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97,D$%-$,9$ $, 8%76"6+'+31 872% '" D+3$&&$ 4$ '5+,4+D+42 '$ 8'2& ; -"29:$ 872% 2, 8%79$&&2&

4$ .$''#",)!"%%+&= *+,-#", @EFC " $,&2+3$ 41#7,3%1 '" 97,D$%-$,9$ 8%$&G2$ &H%$ 872% 2,

8%79$&&2& 4$ 0%2#8)I74$)J"-$%& $, &2887&",3 G2$ 872% 2, 9$%3"+, t > 0? 1 < Φ(t) < +∞=

.+--+,& @KC " $,&2+3$ &288%+#1 9$33$ %$&3%+93+7, $3 13$,42 '$ %1&2'3"3 "2L #"%9:$& "'1"37+%$&

6%",9:",3$&=

M5","'7-2$ 97,3+,2 4$ 9$ #74N'$? '$ #72D$#$,3 6%7O,+$, 6%",9:",3  "D$9 6%",9:$#$,3

6+,"+%$/? " "2&&+ <"+3 '576P$3 451324$& 872&&1$&= M523+'+&"3+7, 4$ #13:74$& &819+QG2$& "2 9"&

97,3+,2 97##$ '$ 9"'92' &379:"&3+G2$? $3 $, 8"%3+92'+$% '5$L8'7+3"3+7, 42 '+$,  D7+% I9*$",

@RKC/ "D$9 '51G2"3+7, "2L 41%+D1$& 8"%3+$''$& S)*>>  +,3%742+3$ $, TKUB 8"% S+&9:$% @AVC?

*7'#7-7%7D? >$3%7D&W+ $3 >+&972,7D @EEC/ 47,3 '$& &7'23+7,& 97,D$%-$,3 D$%& 2,$ 7,4$ 8%7)

-%$&&+D$? " 8$%#+& 45763$,+% 4$& %1&2'3"3& 3%N& Q,& &2% '" 87&+3+7, 4$ '" 8"%3+92'$ '" 8'2& ;

4%7+3$= .%"#&7, @VXC? @VVC " #7,3%1 '" 3$,&+7, 82+& '" 97,D$%-$,9$ $, 4+&3%+623+7, 4$ Rt−mt?

7Y mt =
√
2t− 3

2
√
2
log t+O(1) $&3 '" #14+",$ 4$ Rn  $, 8"%3+92'+$% vc =

√
2/=
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'" 97,D$%-$,9$ $, 4+&3%+623+7, d G2+ ,19$&&+3$ 4519"%3$% '$ 9"& 7Y '$& 418'"9$#$,3& &7,3 87%31&
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 !"#$%&' ( )  !"#$%&'"($!

log !"#!$%&'

() *$+, $+--. -./#$)&0 )& 1"23)& 2&- !$-!$2&- 1+),.4).!$,.%&-5 67+.%$)&#, 8 !&)+. 2&- 1$0!9&-

2& :0$#!9&1&#, 1$.- 406-&#,6 -"+- +# *"01$).-1& 2.;60&#, &, 6,+2.6 $%&! 2&- 16,9"2&- &, &#

%+& 2<":=&!,.*- $+,0&-5 7+. $ *$., )<":=&, 2<+#& ).,,60$,+0& $:"#2$#,& 2&4+.- -"# .#,0"2+!,."#

4$0 >$#2&):0", 4"+0 )<6,+2& 2<+# 40":)31& 2& ,+0:+)&#!& .--+ 2& )$ 49?-.7+&' @$9$#& ABCD5

ABED5 ABFD5 ABGD &, @$9$#& &, H&?0.30& ACID "#, $44"0,6 +#& !"#,0.:+,."# .14"0,$#,& 8 !&,,&

,96"0.&' >$+)2.# &, J.)).$1- AFED 26,&01.#&#, )$ 2.1&#-."# 2<":=&,- *0$!,$+K $)6$,".0&-5

/6#60$).-$#, $.#-. )&- ,0$%$+K 2& >"0$# AGLD 2$#- )& !$- 26,&01.#.-,&' M# 4"+00$ $+--. -&

06*60&0 2$#- !& 2"1$.#& $+K ,0$%$+K 4)+- 06!&#,- 2& J$?1.0& &, J.)).$1- ANIFD5 ANIGD "+ O.+

AEBD'

P&- 06-+),$,- Q#- !"#!&0#$#, )$ 1$0,.#/$)& $22.,.%& &, )$ ,0$#-*"01$,."# 2"#, -$ ).1.,&

&-, +# 4".#, QK& #$,+0&) "#, 6,6 ":,&#+- 4$0 P+0&,, &, O.//&,, ARFD5 O.+ AERD5 S.//.#- &,

@?40.$#"+ ANLD5 ANTD'

H$01. )&- 16,9"2&- 26%&)"446&- 4"+0 )<6,+2& 2&- 1$0!9&- $)6$,".0&- :0$#!9$#,&-5 )&-

!"#-,0+!,."#- 8 64.#& 160.,&#, +#& $,,&#,."# 4$0,.!+).30&' U))&- 4&01&,,&#,5 4$0 +# !9$#/& 

1&#, 2& 40":$:.).,65 2& !9".-.0 2& 1$#.30& $--&V #$,+0&))& +# .#2.%.2+5 2& 1$#.30& $)6$,".0&

1$.- &# 40.%.)6/.$#, !&+K )&- 4)+- 8 20".,&' U))&- "#, &# 4$0,.!+).&0 4&01.- 8 O?"#-5 H&1$#,)&

&, H&0&- AFLD &, O?"#- AFID 2& 0&261"#,0&05 4)+- -.14)&1&#, &, $%&! 9?4",93-&- 4)+- *$.:)&-5 )&

,96"031& 2& S.//.#- ANID 7+. /6#60$).-& )& ,96"031& 2& @&-,&# W,./+1 &# 2"##$#, +#& !"#2. 

,."# #6!&--$.0& &, -+X-$#,& 4"+0 )$ 26/6#60&-!&#!& 2& )$ ).1.,& 2& )$ 1$0,.#/$)& $22.,.%&'

Y&, "+,.) $ 6,6 +,.).-6 8 2& #"1:0&+-&- 0&40.-&- 4$0 )$ -+.,&'

Z","#- 7+& -. )&- 1$0!9&- $)6$,".0&- :0$#!9$#,&- +#.2.1&#-."##&))&- "#, +# .#,60[, 40"40&5

"# 4&+, $+--. )&- !"#-.260&0 !"11& )& 4",&#,.&) 2$#- )&7+&) 6%")+& +#& 1$0!9& $)6$,".0& &#

1.).&+ $)6$,".0& -+0 +# $0:0& \%".0 O?"#- &, H&1$#,)& AFND5 >&#-9.]"% &, H&,0.,.- AGID^' O$

!"14069&#-."# 2& !& 4",&#,.&) &-, .#2.-4&#-$:)& $Q# 2<":,&#.0 2&- 06-+),$,- Q#- -+0 )$ 1$0!9&

$)6$,".0& &# 1.).&+ $)6$,".0& \%".0 4$0 &K&14)& _+ &, W9. ABND5 ABLD^'

 !"# $%&'("# %)*%+,-&"# .&%/'(%/+"# %0"' .%&&-1&" %.2

#,&.%/+"

` 4$0,.0 2<.!.5 "# -+44"-& 7+<.) &K.-,& t∗ > 0 ,&) 7+& Ψ(t∗) = t∗Ψ′(t∗)' Y&,,& !"#2.,."# &-,

2.-!+,6& &# -&!,."# E 2$#- )& !9$4.,0& R' O<.#Q1+1 2& )$ 40&1.30& *"01+)& 2+ a96"031& L'`

&-, $)"0- $,,&.#, &# t∗ &, 2"#! vc = Ψ′(t∗)'
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 !"# $%&'("# %)*%+,-&"# .&%/'(%/+"# %0"' .%&&-1&" %.#,&.%/+"

 !"# $%%&'!(# )$# #"*)*+,+-"& )&'"+ !. vc > 0/ )$# )*+,+-"& )&'"+ !. vc = 0 &, &(0(

#!"#1)*+,+-"& '!*#-"& vc < 02

3( %&", 45+6&77&(, #!"#,*$+*& vc 8 )9$-"& 64%'$)&7&(, :$",*&7&(, 6+, )9$(;&* Z &(

Z − vc< %!"* #& *$7&(&* 8 '=4,"6& 6" )$# )*+,+-"& vc = 02 3( %&", &(#"+,& 7"',+%'+&* '&#

64%'$)&7&(,# %$* t∗ :)9$(;&* Z &( t∗Z< %!"* #& *$7&(&* 8 t∗ = 12

>!"# )&# )!(6+,+!(# 6& (!*7$'+#$,+!(/ ?" &, >9+ @ABC !(, 7!(,*4 "( *4#"',$, %*4)+# %!"*

'$ %!#+,+!( 6& '$ %$*,+)"'& '$ %'"# 8 6*!+,& D

 !"#$%&' ()* :?"1>9+<)  !"#$%$!""&''&(&"% ) '* +,-.$&/

lim sup
n→∞

1

log n
Rn = −

1

2
01+1,

lim inf
n→∞

1

log n
Rn = −

3

2
01+1,

lim
n→∞

1

log n
Rn = −

3

2
&" 0-!2*2$'$%3.

E+(#+ (!"# #$5!(# !. #& ,*!"5& '$ %$*,+)"'& '$ %'"# 8 6*!+,&/ 7$+# )& *4#"',$, (& (!"# 6+,

*+&( #"* #!( 9+#,!*+-"& $5$(, '& ,&7%# n2 F$* &G&7%'& !( %&", #& 6&7$(6&* #+ )=&#, '=+(6+5+6"

'& %'"# 8 6*!+,& 6$(# "(& ;4(4*$,+!( 6!((4& -"+ &(;&(6*& '=+(6+5+6" '& %'"# 8 6*!+,& 6$(#

"(& ;4(4*$,+!( "',4*+&"*&2 H$ *4%!(#&/ (4;$,+5&/ 8 )&,,& -"&#,+!( %$*,+)"'+I*& $ 4,4 6!((4&

%$* H$''&J &, >&''K& @LMC 6$(# '& )$# 6" 7!"5&7&(, N*!O(+&( $5&) N*$()9&7&(, N+($+*&/ -"+

&#, '=$($'!;"& )!(,+(" 6& '$ 7$*)9& $'4$,!+*& 6& N*$()9&7&(,2 H&"* *4#"'$, &#, -"& )9$-"&

+(6+5+6" $/ 6$(# "(& )&*,$+(& ;4(4*$,+!( "',4*+&"*&/ "( 6&#)&(6$(, -"+ !))"%& '$ %!#+,+!( '$

%'"# 8 6*!+,&2

P$(# )&,,& ,9I#&/ (!"# (!"# +(,4*&##!(# $"G Q,*$R&),!+*&# &G,*47$'&#Q 6& '$ 7$*)9&/ 6!()

8 '=9+#,!*+-"& 6&# +(6+5+6"# &, %$# #&"'&7&(, $"G %!#+,+!(# 8 "(& ;4(4*$,+!( 6!((4&2  !"#

+(,*!6"+#!(# %!"* )&'$ "(& N$**+I*& $N#!*N$(,& 640(+& )!77& "(& #"+,& ϕ : N 7→ R/ -"+ ,"&

,!"# '&# +(6+5+6"# -"+ '$ S*$()9+##&(, :)=&#,1816+*&/ %!"* )9$-"& n ∈ N/ '&# +(6+5+6"# 6& '$

;4(4*$,+!( n 6!(, '$ %!#+,+!( &#, +(S4*+&"*& 8 ϕ(n)/ '&#-"&'# (& #& *&%*!6"+#&(, 6!() %$#<2

 !"# )!(#+64*!(# "(+-"&7&(, '$ %!%"'$,+!( -"+ #"*5+, $" 6&##"# 6& '$ N$**+I*&2

T&# 7$*)9&# $'4$,!+*&# N*$()9$(,&# $5&) N$**+I*&# %&"5&(, 7!64'+#&* "( %*!N'I7& 6=45!'"1

,+!( 6& %!%"'$,+!( $5&) #4'&),+!( D $" '+&" 6=$5!+* )!77& 6$(# '& %*!)&##"# 6& U$',!(1V$,#!(

)'$##+-"& "(& 7W7& )9$()& %!"* )9$-"& +(6+5+6" 6& #& *&%*!6"+*&/ !( S$+, 64%&(6*& #!( $%1

,+,"6& 8 #& *&%*!6"+*& 6& #!( $6$%,$,+!( $" 7+'+&" &( +(,&*%*4,$(, '$ %!#+,+!( 6="( +(6+5+6"

)!77& #$ S!*)& &, &( )!(#+64*$(, -"& #&"'# '&# +(6+5+6"# 6="(& S!*)& #"X#$(,& :#+,"4# $" 6&#1

#"# 6& '$ N$**+I*&< #"*5+5&(, &, #& *&%*!6"+#&(,2 Y' J $ $'!*# )!7%4,+,+!( &(,*& '=$))*!+##&7&(,
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 !"#$%&' ( )  !"#$%&'"($!

 !"#$ $%& ' ( ') "#"*')%&#$ ()$+ ' ",#- ++*+ ( .)'%#$/0)%+#$ +#*+/1)- $%  % '2 3 % ( ')

4),,&5, 6 7$ " *% $8)$9#&$+ (#*% , ( ') " ,%&$ $- ( - 9#(5' ()$+ ') 9 +*, #: #$ $ 

"),;& $% ")+ < #4% $&, ( "#"*')%&#$ +%)4' = ()$+ ' + -)+ #: '2#$ +)&% (&+%&$>* , ') +*,;& 

( '2 !%&$-%&#$? #$ #4+ ,; +#&% '2 !%&$-%&#$ (* ",#- ++*+? +#&% ') +*,;& ); - )--,#&++ 9 $%

 !"#$ $%& ' ( ') "#"*')%&#$? -#99 ()$+ ' -)+ (* ",#- ++*+ ( .)'%#$/0)%+#$6 @#*+ 9 $/

%&#$$#$+ *$ )*%, 9#(5' ( +8' -%&#$? "'*+ A(5' < - B* '2#$ ;#*(,)&% (8-,&, ? ); - *$ 

"#"*')%&#$ '&9&%8 "), ' + , ++#*,- + (* 9&'& * 9)&+ B*& $ +28% &$% ")+ $8- ++)&, 9 $%  +%

#4% $*  $ $ -#$+ ,;)$% B* ' + N &$(&;&(*+ ' + "'*+ " ,C#,9)$%+ "),9& - *! #4% $*+  $

C)&+)$% + , ",#(*&, - *! ( ') >8$8,)%&#$ ",8-8( $% D;#&, E,*$ %  % F ,,&() GHIJK6

L) ,)&+#$ B*& ) 9#%&;8 '2&$%,#(*-%&#$ ( - 9#(5' "), E&>>&$+  % )'6 GMNJ  +%  $ C)&%

*$ ",#4'59 ( -)'-*'+  $ "),)''5' &++* ( '2&$C#,9)%&B* 6 7$ " *% )*++& +2&$%8, ++ , )*!

9),-O + 4,)$-O)$% + ); - 4),,&5, + -#99 &$(&B*8 "'*+ O)*% "#*, #4% $&, ( + &$C#,9)%&#$+

+*, ' + %,)1 -%#&, + (2*$ 9),-O )'8)%#&, 4,)$-O)$% 6

 !"#$%$&'&() *+ ,-".&+ *%/, '+, 0%, 0"&(&1-+ +( ,#-,20"&(&1-+

@#*+ 8%*(&#$+ &-& ' -)+ (2*$ 4),,&5, '&$8)&, + (8"')P)$% < *$ ;&% ++ v = ∀n ∈ N?

ϕ(n) = nv?  % $#*+ +*""#+#$+ B* ') "#+&%&#$ &$%&)' x D+#*+ Px
K  +% +%,&-% 9 $% "#+&%&; 6

Q ') 8B*&;)*% < -#$+&(8, , *$ 4),,&5, A! < '2#,&>&$  % < 8%*(& , ') 9),-O 4,)$-O)$% ( 

;&% ++ ε = vc − v (#$% ' + (8"')- 9 $%+ +#$% %#*+ (&9&$*8+ ( v6 7$ (8A$&% Φ  % Ψ "#*,

- %% $#*; '' 9),-O  % #$ &$%,#(*&% =

h := inf
t>0

Ψ(t).
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 !"#$%$&'&() *+ ,-".&+ *%/, '+, 0%, 0"&(&1-+ +( ,#-,20"&(&1-+

 !"!#$ Zn %& #!'()& *+,#*,-,*.$ -,-/#"$ */#$ %/ 01#1)/",!# n2

3,00,#$ &" /%2 4567 !#" '!#")1 %& )1$.%"/" $.,-/#" 8

 !"#$%&' ()* 93,00,#$:;.(/<=&-$>?:@=A/)"B:C&,$$D)  ! "#$$%"& '#& (&" )*$(+,&-&!."

"%!. )&" ,%$/&" /0/0) )1#!& 2+3/+4(& +(*+.%/3& 3*&((& ξ .&((& '#& Φ′(0) = Φ(0)E [ξ] < 0 &.

P(ξ > 0) > 0 &. '#& Φ(t) < +∞ $%#3 #! ,&3.+/! t > 0 5&! $+3./,#(/&3 (& !%-43& -%6&!

)1&!7+!." Φ(0) &". 8!/90 :(%3" (1/!8-#- )*8!/""+!. h &". +..&/!. $%#3 #!& #!/'#& 2+(&#3

ν > 0 )& t &.
1

n
logEx[Zn]→ h.

;& $(#"<

Px
(
lim

n→∞
Zn = 0

)
= 1 "/ ε ≤ 0

Px
(
lim

n→∞
Zn =∞

)
> 0 "/ ε > 0.

E# F/)",<.%,&)G ,% ? / &H",#<",!# F)&$I.& $J)& */#$ %& </$ $!.$:<),",I.& ε < 0 &" $.)-,& /-&<

F)!(/(,%,"1 $"),<"&'&#" F!$,",-& */#$ %& </$ $.)<),",I.&2 ;& "=1!)K'& #& <!#<%." F/$ */#$ %&

</$ <),",I.&G '/,$ !# F&." -!,) F/) .# /)0.'&#" ")K$ $,'F%& 9-!,) L**/),!:3&))? &" 3)!.",#

457D !. M %/ %.',K)& *. N=1!)K'& O2L I.+,% ? / &H",#<",!# F)&$I.& $J)& %!)$I.& ε = 02

P/#$ %/ F)&',K)& F/)",& *& <& ")/-/,%G #!.$ <!'F%1"!#$ %+/#/%?$& <,:*&$$.$ &# &$",'/#"

Px(Zn > 0) */#$ %&$ </$ <),",I.& &" $!.$:<),",I.&2 ;&$ )1$.%"/"$ $!#" <!##.$ */#$ %& </$

<!#",#. 9'!.-&'&#" 3)!A#,&# ()/#<=/#"DG 0)Q<& /.H ")/-/.H *& P&)),*/ &" @,'!# 4O57G 4OR7G

S/)),$ &" S/)),$ 4TU7 &" V&$"&# 4W57G '/,$ %&$ '1"=!*&$ &'F%!?1&$ $!.-&#" $F1<,XI.&$ /. </$

<!#",#. #& $& ")/#$F!$&#" F/$ /,$1'&#" /. </$ *,$<)&"2  !.$ '!#")!#$ %& )1$.%"/" $.,-/#" 8

 !"#$%&' ()+ 9L,*1>!#:Y/Z.&%D) =%#" "#$$%"%!" (& !%-43& )1&!7+!." )*.&3-/!/".& &. (&"

)*$(+,&-&!." /0/0)0< 2*3/8+!. )& $(#" (&" ,%!)/./%!" "#/2+!.&" >

? @( &A/".& s > 0 .&( '#& Φ(s) <∞0
? @( &A/".& ν ∈ (0, s) .&( '#& Φ′(ν) = 0 5&. )%!, h = Ψ(ν)90

? B& "#$$%3. )& (+ (%/ ξ !1&". $+" /!,(#" )+!" #! "%#" C3%#$& )/",3&. )& R0

;+!" (& ,+" "%#"D,3/./'#&< '#/ ,%33&"$%!) E h < 0< /( &A/".& #!& ,%!".+!.& C1 > 0 .&((& '#&

Px(Zn > 0) ∼ C1e
νxṼ (x)enhn−3/2

%F Ṽ &". #!& 7%!,./%! )& 3&!%#2&((&-&!. )*8!/& &! 5G0H9 )+!" (& ,I+$/.3& J0 ;+!" (& ,+"

,3/./'#&< '#/ ,%33&"$%!) E h = 0<

log(Px(Zn > 0)) ∼
n→∞

−
(
3σ2ν2π2

2

)1/3

n1/3 .

5O



 !"#$%&' ( )  !"#$%&'"($!

 ! σ2 := Φ′′(ν)/Φ(ν)"

 ! "#$%&'(' )% *($ $+%$,*"-'-.%! $/#'!0) $(0$ )-1*%&'# (% *($ )/%0 2"+*!$$%$ )! 3(&'+0,

4('$+0 ()5!''(0' $%1$(55!0' )! 5+5!0'$ 6%0 5+5!0' )/+")"! 2 2(" !7!52&!89 :0 "!,

;(0*<! &!$ ("=%5!0'$ %'-&-$#$ 0! $+0' 2&%$ ;(&(>&!$ $- +0 0! $%22+$! 2&%$ &!$ )#2&(*!5!0'$

-9-9)9 ? -& !$' )+0* )#&-*(' )/#'!0)"! &! "#$%&'(' (% *($ =#0#"(& +@ &!$ )#2&(*!5!0'$ )!$ A"B"!$ !'

$+!%"$ $+0' *+""#&#$ !' 2!%;!0' )#2!0)"! )% 0+5>"! )/!0A(0'$9  ! *($ +@ &( &+- )! &( 5("*<!

( $+0 $%22+"' -0*&%$ )(0$ %0 $+%$,="+%2! )-$*"!' )! R 0#*!$$-'! %0 '"(-'!5!0' $#2("# 5(-$

'"B$ $-5-&(-"! 2+%" )!$ "(-$+0$ '!*<0-.%!$ !' %0 "#$%&'(' (0(&+=%! !$' (''!0)%9

C+%" &! *($ *"-'-.%!D +0 2!%' #'!0)"! &! "#$%&'(' (% *($ =#0#"(& 2+%";% .%! &! 2"+*!$$%$

)! 3(&'+0,4('$+0 $+%$,E(*!0' ()5!''! $%1$(55!0' )! 5+5!0'$D 2+%" *!&( 0+%$ "!0;+F+0$

(% *<(2-'"! G9

H+%$ '!"5-0+0$ *!''! $!*'-+0 !0 *-'(0' %0 "#$%&'(' )! 3(0'!"'D I% !' J<- KLLM .%- )#*"-'

*+55!0' &( 2"+>(>-&-'# )! $%";-! 62("'(0' )! 08 ρ(ε) )#*"+N' )(0$ &! *($ $+%$,*"-'-.%! &+"$.%!

&( ;-'!$$! )! &( >(""-B"! v = vc − ε '!0) ;!"$ *!&&! vc )! &( 5("*<! ?

 !"#$%&' ()* 63(0'!"',I%,J<-8) # $% &'% ( )*+,+ )% ,'(-)+.$'% %$+/0),'% 1

2 3& '4+%,' s1 > 0 ', s2 < 0 ,'&% .$' Ψ(s1) <∞ ', Ψ(s2) <∞ 5

2 3& '4+%,' t∗ ∈ (0, s1) ,'& .$' t∗Ψ′(t∗) = Ψ(t∗) 5

2 6' ) 789' *:');0),% N /<9+=' E [N ] > 1 ', E
[
N1+δ

]
< +∞ > $9 δ > 0 0%%'? >',+, 5

 ) 0

log ρ(ε) ∼
ε→0+

−π
√
t∗Ψ′′(t∗)√
2ε

.

 !" #"$$%&$' ($%)%*+' ,-+$ ." /"$(0' #$"1(0"1)' "2'(

"#3-$,)%-1

 /+>E!*'-A )% *<(2-'"! G !$' )/(10!" &! "#$%&'(' )% O<#+"B5! L9P9 Q(0$ &! *($ *"-'-.%!D

-& F ( !7'-0*'-+0 2"!$.%! $R"! !' +0 $+%<(-'! '"+%;!" %0! >(""-B"! )% $!*+0) +")"! !0 o(n)

'!&&! .%! &( 5("*<! >"(0*<(0'! $%";-;!9 C&%$ =#0#"(&!5!0' +0 $+%<(-'!"(-' )#'!"5-0!"D #'(0'

)+00# %0! >(""-B"! .%!&*+0.%! ϕ : N → RD $- &( 5("*<! >"(0*<(0'! (>$+">#! 2(" *!''!

>(""-B"! $%";-' +% $/#'!-0'9

 !"#$%&' +),) @0)% &' (0% (9+,+.$' ) 970&+%<A *0)% &' (0% *:$) ) 789' *:');0),% 8 9)<  $

% $% *:0$,9'% -B> ,-C%'% ,'(-)+.$'% 0*<.$0,'%A &0 709(-' 890)(-0),' 08% 98<' >09 &0 8099+C9'

SL



 !" #"$$%&$' ($%)%*+' ,-+$ ." /"$(0' #$"1(0"1)' "2'( "#3-$,)%-1

ϕ : n 7→ ϕ(n) := an1/3  !"#$%&# '($ )*$  +($,$&#  % a > −ac $#  *(-%# .-$/ '(01.1%2%#"

 #(%/#$,$&# '0 %#%-$  % a < −ac3 04

ac =
3

2

(
3π2σ2

)1/3
.-$/ σ2 := Φ′′(1) = E



∑

|u|=1
ξ2ue

ξu


 < +∞.

 ! !"#$!# T∞ %$ &'"!#()'* +* %,$'-'* .%*/ 01*2(!/ (!3!(/ 4*'/ %* -$/56 "! *! +7+8(#6 /"8/

%*/ 292*/ 1:;"#1)/*/6 <8*

 !"#$%&' ()*) 5.& 2$ /. /(%#%)*$ &0(,.2% "3 /0&6%#%0&&$22$,$&# 7 2.  *(-%$3

sup
u∈T∞

lim inf
n→∞

V (un)

n1/3
= −ac.

=$!/ %* 0$/ a = ac6 %$ <8*/#("! +* %$ /8'4(* "8 +* %,*>#(!0#("! '*/#* "84*'#*? @"8/ !*

+(/;"/"!/ ;$/ +* 0"!+(#("! !70*//$('* *# /8A/$!#* /8' 8!* -$''()'* B7!7'$%* ;"8' %$ /8'4(* +*

%$ 2$'01*? C*/ #*01!(<8*/ +74*%";;7*/ (0( +"!!*!# +*/ 0'(#)'*/ -$/7/ /8' %*/ %(2(#*/ (!&7'(*8'*

*# /8;7'(*8'* +* ϕ(n)/n1/3 <8( !* 0"84'*!# ;$/ #"8/ %*/ 0$/ *!4(/$B*$-%*/?  ! ;$'#(08%(*' (%/

!* /"!# ;'70(/ <8* %"'/<8* ϕ(n)/n1/3 */# ;'*/<8* #"8D"8'/ ;'"01* +* /$ %(2(#* (!&7'(*8'* *#6

'$'*2*!#6 $8#'*2*!# +(# E +*/ (!#*'4$%%*/ #')/ */;$07/6 +* /$ %(2(#* /8;7'(*8'*? F %,(!4*'/*6

%"'/<8* ϕ(n)/n1/3 */# /"84*!# ;'"01* +* %$ %(2(#* /8;7'(*8'*6 %$ %(2(#* (!&7'(*8'* ;*'+ #"8#

(!#7'9#? G*/ 7!"!07/ /"!# 4"%"!#$('*2*!# $//*H 4$B8*/ 0$' %*/ "/0(%%$#("!/ +* ϕ(n)/n1/3 *!#'*

/$ %(2(#* (!&7'(*8'* *# /$ %(2(#* /8;7'(*8'* /"!# +(A0(%*/ E +70'('*? C*/ +*8> 0$/ +* 3B8'*/

74"<87/ 0(I+*//8/ !* 0"84'*!# ;$/ #"8#*/ %*/ /(#8$#("!/6 !"8/ '*!4":"!/ $8 01$;(#'* J ;"8'

;%8/ +* +7#$(%/?

=$!/ %* 0$/ +*/ -$''()'*/ ϕ : n 7→ ϕ(n) := an1/36 !"8/ ;"84"!/ +"!!*' +*/ '7/8%#$#/ ;%8/

;'70(/ <8* %* #17"')2* 0(I+*//8/ <8( !* #'$(#* <8* %$ <8*/#("! +* %$ /8'4(* *# +* %,*>#(!0#("!?

=$!/ %* 0$/ +* /8'4(* a < −ac6 !"8/ 2"!#'"!/6 %* %"!B +,8!* /8(#*6 <8* %$ ;";8%$I

#("! 0'"K# <8$/(I*>;"!*!#(*%%*2*!# $4*0 ;'"-$-(%(#7 /#'(0#*2*!# ;"/(#(4*6 *# */# +* %,"'+'* +*

exp
(
cn1/3(1 + o(1))

)
E %$ B7!7'$#("! n6 $4*0 c 8!* 0"!/#$!#* <8( +7;*!+ +* a *# <8( $ 8!*

%(2(#* /#'(0#*2*!# ;"/(#(4* 2ac/3 %"'/<8* a→ −ac?

=$!/ %* 0$/ +,*>#(!0#("!6 !"8/ */#(2"!/ %$ ;'"-$-(%(#7 +* /8'4(*6 <8( */# +* %,"'+'* +*

exp
(
−cn1/3(1 + o(1))

)
6 ;"8' 8!* 0"!/#$!#* c +7;*!+$!# +* a *# #*%%* <8* c → 0 %"'/<8*

a→ −ac?

=* ;%8/6 ;8(/<8* %$ ;";8%$#("! #"#$%* Z */# 3!(* ;'*/<8* /L'*2*!#6 "! ;*8# /,(!#7'*//*' E

%$ <8*8* +* +(/#'(-8#("! +* Z? =$!/ %* 0$/ a = 0 F%+"8/ $ 0"!D*0#8'7 <8* E [Z] < +∞ 2$(/

MN



 !"#$%&' ( )  !"#$%&'"($!

E [Z logZ] = +∞ !" #$%&'()( ) $($ #$*"++",( -$+.,(#$ /)# 0--)#1.23"##4 "( 3#.&(1, 567

"( )+$'1.#$ /)# 01-$8., 597 :&1 ) -.,,$ ') :&"&" -" -1%(#1;&(1., 

<),% '" *)% %.&%2*#1(1:&" =;)##1>#" '1,$)1#" ? @1("%%" %(#1*("+",( /.%1(1@"AB ') :&"&" -"

-1%(#1;&(1., "%( -" 'C.#-#" -" P(Z > k) ∼ kκ
/.&# &, *"#()1, κ < −1 =(#)@)1' ", *.&#% -"

#$-)*(1., -" D 01-$8.,B E F& "( G H1,-4A <),% '" *)% *#1(1:&"B )@"* &," ;)##1>#" -& %"*.,-

.#-#" ϕ : n 7→ ϕ(n) := an1/3B ,.&% .;(",.,% &," :&"&" -" -1%(#1;&(1., P(Z > k) = k(κ+o(1))

)@"* κ = −1 %1 a ≥ 0 =*"((" "%(1+)(1., "%( I#.%%1>#" )& @& -"% #$%&'()(% *1($% /'&% J)&(A "(

−1 < κ < 0 %1 −ac < a < 0 

 !"#$%&$'() *'+","-) .'/, 0- +".0%1-*-(& *$($*%0 +2/(-

*%,13- %0"%&'$,- 4,%(13%(&-

<),% ') -"#,1>#" /)#(1" -" *"((" (J>%"B ,.&% *.,%1-$#.,% &," +)#*J" )'$)(.1#" ;#),*J),("

*#1(1:&" =vc = 0A ,.#+)'1%$" =? t∗ = ν = 1A K' "%( /'&% *.++.-" 1*1 -" *J),I"# '" %1I," -"%

/.%1(1.,%B -" %.#(" :&" '"% *.,-1(1.,% -" ,.#+)'1%)(1., %C$*#1@",( Ψ(−1) = Ψ′(−1) = 0B :&C.,

%C1,($#"%%" )&L /)#(1*&'"% '"% /'&% ? I)&*J" "( :&" ') ;)##1>#" (&" '"% 1,-1@1-&% :&1 /)%%",(

,., /'&% ",2-"%%.&% +)1% )&2-"%%&% -C"''" 

<$%1I,.,% /)# Tn ') /./&')(1., -" ') I$,$#)(1., n -" ') +)#*J" ;#),*J),("B |u| ') I$,$#)2

(1., -C&, 1,-1@1-& u "( V (u) %) /.%1(1., M"% ("*J,1:&"% -" ') %"*(1., /#$*$-",(" /"#+"((",(

)&%%1 -C"%(1+"# *"#()1,"% /#.;);1'1($% -" %&#@1" -" ') N.#+" O

P
(
∃u ∈ Tn,∀v ≤ u, V (v) ≤ ϕ(n)(|v|)

)

.P ') ;)##1>#" i ∈ {1, . . . , n} 7→ ϕ(n)(i) -$/",- -& ("+/% n Q&%:&C)&:&"' ., -"+),-" ? ')

+)#*J" -" %&#@1@#" =., #"(#.&@" "L)*("+",( '" *)-#" /#$*$-",( %1 ϕ(n)(i) ," -$/",- /)% -"

nA K' %&R( :&" ϕ %C$*#1@" %.&% ') N.#+"

ϕ(n)(i) = n1/3g

(
i

n

)

)@"* g : [0, 1]→ R &," N.,*(1., S%4+/)(J1:&"S 

<),% '" *J)/1(#" 9B ., /#",)1( g(t) = −at1/3 :&1 N)1%)1( -1%/)#)T(#" ') -$/",-),*" ", n 

K*1B ,.&% N)1%.,% &, *J.1L ",*.#" /'&% %1+/'" O ,.&% %&//.%.,% g *.,%(),("B $I)'" ? b ∈ R %&#

[0, 1] 

M) %&#@1" %.&% ') ;)##1>#" Q&%:&C)& ("+/% n *.##"%/.,- )'.#% ? 'C$@$,"+",( O

=U 6A

{
min
|u|=n

V (u) ≤ bn1/3
}
=

{
∃u ∈ Tn, V (u) ≤ bn1/3

}

6U



 !"#$%&$'() *'+","-) .'/, 0- +".0%1-*-(& *$($*%0 +2/(- *%,13- %0"%&'$,- 4,%(13%(&-

 !

V (u) := max
v≤u

V (v).

"#$% &' (&)' *$) +,-.  $' / $'01 2& 013*2'#' 3*)4#$' 5

 !"#$%&' ()*)  !"# $% &!# &'()(*+% !,%& -'!"&.%/%") 01)%'/("(#)% %) 012$!&%/%")# (3(3034

min|u|=n V (u)

n1/3
→ bc 23#3 $5'#*+% n→∞

!,%&

bc :=

(
3π2σ2

2

)1/3

!,%& σ2 016"( &5//% 7 $! #%&)(5" 2'1&10%")%3

 % 2$+#4 #( b < bc4 !$5'#

logP
(
min|u|=n V (u) ≤ bn1/3

)

n1/3
→ b− bc 23#3 $5'#*+% n→∞.

6# 70 8#8)2)'1 9*& 2# /#0:;& 80#$:;#$'& 3 )' / )$3 0#7)<& 9*& 2& : /7 0'&/&$' '=7)9*&>

#*'0&/&$' <)' 2# 70 8#8)2)'1 <& 2?141$&/&$' @ABCD 7 *0 b < bc &3' < $: : $$*& &' 3 $ : /E

7 0'&/&$' #3=/7' ')9*& $& <17&$< <& 2# 2 ) <& 2# 0&70 <*:') $ &' <&3 <172#:&/&$'3 9*& 4)#

2&3 : $<)') $3 <& $ 0/#2)3#') $ &' 2# 4#2&*0 <& σ2> &' )2 &$ 4# <& /F/& 7 *0 2# 4#2&*0 :0)')9*&

bcB

G *3 1'*<) $3 ):) 2# 70 8#8)2)'1 9*& 2# /#0:;& 80#$:;#$'& 3 )' 72*3 0#7)<& 9*& 2& : /E

7 0'&/&$' '=7)9*&> #*'0&/&$' <)' <& 2?141$&/&$'

@ABHD

{
min
|u|=n

V (u) > bn1/3
}
=

{
∀u ∈ Tn, V (u) > bn1/3

}

7 *0 b > bcB

6& 013*2'#' #''&$<* &3' 9*& 2# 70 8#8)2)'1 <& @ABHD < )' '&$<0& 4&03 0 72*3 0#7)<&/&$'

9*& :&22& <& @ABCD> :#0 2# 01#2)3#') $ <& 2?141$&/&$' @ABHD )/72)9*& *$& : $'0#)$'& 3*0 ' *3

2&3 :;&/)$3 9*) 7#0'&$' <& 2# 0#:)$&> #2 03 9*& 7 *0 @ABCD *$ 3&*2 :;&/)$ 72*3 2&$' 9*& 2&

: /7 0'&/&$' '=7)9*& 3*I'B

J?&3' &K&:')4&/&$' :& 9*) 3& 70 <*)'B L$  83&04& #*33) *$ #*'0& 7;1$ /M$& 8&#*: *7

/ )$3 #''&$<* 5 2# 4)'&33& N 2#9*&22& 2# 70 8#8)2)'1 <& @ABHD '&$< 4&03 0 7 *0 b > bc <17&$<

O 0'&/&$' <& 2# 9*&*& <& <)3'0)8*') $ N <0 )'& <& 2# 2 ) <&3 <172#:&/&$'3B P2 &3' #*33) )$E

'10&33#$' <& $ '&0 9*& :& $?&3' 7#3 2& $ /80& / =&$ @8)&$ 9*& :&''& 9*#$')'1 )$'&04)&$$&

<#$3 2# <1Q$)') $ <& Φ &' < $: <#$3 2# <1Q$)') $ <* :#3 :0)')9*&D /#)3 2& $ /80& /)$)/#2 m

CR



 !"#$%&' ( )  !"#$%&'"($!

 !"#$%#&' ()* %++%,%*&  %#' -"' ,.')-&%&'/ +0.#123#"  .45 16'",7. +%, 8"261/ 9%#&",&/ :","'

"& ;"*&1)#* <=>?  %#' -!.&) "  "' @,%# "'  .7*%&*1#' +1), -% 2%,A0" '*2+-" '), )# %,6,"  "

9%-&1#BC%&'1# D%)&,"2"#&  *& )# 21 3-" '*2+-"  " 2%,A0" %-.%&1*," "# "#7*,1##"2"#& %-.%B

&1*," '), )# %,6,"/ 1E -% +%,&*A)-" .71-)"  %#' )# +1&"#&*"-  1##. +%, )#" 2%,A0" %-.%&1*,"

6,%#A0%#&" '), -!%F" ,."-GH

 !"#$%&' ()*)  ! m ≥ 2 "# $! M := "$$ $%&X = inf{x ∈ R,P(X > x) > 0} < +∞' ()*+$'

&*%+ #*%# b > bc'

1

n1/3
log

(
− logP

(
min
|u|=n

V (u) > bn1/3
))

→ m
(b−bc)

M .

 ! m ≥ 2 "# $! x 7→ − logP(X > x) "$# , -(+!(#!*. +/0%)!1+" 23!.2"4 κ' (-"5 1 < κ < +∞'

()*+$ &*%+ #*%# b > bc' *. (' )*+$6%" n→∞'

logP

(
min
|u|=n

V (u) > bn1/3
)
∼ logP

(
X > (b− bc)n

1/3
) (
m

1
κ−1 − 1

)κ−1
.

 ! κ = 1' )( 7*+." $%&/+!"%+" +"$#" -+(!"8 9# *. ( )( 7*+." !.:/+!"%+" $%!-(.#" ;

lim sup
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
≤ −t0m

*< t0 := sup{t ∈ R : ΛX(t) < +∞} ∈ (0,+∞]8

 ! m = 1' ()*+$ !) "4!$#" 2"$ 5*.$#(.#"$ 0 < c2 ≤ c1 < +∞ #"))"$ 6%" &*%+ #*%# b > bc'

−c1 ≤ lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
;

−c2 ≥ lim sup
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
.

I" +0.#123#" '" ,.73-" $%A*-" 5 *#&",+,.&",H J1,'()" m ≥ 2/ -% +1+)-%&*1# A,1K& "F+1B

#"#&*"--"2"#&/ "& +-)' *- L %  !*# *7* )' D5 )#" @.#.,%&*1# NG/ +-)' *-  "7*"#&  *MA*-"  "

 "2%# ", 5 A0%()" '1)'B%,6," +%,&%#&  " A"' *# *7* )'  " $%*," )# "N1,& +1), ,%&&,%++",

-!.A%,& %7"A -" A12+1,&"2"#& &L+*()" +)*'()" A"' '1)'B%,6,"' '1#& *# .+"# %#&' -"' )#'  "'

%)&,"'H I!"'& +1),()1* -!"N1,& +1), ,%&&,%++", -" ,"&%, (b− bc)n
1/3

 1*& +1,&", '), -"' +,"B

2*3,"' @.#.,%&*1#' D *'1#' -"' N +,"2*3,"' @.#.,%&*1#'G/ ()%# *- L "#A1," +")  !*# *7* )'H

8%#' -" A%' "F+1#"#&*"-/ 1# +")& +,"# ," N = 1 "& %*#'* $%*," ')++1,&", &1)& -!"N1,& +%,

-% +,"2*3," @.#.,%&*1#/ +)*' -%*''", -"' @.#.,%&*1#' ')*7%#&"' %71*, )# A12+1,&"2"#& &L+*()"/

A%, -" A1O&  !)# "N1,& *2+1,&%#& +1), )# *# *7* ) "'& $%*6-"/ "& 1# 16&*"#& *22. *%&"2"#&

PQ



 !"#$%&$'() *'+","-) .'/, 0- +".0%1-*-(& *$($*%0 +2/(- *%,13- %0"%&'$,- 4,%(13%(&-

 ! "#$% &'& (%)! *+")! ,)-#",!%"! .+%"  ' ."+*'*, ,&# #&%/,#!01 2 3! ' ."4$ 5%!  ' 6' !%" /!  '

3+)$&')&! c )7!$& .'$ &+%8+%"$ +.&,9' ! (!) .'"&,3% ,!" /')$  ! 3'$ +:  ' 5%!%! /! /,&",*%&,+)

'/9!& /!$ 9+9!)&$ /! &+%$ +"/"!$1 +) $7'&&!)/ 2 3! 5%!1 $+%$ /!$ ;<.+&;4$!$ $%.. #9!)&',"!$1

 ! 3+9.+"&!9!)& $! "'.."+3;! /% 3'$ /! &<.! ='%$$,!)0>

?  7,)6!"$!1 /')$  ! 3'$ /!$ /#. '3!9!)&$ *+")#$ $%.#",!%"!9!)&1 9@9! !) /!9')/')&

 7!A+"& 9'B,9' .+$$,* ! '%B N ."!9,4"!$ =#)#"'&,+)$1 , -'%& '% 9,),9%9 %) )+9*"! /!

=#)#"'&,+)$ N /!  7+"/"! /! n1/3 .+%" 3+9* !"  7#3'"& (b− bc)n1/3 '% 3+9.+"&!9!)& &<.,5%!>

C! "#$% &'& /#3+% ! /! 3! 5%!  ! 3+D& &+&' /! 3!& !A+"&1 ',)$, 5%!  ' ."+*'*, ,&# 5%! &+%&

$! .'$$! *,!) $%"  !$ =#)#"'&,+)$ $%,6')&!$ $+)& !B.+)!)&,! $ !)  ! )+9*"! /7,)/,6,/%$ 2  '

=#)#"'&,+) N >

E)F)  ! 3'$ /! &<.! ='%$$,!) !$& ,)&!"9#/,',"! !)&"!  !$ /!%B 3,&#$ ."#3#/!99!)& G , -'%&

%) .!&,& )+9*"! /! =#)#"'&,+)$ .+%" 3+9.!)$!"  7#3'"&1 9',$  ! 3+D& &+&' !$& 9+,)/"! $, +)

"#.'"&,&  7!A+"& $%" . %$,!%"$ =#)#"'&,+)$ ('6!3 %)! 3+)&",*%&,+) /,9,)%')& !B.+)!)&,!  !9!)&

!)  ' =#)#"'&,+)0>

HI
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()&*+*", #&-.".+,+$/ %0$+1"$%0 +2 $!%

3&+$+3", "24 0).3&+$+3", 3"0%0

 !



