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Introduction

Although this may seem a paradox, all exact science is dominated by the
idea of approrimation. (Bertrand Russel, logicien et priz Nobel)

1 Approximation adaptative et anisotrope par élé-
ments finis : pourquoi et comment ?

Cette these est consacrée au probleme de l'approximation de fonctions par des élé-
ments finis polynomiaux par morceaux sur des triangulations, et sur des maillages plus
généraux. Nous nous intéressons tout particulierement a la situation ou le maillage est
construit en adaptation avec la fonction approchée. Ce maillage peut donc comporter des
éléments de taille, de rapport d’aspect et d’orientation fortement variables.

L’approximation par des fonctions polynomiales par morceaux est une procédure qui
intervient dans de nombreuses applications. Dans certaines d’entre elles comme la com-
pression de données de terrain, d’images ou de surfaces, la fonction f approchée peut étre
connue exactement. Dans d’autres applications comme le débruitage de données, I'ap-
prentissage statistique ou la discrétisation par éléments finis d’Equations aux Dérivées
Partielles (EDP), la fonction approchée n’est connue que partiellement, voire totalement
inconnue initialement. Dans toutes ces applications, on établit usuellement une distinc-
tion entre l'approximation uniforme ou adaptative. Dans le cadre uniforme, le domaine
de définition de la fonction est décomposé en une partition formée d’éléments de taille
et de forme comparables, alors que ces attributs peuvent varier fortement dans le cadre
adaptatif. La partition peut dans ce dernier cas étre adaptée aux propriétés locales de la
fonction f, dans I'objectif d’optimiser le compromis entre la précision et la complexité de
I’approximation.

Du point de vue de la théorie de 'approximation, ce compromis entre précision et
complexité est généralement lié a la régularité de la fonction : on s’attend typiquement a
des vitesses de convergence plus élevées pour des fonctions plus régulieres. Les fonctions qui
se présentent dans les applications concretes peuvent cependant présenter des propriétés
hétérogenes de régularité, dans le sens ou elles sont régulieres dans certaines régions,
qui séparent des discontinuités localisées. Deux exemples typiques, illustrés Figure (1] et
Figure [2| sont (i) les bords des objets dans les fonctions qui représentent des images,
et (ii) les chocs dans les solutions d’EDP hyperboliques et non-linéaires. Les méthodes
numériques destinées au traitement de l'image, pour le débruitage ou la compression



2 Introduction

FIGURE 1 — Une fonction réguliere par morceaux (haut, gauche), Partition uniforme du
domaine de définition (haut, droite), Partition associée a I’approximation adaptative fon-
dée sur les plus grands coefficients du développement de la fonction sur la base de Haar
(bas, gauche), Partition associée a l'approximation adaptative anisotrope de la fonction
par des éléments finis (bas, droite). (source : G. Peyré)

notamment, ou dédiées a la simulation des EDP bénéficient grandement de représentations
économiques et précises de telles fonctions. Une approximation polynomiale par morceaux
sur une partition uniforme du domaine n’est généralement pas suffisante a cet effet. Un
premier pas vers l'adaptativité consiste a faire varier la taille des éléments qui forment
la partition en fonction des propriétés locales de régularité de la fonction. Un procédé
tres similaire, souvent utilisé en traitement de l'image et illustré Figure [1| (bas, gauche),
consiste a retenir les termes d'une décomposition en ondelettes de f qui correspondent
aux plus grands coefficients. Un second pas dans 'adaptativité est de remarquer qu'une
plus grande résolution de la partition est requise dans la direction orthogonale a la courbe
de discontinuité que dans la direction tangentielle, et de tirer parti de cette propriété
en employant une partition anisotrope du domaine. En deux dimensions ces partitions
sont typiquement construites a 1’aide de triangles de fort rapport d’aspect alignés avec les
discontinuités, comme illustré Figure |1 (bas droite) et Figure

Dans le contexte de la simulation numérique des EDP, I'adaptativité signifie également
que le maillage de calcul n’est pas fixé a priori, mais dynamiquement mis a jour au cours
de la simulation a mesure que la solution exacte se dévoile. D’un point de vue numérique
ces méthodes requierent des algorithmes et des structures de données plus complexes que
leurs pendants non-adaptatifs. D’un point de vue théorique ’analyse de ces algorithmes
est difficile, lorsqu’elle est possible. On ne sait en fait rigoureusement établir que les mé-
thodes adaptatives améliorent la vitesse de convergence des solutions approchées vers la
solution exacte, que pour un nombre réduit de systemes d’EDP et seulement dans le cas de



F1GURE 2 — Flux d’air autour d'un avion supersonique, calculé a l'aide d’'un maillage
tridimensionnel fortement anisotrope. (source : F. Alauzet [20].)

I’adaptation isotrope de maillage. Nous référons au survey pour une vue d’ensemble
de ces résultats dans le cas des équations elliptiques. Nous devons mentionner que ces
difficultés sont accentuées lorsque des éléments finis anisotropes sont utilisés. Plusieurs
logiciels comme ,, utilisent cependant avec succes les maillages anisotropes pour
la simulation numérique des EDP, comme illustré par exemple Figure[2] D’un point de vue
numérique 'amélioration apportée par ces méthodes semble évidente en comparaison avec
les méthodes non-adaptatives ou adaptatives isotropes. Cependant de nombreux aspects
de 'analyse théorique de ces méthodes restent des questions ouvertes.

Cette these étudie le probleme de I'adaptation de maillage anisotrope pour l'approxi-
mation dune fonction connue. Ceci peut étre considéré comme une étape préliminaire
pour l'analyse de I'adaptation anisotrope de maillage dans la simulation des EDP, mais
d’autres applications peuvent en tirer parti comme le traitement de données de terrain,
de surfaces ou d’images.

Etant donnée une triangulation 7 d’'un domaine borné et polygonal 0 C R2, et un
entier fixé k£ > 1, nous notons Vi (7) espace des éléments finis de degré k sur 7. L’espace
Vi(T) est formé de toutes les fonctions qui coincident sur chaque triangle 7' € 7 avec un
polynome de degré total k

Vi(T):={g; gr€Py, T€T}.

La dimension de V4 (7) est de 'ordre de O(k*#(7)). Etant donnée une fonction f : Q — R
et une triangulation 7 de Q, l'erreur de meilleure approximation de f dans Vj(7) est
définie par

er(x = inf |1F ~glx. 0

La lettre X désigne la norme ou la semi-norme dans laquelle I'erreur d’approximation
|/ — gllx est mesurée. Dans cette these nous restreignons notre attention & la norme LP
et a la semi-norme W7, ot 1 < p < co. Elles sont définies comme suit :

1 1
||hHLP(Q) = </ |h|p) et |h|Wl,p(Q) = (/ |Vh|p) 7
Q Q

avec la modification usuelle lorsque p = oo. Notons que 'on doit imposer la continuité
globale de g dans la définition ci dessus de Vj(7) lorsqu’on utilise la semi-norme W?.
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La meilleure approximation g € Vi(7) de f peut étre calculée exactement dans le cas
de la norme L? ou de la semi-norme W12 (ou H') : g est la projection orthogonale de f
sur Vi (7) par rapport au produit scalaire associé a la norme d’intérét. Dans le cas p # 2
de normes non hilbertiennes la meilleure approximation de f est généralement difficile a
calculer, mais des approximations “satisfaisantes” peuvent étre obtenues par différentes
méthodes. Si la fonction est continue, on peut utiliser I'interpolation de Lagrange, tandis
qu’'un opérateur de quasi-interpolation est préféré pour les fonctions non-lisses, voir Cha-
pitre [6] Plus généralement, si Pr est un opérateur arbitraire de projection de l'espace X
sur Vi(7), il est aisé de voir que l'on a pour toute f € X

|f — Prfllx <Cer(f)x, (2)

ou C := 1+ ||Pr||x_x. Le probleme de 'approximation d’une fonction f sur une trian-
gulation donnée T, par des éléments finis de degré k, est donc en bonne partie résolu.

Dans le contexte de l'approximation adaptative, la triangulation 7 du domaine {2
n’est pas fixée, mais peut étre choisie librement en adaptation avec f (par contraste nous
supposons toujours dans cette these que l'entier k est fixé, bien qu’arbitraire). Ceci nous
meéne naturellement a ’objectif de caractériser et de construire un maillage optimal pour
une fonction donnée f. Etant donnée une norme X d’intérét et une fonction f a approcher,
nous formulons le probleme de [’adaptation optimale de maillage, comme la minimisation
de l'erreur d’approximation parmi toutes les triangulations de cardinalité donnée. Nous
définissons donc 'erreur de meilleure approximation adaptative comme suit :

en(f)x : #(%fSNef(f)X yonf | nf If = gllx. (3)
Par contraste avec le probleme de la meilleure approximation par éléments finis sur un
maillage fixé, I'approximation adaptative et anisotrope n’est pas encore bien comprise.
En particulier (i) comment le maillage optimal dépend-il de la fonction f, et (i) com-
ment l’erreur optimale en(f)x décroit-elle lorsque N augmente? Ces problemes sont bien
compris dans le cadre isotrope, ou l'optimisation est restreinte aux triangulations dans
lesquelles les triangles satisfont uniformément une contrainte sur leur rapport d’aspect

diam(T)* < O|T|

ou diam(T") et |T| représentent le diametre et I'aire de T respectivement, et C' > 0 est
une constante fixée. Dans le cadre général des triangulations potentiellement anisotropes,
ce sont des problemes ouverts.

Heuristiquement, la simplicité de (1)) en comparaison avec vient ce que l'optimisa-
tion est posée sur 'espace linéaire V(7 ), et qu'une solution presque optimale peut donc
étre obtenue en appliquant a f un opérateur de projection stable comme indiqué dans
. Par contraste, le probleme d’optimisation (3)) est posé sur la réunion d’espaces Vi (7)
pour toutes les triangulations 7 satisfaisant #(7°) < N. Il s’agit donc d’un probleme d’ap-
proximation non-linéaire. D’autres exemples de ce type de probleme sont I’approximation
par les N meilleurs termes dans un dictionnaire de fonctions, ou I'approximation par des
fonctions rationnelles. Nous référons le lecteur & [42] pour un survey sur 'approximation



non-linéaire.

L’objectif de cette these est de mieux comprendre le probleme d’adaptation de maillage
optimale posé sur la classe enticre des triangulations potentiellement anisotropes. Les
quatre parties de cette these sont consacrées respectivement aux quatre questions ci-
dessous :

[. Comment l'erreur d’approximation ey (f)x se comporte-t-elle dans le régime asymp-
totique ou le nombre N de triangles tend vers 'infini, lorsque f est une fonction
suffisamment réguliere 7 Nous établissons dans ce contexte une caractérisation ma-
thématique du maillage optimal, ainsi que des estimations précises supérieures et
inférieures de en(f)x a l'aide de N et de quantités qui dépendent non linéairement
des dérivées de f.

IT. Quelles classes de fonctions gouvernent la vitesse de décroissance de ey (f)x lorsque
N augmente, et sont en ce sens naturellement liées au probleme d’adaptation op-
timale de maillage? Nous pensons en particulier a ce qu’on appelle les fonctions
cartoon, qui par définition sont régulieres excepté le long d’une famille de courbes de
discontinuité. Il s’agit d’'un modele d’image populaire, illustré par exemple Figure [1}
Nous verrons que ce modele s’inscrit naturellement dans une classe de fonctions plus
riche qui correspond & une vitesse donnée de décroissance de en(f)x-.

ITI. Le probleme d’optimisation , qui porte sur les triangulations 7 de cardinalité
donnée N, peut-il étre remplacé par un probleme équivalent mais plus accessible ?
Les triangulations sont en effet des objets combinatoires et discrets, décrits par leurs
sommets et arétes, ce qui est peu commode lorsque 1’on résout des problemes d’opti-
misation de la forme de . Nous étudions la correspondance entre certaines classes
de triangulations et de métriques riemanniennes qui sont par contraste des objets
continus. Ceci nous permet de reformuler le probleme original d’optimisation par un
probleme plus facilement soluble posé sur I’ensemble des métriques riemanniennes.

IV. Est-il possible de construire une suite quasi-optimale de triangulations (7y)y>0, ol
#(Ty) = N, en utilisant une procédure hiérarchique de raffinement? La propriété
de hiérarchie garantit 'inclusion des espaces d’éléments finis associés aux triangula-
tions : Vi(7n) C Vi(Zn+1). Elle est requise dans des applications comme le codage
progressif ou le traitement de données en ligne (i.e. a mesure qu’elles sont trans-
mises). Nous proposons un algorithme simple et explicite qui donne une réponse
positive a cette question sous certaines conditions.

2 Etat de ’art

Avant d’entrer dans le détail du contenu de la these, nous donnons dans cette section
un apercu rapide de I'état de 'art dans les deux problemes de ’étude de ey (f)x lorsque
N augmente et de la construction d’une triangulation proche de 'optimale. Nous devons
pour cela introduire certaines notations. Nous supposons dans la suite que f € C°(Q),
o1 2 C R? est un domaine polygonal borné et © désigne I’adhérence de Q. Pour chaque
triangulation 7 de © nous notons I5 I'opérateur usuel d’interpolation de Lagrange sur
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les éléments finis de degré k sur 7 : sur chaque triangle T € 7 linterpolation I% f est
I'unique élément de P, qui coincide avec f aux points de coordonnées barycentriques
{0, %, e ,%, 1}. Lorsque k = 1 ces points sont simplement les trois sommets de T. Si
la triangulation 7" est conforme (chaque aréte de chaque triangle est soit sur le bord de
(2, soit coincide avec l'aréte entiere d’un autre triangle), alors IkT f est continu. Pour étre

consistant avec le reste de cette these nous définissons m := k+1 > 2, et nous avons donc

er(Nee SfF =17 fllrwy et er(flwre <[V = VIZF fllio@)-

Toute estimation sur 'erreur d’interpolation donne donc une estimation supérieure sur
I'erreur de meilleure approximation ez (f)x. De plus si f est suffisamment réguliere et 7°
suffisamment fine, alors ces quantités sont généralement comparables.

L’un des résultats fondateurs en approximation adaptative et anisotrope par des élé-
ments finis porte sur les éléments finis affines par morceaux (m = 2) lorsque l'erreur
est mesurée en norme LP, voir aussi [27] ou Chapitre 2l Ce résultat peut étre formulé
comme suit : pour tout domaine polygonal borné Q C R?, pour tout 1 < p < oo et pour
toute fonction f € C2(9), il existe une suite (7y)n>n, de triangulations de © satisfaisant
#(Tn) < N, et telles que

limsup N[\ = Ly, 1) < C||v/Tdet(@)] (4)

@’
ou l'exposant 7 € (0, 00) est défini par

1 1

— =1+,

T p
et C' est une constante universelle (C' est indépendante de p, €2 et f). Nous rappelons que
la limite supérieure d’une suite (uy)y>n, est définie par

limsupuy := lim sup u,, (5)
N—oo N—oo n>N
et est en général strictement inférieure au supremum sup v v, . Trouver une majoration
pertinente de sup sy, ||f — IlTN fllzr(o) reste aujourd’hui un probleme ouvert lorsque des
triangulations anisotropes adaptées de maniere optimale sont utilisées. Le résultat
s’étend a l'exposant p = oo, et aux maillages simpliciaux de domaines €2 de plus grande
dimension, mais les maillages 7 peuvent ne pas étre conformes.

Le résultat (4f) révele que la précision de I'approximation de f est gouvernée par la
quantité /| det(d?f)| qui dépend non linéairement de la matrice hessienne d?f. Cette dé-
pendance non linéaire est fortement liée au fait que nous autorisons des triangles de formes
potentiellement fortement anisotropes. L’estimation d’erreur est obtenue en produi-

sant des triangulations suffisamment fines qui combinent les deux propriétés heuristiques
suivantes :

a) Equidistribution des erreurs : la contribution || f —1I7. || () de chaque triangle T' € Ty
a Derreur d’interpolation globale || f — Iy f|r»(r) est du méme ordre. Cette condition
se traduit par une contrainte locale sur 'aire des triangles, qui est dictée par le com-
portement local de f et en particulier par det(d*f(z)).



FiGURE 3 — Illustration de la stratégie des patchs locaux : les régions {2; sont couvertes
par des pavages périodiques, qui sont ensuite recollés.

b) Forme optimale des triangles :le rapport d’aspect et 'orientation d’un triangle T' € Ty
est dicté par le rapport des valeurs propres et par la direction des vecteurs propres de
la matrice hessienne d?f(z) pour z € T.

La méthode la plus simple pour construire une suite (7y)n>n, de triangulations satis-
faisant @ est d’utiliser une stratégie de “patchs locaux” que I’on peut décrire intuitivement
comme suit. Dans une premiere étape le domaine 2 est découpé en régions §2;, 1 <1 < k,
suffisamment petites pour que la matrice hessienne d? f (z) varie peu sur chaque 2; autour
d’une valeur moyenne M;. En d’autres termes f est bien approchée par un polynome
quadratique sur chaque €2;. Chaque région €; est ensuite pavée par une triangulation uni-
forme 7}, dont les mailles sont de taille, de rapport d’aspect et d’orientation dictés par
M;. Les triangulations 73, de Q sont ensuite recollées de maniere conforme pour former
une triangulation 7y de €2, au prix de quelques triangles supplémentaires aux interfaces
entre les €);.

Cette construction, illustrée Figure [3] est suffisante pour établir le résultat asympto-
tique , mais pas pour des applications pratiques car elle ne devient efficace que pour un
grand nombre de triangles. L’approche suivante, fondée sur les métriques riemanniennes,
est souvent préférée dans les applications. Pour simplifier I’exposition nous supposons que
la matrice hessienne M (z) := d?f(z) est définie positive en chaque point z € €2, et nous

définissons )
H(z) := M\*(det M (2))" 272 M(z) (6)

ou A > 0 est une constante dont le role est de controler la résolution de la triangulation.
Une telle fonction H, qui associe continiment a chaque point z € ) une matrice symé-
trique définie positive H(z) € S5, est appelée une métrique riemannienne. Notez que pour
chaque z € Q, la matrice H(z) définit une ellipse

. ={ueckR?; v H(z)u <1}

Comme illustré Figure [4] partie gauche, une métrique encode & chaque point z €
une information d’aire, de rapport d’aspect et d’orientation, sous la forme d’une matrice
symétrique définie positive H(z) ou de maniere équivalente d'une ellipse &,. Plusieurs
algorithmes de génération de maillage, comme ,, sont capables de produire une
triangulation adaptée a la métrique z — H(z), dans le sens ou pour chaque z € Q le
triangle T € 7 contenant z a une forme “similaire” a Uellipse £, comme illustré Figure []
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FIGURE 4 — Une métrique et une triangulation adaptée. (source : J. Schoen [84])

partie droite. En termes mathématiques, cela signifie que pour chaque triangle T' € 7 et
chaque z € T, l'on a
br + &, CT Cbr+ €., (7)

ou 0 < ¢ < ¢9 sont des constantes fixées et by désigne le barycentre de T', ce qui signifie
aussi que T est “proche” d’étre un triangle équilatéral dans la métrique H(z). Si 7 est
une telle triangulation, et si A est suffisamment grand, un argument heuristique (qui sera
rappelé Chapitre [2) montre que

#( DI =17 fllone < CllvVIdet(df)lll-@)

ol la constante C' dépend de ¢ et cs.

En faisant varier le parametre A nous obtenons différentes triangulations 7y, de car-
dinalité proportionnelle & A%, ce qui meéne a I'estimation d’erreur . Mentionnons que
la construction du maillage 7 a partir de la métrique H n’est pas évidente. De plus il
n’existe pas de preuve rigoureuse que la condition de similarité est vérifiée par les al-
gorithmes de génération de maillage les plus courants, a I’exception notable de [66] et [15].

La borne d’approximation est optimale si I'on se restreint aux triangulations qui
satisfont une condition technique définie comme suit. Nous disons qu’une suite (7y)n>n,
de triangulations d'un domaine polygonal 2 C R? est admissible si #(7y) < N et si

sup (\/N max diam(T)) < 0. (8)

N>No TeTn

Pour toute suite admissible (7x)y>n, de triangulations de 2, on peut établir la minoration

(9)

ou la constante ¢ > 0 est universelle (voir aussi Théoreme [2| dans le plan de la these
ci dessous). De plus la condition d’admissibilité n’est pas trop restrictive : pour chaque
e > 0 il existe une suite admissible de triangulations (7y)n>n, qui satisfait la majoration
d’erreur a la constante € pres ajoutée au terme de droite.

hNHLiO%fN”f — IITN v = ¢

| det(d?f)]

(@)’

Des résultats similaires a (4]) et @ peuvent étre développés pour les maillages isotropes,
dans lesquels la taille des triangles peut varier mais pas leur forme, en ce sens que la mesure



de dégénérescence p(T) := diam(T")?/|T| est uniformément bornée par une constante py,
voir par exemple [35]. Dans ce cas I'estimation doit étre remplacée par

11131 sup N||f — IlTN fllr) < C”deHLT(Q)a (10)

avec la méme valeur de 7, et 'estimation @ a un pendant similaire. Les constantes C'
et ¢ apparaissant dans ces estimations dépendent désormais de la borne py sur la mesure
de dégénérescence. Ainsi la quantité non linéaire /| det(d?f)| est remplacée par le terme
linéaire d?f dans la norme L7, et ces résultats sont désormais tres similaires a ceux de
meilleure approximation par N ondelettes [30].

En termes des valeurs propres \;(z), A2(z) de la matrice symétrique d?f(z) nous rem-
plagons donc la moyenne géométrique /|A1(2)A2(2)| par max{|A1(2)|, |A\2(2)|}, qui peut
étre significativement plus grand quand ces valeurs propres sont d’ordres de grandeur dif-
férents. C’est le cas typiquement si la fonction f approchée présente des caractéristiques
fortement anisotropes, et nous pouvons donc nous attendre a une amélioration substan-
tielle des propriétés d’approximation lorsque des maillages anisotropes sont utilisés pour
de telles fonctions.

Le résultat donne un compte rendu précis de 'amélioration que peuvent appor-
ter des triangulations anisotropes en comparaison avec les triangulations isotropes, mais
malheureusement seulement dans un cadre restreint, ce qui a motivé notre travail :

[. Le résultat original ne s’applique qu’a l'erreur d’interpolation linéaire mesurée en
norme LP, alors que les éléments finis de plus haut degré et les normes de Sobo-
lev WP sont aussi pertinents. En particulier la norme W2 (ou H') apparait tres
naturellement dans le contexte des EDP elliptiques.

II. La fonction approchée f doit étre C?, alors que les applications les plus intéressantes
de I'approximation adaptative font intervenir des fonctions non lisses voire disconti-

nues. Quel sens peut-on donner a la quantité ||/|det(d?f)|||c-(q) lorsque f est une
fonction discontinue ?

III. La métrique riemannienne z — H(z) est utilisée comme objet intermédiaire pour la
génération de maillages dans les applications numériques. Cette approche manque
cependant d’un résultat précis d’équivalence entre ces objets continus et les diffé-
rentes classes de triangulations anisotropes. Sous quelles conditions peut-on associer
a une métrique z — H(z) une triangulation 7 qui lui est adaptée au sens de ([7)) ?

IV. Les algorithmes précédemment mentionnés de génération de maillages anisotropes
ne sont pas hiérarchiques, dans le sens ou une meilleure précision n’est pas atteinte
par un raffinement local mais par la re-génération globale d’'un nouveau maillage.
Peut-on proposer un algorithme de raffinement hiérarchique qui permet d’obtenir
I'erreur d’approximation optimale ?

Nous devons aussi mentionner deux problemes fondamentaux qui sont discutés dans
cette these, mais qui sont restés des problemes ouverts et feront l'objet de travaux fu-
turs. En premier lieu I'estimation d’erreur (4)) ne donne qu’une information asymptotique,
lorsque le nombre de triangles tend vers oo, alors qu’'une estimation d’erreur portant sur
toutes les valeurs de NV est fortement souhaitée. En second lieu ’extension de ce résultat
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a des fonctions définies sur des domaines de dimension supérieure a deux est entravée par
un probleme difficile de géométrie algorithmique : la production de maillages conformes
et anisotropes en dimension 3 ou plus élevée. Des méthodes numériques comme [94] s’at-
taquent a ce probléeme, mais il n’est pas résolu d’un point de vue théorique.

3 Plan de la these

La these est constituée de quatre parties qui visent a résoudre les quatre problemes
clefs, numérotés I a IV, que nous avons rencontrés dans les résultats antérieurs sur ’ap-
proximation adaptative et anisotrope par éléments finis. Ces quatre parties sont essentiel-
lement auto-consistantes et peuvent donc étre lus indépendamment. Les chapitres consti-
tuant chaque partie gagnent a étre lus dans l'ordre, a ’exception du chapitre 1 dont la
lecture peut étre ignorée par le lecteur souhaitant aller plus rapidement au coeur du sujet.
Les chapitres 1, 2, 3, 4, 7, 8, ainsi que la troisieme partie du chapitre 9, sont respecti-
vement issus des articles 9], [72], [73], [37], [34], [36] et [35]. Les notations utilisées dans
ces articles ont été unifiés pour la clarté de 'ensemble. Les chapitres 5 et 6 sont 'objet
d’articles en préparation.

Partie I. Eléments finis de degré arbitraire, et normes de Sobolev

Nous généralisons dans cette partie I'estimation d’erreur asymptotique aux élé-
ments finis de degré arbitraire et aux semi-normes de Sobolev WP pour la mesure de
Ierreur. Cette analyse nous amene a introduire des concepts clefs pour I'adaptation opti-
male de maillage.

Pour commencer nous considérons dans le Chapitre[1] des partitions d’'un domaine rec-
tangulaire en rectangles alignés avec les axes de coordonnées, comme illustré Figure 5] a
la place de triangles de directions arbitraires. De telles partitions sont pertinentes lorsque
les axes de coordonnées jouent un role privilégié, de sorte que les traits anisotropes de
la fonction f sont alignés avec les axes de coordonnées. Nous obtenons une estimation
d’erreur asymptotique optimale dans ce contexte. Nos résultats s’appliquent a des poly-
nomes par morceaux de degré arbitraire, en dimension quelconque d > 1, lorsque I’erreur
d’approximation est mesurée en norme LP. Nous ne considérons pas ici les normes WP
car ces approximations polynomiales par morceaux sont généralement discontinues.

Le principal avantage de ce cadre est que les détails techniques requis pour la construc-
tion d’une partition anisotrope du domaine, ainsi que ’analyse d’erreur, sont simplifiés
par la présence de directions privilégiées. Nous tirons avantage de ce contexte simple pour
introduire et étudier un concept clef appelé la fonction de forme, ou shape function en
anglais, qui gouverne l'erreur d’approximation locale apres une adaptation optimale des
éléments de la partition aux propriétés locales de la fonction approchée. Cette fonction
de forme est aussi définie et utilisée dans les Chapitres 2 et 3 pour des triangulations
anisotropes. Nous donnons ci-dessous sa définition précise dans ce cadre.

Le Chapitre [2] est consacré aux éléments finis triangulaires de degré arbitraire m — 1,
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FIGURE 5 — Partition anisotrope d’'un domaine en rectangles.

ou m > 2, lorsque l'erreur est mesurée en norme LP. Pour présenter nos résultats, nous
devons introduire quelques notations. Nous notons H,, 1’espace vectoriel des polynoémes
homogenes de degré m :

H,, := Span{z*y' ; k+1=m}.

Un ingrédient clef de notre approche est la fonction de forme K,,, : H, — R, ou
1 < p < oo est un exposant donné. Cette fonction est définie par une optimisation de
I'erreur LP d’interpolation parmi les triangles d’aire 1 de toutes les formes possibles : pour
tout 7 € IH,,,

Knp(m) 1= inf, 17 = 17~ o, (11)
ou 177! désigne I'opérateur d’interpolation locale sur 7. Notre résultat principal est ’es-
timation d’erreur asymptotique suivante.

Théoréme 1. Soit Q C R? un domaine polygonal borné, soit f € C™(Q) et soit 1 < p <
oo. 1l eziste une suite (Tn)n>ny, #(In) < N, de triangulations conformes de 2 telles que

. m - d"f
limsup Nz || f — I, Y fller@) < HKm,p (W) (12)

N—oo

L7(Q)

ot 'exposant T € (0,00) est défini par % =7+ %.

Dans P'estimation d’erreur (12)), nous identifions la donnée d™ f(z) des dérivées d’ordre
m de f au point z au polynome homogene qui lui correspond dans le développement de
Taylor de f en z. Sous forme mathématique

d™f(z) o"f

—_—

m! Okx Oy
k+l=m

xk yl
(2) NN

Le Théoreme|l| étend le résultat connu aux éléments finis de degré arbitraire m — 1.
De maniere similaire, la qualité de ’approximation adaptative et anisotrope de f est déter-
minée par une expression non-linéaire des dérivées de f : la fonction de forme K, ,(d™ f(2))
est la “généralisation” aux dérivées d’ordre supérieur du déterminant /| det(d?f(z))| ap-
paraissant dans (4)).
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Ces résultats motivent une étude approfondie de la fonction de forme K, ,. Nous avons
montré que Kj,, qui correspond au cas m = 2 de 'approximation affine par morceaux,
est proportionnel & la racine carrée du déterminant du polynome quadratique 7 = ax? +

2bxy + cy? € H* :
Kap(m) = capy/| det 7| = capy/Jac — 2],

ou la constante ¢y, > 0 dépend seulement du signe de det 7. Nous retrouvons donc le
résultat antérieur (4)). Dans le cas m = 3 de 'approximation quadratique par morceaux,
nous montrons que la fonction de forme K3, est la racine quatrieme du discriminant du
polynéme cubique homogene 7 = ax® + 3bz?y + 3cay? + dy® € H; :

Ks,(7) = 3/ | disc | = e3, v/ |4(ac — b2)(bd — ¢2) — (ad — be)?],
ou la constante ¢z, > 0 dépend seulement du signe de disc . Pour les plus grandes valeurs
de m, m > 4, nous n’avons pas obtenu d’expression explicite de la fonction de forme, mais
une quantité explicite qui lui est uniformément équivalente. Cet équivalent a la forme
suivante : il existe un polynome @Q,,(ag, - ,a,,) des m + 1 variables ag, -+ , ap,, et une
constante C,, > 1 telle que pour tout m = apz™ + a;2™ 'y + - - - a,,y™ € H,, on ait en
notant r,, := deg Q,,,

C;zl h</62Trb(aOa s ) < K p(m) < O h</62rrb(aOa S ). (13)

Le polynome @,, s’obtient a l'aide de la théorie des polynomes invariants développée par
Hilbert dans [61]. Nous caractérisons aussi les zéros de la fonction de forme, et donc les
cas possibles de “super-convergence” : K, ,(7) = 0 si et seulement si 7 se factorise par
un facteur linéaire ax + by de multiplicité s > m/2, en d’autres termes si le polyndéme
homogene 7 est suffisamment dégénéré.

La preuve du Theoreme (1| est fondée sur la “stratégie des patchs locaux” qui a été
évoquée précédemment : on considere en premier lieu une “macro-triangulation” R du
domaine initial €2, qui est suffisamment fine pour que les dérivées d’ordre m de f varient
peu sur chaque triangle R € R autour d’une valeur moyenne mz € H,,. A chaque poly-
nome mg, R € R, on associe ensuite un triangle T qui minimise, ou presque, le probleme
d’optimisation définissant K, ,(mg). On pave ensuite chaque “macro-triangle” R € R de
maniere périodique en utilisant le triangle Tz convenablement mis a 1’échelle et son sy-
métrique par rapport a l'origine. Finalement, comme illustré Figure [3 la triangulation
Ty est obtenue en recollant ensemble les pavages périodiques définis sur chaque R € R,
a l'aide de quelques triangles supplémentaires aux interfaces pour obtenir un maillage
globalement conforme.

Le théoreme suivant établit que I'estimation asymptotique est optimale, si 'on
se restreint aux suites admissibles de triangulations qui sont définies par la condition .
Ce théoreme montre de plus que la condition d’admissibilité n’est pas trop restrictive.

Théoréme 2. Soit Q2 C R? un domaine polygonal borné, soit f € C™(Q) et soit 1 < p <
00. Soit (In)N>Ny, #(Tn) < N, une suite admissible de triangulations de Q. Alors

Ko, <ﬁ)
’ m!

hNHLiorcl)f Ne||f - I?N_l e = : (14)

L7(Q)
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FI1GURE 6 — Interpolation d’une fonction parabolique bi-dimensionelle sur un maillage
composé de triangles aigus (gauche), ou bien “plats” et fortement obtus (droite).

ot % =g+ }D. De plus pour chaque € > 0 il existe une suite admissible (T5)n>n, de

triangulations de Q, #(Ty) < N, telle que :

: m - d"f
limsup N2 || f — T7¢ Y fllee) < HKm,p <W)

N—oo

+e. (15)
L7(9)

Le Chapitre [3] est consacré aux versions des Théoremes [I] et 2] lorsque 'erreur d’inter-
polation est mesurée dans la semi-norme de Sobolev WP 1 < p < co. Ces estimations
font intervenir I’analogue L,,, de la fonction de forme K,,, qui est défini comme suit :
pour tout = € H,,

Lungl®) 1= inf [9(x =77 ) |

Nous donnons de nouveau des équivalents explicites de Ly, ,(7), définis de la méme maniere
que par une expression algébrique en les coefficients de m € H,,,. Nos résultats pour
les semi-normes WP sont donc extrémement similaires aux résultats obtenus pour les
normes LP.

L’adaptation des preuves n’est en revanche pas évidente, a cause du phénomene sui-
vant : la présence de triangles fortement obtus (avec un angle proche de 7r) dans un
maillage peut causer des oscillations du gradient de I'interpolation d’une fonction, comme
illustré Figure@ Ce phénomene détériore I'erreur d’interpolation dans la semi-norme W17,
mais pas dans la norme LP. Ces triangles “plats” doivent donc étre évités avec précaution.
En résumé, les triangles longs et fins peuvent étre souhaitables mais il ne doivent pas étre
trop fortement obtus.

Avant de continuer la description de cette these, nous rappelons au lecteur que les
trois chapitres qui composent la Partie [I| sont auto-consistants et peuvent donc étre lus
indépendamment.

Partie II. Classes d’approximation anisotropes et modeles d’images

Dans cette partie, formée de I'unique Chapitre 4, nous discutons de ’extension de nos
résultats d’approximation aux fonctions non lisses.

Il existe des moyens variés de mesurer la régularité de fonctions définies sur un domaine
Q) C R? le plus souvent au moyen dun espace de régularité approprié et d’'une norme
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associée. Des exemples classiques sont les espaces de Sobolev et de Besov. Ces espaces
sont souvent utilisés pour décrire la régularité de solutions d’EDP. D’un point de vue
numérique ils caractérisent précisément la vitesse a laquelle une fonction f peut étre
approchée par des fonctions plus simples comme les séries de Fourier, les éléments finis
(sur des triangulations isotropes), les fonctions splines ou les ondelettes.

Le résultat d’approximation adaptative anisotrope (4]) et sa généralisation par le Théo-
reme (1| indiquent que la qualité de 'approximation d'une fonction f par des éléments finis
sur des triangulations anisotropes est gouvernée par une quantité non-linéaire de ses dé-
rivées, d’un point de vue asymptotique du moins. Dans le cas des éléments finis de degré
1, et de approximation en norme L?, la quantité pertinente est la suivante

A(f) = | VIdet(@ )]

La fonctionnelle A differe fortement des normes de Sobolev, Holder ou Besov, car elle est
fortement non linéaire : A ne satisfait pas 'inégalité triangulaire, ni aucune quasi-inégalité
triangulaire. En d’autres termes pour chaque constante C' il existe f,g € C%(Q) telles que

£2/3(9)

A(f +g) > C(A(S) + A(9))- (16)

L’absence d’une inégalité triangulaire interdit d’utiliser les techniques classiques de 1’ana-
lyse linéaire pour définir un espace de régularité attaché a la fonctionnelle A. L’extension
du résultat d’approximation (4)) aux fonctions qui ne sont pas C* n’est donc pas évidente.

Les fonctions qui se présentent dans les applications concretes, comme par exemple en
traitement de 'image ou comme solutions d’EDP hyperboliques, présentent souvent des
zones de régularité séparées par des discontinuités localisées. Un modele mathématique
simple pour ce type de comportement est donné par la classe des fonctions cartoon, qui
sont régulieres excepté le long d'une famille de courbes elles mémes régulieres, a travers
lesquelles elles sont discontinues. Une analyse heuristique présentée dans le Chapitre [4]
suggere que pour toute fonction cartoon f définie sur un domaine polygonal borné €2, il
existe une suite (7x)n>n, de triangulations anisotropes de 0, #(7y) < N, telles que

sup N||f =17, fllrze) < . (17)
N>No

Comme illustré Figure , les triangulations (7x)n>n, se composent de triangles fortement
anisotropes alignés avec les discontinuités de f, et de grands triangles dans les régions ou
f est réguliere. Le résultat d’approximation fait espérer qu’il existe une estimation
d’erreur asymptotique précise, pour I'approximation anisotrope des fonctions cartoon, qui
étende le résultat connu lorsque f est C?, & savoir

limsup N/ = T, /120 < CAU). (18)

Nous n’avons rempli pour I'instant qu'une partie de ce programme : ’extension de la
fonctionnelle A aux fonctions cartoon. Plus précisément, considérons une fonction ¢ €
C>(R?) radiale, & support compact et d’intégrale unité. Définissons p;5(z) = & (%)
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TV ~ A?3 > 1 TVe~1l, A>1 TV~1, A>1
FiGURE 7 — Comportement des fonctionnelles TV et A sur différents types d’images.
pour chaque § > 0 et notons fs := f % @s la convolution de f avec ¢s. Nous prouvons

que si f est une fonction cartoon, alors A(fs) converge lorsque d — 0 vers une expression
explicite :

lim A(f5)"* = || /Tdet(@)]

6—0

2/3 2/3

sy T ) v/t
- / | IARTE: + 0 / () 3y (3) 23,

Nous avons noté ici I' la famille de courbes le long desquelles la fonction cartoon f est dis-
continue, v(s) le saut de f en un point s € I', et k(s) la courbure de I' en s. La constante
C(¢) est strictement positive et s’exprime explicitement en fonction de (.

L2/3(T)

L’extension de la fonctionnelle non linéaire A aux fonctions cartoon met en lumiere
un lien, exploré en §4.4] entre Papproximation par éléments finis sur des triangulations
anisotropes et plusieurs autres domaines mathématiques. Nous pensons en particulier aux
méthodes présentées dans de traitement de I'image invariant par transformation af-
fine, et a la définition donnée dans d’espaces de fonctions définis par la régularité des
lignes de niveau de leurs éléments.

On peut aussi penser la quantité A comme le pendant “d’ordre deux” de la semi-norme
TV de variation totale, une mesure de régularité définie en termes des dérivées d’ordre un
de f et qui est aussi finie lorsque f est une fonction cartoon. La variation totale joue un
role central en traitement de I'image et dans I'analyse des équations de transport, deux
domaines dans lesquels les fonctions régulieres par morceaux apparaissent naturellement.
Lorsque f est une fonction cartoon, sa variation totale est donnée par la formule suivante :

TV(f) = / MZCES / 7 (s) ds.

Nous comparons le comportement des quantités A(f) et TV(f) pour différentes familles
de fonctions cartoon f. Les quantités TV(f) et A(f)?? se révelent équivalentes lorsque f
est la fonction oscillant de maniére lisse f(z) := cos(w|z|), illustrée Figure [7] (i), ot w est
un grand parametre. En revanche, les discontinuités sont pénalisées de maniere différente
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par ces deux fonctionnelles. Pour une fonction “en escalier”, comme illustré Figure [7] (ii),
la variation totale TV reste bornée alors que A tend vers I'infini & mesure que le nombre
de marches croit, & cause du terme de saut |y(s)|?/? dans I'intégrale sur I'’ensemble I' des
discontinuités. Par ailleurs, & cause du terme de courbure |r(s)|3, la fonctionnelle A est
bien plus grande que TV pour les fonctions caractéristiques d’ensembles ayant un bord
complexe ou oscillant comme illustré Figure [7]

La fonctionnelle A peut donc étre considérée comme un modele d’image quantitatif :
une image monochrome, décrite par sa luminosité f : [0, 1]*> — [0, 1], est plausible si A(f)
est suffisamment petit. A partir de I'approche introduite dans [70], nous proposons un al-
gorithme de débruitage d’images utilisant un a-priori bayésien fondé sur ce modele. Dans
sa version actuelle, cet algorithme n’est pas satisfaisant en terme de vitesse de conver-
gence, et pour cette raison nous présentons uniquement des illustrations numériques dans
un cadre simplifié unidimensionel.

Enfin nous étudions 'extension aux fonctions cartoon des autres quantités non-linéaires
qui apparaissent en approximation par éléments finis sur des triangulations anisotropes,
comme la norme ||K,,,(d™f)| 1~ de la fonction de forme pour m > 2, ou I'analogue de
cette quantité lorsque f est une fonction de plus de deux variables.

Partie III. Génération de maillage anisotrope et métriques rie-
manniennes

Les triangulations sont des objets discrets de nature combinatoire : elles peuvent étre
décrites par une famille de sommets et d’arétes les joignant. Cette description est fruc-
tueuse pour la démonstration de résultats algébriques comme la formule d’Euler, ou pour
le traitement informatisé. Par contraste, comme expliqué précédemment, de nombreuses
approches en adaptation anisotrope de maillage [66,/1520] se fondent sur un objet continu
équivalent aux triangulations, & savoir une métrique riemannienne z — H(z). Il s’agit en
d’autres termes d'une fonction continue H de 2 dans I'ensemble S5 des matrices symé-
triques définies positives. Une fois cette métrique concue convenablement, un algorithme
de génération de maillages a la charge de fabriquer une triangulation qui lui correspond
dans le sens de ([7]). L'objectif de la Partie est de formuler des résultats précis d’équi-
valence entre certaines classes de triangulations et de métriques riemanniennes. Cette
équivalence traduit les contraintes géométriques que satisfont les triangulations sous la
formes de propriétés de régularité des métriques riemanniennes qui leur sont équivalentes.

Pour énoncer nos résultats nous devons introduire certaines notations. Nous associons
a chaque triangle T son barycentre z; € R? et la matrice symétrique définie positive
Hr € S5 telle que lellipse & définie par

Er ={2€R?*; (2 — 20)"Hr(z — 21)},
est l'ellipse d’aire minimale contenant 7. Le point zp indique donc la position de 7', tandis
que la matrice Hy € S5 décrit son aire, son rapport d’aspect et son orientation.

Nous notons T la famille de toutes les triangulations conformes du domaine infini R?.
Le choix de considérer des triangulations infinies est guidé par la simplicité, et un travail



17

futur sera consacré aux triangulations de domaines polygonaux bornés. Nous notons H :=
CY(R?%, Sy) la famille des métriques riemanniennes sur R%. Une métrique H € H associe
continiment & chaque point z € R? une matrice symétrique définie positive H(z) € Sy .
Soit C' > 1, nous disons qu’une triangulation 7 € T est C-équivalente a une métrique
H € H si pour tout T' € 7 et tout z € T nous avons au sens des matrices symétriques

C?H(z) < Hr < C*H(z).

Nous disons qu’une famille T, C T de triangulations est équivalente a une famille H, C H
de métriques s’il existe une constante uniforme C' > 1 telle que
— Pour chaque triangulation 7 € T, il existe une métrique H € H, telle que 7 et H
soient C-équivalents.
— Pour chaque métrique H € H, il existe une triangulation 7 € T, telle que 7 et H
soient C-équivalents.

Nous considérons trois familles pertinentes de triangulations de R?
Tz’,C C Ta,C C Tg,C

qui dépendent de maniére mineure d'un parametre C' > 1. La famille Ty des trian-
gulation étagées, en anglais graded, est définie par la condition suivante qui impose un
minimum de consistance dans les formes des triangles voisins. Une triangulation 7 ap-
partient a T, ¢ si pour tous 7', 7" € 7 nous avons

TNnT 7é @ = C_QHT < Hp < CQHT.

Une triangulation appartient a la classe T; ¢ des triangulations isotropes si T est étagée,
T € Ty, et si les éléments de T sont suffisamment proches du triangle équilatéral, ce
qu’exprime la condition suivante : pour tout 7" € T

[Hrll|IH| < C.

La classe T, ¢ des triangulations quasi-aigues est définie par une condition légérement plus
technique sur les angles maximaux des triangles, voir Chapitre 5l Comme expliqué dans
la description ci-dessus du chapitre 3, éviter les angles trop fortement obtus est nécessaire
pour garantir la stabilité du gradient lorsqu’on applique I'opérateur d’interpolation. L'un
de nos résultats clefs est la reformulation de cette condition sous la forme d’une hypothese
de régularité de la métrique riemannienne équivalente. D’un point de vue pratique, cette
condition n’est malheureusement pas garantie par les programmes existants de génération
de maillage. Les contraintes satisfaites par ces familles de triangulations de R? sont illus-
trées pour des triangulations de domaines bornés sur la Figure [

Les résultats du Chapitre 5] établissent que lorsque C' est suffisamment grand, ces trois
classes de triangulations sont équivalentes a trois familles de métriques, respectivement

H;, CH, CHg,
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qui sont définies par des conditions de régularités précises sur la fonction z — H(z). En
particulier la famille H; est formée des métriques H qui sont proportionnelles a I'identité
H(z) =1d /s(2)?, et telles que le facteur de proportionnalité s satisfait 'une des conditions
suivantes qui de maniere surprenante sont équivalentes

e Propriété de Lipschitz Euclidienne : |s(z) — s(2/)| < |z — 2/| pour tous z, 2’ € R

e Propriété de Lipschitz Riemannienne : |Ins(z) — Ins(2’)| < dg(z, 2') pour tous z,2' €
R2.

Rappelons que la distance riemannienne dgy(z, z’) mesure la longueur, au sens de la mé-

trique H, du plus court chemin joignant z a 2’ :

ot ||ullpr := VuTMu et ol I'infimum est pris parmi tous les chemins v € C([0, 1], R?)
joignant z a z’.

Les deux propriétés de Lipschitz présentées ci-dessus s’étendent naturellement aux
métriques riemanniennes générales, mais ne sont alors plus équivalentes. Pour H € H, on
pose S(z) := H(z) 2, et on introduit les deux propriétés distinctes

dy(H(2),H(¢")) < |z — 2| pour tout z,z € R? (19)
ot dy (H(z), H(2')) = [|S(2) = S()|, et
dy(H(2),H(?)) < dg(z,2) pour tout z,2 € R2 (20)

o dy(H(z), H(2")) := Inmax{||S(2)S(z") 7], ]|S(2)S(2)~!||}. Notons que d, et dy sont
des distances sur S5 .

Le résultat principal du Chapitre [5| caractérise les familles de métriques H, et H,
(associées aux familles Ty o des triangulations étagées, et T, ¢ des triangulations quasi-
aigues) sous la forme des propriétés de Lipschitz ci-dessus.

Théoréme 3. Si la constante C' est suffisamment grande, alors la famille T, des tri-
angulations étagées est équivalente a la famille Hy des métriques qui satisfont @), et la
famille T, o des triangulations quasi-aigues est équivalente a la famille H, des métriques
qui satisfont simultanément (@) et (@

Nous donnons Chapitre [6] des applications de ces résultats dans le contexte de la
théorie de I'approximation et de la génération contrainte de maillage. Décrivons ce dernier
exemple. Pour chaque ensemble fermé E C R et chaque triangulation 7 € T nous notons
Vr(FE) le voisinage de E dans la triangulation 7, qui est défini comme suit

Ur

TeT
TNE#)

Nous disons qu'une triangulation 7 € T sépare deux ensembles fermés et disjoints
XY C R? si Vo(X)NVy(Y) = 0. La propriété analogue pour les métriques est la
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F1GURE 8 — Génération d’une couche de triangles de largeur ¢ le long du cercle unité
en utilisant O(51) triangles isotropes (haut gauche), @(6~2|Ind|) triangles “quasi-aigus”
(haut droit), O(5~2) triangles satisfaisant, ou non, la condition d’é¢tagement (bas gauche
et bas droit).

suivante : une métrique H € H sépare X et Y si dgy(z,y) > 1 pour tous z € X et y € Y.
Nous montrons que ces deux propriétés sont rigoureusement équivalentes, et nous utilisons
cette reformulation pour calculer le plus petit nombre de triangles (a périodicité pres) re-
quis pour séparer des ensembles (périodiques) en utilisant une triangulation (périodique)
isotrope, quasi-aigue ou étagée. Comme illustré sur la Figure [§, imposer davantage de
contraintes sur la triangulation augmente typiquement le nombre de triangles requis pour
réaliser la méme tache.

La suite de ce chapitre est consacrée au controle de I'erreur d’approximation par élé-
ments finis d’une fonction sur une triangulation 7, en norme L? ou WP, par une quantité
en(f)p, €4 (Vf)p ou e (Vf), attachée & une métrique H équivalente a 7. Cette analyse
fait apparaitre, dans le cas des normes de Sobolev, le role particulier joué par les conditions
d’angle et de régularité qui définissent les triangulations et métriques appartenant a T,
et H, respectivement. Finalement nous étendons aux métriques les estimations d’erreur
asymptotiques développés pour des triangulations Chapitres 2 et 3.

Partie IV. Algorithmes de raffinement hiérarchique

La derniere partie de cette these est consacrée a I’étude d’un algorithme proposé par
Cohen, Dyn et Hecht qui produit des suites hiérarchiques (7y)n>n, de triangulations
anisotropes (non-conformes) adaptées a une fonction donnée f. Etant donnée une trian-
gulation 7 d’un domaine ) et une fonction f € LP(Q), cet algorithme crée en une étape
une triangulation 77 de €2, de cardinalité #(7") = #(7) + 1, de la fagon suivante :

1. (Sélection “greedy” du triangle a raffiner) On sélectionne un triangle T € 7 dont la



20 Introduction

PPy

FiGURE 9 — L’algorithme de raffinement : choix du triangle qui maximise l'erreur d’ap-
proximation (i, en sombre), choix d’une bissection parmi les trois possibilités (ii, iii),
itération de ces deux étapes (iv).

contribution a l'erreur d’approximation est maximale

T := argmax Hf - AT’fHLP(T'),
T'eT

ou Ar : L*(T) — P, est un opérateur de projection, par exemple la projection
L*(T) orthogonale sur P, ;.

2. (Choix d’une bissection) Une aréte e € {a,b,c} de T est choisie en minimisant une
fonction de décision donnée e — dr(e, f) parmi les trois arétes. Le triangle est
découpé le long du segment joignant le point milieu de 'aréte choisie au sommet
opposé, ce qui crée les sous-triangles T et T2. La nouvelle triangulation est donc

T' =T - {T} + {1}, T2},

Partant d’une triangulation 7y de cardinalité Ny du domaine €2, I’algorithme produit pas
apres pas une suite (7y)ny>o, voir Figure |§|, de triangulations “adaptées” a une fonction
donnée f € LP(Q). Les propriétés de ces triangulations dépendent fortement de la fonc-
tion approchée f et du choix de la fonction de décision dr(e, f), qui guide la création de
I’anisotropie. Par contraste 'opérateur de projection Az joue un roéle plutot mineur. Un
choix typique de la fonction de décision e — dr(e, f) est 'erreur locale apres bissection,
en d’autres termes l’algorithme choisit la bissection qui réduit le plus possible 'erreur
d’approximation.

Nous décrivons cet algorithme plus en détail dans le Chapitre [7] et nous établissons sa
convergence au sens ou les approximations polynomiales par morceaux Ar, f définies par

Ar . f(2)=Ar(z), z€T, Tely

convergent vers f dans LP lorsque N — oo pour n'importe quelle f € LP, sous certaines
hypotheses sur la fonction de décision e — drp(e, f). Nous discutons aussi de la possibilité
d’utiliser la structure hiérarchique multi-échelle pour définir des approximations multi-
résolution, des ondelettes et un algorithme de type CART. Nous illustrons 1’adaptation
anisotrope donnée par l'algorithme sur plusieurs types de fonctions et d’images qui pré-
sentent des transitions rapides le long de lignes courbes.
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FiGure 10 — Triangulation produite par ’algorithme de raffinement hiérarchique, et
interpolation, pour une fonction ayant une variation brusque le long d’une courbe sinu-
soidale.

Nous faisons une analyse plus approfondie de la convergence de I'algorithme Chapitre
dans le cas m = 2 de l'approximation linéaire par morceaux. Notre résultat princi-
pal montre que lorsque f est C? et strictement convexe, pour un choix particulier de la
fonction de décision fondé sur lerreur d’interpolation L', la suite (7y) N>N, de triangu-
lations générée par cet algorithme satisfait I'estimation asymptotiquement optimale de
convergence

limsup N[ f = Azy fll @) < CllV/ | det(@®f)|[| (e,

N—oo

ol % =1+ %. L’observation clef qui mene a ce résultat est que lorsque f est un polynome
quadratique convexe, la minimisation de la fonction de décision choisit [‘aréte la plus
longue dans la métrique associée a la partie homogene quadratique de ce polynome. Cette
propriété permet de montrer que les triangles générés par 1’algorithme tendent en majorité
a adopter un rapport d’aspect optimal. Le bon comportement de I'algorithme est aussi
observé pour des fonctions générales non-convexes, comme illustré Figure Cependant
prouver le résultat de convergence optimale ci-dessus reste un probleme ouvert dans ce
cadre.

Nous étudions Chapitre [J] des variantes de l'algorithme de raffinement hiérarchique
présenté ci-dessus. Nous considérons en premier lieu une fonction de décision fondée sur
I'erreur locale de projection L2, qui est particulierement bien adaptée & 'implémentation
numérique car elle peut étre évaluée en un temps machine réduit.

Nous nous concentrons ensuite sur le comportement de 1’algorithme lorsqu’il est appli-
qué a des fonctions cartoon. L’algorithme original ne satisfait pas la meilleure estimation
possible de convergence pour de telles fonctions. Nous montrons que la vitesse optimale
de convergence pourrait étre rétablie en remplacant la bissection du point milieu d’une
arcte vers le sommet opposé par d’autres choix de découpages géométriques.

Finalement nous considérons une autre variante de ’algorithme, fondée sur des rec-
tangles alignés avec les axes de coordonnées au lieu de triangles de direction arbitraire,
dans 'esprit des partitions rectangulaires étudiées Chapitre 1. Cette simplification mene
a un résultat qui garantit la meilleure estimation possible de convergence pour toutes les
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fonctions C'!, dans le cas d’approximations constantes par morceaux.



Introduction (English Version)

Although this may seem a paradox, all exact science is dominated by the
idea of approrimation. (Bertrand Russel, logician and Nobel prize)

1 Anisotropic finite element approximation : why and
how ?

This thesis is devoted to the problem of approximating functions by piecewise poly-
nomial finite elements over triangulations, and more general meshes. We are particularly
concerned with the setting where the mesh is adaptively designed depending on the func-
tion to be approximated. This mesh may therefore include elements of strongly varying
size, aspect ratio and orientation.

Approximation by piecewise polynomial functions is a procedure that occurs in nume-
rous applications. In some of them such as terrain data simplification, surface or image
compression, the function f to be approximated might be fully known. In other applica-
tions such as denoising, statistical learning or in the finite element discretization of PDE’s,
it might be only partially known or fully unknown. In all these applications, one usually
makes the distinction between uniform and adaptive approximation. In the uniform case,
the domain of interest is decomposed into a partition where all elements have comparable
shape and size, while these attributes are allowed to vary strongly in the adaptive case.
The partition may therefore be adapted to the local properties of f, with the objective of
optimizing the trade-off between accuracy and complexity of the approximation.

From an approximation theoretic point of view, the trade-off between accuracy and
complexity if usually tied to the smoothness properties of the function : typically one
expects higher convergence rates for smoother functions. Functions arising in concrete ap-
plications may however have inhomogeneous smoothness properties, in the sense that they
exhibit areas of smoothness separated by localized discontinuities. Two typical instances
displayed in Figure [l and Figure [2] are (i) edges in functions representing images, and (ii)
shock profiles in the solutions to non-linear hyperbolic PDE’s. Numerical procedures for
image processing, such as image denoising or compression, or for the simulation of PDE’s
greatly benefit from economical and faithful approximations of such functions. A piecewise
polynomial approximation on a uniform partition of the domain is generally not sufficient
for these purposes. A first step toward adaptivity is to vary the size of the elements for-
ming the partition according to the local smoothness properties of the function. A very

23
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FIGURE 1 — A piecewise smooth function (top left), Uniform partition of the domain (top
right), Partition associated to the adaptive approximation based on the largest coefficients
in the Haar wavelet basis (bottom left), Partition associated to an adaptive anisotropic
finite element approximation (bottom right). (credit : G. Peyré)

similar procedure, often used in image processing, consists in retaining the largest terms
in a wavelet decomposition, such as displayed on Figure [I| (bottom left). A second step is
to observe that a higher resolution is needed in the direction orthogonal to the curve of
discontinuity than in the tangential direction, and to take advantage of this property by
using an anisotropic partition of the domain. In the two dimensional cases, such partitions
are typically built from triangles of high aspect ratio aligned with the discontinuities, as
displayed Figure (1] (bottom right) and Figure

In the context of numerical PDE’s, adaptivity also refers to the fact that the compu-
tational mesh is not fixed in advance, but instead is dynamically updated based on the
available information on the exact solution gained through the solution process. From a
numerical point of view, such methods require more complex algorithms and more intri-
cate data structures than their non-adaptive counterparts. From a theoretical point of
view the analysis of these adaptive algorithms, when it is possible, is generally involved.
As a matter of fact, the improvement brought by adaptivity in terms of convergence rate
is rigorously established only for few systems of PDE’s, and in the case of isotropic finite
element meshes. We refer to the survey paper for a complete overview on these aspects
in the case of elliptic equations. We need to mention that these difficulties are exacerba-
ted when anisotropic elements are used. Several numerical mesh generation software such
as ,,, nevertheless successfully use anisotropic adaptativity for the numerical si-
mulation of PDE’s, as displayed for instance on Figure 2] From a numerical point of view,
the improvement brought by these methods seems obvious compared to non-adaptive or
adaptive isotropic methods. However, many aspects of the theoretical analysis of aniso-
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FI1GURE 2 — Airflow around a supersonic plane, computed using a three dimensional highly
anisotropic mesh. (credit : F. Alauzet [20].)

tropic methods remain open questions.

This thesis studies the problem of anisotropic mesh adaptation for the approximation
of a known function, which may be regarded as a preliminary step for the analysis of
anisotropic mesh adaptation for the numerical simulation of PDE’s, but may also serve
in other applications such as terrain data, surface and image processing.

Given a triangulation 7 of a bounded polygonal domain Q C R?, and a fixed integer
k > 1, we denote by V(7)) the space of finite elements of degree k on 7. The space Vj(7)
consists of all functions which coincide on each triangle T" € 7 with a polynomial of total
degree k
Vk(T) = {g ;9T € P, T e T}

The dimension of V,(7) is of the order O(k?#(7)). Given a function f : Q — R and a
triangulation 7 of €2, the best approximation error of f in Vi (7) is defined by

er(f)x = inf )||f—g|lx- (1)

geVR(T

The letter X indicates the norm or semi-norm in which the approximation error || f —g|| x is
measured. In this thesis we restrict our attention to the L? norm and the W'? semi-norm,
where 1 < p < 0o. They are defined as follows :

1 1
oy i= ([ 1) ond bl = ( [ 19007)",
Q Q

with the standard modification when p = co. Note that when using the W'* semi-norm,
we need to impose global continuity of ¢ in the above definition of Vj (7).

The best approximation g € Vi(7) of f can be exactly computed in the case of
the L? norm or the W12 (or H') semi-norm : g is the orthogonal projection of f onto
Vi.(T') with respect to the scalar product associated to the norm of interest. In the case
p # 2 of non hilbertian norms the best approximation of f is generally hard to compute,
but “satisfactory” approximations can be obtained by different methods. If the function
is smooth (at least continuous), one may use the standard Lagrange interpolant, while
for non-smooth functions a quasi-interpolant operator is preferred, see Chapter [l More
generally, if Pr is any continuous projection operator from the space X to Vi(7), it is
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easily seen that for any f € X, one has

|f = Prfllx <Cer(f)x, (2)

where C' := 1+ || Pr||x_x. The problem of approximating a function f on a given trian-
gulation 7, using finite elements of degree k, is thus solved in good part.

In the context of adaptive approximation, the triangulation 7 of the domain €2 is
not fixed, but can be freely chosen depending on the function f (in contrast we always
assume in this thesis that the integer k is fixed although arbitrary). This naturally raises
the objective of characterizing and constructing an optimal mesh for a given function f.
Given a norm X of interest and a function f to be approximated, we formulate the problem
of optimal mesh adaptation, as minimizing the approximation error over all triangulations
of prescribed cardinality. We therefore define the adaptive best approximation error by

e = inf e = inf inf — ) 3
~(f)x Lot 7(f)x #(g)SNgelvk(T)Hf gllx (3)

In contrast to the procedure of best finite element approximation on a fixed mesh, adaptive
and anisotropic approximation is not yet well understood. In particular (i) how does the
optimal mesh depend on the function f and (ii) how does the optimal error en(f)x decay
as N grows? These problems are well understood is the isotropic setting, for which the
optimization is restricted to triangulations for which all triangles satisfy a uniform shape
constraint

diam(T)? < C|T)

where diam(7") and |T'| stand for the diameter and area of T respectively, and C' > 0 is
a fixed constant. In the general setting of potentially anisotropic triangulations, they are
open problems.

Heuristically, the simplicity of comparatively to is due to the fact that the op-
timization is posed on the linear space Vi (7), and that a near best solution may therefore
be obtained by applying to f a stable projection operator as expressed by . In contrast
the optimization problem is posed on the union of spaces Vj(7) for all triangulations
7T satisfying #(7) < N, which is certainly not a linear space. This problem is therefore
an instance of nonlinear approximation. Other instances include best N-terms approxi-
mations in a dictionary of functions, or best approximation by rational function. We refer
to [42] for a survey on nonlinear approximation.

The purpose of this thesis is to better understand optimal mesh adaptation posed on
the full class of potentially anisotropic triangulations. The four parts of the thesis are
respectively devoted to the four questions below :

I. How does the approximation error ey(f)x behaves in the asymptotic regime when
the number of triangles N grows to +o0o, when f is a smooth function? In that
context, we establish a mathematical characterization of the optimal mesh, as well
as sharp estimates of ex(f)x by above and below in terms of N and quantities that
depend nonlinearly on the derivatives of f.
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ITI. Which classes of functions govern the rate of decay of ex(f)x as N grows, and are in
that sense naturally tied to the problem of optimal mesh adaptation ? In particular,
we have in mind the model of the so-called cartoon functions, which by definition are
smooth except along a collection of smooth curves of discontinuity. This is a popular
image model in the image processing community (see for instance Figure [1| for an
instance of a cartoon image). We shall see that such a model naturally fits in a richer
function class corresponding to a given rate of decay of ex(f)x.

ITI. Could the optimization problem posed on triangulations 7 of a given cardina-
lity N, be replaced by an equivalent more tractable problem ? Triangulations are
indeed discrete combinatorial objects, described in terms of points and edges, which
is not handy when solving optimization problems of the form (3). We study the cor-
respondence between certain classes of triangulations and of riemanninan metrics
which in contrast are continuous objects. This allows us to reformulate and to solve
the original optimization problem as a more tractable problem posed on the set of
riemannian metrics.

IV. Is it possible to produce a near-optimal sequence of triangulations (7y)n>, with
#(Tn) = N, using a hierarchical refinement procedure? The property of hierarchy
guarantees the inclusion of the associated finite element spaces Vi(7n) C Vi(Zn1).
It is required in applications such as progressive encoding or online data processing.
We provide with a simple and explicit algorithm which gives a positive answer to
this question under some conditions.

2 State of the art

Before detailing the content of the thesis, we give in this section a short overview of the
state of the art on both problems of the study of ex(f)x as IV grows, and the construction
of a near-optimal triangulation. For that purpose we need to introduce some notations.
We assume in the following that f € C°(Q), where Q C R? is a bounded polygonal
domain and  denotes the closure of Q. For each triangulation 7 of Q we denote by I%
the standard interpolation operator on Lagrange finite elements of degree £ on 7 : on
each triangle T' € 7 the interpolation I5 f is the unique element of Py, which agrees with
f on the points of barycentric coordinates in {0, %, e ,k—;l, 1}. In the case k = 1, these
points are simply the three vertices of T If the triangulation 7 is conforming (each edge
of a triangle is either on the boundary of € or coincides with the entire edge of another
triangle), then I% f is continuous. In order to be consistent with the rest of this thesis we
define m := k 4+ 1 > 2, and we thus have

er(Ne < If =177 fl@ and  er(flwrr < [V = VIF fllino).

Any estimate on the interpolation error thus automatically yields an upper estimate on
the best approximation error ez (f)x. Furthermore if f is sufficiently smooth and if 7 is
sufficiently fine, then these quantities are generally comparable.

One of the founding results of adaptive anisotropic finite element approximation deals
with the case of piecewise linear elements (m = 2) with the error measured in the L” norm,
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see [27] or Chapter [2 This result may be stated as follows : for any bounded polygonal
domain © C R2 for any 1 < p < oo, and for any function f € C?(Q2) there exists a
sequence (7y)n>n, of triangulations of €2, satisfying #(7x) < N, and such that

i sup V1| = T, fllvey < € [[V/]det(@)] )

@’

where the exponent 7 € (0, 00) is defined by

1 1

—=14—,

T p
and C'is a universal constant (C' is independent of p, Q and f). We recall that the upper
limit of a sequence (uy)n>n, is defined by

limsupuy := lim sup u,, (5)
N—o00 N—oo n>N

and is in general strictly smaller than the supremum supysy, un. It is still an open
question to find an appropriate upper bound for supy~y, |f — 17, fllzr(e) when optimally
adapted anisotropic partitions are used. The result can be extended to the exponent
p = 0o, and to simplicial partitions of domains 2 of higher dimension, but the meshes 7y
may then not be conforming.

The result (4) reveals that the accuracy of the approximation to f is governed by
the quantity \/‘ | det(d2f)], which depends non-linearly on the hessian matrix d*f. This
non-linear dependency is heavily tied to the fact that we authorize triangles of poten-
tially highly anisotropic shape. The estimate is obtained by producing sufficiently fine
triangulations which combine the two following heuristical properties :

a) Error equidistribution : the contribution || f — I f| z»(r) of each triangle T' € Ty to the
global interpolation error || f — Iy, f|1s(o) is approximately the same. This condition
can be translated into a local constraint on the area of the triangles, which is dictated
by the local behavior of f and in particular by det(d?f(z)).

b) Optimal shape of the triangles : the aspect ratio and the orientation of a triangle
T € Ty is dictated by the ratio of eigenvalues and by the eigenvectors of the hessian
matrix d>f(z) for z € T

The simplest method for producing a sequence (7x)n>n, of triangulations satisfying
is to use a “local patching strategy” that may be intuitively described as follows. In a
first step the domain €2 is split into regions €2;, 1 < i < k, sufficiently small so that the
hessian matrix d? f(z) varies little on each €2; around an average value M;. In other words
f is well approximated by a quadratic polynomial on each €2;. Each region €); is then tiled
using a uniform triangulation 7, which cells have an area, aspect ratio and orientation
based on M;, and the triangulations 7} of ; are glued together into a triangulation 7y
of 2, at the price of a few additional triangles at the interfaces between the €2;.

This construction, which is illustrated on Figure [3| is sufficient for the purpose of
proving the asymptotical result but not for practical applications since it only becomes
efficient for a large number of triangles. The following approach, based on riemannian
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FiGURE 3 — [Illustration of the local patching strategy : the regions €2; are covered by
periodic tilings, which are then glued together.

metrics, is often preferred in applications. We assume for simplicity that the hessian
matrix M(z) := d?f(z) is positive definite for each z € Q, and we define

H(z) == N(det M(z)) %72 M(z) (6)

where A\ > 0 is a constant which role is to control the resolution of the triangulation. Such
a map H is called a riemannian metric, and continuously associates to each point z € 2
a symmetric positive definite matrix H(z). Note that for each z € € the matrix H(z)
defines an ellipse

. ={ueckR?; v H(z)u <1}

As illustrated on the left part of Figure [4] a metric encodes at each point z € ) an
information of area, aspect ratio and orientation, under the form of a symmetric positive
definite matrix H(z), or equivalently of an ellipse £.. Several mesh generation algorithms,
such as , are able to produce a triangulation adapted to a given metric z — H(z)
in the sense that for each z € () the triangle T' € 7 containing 2z has a shape “similar”
to the ellipse &, as illustrated on the right part of Figure [} In mathematical terms, this
means that one has for each triangle 7" and z € T,

br + Clgz cT Cbr+ ngz, (7)

where 0 < ¢; < ¢ are fixed constants and bp is the barycenter of T', or equivalently
that T is “close” to an equilateral triangle of unit area in the metric H(z). If 7 is such a
triangulation and if A is sufficiently large, a heuristic argument (which will be recalled in
Chapter [2)) shows that

#(Df = Tr fllr@ < ClIV| det(@ )]z,

where the constant C' depends on ¢; and c,.

Varying the parameter A we obtain different triangulations 7, of cardinality propor-
tional to A%, which leads to the error estimate . The production of the mesh 7 from
the metric H is not straightforward. In addition, there exists no rigorous proof that the
similarity condition is achieved for most mesh generation algorithms, to the notable

exception of and [15].
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FIGURE 4 — A metric and an adapted triangulation. (credit : J. Schoen [84])

The approximation result is proved to be optimal if we restrict our attention to tri-
angulations which satisfy a technical condition defined as follows. We say that a sequence
(Tn)n>n, of triangulations of a polygonal domain 2 C R? is admissible if #(7y) < N
and if
sup (\/N max diam(T)) < 0. (8)

N>Ng TeTN

For any admissible sequence (7y)n>n, of triangulations of €2, one can establish the lower

bound
lim inf N|| f = Iz, fllzeie) = H |det(d2f)|) L)’ )

where the constant ¢ > 0 is universal (see also Theorem [2| in the outline of the thesis
below). Furthermore the admissibility condition is not too restrictive : for each ¢ > 0
there exists an admissible sequence of triangulations (7y)n>n, Which satisfies the upper
estimate up to the additive constant ¢ in the right hand side.

Similar results to and @ can be developed for isotropic meshes, in which the
triangles may vary in size but are constrained to be isotropic in the sense that the mea-
sure of degeneracy p(T') := diam(7)?/|T| is uniformly bounded by a constant py, see for
instance [35]. In that case the counterpart to has the form

limsup N||f =17, fller) < Cld fllir (), (10)

N—o0

for the same value of 7 and similarly for the counterpart to @D, with with constants ¢
and C' that depend on the bound py on the measure of degeneracy, see for instance [35].
Therefore the nonlinear quantity /| det(d?f)| is replaced by the linear d*f in the L™ norm,
and these results are now very similar to those of best N-term wavelet approximation [30].
In terms of the eigenvalues A;(2), Aa(2) of the symmetric matrix d? f(z) we thus replace
the geometric mean /|A1(2)A2(2)| by max{|\1(z)[, |A\2(z)|} which may be significantly lar-
ger when these eigenvalue have different order of magnitude. This is typically the case if
the approximated function f exhibits strongly anisotropic features, and therefore we may
expect a significant improvement when using anisotropic meshes for such functions.

The result (4)) gives a sharp account of the improvement that anisotropic triangulations
can provide compared to isotropic triangulations, however in a rather restrictive setting
which has motivated our work :
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[. The original result only applies to piecewise linear interpolation error measured in
the LP norm, while higher order finite elements and Sobolev W' norms are equally
relevant. In particular the W12 (or H!) norm appears very naturally in the context
of second order elliptic problems. How should the elements be optimally adapted and
how should the resulting error bound be modified in this more general context ?

II. The approximated function f needs to be C?, while the most interesting applications
of adaptive approximation involve non smooth and even discontinuous functions,
such as those appearing in Figures [I]and 2] Can we define in some sense a quantity

such as [[/|det(d?f)||| - (@) when f is a discontinuous function ?

III. In numerical applications, the riemannian metric z — H(z) is used as an intermediate
tool for mesh generation, but this approach lacks a precise equivalence result between
these continuous objects and the different classes of anisotropic triangulations. Under
which conditions on the metric z — H(z) can we associate a triangulation 7" which
agrees with this metric in the sense of (|7]) 7

IV. The already mentionned anisotropic mesh generation algorithms are not hierarchical,
in the sense that better accuracy is not achieved by local refinement but by a global
re-design of the mesh. Can we propose a hierarchical mesh refinement algorithm that
meets the optimal approximation bound (4] ?

We also need to mention two fundamental issues which are discussed in this thesis, but
have remained open problems and will be the subject of future research. First the error
estimate only gives asymptotical information, as the number of triangles N tends
to oo, while an error estimate valid for all values of N is highly desirable. Second the
extension of this result to functions defined on domains of dimension higher than two is
hindered by a difficult problem of computational geometry : the production of anisotropic
and conforming meshes in dimension 3 or higher. This problem is addressed by some
numerical methods such as [94] but not solved from a theoretical point of view.

3 Outline of the thesis

This thesis is composed of four parts which attempt to solve four key issues, numbered
I to IV, encountered in earlier results on adaptive and anisotropic finite element approxi-
mation. These four parts are mostly self consistent and can be read independently. The
chapters that constitute each part should preferably be read sequentially, to the exeption
of chapter 1 which may be skipped by the reader who wishes to go more directly to the
heart of the matter. Chapters 1, 2, 3, 4, 7, 8, as well as the third part of Chapter 9, come
from the papers [9], [72], [73], [37], [34], [36] and [35], respectively. Notations have been
unified for the purpose of the thesis. Chapters 5 and 6 are the object of future papers.

Part I. Finite elements of arbitrary degree, and Sobolev norms

In this part, we discuss generalizations of the asymptotic estimate to finite elements
of arbitrary degree, and to the Sobolev W1? semi-norms as measure of error. Through this
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FIGURE 5 — Anisotropic partition of a domain into rectangles.

analysis, we are led to introduce and study some key concepts for optimal mesh adaptation.

As a starter we consider in Chapter [T partitions of a rectangular domain into rectangles
aligned with the coordinate axes, as illustrated on Figure[5] instead of triangles of arbitrary
direction. Such partitions are relevant when the coordinate axes play a privileged role,
in such way that the anisotropic features of the approximated function f are likely to
be aligned with the coordinate axes. In this setting, we obtain an optimal asymptotic
error estimate. Our results apply to piecewise polynomials of arbitrary degree, when the
approximation error is measured in the L” norm, and in any dimension d > 1. Here, we
do not consider W' norms, since the approximants are generally discontinuous.

The biggest advantage of this setting is that the mathematical technicalities required
for the construction of an anisotropic partition of a domain, as well as the error analy-
sis, are simplified by the presence of preferred directions. We thus take advantage of this
simple setting to introduce and study a key concept named the shape function, which go-
verns the local approximation error after optimal adaptation of the elements to the local
properties of the approximated function. The shape function is also defined and used for
anisotropic triangulations which are the object of Chapter 2 and 3. We give below its
precise definition in this setting.

Chapter [ is devoted triangular finite elements of arbitrary degree m — 1 for m > 2,
with L? as error norm. In order to present our results we need to introduce some notations.
We denote by H,, the space of homogeneous polynomials of degree m :

H,, := Span{z"y' ; k+1=m}.

A key ingredient of our approach is the shape function K,, ,, : IH,, — R, where 1 < p < oo
is an exponent. This function is defined by an optimization of the L” local interpolation
error among the collection of triangles of unit area and of all possible shapes : for all
€ H,,,

Kong(m) 1= inf, 17 = 17" e, (1)
where I?’l is the local interpolation operator on 7. Our main result is the following
asymptotic error estimate.
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Theorem 1. Let Q C R? be a bounded polygonal domain, let f € C™(Q) and let 1 <
p < oo. There exists a sequence (Tn)n>ny, #(Tn) < N, of conforming triangulations of
Q such that

. m m— _dm
limsup N2 || f — I, lfHLP(Q) < HKm,p ( f)

N—oo m!

(12)
L7(Q)

where the exponent T € (0,00) is defined by % =7+ %.

In the error estimate , we identify the collection d™ f(z) of derivatives of order
m of f at the point z € Q2 to the corresponding homogeneous polynomial in the Taylor
development of f at z. In mathematical form

" f(z) oy

.
m! Okx O (2) kL
: k+i=m Yy n

Theorem [1| extends the known result to finite elements of arbitrary degree m — 1.
The quality of the adaptive and anisotropic approximation of f is similarly determined
by a non-linear quantity of its derivatives : the shape function K,,,(d" f(z)) is the “gene-
ralization” of the determinant /| det(d?f(z))| appearing in (4 to derivatives of arbitrary
order.

This remark raises the need for an in depth study of the shape function K, ,. For m = 2
we have established that K> ,(m) is proportional to the square root of the determinant of
the quadratic polynomial 7 = az? + 2bzy + cy? € H? :

Kap() = cap/ 8687 = cap/Jae = ],

where the constant ¢, > 0 only depends on the sign of det 7. We thus recover the earlier
result . For m = 3, we establish that the shape function K3, is the fourth root of the
discriminant of the homogenous cubic polynomial 7 = ax® + 3bx?y + 3caxy? + dy® € H; :

K3,(7) = c3pv/| disc | = c3,,v/4(ac — b2)(bd — c2) — (ad — be)?],

where the constant c3, > 0 only depends on the sign of disc 7. For larger values m > 4
we have not obtained an explicit expression of the shape function K,,,, but an explicit
quantity uniformly equivalent to this function. This equivalent has the following form :
there exists a polynomial Q,,(ag, - , a,,) of the m+1 variables ao, - - - , a,, and a constant
C,, > 1such that for all 7 = apz™ +a;2™ ‘y+- - - a,,y™ € IH,, one has with r,, := deg Qn,,

o TW\L/Qm(aO7 c ) < Kopp(m) <Gy T77\L/Qm<a07 C Q). (13)

The polynomial @,, is obtained using the theory of invariant polynomials developed by
Hilbert in [61]. We also characterise the zeros of the shape function, and thus the possible
cases of “super-convergence” : K, ,(7) = 0 if and only if 7 has a linear factor ax + by
of multiplicity s > m/2, in other words the homogeneous polynomial 7 is sufficiently
degenerated.

The proof of Theorem [I] is based on a “local patching strategy”, a two scale mesh
generation procedure which proceeds as follows : we consider a first “macro-triangulation”
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R of the polygonal domain 2 which is sufficiently fine in such way that the derivatives
of order m of f vary little on each triangle R € R around an average value denoted by
mr € H,,. To each polynomial 7z, R € R, we then associate a triangle Tz which is a
minimizer, or a near minimizer, of the optimization problem defining K, ,(7r). We then
tile each R € R using the triangle Tz properly scaled and its symmetric with respect
to the origin. Eventually, as illustrated on Figure [3| the triangulation 7y is obtained by
gluing together the periodic tilings on each R € R, with a few additional triangles in
order obtain a globally conforming mesh.

The next theorem establishes that the asymptotic error estimate is sharp, at least
if we restrict our attention to admissible sequences of triangulations, a condition defined in
. The approximation result establishes furthermore that the admissibility condition
is not too restrictive.

Theorem 2. Let Q C R? be a bounded polygonal domain, let f € C™(Q) and let 1 < p <
00. Let (Ty)ns>ny, #(Tn) < N, be an admissible sequence of triangulations of 2. Then

. . m m— _dm
liminf N2 [| f — Iz il > HKm,p ( f)

m)

, (14)
L7 (@)

where % = %—i—%. Furthermore for any € > 0 there exists an admissible sequence (T5)n>n,
of triangulations of Q, satisfying #(75) < N, and such that :

+e. (15)

. m m— _dm
limsup Nz || f — I7e "l < HKm,p ( f)
N—oo L7(Q)

m)!

Chapter [3]is devoted to the counterparts of Theorems [I] and [2] when the interpolation
error is measured in the Sobolev WP semi-norms, 1 < p < co. These estimates involve
the counterpart L,,, : IH,, — R, of the shape function K,,, which is defined as follows :
for all # € H,,

Ly p(m) == l%I‘l:fl |V (r — Tt )| o (1)

We also provide some explicit equivalents of L,,,(7), defined similarly to by an
algebraic expression in the coefficients of = € IH,,,. Our results for the W' semi-norm are
thus extremely similar to the results obtained for the LP norm.

The adaptation of the proofs however is not straightforward, due to the following new
phenomenon : the presence of strongly obtuse triangles in a mesh (with one of their angles
close to 7) may cause the gradient of the interpolated function to oscillate, as illustrated
in Figure @ This phenomenon deteriorates the interpolation error in the W semi-norm,
but not in the L” norm. These “flat” triangles therefore need to be carefully avoided. In
summary, long and thin triangles may be desirable but they should not be strongly obtuse.

Before turning to description of the rest of this thesis we recall to the reader that the
three chapters composing Part [[| are self consistent and can be read independently.
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FI1GURE 6 — Interpolation of a bi-dimensional parabolic function on a mesh built of acute
(left) or “flat”, strongly obtuse, triangles (right).

Part II. Anisotropic smoothness classes and image models

In this part that consists of the sole Chapter 4, we discuss the extension of our ap-
proximation results to non-smooth functions.

There exists various ways of measuring the smoothness of functions on a domain
Q) C R?, generally through the definition of an appropriate smoothness space with an
associated norm. Classical instances are Sobolev and Besov spaces. Such spaces are of
common use when describing the regularity of solutions to partial differential equations.
From a numerical perspective they are also useful in order to sharply characterize at which
rate a function f may be approximated by simpler functions such as Fourier series, finite
elements (on isotropic triangulations), splines or wavelets.

The result of adaptive anisotropic approximation and its generalisation Theorem
establish that the quality of the approximation of a function f by finite elements on
anisotropic triangulations is governed by a non-linear quantity of the derivatives of f, at
least from an asymptotical point of view. In the case of finite elements of degree 1, and
of the approximation in L? norm, the relevant quantity is the following

A(f) = || VIdet@ ]|

The functional A strongly differs from the Sobolev, Holder or Besov norms, because of
its nonlinear behavior : A does not satisfy the triangle inequality, or any quasi-triangle
inequality. In other words for any constant C' there exists f,g € C?(Q) such that

A(f +9) > C(A(f) + Alg)). (16)

L2/3(Q)

The lack of a triangular inequality forbids to use the classical techniques of linear analysis
to define a smoothness space attached to the functional A. The extension of the approxi-
mation result to functions which are not C? is therefore not straightforward.

Functions arising in concrete applications, for instance in image processing or in the
solution of hyperbolic PDEs, often exhibit areas of smoothness separated by local dis-
continuities. A mathematical model for this type of behavior is the collection of cartoon
functions, which are smooth except for a jump discontinuity accross a collection of smooth
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curves. A heuristical analysis presented in Chapter [4] suggests that for any cartoon func-
tion f defined on a bounded polygonal domain €2, there exists a sequence (7y)y>n, of
anisotropic triangulations of €, satisfying #(7y) < N, and such that

sup V|| — Iy, 2@ < oo. (17)
N>Ny

As illustrated on Figure , the triangulations (7y)n>n, combine highly anisotropic tri-
angles aligned with the discontinuities of f, and large triangles in the regions where f is
smooth. The approximation result raises the hope that a precise and quantitative
asymptotic error estimate for the adaptive anisotropic approximation of cartoon functions
extends the known result

liJIVnSUPNHf—IlTN [z < CA(f), (18)
which holds if f is C2.

So far we have only fulfilled one part of this program : the extension of the functional A
to cartoon functions. More precisely, consider a radial and compactly supported function
¢ € C*(R?) of unit integral. For any § > 0 we define the mollifier ¢5(2) := 5 (%) and
we denote by fs := f * s the convolution of f with ;. We establish in Chapter |4 that if
f is a cartoon function, then A(fs) converges as § — 0 to an explicit expression :

2/3  _ 2
iy A" = [VIGTED 00 [V
= / V| det(d?f(z))|dz + C(p /\ N3y (s |2/3ds.
o\r

2/3

L2/3

Here, we have denoted by I' the collection of curves where the cartoon function f is dis-
continuous, by v(s) the jump of f at the point s € I', and by k(s) the curvature of I at
s. The constant C'(y) is positive and explicit in terms of ¢.

The extension of the nonlinear functional A to cartoon functions puts in light a link,
explored in §4.4] between anisotropic finite element approximation and several other ma-
thematical fields. We think in particular of affine invariant image processing [22] and of
the definition in [43] of smoothness spaces through the regularity of the level lines of a
function.

We also regard the quantity A as a “second order” counterpart to the total variation
semi-norm TV, a measure of smoothness defined in terms of the first derivatives which
is also finite for all cartoon functions. The total variation plays a central role in image
processing and in the analysis of transport equations, two domains in which piecewise
smooth functions naturally appear. For any cartoon function f, the total variation TV(f)
is given by the following formula

TV(f) = / MZCES / 7 (s)ds.
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TV ~ A?3 > 1 TVe~1l, A>1

FI1GURE 7 — Behavior of the functionals TV and A on different types of images.

We compare the behavior of the two quantities A(f)?? and TV(f) for different fami-
lies of cartoon functions f. It appears that these quantities are equivalent when f is a
smoothly oscillating function f(z) := cos(w|z|) with large w, see figure [7] (i). In contrast
the discontinuities are penalized in a different manner by these two functionals. For a
staircase-like function, as illustrated on Figure[7] (ii), the total variation remains bounded
while A tends to infinity as the number of steps grows, due contribution |y(s)|?/? of the
jump term. Furthermore, due to the curvature term |r(s)|3, A is much larger than TV
for characteristic functions of sets with a complex or oscillating boundary as illustrated
in Figure [7]

The functional A can thus be thought of as a new quantitative image model : a mono-
chromatic image, described by a brightness function f : [0, 1]> — [0, 1], is plausible if A(f)
is sufficiently small. Generalising the work we discuss an image recovery procedure
using this model as a bayesian prior. At the present time, this algorithm is not satisfac-
tory due to very high convergence time, and for this reason we present some numerical
illustrations in a simplified one-dimensional setting.

Eventually we discuss the extension to cartoon functions of other non-linear quantities
appearing in anisotropic finite element approximation such as the norm || K, ,(d" f)| L
of the shape function for m > 2, or the counterpart to this quantitiy for functions f of
more than two variables.

Part III. Mesh generation and riemannian metrics

Triangulations are discrete objects of combinatorial nature : they can be described by
the collection of their vertices and of the edges between them. This description is fruit-
ful for the demonstration of algebraic results such as the Euler formula, or for computer
processing. In contrast, as explained earlier, many approaches towards anisotropic mesh
adaptation are based on a continuous equivalent object, namely a riemannian
metric z — H(z), in other words a continuous function H from Q to the set S5 of sym-
metric positive definite matrices. Once this metric has been properly designed, it is the
task of the mesh generation algorithm to design a triangulation that agrees with this me-
tric according to (7). The purpose of Part is to formulate precise equivalence results
between some classes of triangulations and of riemannian metrics. This equivalence trans-
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lates some geometrical constraints satisfied by the triangulations into the form regularity
properties of the equivalent riemannian metrics.

In order to state our results we need to introduce some notations. We associate to each
triangle T its barycenter 2y € R? and the symmetric positive definite matrix Hy € S5
such that the ellipse & defined by

Er ={2€R?*; (2 — 20)"Hr(z — 21)},

is the ellipse of minimal area containing 7'. The point zr thus encodes the position of T,
while the matrix Hy € S, encodes the area, the aspect ratio and the orientation of the
triangle T'.

We denote by T the collection of conforming triangulations of the infinite domain
R2. The choice to consider infinite triangulations is guided by simplicity, and further
work will be devoted to triangulations of bounded polygonal domains. We denote by
H := C°%(R?, S5) the collection of riemannian metrics on R?. A metric H € H continuously
associates to each point z € R? a symmetric positive matrix H(z) € Sy . For C > 1, we
say that a triangulation 7 € T is C-equivalent to a metric H € H if for all T € 7 and
for all z € T we have

C?H(z) < Hr < C*H(2),

where these inequalities are meant in the sense of symmetric positive matrices. We say
that a class of triangulations T, C T is equivalent to a class of metrics H, C H if there
exists a uniform constant C' > 1 such that
— For any triangulation 7 € T, there exists a metric H € H, such that 7 and H are
C-equivalent.
— For any metric H € H, there exists a triangulation 7 € T, such that 7 and H are
C-equivalent.

We consider three particularly relevant classes of triangulation of R?
Ti,C C Ta’c C Tg7c

which have a minor dependency on a parameter C' > 1. The class Ty ¢ of graded trian-
gulations, is defined by the following condition which imposes a minimum of consistency
among the shapes of neighbouring triangles. A triangulation 7 belongs to T, ¢ if for all
T, 7" € T one has

TNnT 7é @ = C_2HT < Hp < OQHT.

A triangulation 7 belongs to the class T; ¢ of isotropic triangulations if 7 is graded,
7 € T, ¢, and if the elements of 7 are sufficiently close to the equilateral triangle, as
expressed by the following condition : for all T' € T

[Hrll|H| < O

The class T, ¢ of quasi-acute triangulations is defined by a slightly more technical condi-
tion on the maximal angles of the triangles, see Chapter [5] As explained in the earlier
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description of Chapter 3, avoiding flat angles is needed to guarantee the stability of the
gradient when applying the interpolation operator. One of our key results is the refor-
mulation of this condition under the form of a regularity assumption on the equivalent
riemannian metric. From a practical point of view, this condition is unfortunately not
guaranteed by existing anisotropic mesh generation software. The constraints satisfied by
these classes of triangulations of R? are illustrated by some bounded triangulations on
Figure [§

The results of Chapter [5| establish that when C' is sufficiently large, these three classes
of triangulations are equivalent to three classes of metrics respectively

H, c H, c H,,

that are defined by precise smoothness conditions on the function z +— H(z). In par-
ticular, the class H; consists of those metrics H which are proportional to the identity
H(z) =1d /s(2)?, and such that the proportionality factor s satisfies one of the following
surprisingly equivalent properties

e Euclidean Lipschitz Property : |s(z) — s(2/)| < |z — 2/| for all z, 2’ € R2.

e Riemannian Lipschitz Property : |Ins(z) —Ins(2')| < dy(z,2') for all 2,2 € R2

We recall that the riemannian distance dy(z,2’) measures the length, distorted by the
metric H, of the smallest path joining z and 2’.

di(z2) = inf / I Ol

(0)—

where ||u||3r := VuT Mu and where the infimum is taken among all paths v € C*([0, 1], R%)
joining z and 2’

The two lipschitz properties presented above have natural extensions to general ani-
sotropic riemannian metrics, which are not anymore equivalent. Considering H € H and
defining S(z) := H(z)"2 for all z € R2, these Lipschitz properties are namely

di(H(2),H(?)) < |z — 2| forall z 2 €R? (19)
where dy(H(z), H(')) .= ||S(z) — S(#')||, and
dyo(H(2),H(?)) < dg(z,2) forall z,2 €R? (20)

where dy(H(z), H(2')) := Inmax{||S(2)S(z")7Y, |S(z")S(z)"||}. Note that d, and dy
are distances on Sy .

The main result of Chaptercharacterizes the classes of metrics H, and H, (associated
to the classes of graded triangulations T, and of quasi-acute triangulations T, ) in
terms of the above Lipschitz properties.

Theorem 3. If the constant C' is sufficiently large, then the class Ty of graded trian-
gulations is equivalent to the class Hy of metrics satisfying (@), and the class Toc of
quasi-acute triangulations is equivalent to the class H, of metrics satisfying simultaneously

(@) and @)
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FIGURE 8 — Generation of a layer of simplices of width § along the unit circle using O(§!)
isotropic triangles (top left), O(6~2|Iné |) “quasi-acute” triangles (top right), (’)(5_%) tri-
angles satisfying the grading condition or not (bottom left and bottom right).

We give in Chapter [6] some applications of these results in the contexts of approxima-
tion theory and of constrained mesh generation. Let us describe the latter example. For
any closed set £ C R? and any mesh 7 € T we denote by V7 (FE) the neighborhood of E
in the triangulation 7', which is defined as follows

VrE)= |J T
TeT
TNE#0

We say that a mesh 7 separates two disjoint closed sets X and Y if V7 (X)NVz(Y) = 0.
The counterpart for metrics of this property is the following : a metric H € H separates
X and Y if dy(z,y) > 1 for all z € X and y € Y. We show that these two properties
are rigorously equivalent, and we use this reformulation to compute the smallest number
of triangles (up to periodicity) required for the separation of some (periodic) sets using
a (periodic) isotropic, quasi-acute or graded triangulation. As illustrated on Figure ,
imposing more constraints on the triangulation typically raises the number of triangles
needed to achieve the same task.

The rest of this chapter is devoted to the control of the finite element approximation
error of a function f on a triangulation 7, in LP norm or W1? semi-norm, by a quantity
en(f)p, e (Vf), or €9, (Vf), attached to a metric H equivalent to 7. This analysis puts
in light, in the case of Sobolev norms, the role played by the angle or regularity conditions
which define the elements of T, or H, respectively. Finally, we present a counterpart for
metrics of the asymptotic approximation results developed for triangulations Chapters 2
and 3.

Part IV. Hierarchical refinement algorithms

The last part of this thesis is devoted to the study an algorithm proposed by Cohen,
Dyn and Hecht which produces hierarchical sequences (7x)n>n, of (non-conforming) ani-
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Py

FIGURE 9 — Refinement algorithm : selection of the triangle which maximizes the local

iteration of these two steps (iv).

sotropic triangulations adapted to a given function f. Given a triangulation 7" of a domain
Q2 and a function f € LP(2), this algorithm creates in one step a triangulation 77 of €,
of cardinality #(7') = #(7) + 1, proceeding as follows :

1. (Greedy triangle selection) A triangle T € 7 which has a maximal contribution to
the error is selected

T := argmax || f — Az f|| o1y,
TieT

where Ag : LP(T) — IP,,_; is a projection operator, for instance the L?(T') ortho-
gonal projection onto IP,, ;.

2. (Decision of a bisection) An edge e € {a,b,c} of T is selected by minimizing a a
given decision function e — dr(e, f) among the three edges. The triangle is refined
by joining the mid-point of this edge to the opposite vertex creating the sub-triangles
T! and T?. The new triangulation is thus

T = T — {1} + {1}, 72).

Starting from a triangulation 7, of cardinality Ny of the domain €2, the algorithm pro-
duces step after step a sequence (7y)n>n,, see Figure |§|, of triangulations “adapted” to
a given function f € LP(2). The properties of these triangulations strongly depend on
the approximated function f and on the choice of the decision function dr(e, f), which
governs the creation of anisotropy. In contrast the projection operator A plays a rather
minor role. A typical choice for the decision function e — dr(e, f) is the local error after
bisection of the edge e, namely the algorithm selects the bisection that most reduces the
erTor.

We present this algorithm in more detail in Chapter [7, and we establish its convergence
in the sense that the (discontinuous) piecewise polynomial approximation Az, f defined
by

Ar f(2) = Ar(2), z€T, T €Ty
converges towards f in LP as N — +oo for any f € LP, under some assumptions on

the decision function e — dr(e, f). We also discuss the possibility of using the multis-
cale hierachical structure to define multiresolution approximation, wavelets and CART
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FiGure 10 — Triangulation produced by the hierarchical refinement algorithm, and in-
terpolation, for a function exhibiting a sharp transition close to a sinuosidal curve.

algorithms. We illustrate the anisotropic adaptation of the algorithm on several types of
functions and images presenting sharp transitions along curved edges.

In Chapter [§] we make a deeper convergence analysis of the algorithm in the case
m = 2 of piecewise linear elements. Our main result states that when f is a strictly
convex C? function, then for a particular choice of the decision function based on the
L' local interpolation error, the sequence (7y)ysn, of triangulations generated by this
algorithm satisfies the optimal asymptotic convergence estimate

limsup N|| f — -ATNfHLP(Q) < Cllv ’det(d2f)|||LT(Q)v

N—oo

where % =1+ ]l). The key observation leading to this result is that when f is a convex
quadratic polynomial, the minimization of the decision function selects the longest edge
in the metric associated to the homogeneous quadratic part of this polynomial. This is
used to prove that the triangles generated by the algorithm tend in majority to adopt
an optimal aspect ratio. This good behaviour of the algorithm is also observed on more
general non-convex C? functions, as illustrated on Figure . However, proving the above
optimal convergence bound remains an open problem in this general setting.

Finally we study in Chapter [9] some variants of the hierarchical refinement algorithm
presented above. We first consider a decision function based on the L? local projection
error, which is particularly well suited to the numerical implementation since it can be
evaluated in small computing time.

We then focus on the behaviour of the algorithm when applied to cartoon functions.
The original algorithm does not satisfy the best possible convergence estimate for such
functions. We show that the optimal convergence rate may be recovered when replacing
the bisection from the mid-point of the edge towards the opposite vertex by more general
geometric splitting procedure.

Eventually we consider another variant of the algorithm, which is based on rectangles
aligned with the coordinate axes instead of triangles of arbitrary direction, in the spirit
of the rectangular partitions studied in Chapter 1. This simplification leads to a result
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which guarantees the best possible convergence estimate for all C* functions, in the case
of piecewise constant approximations.
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1.1 Introduction

The purpose of this chapter is to study the adaptive anisotropic approximation of a
function by interpolating splines defined over block partitions in IRY. We use the word
block as a synonym for “d-dimensional rectangle”. Our analysis applies to an arbitrary
projection operator in arbitrary dimension. We then apply the obtained estimates to
several different interpolating schemes most commonly used in practice.

Our approach is to introduce the “shape function” which reflects the interaction of
approximation procedure with polynomials. Throughout the chapter we shall study the

47
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asymptotic behavior of the approximation error and, whenever possible, the explicit form
of the shape function which plays a major role in finding the constants in the formulae
for exact asymptotics.

1.1.1 The projection operator

Let us first introduce the definitions that will be necessary to state the main problem
and the results of this chapter.

We consider a fixed integer d > 1 and we denote by z = (z1,- - ,24) the elements of
R?. A block R is a subset of R? of the form

R= ] la:b]

1<i<d

where a; < b;, for all 1 <i < d. For any block R C R, by LP(R), 1 < p < oo, we denote
the space of measurable functions f : R — IR for which the value

P

Pd if 1<
o = Il = 3 | JlF@Pas) i 1<p<c
R
esssup{|f(z)| ; = € R}, if p= 0.

is finite. We also consider the space C°(R) of continuous functions on R equipped with
the uniform norm || - || (g). We shall make a frequent use of the canonical block I, where

I is the interval
11
I:=|—,-].

Next we define the space V' := C°(I?) and the norm || - ||y := || - || o« (1a). Throughout this
chapter we consider a linear and bounded (hence, continuous) operator I : V' — V. This
implies that there exists a constant Ct such that

| Tully < Cillully for all u € V. (1.1)
We assume furthermore that I is a projector, which means that it satisfies
Iol=1. (1.2)

Let R be an arbitrary block. It is easy to show that there exists a unique zo € R? and a
unique diagonal matrix D with positive diagonal coefficients such that the transformation

o(z) := 2o + Dz satisfies ¢(I) = R. (1.3)
The volume of R, denoted by |R|, is equal to det(D). For any function f € C°(R) we then
define
If:=I(fop)op . (1.4)
Note that )
1f =1r fllzer) = (det D)2 [ f o ¢ = 1(f 0 &)| Lo aa)- (1.5)
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A block partition R of a block Ry is a finite collection of blocks such that their union
covers Ry and which pairwise intersections have zero Lebesgue measure. If R is a block
partition of a block Ry and if f € C%(Ry), by Iz f € L>®(Ry) we denote the (possibly
discontinuous) function which coincides with Ig f on the interior of each block R € R.

Main Question. The purpose of this chapter is to understand the asymptotic beha-
vior of the quantity

1f = Iry fllzecro)

for each given function f on Ry from some class of smoothness, where (Ry)y>1 is a
sequence of block partitions of Ry that are optimally adapted to f.

Note that the exact value of this error can be explicitly computed only in trivial cases.
Therefore, the natural question is to study the asymptotic behavior of the shape function,
i.e. the behavior of the error as the number of elements of the partition Ry tends to
infinity.

Most of our results hold with only assumptions of continuity of the operator I,
the projection axiom (I.2)), and the definition of I given by (L.4). Our analysis therefore
applies to various projection operators I, such as the L2-orthogonal projection on a space
of polynomials, or spline interpolating schemes described in §1.1.4]

1.1.2 History

The main problem formulated above is interesting for functions of arbitrary smoothness
as well as for various classes of splines (for instance, for splines of higher order, interpola-
ting splines, best approximating splines, etc.). In the univariate case general questions of
this type have been investigated by many authors. The results are more or less complete
and have numerous applications (see, for example, [69]).

Fewer results are known in the multivariate case. Most of them are for the case of
approximation by splines on triangulations (for review of existing results see, for instance
[59,|18]4,35] and Chapter . However, in applications where preferred directions exist,
box partitions are sometimes more convenient and efficient.

The first result on the error of interpolation on rectangular partitions by bivariate
splines linear in each variable (or bilinear) is due to D’Azevedo [38] who obtained local
(on a single rectangle) error estimates. In [7] Babenko obtained the exact asymptotics
for the error (in L', L? and L* norms) of interpolation of C?(I¢) functions by bilinear
splines.

In [8] Babenko generalized the result to interpolation and quasiinterpolation of a
function f € C?(I?) with arbitrary but fixed throughout the domain signature (number
of positive and negative second-order partial derivatives). However, the norm used to
measure the error of approximation was uniform.

In this chapter we use a different, more abstract, approach which allows us to obtain the
exact asymptotics of the error in a more general framework which can be applied to many
particular interpolation schemes by an appropriate choice of the interpolation operator.
In general, the constant in the asymptotics is implicit. However, imposing additional
assumptions on the interpolation operator allows us to compute the constant explicitly.
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The chapter is organized as follows. Section [I.I.5 contains the statements of main
approximation results. The closer study of the shape function, as well as its explicit
formulas under some restrictions, can be found in Section [I.2] The proofs of the theorems
about asymptotic behavior of the error are contained in Section [1.3|

1.1.3 Polynomials and the shape function

In order to obtain the asymptotic error estimates we need to study the interaction of
the projection operator I with polynomials.
The notation « always refers to a d-vector of non-negative integers

a=(a, - ,qq) € Z.

For each a we define the following quantities

la| == Z a;, al:= H o;!, max() := max .

1<i<d
1<i<d 1<i<d

xe=IT X

1<i<d

where the variable is X = (X1, ..., X4) € R%. Finally, for each integer k > 0 we define the
following three vector spaces of polynomials

We also define the monomial

Py, := Vect{X*; |a| <k},
P; = Vect{X?*; max(a) < k and |a| < k + 1}, (1.6)
Pr* = Vect{X?*; max(a) < k}.

Note that clearly dim(IP;*) = (k + 1) In addition, a classical combinatorial argument
shows that

dim P, — <k§d> and  dim P = dimPyy; — d — (k+d+1> )

d

By Wi we denote the image of I, which is a subspace of V = (C°(I¢). Since I is a
projector (|1.2)), we have

i={I(f): feVi={feV: f=1MN} (1.7)
From this point on, the integer k is fixed and defined as follows
k= k(1) := max{k' > 0; P C Vi} (1.8)

Hence, the operator I reproduces polynomials of total degree less or equal than k. (If
k = oo then we obtain, using the density of polynomials in V' and the continuity of I, that
I(f) = f for all f € V. We exclude this case from now on.)

In what follows, by m we denote the integer defined by

m=m(l):=k+1, (1.9)
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where k = k(I) is defined in (1.8)). By H,,, we denote the space of homogeneous polynomials
of degree m
H,, := Vect{ X ; |a| = m}.

We now introduce a function K; on H,,, further referred to as the “shape function”.

Definition 1.1.1 (Shape Function). For all 7 € H,,

Ki(m) = inf |l = e, (1.10)

where the infimum is taken over all blocks R of unit d-dimensional volume.

The shape function K plays a major role in our asymptotical error estimates developed
in the next subsection. Hence, we dedicate §I.2]to its close study, and we provide its explicit
form in various cases. Note that for any A > 0, since 7 is homogeneous of degree m

It~ Tawlem = AT 5K (). (111)

The optimization ((1.10)) among blocks can be rephrased into an optimization among

diagonal matrices. Indeed for any block R there exists a unique z, € R? and a unique

diagonal matrix with positive coefficients such that R = ¢(I%) with ¢(z) = zo + Da.

Furthermore, the homogeneous component of degree m is the same in both 7 o ¢ and

mo D, hence mo¢p —mo D € Py (recall that m =k + 1) and therefore this polynomial is
reproduced by the projection operator I. Using the linearity of I, we obtain

mop—I(mrop)=moD —1(moD,).
Combining this with (1.5)), and observing that det D = |R|, we obtain that

Ki(m) = inf |lr oD —~1(ro D)|lmu), (1.12)
D>0

where the infimum is taken over the set of diagonal matrices with non-negative entries
and unit determinant.

1.1.4 Examples of projection operators

In this section we define several possible choices for the projection operator I which are
consistent with ([1.8]) and, in our opinion, are most useful for practical purposes. However,
many other possibilities could be considered.

Definition 1.1.2 (L%(I%) orthogonal projection). We may define 1(f) as the L*(I¢) or-
thogonal projection of f onto one of the spaces of polynomials Py, IP;, or IP;" defined in

.

If the projection operator I is chosen as in Definition [I.1.2] then a simple change
of variables shows that for any block R, the operator Iy defined by (1.4)) is the L*(R)

orthogonal projection onto the same space of polynomials.
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To introduce several possible interpolation schemes for which we obtain the estimates
using our approach, we consider a set Uy C I of cardinality #(Ux) = k + 1 (special cases
are given below). For any u = (uy, - --ug) € U{ we define an element of IP;* as follows

m(X) = ] HXi_“ e Py,

; U; — U
1<i<d \ vel,

vFuU;

Clearly, iy (u) = pu(ug, -+ ug) = Land py(v) = pu(ve, -+ ,vg) = 0if v = (vg, -+, vg)
Ud and v # u.

It follows that the elements of B := (fiu)yey¢ are linearly independent. Since #(B) =
#(U) = (k + 1)¢ = dim(IPy"), B is a basis of P}".

