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▲❡ ♠♦♠❡♥t ❧❡ ♣❧✉s ❜❡❛✉ ♣❡♥❞❛♥t ❝❡s q✉❛tr❡s ❛♥s✱ ❝✬❡st ❝❡❧✉✐✲❝✐ ✿ ❧❡ ♠♦♠❡♥t ♦ù ❥✬é❝r✐s
♠❡s r❡♠❡r❝✐❡♠❡♥ts✱ ❡t ❝♦♠♠❡ ✐❧ ♠✬❡st ✐♠♣♦ss✐❜❧❡ ❞❡ r❡♠❡r❝✐❡r t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s à q✉✐
❥❡ s✉✐s r❡❞❡✈❛❜❧❡✱ ❥✬❡①♣r✐♠❡ ♠❛ ❣r❛t✐t✉❞❡ ❡t ♠❡s ❡①❝✉s❡s ❛✉① ♣❡rs♦♥♥❡s ❝♦♥❝❡r♥é❡s✳

❚♦✉t ❞✬❛❜♦r❞✱ ❥❡ r❡♠❡r❝✐❡ ●ér❛r❞ ❇❡ss♦♥ ❞✬❛✈♦✐r ❝r✉ ❡♥ ♠♦✐✱ ❡t ❞❡ ♠✬❛✈♦✐r ❢♦✉r♥✐
❧✬♦❝❝❛s✐♦♥ ❞❡ ❢❛✐r❡ ♠♦♥ ❞♦❝t♦r❛t✳ ❉ès ❧❡ ❞é♣❛rt✱ ✐❧ ♠✬❛ ❛✐❞é❡ à ♣ré❝✐s❡r ♠❛ ♣❡♥sé❡✱ ❡t à
❛✛❡❝t❡r ♠♦♥ é❝r✐t✉r❡✳

❏❡ r❡♠❡r❝✐❡ ❆❤♠❛❞ ❊❧ ❙♦✉✜ ❡t ❆❧❡ss❛♥❞r♦ ❙❛✈♦ ♣♦✉r ❛✈♦✐r ❛❝❝❡♣té ❞✬êtr❡ r❛♣♣♦rt❡✉rs
❞❡ ♠♦♥ tr❛✈❛✐❧✱ ❆❧✐ ❋❛r❞♦✉♥ ♣♦✉r êtr❡ ♠♦♥ ❡①❛♠✐♥❛t❡✉r✱ ❡t t♦✉s ❧❡s tr♦✐s ♣♦✉r ❛✈♦✐r ❧✉ ✉♥❡
♣r❡♠✐èr❡ ✈❡rs✐♦♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡t ❞❡ ♠✬❛✈♦✐r ❛♣♣♦rté ❞❡s ♣ré❝✐s✐♦♥s✳

❙✐ ❥✬❛✐ ♣✉ r❡❛❧✐s❡r ♠❛ t❤ès❡✱ ❝✬❡st s✉rt♦✉t ❣râ❝❡ à ◆❛③✐❤ ▼♦❦❦❛❞❞❡♠ q✉✐ ❛ s❡♠é ❡♥ ♠♦✐✱
q✉❛♥❞ ❥✬ét❛✐s ❡♥ ♠❛îtr✐s❡ à ❧✬✉♥✐✈❡rs✐té ▲✐❜❛♥❛✐s❡✱ ❧✬❛♠♦✉r ❞❡ ❧❛ r❡❝❤❡r❝❤❡✳

❉❡♣✉✐s q✉❛tr❡ ❛♥s✱ ▼✉st❛❢❛ ❏❛③❛r ❡t ❈❤❛r❧❡s ❚❛❜❡t ét❛✐❡♥t ❝♦♠♠❡ ❞❡s ♣èr❡s ✐♥t❡❧❧❡❝✲
t✉❡❧s ♣♦✉r ♥♦✉s ❧❡s t❤és❛r❞s ▲✐❜❛♥❛✐s✱ ❡t ✐❧s ♠✬♦♥t ❛♣♣♦rté ❞ès ❧❡ ❞é❜✉t ❧❡s ❛✐❞❡s ❡t ❧❡
s♦✉t✐❡♥✱ à ❧❛ ❢♦✐s ♠❛t❡r✐❡❧s ❡t ♣s②❝❤♦❧♦❣✐q✉❡s✱ ❡t à ❝❤❛❝✉♥❡ ❞❡ ♥♦s r❡♥❝♦♥tr❡s✱ ♥♦s ❞✐s❝✉s✲
s✐♦♥s ♠❡ ❢♦♥t ❛✈❛♥❝❡r✳

❏✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ P✐❡rr❡ ❇ér❛r❞ q✉❡ ❥❡ r❡♠❡r❝✐❡ ♣♦✉r s♦♥ ♣r♦❢❡ss✐♦✲
♥❛❧✐s♠❡ ❡t s♦♥ ❛tt❡♥t✐♦♥ s✐♥❝èr❡✳ ❚♦✉t❡ ♠❛ r❡❝♦♥♥❛✐ss❛♥❝❡ à ❙②❧✈❛✐♥ ●❛❧❧♦t ♣♦✉r s♦♥ ❛✐❞❡
✐♥ést✐♠❛❜❧❡✳ ❖❧✐✈✐❡r ▲❛❜❧é❡ ❛ r❡❧✉ ♠♦♥ ♠❛♥✉s❝r✐t ❞❡ très ♣rès ❡t ❢♦r♠✉❧é ❞❡s ❝♦♠♠❡♥t❛✐r❡s
♣❡rt✐♥❡♥ts✳

◗✉❛♥t à ❧✬❡♥✈✐r♦♥♥❡♠❡♥t ❞❡ tr❛✈❛✐❧✱ ❥❡ r❡♠❡r❝✐❡ ✏❚❖❯❙✑ ❧❡s ❝♦❧❧è❣✉❡s✱ ❞♦❝t♦r❛♥ts✱ ❡t
♣r♦❢❡ss❡✉rs ❞❡ ❧✬✐♥st✐t✉t ❢♦✉r✐❡r ♣♦✉r ❧❡✉r ❛❝❝❡✉✐❧ ❡t ❧❡✉rs ❛✐❞❡ ♣❡rt✐♥❡♥t❡✳ ❏❡ r❡♠❡r❝✐❡
❏❡✛ ♣♦✉r ♠✬❛✈♦✐r s✉♣♣♦rté ❛✈❡❝ ❧✉✐ ❞❛♥s ❧❡ ♠ê♠❡ ❜✉r❡❛✉ tr♦✐s ❛♥s✱ ❆❧❡ss❛♥❞r♦✱ ❙②❧✈❛✐♥✱
❱✐♥❝❡♥t✱ ❆❧✐♥❡✱ ❳✐♠❡♥❛✱ ❆❧✈❛r♦✱ ❍❡r♥❛♥✱ ❏❡❛♥✱ ❡t ♠ê♠❡s ❞❡s ❛♥❝✐❡♥s t❤és❛r❞s ❝♦♠♠❡ ❙❛✲
♠✉❡❧✱ ◆✐❝♦❧❛s ❡t ❏♦❛♥♥❛ q✉✐ ♠✬❛ s♣❡❝✐❛❧❡♠❡♥t ❛✐❞é❡ ♣♦✉r ✈❡♥✐r ❡t ♠✬✐♥s❝r✐r❡ à ❣r❡♥♦❜❧❡✱
❡t ❜❡❛✉❝♦✉♣ ❞✬❛✉tr❡s✳ ❏❡ ♥❡ ✈❛✐s ❥❛♠❛✐s ♦✉❜❧✐❡r ❧❛ ❣❡♥t✐❧❧❡ss❡ ❞❡s ♠❡♠❜r❡s ❞❡ ❧✬❛❞♠✐♥✐str❛✲
t✐♦♥ ✿ ●❛❜②✱ ▼❛r✐❡✲❍é❧è♥❡✱ ●ér❛❧❞✐♥❡✱ ▼❛rt✐♥❡✱ ❇r✐❣✐tt❡✱ ❈♦r✐♥♥❡✱ ❈❤❛♥t❛❧✱ ❍❡r✈é✱ ❙✐♠♦♥❡✱
❘♦❜❡rt✱ ❋r❛♥❝♦✐s❡ à q✉✐ ❥✬❛✐ ❞♦♥♥é ✉♥ tr❛✈❛✐❧ ✐♠♠❡♥s❡ ❝❡s ❞❡r♥✐❡rs t❡♠♣s ✳✳✳

▼❡r❝✐ ❛✉① ♣❡rs♦♥♥❡❧s ❞❡ ❧❛ ❜✐❜❧✐♦t❤èq✉❡ q✉✐ ♥❡ ♣rés❡r✈❡♥t ♥✐ t❡♠♣s✱ ♥✐ ✐♥✈❡st✐ss❡♠❡♥t
♣♦✉r ♥♦✉s ❢♦✉r♥✐r t♦✉t ❝❡ ❞♦♥t ♦♥ ❛ ❜❡s♦✐♥ ❝♦♠♠❡ ❧✐✈r❡s ❡t ❛rt✐❝❧❡s ✿ ❋r❛♥❝❡s❝❛✱ ▼❛r✐❡✲
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q✉✐ ét❛✐❡♥t t♦✉❥♦✉rs ❞❡ ♠♦♥ ❝ôté✱ ♠❡s ❢rèr❡s ❲❛❧✐❞ ❡t ❆❧❛❛✱ ❡t ❡♥✈❡rs ♠❡s ❛♠✐❡s ✿ ◆❛❧❛✱
❍❛♥❛♥✱ ❙♦✉❤✐❧❛✳✳✳➚ ❏♦ã♦✱ ❥❡ ❞✐s ✿ q✉✬❛✉r❛✐s✲❥❡ ❢❛✐t s❛♥s t♦✐✱ ❉❥♦♥❞❥✐♥ ❧❡ ♠❛❧✉❝♦ ❄

❈❡tt❡ t❤ès❡ ❡st ❞é❞✐é❡ à ▼❛♠❛♥ ❡t P❛♣❛✱ à q✉✐ ❥❡ ❞♦✐s t♦✉t ❀ ✐❧s ét❛✐❡♥t t♦✉❥♦✉rs ❧à ♣♦✉r
♣r✐❡r ♣♦✉r ♠♦✐✱ ❡t ♣♦✉r ♠❡ ♠♦♥tr❡r ❝❡ q✉✐ ❝♦♠♣t❡ ✈r❛✐♠❡♥t ❞❛♥s ❝❡tt❡ ✈✐❡✳
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✶✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱
❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
✶✳✷✳✶ ▲❡ ♣❛r❛♠étr✐① ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✶✳✷✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✶✳✷✳✸ ❆♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶
✶✳✷✳✹ ❋♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❤♦rs ❞❡ ❧❛ ❞✐❛❣♦♥❛❧❡ ✳ ✸✷

✶✳✸ ▲❡♠♠❡ ❞❡ ▼♦s❡r ❡t ❛♣♣❧✐❝❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷ P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡
❞✐✛✉s✐♦♥ ✸✺
✷✳✶ P❧♦♥❣❡♠❡♥ts ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✿ ♠♦t✐✈❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻
✷✳✷ ◗✉❡❧q✉❡s ♣❧♦♥❣❡♠❡♥ts ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s

❞✉ ❧❛♣❧❛❝✐❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✷✳✶ ❈❛s ❞✬✉♥❡ ✈❛r✐été s②♠étr✐q✉❡ ❝♦♠♣❛❝t❡ ❞❡ r❛♥❣ ✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✷✳✷✳✷ ❈❛s ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✸ P❧♦♥❣❡♠❡♥t ❡t ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✷✳✹ P❛r❛♠étr✐s❛t✐♦♥s ✉♥✐✈❡rs❡❧❧❡s ❧♦❝❛❧❡s à ❧✬❛✐❞❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡t ❞❡s

❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹
✷✳✺ ●é♥ér❛❧✐s❛t✐♦♥s ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✺✳✶ ❊①✐st❡♥❝❡ ❞❡ ✈❛❧❡✉rs ❡t ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛♥❛❧②t✐q✉❡s ❞✉ ❧❛♣❧❛❝✐❡♥
❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✺✳✷ P❧♦♥❣❡♠❡♥t ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❘✐❡♠❛♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡
❊✉❝❧✐❞✐❡♥ à ❧✬❛✐❞❡ ❞❡ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✻ P❧♦♥❣❡♠❡♥t ●P❙ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✷✳✻✳✶ ❊①✐st❡♥❝❡ ❞✬✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ❞é✲

♣❡♥❞❛♥t ❞✉ t❡♠♣s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸
✷✳✻✳✷ ▲❡ ♣❧♦♥❣❡♠❡♥t ●P❙ ✭ s✐❣♥❛t✉r❡ ❣❧♦❜❛❧❡ ❞✉ ♣♦✐♥t s✉r ✉♥❡ ✈❛r✐été✮ ✳ ✳ ✺✹

✐✐✐



✐✈ ❚❆❇▲❊ ❉❊❙ ▼❆❚■➮❘❊❙

✸ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t ✺✺
✸✳✶ ▲❡ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛

❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
✸✳✷✳✶ ▲❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹
✸✳✷✳✷ ❈❛❧❝✉❧ ❞❡s ❞❡✉① ♣r❡♠✐❡rs ❝♦❡✣❝✐❡♥ts ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥

❢♦♥❞❛♠❡♥t❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✸✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡s s❡r✐❡s ❞✬✐♥té❣r❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶
✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹ P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧✲
❜❡rt à ❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✽✺
✹✳✶ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❧❡s t❡♠♣s

♣❡t✐ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✹✳✶✳✶ ◗✉❡❧q✉❡s ❡st✐♠❛t✐♦♥s ✉t✐❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✹✳✶✳✷ ❈♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t ❧❛

❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶
✹✳✷ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✹✳✸ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
✹✳✹ ▼étr✐q✉❡ ✐♠❛❣❡ ré❝✐♣r♦q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾
✹✳✺ ❘❡❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❛✈❡❝ s❡s ❝♦❡✣❝✐❡♥t ❞❛♥s ❧❛ ❜❛s❡

❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺



Pr❡❢❛❝❡ ✭❊♥❣❧✐s❤ ✈❡rs✐♦♥✮

▼♦t✐✈❛t✐♦♥

❚❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❤❡❛t tr❛♥s❢❡r ✇✐t❤ ♥❛t✉r❛❧ ♠♦✈❡♠❡♥t✳ ❖♥ ❛ ❤♦♠♦❣❡✲
♥❡♦✉s s✉♣♣♦rt D ✭ ❛ ♣❧❛♥❡✱ ❛ ♠❛♥✐❢♦❧❞✱ ✳✳✳✮✱ ✇❡ ❞❡✜♥❡ ❛ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡rt❡♥t✐❛❧ ♦♣❡r❛t♦r
❝❛❧❧❡❞ t❤❡ ▲❛♣❧❛❝✐❛♥✳ ❚♦ t❤✐s ▲❛♣❧❛❝✐❛♥✱ ✇❡ ❛ss♦❝✐❛t❡ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✇❤✐❝❤ ❞❡s❝r✐❜❡s
t❤❡ ❞✐st✐❜✉t✐♦♥ ♦❢ ❤❡❛t ✐♥ D ♦✈❡r t✐♠❡✳

❉✉r✐♥❣ t❤❡ ❧❛st ②❡❛rs✱ ❛ ❧♦t ♦❢ ✈❡r② ✐♠♣♦rt❛♥t r❡s❡❛r❝❤❡s ❤❛s ❜❡❡♥ ❞♦♥❡ ❛❜♦✉t t❤❡
▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ♦♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❚❤❡ t❡❝❤♥✐❝s ✉s❡❞ ✐♥ t❤❡s❡ r❡✲
s❡❛r❝❤❡s ❤❛s ❡♥❣❧♦❜❡❞ ♠❛♥② ✜❡❧❞s ♦❢ ♠❛t❤❡♠❛t✐❝s ✿ ❣❡♦♠❡tr②✱ ✐♥ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ t❤❡
♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❞②♥❛♠✐❝ s②st❡♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✱
❛♥❞ t♦♣♦❧♦❣②✳✳✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s ♦♣❡r❛t♦r ♦♥ ❛ ❘✐❡♠❛♥✐❛♥ ♠❛♥✐❢♦❧❞✱ ❛♥❞
t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥s✱ ❛❧❧♦✇ ✉s t♦ ✉♥❝♦✈❡r ❣❡♦♠❡tr✐❝❛❧
✐♥❢♦r♠❛t✐♦♥s ❛❜♦✉t t❤❡ ♠❛♥✐❢♦❧❞✳

❋♦r ❡①❛♠♣❧❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ t❤❡ ♥❛t✉r❛❧ ❢r❡q✉❡♥❝✐❡s ♦❢ ✈✐❜r❛t✐♦♥ ♦❢ t❤❡ ♦❜❥❡❝t ✇❤❡♥
✐t✬s s✉❜♠✐tt❡❞ t♦ s♠❛❧❧ ❞❡❢♦r♠❛t✐♦♥s✳ ❆♥❞ ❞❡t❡r♠✐♥✐♥❣ t❤❡ s♣❡❝tr✉♠ ❣✐✈❡s t❤❡ ❛r❡❛ ♦❢ t❤❡
♣❧❛♥❡✱ t❤❡ ❧❡♥❣t❤ ♦❢ ✐ts ❜♦✉♥❞❛r②✱ ❛♥❞ ✐ts ❣❡♥✉s✳ ❚❤✐s ❧❡❛❞s ✉s t♦ t❤❡ q✉❡st✐♦♥ ❛s❦❡❞ ❜②
❑❛❝ ✐♥ ✶✾✻✻ ✿ ❈❛♥ ♦♥❡ ❤❡❛r t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠❄ ❬❑❛❝✻✻❪✳ ❚❤❡ ❛♥s✇❡r ✇❛s ✧♥♦✧✳ ■♥ ❢❛❝t✱
✐t ✐s ♥♦✇ ✇❡❧❧ ❦♥♦✇♥ t❤❛t t✇♦ ✐s♦♠❡tr✐❝ ♠❛♥✐❢♦❧❞s ❛r❡ ✐s♦s♣❡❝tr❛❧ ✭ ✐✳❡✳ ❤❛✈❡ t❤❡ s❛♠❡
s♣❡❝tr✉♠✮✱ ❜✉t t❤❡ r❡✈❡rs❡ ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧✳ ■♥ ❢❛❝t✱ t❤❡r❡ ❛r❡ s♦♠❡ ❝❛s❡s ✇❤❡r❡ ❛♥
❛✣r♠❛t✐✈❡ ❛♥s✇❡r ✐s ♦❜t❛✐♥❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ✶✾✻✹✱ ❏✳ ▼✐❧♥♦r ❬▼✐❧✻✹❪ s❤♦✇❡❞ t❤❛t t❤❡r❡
❡①✐st ✶✻✲❞✐♠❡♥s✐♦♥❛❧ ✢❛t t♦r✐ t❤❛t ❛r❡ ♥♦t ✐s♦♠❡tr✐❝ ❜✉t ❤❛✈❡ t❤❡ s❛♠❡ s♣❡❝tr❛✳ ❙✐♥❝❡✱
♠❛♥② ♦t❤❡r ❡①❛♠♣❧❡s ✇❡r❡ ❢♦✉♥❞✳ ❚❤❡ ❧❛t❡st ✇❛s ❈✳ ●♦r❞♦♥✱ ❉✳ ❲❡❜❜✱ ❛♥❞ ❙✳ ❲♦❧♣❡rt ✐♥
✶✾✾✷ ❬●❲❲✾✷❪✱ ❣✐✈✐♥❣ t❤❡ ✜rst ❡①❛♠♣❧❡ ♦❢ t✇♦ ✐s♦s♣❡❝tr❛❧ ❜✉t ♥♦♥✲✐s♦♠❡tr✐❝ ❞♦♠❛✐♥s ✐♥
t❤❡ ♣❧❛♥❡ ✭s❡❡ ✜❣✳ ✶✮✳

■♥ t❤❡✐r r❡❝❡♥t ✇♦r❦ ✐♥ t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣✉t❡r s❝✐❡♥❝❡✱ ❛♥❞ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✱ ❈♦✐❢♠❛♥♥
❛♥❞ ▲❛❢♦♥ ❬❈▲✵✻❪✱ ✉s❡ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ▼❛r❦♦✈ ♠❛tr✐❝❡s ❞❡s❝r✐❜✐♥❣ ❧♦❝❛❧ tr❛♥s✐t✐♦♥s
❛♥❞ r❛♥❞♦♠ ✇❛❧❦s✱ t♦ ✜♥❞ ♥❡✇ ❞❡s❝r✐♣t✐♦♥s ♦❢ ❞❛t❛ s❡ts ✭❣r❛♣❤s✱ s✉❜s❡ts ♦❢ R

n✮✳ ▼♦r❡
♣r❡❝✐s❡❧②✱ t❤❡② ❡♠❜❡❞❞ t❤❡ ❞❛t❛ ✐♥t♦ ❛ ❊✉❝❧✐❞✐❛♥ s♣❛❝❡ ✈✐❛ t❤❡ ✧❞✐✛✉s✐♦♥ ♠❛♣✧✳ ■♥ t❤✐s
s♣❛❝❡✱ t❤❡ ❞❛t❛ ♣♦✐♥ts ❛r❡ r❡♦r❣❛♥✐s❡❞ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❊✉❝✐❧❞✐❡♥ ❞✐st❛♥❝❡ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ✧❞✐✛✉s✐♦♥ ♠❡tr✐❝✧✱ ✐✳❡✳ ❞❡s❝r✐❜❡s t❤❡ ❝♦♥♥❡❝t✐✈✐t② r❛t❡ ❜❡t✇❡❡♥ t✇♦ ♣♦✐♥ts ♦❢ t❤❡ s❡t✳
❈♦✐❢♠❛♥♥ ❛♥❞ ▲❛❢♦♥ ❞❡s❝r✐❜❡s t❤❡s❡ ❞✐✛✉s✐♦♥ ♠❛♣s✱ ❛s ♣r❡❝✐s❡❧② t❤❡ t♦♦❧s t❤❛t ❛❧❧♦✇ ✉s t♦
r❡❧❛t❡ t❤❡ s♣❡❝tr❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✐✛✉s✐♦♥ ♣r♦❝❡ss t♦ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❞❛t❛ s❡t✳

✶



✷ Pr❡❢❛❝❡ ✭❊♥❣❧✐s❤ ✈❡rs✐♦♥✮

❋✐❣✳ ✶ ✕ ❚✇♦ ✐s♦s♣❡❝tr❛❧ ❞♦♠❛✐♥s ✐♥ t❤❡ ♣❧❛♥❡ ❜✉t ♥♦♥✲✐s♦♠étr✐❝

❘❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❞✐✛✉s✐♦♥ ❛♥❞ ❣❡♦♠❡tr②

▲❡t (M, g) ❜❡ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ❚❤❡ ❞✐✛✉s✐♦♥ ♦♣❡r❛t♦r r❡❧❛t❡❞ t♦ t❤❡ ▲❛♣❧❛❝✐❛♥
✐s t❤❡ ❤❡❛t ♦♣❡r❛t♦r✱ ❛♥❞ ✐t ✐s ❛♥ ✐♥✜♥✐t❡❧② s♠♦♦t❤✐♥❣ ♦♣❡r❛t♦r✳ ■t ❛❞♠✐ts ❛ ❢✉♥❞❛♠❡♥t❛❧
s♦❧✉t✐♦♥ ♦❢ ❝❧❛ss C∞✱ ✇❤✐❝❤ ✐s ❝❛❧❧❡❞ t❤❡ ❤❡❛t ❦❡r♥❡❧✳ ■❢ ✇❡ ❞❡♥♦t❡ t❤✐s ❦❡r♥❡❧ ❜② K(t, x, y)✱
t > 0✱ x, y ∈M ✱ t❤❡♥ ✐t ✈❡r✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✿

(

∆x − ∂

∂t

)

K(t, x, y) = 0 ✭✵✳✵✳✶✮

✇✐t❤ ✐♥t✐❛❧ ❞❛t❛
lim
t→0

K(t, x, y)dx = δy(x)

❢♦r ❡❛❝❤ y ∈M ✱ ✐✳❡✳ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f ♦♥ M ✱ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt✱ ✇❡ ❤❛✈❡

lim
t→0

∫

M

K(t, x, y)f(x)dv(x) = f(y).

❚❤❡ ❞✐✛✉s✐♦♥ ❞✐st❛♥❝❡ ♦♥ (M, g)✱ ✐s ❞❡✜♥❡❞ ❜②

D2
t (x, y) =

∫

M

(K(t, x, z) −K(t, y, z))
2
dv(z).

❆❧t❤♦✉❣❤ t❤❡ ♥❛♠❡ ✧❞✐✛✉s✐♦♥ ❞✐st❛♥❝❡✧ ❤❛s ❜❡❡♥ ✐♥tr♦❞✉❝❡❞ ❜② ❈♦✐✛♠❛♥ ❛♥❞ ▲❛❢♦♥✱ ✐♥
✷✵✵✹✱ ✐♥ t❤❡✐r ♣❛♣❡r ❬❈▲✵✻❪✱ t❤✐s ♥♦t✐♦♥ ✇❛s ♥♦t r❡❛❧❧② ♥❡✇✳ ■♥ ❢❛❝t✱ ✐♥ ❬❇❇●✾✹❪✱ P✳ ❇ér❛r❞✱
●✳ ❇❡ss♦♥✱ ❛♥❞ ❙✳ ●❛❧❧♦t✱ ✉s❡❞ t❤❡ ❤❡❛t ❦❡r♥❡❧ t♦ ❡♠❜❡❞ ❛ ❝❧❛ss ♦❢ ❝❧♦s❡❞ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞s ✐♥ t❤❡ s❛♠❡ ❍✐❧❜❡rt s♣❛❝❡

l2 = {(aj)j≥1, aj ∈ R, t❡❧s q✉❡
∑

j≥1

|aj |2 < +∞},

❛♥❞ t❤❡② ✐♥t❡r♣r❡t ❝❡rt❛✐♥ ❡st✐♠❛t❡s ♦♥ t❤❡ ❤❡❛t ❦❡r♥❡❧ ❛s ❣✐✈✐♥❣ ❛ ♣r❡❝♦♠♣❛❝t♥❡ss t❤❡♦r❡♠
♦♥ t❤❡ ❝❧❛ss ❝♦♥s✐❞❡r❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t (M, g) ❜❡ ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✱ ✇✐✲
t❤♦✉t ❜♦✉♥❞❛r②✱ ∆ t❤❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ♦♥M ✳ ❆♥❞ ❧❡t λ0 < λ1 ≤ λ2 ≤ λ3...ր ∞✱
t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ∆✱ ❛♥❞ a = {ϕa

i }i≥0 ❛♥ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ♦❢ r❡❛❧ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ ∆✱
t❤❡ ❤❡❛t ❦❡r♥❡❧ ♦❢ M ✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜②

K(t, x, y) =
∑

i∈N

e−λitϕa
i (x)ϕa

i (y).

❆♥❞ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿



✸

❚❤❡♦r❡♠ ✵✳✵✳✶✳ ❬❇❇●✾✹❪❚❤❡ ♠❛♣

ψa
t : M → l2

x 7→
√

2(4π)
n
4 t(n+2)/4{e−λjt/2ϕa

j (x)}j≥1

✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ❢♦r ❡❛❝❤ t > 0✱ ❛♥❞ ❡❛❝❤ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s a✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣✉❧❧❡❞✲❜❛❝❦
♠❡tr✐❝ (ψa

t )∗ ✐s ❛s②♠♣t♦t✐❝ t♦ t❤❡ ♠❡tr✐❝ g ♦❢ M ✇❤❡♥ t ❣♦❡s t♦ ③❡r♦✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

(ψa
t )∗can = g +

t

3

(

1

2
Scalg.g −Ricg

)

+O(t2), q✉❛♥❞ t→ 0+

✇❤❡r❡ Scalg ❡t Ricg ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s❝❛❧❛r ❝✉r✈❛t✉r❡ ❛♥❞ t❤❡ ❘✐❝❝✐ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢
t❤❡ ♠❡tr✐❝ g✳

❘❡♠❛r❦ ✵✳✵✳✷✳ ❚❤❡ ❝♦♥st❛♥t
√

2(4π)
n
4 t(n+2)/4 s❡r✈❡s ❢♦r t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥✳ ■♥ ❢❛❝t✱ ✇✐t❤

t❤✐s ♥♦r♠❛❧✐③❛t✐♦♥✱ ✇❤❡♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ♣✉❧❧❡❞✲❜❛❝❦ ♠❡tr✐❝✱ ψa
t : M → l2 ✐s ❛♥ ✐s♦♠❡tr②

✇❤❡♥ t ❣♦❡s t♦ 0✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
√

2(4π)
n
4 t(n+2)/4Kt✱

✇❤❡r❡ Kt ✐s ❞❡✜♥❡❞ ❜②
Kt : (M, g) → L2(M)

x 7→ K

(

t

2
, x, .

)

.

❚❤❡♥✱ t❤❡ ❞✐st❛♥❝❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ♣✉❧❧✲❜❛❝❦ ♠❡tr✐❝ K∗
t ✐s t❤❡ ❞✐✛✉s✐♦♥ ❞✐st❛♥❝❡✳

❚❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ▲❛♣❧❛❝✐❛♥

■♥ t❤❡ r❡♠❛r❦❛❜❧❡ r❡❝❡♥t ♣❛♣❡rs ♦❢ ●✳ P❡r❡❧♠❛♥✱ t❤✐s ❢✉♥❝t✐♦♥ ♣❧❛②s ❛ ✈❡r② ✐♠♣♦rt❛♥t
r♦❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ❡q✉❛t✐♦♥ ✵✳✵✳✶✱ ✇✐t❤ ❛ t✐♠❡✲❞❡♣❡♥❞❡♥t ▲❛♣❧❛❝✐❛♥
♦♣❡r❛t♦r ❀ ✐t ✐s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❡tr✐❝ ✐ts❡❧❢ ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t✳

❊①❛♠♣❧❡ ✵✳✵✳✸✳ ■❢ S ✐s ❛ s♠♦♦t❤ ♣❧❛♥❡ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♠❡tr✐❝ g✱ t❤❡ ❘✐❝❝✐ ✢♦✇ ✐s t❤❡ ♣r♦✲
❝❡ss t❤❛t ❞❡❢♦r♠s t❤❡ ♠❡tr✐❝ g(t)✱ ✇❤❡r❡ t ✐s ❛ t✐♠❡ ♣❛r❛♠❡t❡r✱ ✇✐t❤ ✐ts ●❛✉ss✐❛♥ ❝✉r✈❛t✉r❡
k(t) ✭✐♥❞✉❝❡s ❜② g(t)✮✳ ❚❤✐s ❝✉r✈❛t✉r❡ ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥

dgij(t)

dt
= −2k(t)gij(t).

■♥ t❤❡ ❘✐❝❝✐ ✢♦✇ ❝❛s❡✱ t❤❡ ●❛✉ss✐❛♥ ❝✉r✈❛t✉r❡ ❡✈♦❧✈❡s ❧✐❦❡ t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ♣r♦❝❡ss
(

∆g(t) −
∂

∂t

)

u = u2.

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ♥✲❞✐♠❡♥s✐♦♥❛❧ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ M ✳ ❲❡ ❡♥❞♦✇ M ✇✐t❤ ❛ ❢❛♠✐❧②
♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝s g(t)✱ t ∈ [0, T ]✱ T > 0✱ ❛♥❞ ✇❡ s❡❛r❝❤ ❛ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ P ♦❢
t❤❡ ✧♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥✧

∆g(t) −
∂

∂t
.

❚❤❡♥ P ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ {(t, s) ∈ R
2, 0 ≤ s < t ≤ T} ×M ×M ✱ C1 ✐♥ t❤❡ ✜rst

t✇♦ t✐♠❡ ✈❛r✐❛❜❧❡s✱ ❛♥❞ C2 ✐♥ t❤❡ ❧❛st t✇♦ t✐♠❡ ✈❛r✐❛❜❧❡s✳ ❆♥❞
{ (

∆g(t) − ∂
∂t

)

P (t, s, x, y) = 0
limt→s P (t, s, x, y)dv0(x) = δy(x).

✭✵✳✵✳✷✮



✹ Pr❡❢❛❝❡ ✭❊♥❣❧✐s❤ ✈❡rs✐♦♥✮

■♥ ❬❈❈●+❛r❪✱ ❇✳ ❈❤♦✇ ♣r♦✈❡❞ t❤❛t P ❡①✐sts✱ ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✿

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

t (x,y)

4(t−s)

N
∑

k=0

(t− s)kuk(t, s, x, y) +O((t− s)N−n
2 ), ✭✵✳✵✳✸✮

✇❤❡r❡ rt ✐s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ g(t) ❀ ❡t uk ❛r❡ C∞ ❢✉♥❝t✐♦♥s
♦✈❡r M ×M ✱ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ t✇♦ ♣❛r❛♠❡t❡rs s ❡t t✳ ❲❤❡r❡❛s✱ ✐♥ ❬●✉❡✵✷❪✱ ❈✳ ●✉❡♥t❤❡r
❡①♣r❡ss ✐t ✐♥ t❤❡ ❢♦r♠

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

s(x,y)

4(t−s)

N
∑

k=0

(t− s)kuk(t, x, y) +O((t− s)N−n
2 ), ✭✵✳✵✳✹✮

✇❤❡r❡ rs ✐s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❞✐st❛♥❝❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ g(s) ❀ ❛♥❞ ❤❡r❡✱ t❤❡ uk✬s
❛r❡ C∞ ❢✉♥❝t✐♦♥ ♦✈❡r M ×M ✱ ❛♥❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡r t✳ ❆♥❞ ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s
✵✳✵✳✶✵✱ ❡t ✵✳✵✳✶✶✱ N > n

2 + 1✱ x, y ∈M ✱ ❛♥❞ 0 ≤ s < t ≤ T ✳

●❡♥❡r❛❧ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ r❡s✉❧ts

❆ q✉❡st✐♦♥ t❤❛t ●✳ ❇❡ss♦♥ ❤❛❞ ❛s❦✱ ❛♥❞ ✇❤✐❝❤ ✐s r❡❧❛t❡❞ t♦ ❬❇❇●✾✹❪✱ ❛♥❞ t♦ t❤❡
▲❛♣❧❛❝✐❛♥ ❞é♣❡♥❞✐♥❣ ♦♥ ❛ ♣❛r❛♠❡t❡r✱ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

◗✉❡st✐♦♥ ✶ ✿ ▲❡t g(t) ❛ ❘✐❝❝✐ ✢♦✇ s♦❧✉t✐♦♥✱ ❛♥❞ P (t; ., .) t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢
t❤❡ ♦♣❡r❛t♦r✱

∆g(t) −
∂

∂t
.

❈❛♥ ✇❡ ❡♠❜❡❞❞ t❤❡ ❢❛♠✐❧② ♦❢ ♠❡tr✐❝s g(t) ✐♥ t❤❡ s❛♠❡ ❍✐❧❜❡rt s♣❛❝❡ ❜② t❤❡ ❤❡❛t ❦❡r♥❡❧ P ✱
❛♥❞ r❡❛❧✐③❡ t❤❡ ✢♦✇ ❛s ❛ ❞❡❢♦r♠❛t✐♦♥ ♦❢ s✉❜✲♠❛♥✐❢♦❧❞s ♦❢ t❤✐s ❍✐❧❜❡rt s♣❛❝❡ ❄

❚❤✐s q✉❡st✐♦♥ ✇❛s t❤❡ ♦r✐❣✐♥❛❧ ♠♦t✐✈❛t✐♦♥ ♦❢ ♠② t❤❡s✐s✳ ❲❤✐❧❡ ■ ✇❛s tr②✐♥❣ t♦ s♦❧✈❡ ✐t✱ ■
❤❛❞ ❡♥❝♦✉♥t❡r ✐♠♠❡❞✐❛t❡❧② ❛♥ ♦❜st❛❝❧❡ ✿ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ❛❞♦♣t❡❞ ❜②
P✳ ❇ér❛r❞✱ ●✳ ❇❡ss♦♥✱ ❛♥❞ ❙✳ ●❛❧❧♦t✱ ✐♥ ❬❇❇●✾✹❪✱ ❝❛♥ ♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡
t❤❡ ♠❡tr✐❝ ✐s t✐♠❡✲❞❡♣❡♥❞❡♥t✳ ■♥ ❢❛❝t✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ ❛ ❢❛♠✐❧② ♦❢ ♠❛♣s ✇❤♦s❡ t❤❡
t❛r❣❡t s♣❛❝❡ ❞❡♣❡♥❞s ♦♥ t✱ ✐✳❡✳ ✈❛r✐❡s ❛s t ✈❛r✐❡s✳

❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❡tr✐❝s g(t) ❤❛✈❡
t❤❡ s❛♠❡ ✈♦❧✉♠❡✱ ❛♥❞ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❞✉❡ t♦ ▼♦s❡r ❬▼♦s✻✺❪ ✿

▲❡♠♠❛ ✵✳✵✳✹✳ ❚❤❡r❡ ❡①✐sts ❛ C∞ ❢❛♠✐❧② ♦❢ ❞✐✛❡♦♠♦r♣❤✐♠s ηt✱ s✉❝❤ t❤❛t

η∗t dvg(t) = dvg(0), ❢♦r ❛❧❧ t ∈ [0, T ].

❲❡ ❞❡♥♦t❡ η∗t (g(t)) ❜② h(t)✱ ❛♥❞ s♦✱ ✇❡ ♦❜t❛✐♥ ❛ ❢❛♠✐❧② ♦❢ ♠❡tr✐❝s h(t)✱ s✉❝❤ t❤❛t

dvh(t) = dvh(0) = dvg(0), ✭✵✳✵✳✺✮

❢♦r ❛❧❧ t ∈ [0, T ]✱ ❛♥❞ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ L2(M,vh(t)) ✐s ❝♦♥st❛♥t ✐♥ t✳

❆♥❞ s♦✱ t❤❡ q✉❡st✐♦♥ ✶ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ✿



✺

◗✉❡st✐♦♥ ✷ ✿ ▲❡t (M,h(t)) ✱ t ∈ [0, T ] ❛ ❢❛♠✐❧② ♦❢ ❝❧♦s❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s✱ s✉❝❤
t❤❛t dvh(t) ✐s ❝♦♥st❛♥t ✐♥ t ∈ [0, T ]✱ ❛♥❞ ❧❡t P t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r
❤❡❛t ❡q✉❛t✐♦♥

∆h(t) −
∂

∂t
.

❚❤❡♥ t❤❡ ♠❛♣
Pt : M → L2(M,vh(0)), t ∈ [0, T ]

x 7→ P (t, x, .)

✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ❢♦r t s♠❛❧❧ ❡♥♦✉❣❤✳

❚♦ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ✷✱ ■ ✇❛s ♥❛t✉r❛❧❧② ❜r♦✉❣❤t t♦ s❡❛r❝❤ ❛ s✉✐t❛❜❧❡ ❢♦r♠ ♦❢ t❤❡
❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦♥ t❤✐s ❢❛♠✐❧② ♦❢ ♠❛♥✐❢♦❧❞s✳ ❚❤❛♥❦s t♦ t❤❡ ❢♦r♠✉❧❛ ✵✳✵✳✺✱ ■ ♣r♦✈❡❞
t❤❛t ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❦❡r♥❡❧ P ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r✱ ❛♥❞ ✈❡r② ✉s❡❢✉❧ ❢♦r♠✳ ❲❡ ❤❛✈❡ ♦✉r ✜rst
r❡s✉❧t✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤é♦rè♠❡ ✵✳✵✳✺✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r

∆h(t) −
∂

∂t

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❢♦r♠

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y) +O(tN−n
2 ), ✭✵✳✵✳✻✮

❢♦r N > n
2 + 1✱ x, y ∈ M ✱ ❛♥❞ 0 ≤ s < t ≤ T ✱ ✇❤❡r❡ r ✐s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❞✐st❛♥❝❡ ♦❢

(M, g(0))✱ ❛♥❞ ũk✱ k = 0, . . . N ❛r❡ ❢✉♥❝t✐♦♥s ✐♥ C∞([0, T ] ×M ×M)✳

❆ ✈❡r② ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❛❜♦✈❡
❢♦r♠✱ ✐s t❤❡ ♣❛r❛♠❡tr✐① ♦❢ t❤❡ ❤❡❛t ♦♣❡r❛t♦r✳ ❍❡r❡✱ t❤❡ ♣❛r❛♠❡tr✐① ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❤❡❛t
♦♣❡r❛t♦r ∆h(t) − ∂

∂t ✐s t❤❡ ✐♥✐t✐❛❧ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✵✳✵✳✻✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ✇❡ ❞❡♥♦t❡❞
✐t ❜② PN ✱ t❤❡♥

PN (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y),

✇❤❡r❡ t❤❡ ũk✱ k = 0, . . . N ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s ❣✐✈❡♥ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✵✳✵✳✶✸✳

❲❡ ♣r♦✈❡ t❤❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ♣❛r❛♠❡tr✐① PN ✱ ❛♥❞ ♦❢
(

∆h(t) − ∂
∂t

)

PN ✱ ❛♥❞ ✇❡ ❤❛✈❡
t❤❡ s❡❝♦♥❞ r❡s✉❧t ✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❚❤é♦rè♠❡ ✵✳✵✳✻✳ ❢♦r ❛❧❧ s ∈ [0, T ]✱ ✇❡ ❤❛✈❡

lim
t→s+

t logP (t, s, x, y) = −r
2(x, y)

4
, ✉♥✐❢♦r♠❧② ✐♥ x, y ∈M. ✭✵✳✵✳✼✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛♥ ❛♥❛❧♦❣✉❡ r❡s✉❧t ❤❛s ❜❡❡♥ ♣r♦✈❡♥ ❜② ❱❛r❛❞❤❛♥ ✐♥ ❤✐s t✇♦ ♣❛♣❡rs
❬❱❛r✻✼❜❪ ❛♥❞ ❬❱❛r✻✼❛❪✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠❡tr✐❝ ✐s ✜①❡❞✳ ❍❡r❡✱ t♦ ♦❜t❛✐♥ t❤❡ ❢♦r♠✉❧❛
✵✳✵✳✻✱ ✇❡ ✉s❡❞ t❤❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ ❤❡❛t ♦♣❡r❛t♦r✱ ❛♣♣❧✐❡❞ t♦ t❤❡ ♣❛r❛♠❡tr✐① ❛♥❞ ✐ts
❝♦♥✈♦❧✉t✐♦♥s✳ ❲❤❡r❡❛s ✐♥ ❬❱❛r✻✼❜❪✱ t❤❡ ❛✉t❤♦r ❤❛❞ ✉s❡❞ t❤❡ ▲❛♣❧❛❝❡ tr❛♥s❢♦r♠❛t✐♦♥s ✱
❛♥❞✱ ✐♥ ❬❱❛r✻✼❛❪✱ ❤❡ ✉s❡❞ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ♠❡t❤♦❞✳ ◆♦t❡ t❤❛t t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ t❤✐s t❤❡s✐s✱
❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❛ ✜①❡❞ ♠❡tr✐❝✳
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■♥ ♠② ❛tt❡♠♣ts t♦ ❛♥s✇❡r ◗✉❡st✐♦♥ ✷✱ ■ ♥❡❡❞❡❞ t♦ ♣r♦✈❡ ❛♥ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ❢♦r
P (t, s, x, y) ✇❤❡♥ t→ s+ ❛♥❞ ❢♦r x, y ❝❧♦s❡ ❡♥♦✉❣❤✳ ❙♦ ■ ❝♦♥❥❡❝t✉r❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✿

❈♦♥❥❡❝t✉r❡ ✵✳✵✳✼✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥ ❤❛s t❤❡ ❢♦❧✲
❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✿

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

(

N
∑

k=0

(t− s)kũk(s, x, y) + Υ(t, s, x, y)

)

✇❤❡♥ t→ s+✱ ❛♥❞ ❢♦r x, y ❝❧♦s❡ ❡♥♦✉❣❤ ✐♥ M ✱ ❛♥❞ N ∈ N✱ ✇❤❡r❡

Υ(t, s, x, y) = O((t− s)N ),

❛♥❞
∣

∣

∣

∣

∂

∂xi
Υ(t, s, x, y)

∣

∣

∣

∣

= O((t− s)N−1), ♣♦✉r t♦✉t i = 1, . . . n,

❢♦r x, y ❝❧♦s❡ ❡♥♦✉❣❤ ✐♥ M ✱ ✇❤❡r❡ (U , {xi}n
i=1) ✐s ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ s②st❡♠✱ ❛♥❞ x ∈ U ✳

❚♦ ♣r♦✈❡ ❈♦♥❥❡❝t✉r❡ ✵✳✵✳✼✱ ■ st✉❞✐❡❞ t❤❡ ♣r♦♦❢ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ M ✐s ❡♥❞♦✇❡❞ ✇✐t❤
❛ ✜①❡❞ ♠❡tr✐❝ g✳ ▼❛♥② ❛✉t❤♦rs ♠❡♥t✐♦♥ ❬❇●▼✼✶❪✱ ❛♥❞ ❬❈❤❛✽✹❪✱ ❛s t❤❡ r❡❢❡r❡♥❝❡s ✇❤❡r❡
t❤❡ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ✐s ♣r♦✈❡❞✳ ❇✉t✱ ✐t ✐s ♥♦t tr✉❡ ✿ ❋✐rst✱ ✐♥ ❬❇●▼✼✶❪✱ ❇❡r❣❡r ❞♦❡s ♥♦t
tr② t♦ ♣r♦✈❡ t❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛✳ ❙❡❝♦♥❞✱ t❤❡ ♣r♦✈❡ ♦❢ ❝❤❛✈❡❧ ✐♥ ❬❈❤❛✽✹❪
✐s ❢❛❧s❡✳ ❨❡t✱ t❤❡ r❡s✉❧t ✐s tr✉❡✳ ■♥ ❢❛❝t✱ ✐♥ ❬❑❛♥✼✼❪✱ ❨✳ ❑❛♥♥❛✐ ♣r♦✈❡❞ t❤✐s ❢♦r♠✉❧❛ ✉s✐♥❣
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ w ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ∆ − ∂2

∂2t ✱ t❤❛♥❦s t♦ t❤❡ ✧tr❛♥s♠✉t❛t✐♦♥
❢♦r♠✉❧❛✧ ✿

K(t, x, y) =
1

(4πt)
n
2

∫ ∞

−∞

e−
s2

4t w(s, x, y)ds.

❇✉t✱ t♦ ❛♣♣❧② t❤✐s ♠❡t❤♦❞ t♦ ♦✉r ❝❛s❡✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦❢ ❛
s❡♠✐✲❧✐♥❡❛r ✇❛✈❡ ❡q✉❛t✐♦♥✳ ■ ❞♦♥✬t ❦♥♦✇ t❤❛t ❛t t❤❡ ♠♦♠❡♥t✳

❚❤❡ ♠❡t❤♦❞ ❛❞♦♣t❡❞ ✐♥ t❤✐s t❤❡s✐s✱ ❜❡❣✐♥✐♥❣ ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
s♦❧✉t✐♦♥✱ ✉♣ t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣ ✭✉♥❞❡r ❝♦♥❞✐t✐♦♥ t❤❛t ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✼ ✐s tr✉❡✮✱
✇❛s ♠♦t✐✈❛t❡❞ ❜② t❤❡ t✇♦ ♣❛♣❡rs ♦❢ ❬▼♦r✻✷❛❪✱ ❛♥❞ ❬▼♦r✻✷❜❪✳ ■♥ t❤❡s❡ t✇♦ ♣❛♣❡rs✱ t❤❡
❛✉t❤♦r ❝♦♥s✐❞❡r t✇♦ ❞✐✛❡r❡♥t✐❛❧ ♠❛♥✐❢♦❧❞s ♦❢ ❝❧❛ss Cs✱ s > 0✱ M ❛♥❞ N ✱ ✇✐t❤ N ❝♦♥♥❡①❡✳
❍❡ ❞❡♥♦t❡❞ ❜② Homs(M,N) t❤❡ s❡t ♦❢ ♠❛♣s ♦❢ ❝❧❛ss Cs✱ ❢r♦♠ M ✐♥t♦ N ✱ ❛♥❞ ♣r♦✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ✿

❈♦r♦❧❧❛r② ✵✳✵✳✽✳ ✭❬▼♦r✻✷❜❪✱ ♣❛❣❡ ✸✱ ❝♦r♦❧❧❛r② ✷✮ t❤❡ s❡t ♦❢ ❡♠❜❡❞❞✐♥❣s ♦❢ M ✐♥t♦ N ✐s
❛♥ ♦♣❡♥ s❡t ✐♥ Homs(M,N) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦♣♦❧♦❣② Cs ✭ t❤✐s s❡t ❝❛♥ ❜❡ ♦❜✈✐♦✉s❧②
❡♠♣t②✮✳

■❢ ✇❡ st❛t❡ t❤❡ ❝♦r♦❧❧❛r② ❛❜♦✈❡ ✉s✐♥❣ s❡q✉❡♥❝❡s ✐♥ Homs(M,N)✱ ✇❡ ❤❛✈❡ ✿

❈♦r♦❧❧❛r② ✵✳✵✳✾✳ ▲❡t f : M → N ❛♥ ❡♠❜❡❞❞✐♥❣✱ ❛♥❞ {fk}k ❛ s❡q✉❡♥❝❡ ✐♥ Homs(M,N)✱
s♦ t❤❛t {fk}k ❝♦♥✈❡r❣❡s ✉♥✐❢♦r♠❧② t♦ f ✭✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t♦♣♦❧♦❣② Cs✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts
k0 ∈ N

∗✱ s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ k > k0✱ fk ✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ♦❢ M ✐♥t♦ N ✳

▲❛②♦✉t ♦❢ t❤❡ t❤❡s✐s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛ ❞❡t❛✐❧❡❞ ♦✉t❧✐♥❡ ♦❢ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ✇♦r❦ ✐♥ t❤✐s t❤❡s✐s ✿
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■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❣✐✈❡ ❛ q✉✐❝❦ ♣r❡✈✐❡✇ ❛♥❞ ❜❛s✐❝ r❡s✉❧ts ❛♥❞ ❢❛❝ts ♦❢ ❘✐❡♠❛♥♥✐❛♥
❣❡♦♠❡tr②✱ ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ❧❛t❡r ❝❤❛♣t❡rs✳ ❲❡ ❜❡❣✐♥ s❡❝t✐♦♥ ✶✳✶ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢
t❤❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♦♣❡r❛t♦r✱ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❤❡❛t ❦❡r♥❡❧✳ ❚❤❡s❡ t✇♦ ♥♦t✐♦♥s ❛r❡ t❤❡
❜❛s✐s ♦❢ ♦✉r ✇♦r❦✳ ❲❡ ❛❧s♦ r❡❝❛❧❧ t❤❡ ❝❧❛ss✐❝ r❡s✉❧ts ♦❢ t❤❡ s♣❡❝tr❛❧ ❣❡♦♠❡tr②✳ ■♥ s❡❝t✐♦♥ ✶✳✷✱
✇❡ ❣✐✈❡ ❛ q✉✐❝❦ r❡✈✐❡✇ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ❝♦♥str✉❝t✐♦♥ ♦♥ ❛ ❝❧♦s❡❞ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞✱ ❛♥❞ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❣❡♦♠❡tr② ❛♥❞ s♣❡❝tr❛❧ ♣r♦♣r❡t✐❡s ♦❢ ❘✐❡♠❛♥♥✐❛♥
♠❛♥✐❢♦❧❞s✳ ❚❤❡ t❤✐r❞ s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ▼♦s❡r✬s ❧❡♠♠❛✱ ❛♥❞ ✐ts ❛♣♣❧✐❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡
✈❡r② ✐♠♣♦rt❛♥t t♦♦❧s ✐♥ ♦✉r ✇♦r❦✳

❈❤❛♣t❡r ✷ ✿ ❊♠❜❡❞❞✐♥❣ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❜② t❤❡✐r ❞✐✛✉s✐♦♥ ♣r♦♣r❡t✐❡s

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞❡s❝r✐❜❡ s♦♠❡ ❡♠❜❡❞❞✐♥❣s ❛❧r❡❛❞② ❝♦♥str✉❝t❡❞ ❛♥❞ t❤❡✐r ✉t✐❧✐t❡s✳
■♥ t❤❡ ✜rst s❡❝t✐♦♥✱ ✇❡ ♣r♦✈✐❞❡ ❛ ❥✉st✐✜❝❛t✐♦♥ ❢♦r ✇❤② t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝❡✲
❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ❤❛✈❡ ♣r♦♣❡rt✐❡s ❞❡s✐r❛❜❧❡ ❢♦r ❡♠❜❡❞❞✐♥❣✳ ■♥ t❤❡ s❡❝♦♥❞ s❡❝t✐♦♥✱ ✇❡ ❞❡s✲
❝r✐❜❡ ❡♠❜❡❞❞✐♥❣s ✈✐❛ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❡♥✳ ■♥ t❤❡ t❤✐r❞
s❡❝t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❞✐✛✉s✐♦♥ ♠❛♣s ❛♥❞ ❞✐st❛♥❝❡s✳ ❲❡ ✉♥❞❡rst❛♥❞ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❤❡❛t ❦❡r♥❡❧ ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ■♥
s❡❝t✐♦♥ ✷✳✹✱ ✇❡ s❡❡ ❤♦✇ t♦ ❝♦♥str✉❝t ❧♦❝❛❧ ❝❤❛rts ♦♥ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✈✐❛ t❤❡✐r
❡✐❣❡♥❢✉♥❝t✐♦♥s ❛♥❞ t❤❡✐r ❤❡❛t ❦❡r♥❡❧✳ ❚❤❡♥ ✇❡ ❡♥❞♦✇ t❤❡ ♠❛♥✐❢♦❧❞M ✇✐t❤ ❛ ❢❛♠✐❧② ♦❢ ❘✐❛✲
♠❛♥♥✐❛♥ ♠❡tr✐❝s g(t)✱ ❛♥❛❧②t✐❝ ✐♥ t✱ ❛♥❞ ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡ st❛t❡❞ t❤❡♦r❡♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s
s❡❝t✐♦♥s✱ ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡✱ t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ▲❛♣❧❛❝✐❛♥ ✐s t✐♠❡ ❞❡♣❡♥❞❡♥t✳

❈❤❛♣t❡r ✸ ✿ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦♥ ♠❛♥✐❢♦❧❞s ✇✐t❤ t✐♠❡✲❞❡♣❡♥❞❡♥t ♠❡✲
tr✐❝s ❛♥❞ ❝♦♥st❛♥t ✈♦❧✉♠❡

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❞✐s❝✉ss t❤❡ ❢♦r♠ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦♥ ♠❛♥✐❢♦❧❞s ✇✐t❤
t✐♠❡✲❞❡♣❡♥❞❡♥t ♠❡tr✐❝s ❛♥❞ ❝♦♥st❛♥t ✈♦❧✉♠❡ ❢♦r♠✱ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡♦r❡♠ ✵✳✵✳✺✳ ❋✐rst✱ ✇❡
❣✐✈❡ t❤❡ ❢♦r♠ ♦❢ t❤❡ t✐♠❡✲❞❡♣❡♥❞❡♥t ▲❛♣❧❛❝✐❛♥ ❛t t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t = 0✳ ❚❤❡♥✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

SN (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kuk(s, x, y),

✇❤❡r❡ uk ❛r❡ C∞ ❢✉♥❝t✐♦♥s✱ ❞❡✜♥❡❞ ♦♥

Uρ = {(x, y) ∈M ×M ; r(x, y) < ρ},

❛♥❞ ρ ✐s t❤❡ ✐♥❥❡❝t✐✈✐t② r❛❞✐✉s ♦❢ M ✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ h(0)✳ ❚❤✐s ✐s s✉♣♣♦rt❡❞ ❜②
t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t t❤❡ ❤❡❛t ❦❡r♥❡❧ ❤❛s t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ❛s t❤❡ ❊✉❝❧✐❞✐❛♥ ❤❡❛t ❦❡r♥❡❧✳ ❲❡
✐♥tr♦❞✉❝❡ ✉♥ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥ η✱ ✐♥ ♦r❞❡r t♦ tr❛♥s❢♦r♠ SN ✐♥t♦ ❛ C∞ ❢✉♥❝t✐♦♥ ✐♥M×M ✱ ❡t
✇❡ ♣r♦✈❡ t❤❛t PN = ηSN ✐s t❤❡ ♣❛r❛♠❡tr✐① ♦❢ t❤❡ ♥♦♥ ❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥✳ ❚❤❡ ❡st✐♠❛t✐♦♥s
♦❢ t❤❡ ♣❛r❛♠❡tr✐① ❛♥❞ ✐ts ❝♦♥✈♦❧✉t✐♦♥s ❧❡❛❞ ✉s t♦ ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ✵✳✵✳✺✳

❈❤❛♣t❡r ✹ ✿ ❊♠❜❡❞❞✐♥❣ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✢♦✇ ✐♥t♦ ❛♥ ❍✐❧❜❡rt s♣❛❝❡ ❜②
✐ts ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛♥s✇❡r ◗✉❡st✐♦♥ ✷✳ ❚❤❡ ♣r♦❝❡ss✉s ❤❛s ❜❡❣✉♥ ✐♥ ❈❤❛♣t❡r ✸✱ s❡❛r❝❤✐♥❣
❛ s✉✐t❛❜❧❡ ❢♦r♠ ❢♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥✱ ✇❡ ❝♦♥t✐♥✉❡ st✉❞②✐♥❣ s❤❛r♣❡r ❡st✐♠❛t❡s ♦❢
t❤❡ ♣❛r❛♠❡tr✐① PN ✱ ❛♥❞ ✐ts ❝♦♥✈♦❧✉t✐♦♥s✱ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✵✳✵✳✻✳



✽ Pr❡❢❛❝❡ ✭❊♥❣❧✐s❤ ✈❡rs✐♦♥✮

❚❤❡♦r❡♠ ✵✳✵✳✻✱ ❛❧♦✇ ✉s t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ {t logPt}t ❝♦♥✈❡r❣❡s ✐♥ L2(M, vh(0))
t♦ t❤❡ ♠❛♣s R✱ ❞❡✜♥❡❞ ❜②

R : M → L2(M, vh(0))

x 7→ −r
2(x, .)

4
.

❈♦♥❥❡❝t✉r❡ ✵✳✵✳✼ ❧❡❛❞ ✉s t♦ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧② ♦❢ ♠❛♣s

(t logPt)Ωp
: Ωp → L2(Ωp, vh(0)), t ∈ [0, T ]

x 7→ t logP (t, x, .),

❛♥❞ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
RΩp

: M → L2(Ωp, vh(0))

x 7→ −r
2(x, .)

4
,

✇❤❡r❡ Ωp ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ p ∈ M ✳ ❲❡ ♣r♦✈❡ t❤❛t ✐❢ t❤❡ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✼ ✐s tr✉❡✱ t❤❡♥
❢♦r ❛❧❧ x ∈ Ωp✱ V ∈ T 1

xM ✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❛♣♣❧✐❝❛t✐♦♥s dx (t logPt)Ωp
(V ) ❝♦♥✈❡r❣❡s ✐♥

L2(Ωp, vh(0)) t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ dxRΩp(V )✳ ❙♦✱ ✇❡ ❤❛✈❡ t❤❡ ♥❡❝❡ss❛r② t♦♦❧s t♦ ❛♥s✇❡r t❤❡
q✉❡st✐♦♥ ✷✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✿

❚❤❡♦r❡♠ ✵✳✵✳✶✵✳ ■❢ t❤❡ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✼ ✐s tr✉❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ξ > 0✱ s✉❝❤ t❤❛t t❤❡
♠❛♣

Pt : M → L2(M, vh(0))

x 7→ P (t, x, .)

✐s ❛♥ ❡♠❜❡❞❞✐♥❣ ❢♦r ❛❧❧ t < ξ✳

❲❡ t❤❡♥ ♣r♦✈❡ t❤❡♥ t❤❛t t❤❡ ♣✉❧❧✲❜❛❝❦ ♠❡tr✐❝ ♦❢ t❤❡ ♠❛♣

Ψt(x) := (4π)
n
4 (2t)

n
4 +1Pt(x)

✐s ❛s②♠♣t♦t✐❝ t♦ h(0)✱ ✉s✐♥❣ t❤❡ ♠❡tr✐❝ ❚❤❡♦r❡♠ ✷✳✷✳✸✳

❆t t❤❡ ❡♥❞ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❢❛♠✐❧② ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s (M,h(t))✱
❛♥❞ ❜② ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❢❛♠✐❧② (M, g(t))✱ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ l2✱ ✈✐❛ ❛♥ ❡✐❣❡♥✲❢✉♥❝t✐♦♥s
❜❛s✐s ♦❢ ∆g(0) = ∆h(0)✱ ❛t ❧❡❛st ❢♦r s♠❛❧❧ t✐♠❡✳



Pré❢❛❝❡

▼♦t✐✈❛t✐♦♥

▲❛ ❞✐✛✉s✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❝❛r❛❝tér✐s❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ♦✉ ❧❡ tr❛♥s❢❡rt ❞❡ ❝❤❛❧❡✉r ❛✈❡❝ ✉♥
♠♦✉✈❡♠❡♥t ♥❛t✉r❡❧✳ ❙✉r ✉♥ s✉♣♣♦rt ❤♦♠♦❣è♥❡ D✱ ✭✉♥❡ s✉r❢❛❝❡✱ ♦✉ ♣❧✉s ❣é♥ér❛❧❡♠❡♥t s✉r
✉♥❡ ✈❛r✐été ✳✳✳✮✱ ♦♥ ♣❡✉t ❡♥ ❣é♥ér❛❧ ❞é✜♥✐r ✉♥ ♦♣ér❛t❡✉r ❞✐✛ér❡♥t✐❡❧ ❞✬♦r❞r❡ ✷ ❛♣♣❡❧é ❧❡ ❧❛✲
♣❧❛❝✐❡♥✳ ❆ ❝❡ ❧❛♣❧❛❝✐❡♥✱ ♦♥ ❛ss♦❝✐❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❀ ❝❡tt❡ ❞❡r♥✐èr❡ ❞é❝r✐t ❧✬é✈♦❧✉t✐♦♥
❞❡ ❧❛ ❝❤❛❧❡✉r s✉r D✱ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ t❡♠♣s t✳

❆✉ ❝♦✉rs ❞❡ ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❜❡❛✉❝♦✉♣ ❞❡ r❡❝❤❡r❝❤❡s ♦♥t été ♠❡♥é❡s s✉r ❧✬♦♣ér❛t❡✉r
❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡✳ ❈❡❝✐ ❛ ❛❜♦✉t✐ à ❞✬✐♥♥♦♠❜r❛❜❧❡s rés✉❧t❛ts
❡t ✐♥térêts✳ ▲❡s t❡❝❤♥✐q✉❡s ✉t✐❧✐sé❡s ❞❛♥s ❝❡s r❡❝❤❡r❝❤❡s ❡♥❣❧♦❜❡♥t ♣❧✉s✐❡✉rs ❝❤❛♠♣s ❞❡s
♠❛t❤é♠❛t✐q✉❡s ✿ ❧❛ ❣é♦♠étr✐❡✱ ❡♥ ❝♦♥♥❡①✐♦♥ ❛✈❡❝ ❧❡s éq✉❛t✐♦♥s ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✱
❧❡s s②stè♠❡s ❞②♥❛♠✐q✉❡s✱ ❧❛ ♣❤②s✐q✉❡ ♠❛t❤é♠❛t✐q✉❡✱ ❡t ❧❛ t♦♣♦❧♦❣✐❡✳✳✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛
❞é✜♥✐t✐♦♥ ❞❡ ❝❡t ♦♣ér❛t❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡✱ ❡t ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ s❡s ✈❛❧❡✉rs
♣r♦♣r❡s ❡t ❞❡ s❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✱ ♥♦✉s ♣❡r♠❡tt❡♥t ❞✬❛✈♦✐r ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s
s✉r ❧❛ ✈❛r✐été ❡♥ q✉❡st✐♦♥✳

P❛r ❡①❡♠♣❧❡✱ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡ ✈✐❜r❛t✐♦♥ ❞✬✉♥
♦❜❥❡t ❧♦rsq✉✬✐❧ ❡st s♦✉♠✐s à ✉♥❡ ♣❡t✐t❡ ❞é❢♦r♠❛t✐♦♥✳ ▲❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ s♣❡❝tr❡ ✭❧✬❡♥s❡♠❜❧❡
❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s✮✱ ❞♦♥♥❡ ❧✬❛✐r❡ ❞✬✉♥❡ s✉r❢❛❝❡✱ ❧❛ ❧♦♥❣✉❡✉r ❞❡ s♦♥ ❜♦r❞✱ ❡t s♦♥ ❣❡♥r❡✳ ❈❡❝✐
♥♦✉s ❛♠è♥❡ à ❧❛ q✉❡st✐♦♥ ♣♦sé❡ ♣❛r ❑❛❝ ❡♥ ✶✾✻✻ ✿ ❈❛♥ ♦♥❡ ❤❡❛r t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠❄
❬❑❛❝✻✻❪ ✭♣❡✉t ✲♦♥ ❡♥t❡♥❞r❡ ❧❛ ❢♦r♠❡ ❞✬✉♥ t❛♠❜♦✉r ❄✮✳ ▲❛ ré♣♦♥s❡ ❡st ♥é❣❛t✐✈❡✳ ❊♥ ❢❛✐t✱
✐❧ ❡st ❝♦♥♥✉ q✉❡ s✐ ❞❡✉① ✈❛r✐étés s♦♥t ✐s♦♠étr✐q✉❡s✱ ❡❧❧❡s s♦♥t ✐s♦s♣é❝tr❛❧❡s ✭❝✬❡st à ❞✐r❡✱
♦♥t ❧❡ ♠ê♠❡ s♣❡❝tr❡✮✳ ▼❛✐s ❧❛ ré❝✐♣r♦q✉❡ ♥✬❡st ♣❛s ✈r❛✐❡ ❡♥ ❣é♥ér❛❧ ✿ ❡♥ ✶✾✻✹✱ ❏✳▼✐❧♥♦r✱
❬▼✐❧✻✹❪✱ ❞♦♥♥❡ ✉♥ ❡①❡♠♣❧❡ ❞❡ ✈❛r✐étés ✐s♦s♣❡❝tr❛❧❡s ♠❛✐s ♥♦♥ ✐s♦♠étr✐q✉❡s✱ ✉♥❡ ♣❛✐r❡ ❞❡
t♦r❡s ♣❧❛ts ❞❡ ❞✐♠❡♥s✐♦♥ ✶✻✳ ❉❡♣✉✐s✱ ❞✬❛✉tr❡s ❡①❡♠♣❧❡s ♦♥t été tr♦✉✈és✳ ▲❡ ❞❡r♥✐❡r ét❛✐t
❞❡ ❝❡❧✉✐ ❞❡ ❈✳ ●♦r❞♦♥✱ ❉✳ ❲❡❜❜✱ ❡t ❙✳❲♦❧♣❡rt ❡♥ ✶✾✾✷ ❬●❲❲✾✷❪✱ ❞♦♥♥❛♥t ❧❡ ♣r❡♠✐❡r
❡①❡♠♣❧❡ ❞❡ ❞❡✉① ❞♦♠❛✐♥❡s ♣❧❛♥s ♥♦♥ ✐s♦♠étr✐q✉❡s✱ ♠❛✐s ❛②❛♥t t♦✉t ❞❡ ♠ê♠❡ ✉♥ s♣❡❝tr❡
❝♦♠♠✉♥ ✭✈♦✐r ✜❣✉r❡ ✷✮✳

❉❛♥s ❞❡s tr❛✈❛✉① ré❝❡♥ts ❞✬✐♥❢♦r♠❛t✐q✉❡✱ ❡t ❞❡s ♠❛t❤é♠❛t✐q✉❡s ❛♣♣❧✐q✉é❡s✱ ❈♦✐❢♠❛♥♥
❡t ▲❛❢♦♥ ❞❛♥s ❬❈▲✵✻❪✱ ✉t✐❧✐s❡♥t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ▼❛r❦♦✈ ❞é✜♥✐ss❛♥t
✉♥❡ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡✱ ♣♦✉r ♦❜t❡♥✐r ❞❡s ♥♦✉✈❡❧❧❡s ❞❡s❝r✐♣t✐♦♥s ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♥♥é❡s
✭s♦✉s✲❡♥s❡♠❜❧❡s ❞❡ R

n✱ ❣r❛♣❤❡s✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ✐❧s ♣❧♦♥❣❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❞♦♥♥é❡s
❞❛♥s ✉♥ ❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ ❞❡ s♦rt❡ q✉❡ ❧❛ ❞✐st❛♥❝❡ ❊✉❝❧✐❞✐❡♥♥❡ ❡♥tr❡ ❧❡s ✐♠❛❣❡s ❞✬✉♥❡ ♣❛✐r❡
❞❡ ♣♦✐♥ts✱ ❞é❝r✐t ❧❡ t❛✉① ❞❡ ❝♦♥♥❡①✐♦♥ ❞❡ ❝❡s ❞❡✉① ♣♦✐♥ts✳ ❈❡❝✐ ❞é✜♥✐t ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s
❞♦♥♥é❡s ✿ ✐❧s ❞♦♥♥❡♥t à ❝❡tt❡ ❞✐st❛♥❝❡ ❧❡ ♥♦♠ ✧❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✧✱ ❡t ❛✉① ❛♣♣❧✐❝❛t✐♦♥s ❧❡

✾



✶✵ Pré❢❛❝❡

❋✐❣✳ ✷ ✕ ❈♦♥tr❡✲❡①❡♠♣❧❡ ❞❡ ❞❡✉① s✉r❢❛❝❡s ✐s♦s♣❡❝tr❛❧❡s ♠❛✐s ♥♦♥ ✐s♦♠étr✐q✉❡s

♥♦♠ ❞✬✧❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❞✐✛✉s✐♦♥s✧✳ ■❧s ❧❡s ❞é❝r✐✈❡♥t ❝♦♠♠❡ ét❛♥t ✧❡①❛❝t❡♠❡♥t✧ ❧❡s ♦✉t✐❧s
q✉✐ ♥♦✉s ♣❡r♠❡tt❡♥t ❞❡ r❡❧✐❡r ❧❡s ♣r♦♣r✐étés s♣❡❝tr❛❧❡s ❞✉ ♣r♦❝❡ss✉s ❞❡ ❞✐✛✉s✐♦♥ ❡t ❧❛
❣é♦♠étr✐❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❞♦♥♥é❡s✳

❘❡❧❛t✐♦♥ ❡♥tr❡ ❧❛ ❞✐✛✉s✐♦♥ ❡t ❧❛ ❣é♦♠étr✐❡

❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡✳ ▲✬♦♣ér❛t❡✉r ❞❡ ❞✐✛✉s✐♦♥ ❛ss♦❝✐é ❛✉ ❧❛♣❧❛❝✐❡♥ ❡st
❧✬♦♣ér❛t❡✉r ❞❡ ❧❛ ❝❤❛❧❡✉r q✉✐ ❡st ✐♥✜♥✐♠❡♥t ré❣✉❧❛r✐s❛♥t ❀ ■❧ ♣♦ssè❞❡ ❞♦♥❝ ✉♥ ♥♦②❛✉ ❞❡ ❝❧❛ss❡
C∞✱ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r q✉✐ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ tr♦✐s ✈❛r✐❛❜❧❡s ✿ ❞❡✉① s♣❛t✐❛❧❡s ❡t ✉♥❡
t❡♠♣♦r❡❧❧❡✳ ❙✐ ♦♥ ❛♣♣❡❧❧❡ K(t, x, y) ❝❡ ♥♦②❛✉✱ ♣♦✉r t > 0 ❡t x, y ∈M ✱ ✐❧ ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥ ✿

(

∆x − ∂

∂t

)

K(t, x, y) = 0 ✭✵✳✵✳✽✮

❛✈❡❝ ❝♦♠♠❡ ❞♦♥♥é❡ ✐♥✐t✐❛❧❡
lim
t→0

K(t, x, y)dx = δy(x)

♣♦✉r t♦✉t y ∈M ✳ ❈❡❝✐ ✈❡✉t ❞✐r❡ q✉❡✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ f s✉r M ✱ ♦♥ ❛

lim
t→0

∫

M

K(t, x, y)f(x)dv(x) = f(y).