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#$#%& '( )"%*+,$*- "%*.'/ 0%&12 0$3, %)2'"43$'*

 

!"#$ %#&'()* +*& ,-.*) /+0.$"

 !"#$%&"#! '$%(!)&%*!%* +%$,#-(!$ . '$%(!)&%*/ 01)%& 23

 !""#$%& ! "#$%&'!( ) *()$"+&$, ()$'#- .)/0 #$ R %1)(1&$, 2(#- x ≥ 0
)$' .&1+ ) 0&//&$, *)((&!( )1 03 41 !)"+ %1!56 5)(1&"/!% ,&7! *&(1+ 1# b "+&/'(!$6

.+&"+ -#7! &$'!5!$'!$1/83 9)(1&"/!% 1+)1 !$1!( 1+! $!,)1&7! +)/2:/&$! )(!

0&//!'3 ;$ ")%! #2 )/-#%1 %<(! !=1&$"1&#$6 .! >$' )""<()1! )%8-51#1&"% 2#(

1+! %<(7&7)/ 5(#*)*&/&1&!% )1 1&-! n6 .+!$ n 1!$'% 1# &$>$&183

'(% )*$+,& ?()$"+&$, ()$'#- .)/06 %<(7&7)/ 5(#*)*&/&186 /#")/ /&-&1 1+!#:

(!-%3

-. ,!/0(12 13#,,451#24*6,& @ABCA3

5 6*3"'.!+3$'*

1$ 2)*3#&$- + 4-+*25#*6 -+*&)7 8+"( )* R 8#95 +* +43)-4#*6 4+--#$- +9 95$ )-#6#*: %9

9#7$ n; $+25 #*&#<#&.+" )= 95$ 3.-<#<#*6 >)>."+9#)* 6#<$3 4#-95 9) + ?@$& *.74$- )= 25#"&-$*;

85#25 7)<$ #*&$>$*&$*9"A =-)7 95$ >)3#9#)* )= 95$#- =+95$-: B+-9#2"$3 95+9 $*9$- 95$ *$6+9#<$

5+"=C"#*$ +-$ #77$&#+9$"A (#""$&; +*& &) *)9 5+<$ +*A &$32$*&+*9:

B-$2#3$"A; 9+($ b ∈ N∗: D$9 T 4$ + -))9$& bC+-A 9-$$; 8#95 95$ >+-9#+" )-&$- v < u #= v #3

+* +*2$39)- )= u E8$ 8-#9$ v ≤ u #= v < u )- v = uF; +*& "$9 |u| &$*)9$ 95$ 6$*$-+9#)* )= u;

95$ 6$*$-+9#)* )= 95$ -))9 4$#*6 G$-): 1$ +99+25 #:#:& -+*&)7 <+-#+4"$3 (Xu, u ∈ T , |u| ≥ 1)

EX 8#"" &$*)9$ + 6$*$-#2 -+*&)7 <+-#+4"$ 8#95 95$ 2)77)* &#39-#4.9#)*F: H)- u ∈ T ; 8$
&$?*$ 95$ >)3#9#)* S(u) )= u 4A I

S(u) = x+
∑

v≤u

Xv ,

85$-$ x #3 95$ >)3#9#)* )= 95$ +*2$39)- E95$ -))9F: J5$ 3.-<#<#*6 >)>."+9#)* Zn +9 9#7$ n #3

95$ *.74$- )= >+-9#2"$3 95+9 *$<$- 9).25$& 95$ *$6+9#<$ 5+"=C"#*$ I

Zn := #{|u| = n : S(v) ≥ 0 ∀ v ≤ u}.
 

 !"# $!%&'() $*+(# ,)*+ %- %)'"$.( #/0+"''(1 '*  !"#$%&!'# ()"#*&&*& %+, !$*') -../'#%!'"+&2 3' "# % 4*"-'

5*)6 5"'! 7."( 8"196*-2
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 !"#$%&'(#)%"

 !" #!$#%#$&'( u )&*+ ,+', S(u) < 0 $#-). '!$ ,+-! +') !/ *+#($0-!1 2+-0-3/0- 4- '0- /!("

#!,-0-),-$ #! #!$#%#$&'() 4+#*+ +'%- '(( ,+-#0 '!*-),/0). #!*(&$#!5 ,+-6)-(%-). ', ,+- 0#5+, /3

,+- 7'00#-0 01

8-),-! 9:;<. '!$ 0-*-!,(" ='00#) '!$ ='00#) 9>?< 4/0@-$ /! ,+- 70'!*+#!5 A0/4!#'! 6/,#/!

4#,+ '7)/0B,#/!. 4+#*+ #) ,+- */!,#!&/&) '!'(/5 /3 /&0 B0/7(-61 C- 0-3-0 ,/ D-00#$' 9E;<.

9EF< 3/0 ' 6/0- B+")#*'( B/#!, /3 %#-4 /! @#((-$ 70'!*+#!5 0'!$/6 4'(@)1 G! ,+- )-,,#!5 /3

70'!*+#!5 A0/4!#'! 6/,#/! H4#,+/&, '7)/0B,#/!I. ('05- $-%#',#/!) B0/7'7#(#,#-) /! ,+- )B--$

/3 ,+- 0#5+,6/), B'0,#*(- 4-0- 5#%-! 7" J+'&%#! '!$ K/&'&(, 9FL<1

2+- M0), !',&0'( N&-),#/! ,+', '0#)-) #) 4+-,+-0 ,+- B/B&(',#/! &(,#6',-(" $#-)1 C-

#!,0/$&*-

φ(t) := E
[
etX

]
, !"!#

γ := inf
t≥0

E
[
etX

]
. !"$#

%& '()& *+& ,-..-/012 (334'5*0-13 -1 *+& 3*&5 603*7084*0-1"

9 :+&7& &;03*3 s > 0 34<+ *+(* φ(s) <∞"

9 :+&7& &;03*3 ν ∈ (0, s) 34<+ *+(* φ′(ν) = 0"

9 :+& 603*7084*0-1 -, X 03 1-1=.(**0<&"

>16&7 *+&3& (334'5*0-13? /& <(1 3+-/ *+(*

 !" !# γ ≤ 1/b$ %&'(' !) *+,-)% ).(' '/%!01%!-0$

 !!" !# γ > 1/b$ %&' 2(-1')) ).(3!3') 4!%& 2-)!%!3' 2(-5*5!+!%67

:+03 <70*&70-1 (55&(73 01 @022013 &* (." A!BC? *+-42+ *+& <70*0<(. <(3& γ = 1/b 03 1-*

*7&(*&6 *+&7&" D-/&E&7? ( F73* '-'&1* (724'&1* &(30.G 87062&3 *+& 2(5" %& <(1 (.3- 3&& 0*

(3 ( <-13&H4&1<& -, -47 7&34.*3"

:+7-42+-4* *+03 5(5&7? /& ,-<43 -1 *+& &;*01<*0-1 <(3& γ ≤ 1/b" %& 1&<&33(70.G +(E&

E[X] ≤ 0 /+0<+ '&(13 *+(* 5(7*0<.&3 (7& (**7(<*&6 *- *+& 8(770&7? (16 3*7-12.G &1-42+ *-

<-'5&13(*& *+& 7&57-64<*0-1" I-7&-E&7? γ = φ(ν) = inft∈R φ(t)" J&F1&

un(x) := P x(Zn > 0)

/+0<+ 03 *+& 57-8(80.0*G ,-7 *+& 57-<&33 *- 347E0E& 41*0. 2&1&7(*0-1 n? 3*(7*012 ,7-' x" %&

(.7&(6G )1-/ *+(* *+03 57-8(80.0*G *&163 *- K&7-" :+& (0' -, *+03 5(5&7 03 *- &3*0'(*& *+&

7(*& -, 6&<(G -, un" L47 F73* *+&-7&' 6&(.3 /0*+ *+& 348<70*0<(. <(3&" M&* X1? X2, . . . 8& 0"0"6

7(16-' E(70(8.&3 603*7084*&6 (3 X? (16 6&F1& Sn := S0 +
∑n

k=1Xk" >16&7 *+& 57-8(80.0*G

P z
? S0 = z (.'-3* 347&.G" %& 01*7-64<& Ik := inf{Sj, j ≤ k} (16 ,-7 (1G x ≥ 0 *+& 7&1&/(.

$N



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#$%&" '((&#%'$)* $& (Sn)n≥0

Ṽ (x) := 1 +
∞∑

k=1

γ−kE0[eνSk
+,{Sk=Ik≥−x}] .-+./0

 !"#$"% &'&'  ! γ < 1/b" #$%& #$%'% %()*#* + ,-&*#+&# C1 > 0 *.,$ #$+# !-' +&/ x ≥ 0

un(x) ∼ C1e
νxṼ (x)(bγ)nn−3/2.

12) 34&& 5'6)( !() & $2)  &77&8%"9 4)(!7$  &4 &"):*%5)"(%&"'7 4'"*&5 8'76(; 82%#2 %(

<)55' / -%%0 & =>?.

 !"#$"% ( -@)4$&%"; A&")B =>?0' 0$%'% %()*#* + ,-&*#+&# C2 > 0 *.,$ #$+# !-' +&/ x ≥ 0

-+.C0 P x(In ≥ 0) ∼ C2e
νxṼ (x)n−3/2γn .

D&"()E!)"$7B; $2) 5)'" 3&3!7'$%&" '$ $%5) n %( 9%F)" GB Ex[Zn] = C2e
νxṼ (x)n−3/2bnγn

.

," 7%92$ & 12)&4)5 +.+; 8) #'" $2)4) &4) ($'$) $2'$

Ex[Zn |Zn > 0]→ C2
C1

.

D&"*%$%&"'77B &" "&":)H$%"#$%&"; $2) 5)'" 3&3!7'$%&" #&"F)49)( $& ' #&"($'"$ %"*)3)"*)"$

& $2) ($'4$%"9 3&%"$. I!4 ")H$ 4)(!7$ #&"#)4"( $2) #4%$%#'7 #'() γ = 1/b. J) K"* 2)4) $2'$

$2) 34&G'G%7%$B $& (!4F%F) %( & &4*)4 (5'77)4 $2'" Ex[Zn]; 82%#2 %( %" #&"$4'($ 8%$2 $2)

(!G#4%$%#'7 #'().

 !"#$"% &')' 1.22-*% #$+# γ = 1
b
3 4%# σ2 := φ′′(ν)/φ(ν)3 5% $+6%" !-' +&/ x > 0"

log(P x(Zn > 0)) ∼
n→∞

−
(
3σ2ν2π2

2

)1/3

n1/3 .

12) 3'3)4 %( &49'"%L)* '(  &77&8(. M)#$%&" N 9%F)( 4)(!7$( &" 7&#'7 34&G'G%7%$%)( & &"):

*%5)"(%&"'7 4'"*&5 8'76( #&"*%$%&")* $& ($'B 3&(%$%F); $2'$ '4) !()* %" M)#$%&" /  &4 $2)

34&& & 12)&4)5 +.+. ," M)#$%&" C; 8) 34)()"$ ' 4)(!7$ *!) $& O&9!7P(6%% =Q+? &" $2) 34&G':

G%7%$B  &4 ' 4'"*&5 8'76 $& ($'B G)$8))" $8& #!4F)(. J) 34&F) 12)&4)5 +.N %" M)#$%&" R.

 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

," $2%( ()#$%&"; (Rn)n≥0 %( ' #)"$)4)* 4'"*&5 8'76 !"*)4 (&5) 34&G'G%7%$B Q (!#2 $2'$

EQ[e
θ(R1−R0)] <∞  &4 θ %" '" &3)" ()$ #&"$'%"%"9 0. S&4 x ≥ 0; 8) *)"&$) GB Qx

' 34&G'G%7%$B

NC



 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

 !"#$!%&#!'( &( )$ *+!,+ *) +-.) %)"! )" R0 = x -/0'"# "&$)/12

3'$ z ≥ 04 *)  )5() #+) $)()*-/ 6&(,#!'( VR(z) %1 VR(0) = 1 -( 

VR(z) :=
∑

k≥0
Q0(Rk = Ik(R) ≥ −z)

*+)$) Ik(R) := infℓ∈[0,k]Rℓ2 7)  )('#) %1 τ0(R) #+) 5$"# 8-""-9) #!0) %)/'* :)$' '6 #+)

$-( '0 *-/; R4

τ0(R) := inf{k ≥ 1 : Rk < 0}.

7) !(#$' &,) #+)  !"#$!%& 8$',)""

←
R = (

←
Rk, 0 ≤ k ≤ n) *+!,+ !" #+) $-( '0 *-/; *!#+

"#)8  !"#$!%&#!'( −(R1 − R0)2 <( )$ Qx
4 *) "&88'") #+-#

←
R0 = x -/0'"# "&$)/12 7)  )5()

Ik(
←
R)4 V←

R
-( τ0(

←
R) %1 -(-/'91 *!#+ Ik(R)4 VR -( τ0(R)2 ='';!(9 %-,;*-$ " !( #!0)4 *)

'%")$.) #+-# *) +-.) #+) 6'//'*!(9 )>&-/!#1 !(  !"#$!%&#!'(

(Rn−k−1 −Rn−k)0≤k≤n

(dist)
=

(←
Rk −

←
Rk−1

)
0≤k≤n

.

3!(-//14 6'$ )-") '6 ('#-#!'(4 *) *!// *$!#) τ0 -( Ik !("#)- '6 τ0(R) -( Ik(R) *+)().)$

#+)$) !" (' 8'""!%/) ,'(6&"!'(2 ?&$ -!0 !" #' )"#!0-#) #+) 8$'%-%!/!#1 6'$ #+) $-( '0 *-/;

#' /!) !( - "0-// !(#)$.-/ -# #!0) n *!#+'&# #'&,+!(9 0 %)6'$)2 7) 0-!(/1 &") $)"&/#" 6$'0

@-$-.)((- ABCD -( E-#&#!( -( 7-,+#)/ AFGHD2 I'*).)$4 ,'(#$-$1 #' #+) 8$).!'&" *'$;"

*+)$) #+) $-( '0 *-/;" "#-$# -# :)$'4 *) *-(# #' -//'* -(1 "#-$#!(9 8'!(# x ≥ 02

 !" #$%&'( )*+,'-,$./ %*0,&*

=)# ψ(x) := xe−x2/21{x≥0}4 -( σ
2 := EQ[(R1 −R0)

2]2 J+)'$)0 F '6 ABCD "-1" #+-#

KB2FL σ
√
nQ0

(
Rn ∈ [a, a+ δ]

∣∣∣ τ0 > n
)
= δψ

(
a

σ
√
n

)
+ on(1)

&(!6'$0/1 !( a ∈ R+ -( δ !( ,'08-,# ")#" '6 R+2 M# !" -/"' *)//N;('*( K")) O':/'. APHDL

#+-# #+)$) )Q!"#" - ,'("#-(# C+ "&,+ #+-#

KB2BL Q0(τ0(R) > n) ∼
n→∞

C+
n1/2

.

J+)$)6'$)4 *) ,-( $)*$!#) KB2FL -"

σn

C+
Q0 (Rn ∈ [a, a+ δ], τ0 > n) = δψ

(
a

σ
√
n

)
+ on(1)KB2RL

&(!6'$0/1 !( a ∈ R+ -( δ !( ,'08-,# ")#" '6 R+2

BS



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !""# $%&%  !" (dn)n≥0 #! $ %!&'!()! *( R+ %')+ "+$" dn = o
( √

n
log(n)

)
, -! +$.!

σn

C+VR(x)
Qx(Rn ∈ [a, a+ δ], τ0 > n) = δψ

(
a√
n

)
+ on(1)

'(*/01234 *( (a, x) ∈ R+ × [0, dn] $(5 δ *( )026$)" %!"% 0/ R+,

7100/,  !" ∆ > 0 #$% (mn)n≥0 &! # %!"!'()$)*")+ *!,-!$+! ./ )$"!0!'* *-+1 "1#" n >>

mn >> d2n2 3! %!4$! Tn #* "1! 4'*" ")(! 51!$ "1! '#$%.( 5#67 R )* !,-#6 ". "1! )$4(-(

.$ "1! )$"!'8#6 [0, n]

Tn := inf{k ∈ [0, n] : Rk = In(R)}.

9.' #$: a > 0; δ > 0 #$% x ∈ [0, dn]; 5! 5')"!

∣∣∣
σn

C+VR(x)
Qx (Rn ∈ [a, a+ δ], τ0 > n)− δψ

(
a

σ
√
n

) ∣∣∣

≤ σn

C+VR(x)
Qx (Tn > mn, Rn ∈ [a, a+ δ], τ0 > n)

+
∣∣∣

σn

C+VR(x)
Qx(Tn ≤ mn, Rn ∈ [a, a+ δ], τ0 > n)− δψ

(
a

σ
√
n

) ∣∣∣.

<1!'!/.'!; 5! 1#8! ". *1.5 "1#" "1!'! !=)*" "5. >.*)")8! *!,-!$+!* (ε
(1)
n )n≥0 #$% (ε

(2)
n )n≥0

&."1 5)"1 6)()" 0 *-+1 "1#" /.' #$: a > 0; δ ∈ [0,∆] #$% x ∈ [0, dn]; 5! 1#8!

Qx(Tn > mn, Rn ∈ [a, a+ δ], τ0 > n) ≤ ε(1)n

VR(x)

n
,?@2AB

∣∣∣Qx(Tn ≤ mn, Rn ∈ [a, a+ δ], τ0 > n)− δ
C+VR(x)

σn
ψ

(
a

σ
√
n

) ∣∣∣ ≤ ε(2)n

VR(x)

n
.?@2CB

7100/ 0/ !&'$"*0( 89,:;2

D: "1! E#'7.8 >'.>!'":; 5! 1#8!

Qx(Tn > mn, Rn ∈ [a, a+ δ], τ0 > n) =
n∑

k=mn+1

Ex
Q [L(a−Rk, n− k), Rk = Ik(R) ≥ 0]

51!'! /.' z ∈ R+ #$% ℓ )$"!0!'; 5! %!4$!

L(z, ℓ) := Q0(Rℓ ∈ [z, z + δ], τ0 > ℓ).?@2FB

D: !,-#").$ ?@2GB; "1!'! !=)*"* # *!,-!$+! (ηℓ)ℓ≥0 "!$%)$0 ". 0 *-+1 "1#" /.' #$: z ∈ R+; #$:

δ ∈ [0,∆] #$% #$: )$"!0!' ℓ;
∣∣∣L(z, ℓ)− C+δ

σ(ℓ+ 1)
ψ

(
z

σ
√
ℓ

) ∣∣∣ ≤ ηℓ

ℓ+ 1
.?@2HB

@F



 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

 ! "#$%&'()#$* L(z, ℓ) ≤ c3/(ℓ+ 1) +,$ -,./ ',!-%#!% c3 > 00 1/ 2/2('/ %3#%

Qx(Tn > mn, Rn ∈ [a, a+ δ], τ0 > n) ≤
n∑

k=mn+1

c3
n− k + 1

Qx(Rk = Ik ≥ 0).

4,,5&!6 7#'58#$2- &! %&./* 8/ -// %3#% Qx(Rk = Ik ≥ 0) = Q0
(←
Rk ≤ x, τ0(

←
R) > k

)
0 9:

4/..# ;< ,+ =><?@* %3/$/ /A&-%- # ',!-%#!% c4 -('3 %3#% +,$ #!: k ≥ 1 #!2 x ≤
√
k* 8/ 3#B/

Q0
(←
Rk < x, τ0(

←
R) > k

)
≤ c4(1 + x)V←

R
(x)k−3/2.

1/ 5!,8 C-// =><D@E %3#% V←
R
(u)/u 3#- # ",-&%&B/ )&.&% 83/! u 6,/- %, ∞0 F3/$/+,$/ 8/ 3#B/

Q0(
←
Rk ≤ x, τ0(

←
R) > k) ≤ c5(1 + x)2k−3/2

+,$ -,./ ',!-%#!% c50 1/ 2/2('/ %3#%

C;0GE Qx(Rk = Ik(R) ≥ 0) ≤ c5(1 + x)2k−3/2.

H/!'/* (!&+,$.): &! δ ∈ [0,∆]

Qx(Tn > mn, Rn ∈ [a, a+ δ], τ0 > n) ≤ c5(1 + x)2
n∑

k=mn+1

c3
n− k + 1

k−3/2.

1/ -// %3#%

∑n/2
k=mn+1

1
n−k+1

k−3/2 ≤ c6m
−1/2
n /n #!2

∑n
k=n/2

1
n−k+1

k−3/2 ≤ c7n
−3/2 log(n)0  %

:&/)2- %3#%

Qx(Tn > mn, Rn ∈ [a, a+ δ], τ0 > n) ≤ c3c5(1 + x)2(c6(m
−1/2
n /n) + c7n

−3/2 log(n))

≤ c8
VR(x)

n
dn(m

−1/2
n + n−1/2 log(n))

-&!'/ VR(x) ≥ c9(1 + x) +,$ -,./ c9 > 0 CVR(x) ≥ 1 +,$ #!: x ≥ 0 #!2 VR(x)/x ',!B/$6/- #%

&!I!&%: %, # ",-&%&B/ )&.&% +$,. =><D@E0 F3/! 8/ '3,,-/ ε
(1)
n := c8dn(m

−1/2
n + n−1/2 log(n)) %,

',.")/%/ %3/ "$,,+ ,+ C;0JE0

 !""# "# $%&'()"* +,-./

1/ 8$&%/ #- 7/+,$/

Qx(Tn ≤ mn, Rn ∈ [a, a+ δ], τ0 > n) =
mn∑

k=0

Ex
Q [L(a−Rk, n− k), Rk = Ik ≥ 0]

;?



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#" L(z, ℓ) $% &"'("& $( )*+,-+ ./ 0!" &"'($0$1( 12 VR(x)3  " !45"

∣∣∣Qx(Tn ≤ mn, Rn ∈ [a, a+ δ], τ0 > n)− δ
VR(x)C+

σn
ψ

(
a

σ
√
n

) ∣∣∣)*+6-

≤
mn∑

k=0

Ex
Q

[∣∣∣L(a−Rk, n− k)− δC+
σn

ψ

(
a

σ
√
n

) ∣∣∣, Rk = Ik ≥ 0

]
)*+78-

+
δC+ψ

(
a

σ
√

n

)

σn

∑

k>mn

Qx(Rk = Ik ≥ 0).

./ "9:40$1( )*+;-3  " !45"

∑

k>mn

Qx(Rk = Ik > 0) ≤ c5(1 + x)2
∑

k>mn

k−3/2 ≤ c10dnVR(x)m
−1/2
n .

<0 21==1 % 0!40 21# 4(/ a ∈ R+3 x ∈ [0, dn] 4(& δ ∈ [0,∆]3

δC+ψ
(

a
σ
√

n

)

σn

∑

k>mn

Qx(Rk = Ik ≥ 0) ≤ c10
VR(x)

n

(
∆C+||ψ||∞dn

m
1/2
n σ

)
=:

VR(x)

n
η(1)n)*+77-

 !"#" η
(1)
n = on(1) >/ 1:# ?!1$?" 12 mn+ @( 0!" 10!"# !4(&

mn∑

k=0

Ex
Q

[∣∣∣L(a−Rk, n− k)− δC+
σn

ψ

(
a

σ
√
n

) ∣∣∣, Rk = Ik ≥ 0

]
)*+7*-

≤
mn∑

k=0

Ex
Q

[∣∣∣L(a−Rk, n− k)− δC+
σ(n− k)

ψ

(
a−Rk

σ
√
n− k

) ∣∣∣, Rk = Ik ≥ 0

]

+(δC+/σ)
mn∑

k=0

Ex
Q

[∣∣∣
1

n− k
ψ

(
a−Rk

σ
√
n− k

)
− 1

n
ψ

(
a

σ
√
n

) ∣∣∣, Rk = Ik ≥ 0

]
.

./ "9:40$1( )*+A-3  " !45"

mn∑

k=0

Ex
Q

[∣∣∣L(a−Rk, n− k)− δC+
σ(n− k)

ψ

(
a−Rk

σ
√
n− k

) ∣∣∣, Rk = Ik ≥ 0

]

≤
mn∑

k=0

Qx(Rk = Ik ≥ 0)
1

n− k
ηn−k

≤ VR(x)

n
η(2)n

 $0! η
(2)
n := n

n−mn
supℓ≥n−mn

ηℓ+ B!" 4(4=/%$% 12 0!" 2:(?0$1( ψ %!1 % 0!40

sup
y∈[a−x,a]

∣∣∣
1

n− k
ψ

(
y

σ
√
n− k

)
− 1

n
ψ

(
a

σ
√
n

) ∣∣∣ = on(1/n)

*;



 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

 !"#$%&'( "! (a, x) ∈ R+ × [0, dn]) *+ ,+, -+ ./+ +0"1.+!-+ $# (η
(3)
n )n≥0 2$"!2 .$ 0 1 -/ ./3.

mn∑

k=0

Ex
Q

[∣∣∣
1

n− k
ψ

(
a−Rk

σ
√
n− k

)
− 1

n
ψ

(
a

σ
√
n

) ∣∣∣, Rk = Ik ≥ 0

]

≤
mn∑

k=0

Qx(Rk = Ik ≥ 0) sup
y∈[a,a+x]

∣∣∣
1

n− k
ψ

(
y

σ
√
n− k

)
− 1

n
ψ

(
a

σ
√
n

) ∣∣∣

≤ 1

n
η(3)n

mn∑

k=1

Qx(Sk = Ik ≥ 0) ≤ 1

n
η(3)n VR(x).

4/ 15 +6 3."$! 78)98: ;+-$&+1

mn∑

k=0

Ex
Q

[∣∣∣L(a−Rk, n− k)− δC

σn
ψ

(
a

σ
√
n

) ∣∣∣, Rk = Ik ≥ 0

]
≤ VR(x)

n
(η(2)n + (δC+/σ)η

(3)
n ).

4/"1 -$&;"!+, <"./ +6 3."$!1 78)=: 3!, 78)99: "&>'"+1 ./3.

∣∣∣Qx(Tn ≤ mn, Rn ∈ [a, a+ δ], τ0 > n)− δ
VR(x)C+

σn
ψ

(
a

σ
√
n

) ∣∣∣

≤ VR(x)

n
(η(1)n + η(2)n + (δC+/σ)η

(3)
n ).

?+!-+ +6 3."$! 78)@: /$',1 <"./ ε
(2)
n := η

(1)
n + η

(2)
n + (δC+/σ)η

(3)
n )

A %+1 '. #%$& B2'+/3%. C@DE 13(1 ./3.  !,+% Q0
5 ./+ %3!,$& <3'F Rn/(σ

√
n) -$!,"."$!+,

.$ 1.3( >$1"."G+ -$!G+%2+1 .$ ./+ H3('+"2/ ,"1.%"; ."$!) *+  1+ ./"1 %+1 '. .$ >%$G+ 3 &$%+

2+!+%3' %+1 '. I

 !""# $%$%  !" (dn)n≥0 #! $ %!&'!()! %')* "*$" dn = o(
√
n)+ ,-. $(/ #-'(0!0 )-("1('-'%

2'()"1-( f 3 4! *$5!

78)9J: Ex
Q

[
f

(
Rn

σ
√
n

)
, τ0 > n

]
=
C+VR(x)√

n

(∫ ∞

0

f(u)ψ(u)du+ on(1)

)

'(12-.67/ 1( x ∈ [0, dn]+

8.--2+ K >>$1+ L%1. ./3. f "1 3 M">1-/".N # !-."$! <"./ -$&>3-. 1 >>$%.) *%".+

Ex
Q

[
f

(
Rn

σ
√
n

)
, τ0 > n

]
=

n∑

k=0

Ex
Q [an(Rk, k), Rk = Ik ≥ 0]

<"./

78)9D: an(z, k) := E0
Q

[
f

(
Rn−k + z

σ
√
n

)
, τ0 > n− k

]
.

8=



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "#$!

an(z, k) ≤ ||f ||∞Q0(τ0 > n− k) ≤ c11√
n− k + 1

.

%!& (mn)n≥0 '! # (!)*!+,! -. /+&!0!1( (*," &"#& d
2
n << mn << n2  ! 3!3*,! &"#&

n∑

k=mn+1

Ex
Q [an(Rk, k), Rk = Ik ≥ 0] ≤ c11

n∑

k=mn+1

1√
n− k + 1

Qx(Rk = Ik ≥ 0)

≤ c11c5(1 + x)2
n∑

k=mn+1

1√
n− k + 1

k−3/2

'4 !)*#&/-+ 562782  ! (!! &"#&

∑n
k=mn+1

1√
n−k+1

k−3/2 = O
(

1√
nmn

)
9 "!+,!

562:;8

n∑

k=mn+1

Ex
Q [an(Rk, k), Rk = Ik ≥ 0] ≤ VR(x)√

n

(
c12

dn√
mn

)
.

<+ &"! -&"!1 "#+39 (/+,! f /( %/=(,"/&>9 ?! ,"!,@ &"#& &"!1! !A/(&( c13 (*," &"#&

sup
y∈R,z∈[0,x]

∣∣∣∣f
(
y + z√
n

)
− f

(
y√
n− k

)∣∣∣∣ ≤ c13

(
x√
n
+

k

n3/2

)
.

B1-C &"! !A=1!((/-+ 562:D8 -. an(z, k)9 ?! "#$! .-1 #+4 z ∈ [0, x]9
∣∣∣∣an(z, k)− E0

Q

[
f

(
Rn−k

σ
√
n− k

)
, τ0 > n− k

]∣∣∣∣ ≤ c13

(
x√
n
+

k

n3/2

)
Q0(τ0 > n− k).

562:E8

 ! @+-? &"#&

Rn

σ
√

n
,-+3/&/-+#FF4 -+ τ0 > n ,-+$!10!( *+3!1 Q0

&- &"! G#4F!/0" 3/(&1/'*&/-+

5(!! H;DI82 J& /C=F/!( &"#& &"!1! !A/(&( (ηk)k≥0 &!+3/+0 &- >!1- (*," &"#&

∣∣∣∣E
0
Q

[
f

(
Rn−k

σ
√
n− k

)
, τ0 > n− k

]
−Q0(τ0 > n− k)

∫ ∞

0

f(u)ψ(u)du

∣∣∣∣ ≤ ηn−kQ
0(τ0 > n− k).

562:K8

%!& ε > 02 B-1 n F#10! !+-*0" #+3 k ≤ mn9 ?! "#$! .1-C 56268 |Q0(τ0 > n− k)− C+√
n
| ≤ ε√

n
2

LM



 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

 !"#$%&' ($)* +,-./0 1%' +,-.203 )*$4 5$6&4

∣∣∣∣an(z, k)−
C+√
n

∫ ∞

0

f(u)ψ(u)du

∣∣∣∣

≤ c13

(
x√
n
+

k

n3/2

)
Q0(τ0 > n− k) + ηn−kQ

0(τ0 > n− k) + ||f ||∞
ε√
n

≤ c14

(
x

n
+

k

n2
+

ε√
n

)

≤ c14

(
dn

n
+
mn

n2
+

ε√
n

)

≤ 2c14
ε√
n

7!8 n 58&1)&8 )*1% 4!"& n13 k ≤ mn3 x ∈ [0, dn] 1%' z ∈ [0, x]- 9& :4& )*$4 $%&;:1<$)= 7!8

&6&8= k = 0 · · · ,mn 1%' (& !#)1$%

mn∑

k=0

∣∣∣∣E
x
Q [an(Rk, k), Rk = Ik > 0]− C+√

n

∫ ∞

0

f(u)ψ(u)du

∣∣∣∣ ≤ 2c14
ε√
n

mn∑

k=0

Qx(Rk = Ik > 0)

≤ 2c14
ε√
n
VR(x).

>!5&)*&8 ($)* +,-.?03 $) =$&<'4 )*1)

∣∣∣∣E
x
Q

[
f

(
Rn

σ
√
n

)
, τ0 > n

]
− C+√

n

∫ ∞

0

f(u)ψ(u)du

∣∣∣∣ ≤
VR(x)√

n
(c12

dn√
mn

+ 2c14ε)

(*$@* $"A<$&4 &;:1)$!% +,-.B0- >! @!"A<&)& )*& A8!!73 (& %&&' )! @*&@C )*1) 7!8 1%= ε > 03

)*&8& &D$4)4 A <185& &%!:5* 4:@* )*1)

sup
x∈[0,dn]

Qx

(
Rn

σ
√
n
> A, τ0 > n

)
≤ VR(x)

ε√
n
.

E;:$61<&%)<=3 (& %&&' )! @*&@C )*1) 7!8 1%= x ∈ [0, dn]

n∑

k=0

Ex
Q

[
Q0

(
Rn−k + z

σ
√
n

> A, τ0 > n− k

)

z=Rk

, Rk = Ik ≥ 0

]
≤ VR(x)

ε√
n
.

F!8 k ≥ mn3 (& 1<8&1'= C%!( 78!" +,-.?0 )*1)

n∑

k=mn+1

Qx(Rk = Ik > 0) ≤ VR(x)√
n

(
c12

dn√
mn

)
≤ VR(x)√

n
ε

B.



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !" n #"$%&$" &'%( )!*$ n1 %(+ %(, x ∈ [0, dn]- .$& A )/0' &'%& Q0( Rn

σ
√

n
> A− 1) ≤ ε√

n
 !"

n 1%"#$ $(!/#'- 2$ !3)$"4$ &'%&  !" %(, z ∈ [0, dn]5

Q0

(
Rn−k + z

σ
√
n

> A, τ0 > n− k

)
≤ Q0

(
Rn−k

σ
√
n− k

> A− dn

σ
√
n
, τ0 > n− k

)

≤ ε√
n− k

≤ 2
ε√
n

 !" n 1%"#$ $(!/#' %(+ k ≤ mn- 6& ,7$1+) &'%&

mn∑

k=0

Ex
Q

[
Q0

(
Rn−k + z

σ
√
n

> A, τ0 > n− k

)

z=Rk

, Rk = Ik ≥ 0

]
≤ 2ε

VR(x)√
n
.

8'$"$ !"$5 &'$"$ $97)&) n2 )/0' &'%&  !" %(, n ≥ n25 %(+ %(, x ∈ [0, dn]5

n∑

k=0

Ex
Q

[
Q0

(
Rn−k + z

σ
√
n

> A, τ0 > n− k

)

z=Rk

, Rk = Ik ≥ 0

]
≤ (3ε)

VR(x)√
n

:'70' 0!*;1$&$) &'$ ;"!! -

 ! "#$%% &'()$*)+,- .'/)#'

2$ %"$ 7(&$"$)&$+ 7( "$#7*$) :'$"$ &'$ "%(+!* :%1< 7) 01!)$ &! &'$ !"7#7(- 8'7) '%) 3$$(

7(4$)&7#%&$+ 7( =>?@A 7( &'$ 0%)$ ! % )&%"&7(# ;!7(& x = 0-

2$ "$0%11 &'%& C+ :%) +$B($+ 7( CD-DE- F7*71%"1,5 1$& C− 3$ &'$ ;!)7&74$ 0!()&%(& )/0'

&'%&

Qx(τ0(
←
R) > n) ∼

n→∞

C−√
n
.

GH/74%1$(&1,5

Qx( max
1≤k≤n

Rk ≤ 0) ∼
n→∞

C−√
n
.

 !""# $%&%  !" dn #! $ %!&'!()! *( R+ %')+ "+$" dn = o
( √

n
log(n)

)
$(, δ > 0- .! +$/!

Qx(Rn ∈ [z, z + δ), τ0 > n) ∼
n→∞

C−C+

2σ
√
2π

VR(x)

n3/2

∫ z+δ

z

V←
R
(u)du

'(*012345 *( (x, z) ∈ [0, dn]× [0, dn]-

62110- I!" $%)$ ! (!&%&7!(5 :$ ;"!4$ &'$ &'$!"$*  !" n $4$(- .$& δ > 05 %(+ δ′ ∈ [0, δ]- J,

&'$ K%"<!4 ;"!;$"&,5 :$ '%4$  !" %(, z ∈ R+5

CD->LE Qx(Rn ∈ [z, z + δ′), τ0 > n) = Ex
Q

[
QRn/2

(
Rn/2 ∈ [z, z + δ′], τ0 > n/2

)
, τ0 > n/2

]
.

MD



 !"# $#%&#'#( ')%(*+ ,)-. $*%(/&/*%#( &* 0&)1 2*0/&/3#

 !!"#$% &'(")'*+, #$ -#./0 )/ ,// -1'- 2!* '$3 y > 0 '$+ '$3 #$-/%/* k0

Qy(Rk ∈ [z, z + δ′), τ0 > k) ≤ Q z+δ′
(←
Rk ∈ [y, y + δ′), τ0(

←
R) > k

)
.

43  /..' 567 '889#/+ -! -1/ &'(")'*+ 8*!(/,,

←
R0 )/ +/+:(/ -1'- :$#2!*.93 #$ (y, z) ∈

R+ × [0, dn] '$+ #$ δ
′ ∈ [0, δ]0 )/ 1';/

Qy(Rk ∈ [z, z + δ′), τ0 > k) ≤
C−V←

R
(z + δ′)

σk

(
δ′ψ

(
y

σ
√
k

)
+ ok(1)

)
.

43 /<:'-#!$ =567>?0 #- 3#/9+, -1'-

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≤
C−V←

R
(z + δ′)

σ(n/2)
Ex

Q

[
δ′ψ

(
Rn/2

σ
√
n/2

)
+ on(1), τ0 > n/2

]
.

 /..' 565 #.89#/, -1'-0 :$#2!*.93 #$ x ≤ dn0

Ex
Q

[
ψ

(
Rn/2

σ
√
n/2

)
, τ0 > (n/2)

]
= C+

∫ ∞

0

ψ(u)2du
VR(x)√
n/2

(1 + on(1))

=
C+
√
π

4

VR(x)√
n/2

(1 + on(1)).

@- 2!99!), -1'- :$#2!*.93 #$ (x, z) ∈ [0, dn]× [0, dn] '$+ #$ δ
′ ∈ [0, δ]0

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≤ C−C+
√
π

4

VR(x)

(n/2)3/2
V←

R
(z + δ′)(δ′ + on(1))

=
C−C+

√
π

σ
√
2

VR(x)

n3/2
V←

R
(z + δ′)(δ′ + on(1)).

A/ ,1!) ,#.#9'*93 -1'-

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≥ C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z)(δ′ + on(1)).

B!*/ /C89#(#-930 -1#, ./'$, -1'- )/ ('$ D$+ ' ,/<:/$(/ (εn)n≥0 -/$+#$% -! E/*! ,:(1 -1'- 2!*

'$3 (x, z) ∈ [0, dn]× [0, dn]0 '$+ '$3 δ
′ ∈ [0, δ]0 )/ 1';/

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≤ C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z + δ′)δ′(1 + εn/δ

′),=567F?

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≥ C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z)δ′(1− εn/δ

′).=565G?

HH



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "#$ %!&%'(! )*+,-. #/

Qx(Rn ∈ [z, z + δ′), τ0 > n) ≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ′(1 + εn/δ

′)(1 +mδ′(z))

&0!%!

)*+*,. mδ′(z) :=
V←

R
(z + δ′)− V←

R
(z)

V←
R
(z)

.

 '(0 )*+*1.2 '( 34554&/ (0#( &! 0#6! 34% #$7 (x, z) ∈ [0, dn]× [0, dn]  !" δ
′ ∈ [0, δ]

∣∣∣Qx(Rn ∈ [z, z + δ′), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z)δ′

∣∣∣#$%$$&

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ′(εn/δ

′ +mδ′(z) + εnmδ′(z)/δ
′).

'() ε > 0% '() Z > 0 *( +,-. ). )

V←
R
(z+δ)

V←
R
(z)

− 1 ≤ ε /01  !2 z ≥ Z% 3+4!5 #$%$$& 64). δ′ = δ

47894(+ ). ) /01  !2 z ∈ [Z, dn]  !"  !2 x ∈ [0, dn]: 6( . ;(

∣∣∣Qx(Rn ∈ [z, z + δ), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z)δ

∣∣∣

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ(εn/δ + ε+ εnε/δ)

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ(2ε)

/01 n 51( )(1 ). ! +07( -0!+) !) n1% <( 6 !) )0 1(89 -( V←
R
(z)δ *2 ).( 4!)(51 9

∫ z+δ

z
V←

R
(u)du%

<( 0*+(1;( ). ) /01  !2 z ≥ Z:

∣∣∣V←
R
(z)δ −

∫ z+δ

z

V←
R
(u)du

∣∣∣ ≤
∫ z+δ

z

(V←
R
(u)− V←

R
(z))du

≤ δ(V←
R
(z + δ)− V←

R
(z))

≤ δV←
R
(z)ε.

=) 24(9"+ ). ) /01 n ≥ n1: x ∈ [0, dn]  !" z ∈ [Z, dn]:

∣∣∣Qx(Rn ∈ [z, z + δ), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ

z

V←
R
(u)du

∣∣∣

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
δV←

R
(z)(3ε)

≤ C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ

z

V←
R
(u)du(3ε)#$%$>&

>?
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 !" #$% #&'" ()*&'+ ,-)*  !" ,$(  !$ V←
R

&% ')'."(-"$%&'+/ 0 -"*$&'%  ) ."$# 1& !  !"

($%" z ∈ [0, Z]/ 2)- h > 03 1" ."4'"  !" ()*5$( %" S(h) := {z ∈ [0, Z + δ] : V←
R
(u+) −

V←
R
(u−) ≤ ε ∀u ∈ [z − h, z + h]}/ 6" ') &("  !$ [0, Z + δ]\S(h) ($' 7" ."%(-&7". $% $

4'& " 8'&)' ), &' "-9$#% ∪i(zi − h, zi + h) 1!"-" (zi)i $-"  !" 5)&' % &' [0, Z + δ] %8(!  !$ 

V←
R
(zi+) − V←

R
(zi−) > ε/ :!"-",)-"3 &' 9&"1 ), ;</=>?3 1" ($'  $@" h > 0 %*$## "')8+!  )

!$9" ,)- n #$-+" "')8+! ;%$A n +-"$ "-  !$' n2?3

Qx(Rn ∈ [0, Z + δ]\S(h), τ0 > n) ≤ C−C+
√
π

σ
√
2

VR(x)

n3/2
,;</<B?

∫

[0,Z+δ]\S(h)
V←

R
(u)du ≤ δε.;</<C?

6" )7%"-9"  !$ lim supη→0 supz∈S(h)mη(z) ≤ ε 7A ()*5$(& A ), S(h)/ D" n3 7" %8(!  !$ 

supz∈S(h)m2
√

εn(z) ≤ ε ,)- $'A n ≥ n3/ EF8$ &)' ;</<<? &*5#&"%  !$ ,)- $'A δ′ ∈ [√εn, 2
√
εn]3

,)- $'A z ∈ S(h)3 $'. $'A n ≥ n33

∣∣∣Qx(Rn ∈ [z, z + δ′), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2
V←

R
(z)δ′

∣∣∣

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ′(

√
εn + ε+ ε

√
εn)

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}
V←

R
(z)δ′(2ε);</<G?

,)- n +-"$ "-  !$' %)*" n4/ H% 7",)-"3 1" -"5#$(" V←
R
(z)δ′ 7A  !" &' "+-$#

∫ z+δ′

z
V←

R
(u)du $'.

"F8$ &)' ;</<G? 7"()*"%

∣∣∣Qx(Rn ∈ [z, z + δ′), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ′

z

V←
R
(u)du

∣∣∣;</<I?

≤ C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ′

z

V←
R
(u)du(3ε).

2)- $'A z1 < z2 &' [0, Z + δ] %8(!  !$ [z1, z2] ⊂ S(h)3 ."()*5)%&'+  !" &' "-9$# [z1, z2) &'

%*$## &' "-9$#% ), #"'+ ! 7" 1""'

√
εn $'. 2

√
εn A&"#.%  !$ ,)- $'A n ≥ n4

∣∣∣Qx(Rn ∈ [z1, z2), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z2

z1

V←
R
(u)du

∣∣∣

≤ C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z2

z1

V←
R
(u)du(3ε).

JC



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#$! %&#% %&! '#(! )*!+,#-)%. )' %$,! /0$ *0*12!3!*!$#%! )*%!$4#-' 0/ %&! /0$( (, ]5 [, ]5 0$

(, ) 6"! 7#* '!! )% 8. %#9)*3 '-)3&%-. -#$3!$ 0$ '(#--!$ )*%!$4#-' 0/ %&! /0$( [, ) #*2 %&!* ,')*3

%&! 70*%)*,)%. 0/ %&! )*%!3$#-

∫ z2

z1
:; <&!$!/0$!5 "! &#4! /0$ #*. z ∈ [0, Z] #*2 n ≥ n4

∣∣∣Qx(Rn ∈ [z, z + δ) ∩ S(h), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫

[z,z+δ)∩S(h)

V←
R
(u)du

∣∣∣

≤ C−C+
√
π

σ
√
2

VR(x)

n3/2

∫

[z,z+δ)∩S(h)

V←
R
(u)du(3ε).

 . 0,$ 7&0)7! 0/ h 6'!! !+,#%)0*' 6=;=>: #*2 6=;=?::5 "! &#4!

Qx(Rn ∈ [z, z + δ] ∩ S(h)c, τ0 > n) ≤ Qx(Rn ∈ [0, Z + δ]\S(h), τ0 > n)

≤ C−C+
√
π

σ
√
2

VR(x)

n3/2
ε

#*2

∫

[z,z+δ]∩S(h)c
V←

R
(u)du ≤

∫

[0,Z+δ]\S(h)
V←

R
(u)du

≤ δε.

