAN ESTIMATORS

We observe a trajectory XT = {X;,0 <t < T} of the diffusion process
given by the stochastic differential equation (3.1). It is easy to see that the
conditions of the existence of the solution and ergodicity (see Theorem
and Theorem [1.7), are fulfilled and is an ergodic diffusion process
with the stationary density f(9,x) = 8 e 2%*~%[ for x € R.

To construct the maximum likelihood and the Bayesian estimators we
introduce the likelihood ratio function

ap(l)

L (19, XT> = s

(XT), deo,

(here P(T) = P(()/TO)) by the formula

r g i
L<l9,X ) :exp{—ﬂl/o sgn(Xt—ﬁz)dXt—7 }

The maximum likelihood estimator (MLE) &7 is defined as solution of the
equation
L (l@T, XT> =suplL <l9, XT) .
9e®
If this equation has more than one solution, then we can take anyone as
MLE.

To introduce the Bayesian estimator (BE) we suppose that the unknown
parameter ¢ is a random vector with a known prior density {p(6),6 € ©},
which is continuous and positive. Using the quadratic loss function, the
BE 971 (which minimizes the mean square error) is the conditional mathe-
matical expectation

. ~ Jo8p(6) L(6,XT) do
br= [ op (01x7) a0 = 78 L(OXT) a8

Indeed, even if 8 is not random we can use this formula (with some func-
tion p (-)) for construction of an estimator and Theorem [3.2] below is valid
for this estimator too.

To describe the limit behavior of the MLE and BE we need two random
vectors @ = (9,11) and @ = (7,1) defined with the help of the following
stochastic process:

Zo(w) = Zs,(v) Zs,(u), w = (v,u) € R?,



Theorem 3.1

Theorem 3.2

3.2. Maximum likelihood and Bayesian estimators

where

02
Zs,(0) = exp {vg— 2}, Zo, (1) = exp {zai/ZW(u) — 26 |uy},

as follows:

Z d
Zs(W) = sup Zy(w), W = Jre @ 2o () @
welR2 f]RZ Zﬁ <w) dw

Here { and W(-) are independent, where { denote A/(0,1) random vari-
able. W(-) is a two-sided Wiener process, i.e., W(u) = Wy (u) for u > 0
and W(u) = W_(—u) for u < 0, where Wy (u), W_(u), u > 0 are two
independent standard Wiener processes.

Introduce the normalizing matrix

T-12 0
¢T = < 0 T—l )

The asymptotic properties of the MLE 87 = (@(Tl),@(TZ)) and the BE 97 =
(@(Tl)’ l?‘(TZ)) are described in the following theorems.

The MLE 7 constructed by the observations X" of the diffusion process is consis-
tent, i.e., for any v > 0

i PO 118 _
tim Py {|dr - | > v} =0,

the distribution of the random vector ¢1' (01 — ©) converge to the distribution of
the random vector W and for any p > 0

3 4

lim Ey ‘(p%l(l%" — 19)‘ =Ey |w|]ﬂ .

T—o0

The BE 1 constructed by the observations X' of the diffusion process is consistent,
the normalized difference g7 (81 — ©) converges in distribution:

40]7"1(197" -0 =,
and for any p > 0

. 1,3 P -
lim Eq q)Tl(t‘)T—ﬁ)‘ — Eg|@|".

T—o0

Proof. The proof is based on the general result by Ibragimov and Khas-
minskii| (1981), Theorems 1.10.1 and 1.10.2, so we check the conditions of
these theorems with the help of the three lemmas presented below. That
is, we show the convergence of marginal distributions of the normalized
likelihood ratio Z7(-) and establish two estimates on the increments Zr(-)
and on its decrease.

Introduce the normalized likelihood ratio process

(T)
B dPﬂHPTw (XT) B L(d+ grw, XT)

Zr(w) = dPlgT) - L8, XT) 7 we Wr,
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Lemma 3.1

where 9 is the true value and the set
WT = <\/T(Dé1 — 191) , \/T(,[ﬁ — l91)> X (T(Déz — 192) , T(,Bz — 192)) .
Write the BE (¢, = ¢ + ¢rw) as

- Jofp(6) L(6,XT) d6 Jw, wp (00) L (8, XT) dw
Or = =0

= QT
Jop (0) L(6,XT) db Jou P (8) L (0, XT) dw
L(8,,X7)
— 9+ gr Jw, wp (80) Trxmy dw ot Jw, wp(8w) ZT(ZU)dw.
Juey P (80) Sl duw Sy, P(0w) Zr(w) dw

We have the following presentations for the MLE and BE:

ar = (VIO — 1), T(0F — 82)) = arg sup Zr(w),

weWr

and

_ Jw, w p(8w) Zr(w)dw
fwT p(8w) Zr(w) dw

The marginal (finite-dimensional) distributions of the random functions Zr(-)
converge to the marginal distributions of the random functions Zy(+).

wr = (VT — o)), TP — 8,))

Proof. As before, we put 9, = 9 + %, %, = %2 + 7 and denoted

(0w, 0,x) = =20, q(u, x) — \;)ngn(x —t), Ou=(%,0%) (3.2

where
qo(u, x) = sgn(u) Lo, n0,<x<trv8,}-

The normalized likelihood ratio Z7(-) with PlgT) probability 1 admits the
representation

T T
Z7(v,u) = exp {/ 5(0w, 8, X;) dW; — % 5(0, 9, Xt)zdt}
0 0

T 2
= exp {2 O IT(u, 8) — 2191190/0 qo(u, Xt)zdt +ovlr— Uz} ,
(3-3)

where the stochastic integrals:

T 1 T
Ir(u, 8) = —/O gs(u, X)) dW;, 1 = —ﬁ/o sgn (X; — 02) dW,.

We show that for a fixed u

T T
Pﬂ_%i_rfolo ; qo(u, X;)%dt = Po—Tli_I}(}o/o L, n0,<x,<0,v8,) dt

= t|ul. (3-4)
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Note that the local time Ar (8, x) of the diffusion process is de-

fined as

1T
AT(ﬁ/x):lgﬁ)l?E/o 1{|thx|<£}dt; x € R,

and admits the Tanaka-Meyer representation
T
Ar(0,x) = |Xr—x|—|Xo— x| — /0 sgn(X; — x) dX;.
Let us denote f2(8, x) = Ar(8,x)/T, the local time estimator of the in-

variant density f (8, x). Then we can write the equality: for any integrable
function h(9, -) (seeRevuz and Yor|1991)

;/()Th(ﬁ,Xt)dt = /Rh(ﬂ,x)fﬁ(l?,x)dx.

Hence we obtain an estimate for the ordinary integral

T 2
Ey (/o Lo, no,<xi<0pv0,) 4t — 191|“\)

ko ([7 7 fito, 005~ 1ul 16, ﬂz>)2

2/\1914

<2T%E, ( / e [f7(8,x) — f(8,x)] dx> 2

HAY,

+2 T2 ( /19 i [£(8,x) — £(8, )] dx>2

2/\1914

uf : 2 gl
<2 sup Ey (\/T [f7(0, x) —f(ﬂ,x)]) +29;
T T2
xE(D&z,ﬁz)
16\ WP ol
< - = =
_2(T+4.> T + 267 T2 (3-5)

where we used the estimates
|f(8,x) — f(8,02)] <281|x — B,

and

sup Eq (VT If7(8,0) — f(8,)]) < 0 +4

xE(le,‘BQ)

The first one is trivial and the second follows from the representation

(1.14)

VT(8,%) — f(8,2)] = 2L \(/1’%90 /Xjf 1{v>?(;’1;§ﬁ,v)

_2f(8,x) /T Lix>xy — F(8,X1)
\/T 0 f(ﬂr Xf)

do

AW;.
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To simplify the exposition we suppose that the process X' is stationary.
So the direct calculation gives us the estimate, for any p > 1
o ZP
Eo [VT[£2(8,%) — £(8,)]]
2p

<2%TLTP £(9, %)% By dv

Xr 1{U>x} — F(4,0)
/Xo f(8,0)

2p

Lgsry — F(8,9)
f(8,¢)

203T(2p+1) 24p-2
< P s
— (2p_1)2p+1 % T f(19,x)—i— (2]9—1) * f(

g

1 T 2
< Tlgrolo 52 Eo (/0 Lio,no,<x,<8,v0,} At — 191|u\> = 0.

+ 2471 £(9, %)% By

9, x).

Therefore, for any 6 > 0

T
Th_ffr}o Py {'/0 Lioyndu<xi<tpvo,} dt — O1|ul

The central limit theorem for stochastic integrals (see Kutoyants, 2004,
Theorem 1.19) and convergence (3.3) provide the asymptotic normality

Lo{Ir(u,8)} = N (0,%1]ul), Lo{lr} = Lo {l} =N(0,1).

Note that the integrals It and {7 are asymptotically independent because

VY, | |

. . u
lim Ey (Ir{r) = lim VT f(8,x) dx < Jim 517 =0.