▲❛ ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥ s✉r (M, g)✱ ❡st ❞é✜♥✐❡ ♣❛r

D2
t (x, y) =

∫

M

(K(t, x, z) −K(t, y, z))
2
dv(z).

❇✐❡♥ q✉❡ ❧❡ ♥♦♠ ❞❡ ✧❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✧ ❛ été ❞♦♥♥é ♣❛r ❈♦✐❢♠❛♥♥ ❡t ▲❛❢♦♥✱ ❡♥ ✷✵✵✹✱
❞❛♥s ❧❡✉r ❛rt✐❝❧❡ ❬❈▲✵✻❪✶✱ ❝❡tt❡ ♥♦t✐♦♥ ♥✬ét❛✐t ♣❛s t♦✉t à ❢❛✐t ♥♦✉✈❡❧❧❡✳ ❊♥ ❢❛✐t✱ ❞❛♥s ✉♥
tr❛✈❛✐❧ ❞❛t❛♥t ❞❡ ✶✾✾✹✱ P✳ ❇ér❛r❞✱ ●✳ ❇❡ss♦♥ ❡t ❙✳ ●❛❧❧♦t ❬❇❇●✾✹❪ ♦♥t ✉t✐❧✐sé ❧❡ ♥♦②❛✉ ❞❡
❧✬♦♣ér❛t❡✉r ❞❡ ❧❛ ❝❤❛❧❡✉r ♣♦✉r ♣❧♦♥❣❡r t♦✉t❡ ✉♥❡ ❝❧❛ss❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥
♠ê♠❡ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt

l2 = {(aj)j≥1, aj ∈ R, t❡❧s q✉❡
∑

j≥1

|aj |2 < +∞},

✶❧✬❛rt✐❝❧❡ ét❛♥t ♣✉❜❧✐é ❡♥ ✷✵✵✻✳



✶✶

❡t ❡♥ ❞é❞✉✐r❡ ❞❡s t❤é♦rè♠❡ ❞❡ ♣ré❝♦♠♣❛❝✐té✱ ♣♦✉r ❞❡s ✈❛r✐étés C∞✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
s♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ s❛♥s ❜♦r❞✱ ∆ s♦♥ ♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲
❇❡❧tr❛♠✐✳ ❙♦✐❡♥t λ0 < λ1 ≤ λ2 ≤ λ3...ր ∞ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ∆✱ ❡t a = {ϕa

i }i≥1 ✉♥❡
❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✭ré❡❧❧❡s✮ ❞✉ ❧❛♣❧❛❝✐❡♥ ❞❡ ▼✱ ❛❧♦rs ♦♥ ♣❡✉t é❝r✐r❡ ❧❡ ♥♦②❛✉ ❞❡ ❧❛
❝❤❛❧❡✉r s♦✉s ❧❛ ❢♦r♠❡

K(t, x, y) =
∑

i∈N

e−λitϕa
i (x)ϕa

i (y).

❊t ♦♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t

❚❤é♦rè♠❡ ✵✳✵✳✶✶✳ ❬❇❇●✾✹❪▲✬❛♣♣❧✐❝❛t✐♦♥

ψa
t : M → l2

x 7→
√

2(4π)
n
4 t(n+2)/4{e−λjt/2ϕa

j (x)}j≥1

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t > 0✱ ♣♦✉r t♦✉t❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s a✳
❉❡ ♣❧✉s✱ ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡ (ψa

t )∗ ❡st ❛s②♠♣t♦t✐q✉❡ à ❧❛ ♠étr✐q✉❡ g ❞❡ M ✱ q✉❛♥❞
t→ 0✳ P❧✉s ♣ré❝✐sé♠❡♥t

(ψa
t )∗can = g +

t

3

(

1

2
Scalg.g −Ricg

)

+O(t2), q✉❛♥❞ t→ 0+

♦ù Scalg ❡t Ricg s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❡t ❧❡ t❡♥s❡✉r ❝♦✉r❜✉r❡ ❞❡ ❘✐❝❝✐
❞❡ ❧❛ ♠étr✐q✉❡ g✳

❘❡♠❛rq✉❡ ✵✳✵✳✶✷✳ ▲❛ ❝♦♥st❛♥t❡
√

2(4π)
n
4 t(n+2)/4 s❡rt à ❧❛ ♥♦r♠❛❧✐s❛t✐♦♥✱ ❡t ❝❡❝✐ ♣♦✉r

♣♦✉✈♦✐r ❝❛❧❝✉❧❡r ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡✱ ❡t ♣♦✉r ❛✈♦✐r ❧✬✐s♦♠étr✐❡ q✉❛♥❞ t → 0. ❉❡
♣❧✉s✱ r❡♠❛rq✉♦♥s q✉❡ ❝❡ ♣❧♦♥❣❡♠❡♥t ♣❡✉t êtr❡ ✐❞❡♥t✐✜é à ❧✬❛♣♣❧✐❝❛t✐♦♥✱

√
2(4π)

n
4 t(n+2)/4Kt✱

♦ù Kt ❡st ❞é✜♥✐❡ ♣❛r
Kt : (M, g) → L2(M)

x 7→ K

(

t

2
, x, .

)

.

❆❧♦rs✱ ❧❛ ❞✐st❛♥❝❡ ✐♥❞✉✐t❡ ♣❛r ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡ K∗
t ❡st ❧❛ ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✳

▲❡ ❧❛♣❧❛❝✐❡♥ ❛ss♦❝✐é à ✉♥❡ ♠étr✐q✉❡ ❞é♣❡♥❞❛♥t ❞❡ t

❉❛♥s ❧❡s r❡♠❛rq✉❛❜❧❡s tr❛✈❛✉① ré❝❡♥ts ❞❡ ●✳ P❡r❡❧♠❛♥✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❥♦✉❡ ✉♥ ✉♥ rô❧❡
très ✐♠♣♦rt❛♥t✳ P❛r ❡①❡♠♣❧❡✱ ♦♥ ❡st ❛♠❡♥é à ❝♦♥s✐❞ér❡r ❧✬éq✉❛t✐♦♥ ✵✳✵✳✽ ❝✐✲❞❡ss✉s ❛✈❡❝ ✉♥
♦♣ér❛t❡✉r ❧❛♣❧❛❝✐❡♥ q✉✐ ❞é♣❡♥❞ ❞✉ t❡♠♣s ❀ ❝✬❡st ❧❡ ❝❛s s✐ ❧❛ ♠étr✐q✉❡ ❡❧❧❡ ♠ê♠❡ ❞é♣❡♥❞ ❞❡
t✳

❊①❡♠♣❧❡ ✵✳✵✳✶✸✳ ❙✐ S ❡st ✉♥❡ s✉r❢❛❝❡ C∞ ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡ g✱ ❧❡ ✢♦t ❞❡ ❘✐❝❝✐ ❡st
❧❡ ♣r♦❝❡ss✉s q✉✐ ❞é❢♦r♠❡ ❧❛ ♠étr✐q✉❡ g(t)✱ ♦ù t ❡st ❧❡ ♣❛r❛♠ètr❡ ❞❡ t❡♠♣s✱ ♣❛r s❛ ❝♦✉r❜✉r❡
●❛✉ss✐❡♥♥❡ k(t) ✭✐♥❞✉✐t❡ ♣❛r g(t)✮✳ ❈❡tt❡ ❝♦✉r❜✉r❡ é✈♦❧✉❡ s❡❧♦♥ ❧✬éq✉❛t✐♦♥

dgij(t)

dt
= −2k(t)gij(t).

❉❛♥s ❧❡ ❝❛s ❞✉ ✢♦t ❞❡ ❘✐❝❝✐✱ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❝♦✉r❜✉r❡ ●❛✉ss✐❡♥♥❡ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡
❧✬éq✉❛t✐♦♥

(

∆g(t) −
∂

∂t

)

k(t) = (k(t))2.



✶✷ Pré❢❛❝❡

▼❛✐♥t❡♥❛♥t✱ ❝♦♥s✐❞ér♦♥s ✉♥❡ ✈❛r✐été M ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ❖♥ ♠✉♥✐t M ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡
♠étr✐q✉❡s r✐❡♠❛♥♥✐❡♥♥❡s g(t)✱ ♦ù t ∈ [0, T ]✱ T > 0✱ ❡t ♦♥ ❝❤❡r❝❤❡ ✉♥❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡
P ❞❡ ✧❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✧ ✿

(

∆g(t) −
∂

∂t

)

.

❆❧♦rs P ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r {(t, s), 0 ≤ s < t ≤ T} ×M ×M ✱ C1 ♣❛r r❛♣♣♦rt
❛✉① ✈❛r✐❛❜❧❡s ❞❡ t❡♠♣s t, s✱ ❡t ❡st C2 ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s x ❡t y✳ ❊t

{ (

∆g(t) − ∂
∂t

)

P (t, s, x, y) = 0
limt→s P (t, s, x, y)dv0(x) = δy(x).

✭✵✳✵✳✾✮

❉❛♥s ❬❈❈●+❛r❪✱ ❇✳ ❈❤♦✇ ❞é♠♦♥tr❡ q✉❡ P ❡①✐st❡ ❡t ♣❡✉t êtr❡ ❡①♣r✐♠é s♦✉s ❧❛ ❢♦r♠❡

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

t (x,y)

4(t−s)

N
∑

k=0

(t− s)kuk(t, s, x, y) +O((t− s)N−n
2 ), ✭✵✳✵✳✶✵✮

♦ù rt ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ g(t) ❀ ❡t uk s♦♥t ❞❡s ❢♦♥❝t✐♦♥s
C∞ s✉r M ×M ✱ ❡t ❞é♣❡♥❞❛♥ts ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s s ❡t t✳ ❚❛♥❞✐s q✉❡✱ ❞❛♥s ❬●✉❡✵✷❪✱ ❈✳
●✉❡♥t❤❡r ❧✬❡①♣r✐♠❡ s♦✉s ❧❛ ❢♦r♠❡

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

s(x,y)

4(t−s)

N
∑

k=0

(t− s)kuk(t, x, y) +O((t− s)N−n
2 ), ✭✵✳✵✳✶✶✮

♦ù rs ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ g(s) ❀ ❡t ✐❝✐✱ ❧❡s uk s♦♥t ❞❡s
❢♦♥❝t✐♦♥s C∞ s✉rM×M ✱ ❡t ❞é♣❡♥❞❛♥ts ❞✉ ♣❛r❛♠ètr❡ t✳ ❊t ❞❛♥s ❧❡s ❞❡✉① éq✉❛t✐♦♥s ✵✳✵✳✶✵✱
❡t ✵✳✵✳✶✶✱ N > n

2 + 1✱ x, y ∈M ✱ ❡t 0 ≤ s < t ≤ T ✳

Prés❡♥t❛t✐♦♥ ❣é♥ér❛❧❡ ❞✉ ♣r♦❜❧è♠❡ ❡t ❞❡s rés✉❧t❛ts

❯♥❡ q✉❡st✐♦♥ q✉❡ ●✳ ❇❡ss♦♥ ❛ ♣♦sé✱ ❡t ❧✐é❡ à ❬❇❇●✾✹❪ ❡t ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✬✉♥
♣❛r❛♠ètr❡ t✱ ❡st ❧❛ s✉✐✈❛♥t❡ ✿

◗✉❡st✐♦♥ ✶ ✿ ❙♦✐t g(t) ✉♥❡ s♦❧✉t✐♦♥ ❞✉ ✢♦t ❞❡ ❘✐❝❝✐ ❡t P (t; ., .) ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡
❞❡ ❧✬♦♣ér❛t❡✉r✱

(

∆g(t) −
∂

∂t

)

.

P❡✉t✲♦♥ ♣❧♦♥❣❡r ❧❛ ❢❛♠✐❧❧❡ ❞❡ ♠étr✐q✉❡s g(t) ❞❛♥s ✉♥ ♠ê♠❡ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ❡♥ ✉t✐❧✐s❛♥t
❧❡ ♥♦②❛✉ P ❡t ❛✐♥s✐ ré❛❧✐s❡r ❧❡ ✢♦t ❝♦♠♠❡ ✉♥❡ ❞é❢♦r♠❛t✐♦♥ ❞❡ s♦✉s✲✈❛r✐étés ❞✬✉♥ ❡s♣❛❝❡ ❞❡
❍✐❧❜❡rt ❄

❈❡tt❡ q✉❡st✐♦♥ ❛ été ❧❛ ♠♦t✐✈❛t✐♦♥ ❞❡ ❞é♣❛rt ❞❡ ♠❛ t❤ès❡✳ ❆❧♦rs q✉❡ ❥❡ ❝❤❡r❝❤❛✐s à ❧❛
rés♦✉❞r❡✱ ❥✬❛✐ r❡♥❝♦♥tré ✐♠♠é❞✐❛t❡♠❡♥t ✉♥ ♦❜st❛❝❧❡ ✿ ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✉ ♣❧♦♥❣❡♠❡♥t ❛❞♦♣✲
té❡ ♣❛r P✳ ❇ér❛r❞✱ ●✳ ❇❡ss♦♥✱ ❡t ❙✳ ●❛❧❧♦t✱ ❝✐té❡ ❛✉♣❛r❛✈❛♥t✱ ♥✬❡st ♣❛s t♦✉❥♦✉rs ❛❞❛♣té❡ ❛✉
❝❛s ♦ù ❧✬♦♥ ❛ ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s (M, g(t)), t ∈ R✳ ❊♥ ❢❛✐t✱ s✐ ♥♦✉s ❧✬❛♣✲
♣❧✐q✉♦♥s à ❧❛ s✐t✉❛t✐♦♥ ❛❝t✉❡❧❧❡✱ ♥♦✉s ♦❜t❡♥♦♥s ✉♥❡ ❢❛♠✐❧❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞♦♥t ❧✬❡♥s❡♠❜❧❡
❞✬❛rr✐✈é❡ ❞é♣❡♥❞ ❞❡ ❧❛ ♠étr✐q✉❡ g(t)✱ ❞♦♥❝ ✈❛r✐❛❜❧❡ ❡♥ t✳



✶✸

P♦✉r ② r❡♠é❞✐❡r✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡ ❞❡ ❝♦♥s✐❞ér❡r ❧❡ ❝❛s ♦ù ❧❡s ♠❡tr✐q✉❡s g(t) ♦♥t ❧❡ ♠ê♠❡
✈♦❧✉♠❡✱ ❡t ✉t✐❧✐s❡r ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ❞û à ▼♦s❡r ❬▼♦s✻✺❪ ✿

▲❡♠♠❡ ✵✳✵✳✶✹✳ ■❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ C∞ ❞❡ ❞✐✛é♦♠♦r♣❤✐s♠❡s ηt✱ t❡❧❧❡ q✉❡ ht = η∗t gt

h0 = g0✱ ❡t ht ❡st ❞❡ ❢♦r♠❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t✱ ❝✬❡st✲à✲❞✐r❡

dv(ht) = dvg0 = dv0. ✭✵✳✵✳✶✷✮

❖♥ ♦❜t✐❡♥t ✉♥❡ ♥♦✉✈❡❧❧❡ ❢❛♠✐❧❧❡ ❞❡ ♠étr✐q✉❡s h(t)✱ t❡❧❧❡s q✉❡ dvh(t) = dvh(0)✱ ♣♦✉r t♦✉t
t ∈ [0, T ]✱ ❡t L2(M,vh(t)) ❡st ✐♥✈❛r✐❛♥t ❡♥ t✳

❆✐♥s✐✱ ❧❡ ♣r♦❜❧è♠❡ ❞♦♥♥é ❞❛♥s ❧❛ q✉❡st✐♦♥ ✶✱ s✬❡st ré❞✉✐t à ❧❛ q✉❡st✐♦♥ s✉✐✈❛♥t❡ ✿

◗✉❡st✐♦♥ ✷ ✿ ❙♦✐t (M,h(t)), t ∈ [0, T ] ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❝♦♠♣❛❝t❡s✱
t❡❧❧❡s q✉❡ dvh(t) ❡st ✐♥✈❛r✐❛♥t ❡♥ t ∈ [0, T ]✱ ❡t s♦✐t P ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡

∆h(t) −
∂

∂t
,

♦ù P (t, x, y) = P (t, 0, x, y)✳ ❆❧♦rs ❡st ❝❡ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞é✜♥✐❡ ♣❛r

Pt : M → L2(M,vh(0)), t ∈ [0, T ]

x 7→ P (t, x, .)

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t s✉✣s❛♠♠❡♥t ♣❡t✐t ❄

P♦✉r ré♣♦♥❞r❡ à ❧❛ q✉❡st✐♦♥ ✷✱ ❥✬❛✐ été ♥❛t✉r❡❧❧❡♠❡♥t ❛♠❡♥é❡ à ❝❤❡r❝❤❡r ✉♥❡ ❢♦r♠❡
❝♦♥✈❡♥❛❜❧❡✱ ❡t ♣❧✉s ✢❡①✐❜❧❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ s✉r ❝❡tt❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés✳ ❊♥
❢❛✐t✱ ❣râ❝❡ à ❧✬é❣❛❧✐té ✵✳✵✳✶✷✱ ♦♥ ♣❡✉t ❡①♣r✐♠❡r ❝❡tt❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ s♦✉s ✉♥❡ ❢♦r♠❡
♣❛rt✐❝✉❧✐èr❡ ❡t ❥♦❧✐❡✳ ❖♥ ❛ ♥♦tr❡ ♣r❡♠✐❡r rés✉❧t❛t q✉✐ ❡st ❧❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✵✳✵✳✶✺✳ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬♦♣ér❛t❡✉r
(

∆h(t) −
∂

∂t

)

♣❡✉t êtr❡ ❡①♣r✐♠é❡ s♦✉s ❧❛ ❢♦r♠❡

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y) +O(tN−n
2 ), ✭✵✳✵✳✶✸✮

♣♦✉r N > n
2 +1✱ x, y ∈M ✱ ❡t 0 ≤ s < t ≤ T ✱ r ét❛♥t ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt

à ❧❛ ♠étr✐q✉❡ g(0)✱ ❡t ũk✱ k = 0, . . . N s♦♥t ❞❡s ❢♦♥❝t✐♦♥ C∞ s✉r [0, T ] ×M ×M ✳

❯♥ ♦✉t✐❧ ✐♠♣♦rt❛♥t ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ s♦✉s ❧❛ ❢♦r♠❡
❝✐✲❞❡ss✉s✱ ❡t q✉✐ ❡st ❞✬✉♥❡ ✐♠♣♦rt❛♥❝❡ ♣r✐♠♦r❞✐❛❧❡ ❞❛♥s ♥♦tr❡ tr❛✈❛✐❧✱ ❡st ❧❡ ♣❛r❛♠étr✐①
❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ■❝✐✱ ❧❡ ♣❛r❛♠étr✐① ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡

∆h(t) −
∂

∂t
❡st ❧❡ t❡r♠❡ ✐♥t✐❛❧❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✵✳✵✳✶✸✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ s✐ ♦♥ ❧❡ ♥♦t❡ ♣❛r

PN ✱ ❛❧♦rs

PN (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y),

♦ù ❧❡s ũk✱ k = 0, . . . N s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ♣rés❡♥t❡s ❞❛♥s ❧✬éq✉❛t✐♦♥ ✵✳✵✳✶✸✳



✶✹ Pré❢❛❝❡

❖♥ ✐♥t❡r♣rèt❡ ❧❡s ❡st✐♠❛t✐♦♥s s✉r ❧❡ ♣❛r❛♠étr✐① PN ✱ ❡t ❝❡❧❧❡s ❞❡
(

∆h(t) −
∂

∂t

)

PN ✱ ❡t ♦♥

❛ ❧❡ ❞❡✉①✐è♠❡ rés✉❧t❛t s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✵✳✵✳✶✻✳ P♦✉r t♦✉t s ∈ [0, T ]✱ ♦♥ ❛

lim
t→s+

t logP (t, s, x, y) = −r
2(x, y)

4
, ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M. ✭✵✳✵✳✶✹✮

■❧ ❡st ❜✐❡♥ ❝♦♥♥✉ q✉✬✉♥ rés✉❧t❛t ❛♥❛❧♦❣✉❡ ❛ été ♣r♦✉✈é ♣❛r ❱❛r❛❞❤❛♥ ❞❛♥s s❡s ❞❡✉①
❛rt✐❝❧❡s ❬❱❛r✻✼❜❪✱ ❬❱❛r✻✼❛❪✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡ ❡st ✜①❡✳ ■❝✐✱ ♣♦✉r
♦❜t❡♥✐r ❧❛ ❢♦r♠✉❧❡ ✹✳✶✳✶✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡s ❡st✐♠❛t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥
❧✐♥é❛✐r❡✱ ❛♣♣❧✐q✉é❡ ❛✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t s❡s ❝♦♥✈♦❧✉t✐♦♥s✳ ❚❛♥❞✐s
q✉❡ ❞❛♥s ❬❱❛r✻✼❜❪✱ ❧✬❛✉t❡✉r ❛ ✉t✐❧✐sé ❧❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ ▲❛♣❧❛❝❡✱ ❡t ❞❛♥s ❬❱❛r✻✼❛❪✱ ✐❧ ❛
✉t✐❧✐sé ✉♥❡ ♠ét❤♦❞❡ ♣❧✉tôt ♣r♦❜❛❜✐❧✐st❡✳ ◆♦t♦♥s q✉❡ ❧❛ ♠ét❤♦❞❡ ❢❛✐t❡ ❞❛♥s ❝❡tt❡ t❤ès❡✱ ❡st
é❣❛❧❡♠❡♥t ❛♣♣❧✐❝❛❜❧❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ♠étr✐q✉❡ ❡st ✜①❡✳

❏✬❛✐ ❡✉ ❛✉ss✐ ❜❡s♦✐♥ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r q✉❛♥❞ t → s+✱
♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s ❞❛♥s M ❀ ❛❧♦rs ❥✬❛✐ ❝♦♥❥❡❝t✉ré ❧❡ s✉✐✈❛♥t ✿

❈♦♥❥❡❝t✉r❡ ✵✳✵✳✶✼✳ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡
❛❞♠❡t ❧❛ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ s✉✐✈❛♥t❡ ✿

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

(

N
∑

k=0

(t− s)kũk(s, x, y) + Υ(t, s, x, y)

)

q✉❛♥❞ t→ s+✱ ❡t ♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s ❞❛♥s M ✱ ❡t ♣♦✉r t♦✉t N ∈ N✱ ♦ù

Υ(t, s, x, y) = O((t− s)N ),

❡t
∣

∣

∣

∣

∂

∂xi
Υ(t, s, x, y)

∣

∣

∣

∣

= O((t− s)N−1), ♣♦✉r t♦✉t i = 1, . . . n,

♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s ❞❛♥s M ✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❛✉t♦✉r

❞❡ x✳

❉❛♥s ❧❡ ❜✉t ❞❡ ❞é♠♦♥tr❡r ❝❡tt❡ ❝♦♥❥❡❝t✉r❡✱ ❥✬❛✐ ét✉❞✐é ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡
❛♥❛❧♦❣✉❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été ❝♦♠♣❛❝t❡ M ❡st ♠✉♥✐❡ ❞✬✉♥❡ ♠étr✐q✉❡ ✜①❡✳ P❧✉s✐❡✉rs
❛✉t❡✉rs ❝✐t❡♥t ❬❇●▼✼✶❪✱ ❡t ❬❈❤❛✽✹❪✱ ❝♦♠♠❡ ét❛♥t ❧❡s ré❢ér❡♥❝❡s ♦ù ❧✬♦♥ ❛ ❞é♠♦♥tré ❝❡
rés✉❧t❛t ❛♥❛❧♦❣✉❡✳ ❖r ❝❡❝✐ ❡st ❢❛✉① ✿ ❉✬❛❜♦r❞ ❞❛♥s ❬❇●▼✼✶❪✱ ❇❡r❣❡r ♥✬❡ss❛✐❡ ♠ê♠❡ ♣❛s
❞❡ ❧❡ ❞é♠♦♥tr❡r✱ ❡t ♣✉✐s✱ ❞❛♥s ❬❈❤❛✽✹❪✱ ❧❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❢❛✉ss❡✳ ❈❡❝✐ ♥❡ ✈❡✉t ♣❛s
❞✐r❡ q✉❡ ❝❡ rés✉❧❛t ❡st ❢❛✉①✳ ❊♥ ❢❛✐t✱ ❞❛♥s ❬❑❛♥✼✼❪✱ ❑❛♥♥❛✐ ❞é♠♦♥tr❡ ❝❡tt❡ ❢♦r♠✉❧❡ ❡♥
✉t✐❧✐s❛♥t ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ w ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s ∆ − ∂2

∂t2 ✱ ❣râ❝❡ à ❧❛ ❢♦r♠✉❧❡
❞❡ ✧tr❛♥s♠✉t❛t✐♦♥✧ ✿

K(t, x, y) =
1

(4πt)
n
2

∫ ∞

−∞

e−
s2

4t w(s, x, y)ds.

▼❛✐s✱ ♣♦✉r ❧✬❛♣♣❧✐q✉❡r à ♥♦tr❡ ❝❛s✱ ♦♥ ❞♦✐t s❛✈♦✐r ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ éq✉❛t✐♦♥
❞✬♦♥❞❡ s❡♠✐✲❧✐♥é❛✐r❡ ❡t ♣❧✉s ❝♦♠♣❧✐q✉é❡✱ ❝❡ q✉✐ ét❛✐t✱ ♣♦✉r ♠♦✐✱ ❥✉sq✉✬à ❝❡ ♠♦♠❡♥t ❞✐✣❝✐❧❡
à ❢❛✐r❡✳



✶✺

▲❛ ❞é♠❛r❝❤❡ ❛❜♦r❞é❡ ❞❛♥s ❧❛ ❞é♠♦♥str❛t✐♦♥✱ ❞❡♣✉✐s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛✲
♠❡♥t❛❧❡✱ ❥✉sq✉✬à ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ♣❧♦♥❣❡♠❡♥t ✭s♦✉s ❝♦♥❞✐t✐♦♥ q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✶✼
s♦✐t ✈r❛✐❡✮✱ ❛ été ♠♦t✐✈é❡ ♣❛r ❧❡s ❞❡✉① ❛rt✐❝❧❡s ❬▼♦r✻✷❛❪✱ ❡t ❬▼♦r✻✷❜❪✳ ❉❛♥s ❝❡s ❞❡✉① ❛rt✐❝❧❡s✱
❧✬❛✉t❡✉r ❝♦♥s✐❞èr❡ ❞❡✉① ✈❛r✐étés M ❡t N ❞❡ ❝❧❛ss❡ Cs✱ q✉✐ s♦♥t ❞❡s ré✉♥✐♦♥s ❞é♥♦♠❜r❛❜❧❡s
❞❡ ❝♦♠♣❛❝t❡s✱ ❡t N ❝♦♥♥❡①❡✳ ■❧ ♥♦t❡ ♣❛r Homs(M,N) ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❝❧❛ss❡
Cs ❞❡ M ❞❛♥s N ✱ ❡t ✐❧ ❞é♠♦♥tr❡ ❧❡ ❝♦r♦❧❧❛✐r❡ s✉✐✈❛♥t ✿

❈♦r♦❧❧❛✐r❡ ✵✳✵✳✶✽✳ ✭❬▼♦r✻✷❜❪✱ ♣❛❣❡ ✸✱ ❈♦r♦❧❧❛✐r❡ ✷✮ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♣❧♦♥❣❡♠❡♥ts ✭❛♣♣❧✐✲
❝❛t✐♦♥s ♣r♦♣r❡s ❡t ✐♥❥❡❝t✐✈❡s ❡t q✉✐ s♦♥t ❞❡s ✐♠♠❡rs✐♦♥s ❧♦❝❛❧❡s✮ ❞❡ M ❞❛♥s N ❡st ✉♥ ♦✉✈❡rt
❞❡ Homs(M,N) ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ Cs ✭❈❡t ♦✉✈❡rt ♣❡✉t êtr❡ é✈✐❞❡♠♠❡♥t ✈✐❞❡✮✳

❙✐ ♦♥ é♥♦♥❝❡ ❧❡ ❝♦r♦❧❧❛✐r❡ ❝✐✲❞❡ss✉s ❡♥ s❡ s❡r✈❛♥t ❞❡s s✉✐t❡s ❞❛♥s Homs(M,N)✱ ♦♥ ❛

❈♦r♦❧❧❛✐r❡ ✵✳✵✳✶✾✳ ❙♦✐t f : M → N ✉♥ ♣❧♦♥❣❡♠❡♥t✱ ❡t {fk}k ✉♥❡ s✉✐t❡ ❞❛♥s Homs(M,N)✱
t❡❧❧❡ q✉❡ {fk}k ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t ✈❡rs f ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ Cs✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ k0 ∈ N

∗✱
t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t k > k0✱ fk ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s N ✳

P❧❛♥ ❞❡ ❧❛ t❤ès❡

❱♦✐❝✐ ♠❛✐♥t❡♥❛♥t ✉♥ rés✉♠é ♣❧✉s ❞ét❛✐❧❧é ❞❡s tr❛✈❛✉① ♣rés❡♥tés ❞❛♥s ❝❡ ♠é♠♦✐r❡ ✿

❈❤❛♣✐tr❡ ✶ ✿ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ ♣rés❡♥t❡r q✉❡❧q✉❡s ♥♦t✐♦♥s ❝❧❛ss✐q✉❡s ❞❡ ❣é♦♠étr✐❡
r✐❡♠❛♥♥✐❡♥♥❡ q✉✐ ♥♦✉s s❡r✈✐r♦♥t ♣♦✉r ✉♥❡ ♠❡✐❧❧❡✉r❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞✉ ❝♦♥t❡①t❡ ❞❡ ❝❡tt❡
t❤ès❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✶✱ ❖♥ r❛♣♣❡❧❧❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧✬♦♣ér❛t❡✉r ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐✱ ❛✐♥s✐
q✉❡ ❝❡❧❧❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r q✉✐ ❧✉✐ ❡st ❛ss♦❝✐é✳ ❈❡s ❞❡r♥✐❡rs s♦♥t ❞❡s s✉❥❡ts ❞❡ ❜❛s❡
♣♦✉r ❝❡ tr❛✈❛✐❧✳ ❖♥ r❛♣♣❡❧❧❡ ❛✉ss✐ ❧❡s rés✉❧t❛ts ❝❧❛ss✐q✉❡s ❞❡ ❣é♦♠étr✐❡ s♣❡❝tr❛❧❡ ❞♦♥t ♥♦✉s
❛✉r♦♥s ❜❡s♦✐♥ ♣❛r ❧❛ s✉✐t❡✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✷✱ ♦♥ ❞♦♥♥❡ ✉♥❡ ✐❞é❡ s✉r ❧❛ ❝♦♥str✉❝t✐♦♥
❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ ❡t ❧❛ ❧✐❛✐s♦♥ ❡♥tr❡ ❧❛
❣é♦♠étr✐❡ ❞❡ ❧❛ ✈❛r✐été ❡t s❡s ♣r♦♣r✐étés s♣❡❝tr❛❧❡s✳ ▲❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥ ❡st ❝♦♥s❛❝ré❡ ❛✉
❧❡♠♠❡ ❞❡ ▼♦s❡r✱ ❡t s❡s ❛♣♣❧✐❝❛t✐♦♥s q✉✐ s♦♥t ✐♥❞✐s♣❡♥s❛❜❧❡s ❞❛♥s ♥♦tr❡ ♥♦tr❡ t❤ès❡✳

❈❤❛♣✐tr❡ ✷ ✿ P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés
❞❡ ❞✐✛✉s✐♦♥

❈❡ ❝❤❛♣✐tr❡ ❡st ❝♦♥s❛❝ré à é♥♦♥❝❡r ❧❡s ♣❧♦♥❣❡♠❡♥ts ❞é❥à ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡
❡t ❧❡✉rs ✉t✐❧✐tés✳ ❉❛♥s ❧❛ ♣r❡♠✐èr❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ❡①♣❧✐q✉❡ ♣♦✉rq✉♦✐ ❧❡s ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ s♦♥t ✉t✐❧❡s✳ ❉❛♥s ❧❛ ❞❡✉①✐è♠❡ s❡❝t✐♦♥✱ ♦♥ é♥♦♥❝❡
❧❡s ♣❧♦♥❣❡♠❡♥ts ❞❡ ✈❛r✐ét✬❡s r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞✬✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s
❞✉ ❧❛♣❧❛❝✐❡♥✳ ❉❛♥s ❧❛ tr♦✐s✐è♠❡ s❡❝t✐♦♥✱ ♦♥ ❞é✜♥✐t ❧❡s ♣❧♦♥❣❡♠❡♥ts ❡t ❧❡s ❞✐st❛♥❝❡s ❞❡
❞✐✛✉s✐♦♥ ✿ ♦♥ ❝♦♠♣r❡♥❞ ❜✐❡♥ ❞❛♥s ❝❡tt❡ s❡❝t✐♦♥ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r
❡t ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ✈❛r✐été✳ ❉❛♥s ❧❛ s❡❝t✐♦♥ ✷✳✹✱ ♦♥ ✈♦✐t ❝♦♠♠❡♥t ❝♦♥str✉✐r❡ ❞❡s ❝❛rt❡s
❧♦❝❛❧❡s ♣♦✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ à ❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❡t ❞✉ ♥♦②❛✉ ❞❡ ❧❛
❝❤❛❧❡✉r✳ ❉❛♥s ❧❛ s✉✐t❡✱ ♦♥ ♠✉♥✐t ❧❛ ✈❛r✐été M ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♠étr✐q✉❡s r✐❡♠❛♥♥✐❡♥♥❡s
g(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ t✱ ❡t ♦♥ ❣é♥ér❛❧✐s❡ ❧❡s t❤é♦rè♠❡s ❡♥♦♥❝és ❞❛♥s ❧❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✱
❧♦rsq✉❡ ❝✬❡st ♣♦ss✐❜❧❡✱ ❛✉ ❝❛s ♦ù ❧❡ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞ ❞✉ ♣❛r❛♠ètr❡ t✳
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❈❤❛♣✐tr❡ ✸ ✿ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ❢♦r♠❡ ✈♦✲
❧✉♠❡ ❝♦♥st❛♥t❡

◆♦tr❡ ♦❜❥❡❝t✐❢ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❡st ❞✬ét✉❞✐❡r ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ s✉r ✉♥❡ ❢❛♠✐❧❧❡
❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❝♦♠♣❛❝t❡s (M,h(t))✱ t ∈ [0, T ]✱ ❡t ❞❡ ❞é♠♦♥tr❡r ❧❡ t❤é♦rè♠❡
✵✳✵✳✶✺✳ ❉✬❛❜♦r❞✱ ♦♥ ❞♦♥♥❡ ❧❛ ❢♦r♠❡ ❞✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✬✉♥ ♣❛r❛♠ètr❡ t ❛✉ ✈♦✐s✐♥❛❣❡
❞❡ t = 0✳ P✉✐s ♦♥ ✐♥tr♦❞✉✐t ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

SN (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kuk(s, x, y),

♦ù uk s♦♥t ❞❡s ❢♦♥❝t✐♦♥ C∞✱ ❞é✜♥✐❡s ✉♥✐q✉❡♠❡♥t s✉r

Uρ = {(x, y) ∈M ×M ; r(x, y) < ρ},

ρ ét❛♥t ❧❡ r❛②♦♥ ❞✬✐♥❥❡❝t✐✈✐té ❞❡ ❧❛ ✈❛r✐été M ✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✳ ❈❡❝✐ ♣❡✉t
êtr❡ ❡①♣❧✐q✉é ❜r✉t❛❧❡♠❡♥t ♣❛r ❧✬✐♥t✉✐t✐♦♥ q✉❡ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été ❛❞♠❡t
✉♥ ❝♦♠♣♦rt❡♠❡♥t s❡♠❜❧❛❜❧❡ ❛✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❊✉❝❧✐❞✐❡♥✳ ❖♥ ✐♥tr♦❞✉✐t ✉♥❡ ❢♦♥❝t✐♦♥
❝♦✉♣✉r❡ η✱ ❞♦♥t ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ tr❛♥❢♦r♠❡r SN ❡♥ ✉♥❡ ❢♦♥❝t✐♦♥ C∞ s✉r t♦✉t M ×M ✱ ❡t
♦♥ ❞é♠♦♥r❡ q✉❡ PN = ηSN ❡st ❧❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✳ ❖♥
❞♦♥♥❡ ❧❛ ❢♦r♠✉❧❡ ❡①❛❝t❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① PN ✱ ❡t ❞❡
s❡s ❝♦♥✈♦❧✉t✐♦♥s✳ ▲❡s ❡st✐♠❛t✐♦♥s s✉r ❝❡s ❞❡r♥✐❡rs ♥♦✉s ❛♠è♥❡♥t à ❞é♠♦♥tr❡r ❧❡ t❤é♦rè♠❡
✵✳✵✳✶✺✳

❈❤❛♣✐tr❡ ✹ ✿ P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡
❞❡ ❍✐❧❜❡rt à ❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ ré♣♦♥❞r❡ à ❧❛ q✉❡st✐♦♥ ✷ ✳ ▲❡ ♣r♦❝❡ss✉s ❛②❛♥t ❝♦♠♠❡♥❝é
❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✱ ❡♥ ❝❤❡r❝❤❛♥t ✉♥❡ ❢♦r♠❡ ❝♦♥✈❡♥❛❜❧❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P ✱ ♦♥
❝♦♥t✐♥✉❡ à ét✉❞✐❡r ❞❡s ❡st✐♠❛t✐♦♥s ♣❧✉s ✜♥❡s ❞✉ ♣❛r❛♠étr✐① PN ✱ ❡t ❞❡ s❡s ❝♦♥✈♦❧✉t✐♦♥s✱
♣♦✉r ❞é♠♦♥tr❡r ❧❡ t❤é♦rè♠❡ ✵✳✵✳✶✻✳

▲❡ t❤é♦rè♠❡ ✵✳✵✳✶✻ ♥♦✉s ♣❡r♠❡t ❞❡ ❞é♠♦♥tr❡r q✉❡ ❧❛ s✉✐t❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s {t logPt}t

❝♦♥✈❡r❣❡ ❞❛♥s L2(M,vh(0)) ✈❡rs ❧✬❛♣♣❧✐❝❛t✐♦♥ R ❞é✜♥✐❡ ♣❛r

R : M → L2(M,vh(0))

x 7→ −r
2(x, .)

4
.

▲❛ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✶✼ ♥♦✉s ❛♠è♥❡ à ❞é✜♥✐r ❧❛ ❢❛♠✐❧❧❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s ❞❡ Ωp ❞❛♥s L2(Ωp, vh(0))✱
❞é✜♥✐❡s ♣❛r

(t logPt)Ωp(x) = t logP (t, x, .), x ∈ Ωp, t ∈ [0, T ],

❡t

RΩp(x) = −r
2(x, .)

4
,

♦ù Ωp ❡st ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ p ∈ M ✳ ❖♥ ❞é♠♦♥tr❡ q✉❡ s✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✶✼ ❡st ✈r❛✐❡✱
❛❧♦rs ♣♦✉r t♦✉t x ∈ Ωp✱ V ∈ T 1

xM ✱ ❧❛ s✉✐t❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s dx(t logPt)Ωp(V ) ❝♦♥✈❡r❣❡ ❞❛♥s
L2(Ωp, dvh(0)) ✈❡rs dxRΩp

(V )✳ ❆✐♥s✐✱ ♦♥ ❛ ❧❡s ♦✉t✐❧s ♥❡❝❡ss❛✐r❡s ♣♦✉r ré♣♦♥❞r❡ à ❧❛ q✉❡st✐♦♥
✷✳ ❖♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿
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❚❤é♦rè♠❡ ✵✳✵✳✷✵✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✵✳✵✳✶✼ ❡st ✈r❛✐❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ ξ > 0✱ t❡❧ q✉❡ ❧✬❛♣♣❧✐✲
❝❛t✐♦♥

Pt : M → L2(M,vh(0))
x 7→ P (t, x, .)

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t < ξ✳

❖♥ ❞é♠♦♥tr❡ ❡♥s✉✐t❡ q✉❡ ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ♥♦r♠❛❧✐sé❡

Ψt(x) := (4π)
n
4 (2t)

n
4 +1Pt(x)

❡st ❛s②♠♣t♦t✐q✉❡ à h(0)✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ♠étr✐q✉❡ ❞❛♥s ❧❡ t❤é♦rè♠❡ ✵✳✵✳✶✶✳

❆ ❧❛ ✜♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ ❧❛ ❢❛♠✐❧❧❡ (M,h(t))✱ ❡t ♣❛r s✉✐t❡ (M, g(t)) ✭❧❛
❢❛♠✐❧❧❡ ❞❡ ❞é♣❛rt✮✱ ♣❡✉✈❡♥t êtr❡ ♣❧♦♥❣é❡s ❞❛♥s l2✱ ❛✈❡❝ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ P ✱ ❞❛♥s ❧❛ ❜❛s❡
❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0) = ∆h(0) ❛✉ ♠♦✐♥s ♣♦✉r ❧❡s t❡♠♣s ♣❡t✐ts✳
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❈❤❛♣✐tr❡ ✶

Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡
r✐❡♠❛♥♥✐❡♥♥❡

❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ n✳ ❚♦✉t ❛✉ ❧♦♥❣ ❞❡ ♥♦tr❡ tr❛✈❛✐❧✱
♦♥ s✉♣♣♦s❡ q✉❡ ❧❡s ✈❛r✐étés s♦♥t ❞❡ ❞✐♠❡♥s✐♦♥ ❛✉ ♠♦✐♥s 2✱ ♠✉♥✐❡s ❞✬✉♥❡ str✉❝t✉r❡ ❞✐✛ér❡♥✲
t✐❡❧❧❡ ❞❡ ❝❧❛ss❡ C∞✳ ❖♥ s✉♣♣♦s❡ ❛✉ss✐ q✉✬❡❧❧❡ s♦♥t ❝♦♥♥❡①❡s ❡t ❝♦♠♣❧èt❡s✳ ▲❡s ♣r♦♣r✐étés
❞✐✛ér❡♥t✐❡❧❧❡s ❞❡s ❢♦♥❝t✐♦♥s ❡t t❡♥s❡✉rs s✉r M s❡ r❛♣♣♦rt❡r♦♥t à ❝❡tt❡ str✉❝t✉r❡✳ ❖♥ s✉♣✲
♣♦s❡ q✉❡ ♥♦tr❡ ❧❡❝t❡✉r ❝♦♥♥❛✐t ❧❡s ❜❛s❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡✳ P♦✉r ✉♥❡ ♣rés❡♥t❛t✐♦♥
❞❡ ❝❡s ♥♦t✐♦♥s✱ ♦♥ ♣❡✉t s❡ ré❢ér❡r à ❬●❍▲✵✹❪✳

▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ r❡♣rés❡♥t❡r ❧❡ ❝♦♥t❡①t❡ ❞❛♥s ❧❡q✉❡❧ s❡ s✐t✉❡ ❧❛ t❤ès❡✳ ❖♥
r❛♣♣❡❧❧❡ q✉❡❧q✉❡s ❞é✜♥t✐♦♥s ❞♦♥t ♦♥ ❛ ❜❡s♦✐♥ ❞❛♥s ♥♦tr❡ ♠é♠♦✐r❡✱ ❡t q✉❡❧q✉❡s rés✉❧t❛ts
st❛♥❞❛r❞s ❞❡ ❧❛ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ❡t ❞❡ ❧❛ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡✳ ❖♥ ✐♥s✐st❡ s✉rt♦✉t à ❧❛
❧✐❛✐s♦♥ ❡♥tr❡ ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ✈❛r✐été✱ ❡t s❡s ♣r♦♣r✐étés s♣❡❝tr❛❧❡s✳

✶✳✶ ❊❧é♠❡♥ts ❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡

✶✳✶✳✶ ❖♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐

▲✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ❡st ✉♥ ♦♣ér❛t❡✉r ❞✐✛ér❡♥t✐❡❧ ❞❡ s❡❝♦♥❞ ❞❡❣ré✱ ❛tt❛❝❤é
✐♥tr✐♥sèq✉❡♠❡♥t àM ✳ ❖♥ ♣❡✉t ❧✉✐ ❞♦♥♥❡r ♣❧✉s✐❡✉rs ❞é✜♥✐t✐♦♥s éq✉✐✈❛❧❡♥t❡s✳ ❖♥ ❝♦♠♠❡♥❝❡
❛✈❡❝ ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡ ✿

❈♦♠♠❡ ♦♥ ♣❡✉t ❞é✜♥✐r ✉♥❡ ❞ér✐✈❛t✐♦♥ s❡❝♦♥❞❡ ✐♥tr✐♥sèq✉❡ s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥✲
♥✐❡♥♥❡ à ❧✬❛✐❞❡ ❞❡ s❛ str✉❝t✉r❡ ♠étr✐q✉❡ ✭❝❡ q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ♣♦✉r ✉♥❡ ✈❛r✐été ❛✈❡❝
✉♥✐q✉❡♠❡♥t ✉♥❡ str✉❝t✉r❡ ❞✐✛ér❡♥t✐❡❧❧❡✮✱ ♦♥ ♣❡✉t ❞é✜♥✐r✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ f ∈ C2(M)✱
❧❡ ❍❡ss✐❡♥ ❞❡ f ✱ ❝♦♠♠❡ ét❛♥t ❧❛ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❜✐❧✐♥é❛✐r❡ s②♠étr✐q✉❡ ❢♦r♠é❡ ♣❛r ❧❡s
❞ér✐✈é❡s s❡❝♦♥❞❡s ❞❡ f ✳ ❊♥ ❢❛✐t✱ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ D✱ ❧❡ ❍❡ss✐❡♥ ❞❡ f ❡st
❞é✜♥✐ ♣❛r

Hessf = Ddf.

P♦✉r ❛✈♦✐r ✉♥❡ ❢♦♥❝t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❝❡ ❍❡ss✐❡♥✱ ♦♥ ❛ ❥✉st❡ ❜❡s♦✐♥ ❞❡ ♣r❡♥❞r❡ ❧❛ tr❛❝❡ ♣❛r
r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ g✳

∆f = tracegHessf.

✶✾



✷✵ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

P✉✐sq✉❡ ❧❡ ❧♦♥❣ ❞❡s ❣é♦❞és✐q✉❡s✱ ❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ s❡❝♦♥❞❡ ❝♦ï♥❝✐❞❡ ❛✈❡❝ ❧❛ ❞ér✐✈é❡
s❡❝♦♥❞❡ ♥✉♠ér✐q✉❡✱ ♦♥ ❞é✜♥✐t ❧❡ ❧❛♣❧❛❝✐❡♥ ❞❡ f ✱ ❡♥ ✉♥ ♣♦✐♥t m✱ ❝♦♠♠❡ ét❛♥t

∆f =

n
∑

i=1

d2

dt2
f(γi(t))|t=0,

♦ù γi s♦♥t ❧❡s ❣é♦❞és✐q✉❡s ❡♥ m✱ ❞♦♥t ❧❡s ✈é❧♦❝✐tés ❢♦r♠❡♥t ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ♦r✲
t❤♦♥♦r♠❛❧❡s ❞❡ TmM ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❛✉ ❝❡♥tr❡ m ❞✬✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ♥♦r♠❛❧❡s✱
♦♥ ❛

∆f =

n
∑

i=1

∂2

∂x2
i

f(m).

❉❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s q✉❡❧❝♦♥q✉❡✱ ♦♥ tr♦✉✈❡

∆f =
1

√

detgij

n
∑

i,j=1

∂

∂xi

(

√

❞❡t ❣ijg
ij ∂f

∂xj

)

,

♦ù gij s♦♥t ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ ✐♥✈❡rs❡ à ❧❛ ♠❛tr✐❝❡ (gij).

P♦✉r ✉♥❡ ❛✉tr❡ ❡①♣r❡ss✐♦♥ ✉t✐❧❡ ❞❡ ❧✬♦♣ér❛t❡✉r ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡s ❞é✜♥✐✲
t✐♦♥s s✉✐✈❛♥t❡s ✿

❉é✜♥✐t✐♦♥ ✶✳✶✳✶✳ ✭●r❛❞✐❡♥t ❛ss♦❝✐é à ✉♥❡ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡✮▲❡ ❣r❛❞✐❡♥t ❞✬✉♥❡ ❢♦♥❝✲
t✐♦♥ ✭❞✐s♦♥s ❧✐ss❡✮ ❢ ❡st ❧✬✉♥✐q✉❡ ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs✱ ♥♦té ∇f ✱ t❡❧ q✉❡

g(X,∇f) = df(X)

♣♦✉r t♦✉t ❝❤❛♠♣ ❞❡ ✈❡❝t❡✉rs X✳ ❊♥ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s✱

∇f =

n
∑

i=1





n
∑

j=1

gij ∂f

∂xj





∂

∂xi
.

❉é✜♥✐t✐♦♥ ✶✳✶✳✷✳ ✭❉✐✈❡r❣❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣s ❞❡ ✈❡❝t❡✉rs✮ ▲❛ ❞✐✈❡r❣❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣s X✱
❡st ❞♦♥♥é❡ ♣❛r

div(X) = gij∇iXj .

❉é✜♥✐t✐♦♥ ✶✳✶✳✸✳ ❙✐ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ C2 s✉r ▼✳ ▲❡ ❧❛♣❧❛❝✐❡♥ ❞❡ f ♣❡✉t êtr❡ ❡①♣r✐♠é
♣❛r

∆f = div∇f.

◆♦t♦♥s q✉❡ ♣♦✉r f, h ∈ C2(M)✱ ♦♥ ❛ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✳ ∆(f + h) = ∆f + ∆h✳

✷✳ h.div(∇f) = h∆f + 〈∇f,∇h〉✳
✸✳ ∆(fh) = h∆f + 2 〈∇f,∇h〉 + f∆h✳



✶✳✶ ❊❧é♠❡♥ts ❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ✷✶

P♦✉r ❢❛❝✐❧✐t❡r ♥♦tr❡ tâ❝❤❡ ❞❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❧❡s ❝❤❛♣✐tr❡s s✉✐✈❛♥ts✱ ♦♥ ✈❛
❝✐t❡r ❞❡✉① t❤é♦rè♠❡s ❧✐és à ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ✿

❚❤é♦rè♠❡ ✶✳✶✳✹✳ ✭❚❤é♦rè♠❡ ❞❡ ❙t♦❦❡s✮ ❙♦✐t X ✉♥ ❝❤❛♠♣s ❞❡ ✈❡❝t❡✉r C∞ s✉r M ✱ ❡t ν
✉♥ ✈❡❝t❡✉r ♥♦r♠❛❧ ✉♥✐t❛✐r❡ à ∂M ✱ ❞✐r✐❣é ✈❡rs ❧✬❡①tér✐❡✉r ✭ ❉❛♥s ❧❡ ❝❛s ♦ù ∂M 6= ∅✮✳ ❆❧♦rs

∫

M

div(X)dv(x) =

∫

∂M

〈X, ν〉 dA(x)

♦ù dA ❡st ❧❛ ❢♦r♠❡ ✈♦❧✉♠❡ s✉r ❧❡ ❜♦r❞ ❞❡ ∂M ✱ ❛ss♦❝✐é❡ à ❧❛ ♠étr✐q✉❡ ✐♥❞✉✐t❡✳

❚❤é♦rè♠❡ ✶✳✶✳✺✳ ✭■❞❡♥t✐tés ❞❡ ●r❡❡♥✮ ❙♦✐t f, h ∈ C∞(M)✱ ❛❧♦rs

✶✳ ✭♣r❡♠✐èr❡ ✐❞❡♥t✐té ❞❡ ●r❡❡♥✮
∫

M

(f(x)∆h(x) + 〈∇f,∇h〉) dv(x) =

∫

∂M

f(x)
∂h

∂ν
(x)dA(x)

♦ù
∂h

∂ν
❡st ❧❛ ❞ér✐✈é❡ ❞✐r❡❝t✐♦♥❡❧❧❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞❡ ν✱ ❡♥ ✉♥ ♣♦✐♥t ❞❡ ∂M ✳

✷✳ ✭❞❡✉①✐è♠❡ ✐❞❡♥t✐té ❞❡ ●r❡❡♥✮

∫

M

(h(x)∆f(x) − f(x)∆h(x)) dv(x) =

∫

∂M

(

h(x)
∂f

∂ν
(x) − f(x)

∂h

∂ν
(x)

)

dA(x).

✶✳✶✳✷ ▲❡ s♣❡❝tr❡✱ ❡t ❧❡s ❢♦♥❝t✐♦♥ ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥

❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✳ ❈♦♥s✐❞ér♦♥s ❧❡ ♣r♦❜❧è♠❡ s✉✐✈❛♥t ✿

∆ϕ+ λϕ = 0. ✭✶✳✶✳✶✮

❈❡ q✉✐ r❡✈✐❡♥t à tr♦✉✈❡r t♦✉s ❧❡s ♥♦♠❜r❡s λ✱ ♣♦✉r ❧❡s q✉❡❧❧❡s ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ♥♦♥
tr✐✈✐❛❧❡ ϕ ∈ C∞(M)✳ ❈❡s ♥♦♠❜r❡s λ s♦♥t ❛♣♣❡❧és ✈❛❧❡✉rs ♣r♦♣r❡s ❞✉ ♣r♦❜❧è♠❡ ✶✳✶✳✶✳ ▲❡s
❢♦♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞❛♥t❡s s♦♥t ❛♣♣❡❧é❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐és à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ✳

❉❛♥s ❬❇ér✽✻❪✱ ❡t ❬❈❤❛✽✹❪✱ P✳ ❇ér❛r❞ ❡t ■✳ ❈❤❛✈❡❧ ❧✐st❡♥t tr♦✐s ♣r♦❜❧è♠❡s ❞❡ ✈❛❧❡✉rs
♣r♦♣r❡s ✿

✶✳ Pr♦❜❧è♠❡ ❞❡ ❉✐r✐❝❤❧❡t ✿
{

∆ϕ+ λϕ = 0 s✉r M
ϕ = 0 s✉r ∂M

✷✳ Pr♦❜❧è♠❡ ❞❡ ◆❡✉♠❛♥♥ ✿
{

∆ϕ+ λϕ = 0
∂ϕ
∂ν = 0 s✉r ∂M.

♦ù ν ❡st ✉♥ ✈❡❝t❡✉r ♥♦r♠❛❧ ✉♥✐t❛✐r❡ à

∂M ✱ ❡t ❞✐r✐❣é ✈❡rs ❧✬❡①t❡r✐❡✉r✳

✸✳ Pr♦❜❧è♠❡ ❢❡r♠é ✿∆ϕ+ λϕ = 0 ✭♣❛s ❞❡ ❜♦r❞ ❞❛♥s ❝❡ ❝❛s✱ ❛❧♦rs ♣❛s ❞❡ ❝♦♥❞✐t✐♦♥s ❛✉
❜♦r❞✮✳

❚❤é♦rè♠❡ ✶✳✶✳✻✳ ✭P✳❇ér❛r❞ ❬❇ér✽✻❪✮ ❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✳
❖♥ ❛

✭✐✮ ▲✬❡♥s❡♠❜❧❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✉ ♣r♦❜❧è♠❡ ♣❡✉t êtr❡ ❛rr❛♥❣é s✉✐✈❛♥t ✉♥❡ s✉✐t❡ ❞✐s❝rèt❡

(0 ≤)λ0 ≤ λ1 ≤ ...→ ∞.

✭✐✐✮ P♦✉r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ◆❡✉♠❛♥♥ ❡t ❧❡ ♣r♦❜❧è♠❡ ❢❡r♠é✱ λ0 = 0✳ ❚❛♥❞✐s q✉❡ ♣♦✉r ❧❡
♣r♦❜❧è♠❡ ❞❡ ❉✐r✐❝❤❧❡t✱ λ0 > 0✳



✷✷ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

✭✐✐✐✮ ❈❤❛❝✉♥❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s λi ❡st ré♣été❡ s❡❧♦♥ s❛ ♠✉❧t✐♣❧✐❝✐té✱ ❡t ❧✬❡s♣❛❝❡ ♣r♦♣r❡
❛ss♦❝✐é Eλi

❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ é❣❛❧❡ à ❧❛ ♠✉❧t✐♣❧✐❝✐té ❞❡ λi✳ ❉❡ ♣❧✉s✱ ❧❡s ❡s♣❛❝❡s
♣r♦♣r❡s ❝♦rr❡s♣♦♥❞❛♥ts à ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✐st✐♥❝t❡s s♦♥t ❞❡✉① à ❞❡✉① ♦rt❤♦❣♦♥❛❧❡s
❞❛♥s L2(M, vg)✳

✐✈ L2(M,vg) ❛❞♠❡t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆✳

❘❡♠❛rq✉❡ ✶✳✶✳✼✳ ❖♥ ❞é✜♥✐t L2(M, vg) ❝♦♠♠❡ ❧✬❡s♣❛❝❡ ♠❡s✉r❛❜❧❡ ❞❡s ❢♦♥❝t✐♦♥s s✉r
(M, g)✱ t❡❧❧❡s q✉❡

∫

M

|f(x)|2dv(x) <∞.

❆❧♦rs L2(M,vg) ❡st ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt✱ ❡t s♦♥ ♣r♦❞✉✐t ✐♥tér✐❡✉r ❡st ❞♦♥♥é ♣❛r

(f, h) =

∫

M

f(x)h(x)dv(x),

♣♦✉r t♦✉t f, h ∈ L2(M,vg)✳

Pr❡✉✈❡✳ ❖♥ ✈❛ ❞♦♥♥❡r ✉♥❡ ♣r❡✉✈❡ é❧é♠❡♥t❛✐r❡ ❞❡ ✭✐✐✮ ❡t ❞❡ ✭✐✐✐✮✳ P♦✉r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞❡
✭✐✮ ❡t ❞❡ ✐✈✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ ♠ét❤♦❞❡s ♣❧✉s s♦♣❤✐st✐q✉é❡s ✭❈♦♥s✉❧t❡r ♣♦✉r ❧❡s ❞ét❛✐❧s❬❇ér✽✻❪✮✳

P♦✉r ✭✐✐✮✱ ♥♦t♦♥s q✉❡ s✐ ϕi ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❛ss♦❝✐é❡ à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λ✱ ❛❧♦rs
λ ❡st ♥♦♥✲♥é❣❛t✐✈❡✳ ❊♥ ❢❛✐t✱ ❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ✶✳✶✳✺✱

∫

M

(ϕ∆ϕ+ 〈∇ϕ,∇ϕ〉) dv = 0,

❛❧♦rs

λ =
1

‖ϕ‖2

∫

M

〈∇ϕ,∇ϕ〉 dv ≥ 0.

❖r✱ λ = 0 ✐♠♣❧✐q✉❡ q✉❡ ϕ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡✳ ❆❧♦rs✱ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ❢❡r♠é ❡t ❧❡
♣r♦❜❧è♠❡ ❞❡ ◆❡✉♠❛♥♥✱ λ0 = 0✳ ❚❛♥❞✐s q✉❡✱ ❞❛♥s ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❉✐r✐❝❤❧❡t✱ λ0 = 0 ✐♠♣❧✐q✉❡
q✉❡ ϕ0 = 0✱ ❛❧♦rs✱ ❞❛♥s ❝❡ ❝❛s✱ λ0 > 0.

P♦✉r ✭✐✐✐✮✱ ❧✬♦rt❤♦❣♦♥❛❧✐té ❞❡s ❡s♣❛❝❡s ♣r♦♣r❡s ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✉ t❤é♦rè♠❡ ✶✳✶✳✺✳
❊♥ ❢❛✐t✱ s✐ φ, ψ s♦♥t ❞❡✉① ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐é❡s à ❞❡✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞✐st✐♥❝t❡s λ✱
❡t µ✱ ❛❧♦rs

0 =

∫

M

(ϕ∆ψ − ψ∆ϕ)dv = (λ− µ)

∫

M

ϕψdv = c < ϕ, ψ > .