Therefore, any element of ;1 € P;* can be written in the form

nw(X) = Z Autba(X).

ueU;j

It follows that, for any given f € C°(I?), there exists a unique element of u € IP;* such
that p(u) = f(u) for all u € UZL. We define I f := y, namely

LX) =) fw)ua(X) € P}

uevg
We may take Uy to be the set of k£ + 1 equi-spaced points on I

1
Uy={—=+—;0<n<ky. (1.13)
2k
We obtain a different, but equally relevant, operator I by choosing U, to be the set of
Tchebychev points on I

1 nmw
Uy {2008<k>,0_n_k3}. (1.14)

Different interpolation procedures can be used to construct I. Another convenient inter-
polation scheme is to take

I(f) € PPy

and I(f) = f on a subset of UZ. This subset contains dim IPj points, which are convenient
to choose first on the boundary of I¢ and then (if needed) at some interior lattice points.
Note that since dim IP; < #(Uf) = (k + 1)¢, it is always possible to construct such an
operator.

If the projection operator I is chosen as described above, then for any block R and
any f € C°R), Ig(f) is the unique element of respective space of polynomials which
coincides with f at the image ¢(p) of the points p mentioned in the definition of I, by the
transformation ¢ described in (|1.3]).
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1.1.5 Main results

In order to obtain the approximation results we often impose a slight technical restric-
tion (which can be removed, see for instance [4]) on sequences of block partitions, which
is defined as follows.

Definition 1.1.3 (Admissibility). We say that a sequence (Rx)n>1 of block partitions of
a block Ry is admissible if #(Ry) < N for all N > 1, and

sup <Nvll sup diam(R)> < 00 (1.15)
N>1 ReERN
We recall that the approximation error is measured in LP norm, where the exponent

p is fixed and 1 < p < oo. We define 7 € (0, 00) by

1 m 1
- = =4 - 1.16
T d +p ( )

In the following estimates we identified d™ f(z) with an element of H,, according to

" f(2) < Of(x) X°

m! ox® ol
al=m

(1.17)

We now state the asymptotically sharp lower bound for the approximation error of a
function f on an admissible sequence of block partitions.

Theorem 1.1.4. Let Ry be a block and let f € C™(Ry). For any admissible sequence of
block partitions (Ry)n>1 of Ry

dm
hmmde If = Iry fllze(ro HKI ( m,f)

L7 (Ro)

The next theorem provides an upper bound for the projection error of a function f
when an optimal sequence of block partitions is used. It confirms the sharpness of the
previous theorem.

Theorem 1.1.5. Let Ry be a block and let f € C™(Ry). Then there exists a (perhaps
non-admissible) sequence (Ry)n>1, #(Rn) < N, of block partitions of Ry satisfying

) m am
limsup N@ || f —Iry fllor(ry) < HKI ( f)
N—oo m!

. (1.18)
L7™(Ro)

Furthermore, for all € > 0 there exists an admissible sequence (R%)n>1 of block par-
titions of Ry satisfying

te. (1.19)

am
thU.de ||f - Ins fHLP Rp) HK] ( ;f)
) L7 (Ro)

N—oo
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An important feature of these estimates is the “lim sup”. Recall that the upper limit
of a sequence (uy)n>n, is defined by

limsupuy := lim sup u,,
N—oo N—oo n>N

and is in general strictly smaller than the supremum supysy, un. It is still an open
question to find an appropriate upper estimate of supy-y, N Tf - Iy fllzr(ry) When
optimally adapted block partitions are used.

In order to have more control of the quality of approximation on various parts of the
domain we introduce a positive weight function Q € C°(Ry). For 1 < p < oo and for any
u € LP(Ry) as usual we define

ul| 2o (ro,2) = ||| Lr(Ry)- (1.20)

Remark 1.1.6. Theorems|1.1.4),|1.1.5 and|1.1.7 below also hold when the norm || - || Lr(ry)
(resp || - ||~ (ro)) is replaced with the weighted norm || - || 1o(ro,0) (resp || - 1|27 (ro,0)) defined

In the following section we shall use some restrictive hypotheses on the interpolation
operator in order to obtain an explicit formula for the shape function. In particular,

Propositions 1.2.8) and equation (1.21]) show that, under some assumptions, there
exists a constant C' = C(I) > 0 such that
dm
<o (TF).
m!

1 dm f
ol (W) S

These restrictive hypotheses also allow to improve slightly the estimate (1.19) as follows.
Theorem 1.1.7. If the hypotheses of Proposition or(1.2.4 hold, and if K; (dg—,f) >0

everywhere on Ry, then there exists an admissible sequence of block partitions (Ry)n>1

of Ry which satisfies the optimal estimate .

The proofs of the Theorems [[.1.4] [I.1.5] and [I.1.7] are given in §I.3] Each of these
proofs can be adapted to weighted norms, hence establishing Remark [I.1.6] Some details
on how to adapt proofs for the case of weighted norms are provided at the end of each
proof.

om f
II 7+

; x;
1<i<d v

1.2 Study of the shape function

In this section we perform a close study of the shape function Kj, since it plays a
major role in our asymptotic error estimates. In the first subsection we investigate
general properties which are valid for any continuous projection operator I. However, we
are not able to obtain an explicit form of K under such general assumptions. Recall that
in §I.1.4) we presented several possible choices of projection operators I that seem more
likely to be used in practice. In §1.2.2] we identify four important properties shared by
these examples. These properties are used in to obtain an explicit form of Kj.
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1.2.1 General properties

The shape function K obeys the following important invariance property with respect
to diagonal changes of coordinates.

Proposition 1.2.1. For all m € H,, and all diagonal matrices D with non-negative
coefficients

K;(mo D) = (det D)@ K ().

Proof: We first assume that the diagonal matrix D has positive diagonal coefficients. Let
D be a diagonal matrix with positive diagonal coefficient and which satisfies det D = 1.
Let also m € H,,,. Then, since 7 is homogeneous and of degree m

m
d

7o (DD) = o ((det D)éD) = (det D)dmo D,

where D := (det D)~ DD satisfies det D = det D = 1 and is uniquely determined by D.
According to ([1.12)) we therefore have

Ki(moD) = inf [0 (DD)~1I(ro(DD))l|su)
D>0
= (det D)% 1n~f H7r e} D — I(7T e} D)HLp(Hd)
det D=1
D>0
= (det D)4 K;(n),

which concludes the proof in the case where D has positive diagonal coefficients.

Let us now assume that D is a diagonal matrix with non-negative diagonal coefficients and
such that det(D) = 0. Clearly there exists a sequence (D,,),>o of diagonal matrices with
positive coefficients, such that det D,, = 1 for all n > 0 and that DD,, — 0 as n — oc.
Therefore m o (DD,,) — 0, which implies that K (7w o D) = 0 and concludes the proof of
this proposition. o

The next proposition shows that the exponent p used for measuring the approximation
error plays a rather minor role. By K, we denote the shape function associated with the
exponent p.

Proposition 1.2.2. There exists a constant ¢ > 0 such that for all 1 < p; < py < 00 we
have on IH,,
cKyo < K, <K, < K.

Proof: For any function f € V = C%(I%) and for any 1 < p; < py < 0o by a standard
convexity argument we obtain that

1A lraey < W llpor ey < A fllzea ey < NF 1oy

Using ([1.12)), it follows that
Kl S Kp1 S Kpg S Koo
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on H,,. Furthermore, the following semi norms on H,,
7|1 = ||m = I7||prqey and || == || — I 7| poo (1a)

vanish precisely on the same subspace of H,,, namely Vi N H,, = {m € H,, ; 7 = I«}.
Since H,,, has finite dimension, it follows that they are equivalent. Hence, there exists a
constant ¢ > 0 such that ¢| - |o < |- |1 on H,,. Using (1.12)), it follows that cK,, < Kj,
which concludes the proof. o

1.2.2 Desirable properties of the projection operator

The examples of projection operators presented in share some important pro-
perties which allow to obtain the explicit expression of the shape function K;. These
properties are defined below and called Hy, H,, H, or H,,. They are satisfied when the
operator I is the interpolation at equispaced points (Definition , at Tchebychev points
(Definition [I.14]), and usually on the most interesting sets of other points. They are also
satisfied when T is the L2(I?) orthogonal projection onto P} or P;* (Definition [1.1.2)).

The first property reflects the fact that a coordinate z; on I¢ can be changed to —u;,
independently of the projection process.

Definition 1.2.3 (H. hypothesis). We say that the interpolation operator 1 satisfies the
H_ hypothesis if for any diagonal matrix D with entries in £1 we have for all f € V

I(foD)=1(f)oD.

The next property implies that the different coordinates z1, - - - , x4 on I¢ play symme-
trical roles with respect to the projection operator.

Definition 1.2.4 (H, hypothesis). If M, is a permutation matriz, i.e. (My)i; := dio(s)
for some permutation o of {1,--- ,d}, then for all f € V

I(foM,)=1(f) o M,.

According to (1.8)), the projection operator I reproduces the space of polynomials IPy.
However, in many situations the space Vi of functions reproduced by I is larger than IPy.

In particular V; = IP;* when I is the interpolation on equispaced or Tchebychev points,
and V§ = Py, (resp Py, IP;*) when I is the L?(I%) orthogonal projection onto P, (resp P,
Pr).

It is particularly useful to know whether the projection operator I reproduces the
elements of IP;, and we therefore give a name to this property. Note that it clearly does
not hold for the L?(I?) orthogonal projection onto IPy.

Definition 1.2.5 (H, hypothesis). The following inclusion holds :
P cWw.

On the contrary it is useful to know that some polynomials, and in particular pure
powers x", are not reproduced by I.
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Definition 1.2.6 (H,. hypothesis).

If Z)\iCCZTnEVI then (A, -+, q) = (0,---,0).

1<i<d

This condition obviously holds if I(f) € IPy* (polynomials of degree < k in each
variable) for all f. Hence, it holds for all the examples of projection operators given in

the previous subsection §1.1.4

1.2.3 Explicit formulas

In this section we provide the explicit expression of the shape function K when some
of the hypotheses Hy, H,, H, or H,, hold. Let m € H,,, and let \; be the coefficient of
X™in 7, for all 1 <47 < d. We define

K. (m) = 4 H |\l

s(m):=#{1 <i<d; N\ > 0}.
It %!(x) is identified by 1} to an element of H,,, then one has

d"f(x) I
K*( m! ):%

Proposition 1.2.7. If m is odd and if Hy, H, and H, hold, then

and

11 gmj: (w)‘. (1.21)

x"
1<i<d ¢

Ky(m) = C(p)K.(m),
where

> 0.
Lr(14)

Proposition 1.2.8. If m is even and if H,, H, and H,, hold then

C(p) =

ZX[”—I(Z Xf”‘)

1<i<d 1<i<d

Ky(m) = Cp, s(m)) Ki(m).

Furthermore,

C(p,0) = C(p,d) = > 0. (1.22)

Lr(14)

ZX{”—I(Z X;”)

1<i<d 1<i<d

Other constants C(p, s) are positive and obey C(p,s) = C(p,d — s).

Next we turn to the proofs of Propositions [1.2.7 and [1.2.§]
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Proof of Proposition Let m € H,, and let \; be the coefficient of X" in 7.

Denote by
o= > NX

so that m — 7, € IP; and, more generally, 7o D — 7w, 0 D € IP; for any diagonal matrix D.
The hypothesis H, states that the projection operator I reproduces the elements of Py,
and therefore

moD—I(moD)=m,0D—1(m,0D).

Hence, Kj(m) = K;(m) according to (1.12)). If there exists ip, 1 < ig < d, such that
Ai; = 0, then we denote by D the diagonal matrix of entries D;; = 1 if i # i and 0 if
i = 19. Applying Proposition [1.2.1| we find

Ki(n) = K;(m,) = K(7, 0 D) = (det D)@ K;(m,) = 0.

which concludes the proof. We now assume that all the coefficients \;, 1 < ¢ < d, are

different from 0, and we denote by &; be the sign of \;. Applying Proposition to the
1

diagonal matrix D of entries |\;|= we find that

K](ﬂ') = K[(?T*) = (det D)%K](ﬂ'* 9] D_l) = K*(ﬂ') K[ ( Z 81sz> .

1<i<d

Using the H. hypothesis with the diagonal matrix D of entries D;; = ¢;, and recalling
that m is odd, we find that

KI<Z eiXim):KI(Z Xim).

1<i<d 1<i<d
We now define the functions

gi = X" —1(X") for 1 <i<d.

7

It follows from ((1.12)) that

K1<Z X;”) = inf

. a;=1
1<i<d [li<icaa

Z a;gi

1<i<d

Y

Lr(14)

where the infimum is taken over all d-vectors of positive reals of product 1. Let us consider
such a d-vector (ay,- -+ ,aq), and a permutation o of the set {1, -- ,d}. The H, hypothesis
implies that the quantity

Z QAo () Gi

1<i<d

Lr(14)
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is independent of . Hence, summing over all permutations, we obtain using the triangle

inequality
1
Yoaa| = =Y aws
1<i<d L (I4) [ 1<i<d Lr(I4)
1
s (z aam) A 123
lglgd g Lp(]ld)
1
S 1oy I ot
1<i<d |l pp(gay L<i<d
The right-hand side is minimal when a; = - -- = a4 = 1, which shows that
Z a;9; > Z 9i = C(p)
1<i<d Lr (1) 1<i<d L (I4)
with equality when a; = 1 for all 7. Note as a corollary that
Ky(m.) = ||me = Il 1oy = C(p) where m. = Y &X]". (1.24)

1<i<d

It remains to prove that C'(p) > 0. Using the hypothesis H., we find that for all u; € {1}

we have
Z HiGi = C’(p).
1<i<d Lp(14)
In particular, for any 1 < ¢y < d one has
2(|gio || Loy < Z 9i +1|29i0 — Z 9i < 2C(p).
1<i<d L (I9) 1<i<d Lp(14)

If C(p) = 0, it follows that g;, = 0 and therefore that X;" = I(X}"), for any 1 < iy < d.
Using the assumption H,, we find that the projection operator I reproduces all the poly-
nomials of degree m = k + 1, which contradicts the definition ((1.8) of the integer k.  ©

Proof of proposition We define \;, 7, and ¢; € {£1} as before and we find,

using similar reasoning, that

Ki(m) = K,(7)K; ( > giXi"L) .
1<i<d
For 1 < s < d we define

C(p, s) :K,(Z Xr— >y X;ﬂ).

1<i<s s+1<i<d
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From the hypothesis H, it follows that K;(7w) = K,.(7)C(p, s(m)).
Using again H, and the fact that K;(7) = K;(—n) for all 7 € H,,, we find that

Clp,s) = K1<ZX{”— > XZ”)

1<i<s s+1<i<d
~w(-(X - 3wl
1<i<d—s d—s+1<i<d
= C(p,d—5s).

We define g; := X" — I(X["), as in the proof of Proposition We obtain the
expression for C'(p,0) by summing over all permutations as in (|1.23)

Zgi

1<i<d

C(p,0) =

Lr(14)

This concludes the proof of the first part of Proposition|1.2.8, We now prove that C'(p, s) >
0forall 1 <p<ooandallse{0,- - ,d}. To this end we define the following quantity

on RY
Z a:9i

1<i<d

lallx =

Lr(14)

Note that ||a||x = 0 if and only if

S oaX =Y aI(X"),

1<i<d 1<i<d

and the hypothesis H,, precisely states that this equality occurs if and only if a; = 0, for

all 1 <1i < d. Hence, || - || is a norm on R?. Furthermore, let
B, = {aeRifoﬂS; 11 ]al\—l}
1<i<d
Then

Clp,s) = inf Jlallx.

Since E, is a closed subset of R which does not contain the origin, this infimum is
attained. It follows that C'(p,s) > 0, and that there exists a rectangle R. of unit volume
such that

Ki(m.) = ||mc = I7||ze(r) = C(p, s(7z)) where m. = Z e X", (1.25)

1<i<d

which concludes the proof of this proposition. o
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1.3 Proof of the approximation results

In this section, let the block Ry, the integer m, the function f € C™(Ry) and the
exponent p be fixed. We conduct our proofs for 1 < p < oo and provide comments on how
to adjust our arguments for the case p = oo.

For each x € Ry by u, € IP,, we denote the m-th degree Taylor polynomial of f at
the point x

o= eX) = 30 Ty B (1.26
la|<m '

and we define 7, € IH,, to be the homogeneous component of degree m in p,,

e = (X)) 1= Z gzojj(:c) %. (1.27)
|al=m )

Since 7, and p, are polynomials of degree m, their m-th derivative is constant, and clearly
d"m, = d"u, = d™ f(x). In particular, for any x € Ry the polynomial p, — 7, belongs to
P, (recall that k = m — 1) and is therefore reproduced by the projection operator I. It
follows that for any x € Ry and any block R

e — Ip e = o — IR fhyp. (1.28)
In addition, we introduce a measure p of the degeneracy of a block R

iam(R)?
plr) = S

Given any function g € C™(R) and any x € R we can define, similarly to (1.27), a
polynomial 7, € H,, associated to g at . We then define

||dmg||Loo(R) ;= sup (sup |ﬁx(u)|> ) (1.29)

zeR \ |u|=1

Proposition 1.3.1. There exists a constant C' = C'(m,d) > 0 such that for any block R
and any function g € C™(R)

lg = TR gller(my < CIR|7p(R) | d™ gl o~ (s)- (1.30)

Proof: Let xy € R and let gy be the Taylor polynomial for g of degree m — 1 at point xg
which is defined as follows

Let x € R and let z(t) = xo + t(x — zo). We have

(L—t"
m!

1
mm=%m+/)m@@u—%> dt.
t=0
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Hence,
1—)m
m: (1.31)

IN

1
oe) = m@)| < [ gl — a0l
t=0
1
(m+1)!

Since gg is a polynomial of degree at most m — 1, we have gy = I go. Hence,

<

1
g —Irgllrr)y < |RI?[lg —1rgllr=(r)
1
= |R[?[|(g — 90) — Ir(9 — 90)llL=(r)
1
< 1+ )R |lg — goll (),

where Cf is the operator norm of I : V' — V. Combining this estimate with (1.31)), we
obtain ({1.30)) which concludes the proof. o

1.3.1 Proof of Theorem (Lower bound)

The following lemma allows us to bound the interpolation error of f on the block R
from below.

Lemma 1.3.2. For any block R C Ry and x € R we have
If = 1a Fllzemy > |RI7 (Ki(n,) = w(diam R)p(R)¥) .

where the function w is positive, depends only on [ and m, and satisfies w(§) — 0 as
0 — 0.

Proof: Let h := f — p,, where u, is defined in ([1.26)). Using (|1.28) and (1.11)), we obtain

If =Ie fllerry 2 172 = I Tallor) — lh — 1R 2| Lo ()

> |RI7K () = |h = Tr bllor),
and according to Proposition [I.3.1] we have

|h—Trhllzory < ColRI p(R) & ld" bl o= ).
Observe that
[d™ Bl (ry = |d™f — d"Ta| Loy = 1A f — d™ [ (@) Loe(m)-
We introduce the modulus of continuity w, of the m-th derivatives of f.
wie(r) = sup [[d"f(z1) —d" f(x9)|| = sup (sup |7, (1) — sz(u)\) (1.32)

x1,22€Rp: x1,22€Rp: |u|§1
|1 —22|<r |1 —22|<1

By setting w = Cyw, we conclude the proof of this lemma. o
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We now consider an admissible sequence of block partitions (Ry)nso. For all N > 0,
R € Ry and z € int(R), we define

on(z) = |R| and Yn(x) = (KI(M) — w(diam(R))p(R)

a3

)+7

where A, := max{\,0}. We now apply Holder’s inequality

fifz < | filleer o)l f2ll 2oz (o)
Ro

with the functions

fi= ¢NT”¢17\/ and fy = ¢y ¢
and the exponents p; = £ and p; = %. Note that p% + p% =T (% + %) = 1. Hence,

wzvs( asj%%)p( / W)d. (1.33)
Ro Ro Ro

Note that [, ¢y' = #(Ry) < N. Furthermore, if R € Ry and z € int(R) then according
to Lemma

on (2) Ty (@) = |RI" 7w (@) < R\ f — 1g fllve

Hence,

[ o w%]”s[ 11 - IRfuLpR)] =T flr. (L34
Ro RER N

Inequality (|1.33]) therefore leads to

[Nl Errey < I1f = Irn Fllre(royN 7. (1.35)

Since the sequence (Ry)n>o is admissible, there exists a constant C4 > 0 such that for

all N and all R € Ry we have diam(R) < C4N~i. We introduce a subset of Ry C Rn
which collects the most degenerate blocks

={ReRn; p(R) > w(CaN~1) m},

where w is the function defined in Lemma [1.3.2l By R/, we denote the portion of Ry
covered by R'y. For all x € Ry \ R)y we obtain

Un(z) > Ki(my) — w(CAN~d) " a,
We define ey = w(C’AN_é)l_é and we notice that e; — 0 as N — 00. Hence,

(K |

N2 Ry L7(Ro\RYy)

— C7[Ryl,




64 Chapter 1. Sharp asymptotics of the LP approximation error on rectangles

where C' := max,cg, K(m,). The last expression involves a slight abuse of notations, since
(K(m;) — en)+ stands for the function € Ry — (K(m,) —en)+ € R. Next we observe
that |Rly| — 0 as N — 400 : indeed for all R € Ry we have

[R| = diam(R)*p(R)™" < CAN"'w(CaN 1),

Since #(R)y) < N, we obtain |R)y| < Clw(C4yN~a)m, and the right-hand side tends to
0 as N — oo. We thus obtain

lim inf ¢ l|z-(ry) 2 lim [|(K1(ma) = en) || ) = K (7) 27 0)-

Combining this result with ([1.35]), we conclude the proof of the announced estimate.
Note that this proof also works with the exponent p = oo by changing

me N %
< j % ﬁf) into [|@x VN | (ro)
0

in ([1.33]) and performing the standard modification in ([1.34)).

Remark 1.3.3. As announced in Remark|[1.1.6, this proof can be adapted to the weighted
norm || - ||Le(re) associated to a positive weight function Q € C°(Ry) and defined in
(1.20). For that purpose let ry := sup{diam(R) ; R € Ry} and let

Qy(z) == llglf% Q).
\x—x'|S07’N

The sequence of functions Q2 increases with N and tends uniformly to Q0 as N — oo. If

R e Ry and x € R, then

If =1z flleerg) = Qv (@) f — 1 fllzer)-

The main change in the proof is that the function 1y should be replaced with iy := Qniy.
Other details are left to the reader.

1.3.2 Proof of the upper estimates

The proof of Theorems [1.1.5| (and [1.1.7]) is based on the actual construction of an
asymptotically optimal sequence of block partitions. To that end we introduce the notion
of a local block specification.

Definition 1.3.4. (local block specification) A local block specification on a block Ry
is a (possibly discontinuous) map x — R(x) which associates to each point x € Ry a block
R(x), and such that

— The volume |R(z)| is a positive continuous function of the variable v € Ry.

~ The diameter is bounded : sup{diam(R(z)) ; * € Ry} < 0.
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The following lemma shows that it is possible to build sequences of block partitions of
Ry adapted in a certain sense to a given local block specification.

Lemma 1.3.5. Let Ry be a block in IR* and let x — R(z) be a local block specification
on Ry. Then there exists a sequence (P,)n>1 of block partitions of Ry, P, = PL U P2,
satisfying the following properties.

— (The number of blocks in P, is asymptotically controlled)

lim n2d /|R )|t (1.36)

~ (The elements of P} follow the block specifications) For each R € P} there exists
y € Ry such that

diam(Ry)
n

R is a translate of n ?R(y), and |z —y| < for all x € R. (1.37)

~ (The elements of P? have a small diameter)
lim | n® sup diam(R) | = 0. (1.38)
n—eo ReP?
Proof: See Appendix. o

We recall that the block Ry, the exponent p and the function f € C™(Ry) are fixed,
and that at each point z € Ry the polynomial 7, € H,, is defined by . The sequence
of block partitions described in the previous lemma is now used to obtain an asymptotical
error estimate.

Lemma 1.3.6. Let x — R(x) be a local block specification such that for all x € Ry
172 = Lr@) (Te) | Lr(R@2)) < 1. (1.39)

Let (Pn)n>1 be a sequence of block partitions satisfying the properties of Lemma and
let for all N > 0
n(N):=max{n > 1; #(P,) < N}.

Then Ry := Pu(ny 18 an admissible sequence of block partitions and

R(x)‘ldx) " (1.40)

Proof: Let n > 0 and let R € P,. If R € P} then let y € Ry be as in (1.37). Using

Proposition [1.3.1] u and - we find

If = 1r fllzrr) < H?Ty—IR?TyHLP y +1(f = my) = Ir(f — 7)) l|lze(r)

lim sup N%Hf —Iry fllze(ry) < (

N—oo Ro

< nT H7ry - IR ) Tyll Lo (R(y)) + C’\R|P diam(R)™||d™ f — d"my|| peocr)
< 0%+ Cn~ 7 |R(y)|r diam(R(y)" 4" f = d" F (y)l|zr)
< n (1+ C'w.(n~ ' diam(Ry))),
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where we defined ¢ := C'sup, g, ]R(y)]% diam(R(y))™, which is finite by Definition [1.3.4}
We denoted by w, the modulus of continuity of the m-th derivatives of f which is defined
at (1.32). We now define for all n > 1,

8, :=n? sup diam(R).
ReP?

According to ((1.38) one has §,, — 0 as n — oo. If R € P2, then diam(R) < n~2¢, and
’fcihedrefore |R| < diam(R)? < n~?0;. Using again (1.30), and recalling that - = % + > we
n

d

2d 4
1f =1k fllomy < CIR[F diam(R)™||d™ f|| oire) < C"'n % 67

where C" = C||d™ f|| ec(ro). From the previous observations it follows that

If =T, Fllome < #(Pa)? max ||f = Tn fllow)

1 2d

< #(P,)pn~ 7 max{l + C'w,(n ! diam(R,)), C’"&%}.

Hence,
) _1 24
limsup #(P,) rn~ ||f —Ip, f||LP(Ro) <L

n—oo

Combining the last equation with (|1.36)), we obtain

isup (P 1 = o, Sl < ( [ R ae)

n—oo

The sequence of block partitions Ry := Py (ny clearly satisfies #(Ry)/N — 1 as N — oo
and therefore leads to the announced equation ([1.40f). Furthermore, it follows from the
boundedness of diam(R(z)) on Ry and the properties of P,, described in Lemma that

sup (#(Pn)vll sup diam(R)> < 0o

n>1 RePy

which implies that Ry is an admissible sequence of partitions. o

We now choose adequate local block specifications in order to obtain the estimates
announced in Theorems and [1.1.70 For any M > diam(I) = v/d we define the
modified shape function

KM(’/T) = |]$\n:fl H7T — IR 7THLP(R)7 (141)
diam(R) <M

where the infimum is taken on blocks of unit volume and diameter smaller that M. It
follows from a compactness argument that this infimum is attained and that K,; is a
continuous function on H,,. Furthermore, for any fixed 7 € H,,, M — Ky(w) is a
decreasing function of M which tends to K;(7) as M — oo.
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For all x € Ry we denote by Rj,(z) a block which realises the infimum in K/ (7).
Hence,

|Ry(z)| =1, diam(R}, () < M, and Ky () = [T — Lry, @) Tall 2o (ry, )
We define a local block specification on Ry as follows
Ry (x) = (Ku(me) + M~ " a Ry (). (1.42)

We now observe that using a change of variables and the homogeneity of 7., as in (|1.11)),
that

172 = Trasw) Tell oo (ras @) = Boar () (Kag () + M1 7H< 1L

Hence, according to Lemma [1.3.6] there exists a sequence (RA)x>1 of block partitions of
Ry such that

limsup N4 || f — Ty fllzocre) < K (m2) + M7 | (o).

N—oo

Using our previous observations on the function K,;, we see that

A}iinoo I EKpi () + M| 1r(re) = 1K1 () || 17 (Ro)-

Hence, given £ > 0 we can choose M () large enough in such a way that
1K pie) () + M (&)™ 1 (roy < 1K1 (0|1 (o) + €

which concludes the proof of the estimate (1.19) of Theorem [1.1.5]
For each N let M(N) be such that

Na|f— Lo Fleroy < WKy () + M(N) | (roy + M(N) ™

and M(N) — oo as N — oo. Then the (perhaps non admissible) sequence of block par-
titions Ry = R%(N) satisfies 1) which concludes the proof of Theorem . o

We now turn to the proof of Theorem [1.1.7] which follows the same scheme for the
most. There exists d functions Ay (z), -+ , A\g(z) € C°(Ry), and a function z — 7.(z) € P},
such that for all x € Ry we have

Ty = Z Ni(2) X" + ().

1<i<d

m!

The hypotheses of Theorem |1.1.7| state that K; (dmf(:”)) = Ky(m,) # 0 for all z € Ry. It

follows from Propositions [1.2.7 and [1.2.§| that the product Ai(z)--- Ag(z) is nonzero for
all x € Ry. We denote by ¢; € {£1} the sign of \;, which is therefore constant over the
block Ry, and we define

e 1= Z X"

1<i<d
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The proofs of Propositions [1.2.8 and [1.2.7] show that there exists a block R., satisfying
|R.| = 1, and such that Ki(n.) = |7 — Iz 7||r(r.). By D(x) we denote the diagonal
matrix of entries |[A\(x)],- -, [Aa(x)|, and we define

1

¢y 1= (det D(x))ma D(x)

Clearly det ¢, = 1 and 7, 0 ¢, = (det D(z))am. + 7,(z) 0 ¢, and m,(z) 0 ¢, € P%. Hence
using (|1.5)) we obtain

172 = Lo, (r0) TallLo(oe(rey = 172 © G = Tr. (72 © @o)l| Lo (ae)
1
= (det D(l’))d H7T€ - IRE 7T€||LP(RE)

— (det D()) i K (.)
== K](’ﬂ'x).
We then define the local block specification
R(x) := Ki(m,) 1 ¢.(R.), (1.43)

in such way that |7, — Ip@) T |lr(r@e)) = 1 for all 2 € Ry, using the homogeneity of
and an isotropic change of variables. The admissible sequence (Ry)n>1 of block parti-
tions constructed in Lemma then satisfies the optimal upper estimate (1.18]), which

concludes the proof of Theorem [1.1. o

Remark 1.3.7 (Adaptation to weighted norms). Lemma also holds if is
replaced with

Q) 172 — L) (7e) | e (r@)) <1
and if the LP(Ry) norm is replaced with the weighted LP(Ry, ) norm in (1.40). Replacing
the block Ry () defined in with

Riy(x) := Q(x) 7 R (),

one can easily obtain the extension of Theorem to weighted norms. Similarly, re-
placing R(x) defined in with R'(z) := Q(x)"aR(x), one obtains the extension of
Theorem to weighted norms.

1.4 Appendix : Proof of Lemma [1.3.5

By 9, we denote the standard partition of Ry € RY in n¢ identical blocks of diameter
n~1 diam(Ry) illustrated on the left in Figure . For each () € Q,, by ¢ we denote the
barycenter of ) and we consider the tiling 7¢ of R? formed with the block n™2R(zq) and
its translates. We define PL(Q) and P} as follows

Pa@) ={Re€Ty: RCQ} and PL:= [ PHQ).
QEQ,
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FIGURE 1.1 — (Left) the initial uniform (coarse) tiling Q3 of Ry. (Right) the set of blocks
Pl in green and the set of blocks P in red.

Comparing the areas, we obtain

#P)= Y PUQ < 3t = S QIR

QEQn QEn QEQn

From this point, using the continuity of z — |R(x)|, one easily shows that %P;l) —
S R |R(z)|"'dx as n — oo. Furthermore, the property (1.37) clearly holds. In order to

construct P2, we first define two sets of blocks P*(Q) and P> as follows

P*(Q):={RNQ; ReTyand int(R)NIQ # 0} and P> := U P*(Q).
QEQn

Comparing the surface of Q) with the dimensions of R(zq), we find that

#(Pr(Q)) < Cn™!

where C is independent of n and of Q € Q,. Therefore, #(P?) < Cn?~!. The set
of blocks P2 is then obtained by subdividing each block of P into o(n) (for instance,
|In(n)]%) identical sub-blocks, in such a way that #(P?) is o(n??) and that the requirement

(1.38) is met.
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2.1 Introduction.

2.1.1 Optimal mesh adaptation

In finite element approximation, a usual distinction is between uniform and adaptive
methods. In the latter, the elements defining the mesh may vary strongly in size and

71



72 Chapter 2. Sharp asymptotics of the LP interpolation error

shape for a better adaptation to the local features of the approximated function f. This
naturally raises the objective of characterizing and constructing an optimal mesh for a
given function f.

Note that depending on the context, the function f may be fully known to us : either
through an explicit formula or a discrete sampling; or observed through noisy measure-
ments ; or implicitly defined as the solution of a given partial differential equation.

In this chapter, we assume that f is a function defined on a polygonal bounded domain
1 C R2. For a given conforming triangulation 7 of 2 and an arbitrary but fixed integer
m > 1, we denote by I*"* the standard interpolation operator on the space of Lagrange
finite elements of degree m — 1 associated to 7. Given a norm X of interest and a number
N > 0, the objective of finding the optimal mesh for f can be formulated as solving the
optimization problem

1
#(IglgNHf ! fllxs

where the minimum is taken over all conforming triangulations of cardinality N. We
denote by 7y the minimizer of the above problem.

Our first objective is to establish sharp asymptotic error estimates that precisely des-
cribe the behavior of ||f — I f||x as N — +oco. Estimates of that type were obtained
in [4,27] in the particular case of linear finite elements (m — 1 = 1) and with the error
measured in X = LP. They have the form

hmsup(N min Hf—ITfHLp) <CH\/\det (d?f) H +1, (2.1)
N—+o0 (T)<N
which reveals that the convergence rate is governed by the quantity /| det(d?f)|, which
depends nonlinearly the on Hessian d?f. This is heavily tied to the fact that we allow
triangles with possibly highly anisotropic shape. In the present work, the polynomial
degree m — 1 is arbitrary, and the quantities governing the convergence rate will therefore
depend nonlinearly on the m-th order derivative d™f.

Our second objective is to propose simple and practical ways of designing meshes
which behave similarly to the optimal one, in the sense that they satisfy the sharp error
estimate up to a fixed multiplicative constant.

2.1.2 Main results and layout
We denote by H,, the space of homogeneous polynomials of degree m :
H,, := Span{z"y' ; k +1=m}.

For any triangle T, we denote by I’** the local interpolation operator acting from C(T)
onto the space IP,,_; of polynomials of total degree m — 1. The image of v € C°(T) by
this operator is defined by the conditions

I o(y) = v(y)

for all points v € T with barycentric coordinates in the set {0, —1, —=— .-, 1} We
denote by
emr(v)y = |lv —Tp" || Lo er)
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the interpolation error measured in the norm LP(T"). We also denote by

1
em7(V)p =0 =177 vl = <Z em,T(v)Z>

TeT
the global interpolation error for a given triangulation 7, with the standard modification
if p = oo.
A key ingredient in this chapter is a function defined by a shape optimization problem :
for any fixed 1 < p < oo and for any = € H,,,, we define

Ky p(m) := inf e, (1), (2.2)

Here, the infimum is taken over all triangles of area |T'| = 1. Note that from the homoge-
neity of m, we find that

RS

Tin_fA Em1(T)p = Kmp(ﬂ)A?Jr :

(2.3)

This optimization problem thus gives the shape of the triangles of a given area which
is best adapted to the polynomial 7 in the sense of minimizing the interpolation error
measured in LP. We refer to K,,, as the shape function. We discuss in §2.2] the main
properties of this function.

Our asymptotic error estimate for the optimal triangulation is given by the following
theorem :

Theorem 2.1.1. For any bounded polygonal domain @ C R? and any function f €

C™(Q), there exists a sequence of triangulations (Tn)n>n,, conforming if p < oo, with
#(Ty) < N, such that

1
+ =
p

(2.4)

Y

1 m
) T 2

m dm
limsup N2 e, 7, (f)p < HKm,p ( |f)
m!

N—oo

An important feature of this estimate is the “lim sup” asymptotical operator. Recall
that the upper limit of a sequence (uyx)n>n, is defined by

limsupuy := lim sup u,
N—oo N—oo n>N

and is in general strictly smaller than the supremum supysy, uy. It is still an open

question to find an appropriate upper estimate for sup sy, IV z em,1y (f)p Wwhen optimally
adapted anisotropic triangulations are used.

In the estimate , the m-th derivative d™ f(z) is identified to a homogeneous poly-
nomial in H,, :

d” f(2) orf aty

w2 Gy R

l=m

(2.5)
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In order to illustrate the sharpness of ([2.4]), we introduce a slight restriction on sequences
of triangulations, following an idea in [4] : a sequence (7n)n>n, of triangulations, such
that #(7y) < N, is said to be admissible if

sup (N% sup diam(T)) < 00.
N>No TeTn

In other words
sup diam(T) < CyN~1/2 (2.6)
TeTy
for some C'4 > 0 independent of N. The following theorem shows that the estimate
cannot be improved when we restrict our attention to admissible sequences. It also shows
that this class is reasonably large in the sense that is ensured to hold up to small
perturbation.

Theorem 2.1.2. Let Q C R? be a bounded polygonal domain, and f € C™(Q). Set
% =7+ ;1). For all admissible sequences of triangulations (Tn)n>n,, conforming or not,

one has

lim inf N2 e, 7, (f), > HKW (—d f)

N—oo m/!

LT()
For all e > 0, there exists an admissible sequence of triangulations (T5)n>n,, conforming
if p < o0, such that

+ €.

N—o0 m! LT(Q)

lim sup N%em,z@(f)p < HKmJ) (d f)

Note that the sequences (75)n>n, satisfy the admissibility condition (2.6 with a
constant Cy(e) which may explode as ¢ — 0. The proofs of both theorems are given
in §2.3] These proofs reveal that the construction of the optimal triangulation obeys
two principles : (i) the triangulation should equidistribute the local approximation error
em,(f)p between each triangle, and (ii) the aspect ratio of a triangle 7" should be isotropic
with respect to a distorted metric induced by the local value of d™f on T (and there-
fore anisotropic in the sense of the Euclidean metric). Roughly speaking, the quantity
| K (wmn—f) ||~ (1) controls the local interpolation LP-error estimate on a triangle 7" once
this triangle is optimized with respect to the local properties of f. This type of estimate
differs from those obtained in [2], which hold for any T', optimized or not, and involve the
partial derivatives of f in a local coordinate system which is adapted to the shape of T

The proof of the upper estimates in Theorem involves the construction of an
optimal mesh based on a patching strategy similar to |[4]. However, inspection of the proof
reveals that this construction becomes effective only when the number of triangles N
becomes very large. Therefore it may not be useful in practical applications.

A more practical approach consists in deriving the above mentioned distorted metric
from the exact or approximate data of d" f using the following procedure. To any 7 € H,,,
we associate a symmetric positive definite matrix h, € S5 If z € Q, and d™ f(z) is close
to m, then the triangle T' containing z should be isotropic in the metric h,. The global
metric is given at each point z by

h(z) = s(m,)hy,, 7, =d"f(z),



2.1. Introduction. 75

where s(7,) is a scalar factor which depends on the desired accuracy of the finite element
approximation. Once this metric has been properly identified, fast algorithms such as
in (94,92, /19] can be used to design a near-optimal mesh based on it. Recently in [66,(15],
several algorithms have been rigorously proven to terminate and produce good quality
meshes, see also Chapter 5. Computing the map

T e M, — h, €Sy (2.7)

is therefore of key use in applications. This problem is well understood in the case of linear
elements (m = 2) : the matrix h, is then defined as the absolute value (in the sense of
symmetric matrices) of the matrix associated to the quadratic form 7. In contrast, the
exact form of this map in the case m > 3 is not well understood.

In this chapter, we propose algebraic strategies for computing the map form =3
which corresponds to quadratic elements. These strategies have been implemented in
an open-source Mathematica code |95]. In a similar manner, we address the algebraic
computation of the shape function K,, () from the coefficients of 7 € H,,, when m > 3.
All these questions are addressed in §2.4] 2.5 and [2.6]

In §2.4) we discuss the particular case of linear (m = 2) and quadratic (m = 3)
elements. In this case, it is possible to obtain explicit formulas for K,,,(7) from the
coefficients of 7. In the case m = 2, this formula is of the form

K, (ax® + 2bzy + cy?) = o+/|b? — ac|,

where the constant o only depends on p and the sign of b —ac, and we therefore recover the
known estimate from Theorem The formula for m = 3 involves the discriminant
of the third degree polynomial d®f. Our analysis also leads to an algebraic computation
of the map . We want to mention that a different strategy for the construction of the
distorted metric and the derivation of the error estimate for a finite element of arbitrary
order was proposed in [23]. In this approach, the distorted metric is obtained at a point
z € Q) by finding the largest ellipse contained in a level set of the polynomial associated to
d" f(z) by . This optimization problem has connections with the one that defines the
shape function in (2.2)), as we shall explain in . The approach proposed in the present
work in the case m = 3 has the advantage of avoiding the use of numerical optimization,
the metric being directly derived from the coefficients of d™ f.

In , we address the case m > 3. In this case, explicit formulas for K, ,(7) seem out
of reach. However, we can introduce explicit functions K,,(7) which are polynomials in
the coefficients of 7, and are equivalent to K, ,(7), leading therefore to similar asymptotic
error estimates up to multiplicative constants. At the current stage, we did not obtain a
simple solution to the algebraic computation of the map in the case m > 3. The
derivation of K,, is based on the theory of invariant polynomials due to Hilbert. Let us
mention that this theory was also recently applied in [79] to image processing tasks such
as affine invariant edge detection and denoising.

We finally discuss in §2.6) the possible extension of our analysis to simplicial elements
in higher dimension. This extension is not straightforward except in the case of linear
elements m = 2.
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2.2 The shape function

In this section, we establish several properties of the function K, , which will be of
key use subsequently. We assume that m > 2 is an integer, and p € [1, 0o]. We equip the

finite dimensional vector space H,, with a norm || - || defined as follows
7|l == sup [7(z,y)]. (2.8)
x2492<1

Our first result shows that the function K, , vanishes on a set of polynomials which has
a simple algebraic characterization.

Proposition 2.2.1. We denote by s,, := |5 | +1 the smallest integer strictly larger than
m/2. The vanishing set of K., is the set of polynomials which have a generalized root of
multiplicity at least s, :

Knp(m) =0 7(z,y) = (ax + By)*™ 7, for some a,f € R and 7@ € Hy,—s, .

Proof: We denote by T, a fixed equilateral triangle of unit area, centered at 0.
We first assume that 7(z,y) = (ax + By)*" 7. Then there exists a rotation R € O,
and 7 € H,,_, such that

mo R(x,y) = 2”7 (x,y) = x°™ < Z aia:iym_s’”_i> .

Therefore, denoting by ¢. the linear transform ¢.(x,y) = R (5m, %), we obtain

Tod = (81:)5777, ( Z CLZ'(S.%)i(y/&“)m_sm_i) — g25m=m.sm ( Z SQiCLil‘iym_sm_i) 7
=0

1=0

hence 7o ¢ — 0 as € — 0. Since |det ¢.| = 1, the triangles ¢.(Teq) have unit area.
Consequently,
emyd)s(Teq) (W)p = 6m,Teq (,/T o ¢5)p — 0 as & — O7

and therefore K, ,(7m) = 0.

Conversely, let m € H,,, \ {0} be such that K, ,(m) = 0. Then there exists a sequence
(Ty)n>0 of triangles with unit area such that e,, 1, (1), — 0. We remark that the interpo-
lation error ep(m), of m € H,, is invariant by a translation 7, : z — 2 + h of the triangle
T. Indeed, 71 — T o1, € IP,,_1, so that

lm =17 7l oy = llm o 7 = I~ o m)loory = llm = 177 7oy (2.9)

Hence we may assume that the barycenter of T, is 0 and write T,, = ¢, (T.q) for some
linear transform ¢, with det ¢, = 1. Since ey, 1,,(-)p is @ norm on H,,, it follows that
T o ¢, — 0.

The linear transform ¢,, has a singular value decomposition

e, O

an = Un o Dn o Vn7 where Una Vn € 02’ and Dn - ( 0 ]./gn

),0<5n§1.
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Note that |7 o V|| = ||x|| for any = € H,, and V' € Os. Therefore,
|7 oU,oDy|| = |lrolU,o0D,oV,oV. | =m0 — 0.

Denoting by a;,, the coefficient of z'y™ " in 7 o U,,, we find that a;,e2~™ tends to 0 as
n — +00. In the case where 7 < s,,, this implies that a;,, tends to 0 as n — +o0.

By compactness of O, we may assume, up to a subsequence extraction, that U,
converges to some U € Oy. Denoting by a; the coefficient of z'y™ % in 7 o U, we thus
find that a; = 0 if i < s,,,. This implies that 7 o U(z,y) = x*7(x,y) which concludes the
proof. o

Remark 2.2.2. In the simple case m = 2, we infer from Proposz'tion that Ky ,(7) =
0 if and only if 7 is of the form w(x,y) = z* up to a rotation, and therefore a one-
dimensional function. For such a function, the optimal triangle T degenerates to a segment
in the y direction, i.e., optimal triangles of a fized area tend to be infinitely long in one
direction. This situation also holds when m > 2. Indeed, we see in the second part in the
proof of Pmposition that if ™ is a nontrivial polynomial such that K,, ,(7) = 0, then
en, must tend to 0 as n — 400. This shows that T,, = ¢,,(T) tends to be infinitely flat in
the direction Ue, with e, = (0,1). However, K, ,(m) = 0 does not any longer mean that
w18 a polynomial of one variable.

Our next result shows that the function K,,, is homogeneous and obeys an invariance
property with respect to linear change of variables.

Proposition 2.2.3. For all # € H,,, A € R, and ¢ € L(R?),

KopOAT) = A Kpp(n), (2.10)
Knp(mod) = |detd|™?K,,, (7). (2.11)

Proof: The homogeneity property (12.10) is a direct consequence of the definitions of K, ,,.
In order to prove the invariance property (2.11)), we assume in a first part that det ¢ # 0,

and we define T' := \/% and 7(2) 1= w(y/|det ¢|z) = | det ¢|™/ %7 (2).

We now remark that the local interpolant I?_l commutes with linear change of va-
riables in the sense that, when ¢ is an invertible linear transform,

I (vog) = (I v) 0 (212)

for all continuous functions v and triangles T'. Using this commutation formula we obtain

em,T(ﬂ' © (b)p = |det ¢’71/p6m7¢(T) (ﬂ')p

= em,T(ﬂ-)p
= |det ¢|"e,, (),

Since the map T +— T is a bijection of the set of triangles onto itself, leaving the
area invariant, we obtain the relation (2.11) when ¢ is invertible. When det ¢ = 0, the
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polynomial mo¢ can be written (ax+ By)™ so that K,,,(mo¢) = 0 by Proposition2.2.1} ¢

The functions K,,, are not necessarily continuous, but the following properties will
be sufficient for our purposes.

Proposition 2.2.4. The function K,,, is upper semi-continuous in general and conti-
nuous if m = 2 or m is odd. Moreover, the following property holds :

If 1, — m and K, ,(7,) — 0, then K, ,(7) = 0. (2.13)

Proof: The upper semi-continuity property comes from the fact that the infimum of
a family of upper semi-continuous functions is an upper semi-continuous function. We
apply this fact to the functions 7 — e, r(7), indexed by triangles which are obviously
continuous.

For any polynomial m € Hy, 7 = az? + 2bzy + cy?, we define det 7 = ac — b%. It will
be shown in that Ky ,(m) = 0,1/| det 7|, where o, only depends on the sign of det 7.
This clearly implies the continuity of K5 ,. We next turn to the proof of the continuity of
K, for odd m. Consider a polynomial 7 € H,,. If K,,,(m) = 0, then the upper semi-
continuity of K, ,, combined with its nonnegativity, implies that it is continuous at 7.
Otherwise, assume that K, ,(7) > 0. Consider a sequence m,, € H,, converging to 7 and
a sequence ¢, of linear transformations satisfying det ¢, = 1, and such that

lirf Con(Tog) (Tn) = liminf Ko, o (77) 1= lir%H ian Ko p(77).
n——400 T —T r—0||r* —x|[<r

If the sequence ¢,, admits a converging subsequence ¢,, — ¢, it follows that

Ko p(m) < e¢(Teq)(7T) = kl_if_{loo €on,, (Teq)(ﬂ—nk) = hﬂql_l)grlf Ko (7).
This asserts that K, , is lower semi-continuous at 7, and therefore continuous at 7 since
we already know that K, , is upper semi-continuous.

If ¢, does not admit any converging subsequence, then we invoke the Singular Value
Decomposition (SVD) ¢,, = U, 0D, 0V,,, where U,,, V,, € Oy and D,, = diag(e,, é), where
0 < &, < 1. (Here and below, we use the shorthand diag(a,b) to denote the diagonal
matrix with entries @ and b.) The compactness of Oy implies that U,, admits a converging
subsequence U,,, — U. In particular, m,, o U,, converges to moU. Therefore, denoting by
a; ., the coefficient of x'y™ " in m, o U,, the subsequence a; n, converges to the coefficient
a; of 2'y™ " in mo U. Observe also that ¢, — 0; otherwise, some converging subsequence
could be extracted from ¢,,. Since ey, (1.,)(7n) = er,, (T, 0 ¢y), the sequence of polynomials
T © ¢y, 18 uniformly bounded and so is the sequence 7, o U, o D,,. Therefore, the sequences
(a; n*~™),>0 are uniformly bounded. It follows that a; = 0 when i < % . Since m is odd,
this implies that 7o U(z,y) = 2*»7(z, y), and Proposition [2.2.1]implies that K, () =0,
which contradicts the hypothesis K, ,(7) > 0.

Finally, we prove property . The assumption K, ,(m,) — 0 is equivalent to the
existence of a sequence T, = ¢,,(Tty) with det ¢, = 1 such that e, 1, (7,), — 0. Reasoning
in a similar way as in the proof of Proposition we first obtain that 7, o ¢, — 0, and
we then invoke the SVD decomposition of ¢,, to build a converging sequence of orthogonal
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matrices U,, — U and a sequence 0 < ¢, < 1 such that if a;, is the coefficient of xiym=i
in 7, o U,, we have a;,£%™™ — 0. When i < s,,, it follows that a;,, — 0, and therefore
moU(x,y) = z*7(x,y). The result follows from Proposition [2.2.1} o

We finally make a connection between the shape function and the approach developed
in [23]. For all 7 € H,,,, we denote by A the level set of || for the value 1 :

A, ={(z,y) € R2, |m(x,y)| < 1}. (2.14)
We now define p
Kﬁm>=< sup wvﬁ) | (2.15)
Ee€, ECAy

where the supremum is taken over the set £ of all ellipses centered at 0. We use a bold
font to denote the numerical constant 7™ = 3.14159... The optimization among ellipses
defining K¢ can be rephrased as an optimization on the cone S5 of 2 x2 positive symmetric
matrices.

m
4

K& (7) = inf{(det M)% ; M € S and Vz € R, (Mz,z2) > |n(2)|¥™}. (2.16)

The minimizing ellipse E* is then given by {(Mz,z) < 1}. The optimization problem
described in is quadratic in dimension 2 and subject to (infinitely many) linear
constraints. This apparent simplicity is counterbalanced by the fact that it is noncon-
vex. In particular, it does not have unique solutions and may also have no solution. We
construct in Chapter 6, , a variant K@ of K¢ which is defined by by a well posed
optimization problem, for which the optimal matrix is unique and continuously depends
on the parameter 7.

Proposition 2.2.5. On H,,, one has the equivalence
cK: < K, < CKE,
with constant 0 < ¢ < C' independent of p.

Proof: We consider a fixed triangle T, of unit area, for instance an equilateral triangle,
for each exponent 1 < p < oo on H,, we define a norm || - ||, on H,, as follows

Il =l = 137" llor).

in such way that
K, = inf , 2.17
o= it [wool, (2.17)
where the infimum is taken among the collection of linear changes of variables ¢ satisfying
| det ¢| = 1. Using (2.16]) and the homogeneity of m we obtain a similar expression for the
shape function K¢ based on ellipses

£ o .
Ke(m) = inf_fwoo. (2.18)
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Indeed if ¢ € GLg satisfies | det ¢| = 1, then M := ||[wog|| i (¢ 1) T~ satisfies (det M)
|mog|| and (Mz, z) > |7(z)|=. Conversely to any M € S we associate ¢ = M2 (det M)
which satisfies det ¢ = 1.

Since the vector space H,, has finite dimension there exists C' > ¢ > 0 such that for
any m € H,, and any exponent 1 < p < 0o one has

NI

cllrll <l < ll7lly < liwlloe < Cllll

Combining this with (2.17)) and (2.18) we obtain the announced result. o

Remark 2.2.6. Since K,,, and K¢ are equivalent, they vanish on the same set, and
therefore Proposition is also valid for K& . It also easy to see that K¢ satisfies the
homogeneity and invariance properties stated for K, , in and , as well as the

continuity properties stated in Proposition |2.2.4).

Remark 2.2.7. The continuity of the functions K, , and K& can be established when m is
odd or equal to 2, as shown by Proposition[2.2.]], but seems to fail otherwise. In particular,
direct computation shows that K (x%y? —ey*) is independent of € > 0 and strictly smaller
than K% (z*y?). Therefore, K§ is upper semi-continuous but discontinuous at the point
J]2y2 € H4.

2.3 Optimal estimates

This section is devoted to the proofs of our main theorems, starting with the lower
estimate of Theorem [2.1.2] and continuing with the upper estimates involved in both
Theorem [2.1.1 and [2.1.2

Throughout this section, for the sake of notational simplicity, we fix the parameters
m and p and use the shorthand

K =K,,, and ep(m) = e r(7),.

For each point z € ) we define

_d"f.
om!

e H,,

T,

where f € C™(Q) is the function in the statement of the theorems. We denote by

w(r):= sup ||m, — 7
z—2"ll<r
the modulus of continuity of z +— 7, with the norm || - || defined by (2.8). Note that

w(r) — 0asr— 0.
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2.3.1 Lower estimate
In this proof we will use an estimate from below of the local interpolation error.

Proposition 2.3.1. Assume that 1 < p < oo. There exists a constant C' > 0, depending
on f and ), such that for all triangles T C Q) and z € T,

er(f)P > KP(m.)|T| 2 — C(diam T)™|T |w(diam T). (2.19)

Proof: Denoting by u, € IP,, the Taylor development of f at the point z up to degree
m, we obtain

1
Fztu) — paz +u) = m / (o ou(t) — o (u))(1 — 8™t
t=0
and therefore
1 = ety < Codiam(T) ™ (diamn(T)),

where C is a fixed constant. By construction 7, is the homogenous part of u, of degree
m, and therefore p, — m, € P,,,_;. It follows that for any triangle 7', we have

[T L T (I Ly (2.20)
We therefore obtain
ler(f) —er(m)| < |(f =177" f) = (me = 177 ) || Loy
< TMPNCF =T ) = (e = 18 ) |y

(TIVPI =177 = gz
ChIT) ™|\ f = el poe(my
CoCy|T|M? diam (T)™w(diam(T')),

VARIVAN

where O} is the norm of the operator I —I7~": C%(T) — C°(T) in L>°(T') norm which is
independent of 7T'.
From 1' we know that ep(m,) > |T|? *» K (r.), and therefore

er(f) > K(?Tz)|T|%+% — C’OC'l|T|1/p diam(7")"w(diam(7")).

We now remark that for all p € [1, 00) the function r +— 77 is convex, and therefore if a, b, ¢
are positive numbers, and a > b — ¢, then a? > max{0,b — c}? > b? — pcb?~ . Applying
this to our last inequality we obtain

er(f)P > KP(m.)|T|"% " — pCoCy (K (r.))P~ TP~ DE 445 diam (T)"w(diam T).
Since |T|®"VE+9)45 = 7|~V |T| < (diam T)™®~|T)|, this leads to
er(f)? > KP(m,)|T| 2+ — C(diam T)™|T|w(diam T),

where C':= pCyCy(sup,eq K (m,))P L o
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We now turn to the proof of the lower estimate in Theorem [2.1.2] in the case where
p < 0o. Consider a sequence (7y)n>n, of triangulations which is admissible in the sense
of equation ({2.6)). Therefore, there exists a constant C4 such that

diamT < C4N~"Y2 N > N,, T € Ty.
For T € Ty, we combine this estimate with (2.19)), which gives
er(f)" = KP(m)|T|# " — (CaN~*)™|T|Cw(CaN /7).

Averaging over T', we obtain
er(FP 2 | KPmITIH de — TN CRCL(CaN ),
T

Summing on all T' € Ty, and denoting by TV the triangle in 7y containing the point
z € ), we obtain the estimate

endfy > [ KT ¥dz = N-Fe), (2.21)

where £(N) = |QCTPCw(CaN~Y?) — 0 as N — +oo. The function z ~— |TV| is linked
with the number of triangles in the following way :

dz / 1
= — < N.
/Q!TZN! 2 T~

TeTN

On the other hand, with % =5+ %, we have by Holder’s inequality,

/QKT(Wz)dz < (/Q Kp<7rz)yT;V|"é"dz>T/p (/Q

Combining the above, we obtain a lower bound for the integral term in (2.21)) which is
independent of 7y :

p/T
/Kp(wz)]TzN|m2pdz > (/ KT<7TZ)CZZ> NP2,
Q Q

Inserting this lower bound into (2.21]) we obtain

1 1-7/p
T dz) . (2.22)

e (f)P > [( /Q KT(wz)dz)p/T —5(N)] N/

This allows us to conclude

N—+400

liminf N ez, (f) > (/Q KT(WZ)dz) ’ : (2.23)
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which is the desired estimate.

The case p = oo follows the same ideas. Adapting Proposition [2.3.1], one proves that
er(f) > K(m,)|T|? — C(diam T)"w(diam T),

and therefore

ery (f) = || K (m.)| TN |2 N~%¢(N), (2.24)

ooy =
where e(N) := CPCw(C4N~2) — 0 as N — +oco. The Holder inequality now reads :

1

2 2
I e A
| K < |mpRm| e

@)

KT ] (/sz z) N-E.

Comblnmg this with - we obtain to the desired estimate (2.23)) with p = co and

T = .
m

equivalently,

Remark 2.3.2. This proof reveals the two principles which characterize the optimal trian-
gulatz’ons Indeed, the lower estimate (2.25) becomes an equality only when both inequalities
m and (2.29) are equality. The ﬁrst condition - equality in - 15 met when each

tmangle T has an optzmal shape, in the sense that ep(rm,) = K(WZ)\T] PRS- for some z € T.
The second condition - equality in - is met when the ratio between K?(m,)|TN|%"
and |TN|7 is constant, or equivalently K(’/Tz)lT’%+% is independent of the triangle T
Combined with the first condition, this means that the error er(f)P is equidistributed over
the triangles, up to the perturbation by (diam T)™P|T|w(diam T') which becomes negligible
as N grows.

2.3.2 Upper estimate

We first remark that the upper estimate in Theorem [2.1.2] implies the upper estimate in
Theorem by a sub-sequence extraction argument : if the upper estimate in Theorem
holds, then for all € > 0 there exists a sequence (75)n>ny, #(7n) < N, such that

11msup(N2eTs HK( f)

N—+o0

+ €,
LT

with 2 =14 2 We then choose a sequence (ex)n>n, such that

s (5
LT

for all N > Ny, and ey — 0 as N — oo. Defining 7y := 73" we thus obtain

limsup(NTGTN HK( f)

1
p

+ 2en

N—-+o00

LT
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which concludes the proof of Theorem [2.1.1 We are thus left with proving the upper
estimate in Theorem [2.1.2] We begin by fixing a (large) number M > 0. We shall take
the limit M — oo in the very last step of our proof. We define

Ty = {T triangle ; |T| =1, bary(T) = 0 and diam(7T) < M},

the set of triangles centered at the origin, of unit area and diameter smaller than M.
This set is compact with respect to the Hausdorff distance. This allows us to define a
“tempered” version of K = K,,, that we denote by Ky, : for all # € H,,
Ky (m) = Tg%l‘f;w er(m).

Since T, is compact, the above infimum is attained on at least a triangle, that we denote
by Ty (7). Note that the map 7w +— T);(7) need not be continuous. It is clear that K, (m)
decreases as M grows. Note also that the restriction to triangles T" centered at 0 is artificial,
since the error is invariant by translation as noticed in ([2.9). Therefore, Ky () converges
to K (m) as M — +o0. Since Ty is compact, the map 7 +— maxyper,, er(m) defines a norm
on H,,, and is therefore bounded by C)||7|| for some Cj; > 0. One easily sees that the
functions m — er(m) are uniformly C)-Lipschitz for all T € T, and so is K.

We now use this new function K, to obtain a local upper error estimate that is closely
related to the local lower estimate in Proposition [2.3.1

Proposition 2.3.3. For z; € Q, let T be a triangle which is obtained from Ty (r,,) by
rescaling and translation (T = tTy (., ) + 20). Then for any z, € T,

RS

er(f) < (Ku(r.,) + Byw(max{|z — 2|, diam(T)}) ) 7|7 75, (2.25)

where By > 0 1s a constant which depends on M.

Proof: For all 2z, z5 € €, we have

A

Ty () (T20) S €y (g ) (T20) + Crr |72y — 7y |
KM(WZ1)+CMH7TZ1 Toll,
)
)

T,) + 20M||7T21 Tz ”

IA A

Ku(
Ky(ma,) + 2Cyw(|z1 — 22)-
)

Therefore, if T is of the form T = tTy(7,,) + 29, we obtain by a change of variable that
er(me) < (Ku () + 20uw(l2 - ) ) IT15 75,

Let p, € P, be the Taylor polynomial of f at the point z up to degree m. Using ([2.20)
we obtain

er(f) < er(ps) +er(f — ps)
- eT(Wm) + eT(f - :uz2)
< (Kurlma) +20uw(z1 = 20) ) IT1775 +en(f = pa,)
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By the same argument as in the proof of Proposition [2.3.1) we derive that
er(f — psy) < C]T\% diam(7)"w(diam T'),
and thus
er(f) < (Ku(m) + 20uw(l - ) )T + CIT|> diam(T)"w(diam T).
Since T is the scaled version of a triangle in Ty, it obeys diam(7T)* < M?|T|. Therefore,
er(f) < (Kar(ms,) + (2Ch + CM™)w(max{|z) — 25|, diam(T)})) [T 57,
which is the desired inequality with By, := 2Cy, + CM™. o

For some r > 0 to be specified later, we now choose an arbitrary triangular mesh R

of Q2 satisfying
r > sup diam(R).
RER

Our strategy to build a triangulation that satisfies the optimal upper estimate is to use
the triangles R as macro-elements in the sense that each of them will be tiled by a locally
optimal uniform triangulation. This strategy was already used in [4].

For all R € R we consider the triangle

T = (Kn(mo,) + 2Byw(r)) 2 Th(m,,),

which is a scaled version of Ty (m,,) where by is the barycenter of R. We use this triangle
to build a periodic tiling Pg of the plane : there exists ¢ € R? such that T U Tf forms a
parallelogram of side vectors a and b, with T}, = ¢ — Tx. We then define

Pr:={Tg +ma-+nb; m,n € Z*} U{Th +ma+nb; mn € Z*}. (2.26)

Observe that for all # € IH,, and all triangles T,7" such that 7" = —T, one has
er(m) = ep/(m), since 7 is either an even polynomial when m is an even integer, or an odd
polynomial when m is odd. Since we already know that er () is invariant by translation
of T, we find that the local error er(7) is constant on all T' € Pg.

We now define as follows a family of triangulations 7, of the domain 2, for s > 0.
For every R € R, we consider the elements T'N R for T' € sPg, where sPgr denotes the
triangulation Pg scaled by the factor s. Clearly, {T N R, T € sPg, R € R and int(T N
R) # 0} constitute a partition of 2, up to a set of zero Lebesgue measure. In this partition,
we distinguish the interior elements

7% :={T € sPr; T Cint(R) ,R € R},

which define pieces of a conforming triangulation, and the boundary elements T'N R
for T' € sPg such that int(T) N IR # (. These last elements might not be triangular,
nor conformal with the elements on the other side. Note that for s > 0 small enough,
each R € R contains at least one triangle in 7°¢, and therefore the boundary elements
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FIGURE 2.1 — a. An edge (thick) of the macro-triangulation R separating to uniformly
paved regions (Tg is thick, Pg is dashed). b. Additional edges (dashed) are added near
the interface in order to preserve conformity. c. The sets of triangles 7 (gray) and 7>
(white)

constitute a layer around the edges of R. In order to obtain a conforming triangulation,
we proceed as follows : for each boundary element 7'M R, we consider the points on its
boundary which are either its vertices or those of a neighboring element. We then build
the Delaunay triangulation of these points, which is a triangulation of TN R since it is a
convex set. We denote by 7”4 the set of all triangles obtained by this procedure, which
is illustrated in Figure [2.1]

Our conforming triangulation is given by

,]; — z];reg U /];bd‘

As s — 0, clearly,
#(’Z;bd) S deS_l and Z |T| S deS
TeThd
for some constant C},q which depends on the macro-triangulation R. We do not need to
estimate Cpq since R is fixed and the contribution due to Cyq in the following estimates is
negligible as s — 0. We therefore obtain that the number of triangles in 7.>¢ is dominated
by the number of triangles in 7.¢. More precisely, we have the equivalence

HT) ~ #(T5) ~ Y % = Y RI(Ky(mg) + 2Bue(r)). (227)

in the sense that the ratio between the above quantities tends to 1 as s — 0. The right-
hand side in (2.27)) can be estimated through an integral :

82#(7?63;) < Z |R[(KM(7T1,R) +2Byw(r))”

— ;Q/R(KM(T%R) + 2Bpw(r))dz
<3 /R (Fnr(72) + Caallms — mogl| + 2Bageo(r))d

< /Q (g (1.) + (2Bar + CagYeol(r))"d.
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Therefore, since Cyy < By,

#(T,) < 572 ( /Q (Kar(m,) + 3Byw(r)) dz + C’bds) . (2.28)

Observe that the construction of 7 gives a bound on the diameter of its elements

sup diam(7) < sC,, C, := maxdiam(7R).
TeT, RER

Combining this with (2.27)), we obtain that

sup diam(T') < Cy#(7;)~Y? for all s > 0,

TeT;

which is analogous to the admissibility condition ([2.6]).

We now estimate the global interpolation error || f —I7 " f||1r := (Y rer en( f)p)%, assu-
ming first that 1 < p < oo. We first estimate the contribution of 7.4, which will eventually
be negligible. Denoting by v, € IP,,_; the Taylor polynomial of f up to degree m — 1 at
z, we remark that

If =177 fllpeery = (=L = )y < CLllf = vop |l 2o () < CoCl diam(T)™,

where C; is the norm of I — I'"! in L°°(T) which is independent of 7', and Cy only
depends on the L*® norm of d™ f. Remarking that er(f) = ||f — 177" f|l o) < |7 ||f —
177" f|| (7, we obtain an upper bound for the contribution of 7 to the error :

D er(fyr < CECY Y |T|diam(T)™

Tef];bd TET;bd

< Ccjcy Z |T| | sup diam(7)™

bd
TeThd TeT;
< CHCYChgs sup diam(T)™
> 0“1 Ybd p
Te']’sbd

S C{:dsmerl,

with Cfy = CYCYCI"Chq. We next turn to the the contribution of 7°¢ to the error. If
T eTr T C R e R, weconsider any point z; = z € T and define 2o = bg the barycenter
of R. With such choices, the estimate (2.25) reads

er(f) < (Ky(m.) + Byw(max{r, Cas})) |T|* 5.

We now assume that s is chosen small enough such that Cys < r. Geometrically, this
condition ensures that the “micro-triangles” constituting 7, actually have a smaller dia-
meter than the “macro-triangles” constituting R. This implies

er(f)P < (Ka(m.) + Buw(r))" [T+ (2.29)
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Given a triangle T'e 7], T'C R € R, and a point z € T, one has

7] = 8" (Kn(ms) + 2Byw(r)) ™
< 8 (Ku(m.) = Cullme = myp || + 2Bagw(r) ™7
S 82 (KM<7TZ) —+ (2BM - CM>(,U(’/’))_T .
Observmg that By > Cyy, and that p — 7752 = 7, we insert the above inequality into the

estimate , which yields
er(f)P < " (Ku(m.) + Buw(r))" |T].

Averaging on z € T', we obtain

er(f)F < smp/T(KM(Wz) + Byw(r))" dz.

Adding up contributions from all triangles in 7, we find

er,(f =D ex(f)+ > er(flF <s™ / (Kar(m.) + Byw(r))” dz + Cfys™

TeTi TeTpd @

Combining this with the estimate (2.28)) we obtain
El

er #(T)% < ( /Q (Kai(m) + Buw(r))" dz + C;ds> : ( /Q (K () + 3Bageo(r))7 d= + C'bds) |

and therefore, since % =3+

=

T

tmsup (#7)er.) < ( [ (Kutn) +3800e0)" a2

s—0

It is now time to observe that for any fixed M,
lir% (Kp(m,) + 3Byw(r)) dz = / K} (m.)d
T— Q

and that, since Ky (m) converges decreasingly to K(m) := K, ,(m) for any = € H,,

li Ky (m,)dz = | K'(m,)d
Jim [ Kimds = [ (s

Therefore, for all € > 0, we can choose M sufficiently large and r sufficiently small, such
that

hmsup(#(’]})%ez) < (/Q KT(WZ)dZ)i +e.

s—0

This gives us the previously mentionned statement of Theorem [2.1.2], by defining

sy :=min{s > 0; #(Ts) < N},
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and by setting Ty = 7, .

The adaptation of the above proof in the case p = oo is not straightforward due to
the fact that the contribution to the error of 74 is no longer negligible with respect to
the contribution of 7. For this reason, one needs to modify the construction of 7;*4.
Here, we provide a simple construction but for which the resulting triangulation 7, is
nonconforming, as we do not know how to produce a satisfying conforming triangulation.

More precisely, we define 7. in a similar way as for p < oo, and add to the construc-
tion of 7.4 a post-processing step in which each triangle is split into 4/ similar triangles
according to the midpoint rule. Here we take for j the smallest integer which is larger

than —41‘1)%. With such an additional splitting, we thus have
g 2

: 1 . 1
max diam(7) < s1 maxdiam(sTg) = C,s' 1.
TeTphd ReR

The contribution of 7.” to the L* interpolation error is bounded by

< C,C diam(T)" < CF st
estd(f)_ 0 17{2%((1 jam (7)™ < Cpgs +,

with Cyy = CoC1C;". We also have
#(TY) < Chas™?,

which remains negligible compared to s~2. We therefore obtain
#(T,) <52 </ (K (m,) + 3Bpw(r))mdz + desl/Q) : (2.30)
Q

Moreover, if T'€ 71® and T' C R € R, we have according to the estimate (2.25)),
er(f) < (Ky(my,) + Byw(max{r,Cas}))|T|=.

By construction |T| = s*(Ky(m,) + 2Byw(r))~%™. This implies er(f) < s™ when
Cyas < r. Therefore,

er.(f) = max{ezres, ezpa} < 5™ max{l, Cryst}.

Combining this estimate with (2.30)) yields

m
2

fimsup (#(7:) Fer,) < ( | ) + 3Bt dz) ,

s—0

and we conclude the proof in a similar way as for p < oc.
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2.4 The shape function and the optimal metric for
linear and quadratic elements

This section is devoted to linear (m = 2) and quadratic (m = 3) elements, which
are the most commonly used in practice. In these two cases, we are able to derive an
exact expression for K,,,(7) in terms of the coefficients of 7. Our analysis also gives us
access to the distorted metric which characterizes the optimal mesh. While the results
concerning linear elements have strong similarities with those of [4], those concerning
quadratic elements are to our knowledge the first of this kind, although [24] analyzes a
similar setting.

2.4.1 Exact expression of the shape function

In order to give the exact expression of K,, ,, we define the determinant of a homoge-
neous quadratic polynomial by

det(az® + 2bxy + cy®) = ac — b?,
and the discriminant of a homogeneous cubic polynomial by
disc(az® + b’y + cxy® + dy®) = b*c* — 4ac® — 4b*d + 18abed — 27ad>.
The functions det on IH, and disc on IHs are homogeneous in the sense that
det(Am) = AN det7, disc(Ar) = A\*discr. (2.31)

Moreover, it is well known that they obey an invariance property with respect to linear
changes of coordinates ¢ :

det(m o ¢) = (det ¢p)* det w, disc(w o ¢) = (det ¢)® disc . (2.32)
Our main result relates K,,, to these quantities.

Theorem 2.4.1. We have for all m € HH,,

Ky p(m) = op(det m)+/| det 7|,
K3,(m) = oy (disc ) /| disc |,

where a,(t) and o, (t) are constants that only depend on the sign of t.

and for all T € Hs,

The proof of Theorem [2.4.1]relies on the possibility of mapping an arbitrary polynomial
7 € Hy such that det(7) # 0 or m € Hs such that disc(m) # 0 onto two fixed polynomials
m_ or my by a linear change of variable and a sign change.

In the case of Ha, it is well known that we can choose 7_ = 22 — 3? and m, = 22 + 3.
More precisely, to all 7 € H,, we associate a symmetric matrix @, such that m(z) =
(Qrz, z). This matrix can be diagonalized according to

QW:UT<>E)1 )(\))U, UEOQ,)\l,)\QeR.
2
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)

22 +y? if detw > 0,
2?2 —y? if detw < 0.

Then, defining the linear transform

M2 0
L= UT ( | 1
¢ 0 Xl

=

and A\, = sign(A;) € {—1,1}, it is readily seen that

)\7r7ro¢rr:{

In the case of H3, a similar result holds, as shown by the following lemma :

Lemma 2.4.2. Let m € IHz be such that discm # 0. There exists a linear transform ¢,
such that ( 2 2) f
_ ) w(a” =3y if disc > 0,
Todn = { z(a? +3y?) if discm < 0. (2.33)

Proof: Let us first assume that 7 is not divisible by y so that it can be factorized as

™= ANz —ry)(r —roy)(z — r39),

with A € R and r; € C. If disc > 0, then the r; are real and we may assume r; < ry < 3.
Then defining

ri(re +1r3) — 2rary (o — 7‘3)7“1\/§ )

_ 13
#r = M2 discr) ( 2ri — (ro+73)  (r2—r3)V/3,

an elementary computation shows that 7 o ¢, = x(z* — 3y?). If discm < 0, then we
may assume that r; is real and ry and r3 are complex conjugates with Im(ry) > 0. Then
defining

¢7r — )\(2 diSC 77)_1/3 ( T1<T2 + T3) ) 2T2T3 i(T2 B T3)T1\/§ ) )

27”1 — (TQ + 7“3) i(TQ — 7’3)\/§

an elementary computation shows that 7o ¢, = x(x*+ 3y?). Moreover, it is easily checked
that ¢, has real entries and is therefore a change of variable in R?.

In the case where 7 is divisible by y, there exists a rotation U € O, such that 7w := woU
is not divisible by y. By the invariance property we know that disc m = disc 7. Thus,
we reach the same conclusion with the choice ¢, := U o ¢;. o

Proof of Theorem For all # € Hy such that detm # 0 and for all change of
variable ¢ and A # 0, we may combine the properties of the determinant in (2.31)) and
(2:32) with those of the shape function established in Proposition [2.2.3] This gives us

K27p(7r) _ KQ,p()\’]TOQS) )
/| det | | det(Ar o @)

Applying this with ¢ = ¢, and A = )\, we therefore obtain

Ko, (2?2 +9?) if detm > 0,
Ko p(m) = /| det 7| { szzgﬁ — 52; if det7 < 0.
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This gives the desired result with o,(t) = Ky (2?4 y?) for t > 0 and 0,(t) = Ky (22 —y?)
for t < 0. In the case where det ™ = 0, 7 is of the form m(z,y) = A az + By)?, and we

conclude by Proposition that Ky ,(m) = 0.
For all 7 € Hj such that disc 7 # 0, a similar reasoning yields

Ve 1 Kap(z(2? = 3y?))  if disew > 0,
Ks,p(7) = /| disc[10874 { Ky (x(a® +3y%) if diser <0,
where the constant 108 comes from the fact that disc(z(2? —3y?)) = — disc(z(2? —3y?)) =
108. This gives the desired result with o}(t) = 1085 K (2(22 — 3y?)) for t > 0 and

on(t) = 108_iK37p([L'($2 + 3y?)) for t < 0. In the case where discm = 0, 7 is of the form

m(z,y) = (ax + By)*(yx + dy), and we conclude by Proposition that Kj,(7) =0. ¢

Remark 2.4.3. We do not know any simple analytical expression for the constants in-
volved in o, and oy, but these can be found by numerical optimization. These constants
are known for some special values of p in the case m = 2, see for example [4)].

2.4.2 Optimal metrics

Practical mesh generation techniques such as in [66,|15|19,/92,/94] are based on the
data of a Riemannian metric, by which we mean a field h of symmetric definite positive
matrices

r € Qs h(z) eSS .

Typically, the mesh generator takes the metric h as an input and hopefully returns a
triangulation 7;, adapted to it in the sense that all triangles are close to equilateral of unit
side length with respect to this metric. Recently, it has been rigorously proved in [85,/15],
see also Chapter 5, that some algorithms produce bidimensional meshes obeying these
constraints under certain conditions. This must be contrasted with algorithms based on
heuristics, such as [92] in two dimensions and [94] in three dimensions, which have been
available for some time and offer good performance [20] but no theoretical guaranties.
See [56] for a review of these mesh generation techniques.

For a given function f to be approximated, the field of metrics given as input should
be such that the local errors are equidistributed and the aspect ratios are optimal for the
generated triangulation. Assuming that the error is measured in X = L? and that we are
using finite elements of degree m — 1, we can construct this metric as follows, provided
that some estimate of 7, = dmﬁ{ !(Z) is available for all points z € €. An ellipse E, such that
|E,| is equal or close to

sup |E| (2.34)

Ec&,ECAR,

is computed, where A, is defined as in (2.14). We denote by h,, € S; the associated
symmetric definite positive matrix such that

E.={(z,y); (,9) hr.(z,y) <1}.
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Let us notice that the supremum in (2.34]) might not always be attained or even be finite.
This particular case is discussed in the end of this section. Denoting by v > 0 the desired
order of the L? error on each triangle, we then define the metric by rescaling h,, according
to

h(z) = _2th where «, := yﬁ\gzrm'
az
With such a rescaling, any triangle 7" designed by the mesh generator should be compa-

rable to the ellipse z + o, F, centered around z the barycenter of T, in the sense that

z+coE, CT Cz+ca B, (2.35)

for two fixed constants 0 < 2¢; < ¢y independent of T' (recall that for any ellipse E there
always exists a triangle T such that £ C T C 2F).

Such a triangulation heuristically fulfills the desired properties of optimal aspect ratio
and error equidistribution when the level of refinement is sufficiently small. Indeed, we
then have

emr(f)p = enr(m2)p
|7, = I | Loy
~ TP = T | oo,
~ TP | e,

1
~ ’O‘zEZIpHWZHL"O(aZEz)a

+2 1
= a: B e ),

= ]j’
where we have used the fact that 7, € IH,, is homogeneous of degree m.

Leaving aside these heuristics on error estimation and mesh generation, we focus on
the main computational issue in the design of the metric h(z), namely the solution to the
problem : to any given 7 € H,,,, we want to associate h, € S5 such that the ellipse
E; defined by h, has area equal or close to suppee pea. |E|-

When m = 2 the computation of the optimal matrix h, can be done by elementary
algebraic means. In fact, as will be recalled below, h, is simply the absolute value (in the
sense of symmetric matrices) of the symmetric matrix [7] associated to the quadratic form
7. These facts are well known and used in mesh generation algorithms for IP; elements.

When m > 3 no such algebraic derivation of A, from 7 has been proposed up to now,
and current approaches instead consist in numerically solving the optimization problem
([2-16), see [23]. Since these computations have to be done extremely frequently in the
mesh adaptation process, a simpler algebraic procedure is highly valuable. In this section,
we propose a simple and algebraic method in the case m = 3, corresponding to quadratic
elements. For purposes of comparison, the results already known in the case m = 2 are
recalled.
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FIGURE 2.2 — Maximal ellipses inscribed in A;, 7 = x(z* — 3y?) or m = z(2* + 3y?).

Proposition 2.4.4. 1. Letm € Hy be such that det(m) # 0, and consider its associated
2 X 2 matriz which can be written as

[w]:UT(i\)l )(\)2)U, Uc O,

Then an ellipse of mazimal volume inscribed in A, is defined by the matriz

M0
h, =UT [As U.
( 0 [ >

2. Let m € HHs be such that discm > 0, and let ¢, be a matriz satisfying . Define
he = (¢7") " 0z (2.36)

Then h, defines an ellipse of maximal volume inscribed in A,. Moreover, det h, =
1

275/3 (discmr)3.

3. Let m € HH3 be such that discm < 0, and ¢, a matriz satisfying . Define
he = 23(67") 67"

Then h, defines an ellipse of maximal volume inscribed in A,. Moreover, det h, =
. 1
5| discn|s .

Proof: Clearly, if the matrix h, defines an ellipse of maximal volume in the set A,
then for any linear change of coordinates ¢, the matrix (¢~)Th,¢~! defines an ellipse of
maximal volume in the set A;.y. When 7 € Hy, we know that \,mo ¢, = 2?2 + y? when
det7™ > 0, and 22 — y? when det7 < 0, where |\;| = 1. When 7 € Hj3, we know from
Lemma [2.4.2 that 7o ¢, = z(2? — 3y?) when disc 7 > 0, and x(22 + 3y?) when disc 7 < 0.
Hence it only remains to prove that when 7 € {z? + y?, 2? — y?, z(2® — 3y?)}, then
h, = Id, which means that the disc of radius 1 is an ellipse of maximal volume inscribed
in A, while when 7 = x(2? + 3y?) we have h, = 2'/31d.

The case m = 2% + y? is trivial. We next concentrate on the case m = z(2? + 3y?), the
treatment of the two other cases being very similar. Let E be an ellipse included in A,
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7 = x(x? 4+ 3y?). Analyzing the variations of the function m(cos#,sin ), it is not hard to
see that we can rotate E into another ellipse E’, also satisfying the inclusion £’ C A,
and whose principal axes are {x = 0} and {y = 0}. We therefore only need to consider
ellipses of the form kz? + hy? < 1. For a given value of h, we denote by k(h) the minimal
value of k for which this ellipse is included in A,. Clearly, the boundary of the ellipse,
defined by k(h)x? + hy? = 1, must be tangent to the curve defined by 7(x,y) = 1 at some
point (x,y). This translates into the following system of equations :

(z,y) = 1,
hx? + ky? = 1, (2.37)
kyO,m(z,y) — hxd,m(x,y) = 0.

Eliminating the variables x and y from this system, as well as negative or complex-valued
solutions, we find that k(h) = &% when & € (0,2], and k() = k(2) = 1 when h > 2. The
minimum of the determinant hk(h) = % (% + h2) is attained for h = 23. Observing that
k(2%) = 2%, we obtain, as previously stated, h, = 2/31d and that the ellipse of largest
area included in A, is the disc of equation 2'/3(22 +y?) < 1, as illustrated on Figure b.

The same reasoning applies to the other cases. For m = 22 — 3? we obtain k(h) = %,
h € (0,00). In this case the determinant hk(h) is independent of h, and we simply
choose h = 1 = k(1). For 7 = x(22 — 3y®) we obtain k(h) = £ when h € (0,1]

3h2
and k(h) = k(1) = 1 when h > 1. The maximal volume is attained when h = 1, corres-
ponding to the unit disc, as illustrated on Figure [2.2]a. o

Remark 2.4.5. When m € IH; and discm > 0 a surprising simplification happens :
the matriz has entries which are symmetric functions of the roots ri,ro,13. Using
the relation between the roots and the coefficients of a polynomial, we find the following
expression : if T = ax® + 3bx?y + 3cxy® + dy?, then

-1

1 2 —
he =27 33(discm) & ( 2(b" —ac) - be —ad )

be —ad  2(c* — bd)

This yields a direct expression of the matriz as a function of the coefficients. Unfortunately,
there 1s no such expression when discm < 0.

At first sight, Proposition might seem to be a complete solution to the problem
of building an appropriate metric for mesh generation. However, some difficulties arise
at points z € Q where detm, = 0 or discm, = 0. If 7 € Hy \ {0} and detw = 0, then
up to a linear change of coordinates, and a change of sign, we can assume that 7 = 2.
The minimization problem clearly yields the degenerate matrix h, = diag(1,0), the 2 x 2
diagonal matrix with entries 1 and 0. If 7 € H3 \ {0} and disc7 = 0, then up to a linear
change of coordinates either m = 22 or m = 2?y. In the first case the minimization problem
gives again h, = diag(1,0). In the second case a wilder behavior appears, in the sense
that minimizing sequences for the problem are of the type h, = diag(e™!, %) with
e — 0. The minimization process therefore gives a matrix which is not only degenerate,
but also unbounded.
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FIGURE 2.3 — The set A, (solid) and the ellipses E , (dashed) for various values of o > 0
when 7 € Hs.

These degenerate cases appear generically and constitute a problem for mesh genera-
tion since they mean that the adapted triangles are not well defined. Current anisotropic
mesh generation algorithms for linear elements often solve this problem by fixing a small
parameter 0 > 0 and working with the modified matrix h, := h, + 61d which cannot
degenerate. However, this procedure cannot be extended to quadratic elements, since h,z2,
is both degenerate and unbounded.

In the theoretical construction of an optimal mesh which was discussed in §2.3.2] we
tackled this problem by imposing a bound M > 0 on the diameter of the triangles. This
was the purpose of the modified shape function Kj;(7) and of the triangle Ty, (m) of
minimal interpolation error among the triangles of diameter smaller than M. We follow
a similar idea here, looking for the ellipse of largest area included in A, with constrained
diameter. This provides matrices which are both positive definite and bounded and which
vary continuously with respect to the data m € Hj. A similar construction is presented
in of Chapter 6 in arbitrary degree m and dimension d, however the expression
of the matrix in terms of the polynomial 7 is less explicit in that general context. The
constrained problem, depending on « > 0, is the following :

sup{|E|; E € £, E C A, and diam F < 207 /?}, (2.38)
or equivalently,

inf{det H; H € S st. (Hz z) > |n(2)|*™ 2z € R% and H > ald}. (2.39)

We denote by E; , and h, , the solutions to (2.38]) and ([2.39) respectively. In the remainder
of this section, we show that this solution can also be computed by a simple algebraic
procedure, avoiding any kind of numerical optimization. In the case where m € Hs, it can
easily be checked that

_ o [ max{[A|,a} 0
[hral =U ( 0 maX{|/\2|,a},)U’ (2.40)

as illustrated in Figure [2.3]
When 7 € Hj, the problem is more technical, and the matrix h, , takes different forms
depending on the value of @ and the sign of disc7. In order to describe these different
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regimes, we introduce three real numbers 0 < 3, < a, < u, and a matrix U, € Oy which
are defined as follows. We first define p, by

pet? = mind||z 5 |7 (2)] = 1},

the radius of the largest disc D, inscribed in A;. For z; such that |m(z;)| = 1 and
| 2=]| = fix""?, we define U, as the rotation which maps z, to the vector (=], 0). We then
define a; by

20;Y% .= max{diam(E) ; E€ & ; D, C E C A},

the diameter of the largest ellipse inscribed in A, and containing the disc D,. In the case
where 7 is of the form (ax + by)3, this ellipse is infinitely long, and we set o, = 0. We
finally define (3, by

26,12 .= diam(E,),

where F is the optimal ellipse described in Proposition [2.4.4] In the case where disc 7w = 0,
the “optimal ellipse” is infinitely long, and we set 3, = 0. It is readily seen that 0 < 3, <
Ar < L.

All these quantities can be algebraically computed from the coefficients of 7 by solving
equations of degree at most 4, as well as the other quantities involved in the description
of the optimal h., and E; , in the following result.

Proposition 2.4.6. Form € H3 and o > 0, the matriz hy o and ellipse E, , are described
as follows :

1. If & > piy, then hyo = ald and E, . is the disc of radius o™ '/2.

2. If ar < a < g, then

_ 77T Hr 0
hTHOé - U7r ( 0 o ) Um (241)

and E, is the ellipse of diameter 2a7Y2 which is inscribed in A, and contains D,.

It is tangent to ON, at the two points z, and —z,.

3. If Br < a < a, then E, , is tangent to O\, at four points and has diameter 20712,
There are at most three such ellipses, and E, ., is the one of largest area. The matrix
Iz o has a form which depends on the sign of disc.

(1) If discm < 0, then
Ao O
hma = (Qb;l)T ( 0 4+23 ) ;la

322

where ¢ is the matrixz defined in Proposition and N\, is determined by det(hy o—
ald) =0.
(i) If discm > 0, then
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FIGURE 2.4 — The set A, (solid), the disc E, ,. = D, (solid), the ellipse E . (solid),
and the ellipses E, (dashed) for various values of a > 0 when 7 € H; and « € (o, 00).
Left : discm < 0. Right : discm > 0

FIGURE 2.5 — The set A, (solid), the ellipse E . (solid), the ellipse E, 5. = E, (solid),
and the ellipses E,, (dashed) for various values of & > 0 when 7 € Hj and « € ([, o).
Left : discm < 0. Right : discm > 0

where ¢, and A\, are given as in the case discm < 0 and where V' is chosen between
the three rotations by 0, 60 or 120 degrees so as to mazimize |E, .|

(ii) If discm = 0 and a, > 0, then there exists a linear change of coordinates ¢
such that o ¢ = 2%y and we have

A O _
hm:w—l)T( 0 sz >¢ g
27X2

where A\, is determined by det(h,, — ald) = 0.

f o < Br, then hyo = hy, and E., = Er is the solution of the unconstrained
problem.
Proof: See Appendix. o

Figure [2.4] illustrates the ellipses Ey o, o € (ar,00) when discm > 0 ([2.4la) or discm < 0
(.b). Figure illustrates the ellipses Er o, a € (Or, o) when discm > 0 (.a) or
discm < 0 ( .b). Note that when o > a, the principal axes of E;, are independent
of «, since U, is a rotation that only depends on 7, while these axes generally vary when
Or < a < ag, since the matrix ¢, is not a rotation.
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Remark 2.4.7. For interpolation by cubic or higher-degree polynomials (m > 4), an
additional difficulty arises that can be summarized as follows : one should be careful not
to “overfit” the polynomial ™ with the matriz h,. An approach based on exactly solving
the optimization problem might indeed lead to a metric h(z) with unjustified strong
variations with respect to z and/or bad conditioning, and jeopardize the mesh generation
process. As an example, consider the one-parameter family of polynomials

T = 2%y +ty* € Hy, te[-1,1].

It can be checked that when t > 0, the supremum S, = SUPpee, BCA,, |E| is finite and
independent of t, but not attained, and that any sequence E,, C A, of ellipses such that
lim, .o |E,| = Sy becomes infinitely elongated in the x direction as n — oo. Fort < 0,
the supremum S_ = SUDPgce pea,, |E| is independent of t and attained for the optimal
ellipse of equation |t|*1/2%1‘2 + [t|*/2y? < 1. This ellipse becomes infinitely elongated
i the y direction as t — 0. This example shows the instability of the optimal matriz
hr with respect to small perturbations of m. However, for all values of t € [—1,1], these
extremely elongated ellipses could be discarded in favor, for example, of the unit disc
D = {z? + y* < 1}, which obviously satisfies D C A,, and is a near-optimal choice in the

sense that 2|D| = S, < S_ = |D|4/2(v2+1).

2.5 Polynomial equivalents of the shape function in
higher degree

In degrees m > 4, we could not find analytical expressions of K,,, or K¢ and do
not expect them to exist. However, equivalent quantities with analytical expressions are
available, under the same general form as in Theorem : the root of a polynomial in
the coefficients of the polynomial 7 € H,,. This result improves on the analysis of [25],
where a similar setting is studied.

In the following, we say that a function R is a polynomial on H,, if there exists a
polynomial P of m + 1 variables such that for all (ag,- - ,a,) € R

R (Z aixiymi> = P(ag, -+ ,am),
i=0

and we define deg R := deg P.
The object of this section is to prove the following theorem :

Theorem 2.5.1. For all degree m > 2, there exists a polynomial K,, on H,,, and a
constant C,, > 0 such that for all m € H,, and all 1 < p < o0,

L /R (7) < Ko p(7) < Con ™/ Ko (1),

Cm

where 1, = deg K,,.
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Since for fixed m all functions K,,,, 1 < p < oo, are equivalent on IH,,, there is
no need to keep track of the exponent p in this section, and we use below the notation
K., = K, ~. In this section, the reader should not confuse the functions K,, and K,,, nor
the polynomials ()4 and Qg below, which notations are only distinguished by their case.

Theorem is a generalization of Theorem [2.4.1] and the polynomial K,, involved
should be seen as a generalization of the determinant on Hy and of the discriminant on
H;. Let us immediately stress that the polynomial K,, is not unique. In particular, we
shall propose two constructions that lead to different K,, with different degree r,,. Our
first construction is simple and intuitive but leads to a polynomial of degree r,, that grows
quickly with m. Our second construction uses the tools of invariant theory to provide a
polynomial of much smaller degree, which might be more useful in practice.

We first recall that there is a strong connection between the roots of a polynomial in
H, or H; and its determinant or discriminant :

det ()\ H (x — sz)) = _Tl/\2(7“1 - 7’2)27

1<e<2

disc ()\ H (x — rly)) = )\4(7’1 — 7“2)2(7“2 —73)2(rs — )%

1<i<3

We now fix an integer m > 3. Observing that these expressions are a “cyclic” product
of the squares of differences of roots, we define

S(A, 71, 7)) 1= )\4(7"1 — 7’2)2 o (g — rm)Q(rm — 7"1)2.

Since m > 3, this quantity is not invariant anymore under reordering of the r;. For any
positive integer d, we introduce the symmetrized version of the d-powers of the cyclic
product

Qd()‘>r1a"' >Tm) = Z S(AvTUU"' 77ﬂ0m)d>

O'Ezm

where Y, is the set of all permutations of {1,--- ,m}.

Proposition 2.5.2. For all d > 0 there exists a homogeneous polynomial Q4 of degree 4d
on IH,,, with integer coefficients, and such that :

If m= )\H(x —13y), then Qq(m) = Qa(A\, 71, 7).
i=1

In addition, Qg obeys the invariance property

Qu(m o ¢) = (det ¢)*™Qq(r). (2.42)

Proof: We denote by o; the elementary symmetric functions in the r;, in such way that

m

H(x —ry) = 2" — o™y 4 o™ 2y — o (1) oy ™.

=1
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A well-known theorem of algebra (see, e.g., Chapter IV.6 in [67]) asserts that any symme-
trical polynomial in the r; can be reformulated as a polynomial in the o;. Hence for any
d there exists a polynomial (4 such that

Qa(L,r1,-++ ,7m) = Qa0+, o).

In addition, it is known that the total degree of Qg is the partial degree of Qg in the
variable 71, in our case 4d, and that )4 has integer coefficients since )4 has.
Given a polynomial © € H,, not divisible by y, we write it under the two equivalent

forms :
m

T=ap™ +ax™ 'y 4+ -+ apy™ = A H(l’ —73Y).
i=1
Clearly ag = A and o; = (—1)"2:. Tt follows that

ag’

QN 11+ ) = NQu(or, o) = aiQy (—_ . %) |

Qo Qo

Since deg Qq = 4d, the negative powers of ay due to the denominators are cleared by the
factor ai?, and the right-hand side is thus a polynomial in the coefficients ag, - - - , a,, that
we denote by Qq(m).

We now prove the invariance of Qg with respect to linear changes of coordinates ; this
proof is adapted from [61]. By continuity of Qg, it suffices to prove this invariance property
for pairs (7, ¢) such that ¢ is an invertible linear change of coordinates and neither 7 or
7o ¢! is divisible by y.

Under this assumption, we observe that if # = A][2,(z — r;y) and ¢ = ( ?; ? ),
then 7o ¢~ = A[[",( — 7y), where

~ I . ar,+ 0
A= Adetgp)™™ or; d 7= .
(det ¢) i||1(7+ ri) and =T
Observing that
. det ¢
7’1'—7”]‘ = (ri—rj),

(yri +0)(yrj +6)
it follows that .
S(A, 71,0 T) = (det gb)_MS()\,Tl, Cee T

The invariance property ([2.42)) follows readily. o
We now define r,, = 2lem{degQy ; 1 < d < ml!}, where lem{ay,--- ,ax} stands for
the lowest common multiple of {ay,- -, ax}, and we consider the following polynomial on
H,, :

m! o
- deg Qg
K, =Y Q).
d=1

Clearly, K,, has degree r,, and obeys the invariance property K,,(mo¢) = (det ¢) ™% K, (7).
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Lemma 2.5.3. Let 7 € H,,. If K,,(7) =0, then K,,(7) =0.

Proof: We assume that K,,(7) # 0 and intend to prove that K,,(7) # 0. Without loss
of generality, we may assume that y does not divide m, since K,,(m o U) = K,,(7) and
K,,(moU) = K,,(m) for any rotation U. We thus write 7 = A[[\", (x —r;y), where r; € C.
Since K, (m) # 0, we know from Proposition that there is no group of s, := [ 41
equal roots r;.

We now define a permutation o* € ¥,, such that 7o« # ro«g1) for 1 <o <m —1
and 7o+(m) 7 To+1). In the case where m = 2m/ is even and m' of the r; are equal, any
permutation o* such that r,«(1) = rg«(3) = -+ = rg=(2pv—1) satisfies this condition. In all
other cases let us assume that the r; are sorted by equality : if ¢« < j < k and r; = ry, then
r; =1r; =1 If m=2m’is even, we set 0*(2i — 1) =i and 0*(2i) =m/ +4, 1 <i <m/. If
m = 2m/+1isodd we set 0*(2i) = 1,1 <i < m’and 6*(2i—1) = m'+i,1 < i < m'+1. For
example, 0" = (415263 7) whenm = 7and o* = (15263 748) when m = 8. With such
a construction, we find that |o*(i)—c*(i4+1)| > m if mis odd and |o*(i)—c*(i+1)| > m/—1
if m is even, for all 1 < i < m, where we have set o*(m + 1) := ¢*(1). Hence o satisfies

the required condition, and therefore S(X, 75+1), -+, To+(m)) 7# 0.

It is well known that if & complex numbers ay, - -+ , ap € € are such that ad+- - -+af =
0, for all 1 < d <k, then ay = --- = a; = 0. Applying this property to the m! complex
numbers S(A, 74(1), "+ ;To(m)), 0 € L, and noticing that the term corresponding to o* is
non zero, we see that there exists 1 < d < m/! such that Qu(7) = Qa(A\, 71, ,7m) # 0.
Since Qg has real coefficients, the numbers Qu(7) are real. Since the exponent r,,/ deg Qg
is even, it follows that K,,(7) > 0, which concludes the proof of this lemma. o

The following proposition, when applied to the function K., = "/K,,, concludes the
proof of Theorem [2.5.1] :

Proposition 2.5.4. Let m > 2, and let K. : H,, — R be a continuous function obeying
the following properties :

1. Invariance property : Ko(m 0 ¢) = | det ¢| 2 Koo(7).
2. Vanishing property : for all m € H,,, if Koq(m) =0, then K,,(7) = 0.
Then there exists a constant C' > 0 such that %Keq < K,, <CKeq on Hy,.

Proof: We first remark that K., is homogeneous in a similar way as K,, : if A > 0, then
applying the invariance property to ¢ = Aw Id yields Key(m o ()\i Id)) = Keq(A7) and
|det ¢| 2 = \. Hence Koq(AT) = AKoq(7).

Our next remark is that a converse of the vanishing property holds : if K,,(7) = 0,
then there exists a sequence ¢, of linear changes of coordinates, det ¢,, = 1, such that
mo ¢, — 0 asn — oco. Hence Key(m) = Keq(m 0 ¢p) — Keq(0). Furthermore, Ko, (0) =0
by homogeneity. Hence K (m) = 0.

We define the set NEF,, := {7 € H,, ; K,,(7) = 0}. We also define a set A,, C H,,
by a property “opposite” to the property defining NF},. A polynomial 7 € H,, belongs to
A,, if and only if

||| < || o ¢|| for all ¢ such that det ¢ = 1.
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The sets NF,, and A,, are closed by construction, and clearly NF,, N A,, = {0}. We now
denote by K, the lower semi continuous envelope of K,,, which is defined by

K, (7) =lim inf K, (7

Kun(m) r=0|n’—7||<r ()
the lower semi-continuous envelope of K,,. If K,,(7) = 0, then there exists a converging
sequence 7, — m such that K,,(m,) — 0. According to Proposition [2.2.4] it follows that
Kn(m) = 0 and hence m € NF,,. Therefore, the lower semi-continuous function K, and
the continuous function K., are bounded below by a positive constant on the compact set

{m € A, ||7|| = 1}. Since in addition K, is continuous and K, is upper semi-continuous,
we find that the constant

_ su max Keq(ﬂ) Ko (m)
¢= 7r€Am,|Er||=l {&(7> 7 Keq(T) }

is finite. By homogeneity of K,, and K., we infer that on A,,,

1
Gl < Ky < Ky < CKog, (2.43)

Now, for any 7 € H,,, we consider 7 of minimal norm in the closure of the set {m o
¢ ; det¢ = 1}. By construction, we have 7 € A,,, and there exists a sequence ¢,
det ¢, = 1 such that 1o ¢, — T as n — oo. If # = 0, then K,,(7) = Ke(m) = 0.
Otherwise, we observe that

K (1) < K () < K (1) and Keg () = Keq(7),

where we used the fact that K,,, K,,, and K., are respectively lower semi-continuous,
upper semi-continuous, and continuous on IH,,. Combining this with inequality ([2.43)
concludes the proof. o

A natural question is to find the polynomial of smallest degree satisfying Theorem
. This leads us to the theory of invariant polynomials introduced by Hilbert [61]
(we also refer to [52] for a survey on this subject). A polynomial R on H,, is said to be
invariant if u = deegR is a positive integer and for all 7 € H,, and any linear change of
coordinates ¢, one has

R(mw o ¢) = (det ¢)*R(m). (2.44)

We have seen for instance that K,, and Q, are “invariant polynomials” on H,,.

Nearly all the literature on invariant polynomials is concerned with the case of complex
coefficients, both for the polynomials and the changes of variables. It is known in particular
[52] that for all m > 3, there exists m — 2 invariant polynomials Ry, - - - R,,_» on H,, such
that for any 7 (complex coefficients are allowed) and any other invariant polynomial R
on H,, :

If Ry(m) =+ = R, _2(m) =0, then R(7) =0. (2.45)

A list of such polynomials with minimal degree is known explicitly at least when m < 8,

and they have real coefficients. Defining r = 2lem(deg R;) and Koq := \/ 3.7 R | we

=1 ()
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see that Keq(m) = 0 implies K,,,(7) = 0, and hence K,,,(7) = 0. According to proposition
2.5.4] we have constructed a new, possibly simpler, equivalent of K,.

For example, when m = 2 the list (R;) is reduced to the polynomial det, and for m = 3
to the polynomial disc. For m = 4, given m = ax®* + 4bx3y + 6cx?y? + 4dxy® + ey?, the list
consists of the two polynomials

I =ae—4bd + 3c¢*, J=

o o
L O o
LIS PR

therefore K,(7) is equivalent to the quantity ¢/|I(7)[* + J(7)2. As m increases, these
polynomials unfortunately become more and more complicated, and their number m — 2
obviously increases. According to [52], for m = 5 the list consists of three polynomials of
degrees 4, 8,12, while for m = 6 it consists of 4 polynomials of degrees 2,4, 6, 10.

2.6 Extension to higher dimension

The function K,,, can be generalized to higher dimension d > 2 in the following way.
We denote by H,, 4 the set of homogeneous polynomials of degree m in d variables. For
all d-dimensional simplex 7', we define the interpolation operator I~ acting from C(T)
onto the space IP,,_; 4 of polynomials of total degree m — 1 in d variables. This operator
is defined by the conditions I7*~* v(y) = v(7) for all points v € T with barycentric coordi-
nates in the set {0, ﬁ, %, -+« 1}. Following Section , and generalizing definition
(2.2)), we define the local interpolation error on a simplex, the global interpolation error
on a mesh, and the shape function.

For all m € H,, 4,

Knnpalm) i= inf, 7 =17~
where the infimum is taken on all d-dimensional simplices T" of volume 1. The variant K¢
introduced in also generalizes in higher dimension and was introduced by Weiming
Cao in [23]. Denoting by &, the set of d-dimensional ellipsoids, we define

_m
d

KSum = (s 1E/15])

EcEy,ECAx
= inf{(det M)2i ; M € SJ and Vz € RY, (Mz,2) > |n(2)

2},
where A, := {z € R?; |n(2)] < 1}, B:={z € R?; |z| < 1} is the unit euclidean ball,
and where S denotes the set of symmetric positive definite d x d matrices. Similarly to

Proposition m, it is not hard to show that the functions Ky, q(m) and K%, 4(7) are
equivalent : there exist constants 0 < ¢ < C' depending only on m, d, such that

CKfm,d < Knpa < CKi,d'

Let (7y)n>0 be a sequence of simplicial meshes (triangles if d = 2, tetrahedrons if d = 3,
..) of a bounded d-dimensional, polygonal open set €). Generalizing (2.6|), we say that



2.6. Extension to higher dimension 105

(Tn)n>n, is admissible if #(7y) < N and if there exists a constant C4 satisfying

sup diam(T) < C,N~,

TeTn

The lower estimate in Theorem can be generalized, with straightforward adaptations

in the proof. If f € C™(Q) and (7y)n>n, is an admissible sequence of simplicial meshes,

then

' ‘ " dmf
liminf N'a ey, 7, (f)p > || Km.dp |
m!

N—oo

, (2.46)
17 (@)

where % =2+ %.

The upper estimate in Theorem however does not generalize. The reason is that
we used in its proof a tiling of the plane consisting of translates of a single triangle and
of its symmetric with respect to the origin. This construction is not possible anymore in
higher dimension, for example it is well known that one cannot tile the space R?, with
equilateral tetrahedra.