—o0 192 A ﬂu

T

These provide the convergence of one-dimensional distributions of
Zr(v,u) to those of Zy(v, u) only.
It can be shown by a similar argument that for any u;, u,, € R

0 if wu, <0,

T
Py — im [ qo(un, X0) go(un, X,) dt = { (6)

Further, the same central limit theorem and the convergence (3.6) provides
the joint asymptotic normality

Lo{Ir(uy,8),..., Ir(ug, , 8)} = Lo {01/2W(wr),..., 01> W(w) |,

for any k = 1,2,.... Finally, we obtain the convergence of the finite-
dimensional distributions

ﬁlg {ZT(U1,M1), e ,ZT(vk,uk)} — ﬁlg {Zﬂ(U1,M1), . ,Zlg(’()k, uk)} .

Lemma 3.2 There exist constants Cy and Cy such that
4
Ey ‘Z%/S(Ullul) — Z¥3 (v, Mz)‘ <G (\01 —va|* + |ug — u2|2) , (37)

2
E19 ‘Z%/Z(Ul, Lll) — Z%/z(vz, LQ)‘ S Cz (|01 — 02|2 + ’Ml — u2|) . (3.8)
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Proof. Let us denote

() Ve
v (”“’% (XT>) _ (Gt

dPlgT) Zr(v2, up)

74)2

(here 9, = (4, 94) = (81 + 0/ VT, 02 +u/T) i =1,2)
The stochastic process VI={V;,0 <t < T} by the Itd formula admits

(with P1(9T) probability 1) the following representation (see Kutoyants, 2004,
wy

Lemma 1.13)

7 T 1 (7
Vi =135 | Veo(u,, b0 X2 dt 4 [ Vi6(8a, B, X0) WL,

where

0 (B, B, Xi) = —25gn(ut2 — 101) B0y 11
_ U1 — 07

VT
To prove the inequality (3.7), we can write

] NG, Sxffﬁul Vﬂuz}

up

sgn (X — 0y, -

4
E, \zw(m,ul) _ z§/8(vz,u2)\ = B2 (03, 1) |V — 1]

1 4 T 4
< <8> EoZ1/% (0, u2) < /O wa(&wl,%,xodwt)

< <> E19w sup Vt‘8 Es (/ 5(l9w1/ ﬂwz' Xt)2 dt)
8 2 \o<t<T 0

The first expectation is bounded

E,, | sup VP | <1.
0<t<T

1/2

Indeed,
t
0 < VE <1+ [ VE0(Buy, B Xo) AW,
0

For the second expectation we have

T
Ey (/ 5(19w1,19w2,Xt)2dt>
0

T 4
2 8
< 8(48y,8,)" Ey (/0 1{0M1Aﬁuzgxt§ﬁulvﬂuz}dt> +8Jv1 — w0l

4

and we have the same estimate as above, This gives us the following esti-
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mates

T 4
Ey </0 L0 A0 < X0, V0, )} dt)

4
< 8T2E, ( /&”v% VT[f2(9,x) = £(8,2)] dx)

19141 /\19112

9, Vl9 4
8T Es (/ ] f(ﬁ,x)dx)
19141 /\19142

- (84T(5) 83

4 4
35T4+3TZ> ‘Ml—uz‘ +85‘{\u1—u2\ .

Hence choosing C, = max (4 B, N2/ 4_) /83 we obtain the estimate .

For the inequality (3.8) we have
2
Ey Z%/Z(vl,ul) — Z}/Z(vz,uz)‘

4 2 4 2
= EgZr(v2, 112) ‘VT - 1‘ = E,, |V# - 1‘

1 T 1
S 1 Eﬁwz </ ‘/t4 5(19101/ 19{02/ Xt) th) = E T Eﬁwl(s(ﬁwlr 1-9102/ C)Z

3y, \/191,2 1
—ﬁvlﬂva/ f(9,x) dx+ |vl—vz|
/\19”2

1
<.Bl |u1—u2|+ |01—02|

where we used the representation
4 LT 2 LT
VT =1- g /O ‘/t 5(19101/ l9zUZIXt) dt+ 5 A ‘/t 5(19w1/ 19'{Uz/)(i‘) th/

Therefore, for C; = max (B3, 1/4) the inequality (3.8) is proved. O
The last estimate is given in the following lemma.
Lemma 3.3 Forany N > 0 there exist constants C = C (N) > 0 and k > 0 such that

C

PéT) {ZT(v,u) > g—k(02+|u|)} < m (3.9)

Proof. In this proof we use the same arguments as in the proof of Theo-
rem 3.17 and 3.18 in Kutoyants| (2004). Let us introduce the set

T
A:{w:/ 5(l9w,l9,Xt)2dtZ8k(02+|u|)},
0

where (8, 9, X;) is defined above in (3.2) and the number k > 0 will be
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chosen later. Then we can write

T —k(v®+|u
Pg ) {ZT(U,u) > e k(@] D}
(T) T LT 2 2
—p /0 5(19w,19,xt)dwt—§/0 58, 8, Xi)2 dt > —k(v? + |u])
T T 2

S PgT) / 5(19101 19/ Xt) th _/ 5(1-9?1)/ 19/ Xf) dt 2 k(UZ—F |MD,A
0 2 0 8 2
Uy

< e 1@l 4 plD £ pcy

where we used the Markov inequality and the equality

T T 2
Egexp {/ 5(19”’219'Xt> AW, —/ ‘ww’g’ X1) dt} ~ 1
0 0

Further, put Y; = Egd(0y, 8, X;)? — 6(8w, 8, X¢)?. Then we have
T
D ey =pll) {/ (0, 8, X;)2dt < 8k (v2 + |u|)}
0

—P {/ Ytdt>/ Eg(s l9w,l9 Xt) dt—Sk(U +|1/l|)}

For the last mathematical expectation we can write

T BV,
Eﬂ/ 5B, 0, X2 dt =481 8, [ F(8,x)dx + 0% > ks (0 + |ul),
0 HHAYy,

where k, = min (4 ade2P1lp2—al) 1). Now we choose k = k. /16 and (3.10
becomes

k.
{AC} < P {/ Y, dt > > (v —Hu!)}
For the last expression we consider separately two sets. The first one is
{U,M cv? + |ul < T3/4},

and we at first note that

02V B _ o lul —1/4
/& f(ﬁ,x)dx-t?lT—ko(T )

2/\1911

0
Therefore we consider the main term = ‘ |

T
T>{/ Ytdt>k*(vz—i—\u])}
0 2
T

<pil {4 %0,

only. We can write

<0pve,) dt — 01 [u]

u=

> 5 @ )
2k

C
= @ / Lounosxiosva,) 4t = 91 [u

C 2k u4k C Cqu ‘
< e | =4+ —= | < Tk/2
= o2t )= (Tk - Tz'f) = @ 1 )

C
<
= o2 ]2
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33

The last estimates were obtained using the same arguments as that for
obtaining (3.5) and we used the inequality (v + |u|)F < T3/4. On the set

{v,u : T3/4§vz—|—]u\ < [(,Bl—oq)z—i—ﬁz—zxz} T},

we have the estimate

T){/TYtdt>k2*(vz+\u])}
<ol >{419119 T‘/& e (9, %) — F(8,%)]dx

C T k 192 Vﬂll

> m Y \F[fT(ﬁ x) — f(9,x)] dx

< #Lﬂ( < £ < L
S @ )F TS T @ ul)F

S

2k

Therefore we obtain (3.9) with N = k/2. O

The properties of the likelihood ratio Zr(-) established in Lemmas
allow us to apply Theorems [3.1] and [3.2] and so to obtain the desired
properties of the MLE and BE. O

ESTIMATOR OF THE METHOD OF MOMENTS

The traditional definition of the (generalized) method of moments
in classical statistics (statistics of i.i.d. observation) is the following. Let
{Xy,...,Xn} be iid., with a distribution function F(&,-) of one obser-
vation X; depending on ¥ € ©® C RY. Introduce a vector function
q(x) = (g1(x),...,g94(x)) and denote by m(¢) = Eyq(X;) its mathematical
expectation. Define the set of values of m(d) as M = {m : m(9),9 € O}
and suppose that the function q(-) is such that the system of equations

m(d)=m, 9€0O

has a unique solution of any m € M. Then the estimator of the method
of moments 4, is defined as the solution of the following system of equa-

tions: )
() =~ ) a(X

j=1
Of course, if the value of the right hand side is out of the set M then
8, is defined by the value of m (#) which is closest one the this sum.
This estimator is consistent and asymptotically normal (see, for example,
Borovkovi|1998). We describe below the behavior of the continuous-time
analog of this estimator. The observed process is ergodic diffusion

:\»—\

dX, = S(0, X)) dt +dW;, Xo, 0<t<T,

where & € ® C RY O is an open bounded set. The function S(-,) is
such that this equation has a unique weak solution and this solution has
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ergodic properties with the invariant distribution function F(d,-) for all
€ 0.