❉✬♦ù ❧❡ rés✉❧t❛t✳

▲❡ s♣❡❝tr❡ ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❛❞♠❡t ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s ✿

✶✳ ▲❡ s♣❡❝tr❡ ❡st ✐♥✈❛r✐❛♥t ♣❛r ✐s♦♠étr✐❡ ❝❛r ✐❧ ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞✉ ❣r❛❞✐❡♥t ❡t ❞❡ ❧❛
❞✐✈❡r❣❡♥❝❡✱ q✉✐✱ à ❧❡✉r t♦✉rs✱ ❞é♣❡♥❞❡♥t ✉♥✐q✉❡♠❡♥t ❞❡ ❧❛ str✉❝t✉r❡ r✐❡♠❛♥♥✐❡♥♥❡ ❞❡
❧❛ ✈❛r✐été✳

✷✳ ❙✐ n = 2✱ ❧❡ s♣❡❝tr❡ ❞é♣❡♥❞ ❝♦♥t✐♥û♠❡♥t ❞❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ♠❡♠❜r❛♥❡ ✭❬❈❍✺✸❪✱
♣✳✸✻✻✮✳ ❉❡ ♣❧✉s✱ ♦♥ ♣❡✉t ♠♦♥tr❡r ❛✈❡❝ ❞❡s ❛r❣✉♠❡♥ts s✐♠✐❧❛✐r❡s q✉❡ ❧❡ s♣❡❝tr❡ ❞é♣❡♥❞
❝♦♥t✐♥û♠❡♥t ❞❡ ❧❛ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡ ❡♥ ❣é♥ér❛❧✳



✶✳✶ ❊❧é♠❡♥ts ❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ✷✸

❊t ❝♦♠♠❡ ❧❡ s♣❡❝tr❡ ♥✬❡st ♣❛s s✉✣s❛♥t ❡♥ ❣é♥ér❛❧ ❞❛♥s ❧✬ét✉❞❡ ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥✲
♥✐❡♥♥❡✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐é❡s ✿

✶✳ ▲❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s s♦♥t ✐♥✈❛r✐❛♥t❡s ♣❛r ❞é❢♦r♠❛t✐♦♥ ✐s♦♠étr✐q✉❡ ❞❡ ❧❛ ✈❛r✐été M
✭✈♦✐r ✜❣✉r❡ ✶✳✶✮✳

❋✐❣✳ ✶✳✶ ✕ ❯♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ❝❛❧❝✉❧é❡ s✉r ♣❧✉s✐❡✉rs
❞é❢♦r♠❛t✐♦♥s ❞✉ ❝♦r♣s ❤✉♠❛✐♥ ♠♦♥tr❛♥t q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s s♦♥t ✐♥✈❛r✐❛♥t❡s ♣❛r
❞é❢♦r♠❛t✐♦♥ ✐s♦♠étr✐q✉❡✳

✷✳ ❉❡✉① ✈❛r✐étés s♦♥t ❞é❢♦r♠❛❜❧❡s ❧✬✉♥❡ ❡♥ ❧✬❛✉tr❡ s✐ ❡❧❧❡s ❛❞♠❡tt❡♥t ❧❛ ♠ê♠❡ ❞é❝♦♠✲
♣♦s✐t✐♦♥ ❡♥ ✈❛❧❡✉rs ❡t ❡♥ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳

P♦✉r êtr❡ ♣❧✉s ❝♦♥❝r❡ts✱ s✉♣♣♦s♦♥s q✉✬♦♥ ❛ ❞❡✉① ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s M ❡t N ✱ ❡t s♦✐t
∆M ✱ ∆N ✱ ❧❡✉rs ♦♣ér❛t❡✉rs ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ❛ss♦❝✐és✳ ❯♥ ❤♦♠é♦♠♦r♣❤✐s♠❡ T : M → N
♣rés❡r✈❡ ❧❡s ❞✐st❛♥❝❡s ❣é♦❞és✐q✉❡s ✱ s✐ ❡t s❡✉❧❡♠❡♥t s✐ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ φi✱ ❞❡
∆N ❛ss♦❝✐é❡ à λi✱ φi ◦ T ✱ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞❡ ∆M ♣♦✉r ❧❛ ♠ê♠❡ ✈❛❧❡✉r ♣r♦♣r❡ λi

✭✈♦✐r ❬❙❖●✵✾❪✮✳

✶✳✶✳✸ ▲✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r

▲✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞é❝r✐t ❝❡ q✉❡ s❡ ♣❛ss❡ q✉❛♥❞ ♦♥ ❝♦♠♠❡♥❝❡ ❛✈❡❝ ✉♥❡ ❞✐str✐❜✉✲
t✐♦♥ ❞♦♥♥é❡ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r D ❡♥ t❡♠♣s t✱ ❡t ❞❡♠❛♥❞❡ ❝♦♠♠❡♥t ❧❛ ❝❤❛❧❡✉r ❞❡✈✐❡♥t ❞❛♥s
✉♥ t❡♠♣s ✉❧tér✐❡✉r✳ ❊♥ ❢❛✐t✱ ❝♦♥s✐❞ér♦♥s ✉♥ s✉♣♣♦rt ❤♦♠♦❣è♥❡ M ✱ ❡t s♦✐t Ω ✉♥ ❞♦♠❛✐♥❡
❞❛♥s M ✳ ❙♦✐t u(x, t) ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❞❡✉① ♣❛r❛♠ètr❡s ✿ ❞✬❡s♣❛❝❡ ❡t ❞❡ t❡♠♣s✱ r❡♣rés❡♥t❛♥t
❧❛ t❡♠♣ér❛t✉r❡ ❞✬✉♥ ♣♦✐♥t x ∈ Ω✱ �ï➾➼ ✉♥ t❡♠♣s t ✜①é✳ ❙✉♣♣♦s♦♥s ❡♥ ♣❧✉s q✉✬❛✉❝✉♥❡ s♦✉r❝❡
t❤❡r♠✐q✉❡ ❛❣✐t à ❧✬✐♥tér✐❡✉r ❞✉ ❞♦♠❛✐♥❡✳ ❈❡ ♣❤é♥♦♠è♥❡ ♣❡✉t êtr❡ ❡①♣r✐♠é ♠❛t❤é♠❛t✐q✉❡✲
♠❡♥t ♣❛r ❧✬éq✉❛t✐♦♥ ✿

d

dt

∫

Ω

udv = −
∫

∂Ω

F.νdA,

♦ù F ❡st ❧❡ ✢✉① t❤❡r♠✐q✉❡✱ ❡t ν ❡st ✉♥ ✈❡❝t❡✉r ♥♦r♠❛❧ à M ✱ ❞✐r✐❣é ✈❡rs ❧✬❡①t❡r✐❡✉r✳ ❖r✱
❞❛♥s ♣❧✉s✐❡✉rs ❛♣♣❧✐❝❛t✐♦♥s ♣❤②s✐q✉❡s✱ F ❡st ♣r♦♣♦rt✐♦♥♥❡❧ à ∇u✳ ❊♥ s✉♣♣♦s❛♥t ❞♦♥❝ q✉❡

F = ∇u,
♦♥ ♣❡✉t ❛♣♣❧✐q✉❡r ❧❡ t❤é♦rè♠❡ ❞❡ ❙t♦❦❡s ✶✳✶✳✹✱ ❡t ♦♥ ♦❜t✐❡♥t

∫

Ω

(

∂

∂t
u(t, x) − ∆u(t, x)

)

dv(x) = 0.
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❈♦♠♠❡ Ω ❡st ❛r❜✐tr❛✐r❡✱ ♦♥ ❛ ❧✬éq✉❛t✐♦♥

∂

∂t
u = ∆u

q✉✐ ❡st ❜✐❡♥ ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞✬✧éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r✧✳

❖♥ ♣❡✉t ✐♥tr♦❞✉✐r❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❛♥s ♥♦tr❡ ❝♦♥t❡①t❡ ❡♥ s✉♣♣♦s❛♥t M ✉♥❡
✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❡t ∆ ❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ❝♦rr❡s♣♦♥❞❛♥t✳ ❖♥ ♣❡✉t ❞❡ ♣❧✉s✱
❛❥♦✉t❡r ❞❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ❛✉ ❜♦r❞ ✭s✐ ❧❡ ❜♦r❞ ❡st ♥♦♥ ✈✐❞❡✮✱ ❡t ✉♥❡ t❡♠♣ér❛t✉r❡
✐♥✐t✐❛❧❡ ✭❡❧❧❡ ♣❡✉t êtr❡ é❣❛❧❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥✮✱ ❡t ♦♥ ❛✉r❛ ❛✐♥s✐ ❧❡ ♣r♦❜❧è♠❡











∆u− ∂u

∂t
= 0 ♣♦✉r x ∈M

u(x, t) = 0 ♣♦✉r x ∈ ∂M
u(x, 0) = u0 ♣♦✉r x ∈M.

✭✶✳✶✳✷✮

✶✳✶✳✹ ▲❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r

▲❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❞♦♥♥é❡✱
❡♥ ♣❧❛ç❛♥t ✉♥❡ ✉♥✐té ✐♥✐t✐❛❧❡ ❞❡ ❝❤❛❧❡✉r ❡st ♣❧❛❝é❡ ❡♥ ✉♥ ♣♦✐♥t ❡♥ t❡♠♣s t = 0✳ ❙✐ ❝❡tt❡
ré❣✐♦♥ ❛❞♠❡t ✉♥ ❜♦r❞✱ ❝❡ ❜♦r❞ ❛❞♠❡t ✉♥❡ t❡♠♣ér❛t✉r❡ ♣❛rt✐❝✉❧✐èr❡ ✭t②♣✐q✉❡♠❡♥t ③ér♦✮✳
▲❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❧❡ ♣❧✉s ❝♦♥♥✉ ❡st ❝❡❧✉✐ ❞❡ ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ ♥✲❞✐♠❡♥s✐♦♥❡❧ ✿

K(t, x, y) =
1

(4πt)n/2
e−|x−y|2/4t. ✭✶✳✶✳✸✮

❈❡❧✉✐✲❝✐ ✈ér✐✜❡ ❧✬éq✉❛t✐♦♥
∂K

∂t
(t, x, y) = ∆xK(t, x, y)

♣♦✉r t♦✉s t > 0✱ ❡t x, y ∈ R
n✱ ❛✈❡❝ ❝♦♠♠❡ ❝♦♥❞✐t✐♦♥ ✐♥t✐t✐❛❧❡

lim
t→0

K(t, x, y)dy = δ(x− y) = δx(y)

♦ù δx ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❉✐r❛❝ ❡♥ x✱ ❡t ❧❛ ❧✐♠✐t❡ ❡st ♣r✐s❡ ❛✉① s❡♥s ❞❡ ❞✐str✐❜✉t✐♦♥s✳ P❧✉s
♣ré❝✐s♠❡♥t✱ ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ φ ❛✈❡❝ s✉♣♣♦rt ❝♦♠♣❛❝t✱ ♦♥ ❛

lim
t→0

∫

Rn

K(t, x, y)φ(y) dy = φ(x).

▲❛ ❢♦r♠✉❧❡ ❡①♣❧✐❝✐t❡ 1.1.3 ♥✬❡st ♣❛s ❡♥ ❣é♥ér❛❧❡ ✈❛❧❛❜❧❡ s✐ ♦♥ ❝♦♥s✐❞èr❡ ✉♥ ❞♦♠❛✐♥❡ Ω
❞❡ R

n✳ ❉✬❛✐❧❧❡✉rs✱ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡①✐st❡ ❡t ✐❧ ❡st C∞ ♣♦✉r t > 0✱ s✉r ❧❡s ❞♦♠❛✐♥❡s
❛r❜✐tr❛✐r❡s ❡t s✉r ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ✈❛r✐été ❘✐❡♠❛♥✐❡♥♥❡✱ ❛✈❡❝ ♦✉ s❛♥s ❜♦r❞ ✭❛✈❡❝ ❞❡s ❝♦♥❞✐✲
t✐♦♥s ❛✉ ❜♦r❞ s✐ ❝❡ ❞❡r♥✐❡r ♥✬❡st ♣❛s ✈✐❞❡✮✳ ▲❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❊✉❝❧✐❞✐❡♥ ✐♥t❡r✈✐❡♥t
t♦✉❥♦✉rs ❞❛♥s ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❝❡ ♥♦②❛✉ ✭❝♦♠♠❡ ♦♥ ✈❛ ❧❡ ✈♦✐r ❞❛♥s ❧❛ s❡❝t✐♦♥ ✶✳✷✮ ♣❛r
❝❡ q✉✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ n ❡st ❧♦❝❛❧❡♠❡♥t ❞✐✛é♦♠♦r♣❤❡ à ✉♥ ♦✉✈❡rt
❞❛♥s ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ R

n✳ P❧✉s ♣ré❝✐sé♠❡♥t✱

❉é✜♥✐t✐♦♥ ✶✳✶✳✽✳ ✭❙♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r✮ ❯♥❡ ❢♦♥❝t✐♦♥ K(t, x, y)✱
❝♦♥t✐♥✉❡ s✉r M ×M × (0,∞) q✉✐ ❡st C2 ♣❛r r❛♣♣♦rt ❛✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s x, y ❀ ❡t C1

♣❛r r❛♣♣♦rt à ❧❛ ✈❛r✐❛❜❧❡ t✱ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✉ ♣r♦❜❧è♠❡ ✶✳✶✳✷✱ s✐

✶✳

(

∆x − ∂

∂t

)

K = 0✱ s✉r M ×M × (0,∞)✳



✶✳✶ ❊❧é♠❡♥ts ❞❡ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ✷✺

✷✳ K(t, x, y) = 0✱ s✐ x ∈ ∂M ✱ ✭❛✉ ❝❛s ♦ù ∂M 6= ∅✮✳

✸✳ lim
t→0+

∫

M

K(t, x, y)f(y)dv0(y) = f(x)✱ ✉♥✐❢♦r♠é♠❡♥t ♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ f ❝♦♥t✐♥✉❡

s✉r M ❡t q✉✐ s✬❛♥♥✉❧❡ s✉r ∂M ✭ é✈❡♥t✉❡❧❧❡♠❡♥t s✐ ∂M 6= ∅✮✳

❖♥ ❞✐t q✉✬✉♥❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ H ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛✲
♠❡♥t❛❧❡ ♣♦s✐t✐✈❡ ♠✐♥✐♠❛❧❡ s✐ H ❡st ♣♦s✐t✐✈❡✱ ❡t s✐ ♣♦✉r t♦✉t❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ h✱ ♦♥
❛ h ≥ H✳ ❉❛♥s ❝❡ ❝❛s✱ H ❡st ❛♣♣❡❧é❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❛ ❧❡ t❤é♦rè♠❡
s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶✳✶✳✾✳ ✭❇✳ ❝❤♦✇ ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✶✻✮ ❙✐ (M, g) ❡st ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡
❝♦♠♣❛❝t❡✱ s❛♥s ❜♦r❞✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥❡ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ K(t, x, y) ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r✳ ❉❡ ♣❧✉s✱ K ❡st ✉♥✐q✉❡✱ ♣♦s✐t✐✈❡✱ C∞✱ s②♠étr✐q✉❡ ❡♥ x ❡t y ∈M ✱ ❡t

∫

M

K(t, x, y)dv(y) ≡ 1.

❊♥ ♣❛rt✐❝✉❧✐❡r✱ K(t, x, y) ❡st ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳

❋✐❣✳ ✶✳✷ ✕ ▲❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r r❡♣rés❡♥t❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ t❡♠♣ér❛t✉r❡ ❞❛♥s ✉♥❡ ré❣✐♦♥
❞♦♥♥é❡✳

❯♥ rés✉❧t❛t ✐♠♣♦rt❛♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❧❛ t❤é♦r✐❡ s♣❡❝tr❛❧❡ ❡t q✉✐ r❡❧✐❡ ❧❡s ♣r♦♣r✐étés
s♣❡❝tr❛❧❡s à ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ✈❛r✐été ❡st ❧❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶✳✶✳✶✵✳ ✭❱❛r❛❞❤❛♥ ❬❱❛r✻✼❜❪✮ ❙✐ K ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥
❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ (M, g)✱ ❛❧♦rs

lim
t→0

logK(t, x, y) = −r(x, y)
4

,

♣♦✉r t♦✉s x, y ∈M ✱ ♦ù r ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ❞❡ M ✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✳✶✶✳ ✭❙✉♥ ❡t ❛❧✳ ❬❙❖●✵✾❪✮ ❙♦✐❡♥t M,N ❞❡✉① ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s✱
KM ❡t KN s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s s♦❧✉t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡
M ✱ ❡t N ❀ ❛❧♦rs ✿ T : M → N ❡st ✐s♦♠étr✐q✉❡ s✐ ❡t s❡✉❧❡♠❡♥t s✐

KM (t, x, y) = KN (t, T (x), T (y)), ♣♦✉r t♦✉s x, y ∈M.



✷✻ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

✶✳✶✳✺ ▲❛ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡t ❧❡s ✈❛❧❡✉rs✴❢♦♥❝t✐♦♥s
♣r♦♣r❡s

❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❞é♠♦♥tr❡r
❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ éq✉❛t✐♦♥ r❡❧✐❛♥t ❧❡s ✈❛❧❡✉rs ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆✱ ❡t ❧❡ ♥♦②❛✉ ❞❡
❧❛ ❝❤❛❧❡✉r✳ ❉❛♥s ❬❉♦❞✽✶❪✱ ❉♦❞③✐✉❦ é♥♦♥❝❡ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✶✳✶✳✶✷✳ ❙✐ {ϕi}i∈N ❡st ✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡ ❞❡ L2(M,vg)✱ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s
❞❡ ∆✱ ❡t s✐ λi ❡st ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ ❝♦rr❡s♣♦♥❞❛♥t à ϕi✱ i ∈ N✱ ❛❧♦rs✱ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r
♣❡✉t êtr❡ ❡①♣r✐♠é s♦✉s ❧❛ ❢♦r♠❡

K(t, x, y) =
∑

i∈N

e−λitϕi(x)ϕi(y) ✭✶✳✶✳✹✮

♦ù ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❡st ✉♥✐❢♦r♠❡ ❞❛♥s M ×M × [ǫ,∞)✱ ♣♦✉r t♦✉t ǫ > 0✳

▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ t❤é♦rè♠❡ ✶✳✶✳✶✷✱ ❡st ❢♦♥❞é❡ s✉r ❧❛ ♣r♦♣r✐été ❞✉ s❡♠✐✲❣r♦✉♣❡ ❞❡
K(t, x, y)✱ ❡t s✉r ❞❡s ♣r♦♣r✐étés ❞❡ ❝❡rt❛✐♥s ♦♣ér❛t❡✉rs ✐♥té❣r❛✉① ❛✉t♦✲❛❞❥♦✐♥ts✱ ❡t ❝♦♠♣❛❝ts✳
❊♥ ❢❛✐t✱ ✐❧ ❡st ❝❧❛✐r q✉❡ ∆ ❡st ❧❡ ❣é♥ér❛t❡✉r ❞✉ s❡♠✐✲❣r♦✉♣❡ {Pt}t>0✱ ❞é✜♥✐ ♣❛r

Ptu(x) =

∫

M

K(t, x, y)u(y)dv(y)

♣♦✉r t♦✉t u ∈ L2(M, vg)✭✈♦✐r ✜❣✉r❡ ✶✳✶✳✺✮✳

❋✐❣✳ ✶✳✸ ✕ ❯♥❡ ❢♦✐s q✉✬♦♥ tr♦✉✈❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞❡ tr♦✉✈❡r ❧❛ s♦❧✉t✐♦♥
❞és✐ré❡ ❞❡ ❧✬ï➾➼q✉❛t✐♦♥ ♦r✐❣✐♥❛❧❡✳ ❊♥ ❢❛✐t✱ ❝❡ ♣r♦❝❡ss✉s ❡st rï➾➼❛❧✐sï➾➼ ♣❛r ❧❛ ❝♦♥✈♦❧✉t✐♦♥✳

❖♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ❞❡ ▼❡r❝❡r ✿

❚❤é♦rè♠❡ ✶✳✶✳✶✸✳ ❙♦✐t K(x, y) ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r M ×M ✱ t❡❧ q✉❡ K(x, y) =
K(y, x)✳ ❊t ❝♦♥s✐❞ér♦♥s ✉♥ ♦♣ér❛t❡✉r A : L2(M,vg) → L2(M,vg)✱ ♣♦s✐t✐❢

✶✱ ❞é✜♥✐ ♣❛r

Au(x) =

∫

M

K(x, y)u(y)dv(y),

♣♦✉r u ∈ L2(M, vg) ❀ ❡t s♦✐❡♥t µi, φi✱ r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✈❛❧❡✉rs✴❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❝♦rr❡s✲
♣♦♥❞❛♥t❡s ❞❡ A✱ ❛❧♦rs µi > 0✱ ♣♦✉r t♦✉t i ∈ N✱ ❡t

K(x, y) =
∑

i∈N

µiφi(x)φi(y).

❉❡ ♣❧✉s✱ ❧❛ sér✐❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t ❡t ❛❜s♦❧✉♠❡♥t✳

✶❯♥ ♦♣ér❛t❡✉r A : L2(M) → L2(M) ❡st ♣♦s✐t✐❢✱ s✐✱ ♣♦✉r t♦✉t f ∈ L2(M)✱ 〈Af, f〉
L2(M) ≥ 0



✶✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡
❝♦♠♣❛❝t❡✱ ❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡ ✷✼

◆♦t♦♥s q✉❡ Ptu(x) =
∫

M
K(t, x, y)u(y)dv(y)✱ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r

♣♦✉r t♦✉t u ∈ L2(M, vg)✳ P✉✐sq✉✬♦♥ ❛ ♣♦✉r t♦✉s s, t > 0✱

K(t+ s, x, y) =

∫

M

K(t, x, z)K(s, z, y)dv(z),

❛❧♦rs Pt ❛❞♠❡t ❧❛ ♣r♦♣r✐été ❞❡ s❡♠✐✲❣r♦✉♣❡✱ ✐✳❡✳ PtPs = Pt+s✳ ❉❡ ♣❧✉s✱ ❧✬♦♣ér❛t❡✉r Pt ❡st
❝♦♥t✐♥✉ ❡♥ t✱ ❝♦♠♣❛❝t ❡t ❛✉t♦✲❛❞❥♦✐♥t✳ ❆❧♦rs ✐❧ ❛❞♠❡t ❧❡s {e−λit}i∈N ❝♦♠♠❡ ✈❛❧❡✉rs ♣r♦♣r❡s✳
❙♦✐❡♥t {ψi}i∈N ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✱ q✉✐ ❢♦r♠❡♥t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡
❞❡ L2(M, vg)✳ ❊t ❝♦♠♠❡

Ptψi(x) = e−λitψi(x),

❛❧♦rs e−λitψi(x)✱ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r✱ ❡t✱

−λie
−λitψi(x) =

∂

∂t

(

e−λitψi(x)
)

= ∆
(

e−λitψi(x)
)

= e−λit∆ψi(x).

❊t ψi ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞❡ ∆✱ ❛ss♦❝✐é à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ λi✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❡ t❤é♦rè♠❡
✶✳✶✳✶✸✱ ♦♥ ❛❝❤è✈❡ ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✶✳✶✳✶✷✳

P♦✉r ❞é♠♦♥tr❡r ❧❡ t❤é♦rè♠❡ ✶✳✶✳✶✷ ❛✈❡❝ ✉♥❡ ❛✉tr❡ ♠ét❤♦❞❡✱ ♥♦t❡♠♠❡♥t ❛✈❡❝ ❧❡s éq✉❛✲
t✐♦♥s ❞❡s ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s✱ ♦♥ ♣❡✉t ❝♦♥s✉❧t❡r ❬❘♦s✾✼❪✳

❖♥ ❛✱ ❝♦♠♠❡ ❝♦♥séq✉❡♥❝❡ ❞✉ t❤é♦rè♠❡ ✶✳✶✳✶✷

∫

M

k(t, x, x)dv(x) =

∫

M

∑

i∈N

e−λit(ϕi(x))
2dv(x) =

∑

i≤1

e−λit = Z(t), ✭✶✳✶✳✺✮

♦ù Z(t) ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥✷ ❞❡ (M, g)✳

✶✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été

r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ ❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠é✲

tr✐❡

❈❡tt❡ ♣❛rt✐❡ ❡st ❝♦♥s❛❝ré❡ à ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été
r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡ s❛♥s ❜♦r❞ ✭✈♦✐r ❧❛ ❞é✜♥✐t✐♦♥ ✶✳✶✳✽✮✳ ❈❡tt❡ ❝♦♥str✉❝t✐♦♥ ♥✬✉t✐❧✐s❡
♣❛s ❧❡s ✈❛❧❡✉rs ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✱ ♦♥ ♣❡✉t ❝♦♥s✉❧t❡r ❬❇●▼✼✶❪✱
❬❈❤❛✽✹❪✱ ❡t ❬❈❈●+❛r❪✳

P♦✉r ❝❡tt❡ s❡❝t✐♦♥✱ ❛✐♥s✐ q✉❡ ♣♦✉r ♥♦tr❡ tr❛✈❛✐❧ ❞❛♥s ❝❡tt❡ t❤ès❡✱ ♦♥ ❛ ❜❡s♦✐♥ ❞❡s q✉❡❧q✉❡s
❞é✜♥✐t✐♦♥s✳

✷❊♥ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡✱ ❝✬❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ ❝❛♥♦♥✐q✉❡ Z(t) ❞✉ s②stè♠❡ ♣♦✉r ❧❛ t❡♠♣ér❛t✉r❡
✐♥✈❡rs❡ t✳



✷✽ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

❙♦✐❡♥t p ∈M ✱ V ∈ TpM ✱ ❛❧♦rs✱ ✐❧ ❡①✐st❡ ✉♥❡ ❣é♦❞és✐q✉❡ ✉♥✐q✉❡ γV ❞❛♥s ▼✱ t❡❧❧❡ q✉❡

γV (0) = p, γ̇V (0) = V.

❚♦✉t❡s ❧❡s ✈❛r✐étés q✉✬♦♥ ❝♦♥s✐❞èr❡ ✐❝✐ s♦♥t ❝♦♠♣❧èt❡s✱ ❞❛♥s ❧❡ s❡♥s q✉❡M ✱ ❛✈❡❝ ❧❛ ♠étr✐q✉❡
✐♥❞✉✐t❡ dg✱ ❡st ✉♥ ❡s♣❛❝❡ ♠étr✐q✉❡ ❝♦♠♣❧❡t✳ ❙❡❧♦♥ ❧❡ t❤é♦rè♠❡ ❞❡ ❍♦♣❢✲❘✐♥♦✇✱ ❝❡❝✐ ❡st
éq✉✐✈❛❧❡♥t à ❧❛ ❝♦♥❞✐t✐♦♥ q✉❡ (M, g) ❡st ❣é♦❞és✐q✉❡♠❡♥t ❝♦♠♣❧èt❡✱ ✐✳❡✳ γV (t) ❡st ❞é✜♥✐❡
♣♦✉r t♦✉t t ∈ R✳

❙♦✐t p ∈M ✱ ♦♥ ❞é✜♥✐t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ ❝♦♠♠❡ ét❛♥t ❧✬❛♣♣❧✐❝❛t✐♦♥

exp : TpM →M

V 7→ γV (1).

❉é✜♥✐t✐♦♥ ✶✳✷✳✶✳ ▲❡ r❛②♦♥ ❞✬✐♥❥❡❝t✐✈✐té inj(p) ❞✬✉♥ ♣♦✐♥t p ∈M ❡st ❞é✜♥✐ ❝♦♠♠❡ ét❛♥t
❧❛ ❜♦r♥❡ s✉♣ér✐❡✉r❡ ❞❡ t♦✉s ❧❡s r > 0✱ t❡❧s q✉❡ expp ❡st ✉♥ ❞✐✛é♦♠♦r♣❤✐s♠❡ B(0, r) ⊆ TpM ✱
s✉r s♦♥ ✐♠❛❣❡ ❞❛♥s M ✳

▼❛✐♥t❡♥❛♥t ♦♥ ✈❛ ❞♦♥♥❡r ❧❛ ❢♦r♠❡ ❞✉ ❧❛♣❧❛❝✐❡♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡✳ ❖♥ ❛

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✳ ▲❡ ❧❛♣❧❛❝✐❡♥ ❞✬✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡✱ s✬❡①♣r✐♠❡ s♦✉s ❧❛ ❢♦r♠❡

∆u =
∂2u

∂r2
+

∂

∂r

(

log
√

❞❡tgu
)

♣♦✉r t♦✉t❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡ u ∈ C2(M ×M)✱ ♦ù
√

❞❡tg ❡st ❧❡ ❥❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥
❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ g ❛✉ ♣♦✐♥t p ✭♣❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❛ ❞❡♥s✐té ❞✉ ✈♦❧✉♠❡ ❞❛♥s ❧❡s ❝♦r❞♦♥♥é❡s
♣♦❧❛✐r❡s ❞❡ ✈♦✐s✐♥❛❣❡ p✮✳

❉é✜♥✐t✐♦♥ ✶✳✷✳✸✳ ▲❡ r❛②♦♥ ❞✬✐♥❥❡❝t✐✈✐té ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❡st ❧✬✐♥✜♠✉♠ ❞❡ t♦✉s
❧❡s r❛②♦♥s ❞✬✐♥❥❡❝t✐✈✐té ❞❡s ♣♦✐♥ts ❞❡ M ✳

inj(M, g) := inf{inj(p); p ∈M}.

▲♦rsq✉❡ M ❡st ❝♦♠♣❛❝t❡✱ inj(M) ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐❢✳

✶✳✷✳✶ ▲❡ ♣❛r❛♠étr✐① ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r

▲❡ ♣❛r❛♠étr✐① ❡st ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥ ♦♣ér❛t❡✉r ❞✐✛é✲
r❡♥t✐❡❧✳ ■❧ ❛ été ✐♥tr♦❞✉✐t ❡♥ ✶✾✵✼ ♣❛r ❊✳ ❊✳ ▲❡✈✐ ❞❛♥s ❞❡✉① ❛rt✐❝❧❡s ❢♦♥❞❛♠❡♥t❛✉① ❬▲❡✈✵✼❛❪
❡t ❬▲❡✈✵✼❜❪✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♦♣ér❛t❡✉r ❡❧❧✐♣t✐q✉❡ à ❝♦❡✣❝✐❡♥ts ❝♦♥st❛♥ts✳ P✉✐s✱ ❡♥ ✶✾✼✹✱ ❆✳
❋r✐❡❞♠❛♥ ❛ ♣r♦✉✈é s♦♥ ❡①✐st❡♥❝❡ ♣♦✉r ✉♥ ♦♣ér❛t❡✉r ❞✐✛ér❡♥t✐❡❧ ♣❛r❛❜♦❧✐q✉❡ à ❝♦❡✣❝✐❡♥ts
✈❛r✐❛❜❧❡s ✭✈♦✐r ❬❋r✐✻✹❪✮✳ P❧✉s ♣ré❝✐sé♠❡♥t✱

❉é✜♥✐t✐♦♥ ✶✳✷✳✹✳ ❖♥ ❞✐t q✉❡ PN ❡st ❧❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r✱ s✐ ✿

(π1) PN ∈ C∞ (R+ ×M ×M)✳

(π2)

(

∆ − ∂

∂t

)

PN s❡ ♣r♦❧♦♥❣❡ ❡♥ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ C0
(

R+ ×M ×M
)

.

(π3) limt→0 PN (t, x, y)dv(x) = δy(x) ♣♦✉r t♦✉t y ∈M ✳



✶✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡
❝♦♠♣❛❝t❡✱ ❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡ ✷✾

❈♦♥s✐❞ér♦♥s ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡ ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ R
n✱

G(t, x, y) = (4πt)−
n
2 e

−r2(x,y)
4t .

G(t, x, y) ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ❧❛ ♣r❡♠✐èr❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳ ▲❛
tr❛♥s♣❧❛♥t❛t✐♦♥ ❞❡ G ❡st ❡①♣❧✐q✉é❡ ♣❛r ❧❡ ❢❛✐t q✉❡M ❡st ❧♦❝❛❧❡♠❡♥t ❞✐✛é♦♠♦r♣❤❡ à ❧✬❡s♣❛❝❡
❊✉❝❧✐❞✐❡♥✳

▼❛✐♥t❡♥❛♥t✱ ♦♥ t❡♥❞ à ❝♦♥str✉✐r❡ ✉♥❡ ❞❡✉①✐è♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥✲
t❛❧❡✱ ❡♥ ♠✉❧t✐♣❧✐❛♥t G ♣❛r ✉♥❡ sér✐❡ ✜♥✐❡ ❞❡ ❢♦♥❝t✐♦♥s ❞✐✛ér❡♥t✐❛❜❧❡s s✉r ✉♥ ❞♦♠❛✐♥❡ ♦ù G
❡st ❡❧❧❡ ♠ê♠❡ ❞✐✛ér❡♥t✐❛❜❧❡✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♣♦s♦♥s ρ = inj(M)✱

Uρ = {(x, y) ∈M ×M, r(x, y) < ρ}.

❉é✜♥✐ss♦♥s HN ✱ ♣❛r

SN (t, x, y) = G(t, x, y)

∞
∑

i=0

tiψi(x, y), ✭✶✳✷✳✶✮

♦ù ψi ∈ C∞(Uρ)✱t❡❧s q✉❡

✶✳ ψ0(x, x) = 1✱ ♣♦✉r t♦✉t x ∈M ✳

✷✳ LxSN (t, x, y) = G(t, x, y)tk∆xψK(t, x, y)✱ ♦ù Lx = ∆x − ∂
∂t ✳

HN ❡st ❛❧♦rs ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳ ❘❡♠❛rq✉♦♥s q✉❡ SN ❡st
❞é✜♥✐❡ ✉♥✐q✉❡♠❡♥t ♣♦✉r (x, y) ∈ Uρ✱ ❛❧♦rs q✉✬♦♥ ❝❤❡r❝❤❡ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞é✜♥✐❡ ♣♦✉r
t♦✉t (x, y) ∈ M ×M ✳ P♦✉r ❝❡ ❜✉t✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡✱ C∞ s✉r M ×M ✱
η : M ×M → R✱ t❡❧❧❡ q✉❡

η(x, y) =

{

1 s✐ r(x, y) < ρ/4
0 s✐ r(x, y) > ρ/2.

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺✳ P♦✉r N > n
2 +1✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ SN = ηHN ❡st ❧❡ ♣❛r❛♠étr✐① ❞✉ ♥♦②❛✉

❞❡ ❧❛ ❝❤❛❧❡✉r✳

❖♥ ♣❡✉t ❝❛❧❝✉❧❡r ❡①♣❧✐❝✐t❡♠❡♥t ❧❡s ψi✱ ✐❂✶✱ ✳ ✳ ✳ ✱ ◆ ❀ P❛r ❡①❡♠♣❧❡ ✿

ψ0(x, y) = θ−
1
2 (x, y)

ψj(x, y) = θ−
1
2 (x, y)r−i

∫ r

0

τ i−1
(

θ−
1
2 ∆ψi−1

)

(expy τξ, y)dτ

♦ù x = expy rξ✱ ❡t θ(x, y) =

√
❞❡tg
rn−1

. ❊♥ ❢❛✐t✱ ♦♥ ❛ ❜✐❡♥

lim
r→0

√
❞❡tg
rn−1

= 1,

❝❡ q✉✐ ❡st ❜✐❡♥ ❝♦♥❢♦r♠❡ ❛✈❡❝ ❧✬❤②♣♦t❤ès❡ ψ0(x, x) = 1✳

❊♥ ♣❛rt✐❝✉❧✐❡r

ψ1(y, y) =
1

6
s(y)

♦ù s(y) ❡st ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❞❡ (M, g) ❡♥ y.



✸✵ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

✶✳✷✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳

❈♦♥s✐❞ér♦♥s ❞❡✉① ❢♦♥❝t✐♦♥s H,J ∈ C0([0,∞) ×M ×M)✳ ▲❡✉r ❝♦♥✈♦❧✉t✐♦♥ ✭❡s♣❛❝❡✲
t❡♠♣s✮ ❡st ❞♦♥♥é❡ ♣❛r

(H ∗ J)(t, x, y) +

∫ s

0

ds

∫

M

H(s, x, z)J(t− s, z, y)dv(z).

❈❡tt❡ ❝♦♥✈♦❧✉t✐♦♥ ❡st ❛ss♦❝✐❛t✐✈❡ ✭✈♦✐r ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✷✽✮✳

▼❛✐♥t❡♥❛♥t ♦♥ ❝♦♥str✉✐t ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♥✈♦❧✉t✐♦♥✱ ❡t ♦♥ t❡♥❞ à
❧❡ tr♦✉✈❡r s♦✉s ❧❛ ❢♦r♠❡

K(t, x, y) + SN + SN ∗H,
♦ù H ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r [0,∞) ×M ×M ✱ à ❞❡t❡r♠✐♥❡r✳ ❖♥ ❞é♠♦♥tr❡ q✉❡

Lx(SN ∗H) = LxSN ∗H −H,

❡t ❝❡❝✐ ♥♦✉s ❞♦♥♥❡
0 = LxK = LxSN + (LxSN ) ∗H −H.

❊♥ ❢❛✐s❛♥t ❧✬❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧✬éq✉❛t✐♦♥ x+ xy − y = 0✱ ❞♦♥t ❧❛ s♦❧✉t✐♦♥ ❡st

y =
x

1 − x
=

∞
∑

k=1

xk,

♦♥ ♣❡✉t ✈♦✐r q✉❡ H s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡

H +

∞
∑

k=1

(LxSN )
∗k
,

♦ù
f∗k = f ∗ . . . ∗ f, k ❢♦✐s f.

❆❧♦rs

K(t, x, y) = SN + SN ∗
∞
∑

k=1

(LxSN )
∗k
.

❉❡ ♣❧✉s✱
∑∞

k=1 (LxSN )
∗k ❡st m+ l ❞✐✛ér❡♥t✐❛❜❧❡ s✉r [0,∞)×M×M ✱ ♣♦✉r 2l+m < N− n

2 ✳
P❧✉s ♣ré❝✐s❡♠❡♥t

∞
∑

k=1

∂l

∂tl
∂m

x (LxSN )
∗k ✭✶✳✷✳✷✮

❡st ❛❜s♦❧✉♠❡♥t ❡t ✉♥✐❢♦r♠é♠❡♥t ❝♦♥✈❡r❣❡♥t❡ [0, T ]×K×K✱ ♦ù K ❡st ✉♥ ❝♦♠♣❛❝t ❞❛♥s ✉♥
s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s (U , {xi}n

i=1)✳

❘❡♠❛rq✉❡ ✶✳✷✳✻✳ ❉❛♥s ✶✳✷✳✷✱ ∂m
x = ∂x◦. . .◦∂x ❡st ✉♥❡ ♥♦t❛t✐♦♥✸ ❞✬✉♥❡ ♠✬✐è♠❡ ❞ér✐✈❛t✐♦♥

q✉❡❧❝♦♥q✉❡ ♣❛r r❛♣♣♦rt ❛✉① ❝♦♠♣♦s❛♥t❡s ❞❡ ❧❛ ✈❛r✐❛❜❧❡ x ❞❛♥s ❧❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s
❧♦❝❛❧❡s {xi}n

i=1.

✸♥♦t❛t✐♦♥ é❝r✐t❡ ♣❛r ❈❤♦✇ ❞❛♥s ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✷✸



✶✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡
❝♦♠♣❛❝t❡✱ ❡t ❛♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡ ✸✶

❖♥ ❛ ✭✈♦✐r ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✸✻✮

∂l

∂tl
∂m

x

∞
∑

k=1

(LxSN )
∗k

=

∞
∑

k=1

∂l

∂tl
∂m

x (LxSN )
∗k

= O(tN−n2−2l−m+1). ✭✶✳✷✳✸✮

❊♥ ❝♦♥❝❧✉s✐♦♥✱ s✐ ♦♥ ♣♦s❡ QN (t, x, y) = SN ∗∑∞
k=1 (LxSN )

∗k✱ ❛❧♦rs

K(t, x, y) = G(t, x, y)
∞
∑

i=0

tiψ̃i(x, y) +QN (t, x, y), ✭✶✳✷✳✹✮

♦ù ψ̃i = ηψi✱ ❡t

QN (t, x, y) = O(tN−n
2 ) ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M, ✭✶✳✷✳✺✮

❡t
∂

∂xi
QN (t, x, y) = O(tN−n

2 −1), i = 1, . . . N, ✭✶✳✷✳✻✮

✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M ✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❛✉t♦✉r ❞❡ x

✭✈♦✐r ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✸✷✲✷✸✻✮✳

✶✳✷✳✸ ❆♣♣❧✐❝❛t✐♦♥ à ❧❛ ❣é♦♠étr✐❡✳

❘❛♣♣❡❧♦♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t s♣❡❝tr❛❧ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛
❝❤❛❧❡✉r ✶✳✶✳✹✱ ❡t ❝❡❧❧❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ♣❛rt✐t✐♦♥ Z(t) ❛♣♣r♦♣r✐é❡ ✶✳✶✳✺✳ ▼✐♥❛❦s❤✐s✉♥❞❛r❛♠
❡t P❧❡✐❥❡❧ ♦♥t ❝♦♥str✉✐t ❞❡s ❞é✈❡❧♦♣♣❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s ♣♦✉r ❝❡s ❞❡✉① q✉❛♥t✐tés ❞❛♥s
❬▼P✹✾❪✳ ❈❡s ❞❡✉① rés✉❧t❛ts s♦♥t ❞✬✉♥❡ ❣r❛♥❞❡ ✐♠♣♦rt❛♥❝❡ ♥♦t❡♠♠❡♥t ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s
✐♥✈❡rs❡s ✐✳❡✳ s✐ ♦♥ ❛ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉r ❧❡ s♣❡❝tr❡ ❞❡M ✱ ♦♥ ❛ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❣é♦♠étr✐q✉❡s
✐♥tér❡ss❛♥t❡s ❞❡ M ❝♦♠♠❡ ❧❛ ❞✐♠❡♥s✐♦♥✱ ❧❡ ✈♦❧✉♠❡✱ ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❡t ❧✬✐♥té❣r❛❧❡ ❞❡
❝❡tt❡ ❞❡r♥✐èr❡✳

❚❤é♦rè♠❡ ✶✳✷✳✼✳ ✭❉é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ ▼✐♥❛❦s❤✐s✉♥❞❛r❛♠✲P❧❡✐❥❡❧✮ ■❧ ❡①✐st❡
✉♥❡ sér✐❡ ❞❡ ❢♦♥❝t✐♦♥s ψi✱ i ∈ N✱ t❡❧❧❡s q✉❡

K(t, x, x) ∼t→0+ (4πt)−
n
2

∞
∑

i=0

ψi(x, x)t
i

❞❛♥s ❧❡ s❡♥s q✉❡ ♣♦✉r t♦✉t N ∈ N✱

K(t, x, x) = (4πt)−
n
2

N
∑

i=0

ψi(x, x)t
i +O(tN−n

2 +1).

❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ ✉♥❡ sér✐❡ ❞❡ ♥♦♠❜r❡s ai✱ i ∈ N✱ t❡❧s q✉❡

Z(t) ∼t→0+ (4πt)−
n
2

∞
∑

i=0

ait
i

♦ù a0 = V ol(M, g)✱ ❡t a1 =
1

6

∫

M

s(x)dv(x), ♦ù s(x) ❡st ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❞❡ M ❛✉ ♣♦✐♥t

x✳



✸✷ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ M ❡st ✷✱ ❧❡ t❤é♦rè♠❡ ❞❡ ●❛✉ss✲❇♦♥♥❡t
✐♠♣❧✐q✉❡ q✉❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧✬✐♥té❣r❛❧❡ ❞❡ ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❞♦♥♥❡ ❧❛ ❝❛r❛❝tér✐st✐q✉❡
❞✬❊✉❧❡r ❞❡ M ✳ ❉♦♥❝✱ s✐ M ❡st ❞❡ ❞✐♠❡♥s✐♦♥ ✷✱ ❧❡ s♣❡❝tr❡ ♥♦✉s ♣❡r♠❡t ❞❡ ❜✐❡♥ ❝♦♠♣r❡♥❞r❡
❧❛ t♦♣♦❧♦❣✐❡ ❞❡ M ✳

❯♥ ❛✉tr❡ ❡①❡♠♣❧❡ ❞✉ ♣r♦❜❧è♠❡ ✐♥✈❡rs❡✱ ❡st ❧❛ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❲❡②❧ ✿

❚❤é♦rè♠❡ ✶✳✷✳✽✳ ✭❋♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❲❡②❧ ❬❈❤❛✽✹❪✱ ♣❛❣❡ ✽✮ ❙♦✐t

N(λ) = ❝❛r❞{j ≤ 1, λj ≥ λ},

❡t s♦✐t wn ❧❡ ✈♦❧✉♠❡ ❞❡ ❧❛ ❜♦✉❧❡ ✉♥✐té ❞❛♥s R
n✱ ❛❧♦rs

N(λ) ∼ wnV ol(M)λ
n
2

(2π)n
, q✉❛♥❞ λ→ +∞.

❉❡ ♣❧✉s✱

(λk)
n
2 ∼ (2π)nk

wnV ol(M)
q✉❛♥❞ k → +∞.

✶✳✷✳✹ ❋♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❤♦rs ❞❡ ❧❛
❞✐❛❣♦♥❛❧❡

❉❛♥s ❬❑❛♥✼✼❪✱ ❑❛♥♥❛✐ ❞é♠♦♥tr❡ q✉❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛✲
❧❡✉r ❛❞♠❡t q✉❛♥❞ t→ 0✱ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧❛ ❢♦r♠❡

K(t, x, y) ∼ (4πt)−
n
2 e

−r2(x,y)
4t

∞
∑

i=0

tivi(x, y), t→ 0+ ✭✶✳✷✳✼✮

♣♦✉r x, y ❛ss❡③ ✈♦✐s✐♥s ♣♦✉r ♥✬êtr❡ ❥♦✐♥ts q✉❡ ♣❛r ✉♥❡ s❡✉❧❡ ❣é♦❞és✐q✉❡✱ ❡t vi s♦♥t ❞❡s
s♦❧✉t✐♦♥s ❞❡ ❝❡rt❛✐♥s éq✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s ❞❡ tr❛♥s♣♦rt✳ ▲✬éq✉❛t✐♦♥ ✶✳✷✳✼ ✈❡✉t ❞✐r❡ q✉❡

K(t, x, y) − (4πt)−
n
2 e

−r2(x,y)
4t

N
∑

i=0

tivi(x, y) = O(tN−n
2 )e

−r2(x,y)
4t , t→ 0

♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s✳

▲❛ ♠ét❤♦❞❡✱ ❛ss❡③ é❧é♠❡♥t❛✐r❡✱ ❝♦♥s✐st❡ à ❞é❞✉✐r❡ ❝❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❝❡❧✉✐ ❞❡ ❧❛ s♦❧✉✲
t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ w ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s ∆ − ∂2

∂t2 ✱ ❣râ❝❡ à ❧❛ ❢♦r♠✉❧❡ ❞❡ ✧tr❛♥s♠✉t❛✲
t✐♦♥✧ ✿

K(t, x, y) =
1√
4πt

∫ ∞

−∞

e−
s2

4t w(s, x, y)ds.

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✾✳ ✭❨✳ ❑❛♥♥❛✐ ❬❑❛♥✼✼❪✮ ❙♦✐t w(t) ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡s ♦♥❞❡s

(

∆ − ∂2

∂t2

)

w = 0

t❡❧❧❡ q✉❡

w(t),
∂

∂t
w(t),

∂2

∂t2
w(t) = O(eǫt2) ✭✶✳✷✳✽✮



✶✳✸ ▲❡♠♠❡ ❞❡ ▼♦s❡r ❡t ❛♣♣❧✐❝❛t✐♦♥s ✸✸

♣♦✉r t♦✉t ǫ > 0✱ |t| → ∞✳ ❆❧♦rs ❧❛ ❢♦♥❝t✐♦♥ V (t) ❞é✜♥✐❡ ♣♦✉r t > 0 ♣❛r

V (t) =
1√
4πt

∫ ∞

−∞

e−
s2

4t w(s, x, y)ds, ✭✶✳✷✳✾✮

❡st ❧❛ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r

∆V =
∂

∂t
V,

♣♦✉r t > 0✱ ❡t ❧❛ ❧✐♠✐t❡ V (0) = lim
t→0

V (t) ❡①✐st❡✳ ❉❡ ♣❧✉s✱

V (0) = w(0).

Pr❡✉✈❡✳ ❊♥ ❢❛✐t✱ ❧❡s ❡st✐♠❛t✐♦♥s ✶✳✷✳✽ ✐♠♣❧✐q✉❡♥t ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❛❜s♦❧✉❡ ❞❡ ❧✬✐♥té❣r❛❧❡
✶✳✷✳✾ ♣♦✉r t♦✉t t > 0✱ ❡t ♥♦✉s ♣❡r♠❡t ❞❡ ❢❛✐r❡ ❧✬✐♥té❣r❛t✐♦♥ ♣❛r ♣❛rt✐❡s s✉✐✈❛♥t❡ ✿

∂

∂t
V (t) =

∫ ∞

−∞

∂

∂t

(

e−
s2

4t√
4πt

)

w(s, x, y)ds =

∫ ∞

−∞

∂2

∂s2

(

e−
s2

4t√
4πt

)

w(s, x, y)ds

=

∫ ∞

−∞

e−
s2

4t√
4πt

∂2

∂s2
w(s, x, y)ds =

∫ ∞

−∞

e−
s2

4t√
4πt

∆w(s, x, y)ds

= ∆V (t)

❡♥ ✉t✐❧✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧✬♦♣ér❛t❡✉r ∆ ❡st ❢❡r♠é✳ ❊♥✜♥✱ ❧❛ r❡❧❛t✐♦♥

lim
t→0

e−
s2

4t√
4πt

= δ0(s),

♦ù δ0 ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❉✐r❛❝ ❡♥ 0✱ ♥♦✉s ❞♦♥♥❡ V (0) = w(0)✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❛
❢♦r♠✉❧❡ ❞❡ tr❛♥s♠✉t❛t✐♦♥✱ ❝♦♥s✉❧t❡r ❬❑❛♥✼✼❪✳

❉✬❛♣rès ❧✬✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r✱ ❧❡s vi, i = 1, ..., N
♥❡ s♦♥t ❛✉tr❡s q✉❡ ❧❡s ψ̃i✭✈♦✐r s❡❝t✐♦♥ ✶✳✷✳✷✮ ♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s✳ P❧✉s ♣ré❝✐sé♠❡♥t✱
❞✬❛♣rès ❧❛ s❡❝t✐♦♥ ✶✳✷✳✷✱ ♦♥ ❛

K(t, x, y) = (4πt)−
n
2 e

−r2(x,y)
4t

(

N
∑

i=0

tiψ̃i(x, y) + ΓN (t, x, y)

)

, ✭✶✳✷✳✶✵✮

♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡ ❡t t→ ∞✱ ♦ù ΓN (t, x, y) = O(tN )✱ ❡t

∂

∂xi
ΓN (t, x, y) = O(tN ), i = 1, . . . , n

♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❛✉t♦✉r ❞❡ x✳

✶✳✸ ▲❡♠♠❡ ❞❡ ▼♦s❡r ❡t ❛♣♣❧✐❝❛t✐♦♥s

❙♦✐t g(t)✱ 0 ≤ t ≤ T ✱ T > 0✱ ✉♥❡ ❢❛♠✐❧❧❡ C∞ ❞❡ ♠étr✐q✉❡s ❘✐❡♠❛♥✐❡♥♥❡s s✉r ✉♥❡ ✈❛r✐été
❝♦♠♣❛❝t❡ M ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ n t❡❧❧❡s q✉❡ vol(M, g(t)) ❡st ❝♦♥st❛♥t ♣♦✉r 0 ≤ t ≤ T ✳
❆❧♦rs

▲❡♠♠❡ ✶✳✸✳✶✳ ■❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ C∞ ❞❡ ❞✐✛é♦♠♦r♣❤✐s♠❡s ηt✱ t❡❧❧❡ q✉❡ h(t) = η∗t g(t)
h0 = g✱ ❡t h(t) ❡st ❞❡ ❢♦r♠❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t✱ ❝✬❡st✲à✲❞✐r❡ dv(h(t)) = dvg = dv✳



✸✹ Pré❧✐♠✐♥❛✐r❡s ❞❡ ❣é♦♠étr✐❡ r✐❡♠❛♥♥✐❡♥♥❡

▲❡ ❧❡♠♠❡ ❝✐✲❞❡ss✉s ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♠♠é❞✐❛t❡ ❞✉ ❧❡♠♠❡ s✉✐✈❛♥t ❞û à ▼♦s❡r
❬▼♦s✻✺❪✳

▲❡♠♠❡ ✶✳✸✳✷✳ ❙♦✐t µt ✉♥❡ ❞é❢♦r♠❛t✐♦♥ C∞ ❞❡ ♥✲❢♦r♠❡s ♥♦♥✲❞é❣é♥éré❡s s✉r ▼✱ ❛✈❡❝
∫

M

µt =

∫

M

µ0 ♣♦✉r t♦✉t 0 < t < T ✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢❛♠✐❧❧❡ ηt ❞✬❛✉t♦♠♦r♣❤✐s♠❡s ❞❡

▼ ✱ C∞ ❡♥ t✱ t❡❧❧❡ q✉❡ η∗t µt = µ0✱ ❡t η0 ❡st ❧✬❛♣♣❧✐❝❛t✐♦♥ ✐❞❡♥t✐té✳



❈❤❛♣✐tr❡ ✷

P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés
r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r
♣r♦♣r✐étés ❞❡ ❞✐✛✉s✐♦♥

❉é✜♥✐t✐♦♥ ✷✳✵✳✸✳ s♦✐t f : M → E ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ Ck ❞✬✉♥❡ ✈❛r✐été M ✱ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡
❇❛♥❛❝❤ E✳ ❖♥ ❞✐t q✉❡ ❢ ❡st ✉♥ Ck ♣❧♦♥❣❡♠❡♥t✱ s✐ ❢ ❡st Ck✱ ❡t s✐ ❞❡ ♣❧✉s ♣♦✉r t♦✉t x ∈M ✱
❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡ t❛♥❣❡♥t❡ Tf(x) ❡st ✐♥❥❡❝t✐✈❡✱ ❡t s✐ ❡♥ ♦✉tr❡ ❢ ❡st ✉♥ ❤♦♠é♦♠♦r♣❤✐s♠❡
❞❡ M s✉r f(M)✳ ❯♥ ♣❧♦♥❣❡♠❡♥t ❡st ❞♦♥❝ ✉♥ Ck✲❞✐✛é♦♠♦r♣❤✐s♠❡ s✉r s♦♥ ✐♠❛❣❡✳ ❈❡tt❡
✐♠❛❣❡ ❡st ✉♥❡ s♦✉s✲✈❛r✐été ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❊✳

❘❛♣♣❡❧♦♥s q✉✬✐❧ ❡①✐st❡ ❞❡s ♣❧♦♥❣❡♠❡♥ts ❝❛♥♦♥✐q✉❡s ❞❡s s♣❤èr❡s ❡t ❞❡s ❡s♣❛❝❡s ♣r♦❥❡❝t✐❢s
ré❡❧s q✉✐ s♦♥t ré❛❧✐sés ♣❛r ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ♣r❡♠✐❡r s♦✉s✲❡s♣❛❝❡ ♣r♦♣r❡ ♣♦✉r ❧❡ ❝❛s
❞❡ ❧❛ s♣❤èr❡✱ ❡t ❞✉ ❞❡✉①✐è♠❡ s♦✉s✲❡s♣❛❝❡ ♣r♦♣r❡ ♣♦✉r ❧❡s ❝❛s ❧❡ ❡s♣❛❝❡ ♣r♦❥❡❝t✐❢ ❬❇●▼✼✶❪✳

❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♦♥ ✈❛ ❢♦✉r♥✐r ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣❛rt✐❡❧❧❡ ❞❡ ❝❡ ♣❤é♥♦♠è♥❡✱ ❡t ❞♦♥♥❡r
q✉❡❧q✉❡s ❛✉tr❡s ♣❧♦♥❣❡♠❡♥ts ✐♠♣♦rt❛♥ts✱ ❛✐♥s✐ q✉❡ ❧❡✉rs ✉t✐❧✐tés✱ ❡t ❝❡❝✐ ❞❛♥s ❧❡ ❝❛s ♦ù ♦♥
❛ ✉♥❡ ✈❛r✐été ❝♦♠♣❛❝t❡ (M, g)✳

❊♥s✉✐t❡✱ ♥♦✉s ♠✉♥✐ss♦♥s M ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❛♥❛❧②t✐q✉❡ ❞❡ ♠étr✐q✉❡s r✐❡♠❛♥♥✐❡♥♥❡s g(t)
à ✉♥ ♣❛r❛♠ètr❡ q✉✐ ✈❛r✐❡ ❞❛♥s R

+✳ ❖♥ ❞és✐❣♥❡ ♣❛r ∆t✱ ❧❡ ❧❛♣❧❛❝✐❡♥ ❛ss♦❝✐é à g(t)✱ ❡t
♦♥ ❣é♥ér❛❧✐s❡ ❧❡s ♣❧♦♥❣❡♠❡♥ts ❞é❝r✐ts ❞❛♥s ❧❡s s❡❝t✐♦♥s ♣ré❝é❞❡♥t❡s✱ ❛✉ ♠♦✐♥s ♣♦✉r ❧❡s
t❡♠♣s ♣❡t✐ts ✿ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ❢❛♠✐❧❧❡ q✉❡❧❝♦♥q✉❡ ❞❡ ♠étr✐q✉❡s
g(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ t✱ ❡t ♦♥ ❞é♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ✜♥✐❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s
❛♥❛❧②t✐q✉❡ ❡♥ t✱ ♣♦✉r t s✉✣s❛♠♠❡♥t ♣❡t✐t✳ ❆✐♥s✐ ♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❧❡ ♣❧♦♥❣❡♠❡♥t ❛✈❡❝
✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳

❉❛♥s ❧❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❡ ✈♦❧✉♠❡ ❞❡ (M, g(t)) ❡st ❝♦♥st❛♥t ❡♥ t✱ ❡t
♦♥ ✈❛ s❡ s❡r✈✐r ❞✉ ❧❡♠♠❡ ❞❡ ▼♦s❡r ✶✳✸✳✷✱ ♣♦✉r ❛✈♦✐r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s
h(t)✱ ❞♦♥t ❧❛ ❢♦r♠❡ ✈♦❧✉♠❡ ❡st ❝♦♥st❛♥t❡ ❡♥ t✳ P❛r s✉✐t❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt L2(M,vh(t))
❡st ❝♦♥st❛♥t✳ ❖♥ ❛ ❞❛♥s ❝❡ ❝❛s✱ ✉♥❡ ❢❛♠✐❧❧❡ ❤♦❧♦♠♦r♣❤❡ ❞❡ t②♣❡ ❆ ❛✉ s❡♥s ❞❡ ❑❛t♦ ✭✈♦✐r
❞❡✜♥✐t✐♦♥ ✷✳✻✳✶✮✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❝♦♥str✉✐r❡ ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❛♥s l2✱ ❛✈❡❝ ✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡
❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳

✸✺



✸✻
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

✷✳✶ P❧♦♥❣❡♠❡♥ts ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✿ ♠♦t✐✈❛t✐♦♥

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❥✉st✐✜❡r ❧❡ ❢❛✐t q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡
▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ s♦♥t ✉t✐❧❡s ♣♦✉r ♣❧♦♥❣❡r✳

❖♥ ❝♦♥s✐❞èr❡ ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ (Mn, g)✱ ❞✐✛ér❡♥t✐❛❜❧❡✱ ❝♦♠♣❛❝t❡ ❡t s❛♥s ❜♦r❞✳
❖♥ ❝❤❡r❝❤❡ ✉♥❡ ❢♦♥❝t✐♦♥ f ∈ C2(M)✱ q✉✐ ♣r❡s❡r✈❡ ❞✬✉♥❡ ♠❛♥✐èr❡ ♦♣t✐♠❛❧❡ ❧✬✐♥❢♦r♠❛t✐♦♥
❧♦❝❛❧❡✱ ❛✉ s❡♥s ♦ù ✿ s✐ ❞❡✉① ♣♦✐♥ts x, y s♦♥t ♣r♦❝❤❡s ❞❛♥s M ❛❧♦rs ❧❡✉rs ✐♠❛❣❡s f(x)✱ ❡t
f(y) s♦♥t ❛✉ss✐ ♣r♦❝❤❡s ❞❛♥s R✳ P❧✉s ♣ré❝✐sé♠❡♥t✱ ♦♥ ❛ ❧❛ ♣r♦♣♦s✐t✐♦♥ s✉✐✈❛♥t❡ ✿

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✶✳ ❙♦✐t f ∈ C2(M)✱ ❡t s♦✐❡♥t x, y ∈M ✱ ❛❧♦rs

|f(y) − f(x)| ≤ r(x, y)‖∇f(x)‖ +O(r2(x, y))

♦ù r ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ❞❡ (M, g)✳

Pr❡✉✈❡✳ ❙♦✐t V ∈ TxM ✱ ❛❧♦rs dxf(V ) = 〈∇f(x), V 〉✱ ❡t s♦✐t γ : [0, r(x, y)] → M ❧❛
❣é♦❞és✐q✉❡ r❡❧✐❛♥t x à y ❞❛♥s M ✱ ❡t t❡❧❧❡ q✉❡ |γ̇(s)| = 1✱ ♣♦✉r t♦✉t s ∈ [0, r(x, y)]✳ ❆❧♦rs

f(y) = f(x) +

∫ r(x,y)

0

dxf(γ̇(s))ds

= f(x) +

∫ r(x,y)

0

〈∇f(γ(s)), γ̇(s)〉 ds

P❛r ❧✬✐♥é❣❛❧✐té ❞❡ ❙❝❤✇❛rt③✱ ♦♥ ❛

〈∇f(γ(s)), γ̇(s)〉 ≤ ‖∇f(γ(s))‖‖γ̇(s)‖ ≤ ‖∇f(γ(s))‖.

P❛r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r à ❧✬♦r❞r❡ 1 ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ s = 0✱ ♦♥ ❛ ✿

‖∇f(γ(s))‖ = ‖∇f(γ(0))‖ +O(s) = ‖∇f(x)‖ +O(s),

❛❧♦rs✱

f(y) ≤ f(x) +

∫ r(x,y)

0

(‖∇f(x)‖ +O(s)) ds = r(x, y)‖∇f(x)‖ +O(r2(x, y)),

❞✬♦ù ❧❡ rés✉❧t❛t✳

▲❡ ❧❡♠♠❡ ✷✳✶✳✶ ♣ré❝✐s❡ ❞❡ q✉♦✐ ❞é♣❡♥❞ ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ✐♠❛❣❡s ♣❛r ✉♥❡
❢♦♥❝t✐♦♥ f ✳ ❖♥ ❝❤❡r❝❤❡ ✉♥❡ ❢♦♥❝t✐♦♥ q✉✐ ♣❡✉t ♣rés❡r✈❡r ❡♥ ♠♦②❡♥♥❡ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ♣♦✐♥ts
✈♦✐s✐♥s✳ ❯♥ ❜♦♥ ❝❛♥❞✐❞❛t ❡st ✿

argmin
‖f‖L2(M)=1

∫

M

‖∇f(x)‖2dv(x).

▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❝♦♥st❛♥t❡ ϕ0 ≡ 1✳ ▲✬✐♠❛❣❡ ❞❡ M ♣❛r
❝❡tt❡ ❢♦♥❝t✐♦♥ ❡st ❞♦♥❝ ✉♥ ♣♦✐♥t✳ P♦✉r é✈✐t❡r ❝❡ ❝❛s tr✐✈✐❛❧✱ ♦♥ ❡①✐❣❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ f s♦✐t
♦rt❤♦❣♦♥❛❧❡ à ϕ0 ≡ 1✳ ❖♥ r❡❝❤❡r❝❤❡ ♠❛✐♥t❡♥❛♥t ✿

argmin
‖f‖L2(M) = 1

∫

M
f(x)dv(x) = 0

∫

M

‖∇f(x)‖2dv(x).



✷✳✷ ◗✉❡❧q✉❡s ♣❧♦♥❣❡♠❡♥ts ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ✸✼

❖♥ ♣❡✉t r❡♠❛rq✉❡r q✉✬✐❧ s✬❛❣✐t ❞❡ ❧❛ ♣r❡♠✐èr❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ϕ1 ❞❡ ∆✱ r❡❧❛t✐✈❡ à ❧❛
♣r❡♠✐èr❡ ✈❛❧❡✉r ♣r♦♣r❡ ♥♦♥ ♥✉❧❧❡ λ1✳ ❊♥ ❡✛❡t✱ ♣❛r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❙t♦❦❡s ✿

∫

M

‖∇f(x)‖2dv(x) = −
∫

M

f(x)∆f(x)dv(x)

♣✉✐sq✉❡ ∂M = ∅✳

❆✐♥s✐✱ s✐ ❧❛ ♠✉❧t✐♣❧✐❝✐té ❞❡ λ1 ❡stm1✱ ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ϕ1, . . . , ϕm1

r❡❧❛t✐✈❡s à λ1✳ P❛r ❡①❡♠♣❧❡✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❧❛ s♣❤èr❡✱ ❝❡❧❛ ❞♦♥♥❡ ❜✐❡♥ ✉♥ ♣❧♦♥❣❡♠❡♥t✳ ❙✐♥♦♥✱
♦♥ ❝♦♥s✐❞èr❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s r❡❧❛t✐✈❡s à ❧❛ ✈❛❧❡✉r ♣r♦♣r❡ s✉✐✈❛♥t❡✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳
❋✐♥❛❧❡♠❡♥t✱ ♦♥ ♦❜t✐❡♥t ✉♥ ♣❧♦♥❣❡♠❡♥t ♣❛r ✉♥ ♥♦♠❜r❡ ✜♥✐ ♦✉ ✐♥✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳
❙✐ ♦♥ ❛ ✉♥ ♥♦♠❜r❡ ✐♥✜♥✐✱ ♦♥ ♣❡✉t ♥♦r♠❛❧✐s❡r ❝❤❛q✉❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡ ❞❛♥s ❧❡ ♣❧♦♥❣❡♠❡♥t✱
❞❡ ♠❛♥✐èr❡ à ❛✈♦✐r ✉♥ ♣❧♦♥❣❡♠❡♥t ❜✐❡♥ ❞é✜♥✐✳

✷✳✷ ◗✉❡❧q✉❡s ♣❧♦♥❣❡♠❡♥ts ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à

❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥

❉❛♥s ❬❇❇●✾✹❪✱ P✳ ❇ér❛r❞✱ ●✳ ❇❡ss♦♥✱ ❡t ❙✳ ●❛❧❧♦t✱ ❞é♠♦♥tr❡♥t q✉✬♦♥ ♣❡✉t ♣❧♦♥❣❡r t♦✉t❡
✉♥❡ ❝❧❛ss❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❝♦♠♣❛❝t❡s ❞❛♥s l2 ♣❛r t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥ ♣r♦♣r❡s ✭❝✳❢✳
t❤é♦rè♠❡ ✵✳✵✳✶✶✮✳ ▼❛✐s✱ ♦♥ s❡ ❞❡♠❛♥❞❛✐t s✐ ♦♥ ♣❡✉t ♣❧♦♥❣❡r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r
✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳ ❈❡❝✐ ♣♦✉r ♠❡ttr❡ ❡♥ ♣r❛t✐q✉❡ ❝❡tt❡ t❤é♦❧♦❣✐❡✳ ▲❛
ré♣♦♥s❡ ét❛✐t ❤❡✉r❡✉s❡♠❡♥t ♣♦s✐t✐✈❡✳ ❊♥ ❢❛✐t✱ ❡♥ ✶✾✼✽✱ ❆✳ ❇❡ss❡ ♣❧♦♥❣❡ ✉♥❡ ❝❡rt❛✐♥❡ ❝❧❛ss❡
❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❡✉❝❧✐❞✐❡♥ ♣❛r ✉♥ s❡✉❧ ❡s♣❛❝❡ ♣r♦♣r❡✳ ❊t ♣✉✐sq✉❡
♦♥ ♥❡ ♣❡✉t ♣❛s ❡s♣ér❡r t♦✉❥♦✉rs ❞❡ ❧❡ ❢❛✐r❡ ♣♦✉r ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ q✉❡❧❝♦♥q✉❡✱ P✳
❇ér❛r❞ ✉t✐❧✐s❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❥✉sq✉✬à ✉♥ ❝❡rt❛✐♥ r❛♥❣✳

✷✳✷✳✶ ❈❛s ❞✬✉♥❡ ✈❛r✐été s②♠étr✐q✉❡ ❝♦♠♣❛❝t❡ ❞❡ r❛♥❣ ✶

❉é✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❯♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♥♥❡①❡✱ ❡st ✉♥ ❡s♣❛❝❡ s②♠étr✐q✉❡ s✐✱ ♣♦✉r
t♦✉t m ∈M ✱ ✐❧ ❡①✐t❡ ✉♥❡ ✐s♦♠étr✐❡ ✐♥✈♦❧✉t✐✈❡✱ sm : M →M ✱ t❡❧❧❡ q✉❡

sm ◦ expm = expm ◦sm.