@% .)!-2' %&#% /0$ #*. x ∈ [0, dn]5 #*. z ∈ [0, Z] #*2 #*. n ≥ n45

∣∣∣Qx(Rn ∈ [z, z + δ), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ

z

V←
R
(u)du

∣∣∣

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}∫ z+δ

z

V←
R
(u)du(5ε).

@* 4)!" 0/ 6=;=A:5 "! &#4! /0$ n ≥ max{n1, n4}5 #*2 #*. (x, z) ∈ [0, dn]× [0, dn]

∣∣∣Qx(Rn ∈ [z, z + δ), τ0 > n)− C−C+
√
π

σ
√
2

VR(x)

n3/2

∫ z+δ

z

V←
R
(u)du

∣∣∣

≤
{C−C+

√
π

σ
√
2

VR(x)

n3/2

}∫ z+δ

z

V←
R
(u)du(5ε)

"&)7& 70(B-!%!' %&! B$00/;

 !"# $%&'()*)'+, '+$#

C!7#-- %&#% Sn = S0+X1+X2+ · · ·+Xn )' %&! 0*!12)(!*')0*#- $#*20( "#-9 #''07)#%!2

%0 %&! 8$#*7&)*3 B$07!''; D! 2!*0%! 8.

τ0 := inf{k ≥ 1 : Sk < 0}

AE



 !"# $%&'()*)'+, '+$#

 !" #$% &'%%'("  )*"  + 0 +,  !" $'-.+* /'01 S2 3)-4" E [X1] < 05 /" 1-+/  !' Sn .$), %  +

−∞ '-. τ0 < ∞ '0*+% %6$"072 8+ )4" '0%+  !' ,+$ '-7 9"$ ": |u| = n5 S(u) )% .)% $);6 ".

'% Sn2

<" ,+$ h ∈]0, 1] =
B(h) :=

1− (1− h)b

bh
.

>6$ #$% 0"**' %!+/% ' $"46$$"-4" ,+$*60' ,+$ un(x) := P x(Zn > 0)2

 !""# $%&%  !" #$% x ∈ R #$& n ≥ 1' () *#+)

un(x) = b?@{x≥0}E
x [un−1(S1)]B (Ex [un−1(S1)]) .

,"!!-. A)$% 075 /" +;9)+6%07 !'9" un(x) = 0 ), x < 02 B!"$",+$"  '1" x ≥ 02 C" /$) "  !' 

 !" &$+4"%% %6$9)9"% D6- )0  !" nth ("-"$' )+-E ), '-. +-07 ), ' 0"'% +-" +,  !" )-.)9).6'0%

)-  !" #$% ("-"$' )+- !'% ' ."%4"-.'- )-  !" nth ("-"$' )+-2

un(x) = Ex

[(
1−

b∏

i=1

(1− ?@Ai
)

)]
,

/) ! Ai  !" "9"- { !" ith )-.)9).6'0 )-  !" #$% ("-"$' )+- !'% ' ."%4"-.'- )-  !" nth

("-"$' )+-}2 F%)-(  !" ;$'-4!)-( &$+&"$ 7 +,  !" &$+4"%%5 +-" (" %  !'  !" "9"- % {(Ai, i =

1, . . . , b)} '$" )-."&"-."- '-. !'9"  !" %'*" &$+;';)0) 7 "G6'0  + Ex [un−1(S1)]2 H6  !)% )-

 !" &$"4".)-( "G6' )+-  + +; ')-

un(x) = Ex
[
1− (1− E [un−1(S1)])

b
]
.

B!" 4+-406%)+- ,+00+/% ,$+*  !" ."#-) )+- +, B2

I"#-" ,+$ '-7 n ≥ 1 '-. x ∈ R =

wn(x) := B (Ex [un−1(S1)]) .

B!)% '00+/% 6%  + $"/$) "  !" 0"**' '% ,+00+/% =

DJ2?E un(x) = b?@{x≥0}E
x [un−1(S1)]wn(x).

A+$ ,6 6$" 6%"5 -+ )4"  !' 

1− wn(x) ≤ b− 1

2
Ex [un−1(S1)]

≤ b− 1

2
un(x) =: c3un(x) .DJ2KE

JL



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !""# $%&%  !" #$% n ≥ 0 #$& x ∈ R' () *#+)

 !"!# un(x) = $%{x≥0}b
nEx

[
$%{τ0>n}

n∏

k=1

wk(Sn−k)

]

,"!!-. &' ()*+'', -. /0,1+2/*0" 34' +56' n = 0 /6 '56. 6/0+' u0(x) = $%{x≥0}" 7*8 61((*6'

n ≥ 1 50, x ≥ 0" 9. ':152/*0  !"$#; 8' 45<'

un(x) = bEx [un−1(S1)]wn(x).

=((>./0? 24' )'+1))'0+' 4.(*24'6/6 2* un−1(S1) ?/<'6 @

un(x) = bnEx

[
$%{S1≥0}E

S1

[
$%{τ0>(n−1)}

n−1∏

k=1

wk(Sn−k−1)

]]
wn(x)

= bnEx

[
$%{τ0>n}

n∏

k=1

wk(Sn−k)

]

84/+4 +*A(>'2'6 24' ()**B"

&' 6252' 24' C'. )'61>2 *B 24' 6'+2/*0"

'()*)+,-,). $%$%  !" #$% x ≥ 0'

 !"D# Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣∣ τ0 > n

]
/!$+)"0)1 2! # 3!1424+) /!$12#$2 #1 n→∞.

 5"2*)"6!")' 2*) 74642 &!)1 $!2 &)3)$& !$ 2*) +#75) !- x.

E1((*6' 2452 F)*(*6/2/*0 !"! 4*>,6" G'2 16 6'' 4*8 /2 /A(>/'6 34'*)'A $"$"

,"!!- !- 8*)!")6 9.9. G'AA5 !"H 65.6 2452

P x(Zn > 0) = $%{x≥0}b
nEx

[
n∏

k=1

wk(Sn−k), τ0 > n

]

F)*(*6/2/*0 !"! /A(>/'6 2452 24')' 'I/626 5 +*062502 C /0,'('0,'02 *B x 61+4 2452

P x(Zn > 0) ∼
n→∞

CP x(τ0 > n).

&' +*0+>1,' -. ':152/*0  $"D#"

34' )'A5/0,') *B 24' 6'+2/*0 /6 ,'<*2', 2* 24' ()**B *B F)*(*6/2/*0 !"!" 34' -56/+ /,'5

*B 24' ()**B ?*'6 -5+C 2* J5))/6 50, J5))/6 KDLM; -12 6'<')5> /A(*)2502 /0?)',/'026  61+4 56

62*+4562/+ +5>+1>16 50, (524 ,'+*A(*6/2/*0 B*) 9'66'> -)/,?'6# 5)' 0* >*0?') 5<5/>5->' /0 24'

,/6+)'2' 6'22/0?" N/)62; 8' ,')/<' 24' +*0<')?'0+' /0 >58 *B Sn +*0,/2/*05>>. *0 τ0 > n" 34'0;

8' ()*<' 24' >*8') >/A/2 50, 24' 1((') >/A/2 *B F)*(*6/2/*0 !"! /0 28* ,/62/0+2 61-6'+2/*06"

!L



 !"# $%&'()*)'+, '+$#

 !" # $%&'()*(&$( +& ,+-.)+/0.+%&

 ! "#! $%! &'()'*'+',-# !.$!/#0'/ $%!'+!) $' 1!2/! $%! 3+'4540(0$6 Q #"7% $%5$ 8'+

5/6 n9

dQ|Fn :=
eν(Sn−S0)

φ(ν)n
dP |Fn ,

:%!+! Fn 0# $%! #0*)5;5(*!4+5 *!/!+5$!1 46 S0, S1, . . . , Sn< =/1!+ Q9 $%! +5/1') :5(> Sn 0#

7!/$!+!19 5/1 σ2 1!2/!1 46 φ′′(ν)/φ(ν) 0# $%! ,5+05/7! '8 S1 "/1!+ Q< ?'+!',!+9

Ṽ (x) =
∑

k≥0
Q0(Sk = Ik(S) > −x) = VS(x)

:0$% $%! /'$5$0'/ '8 @!7$0'/ A<  ! 0/$+'1"7! 8'+ 5/6 z ≥ 09

BC<DE Ṽ−(z) := 1 +
∑

k≥1
γ−kE0

[
eνSk
FG{Sk=sup0≤ℓ≤k Sℓ≤z}

]
.

H%!/9 :0$% $%! /'$5$0'/ '8 @!7$0'/ A<A9 :! %5,! Ṽ−(z) = V←
S
(z)< I!$ C+ 5/1 C− 4! $%!

3'#0$0,! 7'/#$5/$# #"7% $%5$

Q0(τ0 > n) ∼n→∞
C+√
n
,

Q0( max
0≤k≤n

Sk < 0) ∼n→∞
C−√
n
.

5/1 S∗ 4! 5 +5/1') ,5+054(! '/ (0,+∞) :0$% 10#$+04"$0'/ *0,!/ 46

P (S∗ ∈ dz) = 1∫∞
0
e−νuṼ−(u)du

e−νzṼ−(z)dz .

 !""# $%&%  !" #$% x ≥ 0& '() "#$*!+ ,#"-#./) Sn 0$*)" P
x(· | τ0 > n) 1!$,)"2)3 -$ /#4

'! S∗5

'!"#() $%*% H%! 75#! x = 0 75/ 4! 8'"/1 0/ JDDK<

6"!!75  ! 2+#$ #%': $%5$ $%! #!L"!/7! 0# $0*%$< M6 7%5/*0/* )!5#"+! 8+') P x
$' Qx

9 :!

%5,! 8'+ 5/6 A > 09

BC<NE P x(Sn > A, τ0 > n) = eνxEx
Q

[
e−νSn , Sn > A, τ0 > n

]
.

 ! #!! $%5$

BC<OE Ex
Q

[
e−νSn , Sn > n1/3, τ0 > n

]
≤ e−νn1/3

.

CP



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#!$#"%

Ex
Q

[
e−νSn , Sn > A, τ0 > n

]
≤
⌊n1/3⌋∑

ℓ=⌊A⌋
e−νℓQx(Sn ∈ [ℓ, ℓ+ 1), τ0 > n).

&# '(# )#**+ ,-. /012 dn = n1/3% δ = 1 1! (## 12+1 12#"# #30(1( c15 > 0 +45 n1 ('62 12+1

7!" +48 n ≥ n1 +45 +48 A > 0%

9.-:;

⌊n1/3⌋∑

ℓ=⌊A⌋
e−νℓQx(Sn ∈ [ℓ, ℓ+ 1), τ0 > n). ≤ c15Ṽ (x)e

−νAn−3/2.

<='+10!4( 9.->;% 9.-?; +45 9.-:; 0*@A8 12+1 7!" n B"#+1#" 12+4 (!*# n2% /# 2+$# '407!"*A8

04 A > 0%

P x(Sn > A, τ0 > n) ≤ eνxṼ (x)2c15e
−νAn−3/2.

C8 #='+10!4 9D-E;% /# !F1+04 12+1 12#"# #30(1( n3 ('62 12+1 7!" +48 n ≥ n3 +45 +48 A > 0%

P x(Sn > A | τ0 > n) ≤ e−νA(3c15/C2)

/2062 @"!$#( 12# 10B214#((- &# @"!$# 4!/ 12+1 12# 12# (#='#46# 6!4$#"B#( 1! S∗- G1 0( #4!'B2

1! 62#6H 12# 6!4$#"B#46# !4 12# @+"106'A+" 1#(1 7'4610!4(% f(h) = eνh1{h∈[z,z+δ)} 7!" z ≥ 0

+45 δ > 0- &# /"01#

Ex[f(Sn), τ0 > n] = γneνxEx
Q[e

−νSnf(Sn), τ0 > n]

= γneνxQx(h ∈ [z, z + δ), τ0 > n).

&# 5#5'6# 7"!* )#**+ ,-. 12+1

Ex[f(Sn), τ0 > n] ∼
n→∞

γ−n C−C+

2σ
√
2π

Ṽ (x)

n3/2

∫ z+δ

z

Ṽ−(u)du.

<='+10!4 9D-E; 80#A5( 12+1

lim
n→∞

Ex[f(Sn) | τ0 > n] = γ−n C−C+

2σ
√
2π

Ṽ (x)

C2n3/2

∫ z+δ

z

Ṽ−(u)du

=: c11

∫ z+δ

z

Ṽ−(u)du.

&# 6+4 "#/"01# 12# A0*01 +( c11
∫∞
0
f(u)e−νuṼ−(u)du- I2# 6!4$#"B#46# 04 50(1"0F'10!4 7!AA!/(-

J046# 12# A0*0104B *#+('"# 0( + @"!F+F0A018 50(1"0F'10!4% /# 2+$# c11
∫∞
0
f(u)e−νuṼ−(u)du = 1%

/2062 6!*@A#1#( 12# @"!!7-

EK



 !"# $%&'()*)'+, '+$#

 !" #$$%& '()*+ ,* -&($(.,/,(*  ! 

 ! "#$%! & '()"*!# %!#'($+ $, !-.&/($+ 012342

 !""# $%&%  !" K ∈ N∗# $%!&

01254 lim
n→∞

Ex

[
K∏

k=1

wk(Sn−k)

∣∣∣∣∣ τ0 > n

]
= aK

'%!(! aK )* +!,&!+ )& -.#/01#

2(334# 6!/ ,$# &+7 (+/!8!# i ∈ [0, K]9 S̃i := Sn−K+i − Sn−K 2  ! :&%!

Ex

[
K∏

k=1

wk(Sn−k), τ0 > n

]
= Ex

[
K−1∏

k=0

wK−k(Sn−K + S̃k), τ0 > n

]

;(+<! S̃ (' (+=!"!+=!+/ $, Sn−K 9 >! <&+ >#(/!

Ex

[
K−1∏

k=0

wK−k(Sn−K + S̃k), τ0 > n

]
= Ex [fK(Sn−K), τ0 > n−K]

>(/: fK(z) := Ez
[
?@{τ0>K}

∏K−1
k=0 wK−k(Sk)

]
2 A7 6!))& 1239 >! B+$> /:&/ Sn9 <$+=(/($C

+!= $+ τ0 > n9 <$+%!#8!' (+ =('/#(D./($+ /$ S∗2 E:!+ D7 /:! <$+/(+.$.' )&""(+8 /:!$#!)9

Ex [fK(Sn−K) | τ0 > n−K] <$+%!#8!' /$ E [fK(S
∗)]2  ! &#! &**$>!= /$ )&B! .'! $, /:! <$+/(C

+.$.' )&""(+8 /:!$#!) D!<&.'! S∗ :&' & =!+'(/7 &+= fK :&' &/ )$'/ <$.+/&D*7 )&+7 "$(+/'

$, =('<$+/(+.(/7 0(+=!!=9 /:!'! &#! /:! "$(+/' ,#$) >:(<: /:! #&+=$) >&*B :&' & "$'(/(%! "#$C

D&D(*(/7 /$ #!&<: /:! $#(8(+ (+ &/ )$'/ K '/!"' &+= '/&7 "$'(/(%! D!,$#!2 E:!7 &#! #!*&/!= /$

/:! &/$)' $, /:! *&> $, X >:(<: &#! &/ )$'/ <$.+/&D*7 )&+742 E:!+9

Ex

[
K∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
=
P x(τ0 > n−K)

P x(τ0 > n)
Ex [fK(Sn−K) | τ0 > n−K] ,

>:(<: /!+=' /$

012?F4 aK := γ−KE [fK(S
∗)]

D7 !-.&/($+ 0?2342

 ! =!=.<! /:! ,$**$>(+8 .""!# D$.+=2

3?



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"!##$"% &'('  ! "#$!

lim sup
n→∞

Ex

[
n∏

k=1

(1− wk(Sn−k))

∣∣∣∣ τ0 > n

]
≤ inf

K≥1
aK .

%&''()  ! "#$!%&! '()' *"% )+, n ≥ K ≥ 1-

Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≤ Ex

[
K∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
.

., /!00) 123- 4' 40564!$ '()'

lim sup
n→∞

Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≤ aK .

7)8! '(! 4+90:0 "&!% K ≥ 1 '" ;"056!'! '(! 5%""*2

 ! "#$%& '#()* +) ,&#-#.+/+#)  ! 

 ! $("< '()' infK≥1 aK 4$ )6$" ) 6"<!% #":+=2

)*++$ &','  ! "#$!

>12??@ lim inf
n→∞

Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≥ inf

K≥1
aK

#*+ infK≥1 aK > 0)

%&''() /!' ε > 0 )+= η > 02  ! 9%$' 5%"&! '()' '(!%! !A4$'$ K 6)%B! !+":B( $:;( '()'

>12?C@ Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≥ (1− ε)Ex

[
K∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
− η .

D4+;! wk ≤ 1- <! ()&!- *"% )+, K ≤ n-

(1− ε)Ex

[
K∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]

≤ Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
+ P x

(
n∏

k=K+1

wk(Sn−k) < 1− ε

∣∣∣∣ τ0 > n

)
.

7(!%!*"%!- <! +!!= '" $("< '()'

P x

(
n∏

k=K+1

wk(Sn−k) < 1− ε

∣∣∣∣ τ0 > n

)
≤ η

EC



 !"# $%&'()*)'+, '+$#

 !"# K $% &'()"* +" %,&$- $- $#-. -!("" ,'(-%/ 01 .0%"(2$#) -!'-

P x

(
n∏

k=K+1

wk(Sn−k) < 1− ε

∣∣∣∣ τ0 > n

)

≤ P x(A1 | τ0 > n) + P x(A2 | τ0 > n) + P x

(
n∏

k=K+1

wk(Sn−k) < 1− ε, A3

∣∣∣∣ τ0 > n

)

 $-!

A1 := {Sn ≥M} ,
A2 :=

{
∃K + 1 ≤ k ≤ n %34! -!'- Sn−k ≥M + k2/3, Sn ≤M

}
,

A3 := Ac
1 ∩ Ac

2.

51 6"77' 8*9/ -!" %":3"#4" (Sn)n≥0 4.#;$-$.#'&&1 .# {τ0 > n} 4.#2"()"% $# ;$%-($03-$.# -.
S∗* <!"("=.(" -!"(" ">$%-% M =M(η) %34! -!'- P x

(
A1

∣∣∣∣ τ0 > n

)
< η/2 =.( n &'()" "#.3)!*

6"- 3% 4.#%$;"( A2*

P x

(
A2

∣∣∣∣ τ0 > n

)
≤

n∑

k=K+1

P x

(
Sn−k ≥M + k2/3, Sn ≤M

∣∣∣∣ τ0 > n

)
.

+" 3%" 6"77' ?*@ A%"" B,,"#;$>C  $-! α = 2/3* <!"(" ">$%- %.7" 4.#%-'#-% cM > 0 '#;

b > 0 %34! -!'-/ =.( '#1 k ∈ [|0, n|]/

P x

(
Sn−k ≥M + k2/3, Sn ≤M

∣∣∣∣ τ0 > n

)
≤ cMe

−kb

.

D- $7,&$"% -!'-

P x

(
A2

∣∣∣∣ τ0 > n

)
≤ cM

∑

k≥K+1

e−kb ≤ η/2

=.( K = K(η) &'()" "#.3)!* <!"("=.("/  " =.3#; M(η) '#; K(η) %34! -!'-

P x(A1) + P x(A2) ≤ η.

D- ("7'$#% -. 0.3#; -!" ,(.0'0$&$-1 .= !'2$#) A3 '#; {
∏n

k=K+1wk(Sn−k) < 1 − ε}* E(.7
A8*@C/  " F#. -!'- 1− wk(x) ≤ c3uk(x)* E3(-!"(7.("/

uk(x) = P x(Zk > 0) ≤ Ex[Zk] = bkP x(τ0 > k) .
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 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "#$!%&! '()' P x(τ0 > k) ≤ P x(Sk ≥ 0) )*+ ,! -$! '(! .%)/0%1$ #"-*+ P x(Sk ≥ 0) ≤
E0
[
eν(x+Sk)

]
= eνxφ(ν)k '" 2!' '()'

345647 1− wk(x) ≤ c3e
νxφ(ν)k .

8* '(! !&!*' A39 ,! ()&!

n∏

k=K+1

wk(Sn−k) ≥
n∏

k=K+1

(
1− c3e

ν(M+k2/3)φ(ν)k
)

≥
∞∏

k=K+1

(
1− c3e

ν(M+k2/3)φ(ν)k
)
=: F (K) .3456:7

;<*=! limK→∞ F (K) = 09 ,! =)* =(""$! K = K(ε) >)%2! !*"-2( '" ()&! F (K) > 1 − ε5

?!*=! ,! 2!' @"% K >)%2! !*"-2(9

P x

(
n∏

k=K+1

wk(Sn−k) < 1− ε, A3

∣∣∣∣ τ0 > n

)
= 0.

A(<$ B%"&!$ 3456C75 D* B)%'<=->)%9 ')E<*2 '(! ></<' n→∞9 '(!* infK≥19 ,! "#')<*

lim inf
n→∞

Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≥ (1− ε) inf

K≥1
aK − η .

 ! ')E! η → 0 )*+ ε→ 0 '" ="/B>!'! '(! B%""@ "@ 3456675 ."/#<*!+ ,<'( ."%">>)%F 45G9 <'

</B><!$ '()'

3456H7 lim
n→∞

Ex

[
n∏

k=1

wk(Sn−k)

∣∣∣∣ τ0 > n

]
= inf

K≥1
aK .

 ! $(", *", '()' infK≥1 aK > 05 I!' µ > 0 )*+ η > 05  ! ,%<'! )$ #!@"%!

P x

(
n∏

k=1

wk(Sn−k) < µ

∣∣∣∣ τ0 > n

)

≤ P x(A1 | τ0 > n) + P x(A2 | τ0 > n) + P x

(
n∏

k=0

wk(Sn−k) < µ, A3 | τ0 > n

)
.

 ! )>%!)+F $(",!+ '()' '(!%! !J<$'$ M =M(η) )*+ K = K(η) $-=( '()' @"% n >)%2! !*"-2(

3456K7 P x(A1 | τ0 > n) + P x(A2 | τ0 > n) ≤ η.

::



 !"#$%&'())&' *'+),-+* -./ 0"1"%%-1)*'

 ! "!#$%% $%&' ()$( '* ()! !+!*( A3, -! )$+!

n∏

k=K(η)+1

wk(Sn−k) ≥ F (K)

-)!"! F (K) .& /!0*!/ .* 1234563  ! ($7! #$"! '8 #)''&.*9 K :.9 !*';9) (' )$+! F (K) > 03

 ! !<=)$&.>! ()$( K /'!& *'( /!=!*/ &' 8$" '* ()! +$%;! '8 µ3  ! )$+! 8'" n ≥ K,

1234?6 P x

(
n∏

k=0

wk(Sn−k) < µ,A3

∣∣∣∣ τ0 > n

)
≤ P x

(
K∏

k=0

wk(Sn−k) < µ/F (K)

∣∣∣∣ τ0 > n

)
.

@A ()! B$"7'+ ="'=!"(A,

P x

(
K∏

k=0

wk(Sn−k) < µ/F (K), τ0 > n

)
= Ex [gK,µ(Sn−K), τ0 > n−K]

-)!"! gK,µ(z) := P z
(∏K

k=0wk(SK−k) < µ/F (K), τ0 > K
)
3 @A C!<<$ 235, ;&.*9 ()! #'*(.D

*;';& <$==.*9 ()!'"!< A.!%/& ()$( Ez[gK,µ(Sn−K) | τ0 > n − K] (!*/& (' γ−KE[gK,µ(S
∗)]3

E9$.*, -! ;&!/ ()! 8$#( ()$( ()! 8;*#(.'* gK,µ )$& '*%A #';*($:%! <$*A /.&#'*(.*;.(.!&3 C!(

µ > 0 &<$%% !*';9) (' )$+! γ−KE[gK,µ(S
∗)] ≤ η3 @A !F;$(.'*& 1234G6 $*/ 1234?6, -! )$+!

8'" n ≥ K,

Ex

[
n∏

k=0

wk(Sn−k)

∣∣∣∣ τ0 > n

]
≥ µP x

(
n∏

k=0

wk(Sn−k) > µ

∣∣∣∣ τ0 > n

)

≥ µ

(
1− η − P x

(
K∏

k=0

wk(Sn−k) < µ/F (K)

∣∣∣∣ τ0 > n

))
.

 ! ($7! ()! %.<.( n→∞3 @A 1234H6, ()! CIJ 9'!& (' infK≥1 aK 3 K)!"!8'"!,

inf
K≥1

aK ≥ µ(1− 2η) > 0

.8 η .& ($7!* &(".#(%A &<$%%!" ()$* 1/23

 !"#$%&'())&' *'+),-+* -./ 0"1"%%-1)*'

@!8'"! ()! ="''8 '8 K)!'"!< 43L, -! <!*(.'* $ &<$%% /!+.$(.'*& "!&;%( '8 B'9;%M&7..,

-).#) 9.+!& ()! ="':$:.%.(A 8'" $ "$*/'< -$%7 (' &($A :!(-!!* (-' #;"+!&3

N'" $*A L, L̃ ∈ F [0, 1], -! -".(! L < L̃ -)!* ∀t ∈ [0, 1], L(t) < L̃(t) $*/ L ≤ L̃ -)!*

∀t ∈ [0, 1], L(t) ≤ L̃(t) 3 O8 n ≥ 1, -! -".(! L <n L̃ -)!* ∀1 ≤ k ≤ n, L
(

k
n

)
< L̃

(
k
n

)
$*/

L ≤n L̃ -)!* ∀1 ≤ k ≤ n, L
(

k
n

)
≤ L̃

(
k
n

)
3

5H



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#$"% &'(  !"#$%&'())*  !" ξ1# ξ2# . . . $! %&%&'& ()*'+, -)(%)$.!/ /012 "2)" E[ξ1] = 0

)*' σ2 := E[ξ21 ] <∞&  !" (xn, n ≥ 0) $! ) /!30!*1! +4 5+/%"%-! *0,$!(/ /012 "2)"

lim
n→∞

xn = +∞ ,

lim
n→∞

xn√
n

= 0 .

6!7*! 4+( )*8 n ≥ 0

Sn := S0 + ξ1 + ξ2 + . . .+ ξn,

92!(! S0 = z ).,+/" /0(!.8 0*'!( "2! 5(+$)$%.%"8 P z
:z ∈ R;&

<2!* z = 0# 9(%"! P := P 0
)*' '!7*!# 4+( )*8 t ∈ [0, 1]#

sn(t) :=
S⌊tn⌋
xn

=
ξ1 + ξ2 + . . .+ ξk

xn

4+( k/n ≤ t < (k + 1)/n .

=2!*# 4+( )*8 L1# L2 ∈ C[0, 1]# 9%"2 L1(t) < L2(t)# 9! 2)-!# )/ n→∞#

log (P (L1 < sn < L2)) ∼ −CL1,L2nx
−2
n ,

92!(!

CL1,L2 :=
π2σ2

2

∫ 1

0

dt

(L2(t)− L1(t))
2 .

 ! "!!# $%! &'$($)'&* (&+ (**,-#$)'&* '. /%!'0!- 123 $%0',4%',$ $%)* *!5$)'&2 6'0 $%!

#0''.7 8! 0!.!0 $' 9:3;2

 !""# $%&% >!" L1# L2 ∈ C[0, 1]# 9%"2 L1 < L2 )*' L1(0) < 0 < L2(0)& ?+( )*8 /!30!*1!/

(Ln
1 )n )*' (Ln

2 )n +4 F [0, 1] /012 "2)" ‖Ln
1 − L1‖∞ → 0 )*' ‖Ln

2 − L2‖∞ → 0 )/ n→∞# 9!

2)-!

log (P (Ln
1 < sn < Ln

2 )) ∼ −nx−2n CL1,L2 .

'!"#() $%*% <& $%! 5'&5=,*)'& '. >!--( 12?7 8! 5(& 0!#=(5! $%! *$0)5$ )&!@,(=)$)!*

Ln
1 < sn < Ln

2

AB 8!(" '&!* C'0 $("! '&! *$0)5$ (&+ $%! '$%!0 8!("D (&+ 'A$()& $%! *(-! !*$)-($! AB !E(5$=B

$%! *(-! (04,-!&$2 F&! 5(& !(*)=B 5%!5" $%($ $%)* (=*' (##=)!* $' $%! '$%!0 0!*,=$* '. $%)*

*!5$)'& *)&5! 8! +!+,5! $%!- .0'- >!--( 12?2

1G



 !"#$%&'())&' *'+),-+* -./ 0"1"%%-1)*'

 !""# "# $%&&' ()*)  !" 0 < ε < 1
2
min[0,1](L2 − L1)# $! %&' %())*! N ≥ 1 *+%( "(&"

∀j ∈ {1, 2},∀n ≥ N,max
[0,1]

|Ln
j − Lj| < ε.

,(!'- .)/ &'0 n ≥ N - 1! (&2!

{L1 + ε < sn < L2 − ε} ⊂ {Ln
1 < sn < Ln

2} ⊂ {L1 − ε < sn < L2 + ε}.

3*4'5 "(! %)//!*6)'74'5 4'!8+&94"4!* .)/ 6/):&:494"4!* &'7 &66904'5 ,(!)/!; <#=- 1! 5!"

−CL1+ε,L2−ε≤ lim inf
n→∞

x2n
n
logP (Ln

1<sn<L
n
2 )≤ lim sup

n→∞

x2n
n
logP (Ln

1<sn<L
n
2 ) ≤ −CL1−ε,L2+ε.

$! ;&>! ε → 0# ,(!' CL1+ε,L2−ε → CL1,L2 &'7 CL1−ε,L2+ε → CL1,L2 - &'7 "(! 9!;;& 4*

6/)2!7#

 !""# $%$% +%, L1- L2 ∈ C[0, 1]- ./,0 L1 < L2 '12 L1(0) < 0 < L2(0)) 3"! '14 5%67%18%5

(Ln
1 )n '12 (L

n
2 )n "# F [0, 1] 5780 ,0', ‖Ln

1 − L1‖∞ → 0 '12 ‖Ln
2 − L2‖∞ → 0 '5 n→∞- .%

0'9%

log (P (Ln
1 <n sn <n L

n
2 )) ∼ −nx−2n CL1,L2 .

 !""#) $! 4'"/)7+%! "(! *!8+!'%!* ). 64!%!14*! %)'*"&'" 4'"!/6)9&"4)' .+'%"4)'* (L̃n
1 )n &'7

(L̃n
2 )n 7!?'!7 :0 @

∀j ∈ {1, 2},∀n ≥ 1,∀0 ≤ t ≤ 1, L̃n
j (t) := Ln

j

(⌊tn⌋
n

)
.

$! ')"4%! "(&"

∀n ≥ 1, {Ln
1 <n sn <n L

n
2} = {L̃n

1 < sn < L̃n
2}.

A!.)/! %)'%9+74'5 :0 &66904'5  !;;& <#B 14"( L̃n
j 69&04'5 "(! /)9! ). L

n
j - 1! (&2! ") %(!%>

"(&" "(!*! *!8+!'%!* %)'2!/5! +'4.)/;90 ") Lj &* n → ∞ .)/ j = 1, 2# C!" ε > 0# $! %&'

%())*! N ≥ 1 *+%( "(&" .)/ j = 1, 2 .)/ &'0 n ≥ N - 1! (&2! ‖Ln
j − Lj‖∞ < ε#

$! %&' &9*) %())*! η > 0 *+%( "(&" .)/ j = 1, 2-

∀t, t′ ∈ [0, 1], (|t− t′| ≤ η ⇒ |Lj(t)− Lj(t
′)| < ε).

 !" t ∈ [0, 1] &'7 n ≥ 1
η
# D)"4%4'5 "(&" | ⌊tn⌋

n
− t| ≤ 1

n
- 1! 5!" .)/ j = 1, 2

∀n ≥ max(N,
1

η
), |L̃n

j (t)− Lj(t)| ≤ |Ln
j

(⌊tn⌋
n

)
− Lj

(⌊tn⌋
n

)
|+ |Lj

(⌊tn⌋
n

)
− Lj(t)| ≤ 2ε.

,(!' ‖L̃n
j−Ln

j ‖∞ → 0 &* n→∞ &'7 1! %&' &6690  !;;& <#B- 1(4%( 6/)2!*  !;;& <#<#

<E



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"# $"% "$& %' (') *

+,-./ ∀n ≥ 1, xn := n1/3.

 !""# $%&%  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +!" (L
n
1 )n '()

(Ln
2 )n ,! -!./!(0!- 12 F [0, 1] -/0& "&'" ‖Ln

1 − L1‖∞ → 0 '() ‖Ln
2 − L2‖∞ → 0 '- n → ∞*

+!" β∗ '() γ∗ ,! 31-%"%4! 5!'6 (/7,!5- -/0& "&'" 0 ≤ β∗ < γ∗ ≤ 1* +!" u∗, v∗ ∈ R -/0& "&'"

L1(β
∗) ≤ u∗ < v∗ ≤ L2(β

∗)* +!" (un)n '() (vn)n ,! -!./!(0!- 12 5!'6- -'"%-28%(9

un

xn

→ u∗,
vn

n
→ v∗, Ln

1 (β(n))xn ≤ un ≤ vn ≤ Ln
2 (β(n))xn ∀n ≥ 1.

+!" (β(n))n '() (γ(n))n ,! -!./!(0!- 12 5!'6- -'"%-28%(9

β(n)

n
→ β∗,

γ(n)

n
→ γ∗, 1 ≤ β(n) < γ(n) ≤ n, ∀n ≥ 1.

:! '6-1 '--/7! "&'" ;

∃M ∈ N∗,∀m ∈ N∗,#{n : (γ − β)(n) = m} ≤M.

<" %- !'-8 "1 -!! "&'" "&! 6'-" 01()%"%1( &16)- %2 "&! -!./!(0! (γ(n) − nγ∗ − β(n) + nβ∗)n %-

,1/()!)* =&!(

lim sup
n→∞

1

n1/3
log

(
sup

un≤z≤vn

P z

(
Ln
1

(
k

n

)
<
Sk−β(n)

xn

<Ln
2

(
k

n

)
,∀β(n)<k≤γ(n)

))
≤ −Cβ∗,γ∗

L1−v∗,L2−u∗ ,

$&!5!# 215 '(8 2/(0"%1(- 01("%(/1/- L1 '() L2 : [0, 1] 7→ R -/0& "&'" L1 ≤ L2#

Cβ∗,γ∗

L1,L2
:=

π2σ2

2

∫ γ∗

β∗

dt

(L2(t)− L1(t))
2 .

>5112* 0!1)' m := γ(n)− β(n)- 2")13' )45)

{
∀z ∈ [un, vn],∀k ≤ m,xnL

n
1

(
β(n) + k

n

)
< z + Sk < xnL

n
2

(
β(n) + k

n

)}

⊂
{
∀k ≤ m,xn

(
Ln
1

(
β(n) + k

n

)
− vn

)
< Sk < xn

(
Ln
2

(
β(n) + k

n

)
− un

)}
.+,-6/

7') A = {m ∈ N∗ : ∃n ∈ N∗, γ(n)− β(n) = m}-
89 49:")4'(1(& '534 m ∈ A 1( 5))51$'; <9 γ−β ="! 5) #"() M ;1>'!'$) ?5@A'( "= n& 4'$3' %'

35$ ;'B$' 5 (A!C'3)1"$ ϕ : {1, 2, . . . ,M}×A 7→ N∗ (A34 )45) ="! 5$9 1 ≤ l ≤M & ϕ(l,m) =: n

(5)1(B'( γ(n)− β(n) = m-

,D



 !"#$%&'())&' *'+),-+* -./ 0"1"%%-1)*'

 !" #$%& 1 ≤ l ≤M ' (# )#*+#

L̃m
1 (t) =

Ln
1

(
(1−t)β(n)+tγ(n)

n

)
xn − vn

xm

, L̃m
2 (t) =

Ln
2

(
(1−t)β(n)+tγ(n)

n

)
xn − un

xm

,

(&#"# n := ϕ(l,m), -./+0 12,23 $+) n ∼ (γ∗ − β∗)−1m' (# !45$/+ xn ∼ xm(γ
∗ − β∗)−1/3,

6!+.#78#+59: 5&#.# .#78#+%#. !; ;8+%5/!+. .$5/.;:' $. m→∞ 1$+) .! n := ϕ(l,m)→∞) <

L̃m
1 (t)→ L̃1(t) := (γ∗ − β∗)−1/3 [L1 ((1− t)β∗ + tγ∗)− v∗] ,

L̃m
2 (t)→ L̃2(t) := (γ∗ − β∗)−1/3 [L2 ((1− t)β∗ + tγ∗)− u∗] .

 !" #$%& 1 ≤ l ≤ M ' (# $==9: >#??$ @,@ (/5& L̃m
1 $+) L̃m

2 5! 5&# ="!4$4/9/5: !; 5&# #A#+5

/+ 5&# "/0&5B&$+) ./)# !; 12,C3' (# !45$/+' ;!" 5&# #A#+5 !+ 5&# 9#;5B&$+) ./)#' $. m→∞

P

(
∀z ∈ [un, vn],∀k ≤ m,xnL

n
1

(
β(n) + k

n

)
< z + Sk < xnL

n
2

(
β(n) + k

n

))

≤ exp


−(1 + o(1))m1/3π

2σ2

2

∫ 1

0

dt
(
L̃2(t)− L̃1(t)

)2




= exp

(
−(1 + o(1))n1/3

π2σ2

2

∫ α∗

β∗

dt

(L2(t)− u∗ − L1(t) + v∗)2

)

= exp
(
−(1 + o(1))n1/3Cβ∗,γ∗

L1−v∗,L2−u∗

)
.

D&/. 4!8+) &!9). (/5& n "8++/+0 $9!+0 5&# M .84.#78#+%#. ϕ(l,m)m' 1 ≤ l ≤ M ' (&/%&

5!0#5&#" %!A#" $99 5&# A$98#. n ∈ N∗' $+) 5&8. >#??$ @,E /. ="!A#),

 !""# $%&%  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +!" (L
n
1 )n '()

(Ln
2 )n ,! -!./!(0!- 12 F [0, 1] -/0& "&'" ‖Ln

1 − L1‖∞ → 0 '() ‖Ln
2 − L2‖∞ → 0 '- n → ∞*

+!" β∗ '() γ∗ ,! 31-%"%4! 5!'6 (/7,!5- -/0& "&'" 0 ≤ β∗ < γ∗ ≤ 1* +!" (β(n))n '() (γ(n))n

,! -!./!(0!- 12 5!'6- -'"%-28%(9

β(n)

n
→ β∗,

γ(n)

n
→ γ∗, 1 ≤ β(n) < γ(n) ≤ n ∀n ≥ 1.

:! '6-1 '--/7! ;

∃M ∈ N∗,∀m ∈ N∗,#{n : (γ − β)(n) = m} ≤M.

@F



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "# $%#& !' #$$ !(%! !($ )%#! *'+,"!"'+ ('),# "- !($ #$./$+*$ (γ(n) − nγ∗ − β(n) + nβ∗)n "#

0'/+,$,1 2($+

lim sup
n→∞

1

n1/3
log

(
sup

z
P z

(
Ln
1

(
k

n

)
<
Sk−β(n)

xn

< Ln
2

(
k

n

)
,∀β(n) < k ≤ γ(n)

))

≤ −Cβ∗,γ∗

L1,L2
,

3($4$ !($ supz "# '5$4 !($ z ∈ R #/*( !(%! xnL
n
1 (β(n)) ≤ z ≤ xnL

n
2 (β(n))1

64''-1  !" ε > 0#  !" N $! %& '&"!(!) *+,- "-%" Nε > L2(β
∗) − L1(β

∗)# .! /!0&! 12)

j = 0, 1, . . . , N 3

uj
n := xn

Ln
1 (β

∗)(N − j) + Ln
2 (β

∗)j

N
.

.'"- 2$4'2+* &2"%"'2&3 5! -%4!

sup
xnLn

1 (β(n))≤z≤xnLn
2 (β(n))

p(z, n) = max
0≤j≤N−1

sup
uj

n≤z≤vj
n

p(z, n).

.! %6678  !99% :#; N "'9!*3 5'"- un = uj
n %&/ vn = uj+1

n 3 J = 0, 1, . . . , N − 1 %&/ (!" $8

"-! 6)!,!/'&( !<+%"'2& =

lim sup
n→∞

1

n1/3
log

(
sup

z
P z

(
Ln
1

(
k

n

)
<
Sk−β(n)

xn

< Ln
2

(
k

n

)
,∀β(n) < k ≤ γ(n)

))

≤ −Cβ∗,γ∗

L1,L2+
L2(β∗)−L1(β∗)

N

≤ −Cβ∗,γ∗

L1,L2+ε ,>:#?@

5-!)! "-! supz '* 24!) "-! z ∈ R *+,- "-%" xnL
n
1 (β(n)) ≤ z ≤ xnL

n
2 (β(n))#

A& "-! ,296+"%"'2& 21 >B#:@3 5! +*!/ "-! 1%,"3 2$4'2+* 1)29 '"* /!0&'"'2&3 "-%" Cβ∗,γ∗

L1,L2
2&78

/!6!&/* 2& L2 − L13 β
∗
%&/ γ∗3 5-',- '967'!*

∀0 ≤ j ≤ N − 1, Cβ∗,γ∗

L1−
Ln

1 (β∗)(N−j−1)+Ln
2 (β∗)(j+1)

N
,L2−

Ln
1 (β∗)(N−j)+Ln

2 (β∗)j

N

= Cβ∗,γ∗

L1,L2+
L2(β∗)−L1(β∗)

N

.

.! 9%C! ε→ 03 "-!& Cβ∗,γ∗

L1,L2+ε → Cβ∗,γ∗

L1,L2
%&/ 5! ,2&,7+/! +*'&( "-! $2+&/ >B#:@#

 !"#"$%&%"' ()*) 7$! L18 L2 ∈ C[0, 1]8 3"!( L1 < L2 %+, L1(0) < 0 < L2(0)1 9$! (Ln
1 )n %+,

(Ln
2 )n 0$ #$./$+*$# '- F [0, 1] #/*( !(%! ‖Ln

1 − L1‖∞ → 0 %+, ‖Ln
2 − L2‖∞ → 0 %# n → ∞1

:$ %##/;$ B %+, C %4$ ;%<<"+=# [0, 1] × N∗ 7→ N∗8 +'+,$*4$%#"+= "+ !($ >4#! *';<'+$+!

%+, #/*( !(%!8 -'4 %+& α ∈ [0, 1]8 !($ #$./$+*$# (B(α, n) − αn)n %+, (C(α, n) − αn)n %4$

0'/+,$,1

;D



 !"#$%&'())&' *'+),-+* -./ 0"1"%%-1)*'

 ! "#$% &'$( )!((* +,- ./*. &$' *#0 0 ≤ β∗ < γ∗ ≤ 11 %! /*2!

lim sup
n→∞

1

n1/3
log

(
sup

z
P z

(
Ln
1

(
k

n

)
<
Sk−B(β∗,n)

xn

< Ln
2

(
k

n

)
,∀B(β∗, n) < k ≤ C(γ∗, n)

))

≤ −Cβ∗,γ∗

L1,L2
,

%/!'! ./! supz 34 $2!' ./! z ∈ R 456/ ./*. xnL
n
1 (B(β

∗, n)) ≤ z ≤ xnL
n
2 (B(β

∗, n)),

7/! 68*3( $& ./! 9'!4!#. 9'$9$43.3$# 34 ./*. ./34 !4.3(*.! /$8:4 5#3&$'(80 3# β∗ *#: γ∗

456/ ./*. 0 ≤ β∗ < γ∗ ≤ 1,

;'$$&,  !" ε > 0#  !" N $! %& '&"!(!) *+,- "-%"

∀0 ≤ β∗ ≤ γ∗ ≤ 1, (γ∗ − β∗ <
1

N
⇒ Cβ∗,γ∗

L1,L2
< ε).

.! %//01  !22% 3#4 N(N + 1)/2 "'2!* 5'"-

β∗ =
b

N
, γ∗ =

c

N
, 0 ≤ b < c ≤ N.

6-!& 78) n $'( !&8+(-9 %&: %&1 '&"!(!)* b %&: c *+,- "-%" 0 < b ≤ c < N 9 5! -%;!

1

n1/3
log

(
sup

z
P z

(
Ln
1

(
k

n

)
<
Sk−B( b

N
,n)

xn

< Ln
2

(
k

n

)
,∀B( b

N
, n) < k ≤ C(

c

N
, n)

))

≤ −C
b
N

, c
N

L1,L2
+ ε,

5-!)! "-! supz '* 8;!) "-! z ∈ R *+,- "-%" xnL
n
1 (B(β

∗, n)) ≤ z ≤ xnL
n
2 (B(β

∗, n))#

<8) %&1 0 ≤ β∗ ≤ γ∗ ≤ 19 5! ,%& =&: 1 ≤ b ≤ N %&: 0 ≤ c ≤ N − 1 *+,- "-%" >

b− 1

N
≤ β∗ ≤ b

N
,

c

N
γ∗ ≤ c+ 1

N
.