Let q(x) = (g1(x),...,g4(x)) be a vector function and m(9) = Epq({)
be its mathematical expectation. Here ¢ is a "stationary random variable".
The set M contains all values of m(9) and the function q(+) is chosen in
such a way that the equation

m(®)=m, 9€0O

has a unique solution for any m € M. The estimator of the method of
moments (EMM) 97 is defined by the equality

1 (T
7

1 T

m(ﬁ)—? ;

(@ (x| = inf

q(Xt)dt’

If this equation has more than one solution then any of them can be taken
as the EMM dr. Note that this estimator admits the representation

1§T = 19'1“ 1{1’?[]‘6]1\/[} + 19% 1{1?176]1\/[‘7}
where
. 1 /T
i = T/ q(X;)dt
0

and 9t is the solution of the system of equations m(d7) = rfir when riir €
M. The value of 95 corresponds to m € M closest to 71, when it € IM°.

Say, in a one-dimensional case with ® € (&, ) and monotonically in-
creasing function m(-) we have M = (m(a), m(B)) and

1 = & Ljigema)y + 1M (1) Lacpig<p) T BLiirzm(p)

where m~1(+) is inverse to m(-) function.

Below we show for the switching diffusion process model , ie.,
when S(9, x) = —tsgn(x — ;) that as in classical statistics this EMM is
consistent and asymptotically normal. The asymptotic properties of EMM

Or = (5(;), 19(Tz)) are described in the following theorem.

Theorem 3.3 The EMM 37 is consistent: for any v > 0
. pM 13 _
P
Thn;o o {9r—0|>v}=0,
is asymptotically normal

7
Eﬂ{ﬁ(ﬁT—ﬁ)}:N(O,d(ﬂ)z), d(ﬂ)2:< f 05 )

and for any p > 0 the moments converge

lim By [VT (37— 0)| = Eo |, £(2) =N (0,d(6)?).
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Proof. Let q(x) = (x, x?). We have E4¢ = 9, and E4¢? = 03 +1/203. Hence
the EMM &7 = (8", 8%)) is
=1 gDy,
\/2|Y2 — Y
where

Y—l/Tth—w Y—l/TXZdt—>z92+1
=7 ) X 2, 2=7 ) X 2t g

Hence this estimator is consistent. Let us put 67 = T~!/2 and

7 —1/T[X—19]dt —1/T X2 | ar
T—\/TO t 2] at, nT_\/To ¢ 2219% .

Then we can write

o = ! (1+0(1))

\/2\2§%+5mT—2025TCT}

= 0 [1— 619 (yr —20241)] (1 +0(1)).

Therefore
1

3(1) _ __21/T 2 2
ﬁ(ﬂT 191)_ vl [Xt 20, X, + 2 267

} dt (1+0(1)).

Note that for h(8,x) = x2 — 20,x + 93 — 1/26% we have Egh(9,¢) = 0.
Hence by the Itd formula we have

VT (8 —91) = —19%\/1? 0
Xy

_ lﬁjf /()Tf(l;Xt)/_ooh(ﬂ,u)f(ﬂ,u)duth (1+0(1)).

! h(9, Xi)dt (1+0(1))

Finall
T L -a)) = N ),

with

2
do, (8)° = 46{E, ( / io h(ﬂ}ugf g’”) du) S
2

The EMM 1§(T admit the representation

\/?(MTZ)_@) = \/1T/0T [X; — 8] dt = \}T/OTg(l‘},Xt)dt

X

_\/2? /OT f(;xt) /_Oog(ﬁ, u) £ (8, u) du dWi,

and the limit variance is

dl92(l9)2 :4E19< ¢ Wdu>2 = i
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These representations of the estimators give us the joint asymptotic nor-
mality

Lo {VT (Br—8)} = N (0,d(8)%),

where the matrix

(40 (97 deen(®)
= (5% e ).
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INTRODUCTION

This chapter is a continuation of the study started in chapter 2, where
the following goodness of fit tests were studied. Let X7 = {X;,0 <t < T}
be an observed trajectory of ergodic diffusion process

dXt = S(Xt) dt +th, XO, 0 S t S T, (41)

where X is its initial value, independent of the Wiener process {W;, t >
0}, The trend coefficient S(-) is supposed to be unknown to the observer
and he has to verify if S(x) = S.(x), where S, (x) = —sgn(x). The Cramér-
von Mises statistics, based on the observation X' solution of are:

V=T [ [f00) ~ fo. ()P dx, WE=T [ [f(x) - fo. (0] dFs, (),

where f7(x) is the estimate of the invariant density function fs, (x) (see,
Section [1.2). It is shown that these statistics converge as (T — oo) to the
following functionals

V2 — /R pHx)dx, Wi = /IR nf(x) dFs, (x),

where {nf(x),x € R} is a Gaussian process with zero mean and covari-
ance function defined in Lemma Hence the corresponding tests

(PT(XT) = 1{V%>d,x}’ q)T(XT) = 1{W%>Ca}’

57
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4.2

with the constants d, and ¢, defined by the equations

P{/}Rﬂ%(x) dx > da} =ua, P{/Riyjzc(x) dFs (x) > ca} =ua, (4.2

are of asymptotic size «.

At the present work, we consider the same problem but with the com-
posite basic hypothesis and we describe the limit distributions of these
Cramér-von Mises type statistics.

MODEL OF OBSERVATION

Let us introduce the simple switching diffusion process solution of the
stochastic differential equation

de — —p Sgﬂ(Xt — 9) dt + th, XO, O S t S T/ (43)

where the trend coefficient S, (x,9) = —psgn(x — ) and the unknown
parameter ¢ = (p,6) € © where the set

© = (0(1,51) X (0(2,52), with a7 > 0.

It is easy to see that the conditions of the existence of the solution
and ergodicity (see, Theorem [1.3]and Theorem [1.7), are fulfilled and (4.3)
is an ergodic diffusion process with the stationary density fs, (¢, x) =
pe 2P=0 for x € R.

Let us remind the properties of the maximum likelihood estimator
and the Bayesian estimator for this model. To construct these estimators
we introduce the likelihood ratio function as:

ap(l
dp(T)

L (19, XT> — (XT) , 0€0O,

(here P(T) = P(%)) by the formula

T T P
L <19,X ) = exp {—p/o sgn(X; —0)dX; — > T} .
The MLE is defined as a solution of the equation
L(d7,XT) = supL (9, xT),
(9r.X7) =supL (0.X)

and the BE for the quadratic loss function and a priori density p(y), y € ©,
is the conditional mathematical expectation

Jovpr () L(y,X") dy
Jor(y) L(y, XT)dy

Introduce the normalized likelihood ratio process

t%z/@yp(yIXT) dy =

Zo(w) = X

8+ prw, XT) <T‘1/2 0
;o PT =

L(8,XT) 0 71 ) we Wr,
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where 9 is the true value and the set
Wr = (VT (w1 = p), VT (B1 = p)) x (T (2 0), T (B2~ 6)).

We have the following presentations for the MLE and BE:

r = arg sup Zr(w), wr= fwT wp(d+ ¢rw) Zr(w)dw
T gwe\VI\?T T\W), T fWT p(®+ orw) Zr(w)dw ’
with A
Wr = (07, i7) = (\/?(m —p), T(br — 9))

In order to describe the limit behavior of the MLE and BE, first we intro-
duce the random vectors @ = (9, 1) defined with the help of the following
stochastic process:

Zo(w) = Zp(v) Zo(u), w= (u,0) € R?,

where

20 =ep{ot-5 1,z = ewp {2677 Wi ~20° 1},

as follows:

. o frewZy (w) dw
Zg() = sup Zg(w), W= ,
o) = sup Zolw) I Zo (w) dw

where W(-) is a two-sided Wiener process and ( is ii.d. N'(0,1) random
variable independent of W(-).

The MLE and BE Ot constructed by the observations X of the diffusion process
(4.3) are consistent, i.e., for any v > 0

. T) 114
tim Py {|dr — 6] > v} =0,
the normalized difference ¢7' (1 — ©) converges in distribution:
Ly {(PE1 (01 — 19)} = Ly {0},
and for any p > 0

. 1,3 p N
lim Eg‘(pTl (19]"—19)‘ IEg’w|p.