▲❡ r❛♥❣ ❞✬✉♥ ❡s♣❛❝❡ s②♠étr✐q✉❡ ❡st ❞é✜♥✐ ♣❛r ❧❛ ❞✐♠❡♥s✐♦♥ ♠❛①✐♠❛❧❡ ❞❡s s♦✉s✲✈❛r✐étés
♣❧❛t❡s ✭✐✳❡✳ ❞❡ ❝♦✉r❜✉r❡ ♥✉❧❧❡✮✱ q✉✐ s♦♥t t♦t❛❧❡♠❡♥t ❣é♦❞és✐q✉❡s✶ ❞❛♥s M ✳

❊①❡♠♣❧❡✳ ▲❡s ❡s♣❛❝❡s s②♠étr✐q✉❡s ❞❡ r❛♥❣ ✶✱ ♥♦♥ ❝♦♠♣❛❝t❡s✱ s♦♥t ❧❡s ❡s♣❛❝❡s ❤②✲
♣❡r❜♦❧✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t à R,C,H, ❡t Ca✱ ❡t ❞✬✉♥❡ ♠❛♥✐èr❡ ❞✉❛❧❡✱ ❧❡s ❡s♣❛❝❡s s②♠é✲
tr✐q✉❡s ❝♦♠♣❛❝t❡s ❞❡ r❛♥❣ ✶✱ s♦♥t ❧❡s ❞✐✛ér❡♥ts KPn✱ ❡t ❧❡s s♣❤èr❡s ❊✉❝❧✐❞✐❡♥♥❡s✱ ✐✳❡✳
Sn,RPn,CPn,HPn,CaP 2✱ ♠✉♥✐s ❞❡ ❧❛ ♠étr✐q✉❡ ❝❛♥♦♥✐q✉❡✳

❖♥ s✉♣♣♦s❡ ♠❛✐♥t❡♥❛♥t q✉❡ (M, g) ❡st ✉♥❡ ✈❛r✐été ❝♦♠♣❛❝t❡✱ ❛❧♦rs ❡❧❧❡ ❛❞♠❡t ✉♥❡ s♦✲
❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✉♥✐q✉❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r K : R

∗
+ ×M ×M ✳ ❙✐ M ❡st ✉♥

❡s♣❛❝❡ s②♠étr✐q✉❡ ❞❡ r❛♥❣ ✶✱ ❛❧♦rs ❧✬✉♥✐❝✐té ❡t ❧✬✐♥✈❛r✐❛♥❝❡ ❞❡ ❝❡ ♥♦②❛✉✱ ♥♦✉s ✐♠♣❧✐q✉❡ q✉❡
K ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡ ❧❛ ❞✐t❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ r✱ ✐✳❡✳ ✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

Ξ : R
∗
+ × R+ → R,

✶✉♥❡ s♦✉s✲✈❛r✐été ❡st ❞✐t❡ t♦t❛❧❡♠❡♥t ❣é♦❞és✐q✉❡✱ s✐✱ ♣♦✉r t♦✉t ✈❡❝t❡✉r ♥♦r♠❛❧✱ ❧❛ s❡❝♦♥❞❡ ❢♦r♠❡ ❢♦♥❞❛✲
♠❡♥t❛❧❡ s✬❛♥♥✉❧❡✳



✸✽
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

t❡❧❧❡ q✉❡ K(t, x, y) = Ξ(t, r(x, y))✱ ♣♦✉r t♦✉t x, y ∈M ✱ ❡t t > 0✳

▲❡♠♠❡ ✷✳✷✳✷✳ ❬❇❡s✼✽❪ ❙✐ (M, g) ❡st ✉♥ ❡s♣❛❝❡ s②♠étr✐q✉❡ ❝♦♠♣❛❝t ❞❡ r❛♥❣ ✶✱ ❡t ∆ ❡st
❧✬♦♣ér❛t❡✉r ❞❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ❛ss♦❝✐é✱ ❛❧♦rs✱ ♣♦✉r t♦✉t❡ ✈❛❧❡✉r ♣r♦♣r❡ µ✱ ❞❡ ♠✉❧t✐♣❧✐❝✐té
Nµ✱ ✐❧ ❡①✐st❡ ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥

Fµ : R+ → R,

t❡❧❧❡ q✉❡
µ
∑

i=1

ϕµ
i (x)ϕµ

i (y) = Fµ(r(x, y)), ♣♦✉r t♦✉t x, y ∈M✷.

❙♦✐t (M, g) ✉♥ ❡s♣❛❝❡ s②♠étr✐q✉❡ ❝♦♠♣❛❝t ❞❡ r❛♥❣ ✶✱ ❞❡ ❞✐♠❡♥s✐♦♥ n✳ ❊t s♦✐t λ ∈
Spec(M, g)✱ ❞❡ ♠✉❧t✐♣❧✐❝✐téN ✱ ❡t s♦✐t ϕ1, ..., ϕN ✉♥❡ ❜❛s❡ L2(M, g)✲♦rt❤♦♥♦r♠é❡ ❞❡ ❧✬❡s♣❛❝❡
♣r♦♣r❡ ❛ss♦❝✐é Eλ✳

❖♥ ❝♦♥s✐❞èr❡ ❧✬❛♣♣❧✐❝❛t✐♦♥
Λ : M → R

N+1

x 7→ (ϕ0(x), ..., ϕN (x)).

❚❤é♦rè♠❡ ✷✳✷✳✸✳ ✭❬❇❡s✼✽❪✱ ♣❛❣❡ ✶✼✹✮❖♥ ❛

✶✳ Λ ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ❞❡M ❞❛♥s ❧❛ s♣❤èr❡ S(0, R), ❞❛♥s R
N+1✱ ❞❡ r❛②♦♥ R =

(

N

vol(M, g)

)
1
2

✳

✷✳ Λ∗g = kg✱ ♦ù g ❡st ❧❛ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡ ✐♥❞✉✐t❡ ♣❛r ❝❡❧❧❡ ❞❡ R
N+1✱ s✉r Λ(M)✱

❡t k =
λR2

n

✸✳ Λ ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s R
N ✱ s❛✉❢ ❞❛♥s ❧❡ ❝❛s ♦ù M = Sn✱ ❡t Λ(M) = RPN ✳

❊sq✉✐ss❡ ❞❡ ❧❛ ♣r❡✉✈❡✳ ❧✬✐❞é❡ ❞❡ ❧❛ ♣r❡✉✈❡ ❡st ❜❛sé❡ s✉r ❧❡ ❧❡♠♠❡ ✷✳✷✳✷✳ ■❧ ❡①✐st❡ ✉♥❡
❛♣♣❧✐❝❛t✐♦♥ Fλ : R+ → R✱ t❡❧❧❡ q✉❡

N
∑

i=1

ϕi(x)ϕi(y) = Fλ(r(x, y)), ♣♦✉r t♦✉t x, y ∈M. ✭✷✳✷✳✶✮

❆❧♦rs ♦♥ ❛






















〈Λ(x),Λ(x)〉 =
N
∑

i=1

ϕ2
i (x) = Fλ(0)

Fλ(0)V ol(M, g) =

N
∑

i=1

∫

M

ϕ2
i (x)dv(x) =

N
∑

i=1

‖ϕi‖2
L2(M,vg) = N

✭✷✳✷✳✷✮

❆❧♦rs✱

Λ(M) ⊂ S(0, R) =

(

N

V ol(M, g)

)
1
2

.

✷❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r t♦✉t ♣♦✐♥t x ∈ M ✱ ✐❧ ❡①✐st❡ ✉♥❡ ❢♦♥❝t✐♦♥ F : R → R✱ t❡❧❧❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥✱
f : M → R✱ ❞é✜♥✐❡ ♣❛r y → F (r(x, y))✱ ❡st C∞✱ ❡t s❛t✐s❢❛✐t✱ ∆f = µf ✱ ❛✈❡❝ µ > 0✳



✷✳✷ ◗✉❡❧q✉❡s ♣❧♦♥❣❡♠❡♥ts ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ✸✾

❉✐✛ér❡♥t✐♦♥s ✷✳✷✳✷ ❞❡✉① ❢♦✐s✳ ❖♥ ❛

N
∑

i=1

ϕidϕi = 0,

N
∑

i=1

dϕi ⊗ dϕi +

N
∑

i=1

ϕiHessϕi = 0

❡t ❡♥ ❞✐✛ér❡♥t✐❛♥t ✷✳✷✳✶✱ ♦♥ ♦❜t✐❡♥t

N
∑

i=1

ϕiHessϕi = F ′′
λ (0)g,

❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡
N
∑

i=1

dϕi ⊗ dϕi = −F ′′
λ (0)g. ✭✷✳✷✳✸✮

❖r Λ∗g =
∑N

i=1 dϕi⊗dϕi = −F ′′
λ (0)g, ❛❧♦rs✱ ♣♦✉r ❝❛❧❝✉❧❡r ❧❛ ❝♦♥st❛♥t❡ −F ′′

λ (0)✱ ♦♥ ❝❛❧❝✉❧❡
❧❛ tr❛❝❡

trace

N
∑

i=1

ϕiHessϕi = −
N
∑

i=1

ϕi∆ϕi = −λ
N
∑

i=1

ϕi

= λR2 = trace(g)F ′′
λ (0) = nF ′′

λ (0)

❡t ❞✬❛♣rès ✷✳✷✳✸✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡st ✉♥❡ ✐♠♠❡rs✐♦♥✳ ❊♥s✉✐t❡✱ s✐ Λ(x) = Λ(y)✱ ❛❧♦rs x = y✱
s❛✉❢ ❞❛♥s ❧❛ ❝❛s ♦ù M = Sn✱ ❡t x, y s♦♥t ❛♥t✐♣♦❞❛❧❡s ✭ ♣♦✉r ❧❡s ❞ét❛✐❧s✱ ❝♦♥s✉❧t❡r ❬❇❡s✼✽❪✱
❝❤❛♣✐tr❡s ✺✱ ❡t ✻✮✳

❯♥ ✐♥t❡rêt ❞✉ ♣❧♦♥❣❡♠❡♥t ♣❛r ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✱ ❡st ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ✈♦❧✉♠❡
❞❡s ❡♥s❡♠❜❧❡s ♥♦❞❛✉① ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ♣❡✉t ❞é♠♦♥✲
tr❡r ❡♥ ♣❧♦♥❣❡❛♥t ✉♥❡ ❝❧❛ss❡ ❞❡ ✈❛r✐étés✱ ❞❛♥s ✉♥ ❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ q✉❡ ❧❡ ✈♦❧✉♠❡ ♠♦②❡♥
❞❡s ❡♥s❡♠❜❧❡s ♥♦❞❛✉① ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐é❡ à ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞♦♥♥é❡ λ ❡st
♣r♦♣♦rt✐♦♥❡❧ à V ol(M, g)/λ✳

❙♦✐t Ha ❧✬❤②♣❡r♣❧❛♥ ✈❡❝t♦r✐❡❧ ❞❡ R
N+1✱ ❞é✜♥✐ ♣❛r ❧✬éq✉❛t✐♦♥

(Ha) a0X1 + ...+ aNXN

♦ù ❧✬♦♥ ✈♦✐t (a0, ..., aN ) ❝♦♠♠❡ ✉♥ ♣♦✐♥t a ❞❡ RPN ✳ ❉❛♥s ❬❇ér✽✺❪✱ ❇ér❛r❞ r❡❢♦r♠✉❧❡ ✉♥❡
é❣❛❧✐té ❞❡ ❙❛♥t❛❧♦ ✭✈♦✐r ❧❛ ❢♦r♠✉❧❡ ✐♥✐t✐❛❧❡ ❞❛♥s ❬❙❛♥✼✻❪✱ ♣❛❣❡ ✷✹✺✱ ❡t ✸✵✾✮✱ ❡t ♥♦✉s ❞♦♥♥❡

V ol(M, g) =
V ol(Sn(R))

V ol(Sn−1(R))

1

V ol(RPN )

∫

RP N

V ol(M ∩Ha, g)da

♦ù da ❡st ❧❡ ✈♦❧✉♠❡ ❞❡ RPN ✱ ❡t (M, g) ❡st ❧✬✐♠❛❣❡ Λ(M) ♠✉♥✐ ❞❡ ❧❛ ♠étr✐q✉❡ ✐♥❞✉✐t❡ ♣❛r

❝❡❧❧❡ ❞❡ R
N ✱ ❡t R =

(

N

vol(M, g)

)
1
2

.

❘❡♠❛rq✉❡ ✷✳✷✳✹✳ ❘❡♠❛rq✉♦♥s q✉❡ M ∩Ha ♥✬❡st ❛✉tr❡ q✉❡ ❧✬✐♠❛❣❡ ♣❛r Λ ❞❡ ❧✬❡♥s❡♠❜❧❡
♥♦❞❛❧

Na(λ) =

(

N
∑

i=0

aiϕi

)−1

(0), a = (a0, ..., aN ).



✹✵
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

❆❧♦rs

❚❤é♦rè♠❡ ✷✳✷✳✺✳ ✭❇ér❛r❞ ❬❇ér✽✺❪✮ ❆✈❡❝ ❧❡s ❤②♣♦t❤ès❡s ❡t ❧❡s ♥♦t❛t✐♦♥s ❝✐✲❞❡ss✉s✱ ♦♥ ❛

1

V ol(RPN )

∫

RP N

V ol(Na(λ), g)da =
V ol(Sn−1(1))√
nV ol(Sn(1))

V ol(M, g)
√
λ.

✷✳✷✳✷ ❈❛s ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡

❙♦✐❡♥t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ 0 = λ0 < λ1 ≤ λ2 ≤ ... ❧❡ s♣❡❝tr❡
❞❡ (M, g)✱ {ϕi}i∈N ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠é❡ ❞❡ L2(M, vg) ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐é❡s✱ ❡t
s♦✐❡♥t

N(λ) = ❝❛r❞{j ∈ N, λj ≤ λ},
❡t

ν(x, λ) =





∑

λj≤λ

ϕ2
j (x)





1
2

=
λ

n
2

(4π)
n
2 Γ
(

n
2 + 1

) (1 + a(x, λ))

♦ù a(x, λ) = o(λ−
1
2 )✱ ✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈M ✱ q✉❛♥❞ λ→ ∞ ✭❝✳❢✳ ❇ér❛r❞ ❬❇ér✽✺❪

❚❤é♦rè♠❡ ✷✳✷✳✻✳ ✭❇ér❛r❞ ❬❇ér✽✺❪✮▲✬❛♣♣❧✐❝❛t✐♦♥

Φλ : M → R
N(λ)+1

x 7→
(

ϕ0(x)

ν(x, λ)
, ...,

ϕN(λ)(x)

ν(x, λ)

)

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r λ ❛ss❡③ ❣r❛♥❞✳ ❉❡ ♣❧✉s✱ Φλ(M) ⊂ SN(λ)(1) ✭s♣❤èr❡ ❞❡ r❛②♦♥ 1
❞❛♥s R

N(λ)+1✮✱ ❡t✱ ♣♦✉r t♦✉t V ∈ TM \ {0}✱

‖dΦλ(V )‖2
RN(λ)+1 =

λ

n+ 2
[g0(V, V ) + b(V, λ)] ,

♦ù b(V, λ) = o(1)✱ ✉♥✐❢♦r♠é♠❡♥t ❡♥ V ✱ q✉❛♥❞ λ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳

❈♦r♦❧❧❛✐r❡ ✷✳✷✳✼✳

1

V ol(RPN(λ))

∫

RP N(λ)

V ol(Na(λ), g)da =
V ol(Sn−1(1))√
n+ 2V ol(Sn(1))

V ol(M, g)
√
λ(1 + o(1))

q✉❛♥❞ λ t❡♥❞ ✈❡rs ∞✱ ♦ù✱

Na(λ) =





N(λ)
∑

i=0

aiϕi





−1

(0), a = (a0, ..., aN(λ)) ∈ RPN(λ)).

✷✳✸ P❧♦♥❣❡♠❡♥t ❡t ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥

❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ ❡t K(t, ., .) s♦♥ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ❖♥
❝♦♥s✐❞èr❡ ❧❡ ♣❧♦♥❣❡♠❡♥t ❞✉ t❤é♦rè♠❡ ✵✳✵✳✶✶ ✭à ✉♥❡ ❝♦♥st❛♥t❡ ♣rès✮

Φt : M → l2, t > 0

x→
{

e−λitϕi(x)
}

i≥1
.

♦ù λi ❡t ϕi s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✈❛❧❡✉rs ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ∆g✳



✷✳✸ P❧♦♥❣❡♠❡♥t ❡t ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥ ✹✶

❉❛♥s ❧✬❛rt✐❝❧❡ ❬❈▲✵✻❪✱ ❈♦✐✛♠❛♥ ❡t ▲❛❢♦♥ r❡♣r❡♥♥❡♥t ❝❡ ♣❧♦♥❣❡♠❡♥t ❡t ❧✬❛♣♣❡❧❧❡♥t ❢❛♠✐❧❧❡
❞✬✧❛♣♣❧✐❝❛t✐♦♥s ❞❡ ❞✐✛✉s✐♦♥✧✳ ■❧s ❧❡✉r ❛ss♦❝✐❡♥t ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✧❞✐st❛♥❝❡s ❞❡ ❞✐✛✉s✐♦♥s✧ Dt

✭❞✐st❛♥❝❡ ❛✉ t❡♠♣s t✮ ❞é✜♥✐❡s ♣❛r

D2
t (x, y) =

∑

j≥0

e−λjt (ϕj(x) − ϕj(y))
2

= ‖Φt(x) − Φt(y)‖2
l2

♣♦✉r t♦✉t x, y ∈M.

Dt ❡st ❜✐❡♥ ✉♥❡ ❞✐st❛♥❝❡ s✉r M ♣♦✉r t♦✉t t > 0✳ ❊♥ ❢❛✐t ✿ Dt ❡st s②♠étr✐q✉❡✱ ♣✉✐sq✉❡✱
♣♦✉r t♦✉t x, y ∈M ✱

‖Φt(x) − Φt(y)‖l2 = ‖Φt(y) − Φt(x)‖l2 .

❉❡ ♣❧✉s✱ s✐ Dt(x, y) = 0✱ ❛❧♦rs ϕj(x) = ϕj(y)✱ ♣♦✉r t♦✉t j > 1✳ ▲❡ ❢❛✐t q✉❡ {ϕi}i∈N s♦✐t
✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡ ♥♦✉s ❞♦♥♥❡ q✉❡ x = y✳ ❊♥✜♥✱ ✐❧ ❡st ❢❛❝✐❧❡ ❞❡ ✈♦✐r q✉❡

Dt(x, y) ≤ Dt(x, z) +Dt(z, y), ♣♦✉r t♦✉s x, y, z ∈M.

❖♥ ✈♦✐t ❛✐♥s✐ q✉❡ Φt ré❛❧✐s❡ ✉♥ ♣❧♦♥❣❡♠❡♥t ✐s♦♠étr✐q✉❡ ❞❡ ❧✬❡s♣❛❝❡ ♠étr✐q✉❡ M ✭♠✉♥✐ ❞❡
❧❛ ♠étr✐q✉❡ Dt✮ ❞❛♥s ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥✳

▲✬✐❞é❡ ❞✬❛♣♣❡❧❡r ❛✐♥s✐ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✱ ❡st ♠♦t✐✈é❡ ♣❛r ❧✬é❣❛❧✐té

‖Φt(x) − Φt(y)‖2
l2 =

∫

M

(K(t, x, z) − k(t, y, z))
2
dv(z), x, y ∈M,

❧❛ q✉❛♥t✐téK(t, x, y) ét❛♥t ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❧❛ tr❛♥s✐t✐♦♥ ❞❡ x à y ❡♥ t❡♠♣s t✳ ❆ ❝❡ ♣r♦❝❡ss✉s
❞❡ ❞✐✛✉s✐♦♥ ❡st ❛ss♦❝✐é ❧❛ ❞✐st❛♥❝❡ Dt q✉✐ r❡✢�t❡ ❧❡ ✧t❛✉① ❞❡ ❝♦♥♥❡①✐♦♥✧ ❞❡s ♣♦✐♥ts x, y ∈M ✳
P❧✉s ✐❧ ② ❛ ✉♥❡ ❣r❛♥❞❡ ♣r♦❜❛❜✐❧✐té ❞❡ tr❛♥s✐t❡r ❞❡ x à y ❡t ♣❧✉s✱ Dt(x, y) ❡st ♣❡t✐t❡✳

P♦✉r ✉t✐❧✐s❡r ❡♥ ♣r❛t✐q✉❡ ❧❛ ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✱ ♦♥ ♣❡✉t ❧✬❛♣♣r♦❝❤❡r ♣❛r ✉♥ ♥♦♠❜r❡
✜♥✐ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s ❡♥ r❡t❡♥❛♥t ✉♥✐q✉❡♠❡♥t ❧❡s t❡r♠❡s e−λitϕi ♣♦✉r ❧❡sq✉❡❧s ❧❡s ✈❛❧❡✉rs
e−2λit r❡st❡♥t s✐❣♥✐✜❝❛t✐✈❡s ✿ ❡♥ ❢❛✐t✱ ♣♦✉r x ∈ M ✜①é❡✱ K(t, x, .) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝✉t✲♦✛
❝❡♥tré❡ ❡♥ x✳ ◗✉❛♥❞ t ❞❡✈✐❡♥t ♣❧✉s ❣r❛♥❞✱ ❧❡ s✉♣♣♦rt ❞❡ K(t, x, .) ❞❡✈✐❡♥t ♣❧✉s ❧❛r❣❡✱ ❡t ❧❡
♥♦♠❜r❡ ❞❡ ✈❛❧❡✉rs ♣r♦♣r❡s q✉✐ ♣❡✉✈❡♥t ❞♦♥♥❡r ✉♥❡ s✐❣♥✐✜❝❛t✐♦♥ à ❝❡tt❡ ❢♦♥❝t✐♦♥✱ ❞❡✈✐❡♥t
♣❧✉s ♣❡t✐t ✭✈♦✐r ✜❣✉r❡ ✷✳✶✮✳

P❛r ❝♦♥séq✉❡♥t✱ ♦♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✷✳✸✳✶✳ P♦✉r t♦✉t t > 0✱ ❡t t♦✉t δ > 0✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ s(δ, t) t❡❧ q✉❡
❧✬❛♣♣❧✐❝❛t✐♦♥

Ψs
t : M → R

s(δ,t)

x 7→ (e−λ1tϕ1(x), ..., e
−λs(δ,t)tϕs(δ,t)(x))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ ❞❡ ❞✐♠❡♥s✐♦♥ s(δ, t)✳ ❉❛♥s ❝❡t ❡s♣❛❝❡✱ ❧❛
❞✐st❛♥❝❡ ❊✉❝❧✐❞✐❡♥♥❡✱ ❡st é❣❛❧❡ à ❧❛ ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥✱ à ✉♥ ❞❡❣ré ❞✬❡①❛❝t✐t✉❞❡ ❞❡ δ✳ ✐✳❡✳

|Dt(x, y) − ‖Ψs
t (x) − Ψs

t (y)‖Rs(δ,t) | ≤ δ

♣♦✉r t♦✉t x, y ∈M ✳



✹✷
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

❋✐❣✳ ✷✳✶ ✕ ◗✉❛♥❞ t ❛✉❣♠❡♥t❡✱ ❧❡ s✉♣♣♦rt ❞❡ k(t, x, .) ❞❡✈✐❡♥t ♣❧✉s ❣r❛♥❞✱ ❡t ❧❡ ♥♦♠❜r❡ ❞❡
✈❛❧❡✉rs ♣r♦♣r❡s s✐❣♥✐✜q✉❛t✐✈❡s ❞❡ Pt = e−t∆ ❞✐♠✐♥✉❡✳

Pr❡✉✈❡✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✷✳✷✳✻✱ ✐❧ ❡①s✐t❡ ❜✐❡♥ N0 ∈ N✱ t❡❧ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

ΨN0
t : M → R

N0

x 7→ (e−λ1tϕ1(x), ..., e
−λN0

tϕN0
(x))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s R
n✳ ❉❡ ♣❧✉s✱

∞
∑

i=0

e−2λit (ϕi(x) − ϕi(y))
2

= K(2t, x, x) +K(2t, y, y) − 2K(2t, x, y),

♣♦✉r t♦✉t t > 0✱ ❡t t♦✉s x, y ∈M ✳ ❆❧♦rs✱ ♣♦✉r t♦✉s t > 0✱ x, y ∈M ✱ δ > 0✱ ✐❧ ❡①✐st❡ s > 0✱
t❡❧ q✉❡

∞
∑

i=s

e−2λit (ϕi(x) − ϕi(y))
2 ≤ δ.

❖r✱ ❧❛ s✉✐t❡ ❞❡s ❢♦♥❝t✐♦♥ fn ❞❡✜♥✐❡s ♣❛r

fn(t, x, y) =

∞
∑

i=n

e−2λit (ϕi(x) − ϕi(y))
2

❡st ♠♦♥♦t♦♥❡ ✭❝❛r ♣♦✉r t♦✉t n ∈ N✱ ❡t t♦✉t x, y ∈ M ✱ fn+1(t, x, y) > fn(t, x, y)✮✱ ❛❧♦rs
❞✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❉✐♥✐✸✱ ♦♥ ❛ ✿ ♣♦✉r t♦✉s t > 0✱ δ > 0✱ ✐❧ ❡①✐st❡ s0(δ, t) > 0✱ t❡❧ q✉❡

∞
∑

i=s0(δ,t)

e−2λit (ϕi(x) − ϕi(y))
2 ≤ δ

♣♦✉r t♦✉s x, y ∈M ✳ ❊♥✜♥✱ ♣♦✉r t♦✉t s(δ, t) > s0(δt)✱ ♦♥ ❛
∞
∑

i=s(δ,t)

e−2λit (ϕi(x) − ϕi(y))
2 ≤ δ

✸▲❛ ❝♦♥✈❡r❣❡♥❝❡ s✐♠♣❧❡ ❞✬✉♥❡ s✉✐t❡ ♠♦♥t♦♥❡ ❞❡ ❢♦♥❝t✐♦♥s ❞é✜♥✐❡s ❡t ❝♦♥t✐♥✉❡s s✉r ✉♥ ❡s♣❛❝❡ ❝♦♠♣❛❝t
✈❡rs ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ✐♠♣❧✐q✉❡ s❛ ❝♦♥✈❡r❣❡♥❝❡ ✉♥✐❢♦r♠❡✳



✷✳✸ P❧♦♥❣❡♠❡♥t ❡t ❞✐st❛♥❝❡ ❞❡ ❞✐✛✉s✐♦♥ ✹✸

♣♦✉r t♦✉s x, y ∈M ✳ ❊♥ ❝❤♦✐s✐ss❛♥t s(δ, t) ≥ N0✱ ♦♥ ❛ ❧❡ rés✉❧t❛t✳

▲❛ ✜❣✉r❡ ✷✳✷✱ ✐❧❧✉str❡ ❧❡ t❤é♦rè♠❡ ✷✳✸✳✶✱ ♣♦✉r t > 0 ✜①é ♦ù R
s(δ,t) = R

3✳ ▲❛ ❞✐st❛♥❝❡ ❞❡
❞✐✛✉s✐♦♥ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ♣❧♦♥❣❡♠❡♥t ❡st ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ❝♦r❞❡ q✉✐ ❧❡s
r❡❧✐❡✳

❋✐❣✳ ✷✳✷ ✕ ❍❛❧tèr❡ ♦r✐❣✐♥❛❧ ✭à ❣❛✉❝❤❡✮ ❡t s♦♥ ♣❧♦♥❣❡♠❡♥t ✭à ❞r♦✐t❡✮ à ❧✬❛✐❞❡ ❞❡s ♣r❡♠✐èr❡s
✸ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳ P✉✐sq✉❡ ❧❛ ❞✐✛✉s✐♦♥ ❡st ♣❧✉s ❧❡♥t❡ s✉r ❧❡ ❝♦✉✱ ❧❡s ♣♦✐♥ts s♦♥t ♣❧✉s ❧♦✐♥s
❧✬✉♥ ❞❡ ❧✬❛✉tr❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ♣❧♦♥❣❡♠❡♥t✳

❘❡♠❛rq✉❡ ✷✳✸✳✷✳ ▲❡ t❤é♦rè♠❡ ✷✳✸✳✶✱ s✬❛♣♣❧✐q✉❡ ❛✉ss✐ s✉r ❧❡s ❣r❛♣❤❡s ❡t ❧❡s ❡♥s❡♠❜❧❡s ❞❡
❞♦♥♥é❡ ✭✈♦✐r ✜❣✉r❡ ✷✳✸✮✳

❋✐❣✳ ✷✳✸ ✕ ▲✬❡♥s❡♠❜❧❡ ❞❡ ♣♦✐♥ts ♦r✐❣✐♥❛❧ ✭à ❣❛✉❝❤❡✮✱ ❡st ♣❧♦♥❣é s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ♣❛♣✐❧❧♦♥✭à
❞r♦✐t❡✮✱ ❡t ❧❡s ♣❤❛s❡s s♦♥t ♦r❣❛♥✐sé❡s s❡❧♦♥ ❧❛ ❞✐✛✉s✐♦♥ q✉✬✐❧s ❡♥❣❡♥❞r❡♥t ✿ ❧❛ ❧♦♥❣❡✉r ❞❡ ❧❛
❝♦r❞❡ ❡♥tr❡ ❞❡✉① ♣♦✐♥ts ❞❛♥s ❧✬❡s♣❛❝❡ ❞✬❛rr✐✈é❡ ♠❡s✉r❡ ❧❛ q✉❛♥t✐té ❞❡ ❝❤❛❧❡✉r q✉✐ ♣❡✉t êtr❡
tr❛♥s♠✐s❡ ❡♥tr❡ ❝❡s ❞❡✉① ♣♦✐♥ts✳



✹✹
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

✷✳✹ P❛r❛♠étr✐s❛t✐♦♥s ✉♥✐✈❡rs❡❧❧❡s ❧♦❝❛❧❡s à ❧✬❛✐❞❡ ❞✉ ♥♦②❛✉

❞❡ ❧❛ ❝❤❛❧❡✉r ❡t ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s

❉❛♥s ❜❡❛✉❝♦✉♣ ❞✬❛♣♣❧✐❝❛t✐♦♥s ré❝❡♥t❡s✱ ♦♥ t❡♥❞ à tr♦✉✈❡r ❞❡s r❡♣rés❡♥t❛t✐♦♥s ❞✬❡♥✲
s❡♠❜❧❡s ❞❡ ❞♦♥♥é❡s✱ ❡t ✐❧ ét❛✐t ♦❜s❡r✈é ❞❛♥s ♣❧✉s✐❡✉rs ❝❛s q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✬✉♥
❧❛♣❧❛❝✐❡♥ s✉r ✉♥ ❣r❛♣❤❡ ❞✬❡♥s❡♠❜❧❡s ❞❡ ❞♦♥♥é❡s ❢♦✉r♥✐t ✉♥ s②stè♠❡ r♦❜✉st❡ ❞❡ ❝♦♦r❞♦♥♥é❡s
❧♦❝❛❧❡s ✉t✐❧❡ ♣♦✉r ré❞✉✐r❡ ❧❛ ❞✐♠❡♥s✐♦♥ ✭✈♦✐r ❬❈♦✐✵✺❪✱ ❬❇◆✵✷❪✱ ❡t ❬❈▲✵✻❪✮✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❞♦♥♥❡r ❞❡s é♥♦♥❝és ❛♥❛❧♦❣✉❡s ♣♦✉r ❧❡s ✈❛r✐étés✱ ❡♥ ✐♥tr♦❞✉✐s❛♥t
❞❡s s②stè♠❡s ❞❡ ❝♦♦r❞♦♥♥é❡s à ❧✬❛✐❞❡ ❞❡s ♥♦②❛✉① ❞❡ ❧❛ ❝❤❛❧❡✉r✳

❉❛♥s ❞❡s t❛✈❛✉① ré❝❡♥ts ❞❡ ❏♦♥❡s✱ ▼❛❣❣✐♦♥✐✱ ❡t ❙❤✉❧❧ ✭✈♦✐r ❬❏▼❙✵✽❪✮✱ ❧❡s ❛✉t❡✉rs ✉t✐❧✐s❡♥t
❧❡s s♦❧✉t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s ❡t ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ♣♦✉r ❝♦♥str✉✐r❡ ❞❡s ❝♦♦r✲
❞♦♥♥é❡s ❧♦❝❛❧❡s s✉r ❧❡s ❧❛r❣❡s ❝❧❛ss❡s ❞❡ ❞♦♠❛✐♥❡s ❊✉❝❧✐❞✐❡♥s ❡t ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s
✭♣❛s ♥❡❝éss❛✐r❡♠❛♥t ❧✐ss❡s✮✳ ❈❡s ❝♦♦r❞♦♥♥é❡s s♦♥t ❜✐✲❧✐♣s❤✐t③✐❡♥♥❡s s✉r ✉♥ ❧❛r❣❡ ✈♦✐s✐♥❛❣❡
❞✉ ❞♦♠❛✐♥❡ ♦✉ ❞❡ ❧❛ ✈❛r✐été✱ ❛✈❡❝ ❞❡s ❝♦♥st❛♥t❡s ❝♦♥trô❧❛♥t ❧❛ ❞✐st♦rt✐♦♥ ❡t ❧❡ ✈♦❧✉♠❡ ❞❡s
✈♦✐s✐♥❛❣❡s q✉✐ ❞é♣❡♥❞❡♥t ✉♥✐q✉❡♠❡♥t ❞❡s ♣r♦♣r✐étés ❣é♦♠étr✐q✉❡s ❞✉ ❞♦♠❛✐♥❡ ♦✉ ❞❡ ❧❛
✈❛r✐été✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ s♦✐t M ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❞❡ ❞✐♠❡♥s✐♦♥ n✱ ❡t ❝♦♥s✐❞ér♦♥s
✉♥❡ ❜♦✉❧❡ B(z, r) ⊆M ✳ ❆❧♦rs ♦♥ ♣❡✉t tr♦✉✈❡r ❡①❛❝t❡♠❡♥t n ❢♦♥❝t✐♦♥s ♣r♦♣r❡s q✉✐ ❝♦♥st✐✲
t✉❡♥t ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ✧r♦❜✉st❡✧✹s✉r B(z, cr)✱ ♦ù c ❡st ✉♥❡ ❝♦♥st❛♥t❡ q✉✐ ❞é♣❡♥❞
❞❡ M ✳

❉✬❛❜♦r❞ ♦♥ tr❛✐t❡ ❧❡ ❝❛s ❞❡s ❞♦♠❛✐♥❡s ❊✉❝❧✐❞✐❡♥s✳ ❖♥ ❝♦♥s✐❞èr❡ ✉♥ ❞♦♠❛✐♥❡ Ω ❞❡ ✈♦❧✉♠❡
✜♥✐ ❞❛♥s R

n✱ ❛✈❡❝ ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉ ❜♦r❞ ❞❡ ❉✐r✐❝❤❧❡t






(

∆ − ∂

∂t

)

u(x, t) = 0

u|∂Ω = 0

♦✉ ❞❡ ◆❡✉♠❛♥♥






(

∆ − ∂

∂t

)

u(x, t) = 0

∂νu|∂Ω = 0

♦ù ν ❡st ❧❡ ✈❡❝t❡✉r ♥♦r♠❛❧ ♦r✐❡♥té ✈❡rs ❧✬❡①tér✐❡✉r✱ ❡t ∆ ❡st ❧❡ ❧❛♣❧❛❝✐❡♥ s✉r Ω✳ ❉❛♥s ❝❡s
❞❡✉① ❝❛s✱ ♦♥ ❝♦♥s✐❞èr❡ s❡✉❧❡♠❡♥t ❧❡s ❞♦♠❛✐♥❡s ♦ù ❧❡ s♣❡❝tr❡ ❞✉ ❧❛♣❧❛❝✐❡♥ ❡st ❞✐s❝r❡t✱ ❡t ❧❡
♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❝♦rr❡s♣♦♥❞❛♥t✱ ♣❡✉t êtr❡ é❝r✐t s♦✉s ❧❛ ❢♦r♠❡ ✿

K(t, x, y) =
∑

i∈N

e−λitϕi(x)ϕi(y)

♦ù {ϕi}i∈N ❡st ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆✳ ❖♥ s✉♣♣♦s❡ ❡♥ ♣❧✉s q✉✬✐❧
❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ CWeyl,Ω t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉t λ > 0✱

card{i, λi ≤ λ} ≤ CWeyl,Ωλ
d
2 V ol(Ω).

▲❛ ❝♦♥❞✐t✐♦♥ ❝✐✲❞❡ss✉s ❡st t♦✉❥♦✉rs s❛t✐s❢❛✐t❡ s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ❉✐r✐❝❤❧❡t ❛✉ ❜♦r❞✱
♠❛✐s ❡❧❧❡ ♥✬❡st ♣❛s t♦✉❥♦✉rs ✈r❛✐❡ s✐ ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ◆❡✉♠❛♥♥ ❛✉ ❜♦r❞ ✭✈♦✐r ❬◆❙✵✺❪✱
❡t ❬❍❙❙✾✶❪✮✳

✹❞❛♥s ❧❡ s❡♥s q✉✬✐❧ ❡st st❛❜❧❡ s♦✉s ❧❡s ♣❡rt✉r❜❛t✐♦♥s



✷✳✹ P❛r❛♠étr✐s❛t✐♦♥s ✉♥✐✈❡rs❡❧❧❡s ❧♦❝❛❧❡s à ❧✬❛✐❞❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡t
❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ✹✺

❚❤é♦rè♠❡ ✷✳✹✳✶✳ ❬❏▼❙✵✽❪✭❙②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✱ ♣♦✉r ❧❡s ❞♦✲
♠❛✐♥❡s ❊✉❝❧✐❞✐❡♥s✮ ❙♦✐t Ω ✉♥ ❞♦♠❛✐♥❡ ❞❛♥s R

n✱ r❡♥♦r♠❛❧✐sé t❡❧ q✉❡ V ol(Ω) = 1 ✳ ■❧ ❡①✐st❡
❞❡s ❝♦♥st❛♥t❡s c1, ..., c6✱ q✉✐ ❞é♣❡♥❞❡♥t ❞❡ n ❡t ❞❡ Cweyl,Ω✱ s❛t✐s❢❛✐s❛♥t ❧❡s ♣r♦♣r✐étés s✉✐✲
✈❛♥t❡s ✿ ♣♦✉r t♦✉t z ∈ Ω✱ ♣♦s♦♥s Rz ≤ dist(z, ∂Ω)✱ ❛❧♦rs✱ ✐❧ ❡①✐st❡ n ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ϕik

✱
k = 1, . . . , n✱ ❞✉ ❧❛♣❧❛❝✐❡♥ ∆Ω✱ ❡t ❞❡s ❝♦♥st❛♥t❡s

c6R
n
2
z ≤ γ1 = γ1(z), ..., γn = γn(z) ≤ 1,

❞é♣❡♥❞❛♥t❡s ✉♥✐q✉❡♠❡♥t ❞✉ ❝❤♦✐① ❞❡ z✱ t❡❧❧❡s q✉❡

✶✳ ❧✬❛♣♣❧✐❝❛t✐♦♥
Φ : B (z, c1Rz) → R

n

x 7→ (γ1ϕi1(x), ..., γnϕin(x))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t✱ ❡t s❛t✐s❢❛✐t✱ ♣♦✉r t♦✉t x, y ∈ B (z, c1Rz)✱

c2
Rz

‖x− y‖ ≤ ‖Φ(x) − Φ(y)‖ ≤ c3
Rz

‖x− y‖; ✭✷✳✹✳✶✮

✷✳ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❛ss♦❝✐é❡s s❛t✐s❢♦♥t

c4R
−2
z ≤ λi1 , ...., λin

≤ c5R
−2
z .

❘❡♠❛rq✉❡ ✷✳✹✳✷✳ ♦♥ ❛ ❜❡s♦✐♥ ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ❝♦♥st❛♥t❡ CWeyl,Ω s❡✉❧❡♠❡♥t ❞❛♥s
❧❡ ❝❛s ♦ù ♦♥ ❛ ❧❡s ❝♦♥❞✐t✐♦♥s ❞❡ ◆❡✉♠❛♥♥ ❛✉ ❜♦r❞✳

❯♥❡ ❞❡s ♣❛rt✐❝✉❧❛r✐tés ❞❡ ❝❡ ♣❧♦♥❣❡♠❡♥t✱ ✭❝♦♠♠❡ ❧✬♦♥ ♣❡✉t ❧❡ ✈♦✐r ❞✬❛♣rès ❧✬éq✉❛✲
t✐♦♥ ✷✳✹✳✶✮ ❡st q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s s❡❧❡❝t✐♦♥♥é❡s ❛❣✐ss❡♥t ❝♦♠♠❡ ✉♥ ♠✐❝r♦s❝♦♣❡ s✉r
B(z, c1Rz)✱ ❞❛♥s ❧❡ s❡♥s q✉❡✱ ❧❡ ❞✐❛♠ètr❡ ❞❡ ❧✬✐♠❛❣❡ ❞❡ B(z, c1Rz) ♣❛r ❝❡ ♣❧♦♥❣❡♠❡♥t ❡st
∼ 1✳

▲❡ rés✉❧t❛t ❝✐✲❞❡ss✉s ♣❡✉t êtr❡ ✈r❛✐ ♣♦✉r ✉♥❡ ❝❧❛ss❡ ❞❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡s✳ ❙♦✐t M
✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ ❛✈❡❝ ♦✉ s❛♥s ❜♦r❞✱ ❡t g ✉♥❡ ♠étr✐q✉❡ r✐❡♠❛♥♥✐❡♥♥❡
Cα✱ ♣♦✉r α > 0✳ P♦✉r t♦✉t z ∈M ✱ s♦✐t (U , u) ✉♥ s②stè♠❡ ❞❡ ❝❛rt❡s t❡❧ q✉❡ z ∈ U ✱ ❡t

✭✐✮gil(u(z)) = δil.

✭✐✐✮P♦✉r t♦✉t x ∈ U ✱ ❡t t♦✉s ξ, ν ∈ R
d✱

cmin(g)‖ξ‖2
Rd ≤

d
∑

i,j=1

gij(u(x))ξiξj

d
∑

i,j=1

gij(u(x))ξiνj ≤ cmax(g)‖ξ‖Rd‖ν‖Rd .

❙♦✐t rM (z) = sup{r > 0;Br(u(z)) ⊆ u(U)}. ❙♦✐t

‖g‖α∧1 = max
i,j=1,..,n

(∫

U

(

gij(x)
)α−1

dv(x)

)
1

α−1

,

♦ù α ∧ 1 = inf α, 1✳ ❆❧♦rs ♦♥ ❛

❚❤é♦rè♠❡ ✷✳✹✳✸✳ ❬❏▼❙✵✽❪✭❙②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✱ ♣♦✉r ❧❡s ✈❛r✐étés
❘✐❡♠♠❛♥♥✐❡♥♥❡s✮ ❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ z ∈ M ✱ ❡t (U , u)✱
❝♦♠♠❡ ❝✐✲❞❡ss✉s✳ ❙✉♣♣♦s♦♥s ❡♥ ♣❧✉s✱ q✉❡ vol(M) = 1✳ ■❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s c1, ..., c6 > 0✱
❞é♣❡♥❞❛♥ts ❞❡ d, cmin, cmax, ‖g‖α∧1, α∧1, ❡t CWeyl,M ✱ t❡❧ q✉❡ ❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s s♦♥t



✹✻
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

s❛t✐s❢❛✐t❡s ✿ ❙♦✐t Rz = rM (z)✱ ❛❧♦rs ✐❧ ❡①✐st❡ d ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ϕik
❞✉ ❧❛♣❧❛❝✐❡♥ ∆M ✱

k = 1, . . . , d✱ ❡t ❞❡s ❝♦♥st❛♥t❡s

c6R
d
2
z ≤ γ1 = γ(z), ..., γd = γd(z) ≤ 1,

t❡❧❧❡s q✉❡

✶✳ ❧✬❛♣♣❧✐❝❛t✐♦♥
Φ : B (z, c1Rz) → R

d

x 7→ (γ1ϕi1(x), ..., γdϕid
(x))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t✱ ❡t s❛t✐s❢❛✐t✱ ♣♦✉r t♦✉t x, y ∈ B (z, c1Rz)✱

c2
Rz

r(x, y) ≤ ‖Φ(x) − Φ(y)‖ ≤ c3
Rz

r(x, y);

✷✳ ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❛ss♦❝✐é❡s s❛t✐s❢♦♥t

c4R
−2
z ≤ λi1 , ...., λid

≤ c5R
−2
z .

❘❡♠❛rq✉❡ ✷✳✹✳✹✳ ❉❛♥s ❧❡s ❞❡✉① t❤é♦rè♠❡s ✷✳✹✳✶✱ ❡t ✷✳✹✳✺✱ ❧❡s ❝♦♥st❛♥t❡s γj s♦♥t ❞♦♥♥é❡s
♣❛r

γj =

(

∮

B(z,cRz)

ϕij
(z′)2dz′

)− 1
2

.

❚❤é♦rè♠❡ ✷✳✹✳✺✳ ✭❙②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❞❡ ❝❤❛❧❡✉r✮❙♦✐t (M, g) ✉♥❡ ✈❛r✐été r✐❡♠❛♥✲
♥✐❡♥♥❡✱ ❞❡ ❞✐♠❡♥s✐♦♥ n✱ z ∈ M ✱ ❡t (U , u) ❝♦♠♠❡ ❝✐✲❞❡ss✉s✱ s❛✉❢ q✉❡ vol(M) ♣❡✉t êtr❡
∞✳ ❙♦✐❡♥t Rz ≤ min{1, u}✱ p1, ..., pd s♦♥t ♣ ❞✐r❡❝t✐♦♥s ❧✐♥é❛✐r❡s ❧✐♥é❛✐r❡♠❡♥t ✐♥❞é♣❡♥❞❛♥ts✳
❆❧♦rs✱ ✐❧ ❡①✐st❡ ❞❡s ❝♦♥st❛♥t❡s c1, ..., c6 > 0✱ ❞é♣❡♥❞❛♥ts ❞❡ n, cmin, cmax, ‖g‖α∧1, α ∧ 1✱ ❡t
❧❛ ♣❧✉s ♣❡t✐t❡ ❡t ♣❧✉s ❣r❛♥❞❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧❛ ♠❛tr✐❝❡ ❞❡ ●r❛♠ (pi, pj)i,j=1,...,n✱ t❡❧s q✉❡
❧❡s ♣r♦♣r✐étés s✉✐✈❛♥t❡s s♦♥t s❛t✐s❢❛✐t❡s ✿ ❙♦✐t yi t❡❧ q✉❡ ❧❡ ✈❡❝t❡✉r yi − z ❡st ❝♦❧✐♥é❛✐r❡ à
pi✱ ❛✈❡❝

c4Rz ≤ r(y, z) ≤ c5Rz, ♣♦✉r t♦✉t i = 1, ..., n,

❡t s♦✐t tz = c6R
2
z✳ ❆❧♦rs✱ ❧✬❛♣♣❧✐❝❛t✐♦♥

Φ : B (z, c1Rz) → R
n

x 7→ (Rd
zKtz (x, y1), ..., R

n
zKtz (x, yn))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t✱ ❡t s❛t✐s❢❛✐t✱ ♣♦✉r t♦✉t x1, x2 ∈ B (z, c1Rz)✱

c2
Rz

r(x1, x2) ≤ ‖Φ(x1) − Φ(x2)‖ ≤ c3
Rz

r(x1, x2).

❘❡♠❛rq✉❡ ✷✳✹✳✻✳ ❈❡ t❤é♦rè♠❡ ❡st ✈r❛✐ ❞❛♥s ❧❡ ❝❛s ❊✉❝❧✐❞✐❡♥ ❡t ❞❛♥s ❧❡ ❝❛s ❞❡s ✈❛r✐étés
r✐❡♠❛♥♥✐❡♥♥❡s✱ ❡t ❞é♣❡♥❞ ✉♥✐q✉❡♠❡♥t ❞❡s ❡st✐♠❛t✐♦♥s ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡t s♦♥ ❣r❛✲
❞✐❡♥t✳ ▲❡s ❞é♠♦♥str❛t✐♦♥s ❞❛♥s ❝❡s ❞❡✉① ❝❛s s♦♥t ♣r❡sq✉❡ s✐♠✐❧❛✐r❡s✳ P♦✉r ✈♦✐r ❧❡s ❞ét❛✐❧s✱
❝♦♥s✉❧t❡r ❬❏▼❙✵✽❪✳ ■❧ ❢❛✉t ♥♦t❡r ❞❡ ♣❧✉s q✉❡ ❧❛ ♣r❡✉✈❡ ❡st ❢❛✐t❡ s✉r ✉♥❡ ❝❛rt❡ ❧♦❝❛❧❡ ✭q✉✬♦♥
❝❤♦✐s✐t✮ ❝♦♥t❡♥❛♥t ✉♥❡ ❜♦✉❧❡ s✉✣s❛♠♠❡♥t ❧❛r❣❡ ❛✉t♦✉r ❞❡ z✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ❧❛ ✈❛r✐été
r✐❡♠❛♥♥✐❡♥♥❡✱ ♦♥ ✉t✐❧✐s❡ ✉♥✐q✉❡♠❡♥t ❧❛ ♥♦r♠❡ ‖g‖α∧1 ❞❡ g r❡str❡✐♥t❡ s✉r ❧❛ ❝❛rt❡ ❝❤♦✐s✐❡✳
◆♦t♦♥s ❛✉ss✐ q✉❡ ❧❡ t❤é♦rè♠❡ ❡st ✈r❛✐ s✐ ♦♥ ❝❤♦✐s✐t Rz ≤ rM (z)✳



✷✳✺ ●é♥ér❛❧✐s❛t✐♦♥s ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✹✼

❊①❡♠♣❧❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ R
2✳ ❙♦✐❡♥t n = 2✱ Rz = 1✱ z = 0✱ y1 = (−1, 0)✱ ❡t

y2 = (0,−1)✱ ❡t s♦✐t k(t, ., .) ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡ R
2✱ ✐✳❡✳ K(t, x, y) = (4πt)−1e−

|x−y|2

4t .
❆❧♦rs ❧✬❛♣❧✐❝❛t✐♦♥

Φ : R
2 ⊃ B 1

2
((0, 0)) → R

2

x 7→ (K(1, x, y1),K(1, x, y2))

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❜✐✲❧✐♣s❝❤✐t③✐❡♥✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❡st ❛ss❡③ ❢❛❝✐❧❡✱ ♣❛r ❝❡ q✉✬♦♥ ♣❡✉t t♦✉t
s✐♠♣❧❡♠❡♥t ❝❛❧❝✉❧❡r K(1, x, y1)✱ ❡t K(1, x, y2)✳

✷✳✺ ●é♥ér❛❧✐s❛t✐♦♥s ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♦♥ ❝♦♥s✐❞èr❡ ✉♥❡ ✈❛r✐été ❝♦♠♣❛❝t❡ ♠✉♥✐❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ♠étr✐q✉❡s
g(t) ❛♥❛❧②t✐q✉❡ ❡♥ t ∈]−T, T [✱ ♦ù T > 0✳ ❉✬❛❜♦r❞✱ ♦♥ ✈❛ ❞é♠♦♥tr❡r ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♥♦♠❜r❡
✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ∆g(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ t ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✳
❖♥ ✈❛ ❛✐♥s✐ ❣é♥ér❛❧✐s❡r ❧❡s ♣❧♦♥❣❡♠❡♥ts ❞❡s s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡s ❛✈❡❝ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡
❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳

✷✳✺✳✶ ❊①✐st❡♥❝❡ ❞❡ ✈❛❧❡✉rs ❡t ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛♥❛❧②t✐q✉❡s ❞✉
❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s

❖♥ ❝♦♠♠❡♥❝❡ ♣❛r ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ❝♦♥❝❡r♥❛♥t ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ λ ❞❡ ∆0 = ∆g(0)✳
❊♥s✉✐t❡✱ ♦♥ ❧❡ ❣é♥ér❛❧✐s❡ ♣♦✉r ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ✈❛❧❡✉r ♣r♦♣r❡s✳

▲❡♠♠❡ ✷✳✺✳✶✳ ✭▼✳ ❇❡r❣❡r ❬❇❡r✼✸❪✮ ❙♦✐t λ ✉♥❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ❧✬♦♣ér❛t❡✉r ∆0✱ ❞❡ ♠✉❧✲
t✐♣❧✐❝✐té k✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ ǫ > 0✱ ❡t k ❢♦♥❝t✐♦♥s s❝❛❧❛✐r❡s λi(t)✱ 1 ≤ i ≤ k✱ ❡t k ❢♦♥❝t✐♦♥s à
✈❛❧❡✉rs ❞❛♥s C∞(M)✱ ϕi(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ t✱ ♣♦✉r t ≤ ǫ✱ ❡t ✈ér✐✜❛♥ts ✿

✭✐✮ ∆tϕi(t) = λi(t)ϕi(t)✱ ♣♦✉r 1 ≤ i ≤ k✱ t ≤ ǫ ❀

✭✐✐✮ λi(0) = λ✱ 1 ≤ i ≤ k ❀

✭✐✐✐✮ {ϕi(t)}1≤i≤k✱ ❡st ✉♥ s②stè♠❡ ♦rt❤♦♥♦r♠é ❞❡ L2(M,vt)✱ ♣♦✉r t ≤ ǫ✱ ♦ù vt ❞és✐❣♥❡ ❧❛
♠❡s✉r❡ r✐❡♠❛♥♥✐❡♥♥❡ ❛ss♦❝✐é❡ à ❧❛ ♠étr✐q✉❡ g(t)✳

❘❡♠❛rq✉❡ ✷✳✺✳✷✳ ▲❛ ❞é♠♦♥str❛t✐♦♥ ❞❡ ❝❡ ❧❡♠♠❡ ❞❛♥s ❬❇❡r✼✸❪ ét❛✐t ✐♥s✉✣s❛♥t❡ ❀ ♣♦✉r
❝❡tt❡ r❛✐s♦♥✱ ❡t ✈✉ ❧✬✐♠♣♦rt❛♥❝❡ ❞✉ rés✉❧t❛t ❡t ❞❡ s❡s ❛♣♣❧✐❝❛t✐♦♥s✱ P✳ ❇ér❛r❞ ❞♦♥♥❡ ❧❛
❞é♠♦♥str❛t✐♦♥ ❝♦♠♣❧èt❡ ❞❛♥s ❬❇ér❪✳ ❊♥ ❢❛✐t✱ ❝❡tt❡ ♣r❡✉✈❡ ❡st ❝❛❧q✉é❡ s✉r ❝❡❧❧❡ ❞✉ t❤é♦rè♠❡
1✱ ❞❡ ❬❘❡❧✻✾❪✱ ■➓✶✱ ♣❛❣❡ ✸✸✱ ♦ù ❧✬❛✉t❡✉r ❛ ❝♦♥s✐❞éré ✉♥❡ ❢♦✐s ♣♦✉r t♦✉t❡ ✉♥ ❡s♣❛❝❡ ✈❡❝t♦r✐❡❧
D✱ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① ❝♦♥❞✐t✐♦♥s ❞✉ ❧❡♠♠❡ ♦ù ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ✈❛r✐❡
❡♥ z ✭♠❛✐s ❛✈❡❝ ✉♥❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ ✐♥✈❛r✐❛♥t❡ ❡♥ z✮✳

▲❡♠♠❡ ✷✳✺✳✸✳ ❆✈❡❝ ❧❡s ♠ê♠❡s ❤②♣♦t❤ès❡s q✉❡ ❝❡❧❧❡s ❞✉ ❧❡♠♠❡ ✷✳✺✳✶✱ s✉♣♣♦s♦♥s q✉❡
❧✬✐♥t❡r✈❛❧❧❡ [λ− d1, λ+ d2]✱ ♦ù d1, d2 > 0✱ ♥❡ ❝♦♥t✐❡♥t ❝♦♠♠❡ ✈❛❧❡✉r ♣r♦♣r❡ ❞❡ A✱ q✉❡ λ✳
❆❧♦rs✱ ♣♦✉r t♦✉s d′1, d

′
2✱ t❡❧s q✉❡✱ 0 < d′1 < d1✱ 0 < d′2 < d2✱ ✐❧ ❡①✐st❡ ǫ > 0✱ t❡❧ q✉❡ ❧❡ s♣❡❝tr❡

❞❡ A(t) ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ λ−d′1 < µ < λ+d′2✱ ❝♦♥t✐❡♥t ❡①❛❝t❡♠❡♥t ❧❡s ♣♦✐♥ts λ1(t), ..., λh(t)✱
♣♦✉r t♦✉t |t| < ǫ✳

Pr❡✉✈❡ ❈❡ ❧❡♠♠❡ ❡st ✉♥❡ ❝♦♥séq✉❡♥❝❡ ✐♠♠é❞✐❛t❡ ❞❡ ❧❛ sé♣❛r❛t✐♦♥ ❞✉ s♣❡❝tr❡ ♣♦✉r ✉♥❡
✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ❝♦♠♣❛❝t❡✱ ❞❡ ❧✬❛♥❛❧②❝✐té ❞❡ λi(t)✱ i = 1, .., k✱ ❡t ❞❡ ❧❡✉r ❝♦♥✈❡r❣❡♥❝❡
✈❡rs λ✳



✹✽
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

▲❡♠♠❡ ✷✳✺✳✹✳ ❙♦✐❡♥t λ0 ≤ λ1 ≤ ... ≤ λk✱ ❧❡s k ♣r❡♠✐èr❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡ ∆0✱ k
s✉✣s❛♠♠❡♥t ❣r❛♥❞✳ ❆❧♦rs ✐❧ ❡①✐st❡ ✉♥ ǫk > 0✱ ❡t✱ ♣♦✉r t♦✉t ❡♥t✐❡r i = 1, ..., k✱ ✐❧ ❡①✐st❡ ✉♥❡
❢♦♥❝t✐♦♥ λi(t)✱ ❡t ✉♥❡ ❢♦♥❝t✐♦♥ ϕi(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ |t| ≤ ǫk✱ ❡t ✈ér✐✜❛♥ts ✿

✭✐✬✮ ∆tϕi(t) = λi(t)ϕi(t)✱ ♣♦✉r t♦✉t |t| ≤ ǫk✳

✭✐✐✬✮ λi(0) = λi✳

✭✐✐✐✬✮ {ϕi(t)}i≤k ❡st ✉♥ s②stè♠❡ ♦rt❤♦♥♦r♠é ❞❡ L2(M, vt)✱ ♣♦✉r t♦✉t |t| ≤ ǫk✳

Pr❡✉✈❡✳ ❙♦✐❡♥t ν1 < ... < νp✱ ❧❡s ♣r❡♠✐èr❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✐st✐♥❝t❡s ❞❡ ∆0✱ ❞❡ ♠✉❧✲
t✐♣❧✐❝✐té mi r❡s♣❡❝t✐✈❡♠❡♥t✱ i = 1, ..., p✳ ❆❧♦rs✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✺✳✶✱ ✐❧ ❡①✐st❡ ♣♦✉r t♦✉t
i = 1, ..., p✱ ǫi > 0✱ mi ❢♦♥❝t✐♦♥s s❝❛❧❛✐r❡s λil

(t)✱ l = 1, ...,mi✱ ❡t mi ❢♦♥❝t✐♦♥s ϕil
(t) à

✈❛❧❡✉rs ❞❛♥s C∞(M)✱ ❛♥❛❧②t✐q✉❡s ❡♥ |t| ≤ ǫi✱ ❡t ✈ér✐✜❛♥ts ✿

✭✶✮ ∆tϕil
(t) = λil

(t)ϕil
(t)✱ ♣♦✉r t♦✉t |t| < ǫi✳

✭✷✮ λil
(0) = νi✳

✭✸✮ {ϕil
(t)}mi

l=1✱ ❡st ✉♥ s②stè♠❡ ♦rt❤♦♥♦r♠é ❞❡ L2(M, vt)✱ ♣♦✉r t♦✉t |t| < ǫi✳

✭✹✮ P✉✐sq✉❡ ❧❛ ✈❛r✐étéM ✱ ❡st ❝♦♠♣❛❝t❡✱ s♦♥ s♣❡❝tr❡ ❡st sé♣❛ré✱ ❡t ♣♦✉r |t| < ǫi✱ i = 1, ..., p✱
❧❡ s♣❡❝tr❡ ❞❡ ∆g(t) ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ [µi, µi+1[ ❝♦♥t✐❡♥t ❡①❛❝t❡♠❡♥t ❧❡s ♣♦✐♥ts λil

(t)✱
l = 1, ...,mi✳

P♦✉r ❞é♠♦♥tr❡r ♠❛✐♥t❡♥❛♥t (i′), (ii′), ❡t (iii′)✱ ♣♦s♦♥s ǫk =
p

inf
i=1

{ǫi}✱ ❡t ❞és✐❣♥♦♥s ϕ1l
✱ ♣❛r

ϕ1, ..., ϕm1
✱ ✱ ❧❡s ϕ2l

✱ ♣❛r ϕm1+1, ..., ϕm1+m2
✱ ❡t ❛✐♥s✐ ❞❡ s✉✐t❡✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ♦♥ ♦❜t✐❡♥t

k ❢♦♥❝t✐♦♥s φi(t)✱ ❡t k ❢♦♥❝t✐♦♥s λi(t)✱ ❛♥❛❧②t✐q✉❡s ❡♥ t✱ ♣♦✉r |t| ≤ ǫk✱ t❡❧❧❡s q✉❡

✭✐✬✮ ∆tϕi(t) = λi(t)ϕi(t)✱ ♣♦✉r t♦✉t |t| ≤ ǫk✳

✭✐✐✬✮ λi(0) = λi✳

✭✐✐✐✬✮ ✲ ❙✐ λi = λj ✱ ❛❧♦rs ❞✬❛♣rès ❧❛ ♣❛rt✐❡ (2) ❞❡ ❝❡tt❡ ♣r❡✉✈❡✱ 〈φi(t), φj(t)〉g(t) = δij .

✲ ❙✐ λi 6= λj ✱ ❛❧♦rs✱ ❞✬❛♣rès (4)✱ λi(t) 6= λj(t)✱ ❡t ❝♦♠♠❡ ∆g(t) ❡st ✉♥ ♦♣ér❛t❡✉r
❛✉t♦❛❞❥♦✐♥t✱

〈

∆g(t)φi(t), φj(t)
〉

g(t)
=
〈

φi(t),∆g(t)φj(t)
〉

g(t)
,

✐✳❡✳✱
〈λi(t)ϕi(t), ϕj(t)〉g(t) = 〈ϕi(t), λj(t)ϕj(t)〉g(t) ,

❛❧♦rs 〈ϕi(t), ϕj(t)〉g(t) = 0✱ ❛✐♥s✐

〈ϕi(t), ϕj(t)〉g(t) = δij , ❡t ‖ϕi(t)‖g(t) = 1, ♣♦✉r t♦✉t i, j = 1, .., k.

✷✳✺✳✷ P❧♦♥❣❡♠❡♥t ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❘✐❡♠❛♥✐❡♥♥❡s ❞❛♥s
✉♥ ❡s♣❛❝❡ ❊✉❝❧✐❞✐❡♥ à ❧✬❛✐❞❡ ❞❡ ✉♥ ♥♦♠❜r❡ ✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s
♣r♦♣r❡s✳

❖♥ ❝♦♠♠❡♥❝❡ ❞✬❛❜♦r❞ ❡♥ é♥♦♥❝❛♥t ❧❡s t❤é♦rè♠❡s ❚❛✉❜ér✐❡♥s ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞ ❛✈❡❝
r❡st❡✳ ❖♥ ❛



✷✳✺ ●é♥ér❛❧✐s❛t✐♦♥s ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✹✾

❚❤é♦rè♠❡ ✷✳✺✳✺✳ ❬❑♦r✵✹❪ ❙✉♣♣♦s♦♥s q✉❡✱ ♣♦✉r ✉♥❡ ❝♦♥st❛♥t❡ A ❡t α, β > 0✱ ♦♥ ❛

F (x) =
∞
∑

n+0

anx
n =

[

A+O(1 − x)β
] 1

(1 − x)α
, q✉❛♥❞ xր 1

❛✈❡❝ an ≥ 0✱ ♦✉ an ≥ −Cnα−1✱ ♣♦✉r t♦✉t n ∈ N✳ ❆❧♦rs

N
∑

n=0

an =

[

A+O

(

1

logN

)]

Nα

Γ(α+ 1)
, q✉❛♥❞ N → ∞.

❖♥ ❛ ❛❧♦rs ❧❡ ❝♦r♦❧❧❛✐r❡ s✉✐✈❛♥t

❈♦r♦❧❧❛✐r❡ ✷✳✺✳✻✳ ❙♦✐t F (s) =
∞
∑

n=0

ane
−ns✱ ♦ù an ≥ 0✳ ❙✉♣♣♦s♦♥s q✉❡

F (s) = As−α(1 + o(s)), q✉❛♥❞ s→ 0,

♦ù α > 0✱ ❡t A > 0✱ ❛❧♦rs

∑

n≤λ

an =
λ−α

Γ(1 + α)

(

A+O

(

1

lnλ

))

q✉❛♥❞ λ→ ∞.