The generalization of the second part of Theorem is therefore the following.
For all m and d, there exists a constant C' = C(m,d) > 0 such that for any bounded
polygonal open set Q2 C R? and f € C™(Q) the following holds : for all € > 0, there exists
an admissible sequence (7y)n>n, of simplicial meshes €2, possibly non conforming, such
that

+ €.

m am
limsup N'd ey, 1, (f)p < C HKm’d’p (—'f)
@

N—oo

The “tightness” of Theorem is partially lost due to the constant C'. This upper bound
is not new and can be found in [23]. In the proof of the bidimensional theorem, we define
by a tiling Pr of the plane made of a triangle T and some of its translates and
of their symmetric with respect to the origin. In dimension d, the tiling Pr cannot be
constructed by the same procedure. The idea of the proof is to first consider a fixed tiling
Py of the space constituted of simplices bounded diameter, and of volume bounded below
by a positive constant, as well as a reference equilateral simplex 7., of volume 1. We then
set Pr = ¢(Py), where ¢ is a linear change of coordinates such that T = ¢(T¢,). This
procedure can be applied in any dimension and yields all subsequent estimates “up to a
multiplicative constant,” which concludes the proof.

Since this upper bound is not tight anymore, and since the functions K,,,q are all
equivalent to Kf%d as p varies (with equivalence constants independent of p), there is
no real need to keep track of the exponent p. We therefore denote by K,, 4 the function
Koo d-

For practical as well as theoretical purposes, it is desirable to have an efficient way
to compute the shape function K,, 4, and an efficient algorithm to produce adapted tri-
angulations. The case m = 2, which corresponds to piecewise linear elements, has been
extensively studied, see for instance [4,27]. In that case there exists constants 0 < ¢ < C,
depending only on d, such that for all 7 € Hy 4,

e/ |det m| < Ko q(m) < C+/|det ],
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where det 7w denotes the determinant of the symmetric matrix associated to w. Further-
more, similarly to Proposition [2.4.4] the optimal metric for mesh refinement is given by
the absolute value of the matrix of second derivatives, see [4,127], which is constructed in
a similar way as in dimension d = 2 : with U and D = diag(Aq,- -, A\y) the orthogonal
and diagonal matrices such that [7] = UTDU and with |D| := diag(|\],-- -, |\4|), we set
h, = UY|D|U. Tt can be shown that the matrix h, defines an ellipsoid of maximal volume
included in the set A;. The case m = 2 can therefore be regarded as solved.

For values (m, d) both larger than 2, the question of computing the shape function as
well as the optimal metric is much more difficult, but we have partial answers, in particular
for quadratic elements in dimension 3. Following we need fundamental results from
the theory of invariant polynomials, developed in particular by Hilbert [61]. In order to
apply these results to our particular setting, we need to introduce a compatibility condition
between the degree m and the dimension d.

Definition 2.6.1. We call the pair of integers m > 2 and d > 2 “compatible” if and only
if the following holds : For all m € H,, 4 such that there exists a sequence (¢n)n>0 of d X d
matrices with complex coefficients, satisfying det ¢, = 1 and lim,, . 7o ¢, = 0, there
also exists a sequence ¥, of d X d matrices with real coefficients, satisfying det, = 1
and lim,,_o ™o 1, = 0.

Following Hilbert [61], we say that a polynomial @ of degree r defined on H,, 4 is
invariant if = ™ is a positive integer and if for all = € IH,, 4 and all linear changes of

coordinates ¢, ‘

Q(m o ¢) = (det ¢)*Q(m). (2.47)
This is a generalization of . We denote by I, 4 the set of invariant polynomials on
H,, 4. It is easy to see that if m € H,, 4 is such that K, 4(7) = 0, then Q(7w) = 0 for all
Q) € I, 4. Indeed, as seen in the proof of Proposition , if Kpa(m) = 0, then there
exists a sequence ¢, such that det ¢, = 1 and 7 o ¢, — 0. Therefore, implies that
Q(m) = 0. The following lemma shows that the compatibility condition for the pair (m, d)
is equivalent to a converse of this property.

Lemma 2.6.2. The pair (m,d) is compatible if and only if for all m € H,, 4,
Ko a(m) =0 if and only if Q(7) =0 for all Q € L, 4.

Proof: We first assume that the pair (m,d) is not compatible. Then there exists a po-
lynomial 7y € IH,, 4 such that there exists a sequence ¢,, det ¢,, = 1 of matrices with
complex coefficients such that 7 o ¢,, — 0, but there exists no such sequence with real
coeflicients. This last property indicates that K, 4(m) > 0. On the contrary, let @ € I, 4
be an invariant polynomial, and set y = %ﬁgg The identity

Q(mo 0 ¢) = (det ¢)*Q(mo)

is valid for all ¢ with real coefficients and is a polynomial identity in the coefficients of ¢.
Therefore, it remains valid if ¢ has complex coefficients. If follows that Q(my) = Q(mo ¢y,)
for all n, and therefore Q(m) = 0, which concludes the proof in the case where the pair
(m, d) is not compatible.
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We now consider a compatible pair (m, d). Following Hilbert [61], we say that a poly-
nomial m € H,, 4 is a null form if and only if there exists a sequence of matrices ¢,, with
complex coefficients such that det ¢, = 1 and 7o ¢,, — 0. We denote by NF,, 4 the set
of such polynomials. Since the pair (m, d) is compatible, note that m € NF,, 4 if and only
if there exists a sequence ¢,, of matrices with real coefficients such that det ¢,, = 1 and
mo ¢, — 0. Hence, we find that

NF,a={mr€Hpq; Kna(m)=0}.

Denoting by ]If%d the set of invariant polynomials on IH,, ; with complezr coefficients, a
difficult theorem of [61] states that

NF,a={r€H,q; Q(n)=0foral Q € Ilfjmd}.

It is not difficult to check that if @ = Q1 + Q2 where ()1 and ()2 have real coefficients,
then (2.47)) holds for @ if and only if it holds for both ()1 and @, i.e., @1 and @), are also

invariant polynomials. Hence denoting by I, 4 the set of invariant polynomials on IH,, 4
with real coefficients, we have obtained that

NFm,d = {7T € Hm,d ) Q(’/T) = 0 for all Q € Hm,d}?

which concludes the proof. o

Theorem 2.6.3. If the pair (m,d) is compatible, then there exists a polynomial K on
H,, 4 (we set r =degK) and a constant C > 0 such that for all m € H,, 4,

SV/K) < Koalr) < CY/K(m). (2.48)

Furthermore any polynomial K satisfying the above equivalence needs to be an invariant
polynomial on H,,. If the pair (m,d) is not compatible, then there does not exist such a
polynomial K.

Proof: The proof of the invariance of any polynomial K satisfying (2.48|), and of the
nonexistence property when the pair (m, d) is not compatible, is reported in the appendix.
Assume that the pair (m,d) is compatible. We follow a reasoning very similar to to

prove the equivalence (2.48]).
We use the notations of Lemma [2.6.2] and we consider the set

NFpa={re€Hpq; Knan)=0}={reH,q; Q) =0, Q€ L,,q}.

The ring of polynomials on a field is known to be Noetherian. This implies that there exists

a finite family @1, - - - , Qs € L, 4 of invariant polynomials on H,, 4 such that any invariant
polynomial is of the form ) P,(); where P, are polynomials on H,, ;. We therefore obtain
NFm,d - {ﬂ- S Hm,d ; Ql(ﬂ-> == Qs(ﬂ-) - 0}7

which is a generalization of (2.45]), however with no clear bound on s.
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We now fix such a set of polynomials, set 7 := 2lcm;<;<; deg @;, and define

K=Y Q"% and K= VK.

i=1

Clearly, K is an invariant polynomial on H,, 4, and NF,,; = {7 € H,,4 ; K(7) = 0}.
Hence the function K., is continuous on H,, 4, obeys the invariance property Keq(mo¢) =
| det ¢| Keq(), and for all m# € H,,, Keq(7) = 0 implies K(7) = 0 and therefore K, 4(7) =
0. We recognize here the hypotheses of Proposition [2.5.4] except that the dimension d has
changed. Inspection of the proof of Proposition [2.5.4] shows that we use only once the fact
that d = 2, when we refer to Proposition and state that if (m,) € H,,, 7, — 7 and
K, (m,) — 0, then K,,(7) = 0. This property also applies to K, 4, when the pair (m,d)
is compatible. Assume that (m,) € H,,4, m, — 7 and that K, 4(m,) — 0. Then there
exists a sequence of linear changes of coordinates ¢,,, det ¢, = 1, such that =, o ¢,, — 0.
Therefore,
K(r) = lim K(m,) = nhrilo K(m,0¢,) =0.

n—oo

It follows that m € NF,, 4, and therefore K,, () = 0. Since the rest of the proof of Pro-
position never uses that d = 2, this concludes the proof of equivalence (2.48)). o

Hence there exists a “simple” equivalent of K, 4 for all compatible pairs (m, d), while
equivalents of K,,, for incompatible pairs need to be more sophisticated, or at least
different from the root of a polynomial. This theorem leaves open several questions. The
first one is to identify the list of compatible pairs (m,d). It is easily shown that the
pairs (m,2), m > 2, and (2,d), d > 2 are compatible, but this does not provide any
new results since we already derived equivalents of the shape function in these cases.
More interestingly, we show in the next corollary that the pair (3, 3) is compatible, which
corresponds to approximation by quadratic elements in dimension 3. There exist two
generators S and T of II3 3, whose expressions are given in [83] and which have respectively
degree 4 and 6.

Corollary 2.6.4. {/|S|> + T2 is equivalent to K33 on Hs 3.

Proof: The invariants S and T obey the invariance properties S(m o ¢) = (det ¢)*S(m)
and T'(7 o ¢) = (det ¢)5T (7). We intend to show that if 7 € Hz3 and S(7) = T(7) = 0,
then Ks33(m) = 0. Let us first admit this property and see how to conclude the proof
of this corollary. According to Lemma the pair (3,3) is compatible. The function
Keq = +/|S]?+ 17 is continuous on Hj 3, obeys the invariance property Ke,(m o ¢) =
| det ¢| Keq(m), and is such that K. (7) = 0 implies K3 3(m) = 0. We have seen in the proof
of Theorem [2.6.3] that these properties imply the desired equivalence of Keq and Kj .

We now show that S(7) = T'(r) = 0 implies K33(m) = 0. A polynomial 7 € H;3 3 can
be of two types. Either it is reducible, meaning that there exist m; € H; 3 (linear) and
7y € Hy 3 (quadratic) such that m = w79, or it is irreducible. In the latter case, according
to [60], there exists a linear change of coordinates ¢ and two reals a, b such that

mo¢=1y’z— (23 + 3azxz® + b2?).
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A direct computation from the expressions given in [83] shows that S(m o ¢) = a and
T(mog¢)=—4b. If S(7v) =T(x) =0, then S(ro¢) =T(ro0¢)=0and 7o ¢ = y?z — z3.
Therefore for all A # 0, 7 o ¢(Az, N2y, \22) = A\y?z — A323, which tends to 0 as A — 0.
We easily construct from this point a sequence ¢, det ¢, = 1, such that 7 o ¢, — 0.
Therefore, K;3(m) = 0.

If 7 is reducible, then m = m 7y where 7 is linear and 7y is quadratic. Choosing a
linear change of coordinates ¢ such that m; o ¢ = 2z, we obtain

7o ¢ = 3z(ax® + 2bzy + cy®) + 2*(ux + vy + w2)

for some constants a, b, ¢, u, v, w. Again, a direct computation from the expressions given
in [83] shows that S(mw o ¢) = —(ac — b*)? (and T(w o ¢) = 8(ac — b*)?). Therefore, if
S(m) = T(n) = 0 then the quadratic function ax? + 2bzy + cy® of the pair of variables
(x,y) is degenerate. Hence there exists a linear change of coordinates v, altering only the
variables z,y, and reals p,u’,v" such that

Togo = pzx® + 22 (ux + vy +wz).

It follows that m o ¢ o (2, \"'y, A\z) tends to 0 as A\ — 0. Again, this implies that
K3 3(m) =0, and concludes the proof of this proposition. o

We could not find any example of an incompatible pair (m,d), which leads us to
formulate the conjecture that all pairs (m,d) are compatible (hence providing “simple”
equivalents of K, 4 in full generality). Another even more difficult problem is to derive a
polynomial K of minimal degree for all pairs (m, d) which are compatible and of interest.

Last but not least, efficient algorithms are needed to compute metrics, from which
effective triangulations are built that yield the optimal estimates. A possibility is to follow
the approach proposed in [23], i.e., solve numerically the optimization problem

inf{det M ; M € ST and Vz € R? (Mz, 2) > |n(2)[*™},

which amounts to minimizing a degree d polynomial under an infinite set of linear constraints.
When d > 2, this minimization problem is not quadratic, which makes it rather delicate.
Furthermore, numerical instabilities similar to those described in Remark can be
expected to appear.

2.7 Conclusion and Perspectives

In this chapter, we have introduced asymptotic estimates for the finite element in-
terpolation error measured in the LP norm when the mesh is optimally adapted to the
interpolated function. These estimates are asymptotically sharp for functions of two va-
riables, see Theorem [2.1.2] and precise up to a fixed multiplicative constant in higher
dimension, as described in . They involve a shape function K, , (or K, 4, if d > 2)
which generalizes the determinant which appears in estimates for piecewise linear interpo-
lation [27,4]. This function can be explicitly computed in several cases, as Theorem m
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shows, and has equivalents of a simple form in a number of other cases, see Theorems
251 and 2.6.3

All our results are stated and proved for sufficiently smooth functions. One of our
future objectives is to extend these results to larger classes of functions, and in particular
to functions exhibiting discontinuities along curves. This means that we need to give
a proper meaning to the nonlinear quantity K,,, (d;Z—,f) for nonsmooth functions. This
question is addressed in Chapter 4.

This chapter also features a constructive algorithm (similar to [4]), that produces trian-
gulations obeying our sharp estimates, and is described in §2.3.2] However, this algorithm
becomes asymptotically effective only for a highly refined triangulation. A more practical
way to produce quasi-optimal triangulations is to adapt them to a metric, see [15,66,/19)
and Chapter 5. This approach is discussed in This raises the question of genera-
ting the appropriate metric from the (approximate) knowledge of the derivatives of the
function to be interpolated. We addressed this question in the particular case of piecewise
quadratic approximation in two dimensions in Theorems [2.4.4] and [2.4.6]

We plan to integrate this result in the PDE solver FreeFem++ in the near future,
see Chapter 3 for a synthetic example. Note that a Mathematica source code is already
available on the web [95]. We also would like to derive appropriate metrics for other
settings of degree m and dimension d, although, as we pointed out in Proposition [2.4.7],
this might be a rather delicate matter.

We finally remark that in many applications, one seeks for error estimates in the Sobo-
lev norms W1? (or W™#) rather than in the L” norms. Finding the optimal triangulation
for such norms requires a new error analysis, see Chapter 3. For instance, in the survey [85]
on piecewise linear approximation, it is observed that the metric h, = |d*f| (evoked in
Equation (2.40) should be replaced with h, = (d?f)? for best adaptation in H' norm. In
other words, the principal axes of the positive definite matrix h, remain the same, but its
conditioning is squared.

2.8 Appendix

2.8.1 Proof of Proposition [2.4.6

We consider a fixed polynomial 7 € Hjs, set a parameter o > 0, and look for an ellipse
E, . of maximal volume included in the set a=*/2D N A,. Since this set is compact, a
standard argument shows that there exists at least one such ellipse.

If @ > jir, then o~ Y2D C A, and therefore a /2D N A, = a=/2D. It follows that
E,. = a 2D, which proves part 1.

In the following, we denote by E’ the ellipse defined by the matrix . Note that
any ellipse containing D, and included in A, must be tangent to JA, at the point z,
and hence of the form Ej for some 6 > 0. Clearly, B C E|, if and only if 6 > p.
Therefore, E/, C A, if and only if o > a,. Let E be an arbitrary ellipse, D; the largest
disc contained in F, and D,y the smallest disc containing E. Then it is not hard to check
that |E| = +/|D1]|Dz|. For any « satisfying o, < a < p,, the ellipse E!, is such that
D; = D,, which is the largest centered disc contained in A,, and Dy = a~ /2D, which
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corresponds to the bound 2a~'/2? on the diameter of E, o. It follows that E! is an ellipse
of maximal volume included in o %/2D N A, and this concludes the proof of part 2.

Part 4 is trivial ; hence we concentrate on part 3 and assume that 3, < a < a;.

An elementary observation is that E,, must be “blocked with respect to rotations.”
Indeed, assume for contradiction that Ry(E..) C A for 6 € [0,¢] or [—¢,0], where we
denote by Ry the rotation of angle . Observing that the set Upejg ) Ro(Ex ) contains an
ellipse of larger area than E. , and of the same diameter, we obtain a contradiction.

In the following, we say that an ellipse F is quadri-tangent to A, when there are at
least four points of tangency between OF and OA, (a tangency point being counted twice
if the radii of curvature of OF and dA, coincide at this point).

The fact that £ , is “blocked with respect to rotations” implies that it is either quadri-
tangent to A, or tangent to JA, at the extremities of its small axis. In the latter case,
the extremities of the small axis must clearly be the points z, and —z,, the closest points
of OA; to the origin. It follows that E,, belongs to the family Ef§, 6 > a, described
above, and therefore is equal to £/, since a < . But E], is quadri-tangent to A, since
otherwise we would have E, __ C A, for some £ > 0.

We have now established that E. , is quadri-tangent to A, when 3, < o < a,. This
property is invariant by under linear change of coordinates : if an ellipse E is quadri-
tangent to Aqos, then ¢(E) is quadri-tangent to A,. Furthermore, if E is defined by a
symmetric positive definite matrix H, then ¢(FE) is defined by (¢—!)* H¢~'. This remark
leads us to the problem of identifying the family of ellipses quadri-tangent to dA, when
7 is among the four reference polynomials z(z? — 3y?), x(x® + 3y?), 2%y, and 3. In the
case of 2% there is no quadri-tangent ellipse and we have o, = 0; therefore part 3 of the
theorem is irrelevant. In the three other cases, which respectively correspond to part 3
(i), (ii), and (iii), the quadri-tangent ellipses are easily identified using the symmetries of
these polynomials and the system of equations .

The ellipses quadri-tangent to x(x? + 3y?) are defined by matrices of the form Hy =
diag(A, %), where 0 < A < 2. Note that det H), is decreasing on (0, 2%] and increasing
on [2%, 2]. Given 7 with disc 7 < 0, the optimization problem (2.39) therefore becomes

min{det f ; (- Hyo' > ald}.

If the constraint is met for A = 21/3, we obtain E; o = E; and therefore o < 3. Otherwise,
using the monotonicity of A +— det H), on each side of its minimum 25 we see that the
matrix Hy — adr$, must be singular. Taking the determinant, we obtain an equation of
degree 4 from which A\ can be computed, and this concludes the proof of part 3 (i).

The ellipses quadri-tangent to (2% — 3y?) are defined by Hyy = VT diag(), 53)V,
where 0 < A < 1and V is arotation by 0, 60, or 120 degrees. Since det H) v is a decreasing
function of A on (0, 1], we can apply the same reasoning as above to polynomials 7 such

that disc > 0. This concludes the proof of part 3 (ii).

Finally, the ellipses quadri-tangent to zy* are defined by Hy = diag(\, 753), A > 0.

The determinant A — det H) is a decreasing function of A with lower bound 0 as A — oo,
and the same reasoning applies again, hence concluding the proof of part 3 (iii).
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2.8.2 Proof of the nonexistence property in Theorem [2.6.3
Let K be a polynomial on H,, ; which satisfies the inequalities ([2.48]). We observe that

K takes nonnegative values on H,, 4, and we assume in a first time that p := = is an
integer. We derive from (2.48)) and from the invariance of the shape function K, 4 with

respect to changes of variables the inequalities
C~ % (det ¢)"K (1) < K(7 0 ¢) < C*(det ¢)"K(7), (2.49)

for all 7 € H,,, 4 and all ¢ € My (the space of d x d real matrices), where C' is the constant
appearing in inequalities . We regard the function Q(7, ¢) = K(mwo¢) as a polynomial
on the vector space V' = IH,, 4 X M, and we observe that it vanishes on the hypersurface
Vaer := {(m,¢) € V; det ¢ = 0}. Since ¢ — det(¢) is an irreducible polynomial, as shown
in [14], it follows that Q(m, ¢) = (det ¢)Q1 (7, ¢) for some polynomial Q; on V. Injecting
this expression in (2.49)) we obtain that Q (7, ¢) also vanishes on the hypersurface Vge if
p > 1, and the argument can be repeated. By induction we eventually obtain a polynomial
K on V such that K(7 o ¢) = (det ¢)*K(m, ¢). It follows from inequality that for
all (m,¢) € V,
CrK(r) < K(rm, ¢) < C*K(n).

This implies that K(W, ¢) does not depend on ¢. Otherwise, since it is a polynomial, we
could find m; € H,, 4 and a sequence ¢,, € My such that |K(m, ¢,,)| — oo. Therefore,

K(m o ¢) = (det ¢)"K(r, ¢) = (det ¢)*K(r,1d) = (det ¢)*K ().

This establishes the invariance property of K under the hypothesis that p is an integer.
Let us assume for contradiction that p is not an integer. Then applying the previous
reasoning to K¢ we obtain that K(m o ¢)/K(7) = «a(, ¢)| det ¢|* for all # € H,,4 and
¢ € My, where o : H,,, 4 x My — {—1,1}. Since ¢ — det ¢ is an irreducible polynomial we
obtain that u is an integer and as before that K(m o ¢) = (det ¢)*K (), which concludes
the proof of the invariance property.

Let (m,d) be an incompatible pair. We know from Lemma that there exists
7o € H,, 4 such that K, 4(m) > 0 and Q(m) = 0 for any invariant polynomial @ € I, 4.
Therefore there exists no polynomial K satisfying .
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3.1 Introduction

We consider in this section the problem of finding the optimal mesh for the interpola-
tion of a function by finite elements of a given degree, when the error is measured in the
Sobolev W1 norm. Our purpose is to establish sharp asymptotic estimates, of the same
type as the following in the case of the LP norm,

1
hmsup(N min ||f—ITf||Lp><C’||\/|det 2 Hl -, —:5+1, (3.1)

N—+o0 #(T)<N

which holds for a C? smooth function f defined on a bounded polygonal domain €2,
see [27,/4] and Chapter 2. We refer to the introduction of this thesis and to Chapter
for a more detailed overview of existing results and of our motivations. The convergence
estimate is extended to arbitrary approximation order in Chapter , where the
quantity governing the convergence rate for finite elements of arbitrary degree m — 1 is
identified. This quantity, referred to as the shape function, depends nonlinearly on the
m-th order derivative d™ f.

The purpose of the present chapter is to investigate this problem when the LP-norm
is replaced by the WP semi-norm which plays a critical role in PDE analysis, and which

is defined as follows
1/p
ooy o= 197y = ([ 194P)

Our second objective is to propose simple and practical ways of designing meshes which
behave similar to the optimal one, in the sense that they satisfy the sharp error estimate
up to a fixed multiplicative constant.

3.1.1 Main results and layout

We denote by IP,,, the space of polynomials of total degree less or equal to m and by
H,, the space of homogeneous polynomials of total degree m,

P, := Span{z*y' ; k+1<m} and H,, := Span{a*y'; k +1=m}.

For any triangle T', we denote by I the local interpolation operator acting from C°(T')
onto IP,,. For any continuous fonction v € C°(T'), the interpolating polynomial I} v € P,,,
is defined by the conditions

Iy v(y) =v(v),
for all points 7 € T with barycentric coordinates in the set {0, —- — m, , 1}. This inter-

polation operator is invariant by translation, hence for any polynomlal m € H,,, triangle
T and offset z we have

|7T - 1’717371 7T|W1,p(T) = ‘ﬂ' - 17@71 7T|erp(z+T)- (32)

If 7 is a triangulation of a domain €2, then I'? refers to the interpolation operator which
coincides with I on each triangle T' € 7.
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A key ingredient of this chapter is the shape function L, ,, which is defined by a shape
optimization problem : for any fixed 1 < p < oo and for any © € H,,, we define

L p(70) i= | %rll_fl I — I T .- (3.3)
Here, the infimum is taken over all triangles of area |T| = 1. From the homogeneity of 7,
it is easily checked that

l%‘llf |m = 17 wlwiwr) = Lm,p(w)ATJr%.

The solution to this optimization problem thus describes the shape of the triangles of a
given area which are best adapted to the polynomial 7 in the sense of minimizing the
interpolation error measured in WhP,

The function L,,, is the natural generalisation of the function kK, , introduced in
Chapter [2] for the study of optimal anisotropic triangulations in the sense of the L? inter-
polation error

Ko p(m) := |}n_fl [E e PP

Our asymptotic error estimate for the optimal triangulation is given by the following
theorem.

Theorem 3.1.1. For any bounded polygonal domain Q C R?, any function f € C™(Q)
and any 1 < p < oo, there exists a sequence (Ix)n>n,, #(In) < N, of triangulations of

Q such that
amf
P\l

In the above convergence estimate, the number N; is independent of f and refers to
the minimal cardinality of a conforming triangulation of Q. The m-th derivative d" f(z)
at each point z is identified to a homogeneous polynomial 7, € H,,

1 -1 1
, where — := m—- 42 (3.4)
p

limsup N7 |f—I " flwie@ _‘L
L7 (Q) T 2

N—oo

am f om f
Ga:kay

(3.5)

k+l=m

An important feature of this estimate is the “lim sup”. Recall that the upper limit of a
sequence (uy)n>n, is defined by

limsupuy := lim sup u,,
N—o0 N—oo n>N

and is in general stricly smaller than the supremum sup N>No uy. It is still an open question
to find an appropriate upper estimate of sup vy, N* | =17, 1 flwiea »(0) When optimally
adapted anisotropic triangulations are used.

In order to illustrate the sharpness of (3.4), we introduce a slight restriction on se-
quences of triangulations, following an idea in [4] : a sequence (7y)n>n, of triangulations
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is said to be admissible if #(Ty) < N and supysp, (N2 supper, diam(7)) < oo. In other
words if
sup diam(T) < CuN "2 (3.6)
TeTn
for some constant C'y > 0 independent of N. The following theorem shows that the
estimate (3.4]) cannot be improved when we restrict our attention to admissible sequences.
It also shows that this class is reasonably large in the sense that is ensured to hold
up to small perturbation.

Theorem 3.1.2. Let Q C R? be a bounded polygonal domain, let f € C™(Q) and 1 <
p < 0. We define % = mTfl + %. For any admissible sequence (7Tn)n>n, of triangulations

of 1, one has
amf
Ly ( m! )

Furthermore, for all € > 0 there ezists an admissible sequence (75)n>n, of triangulations
of Q1 such that
a"f
s ()

Note that the sequences (735)n>n, satisfy the admissibility condition (3.6) with a
constant Cy(g) which may grow to 400 as ¢ — 0. The proofs of these two theorems are
given in §3.3] Theorem is a direct consequence of Theorem [3.1.2] by considering a
sequence of triangulations of the type 7" with ey — 0 as N — +o00. The proof of the
upper estimate in Theorem involves the construction of an optimal mesh based on
a patching strategy adapted from the one encountered in [4]. However, inspection of the
proof reveals that this construction only becomes effective as the number of triangles N
becomes very large. Therefore it may not be useful in practical applications.

.. m=1 m—
th_}OréfN T f =17 flwiegg) > ‘ (3.7)

L7(Q) |

+e. (3.8)

lim sup NmTil\f — I%_l f|W14’(Q) < ‘
L7()

N—oo

Remark 3.1.3. It can easily be shown that if (Tn)n>n, @S an admissible sequence of
triangulations and f € C™(Q), then || f — I3, fllre) decays with the rate N=™/% which is
faster than the decay rate obtained for the WP error. Therefore, our convergence estimates
are also valid in the W1 norm

1/p
1wy = (I Wy + 1 By -

We show in that in order to satisfy the optimal estimate up to a fixed multi-
plicative constant, it suffices to build a triangulation which obeys four general principles :

(i) The interpolation error should be evenly distributed on all triangles,

(ii) The triangles should adopt locally a specific aspect ratio, dictated by the local
value of d™ f,

(iii) the largest angle of the triangles should be bounded away from 7r = 3.14159. ..

(iv) the triangulation 7 should be sufficiently refined in order to adapt to the local
features of f.
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The third point (iii) is the main new ingredient of this chapter compared to Chapter
, and is necessary for obtaining WP error estimates (but not for LP error estimates).
Roughly speaking, two triangles having the same optimized aspect ratio imposed by (ii)
may greatly differ in term of their largest angle, and the most acute triangle should be
preferred when the interpolation error is measured in WP rather than LP. The influence
of large angles in mesh adaptation has already been studied in [10}62,85], see also Chapter
6. The heuristic guideline is that large angles should be avoided in general, since they lead
to oscillations of the gradient of the interpolant. On the contrary, extremely thin triangles
and very small angles can be necessary for optimal mesh adaptation.

A practical approach for mesh generation is discussed in §3.4] and consists in deriving
a distorted metric from the exact or approximate data of d™f at each point x € Q2. We
restrict in this section to the case of linear and quadratic finite elements, and we provide
simple mesh generation procedures and numerical results. To any 7w € H,,, m € {2,3}, we
associate a symmetric positive definite matrix M,,,(7) € Sy (strictly speaking, this matrix
is degenerated if 7 is univariate, a detail that needs to be taken care of in the numerical
implementation). If z € Q and d™f(z) is close to m, then the triangle 7' containing z
should be isotropic in the metric M, (7). The requirements (i) and (ii) above, which are
respectively linked to the size and shape of the triangles, can then be summarized through
a global metric on €2 given by

h(z) = s(m, ) My (7,), m = dmn];(z)

: (3.9)

where s(7,) is a scalar factor which depends on the desired accuracy of the finite element
approximation. Once this metric has been properly identified, fast algorithms such as
in [94,93/19] can be used in order to design a near-optimal mesh based on it. Recently
it has been rigorously proved in [66,|15], that several algorithms terminate and produce
good quality meshes, under certain conditions. Although we are not aware that the angle
constraint (iii) is guaranteed in such algorithms, it seems to hold in practice. Computing
the map

7€ H,, — M,(n) €Sy,

is therefore of key use in applications (S5 refers to the set of 2 X 2 symmetric and non-
negative matrices). This problem is solved in [66], in the case of linear elements (m = 2) :
the matrix M,,(m) is then defined as the square of the matrix associated to the quadratic
form 7. We give a simple expression of M,,,(7) for piecewise quadratic finite elements (m =
3). The optimality of this construction is proved theoretically, and numerical experiments
confirm its adequacy. An open source implementation for the mesh generator FreeFem++
[93] is provided at [95].

The shape function L,,, does not always have a simple analytic expression from the
coefficients of 7. For this reason we introduce in explicit functions 7 +— Ly, (7) which
are defined as the root of a polynomial in the coefficients of 7, and are equivalent to Ly, ,
leading therefore to similar asymptotic error estimates up to multiplicative constants.
We finally discuss in §3.6] the possible extension of our analysis to simplicial elements in
dimension d > 2.
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Notations

Throughout this chapter, we define L,, := L, «, where L,,, is defined at Equation
(3.3). We prove further in Lemma that for all 1 < p < oo

cLy, < Ly, < L, on H,, (3.10)

where the constant ¢ > 0 depends only on m. For any compact set £ C R?, of non-zero
Lebesgue measure, we denote by bary(FE) its barycenter. For any pair of vectors u,v € R?,
we denote by (u,v) their inner product, and by

Jul == v/ (u,u),

the euclidean norm of u. When g € LP(E,R?) is a vector valued function, we denote by
9]l zr(z) the LP norm of z — |g(z)| on E.
We denote by My(R) the set of all d x d real matrices, equiped with the norm
| Al :== max | Aul.
[ul<1
We denote by GL; C My(R) the linear group of invertible matrices and by SL; C GL,4
the special linear group of matrices of determinant 1.

GLd = {A < Md(R) ; det A 7é 0} and SLd = {A € Md(R) ; det A = 1}

For A € GL4, we denote by
K(A) = Al AT, (3.11)

its condition number. We denote by S; C My(R) the subset of symmetric matrices, by
S® C S, the subset of non-negative symmetric matrices and by S, the subset of positive
definite symmetric matrices. For any two symmetric matrices S, S" € Sy, we write S < S’
if and only if S’ — S € SY.

We equip the spaces IP,,, and H,,, with the norm

= . 3.12
Il = max f (w)] (3.12)
Note that the greek letter m always refers to an homogeneous polynomial = € H,,, while
the large and bold notation 7r refers to the mathematical constant 7t = 3.14159. . ..
Recall that if g is a C™ function, we identify d"g(x) to a polynomial in H,,, by (3.5]).
We then denote
079l ey = max @ g(:) | (3.13)

with || - || the previously defined norm on H,,.

3.2 The shape function L,, , and local error estimates

In this section, we study the function L,,, and obtain local W'? error estimates
for functions of two variables. These estimates naturally give rise to a heuristic method
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for the design of “near optimal” triangulations adapted to a function f, in other words
triangulations satisfying the estimate up to a fixed multiplicative constant, and it
is put into practice in §3.4] in the case of piecewise linear and piecewise quadratic finite
elements. The results of this section are also useful to the proof, in §3.3] of the optimal
error estimates presented in Theorems (3.1.1{ and |3.1.2]

We first introduce the measure of sliverness S(7') of a triangle T'. Given two triangles
T,T’, there are precisely 6 affine transformations W such that W(7) = T". Each of these
affine transformations W defines a linear transformation 1 and we set

d(T,T') := In (inf{x(¢) ; W(T) =T"}), (3.14)

where (¢) is the condition number defined in (3.11). Clearly d(7,T") > 0, d(T,T") =
d(T",T)and d(T,T") < d(T,T")+d(T",T"). Furthermore d(7T',7") = 0 if and only if T’ can
be transformed into 7" through a translation, a rotation and a dilatation. Therefore d(-, )
defines a distance between shapes of triangles. The heuristic guideline of the papers [62}/10]
and Chapter 6 is that obtuse shapes should be avoided when possible in the design of
Finite Element meshes for the approximation of a function in the W' norm. We therefore
introduce the set A of all acute triangles and we define the measure of sliverness S(T') of
a triangle T' as follows

S(T) :=expd(T,A) = inf{k(y)) ; U(T) € A}. (3.15)

This quantity reflects the distance from T to the set of acute triangles : in particular
S(T) =1if and only if T € A, and S(T") > 1 otherwise. It has an analytic expression,
which is given in the following proposition.

Proposition 3.2.1. For any triangle T with largest angle 0, one has S(T) = max{1, tan g}

Proof: The result of this proposition is trivial if the triangle T" is acute, and we therefore
assume that 7T is obtuse. We can assume without loss of generality that the vertices of
T are 0, au and Bv, where a, 8 > 0, u,v € R? |u| = |v] = 1 and (u,v) = cosf. Note
that |u — v| = 2sin(0/2) and |u + v| = 2cos(6/2). Let ¥ be such that W(7T) € A, and let
1 be the associated linear transform. Since W(T') is acute we have (¢(u), ¥ (v)) > 0 and
therefore |(u) — ¥(v)| < |¢(u) + ¥ (v)]. Tt follows that
Ly s ezl ) ()] 2sin(6/2) 0
p() = |9l o™ = o] ol — ()] > 2cos0/2) ~ P
Therefore S(T) > tan 4. Furthermore, let ¢ be defined by ¢ (u) = (0,1) and ¢ (v) = (1,0).
Obviously ¢(T') has one of its angles equal to 7t /2 and is therefore acute. On the other
hand, one easily checks that (1)) = tan(f/2) and therefore S(T') < tan £. This concludes
the proof of this proposition. o

The previous proposition implies in particular that S(7T') is equivalent to the quantity
si111 5> where 0 denotes the largest angle of T', which is used in [62,[10]. The following lemma
shows that the interpolation process is stable with respect to the L* norm of the gradient
if the measure of sliverness S(7") is controlled. Let us mention that a slightly different
formulation of this result was already proved in [62], yet not exactly adapted to our
purposes.




120 Chapter 3. Sharp asymptotics of the WP interpolation error

FIGURE 3.1 — The interpolation points on the triangle 7T are aligned vertically.

Lemma 3.2.2. There exists a constant C' = C(m) such that for any triangle T and any
f € Wh(T) one has

IV fllzmeey < OS@IVFlimcry, (3.16)

Proof: Let Ty be the triangle of vertices (0,0), (1,0) and (0,1), and let g € WH>(Ty).
We define g(z,y) := g(x,0) and h(z,y) := g(z,y) — g(x,0). Since § does not depend on y
and since the Lagrange interpolation points on Tj are aligned vertically, as illustrated on
Figure 3.1} the Lagrange interpolant [}~ 1 g does not depend on y either. Futhermore, for

all (z, y) € Ty, we have |h(z,y)| = |fy 0 5o (@,8)ds| < || 2| oo (7). Hence
‘ a1ty ~lomta
0 0
Y pe(m) Y oo
< Coll L5 Al oo ()
< CoCrl|P|| Lo (o)

0
< G4 79

0yl oy

where the constants Cy and C; are the L>(Ty) norms of the operators g — g—fj restricted
to P,,_; and g — I%_l g respectively.

Let e be an edge vector of T'. There exists an affine change of coordinates W., with
linear part 1., such that To = ¥.(7") and ¥.(e) = ey where ¢y = (0, 1) is the vertical edge

vector of Tjy. Noticing that

aIm—lg
(€. V5 g0 W) = (e, V(I g) o ) = oo (VI g) 0 W) = oL 0w,
we obtain
m— alm—l
||<67VIT 1(goqje)>||L°°(T) = ?y d
Lo (To) (3.17)
CoC H :
= ov1 ay LOO(TO)

= CoChll{e; V(g o We)) || Lo ().
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Applying this inequality to g = f o ¥_! we obtain that

(e, VIF™! Pllecr) < CoCrll{e, V) || () (3.18)
for all edge vectors e € {a,b,c} of T. We next define a norm on R? as follows

ol = [al = a, v} + B~ (b, v)| + [e] 7 [{e, 0.

It follows from inequality , that

| IV flr llzery < 3CoCH 1V Sl cry (3.19)
We next observe that if # denotes the maximal angle of T,

cos(0/2)[v| < |vlr < 3v],

where | - | is the euclidean norm : the upper inequality is trivial and the lower one is
implied by the fact that at least one of the edge vectors makes an angle less than 0/2 with
v. Combining this with (3.19)), we obtain

9C,C
m~—1 oy < 01 oo (.
IVIZ™ f iz < cos(e/Q)HVfHL (T)

Since 6 > /3 we have cos(lgz) < 2tan(6/2) < 25(T') according to Proposition [3.2.1} which
concludes the proof with C' = 18C, (. o

Remark 3.2.3. The following example in the simple case of piecewise linear approrima-
tion illustrates the sharpness of inequality . Let T be a triangle having an obtuse
angle 0 at a vertex v, and edges neighbouring v of length 1 and I'. Let f(z) := |z —v|?. A
simple computation shows that

diam T

\VAF o () =
|V 17 fll e () 0

and ||V f|| peo(r) = 2max(l, ).

It follows that
IV 17 fllzee(ry = MT)S(D)IV fll e,

with
diam(7") diam(7")

(T) 2sin(0)S(T) max{l,I'} ~ 4sin(0/2)? max{l,l'}
which shows the sharpness of Lemma[3.2.9 in this context.

€ [1/4, 1],

We now introduce for each polynomial 7 € H,,, a special set A, C My(R) of linear
maps.

A = {A € My(R); |Vr(2)| < |Az|™ ! for all z € R?}. (3.20)

This set has a geometrical interpretation : since V7 is homogeneous of degree m — 1, we
find that A € A, if and only if the ellipse {z € R?* ; |Az| < 1} is included in the set
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{z € R?; |Vn(z2)| < 1} which is limited by the algebraic curve {|Vx(z)] = 1}. If T is a
triangle that contains the origin and if A € A, we observe that

IV 7| ooy < diam(A(T))" . (3.21)

We define
Ym(m) ;= inf{| det A| ; A € A,},

so that 7(l' 7 is the maximal area of an ellipse contained in {z e R*; |Vn(2)] < 1}.

Remark 3.2.4. Similar concepts have been introduced in (23] for the purpose of studying
the L interpolation error of anisotropic finite elements, therefore with |m(z)| in place of

V7 (2)].

The following result shows that a certain power of =, is equivalent to the shape function
L,,. For any domain Q C R? and any f,g € LP(Q) we use the shorthand

0.9y = ([ 076 rpdz);z(/ﬂ (f(2)2+g(z)2)p/2dz>;- (3:22)

Lemma 3.2.5. There exists a constant C' = C(m) such that for all 7 € H,,

m(T). (3.23)

Proof: We first prove the left part of (3.23). Let 7 € H,,, and A € A, such that A is
invertible. The matrix A admits a singular value decomposition

C_le(ﬂ') < 7m(7r)m51

A=UDV,

where U,V are unitary and D = diag(A\;, A\2) with A; > 0 such that A\? are the eigenvalues
of ATA. Let T, be the triangle of vertices (0, 0), (0,v/2) and (v/2,0). We define the triangle

= /|det A|VTD™?

which satisfies |T'| = |Tp] = 1 and has an angle of 7r/2 at the origin so that S(7) = 1.
Denoting by C' the constant in Lemma and using (i3.21]), we obtain

(1+C) VA=V I 7l oo (ry < V7] ooy < diam(A(T))" " = | det A|mT_1 diam (7)™

Taking the infimum over all invertible A € A, and remarking that this set is dense in
A, we conclude the proof of the left part of (3.23)). For the right part, we define for all
q1,q2 € H,,_1, and any triangle T,

(g1, @)|lr = inf  |[(q1,q2) — (r1,72)| oo (1) (3.24)

r1,72€Pm 2

We denote by T., an equilateral triangle centered at the origin and of area 1. Since the
functions || - ||z, and || - ||z (7.,) are norms on H,,_; x IH,,_; there exists a constant C,
such that || - ||z (r.,) < Cil| - |7, - Let T be a triangle satisfying |T'| = 1 and bary(7") = 0.
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Then there exists a linear change of coordinates ¢ € SLy such that T = ¢(T¢,). We then
obtain

1(g1; @2) | oy = [[(@1 © ¢, g2 © D)L= (1) < Cill(g1 © ¢, G2 0 D)l|mg = Cicll(n, g2) I

We now choose a polynomial 7 € H,, and we set (¢1,q2) := V. It follows from the
previous equation and (3.24]) that

V7l Loy < CillVallr < C[Va = VIF @l pr)

We define a linear map A € GLy associated to m and T' = ¢(T,,) as follows
A= |Vrll sy Ao

where A\ = 3734 is the minimal distance from 0 to 97T,,. Then for all z € 9T we have
¢»~1(z) € OT.q and hence |¢~!(z)| > A. Therefore,

A" = [Vl gy AT (D™ 2 [Vl gy = [V(2)].
By homogeneity, we thus find that for all z € R?
[Vr(2)] < [A(2)™,
which means that A € A,. Furthermore, since det ¢ = 1, we have
|det A7 = A~ (| V|| poo 1y < CA™ D[V — VI 7] oo .-

Hence taking the infimum over all triangles T' satisfying |T'| = 1 and bary(T) = 0 we
obtain

Ym(m) T < C | %?fl V7 — VI 7|l ey (3.25)
bary(%):O

with C' = C, A=~ Using the invariance of the interpolation error under translation, as
expressed by (3.2), we find that the right hand side of (3.25)) is C'L,,(w), which concludes
the proof. o

We next introduce a measure of the isotropy of a triangle T' with respect to the
euclidean metric :

p(T) = %. (3.26)

If T is an obtuse triangle, an elementary computation shows that 45(7") < p(T'). Indeed,

if the largest angle of T'is @ > 7v /2, and if the edges neighbouring the angle 6 have length
l1, 15, we obtain using (2 + [3 > 2[,1, that

2+ 13 — 2lyly cos 1 —cos¥ 0
%lllz sin @ - sin 6 an 2 (T)

p(T)
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Since the minimal value of p is 4/1/3 (for the equilateral triangle), and since S(T) = 1 for
acute triangles, we obtain that for any triangle T’

4
p(T) > \/§S(T>' (3.27)
The functions S and p have a different behavior : p(T") increases as T' becomes thinner,
while S(T) increases only if an angle of T" approaches 7t.
In the follow up of this chapter, we frequently distort the measure of isotropy p by
a linear transform. If A € GLg, then p(A(T)) reflects the isotropy of T" measured in the
metric ATA. In particular p(A(T)) is minimal, i.e. equal to 4/+/3, if and only if the ellipse
& containing 7" and of minimal area is of the form

£={z e R*; |A(z — bary(T))| < r}

for some r > 0.
We may now state the main theorem of this section.

Theorem 3.2.6. There exists a constant C' = C'(m) such that for allm € H,,, all A € A,
and any triangle T', we have

m—1

7 — I wlwroy < CIT17 S(T) p(A(T)) ™ | det A|™2 (3.28)

where L .= "1 4 %. Furthermore for any triangle T and any g € C™(T), we have
m— 1 m=1 .
9= 1 gl < CITIE S(T) o1 [l (329)
where ||d™g||L(r) is defined by (3.13).

Before proving this result, we make some observations on its consequences. Combining
the two estimates contained in this theorem, we obtain a mixed anisotropic-isotropic
estimate, that can be used as a guideline for producing triangulations adapted to a function

feC™Q). Let T be a triangle, let f € C™(T), 7 € H,, and A € A,. Then

|f =177 flwre
< |- I?_l Tlwiey +|(f —7) — I$_1(f — 1) |wre(ry, (3.30)
1 m—1 m—1 m—1
< TS (p(A) | det AT 4 p(T) 5 @ f — dnl i) )

where C' = C(m). Note that the left term in the parenthesis is an “anisotropic” contribution
to the error, while the right term is an “isotropic” contribution.

Let e > 0 and 1 < p < oco. We now explain how the requirements (i), (ii), (iii) and (iv)
heuristically exposed in the introduction can be mathematically stated, and show that
the estimate

m—1 m—
#(T)" = |f - 177 flwio@) < C|Lin(T.) + EHLT(Q) )

is met when the triangulation satisfies these requirements. Consider a polygonal and
bounded domain €2, a function f € C™(Q) and a triangulation 7. For each z € Q, we
denote by T, € 7 the triangle containing z and define 7, = %f,(z) € H,,. The adaptation
of T with respect to f for the W' semi-norm, can be measured by the smallest constant

C7 > 1 such that the following criterions are met :
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(i) (Equilibrated errors) There exists a constant § > 0 such that for all z € Q,
C7'6 < |Tu|7 (Lyn(m,) + €) < C76. (3.31)
(ii) (Optimized shapes) For all z € Q, there exists A, € A,_, such that

p(A(T.)) < Cr and |det A,|"T <

(Ln(m.) + ), (3.32)

where C is the constant that appears in Lemma (3.2.5)). According to this lemma,
such an A, always exists for any € > 0.

(iii) (Bounded sliverness in average) The averaged [?(7) norm of S is bounded as follows

( Z S(T ) < Cr. (3.33)

TeT
This condition is less stringent than asking that S(T") < Cr for allT € T, and turns
out to be sufficient for proving the optimal error estimate.
(iv) (Sufficient refinement) The mesh 7 is sufficiently fine in such way that the local

interpolation error estimate(3.30)) is controlled by the “anisotropic” component. More
precisely, for all z € 2,

p(L) T ||d™f — d™ f(2)|| ey < Cr(Lun(m.) +€). (3.34)

This condition is ensured by sufficient refinement of the triangulation due to the
following observation : If 77 is the image of T, by a homothetic size reduction around
z, then p(T7) = p(T%) while ||d™ f —d™ f(2)|| Lo (12) tends to zero due to the continuity
of d™ f.

We now produce a global error estimate from these four assumptions. For a given

z € ) we inject successively m = 7, (3.32)), (3.34) and (3.31)) into the estimate ([3.30]) and

obtain
|F =157 flwieer)
< CIL.|S( z>( (A1) det AL| "5 + p(T2) "2 " f — A"l poeqr
< CILITS(T)(Cr™ CulLm(rs) +€) + p(Te) T " f = d F(2) 1)
< CILIS(T)(CrT Cp+ Cr)(L(m) +2)
< CoS(T)

where Cy = Cy(m, Cr,Cr). Using (3.33]) we obtain
=1 iy = D2 =177 flniry < GO Y S(T)P < (CoCr)Ps*#(T). (3.35)

TeT TeT
On the other hand, the left side of inequality (3.31) provides an upper estimate of § as
follows.

—T T —T T dz T T
CF60"#(T)=C7"9 TS /Q(Lm(wz) +e)dz = || Ly (7,) +5||LT(Q). (3.36)
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Combining (3.35)) with (3.36|) we eliminate the variable § and obtain

H(T)" | f =177 flwrri) < CllLm(m) +ll (g » (3.37)

where C' = C(m,Cr). Hence the optimal asymptotic estimate is satisfied up to
a multiplicative constant depending only on the degree m — 1 of interpolation and the
quality of the mesh reflected by C7. Note however that the properties (3.31)), (3.32)), (3.33)
and required for Cr may lead to a very pessimistic constant C' = C(m,Cr,Cp) in
inequality (3.37). Finer estimates and weaker conditions on the mesh 7 can be obtained
from (i3.30)).

In the context of the H' = W'?2 semi-norm and of piecewise linear and quadratic
elements we present numerical results in §3.4.2] and discuss the quality of a numerical
mesh 7 using three quantities (7)), p(7) and S(7) that are related to the conditions
(i), (ii) and (iii) respectively. We also discuss in a reformulation of the requirements
of size and shape for the triangles T" of the mesh 7 in terms of Riemannian
metrics, a more convenient form for mesh generation.

The construction of a mesh which satisfies both the requirements of optimized
shapes and of bounded measure of sliverness is a difficult problem. The construction
presented in this chapter, for the proof of Theorems [3.1.1} and [3.1.2] is based on a local
patching strategy. A small portion of the triangulations, which can be neglected as the
cardinality tends to infinity, does not satisfy conditions. Another approach to this mesh
generation problem is presented in Chapter 5, where the requirements is replaced
as follows : the measure of sliverness needs to be uniformly bounded on a refinement of 7.
The role of the measure of sliverness in the W1* approximation error is again discussed
in Chapter 6.

Proof of Theorem [3.2.6]: Let 7T be a triangle and let h € C*(T). Using lemma [3.2.2]

we obtain
|l — 127" hlwrscr) IVh =V 74 bl ooy
< TP IVA= VI B (3.38)
< [T»(L+ CST)IVA] ()
Replacing h with 7 in inequality and combining it with , we obtain that if T’
contains the origin, then for all A € A,

|7 — I ey < |TVP(1+ CS(T)) diam(A(T))™ "

The left and right quantities in the above inequality are invariant by translation of T" and
therefore this inequality remains valid for any 7. Combining it with the identity

diam(A(T)* = |T| det A| p(A(T)),

this leads to the first inequality (3.28]) of Theorem [3.2.6, For the second inequality, we
take g € C™(T) and zy = (xg,yo) € T. We now take for h the remainder of the Taylor
development of g at z,

8k+lg ( )(I - xO)k (y - ?Jo)l
Bzkay VT T

h(l’,y) = g(xay> -
k+Hl<m-—1



3.2. The shape function L,,, and local error estimates 127

Therefore h € C™(T") and
h(z0) = dh(z) = --- = d™ " h(z) = 0. (3.39)
It follows that
[Vhl(ry < Cs(diam T)™ 4" bl ey = CLITI T p(T) T [d"h iy, (3.40)
where C} = Cy(m). Combining and (3.40), we obtain
[h =T hlwiogry < CIT|=S(T)p(T) ™7 [ d™ A o cry, (341)
where C' = C(m). We now observe that g—h € IP,,_1, hence d™g = d™h and h—1"' h =
g — 1771 g. Injecting this into the last equation we conclude the proof of inequality

and of Theorem [3.2.6] o

As a conclusion to this section we prove inequality (3.10]), which links the functions L,, ,
and L, = Ly, -

Lemma 3.2.7. There exists a constant ¢ = c¢(m) > 0 such that for all 1 < p; < py < o0,
cLy, < Ly, < Ly, < Ly, on H,y, (3.42)

Proof: Let T, be an equilateral triangle of area 1. Since all norms are equivalent on the
finite dimensional space P2, there exists a constant ¢ = c¢(m) > 0 such that for all
(Q1’92) S Imel X ]mela

cll(qrs @2) |l (1) < 1(q15 @2) || L2 (70 (3.43)

Furthermore, since T, has area 1, we have

(a1, @)l ze1 (1) < 1(q15 @2) || 292 (12 (3.44)

for all 1 < p; < ps < o0. If T is a triangle satisfying |T'| = 1, there exists an affine change
of coordinates W such that 7" = W(T,,) and we have ||(q1, ¢2)|| zo(r) = [|(q10¥, ¢20V)|| 1o (109
for all (q1,¢2) € Pp,—1 X P,,—1 and 1 < p < oo. Combining this invariance property with

inequalities (3.43]) and (3.44)) we obtain
cll(qr, g2)ll o1y < (g1, @)l zerery < (g1, @2)l|e2ry < (g1, @2)l oo (). (3.45)
We now choose a polynomial 7 € H,,, we set (¢, ¢2) := Vr — VI, and we take the

infimum of (3.45])) among all triangles T" of area 1. This leads to the announced inequality
(3.42)) which concludes the proof. o
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3.3 Proof of Theorems 3.1.1 and [3.1.2

The polygonal domain (2, the integer m, the function f € C™(2) and the exponent
1 < p < oo are fixed in this section which is devoted to the proof of the lower estimate
and the upper estimates and which are stated in Theorems and
BI12

We denote by pu,, the Taylor polynomial of f and of degree m at the point zy =
(0, y0) € Q
O f(20) (# — 20)* (y — y0)'
oxk oy k! n

Lo (2, ) =
k+l<m

Note that 7, is the homogeneous component of degree m in p,. Therefore d"m, = d"u, =
d"f(z) for any z € €, and for any triangle T

-0 = -1 (3.46)

3.3.1 Proof of the lower estimate (|3.7))

The following lemma allows to bound by below the interpolation error of f on a triangle

T.

Lemma 3.3.1. Let % = mT’l + 1—17. For any triangle T'C Q and z € T we have

=T flwinry = |T1 (L (=) = w(diam T)p(T) "5 S(T))

where the function w is positive, depends only on [ and m, and satisfies w(d) — 0 as
0 — 0.

Proof: Let h:= f — u,. Using Equation (3.46)) we obtain

f =17 flwiwery = |m =10 mwieery — [h =137 Alwiser
1 e

Z |T| "Lm,p(ﬂ-z) — |h — IT 1 h|W1,p(T).

and we have seen in Theorem [3.2.6] that
m— 1 m—1 m
\h =107 hlwioy < ColT|7S(T)p(T) = ||d™h|| oo (7).
for some constant Cy > 0 depending only on m. We then remark that
[d"™ | ooy = [|d™ f — d™m. || Loy = |d™f — d™ f(2)l| oo 1)

Therefore, defining

w@d):=Co  sup  [|d"f(z) —d"f()],

2,2/ €Q ; |z—2'|<6

we conclude the proof of this lemma. o
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We now consider an admissible sequence of triangulations (7y)n>n,. For all N > N,
T € Ty and z € T, we define ¢n(2) := |T| and

Un(2) = (Lmp(ms) = w(diam(T))p(T) % S(T)) .

where A, := max{\, 0}. Holder’s inequality gives, with % = mT’l + é,

(m—-1)T

wfvs( asfvm;”pw%)p( / ¢J_v1) o (3.47)
Q Q Q

Note that [, ¢y = #Ty < N. Furthermore if T € Ty and z € T then according to
Lemma [3.3.1]

(m—=1)p 1)10 p_ m—
on(2) 2 YN (2) = |T|7 (2 )p<m|f 7~ flviom
hence [
oxT RS Y [ = i = 1 =5 M
@ TeT
Inequality (3.47)) therefore leads to
m—1
[on @) < |f =177 flwie@N 7 (3.48)

Since the sequence (7y)n>n, is admissible, there exists a constant C4 > 0 such that for
all N and all T' € Ty we have diam(7T") < C’AN_%. We introduce a subset of 7y C Ty
which gathers the most degenerate triangles

Ty ={T € Tn; p(T) 2 w(CaN"2)7r},
where w is the function from Lemma We denote by @ the portion of 2 covered by
T3 For all z € Q\ Y, recalling from (3.27)) that p > S, we obtain
YN (2) = Liny(m:) — \/w(CANT2).

Hence -

onlien = | (Bmot) - w(OAN—%>)+
> (£t - \/w<cAN—%>)+

where C' := max,cq L (7). We next observe that [Qy| — 0 as N — +oo : indeed for
all T' € Ty, we have

LT(Q\Q)

- C7Qy],

L7(Q)

IT| = diam(T)2p(T) ™" < CAN " w(CAN"2)mi,

Since #77, < N, we obtain || < C2w(C4N~3)m7T, which tends to 0 as N — co. We
thus obtain

hj{fnlnf ||,[7DNHLT(Q) > A}lm H (Lm,p(ﬂ_z) - W(CAN;))

= 1L p(72) | 7 ()
L7(2)

Combining this result with (3.48)) we conclude the proof of the announced estimate ({3.7)).

+
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3.3.2 Proof of the upper estimates (3.4) and (3.8)

The proof of these upper estimates is based on an explicit construction of the trian-
gulations 7y, which is adapted from the construction in [4]. Roughly speaking, the idea
of this construction is to produce a first mesh R of the domain €2, composed of elements
sufficiently small so that f can be regarded as a polynomial 7z on each triangle R € R.
Each element R € R is then tiled with small triangles optimally adapted to mg, and some
technical manipulations are done in order to preserve the conformity at the interfaces of
the elements of R. The main difference with the construction first proposed in [4], and
used later in Chapter [2, is that the measure of sliverness S of the generated triangles
should be kept under control.

Let T be a triangle with vertices (zo, 21, 22). We define the symmetrized triangle T of
vertices (z1, 22, 21 + 22 — 2g) so that T'U Tis a parallelogram. We define a tiling Pr of the
plane R? as follows

Pro={alzr —2) + 0z —2) +T"; o, € ZZ, T € {T,T}}. (3.49)

A homogeneous polynomial 7 € H,, is either even or odd (depending on the parity
of m). Combining this observation with the translation invariance (3.2) we obtain that
|m — I Tl wis (e is constant among all triangles 7" € Pr. We also define

1
Pro = ~Pr (3.50)

the tiling obtained by rescaling Py by a factor % We use this rescaled tiling in order
to subdivide an arbitrary triangle R, up to a few additional triangles located near the
boundary of R, as expressed by the following lemma.

Lemma 3.3.2. Let R and T be two triangles. There exists a family (Pr,(R))n>0, of
conforming triangulations of R such that the following holds

1. Nearly all the elements of Pr,(R) belong to Pr,,, which is defined by (3.50), in the

sense that
. #(Pr,(R)) |R| . #(P1,.(R))
e T T e 0 351
where
le“,n(R) = PTJL(R) N PT,n and P%}n(R) = PTJL(R) \ PTJL (352)

2. The vertices of Pr,(R) on the boundary of R are exactly those of the form Sa +
(1-— %)b, where 0 < k <n and a,b are vertices of R.

3. There exists constants Cy = C1(R,T) and Cy = Co(R,T) such that

sup (n max diam T’><C and su max S(T") < C,. 3.53
@13( T'ePr 0 (R) T)) <G "0 TePra(R) ()< G (3:53)



3.3. Proof of Theorems|[3.1.1l and[3.1.2 131

Proof: See appendix. o
For any M > 0, we define the compact set of triangles
Ty :=A{T; |T| =1, diam(T) < M and bary(7T) = 0}.

Note that for all T € T,

p(T) < M2,
We also define the function
Ly () = %2111‘1;1 | — 133’71 7T|W1,p(T). (3.54)

Since Ty, is compact for the Hausdorff distance between sets and since T +— |1 —
I?_l Tlwie(r) is continuous with respect to this distance on the set of all triangles, we
find that this minimum is indeed attained and that L;; is continuous. We also observe
that M +— Ly (7) is a decreasing function of M and that

lim L = inf — I wlwwry = inf |1 — I wlwisr) = Lin
aim Ly(m) = inf = 1r T wlwsery = inf 7 =13 wlw (7,
where we have used the invariance under translation of the interpolation error (3.2)) for
the second equality.

The constant M > 0 is now fixed until the last step of this proof. Let 7 € H,, and
let T' C € be homothetic to a triangle achieving the minimum in the definition of L (7).
Then,

|f = T77" flwrsen 7 =T oy + [(f = 7) = T (f = ) lwisen)

m—1

IT|7 Lag(7) + C|T|= p(T) 7 S(T)|[d" f = d" x| ooy (3.55)
717 (Lag () + CM™ ™ f — d™ 7| oo (),

ININ TN

where we have used inequality (3.29)) in the second line, and in third line the fact that

m—1 m+1

p(T) = S(T) < p(T) = < M™,

since S < p and T is homothetic to an element of T,.
Let 6 > 0 which value will be specified later. Since d™ f is continuous, we can choose
a sufficiently fine mesh R = R(M,d) of Q in such way that,

CM™Hd™ f(x) — d™ f(y)|| pee(r) < 6, for all R € R and z,y € R. (3.56)
For any triangle R € R we define

zp = argmin Ly (7,) and 7R 1= 7. (3.57)
2€R

We also define
Tr = (Ly(mr) +6) 2T, (3.58)
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where T, € T, achieves the minimum in the definition of Ly (7). We denote by P, (R) =
Pr,n(R) the triangulation of Lemma built from the two triangles R and Ty, and
similarly P)(R) = Pr,,(R) and P2(R) = P7,,(R). We define for all n the global mesh

of Q
= J Pu(R)

ReR

which coincides with P, (R) on each R € R. Since all the meshes P, (R) are conforming,
and since P, (R) has by construction n + 1 equispaced vertices on each edge of R, the

mesh 7,9 is also conforming. According to Equations (3.51)) and (3.57), we have

I i R (hm #WR)))

n—oo 77,2
ReR

= Y |RI(Lu(mr) +6) (3.59)

ReR

< [ (Lartm) + i

For T € PL(R), we combine (3.55)), (3.56) and (3.58)) to obtain
If =27 flwrsey <n7 for all T € PL(R). (3.60)

For T € P%(R), we invoke the isotropic estimate (3.29)) to obtain

CIT|»S(T) diam(T)™ | d™ | L0y

|f =177 flweay < !
< COS(T)diam(T)7 [|[d™ f || ()

(3.61)

where C'is the constant from (3.29). Using the third item in Lemma [3.3.2] we find that
that there exists constants C; = C1(M,0) and Cy = Cy(M, §) such that

sup <n max diam(T)) < () and sup ( max S(T)) < (O, (3.62)

n>0 TeTM9 n>0 \TeT,M?

so that, combining with (3.61]), we have for all T' € P?(R)
=T ey < Con 7, (3.63)

with Cy = Cy(M,d). Combining (3.60) and (3.63)), and using the first item in Lemma
3.3.2, we obtain

=T oy = D =T i

TeTM?S

< > (HPAURIDF + #(PURNCI)

ReR
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therefore

li P2 p -l <
msupn ’f M f’Wlp >

n—oo

S i HPAR) + #PARNCE

n2

= > |R|(Ly(mr) +6)

RER

< / (Lag(m) + 8)7dz.
Q
Combining this with (3.59)) we obtain

lim sup # (7. M%) "5 )f Immf‘ < () + 81l - (3.64)

n—oo

Let € > 0. Since

lim_Lim || Lo (72) + 0]l zri) = Hm ([ Lo ()| 2r @) = (1L p(702) [ 27 ()

M—o0 6

we can choose adequately M and ¢ in such way that || L (7.) 40| -0y < || Lmp(72) || L7 @)+
€.
Let n = n(N, M, §) be the largest integer such that #(7M°) < N, we define

e .__ TM)Jo
TE = TMS,

so that N7'#(75) — 1 as N — oo. If follows from (3.59) and (3.62)) that the sequence of
triangulations (7%) is admissible, and inequality (3.64) gives

. m=1 m—

IIJ]TVIISlle 2 ‘f — IT]fr 1 f|W1,p(Q) S HLm7p<7TZ)HLT(Q) + €.
which is the upper estimate (3.8 announced. Last we choose for all N large enough
e(N) > 0 such that

N |f - I Flwrae) < mp(ms)llri@) + 26(N).

and such that e(N) — 0 as N — oo. The sequence of triangulations 7y := 7, ]\‘E,(N) fulfills
the estimate (3.4)) which concludes the proof.

3.4 Optimal metrics for linear and quadratic elements

The proof of the upper estimate exposed in the previous section involves the
construction of meshes 75 by tiling each element R of the “coarse” triangulation R using
the finer mesh P, (R). In practice, such a construction may require a very large number of
triangles in order to match the optimal error estimate. More commonly used strategies for
mesh generation are based on the prescription of a non-euclidean metric depending on f
for which each triangle should be isotropic. In this section, we explain how to design such
metric in order to derive near-optimal error estimates and we give analytic expressions in
the particular case of IP; and IP, finite elements.
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3.4.1 Optimal metrics

As a first step, we express the requirements (i), (ii) and (iv) of mesh adaptation in terms
of metrics. We therefore use the following notations : we consider a polygonal domain (2,
an integer m > 2, an exponent 1 < p < oo, and a function f € C™(£2) to be approximated
in the W? semi-norm by IP,,_; finite element interpolation on a triangulation of Q. We
also consider two real numbers € > 0 and § > 0.

We define for all # € H,,

A ={M e S ; |[Vr(2)? < (z"Mz)" ! forall z ¢ R?} = {ATA; Ac A}, (3.65)

and we consider a continuous field M : Q — S of symmetric positive definite matrices
satisfying M(z) € Al for all z € 2 and

Cy (Lon(m) +€) < (det M(2))™ 5 < Cy(Lin(m) + ), (3.66)

where C5 is an absolute constant. The existence of such a field is established in full
generality in Chapter 6. We explain in the sequel of this section a practical construction
in the case of piecewise linear and bilinear elements. We then define a field of symmetric
positive definite matrices h on ) by

h(z) == 677 (det M(2)) % M(z) (3.67)

where % = mT_l—i— %. Such a field h is called a Riemannian metric. Under some assumptions
on the metric A and on the domain 2, which are discussed in [66,15] and Chapter 5 for

the infinite domain R?, it is possible to produce a triangulation 7 of §) satisfying for all
TeTand zeT

Ol < |T|V/deth(z) < €, and p( h(z)(T)) <0 (3.68)

where the constant C; > 1 reflects the quality of the adaptation of the mesh to the metric
h. (In the second inequality the square root is meant in the sense of symmetric positive
matrices). Examples of such mesh generators are [93,/94.|19]. We shall not discuss in this
chapter the conditions under which such a mesh can be generated. Let us only mention
that, if one ignores a few outliers at the corners of €2, these conditions hold if ¢ is small
enough.

Note that (det h(z))2r = 6~(det M(z))™T, therefore if (3.68) holds we find that for
allT €T and z € T,

(C1Co) 718 < |T|7 (Lin(s) + £) < C1Ca,

hence condition (i) of equilibrated errors, as stated in (3.31)), holds provided C7 > C;Cs.
Furthermore for all z € Q let us define A, := y/M(z) and note that A, € A, and

det A, = /det M(z). Using (3.66) and (3.68) we find that condition (ii) of optimal

shapes, as stated in (3.32)), holds provided Cr > Cs. Condition (iv) holds when the mesh

T is sufficiently refined, which is the case if § is small enough.
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In summary, given a map M : Q — S5 satisfying M(z) € A._, (3.66) and such that
M(z) is positive definite, state of the art mesh generators allow us to build triangulations
7 that match the conditions (i), (ii) and (iv). In order to prove the near-optimal estimate

m—1 m—
#(T) = |f =177 fwe) < CllLn(m) +ellr @),

it is also necessary that the generated meshes satisfy condition (iii) of bounded measure
of sliverness, as stated in (3.33)). Unfortunately, the author has not heard of theoretical
results that would guarantee this condition when a mesh is built by such algorithms, apart
from Theorems|5.1.14/and [6.1.2 which only apply to the infinite domain R? or the periodic
domain (R/ZZ)? respectively. We discuss in the observed behaviour of S(T") when
using the mesh generation software [93].

For m € {2,3}, which correspond to IP; and P, elements, we give in the sequel a
simple expression of a continuous map M,, : H,, — S5 satisfying M,,(r) € A. for all
T € H,, and

m

K Lp(7) < (det My (7)) T < K L () (3.69)

for some absolute constant K > 1. It is not hard to build from M,,(7r,) a matrix M(z)
satisfying (3.66]). For practical uses one usually takes

M(2) == M, (7)) + pld.

where the constant @ > 0 is here to avoid degeneracy problems.

Let us mention that there exists radically different approaches to anisotropic mesh
generation, which are not based on Riemannian metrics. For example the hierarchical
refinement procedure exposed in Chapter [7], which is proved in Chapter 8 to yield the
best possible estimate in the case of piecewise linear interpolation of bidimensional
convex functions with the error measured in LP norm. This approach does not seem to
adapt well to the W' norm : the main problem arises again from condition (iii) of bounded
measure of sliverness, and from the lack of conformity of the triangulations generated by
this procedure.

3.4.2 The case of linear and quadratic elements

We now give analytic expression of matrix fields My and M3 satisfying , which
correspond to linear and quadratic elements. In the simplest and already well established
case of IP; elements, a more detailed analysis can be found in [85]. In contrast, the results
for quadratic elements are new.

For any homogeneous quadratic polynomial 7 € Hy, 7 = az? + 2bzy + cy?, we define
the symmetric matrix
[ a b
W= )

2 2 2
o 5 a b\ a”+ b ab+be

We define
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For all z € R? one has V7 (z) = 2[r]z, and therefore |V7(2)|? = 2T My(m)z. Tt follows
that My(m) € Al and
det My(mr) = inf{det M ; M € A’}

which implies (3.69)) according to Lemma [3.2.5,

For any m € H3 we define

Mi(m) =/ [0,7)2 + [0,7)? (3.71)

If 7 = ax® + 3bz?y + 3cay? + dy? then in terms of the coefficients of 7

a b\’ b e\’

Ms(m) = 3 (b c)+<c d)
_ 5 a2+ 202+ ab+ 2bc+ cd
N ab+2bc +cd b* + 2¢* + d?

In the sense of symmetric matrices, we have

Ms(m) = \/[0:m)2 + (0,712 > /[0 = |[0r])
where we used the fact that the square root /:59 — S is increasing. It follows that
(V7 (2)* = 10:7(2)* + |9y (2)* < 2(2" Ms(m)2)?,

hence v2M(7) € A’(r). Note that

det Ms(m) = 94/ (a2 + 202 + 2)(b? + 2¢2 + d2) — (ab + 2bc + cd)?. (3.72)

It remains to establish . This point is postponed to §3.5 right after , as we
develop a general method for obtaning simple equivalents of the functions L,,. Let us
finally mention the work [65] in which approximate solutions to the optimization problem
inf{det M ; M € A} are obtained through numerical optimization. This approach works
for general m but is harder to use than the algebraic expressions of My (7) and Mjs(7)
given here.

3.4.3 Limiting the anisotropy in mesh adaptation

The measure of non degeneracy of a triangle and of its image by a linear transform
can be linked by the following result.

Proposition 3.4.1. There exists an absolute constant ¢ > 0 such that for any triangle T
and any A € GLy,

p(T)
H(AT) < Tafa-T) < PAd): (3.73)
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Proof: We use in this proof the identity |det B| = ||BJ|||B~*||~* which holds for all
B € GLy. Let T be a triangle and let A’ € GL5, then
_diam(A(T"))* _ ||A'|]? diam(7")?

II_ < — !/ —1 /.
pAT) = ST < T TR = M ()

with the particular choice A’ = A~! and 7" = A(T) we obtain the right side of (3.73)).
Let T,y be an equilateral triangle of area 1, and let p be the diameter of the largest ball
included in 7T¢,. Up to a translation on 7, we can assume that there exists B € GLy such
that T' = B(Te,). We then have

diam(7T") diam(A(7)) = diam(B(T.,))diam(AB(T))

> || B[ AB]
> 2Bl ANBTHIT
— 204l det B
Hence, since |T'| = |B(Teq)| = | det B,
diom(T)? diam(A(T))? _ (AN det B)? 4 o
T)p(A(T)) = > = All||A
o) A(T) LAY el Al et B — A
which establishes the left part of l) with ¢ = pt = §—‘§ o

A consequence of the above lemma is that if 7 is a mesh adapted to a metric h in the
sense of (3.68), then for all 7' € 7 and z € T we have

cCr VIREIR(2)7H < p(T) < Crv/ TR A (2)]]-

The measure of non-degeneracy p(7') is thus large when h(z) is ill conditioned. Although
this property is desirable in order to adapt to highly anisotropic features of the function f
to be approximated, excessive degeneracy can cause mesh generation problems, which are
discussed in §3.4.2] In the following, we explain how to slightly modify the construction
of My and M3 in order to control the value of p(T').

According to we have [|h(2)||||h71(2)]] = |M(2)]]||M(2) ||, and thus

p(T) < Cri/ M) IM(2) ]
This leads us to define for all a > 1,
Aro =AM € AL MM < o®}.

Let M € S; , let R be a rotation and let A > u > 0 be the eigenvalues of M in such
way that M = RT diag(\, u)R. We define for any a > 1

A 0
(a) — pT
M@ =R (0 max(m_gau))R. (3.74)
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Clearly M® > M, and if M # 0 then ||[M (||| (]\4(‘“))71 | < a? Hence for all M € A’
we have M) € AL .

In the case of piecewise linear elements we therefore have ./\/lga) (m) € A7, for all
m € Hy, and one easily shows that det M\ () = inf{det M ; M € A’} This suggests

that constructing M(z) from Méa) (7,) instead of My(m,) leads to a near-optimal mesh
adaptation to the function f, under the constraint p(7') < Cy« for all triangles T' in
the triangulation. The following proposition implies the same in the case of piecewise
quadratic finite elements.

Proposition 3.4.2. Let m € Hs and o > 1. Then \/5./\/1:(),0‘) (m) € A, and

det MY (7) < Kinf{det M ; M € A} (3.75)

where the constant K is independent of m and o.

Proof: We already know that v2M (7) € A IE M () = Ms () then (3.75) holds
as a consequence of (3.69) and Lemma [3.2.5. We therefore assume in the following that
M) (1) # Ms(x). Let

A(m) = ||V7|| o(py = ‘Sl|lp |Vm(2)],
z|<1
where D = {z € R? ; |z] < 1} is the unit disc of R? The largest ball inscribed in
{z € R2 ; |Vr(2)] < 1} is A\ (n)"2D. Let M € A._ and let A\; > Xy > 0 be its

T,Q

eigenvalues. The ellipse {z € R? ; 2" Mz < 1} contains the ball A, 2D, hence \; > A, (7).
Furthermore \y > a2\, hence

det M = A\ > a A1 > a2\, (7)° (3.76)

Let A(m) be the largest eigenvalue of M3(7), and assume that 7 = ax®+3bx?y+3cay?+dy?.
We obtain from (3.71)) that

A7) < /Tr Ms(m)2 = Va2 + 3b% + 3c2 + d2.

Since the norms || V7|~ (py and va? + 3b% + 3¢ + d? are equivalent on the vector space
H;, there exists a constant Cy > 0 independent of m € Hj such that A(7) < CoA.(m).

Since Méa)(ﬂ') # Ms3(m), the eigeinvalues of ./\/léa) (7) are A(m) and a?\(7). Hence
det MY (1) = a7 2A(7)? < C2a 2\, (7).
Combining this with (3.76) we conclude the proof, with K = C?. o

Let us finally mention that, although they are derived from the coefficients of 7, the
maps m — M,,(7) and © — M (m) for m € {2,3} are invariant under rotation, and
therefore not tied to the chosen system of coordinate (z,y), as expressed by the following
result.
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Proposition 3.4.3. For any m € {2,3}, any m € H,, and any unitary matriz U € O,
one has

M (moU) = U M, (7)U.
Furthermore, for any a > 1 one has M (molU) = UTM%“)(W)U.

Proof: We only prove the invariance under unitary transformation of Mj, since the
proof for M, is elementary, as well at the result for M et 7 € H;, let D, = [0,7]

and D, = [0,7]. Let U = ( it > be unitary, then
U21  U22

[0,(moU)] = unU' DU +uU'D,U  and  [9,(7 o U)] = unU" DU + uU"D,U
Hence

Ou(m o U)P + [0 (w0 U)]* = (ui; +u3))U" DU
+(u11u12 + U21U22)UT(DCCDy + DyDI)U
+(u3y + u%Z)UTDzU

which equals UTD2U + U DU since U is unitary. Eventually

My(roU) = JUTD2U + UTD2U = U™\ /D2 + D2U = U My(m)U

which concludes the proof. o

3.4.4 Numerical results

The envisionned applications for the theory developped in this chapter are mainly in
the field of partial differential equations that exhibit “shocks”, and strongly anisotropic
features, in particular conservation laws and fluid dynamics. We therefore test the qua-
lity of our meshes on a synthetic function that mimics the typical behavior of functions
encountered in these contexts. For all § > 0, our test function fs : [—1,1]*> — R is defined
as follows
22 — sin(5y)

)

In all numerical results, we choose ¢ := 0.1. This function fs, although smooth, exhibits
a “smoothed jump” of height 2 along to the curve defined by the equation 2x = sin(5y),
on a layer of width §. On the rest of the domain, fs is dominated by the polynomial part
23 + xy?. The level lines and a 3D plot of f5 are presented on the two rightmost pictures
of Figure [3.2]

Our purpose is to produce four triangulations Ty p,, Ty p,, Tr2p, and 772 p, contai-
ning 2000 triangles each and which, for this cardinality, produce respectilvely the smallest
possible interpolation errors |V f =V IL fllo, [Vf =V I fllo, | f =15 f|l2 and || f — 5 f|l2.

It is clearly out of reach to find the triangulations leading exactly to the smallest error.

fs(x,y) := tanh ( ) + 23 + zy?.
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sin(5y)—2x ‘ S /
7.

FIGURE 3.2 — Description of the function fs, 6 = 0.1.

Following the analysis developed in the beginning of this section we have generated 7p1 p,
and Ty p, based on the metrics

ey (2) = A(det MEO (7)) i MU®(r.)  where . 1= L85G

1 3.77
huip,(2) = Ao(det Ms(m,)) s Ms(,) where 7, := %, (3.77)

where the positive constants A, Ay are adjusted in such way that the meshes generated
have 2000 elements. Mesh generation was performed by the open source program Free-
FEM++ [93] and results are illustrated on Figure . Note that we have used /\/léloo)
(defined as in 1} instead of My which would lead to a different triangulation 7}, p ,
also displayed on Figure [3.3] and associated to the metric
d?f5(=
o, (2) = A (det My(7.)) "7 My(r.) where 7, := f;< ),

with again A} adjusted to obtain 2000 elements. The use of Mémo) in place of My is
justified by mesh generation issues which are discussed in the next subsection.

Similarly, and following the study developed in Chapter , we have generated 7;2p,
and 7p2 p, from the metrics

b (2) = (et Ao(r.)) SNG(m.)  where . = “4E),
hisw,(2) = pa(det Nj(m.)) s Na(m.)  where . := ©40,

where again fu1, i1o are positive constants adjusted in order to generate a mesh with 2000

elements. Here Ny(m) := / Ma(7) and
N3(7) := argmin{det M ; M € S and |n(z)| < (ZTMZ)% for all z € R?}.

We have obtained the following results, which confirm that the use of the metric adapted to
a given norm and interpolation degree produces the triangulation that yields the smallest
interpolation error in this case (at least among these four triangulations).

#T =2000 | Trnp, Twp, Tiew, Tiop,
fs = 1r fslm | 135 147 143  1.63

10 fs =13 folgy | 1.66 117 1.8  1.47 (3.78)
102 fs — I fsll2 | 1.54 273 0.759  1.18
104 fs — 12 fsll2 | 664 661 473  3.17
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FIGURE 3.3 — The meshes Tﬁl,lplv T p, and Ty p, adapted to fs5 (500 triangles only).

3.4.5 Quality of a triangulation generated from a metric

Given a metric h : Q — Sy, there does not always exists a triangulation 7" adapted
to h, i.e. satisfying for some constant C; > 1 not too large. Such a triangulation
exists only if h satisfies some constraints which are analyzed in [66], see also Chapter 5.
Instead of analysing the metric h prior to the process of mesh generation, we choose here
the simpler option of evaluating a posteriori the quality of a triangulation 7.

Since we are interested in the H' = W%? semi norm we define following

S(T) = <#LT S 5(T>2> |

TeT
For all T € T we define hy := h(bary(T)) € S5 . We also define the sets

E = {ln (\T|\/det hT> ; T e T} and F = {p <\/E(T)> ;T e T} :
According to , the quality of 7 is reflected by the quantities

exp(max £ —min F) and max F.

However these quantities give a rather pessimistic account of the adaptation of 7 to h,
and heuristically we find it more fruitful to consider averages. We therefore define
(T.h) 2
o(T,h) =exp| —— e—
#(E)

> o (Vir(m).
)

1
#T) it
The following table shows that the quantities S(7°), p(7,h) and o(7, h) are abnormally
large for the triangulation 7}}, p ~generated from the metric hj, p but reasonable for the
triangulations 71 p, and Ty p, generated from the metrics (3.77)).

#T =2000 | T p, Tarw, T,
S(T) 142 314  4.04
p(T, h) 10.6  6.02  4.18
o(T,h) | 239 225 170

p(T, h) =

and

1
5 2

eckE




142 Chapter 3. Sharp asymptotics of the WP interpolation error

In practice 75, p led to a poor interpolation error, contrary to 7g: p,. We believe
that the poor quality of 7}, P, is due to the excessively wild behavior of the metric h},, P,
and not to a deficiency of the excellent mesh generator BAMG [93].

3.5 Polynomial equivalents of the shape function

The optimal error estimates established in Theorem involve the quantity Lm,p(%).
The function 7 +— L,,,(7) is obtained by solving an optimization problem, and it does
not have an explicit analytic expression in terms of the coefficients of 7 € H,,. In this
section, we introduce quantities which are equivalent to L,,(m), and therefore to Ly, ,()
for all 1 < p < 0o, and which can be written in analytic form in terms of the coefficients
of m € H,,.

Given a pair of non negative functions ) and R on H,, we write ) ~ R if and only
if there exists a constant C' > 0 such that C7'Q < R < CQ uniformly on H,,. We
sometimes slightly abuse notations and write Q(7) ~ R(7). We say that a function @ is
a polynomial on H,, if there exists a polynomial P of m + 1 real variables such that for

all ag, -+ ,a, € R,
Q (Z aixiymi> = P(a07 T ,CLm).
=0

We define deg () := deg P, and we say that () is homogeneous if P is homogeneous. For
all m > 2, we shall build an homogeneous polynomial ) on H,, such that

L, ~ /|Q| with r:=degQ, (3.79)

where the constants in the equivalence only depend on m.
We first introduce for all # € H,,, the set

B :={B € My(R) ; |7(2)| < |Bz|™ for all z € R?},

and the function
K& (7) := inf{|det B|> ; B € B,}.

According to Lemma we have for any m > 2

Lin(m) ~ /K5, (V) (3.80)

where |Vr|? = (9,7)% + (9,m)? € Hap_o. The function K& is extensively studied in
Chapter 2. In particular we know that

K& () ~ +/| det[x]], (3.81)
K& (m) ~ /| disc(n)| (3.82)

where disc(7) denotes the discriminant of a polynomial 7 € Hs, namely

and

disc(az® + b’y + cxy® + dy?) = b*c® — 4ac® — 4b3d + 18abed — 27ad>.
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More generally, it is proved in Chapter [2| that for all m > 2, the function K¢ has an
equivalent of the form {/|Q|, where @ is an homogeneous polynomial of degree r on H,,.
Combining this result with (3.80]) we obtain the main result of this section.

Proposition 3.5.1. Let m > 2 and let () be an homogeneous polynomial on IHo,_o such
that K5, ~ {/|Q|, where r = deg Q. Let Q. be the polynomial on H,, defined by

Qu(m) = Q(|Vr[*).
Then L,, ~ 3/Q. on IH,,.
Let 7 € Hy and let us observe that |V (2)]> = |2[n]z|*> = 427[n]?2. Using (3.81)) we

therefore obtain
Ly(m) ~ \/ KE(IVn|?) ~ £/ v/det(4[x]?) = 2¢/| det[x]|. (3.83)

The construction suggested by Theorem uses an equivalent of K§ ., to produce
an equivalent to L,,. Unfortunately, as m increases, the practical construction of () such
that {/@ is equivalent to K¢ becomes more involved and the degree r quickly raises. In
the following theorem, we build an equivalent to L,, from an equivalent of K¢ | instead
of K&, o, which is therefore simpler.

Theorem 3.5.2. Let m > 3 and let () be an homogeneous polynomial on IH,,_1 such that
K& | ~ /|Q|, where r = deg Q. Let (Qx)o<kr<r be the homogeneous polynomials of degree
r on H,_1 x H,_1 such that for all u,v € R and all 7,75 € H,, we have

Qlum +vmy) = Y <£)ukvr_ka(7r1,7r2), (3.84)

0<k<r

where (2) = Wlk), Let Q. be the polynomial defined for all m € IH,, by

Q.(m) = Z <;)Qk (0pm, Oym)?

then L,, ~ X¥/Q. on IH,,.

Proof: See Appendix. o

Using this construction and (3.81)) we obtain an equivalent of Lj as follows. Let m =
ax? + 2bxy + cy? and my = a’z? + 20y + y? be two elements of H,y. We obtain

det([um; +vme]) = (ua+va')(uc+vc') — (ub + vb')?
= u®(ac — b*) +uv(acd +da'c — 2bV) +v*(d'd — b?).

Applying the construction of Theorem to ™ = ax® + 3bx?y + 3cxy® + dy® € Hy we
obtain

Ls(7) ~ 3/ (ac — b2)2 + (ad — bc)?/2 + (bd — c2)2. (3.85)
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Remarking that
2[(ac —b*)* + (ad — bc)? /2 + (bd — *)?] = (a® + 20 + *)(b* + 2¢* + d°) — (ab + 2bc + cd)?,

and using equation ([3.72) we obtain that Ls(r) ~ /det My(7). This point was announ-
ced in §3.4.1  and establishes that the map M3 defined in (3.71)) can be used for optimal

mesh adaptation for quadratic finite elements.

Using ((3.82]) and the construction of Theorem [3.5.2} we also obtain an equivalent of L,(7)

Ly(m)® ~ (3b%¢* — 4ac® — 4b%d + 6abed — a?d?)?
+ (2bc® — 6ac*d + 4abd® — 4be + 6abce — 2a’de)? /4
+ (3¢* — 6bcd + 8b*d* — 6acd® — 6b*ce + 6ac’e + 2abde — a*e?)? /6
+ (2¢%d — 4ad® — 6bc*e + 4b*de + 6acde — 2abe*)? /4
(

+  (3c*d* — 4bd® — 4cPe + 6bede — bPe?)?.

The following proposition identifies the polynomials = € H,, for which L,,(7) = 0,
and therefore the values of d™ f for which anisotropic mesh adaptation may lead to super-
convergence.

Proposition 3.5.3. Let m > 2 and let t,, := LWT”L?’J Then for all m € H,,,
Ly (m) = 0 if and only if T = (ax + By)'" 7 for some a, 3 € R and @ € H,, 4, . (3.86)

Proof: According to (3.80)), L,,(7) = 0 if and only if K&, ,(|Vn|?) = 0. On the other
hand, it is proved in Chapter [2| that for any 7, € Hy,, » one has K5, ,(m.) = 0 if and
only if 7, has a linear factor of multiplicity m. Therefore L,,(7) = 0 if and only |V7|? is
a multiple of [, where [ is of the form [ = ax + By.

Let us first assume that |Vr|? = (9,7)? + (9,7)* has such a form. Since they are non-
negative, (9,7)? and (9,7)* are both multiples of I"™. Therefore 9,7 and 9,7 are multiples
of [* where s is an integer such that 2s > m, hence s > t,, — 1. We therefore have

O,m =1t and Oym = [°my where m,m € H,p1—
Recalling that | = ax + Sy we obtain
0= 0,7 — 02,1 =1°(0ym — Opma) + sI°~ (B — ama),

hence Om; — ams is a multiple of [. Since 7 is homogenous of degree m it obeys the Euler
identity mm(z) = (z,Vn(z)) for all z € R?. Assuming without loss of generality that
a # 0, we therefore obtain

m(z,y) = *(@m + yms) = I ((ax + By) = + 2 (ams — fm)

which shows that 7 is a multiple of /571, hence of ['m.
Conversely if 7 is a multiple of I then 9,7 and 9,7 are both multiples of I, Since
2(ty, — 1) > m the polynomial |V7|? is a multiple of {™ which concludes the proof. o
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3.6 Extension to higher dimension

This section partially extends the results exposed in the previous sections to functions
of d variables. We give in the generalisations of the shape function L,,, and of the
measure of sliverness S.

Subsection is devoted to interpolation error estimates. We prove a local d-
dimensional error estimate in Theorem which generalises Theorem [3.2.6, We then
establish an asymptotic lower error estimate in Theorem which generalises Theorem
B.1.2l We give sufficient conditions under which the interpolation on a d-dimensional
mesh 7 achieves this optimal lower bound up to a multiplicative constant. However due
to technical issues linked to the measure of sliverness S we were not able to construct
such meshes, and we therefore state the upper bound as a conjecture.

We discuss in subsection the construction of optimal metrics for practical mesh
generation. We partially extend the results of and raise open questions.

3.6.1 Generalisation of the shape function and of the measure
of sliverness.

We extend in this section the tools used in our analysis of optimally adapted triangu-
lations to arbitrary dimension d. We begin with the spaces of polynomials. Let

H,, q := Span{z{*---25* ; |a| = m} and P, 4 := Span{z{* ---25* ; |a| < m},

where a = (aq, -+, ag) denotes a d-plet of non-negative integers, |a| := oy + - - - + ag. For
any simplex 7' the Lagrange interpolation operator I} : C°(T') — TP, 4 is defined by impo-
sing f(v) = I7 f(v) for all points y with barycentric coordinates in the set {0, -, 2 ... 1}

with respect to the vertices of 7. For all 7 € H,,, 4 we define

Lunap®) = inf V7 = V1w,

where the infimum is taken on the set of d-dimensional simplices of unit volume. Similarly
to the functions L, 4,, 1 < p < 0o, are uniformly equivalent on H,, 5. We define
Lde = Lm,d,oo'

The distance defined at between triangles extends easily to simplices. Given two
d-dimensional simplices T', T" there are precisely (d + 1)! affine transformations ¥ such
that W(T') = T". For each such ¥, we denote by v its linear part and we define

d(T,T') = In (inf{m(z/;) L W(T) = T'}).

We say that a d-dimensional simplex T is acute if the exterior normals n,n’ to any two
distinct faces F, F' of T' have a negative scalar product (n,n’). In other words if all pairs
of faces of T" form acute dihedral angles. We denote the set of acute simplices by A and
we generalise the measure of sliverness to arbitrary dimension d as follows

S(T) :=expd(T,A) = inf{x(¢)) ; ¥(T) € A}. (3.87)
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Similarly to (3.15), the quantity S(T) reflects the distance from a simplex T to the set

of acute simplexes A. The definition of S(T) raises a legitimate question : how

to produce an affine transformation W such that W(7') has acute angles, and k(1)) is
comparable to S(T") ? This question is answered by the following proposition.

For any d-dimensional simplex 7" with vertices (v;)o<i<a, We define the symmetric

matrix
T Vi — Uy
My = Z €ij€ijs where e;; = ’—

0<i<j<d

(3.88)

vi = v

Observe that

did+1
1 < ||V Mz|| = V||Mr]] < ag where ag := %, (3.89)

since o2 is the number of distinct pairs (4, ) satisfying 0 <i < j < d.
1
Proposition 3.6.1. For any simplex T, the simplex M, *(T) is acute and

S(T) < k(v/Mr) < agS(T). (3.90)

Proof: See appendix. o

Remark 3.6.2. In the paper [62] an alternative measure of sliverness S'(T) of a simplex
T is introduced, and defined as

S(T) = <mf max | (u, e”)]>_1.

lul=1 1<j

This quantity is equivalent to S(T). Indeed, for any u € R we have

I?EXKU eij)| < Ze”, uT My —)M u’<admaxlue”>|
1<j

which implies that a;'S'(T) < HMT_%H < S'(T), hence a;'S(T) < S/(T) < a2S(T) using

(-) Our approach therefore introduces a new geometrical interpretation to the quantity
S" introduced in [02], as the distance from a given simplex to the set of acute simplices.

The following lemma generalises Lemma and shows that the interpolation process
is stable in the L* norm of the gradient if the measure of sliverness is controlled. Let us
mention that a slightly different version of this lemma can be found in [62], yet not exactly
adapted to our purposes.

Lemma 3.6.3. For all m > 2 and all d > 2 there exists a constant C = C(m,d) such
that for any d-dimensional simplex T and any f € WH>(T), one has

IVIZ fllzoey < CSDV fllzoe (). (3.91)
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Proof: The proof this lemma is extremely similar to the proof of Lemma . Let Ty
be the simplex which Vertices are the origin and the canonical basis of R?. For the same
reason as in Lemma [3.2.2] if a function §(x1, 22, -+ ,24) € C°(Tp) does not depend on
the coordinate z,, then Im 1§ does not depend on x4 either. Using the same reasonning
as in Lemma we obtaln that there exists a constant Cy = Cy(m, d) such that for all
g € Whe(Ty)
99
H &r;d 8:z:d

Again similarly to the proof of Lemma [3.2.2] we obtain using a change of variables that
for any simplex T', any f € WH*(T') and any edge vector u of T

< Co

L>(Tp) LOC(TO)

[{w, VIT f)ll ooy < Coll(u, V)| Lo ()
We use the notations of Proposition and we define a norm |v|7 on R? by

lv|% = v Mo = Z (v, ei;)?.

0<i<j<d
Observe that A A
1My 27 ol < Jolr < |MZ||v]. (3.92)

Then, since e;; is proportional to an edge vector of T,

HVIF flrliery < D e, VIR Al

0<i<j<d

< Go Z ||<€ij>vf>H%°°(T) < COCVZH |vf’TH%°°(T)

0<i<j<d

Combining this result with (3.92)) we obtain
1 . 1
1Mz 2 [I7HIV IZ fllzoe(ry < Coagl MENIV fllzee ()

and we conclude the proof using (3.90)). o

The oscillation of the gradient of the interpolated function is an important problem en-
countered by numerical methods that try to take advantage of highly anisotropic meshes,
see the discussion in [85]. As the previous lemma shows, such oscillations are kept under
control if S(T) is bounded on the mesh of interest. For checking this property in prati-
cal situations one needs an equivalent of the sliverness S that can be computed at low
numerical cost. The formula is clearly not adapted, since it involves a complicated
optimisation procedure. Instead we propose to use

S(T) =/ Tr(M;1). (3.93)
1 . 1
Observing that |[M; 2| < S(T) < v/d||My?||, and recalling that 1 < |[Myp| < ag we

obtain

a7 S(T) < S(T) < VdayS(T).
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FIGURE 3.4 — Examples of Good anisotropy (Thin lines, S(T") ~ 1), and Bad anisotropy
(Thick lines, S(T) > 1) .

Note that S (T') has an analytic expression in terms of the coordinates of 7' : the square
root of the ratio of two polynomials in the positions of the vertices of 7.

Remark 3.6.4. We illustrate the sharpness of inequality in a simple example. Let
x,y, 2 be the coordinates on R3 and let my = 2? € Hy 5. Let Ty be the tetrahedron of
vertices (—X,0,0), (A, 0,0), (A\,1,0) and (0,0,1). Simple computations show that

. S(T 5
||VI§~A ol Lo (ry) = A2, V7ol poe(ry) = 2X and /\1:1120¥ = \/;

Let T} be defined by replacing the vertex (—X,0,0) of T\ with (0,0,0). Then

A 3

HVI;/\ 7TOHLOO(T//\) = )\, HVWOHLOO(T/’\) = 2)\ cmd )\ILI{.IO S(T)/\) = 5

Hence the simplices T\ and Ty have very different interpolation properties for large A,
although they have a similar aspect ratio. They are representatives of “bad” and “good”
anisotropy respectively. The tetrahedrons T% and T4 are illustrated on the left of Figure

2

4, bottom and top respectively.
For any d-dimensional simplex 7', we define its measure of non degeneracy by

p(T) := %-

Let T, be a fixed d-dimensional acute simplex, for instance the reference equilateral sim-
plex. For any d-dimensional simplex T let ¢ € GLg and 2z € R be such that T' = z+(T}).
Since T, is acute, we obtain a generalization of ([3.27))

diam(T)* |T%|
()" T

S(T) < k(y) < [[9]|*]det |7 < C(d)p(T).

where p(7%) is the diameter of the largest ball incribed in T, and where we have used the
inequality | det(y)=1)| > ||| []x0]|~¢~V). This last inequality can be derived by using the

singular value decomposition ¢ = Udiag(Aq,- -+, Ag)V with 0 < A} < --- < \; and noting
that [|¢[| = Aq and [~ = AT
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Generalizing (3.20]), we define for all 7 € H,, 4,
Az ={A e My(R); |Vr(2)| < |Az|™! for all z € R},

Geometrically, one has A € A, if and only if the ellipsoid {z € R?; |Az| < 1} is included
in the algebraic set {z € R?; |Vn(z)| < 1}. This leads us to the generalisation of Lemma
B.25

Lemma 3.6.5. For all m > 2 and all d > 2 there exists a constant C = C(m,d) such
that for all m € H,, q, we have

C™' Lipa(r) < inf{|det A|"T ; A€ A} < CLya(r).

Proof: The proof of this lemma is completely similar to the proof of its bidimensional
version Lemma(3.2.5] The only point that needs to be properly generalized is the following :
given a matrix A € GLg4, how to construct an acute simplex 7' = T'(A) such that p(A(T))
is bounded independently of A7

The following construction is not the simplest but will be useful in our subsequent
analysis. Let A = UDV, be the singular value decomposition of A, where U,V are ortho-
gonal matrices and D is a diagonal matrix with positive diagonal entries (\;)1<i<q. We
define the Kuhn simplex T}

To:={z €[0,1]%; 21 > a9 > -+ > 24},

and T := VTD~'Ty. Then p(A(T)) = p(U(Tp)) = p(Tp) = d'd*/? which is independent of
A. We now show that T is an acute simplex.

Let (e1,- -+ ,eq) be the canonical basis of R?, and let by convention ey = eq,; = 0. For
0 <1 < d, an easy computation shows that the the exterior normal to the face F; of T,
opposite to the vertex v; = Y, ; €k, is n; = ——=. It follows that the exterior normal

llei—eiyal|

n, to the face D™!(F}) of the simplex D™1(T}) is

N — D(nz) _ Ai€; — Aip1€iq1
D)l [Aiei — A
Hence (n;,n}) = 0if i —j| > 1, and (nj,nj,,) <0 for all 0 <7 < d — 1. It follows that
the simplex D™!(T}) is acute, and therefore T = VTD™!(T}) is also acute since V is a
rotation. o

3.6.2 Generalisation of the error estimates

We present in this section the generalisation to higher dimension of our anisotropic
error estimates. We prove a local error estimate in theorem [3.6.6]and an asymptotic lower
estimate in [3.6.7] We also point out in conjecture [3.6.8 a technical point which, if proved,

would lead to the optimal asymptotic upper estimates (3.98) and (3.99)).
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Theorem 3.6.6. For all m > 2 and d > 2 there exists a constant C' = C(m,d) such that
forallme H,, 4, all A € A, and any simplex T we have

|7 — I wlwiogry < CIT|F S(T) p(A(T)) ™7 | det A] ™7, (3.94)

where % = mT_l + Ilj. Furthermore for any g € C™(T') we have

m— 1 m—1 m
g =177 glwiwery < C|T|7 S(T) p(T) T [|d™ g oo ).
Proof: It is a straightforward generalization of the proof of Theorem [3.2.6 o

Combining these two estimates, we can obtain a mixed estimate similar to (3.30)), with
the new value of 7 and the generalised S and p. For all m > 2 and d > 2 there exists a
constant C' = C'(m, d) such that for any simplex 7', any f € C™(T), any m € IH,, and any
Ae A,

U (3.95)
< CITIPS(T) (p(AD) " [det AT + p(T) T " f = A" 7oy ) .

This leads us to a straightforward generalisation of the points (i) to (iv) exposed in (3.31)).
Similarly to the bidimensional case (3.37)) if a triangulation 7" meets these requirements,
then it satisfies the error estimate

#(T) T f =177 flwin@) < O llLn(m:) + €l g - (3.96)

Generalizing , we say that a sequence (7y)n>n, of simplicial meshes of a d-
dimensional polygonal domain is admissible if #(7y) < N and if there exists a constant
C4 > 0 such that

sup diam(7") < CoN~7.

TeTn
Similarly to , it can be shown that cannot be improved for an admissible
sequence of triangulations, in the following asymptotical sense.

Theorem 3.6.7. Let (Ty)n>n, be an admissible sequence of triangulations of a domain

Q, let feC™Q) and 1 <p < oo. Then
a"f
Lmydvp ( m! )

.. m=1 m—
hNHi}o%fN T |f =17, Y flwie) > ' (3.97)

L™ (Q)
1 . m—1 1
where =T 5

Proof: It is identical to the proof of the bidimensional estimate (3.7]), which is exposed
in §3.3.1] o

In contrast, the upper estimates (3.4) and (3.8) do not generalize easily to higher
dimension. A first problem is that the bidimensional mesh Pr defined in Equation (3.49)

has no equivalent in higher dimension, in the sense that we cannot exactly tile the space by
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simplices of optimal shape. We may however build a tiling made of near optimal simplices,
based on the following procedure : for any permutation o € ¥, of {1,--- ,d} we define

T, :={z € 0,1%; 2,1) > > Toa)}

Let A € GLy(R), and let A = UDV be the singular value decomposition of A, where U
and V are unitary and D is diagonal. We define

Pa:={V'D T, +2); 0 €Sy, z€ XY,

which is a tiling of R? built of acute simplices T satisfying p(A(T)) = d!d¥? (these
properties are established in the proof of Lemma . Using such a tiling, we would
like to build partitions P4 ,(R) of any d-dimensional simplex R, with properties similar
to those expressed in Lemma for the triangulations Pr,,(R). At the present stage we
do not know how to properly adapt the construction of P4, (R) near the boundary of R
in order to respect the condition on the measure of sliverness. The following conjecture,
if established, would serve as a generalisation of Lemma [3.3.2]

Conjecture 3.6.8. Let R be a d-dimensional simplez, and let A € GL4(R). There exists
a sequence (Pan(R))n>o0, of conformal triangulations of R such that

— Nearly all the elements of Ry belong to Pa, := ~Pa, in the sense that

oy FPan®) _ dir o #(PLL(R)
1m an m —--

n—o0 nd | det A| n—00 nd

where

P},,n(R) = Pan(R)NPa, and Pfl’n(R) = Pan(R)\ Pan

— The restriction of Pan(R) to a face F of R is its standard periodic tiling with n!
elements.
— The sequence (Pan(R))n>0 satisfies

sup <n max diam(T)) < oo and sup max S(T) < oc.
n>0 TePan(R) n>0 TePa,n(R)

The validity of this conjecture would imply the following result using the same proof

as for the estimates (3.4) and (3.8)) established in §3.3.1}

Conjecture 3.6.9. For all m > 2 there ezists a constant C = C(m,d) such that the
following holds. Let Q C R® be polygonal domain, let f € C™(Q) and 1 < p < co. Then
there exists a sequence (In)n>n, of simplicial meshes of Q@ such that #(7Ty) < N and

dm
m:
1

where - = ’"T_l + %. Furthermore, for all € > 0, there exists an admissible sequence of
simplicial meshes (T5)n>n, of Q such that #(75) < N and

a(2)

limsup N7 |f — 12 flwie) < C" (3.98)

N
N—oo

L7(@)

limsup N7 | f —T7" flwn) < C

N—oo

te. (3.99)

m—1 ‘
L7(Q)
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3.6.3 Optimal metrics and algebraic expressions of the shape
function.

The theory of anisotropic mesh generation in dimension three or higher is only at
its infancy. However efficient software already exists such as [94] for tetrahedral mesh
generation in domains of R®. A description of such an algorithm can be found in [16] as
well as some applications to computational mechanics. These software take as input a field
h(z) of symmetric positive definite matrices and attempt to create a mesh satisfying .
Defining the set of symmetric matrices A/ in a similar way as in the two dimensional case

3.65)), let us consider a continuous function ./\/lgi)d H,,q — Sj such that

M) (1) € A and det M2 (r) < K(inf{det M ; M € AL} +¢), (3.100)

where ¢ > 0 can be chosen arbitrarily small and where K is an absolute constant
independent of . The existence of such a function is established in Chapter 6. Let

M(z) = Mﬁi?d(dmf(z)), let 0 > 0 and let

h(z) == 677 (det M(2)) @ M(z). (3.101)

A heuristic analysis similar to the one developed in §3.4] suggests that mesh generation
based on this metric leads to a mesh 7 of € optimally adapted for approximating f
with IP,,_; elements in the W'? semi norm. This justifies the search for functions Min.a

satisfying (13.100).
The form of Mj 4, which corresponds to piecewise linear finite elements, is already
established, see for instance [85], but we recall it for completeness. The same analysis as

in §3.4.2] shows that
Moy 4(m) = 4[7r]2

satisfies My q(m) € AL and det My 4(7) = inf{det M ; M € A’ }. As a byproduct we
obtain from Lemma that there exists a constant C' = C(d) such that for all 7 € Hy 4

O/ Tdet[n]| < Log(r) < C/Tdetln]|.

For piecewise quadratic elements, we generalise (3.71]) and define

M () = A/ 0y 7]2 4+ + [0,

Then \/EM;;d(TF) € A’, but we have found that for each K > 0 there exists 7 € Hs 4
such that

det M3 4(m) > Kinf{det M ; M € A’ }.