T—o0

COMPOSITE HYPOTHESIS

The testing problem is introduced as follow: Suppose that we observe
the process {X;,0 < t < T}, solution of the stochastic differential equation
and we wish to test the composite hypothesis

Hy e S() € Fo  where  Fo ={S.(-,09),0c0O}.
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To construct the tests we use the following statistics constructed with the
help of the MLE or BE,

VE=T [ [f2(x) = fo.(x,90)] " a,
Wi =T [ [fi(x) = fs.(x,9r)] " dFs. (x,9)

Fix a number « € (0,1) and define the class of all the tests of asymptotic
level 1 — « as follows

Ko = {¢r : lim sup Eg¢r(XT) < a}.

li
T—o0 yc@
Let us introduce the following Gaussian process

06, 8) = ns(x,9) & (1/p—2]x —0)) fo.(,8), &~ N(0,1),
and denote by d,(9) and ¢, (9) the critical values defined by the equations

P, {/R (x, 9) dx > d,x(ﬁ)} —
P, { /R 32(x, 8) dFs.(x,8) > ca(ﬁ)} _

Then we have the following Theorem
Theorem 4.1 The C-uvM type tests
or(X") = Livasa, 6)y ¢r(X") = Liwzsc,(8))
belong to KC,.

Proof. The expansion of the function fs, (x, d7) gives us the representation

fS* (x/ @T> = fs* (X, l9) —+ (ﬁT — p) [372P|x*9| _ sz ’x _ 9‘ e*ZﬁT\xf{?q
+ (| = Or| = |x — 6]) pre 2P0,
where |07 — 6] < ’éT — 0| and |1 — p| < |pT — p|- Then we use the in-

equality
= br| — x — ]| < oy 6],

and from the consistency of these estimators it follows that
. 7 A
V|t 8) = fo (e, 0)] < (2 + or] [1/p =21 =611 ) o (3, 0).
VT
With the help of Proposition |4.1| we obtain the following estimate
p 2
TE < | U, 80) = f.(x,9)] dx>
2 .
< TEolirl’ [ £2(x,8)dx+2Eqlor [ (1/p—2]x—0)° f.(x,8) dx

Pe a2, 1 s 2_ PG G 1
< ZE —E < I —4+——=<C({=+1), .
< TEelir| +2P o |07|” < = ton SOl (4.4)
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and
B ( [, [s.(0,80) — fo. 3,00 dFs.(x,9)
< % olir [ 72.(x,8)dx+2Eg o1 [ (1/p—21x—01)" £ (v, ) dx
s?f)zT ’ﬁT’2+5Eﬁ‘Z§T’2<‘B§§31+25cz<C<; ) (4.5)
Now, using the representations
V= [ [ o) = VT (3 01) = o (v, 0))] i, "
W = [ [r(x,0) = V(. (0 9r) ~ fo. e 9)| dBs.(x,0) )

+ [ [ ) = VTG, 91) = fo.(x,8))] (. (3 91) — f. (x,8)) i,
where 777(x,9) = VT(f2(x) — fs,(x,8)), we obtain
VE= [ [ir(x,0) =1 (1/p = 2|x =0 fo.(x, ) dx + or,
Wi = [ 7, 0) o7 (1/p ~2[x 6 fs.(x, )] dFs. (x, 0) +-or,

where 67 — 0 in probability.
Introduce the process

Cr(x,8) = nr(x, 8) — b7 (1/p—2]x—0]) fs. (x, ).
We need the following lemma O

Under hypothesis ‘H., we have, the convergence in distribution
T/ 7% (x,9) dx :>/ §jzf(x,l9) dx
R R
T / 23 (x, 8) dFs, (x, 0) = / 32 (x, 8) dFs. (x, 9).
R R

Proof. To prove this lemma, we need to prove the following conditions (see
Ibragimov and Khasminskii|1981, Theorem A22, p.380)

(1.1) supElg/ 73(x,8) dx < oo, supEg/ 73(x,0) dFs_(x,8) <
(21)  supBy |C7(x, 8) — 3y, 9)] < Clx —y[',
(3.I) (Cr(x1,9),...,lr(xn, 9)) — (gf(xl,ﬂ),...,gf(xn,ﬂ)).
According to Theorem the following conditions are satisfied:
s;g) Elg/]R;y%(x, ¥)dx < oo, s;g) Eg/]Rﬂ%(x, ®)dFs,(x,0) < oo, (4.8)

S;llgEﬁ 73 (x,9) — 73 (y, 9)| < 2v/22 By |x —y|/% (4-9)
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Using the condition (4.8) and the estimates (4.4) and (4.5) we obtain (1.I).
By a direct calculation and using the condition (4.9) we obtain the
following estimate

sup By |0F(x,8) — 03 (y,8)| < 2v22B1|x — y|"/2 + 4 B1 By [07[* [x — y|
T,9

1/2
+4B4 (E&\Z?TF) lx —y| < Clx—y|"2

The convergence of finite-dimensional distributions follows directly from
the representation (1.14])

T (1 —Fs, (X¢, 0
() = - 20 { t>x) ~ F. (X1, 9)
\/T 0 fS* (Xt/ 19)
1
- (2‘0 —|x— 9\) sgn (X; —0) }th +o0(1),
2f5 (x/ 19) /T
=27 7 hg (x, X;, ) dW; +0(1),
S s X 0 aW +o(1)
where
L 0) d
or = ———= [ sgn(X;— Wi,
T \/T 0 g ( t ) t
and from the central limit theorem for stochastic integrals (see Kutoy-
ants, 2004, Theorem 1.19) because for any x = {xy,...,x,} and A =

{M, ..., Ay} we have

. o 2fs, (xi,0) (T
A Cr(xi, 8) = /\4*7/ hs. (xi, Xz, 9) AW,
izzl 1 1 1221 1 \/T 0 1

1T
- \/T/o Y Ai2fs (xi,0) hs, (xi, Xp, 0) AW,
i

T
B \}T / gs. ()\/ x, Xt, 19) AW,
0

where gg, (A, x, X;, 9) is a square-integrable function. Therefore

ﬁlg {i/\ié’T(xi,ﬁ)} :>N(0,R5*) = ﬁg {i)\igf(xi,l?)}/
i=1

i=1
where
Rs, = Epqs. (N, x, & 0)2 = Z/\l-)\sz*(xi, X))
i
with
Rs, (xi,xj) = By [{(x1,9) {5(x,9)]
=4 fs (x;,0)fs, (xj,8)Eg [hs (x;, &, 0) hs, (x},E,0)] .

Further, by a direct calculation, we have
Eg|r(x, 9))> < 2e201fl,

Therefore, by this inequality, for any constant L > [, the integral
f‘x|>L ¢3(x,9)dx and f|x|>L ¢3(x,8)dFs,(x,9) tends to zero at infinity
which completes the proof.

OJ
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Now, we consider the case of the one-dimensional parameter ¢ = 0,
i.e., we suppose that the trend coefficient S, (x, %) = —psgn(x — ¢) where
p is known and ¢ € © = (&, B) is an unknown parameter.

Note that in this case, the choice of the thresholds ¢, and d, does not
depend on the hypothesis H. (asymptotically distribution-free) and these
constants are solutions of the equation (3.2).

Theorem 4.2  The C-vM type tests
or(XT) = 1paeay o1(XT) = Lwaacy
belong to IC,.

Proof. Here the expansion of fs_(x,dr) gives us the representation
fs.(x,07) = (Jx = dr| = |x = 8]) f5. (x, Or),

where |97 — 8| < |97 — 8| and from the consistency of this estimator it
follows that

|dr|

VT |fs. (x, 1) = f5. (0, 0)] < Z0 fs.(x,9).

Hence, using the representations and (4.7), we obtain
V2= / n3(x,8)dx + 6y, W= / n7(x, ) dFs_(x, ) + o1,
R R

where é7 — 0 in probability and we have the convergence

V2= [0 dr, WE— [ yi(x8)dFs.(x,6).

Therefore, we obtain the result because @ is a translation parameter. ]
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N this chapter we consider two Cramér-von Mises type tests for an ergodic
diffusion process based on the empirical distribution function and local
time estimator of invariant density. It is shown that the limiting distribu-
tions of proposed tests statistics are defined by integral type functionals
of continuous Gaussian processes. For some particular cases, we provide
the explicit distributions of limit distribution of these statistics.

INTRODUCTION

We consider the problem of goodness-of-fit tests for ergodic diffusion
process, ie., the observations {X;,0 <t < T} are given by the homoge-
neous stochastic differential equation

dXy = S(Xp)dt +0(X;)dW;, Xo, 0<t<T, (5.1)

where the initial random value Xj is independent of the Wiener process
{W;, t > 0}, the diffusion coefficient ¢(+)? is supposed to be known.

The problem consists in testing a simple hypothesis about the trend
coefficient S(-). Namely, in our setup the basic hypothesis is: Hg : S(-) =
So(+), where Sy(+) is some known function.

To test Ho hypothesis we consider two tests statistics of Cramér-von
Mises type. The first one is based on the empirical distribution function

A

1 T
FT(X) = f/O 1{X¢<x} dt.

65
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The corresponding statistic is:

Ar = T/ — Fs,(x)]" dFs, (x),

with
' (x)

fso (%) [Fs, (x) = 1]

where (-) is a continuous positive function and

* Fs (y)? F 2 1 (Fs, (y) — 1)

— 0 (y)" fs, (v) So x () fs (v)
The second test is based on local time estimator f7(x) of invariant density,
which can be written as

Ar(x Xr— x| —|Xg—x 1 T
fr(x) = T(TTZ((x)) = Xz T|(72(3|c)0 _ T(Tz(x)/o sgn(X; — x) dX;.