❖♥ ❛ ❛✉ss✐ ❜❡s♦✐♥ ♣♦✉r ❝❡tt❡ s❡❝t✐♦♥ ❞✉ ❝♦r♦❧❧❛✐r❡ s✉✐✈❛♥t ✿

❈♦r♦❧❧❛✐r❡ ✷✳✺✳✼✳ ✭ ❬▼♦r✻✷❜❪✱ ♣❛❣❡ ✸✱ ❈♦r♦❧❧❛✐r❡ ✷✮❙♦✐❡♥t M,N ❞❡✉① ✈❛r✐étés ❞✐✛ér❡♥✲
t✐❛❜❧❡s✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s ♣❧♦♥❣❡♠❡♥ts ✭❛♣♣❧✐❝❛t✐♦♥s ♣r♦♣r❡s ❡t ✐♥❥❡❝t✐✈❡s ❡t q✉✐ s♦♥t ❞❡s ✐♠✲
♠❡rs✐♦♥s ❧♦❝❛❧❡s✮ ❞❡ M ❞❛♥s N ❡st ✉♥ ♦✉✈❡rt ❞❡ Cs(M,N) ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ Cs ✭❈❡t
♦✉✈❡rt ♣❡✉t êtr❡ é✈✐❞❡♠♠❡♥t ✈✐❞❡✮✳

▼❛✐♥t❡♥❛♥t✱ ❝♦♥s✐❞ér♦♥s ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s (M, g(t))✱ ♦ù g(t) s♦♥t
❛♥❛❧②t✐q✉❡s ❡♥ t ∈ [−T, T ]✱ T > 0✳ ❖♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t

❚❤é♦rè♠❡ ✷✳✺✳✽✳ ■❧ ❡①✐st❡ ǫ0 > 0✱ ❡t N0 ∈ N✱ t❡❧ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

Φt : (M, g(t)) → R
N0+1

x 7→ 2(4π)
n
2 Γ
(

n
2 + 2

)

(λN0
(t))

n
2 +1

(ϕ0(t, x), ..., ϕN0
(t, x))

♦ù ϕi(t), i = 0, . . . , N0✱ s♦♥t ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛♥❛❧②t✐q✉❡s ❡♥ t ∈ [−ǫ1, ǫ1]✱ ǫ1 > 0✱ ❡st
✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t 0 ≤ t < ǫ0✳ ❉❡ ♣❧✉s✱ ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡ ❞❡ Φt✱ ❡st ❞❡ ❧❛
❢♦r♠❡

(Φt)
∗
Can = g(t)

(

1 +O

(

1

ln (λN0(t))

))

♦ù Can ❡st ❧❛ ♠étr✐q✉❡ ❊✉❝❧✐❞✐❡♥♥❡ ❞❡ R
N0+1✳

❘❡♠❛rq✉❡ ✷✳✺✳✾✳ ❖♥ ❝♦♥st❛t❡ q✉❡✱ ♣❧✉s ❧❡ ♥♦♠❜r❡ ❞❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡s ❡♥ ❥❡✉ ❡st ❣r❛♥❞✱
♣❧✉s ♦♥ ❡st ♣r♦❝❤❡ ❞✬❛✈♦✐r ✉♥ ♣❧♦♥❣❡♠❡♥t ✐s♦♠étr✐q✉❡✳ ❈♦♥st❛t♦♥s ❛✉ss✐ q✉❡ ❝❡ ♣❧♦♥❣❡♠❡♥t
❡st ❞é✜♥✐ ♣♦✉r t = 0✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ♣❧♦♥❣❡♠❡♥t ❝♦♥str✉✐t ❞❛♥s ❧❡ t❤é♦rè♠❡ ✵✳✵✳✶✶✳



✺✵
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

Pr❡✉✈❡✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ✷✳✷✳✻✱ ✐❧ ❡①✐st❡ N0 ∈ N✱ t❡❧ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

Φ0 : (M, g(t)) → R
N0+1

x 7→ 2(4π)
n
2 Γ
(

n
2 + 2

)

(λN0
)

n
2 +1

(ϕ0(0, x), ..., ϕN0
(0, x)) ,

♦ù ϕi(0), i = 0, . . . N0✱ N0 + 1 s♦♥t ❧❡s ♣r❡♠✐èr❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0)✳ ❉❡ ♣❧✉s✱
❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✺✳✹✱ ✐❧ ❡①✐st❡ ǫ1 > 0✱ N0 +1 ❢♦♥❝t✐♦♥s s❝❛❧❛✐r❡s λi(t) ❡t N0 +1 ❢♦♥❝t✐♦♥s
ϕi(t)✱ t♦✉t❡s ❛♥❛❧②t✐q✉❡s ❡♥ |t| ≤ ǫ1✱ t❡❧❧❡s q✉❡

∆g(t)ϕi(t) = λi(t)ϕi(t), ♣♦✉r t♦✉t |t| ≤ ǫ1,

❡t ♣♦✉r t♦✉t |t| ≤ ǫ1✱ {ϕi(t)}i≤N0
❡st ✉♥ s②stè♠❡ ♦rt❤♦♥♦r♠é ❞❡ L2(M, vg(t))✳ ❈❡ q✉✐

♠♦♥tr❡ q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ Φt ❡st ❜✐❡♥ ❞é✜♥✐❡ ♣♦✉r t♦✉t |t| ≤ ǫ1✳

❉✬❛❜♦r❞✱ Φt ∈ C∞(M,RN0+1)✱ ♣✉✐sq✉❡ ❝❤❛❝✉♥❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ϕi(t) ∈ C∞(M)✳
❉❡ ♣❧✉s✱ ❡st ❝❧❛✐r ❞✬❛♣rès ❧✬❛♥❛❧②❝✐té ❞❡s φi(t)✱ ❡t ❞❡s ΛN0✭t✮✱ ♣♦✉r |t| ≤ ǫ1✱ q✉❡

lim
t→0

‖Φt(x) − Φ0(x)‖RN0+1 = 0, ♣♦✉r t♦✉t x ∈M. ✭✷✳✺✳✶✮

❈♦♠♠❡ M ❡st ❝♦♠♣❛❝t❡✱ ❧✬éq✉❛t✐♦♥ ✷✳✺✳✶ ♥♦✉s ❞♦♥♥❡ q✉❡ Φt ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠é♠❡♥t ✈❡rs
Φ0 ❞❛♥s C0(M,RN0+1)✳

❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t i = 0, . . . N0✱ ϕi(t) ❡st ❞é✈é❧♦♣♣❛❜❧❡ ❡♥ sér✐❡ ❡♥t✐èr❡✺ ❛✉ ✈♦✐s✐♥❛❣❡
❞❡ t = 0✳ ❖♥ ♣❡✉t é❝r✐r❡ ϕi(t)✱ i = 0, . . . N0✱ s♦✉s ❧❛ ❢♦r♠❡

ϕi(t) =

∞
∑

l=0

ψi,lt
l, |t| ≤ ǫ2, ✭✷✳✺✳✷✮

♦ù ǫ2 > 0, ❡t ψi,l s♦♥t ❞❡s ❢♦♥❝t✐♦♥s C∞ s✉r M ✳

❋✐①♦♥s i ∈ {0, . . . N0}✳ P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ ❞✐✛ér❡♥t✐❛❜✐❧✐té✱ ♦♥ ❛ ♣♦✉r t♦✉t l ∈ N✱

|ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0) − dxψi,l(ϑ)| = ol(|ϑ|)

♦ù ♣♦✉r t♦✉t l ∈ N✱ ol(|ϑ|) = o(|ϑ|)✱ ❡t

expx : TxM ⊇ B(0,
ρ

2
) → B(x,

ρ

2
), ρ = inf{inj(M, g(t)), t ∈ [0 ∈ ǫ2]}

❡st ✉♥❡ ❝❛rt❡ ❧♦❝❛❧❡ ❛✉t♦✉r ❞❡ x✱ ❡t ψi,l ◦ expx ❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ 0✱ ❛✈❡❝ T0 expx(ϑ) = ϑ✳
❈❡ q✉✐ ♥♦✉s ❞♦♥♥❡

|dxψi,l(ϑ)| ≤ |ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0)| + ol(|ϑ|).

❆❧♦rs
tl |dxψi,l(ϑ)| ≤ tl |ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0)| + tlol(|ϑ|).

❖r✱ ✐❧ ❡①✐st❡ C0 > 0✱ ξ0 > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t l ∈ N✱ ❡t t♦✉t ϑ ∈ TxM ✿

|ϑ| ≤ ξ0 ⇒ |ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0)| ≤ C0.

✺P❛r ❞é✜♥✐t✐♦♥ ❞❡ ❧✬❛♥❛❧②❝✐té ❞❡s ϕi(t), i = 0, . . . N0✳



✷✳✺ ●é♥ér❛❧✐s❛t✐♦♥s ❛✉ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✺✶

❊♥ ❢❛✐t✱ s✐♥♦♥✱ ❛❧♦rs ♣♦✉r t♦✉s C > 0✱ ξ > 0✱ ✐❧ ❡①✐st❡ l ∈ N✱ ϑ ∈ TxM ✱ t❡❧ q✉❡ |ϑ| ≤ ξ✱ ❡t

|ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0)| > C.

❈❡ q✉✐ ❡st ❛❜s✉r❞❡ ❝❛r ♣♦✉r t♦✉t l ∈ N✱

lim
|ϑ|→0

|ψi,l ◦ expx(ϑ) − ψi,l ◦ expx(0)| = 0

❞❡ ♠ê♠❡ ♣♦✉r ol(|ϑ|) ✐✳❡✳ ✐❧ ❡①✐st❡ C1 > 0✱ ξ1 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t l ∈ N✱

|ϑ| ≤ ξ2 ⇒ |ol(|ϑ|)| ≤ ε|ϑ|.

❊♥ ❢❛✐t✱ s✉♣♣♦s♦♥s ♣❛r ❛❜s✉r❞❡ q✉❡ ♣♦✉r t♦✉s C > 0✱ ξ > 0✱ ✐❧ ❡①✐st❡ l ∈ N✱ ❡t ϑ ∈ TxM ✱
t❡❧ q✉❡ |ϑ| ≤ ξ✱ ❡t |ol(|ϑ|)| > C✳ ❖r✻✱ ♣♦✉r t♦✉t ε > 0✱ ✐❧ ❡①✐st❡ ξ > 0✱ t❡❧ q✉❡

|ϑ| ≤ ξ ⇒ |ol(|ϑ|)| ≤ ε|ϑ|.

❆❧♦rs✱ ♣♦✉r t♦✉s C > 0✱ ε > 0✱ ✐❧ ❡①✐st❡ ξ > 0✱ t❡❧ q✉❡ |ϑ| ≤ ξ✱ ❡t C ≤ ε|ϑ|✱ ❝❡ q✉✐ ❡st
❛❜s✉r❞❡✳

❊♥ ♣♦s❛♥t ξ2 = inf{ξ0, ξ1}✱ ♦♥ ❛

tl |dxψi,l(ϑ)| ≤ tl(C + C1), ♣♦✉r t♦✉s l ∈ N, |ϑ| < ξ2.

❙♦✐t ϑ ∈ TxM t❡❧ q✉❡ 0 < |ϑ| < ξ2✳ P♦✉r |t| < 1✱ ♦♥ ❛

tl
∣

∣

∣

∣

dxψi,l

(

ϑ

|ϑ|

)∣

∣

∣

∣

≤ (C + C1)

|ϑ| tl, ♣♦✉r t♦✉s l ∈ N.

❈❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡✱ ♣♦✉r |t| ≤ inf{ǫ2, 1} ✭ǫ2 ❞é✜♥✐❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✷✳✺✳✷✮✱ ❧❛ sér✐❡
∑∞

l=0 t
l|dxψi,l| ❡st ♥♦r♠❛❧❡♠❡♥t ❝♦♥✈❡r❣❡♥t❡ s✉r ❧✬❡♥s❡♠❜❧❡

{ϑ ∈ TxM ; |ϑ| ≤ ξ2}

❡t

dxϕi(t, ϑ) =

∞
∑

l=0

tl|dxψi,l(ϑ)|,

♣♦✉r t♦✉t ϑ ∈ TxM t❡❧ q✉❡ |ϑ| ≤ ξ2✳ ❊♥ r❛✐s♦♥ ❞❡ ❧❛ ❧✐♥é❛r✐té ❞❡ dxϕi(t, .)✱ ♦♥ ❛

lim
t→0

‖dxϕi(t, V ) − dxϕi(0, V )‖ = 0, ✉♥✐❢♦r♠é♠❡♥t ❡♥ V ∈ T 1
xM,

❝❛r T 1
xM ❝♦♠♣❛❝t❡✳

❖♥ ❛ ❞é♠♦♥tré q✉❡ ϕi(t) ❝♦♥✈❡r❣❡ ✈❡rs ϕi(0) ❞❛♥s C1(M,RN0+1)✱ ♣♦✉r ❧❛ t♦♣♦❧♦❣✐❡ C1✳
❆❧♦rs✱ ❞✬❛♣rès ❧❡ ❝♦r♦❧❧❛✐r❡ ✷✳✺✳✼✱ ✐❧ ❡①✐st❡ ǫ0 > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t |t| < ǫ0✱ Φt ❡st ✉♥
♣❧♦♥❣❡♠❡♥t ❞❡ (M, g(t)) ❞❛♥s R

N0+1✳

✻❉✬❛♣rès ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ o(|ϑ|)



✺✷
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

♣♦✉r ❞é♠♦♥tr❡r ❧❛ ❢♦r♠✉❧❡ ❞❡ ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡✱ s♦✐❡♥t

0 = λ0(t) ≤ λ1(t) ≤ . . .

❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ∆g(t)✱ ❡t {ϕi(t)}i≥0 ✉♥❡ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❛ss♦❝✐és
✭♦♥ ♥❡ ♣rét❡♥❞ ♣❛s q✉❡ ❧❡s ϕi(t) s♦♥t ❝♦♥t✐♥✉❡s ❡♥ t✮✳ P♦✉r t♦✉t t ✜①é✱ s♦✐t Kg(t)(s, ., .) ❧❡
♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡ (M, g(t)) ✐✳❡✳ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✉ ♣r♦❜❧è♠❡

{ (

∆g(t) − ∂
∂s

)

Kg(t)(s, x, y) = 0
lims→0Kg(t)(s, x, y) = δx(y)

❖♥ ❛ ✭❝❢✳ t❤é♦rè♠❡ ✶✳✶✳✶✷✮✱

Kg(t)(s, x, y) =
∑

j≥1

e−λj(t)sϕ2
i (t, x).

❈♦♠♠❡✱ ♣♦✉r t♦✉t t ✜①é ✭❝❢✳ s❡❝t✐♦♥ ✶✳✷✳✷✱ ❡♥ r❡♠♣❧❛ç❛♥t t ♣❛r s✮

Kg(t)(s, x, y) =
1

(4πs)
n
2

(1 + a(s, t))

♦ù a(s, t) = O(s)✱ ♣♦✉r t♦✉t t ✜①é✳ ❉❡ ♣❧✉s✱ ❞✬❛♣rès ❬❇❇●✾✹❪✱
∑

j≥1

e−λj(t)s (dxϕi(t, V ))
2

= dsKg(t)(s, V, V )|x=y =
g(t)(V, V )

2(4π)
n
2 s

n
2 +1

(1 + b(t, s))

♦ù dsf ❡st ❧❡ ✧s❡❝♦♥❞❡ ❞ér✐✈❛t✐♦♥ ♠✐①t❡✧ ❞❡ ❢ ❞é✜♥✐❡ ♣❛r ✿

dsf(x,x) = d2,yd1,xf(x, y)|(x,x),

d1, d2 ét❛♥ts r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❞ér✐✈❛t✐♦♥s ♣❛r r❛♣♣♦rt ❛✉① ✈❛r✐❛❜❧❡s x✱ ❡t y✱ ❡t b(t, s) =
O(s)✱ ♣♦✉r t♦✉t t ✜①é✳ ❆❧♦rs✱ ❞✬❛♣rès ❧❡ ❝♦r♦❧❧❛✐r❡ ✷✳✺✳✻✱

∑

λi(t)≤λ(t)

(dxϕi(t, V ))
2

=
(λ(t))

n
2 +1g(t)(V, V )

2(4π)
n
2 Γ(n

2 + 2)

(

1 + d

(

V,
1

lnλ(t)

))

,

❛✈❡❝

d

(

V,
1

lnλ(t)

)

= O

(

1

lnλ(t)

)

, q✉❛♥❞ λ(t) → ∞,

✉♥✐❢♦r♠é♠❡♥t ❡♥ V ∈ T 1
xM ✱ x ∈M ✳ ❉✬♦ù

(Φt)
∗
Can = g(t)

(

1 +O

(

1

ln (λN0(t))

))

♦ù Can ❡st ❧❛ ♠étr✐q✉❡ ❊✉❝❧✐❞✐❡♥♥❡ ❞❡ R
N0+1✳

❘❡♠❛rq✉❡ ✷✳✺✳✶✵✳ ❆✈❡❝ ❧❛ ♠ê♠❡ ♠ét❤♦❞❡ ✉t✐❧✐sé❡ ♣♦✉r ❞é♠♦♥tr❡r ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡
❝❡ t❤é♦rè♠❡✱ ♦♥ ♣❡✉t ❣é♥ér❛❧✐s❡r ❛✉ss✐ ❧❡ t❤é♦rè♠❡ ✷✳✹✳✺✳

✷✳✻ P❧♦♥❣❡♠❡♥t ●P❙ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥✲

♥✐❡♥♥❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ♣❧♦♥❣❡r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥
s②stè♠❡ ♦rt❤♦♥♦r♠❛❧ ❝♦♠♣❧❡t ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ♣❡rt✉r❜é✳ ❊t ♣✉✐sq✉❡ ♦♥
♥✬❡st ♣❛s sûrs ❞❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ t❡❧ s②stè♠❡ ❞❛♥s ❧❡ ❝❛s ♦ù ❧❛ ✈❛r✐été M ❡st ♠✉♥✐❡ ❞✬✉♥❡
❢❛♠✐❧❧❡ q✉❡❧❝♦♥q✉❡ ❞❡ ♠étr✐q✉❡s g(t) ❛♥❛❧②t✐q✉❡s ❡♥ t ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✱ ♦♥ ✈❛ s✉♣♣♦s❡r
❡♥ ♣❧✉s✱ q✉❡ dvg(t) ❡st ✐♥✈❛r✐❛♥t ❡♥ t✳



✷✳✻ P❧♦♥❣❡♠❡♥t ●P❙ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ✺✸

✷✳✻✳✶ ❊①✐st❡♥❝❡ ❞✬✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥ ♣r♦♣r❡s ❞✉ ❧❛♣❧❛✲
❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s✳

❙♦✐t g(t) ✉♥❡ ❢❛♠✐❧❧❡ ❛♥❛❧②t✐q✉❡ ❞❡ ♠étr✐q✉❡s à ✉♥ ♣❛r❛♠ètr❡ t✱ q✉✐ ✈❛r✐❡ ❞❛♥s R ✳
❉é✈❡❧♦♣♣♦♥s g(t) ❡♥ sér✐❡ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0

g(t) =

∞
∑

i=0

ait
i,

❡t ét❡♥❞♦♥s ❧❛ ❢❛♠✐❧❧❡ g à ❞❡s ✈❛❧❡✉rs ❝♦♠♣❧❡①❡s z ❞✉ ♣❛r❛♠ètr❡ ✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ 0 ❞❛♥s
C✱ ♣❛r ❧❛ ❢♦r♠✉❧❡

g(z) =
∞
∑

i=0

aiz
i.

❆ss♦❝✐♦♥s à g(z) ❧✬♦♣ér❛t❡✉r ∆g(z)✱ ❞❡ C∞(M,C)✱ ❞❛♥s ❧✉✐✲♠ê♠❡ ❞é✜♥✐❡ ❡♥ ❝♦♦r❞♦♥♥é❡s
❧♦❝❛❧❡s✱ ♣❛r

∆g(z)f = gij(z)

[

∂2

∂xi∂xj
f − Γk

ij

∂

∂xk
f

]

♦ù
(

gij(z)
)

i,j
= g(z)−1✱ ❡t

Γk
ij(z) = gkl(z)

(

∂

∂xi
glj(z) +

∂

∂xj
gli −

∂

∂xl
gij(z)

)

.

❖♥ ❝♦♠♠❡♥❝❡ ❞✬❛❜♦r❞ ♣❛r ❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❤♦❧♦♠♦r♣❤❡ ❞❡ t②♣❡ ✭❆✮ ❛✉ s❡♥s ❞❡
❑❛t♦ ❀

❉é✜♥✐t✐♦♥ ✷✳✻✳✶✳ ✭❋❛♠✐❧❧❡ ❤♦❧♦♠♦r♣❤❡ ❞❡ t②♣❡ (A) ❛✉ s❡♥s ❑❛t♦ ❬❑❛t✼✻❪✮ ❯♥❡ ❢❛♠✐❧❧❡
❞✬♦♣ér❛t❡✉rs A(z)✱ ❞é✜♥✐❡ ♣♦✉r z ∈ D0✱ ♦ù D0 ❡st ✉♥ ❞♦♠❛✐♥❡ ❞❛♥s ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡✱ ❡st
❞✐t❡ ❤♦❧♦♠♦r♣❤❡ ❞❡ t②♣❡ ✭❆✮ ✭ ❛✉ s❡♥s ❑❛t♦✮✱ s✐

✶✳ ▲❡ ❞♦♠❛✐♥❡ D ❞❡ A(z)✱ ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡ ❞❡ z ❀

✷✳ A(z)u ❡st ❤♦❧♦♠♦r♣❤❡ ❡♥ t♦✉t u ∈ D✱ ♣♦✉r t♦✉t z ∈ D0✳

❚❤é♦rè♠❡ ✷✳✻✳✷✳ ✭❑❛t♦ ❬❑❛t✼✻❪✱ ♣✳ ✸✾✷✮ ❙♦✐t A(t) ✉♥❡ ❢❛♠✐❧❧❡ ❛♥❛❧②t✐q✉❡s ❞✬♦♣ér❛t❡✉rs
❞❡ t②♣❡ (A)✳ ❙✉♣♣♦s♦♥s q✉✬❡❧❧❡ ❡st ❞é✜♥✐❡ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ D0 ❞✉ ♣❧❛♥ ❝♦♠♣❧❡①❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ s✉♣♣♦s♦♥s q✉✬❡❧❧❡ ❡st ❞é✜♥✐❡ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞✬✉♥ ✐♥t❡r✈❛❧❧❡ I0 ❞❡ ❧✬❛①❡ ré❡❧✱
❡t s✉♣♣♦s♦♥s q✉❡ A(t) ❛❞♠❡t ✉♥❡ r❡s♦❧✈❛♥t❡ ❝♦♠♣❛❝t❡✳ ❆❧♦rs✱ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
A(t)✱ ♣❡✉✈❡♥t êtr❡ ré♣rés❡♥tés ♣❛r ❞❡s ❢♦♥❝t✐♦♥ ❛♥❛❧②t✐q✉❡s s✉r I0✳ P❧✉s ♣ré❝✐s♠❡♥t ✐❧ ❡①✐st❡
✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s s❝❛❧❛✐r❡s µn(t)✱ ❡t ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s φn(t)✱ t♦✉t❡s ❛♥❛❧②t✐q✉❡s
s✉r I0✱ ❡t t❡❧❧❡s q✉❡ ♣♦✉r t ∈ I0✱ ❧❡s µn(t)✱ r❡♣rés❡♥t❡♥t t♦✉t❡s ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡
A(t) ❝♦♠♣tés ❛✈❡❝ ❧❡✉rs ré♣ét✐t✐♦♥s✱ ❡t ❧❡s ϕn(t) ❢♦r♠❡♥t ✉♥❡ ❢❛♠✐❧❧❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ❛ss♦❝✐és ❞❡ A(t)✳

❖♥ ❛

Pr♦♣♦s✐t✐♦♥ ✷✳✻✳✸✳ ✭❇ér❛r❞ ❬❇ér❪✮ ∆g(t) ❡st ✉♥❡ ❢❛♠✐❧❧❡ ❞✬♦♣ér❛t❡✉rs ❞❡ t②♣❡ (A) ❛✉ s❡♥s
❞❡ ❑❛t♦✳

▲❛ ♣r♦♣♦s✐t✐♦♥ ✷✳✻✳✸ ♥♦✉s ❛ss✉r❡ q✉✬✐❧ ❡①✐st❡ ✉♥❡ s✉✐t❡ ❞❡ ❢♦♥❝t✐♦♥s s❝❛❧❛✐r❡s λi(t)✱ ❡t
❞❡ ❢♦♥❝t✐♦♥s ϕi(t)✱ t♦✉t❡s ❛♥❛❧②t✐q✉❡s ❡♥ t✱ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✱ t❡❧❧❡s q✉❡ λi(t) ❡st ✉♥❡
✈❛❧❡✉r ♣r♦♣r❡ ❞❡ ∆h(t)✱ ❡t ❡t ❧❡s ϕi(t)✱ ❢♦r♠❡♥t ✉♥❡ ❢❛♠✐❧❧❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s
❛ss♦❝✐és ❞❡ ∆h(t)✳



✺✹
P❧♦♥❣❡♠❡♥ts ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s à ❧✬❛✐❞❡ ❞❡ ❧❡✉r ♣r♦♣r✐étés ❞❡

❞✐✛✉s✐♦♥

✷✳✻✳✷ ▲❡ ♣❧♦♥❣❡♠❡♥t ●P❙ ✭ s✐❣♥❛t✉r❡ ❣❧♦❜❛❧❡ ❞✉ ♣♦✐♥t s✉r ✉♥❡
✈❛r✐été✮

▲❡ ♥♦♠ ●P❙ ♣♦✉r ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ ❛ été ✐♥tr♦❞✉✐t ♣❛r ❘✉st♠❛♥♦✈ ❞❛♥s s♦♥ ❛rt✐❝❧❡
❬❘✉s✵✼❪✳ ▲✬✐❞é❡ ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❝❡ ✈❡❝t❡✉r ❞❡ ❞✐♠❡♥s✐♦♥ ✐♥✜♥✐❡ ❡st ✉♥❡ s✐❣♥❛t✉r❡✱ ❝✬❡st
✉♥❡ ❝❛r❛❝tér✐s❛t✐♦♥ ❞✉ ♣♦✐♥t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❣❧♦❜❛❧ ❞❡ ❧❛ s✉r❢❛❝❡ ✿ ❡♥ ❢❛✐t✱ ❞❡✉① s✉r❢❛❝❡s
✐s♦♠étr✐q✉❡s ♦♥t ❧❛ ♠ê♠❡ ✐♠❛❣❡ ♣❛r ❧❡ ♣❧♦♥❣❡♠❡♥t ●P❙✳ ❈❡❝✐ r❡✈✐❡♥t ❛✉ ❢❛✐t q✉❡ ❧❡s ✈❛❧❡✉rs
♣r♦♣r❡s ❡t ❧❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ ❧✬♦♣ér❛t❡✉r ▲❛♣❧❛❝❡ ❇❡❧tr❛♠✐ ❞❡t❡r♠✐♥❡ ❞✬✉♥❡ ♠❛♥✐èr❡
✉♥✐q✉❡ ❧❡ t❡♥s❡✉r ♠étr✐q✉❡✳

❙♦✐t (M, g(t))✱ t ∈ [−T, T ]✱ ❛✈❡❝ T > 0 ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s t❡❧❧❡
q✉❡ g(t) ❡st ❛♥❛❧②t✐q✉❡ ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt ❞❡ [−T, T ]✱ dvg(t) = dvg(0)✱ ♣♦✉r t♦✉t
t ∈ [−T, T ]✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✷✳✻✳✷✱ ❡t ✷✳✻✳✸✱ ✐❧ ❡①✐st❡ ✉♥❡ ❜❛s❡ ❝♦♠♣❧èt❡ ❞❡ ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ϕi(t)✱ ❞❡ ∆g(t)✱ ❡t ❞❡s ❢♦♥❝t✐♦♥ s❝❛❧❛✐r❡s λi(t)✱ t♦✉t❡s ❛♥❛❧②t✐q✉❡s s✉r [−T, T ]✱
t❡❧❧❡s q✉❡

∆g(t)ϕi(t) = λi(t)ϕi(t),

♣♦✉r t♦✉t i ∈ N✱ ❡t t♦✉t t ∈ [−T, T ]✳

❖♥ ❛ ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✷✳✻✳✹✳ ▲✬❛♣♣❧✐❝❛t✐♦♥

Φt : (M,h(t)) → l2, t ∈]0, T ]

x 7→ (2πt)
n
4

{

e−
λi(t)

2 ϕi(t, x)
}

i≥1

❡st ✉♥ ●P❙ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t ∈]0, T ]✳ ❊t

Φ∗
t (V, V ) = h(t)(V, V ) + t ❘✐❝h(t)(V, V ) +O(t).

Pr❡✉✈❡✳ ❙♦✐t ks : R
∗
+ ×M ×M ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡ ❧❛ ✈❛r✐été (M,h(s))✳ ❆❧♦rs✱

♣♦✉r t♦✉t t ∈ I0✱ ❡t t♦✉t x ∈M ✱

‖Φt(x)‖2
l2 =

∑

i>0

e−λi(t)ϕ2
i (t, x) = kt(t, x, x)

❡t ❧✬❛♣♣❧✐❝❛t✐♦♥ Φt ❡st ❜✐❡♥ ❞é✜♥✐❡✱ ♣✉✐sq✉❡ ♣♦✉r t♦✉t x ∈ M ✱ Φt(x) ∈ l2✳ ❉❡ ♣❧✉s✱ Φt ❡st
❜✐❡♥ ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ (M,h(t)) ❞❛♥s l2✱ ❡t ❝♦♥t✐♥✉❡ ❡♥ t✳ ▲❛ ♣r❡✉✈❡ ❡st ❧❛ ♠ê♠❡ q✉❡ ❝❡❧❧❡
❞✉ t❤é♦rè♠❡ ✵✳✵✳✶✶✳ ❉❡ ♣❧✉s

Φ∗
t (V, V ) = h(t)(V, V ) + t❘✐❝h(t)(V, V ) +O(t), q✉❛♥❞ t→ 0.



❈❤❛♣✐tr❡ ✸

▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡
❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡
❝♦♥st❛♥t

❙♦✐t h(t)✱ t ∈ [0, T ]✱ ❛✈❡❝ T > 0✱ ✉♥❡ ❢❛♠✐❧❧❡ C∞ ❞❡ ♠étr✐q✉❡s ❘✐❡♠❛♥✐❡♥♥❡s s✉r ✉♥❡
✈❛r✐été ❝♦♠♣❛❝t❡ M ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ n t❡❧❧❡s q✉❡

L2(M, v0) = L2(M,vh(0)) = L2(M,vh(t)).

❉é✜♥✐ss♦♥s ❧✬♦♣ér❛t❡✉r

�t = ∆h(t) −
∂

∂t

♦ù ∆h(t) ❡st ❧❡ ❧❛♣❧❛❝✐❡♥ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(t)✳ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r
❧✬♦♣ér❛t❡✉r �t ❡st ✉♥❡ ❢♦♥❝t✐♦♥ P ❝♦♥t✐♥✉❡ s✉r R

2
T ×M ×M ✱ ♦ù

R
2
T = {(t, s) ∈ R

2, 0 ≤ s < t ≤ T},

C1 ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ♣r❡♠✐èr❡s ✈❛r✐❛❜❧❡s t❡♠♣♦r❡❧❧❡s✱ ❡t C2 ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉①
✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s✱ t❡❧❧❡ q✉❡

{

�tP (t, s, x, y) = 0
limt→s P (t, s, x, y)dv0(x) = δy(x).

✭✸✳✵✳✶✮

❘❡♠❛rq✉❡ ✸✳✵✳✺✳ ▲✬♦♣ér❛t❡✉r �t ❛❣✐t s✉r ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡ s♣❛t✐❛❧❡ x✳

❘❛♣♣❡❧❧♦♥s q✉❡ ❧✬❡①✐st❡♥❝❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ✸✳✵✳✶ ❛ été ❞é♠♦♥tré ❞❛♥s
♣❧✉s✐❡✉rs tr❛✈❛✉① ré❝❡♥ts✱ ♥♦t❡♠♠❡♥t ❞❛♥s ❬❈❈●+❛r❪ ❡t ❬●✉❡✵✷❪✳ ❈❡tt❡ s♦❧✉t✐♦♥ ❡st str✐❝✲
t❡♠❡♥t ♣♦s✐t✐✈❡ ❡t ✉♥✐q✉❡✳ ❊❧❧❡ ❡st ❡①♣r✐♠é❡ ❞❛♥s ❬❈❈●+❛r❪ s♦✉s ❧❛ ❢♦r♠❡

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

t (x,y)

4(t−s)

N
∑

k=0

(t− s)kvk(t, s, x, y) +O((t− s)N−n
2 ) ✭✸✳✵✳✷✮

♦ù rt ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ g(t) ❀ ❡t vk s♦♥t ❞❡s ❢♦♥❝t✐♦♥s
C∞ s✉r M ×M ✱ ❡t ❞é♣❡♥❞❛♥ts ❞❡s ❞❡✉① ♣❛r❛♠ètr❡s s ❡t t✳ ❉❛♥s ❬●✉❡✵✷❪✱ ❝❡tt❡ s♦❧✉t✐♦♥

✺✺



✺✻ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❡st ❡①♣r✐♠é❡ s♦✉s ❧❛ ❢♦r♠❡

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2

s(x,y)

4(t−s)

N
∑

k=0

(t− s)kvK(t, x, y) +O((t− s)N−n
2 ) ✭✸✳✵✳✸✮

♦ù rs ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ g(s)✱ ❡t ❧❡s vk s♦♥t ❞❡s
❢♦♥❝t✐♦♥s C∞ s✉r M ×M ✱ ❡t ❞é♣❡♥❞❛♥ts ❞✉ ♣❛r❛♠ètr❡ t✳

❘❡♠❛rq✉❡ ✸✳✵✳✻✳ ❉❛♥s ❧❡s ❞❡✉① éq✉❛t✐♦♥s ✸✳✵✳✷✱ ❡t ✸✳✵✳✸ N > n
2 + 1✱ x, y ∈ M ✱ ❡t

0 ≤ s < t ≤ T ✳

◆♦tr❡ ❜✉t ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❡st ❞❡ ❞é♠♦♥tr❡r q✉❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P ♣❡✉t êtr❡
❡①♣r✐♠é❡ s♦✉s ❧❛ ❢♦r♠❡ ✿

P (t, s, x, y) = (4π(t− s))−
n
2 e−

r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y) + ΘN (t, s, x, y)

♦ù r ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ũk✱ k = 1, ..., N ✱ s♦♥t
❞❡s ❢♦♥❝t✐♦♥s ✭q✉✬♦♥ ✈❛ ❞é✜♥✐r ✉❧tér✐❡✉r❡♠❡♥t✮ C∞ s✉r M ×M ✱ ❞é♣❡♥❞❛♥ts ❞❡ ❧❛ ✈❛r✐❛❜❧❡
s ∈ [0, T ]✱ ❡t ΘN ❡st ✉♥❡ ❢♦♥❝t✐♦♥ C1 ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s ❞✉ t❡♠♣s s ❡t t✱ C2

♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s✱ ❛✈❡❝ ΘN (t, s, x, y) = O
(

(t− s)N−n
2

)

✳

❉✬❛❜♦r❞✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ ❧❛ ❢♦♥❝t✐♦♥ PN ❞é✜♥✐❡ ♣❛r

PN (t, s, x, y) = (4π(t− s))−
n
2 e−

r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, x, y)

❡st ❧❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ �t✱ ❡t ♦♥ ❝❛❧❝✉❧❡s ❧❡s ❞❡✉①
❢♦♥❝t✐♦♥s ũ0✱ ❡t ũ1✱ ❛✉ ♠♦✐♥s ♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s✳

P✉✐s✱ ♦♥ ❞é✜♥✐t ❧❛ ❝♦♥✈♦❧✉t✐♦♥ ❡♥ ❡s♣❛❝❡✲t❡♠♣s ♣❛r

(H ∗ J)(t, s, x, y) =

∫ t

s

dτ

∫

M

H(t, τ, x, z)J(τ, s, z, y)dv0(z).

❈❡tt❡ ❝♦♥✈♦❧✉t✐♦♥ ❡st ❛ss♦❝✐❛t✐✈❡✱ ✭✈♦✐r ❧❛ ♣r❡✉✈❡ ❬❈❈●+❛r❪ ♣❛❣❡ ✷✻✾✮✳ ❖♥ ♣♦s❡

Φ1(t, s, x, y) = �tPN (t, s, x, y),

Φ2(t, s, x, y) = (�tPN ∗ Φ1) (t, s, x, y) = (�tPN )
∗2

(t, s, x, y),

Φm+1(t, s, x, y) = (�tPN ∗ Φm) (t, s, x, y) = (�tPN )
∗m+1

(t, s, x, y),

ΘN (t, s, x, y) =

(

PN ∗
∞
∑

m=1

Φm

)

(t, s, x, y), ✭✸✳✵✳✹✮

❡t ♦♥ s❡ ♣r♦♣♦s❡ ❞❡ ❞é♠♦♥tr❡r q✉❡ PN +ΘN ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ✸✳✵✳✶ ♣♦✉r
0 ≤ s < t ≤ T ✳ P♦✉r ❝❡ ❜✉t✱ ✐❧ ❢❛✉t ❞é♠♦♥tr❡r q✉❡ ❧❛ sér✐❡

∑∞
m=1 Φm(t, s, x, y) ❝♦♥✈❡r❣❡

♣♦✉r 0 ≤ s < t ≤ T ❡t q✉❡✱

�tΘN (t, s, x, y) =

∫ t

s

dτ

∫

M

�tPN (t, τ, x, z)

∞
∑

m=1

Φm(τ, s, z, y)dv0(z) −
∞
∑

m=1

Φm(t, s, x, y),

✭✸✳✵✳✺✮



✸✳✶ ▲❡ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s ✺✼

❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡

(�tPN + �tΘN ) (t, s, x, y) = �tPN (t, s, x, y) +

(

�tPN ∗
∞
∑

m=1

Φm

)

(t, s, x, y) −
∞
∑

m=1

Φm(t, s, x, y)

= �tPN (t, s, x, y) +

∞
∑

m=2

Φm(t, s, x, y) −
∞
∑

m=1

Φm(t, s, x, y)

= 0.

❆✐♥s✐✱ ♦♥ ❞é♠♦♥tr❡ q✉❡ P ❡st C∞ s✉r R
2
T ×M ×M ✱ ❞♦♥❝ ❝✬❡st ❡①❛❝t❡♠❡♥t ❧❡ ♥♦②❛✉ ❞❡

❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ �t✳

✸✳✶ ▲❡ ❧❛♣❧❛❝✐❡♥ ❞é♣❡♥❞❛♥t ❞✉ t❡♠♣s

❉❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s✱ (U , {xi}n
i=1)✱ ❧❡ ❧❛♣❧❛❝✐❡♥ ♣❛r r❛♣♣♦rt à ❧❛

♠étr✐q✉❡ h(t)✱ ❡t ❞♦♥♥é ♣❛r

∆h(t) = hij(t)

[

∂2

∂xi∂xj
− Γ(t)k

ij

∂

∂xk

]

,

♣♦✉r t♦✉t t ∈ [0, T ]✱ (hij(t))i,j ét❛♥t ❧❛ ♠❛tr✐❝❡ ✐♥✈❡rs❡ ❞❡ (hij(t))i,j ✱ ❡t Γ(t)k
ij ✱ i, j, k = 1, ..., N ✱

❧❡s s②♠❜♦❧❡s ❞❡ ❈r✐st♦✛❡❧ ❞❡ ❧❛ ♠étr✐q✉❡ h(t)✳ ❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❞♦♥♥❡r ❧❡ ❞é✈❡✲
❧♦♣♣❡♠❡♥t ❧✐♠✐té ❞❡ ∆h(t) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✳

❉❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✱ ♦♥ ♣❡✉t é❝r✐r❡ h(t) s♦✉s ❧❛ ❢♦r♠❡

h(t) = h(0) +

N
∑

m=1

1

m!

∂mh

∂tm
(0)tm +O

(

tN+1
)

, N >
n

2
, 0 ≤ t ≤ T ✭✸✳✶✳✶✮

♦ù
1

m!

∂mh

∂tm
(0) ❡st ✉♥ t❡♥s❡✉r s②♠étr✐q✉❡ C∞ ❡t ❞❡ t②♣❡ (2, 0) s✉r M ✳

▲✬é❣❛❧✐té ✸✳✶✳✶ ✈❡✉t ❞✐r❡ q✉✬✐❧ ❡①✐st❡ C > 0✱ τ0 > 0✱ t❡❧s q✉❡✱ ♣♦✉r t♦✉s t < τ0✱ x ∈M ❡t
V ∈ TxM ✱ ✉♥✐t❛✐r❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ♦♥ ❛

∣

∣

∣

∣

∣

h(t)(V, V ) − h(0)(V, V ) +

N
∑

m=1

1

m!

∂mh

∂tm
(V, V )tm

∣

∣

∣

∣

∣

≤ CtN+1. ✭✸✳✶✳✷✮

❊t ❝♦♠♠❡ ❧❛ ❢❛♠✐❧❧❡ h(t) ❡st ❝♦♥t✐♥✉❡ ❡♥ t ∈ [0, T )✱ ✐❧ ❡①✐st❡ 0 < C < +∞✱ t❡❧ q✉❡

C−1h(0)(V, V ) ≤ h(t)(V, V ) ≤ Ch(0)(V, V ), ♣♦✉r t♦✉t 0 ≤ t ≤ T, V ∈ TM.

❉♦♥❝✱ ❞❛♥s ✸✳✶✳✷✱ ♦♥ ♣❡✉t ♣r❡♥❞r❡ V ✉♥✐t❛✐r❡ ♣❛r r❛♣♣♦rt à ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ ♠étr✐q✉❡ h(t)✱
0 ≤ t ≤ T ✳

▲❡ t❡♥s❡✉r h(t)−1 s✉r ❧❡ ✜❜ré ❝♦t❛♥❣❡♥t T ∗M →M ✱ ❡st ❜✐❡♥ ❞é✜♥✐ ♣♦✉r t♦✉t t ∈ [0, T ]✱
❡t

h(t)−1 = hij(t)
∂

∂xi
⊗ ∂

∂xj

♣♦✉r t♦✉t s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s (M, {xi}n
i=1)✳



✺✽ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❖♥ ❛

h(t)−1 =

(

h(0) +

N
∑

m=1

1

m!

∂mh

∂tm
tm +O

(

tN+1
)

)−1

=

[

h(0)

(

I + h(0)−1
N
∑

m=1

1

m!

∂mh

∂tm
tm + h(0)−1O

(

tN+1
)

)]−1

=

(

I + h(0)−1
N
∑

m=1

1

m!

∂mh

∂tm
tm + h(0)−1O

(

tN+1
)

)−1

h(0)−1.

❊♥ ❞é✈❡❧♦♣♣❛♥t ❧❡ t❡r♠❡

(

I + h(0)−1
N
∑

m=1

1

m!

∂mh

∂tm
tm + h(0)−1O

(

tN+1
)

)−1

❛✉ ✈♦✐s✐♥❛❣❡

❞❡ t = 0✱ ♦♥ ❛

h(t)−1 = h(0)−1 −
N
∑

i=1

(

h(0)−1
N
∑

m=1

1

m!

∂mh

∂tm
(0)tm + h(0)−1O

(

tN+1
)

)i

h(0)−1 +O(tN+1),

❡t ♣♦✉r t♦✉t i, j = 1, ..., n✱ ♦♥ ❛

h(t)ij = h(0)ij +

N
∑

m=1

wij
mt

m +O
(

tN+1
)

,

♦ù ❧❡s wm s♦♥t ❞❡s t❡♥s❡✉rs C∞ ❞❡ t②♣❡ (0, 2) s✉r M ✳ P❧✉s ♣ré❝✐sé♠❡♥t✱

wij
1 = −hik(0)

(

∂h

∂t
(0)

)

kl

hlj(0),

❡t

wij
2 = −hik(0)

(

1

2

∂2h

∂t2
(0)

)

kl

hlj(0) + hik(0)

(

∂h

∂t
(0)

)

kl

hlm(0)

(

∂h

∂t
(0)

)

mr

hrj .

▲❡s s②♠❜♦❧❡s ❞❡ ❈r✐st♦✛❡❧ ❞❡ h(t) ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0✱ s♦♥t ❞♦♥♥és ♣❛r

Γ(t)k
ij =

1

2
h(t)kl

(

∂

∂xi
h(t)jl +

∂

∂xj
h(t)il −

∂

∂xl
h(t)ij

)

=
1

2

[

h(0)kl +

N
∑

m=1

wkl
mt

m +O
(

tN+1
)

]

×
[

∂

∂xi

(

h(0)jl +

N
∑

m=1

(

1

m!

∂mh

∂tm
(0)

)

jl

tm +O
(

tN+1
)

)

+
∂

∂xj

(

h(0)il +

N
∑

m=1

(

1

m!

∂mh

∂tm
(0)

)

il

tm +O
(

tN+1
)

)

− ∂

∂xl

(

h(0)ij +

N
∑

m=1

(

1

m!

∂mh

∂tm
(0)

)

ij

tm +O
(

tN+1
)

)]

= Γ(0)k
ij +

N
∑

p=1

(Ap)
k
ijt

p +O
(

tN+1
)

,
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♦ù

(Ap)
k
ij =

1

2
h(0)kl

[

∂

∂xi

(

1

p!

∂ph

∂tp
(0)

)

jl

+
∂

∂xj

(

1

p!

∂ph

∂tp
(0)

)

il

− ∂

∂xl

(

1

p!

∂ph

∂tp
(0)

)

ij

]

+
1

2

∑

m+q=p

wkl
m

[

∂

∂xi

(

1

q!

∂qh

∂tq
(0)

)

jl

+
∂

∂xj

(

1

q!

∂qh

∂tq
(0)

)

il

− ∂

∂xl

(

1

q!

∂qh

∂tq
(0)

)

ij

]

.

❆❧♦rs ❧❡ ▲❛♣❧❛❝✐❛♥ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(t) ❞❛♥s ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ t = 0 s✬é❝r✐t s♦✉s
❧❛ ❢♦r♠❡

∆h(t) = h(t)ij

[

∂2

∂xi∂xj
− Γ(t)k

ij

∂

∂xk

]

=

[

hij(0) +

N
∑

m=1

wij
mt

m +O
(

tN+1
)

]

×
[

∂2

∂xi∂xj
−
(

Γ(0)k
ij +

N
∑

p=1

(Ap)
k
ijt

p +O
(

tN+1
)

)

∂

∂xk

]

= ∆h(0) +

N
∑

m=1

tmwij
m

∂2

∂xi∂xj
−

N
∑

p=1

tph(0)ij(Ap)
k
ij

∂

∂xk
−

N
∑

m=1

tmwij
m(0)Γ(0)k

ij

∂

∂xk

−
N
∑

m=1

N−m
∑

p=1

tm+pwij
m(Ap)

k
ij

∂

∂xk
+O(tN+1)

(

∂2

∂xi∂xj
+

∂

∂xk

)

.

❊♥ ré✲♦r❣❛♥✐s❛♥t ❧❡s ✐♥❞✐❝❡s s❡❧♦♥ ❧❡s ♣✉✐ss❛♥❝❡s ❞❡ t✱ ♦♥ ❛

∆h(t) = ∆h(0) +

N
∑

m=1

tmwij
m

∂2

∂xi∂xj
−

N
∑

m=1

tmh(0)ij(Am)k
ij

∂

∂xk
−

N
∑

m=1

tmwij
mΓ(0)k

ij

∂

∂xk

−
N
∑

m=1

N−m
∑

p=1

tm+pwij
m(Ap)

k
ij

∂

∂xk
+O

(

tN+1
)

(

∂2

∂xi∂xj
+

∂

∂xk

)

= ∆h(0) +

N
∑

m=1

tmwij
m

(

∂2

∂xi∂xj
− Γ(0)k

ij

∂

∂xk

)

−
N
∑

m=1

tmh(0)ij(Am)k
ij

∂

∂xk

−
N
∑

m=1

∑

p+q=m

tmwij
p (Aq)

k
ij

∂

∂xk
+O

(

tN+1
)

(

∂2

∂xi∂xj
+

∂

∂xk

)

.

❊t✱ ❡♥ ♥♦t❛♥t∇i = ∇ ∂

∂xi
❧❛ ❞ér✐✈é❡ ❝♦✈❛r✐❛♥t❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ✈❡❝t❡✉r

∂

∂xi
✱ ♣❛r r❛♣♣♦rt



✻✵ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

à ❧❛ ♠étr✐q✉❡ h(0)✱ ♦♥ ❛

∆h(t) = ∆h(0) +

N
∑

m=1

tmwij
m∇i∇j −

N
∑

m=1

tmh(0)ij(Am)k
ij

∂

∂xk

−
N
∑

m=1

∑

p+q=m

tmwij
p (0)(Aq)

k
ij(0)

∂

∂xk
+O

(

tN+1
)

(

∂2

∂xi∂xj
+

∂

∂xk

)

= ∆h(0) +

N
∑

m=1

tmwij
m∇i∇j −

N
∑

m=1

tm

(

h(0)ij(Am)k
ij +

∑

p+q=m

wij
p (Aq)

k
ij

)

∂

∂xk

+O
(

tN+1
)

(

∂2

∂xi∂xj
+

∂

∂xk

)

.

❊t

∆h(t) = ∆h(0) +

N
∑

m=1

tm
(

wij
m∇i∇j + vk

m∇k

)

+O(tN+1)

(

∂2

∂xi∂xj
+

∂

∂xk

)

♦ù vm = vk
m

∂

∂xk
❡st ❧❡ ❝❤❛♠♣s ❞❡ ✈❡❝t❡✉rs t❡❧ q✉❡

vk
m = −h(0)ij(Am)k

ij −
∑

p+q=m

wij
p (Aq)

k
ij .

✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛✲

♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♥♦✉s ❞✐s❝✉t♦♥s ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛✲
♠❡♥t❛❧❡ s✉r (M,h(t))✱ s♦✉s ❧❛ ❢♦r♠❡

PN (t, s, x, y) = (4π(t− s))−
n
2 e−

r2(x,y)
4(t−s)

N
∑

k=0

(t− s)kũk(s, , x, y)

♦ù r ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ❡t ũk s♦♥t ❞❡s ❢♦♥❝t✐♦♥s
C∞ s✉r M × M ✳ P♦✉r ❝❡ ❜✉t✱ ♦♥ ✉t✐❧✐s❡ ❧❛ t❡❝❤♥✐q✉❡ ❞é❝r✐t❡ ❞❛♥s ❬❈❈●+❛r❪✱ ❬●▲✽✽❪✱
❬●▲✽✾❪✱ ❡t ❬●✉❡✵✷❪✳

❙♦✐t ρ > 0✱ ❧❡ r❛②♦♥ ❞✬✐♥❥❡❝t✐✈✐té ❞❡ ❧❛ ♠étr✐q✉❡ h(0)✱ ❡t s♦✐t

Uρ = {(x, y) ∈M ×M ; r(x, y) < ρ},

❛❧♦rs ❧❛ ❢♦♥❝t✐♦♥ e−
r2

4(t−s) ❡st C∞ s✉r Uρ✳ ❊t s♦✐t

G(t, s, x, y) = (4π(t− s))−
n
2 e−

r2(x,y)
4(t−s) , 0 ≤ s < t ≤ T.

P♦s♦♥s

SN (t, s, x, y) = G(t, s, x, y)
N
∑

k=1

(t− s)kuk(s, x, y), 0 ≤ s < t ≤ T ✭✸✳✷✳✶✮



✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✻✶

♦ù u0, ..., uN s♦♥t ❞❡s ❢♦♥❝t✐♦♥s C∞ s✉r [0, T [×Uρ✱ t❡❧s q✉❡

{

�tSN (t, s, x, y) = O
(

(t− s)N
)

G
lim
t→s

SN (t, s, x, y)dv0(x) = δy(x). ✭✸✳✷✳✷✮

❖♥ ❛

�tSN =

N
∑

k=1

uk(t− s)k
�tG+G�t

(

N
∑

k=0

uk(t− s)k

)

+ 2

〈

∇G;∇
N
∑

k=0

uk(t− s)k

〉

h(t)

.

❊♥ ❝❛❧❝✉❧❛♥t t❡r♠❡ ♣❛r t❡r♠❡✱ ♦♥ ❛✱

∆h(t)G = ∆h(0)G+

N
∑

m=1

tm
(

wij
m∇i∇jG+ vk

m∇kG
)

+O
(

tN+1
)

(

∂2

∂xi∂xj
+

∂

∂xk

)

G

= ∆h(0)G+
N
∑

m=1

tm
(

wij
m∇i∇jG+ vk

m∇kG
)

+O
(

tN+1
)

(

− 1

4(t− s)

∂2r2

∂xi∂xj
+

1

4(t− s)2
∂r2

∂xi

∂r2

∂xj
− 1

4(t− s)

∂r2

∂xk

)

G

= ∆h(0)G+

N
∑

m=1

tm
(

wij
m∇i∇jG+ vk

m∇kG
)

+O
(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G.

❊t ♣✉✐sq✉❡ G ❡st ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ♦♥ ❛

∆h(0)G =
∂2G

∂r2
+
∂ log

√

❞❡th(0)ij

∂r

∂G

∂r

=

(

− 1

2(t− s)
+

r2

4(t− s)2
− r

2(t− s)

∂ log
√

❞❡th(0)ij

∂r

)

G,

♦ù
√

❞❡th(0)ij = J0 ❡st ❧❡ ❏❛❝♦❜✐❡♥ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ h(0) ❛✉ ♣♦✐♥t x✱ ✐✳❡✳
❧❛ ❞❡♥s✐té ❞✉ ✈♦❧✉♠❡ ❞❛♥s ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ x✳ ❉✬♦ù

∆tG =

(

− 1

2(t− s)
+

r2

4(t− s)2
− r

2(t− s)

∂ log J0

∂r

)

G

− 1

4(t− s)

N
∑

m=1

tm(wij
m∇i∇jr

2 + vk
m∇kr

2)G+
1

16(t− s)2

N
∑

m=1

tmwij
m∇ir

2∇jr
2G

+O
(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G,



✻✷ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❡t ♣❛r s✉✐t❡

�tG =

(

− 1

2(t− s)
+

r2

4(t− s)2
− r

2(t− s)

∂ log J0

∂r

)

G−
(

− n

2(t− s)
+

r2

4(t− s)2

)

G

− 1

4(t− s)

N
∑

m=1

tm
(

wij
m∇i∇jr

2 + vk
m∇kr

2
)

G

+
1

16(t− s)2

N
∑

m=1

tmwij
m∇ir

2∇jr
2G+O

(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G

=
r

2(t− s)

(

n− 1

r
− ∂ log J0

∂r

)

G

− 1

4(t− s)

N
∑

m=1

tm(wij
m∇i∇jr

2 + vk
m∇kr

2)G+
1

16(t− s)2

N
∑

m=1

tmwij
m∇ir

2∇jr
2G

+O
(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G

= − r

2(t− s)

∂

∂r

(

log
J0

rn−1

)

G− 1

4(t− s)

N
∑

m=1

tm(wij
m∇i∇jr

2 + vk
m∇kr

2)G

+
1

16(t− s)2

N
∑

m=1

tmwij
m∇ir

2∇jr
2G+O

(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G,

t♦✉❥♦✉rs ♣♦✉r 0 ≤ s < t ≤ T ✳ P♦s♦♥s θ0 =
J0

rn−1
✱ ❛❧♦rs

�h(t)G = − r

2(t− s)

∂ log θ0
∂r

G− 1

4(t− s)

N
∑

m=1

tm(wij
m∇i∇jr

2 + vk
m∇kr

2)G

+
1

16(t− s)2

N
∑

m=1

tmwij
m∇ir

2∇jr
2G+O

(

tN+1
)

(

1

t− s
+

r2

(t− s)2

)

G.

P♦s♦♥s ψN (t, s, ., .) =

N
∑

k=0

uk(s, ., .)(t− s)k✱ ❡t ❝❛❧❝✉❧♦♥s < ∇G;∇ψN >h(t)✳ ❖♥ ❛

〈∇G,∇ψN 〉h(t) = h(t)ij∇iG∇jψN

=

(

hij(0) +

N
∑

m=1

wij
m(0)tm +O

(

tN+1
)

)

∇iG∇jψN

= 〈∇G,∇ψN 〉h(0) +

N
∑

m=1

N
∑

k=0

tm(t− s)kwij
m∇iG∇juk +O(tN+1)

G

(t− s)

N
∑

k=0

(t− s)k∇juk.

❖r

〈∇G,∇ψN 〉h(0) =
∂G

∂r

∂ψN

∂r
,



✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✻✸

❛❧♦rs

〈∇G,∇ψN 〉h(t) =
∂G

∂r

∂ψN

∂r
+

N
∑

m=1

N
∑

k=0

tm(t− s)kwij
m∇iG∇juk +O(tN+1)G

N
∑

k=0

(t− s)k−1∇juk

= − r

2(t− s)
G

N
∑

k=0

(t− s)k ∂uk

∂r
− 1

4(t− s)
G

N
∑

m=1

N
∑

k=0

tm(t− s)kwij
m∇ir

2∇juk

+O
(

tN+1
)

G

N
∑

k=0

(t− s)k−1∇juk.

❉♦♥❝

�tSN = −G
2

N
∑

k=0

(t− s)k−1 ∂ log θ0
∂r

uk − G

4

N
∑

k=0

N
∑

m=1

tm(t− s)k−1(wij
m∇i∇jr

2 + vk
m∇kr

2)uk

+
G

16

N
∑

k=0

N
∑

m=1

tm(t− s)k−2wij
m∇ir

2∇jr
2uk +G

N
∑

k=0

(t− s)k∆uk(s, ., .)

+G

N
∑

k=0

N
∑

m=1

tm(t− s)kwij
m∇i∇juk +G

N
∑

k=0

N
∑

m=1

tm(t− s)kvl
m∇luk

−G
N
∑

k=0

k(t− s)k−1uk −G
N
∑

k=0

(t− s)k−1r
∂uk

∂r

− G

2

N
∑

k=0

N
∑

m=1

tm(t− s)k−1wij
m∇ir

2∇juk +O
(

tN+1
)

N
∑

k=1

(t− s)k−1Guk

+O
(

tN+1
)

N
∑

k=0

(t− s)k−2Guk +O
(

tN+1
)

G

N
∑

k=0

(t− s)k−1∇juk.

P♦✉r q✉❡ �tSN ✈ér✐✜❡ ✸✳✷✳✷✱ ♦♥ s✉♣♣♦s❡ q✉❡ t♦✉s ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ (t−s)p✱ ❛✈❡❝ p < N ✱
s♦♥t ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧s✱ ❡t

�tSN = G(t− s)N∆uN +G

N
∑

m=1

tm(t− s)Nwij
m∇i∇juN +G

N
∑

m=1

tm(t− s)Nvl
m∇luN .

P❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t✱ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❝♦♠♣❛❝✐té ❞❡ M ❡t ❞❡ [0, T ]✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡
C > 0✱ t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉s x, y ∈M ✱ ❡t t♦✉t (t, s) ∈ R

2✱

|�tSN | ≤ CG(t, s, x, y)(t− s)N ✭✸✳✷✳✸✮

❘❛♣♣❡❧♦♥s q✉❡ SN (t, s, ., .) ❡st ❞é✜♥✐❡ ✉♥✐q✉❡♠❡♥t ♣♦✉r (x, y) ∈ Uρ✱ ❛❧♦rs q✉✬♦♥ ❝❤❡r❝❤❡
✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ C∞ s✉r M × M ✳ P♦✉r ❝❡ ❜✉t✱ ♦♥ ✈❛
✐♥tr♦❞✉✐r❡ ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡

η : M ×M → [0, 1],

C∞ s✉r M ×M ✱ ❞é❝r♦✐ss❛♥t❡ ❡♥ r(x, y)✱ t❡❧❧❡ q✉❡

η(x, y) =

{

1 s✐ (x, y) ∈ Uρ/4

0 s✐ (x, y) ∈M ×M − Uρ/2.
✭✸✳✷✳✹✮



✻✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

P♦s♦♥s

UN (t, s, x, y) = η(x, y)

N
∑

k=0

(t− s)kuk(s, x, y). ✭✸✳✷✳✺✮

❈♦♠♠❡ ♣♦✉r t♦✉t i = 0, 1, ..., N ✱ ui ❡st C∞ s✉r ([0, T ] ×M ×M) q✉✐ ❡st ❝♦♠♣❛❝t❡✱ ❛❧♦rs
♣♦✉r t♦✉t i = 0, 1, ..., N ✱ ui ❡st ♠❛❥♦ré ♣❛r ci > 0 ❡t

∣

∣

∣

∣

∣

N
∑

i=1

(t− s)iui(s, x, y)

∣

∣

∣

∣

∣

≤
N
∑

i=1

tici = C

N
∑

i=0

ti ≤ CNT i

❛✈❡❝ C = max{ci, i = 0, 1, ..., N} ✐♥❞é♣❡♥❞❛♥t ❞❡ x, y ∈M ❡t ❞❡ s ∈ [0, T ]✳ ❉✬♦ù ❧✬❡①✐st❡♥❝❡
❞✬✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ CN,T ✱ ❞é♣❡♥❞❛♥t❡ ✉♥✐q✉❡♠❡♥t ❞❡ N ✱ ❡t ❞❡ T ✱ t❡❧❧❡ q✉❡

|UN (t, s, x, y)| ≤ CN,T . ✭✸✳✷✳✻✮

✸✳✷✳✶ ▲❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✳

P♦s♦♥s
PN (t, s, x, y) = G(t, s, x, y)UN (t, s, x, y).

❖♥ ❛ ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t

▲❡♠♠❡ ✸✳✷✳✶✳ ❙✐ N > n
2 ✱ ❡t u0(s, x, x) = 1✱ ♣♦✉r t♦✉t x ∈ M ✱ ❡t t♦✉t s ∈ [0, T [✱ ❛❧♦rs

PN ❡st ❧❡ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✱ ✐✳❡✳

(Π1) PN ∈ C∞
(

R
2
T ×M ×M

)

✳

(Π2) �tPN s❡ ♣r♦❧♦♥❣❡ ❡♥ ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ C0
(

R2
T ×M ×M

)

, ♦ù

R2
T = {(t, s) ∈ R

2; 0 ≤ s ≤ t ≤ T}.

(Π3) limt→s PN (t, s, x, y)dv0(x) = δy(x) ♣♦✉r t♦✉t y ∈M ✳

Pr❡✉✈❡✳

✭Π1✮ ■❧ ❡st ❝❧❛✐r q✉❡ PN ❡st ❞✐✛❡r❡♥t✐❛❜❧❡ s✉r R
2
T ×M ×M ✳

✭Π2✮ ❖♥ ❛

�tPN (t, s, x, y) = η�tSN +
(

∆h(t)η
)

SN + 2 〈dη, dSN 〉h(t) .

✭❛✮ ❙✉r R
2
T × (M ×M − Uρ/2)✱ �tPN (t, s, x, y) = 0✱ ❞♦♥❝✱ ♦♥ ♣❡✉t ♣r♦❧♦♥❣❡r ♣❛r ❝♦♥t✐✲

♥✉✐té ♣❛r ✵ ♣♦✉r (t, s) ∈ R2
T ✱ t❡❧ q✉❡ t = s✳

✭❜✮ ❙✉r R
2
T × Uρ/4✱

�tPN (t, s, x, y) = �tSN (t, s, x, y) ≤ C(t− s)NG(t, s, x, y).

❉♦♥❝ �tPN ❡st ♣r♦❧♦♥❣❡❛❜❧❡ ♣❛r ❝♦♥t✐♥✉✐té ❡♥ ✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ s✉r R2
T × Uρ/4

♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r ✵ ♣♦✉r (t, s) ∈ R2
T ✱ t❡❧ q✉❡ t = s✳✱ ♣✉✐sq✉❡ N > n

2 ❡t e−
r2(x,y)
4(t−s) ❡st

❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t✳



✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✻✺

✭❝✮ ❙✉r R
2
T × (Uρ/2 − Uρ/4)✱

�tPN (t, s, x, y) = η(x, y)�tSN (t, s, x, y)+
(

∆h(t)η(x, y)
)

SN (t, s, x, y)+2 〈dη(x, y), dSN (t, s, x, y)〉h(t) .

❖r η ❡st C∞ s✉r M ×M ✱ ❛❧♦rs |η|, |∆h(t)η|, et|∇η|✱ s♦♥t ❜♦r♥é❡s ✉♥✐❢♦r♠é♠❡♥t✱ ❡♥
♣❛rt✐❝✉❧✐❡r |η| < 1✱ ❛❧♦rs✱ ✐❧ ❡①✐st❡ C > 0 ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x, y ∈M ✱ t❡❧ q✉❡

|�tPN (t, s, x, y)| ≤ C (|�tSN | + |SN | + 2|∇SN |) (t, s, x, y)

≤ C ′G(t, s, x, y)
(

(t− s)N + 1 + (t− s)−1
)

≤ C ′
(

4π(t− s)−
n
2

)

e−
ρ2

64(t−s)
(

(t− s)N + (t− s)−1 + 1
)

,

♦ù C ′ ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é❞❡♥❞❛♥t❡ ❞❡ t, s, x, y✱ ♣✉✐sq✉❡ ❞❛♥s ❧❛ ré❣✐♦♥
(Uρ/2 − Uρ/4)✱ r(x, y) > ρ/4✳ ❆❧♦rs✱ |�tPN (t, s, x, y)| → 0 q✉❛♥❞ t → s✱ ✉♥✐❢♦r♠é✲
♠❡♥t ❡♥ x, y ∈ (Uρ/2 − Uρ/4)✳

❊t (Π2) ❡st ❞é♠♦♥tré✳

✭Π3✮ ❙♦✐❡♥t f ∈ C0(M) ❡t y ∈M ✱ ❛❧♦rs

lim
t→s

∫

M

PN (t, s, x, y)f(x)dv0(x) =

N
∑

k=0

lim
t→s

(t−s)k

∫

M

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x).

✭✸✳✷✳✼✮
❙♦✐t By(ρ

4 ) ❧❛ ❜♦✉❧❡ ❞❡ ❝❡♥tr❡ y ❡t ❞❡ r❛②♦♥ ρ/4✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✳ ❖♥ é✈❛❧✉❡
❝❡tt❡ ❧✐♠✐t❡ ❞❛♥s ❧✬é❣❛❧✐té ✸✳✷✳✼ t❡r♠❡ à t❡r♠❡ s❡❧♦♥ ❧❡s ♣✉✐ss❛♥❝❡s ❞❡ (t − s)✳ P♦✉r t♦✉t
k = 1, ..., n✱ ♦♥ ❛

(t− s)k

∫

M

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x)

= (t− s)k

[

∫

By( ρ
4 )

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x) +

∫

M\By( ρ
4 )

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x)

]

.

❉✬✉♥❡ ♣❛rt✱ r(x, y) > ρ
4 ✱ ♣♦✉r t♦✉t x ∈M \By(ρ

4 )✱ ❛❧♦rs

(t− s)k

∫

M\By( ρ
4 )

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x)

≤ (t− s)k

∫

M\By( ρ
4 )

(4π)−
n
2 (t− s)−

n
2 e−

ρ2

64(t−s) η(x, y)uk(s, x, y)f(x)dv0(x) ≤ C(t− s)k

♦ù C ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x ∈ M \ By(ρ
4 )✱ ❡t ❞❡ (t, s) ∈ R

2
T ✱

✭❧✬❛♣♣❧✐❝❛t✐♦♥ τ 7→ τ−
n
2 e−

ρ2

64τ ❡st ❜♦r♥é❡✱ ❡t ❧❡s tr♦✐s ❢♦♥❝t✐♦♥s η(., y)✱ uk(s, ., y)✱ ❡t f s♦♥t
❝♦♥t✐♥✉❡s s✉r M q✉✐ ❡st ❝♦♠♣❛❝t❡✱ ❞♦♥❝ ❜♦r♥é❡s✮✳ ❆❧♦rs

lim
t→s

(t− s)k

∫

M\By( ρ
4 )

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x) = 0

✳



✻✻ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❉✬❛✉tr❡ ♣❛rt✱ ♣♦s♦♥s Bρ/4 ❧❛ ❜♦✉❧❡ ❞❡ ❝❡♥tr❡ ✵ ❡t ❞❡ r❛②♦♥ ρ/4 ❞❛♥s TyM ✭♣❛r r❛♣♣♦rt
à ❧❛ ♠étr✐q✉❡ h(0)✮✳ ❊♥ ❝♦♦r❞♦♥♥é❡s ❞♦♥♥é❡s ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡✱ ♣❛r r❛♣♣♦rt
à ❧❛ ♠étr✐q✉❡ h(0)✱ ❡t ❡♥ ♣♦s❛♥t expy ϑ = x✱

(t− s)k

∫

By( ρ
4 )

G(t, s, x, y)η(x, y)uk(s, x, y)f(x)dv0(x)

= (t− s)k

∫

Bρ/4

G(t, s, expy ϑ, y)η(expy ϑ, y)uk(expy ϑ, y)f(expy ϑ)(expy)∗dv0(ϑ) ✭✸✳✷✳✽✮

❖r

(expy)∗dv0(ϑ) =

(

1 − 1

6
Rich(0)(ϑ, ϑ) + o(|ϑ|2h(0))

)

dveucl(ϑ),

dveucl ét❛♥t ❧❛ ❢♦r♠❡ ✈♦❧✉♠❡ ❊✉❝❧✐❞✐❡♥♥❡✱ ✭✈♦✐r ❬●❍▲✵✹❪✱ ♣❛❣❡ ✶✻✾✮✱ ❡t Rich(0) ❧❡ t❡♥s❡✉r
❝♦✉r❜✉r❡ ❞❡ ❘✐❝❝✐ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✳ P❛r ❝♦♥séq✉❡♥t✱ ❧✬éq✉❛t✐♦♥ ✸✳✷✳✽ ❡st é❣❛❧❡
à

(t−s)k

∫

Bρ/4

G(t, s, expy ϑ, y)η(expy ϑ, y)uk(expy ϑ, y)f(expy ϑ)

(

1 − 1

6
Rich(0)(ϑ, ϑ) + o(|ϑ|2h(0))

)

dveucl(ϑ)

q✉✐ ❡st à s♦♥ t♦✉r é❣❛❧ à

(t−s)k

∫

Bρ/4

GR2(t, s, ϑ, 0)η(expy ϑ, y)uk(expy ϑ, y)f(expy ϑ)

(

1 − 1

6
Rich(0)(ϑ, ϑ) + o(|ϑ|2h(0))

)

dveucl(ϑ)

✭✸✳✷✳✾✮
♦ù GRn ❡st ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❊✉❝❧✐❞✐❡♥✶✭ ♣✉✐sq✉❡ r(x, y) = |ϑ|2✮✱ ❡t

GRn(t, s, ϑ, 0) =
e−

|ϑ|2

4(t−s)

(4π(t− s))
n
2

=
e−

r2(x,y)
4(t−s)

(4π(t− s))
n
2

= G(t, s, x, y).