The map M3 ; may still be used for mesh adaptation through the formula (3.101]) but

this metric may not be optimal in the area where 7, = I3 ig such that det M3 4(m2) is

6
not well controlled by inf{det M ; M € A’ _}.
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3.7 Final remarks and conclusion

In this chapter, we have introduced asymptotic estimates for the finite element inter-
polation error measured in the W1 semi-norm, when the mesh is optimally adapted to a
function of two variables and the degree of interpolation m — 1 is arbitrary. The approach
used is an adaptation of the ideas developped in Chapter [2] for the L? interpolation error,
and leads to asymptotically sharp error estimates, exposed in Theorems [3.1.1] and [3.1.2]
These estimates involve a shape function L,,, which generalises the determinant which
appears in estimates for piecewise linear interpolation. The shape function has equivalents
of polynomial form for all values of m, as established in theorems[3.5.1] and [3.5.2] Up to a
fixed multiplicative constant, our estimates can therefore be written under analytic form
in terms of the derivatives of the function to be approximated.

In the case of piecewise linear and piecewise quadratic finite elements, we have pre-
sented in §3.4] metrics which allow to produce near optimal meshes. This metric is new
in the case of quadratic elements. Some numerical experiments presented in §3.4.2] illus-
trate the efficiency of this procedure, and the C++ source code is freely available on the
internet [95].

We have partially extended these results to higher dimension, in particular we pro-
vide a local error estimate (3.95)) which leads to sufficient conditions for building meshes
that satisfy the best possible estimate up to a multiplicative constant. A multidimensional
asymptotical lower error estimate is proved in Theorem [3.6.7] and generalises the bidimen-
sional study. The corresponding asymptotical upper estimate is presented in but not
proved.

One of the main tools used throughout this chapter for the construction of an optimal
partition is the measure of sliverness S(7') of a simplex, defined in (3.87)), which has
a geometrical interpretation as the distance from T to the set of acute simplices. This
measure accurately distinguishes between good anisotropy, that leads to optimal error
estimates, and bad anisotropy that leads to oscillation of the gradient of the interpolated
function. Equivalent quantities can be found in [10,/62], but had not been used in the
context of optimal mesh adaptation.

3.8 Appendix

3.8.1 Proof of Lemma [3.3.2]

Let R, be the homothetic contraction of R by the factor 1 — n~! and with the same
barycenter. We define a partition P of R, into convex polygons as follows P! := {R, N
T"; T" € Pry}. The triangles R, R,, and the partition P/ are illustrated on Figure .
Note that the normals to the faces of the polygons building the partition P/, belong to a
family of only 6 elements (n;);<;<¢ : the normals to the faces of of R, and the normals
to the faces of T'. Hence only 6 x 5 different angles can appear in P,, and we denote the
largest of these by o < 7r.

We now partition into triangles each convex polygon C' € P/ using the Delaunay
triangulation of its vertices. Note that the angles of the triangles partitionning a convex
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FIGURE 3.5 — Left : The triangles R and R,,. Right : The partition P/, of R,,.

polygon C' are smaller than the maximal angle of C', hence than «. We denote by P/ the
resulting triangulation of R, as illustrated on the left of Figure [3.6]

We denote by FE,, the collection of n equidistributed points on each edge of R, described
in item 2 of Lemma [3.3.2l We denote by E! the set of vertices of the triangles in P) that
fall on OR],. For each point p € E,, we draw an edge between p and the point of E/,
which is the closest to p. This produces a partition of R\ R, into triangles and convex
quadrilaterals. Eventually we partition each of these polygons C' into triangles using the
Delaunay triangulation of the point set C'N (E, U E"), which produces a triangulation P,
of R\ R, illustrated on the right of Figure . The triangles T € P, obey

diam(7”) < (2diam R + diam T)n~' = Cn~".

Furthermore let L be the length of the edge of 7" included in ORUOR,,, and let H be the
height of the triangle 7" such that LH = 2|T"|. Then

H>min{|z — 2| ; 2 €0R, 2 €OR,} =cn™ .

where ¢ > 0 is independent of n. Let L' be another edge of T”, and let 6 be the angle of
T’ between the edges L and L'. Then

2|T"| = LL'sinf = LH.

hence sin § > ﬁ(T’) > &, and therefore arcsin(§) < 6 < m—arcsin(§). It follows that all

the angles of 7" are smaller than m — arcsin(g). We eventually define Pr,(R) := P, U P,

FIGURE 3.6 — Left : detail of the partition P/ of R,,. Right : the partition P,, = Pr,,(R) =
P! U P, of R.
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and we observe that the largest angle of a triangle in Pr,,(R) is bounded by the constant
B(R,T) = max{a, T — arcsin(&)} < 7t which is independent of n. Hence

ART))

sup sup S(T) < tan <

n>1 T€Pr,,(R)

The other properties of Py, (1) mentionned in are easily checked.

3.8.2 Proof of Theorem [3.5.2

Let m > 2 be arbitrary and let s,, := |%] + 1. We have proved in chapter ,
Proposition [2.2.1} that for all # € H,, the three following properties are equivalent

}(g(ﬁ)zzov
There exists a, f € R and 7@ € H,,_g,, such that 7 = (ax + By)* "7, (3.102)
There exists a sequence (¢,,)n>0, ¢n € SLg such that m o ¢, — 0.

We also proved in chapter §2] Theorem the following invariance property : Let @)
be a polynomial on H,, such that K& ~ {/|Q| where r = deg Q. Then

Q(m o @) = (det $) 2 Q(x) for all m € H,, and ¢ € My(R). (3.103)

It immediately follows that the polynomials (Qx)o<k<r, defined in (3.84)), satisfy for all
m,m2 € H,, and ¢ € My(R)

Qr(mi 0 ¢, m0¢) = (det ¢) 2 Qp(my, m) for all 7y, my € H,, and all ¢ € My(R). (3.104)

We define two functions on H,,, x H,,

K.(m,m) = o Z Qr(my, )2 and K (my, o) == 3/ Q(n? + n2),

0<k<r

where () is such that KS ~ o Q, 7= deg Q). We show below that K ~ K, on H,, x H,,.
This result combined with (3.80)) concludes the proof of Theorem m (Note that m is
replaced with m + 1 in the statement of this theorem.) Using and remarking the
invariance property Q(mo @) = (det ¢)Q(x), for the same reasons as , we obtain

K(miop,mo¢) = |deto|2 K(m,m),
K.(mog¢,mod) = |deto|? K.(m,ms).
(3.105)

If K(my,m) =0, then 7} + 72 € Hay,, has a linear factor of multiplicity sa,, = m + 1
according to , and therefore m; and 75 have a common linear factor of multiplicity
Sm.-

If Ki(m,me) =0, then for all k, 0 < k < r, we have Qg (7, m) = 0. Using we
obtain that for all u,v € R we have K,,(um + vmy) = 0. It follows from that for
all u,v € R the polynomial um; + vmy € H,, has a linear factor of multiplicity s,,, hence
that 7 and 7 have a common linear factor of multiplicity s,,.

for all my,m € H,, and all ¢ € Ms(R), {
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Hence the following properties are equivalent

K(my,m2) =0,
K*<7T17 7T2> - 07
There exists a, 3 € R and 71,72 € H,,—s,,
such that m = (ax + fy)* 71, and m = (ax + By)*"7s.

(3.106)

Using ((3.102)) we find that these properties are also equivalent to

K3, (nf +73) =0,
There exists a sequence (¢,,)n>0, @ € SLa, such that (m o ¢,,)* + (79 0 ¢,)* — 0,
There exists a sequence (¢y,)n>0, ¢n € SLa, such that m; o ¢, — 0 and w3 0 ¢, — 0.
(3.107)
We now define the norm ||(my, m2)|| := sup,<; [(m1(u), m2(u))| on H,, x H,, and

F :={(m,m) € H,, x H,, ; ||(m1,m)|| =1 and ||(71 0 ¢, m3 0 @)|| > 1 for all ¢ € SLy}.

F is compact subset of H,, x H,, and K as well as K, do not vanish on F according to
and . Since these functions are continuous, there exists a constant Cy > 0
such that

Ci'K < K, <CyK on F. (3.108)

Let 7y, mo € H,,. If there exists a sequence (¢n,)n>0, ®n € SLg, such that m o ¢, — 0 and
Ty 0 ¢, — 0, then K (m,my) = K, (m,m) = 0. Otherwise, consider a sequence (¢,)n>0,
¢n € SLg such that

llm ||(7T10¢n7ﬂ—2o¢n>|| = 1nf ||(7T10¢,7T20¢)”.
n—00 €SLo

¢

By compactness there exists a pair (7, 72) € H,, x H,, and a subsequence (¢, x>0 such
that

(71 o ¢nk;7T2 o ¢nk) - (7~T1,7~T2)-

One easily checks that 272 ¢ F. Using (3.105) we obtain

[l (72.72)]]

K(my,m) _ lim K(my 0 ¢y, m2 0 ¢p) _ K (7, 7a)

K*(ﬂ-lyﬂ-?) n—00 K*(7T1 O¢n77r2 O¢n) K*(ﬁ-laﬁ-Q)

Using (3.108) and the homogeneity of K and K., we obtain that C; 'K < K, < CyK on
H,, x H,, which concludes the proof.

3.8.3 Proof of Proposition 3.6.1

We denote by T, a d-dimensional equilateral simplex such that bary(7.,) = 0, where
bary denotes the barycenter, and such that its vertices ¢;, 0 < ¢ < d, belong to the unit
sphere, i.e. |¢;| = 1. Since the vertices of T¢, play symmetrical roles there exists a constant
¢ € R such that

Forall 0<i<d, 0<j<d, 0<k<d, onehas (g —qj,q) =&k —0djx), (3.109)
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where 4 is the Kronecker symbol : d;; = 1 if ¢ = j, and 0 otherwise. Using the relation
go+ -+ qq =0 we obtain {d = Z;l:O(qo —¢j,q0) =d+1hence { =1+ %l. Note also that

the unit exterior normal to the face of T, opposite to the vertex ¢; is —g;.
We recall the following property : if A € GL; and if n is the exterior normal to a face

F of a simplex T', then the exterior normal to the face A(F") of A(T) is
,_ (A7)
= —— 3.110
SRR (3410
_1

We first establish that for any simplex 7', the simplex M, *(T') is acute. Without loss
of generality we can assume that bary(7) = 0, hence there exists A € GL4 such that
T = A(Te)- Since the vertices of T" are v; = Ag; for 0 < i < d, we obtain from definition

-that
gV — a:)T
MT:A< Z (¢ qu)(qz q;) )AT.
e Al g
1

According to (3.110)), the exterior normal to the face of the simplex T,. := M, 2(T) =

_1
M, ? A(T,,) opposite to the vertex v; is
1
n; = -y MZ(A™) g
where v; > 0. For all 0 < a < b < d, we therefore obtain using ([3.109))

vath{nems) = (M7(A™) g0, ME(A™)7a,)
= @A Mp(A ) g
T (¢ — )i — q5)"
= {4, qb
<0<;<d \A(%‘ — )
az - 51)2 6bj>
ey !
0<i<j<d ‘A q’ — )l
_52

= —= <0.
|A(ga — @)

1
This establishes that the simplex T,. := M, ?(T) is acute, and therefore that S(7) <
k(v Mry) since 1 < ||[v/Mr|| < aq.

The rest of this appendix is devoted to the proof that || M} 2] < S(T'), which implies

that k(v Mr) < agS(T) and thus concludes the proof of Theorem [3.6.1} For this we need
the following lemma.

Lemma 3.8.1. For any acute simplex T,. one has Mr,, > 1d.

Proof: Without loss of generality we can assume that bary(7,.) = 0, hence there exists
A € GLg4 such that T,. = A(T). The vertices of T,. are ¢; = Ag; for 0 < i < d, and the
exterior normal to the face of T,. opposite ¢; is

—l)T

m; = —Mi(A qi-
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where p; > 0. We define for all 0 <i < 5 <d

\ o Tle = ey, my)
L 2000 ’
5 /‘L’LM.]

Since T,. is acute we have <mi,mj> < 0 and therefore A;; > 0. We now introduce the
symmetric matrix

i G

C
M = Z /\Ufljfg where fij = |C (3111)

- — C :
0<i<j<d v 9|

For all 0 < a < b < d we obtain using the relation (m;, ¢;) = —p;(g;, ¢;) that

Qa,qi — q5)\q,qi — G
my My, = pap Y )\ij< il i

e — o5
0<i<j<d ¢ J
(5ai - 5(1‘)(51)1‘ - 51))
0<i<j<d t J
_lj’a//“bég)‘ab
Teamap et

Therefore m} Mm;, = m} m, for all 0 < a < b < d, which implies that M = Id. Further-
more for all 0 < a < b < d, we have

1= |fwl> = faMfu = Z Nij (fabs [i5) = Aab-

0<i<j<d
It follows that in the sense of symmetric matrices,
Mr,, = Z fiifiy > Z Nijfij [ = M =1d,
0<i<j<d 0<i<j<d

which concludes the proof of this lemma. o

We now conclude the proof of inequality (3.90)). Let 7" be an arbitrary simplex, and let
1 € GL4 be such that the simplex T, := ¥ (T) is acute. Let v;, 0 < i < d be the vertices
of T and ¢; = v (v;) the vertices of T,.. We define the vectors e;; and f;; similarly to (3.88))

and (3.111)
¢i—¢ _ Y(e)
lci — ¢l [(ey)]

for all 0 < i < j < d. For any v € R? we therefore have

UTMTan _ Z <?/)(€z‘j)av>2

?JZ'—U]‘

Jij ==

=
Y o =)

0<i<j<d |th(ess)]?
< P S Wley),v)?
0<i<j<d

[~ I (7 0) " M (¥ o).
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Using the previous lemma and defining u := 1Tv we obtain

1 2

[uf? < 12l < ol Mo < I P My = (el 1Mz ul)

;1
hence ||M;? || < k(¢). Recalling that ||v/Mr| < ag we obtain

k(v/Mr) = [ MZ[[|MZ || < aar(y).

We conclude the proof by taking the infimum among all ¢ such that (7T’ is acute.
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4.1 Introduction

There exists various ways of measuring the smoothness of functions on a domain
Q0 c RY, generally through the definition of an appropriate smoothness space. Classical
instances are Sobolev, Holder and Besov spaces. Such spaces are of common use when
describing the regularity of solutions to partial differential equations. From a numerical
perspective, they are also useful in order to sharply characterize at which rate a function f
may be approximated by simpler functions such as Fourier series, finite elements, splines
or wavelets (see [30,[45[42] for surveys on such results).

Functions arising in concrete applications may have inhomogeneous smoothness pro-
perties, in the sense that they exhibit area of smoothness separated by localized discon-
tinuities. Two typical instances are (i) edge in functions representing real images and (ii)
shock profiles in solutions to non-linear hyperbolic PDE’s. The smoothness space that is

163
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best taylored to take such features into account is the space BV (€2) of bounded variation
functions. This space consists of those f in L'(Q) such that Vf is a bounded measure,
i.e. such that their total variation

TV(f) = |f]sv = max{ / Fdiv(g) 5 ¢ € DO, folliw < 1}

is finite. Functions of bounded variation are allowed to have jump discontinuities along
hypersurfaces of finite measure. In particular, the characteristic function of a smooth
subdomain D C 2 has finite total variation equal to the d — 1-dimensional Hausdorff
measure of its boundary :

\Xplev = Ha-1(0D). (4.1)

It is well known that BV is a regularity space for certain hyperbolic conservation laws
[57,[68], in the sense that the total variation of their solutions remains finite for all time
t > 0. This space also plays an important role in image processing since the seminal
paper [54]. Here, a small total variation is used as a prior to describe the mathematical
properties of “plausible images”, when trying to restore an unknown image f from an
observation h = T'f + e where T is a known operator and e a measurement noise of norm
lle|l 2 < . The restored image is then defined as the solution to the minimization problem

i ; — <et. .
minlglsv 5 [Tg —hllcz < e} (4.2)

From the point of view of approximation theory, it was shown in [33,32] that the space
BV is almost characterized by expansions in wavelet bases. For example, in dimension
d=2,if f =>"dyi, is an expansion in a tensor-product L?-orthonormal wavelet basis,
one has

(dy) € ' = f € BV = (dy) € wl*,

where wf! is the space of weakly summable sequences. The fact that the wavelet coeffi-
cients of a BV function are weakly summable implies the convergence estimate

If = fullee < ONTV2 flgy, (4.3)

where fy is the nonlinear approximation of f obtained by retaining the N largest coef-
ficients in its wavelet expansion. Such approximation results have been further used in
order to justify the performance of compression or denoising algorithms based on wavelet
thresholding [31},47]46].

In recent years, it has been observed that the space BV (and more generally classical
smoothness spaces) do not provide a fully satisfactory description of piecewise smooth
functions arising in the above mentioned applications. Indeed, formula reveals that
the total variation only takes into account the size of the sets of discontinuities and not
their geometric smoothness. In image processing, this means that the set of bounded
variation images does not make the distinction between smooth and non-smooth edges as
long as they have finite length.

The fact that edges have some geometric smoothness can be exploited in order to study
approximation procedures which outperform wavelet thresholding in terms of convergence
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rates. For instance, it is easy to prove that if f = Xp where D is a bidimensional domain
with smooth boundary, one can find a sequence of triangulations 7y with N triangles
such that the convergence estimate

If =Tz fllez < CNTL (4.4)

holds, where I7 denotes the piecewise linear interpolation operator on a triangulation 7.
Other methods are based on thresholding a decomposition of the function in bases or
frames which differ from classical wavelets, see e.g. [21//80,|3]. These methods also yield
improvements over similar to . The common feature in all these approaches is
that they achieve anisotropic refinement near the edges. For example, in order to obtain
the estimate ([4.4)), the triangulation 7y should include a thin layer of triangles which
approximates the boundary dD. These triangles typically have size N~2 in the normal
direction to D and N~! in the tangential direction, and are therefore highly anisotropic.

Intuitively, these methods are well adapted to functions which have anisotropic smooth-
ness properties in the sense that their local variation is significantly stronger in one direc-
tion. Such properties are not well described by classical smoothness spaces such as BV,
and a natural question to ask is therefore :

What type of smoothness properties govern the convergence rate of anisotropic refine-
ment methods and how can one quantify these properties ¢

The goal of this chapter is to answer this question, by proposing and studying mea-
sures of smoothness which are suggested by recent results on anisotropic finite element
approximation [4,27] and Chapter 2. Before going further, let us mention several exis-
ting approaches which have been developed for describing and quantifying anisotropic
smoothness, and explain their limitations.

1. The so-called mized smoothness classes have been introduced and studied in order
to describe functions which have a different order of smoothness in each coordinate,
see e.g. [76,/88]. These spaces are therefore not adapted to our present goal since
the anisotropic smoothness that we want to describe may have preferred directions
that are not aligned with the coordinate axes and that may vary from one point to
another (for example an image with a curved edge).

2. Anisotropic smoothness spaces with more general and locally varying directions have
been investigated in [64]. Yet, in such spaces the amount of smoothness in different
directions at each point is still fixed in advance and therefore again not adapted to
our goal, since this amount may differ from one function to another (for example
two images with edges located at different positions).

3. A class of functions which is often used to study the convergence properties of
anisotropic approximation methods is the family of C" — C™ cartoon images, i.e.
functions which are C™ smooth on a finite number of subdomains (€2;);—; ... » sepa-
rated by a union of discontinuity curves (I';);=1....; that are C™ smooth. The defects
of this class are revealed when searching for simple expression that quantifies the
amount of smoothness in this sense. A natural choice is to take the supremum of
all C™(€;) norms of f and C™ norms of the normal parametrization of I';. We then
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observe that this quantity is unstable in the sense that it becomes extremely large
for blurry images obtained by convolving a cartoon image by a mollifier g5 = 53¢(5)
as 0 — 0. In addition, this quantity does not control the number of subdomains in
the partition.

4. A recent approach proposed in [43] defines anisotropic smoothness through the geo-
metric smoothness properties of the level sets of the function f. In this approach
the measure of smoothness is not simple to compute directly from f since it involves
each of its level sets and a smoothness measure of their local parametrization.

The results of [4,27] and Chapter [2| describe the LP-error of piecewise linear inter-
polation by an optimally adapted triangulation of at most N elements, when f is a C?
function of two variables. This error is defined as

ox(Pyi= int 1f = 1r o

It is shown in [4] for p = co and in Chapter [2[ for all 1 < p < oo that that

limsup Non(f), < CA,(f), (4.5)

N—+400

where C' is an absolute constant and
1 1
Ap(f) = IVIdet(@ Hllle-, — =1+ o (4.6)

Moreover, this estimate is known to be optimal in the sense that liminfy_. . Noy(f), >
cA,(f) also holds, under some mild restriction on the class of triangulations in which one
selects the optimal one. These results are extended in Chapter [2|to the case of higher order
finite elements and space dimension d > 2, for which one can identify similar measures
f — A(f) governing the convergence estimate. Such quantities thus constitute natural
candidates to measure anisotropic smoothness properties. Note that A,(f) is not a semi-
norm due to the presence of the determinant in (4.6)), and in particular the quasi-triangle
inequality A,(f + g) < C(A,(f) + Ap(g)) does not hold even with C' > 1.

This chapter is organized as follows. We begin in §4.2 by a brief account of the avai-
lable estimates on anisotropic finite element interpolation, and we recall in particular the
argument that leads to (4.5)) with the quantity A,(f) defined by .

Since A,(f) is not a norm, we cannot associate a linear smoothness space to it by a
standard completion process. We are thus facing a difficulty in extending the definition of
A,(f) to functions which are not C*-smooth and in particular to cartoon images such as
in item 3 above. Since we know from that for such cartoon images the L? error of
adaptive piecewise linear interpolation decays like N=!, we would expect that the quantity

As(f) = IV Idet(d [l sz,

corresponding to the case p = 2 can be properly defined for piecewise smooth functions.
We address this difficulty in by a regularization process : if f is a cartoon image we
introduce its regularized version

fs == [ * s, (4.7)
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where 5 = 55¢(5) is a standard mollifier. Our main result is the following : for any
cartoon image f of C? — C? type, the quantity As(fs5) remains uniformly bounded as
0 — 0 and one has

lim Ay(f;) )23 = Z/ ‘\/]detdQ ‘ +C(p Z/| (s)3|k(s)|Y3ds,  (4.8)

where [f](s) and (s) respectively denote the jump of f and the curvature of I'; at the
point s, and where C(y) is a constant that only depends on the choice of the mollifier.
This constant can be shown to be uniformly bounded by below for the class of radially
decreasing mollifiers. This result reveals that As(f) is stable under regularization of car-
toon images (in contrast to the measure of smoothness described in item 3 above). We
also discuss the behaviour of A, when p # 2.

These results lead us in to a comparison between the quantity A,(f) and the
total variation TV(f). We also make some remarks on the existing links between the limit
expression in (4.8) and classical results on adaptive approximation of curves, as well as
with operators of affine-invariant image processing which also involve the power 1/3 of
the curvature.

We devote to numerical tests performed on cartoon images that illustrate the
validity of our results. In addition, we compare the quantity As(f) with the total variation
TV(f) as a model for plausible images.

One could be tempted to use the quantity Ay(f) in place of the total variation TV(f)
as a prior in image processing, and in particular to replace |g|py by A2(g) in a restoration
procedure such as ). In § _ we show that this optimization program is ill-posed in the
sense that the restored image would be the noisy image itself. An alternate strategy is to
use Ay(f) in the framework of a bayesian least-square estimator, as proposed in [70] in the
case of the total variation. At the present stage, the algorithm implementing this approach
did not give satisfactory results due to its very slow convergence. For this reason, we
only present some numerical illustration of this approach in a simplified one-dimensional
setting.

Eventually we describe in the extension of our results to finite elements of higher
degree and higher space dimensions. Concluding remarks and perspectives of our work

are given in §4.8
4.2 Anisotropic finite element approximation
A standard estimate in finite element approximation states that if f € W?2?(Q) then

1f =Tz, fllze < CR?||d* f|r,

where 7}, is a triangulation of mesh size h := maxpe, diam(T). If we restrict our attention
to a family quasi-uniform triangulations, h is linked with the complexity N := #(7j)
according to

Ci1h™2 < N < Cyh™2
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Therefore, denoting by o3if( f)» the LP approximation by quasi-uniform triangulations
of cardinality /N, we can re-express the above estimate as

oW (f)e < ONTH|d f| - (4.9)

In order to explain how this estimate can be improved when using adaptive partitions,
we first give some heuristic arguments which are based on the assumption that on each
triangle T' the relative variation of d?f is small so that it can be considered as constant
over T, which means that f coincides with a quadratic function ¢r on each 7. Denoting
by I the local interpolation operator on a triangle 7" and by er(f), == ||f — Ir f|l o)
the local LP error, we thus have according to this heuristics

17 =10 e = (S en(r)” = (X ertar)”

We are thus led to study the local interpolation error er(q), when ¢ € P, is a a quadratic
polynomial. Denoting by q the homogeneous part of ¢, we remark that

er(q)p = er(a)p.-

We optimize the shape of T' with respect to the quadratic form q by introducing a function
K, defined on the space of quadratic forms by

where the infimum is taken among all triangles of area 1. It is easily seen that er(q), is
invariant by translation of T" and so is therefore the minimizing triangle if it exists. By
homogeneity, it is also easily seen that

; 11
inf =a K S=-41
anf er(@)y =arkofa), = =241,

and that the minimizing triangle of area a is obtained by rescaling the minimizing triangle
of area 1 if it exists. Finally, it is easily seen that if ¢ is an invertible linear transform

Ky(qop) = [det(p)|Kp(q),

and that the minimizing triangle of area |det(y)|™! for q o ¢ is obtained by application of
¢! to the minimizing triangle of area 1 for q if it exists. If det(q) # 0, there exists a ¢ such
that qog is either 2412 or 22 —y? up to a sign change, and we have |det(q)| = |det(p)| 2.
It follows that K,(q) has the simple form

K,(q) = oldet(q)["?, (4.10)

where o is a constant equal to K,(2? +y?) if det(q) > 0 and to K,(z* — y?) if det(q) < 0.
One easily checks that this equality also holds when det(q) = 0 in which case K,(q) = 0.
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Assuming that the triangulation 7 is such that all its triangles 7" have optimized shape
in the above sense with respect to the quadratic form qr associated with ¢r, we thus have
for any triangle T' € T

er(f)y = erlar), = IT|" Ky(ar) = HKp <d27f)

L7(T) ‘

since we have assumed d;—f = qr on T'. In order to optimize the trade-off between the global
error and the complexity N = #(7), we apply the principle of error equidistribution :
the triangles 7" have area such that all errors er(qr), are equal i.e. er(qr), = n for some
n > 0 independent of 7T'. It follows that

()

T

?

L7(@)

and therefore

2
on (P < 1f =T flluw < NY7p < HKP<%>

which according to (4.10]) implies
on(f)p < CNTAL(f), (4.11)

with A, defined as in (4.6)).

The estimate is too optimistic to be correct : if f is a univariate function then
A,(f) = 0 while on/(f), may not vanish. In a rigorous derivation such as in [4] and Chapter
2, one observes that if f € C?, the replacement of d?f by a constant over 7' induces an
error which becomes negligible only when the triangles are sufficiently small, and therefore
a correct statement is that for any € > 0 there exists Ny = Ny(f,¢) such that

d2
on(f)y < N7! (HKP<Tf> . 5) , (4.12)

for all N > Ny, i.e.
: d>f
limsup Noy(f), < Kp<7>

N—+o00

which according to (4.10]) implies (4.5]).

(4.13)
L7 (@)

4.3 Piecewise smooth functions and images

As already observed, the quantities A,(f) are well defined for functions f € C?, but
we expect that they should in some sense also be well defined for functions representing
C? — C? “cartoon images” when p < 2. We first give a precise definition of such functions.
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Definition 4.3.1. A cartoon function on an open set ) is a function almost everywhere

of the form
f= Z JiXay,

1<i<k

where the Q; are disjoint open sets with piecewise C* boundary, no cusps (i.e. satisfying an
interior and exterior cone condition), and such that Q = U Q;, and where the function
fi is C% on Q; for each 1 < i < k.

Let us consider a fixed cartoon function f on an open polygonal domain {2 (i.e. Qis
such that ) is a closed polygon) associated with a decomposition (£2;)1<;<x. We define

r= ] o, (4.14)

1<i<k

the union of the boundaries of the €2;. The above definition implies that I" is the disjoint
union of a finite set of points P and a finite number of open curves (I';)1<;<;.

Furthermore for all 1 <i < j <[, we may impose that [; N T; C P (this may be ensured
by a splitting of some of the I'; if necessary).

We now consider the piecewise linear interpolation Iz, f of f on a triangulation 7y of
cardinality N. We distinguish two types of elements of 7y. A triangle T' € Ty is called
“regular” if TNT = (), and we denote the set of such triangles by 7. Other triangles are
called “edgy” and their set is denoted by 7x. We can thus split €2 according to

Q.= (UTGT](}T) U (UTGT]f",T) = Q}”V U Q?\f

We split accordingly the L? interpolation error into
I =1 iy = [ 1F =1 P+ [ 17 =1 g1
Oy Q%

We may use O(N) triangles in 75 and 73 (for example N/2 in each set). Since f has
discontinuities along I', the L> interpolation error on 2%, does not tend to zero and 7y
should be chosen so that €1, has the aspect of a thin layer around I'. Since I' is a finite
union of C? curves, we can build this layer of width O(N~2) and therefore of global area
19%,| < CN~2 by choosing long and thin triangles in 7. On the other hand, since f is
uniformly C? on Q%,, we may choose all triangles in 7} of regular shape and diameter
hy < CN~'/2. Hence we obtain the following heuristic error estimate, for a well designed
anisotropic triangulation :

1/p
Hf - ITN fHLp(Q) = (Hf - ITN fH]zP(Q}V) + Hf - ITN inP(Q%))

< (1 = T P g |21+ 16 = Ly £ e
< O(N7P4+ N3P,

e\ /P
)




4.3. Piecewise smooth functions and images 171

and therefore .
I =Ty Fllivy < ON=in020), (4.15)

where the constant C' depends on ||d*f|| e (@\r), || f]|z(0) and on the number, length and
maximal curvature of the C? curves which constitute I.

Observe in particular that the error is dominated by the edge term || f — Iz, f|lzr(as)
when p > 2 and by the smooth term || f — Iz fl|rr(@5) when p < 2. For the critical value
p = 2 the two terms have the same order.

For p < 2, we obtain the approximation rate N~—! which suggests that approxima-
tion results such as should also apply to cartoon functions and that the quantity
A,(f) should be finite. We would therefore like to bridge the gap between anisotropic
approximation of cartoon functions and smooth functions. For this purpose, we first need
to give a proper meaning to A,(f) when f is a cartoon function. This is not straightfor-
ward, due to the fact that the product of two distributions has no meaning in general.
Therefore, we cannot define det(d?f) in a distributional sense, when the coefficients of
d? f are distributions without sufficient smoothness. Our approach will rather be based on
regularisation. This is additionally justified by the fact that sharp curves of discontinuity
are a mathematical idealisation. In real world applications, such as photography, several
physical limitations (depth of field, optical blurring) impose a certain level of blur on the
edges.

In the following, we consider a fixed radial nonnegative function ¢ of unit integral and
supported in the unit ball, and we define for all 6 > 0 and f defined on €2,

ps(z) == %90 (%) and f5 = f * ¢ (4.16)

Our main result gives a meaning to A,(f) based on this regularization. If f is a cartoon
function on a set 2, and if z € I'\ P, we denote by [f](z) the jump of f at this point. We
also denote t(z) and n(x) the unit tangent and normal vectors to I" at x oriented in such
way that det(t,n) = +1, and by x(x) the curvature at = which is defined by the relation

Oy t(2) = K(x)n(x).
For p € [1, 00| and 7 defined by % =1+ Il?, we introduce the two quantities

Sp(f) = IVIdet(@f)lll @y = Ap(fioar),
Ey(f) = VI8,

which respectively measure the “smooth part” and the “edge part” of f. We also introduce
the constant

Cpp = V10|, where ®(z) i / oz, y)dy. (4.17)
yeR
Note that fs is only properly defined on the set
Q' :={2€Q; B(z0) CQ},

and therefore, we define A,(fs5) as the L™ norm of /| det(d?fs)| on this set.
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Theorem 4.3.2. For all cartoon functions f, the quantity A,(fs) behaves as follows :
- Ifp <2, then

lim A4,(f5) = S,(f).

- Ifp=2, then7:§ and

3=

lim As(f5) = (20 + Ba()7C3,) (4.18)
~ If p> 2, then A,(fs) — oo according to

(lsi_r)% 62 r Ap(fs) = Ep(f)cp,cp' (4.19)
Remark 4.3.3. This theorem reveals that as 6 — 0, the contribution of the neighbourhood

of T to Ay(fs) is negligible when p < 2 and dominant when p > 2, which was already
remarked in the heuristic computation leading to (4.15)).

Remark 4.3.4. It seems to be possible to eliminate the “no cusps” condition in the defi-
nition of cartoon functions, while still retaining the validity of this theorem. It also seems
possible to take the more natural choice p(z) = %G_HZW, which is not compactly supported.
Howewver, both require higher technicality in the proof which we avoid here.

Before attacking the proof of Theorem [£.3.2] we show below that the constant C;,
involved in the result for p > 2 is uniformly bounded by below for a mild class of mollifiers.

Proposition 4.3.5. Let ¢ be a radial and positive function supported on the unit ball
such that [ ¢ =1 and that p(z) decreases as |x| increases. For any p > 2 we have

1

2 4 T
c,6,>—

e = n (7’+2>

and this lower bound is optimal. There is no such bound if p < 2, but note that Theorem

does not involve C,, , for p < 2.

Proof: Let D be the unit disc of R2. We define a non smooth mollifier 1) and a function
¥ as follows

= Xo and U(x) :—/Rw(ac,y)dy.

T

One easily obtains that ¥(z) = 2/1 — 22X |_11j(z) and ¥'(z) = ﬂ\;%x[—l,l} (x), hence
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Hence

W5 ()| W(x)

Opﬂ!f& = ‘

L7(R)

o /[0 . N7
= 2d

7T(52 (/;5‘x’ x)

2 [265+1\7
ot \ I +1

2/ 4 \*
B _( ) 5_'
T \T+2

2 4 \7
If p>2andd e (0,1] then Cpy, > Cpyp = — ( +2> . (4.20)
T

B =
Wl

Note that

The mollifier ¢ of interest is radially decreasing, has unit integral and is supported on the
unit ball. It follows that there exists a Lebesgue measure p on (0, 1], of mass 1, such that

= [ v )

Hence &(x ngo x,y)dy = fo Us(z) du(6), for any x € R. Since s +— s7 is concave on
Ry When O < 7 <1, we obtain

oa) = [ wato) )

Similarly, since the sign of Wj(z) is independent of §, |®'(x (fo | W5 ()| du(o ))T >

T

> / ()" dpu(6)

fo |W5(x)|™ dp(6). Applying the Cauchy-Schwartz mequahty we obtain

o(r)|@/(z)] > \/</1\If5 ></ W ()| dpa( ))
> /\/T dp(d

Eventually we obtain using the previous equation and (4.20]) that

1 T 1
= [varT = [ ([ ewl ) auo = [ i = ¢

which concludes the proof of this lemma. o

The rest of this section is devoted to the proof of Theorem [.3.2] Since it is rather
involved, we split its presentation into several main steps.
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Step 1 : decomposition of A,(fs5). Using the notation K (M) := /|det M|, we can

write

A = [ Ky (1.21)
We decompose this quantity based on a partition of Q° into three subsets
Q0 = Qs UT5 U Ps.
The first set (25 corresponds to the smooth part :

Qs = U Qi,éa where Qm; = {Z €0 ; d(Z,Q \ Ql) > 5}

1<i<k

Note that Qj is strictly contained in €. The second set corresponds to the edge part : we
first define

ro.— U I‘?J, where I’?}(S ={zely;dzT\Ty) > 2},

1<5<1
and then set

Ts:= |J Tys where Ty, = {z € Q; d(2,T) < § and mp(2) € I}

1<j<i

where 7p(z) denotes the point of I which is the closest to z. The third set corresponds

the corner part :
Ps = Q0 \ (Qg U F(;).

The measures of the sets I's and Ps tends to 0 as 6 — 0, while |Qs| tends to |Q2]. More
precisely, we have

ITs| < Co and |Ps| < O

where the last estimate exploits the “no cusps” property of the cartoon function. We ana-
lyze separately the contributions of these three sets to (4.21)).

Step 2 : Contribution of the smooth part (5. The contribution of {25 to the in-
tegral (4.21)) is easily measured. Indeed, let us define

Qs(2) 1= { K(df5(2))7  if 2 € O,

N 0 otherwise.

Then we have pointwise convergence Qs(z) — K (d*f(z))” on Q\I'. Since the d-neighbourhood
of Qs is included in Q \ I, we have

16°(f 5 pa)llzs) = 1(d°F) * @slliei@s) < I Fllz@ny lpsllr = d flloe@ry

Since

K(M) = /| det M| < [|[M]|
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we have K (d?f5) < ||d*f||L~@\r) on s, and we conclude by dominated convergence that

lim [ K(d*fs)" = hm Qs = K(d*f)".
6—=0 Jqy Q\I O\l

Step 3 : Contribution of the corner part P;. We only need a rough upper estimate
of the contribution of Ps to the integral (4.21]). We observe that

M
1d°(f * @s)laseioy = I * (o)l < ool @sll 1) = S5

where M := || f|| (o) |d%¢|| L1 r2)- It follows that

M T
K(d?f5)7 < |Ps| <—> <08

52
Ps
If 7 < 1, this quantity tends to 0 and is therefore negligible compared to the contribution
of the smooth part. If 7 = 1, which corresponds to p = oo, our further analysis shows
that the contribution of the edge part tends to 400, and therefore the contribution of the
corner part is always negligible.

Step 4 : Contribution of the edge part ['s. This step is the main difficulty of
the proof. We make a key use of an asymptotic analysis of fs on I's, which relates its
second derivatives to the jump [f] and the curvature x as § — 0. We first define for all
0 > 0 the map
Us:T\Px[-1,1] — Q
(x,u) =z + dun(z).

We notice that according to our definitions, for § small enough, the map Us induces a dif-
feomorphism between I'Y x [—1, 1] and T's, such that 7 (Us(z,u)) = x and d(Us(x,u),T) =
|Us(x,u) — x| = 0|u]. We establish asymptotic estimates on the second derivatives of fs
which have the following form :

Ounfo() ~ @YW < S (1.22)
Onef5(2)] < % (4.23)
5t,tf5(z)+%[f](x)/@(x)@(u) < w9) (4.24)

where lims_ow(d) = 0 and with the notation z = Us(x,u). The constant C' and the
function w depend only on f. The proof of these estimates is given in the appendix. As
an immediate consequence, we obtain an asymptotic estimate of K (d?fs) = +/| det(d2fs)|

of the form
— VIR )V (w)]| < 3(0), (4:25)

where lims_o©(J) = 0, and the function @ depends only on f. Using the notations

95(2) := 52 K(d” f5(2) = VIk()[ /] = V[P (u)],
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we thus have
195(2) — AMz)p(u)] < @(9), (4.26)

for all z € TY, uw € [—1,1] and ¢ > 0 sufficiently small, with z = Us(z,u). We claim that
for any continuous functions (gs, A, p) satisfying (4.26]), we have for any 7 > 0,

lim 5~ /% [ Mards / u(u)du, (4.27)

which is in our case equivalent to the estimate

im st [ K(dfy) /| ar |&|T/2/ D]/, (4.28)

6—>0 F5

In order to prove (4.27)), we may assume without loss of generality that 7 = 1 up to
replacing (gs, A, ) by (g5, A", u7). We first express the jacobian matrix of Us using the
bases By = ((t(z),0),(0,1)) and By = (t(z),n(x)) for the tangent spaces of I' x [—1, 1]
and €2. This gives the expression

[dUs(z,u)] 5,5, = ( — 5(@)%(@ g )

and therefore | det([dUs(x,u)]p, B,)] = 6 — 6*ur(x). Since B; and B, are orthonormal
bases, this quantity is the jabobian of Us at (x,u), and therefore

/ gs =20 gs(z + dun(z))(1 — dur(x))dx du
Ts IOx[-1,1]

Combining with (4.26)), and using dominated convergence we obtain (4.27)).

Step 5 : summation of the different contributions. Summing up the contributions
of Qs, Ps and I's, we reach the estimate

/QK(deé)T = K(d&fs)"+ [ K(&f)+ | K(dfs)

Qs Ps Ls

= ( K(d?f)" + 51(5)) + B(6)6*™ %"
O\

e ( / ikl / B[ + £y >),

= (Sp(f)7 +1(8)) + B(O)F* 7> + 8" 37 (E,(f)7Cpy + £2(9)),

where lims_o€1(9) = lims_ £2(6) = 0 and B(9) is uniformly bounded. This concludes the
proof of Theorem |4.3.2]
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4.4 Relation with other works

Theorem allows us to extend the definition of A,(f) when f is a cartoon function,
according to

Ax(f) = (802 + Batr R cil?)” (1.20)

We first compare this additive form with the total variation TV(f). If f is a cartoon
function, its total variation has the additive form

TV(f) = IV fllzr@r + 1]l (4.30)

Both (4.29) and (4.30)) include a “smooth term” and an “edge term”. It is interesting to
compare the edge term of As(f), which is given by

EZ(f) = H\/W[f]Hm/S(r),

up to the multiplicative constant Cs ,, with the one of TV(f) which is simply the integral
of the jump

JU) = ey,

Both terms are 1-homogeneous with the value of the jump of the function f. In particular,
if the value of this jump is 1 (for example when f is the characteristic function of a set of

boundary I'), we have
15\ 2
Bah) = ([ 1n1) " (431)
r

while J(f) coincides with the length of I'. In summary, As(f) takes into account the
smoothness of edges, through their curvature x, while TV(f) only takes into account their
length.

Let us now investigate more closely the measure of smoothness of edges which is
incorporated in A, (f). According to (#.31)), this smoothness is meant in the sense that the
arc length parametrizations of the curves that constitute I' admit second order derivatives
in L5. In the following, we show that this particular measure of smoothness is naturally
related to some known results in two different areas : adaptive approximation of curves
and affine-invariant image processing.

We first revisit the derivation of the heuristic estimate for the error between
a cartoon function and its linear interpolation on an optimally adapted triangulation. In
this computation, the contribution of the “edgy triangles” was estimated by the area of
the layer 2% according to

If =TIy flleeces) < 1 F1lLe Q517

Then we invoke the fact that ' is a finite union of C? curves I'; in order to build a layer
of global area |Q5;| < C N2, which results in the case p = 2 into a contribution to the L?
error of the order O(N~1). The area of the layer Q% is indeed of the same order as the
area between the edge I" and its approximation by a polygonal line with O(/N) segments.

Each of the curves I'; can be identified to the graph of a C? function in a suitable
orthogonal coordinate system. If v is one of these functions, the area between I' and its
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polygonal approximation can thus be locally measured by the L! error between the one-
dimensional function v and a piecewise linear approximation of this function. Since v is C?,
it is obvious that it can be approximated by a piecewise linear function on O(N) intervals
with accuracy O(N~2) in the L norm and therefore in the L' norm. However, we may
ask whether such a rate could be achieved under weaker conditions on the smoothness
of 7. The answer to this question is a chapter of nonlinear approximation theory which
identifies the exact conditions for a function v to be approximated at a certain rate by
piecewise polynomial functions on adaptive one-dimensional partitions. We refer to [42]
for a detailed treatment and only state the result which is of interest to us. We say that a
function « defined on a bounded interval I belongs to the approximation space A*(LP) if
and only if there exists a sequence (py)n=o of functions where each py is piecewise affine
on a partition of I by N intervals such that

lv = e < ONT2.

For 0 < s < 2, it is known that y € A*(L?) provided that v € B:_(I) with 1 := 113 + s,
where B?_(I) is the standard Besov space that roughly describes those functions having
s derivatives in L. In the case s = 2 and p = 1 which is of interest to us, we find 7 = %

3
and therefore « should belong to the Besov space B? ,(I). Note that in our definition
373

of cartoon functions, we assume much more than B% ; smoothness on 7, and it is not

clear to us if Theorem can be derived under thgl’sgminimal smoothness assumption.
However it is striking to see that the quantity Fs(f) that is revealed by Theorem
precisely measures the second derivative of the arc-length parametrization of I" in the L3
norm, up to the multiplicative weight |[f]|?/3. Let us also mention that Besov spaces have
been used in [43] in order to describe the smoothness of functions through the regularity
of their level sets. Note that edges and level sets are two distinct concepts, which coincide
in the case of piecewise constant cartoon functions.

The quantity |«|'/? is also encountered in mathematical image processing, for the
design of simple smoothing semi-groups that respect affine invariance with respect to the
image. Since these semi-groups should also have the property of contrast invariance, they
can be defined through curve evolution operators acting on the level sets of the image. The
simplest curve evolution operator that respects affine invariance is given by the equation

ar 1/3

E = _‘H‘ n,

where n is the outer normal, see e.g. [22]. Here the value 1/3 of the exponent plays a critical
role. The fact that we also find it in Fs(f) suggests that some affine invariance property
also holds for this quantity as well as for As(f). We first notice that if f is a compactly
supported C? function of two variables and 7" is a bijective affine transformation, then
with f such that

we have the property
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where L is the linear part of 7" and L7 its transpose, so that

[Aet(@ ()] = | det L/ | det(d2F(T2))].
By change of variable, we thus find that
A(f) = [det L™ A4,(£) = | det L7 4,(). (432

A similar invariance property can be derived on the interpolation error on(f), = ||f —
Iz, fllz» where Ty is a triangulation which is optimally adapted to f in the sense of mini-
mizing the linear interpolation error in the LP norm among all triangulations of cardinality
N. We indeed remark that an optimal triangulation for f is then given by applying T
to all elements of 7. For such a triangulation ’]~'N := T(7y), one has the commutation
formula

I’TNf: (ITNf>OT7
and therefore we obtain by a change of variable that
on(Pp = I1f =1z, fllee = [det LIYP|[ f =gy, flloo = | det L Pon(f),. (4.33)

Let us finally show that if f is a cartoon function, then Fs(f) satisfies a similar invariance
property corresponding to p = 2, namely

Ex(f) = |det LIV Ea f). (4.34)

Note that this cannot be derived by arguing that Ay (f) satisfies this invariance property
when f and f are smooth, since we lose the affine invariance property as we introduce the
convolution by s : we do not have

(foT)xps=(f*ws)oT.

unless 7' is a rotation or a translation.
Let T'; be one of the C? pieces of T and ~; : [0, B;] — © a regular parametrisation of
I';. The curvature of I on I'; at the point ~,() is therefore given by

det(’yj‘ (1), ’Yj”(t))
) =T

Since f = f o T, the discontinuity curves of f are the images of those of f by T :

(4.35)

Ly =1T()).
The curvature of T'; at the point T'(v;(t)) is therefore given by

i _det(Li(t), Lyj(t)) det(v;(t), 7] (1))
M) = = 2RO

= det(L)
This leads us to the relation :

| det(L)["? |k (v D)V il = [R(T (NI ILY; ()], (4.36)
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and therefore

/f_|[f]\2/‘r"|%l”3 = /0j|[f](T(%'(t)))!2/3\%(T(%(t)))!1/3 L () dt,

= !detL\1/3/0 AP s )] ;@) dt,

— |det L) / L1232,
r;

Summing over all j = 1,--- ,[ and elevating to the 3/2 power we obtain (4.34)).

4.5 Numerical tests

We first validate our previous results by numerical tests applied to a simple cartoon
image : the Logan-Shepp phantom. We use a 256 x 256 pixel version of this image, with a
slight modification which is motivated further. This image is iteratively smoothed by the
numerical scheme

Uiy Wik W T U U

it = =2+ g . (4.37)

This scheme is an explicit discretization of the heat equation. Formally, as n grows, u" is

a discretization of . ,
Iz
u* @y m With @s(2) = ?6_572, (4.38)
T

where u stands for the continuous image. The determinant of the hessian is discretised by
the following 9-points formula

n o — n n n n n n
diy o= (il = 2y +ugy o) (i — 2ui; +uity )

(4.39)

n n n n 2
(ui+1,j+1 T Uy T Uy g “z‘fl,jJrl)
16

For each value of n, we then compute the ™ norm of the array (1 / |d1"3|) for 7 € [%, 1],

which corresponds to p € [1, oo] with % =1+ %. This norm is thus a discretization of the
quantity

|/1det(@werml]| -

For each value of n we obtain a function 7 € [3,1] — D,(7) € Ry.
As n grows, three consecutive but potentially overlapping phases appear in the beha-
viour of the functions D,,, which are illustrated on Figure 4.2|

1. For small n, the 9-points discretisation is not a good approximation of the determi-
nant of the hessian due to the fact that the pixel discretization is too coarse compared
to the smoothing width. During this phase, the functions D,, decay rapidly for all
values of 7.
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FIGURE 4.1 — The Logan-Shepp image (left), modified image (center), smoothed image
(right).

I I I I I I I I I I I I I I I I I I
05 0.6 0.7 038 09 10 0.5 0.6 07 08 09 10 0.5 0.6 0.7 08 09 10

FIGURE 4.2 — The curves D, (7) for n < 50 (left), 50 < n < 100 (center) and 100 < n <
200 (right).

2. For some range of n, the edges have been smoothed by the action of , but the
parameter \y/n in remains rather small. Our previous analysis applies and we
observe that D,,(2/3) is (approximately) constant while D,,(7) increases for 7 < 2/3
and decreases for 7 > 2/3.

3. For large n, the details of the picture fade and begin to disappear. The picture begins
to resemble a constant picture. Therefore the functions D,, decay for all values of 7,
and eventually tend to 0.

In our numerical experiments, we used the well known Shepp-Logan Phantom with
a slight modification as shown on Figure [£.1] : we have removed the thin layer around
the head, which represents the skull, because it disappears too quickly by the smoothing
procedure and causes phases 1 and 3 to overlap, masking phase 2. For more complica-
ted functions f, such as most photographic pictures, phases 1 and 3 also tend to overlap
for similar reasons. Indeed, these pictures often have details at the pixel scale, including
electronic noise due to the captor. Since these details disappear early phase 3 begins im-
mediately, therefore phase 2 cannot be observed.
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Our next discussion aims at comparing the quantities As(f) with the total variation
TV(f) on numerical images. In particular, we want to compare how these quantities
measure the geometric complexity of images. Here, we consider non-discretized images

z=(z,y) €[0.1]" = f(2),

and we compare the numerical behaviour of As(f) and TV(f) for some relevant cases.
Let us recall that for any g € C*(R,), if f is the radial function

f(2) = g(lz]),
one has 1
det (d*f(z)) = mg’(|2|)9”(|2|)-

As a result we find that the two functionals TV and Ag/ ? behave similar on the oscillatory
images f,(z) := cos(w|z|) illustrated on Figure (left), as w — 400 :

TV(f,) ~w and Ay(f,) ~w*? (4.40)

We next consider the cartoon images defined by g, (z) = L‘“Lzu, which have the form of a

circular staircase with approximately w steps of height 1/w, as illustrated on Figure
(center). In this case, we may give a meaning to As(g,,) based on (4.29)), which since g,
is piecewise constant gives

2, 1
Mg = € [ gl
r
where I' are the circular curves of discontinuities. From this we find that as w — +o0,

TV(g,) ~1 and As(g,) ~ Vw. (4.41)

This shows that in contrast to TV, the functional Ay penalizes images which have the
appearance of a staircase.
Finally we consider the cartoons functions h,(z) = xg, where the set S, is defined by

1
S, = {z: (rcosf,rsinf); 0 <6< %, and 0 < r < 1+—Cos(w9)},
w

see Figure (right). These functions have therefore only one step but its geometry
becomes more and more oscillatory as w grows. More precisely its length remains finite,
but its curvature behaves like w. In turn, we obtain that as w — +o00,

TV(h,) ~1 and Ay(h,) ~ Vw. (4.42)

This shows that in contrast to TV, the functional Ay penalizes the fact that the curve of
discontinuity 9S,, strongly oscillates.

These examples suggest that the functional A, gives a more relevant account of the
complexity of cartoon images than the total variation TV. In particular staircasing effects
and oscillatory curves of discontinuity are penalized.
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FIGURE 4.3 — Some representatives of families f,, g, and h, of images, and behavior of
the functionals TV and As,.

4.6 Applications to image restoration

The previous discussion suggests that we could use A, as an alternative to TV as a
prior in image restoration. In particular, we may try to replace |g|gy by Az(g) in (4.2)),
and therefore consider the minimization problem

min{Ax(g) ; [Tg — hflz= < e},

or its formulation using a Lagrange multiplier

min | Tg — h||22 + tAs(g9)*>. (4.43)
g

Our first observation is that, in contrast to (4.2)), these problems are non-convex.
Moreover, it is easily seen that even in the very simple case of image denoising corres-
ponding to T' = Id, the above problems are ill-posed, in the following sense.

Proposition 4.6.1. For any f € L*([0,1]?), there exists a sequence (fn)n>0 of C™ func-
tions such that

Hf_anL2 — 0 and AQ(fn) — 0.

Consequently the infimums of As(g) over those g € C* such that ||g — h||z2 < & and of
g —hl%, +tAx(g)%? over all g € C™ are both equal to 0, and are not attained in general.

Proof: If 7 is a triangulation of the domain [0,1]2, and if g is piecewise affine on 7,
we may consider its regularized version g5 := g * 5. From Theorem we find that
As(gs) — 0 as § — 0. The proof follows by observing that piecewise affine functions on
triangulations are dense in L?. o

Note that the above result is formulated in the setting of non-discretized images, and
does not exactly hold for numerical images if we define Ay using the 9-points formula
for the discretization of the determinant of the hessian. However, we expect that
the ill-posedness in the continuous setting is reflected by a bad behaviour of the solution
of the discrete optimization problem.
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In summary, a straightforward generalization of the minimization approach with
As in place of TV is doomed to fail. In order to circumvent this difficulty, we propose
a different strategy based on a restoration algorithm introduced in [70] and [71]. This
algorithm is based on a bayesian framework that we briefely recall.

4.6.1 A bayesian approach to image denoising

For simplicity, we focus from this point on the discrete setting, in which images are
discretized on a N x N grid where N > 1. We denote by

F = RVXN,

the collection of all discrete images. Bayesian restauration algorithms are based on a prior
probability distribution on F describing how certain images are more “plausible” than
others. One way to build such priors is through a functional

J:F—=Ry

which reflects the plausibility of an image : typically the value of J is large for complex
images and zero only for few very simple images. The functional J is typically obtained
as the discretization of a measure of smoothness, such as the total variation TV or_the
quantity Ag/ ’ (discretized with the nine points formula ) which is shown in to
give a good account of the complexity of cartoon images.

Assuming that the quantity

Zy ::/fexp(—J(F))dF

is finite, our bayesian prior for plausible images is the probability distribution
o~ (F)

Zy

dF (4.44)

where dF stands for the Lebesgue measure on F.
We use the simplistic, although popular, model of additive gaussian noise in which
random drafts from F with respect to the probability

ool

Za

dq, (4.45)

where o > 0 is a parameter and Z, is a normalizing factor, represent typical noise.
We regard a corrupted image G as a random variable defined as the sum

G=F+Q

of a random variable F' of distribution (4.44)), the original image, and a random variable
Q of distribution (4.45)), the corruption by additive gaussian noise.
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By construction the conditional probability density p(G|F') of the corrupted image G
with respect to the original image F' is

ool ol G-F|?

PGP = =

The conditional probability density p(F|G) of the original image F' with respect to the
corrupted one G is obtained by the bayesian rule of conditional probabilities

p(F|G)p(G) = p(G|F)p(F).

Replacing p(G|F) and p(F') with their explicit expressions we obtain

1
p(F|G) = mP(G\F)p(F)
1 /1 N\ (1
_ L (Y e (L
v (2 ) ()
_ ﬁeacwﬂm
b ZaZJ

We define
o(F,G) = exp(—al|G — F||3 — J(F)).

For any fixed G, the explicit function F' € F +— o(F,G) € R is therefore proportional
to the conditional probability density F' — p(F|G).

In order to recover the original image F' from the corrupted one G a first approach, cal-
led the maximum a posteriori (MAP), consists in maximizing the conditional probability
density

F; = argmax p(F|G)
FeF

= argmax o(F,G)
FeF

= argmin o F — G|* + J(F)
FeF

We thus recover the optimization procedure (4.43)) in the case T' = Id of image denoising,
and of the functionnal J = Ag/ ®_ As observed in Propositionthis approach is doomed
to fail for the functional AS/ °. For the total variation functional J = TV, the MAP
approach gives good results, but is also known to produce visual artifacts : the restored
image is exactly constant on large regions, delimited by sharp discontinuities which do
not correspond to a feature of the original image. The heuristical reason of this problem
is that the maximum of a probability density is generally not a good representative of a
random draft for this probability, as discussed in [70].

A second approach, called the minimum mean square error (MMSE), consists in finding
F which minimizes the empirical quadratic risk ||F'— F’||* with respect to a random image
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F' distributed according to the conditional probability density p(F”'|G) :

F; = argmin/ ||F—F,”2P(F/’G) dF",

FeF

= argmin/HF F'|?o(F',G)dF,
FeF

= —/FUFG

where Z = [ o(F,G)dF is a normalizing factor. This method is studied in depth in [70]
in the case J = TV where it is shown that it has the advantage of suppressing the visual
artifacts observed in the MAP approach, and we describe in the next section its adaptation
to the case J = A§/3

4.6.2 The restauration algorithm

The computation of the estimator F; is a numerical challenge, since it involves an
integration on the space F = RY*Y which has dimension at least 512 x 512 ~ 250000
in realistic cases. We use an algorithm which was first proposed in the thesis [70], and
which is a variation on the Metropolis Hastings algorithm. We shall only sketch its main
principles and we refer to the original thesis for more details.

The central point is to define a Markov chain (Fy)x>o of images in F which is recurrent
with respect to the probability measure o(F, G)dF/Z, where G is the denoised image and
Z is a normalizing factor. Then, almost surely,

lim Y k= —/FaFG (4.46)

0<k<K-1

Two successive images F, and Fy; generated by the algorithm proposed in |70] only differ
by the value of a single pixel. The cost of a step of the algorithm, generating a new image
F}., comes mainly from the computation of the ratio

o(U,G)
o(V,G)

—exp(IV = GIF = U = G|+ J(v) = J(U)), (447)

where U and V' are two elements of F which differ at a single position (i, 7).

This algorithm applies to any continuous functional J € C°(F, R, ), hence in particular
to non-convex functionals such as J = Ag/ ?. For numerical applications, in order to have
a good speed of convergence, the ratio needs to be extremely cheap to compute in
terms of computer time. The discretisation of the total variation TV or of the functional
Ag/ 3, are given for an image I’ by respectively

1 _ 1
N D Iy = gl +[Fy = Figal and N773 7 dyg[s

Z‘?j

where d; ; is given by the formula (4.39)). The ratio (4.47)) is cheap to compute numerically,

as required by the algorithm, since it has an explicit algebraic expression which only
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involves the the values of the images U,V € F at the positions (i + k,j + [) where
max{|k|, |l|} <2, where (i,j) denotes the single position at which these images differ.

From a theoretical point of view, the averaging procedure converges at the
speed O(K _%). Unfortunately the constant in front of the convergence rate plays a key
role in practice, and we did not manage to “reach the convergence” for realistic 512 x 512
images with the functional J = Ag/ 3 This issue might be solved by a parallelization of
the algorithm, or a modification of the algorithm in which a group of neighboring pixels
is modified at each step instead of a single pixel. For the time being, we thus only present
one-dimensional results.

4.6.3 Numerical illustration in the 1D case

We present numerical results in one dimension only, using some counterparts of the
total variation TV and of the functional Ag/ ® in that context. We define for each function

f € C*([0,1]) the quantity
D(f) = / NI (4.48)
[0,1]

The next proposition shows that D(f) can be given a meaning when f has localized
discontinuites, similarly to the functional Ag/ % for cartoon images.

Proposition 4.6.2. Let f : [0,1] — R be piecewise C*, with a finite set E of discontinuity
points in 10,1[. Let ¢ be a C* mollifier supported in [—1,1], satisfying [ = 1 and
o(z) = @(—x) for all z € R. For all § > 0 let o5 := 5p(3) and let f5 = f * 5. Then
fs € C*([6,1 — 4]) and satisfies

lim },/|fg|:/]
0

0=0 Ji51-6

where C(¢) == [, \/]¢'].

Proof: We denote by 0 < e; < ey < --- < e, 1 <1 the points of £ and we define ¢y = 0
and e, = 1. The function f can written as the sum

f=J+A+S,

VI +C(e) Y V)] (4.49)

ANE

where J (the Jump part) is piecewise constant, and A is continuous and piecewise Affine,
with respect to the partition (]e;, 1] )g<;<,_ Of the interval [0, 1]. The function S is C*
on ]0,1[, and S” is uniformly bounded. Then, on the interval [0, 1 — §],

fs=fxps=((J+A+S)xps =Js+ As + Ss.

We now assume that the parameter § satisfies

A
0<d< min L
0<i<n—1 2

For any 0 <i < mn — 1 one has on the interval [e; + J, ;41 — 0]

J5:J7 A5:A and S(g:fg—A—J.
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FIGURE 4.4 — Behavior of the functionals TV and D on different types of functions.

Hence J{ = A§ = 0, and SY s converges uniformly to f” as § — 0, on this interval.
Therefore
€i4+1— 1)
> / Jisi= [ ViFl (1.50)
6—0
0<i<n—1"éi 10,1NE
Furthermore for any 1 <7 <n — 1 and any |z| < 1 one easily checks that
]' / " 1 !/
i (ei+02) = S [fl(e) ¢'(x) and  Az(e; +d2) = <[[](e:) p(2)

where

[fl(e:) := lim flei+¢e) = flei—e) and [f)(e;) := lim f(e; +¢) — f'ei —¢).

e—0t e—0t

On the other hand S¥(e; + dx) is uniformly bounded independently of x and ¢. Hence the
contribution of Jj is dominant on the intervals [e; — d, e; 4 4], and we obtain

e;+0 1
i [ Vii= X el [ Vi ws1)

1<i<n—1 1<z<n 1

Combining (4.50) and (4.51]) we conclude the proof of this proposition. o

For the simple oscillating function f,(z) := cos(wz), illustrated on Figure (left),
the two functionals TV and D behave similarly as w — oo :

V(f,) ~w and D(f,) ~w. (4.52)

On the contrary for the function g, (z) := %, illustrated on Figure |4.4] (right) we obtain
as w — 00

TV(g,) ~1 and D(g,)~ Vvw, (4.53)

where D(g,,) is understood in the sense of (£.49). Hence the functionals TV and D treat
discontinuities very differently, and the latter penalizes functions which have the appea-
rance of a staircase.

We denote by

F :=RN.
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the collection of discretized one-dimensional functions. For any F' € F, we denote by
TV(F) and D(F') the discretization of the functionals TV and D using finite differences,
as follows

TV(F) == Z |y — Fial. (4.54)
1<i<N-1
and
D(F):= > IFia—2F+F.], (4.55)
2<i<N-—1

We now turn to numerical results. Given a one dimensional discretized function F' €
F = RY we compute using the algorithm described in §4.6.2|three different regularizations
of F.

Fiy = argmin a;||F — F'||> + TV(F)
F/eRN
1

Fry = — F'exp(—as||F — F'||> — B, TV(F"))dF’
ZQ RN
1

Fp = — | Fexp(—as|F = F'|* = 3sD(F'))dF",
Z3 RN

where Z, and Z3 are normalizing coefficients. The parameters oy, ag, a3 and s, B3 can be
freely chosen.

We have not attempted to denoise some data and to compare the PSNR of the res-
toration by the different methods. Indeed such a comparison should, in order to be fair,
involve an in depth analysis of the role of the parameters aq, as, a3 and (3o, 33, that we
did not have the time to do. Note also that Ffy involves a single parameter, while two
parameters are needed for Frpy and Fp. We refer to the thesis [70] for the comparison of
Fiy and Fry from the point of view of the PSNR.

Instead we regard the three procedures as regularization methods, that we apply to
different test functions. We focus on the qualitative differences of the regularizations F,
Fry and Fp of different functions F', and we discuss on how these differences traduce the
different bayesian priors implicit in the three methods.

Our first experiment, see Figure is the regularization of a random walk. As remar-
ked in [70], Ffy is constant over large intervals and also has several sharp discontinuities.
These two types of features were not present in the original function F' and are undesi-
rable. They are avoided in the two other regularizations Frpy and F)p.

Our second experiment, see Figure [4.0] is the regularization of a Heaviside function.
Up to numerical artifacts, the functions F' and F7y are identical, which is precisely what
is wanted in this situation. The discontinuity disappears in Frpy and Fp, and is replaced
with a smooth but sharp and well localized transition. Numerical experiments on real
(bidimensional) images in [70] show that generally, and with appropriate parameters, the
regularization Fry of an image F' does not cause a perceptible blurring of the edges which
appear in the original image.
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FIGURE 4.7 — Churp : sin(2?) where x € [0,4]. (Top, Left) Original F, (Top, Right) F}y,
(Bottom,Left) Fry, (Bottom, Right) Fp.

This example puts in light a strong flaw of the regularization method Fp : it does not
obey the maximum principle. Indeed, it is clear on Figure [d.6]that Fify, and Fry take their
values in the interval [min F, max F|, but Fp does not.

Our third and last experiment, see Figure [£.7)is the regularization of a “Churp” : an
oscillating function of increasing frequency, here sin(z3) where x € [0,4]. Qualitatively,
most regularization algorithms regard slow oscillations as valuable data which should be
preserved, and fast oscillations as noise which should be eliminated. The regularization of
a churp allows to analyse the behavior of a regularization algorithm in the intermediate
regimes.

From a qualitative point of view, the MAP regularization F7,, again introduces un-
desirable visual artefacts : F7y is exactly constant on some regions, and V Fy, has sharp
discontinuities which do not correspond to a feature of the original function. In contrast
the MMSE regularizations Frry and Fp do not exhibit these artefacts. As anticipated, the
slow oscillations of the original function F' are preserved, while the fast oscillations are
attenuated. It seems qualitatively that fast oscillations are more strongly attenuated in
Fp than in Fpy. The author could not prove this last property, but a heuristical analysis
suggests that sinuosidal oscillations of large frequency w > 1 are attenuated by a factor
w2 in Fry and w™* in Fp.
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4.7 Extension to higher dimensions and higher order
elements

The results on approximation by anisotropic bidimensional piecewise linear finite ele-
ments that we have exposed in have been generalized in Chapter [2] to the case of
elements of arbitrary order m — 1 defined on partitions of Q € IRY by simplices. Here, the
local error is defined as

ema(f)p =1 =17 flloee)

where I?_l denotes the local interpolation operator on IP,,_; for a d-dimensional simplex
T'. This operator is defined by the condition

I u(v) =v(y),

for all points v € T with barycentric coordinates in the set {0, —1— —, m2 o, 1} We
denote by H,, C IP,, the collection of homogeneous polynomials of degree m, and we

define for any q € H,, the quantity

Km,p(Q) = |71“I\1f1 €m T(CI)
We refer to K, , as the shape function. For piecewise linear elements in dimension two,
i.e. m = d = 2, we have observed that K, = Ky, has the special form given by
which justifies the introduction of the quantity A,(f). In a similar way, it can easily be
proved that for piecewise linear elements in higher dimension, i.e. m = 2 and d > 2, one
has
aldet(@)|? < Kap(a) < eoldet(q)["

For piecewise quadratic elements in dimension two, i.e. m = 3 and d = 2, it is proved in
Chapter 2] that
cr|disc(q)[* < K3,(q) < cofdisc(q)|*.

for any homogeneous polynomial q € Hs, where
disc(az® + b2’y + cxy® + dy?) := b*c* — dac® — 4b>d + 18abed — 27a*d>.

For other values of m and d, equivalent expressions of K, ,(q) in terms of polynomials in
the coefficients of q are available but of less simple form, see Chapter 2.
Defining the finite element interpolation error by an optimally adapted partition

on(f)p:= 1inf | f—-1IF " flle,

#(T)<N

where I is the global interpolation operator for the simplicial partition (possibly non
conforming) 7, the following generalization of (4.13) is proved in Chapter [2]:

Hona ()

=-+2 (4.56)

limsupN%aN(f) <Oy -
P @ TP d

N—+400
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The constant Cj is equal to 1 when d = 2 but larger than 1 when d > 2 due to the
impossibility of exactly tiling the space with locally optimized simplices. If f is a C™
function of d variables, it is therefore natural to consider the quantity

" 1 1 m
Amp(f) = [ Kmp( @ lr@, — =+ (4.57)

p d’
as a possible way to measuring anisotropic smoothness. For d = 2 and piecewise linear
elements, we have seen in that A, ,(f) is equivalent to the quantity A,(f).
Similarly to A, we are interested in the possible extension of A,, , to cartoon functions.
We first introduce a generalisation of the notion of cartoon functions to higher piecewise
smoothness m and dimension d.

Definition 4.7.1. Let m > 2 and d > 2 be two integers. Let @ C R? be an open set. We
say that a function f defined on 2 is a C™ cartoon function if it is almost everywhere of

the form
f="Y_ fXa,

1<i<k

where the Q; are disjoint open sets with piecewise C? boundary, no cusps (i.e. satisfying
an interior and exterior cone condition), and such that ) = Ur_,Q;. Additionally, for each
1 <i <k, the function f; is assumed to be C™ on ;.

Let us consider a fixed cartoon function f on a polyhedral domain Q C R? (i.e. Q is
such that Q is a closed polyhedron), and a decomposition (£2;);<;< of € as in definition
. As before we define I' := Ulgigk 0€);, the union of the boundaries of the ;. Our
assumptions on the sets (€2;)1<i<x imply that I' is the union of a finite number of open
hypersurfaces (I'j)1<;<;, and of a set P of dimension d — 2.

As in we now consider a sequence fy of piecewise linear approximations of f on
simplicial partitions 7y of cardinality N. We distinguish two types of elements of 7Ty. A
simplex T' € Ty is called “regular” if T NI = (), and we denote the set of these simplices
by 75. Other simplices are called “edgy” and their set is denoted by 7. We can again
split € according to

Q= (Urer; T) U (Urere T) = Qy U QY.

Heuristically, if the partitions 7 are built with approximation error minimisation in mind,
the number of elements should be balanced between 7, and 7. The partition 7, tends to
cover most of the surface of €2, with simplices of diameter < CN ’5, and L approximation
error |f — fy| < CN~@ (since we use IP,,_; elements). On the other hand, since f has
discontinuities along I', the L*° approximation error on 75 does not tend to zero, and
75 should thus be chosen so as to produce a thin layer around I'. Let i be the typical
diameter of an element of 7. Since the I'; has bounded curvature, this layer can be made
of width O(h?) and therefore the layer around T" has volume bounded by h?*H,_1(T') up to
a fixed multiplicative constant, where H,y_1(I") is the d — 1 dimensional Hausdorff measure
of I'. On the other hand the minimal number of such elements of diameters h needed to
cover I' is bounded by h'=%H, (T) up to a fixed multiplicative constant. Eventually, we

find that the layer around I' has volume bounded by CN =y
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Hence we have the following heuristic error estimate, for a well designed anisotropic
partition :

A

If = fnlleey < W = Inlleeyy + I1f = fnlleecos,)
1
< If = Inlles @ Q6P +11f = fnllzeos,)
< C(N~% 4 NwD)

1

O lr

This leads us to define a critical exponent

2d
c — Pc ad =y
Pe = pe(m, d) m(d

— 1)‘
If one measures the error in LP norm with p > p.(m,d), then the contribution of the
edge neighbourhood Qf, dominates, while if p < p.(m,d) it is negligible compared to
the contribution of the smooth region €2%,. For the critical exponent p = p.(m, d) the two
terms have the same order, which makes the situation more interesting. Note in particular
that p.(2,2) = 2, which is consistent with our previous analysis.

For p < p.(m,d), we obtain the approximation rate N~"/¢ which suggests that ap-
proximation results such as should also apply to cartoon functions and that the
quantity A,, ,(f) should be finite for such functions. We again need to use a regularization
approach, for the same reasons as in §4.3| For a given dimension d, we consider a radial
nonnegative function ¢ of unit integral and supported in the unit ball of R¢, and we define
for 6 >0

ws(z) 1= %90 (%) and f5 = f * ps. (4.58)

In order to define the quantities of involved in our conjecture, we need to introduce
the second fundamental form of an hypersurface. At any point = € T' \ P we denote by
n(z) the unit normal to T'. Note that since T is piecewise C?, the map x — n(z) is C!
on '\ P. We define T,I" := n(z)*, the tangent space to I' at x. In a neighbourhood of
x € '\ P, the hypersurface I" admits a parametrization of the form

weT,l'—z+u+Nun(z) e\ P,

where ) is a scalar valued C? function. By definition, the second fundamental form of I" at
the point z is the quadratic form II, associated to d?A(0) which is defined on T,T" x T,T.
Alternatively, for all u,v € T,I" we have I, (u,v) :== —(9,n,v). The Gauss curvature x(x)
is the determinant of II,, in any orthonormal basis of T,I,

K(z) := det1I,.

For example, in two space dimensions the tangent space T,I" is one dimensional, and we

simply have II,(u,v) = k(x)(u,v). We also denote by o(z) € {0,--- ,d — 1} the signature

of the quadratic form II,, which is defined as the number of its positive eigenvalues.
With 7 such that % =2+ %, we define

Sp(f) = 1K@ )l =@y = Ap(fiar)-

We conjecture the following generalization to Theorem [4.3.2]
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Conjecture 4.7.2. There ezists d positive constants C(k), k € {0,--- ,d—1}, that depend
on p,p,m,d, such that, with

B1) = 1C@IR ey = ( [ IO @)@ Bl @) do)”,

we have
— If p < p. then
(lsl_I)I(l) Am,p(f(S) = Sp(f)

— If p=p. then
lim (A (£5)) = (Sp()" + Ep(£))'
— If p > p. then
lim §7e ™ pAmp(f5> Ey(f).

6—0

In the remainder of this section, we give some arguments that justify this conjecture.
Given a cartoon function f, we define the sets 5, I'Y, T's and Ps similarly to §4.3] We
need to perform an asymptotic analysis of the integral

(/mew: K@y + | K@+ | K@) (4.59)
Q Qs Ps Ts

As in the proof of Theorem the contribution of Ps can be proved to be negligible
compared with those of Qs and I's as 6 — 0. The contribution of {25 satisfies

lim K(dmf(;) = K d™f).
The main difficulty lies again in the contribution of I's. Let us define 7. by
1 m 1

. d o pe
The contribution of I'y; can be computed if one can establish an estimate generalizing

(4.25) according to

5% Ko (" £5(2)) = |11 () F1 @ 0y ()| < 0(6) (4.60)

where w(d) - 0as §d — 0, z € Y, u € [-1,1], 2 = z + dun(x), and where the function
D, 0k : [—1,1] — R only depends on m,d, k and ¢. If holds, we then easily derive
that

ims%" [ K(dmf) /0 i3 |7,

5—0 T,
with C'(k) := f 1 | ®m.ak(u)|"du, which leads to the proof of the conjecture.

We do not have a general proof of for any m, p and d. In the following, we justify
its validity in two particular cases for which the explicit expression of K, , is known to
us : piecewise quadratic in two space dimensions (d = 2 and m = 3) and piecewise linear
in any dimension (m = 2).
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Piecewise quadratic elements in two dimensions. For all § > 0, z € '} and
u € [—1,1], let 7,5, € Hz be the homogeneous cubic polynomial on R? corresponding to
d®fs(x + dun(z)). Let also 7., € Hsz be the homogeneous cubic polynomial on R? defined
by

Tew(AN(2) + pt(2)) = =AN@” (u)A* — 3@’ (u)r(x)p?) (4.61)

for all (\, ) € R? where @ is defined by (4.17). For all z € T', we denote by M, s the

(symmetric) linear map defined by
M, sn(z) = én(z) and M, st(z) = Vot(z).

Then, using a reasoning similar to the one used in the appendix of this chapter, it can be
proved that
|76 © Mg — [fI(@) Tl < w(9). (4.62)

where lims_ow(d) = 0 and the function w depends only on f. Furthermore, it is proved
in Chapter [2] that for all q € Hj

K;,(q) = Cv/| discq|

where the positive constant C' depends on p and the sign of discq. Combining this ex-
pression with (4.62)) proves (4.60)) and thus the conjecture in the case m =3 and d = 2.

Piecewise linear elements in any dimension. We use the second fundamental form
of the discontinuity set I' in order to evaluate d™ fs on I's. Characteristic functions are one
of the simplest types of cartoon functions. In that case, it is possible to establish a simple
relation between the second fundamental form of the edge set and the second derivatives
of f in a distributional sense : if O C R? is a bounded domain with smooth boundary T
and inward normal n, we then have for all C? test function ¢ and u,v € R?

— /Q 0 = /F<u, n)(v,n) (9, — Tr(I)y) + I (u, v)1, (4.63)

where I’ (u,v) is the second fundamental form II, applied to the orthogonal projection
of u and v on T,I'. The proof of this formula (that generalizes the simpler bidimensional
case (4.70) which is proved in the appendix) is given further below. For all z € T', we
denote by M, s the (symmetric) linear map defined by

M, sn(z) = én(z) and M, st = Vot

for all t € T,I'. For all § > 0, 2 € I'Y and u € [—1, 1], let 7,5, € Hy be the homogeneous
quadratic polynomial on R? corresponding to d?fs(z + dun(x)). Let also 7, € Hy be the
homogeneous quadratic polynomial on R? defined by

Teu(AN(1) +t) = &' (u)A* — O(u)IL,(t, t)

for all A\ € R and t € T,T', where ®(z) = [p., ¢(x,y)dy. Then, using (4.63) and a
reasoning analogous to the one presented in the appendix, it can be proved that

||7T;E,5,u O Mgs — [f] (x)ﬂ—ac,uH < w((s) (464)



4.7. Extension to higher dimensions and higher order elements 197

where lims_ow(d) = 0 and the function w depends only on f. Furthermore, it is proved

in Chapter [2 that
Ks,(q) = Cv/|detq|

where the positive constant C' depends on d, p and the signature of q € H,. Combining
this expression with (4.64]) proves the estimate (4.60|) and thus the conjecture in the case
m = 2 in any dimension d > 1.

Proof of : Let projp be the orthogonal projection onto I'; and for all z € T’
let proj, be the orthogonal projection onto T,I". We consider a vector u € R? and we
define U: I' — T' by U(z) := projp(z + u). If [Jul|||II||zry < 1, then U is smooth and its
differential d, U : T,I' — T,/I", where

is given by the following formula
d, U = (Id —(u,n(2"))Il,/) " 'proj,,

The determinant of d,U (more precisely the determinant of the matrix of d,U in direct
orthogonal bases of T,I" and T,/I") is

det(d, U) = det(Id —(u, n(2"))ILy) " (n(z),n(z)) = 1 + (u, n(z")) Tr(Iy) + [[uflw: (u, z).
where wy (u, ) tends uniformly to 0 as u — 0. Furthermore, it is easy to show that

bl + 1) — (') — (1 0(2)) Do) < Cllul?
and ||n(z") —n(x) — M (proj,. (u))|| < ||ullws(u), where C' and wy are independent of x € T

and ws(u) — 0 as u — 0 (the quadratic form I, (r, s) ;== —(9,n(x), s) for all r,s € T,I" is
identified here to the differential of n). Combining these results, we obtain

/FQ/}(SC + u)(n(zx),v)dz
= /Fw(x +u)(n(x),v) det(dy U,) tda’
_ /F (n(z'), )i (a')da’

+/F<n(x’),U><n(l")7U>(3n(x'>¢ — Tr(IL,)yh(2")) + (v, I, (proj, (u))) v («')da’
+lullws (u).

where w3(u) — 0 as u — 0. We conclude the proof of (4.63)) using the formula

— [ B0 = Jmn [ 0+ ) = (o) () 0

h—0
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Remark 4.7.3. Similarly to the results presented in 4.4, there is an affine invariance

property associated to  :if T is an affine transformation of R? with linear part L, and if
f=foT, T = T(T) and i is the Gauss curvature of T', then one has for any s > 0,

(det L) d+1/|C |/<L|d+1 —/|C’ |/<|d+1

It follows from this observation that when p = p., the contribution of the edges is affine
wmwvariant in the sense that

E,.(f) = (det L)1 B, (f).

Since one also has Ay, ,(f) = (det L)%Amvp(f) this comforts the conjecture. Let us men-

tion that the quantity ’li"#l has been used in [78] in order to define surface smoothing
operators that are invariant under affine change of coordinates.

4.8 Conclusion

In this chapter we have investigated the quantity A,(f) which governs the rate of ap-
proximation by anisotropic IP; finite elements as a way to describe anisotropic smoothness
of functions. This quantity is not a semi-norm due to the presence of the non-linear quan-
tity det(d?f) and cannot be defined in a straightforward manner for general distributions.
We nevertheless have shown that this quantity can be defined for cartoon images with
geometrically smooth edges when p < 2. A theoretical issue remains to give a satisfactory
meaning to the full class of functions for which this quantity is finite.

From a more applied perspective, it could be interesting to investigate the role of A,(f)
in problems where anisotropic features naturally arise :

1. Approximation of PDE’s : in the case of one dimensional hyperbolic conservation
laws, it was proved in [44] that despite the appearance of discontinuities the solu-
tion has high order smoothness in Besov spaces that govern the rate of adaptive
approximation by piecewise polynomials. A natural question is to ask wether simi-
lar results hold in higher dimension, which corresponds to understanding if A,(f)
remains bounded despite the appearance of shocks.

2. Image processing : as illustrated in , the quantity A,(f) can easily be discretized
and defined for pixelized images. It is therefore tempting to use A,(f) in a similar
way as the total variation in (4.2)), by solving a problem of the form

i ; — 2 < .
min{Aa(g) 5 [ITg —hllzz < e}, (4.65)

with the objective of promoting images with piecewise smooth edges. The main
difficulty is that As is not a convex functional. One way to solve this difficulty could
be to reformulate in a Bayesian framework as the search of a maximum of an
a-posteriori probability distribution (MAP) as an estimator of f. In this framework,
we may instead search for a minimal mean-square error estimator (MMSE), and
this search can be implemented by stochastic algorithms which do not require the
convexity of As, see [70] and
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4.9 Appendix : proof of the estimates (4.22))-(4.23))-
4.24)).

It is known since the work of Whitney on extension theorems (see in particular [91])
that for any open set U C R? and any g € C%(U) there exists § € C%(R?) such that
g = g- It follows that for each 1 < i < k, there exists fi € C*(R?), compactly supported,
and such that ﬁ‘ﬂi = fi.

Let I'; be one of the pieces of I', between the domains 2, and €, and let s = fk and
t = f, — fx. Although the domains €, and €, are only piecewise smooth, there exists an
open set ' with C? boundary such that for §y > 0 small enough

f = SXQ/ + t on U (Fjﬁ + B5)7

0<0<do

where By is the ball of radius d centered at 0. Note that I'; C I := 90 and that s = [f]
on I';. In the following, the variables z, z are always subject to the restriction

x € F?,é and z = Us(z,u) = x + dun(z) where 0 < 6 < Jp and |u| < 1, (4.66)

note that z € I'; 5 and ||z — z|| < . We therefore have

fo(2) = [ st@yestz - )z +15(2),
where t5 := t % 5. The second derivatives of ts5 are uniformly bounded, and are therefore
negligible in regard of all three estimates (4.22)), (4.23|) and (4.24)), indeed
|5l = [[(d®t) * @l < ([Pt <[l @slor = |t L= [0l 2 < oo

We now define the 2 x 2 symmetric matrices

/

I(z,z) = //(S(JZ) — s()) d*ps(z — &) di and J(z) := / d*ps(z — T)di

so that
Pfy(z) = dts + 1(2,2) + [f](2)J(2). (4.67)
We already know that the contribution of d*ts; is negligible. We now prove that the same

holds for the contribution of I(z,z). Since ¢s(z — Z) is non-zero only if |z — z|| < and
therefore ||z — x| < 2d, we can bound the norm of the matrix I(z,x) by

1(z, )| < 26]lds]|zo |d* 5]l 1 < 26| ds]|L [|d*pl| 107 = C3. (4.68)

This proves that the contribution of I(z,x) is negligible for the two estimates and
. In order to prove that it is also negligible in the estimate , we need a finer
analysis of t(z)T1(z,z)t(z). For this purpose we fix a unit vector u and the pair (z, 2).
We introduce

A(Z) := (s(Z) — s(x)) Oups(z — T) + 0us(T) ps(z — T),
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so that by Leibniz rule
(5(2) — s(x)) Oy u05(2 — &) = 0,,5(2) ws(2 — T) — DA ().

Therefore

Wz 2 = /l@ip@%ﬁ@—%)—&A@»dﬁ

— / 02 ,s(Z) ps(z — T)dx — / AZ)(n(T), u)dz.

The first integral clearly satisfies

< lld*s|lzllsl 1,

[ .s(a) gtz — 2)da

and is therefore bounded independently of . We estimate the second integral for the
special case u = t(z), remarking that [(n(Z), t(z))| < C16 on the domain of integration.
Therefore

[ AD) (). o)z

where, slightly abusing notations, we denote by |IV N B(z,d)| the length (1-dimensional
Hausdorff measure) of the curve I'NB(z,6). Clearly A(Z) = 0if ||z—Z|| > d. If ||z —2| < ¢
we have

< G| N B(z, )| A ee

A@)] < (le = 2]l + llz = ZIDllds]| < ldp | 6" + llds]| < @]l d ™ < Cod 2. (4.69)

Since in addition [TV N B(z, )| < Cy0, we finally find that

l/M@@@&@M&g%Q@.

We have therefore proved that
It(z) (2, 2)t(z)| < C,

where the constant C' is independent of §, which shows that the contribution of I(z,x) is
negligible in (4.24]).

We now analyze the contribution the quantity [f](z)J(z) in (4.67)). For this purpose, we
use an expression of the second derivative of the characteristic function X of a smooth set
' in the distribution sense. We assume without loss of generality that I' is parametrized
in the trigonometric sense, and therefore that n is the inward normal to 2. For all test
function 1, we have

—/ 0; 0= | 9,4(v,m) =/(3n¢(u7n>+5t¢<u,t>)<v,n>
/ F/ !
and, by integration by parts,

Ogth{u,t)(v,n) = — [ Y({u,kn)(v,n) — (u, t)(v, Kt)).

I I’
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Therefore, we have
~ [ = [ ) o m) @ ) + 0, 60 (4.70)
/ 1_‘/
Applying this formula to (%) := ps(z — &) we obtain

—u'J(2)v = / (u, n(2)) (v, 0(2)) (Onps (2 — T) — K(T)ps(z — T))dT

+ [ R 6@ o (@) sl — )

(4.71)

Since I'; is C?, there exists a constant C such that for all 1,25 € I';, we have
J J
[(6(21), n(z2))| < Collr1 — 22,

and
1= (n(z1),n(22))] = [1 = (t(21), t(22))| < Collwr — z2*.
We finally remark that [T'NB(z, )| < C1d, and that ||is]|z < [J@]|rd 2 and ||Ons|| e <
dip]| oe 0.
Taking the vectors t(x) or n(x) as possible values of u and v in (4.71) and using the
above remarks, we obtain the estimates

n(z)tJ(z)n(x) + /F/ Onps(z — )dz| < CO71, (4.72)
lt(x) I (2)n(z)] < €57, (4.73)
‘t(x)TJ(z)t(x) + / W(@)eslz — D) < C (4.74)

where the constant C' depends only on f. In view of (4.67) we can immediately derive

estimate (4.23)) from (4.73).
In order to derive the estimate (4.24) from (4.74]), we first introduce the modulus of

continuity w of x on I';,

w(d) == sup |K(21) — K(22)].
z1,22€l; ; ||:171—$62H§5

Therefore

t(z)" J(2)t(x) + / K(Z)ps(z — T)dT

F/

< ‘t(:v)TJ(z)t(x) + k(z) /F/ ws(z — T)dx
+Cw(8)d L.

We now claim that
<, (4.75)

/ (= — )dT — -1 D(u)
r
holds with C' independent of 6 which implies the validity of (4.24)). In order to prove (4.75)),

we use a local parametrization of IV : let A : R — R be such that for h small enough we
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have,  + ht(z) + AM(h)n(z) € T. Note that we have [A(h)] < Coh? and [N (h)] < Coh for
h small enough. Then for § small enough,

<

/F/ o5(2 — )dT — 01D (u)

/R os(ht(x) + (0u — A(R))n(x))\/T+ N(R)2dh

_ / %(ht(x)wun(x))dh‘
R
< Co([l@sll o (V1 4 (Co8)? = 1) + ||deps]| L= Cod?) < C

Finally, we can derive the estimate (4.22)) from (4.72)) using the inequality

<06t (4.76)

/ Onps(z — 3)dT + 02 (u)
r

which proof is very similar to the one of (4.75)).
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5.1 Introduction

Triangulations and meshes are finite objects of combinatorial nature : they can be
described by a collection of vertices and of connections between these. This description
well adapted to the demonstration of algebraic results, such as the Euler formula, or for
computer processing. In contrast, many approaches towards anisotropic mesh generation
are based on a continuous object, namely a riemannian metric z — H(z), in other words
a continuous function H from the domain Q@ C R? to the set S, of symmetric positive
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-

FI1GURE 5.1 — Two triangles T" and their associated ellipse Er.

definite matrices. Once this metric has been properly designed, it is the task of a mesh ge-
neration algorithm such as [66},15,93,94] to generate a triangulation that agrees with this
metric, in a sense specified below . The purpose of this chapter is to formulate pre-
cise equivalence results between some classes of triangulations and of riemannian metrics.
This equivalence translates some geometrical constraints satisfied by the triangulations
into the form of regularity properties of the equivalent riemannian metrics.

Our results are so far limited to meshes and metrics defined on the entire infinite
domain R?, and the dimension d > 2 is fixed throughout this chapter. The choice of the
unbounded domain R? is guided by simplicity, since the curvature and the singularities of
the boundary of a bounded domain induce additional difficulties from the point of view
of computational mesh generation. Bounded domains will be the object of future work.
We denote by T the collection of conforming simplicial meshes of R¢, and we introduce
in three embedded subsets of T of particular interest

Tic CTyc CTye,

where C' > 1 is a parameter which plays a minor role. The set T; ¢ collects all isotro-
pic meshes 7 which are heuristically defined as follows : the simplices T' € 7 may have
strongly varying volumes, but their aspect ratio is uniformly bounded. The largest set
T, ¢ collects graded meshes, which only satisfy a condition of local consistency : all the
geometrical features of the simplices T" € 7 may vary strongly, volume, aspect ratio and
orientation, but two neighboring simplices should not be excessively different. The in-
termediate set T, ¢ of quasi-acute meshes, is defined by a condition which involves the
measure of sliverness S(T") of a simplex 7" introduced in Chapter [3| and also discussed in
Chapter [6] The measure of sliverness plays an important role in the finite element ap-
proximation of a function on a mesh 7 when the error is measured in the Sobolev W1»
norm.

We associate to each simplex T" a symmetric positive definite matrix Hy such that the
ellipsoid
Er={2z€R%; (2 — zp)Hr(z — zp)* < 1}, (5.1)

which is centered at the barycenter zr of T', is the ellipsoid of minimal volume containing
T. Two triangles T and their associated ellipses £ are illustrated on Figure |5.1} We give
in the explicit expression of the matrix Hr in terms of the coordinates of vertices
of the simplex T, and we discuss its main properties. The matrix Hr € S encodes the
volume, the aspect ratio and the orientation (but not the angles) of the simplex 7.

A riemannian metric on R? is a continuous map H which associates to any z € R? a
symmetric positive definite matrix H(z) € S;J. We denote by H = C°(R?, S}) the col-
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lection of riemannian metrics. The following definition introduces a notion of equivalence
between meshes and metrics

Definition 5.1.1. We say that a mesh T € T is Cy-equivalent to a given metric H € H,
where Co > 1 is a fixed constant, if for all T € T and all z € T one has

Cy?H(z) < Hr < C3H(2) (5.2)

We say that a collection of simplicial meshes T, C T is equivalent to a collection H, of
metrics if there exists a uniform constant Cy > 1 such that the following holds :
— For any mesh T € T, there exists a metric H € H, such that T and H are Cy-
equivalent.
— For any metric H € H, there exists a mesh T € T, such that T and H are Cy-
equivalent.

Our main result (Theorem [5.1.14]) states that when the constant C'is sufficiently large,
and if dimension is d = 2, the three classes of meshes T; o C T, C T, ¢ are respectively
equivalent to three classes of metrics

H; Cc H, C H,.

that are defined by precise smoothness conditions on the function z — H(z) in §5.1.3
The most striking point of this result is that, although the matrix H7 does not encode
the angles of a simplex 7', the fact that a mesh 7 € T, ¢ is quasi-acute can be translated
in a precise regularity condition on the metric H equivalent to 7.

In order to state our results more precisely we need to introduce some notations.
We first recall some notations of linear algebra. We denote by M, the collection of d x d
matrices with real entries. We denote by GL, the standard linear group, by SLy; the special
linear group and by Oy the orthogonal group

GLd = {A e My ; det A §£ O}
SLgy = {A €My ; det A= 1}
Oq4 = {UeMy; UU =1d}.

We denote by S; the collection of symmetric matrices, by S7 the subset of non-negative
symmetric matrices, and by S the collection of symmetric positive definite matrices.

Sq == {MeMy; M=M"}
S$ = {M€Sy; z2"Mz >0 for all z € R%}

For any M, M' € Sy, we write M < M'if M' — M € S7, and M < M' it M’ — M € S}.
We recall that for any M, M’ € Sy such that M < M’ and any ¢ € My we have ¢t Mg <
¢" M'¢p. Furthermore if M, M’ € S and M < M’ then M'~' < M~!. For each symmetric
positive definite matrix M € S we define a norm || - ||y on R? as follows : for all u € R?

|ull3; = u" Mu.
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5.1.1 Geometry of the simplex

We briefly recall the definition of a d-dimensional simplex, and of the collection of its
faces.

Definition 5.1.2. A d-dimensional simplex T is the convex envelope of a set V .C R? of
d + 1 vertices, not contained in a d — 1 dimensional affine subspace of R :

T = Cvx(V).
We denote by F(T) the collection of faces of T of any dimension,
F(T):={Cvx(V'); V' CV}. (5.3)

Observe that () and T are among the faces of a simplex T', since they respectively
correspond to V' = () and V/ = V. We denote by zr € R? the barycenter of a simplex T

of vertices V' I
T = m Z v,

veV

and we define a symmetric positive definite matrix Hr € S as follows

H' = % Z(U —2r)(v — 2p)". (5.4)

veV

The next proposition shows that this definition is consistent with the characterization of
Hr given in (5.1)), and gives some of the key properties of the matrix Hp. Throughout
this chapter, we denote by 7T, a d-dimensional equilateral simplex, centered at the origin
i.e. such that zr,, = 0, and having its vertices on the unit sphere. One easily checks that

M., = 1d.

Proposition 5.1.3. The following holds for any d-dimensional simplex T .
— For any an affine change of coordinates ®, ®(z) := ¢z + zy where ¢ € GLy and z
in R, we have

H@—l(T) = ¢THT¢. (5.5)
— There exists a rotation U € Oy, depending on T', such that

1

HA(T — z7) = U(Teq), (5.6)

hence
|T|\/det Hy = |Toq)- (5.7)

— We have the inclusions
{zeRY; |z —2rly, <1/d} CT CEr={2 €R?; ||z — 21|, <1}, (58)

and the these two ellipsoids are respectively the one of largest volume included in T,
and of smallest volume containing T .
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Proof: For any vertex ®*(v) of the simplex ®~!(T), we have
D (v) — zg-1r) = DM (v) — D (27) = ¢ (v — 27).

Injecting this relation in (5.4]) we obtain ((5.5)). We now turn to the proof of (5.6 and for
1

that purpose we remark that the simplices Toq and T" := HZ(T — z7) both have their
barycenter at zero, hence there exists a linear map ¢ € GL, such that 7" = ¢~ (T,,). We
thus obtain, using the formula for the transformation of Hy under affine change of
coordinates ) .
Hop = H;*HyH2 = 1d
le(:req) = ¢THTeq = (/5T¢-

Hence ¢T¢ = Id which establishes that ¢ € O; and concludes the proof of . It is
well known that the smallest ellipsoid containing T¢, is the unit ball, and that the largest
ellipsoid included in T, is the ball of radius 1/d. Combining this fact with the change of
coordinates we obtain (5.8)) which concludes the proof of this proposition. o

Note that for any simplex 7" and any z, 2’ € T" we obtain using ([5.8))
Iz = 2y < llz = 22l + 12" = 22l <1+1=2, (5.9)

and 5 . )
C—ZHH?H < diam(T) < 2[H?|| (5.10)

We introduce a measure of degeneracy p(T") € [1,00) of a d-dimensional simplex T’

p(T) =/ IIHr [l Hz - (5.11)

Note that p(T') = 1 if and only if Hy is proportional to the identity, which implies in view
of (5.6) that 7' = z7 + rU for some r > 0 and U € O,.

The measure of degeneracy p is slightly different from the measure of degeneracy
dial‘n# used in Chapters [2| and |3| but both have the same role : they are minimal for
equi{ateral simplices, and increase as the simplex becomes thinner.

The measure of sliverness S(T') of a simplex T is a quantity which plays an important
role in the context of optimal mesh adaptation for the finite element approximation of
a function in the Sobolev W'? norm, see [10,/62] and Chapters [3] and [} The measure
of sliverness is defined in Chapter [3| and illustrated by several examples and equivalent
quantities. The measure of sliverness is defined by

S(T) := inf{||d|l|l¢" || ; ¢ € GLy and ¢(T) is acute }. (5.12)

We recall that a simplex is acute if and only if the exterior normals n,n’ to any two
distinct d — 1-dimensional faces have a negative scalar product (n,n’) < 0. As observed
in Chapter , the measure of sliverness S(T') can be interpreted as the distance from T
to the collection of acute simplices.
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The exterior normals n,n’ to any two distinct d — 1-dimensional faces of Ti, satisfy
(n,n’) = —1/d, hence this simplex is acute. Recalling (5.6)) we thus obtain for any simplex
T

S(T) < p(T).

Apart from this upper bound, the matrix Hy does not contain any direct information
on the measure of sliverness S(7'). For any bidimensional triangle T of largest angle 6,
Proposition of Chapter [3] states that :

S(T) = max{l,tang}.

5.1.2 Simplicial meshes

As a starter, we recall the definition of a conforming simplicial mesh of R¢.

Definition 5.1.4. A conforming simplicial mesh of R? is a collection T of simplices which
satisfy the conformity axiom : for all T,T" € T

TNT € F(T)NnF (T, (5.13)

as well as the following properties
— (Covering) The simplices T € T cover the whole infinite domain R? :

UT:Rd.

TeT

— (Partition) The interiors of the simplices T € T are pairwise disjoint : for any
T.T €T,
int(7T) Nint(7") A0 implies T =T

— (Local finiteness) For any compact set K C R%, only a finite collection of simplices
T € T intersect K :
{TeT; KNT #0} is finite.

The conformity axiom states that the intersection of any two simplices in 7
needs to be a full common face. We denote by T the collection of conforming simplicial
meshes of R,

For an optimal efficiency, numerous numerical simulation software use anisotropic
meshes, in which the simplices may have an arbitrary shape. Anisotropic meshes are
used for instance, to create a thin layer of simplices close to a geometric feature which is
relevant in a numerical simulation. In order to avoid excessively wild meshes, one often
requires some consistency between the shapes of neighboring simplices. We therefore in-
troduce for any constant C' > 1 the class T, C T of graded meshes, which is defined as
follows.

Definition 5.1.5. A mesh T belongs to Ty ¢ if for any two simplices T,T" € T one has

TNT #0 = C?Hy < Hp < C*Hy. (5.14)
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FIGURE 5.2 — Quasi-acute triangulation (left) and refined triangulation with uniformly
bounded sliverness (right).

For any C' > 1 we also introduce the class T, ¢ of isotropic meshes, by requiring in
addition to (5.14)) that the measure of degeneracy p is uniformly bounded by C', which
forbids any anisotropy.

Definition 5.1.6. A mesh T belongs to T; ¢ if and only if T € Ty and for all T € T
p(T) < C.

In order to introduce the intermediate collection T, ¢ of C-quasi-acute meshes, we
first define the notion of refinement of a simplicial mesh.

Definition 5.1.7. Consider two meshes T,7" € T and a constant C' > 1. We say that
T is a C-refinement of T if it satisfies the following properties.

— (Inclusion) Any simplex T' € T' is contained in a simplexr T € T .

— (Bounded refinement) Any simplex T € T, contains at most C' simplices T" € T .

Definition 5.1.8. A graded mesh T € T, belongs to the collection T, ¢ of quasi-acute
meshes if and only there exists a C-refinement T' of T which satisfies for all T' € T’

S(T") < C.

In particular if 7 € T, ¢, then choosing 7' = 7, which is a C-refinement since C' > 1,
and recalling that S(T') < p(T') for any simplex T', we obtain that 7 € T, . Thus
T;c C Tyc C Ty as announced.

The constraints defining graded, quasi-acute and isotropic meshes are illustrated on
Figure [§ in the main introduction of the thesis. Figure gives an example of a quasi-
acute triangulation which by the above described refinement process leads to a slightly
finer triangulation on which the measure of sliverness S(7) is uniformly bounded.

5.1.3 Riemannian metrics

For any metric H € H := C°(R?, S)) and any path v € C'([a,b], R?), we define the
riemmannian length [y (y) by the integral

b
u(y) = / I Ol dt.
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The riemmannian distance dy between two points z, 2’ € R?, is the infimum of the length
of all paths joining z and 2/,

d(z,2') == 1inf {lg(y) ; v € C* ([0,1],R?), 7(0) = z and (1) = 2’} . (5.15)

If H H' € H are such that H(z) < H'(z) for all z € RY, then dy(z,2") < dy(z, 2) for all
2,7 € R By construction, the riemannian distance dy associated to a metric H € H is

locally equivalent close to a point z to the distance defined by the norm || - || z(.) : for all
zeR?

lin% sup |Indg(p,q) —In|lp —q|lae)| =0, (5.16)
eV pgeB(z.8)

where B(z,¢) denotes the euclidean ball of radius € around z.

Remark 5.1.9 (Riemannian geodesics). When a metric H is sufficiently smooth, a special
family of curves named Riemannian geodesics can be defined and studied. A riemannian
geodesic is a curve v € CO(R, R?) which satisfies a second order differential equation called
the equation of geodesics. This equation implies that for any sufficiently close t,t' € R
the curve Y s the path of smallest possible length joining the points v(t) and ~(t') :
du(v(£),v(t") = lu(Viee)-

Geodesics are not defined for general continuous or Lipschitz riemannian metrics, such
as those constituting the sets H and H; C H, C Hy, since the coefficients of the equation
of geodesics involve the second derivatives of the metric. Notions related to geodesics, such
as the injectivity radius of a metric, therefore have no meaning in our context. This is not
an issue for our purposes since, following the point of view of (58], we study Riemannian
distances and not Riemannian geodesics.

Definition 5.1.10. We denote by H; the collection of metrics H € H which are propor-
tionnal to the identity : for all z € R?

and such that the proportionality factor s satisfies one of the two following conditions
conditions, which are surprisingly equivalent as shown in Proposition |5.2.
— (“Additive” Lipschitz condition)
1s(2) —s(2)| < |z = 2| forall z 72 €R% (5.17)
— (“Multiplicative” Lipschitz condition)

|Ins(z) —Ins(2)| < dg(z,2) forall =z 2 €RY (5.18)

The two Lipschitz properties (5.17)) and ((5.18]) have a natural generalisation to general
anisotropic metrics but are not equivalent in that context. In order to introduce the
regularity conditions defining the classes H, and H, of metrics, we need to introduce
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two distances dy and dy on the set S; of symmetric positive definite matrices. For any
M, M’ € S we define

dy (M, M) :=min{d > 0; e?M < M' < e®M}. (5.19)

For instance, a mesh 7 is C-equivalent to a metric H, as defined in (5.2)), if and only if
for all T'€ 7 and all z € T one has

dy (H(2),Hr) < InC.

There exists various expressions of the distance dy : for all M, M’ € SJ one easily checks
that

dy(M,M') = sup |In|[ullas — Injullr|
ueRMN {0} (5 20)
= s I fJuflar = T fluflar ],
u|=1
and 1 1 1 1
@ (M, M) = In (maxc{[|M~3 M3, | M2 02 1}) (5.21)
This last expression implies that
1
do (M, M') > 5 max{ | In [ M| = I M|, [In [ M7 = Do [T} (5.22)

The exponential of the distance dyx was used in the earlier paper [66] under the name
“relative deformation”. We define a second distance d; on S as follows

_1 _1
dy(M,M') = [ M~ — M3 (5.23)

The expressions ([5.21)) and (5.23|) of the distances dx and d, show that they are res-
pectively tied to multiplicative or additive properties of matrices, which justifies their
notations. Note also that for any s, s’ > 0 one has

dy(s7%1d,s%21d) = |Ins —Ins'| and d,(s%Id, s %Id) = |s — 5'|. (5.24)

Definition 5.1.11. We denote by H, the collection of metrics H € H which satisfy the
natural extension of to general anisotropic metrics :

dy(H(2), H(?)) < dy(z,7) forall z 72 €R< (5.25)

This condition can be heuristically described as follows : a metric H € H defines
close to each point z € R? a norm || - || g(») which encodes an anisotropic notion of scale.
The equation ([5.25]) states that the metric H itself is consistent a the scale that it encodes.

Definition 5.1.12. We denote by H, the collection of metrics H € H which satisfy both
and the natural extension of to general anisotropic metrics :

dy(H(2),H(Z)) < |z — 2| forall z 2 €R% (5.26)
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In addition to the results of mesh generation presented in this chapter, we show in
the next chapter, Lemma [6.4.1] that this condition is critical in order to define a local
averaging operator compatible with Sobolev norms.