H (x) =

59 (P (x)),

Here A7 (x) is the local time of diffusion process. The corresponding statis-
tic is:
or =T [ (x) [F7(2) — fo (2] P, (),
where y is the median of invariant law, that is Fy(¢#) = 1/2 and
2Fs, (x) —1
4 ()" o (2)” fs, ()

h(x) = 7 V(0 () /9 (1) Lazpy,

with

2
¢ (x) /oo <1{y>x} - (y)) d
—~ W)

The goodness of fit tests are ¥7 = 1 (Ar>c,) and Yr = 1554, These tests
with weight functions H(x) = 1 and h(x) = 1 were proposed by Dachian
and Kutoyants| (2007), but they are not asymptotically distribution-free.

Obviously, both statistics converge in distribution under the null hy-
pothesis Ho to quadratic functionals of Gaussian processes (see Negri
1998; [Kutoyants 2004). But, due to quite complicate structure of covari-
ance of these processes, the choice of the thresholds d,, ¢, for these tests
in the case when H(x) = 1 and h(x) = 1 are rather complicated. To avoid
such difficulty, Kutoyants| (2009) has introduced these weight functions to
make these tests asymptotically distribution-free. He has shown that un-
der hypothesis Hy, for certain choice of weight functions H(x) and h(x),
the limit distributions of proposed statistics are defined by integral type
functionals of continuous Gaussian processes

Ar = / HWEdt, S — / £) W2, dt, (5.2)

where {W;,t > 0} is a standard Wiener process.

The goodness-of-fit test problem in the classical case of ii.d. obser-
vations has been studied by |Anderson and Darling| (1952} 1954). In this
case they have introduced an analogue of statistics At and Jr and they
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have also studied an asymptotic behavior of these statistics, see also |Pet-
titt (1976), Shorack and Wellner| (1986).

This problem received considerable attention over the past years, lead-
ing to interesting statistical applications (see, e.g., Nikitin|1995; |[Rodrigues
and Viollaz 1995; Scott| 1999 and the references therein).

Recently, some important progress has been made in this framework
by Henze and Nikitin| (2000), [Deheuvels and Martynov, (2003). Actually,
they have established connections between some Gaussian processes and
special functions, via K-L expansions.

In the present work, for some particular cases, we provide explicit dis-
tributions of random variables in via direct calculation of Laplace
transforms.

5.2 MAIN RESULTS

Let {W;,t > 0} be a standard Wiener process. Fix f = % +1>1
and denote by {z,,,n > 1} the sequence of positive zeros of the Bessel
function J, () of first order and index v.

Theorem 5.1 The following equalities hold:

u e —2B1A72 _ (V\/H)V/2 Z’2/7'1
Eexp <2/0 (t+1)"W; dt) \/F(v—l—l)]u(zv\/ﬂ), < 4y2’ (5:3)
® 402 v(2

A direct consequence of Theorem is the following Corollary:

Corollary 5.1 The following identity holds

) 0 2
/ (t+ 1) 2W2dt ' 42 ) Sn |
0

2
n=1-vn

where {&,,n > 1}, are i.i.d. N'(0, 1) random variables.
Remark 5.1 In fact, in the paper by Deheuvels and Martynov|(2003) it was proved that
1
u g2 Jo(2uvy/u)\ 2 z4
Eexp <2/0 t Bidt | = F(v—i—l)i(v\/a)v ;U<

where {B;,0 < t < 1} is a standard Brownian bridge. Thus, the following
equality holds:

o0 1
/ (t+1)"2PW2 dt ’ﬂ’/ (622 g1,
0 0

Let {zo,n,n > 1} and {é,,n > 1} be sequences of positive zeros of the
Bessel function Jy(-) and solutions of equation

]0((571) - 571 ]1(‘511) = O/

respectively.
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Theorem 5.2 The following equalities hold:

Eexp <Z /Ooo eZtWtzdt) = (]0(\/5))7% , U< z%,l, (5.5)
D(z) = lj[l (1 - Zg) =Jo(vz), z€C, (5.6)

Eexp (;‘ /Ow e‘szfildt) = (o(vu) = Vuh(vu)) *, u<d, (57)
D@ =11 (1- %) =h(vD) - VER(VE), zec (58)

The direct consequence of Theorem is the following Corollary:

Corollary 5.2 The following equalities hold:

2
/ e 2W2,, dt ' law Z o / e 22 gt 1% Z Cn
0 0

ZOn

where {&,,n > 1}, are ii.d. N'(0,1) random variables.

To complete the representation of limiting distributions we write also
the result of Deheuvels and Martynov| (2003).

In fact, we propose the other proof for this result. Fix f = 5 +1 > 1
and denote by {z,_1,,n > 1} the sequence of positive zeros of the Bessel
function J,_1(+) of first order and index v — 1.

Theorem 5.3  (Deheuvels and Martynov 2003). The following equalities hold:

L —2B1A72 (it Zy_11
Eexp <2/0 (t+1) Wtﬂdt) = Nk U< 7

(5.9)

it 4vez v—1(2v
D(z) = E (1— V1,n> I'(v )](V1\<[)V\C), z e C. (5.10)

Let us denote by A2 and B? the random variables

y:Ae%wm,yzé e 2W2,, dt.

The following Tables [5.1] and [5.2] provide some values of quantiles of dis-
tributions of A2, B2. Calculations were based on the explicit form of the
Fredholm determinant and Smirnov formula (1.28)

H(l—u>, u >0 with An:i,
U—n 0-7’1
Oon e~ Xu/2

)

O2n—

11/[\/’D r=

where {A,,n > 1} are the eigenvalues of a covariance operator, associated
to Wiener processes {W;, t > 0} and {W;,1,t > 0} in L2([0, +0), e~ dt).
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It follows from Theorem [5.2| that the distribution of A? is

p([asx) =Ly [T
>x) ==Y (- —du
0 Tz -1t/ —Jo(v/1h)
2 @ 20,01 e—xu2/2
. —1”“/ —————du, x>0,
T ;1;1( ) 20201 U/ —Jo(u)

where zp, = /0y, for n > 1 and the distribution of B?is

© 1 > o e Xu/2
P(/ Bz>x>:2(—1)”+1/ du
0 ] o uy/[Jo(Vit) = Vuli(v/u)]
7 X Y —xu?/2
—— Z(—l)”“/z e B x>0,
T b1t/ [Jo(u) = u 1 (u)]
where 6, = /0, forn > 1.
P (A2 > x) 0.10 0.05 0.01 0.005 0.001
x 0.552 0.747 1.229 1.445 1.954
Table 5.1 — Values of some quantiles of distribution of fooo e W2 dt.
P (B2 > x) 0.10 0.05 0.01 0.005 0.001
X 1.832 2.552 4.323 5.113 6.982

Table 5.2 — Values of some quantiles of distribution of [;° e_ZthH dt.

5.3 PROOFs OF THEOREMS

In fact, proofs of Theorems and [5.3] are based on the approach
of Kleptsyna and Le Breton| (2002).

Suppose that {Z;,t > 0} is a centered continuous Gaussian process
with covariance function K(t,s) = EZ;Z,, for 0 < t,s < T. Then we have
the following result:

Theorem 5.4 For any T > 0, the following equality holds :

T T
Eexp (Z/ Z2Q(s) ds) = exp <Z/ v(s,s) Q(s) ds> , u<0, (5.11)
0 0
where Q(s) is a non-negative continuous deterministic function: [0, 400) —
[0, +00) and 7y(t,s) is a unique solution of the Riccati-Volterra type integral
equation

v(t,s) = K(t,s) +u /Osfy(t, r)y(s,r)Q(rydr, 0<s<t<T, (512)

such that 7y(s,s) = y(s), for s > 0.
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In the sequel we suppose that in addition

/Ooo K(s,s) Q(s)ds < co. (5.13)

Obviously, in our case, condition is satisfied. Note that due to the
inequality
K%(t,s) < K(s,s)K(t,1),

the following condition is satisfied

/oo /Oo K%(t,5) Q(t) Q(s) dsdt < co. (5.14)
o Jo

Further, the Lebesgue theorem implies that for any u <0

Eexp (Z /OOO Z2Q(s) d5> = exp <; /Ooo v(s,s) Q(S)dS> : (5.15)

The condition implies the compactness of covariance operator and
due to Hilbert-Schmidt theorem (see, e.g., [Kolmogorov and Fomine| 1977,
p-459), the equality is valid for some positive u, namely

Eexp (Z /Ooo ZSZQ(s)ds> = exp (; /Ooo 7(5,5) Q(s)ds) , u< All

where A; is the first eigenvalue of the covariance operator of the process
{Z;,t > 0} which belongs to L2([0, +-00), /Q(t) dt) .