?7 b ≤ c9 "-!&

1

n1/3
log

(
sup

z
P

(
Ln
1

(
k

n

)
<
z + Sk−B(β∗,n)

xn

< Ln
2

(
k

n

)
,∀B(β∗, n) < k ≤ C(γ∗, n)

))

≤ 1

n1/3
log

(
sup

z
P

(
Ln
1

(
k

n

)
<
z + Sk−B( b

N
,n)

xn

< Ln
2

(
k

n

)
,∀B( b

N
, n) < k ≤ −C( c

N
, n)

))

≤ −C
b
N

, c
N

L1,L2
+ ε

≤ −Cβ∗,γ∗

L1,L2
+ 3ε,

@A



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#" $!" supz %& '("# $!" z ∈ R &)*! $!+$ xnL
n
1 (B(β

∗, n)) ≤ z ≤ xnL
n
2 (B(β

∗, n)),

-.&" b = c+ 1/ γ∗ − β∗ ≤ 1/N / !"0*" Cβ∗,γ∗

L1,L2
< ε , 1!%& *+&" %& "+&%"# 2

1

n1/3
log

(
sup

z
P z

(
Ln
1

(
k

n

)
<
Sk−B(β∗,n)

xn

< Ln
2

(
k

n

)
,∀B(β∗, n) < k ≤ C(γ∗, n)

))

≤ 0 ≤ −Cβ∗,γ∗

L1,L2
+ ε.

1!%& "03& $!" 4#''5 '5 $!" 4#'4'&%$%'0,

 !"#$% &'(' 1!" )44"# 6')03 +6'(" %& &!+#4 +03 7+8 6" #"4.+*"3 68 +0 "9)%(+."0*",

:""4%0; $!" +6'(" 0'$+$%'0& +03 !84'$!"&%&/  " !+("/ 5'# +08 ε > 0 &7+.. "0');!/

log

(
inf
z
P z

(
Ln
1

(
k

n

)
<
Sk−β(n)

xn

< Ln
2

(
k

n

)
,∀β(n) < k ≤ γ(n)

))
∼ −nx−2n Cβ∗,γ∗

L1,L2
,

 !"#" $!" infz %& '("# $!" z ∈ R &)*! $!+$ xn (L
n
1 (B(β

∗, n)) + ε) < z < xn (L
n
2 (B(β

∗, n))− ε),

1!" 4#''5 '5 $!%& #"&).$ %& ("#8 &%7%.+# $' $!" )44"#6')03/ 6)$ &%0*" %$ %& 0'$ )&"5). !"#"/  "

'7%$ %$,

1!" 5'..' %0; ."77+/ $!" 4#''5 '5  !%*! %& $#%(%+. +03 '7%$$"3/ 7+<"& =#'4'&%$%'0 >,?

"+&%"# $' +44.8,

)!""# &'*'  !"#$ %&# '(()*+%,-!( -. /$-+-(,%,-! 0123 C
β(n)

n
, γ∗

n
L1,L2

→ Cβ∗,γ∗

L1,L2
3 )!,.-$*45 ,!

0 ≤ β∗ ≤ γ∗ ≤ 1 '( n→∞1

 !"#$% &'+,' @'# $!" )44"# 6')03& %0 $!" 4#"*"3%0; ."77+& +03 %0 =#'4'&%$%'0 >,?/  "

*+0 #"."+&" $!" !84'$!"&%& $!+$ L1 < L2 +03 L1(0) < 0 < L2(0), 1!" 5'..' %0; +#;)7"0$

"A$"03& $!" )44"# 6')03 $' 5)0*$%'0& &+$%&58%0; L1 ≤ L2/ CL1,L2 <∞ +03 L1(0) ≤ 0 ≤ L2(0)

B%0&$"+3 '5 $!" &$#'0;"# *'03%$%'0& L1 < L2 +03 L1(0) < 0 < L2(0)C 2

D"$ ε > 0, E'$%*" $!+$ $!" 4#'6+6%.%$8 $!+$ sn &$+8 6"$ ""0 Ln
1 +03 Ln

2 %& ."&& $!+0

$!" 4#'6+6%.%$8 $!+$ sn &$+8& 6"$ ""0 L̃n
1 := Ln

1 − ε +03 L̃n
2 := Ln

2 + ε, F"0*"  " 7+8

+44.8 5'# "A+74." =#'4'&%$%'0 >,?  %$! L̃n
1 +03 L̃n

2 +03 '6$+%0 + )0%5'#7 )44"# 6')03

exp
(
−n1/3Cβ∗,γ∗

L̃1,L̃2
(1 + o(1))

)
, E' ."$ ε→ 0/ Cβ∗,γ∗

L̃1,L̃2
→ Cβ∗,γ∗

L1,L2
)0%5'#7.8 %0 β∗ +03 γ∗,

 !"# $%&'&()* $)+#

G"7%03 $!+$ Qx
/ 3"H0"3 68

dQ|Fn :=
eνSn

φ(ν)n
dP |Fn ,

IJ



 !"# $%&'&()* $)+#

 ! " #$%&"& ' () *+,-$ ./ 0/ Sn  ! 0-+(-$-,1 2-( *! ,-3+- σ2 := EQ[X
2
1 ]1

4- (*$+ (% (/- #$%%5 %5 6/-%$-7 8191 2-( (fk, k ≥ 0) &- 5%$ (/- ( 7- &- +: "+) !-;*-+0-

%5 #%! ( <- $-"'!1 4- . '' #$-0 !- (/- <"'*- %5 fk '"(-$ %+1 =%$ "+) |u| = k> .- !") (/"( u ∈ S
 5 5%$ "+) ℓ ≤ k> (/- "+0-!(%$ uℓ %5 u "( :-+-$"( %+ ℓ <-$ 3-! 0 < S(uℓ) ≤ fℓ1 4-  +($%,*0-

Zn(S) :=
∑

|x|=n

8?{x∈S} .

?+ .%$,!> .- "$-  +(-$-!(-, &) (/- +*7&-$ %5 #"$( 0'-! (/"( /"<- "'.")! &--+ &-'%. (/- 0*$<-

f 1 =%$ (/- *+,-$') +: %+-@, 7-+! %+"' $"+,%7 ."'A (Sk, k ≥ 0)> .- (/-+ ,-3+-

τf := inf{k ≥ 0 : Sk ≥ fk %$ Sk ≤ 0} .BC18D

 !"#"$%&%"' ()*)  !" #$%%$&'() *&$ '("+,-%'*'". !$%/0 1$2 -(3 x ≥ 04

P (Zn > 0) ≤ Q(τf > n) +
n∑

k=1

Q(τf ≥ k)e−νfk ,BC19D

P x(Zn > 0) ≥ Q(τf > n)eνx−2νfn

1 +
∑n−1

k=0 sup0≤y≤fk

{
eνyQy

(

τ k
f > n− k

)} .BC1ED

&'*! *!" ($*-*'$( $# 56078 -99%'"/ *$ *!" ."+,"(:" fk : ℓ 7→ fk
ℓ := fk+l0

;2$$#0 F) (/- G"*0/)@H0/."$(I  +-;*"' ()>

E [Zn(S)]2 ≤ E
[

Zn(S)2
]

P (Zn(S) > 0) ,

./ 0/ ) -',!

P (Zn > 0) ≥ P (Zn(S) > 0) ≥ E[Zn(S)]2
E[Zn(S)2]

.BC1JD

4- %&!-$<- (/"(

Zn(S)2 =
∑

|u|=n

8?{u∈S}Zn(S)BC1CD

=%$ "+) v ∈ S> .- ,-3+-

Zv
n(S) :=

∑

|u|=n,u>v

8?{u∈S} .

CE



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#!$#"% &' w &( ) *+&,- !' v% ).- vi -#.!/#( /+# i0/+ *+&,- !' v% 1# (#/

Zv
n(S, w) :=

∑

i,vi 6=w

Zvi
n (S)

1+&*+ (/).-( '!" /+# .234#" !' -#(*#.-)./( !' v &. 5#.#")/&!. n 1+! +)$# .#$#" 4##. 4#6!.-

/+# *2"$# f .#&/+#" 4#,!1 7#"! ).- 1+! )"# .!/ -#(*#.-)./ !' w8 9#/ u 4# ). &.-&$&-2), &.

5#.#")/&!. n ).- uℓ 4# )( :"#$&!2(,6 /+# ).*#(/!" !' u )/ 5#.#")/&!. ℓ8 ;# +)$#

Zn(S) = 1 +
n−1
∑

k=0

Zuk
n (S, uk+1) ,

'"!3 1+&*+ #<2)/&!. =>8>? 4#*!3#(

Zn(S)2 = Zn(S) +
∑

|u|=n

n−1
∑

k=0

@A{u∈S}Z
uk
n (S, uk+1)

= Zn(S) +
n

∑

k=1

∑

|v|=k

Zv
n(S)Z

←

v
n (S, v) .

 !"#$%$!"&''( !"

←
v ∈ S &"# S(←v )) %*+ ,&"#!- .&,$&/'+0 Zv

n(S) &"# Z
←
v
n (S, v) &,+ $"#+1+"#+"%2

3*$0 $-1'$+0 %*&%

Ex[Zn(S)2] = Ex[Zn(S)] +
n∑

k=1

∑

|v|=k

Ex
[
E[Zv

n(S) |
←
v ∈ S, S(←v )]E[Z

←
v
n (S, v) |

←
v ∈ S, S(←v )]

]

≤ Ex[Zn(S)] +
n∑

k=1

∑

|v|=k

Ex[E[Z
←
v
n (S) |

←
v ∈ S, S(←v )]2]

≤ Ex[Zn(S)] +
n−1∑

k=0

∑

|v|=k

Ex[E[Zv
n(S) | v ∈ S, S(v)]2] .45267

8!, |v| = k) 9+ "!%$:+ %*&%

452;7 E [Zv
n(S) | v ∈ S, S(v)] = <={v∈S}b

n−kP S(v)
(

τfk > n− k
)

,

>( %*+ ?0?&' :*&"@+ !A 1,!/&/$'$%() 9+ @+% A!, &"( a > 0 &"# ℓ ≥ 0)

P a
(

τfk > ℓ
)

= eνaE[eνX1 ]ℓEa
Q

[

<={τ
fk>ℓ}e

−νSℓ

]

≤ eνaE[eνX1 ]ℓQa
(

τfk > ℓ
)

= eνab−ℓQa
(

τfk > ℓ
)

.

5B



 !"# $%&'&()* $)+#

 !"#"$%#"& "'()*+%, -./01 2)32 *!)*

E [Zv
n(S) | v ∈ S, S(v)] ≤ 45{v∈S}eνS(v)QS(v)

(

τfk > n− k
)

.

6#%7 -./81& 9" :":(;" *!)*

Ex[Z2
n(S)] ≤ Ex [Zn(S)] +

n−1
∑

k=0

∑

|v|=k

Ex
[

45{v∈S}
(

eνS(v)QS(v)
(

τfk > n− k
))2

]

.

<" ,%*+;" *!)*

Ex[Zn(S)] = bnP x(τf > n) = EQx

[

e−ν(Sn−x)
45{τf >n}

]

≤ eνxQx(τf > n) .-./=1

>%,2"'(",*?3&

Ex[Z2
n(S)] ≤ Qx(τf > n) +

n−1
∑

k=0

bkEx
[

45{τf >k}
(

eνSkQSk
(

τfk > n− k
))2

]

= Qx(τf > n) +
n−1
∑

k=0

EQx

[

45{τf >k}e
ν(Sk+x)

(

QSk
(

τfk > n− k
))2

]

.

6%# ),3 k& 9" ;%7@(*" *!)*

EQx

[

45{τf >k}e
νSk

(

QSk
(

τfk > n− k
))2

]

≤ EQ

[

45{τf >k}Q
Sk

(

τfk > n− k
)]

sup
0≤y≤fk

{

eνyQy
(

τfk > n− k
)}

.

A+,;"

EQx

[

45{τf >k}Q
Sk

(

τfk > n− k
)]

= Qx(τf > n) ,

+* B,)??3 C+D"2

EQx

[

45{τf >k}e
νSk

(

QSk
(

τfk > n− k
))2

]

≤ Qx(τf > n) sup
0≤y≤fk

{

eνyQy
(

τfk > n− k
)}

.

E",;"&

Ex[Zn(S)2] ≤ Qx(τf > n)

(

1 +
n−1
∑

k=0

sup
0≤y≤fk

{

eνyQy
(

τfk > n− k
)}

)
.

..



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !"#$ %& '()*+ ,#- '().+$

P x(Zn > 0) ≥ EQx

[
e−ν(Sn−x)

/0{τf >n}
]2

eνxQx(τf > n)
(
1 +

∑n−1
k=0 sup0≤y≤fk

{
eνyQy

(
τfk > n− k

)})

≥ eνx−2νfnQ(τf > n)

1 +
∑n−1

k=0 sup0≤y≤fk

{
eνyQy

(
τfk > n− k

)} .

 12#3#4 56 5!" 177"2 %61#-$ 8" 6%9"2:" 5!,5

{Zn > 0} ⊂ {Zn(S) > 0}
n⋃

k=1

Ek .

8!"2" Ek 39 5!" ":"#5 5!,5 , 7,253;<" u 912:3:3#4 ,5 53=" n 8"#5 %"&6#- 5!" ;12:" f >62 5!"

?295 53=" ,5 53=" k < n) @" 9,& 5!"# 5!,5 u 39 kA466-) @" ,<2",-& !,:"

P (Zn(S) > 0) ≤ E[Zn(S)] ≤ Q(τf > n) .

B62 ,#& k ≤ n$ 8" 6%9"2:" 5!,5

P (Ek) ≤ E


∑

|u|=k

/0{u is k−good}


 = bkP (τ0 > n, τf = k) ≤ bkP (τ0 > k, τf = k) .

 !39 <",-9 56

P (Ek) ≤ EQ

[
/0{τ0>k}/0{τf=k}e

−νSk
]
≤ Q(τf ≥ k)e−νfk .

B3#,<<&$

P (Zn > 0) ≤ Q(τf > n) +
n∑

k=1

Q(τf ≥ k)e−νfk .

C"5 19 512# 56 5!" 7266> 6>  !"62"= /)D)

@" ?295 6%5,3# 5!" 177"2 %61#-)

 !""# "# $%& '((&! )"'*+ ,* -%&"!&. /010 C"5 d :=
(
3π2σ2

2ν

)1/3
$ ,#- -"?#"

L(t) := d (1− t)1/3 ,∀0 ≤ t ≤ 1,

fk := d (n− k)1/3 = n1/3L

(
k

n

)
,∀1 ≤ k ≤ n.

(E



 !"# $%&'&()* $)+#

 ! "#$%$&'('$) *+,- '( '& .)$/01 ($ 2$/)3 R(n) := Qx(τf > n) +
∑n

k=1 Qx(τf > k)e−νfk
+ 4.

$2&.#5. (16( 2! 7*+89

lim sup
n→∞

1

n1/3
log (P x(Zn > 0)) ≤ lim sup

n→∞
R(n)

≤ max(R1, R2) =: R1 ∨R2 ,

:1.#.

R1 := lim sup
n→∞

1

n1/3
logQx(τf > n) ,

R2 := max
0≤k≤n−1

lim sup
n→∞

1

n1/3
log

(
Qx(τf ≥ k)e−νfk

)
.

 ! ;.<<6 =+> :'(1 β(n) = 0 6)3 γ(n) = n 7;.<<6 =+= 3$.& )$( &/?@. 2.@6/&. x <6! 2.

$(1.# (16) 09 6)3 A.<6#B =+,C-

R1 ≤ −C0,L = −νd.

D.( β∗ = 0- B(0, n) = 0+ E$# 6)! γ∗ ∈ (0, 1] 6)3 n ≥ 1- 3.F). C(γ∗, n) := ⌊γn⌋ − 1+

"#$%$&'('$) =+G 6)3 A.<6#B =+,C !'.H3 (16(- /)'I$#<H! ') γ ∈ (0, 1]-

lim
n→∞

sup
γ∗

(
1

n1/3
log(Q(τf > C(γ∗, n))) + C0,γ∗

0,L

)
= 0,

:1.#.

C0,γ∗

0,L =
π2σ2

2

∫ γ∗

0

dt

L(t)2
=

[
3π2σ2(1− t)1/3

2d2

]γ∗

0

= νd
(
1− (1− γ∗)1/3

)
.

J@@$#3')0 ($ ;.<<6 =+K- (1'& <6! 2. :#'((.)-

lim
n→∞

sup
1≤k≤n

(
1

n1/3
log(Q(τf ≥ k))C

0, k−1
n

0,L

)
= 0.

4. 6H&$ 165.

−νfk

n1/3
= νd

(
1− k

n

)1/3

.

L$<2')')0- :. $2(6')

R2 ≤ −νd.

E')6HH!-

lim sup
n→∞

1

n1/3
P x(Zn > 0) ≤ −νd = −

(
3π2ν2σ2

2

)1/3

.

*G



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "#$ %&''( '( "#$ )'*$& +',!-. /0!1$ x 7→ P x(Zn > 0) 0/ !'!-$1&$2/0!3. *$ 425 2//,4$

*0"#'," )'// '( 3$!$&2)0"5 "#2" x = 06 7$" ε > 06 8/ 2 1'!/$9,$!1$ '( "#$ :2&;'< %&'%$&"5.

*$ #2<$

=>6?@ P 0(τ0 > n) ≥ P 0(∃u ∈ T , V (u) ≥ εn1/3 , V (ui) > 0,∀1 ≤ i ≤ |u|)P εn1/3

(τ0 > n).

A#$ B&/" (21"'& 0/ 1'!"&'))$- +5 "#$ ('))'*0!3 )$442 C

 !""# $%&%  !" ε > 0#  !" η > 0 $%&' "'(" P (X ≥ η) > 0# )'!*

P 0(∃u ∈ T , V (u) ≥ εn1/3 , V (ui) > 0,∀1 ≤ i ≤ |u|) ≥ P (X ≥ η)

⌈
εn1/3

η

⌉

.

+,--.# D01; '!$ 0!-0<0-,2) u 0! 3$!$&2"0'!

⌈
εn1/3

η

⌉
6 A#$ &03#"E#2!- /0-$ '( "#$ 0!$9,2)0"5 0/

"#$ %&'+2+0)0"5 '( "#$ $<$!" {∀1 ≤ i ≤ |u|, Xu ≥ η}6 F! "#0/ $<$!". 0" 0/ 1)$2& "#2" u /,&<0<$/

2!- V (u) ≥ εn1/3@6 A#$ )$442 ('))'*/6

81",2))5 "#$ )$442 2+'<$ 2))'*/ ,/ "' 2//,4$ "#2" "#$ '&030!2) %'/0"0'! 0/ #03# $!',3# ='(

"#$ '&-$& '( n1/3@ /' "#2" "#$ 1'!-0"0'! L1(0) < 0 =*#01# *$ !$$- ('& "#$ )'*$& +',!- '(

:'3,)G/;00G/ $/"042"$@ #')-/6

+,--. -. "'! /-0!, 1-%*2 3* )'!-,!4 5#6# H&'4 !' '! *$ ('1,/ '! "#$ /$1'!- (21"'& 0! "#$

&03#"E#2!- /0-$ '( =>6?@6 I$ 2%%)5 D&'%'/0"0'! >6J *0"#

L(t) := d (1− t)1/3 ,∀0 ≤ t ≤ 1,

fk := d (n− k)1/3 + εn1/3 = n1/3
(
ε+ L

(
k

n

))
,∀1 ≤ k ≤ n.

I$ #2<$ x = εn1/3 = fn6 =>6K@ 50$)-/

1

n1/3
log(P εn1/3

(τ0 > n))

≥ 1

n1/3
log(Qεn1/3

(τf > n))− 1

n1/3
log

(
1 +

n−1∑

k=0

sup
0≤x≤fk

{eνxQx (τf > n− k)}
)
− ε

= T n
1 − T n

2 − ε ,=>6JL@

*0"# '+<0',/ !'"2"0'!6

M$442 N6N. *0"# Ln
1 = L1 = −ε 2!- L2 = L. 50$)-/

lim
n→∞

T n
1 = −C−ε,L.

>O



 !"# $%&'&()* $)+#

 !"!#$%#&' (!)* )*+ ,$"+ -./0)!1/, $/2 ∀0 ≤ β∗ < 1' B(β∗, n) := ⌊β∗n⌋' γ∗ = 1' C(1, n) = n'

(+ 13)$!/ -%1" 4%151,!)!1/ 678 $/2 9+""$ 67: )*$) ;

lim sup
n→∞

1

n1/3
log

(
max

0≤k≤n−1

(
sup

0≤x≤fk

Qx
(
τ k
f > n− k

)
+ C

k
n

,1

−ε,L

))
= 0.

<+/0+

T n
2 = o(1) + max

{
0, max

0≤k≤n−1

(
νL

(
k

n

)
+ νε− C

k
n

,1

−ε,L

)}

≤ o(1) + max

{
0, max

0≤α≤1

(
νL(α) + νε− Cα,1

−ε,L

)}
.

=, $ 01/,+>.+/0+' lim supT n
2 ≤ max {0, T2} (*+%+

T2 := max
0≤α≤1

(
νL(α) + νε− Cα,1

−ε,L

)
.

= ,!"5#+ 01"5.)$)!1/ ?!@+,

AB7CCD ∀0 ≤ α ≤ 1, Cα,1
0,L = νL(α).

E*+%+-1%+' $, ε→ 0' T2 → max0≤α≤1
(
νL(α)− Cα,1

0,L

)
= 07 F/ 1)*+% (1%2,'

lim
ε→0

lim sup
n→∞

T n
2 = 0.

E$G!/? α = 0 !/ AB7CCD' (+ 13)$!/

lim
ε→0

lim
n→∞

T n
1 = −C0,L = −νL(0) = −νd.

H1"3!/!/? )*+ )(1 #$,) 2!,5#$&, (!)* AB7CID' (+ ?+)

lim
ε→0

lim inf
n→∞

1

n1/3
logP εn1/3

(τ0 > n) ≥ −νd = −
(
3π2ν2σ2

2

)1/3

.

J& 9+""$ B7K'

lim
ε→0

lim inf
n→∞

1

n1/3
logP 0(∃u ∈ T , V (u) ≥ εn1/3 , V (ui) > 0,∀1 ≤ i ≤ |u|) = 0.

E*$/G, )1 )*+ )(1 #$,) +,)!"$)+,' (+ 01"5#+)+ )*+ 5%11- 1- )*+ #1(+% 31./2 3& #+))!/? ε→ 0

!/ AB7:D7

B:



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 !""#$%&'

 ! "!!# $%! &'$($)'& '* +!,$)'& -.

 !""# $%&%  !" #$% α > 1/2& '()") )*+,', # -!$,'#$' d > 0 ,.-( '(#' /!" #$% +$')0)" k ≥ 1

#$1 #$% ")#2 z ≥ k&

Q0(Sk ≤ −zα) ≤ dke−zµ(α)

/0.12

3+'( µ(α) := min(α− 1/2, 1/2)4

5"!!/4  ! ,3'4!35 *'33'6 $%! #7''* '* 8!99( 0.- )& :;<=. 8!$ d2 > 0 4>,% $%($ d1 :=

E0
Q[e
−d2X ] <∞. ?5 '>7 (44>9#$)'&4@ )$ 9!(&4 d2 ∈ (0, ν − s). ?5 $%! A(7"'B )&!C>(3)$5@ 6!

%(B! *'7 (&5 z ≥ 0@

Q0(X < −z) ≤ d1e
−d2z .

 ! 'D4!7B! $%($

Q0 (Sk ≤ −zα) ≤ kQ0
(
X ≤ −√z

)
+Q0

(
Sk ≤ −zα, Xi > −

√
z, i = 1 . . . k

)

≤ d1ke
−d2
√

z + e−zα−1/2

E0
Q

[
e−Sk/

√
z
1E{Xi>−

√
z, 1≤i≤k}

]

≤ d1ke
−d2
√

z + e−zα−1/2

EQ

[
e−X/

√
z
1E{X>−√z}

]k

.

F%! )&!C>(3)$5 eu ≤ 1 + u+ u2 *'7 u ≤ 1 )9#3)!4 $%($

EQ

[
e−X/

√
z
1E{X>−√z}

]
≤ 1 + EQ

[−X√
z
1E{X>−√z}

]
+ EQ

[
X2

z
1E{X>−√z}

]

= 1 + EQ

[
X2

z
1E{X>−√z}

]

≤ 1 +
EQ [X

2]

z
.

G'7 z ≥ k@ 6! H!$

EQ

[
e−X/

√
z
1E{X>−√z}

]k

≤
(
1 +

EQ [X
2]

z

)k

≤
(
1 +

EQ [X
2]

z

)z

≤ exp
(
EQ

[
X2

])
.

E$ 5)!3I4 $%($

Q0 (Sk ≤ −zα) ≤ d1ke
−d2
√

z + e−zα−1/2

exp
(
EQ

[
X2

])

6%),% ,'9#3!$!4 $%! #7''*.

0J



 !""#$%&'

 !""# $%&%  !" #$% α > 1/2 #$& M > 0' ()*"* *+,-(- .!-,(,/* 0!$-(#$(- d3 #$& d4 -10)

()#( 2!" #$% n ≥ 1 #$& #$% k 3*(4**$ 1 #$& n' 4* )#/*

P x(Sn−k ≥M + kα, τ0 > n, Sn ≤M) ≤ d3γ
nn−3/2e−kd4 .

5"!!26  !" α > 1/2 #$% M > 0& '! %!($! )*+ #$, z ≥ 0-

ρk(z) := P z(τ0 > k, Sk ≤M).

., "/! 0#+1*2 3+*3!+",- 4! /#2!

P x(Sn−k ≥M + kα, τ0 > n, Sn ≤M) = Ex [ρk(Sn−k), Sn−k ≥M + kα, τ0 > n− k] .

'! *56!+2! "/#"

ρk(z) = eνzγkEz
Q

[
e−νSk , τ0 > k, Sk ≤M

]

≤ eνzγkQz(τ0 > k, Sk ≤M)

≤ eνzγkQz(Sk ≤M).

78$9! Qz(Sk ≤M) = Q0(Sk ≤M − z)-  !::# ;&< 8:3=8!6 "/#" )*+ #$, z ≥M + kα
-

ρk(z) ≤ eνzγkd5k exp
(
−(z −M)µ(α)/α

)
.

>/!+!)*+!-

P x(Sn−k ≥M + kα, τ0 > n, Sn ≤M)

≤ γkd5kE
x
[
eνSn−k exp

(
−(Sn−k −M)µ(α)/α

)
, Sn−k ≥M + kα, τ0 > n− k

]

= γnd5ke
νxEx

Q

[
exp

(
−(Sn−k −M)µ(α)/α

)
, Sn−k ≥M + kα, τ0 > n− k

]
.

?*+ k ≥ √n- 4! @!"

P x(Sn−k ≥M + kα, τ0 > n, Sn ≤M) ≤ γnd5k exp
(
−(kα −M)µ(α)/α

)

≤ d6γ
nn−3/2 exp

(
−kd7

)

)*+ 6*:! d6, d7 > 0& 7A33*6! "/!$ "/#" k <
√
n& '! 6/*4 "/#" 4! 9#$ +!6"+89" *A+6!=2!6 "*

Sn−k ≤M + n1/3& B$%!!%-

P x(Sn−k ≥M + n1/3, Sn ≤M, τ0 > n)

= γneνxEx
Q

[
e−νSn , Sn−k ≥M + n1/3, Sn ≤M, τ0 > n

]

≤ γneνxQx(Sn−k ≥M + n1/3, Sn ≤M)

≤ γneνxQ0(Sk ≤ −n1/3).

;<



 !"#$%& ' (  !"#$#%& '"()%)$&$*+ ,-*$.%*,- $/ *0, 1"$*$1%& %/2 -!)1"$*$1%& 1%-,-

 ! "#! $!%%& '() *+,- z =
√
n &./ α = 2/3( 0, 1+!2/# ,-&, Q0(Sk ≤ −n1/3) ≤ d8ke

−n1/6
(

 ! /!/"3! ,-&,

P x(Sn−k ≥M + n1/3, Sn ≤M, τ0 > n) ≤ d9γ
neνxn−3/2e−kd10

456 #5%! d9, d10 > 0( 0, 6!%&+.# ,5 75"./ ,-! 8657&7+2+,1 ,-&, Sn−k ∈ [M + kα,M + n1/3](

 ! -&9!

P x(Sn−k ∈ [M + kα, n1/3], τ0 > n, Sn ≤M)

≤ γnd5ke
νxEx

Q

[
exp

(
−(Sn−k −M)µ(α)/α

)
, Sn−k ≥M + kα, τ0 > n− k

]
.

:!&#5.+.; 5. ,-! 9&2"! 54 Sn−k< *! ;!,

Ex
Q

[
exp

(
−(Sn−k −M)µ(α)/α

)
, Sn−k ≥M + kα, τ0 > n− k

]

≤
⌊M+n1/3⌋∑

ℓ=⌊M+kα⌋
exp

(
−(ℓ−M)µ(α)/α

)
Qx(Sn−k ∈ [ℓ, ℓ+ 1), τ0 > n− k).

=1 $!%%& >(?< ,-!6! !@+#,# & 35.#,&., cd11 #"3- ,-&, 456 &.1 m ≥ 1 &./ &.1 ℓ ≤M + n1/3<

*! -&9!

Qx(Sm ∈ [ℓ, ℓ+ 1), τ0 > m) ≤ d11m
−3/2(1 + ℓ)2 ,

*-!6! *! "#!/ ,-! 4&3, ,-&, ,-! 6!.!*&2 4".3,+5. 7!-&9!# 2+.!&621 &, +.A.+,1(  ! /!/"3! ,-&,

Ex
Q

[
exp

(
−(Sn−k −M)µ(α)/α

)
, Sn−k ≥M + kα, τ0 > n− k

]

≤ d11(n− k)−3/2
⌊M+n1/3⌋∑

ℓ=⌊M+kα⌋
(1 + ℓ)2 exp

(
−(ℓ−M)µ(α)/α

)

≤ d12n
−3/2e−kd13

456 #5%! d12, d13 > 0 #+.3! k <
√
n( 0, 35%82!,!# ,-! 86554(

 !"#$%&'()'*'#+, B  ! &6! ;6&,!4"2 ,5 C-&. D-+ 456 %&.1 "#!4"2 /+#3"##+5.#(  ! *+#-

,5 ,-&.E &. &.5.1%5"# 6!4!6!! 456 #!9!6&2 +%8659!%!.,# 5. ,-! 8&8!6( F-! *56E 54 GH *&#

#"8856,!/ +. 8&6, 71 ,-! I!,-!62&./# J6;&.+#&,+5. 456 D3+!.,+A3 :!#!&63- KI JL(

'>



 !""#$%&'

 !"# $%&'()* +,-*) ./0-#!

1/2-!3#"3 456 789$

:#2;*"<2;# =*">#,<"3#"3  "*&;)>#* =*">#,<"3' 8/,"< ?6

8@A@ +)B CDE F G!/2# .-<<"#-

CHII 9+  "*&;)>#* 1JKCLCL 8/,"< M#&#B IC

:;# N#3;#,!/*&< 1,/*2#

 !" #$"% &'()*+$"!#,'+ -./('#0$11/ !)/2+,#1.

HE





 !"#$%& '

(!% )&*$*)"+ ,"&&*%& -.& $!% /0&1*1"+ .- $!%

,&"2)!*23 &"24.5 6"+7 6*$! ",/.&#$*.2

 !



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +*

&!" )$'/#!%/0 $'/1+2 3'(4 3%&! '),+$5&%+/

 

!"#$% &'(#)*

 !"#$%&"'( )*%"& +,

 !""#$%&  ! "#$%& ' ()'*+,-*. )'*%/0 1'23 /* R 1-#, '* '("/)(-*.

('))-!)4 5,! 6/"-#-/* /7 #,! ('))-!) %!6!*%" /* #,! .!*!)'#-/*4 8* !'+, .!9

*!)'#-/*: /*2& #,! -*%-;-%$'2" (/)* (!2/1 #,! ('))-!) "$);-;! '*% )!6)/%$+!4

<-;!* ' )!6)/%$+#-/* 2'1: =-..-*" !# '24 >?@A %!#!)0-*!% 1,!#,!) ' 2-*!')

('))-!) '22/1" #,! 6)/+!"" #/ "$);-;!4 8* #,-" 6'6!): 1! )!B*! #,!-) )!"$2# C

-* #,! (/$*%')& +'"! -* 1,-+, #,! "6!!% /7 #,! ('))-!) 0'#+,!" #,! "6!!%

/7 #,! 0-*-0'2 6/"-#-/* /7 ' 6')#-+2! -* ' .-;!* .!*!)'#-/*: 1! '%% ' "!+/*%

/)%!) #!)0 an1/3 #/ #,! 6/"-#-/* /7 #,! ('))-!) 7/) #,! nth .!*!)'#-/* '*%

B*% '* !D62-+-# +)-#-+'2 ;'2$! ac "$+, #,'# #,! 6)/+!"" %-!" 1,!* a < ac '*%

"$);-;!" 1,!* a > ac4  ! '2"/ /(#'-* #,! )'#! /7 !D#-*+#-/* 1,!* a < ac

'*% ' 2/1!) (/$*% 7/) #,! 6/6$2'#-/* 1,!* -# "$);-;!"4

'(% )*$+,& =)'*+,-*. )'*%/0 1'23: '("/)6#-/*4

-. ,!/0(12 13#,,451#24*6,& EFGHF4

6 7/&$+1-#&%+/

+) ,-#./ ' .0,1")-)2-03) 4"'$150$6 "'$.%3 7'*8 %$ R9 :5) ;%;#*'-0%$ <%"3, ' 7)**2

8$%7$ ='*-%$2+'-,%$ -")) T > '$. ,%3) )?-"' 0$<%"3'-0%$ 0, '..). @ -% )'15 0$.0A0.#'*

u ∈ T 7) '--'15 ' .0,;*'1)3)$- ξu ∈ R <"%3 -5) ;%,0-0%$ %< 5)" ;'")$-9 +) ,)- -5) 0$0-0'*

'$1),-%" ̺ '- -5) %"060$> 5)$1) -5) 0$.0A0.#'* u 5', ;%,0-0%$

V (u) =
∑

̺<v≤u

ξv =

|u|∑

i=1

ξui
,

 

 !"# $!%&'() $*+(# ,)*+ %- %)'"$.( #/0+"''(1 '*  !!"#$% &$ #'(!%)*)+) ,$!-* ./*!)0"-12 3( "+&)*4( !()(

)(#/.'# ,*) '!( $)"'"$%. $%#( '!%' $*-#'"'/'( '!( #($*-1 !%., *, 5!%&'() 67 %-1 '!"# .(%1# '* )(&(%'"-8 $()'%"-

%)8/+(-'#2 9- &%)'"$/.%)7 :($'"*- 626 0*))*;# !(%4".< ,)*+ :($'"*- = *, 5!%&'() 62

BB



 !"#$%&'(#)%"

 !"#" |u| $% &!" '"("#)&$*( *+ u )(, ui &!" )(-"%&*# *+ u $( '"("#)&$*( i. /" ,"(*&" 01

Tn := {u ∈ T : |u| = n} &!" 2*234)&$*( )& &$5" n. /" ,"6(" )( $(6($&" 2)&! u &!#*3'! T
)% ) %"73"(-" *+ $(,$8$,3)4% u = (ui)i∈N %3-! &!)&

∀i ∈ N, |ui| = i )(, ui < ui+1.

/" ,"(*&" &!"$# -*44"-&$*( 01 T∞.
9*  " ":24)$( !* &!" ,$%24)-"5"(&% ξu, u ∈ T )#" ,$%&#$03&",. ; %$524" -!*$-"<  $&!

8"#1 ($-" 2#*2"#&$"%  *34, 0" &* &)=" &!"5 $.$.,. 03& )-&3)441 "8"#1&!$(' %&$44  *#=% $( )

5*#" '"("#)4 %"&&$('. ;44 $(,$8$,3)4% %&$44 #"2#*,3-" $(,"2"(,"(&41 )(, &!" %)5"  )1< 03&  "

)44* -*##"4)&$*(% $( &!" (350"# )(, ,$%24)-"5"(&% *+ &!" -!$4,#"( *+ "8"#1 %$('4" $(,$8$,3)4.

>+  "  #$&" Γ(u) +*# &!" %"& *+ -!$4,#"( *+ u< *3# #"73$#"5"(& $% &!)& &!" 2*$(& 2#*-"%%"%

{ξv, u ∈ Γ(u)}< ? $&! u #3(($(' *8"# )44 &!" 2*&"(&$)4 $(,$8$,3)4% *+ &!" #)(,*5 &#"" T @ )#"
$.$.,.

/" ,"6(" ) 0)##$"# )% ) +3(-&$*( ϕ : N → R. >( &!" 0#)(-!$(' #)(,*5  )4=  $&! )0%*#2A

&$*(< &!" $(,$8$,3)4% u %3-! &!)& V (u) > ϕ(|u|)< $.". 0*#( )0*8" &!" 0)##$"# )#" #"5*8", B
&!"1 )#" $55",$)&"41 =$44", )(, ,* (*& #"2#*,3-".

C"%&"( DEFG< H"##$,) )(, I$5*( DJFG<DJKG< L)##$% )(, L)##$% DMNG !)8" %&3,$", &!" -*(&$A

(3*3% )()4*' *+ &!$% 2#*-"%%< &!" 0#)(-!$(' O#* ($)( 5*&$*(  $&! )0%*#2&$*(. P!" 3(,"#%A

&)(,$(' *+  !)& !)22"(% $( &!" -*(&$(3*3% %"&&$('< 5*#" -*(8"($"(& &* !)(,4" +#*5 &"-!($-)4

2*$(& *+ 8$" < '#")&41 !"42% 3% $( &!" ,$%-#"&" *(". >( 2)#&$-34)#<  " 0*##* !"#" %*5" $,")%

+#*5 C"%&"( DEFG.

O$''$(% "& )4. DFQG $(&#*,3-", &!" 0#)(-!$(' #)(,*5  )4=  $&! )( )0%*#0$(' 0)##$"# $(

*#,"# &* )(% "# 73"%&$*(% )0*3& 2)#)44"4 %$534)&$*(%. R"5)(&4" DSTG )(, U)(&"#& "& )4. DMMG

)4%* %&3,$", &!$% 5*,"4.

; ()&3#)4 73"%&$*( &!)& )#$%"% $%  !"&!"# &!" 2#*-"%% %3#8$8"%. P!$% *08$*3%41 ,"2"(,% *(

&!"  )4= )%  "44 )% *( &!" 0)##$"#. P!" -)%" *+ &!" 4$(")# 0)##$"#% !)% 0""( %*48", 01 O$''$(%

"& )4. DFQG.

O"+*#" %&)&$(' &!"$# #"%34&<  " ("", &* $(&#*,3-" %*5" (*&)&$*( B

/" ,"(*&" &!" $(&"(%$&1 5")%3#" *+ &!" 2*$(& 2#*-"%% 01 µ< )(, $&% V)24)-"AI&$"4W"%

&#)(%+*#5 01 Φ B

Φ(t) = E


∑

|u|=1
e−tξu


 =

∫

R

e−tzµ(dz).

/" )%%35" &!)& &!" ":2"-&", (350"# *+ -!$4,#"( Φ(0) $% 6($&" )(, &!)& ("')&$8" ,$%24)-"A

5"(&% *--3#< $.". &!)& µ((−∞, 0)) > 0.

ET



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 ! "#$% &!'(! Ψ = log Φ !"#$ #$ % $!&#'!() '*+,-. /0+'!#*+ !"%! !%1-$ ,%(0-$ #+ (−∞,+∞]2

3- '%(( '&#!#'%( !"- '%$- 4"-&-

Φ(1) = E


∑

|u|=1
e−ξu


 = 1 %+5 Φ′(1) := E


∑

|u|=1
ξue
−ξu


 = 0.

6"#$ '%+ %($* 7- 4&#!!-+ Ψ(1) = 0 %+5 Ψ′(1) = 02

 !"#$"% &'& 89#::#+$ -! %(2 ;<=>?'  ! "#$ %&'"'%() %(*$+ ,$ #(-$ .

P (∃u ∈ T∞,∀i ≥ 1, V (ui) ≤ iε)

{
= 0 '/ ε ≤ 0,
> 0 '/ ε > 0.

6"- %#@ */ !"#$ %&!#'(- #$ !* &-A+- !"#$ &-$0(! 7) &-B(%'#+: !"- (#+-%& 7%&&#-& i 7→ iε 4#!"

% @*&- :-+-&%( 7%&&#-& i 7→ ϕ(i)2

C#,-+ % 7%&&#-& ϕ 4- 5* +*! 1+*4 #+ :-+-&%( 4"-!"-& P (∃u ∈ T∞,∀i ≥ 1, V (ui) ≤ ϕ(i)) =

0 *& +*!2 6"-*&-@ <2< (-%5$ 0$ !* /*'0$ *+ 7%&&#-&$ $0'" !"%!

ϕ(i)
i
→ 0 

!"#$ %&$'()' *$'+,('-. /(0'1.*($% -2(%$ (, *+$ '"#&1*-*(", "3 *+$ %$'",/ #"#$,* 4*+-*

5$ 1%$ (, "2/$2 *" 6(7$ - ."5$2 8"1,/ 3"2 *+$ %127(7-. &2"8-8(.(*9 "2 *" &2"7$ %127(7-.: 5+$,

/$-.(,6 5(*+ ;-.*",<=-*%", *2$$% "3 1,8"1,/$/ /$62$$ >'*1-..9 (,/(7(/1-.% 5(*+ #-,9

'+(./2$, #-9 '-1%$ *2"18.$ ?, "2/$2 *" +-7$ - %10'($,* '",*2".@ 5$ -%%1#$ 32"# ,"5 ",

*+-* *+$ 3".."5(,6 '",/(*(", +"./% A

4B B: ∃δ1 > 0,Φ(1 + δ1) < +∞ -,/ ∃δ2 > 0,E
[
#T 1+δ2

1

]
< +∞.

?, *+$ '2(*('-. '-%$@ &2"7(/$/ *+$ ,1#8$2 "3 '+(./2$, (% /$*$2#(,(%*(' "2 '",/(*(", 4B B:

+"./%@ 5$ "8*-(, *+$ 3".."5(,6 *+$"2$# A

 !"#$"% &'('  ! "##$%!

σ2 := Φ′′(1) = E



∑

|u|=1
ξ2ue

ξu


 < +∞.

&!' ac =
3
2
(3π2σ2)

1/3
( )*!+ ,! *"-! .

P
(
∃u ∈ T∞,∀i ≥ 1, V (ui) ≤ ai1/3

){ = 0 /0 a < ac,
> 0 /0 a > ac.

C,3"2*1,-*$.9@ 5$ -2$ ,"* -8.$ *" '",'.1/$ (, *+$ '-%$ a = ac@ ,"2 *" 6(7$ - ,$'$%%-29

-,/ %10'($,* '",/(*(", ", - 6$,$2-. 8-22($2 3"2 - .(,$ "3 /$%'$,* *" %127(7$ 8$."5 (* 

D+$"2$# B E +-% *+$ 3".."5(,6 '"2"..-29 A

FG



 !"#$%&'(#)%"

 !"!##$"% &'('  !"#$ %&# &'()%&#*+* ), -&#)$#. /012 3# &45#2 46.)*% *7$#6'2 )! %&# *#% ),

76%+.4%# *7$5+546 ), %&# 7!"#$6'+!8 946%)!:;4%*)! ($)<#**2

inf
u∈T∞

lim sup
n→∞

V (un)

n1/3
= ac.

 !"#$ %&'(")* +!$'&$, -./0 1$ 23452##6 '742") 84&')*$& &$85#48. +!$ 41' 9'##'1")* %&':

%'8"4"')8 4'*$4!$& ",%#6 4!$ 4!$'&$,.

)"!*!+,-,!. &'/' =, a > ac2 %&#! %&# #>74%+)! a = b + 3π2σ2

2b2
&4* %3) *)67%+)!* +! b2 6#% ba

?# %&# )!# *7<& %&4% ba >
2ac

3
0 @)$ 4!' ε > 02 ,)$ 4!' N ∈ N 64$8# #!)78&2 3# &45# 3+%&

()*+%+5# ($)?4?+6+%' A

∀k ≥ 1,#{u ∈ TNk : ∀i ≤ Nk, (a− ba)i
1/3 ≤ V (ui) ≤ ai1/3} ≥ exp

(
Nk/3(ba − ε)

)
.

)"!*!+,-,!. &'0' =, a < ac2 %&#! %&#$# #B+*%* *).# <)!*%4!% c > 0 *7<& %&4%

1

n1/3
logP

(
∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3

)
→ −c.

+!$ 3')842)4 c0 1!"3! ;$%$);8 ') a0 "8 ;$4$&,")$; ") <$34"') =.