Remark 5.1.13. Let H € H, and let A > 0. Using the homogeneity properties of the
distances dy, dy on S; and dy on R? with respect to H, we obtain that NX>H € H, if and
only if

dy(H(2),H(Z")) < My(z,7) foral =z 2 €R% (5.27)

and N*H € H, if and only if we have in addition to the previous property
dy(H(2),H(Z")) < Mz —2/| forall z 2 €R" (5.28)

In particular the collections H; C H, C Hy of isotropic, quasi-acute and graded metrics
are stable under multiplication by a constant larger than one : for any * € {a,b,c}, any
H € H, and any X\ > 1 we have NX>H € H,.

5.1.4 Main results

The main result of this chapter is the equivalence of the classes of meshes and metrics
defined above, which is announced in the first part of the introduction and proved in
sections and §5.5] In two cases we were only able to establish this equivalence when
the dimension is d = 2.

Theorem 5.1.14. There exists Cy = Cy(d) such that for all C > Cy the following holds.
i) The collections T; ¢ of triangulations and H; of metrics are equivalent.
ii) If d = 2, then the collections T, ¢ of triangulations and H, of metrics are equivalent.

iii) If d = 2, then the collections T, o of triangulations and H, of metrics are equivalent.

Let us comment on this result. The theory of isotropic meshes is already well developed,
and our result i) in this direction should be regarded as a reformulation of previous work,
intended to put into perspective the results on anisotropic meshes. The main ingredient
of the proof of i) is the mesh refinement procedure exposed in [77].

In the case iii) of graded metrics the key ingredients used for the construction of
a bidimensional triangulation 7 € T, ¢ equivalent to a metric H € H, come from the
paper of computational geometry [66]. In contrast the arguments used to produce a metric
H € H, from a mesh 7 € H, ¢ hold in any dimension.

Last the author has not heard of any anterior results on the collection T, ¢ of quasi-
acute meshes, and most of the techniques used in that context are new.

Conjecture 5.1.15. The author conjectures that the points ii) and i) of Theorem|5.1.1}
hold without restriction on the dimension d > 2.

This chapter is organised as follows. We establish in section §5.2] some general pro-
perties of the metrics in H, or Hy. We first prove in §5.2.1] a property of invariance of
the collection Hy of graded metrics with respect to affine changes of coordinates. The
regularity assumptions ([5.25) and ([5.26|) defining graded and quasi-acute metrics simply
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mean that the map H : R — ST is Lipschitz with respect to some distances on R? and
S+, and we therefore study metrics from this point of view in . We focus in
on the “geometrical properties” of the space R? equipped with the distance dy and the
measure y/det H(z)dz associated to a graded metric H € H,. In particular we compare
the dg with the euclidean distance and we estimate the volume of balls.

Section is devoted to the study of metrics H € H such that the symmetric matrix
H(z) has an eigenspace of dimension at least d — 1 at each point. This condition clearly
holds if the dimension is d = 2 but is also relevant in some applications to higher dimension
such as the creation of a thin layer of simplices close to a d — 1 dimensional surface, as
discussed in in the next chapter. We give an approximate translation of the regularity
properties and defining the collections H, and H, of metrics in terms of the
two eigenvalues of H and of the direction of the eigenspaces of such metrics.

The last two sections and are devoted to the proof of Theorem More
precisely we depict in to construction of a metric which is equivalent to a given mesh.
Conversely we address in the production of an isotropic, quasi-acute or graded mesh
equivalent to a given metric H € H;, H, or H,.

5.2 General properties of graded and quasi-acute me-
trics

We study in this section the general properties of the distinguished classes of metrics
H;, ¢ H, ¢ H,. We first establish some invariance properties of these collections of
metrics with respect to affine changes of coordinates. We then regard metrics as Lipschitz
functions H : R? — S . The last subsection is devoted to the comparison of the distance
dg and the measure /det H(z)dz associated to a graded metric H € H,, with respect to
the standard euclidean distance and Lebesgue measure.

5.2.1 Invariance properties and restriction of metrics

We focus in this subsection on the properties of invariance of the collections of meshes
T;c C Ty C Ty and of metrics H; C H, C H, introduced in this chapter.

Let ® : R? — R? be an affine change of coordinates, ®(z) := ¢z + 2o where ¢ € GlL4
and 2o € R% We have for any simplex T, as previously observed in (5.5,

Hq;—l(T) = ¢THT¢. (5.29)

Mimicking this property we define for any H € H a transported version Hy € H as
follows : for all z € R?
Ha(2) = 6TH(D(2))6. (5.30)

In the language of differential geometry, the metric Hg is generally referred to as the “pull
back” of H by ®. If a mesh 7 € T is C-equivalent to a metric H € H, then and
(5.30)) clearly imply that the mesh ®~!(7) is C-equivalent to the metric Hg.

The next proposition studies the invariance of the collections T, ¢ of meshes and T,
of metrics, x € {i,a, g}, under the transformations 7 + ®~'(7) or H — Hg induced by
an affine change of coordinates .
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Proposition 5.2.1. Let ® : R? — R? be an affine change of coordinates, ®(z) := ¢z + 2z
where ¢ € GLg and zy € R, The following holds for any constant C' > 1.
i) If T € T,c then ®(T) € T,c. If H € H, then Hy € H,,.
ii) Assume that ® is an isometry, in other words ¢ € O,.
If T € T, then @ (T) € Ty, and similarly if T € T; ¢ then @ 1(T) € T, c.
If H e H, then He € H,, and similarly if H € H; then He € H;.

Proof: We first establish the properties announced for meshes, and we then focus on
metrics. Let M, M’ € S, let C' > 1 and let ¢ € GL,. Clearly

if C72M < M' < C?*M then C72¢"Mo < ¢"M'¢p < C*¢T Mo.

In view of the definition (5.14) of T, we obtain that ®~(7) € T, for any mesh
7 € T, ¢ as announced in i).

If ® is an isometry then for any simplex 7" we obtain, using the definitions and
of the measure of degeneracy p and the measure of sliverness S, that

p(@Y(T)) = p(T) and S(®YT)) = S(T).

This implies the properties of T, ¢ and T; ¢ announced in b), which concludes the proof
of the properties announced for meshes.

We therefore turn our attention to metrics. The fact that He € H, for any H € Hy
and any affine change of coordinates ® is a special case of Proposition below. We
thus admit this property and we focus on isotropic and quasi-acute metrics and isometric
changes of coordinates.

If H € H;, then H = Id /s(z)? where s : R® — R* is a Lipschitz function. Since
¢ € O% we have ¢T¢ = Id and therefore

Hy(z) = ¢" H(®(2))¢ =1d /s(D(2))*.

The map so ® : Ry — R is Lipschitz since it is the composition of a Lipschitz function
with an isometry, which establishes that He € H; as announced.
Since ¢ € O, we have for any symmetric matrix M € S, and any exponent @ € R

(6" M¢)* = oM*¢.

Consider H € H,, then for any z, 2/ € R?

|Ho(2)7 = Ho(2) 3l = ll6" (H(2(2))"% = H(@(=)}) o]
= |H(®(2))"2 — H(@(2')) 2|
< Jlo(z) — o(2)|
= lo(z— )| =z =2,

which establishes that Hg satisfies the Lipschitz regularity condition (5.26]). We already
know from the case of graded metrics that the other regularity condition ([5.25)) is satisfied
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by Hg, which establishes that Hg € H, and concludes the proof of this proposition. <

In practical applications, one often needs to mesh simultaneously a domain {2 and a
surface I' embedded in €2. In terms of metric this raises the following question : given a
metric H on ) which satisfies certain properties of regularity what is the regularity of the
restriction of this metric to I'?

The next proposition answers this question is the simplified setting where €2 is the
infinite domain R?, T" is an affine subspace of R?, and properties of regularity are those
defining the collection H, of graded metrics. For any 1 < k < d we denote by H,(RF)
the collection of graded metrics on R* (with the convention that H,(R) is the collection
Lip(R,R% ) of Lipschitz functions from R to R ).

Proposition 5.2.2. Let 1 < k < d, let ® : R* — R? be an affine injective map, ®(z) =
¢z + 20 where ¢ € Mgy has rank k and zy € R%. Let H € H and let for all z € Rk

Ha(z) = 6V H(D(2))6.
If H € H, then Hy € Hy(R").
Proof: For any u € R, one has

[l g (2) = @) | @z - (5.31)
Hence for any z, 2’ € R¥ we obtain using (5.20)),

d.(He(2), He(2")) = sup \lnl|¢(U)||H(q><z))—1n||¢(U)||H(q><zq>
ueR*\{0}

< dy (H(®(2)), H(®())

(5.32)

For any path v € C*([0, 1], R*), it follows from ([5.31)) that

1
(B o) = / 16 )@t = Lizg (7).

Taking the infimum among all paths v € C1([0, 1], R¥) joining two points z, 2z’ € R¥, we
obtain since ® oy € C*([0,1], R?) is a path joining ®(z) and ®(z’)

dg(P(2), ®(2") < dp,(z,2). (5.33)
Combining ((5.32) and ({5.33]), we conclude the proof of this proposition. o

5.2.2 Metrics as Lipschitz functions

Definition 5.2.3. Let (X,dx) and (Y,dy) be metric spaces and let f € C*(X,Y) be a
continuous function. We define the dilatation dil(f) € [0,00] of f as follows

B e sup DU )

zx'eX dX (Q:a Zﬂ/)
Az’
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We say that f is Lipschitz if and only if dil(f) < 1, and more generally that f is
A-Lipschitz if and only if dil(f) < .

We define the local dilatation dil,(f) of a function f € C°(X,Y) at a point z € X as
follows

. L L dy (f(a), f(a))
A () = il (fiote) = fing <P7QSEEC,6) dx(p,q) ) ' (534

We specify the distance function on X or Y if it is not the expected “canonical one”,
for instance if X or Y is a subset of R¥ and if the associated distance is not the standard
euclidean distance but the riemannian distance dy associated to a metric, or if X or Y is
the collection S of symmetric positive definite matrices since none of the two distances
d4 or dy is canonical. The local dilatation is in that case denoted as follows

dil,(f; dx,dy), dil.(f; dx) or dil,(f; dy).

The local dilatation dil,(f) only depends on the local properties of the metric spaces
close to x and f(x). Consider the metric space (R?, dy), where H € H is a fixed riemannian
metric, and an arbitrary metric space (Y, dy). For any f € C°(R4,Y) and any 2z € R? we

obtain using ((5.16)
T R : : :
1H (=) 7M1 72 dilo(f) < dil.(f 5 da) = diL(f; |- [ae) < VIHE) L) (5.35)
We also introduce the lower local dilatation dil%(f) < dil,(f) which is defined as follows

" dy(f(q),ﬂQ))) _

pacBxe)  dx(p,q)

e—0

dil’(f) := lim (
The next proposition establishes that local dilatations are sub-multiplicative.

Lemma 5.2.4. Let (X,dx), (Y,dy) and (Z,dz) be three metric spaces, and let f €
CY%X,Y) and g € C°(Y,Z). For any x € X one has

dil,(g o f) < dilf)(g) dil.(f), (5.36)

provided no indeterminate product O x oo or oo X0 appears in the right hand side. Stmilarly
we have

dil;(g o f) > dilj, (g) diL.(f), (5.37)
provided no indeterminate product O X oo or oo x 0 appears in the right hand side.
Proof: We first establish ((5.36)). If dil,(f) = oo or dily(g) = oo, then there is nothing

to prove. We may therefore assume that dil,(f) < oo and dily)(g) < co. For any € > 0
we define

_ dy(f(p). fla) _ dz(9(p), 9(a))
Fle) = P,ngg,a) dx(p, q) and - G(e) p,qez‘l(lfpia;)’g) dy(p,q)

we thus have

sup
P,q€B(x,¢) dx (Pa Q)



5.2. General properties of graded and quasi-acute metrics 219

Taking the limit as ¢ — 0 we obtain conclude the proof of (5.36)). For the proof of
(5.37) we consider two sequences (pn)n>0, (¢n)n>0 Which both tend to = and such that
dy (f(pn), f(qn))/dx (Pn, qn) — dil,(f) as n — co. We thus have

dz(9(f(Pn)): 9(f (@) _ dz(9(f(Pn)), 9(f(an))) | dv(f(Pn),9(f(gn)))
dx (Pn, @n) dy (f(pn), f(qn)) dx(pn,@n)

and taking the limit as n — oo we obtain (5.37)) which concludes the proof of this lemma. ¢

Let f: Q — V be a C! function, where Q@ C R? is an open set and V is a Banach
space. Then for any z € Q the local dilatation dil,(f), and the lower dilatation dil}(f)
have an explicit expression in terms of the differential d.f : R — V of f at z

dil.(f) = sup [|d.f(u)| and  dil}(f) = inf [|d.f(u)]] (5.38)

lul=1 ul=1

Applying Lemma [5.2.4] and (5.38)) to the function g = In we obtain for any metric space
(X,dx), any f € C°(X,R%) and any x € X

dil,(In f) = (5.39)

The following proposition shows that, under certain circumstances, the Lipschitz pro-
perty is a local property.

Proposition 5.2.5. Consider the metric space (R?, dy), where H € H is a fized rieman-
nian metric, and an arbitrary metric space (Y, dy). For any f € C°(RYY) and any path
v € CY([0,1],R?), 4(0) = 2, (1) = 2', one has

d(f(2), F()) < () sup dily(f: dn). (5.40)
It follows that
dil(f; dg) = sup dil,(f; dg). (5.41)
z€R?

Proof: We equip the segment [0, 1] with the distance d., defined for 0 <t <# <1 by

dy (8, ) = dy (', 1) = Ly (je)- (5.42)
Note that for any ¢t < t, < t' one has

dy(t,t") = d,(t,t.) + dy(te, ) (5.43)

The map 7 : ([0,1],d,) — (R?% dy) is clearly Lipschitz. It thus follows from Lemma m
that F:= fov:[0,1] — Y satisfies for all t € [0, 1]

dil,(F) < dilyy (f) < A= sup dilyw)(f).

0<t/'<1
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We assume that A < oo, otherwise there is nothing to prove, and we consider a fixed § > 0.
For each t € [0, 1] there exists therefore an interval V; C [0, 1] containing ¢, relatively open
in [0,1], and such that Fjy, is (A + 0)-Lipschitz. Since the segment [0, 1] is compact, there
exists a finite set Iy C [0, 1] such that

0.1 =J v (5.44)

tely

Let V, V' C [0, 1] be two intersecting intervals, and assume that F' is A+ ¢ Lipschitz on V'
and on V'. For any t € V and t' € V| there exists t, € V NV’ which satisfies t < t, <t/
ort > t, >t Recalling (5.43) we thus obtain

dy(F(t), F(t) < dy(F(t), F(t.)) + dy (F(t.), F(t'))
< (A4 0)dy(t, ) + (A + 0)d, (4, 1)
= (A+08)d,(t,1).

Thus F' is A 4+ 0 Lipschitz on the interval V' U V. Since [0, 1] is covered by the finite
collection of open intervals ([5.44]) on which F is A+ ¢ Lipschitz, we obtain proceeding by
induction that F is (A 4 0)-Lipshitz on [0, 1] and therefore

dy (f(2), f(2)) = dy (F(0), F(1)) < (A +0)d;(0,1) = (A + 6)ln (7).

Letting 6 — 0 we obtain (5.40). Taking the infimum of among all paths vy €
C*([0, 1], R?) joining the points z and 2’ we obtain dy (f(2), f(2')) < Adg(z, 2'). Therefore
dil(f; dy) < X. Conversely we have dil,(f; dy) < dil(f; dy) for any z € R? which esta-
blishes and concludes the proof of this proposition. o

The next corollary shows that the global dilatation of a function is controlled by the
local dilatation on R%\ T, if T is a sufficiently thin set. For instance the skeleton UperdT
of a mesh 7 € T.

Corollary 5.2.6. Let I' C R? be a set which has the following property : for any path
v € CH([0,1],R?) there exists a sequence of paths (Vn)n>0 which converges to~y in C* norm
and such that {t € [0,1] ; v,(t) € T'} is finite for each n.

Let H € H, let (Y, dy) be an arbitrary metric space, and met let f € C°(R?Y). Then

dil(f; dg) = sup dil.(f; dpu).
2€RI\D
Proof: We denote A := sup,cga\r dil,(f). We consider two points z, 2’ € R? and a path
v € CY([0,1], R?) such that v(0) = z and (1) = 2.
We first assume that the set {¢ € [0,1] ; (¢) € '} is finite, and we denote its elements
by t; < -+ < t. We set by convention t; = 0 and t4,; = 1. For each 0 < i < k and
each ¢,t" such that ¢; <t <t < ;41 we have dy (f(v(t)), f(v(t))) < Mu () according

to Proposition Letting ¢t — t; and t' — t;11 we obtain dy (f(v(t;)), f(v(tix1))) <
M b (Vs ti41])- Adding up we obtain

dY(f(Z)v f(zl)) < Z dY(f(’Y(ti))a f(’}/(tzdrl))) <A Z lH(’y[tiyti+l]) = )‘ZH(’)/)

0<i<k 0<i<k
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We now consider the case where v meets the set I' an infinite number of times, and
we choose a sequence (7,)n>0 as described is the statement of the corollary. We obtain
dy (f(7(0)), f(7(1))) < Mlp () for each n > 0. Taking the limit as n — oo we obtain
dy (f(2), f(z")) < Mg(v) since v, converges to v is C! norm as n — oo.

Taking the infimum among all paths v € C*([0, 1], R¢) joining the points z and 2/, we
obtain dy (f(2), f(2")) < Adg(z, 2") which concludes the proof of this proposition. o

The next proposition establishes that the regularity conditions (5.25) and (5.26]) defi-
ning the collections of quasi-acute or graded metrics are equivalent in the case of a metric
proportionnal to the identity.

Proposition 5.2.7. Let s € C°(R?, R%) and let H :=1d /s*. We have for all z € R?
dil,(Ins; dg) = dil.(s). (5.45)

Furthermore the following properties are equivalent.
1. The map s : R* — R is Lipschitz. (i.e. H € H;)
2. (“Additive” Lipschitz property) For all z, 2" € R% one has d(H(z), H(2")) < |z —2'].

3. (“Multiplicative” Lipschitz property) For all z,2' € R one has d(H(z2), H(2')) <
dy(z,2).

Proof: Combining and we obtain for any z € R?
dil,(Ins; dy) = s(2) dil,(Ins) = dil,(s),
which establishes . According to (5.24) we have for any z, 2’ € R?
dy(H(2),H(2")) =|s(2) —s(z")] and dy(H(2),H(z")) = |Ins(z) —Ins(z)].
The properties 1. and 2. are thus equivalent to dil(s) < 1, and therefore also to :
dil,(s) <1 for all z € RY, (5.46)

according Proposition |5.2.5| applied to the constant metric Hy = Id and to the function
f = s. On the other hand property 3. is equivalent to dil(lns; dy) < 1, and thus to :

dil,(Ins; dg) < 1 for all z € R?,

according to Proposition [5.2.5| applied to the metric H and to the function f = Ins.
This property equivalent to (5.46) according to (5.45)), which concludes the proof of this
Proposition. o

The next corollary uses Proposition to analyse the regularity of the first and last
eigenvalue of a metric.

Corollary 5.2.8. 1. For any H € Hy, the map z — |H (2)||"2 is Lipschitz.
2. For any H € H,, the map z — ||H(z)"2|| is Lipschitz.
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Proof: We first establish Point 1. We consider H € H, and we define s(z) := |1H (2)||"2

and
Id

7 = 12 ()] 1d,

for each z € R%. Since H(z) < H'(z) for all z € RY, we have dy(z,2") < dy/(z,2') for all
z, 2" € R Tt follows that, using (5.22)),

|Ins(z) — Ins(2)]

% | H(2)| = In||H)]|
dx(H(2), H(?))

dg(z,2")

dp (2, 7).

Applying Proposition to the metric H' we obtain that H' € H;, and therefore that
s is Lipschitz as announced.

VANRVANVAN

The proof of Point 2. is more straightforward, since for any metric H € H, we have

IEG) 20 = 1) | < 1H () - B <)z - 2]

for all z, 2" € R? which concludes the proof of this corollary. o

Our last proposition studies the local dilatation of the maximum and the minimum of
two functions.

Proposition 5.2.9. Let (X, dx) be a metric space and let A\, € C°(X,R). Let v :=
min{\, u} and I' := max{\, u}. Then for allx € X

max{dil,(7), dil,(T")} < max{dil,(X),dil,(x)}. (5.47)

If (X,dx) = (R, dg), where H € H is a riemannian metric, then the above inequality is
an equality

max{dil,(v; dg), dil,(T'; dy)} = max{dil,(\; dg), dil.(1; du)}- (5.48)
Proof: We have for any p,q € X,

v(P) — (@) = |min{A(p), u(p)} — min{A(q), u(q)}|
< max{|\(p) — Mq)|, |u(p) — p(g)]}-

For any x € X and any € > 0 we thus obtain

, Iv(p) — v(q)]
dil(VB(ze) = sup —————
o) p,qEB(x,€) dX(p7 )
< sy 2dMe) ~ A9 |mp) — plo)l}
p,q€EB(z,¢) dx (p, Q)
A A _
e{ oy DONDL b))
P,q€B(z,¢) (paQ) p,q€B(z,¢) dX(p7Q>

= max{dil(/\|B(x7a)),dﬂ(HIB(m))}'
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Letting ¢ — 0 we obtain dil,(vy) < max{dil,()),dil,(x)}. Proceeding likewise for I' we
conclude the proof of ([5.47)).

We now turn to the proof of ([5.48)). For that purpose we consider a fixed ¢ > 0 and
we define

K = max{dil(7@e); || - @), AT |B@e; |- 1#2@)}

where B(x,¢) stands for the euclidean unit ball of radius € centered at x. Consider two

points p,q € B(z,e). If A(p) > p(p) and A(q) > u(q), or if A(p) < u(p) and A(g) < u(q),
then

IAp) — Mg)| = max{|y(p) —v(q)],|T(p) — T'(q)[}
Kllp = qll )

IN

Otherwise if A(p) > u(p) and A(q) < u(q), or AM(p) < u(p) and A(q) > u(q), then there
exists a point r on the segment [p, ¢] such that A\(r) = u(r). We thus have

IA(p) = AMg)l < max{|y(p) —v(r)],IT(p) = T(r)|}
+max{|y(r) —v(q)|,[T'(r) = T(g)[}
< Klp=7lg@ + Klr —dlloe = Klp — dlaw

If follows that dil(Ap(.); || - ||H(@) < K, and letting ¢ — 0 we obtain

dily (A; [ - | @) < max{dila(v; || - [|#@)), dile(T; || - [|#@)}

Recalling that dil,(f; dy) = dil,(f; || - || () for any f € C°(R% R) and any x € R%, see
(5.35), we obtain dil,(X\; dy) < max{dil,(y; dy), dil,(I"; di)}. Proceeding likewise for p
we obtain ([5.48)) which concludes the proof of this proposition. o

5.2.3 Geometric properties of the space (R?,dy)

We focus in this subsection on the “geometrical properties” of the space R? equipped
with the distance dy and the measure \/det H(z)dz associated to a graded metric H € H,,.
The next proposition compares the riemannian distance dy between two points z and z+u
with the norm ||ul|z.) of their difference.

Proposition 5.2.10. Let H € H, and let z € R?. For all u € R? one has
(L + ) < dar(z, 2 +w) < —In(1 = [lull ), (5.49)

where the right hand side equals co by convention when |lu|| gz > 1.

Proof: We consider a path v € C1([0, 1], R%), and we define for each ¢ € [0, 1]

1) = [ 17 Ollcondr, (5.50)
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Since H € H, we have for any ¢ € [0, 1]
exp(—2dpy(2,7(1))) H(z) < H(v(1)) < exp(2dn(z,7(1))) H(2).
Therefore, since dy(z,y(t)) < I(t),
exp(—21(t))H(z) < H(v(t)) < exp(21(t))H(2).

It follows that

1 Ol exp(=1@) < V) = 1V (Ol ew) < 17 @l exp((t),
hence

L exp(—1(1)) < W (D)l ey < < explll). (5.51)

We have
lullires = (1) = (O]l / I Ol (5.52)

with equality if v(t) = z + tu for all ¢ € [0,1], i.e. v is a straight line. For that specific
path v we obtain

lellaiy = [0/ @llaode = = [ (G exp-10)) de =1 = expl-t)

Rearranging the terms we obtain the right part of ((5.49) :
di(z, 2z +u) <lg(y) < —In(1 = [Jul| ).

We now consider an arbitrary path 7 joining z and z 4+ v and we obtain integrating the

right part of (5.51]) and recalling (5.52))
1 1 d
fullacy < [ 17Ol < [ (5 explte)) de = expat) - 1,
0 0

which is equivalent to lg(y) > In(1 + |lu|/f(.)). Taking the infimum among all paths
v € C([0,1],R?) satisfying v(0) = 2 and (1) = z + u, we obtain the left part of (5.49)),
which concludes the proof of this proposition. o

We discuss in the rest of this section the consequences of the comparison of the
riemannian distance dg with the distance associated to the norm || - || ;) when H € H,,.
Combining the right part of with the expression of the distance d, we obtain
an estimate of the local variations of the norm || - ||, associated to the metric H at a
point 2 : let H € Hy, and let z,u,v € R? be such that |Jul|g) < 1, then

(1 = llullze)vlle < lolrern < Q= lullae) " olae- (5.53)

Note also that

(1 = Nlull o)) /det H(2) < v/det H(z +u) < (1 — |Jul|g()) " *\/det H(2). (5.54)
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Another important consequence of is that for any z € R? and any r > 0 the closed
ball {2' € RY; dg(z,2') < r} for the distance dy, is a closed and bounded subset R?,
hence is compact.

The following example establishes that is a sharp inequality. The metric H

defined by

Id
HE =

belongs to H; since z — 14 |z| is Lipschitz, hence H also belongs to H, and H,. For any
v € RY, one easily checks that the path of minimal length joining 0 to v is the straight
line, and that

di(0,v) = In(1 + |v]).

Choosing z = 0 and u = v we obtain that the left part of (5.49)) is sharp
In(1 + |||l #)) = In(1 + |u|) = dx (0,0 + u).
Choosing z = —v and u = v we obtain that the right part of (5.49) is sharp

o ul
1+ |ul

—In (1 = |Jullg(-w) = —In (1 ) =In(1+ |u|) = dp(—u, —u + u).

The next corollary uses Proposition [5.2.10] to obtain a lower bound for the mass of
balls in the measure z — (/det H(z)dz associated to a graded metric H € H,. For any
metric H € H, any z € R? and any r > 0 we define the ellipse

Bu(z,r) = {z+u; [lulne <7},

and we observe that )
|Br(z,7)| = wrd(det H(2))"2

where w denotes the volume of the standard euclidean ball of radius one.
Corollary 5.2.11. There exists ¢ = c¢(d) > 0 such that the following holds. For any
H e H,, anyr > 1 and any z € R? we have

/ Vdet H > clnr. (5.55)
B (z,r)

Proof: It follows from Proposition [5.2.10|that dg (29, z) > In(r + 1) for all z € 0By (z, 7).
We define the integer

= [0 -4],

and we consider k points z1,--- , 2, € E such that dy(zo,2;) =i for all 0 < i < k. We
define rg := 1 —e72 = 0.39--- in such way that —In(1 — ro) = 1/2. We have according

to (5.54) for all z € By(z;, 1)
det H(z) > (1 — ||z — zil i)/ det H(z;) > (1 — r9)%\/det H(z;). (5.56)
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For any z € By(z;,r9) we have
1
dy(20,2) < dp(z0,2) +dy(zi,2) <i—In(1 —ry) < k+ 5 <In(r+1),

which implies that By (z;,r0) C By(z,r) for all 0 < i < k. Furthermore for any 0 < i <
Jj <k, z€ By(z,ro) and 2’ € By(z;,19) we have

dH<Z7Z,) Z dH(ZZ, Zj) — dH(ZZ‘,Z) — dH(Zj,Z/) > |dH(Z(),ZZ) — d(Z(), Zj)| —I— 21I1(]_ — ’f’o) = 0,
hence By (z;,70) N Bu(z;,10) = 0. It follows that

/ vdet H > Z/ vdet H
By (z,r) B

o<i<k * Br(ziro)

Z (1 —ro)*/det H(z)|Bg(zi,70)|
0<i<k

wri(L—ro)*(k+1)

co(In(r +1) —1/2),

Vv

v

where ¢y := wrd(1 — ro)?. Since r > 1 we have

1 In(r+1) 1 1 1
nr4+1)—=> (T _ 2 1 n(r+1)> (1— 1
a(r+1) 2—( 2102 2)+( 21n2) n(r+ )—( 21n2> nr

which concludes the proof with ¢ = (1 —1/(2In2))cy. o

5.3 Metrics having an eigenspace of dimension d — 1
at each point

We focus in this section on metrics H € H such that the symmetric matrix H(z) has
an eigenspace of dimension at least d — 1 at each point z € R?. Note that this condition
clearly holds if the dimension is d = 2, but is also relevant in some applications to higher

dimension as illustrated in §6.3| of the next chapter. The main result of this section is

Theorem which characterises those of these metrics which belong to H, or Hy in
terms of the regularity of their eigenvalues and of their eigenvectors.

We denote by S := {# € R?; || = 1} the euclidean unit sphere of R? equipped with
the distance

ds(6,0') := arccos((0,6')).
We denote by A the space of parameters

A:=Ri xR} xS,
and we define a map S : A — S as follows

S\, 1, 0) := X" + p(1d —667). (5.57)
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The matrix of S, in any orthonormal basis B of R? which begins with the vector 6, has
the following form

A
0
[S()‘nuae)]B = 0

- OoOr® ©
o T oo

We also define for any a = (\, p1,0) € A
H(a) := S(a) 2 = \200" + p2(1d —06™).

For any metric H € H and any z € R? we denote by dil,(H)x and dil,(H), the local
dilatations at z associated to the Lipschitz conditions (5.25)) and (5.26]) defining H, and
H,:

AL (H)y == dil.(H; dy,dy) and  dil,(H), = dil,(H; d.). (5.58)

Let Q C R? be an open set, let a € C°(Q, A), a(z) = (A(2), u(2),0(2)), and let z € Q be
such that A(z) # p(z) or dil, () < co. We define

D.(a)y := max {dﬂz(ln A dy), dil,(Inu; dy), %‘222 - % dil, (0; dH)}, (5.59)
and
D(a)y := max{dil.(}), dil.(p), [Mz) — p(2)]dil=(0)} . (5.60)

Note that these quantities are not defined if A\(z) = p(2) and dil,(0; dg) = oo simulta-
neously, since an indeterminate product 0 x oo appears in ((5.59) and (5.60)).

Theorem 5.3.1. Let H € H. Assume that there exists an open set  C R? and a
continuous function a € C°(Q, A), a(z) = (A (2), u(2),0(2)), such that H = H o a on .
For each z € Q such that \(z) # u(z) or dil,(0) < co one has

2D.(a)« (5.61)

<
< 2D.(a)s. (5.62)

The rest of this section is devoted to the proof of this theorem and to Corollaries|5.3.5
and|[5.3.6l Our first intermediate result in the proof of Theorem defines and estimates
a quantity A(a,b,c) which appears repeatedly in the rest of the proof.

Lemma 5.3.2. For each a,b,c € R we define

o o R
o0 o
S o O O

Ala,b,c) = 0 : (5.63)

Then
max{|al,[0],]c|} < A(a, b, c) < 2max{|al, [b], |c[}. (5.64)
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Proof: We consider fixed values of a, b, c € R and we denote by M the matrix appearing
in (5.63), in such way that A(a,b,c) = |[M|]. We also define A := max{|al,|b|,|c|}. We
have
A(a’ b, C) = ||M|| > max |MZ]| =\
1<i,j<d

which establishes the left part of (5.64). For all p € [1, 00| we denote by {? the usual norm
on R? of exponent p. We have

| M||100 10« = max E |M;j| <2\ and ||M|p_p = max E | M;;| < 2A.
1<i<d 1<j<d
1<j<d 1<1<d

By interpolation we thus obtain

”MH = “MHl2—>12 < \/HMHll_)ﬂHMHlooHloo < 2,
which concludes the proof. o

The parameter space A =S x R% x R is a differential variety, and the regularity of
functions defined on A should be seen through local charts. For each a = (\, u, 0) € A we
introduce a local chart v, of a neighorhood of a in A.

Vg 1 (=X, 00) X (—=p,00) x (B(0,w)N L) — A, (5.65)

where 0+ := {0 € R?; (0,0) = 0} denotes the space orthogonal to #, and B(0,7r) the
open euclidean ball of radius 7v. We define

Yo (A, M,rO) := (A+ A, p+ M, cos(r)f + sin(r)0),

where |©] = 1. Note that v, is one to one and that ds(6, cos(r)f + sin(r)0) = r.
Let V be a banach space. We say that a function ¢ : A — V is C* if for any a € A
the function ¢ o1, is C*. In that case for any a € A we define the differential

dap(A) :RxRx 0+ =V

by the formula

dup(A) = do(p © ) (A) = Tim £2¥altA) = (@)

t—0 t

Proposition 5.3.3. Define V, := Sy, equipped with the standard norm ||-||, and p4 =S
on A. Then for all a,b € A we have

di(H(a), H(b)) = llp+(a) — @1 (0)]. (5.66)

Furthermore ¢, € CY (A, V) and for alla = (\,,0) € A and all A = (A, M,r®©) € T, A,
with |©| = 1, we have

"da(PJr(A)HOO = A<A7 <)‘ - U)Tv M)
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Proof: The identity (5.66) directly follows from the fact that H(a)™2 = S(a) = ¢, (a),
and from the definition ((5.23)) of d, . The function ¢, = S is C! (in fact C*), since it has

a polynomial expression
S\, 1,0) := NOT + (1 — 067).

We consider a fixed point a = (A, u,0) € A, and A = (A, M,r0) € T, A, where [O] = 1.
We thus have for t € R

SWa(tA)) = (A+tA) (0 +trO)(0 + trO)T
+(p 4 tM)(Id — (0 + trO) (0 + trO)T) + O(+?)
= S\ 1, 0) +t(AOGT + M(Id —00") +r(\ — p) (00T +00M)) + O(?)
Therefore

d,S(A) = AOOT + M(Id —00") +r(\ — ) (00" + 66™T). (5.67)

Choosing an orthonormal basis B of R? which begins with the unit orthogonal vectors 6
and ©, we obtain

A r(A—p) 0
r(A— ) M 0o ---
[duS(A)]ls = 0 0o M 0 |
. . 0
which concludes the proof of this proposition. o

Proposition 5.3.4. Define V, := C°(S,R), equipped with the || - ||o norm, and define
oy : A— V. as follows : for any a € A

px(a) = (u = Influfl)-

Then for all a,b € A we have

lox (@) = ox(b)lloo = dx(H(a), H(b))- (5.68)
Furthermore o, € CY(A,Vy) and for alla = (A, u,0) € A and all A = (A, M,rO) € T, A,
with |©] =1, we have
AN r/(XN pu M
dooe (Al = A (2 (2 F) 2 ,
o)l =5 (5. 5 (3-%) ) (5.69)

Proof: The expression (5.68|) immediately follows from the expression (5.20) of the dis-
tance dy. It is well known that the inverse map Inv : GL; — GL; is C* and has the the
following differential : for any ¢ € GLy and any ® € M,

dyInv(®) = ¢~ ' e .
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Since § : A — S is C', as observed in the proof of Proposition m, the composition
InvoS: A — S} isalso C', and for any a = (A, 1,0) € A and any A € R x R x ¢+

d,(Inv 0 8)(A) = S(a)"1(dyS(A))S(a) .

For any u € S we have
_ 1 _ _
In oy = In [S(a) ]l = 5 In ((S(a) ", S(a)"w)

Therefore, again by composition,

1
2[|S(a)~ ul?
+(S Ha)u, S(a)"H(daS(A)S™ (a)u))
(G(a, A)v,v)

il

da(In [Jul)(A) ((S(a) " (dS(A)S (a)u, S~ (a)u)

where v = §7!(a)u. The function G has the following expression : for any a = (), i, 0) €
R* x R x S and any A = (A, M,r0) € R x R x 6+, where 0] =1,

S(a) (doS(A)) + (d,S(A))S(a)~!

2
A M
= 00T+ (Id—00") + - (2 - %) (90" +00"),

A W 2
where we used the explicit expression (5.67) of d,S(A), and the fact that §T© = 0.
Choosing an orthonormal basis B of R? which begins with the unit orthogonal vectors 6
and O, we obtain

G(a,A) =

>|=>
NI
/N
=I>
|
>=
——

Glaans= | 50

>I=

N—

o x|
o Tl o o

o

The map @ is differentiable, as the composition of differentiable maps, and d,(p«(A)) is
the element of V, := C°(S,R) defined by u — d,(In ||u|/+)(A). Therefore

G(a, A
o)l = sup { LA e 5,0 = 00
= [|G(a, A)],
which establishes ([5.69)) and concludes the proof of this proposition. o

We now consider a fixed z € ) and we remark that

dil,(H)x = dil,(Hoa)x = dil,(¢x o a; dy).
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Therefore, according to Lemma for any norm || - [|4(.) defined on the tangent space
R x R x 0(2)* to a(z) € A we have

d113(90+ © 77Z}a(z)§ H : Ha(z)) dﬂz(@bg(i)a; dH7 H : ”a(Z))
< dil,(H)« (5.70)
< dilp(p 0 Yae); || - Ha(z))dﬂz(%_(lz) oa; dy, ||+ [lacz))

provided no indeterminate 0 x oo or oo x 0 appears on the first and last term of this
inequality.

We first consider the case where \(z2) # u(z). For each @’ = (X, i/, 0") € A we define a
norm || - || on the tangent space R x R x 8% to A at the point a’ : for all A = (A, M,0) €
R xR x 6+

o1}

dﬂz(w;(lz) ©a; dHa || ' Ha(z)) = Dz(a>>< (571)

According to Lemma and Proposition we have for any o' = (N, 1/, 0') € A and
any A€ R xR x §+

[Allar < lldaox (A)lloc = lldo(@x © Yar)lloc < 2|| Allar-
Since ¢, is C* it follows from that
1 < dilg(ox 0 Yars || - lar) < dilo(0x 0 Yar; || - Jlar) < 2.
Combining , and the last inequality we obtain
D.(a)y <dil,(H)x <2D,(a),

Al [M] 1

N2

XK

w N

Al = m{

We have by construction

which establishes the announced result (5.61)) in the case A(z) # u(z). A similar reasoning
establishes the counterpart ([5.62)) of this inequality for the distance d..

We now consider the case A(z) = p(z). For any ¢ > 0 and any o' = (N, p/,0') € A

such that N = u/ we define a norm || - ||, on the tangent space R x R x #'* to @’ in A
as follows : A M

HAHa’,s = max {77 7, 6”@”} .
This modification is required because the original norm || - ||, used in the case N # ' is

only a semi-norm when A\ = p/. Reasoning similarly to the case A(z) # pu(z) we obtain
the upper bound

dil,(H)y < 2max{dil,(In \; dg), dil.(Iny; dy), €dil.(0; dg)} .

Since A(z) = u(z), the assumptions of the theorem state that dil,(6; dy) < oo. Since
e > 0 is arbitrary we thus obtain

dil,(H)« < 2max{dil,(In X; dy), dil,(Inu; dg)} = 2D,(a)«.
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We now turn to the lower bound on dil,(H),. For that purpose we define the functions
v :=min{\, u} and T' := max{\, u}. For all z, 2’ € Q we have according to (5.22))

4 (H(2), H(=)) = mas{ | In(z) — Iny(=)], [ I T(2) — In D(")
Therefore
dil,(H)y = dil,(H; dx, dg) > max{dil,(Inv; dg), dil.(InT"; dg)}.
Hence according to Proposition [5.2.9
dil,(H)y > max{dil,(In \; dg),dil,(In; dy)} = D.(a)x.

We have thus obtained D,(a)x < dil,(H)x < 2D.(a)x. Proceeding likewise we obtain
D.(a)4 < dil,(H)+ < 2D,(a), which concludes the proof of Theorem [5.3.1}

Our first corollary compares D,(a), with the dilatation dil,(0).
Corollary 5.3.5. Under the hypotheses of Theorem we have

[A(z) = u(2)] dil(0) < 2D.(a)x

Proof: We have according to (}5.35)

IN
X
N
~
|
=
N
~

[A(z) = u(2)] dil.(6)

)
@y !

|
VR
iE
"
—
=
N

) dil, (6; dy)

Az)  p(z)
< — dil,(0; d
PER e
< 2D.(a)«
which concludes the proof. o

The next corollary shows how to construct a quasi-acute metric from a graded one.
Let M € S;and let U € Oy and A\, -+, A\q € R be such that

M = U diag(\y, -+, \)U, (5.72)

where diag(Ay,- -+, A\g) denotes the diagonal matrix of entries Ay, -+, Ag. For any @ € R
we define the matrix max{a, M} € Sy as follows

max{a, M} := U" diag(max{a, A\ }, - - ,max{a, \g})U, (5.73)

and we observe that max{a, M} does not depend on the choice of the matrix U and on the
order of the eigenvalues A1, - - - , Ay in the decomposition ((5.72)) of M. For any (\, u,6) € A
and any s > 0 one has

max{s %, H(a)} = min{s, \} 200" + min{s, u} *(Id —06™"). (5.74)
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Corollary 5.3.6. Let H € H be such that H(z) has an eigenvalue of multiplicity at least
d—1 for all z € R%. We define s : RY = R* and H' € H as follows : for all z € R?

s(z) = inf |z—2|+ ||H(z')_%||,
2'€RY
H'(z) = max{s(z)"? H(2)}.
If H € H,, then 4*H' € H,,.

Proof: We first observe that s : R? — R* is Lipschitz and that s(z) < |H (2)"z| for all
z € RY. For each € > 0 and each z € R? we define

H.(z) := max{e*s(z) "%, H(2)}.

Consider a fixed point z € RY. If H(z) is proportional to Id, which means that
|H (2)||"2 = ||[H(2)"2]|| > s(z), then H. = ¢*Id /s2 on a neighborhood of z. This implies
according to ([5.45))

dil,(H.)x = dil,(H.), =dil,(e7%s) < e © < 1.

On the other hand if H(z) is not proportional to Id then there exists a € C°(R% A),
a(z) = (A(2),u(2),0(2)) such that H = H o a on a neighborhood of z, and D,(a)x < 1
according to Theorem We have according to (5.74]) on the same neighborhood of z,

H. = Hoa. =min{e s, A\} 200" + min{e s, u} ~*(I1d —06"),

where a. = (min{e s, \}, min{e s, u},0) € C°(R?, A).
We define H! := e¢*1d /s? and we observe that H. > H! and H. > H, hence for any
p,q € R

du.(p,q) > max{dy(p,q), dui(p,q)}.
It follows from Proposition that

dil,(Inmin{e~%s, A\}; dpy.) max{dil,(In(e”%s); d
max{dil,(In(e"%s); ng) (ln)\ di)}
max{dil, (e %s), di

max{e 1} =1,

(VAN VAR VARVAN

where we used Proposition and Theorem in the third line. Proceeding likewise
for the other eigenvalue of H. we conclude that

dil,(Inmin{e™®s,A}; dy.) <1 and dil,(Inmin{e °s, u}; dp.) < 1. (5.75)

One easily checks that

min{e *s,A\} min{e s, u} < ‘/\ i

min{e~¢s,u}  min{e—cs, A}
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using that t — t/p — 11/t is increasing on R . Therefore

min{e s, \} B min{e s, u} dil, 1 ‘2 'I;\ dil,(0; dy) < 1.

1
= 0; duy.) < =
2 |min{e—°s,pu}  min{e=s, A\} (6; dun.) < 2

Combining the last estimate with (5.75)) we conclude that D,(a.)x < 1 and therefore
dil,(H.)x < 2 according to Theorem m
Our next objective is to estimate dil,(H.),. Let us assume that A(z) < u(z), then

dil,(min{e~%s,A\}) < max {dil.(e""s), dil.(A) }

o dil,(\; dpr)
max{dllz(e s), min{)\(z),u(2>}}

max {dilz(€€5)7 W}

max{e °, dil,(In \; dy)}

max{e °, 1} =1,

IN

IN A

where we used in the second line. Still assuming that A\(z) < u(z), we have s(z) <
|H(z)"z|| = pu(z) by construction of s, which implies that min{e s, u} = e s on a
neighborhood of z, and therefore dil,(min{e~¢s,u}) = dil,(e °s) < e~® < 1. Proceeding
similarly if A\(z) > u(z) we also obtain

dil,(min{e™s,A\}) <1 and dil,(min{e s, u}) < 1. (5.76)

We now focus on the local dilatation of the orientation 6, and for that purpose we observe
that

|min{e™"s(2), A(2)} — min{e™"s(z), u(2)} < [A(2) — p(2)].
Therefore according to Corollary

| min{e "s(z), A(2)} — min{e “s(z), u(2)}| dil. () < 2D.(a)x <2
Combining this with (5.76)) we obtain D, (a.); < 2 and therefore dil,(H.) < 4.

The above arguments show that dil,(H.)y < 2 and dil,(H.); < 4, which implies that
2°H. € H, and 4°H. € H, according to Proposition and Remark [5.1.13] Hence for
any z,2 € R?, since H, < e*H’,

dy(H.(2), H.(2')) < 2dg.(z,2') < 2e%dyi(2,2") and dy(H.(2), H.(Z")) < 4]z — 2/|.
Letting ¢ — 0 we obtain
dy«(H'(2), H (') < 2dg(2,2") and d (H'(2),H'(?)) <4|z 7|

Therefore 4°H € H, according to Remark [5.1.13| which concludes the proof of this corol-
lary. o
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5.4 From mesh to metric

The techniques presented in this section show how to produce an metric H € H;, H,
or H, from an isotropic, quasi-acute (in two dimensions), or graded mesh 7. These results
are summarized in Proposition below.

Combining this proposition with its counterpart Proposition in the next section,
on the generation of a mesh from a metric, yields the main result of this chapter, Theorem
, which states the equivalence of the classes T; o C T, C T, of meshes and
H, C H, C H, of metrics.

Proposition 5.4.1. For any Cy > 0 there exits C = C(Cy,d) such that the following
holds :

i) For any T € T, ¢, there exists H € H; which is C-adapted to T .
ii) If d =2, then for any T € T, ¢, there exists H € H, which is C-adapted to T .
iii) For any T € Ty, there exists H € Hy, which is C-adapted to T .

The rest of this section is devoted to the proof of this proposition. For any mesh 7 € T,
and for any vertex v of 7, we denote by nz(v) the number of simplices in the mesh 7°
containing v :

nr(v) =#{T €T ;,veT}.

We denote by H} € H the piecewise linear metric on the mesh 7" which satisfies for each

vertex v of T
1
Hi(v) = E Hr. (5.77)
’ nr(v) TeT
s.t. veT

The next lemma establishes a property of the barycentric coordinates on a simplex,
which is useful for the analysis of the regularity of a piecewise linear function on an
anisotropic mesh, such as the metric H¥.

Lemma 5.4.2. Let T be a simplex and let V' be the collection of vertices of T'. Let (\y)vev
be the barycentric coordinates on T. Then for all z,z' € T

, d+1 ,
Iz = 2l = —= > Mul(2) = X&) (5.78)

veV

Proof: We first assume that 7" is the reference equilateral simplex T,,. For any two vertices
v,v" in the collection V., of vertices of T, one has

N 1 ifvo=uv/
v, ) = { —1/d ifv#. (5.79)

Indeed |v| = 1 by construction for any vertex v of T, and for any v € V,, distinct from
v the scalar product (v,v’) has a value « independent of v and v" by symmetry. Since Tt
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is centered at the origin we obtain 0 = (v, >~ - v') = |[v]* + da which establishes (5.79)).
We thus obtain for any z, 2" € T,

2= 2P = )0 (l(z) = M)

= > G =M - Cll D u(z) = M@Z)Awr(2) = A ()
VEVeq vF£v!

Therefore
1 1
(i (R DO CES RS D SRNEEPYEN
vEVeq vE€EVeq

which concludes the proof in the case of Tiy since Hr,, = Id and since the barycentric
coordinates of z and of 2’ sum to 1.

We now consider an arbitrary simplex 7" and an affine change change of coordinates
® such that ®(T) = T., ®(2) = ¢z + 29 where ¢ € GLy and z, € R%. We have Hr = ¢ ¢
according to ([5.5)), hence for all z, 2" € T

|[B(2) — ()] = [é(z = )| = Iz = 2|2

Furthermore the barycentric coordinates of z and 2’ in T" are the same as those of ®(z)
and ®(2’) in ®(T") = T,y. This implies (5.78)) and concludes the proof of this lemma. ¢

The next proposition immediately implies Point iii) of Proposition [5.4.1} Indeed for
any mesh 7 € T, ¢, the metric dC3°HS belongs to H, and is C8+/d equivalent to 7.

Proposition 5.4.3. For any T € T, ¢, the metric Hy is Cy-adapted to T, and dC;°HS €
H,.

Proof: We consider a simplex T" € 7, and we recall that for any neighbor 7" of T" one has
Cio*Hyr < Hp < CiHr.
Averaging these matrices as in we obtain for any vertex v of T’
Cy*Hy < HY(v) < C3Hy. (5.80)
Averaging with respect to the barycentric coordinates of a point z € T" we obtain
Cy*Hr < H3(2) < C2Hr, (5.81)

which establishes as announced that the metric HY is Cp-adapted to 7.
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We now establish the regularity property of HY, and for that purpose we consider two
points z, 2z’ € T and a vector u € R?\ {0}. We thus have

||u||§-[,§.(z) B 2 vev /\U(Z)||U||§{g(v)
||U||fqg(z/) 2 vev AU(Z/)HUHI%{%(v)
er () = M)l
SRS E) PR
s or ey D) = M)
2 vev Mo(?)

< 1+ 0§\/<d+ DY u(z) = A(2)]?

veV

= 1+ CovVd||z — 2|3,
where we used ((5.80)) in the third line, the Cauchy-Schwartz inequality in the fourth line,
and Lemma in the fifth line. Proceeding similarly for [|u|gg ./ ||u[ g (-) We obtain
G (), HEE) = ma|n g = fullnge

1
< 51+ Cgvdllz = 2llny)

Cavd
2

Hence according to (5.81)) and (5.35)) for all z € int(7")

QL (H)x = dil(H; do, |- ) < Codil.(H: do, | - ) < CoV/2.

<

12 = 2'll2p-

If follows from Corollary that dil,(H%), < C5v/d/2 for all z € R% and from Remark
5.1.13| that (dC3°/4)H € H,, which concludes the proof. o

We associate to any mesh 7 € T a metric HY defined as follows : for all z € RY,
Hi(2) = |[H7(2)||1d.

The next result immediately implies Point i) of Proposition Indeed for any mesh
T € T ¢, the metric dC3° Hi belongs to H; and is CJ+/d equivalent to the mesh 7.

Corollary 5.4.4. For any mesh T € T, ¢, the metric Hy is C§-adapted to the mesh T,
and dC}"HY € H;.

Proof: We have for any simplex T € T

[Hr|]

_92 <
CYO ||HT||Id— p(T)2

Id = |[H:' 7' 1d < Hy < ||[Hy||1d. (5.82)
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For any point z € T we obtain since Cy? Hi-(2) < Hy < CZ2HY(2)
Co*Hy(z) = C || Hy (=) 1d < [[Hr || 1d < Ci[|HE(2) || = CoH(2).
Combining this with (5.82)) we obtain
Co*Hy(2) < Mr < CiHZ(2),

which establishes as announced that the metric H% is CZ equivalent to the mesh 7.

According to Proposition we have dCj°HY € H,. Corollary thus implies
that dCj°H% € H;, which concludes the proof of this proposition. o

Before turning to the case of quasi-acute metrics we prove a lemma on the neighbo-
rhood of a simplex in a graded mesh. For any mesh 7 € T and any closed set £ C R?
the neighborhood V7 (E) of E in 7 is defined as the union of all simplices T' € 7 which

intersect F :
Vr(E)= |J T

TeT
TNE#)

Proposition 5.4.5. Let T € T, ¢, and let T € T. For allz € T and all y € R?\ Vr(T)
we have

lz = yllrer = (CovVd)™".

Proof: We consider the function ¢ : R — R which is piecewise linear on the mesh 7,
and which satisfies for any vertex v of the mesh 7

(v) = 1 ifvel,
PAUT0 ifueT

We denote by V' the collection of vertices of a simplex 7" € 7, and by (A,(2)),ev the
barycentric coordinates of a point z € T". We have for any z, 2" € T’

p(z) ()] < D0 IA(z) = A(2)e(v)

veV/’

< \/(d+ DS A=) — M)

veV/’

= Vd||z — 2 ||n,,.

Since ¢ is identically 0 on 7" if TNT" = (), and since Hy» < CZHyp otherwise, we obtain
for any 2,2 € T"

lp(2) = ()| < CoVil|z = 2/ [l
Therefore dil, (¢, || - |l#,) for any 7" € T and any z € 7', which implies that ¢ :
(R || - |l7¢,) — R is Cyv/d-Lipschitz according to Corollary [5.2.6| For any = € T and any
y € R\ V£ (T) we have p(x) = 1 and o(y) = 0, thus 1 = p(2) — ¢(y) < Covdllz — yllw,
which concludes the proof of this proposition. o
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We assume from this point that the dimension is d = 2. For each triangulation 7 € T
we define a function sz : R? — R* and a metric Hy € H as follows : for all z € R?

sr(s) = inf |e— 2|+ | HE(2) 72 (5.83)
H%(z) = max{sr(2) 2, H}(2)}, (5.84)

where the maximum of a real and of a symmetric matrix is defined at ((5.73)). The next
proposition immediately implies Point ii) of Proposition m Indeed the metric 32C;° H%
belongs to H, and is v/32CC{ adapted to the mesh 7.

Proposition 5.4.6. For any Cy > 1 there exists C = C(Cy) such that the following holds.
For any mesh T € T, ¢, the metric Hy is C-adapted to the mesh T, and 32C°Hy € H,,.

The fact that 32C°Hg € H, directly follows from the fact that 2C;°H% € H, and

from Corollary [5.3.6,
We define dr(z) := ||[H%(z)"2|| for each z € R2. We establish below that there exists
a constant n = n(Cy), 0 < n < 1, such that for all z, 2" € R?

if |2/ — 2] <ndr(z) then dr(2) > ndr(z). (5.85)

Before turning to the proof of this property we show how it leads to the proof of Propo-
sition [5.4.6] For all z € R? we have

st(z) = inf |z —2|+dr(2) > inf min{|z — 2|, d7r (")} > ndr (%),
2 €eR? 2 €eR?

indeed |z —2| > ndz(z) or dr(2') > ndr(z) for any 2’ € R? according to ([5.85)). Combining
this with the definition (5.84)) of H% we obtain for all z € R?

W' Hi(z) < Hy(z) < Hy(2).

Recalling that HF is Cy-adapted to the mesh 7, see proposition [5.4.3] we obtain for all
TeTandall zeT

n?Cy2HE(2) < C2He(2) < Hy < CZHY(2) < CIHE(2)

which establishes that the metric H¥ is Cp/n adapted to the mesh 7, and concludes the
proof of Proposition [5.4.6

For notational simplicity we denote from this point H := HY and C := V2C?3, hence
C?H € H, and T is Cj adapted to H. It follows from ([5.10) that

Co || H (2)7% || < |Hp? || < diam(T) < 2[|Hz? | < 2Co| H(2)73,
for any 7' € T and z € T, which implies

diam(T")/(2Cy) < dr(z) < Cpdiam(T). (5.86)
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O+u O+u O+u
K(x,)
edge e l
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le) ® o
l“ ‘,‘x
()
0—u 0—u

FIGURE 5.3 — An edge e and the set {(e) (left), sequence (z,),>0 (center), diameter of a
triangle intersecting ¢(e) (right).

The quantity dz(z) should therefore be heuristically regarded as the diameter of the
triangle T' € 7 containing z. Property heuristically states that the diameters are
constrained to vary in a Lipschitz manner in a quasi-acute triangulation.

We now turn to the proof of , and for that purpose we introduce some notations.
For each u € R2?, we denote by u' the vector obtained by rotating u by 7r/2 in direct
trigonometric orientation. For each segment e = [w —u,w+u] C R? we define the diamond
O(e) of e as follows

Oe) == {z € R?; |{z —w,u)| + Col|{z —w,ub)| < |ul*}.

This set is illustrated on Figure (left).

The next lemma considers a triangulation 7’ on which the measure of sliverness is
uniformly bounded by Cj, and compares the length an edge e of 7’ with the diameter of
the triangles in 7" which intersect {(e).

Lemma 5.4.7. Let 7' € T be a triangulation such that S(T) < Cy for all T € T'. Let
e = |w—u,w+u] be an edge of T'. Then there is no vertex of T' in the diamond O(e),
and for all z € {(e) and any triangle T € T' containing z, we have

diam(T") > |u| — Cyl(z —w,uL/|u|>|.

Proof: We denote by u, := (1,0) and u, := (0,1) the canonical basis of R? and we
assume up to a translation and a rotation that w = 0 and u = u,. We recall that for any
triangle 7" with maximal angle § one has S(7T") = max{1, tan(6/2)}.

We assume for contradiction that there exists a vertex vy = (2o, v0) € O(e), and we
assume without loss of generality that xq < 0. We consider a vertex v; = (x1,y;) of 7'
such that (v; — vg, u;) > 0 and such that the angle

(v, — vo,u;p>>

0o := < (v — v, u,) = arccos (
|[u1 — vo| |ty

has the smallest possible value. By construction there exists a triangle T' € 7 containing
vp and v; which has an angle larger or equal or equal than 26, at the vertex vy. It follows
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s

FIGURE 5.4 — An edge e, the diamond ¢(e) and the rectangle (s involved in Lemma [5.4.§]
(left), the rectangles O(e) and Cs.

that tanfy < S(T) < Cy, and therefore
ly1 — vo| < (z1 — x0) tan by < Co(1 — x0).

Proceeding inductively, as illustrated on Figure (center), we define a sequence v,, =
(Tn,yn), n > 0, of vertices of 7 satisfying |y,+1 — yn| < Co(znsi1 — ). Adding these
inequalities together we obtain

[Yn — vo| < Co(z,, — 20).

It follows that one of the edges [vp, v,11], n > 0, of the mesh 77 intersects the edge e,
which is a contradiction. As announced the diamond {(e) therefore does not contain any
vertex.

We now consider a point zy = (29, yo) € O(e) and we assume without loss of generality
that xy > 0. We consider a triangle 7" containing zp, and an edge ¢’ = [w’ — v/, + /] of
T which is on the left of zy (in the sense that the edge ¢’ and the segment [(0, yo), (zo, ¥o)]
joining the point zj to its orthogonal projection on the edge e intersect). The point zg and
the triangle T are illustrated on Figure (right).

Since there is no vertex of 7' in the diamond {(e), the edge €’ intersects the boundary of
O(e) at two points. We denote these points by (z,y) and (2’,%'), and we assume without
loss of generality that y > 0 > /. Observing that 0 < z < Cj Lo<a < Cy L and
min{z, 2’} < xy we obtain

y—y =(1-Cozx)— (=14 Cox’) > 1 — Coxy.
Since u = u, = (0,1), w =0 and 2u' = Az — 2,y — ¢) for some |A\| > 1, we obtain
diam(T) = 2Ju/| > 2|(u,v')| =y —y > 1 — Coxo = |uf* — Co|(z0 — w,u’b)],
which concludes the proof of this proposition. o

From this point we denote by 7" a Cy-refinement of the quasi-acute mesh 7 € T, ¢,
which satisfies S(T") < Cj for all T' € 7’. The next lemma involves a rectangular set ((e)
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associated to an edge e of 77, illustrated on Figure [5.4] (right). Note that e C int(C(e)),
while e ¢ O(e).
It follows from (5.22)) and Proposition [5.2.10| that for all z,u € R?

dr(z ) = (1~ Cullul sz (2). (5.87)

Lemma 5.4.8. There exists a constant g = do(Co,d) > 0 such that the following holds.
For each edge e = [w —u, w+u| of T, let O(e) be the rectangle defined by

O(e) = {z € R*; [{z — w,u)| < (1+do)|ul* and |(z — w,u™)| < do|ul*}.
One has dr(z) > dolu| for all z € O(e).

Proof: We denote by u, := (1,0) and u, := (0,1) the canonical basis of R%. Up to a
rotation and a translation, we may assume that w = 0 and u = u, = (0, 1). We consider a
triangle T' € 7T containing the edge e (note that e C 7' but that e may not be an edge of
T, since e is an edge in the triangulation 7’ but may not be an edge in the triangulation

7). It follows from ([5.86]) that
dr(z) > diam(T)/(2Cy) > diam(e)/(2C,) = C;*

for all z € T, hence for all z € e. Hence for all z € e and all u € R?, we obtain using
(15.87))
dr(z +u) > (1= Cillullu()Cq ' > (1 = CiCollull,)Cy

We define Cy := 4C,C; and we observe that, since ||uyll3, < 1, any point 2’ of the
rectangle
—1 1
Collugllaer ™ Colluellrer
can be written under the form 2’ = z + u where z € e and |Ju|ly, < 1/(2CyC}), and
therefore dr(2') > 1/(2C)).

We introduce a small constant 6 = §(Cy) > 0 which is specified later in the proof of
this lemma. It follows from the above argument that the proof of this lemma is complete
if |[Hr|| < 672, with § := min{d§/Cy, 1/(2C;)}. We thus assume from this point that
[Hel =672

x [-(1+C3h, 1+ 051 . (5.88)

We assume that § < C; ! and we define the rectangle
D5 = [—5, 5] X [1 — 005, -1+ C()(S],

which is included in $(e) by construction. Since C2H € H,, the function z — ||H(z)| 2
is C-Lipschitz according to Corollary |5.2.8] We thus have for all z = (z,y) € s

IH (=) "2 < |[H(0,9)] 72 + Cilz| < Col[Hr|| "2 + Culz| < 10(8) == (Co + C1)8.  (5.89)

On the other hand it follows from Lemma that any z = (z,y) € Oy is contained in
a triangle 7" such that diam(7”) > (1 — Cy9), hence according to ({5.86))
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For all z € O, we denote by 6(z) = (cosO(z),sinO(z)), O(z) € [0, 7], the direction of
the eigenvector associated to the small eigenvalue of H(z), in such way that

1001y = I1H ()72 = dr(2)~" (5.91)
According to we have for all z € s and all » € R
dr(z+10(2)) > dr(2)(1 — Ci|r|/dr(2)).

For all z € O; and all » € R such that |r| < Ry(d) := Ro(0)/(2C) we thus obtain

dr(z+1r0(2)) > Ro(6)(1 — Ci|r|/Ro(6)) > Ro(d)/2. (5.92)

We have for any (0,y) € e
Co = Colluyllrer = [luyllm(0y) = [ cos ©0,y)[VIIH(0,y)l| = | cos O(0, y)[/(0Ch),
hence | cos ©(0,y)| < Czé. For all 2z € Os we have according to Corollary
(Ro(8) = r0(9)) dil.(©) < (|| H(2) 2| — [ H(2)]"?) dil.(8) < 2.
Hence we obtain for all z = (z,y) € Us
(Ro(0) —70(0))[0(2) — ©(0, y)| < 2Ch|z[ < 2G4,

hence since t — cost is a Lipschitz function

2C410
cos O(z)] < cosOy(6) := Ca6 + ——. 5.93
| ( )’— 0( ) 0 R()((S)—T’()((S) ( )
It follows that dz(2') > Ro(d)/2 for all 2’ in the set
{z+70(2); z €O, |7| < Ri(5)} D [—do, 0] x [—(1 + o), 1 + po
where
dp =0 —rcosOy(d) and py:= —Cyd + rsin Oy(J) (5.94)

and where the constant 0 < r < R;(0) can be freely chosen. The rest of the proof consists
in choosing appropriate constants § and r.

As 6 — 0 we have 1¢(5) — 0, Ro(6) — 1/(2Cy) and cos ©g(d) — 0. We thus choose
d = 6(Cp) > 0 sufficiently small in such way that

R(] Z 1/(400), COS @0 S 1/(800), sin @0 Z 1/2 (595)

and such that r := 4Cy0, is smaller than R;(5) = Ry(d)/(2C}). Injecting this choice of r
and ((5.95)) in ([5.94)) we thus obtain

50 Z (5/2 and Mo Z 005
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This establishes under the hypothesis ||[Hr|| > 672 that dr(z) > 1/(8C)) for all z in the
rectangle
[=6/2,6/2] x [=(1 + Cod), 1 + Cod],

which concludes the proof of the proposition. o

Our next intermediate result establishes a technical property on the covering of a
segment by smaller ones.

Lemma 5.4.9. Let zy,--- ,x, € [0,1] and let hy,--- , hy > 0 be such that

0.1 € | (2 — R, 25+ ha). (5.96)
1<i<k
Let 6 > 0 and let h, = h.(k,0) := exp(1 — 2k/6)/0. Then
0.1 c | [z — (L4 6)hi, 2+ (1+ 6)hi]. (5.97)
1<i<k

s.t. hy>hy

Proof: For each y € [0,1] we denote by h(y) the value h; associated to the segment
[x; — hi, x; + h;] of smallest length containing y. We thus have

dy /l‘i+hz‘ 1
— < — = 2k.

We assume for contradiction that does not hold, and we consider a point x € [0, 1]
which does not belong to the right hand side of [0, 1]. For each y € [0, 1] there exists ¢,
1 <i <k, h(y) = hy, such that y € [x; — h;, z;+ h;] and « ¢ [z; — (1 +0)hi, z;+ (1 +0)hy].
Therefore one of the two following possibilities holds

Oh(y) < |z —y| or h(y) < h..

Therefore h(y) < max{|x — y|/d, h.}, which implies

1 dy 1 dy /5]1*1 /1 6
— > > - 4+ —dy = 6(1 — In(dh,)).
/o h<y>—/o w0 h) = Jo e Jy, y™ T O 0k

Note that the second inequality is an equality if x = 0 or 1. Thus 2k > 6(1 — In(dh.)),
which contradicts the definition of A,. This concludes the proof of this lemma. o

Observe that under the hypotheses of Lemma [5.4.9] we have

[~hd, 1+ ho) © | s — (14 20)ha, 2 + (1 + 20)h). (5.98)
1<i<k
S.t._hi_Zh*

We now conclude the proof of Proposition We consider a point z € R? contained
in a triangle T € 7, and we denote by e the longest edge of T'. Up to a rotation and a
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(] () 23 [

D(es)

FIGURE 5.5 — A triangle 7" € 7 and the edges (e;)1<i<x of 7' contained in 7' (left), the
set (5.99) (right).

translation, we may assume that e = [0, u,] joins the origin of R? to u, := (1,0). Since the
triangulation 7" is a Cy-refinement of 7, the edge e of T is built of k& < Cy edges (e;)1<i<k
of 77,
e; = [(x; — hi)ug, (z; 4+ hi)ugl.
The triangle 7" and the edges (e;)1<i< are illustrated on Figure (left).
We define h, = h.(Cp,00/2) = 2exp(l — 4Cy/do)/do, where 0y is the constant from
Lemma , and we obtain using that

U D(el) D) |:—h*760, 1+ h*250:| X [—h*ég,h*50], (599)
he<h;

This set is illustrated on Figure (right). Since e is the longest edge of T', the angles of
T at the extremities of e are acute. Furthermore the height h of T orthogonal to the edge
e = [0, u,] satisfies

Teal  _ [T _ Tl (T

R e T T v R I TO)

1
where we used that ||H, 2| > diam(7)/2 > 1/2 according to (5.10]). Hence we obtain with
¢ :=|T.q|/8 the inclusion

T [0,1)  [~¢/p(T), ¢/ p(T) (5.100)
We distinguish two cases depending on the value of p(T'). If p(T') > po := 2¢/(h.dp) we
obtain combining (5.99)) and (5.100) that dz > h.dy on the set
h.6o h.do|”
Z+ [ 5 " ] .
Since dr(z) < Cydiam(T") = Cj this implies (5.85) with n = h.dy/(2Cy). One the other
hand if p(T') < po, then

Cipo
dr(z)

1 1 -1 1
IH(2)]I? < CollHrllZ < poCollHp2 7! < poCRIlH (2) 2|7 <
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FIGURE 5.6 — A bidimensional triangulation generated by the isotropic refinement proce-
dure exposed in [77].

which implies for any vector u € R?

dT(Z + U)
dT(Z)

where C, := CipyC2. We thus obtain (5.85) with the constant n := 1/(2C.), which
concludes the proof of Proposition [5.4.6,

Ci|ul

>1-C o> 1 =
> Wl mey > ir(2)

5.5 From metric to mesh

This section is devoted to the proof of the following result, on the generation of a mesh
from a metric.

Proposition 5.5.1. There exists Co = Cy(d) such that the following holds :

i) For any H € H; there exists T € 'T; ¢, which is Cy-adapted to H.

ii) If d = 2, then for any H € H, there exists T € T, which is Cy-adapted to T .
i) If d =2, then for any H € H there exists T € T, which is Cy-adapted to T .

Point i) is established in §5.5.1] Point éiz) in §5.5.2f and eventually Point i) in §5.5.3]

Remark 5.5.2. Let x € {i,a, g} be a symbol, and let 1 > ¢ > 0 and C > 1 be numerical
constants. Assume that for any metric H such that *H € H, there exists a mesh T € T, ¢
which is C' adapted to H. Then for any metric H' € H, there exists a mesh T' € T, ¢
which is C'/c-adapted to H'. (Indeed, choose a mesh T' which is C-equivalent to the metric
H'/c?, and observe that T' is C/c-equivalent to H'.)

5.5.1 Isotropic Mesh generation

The survey paper [77] describes a the construction of a hierarchical family of meshes
of the rectangular domain [0, 1]¢. All these meshes are the refinement of a “fundamental”
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mesh 7y = {7, ; 0 € ¥,}, where 3, stands for the collection of permutations of the set
{1,---,d}, and T, for the Kuhn simplex

T, = {Z € [0, 1]d ; Zo(1) <... < Za(d)}-

Starting from 7y, the algorithm described in [77] produces, guided by the user, a family
(7,)n>0 of conforming meshes of the cube [0, 1]? proceeding as follows. Assume that the
mesh 7, has already been generated.

— (Marking) The user selects a subset M,, C 7,,.

— (Refinement) The algorithm generates a 2-refinement 7,,,1 of 7,,,

Tn+1 := Refine(7,,, M,,).

which does not contain any of the marked simplices : 7,1 N M,, = ().
The elements of the meshes (7,),>0 have a very specific structure, which main features
are described below.

Property 5.5.3. Any simplex T produced by this algorithm satisfies the following pro-
perties.

a) (Discrete Volumes) The volume of T' has the form

2—9(T)
d

IT| = (5.101)

where g(T) > 0 is an integer called the “generation” of T

b) (Finite number of classes) The simplex

9(T)

27a (T — 27),

belongs to a finite family Ty of simplices.

The survey paper [77] also contains a result, Proposition 4.1, which establishes that
Tn+1 = Refine(7,, M,,) is a local refinement of 7, in the following sense : for all 7" €
7o \ 7,11 there exists T' € M,, such that

g(T) > g(T") and d(T,T") < D290/, (5.102)
where D = D(d) is a fixed constant and where
d(T, T") :==min{|z — 2| ; z€ T, 2 e T'}.
The next lemma shows that this refinement algorithm can be used to produce a confor-

ming isotropic mesh 7 of the unit cube [0, 1]¢, such that the diameters diam(T), T € 7T,
are specified by a given Lipschitz function.
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Lemma 5.5.4. Let s : [0,1]¢ — (0,v/d] be a c-lipschitz function, where 0 < ¢ < 1. Let
(7n)n>0 be the sequence of meshes produced by the algorithm when the collection M,, C 7T,
of marked simplices is defined as follows :

M, = {T € T, mins < diam(T)} . (5.103)

Then the sequence of meshes stabilizes : there exists N > 0 such that 71, = Tn for all
n > N. Furthermore we have for all T € Ty and all z € T

diam(T") < s(z) < K. diam(7), (5.104)

where
D.(14+¢)+cD

D_
in which Dy := max{diam(7T") ; T € o} and D_ := min{diam(T") ; T € Ty}.

=

K. :=2

(5.105)

Proof: We first show that for any n > 0 any 7, € 7, and any z € T, we have s(z) <
K. diam(T,). Indeed if T, € 7y then

s(z) < Vd = diam(T,) < K, diam(T,)

since K, > 1 and since s is uniformly bounded by v/d.

Otherwise T, has a father 7" which was bisected in the refinement process, hence there
exists a simplex 7' such that holds and which was selected for bisection at some
stage of the algorithm.

We thus obtain for any z € T, since ¢(T,) — 1 = g(T") > ¢(T') and miny s < diam(7)
s(z) < mTin s+ c(diam(T") + d(T,T"))

diam(T) + ¢(diam(T") 4+ d(T,T"))

D, 279M/d 4 C(D+2—9(T')/d + DQ—Q(T')/d)

2~ @T)=D/d(D (1 +¢)+eD)

KCD,ng(T*)/d

K. diam(T}),

IA A IA

IN

which concludes the proof of the right part of (5.104]).
From the fourth line of this inequality we also obtain an uniform lower bound on the
volume of the simplices generated by the refinement procedure

d
T, = 279(T%) o 1 (min{s(z) ; » €0,1]"}
* dl = A\ 25(Dy(1+¢) +eD)

It follows that #(7,,) is uniformly bounded by 1/¢q, which immediately implies that the
sequence (7,),>0 of meshes stabilizes.

Let N be such that 7,, = 7x for all n > N. We thus have My = 0 and therefore
diam(7T) < miny s for all T' € Ty, which implies the left part of and concludes the
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proof of this lemma. o

The rest of this section is devoted to the proof the point i) of Proposition m We thus
consider a metric H € H;, and we recall that there exists a Lipschitz function s : R? — R%

such that for all z € R4 i

s(2)?

For each n > 0 we define a function s, : [0,1]¢ — R* , which is clearly Lipschitz, as follows

H(z) =

sn(z) :=27"s(2"(2 — 2)) (5.106)

where 29 = (1/2,---,1/2) is the barycenter of the cube [0,1]¢. For all z € [0,1]¢ and all
n > 0 we have

sn(2) < spl(20) + |2 — 20l <27"s(0) +

=

The function s, is therefore uniformly bounded by v/d on [0,1]¢ when n is sufficiently
large. We denote by 7" the mesh of the cube [0, 1]¢ described by Lemma for the
function s,,. We thus have

diam(T") < s,(z) < Cdiam(7T") forall T eT" ze€T. (5.107)

where C' = C(d) is the constant from Lemma We denote by 7,, the mesh of the
cube [—2"~1 2771]4 obtained by translating the mesh 7" by —z, and dilating it by 2". In
mathematical terms :

T, ={2"(T—2); TeT"}.
In view of (5.106)) and ([5.107) we thus have
diam(7T") < s(z) < Ky diam(T") forall T €7,,z€T, (5.108)
We denote by Cj the smallest constant such that for all 7" in the finite set € one has

Co*ld _,, _ Gl
diam(7)2 = " = K2diam(T)?’

and we thus obtain for all T € 7,, and all z € T
Cy?H(z) < Hr < CZH(2). (5.109)

Unfortunately the mesh 7,, does not cover R? but only the cube [—2"~% 27714, The next
lemma shows that a global mesh 7 of the infinite domain R? can be extracted from the
sequence of meshes (7,,),>0-

Lemma 5.5.5. Let (,)n>0 be an increasing sequence of polygonal domains of R, which
exhausts R. In other words

U Q, =R and Q,C Qpiq for alln > 0.

n>0
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Let H € Hy, let (7,)n>0 be a sequence of conforming simplicial meshes of the domains
Q,. Assume that for allmn >0, all T € 7, and all z € T one has

Cy?H(z) < Hy < CgH(2). (5.110)

Then there exists a mesh T € T such that C;2H(z) < Hy < C2H(z) for all T € T and
all z€T.

Proof: The heuristic idea of this proof is to “extract a converging subsequence” from the
sequence (7,),>0 of meshes. Unfortunately meshes are discrete objects of combinatorial
nature, and the convergence of meshes has no meaning a priori. We therefore use Lipschitz
functions as an intermediate object, because their convergence is well defined and they
benefit from a compactness property.

We associate a function ¢7 : RY — [0, 1] to each simplex T', which is defined as follows.
The function ¢ is supported on 7', and for all z € T" we have in terms of the barycentric
coordinates \,(z) of z with respect to the vertices v € V of T :

or(z) :=min \,(2).

veV

According to Lemma we have for any 2,2’ € T and any v € V
Au(2) = ()] < N2 = 2l
hence
[#(2) = or()] < max|Au(2) = Au(2)] < Iz = 2l (5.111)
For all n > 0 we define the function ¢, : RY — [0,1] as follows

¢n = Z ¢T~

TeT,

It follows from (5.110]) and (5.111)), and (5.35)), that for all T' € 7,, and all z € int(7T)
dil, (¢y; di) < Cy.

Since in addition ¢, = 0 on R¢\ Q,, Corollary implies that ¢, : (RY,dy) — R
is Cy-Lipschitz. It follows from Ascoli’s compactness theorem (for instance the version
recalled in Theorem in the next section) that there exists subsequence (¢, )k>0
which converges uniformly on all compact sets of R? to a Cy-Lipschitz function ¢.

We therefore assume, up to such an extraction, that ¢,, — ¢ uniformly on all compact
sets of R?. We denote by 7 the collection of closures of connected components of the set

{z€eR; ¢(2) >0} :
T :={E; E is a connected component of {z € R?; ¢(z) > 0}}.

For each z € R? and each n > 0, we denote by T,,(z) an element of 7, containing z if it
exists, and T,,(z) = () otherwise. Likewise we denote by T'(z) an element of 7 containing
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z if it exists, and () otherwise. If ¢(z) > 0, then z € int(7,(z)) for all n sufficiently large,
and one easily checks that

T, (z) converges in Hausdorff distance to T'(z) € 7. (5.112)

Hence 7 is a collection of simplices, and the convergence T),(z) — T(z) in Haussdorf
distance, combined with the hypothesis Cy?H(z) < T,,(z) < C2H(z), implies that

Cy?H(z) < T(2) < CiH(z). (5.113)

In order to conclude this proof we need to show that the collection 7 of simplices is a
conforming mesh of R?. We thus have to check the hypotheses of Definition The
interiors int(7") of the simplices T' € 7 are pairwise disjoint since they are the connected
components of the set {z € R? ; ¢(z) > 0}. We claim furthermore that 7 covers R?.
Indeed let z € R? be arbitrary and let n > 0 be such that z € €, hence T,,(z) # 0. Since
Cy?H(z) < Hr,(») < C2H(z) there exists a subsequence (T, (2))k>0 Which converges
in the Haussdorf distance to a simplex T' containing z. We clearly have T" € 7 which
establishes as announced that 7 covers RY. The fact that 7 is locally finite easily follows

from (5113).

We now turn to the proof of the conformity property, and for that purpose we consider
an arbitrary Lipschitz function f : (RY dy) — R with compact support. Let T' be a
simplex such that Cy?H(z) < Hy < C2H(z). We have for any vertex v of T

|f(v) = f(er)| < du(zr,v) < Collzr — V||, = Co.

Denoting as before by V' the collection of vertices of T', and by (\,),ey the barycentric
coordinates on T', we thus obtain for any 2,2’ € T

Ir f(2) =1 f(2) = Y (0(2) = A2 (f(v) = f(21)),

veV

where 17 denotes the IP; (piecewise affine) interpolation on a simplex T. Hence using

Lemma [5.4.2]
I f(2) = Ir f()] < Co ) Au(2) = Au(2)]

veV
< Co, [([d+1)) IA(2) = A(2))
veV
= CoVd|z = 2|y

The last inequality implies that
dil.(I7, f; dy) < C2Vd

for all T € 7, and all z € int(7T"), where I+ denotes the IP; interpolation on a mesh
7' € T. Let ng > 0 be such that supp(f) C £2,,, which implies that Iz, f is continuous.
It follows from Corollary that Iz, f: (R% dy) — R is C3+/d-Lipschitz.
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We define D := Urper int(T'), and we (abusively) denote by I f : D — R the function
which coincides with I f on the interior of each T' € 7. For any z € D we obtain using

(5.112) that Iz, f(z) — L7 f(z), hence for any z,z" € D

L7 f(2) =17 f(')] = lim |17, f(2) =1z, f(2)] < VACG du(2,2).

The piecewise interpolant I f : D — R therefore extends to a \/ECS—Lipschitz function
I f: (RY dy) — R. It easily follows that I7 f is continuous for any compactly suppor-
ted C*! function f. This property characterizes conforming meshes, hence 7 € T which
concludes the proof. o

Corollary 5.5.6. (Bidimensional triangulations) Assume that the dimension is d = 2.
There exists ¢ > 0 such that the following holds : if s : R* — R* s c-Lipschitz, then there
exist a mesh T of R? built of half squares, and such that for all T € T and z € T

diam(7") < s(z) < 3diam(7)/2. (5.114)

Proof: When the dimension is d = 2, the collection Ty of triangles contains only half
squares, of area 1/2, hence D, = D_ = /2. As ¢ — 0 the constant K, defined by
tends to v/2. Hence K, < 3/2 when c is sufficiently small.

From this point we construct as before a sequence of meshes (7;,),>n, of the squares
[—2n~1 2n=1] which satisfies hence (5.114)), and we extract a global mesh 7 of R
using Lemma m The triangles T' € T still satisfy the inequality since they are
limits in the Haussdorff distance of triangles from the triangulations 7,,. o

5.5.2 Graded mesh generation

We prove in this section a result of bi-dimensional mesh generation, Theorem [5.5.8],
which implies Point (iii) of Proposition [5.5.1} The key ingredients of this section come
from the paper [66]. We assume throughout this section that the dimension is d = 2.

We first introduce the notion of equispaced points in an abstract metric space. Let
(X, dx) be a metric space and let § > 0, we say that a subset V C X is d-equispaced if
the two following properties hold.

a) (Covering) The distance from an arbitrary point € X to V is bounded by 1 : for all
re X

dx(z,V) = inf{dx(z,v); v €V} < 1. (5.115)

b) (Separation) The pairwise distances between the points of V are larger than ¢ : for all
v,v" € V such that v # v/

dx(v,v") > 0. (5.116)

The next lemma establishes the existence of such a set under certain assumptions.
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Lemma 5.5.7. Let (X, dx) be a metric space in which the closed balls B'(z,r) := {y €
X ; dx(x,y) < r} are compact for all v € X and all v > 0. Let Vo C X be such that
dx(v,v") > 1 for all v,v" € Vy such that v # v'. Then there exists a 1-equispaced set V of
the metric space (X, dyx), containing V.

Proof: We may assume that Vy # (), up to including an arbitrary point of X. We choose
an arbitrary point zg € Vy, and we define inductively a sequence (x,,)o<n<n of points and
(Vn)o<n<n of subsets of X, where N € INU {oo} is specified later, proceeding as follows.
Assuming that V), is already defined we consider the closed set

X, ={x e X ; dx(z,V,) > 1}. (5.117)

If the set X, is empty, then the sequence ends and we define N := n + 1. Otherwise we
choose x, 1 arbitrarily among the minimisers of dx(z,zo) on X" :

Tpy1 € argmindx (z, zo), (5.118)
zeXn

and we define V,,11 := V,, U {x,11}. Such a minimizer exists since X,, is closed and since
the closed balls in X are compact. We define N := oo if none of the sets (X,,),>0 is empty.

We define V := Uy<p<nVn. By construction, we thus have dx (v, v") > 1 for all v,v' € V
which establishes the separation property .

We now assume for contradiction that the covering property does not hold,
which implies that N = co. We choose a point z, € X such that dx(z.,V) > 1, and
we remark that z, € X, for all n > 0. The definition of x,,, implies that
dx(zo,x,) < dx(xg,x.) for all n > 0, hence the collection of points {z, ; n > 0} is
included in the closed ball {z € X ; dx(zo,z) < dx(xo, )} which is compact. The
sequence (z,),>o therefore admits a converging subsequence, but this contradict the fact
that the pairwise distances between these points are larger than 1, which concludes the
proof of this proposition. o

We consider a fixed metric H € H. For any z,y € R? we define

de(y) = ||z = Yl

We also consider a fixed discrete collection of vertices, or “sites”, ¥V C R?, and we define
the (anisotropic) Voronoi cell of a site v € V' as follows

Vor(v) :={z € R?; d,(2) < dy(2) for all w € V'}. (5.119)

The (anisotropic) Voronoi cell Vor(v) is thus the collection of points z which are closer to
the vertex v than to any other site. The Voronoi diagram is the collection {Vor(v) ; v €
V} of all Voronoi cells. The classical isotropic Voronoi is obtained by choosing H = Id
identically on R%. An instance of an (anisotropic) Voronoi diagram is illustrated on Figure
.17

For each z € R? we denote by V, C V the collection of vertices which contain z in
their Voronoi region :

V., ={veV; ze Vor(v)}.
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FIGURE 5.7 — An (anisotropic) Voronoi Diagram (left), a wedge (right). (credit
J.R.Shewchuck [66])

The geometric dual of the Voronoi diagram is the graph G(V, H) defined as follows :
GV, H) := {[v,v] ; there exists z € R? such that V, = {v,v'}}. (5.120)

The next theorem establishes that G(V, H) is, under certain conditions on the metric
H and the set V, the graph of a triangulation adapted to H.

Theorem 5.5.8. For each § > 0 there exists c = ¢(§) > 0 and C = C(6) > 1 such that the
following holds. Let H be a metric such that *H € Hy, and let V be a §-equispaced subset
of (R, dy). Then the G(V, H) is a planar graph which defines a partition of R? into strictly
convex polygons. Arbitrarily triangulating each polygon yields a triangulation T € T, ¢
which s C-adapted to H, and called an anisotropic Delaunay triangulation. Furthermore
if V is in general position then G(V, H) is already the graph of a triangulation.

Denote by ¢ and C' the constants attached to 6 = 1 in this theorem. It follows that for
any metric H such that ¢?H € H,, there exists a mesh 7 € T, ¢ which is C-adapted to H,
obtained as the Delaunay triangulation of a 1-equispaced set of points V C (R?, dg). Such
a set exists according to Lemma @, since the balls of the metric space (R?, dy) are com-
pact according to Proposition @ This immediately implies Point iii) of Proposition
[b.5.1] according to Remark [5.5.2]

The rest of this section is devoted to the proof of Theorem [5.5.8] which is based on
the methods and results presented in [66]. For that purpose we recall some definitions of
this paper.

Definition 5.5.9. — (Wedge of two points) We define the wedge wedge(v,w) of two
distinct sites v,w € V' as follows

wedge(v,w) := {z € R?; (2 —v) H(v)(w —v) >0 and (z — w)" H(w)(v — w) > 0}

— (Wedge property) We say that the Voronoi diagram of V is wedged if for any two
distinct v,w € V' we have

Vor(v) N Vor(w) C wedge(v, w).
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The wedge property expresses that the collection Vor(v) N Vor(w) of points shared by
the Voronoi regions of the sites v and w lie in a cone defined by two linear inequalities.
The wedge of two points is illustrated on Figure (right). Note that the wedge property
is not satisfied on this figure.

For any metric H and any constant ¢ > 0 such that ¢?H € H,, it easily follows from

Proposition [5.2.10| that for all z,y € R?
In(1+cd,(y)) < cdy(z,y) < —In(1 — cd.(y)), (5.121)

which is equivalent to

1 —exp(—cdy(z,y)) < cd(y) < exp(cdy(z,y)) — 1. (5.122)

Lemma 5.5.10. The following holds for any 6 > 0 and any ¢ > 0. Let H be a metric
such that *H € Hy and let V be a d-equispaced subset of (R?, dy). Then for any v € V
and any q € Vor(v) one has

4(@) = llg = vl < role) = (e = /e, (5123)
If v,w €V satisfy Vor(v) N Vor(w) # 0, then

dg(v,w) <r(c) :=—2In(2 —¢)/c. (5.124)
Note that ro(c) — 1 and r1(c) — 2 as ¢ — 0. Note also that dg(v,w) > 0.

Proof: For any ¢ € V there exists v, € V such that dy(q,v.) < 1, and therefore

lg = vl < mo(e) i= (e® = 1) /¢,

which implies ([5.123)) using the definition (5.119)) of the Voronoi diagram. We thus turn
to the proof of (5.124)) and for that purpose we consider a point ¢ € Vor(v) N Vor(w). We

thus have [|¢ — v||#@) = [|¢ — || H@w) < ro(c) hence using (5.121])
dH(U7w) < dH(”? Q) + dH(Qa U}) < Tl(c) = —211'1(1 - CTO(C))/Ca

which concludes the proof. o

The next proposition, which is partly is based on Lemma 5 from [66], shows that the
wedge property is automatically satisfied in our context.

Proposition 5.5.11. For each 6 there exists ¢ = ¢(6) > 0 such that the following holds.
If a metric H satisfies *H € H, and if V is a -equispaced subset of (R?, dy), then the
wedge property is satisfied.

Proof: We assume for contradiction that there exists two distinct vertices v,w € V, and a
point ¢ € Vor(V')NVor(W) such that ¢ ¢ wedge(v, w). We may assume, up to exchanging
the roles of v and w, that

(g —w)" H(w)(v —w) <0.
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Defining the “relative distortion” 7 := expdy(H (v), H(w)) we obtain using Lemma 5
from [66]
dy(v) < dy(q)vVT?—1. (5.125)

We now estimate the quantities d,,(v), d,(q) and 7 appearing in this estimate, in order
to obtain a contradiction when c is sufficiently small.
We have
InT =dy(H(),H(w)) < cdy(v,w) < erie). (5.126)

Since V is d-equispaced we have dy(v,w) > 0 and therefore

cdy(v) > 1 —exp(—cdy(v,w)) > 1 — exp(—cd). (5.127)

Injecting (5.123)), (5.126]) and (5.127)) in (5.125)) we obtain

1 — exp(—c) < eXP(Z) —1 Vexp(2er(c)) — 1. (5.128)

C

The left hand side tends to 0 as ¢ — 0, while the right hand side tends to 0 (and only
depends on ¢). We thus obtain a contradiction when c is sufficiently small which concludes
the proof of this proposition. o

Theorem 5.5.12 (Dual triangulation theorem. Labelle, Shewchuck, [66]). Let H € H
and let YV C R? be a discrete point set. If the Voronoi diagram of V is wedged, then the
geometric dual of this diagram is a polygonalization of R? with strictly convex polygons,
and is a triangulation if V is in general position.

Under the hypotheses of this theorem the vertices vy, - -+ , v of a polygon in the dual
Voronoi diagram satisfy by construction Vor(v;) N --- N Vor(vg) # 0. Let 7 be a trian-
gulation obtained by arbitrarily triangulating these polygons. The vertices vy, vy, v3 of a
triangle T' € 7 satisfy Vor(v;) N Vor(vy) N Vor(vs) # 0.

The next theorem, originally stated in [66] as Corollary 10 to Theorem 9 of the same
paper, allows to control the angles of a triangle in the anisotropic Delaunay triangulation.

Theorem 5.5.13 (Labelle, Shewchuk, [66]). Let v1,v9,v3 € V and let ¢ € Vor(vy) N
Vor(vg) N Vor(vs). Let

r=dy (q) = di,(q) = duy(q) and | =min{d, (v;); 4,5 € {1,2,3},i # j}.
Define 3 := max{r/l, 1/v/2},
v = expmax{dy(H(v;), H(v;))1 <i < j <3},
and )
_ 1 (7 -1p
Xi==——
23 2
If v < V2 and x > 0 then any angle 0 of the triangle of vertices (\/H (vi)vi)1<k<s satisfies

(5.129)

arcsin(y/7?) < 6 < 2arccos(x/7?).



5.5. From metric to mesh 257

Corollary 5.5.14. For each 6, 0 < § < 1 there exists ¢ = ¢(§) > 0 and C' = C(J) > 1
such that the following holds. Let H be a metric such that *H € H, and let V be a
d-equispaced subset of (R?,dy). If vi,ve,v3 € V and if Vor(vy) N Vor(vy) N Vor(vs) # 0,
then denoting by T the triangle of vertices vy, ve, v3 we have for all z € T

C?H(z) < Hr < C?H(2).

Proof: We first obtain obtain some explicit bounds on the quantities r, [, 5, v and x
appearing in Theorem [5.5.13] It follows from Lemma [5.5.10] that

r<ro(c) and 0 <dy(vi,v;) <ri(c).

Therefore
[ = n;ﬁindvi(vj) > 1o(c) := (1 — exp(—cd))/e,
i#j
L:=maxdy(v;) < (exp(eri(c)) —1)/e,
]
and

7 < maxexp(edp(vi, vy)) < expler(e)).
i#j

It follows that 3 < r3(c) := min{ro(c)/r2(c), 1/v/2}. Injecting this into (5.129) yields

X > 14(c) = 27"31(0) - (eXp@Ch(CQ)) — 1)T3(C),

and therefore x /% > r5(c) := ry4(c) exp(—2cri(c)).

For any fixed §, 0 < 6 < 1 we obtain as ¢ — 0 the limits ryo(c) — 1, ri(c) — 2,
ro(c) — 0, r3(c) — min{d, 1/v/2}, r4(c) — 1/(2min{6,1/+v/2}) and 75(c) has the same
limit.

We may therefore choose ¢ sufficiently small in such way that

I >1y:=6/2, L <Lo:=4and x/v* > Xo := 1/(46).

We denote by T the triangle of vertices vy, wvq,v3. The length of any edge of T :=
H(v1)(T) is bounded above by Lg and below by [y respectively, and the angles of T”
satisfy arcsin(Xy) < 6 < 2arccos(Xp). The collection of triangles centered at the origin
which satisfy these inequalities is compact, thus there exists a constant C; = C1(d) such
that
C;?1d < Hp < C71d,

hence C;?H(v,) < Hy < C?H(vy). For any z € T we obtain, remarking that || z—v1 |7, <
2 for all z € T and using (5.53)),

Cr3(1—2¢Ch)’H(2) < Hyp < C3(1 —2cCy) 2 H(2).

We may assume that ¢ < 1/(4C}), which concludes the proof of this proposition with
C= 201 O
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We now prove of Theorem According to the above results for any ¢ > 0 there
exists ¢ = ¢(d) and C' = C(6) such that the following holds. For any metric H such
that *H € H,, and any set V C (R? dy) which is d-equispaced, the Voronoi diagram
associated to )V and H is wedged according to Proposition [5.5.11] The dual of this diagram
is therefore a polygonalization of R? with strictly convex polygons according to Theorem
5.5.12] Randomly triangulating these cells yields a triangulation 7 € T which is C-
adapted to H according to Corollary [5.5.14]

Furthermore consider to simplices T,7" € T such that T NT" # (), and a point
z€TNT'. Then

C™?Hr < H(z) < C*Hyp,

which shows that 7 € Ty 2, and concludes the proof of Theorem [5.5.8|

5.5.3 Quasi-Acute mesh generation

This section is devoted to the proof of Point ii) of Proposition which is obtained
by combining the constructions of isotropic and graded triangulations presented in
and to produce a quasi-acute triangulation. The key idea of this proof if that the
anisotropic Delaunay triangulation described in the previous subsection contains only
few strongly obtuse angles if the set V' of vertices is structured along lines which are
transverse to the direction of anisotropy, as illustrated on Figure (in the introduction
of this chapter).

We consider a fixed metric H such that ¢2H € H,, where c is an absolute constant
specified in the proof and such that 0 < ¢ < 1. This subsection is devoted to the construc-
tion of a mesh 7 € T, ¢ which is C-adapted to H, where C' is an absolute constant also
specified in the proof. This construction immediately implies Proposition [5.5.1] according
to Remark £.5.2

For each z € R? we define

A(z) = 1H() 3 and (=) = |H))

and we observe that A(z) > u(z). The functions A and p are c-Lipschitz according to
Corollary [5.2.8 If ¢ is sufficiently small, then there exists according to Corollary a
mesh 7, such that for all T € 7y and all z € T

%)\(z) < diam(T) < A(2). (5.130)

The mesh 7j is built of half squares by construction (as illustrated on Figure . The
diameter of any triangle in 7y is a power of v/2, hence for any two triangles T,7" € T,

sharing a vertex v we obtain using (5.130)
diam(7)/v2 < diam(7") < V2 diam(T). (5.131)

For any edge [v,w] of any triangle T' € 7y we have diam(T)/v2 < |v — w| < diam(T),
hence for any two edges [v, w]| and [v,w'] (sharing the vertex v) of the triangulation 7

v —w|/2 < |Jv—w| < 2v—w|. (5.132)
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Inequality (5.130) also implies that for any edge [v, w] of 7y

M2)v2  diam(T)
<
3 V2
We denote by Vy the collection of vertices of 7,. Consider a fixed v € V, and any vertex

w € Vp such that |[v — w| is minimal. Then [v,w] is clearly an edge of 7, since this
triangulation is conforming and built of half squares. This implies for any distinct v, w € V),

)\(v)g < |v —wl. (5.134)

< |v—w| < diam(7T") < A(z) (5.133)

For each z € R? we define

p(z) = Az) = VIHEH() € [1,00).

Consider z, 2’ € R? such that |z — 2| < rA(2), where r > 0 is a constant. We obtain since
A and p are c-Lipschitz

AZ) A=) —rc) 1—rc
W(Z) Z ) + ) S pe) T e

For each py > 1, 79 > 0 we denote by c,(po,r9) > 0 the constant such that py =

1—rocp(po,r0) ' 2
ot D Ttrocolporca)” Hence for all z, 2z’ € R

p(z") = (5.135)

|2 — 2| < roA(2)
p(2) > po+1  implies p(z') > po
c< CP(IO[):TO)

For each z € R? such that p(z) > 1 we denote by 0(z) € S := {u € R?; |u| = 1} a
unit vector such that

H(z) = M2)720(2)0(2)" + pu(2)2(1d —0(2)0(2)"). (5.136)

Note that there exists two, opposite, choices for the vector §(z). For each u, v’ € R?\ {0}
we define the (unoriented) angle

I (u, ) == arccos (<“’“’>) e [0, 7).

Julfw|

and

)
i) < om

Lemma 5.5.15. If c is sufficiently small, then the following holds. For any z,z € R?

<Q(u, ') := min{x(u,u’), <(u, —u")} = arccos (

{ 2 —p,£'|2)§21§)\(z) implies <1 (6(z2),0(2")) < m/12.

Likewise, p(z) >4 and |z — 2'| < X(2) implies <(0(2),0(2")) < 1/(10v/2).
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6(v)

FIGURE 5.8 — Neighborhood V7 (v) of a simplex v in the triangulation 7y (left), the
neighbors w, and w_ of a vertex v in 7y (right).

Proof: We consider a fixed point z such that p(z) > 2 and we denote B := {2/ €
R?; |2/ — z| < 10A(2)}. For each 2’ € B we have

M) = p(@) > (Mz) —clz = 2|) = (u(z) + |z = 2])
= Mz) — u(z) — 2¢c|lz — 2|
> Az) = A(2)/2 — 20cA(z)
= A2)(1/2 = 20¢),

>~

hence A(2') — u(2') > A(2)/3 if ¢ < 1/120, which we assume from this point.
Furthermore since B is simply connected there exists a continuous function 8, : B — S
such that 6.(z") = £60(z') for all 2’ € B. It follows from Theorem that for all 2’ € B

A(2) dilr(0.) < 3(A(Z) — p(2)) il (0.) < 3c.

Therefore, since the distance ds on S involved in Theorem [5.3.1] coincides with the angle
< we obtain

<(0(2),0(2") < 2(04(2),0.(2")) < |z — 2/| max dil;(6,) < 30c

zZ€[z,2']

which concludes the proof if 30c < 7r/12. The second estimate is obtained similarly. o

For each vertex v € V we define a set T',, C R? as follows : T, := {v} if p(v) < 3, and

v 2w_ v 2wy
0= |V, = + — =+ —= 1
[ |:U 3 + 3 ] U lv 3 + 3 } (5 37)

if p(v) > 3, where [v,w_]| and [v, w,] are two edges of 7y which respectively minimize and
maximize the quantity (#(v)*,w — v) (among the edges containing v). In other words for
any edge of 7y of the form [v, w]| we have

() w_ —v) < O(v)F,w—v) < (O()Fwy —v). (5.138)

This property is illustrated on Figure (right).
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Lemma 5.5.16. let v € Vy be such that p(v) > 3, and let [v,w,], [v,w_] be two edges of

Ty satisfying . We have
I(OW) wy —v) < /4, and S(0(v)F v —w_) < /4 (5.139)

Proof: We restrict without loss of generality our attention to the proof of the first in-
equality, and we assume for contradiction that ¢ := <(0(v)*, wy —v) > 70/4. Among the
two vertices w € V), such that the triangle of vertices v, w, w, belongs to 7y, we choose the
one such that <(6+,w — v) is minimal. We denote ¢ := < (w — v, w, —v) € {7 /4,7 /2}
and we obtain

1

)", wy —v) = |wy —v|cose and  ((v)*,w —v) = |w — v|cos(p — ).

If v = /2 then |wy — v| = |w — v| since the triangles T" € 7, are half squares, and
cos(p — 1) = sing. If follows from that cosp > sin ¢ which contradicts our as-
sumption that ¢ > 7r/4. If ¢ = 7 /4 then |w, —v| = V2w —v| or |wy —v| = |w—v|/V2.
We thus have v/2cosg > cos(p — 70/4) which again contradicts our assumption that
© > T /4. o

We define T := U,y Iy, and for each z € T'\ V, we define

.= J . (5.140)

vEVY
zel'y

Such a set I', is illustrated on Figure (right). For each z € I there exists v € V, such
that I', = I',, or there exists v,v" € Vy, and w,w’ € V,, such that z € [v,v'] and

v+ 2w
3

rzzrvurgz{

/ 2 /
,v] U v, v'TU {v’,v i w]

3

Note that for any vertex v € V, one has I', NV, = {v}, hence (5.140)) agrees with ([5.137)
for any z € V. Note also that for any z, 2z’ € I" the following are equivalent

- Zerl,,

— There exists v € V, such that {z,2'} C T,

—zel,.

The next proposition gives a robust estimate of the orientation of the set I'.

Lemma 5.5.17. The following holds if ¢ is sufficiently small. Let z € T', let p,q € T', be
two distinct points, and let 2’ be such that |z — 2’| < 5\(z). Then

<(0(2)tp—q) < 7/3.

Proof: We first remark that I', is not a singleton since the points p and ¢ are distinct.
Therefore I', =T', U, or I, =T, for some v,v" € V, satisfying p(v) > 3 and p(v') > 3.
We focus on the case of the union I', U T,.

Since |v — z| < min{A(z), A(v)} we obtain

lv—2" <|v—2z]4 |z = 2| <Aw)+5A(z) < Av) +5(A(v) + v —z]) < Aw)(6+ 5¢).
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0(z)

Wi

FI1GURE 5.9 — Illustration of the proof of Proposition [5.5.18

If ¢ is sufficiently small, we thus have |[v—2z| < 10A(v) and therefore <(6(v),0(2')) < /12
according to Lemmal5.5.15] Any of the two tangents t to the polygonal line I', thus satisfies

Q) t) < <(B(v)h ) + <(0(v),0(2)) < /4 + /12 = /3.

Proceeding likewise we obtain that <1(6(2’)*,t) < 7r/3 for any of the (three) tangents to
the continuous polygonal line I', = ", UT,, and therefore <1(6(z")*, p —q) < 7/3 for any
p, ¢ on this line which concludes the proof. o

The next proposition gives some upper and lower bounds on the distance from a point
to the set I'.

Proposition 5.5.18. If ¢ is sufficiently small, then the following holds. For any z € T,

10
min{|z —e|; e '\I',} > 9—1)\(2) (5.141)
and for any z € R?
min{||z —e|lge) ; e€ '} <2 (5.142)

Proof: We first establish . Let z € I' and let v € V, be such that z € I',. There
exists an edge [v,w,] of 7y and a parameter o € [0,2/3] such that z = (1 — a)v + aw,.
We denote by Vz (v) the union of all triangles T € 7, containing v, and by Vy(v) the
collection of vertices w such that [v,w] is an edge of 7. We thus have

P\T.CcR\Vp(v) | [

20 + w }
, W
weVy (v)\{wx«}

The set appearing in the right hand side is illustrated on Figure (left). Denoting
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d(z,E) :=inf{|z —¢| ; e € E} we obtain

d(z,T\T,) > min{d(z,R2\VTo(U)>a min d(z, {ZU;w’w])}

weVy(v)\{wx}

o { lw, —z] 1 | |}
min ) v—w
- V2 3v2 wGVo \{w

> nglon v — w|
1
> owmY
3v2 3
- Az) — clz — v - A(z)(1 —c)’
- 9 - 9

where we used (5.133)) in the fourth line, and the fact that X is c-Lipschitz in the last line.
This establishes (j5.141)) if ¢ is sufficiently small.

We now turn to the proof of (5.142)). Let T' € 7y and let z € T'. Since T is a half square
there exists a vertex v of T such that |z — v| < diam(7T")/2, hence

|z —v| diam(T) _ A(z) p(2)
WG S oe) Sz 2

which concludes the proof if p(z) < 4. If p(2) > 4 and ¢ < ¢,(3,1) then p(v) > 3 for any
vertex v of the triangle 7.

We choose two vertices v, w of T such that the line (2 +76(z)),er intersects 07" on the
segment [v, (v + w)/2]. We denote by w_,w; € V, the neighbors of v in 7 which satisfy
(5-138). Our first step is to establish that the line (z + rf(z)),er intersects the set I,
which is heuristically due to the fact that the angle <1(0(z),6(v)) is small and that the
vertices w_ and w, are the furthest away from v in the direction of §(v)* as illustrated
on Figure (right).

It follows from an Lemma that

|z —v||lae) <

lw—v| 1
2

(O(v)*F, wy —v) > |wy — v|cos(7/4) > (5.143)

5|

We assume without loss of generality that (6(z),0(v)) > 0 which implies according to
Lemma [£.5.15]

16(2) = 0(v)| < <(6(2),0(v)) = <(B(2),6(v)) < 6 :=1/(10V2).
It follows that

0(2)*,w— ) 0(2)F = 0(v)",w —v) + O(v)", w—v)

0(2) = 0(v)[[w — ] + (O(v) ", wy — v)
(1+20V2){0(v)", wy —v),

IA A
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where we injected (5.138)) in the second line, and (5.143) in the third line. Denoting
0:=30(v),wy —v) < /4 and & := ¥(0(2)*, w, —v) we obtain

O) s —v)
Lwy —v)

z cos(®) _ cos(©) — |® - O] |® — O]
T > =1 >1-4§V2,

cos(©) — cos(0) cos ©
hence 53 A
. 1+20v/2, | A
(0(2) aw—v>§1_—m<9(2) Jwy = v) = 2{0(2) 7, wy — v).