Note also that the standard arguments imply that the multiplicity m,
of each positive eigenvalue is finite (see, e.g., Kolmogorov and Fomine

1977, p-467).

Condition (5.13), due to the Weierstrass theorem, imply that
[T (1 —A,z)™ is an analytic function in C.
Proof of Theorem

In this case K(t,s) = s, for s < t and the equation reduces to
following one

S
'y(t,s):s+u/ Yt ) y(s,r) (1+7)"2Pdr, 0<s<t<T.
0

It is clear that y(t,s) does not depend on t, hence y(t,s) = 7(s), where
7 (s) is the solution of the Riccati differential equation

Y(s)=1+uy(s)*>(1+s)"%, (0)=0.

It is well known, that the solution of this equation can be represented in
the form (s) = ¢;'(s)@2(s), where the pair (@1, ¢2) is a solution of the
Cauchy problem

(P/ (s) = —u(l +5)_2ﬁ(P2(5)/ ¢1(0) =1, )
{ ﬁvi(S) =¢i1(s), ¢2(0)=0. (5.16)
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We claim that, for any u, the solution of system (5.16)), is the following;:

P1(5) = v VY, (2uv/) (145)75 73y (20 (145) %)

—v Vi, (Vi) (148) 7572 Yy (200 (145)7% ),
92(s) = v Y, (2vv/u) (145)3 ), (20 (s +1)7%)

—vr ], (2vvu) (145)2Y, <2v\/ﬂ(s—|—1)*%>.

Indeed, equation (5.16) implies that

@5 (s) +u(1+s) gy(s) =0, (5.17)
and
@2(0) =0 and ¢;(0) =1. (5.18)

Hence, for some constants A and B, equation (5.17) has a solution given
by

P2(s) = VsTl{A]l (W) e (Wﬂ

B-D
= Vs 1{a), (2vvu(s+1)7%) +BY, (20v/u (s +1)7%) }.

Now, taking derivative of last equation with respect to s, we obtain

/(s) = AVi(s+1) | Jv (2v\/ﬂ(s+1)—z%)
Po(s) = \/m 2\/&(5_‘_1)_%

LBV 1) E {Yv (2o (s +1)%)

— Ji (2 (s +1)7%) }

Vs+1 2\/ﬂ(s+1)*§7
By (A.4), for v > 0, we have the recurrence relations:

) =D g, v = )

Y <2v\/ﬂ(s—|—l)21v)}.

—Yy11(x).
Therefore, we get
91(5) = gh(s) = AV (145) 3 Jyy (20v/u (145) %)
+ BV (1+5) 7 Y (20 (145) 75 )
Next, using the initial conditions , we obtain the linear system
At i1 (203/8) + B Yoo (207/10) = 1,
{ AJ, (2vy/u) + BY, (2vy/u) = 0.

From Wronski’s determinant property (A.11), we have

Jo (o) Yoer (20/0) = Josr (20V0) Y (20/0) = =z (5:19)
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Finally,
A=vnY, (2vy/u) and B=—vm], 2vVu).
2
Moreover, for u < 33, we have
Bow (5 [ WEG1) P is) = (@u(T) T (520
0

Indeed, to see (5.20), it is sufficient to multiply both sides of the first equa-
tion of (5.16) by ¢, ' (s) and integrate it further with respect to s. Then, we
obtain

T
—In(gy(T)) = u [ 7(s) (s+1) ¥ s,

due to initial condition ¢;(0) = 1. Therefore, we get

exp (Z /Ooo v(s) (s +1)7%F ds) = (Tlgr;o 401(T)>1/2.

In fact, the following properties of the Bessel functions in the neighbor-

hood of 0,
() I(v) (x\~
WO~ ey W~ (5) 5-21)
imply that, as T — oo,
vt /uY, (2vy/u)

¢1(T) ~ (1+7T) % (V\/ﬂ(1+T)*%>V+1

T'(v+2)
vy (2uv) T +1) (14+T) 78 (1f\/ﬂ(1+T)‘%)_V_1
—T(v+1)J, (zv\/g) (V\/a)—v

Thus, we obtain
-1/2 ’
E ) ) —28 _ ]1/ (21/\/&) Z’V,l
Eexp (2 /0 WZ(s+1) ds) <F(1/—|— 1)7(1/\/&),/ , u< 17

To prove the second statement of Theorem [5.1] it is sufficient to note
that for u < A ,

) 00 -2
H (1—Apu) (Eexp (Z/ Wsz(s+1)_2ﬁds>> ,
bl 0
where {A,,n > 1} is a sequence of the eigenvalues, which exists due to

the Hilbert-Schmidt theorem. Hence, for u < 4 L

- —Aqgu) =1(v ]V(va)
[TA—Awu) =Tw+1)=—F——5* (v’

bl
Now, condition (5.13) and the analytical properties of involved functions
imply that, for any uecC

we have

,_x

T a1 D)
[T (=) =T+ D220,
1/2
)\n:;r
v,1

which achieves the proof of Theorem
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Proof of Theorem

In a similar way, to prove the equality (5.5), it is sufficient to solve the
equation

which reduces to the following one
Y (s)=1+ur*(s)e’®, 7(0)=0.

The solution 7 of latter can be represented in form (s) = ¢;'(s)@a(s),
where the pair (@1, ¢2) is a solution of the Cauchy problem

{ ¢1(s) = —ue=ga(s), ¢1(0) =1, (5.22)
P5(s) = ¢1(s),  ¢2(0) = 0. :

Solving this equation, we obtain

p1(s) = 7 Vi e {Yo (Vit) i (Vite™) = Jo (Var) i (Ve ™)},
92(s) = 5 Yo (Vir) Jo (Viie™) = 7 Jo (Var) Yo (Ve ™),

Indeed, equation implies that
P3(s) +ue Zga(s) =0, 2(0) =0, ¢3(0) = 1.
Hence, for some constants A, B,
92(5) = Ao (viie™) + B Yo (vaie ™).
By (A7), Ji(x) = —J{(x) and Yi(x) = —Y{(x). Thus, we get
91(5) = ¢5(s) =Vue * {AL (Vue™®)+BYy (Vue™)}.
Using initial conditions, we obtain

{ Ao (Vu) +BYo (Vu) =0

AVuli (Vu) +ByuYr (Vu) = 1.
Finally,
U T
A=TYo (V) and B=-TJo(va),
due to Wronski’s determinant property:

Vit (Jo (Vi) Ya (Vat) — Ji (i) Yo (Vi) = —=.

T
Then, by (A3),as x L 0, J1(x) ~ x/2 and Yi(x) ~ =2/ (7 x). Thus,
Him o1 (T) = Jo (V).

Hence, for u < z3 , we obtained, the following equality:

Eexp (z [ wae ds) = (b(vu) ™"
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and for any u € C

e}

(1_/\11”) =Jo (ﬁ)l
=1

n

>

n 2
Zn,O

To prove equality (5.7) it is sufficient to solve the equation

which reduces to the following one

Y (s) =1+uy*(s)e?, ~(0)=1.

In a similar way, we obtained that for u < 5%,

Bewp (5 [ W2ae s ) = (o(vin) - van(vin) 2,

and hence, for any u € C

[ee]

[T =Au) =Jo(vVu) = Vuh(Vu),

n=1

1
An

= <37
(Sn

which achieves the proof of Theorem

Proof of Theorem

We emphasize that equality (5.9) is the result of [Deheuvels and Mar-
tynov| (2003) with simple change variable s = 1/(1 + t). We only show the
other proof.

Again, in a similar way, to prove the equality (5.9), it is sufficient to
solve the equation

S
y(t,s) =s+1+u / Yt 1) y(s,r) (1+7)"2Pdr, 0<s<t<T,
0
which reduces to the following one

Y () =1+uy’(s)(1+s)"%, 4(0)=1

The solution 7 of latter can be represented in form (s) = ¢;'(s)ga(s),
where the pair (@1, ¢2) is a solution of the Cauchy problem

{70~ ull 40 P, 01,
@5(s) = ¢1(s), ¢2(0) = 1.

This equation implies that

Py (s) +u(145)Ppy(s) =0, ¢2(0)=1, ¢5(0) =1
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75

Hence, for some constants A and B,
P1(s) = AV (1+5)7372 oy (20 (145) %)
+BVu(l+s) 5 1Y, (2V\/a(1+s)—%),
p2(s) = Vs+1{AJ, (20vu(s+1) %) + BY, (20Vu (s +1) %) }.

Properties of the Bessel functions in the neighborhood of 0 we gives,
as T — oo,

p1(T) ~ Ai\/a(l_i_T),%,% (v\/ﬂ(1+T)*§7)VH

I'(v+2)
_B\ful“n(v+1)<1 +T) w2 (V\/ﬂ(1+ T)*%yv*l
N _Bl"(://;— 1) (V\/ﬂ)—v _ _Bl;iv) (v\/ﬂ)_v.