❈♦♠♠❡ G(t, s, ϑ, 0)dveucl(ϑ) t❡♥❞ ✈❡rs δy(0)✱ q✉❛♥❞ t → s✱ ♦♥ ♣❡✉t ✈♦✐r q✉❡ ❧❛ ❧✐♠✐t❡ ❞❡
❧✬❡①♣r❡ss✐♦♥ ✸✳✷✳✾✱ ❧♦rsq✉❡ t→ s✱ ❡st

{

u0(expy(0), expy(0))f(expy(0)) = u0(y, y) ♣♦✉r k = 0
0 ♣♦✉r k > 0

❊♥ s✉♣♣♦s❛♥t u0(s, y, y) = 1✱ ♣♦✉r t♦✉t s ∈ [0, T ] ♦♥ ❛

lim
t→s

∫

M

PN (t, s, x, y)f(x)dv0(x) = f(y),

❡t (Π3) ❡st ❞é♠♦♥tré✳

✸✳✷✳✷ ❈❛❧❝✉❧ ❞❡s ❞❡✉① ♣r❡♠✐❡rs ❝♦❡✣❝✐❡♥ts ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛
s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❝❛❧❝✉❧❡r ❡①♣❧✐❝✐t❡♠❡♥t ❧❡s ❞❡✉① ♣r❡♠✐❡rs ❝♦❡✣❝✐❡♥ts ❞✉ ♣❛✲
r❛♠étr✐① PN ✱ u0 ❡t u1 ❛✉ t❡♠♣s s = 0✳ ❘❛♣♣❡❧❧♦♥s q✉✬♦♥ ❛ s✉♣♣♦sé q✉❡ u0(0, x, x) = 1✱
♣♦✉r t♦✉t x ∈ M ✳ P✉✐sq✉✬✐❧ ♥✬② ❛ ♣❛s ❞✬❛♠❜✐❣✉✐té✱ ♦♥ ♣♦s❡ u0(x, y) = u0(0, x, y)✱ ❡t
u1(x, y) = u1(0, x, y)✱ ♣♦✉r (x, y) ∈ Uρ✳

✶❖♥ r❛♣♣❡❧❧❡ q✉❡ G à ❧❛ ♠ê♠❡ ❢♦r♠❡ ❞❡ ❝❡❧❧❡ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❊✉❝❧✐❞✐❡♥ G
R2 ✱ ♠❛✐s ❝✬❡st ✉♥❡

❢♦♥❝t✐♦♥ ❞♦♥t ❧❡s ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s s♦♥t ❧❡s ♣♦✐♥ts ❞❡ ❧❛ ✈❛r✐été M ✳



✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✻✼

❈♦r♦❧❧❛✐r❡ ✸✳✷✳✷✳ P♦✉r (x, y) ∈ Uρ✱ ♦♥ ❛

u0(x, y) = θ
− 1

2
0 (x, y)ef(x,y) ✭✸✳✷✳✶✵✮

♦ù

f(x, y) =

n
∑

i,j=1

(

1

8
wij

1 (y)xi(x)xj(x) +
1

12

(

∇kw
ij
1

)

(y)xi(x)xj(x)xk(x)

)

+ Λ(x, y);

✭✸✳✷✳✶✶✮
xi(x) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ❞❡ x ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s ♥♦r♠❛❧❡s
❝❡♥tré ❡♥ y✱ ❡t w1 ❡st ❧❡ ✷✲t❡♥s❡✉r ❞é✜♥✐ ♣❛r

wij
1 = −hik(0)

(

∂h

∂t
(0)

)

kl

hlj(0),

❡t Λ ❡st ✉♥❡ ❢♦♥❝t✐♦♥ C∞ s✉r Uρ✱ ❛✈❡❝ Λ(x, y) = O(r(x, y))✱ ∇iΛ(x, y) = O(r(x, y))✱ ❡t
∇i∇jΛ(x, y) = O(r(x, y))✱ ♣♦✉r t♦✉t i, j = 1, ..., n✳

Pr❡✉✈❡✳ ❉✬❛♣rès ✸✳✷✳✷✱ ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ �tSN ✱ ♦♥ ❛

1

2
r
∂ log θ0
∂r

(., y)u0(., y) + r
∂u0

∂r
(., y) − 1

16
wij

1 ∇ir
2∇jr

2u0(., y) = 0.

❆❧♦rs✱
1

2
r
∂ log θ0
∂r

(., y)u0(., y) + r
∂u0

∂r
(., y) − 4r2

16
wij

1 ∇ir∇jru0(., y) = 0.

❊t
∂u0

∂r
(., y)u−1

0 (., y) = −1

2

∂ log θ0
∂r

(., y) +
1

4
rw1(∇r(., y),∇r(., y)). ✭✸✳✷✳✶✷✮

❙♦✐t x ∈M ❡t γ : [0, r(x, y)] →M ✱ ❧❛ ❣é♦❞és✐q✉❡ q✉✐ r❡❧✐❡ y à x✱ ❡t t❡❧ q✉❡ γ(0) = y✱ ❡t t❡❧
q✉❡ |γ̇(s)| = 1✱ ∀s ∈ [0, r(x, y)]✱ ❛❧♦rs ∇r(γ(s), y) = γ̇(s)✱ ❡t

∂u0

∂s
(γ(s), y)u−1

0 (γ(s), y) = −1

2

∂ log θ

∂s
(γ(s), y) +

1

4
rw1(γ̇(s), γ̇(s)). ✭✸✳✷✳✶✸✮

❊♥ ✐♥té❣r❛♥t ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ γ✱ s ∈ [0, r(x, y)]✱ ♦♥ ❛

u0(x, y)

u0(y, y)
=
θ
− 1

2
0 (x, y)

θ
− 1

2
0 (y, y)

exp

(

∫ r(x,y)

0

1

4
sw1(γ̇(s), γ̇(s))ds

)

.

❙♦✐t {xi} ❧❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s ♥♦r♠❛❧❡s ❝❡♥tré ❡♥ y✱ ♣❛r r❛♣♣♦rt à ❧❛
♠étr✐q✉❡ h(0)✱ ❛❧♦rs

γ(s)i
+ xi(γ(s)) =

sxi(x)

r(x, y)

♦ù xi(x) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ❞❡ x✳ P❛r s✉✐t❡

γ̇(s)i
+ xi(γ(s)) =

xi(x)

r(x, y)
,



✻✽ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❡t
∫ r(x,y)

0

1

4
sw1(γ̇(s), γ̇(s))ds =

n
∑

i,j=1

∫ r(x,y)

0

1

4
swij

1 (γ(s))γ̇(s)iγ̇(s)jds

=

n
∑

i,j=1

∫ r(x,y)

0

1

4
swij

1 (γ(s))
xi(x)

r(x, y)

xj(x)

r(x, y)
ds

❊♥ ❞é✈❡❧♦♣♣❛♥t wij
1 ◦ γ ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ s = 0✱ ♦♥ ❛

wij
1 (γ(s)) = wij

1 (y) + sγ̇(s)k
(

∇kw
ij
1

)

(y) +O(s2)

= wij
1 (y) + s

xk(x)

r(x, y)

(

∇kw
ij
1

)

(y) +O(s2).

❆✐♥s✐
∫ r(x,y)

0

1

4
sw1(γ̇(s), γ̇(s))ds =

n
∑

i,j=1

(

1

8
wij

1 (y)xi(x)xj(x) +
1

12

(

∇kw
ij
1

)

(y)xi(x)xj(x)xk(x)

)

+O(r3(x, y)).

❉❡ ♣❧✉s✱ u0(y, y) = 1✱ ❡t θ
− 1

2
0 (y, y) = lim

r(x,y)→0
θ
− 1

2
0 (x, y) = 1 ✭✈♦✐r ❬❇●▼✼✶❪✱ ♣❛❣❡ ✺✻✲✺✼✮✱

❛❧♦rs
u0(x, y) = θ

− 1
2

0 (x, y)ef(x,y),

♦ù

f(x, y) =

n
∑

i,j=1

(

1

8
wij

1 (y)xi(x)xj(x) +
1

12

(

∇kw
ij
1

)

(y)xi(x)xj(x)xk(x)

)

+O(r3(x, y)).

▲❡ ❢❛✐t q✉❡✱ Λ s♦✐t ✉♥❡ ❢♦♥❝t✐♦♥ C∞ s✉r Uρ✱ ❛✈❡❝ Λ(x, y) = O(r(x, y))✱∇iΛ(x, y) = O(r(x, y))✱
❡t ∇i∇jΛ(x, y) = O(r(x, y))✱ ♣♦✉r t♦✉t i, j = 1, ..., n✱ ❡st ❞û ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ t❛②❧♦r
❞❡ wij

1 (γ(s)) ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ s = 0✳

❈♦r♦❧❧❛✐r❡ ✸✳✷✳✸✳ P♦✉r (x, y) ∈ Uρ✱ ♦♥ ❛

u1(x, y) = r−1u0(x, y)

∫ r

0

∆θ
− 1

2
0 .θ

1
2
0 (γ(s), y)ds

+ r−1u0(x, y)

∫ r

0

∆f(γ(s), y)+ < ∇f(γ(s), y),∇f(γ(s), y) > + < ∇ log θ0,∇f > (γ(s), y)ds

− r−1u0(x, y)

∫ r

0

[

1

2
w1(∇r2(γ(s), y),∇(log u0)(γ(s), y)) −

1

4
(wij

1 ∇i∇jr
2(γ(s), y) + vl

1∇lr
2(γ(s), y))

]

ds,

♦ù γ : [0, r(x, y)] → M ❡st ❧❛ ❣é♦❞és✐q✉❡ q✉✐ r❡❧✐❡ y à x✱ ❡t t❡❧ q✉❡ γ(0) = y✱ ❡t t❡❧ q✉❡
|γ̇(s)| = 1✱ ∀s ∈ [0, r(x, y)]✳ ❊♥ ♣❛rt✐❝✉❧✐❡r

u1(y, y) =
τ0
6

+
1

2

n
∑

i=1

wii
1 (y) +

1

4

n
∑

i,j=1

h(0)ijwij
1 (y)

❡t ❝❡❝✐ ♣♦✉r t♦✉t y ∈M ✳



✸✳✷ ❈♦♥str✉❝t✐♦♥ ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✻✾

Pr❡✉✈❡ ❚♦✉❥♦✉rs ❞✬❛♣rès ✸✳✷✳✷✱ ❡t ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ �tSN ✱ ♦♥ ❛✱

r
∂u1

∂r
+

(

1 +
r

2

∂(log θ0)

∂r
− 1

16
wij

1 ∇ir
2∇jr

2

)

u1 = ∆u0−
1

2
wij

1 ∇ir
2∇ju0−

1

4
(wij

1 ∇i∇jr
2+vl

1∇lr
2)u0.

✭✸✳✷✳✶✹✮
◆♦✉s ❛♣♣❧✐q✉♦♥s ❧❛ ♠ét❤♦❞❡ ❞❡s ✈❛r✐❛t✐♦♥s ❞❡s ❝♦♥st❛♥t❡s✱ ❡t ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❤♦✲
♠♦❣è♥❡ ❛ss♦❝✐é❡ à ✸✳✷✳✶✹✱ ❡st

r
∂u1

∂r
+

(

1 +
r

2

∂(log θ0)

∂r
− 1

16
wij

1 ∇ir
2∇jr

2

)

u1 = 0,

❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡

∂u1

∂r
u−1

1 = −
(

1

r
+

1

2

∂(log θ0)

∂r
− 1

4
rwij

1 ∇ir∇jr

)

,

❛❧♦rs✱ ❡♥ ✐♥té❣r❛♥t s❡❧♦♥ ❧❛ ❣é♦❞és✐q✉❡ γ✱ q✉✐ r❡❧✐❡ y à x✱ ❡t t❡❧❧❡ q✉❡ |γ̇(s)| = 1✱ ♣♦✉r t♦✉t
s ∈ [0, r(x, y)]✱ ♦♥ tr♦✉✈❡

u1(x, y) = c(x, y)r−1(x, y)θ
− 1

2
0 (x, y)ef(x,y) = c(x, y)r−1(x, y)u0(x, y),

♦ù c ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ (x, y) ∈ M ×M ✱ ❡t f ❧❛ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ❞❛♥s ❧❡ ❝♦r♦❧❧❛✐r❡ ✸✳✷✳✷✳
❊♥ r❡♠♣❧❛ç❛♥t u1 ♣❛r s❛ ✈❛❧❡✉r cr−1u0✱ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✸✳✷✳✶✹✱ ♦♥ ❛✱

∂c

∂r
= u−1

0 ∆u0 −
1

2
u−1

0 wij
1 ∇ir

2∇ju0 −
1

4
(wij

1 ∇i∇jr
2 + vl

1∇lr
2),

❛✈❡❝

u−1
0 ∆u0 = θ

1
2
0 ∆θ

− 1
2

0 + e−f∆ef + 2θ
1
2
0 < ∇θ−

1
2

0 ,∇ef > .e−f

= θ
1
2
0 ∆θ

− 1
2

0 + ∆f+ < ∇f,∇f > + < ∇ log θ0,∇f > .

❆✐♥s✐

c(x, y) =

∫ r

0

θ
1
2 ∆θ−

1
2 (γ(s), y) + ∆f(γ(s), y)+ < ∇f(γ(s), y),∇f(γ(s), y) > + < ∇ log θ,∇f > (γ(s), y)ds

−
∫ r

0

[

1

2
w1(∇r2(γ(s), y),∇(log u0)(γ(s), y)) −

1

4
(wij

1 ∇i∇jr
2(γ(s), y) + vl

1∇lr
2(γ(s), y))

]

ds+ α.

❈❛❧❝✉❧♦♥s α✳ ❖♥ ❛ u1(x, y) = c(x, y)r−1u0(x, y), ❛❧♦rs c(x, y) =
u1(x, y)r

u0(x, y)
✱ ❡t

α = lim
r→0

u1(x, y)r

u0(x, y)
= 0

❝❛r u0 ❡t u1 s♦♥t ♣❛r ❞é✜♥✐t✐♦♥ ❞❛♥s C∞(M×M)✱ ❞♦♥❝ ❜♦r♥é❡s ✉♥✐❢♦r♠é♠❡♥t s✉rM×M ✳
❆✐♥s✐

u1(x, y) = r−1u0(x, y)

∫ r

0

∆θ
− 1

2
0 .θ

1
2
0 (γ(s), y)ds

+ r−1u0(x, y)

∫ r

0

∆f(γ(s), y)+ < ∇f(γ(s), y),∇f(γ(s), y) > + < ∇ log θ0,∇f > (γ(s), y)ds

− r−1u0(x, y)

∫ r

0

[

1

2
w1(∇r2(γ(s), y),∇(log u0)(γ(s), y)) −

1

4
(wij

1 ∇i∇jr
2(γ(s), y) + vl

1∇lr
2(γ(s), y))

]

ds.



✼✵ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❉✬❛♣rès ❇❡r❣❡r✲▼❛③❡t✲●❛✉❞✉❝❤♦♥ ✭❬❇●▼✼✶❪✱ ♣❛❣❡ ✷✷✶✲✷✷✷✮

lim
r(x,y)→0

r−1θ
− 1

2
0 (x, y)

∫ r(x,y)

0

∆θ
− 1

2
0 (γ(s), y).θ

1
2
0 (γ(s), y)ds =

τ0
6

♦ù τ0 ❡st ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❞❡ (M,h(0))✳ ❉✬❛✉tr❡ ♣❛rt

lim
r→0

r−1u0(x, y)

[∫ r

0

∆f(γ(s), y) + 〈∇f(γ(s), y),∇f(γ(s), y)〉 + 〈∇ log θ0,∇f〉 (γ(s), y)ds

−
∫ r

0

[

1

2
w1(∇r2(γ(s), y),∇(log u0)(γ(s), y)) −

1

4
(wij

1 ∇i∇jr
2(x, y) + vl

1∇lr
2(x, y))

]

ds

]

= ∆f(y, y) + 〈∇f(y, y),∇f(y, y)〉 + 〈∇ log θ0(y, y),∇f(y, y)〉

− 1

2
w1(∇r2(y, y),∇(log u0)(y, y)) +

1

4
(wij

1 ∇i∇jr
2(y, y) + vl

1∇lr
2(y, y)).

❖♥ ❛

∆f(x, y) =

n
∑

i,j=1

1

8

[

wij
1 (y).∆xi(x).xj(x) + wij

1 (y).xi(x).∆xj(x)
]

+
1

4
wij

1 (y) < ∇xi(x),∇xj(x) >

+
1

12
∇kw

ij
1 (y)

[

∆xi(x)xj(x)xk(x) + xi(x)∆xj(x)xk(x) + xi(x)xj(x)∆xk(x)
]

+
1

12
∇kw

ij
1 (y)

[

xi(x)
〈

∇xj(x),∇xk(x)
〉

+ xj(x)
〈

∇xi(x),∇xk(x)
〉

+ xk(x)
〈

∇xi(x),∇xj(x)
〉]

+ ∆Λ(x, y).

◗✉❛♥❞ r(x, y) t❡♥❞ ✈❡rs 0✱ xi t❡♥❞ ✈❡rs 0✱ ♣♦✉r t♦✉t i = 1, .., n✱ ❝❛r✱ r2(x, y) =
n
∑

i=1

(xi)2✱

❛❧♦rs✱ ❝❤❛❝✉♥ ❞❡s t❡r♠❡s ❞❡ ∆f(x, y) t❡♥❞❡♥t ✈❡rs 0✱ ❧♦rsq✉❡ r(x, y) t❡♥❞ ✈❡rs 0✱ s❛✉❢ ❧❡

t❡r♠❡
1

4

n
∑

i,j=1

wij
1

〈

∇xi,∇xj
〉

✱ ♣✉✐sq✉❡

1

4

n
∑

i,j=1

wij
1 < ∇xi,∇xj >=

1

4
wij

1 g
kl∇kx

i∇lx
j

=
1

4
wij

1 h(0)klδikδlj =
1

4

n
∑

i,j=1

wij
1 h(0)ij

❡t

∆f(y, y) =
1

4

n
∑

i,j=1

wij
1 h(0)ij .

❉❡ ♠ê♠❡✱ ❝❤❛❝✉♥ ❞❡s t❡r♠❡s 〈∇f(y, y),∇f(y, y)〉 , 〈∇ log θ0(y, y),∇f(y, y)〉 , 1
2w1(∇r2(y, y),∇(log u0)(y, y))

❡t vl
1∇lr

2(y, y)) ❡st ♥✉❧✱ ❡t

1

4
wij

1 ∇i∇jr
2(y, y) =

1

2
wij

1

(

∂2

∂xi∂xj
− Γl

ij

∂

∂xl

)

r2(y, y)

=
1

2
wij

1

(

δij + 2

n
∑

l=1

Γl
ijx

l(y)

)

=
1

2

n
∑

i=1

wii
1 .



✸✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡s s❡r✐❡s ❞✬✐♥té❣r❛❧❡s ✼✶

❊♥✜♥✱ ♦♥ ❛

u1(y, y) =
τ0
6

+
1

2

n
∑

i=1

wii
1 (y) +

1

4

n
∑

i,j=1

h(0)ijwij
1 (y)

❡t ❝❡❝✐ ♣♦✉r t♦✉t y ∈M ✳

❖♥ ♣❡✉t ❝♦♠♣❛r❡r u0✱ ❡t u1✱ ❛✈❡❝ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ♣❛r❛♠étr✐① ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛
❝❤❛❧❡✉r s✉r ✉♥❡ ✈❛r✐été (M, g(0)) ✭✐✳❡✳ ♠✉♥✐ ❞✬✉♥❡ ♠étr✐q✉❡ ✜①❡✮✱ ♣✉✐sq✉❡ ❧❡s ❞❡✉① s♦♥t ✉♥
♣r♦❞✉✐t ❞❡ G ✭ ❞é✜♥✐❡ ❞❛♥s ✮ ❛✈❡❝ ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡✱ ❡t ♦♥ ✈♦✐t ❜✐❡♥ q✉❡ ❧❡s rés✉❧t❛ts
s♦♥t ❞✐✛ér❡♥ts ✭✈♦✐r s❡❝t✐♦♥ ✶✳✷✳✶✮✳

✸✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡s s❡r✐❡s ❞✬✐♥té❣r❛❧❡s

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❞é♠♦♥tr❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡s sér✐❡s
∑∞

m=1 Φm(t, s, x, y) ❡t
q✉❡ ΘN ❡st ❜✐❡♥ ❞é✜♥✐❡✱ ❡t ❡st é❣❛❧❡ à O((t− s)N−n

2 )✳

▲❡♠♠❡ ✸✳✸✳✶✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C1 > 0 t❡❧❧❡ q✉❡ ♣♦✉r t♦✉s x, y ∈ M ✱ ❡t t♦✉s
0 ≤ s < t ≤ T ✱ ♦♥ ❛

|�tPN (t, s, x, y)| ≤ C1(t− s)N−n
2 . ✭✸✳✸✳✶✮

Pr❡✉✈❡✳ ❙♦✐t 0 ≤ s < t ≤ T ✳ ❊♥ ❝♦♥s✐❞ér❛♥t ❧❡s ❝❛s ❛✮✱ ❜✮ ❡t ❝✮ ❞❡ Π2 ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉
❧❡♠♠❡ ✸✳✷✳✶✱ ♦♥ ❛ ✿

❛✮ ❙✐ (x, y) ∈ (M ×M − Uρ/2)✱ �tPN (t, s, x, y) = 0 < C(t− s)N−n
2 ✳

❜✮ ❙✐ (x, y) ∈ Uρ/4✱ �tPN (t, s, x, y) = �tSN (t, s, x, y) ≤ C(t− s)N−n
2 ✳

❝✮ ❙✐ (x, y) ∈ (Uρ/2 − Uρ/4)✱

|�tPN (t, s, x, y)| ≤ C

(

(t− s)N−n
2 e−

r2(x,y)
4(t−s) + (t− s)−

n
2 e−

r2(x,y)
4(t−s) + (t− s)−

n
2 −1e−

r2(x,y)
4(t−s)

)

≤ C(t− s)N−n
2 e−

r2(x,y)
4(t−s)

(

1 + (t− s)−N + (t− s)−N−1
)

.

❊t ❞❛♥s ❝❡ ❝❛s✱ r > ρ
4 ✱ ❛❧♦rs e

−
r2(x,y)
4(t−s) ≤ e−

ρ2

64(t−s) ❡t

|�tPN (t, s, x, y)| ≤ C(t− s)N−n
2 e−

ρ2

64(t−s)
(

1 + (t− s)−N + (t− s)−N−1
)

≤ C(t− s)N−n
2 ,

♣✉✐sq✉❡ ❧❛ ❢♦♥❝t✐♦♥ τ → e−
ρ2

64τ

(

1 + (τ)−N−1 + (τ)−N−1
)

✱ τ > 0 ❡st ✉♥✐❢♦r♠é♠❡♥t
❜♦r♥é❡✳ ■❝✐✱ C ❡st ❝❤❛q✉❡ ❢♦✐s ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x, y ∈ M ✱ ❡t
❞❡ (t, s) ∈ R

2
T .

❊♥ ♣r❡♥❛♥t C1✱ ❧❛ ❜♦r♥❡ ♠❛①✐♠❛❧❡ ❞❡s ❝♦♥st❛♥t❡s C✱ ❧❡ ❧❡♠♠❡ ❡st ❞é♠♦♥tré✳



✼✷ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

P♦✉r ❧❛ s✉✐t❡✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ ❢❛✐r❡ q✉❡❧q✉❡s r❡♠❛rq✉❡s✳ ▲❛ r❡♠❛rq✉❡ ✸✳✸✳✷ s❡rt à s❡ ❞é✲
❜❛rr❛ss❡r ❞✉ ❢❛❝t❡✉r ❡①♣♦♥❡♥t✐❡❧ q✉✐ ❡①✐st❡ ❞❛♥s ❧❡ ♣❛r❛♠étr✐①✱ ❡t ❞✬❛✈♦✐r ✉♥❡ ❡st✐♠❛t✐♦♥
❞é♣❡♥❞❛♥t❡ ✉♥✐q✉❡♠❡♥t ❞❡ (t, s) ∈ R

2
T ✱ ❡t ❞❡ ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ r(x, y)✱ ♣❛r r❛♣♣♦rt

à ❧❛ ♠étr✐q✉❡ h(0)✳ ▲❛ r❡♠❛rq✉❡ ✸✳✸✳✸✱ ❡st à ♣r♦♣♦s ❞✉ ❝❤❛♥❣❡♠❡♥t ❞❡ ✈❛r✐❛❜❧❡s ❡t ❧❡ ❝❤❛♥✲
❣❡♠❡♥t ❞✉ ❞♦♠❛✐♥❡ ❞✬✐♥té❣r❛t✐♦♥ ❞❡ M ❡♥ TxM ✱ ❡♥ ✉t✐❧✐s❛♥t ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s
❞❡ TxM ✳

❘❡♠❛rq✉❡ ✸✳✸✳✷✳ ▲❛ ❢♦♥❝t✐♦♥ f(σ) = σλe−σ✱ σ ≥ 0✱ ❡st ❜♦r♥é❡ ♣♦✉r t♦✉t λ > 0✳ ❊♥ ❢❛✐t✱
f ′(σ) = (λ−σ)σλ−1e−σ✱ ❛❧♦rs f ′ s✬❛♥♥✉❧❡ ❡♥ σ = λ✱ ❡t ❢ ❡st ♥✉❧❧❡ ❡♥ σ = 0✱ ❝r♦✐ss❛♥t❡ ❞❛♥s
❧✬✐♥t❡r✈❛❧❧❡ [0, λ]✱ ♣♦✉r ♣r❡♥❞r❡ ❧❛ ✈❛❧❡✉r λλe−λ ❡♥ σ = λ✱ ♣✉✐s ❞é❝r♦✐ss❛♥t❡ s✉r [λ,+∞]
❛✈❡❝ limσ→+∞ f(σ) = 0✳

❘❡♠❛rq✉❡ ✸✳✸✳✸✳ voleuc ❡st ❧❛ ❢♦r♠❡ ✈♦❧✉♠❡ ❊✉❝❧✐❞✐❡♥♥❡ ❞❡ TxM ✱ ❞ét❡r♠✐♥é❡ ♣❛r ❧❛
♠étr✐q✉❡ ❞é✜♥✐❡ ♣♦s✐t✐✈❡ h(0)✱ ❡t υ ❧❡ ✈❡❝t❡✉r ✈❛r✐❛❜❧❡ ❞❛♥s TxM ✳ ❙♦✐t ❙(1) ❧❛ s♣❤èr❡ ✉♥✐té
❞❛♥s TxM ✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ❛❧♦rs t♦✉t ✈❡❝t❡✉r ♥♦♥ ♥✉❧ υ ∈ TxM ♣❡✉t êtr❡
❡①♣r✐♠é s♦✉s ✉♥❡ ❢♦r♠❡ ✉♥✐q✉❡

υ = rϑ, ϑ =
υ

|υ| , r > 0.

▲❛ ❢♦r♠❡ ✈♦❧✉♠❡ ❊✉❝❧✐❞✐❡♥♥❡ ❛❞♠❡t ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥

voleuc(r, ϑ) = rn−1drdµ(ϑ)

♦ù (r, ϑ) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ❞❡ υ✱ ❡t dµ(ϑ) ❡st ❧❛ ♠❡s✉r❡ ❡♥ ❝♦♦r❞♦♥♥é❡s s♣❤é✲
r✐q✉❡s✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ❛✐♥s✐

(expx)∗(dv0)(υ) = (expx)∗(dv0)(rϑ) = J(r, ϑ)dveuc = J(r, ϑ)rn−1drdµ(ϑ)

❛✈❡❝

J(r, ϑ) =

(

1 − 1

6
Rich(0)(rϑ, rϑ) + o(r2)

)

.

▲❡♠♠❡ ✸✳✸✳✹✳ P♦✉r t♦✉s m ∈ N✱ x, y ∈M ✱ ❡t (t, s) ∈ R
2
T ✱ ♦♥ ❛

|Φm(t, s, x, y)| ≤ (C1)
mV ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(t− s)m(N−n
2 +1)−1 ✭✸✳✸✳✷✮

♦ù Φm s♦♥t ❧❡s ❢♦♥❝t✐♦♥s ❞♦♥♥é❡s ♣❛r ❧❡s éq✉❛t✐♦♥s ✸✳✵✳✹✱ C1 ❡st ❧❛ ❝♦♥st❛♥t❡ ❞✉ ❧❡♠♠❡
✸✳✸✳✶✱ ❡t V ol(M) = volume(M,h(0))✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❛ sér✐❡

∑∞
m=1 Φm(t, s, x, y) ❡st ❛❜✲

s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡ ♣♦✉r t♦✉t (t, s) ∈ R
2
T ✳

Pr❡✉✈❡✳ P♦✉r m = 1✱ ❧✬✐♥é❣❛❧✐té ✸✳✸✳✷ ❡st ✈r❛✐❡ ✭❝✳❢✳ ❧❡♠♠❡ ✸✳✸✳✶✮✳ ❙✉♣♣♦s♦♥s q✉❡ ✸✳✸✳✷
❡st ✈r❛✐❡ ♣♦✉r m > 1✱ ❡t ❞é♠♦♥tr♦♥s ❧❡ ♣♦✉r m+ 1✳ ❖♥ ❛

|Φm+1(t, s, x, y)| ≤
∫ t

s

dτ

∫

M

|�tPN (t, τ, x, z)| (C1)
mV ol(M)m−1(s− τ)m(N−n

2 +1)−1dv0(z)

≤
∫ t

s

dτ

∫

M

C1(t− τ)N−n
2

(C1)
mV ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(s− τ)m(N−n
2 +1)−1dv0(z).

❊t ❝♦♠♠❡ s < τ < t✱ ❛❧♦rs t− τ < t− s✱ ❡t s− τ < t− τ ✱ ❛❧♦rs

(t− τ)N−n
2 (s− τ)m(N−n

2 +1)−1 ≤ (t− s)(m+1)(N−n
2 +1)−2,



✸✳✸ ❈♦♥✈❡r❣❡♥❝❡ ❞❡s s❡r✐❡s ❞✬✐♥té❣r❛❧❡s ✼✸

❡t

|Φm+1(t, s, x, y)| ≤
∫ t

s

dτ

∫

M

(C1)
m+1V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(t− s)(m+1)(N−n
2 +1)−2dv0(z)

≤ (C1)
m+1V ol(M)m

m!(N − n
2 + 1)m

(t− s)(m+1)(N−n
2 +1)−1.

❉✬♦ù ✸✳✸✳✷✱ ♣♦✉r t♦✉t m ∈M ✳ ❆✐♥s✐✱
∞
∑

m=1

|Φm(t, s, x, y)| =

∞
∑

m=1

(C1)
mV ol(M)m−1(t− s)m(N−n

2 +1)−1

(m− 1)!(N − n
2 + 1)m−1

= C1(t− s)N−n
2

∞
∑

m=1

(C1)
m−1V ol(M)m−1(t− s)(m−1)(N−n

2 +1)

(m− 1)!(N − n
2 + 1)m−1

= C1(t− s)N−n
2 exp

(

C1V ol(M)(t− s)N−n
2 +1

N − n
2 + 1

)

≤ C1(t− s)N−n
2 exp

(

C1V ol(M)TN−n
2 +1

N − n
2 + 1

)

<∞.

P♦s♦♥s ♠❛✐♥t❡♥❛♥t FN (t, s, x, y) =

∞
∑

m=1

Φm(t, s, x, y)✱ ❛❧♦rs✱ ♣♦✉r t♦✉s x, y ∈ M ❡t t♦✉t

(t, s) ∈ R
2
T ✱ ♦♥ ❛

|FN (t, s, x, y)| ≤ C1 exp

(

C1V ol(M)TN−n
2 +1

N − n
2 + 1

)

(t− s)N−n
2 . ✭✸✳✸✳✸✮

❈♦r♦❧❧❛✐r❡ ✸✳✸✳✺✳ ▲✬✐♥té❣r❛❧❡ ✐♠♣r♦♣r❡

ΘN (t, s, x, y) =

∫ t

s

dτ

∫

M

PN (t, τ, x, z)FN (τ, s, z, y)dv0(z) ✭✸✳✸✳✹✮

❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t ♣♦✉r t♦✉s (t, s) ∈ R
2
T ✱ x, y ∈M ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱

ΘN (t, s, x, y) = O
(

(t− s)N−n
2

)

, q✉❛♥❞ t→ s.

Pr❡✉✈❡✳ ▲✬✐♥té❣r❛❧❡

ΘN (t, s, x, y) =

∫ t

s

dτ

∫

M

PN (t, τ, x, z)FN (τ, s, z, y)dv0(z) ✭✸✳✸✳✺✮

❡st ✐♠♣r♦♣r❡✱ ❛②❛♥t ✉♥❡ s✐♥❣✉❧❛r✐té ❡♥ (z, τ) = (x, t)✳ ❈❡tt❡ ✐♥té❣r❛❧❡ ❝♦♥✈❡r❣❡ ❛❜s♦❧✉♠❡♥t✱
❡t ❧❛ s✐♥❣✉❧❛r✐té ❡st ✐♥té❣r❛❜❧❡✳ ❊♥ ❢❛✐t✱ ❞✬❛♣rés ✸✳✸✳✸

|ΘN (t, s, x, y)| ≤ C(t− s)N−n
2

∫ t

s

dτ

∫

M

|PN (t, τ, z, y)| dv0(y),

❡t✱

|PN (t, τ, x, z)| ≤ CN,T e
−

r2(x,z)
4(t−τ) (t− τ)

n
2

≤ CN,T (r2(x, z))−
n
2 +α(t− τ)−α (r2(x, z))−

n
2 +α

(t− τ)
n
2 −α

e−
r2(x,z)
4(t−τ)



✼✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

♣♦✉r t♦✉t α > 0✳ ❖r✱ ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✸✳✸✳✷✱ ❡♥ ♣♦s❛♥t σ = e−
r2(x,z)
4(t−s) ✱

(r2(x, z))−
n
2 +α

(t− τ)
n
2 −α

e−
r2(x,z)
4(t−τ) ≤

(n

2
− α

)
n
2 −α

e−
n
2 +α,

❛❧♦rs

|PN (t, τ, x, z)| ≤ Cr−n+2α(x, z)(t− τ)−α,

♦ù C ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t, τ, x ❡t ❞❡ z✳ ❈♦♠♠❡ supp(PN ) ⊆ U ρ
2

✭supp(PN ) ❡st ❧❡ s✉♣♣♦rt ❞❡ PN ✮✱ ❛❧♦rs✱ ❡♥ ♣❛ss❛♥t ❡♥ ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ✭❝✳❢✳ r❡♠❛rq✉❡
✸✳✸✳✸✮✱ ♦♥ ❛

∫ t

s

dτ

∫

B(x, ρ
2 )

|PN (t, τ, x, z)|dv0(z) ≤ C

∫ t

s

(t− τ)−αdτ

∫ ρ/2

0

r−n+2αrn−1dr,

❡t ❡♥ ♣♦s❛♥t α = 1
2 ✱ ♦♥ ♦❜t✐❡♥t

∫ t

s

dτ

∫

B(x, ρ
2 )

|PN (t, τ, x, z)|dv0(z) ≤ C

∫ t

s

(t− τ)−
1
2 dτ ≤ C(t− s)

1
2 .

❉✬♦ù

|ΘN (t, s, x, y)| ≤ C(t− s)N−n
2 + 1

2

♦ù C ❡st ❝❤❛q✉❡ ❢♦✐s ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ (t, s) ∈ R
2
T ❡t ❞❡ x, y ∈M ✳

✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r

♥♦♥ ❧✐♥é❛✐r❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ♣r♦✉✈❡r q✉❡ PN + ΘN ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧❛
✈❛r✐été (M,h(t)) ♣♦✉r t ∈]0, T ]✳ ❉✬❛❜♦r❞✱ ♦♥ ✈❛ ❡st✐♠❡r ❧❡s ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ♣r❡♠✐èr❡s
❡t s❡❝♦♥❞❡s ❞✉ ♣❛r❛♠étr✐①✳ ❈❡❧❛ ✈❛ ♥♦✉s s❡r✈✐r✱ ❛✈❡❝ ❧❡s ❡st✐♠❛t✐♦♥s ❞❡ ❧✬♦♣ér❛t❡✉r ❞❡
❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ❛❣✐ss❛♥t s✉r ❧❡ ♣❛r❛♠étr✐①✱ à ❞é♠♦♥tr❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧❛ sér✐❡
∑∞

m=1 Φm(t, s, x, y) ✱ ❡t à ❞é♠♦♥tr❡r ❧✬é❣❛❧✐té ✸✳✵✳✺✱ ❡t ❧❡ t❤é♦rè♠❡ ✸✳✹✳✽✳

▲❡♠♠❡ ✸✳✹✳✶✳ ✭❈♦♥t✐♥✉✐té ❞❡ ❧❛ ❝♦♥✈♦❧✉t✐♦♥✮ ❙♦✐t H ∈ C0
(

R
2
T ×M ×M

)

✱ ❛❧♦rs ❧✬❛♣✲
♣❧✐❝❛t✐♦♥

JN : R
2
T ×M ×M → R

❞é✜♥✐❡ ♣❛r

JN (t, s, τ, x, y) =

∫

M

PN (t, τ, x, z)H(τ, s, z, y)dv0(z)

❡st ❝♦♥t✐♥✉❡ ♣♦✉r t♦✉s x, y ∈M ✱ ❡t 0 < s < τ < t < T ✱ ❡t

lim
τ→t

JN (t, s, τ, x, y) = H(t, s, x, y).



✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✼✺

Pr❡✉✈❡ ▲❛ ❝♦♥t✐♥✉✐té ❡st ❞é♠♦♥tré❡ ♣❛r ❋r✐❡❞♠❛♥ ❬❋r✐✻✹❪✱ ♣❛❣❡ ✹✲✻✱ ❞❛♥s ❧❡ ❝❛s ❊✉❝❧✐✲
❞✐❡♥✱ ❡t ❧❛ ❧✐♠✐t❡ ♣r♦✈✐❡♥t ❞❡ ❧❛ ♣❛rt✐❡ Π3✱ ❞❛♥s ❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ✸✳✷✳✶✳

▲❡♠♠❡ ✸✳✹✳✷✳ ✭❉ér✐✈é❡ ♣❛rt✐❡❧❧❡ ♣r❡♠✐èr❡ ❞❡ ❧❛ ❝♦♥✈♦❧✉t✐♦♥ ❛✈❡❝ ❧❡ P❛r❛♠étr✐①✮ ❙♦✐❡♥t
(U , {xi}n

i=1) ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s s✉rM ✱ ❡t x ∈ U ✱ ❡t s♦✐t H ∈ C0
(

R
2
T ×M ×M

)

✱
❛❧♦rs✱ PN ∗H ❡st C1 ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡ s♣❛t✐❛❧❡✱ ❡t✱ ♣♦✉r x ∈ U ✱ ♦♥ ❛

∂

∂xi
PN ∗H(t, s, x, y) =

∫ t

s

dτ

∫

M

∂PN

∂xi
(t, τ, x, z)H(τ, s, z, y)dv0(z). ✭✸✳✹✳✶✮

Pr❡✉✈❡✳ ❙♦✐❡♥t (U , {xi}n
i=1) ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧ s✉r M ✱ ❡t x ∈ U ✳ P♦✉r

t♦✉t z ∈M ✱ ♦♥ ❛

∣

∣

∣

∣

∂PN

∂xi
(t, τ, x, z)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∂

∂xi





e−
r2(x,z)
4(t−τ)

(4π(t− τ))
n
2
UN (t, τ, x, z)





∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

(

−∂r2(x,z)
∂xi

4(t− τ)
UN (t, τ, x, z) +

∂UN

∂xi
(t, τ, x, z)

)

e−
r2(x,z)
4(t−τ)

(4π(t− τ))
n
2

∣

∣

∣

∣

∣

∣

.

❖r PN (t, τ, ., .) ❛ ✉♥ s✉♣♣♦rt ❝♦♠♣❛❝t❡ ❞❛♥s U ρ
2
✱ ❞✬♦ù

∂r2

∂xi
(x, z) ❡st ❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t

❡♥ (x, z) ∈ U ρ
2
✳ ❊❧❧❡ s✬❛♥♥✉❧❡ ♣♦✉r x = y✱ ❡t ♣♦✉r x 6= y✱ ♦♥ ❛

∂r2

∂xi
(x, z) = 2r(x, y)

∂r

∂xi
(x, z).

P♦✉r x 6= y✱
∣

∣

∂r
∂xi (x, z)

∣

∣ ❡st ❜♦r♥é❡ ♣❛r 1✳ ❉❡ ♠ê♠❡✱ UN (t, τ, ., .) ❡st C∞ s✉r U ρ
2
✱ ❞♦♥❝

❜♦r♥é❡ ✉♥✐❢♦r♠é♠❡♥t✳ P❛r s✉✐t❡✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C > 0✱ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x ❡t ❞❡ z✱
t❡❧❧❡ q✉❡

∣

∣

∣

∣

∂PN

∂xi
(t, τ, x, z)

∣

∣

∣

∣

≤ C

(

1 +
r(x, z)

(t− τ)

)

e−
r2(x,z)
4(t−τ)

(t− τ)
n
2
.

❉✬❛✉tr❡ ♣❛rt✱ ♦♥ ❛✱ ♣♦✉r t♦✉t α > 0✱

(

1 +
r(x, z)

(t− τ)

)

e−
r2(x,z)
4(t−τ)

(t− τ)
n
2

= (t− τ)−α(t− τ)−
n
2 +α(r2(x, z))α−n

2 (r2(x, z))
n
2 −α

(

1 +
r(x, z)

(t− τ)

)

e−
r2(x,z)
4(t−τ)

= (t− τ)−α(r2(x, z))α−n
2

(

(r2(x, z))
n
2 −α

(t− τ)
n
2 −α

+
(r2(x, z))

n
2 −α+1r−1(x, z)

(t− τ)
n
2 −α+1

)

e−
r2(x,z)
4(t−τ) .

❉✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✸✳✸✳✷✱ ❡♥ ♣♦s❛♥t σ = e−
r2(x,z)
4(t−s) ✱ ✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ C > 0✱ t❡❧ q✉❡✱

♣♦✉r t♦✉t x, z ∈M

(

1 +
r(x, z)

(t− τ)

)

e−
r2(x,z)
4(t−τ)

(t− τ)
n
2
≤ C(t− τ)−αr2α−n−1(x, z)

❡t
∣

∣

∣

∣

∂PN

∂xi
(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

≤ C(t− τ)−αr2α−n−1(x, z).



✼✻ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

P❛r s✉✐t❡✱
∫

M

∣

∣

∣

∣

∂PN

∂xi
(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

dv0(z) ≤
∫

B(x, ρ
2 )

C(t− τ)−αr2α−n−1(x, z)dv0(z).

❊♥ ♣❛ss❛♥t ♣❛r ❧❡s ❝♦♦r❞♦♥♥é❡s ❞♦♥♥é❡s ♣❛r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ expx✱ ♣❛r r❛♣♣♦rt
à ❧❛ ♠étr✐q✉❡ h(0)✱ ♦♥ ❛✉r❛

∫

B(x, ρ
2 )

r2α−n−1(x, z)dv0(z) =

∫

BTxM (0, ρ
2 )

r2α−n−1(x, expxv)(expx)∗dv0(v)

❆❧♦rs
∫

B(x, ρ
2 )

r2α−n−1(x, z)dv0(z) =

∫

❙(1)

∫
ρ
2

0

r2α−2J(r, ϑ)drdµ(ϑ) ✭✸✳✹✳✷✮

❙✐ α > 1
2 ✱ ❛❧♦rs

∫
ρ
2

0

r2α−2dr ❝♦♥✈❡r❣❡ ✱ ❡t ❞❛♥s ❝❡ ❝❛s✱ ✐❧ ❡①✐st❡ C > 0✱ ❞é♣❡♥❞❛♥t ❞❡ α✱ t❡❧

q✉❡ ♣♦✉r t♦✉t x ∈M ✱
∫

M

∣

∣

∣

∣

∂PN

∂xi
(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

dv0(z) ≤ C(t− τ)−α, ✭✸✳✹✳✸✮

❡t ♣♦✉r 1
2 < α < 1✱ ❧✬✐♥té❣r❛❧❡

∫ t

s

dτ

∫

M

∂PN

∂xi
(t, τ, x, z)H(τ, s, z, y)dv0(z) ❝♦♥✈❡r❣❡ ❛❜s♦❧✉✲

♠❡♥t✳ P♦s♦♥s

JN (t, s, τ, x, y) =

∫

M

PN (t, τ, x, z)H(τ, s, y, z)dv0(z) ✭✸✳✹✳✹✮

❛❧♦rs JN ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡♥ x, y ∈ M ❡t 0 ≤ s < τ < t ≤ T ✭❧❡♠♠❡ ✸✳✹✳✶✮✳
❈♦♠♠❡ PN ✱ ❡t ❍ s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t C∞ ❡t C0 s✉r [0, T ] ×M ×M ✱ ❛✈❡❝ M ❝♦♠♣❛❝t❡✱

❛❧♦rs ❧✬✐♥té❣r❛❧❡
∫

M

∂PN

∂xi
(t, τ, x, z)H(τ, s, y, z)dv0(z) ❡st ❝♦♥✈❡r❣❡♥t❡✱ ❡t

∂JN

∂xi
(t, s, τ, x, y) =

∫

M

∂PN

∂xi
(t, τ, x, z)H(τ, s, y, z)dv0(z) ✭✸✳✹✳✺✮

♣♦✉r y ∈M ✱ ❡t 0 ≤ s < τ < t ≤ T ✳ ■❧ ♥♦✉s r❡st❡ à ❞é♠♦♥tr❡r ✸✳✹✳✶✱ ✐✳❡✳

∂

∂xi
PN ∗H(t, s, x, y) =

∂

∂xi

∫ t

s

JN (t, s, τ, x, y)dτ =

∫ t

s

∂

∂xi
JN (t, s, τ, x, y)dτ

❝❡❝✐ ❡st ✈r❛✐✱ ❡t ❞é♠♦♥tré ❞❛♥s ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✹✵✳

▲❡♠♠❡ ✸✳✹✳✸✳ ✭❉ér✐✈é❡ ♣❛rt✐❡❧❧❡ s❡❝♦♥❞❡ ❞❡ ❧❛ ❝♦♥✈♦❧✉t✐♦♥ ❛✈❡❝ ❧❡ ♣❛r❛♠étr✐①✮ ❙♦✐t H ∈
C0
(

R
2
T ×M ×M

)

✱ ❛❧♦rs✱ PN ∗ H ❡st C2 ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡ ✈❛r✐❛❜❧❡ s♣❛t✐❛❧❡✱ ❡t
♣♦✉r t♦✉t 0 ≤ s < t ≤ T ✱ ♦♥ ❛

∂2

∂xj∂xi
PN ∗H(t, s, x, y) =

∫ t

s

dτ

∫

M

∂2PN

∂xj∂xi
(t, τ, x, z)H(τ, s, z, y)dv0(z) ✭✸✳✹✳✻✮

♦ù (U , {xi}n
i=1) s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s ❞❡ ❝❡♥tr❡ x ∈M ✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡

h(0)✱ t❡❧s q✉❡ U ⊂ B(x, ρ
2 )✳



✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✼✼

❘❡♠❛rq✉❡ ✸✳✹✳✹✳ ❙♦✐t z ∈ M ✳ ❊♥ ❡ss❛②❛♥t ❞✬❡st✐♠❡r
∂2PN

∂xj∂xi
(t, τ, x, z) ❝♦♠♠❡ ♦♥ ❧✬❛

❢❛✐t ❞❛♥s ❧❡ ❧❡♠♠❡ ✸✳✹✳✷✱ ♦♥ ❛✉r❛

∣

∣

∣

∣

∂2PN

∂xj∂xi
(t, τ, x, z)

∣

∣

∣

∣

≤ C

(

1 +
1

(t− τ)
+
r2(x, z)

(t− τ)2

)

e−
r2(x,z)
4(t−τ)

(t− τ)
n
2

♦ù C ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x ❡t ❞❡ z✳ ▼❛✐s ❝❡tt❡ ❡st✐♠❛t✐♦♥ ♥❡ ♥♦✉s
♣❡r♠❡t ♣❛s ❞❡ ❞é♠♦♥tr❡r ❝❡ q✉❡ ❧✬♦♥ ✈❡✉t✱ ❝❛r ❧✬✐♥té❣r❛❧❡

∫ t

s

dτ

∫

M

(

1 +
1

(t− τ)
+
r2(x, z)

(t− τ)2

)

e−
r2(x,z)
4(t−τ)

(t− τ)
n
2
dv0(z)

♥✬❡st ♣❛s ❝♦♥✈❡r❣❡♥t❡ ✭✈♦✐r ❬❋r✐✻✹❪✱ ♣❛❣❡ ✶✵✮✳ ▲✬✐❞é❡ ♣♦✉r rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡✱ ❡st ❧✬✐♥té✲
❣r❛t✐♦♥ ♣❛r ♣❛rt✐❡s✳ ❈❡tt❡ ❞❡r♥✐èr❡ ❡st ✉t✐❧✐sé❡ ❞❛♥s ❬❈❈●+❛r❪✱ ❝❤❛♣✐tr❡ ✷✸✱ ♣❛❣❡ ✷✹✷✲✷✹✻✱
♣♦✉r rés♦✉❞r❡ ❧❡ ♠ê♠❡ ♣r♦❜❧è♠❡✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ✈❛r✐été r✐❡♠❛♥♥✐❡♥♥❡ ♠✉♥✐❡ ❞✬✉♥❡
♠étr✐q✉❡ ✜①❡✳ ❈✐✲❞❡ss✉s✱ ♦♥ ✈❛ s✉✐✈r❡ ❧❡s ♠ê♠❡s ét❛♣❡s✳ ❖♥ ✈❛ ❞ér✐✈❡r ♣❛r r❛♣♣♦rt à ❧❛

✈❛r✐❛❜❧❡ z✱ ❛❧♦rs✱ s♦✐t
∂

∂xj
x

❧❛ ♥♦t❛t✐♦♥ ❞❡ ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ♣❛r r❛♣♣♦rt à ❧❛ ♣r❡♠✐èr❡

✈❛r✐❛❜❧❡ s♣❛t✐❛❧❡ x ❞❛♥s ❧❡s ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s {xi}n
i=1 ❞❡ ❝❡♥tr❡ x✱ ♣❛r r❛♣♣♦rt à ❧❛

♠étr✐q✉❡ h(0)✱ ❡t s♦✐t
∂

∂xj
z

❧❛ ♥♦t❛t✐♦♥ ❞❡ ❧❛ ❞ér✐✈é❡ ♣❛rt✐❡❧❧❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞❡✉①✐è♠❡

✈❛r✐❛❜❧❡ s♣❛t✐❛❧❡ z✱ ❞❛♥s ❧❡ ♠ê♠❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s {xi}n
i=1✳ ❈❡tt❡ ❞❡r♥✐èr❡ ♥♦t❛t✐♦♥

❡st ❜✐❡♥ ❞é✜♥✐❡ ♣✉✐sq✉❡ z ∈ U ✱ ❝❛r ❧❡ s✉♣♣♦rt ❞❡ supp(PN (t, s, x, .)) ⊆ B(x, ρ
2 )✳ ❆❧♦rs ♦♥

♣❡✉t é❝r✐r❡

∫

M

∂2PN

∂xj
x∂xi

x

(t, τ, x, z)H(τ, s, z, y)dv0(z) =

∫

M

(

∂2PN

∂xj
x∂xi

x

− ∂2PN

∂xj
z∂xi

z

)

(t, τ, x, z)H(τ, s, z, y)dv0(z)

+

∫

M

∂2PN

∂xj
z∂xi

z

(t, τ, x, z)H(τ, s, z, y)dv0(z).

P♦✉r ❧❛ ♣r❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✸✳✹✳✸✱ ♦♥ ❛ ❜❡s♦✐♥ ❞✬✉♥ ❧❡♠♠❡ ❢❛✐t ❞❛♥s ❬❈❈●+❛r❪✱ ✐❝✐✱ ❞❛♥s
❧❛ ❞é♠♦♥str❛t✐♦♥✱ ♥♦✉s ❞♦♥♥♦♥s ♣❧✉s ❞❡ ❞ét❛✐❧s ✿

▲❡♠♠❡ ✸✳✹✳✺✳ ❬❈❈●+❛r❪ ❙✐ {xi} s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ♥♦r♠❛❧❡s ❝❡♥tré❡s ❡♥ x ♣❛r r❛♣♣♦rt
à ❧❛ ♠étr✐q✉❡ h(0)✱ ❛❧♦rs✱ ♣♦✉r t♦✉t i = 1, .., n✱

∂r2

∂xi
x

(x, z) = − ∂r2

∂xi
z

(x, z) ✭✸✳✹✳✼✮

❡t

∂2r2

∂xj
x∂xi

x

(x, z) − ∂2r2

∂xj
z∂xi

z

(x, z) = O(r2(x, z)) ✭✸✳✹✳✽✮

♣♦✉r t♦✉t z ∈ B(x, ρ)✳

Pr❡✉✈❡✳



✼✽ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

✭✶✮ ❙♦✐t z ∈ B(x, ρ)✳ ❉✬✉♥❡ ♣❛rt

∂r2

∂xi
z

(x, z) =
∂

∂xi
z





n
∑

j=1

xj(z)2



 = 2xi(z),

✐✳❡✳
∂r

∂xi
z

(x, z) =
xi(z)

r(x, z)

❡t ❞✬❛✉tr❡ ♣❛rt

∂r

∂xi
x

(x, z) =

〈

∇xr(x, z),
∂

∂xi
x

〉

h(0)

=

〈

β̇(r(x, z)),
∂

∂xi
x

〉

h(0)

♦ù β : [0, r(x, z)] ❡st ❧❛ ❣é♦❞és✐q✉❡ t❡❧❧❡ q✉❡ β(0) = z✱ β(r(x, z)) = x✱ ❡t β̇(s) = 1✱ ♣♦✉r
t♦✉t s ∈ [0, r(x, z)]✳ P♦✉r ❛rr✐✈❡r à ❧✬é❣❛❧✐té ✸✳✹✳✼✱ ♦♥ ❞♦✐t é❝r✐r❡ β̇(r(x, z)) ❡♥ ❢♦♥❝t✐♦♥ ❞❡s

t❡r♠❡s xj(z)✱ ❡t
∂

∂xi
x

✱ i, j = 1, ..., n✱ ❛❧♦rs ✱ ♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❣é♦❞és✐q✉❡ γ : [0, r(x, z)]✱ t❡❧❧❡

q✉❡ γ(0) = x✱ γ(r(x, z)) = z✱ ❡t γ̇(s) = 1✱ ♣♦✉r t♦✉t s ∈ [0, r(x, z)]✳ ❖♥ ♣❡✉t ✈♦✐r q✉❡
❝❡tt❡ ❣é♦❞és✐q✉❡✱ s❡ ❝♦♥❢♦♥❞ ❛✈❡❝ β✭ ✈♦✐r ✜❣✉r❡ ✸✳✶✮✱ ♠❛✐s ♣❛r❛♠étré❡ ❞✐✛ér❡♠♠❡♥t✱ ❡t
q✉❡ β̇(r(x, z)) = −γ̇(0)✱✭❝❛r r(x, z) < ρ✱ ❛❧♦rs ❧❛ ❣é♦❞és✐q✉❡ r❡❧✐❛♥t x à z ❡st ✉♥✐q✉❡✳✮

❋✐❣✳ ✸✳✶ ✕ ❧❛ ❣é♦❞és✐q✉❡ r❡❧✐❛♥t x à y ❡st ✉♥✐q✉❡✳ ▲❡s ✷ ✈❡❝t❡✉rs ✉♥✐t❛✐r❡s γ̇(0) ❡t β̇(r(x, z))
s♦♥t ❝♦❧✐♥é❛✐r❡s ❡t ❞❡ s❡♥s ♦♣♣♦sés

❖r

γ(s)j =
sxj(z)

r(x, z)
, ♣♦✉r t♦✉s s ∈ [0, r(x, z)], ❡t i = 1, ..., n,

❡t γ̇(0) s✬é❝r✐t ❞❛♥s ❧❛ ❜❛s❡
{

∂

∂xj
x

}

j

s♦✉s ❧❛ ❢♦r♠❡
xj(z)

r(x, z)

∂

∂xj
x

✱ ♣❛r ❧❛ s✉✐t❡

β̇(r(x, z)) = − xj(z)

r(x, z)

∂

∂xj
x

,

❡t

∂r

∂xi
x

(x, z) =

〈

− xj(z)

r(x, z)

∂

∂xj
x

,
∂

∂xi
x

〉

h(0)

= − xi(z)

r(x, z)
, ✭✸✳✹✳✾✮

❞✬♦ù ✸✳✹✳✼✳



✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✼✾

✭✷✮ ❉é♠♦♥tr♦♥s ♠❛✐♥t❡♥❛♥t ✸✳✹✳✽✳ ❊♥ ❢❛✐t✱

∂2r2

∂xi
z∂x

j
z

(x, z) =
∂2

∂xi
z∂x

j
z

n
∑

k=1

(xk(z))2 = 2δij . ✭✸✳✹✳✶✵✮

❉✬❛✉tr❡ ♣❛rt✱

∂2r2

∂xi
x∂x

j
x

(x, z) = 2r(x, z)
∂2r

∂xi
x∂x

j
x

r(x, z) + 2
∂r

∂xi
x

(x, z)
∂r

∂xj
x

(x, z). ✭✸✳✹✳✶✶✮

❖r
∂2r

∂xi
x∂x

j
x

(x, z) = ∇i∇jr (x, z) − Γk
ij(x)

∂r

∂xk
x

.

❊t ♣✉✐sq✉❡ {xi} s♦♥t ❧❡s ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s ❝❡♥tré❡s ❡♥ x✱ ❛❧♦rs Γk
ij(x) = 0✱ ❡t

∂2r

∂xi
x∂x

j
x

(x, z) = ∇i∇jr (x, z)

= ∇2r

(

∂

∂xi
x

,
∂

∂xj
x

)

❊t ❝♦♠♠❡ ∇2r(∇r, .) = 0✱ ❛❧♦rs

∇2r

(

∂

∂xi
x

,
∂

∂xj
x

)

= ∇2r

(

∂

∂xi
x

− ∂r

∂xi
x

(x, z)∇r(x, z), ∂

∂xj
x

− ∂r

∂xj
x

(x, z)∇r(x, z)
)

= II

(

∂

∂xi
x

− ∂r

∂xi
x

(x, z)∇r(x, z), ∂

∂xj
x

− ∂r

∂xj
x

(x, z)∇r(x, z)
)

♦ù II ❡st ❧❛ s❡❝♦♥❞❡ ❢♦r♠❡ ❢♦♥❞❛♠❡♥t❛❧❡ ✷ ❞❡ ❧❛ s♣❤èr❡ ❞✐st❛♥❝❡ S(z, r) = {x ∈M,d(x, z) = r}✳
❖r✱ ❞✬❛♣rès ❬❈▲◆✵✻❪✱ ♣❛❣❡ ✻✷✱ ♦♥ ❛

IIij =
1

r
hij(0) +O(r).

❊♥ ❝♦♦r❞♦♥♥é❡s ❣é♦❞és✐q✉❡s✱ ♦♥ ❛ hij(0) = δij +O(r2)✱ ✭✈♦✐r ❬❙❨✾✹❪✱ ♣❛❣❡ ✷✶✵✮✱ ❛❧♦rs✱

∂2r

∂xi
x∂x

j
x

(x, z) =
1

r

〈

∂

∂xi
x

− ∂r

∂xi
x

(x, z)∇r(x, z), ∂

∂xj
x

− ∂r

∂xj
x

(x, z)∇r(x, z)
〉

h(0)

+O(r)

=
1

r
δij −

1

r

∂r

∂xi
x

∂r

∂xj
x

+O(r).

❊t ❛✈❡❝ ❧✬éq✉❛t✐♦♥ ✸✳✹✳✶✶✱ ♦♥ ❛

∂2

∂xi
x∂x

j
x

r2(x, z) = 2δij +O(r2) ✭✸✳✹✳✶✷✮

▲❡s ❞❡✉① éq✉❛t✐♦♥s ✸✳✹✳✶✵ ❡t ✸✳✹✳✶✷✱ ♥♦✉s ❞♦♥♥❡♥t ✸✳✹✳✽✱ ❡t ❧❡ ❧❡♠♠❡ ❡st ❞é♠♦♥tré✳

✷❊♥ ❢❛✐t ∇2r(u, v) =
˙

∇∇u(∇r), v
¸

✱ ✭♣✉✐sq✉❡ ∇ ❡st ❞❡ t♦rs✐♦♥ ♥✉❧❧❡✮✱ ❡t ∇r ❡st ❧❡ ✈❡❝t❡✉r ♥♦r♠❛❧ à ❧❛
s♣❤èr❡ S(z, r) = {x ∈ M, d(x, z) = r}



✽✵ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

Pr❡✉✈❡ ❞✉ ❧❡♠♠❡ ✸✳✹✳✸✳ ❊♥ ♣♦s❛♥t t− τ = υ✱ ♦♥ ❛

∂2PN

∂xj∂xi
=

[

G

16υ2

∂r2

∂xj

∂r2

∂xi
UN − G

4υ

∂r2

∂xj

∂UN

∂xi
− G

4υ

∂2r2

∂xj∂xi
UN − G

4υ

∂r2

∂xi

∂UN

∂xj
+G

∂2UN

∂xj∂xi

]

❊t

∂2PN

∂xj
x∂xi

x

− ∂2PN

∂xj
z∂xi

z

=
G

16υ2

(

∂r2

∂xj
x

∂r2

∂xi
x

− ∂r2

∂xj
z

∂r2

∂xi
z

)

UN ✭✸✳✹✳✶✸✮

− G

4υ

(

∂2r2

∂xi
x∂x

j
x

− ∂2r2

∂xi
z∂x

j
z

)

UN ✭✸✳✹✳✶✹✮

− G

4υ

(

∂r2

∂xi
x

∂UN

∂xj
x

+
∂r2

∂xj
x

∂UN

∂xi
x

− ∂r2

∂xi
z

∂UN

∂xj
z

− ∂r2

∂xj
z

∂UN

∂xi
z

)

✭✸✳✹✳✶✺✮

−G

(

∂2UN

∂xi
x∂x

j
x

− ∂2UN

∂xi
z∂x

j
z

)

✭✸✳✹✳✶✻✮

❉✬❛♣rès ❧✬é❣❛❧✐té ✸✳✹✳✼✱ ❧❡ t❡r♠❡ ✭✸✳✹✳✶✸✮ ❡st ♥✉❧✳ ▲❡ t❡r♠❡ ✭✸✳✹✳✶✹✮ ❡♥ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❡st
é❣❛❧❡ à

∣

∣

∣

∣

G

4υ
o(r(x, y))UN

∣

∣

∣

∣

≤ C
r(x, z)

υ
G.

❖♥ ♣❡✉t ❛✉ss✐ ♠❛❥♦r❡r ❧❛ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❞❡ ✭✸✳✹✳✶✺✮ ♣❛r C
r(x, z)

υ
G✱ ❝❛r

∂r2

∂xi
x

∂UN

∂xj
x

+
∂r2

∂xj
x

∂UN

∂xi
x

− ∂r2

∂xi
z

∂UN

∂xj
z

− ∂r2

∂xj
z

∂UN

∂xi
z

= 2r

(

∂r

∂xi
x

∂UN

∂xj
x

+
∂r

∂xj
x

∂UN

∂xi
x

− ∂r

∂xi
z

∂UN

∂xj
z

− ∂r

∂xj
z

∂UN

∂xi
z

)

.

❊♥✜♥✱ ❧❡ t❡r♠❡ ✭✸✳✹✳✶✻✮ ❡♥ ✈❛❧❡✉r ❛❜s♦❧✉❡ ❡st ♠❛❥♦ré ♣❛r CG✱ ♦ù C ❡st ❝❤❛q✉❡ ❢♦✐s ✉♥❡
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x, y ∈M ✭❧❛ ♠❛❥♦r❛t✐♦♥ ✉♥✐❢♦r♠❡ ❞❡s t♦✉s ❝❡s t❡r♠❡s
❡st ❞✉❡ à ❝♦♥t✐♥✉✐té ❞❡s ❢♦♥❝t✐♦♥s ét✉❞✐és ✱ ❛✐♥s✐ q✉❡ ❧❡✉r ❞ér✐✈é❡s t♦t❛❧❡s ❡t ♣❛rt✐❡❧❧❡s✱ ❡t
à ❧❛ ❝♦♠♣❛❝✐té ❞❡ M✮✳ ❆❧♦rs✱ ✐❧ ❡①✐st❡ C > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t x, z ∈M ✱

∣

∣

∣

∣

(

∂2PN

∂xj
x∂xi

x

− ∂2PN

∂xj
z∂xi

z

)

(t, τ, x, z)

∣

∣

∣

∣

≤ C

(

1 +
r(x, z)

t− τ
+
r2(x, z)

t− τ

)

G(t, τ, x, z).

❉♦♥❝ ❝♦♠♠❡ ♦♥ ❧✬❛ ❞é♠♦♥tré ♣♦✉r
∂PN

∂xi
(t, s, x, z)✱ ♣♦✉r α ∈ (0, 1

2 )✱ ✐❧ ❡①✐st❡ C > 0✱

✐♥❞é♣❡♥❞❛♥t ❞❡ x ∈M ✱ t❡❧ q✉❡

∫

M

∣

∣

∣

∣

(

∂2PN

∂xj
x∂xi

x

− ∂2PN

∂xj
z∂xi

z

)

(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

dv0(z) ≤ C(t− s)−α.