 !$) 0 < a < ac0 $>4")34"') ,$2)8 4!24 4!$ 4'42# %&'*$)6 Z "8 2#,'84 85&$#6 ?)"4$. +!"8

&2);', (2&"27#$ !28 ")?)"4$ ,$2)0 8")3$ 4!$ $>%$34$; )5,7$& '9 85&("(")* ");"(";52#8 ")

*$)$&24"') n "8 exp
(
an1/3(1 + o(1))

)
.  $ 32) $84",24$ 4!$ 42"# '9 4!$ ;"84&"754"') '9 Z @

)"!*!+,-,!. &'1' =, a < ac2 %&#! 6#% g ?# %&# )(%+.46 ,7!<%+)! "#%#$.+!#" +! C#<%+)! D2

c := g(0) 4!" d := max[0,1] g0

P (Z > k) = k−
c
d
(1+o(1)).

234$"5 &'6' A) 4!$ 328$ a ≤ 00 g "8 ;$3&$28")*0 !$)3$ d = c 2); 4!$ 3#2", '9 B&'%'8"4"') -.C

"8 1$2D$& 4!2) 2 D)'1) &$85#40 3')E$345&$; 76 F#;'58 2); %&'($; 76 F;;2&"':G$&&6 2);

G&'54") H-I0 2); ",%&'($; 76 F";JD') HKI 4!24 9'& a = 00 E[Z] < +∞ 2); E[Z logZ] = +∞.
L>%')$)48 #$88 4!2) −1 2&$ '742")$; M") 2 1'&D ") %&'*&$88 76 F";JD')0 N5 2); O");6P 9'&
#")$2& 72&&"$&8 i 7→ −εi0 1!"3! 3'&&$8%');8 4' 1!24 "8 '94$) &$9$&&$; 28 4!$ 8573&"4"32# 328$.

 ! "#$%& '()(*+, #+**-(*.

Q')8";$& 2 *$)$&2# 72&&"$& ϕ : N → R.  $ ;$?)$

a+ := lim sup
n→∞

ϕ(n)

n1/3
2); a− := lim inf

n→∞

ϕ(n)

n1/3
.

CR



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 ! "!"#$! %&'( )*!'&!( +,- .*/. .*!&! 01 !2.03$.0'3 4*!3 a+ < ac /3" 1#&505/6 4*!3

a− > ac, 7/8039 1'(! ('"0:$/.0'31 .' .*! $'(;#./.0'31 '% <!$.0'3 => 4! $/3 ;&'5! .*!

%'66'4039 &!1#6. ?

 !"#$"% &'('  !!"#$ a+ ≥ ac% &'$ $(")*+,- a+ = b + 3π2σ2

2b2
).#+*! ) "-+("$ !,/"*+,-

bac =
2ac

3
+0 a+ = ac1 )-. *2, !,/"*+,-! +0 a > ac% 3$* ba+ ≥ 2ac

3
4$ *'$ /)56$5 !,/"*+,-%

70 a− < 3π2σ2

2b2
a+
1 *'$- *'$5$ +! $8*+-9*+,-%

 ! 3'.0$! .*/.

3π2σ2

2b2
a+
≤ 3π2σ2

2b2ac
= ac

3
< ac,

 *!3 a+ ≥ ac> a
− > 3π2σ2

2b2
a+
> .*!&! 01 3'. /64/@1 1#&505/6, A'& !2/(;6!> 0% ϕ(n) !B#/61

a+n1/3 %'& n !5!3 /3" a−n1/3 %'& n '""> .*!3 a+ "'!1 3'. (/..!&> 0. 01 !/1@ .' 1!! .*/. .*!&!

01 !2.03$.0'3 0% a− < ac ? 1./@039 C!6'4 .*01 C/&&0!& 01 /6('1. /1 "0D$#6. /1 %'& .*! C/&&0!&

n 7→ a−n1/3, )*! .&'#C6! $'(!1 %&'( .*! %/$. .*/. ϕ(n)

n1/3 01 .'' '%.!3 $6'1! .' a
−
,

E$.#/66@ .*! $'3"0.0'3 03 )*!'&!( +,F 01 1*/&; 03 .*! 1!31! .*/.> 0% 4! $*''1! 1'(!

a+ ≥ ac /3" a
− > 3π2σ2

2b2
a+
> 4! $/3 $'31.&#$. / C/&&0!& ϕ 1/.01%@039 lim supn→∞

ϕ(n)

n1/3 = a+ /3"

lim infn→∞
ϕ(n)

n1/3 = a− 1#$* .*/. .*! ;&'$!11 1#&505!1 40.* ;'10.05! ;&'C/C060.@, G. 1#D$!1 .'

./8! ϕ(n) = a−n1/3 0% n ∈ {Nk : k ∈ N} /3" ϕ(n) = a+n1/3 '.*!&401!> %'& 1'(! 03.!9!& N

C09 !3'#9*> "!;!3"039 '3 a+ /3" a−, )*! ;&''% '% .*01 01 !11!3.0/66@ 0"!3.0$/6 .' .*! ;&''%

'% .*! 6'4!& C'#3" $'3./03!" 03 <!$.0'3 H,

 !" #$% &%'()*+,- *, *$% )&+*+)./ ).0%

G. 01 ;'110C6! .' /;;6@ .*!1! &!1#6.1 .' $!&./03 3'3 $&0.0$/6 C&/3$*039 &/3"'( 4/681,

 ! /3/6@I! 03 4*0$* $/1!1 .*01 &!"#$.0'3 01 ;'110C6! 03 E;;!3"02 J, K!. t > 0 1#$* .*/.

Φ(t) < +∞ /3" Φ′(t) < +∞,  ! "!:3! / 3!4 C&/3$*039 &/3"'( 4/68 C@ $*/39039 .*!
;'10.0'3 '% .*! 03"050"#/6 z 03.' Ṽ (z) = tV (z) + Ψ(t)|z| %'& /66 z ∈ T ,
)*!3> 40.* 'C50'#1 3'./.0'3> / 1.&/09*.%'&4/&" $'(;#./.0'3 905!1 ?

Φ̃(1) = E


∑

|u|=1
e−ξ̃u


 = 1;

Φ̃′(1) = −E


∑

|u|=1
ξ̃ue

−ξ̃u


 = t

Φ′(t)

Φ(t)
−Ψ(t) = tΨ′(t)−Ψ(t).

 *!3 4! $/3 :3" t∗ > 0 1#$* .*/. ?

L+,-M t∗Ψ′(t∗)−Ψ(t∗) = 0,

JN



 !"#$ %&$'(#()*&($+

 !"#  !" #"$ %&'#(!)#* &'#+,- $'./ )0 (&) )('. '#+ $" ('# '11.2 3!",&"- 4567 1&,8)+"+

σ̃2 := E

[∑
|u|=1 ξ̃

2
ue
−ξ̃u

]
= t∗2Φ′′(t∗)−Ψ(t∗)2 )0 9#) "5 3!)0 .'0 (,#+) ),#7 $!)(! )0 ":;)8'."# 

 , Φ′′(t∗) <∞ $).. '.$'20 %" <;.9.."+ $!"# ∃t > t∗,Φ(t) < +∞5

3!" 0 &)( (,#8"=) 2 ,< Ψ )-1.)"0  !' 7 $!"# ) "=)0 07 t∗ )0 ;#):;"5

3!" "=)0 "#(" ,< t∗ )0 +)0(;00"+ )# >"( ),# ?5

3!" &"0 ,<  !" 1'1"& )0 ,&*'#)@"+ '0 <,..,$0 A

>"( ),# 6 )# &,+;("0  !"  ,,.0 $" $).. ;0" )#  !" 1&,,< ,< ,;& -')# &"0;. 05

>"( ),# B )0 +"8, "+  ,  !" 1&,,< ,<  !" ;11"& %,;#+ )# C&,1,0) ),# 45D7 $!)(! (,# ')#0  !"

9&0 1'& ,< 3!",&"- 4565

E# >"( ),# F7 $" 1&,8" C&,1,0) ),# 45F $!)(! )-1.)"0  !" 0"(,#+ 1'& ,< 3!",&"- 4565

E# >"( ),# D7 $" (,-1." "  !" 1&,,< ,< C&,1,0) ),# 45D5 G" 0/)1 -'#2 +" ').0 ,<  "(!#)('.

'&*;-"# 0 '.&"'+2 "=1,0"+ )# >"( ),# F  , ,% ')#  !" .,$"& %,;#+ '#+ *, %'(/ ,8"& 0,-"

&"0;. 0 ,< >"( ),# B )# ,&+"&  , 1&,8"  !'  !"  $, %,;#+0 '*&""5

E# >"( ),# H7 $" 1&,8" 3!",&"- 45I7 C&,1,0) ),# 45H '#+ J,&,..'&2 45B5

 !"#$ %&$'(#()*&($+

 !" #$%&'()')%* +*,,$

>)#(" E

[∑
|u|=1 e

−ξu

]
= 17 $" ('# +"9#"  !" .'$ ,< ' &'#+,- 8'&)'%." X 0;(!  !' <,&

'#2 -"'0;&'%." #,##"*' )8" <;#( ),# f 7

E[f(X)] = E


∑

|u|=1
e−ξuf(ξu)


 .

3!"# E[X] = E

[∑
|u|=1 ξue

−ξu

]
0,  !' X )0 ("# "&"+ %2 !21, !"0)05

G" +"#, "

σ2 := E[X2] = Φ′′(1).

K" (Xi)i∈N∗ %" ' )5)5+5 0":;"#(" ,< (,1)"0 ,< X5 G&) " <,& '#2 n ∈ N7 Sn :=
∑

0<i≤nXi5

S )0  !"# ' -"'#L@"&, &'#+,-L$'./ 0 '& )#* <&,-  !" ,&)*)#5

G" ('# #,$ 0 ' "  !" -'#2L ,L,#" ."--' A M !)0 )0 "='( .2 K"--' F54 M)))N ,< O)**)#0L

P21&)'#,; Q46RN A

?4



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""# $%&  !"##"$%&'()*"+$,- ./012%  !" #$% n ≥ 1 #$& #$% '(#)*"#+,( -*$./0!$ F :

Rn → [0,+∞)1

E


∑

|u|=n

e−V (u)F (V (ui), 1 ≤ i ≤ n)


 = E [F (Si, 1 ≤ i ≤ n)] .

345 )*,,6 ,6 745 8,95* :,-$; 6,* 745 %-*<"<+8 )*,:+:"8"7( +8%, *5=-"*5% 745 6,88,9"$#

:"<+*"+75 <5*%",$ ,6 745 >+$(&7,&,$5 85>>+?

 !""# $%$  @+$75*7&A-&B4" .CC12% 2(/ (X, ν) +( # "#$&!' 3#"0#+,( /#40$5 3#,*() 0$ R×N∗

)*.6 /6#/ -!" #$% '(#)*"#+,( $!$$(5#/03( -*$./0!$ f 1

E[f(X, ν)] = E


∑

|u|=1
e−ξuf(ξu, T1)


 .

2(/ n ≥ 1 #$& (Xi, νi)1≤i≤n +( 0707&7 .!80() !- (X, ν)7 9"0/( -!" #$% 0 ≤ k ≤ n1 Sk :=∑
0<i≤k Xi7 :6($ -!" #$% '(#)*"#+,( -*$./0!$ F : (R× N∗)n → [0,+∞)1

E


∑

|u|=n

e−V (u)F (V (ui),#Γ(ui−1), 1 ≤ i ≤ n)


 = E [F (Si, νi, 1 ≤ i ≤ n)] .

345 )*,,6D <5*( %">"8+* 7, 745 ,$5 ,6 E5>>+ 0?/D "% ,>"775;?

 ! "#$%&'()**'( +(,*-.,+

F,* +$( LD L̃ ∈ F [0, 1]D 95 9*"75 L < L̃ 945$ ∀t ∈ [0, 1], L(t) < L̃(t) +$; L ≤ L̃ 945$

∀t ∈ [0, 1], L(t) ≤ L̃(t) ? G6 n ≥ 1D 95 9*"75 L <n L̃ 945$ ∀1 ≤ k ≤ nD L
(

k
n

)
< L̃

(
k
n

)
+$;

L ≤n L̃ 945$ ∀1 ≤ k ≤ nD L
(

k
n

)
≤ L̃

(
k
n

)
?

'(!)*!" $%+  H,#-8I%J""2% 2(/ ξ11 ξ21 . . . +( 0707&7 "#$&!' 3#"0#+,() )*.6 /6#/ E[ξ1] = 0

#$& σ2 := E[ξ21 ] <∞7 2(/ (xn, n ≥ 0) +( # )(;*($.( !- 8!)0/03( $*'+(") )*.6 /6#/

lim
n→∞

xn = +∞ ,

lim
n→∞

xn√
n

= 0 .

<(=$( -!" #$% n ≥ 0

Sn := S0 + ξ1 + ξ2 + . . .+ ξn,

K0



 !"#$ %&$'(#()*&($+

 !"#" S0 = z $%&'() (*#"%+ *,-"# )!" .#'/$/0%0)+ Pz
1z ∈ R23

4!", z = 05  #0)" P := P0 $,- -"6,"5 7'# $,+ t ∈ [0, 1]5

sn(t) :=
S⌊tn⌋
xn

=
ξ1 + ξ2 + . . .+ ξk

xn

7'# k/n ≤ t < (k + 1)/n .

8!",5 7'# $,+ L15 L2 ∈ C[0, 1]5  0)!

 !"#$ L1 < L2 $,- L1(0) < 0 < L2(0),

 " !$9"5 $( n→∞5
log (P(L1 < sn < L2)) ∼ −CL1,L2nx

−2
n ,

 !"#"

CL1,L2 :=
π2σ2

2

∫ 1

0

dt

(L2(t)− L1(t))
2 .

%& '&&( )*& +,)-).,+/ -+0 -//12().,+/ ,3 4*&,5&2 !"6 )*5,17*,1) )*./ /&8).,+" 9,5

)*& (5,,3: ;& 5&3&5 ), <=#>" 4*& 8*,.8& ,3 xn = n1/3 ./ )*& /-2& )*5,17*,1) )*& (-(&5: ;&

.+)5,018& .) -/ ?-)& -/ (,//.@?&  /&& &A1-).,+  !"!$$ @&8-1/& 2-+B -5712&+) ,3 )*./ /&8).,+

0, +,) 0&(&+0 ,+ .) -+0 ;& (5&3&5 )*& +,)-).,+ xn ;*&+ n1/3 ./ )*& /(-).-? /8-?.+7"

 !""# $%&% :") L15 L2 ∈ C[0, 1]5  0)! L1 < L2 $,- L1(0) < 0 < L2(0)3 ;'# $,+ ("<*",="(

(Ln
1 )n $,- (L

n
2 )n '7 F [0, 1] (*=! )!$) ‖Ln

1 − L1‖∞ → 0 $,- ‖Ln
2 − L2‖∞ → 0 $( n→∞5  "

!$9"

log (P(Ln
1 < sn < Ln

2 )) ∼ −nx−2n CL1,L2 .

'!"#() $%*% C+ )*& 8,+8?1/.,+ ,3 D&22- !"E: ;& 8-+ 5&(?-8& )*& /)5.8) .+&A1-?.).&/

Ln
1 < sn < Ln

2

@B ;&-' ,+&/  ,5 )-'& ,+& /)5.8) -+0 )*& ,)*&5 ;&-'$ -+0 ,@)-.+ )*& /-2& &/).2-)& @B &F-8)?B

)*& /-2& -5712&+)" G+& 8-+ &-/.?B 8*&8' )*-) )*./ -?/, -((?.&/ ), )*& ,)*&5 5&/1?)/ ,3 )*./

/&8).,+ /.+8& ;& 0&018& )*&2 35,2 D&22- !"E"

>#''7 '7 ?"&&$ @3A3 D&) 0 < ε < 1
2
min[0,1](L2 − L1)" %& 8-+ 8*,,/& N ≥ 1 /18* )*-)

∀j ∈ {1, 2},∀n ≥ N, ‖Ln
j − Lj‖∞ < ε.

4*&+: 3,5 -+B n ≥ N : ;& *-H&

{L1 + ε < sn < L2 − ε} ⊂ {Ln
1 < sn < Ln

2} ⊂ {L1 − ε < sn < L2 + ε}.

I6



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#$ %&' ()**'!+)#,"#$ "#'-./0"%"'! 1)* +*)2/2"0"%"'! /#, /++03"#$ 4&')*'5 6789 :' $'%

−CL1+ε,L2−ε≤ lim inf
n→∞

x2n
n
logP(Ln

1<sn<L
n
2 )≤ lim sup

n→∞

x2n
n
logP(Ln

1<sn<L
n
2 ) ≤ −CL1−ε,L2+ε.

;' 5/<' ε → 07 4&'# CL1+ε,L2−ε → CL1,L2 /#, CL1−ε,L2+ε → CL1,L2 9 /#, %&' 0'55/ "!

+*)=',7

 !""# $%&%  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +,- '(. /!01!(2!/

(Ln
1 )n '() (Ln

2 )n ,3 F [0, 1] /12& "&'" ‖Ln
1 − L1‖∞ → 0 '() ‖Ln

2 − L2‖∞ → 0 '/ n→∞# $!

&'4!

log (P(Ln
1 <n sn <n L

n
2 )) ∼ −nx−2n CL1,L2 .

5-,,3* ;' "#%*),.(' %&' !'-.'#('! )1 +"'(':"!' ()#!%/#% "#%'*+)0/%")# 1.#(%")#! >/ !"5"0/*

/*$.5'#% :"%& %&' 0"#'/* "#%'*+)0/%")# 1.#(%")#! /0!) :)*<!? (L̃n
1 )n /#, (L̃

n
2 )n ,'@#', 23 A

∀j ∈ {1, 2},∀n ≥ 1,∀0 ≤ t ≤ 1, L̃n
j (t) := Ln

j

(⌊tn⌋
n

)
.

;' #)%"(' %&/%

∀n ≥ 1, {Ln
1 <n sn <n L

n
2} = {L̃n

1 < sn < L̃n
2}.

B'1)*' ()#(0.,"#$ 23 /++03"#$ C'55/ 67D :"%& L̃n
j +0/3"#$ %&' *)0' )1 L

n
j 9 :' &/=' %)

(&'(< %&/% %&'!' !'-.'#('! ()#='*$' .#"1)*503 %) Lj /! n → ∞ 1)* j = 1, 27 E'% ε > 07 ;'

(/# (&))!' N ≥ 1 !.(& %&/% 1)* j = 1, 2 1)* /#3 n ≥ N 9 :' &/=' ‖Ln
j − Lj‖∞ < ε7

;' (/# /0!) (&))!' η > 0 !.(& %&/% 1)* j = 1, 29

∀t, t′ ∈ [0, 1], (|t− t′| ≤ η ⇒ |Lj(t)− Lj(t
′)| < ε).

C'% t ∈ [0, 1] /#, n ≥ 1
η
7 F)%"("#$ %&/% | ⌊tn⌋

n
− t| ≤ 1

n
9 :' $'% 1)* j = 1, 2

∀n ≥ max(N,
1

η
),
∣∣∣L̃n

j (t)− Lj(t)
∣∣∣ ≤

∣∣∣∣L
n
j

(⌊tn⌋
n

)
− Lj

(⌊tn⌋
n

)∣∣∣∣+
∣∣∣∣Lj

(⌊tn⌋
n

)
− Lj(t)

∣∣∣∣ ≤ 2ε.

4&'# ‖L̃n
j −Lj‖∞ → 0 /! n→∞ /#, :' (/# /++03 C'55/ 67D9 :&"(& +*)='! C'55/ 67G7

H*)5 #): )#9 :' !'% A

>676? ∀n ≥ 1, xn := n1/3.

ID



 !"#$ %&$'(#()*&($+

 !""# $%&%  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +!" (L
n
1 )n '()

(Ln
2 )n ,! -!./!(0!- 12 F [0, 1] -/0& "&'" ‖Ln

1 − L1‖∞ → 0 '() ‖Ln
2 − L2‖∞ → 0 '- n → ∞*

+!" β '() γ ,! 31-%"%4! 5!'6 (/7,!5- -/0& "&'" 0 ≤ β < γ ≤ 1* +!" u∗, v∗ ∈ R -/0& "&'"

L1(β) ≤ u∗ < v∗ ≤ L2(β)* +!" (un)n '() (vn)n ,! -!./!(0!- 12 5!'6- -'"%-28%(9

un

xn

→ u∗,
vn

xn

→ v∗, Ln
1 (B(n))xn ≤ un ≤ vn ≤ Ln

2 (B(n))xn ∀n ≥ 1.

+!" (B(n))n '() (C(n))n ,! -!./!(0!- 12 5!'6- -'"%-28%(9

B(n)

n
→ β,

C(n)

n
→ γ, 1 ≤ B(n) < C(n) ≤ n, ∀n ≥ 1.

:! '6-1 '--/7! "&'" ;

∃M ∈ N∗,∀m ∈ N∗,#{n : (C −B)(n) = m} ≤M.

<" %- !'-8 "1 -!! "&'" "&! 6'-" 01()%"%1( &16)- %2 "&! -!./!(0! (C(n) − nγ − B(n) + nβ)n %-

,1/()!)* =&!(

lim sup
n→∞

1

n1/3
log

(
sup

un≤z≤vn

Pz

(
Ln
1

(
k

n

)
<
Sk−B(n)

xn

<Ln
2

(
k

n

)
,∀B(n)<k≤C(n)

))
≤ −Cβ,γ

L1−v∗,L2−u∗ ,

$&!5!# 215 '(8 2/(0"%1(- 01("%(/1/- L1 '() L2 : [0, 1] 7→ R -/0& "&'" L1 ≤ L2#

Cβ,γ
L1,L2

:=
π2σ2

2

∫ γ

β

dt

(L2(t)− L1(t))
2 .

>5112*  !"#$ m := C(n)−B(n)% &'#"($ #)*#

{
∀z ∈ [un, vn],∀k ≤ m,xnL

n
1

(
B(n) + k

n

)
< z + Sk < xnL

n
2

(
B(n) + k

n

)}

⊂
{
∀k ≤ m,xnL

n
1

(
B(n) + k

n

)
− vn < Sk < xnL

n
2

(
B(n) + k

n

)
− un

}
.+,%-.

/$# A = {m ∈ N∗ : ∃n ∈ N∗, C(n) − B(n) = m}% 01 )12'#)$3"34 $*() m ∈ A "3

*##*"5$6 71 C −B 8'! *# 9'3# M 6":$!$5# ;*<=$3 '8 n4 )$5($ >$ (*5 6$?5$ * 3=!@$(#"'5 ϕ :

{1, 2, . . . ,M}×A 7→ N∗ 3=() #)*# 8'! *51 1 ≤ l ≤M 4 ϕ(l,m) =: n 3*#"3?$3 C(n)−B(n) = m%

A'! $*() 1 ≤ l ≤M 4 >$ 6$?5$

L̃m
1 (t) =

Ln
1

(
(1−t)B(n)+tC(n)

n

)
xn − vn

xm

, L̃m
2 (t) =

Ln
2

(
(1−t)B(n)+tC(n)

n

)
xn − un

xm

,

BC



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#" n := ϕ(l,m)$ %&'() *+$+, -(. n ∼ (γ − β)−1m/  " 012-'( xn ∼ xm(γ − β)−1/3$

30(&"45"(267 2!"&" &"45"(8"& 09 95(82'0(& &-2'&97/ -& m→∞ *-(. &0 n := ϕ(l,m)→∞) :

L̃m
1 (t)→ L̃1(t) := (γ − β)−1/3 [L1 ((1− t)β + tγ)− v∗] ,

L̃m
2 (t)→ L̃2(t) := (γ − β)−1/3 [L2 ((1− t)β + tγ)− u∗] .

;0# "-8! 1 ≤ l ≤M /  " -<<67 =">>- +$?  '2! L̃m
1 -(. L̃

m
2 20 2!" <#01-1'6'27 09 2!" "@"(2

'( 2!" #')!2A!-(. &'." 09 *+$B,/  " 012-'(/ 90# 2!" "@"(2 0( 2!" 6"92A!-(. &'."/ -& m→∞

P

(
∀z ∈ [un, vn],∀k ≤ m,xnL

n
1

(
B(n) + k

n

)
< z + Sk < xnL

n
2

(
B(n) + k

n

))

≤ exp


−(1 + o(1))m1/3π

2σ2

2

∫ 1

0

dt
(
L̃2(t)− L̃1(t)

)2




= exp

(
−(1 + o(1))n1/3

π2σ2

2

∫ γ

β

dt

(L2(t)− u∗ − L1(t) + v∗)2

)

= exp
(
−(1 + o(1))n1/3Cβ,γ

L1−v∗,L2−u∗

)
.

C!'& 105(. !06.&  '2! n #5(('() -60() 2!" M &51&"45"(8"& ϕ(l,m)m/ 1 ≤ l ≤M /  !'8!

20)"2!"# 80@"# -66 2!" @-65"& n ∈ N∗/ -(. 2!5& =">>- +$D '& <#0@".$

 !""# $%&%  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +!" (L
n
1 )n '()

(Ln
2 )n ,! -!./!(0!- 12 F [0, 1] -/0& "&'" ‖Ln

1 − L1‖∞ → 0 '() ‖Ln
2 − L2‖∞ → 0 '- n → ∞*

+!" β '() γ ,! 31-%"%4! 5!'6 (/7,!5- -/0& "&'" 0 ≤ β < γ ≤ 1* +!" (β(n))n '() (C(n))n ,!

-!./!(0!- 12 5!'6- -'"%-28%(9

B(n)

n
→ β,

C(n)

n
→ γ, 1 ≤ B(n) < C(n) ≤ n ∀n ≥ 1.

:! '6-1 '--/7! ;

∃M ∈ N∗,∀m ∈ N∗,#{n : (C −B)(n) = m} ≤M.

<" %- !'-8 "1 -!! "&'" "&! 6'-" 01()%"%1( &16)- %2 "&! -!./!(0! (C(n) − nγ − B(n) + nβ)n %-

,1/()!)* =&!(

lim sup
n→∞

1

n1/3
log

(
sup

z
Pz

(
Ln
1

(
k

n

)
<
Sk−B(n)

xn

< Ln
2

(
k

n

)
,∀B(n) < k ≤ C(n)

))
≤ −Cβ,γ

L1,L2
,

$&!5! "&! supz %- 14!5 "&! z ∈ R -/0& "&'" xnL
n
1 (B(n)) ≤ z ≤ xnL

n
2 (B(n))*

D?



 !"#$ %&$'(#()*&($+

 !""#$  !" ε > 0#  !" N $! %& '&"!(!) *+,- "-%" Nε > L2(β) − L1(β)# .! /!0&! 12)

j = 0, 1, . . . , N 3

uj
n := xn

Ln
1 (β)(N − j) + Ln

2 (β)j

N
.

 !"# $%&!$'( )$"*"!$)+ ,- #*&-

sup
xnLn

1 (B(n))≤z≤xnLn
2 (B(n))

p(z, n) = max
0≤j≤N−1

sup
uj

n≤z≤vj
n

p(z, n).

 - *../0 1-22* 345 N "!2-(+ ,!"# un = uj
n *)6 vn = uj+1

n + J = 0, 1, . . . , N − 1 *)6 7-" %0

"#- .8-9-6!)7 -:'*"!$) ;

lim sup
n→∞

1

n1/3
log

(
sup

z
Pz

(
Ln
1

(
k

n

)
<
Sk−B(n)

xn

< Ln
2

(
k

n

)
,∀B(n) < k ≤ C(n)

))

≤ −Cβ,γ

L1,L2+
L2(β)−L1(β)

N

≤ −Cβ,γ
L1,L2+ε ,<34=>

,#-8- "#- supz !( $&-8 "#- z ∈ R ('9# "#*" xnL
n
1 (B(n)) ≤ z ≤ xnL

n
2 (B(n))4

?) "#- 9$2.'"*"!$) $@ <34=>+ ,- '(-6 "#- @*9"+ $%&!$'( @8$2 !"( 6-A)!"!$)+ "#*" Cβ,γ
L1,L2

$)/0

6-.-)6( $) L2 − L1+ β *)6 γ+ ,#!9# !2./!-(

∀0 ≤ j ≤ N − 1, Cβ,γ

L1−
Ln

1 (β)(N−j−1)+Ln
2 (β)(j+1)

N
,L2−

Ln
1 (β)(N−j)+Ln

2 (β)j

N

= Cβ,γ

L1,L2+
L2(β)−L1(β)

N

.

 - 2*B- ε→ 0+ "#-) Cβ,γ
L1,L2+ε → Cβ,γ

L1,L2
*)6 ,- 9$)9/'6- '(!)7 "#- %$')6 <34=>4

 !"#"$%&%"' ()*)  !" L1# L2 ∈ C[0, 1]# $%"& L1 < L2 '() L1(0) < 0 < L2(0)* +!" (L
n
1 )n '()

(Ln
2 )n ,! -!./!(0!- 12 F [0, 1] -/0& "&'" ‖Ln

1 − L1‖∞ → 0 '() ‖Ln
2 − L2‖∞ → 0 '- n → ∞*

3! '--/4! B '() C '5! 4'66%(7- [0, 1] × N∗ 7→ N∗# (1()!05!'-%(7 %( "&! 85-" 01461(!("

'() -/0& "&'"# 215 '(9 α ∈ [0, 1]# "&! -!./!(0!- (B(α, n) − αn)n '() (C(α, n) − αn)n '5!

,1/()!)*

3! :(1$ 2514 +!44' ;*< "&'" 215 '(9 0 ≤ β < γ ≤ 1# $! &'=!

lim sup
n→∞

1

n1/3
log

(
sup

z
Pz

(
Ln
1

(
k

n

)
<
Sk−B(β,n)

xn

< Ln
2

(
k

n

)
,∀B(β, n) < k ≤ C(γ, n)

))

≤ −Cβ,γ
L1,L2

,

$&!5! "&! supz %- 1=!5 "&! z ∈ R -/0& "&'" xnL
n
1 (B(β, n)) ≤ z ≤ xnL

n
2 (B(β, n))*

>&! 0?'%4 12 "&! 65!-!(" 65161-%"%1( %- "&'" "&%- !-"%4'"! &1?)- /(%2154?9 %( β '() γ -/0&

"&'" 0 ≤ β < γ ≤ 1*

55



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""#$  !" ε > 0#  !" N $! %& '&"!(!) *+,- "-%"

∀0 ≤ β ≤ γ ≤ 1, (γ − β <
1

N
⇒ Cβ,γ

L1,L2
< ε).

.! %//01  !22% 3#4 N(N + 1)/2 "'2!* 5'"-

β =
b

N
, γ =

c

N
, 0 ≤ b < c ≤ N.

6-!& 78) n $'( !&8+(-9 %&: %&1 '&"!(!)* b %&: c *+,- "-%" 0 < b ≤ c < N 9 5! -%;!

1

n1/3
log

(
sup

z
Pz

(
Ln
1

(
k

n

)
<
Sk−B( b

N
,n)

xn

< Ln
2

(
k

n

)
,∀B( b

N
, n) < k ≤ C(

c

N
, n)

))

≤ −C
b
N

, c
N

L1,L2
+ ε,

5-!)! "-! supz '* 8;!) "-! z ∈ R *+,- "-%" xnL
n
1 (B(β, n)) ≤ z ≤ xnL

n
2 (B(β, n))#

<8) %&1 0 ≤ β ≤ γ ≤ 19 5! ,%& =&: 1 ≤ b ≤ N %&: 0 ≤ c ≤ N − 1 *+,- "-%" >

b− 1

N
≤ β ≤ b

N
,

c

N
≤ γ ≤ c+ 1

N
.

?7 b ≤ c9 "-!&

1

n1/3
log

(
sup

z
P

(
Ln
1

(
k

n

)
<
z + Sk−B(β,n)

xn

< Ln
2

(
k

n

)
,∀B(β, n) < k ≤ C(γ, n)

))

≤ 1

n1/3
log

(
sup

z
P

(
Ln
1

(
k

n

)
<
z + Sk−B( b

N
,n)

xn

< Ln
2

(
k

n

)
,∀B( b

N
, n) < k ≤ −C( c

N
, n)

))

≤ −C
b
N

, c
N

L1,L2
+ ε

≤ −Cβ,γ
L1,L2

+ 3ε,

5-!)! "-! supz %)! 8;!) "-! z ∈ R *+,- "-%" xnL
n
1 (B(β, n)) ≤ z ≤ xnL

n
2 (B(β, n))#

@0*! b = c+ 19 γ − β ≤ 1/N 9 -!&,! Cβ,γ
L1,L2

< ε # 6-'* ,%*! '* !%*'!) >

1

n1/3
log

(
sup

z
Pz

(
Ln
1

(
k

n

)
<
Sk−B(β,n)

xn

< Ln
2

(
k

n

)
,∀B(β, n) < k ≤ C(γ, n)

))

≤ 0 ≤ −Cβ,γ
L1,L2

+ ε.

A4



 !"#$ %&$'(#()*&($+

 !"#$% &'()'  !" #$$"% &'#() *&'+" ,- -!*%$ *() .*/ &" %"$0*1") &/ *( "2#,+*0"(1"3

4""$,(5 6!" *&'+" ('6*6,'(- *() !/$'6!"-,-7 8" !*+"7 9'% *(/ ε > 0 -.*00 "('#5!7

log

(
inf
z

Pz

(
Ln
1

(
k

n

)
<
Sk−B(n)

xn

< Ln
2

(
k

n

)
,∀B(n) < k ≤ C(n)

))
∼ −nx−2n Cβ,γ

L1,L2
,

8!"%" 6!" infz ,- '+"% 6!" z ∈ R -#1! 6!*6 xn (L
n
1 (B(β, n)) + ε) < z < xn (L

n
2 (B(β, n))− ε)3

 !" $%''9 '9 6!,- %"-#06 ,- +"%/ -,.,0*% 6' 6!" #$$"%&'#()7 &#6 -,(1" ,6 ,- ('6 #-"9#0 !"%"7 8"

'.,6 ,63

*+$+,,#$- &'(('  !" #$$"% &'#() *(  !"'%"+ ,-. */ /0*11 231*) 4*0! 5'()*0*'( 6,-78 %"$135")

&9

:;3<= g1(0) ≤ 0 ≤ g2(0) 3() ∀t ∈ [0, 1], g1(t) ≤ g2(t).

:%'';- >"6 g17 g2 &" 0,?" ,( 6!" -6*6"."(6 '9 6!" 1'%'00*%/3 @'% *(/ ε > 07 %"$0*1" g1 &/

g̃1 := g1 − ε *() g2 &/ g̃2 := g2 + ε3

A" *$$0/  !"'%". ;3B 8,6! 6!" 9#(16,'(- g̃1 *() g̃2 C

lim sup
n→∞

1

n1/3
logP(g̃1 <n sn <n g̃2) ≤ −

π2σ2

2

∫ 1

0

dt

[g̃2(t)− g̃1(t)]2
.

D-,(5 6!" 9*16 6!*6 {g1 <n sn <n g2} ⊂ {g̃1 <n sn <n g̃2}7 8" '&6*,(

lim sup
n→∞

1

n1/3
logP(g1 <n sn <n g2) ≤ −

π2σ2

2

∫ 1

0

dt

[2ε+ g2(t)− g1(t)]2
.

A" .*?" ε 6"() 6' 0 *() 1'(10#)" 8,6! 6!" .'('6'(" 1'(+"%5"(1" 6!"'%".3

 !"#$% &'(&' @'% 6!" #$$"% &'#()- ,( 6!" $%"1"),(5 %"-#06- *() ,( $*%6,1#0*% ,( E%'$'F

-,6,'( ;3G7 8" 1*( %"0"*-" 6!" !/$'6!"-,- :;3H= 6' :;3<=7 6!*(?- 6' 6!" *%5#."(6 8" #-") ,(

I'%'00*%/ ;3HH3

A!"( "-6,.*6,(5 6!" "J$"16*6,'(- 6!*6 *$$"*% ,( >"..* ;3H7 8" ("") -'." ,(9'%.*6,'(

*&'#6 6!" $'-,6,'( '9 6!" 8*0?"% *6 6!" "() '9 !,- K'#%("/ &"68""( 6!" &*%%,"%- 8" 1'(-,)"%3

 !"" 9'00'8,(5 %"-#06 6"00- #- 6!*6 6!" .*,( 1'(6%,&#6,'( 1'."- 9%'. 6!" ,(),+,)#*0- 10'-" 6'

g2(1)xn C

*+$+,,#$- &'(.' <"0 L1= L2 ∈ C[0, 1]= 4*0! L1 < L2 3() L1(0) < 0 < L2(0)- >"0 (L
n
1 )n 3()

(Ln
2 )n &" /"?#"(5"/ '; F [0, 1] /#5! 0!30 ‖Ln

1 − L1‖∞ → 0 3() ‖Ln
2 − L2‖∞ → 0 3/ n→∞-

>"0 ε > 0-  !"(

log (P(Ln
1 <n sn <n L

n
2 , sn(1) > Ln

2 (1)− ε)) ∼ −nx−2n CL1,L2 ,

LG



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""#$  ! "#$%&#' ()*"$( !+ ,&+-$ !.$ #+/$& 0+)123 4$! η > 0 ()". !.%! η < infn≥1 ‖Ln
2−Ln

1‖∞3

50-6+)(#'7 /$ %#(+ .%-$ η < ‖L2 − L1‖∞ = limn ‖Ln
2 − Ln

1‖∞3

8+& %1' A > 07 /$ 2$91$ !.$ ($:)$1"$ +; ;)1"!6+1( (L̃A,n
1 )n 0' <

∀n ≥ 1,∀0 ≤ t ≤ 1, L̃A,n
1 (t) := max(Ln

1 (t),min(L
n
2 (t)− η, Ln

2 (1)− ε− A(1− t))).

=( n→∞7 ‖L̃A,n
1 − L̃A

1 ‖∞ → 07 /.$&$

∀0 ≤ t ≤ 1, L̃A
1 (t) := max(L1(t),min(L2(t)− η, L2(1)− ε− A(1− t))).

L̃A
1 6( "+1!61)+)( +1 [0, 1] %12 /.$1 A→∞7 /$ .%-$ ;+& %1' 0 ≤ t < 1 <

L̃A
1 (t)→ max(L1(t), L2(t)− η) = L1(t);

/.$1"$ CL̃A
1 ,L2

→ CL1,L2 3

8+& %1' A > 07 /$ .%-$ L̃A,n
1 ≤ Ln

1 7 %12 L̃A,n
1 (1) > Ln

2 (1)− ε /.$1"$

>?3@A P(Ln
1 <n sn <n L

n
2 , sn(1) > Ln

2 (1)− ε) ≥ P(Ln
1 <n sn <n L̃

A,n
2 ).

B$ %(()C$ !.%! A 6( #%&D$ $1+)D. !+ .%-$ L̃A
1 (0) ≤ L1(0) < 03 E$(62$( ∀n ≥ 17 L̃A,n

1 ≤
max(Ln

1 , L
n
2 − η) = Ln

2 − η3 F.$&$;+&$ /$ %&$ %##+/$2 !+ %,,#' G$CC% ?3@ !+ $(!6C%!$ !.$

&6D.!H.%12 (62$ +; >?3@A3  ! ;+##+/( !.%!

lim inf
n→∞

x2n
n
logP(Ln

1 <n sn <n L
n
2 , sn(1) > Ln

2 (1)− ε) ≥ −CL̃A
1 ,L2

.

B$ "+1"#)2$ 0' #$!!61D A→∞3

F.$ ;+##+/61D D$1$&%#6I%!6+1 +; F.$+&$C ?3J 6( )($;)# !+ 2$%# /6!. K%#!+1HB%!(+1 !&$$(

+; 61916!$ 2$D&$$ L /$ &$;$& !+ K%1!$&!7 M) %12 4.6 NOOP >G$CC% ?3QA ;+& !.$ ,&++;3

 !""# $%&' >F&6%1D)#%& -$&(6+1 +; R+D)#S(T66S( $(!6C%!$ A% %"! &'() n ≥ 1* +&, X
(n)
i *

1 ≤ i ≤ n -& .$.$/$ !&'+01'+2&/ !'3/"4 1'!.'-+&5$ 6& /&73& S
(n)
i = S

(n)
0 +X

(n)
1 + · · · +X

(n)
i

#"! 1 ≤ i ≤ n* 8& 8!.,& ,)& .3.,.'+ 1'+2& "# ,).5 !'3/"4 8'+9 .3 &:;"3&3, "# ,)& ;!"-'-.+.,<

";&!',"! = #"! '3< x ∈ R* Px(S
(n)
0 = x) = 1* '3/ 8& 5.4;+< 8!.,& P = P0 8)&3 ,)& 8'+95

5,'!,5 #!"4 ,)& "!.>.3$ 6& /&73&

sn(t) :=
S
(n)
⌊tn⌋
xn

=
ξ1 + ξ2 + . . .+ ξk

xn

#"! k/n ≤ t < (k + 1)/n .

UV



 !"#$ %&$'(#()*&($+

 !!"#$ %&'% %&$($ $)*!% +,-!%'-%! δ > 0 '-. σ2 > 0 !"+& %&'%

 !"#$ sup
n≥1

E

[∣∣∣X(n)
1

∣∣∣
2+δ
]
< +∞, E

[
X

(n)
1

]
= o

(

n−2/3
)

'-. /'(

(

X
(n)
1

)

→ σ2.

0$% g1 '-. g2 1$ +,-%*-","! 2"-+%*,-! [0, 1]→ R !"+& %&'%

g1(0) < 0 < g2(0) '-. g1 < g2.

3&$-

lim
n→∞

1

n1/3
logP(g1 <n sn <n g2) = −Cg1,g2 .

%& '()*+,& -. /( &((0 1 2,/(3 4,5&0 +& 1 613*+)5213 )17( /+*8 g1(0) < 0 = g2(0) 1&0

g2 ≥ 0 ,& [0, 1]" %& ,30(3 *, 16629 *8( 3(752*7 14,:(. *8( ;,22,/+&< 2(==1 /+22 4( 57(;52 >

 !""# $%&'% 3&$($ '($ +,-!%'-%! M ≥ 14 '-. ε1 > 0 !"+& %&'%4 5*%& k := ⌊ε2n1/3⌋4 !"+&
%&'% %&$ 6(,1'1*7*%8 Pn(M, ε1, ε2) .$9-$. '!

P

(

∃u ∈ Tk,∀i < k,#Γ(ui) ≤M, g1

(

i

n

)

≤ V (ui)

n1/3
≤ g2

(

i

n

)

;−Mε2 ≤
V (uk)

n1/3
≤ −ε1ε2

)

!'%*!9$!

lim
ε2→0

lim inf
n→∞

1

n1/3
logPn(M, ε1, ε2) = 0.

:(,,2; ?(* ε1 > 0 1&0 75)8 *81* ;,3 7,=( M ≥ 1.

p := P (#T1 ≤M ;∃u ∈ T1,−M ≤ V (u) ≤ −ε1) > 0.

@9 +&0(6(&0(&)(.

P (∃u ∈ Tk,∀i < k,#Γ(ui) ≤M, ∀i ≤ k,−iM ≤ V (ui) ≤ −iε1) ≥ pk.

?(* ε2 > 0 75)8 *81*Mε2 < −g1(0)" A,3 1&9 +&*(<(3 n 213<( (&,5<8. /( *1B( k := ⌊ε2n1/3⌋"
C(&)(. ;,3 ε2 > 0 7=122 (&,5<8. /( 81:(

P

(

∃u ∈ Tk,∀i < k,#Γ(ui) ≤M ; g1

(

i

n

)

≤ V (ui)

n1/3
≤ g2

(

i

n

)

;−Mε2 ≤
V (uk)

n1/3
≤ −ε1ε2

)

≥ pk.

D( 78122 57( ?(==1 !"EF ),=4+&(0 *8( ;,22,/+&< :13+1&* ,; G,<52H7B++H7 3(752*" D( 0,

&,* /3+*( 1 ),=62(*( 63,,;. 7+&)( /( ,4*1+& *8+7 3(752* 49 7*13*+&< /+*8 *8( *3+1&<5213 :(37+,&

 ?(==1 !"E-$. *8(& 49 16629+&< 13<5=(&*7 1&12,<,57 *, *8( ,&(7 ,; ?(==1 !"I  45* ;,3 *8(

2,/(3 4,5&0$ 1&0 J&1229 49 16629+&< *8( 13<5=(&* ,; K,3,22139 !"EL"

IE



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#"$%&%"' ()*+)  !"# $%& 0 ≤ i ≤ n# X
(n)
i # S

(n)
i # '() sn *! +,-! ,(  !..' /0120

 !" g1# g2# (g
n
1 )n# (g

n
2 )n# β# γ# B '() C *! +,-! ,(  !..' /030  !" u∗ '() v∗ *! &!'+

(4.*!&5 5467 "7'" g1(β) < u∗ < v∗ < g2(β)0  !" un '() vn *! 5!84!(6!5 %$ &!'+ (4.*!&5 5467

"7'"

un

xn

→ u∗,
vn

xn

→ v∗, Ln
1 (B(n))xn ≤ un ≤ vn ≤ Ln

2 (B(n))xn ∀n ≥ 1.