Using initial conditions, we get the linear system
AV Jy1 (2vy/u) + ByVu Yy (2vyu) =1
{ A, (2vy/u) +BY, (2vy/u) = 1.
From Wronski determinant (5.19), we have
B = —vr(J, (2vv/a) — Vi Jy (/i) = —vrevufy_1 (20/1) .

2
Zy11

Hence, for u < we obtained, the following equality:

412
~1/2
0 v— 2
Eexp ( JAR R ds> ~ (rl @)
2 Jo (vv/u)
and for any u € C
© 1 (2
(1 Agu) = r(v)M,
n=1 (V\/ﬂ)
2
Zy11

which achieves the proof of Theorem
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Appendix A. Annexes

SOME USEFUL PROPERTIES OF BESSEL FUNCTIONS

For any real v € R, the Bessel functions are solutions y(x) of Bessel’s
differential equation

2y (x) +xy (%) + (x* —v?) y(x) = 0. (A.1)

We recall some important properties of Bessel functions (see, e.g., Korenev
2002| and [Watson|(1952, for more details). The Bessel function of first kind
Ju(+) is defined by the series representation

e 0
]v(x) = <§> ,;]F(V+n+1)zf(n+l)’ x > 0.

Actually, this function can be defined also in C \ (—o0,0) by an analytical
extension.

For non-integer v, the functions J,(x) and J_,(x) are linearly indepen-
dent, and are therefore the two solutions of the differential equation (A.1).
On the other hand, for integer order v = n, the following relationship is
valid (note that the Gamma function becomes infinite for negative integer
arguments)

Jon(x) = (=1)" Ju(x).

This means that the two solutions are no longer linearly independent. In
this case, the second linearly independent solution is then found to be the
Bessel function of the second kind, denoted by Y, (-) are solutions of the
differential equation (A.1). For non-integer v, it is related to J,(-) by

_ Ju(x) cos (vir) — J-u(x)

Yy (x) Sin (v77) , x>0. (A.2)

The right-hand side goes to the correct limiting value Y, (x) as v goes to
some integer 1, more precisely, the following representation holds:

Yy (x) = %],,(x) <7+1n <%>) B % i (n—llz'—l)l <i>n—2k

k=0

1 (DR Mk +1)  T(k+1)
—;k; k!(n+k)! [ (n+k)! k! ]

The both Bessel functions look qualitatively like simple power laws, with
the asymptotic forms, as x | 0 (see, e.g., Jackson 1962, p.81)
I'(v) /x

@ v>0 Yy(x) ~ ————= (§>7V v>0. (A3)

]V(X)NF(V+1) =Y o

In particular

2 x
Vo) ~ 2 (r+1n(3))
where v = 0.577215. .. is the Euler’s constant and we have the following

properties (see, e.g., Jahnke and Emde 1945, Watson 1952, p.45-66 and
p-478-521).



A.1. Some useful properties of Bessel functions

79

For a real postif v > 0, we have the recurrence relations

v J,(x) _ vYy(x)

=" g, e =Yy (a4
1) = oa) = g < vy - P (A35)
ot (04 T () = 1), Yera(0) + Yo () = n(x) (A6

In deduced
Ji(x) = =Jo(x), Yi(x) = =Yp(x) (A7)
LERE) =T, S ENE) =) (A

The Wronski determinant for the functions J,(x) and Y, (x) is equal to (see,
e.g., Korenev|2002)

2

BV ()~ LY = 2 (A9)
By combining with and (A.4), we obtain the formulas
]v(x)Yv—1<x) - Iv—l(x)yv(x) = 7'(2x, (A.10)
2
Jo(x)Yy41(x) — Josr (0) Yy (x) = - (A.11)

Forv > —1and a,b > 0 (a # b), by a double integration by part, and
using the above equalities, we have

/01 x Jy(ax) Ju(bx) dx = 2Ju(b) ]L(aZz__ba];(u) 1)
2 (sl 0) O el (A2
2v b2 — a2
/01 x Yy (ax) Y, (bx)dx
A S SN )
2v b2 — a? 0
and
[ P ax) dx = 3 (20) ~ s (@) o)}
1, 5 2v
=5 {]v (61) + (ﬂ) T ]v(a) Jut1 (El)} (A.14)
S (O ROEES ROV SIO)

1

/01 x Y2(ax)dx = E X2 {Y2(ax) — Yy_1(ax) Yys1(ax)} (A.15)

2

For each v > —1, the positive zeros of ], (-) (solution of J,(z) = 0) form
an infinity sequence, denoted by 0 < z,; < z,2 < ..., and we have the

0
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two Rayleigh extensions of Euler’s formula (see, e.g., Watson |1952, p.502
or |Lehmer| 1943-1945, p.405-407)

© 1 © 1
g i La S e ity

(A.16)

An alternative definition of the Bessel function J,(-) makes use of Euler’s
formula (see, e.g.,[Watson 1952, p.498)

Ju(z) = I’(S/Z—?—l) U ( Z;ﬂ) for z>0. (A.17)

A.2  AUXILIARY RESULTS
Lemma A.x  Let ¢,(-), n > 1 be defined by equation (2.35). Then, for alln > 1 and m > 1,
we have
[0 if n#Em,
fommay={ 7 & 27

Proof. Let us carry out the change of variable x = ¢¥, we have

[ )y =210 (1) Jo )] [ % a(w1 ) ()

Foralln > 1and m > 1, we take a = v, and b = vy,. We know

1
that J1(v1,,) = Ji(vam) = 0, so we use (A.12) and (A.14), we obtain the

conclusion. O
Lemma A.z2  Let ,(-), n > 1 be defined by equation (2.36). Then, foralln > 1 and m > 1,

we hai)e
ll’m — O ]‘f

if n=m.

Proof. Let us carry out the change of variable x = ¢™Y, we have

[ 0 @) ) dy

-2 [(]1(1/2,”) - B {%2a) Yl(VM)> <]1(V2,m) _ L2 (v2m) Yl(VZ"”)>] ) X

& (VZ,n) e (Vz/m)
2 (VZ,n> P! (VZ,m) 1 2 2
{ 2 (V2] & (V0] /o x <Y1 (V2,0 x) + — x> <Y1 (Vo,m X) + —— x)dx

_ J2(van) /01 x <Y1 (Vo0 x) + ) J1 (vo,m x) dx

a (Vo)

. J2 (Vz,m) /01 . (Yl (yz,m x) n 2 > I (Uz,n x) Ix

a (Vo,m) TV X

TV X

1
+/0 x J1 (vaux) J1 (va,mx) dx}.
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Now, we take a = 12, for n = m > 1 and we use equalities (A.14)), (A.15)
we obtain

1 1
/0 x JE(vaux) dx = 5 {1E(v2n) = Jo(van) T2 (vam) }

and
1 2 2
/ X <Y1 (Vo0 X) + > dx
0 TV X
1 1 2
= §Y12 (v2n) = SYo(vau)a(van) — p- V%nﬁ(vz,n)z
and
/1x Y1 (v2, x) + 2 J1 (v x)dx—lf(v )Y1(van)
0 1\V2n Vg X 1\Y2n - 7 1\V2n) L1\V2,n
— i]z(l/z,n)Yo(Vz,n) — i]o(l/z,n)“ (von) — 7z, (Jo (vo,n) — 1).
Remind that f (v2,,) = 0, for n > 1, therefore
2 _ _ J2 (va,n) Y1(van)
/]Rlzbn(y) d]/ - |:]1(V2,n> (VZn) :|
X&%M)h%ﬂh%ﬂ—diﬁ@hwwmww

~ (v Yo(v2) = olvn)a (v2) = o (o (v2) ~ 1)

2.n

+ izz ((ZZ)) (le(VZ,n) — Yo(va,n)a (v2,n) — nj%nﬁ (1/2,,1)> }
-2
:hM“‘h%ﬁi&w]{ﬁmw+g%%Z$M

5 J53 (1/2,”) Y; (1/2/”) I (1/ ) 4 | (Vz,n) f (Vz,n) } -1

a (Vo) 2T V3, 02 (V2,n)

Next, we take a = 15, b = 1, for n # m > 1 and we use equalities

(A13), (A3) we obtain

/01 % i (Vo) Jy (Vo) dxc = Vo,nVom [Jo(Va,n) J2(Vam) — Jo(Va,m) J2(Vou)]

2 2
2 (VZ,m - 1/2,n>

7

and
1 2 2
/ X Yl (1/2,;1 x) + Y1 (VZ,m x) + dx
0 TV n X TV, m X
Vo,V 4
— % {YO(VZIH)[X (Vz/m) — Yg(vz,mx)oc (Uz/n) — 7_[7,5 (1/2,”)
2 (Vz,m — 1/2,”) 2,n

iﬁ%@}

7'(1/2,m
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and
1 2
/0 ¥ <Y1 (Vo0 x) + . x) J1 (va,m x) dx
1% nV m
2 (UZ,m - UZ,?’!)
b o) 1) )
3, 0 vam ,

and

1 2
/0 X (Y1 (Vo,m X) + Tam x) J1 (vo, x)dx

vV 1%
__ mzn {YO (Vz,m) ]2(1/2,11) —Jo (1/2,,1)06 (Vz’m)
2 (1/2 —v3 )
2,1 2,m

+ i2 (Jo (v2,n) — 1) }

7T VZ,n

For n > 1and m > 1, we know that f (v2,,) = f (v2,») = 0, hence

[ 9u(6) $ul) dy
_ [(]1(1/2,11) (et (VZ,n)) (]1(V2,m) e (em)Ya (VZm)):| !