Proceeding likewise for w_ we obtain

4 L L 4 L

30(2)7 w- =) < (0(2)7, w — ) < 2(0(2)7, wy —0),
and therefore since z 4+ r6(2) € [v, (v + w)/2] for some r € R,

2 1 1 2 L

§(9(z) sw_o —v) < (0(2)", 2z —v) < 5(9(2) , Wy — V).

It follows that the line (z + r6(2)),er intersects the set I', := [v, (v + 2w;)/3] U [v, (v +
2w_)/3] at some point z’. The point 2z’ belongs to a triangle 7" containing v, hence

M2 = 2llue = M)r0(2)||me)
= Ir|
= |z -7

< Jz—vl+v—7

< diam(T) + gdiam(T’)
(1 + g\/i) diam(T) < (1 + ;&) Az),

where we used ([5.131)) in the last line. This concludes the proof of this proposition. o

IA

We construct in the next lemma a collection V of sites by sampling the metric space
(T, dp), which is the collection of vertices of our future quasi-acute triangulation 7". This
set is illustrated by small crosses on I', on Figure (right).

Lemma 5.5.19. The following holds if ¢ is sufficiently small. There exists a discrete set
YV C T containing Vy and satisfying the following :

i) (Separation) For allv,w €V, dy(v,w) > 1/10.

ii) (Distance from I') For all z € T', dy(2z,V) < 1/10.

i) (Distance from R?) For all z € R?, dg(z,V) <2+ 1/4.

Proof: For any distinct v, w € Vy we obtain using ([5.134]) and Proposition |5.2.10
dg(v,w) > In(1+cllv—w|uw)/c

In(1 + clo — w|/A(v)) /e

In(1+¢v2/3)/c

>
>
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which is larger than 1/10 if ¢ is sufficiently small.

We denote by V a l-equispaced subset of the metric space (I',10 dy) containing V),
which exists according to Lemma [5.5.7] The two first announced properties, separation
and distance from I', follow directly from this construction.

The third property is obtained as follows : for any z € R? there exists according to
Proposition [5.5.18 a point e € I' such that ||z — e[ g(.) < 2. Furthermore there exists a
vertex v € V such that dg(e,v) < 1/10, hence

du(2,V) < du(z,e) +du(e,v) < —In(l —cl|z —e||g))/c+1/10 < —In(1 — 2¢)/c+ 1/10.
which is smaller than 2 + 1/4 if ¢ is sufficiently small. o

The next lemma introduces the anisotropic Delaunay triangulation 7 associated to
the metric H and the set of points V.

Lemma 5.5.20. There exists an absolute constant Cy > 1 such that the following holds
if ¢ is sufficiently small. The set V is wedged with respect to the metric H, and the
anisotropic Delaunay triangulation T obtained by arbitrarily triangulating the cells of the

graph G(V, H) is Cy-adapted to H and belongs to T, ¢, .

Proof: We denote a := (2+1/4)~! throughout the proof of this lemma. It follows from to
Lemma that the set V is a «/10-equispaced subset of the metric space (R?, ady).

Theorem applied to the metric a?H, therefore implies that, if ¢ is sufficiently
small, the set V is wedged for the metric o*H and that arbitrarily triangulating the
convex cells of the graph G(V,a?H), which are convex yields a triangulation 7" which is
C-adapted to the metric a?H (hence Cy := C/a-adapted to H), where C' is an absolute
constant.

It immediately follows from the definition that the graphs G(V,a?H) and
G(V, H) are equal, and Definition shows that the wedge property holds for H if and
only if it holds for a?H. o

The key ingredient of the construction of the anisotropic Delaunay triangulation is the
anisotropic Voronoi diagram introduced in ((5.119)). Our first lemma compares the Voronoi
regions with some balls. We recall that By (z,7) := {2’ € R*; ||z’ — z|| < r}, and B(z,r)
denotes the usual euclidean ball of radius r centered at z.

Lemma 5.5.21. If ¢ is sufficiently small, then the following holds. For any v € V
1. By(v,1/25) C Vor(v)
2. By(v,2+41/3) D Vor(v)
3. B(v,4p(v)/19) D Vor(v) NI = Vor(v) N T,

Proof: We first establish Point 1., and for that purpose we consider z € d Vor(v), hence
z € Vor(v) N Vor(w) for some vertex w € V. We define r := ||z — v||n@) = ||z — 0| #(w)
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and we obtain using Point i) of Lemma [5.5.19

1/10 < dy(v,w)

dH<Z7U)+dH<va)

—In(1 = ez — ollg)/e — (1 — el|z — vl e
= —2In(l —cr)/ec

IA A

It follows that
r > (1 - exp(—c/20))/c,

and therefore r > 1/25 if ¢ is sufficiently small, which concludes the proof of Point 1.

We now turn to Point 2, and for that purpose we remark that for any z € R? there
exists according to Point iii) of Lemma[5.5.19 a vertex w € V such that dy(z,w) < 2+1/4.
It follows that

12 = wllw) < (expledn(z,w)) =1)/c < (exp(c(2 + 1/4)) = 1)/c.

Hence ||z — w||g@w) < 2+ 1/3 if ¢ is sufficiently small. It thus follows from the definition
of the Voronoi diagram that ||z — v||gw) < 2+ 1/3 for all z € Vor(v), which
concludes the proof of Point 2.

We now turn to Point 3, and for that purpose we remark that for all z € I" there exists
according to Point ii) of Lemma a vertex w € V such that dy(z,w) < 1/10. Tt
follows that

Iz = wllh@) < (exp(edn(z,w)) = 1) /e < (exp(e/10) = 1)/c.

Hence ||z — w||muw) < 2/19 if ¢ is sufficiently small. It thus follows from the definition of
the Voronoi diagram that ||z — v|| gy < 2/19 for all z € Vor(v) NI'. Therefore

|z — | 2 10
<z =v[lHE) < T < o1

which implies that z € T, according to Proposition [5.5.18, We thus have <1(6(v)*, 2z —v) <
7 /3, according to Lemma |5.5.17 and therefore

|z — | 2
7™/3) < ||z — ) < —
oos(m/3) < 12 = ol < 35
which concludes the proof of this proposition. o

We recall that, by definition of the anisotropic Delaunay triangulation, the Voronoi
regions Vor(v) and Vor(w) intersect for any edge [v, w] of 7. We say that an edge [v, w]
of T is transverse if Vor(v) N Vor(w) NI # (), and we say that [v,w] is aligned otherwise.

Our next intermediate result estimates the length of transverse and aligned edges.

Lemma 5.5.22. Let [v,w] be an edge of T and let z € [v,w].

1. If [v,w] is transverse, then |v—w| < u(z)/2. More precisely max{|v — x|, |w —z|} <
w(z)/4 for all x € Vor(v) N Vor(w) NT.
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2. In any case ||[v —w|| g < 5.

Proof: We first establish Point 1., hence we assume that [v,w] is transverse and we
consider a point z € Vor(v) N Vor(w) NT'. For notational simplicity we denote ( := 4/19.
It follows from Lemmal5.5.21]that [v—xz| < Bu(v) < B(p(x)+clv—z), hence [v—z| < B(1—
cB) (). Likewise |w—x| < B(1—cB)  u(x). Furthermore |z — x| < max{|v—z|, |w—z|}
since z € [v, w], hence

u(w) < () + ez — 2] < ulz) + eB(1 — eB) ()

which implies p(z) < (1 — ¢B(1 — ¢f)71)"*u(z). Therefore
o — 2] < A(1 - ef) p(x) < B(1 — eB) (1 = eB(1 — eB)™) Lu(2).

The term in front of p(z) in the right hand side tends to g = 4/19 < 1/4 as ¢ — 0.
If ¢ is sufficiently small we therefore obtain as announced |v — z| < pu(z)/4. Likewise
|lw — x| < p(z)/4 and therefore |[v — w| < p(z)/2.

We now turn to the proof of the second point. We have according to Lemma [5.5.10]

ady (v, w) = d2g (v, w) < —2In(2 — ) /¢
where ¢ := ¢/a. Hence
dy(v,w) < ro(c) == —21In(2 — /%) Jc.

If follows that [|[v — w|| g < 71(c) :== (e} — 1)/c, which implies using (5.53) that

lv = wllae < llv = wllred = cllv = 2llrw) ™ < rale) = ri(e)(1 = cri(e) ™

for any z € [v,w]. As ¢ — 0 the functions ro, r; and r9 all tend to 2(141/4) < 5. Choosing
c sufficiently small we conclude the proof of this proposition. o

The next lemma describes the orientations of the transverse and aligned edges of 7,
in regions of sufficient anisotropy. We introduce the constant

po := max{50/ sin(7w/12), 11Cy},

where Cj is the constant from Lemma [5.5.20] (we only use in the sequel that 7 is Cj
equivalent to the metric H).
For any v, w € V, we say that [v,w] is an edge of I if

(v,w) C T\ V,

where (v, w) denotes the relative interior of the segment [v, w]. The next lemma characte-
rizes the transverse edges of 7 in regions where the anisotropy is sufficiently pronounced.
For any z € I
I ={el,; )" —z) >0},

and we define ', similarly. If [v, w] is an edge of T', then one easily checks that w is the
closest element to v in I';; NV or ', N V.
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Lemma 5.5.23. The following holds if c is sufficiently small. Let v,w € V be a transverse
edge, and assume that there exists z € [v,w| such that p(z) > po. Then [v,w] is and edge
of I', Vor(v) N Vor(w) NT" is a singleton {z}, and x € [v,w].

Proof: We first consider an transverse edge [v, w], a point z € [v, w] such that p(z) > po,
and a point = € Vor(v) N Vor(w) NT'. According to Lemma we have z € I', N [,
hence v, w € T',.

We may assume without loss of generality that v € T'Y. We denote by v the point
of '} which is the closest to x, and our first objective is to to establish that v = v’. We
assume for contradiction that this is not the case.

It follows from Lemmal5.5.17 that the segment [z, v] and the line v+ 6(v')R intersect.
Hence there exists « € [0, 1] and r € R such that

r+alv—z)=0+ro()

Let u be a unit vector orthogonal to v — x. We have (x,u) = (v, u) + r{0(v'),u), and
therefore using Lemma [5.5.17]

Ir|/2 < |rlcos<(A(v)t, v — )
= |r{0(),u)]

= [(z =0, u)
< Jo -] < Jo— vl < p(2)/4
where we used and Point 2. of Lemma [5.5.21] in the last.

According to Lemma 3 (Visibility Lemma) in [66] the Voronoi regions of a wedged
Voronoi diagram are star-shaped. It thus follows from Lemma [5.5.21] that the segment
[z, v] does not intersect By (v',1/25), hence |r| > A(v')/25 which yields

Az) —clz =V < A < u(2)25/2.
It follows from Lemma that
= 0| < |z — 2l + | — ] < max{lo — 2], jw — 2]} + £ — o] < p(z)/2

We thus obtain 25/2 + ¢/2 > p(z) > po which is a contradiction since ¢ < 1. This
contradiction is illustrated on Figure (left).

Hence v = v’ is the point of '} the closest from z. If w € T} then we obtain w = v = v
which is a contradiction. Hence w € I';, and reasoning similarly we find that w is the
point of ' the closest to x. This implies that [v,w] is the unique edge of I" containing x
(note that the only points of I' which belong to two edges of I" are some vertices v € V.
But x ¢ V since any vertex v € V belongs to the interior of its own Voronoi region).

Assume for contradiction that there exists another point ' € Vor(v) N Vor(w)NT'. The
above argument shows that [v,w] is the edge of I' containing a’. Therefore z, 2" € [v, w],
but this implies x = 2’ since the Voronoi regions are star shaped. o

Our next purpose is to estimate the orientations of the edges of 7.
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FIGURE 5.10 — [lustration of the proof of Lemmas [5.5.23| (left) and [5.5.25| (right)

Lemma 5.5.24. The following holds if c is sufficiently small. Let [v,w] be an edge of T
such that w ¢ T, and assume that p(z) > po for some z € [v,w]|. Then

Q0(z),w —v) < 7w/12.

Proof: It follows from Lemma [(.5.20] that

|lw—v| |
sin <1(f(z),w —v) < [|lw —v||gn) <5.
P sina(d(e). w0 =) < o = vl

On the other hand Proposition [5.5.18 yields since w ¢ T',,

lv —w| > A(v)10/91 > (A(2) — ¢|z — w])10/91,

therefore |v — w|/A(z) > 10/(91 4+ 10¢/91) which implies that |[v — w| > A(2)/10 if ¢ is
sufficiently small. It follows that

sin<(0(z2),w —v) < %7

which concludes the proof since py > 50/ sin(7w/12). o
The next lemma establishes that the aligned edges of 7 are, as their name indicates,

aligned with the direction 6 of anisotropy in regions where this anisotropy is sufficiently
pronounced.

Lemma 5.5.25. The following holds if ¢ is sufficiently small.

1. For any vertex v € V such that p(v) > po, there exists two aligned edges [v,w],
[v,w'] of T such that

I(@(w),w—v) <mw/12 and < (O(v),v —w') < w/12 (5.144)

2. Consider an aligned edge [v,v'] of T and a point z € [v,V'] such that p(z) > po + 1.
Then <1(0(2),w —v) < 7/12.
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Proof: We first establish Point 1., and as an intermediate objective we prove that I', \
Vor(v) # (). It follows from the definition (5.140) of I', that there exists an edge [vg, wo]
of 7y such that v € [vg, (vg + 2wyg) /3] C T',. Therefore according to ([5.133))

max{|v — vol, |[v — (vo + 2wo)/3|} > |vo — wo|/3 > Mw)V/2/9.

On the other hand |z — v| < 4p(v)/19 for all z € Vor(v) NT, according to Lemma [5.5.21]
Since p(v) > po > 36/(19v/2) we find that one of the points vy or wy does not belong to
Vor(v).

Consider a point x € I', N0 Vor(v). There exists vertex w, € V such that x € Vor(w,)
and [v,w,] is an edge of 7. Therefore [v,w,| is a transverse edge of 7 such that x €
Vor(v) N Vor(w,) NT" and p(v) > po. This implies according to Lemma that [v, w,]
is an edge of I' containing x.

Let T,T7" € T be the two triangles containing the edge [v,w,], and let w,w’" € V be
the third vertex of these triangles respectively. Since 7 is Cy-adapted to the metric H, we

obtain using
v — w,| + [v—w| > diam(T) > HH;%H > ||H(v)"2||/Co = A(v)/Ch. (5.145)
If w € T',, then we obtain using Lemma and Lemma that
v —wl/(2u(v)) < Jv = w|cos(QAO) ", w —v))/u(v) < [lv — W]k <5,

and v — w,| < p(v)/2. Injecting this in (5.145) we obtain u(v)(10 + 1/2) < A(v)/Cy
hence p(v) < (10 + 1/2)Cy which is a contradiction. Therefore w ¢ T',, which implies
<(0(v),w —v) < 7/12 according to Lemma [5.5.24] Hence

I(0(v),w —v) € [0,7/12) U117 /12, 7r].

and likewise ¥ (0(v),w’ —v) € [0,7/12] U [117v/12,7]. On the other hand we have
<A(0(v)*, w, — v) < /3 according to Lemma [5.5.17 and therefore < (0(v),w, — v) €
[7v/6, 57 /6]. Since the triangles 7" and 7" are on opposite sides of the edge [v, w,]| we
obtain which concludes the proof of Point 1.

We now turn to the proof of Point 2. We have |v — z|/A(v) < |lv — w|ge) < 5.
Assuming that ¢ < ¢,(po, 5) we therefore obtain p(v) > po. If v/ ¢ T, then Lemma [5.5.24]
gives the announced result. We therefore assume for contradiction that v € T',, and we
may assume without loss of generality that v' € I'J. It follows that It \ Vor(v) # 0.
Repeating our previous argument we consider a point x € '}y N0 Vor(v), and we find that
there exists a vertex w, € I} such that [v, w,] is an edge common to 7 and I containing
x. We denote by T, T" the two triangles containing this edge and by w, w’ the third vertex
of these triangles.

Since v/ € '} we have <((v)*t,v —v') < /3 according to Lemma , hence
I (0(v),v" —v) € [7/6,57 /6]. Since w, w' satisfy we obtain that [v,v'] intersects
one of the triangles 7" or 7", which is a contradiction, as illustrated on Figure (right).
This concludes the proof of this lemma. o
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For each v € V, such that p(v) > 2+ py we define I := [v,w_] U [v, wy] where
w_,w; € Vy are such that ', := [v, (2w_ 4+ v)/3] U [v, (2w, + v)/3]. We denote by I the
union of these sets

= |J T,

IS
p(v)>2+4po

which is a union of segments joining some vertices in 1y, hence in V according to Lemma
[5.5.19) We denote by Q the partition into convex polygons of R? obtained by bisecting
the triangles T" € 7 by these segments. Such a partition is generally referred to as the
overlay 7 and I".

Proposition 5.5.26. The following holds if ¢ is sufficiently small. Denote by T’ the
triangulation obtained by arbitrarily triangulating the convex cells of Q. Then T' is a
300-refinement of T and S(T") < max{C3(3 + po), tan(117r/24)} for all T' € T.

Proof: Our first objective is to give a uniform bound on the measure of sliverness in
7', and for that purpose we denote by V' the collection of vertices of 7’'. We have by
construction V' Cc TUT".

Assuming that ¢ < ¢,(po + 1, 1), we obtain that p(z) > po + 1 for all z € I".

Consider a vertex z € V', and assume in a first time that z € I'V. It follows from Lemma
that there exists two edges [z,v], [z,7'] of 77, contained in I, and such that

F(0(2) v —2)<7w/3 and < (0(2)*, 2z ) < 7/3.

Furthermore, it follows from Lemma [5.5.25] that there exists two edges [z, w], [z, w'], of
T’ such that

IO),w—2) <m/12 and < (0(v),z —w') < /12

In more detail two cases are possible : either z is a vertex of the original triangulation 7,
and Point 1. of Lemma applies, or z is a vertex of 7" created by the overlay of "
and 7. In that case Point 2. of Lemma applies and the edges [z, w], [z, w'], of T’
are contained in the same aligned edge of 7.

We thus have

< g(w—2,0(2) + 2(0(2),0(2)F) + 2(0(2), v — 2)
< w/12+7/24+T/3
= 117/12.

I(w —z,v—2)

Likewise
J(v—z,w'—2) <11T/12, <s(w'—2z,0'—2) <117w/12 and I (V' —z,w—2z) < 117/12,

which immediately implies that any angle at the vertex z is bounded by 117t /12.

In a second time we consider a vertex z € V' \ I". Since V' C I' UI" there exists
v € Vy such that z € T',. If p(2) > po + 3 and ¢ < ¢,(po + 3,1) then p(v) > po + 2 and
therefore z € T, which is a contradiction. Therefore p(z) < po+ 3, which implies that the
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triangles T € T containing z satisfy S(T') < p(T) < Cgp(z) < C2(po + 3). Any angle 6
at the vertex z in the triangulation 7, hence also in the triangulation 7”, thus satisfies
tan(6/2) < C2(po + 3), which concludes the proof of the upper bound of the measure of
sliverness S on 7.

We now prove that 7" is a bounded refinement of 7, and for that purpose we consider
an edge e = [v,w] of 7, and we denote z := (v + w)/2. We have by construction |v —
w|/A(z) < [lv—w||g) < 5. If atriangle T' € 7T intersects [v, w], then for any 2’ € [v, w]NT

A2)(1=5¢/2) < ANz) —clz = 2| < AZ) < AMz) 4|z — 2| < A(2)(1 4 5¢/2).
Recalling that 2\(z’)/3 < diam(T") < A(z') we obtain
T C B(z,5\(2)/2 + A(2')) € B(z,\(2)(5/2+ 1+ ¢5/2)),
and in the other hand since T is a half square

V2IT| = diam(T) > 2(2')/3 > 2A(2)(1 — 5¢/2)/3.

Comparing the areas we obtain that the number of triangles T' € 7; intersecting [v, w] is

bounded by
5/241+5¢/2\?
( 2(1—-5¢/2)/3 )

which is smaller than 100 if ¢ is sufficiently small.

It follows that any edge [v,w] of 7 is cut in at most 100 parts by the set I'. For any
T € T we thus obtain # (07T NV') < 3 x 100 = 300. Since any conforming triangulation
of the convex envelope of n + 2 points uses n triangles, we obtain that the triangulation
7T’ is a 298 refinement of 7 which concludes the proof of this proposition. o
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6.1 Introduction

The main purpose of adaptive mesh generation, compared uniform mesh generation, is
to reduce the number of simplices required to achieve a given task. Here are two relevant
examples which are further discussed in this chapter :

273
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1. Given two domains of interest, generate the mesh with smallest possible cardinality
that separates these domains with a layer of simplices.

2. Given a function f, generate the mesh of a prescribed cardinality N that yields the
best finite element approximation to f of a given order m — 1 in some prescribed
norm LP or WP,

Both examples can be viewed as optimization problems posed on the set of meshes. The
second problem was dealt with in Chapter 2 and 3 in the case where f is smooth, and
an optimal mesh was constructed in the asymptotic regime N — +o00. The results of the
previous chapter have revealed that certain relevant classes of meshes can be equivalently
described in terms of riemannian metrics, and a natural objective is therefore to translate
the above problems as optimization problems posed on the set of metrics. Optimization
problems posed on metrics may indeed be easier to solve practically due to the continuous
nature of these objects. The goal of this chapter is to explain how this objective can be
met for the above two examples. The dimension d > 2 is fixed throughout this chapter, we
denote by T the collection of conforming simplicial meshes of R and by H := C°(R?, S)
the collection of metrics.
In the previous chapter, we have introduced the classes of meshes

Tic CToc CTye,
and characterized the respectively equivalent classes of metrics
H, cCH, C Hg.

These classes of meshes and metrics are defined on the entire unbounded domain R
The above optimization problems do not make sense in this setting since the number
of elements in such meshes is infinite. In order to circumvent this difficulty while still
avoiding the difficulties related to the boundary of a domain, we work in a periodized
setting that we describe below.

6.1.1 Periodic meshes and metrics
We denote by T\, the collection of meshes 7' € T which satisfy the following proper-
ties :
i) (Translation invariance) For any 7' € 7 and any u € 7ZZ%, one has u + T € 7Z*.
ii) (Constrained diameters) For any 7" € T one has Hr > Id.

Accordingly, we denote by Hpe, the collection of metrics / € H which satisfy the
following properties :

i) (Translation invariance) For any z € R? and any u € 7ZZ%, one has H(z) = H(z + u).
ii) (Constrained positivity) For any 2z € R? one has H(z) > Id.

A mesh 7 € T, can be regarded, thanks to the translation invariance property, as a
mesh of the compact periodic space

.= (R/72)°, (6.1)
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which is also called the d-dimensional torus. The diameter constraint property ensures
that the simplices T" of a periodic mesh 7 € T, do not have a significantly larger size
than the fundamental cell [0, 1]? of the standard Z* periodic tiling of R?.

Strictly speaking, a periodic mesh 7 € T, has an infinite cardinality. However it
only contains a finite number of simplices up to translation by an element of ZZ¢. For any
7T € T,e, we therefore denote by #(7°) the number of equivalence classes in 7 for the
relation

T ~ T' if and only if there exists v € Z¢ such that 7" =T + w.

The number #(7) is finite, and is the the cardinality of 7 seen as a mesh of the compact
periodic space (§6.1). We define the mass m(H) of a periodic metric H € H,,, as follows

m(H) ::/ Vdet H.
[0,1)¢

The next proposition shows that the mass of a metric H and the cardinality of a mesh
T are close when H and 7 are equivalent in the sense studied in the previous chapter.
We denote by T, a fixed equilateral simplex centered at the origin of R? and having its
vertices on the unit sphere.

Proposition 6.1.1. The cardinality of a mesh T € T,e, and the mass of a metric H €
H,.. satisfy the following properties :

— IfHy < C?H(z) for allT € T and all z € T, then |Toq|#(T) < COm(H).

~ IfH(z) < C*Hr for allT € T and all z € T, then m(H) < CUTo|#(T).
In particular, if T is C-adapted to H in the sense of Definition [5.1.1], then

C™m(H) < |Too| #(T) < C'm(H). (6.2)

Proof: For any z € R? we denote by T'(z) a simplex T' € 7 containing 2. Recalling (see
Proposition in the previous chapter) that for any simplex T

IT|\/det Hy = |Teql,
dz 1
#(T) :/ - det Hy,) dz. (6.3)
oo T~ [Tea] S V1

Furthermore we have det S < det S’ for any S, 5" € S satisfying S < S’. Applying this
remark to the matrices Hr(,) and C*H(z) or C~?H(z) we obtain the announced inequa-
lities, which concludes the proof of the proposition. o

we obtain

The equivalence between classes of meshes and metrics of R? established in Theorem
of the previous chapter has an immediate generalization to periodic meshes and
metrics.

Theorem 6.1.2. There exists a constant Cy = Cy(d) such that for all C > Cy,

1. The collection of meshes T; o N Tpe is equivalent to the collection of metrics H; N
H,..
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2. If d = 2, then the collection of meshes T, N Tper is equivalent to the collection of
metrics Hy N Hpe,.

3. If d = 2, then the collection of meshes Ty N Tpep is equivalent to the collection of
metrics Hy N Hpe,.

Proof: The proof of Theorem [5.1.14] presented in the previous chapter can be adapted to
periodic metrics and triangulations with only slight changes, which are left to the reader. ¢

6.1.2 Compactness of metrics

In order to ensure the existence of an “optimal metric” for a number of optimiza-
tion problems posed on periodic and isotropic, quasi-acute or graded metrics, we need a
property of compactness for such metrics.

We equip the set H,., of continuous and /A periodic metrics with a distance dper
which is defined as follows : for all H, H' € Hp,,

dper(H7 Hl) ‘= sup dX(H<Z)7H<Z)) = sup d><<H(Z)7H/(Z))'

2€[0,1)4 2€Rd

Consider H, H' € Hye, and define § = d,e;(H, H'). We thus have for all z € R?,

e X H(2) < H'(2) < e*H(2). (6.4)
It immediately follows that
e~ Pm(H) < m(H') < e®m(H), (6.5)
and
e Cdy(x,y) < dg(x,y) < ldy(z,y). (6.6)

which shows that the mass m — m(H) and the distance between to fixed points H +—
dy(z,y) depend continuously on H € H,,.

We establish in the following compactness property : for any M > 1 and any
symbol x € {i,a, g} the collection of metrics

(H e H, NH, ; m(H) < M}

is a compact subset of H,.

6.1.3 Separation of two domains

Isotropic and anisotropic mesh adaptation is often used to separate some geometric
sets, in the sense given by the following definition. For any closed subset £ C R? and any
mesh 7 € T we define the neighborhood V7 (F) of E in 7T as follows :

Vr(E):= |J T
TeT,
TNE#0
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We say that a mesh 7 € T separates two closed sets X,Y C R? if and only if
Vr(X)NVy(Y) =0,

in other words if X and Y have disjoint neighborhoods in the mesh 7.

A natural objective is to build a mesh of minimal cardinality which separates two
given regions. Consider two closed, disjoint and ZZ%-periodic sets X,Y c R%. We consider
in §6.3) the optimization problem posed on meshes

My (X,Y) :=min{#(7) ; 7 € Tper N Ty, and T separates X and Y'}

where * € {i,a, g} is a symbol and Cy > 1 is a constant. We establish that this problem
is equivalent to the following optimization problem posed on metrics, if the dimension is
d=2":

m(X,Y) :=min{m(H) ; H € H,, " H, and H separates X and Y},
where we say that a metric H separates X and Y if
di(z,y) > 1 for all (z,y) € X x Y.

Precisely, we show that there exists a constant C' = C(Cy) > 1, independent of the sets
X,Y, and such that

C'm (X,Y) <my o (X,Y) < Cmy(X,Y).

Imposing more constraints on the triangulation typically raises the number of triangles
required to achieve a given task, and likewise assuming more regularity of the metric
raises the mass required for a given task. We illustrate this remark in the context of
the separation of domains as follows. We fix the parameter ry := 1/4 and we define the
periodic set

X :={zx eR?; d(x,7ZZ%) <},

where d(z, F) := min{|x —e| ; e € E'}, and for any 0 < ¢ < ry
Vs = {y € RY; d(y, Z%) > ro + 6}.

The sets X and Y; are illustrated on Figure[6.1} The following equivalences are established
as 6 — 0

m;(X,Ys) =~ o1,
ma(X,Ys) =~ 5_%|ln5|,
mg(X,Ys) =~ 5T
A construction closely related to the separation of the sets X and Yj is presented on
Figure |8 in the main introduction of this thesis.
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FIGURE 6.1 — The sets X (light gray) and Yj (dark gray), with d =2 and 6 = 0.1.

6.1.4 Approximation in a given norm

One of the key purposes of anisotropic mesh generation is the adaptive approximation
of functions, as discussed extensively in Chapters 2 and 3. In order to study this problem
from the point of view of metrics, we introduce an error ey(f), associated to a function
and a metric, and we compare this quantity with the approximation error of f on a mesh.

For that purpose we denote by Bpy(z) the open ball of radius 1 around z for the norm
| - ||#(z) (therefore an ellipse) :

Bp(z) = {z+u; |[ullue < 1}.

For any exponent p, 1 < p < oo, and any f € LI, (R?) we denote by eg(f; 2), the error
of best approximation of f on BH( ) :

enlf; 2)p:= ot f = plliesac. (6.7)

m—1

We denote by L2, the collection of functions f € L? (RY) which are 7Z%-periodic. For all
feLb, and all H € H,. we define the approximation error ey(f), of f associated to
the metric H as follows

fp: —/ Vvdet H(z)eu(f; 2)hdz. (6.8)
[0,1]¢

Consider a metric H € Hye, N H, and a mesh 7 € T\, such that
Hr > 4°H(z), z€T, TeT, (6.9)

which heuristically means that that the mesh 7 is “more refined” than the metric H. We
establish that for any f € L,

. B < ‘
geV}nn,fl(T) 1f = gllp, < Cen(f)y (6.10)

where V(7)) stands for the space of finite elements of degree k on 7, and C' is an absolute
constant. Furthermore we give an explicit expression of a finite element approximation

g € Vi(T) which satisfies (6.10]), namely
=171 fur, (6.11)
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where H' := 42 H. We denote by fy the convolution distorted by the metric H of a function
f with a fixed compactly supported mollifier ¢ (which satisfies a moments condition)

fu(z) = | fz+H(z)"7u)o(|u|)du.

R4
The extension of the approximation result (6.10)) to the W7 semi-norm is not trivial
due to the fact that interpolation on simplices of large measure of sliverness is not a stable
procedure.

For any vector field v € LI (R RY) and any metric H € H we introduce the two
quantities

(v 2)yi= min o vllioqayce) (6.12
vePd,
and
s = IHEIE min [HE)H0 =)l (6.13
Note that
ey (v; 2), < e (v; 2), (6.14)

with equality if H(z) is proportionnal to Id. If v is ZZ? periodic and if H € H,.., then we
define ¢4 (v), and ef,(v),, similarly to (6.8).

Consider a metric H € H,,, NH, and mesh 7 € T\, which satisfy . We establish
that for any f € Wlp

per

9€Vm—1

inf IV(f =9y < Cey(V )y maxS(T), (6.15)

where C' = C(d).

This estimate should be compared with the following. Consider a metric H € H,.,NH,
and a mesh 7 € T which satisfy and in addition CZH(z) > Hy for all T € T and
z € T. We establish that

inf V(= 9)ll, < C (V) (6.16)

9€EVm—1

where C' = C(Cy, d).

The function g given by satisfies both estimates (6.15]) and (6.16]). These results
put in light the price to pay to obtain the best error estimate @D in the W' norm :
the measure of sliverness should be uniformly bounded on 7, and the metric H should
belong to H,. If these conditions are not satisfied then we can only prove the estimate
(6.16)), which penalizes the anisotropy of the metric H as observed in . Note that
according to Theorem [6.1.2} if the dimension is d = 2 then for any metric H € H, N Hype
there exists a mesh 7y € T, N Tper which is C’-equivalent to H, where C' and C’ are
absolute constants. By definition of quasi-acute meshes there exists a C-refinement 7 of
7o on which the measure of sliverness is uniformly bounded by C, which satisfies ,
and such that #(7°) < C"m(H) where C” is an absolute constant.




280 Chapter 6. Approximation theory based on metrics

6.1.5 Asymptotic approximation and explicit metrics

We establish some counterparts for metrics of the asymptotic estimates presented in
Chapters 2 and 3 for triangulations and more general meshes. Our estimates hold without
restriction on the degree m — 1 of interpolation, m > 2, or the dimension d > 2. They
apply to a sufficiently smooth function and to metrics of asymptotically large mass.

We denote by H,, the vector space of all homogeneous polynomials of degree m in d
variables, equipped with the norm

7]l := sup |m(u)].

[ul<1
We define the shape function K as follows : for all # € H,,

K(r) :A1€%£d||7roA||. (6.17)

We establish that for any Z¢ periodic and C™ function

limsup | M@ inf eg(f), | < CIK@™f), (6.18)
M—oco HeH,
m(H)<M

where the exponent 7 is defined by % =7+ %.

The proof of this result would be greatly simplified if one could establish the existence
of a smooth map = € H,, — A(w) € SLy such that K(7) = |7 o A(n)||. This is unfortu-
nately not the case, and the key ingredient of the proof of is the definition and the
analysis of a family K(® of functions which tend to K as o — oo and which are defined by
a well posed optimization problem (for which there exists a unique minimizer depending
continuously on the parameter 7). We also prove in that the shape function K is
uniformly equivalent to a continuous function on IH,,, as well as the shape functions L,
and L, defined below.

In the case of W'? norms we introduce two distinct shape functions

Lu(m) = inf (V7)o A,
- : -1
Ly(x) = inf A9 (ro AL

where ]H,‘f%1 is equipped with the norm

[ == sup |v(w)].

|ul=1

We establish similar results to 1) for any C™ and ZZ? periodic function f

limsup [ M“T  inf ¢4 (Vf), | < ClLa(d™f)|- (6.19)
M—o00 HeH,
m(H)<M
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and
limsup | M*T  inf % (V) | <CILyd"f)|l- (6.20)
M—o0 HGH!]
m(H)<M
where the exponent 7 is defined by % = ’”T_l + %.

For a quadratic or cubic (in two dimensions) homogeneous polynomial 7, we give an
explicit expression of near-minimizers of the optimization problems defining L,(7) and
Ly(m) in terms of the coefficients of 7. This expression can be used to compute efficiently
in numerical applications a metric H adapted to the approximated function f using the
available information on the derivatives of f.

We also use these minimizers to compute the ratio Lo(m)/L,(7) < 1, and we discuss
for which polynomials this ratio is significantly small. In other words for which types of
anisotropic features of the approximated function f the use of quasi-acute triangulations
leads to a significantly smaller approximation error than the use of graded anisotropic
triangulations (which is the case in all numerical software known to the author).

6.2 Compactness of metrics of a given mass

The purpose of this section is to establish the following compactness result. We recall
that the collection Hy, of 7Z¢ periodic metrics is equipped with the distance

dye(H, H') = sup d,o(H(2), H'()).

zeR4
Theorem 6.2.1. For any symbol x € {i,a,g} and any mo > 1 the collection of metrics
{H e H,.. "H, ; m(H) < mp} (6.21)
is a compact subset of Hye,

The rest of this section is devoted to the proof of this theorem. Our first intermediate
result establishes that the set (6.21)) is closed in Hye,.

Lemma 6.2.2. The set is closed in Hye,, as well as the sets H;, H,, H,.

Proof: As observed in the pointwise evaluation H — H(z) at a fixed point z € R?,
the distance H — dg(x,y) between two fixed points x,y € R? and the mass H — m(H)
define continuous maps on Hp,,, see 1} and . For any fixed z,y € R, the
collection of all metrics H € Hp,, which satisfy one of the following conditions

dy(H(z),H(y)) < du(z,y),

di(H(z),H(y)) < [z—yl,

IH@)IH (@)™ = 1,
m(H) < my,
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is therefore a closed subset of H ;.

A metric H belongs to Hy (resp. H,, resp. H;) if and only if it satisfies the first of
these inequalities for all x,y € R? (resp. the two first, resp. the three first). The sets H;,
H, and H, are thus an intersection of closed subsets of H,.,, hence are closed. The set
(6.21)) is obtained by imposing the fourth inequality, and is therefore also closed. o

We recall a classical result which states that the collection of Lipschitz functions bet-
ween two compact metric spaces is itself a compact metric space. It is an immediate
consequence of Ascoli theorem.

Theorem 6.2.3. If two metric spaces (X, dx) and (Y, dy) are compact, then the collection
Lip(X,Y) of Lipschitz functions from X to Y is also compact when equipped with the
distance

(1, 9) = maxdy (£ (), ().

We use this theorem to establish that closed and bounded subsets of Hye, N H, are
compact.

Lemma 6.2.4. Any closed and bounded subset H, of H,, N H, is compact.
Proof: Since the collection H, of metrics is bounded, the following quantity M is finite

M? = sup sup |H(2)].
HeH. z¢[0,1]4

For any z,y € R? and any H € H, we thus have dy(x,y) < M|z — y|.
We consider the compact metric space X := [0,1]¢, equipped with the distance
dx(x,y) := M|z — y|, and the compact metric space

Y:={MeS;:ld<M<Cld}

equipped with the distance dy. According to Theorem the metric space Lip(X,Y)
is thus compact.

Consider a sequence (H,,),>o of elements of H,. For all n > 0, the restriction Hyj0,1)
is an element of Lip(X,Y’). Since this space is compact there exists a sub-sequence Hy
which converges uniformly on [0, 1]¢. Recalling that H, is periodic for all n > 0 we find
that H,) converges uniformly to a periodic metric H € He,.

Since H, is closed in Hye, N Hy, and since Hye, N H, is closed in Hpe,, we obtain that
H, is closed in Hp,, and therefore H € H, which concludes the proof. o

The next lemma establishes that the set (6.21]) appearing in Theorem is bounded.
This set is closed according to Lemma [6.2.2] hence compact according to Lemma [6.2.4]
which concludes the proof of Theorem [6.2.1]

Lemma 6.2.5. Let mg > 1 be a constant.
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1. There exists C = C(myg, d) such that for any H € H, satisfying H(z) > 1d for all |z| <

1 and
/ Vdet H(z)dz < mqg
21<1

we have ||H(0)|| < C?.
2. The set {H € Hyey NHy ; m(H) < myg} is bounded.
Proof: We first show how 2. can be obtained assuming 1., and for that purpose we

consider H € Hy,, N H, and z,. The ball {z € R? ; |z — z,| < 1} is covered by the 2%
cubes z, + u + [0, 1) Where u€ {-1,0}% Consequently

/ Vdet H(z)dz < Z / Videt H = 2%my
|z—z4|<1

we{—1,034 2« +u+[0,1]¢

and we already know that H(z) > Id for all z € R% Tt follows that |H(z,)|| < C" where
C'" is the constant associated to 2%mg in Point 1., which concludes the proof of Point 2.

We now turn to the proof of Point 1. At each point z € R? we denote the eigenvalues
of H(z) by

A(2) = - = N(2).
For each k € {1,---,d} the function )\, : R — R* is continuous and A(z) > 1 for all
|z| < 1.
Our purpose is to obtain an upper bound for A\;(0) = /|| H(0)|| in terms of mg. We

shall proceed as follows : we first give an upper bound for A\;(0) that depends only on my,
and then for each 1 < k < d — 1 we give an upper bound for A\z(0) in terms of mg and

Ait+1(0).
The upper bound on )\;(0). We define the ellipse
£:={2€R"; [l ne < A(0)}
and we observe that |z| <1 for all z € £. We thus obtain using Corollary [5.2.11] that

cqIn Ag(0 /\/detH )dz </ Vdet H(z)dz < my,

|z|<1

where ¢; > 0 is a constant which depends only on the dimension d. This gives as announced

an upper bound on A;(0) in terms of my.

The upper bound on A\;(0). The vector space R is the orthogonal sum
Ri=UaV

where U is the sum of the eigenspaces associated to the eigenvalues A(0),---, A2(0) of
H(0) and V is associated to the other eigenvalues A7, (0),---,A5(0) of H(0). We have
forallu e U and allv € V,

ull 7y > Ae(0)Ju] and  [[v||z@©) < Aks1(0)]v].



284 Chapter 6. Approximation theory based on metrics

We consider an isometry P € Oy, (in the sense that PTP is the k x k identity matrix)
satisfying P(R¥) = U. For each v € V we define a metric H, on R¥ as follows : for all
u € R¥

H,(u) := P"H,(v + Pu)P.
It follows from Proposition @ (in the previous chapter) that H, belongs to the collection
H,(R*) of graded metrics on R*. We define

By :={ueRF; |u/<1/2} and By :={veV; \pi(0)|v] <1/2},

as we observe that
|Pu+ v| <1 for all (u,v) € By x By. (6.22)

Recalling that A\;(z) > 1 for all 1 <i < d and |z| < 1, we obtain for all (u,v) € By x By

det Hy(u) < XN(Pu-+wv)---\2(Pu+v)
< M(Pu+v) - A3(Pu+0v) (6.23)
= det H(Pu + v).

For any u € R* and any v € V we have according to (5.53))
[ullz,0) = [[Pull ) = (1= ([0l a@) 1Pl = Ak(0)]ul/2, (6.24)

and therefore
{u e R Jlullm,©) < M(0)/4} C By.

Denoting by ¢, the constant from Corollary [5.2.11} applied in dimension k, we therefore
obtain for any v € By

/B v det Hy(u)du > ¢ In(A(0)/4). (6.25)

We thus obtain successively

/ Vdet H(z)dz > / V/det H(Pu + v)dudv
‘Z|§1 veBy JuEBy
> / / Vv det H,(u)dudv
vEBYy UEBU

> / e In( A (0) /4)du
— [Bylecln(A(0)/4)

Wd—k
T B MO
where we used @ and the Fubini integration formula in the first line, in the
second line, and @ in the third line. In the last line we denote by wg_; the volume of
the unit euclidean ball in R4*.

This inequality yields an upper bound on A;(0) in terms of M and A\g.1(0)
m0(2>\k+1(0))d_k)

Wd—k

Ar(0) < dexp (

which concludes the proof of this theorem. o
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6.3 Separation of two domains

We study in this section a geometrical problem : the separation of two sets using
a mesh of minimal cardinality. Our first result, Proposition [6.3.1] establishes that this
problem has an equivalent formulation in terms of metrics.

Proposition 6.3.1. We assume that the collection of meshes Tpee NIy ¢, and the collec-
tion of metrics Hyey N H, are equivalent in dimension d, where € {a,b,c} is a symbol
and Cy > 1 is a constant (According to Theorem this condition holds at least if
d =2 and Cy is sufficiently large).

There exists a constant C' > 1 such that the following holds :
Let X, Y C R? be two closed, disjoint and periodic sets, in the sense that

t+ueX and y+u€cY, foranyxr e X,yeY andu € 7Z°.
Consider the two optimization problems

My (X, Y) == min{#(7); 7 € Ty N Ty, and T separates X and Y},
m(X,Y) = min{m(H); H € H,., "H, and H separates Y and Y'}.

Then
C'm (X,Y) <my o (X,Y) < Cmy(X,Y). (6.26)

Proof: We denote by C; > 1 a constant such that for any 7 € Ty, N T, ¢, there exists
H € Hye, N H, which is Cj-equivalent to 7, and vice versa.

The proof of this proposition is a simple translation between the vocabulary of meshes
and the vocabulary of metrics. We first establish that m,(X,Y) < Cm, ¢, (X,Y), and
then that m, o, (X,Y) < Cm,(X,Y).

Let 7 € T,e;NT, ¢, be a mesh which separates the sets X and Y, and let H € H,.,NH,
be a metric which is C equivalent to 7. We thus have for any 7' € 7 and any z € T'

C?H(z) < Hr < CTH(2).

Let x € X and let y € Y. Let Ty € T be the simplex containing x and let V7 (7j) be the
neighborhood of Ty in 7'. Since z € Tp and y ¢ Vr(1p) we have [[x—y||p,, > c:= (Cov/d)™
according to Proposition [5.4.5] (in the previous chapter). It follows that

d(z,y) 2 In(1+ ||z = yllr@) = 1 + |2 = yllsg, /C1) = 7 =In(1 +cCr ).

The metric H := r~2H thus belongs to Hpe, N H, since 0 < r < 1, see Remark [5.1.13]
Furthermore this metric separates the sets X and Y and satisfies according to Proposition
6.1.1]

m(H) < (C1/r)!|Tea #(T).
Taking the infimum over all meshes 7 € T, ¢, which separate X and Y we obtain the left
part of (6.26)) : m.(X,Y) < |Toq|(C1/m) My (X, Y).
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We now turn to the proof of the right part of , and for that purpose we consider
a Riemannian metric A € H, N He which separates the sets X and Y. We consider a
parameter A > 1, which value will be specified later, and we observe that H := \2H €
H. NH,e,. Therefore there exists a mesh T' € T, ¢, N Tpe, such that for all 7' € 7 and all
z € T one has
CT2H(2) < Hy < C3H(2).

Let us assume that 7 does not separate the sets X and Y, hence that V7 (X)NVr(Y) #
(. In that case there exists two simplices T',7" € T sharing a vertex v, and two points
reTNX and y € T"NY. For any simplex 7" and any z, 2’ € T we have ||z — 2/||3, < 2,

see (5.9). Therefore
A< dy(2,y) < dgle,0) +dg(0,9) < Oz — vl + 1o = yll,,) < 4G,

We now choose the particular the value A := 4C4 4+ 1, which contradicts the previous
equation and shows that 7 does separate X and Y. Furthermore

Teo|#(T) < C{m(H) = (ACY)*m(H).

Taking the infimum among all metrics H € H, which separate X and Y we obtain
| Teq Mo (X, Y) < (AC1)Pm.(X,Y), which concludes the proof of this proposition. o

As a concrete example, we define 7o := 1/4 and for any 0 < 6 < ry we consider in the
following the sets

X ={zeR’; d(x,Z) <ro} and Y;:={yeR?; d(y,Z% >ro+6}, (6.27)

which are illustrated on Figure[6.1] The next theorem gives a sharp estimate of the minimal
mass of a metric which separates the sets X and Yj, as § — 0. The notation as ~ [
stands for the following : there exists a constant C' > 1 such that for all 0 < § < ry

Clas < Bs < Cas.
Theorem 6.3.2. We have the equivalences

mi(X,Y;) ~ 5@
ma(X,Ys) ~ 6“2 |Iné|
my(X,Ys) ~ 6 2.

l

Furthermore for any * € {i,a,g} and any 0 < 6 < ry the explicit metric Hy € H, N Hye
defined below is a near minimizer of the problem m.(X,Ys). In other words H; separates
X and Ys and satisfies m(H}) ~ m.(X,Ys).

The proof is divided in two parts : we first give the explicit expression of the metrics
H} and we use it to obtain an upper bound on m, (X, Ys). We then prove a lower bound
on m, (X, Ys).
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6.3.1 Explicit metrics and upper bound

We define in this section the metrics Hf, where x € {i,a,g} and 0 < § < ry := 1/4.
We then establish in Lemma that Hf € H,, in Lemma that H} separates X
and Yy, and we prove in Lemma an upper estimate on the masses m(H}) of these
metrics.

In order to define H} we need to introduce some notations. For any z € R%\ {0} we
define

s(z) := min{ro, ||z] — 10|} and 6(z):= é (6.28)
For any 0 < 6 < ry and any z € R?\ {0} we define three matrices S}(z) € S, where
* € {i,a,g}, as follows

Si(z) := max{s(z),d} Id
S¢(z) = max{s(z),d}0(2)0(z)T + max {s(z), ﬁs} (Id —0(2)0(2)") (6.29)
S4(z) = max{s(2),d}0(2)0(2)T + \/ro max{s(z),d} (Id —0(2)0(2)").

We also define S5(0) = 1o Id for any » € {i,a, g}. Eventually we define the metrics H; by

the equality )
2H3(z +u)"2 := S5(2) (6.30)

for all z € [—%, %]d and all u € ZZ%. Observe that
H} =8*Id forall z¢€[—1/2,1/2]% such that |z| > 2rg = 1/2, (6.31)

since S}(z) = 1o Id on this set. Figure |8 in the main introduction of this thesis illustrates
some (finite) triangulations which are respectively equivalent to the metrics Hf, * €

{i,a,g}.

Lemma 6.3.3. For all 0 < <ry and all x € {i,a,g} one has Hf € H,e, N H,.

Proof: We first remark that s = 7y on the boundary 9([—3, 3]), and therefore Hf = Id
on this set for any x € {i,a,g}. Using we thus obtain that Hj is continuous and
7Z¢ periodic.
We denote
Sper(2) 1= min{ry, |d(z, Z*) — ro|}
and we observe that s, is a Lipschitz function. Since H} = 41d / max{sper, d }2, we obtain

that H; € H; (because z — min{s(z),d}/2 is Lipschitz), which concludes the case x = i.

We now consider the case x = ¢, and for that purpose we use the notations of
(in the previous chapter). Our first step is to establish that the local dilatation dil,(H )«
defined in (5.58)) is smaller than 1 for all z in the set

Q:={z€R?; 0< |z| <rg—d}.

We define the functions
Ai=5/2 and p:=+/s/4
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and we observe that HY = A\7200" + ;=260 on Q. The functions A and u are C™ on {2
and we have o

va= =2 and Vi = —

2 8y/s
Therefore for any z € )
, dil.(A; du) _ IVAG) e | = 0(2)/2/l e
1. (In \; = = = =1/2
A ) =0 ) e -
and '
il (s ) IVE) s M)

dil,(In p; dy) = ) ) = S5 0n0) =1/4.

On the other hand the derivative of § at a point z € R%\ {0} in the direction u € R? is
the component of u orthogonal to 6 and divided by |z| :

06 u— (u,0(2))0(2)

_(Z) = ’

ou ||

therefore

2|
‘A(Z) p(2)
2)

— S L ﬁ ro—s(z) =z
e RTE]| I R e

where we used the fact that v/t — 1/y/t < t for all ¢ > 1 (which is easily checked by
derivation). Therefore

On the other hand for z €

2 u(z) A=) 2
It follows that the quantity D,(a)x defined in is smaller than 1/2, and therefore
that dil,(HJ)x <1 on Q according to Theorem . Proceeding likewise we also obtain
that dil,(HY)x < 1 on the annulus {z € R? ; 75+ 0 < |z| < 2r¢}. Furthermore Hj is
constant on the annulus {z € R? ; 7y —§ < |2| < 79 + §} and on the domain {z €
(=1/2,1/2)¢; |z| > 2ry}. Defining

To:={zeR; 2] € {0,710 — 6,70 + 8,2r0} } UD([—1/2,1/2]%),

and I' := {z+u; z € Iy, u € Z*} we have thus established that dil,(H{), < 1 on R?\T.
Corollary thus implies that H € H,.

The proof that H € H, is extremely similar to the proof that H{ € H, : the quantities
D.(a)x and D,(a), defined in @I} and can be explicitely computed on R?\T" and
are smaller that 1/2. Theorem [5.3.1] thus implies that the local dilatations dil,(H{)x and
dil,(H¢), are bounded by 1 on R?\ T, and it follows from Corollary that Hy € H,.
The details of the proof are left to the reader. o

The next lemma establishes the that the metrics Hj do separate the sets of interest.
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Lemma 6.3.4. For all 0 < § < 1y and all x € {i,a,g} the metric Hy separates the sets
X and Y.

Proof: Let v € C'([0,1],R?) be such that v(0) € X and v(1) € Y;. Since the sets X, Y

are Z%-periodic, as well as the metrics H}, we may assume that v(0) € [—%, %} ‘. Recalling

the definition (6.27]) of X and Y; we obtain
7(0)] <7y and |y(1)] > ro+ 0.
We define
to := max{t € [0,1] ; v(t) € X} and t; :=min{t € [ty, 1] ; y(t) € Y5}.
For any t € [ty, 1] we have
V(to) =ro < Y(8)] <o+ 6 =(t).

and therefore

W Ol = 2|y (t),;(v(t)»l _ 2|h(|5(t)|’

where |y| stands for the function z — |y(z)|. Hence

/t1 20y|'(t)dt _ 2\7@1)\ — ()] =2
to 5 |

1
)= [ 17 Ollngoit > 5

It follows that dp; (X, Y5) > 2 which concludes the proof. o

The next lemma estimates the mass of the metrics m(Hj), which yields an upper
estimate on the minimal mass m, (X, Y;s) required to separate the sets X and Yj using a
metric in Hpe, N H,.

Lemma 6.3.5. There exists a constant C' = C(d) > 0 such that for all 0 < § <rg

m(HY) < C§5 @D, (6.32)
m(H?) < C5 T |Ind), (6.33)
m(HY) < C5 7. (6.34)

Proof: Recalling the definition (6.30]) of Hj in terms of Sj we obtain

dz
m(H}) = 8% +2d/ -

where ¢ stands for the volume of the following set, on which Hf = 8?1d according to

(6.31)),
1177
{ZG |:—§,§:| X |Z| 227”0}‘

Cy =
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/ dz /2r0 ri=1dr
—_— = —_—,
|z|<2r¢ det Sg(z) ' r=0 Sg(?")

where ¢; stands for the d — 1-dimensional volume of the sphere {z € R? ; |z| = 1}, and
where

Furthermore

s5(r) = det S5(2)
for any z such that |z| = r. Therefore there exists a constant ¢ > 0, independent of 9,
0 <6 <rg, and of x € {7, a, g}, and such that

2ro d
m(H2) < ¢ / dar_
r=0 56(T>

Recalling the definition (6.29)) of Si(z) we obtain s§(r) = max{4, |ro —r|}¢ for all 0 < r <

2rp, hence
2rg dr ro—0 dr ro+0 dr 2ro dr
A Il A e Y 2 B =
r=0 8§<T) 0 (TO - T) ro—0 5 ro+0 (T - TO)

—(d—1 —(d—1)
= 256D 49 (5 T )

d—1 d—1
< 467D

which establishes ((6.32)). Similarly, we find s7(r) = r,> max{0, |ro — [}, hence

a1 20y ro—0 dr roto gy 2r0 dr
"o e o T prrsi ey
r—0 S§(r) 0 (ro—r) 2 ro—5 0 2 ro+é (1 —1T0) 2

d—1 Q(S_d%1 27“_%
= 2072 +2 — =0

d—1 (d—1)

< 65T

d—1
which establishes (6.34)). Eventually, we have s§(r) = max{J, |r—ro|} max {\/S, |r — r0|} ,

and therefore
o qr dr dr ro+o gy
/ Ty = —d+/ —dﬂL/ T (6.35)
r=0 55(r) 1; |0 — 7 Js |ro — 1|02 ro—6 0 2
where

Is = [0,7"0—\/5] U [To—l—\/g,%o} and Js = [ro—\/g,ro—(ﬂ U [r0+5,r0+\/g] .

[t = o (08 =ne)
o5 (m (ﬁ) - ln(5>

125
5T | Ind| + 45~ %

Therefore

IN
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which establishes ([6.33]). o

6.3.2 Lower bound

We prove in this subsection the lower bound announced in Theorem [6.3.2]

Lemma 6.3.6. There exists a constant ¢ = c¢(d) > 0 such that for all 0 < § < g,

mi(X,Y;) > e, (6.36)
ma(X,Y;s) > c5 T |Ind), (6.37)
my(X,Ys) > 67 (6.38)

Proof: We consider a metric H € H,, where x € {i,a, g}, which separates the sets X
and Y;. In particular H € H,. We denote by S := {v € Rd |v| = 1} the euclidean unit
sphere of R%, and by w the d — 1-dimensional volume of S. We define for all v € S

: 1
n(v) = Vllieey and m(v):= inf fwllee = [Hrov) 2| '

Proposition [5.2.10| (in the previous chapter), states that for any z,u € R? we have
dir(z 2 +w) < — (L~ Julle). (6.39)

where the right hand side equals oo by convention if |Ju|| gy > 1.
We now consider a point v € S and we observe that rov € X and (rg + 0)v € Y.
Therefore
1 <dg(rov, (ro+6)v) < —In (1 = 6[[v]|r@ew) »
hence A\dn(v) > 1 where A := (1 —e )7 Let v,w € S, and let o € {—1,1} be such that
o{v,w) > 0. Remarking that 2rq + § < 3/4 <1 we obtain

2
’TOU + U\/gw‘ =12+ 0+ 2rgVoo (v, w) > 18 + 8 > 12 + (2r9 + 0)5 = (1o + )%
Hence rov € X and rov + V0w € Y;. Therefore
1 < dg(rov, rov + U\/gw) < —In (1 — \/5||w\|H(mv)> ,

which implies \v/dm(v) > 1. We we now distinguish between the three cases x = i, a or
g.
— If ¥ = 4, then H(z) = Id/s(z)? where s is a Lipschitz function, and s(rqv) =
n(v)~! < \d. It follows that

2ro d 1
m(H) > // drdv

. / /7‘0” rg Ldrduv

- "o o)
rdow

> Y 7"

= (A +0)d

Tg tw 5—(d-1)

(A+1)d ’
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where w denotes the d — 1 dimensional measure of S. Taking the infimum among all
metrics H € H; which separate the sets X and Y}, we obtain as announced

d—1
g W

A+ 1)

mi(X,Ys) > 04D where ¢=

— If x = a, then the functions z — ||H(2)||"2 as well as z — ||H(z)" 2| are Lipschitz.
Hence for any v € S and any p € R we have

1H ((ro +p)o)[| 72 < n(w) ™" +|ul < A6+ |ul,
1H ((ro + o) 2| < m(v) ™+ |u| < A6+ |-

Recalling that det M > || M||||M ||~V for any M € S} we obtain

(A8 + U)W + )" \/Aet H ((ro + p)o) > 1.

It follows that

m(H)

/TO (ro + p)tdp
> w
—ro (AS + [u))(AVE + |p])dt

Vo o du
- w/o (AJ + ) (A0 + V5)d-

wrg ! (In V5 — In(A8)).
(A +1)V3)i-
Hence ot w
ma(X.¥5) 2 o0 (< Ing =2 ) where e= 5oy

which concludes the proof of (6.37)).

— We now consider the case x = g. We have for any v € S

1 1
det Hiroo) 2 ooyt = n(v)(AV6)d-1

Using ((5.54)) (in the previous chapter) we therefore obtain for any p € R

(L — luln())?
n(v)(AV8)!

Vdet H((ro + p)v) = (1= |pln(v))*y/det H (rov) >

hence

m(H) > //_ (ro + )" (1 — |pIn(v))*dpdv

(/\\/_)d 1
//2n(v> rd 1/2 )3dpudv
>
)\\/_)d 1
wro

2By
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FIGURE 6.2 — Weak separation of two sets by a triangulation.

Therefore
a1 wrg™!
mg(X,Ys) > ¢~ 2  where c= ST
which concludes the proof of (6.38) and of this lemma. o

Remark 6.3.7 (Constrained triangulations). A wvariation of the problem considered in
this section is often considered in the litterature. We say that a mesh T € T weakly
separates two regions X,Y C R if

int(V7 (X)) Nint(Vr(Y)) = 0,

where int(E) refers to the collection of interior points of E.

A common approach for weakly separating two closed and disjoint sets X, Y C RY, is
based on constrained mesh generation. The first step is to build a polygonal hypersurface
[ such that for any path v € C°([0, 1], R?) satisfying v(0) € X and (1) € Y, there exists
s € [0,1] such that v(s) € I'. The second step is to build a mesh T of the domain Q@ which
1s constrained to contain the polygonal surface I' in its skeleton UperOT .

The main advantage of weak separation is that it can be achieved efficiently without
requiring anisotropic simplices, see Figure[6.3. Heuristically the same number of simplices
15 required to separate the sets X and Yy “weakly” with an isotropic triangulation, or
“strongly” with a graded triangulation. We refer the interested reader to for a survey
on constrained mesh generation.

6.4 Approximation in a given norm

We compare in this section the approximation error, measured in the LP norm or the
WP semi norm, of a function f by finite elements on a mesh 7 with the error associated
to f and a metric H. In this section, as well as in the next one, we fix an integer m > 2
and we consider finite elements of degree m — 1.

The greek letter o always refers to a d-plet of non-negative integers

Oé:(Oél,"' 7ad)€Zfl-7
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and we denote |a| = a; + - - - + ag. We define the monomial

zo= 11 2,

1<i<d

where the variable is Z = (71, ..., Z;), and we denote by P the collection of all polyno-
mials of degree at most k.

Py := Vect{Z%; |a| < k}.

We introduce a fixed function ¢ € L*®(R,,R) supported in [0, 1] and satisfying the
following moments property : for all 4 € IP,,,_; one has

[ u@)etlzhdz = (o) (6.40)
R

For any f € Li (R%) and any H € H we denote by fy the convolution of f with (|- |)

loc

distorted by the metric H, also referred to as the distorted mollification of f by H, and
which is defined as follows : for all z € R?

fu(z) = Rdf(z+H(z)%u)¢(yu|)du (6.41)

— VAT [+ wulu)de (6.42)

Note that ug = p for any polynomial u € P, ;. Indeed we obtain using the moments
property (6.40) that for all z € R?

par(z) = p(z + H(2)720) = p(z).

The next proposition establishes that the distorted mollification f +— fg is bounded
in some functional spaces. For any metric H € H, any point z € R? and any radius » > 0
we define

Bu(z,r) :={z+u; ||ullue) <1},

as well as
Bg(2) :== By(z,1) and B(z,r):= Bu(z,7)

(the latter being the standard open euclidean ball). Note that
|By(z,7)]\/det H(z) = wr? where w:=|B(0,1)]. (6.43)

Lemma 6.4.1. 1. (Boundedness from L. to C°) For any H € H and any f € L}

loc loc

one has fir € CO(RY). Furthermore for any z € R4

[fu(2)] < v/ det H(2) [loll e | fll 1 (Br () (6.44)

where By (z) :={u € R; ||ullpge) < 1}
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2. (Boundedness from W' to W.'°) For any H € H, and f € W\ one has fy €

loc loc loc

W.b2°. Furthermore for any z € R%

loc
dil, (fr) < 2+/det H ()|l < |V fll L1 (Br ()

where dil,(fr) == lim._o |V ful| oo (B(2e)) 15 the local dilatation of f at z.

Proof: We first establish 1. The continuity of fg follows from the expression of
the distorted mollification, and from general results on parameter dependent integrals.
Inequality follows from the fact that ¢ is supported on [0, 1] and from (6.42)).

We now turn to the proof of 2. Metrics H € H, satisfy |H(z)"2 — H(2')"z| < |z — #/|
for any z, 2’ € R, see Definition (in the previous chapter). Hence for any fixed
u € B(0,1) the map

z—z+H (z)_%u

is 2-Lipschitz. Derivating (6.41]) under the integral sign we therefore obtain
: 1
Alifa) < [ 2V +HE b0l lp(u)ldu
R
< el [ |VSG+ HE) o)l
By (2)

= 2y/det H(2)||oll 2= IV fll 1By 2))

which concludes the proof of this proposition. o

6.4.1 The [? error

This subsection is devoted to the proof of the following proposition, which states that
the finite element approximation error measured in the LP norm of a function f on a mesh
T, is controlled by the error ey(f), associated to a metric H when the mesh satisfies the
size condition (6.45)).

Proposition 6.4.2. There ezists a constant C' = C(m, d, p) such that the following holds.
Let H e Hye NH, and T € Ty, be such that

PH(z)<Hp, TET, 2z€T. (6.45)

Then for all 1 < p < oo and all f € LP_ we have

per

If =177 farll ooy < Cen(f)p,
where we denoted H' := 4*H.
Our first intermediate lemma studies the variations of the balls By (z,7) as z € R% and
r > 0 vary and when H € H, is a graded metric. We recall, see (5.53) and (5.54) (in the

previous chapter), that for any H € Hy, and for any z,u,v € R? satisfying |ul/g) < 1
one has

(I = Nulla) vl e V1| (24 (L= llullz) vllae),

< <
(1= |Julla)?/det Hz) < detH(z+u) < (1 - |jullme) 4/det H(z). (6.46)
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Lemma 6.4.3. Let H € H, and let z € R%.
1. For any 2 € By(z,1/2) one has By(2',1/4) C Bu(z).
2. For any z' € By(z,1/6) one has By (%',1/2) D By(z,1/4).

Proof: We first prove Point 1., and for that purpose we observe that for any ¢ € R?

lg=2Naey 2 Q=2 =zllae)le = 2 llae
> (=" = zllue)lg = zllae — 12— 2l ae)
=z (1=1/2)(lg = 2llm — 1/2)
If ||¢— 2||(z) > 1 then the previous equation implies ||q — 2’| .y > 1/4, which establishes

the first inclusion.
We now turn to the proof of Point 2. We obtain for any ¢ € R?

VAN

(1= 2" = zllue) e — 2 llae)
> (I=lz = 2lae)la = zllae) + 112" = 2llae)
> (1-1/6)""(|lg — z||lue) + 1/6).

If lg — 2|y < 1/4 then |lg — 2| gy < 2(5+ §) = 1/2. Hence By(2',1/2) D Bp(z,1/4)
as announced which concludes the proof of this lemma. o

lg — 2l =)

The next lemma estimates the finite element approximation error locally.

Lemma 6.4.4. There exists C = C(m,d, ) such that the following holds. Let H € H,,
T €T, e R and let

T.:={T €T ; TC By(z1/2)}. (6.47)

Then
If =177 furllieen < Cen(f; 2)y, (6.48)

where H' := 42H and ), denotes the union of all triangles in T,.

Proof: We denote by C} the norm of the interpolation operator
131;1 : CO(Teq) - CO(Teq)7

where T¢, denotes the reference equilateral simplex. We obtain using a change of variables
that for any triangle 7' and any g € C°(T') one has

17 gll ooy < Chllgllpoe -

Let € P,,,_1 be a polynomial satisfying || f — pl| ey z)) = ea(f; 2)p- Let g := f —
and let T" € 7,. We have

1
T2 || I gar || poo )

IN

115 ga || Loy

1
C1|T|7 [|ga || oo (1)

IN

1
< CT|7||gu |Lo=(Br (2,1/2))-
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It follows from (|6.44)) that
gzl Buza/2y < ll@llzee max{llgllLr(s,, )V det H'(2) ; 2" € Bu(z,1/2)}
< lellz=llgllor By 4l — 1/2)"%/det H(z),

where we used the inclusion stated in Point 1. of Lemma and (6.46) in the second
line. Defining C, := 8¢Cj||¢|| 1~ we thus obtain

1
p
15" grr ooy = (} j Hl?—lngp@))

TeT.

< Cillgllr(Bu )V det H(z) (Z |T|>

TeT,

3=

w 1
< C*HQHLl(BH(z))m\BH(Z)!P

< Cuollgll e )

where we used in the third line the expression (6.43]) of the volume |By(z)|, and the
inclusion ([6.47)). Since the distorted convolution reproduces polynomials in IP,,_; , as well
as the interpolation operator I' "', we have

9= g = —p) -1 (f—wu=f 177" fu

Therefore
If =177 fulliey = llg =177 gl
< Nlgllzrn + 1177 gullzra.)
< 1+ Cw) llgllzebu ey
= (1+Cw)en(f; 2)p
which concludes the proof. o

We now prove Proposition [6.4.2, For each triangle T' € 7 we define
Qr = {2 €R?: T C By(=1/2)} and n(T) ;:/ et H(Z)dz,
Qr
and we observe that

z2€Qp ifandonlyif T €7,

where 7 is defined in (6.47). Note also that Qr C B(zr,1/2) since H(z) > Id for all
z € R%, hence the sets u + Qr, u € 7ZZ%, are pairwise disjoint. We denote by 7, a system
of representatives of the set 7 for the relation of equivalence

T~T if T=T +u for some u e 7%
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It follows from the local error estimate (6.48|) that

Cren(f)y = O [ VUG ents; 2y
> / . Vdet H(z) ||f — 17~ lfH”Lp(Q
0,1

[

= /[Ol]d \/detH(Z) Z ||f_13} 1fH”LP(T

TeT,
= ST fally [ VAHE) Y el - wis
= ST / VAT () oy (2)d2
TeT, Rd
= D =17 fulli e
TeT,
> |If =17 1fHII mnTlnT

We now establish that np is uniformly bounded below, which concludes the proof of
Proposition [6.4.2] It follows from that T C Bpy(zr,1/4), where zr denotes the
barycenter of T'. The inclusion property established in Point 2. of Lemma thus
implies that By (27, 1/6) C Qr. We thus obtain the lower bound

n(T) > |Bg(zr,1/6)] min det H(z)

ZEBH(ZT,]./G)
—d
W At H (1 — 1/6)?
det H(zr)
= w(5/36)%,

where we used the explicit expression (6.43)) of the volume of |By(z,r)| and the estimate
(6.46) on the variations of \/det H(z).

6.4.2 The W error, when the measure of sliverness is uniformly
bounded

We establish in this subsection the following proposition which shows that the finite
element approximation error, measured in the W1? semi norm on a mesh with bounded
measure of sliverness, is controlled by e (V f),.

Proposition 6.4.5. There exists a constant C' = C(m, d, p) such that the following holds.
Let H e H,e, "H, and T € Tpe, be such that

H(z)<Hp, TET, z€T. (6.49)

Then for all 1 < p < oo and all f € WP we have

per

IVOf =187 fu)ll ooy < Cety(f)pmax S(T),

TeT
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where we denoted H' := 4>°H.

The main difficulty of this proof is contained in the following lemma, which states that
a near-best approximation of the gradient of a function, on an ellipse, has the form of the
gradient of a polynomial. In this proposition we denote by u - v the scalar product of two
vectors u,v € RY.

Lemma 6.4.6. 1. (The orthogonal projection is compatible with gradients) We equip
the space L*(B,R?), where B := B(0, 1), with the scalar product

For any f € H'(B) there exists i € IP,,_1 such that the orthogonal projection of V f
onto IP%_, is V.

2. (Optimization among gradients) There exists Cproj = Cproj(m, d) such that for any
ellipsoid € C R?, any 1 < p < oo and any f € WHP(E) one has

ot V= Villze) < Corog Veiﬂglff_z) IVf=vllLee (6.50)

Proof: We denote k :=m — 1, and we first establish Point 1. We define S := 0B and we
denote by Dy, the collection of polynomial vector fields v € IPY_, satisfying

divv(z) =0 forall z€ B
v(z)-z=0 forallze$S

For any g € H'(B) and any v € D;, we thus have

/ng - _/Bg(z) div v(=)dz + /g(z) V(2 - 2dz = 0. (6.51)

S

Our first objective is to establish the orthogonal decomposition
P, =D, ® VP,

The spaces VIP, and Dy are orthogonal according to (6.51]), and we know that dim VIP;, =
dim IP;, — 1. Therefore we only have to show that dim D, > dim(]Pi_l) —dim P, + 1.
The vector space D, is the kernel of the map dj. defined as follows

dp :PY_ | — Py o © P(S)
v = (dive, (v(2) - 2)s),

where IP;(S) denotes the collection of restrictions to S of elements of P. The kernel of
the map
H = s

is Ker(y:) = (1 — |2|*)P_». Hence dim(IPx(S)) = dim Pj, — dim IPy_.
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The map di is not surjective, since we have the linear relation

/div v(z)dz = /V(z) czdz.
B S
Therefore

dim D, = dimKerd

dim(P{~') — dim Im dj,

dim(PP{ ) — (dim Py,_y 4 dim Py (S) — 1)
= dim(P{ ™) — dim Py, + 1,

v

which implies the orthogonal decomposition IP{_, = Dj, @ VIP},, as announced.

Finally for any f € H*(B) the vector field V f is orthogonal to D;, according to (6.51]).
The orthogonal projection of V f onto IPZ_1 is therefore also orthogonal to Dy, hence is
an element of VIP, which concludes the proof Point 1.

We now turn to the proof of Point 2. We denote by @ : L*(B, R?) — IP{_| the L?*(B)
orthogonal projection. We recall that for any v € L*(B, R?) the projection Q(v) € ]PZ_1
is defined by the collection of linear conditions

/(v — Q) -v=0forallvelP{_ |
B

Hence @Q(v) depends linearly on a finite number of moments of v, and therefore conti-
nuously extends to all v € L'(B,R%). Therefore there exists a constant Cy such that for
alll <p<ooandallve LP(IB,]Rd)

Q)| zr@) < Collv||Lr()-

For any A € GL; and any v € L*(B,R?) we claim that Q(A(v)) = A(Q(v)). Indeed for
any v € IPY_| one has

/E (A(0(2) — AQ((2)))) - v(z)dz = / (v(2) - Qu(2))) - AT (w(2))dz = 0.

B

Consider 1 < p < oo, f € W'P(B) and A € GL4. Let p € P,,,_; be such that Q(Vf) =
Vi, and let v € P¢ we obtain

ANV =V)lwe = AV —AQNV))re@)
= [AVS) = QLANV)) e @)

AV —v) = QAVS) = v)|lLe(m)
< 1+ C)IANVS = v)|le@)-

Therefore

inf 1 ANV = V)| @ < (14 Co) egldf AV =)o w)-

pEP -

m—2
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Using a linear change of variables £ — B we obtain the announced result (6.50]), with the
constant Cpoj := Cpy + 1. This concludes the proof of this lemma. o

The rest of the proof of Proposition is extremely similar to the proof of Propo-
sition [6.4.2] The estimates

[fu(2)] < /et H(z2) [l@llo< I Il ()
||Im_1g||L°° < CillVgllze )

used in the proof of Proposition have the counterparts

dll fH S 2\/d€tH H‘P||L°°HVfHL1(BH
VI gl < CillVGlloe@)S(T),

which are proved respectively in Lemma and Lemma[3.6.3] (in Chapter [3)). From this
point the adaptation of the proof is straightforward and is therefore left to the reader.

6.4.3 The W!? error, on a general mesh

This subsection is devoted to the proof of Proposition [6.4.7} which estimates the 1/
approximation error of a function f on a mesh with arbitrary measure of sliverness, in
terms of the approximation error % (V f), with respect to a metric. This approach does
not allow to recover the optimal anisotropic error estimates for W1* norms developed in
Chapter [3] However it is perhaps more taylored to current anisotropic mesh generation
software, which generally do not guarantee any bound on the measure of sliverness (or
the maximal angle in dimension 2, since S(7') = max{1,tan(f/2)} for any triangle 7" of
maximal angle 0).

Proposition 6.4.7. For all Cy > 1 there exists a constant C' = C(Cy, m,d, @) such that
the following holds. Let H € Hy,e, N Hy and let T € Tpe be such that

42H(z) <Hr < (4Cy)*H(z), T€T, z€T. (6.52)

Then for all 1 < p < oo and all f € WP we have

per

IV =T fu)lleeoey < Cel(fp,
where we denoted H' := 4>°H.

Our first step in the proof of this proposition is the next lemma which estimates the
local approximation error.

Lemma 6.4.8. For all Cy > 1 there ezists C = C(Cy, m,d) such that the following holds.
Let H € Hper and T € T\pep be such that holds. Let'T' € T and z € T. Then for all
1 <p<ooandall f € WLP we have

per

IV(f = T2 fu )|l ey < Ceff (Vs 2)y, (6.53)
where we denoted H' := 4°H .
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Proof: We assume in a first time that z = 0 and that H(z) = Id, in such way that
Bu(z) = B := B(0,1) is the euclidean unit ball. We consider a polynomial p € P,
such that ||V (f — u)||zr(5) is minimal, and such that [,(f — u) = 0. The latter point can
be ensured by adding an appropriate constant to p. Defining g := f — u, we obtain using

Lemma [6.4.6]
IVllom) < Coroj€gr(f3 2)p-

Since g € Wh'(B) and [, g = 0 there exists according to Sobolev’s injection theorem a
constant Cy, = Csop(m, d) such that
9ll21@) < Csobl| V3l 18)-

The function gg is continuous on 7' and satisfies according to Lemma [6.4.1

lgarllee@) < 1@l max{|lgllLi(s,, ) Vdet H'(2) ; 2" € T}
< lelloollgll g4l = 1/2)¢

Cillgllzr @),

where we used (6.46|) and the fact that ||z — 2'||g;) < 1/2 for all 2" € T..

We denote by Cp the norm of the operator Vlﬁgl L CTy) — P2,
denotes the reference equilateral simplex : for any h € C%(T,)

where Toq

IV I bl e (ng) < Cillbl| oo ()

1
We recall that H7(T) is the image T, by a translation and a rotation, see Proposition

_1
5.1.3|in the previous chapter. Choosing the function h := gy o H, 2 € C°(T,,), we obtain
after a change of variables

[Ha* (V5" gl =iy < Cillgan loecoy.
which implies

195" gio ey < CullHlgan o).
We thus obtain, since HH%H < Co||H'(2)2|| = 4C, and since |T| < |B|,

1 m—1
IB|7 ||V L7 gur || Lo (1)
1
4CoC1|BI7 ||ga || o (1)
1
4CoCrCh|BI7 ||| L1 B)

4C,C1CiCson| Bl |V gl 11 (m)
4COCICICsob|B| HVQHLP(IB)

IA

VI gur || oy

VAN

IN

IA A

Defining C, := 4CyC1 C1Csop|B| we obtain

IV =177 fa ey = IV =177 ga) ey
(14 CHIIVyllrm)
Cey (VL 2)p,



6.4. Approximation in a given norm 303

where C' = (1 + C.)Cproj-

We now turn to the general case, and we do not any more assume that z = 0 and
H(z) = Id. We define the affine change of coordinates ®(z') := H(z)"22'+z, and we apply
our previous reasonning to the metric Hge defined by (in the previous chapter),

Ho(2') == H(2) 2 H(®(2'))H(2) "2,

which satisfies Hy(0) = Id and He € H, according to Proposition m (in the previous
chapter). We also define the triangle Ty := ®~1(T), the function f® := f o ® and the
metric Hj = 4%Hg. The first part of this proof implies that

IV(F® =Tt fa )y < Ceg, (V5 0),.
We thus obtain
IV(f =127 far) ey

IN
=

WENH ()2 (V(f =127 fu) ooy
= [ H(2)[I3(det H(2)) 2 ||V (£ — 15" fh )l wora)
< C|H()||?(det H(2)) ey, (V2 0),

(

1 g 1
= ClH)|2ey(H(2)2(V]); 2)p
= 65;{(1}07 Z)Pa
where we used the change of variables ®~! : T'— Ty in the second and fourth lines. This
concludes the proof of this lemma. o

We now conclude the proof of Proposition [6.4.7, For any 7 € 7 and any z € T,
recalling that Hr < (4Cy)?H (z2) we obtain

|Togl/IT| = /det Hy < (4Cp)%/det H(2).
Averaging ((6.53)) over T, it follows that

IV =T Dl < oo [ bl 2 < ¢ [ VATHEI 475 2
1y !

where C" := (4Cy)4C/| T |-
We denote by 7, a system of representatives of the set 7 for the relation of equivalence

T~T if T=T +u for some uc 7%
We thus obtain
Hv( - Im lfH/)”Lp ([0,1]4) = Z Hv(f - I?_l .fH’)HI[)/p(T)

TeT,
< C”Z/\/detH 4 (f; 2)bdz
TeT.

= / v/ det H(z : pdz
[0,1]¢

which concludes the proof of this proposition.
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6.5 Asymptotic approximation and explicit metrics

This section is devoted to the explicit construction of a metric H adapted to a given
function f, in the setting where the function f is sufficiently smooth and the mass of
metric is asymptotically large.

Our main result is the following theorem, which is the counterpart for metrics of
the results developed in Chapters 2 and 3. It involves the shape functions K, L, and L,
which are defined in the introduction of this chapter, §6.1.5] We do not establish that these
estimates are optimal, but this is suggested by the lower bounds for the finite element
interpolation error developed Chapters 2 and 3 for admissible sequences of triangulations.

Theorem 6.5.1. There exists a constant C' = C(m, d) such that for each f € C},

limsup | M@ inf en(f), | < CIK(d™f)|,

M —oo HEHQ
m(H)<M
where % = % + %. Furthermore
limsup [ M7 inf ey (Vf), | < ClLa(d" )l
Moo m(H)<M
. m—1 . m
fimsup | M7 inf (V| < ClLg(d™f)ll-
e m(H)<M
1. m—1 1
where T T a + 5

Our first lemma shows that the optimization problems on SL; defining the shape
functions K, L, and L, can be reformulated into optimization problems posed on the
collection S of symmetric positive definite matrices.

Lemma 6.5.2. Let ¢ € C°(GLy, R%) be homogeneous of degree v > 0 and such that
Y(A) = Y(AO) for any A € GLy and any O € Oq4. Then

inf{(det M)z ; M € S and y(M~2) < 1} = inf{s)(A) ; A € SLy}.
Proof: To each M € S we associate A := (det M)2aM~2 € GLg, in such way that
det(A) = 1 and ¢(A) = (det M)zay(M~2) < (det M)za. Conversely to cach A € GLy
we associate M = (A)7(AAT)" € SI, in such way that (det M)z = ¢(A) and
Y(M™2) = p(p(A) "7 (AAT)2) = (A)1p(AO) = 1 where O := A" (AAT)z is orthogo-

nal. o

It follows from this lemma that for any = € H,,
K(r) = inf{(det M)% ; |[xo M z| <1} (6.54)
Lo(r) = inf{(det M)™@ ; ||(Vr)o M| <1} (6.55)

m—1

Ly(r) = inf{(det M)™57 ; \/[M]|V(r oM 2)|| < 1}. (6.56)
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Remark 6.5.3. The optimizations among symmetric matrices appearing in these expres-
sions have a geometrical interpretation : finding the ellipsoid of mazximal volume included
i a set of algebraic boundary. Indeed one easily checks that the three following properties
are equivalent for all m € H,, and all M € S}

i) mo M~3|| < 1. (resp. (V) o M| < 1, resp. \/[M[[||V(r o M~2)[ <1)
ii) ()| < ||z|I5; for all = € RY. (resp. |Va(2)| < |[z|l57 ", resp. | M||2|M 72 (Vn(z))| <
I=l5")
iii) The ellipsoid defined by the inequality 2|y < 1, z € R?, is included in the set of
algebraic boundary defined by the inequality |m(z)] < 1. (resp. |V7(z)] < 1, resp.
|M||z|M~2(Vr(2))| < 1 which depends on M)

We consider a fixed function f € C™ and for each z € R? we define the homogeneous
polynomial 7, € H,, as follows

0°f(z) 2«
A7) = —_ 6.57
7T( ) |az::m (az)a al ( )
where ol = ay!---ay! for a = (aq,--+ ,aq) € Zi.

The heuristic guideline of the proof of Theorem is the following (here in the case
of approximation in the L” norm). Consider a C*° periodic map M : R? — S such that
|7 0 M(2)"z|| <1 for all z € R?, and define

H(z) == (det M(z))mrd M(z).
Then is is not difficult to show that for all A sufficiently large one has A\H € H, and

m
d

m(/\H) 6AH(f>p S C H(det M>;n7|

Lr([0,1]%)

This leads to the estimate announced in Theorem |6.5.1 if ||(det M)%| L ((0.4]4)
rable to [[K(d™ f)|| ;- (1), in other words if (det M (z))2a is comparable to K (r.) for all
z € R which means that M(z) is a close to be a minimizer of the infimum defining
K (7). The same principles apply to the two other estimates stated in Theorem m

The main ingredient of the proof of Theorem [6.5.1]is the construction of a continuous
map 7 — M (7) such that || o M(x)2|| < 1 and such that (det M())%i is sufficiently
close to K(m) (in the case of the approximation in the L? norm). Up to a few technicali-
ties, which are adressed in , defining M(z) := M(m,) and reasoning as above then
concludes the proof. We give in an explicit expression of such a map in terms of the
coefficients of 7, in the case of piecewise linear and piecewise quadratic approximation in
two dimensions. Such explicit expressions are valuable for numerical implementation in
finite element software which use anisotropic meshes, and have been implemented by the
author in [93].

We introduce in the property of “geometric convexity” for functions in C°(S;, R* ),
which is a variant of the classical notion of convexity. This is used in §6.5.3|to define some
variants K, o € (0,00) of the shape function K which are defined by well posed opti-
mization problems on S, in arbitrary dimension d and degree m. In contrast for some

is compa-
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choices of m € H,, there exists no minimizer to the optimization problem appearing in
the expression of K(m), and other choices there exists an infinity of minimizers.
We conclude the proof of Theorem [6.5.1] in §6.5.4l Eventually is devoted to the
proof of an additional property of the shape functions K, L, and L, : they are uniformly
equivalent on H,, to some continuous functions.

6.5.1 Explicit Metrics

We give in this section some explicit minimizers, or near minimizers (in a sense defined
below) of the optimization problems among symmetric matrices appearing in the expres-
sions , (6.55)) and of the shape functions K, L, and L,. Our results are so far
limited to the case m = 2, which corresponds to piecewise linear approximation, and to
m = 3 in dimension d = 2, which corresponds to piecewise quadratic approximation.

These minimizers or near-minimizers have already been presented in Chapter 2 for the
shape function K, and Chapter 3 for the shape function L,. The latter are recalled in the
next proposition, and completed with their counterparts for the shape function L,.

For any homogeneous quadratic polynomial m we denote by [rr] € S; the associated
symmetric matrix, which satisfies z1[r]z = 7(z) for all z € R%. Note that ||7|| = ||[]||.

Proposition 6.5.4. i) (Piecewise linear approximation, in any dimension) If m = 2
and d > 2, then for any m € IHy, one has

Lo(w) = 2|detn|i  and Ly(r) = 2/|[7[| /| det 7.

The minimizing matrices M in the expressions (0.55) and (6.56|) of L,(m) and Ly()
are respectively

Ma(m) =4[z and  My(m) = |||/ |[x]].

ii) (Piecewise quadratic approximation, in two dimensions) If m = 3 and d = 2, let
7 = ax® + 3bx?y + 3cxy? + dy? € Hs, let

and let )
M, (r) = Ma(r) + (ﬂ) Id

+
where disc 7 is the discriminant of the cubic polynomial 7 :

disc 7 = 4(ac — b*)(bd — ¢*) — (ad — bc)?. (6.58)

Then M, () and M, () are near minimizers of optimization problems defining L, ()
and Ly(m) respectively, in the following sense : there exists a constant C' such that

for all m € Hs
det M, (m) < CLo(m) and /det My(m) < Ly(m).
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Furthermore if 7 is not univariate then My () and My(m) are non degenerate and
we have

(V7)o Mu(m) 72| < C and  [My(n)||2 | V(o My(n)"2)| < C.  (6.59)

Proof: We recall that V(7o A) = AT((Vr) o A) for any 7 € H,, and A € GL,.

We begin with the case i) of a quadratic polynomial 7 € H,, and we observe that
V7 (z) = 2[r]z. Hence |V7(2)|* = 42" [r]?~ and the announced result for L, easily follows.
For L,, we are looking for a matrix M € S such that

1 _1 1 _1 _1
M=V (o M™2)[| = 2| Mz |M™2[x]M 2| < 1, (6.60)

and of minimal determinant. Recalling that [|[AB]|| > ||A||||B~!||~! for all A,B € GL4,
therefore | M~z [x]M~z| > ||x||/|[M]|, we obtain from (6.60) that 2||x|| < |M?2]. Hence

Al|llf| M2 [x] MR < 1 (6.61)

A matrix of minimal determinant which achieves this inequality is clearly M = 4||x|| |[x]],
where |S| denotes the absolute value of a symmetric matrix S € Sy. Observing that this
matrix also satisfies the condition we conclude the proof of Point i).

We now turn to the case ii) of cubic polynomial in Hjz. The case of L, and M, is
exposed in Chapter [3] We therefore turn to the case of L,. Combining the homogeneity
and the continuity of the functions involved, one easily shows that there exists a constant
Cy such that for all 7 € H;

Co | V| Collm|

< <
- - - 6.62
Gl < ) = [Ma@l| < Colall, (6.:62)

and

plm) = [Mo(m) < Gollm]
vim) = (=)’ < Gl

We consider below a fixed polynomial © € Hs, and we recall that

(6.63)

Ly(m) := inf{V/det M ; /| M[[|V(x o M~2)|| < 1}.

We first prove the lower bound L,(7) > c¢y/det My(m), where ¢ > 0 is an abso-

lute constant. For that purpose we consider a matrix M € S satisfying the constraint

[M2|||| V(x o M~2)|| < 1. Combining this with (6.62) we obtain

1 2 Cfl M% To Mﬁé 2 Cfl M% ||7T1|| — ||7T|| 7
o L e T i en T

hence ||7|| < Cy||M]|. It follows that

IR 1 1 . _1
1> Co Gy tlIml)zll mo M™2 || = ||7 o M=),
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3 -
where 7 := C; 2||x||27. The solution M of the minimization problem
inf{det M ; |7 o M 2| <1}

is known exactly in the case of cubic polynomials in two dimensions, see Proposition
in Chapter 2, and satisfies

~ -3 1
(det M)? = k| disc 7| = k(C, ||7||2)*| disc 7| = kCy¢|| 7||?| disc 7|.

where k is a positive constant which depends only on the sign of disc 7. Defining ¢y :=
~1 1 ~ Y . . .
ksCy ", where K stands for the minimial value of k for the two possible signs, we obtain

Ly(m) > Vdet M
= kiCy Y |n|3| discn|s
> co\/||mlv(m)
On the other hand, there exists ¢; > 0 such that
Ly(m) > Lo(m) > c1/det Mo (m) = i/ A(m) ().
Furthermore we have

det M ()

(A(m) + [l () + v ()
(1 + Co) min{A(w), |||} (2 max{p(r), v(7)})
2(1 + Co) max{A(m)p(n), [[lv(r)}.

IAIA

We thus obtain

\/det My(m) < C.Ly(mr) where C, :=2(1+ Cp)max{cy’, c;'}.

which concludes the proof of our lower estimate for L,.
We now turn to the proof of the property (6.59), which is equivalent to the following

M ()2 My (x) "2 (Va(z, )| < C when  ||(z,9)]| sy () < 1.

For any rotation U € Oy we have M, (7 o U) = UTM,(7)U, see Proposition in
Chapter 3] and disc(m o U) = (disc 7)(det U)% = disc 7, see Chapter 2] We may therefore
assume, up to a rotation, that M, () is a diagonal matrix and that the first diagonal
coefficient is larger than the second one. Therefore

M) =a>+ 20"+ and  p(m)? = b* 4 2¢% + d2,

and M, () = < )\(OW) IU(OW

which means that 7 is the univariate polynomial az®. In order to avoid notational clutter,

) ) . Note that this matrix is degenerate if and only if u(7) = 0,
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and since the polynomial 7 € Hj is fixed, we denote below by A, ;1 and v the quantities
A(m), u(m) and v(m). Our purpose is to establish an upper bound on the quantity

M ()2 ]| My (7) 2 (V(z, ) |
A+v
ptv

(6.64)

= (az® + 2bxy + cy?)? + ( ) (bx® + 2cay + dy*)?.

under the hypothesis
1 )y = A+ )2 + (p+v)y* < 1,

which implies in particular Az? < 1 and max{y,v}y? < 1. Injecting this in (6.64)), and
observing using (6.62) and (6.63)) that v < CZ\, we see that it is sufficient to bound the
following quantities

a? v AD? A2 A d?

—,—, — and =, Z—, .
N2 M W i max{p, v} max{p, v)?

(6.65)

Observing that
p > max{b,c,d} and A\ >max{a,b,c,u} > max{a,b,c,d} (6.66)

we find that all the quantities appearing in (6.65) are smaller than one, except perhaps
the last one :

Ad?
_— (6.67)
max{, v}
Using the expression ((6.58]) of the discriminant we find that
—discm = (a* + b* + A)d* + aQ(b, ¢, d) + R(b, c,d)

where ) and R are homogenous polynomials of degree 3 and 4 respectively. Hence there
exists a constant (', independent of 7, such that

Nd® = —disct — (aQ(b, c,d) + R(b, c,d))
Iml[v? + Codwe?

<
< (Cy+ Cy) Amax{p, v}>.

The previous inequality yields a uniform bound on ([6.67)), which concludes the proof of
this proposition. o

Proposition (6.5.4)) immediately gives an explicit expression, up to a fixed multipli-
cative constant, of the shape functions L, and L, in the case m = 3 and d = 2 :

Lo(m) 2/ Mg(m) and Ly(7) >~ \/ M,(m). It follows that
Ly(ax® 4+ dy?) ~ {/|ad| max{|a|, |d|} and L4(az®+ dy*) ~ \/|ad|,

and

Ly(ax® + 3cxy?) =~ Ly(ax® + 3cxy®) ~ v/max{|a|, |e|}|c],
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where f(a,b,c,d) ~ g(a,b,c,d) means that there exists a constant C' > 1 such that
C~'f(a,b,c,d) < g(a,b,c,d) < Cf(a,b,c,d) for all a,b,c,d € R.

For a function which has anisotropic features of the type az®+dy?, where a and d have
different orders of magnitude, the use of quasi-acute meshes and metrics may therefore
lead to a substantial improvement of the approximation error compared to the use of
graded meshes and metrics. This is not the case in contrast if all the anisotropic features
of the approximated function are of the type ax® + 3cxy?.

6.5.2 Geometric convexity

We introduce in this section the geometric average of two symmetric positive definite
matrices, and the property of geometric convexity for functions defined on S} . This notion
is a variant of the classical property of convexity, which is appropriate for the study of

the minimization problems appearing in the expressions (6.54)), (6.55) and (6.56|) of the
shape functions K, L, and L,.

Let M, M' € ST, and let S := M~2. We define the geometric average Avg(M, M') €
St of M and M’ as follows

S Avg(M, M")S := VSM'S (6.68)
For instance Avg(M, M~') =1d, and for any k, k" > 0
Ave(kM,K'M") = V kK Avg(M, M").

The following proposition gives an alternative characterization of Avg(M, M').
This proposition also shows that Avg(M, M) is a natural midpoint between M and M’ for
the distance d, and establishes two basic properties of the geometric average of matrices.

Proposition 6.5.5. For any M, M' € S; the following holds.

1. A matriz M € S satisfies M = Avg(M, M') if and only if there exists A € GLyg
and a diagonal matriz D such that

M=ATA, M=A%*PA M =A% ?PA. (6.69)

2. The geometric average Avg(M, M') is a midpoint between M and M' for the distance
dy on Sj :

1
Ao (M, Avg(M, M) = d (Avg(M, M'), M') = Zdc(M, M').

3. The geometric average is commutative and compatible with the inversion of ma-
trices :

Avg(M,M") = Avg(M', M) (6.70)
Avg(M,M")™" = Avg(M~' M) (6.71)
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Proof: We first establish point 1. Let us assume in a first time that M, M’ and M have
the form . We easily obtain

MMM =M
Defining S := M ~2 we thus have
(SMS)* = SM'S.

Taking the square root of the previous equation we obtain which shows that M =
Avg(M, M").

In order to establish the converse of this property we only need to show that for any
M,M'" € S there exists A € GL; and a diagonal matrix D such that M = ATe?’ A
and M’ = ATe 2P A. The expression of Avg(M, M’) then automatically follows from the

previous argument. Since the matrix M’ MM’ is symmetric positive definite, there
1 1

exists U € Oy and a diagonal matrix D such that M'"2 MM'~2 = UT exp(4D)U. Choo-

sing A := ePUM’ 2 we obtain the announced result.

We now turn to the proof of Point 2. Let A € GL4 and let D, D" be diagonal matrices,
of diagonal coefficients Dy, --- , Dy and D7, --- , D} respectively. We define

§ := max |D; — Dj|.

1<i<d

We claim that the matrices N := ATe?PA and N’ := ATe?P' A satisfy d, (N, N') = 6.
Indeed

dx(N, N') = sip|IDIIUI|N—1nHUI|Nf|
u#0

= sup |In |e” Au| —ln|eD/Au|)

u#0
= sup|In|ePv| — ln|eD/v|) .
v#0
For any v = (v1,- -+ ,vq) € R? we have
2
lePul? = Z e?Piy? < 20 Z eQng? = (eé|eD,v|> ,
1<i<d 1<i<d

and similarly |e”'v| < e®|ePv|. Therefore |In |ePv| —In|eP'v|| < §, and taking the supre-
mum among all v # 0 we obtain dy (NN, N') < 4. Furthermore denote by ig, 1 < iy < d,
the position such that |Dy, — D; | = 0. Choosing v = (0,---,1,---,0), with the nonzero
coordinate at the position iy, we obtain § = |In|ePv| —In|e”'v|| < dy (N, N’). We thus
conclude that
dy(N,N") = d(ATe*P A, ATe?P'A) =6 = |D — D'||.
Recalling that M, M’ and M := Avg(M, M’) have the form we thus obtain

dy (M, Avg(M, M")) = dy (Avg(M, M'), M') = ||D|| and dy (M, M') = 2||D||.
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which concludes the proof of this point.

Finally we establish Point 3. Using the first point we obtain that M, M’ and M :=
Avg(M, M') have the form

M=ATA, M=A"*PA, M = A4

It follows that 5
M=ATA, M =ATe?PA, M= A"*PA, (6.72)

and

M—l _ (A_I)TA_I, M—l — (A_I)TG_QDA_17 M/—l — (A_I)T62DA_1. (673)

Equation - resp. - is the consequence of (6.72] - resp. - ) and of the cha—

racterization of the geometric average given in the first point.

We recall that a function ¢ € C°(Sy, R) is convex if and only if for all M, M’ € S, one

has . <M+M/) o VM) + (M)

5 5 (6.74)

The next proposition introduces the family of geometrically convex functions on S, which
is defined by a property similar to (6.74]) but in which the arithmetic averages are replaced
with geometric averages.

Definition 6.5.6. We say that a function ¢ € C°(S],R%) is Geometrically Convex and
Homogenous (GCH), if it satisfies the following properties.

i) (Sub multiplicativity) For any M, M’ € S one has
P(Avg(M, M) < \/p(M)p(M'). (6.75)

i) (Homogenous) There exists a € R | called the degree of ¢, such that for all M € S}
and all A € RY one has
P(AM) = A"p(M).

We say that the function ¢ is Strictly Geometrically Conver and Homogeneous (SGCH),
if p is GCH and if the equality in only holds if M and M' are proportional.

For instance the function det is GCH of degree d, since
det Avg(M, M') = Vdet M det M/ and  det(AM) = M.

We insist on point that GCH functions are by assumption continuous and strictly posi-
tive on S . The next lemma enumerates some simple properties of geometrically convex
functions.

Lemma 6.5.7. 1. The product of two GCH functions is GCH, and the product of a
GCH function with a SGCH function is SGCH. Furthermore the degrees add.
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2. The elevation to a positive power o € RY. of a GCH (resp. SGCH) function is also
GCH (resp. SGCH). Furthermore the degree is multiplied by c.

3. If a function p is GCH (resp. SGCH) then M +— o(M™') is also GCH (resp.
SGCH), and has the opposite degree.

Proof: The first two points are immediate, and the last point is a direct consequence of
the compatibility (6.71) of the geometric average with the inversion : if ¢ is GCH and
M, M' € S then

p(Avg(M, M")™") = (Avg(M ™', M'1) < \/o(M—1)p(M'1),
which concludes the proof. o

Aside from the determinant, a number of functions on S are geometrically convex.
The next proposition, which is based on an argument of complex analysis, enumerates
some of them. For all 7 € H,,, we define

I7lle = sup{|m(2)| ; =z € €, |2 < 1}.

Proposition 6.5.8. 1. The trace map M — Tr M s SGCH.
2. For any fired polynomial = € H,, \ {0} the map M — |[wo Mz2||¢ is GCH, of degree
m/2.
3. The norm map M — ||M]|| is GCH.
Proof: We first establish Point 1. Let M, M’ € S and let M := Avg(M). Let A € GLy4

and let D be a diagonal matrix such that M = ATe2P A, M’ = ATe 2P A and M = AT A.
We denote by (A;;)1<i,j<a the coefficients of A, and we define for all 1 <i <d

A? = Z A?j.

1<j<d

Note that A; > 0 for all 1 < i < d, since otherwise a full line of A would be zero and A
would be degenerate. Denoting by D, --- , Dy the diagonal coefficients of D we obtain

Tr(M) = Z A2e?Pi Tr(M) = Z AZe=2Di - Ty(M) = Z A
1<i<d 1<i<d 1<i<d

It thus follows from the Cauchy Schwartz inequality that Tr(M)? < Tr(M) Tr(M'). Fur-
thermore equality occurs if and only if the vectors

(AieDi)lgigd and (-AieiDi)lgigd

are proportional, which implies that D; = D; for all 1 < 7,j < d and therefore that M
and M’ are proportional.

We now turn to the proof of Point 2., and for that purpose we recall a classical result of
complex analysis, called Hadamard’s three lines theorem. Let Q := {a € C ; |R(a)| < 1},
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where $ denotes the real part, and let g be a continuous and bounded function on
which is holomorphic on €2. Then

90 < (s lata!) ( sup lo(@). (6.76)

Ra=-—1 Rz=«
We consider a fixed z € € satisfying |2| < 1, and we define for all a € Q
gla) = m(ATe*P2).

The function ¢ is continuous, uniformly bounded on Q by |7||c(||A[e!”1)?, and holo-
morphic on €, hence on (). Therefore Hadamard’s three lines theorem applies. For any
o € {—1,1} one has
sup |m(ATeP2)| < ||mo (ATe"P)]| ¢,
R(a)=0c

since |[eI¥(@P 2| = |z| = 1, where & denotes the imaginary part and i the imaginary unit.
Applying (6.76]) to the function g we thus obtain

[m(AT2)]? < |lmo (ATeP)[lellm o (ATe™P) e
Taking the supremum among all z € €% such that |z| < 1 we conclude that
Imo Atlle < [lm o (ATeP)llelIm o (ATe™)lle
One casily checks that the matrices O, 0’, O € GL, defined by
OMz =ePA, OMz=e¢PA and OM:z = A,

are orthogonal. Since orthogonal matrices are also unitary matrices, in the sense that
|Oz| = |z] for all z € C, we obtain

Imo ATe™Pllg = |moM?|q,
_ 1

lmoATe Pll¢ = |70 M'3|g
~ 1

lmoATl¢ = |lmoM?|qe,

thus || o Mz ||¢ satisfies the sub-multiplicativity property (6.75)). Furthermore the func-
tion M € SJ — |[ro M 2||¢ is clearly continuous, strictly positive, and homogeneous of
degree m/2 which concludes the proof of this point.

We now establish Point 3, and for that purpose we denote by © € IH, the canonical
quadratic form

1<j<d

Our purpose is to establish that for any M € S

1
lmo Mz|l¢ = [[M]], (6.77)
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which implies that ||M|| is GCH in view of the previous point. For any z € C such that
|z| <1 one has

m(M22)| = |z M3M32| < [M322 < | M3|? = | M].

Furthermore choosing a normalized eigenvector z € R? associated to the maximal eigen-
. 1 . .
value of M we obtain |m(M?2z)| = || M]||, which establishes (6.77)) and concludes the proof. ¢

For each M € Sj we define

k(M) = %i\/Tr(M) Tr(M-1).

The function x is SGCH according to Lemma [6.5.7 and since M — Tr M is SGCH. In

terms of the eigenvalues A\q,--- , \; of M we have
Pr(M)? = (Z /\i> (Z /\;1) )
1<i<d 1<i<d

therefore k(M) > 1, using the Cauchy Schwartz inequality, with equality if and only if
M = mId for some m > 0. Note also that

R(M) < VIIMI[I[MH < dr(M).

We regard the function x as a close variation on the condition number /|| M]||||M 1] of
the matrix M2.

6.5.3 A well posed variant of the shape function

We define in this section three variants of the shape functions K, L, and L, : for all
m e H,

K®(r) = Aie%de |7 o Alle
£ = nf VIO Ale
Ly(m) = jnf Ao Alle,
where G(7) := |Vr|? € Hy,,_2. For each a € (0,00) we define three new variants of the

shape functions

K@ (r) = inf{s(M)=(det M) ; ||ro M 2|¢c <1 and s(M) < e},
L) = inf{s(M)=(det M)"= : |G(r) o M 2||¢ <1 and k(M) < e},
LO(r) = inf{x(M)a(det M)"5 ; || M||Z||m o M"%||¢ <1 and k(M) < e},

This section is devoted to the proof of the following theorem.
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Theorem 6.5.9. 1. The shape function K (resp. L,, resp. L) is uniformly equivalent
to K© on H,, (resp. LY, resp. L ).
2. For each m € H,, we have the decreasing convergence
lim K@ (7) = K€ (n).

a—00

(resp. Ly (m) — LY(r) decreasingly, resp. Lga) (w) — LY () decreasingly, as o —

00).
3. For each o € (0,00) and each m € H,, \ {0} there exists a unique minimizer
M) (1) € ST to the optimization problem defining K (r), and the map

T € Hy\ {0} — M@ (1) e ST

is continuous. (resp. likewise for L™ () and M (m), resp. likewise for Lga)(w) and

M ()

We first establish Point 1. of this theorem. Since the vector spaces H,, and Hs,,_»
have finite dimension, there exists three constants Cx, C, and C, such that

7] < di7lle < Cklnll, 7€ Hmp,
I < l7'lle < Gull7ll, 7€ Hapm o, (6.78)
< rlle < G|V, meH,,.

Hence it follows from the definition of the original shape functions, given in §6.1.5] that
K <K®<CgK, L, <L} <C4Lg and C;'Ly < LY < CyLg on H,.

Point 2. of this theorem is an immediate consequence of the fact that (M) € [1,00)
for all M € S

The following proposition illustrates the use of k as a regularization term, and imme-
diately implies Point 3. of Theorem [6.5.9]

Proposition 6.5.10. Let ¢ be a GSH function of degree r > 0. Let (X,dx) be a metric
space, and let ¢ € C°(ST x X,R%) be such that ¢(-,x) is GCH of degree —1 for any fived
x € X. We define for all x € X and all o € (0, 00)

L@(z) := inf {K(M)égp(M) L (M, x) < 1 and k(M) < ea}.