9! 7':!# $%& '(; ε > 0#

lim inf
n→∞

1

n1/3
log

(
inf
z

Pz

(
∀B(n) < k ≤ C(n), gn

1

(
k

n

)
<
S
(n)
k−B(n)

n1/3
< gn

2

(
k

n

)
;

gn
2

(
C(n)

n

)
− ε <

S
(n)
C(n)−B(n)

n1/3
< gn

2

(
C(n)

n

)))
≥ −Cβ,γ

L1,L2

<7!&! "7! infz ,5 %:!& "7! z ∈ R 5467 "7'" un ≤ z ≤ vn0

 !""#$ %&'() *&$ +,# -'$./.01 "$&%0%/1/+2

 !" #$%&''&() '*+ ,-./&/0% $.1202&%&'3

 !" a > 0# $%&!'()*+,

P
(

∃u ∈ T∞,∀i, V (ui) ≤ ai1/3
)

= lim
n→∞

P
(

∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3
)

.

 -'. /'0 '/, n ≥ 1 !) 1"23#

42 )25 6 )27'/3 %6--!2- i 7→ ai1/3− bi,n 80!59 bi,n > 0 :'- 1 ≤ i ≤ n +25 5' %2 3252-.!/23;

%2*'0 592 1-)5 '/2 i 7→ ai1/3 < !: 6 =6-5!7*2 7-'))2) !5, 592/ !5) 32)72/36/5) 0!** %2 *!>2*+ 5'

)56+ %2*'0 592 1-)5 '/2 (/5!* ?2/2-65!'/ n#

@25 H(u) := inf{k ≤ n : V (uk) < ak1/3 − bk,n} %2 592 1-)5 5!.2 592 *!/2 ': 32)72/5 ':
6 =6-5!7*2 u ∈ Tn 7-'))2) 59!) )27'/3 %6--!2- 8H(u) = ∞ !: 592 =6-5!7*2 )56+) %25022/ 592

%6--!2-) (/5!* 5!.2 n;# 42 )=*!5 592 )(. 677'-3!/?*+ <

8A#B; P
(

∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3
)

≤ R∞ +
n

∑

j=1

Rj,

092-2

Rj = P
(

∃u ∈ Tn, H(u) = j,∀i ≤ n, V (ui) ≤ ai1/3
)

:'- j = 1, . . . , n,∞.

CD



 !""#$ %&'() *&$ +,# -'$./.01 "$&%0%/1/+2

 ! "#$%!&#$'(& )*$+,-.)/! -*0 /#$* 1$22- 3456 7$ 8$/

R∞ ≤ E

[

∑

u∈Tn

59{∀i≤n, ai1/3−bi,n≤V (ui)≤ai1/3}

]

≤ E

[

eSn
59{∀i≤n, ai1/3−bi,n≤Si≤ai1/3}

]

≤ ean1/3

P
(

∀i ≤ n, ai1/3 − bi,n ≤ Si ≤ ai1/3
)

.:;43<

=>? 1 ≤ j ≤ n6

Rj ≤ E





∑

v∈Tj

59{∀i<j, ai1/3−bi,n≤V (vi)≤ai1/3,V (v)<aj1/3−bj,n}





≤ E

[

eSj
59{∀i<j, ai1/3−bi,n≤Si≤ai1/3, V (Sj)<aj1/3−bj,n}

]

≤ eaj1/3−bj,nP
(

∀i < j, ai1/3 − bi,n ≤ Si ≤ ai1/3
)

.:;4;<

 !" #$%&'()(*+$ ,)- R∞

9* >?0$? /> -@@.! ">?>..-?! 34556 7$ &$/ bi,n := n1/3g( i
n
) A>? &>2$ B>*/)*,>,& A,*B/)>*

g : [0, 1] 7→ [0,+∞)4 C$ /-D$ A>? -*! t ∈ [0, 1]6 g2(t) := at1/3 -*0 g1(t) = g2(t) − g(t)4 E#$*

7$ #-'$

:;4F< lim sup
n→∞

logP
(

∀i ≤ n, ai1/3 − bi,n ≤ Si ≤ ai1/3
)

n1/3
≤ −Cg1,g2 .

G,//)*8 />8$/#$? $+,-/)>*& :;43< -*0 :;4F<6 7$ 8$/

:;4H< lim sup
n→∞

logR∞
n1/3

≤ −s1,

7#$?$

:;4I< s1 := −a+ Cg1,g2 = −a+
π2σ2

2

∫ 1

0

dt

g(t)2
.

 ! #$%&'()(*+$ ,)- Rj

C$ 0$J*$ B -*0 C %! B(α, n) := 0 -*0 C(α, n) := ⌊αn⌋ + 1 -*0 7?)/$6 A>? -*! α ∈
(0, 1)6 j := C(α, n)4 G?>@>&)/)>* 34K :B>2%)*$0 7)/# L$2-?D 3453< !)$.0& /#-/6 ,*)A>?2.! )*

α ∈ (0, 1)6

lim sup
n→∞

1

n1/3
logP

(

∀i < j, ai1/3 − n1/3g(
i

n
) ≤ Si ≤ ai1/3

)

≤ −C0,α
g1,g2

.

M;



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""#$% "&%'"(') '*!+"#&$, -./.0 +$1 -./.02 3' %'" "(+"2 !$#4&)567 #$ α ∈ (0, 1)2

-./80 lim sup
n→∞

1

n1/3
logRj ≤ aα1/3 − g(α)− C0,α

g1,g2
.

9:;#&!,672 4&) +$7 n ≥ 12

-./<0

n
∑

j=1

Rj(n) ≤ n sup
1≤j≤n

Rj(n) = n sup
0<α<1

RC(α,n)(n).

=, + >&$,'*!'$>'2

-./?0 lim sup
n→∞

1

n1/3
log

n
∑

j=1

Rj(n) ≤ −s2.

3(')'

-./@A0 s2 := min
0≤α≤1

{

−aα1/3 + g(α) + C0,α
g1,g2

}

= min
0≤α≤1

{

−aα1/3 + g(α) +
π2σ2

2

∫ α

0

dt

g(t)2

}

.

B&5:#$#$% -./?0 3#"( -./C0 +$1 -./@02 3' &:"+#$

lim sup
n→∞

1

n1/3
logP

(

∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3
)

≤ −s,

3(')' s := min(s1, s2)/

 !" #$%&'( %) g )%* +$( ,--(* .%,/0

D'" a ∈ (0, ac)/ E' +)' 6&&F#$% 4&) + 4!$>"#&$ g ,!>( "(+" s > 0/ G(' 'H#,"'$>' &4 ,!>( +

4!$>"#&$ #5I6#', 'H"#$>"#&$ +$1 '$1, "(' I)&&4 "(' J)," I+)" &4 G('&)'5 @/K/

E' +11 "(' >&$,")+#$" g(1) = 02 -:!" +,,!5'
∫ 1

0
du

g(u)2
< ∞0/ G+F#$% α = 12 3' ,'' 4)&5

-./@A0 +$1 -./L0 "(+" "(#, #5I6#', s2 ≤ s1 +$12 +, + )',!6"2 s = s2/

E' >(&&,' g #$ ,!>( + 3+7 "(+" "(' *!+$"#"7 −aα1/3+ g(α)+ π2σ2

2

∫ α

0
dt

g(t)2
3(#>( +II'+),

#$ -./@A0 1&', $&" 1'I'$1 &$ α/ M'$>' g #, 1'J$'1 +, "(' ,&6!"#&$ &4 "(' '*!+"#&$ N

-./@@0 ∀t ∈ [0, 1],−at1/3 + f(t) +
π2σ2

2

∫ t

0

du

f(u)2
= s,

3(')' s #, ,&5' I&,#"#;' >&$,"+$"2 "(' ;+6!' &4 3(#>( #, "& :' ,'" 6+"') #$ ,!>( + 3+7 "(+"

f(1−) = 0/ =>>&)1#$% "& "(' >&5I!"+"#&$, +:&;'2 "(#, ;+6!' &4 s 3#66 %#;' + :&!$1 4&) "('

)+"' &4 1'>+7 &4 "(' ,!);#;+6 I)&:+:#6#"7/

<O



 !""#$ %&'() *&$ +,# -'$./.01 "$&%0%/1/+2

 !"#$%&'()&*+ '!"%)#,( -./001 2%* 3' 45#))'( f(0) = s %(6 ∀t ∈ (0, 1)+

-./071 f ′(t) =
a

3
t−2/3 − π2σ2

2f(t)2
.

8* )9' :#;%56<=#(6'&>? )9',5'2 -@'' ?,5 'A%2B&' CDE1+ @";9 %( ,56#(%5* 6#F'5'()#%& '!"%)#,(

%62#)@ % "(#!"' 2%A#2%& @,&")#,( f 6'G('6 ,( %( #()'5$%& [0, tmax) 4#)9 tmax ∈ (0,+∞]/

H(6 #? tmax < +∞+ )9'( f 9%@ &#2#) 0 ,5 +∞ 49'( t I,'@ ), tmax/

 !"#$% &'(' J9' ?%;) )9%) f ′(0) 6,'@ (,) 'A#@) 9'5' #@ (,) )5,"3&'@,2' %) %&& @#(;' )9'

B5,,? ,? )9' )9',5'2+ "@#(I :#;%56 #)'5%)'@+ %;)"%&&* 5'&#'@ ,( '!"%)#,( -./001/

K( ,56'5 ), B5,$' )9%) )9'5' 'A#@)@ %( #(#)#%& $%&"' s @";9 )9%) tmax = 1 %(6 limt→1 f(t) = 0+

4' I') % ;&,@'5 &,,L %) )9' 6#F'5'()#%& '!"%)#,(/

M#5@) 4' @)%)' )95'' @#2B&' 5'@"&)@ @B';#G; ), )9#@ 6#F'5'()#%& '!"%)#,(/

)$*+*,-.-*/ &'0'  !" λ > 0 #$% f # &'$"($)')* +)$&"('$ [0, t0) 7→ (0,+∞), -!.$! fλ :

(0, λ−1t0) 7→ (0,+∞) /0

fλ(t) = λ−1/3f(λt).

12!$ f *#"(*.!* !3)#"('$ 45,678 '$ (0, t0) (+ #$% '$90 (+ fλ %'!* '$ (0, λ
−1t0),

:;''+, H@@"2' )9%) f @%)#@G'@ '!"%)#,( -./071 ?,5 %(* 0 < t < t0/ J9'( ?,5 %(* 0 < t < λ−1t0+

f ′λ(t) = λ2/3f ′(λt)

= λ2/3
(

a

3
(λt)−2/3 − π2σ2

2f(λt)2

)

=
a

3
t−2/3 − π2σ2

2fλ(t)2
.

J9#@ 2'%(@ )9%) fλ %&@, @%)#@G'@ '!"%)#,( -./071 ?,5 %(* 0 < t < λ−1t0/

N,($'5@'&*+ %@@"2' )9%) fλ @%)#@G'@ '!"%)#,( -./071 ,( (0, λ
−1t0)/ O' (,)#;' )9%) #? λ

′ > 0+

)9'( (fλ)λ′ = fλλ′ / O' )%L' λ
′ = λ−1/ P'(;' (fλ)λ′ = f %&@, @%)#G'@ '!"%)#,( -./071 ?,5 %(*

0 < t < (λλ′)−1t0 = t0/

)$*+*,-.-*/ &'&' <!" 0 < a1 < a2 #$% s > 0,  !" f1 #$% f2 /! +)$&"('$* [0, tmax) 7→ (0,+∞)

*)&2 "2#"

∀0 ≤ t < tmax,∀i ∈ {1, 2}, −at1/3 + fi(t) +
π2σ2

2

∫ t

0

du

fi(u)2
= s.

12!$= +'; #99 0 ≤ t < tmax= f1(t) ≤ f2(t),

QD



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""#$  ! "#$%&" !' ()'*& !+,!- ./ 0 ≤ tstart- 0 < a1 < a2 ,01 0 < x1 ≤ x2- !+&0 !+&)& &2."!

tnext > tstart "#%+ !+,! !+&)& ,)& /#0%!.'0" f1 ,01 f2 : [tstart, tnext) 7→ (0,+∞) "#%+ !+,!

∀tstart ≤ t < tnext,∀i ∈ {1, 2}, −ai(t
1/3 − t

1/3
start) + fi(t) +

π2σ2

2

∫ t

tstart

du

fi(u)2
= xi;

 !"#$ %&' (#) tstart ≤ t < tnext$ f1(t) ≤ f2(t)*

+" ,!&&-" tnext -.,!  !(  !" /0,('1 0# "'( "- fn
i 1"2#"1$ %&' i ∈ {1, 2}$ 3) 4

∀tstart ≤ t < tnext, f
0
i (t) = xi;

∀n ∈ N,∀tstart ≤ t < tnext, f
n+1
i (t) = fn

i (tstart) + ai(t
1/3 − t

1/3
start)−

π2σ2

2

∫ t

tstart

du

fn
i (u)

2
,

"50- (#1 ,&#6"'7" &# [tstart, tnext)* 8!" 90:0 - fi ('" -&9. 0&#- &%  !" 0# "7'(9 ";.( 0&#- %&'

i ∈ {1, 2}*
< 0- "(-)  & ='&6" 3) 0#1., 0&# &# n  !( 

∀n ∈ N,∀tstart ≤ t < tnext, f
n
1 (t) ≤ fn

2 (t).

>"  0#7 n  "#1  & 0#2#0 ) 706"- .-  !" 1"-0'"1 ,&#,9.-0&#*

 !"#"$%&%"' ()*)  !" f #! $% $#&'!( )*!+ ,! $-! .+ &+! &/ "*! /&00&,.+1 2$%!% 3

456 tmax = +∞ $+7 f(t)→ +∞ $% t→ +∞ 8

496 tmax < +∞ $+7 f(t)→ 0 $% t→ tmax(

:-&&/( ?0'- #& 0,"  !( %&' (#) 0 < t < tmax$ f(t) ≤ s + at1/3* @ ,&#-";."#," &%  !0-

0#";.(90 ) 0-  !( 0% tmax < +∞$  !"#  !" 90:0 &% f A!"# t 7&"-  & tmax ,(# &#9) 3" 0*

B&A$ -.==&-"  !( tmax = +∞ 3.  !( f 1&"- #& 7&  & 0#2#0 )* 8!"#  !"'" ('" M > 0

(#1 ( -";."#," (tn)n ≥ 1 A0 ! limn tn = +∞ -.,!  !( %&' (#) n ≥ 1$ f(tn) ≤ M * +" ,(#

,!&&-" n -.,!  !( 

a
3
t
−2/3
n − π2σ2

2M2 < 0*

8!"# 0 0- "(-)  & -""  !( f 1",'"(-"- (% "' tn* <#1""1$ ,&#-01"'

t∗ := inf

{
t ≥ tn, f

′(t) >
a

3
t−2/3n − π2σ2

2M2

}
.

+" !(6"$ %&' tn ≤ t ≤ t∗$

f ′(t) =
a

3
t−2/3 − π2σ2

2f(t)2
≤ a

3
t−2/3n − π2σ2

2M2
< 0.

CD



 !""#$ %&'() *&$ +,# -'$./.01 "$&%0%/1/+2

 ! "# $%%&'# t∗ < +∞( )*#+ f ′(t∗) < 0( )*#+ f ,#-.#$%#% /+ $ +#/0*12.*22, 2! t∗ $+,

)*# /+#3&$4/)5 f ′(t) ≤ a
3
t
−2/3
n − π2σ2

2M2 %)/44 *24,% 2+ )*/% +#/0*12.*22,( "*/-* -2+).$,/-)% )*#

,#6+/)/2+ 2! t∗7

8# *$9# :.29#, )*$) f ′(t) /% 4#%% )*$+ $ +#0$)/9# -2+%)$+) !2. t ≥ tn( "*/-* /':4/#% )*$)

f .#$-*#% ;#.2 /+ 6+/)# )/'#7

<%%&'# "# $.# /+ )*# %#-2+, -$%# 2! =.2:2%/)/2+ >7?7 8# %#) λ := t−1max $+, ,#6+# )*#

!&+-)/2+ fλ 4/@# /+ =.2:2%/)/2+ >7A B"/)* t0 = tmaxC7 8# -*22%# g = fλ $+, %#) g(1) = 0 %2

)*$) g /% -2+)/+&2&% 29#. [0, 1] $+, %$)/6#% B>7DAC !2. $44 t ∈ (0, 1)7

 !"#$% &'(' < -2+%#3&#+-# 2! =.2:2%/)/2+ >7A /% )*$) )*# -*2/-# 2! )*# 9$4&# s 2! f(0) ,2#%

+2) '$))#. $) $447  ! "# .#:4$-# s > 0 "/)* $+2)*#. s̃ > 0( "# )*#+ .#:4$-# λ "/)* λ̃ = λ
(

s̃
s

)3

$+, 6+$445 0#) )*# %$'# g7

E2 "# 2+45 *$9# )2 :.29# )*$)( "*#+ a < ac( "# $.# /+ -$%# BFC 2! =.2:2%/)/2+ >7?( $+,

"# "/44 ,#,&-# )*# &::#. 12&+, /+ G*#2.#' D7A7 G*/% /% -2+)$/+#, /+ )*# !2442"/+0 H

)$*+*,-.-*/ &'0'  !" f #! "$! %&'(")&* &+ !,(-")&* ./0123 4)"$ )*)")-' 5&*6)")&* f(0) = 10

.)3 7+ a > ac8 "$!* tmax = +∞ -*6 f(t) ∼ bt1/3 -% t→ +∞ 4)"$ b 6!9*!6 #: b > 2ac

3
-*6

a = b+ 3π2σ2

2b2
0

.))3 7+ a = ac8 "$!* tmax = +∞ -*6 f(t) ∼ 2ac

3
t1/3 -% t→ +∞0

.)))3 7+ a < ac8 "$!* tmax < +∞ -*6 f(t)→ 0 -% t→ tmax0

 + )*# :.22! 2! )*# :.2:2%/)/2+( "# "/44 +##, )*# !2442"/+0 4#''$ H

1!""# &'2' ;%%(<! "$-" f )% - %&'(")&* &* [0,+∞) &+ "$! 6)=!>!*")-' !,(-")&* -*6 "$-" ?

lim sup
t→+∞

f(t)

t1/3
≤ b.

@$!* 4! $-A!

lim sup
t→+∞

f(t)

t1/3
≤ b′ := a− 3π2σ2

2b2
.

B>&&+ &+  !<<- /0C0 I#) ε > 07 F5 *5:2)*#%/%( !2. $+5 t 0.#$)#. )*$+ %2'# t0( "# *$9#

f(t) ≤ (b + ε)t1/37 J2. %2'# .#$4 -2+%)$+)% c0 $+, c′0 $+, $+5 t ≥ t0( "# *$9#( 15 #3&$)/2+

B>7DDC H

f(t) ≤ c0 + at1/3 − π2σ2

2(b+ ε)2

∫ t

t0

du

u2/3
= c′0 +

(
a− 3π2σ2

2(b+ ε)2

)
t1/3.

KL



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#!

lim sup
t→+∞

f(t)

t1/3
≤

(
a− 3π2σ2

2(b+ ε)2

)
.

$!%%&"' ε %!"( %) 0 !"(* %+! ,-)). ). %+! /!0012

3%!-1%&"' $!001 4256 7! )8%1&" 9

 !""# $%&%  !!"#$ %&'% f (! ' !)*"%()+ )+ [0,+∞) ), %&$ -(.$/$+%('* $0"'%()+ '+- *$%

b0 1$ ' /$'* !"2& %&'% b0 ≥ lim supt→+∞
f(t)

t1/3 3 4$ -$5+$ %&$ !$0"$+2$ (bn)n∈N /$2"/!(6$*7 17

bn+1 := a− 3π2σ2

2b2n
3 8&$+

∀n ≥ 1, lim sup
t→+∞

f(t)

t1/3
≤ bn.

9/)), ), 9/):)!(%()+ ;3<3 :&; <**=0! a ≥ ac 1"( /!% b *=#+ %+1% a = b + 3π2σ2

2b2
2 >!?"!6 .)-

0 ≤ t ≤ tmax6 f0(t) := bt1/32 @+!" f0 *1%&*?!* !A=1%&)" :42BC; 1* f ()!*6 7&%+ &"&%&1/ #)"(&%&)"

f0(0) = 0 < f(0) = s2  !"#!

∀0 ≤ t ≤ tmax, f(t) ≥ f0(t).

@+&* &0,/&!* tmax = +∞2 D)7 /!% h = f − f02 @+!"6 8E !A=1%&)" :42BB;6 7! +1F!6 .)- t ≥ 06

h(t) = s+ (a− b)t1/3 −
∫ t

0

π2σ2 du

2f(u)2

= s+ (a− b− 3π2σ2

2b2
)t1/3 +

∫ t

0

π2σ2 du

2

(
1

f0(u)2
− 1

f(u)2

)
.

G&"#! a = b+ 3π2σ2

2b2
6

h(t) = s+

∫ t

0

π2σ2 du

2

(
1

f0(u)2
− 1

f(u)2

)
≤ s+

∫ t

0

π2σ2

2

2h(u) du

f0(u)3
.

H! 1,,/E I-)"71//J* /!001 1"( )8%1&"6 .)- 1"E 0 < t0 < t6

:42B4; h(t) ≤ h(t0) exp

(∫ t

t0

π2σ2 du

b3u

)
= h(t0)

(
t

t0

)π2σ2

b3

.

D)%&#! %+1%

π2σ2

b3
= 1

3

(
2ac

3b

)3
2 @+!" &. a > ac 1"( b >

2ac

3
6 %+! !K,)"!"% &" %+! -&'+%L+1"( *&(!

). :42B4; 7&// 8! /!** %+1"

1
3
2  !"#! &"!A=1/&%E :42B4; &0,/&!* :&;2

:&&; <**=0! a = ac 1"( b = 2ac

3
2 @+&* &* %+! *10! 1* 7+!" a > ac6 !K#!,% %+1% %+!

!K,)"!"% &" %+! -&'+%L+1"( *&(! ). :42B4; &* !K1#%/E

1
3
6 7+&#+ 0!1"* %+1% .)- *)0! #)"*%1"%

b0 >
2ac

3
6

∀t ≥ t0, f0(t) ≤ f(t) ≤ b0t
1/3.

MM



 !"#$% &"'() *"% +,$ -'%./.01 2%"&0&/1/+3

 !!"# $%&&' ()*) +,% -%./"0 12""23. 1-2& 0,'0 limn bn =
2ac

3
)

45556  ../&% a < ac '78 tmax = +∞) +,%79 :# 4556 '78 ;-2!2.50527 ()(9 3% ,'<% 0,'0 '7#
b0 >

2ac

3
9 12- t "'-=% %72/=,9

lim sup
t→+∞

f(t)

t1/3
≤ b0.

>% '!!"# $%&&' ()*) ?1 b0 5. @"2.% %72/=, 02
2ac

3
9 3% 35"" ,'<% b1 <

2ac

3
'78 bn → −∞ '. n

=2%. 02 57A750#9 3,5@, 5. ':./-8) >% @27@"/8% 0,'0 0,% ,#!20,%.5. tmax = +∞ 5. 1'".%9 3,5@,

!-2<%. 0,% !-2!2.50527)

 !"#$% &"'() *"% +,$ -'%./.01 2%"&0&/1/+3

 !" #$%&$'() *+ $,' '-$./&$'

+,% :'.5@ 58%' 5. 02 @27.58%- 27"# 0,% !2!/"'0527 :%03%%7 032 :'--5%-. 4:%"23 i 7→ ai1/3

:/0 ':2<% i 7→ (a − b)i1/369 %.05&'0% 0,% A-.0 032 &2&%70. 21 0,% 7/&:%- 21 5785<58/'". 57

=%7%-'0527 n '78 0,%7 02 /.% 0,% ;'"%#BC#=&/78 57%D/'"50# 02 =%0 0,% "23%- :2/78)

E712-0/7'0%"#9 F2=/"G.H55G. %.05&'0% @'/.%. 0,% '!!%'-'7@% 21 ' 1'@02- eo(n1/3)
57 0,%

%.05&'0%. 21 0,% &2&%70. 21 0,% ./-<5<57= !2!/"'0527 '0 =%7%-'0527 n9 .2 3% 35"" 720 :% ':"%

02 !-2<% 85-%@0"# 0,'0 0,% !2!/"'0527 ./-<5<%. 350, !2.505<% !-2:':5"50#)

I%-% 5. ,23 02 2<%-@2&% 0,5. 85J@/"0# K

L%0 λ > 0 ./@, 0,'0 eλ ∈ N '78 (vk)k≥1 ' .%D/%7@% 21 !2.505<% 570%=%-.) >% @27.58%- 0,%

!2!/"'0527 ./-<5<57= :%"23 0,% :'--5%- i 7→ ai1/3 K '7# 5785<58/'" 0,'0 32/"8 :% :2-7 ':2<%

0,5. :'--5%- 5. -%&2<%8 '78 @27.%D/%70"# 82%. 720 -%!-28/@%) M2- '7# k ∈ N9 3% !5@H ' .57="%

5785<58/'" z '0 !2.50527 V (z) 57 =%7%-'0527 eλk
'78 @27.58%- 0,% 7/&:%- Yk(z) 21 8%.@%78'70.

.,% %<%70/'""# ,'. 57 =%7%-'0527 eλ(k+1)
)

>% =%0 ' "23%- :2/78 12- Yk(z) :# @27.58%-57=9 57.0%'8 21 z9 ' <5-0/'" 5785<58/'" z̃ 57 0,%

.'&% =%7%-'0527 eλk
:/0 !2.50527%8 27 0,% :'--5%- '0 Ṽ (z) := aeλk/3 ≥ V (z)) +,% 7/&:%-

'78 85.!"'@%&%70. 21 0,% 8%.@%78'70. 21 z̃ '-% %N'@0"# 0,% .'&% '. 0,2.% 21 z) O:<52/."#9 12-

'7# u > z9 V (ũ) = V (u)+ aeλk/3−V (z) ≥ V (u)) I%7@% 0,% 8%.@%78'70. 21 z̃ '-% &2-% "5H%"#

02 @-2.. 0,% :'--5%- '78 :% H5""%89 3,5@, &%'7. 0,'0 Yk(z̃) ≤ Yk(z))

?7 2-8%- 02 '!!"# F2=/"G.H55G. %.05&'0%9 3% '88 ' .%@278 ':.2-:57= :'--5%- i 7→ (a−b)i1/3
12- .2&% b > 0 '78 H5"" '7# 8%.@%78'70 21 z̃ 0,'0 5. :2-7 :%"23 50) +,5. 3'#9 3% 2:0'57 0,'09

'"&2.0 ./-%"#9 Zk ≤ Yk(z̃) ≤ Yk(z)9 3,%-%

Zk := #
{
u ∈ Teλ(k+1) : u > z,∀eλk < i ≤ eλ(k+1), (a− b)i1/3 ≤ V (ũi) ≤ ai1/3

}
.

*P



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#$!%& Zk '"(")'* +) z ,-. /.* !#0 #)' /) (#$./1-!#$ Ak := P(Zk ≥ vk) ≤ P(Yk(z) ≥ vk) '+

)+.2

3" '"4)"& 5+$ #)% n ≥ 1 6

Pn := P
(
∀1 ≤ k ≤ n,#

{
u ∈ Teλk : ∀i ≤ eλk, V (ui) ≤ ai1/3

}
≥ vk−1

)
.

75 1 ≤ n0 ≤ n& .8") 0" 8#9" 6

Pn+1 ≥ Pn (1− (1− An)
vn−1) .

:% /)'-1./+)& 0" +,.#/) 6

Pn ≥ Pn0

n−1∏

k=n0

(1− (1− Ak)
vk−1) ≥ Pn0

n∏

k=n0

(
1− e−vk−1Ak

)
.

logPn ≥ logPn0 +
n∑

k=n0

log
(
1− e−vk−1Ak

)
.

3/.8 .8" ";-/9#!"). log(1 + x) ∼ x 5+$ *<#!! 9#!-"* +5 x& .8" ($"9/+-* /)";-#!/.% <#="*

>$+(+*/./+) ?2@ # 1+)*";-")1" +5 .8" 5+!!+0/)A !"<<# 6

 !""# $%&%  ! a > ac" #$ %&' %())*$ (vk)k∈N *+%( ,(&," #($' λ -* .&/0$ $')+0( &'1 *+%(

,(&, eλ ∈ N" #$ (&2$

B@2?C

∞∑

k=0

e−vkAk+1 < +∞.

D/E θ ∈ (0, 1)& 5+$ "E#<(!" θ = 1
2
2 F8" >#!"%GH%A<-)' /)";-#!/.%& 0/.8 vk := θE[Zk] 0/!!

($+9/'" -* 0/.8 .8" !+0"$ ,+-)' +) Ak )""'"' .+ ($+9" I"<<# @2? 6

B@2JC Ak ≥ (1− θ)2
(E[Zk])

2

E[Z2
k ]

.

3" *". k ≥ 0 #)' 1+)*/'"$& #* *.#."' #,+9"& .8" '"*1")'#).* +5 #) /)'/9/'-#! z̃ *.#$./)A #.

./<" eλk
#. (+*/./+) aeλk/3

+9"$ ℓk := eλ(k+1)− eλk
A")"$#./+)*2 F8" /)'/9/'-#!* +5 A")"$#./+)

i #$" =/!!"' #)' 8#9" )+ '"*1")'#). /5 .8"% #$" +-. +5 .8" /)."$9#! 6

Ii :=
[
(a− b)i1/3, ai1/3

]
.

3" *".& 5+$ k = 0 5+$ "E#<(!" B.8") .8" ";-#./+)* #!*+ 8+!' 5+$ #!! k ∈ N 0/.8 .8" *#<"

5-)1./+)*C 6

B@2KC g2(t) := a

((
t+

eλk

ℓk

)1/3

−
(
eλk

ℓk

)1/3
)
, g(t) := b

(
t+

eλk

ℓk

)1/3

, g1(t) := g2(t)− g(t).

LM



 !"#$% &"'() *"% +,$ -'%./.01 2%"&0&/1/+3

 !" #$$%& '()*+ ,(& -.% /%0(*+ 1(1%*-

 ! "#$%& &'! ()*+$! "*, )-!. u, v ∈ T /00).(%12 &) &'! 2!1!./&%)1 j )3 uj = u ∧ v ∈ T
&'! $)4!"& 0),,)1 /10!"&). )3 u /1( v 5

67879 E[Z2
k ] = E




∑

u>zz̃,v>z̃

|u|=|v|=eλ(k+1)

:;{∀eλk<i≤eλ(k+1),V (ui)∈Ii,V (vi)∈Ii}


 =

ℓk∑

j=0

Bk,j,

4'!.! Bk,k = Zk 63). !/0' &%,! v = u = uj9 /1( 3). j < k<

678=9

Bk,j := E




∑

u>zz̃,|u|=eλ(k+1)

:;{∀eλk<i≤eλ(k+1),V (ui)∈Ii}
∑

v>uj,|v|=eλ(k+1)

vj+1 6=uj+1

:;{∀eλk+j<i≤eλ(k+1),V (vi)∈Ii}


 .

>'/1?" &) @!,,/ A8:< 4! '/-! 5

hk,j(x) := E


 ∑

v≥uj ,|v|=eλ(k+1)

:;{∀eλk+j<i≤eλ(k+1),V (vi)∈Ii}

∣∣∣∣∣∣
V (uj) = x




= E

[
eSℓk−j

:;{∀0<i≤ℓk−j,x+Si∈I
eλk+j+i}

]

≤ exp
(
a
(
eλ(k+1)/3 − (eλk + j)1/3

)
+ beλk+j

)
P
(
∀0 < i ≤ ℓk − j, x+ Si ∈ Ieλk+j+i

)
.678B9

C0&*/$$D 4! 1!!( u %1 ).(!. &) (!E1! hk,j(x) +*& &'! .!/$ 1*,+!. )+&/%1!( /0&*/$$D ()!" 1)&

(!#!1( )1 &'! 0')%0! )3 u8

FD 0)1(%&%)1%12 )1 &'! σG/$2!+./ 2!1!./&!( +D &'! ξv< v ∈ Γ(ui)< e
λk ≤ i ≤ eλk + j − 1

3). !/0' u< !H*/&%)1 678=9 2%-!"< %1 &'! 0/"! )3 (!&!.,%1%"&%0 +./10'%12 5

Bk,j ≤ sup
x∈I

eλk+j

hk,j(x)E [Zk] .

;1 &'! 2!1!./$ 0/"!< &'%" /.2*,!1& 3/%$" +!0/*"! &'! 1*,+!. 6/1( &'! (%"#$/0!,!1&"9 )3

&'! "%"&!." )3 uj+1 /.! 0)..!$/&!( 4%&' ξuj+1
6/1( 4%&' &'! 3/0& &'/& &'%" %1(%-%(*/$ !I%"&"98

 ! '/-! %1(!#!1(!10! )3 &'! σG/$2!+./ ,!1&%)1!( /+)-! 3). &'! (!"0!1(/1&" )3 &'! "%"&!."

)3 uj+18 ;3 4! /""*,! &'/& !/0' %1(%-%(*/$ '/" /$,)"& "*.!$D /& ,)"& r 0'%$(.!1< 4! )+&/%1

∑

v>uj,|v|=eλ(k+1)

vj+1 6=uj+1

:;{∀eλk+j<i≤eλ(k+1),V (vi)∈Ii} ≤ (r − 1) sup
x∈I

eλk+j+1

hk,j+1(x).

J:



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#!

Bk,j ≤ (r − 1) sup
x∈I

eλk+j+1

hk,j+1(x)E [Zk] .

$" %&! #'(! )* '" +",)+"-!- "+.,!/ )* #&01-/!"2 3! /!.)4! '11 %&! -!(#!"-'"%( )* %&!

0"-040-+'1( &'40"5 ' "+.,!/ )* #&01-/!" 5/!'%!/ %&'" ().! "+.,!/ rk %) ,! (!% 1'%!/6 7&0(

),40)+(18 504!( ' 1)3!/ ,)+"-2 '"- %&'% 0( 3&'% 3! 3'"%6 9)/.'1182 3! :!!; %&! ('.!

")%'%0)"( '"- '-- ' (+;!/(#/0;%

(k)
3&!" -!'10"5 30%& %&0( "!3 ;/)#!((6 <=+'%0)" >6> ,!#).!(

?>6@A E[Z
(k)2
k ] =

ℓk∑

j=0

B
(k)
k,j ,

'"- 3! &'4! %&! +;;!/ ,)+"-

B
(k)
k,j ≤ (rk − 1) sup

x∈I
eλk+j+1

hk,j+1(x)
(k)E

[
Z
(k)
k

]
,

30%&2 ),40)+(18 */). %&! -!B"0%0)"2 hk,j(x)
(k) ≤ hk,j(x)6

C! -!B"! B '"- C ,8 B(α, ℓ) := ⌊αℓ⌋+ 1 '"- C(α, ℓ) := ℓ '"- 3/0%!2 *)/ '"8 α ∈ (0, 1)
j := B(α, ℓk) − 16 D/);)(0%0)" E6F ?#).,0"!- 30%& G!.'/: E6HEA 80!1-( %&'%2 +"0*)/.18 0"

α ∈ (0, 1) '"- x ∈ Ieλk+B(α,ℓk)2

lim sup
k→∞

1

ℓ
1/3
k

P
(
∀0 < i ≤ ℓk − (j + 1), x+ Si ∈ Ieλk+j+1+i

)
≤ −Cα,1

g1,g2
.

I).,0"0"5 30%& %&! ,)+"- ?>6JA 80!1-( %&'%2 +"0*)/.18 0" α ∈ (0, 1)2

?>6KA lim sup
k→∞

1

ℓ
1/3
k

log
B
(k)
k,B(α,ℓk)−1

E

[
Z
(k)
k

] ≤ g2(1)− g2(α) + g(α)− Cα,1
g1,g2

.

 !" #$%&' ($)*+ ,$' -.& /'0- 1$1&*-

9)/ '"8 k ≥ 12 3! #)"(0-!/ 0606-6 /'"-). 4'/0',1!( X
(k)
i 2 1 ≤ i ≤ ℓk 30%& %&! ('.!

-0(%/0,+%0)" '( X #)"-0%0)"!- )" ν ≤ rk ?30%& (X, ν) -!B"!- 0" L!..' E6EA '"- 3/0%!

S
(k)
j :=

∑j
i=1X

(k)
i *)/ '"8 0 ≤ j ≤ ℓk6 L!% ε > 06

FE



 !"#$% &"'() *"% +,$ -'%./.01 2%"&0&/1/+3

 ! "#$$% &'&(

E[Z
(k)
k ] = E


 ∑

u>z̃,|u|=eλ(k+1)

)*{∀eλk<i≤eλ(k+1),V (ui)∈Ii,#Γ(ui−1)≤rk}




= E

[
eSℓk

)*{∀i≤ℓk,aeλk/3+Si∈I
eλk+i

,νi≤rk}
]

= P(ν ≤ rk)
ℓk

[
e
S

(k)
ℓk
)*

{
∀i≤ℓk,aeλk/3+S

(k)
i ∈I

eλk+i

}
]

≥ P(ν ≤ rk)
ℓk exp

(
l
1/3
k (g2(1)− ε)

)
P

(
g1 ≤ℓk

s
(k)
ℓk
≤ℓk

g2;S
(k)
ℓk
≥ l

1/3
k (g2(1)− ε)

)
,+,'-.

/0#1#( 231 %4! t ∈ [0, 1](

s
(k)
ℓk
(t) :=

S
(k)
⌊tlk⌋

l
1/3
k

.

"#5 δ1 %46 δ2 7# 89:# 94 ;34695934 +)').( %46 8#5 δ3 :=
δ1

1+δ1
' <=86#1>? 94#@A%895! !9#86?

P(ν > rk) = E



)*{#T1>rk}

∑

|u|=1

e−ξu




= E


(#T δ3

1 )*{#T1>rk}

)

#T −δ3

1

∑

|u|=1

e−ξu






≤ E
[
#T1)*{#T1>rk}

]δ3
E





#T −δ3

1

∑

|u|=1

e−ξu



1+δ1




1
1+δ1

.+,')B.

C# 7#D94 /950 50# ?#;346 2%;531 94 50# 19D05E0%46 ?96# 32 +,')B.' F0# ;34G#H95! 32 t 7→
t1+δ1

D9G#?

#T −δ1
1


∑

|u|=1

e−ξu



1+δ1

≤
∑

|u|=1

e−ξu(1+δ1).

<#4;#

E





#T −δ3

1

∑

|u|=1

e−ξu



1+δ1


 ≤ Φ(1 + δ1) < +∞.

I31 50# J1?5 2%;531 94 50# 19D05E0%46 ?96# 32 +,')B.( K%1:3G>? 94#@A%895! !9#86?

E
[
#T1)*{#T1>rk}

]
≤ E

[
#T 1+δ2

1

]

rδ2
k

.

-L



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !"#$$%& '() *+,"- ./0123 *)4+5)6

P(ν > rk) ≤
E
[
#T 1+δ2

1

]δ3

rδ2δ3
k

Φ(1 + δ1)
1

1+δ1 .

7) 4(++6) rk := ⌊el
1/4
k ⌋ !"#$#%&$#

lim
k→∞

1

ℓ
1/3
k

logP(ν ≤ rk)
lk = 0.

'( &$)#$ *& +,,-. /$&,&01*1&( 2 34 *& *"# *"1$) %+5*&$ &% 67 89: ;# "+<# *& 5"#5= *"#

5&()1*1&(0 62 >9 &% ?#@@+ 2 37 A&*15# *"+* %&$ t ∈ [−1, δ2]: E
[
etX

]
= Φ(1 + t) < +∞ +()

E

[
etX

(k)
1

]
=

E
[∑

e(1+t)ξ
3'{#T1>rk}

]

P(ν ≤ rk)
≤ Φ(1 + t)

P(ν ≤ rk)
.

!"10 1@,-1#0 *"+* supk≥1 E

[∣∣∣X(k)
1

∣∣∣
3
]
< +∞ 

B1(5# X 10 5#(*#$#):

E

[
X

(k)
1

]
=

E
[
X3'{ν≤rk}

]

P(ν ≤ rk)
= −E

[
X3'{ν>rk}

]

P(ν ≤ rk)
.

C#5+-- *"+* X +)@1*0 #D,&(#(*1+- @&@#(*0: "#(5# @&@#(*0 &% +-- &$)#$0 E+F5".GB5";+$H

1(#IF+-1*. .1#-)0

E
[
X3'{ν>rk}

]
≤

√
E [X2]P(ν > rk) = O

(
r
−δ2δ3/2
k

)
= o

(
ℓ
−2/3
k

)
.

!"10 1(#IF+-1*.: 5&@J1(#) ;1*" *"# ,$#<1&F0 &(#: ,$&<#0 *"# 0#5&() 5&()1*1&( 1( 62 >9 '*

$#@+1(0 *& 5"#5= *"# -+0* &(#: ;"15" 10 + 5&(0#IF#(5# &% E

[
X

(k)
1

]
→ 0 +() E

[
X

(k)2
1

]
→

K+$(X) = σ2 

L1*" *"# (&*+*1&(0 &% ?#@@+ 2 3M

P

(
g1 ≤ℓk

s
(k)
ℓk
≤ℓk

g2;S
(k)
ℓk
≥ ℓ

1/3
k (g2(1)− ε)

)

≥ Pℓk
(M, ε1, ε2) inf

−Mε2ℓ
1/3
k ≤z≤−ε1ε2ℓ

1/3
k

Qℓk
(M, ε1, ε2, g1, g2)

;"#$#

Qℓk
(M, ε1, ε2, g1, g2) := Pz

(
S
(k)

ℓk−⌊ε2ℓ
1/3
k ⌋

≥ ℓ
1/3
k (g2(1)− ε) ;

∀i ≤ ℓk − ⌊ε2ℓ1/3k ⌋, g1
(
⌊ε2ℓ1/3k ⌋+ i

ℓk

)
≤ S

(k)
i

ℓ
1/3
k

≤ g2

(
⌊ε2ℓ1/3k ⌋+ i

ℓk

))
.

87



 !"#$% &"'() *"% +,$ -'%./.01 2%"&0&/1/+3

 ! !"#$%&#! Qℓk
(M, ε1, ε2, g1, g2) '( )*+,+"$#$+- ./01 2$#3 β = 04 γ = 14 B(ℓk) = ⌊ε2ℓ1/3k ⌋4

C(ℓk) = ℓk4 uℓk
= −Mε2ℓ

1/3
k &-5 vℓk

= −ε1ε2ℓ1/3k / 63!- 7!##$-8 ε2 → 0 ($!75"

lim inf
k→∞

1

ℓ
1/3
k

logE

[
Z
(k)
k

]
≥ g2(1)− ε− Cg1,g2 .

63$" $-!9:&7$#( 3+75" ;+* &-( ε > 0 "%&77 !-+:834 3!-<! &7"+ ;+* ε = 0/

 ! "#$$% $% "#$&$'()($* +! 

=+%'$-$-8 2$#3 >?/@A ($!75" #3&#4 :-$;+*%7( $- α ∈ (0, 1)4

lim sup
k→∞

1

ℓ
1/3
k

log
B
(k)
k,B(α,ℓk)−1(

E

[
Z
(k)
k

])2 ≤ −g2(α) + g(α) + C0,α
g1,g2

.

=+-"!9:!-#7(4 $- B$!2 +; >?/CA &-5 >?/.A

lim sup
k→∞

1

ℓ
1/3
k

logA
(k)
k ≥ min

0≤α≤1
g2(α)− g(α)− C0,α

g1,g2
.

D!%%& ?/0 ($!75"

>?/00A max
0≤α≤1

Gλ(α) < 0⇒ P
(
∃u ∈ T∞,∀i ≥ 1, V (ui) ≤ ai1/3

)
> 0

23!*!

Gλ(α) := −g2(α) + g(α) +
π2σ2

2

∫ α

0

dt

g(t)2
+ e−λ/3

[
−g2(1) +

π2σ2

2

∫ 1

0

dt

g(t)2

]
.

 ! 5!-+#!

∀t ∈ [0, 1], f(t) :=
(
t+

1

eλ − 1

)1/3

.

 ! 3&B! g2 = af − af(0)/  ! <3++"!5 ;+* #3! 2$5#3 +; #3! ,$,! #3! ;:-<#$+- g := bf / 63$"

8$B!"

Gλ(α) = af(0) + (b− a)f(α) +
π2σ2

2b2

∫ α

0

dt

f(t)2
+ e−λ/3

[
af(0)− af(1) +

π2σ2

2b2

∫ 1

0

dt

f(t)2

]
.

E$-<! f(1) = eλ/3f(0) &-5 f ′ = 1
3
f−24 #3$" '!<+%!" F

Gλ(α) =

(
b+

3π2σ2

2b2
− a

)
f(α) + e−λ/3

[
af(0)− 3π2σ2

2b2
f(0)

]
.

GH



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !!"#$%& a > ac' () *+% *,--!) b !"*, .,+. b+
3π2σ2

2b2
< a/ 0$%*) f $! $%*1)+!$%& -% [0, 1]'

max
0≤α≤1

Gλ(α) = Gλ(0) = f(0)

[(
b+

3π2σ2

2b2
− a

)
+ e−λ/3

(
a− 3π2σ2

2b2

)]
.