& (V) & (Vo,m)

X

Av2ntam J2 (V2,1)
s (V%m - v§,n> {V%,m(x (Vo) (Vz,m)f (v2,m)
—— J2 (VZ,m) f (1/2/")} o

Z,n“ (VZ/”) u (V2fm>

O
Lemma A.3  The covariance function of (1(x), x € R) (under hypothesis Ho) is given by
Rf(x,y) =2 (1{x\/y<0}32(X/\y) + 1{x/\y20}672(x\/y)>
— (2(|x] + |y|) + sgn(xy)) e 2xI+WD,

Of course,
Rf(x,x) = 2072 — (4 x| +1) e 4,

Proof. In view of Theorem [2.1] the covariance function of (7(x),x € R)
can be written as follows:

XN\ 2
Ry(x,y) = 4 o () fo () { [2(28) e

YV Fsy(v) (1= Fs,(0)) . © (1=F5(v) ’ v) do
/x/\y fso(0) do + xvy< fs(v) ) fool0)d }
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We first consider the case where x Ay > 0, we have

2
Rﬂmy>=4ﬁ4mfgw>{/)(&“m) fo (o) do

fs,(0)
LR s [ B
INC D!
Then Ki(eg) 267259 _ o (x 4 y) e 2HY) _ - 2xhy),
where
[L(56) o=
[ (R - 27022750

/x\/y Pso )(1 Fso ) Jo — xVy—xAy n e—2(xVy) _ p—2(xAy)
XNy fso( ) 2 8 ’
(%

Aw<ﬁﬁﬂ>ﬁﬂ> = e,

In the case x Vy < 0, by symmetry and similarly to the case x Ay > 0, we
obtain

Rf(x, y) = 22(x\Y) 4 2(x +y)€2(x+y) _ 2lxty).
Finally, in the case where x Vy > 0 and x Ay < 0, we have

Ry(x,y) = 4 fs,(x) fs,(y) {/_ny (PSO(U))Z fs,(v) dv

fso (ZJ)
" () (1= Fy(2)) R Fsy(2) (1 Fs,(0)
B /W fa@ 0T / RO
~ (1-F5(0)\?
(550 )
Then
Rf(x,y) = 2(xAy—xV y)ez(X/\y—x\/y) + e2(x/\y—x\/y),
where

[ (B0 - Lo

0 Fgy(0)(1-F5,(0))  _ xny & 1
Lw fa) T e
xvy Fs () (1 — Fs, (0)) xVy e 2V —1
/0 fSo( ) do = 2 * 8 '
® (11— PSO(U) 1 2(xVy)
Aw<ﬁm>)ﬁ“) 5

So we obtain the result for all x,y € R. O



84 Appendix A. Annexes

Lemma A.4  Under hypothesis Ho we have the following inequality

/ Es, G(&, )2 v(dx) < co.
R

Proof. We have

Es, G(Z,x)* = 4fso(x)2/

R

fso (Z))

x v 2
:4f50(x)2/00( Oy ?goévg dU) fso(y)dy

S _ 2
s [T ([T ) Sy

2
(500

By a direct calculation, we obtain

ESO G(CI X)2 < €—2|x\ + €—4|x\,

1
2
and

1 7
[ BsiGEx)Pdx <5 <oo, [ Bs, G(e,x)2dFs,(x) < 57 < o
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NOTATIONS

anb
aVvb
bszog(ae)/
&€ — &

be - Os(as)z

&€ — €
bSNaF_

L%[a, b]
1A(X)

sgn(x)

E~P

or(-)

The minimum of real numbers 4 and b.

The maximum of real numbers a and b.

The sequence b, is asymptotically smaller than a,,

ie., be/a. — 0as e — g.

The sequence b, is asymptotically bounded by the
sequence 4, i.e., |be| < Clae|, Ve.

The sequences b, and a4, are asymptotically equivalent,
ie., be/a. — 1 ase— ¢g.

The set of all square integrable functions on [a, b].

The indicator (or characteristic) function of the set A C R,

ie, 14(x) =1if x € A, otherwise 14(x) = 0.
The sign function of a real number x, i.e., sgn(x
if x <0, sgn(x) = 0 if x = 0, otherwise sgn(x)
Probability measures.

The mathematical expectation w.r.t. P.

The random variable ¢ follows the law P, i.e., the
probability of the event § € A is equal to P(A).
The test function (decision rule).

The level of significance, where a € (0,1).

The class of tests of asymptotic level 1 — « (size «).

-1

~—

1.
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Titre Test d’ajustement d’un processus de diffusion ergodique a change-
ment de régime

Résumé Nous considérons les tests d’ajustement de type Cramér-von
Mises pour tester I'hypothese que le processus de diffusion observé est un
"switching diffusion”, ¢’est-a-dire un processus de diffusion a changement
de régime dont la dérive est de type signe. Ces tests sont basés sur la fonc-
tion de répartition empirique et la densité empirique. Il est montré que
les distributions limites des tests statistiques proposés sont définis par des
fonctionnelles de type intégrale des processus Gaussiens continus. Nous
établissons les développements de Karhunen-Loeve des processus lim-
ites correspondants. Ces développements nous permettent de simplifier
le probléme du calcul des seuils. Nous étudions le comportement de ces
statistiques sous les alternatives et nous montrons que ces tests sont con-
sistants. Pour traiter les hypothéses de base composite nous avons besoin
de connaitre le comportement asymptotique des estimateurs statistiques
des parametres inconnus, c’est pourquoi nous considérons le probleme
de I'estimation des parametres pour le processus de diffusion & change-
ment de régime. Nous supposons que le parametre inconnu est a deux di-
mensions et nous décrivons les propriétés asymptotiques de I'estimateur
de maximum de vraisemblance et de I'estimateur bayésien dans ce cas.
L'utilisation de ces estimateurs nous ramene a construire les tests de type
Cramér-von Mises correspondants et a étudier leurs distributions limites.
Enfin, nous considérons deux tests de type Cramér-von Mises de proces-
sus de diffusion ergodiques dans le cas général. Il est montré que pour
le choix de certaines des fonctions de poids ces tests sont asymptotique-
ment " distribution-free ". Pour certains cas particuliers, nous établissons
les expressions explicites des distributions limites de ces statistiques par
le calcul direct de la transformée de Laplace.

Mots-clés Tests d’ajustement, tests de Cramér-von Mises, développe-
ment de Karhunen-Loéve, transformée de Laplace, processus Gaussiens,
fonctions de Bessel, processus de diffusion ergodiques, propriétés asymp-
totiques, estimateur du maximum de vraisemblance, estimateur Bayésien,
estimateur de la méthode des moments.

Title Goodness-of-fit test for switching ergodic diffusion process

Abstract We consider the Cramér-von Mises goodness-of-fit type tests to
test the hypothesis that the observed diffusion process is "switching diffu-
sion", i.e., this process has sign-type trend coefficient. These tests are based
on empirical distribution and empirical density functions. It is shown that
the limit distributions of the proposed test statistics are defined by the
integral type functionals of continuous Gaussian processes. We provide
the Karhunen-Loéve expansion of the corresponding limiting processes.
This expansion allows us to simplify the problem of the calculation of
the thresholds. We study the behavior of these statistics under alternatives
and we show that these tests are consistent. To treat the composite basic



hypotheses we need to know the asymptotic behavior of statistical esti-
mators of the unknown parameters. That is why we consider the problem
of parameter estimation for switching diffusion process. We suppose that
the unknown parameter is two-dimensional and we describe the asymp-
totic properties of the maximum likelihood and Bayesian estimators in this
case. Using these estimators we construct the corresponding Cramér-von
Mises type tests and study their limit distributions. Finally we consider
two Cramér-von Mises type tests for ergodic diffusion process in the gen-
eral case. It is shown that for a certain choice of weight functions these
tests are asymptotically distribution-free. For some particular cases, we
provide the explicit expressions of the limit distributions of these statistics
via direct calculation of Laplace transforms.

Keywords Goodness-of-fit tests, Cramér-von Mises tests, Karhunen-
Loéve expansion, Laplace transforms, Gaussian processes, Bessel func-
tions, ergodic diffusion process, asymptotic properties, maximum likeli-
hood estimator, Bayesian estimator, estimator of the method of moments.
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