For any v € X there exists a unique minimizer M@ (x) to the optimization problem
defining L®)(x). Purthermore the map M@ : X — ST is continuous.

Proof: We consider a fixed parameter o € (0,00). We first establish the existence of
a minimizer to the optimization problem defining L(®)(z), and we thus consider a fixed
x € X. For any 3 > 0 the following collection of matrices is clearly a compact subset of
Si
Kg:={M € S} ; |In(det M)| < 3 and x(M) < e“}. (6.79)
We define
A= sup (M) and X:= inf (M, x),

MeKy MeKy
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a

in such way that for any M € S satisfying x(M) < e

=

o(M) < A(det M) and (M, z) > A(det M)~a. (6.80)

Let (M,)n>0, M, € SJ, be a minimizing sequence for the optimization problem defining
L) (z). It follows from that det(M,,) uniformly bounded above and below : hence
there exists 5 > 0 such that |Ilndet M,| < (3 for all n > 0. Furthermore x(M,) < e®
for each n > 0, hence M, € Kpz. Since the set K3 is compact there exists a converging
subsequence M,y — Mo € Kg. By continuity of the functions ¢, (-, z) and x on S},
the matrix M., is a minimizer of the optimization problem L (x).

We now consider two minimizers M, M’ to the optimization problem defining L) (),
and we intend to show that M = M'. We denote M := Avg(M, M"). Since the functions
(-, x) and k are GCH, the matrix M satisfies the inequalities

Y(M,z) <1 and k(M) < e

We define for each M € S the quantity
1

O(M) :=k(M)=p(M), (6.81)

and we observe that ® : ST — R* is a SGCH function of degree r > 0 according to
Lemma [6.5.7] If M is not proportionnal to M’ we thus have

O(M) < /O(M)D(M') = LY (z),

which is a contradicts the fact that M and M’ are minimizers of the optimization problem
defining L™ (z). Thus M = mM’ for some m > 0, but this implies

L(z) = ®(M) = d(M') = m" (M),

therefore m = 1 and M = M’, which establishes as announced that the minimizer is
unique.

Finally we establish that the map 2 — M (z) is continuous. For all z,2" € X, we

define
w(z,z") == sup |Iny(M,z) —Inp(M, "),
MeK

where the compact set Ko is defined by (6.79), and we observe that w(z,2’) — 0 as
' — z. (Note that w(z, 2’) is the modulus of continuity of the continuous function X —
C°(Ky,R), defined by z — In(-, x).)

Let 2,2’ € X and let M := e“@*) M@ (z) and M’ := @) M@ (2/). We thus have

k(M) = k(MY (z)) < e,
and likewise x(M') < e®. Since 9 (-, 2") is homogeneous of degree —1 we obtain

w(M7 CL’/) < ew(x,xn)w(M7 ZE) _ ew(z’xl)w(ew(x’zl)_/\/l(a)(ZL‘),CU) < 1’
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and likewise ¢(M’,z) < 1. Furthermore since the function ® defined by (6.81)) is homo-
geneous of degree r we obtain

L") < d(M) = @=L (z),
which implies
(M) = O (v @) M) () = e @ L) () < ere@e) [(@) (x).
Consider a converging sequence in X, x, — x, and define
M, = e“@e) M@ ().

The arguments above show that M, is a minimizing sequence for the optimization problem
L) (x). The arguments developed for the existence of a minimizer show that {M,, ; n > 0}
is contained in the compact set Kj if the constant 3 > 0 is sufficiently large, and that
any converging subsequence of (M,,),>o tends to a minimizer of the optimization problem
L (), thus to M@ (x) by uniqueness.

Since the sequence M, takes its values in the compact set Kz and has the single
adherence value M (x), we have the convergence M, — M@ (x) as n — oo. Since
w(z, x,) — 0 we obtain as announced

M(a)(xn) — M@ (@7

which concludes the proof of this proposition. o

Remark 6.5.11. One easily checks that for each m= € H,,, each o € (0,00) and each
A € RY we have K@ (Arr) = AL (7) and

MDD (Ar) = Am M@ ().

It follows that M@ (m) — 0 as © — 0, and therefore that the map from IH,, to Sy defined

by
MO () ifm#0
e 0 if =0

is continuous. Likewise L' and L@ are 1-homogeneous on HH,,, and M and Méa) are

% homogeneous on IH,, which implies that they tend to 0 as m — 0, and are continuous
on IH,,.

6.5.4 Construction of the metric

This subsection is devoted to the construction of a metric H which is adapted to a
given smooth function f in the sense that the error ey (f), (resp. €4 (V f)p, resp. €5,(V f),)
is optimally small among all metrics of the same mass m(H) up to a fixed multiplicative
constant. Our construction only applies to an interpolation large mass of the metric H. We
do not establish that it is optimal, but this is suggested by the lower error estimates given
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in Chapters 2 and 3 for the finite element interpolation error on admissible sequences of
meshes. Producing a such a metric of a given mass independent of f is so far an open
question.

Our first lemma shows that the regularity constraints defining by the classes H, and
H, of metrics “disappear” when one multiplies a metric with a large constant.

Lemma 6.5.12. For any H € Hye, which is C', there exists \g = M\o(H) such that
NH € H, for all A > X.

Proof: The following maps are C* since they are the composition of C* maps

zeR! — H(z)zeS
2€RT = pu(H(2) = (u— Inlullne) € C°(S,R)

where S := {u € R?; |u| = 1} denotes the unit euclidean sphere (see in the previous
Chapter for a more in depth discussion on the map ). Since H is C' and Z®periodic

these maps are uniformly Lipschitz, hence there exists two constants C'y, Cx such that for
all z,2 € R?

G(HE)HE) = HE D -HED < G-,
A (H(2), H(Z)) = [ox(H(=) = o (H(llie < Culz - 2]

Furthermore, since H is continuous and periodic, there exists ¢ > 0 such that H(z) > 21d
for all z € RY. Hence
dy(z,2") > elz = 2],

for all z, 2’ € R From this point, it follows from Remark |5.1.13|in the previous chapter
that A2H € H, for all A > )\ := max{C,C\ /e}. o

Given a function f € C%,, an exponent 1 < p < 0o, and a triplet s = (a, p,0) € (R} )?
of parameters we construct a C> metric H as follows. For each z € R? we define

M(z) = M9 (r,) + pld,

where the homogeneous polynomial 7, € H,, is defined by . Note that M is conti-
nuous according to Remark [6.5.11] We consider a fixed mollifier ¢/, namely a radial non-
negative compactly supported C* function of integral one, and we denote 5 := 1(-/4) /5%
We then define

H(z) = (det M'(z))msri M'(2) where M’ = 15 % M. (6.82)

Given a symbol x € {a, g} we define similarly M, := Mia)(ﬂz) + pld, M. := s x M,
and .
H,.(z) := (det M (z))n—Dr+d M. (z2).

The rest of this subsection is devoted to the proof of the following theorem, which
immediately implies the asymptotic estimates (6.18)), (6.19)) and (6.20) announced in the

introduction.
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Theorem 6.5.13. There ezists a constant C' = C(m,d) such that the following holds for
any f € Ot any 1 < p < oo and any € > 0. If the triplet of parameters s = (a, p,6) is
well chosen then

1. Defining T by % =12 —i-]l) we have
Ah_{go m\H) ' exen(f)y < CIE(d™ )l o) + e (6.83)

2. Defining T by

3=

_ m—1 1
==+ 5 we have
.

. m=1 . m
Ahjf)lo MmN Ho) T ey, (Vf)p < Ol La(d™ )| o0y + €

and

m—1

¢ e?\zHg (f)p < ClliLg(d™ ) e o,y + &

The proof of the three estimates are completely similar. We therefore focus on the
proof of , and the details of the two other estimates are left to the reader. For
each z € R? we identify the polynomial 7, with the collection d™f(z)/m! of m-th order
derivatives of f at z, and we observe that

| det(M@O (@™ )2 rogay = K™ ) e o)
— IKC(d" )|l o

< Cg|K@ )|l

where the constant C is defined in . In the second line we used the fact that
K@ (d™f) converges pointwise decreasingly to K©(d™f), which implies the convergence
of the integrals. We may therefore choose « sufficiently large and p sufficiently small in
such way that

lim m(A\*H,)

A—00

[(det M)2a || 1o 130y < CIIE(d™ )| qo.p) + €,

where C' = C/m! (recall that M(®) and K@ are homogeneous functions, as observed in

Remark [6.5.11]).

For each z € R? such that 7, # 0 we have

7m0 M(2)73|| = Supw
Ju|=1 ||u||M(z)
7. (u)]
sup
=1 ([[ull3gr.y + P)
< sup —|7T2n(lu)|
ju=1 [l
7. o M(m.) 72|
< 1.

m
2

We may therefore choose § > 0 sufficiently small in such way that ||z, o M'(z)"2|| < 1 for
all z € [0,1]¢ and such that

[(det M(2))2 || (o2 < CIIE (™ f)]| 7o,y + & (6.84)
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Note that according to ((6.82))
m(H)7 = ||(det M’(Z))%Hv([o,ud)-
We define for each z € R?¢

ol £ () 7
po= ) a(a§)<a>%' (6.85)

|of<m
and for each A > 0
Using the isotropic change of variables h +— z 4+ h/\, we obtain

. —(m d .
een(f; 2)p = if |If = plleaueiny =X " inf ([fox = pllesace)-

HEP 1 WEP 1

Consider R > 0 such that H > Id /R? uniformly on [0, 1]¢, hence on R?. The function f, \
converges uniformly to 7, on B(0, R) :

Jim || for = el p0,my = 0, (6.86)

since 7, is the m-th term in the Taylor development of f at z. Since By(z) C B(0, R) we
therefore obtain

. m d .
Jm X e (fi2), = m At for = gl )
= H&g{il |72 = pll e (B (2))
< mllzeBrz)
1

< |Bu(2)|? |7l LBy (2))
= w(det H(z)) % ||m, o H(z)"?|
= wllm. 0 M(2)7|
< w,

where w := |B(0,1)| denotes the volume of the unit euclidean ball. We used in the third

line the proportionality relation H(z) = (det M (z))fﬁM (z) and the fact that m, is
homogeneous of degree m, which imply

1

det H(2) = det M(z)7»t¢ and ||m, o H(z) 2| = (det M(z)) %@ |7, o M(2)"2]|.

The convergence (6.86]) is uniform over all z € [0, 1], and therefore

lim \™eyy(f)) = lim )\mp/ Vdet(N2H (z))exzgy(f; 2
0,14

A—00 A—00

= / vdet H(z (hm NP (fr 2)P )dz
(0,174
< wp/ Vdet H(z2)dz.
[0,1)¢

= w’m(H).
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Since m(A\2H) = Am(H) we therefore obtain injecting (6.84)

m
d

een(f)y < wm(H)T

= (7Hf(<dnﬁf)HLTqmud)4-€,

lim m(\*H)

A—00

which concludes the proof.

6.5.5 The shape function is equivalent to a continuous function

The shape functions K, L, and L, are defined in by an infimum, which may
or may not be attained, over the collection SL,; of all matrices of unit determinant. One
can infer from this property that the shape functions are upper-semi continuous, but they
are not continuous in general as illustrated in Remark (in Chapter 2) for the shape
function K when m =4 and d = 2.

The purpose of this subsection is to establish the following theorem, which states that
the shape functions are nevertheless uniformly equivalent to a continuous function on H,,.

Theorem 6.5.14. There exists a constant C = C(m,d) and three continuous functions
K¢, LS and L; on H,, such that for all m € H,,

C'K¢(r) < K(rm) < CK¢%n)
ClLe(m) < Lo(m) < CL:(7w)
CLi(m) < Ly(m) < CLY(w).

Note that in the case of the shape functions K and L,, in dimension d = 2, this
theorem is a consequence of the explicit algebraic equivalents of these shape functions
given in Chapters 2 and 3.

The analysis presented below applies to all three shape functions, without restriction
on the dimension d. As observed in the shape functions L, and L, are uniformly
equivalent on H,, to the functions L; and L respectively, defined for all 7 € H,, by

L:(m) = inf /[|G(m)o A, (6.87)

A€SLy
* . : -1
Iim) = it A7 o Al (6.53)
where G(7) := |Vr|*> € Hy,,_». Let us also recall that

K(m) = A1€ré£d\|7roAH. (6.89)

The fact that L7 is uniformly equivalent to a continuous function therefore directly follows
from the same property for the shape function K (in degree 2m — 2 instead of m), by
composition with the continuous functions G : H,, — Hy,, 2 and /- : R, — R,.

The next lemma gives a criterion on the lower semi-continuous envelope of a function,
which guarantees that it is equivalent to a continuous function.
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Lemma 6.5.15. Let (X,dx) be an arbitrary metric space, and let f : X — R,. We
define the lower semi continuous envelope f of f as follows : for all x € X

f(z) :=lim inf f(y).

- e—0yeB(z,c)
Assume that f is upper semi-continuous and that there exists a constant C' such that
flx) < Cf(x) or f(r)=0 (6.90)
for all z € X. Then there exists a continuous function f¢ € C°(X,R,) such that
Clfe< f<Cfe (6.91)
Proof: For each n € 7ZZ we define the set
E, ={zeX; f(x) >C"}, (6.92)

which is closed since f is upper semi-continuous. For any x € X \ E, there exists a
sequence (zx)r>0, Tk € X \ E, (hence f(zx) < C'), converging to x. Therefore

f(@) < liminf f(zy) < C

Combining this with we obtain that = ¢ FE, ., hence the closed sets F,.; and
X\ E, are disjoint. We denote by (7,)nez, n € C°(X,[0,1]), a family of continuous
functions such that

Tn|Eny, = 1 and "X\, = 0.

The simplest construction of such functions is the following :

o dx($,X\En)
) X\ E) (. Br)

where dx(z, E) := inf{dx(z,e) ; e € E'}. We define a function r : X — [—o00, 00) (observe
that —oo is included) by the sum

r(z) = Z(rn(x) - 1)+ Zrn(x)

For each n € 7Z the function r is equal to n + r,, 4+ 1,41 on the open set int(E, \ E,i2).
Furthermore

Eni1\ Enso C{z € X5 f(z) <C™? and f(z) > C"} Cint(E, \ Eyy2),
therefore r is continuous on the reunion

U int(Bu\ Eng2) D | Enpr \ Bnse = {z € X ; f(x) > 0}.

neZ neZ

Consider « € X such that f(x) =0, hence r(x) = —oo. Since f is upper semi-continuous
there exists for each n € ZZ a constant 0 > 0 such that f < C" on B(z,d). It follows that
r < n on B(x,d), hence that r is continuous at x, in the topology of [—o0, 00).
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The function r is therefore continuous on the whole space X. Since C' > 1 the function
f¢: X — R, defined by
fé(z) .= Cr@),

is therefore also continuous. We have f¢(z) = 0 if and only if r(x) = —oo, which is
equivalent to f(z) = 0. Furthermore for each n € ZZ and each z € E, \ E,; we have
C" < f(x) < C™and C" < f¢(x) < C™*! by construction, which establishes and
concludes the proof of this lemma. o

The proofs that the functions K and L are uniformly equivalent on IH,, to a continuous
function are extremely similar. The case of L7 is nevertheless slightly more involved due
to the term ||A~!|| appearing in (6.88) which is not present in (6.89). We therefore focus
our attention on L7, and we leave to the reader the details of the adaptation of the proof
to the shape function K.

We define an auxiliary function £ on My x H,, as follows : for all (B, 7) € My x H,,

£(B,m) = inf A7 Bllwo A, (6.93)

hence £(Id, 7) = Ly(n) for all 7 € H,,.
The function £ is upper semi continuous since it is defined as the infimum of a family
of continuous functions. Hence for any converging sequence (B,,, 7,) — (B, 7) in My x H,,
we have
£(B,m) > limsup £(B,, m,).

n—oo

The next lemma shows that this inequality becomes an equality if the limit is zero.

Lemma 6.5.16. For any converging sequence (B, m,) — (B, ) in Myx IH,, the following
holds :

if lim £(B,,m,) =0 then £(B,n)=0.

n—oo

Proof: If £(B,,m,) — 0 then there exists a sequence (A,)n>0, A € SLg, such that

lim ||A;'B,||||m, o Ay = 0. (6.94)

For each n we consider the principal value decomposition A,, = U,, D, V,,, where U,,V,, €
O, and D, is a diagonal matrix satisfying det D,, = 1, with positive diagonal coefficients
tn = (tn1, -+ ,tna). We have for any n > 0, since V,, is orthogonal,

1AL Ballllm o Al = [IV,/ D5 Uy Bullllw o (Un D Vi)
= 1D, U, Ballllw o (U D).

Since the collection Oy of orthogonal matrices is compact, the sequence of orthogonal
matrices U,, admits a converging sub-sequence Uy, — U. We define B’ := U B, 7' =
7o U, and we observe that since |detU| =1

L(B,7)=L(B', 7). (6.95)
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We also define for each n
By, = Ugy By, T = Ty(m) © Upm,  and D}, := Dy,
in such way that

lim (B, 7,) = (B',7") and lim |D.'B.||||x} o D.|| = 0. (6.96)

n—oo

We thus recognize our starting point ((6.94)) except that the matrices A,, are replaced with
diagonal matrices D!, of coefficients

by, = (t;z,17 T 7t:7,,d) = (tom)1s s ton),a)-

In order to avoid notational clutter we do not keep track of the sub-sequence extraction,
and until the end of this proof we write 7, m,, B, By, Dy, t, and t,; for the variables 7’
m,, B, B, D, t and t ,.

n ’n

We denote by I C {1, -+« ,d} the collection of indices ¢ such that the associated line
of B is nonzero. There exists a constant ¢ > 0 such that for all n sufficiently large

1D, Ball > cmaxt, ! (6.97)

We denote by A the collection of exponents
AN={aeZl; |a] <m}

and by m,, m, o the coefficients of m and , respectively :

™= ZWQZO‘ and 7w, = ZW,WZO‘.

aeA aeA

It follows from and that for any oo € A we have

lim (max t;;) Tnaty = 0. (6.98)

n—o00 i€l

For each t = (t1,--- ,tq) € RL we define

At) == {oz S (majxti_l) t* > 1}.
S

The set A has only a finite number of subsets, since it is finite. Hence there exists an
extraction 1) such that A, := A(ty(n)) does not depend on n. In view of we thus
have for all o € A,

o = lim myem).0 = 0.

n—oo

Defining D := Dy, and denoting by t = (t1,--- ,t4), its diagonal coefficients we thus
obtain
lim ||[D~"B||||w o D"|| = 0.
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Indeed ||D7"B|| < Cmax;ert; " and

n
maxt; " | mat"* = 7, | t*maxt; | |
iel el

which equals 0 if « € A,, and tends to zero if @ € A\ A,. It follows that £(B,n) = 0 as
announced. o

The next lemma compares the function £ with its lower semi-continuous envelope.
Lemma 6.5.17. There exists a constant C' such that £ < CL on My x H,,.
Proof: We denote by A the following compact subset of My x H,,
A:={(B,7) € MyxH,,; |B|| =||7|| =1 and |A'B||||x o A|| > 1 for all A € SLg}.

It follows from the definition (6.93) of £ that £(B, ) = 1 for all (B, ) € A. Therefore
£ does not vanish on A according to Lemma [6.5.16] Since £ is lower semi continuous, it
attains its minimum on A, we thus define

C~':=infg.
A
Let (B, ) € My x H,,, and let (A,)n>0, An € SLg, be a sequence such that

lim ||A;'B||||m o A,|| = &(B,w) := inf ||[A7'B||||7 o A (6.99)
n—00 A€eSLy

If £(B,7) =0, then £(B,7) = 0 and there is nothing to prove, we may therefore assume
that £(B,m) > 0. We have for each n > 0

( A-1B wofg,)__ £(B, )
[AZIBI llmo Aull) 1A Bll[[7 o Anll’

£

which tends to £(B,w)/£(B,7) as n — oo. Consider an extraction ¢ such that the
following quantities converge

-1

lim f(—n) =B, and lim = T,.
e “Aw(ln)B” n—oo |10 Ay(m)|

0 Apn)

We now prove that (B, 7.) € A. We first remark that ||B.|| = ||| = 1 by construc-
tion. Assume for contradiction that there exists A € GL, such that ||[A™'B,||||7. o A|| =
0 < 1. We obtain

Tim [|(Agy 4) Bl 0 (g A)|

—1 -1
o |A (Aw(n)B)H ||(7TOA¢(n)>OA|| Al B A
= lim — | o(n) [l o A
N0 ||A¢(n)B|| |70 Apem |

= 0&(B,m)
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which contradicts the definition (6.93)) of £, hence (B,,m.) € A as announced. We thus

obtain, since £ is lower semi continuous,

lim £

n—oo

( Al'B moA,

) ZgB*yﬂ-* Zc_l
A5 ||7roAn||) (8., )

If follows that C£(B,w) > £(B, ), which concludes the proof of this lemma. o

We now conclude the proof that L7 is equivalent to a continuous function. Applying
Lemma to the function £ and the constant C' + 1, where C' is the constant from
Lemma [6.5.17, we obtain that that £ is equivalent to a continuous function on My x H,,.
Recalling that L}(7) = £(Id,7) we obtain that L} is also equivalent to a continuous
function, on H,,, which concludes the proof of Theorem [6.5.14]
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Adaptive multiresolution analysis
based on anisotropic triangulations

Contents
(7.1 TIntroduction| ... ... ... ... .00 L. 331
7.2 An adaptive and anisotropic multiresolution framework| . 334
[7.2.1 The refinement procedure|. . . . . . . . . ... ... .... 334
[7.2.2  Adaptive tree-based triangulations|. . . . . . . .. ... .. 336
[7.2.3  Anisotropic wavelets|. . . . . . .. ... 338
[7.3 Convergence analysis| . . . . . ... ... ........... 340
[.3.1 A convergence criterion| . . . . . . . ... ... 340
[7.3.2 A case of non-convergence] . . . ... ... ... ... ... 342
(3.3 A modified refinement rulel . . . . . ... ... ... ... . 343
(7.4 Numerical illustrations| . . . . ... ... ... ........ 347
[7.4.1 Quadratic functions| . . . . . . ... ... .. ... ... .. 347
[7.4.2  Sharp transition| . . . . . . ... oL 349
[7.4.3 Numerical images| . . . . . . . ... ... .. ... ..... 350
[7.5 Conclusions and perspectives| . . . . . ... ... ...... 352

7.1 Introduction

Approximation by piecewise polynomial functions is a standard procedure which occurs
in various applications. In some of them such as terrain data simplification or image
compression, the function to be approximated might be fully known, while it might be
only partially known or fully unknown in other applications such as denoising, statistical
learning or in the finite element discretization of PDE’s.

In all these applications, one usually makes the distinction between uniform and adap-
tive approximation. In the uniform case, the domain of interest is decomposed into a
partition where all elements have comparable shape and size, while these attributes are
allowed to vary strongly in the adaptive case. In the context of adaptive triangulations,

331
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another important distinction is between isotropic and anisotropic triangulations. In the
first case the triangles satisfy a condition which guarantees that they do not differ too
much from equilateral triangles. This can either be stated in terms of a minimal value
By > 0 for every angle, or by a uniform bound on the aspect ratio

hr

rT

pT =

of each triangle T" where hr and r¢ respectively denote the diameter of T" and of its largest
inscribed disc. In the second case, which is in the scope of the present chapter, the aspect
ratio is allowed to be arbitrarily large, i.e. long and thin triangles are allowed. In summary,
adaptive and anisotropic triangulations mean that we do not fix any constraint on the
size and shape of the triangles.

Given a function f and a norm || - ||x of interest, we can formulate the problem of
finding the optimal triangulation for f in the X-norm in two related forms :

— For a given N find a triangulation 7y with N triangles and a piecewise polynomial

function fy (of some fixed degree) on 7y such that ||f — fy||x is minimized.

— For a given £ > 0 find a triangulation 7y with minimal number of triangles NV and

a piecewise polynomial function fy such that ||f — fx][x <e.
In this chapter X will be the LP norm for some arbitrary 1 < p < oo. The exact solution
to such problems is usually out of reach both analytically and algorithmically : even when
restricting the search of the vertices to a finite grid, the number of possible triangulations
has combinatorial complexity and an exhaustive search is therefore prohibitive.

Concrete mesh generation algorithms have been developed in order to generate in
reasonable time triangulations which are “close” to the above described optimal trade-off
between error and complexity. They are typically governed by two intuitively desirable
features :

1. The triangulation should equidistribute the local approximation error between each
triangle. This rationale is typically used in local mesh refinement algorithms for
numerical PDE’s [90] : a triangle is refined when the local approximation error
(estimated by an a-posteriori error indicator) is large.

2. In the case of anisotropic meshes, the local aspect ratio should in addition be op-
timally adapted to the approximated function f. In the case of piecewise linear
approximation, this is achieved by imposing that the triangles are isotropic with
respect to a distorted metric induced by the Hessian d?f. We refer in particular
to [16] where this task is executed using Delaunay mesh generation techniques.

While these last algorithms fastly produce anisotropic meshes which are naturally
adapted to the approximated function, they suffer from two intrinsic limitations :

1. They are based on the evaluation of the Hessian d? f, and therefore do not in principle
apply to arbitrary functions f € LP(2) for 1 < p < oo or to noisy data.

2. They are non-hierarchical : for N > M, the triangulation 7 is not a refinement of
T

One way to circumvent the first limitation is to regularize the function f, either by
projection onto a finite element space or by convolution by a mollifier. However this raises
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the additional problem of appropriately tuning the amount of smoothing, in particular
depending on the noise level in f.

The need for hierarchical triangulations is critical in the construction of wavelet bases,
which play an important role in applications to image and terrain data processing, in
particular data compression [31]. In such applications, the multilevel structure is also of
key use for the fast encoding of the information. Hierarchy is also useful in the design
of optimally converging adaptive methods for PDE’s [50,(74}|12,/87]. However, all these
developments are so far mostly restricted to isotropic refinement methods. Let us mention
that hierarchical and anisotropic triangulations have been investigated in [64], yet in this
work the triangulations are fized in advance and therefore generally not adapted to the
approximated function.

A natural objective is therefore to design adaptive algorithmic techniques that combine
hierarchy and anisotropy, and that apply to any function f € LP(Q2), without any need for
reqularization.

In this chapter we propose and study a simple greedy refinement procedure that achieves
this goal : starting from an initial triangulation Dy, the procedure bisects every triangle
from one of its vertices to the mid-point of the opposite segment. The choice of the vertex
is typically the one which minimizes the new approximation error after bisection among
the three options.

Surprisingly, it turns out that - in the case of piecewise linear approximation - this
elementary strategy tends to generate anisotropic triangles with optimal aspect ratio. This
fact is rigorously proved in Chapter 8| which establishes optimal error estimates for the
approximation of smooth and convex functions f € C?, by adaptive triangulations 7y with
N triangles. These triangulations are obtained by consecutively applying the refinement
procedure to the triangle of maximal error. The estimates in Chapter [§| are of the form

_ 1 1
If = Il < ONTHIV]det(@ f)ller, =~ = ;L (7.1)

and were already established in [27,4] for functions which are not necessarily convex,
however based on triangulations which are non-hierarchical and based on the evaluation

of d*f. Note that ([7.1)) improves on the estimate

1 1
If = fwllee < CN_1||d2f||L"'7 = Y; + 1. (7.2)

which can be established, see in the next chapter, for adaptive triangulations with
isotropic triangles, and which itselfs improves on the classical estimate

If = fuvllze < CN7Hd* fl o, (7.3)

which is known to hold for uniform triangulations.

The main objective of the present chapter is to introduce the refinement procedure
as well as several approximation methods based on it, and to study their convergence for
an arbitrary function f € LP. In §7.2] we introduce notation that serves to describe the
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refinement procedure and define the anisotropic hierarchy of triangulations (D;);>o. We
show how this general framework can be used to derive adaptive approximations of f either
by triangulations based on greedy or optimal trees, or by wavelet thresholding. In §7.3] we
show that as defined, the approximations produced by the refinement procedure may fail
to converge for certain f € LP and show how to modify the procedure so that convergence
holds for any arbitrary f € LP. We finally present in §7.4] some numerical tests which
illustrate the optimal mesh adaptation, in the case of piecewise linear elements, when the
refinement procedure is applied either to synthetic functions or to numerical images.

7.2 An adaptive and anisotropic multiresolution fra-
mework

7.2.1 The refinement procedure

Our refinement procedure is based on a local approximation operator A7 acting from
LP(T) onto P, - the space of polynomials of total degree less or equal to m. Here, the
parameters m > 0 and 1 < p < oo are arbitrary but fixed. For a generic triangle T', we
denote by (a, b, ¢) its edge vectors oriented in clockwise or anticlockwise direction so that

a+b+c=0.
We define the local LP approximation error

er(flp = If — Arfllrr).

The most natural choice for Az is the operator By of best LP(T) approximation which is
defined by

\.f = Brflleeay = an |f = 7llLecr)-

However this operator is non-linear and not easy to compute when p # 2. In practice, one
prefers to use an operator which is easier to compute, yet nearly optimal in the sense that

If = Arflleer) < Cﬂiefﬁjf If = 7llze (), (7.4)

with C' a Lebesgue constant independent of f and T'. Two particularly simple admissible
choices of approximation operators are the following :

1. Ay = Pr, the L*(T)-orthogonal projection onto IP,,, defined by Prf € IP,, such
that fT(f — Prf)m =0 for all # € IP,,. This operator has finite Lebesgue constant
for all p, with C' =1 when p = 2 and C' > 1 otherwise.

2. Ar = I, the local interpolation operator which is defined by Irf € IP,, such that
Irf(y) = f(y) for all v € & := {}" By 5 k; € N, Y k; = m} where {vy,vs,v3} are
the vertices of T' (in the case m = 0 we can take for ¥ the barycenter of 7"). This
operator is only defined on continuous functions and has Lebesgue constant C' > 1
in the L* norm.
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All our results are simultaneously valid when Arp is either Pr or Ir (in the case where
p = 00), or any linear operator that fulfills the continuity assumption (7.4]).

Given a target function, our refinement procedure defines by induction a hierarchy
of nested triangulations (D;);>q with #(D;) = 274(Dy). The procedure starts from the
coarse triangulation Dy of €2, which is fixed independently of f. When Q = [0, 1]* we may
split it into two symmetric triangles so that #(Dy) = 2. For every T € D;, we split T'
into two sub-triangles of equal area by bisection from one of its three vertices towards the
mid-point of the opposite edge e € {a,b,c}. We denote by T! and T? the two resulting
triangles. The choice of e € {a,b,c} is made according to a refinement rule that selects
this edge depending on the properties of f. We denote by R this refinement rule, which
can therefore be viewed as a mapping

R:(f,T)—e.

We thus obtain two children of T' corresponding to the choice e. D;,; is the triangulation
consisting of all such pairs corresponding to all 7' € D;.

In this chapter, we consider refinement rules where the selected edge e minimizes a
decision function e — dr(e, f) among {a, b, c}. We refer to such rules as greedy refinement
rules. A more elaborate type of refinement rule is also considered in §7.3.3

The role of the decision function is to drive the generation of anisotropic triangles
according to the local properties of f, in contrast to simpler procedures such as newest
vertex bisection (i.e. split T from the most recently created vertex) which is independent
of f and generates triangulations with isotropic shape constraint.

Therefore, the choice of dr(e, f) is critical in order to obtain triangles with an optimal
aspect ratio. The most natural choice corresponds to the optimal split

dr(e, ) = ers (f)y + ex2 ()}, (7.5)

i.e. choose the edge that minimizes the resulting L” error after bisection. It is proved in
Chapter |8 in the case of piecewise linear approximation, that when f is a C? function
which is strictly convex or concave the refinement rule based on the decision function

dr(e, f) = If — Ina fllorerny + (| f — Lo fll o2y (7.6)

generates triangles which tend to have have an optimal aspect ratio, locally adapted to
the Hessian d?f. This aspect ratio is independent of the L norm in which one wants to
minimize the error between f and its piecewise affine approximation.

Remark 7.2.1. If the minimizer e is not unique, we may choose it among the multiple
minimizers either randomly or according to some prescribed ordering of the edges (for
example the largest coordinate pair of the opposite vertex in lexicographical order).

Remark 7.2.2. The triangulations D; which are generated by the greedy procedure are in
general non-conforming, i.e. exhibit hanging nodes. This is not problematic in the present
setting since we consider approximation in the LP norm which does not require global
continuity of the piecewise polynomaial functions.
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The refinement rule R defines a multiresolution framework. For a given f € LP(Q)
and any triangle T" we denote by

C(T):={1,T1,},

the children of T which are the two triangles obtained by splitting T" based on the pres-
cribed decision function dr(e, f). We also say that T is the parent of 77 and T, and
write

T =P(Th) = P(T).

Note that
Dj = UTGDJ.AC(T).

We also define
D .= UJ’ZOD]',

which has the structure of an infinite binary tree. Note that D; depends on f (except for
j =0) and on the refinement rule R, and thus D also depends on f and R :

Dj = D](f7R) and D = D(faR)

For notational simplicity, we sometimes omit the dependence in f and R when there is
no possible ambiguity.

7.2.2 Adaptive tree-based triangulations

A first application of the multiresolution framework is the design of adaptive anisotro-
pic triangulations 7y for piecewise polynomial approximation, by a greedy tree algorithm.
For any finite sub-tree S C D, we denote by

L(S):={T €S8 st. C(T) ¢S}
its leaves which form a partition of 2. We also denote by
Z(S):=8S\L(S),

its inner nodes. Note that any finite partition of Q0 by elements of D is the set of leaves
of a finite sub-tree. One easily checks that

7#(S) = 2#(L(S)) — No.

For each N, the greedy tree algorithm defines a finite sub-tree Sy of D which grows
from Sy, := Dy = 7n,, by adding to Sy_; the two children of the triangle Tx_, which
mazimizes the local LP-error er(f), over all triangles in Tn_1.

The adaptive partition 7 associated with the greedy algorithm is defined by

TN = ,C(SN)

Similarly to D, the triangulation 7 depends on f and on the refinement rule R, but also
on p and on the choice of the approximation operator Ay. We denote by fxy the piecewise
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polynomial approximation to f which is defined as Arf on each T' € Ty. The global L?
approximation error is thus given by

1f = Fnllee = [Ier(Pp)llerzny-

Stopping criterions for the algorithm can be defined in various ways :
— Number of triangles : stop once a prescribed N is attained.
— Local error : stop once erp(f), < e for all T' € Ty, for some prescribed ¢ > 0.
— Global error : stop once || f — fn|lzr < € for some prescribed ¢ > 0.

Remark 7.2.3. The role of the triangle selection based on the largest er(f), is to equi-
distribute the local LP error, a feature which is desirable when we want to approrimate f
in LP(Q) with the smallest number of triangles. However, it should be well understood that
the refinement rule may still be chosen based on a decision function defined by approxima-
tion errors in norms that differ from LP. In particular, as explained earlier, the decision
function (@ generates triangles which tend to have have an optimal aspect ratio, locally
adapted to the Hessian d*f when f is strictly convex or concave, and this aspect ratio is
independent of the LP norm in which one wants to minimize the error between f and its
piecewise affine approximation.

The greedy algorithm is one particular way of deriving an adaptive triangulation for
f within the multiresolution framework defined by the infinite tree D. An interesting
alternative is to build adaptive triangulations within D which offer an optimal trade-
off between error and complexity. This can be done when 1 < p < oo by solving the
minimization problem

min{ 3 eT(f)g+A#(3)} (7.7)

S
TeL(S)

among all finite trees, for some fixed A > 0. In this approach, we do not directly control the
number of triangles which depends on the penalty parameter . However, it is immediate
to see that if N = N()) is the cardinality of 735 = £(S*) where §* is the minimizing tree,
then 75 minimizes the L? approximation error

7Ty := argmin Z er(f)b,
#(T)<N St

where the minimum is taken among all partitions 7 of Q within D of cardinality less than
or equal to V.

Due to the additive structure of the error term, the minimization problem can
be performed in fast computational time using an optimal pruning algorithm of CART
type, see [17,49]. In the case p = oo the associated minimization problem

min{ sup e7(f)oo —I—)\#(S)}, (7.8)

S Lrec(s)

can also be solved by a similar fast algorithm. It is obvious that this method improves
over the greedy tree algorithm : if NV is the cardinality of the triangulation resulting from
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the minimization in (7.7)) and f} the corresponding piecewise polynomial approximation
of f associated with this triangulation, we have

If = Sl <A1 = Fxllze,

where fy is built by the greedy tree algorithm.

7.2.3 Anisotropic wavelets

The multiresolution framework allows us to introduce the piecewise polynomial mul-
tiresolution spaces

‘/j = V;(faR) = {g s.t. gr € ]Pm7 T e Dj}7

which depend on f and on the refinement rule R. These spaces are nested and we denote
by
V=V(f,R) =Uj=V;(f, R),
their union. For notational simplicity, we sometimes omit the dependence in f and R
when there is no possible ambiguity.
The V; spaces may be used to construct wavelet bases, following the approach intro-

duced in [1] and that we describe in our present setting.
The space Vj is equipped with an orthonormal scaling function basis :

: 1
op, i=1,--- ,§(m+1)(m+2), T € D,

where the ¢% for i = 1,---,3(m + 1)(m + 2) are supported in T and constitute an
orthonormal basis of P, in the sense of L*(T) for each T € D. There are several possible
choices for such a basis. In the particular case where m = 1, a simple one is to take for T’
with vertices (vq, va, v3),

Pr(v) = [T172V3 and @i(v;) = —|T|72V3, j #1.

We denote by P; the orthogonal projection onto Vj :
Pig:= Y > (9, 97)¢-
TGDj 7

We next introduce for each 7' € D; a set of wavelets
i . 1
(1 2:1,---,§(m+1)(m+2),

which constitutes an orthonormal basis of the orthogonal complement of IP,, (7)) into
P, (T") & P,,,(T") with {T",T"} the children of 7. In the particular case where m = 1,
a simple choice for such a basis is as follows : if (v1,ve,v3) and (wy, we, ws) denote the
vertices of 7" and T”, with the convention that v; = w; and vy = wy denote the common
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vertices, the second one being the midpoint of the segment (v3, w3) (i.e. T has vertices
(v3, w3, v1)), then

1/}1 L @%/7@;/1
T - )
1 {i2 ol 12
wQ Pt =P =P TP
T =

Y

2
3 . LP;/ _‘Pg—s/'ﬂoé—w _‘Pg—w
P o= PO,

where ¢, and @k, are the above defined scaling functions.
The family

, 1
Ve =1, ,§(m+1)(m—i—2), T €D,

constitutes an orthonormal basis of W}, the L*-orthogonal complement of V7 in Vi1, A
multiscale orthonormal basis of V) is given by

{er}ren, U {wé“}izl,---,%(m+1)(m+2),'
TeD;, j=0,,J—1

Letting J go to +00 we thus obtain that

{@T}TeDo U {WT}z:l 2 (m+1)(m+2),
TeD;,j>0

is an orthonormal basis of the space

—LQ(Q)

V(f,R)s = V([,R) e

=U;>V;(f,R) .
For the sake of notational simplicity, we rewrite this basis as

(w)\))\EAa

Note that V' (f, R) is not necessarily dense in L?(2) and so V(f, R )3 is not always equal to
L?(€2). Therefore, the expansion of an arbitrary function g € L*(€2) in the above wavelet
basis does not always converge towards g in L?(f2). The same remark holds for the L?
convergence of the wavelet expansion of an arbitrary function g € LP(Q) (or C(Q2) in the
case p = 00) : LP-convergence holds when the space

V(f,R)y = V(LR)

coincides with LP(€2) (or contains C(£2) in the case p = 00), since we have

|r =32 dwn],, =17 = Bifllr < © 30 1 =gl

[Al<j

with C' the Lebesgue constant in ([7.4]) for the orthogonal projector.
A sufficient condition for such a property to hold is obviously that the size of all
triangles goes to 0 as the level j increases, i.e.

lim  sup diam(7") = 0.
J—Foo Tep;
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However, this condition might not hold for the hierarchy (D,);>¢ produced by the refine-
ment procedure. On the other hand, the multiresolution approximation being intrinsically
adapted to f, a more reasonable requirement is that the expansion of f converges towards
fin LP(Q) when f € LP(Q2) (or C(€2) in the case p = 00). This is equivalent to the property

feV(f,R).
We may then define an adaptive approximation of f by thresholding its coefficients at

some level ¢ > 0 :
for= > hn,

[fx]>e

where fy := (f,1¥,). When measuring the error in the L” norm, a more natural choice is to
perform thresholding on the component of the expansion measured in this norm, defining
therefore

fe = Z Iatha.

lfx¥allLp>e

We shall next see that the condition f € V(f,R), also ensures the convergence of the
tree-based adaptive approximations fy and fx towards f in LP(£2). We shall also see
that this condition may not hold for certain functions f, but that this difficulty can be
circumvented by a modification of the refinement procedure.

7.3 Convergence analysis

7.3.1 A convergence criterion

The following result relates the convergence towards f of its approximations by pro-
jection onto the spaces V;(f,R), greedy and optimal tree algorithms, and wavelet thre-
sholding. This result is valid for any refinement rule R.

Theorem 7.3.1. Let R : (f,T) +— e be an arbitrary refinement rule and let f € LP().
The following statements are equivalent :

() f € V(f,R),.

(ii) The greedy tree approximation converges : imy_ oo || f — fnllze = 0.

(iii) The optimal tree approximation converges : limy_. o || f — f|lzr = 0.
In the case p = 2, they are also equivalent to :

(iv) The thresholding approximation converges : limg_ || f — fel|z2 = 0.

Proof : Clearly, (ii) implies (iii) since || f— fx|lz» < ||f— fn]|ze- Since the triangulation Dy
is a refinement of 7, we also find that (iii) implies (i) as infgevy | f —gller < || f — fllze-
We next show that (i) implies (ii). We first note that a consequence of (i) is that

lim sup er(f), =0.

J—=Fo0 TeD;
It follows that for any n > 0, there exists N(n) such that for N > N(n), all triangles
T € Ty satisfy

eT(f)p <n.
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On the other hand, (i) means that for all ¢ > 0, there exists J = J(g) such that
i - r < €.
inf [f = gl <<
For N > N(n), we now split 7y into 7,7 U7, where
T]\—;_ = TN N (UjZJDj) and 71\7 = TN N (Uj<JDj).
We then estimate the error of the greedy algorithm by

If=fnllte = D er(F+ ) er(f)

TeTy TeTy
< C¢* Z ﬂiGIﬁDfm /= 7T||Z£p(T) + P #(Ty)
TeT

< C?inf ||f —glb, + 0P #(Ty)
geVy
< CPeP + 2 NyrP,

where C'is the stability constant of ([7.4]). This implies (ii) since for any 6 > 0, we can first
choose ¢ > 0 such that CPs? < §/2, and then choose 1 > 0 such that 27 Ny < §/2.
When p = 0o the estimate is modified into

If = fullzee < max{Ce,n},

which also implies (ii) by a similar reasoning.

We finally prove the equivalence between (i) and (iv) when p = 2. Property (i) is
equivalent to the L? convergence of the orthogonal projection P;f to f as j — +oo, or
equivalently of the partial sum

> hin

IAl<j
where |A| stands for the scale level of the wavelet . Since (1))xea is an orthonormal

basis of V(f, R)2, the summability and limit of >, _, fA¢)x do not depend on the order of
the terms. Therefore (i) is equivalent to the convergence of f. to f. o

Remark 7.3.2. The equivalence between statements (i) and (iv) can be extended to 1 <
p < oo by showing that (1\)xea is an LP-unconditional system. Recall that this property
means that there exists an absolute constant C' > 0 such that for any finitely supported
sequences (cy) and (dy) such |cx| < |dy| for all A, one has

I ZCM/)AHLP < de/}AHLp.

A consequence of this property is that if f € LP can be expressed as the LP limit

— i

f i > A,
IAI<j

then any rearrangement of the series > fxiy converges towards f in LP. This easily

implies the equivalence between (i) and (iv). The fact that (¥))aea i an unconditional

system is well known for Haar systems [65] which correspond to the case m =0, and can

be extended to m > 0 in a straightforward manner.
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7.3.2 A case of non-convergence

We now show that if we use a greedy refinement rule R based on a decision function ei-
ther based on the interpolation or L? projection error after bisection, there exists functions
f € LP(2) such that f ¢ V(f,R),. Without loss of generality, it is enough to construct
f on the reference triangle Ty of vertices {(0,0), (1,0), (1,1)}, since our construction can
be adapted to any triangle by an affine change of variables.

Consider first a decision function defined from the interpolation error after bisection,

such as (7.6)), or more generally
dT(f> ) - Hf ITlfHLp T1) +||f ITQfHLp T2)"

Let f be a continuous function which is not identically 0 on T, and which vanishes at all
points (x,y) such that z = % for k=0,1,---,2m, where m is the degree of polynomial
approximation. For such an f, it is easy to see that Irf = 0 and that I~ f = 0 for all
subtriangles T” obtained by one bisection of T,e¢. This shows that there is no preferred
bisection. Assuming that we bisect from the vertex (0, 0) to the opposite mid-point (1, %),
we find that a similar situation occurs when splitting the two subtriangles. Iterating this
observation, we see that an admissible choice of bisections leads after j steps to a triangula-
tion D; of Ter consisting of the triangles T}, with vertices {(0,0), (1,277k), (1,277 (k+1))}
with k = 0,---,27—1. On each of these triangles f is interpolated by the null function and
therefore by the best L*° approximation in V; does not converge to f as j — 400,
ie. f ¢ V(f,R)x. It can also easily be checked that f ¢ V(f,R),.

Similar counter-examples can be constructed when the decision function is defined
from the L? projection error, and has the form

dr(f,e) = f = Pry fllpoerny + 1f = Prafll7o 2

Here, we describe such a construction in the case m = 1. We define f on R as a function
of the first variable given by

Fay) = u(x), if z€ {oﬂ f(x,y):u(x—%), T (%1}

where u is a non-trivial function in L2([0, 5]) such that

1

/0% u(w)dr = /0 ru(z)dr = /0% z*u(z)dz = 0.

A possible choice is u(z) = Lz(4x —1) = 1602® — 1202% + 242 — 1 where L3 is the Legendre
polynomial of degree 3 defined on [—1,1]. With this choice, we have the following result.

Lemma 7.3.3. Let T be any triangle such that its vertices have x coordinates either
(0,1,1) or (0,1,1) or (3,1,1). Then f is orthogonal to IP, in L*(T).

)9 PREE

Proof : Define

Ty = {(x,y) eT, xe [0,%]} and T} := {(:c,y) eT, ze (%,1]}
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Then, with v(x,y) being either the function 1 or x or y, we have

S f(x,y)o(z, y)dedy fT w(x)v(x,y)dzdy —|— fT Yo(z,y)dxdy
= fo (#)qo(z)dx + fo ( )dz,

with

w@ = [ vy ale)= [ e
TOA,;U Tl,ac
where T;, = {y : (x,y) € T;} for i = 0,1. The functions ¢y and ¢; are polynomials of
degree at most 2 and we thus obtain from the properties of u that fT fv=0. o

The above lemma shows that for any of the three possible choices of bisection of T
based on the L? decision function, the error is left unchanged since the projection of f on
all possible sub-triangle is 0. There is therefore no preferred choice, and assuming that we
bisect from the vertex (0,0) to the opposite mid-point (1, %), then we see that a similar
situation occurs when splitting the two subtriangles. The rest of the arguments showing
that f ¢ V(f,R), are the same as in the previous counter-example.

The above two examples of non-convergence reflect the fact that when f has some
oscillations, the refinement procedure cannot determine the most appropriate bisection.
In order to circumvent this difficulty one needs to modify the refinement rule.

7.3.3 A modified refinement rule

Our modification consists of bisecting from the most recently generated vertex of T,
in case the local error is not reduced enough by all three bisections. More precisely, we
modify the choice of the bisection of any T" as follows :

Let e be the edge which minimizes the decision function dr(e, f). If

(ers (/)2 + enz(F)2)? < Oer(f),

we bisect T" towards the edge e (greedy bisection). Otherwise, we bisect T" from its most
recently generated vertex (newest vertex bisection). Here 6 is a fixed number in (0, 1). In
the case p = oo we use the condition

max{er (f), ezz(f)} < fer(f).

This new refinement rule benefits from the mesh size reduction properties of newest vertex
bisection. Indeed, a property illustrated in Figure is that a sequence {BNN} of one
arbitrary bisection (B) followed by two newest vertex bisections (N) produces triangles
with diameters bounded by half the diameter of the initial triangle. A more general pro-
perty - which proof is elementary yet tedious - is the following : a sequence of the type
{BNB---BN} of length k + 2 with a newest vertex bisection at iteration 2 and k + 2
produces triangles with diameter bounded by (1 — 27%) times the diameter of the initial
triangle, the worst case being illustrated in Figure with k = 3.
Our next result shows that the modified algorithm now converges for any f € LP.
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[~ [~ [T~
[ — [ > [

FIGURE 7.1 — Diameter reduction by a { BN N} sequence

[~ [~ [~
[ — [ > [ >~

FIGURE 7.2 — Diameter reduction by a { BNBBN} sequence (the dark triangle has dia-
meter at most 7/8 times the initial diameter)

Theorem 7.3.4. With R defined as the modified bisection rule, we have

fEV(f,R)y,
for any f € LP(Q) (or C(Q2) when p = o).

Proof : We first give the proof when p < oco. For each triangle 7' € D; with j > 1, we
introduce the two quantities

L €T(f)§
oAT) = T+ en (U

er([)h+er(f)h
and ((T) := P

where 7" is the “brother” of T', i.e. C(P(T)) = {T,T'}. When a greedy bisection occurs in
the split of P(T"), we have 5(7') < #”. When a newest vertex bisection occurs, we have

: ) : )
B(T) < Cpmfwele If = 7THLp(T) + infrep,, |[f — Tr”LP(T’)

infrep,, [[f — 7T||I£p(7>(T))

< cv,

where C' is the constant of ([7.4)).
We now consider a given level index j > 0 and the triangulation D;. For each T' € D;,

we consider the chain of nested triangles (7)) _, with 7; = T and T,,—1 = P(1,,), n =
J,7—1,---,1. We define

It is easy to see that

so that
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with Cy := maxg,ep, er, (f)h. It is also easy to check by induction on j that

Za(T): Z a(l) == ZE(T)Z#DO'

TeD, TED; 4 TeD;

We denote by f; the approximation to f in V; defined by f; = Arf on all T' € 7; so that

If = fFillle = > er(f)E.

TEDj
In order to prove that f; converges to f in L?, it is sufficient to show that the sequence
gj 1= :/qéap}j min{3(7T"), diam(T)},

tends to 0 as j grows. Indeed, if this holds, we split D; into two sets Dj+ and D} over
which 3(T) < ¢; and diam(T) < ¢, respectively. We can then write

If=fillee = D ex(Dh+ D er(f)p

TeD;r TeD;
) v P i — P
< Cog; Z a(T) +C Z Wlelgm 1 TrHLP(T)
TED;.L TeD;
< Co#Doz; +C7 D inf | f =7,
TeD;

where C' is the constant of ((7.4)). Clearly the first term tends to 0 and so does the second
term by standard properties of LP spaces since the diameter of the triangles in D; goes
to 0. It thus remains to prove that

lim ¢; = 0.
j—Foo

Again we consider the chain (7, n)fL:O which terminates at 7", and we associate to it a chain
(qn)ﬁ;% where ¢, = 1 or 2 if bisection of T, is greedy or newest vertex respectively. If r is
the total number of 2 in the chain (g,) we have

B(T) < Crrgru),
with C' the constant in (7.4)). Let a k > 0 be a fixed number, large enough such that
coFt < 1.

We thus have
E(T) < (Cpgp(kfl))rep(jfrk) < grli—rk) (7_9)

We now denote by [ the maximal number of disjoint sub-chains of the type

(V172a]/27]/37 T al/q72>
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with v; € {1,2} and of length ¢ + 2 < 2k + 3 which can be extracted from (g,)’_y. From
the remarks on the diameter reduction properties of newest vertex bisection, we see that

diam(T) < B(1 — 272},

with B := maxg,ep, diam(7p) a fixed constant. On the other hand, it is not difficult to
check that

j—=r
< 3l —_— 1
r<3l+3+ o (7.10)

Indeed let ag be the total number of 1 in the sequence (g,) which are not preceeded by
a 2, and let «; be the size of the series of 1 following the i-th occurence of 2 in (g,) for
t=1,---,r. Note that some «; might be 0. Clearly we have

j=agtar 4+ +ap+r

From the above equality, the number of i such that a; > 2k is less than %~ and therefore

there is at least m > r — &= indices {4, -+ ,i;—1} such that o; < 2k. Denoting by f;
the position of the i-th occurence of 2 (so that 5,11 = 3; + a; + 1), we now consider the

disjoint sequences of indices

St = {6753,57 e 7/6i3t+2}7 t= 07 17 e

There is at least % — 1 such sequences within {1, --- ,j} and by construction each of them
contains a sequence of the type (vy,2,15,v3, -+ ,1,,2) with v; € {1,2} and of length
q+ 2 < 2k + 3. Therefore the maximal number of disjoint sequences of such type satisfies

1 j—r
> 2 1
b2 gr=5) -1

which is equivalent to (7.10). Therefore according to (7.9)

B(T) < gri=—h) < gp(3 =3+ Dk+5)

If3(l+ 1)k < %, we have

On the other hand, if 3(I + 1)k > £, we have

diam(T) < B(1 — 2721,

We therefore conclude that ¢; goes to 0 as j grows, which proves the result for p < oo.

We briefly sketch the proof for p = oo, which is simpler. We now define 5(7) as

GT(f)oo

ﬁ(T) . 673(1“)(f)oo7

so that 3(T') < 0 if a greedy bisection occurs in the split of P(7"). With the same definition
of B(T) we now have

er(f)oo < CoB(T),
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where Cj := maxq,ep, e, (f). With the same definition of €; and splitting of D;, we now
reach

Dj— melPm,

| f — fillzee < max {C'Oej,C';naX inf ||f— 7T||L00(T)} ,
€

which again tends to 0 if €; tends to 0 and f is continuous. The proof that €; tends to 0
as j grows is then similar to the case p < oc. o

Remark 7.3.5. The choice of the parameter § < 1 deserves some attention : if it is
chosen too small, then most bisections are of type N and we end up with an isotropic
triangulation. In the case m = 1, a proper choice can be found by observing that when
f has C? smoothness, it can be locally approzimated by a quadratic polynomial q € IP,
with er(f), =~ er(q), when the triangle T is small enough. For such quadratic functions
q € P, one can explicitely study the minimal error reduction which is always ensured by
the greedy refinement rule defined a given decision function. In the particular case p = 2
and with the choice Ap = Pr which is considered in the numerical experiments of
explicit formulas for the error ||g— Prq||z2(ry can be obtained by formal computing and can
be used to prove a guaranteed error reduction by a factor 6 = % It is therefore natural to
choose 0 such that 0* < 6 < 1 (for example 0 = %) which ensures that bisections of type
N only occur in the early steps of the algorithm, when the function still exhibits too many
oscillations on some triangles.

7.4 Numerical illustrations

The following numerical experiments were conducted with piecewise linear approxi-
mation in the L? setting : we use the L2-based decision function

dr(f,e) = |f = Prafl 22y + 1f = Pr2 fll 2222y,

and we take for Ay the L?(T)-orthogonal projection Pr onto IP;. In these experiments, the
function f is either a quadratic polynomial or a function with a simple analytic expression
which allows us to compute the quantities er(f)s and dr(e, f) without any quadrature
error, or a numerical image in which case the computation of these quantities is discretized
on the pixel grid.

7.4.1 Quadratic functions

Our first goal is to illustrate numerically the optimal adaptation properties of the
refinement procedure in terms of triangle shape. For this purpose, we take f = q a
quadratic form i.e. an homogeneous polynomial of degree 2. In this case, all triangles
should have the same aspect ratio since the Hessian is constant. In order to measure the
quality of the shape of a triangle 7" in relation to q, we introduce the following quantity :
if (a,b,c) are the edge vectors of T', we define

~ max{|q(a)],[a(d)],]a(c)]}

Pall) == ] ldet(a)
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FIGURE 7.3 — D for q(z,y) := 2% + 100y? (left) and ¢(z,y) := 2? — 10y? (right).

where det(q) is the determinant of the 2 X 2 symmetric matrix () associated with q, i.e.
such that

q(u) = (Qu,u)

for all u € R?. Using the reference triangle and an affine change of variables, it is proved
in of the next chapter that

er(a), ~ [T 7 pa(T)+/|det(q)],

with equivalence constants independent of q and T'. Therefore, if T is a triangle of given
area, its shape should be designed in order to minimize pq (7).

In the case where q is positive definite or negative definite, pq(7") takes small values
when T is isotropic with respect to the metric |(z,y)|q :== v/|q(x, y)|, the minimal value \/ig
being attained for an equilateral triangle for this metric. Specifically, we choose q(z,y) :=
22 4+ 100y? and display in Figure (left) the triangulation Dg obtained after j = 8
iterations of the refinement procedure, starting with a triangle which is equilateral for the
euclidean metric (and therefore not adapted to q). Triangles such that pq(7) < 4v/3 (at
most 3 times the minimal value) are displayed in white, others in grey. We observe that
most triangles produced by the refinement procedure are of the first type and therefore
have a good aspect ratio.

The case of a quadratic function of mixed signature is illustrated in Figure [7.3] (right)
with q(x,y) := 2? — 10y?. For such quadratic functions, triangles which are isotropic with
respect to the metric |-||q have a low value of pq, where |q| denotes the positive quadratic
form associated to the absolute value |Q| of the symmetric matrix @) associated to q.
Recall for any symmetric matrix () there exists A\;, A\ € R and a rotation R such that

_ pT )\1 0
Q_R (O )\2 RJ

and the absolute value |Q] is defined as

M0
_gr( N R.
a=rr(50)

In the present case, R = I and |q|(x,y) = x* + 103>
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FIGURE 7.4 — The function g, for § = 0.02,0.03,0.07,0.2.

But one can also check that pq is left invariant by any linear transformation with
eigenvalues (t,1) for any ¢ > 0 and eigenvectors (u,v) such that q(u) = q(v) = 0,
i.e. belonging to the null cone of q. More precisely, for any such transformation ¢ and
any triangle 7', one has pq(¥(T)) = pq(T). In our example we have u = (1/10,1) and
v = (v/10,—1)). Therefore long and thin triangles which are aligned with these vectors
also have a low value of pq. Triangles T such that pq(T") < 41/3 are displayed in white,
those such that pg(7) < 4v/3 while pq(T) > 4/3 - i.e. adapted to q but not to |q| -
are displayed in grey, and the others in dark. We observe that all the triangles triangles
produced by the refinement procedure except one are either of the first or second type
and therefore have a good aspect ratio. These empirical observations will be rigorously
justified in §9.1 of Chapter 9.

7.4.2 Sharp transition

We next study the adaptive triangulations produced by the greedy tree algorithm for
a function f displaying a sharp transition along a curved edge. Specifically we take

f(ﬂ:,g) = f5(x7y) = 95( V z? + y2)7

where g5 is defined by gs(r) = % for0 <r<1,gs(14+d+r)= —# for r > 0,
and g¢s is a polynomial of degree 5 on [1,1 + 6] which is determined by imposing that
gs is globally C?. The parameter § therefore measures the sharpness of the transition as
illustrated in Figure [7.4 It can be shown that the Hessian of fs is negative definite for
Vo2 +y? <14 6/2, and of mixed type for 1 +6/2 < /22 4+ 3> < 2+49.

Figure displays the triangulation 7;g909 obtained after 10000 steps of the algorithm
for § = 0.2. In particular, triangles 7" such that pq(7") < 4 - where q is the quadratic form
associated with d?f measured at the barycenter of T - are displayed in white, others in
grey. As expected, most triangles are of the first type and therefore well adapted to f.
We also display on this figure the adaptive isotropic triangulation produced by the greedy
tree algorithm based on newest vertex bisection for the same number of triangles.

Since f is a C? function, approximations by uniform, adaptive isotropic and adaptive
anisotropic triangulations all yield the convergence rate O(N~!). However the constant

C:= limsup N[ f = fn|lz2,
N—+o0
strongly differs depending on the algorithm and on the sharpness of the transition, as
illustrated in the table below. We denote by Cy, C; and Cy4 the empirical constants
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FIGURE 7.5 — Tig000 (left), detail (center), isotropic triangulation (right).

(estimated by N||f — fnl|2 for N = 8192) in the uniform, adaptive isotropic and adaptive
anisotropic case respectively, and by U(f) = ||[d*fl|zz, I(f) := ||d*f|| 125 and A(f) :=
|\/|det(d?f)]]| ;2/s the theoretical constants suggested by , and . We observe
that Cyy and Cy grow in a similar way as U(f) and I(f) as 6 — 0 (a detailed computation
shows that U(f) ~ 10.3767%/2 and I(f) ~ 14.0157'/?). In contrast C4 and A(f) remain

uniformly bounded, a fact which reflects the superiority of the anisotropic mesh as the
layer becomes thinner.

6 |UW)IU)|A) | Cu | C1 | Cq
0.2 | 103 27 | 6.75 | 7.87 | 1.78 | 0.74
0.1 | 602 60 | 8.50 | 23.7]2.980.92
0.05] 1705 | 82 | 8.48 [65.5|4.13|0.92
0.02 | 3670 | 105 | 8.47 | 200 | 6.60 | 0.92

7.4.3 Numerical images

We finally apply the greedy tree algorithm to numerical images. In this case the data f
has the form of a discrete array of pixels, and the L?(T)-orthogonal projection is replaced
by the ¢2(Sr)-orthogonal projection, where Sy is the set of pixels with centers contained
in 7. The approximated 512 x 512 image is displayed in Figure which also shows its
approximation fy by the greedy tree algorithm based on newest vertex bisection with
N = 2000 triangles. The systematic use of isotropic triangles results in strong ringing
artifacts near the edges.

We display in Figure [7.7] the result of the same algorithm now based on our greedy
bisection procedure with the same number of triangles. As expected, the edges are better
approximated due to the presence of well oriented anisotropic triangles. Yet artifacts
persist on certain edges due to oscillatory features in the image which tend to mislead the
algorithm in its search for triangles with good aspect ratio, as explained in §7.3.2] These
artifacts tend to disappear if we use the modified refinement rule proposed in as also
illustrated on Figure[7.7] This modification is thus useful in the practical application of the
algorithm, in addition of being necessary for proving convergence of the approximations
towards any LP function. Note that encoding a triangulation resulting from N iterations
of the anisotropic refinement algorithm is more costly than for the newest vertex rule :
the algorithm encounters at most 2N triangles and for each of them, one needs to encode
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FIGURE 7.6 — The image "peppers” (left), fapoo With newest vertex (right).

FIGURE 7.7 — fao0o with greedy bisection (left), modified procedure (right).
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one out of four options (bisect towards edge a or b or ¢ or not bisect), therefore resulting
into 4N bits, while only two options need to be encoded when using the newest vertex
rule (bisect or not), therefore resulting into 2N bits. In the perspective of applications to
image compression, another issue is the quantization and encoding of the piecewise affine
function as well as the treatment of the triangular visual artifacts that are inherent to the
use of discontinuous piecewise polynomials on triangulated domains. These issues will be
discussed in a further work specifically dealing with image applications.

7.5 Conclusions and perspectives

In this chapter, we have studied a simple greedy refinement procedure which generates
triangles that tend to have an optimal aspect ratio. This fact is rigorously proved in Chap-
ter [8] together with the optimal convergence estimate for the adaptive triangulations
constructed by the greedy tree algorithm in the case where the approximated function f
is C? and convex. Our numerical results illustrate these properties.

In the present chapter we also show that for a general f € LP the refinement procedure
can be misled by oscillations in f, and that this drawback may be circumvented by a simple
modification of the refinement procedure. This modification appears to be useful in image
processing applications, as shown by our numerical results.

Let us finally mention several perspectives that are raised from our work, and that are
the object of current investigation :

1. Conforming triangulations : our algorithm inherently generates hanging nodes, which
might not be desirable in certain applications, such as the numerical discretization
of PDE’s where anisotropic elements are sometimes used [2]. When using the greedy
tree algorithm, an obvious way of avoiding this phenomenon is to bisect the chosen
triangle together with an adjacent triangle in order to preserve conformity. Howe-
ver, it is no more clear that this strategy generates optimal triangulations. In fact,
we observed that many inappropriately oriented triangles can be generated by this
approach. An alternative strategy is to apply the non-conforming greedy tree al-
gorithm until a prescribed accuracy is met, followed by an additional refinement
procedure in order to remove hanging nodes.

2. Discretization and encoding : our work is in part motivated by applications to image
and terrain data processing and compression. In such applications the data to be
approximated is usually given in discrete form (pixels or point clouds) and the
algorithm can be adapted to such data, as shown in our numerical image examples.
Key issues which need to be dealt with are then (i) the efficient encoding of the
approximations and of the triangulations using the tree structure in a similar spirit
as in [31] and (ii) the removal of the triangular visual artifacts due to discontinuous
piecewise polynomial approximation by an appropriate post-processing step.

3. Adaptation to curved edges : one of the motivation for the use of anisotropic trian-
gulations is the approximation of functions with jump discontinuities along an edge.
For simple functions, such as characteristic functions of domains with smooth boun-
daries, the LP-error rate with an optimally adapted triangulation of N elements is
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known to be O(N _%) This rate reflects an O(1) error concentrated on a strip of area
O(N~?) separating the curved edge from a polygonal line. Our first investigations in
this direction indicate that the greedy tree algorithm based on our refinement pro-
cedure cannot achieve this rate, due to the fact that bisection does not offer enough
geometrical adaptation. This is in contrast with other splitting procedures, such as
in [40] in which the direction of the new cutting edge is optimized within an infinite
range of possible choices, or [48] where the number of choices grows together with
the resolution level. An interesting question is thus to understand if the optimal rate
for edges can be achieved by a splitting procedure with a small and fixed number
of choices similar to our refinement procedure, which would be beneficial from both

a computational and encoding viewpoint. This question is addressed, and partially
answered, in §9.3]



354 Chapter 7. Adaptive and anisotropic multiresolution analysis



Chapter 8

Greedy bisection generates optimally
adapted triangulations
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8.1 Introduction

In finite element approximation, a classical and important distinction is made between
uniform and adaptive methods. In the first case all the elements which constitute the mesh
have comparable shape and size, while these attributes are allowed to vary strongly in the
second case. An important feature of adaptive methods is the fact that the mesh is not
fixed in advance but rather tailored to the properties of the function f to be approximated.
Since the function approximating f is not picked from a fixed linear space, adaptive finite
elements can be considered as an instance of non-linear approximation. Other instances
include approximation by rational functions, or by N-term linear combinations of a basis
or dictionary. We refer to [42] for a general survey on non-linear approximation.

In this chapter, we focus our interest on piecewise linear finite element functions defined
over triangulations of a bidimensional polygonal domain Q C IR?. Given a triangulation
T we denote by Vr := {vs.t. vy € Py, T € T} the associated finite element space. The

355
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norm in which we measure the approximation error is the LP norm for 1 < p < oo and
we therefore do not require that the triangulations are conforming and that the functions
of V7 are continuous between triangles. For a given function f we define

e = inf inf

N(f)er PRI 1f = 9gllee,
the best approximation error of f when using at most N elements. In adaptive finite
element approximation, critical questions are :

1. Given a function f and a number N > 0, how can we characterize the optimal mesh
for f with N elements corresponding to the above defined best approximation error.

2. What quantitative estimates are available for the best approximation error eyx(f)r» 7
Such estimates should involve the derivatives of f in a different way than for non-
adaptive meshes.

3. Can we build by a simple algorithmic procedure a mesh 7y of cardinality N and a
finite element function fy € Vz, such that ||f — fn||zr is comparable to ey (f)r» ?

While the optimal mesh is usually difficult to characterize exactly, it should satisfy
two intuitively desirable features : (i) the triangulation should equidistribute the local
approximation error between each triangle and (ii) the aspect ratio of a triangle 7" should
be isotropic with respect to a distorted metric induced by the local value of the hessian
d’*f on T (and therefore anisotropic in the sense of the euclidean metric). Under such
prescriptions on the mesh, quantitative error estimates have recently been obtained in
[27,14] when f is a C? function. These estimates are of the form

limsup Nen(f)e < C|[\/| det(d?f)||L-, ———+1 (8.1)
p

N—o0

where det(d?f) is the determinant of the 2 x 2 hessian matrix. For a convex C? function f
this estimate has been proved to be asymptotically optimal in [27], in the following sense

lim inf Nex(f) e > cf[/Tdet(@ )]s (8.2)

N—+

The convexity assumption can actually be replaced by a mild assumption on the sequence
of triangulations which is used for the approximation of f : a sequence (Zy)n>n, is said

to be admissible if #(7y) < N and

sup (N1/2 max diam(T)) < 00.
N>Np Tely

Then it is proved in Chapter , that for any admissible sequence and any C? function f,

one has
hmlan mf lf — gllze > c||\/| det(d?f)]]| - (8.3)

N—+o0

The admissibility assumption is not a severe limitation for an upper estimate of the error
since it is also proved that for all € > 0, there exist an admissible sequence such that

hmsupN mf lf = gllze < C|/|det(@ )| + . (8.4)

N—+4o00
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We also refer to Chapter [2|for a generalization of such upper and lower estimates to higher
order elements.

From the computational viewpoint, a commonly used strategy for designing an optimal
mesh consists therefore in evaluating the hessian d? f and imposing that each triangle of the
mesh is isotropic with respect to a metric which is properly related to its local value. We
refer in particular to [16] where this program is executed using Delaunay mesh generation
techniques. While these algorithms fastly produce anisotropic meshes which are naturally
adapted to the approximated function, they suffer from two intrinsic limitations :

1. They use the data of d?f, and therefore do not apply to non-smooth or noisy func-
tions.

2. They are non-hierarchical : for N > M the triangulation 7y is not a refinement of
T

In Chapter [7 an alternate strategy is proposed for the design of adaptive hierarchical
meshes, based on a simple greedy algorithm : starting from an initial triangulation 7y,
the algorithm picks the triangle T' € 7y with the largest local LP error. This triangle is
then bisected from the mid-point of one of its edges to the opposite vertex. The choice of
the edge among the three options is the one that minimizes the new approximation error
after bisection. The algorithm can be applied to any LP function, smooth or not, in the
context of piecewise polynomial approximation of any given order. In the case of piecewise
linear approximation, numerical experiments in Chapter [7] indicate that this elementary
strategy generates triangles with an optimal aspect ratio and approximations fy € Vr,
such that || f — fn||z» satisfies the same estimate as ex(f)z» in (8.1)).

The goal of this chapter is to support these experimental observations by a rigorous

analysis. This chapter is organized as follows :
In §8.2, we introduce notations which are used throughout the chapter and collect
some available approximation theory results for piecewise linear finite elements, making
the distinction between (i) uniform, (ii) adaptive isotropic and (iii) adaptive anisotropic
triangulations. In the last case, which is in the scope of this chapter, we introduce a
measure of non-degeneracy of a triangle 7' with respect to a quadratic form. We show
that the optimal error estimate is met when each triangle is non-degenerate in the
sense of the above measure with respect to the quadratic form given by the local hessian
d? f. We end by briefly recalling the greedy algorithm which is introduced in Chapter .

In §8.3] we study the behavior of the refinement procedure when applied to a quadratic
function ¢ such that its associated quadratic form q is of positive or negative sign. A key
observation is that the edge which is bisected is the longest with respect to the metric
induced by q. This allows us to prove that the triangles generated by the refinement
procedure adopt an optimal aspect ratio in the sense of the non-degeneracy measure
introduced in §8.2]

Q

In §8.4] we study the behavior of the algorithm when applied to a general C? func-
tion f which is assumed to be strictly convex (or strictly concave). We first establish a
perturbation result, which shows that when f is locally close to a quadratic function ¢
the algorithm behaves in a similar manner as when applied to g. We then prove that the
diameters of the triangles produced by the algorithm tend to zero so that the perturbation
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result can be applied. This allows us to show that the optimal convergence estimate
limsup N[ f = fillee < Cllv/| det(d® f)[]l - (8.5)

is met by the sequence of approximations fy € V7, generated by the algorithm.

The extension of this result to an arbitrary C? function f remains an open problem.
It is possible to proceed to an analysis similar to §8.3| in the case where the quadratic
form q is of mixed sign, also proving that the triangles adopt an optimal aspect ratio as
they get refined. We describe this analysis in §9.1. However, it seems difficult to extend
the perturbation analysis of to this new setting. In particular the diameters of the
triangles are no more ensured to tend to zero, and one can even exhibit examples of
non-convex C? functions f for which the approximation fy fails to converge towards f
due to this phenomenon. Such examples are discussed in Chapter [7] which also proposes
a modification of the algorithm for which convergence is always ensured. However, we do
not know if the optimal convergence estimate holds for any f € C? with this modified
algorithm, although this seems plausible from the numerical experiments.

8.2 Adaptive finite element approximation

8.2.1 Notations

We shall make use of a linear approximation operator Ar that maps continuous func-
tions defined on T onto IP;. For an arbitrary but fixed 1 < p < 0o, we define the local L?
approximation error

er(f)p = If - ATfHLP(Ty

The critical assumptions in our analysis for the operator Ay will be the following :
1. Az is continuous in the L norm.

2. Ap commutes with affine changes of variables : Arp(f) o ¢ = Ag-1()(f o ¢) for all
affine ¢.

3. Agr reproduces Py : Ap(w) = m, for any 7 € IP;.

Note that the commutation assumption implies that for any function f and any affine
transformation ¢ : x — xg + Lx we have

eor)()p = [det(L)["Per(f o ¢)p, (8.6)

Two particularly simple admissible choices of approximation operators are the following :
~ Ar = Pr, the L*(T)-orthogonal projection operator : [,.(f — Prf)m = 0 for all
m e Py.
— Ar = I, the local interpolation operator : Ir f(v;) = f(v;) with {vg, vy, v2} the
vertices of T.
All our results are simultaneously valid when A7 is either Pr or I, or any linear operator
that fulfills the three above assumptions.
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Given a function f and a triangulation 7y with N = #(7y), we can associate a
finite element approximation fy defined on each T' € Ty by fn(z) = Arf(z). The global
approximation error is given by

1 = Sl = (32 enth)

TeTN

=

with the usual modification when p = cc.

Remark 8.2.1. The operator Br of best LP(T') approximation which is defined by
1f = Brflleer) = Jmin 1f = 7l ze(r),

does not fall in the above category of operators, since it is non-linear (and not easy to
compute) when p # 2. However, it is clear that any estimate on ||f — fnl|lr» with fn
defined as Arf on each T implies a similar estimate when fy is defined as Brf on each

T.
Here and throughout the chapter, when
q(2,y) = a207” + 20112y + a2y’ + a1,0% + ao1y + oo
we denote by q the associated quadratic form : if u = (x,y)

q(u) = agpx® + 2a112y + ag2y”.

Note that q(u) = (Qu, u) where Q = ( @20 011 ) . We define

a1 Ap2
det(q) := det(Q).
If q is a positive or negative quadratic form, we define the q-metric
ol == v/Ia@)] (8.7

which coincides with the euclidean norm when q(v) = 2? + y? for v = (z,y). If q is a
quadratic form of mixed sign, we define the associated positive form |q| which corresponds
to the symmetric matrix |@Q| that has same eigenvectors as () with eigenvalues (||, |u]) if
(A, ) are the eigenvalues of Q). Note that generally |q|(u) # |q(u)| and that one always
has [q(u)] < |q|(u).

Remark 8.2.2. If det Q > 0, then there exists a 2 X 2 matriz L and ¢ € {+1,—1} such

that
¢ B 10
LQL—S(O E

The linear change of coordinates ¢(u) := Lu, where u = (z,y) € R?, therefore satisfies
qo d(u) = e(x® +y?). On the other hand, if det Q < O then there exists a 2 X 2 matriz L

such that
' (1 0
L'QL = ( 0 —1 |-

Defining again ¢(u) := Lu we obtain in this case q o ¢(u) = x* — y°.
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8.2.2 From uniform to adaptive isotropic triangulations

A standard estimate in finite element approximation states that if f € W?2?(Q) then

inf || f — gllr < Ch*||d*f]|Lr,
9gEVR

where V), is the piecewise linear finite element space associated with a triangulation 7, of
mesh size h := maxpeg, diam(T). If we restrict our attention to uniform triangulations,
we have

N = #(T) ~ h >,

Therefore, denoting by €4 (f);» the LP approximation error by a uniform triangulation

of cardinality N, we can re-express the above estimate as
en'' () < ONTH & f| o (8.8)

This estimate can be significantly improved when using adaptive partitions. We give here
some heuristic arguments, which are based on the assumption that on each triangle 7" the
relative variation of d?f is small so that it can be considered as constant over T' (which
means that f is replaced by a quadratic function on each T'), and we also indicate the
available results which are proved more rigorously.
First consider isotropic triangulations, i.e. such that all triangles satisfy a uniform
estimate 5
pr = — < A, (8.9)
rr
where hy := diam(7") denotes the size of the longest edge of T', and r is the radius of the
largest disc contained in T'. In such a case we start from the local approximation estimate

on any T'
er(f)p < Chl|d fl o),

and notice that
Wl fllzoery ~ [THI fll ooy = & flloe o),
with % = }D + 1 and |T'| the area of T, where we have used the isotropy assumption

in the equivalence and the fact that d?f is constant over T in the equality. It follows that

1 1
er(f)p < Cld fll -y, T + 1.

Assume now that we can construct adaptive isotropic triangulations 7x with N := #(7y)
which equidistributes the local error in the sense that for some prescribed € > 0

ce <ep(f), <e, (8.10)

with ¢ > 0 a fixed constant independent of 7" and N. Then defining fx as Ar(f) on each
T € Ty, we have on the one hand

1f = fallee < NPe,
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and on the other hand, with 1 := ]lg +1,

N(ee)” < > f = Inllioey S C7 D0 N1d fllirery < CTlI2FI7 -

TeTn Tely
Combining both, one obtains for eX°(f)r» := || f — fn|lr» the estimate
ey (flr <CNTH £ rr. (8.11)

This estimate improves upon since the rate N~! is now obtained with the weaker
smoothness condition d?f € L™ and since, even for smooth f, the quantity ||d?f||z- might
be significantly smaller than ||d®f||z». This type of result is classical in non-linear ap-
proximation and also occurs when we consider best N-term approximation in a wavelet
basis.

The principle of error equidistribution suggests a simple greedy algorithm to build an
adaptive isotropic triangulation for a given f, similar to our algorithm but where the
bisection of the triangle 7" that maximizes the local error er(f), is systematically done
from its most recently created verter in order to preserve the estimate . Such an
algorithm cannot exactly equilibrate the error in the sense of and therefore does
not lead to the same the optimal estimate as in (8.11]). However, it was proved in [13] that
it satisfies

If = fllze < C|f|Bz,N_1,

for all 7 such that % < % + 1, provided that the local approximation operator Ar is

bounded in the L norm. Here B2 denotes the usual Besov space which is a natural
substitute for W27 when 7 < 1. Therefore this estimate is not far from (8.11]).

8.2.3 Anisotropic triangulations : the optimal aspect ratio

We now turn to anisotropic adaptive triangulations, and start by discussing the optimal
shape of a triangle T for a given function f at a given point. For this purpose, we again
replace f by a quadratic function assuming that d?f is constant over T'. For such a q € P,
and its associated quadratic form q, we first derive an equivalent quantity for the local
approximation error. Here and as well as in and §8.4] we consider a triangle 7" and
we denote by (a, b, ¢) its edge vectors oriented in clockwise or anti-clockwise direction so
that

a+b+c=0.

Proposition 8.2.3. The local LP-approximation error satisfies

1
er(q)p = er(a)p ~ |T|» max{|q(a)], [q(b)], [a(c)[},
where the constant in the equivalence is independent of q, T and p.

Proof: The first equality is trivial since ¢ and q differ by an affine function. Let T¢, be
an equilateral triangle of area |T.,| = 1, and edges a,b,c. Let E be the 3-dimensional
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vector space of all quadratic forms. Then the following quantities are norms on E, and
thus equivalent :

er.,(q)p ~ max{|q(a)|, [q(b)], la(c)|}. (8.12)

Note that the constants in this equivalence are independent of p since all LP(T,,) norms
are uniformly equivalent on E.

If T is an arbitrary triangle, there exists an affine transform ¢ : x — xy+ Lx such that
T = ¢(Tq). For any quadratic function ¢, we thus obtain from (8.6)

1 1
er(q) = er(q) = ey (q) = |det L|rer, (qo ¢) = |det L|rer, (qo L)

since q o L is the homogeneous part of g o ¢. By (8.12)), we thus have

er(q) ~ | det L|7 max{|a(La)|, |a(Lb)|, la(Le)]},

where {a, b, c} are again the edge vectors of Ty,. Remarking that |T'| = |det L| and that
{La, Lb, L¢} are the edge vectors of T', this concludes the proof of this proposition. o

In order to describe the optimal shape of a triangle T" for the quadratic function ¢, we fix
the area of |T'| and try to minimize the error er(q), or equivalently max{|q(a)|, |q(b)|, |a(c)|}
The solution to this problem can be found by introducing for any q such that det(q) # 0
the following measure of non-degeneracy for T :

 max{la(@), la®)l, a0}
P = et (519

Let ¢ be a linear change of variables, q a quadratic form and 7T a triangle of edges a, b, c.
’ =

Then det(q o ¢) = (det ¢)*det(q), the edges of ¢(T) are ¢(a),p(b),d(c) and |¢(T)
| det ¢||T"|. Hence we obtain

max{|q o ¢(a)l, [ao ¢()],]|q o ¢(c)[}
T|\/ det ogzﬁ

max{|q(¢(a))], la(¢ \Iq ¢(0)]} (8.14)

]det¢]|T]\/\det

= pa(0(T))

The last equation, combined with Remark [8.2.2 allows to reduce the study of pq(7") to
two elementary cases by change of variable :

Pace (T) =

1. The case where det(q) > 0 is reduced to q(z,y) = 2? + y*. Recall that for any
triangle 7" with edges a,b, ¢ we define hy := diam(7T") = max{\a| |b], |c|}, with | - |
the euclidean norm. In this case we therefore have pq(7T") = | ik which corresponds
to a standard measure of shape regularity in the sense that its boundedness is
equivalent to a property such as . This quantity is minimized when the triangle
T is equilateral, with minimal value \% (in fact it was also proved in [28] that the
minimum of the interpolation error ||q—Ir q||z»(r) among all triangles of area |T| = 1
is attained when T is equilateral). For a general quadratic form q of positive sign,



8.2. Adaptive finite element approximation 363

we obtain by change of variable that the minimal value i?) is obtained for triangles
which are equilateral with respect to the metric | - |4. More generally triangles with
a good aspect ratio, i.e. a small value of pq(T), are those which are isotropic with
respect to this metric. Of course, a similar conclusion holds for a quadratic form of
negative sign.

2. The case where det(q) < 0 is reduced to q(x,y) = 2? — y?. In this case, the analysis
presented in [26] shows that the quantity pq(7) is minimized when 7" is a half of
a square with sides parallel to the x and y axes, with minimal value 2. But using
(8.14) we also notice that pq(T") = pq(L(T)) for any linear transformation L such
that q = qo L. This holds if L has eigenvalues (\, %), where A # 0, and eigenvectors
(1,1) and (—1,1). Therefore, all images of the half square by such transformations
L are also optimal triangles. Note that such triangles can be highly anisotropic.
For a general quadratic form q of mixed sign, we notice that pq(1") < pq(T), and
therefore triangles which are equilateral with respect to the metric |- ||q have a good
aspect ratio, i.e. a small value of py(7’). In addition, by similar arguments, we find
that all images of such triangles by linear transforms L with eigenvalues (A, %) and
eigenvectors (u,v) such that q(u) = q(v) = 0 also have a good aspect ratio, since
q = qo L for such transforms.

We leave aside the special case where det(q) = 0. In such a case, the triangles minimizing
the error for a given area degenerate in the sense that they should be infinitely long and
thin, aligned with the direction of the null eigenvalue of q.

Summing up, we find that triangles with a good aspect ratio are characterized by the
fact that pq(T) is small. In addition, from Proposition and the definition of pq(T),
we have

er(a)y ~ TV [AH@lpa(T) = IVIAH@ 1 aypalT), 7= o +1. (815)

We now return to a function f such that d?f is assumed to be constant on every T € Ty.
Assuming that all triangles have a good aspect ratio in the sense that

pq(T) <C

for some fixed constant C' and with q the value of d?f over T, we find up to a change in

C that
er(f)p < CllV/[det(d®f)|l|z-(m) (8.16)

By a similar reasoning as with isotropic triangulations, we now obtain that if the trian-
gulation equidistributes the error in the sense of ({8.10))

If = fnllze < CNTHV  det(@2f)]||er, (8.17)

and therefore holds. This estimate improves upon since the quantity ||d*f||.-
might be significantly larger than ||/|det(d?f)|||1-, in particular when f has some aniso-
tropic features, such as sharp gradients along curved edges.

The above derivation of is heuristic and non-rigorous. Clearly, this estimate
cannot be valid as such since det(d? f) may vanish while the approximation error does not
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(consider for instance f depending only on a single variable). More rigorous versions were
derived in [27] and [4]. In these results |d? f| is typically replaced by a majorant |d?f|+el,
avoiding that its determinant vanishes. The estimate can then be rigorously proved
but holds for N > N(e, f) large enough. This limitation is unavoidable and reflects the
fact that enough resolution is needed so that the hessian can be viewed as locally constant
over each optimized triangle. Another formulation, which is rigorously proved in Chapter
2], reads as follows.

Proposition 8.2.4. There exists an absolute constant C'> 0 such that for any polygonal
domain 2 and any function f € C*(Q), one has

limsup Nen(f)re < Cll\/| det(d?f)]]| -

N—+oc0

8.2.4 The greedy algorithm

Given a target function f, our algorithm iteratively builds triangulations 7y with N =
#(7y) and finite element approximations fy. The starting point is a coarse triangulation
Tn,- Given Ty, the algorithm selects the triangle 7" which maximizes the local error er(f),
among all triangles of 7y, and bisects it from the mid-point of one of its edges towards
the opposite vertex. This gives the new triangulation 7.

The critical part of the algorithm lies in the choice of the edge e € {a, b, ¢} from which
T is bisected. Denoting by T! and T? the two resulting triangles, we choose e as the
minimizer of a decision function dr(e, f), which role is to drive the generated triangles
towards an optimal aspect ratio. While the most natural choice for dy(e, f) corresponds
to the split that minimizes the error after bisection, namely

dr(e, f) = ers (f)y + erz(f)y,

we shall instead focus our attention on a decision function which is defined as the L' norm
of the interpolation error

dr(e, f) = |If =2 flloreryy + I1f = To2 fllorerz). (8.18)

For this decision, the analysis of the algorithm is made simpler, due to the fact that we
can derive explicit expressions of ||f — Ir f| 1) when f = ¢ is a quadratic polynomial
with a positive homogeneous part q. We prove in that this choice leads to triangles
with an optimal aspect ratio in the sense of a small pq(7"). This leads us in to a proof
that the algorithm satisfies the optimal convergence estimate in the case where f
is C? and strictly convex.

Remark 8.2.5. It should be well understood that while the decision function is based on
the L' norm, the selection of the triangle to be bisected is done by mazimizing er(f),. The
algorithm remains therefore governed by the LP norm in which we wish to minimize the
error || f — fnllp for a given number of triangles. Intuitively, this means that the LP-norm
influences the size of the triangles which have to equidistribute the error, but not their
optimal shape.
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Remark 8.2.6. It was pointed out to us that the L' norm of the interpolation error to
a suitable convex function is also used to improve the mesh in the context of moving grid
techniques, see [29].

We define a variant of the decision function as follows

Dr(e, f) = IIf =Tz fllora) — dr(e, f).

Note that Dr(e, f) is the reduction of the L' interpolation error resulting from the bi-
section of the edge e, and that the selected edge that minimizes dr(-, f) is also the one
that maximizes D(-, f). The function Dt has a simple expression in the case where f is
a convex function.

Lemma 8.2.7. Let T be a triangle and let f be a convex function on T'. Let e be an edge
of T with endpoints zy and z,. Then

D(e,p) = B ({EEIE) _p (222)), (5.19)

If in addition f has C? smoothness, we also have
Dr(e, f) = |_€| /1<d2f(2t)6, e) min{t, 1 — t}dt, where z; := (1 —t)zg +tz;.  (8.20)
0
Proof: Since f is convex, we have I f > f on T, hence
If =TIz flloir) = /T(ITf —f).
Similarly In f > f on T} and Ir2 f > f on T?, hence

DT(Qf):/TITf—/TlIT,}f— TQITgf-

Let 2z, be the vertex of T" opposite the edge e. Since the function f is convex, it follows
the previous expression that Dr(e, f) is the volume of the tetrahedron of vertices

(ZO,.Z’ _;_ Zl,.ﬂc? ZO,y —;_ 21,y7f (ZO —;— Zl)) and (Zi’m7 Zi,y7 f(zz)) fOI' ?/ — 07 17 2

where (2;4, 2;,) are the coordinates of z;. Let u = 2y — 29 and v = z; — z5. We thus have
Dr(e, f) = | det(M)| where

U/:L‘ U;E Uz Vg

M = Uy Uy @
f(z0) = fz2) f(z1) = f(22) f (%) — f(22)
Subtracting the half of the first two columns to the third one we find that M has the
same determinant as
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Recalling that 2|T'| = | det(u, v)| we therefore obtain (8.19). In order to establish ({8.20)),
we observe that we have in the distribution sense 97 (min{¢, 1—¢}*) = §y—20/5+61, where
0; is the one-dimensional Dirac function at a point ¢. Hence for any univariate function

h € C*([0,1]), we have
/1 h"(t) min{t, 1 — t}dt = h(0) — 2h(1/2) + h(1).

Combining this result with (8.19)) we obtain ({8.20]). o

8.3 Positive quadratic functions

In this section, we study the algorithm when applied to a quadratic polynomial ¢ such
that det(q) > 0. We shall assume without loss of generality that q is positive definite,
since all our results extend in a trivial manner to the negative definite case.

Our first observation is that the refinement procedure based on the decision function
always selects for bisection the longest edge in the sense of the g-metric |- |4 defined

by .

Lemma 8.3.1. An edge e of T mazimizes Dr(e,q) among all edges of T if and only if it
mazimizes |e|q among all edges of T

Proof: The hessian d?q is constant and for all e € R? one has

(d*qe, ) = 2q(e).

If e is an edge of a triangle 7', and if ¢ is a convex quadratic function, equation (8.20)

therefore gives
T T

Dr(e,q) = ?q(e)/o min{t, 1 — t}dt = —2|e|<21. (8.21)

This concludes the proof. o

It follows from this lemma that the longest edge of T' in the sense of the g-metric is
selected for bisection by the decision function. In the remainder of this section, we use
this fact to prove that the refinement procedure produces triangles which tend to adopt
an optimal aspect ratio in the sense that pq(7") becomes small in an average sense.

For this purpose, it is convenient to introduce a close variant to pq(T") : if T is a
triangle with edges a, b, ¢, such that |a|q > |b|q > |c|q, We define

iy A A
T 4T /detq  4|T|/detq

Using the inequalities [b|2 +|c[2 < 2[a|? and |a|] < 2(]b]2 +]c|Z), We obtain the equivalence

(8.22)

(8.23)
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Similar to pq, this quantity is invariant under a linear coordinate changes ¢, in the sense
that

Oqop(T") = 0q(&(T)),
From (8.15) and (8.23) we can relate o4 to the local approximation error.

Proposition 8.3.2. There exists a constant Cy, which depends only on the choice of Ar,
such that for any triangle T, quadratic function q and exponent 1 < p < oo, the local
LP-approximation error satisfies

Cler(@)y < oa(T)v/detallzrr) < Coer(q)y. (3.24)
where =+ 1.
Our next result shows that o4(7) is always reduced by the refinement procedure.

Proposition 8.3.3. If T is a triangle with children T} and Ty obtained by the refinement
procedure for the quadratic function q, then

max{oq(11),04(T2)} < og(T).

Proof: Assuming that |a|q > [blq > |c|q, we know that the edge @ is cut and that
the children have area |T'|/2 and edges a/2,b, (c — b)/2 and a/2, (b — ¢)/2, ¢ (recall that
a+ b+ c=0). We then have

irlVaa o) < a3)+a("5) (5.25)

2 2
= q(b;rc) +q(b;0) (8.26)
_ q(b) ‘; q(c) (8.27)
= 2|T|\/detq o4(T). (8.28)
o

Remark 8.3.4. For any positive definite quadratic form q, the minimum of oq is 1, as
18 easily seen using the inequality

2| det(b, c)| < 2[blle| < [b]* + [cf*,

in which we have equality if and only if b, c € R? are orthogonal vectors of the same norm.
When q is the euclidean metric, the triangle that minimizes oq is thus the half square.
This is consistent with the above result since it is the only triangle which is similar (i.e.
identical up to a translation, a rotation and a dilation) to both of its children after one
step of longest edge bisection.

Remark 8.3.5. A result of similar nature was already proved in [82] : longest edge bi-
section has the effect that the minimal angle in any triangle after an arbitrary number of
refinements is at most twice the minimal angle of the initial triangle.
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Our next objective is to show that as we iterate the refinement process, the value of
04(T) becomes bounded independently of ¢ for almost all generated triangles. For this
purpose we introduce the following notation : if 7" is a triangle with edges such that
lalq > |blq > |c|q, We denote by 14(T") the subtriangle of 17" obtained after bisection of a
which contains the smallest edge c. We first establish inequalities between the measures
oq and pq applied to T and (7).

Proposition 8.3.6. Let T be a triangle, then

ralta(T) < 2pa(T) (829
pa(T) 16
o) < 24 (14 ) (8.30)

Proof: We first prove (8.29). Obviously, ¢q(T") contains one edge s € {a,b,c} from T,
and one half edge t € {§, 3, 5} from T Therefore

|55 + It lala+15l5 5
0q(Vq(T)) < 1__d4 < _1 9 — Zpo(T).
anrd 4g(T)|v/detq ~— 2|T|/detq 8¢

For the proof of (8.30), we restrict our attention to the case q = z? + y?, without loss
of generality thanks to the invariance formula (8.14). Let T be a triangle with edges
la| > |b| > |c|. If h is the width of T in the direction perpendicular to a, then

_ 2T 2fa|
lal  pa(T)

The sub-triangle 1q(7T") of T has edges §,c,d where d = %C, and the angles at the ends
of 3 are acute. Indeed

h

(Ie* = o]*) < 0.

(c,a/2) = (\6]2 — |af* - \0]2) <0 and (d,a/2)=

AN
ANy

By Pythagora’s theorem we thus find

a2 a|? |a|? 16
max{)—‘ el 1d?Y < H +h2 =120 (1 + —) .
2 2 4 p3(T)
Dividing by the respective areas of 7" and ¢(7"), we obtain the announced result. o

Our next result shows that a significant reduction of o4 occurs at least for one of the
triangles obtained by three successive refinements, unless it has reached a small value of

04. We use the notation ¢2(T) := 1hq(¢q(T)) and ¢2(T') := g (v2(T)).

Proposition 8.3.7. Let T be a triangle such that oq(¥3(T)) > 5. Then oq(¥3(T)) <
0.6904(T).
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Proof: The monotonicity of o4 established in Proposition (8.3.3]) implies that
5 < 0q(¥g(T)) < 0q(¥5(T)) < 0q(ta(T)).
Combining this with inequality (8.29) we obtain

8 < min{pq(zbZ(T)), Pa(Vq(T)), Pq(T)}-

If a triangle S obeys pq(S) > 4, then

(14 ) <1

2 pa(S)) ~
and therefore pq(1q(S)) < pq(S) according to inequality (8.30). We can apply this to
S = q(T) and S = T, therefore obtaining

pa(Ua(T)) < pa(a(T)) < po(T). (8.31)

We now remark that inequality (8.30]) is equivalent to (pq(S)—pq(1q(S)))? > pq(1q(S))*—
16, hence

Pa(S) = pa(tq(S)) + /pa(ta(5))2 = 16 (8.32)

provided that pq(S) > pq(¥q(S)). Applying this to S = wq( ) and recalling that pq (¢7(T)) >
8 we obtain

pa(q(T)) > 8+ /8 — 16 > 14.9.
Applying again (8.32)) to S = T we obtain

pa(T) > 14.9 +/14.92 — 16 > 29.3.

Using ([8.30)), it follows that

e s (1 ) () (U ) <0

Eventually, the inequalities (8.23)) imply that
2rg(U3(T)) < pa(t(T)) < 0.171pg(T) < 0.171(S0g(T))

which concludes the proof. o

An immediate consequence of Propositions [8.3.3] and [8.3.7 is the following.

Corollary 8.3.8. If (T;)?_, are the eight children obtained from three successive refine-
ment procedures from T for the function q, then

— for all i, oq(T;) < oq(T),

— there exists i such that o4(T;) < 0.6904(T) or o4(T;) < 5.
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We are now ready to prove that most triangles tend to adopt an optimal aspect ratio
as one iterates the refinement procedure.

Theorem 8.3.9. Let T be a triangle, and q a positive definite quadratic function. Let

k = %. Then after n applications of the refinement procedure starting from T,

at most Cn*7"/3 of the 2™ generated triangles satisfy 0q(S) > 5, where C is an absolute
constant. Therefore the proportion of such triangles tends exponentially fast to 0 as n —

+00.

Proof: If we prove the proposition for n multiple of 3, then it will hold for all n (with
a larger constant) since o4 decreases at each refinement step. We now assume that n =
3m, and consider the octree with root 7" obtained by only considering the triangles of
generation 3¢ for ¢ = 0,--- ,n.

According to Corollary for each node of this tree, one of its eight children either
checks o4 < 5 or has its non-degeneracy measure diminished by a factor 6 := 0.69. We
remark that if o4 is diminished at least k times on the path going from the root 7" to a
leaf S, then 04(S5) < 5. As a consequence, the number N (m) of triangles S which are such
that 04(S) > 5 within the generation level n = 3m is bounded by the number of words in
an eight letters alphabet {aj,--- ,as} with length m and that use the letter ag at most k

times, namely
k

m
N(m) < 7l < OmP T,
m<3 ( l ) <
which is the announced result. o

The fact that most triangles tend to adopt an optimal aspect ratio as one iterates the
refinement procedure is a first hint that the approximation error in the greedy algorithm
might satisfy the estimate corresponding to an optimal triangulation. The following
result shows that this is indeed the case, when this algorithm is applied on a triangular
domain €2 to a quadratic function g with positive definite associated quadratic form q.
The extension of this result to more general C? convex functions on polygonal domains
requires a more involved analysis based on local perturbation arguments and is the object
of the next section.

Corollary 8.3.10. Let € be a triangle, and let q be a quadratic function with positive
definite associated quadratic form q. Let qy be the approximant of ¢ on €2 obtained by the
greedy algorithm for the LP metric, using the L' decision function . Then

hJIVnSUP Nllg = qnllr ) < C|lv/det(q)|| 7).,

where % = 1% + 1 and where the constant C' depends only on on the choice of the approzi-

mation operator Ar used in the definition of the approrimant.

Proof: For any triangle T', quadratic function ¢ € IPy, and exponent p, let

er(@)p = 1nf llg —7lleer)
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be the error of best approximation of ¢ on T'. Let Tj be a fixed triangle of area 1, then for
any q € IP5 and 1 < p < oo one has

eém(Q)l < ei_lb(Q)p < eTo(Q)p < 6Tg(Q>oo-
Furthermore, e7, (-); and e, (+)o are semi norms on the finite dimensional space IPy which
vanish precisely on the same subspace of [P, namely IP;. Hence these semi-norms are
equivalent. It follows that

Co €1y (Q)p < eifo (Q>p < e, (Q)p (8.33)

where ¢j is independent ¢ € IP; and of p > 1. Using the invariance property we find
that (8.33)) holds for any triangle 7" in place of Ty with the same constant c¢y. We also
define for any triangulation 7,

er(f)h:=> er(f)) and e (f)h:=> en(f)L,

TeT TeT

and we remark that cper(q), < €7(¢), < er(q),. For each n, we denote by 7" the

triangulation of 2 produced by n successive refinements based on the L! decision function
for the quadratic function ¢ of interest (note that #(Z*) = 2"). We also define
17 =A{T € T} ; 04(T) > 5}. Therefore 04(T") < 5if T' ¢ 7,7, and on the other hand
we know from Proposition that 04(T) < 04(Q2) for any T' € 7. It follows from

Proposition that

3=

ers @y < CoSrery (0a(DITI7VATa))
1 1
< Cy <5P X 2" + aq(Q)p#(Zg)> » (%) " /detq,
where Cj is the constant in (8.24]). According to Theorem |8.3.9, we know that

lim 27"#(77) = 0.

n—-+o0o

Hence

limsup 2"ez«(q), < 5Cy \Q\%\/ det q = 5Cyl|/det q| ().

n—oo

We now denote by 7.9 the triangulation generated by the greedy procedure with stopping

criterion based on the error 7, := Cy'277||\/det q|1- (). It follows from (8.24) that for
all T' e 7, with k < n, one has

_ ok
er(q)y = Cy oq(T) |V det all-r) = G277 [|V/det all (@) = n,

where we used that |T'| = 27%|Q] and that the minimal value of o4 is 1. This shows that
1) is a refinement of 7,". Furthermore any triangle 7" € 7,* has at most 2K(T) children in
7.9, where k(T) is the smallest integer such that

 ntk(T)
N> Co2" 7 0q(T)||v/det dl|-(o)-
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k(T)

Since 1 < 7 <1 we obtain 2¢1) < 275 < 27C20,(T) < 4C20,(T). Hence

H(T?) <4ACT Y 0,(T) <4CF (5 x 2" + 0g(Q#(TY)) = C12"(1 + &),

TeT

where C; = 20CZ and ¢, — 0 as n — oo. If Ty is the triangulation generated after N
steps of the greedy algorithm, then there exists n > 0 such that 7y is a refinement of
7.9 (hence a refinement of 7,"*) and 7, ; is a refinement of 7y. It follows that #(7y) <
#(T1) < 12" (1 + enpa), and

coery(q)p < e/TN (@)p < 6/7“ (@)p < eTu (@)p;

n

where we have used the fact that ef(f), < e-(f), whenever T is a refinement of 7.

T
Eventually,

. . Cr o 10C,C
lim sup Nez, (¢), < limsup “19 1+ Entr)eTn(q) < cO ! v/ det gl ()
0

N—oo n—oo Co

which concludes the proof. o

8.4 The case of strictly convex functions

The goal of this section is to prove that the approximation error in the greedy algo-
rithm applied to a C? function f satisfies the estimate (8.1)) corresponding to an optimal
triangulation. Our main result is so far limited to the case where f is strictly convex.

Theorem 8.4.1. Let f € C?(Q) be such that
d*f(z) >mlI, forallx €

for some arbitrary but fived m > 0 independent of x. Let fy be the approximant obtained
by the greedy algorithm for the LP metric, using the L' decision function . Then

li]r\][rlsup N\ f = fallee < Cllv/det(@®f)]| -, (8.34)

where % = % + 1 and where C' is a constant independent of p, f and m.

Equation ({8.34) can be rephrased as follows : there exists a sequence ex(f) such that
en(f) = 0as N — oo and

1 = fvlle < (CIVAED o +ex()) N

Note also that since [[y/det(d%f)||z- > 0, there exists Ny(f) such that ||f — fwllzr <

2C||\/det(d2f)||- N~t for all N > Ny(f). It should be stressed hard that Ny(f) can
be arbitrarily large depending on the function f. Intuitively, this means that when f
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has very large hessian at certain point, it takes more iterations for the algorithm to
generate triangles with a good aspect ratio. The extension of this result to strictly concave
functions is immediate by a change of sign. Its extension to arbitrary C? functions is so
far incomplete, as it is explained in the end of the introduction. The proof of Theorem
uses the fact that a strictly convex C* function is locally close to a quadratic function
with positive definite hessian, which allows us to exploit the results obtained in for
these particular functions.

8.4.1 A perturbation result

We consider a triangle T', a function f € C?(T), a convex quadratic function ¢ and
i > 0 such that on T'
Fqg<&f < (1+p) dq. (8.35)

It follows that det(d?q) < det(d?f) < det((1+u)d?q) = (1+u)?* det(d?q). Since det(d?*q) =
4 det(q), we obtain

2([vdetdllprr) < [Vdet fl[r-ry < 2(1 + p)llv/detal| (7). (8.36)

The following Lemma shows how the local errors associated to f and ¢ are close

Proposition 8.4.2. The exists a constant C, > 0, depending only on the operator Ar
such that

(1= Cepler(q)y < er(f)p < (14 Ceper(q)p. (8.37)

Proof: It follows from inequality (8.35) that the functions f — ¢ and (1 4+ pu)g — f are
convex, hence

Ir(f=q) = (f—q¢) =20 and Ip((1+p)g—f)—((1+p)g—f)=0

on the triangle T'. We therefore obtain

0<(Ipf—=f)=Urqg—q) <plrqg—q).

There exists a constant Cy > 0 depending only on Ay such that for any h € C°(T),
1
er(h)p < Co|T17||A]| L ().

Furthermore according to Proposition [8.2.3| there exists a constant C; > 0 depending only
on Az such that
717 llq = L7 qllery < Crer(g),.

Hence

|6T(f)p - eT(Q)p| eT(f - Q)p

= GT((ITf - f) - (ITq_Q));D

< Go|T[»||(Ir f = f) — (Ir ¢ — @) || o (r)
< Co|T|7||p(Ir ¢ — q)|| L= (1)
< CoCipuer(q)y
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This concludes the proof of this Lemma, with C, = CyC}. o

Note that using Proposition and assuming that p < ¢, :=
1 1
=142,
T p

1 .
300 We have with

er(f)p ~ er(@)p ~ oq(T) ||V detdl|| - (z) ~ oq(T)[|v/ det & f| -z, (8.38)

with absolute constants in the equivalence.
We next study the behavior of the decision function e — dr(e, f). For this purpose,
we introduce the following definition.