2,$! 3+4") $! %)&+.$3) 5-1 !"6*$)%.47 4+1&) λ 8.,+. () *+% *,--!) !"*, .,+. () +4!- ,+3)

eλ ∈ N9' (,$*,' $% 3$)( -5 8:/;;9' *-#<4).)! .,) <1--5/

 !"# #$%&'(%&)' *+%#

2,1-"&,-". .,$! !)*.$-%' () +!!"#) a < ac/

 !" #$$%& '()*+

=. 5-44-(! 51-# .,) *-#<".+.$-%! -5 0)*.$-% > .,+.' 5-1 +%7 *-%.$%"-"! 5"%*.$-% g : [0, 1] 7→
[0,+∞) !"*, .,+. g(0) = 1'

lim sup
n

1

n1/3
logP

(
∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3

)
≤ −cg,

(,)1)

cg := min
0≤t≤1

(
g(t) +

π2σ2

2

∫ t

0

du

g(u)2
− at1/3

)
.

2,) ?)!. *,-$*) 5-1 g $! .,) -%) @)!*1$?)@ $% .,) )%@ -5 0)*.$-% > A $. $! .,) !-4".$-% -5

.,) $%.)&1+4 )B"+.$-% 8>/;;9 ($., s = cg !"*, .,+. g(1) = 0 8-1 )B"$3+4)%.47' tmax = 19/ C)

*+% #+D) .,$! *,-$*) .,+%D! .- E1-<-!$.$-% >/F +%@ E1-<-!$.$-% >/G8$$$9/

 !, -(.%& '()*+

H-1 .,) !+D) -5 *4+1$.7' () .1)+. -%47 .,) 1)&"4+1 *+!)/ 2,) #-@$I*+.$-%! 1)B"$1)@ ?7 .,)

&)%)1+4 *+!) +1) .,) !+#) +! +?-3)/ C) @$1)*.47 +<<47 .,) E+4)7JK7&#"%@ $%)B"+4$.7 .- .,)

%"#?)1 Wn -5 $%@$3$@"+4! u ∈ Tn !"*, .,+.

∀i ≤ n, ai1/3 − n1/3g(
i

n
) ≥ V (u) ≤ ai1/3.

H-44-($%& .,) *-#<".+.$-%! -5 0)*.$-% 4' () -?.+$%

lim inf
n

1

n1/3
logP

(
∃u ∈ Tn,∀i ≤ n, V (ui) ≤ ai1/3

)
≥ lim inf

n

1

n1/3
log (P(Wn ≥ 1) ≥) ≥ −dg,

(,)1)

dg := max
0≤t≤1

(
g(t) +

π2σ2

2

∫ t

0

du

g(u)2
− at1/3

)
.

LG



 !"#$ %$&'$#$'()

 !" #$%&'() g *#+), -" ".(/%)0 %!" 1('" (1 &2 %!" +$$"3 -#+2,4 "./"$% %!(% *" (3" 5#3/",

%# %(6" ($$3#.&'(%&#21 -"/(+1" g '+1% -" 1%3&/%)0 $#1&%&7" #2 [0, 1]8 9&2/" %!&1 #$%&'() g &1

1+/! %!(% g(t) + π2σ2

2

∫ t

0
du

g(u)2
− at1/3 ,#"1 2#% ,"$"2, #2 t4 *" !(7" $3#7",

c := sup
g
cg = inf

g
dg.

 !&1 /#'$)"%"1 %!" $3##5 #5 :3#$#1&%&#2 ;8<8

 !"#$ %$&'$#$'()

 !" #$%&' (%)* +*,*)-. $-))/*)0

=" (3" >#&2> %# >&7" ( 16"%/! #5 %!" $3##5 #5  !"#3"' ;8?8  !" '(&2 &,"( &1 %# /#21&,"3

%!" 5+2/%&#2 g2 ,"@2", -0

∀t ∈ [0, 1), g2(t) := a+t1/3; g2(1) = a−.

=" /#'$+%" %!" A+(2%&%&"1 Rj (2, 5#))#* %!" (3>+'"2%1 #5 9"/%&#2 B8 C)'#1% "7"30%!&2>

>#"1 (1 -"5#3" *&%! a = a+4 "./"$% %!(% R∞ &1 )"11 %!(2 -"5#3"8 =" 1"(3/! 5#3 %!" #$%&'() g

D*&%! 1%&)) g1 = g2 − gE8  !&1 &1 ( 1#)+%&#2 #5 B8;; D*&%! a+ &21%"(, #5 aE #7"3 [0, 1]4 -+% %!"

-#+2,(30 /#2,&%&#2 g(1) = 0 &1 3"$)(/", -0 g(1−) = a+− a−8 F5 a− &1 %!" /3&%&/() 7()+" 3π2σ2

2ba+

#5  !"#3"' ;8?4 %!"2 %!" 5+2/%&#2 g(t) = ba+t1/3 ()'#1% *#3614 -+% %!" 5(/%#3 >&7&2> %!"

".$#2"2%&() ,"/(0 #5 %!" $3#-(-&)&%0 &1 0 = g(0)8 F5 a− &1 1'())"3 %!(2 %!" /3&%&/() 7()+"4 *"

#-%(&2 1#'" 1#)+%&#2 D1%(3%&2> *&%! %!" -#+2,(30 /#2,&%&#2 (% 1 (2, 1#)7&2> %!" ,&G"3"2%&()

"A+(%&#2E *&%! g(0) > 04 *!&/! &'$)&"1 %!(% %!"3" &1 ".%&2/%&#2 (2, %!(%4 3#+>!)0 1$"(6&2>4

%!" $3#-(-&)&%0 ,"/(01 (% )"(1% )&6" exp
(
−g(0)n1/3k (1 + o(1))

)
()#2> ( 1+-1"A+"2/" nk 1+/!

%!(% ϕ(nk)/n
1/3
k &1 /)#1" %# a−8

H#27"31")04 *!"2 *" /#21&,"3 %!" 1('" 5+2/%&#2 g2 *&%! a− >3"(%"3 %!(2 %!" /3&%&/()

7()+"4 *" /(2 @2, ( 1#)+%&#2 #5 %!" ,&G"3"2%&() "A+(%&#2 *&%! (3-&%3(3&)0 1'()) g(0) > 0 1+/!

%!(% g(1−) > a+ − a−4 *!&/! '"(21 %!(% %!" $3#-(-&)&%0 %# !(7" (2 ".$#2"2%&() $#$+)(%&#2
exp

(
(a− − a+ + g(1−))n1/3k (1 + o(1))

)
&1 #5 #3,"3 exp

(
−g(0)n1/3k (1 + o(1))

)
8  !"2 *" /(2

($$)0 %!" (3>+'"2%1 #5 9"/%&#2 I8

 !1 23*'45 %6 '5* 7)%%6 %6 8)%7%0/'/%, "! 

J&31% *" >&7" %!" +$$"3 -#+2,8 K"% a < ac (2, )"% g -" *&%! %!" #$%&'() 5+2/%&#2 1""2

-"5#3"8 K"% n ≥ 18 =" (,, ( 1"/#2, (-1#3-&2> -(33&"3 i 7→ ai1/3−n1/3g( i
n
)8 =" *3&%" Zi L3"1$8

MN



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

Z∗i  !"# $%& '()*&# "! +',+-+,(./0 +' 1&'&#.$+"' i $%.$ 0(#-+-& *&/"2 $%& *.##+&# i 7→ ai1/3

3#&045 *&$2&&' $%& *.##+&#0 5 6& %.-&

P(Z > k) ≤ P(Zn+1 > 0) +
n∑

i=0

P

(
Z∗i >

k

n+ 1

)
+ P(Zi > Z∗i ).

7%& $&#)0 P(Zi > Z∗i ) 8"##&04"', $" $%& Rj5 6& 9'"2 $%.$ $%&: .#&; /+9& P(Zn+1 > 0);

exp
(
−g(0)n1/3(1 + o(1))

)
5 <$ +0 '"$ %.#, $" 0&& !#") $%& +'$&1#./ &=(.$+"' 0.$+0>&, *: g $%.$

E
[
Z∗⌊αn⌋

]
= exp

(
(g(α)− g(0))n1/3(1 + o(1))

)
.

7%&#&!"#&; *: ?.#9"-@0 +'&=(./+$:;

n∑

i=0

P(Z∗i >
k

n+ 1
) ≤ (n+ 1)2

k
exp

(
(d− c)n1/3(1 + o(1))

)
.

A+'.//: 2& 8%""0& . 0&=(&'8& n = n(k) 0(8% $%.$ k ∼ exp
(
dn1/3

)
; .', 2& "*$.+' $%& (44&#

*"(', *: /&$$+'1 k →∞5

A"# $%& /"2&# *"(',; 2& 8"'0+,&# $%& 0.)& *.##+&#0 .0 .*"-&5 A"# .': α ∈ [0, 1]; $%&

4#"*.*+/+$: $%.$ .$ /&.0$ "'& +',+-+,(./ 0(#-+-&0 *&$2&&' $%& *.##+&#0 ('$+/ 1&'&#.$+"' ⌊αn⌋
.', +0 8/"0& $" $%& /"2&# *.##+&# .$ $+)& ⌊αn⌋ +0 exp

(
cn1/3(1 + o(1))

)
5 6& 8%""0& α ).B+C

)+D+'1 g5 E' +',+-+,(./ 8/"0& $" $%& /"2&# *.##+&# .$ $+)& ⌊αn⌋ 1+-&0; 2+$% 4#"*.*+/+$: .$ /&.0$

exp
(
(c− ε1)n

1/3
)
; +' .#"(', ε2n

1/3
1&'&#.$+"'0 . '()*&# "! 8%+/,#&' .$ /&.0$ exp

(
(d− ε3)n

1/3
)
5

7.9+'1 ε1; ε2; ε3 0).// .', ).9+'1 $%& 0.)& 8%"+8& "! n .0 !"# $%& (44&# *"(', :+&/, $%&

#&0(/$5

 !" #$%%& %& '%$%(()$* +!" &$%, -./%$/, +!0

 !""# $%&%  ! "##$%! &'"& &'! $()!*+,-(. /"+&0(1 "&#0( 2*03!## -# #$2!*3*-&-3"+4 "() 5!

)!(0&! 6, q &'! !7&-(3&-0( 2*06"6-+-&,8 9'!(

∀a ∈ R,P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3
> a

)
∈ {q, 1}.

:( 2"*&-3$+"*4 5'!( &'!*! -# !7&-(3&-0(4 T∞ = ∅ "() 5! ;0++05 &'! $#$"+ 30(<!(&-0( 5'-3'
#",# &'"& &'! -(=%$% 0; &'! !%2&, #!& -# +∞8

>*00; 0; ?!%%" @8A8 F&$ f *& $%& 1&'&#.$+'1 !('8$+"' "! $%& (',&#/:+'1 0(4&#8#+$+8./ G./$"'C

6.$0"' 4#"8&005 6& )&.' $%.$ !"# .': s ∈ [0, 1]; f(s) = E
[
s#T1

]
5 <$ +0 2&// 9'"2' $%.$ f

HI



 !"#$ %$&'$#$'()

 !" #$!%&'( &)* +$#, -*./&"0 1 !/, q ∈ [0, 1) & # #$&./%&.*/ -1*2!2.'.&(3 4#& a ∈ R3 5/ *1,#1

&* -1*6# & # '#77!0 .& "89%#" &* " *) & !& & # /872#1

P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3
> a

)

." ! +$#, -*./& *: & # ;#/#1!&./; :8/%&.*/ f 3

<# )1.&# & # 2*8/,!1( *: & # &1##

T∞ =
⋃

|v|=1

T v
∞,

) #1#

T v
∞ = {u ∈ T∞, u > v}

." & # 2*8/,!1( *: & # &1## T v
1**&#, !& v3 =#/%#

>?3@A inf
u∈T∞

lim sup
n→∞

V (un)

n1/3
= inf
|v|=1

inf
u∈T v

∞

lim sup
n→∞

V (un)

n1/3
= inf
|v|=1

inf
u∈T v

∞

lim sup
n→∞

V (v) + V v(un)

n1/3
.

B*1 !/( v ∈ T10 V (v)

n1/3 → 00  #/%# :*1 !/( u ∈ T v
∞0

lim sup
n→∞

V (v) + V v(un)

n1/3
= lim sup

n→∞

V v(un)

(n− 1)1/3
.

B1*7 & ." '!"& #C8!'.&( !/, & # ./,#-#/,#/%# -1*-#1&.#" *: & # 21!/% ./; 1!/,*7 )!'D0 )#

,#,8%# & !& & # 1!/,*7 6!1.!2'#"

inf
u∈T v

∞

lim sup
n→∞

V (un)

n1/3
, v ∈ T1

:*17 !/ .3.3,3 :!7.'(0 !/, !1# ,."&1.28&#, '.D# infu∈T∞ lim supn→∞
V (un)

n1/3 3

<.& & ." ./ 7./,0 #C8!&.*/ >?3@A (.#',"0 :*1 !/( a ∈ R0

P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3
> a

)
= P

(
∀v ∈ T1 inf

u∈T v
∞

lim sup
n→∞

V (un)

n1/3
> a

)

= E

[
∏

v∈T1

P

(
inf

u∈T v
∞

lim sup
n→∞

V (un)

n1/3
> a

)]

= E

[
P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3

)#T1]

= f

(
P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3

))
.

E ." %*7-'#&#" & # -1**: *: & # '#77!3

FF



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 !""# "# $"!"%%&!' ()*)  !" a > ac# $% &'!()!* +#,- "'! .)/01'203 )/04(* 5/67 /.8().!4

.% "'! ./))2!) i 7→ ai1/3 89):2:!8 52"' ;(82"2:! ;)(./.262"%# <0 ("'!) 5()48- 52"' ;(82"2:!

;)(./.262"%-

∃u ∈ T∞∀n ≥ 1,
V (un)

n1/3
≤ a.

=!01!- 52"' /" 6!/8" "'! 8/*! ;(82"2:! ;)(./.262"%-

∃u ∈ T∞ lim sup
n→∞

V (un)

n1/3
≤ a.

<0 623'" (> "'! 6!**/- "'28 2*;62!8 "'/"

P

(
inf

u∈T∞
lim sup

n→∞

V (un)

n1/3
> a

)
= q

()- !?92:/6!0"6%- "'/" (0 "'! 8!" (> 96"2*/"! 89):2:/6 (> "'! 904!)6%203 @/6"(0AB/"8(0 ")!!-

"'! )/04(* :/)2/.6!

inf
u∈T∞

lim sup
n→∞

V (un)

n1/3

28 /6*(8" 89)!6% 6!88 "'/0 () !?9/6 "( a- >() /0% a > ac- '!01! /68( >() a = ac#

<" )!*/208 "( ;)(:! "'/" "'28 )/04(* :/)2/.6! 28 /" 6!/8" ac- /6*(8" 89)!6% C)!*204 "'/" 2"

!?9/68 +∞ 5'!0 "'!)! 28 !D"201"2(0E# B! )!/8(0 /. /.89)4(# B! /889*! "'/" 52"' ;(82"2:!

;)(./.262"%- "'28 )/04(* :/)2/.6! 28 6!88 "'/0 8(*! ;(82"2:! )!/6 a < ac# B! 4!491! "'!

!D28"!01! (> /0 20"!3!) N 891' "'/"- 52"' ;(82"2:! ;)(./.262"%-

∃u ∈ T∞∀n ≥ N,
V (un)

n1/3
≤ a.

F(198203 (0 "'! :/69! (> V (un) (0 "'28 !:!0" %2!648 "'/" "'!)! !D28" 8(*! )!/6 x 8/"28>%203

"'! >(66(5203 1(042"2(08 G

C2E B2"' ;(82"2:! ;)(./.262"%- "'!)! !D28"8 u ∈ TN 891' "'/" V (u) ≤ x H

C22E B2"' ;(82"2:! ;)(./.262"%- "'!)! !D28"8 v ∈ T∞ 891' "'/" ∀i ≥ 1- V (vi)+x ≤ a(N+i)1/3#

<> 1(042"2(0 C22E '(648 >() 8(*! x- "'!0 2" (.:2(986% /68( '(648 >() /0% 8*/66!) :/69!#

=!01!- 8201! C2E '(648 >() x = 0- 5! */% /889*! x ≤ 0 C2> x > 0 5! "/7! x = 0E#

I1"9/66% 1(042"2(0 C2E 28 !?92:/6!0" "( P
(
∃u ∈ T1 : V (u) ≤ x

N

)
> 0 /04 2*;62!8 "'/" 52"'

;(82"2:! ;)(./.262"%

∃u ∈ TN∀n ≤ N, ξun ≤
x

N
.

=!01!- 52"' /" 6!/8" "'! 8/*! ;)(./.262"%-

∃u ∈ TN∀n ≤ N, V (un) ≤
xn

N
≤ 0 ≤ an1/3.

+JJ



 !"#$%&'(% () #*$ +$&,-#& #( #*$ %(% .+'#'./- ./&$

 !"#$ %&'(")*+ ,"-! .""/ 0"*1+# -!2- -!* (32)%!")4 32)+&' ,215 2(#&3(*+ (0 -!* (233"*3

i 7→ ai1/3 #637"7*# ,"-! 8&#"-"7* 83&(2("1"-09

:0  !*&3*' ;9<$ -!"# "'81"*# a ≤ ac$ ,!"%! %&)-32+"%-# &63 2##6'8-"&) a < ac9

 !"#$%&'(% () #*$ +$&,-#& #( #*$ %(% .+'#'./- ./&$

=* 2##6'* Φ(0) < +∞ 2)+ ζ := sup{t : Φ(t) < +∞} > 09 =* +*>)*$ ?&3 0 < t < ζ$

F (t) :=
Ψ(t)

t

 !""# $%&%  ! "#$%&'() *+,-. /("0 )(& 1(2/ !(3 %)4 t∗5 &1") ∀0 < t < ζ, tΨ′(t) < Ψ(t) %)/

F '0 /"63"%0')7 %)/ 6()8"9,

:3((!, @&3 t > 0 7*30 #'211$ tΨ′(t) − Ψ(t) < 0$ #")%* (0 %&)7*A"-0 &? Ψ$ *"-!*3 Ψ′(0) ∈ R

&3 Ψ′(0) = −∞9 ∀t > 0$ tΨ′(t) − Ψ(t) 6= 0 (0 !08&-!*#"#$ 2)+ #& (0 %&)-")6"-0$ "- "# 21,20#

)*42-"7*9 B# 2 %&)#*C6*)%*$ ?&3 2)0 0 < t < ζ$

F ′(t) =
tΨ′(t)−Ψ(t)

t2
< 0;

F ′′(t) =
t2Ψ′′(t) + 2(Ψ(t)− tΨ′(t))

t3
> 0;

,!"%! *)+# -!* 83&&? &? -!* 1*''29

=* 23* )&, 3*2+0 -& +*-*3'")* ,!*-!*3 2 (32)%!")4 32)+&' ,215 %2) (* 2881"*+ -!*

3*+6%-"&) &? D*%-"&) ;9<9 E- *2#0 -& %&)#-36%- *A2'81*# ?&3 2)0 &? -!* %2#*# #-6+"*+ (*1&,9

 !" #$%& ζ < +∞
2/ E? ζ < +∞ 2)+ Φ(ζ) = +∞$ -!*)$ (0 @2-&6F# 1*''2$ limt→ζ Φ(t) = +∞9
(/ E? ζ < +∞$ Φ(ζ) < +∞ 2)+ Φ′(ζ) = +∞9
E) -!*#* -,& %2#*#$ "- "# *2#0 -& +*+6%* ?3&' -!* 1*''2 -!2- ,* %2) >)+ #&'* t∗ ∈ (0, ζ)

#6%! -!2- *C62-"&) .;9</ !&1+#9

=!*) ζ < +∞$ Φ(ζ) < +∞ 2)+ Φ′(ζ) < +∞$ "- +*8*)+# &) -!* #"4) &? ζΨ′(ζ)−Ψ(ζ) G

%/ E? ζΨ′(ζ)−Ψ(ζ) > 0$ -!*) (0 %&)-")6"-0 ,* %2) >)+ #&'* t∗ ∈ (0, ζ) #6%! -!2- *C62-"&)
.;9</ !&1+#9

+/ E? ζΨ′(ζ)−Ψ(ζ) < 0$ -!*) "- "# "'8&##"(1* -& >)+ #6%! 2 t∗ .(*%26#* t 7→ tΨ′(t)−Ψ(t)
"# ")%3*2#")4/ 2)+ %&)#*C6*)-10 -!* 3*+6%-"&) -& -!* %3"-"%21 %2#* +&*# )&- ,&359

;H;



 !"#$%& ' (  !" #$%&%#'( )'$$%"$ *+$ &!" ,-$.%.'( +* &!" /%(("0 )$'1#!%12 $'10+3 4'(/

 ! "# ζΨ′(ζ)−Ψ(ζ) = 0$ %& ' t∗ = ζ ()*+,$ -.% ( ,%/00 &12 %) 3& 3+ (& %& * σ̃2 /, 4'/% 

)* ')%5

"% /,  1,6 %) 3)',%*.3%  71890 , 4%%/': 1'6 )# %& , 42 31, ,5

 !" #$%& ζ = +∞
"' %&/, 31, $ ( 31' - 8.3& 8)* 9* 3/, 1'; % 00 (& %& * ( 31' 4'; ,)8 t∗ ∈ (0, ζ)

,.3& %&1%  <.1%/)' =>5?! &)0;, ;/* 3%06 #*)8 %& /'% ',/%6 8 1,.* µ )# %& 9)/'% 9*)3 ,,

{ξu, |u| = 1}
@ 4' xmin = inf{x ∈ R, µ((−∞, x)) > 0} %& 8/'/8.8 )# %& ,.99)*% )# µ =1'; −∞

/# µ /, ')% 0)( * -).'; ;!5 "% /, 30 1* %&1% limt→+∞ F (t) = −xmin5 "# xmin > −∞ ( (/00

3)',/; * µ({xmin}) %& 81,, )# %&  2 '%.10 1%)8 )# µ /' xmin5 A 31' ')( ,%1% B

 !"#"$%&%"' ()*)  !"#" $% %&'" t∗ ∈ (0, ζ) %()! *!+* ",(+*$&- ./012 !&34% $5 +-4 &-36 $5

xmin > −∞ &# µ({xmin}) < 10

7#&&50 A ;/,%/':./,& #).* 31, , B

1! "# xmin = −∞$ %& ' lim+∞ F = −xmin = +∞5 C)', <. '%06 F 31' ')% - ; 3* 1,/':5

-! "# xmin > −∞ 1'; µ({xmin}) = 05 A ,%/00 &12 lim+∞ F = −xmin5 D08),% ,.* 06$ #)*

100 u ∈ T1$ ξu < xmin$ & '3 
∑
|u|=1 e

t(xmin−ξu) → 0 1, t→ +∞5 E6 %& 8)')%)' 3)'2 *: '3 

%& )* 8 limt→+∞ E

[∑
|u|=1 e

t(xmin−ξu)
]
= 05 F&/, /890/ , %&1% #)* t 01*:  ').:&$

F (t) = −xmin +
1

t
log


E


∑

|u|=1

et(xmin−ξu)




 < −xmin.

3! "# xmin > −∞ 1'; 0 < µ({xmin}) < 1$ ( 31' (*/% 

F (t) = −xmin +
1

t
log (µ({xmin}) + ε(t))

(& * ε(t) := E

[∑
|u|=1 >"ξu>xmin

et(xmin−ξu)
]
; 3* 1, , %) 0 1, t /'3* 1, , %) /'4'/%65 G/+ /'

31, -!$ #)* t 01*:  ').:&$ log (µ({xmin}) + ε(t)) < 0 1'; F (t) < −xmin5
"' %& , %&*  31, ,$ ( &12 9*)2 ; %&1% F /, ')% ; 3* 1,/':$ 1'; ( 3)'30.; %&1'+,

%) G 881 H5> B %& * /, ,)8 t∗ ∈ (0, ζ) ,.3& %&1%  <.1%/)' =>5?! &)0;$ ,/'3 )%& *(/, %& 

0 881 ().0; /8906 %&1% F /, ; 3* 1,/':$ (&/3& /, #10, 5

;! A& ' xmin > −∞ 1'; µ({xmin}) ≥ 1$ ( ,%/00 &12 

Ψ(t) = −txmin + log (µ({xmin}) + ε(t)) ≥ −xmin,

>I?



 !"#$%&'(% () #*$ +$&,-#& #( #*$ %(% .+'#'./- ./&$

 !"#" ε(t) := E

[∑
|u|=1 $%ξu>xmin

et(xmin−ξu)
]
&"'#"()") *+ 0 () t ,-'#"()") *+ ,-.-,*/0 1/

'+-2"3,*/4 Ψ′ ,-'#"()")4 (-& )+ '+-2"#5") *+ −xmin () t 5+") *+ +∞0
6,-(77/4 8+# (-/ t > 04  " 9#+2"& *!(* Ψ′(t) < −xmin  !"#"() Ψ(t) ≥ −txmin4 !"-'"

tΨ′(t) < Ψ(t)0

 !"#$% &'(' :!"- xmin > −∞ (-& µ({xmin}) > 14  " +;*(,-4 ;/ 7"**,-5 +-7/ ,-&,2,&<(7)

 ,*! =,-,=(7 &,)97('"="-* #"9#+&<'" (-& >,77,-5 *!" +*!"#)4 ( )<9"#'#,*,'(7 ?(7*+-@:(*)+-

)<;*#""0 A"-'"  ,*! 9+),*,2" 9#+;(;,7,*/4 *!"#" ,) (- ,-.-,*" 9(*! *!#+<5! +-7/ )<'! ,-&,2,@

&<(7)0 1"),&")4 '+-&,*,+-(7 +- )<#2,2(74 *!"#" "3,)*) (7=+)* )<#"7/ (- ,-&,2,&<(7 8#+=  !,'!

 " '(- )*(#* (- ,-.-,*" 9(*! &+ - *!" *#"" *!#+<5! ,-&,2,&<(7)  ,*! =,-,=(7 &,)97('"="-*0

%- *!,) '()"4 ,* ,) "()/4 5,2"- ( ;(##,"#4 *+ &"*"#=,-"  !"*!"# *!" (;)+#;"& 9#+'")) )<#2,2")

+# -+*0

:!"- xmin > −∞ (-& µ({xmin}) = 14 *!" ?(7*+-@:(*)+- )<;*#"" &")'#,;"& B<)* (;+2"

,) '#,*,'(70 C!" ;"!(2,+<# ,) +;2,+<)7/ -+* "3('*7/ *!" )(="4 ;<* ,) 2"#/ '7+)"0 D-&"# *!"

(&&,*,+-(7 ())<=9*,+-) *!(* *!" &,)97('"="-*) (#" ;+<-&"& (-& 7(**,'" (-& *!(* *!" -<=;"#

+8 '!,7&#"- !() .-,*" 2(#,(-'"4 C!"+#"= E 8#+= F">>,-5 (-& A+)* GHIJ /,"7&) *!(*4 (7=+)*

)<#"7/4

min
|u|=n

V (u) = nxmin +
C

log 2
log log n+ o(1),

 !"#" C := inf{x > 0 : µ(xmin + x) > 0}0 C!"#"8+#"4 ,- *!,) '()"4 *!" )"'+-& +#&"# '#,*,'(7
;(##,"# ,) +8 *!" +#&"# +8 log log n ,-)*"(& +8 n1/30 %- *!" -+- 7(**,'" '()"4 C =(/ ;" 0 (-&  !"-

*!,) !(99"-)4 *!" ;"!(2,+<# ,) "39"'*"& *+ ;" "2"- '7+)"# *+ *!" +-" +8 *!" '()" µ({xmin}) > 10

 !"#$ %&'"()

*+,-

.#/0(!1/23 +&!/1 45

6 +)&7( %"11/("

89:;<;< +&!/1 =(>(? @;

8!&#7(

 !"#$%&'((")*+",-.%(!

$KL





 !"#$%& '

(!% )##%& $"*+ ,- $!% .,&/"+*0%1

/*.*/"+ 1*2#+"3%/%.$

 !"



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

*+ 2%',1!(,3 %',/*- 4')50

 !"#$ %&'"()

 !"#$%&"'( )*%"& +,

 !""#$%&  ! "#$%& ' ()'*+,-*. )'*%/0 1'23 /* R 1-#, *$22 "4!!%5  !

')! -*#!)!"#!% -* #,! 0-*-0$0 /6!) #,! -*%-6-%$'2" u  ! "#!#$%& '! n '(

V (u) := maxv≤u V (v) )*#$# V (v) +#!'&#, &*# -', & '! '( &*#  !+ . +/%0 v1

2%!" %!+ 3# &'/! 4567 -$'.#+ &*%& &* , 8 ! 8/8 + ,-0%9#8#!&: !'$8%0 ;#+

<= n1/3: 9'!.#$"#, %08',& ,/$#0= &' % 9'!,&%!& bc %!+ #,&%<0 ,* % ,8%00 +#>

. %& '! $#,/0&1 ?# %$#  !&#$#,&#+  ! 8'+#$%&# +#. %& '!,1 ?# -$'.# &*%& &*#

$%&# '( +#9%= '( &*# -$'<%< 0 &= '( *%. !" % <$%!9* !" $%!+'8 )%0@ (%,&#$

&*%! &*# &=- 9%0 <#*%. '$ +#-#!+, *#%. 0= '! &*# /--#$ &% 0 '( &*# 0%) '(

&*# + ,-0%9#8#!&,: <# !" ('$ #A%8-0# #A-'!#!& %0  ! n1/3 )*#! &*# + ,-0%9#>

8#!&, *%.# %! #A-'!#!& %0 /--#$ &% 0 </& " . !" % +'/<0# #A-'!#!& %0 )*#!

+ ,-0%9#8#!&, %$# <'/!+#+ ($'8 %<'.#1

 !" #$%&'( B$%!9* !" $%!+'8 )%0@: 8'+#$%&# +#. %& '!,1

)*+ ',-.!/0 /12''34/203$5'( CDEFD1

 !"#$%&'(#)%"

 ! "#$%&'!( ) *$&'&+!$%&#$), -()$".&$/ ()$'#+ 0),12 3.! 4#4*,)5&#$ 6#(+% ) 7),5#$8

 )5%#$ 5(!! T 9 0&5. 5.! 4(#-)-&,&5: #6 ) /&;!$ &$'&;&"*), 5# .);! !<)"5,: i ".&,'(!$ -!&$/
pi2 =#( )$: u ∈ T 0! 0(&5! |u| 6#( 5.! /!$!()5&#$ #6 u2 >''&5&#$),,:9 6#( )$: i ∈ N %*". 5.)5

0 ≤ i ≤ |u|9 0! '!$#5! -: ui 5.! )$"!%5#( #6 u &$ /!$!()5&#$ i2  ! '!$#5! -: Tn := {u ∈ T :

|u| = n} 5.! &$'&;&'*),% &$ /!$!()5&#$ n2
 ! )%%*+! 5.)5 5.! 7),5#$8 )5%#$ 5(!! &% %*4!("(&5&"),9 5.)5 &% 5.)5

∞∑

i=1

ipi > 1.

 ! '!?$! m := inf{i ∈ N, pi > 0} 5.! +&$&+*+ $*+-!( #6 ".&,'(!$2  ! )%%*+! m ≥ 19 &$

#5.!( 0#('%9 5.! 5(!! .)% $# ,!);!%2

@AB



 !"#$%&'(#)%"

 ! "#$% &'(&)&(*#+ u &' T ",$"-. .%" /!!.0 1" #22&3' # (&2-+#$"4"'. Xu0 1%"/" .%" Xu

51&.% u /*''&'3 !)"/ #++ .%" -!."'.&#+ "+"4"'.2 !6 .%" /#'(!4 ./"" T ",$"-. (" /!!.7 #/"

&8&8(8 $!-&"2 !6 # 3&)"' /"#+ /#'(!4 )#/&#9+" X8 :" #+2! /";*&/" .%#. .%" Xu #/" &'("-"'("'.

!6 .%" <#+.!'=:#.2!' ./""8  ! 9" 4!/" -/"$&2"0 1" $#' 1/&." i ∈ {1, 2, . . .} 6!/ .%" i ! $%&+(
!6 .%" /!!. #'( /"$*/2&)"+>0 &6 u = (i1, i2, . . . , in) ∈ Tn ⊂ {1, 2, . . .}n

0 .%"' 1" 1/&." (u, i) =

(i1, i2, . . . , in, i) ∈ Tn+1 ⊂ {1, 2, . . .}n+1
6!/ .%" i ! $%&+( !6 u8  %&2 +#9"++&'3 5$#++"( ?+#4=

@#//&2 +#9"++&'3 !/ +",&$!3/#-%&$ +#9"++&'37 3&)"2 # $!*'.#9+" ./"" !6 -!."'.&#+ &'(&)&(*#+28

 %"' 1" ("A'" .%" (&2-+#$"4"'.2 #2 #' #' &8&8(8 6#4&+> !6 $!-&"2 !6 X0 &'(","( 9> .%&2 ./""

51&.%!*. .%" /!!.7 #'( &'("-"'("'. !6 .%" <#+.!'=:#.2!' ./"" T 8
 %" /!!. &2 2". #. .%" !/&3&'0 .%*2 .%" -!2&.&!' !6 #' &'(&)&(*#+ u &2 .%" 2*4 !6 .%"

(&2-+#$"4"'.2 !6 u #'( !6 .%" #'$"2.!/2 !6 u 5",$"-. .%" /!!.7 B

V (u) :=
∑

v≤u

Xv.

:" #/" #+2! &'."/"2."( &' .%" 4#,&4#+ -!2&.&!' !6 .%" /#'(!4 1#+C #+!'3 .%" -#.% 6/!4 .%"

/!!. .! u B

V (u) := max
v≤u

V (v).

:" ("A'" .%" +!3=4!4"'. 3"'"/#.&'3 6*'$.&!' 6*'$.&!' B

ΛX(t) := logE
[
etX
]
.

:" #22*4" .%#. ΛX(t) &2 A'&." 6!/ 2!4" t− < −1 #'( 6!/ 2!4" t+ > 08 :" $!'2&("/ !'+> .%"

9!*'(#/> $#2"0 1%&$% 4"#'2 .%#. 1" #22*4" .%" 6!++!1&'3 $!'(&.&!' B

Λ(−1)
∞∑

i=1

ipi = 1 #'( Λ′(−1) = 0.

D$.*#++> .%&2 $!'(&.&!' &2 '!. )"/> /"2./&$.&)" 2&'$"0 6!/ # +#/3" $+#22 !6 9/#'$%&'3 /#'(!4

1#+C20 &. %!+(2 #6."/ #' #E'" 4!(&A$#.&!' !6 X8

:" #+2! #22*4" .%#. .%" +#1 !6 /"-/!(*$.&!' #(4&.2 2!4" 4!4"'. !6 !/("/ 3/"#."/ .%#.

!'" B

∃ε > 0,
∞∑

i=1

i1+εpi < +∞.

D C'!1' /"2*+. &2 .%#.0 *'("/ .%"2" #22*4-.&!'20

5F8F7

min|u|=n V (u)

n1/3
→ bc :=

(
3π2σ2

2

)1/3
#828 #2 n→∞.

FGH



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !"#"

$%&'( 0 < σ2 :=
∞∑

i=1

ipiE
[
X2e−X

]
< +∞.

)*+, *+- ."/012+/ 3456 7#18"- 0!/9 #"92:0 ;1# #",2:*# 0#""9& <+-"# 0!" =1="+0 >1+-/0/1+ 1+

0!" :* 1; #"7#1-2>0/1+ $*+- m ≥ 1  !/>! *81/-9 >1+-/0/1+/+, 1+ +1+ "?0/+>0/1+(@ 0!/9 >*+

A" "?0"+-"- AB 29/+, 0">!+/>*: *#,2="+09 -"8":177"- /+ 3CC6& D/=/:*# *#,2="+09 *+- #"92:09

>*+ A" ;12+- /+ E!*70"# 4&

F+ 0!" 7#11; 1; 0!" #"92:0 *A18" *77"*#9 0!" ;1::1 /+, "90/=*0" G

∀b < bc,
1

n1/3
logP

(
min
|u|=n

V (u) ≤ bn1/3
)
→ b− bc.

H2# */= /9 01 "90/=*0" 0!" #/,!0 0*/: G

$%&4( P

(
min
|u|=n

V (u) > bn1/3
)

;1# b > bc&

I" "?7">0 * ;*90"# #*0" 1; -">*B 0!*+ ;1# 0!" :";0 0*/: 1; 0!" -/90#/A20/1+ 1; 0!" +1#=*:/J"-

-/97:*>"="+0 A">*29"@ ;1# 0!" =/+/=2= 01 A" :*#,"@ 0!" 710"+0/*: +""-9 01 A" :*#," *:1+,

*:: 0!" 7*0!9 ;#1= 0!" #110  !"#"*9 /0 92K>"9 01 !*8" * 9=*:: 710"+0/*: *:1+, 1+" 7*0! 01

1A0*/+ * 9=*:: =/+/=2=&

L!" *+9 "# 01 12# 7#1A:"= *>02*::B -"7"+-9 1+ 0!" #/,!0 0*/: 1; 0!" -/90#/A20/1+ 1; X

*+- 1+ m& I" 1A0*/+ * 8"#B ;*90 -">*B@ $%&4( A"/+, 1; 0!" 1#-"# 1; exp(− expn1/3)  !"+
X /9 277"#:B A12+-"- *+- m ≥ 2 $9"" L!"1#"= 4&%(& I" 90/:: 1A0*/+ * ;*90 #*0" 1; -">*B@

:/M" exp
(
−nκ/3

)
 /0! κ > 1  !"+ m ≥ 2 *+- 0!" #/,!0 0*/: 1; X /9 1; N*299/*+O0B7" $9""

L!"1#"= C&%(& I!"+ m = 1 1# 0!" -/90#/A20/1+ 1; X !*9 *+ "?71+"+0/*: #/,!0 0*/:@ 0!" #*0"

1; -">*B 1; $%&4( /9 1; 0!" 9*=" 1#-"# exp
(
−n1/3

)
*9 ;1# 0!" :";0 0*/:&

 !"#$ %$&$'() *"+&,-

)1# *+B u ∈ T @  " -"+10" AB T u := {v ∈ T : v ≥ u} 0!" 92A0#"" 1; T >1+90/020"- AB 0!"

-"9>"+-*+09 1; u& L!" #":*0/8" -"70! 1; v ∈ T u
/9 |v|u := |v|− |u|& P>>1#-/+,:B@  " -"Q+"@ ;1#

*+B n ∈ N@ T u
n := {v ∈ T u : |v|u = n} = T u

⋂ T|u|+n@ V
u(v) :=

∑
u<w≤v Xw = V (v) − V (u)

*+- V
u
(v) := maxu≤w≤v V

u(w)&

I"  #/0" T̃ ;1# 0!" 92A0#"" 1; T 1A0*/+"- AB M""7/+, 1+:B 0!" Q#90 m >!/:-#"+ 1; "*>!

/+-/8/-2*: *+-@ ;1# N ≥ 1@ T̃N = T̃ ⋂ TN ;1# 0!" >1##"971+-/+, N  !

,"+"#*0/1+&

%RS



 !"#$ %$&$'() *"+&,-

 !" x > 0 #$% β ∈ (0, 1]& '( %()$( *+( ,!--!'.$/ (0($* 1

23456 Lβ
N(x) :=

{
#

{
u ∈ TN : V (u) ≤ x

}
< βmN

}
.

7( 89( *+( ,!--!'.$/ :"!:!9.*.!$ .$ *+( !*+(" 9(;*.!$94 <* .9 *+( 9:.$( !, *+( :"!!, '+#*(0("

*+( "./+* *#.- %.9*".=8*.!$ !, X4 7( 9+#-- 9(( N #9 0("> 9?#-- =(,!"( n& (.*+(" !, *+( !"%(" !,

# ;!$9*#$* !" *($%.$/ *! ∞ 0("> 9-!'->4

 !"#"$%&%"' ()*)  !" n #$% N &! '$"!(!)* *+,- "-#" 1 ≤ N ≤ n.

 !" β ∈ (0, 1]/ b/ b1 #$% b2 &! )!#0 $+1&!)* *+,- "-#" b1 + b2 = b.

2-! 340045'$( "54 '$!6+#0'"'!* -40% 7

23436

P

(
min
|u|=n

V (u) > bn1/3
)
≥ P

(
min
|u|=N

V (u) > b1n
1/3,#TN = mN

)
P

(
min

|u|=n−N
V (u) > b2n

1/3

)mN

;

234@6 P

(
min
|u|=n

V (u) > bn1/3
)
≤ P

(
Lβ

N(b1n
1/3)

)
+ P

(
min

|u|=n−N
V (u) > b2n

1/3

)βmN

.

8)443. 7( $!*.;( *+#* ,!" #$> u ∈ Tn #$% #$> 0 ≤ N ≤ |v| = n& '( +#0(

234A6 V (u) = max{V (uN), V (uN) + V
uN
(u)} ≤ V (uN) + V

uN
(u).

B9 # ;!$9(C8($;(&

{V (u) > bn1/3} ⊃ {V (uN) > b1n
1/3} ∩ {V uN

(u) > b2n
1/3}.

D#E.$/ *+( .$*("9(;*.!$ !0(" *+( u ∈ Tn #$% '".*.$/ v := uN -(#% *!

{min
|u|=n

V (u) > bn1/3}

⊃ {∀v ∈ TN , V (v) > b1n
1/3,∀u ∈ T v

n−N , V
v
(u) > b2n

1/3}
⊃ {∀v ∈ TN , V (v) > b1n

1/3,#T = mN} ∩
⋂

v∈TN

{∀u ∈ T v
n−N , V

v
(u) > b2n

1/3}.

F9.$/ *+( ="#$;+.$/ :"!:("*>& '( 9(( *+#* ;!$%.*.!$#- !$ *+( +.9*!"> !, *+( ="#$;+.$/ "#$%!?

'#-E 8: *! /($("#*.!$ N & *+( (0($*9
{
minu∈T v

n−N
V

v
(u) > b2n

1/3
}
#"( .$%(:($%($* #$% +#0(

*+( 9#?( :"!=#=.-.*> #9

{
minu∈Tn−N

V (u) > b2n
1/3

}
4 G!$9.%(".$/ *+( :"!=#=.-.*.(9 !, *+(

(0($*9 .$ *+( -#9* %.9:-#> >.(-%9 23436& 9.$;( #TN ≥ mN
4

5HI



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 ! "#$% "& "'! ($&&) &) *+,-., /0 ($!12&#0345 6! 7!7#8! )$&9 *+,:. "';"

{V (u) > bn1/3} ⊂ {V (uN) > b1n
1/3} ∪ {V uN

(u) > b2n
1/3}.

<!%8!

{
min
|u|=n

V (u) > bn1/3
}
⊂

{
∀u ∈ TN ,

(
V (u) ≤ b1n

1/3 ⇒ min
v∈T u

n−N

V
u
(v) > b2n

1/3

)}
.

=&%72"2&%;3 &% "'! 8&9(3!9!%";$4 &) Lβ
N(b1n

1/3)5 "'!$! ;$! ;" 3!;0" βmN
2%72127#;30 >ui

5

1 ≤ i ≤ ⌈βmN⌉ 0;4> 2% ?!%!$;"2&% N 0#8' "';" V (ui) ≤ b1n
1/3
5 i = 1, . . . , ⌈βmN⌉5 ;%7 "'!

$;%7&9 1;$2;@3!0 min
v∈T ui

n−N
V

ui

(v) ;$! 2%7!(!%7!%" 8&(2!0 &) minu∈Tn−N
V (u),

AB#;"2&% *+,-. )&33&60,

 !"# $%&# '( )*&+,%$#-#./& 0'1.)#) (2'- %0'3#

 ! 2%"$&7#8! M =: !00 0#(X = inf{x ∈ R,P(X > x) = 0}, C#$ '4(&"'!020 29(34
M > 0,

 !"#$"% &'('  ! m ≥ 2" M < +∞ #$% b > bc" &'($

1

n1/3
log

(
− logP

(
min
|u|=n

V (u) > bn1/3
))

→ m
(b−bc)

M .

)*++!,  ! D$0" ($&1! "'! 3&6!$ @&#%7, E!" ε > 0 ;%7 N ∈ N,  ! 8&%027!$ "'! !1!%" Eε
N

"';" ;%4 u ∈ T 0#8' "';" |u| < N ';0 !F;8"34 m 8'237$!%5 ;%7 "';" "'!2$ 720(3;8!9!%"0 ;$!

;33 ?$!;"!$ "';% M − ε, G4 8&%0"$#8"2&%5

Eε
N ⊂

{
min
|u|=N

V (u) > N(M − ε)

}
.

G4 #02%? 2%7!(!%7!%8!5 6! &@";2%

P (Eε
N) = p

mN−1
m−1

m P(X > M − ε)
m(mN−1)

m−1 .

 ! 0!" b1 := b− bc + ε5 b2 := bc − ε ;%7 N :=
⌈

b1n1/3

M−ε

⌉
, E;0" !B#;"2&% ?21!0 H

lim sup
n→∞

1

n1/3
log

(
− logP

(
min
|u|=N

V (u) > b1n
1/3

))
≤ (b− bc + ε) logm

M − ε
.