❊st✐♠♦♥s ♠❛✐♥t❡♥❛♥t
∫

M

∣

∣

∣

∣

∂2PN

∂xj
z∂xi

z

(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

dv0(z)✱ ♦♥ ❛

∫

M

∂2PN

∂xj
z∂xi

z

(t, τ, x, z)H(τ, s, z, y)dv0(z) =
∂

∂xj
z

∫

M

∂PN

∂xi
z

(t, τ, x, z)H(τ, s, z, y)dv0(z)

−
∫

M

∂PN

∂xi
z

(t, τ, x, z)
∂H

∂xj
z

(τ, s, z, y)dv0(z) −
∫

M

∂PN

∂xi
z

(t, τ, x, z)
∂
√

(detgij(0))(z)

∂xj
z

H(τ, s, z, y)dz1 ∧ .. ∧ dzn.



✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✽✶

❆❧♦rs ♣✉✐sq✉❡
∂

∂xj
z

∫

M

∂PN

∂xi
z

(t, τ, x, z)H(τ, s, z, y)dvτ (z) = 0,

❡t
∂H

∂xj
z

❡t
∂

∂xj
z

√

(detgij(τ))(z) s♦♥t ❜♦r♥é❡s ✉♥✐❢♦r♠é♠❡♥t✱ ❝❛r M ❝♦♠♣❛❝t❡✱ ♦♥ ❛✱ ❞✬❛♣rès

❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ✸✳✹✳✷✱ éq✉❛t✐♦♥ ✸✳✹✳✸✱
∫

M

∣

∣

∣

∣

∂2PN

∂xj
x∂xi

x

(t, τ, x, z)H(τ, s, z, y)

∣

∣

∣

∣

dv0(z) ≤ C(t− s)−α ✭✸✳✹✳✶✼✮

♦ù C ❡st ❝❤❛q✉❡ ❢♦✐s ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x✳ ❙✐✱ ❡♥ ♣❛rt✐❝✉❧✐❡r✱ α ∈ ( 1
2 , 1)✱

❛❧♦rs✱ ❡♥ ✐♥té❣r❛♥t ♣❛r r❛♣♣♦rt à s ∈ [0, t]✱ ♦♥ ❞é♠♦♥tr❡ q✉❡
∫ t

s

dτ

∫

M

∂2PN

∂xj
x∂xi

x

(t, τ, x, z)H(τ, s, z, y)dv0(z)

❡st ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡✱ ✐✳❡✳✱ ❧✬✐♥té❣r❛❧❡
∫ t

s

∂2JN

∂xi∂xj
(t, s, τ, x, y)dτ, ♦ù JN ❡st ❧❛ ❢♦♥❝t✐♦♥

❞é✜♥✐❡ ❞❛♥s ✸✳✹✳✹✱ ❡st ❛❜s♦❧✉♠❡♥t ❝♦♥✈❡r❣❡♥t❡✳ ❈❡❝✐ ♥♦✉s ❞♦♥♥❡ ❞✬❛♣rès ❬❈❈●+❛r❪✱ ♣❛❣❡
✷✹✼✱ q✉❡

∂2

∂xj∂xi
PN ∗H(t, s, x, y) =

∫ t

s

dτ

∫

M

∂2PN

∂xj∂xi
(t, τ, x, z)H(τ, s, z, y)dv0(z) ✭✸✳✹✳✶✽✮

♣♦✉r t♦✉t (t, s, x, y) ∈ R
2
T ×M ×M ✳

▲❡♠♠❡ ✸✳✹✳✻✳ ✭❉ér✐✈❛t✐♦♥ ♣❛r r❛♣♣♦rt ❛✉ t❡♠♣s ❞✬✉♥❡ ❝♦♥✈♦❧✉t✐♦♥ ❛✈❡❝ ❧❡ ♣❛r❛♠é✲
tr✐①✮✸P♦✉r t♦✉t (t, s, x, y) ∈ R

2
T ×M ×M ✱ ♦♥ ❛

∂

∂t
PN ∗H(t, s, x, y) =

∫ t

s

dτ

∫

M

∂PN

∂t
(t, τ, x, z)H(τ, s, x, z) +H(t, s, x, y). ✭✸✳✹✳✶✾✮

Pr❡✉✈❡✳ P✉✐sq✉❡ PN ❡st C∞ s✉r R
2
T ×M ×M ✱ ❛❧♦rs

∂JN

∂t
(t, s, τ, x, y) =

∂

∂t

∫

M

PN (t, τ, x, z)H(τ, s, y, z)dv0(z) =

∫

M

∂PN

∂t
(t, τ, x, z)H(τ, s, z, y)dv0(z).

✭✸✳✹✳✷✵✮

❊st✐♠♦♥s ❛❧♦rs
∣

∣

∣

∣

∂JN

∂t
(t, s, τ, x, y)

∣

∣

∣

∣

✳ ❉✬❛♣rès ❧✬éq✉❛t✐♦♥ ✸✳✸✳✶✱ ♦♥ ❛

∣

∣

∣

∣

∂JN

∂t
(t, s, τ, x, y)

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

M

∂PN

∂t
(t, τ, x, z)H(τ, s, z, y)dv0(z)

∣

∣

∣

∣

≤
∣

∣

∣

∣

∫

M

∆h(t)PN (t, τ, x, z)H(τ, s, z, y)dv0(z)

∣

∣

∣

∣

+ C1

∣

∣

∣

∣

∫

M

(τ − s)N−n
2H(τ, s, z, y)dv0(z)

∣

∣

∣

∣

≤ C(t− s)α + C,

✸❈❡ ♠ê♠❡ tr❛✈❛✐❧ ❡st ❢❛✐t ❞❛♥s ❬❋r✐✻✹❪ ❡t ❬❈❈●+❛r❪✱ ❡t ✐❧ ♥ ② ❛ ♣❛s ❞❡ ❞✐✛ér❡♥❝❡✱ ♣❛r ❝❡ q✉❡ JN ❞é♣❡♥❞
t♦✉❥♦✉rs ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ ❞✉ P❛r❛♠étr✐① ❞❡s s♦❧✉t✐♦♥s ❢♦♥❞❛♠❡♥t❛❧❡s ❞❛♥s ❧❡s ré❢ér❡♥❝❡s ❝✐tés✱ ❛✐♥s✐ q✉❡
❞❛♥s ♥♦tr❡ tr❛✈❛✐❧✳



✽✷ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t

❛✈❡❝ α ∈ ( 1
2 , 1)✱ ❡t C ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t, s, τ, x, ❡t y✳ ❊♥ ♣❧✉s✱ ♦♥ ❛

∂

∂t

∫ t

s

JN (t, s, τ, x, y)dτ = lim
h→0

1

h

(

∫ t+h

s

JN (t+ h, s, τ, x, y)dτ −
∫ t

s

JN (t, s, τ, x, y)dτ

)

= lim
h→0

(

1

h

∫ t+h

t

JN (t+ h, s, τ, x, y)dτ +

∫ t

s

JN (t+ h, s, τ, x, y) − JN (t, s, τ, x, y)

h
dτ

)

= lim
h→0

(

1

h

∫ t+h

t

JN (t+ h, s, τ, x, y)dτ +

∫ t

s

∂JN

∂t
(t∗, s, τ, x, y)dτ

)

♦ù t∗ ∈]t, t+ h[✳ ❖♥ ❛

lim
h→0

1

h

∫ t+h

t

JN (t+ h, s, τ, x, y)dτ = H(t, s, x, y)

❡t

lim
h→0

∫ t

s

∂JN

∂t
(t∗, s, τ, x, y)dτ =

∫ t

s

∂JN

∂t
(t, s, τ, x, y)

❞✬♦ù ❧❡ ❧❡♠♠❡✳

▲❡♠♠❡ ✸✳✹✳✼✳ P♦✉r N − n
2 > l + 2k + p + 2q✱ ΘN ❡st r❡s♣❡❝t✐✈❡♠❡♥t Cp✱ ❡t Cl✱ ♣❛r

r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s x ❡t y✱ ❡t r❡s♣❡❝t✐✈❡♠❡♥t Cq✱ ❡t Ck ♣❛r r❛♣♣♦rt ❛✉①
❞❡✉① ✈❛r✐❛❜❧❡s t❡♠♣♦r❡❧❧❡s t✱ ❡t s✳

Pr❡✉✈❡✳ ❊♥ ❢❛✐t✱ s✐ ♦♥ ❝❤❡r❝❤❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ∂k

∂skD
l
y�tPN ✱ ♦ù Dl

y ❡st ✉♥❡ ❞ér✐✈❛t✐♦♥
♣❛r r❛♣♣♦rt à ❧❛ ❞❡✉①✐è♠❡ ✈❛r✐❛❜❧❡ y ❞✬✐♥❞✐❝❡ l✱ ♦♥ ❛✉r❛✱ ❛✈❡❝ ❧❛ ♠ê♠❡ t❡❝❤♥✐q✉❡ ✉t✐❧✐sé❡
❞❛♥s ❧❡ ❧❡♠♠❡ ✸✳✸✳✶✱ q✉❡

| ∂
k

∂sk
Dl

y�tPN | ≤ CtN−n
2 −l−2k.

❈❡❝✐ ♥♦✉s ❞♦♥♥❡✱ ♣❛r ré❝✉rr❡♥❝❡✱ ❝♦♠♠❡ ❞❛♥s ❧❡ ❧❡♠♠❡ ✸✳✸✳✹✱ q✉❡
∣

∣

∣

∣

∂k

∂sk
Dl

yΦm(t, s, x, y)

∣

∣

∣

∣

≤ (C)mV ol(M)m−1

(m− 1)!(N − n
2 − l − 2k + 1)m−1

(t− s)m(N−n
2 −l−2k+1)−1,

❡t ♣❛r s✉✐t❡ q✉❡

| ∂
k

∂sk
Dl

yFN (t, s, x, y)|C(t− s)N−n
2 −l−2k exp

(

CV ol(M)TN−n
2 −l−2k+1

N − n
2 − l − 2k + 1

)

<∞,

s✐ N − n
2 > l + 2k✳ C ❡st ❝❤❛q✉❡ ❢♦✐s ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t, s, x ❡t y✳

❈❡❝✐ ♥♦✉s ❞♦♥♥❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❛❜s♦❧✉❡ ❡t ✉♥✐❢♦r♠❡ ❞❡
∫ t

s

dτ

∫

M

∂q

∂tq
Dp

xPN (t, τ, x, z)
∂k

∂sk
Dl

yFN (τ, s, z, y)dv0(z)

♣♦✉r N − n
2 > l + p + 2k + 2q✳ ❉♦♥❝✱ ❝♦♠♠❡ ♦♥ ❧✬❛ ❞é♠♦♥tré ❞❛♥s ❧❡s ❧❡♠♠❡s ✸✳✹✳✷✱

✸✳✹✳✸✱ ❡t ✸✳✹✳✻✱ ΘN ❡st r❡s♣❡❝t✐✈❡♠❡♥t Cp✱ Cl ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s x
❡t y✱ ❡t r❡s♣❡❝t✐✈❡♠❡♥t Cq✱ Ck ♣❛r r❛♣♣♦rt ❛✉① ❞❡✉① ✈❛r✐❛❜❧❡s t❡♠♣♦r❡❧❧❡s t✱ ❡t s✱ ♣♦✉r
N − n

2
> l + p+ 2k + 2q ✳

❚❤é♦rè♠❡ ✸✳✹✳✽✳ P♦✉r N > n
2 ✱ P = PN + ΘN ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ✸✳✵✳✶✱ ❡t✱

❡❧❧❡ ❡st C∞ s✉r R
2
T ×M ×M ✳



✸✳✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ ✽✸

Pr❡✉✈❡✳ ❊♥ ❛♣♣❧✐q✉❛♥t ❧❡s ❧❡♠♠❡s ✸✳✹✳✷✱ ✸✳✹✳✸✱ ❡t ✸✳✹✳✻✱ ♦♥ ❛

�t(PN + ΘN )(t, s, x, y) = �tPN (t, s, x, y) + �t

∫ t

s

dτ

∫

M

PN (t, τ, x, z)FN (τ, s, z, y)dv0(z)

= �tPN (t, s, x, y) +

∫ t

s

dτ

∫

M

�tPN (t, τ, x, z)FN (τ, s, z, y)dv0(z) − FN (t, s, x, y)

= �tPN (t, s, x, y) +

∞
∑

m=1

Φm(t, s, x, y) −
∞
∑

m=0

Φm(t, s, x, y)

= 0.

❉❡ ♣❧✉s✱ s✐ f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r M ✱ ❛❧♦rs

lim
t→s

∫

M

(PN (t, s, x, y) + ΘN (t, s, x, y)) f(x)dv0(x)

= lim
t→s

∫

M

PN (t, s, x, y)f(x)dv0(x) + lim
t→s

∫

M

ΘN (t, s, x, y)f(x)dv0(x) = f(y)

❝❛r lim
t→s

∫

M

ΘN (t, s, x, y)f(y)dv0(x) = 0✳ ❆❧♦rs PN +ΘN ❡st ❜✐❡♥ ✉♥❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡

✸✳✵✳✶✳

■❧ ♥♦✉s r❡st❡ à ❞é♠♦♥tr❡r q✉❡ P ❡st C∞ s✉r R
2
T ×M×M ✳ ❊♥ ❢❛✐t✱ ♣✉✐sq✉❡ ❧❛ s♦❧✉t✐♦♥

❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡st ✉♥✐q✉❡✱ ❛❧♦rs✱ PN + ΘN ❡st ✐♥❞é♣❡♥❞❛♥t ❞❡
N ✱ ♣♦✉r N − n

2 > 0✳ ❖r PN ∈ C∞(R2
T × M × M)✱ ❡t✱ ❞✬❛♣rès ❧❡ ❧❡♠♠❡ ✸✳✹✳✼✱ ΘN ∈

Cl+2k+p+2q(R2
T ×M ×M)✱ ♣♦✉r N s✉✣s❛♠♠❡♥t ❧❛r❣❡✱ ❞♦♥❝ ΘN ∈ C∞(R2

T ×M ×M)✱
q✉❛♥❞ N t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❉✬♦ù P ❡st C∞ ♣♦✉r t♦✉t N > n

2 ✳



✽✹ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t



❈❤❛♣✐tr❡ ✹

P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés
r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡
❍✐❧❜❡rt à ❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥
❢♦♥❞❛♠❡♥t❛❧❡

❙♦✐t g(t)✱ 0 ≤ t ≤ T ✱ T > 0✱ ✉♥❡ ❢❛♠✐❧❧❡ C∞ ❞❡ ♠étr✐q✉❡s ❘✐❡♠❛♥✐❡♥♥❡s s✉r ✉♥❡ ✈❛r✐été
❝♦♠♣❛❝t❡ M ✱ ❞❡ ❞✐♠❡♥s✐♦♥ ✜♥✐❡ n✱ t❡❧❧❡ q✉❡ vol(M, gt) ❡st ✐♥✈❛r✐❛♥t ♣♦✉r 0 ≤ t ≤ T ✳

▲❡ ❜✉t ❞❡ ❝❡ ❝❤❛♣✐tr❡✱ ❡st ❞❡ ❝♦♥str✉✐r❡ ✉♥ ♣❧♦♥❣❡♠❡♥t ❞✬✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés
(M, g(t)) ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt L2(M,vg(0)) ❛✉ ♠♦✐♥s ♣♦✉r ❧❡s t❡♠♣s ♣❡t✐ts à ❧✬❛✐❞❡ ❞❡
s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳ ❉✬❛❜♦r❞✱ ♣❛r ❧❡ ❧❡♠♠❡ ✶✳✸✳✶✱ ♦♥ ❛ss♦❝✐❡ à (M, g(t))✱ ✉♥❡ ❢❛♠✐❧❧❡
❞❡ ✈❛r✐étés (M,h(t))✱ ❞✐✛é♦♠♦r♣❤❡s à (M, g(t))✱ t❡❧❧❡ q✉❡

dvh(t) = dvh(0) = dvg(0), ♣♦✉r t♦✉t t ∈ [0, T ]. ✭✹✳✵✳✶✮

❈❡❝✐ ✐♠♣❧✐q✉❡ q✉❡ ❧✬❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt L2(M,dvh(t)) ❡st ❝♦♥st❛♥t ❡♥ t✳

P♦s♦♥s �t = ∆h(t) − ∂
∂t ✱ ❡t P (t, x, y) = P (t, 0, x, y)✱ ♦ù P ❡st ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

❞✉ ♣r♦❜❧è♠❡ ❞❡ ❈❛✉❝❤②
{

�tP (t, s, x, y) = 0
limt→s P (t, s, x, y)dv0(x) = δy(x).

✭✹✳✵✳✷✮

❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ♣ré❝é❞❡♥t✱ ♦♥ ❛ ❞é♠♦♥tré q✉❡

P (t, s, x, y) = PN (t, s, x, y) + ΘN (t, s, x, y)

♦ù N > n
2 + 1✱ PN ❡st ❧❡ ♣❛r❛♠étr✐① ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✱ ❡t

ΘN (t, s, x, y) = O
(

(t− s)N−n
2

)

, ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M

❡t
∂

∂xi
ΘN (t, s, x, y) = O

(

(t− s)N−n
2 −1

)

, ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M ✭✹✳✵✳✸✮

♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s s✉r ❛✉t♦✉r ❞❡ x✳

✽✺



✽✻
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

❖♥ ❡♠❡t ❧❛ ❝♦♥❥❡❝t✉r❡ s✉✐✈❛♥t❡ ✿

❈♦♥❥❡❝t✉r❡ ✹✳✵✳✾✳ ▲❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡
❛❞♠❡t ❧❛ ❢♦r♠✉❧❡ ❛s②♠♣t♦t✐q✉❡ s✉✐✈❛♥t❡ ✿

P (t, s, x, y) = (4π(t− s))
−n

2 e−
r2(x,y)
4(t−s)

(

N
∑

k=0

(t− s)kũk(s, x, y) + Υ(t, s, x, y)

)

q✉❛♥❞ t→ s+✱ ❡t ♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s ❞❛♥s M ✱ ❡t ♣♦✉r t♦✉t N ∈ N✱ ♦ù

Υ(t, s, x, y) = O((t− s)N ),

❡t
∣

∣

∣

∣

∂

∂xi
Υ(t, s, x, y)

∣

∣

∣

∣

= O((t− s)N−1), ♣♦✉r t♦✉t i = 1, . . . n,

♣♦✉r x, y ❛ss❡③ ♣r♦❝❤❡s ❞❛♥s M ✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❛✉t♦✉r

❞❡ x✳

❖♥ ❛ ❛❧♦rs ❧❡ t❤é♦rè♠❡ s✉✐✈❛♥t ✿

❚❤é♦rè♠❡ ✹✳✵✳✶✵✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ ξ > 0✱ t❡❧ q✉❡ ❧✬❛♣♣❧✐❝❛✲
t✐♦♥

Pt : M → L2(M,v0)
x 7→ P (t, x, .)

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t < ξ✳

P♦✉r ❞é♠♦♥tr❡r ♥♦tr❡ t❤é♦rè♠❡✱ ♦♥ ✈❛ s❡ s❡r✈✐r ❞✉ ❝♦r♦❧❧❛✐r❡ ✵✳✵✳✶✾✳ ❖r✱ ✐❝✐✱ ♦♥ ❛ tr♦✐s
♣♦✐♥ts q✉✬♦♥ ❞♦✐t ② ❢❛✐r❡ ❛tt❡♥t✐♦♥ ✿

▲❡ ♣r❡♠✐❡r✱ ❝✬❡st q✉❡ ♥♦tr❡ ❡s♣❛❝❡ ❞✬❛rr✐✈é❡ ♥✬❡st ♣❛s ✉♥❡ ✈❛r✐été ❞✐✛ér❡♥t✐❛❜❧❡ ❞❡
❞✐♠❡♥s✐♦♥ ✜♥✐❡✱ ♠❛✐s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt✳ ❈❡❝✐ ♣❡✉t êtr❡ ré❣❧é ♣❛r ❞❡s ♠ét❤♦❞❡s t❡❝❤✲
♥✐q✉❡s✳

▲❡ ❞❡✉①✐è♠❡✱ ❝✬❡st q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ Pt ♣rés❡♥t❡ ✉♥❡ s✐♥❣✉❧❛r✐té ❡♥ t = 0✳ ❖♥ ❡st
r❛♠♥❡é ❞♦♥❝ à ét✉❞✐❡r ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

t logPt : M → L2(M,v0)
x 7→ t logP (t, x, .)

q✉❛♥❞ t t❡♥❞ ✈❡rs 0✳ ❖♥ ❝♦♥s✐❞èr❡ ❛❧♦rs

R : M → L2(M,v0)

x 7→ − r2(x,.)
4 .

▲✬✐❞é❡ ❞✬✐♥tr♦❞✉✐r❡ ❝❡tt❡ ❛♣♣❧✐❝❛t✐♦♥ ❡st ♠♦t✐✈é❡ ♣❛r ❧❛ ❢♦r♠❡ ❞✉ ♣❛r❛♠étr✐① ❞✉ ♥♦②❛✉ ❞❡

❧❛ ❝❤❛❧❡✉r PN (t, s, x, y) = e−
r2(x,y)
4(t−s) UN (t, s, x, y)✱ ♦ù UN ∈ C∞([0, T ] × [0, T ] ×M ×M)✱

♣✉✐sq✉❡

lim
t→0

∣

∣

∣

∣

t logPN (t, x, y) +
r2(x, y)

4

∣

∣

∣

∣

= 0 ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M.

P♦✉r ❝❡❧❛ ✐❧ ❢❛✉t ❞✬❛❜♦r❞ ❞é♠♦♥tr❡r q✉❡ ♣♦✉r t♦✉t s ∈ [0, T ]✱

lim
t→s

∣

∣

∣

∣

logP (t, s, x, y) +
r2(x, y)

4

∣

∣

∣

∣

= 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M ✳



✹✳✶ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❧❡s
t❡♠♣s ♣❡t✐ts ✽✼

▲❡ tr♦✐s✐è♠❡ ♣♦✐♥t✱ ❝✬❡st q✉✬ ♦♥ ♥❡ s❛✐t ♣❛s ✈r❛✐♠❡♥t s✐

lim
t→0

‖t∇ logPt(x) −∇R(x)‖L2(M,v0)
= 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ M ✳ ❖r✱ s♦✉s ❧❛ ❝♦♥❞✐t✐♦♥ q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ♦♥ ❞é✲
♠♦♥tr❡ q✉✬✐❧ ❡①✐st❡ ♣♦✉r t♦✉t p ∈ M ✱ ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ p✱ ♥♦té Ωp✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉s
x, y ∈ Ωp✱ ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❡st ❞❡ ❧❛ ❢♦r♠❡

P (t, s, x, y) =
e−

r2(x,y)
4(t−s)

(4π(t− s))−
n
2

(

N
∑

k=0

ũk(s, x, y) + ΥN (t, s, x, y)

)

,

♦ù 0 ≤ s < t ≤ T ✱
ΥN (t, s, x, y) = O((t− s)N ),

❡t
∣

∣

∣

∣

∂

∂xi
ΥN (t, s, x, y)

∣

∣

∣

∣

= O((t− s)N−1), ♣♦✉r t♦✉t i = 1, . . . n,

♣♦✉r x, y ∈ Ωp✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❛✉t♦✉r ❞❡ x✳ q✉❛♥❞ t t❡♥❞ ✈❡rs

s✳ ❆❧♦rs✱ ♦♥ ✐♥tr♦❞✉✐t ❞❡✉① ❛✉tr❡s ❛♣♣❧✐❝❛t✐♦♥s

RΩp : Ωp → L2(Ωp)

x 7→ − r2(x,.)
4

❡t
(t logPt)Ωp

: Ωp → L2(Ωp)
x 7→ t logP (t, x, .).

❊t ♦♥ ❞é♠♦♥tr❡ q✉❡ RΩp ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ Ωp ❞❛♥s L2(Ωp) ❡t q✉❡

lim
t→0

‖dx(t logPt)Ωp
(V ) − dxRΩp

(V )‖L2(Ωp) = 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ Ωp✱ V ∈ T 1
xM ✳ ❈❡❝✐ ✈❛ ♥♦✉s ❛✐❞❡r à ❞é♠♦♥tr❡r q✉❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

t logPt✱ ❡t ♣❛r ❝♦♥séq✉❡♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ Pt ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s L2(M,v0)✱ ♣♦✉r
t s✉✣s❛♠♠❡♥t ♣❡t✐t✳

✹✳✶ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥✲

❞❛♠❡♥t❛❧❡ ♣♦✉r ❧❡s t❡♠♣s ♣❡t✐ts

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❞é♠♦♥tr❡r q✉❡

lim
t→s+

(t− s) logP (t, s, x, y) = −r
2(x, y)

4
✭✹✳✶✳✶✮

✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈ M ✱ ♦ù s ∈ [0, T ]✱ ❡t r ❡st ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡ ♣❛r r❛♣♣♦rt à
g(0) = h(0)✳

P♦✉r ❝❡❧à✱ ♦♥ ✈❛ ✉t✐❧✐s❡r ❧❡s ❡st✐♠❛t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡✱ ❛♣♣❧✐q✉é❡
❛✉ ♣❛r❛♠étr✐① ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❡t s❡s ❝♦♥✈♦❧✉t✐♦♥s✳



✽✽
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

✹✳✶✳✶ ◗✉❡❧q✉❡s ❡st✐♠❛t✐♦♥s ✉t✐❧❡s

▲❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❞❡ ❞é♠♦♥tr❡r q✉✬✐❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ CΘ > 0 t❡❧ q✉❡✱
♣♦✉r t♦✉s x, y ∈M ✱ (t, s) ∈ R

2
T ✱ ❡t t♦✉t 0 < ε < 1✱ ♦♥ ❛

|ΘN (t, s, x, y)| ≤ CΘe
−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 + 1
2 ε−(N+ n

2 + 1
2 )eCΘε−(N+1)(t−s)N− n

2
+1

.

▲❡♠♠❡ ✹✳✶✳✶✳ ■❧ ❡①✐st❡ C2 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉s x, y ∈M ✱ (t, s) ∈ R
2
T ✱ ❡t t♦✉t 0 < ε < 1✱

♦♥ ❛

�tPN (t, s, x, y) ≤ C2ε
−(N+1)e−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 . ✭✹✳✶✳✷✮

Pr❡✉✈❡✳ ❙♦✐t 0 < ε < 1✳ ❘❡✈❡♥♦♥s ❛✉① ✸ ❝❛s ❞❡ ❧❛ ♣r❡✉✈❡ ❞✉ ❧❡♠♠❡ ✸✳✸✳✶✱ ♦♥ ❛

❛✮ ❙✐ (x, y) ∈ (M ×M − U ρ
2
)✱

|�tPN (t, s, x, y)| = 0 ≤ C2ε
−(N+1)e−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 .

❜✮ ❙✐ (x, y) ∈ U ρ
4
✱

|�tPN (t, s, x, y)| = |�tSN (t, s, x, y)| ≤ C1
2e

−
r2(x,y)
4(t−s) (t− s)N−n

2 ,

❛✈❡❝ C1
2 > 0 ✐♥❞é♣❡♥❞❛♥t ❞❡ (t, s) ∈ R

2
T ❡t ❞❡ x, y ∈M ✳ ❊t ♣✉✐sq✉❡ ε−(N+1) > 1✱ ❡t

e−
r2(x,y)
4(t−s) ≤ e−

r2(x,y)
(4+ε)(t−s) ,

❛❧♦rs

|�tPN (t, s, x, y)| ≤ C1
2ε

−(N+1)e−
r2(x,y)

(4+ε)(t−s) (t− s)N−n
2 .

❝✮ ❙✐ (x, y) ∈ U ρ
2
− U ρ

4
✱ ❛❧♦rs

|�tPN (t, s, x, y)| ≤ C2
2e

−
r2(x,y)

(4+ε)(t−s) e−
εr2(x,y)

4(4+ε)(t−s) (t− s)N−n
2

(

1 + (t− s)−N + (t− s)−N−1
)

.

❖r✱ ❞❛♥s ❝❡tt❡ ré❣✐♦♥✱ r(x, y) ≥ ρ
4 ✱ ❛❧♦rs

|�tPN (t, s, x, y)| ≤ C2
2e

−
r2(x,y)

(4+ε)(t−s) e−
ερ2

64(4+ε)(t−s) (t− s)N−n
2

(

1 + (t− s)−N + (t− s)−N−1
)

.

❉✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✸✳✸✳✷✱ ♦♥ ❛✱ ♣♦✉r t♦✉s k ∈ R✱ ❡t 0 < ε < 1✱

e−
ερ2

64(4+ε)(t−s) (t− s)−k =

(

ερ2

64(4 + ε)

)−k (
ερ2

64(4 + ε)(t− s)

)k

e−
ερ2

64(4+ε)(t−s)

≤
(

ερ2

64(4 + ε)

)−k

kke−k

≤ ε−k

(

320

ρ2

)k

kke−k.



✹✳✶ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❧❡s
t❡♠♣s ♣❡t✐ts ✽✾

❆❧♦rs

|�tPN (t, s, x, y)| ≤ C3
2e

−
r2(x,y)

(4+ε)(t−s) (t− s)N−n
2 ε−(N+1),

♦ù

C3
2 = C2

2

[

1 +

(

320

ρ2

)N

NNe−N +

(

320

ρ2

)N+1

(N + 1)N+1e−(N+1)

]

.

❊♥ ♣♦s❛♥t C2 = max
{

C1
2 , C

3
2

}

✱ ♦♥ ♦❜t✐❡♥t ❧✬❡st✐♠❛t✐♦♥ ✹✳✶✳✷✱ ♣♦✉r t♦✉s x, y ∈M ✱ (t, s) ∈ R
2
T ✱

❡t t♦✉t 0 < ε < 1✳

▲❡♠♠❡ ✹✳✶✳✷✳ P♦✉r t♦✉s m ∈ N
∗✱ x, y ∈M ✱ (t, s) ∈ R

2
T ✱ ❡t t♦✉t 0 < ε < 1✱ ♦♥ ❛

|Φm(t, s, x, y)| ≤ Cm
2 ε

−m(N+1)V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(t− s)m(N−n
2 +1)−1e−

r2(x,y)
(4+ε)(t−s) ✭✹✳✶✳✸✮

♦ù V ol(M) ❡st ❧❡ ✈♦❧✉♠❡ ❞❡ M ✳ ❈♦♠♠❡ ❝♦♥séq✉❡♥❝❡✱ ♦♥ ❛

|FN (t, s, x, y)| ≤ C2ε
−(N+1)(t−s)N−n

2 exp

(

C2V ol(M)ε−(N+1)(t− s)N−n
2 +1

N − n
2 + 1

)

e−
r2(x,y)

(4+ε)(t−s)

✭✹✳✶✳✹✮
♦ù

FN (t, s, x, y) =

∞
∑

m=1

Φm(t, s, x, y).

Pr❡✉✈❡✳ P♦✉r m = 1✱ ❧✬✐♥é❣❛❧✐té ✹✳✶✳✸ ❡st ✈r❛✐❡ ✭❧❡♠♠❡ ✹✳✶✳✶✮✳ ❙✉♣♣♦s♦♥s q✉❡ ✹✳✶✳✸ ❡st
✈r❛✐❡ ♣♦✉r m ∈ N

∗✱ ❡t ❞é♠♦♥tr♦♥s ❧❡ ♣♦✉r m+ 1✳ ❖♥ ❛✱

|Φm+1(t, s, x, y)| ≤
∫ t

s

dτ

∫

M

|�tPN (t, τ, x, z)|C
m
2 ε

−m(N+1)V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(τ − s)m(N−n
2 +1)−1e−

r2(z,y)
(4+ε)(t−s) dv0(z)

≤
∫ t

s

dτ

∫

M

C2ε
−(N+1)e−

r2(x,z)
(4+ε)(t−τ) (t− τ)N−n

2
Cm

2 ε
−m(N+1)V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(τ − s)m(N−n
2 +1)−1e−

r2(z,y)
(4+ε)(τ−s) dv0(z).

❊t ♣✉✐sq✉❡ t− τ < t− s✱ ❛❧♦rs

|Φm+1(t, s, x, y)|

≤ Cm+1
2 ε−(m+1)(N+1)V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(t− s)N−n
2

∫ t

s

dτ

∫

M

e−
r2(x,z)

(4+ε)(t−τ) e−
r2(z,y)

(4+ε)(τ−s) (τ − s)m(N−n
2 +1)−1dv0(z).

❖r✶

r2(x, z)

(t− τ)
+
r2(z, y)

(τ − s)
≥ (r(x, z) + r(z, y))

2

(t− s)
≥ r2(x, y)

(t− s)
, ✭✹✳✶✳✺✮

❛❧♦rs✱

e−
r2(x,z)

(4+ε)(t−τ) e−
r2(z,y)

(4+ε)(τ−s) ≤ e−
r2(x,y)

(4+ε)(t−s) , ✭✹✳✶✳✻✮

✶P♦✉r a, b ∈ R✱ ❡t c, d > 0✱ ♦♥ ❛ a
2

c
+ b

2

d
≥

(a+b)2

c+d
✱ ✭✈♦✐r ❬❈❈●+❛r❪✱ ♣❛❣❡ ✷✸✹✮



✾✵
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

❡t✱

|Φm+1(t, s, x, y)| ≤
Cm+1

2 ε−(m+1)(N+1)V ol(M)m

(m− 1)!(N − n
2 + 1)m−1

e−
r2(x,y)

(4+ε)(t−s) (t− s)N−n
2

∫ t

s

(τ − s)m(N−n
2 +1)−1dτ

=
Cm+1

2 ε−(m+1)(N+1)V ol(M)m

m!(N − n
2 + 1)m

e−
r2(x,y)

(4+ε)(t−s) (t− s)(m+1)(N−n
2 +1)−1,

❞✬♦ù ✹✳✶✳✸ ❡st ✈r❛✐❡ ♣♦✉r t♦✉t m ∈ N
∗✳ P❛r ❝♦♥séq✉❡♥t

∞
∑

m=1

|Φm(t, s, x, y| ≤
∞
∑

m=1

Cm
2 ε

−m(N+1)V ol(M)m−1

(m− 1)!(N − n
2 + 1)m−1

(t− s)m(N−n
2 +1)−1e−

r2(x,y)
(4+ε)(t−s)

≤ C2e
−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 ε−(N+1)
∞
∑

m=1

Cm−1
2 ε−(m−1)(N+1)V ol(M)m−1(t− s)(m−1)(N−n

2 +1)

(m− 1)!(N − n
2 + 1)m−1

≤ C2e
−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 ε−(N+1) exp

(

C2ε
−(N+1)V ol(M)(t− s)N−n

2 +1

N − n
2 + 1

)

.

▲❡♠♠❡ ✹✳✶✳✸✳ ■❧ ❡①✐st❡ ✉♥❡ ❝♦♥st❛♥t❡ CΘ > 0✱ t❡❧❧❡ q✉❡✱ ♣♦✉r t♦✉s (t, s) ∈ R
2
T ✱ x, y ∈M ✱

❡t t♦✉t 0 < ε < 1✱ ♦♥ ❛

|ΘN (t, s, x, y)| ≤ CΘe
−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 + 1
2 ε−(N+ n

2 + 1
2 )eCΘε−(N+1)(t−s)N− n

2
+1

. ✭✹✳✶✳✼✮

Pr❡✉✈❡✳ ❙♦✐t 0 < ε < 1✳ P♦✉r t♦✉s (t, s) ∈ R
2
T ✱ x, y ∈M ✱ ❡t t♦✉t α ∈ R✱ ♦♥ ❛

|PN (t, τ, x, z)| ≤ CN,T (t− τ)−
n
2 e−

r2(x,z)
4(t−τ)

≤ CN,T (t− τ)−
n
2 e−

εr2(x,z)
4(4+ε)(t−τ) e−

r2(x,z)
(4+ε)(t−τ)

≤ CN,T (t− τ)−α

(

εr2(x, z)

4(4 + ε)(t− τ)

)
n
2 −α(

εr2(x, z)

4(4 + ε)

)−n
2 +α

e−
εr2(x,z)

4(4+ε)(t−τ) e−
r2(x,z)

(4+ε)(t−τ) .

❚♦✉❥♦✉rs ❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✸✳✸✳✷✱
(

εr2(x, z)

4(4 + ε)(t− τ)

)
n
2 −α

e−
εr2(x,z)

4(4+ε)(t−τ) ≤
(n

2

)
n
2 −α

e−
n
2 +α.

❆❧♦rs

|PN (t, τ, x, z)| ≤ C(t− τ)−αε−
n
2 +αr−n+2α(x, z) exp

(

− r2(x, z)

(4 + ε)(t− τ)

)

♦ù C ❡st ✉♥❡ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t, s, x, y ❡t ε✱ ❞✬♦ù

|PN (t, τ, x, z)FN (τ, s, z, y)|

≤ C(t− τ)−αε−
n
2 +αe−

r2(x,z)
(4+ε)(t−τ) e−

r2(z,y)
(4+ε)(τ−s) (τ − s)N−n

2 ε−(N+1)r−n+2α(x, z)e
Cε−(N+1)V ol(M)(τ−s)

N− n
2

+1

N− n
2

+1 ,

❡t

|ΘN (t, s, x, y)|

≤ Ce−
r2(x,y)

(4+ε)(t−s) (t− s)N−n
2 ε−(N+1+ n

2 −α)e
Cε−(N+1)V ol(M)(t−s)

N− n
2

+1

N− n
2

+1

∫ t

s

dτ

∫

B(x, ρ
2 )

(t− τ)−αr−n+2α(x, z)dv0(z).



✹✳✶ ▲❡ ❝♦♠♣♦rt❡♠❡♥t ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ♣♦✉r ❧❡s
t❡♠♣s ♣❡t✐ts ✾✶

❊♥ ♣❛ss❛♥t ♣❛r ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s ✭❝✳❢✳ r❡♠❛rq✉❡ ✸✳✸✳✸✮✱ ♦♥ ❛

∫

B(x, ρ
2 )

r−n+2α(x, z)dv0(z) ≤ C

∫
ρ
2

0

r2α−1dr,

♦ù C ❞é♣❡♥❞ ❞❡ ❧❛ ♠étr✐q✉❡ g(0) = h(0)✳ ❊♥ ♣♦s❛♥t α = 1
2 ✱ ♦♥ ❛

|ΘN (t, s, x, y)| ≤ CΘe
−

r2(x,y)
(4+ε)(t−s) (t− s)N−n

2 + 1
2 ε−(N+ n

2 + 1
2 )eCΘε−(N+1)(t−s)N− n

2
+1

,

♦ù CΘ > 0✱ ❡st ✉♥❡ ❝♦♥st❛♥t❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t, s, x, y✱ ❡t ❞❡ ε✳

✹✳✶✳✷ ❈♦rré❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡
❡t ❧❛ ❞✐st❛♥❝❡ r✐❡♠❛♥♥✐❡♥♥❡

❖♥ ❡st ♣rêt ♠❛✐♥t❡♥❛♥t à ❞é♠♦♥tr❡r ❧❛ ❢♦r♠✉❧❡ ✹✳✶✳✶✳

❚❤é♦rè♠❡ ✹✳✶✳✹✳ P♦✉r t♦✉t s ∈ [0, T ]

lim
t→s+

∣

∣

∣

∣

(t− s) logP (t, s, x, y) +
r2(x, y)

4

∣

∣

∣

∣

= 0 ✭✹✳✶✳✽✮

✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r t♦✉s x, y ∈M ✱ ♦♥ ❛

lim
t→s+

(t− s) logP (t, s, x, y) = −r
2(x, y)

4
.

Pr❡✉✈❡✳ ❖♥ ❛
∣

∣

∣

∣

(t− s) logP (t, s, x, y) +
r2(x, y)

4

∣

∣

∣

∣

=

∣

∣

∣

∣

(t− s) log (PN (t, s, x, y) + ΘN (t, s, x, y)) +
r2(x, y)

4

∣

∣

∣

∣

=

∣

∣

∣

∣

(t− s) log

(

e−
r2(x,y)
4(t−s) (4π(t− s))−

n
2 UN (t, s, x, y) + ΘN (t, s, x, y)

)

+
r2(x, y)

4

∣

∣

∣

∣

=

∣

∣

∣

∣

(t− s) log

(

(4π(t− s))−
n
2 UN (t, s, x, y) + e

r2(x,y)
4(t−s) ΘN (t, s, x, y)

)∣

∣

∣

∣

.

❉✬❛♣rès ✹✳✶✳✼✱ ♦♥ ❛✱ ♣♦✉r t♦✉t 0 < ε < 1✱

e
r2(x,y)

4τ |ΘN (t, s, x, y)| ≤ CΘe
εr2(x,y)
4(4+ε)τ τN−n

2 + 1
2 ε−(N+ n

2 + 1
2 )eCΘε−(N+1)τN− n

2
+1

, ✭✹✳✶✳✾✮

♦ù τ = t − s✱ CΘ > 0 ❡st ✉♥❡ ❝♦♥st❛♥t❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ x, y ∈✱ ❡t ❞❡ (t, s) ∈ R
2
T ✱ ❡t ❞❡

0 < ε < 1✳ ❊♥ ♣❧✉s✱ ♣✉✐sq✉❡

1 < e
εr2(x,y)
4(4+ε)τ ε−(N+ n

2 + 1
2 )eCΘε−(N+1)τN− n

2
+1

,

❡t

|UN (t, s, x, y)| ≤ CN,T , ♣♦✉r t♦✉t t ∈]0, T ], ❡t t♦✉s x, y ∈M, ✭❝✳❢✳ éq✉❛t✐♦♥ ✸✳✷✳✻✮,

❛❧♦rs

(4πτ)−
n
2 |UN (t, s, x, y)| ≤ CN,T (4πτ)−

n
2 e

εr2(x,y)
4(4+ε)τ ε−(N+ n

2 + 1
2 )eCΘε−(N+1)τN− n

2
+1

. ✭✹✳✶✳✶✵✮



✾✷
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

▲❡s ❞❡✉① ❡st✐♠❛t✐♦♥s ✹✳✶✳✾ ❡t ✹✳✶✳✶✵ ♥♦✉s ❞♦♥♥❡♥t q✉❡

(4πτ)−
n
2 |UN (t, s, x, y)| + e

r2(x,y)
4τ |ΘN (t, s, x, y)|

≤
(

CN,T (4πτ)−
n
2 + CΘτ

N−n
2 + 1

2

)

e
εr2(x,y)
4(4+ε)τ ε−(N+ n

2 + 1
2 )eCΘε−(N+1)τN− n

2
+1

≤ Cτ−
n
2 e

εr2(x,y)
4(4+ε)τ ε−(N+ n

2 + 1
2 )eCΘε−(N+1)τN− n

2
+1

,

❛✈❡❝ C + CN,T (4π)−
n
2 + CΘT

N+ 1
2 ✳ ❆✐♥s✐

τ log

(

(4πτ)−
n
2 |UN (t, s, x, y)| + e

r2(x,y)
4τ |ΘN (t, s, x, y)|

)

≤ τ log
(

Cτ−
n
2 ε−(N+ n

2 + 1
2 )
)

+
εr2(x, y)

4(4 + ε)
+ τCΘε

−(N+1)τN−n
2 +1

≤ τ log
(

Cτ−
n
2 ε−(N+ n

2 + 1
2 )
)

+
ε (DM )

2

16
+ τCΘε

−(N+1)τN−n
2 +1,

♦ù DM ❡st ❧❡ ❞✐❛♠ètr❡ ❞❡ (M,h(0))✱ ❡t ❝❡❝✐ ♣♦✉r t♦✉t 0 < ε < 1✳ ❊♥ ♣♦s❛♥t ε = τ
1

N+1 ✱ ♦♥
❛

τ log

(

(4πτ)−
n
2 |UN (t, s, x, y)| + e

r2(x,y)
4τ |ΘN (t, s, x, y)|

)

≤ τ log
(

Cτ−
n
2 −1+ −n−1

2(N+1)

)

+
D2

M

16
τ

1
N+1 + CΘτ

N−n
2 +1

q✉✐ t❡♥❞ ✈❡rs 0 ✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈M ✱ q✉❛♥❞ τ t❡♥❞ ✈❡rs 0✳

✹✳✷ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥

❢♦♥❞❛♠❡♥t❛❧❡

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥ ♦♥ ✈❛ ❞é♠♦♥tr❡r q✉❡ s✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs ❧✬❛♣♣❧✐❝❛t✐♦♥

t logPt : M → L2(M,v0)
x 7→ t logP (t, x, .)

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t s✉✣s❛♠♠❡♥t ♣r♦❝❤❡ ❞❡ 0✳

▲❡♠♠❡ ✹✳✷✳✶✳ ▲✬❛♣♣❧✐❝❛t✐♦♥

R : M → L2(M,v0)

x 7→ − r2(x,.)
4

❡st ❝♦♥t✐♥✉❡ ❡♥ t♦✉t x ∈M ✱ ❡t ✐♥❥❡❝t✐✈❡✳

Pr❡✉✈❡✳



✹✳✷ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✾✸

✭✶✮ ▲✬❛♣♣❧✐❝❛t✐♦♥ R : M → L2(M,v0) ❡st ❜✐❡♥ ❞é✜♥✐❡ ❝❛rM ❝♦♠♣❛❝t❡✳ ❉❡ ♣❧✉s✱ ♣♦✉r
t♦✉s x, y ∈M ✱ ♦♥ ❛

‖R(x) −R(y)‖2
L2(M,v0)

=
1

16

∫

M

(

r2(x, z) − r2(y, z)
)2
dv0(z)

=
1

16

∫

M

(r(x, z) − r(y, z))
2
(r(x, z) + r(y, z))

2
dv0(z)

❖r✱ r(x, z) − r(y, z) ≤ r(x, y)✱ ❡t r(x, z) + r(y, z) ≤ 2DM ✱ ♣♦✉r t♦✉t z ∈M ✱ ♦ù DM ❡st ❧❡
❞✐❛♠ètr❡ ❞❡ M ✱ ❛❧♦rs

‖R(x) −R(y)‖2
L2(M,v0)

≤ D2
M

4
V ol(M)r2(x, y).

❉✬♦ù R ❡st ❧✐♣s❤✐t③✐❡♥♥❡ s✉r M ✱ ❞♦♥❝ ❝♦♥t✐♥✉❡✳

✭✷✮ R ❡st ✐♥❥❡❝t✐✈❡ ✿ ❊♥ ❢❛✐t✱ s♦✐❡♥t x, y ∈M ✱ t❡❧s q✉❡R(x) = R(y)✱ ❛❧♦rs r(x, z) = r(y, z)✱
♣♦✉r ♣r❡sq✉❡ t♦✉t z ∈M ✱ ❡t ♣❛r ❝♦♥t✐♥✉✐té ♣♦✉r t♦✉t z ∈M ✳ ❊♥ ♣❛rt✐❝✉❧✐❡r r(x, y) = r(y, y) = 0✱
❡t x = y✳

▲❡♠♠❡ ✹✳✷✳✷✳ ❖♥ ❛
lim
t→0

‖t logPt(x) −R(x)‖L2(M,v0)
= 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈M ✳

Pr❡✉✈❡✳ ▲❡ ❧❡♠♠❡ ❡st ✉♥ rés✉❧t❛t ✐♠♠é❞✐❛t ❞✉ t❤é♦rè♠❡ ✹✳✶✳✹

❙♦✐t Ω ✉♥ ♦✉✈❡rt q✉❡❧q✉♦♥q✉❡ ❞❡M ✱ ❞❡ ❞✐❛♠ètr❡ ✐♥❢ér✐❡✉r à ρ
2 ✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡

h(0)✳ ❈♦♥s✐❞ér♦♥s L2(Ω) = L2(Ω, dv0) ❀ ❡t ❝♦♥s✐❞ér♦♥s ❧✬❛♣♣❧✐❝❛t✐♦♥

RΩ : Ω → L2(Ω)

x 7→ − r2(x,.)
4 .

▲❡♠♠❡ ✹✳✷✳✸✳ RΩ ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t✷ ❞❡ Ω ❞❛♥s L2(Ω)✳

Pr❡✉✈❡✳

✭✶✮ RΩ ❡st ❜✐❡♥ ❞é✜♥✐❡✱ ♣✉✐sq✉❡ V ol(Ω) < ∞✳ ❉❡ ♣❧✉s✱ ❡❧❧❡ ❡st ❧✐♣s❝❤✐t③✐❡♥♥❡ s✉r Ω✳
❊♥ ❢❛✐t✱ s✐ x, y ∈ Ω✱ ❛❧♦rs

‖RΩ(x) −RΩ(y)‖2
L2(M,v0)

=
1

16

∫

Ω

[

r2(x, z) − r2(y, z)
]2
dv0(z)

≤ 1

16

∫

Ω

[r(x, y) + r(y, z)]
2
[r(x, y) − r(y, z)]

2
dv0(z)

≤ ρ2

16
V ol(Ω)r2(x, y).

✷P♦✉r ❧❛ ♣r❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✹✳✵✳✶✵✱ ♦♥ ♥✬❛ ♣❛s ✈r❛✐♠❡♥t ❜❡s♦✐♥ q✉❡ RΩ s♦✐t ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ Ω ❞❛♥s
L2(Ω)✳ ▲❡ ❢❛✐t q✉✬❡❧❧❡ s♦✐t ✉♥❡ ✐♠♠❡rs✐♦♥ s✉✣t✳



✾✹
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

✭✷✮ RΩ ❡st ❞❡ ❝❧❛ss❡ C1 s✉r Ω ✿ ❊♥ ❢❛✐t✱ s♦✐t x ∈ Ω✳ P✉✐sq✉❡ Diam(Ω) < ρ
2 ✱ ❛❧♦rs ♦♥

♣❡✉t ❝♦♥s✐❞ér❡r ▲✬❛♣♣❧✐❝❛t✐♦♥

expx : R
n ≃ TxM ⊇ exp−1

x (Ω) → Ω

♦ù expx ❡st ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡①♣♦♥❡♥t✐❡❧❧❡ ❡♥ x ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ❝♦♠♠❡ ❝❛rt❡
❧♦❝❛❧❡ ❛✉t♦✉r ❞❡ x✳

❉❡ ♣❧✉s✱ RΩ ◦ expx ❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ 0✳ ❙❛ ❞ér✐✈é❡ ❡♥ 0 ❡st ❧✬❛♣♣❧✐❝❛t✐♦♥ ❧✐♥é❛✐r❡

L : TxM → L2(Ω)

V 7→ −dxr2(V,.)
4 .

P♦✉r ❧❡ ♣r♦✉✈❡r✱ ❞é♠♦♥tr♦♥s q✉❡

‖R ◦ expx(ϑ) −R ◦ expx(0) − L(ϑ)‖L2(Ω)

|ϑ| → 0, q✉❛♥❞ ϑ→ 0,

✐✳❡✳

lim
ϑ→0

∫

Ω

∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 dv0(z) = 0.

❈♦♥s✐❞ér♦♥s z ∈ Ω✳ ▲✬❛♣♣❧✐❝❛t✐♦♥

r2z : Ω → R

x 7→ r2(x, z),

❡st ❞✐✛ér❡♥t✐❛❜❧❡ ❡♥ t♦✉t x ∈ Ω✱ ❝❛r Ω ⊆M \ Cutz✱ ♦ù Cutz ❡st ❧❡ ❝✉t ❧♦❝✉s ❞❡ z✱ ❡t
dxr

2
z ◦ T0 expx ❡st ❧❛ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥

r2z ◦ expx : exp−1
x (Ω) → R,

T0 expx ❡st ❜✐❡♥ ❡♥t❡♥❞✉ ❧✬❛♣♣❧✐❝❛t✐♦♥ t❛♥❣❡♥t❡ ❞❡ expx ❡♥ 0 ∈ TxM)✳ ◆♦t♦♥s ❜✐❡♥ q✉❡✱
T0 expx(ϑ) = ϑ✱ ♣♦✉r t♦✉t ϑ ∈ exp−1

x (Ω) ⊆ TxM ✱ ✭✈♦✐r ❬❉❈✾✷❪✱ ❬●❍▲✵✹❪✮✳ ❆❧♦rs

lim
ϑ→0

∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

|ϑ| = 0, ϑ ∈ TxM,

❛✈❡❝
∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2

≤
∣

∣r2(expx(ϑ), z) − r2(expx(0), z)
∣

∣

2
+ 2

∣

∣r2(expx(ϑ), z) − r2(expx(0), z)
∣

∣

∣

∣dxr
2(ϑ, z)

∣

∣+
∣

∣dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 .

❖r
∣

∣r2(expx(ϑ), z) − r2(expx(0), z)
∣

∣ = |r(expx(ϑ), z) + r(expx(0), z)| |r(expx(ϑ), z) − r(expx(0), z)|
≤ ρr(expx(ϑ), expx(0)),

❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡
∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2

≤ ρ2r2(expx(ϑ), expx(0)) + 2ρr(expx(ϑ), expx(0))
∣

∣dxr
2(ϑ, z)

∣

∣+
∣

∣dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 .



✹✳✷ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✾✺

❊t ♣✉✐sq✉❡ r(expx(ϑ), expx(0)) = |ϑ| ✭ expx ❡st ✉♥ ❞✐✛é♦♠♦r♣❤✐s♠❡ ❞❡ exp−1
x (Ω) ⊆ TxM

❞❛♥s Ω✮✱ ❡t |dxr
2(ϑ, z)| ≤ 2r(x, z)|∇xr(x, z)||ϑ| ≤ ρ|ϑ| ✭❝❛r |∇xr(x, z)| = 1✱ ♣♦✉r t♦✉t

x ∈M \ Cutz✮✱ ♦♥ ❛

∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 ≤ 4ρ2.

P❛r ❧❡ t❤é♦rè♠❡ ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞♦♠✐♥é❡✱

lim
n→∞

∫

Ω

∣

∣r2(expx(ϑn), z) − r2(expx(0), z) − dxr
2(ϑn, z)

∣

∣

2

|ϑn|2
= 0

♣♦✉r t♦✉t❡ s✉✐t❡ ❞❡ ✈❡❝t❡✉rs ϑn ∈ TxM ✱ ❝♦♥✈❡r❣❡♥t❡ ✈❡rs 0✱ q✉❛♥❞ n t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ❊t
❝♦♠♠❡

∫

Ω

∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 ∈ [0, 4❱♦❧(Ω)ρ2]

❛❧♦rs✱

lim
|ϑ|→0

∫

Ω

∣

∣r2(expx(ϑ), z) − r2(expx(0), z) − dxr
2(ϑ, z)

∣

∣

2

|ϑ|2 = 0, ϑ ∈ exp−1
x (Ω) ⊂ TxM,

❡t✱

lim
|ϑ|→0

‖R ◦ expx(ϑ) −R ◦ expx(0) − L(ϑ)‖L2(Ω)

|ϑ| = 0.

❆✐♥s✐ RΩ ❡st ❞ér✐✈❛❜❧❡ ❡♥ x ❡t s❛ ❞ér✐✈é❡ dxRΩ ❡♥ x✱ ❡st ✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ q✉✐ ❛ss♦❝✐❡ à t♦✉t
✈❡❝t❡✉r V ❞❡ TxM ✱ ❧✬❛♣♣❧✐❝❛t✐♦♥

dxRΩ(V ) : Ω → R

y 7→ −dxr2(V,y)
4 .

✭✸✮ RΩ ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ❡♥ t♦✉t ♣♦✐♥t ❞❡ Ω ✿ ❙♦✐t x ∈ Ω✱ ❡t V ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡

TxM ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ ❛❧♦rs dxRΩ(V )(y) =
1

4

〈

−∇xr
2(x, y), V

〉

h(0)
, ♣♦✉r

t♦✉t y ∈ Ω✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❡①✐st❡ y ∈ Ω✱ ❞✐st✐♥❝t ❞❡ x✱ t❡❧ q✉❡
−∇r2(x, y)

2r(x, y)
= V ✱ ❛❧♦rs

〈

−∇r2(x, y), V
〉

h(0)
= 2r(x, y) 6= 0.

❈♦♠♠❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✐st❛♥❝❡ r(x, .) ❡st ❝♦♥t✐♥✉❡ s✉r Ω ✭ ❝❛r Ω ⊆M \Cutx✮✱ ✐❧ ❡①✐st❡ η > 0✱
t❡❧ q✉❡ B(y, η) ⊆ Ω✱ ❡t

〈

−∇r2(x, z), V
〉

h(0)
6= 0✱ ♣♦✉r t♦✉t z ∈ B(y, η)✳ ▲❛ ❜♦✉❧❡ B(y, η)

ét❛♥t ❞❡ ✈♦❧✉♠❡ ♥♦♥ ♥✉❧✱ ❛❧♦rs dxRΩ(V ) 6= 0 ❞❛♥s L2(Ω)✱ ❡t RΩ ❡st ✉♥❡ ✐♠♠❡rs✐♦♥✳

✭✹✮ ❊♥✜♥✱ RΩ ❡st ✐♥❥❡❝t✐✈❡✳ ❊♥ ❡✛❡t✱ s✐ x, y ∈ Ω s♦♥t t❡❧s q✉❡ RΩ(x) = RΩ(y)✱
❛❧♦rs r2(x, z) = r2(y, z)✱ ♣r❡sq✉❡ ♣♦✉r t♦✉t z ∈ Ω✳ ▲❡s ❛♣♣❧✐❝❛t✐♦♥s r2y : y → r2(x, z)✱ ❡t
r2x : z → r2(y, z)✱ ❞❡ Ω ❞❛♥s R✱ ét❛♥t ❝♦♥t✐♥✉❡s s✉r Ω✱ ❛❧♦rs r2(x, z) = r2(y, z)✱ ♣♦✉r t♦✉t
z ∈ Ω✱ ❞♦♥❝ r2(x, y) = r2(y, y) = 0✱ ❡t x = y✳



✾✻
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

P✉✐sq✉❡ RΩ ❡st ✉♥❡ ✐♠♠❡rs✐♦♥✱ ♦♥ ❛ ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✹✳✷✳✹✳ ❙♦✐t K ✉♥ ❝♦♠♣❛❝t❡ ❞❡ Ω✱ ❛❧♦rs✱ ✐❧ ❡①✐st❡ b > 0✱ t❡❧ q✉❡

‖dxRΩ(V )‖L2(Ω) ≥ b,

♣♦✉r t♦✉t (x, V ) ∈ T 1K ✭▲❡ ✜❜ré ✉♥✐t❛✐r❡ t❛♥❣❡♥t à K✮✳

❈♦♥s✐❞ér♦♥s ♠❛✐♥t❡♥❛♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ (t logPt)Ω ❞é✜♥✐❡ ♣❛r

(t logPt)Ω : Ω → L2(Ω)
x 7→ t logP (t, x, .)

♦ù Ω ❡st ✉♥ ♦✉✈❡rt q✉❡❧❝♦♥q✉❡ ❞❡ M ✳

▲❡♠♠❡ ✹✳✷✳✺✳ ❙✉♣♣♦s♦♥s q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs ♣♦✉r t♦✉t p ∈ M ✱ ✐❧
❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt Ωp ❞❡ ♣✱ ❞❡ ❞✐❛♠ètr❡ ✐♥❢ér✐❡✉r à ρ

2 ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡
h(0)✱ t❡❧ q✉❡

lim
t→0

‖dx(t logPt)Ωp(V ) − dxRΩp(V )‖L2(Ωp) = 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ Ωp✱ V ∈ T 1
xM ✭✉♥✐t❛✐r❡ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✮✳

Pr❡✉✈❡✳ ❙♦✐t p ∈ M ✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt
Ωp ❞❡ p✱ ❞❡ ❞✐❛♠ètr❡ ✐♥❢ér✐❡✉r à ρ

2 ✱ ♣❛r r❛♣♣♦rt à ❧❛ ♠étr✐q✉❡ h(0)✱ t❡❧ q✉❡✱

P (t, x, y) = (4πt)−
n
2 e−

r2(x,y)
4t (ũ0(x, y) +O(t)) ,

❛✈❡❝

dxP (t, V, y) = −dxr
2(V, y)

4t

e−
r2(x,y)

4t

(4πt)−
n
2

(ũ0(x, y) +O(t)) +
e−

r2(x,y)
4t

(4πt)−
n
2

(dxũ0(V, y) +O(1)) ,

♣♦✉r t♦✉s x, y ∈ Ωp✱ V ∈ T 1
xM ✳ ❆❧♦rs

dxP (t, V, y)

P (t, x, y)
= −dxr

2(V, y)

4t
+
dxũ0(V, y) +O(tN )

ũ0(x, y) +O(t)
,

❡t

dxP (t, V, y)

P (t, x, y)
+
dxr

2(V, y)

4t
=
dxũ0(V, y) +O(1)

ũ0(x, y) +O(t)
.

❘❛♣♣❡❧♦♥s q✉❡ ✭❝✳❢✳ s❡❝t✐♦♥ ✸✳✷✮✱

ũ0(x, y) = η(x, y)u0(x, y)

♦ù η ❡st ✉♥❡ ❢♦♥❝t✐♦♥ r❛❞✐❛❧❡ C∞ s✉r M × M ✱ str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ ♣♦✉r (x, y) ∈ U ρ
4
✱

❡t u0 ❡st ✉♥❡ ❢♦♥❝t✐♦♥ C∞ ❡t str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ s✉r Uρ✳ ❈❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡ ũ0

❡st str✐❝t❡♠❡♥t ♣♦s✐t✐✈❡ s✉r U ρ
4
✳ ❊♥ ✈❡✐❧❧❛♥t ❜✐❡♥ à ❝❤♦✐s✐r Ωp ❝♦♠♠❡ ✈♦✐s✐♥❛❣❡ ❞❡ p✱ ❞❡

❞✐❛♠ètr❡ ✐♥❢ér✐❡✉r à ρ
4 ✱ ♦♥ ♣♦s❡ ✿

c0 = inf{ũ0(x, y);x, y ∈ Ωp}.



✹✳✷ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞✉ ❧♦❣❛r✐t❤♠❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ✾✼

c0 ❡st str✐❝t❡♠❡♥t ♣♦s✐t✐❢ ❝❛r Ωp ❡st ❝♦♠♣❛❝t❡✳ ❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ C0 > 0✱ t0 > 0✱ t❡❧
q✉❡✱ ♣♦✉r t♦✉t t < t0✱

|O(t)| ≤ C0t

q✉✐ t❡♥❞ ✈❡rs 0✱ q✉❛♥❞ t t❡♥❞ ✈❡rs 0✱ ✉♥✐❢♦r♠é♠❡♠❡♥t ❡♥ x, y ∈ Ωp✳ ❆❧♦rs✱ ♣♦✉r 0 < c1 < c0✱
✐❧ ❡①✐st❡ t1 > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t t < t1✱

|O(t)| < c1.

❉❡ ♣❧✉s✱ ✐❧ ❡①✐st❡ C1 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t x, y ∈ Ωp✱ ❡t t♦✉t t < t0✱ ❡t t♦✉t V ∈ T 1
xM ✱

|dxũ0(V, y) +O(1)| < C1.

❆✐♥s✐✱ ♣♦✉r t♦✉s x, y ∈ Ωp✱ ❡t t♦✉t t < t0✱ ♦♥ ❛
∣

∣

∣

∣

dxP (t, V, y)

P (t, x, y)
+
dxr

2(V, y)

4t

∣

∣

∣

∣

≤ C1

c0 − c1

❡t
∫

Ωp

[

tdxP (t, V, y)

P (t, x, y)
+
dxr

2(V, y)

4

]2

dv0(y) ≤ vol(Ωp)
t2C2

1

(c0 − c1)2
→ 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ Ωp✱ ❡t V ∈ T 1
xM ✱ q✉❛♥❞ t→ 0✳ ❉✬♦ù ❧❡ ❧❡♠♠❡✳

▲❡♠♠❡ ✹✳✷✳✻✳ ❙✉♣♣♦s♦♥s q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✳ ❆❧♦rs ✐❧ ❡①✐st❡ ξ > 0✱ t❡❧ q✉❡✱
♣♦✉r t♦✉t t < ξ✱ ❧✬❛♣♣❧✐❝❛t✐♦♥ t logPt ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ M ❞❛♥s L2(M, v0).

Pr❡✉✈❡✳

✭❛✮ ■❧ ❡①✐st❡ ξ1 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t t < ξ1✱ t logPt ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ❡♥ t♦✉t ♣♦✐♥t
x ∈M ✿ ❊♥ ❢❛✐t✱ s✉♣♣♦s♦♥s ♣❛r ❧✬❛❜s✉r❞❡ q✉❡ ♣♦✉r t♦✉t k ∈ N

∗✱ ✐❧ ❡①✐st❡ tk ≤ 1
k ✱ xk ∈M ✱

❡t Vk ∈ T 1
xk
M ✱ t❡❧s q✉❡ dxk

(t logPtk
) (Vk) = 0 ❞❛♥s L2(M,v0)✳ P✉✐sq✉❡ ❧❡ ✜❜ré ✉♥✐t❛✐r❡

T 1M ❡st ❝♦♠♣❛❝t ✭ M ❝♦♠♣❛❝t❡✮✱ ♦♥ ♣❡✉t ❡①tr❛✐r❡ ❞❡ ❧❛ s✉✐t❡ {(xk, Vk)}k✱ ✉♥❡ s♦✉s✲s✉✐t❡
{(xk, Vk)}k✱ ✭♣❛r ❛❜✉s ❞❡ ♥♦t❛t✐♦♥✮✱ ❝♦♥✈❡r❣❡♥t❡ ✈❡rs (p, Vp) ∈ T 1M ✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡
✹✳✷✳✺✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt Ωp ❞❡ p✱ t❡❧ q✉❡

lim
t→0

‖dx(t logPt)Ωp(V ) − dxRΩp(V )‖L2(Ωp) = 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ Ωp✱ V ∈ T 1
xM ✳ ❖r✱ ✐❧ ❡①✐st❡ k0 ∈ N

∗✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t k > k0✱
xk ∈ Ωp✱ ❡t

lim
k→∞

‖dxk
(tk logPtk

)Ωp
(Vk) − dxk

RΩp
(Vk)‖L2(Ωp) = 0,

❛✈❡❝

‖dxk
(tk logPtk

)Ωp
(Vk)‖L2(Ωp) ≤ ‖dxk

(tk logPtk
)(Vk)‖L2(M,v0) = 0, ♣♦✉r t♦✉t k > k0,

❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡
lim

k→∞
‖dxRΩp(Vk)‖L2(Ωp) = 0,

❡t
‖dpRΩp

(Vp)‖L2(Ωp) = 0.