Definition 8.4.3. Let T be a triangle with edges a,b,c. A d-near longest edge bisection
with respect to the q-metric is a bisection of any edge e € {a,b,c} such that

q(e) = (1 — 6) max{q(a), q(b), q(c)}

Proposition 8.4.4. Assume that f and q satisfy . Then, the bisection of T pres-
cribed by the decision function e — dr(e, f) is a p-near longest edge bisection for the
q-metric.

Proof: It follows directly from Equation (8.20) that for any edge e of T,
Dr(e,q) < Dr(e, f) < Dr(e, (1 + p)q),

hence we obtain using (8.21])

Pla(e) < Drie, ) < (14 Tage). (5.39

Therefore the bisection of T" prescribed by the decision function e — dr(e, f) selects an e
such that

(1+ p)a(e) > max{q(a),q(b),q(c)}.

It is therefore a d-near longest edge bisection for the g-metric with § = ﬁ < p and

therefore also a p-near longest edge bisection. o

In the rest of this section, we analyze the difference between a longest edge bisection in
the g-metric and a d-near longest edge bisection. For that purpose we introduce a distance
between triangles : if T, T, are two triangles with edges aq, b1, ¢, and asg, bs, c5 such that

q(ai) > q(b1) > q(c1) and q(az) > q(bz) > q(ca), (8.40)

we define

Aq(Th, Ty) = max{|q(a1) — q(az)|, [a(b:) — q(ba)], la(c1) — alc2)|}-

Note that Aq is a distance up to rigid transformations.
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Lemma 8.4.5. Let T, T be two triangles, let (Ry,U;) and (Rg,Us) be the two pairs of
children from the longest edge bisection of Ty in the q-metric, and a d-near longest edge
bisection of Ty in the q-metric. Then, up to a permutation of the pair of triangles (Ry, Uy),

5
max{Aq(Rl, RQ), Aq(Ul, Ug)} S ZAq(Tl’ Tg) + 5q(a2).

where as is the longest edge of Ty in the q-metric.

Proof: We assume that the edges of T} and 75 are named and ordered as in . Up to
a permutation, Ry and U; have edge vectors by, ay/2,(c; — b1)/2 and ¢1,a1/2, (by — ¢1)/2.
Two situations might occur for the pair (R, Us) :

— q(e) < (1-9)g(ag) for e = by and c,. In such a case the triangle T5 is bisected towards
ay, so that up to a permutation, Ry and U, have edge vectors by, as/2, (co — bs)/2
and ¢, a2/2, (by — ¢2)/2. Using that q((c —)/2) = q(c)/2+ q(b)/2 — q(a)/4 when
a+b+c=0, it clearly follows that

)
maX{Aq(Rl, RQ), Aq<U1, Ug)} S ZAq(Tl, Tg)

- q(e) > (1 —9)q(az) for some e = by or ¢y. In such a case Ty may be bisected say
towards by, so that up to a permutation, Ry and U, have edge vectors as, by /2, (¢ —
as)/2 and cq,by/2, (by — ¢3)/2. But since |q(bs) — q(as)| < dq(az), we obtain that

)
max{Aq(Rl, Rz), Aq(Ul, UQ)} S ZAq(Tl, TQ) + (5(1((12). (841)
<&

We now introduce a perturbed version of the estimates describing the decay of the
non-degeneracy measure which were obtained in Proposition [8.3.3| and Corollary

Proposition 8.4.6. If (T;)2_, are the two children obtained from a refinement of a triangle
T in which a d-near longest edge bisection in the q-metric is selected, then

max{oq(11),04(T2)} < (14 40)oq(T). (8.42)

If (T})3_, are the eight children of a triangle T obtained from three successive refinements
in which a d-near longest edge bisection in the q-metric is selected, then

— for all i, oq(T;) < 0q(T)(1 + C20),

— there exists i such that oq(T;) < 0.6904(T)(1 + C29) or oq(T;) < M,
where Cy = % and M = 5(1 + Cy6).

4

Proof: We first prove (8.42)), and for that purpose we introduce the two children 77,7}
obtained by bisecting the longest edge of T" in the g-metric. If follows from (8.41)) that,
up to a permutation of the pair (77,7}),

maX{AQ(TD Tll)v AQ(TQ’ T2/>} < (5(21((1),
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where a is the longest edge of T" in the g-metric. Hence

28010 o5 W) _y5o ). (8.43)

log(Ti) — 0q(T})] < m - 4]71‘\/%

We know from Proposition that max{oq(77), 0q(75)} < 04(T"). Combining this point
with (8.43]) we conclude the proof of (8.42]).

We now turn to proof of the second part of the proposition and for that purpose we
introduce the eight children (77)%_; obtained from three successive refinements of 7' in
which the longest edge in the g-metric is selected. Iterating , we find that, up to a
permutation of the triangles (77)5_,, one has

(T, T)) < (1 T (2) ) safa) = ssa(a) = “y(a),

max
=1, 8
where, again, a is the longest edge of T' in the g-metric. Repeating the argument (8.43)
we find that

quax, |04(Ti) — 0q(T7)| < Ca604(T). (8.44)
We know from Corollary that o4(7}) < 04(T) for all ¢ and that there exists ¢ such
that either oq(77) < 0.6904(T) or o4(7}) < 5. Combining this point with (8.44]) we
conclude the proof of the proposition. o

8.4.2 Local optimality

Our next step towards the proof of Theorem [8.4.1] is to show that the triangulation
produced by the greedy algorithm is locally optimal in the following sense : if the refine-
ment procedure for the function f produces a triangle 7" € D on which f is close enough
to a quadratic function ¢, then the triangles which are generated from the refinement of T’
tend to adopt an optimal aspect ratio in the g-metric, and a local version of the optimal
estimate holds on T

We first prove that most triangles adopt an optimal aspect ratio as we iterate the
refinement procedure. Our goal is thus to obtain a result similar to Theorem [8.3.9] which
was restricted to quadratic functions. However, due to the perturbations by Chu that
appear in Proposition [8.4.6] the formulation will be slightly different, yet sufficient for our
purposes : we shall prove that the measure of non-degeneracy becomes bounded by an
absolute constant in an average sense, as we iterate the refinement procedure.

As in the previous section, we assume that f and ¢ satisfy . For any T, we
define 7.%(T) the triangulation of 7" which is built by iteratively applying the refinement
procedure for the function f to all generated triangles up to 3n generation levels. Note
that

H#(THT)) =2°" and |T'| =27*"|T|, T' € T/(T).

n
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For r > 0, we define the average r-th power of the measure of non-degeneracy of the 23"
triangles obtained from T after 3n iterations by

ag(n):% > an(T).

T'eT;(T)

We also define

1 roT
y(r, p) = 5(0.69(1 + C'g,u)> + §(1 + Cop)",

where Cy is the constant in Proposition [8.4.6f Note that for any > 0, the function (r, -)
is continuous and increasing, and that 0 < «(r,0) < 1. Hence for any r > 0, there exists
p(r) > 0and 0 < y(r) < 1 such that y(r,p) < ~v(r), if 0 < p < p(r).

Proposition 8.4.7. Assume that f and q satisfy with 0 < p < p(r). We then have
M

8(1=~(r))’

where M is the constant in Proposition[8.4.0. Therefore

r

8(1—~(r))’

og(n) < og(T)y(r)" +

oh(n) <C3:=1+

if 2% > 8og(T) with \ := 21205

Proof: Let us use the notations u = 0.69(1 + Cyu) and v = (1 + Cap). According to
Proposition [8.4.6 we have
ag(n) < E(oy),

where E is the expectation operator and o, is the Markov chain with value in [1, 4o00|
defined by

~ 0pt1 = max{o,u, M} with probability o := £,

— 0,41 = 0,v With probability 3 := %,

— 00 = 04(Tp) with probability 1.
Denoting by p, the probability distribution of o, we have

E(ol,.) = / " o i (o)
= /100 (a(max{uc, M})" + B(vo)") du,(o)

M/u 00 ~+00
= aMT/ dpi, (o) + au’"/ o"dpi, (o) —l—ﬁvr/ o"dp, (o)
1 M/u 1

< aM’ + (au” + Bv")E(oh)
< aM" +~(r)E(a])

n

By iteration, it follows that
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which gives the result. o

Our next goal is to show that the greedy algorithm initialized from 7" generates a
triangulation which is a refinement of 7*(7T") and therefore more accurate, yet with a
similar amount of triangles. To this end, we apply the greedy algorithm with root 7" and
stopping criterion given by the local error

0= i er(f)p-
Therefore T" is splitted if and only if er(f), > 7. We denote by 7n(T) the resulting

triangulation where N is its cardinality. From the definition of the stopping criterion, it
is clear that 7n(7T) is a refinement of 7, (7).

Proposition 8.4.8. Assume that f and q satisfy with p < %, and define ro 1=

In2
s > 0. We then have

N < C2"0i(n),

where Cy is an absolute constant. Assuming in addition that p < u(re) as in Proposition

we obtain that
N < C52%",

if 25" > 804 (T)* with X\ := _31’;10—%, and where Cs = C3CYy.

Proof: Let T} be a triangle in 7,*(T") and T3 a triangle in 7y (7) such that T, C 7. We
shall give a bound on the number of splits k£ which were applied between 77 and T5, i.e.
such that |Ty| = 27%|T}|. We first remark that according to Proposition and (8.38)),

we have
1 1
nze min T 0q(T")\/det q > c|Ty|' "7 /det q,
IE 711,

where ¢ is an absolute constant. On the other hand, using both Proposition [8.4.2] and
Proposition [8.4.6] we obtain

en(flq < C|To|"roq(Ty)v/detq

_ C’T1|1+%27k(1+%)0q(T2)\/M

< O og(T) (279 (1 + 4)) Veta
Cog(T) ()
%Uq(TI)(%>k777

VARPVA

where C' is an absolute constant. Therefore we see that k is at most the smallest integer
such that €oq(T7)(2)*F < 1. It follows that the total number n(7}) of triangles Ty € Ty (T)
which are contained in T} is bounded by

n(T)) <28 <2 (%aq(T1)>TO,
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and therefore

v ¥ am=2(8) Y aumr - covom,

T €T (T) TieTH(T)
with Cy = 2 ($)". The fact that N < C52%" when 2°" > 804(T)* with A := 282, is an
immediate consequence of Proposition o

8.4.3 Optimal convergence estimates

Our last step towards the proof of Theorem [8.4.1] consists in deriving local error esti-
mates for the greedy algorithm. For > 0, we denote by f, the approximant to f obtained
by the greedy algorithm with stopping criterion given by the local error 7 : a triangle T’
is splitted if and only if er(f), > 7. The resulting triangulation is denoted by

T, = Tx, with N = N(n) = #(T,).

For this N, we thus have f,, = fn. For a given T" generated by the refinement procedure
and such that n < er(f),, we also define

T(T)={T'CT: T €T}
the triangles in 7, which are contained in 7" and
N(T,n) = #(T,(T)).

Our next result provides with estimates of the local error || f — f||ze(r) and of N(T',n) in
terms of n, provided that p is small enough.

Theorem 8.4.9. Assume that [ and q satisfy with p < ¢g == min{é,u(ro)}, and
that n < ng, where

o = no(T) = (%) Vdetq,

with A —ﬁ{%, and * —}1)—1-1. Then

1f = follooery < nN(T.)7, (8.45)

and
N(T,n) < Cen ||/ det(@ f)|| - (1), (8.46)

where Cg is an absolute constant.
Proof: The first estimate is trivial since

1= flwen = (X eot) < (X w) —aN@ 0

T'eT,(T) T'eTy(T)

=

RS
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In the case p = oo, we trivially have

If = folloe ) <.

For the second estimate, we define ng = ng(7") the smallest positive integer such that

23n0(1) > 85 (T)* with \ := 73{;’711(17“20). For any fixed n > ng, we define

o= i er(f)p-

We know from Proposition that with the choice n =,
N(T,n,) < Cs52°™. (8.47)

On the other hand, we know from Proposition m, that o4’(n) < Cj, from which it
follows that

a1
min oq(1") < C5°.
T'eTH(T) alT") = Cy

According to Proposition [8.4.2] we also have

1 L IT|\ 2
N, < C min )|T’|1+an(T’)\/detq < CgOC<’27‘> Vdetq,
T n

T'eT*(

where C' is an absolute constant, which also reads

2% < 50 CTy 7| T/ det q .
Combining this with (8.47), we have obtained the estimate

N(T,n,) < C5C5°CTn,7|T|\/detq
which by Proposition is equivalent to (8.46) with n = 7,. In order to obtain (8.46|
for all arbitrary values of n, we write that 7,1 < n <mn, for some n > ng, then
N(T7 77) < N(T7 77n+1)
< 0523(714-1)
< 8C5C5° CTn 7| T/ det q
< 8C5C5° CTy 7| T/ det q
which by Proposition is equivalent to (8.46)). In the case where n > n,,, we simply

write

N(T,n) < N(T,1n,)

S 0523710
S 64C50'q(T))‘
= 64C5n, 7| T)v/detq”

< 64Csn"|T)y/detq

and we conclude in the same way. o
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We remark that combining the estimates (8.45) and (8.46|) in the above theorem yields
the optimal local convergence estimate

1f = fallecry < Cg lIV/det(df) |-y N(T,n) ™

In order to obtain the global estimate of Theorem [8.4.1] we need to be ensured that after
sufficiently many steps of the greedy algorithm, the target f can be well approximated
by quadratic function ¢ = ¢(7") on each triangle T, so that our local results will apply on
such triangles. This is ensured due to the following key result.

Proposition 8.4.10. Let f be a C? function such that d*f(z) > mlI for some arbitrary
but fired m > 0 independent of x. Let Ty be the triangulation generated by the greedy
algorithm applied to f using the L' decision function given by . Then

lim max diam(7") = 0,
N—+o00 TETN

i.e. the diameter of all triangles tends to 0.

Proof: Let T be a triangle with an angle 6 at a vertex z;. The other vertices of T can be
written as 2; = 2p + au and 2, = 2y + Sv where a, 8 € R, and u,v € R? are unitary. We
assume that aw is the longest edge of T', hence 6 < 7 /2. Observe that

o(T) = ﬁ _ o? _ 20 |
IT|  Zafsing [sinf

and

0> _ sind 20

vl =2sin <5 = cos(D) ~ Bp(T) cos(D)’

Since @ < cos (g) we thus obtain

2V 2a - 3a
Bp(T) ~ Bp(T)

We now set M := ||d*f|| () and for all 6 > 0 let

ju—w| <

w(@) = sup [ d*f(z) = ()]

2,2 €Q,||z—2"[| <6

For t € IR, we define
H = d2fz0+w and H := d2fZ0+tv.

and notice that ||H} — HY|| < w(t|u — v]). Hence, if 0 <t < 3, we have

3
H —-H|<w|——).
I - il < (o)
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Furthermore, for all ¢ we have

|<HZL u7u> - <HZL U7U>|

[(H w,u) = (Hy u = (u =), u = (u =)
2(H}" u,u—v) = (H (u—v),u—v)
2M |u||lu — v| + M|u — v|?

2
M 3a0
5 (2<>+<<>>>

Applying the identity (8.20) to the edges e = au and (v, and using a change of variable,
we can write

IA I

IN

Dr(au, f) = /mm{t a—ty (Hu,u)dt and Dr(Bv, f /mm{t B—t} i (H v,v)dt
where we have used the notation 7, := max{r,0}. Hence, noticing that

’ (A4)?
/ min{t, A — t} . dt = / min{t, A — t}dt = 1
R 0

and using the previous estimates we obtain

De(a, )= Dr(fo. ) = [ (minft.c =t} (H w,u) = minft, § = 0} (H; 0.0) d
_ /R (min{t, 0 — £}, — min{t, 3 — £}, ) (H" u, u)dt
_ /Rmin{t, Bty ((H v, ) — (Hu,u))dt
> m /R (min{t, o — £}, — min{t, § — £}, )dt

B
_Anmmwﬂww%w%me
+{((Hy = HY)v,v)|)dt

A ()4

where we have used the fact that a > (3 in the last line. We can therefore write

Dr(au, f) — Dr(Bo, f) > %(&(1 _ w(ﬁ)) _ 52>, (8.48)

where we have set

2(6) = % (65 +95° + w(3diam(©)9)).
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The inequality (8.48) shows that dr(-, f) prescribes a @ <ﬁ>—near longest edge bisection
in the euclidean metric for any triangle 7. Indeed if the smaller edge fv was selected, we

would necessarily have

o =2 > (1- J)(ﬁ))oﬁ =(1- @(ﬁ))mﬁ.

Notice that @(d) — 0 as § — 0.

Since f is strictly convex, there does not exists any triangle 7" C €2 such that er(f), =
0. Let us assume for contradiction that the diameter of the triangles generated by the
greedy algorithm does not tend to zero. Then there exists a sequence (7;);>o of triangles
such that T}, is one of the children of 7}, and hy, — d > 0 as i — oo, where hp denotes

the diameter of a triangle T'. Since |T;| — 0, this also implies that p(7};) — +o0 as i — 0.

We can therefore choose i large enough such that h2. < %dQ and Cow (ﬁ) < % for all
v J

j > 1, where (5 is the constant in Proposition According to this Proposition, we
have

3
U(ﬂ+3) < §U(E)7

where o stands for o4 in the euclidean case q = 22 + y?. On the other hand, we have for

any triangle T, ;‘—% <o(T) < QhI_j?’I’ from which it follows that
Tivs|lo(Tiys) 3

pe < alBislo(ice) o 3,0

Tivs — |Tz|0'(Tz) T, = 4 T;

Therefore, hr, , < d which is a contradiction. This concludes the proof of Proposition

.4, 10l o

Proof of Theorem Since f € C?, an immediate consequence of Proposition [8.4.10
is that for all > 0, there exists

Ny = Ni(f, ),
such that for all T € Ty,, there exists a quadratic function gy such that
dPqr < &Pf < (14 p) d*qr.
Therefore our local results apply on all T' € 7y, . Specifically, we choose
Ny = Ni(f, c2),

with ¢y the constant in Theorem We then take

n <o := min {eT(f)pv (L|)A>1\/E} :

TeTn, Oqr (T

We use the notations

fo=1In, Ty=Ty, N=N(n) =#(T,)) = #(Tn),
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for the approximants and triangulation obtained by the greedy algorithm with stop-
ping criterion given by the local error n. Note that 7, is a refinement of 7y, since
n < minrery, er(f)p, and therefore N > N;. We obviously have

Hf - fNHLP <nNv.

Using Theorem [8.4.9] we also have

N = Z N(T,n) < Con ||/ det(d*f)|L- ()

TeTNl

and therefore .
If = fwll < Cg I/ det(d?f)|| LryN 1,

which is the claimed estimate. Since we have assumed 7 < 17, this estimate holds for
N > No,

where Ny is largest value of N such that er(f), > no for at least one T' € Ty. o

Remark 8.4.11. In Chapter[] a modification of the algorithm is proposed so that its
convergence in the LP norm is ensured for any function f € LP(Q) (or f € C() when
p = 00). However this modification is not needed in the proof of Theorem due to
the assumption that f is conver.
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9.1 Introduction

We study in this chapter several variants of the greedy algorithm that was discussed
in Chapter [7] and Chapter [§

One of the key features of this algorithm is the decision function which governs the
creation of anisotropy by selecting among the available directions of refinement of a tri-
angle. It was proved in Chapter [§] that for piecewise linear approximation, the L! based
decision function leads to optimally adapted triangles. We consider in two al-
ternative decision functions, based on the L? approximation error or the L> interpolation
error respectively, both in the context of piecewise linear approximation. The study of
these decision functions is motivated by the following reasons. The L? based decision
function can be computed at a significantly smaller numerical cost than the L! based

385



386 Chapter 9. Variants of the greedy bisection algorithm

or L*> based decision functions, and is therefore the most suited method for numerical
applications. The L based decision function is computationally more costly, but it leads
to more general convergence results.

We then focus our attention in to the behaviour of the greedy algorithm for
piecewise linear approximation when applied to cartoon functions. Unfortunately, it turns
out that the algorithm fails to achieve the best convergence rate (N~! in the L? norm)
expected for such functions. This is inherently due to the fact that the geometry of the
bisections used in the algorithm is too limited, regardless of the decision function which is
being used. We thus consider some modifications of the greedy algorithm which partially
solve this problem using alternative bisection choices. Instead of bisecting a triangle from
a vertex to the midpoint of the opposite edge, we offer different possibilities which lead
to better directional selectivity. In turn we obtain optimal convergence rates for simple
cartoon functions of the form f = xp where P is any half plane. The behavior of the
greedy algorithm on general cartoon functions remains an open question.

Finally, we consider in §9.4] a variant of the greedy algorithm which is in some sense
much simpler. It is based on piecewise constant approximation, instead of piecewise linear,
and it produces partitions of the original domain into rectangles aligned with the coordi-
nate axes, instead of triangles of arbitrary direction. Thanks these simplifications we were
able to analyze this algorithm in a rather general setting, and we establish in Theorem
a convergence estimate which applies to any C! function and which is in accor-
dance with the convergence estimate established in Chapter 1 for optimized rectangular
partitions.

9.2 Alternative decision functions

Let us briefly recall the two steps of the greedy refinement algorithm studied in Chapter
and Chapter [§ :

a) A triangle T' € 7 which maximizes the approximation error is selected.

T = argmax eq/(f),.
T'eT

b) For each edge e € {a,b, c} of the triangle T', the bisection of T' from the midpoint of e
to the opposite vertex defines two children 7.} and T?. The edge e which minimizes a
given decision function dr(e, f) is selected

e := argmin dr (¢, f).
e’'e{a,b,c}

and we define the new triangulation 7’ by
T =T - {T}+ {1}, T}

Theorem states that if the function f to be approximated is C? and strictly
convex, and if the decision function is given by

dr(e, f) = If = LIrx fllorarny + I1F = L2 fllor2y, (9.1)
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then the sequence of triangulations generated by the greedy algorithm satisfies the optimal
error estimate

limsup Ner, (f), < C H\/| det(d2f)|HL o (9.2)
N—oo T
We now want to investigate two alternate choices for the decision function dr(e, f).
The first of these choices is based on the L? approximation error

dr(e, ) = |If = Pra fllz2erny + If = Pr2 flI72(z2), (9.3)

where, for any triangle T, we denote by Pr the L?(T) orthogonal projection onto the
space IP; of affine functions. The second choice is based on the L* interpolation error,

dr(e, [) == ||f =Lz flleecany + |1f = Lz2 fllzoo(z2)- (9.4)

Our motivation for studying the L? based decision function is computational. Indeed,
from the point of view of computer run time, the biggest cost of the greedy algorithm
comes from the evaluation of the decision function. As exposed below, a trick allows to
evaluate the (discretized) L? based decision function (9.3)) much faster than the L' based
or L based decision functions and (9.4). The greedy algorithm has been imple-
mented in C++ by Lihua Yang. For an image of realistic resolution, say 512 x 512, the
(discretized) greedy algorithm takes only two seconds on a standard laptop computer to
generate 5000 triangles using the L? based decision function if it is efficiently evaluated.
In contrast it may take up to a minute to generate the same number of triangles based
on a brute force evaluation of the L? based decision function, or the L' based or L*
based decision functions. As a result the L? based decision function is the preferred
one in numerical experiments. We shall prove that the greedy algorithm based on the L2
decision function generates a sequence of triangulations satisfying the optimal estimate
(9.2) when it is applied to any quadratic function f = ¢ such that the quadratic form q
is non-degenerate. In particular ¢ may be either stricly convex, concave or of hyperbolic
type. The latter case, which corresponds to a mixed signature (1, 1) of the quadratic form
q, is not treated in the study in the previous Chapter [8| of the L' based decision function

1)

The decision function based on the L* error is comparable to the L! based deci-
sion function in terms of computational cost, but it leads to the most complete theoretical
results. Indeed we shall prove that the optimal convergence estimate holds for any
quadratic function f = ¢ such that the quadratic form q is non degenerate, as well as for
functions which are C? and stricly convex. The latter case was treated in Theorem [8.4.1]
of Chapter [§] for the L! based decision function, but is not established for the L? based
decision function.

Before turning to the detailed study of the different decision functions, we expose as
announced why the (discretized) L? based decision function ((9.3) is much less expensive
to compute than the L' based or L™ based decision functions, in terms of computer run
time.
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Let T be a triangle, and let My be the following 3 x 3 symmetric positive definite
matrix, the Grammian matrix of the basis (1, z,%) of the subspace IP; of L*(T),

1 =z v
My :—/ r x® ay dxdy—/(1,x,y)(1,x,y)dedy.
"\y 2y v g

Let also V7 (f) € R? be the vector of the first order moments of the function f on T

Veld) = [ () S e dy
T
The L?(T) orthogonal projection of f onto IP; has the expression

Pr(f) = (1,z,y)M;"'Vr.

Therefore, denoting by (-, -) the L*(T') scalar product,

If = Prflzeery = WflZeey = 20F Pr(f)) + 1Pr(H)I72r)
= N flz2ry = NPr(A 72

— /Tf(g;,y)2dxdy—VT(f)TM;FlVT(f)-

Hence the L?(T) approximation error of f on T has an expression in terms of the integrals
on T of the functions 1, z, v, 2%, xy, v?, and f,xf,yf, f2. The Fubini formula transforms
an integration on a bidimensional domain into two successive one dimensional integrations.
Indeed for any triangle 7" and any g € L*(T),

y*(T) z*(T,y)
/g(way)dwdy = / / g(x,y)dx | dy
T *<T(> 2 (T,y)

(T

) (9.5)
_ /y*(T) (G(x*(T,y),y)—G(x*(T7y)ay))dy-

Where we have used the notations

G(z,y) = /x g(z,y)dy,

y«(T) = min{y € R; 3z € R such that (z,y) € T},
z.(T,y) = min{x e R; (x,y) € T},

and where y*(T) and 2*(T,y) are obtained by taking the maximum instead of the mini-
mum in the definitions of y,(7") and z.(7T,y) respectively. The important point in
is that the function G does not depend on the triangle 7T'. If this function is known, then
transforms the bidimensional integration of g into a one dimensional integration.
This strategy extends to the discrete setting with the Lebesgue measure on T replaced
by the counting measure at pixels where the approximated function f is sampled and which
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have their center contained in 7T'. The integrals of the type fT g(x,y)dxdy appearing in
the previous equations are therefore replaced by discrete sums

> gl j), (9.6)
(4,5)€T

where (i,7) stands for the center of the pixel, and without loss of generality runs over
{0,--+ N —1}? for a N x N image. In particular the quantity || f — Prf]||3 appearing in
the definition (9.3]) of the L? based decision function is replaced with

inf Y |f(i5) = (i) (9.7)

TelPq
(i,)€T

Again, this quantity can be expressed in terms of the (discrete) integrals of the functions
L,y - ,xf,yf, f2, which do not depend on 7. The Fubini formula (9.5)) is replaced

with
Y9 = Y Gewgy— G (9-8)
(i,5)€T Jx(T)<§<5*(T)
where
Gij = Z g(ilyj%
0<i/<i

3(T) = |y:(T)]
i(T,j) = |z.(T,5)],

and similarly j*(7") = |y*(T)] and *(7,j) = |2*(T,7)]. The points (i.(T,j), j), for
all j.(T) < j < 55(T), are illustrated on the right of Figure and surrounded by
grayed squares. On the same figure the points (i*(7, j), j), for all j.(T') < j < j*(T), are
surrounded by white squares.

Consider a fixed function g, such as 1, z,y, 22, xy,y? or f,zf,yf, f* which are needed
for the evaluation of , for which the sum needs to be evaluated for a large
number of distinct triangles. The matrix (G;;), 0 < i < N, 1 < j < N is evaluated
once, and for any triangle T the sum is computed using which involves a much
smaller collection of points, see Figure 0.1} This method greatly accelerates the numerical
implementation of the greedy algorithm, especially for the large and isotropic triangles
that occur in its first steps.

9.2.1 Positive quadratic functions

In this section, we study the algorithm when applied to a quadratic polynomial ¢ such
that det(q) > 0. We shall assume without loss of generality that q is positive definite,
since all our results extend in a trivial manner to the negative definite case.

We first establish that the refinement procedure, using either the L? based decision
function or the L™ based (9.4, always selects for bisection the longest edge in the
sense of the g-metric |u|q := 1/q(u) for u € R?, as was already the case for the L' based
decision function . This is used to prove that the refinement procedure produces
triangles which tend to adopt an optimal aspect ratio.
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SN

-~
FI1GURE 9.1 — The cost of evaluating the interpolation error of a function f on a triangle

T in the L' or L® norm is proportional to the number of points with integer coordinates
on T (left). Fewer points need to be considered to compute the L? projection error (right).

The L°°-based split

Let us denote by

ar(f) = f — It [z,
the interpolation error in the sup norm. The decision function (9.4) can be re-expressed
as

dr(e, f) = ar (f) + an(f). (9.9)

Theorem 9.2.1. If |a|q > max{|blq, |c|q}, then dr(a,q) < min{dr(b,q),dr(c,q)}. The-
refore the refinement procedure based on selects the longest edge in the sense of the
q-metric.

In order to prove this result, we need to study the interpolation error in detail.

Proposition 9.2.2. Let T be a triangle with edges a, b, ¢ such that |a|lq > |blq > |c|q, and
let w € R? and r > 0 be the center and radius of the circumscribed circle for the q-metric,
i.e. such that [v —w|q = r for all the vertices v of T. Then

lalg

Tq <ar(q) <r’

Right equality holds if T is acute, i.e. (Qb,c) < 0, where @ is the symmetric matriz
associated to the quadratic form q. Left equality holds if T is obtuse, i.e. (Qb,c) > 0.

Proof: At any point u € IR?, we have

(g = Irq)(u) = [u — wlg — %
Indeed, the difference (¢ — Irq)(u) — (Jlu — w|Z — r?) is an affine function of u, which
vanishes at the three vertices of 7. Hence this difference is zero.

The function |u — w|(21 — r? is negative on T with maximal value 0 at the vertices. If T
is acute, then its minimal value on 7" is —r? and is attained at w € T. If T' is not acute,
then the minimum is attained at m,, the midpoint of a, and if we choose a vertex v at
one end of a, we obtain the value at the minimum by Pythagoras’ identity which gives

(¢ = Irq)(ma) = |ma —wlg —r* = |ma —w[g — v —w[g
= —|v —ma|3 = —lalZ/4.
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o

The dichotomy in the above result is illustrated in the case of the euclidean metric on
figure 4. Note that it would be sufficient to establish the above proof in this particular case,
since we can perform an affine coordinate change ¢ = Q’% such that qo ¢ is the standard
euclidean form and that the L* interpolation error is left invariant by this coordinate
change.

Figure 4 : maximum point for the L* interpolation error

We now prove the following result which clearly implies Theorem [9.2.1]

Proposition 9.2.3. Let T be a triangle with edges |alq > |blq > |c|q. We then have :

dr(b,0) ~ dr(a,q) > 1(a(a) ~ a(y)
dr(c,q) —dr(a,q) > 411 (q(a) — <M> ) )
a Ti
To

Figure 5 : Notations in the proof of Proposition (9.2.3))

Proof: We introduce sub-triangles T/, i = 1,2 and e = a,b,c, as defined in Figure 5,
which correspond to the three refinement scenarios. With such definitions, the following
inequalities are easily derived from Proposition ((9.2.2)

dar2(q) = q(b) (since T? is obtuse)
dagi(q) = a(a)
4am(q) > qla)
doqz(q) = q(b)



392 Chapter 9. Variants of the greedy bisection algorithm

On the other hand, we shall prove

ari(q) < arz(q), (9.10)
and )
s (q) < (M) . (9.11)

The proof of follows from elementary geometric observations. Let L be a line which
is parallel to ¢ but does not contain it, and for « € L denote by T} the triangle of vertices
z and the end points of ¢. Denoting respectively by u(z) and v(z) the diameter of T,
and of its circumscribed circle for the g-metric, we remark that these functions decrease
monotonously as = tends to a point x, which is the orthogonal projection (also for the g-
metric) of the mid-point of ¢ onto L. Since the function z +— ar,(¢) is continuous in x and
equal to u(z) or v(x) at all z, we conclude that this function also decreases monotonously
as x tends to x.. Applying this observation to the line that contains m, and m,; the mid-
points of a and b, and remarking that m, is closer to x. than m,, we conclude that
holds.

From and the first set of inequalities, we obtain the first statement of the theorem
since

dr(b,q) — dr(a,q) = ag(q) + ar(q) — arz(q) — ari(q)
)

The proof of also follows from elementary geometric observations. In the case
where 7} is obtuse, one of its edges e is such that 4o = q(e), and follows since
lelq < 5(|blq+|clq) for all e, using triangle inequality. Let R be an acute triangle of vertices
u,v,w and let m = (u+v)/2. Remarking than the center of the (euclidean) circumscribed
circle to R lies inside R, one easily checks by convexity that the (euclidean) diameter of
this circle is smaller than |m — u|+ |m —w|. In the case where T is acute, the diameter of
its circumscribed circle is thus bounded by 1(|b|q + |c|q), as illustrated on Figure 6 when
q is the euclidean metric.

From (9.11])) and the first set of inequalities, we obtain the second statement of the
theorem since

dr(c,q) —dr(a,q) = ar2(q) + ari(q) — arz(q) — ari(q)

alt) + ata) - a() - (“s3a)°)

afa) - (My)’).

AV
PN

il L

The L?-based split

We now denote by
Br(f) == lf = Prfllczm),
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RN

Figure 6 : The case where T is acute.

the orthogonal projection error in the L? norm. The decision function (9.3) now writes

dr(e, ) = Bra(f)* + B2 (f)*. (9.12)

We shall prove that the refinement procedure based on (9.12) behaves in a similar way as
9.9).-

Theorem 9.2.4. Ifd.e € {a,b,c} are two edges such that |d|q < |e|q, then dr(e,q) <
dr(d,q). Therefore the refinement procedure based on (9.12)) selects the longest edge in the
sense of | - |q-

In order to prove this result, we first provide with an algebraic expression of (r(q)
which is valid for any quadratic function gq.

Proposition 9.2.5. Let T be a triangle with edges a,b,c and area |T|, and let q be a
quadratic function. Then

B7(q) = IT| (er(ala) +a(b) + a(c))* — 2 det(q)|T]*) . (9.13)

1 _ .64 4
360 and g =C1y = )

with constants ¢, =
Proof: We first prove (9.13)) on the triangle R of vertices {(0,0), (0,1),(1,0)}. It is easy
to compute the integrals on R of monomials x*y!, k + [ < 4. Using these quantities, we
can derive the orthogonal projection of a quadratic function thanks to a formal computing

program, which gives us

u+v+w
10

2y

2
q=ur®+vy® +2wry = Prq=— +g(2u+w)+€(2v+w).

This yields the following expression for the L?-squared error between ¢ and its projection

1 2uv Tw?
— Ppg)? = —Prq)’= — (W2 + — + 0> —2uw —2 -
/R(q Rq) /R(q RQ) 200 (u + 3 +v uw — 2w + 5 )

which is equivalent to (9.13]).

For an arbitrary triangle T, using an affine bijective transformation ¢ from R to T,
we have

Br(q)? = JsBr(9)?,
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where ¢ = g o ¢ and Jy is the constant jacobian of ¢. Using the validity of (9.13) on R
and the fact that |T'| = J,|R|, we thus obtain

Br(@)* = |71 (e1(@(@) + &(b) +a(@)* - e det(@)| R

where q is the quadratic form associated to ¢ and € denotes the edge segment of R mapped
onto e by ¢. Since q(€) = q(e) and det(q) = J3 det(q), we obtain (9.13)) for T. o

We now prove the following result which clearly implies Theorem [9.2.4

Corollary 9.2.6. Let T be a triangle with edges a,b,c and area |T|, with |a|q > |blq and
la|lq > |c|lq. Then

dT(bv Q) - dT(a7 Q) Z 201|T|(Q(a)2 - q(b)2>’ (914)

Ir(eq) — dr(a,0) > 2eilTl(a(0) — a(c)?) (9.15)

Proof: The children triangles all have area |T'|/2, and take their edges among a, b, c,

a/2,b/2,¢/2 and 252, 2=¢ <2 (recall that a 4+ b+ ¢ = 0). We use the identity

q(u +v) + q(u —v) = 2q(u) + 2q(v),
which is valid for all quadratic forms, and implies

a (E) _a) +a(c) _ala)

2 2 4

Using (9.13)), this allows us to compute the local projection errors for the children of 7'

For example bisecting the edge a creates two children 7" and 7" with edges §, b, %b and
5,C %, and therefore

Bula) = 1T ( (a(3) +am+a(52)) o det<q>rT'|2)

= |—? (c1 <—3q(b);— q(c)) — Cy det(q)TT|>

Ghola) = 13 ( (Pl det<q>¥) .

2 2

and similarly

Adding up, we thus obtain

dr(a,q) = %T’ (c1(3q(b) + a(c))® + er(a(b) + 3q(c))® — 2c2 det(q)|T]?) .

Subtracting this from the analogous expression for dr (b, q) we obtain

dr(b.0) — dr(a.) = I (5 (ala)? — a®)?) + 6a()(al@) —a®)) (910

which implies (9.14)). Exchanging b with ¢ we obtain (9.15)) which concludes the proof. ©
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Convergence towards to optimal aspect ratio

We have established in Theorems and [9.2.4] that for any triangle 7" and any
quadratic function ¢ € Py such that the homogeneous component q € H, is positive
definite, the decision functions and based on the L? or L* error lead to the
bisection of the same edge of T : the longest edge of the g-metric.

Similarly it is established in Lemma [8.3.1] in the previous chapter that the decision
function based on the L! interpolation error leads to the bisection of the same edge.

As a result, the decision functions can be interchanged without changing the result of
Corollary [8.3.10] which extends as follows.

Theorem 9.2.7. Let Q) be a triangle, and let q be a quadratic function with positive
definite associated quadratic form q. Let qn be the approximant of ¢ on ) obtained by the
greedy algorithm for the LP metric, using the L', L? or L* decision function , ,

M' Then

i sup Vg = axllzsc0) < €Il V@10 (9.17)
where % = 1 1+ 1 and where the constant C depends only on on the choice of the approzi-

mation operator Ar used in the definition of the approximant.

The local perturbation analysis exposed in the previous chapter, , for the L!
based decision function extends without difficulties to the L? and L° based decision
functions. From this point, it is not difficult to extend Theorem to functions f which
are close enough to a positive definite quadratic function ¢, in the sense that

g < d&Pf < (14 p)d’q (9.18)

for a constant ¢ > 0 small enough.

Let us consider a C? and strictly convex function f defined on a polygonal domain
Q. In order to establish an asymptotical error estimate, we need to be ensured that
after sufficiently many steps of the greedy algorithm, the target function f can be well
approximated by a quadratic function ¢ = ¢r on each triangle T, in the sense of ,
so that our local results will apply on such triangles. This property follows from the next
proposition, which is an extension of Proposition in which the L! based decision
function is replaced with the L> based decision function. We postpone its proof to

the appendix §9.5.2|

Proposition 9.2.8. Let f be a C* function such that d*f(x) > mI for some arbitrary
but fired m > 0 independent of x. Let Ty be the triangulation generated by the greedy
algorithm applied to [ using the L> decision function given by . Then

lim max diam(7") = 0,
N—+oo TETN

i.e. the diameter of all triangles tends to 0.

As a consequence, we may extend Theorem to the L> based decision function.
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Theorem 9.2.9. Let Q be a polygonal domain and let f € C*(Q?) be such that d*f(x) >
ml for all x € ), for some arbitrary but fired m > 0 independent of x. Let fy be the
approzimant obtained by the greedy algorithm for the LP metric, using the L' decision

function or the L™ decision function . Then
limsup N||f = fnl[rr < C[[v/det(d>f)]|.-,
N—o0

where % = % + 1 and where C' is a constant independent of p, f and m.

9.2.2 Quadratic functions of mixed sign

In this section, we study the algorithm when applied to a quadratic polynomial ¢ such
that det(q) < 0. We shall follow the same steps, and reach similar conclusions, as in the
positive definite case, using a measure of non-degeneracy which is equivalent to pq (7). If
a triangle T" has edges a, b, ¢ such that |q(a)| > |q(b)| > |a(c)|, we will still refer to a as
the “longest” edge in the sense of q, although q does not define a proper metric anymore.
Recall that

9(a)]

T = —M— .
pall) =10 lderq

The following inequalities that will be repeatedly used in this section can be derived
when pq(7") is large enough. We postpone their proof to the appendix.

Proposition 9.2.10. Let T' be a triangle such that |q(a)| > |q(b)| > |a(c)|, and define
d= "1~

If pa(T) > 4, then a(a)a(b) > 0, |a(@)] > 4la(c)] and |a(a)| > 4a(d).  (9.19)

7 palT) 2 8, then a(@)] < Sla®) + a(o)] (9.20)

The L°°-based split

Theorem 9.2.11. The refinement procedure based on selects the longest edge in the
sense of q - if |q(a)| > max{|q(b)],|a(c)[} and pg(T) = 4, then

dT(aa Q) < min{dT(bv Q)’ dT<C7 Q)}

This theorem is very similar to the one for positive quadratic functions. In order to
prove it, we first study the interpolation error which has a simple form in this context.

Proposition 9.2.12. Let T be a triangle with edges a,b,c. Then

ar(g) = {max{la(@) la(®), ()}
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Proof: Let xy be the point of T" at which the interpolation error is attained : xq =
argmaxy |¢ — Irq|. If x¢ is in the interior of 7', then it must be a local extremum of
q — Irq. However this function has only one critical point on R?, which is not an extre-
mum since q has mixed signature. Therefore xy must lie on an edge. On each edge of T,
the function ¢ — Irq is a one dimensional quadratic function vanishing at the endpoints.
It follows that xy must lie in the middle of an edge and the result follows. o

Proposition 9.2.13. Let T be a triangle with edges |q(a)| > |q(b)| > |q(c)| and such
that pq(T) > 4. Then

— |q(b
dr(b,q) — dr(a,q) > w
a
dT(Ca Q) - dT(a,q) > |q§g )|
Proof: The bisection through the edge a creates two sub-triangles T}, T2 of edges respec-

tively 5,0,d and ,c,d. Using the last two inequalities in ((9.19) we obtain that 4am =
max{|q(a/2)|,|q(b)|} and 4az2 = |q(a/2)|. Therefore

sira.q) = 3 [19O jq ],

On the other hand, the choice of bisecting the edge b creates two subtriangles respectively
containing the edges a and g, and the choice of bisecting the edge ¢ creates two subtriangles
respectively containing the edges a and b. This provides us with the lower bounds

sdr(bg) > la()]+ A,

4dr(c,q) > la(a)| + |q(b)|.

The proposition follows easily, distinguishing between the two cases |q(a)| < 4|q(b)| and
la(a)| = 4[a(b)]. o

The L?-based split
The same conclusions can be reached for the refinement procedure based on ((9.12)).

Theorem 9.2.14. The refinement procedure based on (9.12) selects the longest edge
in the sense of q : if |q(a)] > max{|q(b)|,|a(c)|} and pq(T) > 4, then dr(a,q) <
min{dr(b, q),dr(c,q)}.

Proof: The expression found in (9.16)) remains valid when det(q) < 0. Substituting a by
b or ¢ and subtracting, we obtain

i) = drlo0) = T lato) - ) (s+ %)

drfe.q) = drloa) = STlato) - ate) (s+ %2 )
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where s = q(a) + q(b) + q(c). Using (9.19)), we see that the quantities

s+ 30 99 g —a) and a(a) (o

all have the same sign as q(a) and are non-zero. It follows that

dr(a,q) < min{dr(b,q),dr(c,q)}

which concludes the proof. o

Convergence toward the optimal aspect ratio.

We have proved that the refinement procedure - either based on the L™ or L? decision
function - systematically picks the longest edge in the sense of q if pq(7") > 4. Similarly
to the positive definite case, we now study the iteration of several refinement steps and
show that the generated triangles tend to adopt an optimal “aspect ratio” in the sense
of the measure of non-degeneracy pq(7") introduced in . If T is a triangle with edges
a, b, c, let us recall that

_ max{lq(a)], [a(®)], lale)l}

T) =
all) Tly/[detq

As in , we introduce a close variant to pq(7"). If T is a triangle with edges a, b, c,
we define

min {|q(a) +q(b)], [a() +a(9)], lalc) +ala)[}
4T]/] det q

Note that if q was a positive quadratic form, this definition is consistent with (8.22)). We
define our measure of non-degeneracy kq by

oq(T) =

(9.21)

kq(T) = max{oq(T),5/2}. (9.22)
We first show that the quantities kg and pq are equivalent.

Proposition 9.2.15. For any triangle T', one has

204(T) < pq(T), (9.23)
and A 2
£ha(T) < palT) < Zrg(T). (9.24)

Proof: We denote by a,b, ¢ the edges of T, and we assume that |q(a)| > |q(b)| > |q(c)|.
The inequality (9.23)) follows directly from the triangle inequality :

2(7|/Taet afog(1) < 29O < 1o 0)) < 1) et aog(1).
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As mentioned earlier, pq(7") is always larger than 2 and therefore (9.23)) implies the left
inequality in (9.24]).

It remains to prove the right inequality in (9.24)). If pq(7) < 8, it is immediate since
kq(T) > 2 and 22 > 8. If py(T') > 8 then q(a)q(b) > 0 according to (9.19) and therefore

la(b) +a(e)| < la(a) +alc)| < |ala) +a(d)].
We obtain using that
a@[  _8lal) +ale)| _32 . _ 32

pQ<T) = |T|\/]deitq| =3 |T‘\/m - EUQ< ) = _HQ<T)7

which concludes the proof. o

Similar to pq, the quantity rq is invariant by a linear coordinate changes ¢, in the
sense that

Figop(T) = riq(¢(T)).
Our next result shows that kq(7) is always reduced by the refinement procedure.
Proposition 9.2.16. IfT is a triangle with children Ty and Ty obtained by the refinement
procedure for the quadratic function q, using the L* based or L™ based decision function,

then
max{rg(11), kq(12)} < Kq(T).

Proof: Let us assume that a is the longest edge in the sense of q. In the case where
pq(T) > 4, we already noticed in the proof of Proposition [9.2.15| that
_ la(®) +alo)|

4|T|y/[detq|’

Moreover, according Theorems [9.2.11] and [9.2.14] the edge a is selected by both decision
functions. It follows that the children 7; have edges a/2,b, (¢ —b)/2 and a/2, (b —¢)/2,c
(recall that a + b+ ¢ = 0). We thus have

airyiaed oo®) < Ja(3)+a(50)]

= Jo(57) a(59)

la(b) +q(c)]

2
= 92|T|y/[deta] oq(T).

We have proved that o4(7;) < 04(T"), and it readily follows that kq(7;) < kq(T).
In the case where pq(T") < 4, we remark that 7; contains at least one edge from 7', say

s € {a, b, c} and one half-edge ¢ € {%, g, $}. This provides an upper bound for oy :

< las) +al®)| _ la(a)| +la(3)] 5

oq(T;) < < = —pa(T) <
o) < S aeral = 27 Jdeiq 87

oq(T)

DO | Ot

. (9.25)
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Therefore kq(T;) =

N ot

< kq(T). o

Our next objective is to show that as we iterate the refinement process, the value of
kq(T) becomes bounded independently of ¢ for almost all generated triangles. If 7" is a
triangle such that |q(a)| > |q(b)| > |a(c)| and if the edge a is cut (which is the case as
soon as pq(T) > 4, using the L? or L™ based decision functions) we define 14(7") as the
subtriangle containing the edge c. We first prove a result which is analogous to Proposition

B3.7

Proposition 9.2.17. If T is a triangle such that kq(V3(T)) > 2, then kq(V3(T)) <
2kq(T).

Proof: Let S be a triangle such that rq(1g(S)) > 2. According to @ , one must have
pq(S) > 4. We assume that the edges of S satisfy |q(a)| > |q(b)| > |q(c)|. Since the three
edges of 1q(9) are £, c and d = =, it follows from that the longest edge of 1q(.5)
in the sense of q is 3.

Since

kiq(Va(T)) = Kq(vg(T)) > rq(Vy(T)) >

)

DN | Ot

we can apply this observation to the triangles T', 1q(T") and ¥%(T'). Therefore, denoting by
a the longest edge of T' in the sense of q, we find that § is the longest edge of @Df’l(T). Since
13 (T)| = |T|/8, we obtain that pg(13(T)) = pg(T')/8. Using the results of Proposition
9.2.15 we thus have

1
Fa(U5(T)) = 7a(V3(T)) < 5pa(V5(T)) = 7
which concludes the proof. o

An immediate consequence of Propositions [9.2.16] and [9.2.17] is the following.

Corollary 9.2.18. If (T;)%_, are the 8 children obtained from 3 successive refinement
procedures from T for the function q, then

— for all i, kq(T;) < kg(T),

— there exists i such that | kgq(T;) < 3kg(T) or kg(T;) = 3.

We eventually obtain the two following results which proof are exactly similar to the ones

of Theorem and Corollary [8.3.10

Theorem 9.2.19. Let T be a triangle, and let q a quadratic function of mized type. Let

k= % Then after n applications of the refinement procedure starting from T, at

most Cn*73 of the 2" generated triangles are such that kq(S) > g where C' is an absolute
constant. Therefore the proportion of such triangles tends exponentially to 0 as n — +o0.
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Theorem 9.2.20. Let §2 be a triangle, and let q be a quadratic function such that det q <
0. Let qn be the approximant of g on 2 obtained by the greedy algorithm for the LP metric,

using the L? or L™ decision function , . Then
lim sup Nlig = anllzr@) < Cllvdet(@)]l- @),

where % = i + 1 and where the constant C' depends only on on the choice of the approxi-

mation operator Ar used in the definition of the approximant.

9.3 Alternative bisection choices, and the approxi-
mation of cartoon functions

A popular, although simplistic, model for images is the set of cartoon functions, see
Definition [£.3.1] In summary a function f defined on a domain 2 is a cartoon function
if f is C? except along a finite collection of C? curves where f may have discontinuities.
For any cartoon function f on the bi-dimensional domain Q = [0, 1]?, the approximations
(fn)N>0 obtained by retaining the N largest coefficients in the wavelet expansion of f

satisfy, as observed in (4.3)),
If = fxllzz@ < CN2. (9.26)

One of the purposes of anisotropic mesh adaptation is to improve on this estimate, and
we therefore focus in this section on the L? approximation error. For any triangle T and
any function f € L*(T), we define

er(f):= Wl |f = llza) = If = Pr(Hllzae), (9.27)
where P is the operator of L?(T) orthogonal projection onto the space IP; of affine
functions. For any triangulation 7 of a polygonal domain €, and any f € L*(Q), we
denote by ez (f) the error of approximation of f in the L?*(2) norm by discontinuous
piecewise affine functions on 7. This quantity is defined by

er(£)? = er(f)* = If = Pr(f)lizq). (9.28)

TeT

where Pr is the L?(Q) orthogonal projection onto the space of discontinuous piecewise
affine functions on the triangulation 7. The heuristic analysis led in suggests that,
if f is a cartoon function on a polygonal domain €2, then there exists a sequence (7y)n>n,
of anisotropic triangulations of ), satisfying #(7y) < N, and such that

ery(f) <CN™L (9.29)

We make in this section an attempt, not totally conclusive, to answer the following
question : is it possible to produce a sequence (7x)n>n, of triangulations satisfying (9.29)
using a hierarchical refinement algorithm ? The analysis presented in §9.3.1| shows that
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> >

FIGURE 9.2 — (left) Three bisection choices S2., (right) Six bisection choices S%.

unfortunately the refinement algorithm studied in the previous chapters does not satisfy
(9-29). This failure is inherently due to the limited geometric selectivity of the algorithm
due to the choice of bisections. For this reason, we study other types of bisections in
§9.3.2/and §9.3.3] also based on splitting a selected element (which may not anymore be a
triangle) by a line cut. In this more general setting, the greedy algorithm has the following
generic form :

1. An element 7" which maximizes the approximation error is selected within the par-
tition 7.
T = argmax eq(f).
T'eT
2. The refinement procedure considers a finite set Sy of segments s along which the
element T may be split into two, thus creating two children elements T} and T?2.
The segment s € Sy which minimizes a given decision function dr(s, f) is selected
and we define
T =T - {T}+ {1}, T}}.

Two possible choices for the set Sy, denoted by S3 and S%, are illustrated on Figure
m. The set S3. contains three segments, which join one of the three vertices of T to the
midpoint of the opposite edge. It corresponds to the three bisection choices studied in
the previous chapters. The set S8 contains a larger choice, namely six segments joining a
vertex vy of T' to the barycenter %vg + %1)3 of the other vertices v and vs. Other bisection
choices, that lead to non-triangular partitions, are displayed on Figure [9.9]

We typically consider the L? based decision function : if an element 7 is bisected along
a segment s, creating two smaller elements 7%} and T2, then

dr(s, f) = ery (f)? +erz(f)*. (9.30)

Starting from a triangulation 7y, of the polygonal domain {2 on which the function f
needs to be approximated, with #(7y,) = No, the greedy algorithm creates step after step
a sequence Ty, 11, Tnyio, - -+ of triangulations of 2 satisfying #(7y) = N. At the time of
writing, unfortunately, the author does not know how to choose the set of segments St
and the decision function dr(s, f) such that given any cartoon function f, the sequence
(Tn)n>n, of partitions produced by the greedy algorithm satisfies the desired estimate
(19.29)).

As an intermediate objective, we choose to study the behavior of the refinement proce-
dure when f is a particularly simple cartoon function, the characteristic function f = yp
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when P is a half plane. Up to translation and rotation, we may always assume that P is
of the form

P:={(x,y) €R*; y > 0}.
We denote by D the line

D =0P ={(z,0); z € R}, (9.31)
and we observe that, denoting by T the interior of a triangle T', one has
er(xp) =0 if and only if ~ TND = 0. (9.32)

We shall first prove that, for certain configurations between the line D and the initial
triangulation 7, the refinement procedure based on the three bisection choices S3 pro-
duces a sequence of triangulations (7y)y>1 that does not satisfy the optimal convergence
estimate

ery(xp) < ONL (9.33)

We then show that if the six bisection choices S% illustrated on Figure (9.2)) are allowed,
and if an appropriate decision function is used, then (9.33) is satisfied. Eventually, we
consider another variant of the refinement procedure, which only involves three bisection

choices at each step, and for which (9.33)) is again satisfied.

9.3.1 Three bisection choices : a negative result

We show in this section that the greedy algorithm studied in the previous chapters
beats the error estimate associated to wavelet expansions when f = xp. However
it fails to achieve the desired error estimate . More precisely, Proposition m
shows that, if the decision function dr(s, f) satisfies Assumptions , then the greedy
refinement procedure for the function f = xp, starting from an arbitrary triangulation
Tng, #(In,) = No, produces a sequence (7y)ny>n, of triangulations, #(7x) = N, such
that

ery(xp) < CN~2, (9.34)

where A/2 = 0.732- - -. This estimate cannot be improved since we establish in Proposition
that there exists a triangle Ty such that the sequence (Zy)y>1 produced by the
greedy refinement procedure for the function f = xp starting from 7; = {T,.} satisfies

ery (xp) > N2 (9.35)

where ¢ > 0.
We say that two triangles T', 7" are D-affine equivalent if there exists an affine change
of coordinates ¢ : R? — R?, that transforms 7" into 7" and leaves the line D defined at

(19.31)) invariant :
&(T)=T and ¢(D)=D.

If T and T" are D-affine equivalent, then it follows from a change of variables that
T 2er(xp) = |T'| 2 e (xp)- (9.36)

The following assumptions on the decision function are illustrated on Figure (9.3).
Their purpose is to create, through the refinement process, a thin layer of triangles along
the line D.
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FIGURE 9.3 — Illustrations of Assumptions a) left and b) right. The line D (Thick),
forbidden bisection choices (dashed), authorized bisection choices (full).

Assumptions 9.3.1. Let T' be a triangle such that er(xp) # 0. In the following we
work under the assumption that segment s € S5 which minimizes the decision function
dr(s, xp) satisfies the following properties.

a) If there is such a possibility in S5, the bisection of T along s creates a child T' such
that 6T’(XP) = 0.

b) If a) is impossible then the decision function selects a segment s € S5 joining a vertex
of the triangle T to the midpoint of an edge which is intersected by the line D.

These two properties are illustrated in figure [0.3] Numerical experiments strongly
suggest that they are satisfied for the decision function based on the L? error which is

defined by (9.30)).
We first prove the lower error bound (9.35)), and for that purpose we denote by Tt

the triangle of vertices
(0,-1),(3,-1),(0,2).

Trer 1s the large triangle enclosing the others on Figure [9.4] The refinement procedure
applied to the triangle Ti.f and the function f = yp creates an infinite master tree Pyes of
triangles. If P is a finite subtree of P, (in other words P contains T} and the nodes of
P have either two or no children), then the leaves of P define a triangulation 7 of Tes.

Proposition 9.3.2. There ezists a constant ¢ > 0 such that : for any triangulation T
associated to a finite subtree of Pret, we have

er(xp) > c#(T)? (9.37)

where ¢ > 0 is a positive constant and X = 1.464 - -- is the solution of

()"

In particular let (Tn)n>1 be the sequence of triangulations generated by the greedy al-
gorithm applied to the function f = xp and starting from Ty = {Tie}. If the decision
function satisfies Assumptions then for all N > 1 one has

€Ty (XP) > N2,
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FIGURE 9.4 — Subdivision of the triangle T}.¢, some of its children and grand-children, with
a decision function satisfying Assumptions|9.3.1} The colored triangles satisfy er(xp) = 0.
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FIGURE 9.5 — Tree associated to the subdivision illustrated on Figure (left), and
equivalence classes of the elements of this tree for the relation of D-affine equivalence
(right).

Proof: Figures and reveal a surprising property of the master tree Ps. After a
few steps, as illustrated on the right of Figure we obtain two (white) triangles which
are D-affine equivalent to the initial triangle Ti¢, and three (colored) triangles on which
the approximation error ep(yp) is zero. It follows that, up to the relation of D-affine
equivalence, the tree P is self-similar and is a repetition of the pattern presented on
the right of Figure [9.5

We define an auxiliary tree P); as follows. The nodes of P/, are the triangles T € Pyes
which are affine equivalent to 7o with respect to D. The children Ty, T5 of a triangle T
in P!, are the grand-child and grand-grand-child of 7j in P, which are affine equivalent
to T.«¢. Note that

|To| = 4|T1| = 8[T>|. (9.39)

Let 7 be a triangulation of T} associated to a finite subtree P of P..;. We denote by P’
the smallest subtree of P/ such that any leaf of P’ is contained in a leaf of P. We denote
by 7" the collection of leaves of P’. For instance, if 7 is any of the three triangulations
illustrated on Figure[9.4], then 7" consists of the two white triangles in the right of Figure
9.4 A triangle T' € 7 contains a single triangle 7" € 7" if er(xp) # 0, and none otherwise.
Therefore

#(T') < #(T). (9.40)

Furthermore, since all the elements of 7’ are D-affine equivalent to Ty, we have

er(xp)® =Y _er(xp)® > Y er(xp)’=co Y |T| (9.41)

TeT TeT’ TeT’
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where ¢y = e, (xp)?/|Tret|- For any triangle Ty € P’, we denote by £(Tp) the collection
of the elements of 7"’ that it contains,

g(Tg) = {T S T/ ) T C T()},

and we define

a(Ty) == Y |T| and n(Ty) := #(E(Ty)).

Te&(To)

We establish below that for any Ty € P’, the following inequality holds
To| < a(Ty) n(Tp)>. (9.42)

Once this property is established, then choosing Ty = Tt and combining this inequality
with (9.40) and (9.41) yields

2

v

er(xp)

co > |T|

TeT!
co a(Tret)
Co |Tref| n<Tref)_>\
= CH(T)
H(T) ™,

where ¢ = ¢ [Tret| = er,.(xp)?. This establishes the announced result (9.37)) and concludes
the proof of this proposition. In order to prove (9.42)) we use an induction argument on
the tree P’, and for that purpose we distinguish two cases.
i) If Ty is a leaf of P’, then Ty € 7' and therefore a(Ty) = |Tp| and n(7Ty) = 1, hence
(19.42) holds.

ii) Otherwise T has two children 77 and 75 in P’, and we may assume as an induction
hypothesis that

v

v

Ty < a(TV)n(Ty) and |Th| < a(Ty) n(Th). (9.43)

Applying the holder inequality

Sl

1
V1 + usvy < (uf + uh)r (vf + vd)a

to the numbers

14+ A
w=a(T)r, vi=n(T)i, p=1+) gq=-—"=

™=
Q=

>3

and elevating to the power p, we obtain

(@) n(Tm)? + (@@ a(T)Y)? ) < @) + ofT2) ((T) +n(T) . (944)
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-

FIGURE 9.6 — Bisection of a triangle, some of its children, grand-children and grand-grand-
children, with decision function satisfying Assumptions [09.3.]]

If follows that

. (<qj);+§?>;>p

IN Il
—
s
Sl

+

5

IN

(a(Th) + a(Ty)) (n(T1) + n(Ty))" .
(To) n(Ty),

I
e

where we use successively (9.38)), (9.39), (9.43), (9.44) and the equalities a(7p) =
a(Ty) + a(Ty) and n(Ty) = n(T1) + n(Ty). Again (9.42)) holds, and by induction it
holds for any element of P’. o

We now turn to the proof of the upper estimate ((9.34)), and for that purpose we begin
with a geometrical lemma which uses the two assumptions (9.3.1]) to analyse the first steps
of the refinement procedure.

Lemma 9.3.3. Let T be a triangle such that er(xp) # 0. If the decision function satisfies
, then one of the following holds

i) A child T" produced by the bisection of T satisfies er/(xp) = 0.

ii) Applying iteratively the refinement procedure to T, some of its children, grand-children
and grand-grand-children we obtain a triangulation T of T" such that
~ #(T) <5, and |T'| > %|T| for all T' € T .
— The approzimation error ep:(xp) is non-zero for at most two triangles T € T .
Denoting these triangles by T1,Ts, one of the following two possibilities holds

Proof: Rather than reading a long discussion, the author invites the reader to check that,

if 1) is impossible, then one of the two possibilities illustrated on Figure occurs and
satisfies ii). o
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Proposition 9.3.4. Let Ty, be an arbitrary triangulation in R? and let (Tx)n>n, be the
sequence of triangulations generated by the greedy algorithm applied to the function f = xp
and starting from the triangulation Ty. If the decision function satisfies Assumptions|9.3.1
then

ery(xp) < CN V2,

where A = 1.464 - -- s defined by .

Proof: A proof of this proposition can be obtained by a straightforward adaptation of
Lemma [9.3.7 and Proposition [9.3.8|in the next section, which is left to the reader. o

9.3.2 Six bisection choices

The previous section contains a negative result, Proposition [9.3.2] showing that the
greedy refinement procedure does not achieve the desired convergence rate when it
is based on the three bisection choices S3 and a decision function satisfying the natural
assumptions [0.3.1]

In this section the segment along which a triangle T' is bisected is picked among the
six possibilities in S%., illustrated on Figure , instead of the three possibilities in S3..
If the decision function satisfies Assumptions [9.3.5] then the desired convergence rate
is achieved, see Proposition m This result can be seen as a first step towards
the construction of a hierarchical and anisotropic refinement algorithm well adapted to
the approximation of cartoon functions.

The following assumptions on the decision function dr(s, f) are illustrated on Figure
09.7] Their purpose is to create, through the refinement process, a thin layer of triangles
along the line D. Note that for any triangle 7' any for any segment s € S%, the two
children of T" have areas |T'| and 2|T.

Assumptions 9.3.5. Let T' be a triangle such that er(xp) # 0. In the following we
work under the assumption that segment s € S% which minimizes the decision function
dr(s, xp) satisfies the following properties.

a) If there is such a possibility in SS, the bisection of T along s creates a child T' such
that er(xp) = 0 and |T'| = 2|T|.

b) If a) is impossible, then whenever there is such a possibility in S%, the bisection of T
along s creates a child T' such that e (xp) =0 and |T'| = 5|T).

c¢) If a) and b) are impossible then the decision function selects a segment s = [vy,b] € S5
joining a vertex vy of the triangle T to the barycenter b = %vﬁ%vg of the other vertices.
The choice of s must be such that the line D intersects the segment [b, vs].

The next lemma uses these three assumptions to analyse the first steps of the refine-
ment procedure on a triangle 7'.

Lemma 9.3.6. Let T be a triangle such that er(xp) # 0. If the decision function satisfies
, then one of the following holds
i) A child T" produced by the bisection of T satisfies er(xp) = 0.
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FIGURE 9.7 — Tllustrations of Assumptions|9.3.5 a) left, b) center and c¢) right. The line
D (Thick), forbidden bisection choices (dashed), authorized bisection choices (full).

ii) Applying iteratively the refinement procedure to T', some of its children, grand-children
and grand-grand-children we obtain a triangulation T of T" such that
-~ #(T) <7, and |T'| > %|T| for all T' € T.
— The approximation error ep:/(xp) is non-zero for at most two triangles T € T.
Denoting these by Ty, Ty, there exists i € {0, 1,2} such that

Ty 1 [(3—i\? T 2 [(i+1)°

il B g d —= <= ) 9.45

7 =37\ "3 DT =97\ T3 (9.45)
Proof: Rather than reading a long discussion, the author invites the reader to check that,

if 1) is impossible, then one of the three possibilities illustrated on Figure occurs and
satisfies ii). o

Let T, be a triangle such that ey, (xp) # 0. The decision function applied to 7, and its
descendants defines a master tree P, of triangles. If P is a finite subtree of P,., (in other
words P contains 7., and the nodes of P have either two or no children), then the leaves of
P define a triangulation 7 of T,. The next lemma describes some of these triangulations.

Lemma 9.3.7. For any 0 < € < 1, there exists a triangulation T, of T, associated to a
finite subtree of P,, which satisfies #(7.) < Ce™* and

max{|T|; T € 7. and er(xp) # 0} <e|T,| (9.46)

where C'= 30 and = 0.329--- is the solution of

(Y () 00

As a result, the master tree P, contains at most Ce™* triangles T such that er(xp)? >
e|T;|.

Proof: We consider a second tree P, of triangles, with root 7,. A triangle 7" € P, such
that er(xp) = 0 has no children. A triangle 7' € P/ such that er(xp) # 0 has at most 7
children, those described in Lemma [9.3.6 Two cases are possible :

i) The triangle T" has two children and one of them, denoted by 7", satisfies e7(xp) = 0.
The child 7" of T is therefore a leaf of the tree P..

ii) The triangle T has at most 7 children, and at most two of them 77, T5 are not leaves
of the tree P/. Furthermore the areas of Ty, Ty satisfy (9.45)) for some ¢ € {0,1,2}.



410 Chapter 9. Variants of the greedy bisection algorithm

DN—

FIGURE 9.8 — Bisection of a triangle, some of its children, grand-children and grand-grand-
children, with a decision function satisfying Assumptions [9.3.5]

We denote by P! the subtree of P, created as follows : we start from the root 7,., and
we include the children of a triangle 7" if and only if er(xp) # 0 and |T'| > €|T,|. We
define 7. as the collection of leaves of P! and we remark that is satisfied. Note that
the parent T" € P! of any triangle 7" € P! satisfies |T| > ¢|T,|. Lemma therefore
implies that

for any T' € P.. (9.48)
We associate to each triangle T € P. the number
n(To) :=+#{T € T.; T C To},

and we intend to show that for any triangle 7 in the tree P one has

n(Ty) +5<C Tl \" (9.49)
- e|T,|
Once this point is established, choosing Ty = T, concludes the proof of the first part of this

proposition. For that purpose, we proceed by induction on the tree P.. We first remark
that for any leaf Tj of P! is follows from ({9.48) that

o (15! M>C i-u>6— (To) +5
) = \3) =T oTe

If Ty is not a leaf of P!, then we may assume as an induction hypothesis that (9.49)
holds for all the children of Tj. We now distinguish between the two types of nodes i) and
ii) of the tree P., and we obtain the following.

Type i) The triangle Ty has two children, 7}, T5, where T is a leaf of the tree P.. Since
Ty is not a leaf of P, it satisfies |Ty| > ¢|T}|. Furthermore |Ty| < 2|Ty|, hence

C(EH) - C@TX %)M*C(lz @)) (lﬁ”)
CQ@H) +O<1‘<§>>
n(T1)+5+1

Therefore Ty satisfies (9.49)).

Vv

v
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Type ii) The triangle Ty has at most seven children, and at most two of them, denoted
by T, Ts, are not leaves. Hence n(Ty) < n(Ty) + n(Ty) + 5. Using the estimate
(9.45) on the areas of T} and T, and the definition (9.47)) of u, we obtain

p w
() (Y <
|To| |To|
Ty )" TN (T
>
C(ew = “\amy) T\

n(Ty) +5+n(Tz) +5
TL(T(]) -+ 5,

Therefore

>
>

which concludes the proof of (9.49)).

We now turn to the second part of the proposition, and for that purpose we denote by P-
the subtree of P, associated to the triangulation 7;. Note that this tree is distinct from
the subtree P! of P/. In particular P. is a binary tree while P! is not (the tree P. can
be obtained by grouping some of the elements of P. in a single node with some of their
descendants).

Since P. is a binary tree, the cardinality of the set P. \ 7¢ of its inner nodes has a
simple expression

#(P\To) = ##(7c) — 1.

Furthermore, any triangle 7" € P, which does not belong to P. \ 7. is an element of 7. or
one of its descendants, hence T satisfies er(xp) = 0 or er(xp)* < |T| < €|T;|. Therefore

#UT € Prs er(xp)’ 2 elL|}) S #(P\T) = #(7) -1 < Ce7,

which concludes the proof. o

Proposition 9.3.8. Let Ty, be an arbitrary triangulation in R? and let (Tx)n>n, be the
sequence of triangulations generated by the greedy algorithm applied to the function f = xp
and starting from the triangulation Ty. If the decision function satisfies the assumptions

then
ery(xp) < CN77, (9.50)

=1.0188---.

-1 _1
wherey—m 5

Proof: Let T, be a triangle, let f € L*(T) and let Ty, Ty be the children produced by
some bisection of T'. Then

eTl(f)2+€T2(f)2 = inf |’f—7T1||%2(T1) + ||f—7T2H%2(T2)

m,m2€P

. 2 2
< ﬂlen]gl ||f—7T||L2(T1) + ||f—7T||L2(T2)

= eTo(f)Q'
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Hence
max{eTl (f)a 6T2(f)} < 6T0<f)'

The decision function applied to the triangles in 7y and their descendants defines a collec-
tion Py of Ny master trees. It follows from the previous inequality that the approximation
error ep(xp) is larger on a triangle 7" than on any of its descendants.

At each step N > N, the greedy algorithm selects for bisection a triangle in Ty € Ty
which maximizes the approximation error er(xp) among all T' € Ty. As a result we have
for any N > N,

ery,(XP) = ery, ., (xp) = -+ = ery(xp) = max{er(xp) ; T € Po\ {Tny, -, In}}-
We thus have for any N > N, since #(7y) = N,

ern(xp)® = Y er(xp)’ < N er,(xp)” (9.51)
TeTn

According to Lemma [9.3.7] for any 0 < ¢ < 1 the collection Py of Ny trees contains at
most Coe™# triangles T such that er(xp)? > &, where Cj is independent of ¢. Choosing
1

e=Cl (N — Ny + 1)_1% we obtain

ery(xp)? < Cg (N = No+1)7».
Combining this with (9.51)) yields (9.50)) which concludes the proof. o

Remark 9.3.9. The convergence rate obtained in Proposition actually exceeds the
desired error estimate . This point is due to the fact that f = xp is a particularly
simple cartoon function. For a function cartoon f which is discontinuous along curved
edges, instead of a straight line, or which is not piecewise affine, the convergence rate

is optimal.

9.3.3 Partitions of a domain into convex polygons

We suggest in this section another modification of the refinement procedure, in an at-
tempt to improve the result of Proposition[9.3.8} This proposition is indeed not completely
satisfactory, in particular because of the following three reasons.

— The decision function dr(s, f) needs to satisfy Assumptions m Unfortunately
numerical results suggest that the natural decision function does not satisfy
these assumptions, and the author has not found a decision function with a simple
expression which satisfies these assumptions.

— The number of segments s € S$ along which a triangle 7' may be bisected has
increased from 3 to 6. From the point of view of data compression, the hierarchical
bisection tree is therefore more expensive to encode. From the theoretical point of
view, the algorithm could be regarded as less elegant.

— Since the cartoon function f = xp is particularly simple, see Remark[9.3.9] a conver-
gence rate faster that could be expected. For example an exponential conver-
gence rate er, (xp) < Ce PN where > 0.
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00

FIGURE 9.9 — Bisection of a convex T € C along the set of segments S2* determined by
three points a, b, ¢ € 9T which maximize (9.52)).

The modification of the algorithm described below solves these three points, at the
following cost. The modified greedy algorithm does not produce triangulations any more,
but partitions into convex polygons of the domain  on which the function f to be
approximated is defined.

We denote by C the collection of bounded closed and convex sets of nonempty interior
included in R%. We denote by the capital letter T the elements of C, whether they are
triangles or not, and by 7 any partition of a domain €2 into elements of C. The definitions
and of the approximation errors er(f) and ez (f) are unchanged.

Let T € C be a bounded closed and convex set, and let a,b, ¢ € 0T be three distinct
points on the boundary of 7. If none of the segments [a,b], [b,c] or [c,a] is included in
0T, then the complementary in T of the triangle of vertices a, b, ¢ has three connected
components. We denote by T, the closure of the connected component which does not
contain a, and we define T, and T, likewise, see Figure 9.9, The bisection of T" along
the segment [b, |, [¢,a] or [a,b] produces a pair of children {7}, 7'\ 7.}, {1, T \ T;} or
{T.,T \ T.} respectively which also belong to C. We define

7(T; a,b,c) := min{|T,|, ||, |T.|}

and we set the convention 7(T%; a,b,c) = 0 for any a, b, c € 9C such that the complemen-
tary in T of the triangle of vertices a, b, c has only two connected components. We also
define

7(T):= sup 7(T; a,b,c). (9.52)

a,b,cedT

The next proposition gives a lower bound for the ratio 7(7")/|T|.

Proposition 9.3.10. The supremum 1s attained and for any a,b,c satisfying
7(T; a,b,c) = 7(T), we have |T,| = |Ty| = |T.| = 7(T). Furthermore for any T € C,
one has

|T| < 77(T). (9.53)

Proof: For any fixed T' € C, the boundary 0T is compact and the map

(a,b,c) € (OT)? — 7(T; a,b, c)
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FIGURE 9.10 — Left : notations of Proposition Center : three triangles contained
in the convex sets T, T, and T,, Right : three triangles contained in T/, Ty and T,.

is continuous. Hence the maximum is attained. Furthermore let a,b,c¢ € 9T and
let us assume that |T,| > |Tp|, then moving the point ¢ € IT in the direction of T,
continuously decreases |T,| and increases |T|. As a result, if the triplet (a,b,c) € (9T)?
maximizes ([9.52), then one must have |T,| = |T,| = |T.|.

For any affine change of coordinates ®(2) := ¢z + 29, where ¢ € GL, and 2z, € R?, one
easily checks that

r(T) _r(®(T) 050
T [e(T)]

Let T € C and let (a,b,c) € (OT)? be a triplet maximizing (9.52)). In order to establish
we may assume using , up to an affine change of coordinates, that the points
a,b, ¢ are the vertices of an equilateral triangle T, centered at the origin O = (0,0) € R?
and of edge-length 2 = |a — b| = |b — ¢| = |c — al. See Figure for an illustration of
this triangle and of the notations defined below.

We denote by a’ the point on 9T such that O € [a, a], and we denote by « the distance
from a’ to the segment [b, ¢|. Since the convex set T, contains the triangle of vertices a’, b, c,

we have

b—
IT,| > % = a. (9.55)

We define o/, ¢’ and 3, v similarly. The triplet (a/,b', ') € (T)3 defines three convex sets
Ta/, Tb/, TC/ . Recalling that
(1) = 7(T; a,b,¢) = |T.| = |Tb| = |T¢]
2 T(Ta ala b,a C,) = min{|Ta’|7 |Tb'|7 |Tc’|}a
we obtain
T(T) > max{’Ta|’ |Tb’a ’Tcla min{lTa’|7 |Tb”a ’TC”}} (956)
Since |T,/| contains the triangle of vertices a, V', ¢/, an elementary computation shows that

| det(t) —a, ¢ —a)| _ [V3(1—Bv)+5+1]
2 1 ’

T, >

hence

7(T) zmax{a, B, v, §+imin{ﬁ+7—\/§ﬁ%'y+a—\/§7a, a—i—ﬁ—\/gaﬁ}}.
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FIGURE 9.11 — Left : A convex set (red, dashed), the segments S5 (blue, dotted), the line
D (black, thick). Right : After 8 steps of the greedy algorithm, with a decision function

satisfying Assumptions [9.3.11]

If the minimum appearing in the previous equation is negative, then «, § or v is lar-
ger than 1/v/3 > v/3/4. It follows that 7(T) > +/3/4, which concludes the proof since
T| = |Teq| + 37(T) = V3 +37(T). o

We denote by S := {[a,b],[b,c],[c,a]} the collection of segments joining the three
points a,b,c € (0T)? which maximize . Some convex polygons and the associated
optimal triplets (a,b, c) € (OT)? are illustrated on Figure . If there are several triplets
(a, b, ¢) realizing this maximum, for instance if 7" is a disc or a regular polygon, then we
consider the minimal triplet with respect to the lexicographic order on (R?)3.

From an algorithmic point of view, for any convex polygon T" € C the points (a, b, ¢)
which maximize can be found by solving a finite number of third degree equations
(one for each triplet of distinct faces of T'). Note that Proposition is not optimal.
We conjecture that the minimal value 7(7')/|T| is attained when the convex set T' is
the unit disc, and is equal to (77/3 — v/3/4)/7 ~ 0.195- - -, which is stricly larger than
1/7~0.142- - -.

Assumptions 9.3.11. Let T € C be such that er(xp) # 0. In the following we work
under the assumption that the segment s € S3* which minimizes the decision function
dr(s,xp) satisfies the following property.

a) The bisection of T along s creates a child T" such that er(xp) = 0. (This is always
possible).

The following corollary shows that, under the previous assumption on the decision
function, the refinement procedure based on these bisection choices creates an exponen-
tially thin layer around the discontinuity of the function f = xp, as illustrated on Figure

O.111

Corollary 9.3.12. Let Q C R? be a convex polygon, and let (Ty)n>1 be the sequence of
partitions of ) into convex polygons generated by the greedy algorithm applied to the func-
tion f = xp and starting from T, = {Q}. If the decision function satisfies Assumptions
[9.3.11] then

ere (p)? <100 (1— 1/,
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Fi1GURE 9.12 - Triangulations produced by the greedy algorithm applied to the function
f(x,y) = x* + 100y? with the decision function (9.57) and 50 (i) and 200 (ii) elements.
Likewise for the function f(z,y) = 2 + y* and 30 elements (iii).

Proof: It follows from the assumptions|9.3.11| that for all N > 1 at most a single element
T € Ty satisfies er(xp) # 0. We denote this element by T, and we remark that Ty
is a child of Ti. It follows from Proposition [9.3.10| that |Tn1] < (1 —1/7)|T|, for any
N > 1, hence

eny(xp)? = ery(xp)? < [Tn| < |0 (1 - 1/T)N
which concludes the proof. See Figure for an illustration. o

The bisection of T' € C along a segment s € S3* creates two children 7} and T2. In terms
of the notations previously used in this section, the bisection along s = [b, c] € S3* creates
the two children T} = T, and T? = T \ T,. From this point, we assume that the decision
function dr(s, f) is defined by

(9.57)

RE

%Qﬂ:m{%gfwm}

If the approximation error of f on T or T2 is zero, then dr(s, f) = 0. Therefore this deci-
sion function satisfies Assumptions|[9.3.11] and leads to an exponentially fast convergence
if f = xp according to Corollary [9.3.12

Let us consider a quadratic function f(z) = %ZTQZ, where @) is a 2 X 2 symmetric
matrix, to be approximated on a domain ). As seen in the previous chapters, the ele-
ments of a partition 7 of € should adopt, for an efficient approximation of f, an aspect
ratio dictated by the hessian matrix d*f = @Q of f (at least in an average sense). The
numerical experiments presented in Figure [9.12] suggest that the greedy algorithm, based
on the bisection choices S2* and the decision function , generates such partitions.
Unfortunately, the author could not prove this property.

Eventually, numerical experiments were also led for the characteristic function f = xp
of the unit disc D = {(x,y) € R?; 22 +y? < 1}. They seem to indicate that the partitions
(Tn)n>1 of the triangle of vertices (0,0), (2,0), (0,2) generated by the greedy algorithm
do satisfy the desired error estimate

CTn (XD) < CN_17
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1000 2000 5000 1100 2x10*

FI1GURE 9.13 — Triangulation produced by the greedy algorithm applied to the function
f = xp, with the decision function (9.57)) and 200 elements (i). Detail (ii). Decay of the
error et (xp), in logarithmic scale, for 1 < N < 40000.

see Figure [9.13] However, again, the author could not establish this property.

For better numerical precision, the numerical experiments illustrated in Figures [0.11]
[0.12] and [9.13] were conducted without discretizing function f of interest but using its
explicit form in order to have an exact expression of the L? approximation error.

9.4 A greedy algorithm based on rectangles

We study in this section another variation of the greedy algorithm which is simpler
than the previous ones. This algorithm produces partitions (7y)y>1 of the unit square
Q = [0,1]* into rectangles aligned with the horizontal or vertical axes, as studied in
Chapter 1 and illustrated on Figure [5| in the main introduction of the thesis, instead
of triangulations built of triangles of arbitrary direction. Here we work with piecewise
constant approximants, and we measure the approximation error in the L norm. These
important simplifications allow us to establish an error estimate which applies to any
function f € C'(Q) and is asymptotically optimal in accordance with the results in
Chapter 1. We also establish a second error estimate which gives some valuable (yet non
optimal) information in a non-asymptotic sense, i.e. for any value of N > 1.

In order to state our main result, we introduce some notation. A rectangle T C R? is
a set of the form

T=1xJ

where I and J are compact intervals of R. For any rectangle T and any f in C°(T), we
denote by er(f) the difference between the supremum and the infimum of f on 7.

er(f) :=sup f —inf f.
T T

Note that er(f) is also the double of the error of best approximation of f on 7" in the L*
norm,

er(f) =2t |[f = cll=(n).
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If a function f € CY(T) attains its maximum on the rectangle T at the point z; =
(xar, ymr), and its minimum at the point z,, = (Z, Ym) then observe that

Ym

Tm Ym

< e = @l |0a fll ooy + [yar = Yl 10y fll oo 1)

fznr) = fzm)

IA

+

Therefore if T'= 1 x J, we obtain

er(f) < 10w fllLoecry + [0y fll oo (). (9.58)

For any partition 7 of a rectangle T into smaller rectangles, and for any f € C°(T), we
denote by er(f) the maximum of er(f) among all T € 7 :

er(f) == maxer(f).

TeT

We clearly also have
er(f) = 252‘1}71 If = gllzee(r),

where V7 is the collection of functions on 7" which are constant on the interior of each
TeT.

Remark 9.4.1. Please note that the definition of ep(f) in this section differs a lot from
the definition of er(f) in the previous section. Indeed, ep(f) stands here for the double of
the best approzimation of f in L>(T) norm by a constant ¢ € R, whereas ep(f) stands in
the previous section for the best approximation of f in L*(T) norm by an affine function
m™Ee .ZPl.

For any rectangle T" we denote by (Ty,T,) the down and up rectangles which are
obtained by a horizontal split of T" through its barycenter and by (7;,7}) the left and
right rectangles which are obtained by a vertical split of T' through its barycenter. For
any function f € C°(T), we define

ern(f) = max{er,(f),er,(f)} and er,(f) :=max{er,(f), er,(f)}.

The greedy algorithm studied in this section takes as input a function f € C°(Q),
where Q = [0, 1]? is the unit square, and a parameter p € [0,1]. Given a partition 7 of
Q2 into rectangles aligned with the coordinate axes, the greedy algorithm produces in one
step a refinement 7' of 7, satisfying #(7') = #(7) + 1, proceeding as follows.

1. Select a rectangle 7' € 7 which maximizes er(f).
2. (Greedy split) If
min{er(f), ero(f)} < per(f), (9.59)

then bisect the rectangle T horizontally if er,(f) < er,(f) and vertically otherwise,
thus producing two children 77,7, of T'. Define

T =T —{T} +{T\, T1}.
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3. (Security split) If
min{ern(f), ero(f)} > per(f), (9.60)

then bisect the rectangle T" horizontally if |I| > |.J| and vertically otherwise where
1, J are the two compact intervals such that 7' = I x J. This bisection produces two
children T7,T5 of T and we define

T =T —{T} + {T1. T»}.

Starting from the partition 7; = {Q} of the square 2 = [0, 1]?, the greedy algorithm
produces step after step a sequence (7y)n>1 of partitions of  into dyadic rectangles,
satisfying #(7y) = N. The parameter p € [0, 1] is chosen by the user. It should not be
chosen too small in order to avoid that all splits are of safety type which would then lead
to isotropic partitions. The choice p = 1 is not indicated either. Indeed let f(z,y) :=
sin(4rx), then for any rectangle 7' of the form 7' = [0,1] x J, where J is a compact
interval, one has

er(f) = ern(f) = ero(f) = 2.

If a rectangle T = [0,1] x J is selected for bisection and if p = 1, then T is bisected
horizontally and we are facing a similar situation for its children 7, and 7,. As a re-
sult, the greedy algorithm produces a sequence (7y)y>1 of partitions of ) consisting of
rectangles of the form [0,1] x J where J are dyadic intervals. This shows that the ap-
proximations produced by the algorithm fail to converge towards f, and the global error
remains ez, (f) = 1 for all N > 1. On the contrary, it is established in [35] that for any
choice of p € [0,1] and any f € C°(Q), the partitions (7y)n>1 produced by the greedy
algorithm satisfy ez, (f) — 0 as N — 0.

We now prove that, using the specific value p = \/Li and measuring the error in the
L norm, the refinement algorithm has optimal convergence properties similar to
Theorem [I.1.5] The authors suspect that this result can be extended to the L? norm, where
1 < p < o0, and to an arbitrary parameter p €]1/2, 1], at the price of more technicalities.

Theorem 9.4.2. There exists a constant C > 0 such that for any f € CY(Q), the
partitions (Tn)n>1 produced by the modified greedy refinement algorithm with parameter
pi= \% satisfy the asymptotic convergence estimate

li Nz < C|[4/]10.f 8 : 9.61
i sup ery(f) < H 0:f Oy f] , (9.61)
Furthermore for all N > 1 one has

ez, (f) < C|V | =@N . (9.62)

The asymptotical error estimate (9.61]) is the best than one should hope to obtain.
Indeed it follows from Theorem that there exists a constant ¢ > 0 independent of f

and such that
\/ 10=f Oy f|

it Nerg 1) >

: (9.63)

L2
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for any admissible sequence (73)n>n, of partitions of € into rectangles. (Admissibility is
a minor technical condition, see Definition [1.1.3))

Here and after, we use the £*° norm on IR* for measuring the gradient : for z = (z,y) €
Q

[V f(2)] = max{|d. f(2)], 10, f(2)|},

and
IV fllzoor) = Sup IV f(2)] = max {||0xf || L= (1), |0y f || oo } -

We consider a fixed function f € C''(Q) and we denote by (7y)n>1 the sequence of parti-
tions of the square Q = [0,1]? into dyadic rectangles generated by the greedy algorithm.
Furthermore we define for each N > 1

e(N) = exy (f)-
Finally we sometimes use the notation z(z) and y(z) to denote the coordinates of a point
z € R?. The proof of Theorem requires a preliminary result.

Lemma 9.4.3. Let Ty = Iy x Jy € Ty be a dyadic rectangle obtained at some stage M > 1
of the refinement algorithm, and let T = I x J € Ty be a dyadic rectangle obtained at
some later stage N > M and such that T C Ty. We then have

, e(N) _ e(N)
|1] 2m1n{|[0|,—} and |J| 2m1n{|J0|,— . (9.64)
AV | oo () AV | o ()
Proof: Since the coordinates z and y play symmetrical roles, it suffices to prove the first

inequality. We reason by contradiction. If the inequality does not hold, there exists a
rectangle 7" = I’ x J' in the chain that led from T} to T} which is such that

(V)
20V fllze )’

and such that T" is split vertically by the algorithm. If this was a safety split, we would
have that |J'| < |I’| and therefore using (9.58))

er () < (1 + 1T DIV iz < 2ATNIV fllzoe(ry < (N),

which is a contradiction, since all ancestors of T" should satisfy ez (f) > ¢(N). Hence this
split was necessarily a greedy split.

Let 2, = Argmin, ., f(2) and zp = Argmax,., f(2), and let 7" be the child of
T" (after the vertical split) containing zp,. Then 7" also contains a point 2/, such that
|z(2]) — x(z)] < |I'|/2 and y(2],) = y(zm). It follows that

'] < (9.65)

ero(f) = er(f)
> flzm) = f(2m)
> foar) = Fe) = 10l ]
> en(f) - 32(V)
3
= qer(f)

> per(f).
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where we used ((9.65)) to obtain the fourth line. The error was therefore insufficiently re-
duced which contradicts a greedy split. o

Proof of Inequality ((9.62)) We first observe that for any N > 1,
e(N) < e(1) =sup f —inf f < 2|V f|z= ().
Applying Lemma to the square Q2 = [0, 1] x [0, 1] we obtain
, g(N)
min{|/],[J]} > =
AV fll oo ()
for any rectangle T'= I x J € 7. Therefore

(V) )
o= 2, MxI2 (4||Vfumm

T=IxJETN
hence )
N2e(N) < 4V [l (9.66)
which concludes the proof of (9.62)). o

Proof of Inequality (9.61)) We consider a small but fixed § > 0, and we define h(9) as
the maximal i > 0 such that

Vz,2' € Q, |z — 2| <2h(6) = |V f(z) = Vf(Z)| <. (9.67)
For any rectangle T'= 1 x J C €2, we thus have

er(f) = ([0xflzee(ry —0) min{h(d), 1]},
er(f) = (19yfllz=(r) — 0) min{h(0),[J]}.

Let § > 0 and let M = M(f,0) be the smallest value of N such that e(N) < 95h(d).
For all N > M, and therefore ¢(N) < 90h(d), we consider the partition 7y which is a
refinement of 7). For any rectangle Ty = Iy x Jy € Ty, we denote by 7n(Tp) the set of
rectangles of 7y that are contained Ty. We thus have

TN = U TN<T0),

ToE Tju

(9.68)

and 7 (Tp) is a partition of Tj. We shall next bound by below the side length of T'= I x J
contained in 7y(7p), distinguishing different cases depending on the behaviour of f on Tj.

Case 1. If Ty € Ty is such that ||V f|| g, < 106, then a direct application of Lemma
shows that for all T'=1 x J € Ty(T,) we have

. g(N) : e(N)
> > —_— .
17| > m1n{|]0\, 103 } and |J| > mln{|J0], 105 (9.69)
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Case 2. If Ty € Ty is such that |0, f|| Lo (1) = 106 and [|0y f || (1) = 100, we then claim
that for all T'= I x J € Ty (1) we have

_ g(N) } : { (V) }
I| > min < |y, and |J| > min< |Jy|, ——i—— 7, 9.70
d @O'mmafmmm» 7 SUET R SR
and that furthermore
mwammmwumwm<( )/MU@MM@ (0.71)

This last statement easily follows by the following observation : recalling (9.68|) we obtain
90h(8) > (M) = e, (f) = ([|0y f| Lo (To) — 6) min{h(8),[Jo|} = 96 min{h(0), | o]},

therefore |Jy| < h(4). Similarly |Iy| < h(d) and therefore for all z € T we obtain

9
10:f ()] 2 N0ufllzoe () =& 2 151100 fll=zi)

0y () = 10y fllpoe @) =6 = 1—0H<9 Nl zoe 0

Integrating over Ty yields (9.71]). Furthermore the previous equations show that 0, f and
0, f have a constant sign on 7. Let us assume that both are positive, then for any rectangle
T = la,b] x [¢,d] C Ty we obtain

er(f) = swf—inff

> - fla,
2/8fxcdx+/(9fby
> 2 (0= @O sy + (d — By llecr)

A similar reasoning can be applied if 0, f or 9,f is negative is negative on Tj. Recalling
(19.58]) we therefore obtain for any 7' C T

9 er(f)
10° 102 £l oo o) | + 110y 1] oo (1| /|

Clearly the two inequalities in (9.70)) are symmetrical, and it suffices to prove the first
one. Similar to the proof of Lemma [9.4.3] we reason by contradiction, assuming that a
rectangle 7" = I’ x J' with

<1 (9.72)

e(N
71102 ey < S

was split vertically by the algorithm in the chain leading from Ty to T'. A simple compu-

tation using (9.72) shows that

GT',h(f) €T',h(f)
() = era(f)

(9.73)

1+2 O fll Lo I
+20 e )]

o= .
1+0/2 10y f Iz (7| ']
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In particular if o < 0.2 the we obtain that

ern(f) < per(f) and e u(f) <ero(f),

hence the algorithm performs a horizontal greedy split on 7", which contradicts our as-
sumption. Therefore o > 0.2, but this also leads to a contradiction since, using (9.73)),

e(N
(V) < er (1) < 10 limean 1 10, Pl < (140 T < ),

Case 3. If Ty € Ty is such that ||0,f| re(ry) < 108 and |0y f]| Lo (z) > 108, we then
claim that for all T'= 1 x J € Ty(Ty) we have, with Cj := 200,

, e(N) . e(N)
> > —_— .
|I| > mm{|fo|, Co } and |J]| > m1n{]J0|, vl (9.74)

with a symmetrical result if Ty is such that ||, f| ez = 100 and ||0, f||zee(ry) < 106.
The right part of (9.74) is a direct consequence of Lemma [9.4.3] hence we focus on the
left part. Applying the second inequality of (9.68]) to T' = T}, we obtain

96h(0) > ex,(f) = (0, fll L= (To) = 6) min{h(d), [Jo|} = 96 min{h(d),[Jol},

from which we infer that |Jo| < h(d). If 21,20 € Ty and x(z1) = x(22) we therefore have
|0y f(21)] > |0y f(22)] — 9. It follows that for any rectangle "= I x J C T, we have

WOy fllzo @y = O] < ex(f) <Oy Sl ()| S| + 106]1]. (9.75)

We then again reason by contradiction, assuming that a rectangle 7" = I’ x J' with

2e(N)

]’/
< =25

(9.76)

was split vertically by the algorithm in the chain leading from Ty to T'. If ||0y f || Lo (1) <
104, then ||V fl|zeo(rry < 106 and Lemma shows that 7" should not have been split
vertically, which is a contradiction. Otherwise ||0, f|| Loy — 6 > 5|0y f || Lo (1), and we
obtain using (9.75)) and (9.76) that

2¢(N)
Cod

9
1019 =] Tl < ex(f) < 110y flloen] J'| + 105

Recalling that er/(f) > e(IN) we obtain

(1-2) evh) < 10wyl 1 < Gen() (0.77)
0
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We now consider the children 7} and 7} of 7" of maximal error after a horizontal and
vertical split respectively. We obtain

ern(f) = €T,;(f)

J' ,
< 10y fllece 2L 10017
5 202(N)
< —eq
< 96’T(f)+ s

IN

(5+2 ) erth) = gger(h,

where we used (9.75) in the second line, and (9.76) and (9.77)) in the third line. On the
other hand, using (9.77) in the fourth line

eT’,v(f) - eT,’l(f)

> (10, e — O
9 ,
> 1—0||3yf||L°°(T’)|J|
9 20 81
> (12 ()= —
> (1= ) enth) = gert).

Therefore eq,(f) > ern(f) which is a contradiction, since our decision rule would then
select a horizontal split.

We now recall that e(N) — 0 as N — oo, see (9.66), and we choose N large enough
so that the minimum in (9.69), (9.70) and (9.74) is always equal to the second term. For
all T € Tn(Ty), we respectively find that

S(N)? 52 if ||V fllper) < 100
T < C? |T_10\fT0 10:f Oyf| it ||Oxf|lLoe () = 100 and ||y f|| Lo (1) = 100
0|V fll oo if  ||0pf||Loe(ry) < 106 and ||y f|| oo (ry) = 100 (or reversed).
with C? := max{40%, 202(10/9)?, 800} = 40% For z € Q, we set Yy(2) = m where

T € 7y is such that z € T', and we obtain

N =#(Ty) = /z/;N )dz < C%e( (/ 0. O, fldxdy + 6|V f|| L +52)

Therefore

limsup N2e(N) < C </ 0, f Oy fldxdy + 0|V f]| Lo +52>2
Q

N—oo

Taking the limit as 6 — 0, we obtain the announced result

lim sup N%E(N) <C

N—oo

|02 f0, f

which concludes the proof. O
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9.5 Appendix

9.5.1 Proof of Proposition [9.2.10

Let ¢ be a quadratic function of mixed type, and let T be a triangle with edges a, b, ¢
such that |q(a)| > |q(b)| > |a(c)|. Up to a linear change of variables, we may assume
that the quadratic part of ¢ is q(z,y) = 2? — %% Up to a translation, linear rescaling
and permutation between the x and y coordinates, we may assume that the edge a is
centered at 0 and such that q(a) = 4. We write § = (u,v), and assume that u > 0
without loss of generality. Then 1 = q(%) = u* — v, and there must be § € R such that
(u,v) = (cosh(#),sinh(9)).

We next observe that the linear transformation ¢ of matrix

(o ooty )

leaves q invariant, in the sense that q o ¢ = q, and satisfies ¢(5) = (1,0). Up to such a
transformation, we may therefore assume that a = (2,0). Therefore the two vertices of
T at the ends of the edge a are (—1,0) and (1,0). We denote the third vertex by (s,t).
There is no loss of generality, eventually, in assuming that s > 0 and ¢ > 0. Note that
IT| =t and pg(T) = 7.

t
We now specialize to the case where py(7') > 4, which is equivalent to ¢ < 1. Recall

4,
that the edges of T are such that |q(a)| > |q(b)| > |q(c)|. The following lines show that
q(1+s,t) > |q(s — 1,t)|, which implies that b = —(1 4 s,¢) and ¢ = (s — 1,¢) :
q(l +Svt) _q<3_ 1at) = 4s> 0,
q(l+s,t) +q(s—1,t) = 2(1+s*—#*) >0.

In addition we see that q(b) > 0 and we thus have proved that q(a)q(b) > 0. For the
second and third inequality in (9.19)) we remark that q(c) = (s—1)>—? and q(d) = s? —¢>.
Clearly

1<~ < mina(e), a(d)},

If 0 < s <1, we also clearly have
max{q(c), a(d)} < 1.
If s > 1 we have
qic) < qd) =8 —t*=(s+ 1) —t* - (2s+1) =q(b) — (2s+1) < g(a) -3 = 1.

We thus always have

q(a
maxe{Ja(e) Ja(a)} < 19 1 (0.78)
which concludes the proof of the inequalities (9.19)).
Last, we specialize to the case where pq(T") = % > 8, equivalently ¢ < %, to prove

(19.20) :

q(b)+q(c):(S+1)2—t2+(s—1)2—t2:2+252—2t22g:gq(a).
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9.5.2 Proof of Proposition [9.2.8

For any triangle T" we denote by T} the interval defined as the projection of 7" on the
x axis, and by |T;| its length. We denote by I7 and I, the two dimensional and one
dimensional local interpolations operators on T and T, respectively. It is clear that if g is
a C? convex function of one variable and if G(z,y) := g(x), then

|G = IrG||peo(r) = [lg — I 9|l Lo (72)- (9.79)

The following lemma compares the interpolation error on an interval of R and on a sub-
interval.

Lemma 9.5.1. Let g € C*(R,R) be such that 0 < m < ¢ < M. Let 11,2, 73 be real
numbers satisfying r; < % < x9 < x3, and denote u := x9 — x1 < vV := x3 — 1. Then
denoting by I, and I, the interpolation operators on the intervals [x1,xs] and [xy, 23]
respectively, we have

”g - ]vg”L“‘([m,m]) > mv2/8

and
v — U

||g - IugHLOO([xL:cz]) < (1 - ) Hg B ]ngLOO([m,xg})

with o == §+/m/M.

Proof: Let us define h, = I,g — g. Since h! = —¢" and h,(x1) = h,(x3) = 0, h, can be
represented as the integral

ho(z) = / N Ky(x,y)g" (y)dy. (9.80)

where the Green kernel K, is given by

1{ (x—a1)(xs —y) ifz <y,

Ko(z,y) =~ (z3 —2)(y —z1) ifz >y

Of course, we have a similar representation of h, = I,g — g with a kernel K,,.
The first part of the proposition immediately follows from

T3
h (m—;xs) 2m/ K, (ml—;—m’y) dy > mv?/8.
1

In order to prove the second part, we shall compare the Green Kernels K, and K,. For
this purpose, we define

 (z2—1)/u
plr) = (3 —x) /v

For all z,y € [z1,x3], we thus have

O = min{ute), u)} < (o),
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Therefore, defining =z, := argmax;c(,, ,.,;(lug — g)(t) and using (9.80]), we obtain

19 — Lugllzoo (1 eap = hul@u)
= [ Ku(wu,9)9" (y)dy
< ) [77 Koz, v)g" (y)dy
< ul(za) [, Koz, y)g" (y)dy
< ,u(l‘u)Hg - IvQHL‘”([m,w:&])'

8

In order to conclude, we need to estimate p(x,). One easily checks by differentiation that
p is decreasing and concave on the interval [z, x5], and therefore for all x € [z, 4]

w(x) < 1—(z —2y)

02
Differentiating the integral representation of h,, we obtain

uhi, () = — / ) (y —x1)g" (y)dy + / ) (22 — 1) 9" (y)dy.

1 Lu

Since h'(x,) =0 and 0 <m < ¢” < M, we obtain
(2o — m)*m < (24 — 1) M.
Since xy > %, this gives x, — x1 > \/m/M%. Therefore,

1 v—Uu
u<]-__ M )
wlan) 1= 2vm/M—

which concludes the proof. o

The following corollary uses the above lemma to compare the values of the L*>-based
decision functions for a convex function that depends only of one variable. For any vector
v € R? we denote by v, the absolute value of its x coordinate.

Corollary 9.5.2. Let T be a triangle with edges a,b,c, such that a, > b, > c,. Let
G(z,y) = g(x), where g € C* and 0 < m < ¢g" < M. Then, with dr defined by ,

dr(b,G) —dr(a,G) > Cag(az —b,),
dr(c,G) —dr(a,G) > Ca2/2,

. /2
with C = VIR

Proof: We recall the notation ar(f) := || f — Iz f||r~. It follows from (9.79)) that
ar(G) = lg — Ir.9l L~ z.)-

We label the extremities of a by i € {1,2}, and denote by T7, i € {1,2}, e € {a,b,c} the
child of T resulting from the bisection through the edge e in such a way that T contains
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the extremity of a of label i. We denote by T;x the projection of T onto the z-axis. Then
(up to exchanging the labels of the extremities of a),

’ axl I’ ’TaQ,:L" = a1/27
]bem = Qy, ]Tf = ¢p+by/2,
= by +c./2, |T?

| c,m| = Q.

In particular, we have T, C T, and T, , C T;, and therefore
ar2(G) = lg — Iz, gllee@z,) < g —Ir2 9llirz,) = arp(G),

and similarly a1 (G) < aq1(G). Moreover, we can apply the previous lemma with [z, 2] =
T,, C Ty, = [x1,2s] or with [z, 25] = T, C T?, = [21, 3] which respectively leads to

m3/2

32V M

OéTbl (G) — a1 (G) > am(am - bm>7

and
m3/2
ar2(G) —ar(G
12(G) —arg(G) > 22
This allows us to conclude since dr(e, G) = a1 + ag2, for s € {a,b, c}. o

Using the above result, we now prove that the decision function dr tends to prescribe
a longest edge bisection with respect to the euclidean metric when the triangle T becomes
too thin.

Corollary 9.5.3. Let f be a convex function such that mId < d*f < M 1d, and let T be
a triangle with measure of non-degeneracy o(T') for the euclidean metric and edges a, b, c,
such that |a| > |b| > |c|. Then if o(T) > 2K the bisection prescribed by the decision

function dr (-, f) is a 0-near longest edge bisection with respect to the euclidean metric (in
the sense of definition|8.4.5), with K = 128(2)3/2 and § :=

K
o(T)

Proof: We denote by p(X) the affine orthogonal projection of a point X € IR* onto the
line which includes the edge a, and we denote by O the midpoint of a. We then define

F(X) = f(p(X)) + dfo(X = p(X)).

Then, using the notation X (z) = p(X) + 2(X — p(X)), we have
FX) = f(X) = f(X) = f(p(X)) = dfo(X = p(X))
= [ i~ dio)x — )z
But for X € T, we have X (z) € T for all z € [0, 1], so that | X (z) —O| < |a| and therefore

ldfx () — dfoll < Mal.
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We also have
2|T)| |a|

lal = o(T)

Therefore, ||f — f]| Loy < M G"(Lg) We can apply the previous lemma to the function f,
since it is the sum of a function of one variable and of an affine function which has no
effect on the interpolation error. Assuming without loss of generality (up to a rotation)

that a is parallel to the z axis, this gives us

dT<b7f~)_d (

f) = dr Clal(la| = bz) = Clal(lal — [b]),
dT(C, f) — dT(

a, f)
a, f) Clal?/2.

with C' = % Since the Lebesgue constant of the interpolation operator on any triangle
is 2, we have

>
>

|dT(67f) - dT(ev f)| < 4||f - f||L°°(T)

which implies the following inequalities

dr(b, f) = dr(a, f) > Clal(lal — [o]) — 4M]al*/o(T),
dr(c, f) —dr(a, f) = |a*(C/2—4M/o(T)).

The second inequality shows that the edge ¢ cannot be cut if C'/2 —4M /o (T) > 0 which
is equivalent to o(7") > 2K. The first inequality shows that b may be cut provided that
C(la| —1b]) —4M]la|/o(T) < 0,ie. [b] > (1— %)|a| which shows the property of d-near
longest edge bisection with J := % o

The proof of Proposition [9.2.8| directly follows from this last result, proceeding exactly
as in the last paragraph of the proof of Proposition [8.4.10]
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