IIJ



 !"# $%&''(%)*+,-# .%'#

 ! "#$%&'( !) *)'!")+ !,# (#*)'- .%*!)" &' !,# "&/,!0,%'- (&-# ). 123243 5&'*# N = o(n)

%'- b2 = bc − ε < bc6 7# %+"#%-8 9')7 !,%!

P( min
|u|=n−N

V (u) > b2n
1/3)→ 1 %( n→∞.

:#'*#6 .)" n /"#%!#" !,%! ()$# n06

P

(
min

|u|=n−N
V (u) > b2n

1/3

)
>
1

2
.

;,&( /&<#( =

lim sup
n→∞

1

n1/3
log

(
− logP

(
min

|u|=n−N
V (u) > b2n

1/3

)mN
)
≤ (b− bc + ε) logm

M − ε
.

># ,%<# ?")<#- !,%! @)!, .%*!)"( &' !,# "&/,!0,%'- (&-# ). 12324 -#*%8 %! !,# (%$# "%!#3

A#! ε→ 0 %'- !,# +)7#" @)B'- ). ;,#)"#$ C3D .)++)7(3

># !B"' !) !,# ?")). ). !,# B??#" @)B'-3 EB" %"/B$#'! "#+&#( )' 123C4 7&!, β = 13 A#!

ε > 03 ># (#! b1 := b− bc − ε %'- b2 := bc + ε3 F)" %'8 n ≥ 16 7# *,))(# N :=
⌈

b1n1/3

M

⌉
− 13

G8 *)'(!"B*!&)'6

∀n ≥ 1,P
(
∃u ∈ TN , V (u) > b1n

1/3
)
= 0.

5&'*# b1 < bc6 7# ,%<#6 .)" n /"#%!#" !,%' ()$# n16

P

(
min
|u|=N

V (u) > b1n
1/3

)
<
1

2
.

;,&( /&<#( =

lim inf
n→∞

1

n1/3
log

(
− logP

(
min

|u|=n−N
V (u) > b2n

1/3

)mN
)
≥ (b− bc − ε) logm

M
.

A#!!&'/ ǫ→ 0 8&#+-( !,# "#(B+!3

 !"# $%&''(%)*+,-# .%'#

;,# "#(B+! &' !,# *%(# M < +∞ (%8( !,%! P
(
min|u|=n V (u) > bn1/3

)
,%( % -)B@+# #H0

?)'#'!&%+ -#*%8 7,#' b > bc I @B! !,# *)'(!%'! <%'&(,#( %( M → ∞6 () !,%! !,# -#*%8 &(

#H?#*!#- !) @# $B*, (+)7#" 7,#' M = +∞3 J*!B%++86 !,# "%!# -#?#'-( )' !,# "&/,! !%&+ ).

!,# -&(!"&@B!&)' ). X3

DDD



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !" #$% ρ ∈ R& '( )($!*( +% Rρ *,( -.#// !0 "(12.#".% 3#"%4$1 02$-*4!$/ !0 4$)(5 ρ& 4$

!*,(" '!")/ *,( 02$-*4!$/ f /2-, *,#*

f(λx)

f(x)
→ λρ

#/ x→ +∞.

6( -#$ $!' /*#*( !2" 7#4$ "(/2.*& ',4-, ,#$).(/ 4$ 8#"*4-2.#" *,( 9#2//4#$ -#/( :'4*,

κ = 2; <

 !"#$"% &'('  !!"#$ %&'% m ≥ 2( ')* %&'% x 7→ − logP(X > x) +! ,$-".',./ 0',/+)- 12

+)*$3 κ( 4&$,$ 1 < κ < +∞5 6&$)( 21, ')/ b > bc( '! n→∞(

logP

(
min
|u|=n

V (u) > bn1/3
)
∼ logP

(
X > (b− bc)n

1/3
) (
m

1
κ−1 − 1

)κ−1

.

7,112 12 %&$ .14$, 81")* +) 6&$1,$# 95:5 =(* N ∈ N& N ≥ 1 :*,4/ *47( N 4/ >5() #$) /!

)!(/ $!* )(8($) !$ n;?  !" i = 1, . . . , N & )(>$(

ai := m
−i

κ−1 , λi :=
ai∑N
i=1 ai

.

@,#$A/ *! *,( +"#$-,4$1 8"!8("*% #$) *,( ,%8!*,(/4/ − logP(X > ·) ∈ Rκ& '( -!782*(

P

(
min
|u|=N

V (u) > b1n
1/3

)
≥ P

(
#TN = mN ,∀1 ≤ i ≤ N,∀u ∈ Ti, Xu > λib1n

1/3
)

≥ P(#TN = mN)
N∏

i=1

P
(
∀u ∈ Ti, Xu > λib1n

1/3
∣∣#TN = mN

)

≥ P(#TN = mN)
N∏

i=1

P
(
X > λib1n

1/3
)mi

≥ P(#TN = mN)
N∏

i=1

P
(
X > b1n

1/3
)(1+o(1))λκ

i mi

≥ p
mN−1
m−1

m P
(
X > b1n

1/3
)(1+o(1))

∑N
i=1 λκ

i mi

.:B?C;

D% !2" -,!4-( !0 λi #$) ai& *,( (58!$($* 4$ *,( "41,*E,#$) /4)( +(-!7(/

N∑

i=1

λκ
im

i =

∑N
i=1 a

κ
im

i

(∑N
i=1 ai

)κ =

∑N
i=1m

(−κi
κ−1

+i)
(∑N

i=1m
−i

κ−1

)κ =
1

(∑N
i=1m

−i
κ−1

)κ−1 =

(
m

1
κ−1 − 1

1−m
−N
κ−1

)κ−1

.

F($-( '( -#$ "('"4*( :B?C; 4$ *,( 0!..!'4$1 '#% <

lim inf
n→∞

logP
(
min|u|=N V (u) > b1n

1/3
)

logP (X > b1n1/3)
≥

(
m

1
κ−1 − 1

1−m
−N
κ−1

)κ−1

.

CCG



 !"# $%&''(%)*+,-# .%'#

 !"# "# $ %&'() *&+,- .&) /!( 0)#/ .$1/&) &. /!( )"2!/3!$,- #"-( &. 456576  $8( b1 > b − bc9

/!(, b2 > bc $,- /!( #(1&,- .$1/&) 1&,:()2(# /& 1 $# n 2&(# /& ",0,"/;6  !+#9 1&<*",",2 45657

$,- /!( (#/"<$/(# $*&:( 2":(# =

lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

logP (X > b1n1/3)
≥

(
m

1
κ−1 − 1

1−m
−N
κ−1

)κ−1

.

>(/ b1 → b− bc $,- 0,$%%; N →∞ $,- /!( %&'() *&+,- "# ?)&:(-6

@)&:",2 /!( +??() *&+,- )(A+")(# #(:()$% #/(?#6 B( $??%; 456C7 /'"1( = /!( 0)#/ /"<(

4'"/! %$)2( N7 ", &)-() /& &*/$", $ )&+2! (#/"<$/( 4@)&?&#"/"&, D6576  !(, '( $??%; 456C7

$2$", $,- /!( ?)(:"&+# (#/"<$/( $%%&'# +# /& !$:( $ *(//() 1&,/)&% &, /!( #(1&,- /()< '"/!

N #<$%% (,&+2! #& /!$/ '( 1$, 1&,/)&% /!( 0)#/ /()< 4$# #/$/(- ", @)&?&#"/"&, D6C76

 !"#"$%&%"' ()*)  !!"#$ b > bc% &'$( )'$ !$*"$(+$

n 7→ − logP

(
min
|u|=n

V (u) > bn1/3
)

,! -."(/$/ 01.# -$2.3 -4 !.#$ 1$5"26124 7614,(5 !$*"$(+$ .0 ,(/$8 κ%

91..0% B( 1!&&#( 0 < b1 < b− bc9 b2 = b− b1 > bc $,-

N = N(n) :=

⌊
κ
log n

logm

⌋
.

B( !$:(

L1N
(
b1n

1/3
)
⊂

{
∃u ∈ Tn, V (u) > b1n

1/3
}
⊂

{
∃1 ≤ i ≤ N, ∃u ∈ Ti, Xui

>
b1n

1/3

N

}
.

E(,1(

− logP

(
max
|u|=N

V (u) > b1n
1/3

)
≥ − log

(
mN m

m− 1
P

(
X >

b1n
1/3

N

))
.

F",1( n 7→ N(n) "# #%&'%; :$);",29 /!( )"2!/3!$,- #"-( &. /!( %$#/ ",(A+$%"/; "# )(2+%$)%;

:$);",2 &. ",-(G κ6

F",1( b2 > bc $,- N = o(n)9 '( !$:(9 .&) $,; n %$)2( (,&+2!9

p

(
min

|u|=n−N
V (u) > b2n

1/3

)
≤ p

(
min

|u|=n−N
V (u) >

b2 + bc
2

(n−N)1/3
)
≤ 1

2
.

H; &+) 1!&"1( &. N 9 /!"# 2":(# /!$/

− logP

(
min

|u|=n−N
V (u) > b2n

1/3

)
≥ mN log 2 ∼ nκ log 2.

@)&?&#"/"&, D65 "# $ 1&,#(A+(,1( &. 456C7 '"/! β = 1 $,- /!( (#/"<$/(# $*&:(6

IIC



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !"#"$%&%"' ()*)  !" b1 > 0 #$% γ ∈ (0, κ−1
3
)& γ = κ−1

4
'#() *''+,! n 7→ N = N(n) -'

'+./ "/#"

inf
n≥1

nγm−N > 0  !" lim
n→∞

N =∞.

#$%!

lim
β→0

lim inf
n→∞

logP

(
Lβ

N

(
b1n

1/3
))

logP (X > b1n1/3)
≥

(
m

1
κ−1 − 1

)κ−1

.

 !" #$%%& %& '$%#%()*)%+ ,-. )( #%(*#%+"/ *% *!" "+/ %& *!)( ("0*)%+1 2&*"$ *!" #$%%& %&

*!" 3##"$ 4%3+/ )+  !"%$"5 ,-6 7&$%5 '$%#%()*)%+( ,-8 2+/ ,-.9 2+/ *!" (*2*"5"+* 2+/ *!"

#$%%& %& #$":)5)+2$; $"(3:*(-

&'(() () *$% +,,%' -(+!" .! #$%('%/ 0121 <" 0!%%(" 0 < b1 < b − bc1 b2 = b − b1 > bc 2+/

("* =

∀n ≥ 1, N = N(n) :=

⌊
ε
log n

logm

⌋

>!"$" ε > 0 )( (52:: "+%3?! &%$ *!" !;#%*!"()( %& '$%#%()*)%+ ,-. *% !%:/-  !"+ >" !2@"

lim
β→0

lim inf
n→∞

logP

(
Lβ

N

(
b1n

1/3
))

logP (X > b1n1/3)
≥

(
m

1
κ−1 − 1

)κ−1

.

A+ :)?!* %& '$%#%()*)%+ ,-81 >" ("" *!2* *!" ("B3"+0" =

n 7→ − log
(

P

(
min

|u|=n−N
V (u) > b2n

1/3

)βmN
)

)( 4%3+/"/ &$%5 4":%> 4; 2 $"?3:2$:; @2$;)+? ("B3"+0" %& )+/"C κ+ βε-

 !3(1 *!" ("0%+/ *"$5 )+ *!" $)?!*D!2+/ ()/" %& 78-.9 )( +"?:)?)4:" 2+/ *!)( )+"B32:)*;

;)":/(

lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

logP (X > b1n1/3)
≥

(
m

1
κ−1 − 1

)κ−1

.

E)+0" *!" &3+0*)%+ x 7→ − logP (X > x) )( $"?3:2$:; @2$;)+? %& )+/"C κ1 *!" :2(* /)(#:2;

4"0%5"(

lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

logP (X > (b− bc)n1/3)
≥

(
b1

b− bc

)κ (
m

1
κ−1 − 1

)κ−1

.

<" 0%+0:3/" 4; :"**)+? b1 → b− bc-

66,



 !"# $%&''(%)*+,-# .%'#

 ! "#$%&'( !) *")+# ,")*)(&!&)' -./.

0)" %'1 u ∈ T  !" #$%&'(") X∗
u := X+

u *+" ,$&'*'-" ,.)* $/ Xu .%( .##$)('%012 

V ∗(u) :=
∑

v≤u

X∗
v .

3" #$41( ("5%" '% *+" &.6" /.&+'$% 

V
∗
(u) := max

v≤u
X∗

v ,

74* !" !$41( +.-" &'%#" *+" X∗
u .)" %$%%"0.*'-" V

∗
(u) = V ∗(u)8

97-'$4&12 !" +.-" /$) .%2 u ∈ T  V ∗(u) ≥ V (u) .%( *+4& V ∗(u) ≥ V (u)8

3" ("5%"

SN :=
∑

u∈T̃N

V ∗(u)m−N .

:'%#" ".#+ X+
u '& #$4%*"( $%#" /$) ".#+ ("&#"%(.%* $/ u '% T̃N  *+.* '& *$ &.2 mN−|u|

*'6"& 

!" +.-"

;<8=> SN =
N∑

k=1

m−k
∑

u∈T̃k

X+
u .

?+" )"1"-.%#" $/ *+"&" ("5%'*'$%& '& 6.(" #1".) 72 *+" /$11$!'%0 1"66. @

 !""# $%$%  !" #$% x ∈ R& β ∈ (0, 1] #$' N ∈ N&

P

(
Lβ

N (x)
)
≤ P (SN > (1− β)x) .

("!!)* ?+" 1"66. '& . #$%&"A4"%#" $/ *+" '%#14&'$% @

Lβ
N(x) ⊂

{
#
{
u ∈ T̃N : V (u) ≤ x

}
< βmN

}

⊂
{
#
{
u ∈ T̃N : V ∗(u) ≤ x

}
< βmN

}

⊂
{
#
{
u ∈ T̃N : V ∗(u) > x

}
≥ (1− β)mN

}

⊂ {SN > (1− β)x} .

B/ /$) &$6" ρ > 0 .%( a > 0 f ∈ Rρ '& ("5%"( .%( 1$#.112 7$4%("( $% [a,+∞) *+"% !"

#.% ("5%" *+" 0"%").1'C"( '%-")&"

←−
f (x) := inf{y ≥ a : f(y) > x}.

DDE



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 ! "!#$%% &'(! )&!*)%% +"'+!",-!& .$/0 "!*!" ,' 1234 *'" ,5! +"''*&6 7

←−
f ∈ Rρ−1

$/0

←−←−
f (x) ∼

f(x) $& x → +∞8 9!"! :! 0!$% :-,5 *)/#,-'/& f ,5$, $"! -/#"!$&-/; $/0 "-;5,<#'/,-/)')&=

:5-#5 -(+%-!&

←−←−
f (x) = f(x) *'" $/> x %$";! !/');58

 !"#$"% &'( .?$&$5$"$@& A$)B!"-$/ ,5!'"!( .2C3D66'  !" Y #! $ %&%%!'$"()! *$%+&,

)$*($#-! ./01 "1$"2 3&* $-- λ > 02

ΛY (λ) := E
[
eλY
]
< +∞

43 0 < α < 12 Φ ∈ Rα2 5/" Ψ(λ) :=
λ

Φ(λ)
∈ R1−α6 71!%2 3&* B > 02

− logP (Y > x) ∼ B
←−
Φ(x) $. x→ +∞

(3 $%+ &%-8 (3

ΛY (λ) ∼ (1− α)
(α
B

) α
1−α ←−

Ψ(λ) $. λ→ +∞.

E;$-/ :! "!*!" ,' 1234 .A5!'"!( F82G836 *'" ,5! +"''*8

 ! &,$,! $ %$&, %!(($ B!*'"! ,5! +"''* '* H"'+'&-,-'/ F8I 7

)"%%* &'+'  !" ρ > 0 $%+ δ > 0 #! ./01 "1$" δ < ρ6 9../,! "1$" f ∈ Rρ $%+ "1$"

g : x 7→ g(x) := x−δf(x) (. #&/%+!+ &% !$01 (%"!*)$- (0, a] :a > 0;6 71!%

∀ε > 0,∃x0 > 0,∀x > x0,∀0 < λ ≤ 1,

∣∣∣∣
f(λx)

f(x)
− λρ

∣∣∣∣ ≤ ελδ.

<*&&36 J%!$"%>= g ∈ Rρ−δ8 A5)&= B> ,5! K/-*'"( J'/L!";!/#! A5!'"!( .&!! 1234= A5!'<

"!( 28M8G6= :! 5$L!=

∀ε > 0,∃x0 > 0,∀x > x0,∀0 < λ ≤ 1,

∣∣∣∣
g(λx)

g(x)
− λρ−δ

∣∣∣∣ =
∣∣∣∣
f(λx)

λδf(x)
− λρ−δ

∣∣∣∣ ≤ ε.

 ! #'/#%)0! B> ()%,-+%>-/; B',5 &-0!& '* ,5! -/!N)$%-,> B> λδ
8

<*&&3 &3 <*&5&.("(&% =6>6 O"'( /': '/= :! &!,

α :=
1

κ
, Φ :=

←−−−−−−−−−−−−
− logP

(
X+ > ·

)
$/0 Ψ(λ) :=

λ

Φ(λ)
∈ R1−α.

P> ,$Q-/; B = 1 $/0 Y = X+
= A5!'"!( F8M ;-L!&

.F8I6 ΛX+ (t) ∼ (1− α)α
α

1−α
←−
Ψ(t) $& → +∞.

22R



 !"# $%&''(%)*+,-# .%'#

 ! "#$%& '()*+ ,%- ./0 $%-010%-0%20 34 ./0 Xu5 u ∈ T 5 60 2,% 2371".0 ./0 7370%.

&0%08,.$%& 4"%2.$3% 34 SN 9

∀t > 0,ΛSN
(t) := logE

[
etSN

]
=

N∑

k=1

∑

u∈T̃k

logE

[
etX+

u m−k
]
=

N∑

k=1

mkΛX+

(
tm−k

)
.

:0. a > 0 ,%- δ ∈ (1, (1− α)−1)) ;0 7,! ,<.08 ΛX+
3% (0, a) ,%- 3=.,$% Λ̃X+

#"2/ ./,.

t 7→ t−δΛ̃X+(t) $# <32,<<! =3"%-0-) >/0%5 #$%20 ΛX+ ∈ R(1−α)−1
5 60 7,! ,11<! :077, ()? .3

Λ̃X+
)  02,"#0 Λ̃X+

,%- ΛX+
,80 0@",< 3% [a,+∞)5 60 3=.,$% 9

Ma,δ(t) := sup
a
t
≤λ≤1

λ−δ

∣∣∣∣
ΛX+(λt)

ΛX+(t)
− λ

1
1−α

∣∣∣∣→ 0 ,# t→ +∞.

 ! .,A$%& λ = m−1,m−2, . . . ,m−N
5 $% ./0 <,#. -$#1<,! 60 -0-"20 4837 0@",.$3% '(+ ./,.5 438

,%! t ,%- N #"2/ ./,. t ≥ amN
5

ΛSN
(t)

ΛX+(t)
≤

N∑

k=1

mk(1− 1
1−α) +mk(1−δ)Ma,δ(t).

B4 N = N(t) $# #"2/ ./,. N →∞ ,# t→ +∞ ,%- 438 ,<< t <,8&0 0%3"&/5 t ≥ amN
5 ./0% ./0

8$&/.C/,%- #$-0 34 ./0 $%0@",<$.! $# 0@"$D,<0%.5 ,# t→ +∞5 .3 9

∞∑

k=1

m−k α
1−α =

1

m
α

1−α − 1
.

 ! E,8A3DF# $%0@",<$.!5 438 ,%! x > 05 438 ,%! t ≥ 05 60 /,D0

P (SN > x) ≤ ΛSN
(t)e−tx.

G# , 23%#0@"0%205 .,A$%& x = Φ(y) ,%- t = Ψ(λy) 438 ,%! y > 0 ,%- λ > 0 !$0<-#

'()(+ logP (SN > Φ(y)) ≤ ΛSN
(Ψ(λy))−Ψ(λy)Φ(y).

H$%20 Ψ(y)Φ(y) = y ,%- Ψ ∈ R1−α5 60 /,D05 ,# y → ∞5 Ψ(λy)Φ(y) ∼ yλ1−α
) I%$4387<! $%

λ ,%- N #"2/ ./,. Ψ(λy)m−N ≥ a5 60 /,D05 ,# y →∞5

ΛSN
(Ψ(λy)) ≤ ΛX+(Ψ(λy))

1 + o(1)

m
α

1−α − 1
.

 ! '()J+5 60 /,D0

ΛX+ (Ψ(y)) ∼ (1− α)α
α

1−αy ,# y → +∞.

KKL



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !"#$ %& '()%*#*#+$ ,-.-/ %"'()"0

logP (SN > Φ(y)) ≤
1 + o(1)

m
α

1−α − 1
(1− α)α

α
1−αλy − yλ1−α(1 + o(1)).

1" 2(33(4 5!" 67((2 (2  !"(7") -.8 *# 9:;< =#> 5=?"$ 27(4 #(4 (#$

B :=
(
m

α
1−α − 1

) 1−α
α
=

(
m

1
κ−1 − 1

)κ−1

.

 !" 2@#'5*(#

λ 7→
(α
B

) α
1−α

(1− α)λ− λ1−α

*0 057*'53& '(#A"B (# (0,+∞)$ =55=*#*#+ *50 @#*C@" )*#*)@) −B =5

λ0 =

(
B

α

) 1
1−α

.

D"5 β ∈ (0, 1].  =?" y =
←−
Φ((1− β)b1n

1/3) = − logP(X > b1(1− β)n1/3)$ 5!*0 &*"3>0

logP
(
SN > (1− β)b1n

1/3
)
≤ −By(1 + o(1)) = B(1 + o(1)) logP(X > (1− β)b1n

1/3)

(# '(#>*5*(# 5!=5 Ψ(λ0
←−
Φ((1− β)b1n

1/3))m−N ≥ a 2(7 =#& n 3=7+" "#(@+!.

E*#'" 5!" 0"C@"#'" n 7→ Ψ(λ0
←−
Φ(n1/3)) *0 7"+@3=73& A=7&*#+ (2 *#>"B 1−α

3α
= κ−1

3
> γ$ (@7

'(#>*5*(# (# N *0 = '(#0"C@"#'" (2 5!" =00@)65*(# (2 F7(6(0*5*(# -.G$ =#> 3"55*#+ β → 0

'()63"5"0 5!" 67((2.

 !"# #$%&'#'()*+ ,*-#

 !"#$"% &'('  !" b > bc#  !" t0 := sup{t ∈ R : ΛX(t) < +∞} ∈ (0,+∞]# $%!&

,8.:/ lim sup
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
≤ −t0m.

'( x 7→ P (X > x) )* +!,-./+.0 1/+0)&, 23( )&4!5 16 )" )* /.*3 "+-! )( "%! )&4!5 )* ,+!/"!+

7-" )& "%)* 8/*! "%! 83&8.-*)3& 3( $%!3+!9 :#; )* *"+3&,!+<6 "%!&

,8.H/ lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

logP (X > (b− bc)n1/3)
≤ m

)"%*$+ &',' I(5*'" 5!=5

t0 = − lim sup
x→+∞

logP (X > x)

x
.

J0 = '(#0"C@"#'" 4!"# 5!*0 lim sup *0 = 3*)*5 =#> *0 K#*5"$ 5!" %(@#>0 *# 5!" 5!"(7") =%(A"

=+7"".

::L



 !"# #$%&'#'()*+ ,*-#

 !""# "# $%&"!&' ()*)  !" b1 > b− bc #$% b2 = b− b1 < bc& '!" N = 1& ()!$ *+&+, -./!0

P

(
min
|u|=n

V (u) > bn1/3
)
≥ pmP

(
X > b1n

1/3
)m

P

(
min
|u|=n−1

V (u) > b2n
1/3

)m

'.$1! b2 < bc 2! %!%31! 4567 *8&8, 9

P

(
min
|u|=n−1

V (u) > b2n
1/3

)
→ 1.

:!$1!

lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

logP (X > b1n1/3)
≤ m

;! 6<"#.$ *=&+, <> ?!"".$- b1 → b− bc&

;! "35$ "6 ")! @5664 64 *=&8,&  !" β ∈ (0, 1]A b1 < b− bcA b2 = b− n1 > bc #$% t ∈ (0, t0)&

()!$ ΛX(t) < +∞&  !" N ∈ N& ;! )#/!A ?.B! .$ ")! @5664 64 ()!65!7 C&8A

P

(
Lβ

N(b1n
1/3)

)
≤ P

(
SN > (1− β)b1n

1/3
)
≤ exp

(
ΛSN

(t)− t(1− β)b1n
1/3

)
.

D65 #$> λ ∈ (0, 1)A <> 16$/!E."> 64 ΛX+
A

ΛX+ (λt) ≤ λΛX+ (t) + (1− λ)ΛX+ (λ0) = λΛX+ (t) .

:!$1!

ΛSN
(t) =

N∑

k=1

mkΛX+

(
tm−k

)
≤ NΛX+ (t) .

 !" ε1 > 0& '!" N := ⌈ε1n
1/3⌉& ;! 6<"#.$A <>  !77# C&C #$% F#5B6/G0 .$!H3#?.">A

lim sup
n→∞

logP

(
Lβ

N(b1n
1/3)

)

n1/3
≤ ε1ΛX+ (t)− t(1− β)b1.

 !" ε2 > 0& '.$1! b2 > bcA *8&8, >.!?%0 ")#" 465 n ?#5-! !$63-)A

P

(
min

|u|=n−N
V (u) > b2n

1/3

)
≤ ε2.

;! 167<.$! ")! !0".7#"!0 #<6/! 2.") *+&I,A 2).1) -./!0

lim sup
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

n1/3
≤ max {ε1ΛX+ (t)− t(1− β)b1, ε1β log ε2} .

;! 16$1?3%! <> ?!"".$- ε2 → 0A ")!$ ε1 → 0A #$% J$#??> b1 → b− bcA β → 0 #$% t→ t0&

88K



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !"# $%&# m = 1

 !"#$"% &'('  ! m = 1" #$%& #$%'% ('% )*&+#(&#+ 0 < c2 ≤ c1 < +∞ +,)$ #$(# !*' (&-

b > bc"

−c1 ≤ lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
; !"#$

−c2 ≥ lim sup
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

(b− bc)n1/3
. !"%$

.'**! *! /01231 &'( b > bc) b1 > b − bc *+, b2 = b − b1 < bc" &'( A > 0 -' ./01 (1*(

P(X > A) > 0"

2*3' N :=
⌈

b1n1/3

A

⌉
*+, 4560'', 783' 8+ (1' 45669 69 (1' 76:'5 -6/+, 69 21'65'; <"# (6

6-(*8+

P (#TN = 1;∀i ≥ N, ∀u ∈ Ti, Xu > A) ≥ (p1P(X > A))N .

=>  #"#$) :' 1*?'

lim
n→∞

P

(
min

|u|=n−N
V (u) > b2n

1/3

)
= 1.

@6;-8+8+A (1' (:6 '.(8;*('. *-6?' :8(1  %"%$ >8'7,.

−c1 ≤ lim inf
n→∞

logP
(
min|u|=n V (u) > bn1/3

)

b1n1/3

:1'5'

c1 :=
− log (p1P(X > A))

A
.

B' 06+07/,' (1' 45669 69 (1' 76:'5 -6/+, -> 7'((8+A b1 → b− bc"

='965' 456?8+A (1' /44'5 -6/+,  !"%$) :' .(*(' * .8;47' 5'./7( 965 C*7(6+DB*(.6+ 456D

0'..'. E

)"%%* &'+' 4%# T 5% ( +,6%')'7#7)(8 9(8#*&:;(#+*& 6'*)%++ <7#$ %=#7&)#7*& 6'*5(5787#-

q < 11 >$%& #$%'% %=7+#+ p ∈ (0, 1) (&? s ∈ (0, 1) +,)$ #$(#

E
[
s#Tn

]
≤ q + pn.

.'**!1 F'G+' (1' ;6;'+( A'+'5*(8+A 9/+0(86+. fn : s ∈ [0, 1] 7→ E
[
s#Tn

]
965 *77 n ≥ 1" =>

(1' -5*+018+A 4564'5(>) fn+1 =
∑∞

i=0 pifn(·)
i = f1 ◦ fn) 1'+0' fn = f ◦n1 " H8+0' (1' 4560'.. 8.

#%I



 !"# $%&# m = 1

 !"#$%$&'&%()* f ′1(1) =
∑

i ipi > 1+ ,# &-# * f1 & &.%$#( &./ (.- %0.1#2* 3&'4 f1(1) = 1* 4#.%#

0 ≤ f ′1(q) < 1+ 5#' p ∈ (f ′1(q), 1)+ 64#. 70$  08# s0 > q* 3# 4(1#

∀s ∈ [q, s0], f1(s)− q ≤ p(s− q).

64#. 70$ (.9 s ∈ [q, s0]* 3# 0:'(&. :9 &.-!%'&0. fn(s)− q ≤ pn(s− q)+

 !""# "# $%&'(& 5#' b > bc* b1 < b− bc (.- b2 = b− b1 > bc+ 5#' β ∈ (0, 1)+

64# ($/!8#.' 3# ! #- &. '4# "$#%#-&./  #%'&0. $#;!&$#  08# %4(./# 4#$#+ 5#' N ≤ n (.-

AN ≥ 1 :# &.'#/#$ + <# %(.* %0.-&'&0.() 0. {#TN ≥ AN}* %400 # AN -& '&.%' &.-&1&-!() 

u1, u2, . . . , uAN
&. TN &. ( 8#( !$(:)# 3(9 =3&'4 $# "#%' '0 '4# σ>?#)- F !"N /#.#$('#- :9

'4# @()'0.><(' 0. "$0%#  !" '0 /#.#$('&0. NA* 70$ #2(8")# :9 '(B&./ '4# AN ?$ ' 0.# &.

)#2&%0/$("4&% 0$-#$&./+ C#.%# 3# %(. -#?.# ( $(.-08 1($&(:)# SAN
N  !%4 '4('

SN :=

{
1

AN
E

[∑AN

i=1 V
∗(ui)

]
=

∑N
k=1

∑
u∈Tk

λu(T )X
+
u  ! {#TN ≥ AN},

0 "# {#TN < AN}.

$%&'&( # ' )!* + ,&!,")- "!."/".0)- u 102% ,%), |u| ≤ N (

λu(T ) := A−1N #{i ≤ AN : ui ≥ u} ∈ [0, 1]

"1 ) ')!. 3 /)'")4-& 3&)10')4-& $",% '&1+&2, , F !"N )!. ,%01 "!.&+&!.&!,  # ,%& Xu5

6 !."," !)-  ! {#TN ≥ AN}( $& %)/&

∀1 ≤ k ≤ N,
∑

u∈TN

λu(T ) = 1.

7%&'&# '& ,%& 2 !/&8",*  # ΛX+
9"/&1 ,%& "!&:0)-",* ;

E
[
etSN

<={#TN≥AN}

]
= E

[
<={#TN≥AN}E

[
etSN

∣∣F !"N

]]

= E

[
<={#TN≥AN} exp

(
N∑

k=1

∑

u∈Tk

ΛX+ (tλu(T ))

)]

≤ E
[
<={#TN≥AN} exp (NΛX+ (t))

]
= P (#TN ≥ AN) exp (NΛX+ (t))

≤ exp (NΛX+ (t)) .>?5@A

7%& )!)- 9 01  # >B5@A "! ,%"1 2)1&( $",% AN +-)*"!9 ,%& ' -&  # mN
( "1

P

(
min
|u|=n

V (u) > bn1/3
)

≤ P
(
#{u ∈ TN : V (u) > b1n

1/3} > (1− β)AN

)

+P

(
min

|u|=n−N
V (u) > b2n

1/3

)βAN

.

<B<



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !" #$%& &"$' () &!" $*+!&,!-./ %*/" %01*&% *.&( &2( &"$'% 3

P
(
#{u ∈ TN : V (u) > b1n

1/3} > (1− β)AN

)
≤ P (#TN < AN)

+P
(
#TN ≥ AN , SN > (1− β)b1n

1/3
)
.

4-$5(67% *."89-1*&: -./ ;<=>? +*6" 9% )($ &!" 1-%& &"$'

P
(
#TN ≥ AN , SN > (1− β)b1n

1/3
)
≤ E

[
et(SN−(1−β)b1n1/3)

@A{#TN≥AN}

]

≤ exp
(
NΛX+(t)− t(1− β)b1n

1/3
)
.

B"& ε1 > 0 C" %9D! &!-& ε1ΛX+(t) < t(1− β)= E" %"&F )($ -11 n ≥ 0F

N := ⌈ε1b1n
1/3⌉.

 !*% +*6"%

lim sup
n→∞

1

n1/3
logP

(
#TN ≥ AN , SN > (1− β)b1n

1/3
)
≤ −(1− β)t− ε1ΛX+(t))b1.

G($ -.: s ∈ (0, 1)F 2" !-6"

P (#TN < An) ≤ E
[
s#TN

]
s−An .

B"& p -./ s 1*5" *. B"''- <=H= E" (C&-*.

P (#TN < An) ≤ (q + pN)s−An .

I*.D" m = 1F 2" !-6" q = 0= B"& ε2 > 0 C" %9D! &!-& ε1 log p < ε2 log s= E" %"&F )($ -11 n ≥ 0F

An = ⌈ε2b1n
1/3⌉.

E" (C&-*.

lim sup
n→∞

1

n1/3
logP (#TN < An) ≤ (ε1 log p− ε2 log s)b1.

I*.D" b2 > bcF ;@=@? %!(2% &!-& )($ -.: ε3 > 0F )($ -.: n 1-$+" ".(9+!F

P

(
min

|u|=n−N
V (u) > b2n

1/3

)
< ε3.

 !".

lim sup
n→∞

1

n1/3
log

(
P

(
min

|u|=n−N
V (u) > b2n

1/3

)βAn
)
≤ b1βε2 log ε3.

@HH



 !"# $%&# m = 1

 !"#$%$%& '$()*+ ,-./0 1$23

c2 = min{βε2 log s− ε1 log p, (1− β)t− ε1ΛX+(t),−βε2 log ε3}.

42 5("6$%+ 2! 73(78 2362 1( 76% 6*9:+2 23( ;656"(2(5+ $% +:73 6 16' 2362 c2 > 0. <( 5("658

2362 23( &!!* 73!$7(+ =!5 ε3 6%* ε2 $+ 2! +(%* 23(" 2! 0 $% 23$+ !5*(5> 13$73 &$?(+ 23( =!))!1$%&

7!%+26%2 @

c2 = min{−ε1 log p, (1− β)t− ε1ΛX+(t)}.

A$%7( 23$+ ?6):( $+ 7)(65)' ;!+$2$?( =!5 ε1 +"6)) (%!:&3> B3(!5(" -.C $+ ;5!?(*.

 !"#$%&'()'*'#+, @ <( 65( &562(=:) 2! D36% A3$ =!5 "6%' :+(=:) *$+7:++$!%+.

 !"#$ %&'"()

*+,-

.#/0(!1/23 +&!/1 45

6 +)&7( %"11/("

89:;<;< +&!/1 =(>(? @;

8!&#7(

 !"#$%&'((")*+",-.%(!

C/E



 !"#$%& ' (  !" #$$"% &'() *+ &!" ,*%-')(."/ -(,(-') /(0$)'1"-",&

 !"



 !"#!$%&'()!*

 !" #$ %&&'()*+,-((. '/& 0$ ,(*12)/$ 3*2'4 5(*6-/. )/ 7)44-& 8('/9:)/6 ('/&*; <'47$

 !"#$#% &'("!) $*+ ,(-$.(+ /0(-+1 !"#$% &'(& )*&*+ &*+&**,-%**..*/*&*/*)00/)+

1)2 3+ 455"678/9$66: ";5 9+ <$$5+ =7;7>" 7; ?6";@A7;# 6";58> B"CD%+  !!" #$%&'&" 

(,E(F G&*..'&*,0 )**0+

1(2 H+ 475ID8;+ J"7C "%:>!K8K7@% L86 KA$ K8K"C !68#$;: 8L KA$ @67K7@"C D7CC$5 ?6";@A7;#

6";58> B"CD+ "6M7N G*0&&+*O,,+

1.2 P+ 4C58Q%+ R8B$6 C"B% ";5 D7CC$5 ?6";@A7;# 6";58> B"CD%+

())* +,,---".)')"&/$0/1/2"/34, '13%4.,5/./'$6(,7#,&$-"()81 +

1S2 T+U+ 46;8C

V

5+ 7$39!'$2 :9;/$/!)9'1 <=4')9%!.+ =UJ R6$%% W">?675#$ =4 &0,(+

J6";%C"K$5 ";5 $57K$5 ?: <+4+ X7CN$6>";+

1Y2 Z+9+ 4KA6$:" ";5 R+H+ [$:+ >$'!6(9!? *$%6/../.+ X!67;#$6/T$6C"# [$B \86D &0,)+

P7$ ]6Q;5C$A6$; 5$6 >"KA$>"K7%@A$; ^7%%$;%@A"LK$; 9";5 &0Y+

1,2 =+ 9"@A>";;+ 37>7K KA$86$>% L86 KA$ >7;7>"C !8%7K78; 7; " ?6";@A7;# 6";58> B"CD

B7KA 7;5$!$;5$;K C8#@8;@"N$ 57%!C"@$>$;K%+  3@" 9!  **1" #$%&'&" ()E&F G&S0'&,Y 

)***+

1O2 _+ 9$6K87; ";5 <+4+ P8;$:+ `; @8;57K78;7;# " 6";58> B"CD K8 %K": ;8;;$#"K7N$+  !!"

#$%&'&" ))E.F G)&S)')&Y, &00.+

102 _+P+ 97##7;%+ JA$ a6%K/ ";5 C"%K/?76KA !68?C$>% L86 " >QCK7K:!$ "#$/5$!$;5$;K ?6";/

@A7;# !68@$%%+  3@'!6/. 9!  **1" #$%&'&919)2 OE(F G..Y'.S0 &0,Y+

1&*2 _+P+ 97##7;%+ ="6K7;#"C$ @8;N$6#$;@$ 7; KA$ ?6";@A7;# 6";58> B"CD+ A"  **19/3 #$%B

&'&" &.E&F G)S'(, &0,,+

1&&2 _+P+ 97##7;%+ <";58> B"CD @8;57K78;$5 K8 %K": !8%7K7N$+ A" C%!3%! D')(" E%6" FGH 

Y,E&F G)S0'),) )**(+

&)S



 ! "!#$%&'(!)

 !"# $%&% '())(*+ ,*- .%/% 0123(,*45% 67*78,9:71-7 *43;(*) (* 8<7 =3,*><(*) 3,*-4;

?,@A%  !!" #$%&'&"B "CD!E FGGHIGJKB !LLH%

 !G# $%&% '())(*+ ,*- .%/% 0123(,*45% M7,+537 ><,*)7 (* ;5@8(8127 =3,*><(*)%  ()" *!

 ++," #$%&'&"B GJD"E FCNNICO!B "KKN%

 !N# $%&% '())(*+ ,*- .%/% 0123(,*45% P(Q7- 24(*8+ 4R 8<7 +;448<(*) 83,*+R43; F 8<7

=45*-,31 >,+7% -,./0$%!" 1" #$%&'&"B !K F*4% !HB JKLIJG! D7@7>834*(>EB "KKC%

 !C# $%&% '())(*+B '%&% S5=,><7T+A1B .% 6<?,38UB ,*- .% V7(++% . =3,*><(*) 3,*-4; ?,@A

?(8< , =,33(73%  !!',2 %3  ++,*.( #$%&'&"B !DNE FCHGICO!B !LL!%

 !J# W% '(@@(*)+@71% #$%&'&*,*04 '!( 5.'26$.% V(@71B X7? Y43AB XYB !LOJ% 67>4*- /-(8(4*%

 !H# X%:% '(*)<,;B Z%M% [4@-(7B ,*- $%S% \75)7@+% 7.86,'$ )'$*'0*%!B T4@5;7 "H 4R -!/49

/,%+.(*' %3 5'0:.;'0*/2 '!( *02  ++,*/'0*%!2% Z,;=3(-)7 ]*(T73+(81 W37++B !LOH%

 !O# /% '4@8<,5+7* ,*- .% 6U*(8;,*% <.! ,./06$.2 %! $'!(%; ;.(*'B T4@5;7 G" 4R =5>

?.;*!'$% '(3A<^5+73 _73@,)B ',+7@B "KK"%

 !L# M% '3,;+4* ,*- `% a7(845*(% \()<8*7++ R43 , R,;(@1 4R 37>53+(4* 7b5,8(4*+%  !!"

#$%&'&"B GHD"E FJ!CIJCGB "KKL%

 "K# M%&% '3,;+4*% M,Q(;,@ -(+2@,>7;7*8 4R =3,*><(*) '34?*(,* ;48(4*% @%;;" #6$.

 ++," 5'0:"B G!DCE FCG!ICO!B !LHO%

 "!# M%&% '3,;+4*% M(*(;,@ -(+2@,>7;7*8 4R =3,*><(*) 3,*-4; ?,@A% A" B':$2/:" >.$C"

D.&*.0.B NCD"E FOLI!KOB !LHO%

 ""# M%&% '3,;+4*% Z4*T73)7*>7 4R +4@58(4*+ 4R 8<7 04@;4)434T 7b5,8(4* 84 83,T7@@(*)

?,T7+% 5.;"  ;.$" 5'0:" ?%/"B NND"OCE F(Tc!LKB !LOG%

 "G# /% '35*78 ,*- '% &733(-,% 6<(R8 (* 8<7 T7@4>(81 4R , R34*8 -57 84 , >584d% #:42" 7.)"

-B CJDGE F"CLHI"JKNB !LLH%

 "N# P% Z,3,T7**,% . @4>,@ @(;(8 8<7437; R43 3,*-4; ?,@A+ >4*-(8(4*7- 84 +8,1 24+(8(T7%

#$%&'&" <:.%$4 '!( 7.,'0.( E*.,(2B !GGDNE FCKOICGKB "KKC%
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;48(4* (* 8<7 +5=>3(8(>,@ +277-9,37,% .22@(>,8(4* 84 +2,8(,@ 8377+% #$%&'&" <:.%$4 '!(

7.,'0.( E*.,(2B OKD"E F"LLIG!NB !LOO%

 "J# P% Z4;78+ ,*- _% _,3),+% M,f43(U(*) ;5@8(2@(>,8(T7 >,+>,-7+ R43 -(37>87- 24@1;73+ (*

3,*-4; ;7-(,%  F- B " F"JHI"HHB "KKJ%
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 !"# $%&% '())*+, -+. /% 0123% 4*5*3 .*236*783*1+2 916 5*+*5-: .*2;:-<(5(+3 19

76-+<=*+, 6-+.15 >-:)2%  !"#$#% &'("!) $*+ ,(-$.(+ /0(-+1? @A BCADEC!F? G@@G%

GA%GAA"H/$AGG@D"I!%

 !J# K% '(571? L% M-+3(63? N% O(6(2? -+. P% Q=*% R-::(S2 -+. 3=( 5-T*585 :1<-: 3*5(

916 6-+.15 >-:) *+ 6-+.15 (+U*61+5(+3%  !"#$#% &'("!) $*+ ,(-$.(+ /0(-+1? GD"VDW

CX BCCDEC"D? !AA"%

 !@# K% '(571? L% M-+3(63? N% O(6(2? -+. Y% P(*318+*% 4-6,( .(U*-3*1+2 916 6-+.15 >-:)2 1+

M-:31+WZ-321+ 36((2 B -U(6-,*+, -+. 8+<(63-*+3S%  !"#$#% &'("!) $*+ ,(-$.(+ /0(-+1?

G!!V!X B!CGE!JJ? !AA!%

 DA# $% .(+ 01::-+.(6% 2$!3( +(40$.0"*1? U1:85( GC 19 /0(-+1 5*1.0.6.( 7"*"3!$8'1% K5(6*W

<-+ &-3=(5-3*<-: Q1<*(3S? O61U*.(+<(? [\? !AAA%

 DG# /% '(66*.- -+. '% Q*51+% ]=( 286U*U-: ;617-7*:*3S 19 - 76-+<=*+, 6-+.15 >-:) *+

;6(2(+<( 19 -+ -72167*+, >-::% 96!"8')1% 2(..%? "JVFX BK63% FAAAF? F? !AA"%

 D!# /% '(66*.- -+. '% Q*51+% ^8-2*W23-3*1+-6S 6(,*5( 19 - 76-+<=*+, 6-+.15 >-:) *+

;6(2(+<( 19 -+ -72167*+, >-::% :% ;.$.%  ')1%? GDGV!X B!ADE!DD? !AAJ%

 DD# /% '(66*.- -+. 0% Q;1=+% O1:S5(62 1+ .*216.(6(. 36((2? 2;*+ ,:-22(2 -+. 36-U(:*+,

>-U(2% :% ;.$.%  ')1%

 DC# [%K% '1+(S% Y+ 3=( -2S5;313*< 7(=-U*186 19 _623 ;-22-,( 3*5(2 916 36-+2*(+3 6-+.15
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