❆✐♥s✐✱ dpRΩp(Vp) ❡st ✐❞❡♥t✐q✉❡♠❡♥t ♥✉❧❧❡ ❞❛♥s L2(Ωp)✱ ❝❡ q✉✐ ❡st ❛❜s✉r❞❡✱ ❝❛r Vp ❡st
✉♥✐t❛✐r❡✱ ❡t RΩp

❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ❡♥ t♦✉t ♣♦✐♥t ❞❡ Ωp✳



✾✽
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

✭❜✮ ❉é♠♦♥tr♦♥s ♠❛✐♥t❡♥❛♥t ♣❛r ❧✬❛❜s✉r❞❡ q✉✬✐❧ ❡①✐st❡ ξ2 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t t < ξ2✱
t logPt ❡st ✐♥❥❡❝t✐✈❡ ✿ ❙✉♣♣♦s♦♥s q✉❡✱ ♣♦✉r t♦✉t k ∈ N

∗✱ ✐❧ ❡①✐st❡ tk ≤ 1
k ✱ xk 6= yk ❞❛♥s M ✱

❛✈❡❝✱ tk logPtk
(xk) = tk logPtk

(yk)✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✷✳✷✱ ♦♥ ❛

lim
t→0

‖t logPt(x) −R(x)‖L2(M,v0)
= 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈M ✳ ❊t ♦♥ ❛

‖R(xk) −R(yk)‖L2(M,v0)
≤ ‖tk logPtk

(xk) −R(xk)‖L2(M,v0)
+ ‖tk logPtk

(xk) − tk logPtk
(yk)‖L2(M,v0)

+ ‖tk logPtk
(yk) −R(yk)‖L2(M,v0)

,

❛❧♦rs
lim

k→∞
‖R(xk) −R(yk)‖L2(M,v0)

= 0.

❊♥ ♣❛ss❛♥t ♣❛r ❞❡✉① s♦✉s✲s✉✐t❡s ❞❡ {xk}k✱ ❡t {yk}k✱ ♥♦té❡s é❣❛❧❡♠❡♥t {xk}k✱ ❡t {yk}k ✭♣❛r
❛❜✉s ❞❡ ♥♦t❛t✐♦♥✮ ❡t ❝♦♥✈❡r❣❡♥t❡s r❡s♣❡❝t✐✈❡♠❡♥t ✈❡rs x∞✱ ❡t y∞✱ ♦♥ ❛✱ R(x∞) = R(y∞)
❞✬❛♣rès ❧❛ ❝♦♥t✐♥✉✐té ❞❡ R✱ ❡t✱ x∞ = y∞✱ ❞✬❛♣rès ❧✬✐♥❥❡❝t✐✈✐té ❞❡ R ✭❝✳❢✳ ❧❡♠♠❡ ✹✳✷✳✶✮✳

P♦s♦♥s x∞ = y∞ = p✳ ❉✬❛♣rès ❧❡ ❧❡♠♠❡ ✹✳✷✳✺✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐❛♥❣❡ ♦✉✈❡rt Ωp ❞❡
xp✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t a > 0✱ ✐❧ ❡①✐st❡ ξ2 > 0✱ t❡❧ q✉❡ ♣♦✉r t♦✉t t < ξ2✱ x ∈ Ωp✱ ❡t t♦✉t
V ∈ T 1

xM ✱ ♦♥ ❛
‖dx(t logPt)Ωp

(V ) − dxRΩp
(V )‖L2(Ωp) ≤ a.

❙♦✐t Kp ✉♥ ✈♦✐s✐♥❛❣❡ ❝♦♠♣❛❝t ❞❡ p✱ t❡❧ q✉❡ Kp ⊂ Ωp✳ ❉✬✉♥❡ ♣❛rt✱ ❧❡ ❧❡♠♠❡ ✹✳✷✳✹
♥♦✉s ❞♦♥♥❡ ❧✬❡①✐st❡♥❝❡ ❞❡ b > 0✱ t❡❧ q✉❡✱

‖dxRΩp
(V )‖L2(Ωp) > b, ♣♦✉r t♦✉s x ∈ Kp, V ∈ T 1

xM. ✭✹✳✷✳✶✮

❉✬❛✉tr❡ ♣❛rt✱ s♦✐t a > 0✱ t❡❧ q✉❡ a < b✳ ❈♦♠♠❡

lim
t→0

‖dxRΩp
(V ) − dx(t logPt)Ωp

(V )‖L2(Ωp) = 0,

❛❧♦rs ✐❧ ❡①✐st❡ ξ2 > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t t < ξ2✱

‖dxRΩp
(V )‖L2(Ωp) − ‖dx(t logPt)Ωp

(V )‖L2(Ωp) ≤ a, ♣♦✉r t♦✉s x ∈ Kp, V ∈ T 1
xM.

✭✹✳✷✳✷✮

▲❡s ❞❡✉① éq✉❛t✐♦♥s ✹✳✷✳✶✱ ❡t ✹✳✷✳✷ ✐♠♣❧✐q✉❡♥t q✉❡ ♣♦✉r t♦✉t t < ξ2✱ ❡t t♦✉s x ∈ Kp, V ∈
T 1

xM ✱ ♦♥ ❛

‖dx(t logPt)Ωp
(V )‖L2(Ωp) ≥ ‖dxRΩp

(V )‖L2(Ωp) − a

≥ (b− a).

❈♦♥s✐❞ér♦♥s ♠❛✐♥t❡♥❛♥t y, z ∈ Kp✳ ❊♥ ✐♥té❣r❛♥t ❧❡ ❧♦♥❣ ❞❡ ❧❛ ❣é♦❞és✐q✉❡ γ r❡❧✐❛♥t y à z✱
❡t t❡❧❧❡ q✉❡ |γ̇(s)| = 1✱ ♣♦✉r t♦✉t s ∈ [0, r(y, z)]✱ ♦♥ ❛

∫ r(y,z)

0

‖dγ(s)(t logPt)Ωp
(γ̇(s))‖L2(Ωp)ds ≥ (b− a)

∫ r(y,z)

0

|γ̇(s))|ds

❡t
‖(t logPt)Ωp

(y) − (t logPt)Ωp
(z)‖L2(Ωp) ≥ (b− a)r(y, z).



✹✳✸ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳ ✾✾

❖r✱ ✐❧ ❡①✐st❡ k0 ∈ N
∗✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t k > k0✱ xk, yk ∈ N

∗✱

0 = ‖(t logPt)Ωp
(xk) − (t logPt)Ωp

(yk)‖L2(Ωp) ≥ (b− a)r(xk, yk)

❡t r(xk, yk) = 0 ♣♦✉r t♦✉t k > k0✱ ❝❡ q✉✐ ❡st ❛❜s✉r❞❡ ❝❛r xk 6= yk✱ ♣♦✉r t♦✉t k ∈ N
∗✳ ❉♦♥❝✱

t logPt ❡st ✐♥❥❡❝t✐✈❡ ♣♦✉r t♦✉t t < ξ2✱ ♦ù 0 < ξ2 < ξ1✳

✹✳✸ P❧♦♥❣❡♠❡♥t à ❧✬❛✐❞❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡✳

❉❛♥s ❝❡tt❡ s❡❝t✐♦♥✱ ♦♥ ✈❛ ❛❝❤❡✈❡r ❧❛ ❞é♠♦♥str❛t✐♦♥ ❞✉ t❤é♦rè♠❡ ✹✳✵✳✶✵✳

Pr❡✉✈❡ ❞✉ t❤é♦rè♠❡ ✹✳✵✳✶✵✳ ❙♦✐t ξ > 0✱ ❝♦♠♠❡ ❞❛♥s ❧❡ ❧❡♠♠❡ ✹✳✷✳✻✱ ❛❧♦rs✱ s✐ ❧❛
❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱

✭❛✮ Pt ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ♣♦✉r t < ξ ✿ ❊♥ ❢❛✐t✱ s✐ x ∈M ✱ ❡t V ∈ T 1
xM ✱ ❛❧♦rs✱

tdx logPt(V ) 6= 0 ❞❛♥s L2(M, v0),

♣✉✐sq✉❡ t logPt ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ❞❡M ❞❛♥s L2(M,v0)✱ ♣♦✉r t > ξ✳ ❊ ❝♦♠♠❡ P (t, x, y) > 0✱
♣♦✉r t♦✉s x, y ∈M ✱ ❛❧♦rs

dxPt(V ) 6= 0 ❞❛♥s L2(M,v0),

❡t Pt ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ♣♦✉r t < ξ✳

✭❜✮ ❙♦✐❡♥t x, y ∈ M ✱ ❡t t < ξ✳ ❙✐ Pt(x) = Pt(y)✱ ❛❧♦rs t logPt(x) = t logPt(y)✱ ❡t
x = y✳ ❆✐♥s✐ Pt ❡st ✐♥❥❡❝t✐✈❡ ♣♦✉r t♦✉t t < ξ✳

✹✳✹ ▼étr✐q✉❡ ✐♠❛❣❡ ré❝✐♣r♦q✉❡

❉é✜♥✐ss♦♥s ❧✬❛♣♣❧✐❝❛t✐♦♥

Ψt : M → L2(M,v0), t ∈ [0, ξ]

x 7→ (4π)
n
4 (2t)

n+2
4 Pt(x),

♦ù ξ > 0 t❡❧ q✉❡ Pt ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t < ξ✳

▲❡ ❜✉t ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ❡st ❞❡ ❞é♠♦♥tr❡r q✉❡✱ s♦✉s ❧❛ ❝♦♥❞✐t✐♦♥ q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾
s♦✐t ✈r❛✐❡✱ ❧❛ ♠étr✐q✉❡ t✐ré❡ ❡♥ ❛rr✐èr❡ Ψ∗

t ❡st ❛s②♠♣t♦t✐q✉❡ à h(0) q✉❛♥❞ t → 0✳ P♦✉r ❝❡
❜✉t✱ ♦♥ ❞é♠♦♥tr❡ ❧❡ ❧❡♠♠❡ s✉✐✈❛♥t ✿

▲❡♠♠❡ ✹✳✹✳✶✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs

lim
t→0

t
n
2 +1

∫

M

|dxP (t, V, y) − dxK(t, V, y)|2dv0(x) = 0

✉♥✐❢♦r♠é♠❡♥t ❡♥ x ∈ M ✱ V ∈ T 1
xM ✱ ♦ù K(t, ., .) ❡st ❧❡ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❡ ❧❛ ✈❛r✐été

(M,h(0)).



✶✵✵
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

▲✬✐❞é❡ ❡st ♠♦t✐✈é❡ ♣❛r ❧❛ ❢♦r♠❡ ❡t ❧❡s ♣r♦♣r✐étés ❞❡ K(t, ., .)✳ ❉✬❛❜♦r❞✱ s✐ {λi}i∈N ❡t
{ϕi}i∈N s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❡t ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ ❞❡ ❢♦♥❝t✐♦♥s
♣r♦♣r❡s ❞❡ ∆h(0)✱ ❛❧♦rs

K(t, x, y) =
∑

i∈N

e−λitϕi(x)ϕi(y), x, y ∈M.

❉✬❛♣rès ❬❇❇●✾✹❪✱ ♣❛❣❡ ✸✼✾✱
∫

M

|dxK(t, V, y)|2dv0(x) =
∑

i∈N

e−2λitdxϕi(V )dxϕi(V ) = dsK(2t, V, V )|(x,x).

♦ù dsf ❡st ✧❧❛ s❡❝♦♥❞❡ ❞ér✐✈❛t✐♦♥ ♠✐①t❡✧ ❞❡ f ✱ ❞é✜♥✐❡ ♣❛r ✿

dsf(x,x) = d2,yd1,xf(x, y)|(x,x),

d1 ❡t d2 ét❛♥ts r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ❞ér✐✈❛t✐♦♥s ♣❛r r❛♣♣♦rt ❛✉① ✈❛r✐❛❜❧❡s s♣❛t✐❛❧❡s x ❡t y✳

❉❡ ♣❧✉s✱ ❞❛♥s ❬❇❇●✾✹❪✱ ♦♥ ❞é♠♦♥tr❡ q✉❡

2(4π)
n
2 (2t)

n
2 +1dsK(2t, V, V )|(x,x) = h(0)(V, V )+

2t

3

(

1

2
Scalh(0)h(0) −Rich(0)

)

+O(t2), q✉❛♥❞ t→ 0+,

♦ù Scalh(0), Rich(0) s♦♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❛ ❝♦✉r❜✉r❡ s❝❛❧❛✐r❡ ❡t ❧❡ t❡♥s❡✉r ❝♦✉r❜✉r❡ ❞❡ ❘✐❝❝✐
❞❡ ❧❛ ♠étr✐q✉❡ h(0)✳ ❆✐♥s✐✱ ❡♥ ❞é♠♦♥tr❛♥t ❧❡ ❧❡♠♠❡ ✹✳✹✳✶✱ ♦♥ ❞é♠♦♥tr❡ q✉❡

lim
t→0

2(4π)
n
2 (2t)

n
2 +1

∫

M

|dxP (t, V, y)|2dv0(y) = h(0)(V, V ), ♣♦✉r t♦✉s x ∈M,V ∈ T 1
xM.

❘❛♣♣❡❧✳ K(t, x, y) s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡ ✭❝✳❢✳ s❡❝t✐♦♥s ✶✳✷✳✷✱ ❡t ✶✳✷✳✹✮

K(t, x, y) = HN (t, x, y) +QN (t, x, y), N >
n

2
+ 1

♦ù

HN (t, x, y) =
e−

r2(x,y)
4t

(4πt)
n
2

N
∑

k=0

tkψ̃k(x, y), QN (t, x, y) = O(tN−n
2 ),

❡t
∂

∂xi
QN (t, x, y) = O(tN−n

2 −1), ✭✹✳✹✳✶✮

✉♥✐❢♦r♠é♠❡♥t ❡♥ x, y ∈ M ✱ ♦ù {xi}n
i=1 ❡st ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❧♦❝❛❧❡s ❛✉t♦✉r ❞❡

x✱ ❡t ψ̃k✱ k = 0, . . . , N ✱ s♦♥t ❞❡s ❢♦♥❝t✐♦♥s C∞ s✉r M ×M ✱ ❛✈❡❝

ψ̃0 = η(x, y)θ−
1
2 (x, y),

❡t η ✉♥❡ ❧❛ ❢♦♥❝t✐♦♥ ❝♦✉♣✉r❡ ❞é✜♥✐❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✸✳✷✳✹✳

❉❡ ♣❧✉s✱ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✶✳✷✳✶✵✱ ✐❧ ❡①✐st❡✱ ♣♦✉r t♦✉t x ∈ M ✱ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt
ΩK

x ❞❡ x✱ t❡❧ q✉❡ ♣♦✉r t♦✉t y ∈ ΩK
x ✱

K(t, x, y) =
e−

r2(x,y)
4t

(4πt)
n
2

(ψ̃0 +O(t)).



✹✳✹ ▼étr✐q✉❡ ✐♠❛❣❡ ré❝✐♣r♦q✉❡ ✶✵✶

▼❛✐♥t❡♥❛♥t✱ P♦✉r ❞é♠♦♥tr❡r ❧❡ ❧❡♠♠❡ ✹✳✹✳✶✱ ✐❧ ♥♦✉s ❢❛✉t ❧❡s ❧❡♠♠❡s ✹✳✹✳✸✱ ❡t ✹✳✹✳✸✳

▲❡♠♠❡ ✹✳✹✳✷✳ P♦✉r t♦✉t x ∈ M ✐❧ ❡①✐st❡ C > 0✱ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt ΩK
x ❞❡ x✱ t❡❧ q✉❡

♣♦✉r t♦✉s V ∈ T 1
xM ✱ y ∈ ΩK

x ✱
∣

∣

∣

∣

dxK(t, V, y)

K(t, x, y)
+
dxr

2(V, y)

4t

∣

∣

∣

∣

≤ C.

P❛r ❝♦♥séq✉❡♥t✱ s✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ Ωx ❞❡ x✱ t❡❧ q✉❡ ♣♦✉r
t♦✉t V ∈ T 1

xM ✱ y ∈ TxM ✱
∣

∣

∣

∣

dxP (t, V, y)

P (t, x, y)
− dxK(t, V, y)

K(t, x, y)

∣

∣

∣

∣

≤ C. ✭✹✳✹✳✷✮

Pr❡✉✈❡✳ ▲❛ ♣r❡✉✈❡ ❞❡ ❝❡ ❧❡♠♠❡ ❡st ✐❞❡♥t✐q✉❡ à ❝❡❧❧❡ ✉t✐❧✐sé❡ ♣♦✉r ❞é♠♦♥tr❡r ❧❡ ❧❡♠♠❡
✹✳✷✳✺✳ ❖♥ ❞♦✐t ❥✉st❡ r❡♠♣❧❛❝❡r ũ0✱ ♣❛r ψ̃0✳

▲❡♠♠❡ ✹✳✹✳✸✳ ❙✐ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ ❡st ✈r❛✐❡✱ ❛❧♦rs ♣♦✉r t♦✉t x ∈ M ✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐✲
s✐♥❛❣❡ ♦✉✈❡rt Ωx✱ t0 > 0✱ ❡t C > 0✱ ✈ér✐✜❛♥ts ❧❛ ♣r♦♣r✐été s✉✐✈❛♥t❡ ✿ ♣♦✉r t♦✉t t < t0✱ ❡t
t♦✉t y ∈ Ωx✱

P (t, x, y)

K(t, x, y)
≤ eO(r) + Ct, ✭✹✳✹✳✸✮

Pr❡✉✈❡✳ ❙♦✐t x ∈ M ✳ ❙♦✉s ❝♦♥❞✐t✐♦♥ q✉❡ ❧❛ ❝♦♥❥❡❝t✉r❡ ✹✳✵✳✾ s♦✐t ✈r❛✐❡✱ ✐❧ ❡①✐st❡ ✉♥
✈♦✐s✐♥❛❣❡ ♦✉✈❡rt ΩP

x ❞❡ x✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t y ∈ ΩP
x ✱

P (t, x, y) =
e−

r2(x,y)
4t

(4πt)
n
2

(ψ̃0 +O(t)).

❉❡ ♠ê♠❡✱ ❝♦♠♠❡ ♠❡♥t✐♦♥♥é ❞❛♥s ❧❡ r❛♣♣❡❧ ❝✐✲❞❡ss✉s✱ ✐❧ ❡①✐st❡ ✉♥ ✈♦✐s✐♥❛❣❡ ♦✉✈❡rt ΩK
x ❞❡

x✱ t❡❧ q✉❡ ♣♦✉r t♦✉t y ∈ ΩK
x ✱

K(t, x, y) =
e−

r2(x,y)
4t

(4πt)
n
2

(ψ̃0 +O(t)).

❙✐ ♦♥ ♣♦s❡
Ωx = ΩP

x

⋂

Ωk
x,

♦♥ ❛✱ ♣♦✉r t♦✉t y ∈ Ωx✱
P (t, x, y)

K(t, x, y)
=
ũ0(x, y) +O(t)

ψ̃0(x, y) +O(t)
.

❖r

∣

∣

∣

∣

ũ0(x, y)

ψ̃0(x, y) +O(t)
− ũ0(x, y)

ψ̃0(x, y)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

ũ0(x, y)ψ̃0(x, y) − ũ0(x, y)
(

ψ̃0(x, y) +O(t)
)

ψ̃0(x, y)
(

ψ̃0(x, y) +O(t)
)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

ũ0(x, y)O(t)

ψ̃0(x, y)
(

ψ̃0(x, y) +O(t)
)

∣

∣

∣

∣

∣

∣

.



✶✵✷
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

❊♥ ♣♦s❛♥t c0 = inf
y∈Ωx

ψ̃0(x, y) ✭♦♥ ✈❡✐❧❧❡ ❜✐❡♥ à ❝❤♦✐s✐r ΩK
x ⊆ B(x, ρ

4 )✮✱ ❛❧♦rs✱ ♣♦✉r c1 < c0✱

✐❧ ❡①✐st❡ t0 > 0✱ t❡❧ q✉❡✱ ♣♦✉r t < t0✱ |O(t)| < c1✳ P❛r s✉✐t❡✱ ✐❧ ❡①✐st❡ C > 0✱ t❡❧ q✉❡
∣

∣

∣

∣

ũ0(x, y)

ψ̃0(x, y) +O(t)
− ũ0(x, y)

ψ̃0(x, y)

∣

∣

∣

∣

≤
∣

∣

∣

∣

ũ0(x, y)O(t)

c0(c0 − c1)

∣

∣

∣

∣

≤ Ct

♣♦✉r t < t0✱ ❡t t♦✉t y ∈ Ωx.

❉❡ ♠ê♠❡✱ ✐❧ ❡①✐st❡ C > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t t < t0✱
∣

∣

∣

∣

O(t)

ψ̃0(x, y) +O(t)

∣

∣

∣

∣

≤
∣

∣

∣

∣

O(t)

c0 − c1

∣

∣

∣

∣

≤ Ct.

❈❡ q✉✐ ♥♦✉s ❞♦♥♥❡ ❧✬❡①✐st❡♥❝❡ ❞❡ C > 0✱ t0 > 0✱ t❡❧s q✉❡ ♣♦✉r t♦✉t t < t0,

∣

∣

∣

∣

P (t, x, y)

K(t, x, y)
− ũ0(x, y)

ψ̃0(x, y)

∣

∣

∣

∣

≤ Ct.

❡t
∣

∣

∣

∣

P (t, x, y)

K(t, x, y)

∣

∣

∣

∣

≤ ũ0(x, y)

ψ̃0(x, y)
+ Ct.

❖r ✭❝✳❢✳ s❡❝t✐♦♥ ✸✳✷✳✷✮✱ ♣♦✉r y ∈ B(x, ρ
4 )✱

ũ0(x, y) = u0(x, y) = θ
− 1

2
0 (x, y)ef(x,y)

♦ù f ❡st ❞é✜♥✐❡ ❞❛♥s ❧✬éq✉❛t✐♦♥ ✸✳✷✳✶✶✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱

f(x, y) = O(r(x, y)).

❉❡ ♣❧✉s✱ ♣♦✉r y ∈ B(x, ρ
4 )✱

ψ̃(x, y) = θ
− 1

2
0 (x, y).

❆❧♦rs✱ ♣♦✉r y ∈ Ωx ⊆ B(x, ρ
4 )✱ ♦♥ ❛

ũ0(x, y)

ψ̃0(x, y)
= eO(r),

❡t
∣

∣

∣

∣

P (t, x, y)

K(t, x, y)

∣

∣

∣

∣

≤ eO(r) + Ct.

Pr❡✉✈❡ ❞✉ ❧❡♠♠❡ ✹✳✹✳✶ P✉✐sq✉✬✐❧ ❡①✐st❡✱ ❞✬❛♣rès ❧✬éq✉❛t✐♦♥ ✹✳✹✳✷✱ C > 0✱ t0 > 0✱ t❡❧
q✉❡ ♣♦✉r ♣♦✉r t♦✉s x, y ∈M ✱ V ∈ T 1

xM ✱ ❡t t♦✉t t < t0✱
∣

∣

∣

∣

dxP (t, V, y)

P (t, x, y)
− dxK(t, V, y)

K(t, x, y)

∣

∣

∣

∣

≤ C.

❆❧♦rs
∣

∣

∣

∣

dxP (t, V, y)K(t, x, y) − dxK(t, V, y)P (t, x, y)

P (t, x, y)K(t, x, y)

∣

∣

∣

∣

≤ C



✹✳✹ ▼étr✐q✉❡ ✐♠❛❣❡ ré❝✐♣r♦q✉❡ ✶✵✸

❡t

|dxP (t, V, y) − dxK(t, V, y)| ≤ CP (t, x, y) +

∣

∣

∣

∣

dxK(t, V, y)

(

P (t, x, y)

K(t, x, y)
− 1

)∣

∣

∣

∣

.

P❛r ❧✬éq✉❛t✐♦♥ ✹✳✹✳✸✱ ♦♥ ❛

|dxP (t, V, y) − dxK(t, V, y)| ≤ CP (t, x, y) + dxK(t, V, y)
(

eO(r) + Ct− 1
)

,

❖r eO(r) − 1 = O(r)✱ ❛❧♦rs

|dxP (t, V, y) − dxK(t, V, y)| ≤ CP (t, x, y) + dxK(t, V, y) (O(r) + Ct)

❊❧❡✈♦♥s ❛✉ ❝❛rré✱ ❡t ❞é✈❡❧♦♣♣♦♥s✱ ♦♥ ❛

|dxP (t, V, y) − dxK(t, V, y)|2 ≤ [CP (t, x, y)]
2
+[dxK(t, V, y) (O(r) + Ct)]

2
+2CP (t, x, y)dxK(t, V, y) (O(r) + Ct) .

❊♥ ✐♥té❣r❛♥t s✉r Ωx ♣❛r r❛♣♣♦rt à ❧❛ ✈❛r✐❛❜❧❡ y✱ ♦♥ ❛
∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) ≤
∫

Ωx

(CP (t, x, y))
2
dv0(y) +

∫

Ωx

(dxK(t, V, y) (O(r) + Ct))
2
dv0(y)

+

∫

Ωx

2CP (t, x, y)dxK(t, V, y) (O(r) + Ct) dv0(y),

❉✬❛♣rès ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✉ ♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r K(t, x, y) ✭❝✳❢ ❧❡ r❛♣♣❡❧ ❝✐✲❞❡ss✉s✱ ❡t
s❡❝t✐♦♥ ✶✳✷✳✷✮✱ ❡t ❝❡❧❧❡ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P (t, x, y) ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✸✱ ❡t ♣✉✐sq✉❡
Ωx ❡t M s♦♥t ❝♦♠♣❛❝t❡s✱ ♦♥ ❛

t
n
2 +1

∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) ≤ Ct
n
2 +1

∫

Ωx

e−
r2(x,y)

2t

(4πt)n
dv0(y)

+ Ct
n
2 +1

∫

Ωx

r2(x, y)

t2
e−

r2(x,y)
2t

(4πt)n
(r2 + 2rt+ t2)dv0(y) + Ct

n
2 +1

∫

Ωx

r(x, y)

t

e−
r2(x,y)

2t

(4πt)n
(r + t)dv0(y)

♦ù C > 0 ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ y ∈ Ωx✱ ❡t ❞❡ t < t0✱t0 > 0✳ ❆✐♥s✐✱

t
n
2 +1

∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) ≤
∫

Ωx

t−
n
2 +1e−

r2(x,y)
2t dv0(y)

+

∫

Ωx

t−
n
2 −1r2(x, y)e−

r2(x,y)
2t (r2 + 2rt+ t2)dv0(y) +

∫

Ωx

t−
n
2 r(x, y)e−

r2(x,y)
2t (r + t)dv0(y)

❙✉♣♣♦s♦♥s q✉❡ Diam(Ωx) < 2a✱ ♦ù a > 0✳ ❊♥ ♣❛ss❛♥t ♣❛r ❧❡s ❝♦♦r❞♦♥♥é❡s ♣♦❧❛✐r❡s✱ ❡t
❞✬❛♣rès ❧❛ r❡♠❛rq✉❡ ✸✳✸✳✷✱ ✐❧ ❡①✐st❡ C > 0✱ t❡❧ q✉❡✱ ♣♦✉r t♦✉t t < t0✱

t
n
2 +1

∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) ≤ C

∫ a

0

t−
n
2 +1e−

r2(x,y)
2t rn−1dr

+ C

∫ a

0

t−
n
2 −1r2(x, y)e−

r2(x,y)
2t (r2 + 2rt+ t2)rn−1dr + C

∫ a

0

t−
n
2 r(x, y)e−

r2(x,y)
2t (r + t)rn−1dr.

❊♥ ❞é✈❡❧♦♣♣❛♥t✱

t
n
2 +1

∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) ≤ C

∫ a

0

t−
n
2 +1e−

r2(x,y)
2t rn−1dr

+ C

∫ a

0

t−
n
2 −1e−

r2(x,y)
2t rn+3dr + C

∫ a

0

t−
n
2 e−

r2(x,y)
2t rn+2dr + C

∫ a

0

t−
n
2 +1e−

r2(x,y)
2t rn+1dr

✭✹✳✹✳✹✮

+ C

∫ a

0

t−
n
2 e−

r2(x,y)
2t rn+1dr + C

∫ a

0

t−
n
2 +1e−

r2(x,y)
2t rndr



✶✵✹
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

❧❡s t❡r♠❡s à ❞r♦✐t❡ ❞❡ ❧✬✐♥é❣❛❧✐té ❝✐✲❞❡ss✉s✱ s♦♥t ❞❡ ❧❛ ❢♦r♠❡
∫ a

0

t−ie−
r2(x,y)

2t rjdr✳ ❖r ✭❝✳❢✳

r❡♠❛rq✉❡ ✸✳✸✳✸✮

t−ie−
r2(x,y)

2t rjdr = tαr−2(i+α) r
2(i+α)

ti+α
e−

r2(x,y)
2t rj

= tαrj−2(i+α) r
2(i+α)

ti+α
e−

r2(x,y)
2t ≤ Ctαrj−2(i+α), α > 0, C > 0.

❊t ❝♦♠♠❡

lim
t→0

∫ a

0

tαrj−2(i+α)dr = 0 s✐ j − 2(i+ α) > −1, α > 0

❝❡ q✉✐ ❡st ❧❡ ❝❛s ♣♦✉r t♦✉s ❧❡s t❡r♠❡s à ❞r♦✐t❡ ❞❡ ❧✬✐♥é❣❛❧✐té ✹✳✹✳✹✱ ❛❧♦rs

lim
t→0

t
n
2 +1

∫

Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) = 0.

❉✬❛✉tr❡ ♣❛rt✱ ♣♦✉r t♦✉t y ∈M \Ωx✱ r(x, y) ≤ dist(x, ∂Ωx)✱ ✭❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ x ❡t ❧❡ ❜♦r❞
❞❡ Ωx ❡st ♣♦s✐t✐✈❡ ♣✉✐sq✉❡ Ωx ❡st ✉♥ ✈♦✐s✐♥❛❣❡ ❞❡ x✮✱ ❡t✱

dxQN (t, V, y) = O(tN−n
2 −1)( ❝✳❢✳ éq✉❛t✐♦♥ ✹✳✹✳✶),

dxΘN (t, V, y) = O(tN−n
2 −1)( ❝✳❢✳ éq✉❛t✐♦♥ ✹✳✵✳✸).

❆❧♦rs✱ ❛✈❡❝ ❧❡ ♠ê♠❡ ❝❛❧❝✉❧ ❢❛✐t ❝✐✲❞❡ss✉s✱ ♦♥ ❛

lim
t→0

t
n
2 +1

∫

M\Ωx

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) = 0

❡t

lim
t→0

t
n
2 +1

∫

M

|dxP (t, V, y) − dxK(t, V, y)|2 dv0(y) = 0

♣♦✉r t♦✉t x ∈M ✱ V ∈ T 1
xM ✳ ❉✬♦ù ❧❡ ❧❡♠♠❡✳

❈♦r♦❧❧❛✐r❡ ✹✳✹✳✹✳
lim
t→0

Ψ∗
t (V, V ) = h(0)(V, V ).

Pr❡✉✈❡✳ ❖♥ ❛
∫

M

|dxK(t, V, y)|2 dv0(y) =
∑

i≤0

e−2λit (dxϕi(V ))
2

= dsK(2t, V, V )|(x,x),

❡t ❞✬❛♣rès ❧❛ ♠étr✐q✉❡ ré❝✐♣r♦q✉❡ ❞❛♥s ❧❡ t❤é♦rè♠❡ ✵✳✵✳✶✶✱ ❡♥ ❢❛✐s❛♥t ❜✐❡♥ ❛tt❡♥t✐♦♥ q✉✬♦♥
r❡♠♣❧❛❝❡ ✐❝✐ t ♣❛r 2t✱ ♦♥ ❛

lim
t→0

2
n
2 (4π)

n
2 (2t)

n
2 +1dsK(2t, V, V )|(x,x) = h(0)(V, V ).



✹✳✺ ❘❡❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❛✈❡❝ s❡s ❝♦❡✣❝✐❡♥t ❞❛♥s ❧❛
❜❛s❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0) ✶✵✺

✹✳✺ ❘❡❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ ❛✈❡❝ s❡s

❝♦❡✣❝✐❡♥t ❞❛♥s ❧❛ ❜❛s❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0)

❙♦✐t a = {φi(0)}i∈N ✉♥❡ ❜❛s❡ ♦rt❤♦♥♦r♠❛❧❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞❡ ∆g(0) ❞❛♥s L2(M,dv0)✱
❛❧♦rs ❝♦♠♠❡ P (t, ., .) ∈ L2(M, v0) × L2(M, v0)✱ ♦♥ ♣❡✉t ❧✬é❝r✐r❡ s♦✉s ❧❛ ❢♦r♠❡

P (t, x, y) =
∑

i,j≥0

aij(t)φi(0, x)φj(0, y), x, y ∈M

♦ù
∑

i≥0

aij(t)φi(t, x) =

∫

M

P (t, x, y)φi(0, x)dv0(x),

❡t aij(t) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ s✉r [0, T ] ❞é✜♥✐❡ ♣❛r

aij(t) =

∫

M

∫

M

P (t, x, y)φi(0, x)φj(0, y)dv0(x)dv0(y).

❆❧♦rs ♦♥ ❛

❈♦r♦❧❧❛✐r❡ ✹✳✺✳✶✳ ▲✬❛♣♣❧✐❝❛t✐♦♥

Ψa
t : (M,h(t)) → l2

x 7→







∑

i≥0

aij(t)φi(0, x)







j∈N

❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ♣♦✉r t♦✉t t < ξ✱ ♦ù ξ ❡st ❧❡ ♠ê♠❡ ♥♦♠❜r❡ ♣♦s✐t✐❢ ♣rés❡♥t ❞❛♥s ❧❡
t❤é♦rè♠❡ ✹✳✵✳✶✵✳ P❛r ❝♦♥séq✉❡♥t✱ Ψa

t ◦ ηt ❡st ✉♥ ♣❧♦♥❣❡♠❡♥t ❞❡ (M, g(t)) ❞❛♥s L2(M,v0)✱
♣♦✉r t < ξ✱ ♦ù ηt ❡st ❧❛ ❢❛♠✐❧❧❡ ❞❡ ❞✐✛é♦♠♦r♣❤✐s♠❡s ❞❡ M ✱ ❞é✜♥✐❡ ❞❛♥s ✶✳✸✳✷✳

Pr❡✉✈❡✳ ❈♦♥s✐❞ér♦♥s ❧✬❛♣♣❧✐❝❛t✐♦♥

Ia : L2(M,v0) → l2

f 7→ {ci(f)}i∈N

♦ù ci(f) =
∫

M
f(y)φi(0, y)dv0(y) s♦♥t ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ f ❞❛♥s ❧❛ ❜❛s❡ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s

❞❡ ∆g(0)✳ ❆❧♦rs✱ ♣♦✉r t♦✉t x ∈ M ✱ Ψt(x) = Ia ◦ Pt(x)✱ Pt ét❛♥t ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞é✜♥✐❡ ❞❛♥s
❧❡ t❤é♦rè♠❡ ✹✳✵✳✶✵✳

✶✳ Ψa
t ❡st ❝♦♥t✐♥✉❡ ❡♥ (t, x)✱ ♣♦✉r 0 < t < ξ✱ ❡t x ∈ M ✳ ❊♥ ❢❛✐t✱ ❞✬✉♥❡ ♣❛rt✱ s✐ (tn, xn)

❝♦♥✈❡r❣❡ ✈❡rs (t, x)✱ ❛❧♦rs ♣❛r ❧❛ ❝♦♥t✐♥✉✐té ❞❡ P s✉r ]0, T [×M ×M ✱ ♦♥ ❛

lim
t→0

‖Ptn
(xn) − Pt(x)‖L2(M,v0) = 0.

❉✬❛✉tr❡ ♣❛rt✱ s✐ {fn}n ❡st ✉♥❡ s✉✐t❡ ❞❛♥s L2(M,v0) q✉✐ ❝♦♥✈❡r❣❡ ✈❡rs f ✭♣♦✉r ❧❛
♥♦r♠❡ ❞❡ L2(M,v0)✮✱ ❛❧♦rs

‖Ia(fn) − I(f)‖2
l2 =

∑

i∈N

∣

∣

∣

∣

∫

M

(fn − f) (y)φi(0, y)dv0(y)

∣

∣

∣

∣

2

= ‖fn − f‖2
L2(M,v0)

→ 0

q✉❛♥❞ n→ ∞✳ ❈❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡✱

lim
n→∞

‖Ψa
tn

(xn) − Ψa
t (x)‖l2 = lim

n→∞
‖Ia (Ptn

(xn)) − Ia (Pt(x)) ‖L2(M,v0) = 0.



✶✵✻
P❧♦♥❣❡♠❡♥t ❞✬✉♥ ✢♦t ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à

❧✬❛✐❞❡ ❞❡ s❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡

✷✳ ❙✉♣♣♦s♦♥s q✉❡ Ψa
t (x) = Ψa

t (y)✱ ♣♦✉r x, y ∈M ✱ ❡t t < ξ✱ ❛❧♦rs✱

Ia ◦ Pt(x) = Ia ◦ Pt(y).

❈❡❝✐ ♥♦✉s ❞♦♥♥❡✱ ♣✉✐sq✉❡ ❧❛ ❜❛s❡ {φi(0)}i∈N ❡st ❝♦♠♣❧èt❡✱ q✉❡ Pt(x) = Pt(y)✱ ❛❧♦rs
x = y ✭❞✬❛♣rès ❧✬✐♥❥❡❝t✐✈✐té ❞❡ Pt ♣♦✉r t < ξ✮✳ ❉✬♦ù ❧✬✐♥❥❡❝t✐✈✐té ❞❡ Ψa

t ♣♦✉r t < ξ✳

✸✳ Ψa
t ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ♣♦✉r t < ξ✳ ❊♥ ❢❛✐t✱ s✉♣♣♦s♦♥s q✉❡ dxΨa

t (V ) = 0 ♣♦✉r x ∈M ✱
V ∈ TxM ✱ ❛❧♦rs

∑

i≥0

aij(t)dxφi(0, V ) = 0✱ ♣♦✉r t♦✉t j ∈ N✱ ❝❡ q✉✐ ♥♦✉s ❞♦♥♥❡ q✉❡

dxPt(V ) = 0✱ ❡t V = 0 ✭♣✉✐sq✉❡ Pt ❡st ✉♥❡ ✐♠♠❡rs✐♦♥ ♣♦✉r t < ξ✮✳



❇✐❜❧✐♦❣r❛♣❤✐❡

❬❇❇●✾✹❪ P✐❡rr❡ ❇ér❛r❞✱ ●✳ ❇❡ss♦♥✱ ❛♥❞ ❙✳ ●❛❧❧♦t✳ ❊♠❜❡❞❞✐♥❣ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❜②
t❤❡✐r ❤❡❛t ❦❡r♥❡❧✳ ●❡♦♠✳ ❋✉♥❝t✳ ❆♥❛❧✳✱ ✹✭✹✮ ✿✸✼✸✕✸✾✽✱ ✶✾✾✹✳

❬❇ér❪ P✐❡rr❡ ❇ér❛r❞✳ ❙✉r ✉♥ ❧❡♠♠❡ ❞❡ ♣❡rt✉r❜❛t✐♦♥✳ ❆ ❛♣♣❛r❛îtr❡✳

❬❇❡r✼✸❪ ▼❛r❝❡❧ ❇❡r❣❡r✳ ❙✉r ❧❡s ♣r❡♠✐èr❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s✳
❈♦♠♣♦s✐t✐♦ ▼❛t❤✳✱ ✷✻ ✿✶✷✾✕✶✹✾✱ ✶✾✼✸✳

❬❇ér✽✺❪ P✳ ❇ér❛r❞✳ ❱♦❧✉♠❡ ❞❡s ❡♥s❡♠❜❧❡s ♥♦❞❛✉① ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥✳
■♥ ❇♦♥②✲❙❥östr❛♥❞✲▼❡②❡r s❡♠✐♥❛r✱ ✶✾✽✹✕✶✾✽✺✱ ♣❛❣❡s ❊①♣✳ ◆♦✳ ✶✹ ✱ ✶✵✳ ➱❝♦❧❡
P♦❧②t❡❝❤✳✱ P❛❧❛✐s❡❛✉✱ ✶✾✽✺✳

❬❇ér✽✻❪ P✐❡rr❡ ❍✳ ❇ér❛r❞✳ ❙♣❡❝tr❛❧ ❣❡♦♠❡tr② ✿ ❞✐r❡❝t ❛♥❞ ✐♥✈❡rs❡ ♣r♦❜❧❡♠s✱ ✈♦❧✉♠❡
✶✷✵✼ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✽✻✳ ❲✐t❤
❛♣♣❡♥❞✐①❡s ❜② ●ér❛r❞ ❇❡ss♦♥✱ ❛♥❞ ❜② ❇ér❛r❞ ❛♥❞ ▼❛r❝❡❧ ❇❡r❣❡r✳

❬❇❡s✼✽❪ ❆rt❤✉r ▲✳ ❇❡ss❡✳ ▼❛♥✐❢♦❧❞s ❛❧❧ ♦❢ ✇❤♦s❡ ❣❡♦❞❡s✐❝s ❛r❡ ❝❧♦s❡❞✱ ✈♦❧✉♠❡ ✾✸ ♦❢
❊r❣❡❜♥✐ss❡ ❞❡r ▼❛t❤❡♠❛t✐❦ ✉♥❞ ✐❤r❡r ●r❡♥③❣❡❜✐❡t❡ ❬❘❡s✉❧ts ✐♥ ▼❛t❤❡♠❛t✐❝s ❛♥❞
❘❡❧❛t❡❞ ❆r❡❛s❪✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✶✾✼✽✳ ❲✐t❤ ❛♣♣❡♥❞✐❝❡s ❜② ❉✳ ❇✳ ❆✳
❊♣st❡✐♥✱ ❏✳✲P✳ ❇♦✉r❣✉✐❣♥♦♥✱ ▲✳ ❇ér❛r❞✲❇❡r❣❡r②✱ ▼✳ ❇❡r❣❡r ❛♥❞ ❏✳ ▲✳ ❑❛③❞❛♥✳

❬❇●▼✼✶❪ ▼❛r❝❡❧ ❇❡r❣❡r✱ P❛✉❧ ●❛✉❞✉❝❤♦♥✱ ❛♥❞ ❊❞♠♦♥❞ ▼❛③❡t✳ ▲❡ s♣❡❝tr❡ ❞✬✉♥❡ ✈❛r✐été
r✐❡♠❛♥♥✐❡♥♥❡✳ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ❱♦❧✳ ✶✾✹✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱
✶✾✼✶✳

❬❇◆✵✷❪ ▼✐❦❤❛✐❧ ❇❡❧❦✐♥ ❛♥❞ P❛rt❤❛ ◆✐②♦❣✐✳ ❯s✐♥❣ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ❢♦r ♣❛rt✐❛❧❧② ❧❛✲
❜❡❧❧❡❞ ❝❧❛ss✐✜❝❛t✐♦♥✳ ■♥ ◆■P❙✱ ♣❛❣❡s ✾✷✾✰✱ ✷✵✵✷✳

❬❈❈●+❛r❪ ❇❡♥♥❡tt ❈❤♦✇✱ ❙✉♥✲❈❤✐♥ ❈❤✉✱ ❉❛✈✐❞ ●❧✐❝❦❡♥st❡✐♥✱ ❈❤r✐st✐♥❡ ●✉❡♥t❤❡r✱ ❏❛♠❡s
■s❡♥❜❡r❣✱ ❚♦♠ ■✈❡②✱ ❉❛♥ ❑♥♦♣❢✱ P❡♥❣ ▲✉✱ ❋❡♥❣ ▲✉♦✱ ❛♥❞ ▲❡✐ ◆✐✳ ❚❤❡ ❘✐❝❝✐ ✢♦✇ ✿
t❡❝❤♥✐q✉❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ P❛rt ■■■✳ ❆♥❛❧②t✐❝ ❛s♣❡❝ts✱ ✷✵✶✵✱ ✭❚♦ ❛♣♣❡❛r✮✳

❬❈❍✺✸❪ ❘✳ ❈♦✉r❛♥t ❛♥❞ ❉✳ ❍✐❧❜❡rt✳ ▼❡t❤♦❞s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✳ ❱♦❧✳ ■✳ ■♥t❡r✲
s❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦✱ ◆✳❨✳✱ ✶✾✺✸✳

❬❈❤❛✽✹❪ ■s❛❛❝ ❈❤❛✈❡❧✳ ❊✐❣❡♥✈❛❧✉❡s ✐♥ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr②✱ ✈♦❧✉♠❡ ✶✶✺ ♦❢ P✉r❡ ❛♥❞
❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✳ ❆❝❛❞❡♠✐❝ Pr❡ss ■♥❝✳✱ ❖r❧❛♥❞♦✱ ❋▲✱ ✶✾✽✹✳ ■♥❝❧✉❞✐♥❣ ❛
❝❤❛♣t❡r ❜② ❇✉rt♦♥ ❘❛♥❞♦❧✱ ❲✐t❤ ❛♥ ❛♣♣❡♥❞✐① ❜② ❏♦③❡❢ ❉♦❞③✐✉❦✳

❬❈▲✵✻❪ ❘♦♥❛❧❞ ❘✳ ❈♦✐❢♠❛♥ ❛♥❞ ❙té♣❤❛♥❡ ▲❛❢♦♥✳ ❉✐✛✉s✐♦♥ ♠❛♣s✳ ❆♣♣❧✳ ❈♦♠♣✉t✳ ❍❛r✲
♠♦♥✳ ❆♥❛❧✳✱ ✷✶✭✶✮ ✿✺✕✸✵✱ ✷✵✵✻✳

❬❈▲◆✵✻❪ ❇❡♥♥❡tt ❈❤♦✇✱ P❡♥❣ ▲✉✱ ❛♥❞ ▲❡✐ ◆✐✳ ❍❛♠✐❧t♦♥✬s ❘✐❝❝✐ ✢♦✇✱ ✈♦❧✉♠❡ ✼✼ ♦❢
●r❛❞✉❛t❡ ❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱
❘■✱ ✷✵✵✻✳

❬❈♦✐✵✺❪ ❘✳ ❘✳ ❈♦✐❢♠❛♥✳ P❡rs♣❡❝t✐✈❡s ❛♥❞ ❝❤❛❧❧❡♥❣❡s t♦ ❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s ❛♥❞ ❣❡♦♠❡tr②
✐♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥s ✿ ❣❡♦♠❡tr✐❝ ❞✐✛✉s✐♦♥s ❛s ❛ t♦♦❧ ❢♦r ❤❛r♠♦♥✐❝ ❛♥❛❧②s✐s ❛♥❞

✶✵✼



✶✵✽ ❇■❇▲■❖●❘❆P❍■❊

str✉❝t✉r❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞❛t❛✳ ■♥ P❡rs♣❡❝t✐✈❡s ✐♥ ❛♥❛❧②s✐s✱ ✈♦❧✉♠❡ ✷✼ ♦❢ ▼❛t❤✳
P❤②s✳ ❙t✉❞✳✱ ♣❛❣❡s ✷✼✕✸✺✳ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✷✵✵✺✳

❬❉❈✾✷❪ ▼❛♥❢r❡❞♦ P❡r❞✐❣ã♦ ❉♦ ❈❛r♠♦✳ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr②✳ ▼❛t❤❡♠❛t✐❝s ✿ ❚❤❡♦r②
✫ ❆♣♣❧✐❝❛t✐♦♥s✳ ❇✐r❦❤ä✉s❡r ❇♦st♦♥ ■♥❝✳✱ ❇♦st♦♥✱ ▼❆✱ ✶✾✾✷✳ ❚r❛♥s❧❛t❡❞ ❢r♦♠
t❤❡ s❡❝♦♥❞ P♦rt✉❣✉❡s❡ ❡❞✐t✐♦♥ ❜② ❋r❛♥❝✐s ❋❧❛❤❡rt②✳

❬❉♦❞✽✶❪ ❏♦③❡❢ ❉♦❞③✐✉❦✳ ❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✳ ❆♠❡r✳
▼❛t❤✳ ▼♦♥t❤❧②✱ ✽✽✭✾✮ ✿✻✽✻✕✻✾✺✱ ✶✾✽✶✳

❬❋r✐✻✹❪ ❆✈♥❡r ❋r✐❡❞♠❛♥✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ ♣❛r❛❜♦❧✐❝ t②♣❡✳ Pr❡♥t✐❝❡✲❍❛❧❧
■♥❝✳✱ ❊♥❣❧❡✇♦♦❞ ❈❧✐✛s✱ ◆✳❏✳✱ ✶✾✻✹✳

❬●❍▲✵✹❪ ❙②❧✈❡str❡ ●❛❧❧♦t✱ ❉♦♠✐♥✐q✉❡ ❍✉❧✐♥✱ ❛♥❞ ❏❛❝q✉❡s ▲❛❢♦♥t❛✐♥❡✳ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦✲
♠❡tr②✳ ❯♥✐✈❡rs✐t❡①t✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ t❤✐r❞ ❡❞✐t✐♦♥✱ ✷✵✵✹✳

❬●▲✽✽❪ ◆✐❝♦❧❛ ●❛r♦❢❛❧♦ ❛♥❞ ❊r♠❛♥♥♦ ▲❛♥❝♦♥❡❧❧✐✳ ❲✐❡♥❡r✬s ❝r✐t❡r✐♦♥ ❢♦r ♣❛r❛❜♦❧✐❝ ❡q✉❛✲
t✐♦♥s ✇✐t❤ ✈❛r✐❛❜❧❡ ❝♦❡✣❝✐❡♥ts ❛♥❞ ✐ts ❝♦♥s❡q✉❡♥❝❡s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱
✸✵✽✭✷✮ ✿✽✶✶✕✽✸✻✱ ✶✾✽✽✳

❬●▲✽✾❪ ◆✐❝♦❧❛ ●❛r♦❢❛❧♦ ❛♥❞ ❊r♠❛♥♥♦ ▲❛♥❝♦♥❡❧❧✐✳ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❢✉♥❞❛♠❡♥t❛❧
s♦❧✉t✐♦♥s ❛♥❞ ♣♦t❡♥t✐❛❧ t❤❡♦r② ♦❢ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦rs ✇✐t❤ ✈❛r✐❛❜❧❡ ❝♦❡✣❝✐❡♥ts✳
▼❛t❤✳ ❆♥♥✳✱ ✷✽✸✭✷✮ ✿✷✶✶✕✷✸✾✱ ✶✾✽✾✳

❬●✉❡✵✷❪ ❈❤r✐st✐♥❡ ▼✳ ●✉❡♥t❤❡r✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ ♦♥ ♠❛♥✐❢♦❧❞s ✇✐t❤ t✐♠❡✲
❞❡♣❡♥❞❡♥t ♠❡tr✐❝s✳ ❏✳ ●❡♦♠✳ ❆♥❛❧✳✱ ✶✷✭✸✮ ✿✹✷✺✕✹✸✻✱ ✷✵✵✷✳

❬●❲❲✾✷❪ ❈✳ ●♦r❞♦♥✱ ❉✳ ❲❡❜❜✱ ❛♥❞ ❙✳ ❲♦❧♣❡rt✳ ■s♦s♣❡❝tr❛❧ ♣❧❛♥❡ ❞♦♠❛✐♥s ❛♥❞ s✉r❢❛❝❡s
✈✐❛ ❘✐❡♠❛♥♥✐❛♥ ♦r❜✐❢♦❧❞s✳ ■♥✈❡♥t✳ ▼❛t❤✳✱ ✶✶✵✭✶✮ ✿✶✕✷✷✱ ✶✾✾✷✳

❬❍❙❙✾✶❪ ❘❛✐♥❡r ❍❡♠♣❡❧✱ ▲✉✐s ❆✳ ❙❡❝♦✱ ❛♥❞ ❇❛rr② ❙✐♠♦♥✳ ❚❤❡ ❡ss❡♥t✐❛❧ s♣❡❝tr✉♠ ♦❢
◆❡✉♠❛♥♥ ▲❛♣❧❛❝✐❛♥s ♦♥ s♦♠❡ ❜♦✉♥❞❡❞ s✐♥❣✉❧❛r ❞♦♠❛✐♥s✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳✱
✶✵✷✭✷✮ ✿✹✹✽✕✹✽✸✱ ✶✾✾✶✳

❬❏▼❙✵✽❪ P❡t❡r ❲✳ ❏♦♥❡s✱ ▼❛✉r♦ ▼❛❣❣✐♦♥✐✱ ❛♥❞ ❘❛❛♥❛♥ ❙❝❤✉❧✳ ▼❛♥✐❢♦❧❞ ♣❛r❛♠❡tr✐③❛✲
t✐♦♥s ❜② ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ❛♥❞ ❤❡❛t ❦❡r♥❡❧s✳ Pr♦❝✳ ◆❛t❧✳ ❆❝❛❞✳
❙❝✐✳ ❯❙❆✱ ✶✵✺✭✻✮ ✿✶✽✵✸✕✶✽✵✽✱ ✷✵✵✽✳

❬❑❛❝✻✻❪ ▼❛r❦ ❑❛❝✳ ❈❛♥ ♦♥❡ ❤❡❛r t❤❡ s❤❛♣❡ ♦❢ ❛ ❞r✉♠❄ ❆♠❡r✳ ▼❛t❤✳ ▼♦♥t❤❧②✱ ✼✸✭✹✱
♣❛rt ■■✮ ✿✶✕✷✸✱ ✶✾✻✻✳

❬❑❛♥✼✼❪ ❨✳ ❑❛♥♥❛✐✳ ❖✛ ❞✐❛❣♦♥❛❧ s❤♦rt t✐♠❡ ❛s②♠♣t♦t✐❝s ❢♦r ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦❢
❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❈♦♠♠✉♥✳ P❛rt✐❛❧ ❉✐✛❡r✳ ❊q✉❛t✐♦♥s✱ ✷✭✽✮ ✿✼✽✶✕✽✸✵✱ ✶✾✼✼✳

❬❑❛t✼✻❪ ❚♦s✐♦ ❑❛t♦✳ P❡rt✉r❜❛t✐♦♥ t❤❡♦r② ❢♦r ❧✐♥❡❛r ♦♣❡r❛t♦rs✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱
s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✼✻✳ ●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥✱ ❇❛♥❞
✶✸✷✳

❬❑♦r✵✹❪ ❏❛❝♦❜ ❑♦r❡✈❛❛r✳ ❚❛✉❜❡r✐❛♥ t❤❡♦r②✱ ✈♦❧✉♠❡ ✸✷✾ ♦❢ ●r✉♥❞❧❡❤r❡♥ ❞❡r ▼❛t❤❡✲
♠❛t✐s❝❤❡♥ ❲✐ss❡♥s❝❤❛❢t❡♥ ❬❋✉♥❞❛♠❡♥t❛❧ Pr✐♥❝✐♣❧❡s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s❪✳
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❇❡r❧✐♥✱ ✷✵✵✹✳ ❆ ❝❡♥t✉r② ♦❢ ❞❡✈❡❧♦♣♠❡♥ts✳

❬▲❡✈✵✼❛❪ ❊✉❣❡♥✐♦ ❊❧✐❛ ▲❡✈✐✳ ❙✉❧❧❡ ❡q✉❛③✐♦♥✐ ❧✐♥❡❛r✐ ❛❧❧❡ ❞❡r✐✈❛t❡ ♣❛r③✐❛❧✐ t♦t❛❧♠❡♥t❡ ❡❧✲
❧✐tt✐❝❤❡✳ ❘❡♥❞✳ ❘✳ ❆❝❝✳ ▲✐♥❝❡✐✱ ❈❧❛ss❡ ❙❝✐ ✭❱✮✱ ✶✻✱ ✶✾✵✼✳

❬▲❡✈✵✼❜❪ ❊✉❣❡♥✐♦ ❊❧✐❛ ▲❡✈✐✳ ❙✉❧❧❡ ❡q✉❛③✐♦♥✐ ❧✐♥❡❛r✐ t♦t❛❧♠❡♥t❡ ❡❧❧✐tt✐❝❤❡ ❛❧❧❡ ❞❡r✐✈❛t❡
♣❛r③✐❛❧✐✳ ❘❡♥❞✳ ❈✐r❝✳ ▼❛t✳ P❛❧❡r♠♦✱ ✷✹ ✿✷✼✺â⑨➇✸✶✼✱ ✶✾✵✼✳

❬▼✐❧✻✹❪ ❏✳ ▼✐❧♥♦r✳ ❊✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ♦♥ ❝❡rt❛✐♥ ♠❛♥✐❢♦❧❞s✳ Pr♦❝✳ ◆❛t✳
❆❝❛❞✳ ❙❝✐✳ ❯✳❙✳❆✳✱ ✺✶ ✿✺✹✷✱ ✶✾✻✹✳

❬▼♦r✻✷❛❪ ❈❧❛✉❞❡ ▼♦r❧❡t✳ ▲❡ ❧❡♠♠❡ ❞❡ ❚❤♦♠ ❡t ❧❡s t❤é♦rè♠❡s ❞❡ ♣❧♦♥❣❡♠❡♥t ❞❡ ❲❤✐t✲
♥❡②✳ ■✳ ▲❡s t♦♣♦❧♦❣✐❡s ❞❡s ❡s♣❛❝❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❙é♠✐♥❛✐r❡ ❍❡♥r✐ ❈❛rt❛♥✱
✶✾✻✶✴✻✷✱ ❊①♣✳ ✹✱ ♣❛❣❡ ✺✳ ❙❡❝rét❛r✐❛t ♠❛t❤é♠❛t✐q✉❡✱ P❛r✐s✱ ✶✾✻✶✴✶✾✻✷✳



❇■❇▲■❖●❘❆P❍■❊ ✶✵✾

❬▼♦r✻✷❜❪ ❈❧❛✉❞❡ ▼♦r❧❡t✳ ▲❡ ❧❡♠♠❡ ❞❡ ❚❤♦♠ ❡t ❧❡s t❤é♦rè♠❡s ❞❡ ♣❧♦♥❣❡♠❡♥t ❞❡ ❲❤✐t✲
♥❡②✳ ■■✳ ◗✉❡❧q✉❡s ♦✉✈❡rts ❢♦♥❞❛♠❡♥t❛✉① ❞❡s ❡s♣❛❝❡s ❞✬❛♣♣❧✐❝❛t✐♦♥s✳ ■♥ ❙é♠✐✲
♥❛✐r❡ ❍❡♥r✐ ❈❛rt❛♥✱ ✶✾✻✶✴✻✷✱ ❊①♣✳ ✺✱ ♣❛❣❡ ✻✳ ❙❡❝rét❛r✐❛t ♠❛t❤é♠❛t✐q✉❡✱ P❛r✐s✱
✶✾✻✶✴✶✾✻✷✳

❬▼♦s✻✺❪ ❏ür❣❡♥ ▼♦s❡r✳ ❖♥ t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥ts ♦♥ ❛ ♠❛♥✐❢♦❧❞✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳
❙♦❝✳✱ ✶✷✵ ✿✷✽✻✕✷✾✹✱ ✶✾✻✺✳

❬▼P✹✾❪ ❙✳ ▼✐♥❛❦s❤✐s✉♥❞❛r❛♠ ❛♥❞ ➴✳ P❧❡✐❥❡❧✳ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ♦❢
t❤❡ ▲❛♣❧❛❝❡✲♦♣❡r❛t♦r ♦♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s✳ ❈❛♥❛❞✐❛♥ ❏✳ ▼❛t❤✳✱ ✶ ✿✷✹✷✕✷✺✻✱
✶✾✹✾✳

❬◆❙✵✺❪ ❨✉✳ ◆❡tr✉s♦✈ ❛♥❞ ❨✉✳ ❙❛❢❛r♦✈✳ ❲❡②❧ ❛s②♠♣t♦t✐❝ ❢♦r♠✉❧❛ ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ♦♥
❞♦♠❛✐♥s ✇✐t❤ r♦✉❣❤ ❜♦✉♥❞❛r✐❡s✳ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳✱ ✷✺✸✭✷✮ ✿✹✽✶✕✺✵✾✱ ✷✵✵✺✳
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s❤❛♣❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ ❙●P ✬✵✼ ✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✜❢t❤ ❊✉r♦❣r❛♣❤✐❝s s②♠♣♦✲
s✐✉♠ ♦♥ ●❡♦♠❡tr② ♣r♦❝❡ss✐♥❣✱ ♣❛❣❡s ✷✷✺✕✷✸✸✱ ❆✐r❡✲❧❛✲❱✐❧❧❡✱ ❙✇✐t③❡r❧❛♥❞✱ ❙✇✐t✲
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❬❙❛♥✼✻❪ ▲✉✐s ❆✳ ❙❛♥t❛❧ó✳ ■♥t❡❣r❛❧ ❣❡♦♠❡tr② ❛♥❞ ❣❡♦♠❡tr✐❝ ♣r♦❜❛❜✐❧✐t②✳ ❆❞❞✐s♦♥✲❲❡s❧❡②
P✉❜❧✐s❤✐♥❣ ❈♦✳✱ ❘❡❛❞✐♥❣✱ ▼❛ss✳✲▲♦♥❞♦♥✲❆♠st❡r❞❛♠✱ ✶✾✼✻✳ ❲✐t❤ ❛ ❢♦r❡✇♦r❞ ❜②
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✐♥❢♦r♠❛t✐✈❡ ♠✉❧t✐✲s❝❛❧❡ s✐❣♥❛t✉r❡ ❜❛s❡❞ ♦♥ ❤❡❛t ❞✐✛✉s✐♦♥✳ ■♥ ❙●P ✬✵✾ ✿ Pr♦✲
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❱✐❧❧❡✱ ❙✇✐t③❡r❧❛♥❞✱ ❙✇✐t③❡r❧❛♥❞✱ ✷✵✵✾✳ ❊✉r♦❣r❛♣❤✐❝s ❆ss♦❝✐❛t✐♦♥✳
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❘és✉♠é

▲❡ ❜✉t ❞❡ ❧❛ t❤ès❡ ❡st ❞❡ r❡❧✐❡r ❡♥tr❡ ❧❡s ♣r♦♣r✐étés ❞❡ ❞✐✛✉s✐♦♥ ❞❡s ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s
❡t ❧❡✉r ❣é♦♠étr✐❡✳ ❖♥ ✈❡✉t ♣❧♦♥❣❡r ✉♥❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ❞♦♥t ❧❛ ♠étr✐q✉❡
❡st ❞é♣❡♥❞❛♥t❡ ❞✬✉♥ ♣❛r❛♠ètr❡ t ❞❛♥s ✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt ♣❛r ❝❡s ♣r♦♣r✐étés ❞❡ ❞✐✛✉s✐♦♥✳
P❧✉s ♣ré❝✐sé♠❡♥t✱ à ❧✬❛✐❞❡ ❞❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ❞✉ ❧❛♣❧❛❝✐❡♥ ❝♦rr❡s♣♦♥❞❛♥t ♦✉ ❞❡ s♦♥
♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ❖♥ ❞é♠♦♥tr❡ q✉✬♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❡s ♣❧♦♥❣❡♠❡♥ts ♣❛r ✉♥ ♥♦♠❜r❡
✜♥✐ ❞❡ ❢♦♥❝t✐♦♥s ♣r♦♣r❡s ♣♦✉r t♦✉t❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés r✐❡♠❛♥♥✐❡♥♥❡s ✭▼✱ ❣✭t✮✮ t❡❧❧❡ q✉❡ ❧❛
♠étr✐q✉❡ ❣✭t✮ ❡st ❛♥❛❧②t✐q✉❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ t✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❣✭t✮ ❡st ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t✱
♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ✉♥ ♣❧♦♥❣❡♠❡♥t ❛✈❡❝ t♦✉t❡s ❧❡s ❢♦♥❝t✐♦♥s ♣r♦♣r❡s✳ ❈❡ ❞❡r♥✐❡r s✬❛♣♣❡❧❧❡
♣❧♦♥❣❡♠❡♥t ●✳P✳❙ ❡t ❞♦♥♥❡ ❜❡❛✉❝♦✉♣ ❞✬✐♥❢♦r♠❛t✐♦♥s s✉r ❝❡tt❡ ❢❛♠✐❧❧❡ ❞❡ ✈❛r✐étés✳ ❊♥s✉✐t❡✱
♦♥ ❝♦♥str✉✐t ❧❛ s♦❧✉t✐♦♥ ❢♦♥❞❛♠❡♥t❛❧❡ P ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉r ♥♦♥ ❧✐♥é❛✐r❡ s✉r ✭▼✱
❣✭t✮✮ t❡❧❧❡ q✉❡ ❣✭t✮ s♦✐t ❞❡ ✈♦❧✉♠❡ ❝♦♥st❛♥t✳ ❋✐♥❛❧❡♠❡♥t✱ ♦♥ é♠❡t ✉♥❡ ❝♦♥❥❡❝t✉r❡ s✉r ❝❡
♥♦②❛✉ ❞❡ ❧❛ ❝❤❛❧❡✉r✳ ❙✐ ❝❡tt❡ ❞❡r♥✐èr❡ s✬❛✈ér❛✐t ✈r❛✐❡✱ ♦♥ ♣♦✉rr❛✐t ♣❧♦♥❣❡r ✭▼✱ ❣✭t✮✮ ❞❛♥s
✉♥ ❡s♣❛❝❡ ❞❡ ❍✐❧❜❡rt à ❧✬❛✐❞❡ ❞❡ P✳

❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❝r❡❛t❡ ❧✐♥❦s ❜❡t✇❡❡♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❞✐✛✉s✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐✲
❢♦❧❞ ❛♥❞ ✐ts ❣❡♦♠❡tr②✳ ❲❡ ❡♠❜❡❞❞ ❛ ❢❛♠✐❧② ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✇❤♦s❡ ♠❡tr✐❝ ✐s t✐♠❡
❞❡♣❡♥❞❡♥t✱ ✐♥t♦ ❛ ❍✐❧❜❡rt s♣❛❝❡ ✇✐t❤ ✐ts ❞✉✛✉s✐♦♥ ♣r♦♣❡rt✐❡s✳ ◆❛♠❡❧②✱ ✈✐❛ t❤❡ ❡✐❣❡♥❢✉♥❝✲
t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛♣❧❛❝✐❛♥ ♦r ✐ts ❤❡❛t ❦❡r♥❡❧✳ ❲❡ ♣r♦✈❡ t❤❛t ✇❡ ❝❛♥ ❝♦♥str✉❝t
❡♠❜❡❞❞✐♥❣s ✈✐❛ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❢♦r ❛❧❧ ❢❛♠✐❧✐❡s ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s
✭▼✱ ❣✭t✮✮ s✉❝❤ t❤❛t ❣✭t✮ ✐s ❛♥❛❧②t✐❝ ✐♥ t✳ ■❢ t❤❡ ✈♦❧✉♠❡ ♦❢ ✭▼✱ ❣✭t✮✮ ✐s ❝♦♥st❛♥t✱ ✇❡ ❝❛♥
❝♦♥str✉❝t ❛♥ ❡♠❜❡❞❞✐♥❣ ✇✐t❤ ❛ ❝♦♠♣❧❡t❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❜❛s✐s✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ✇✐❧❧ ❜❡ ❝❛❧✲
❧❡❞➶➔ t❤❡ ●✳P✳❙ ❡♠❜❡❞❞✐♥❣✳ ❚❤✐s ❡♠❜❡❞❞✐♥❣ ✐s ✈❡r② ✐♥❢♦r♠❛t✐✈❡ r❡❣❛r❞✐♥❣ t❤✐s ❢❛♠✐❧② ♦❢
♠❛♥✐❢♦❧❞s✳ ❚❤❡♥✱ ✇❡ ❝♦♥str✉❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ P ❢♦r t❤❡ ♥♦♥✲❧✐♥❡❛r ❤❡❛t ❡q✉❛t✐♦♥
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